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Chapitre 1

Introduction

Le travail exposé dans ce mémoire consiste en une étude mathématique et numérique

d’outils permettant la simulation de la dynamique de structures complexes non-linéaires,
quasi-incompressibles, et présentant deux échelles de longueurs caractéristiques. Pour étre
plus précis concernant ce dernier point, les structures considérées sont supposées compor-
ter des détails géométriques fins sur leur bord.
Cette étude, réalisée en partenariat avec la Manufacture Francaise des Pneumatiques Mi-
chelin, est largement motivée par I'importance de calculs dynamiques en roulage du pneu-
matique afin de prédire la valeur de différentes grandeurs physiques : contraintes dans les
matériaux, pressions de contact au sol ou encore rayonnement acoustique. Dans ce cadre,
les difficultés d’obtention de simulations completes et réalistes pour des cotits de calcul
raisonnables sont liées a la complexité de la géométrie, au comportement des matériaux,
au mode de sollicitation par contact, ou encore a l'intervention de différentes échelles de
longueur, de temps ou de rigidité caractéristiques de la structure.

Apres une description de I’anatomie du pneumatique, nous mentionnons quelques uns
des enjeux de la simulation numérique lors de la phase de conception. Nous soulignons en-
suite les propriétés intrinseques de la structure qui rendent ces études délicates. Enfin, nous
délimitons les problemes qui occupent le reste de ce mémoire, et esquissons la démarche
adoptée. Référence est faite au contenu des chapitres et aux contributions apportées.

1.1 Position du probleme

1.1.1 Le pneumatique

Le pneumatique voit le jour en 1895 sous une forme rudimentaire pour équiper les
premieres automobiles. Des les origines, il exploite les propriétés viscoélastiques du caou-
tchouc, matiere naturelle polymérisée issue du traitement de la seve d’hévéa, et principa-
lement formée de polyisoprene (cf. figure 1.1). Il s’est peu & peu complexifié pour adopter
I’architecture dite radiale en 1946, et il comporte aujourd’hui plus de 200 matériaux et

11



12 Chapitre 1. Introduction

CH\3 CH,
C:CH\ /C:CH
=== H2 H2C_CH2 CHZ_--

Fi1Gc. 1.1 — Molécule de polyisoprene.

30 semi-finis. On trouve sur la figure 1.2 une vue en coupe d’un pneumatique de tourisme
type assorti d’un croquis qui en détaille les différents constituants.

Bande de
roulement et
za sculpture

Nappes sommet

qume de
decouplage
Gomme intérieure
Flanc
MNappe carcasse
Renfort
Tringles

F1G. 1.2 — Pneumatique de tourisme type en coupe transversale (en haut) et croquis des
différents constituants (en bas).
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Un pneumatique, c’est bien évidemment une cavité de révolution arimée sur la jante de
la roue d’un véhicule par 'intermédiaire d’une tringle. Il contient de ’air sous pression
afin d’amortir les irrégularités de la route, ce & quoi contribue également le caractere
viscoélastique du caoutchouc qui le compose. L’agencement de nappes anisotropes en nylon
et en acier assure la reprise des contraintes dans le matériau et permet de maximiser la
superficie de la zone de contact, principalement en ce qui concerne la nappe dite carcasse.
Enfin, la bande de roulement, sculptée, assure le contact avec la route. Par temps pluvieux,
les sculptures permettent de chasser 1’eau sur les cotés du pneu tandis que leurs arétes
réalisent ’adhérence avec la route. A cet égard, il faut mentionner que la complexité des
sculptures actuelles permet de faire apparaitre de nouvelles arétes au fur et a mesure de
I'usure du caoutchouc de la bande de roulement afin de maintenir un niveau d’adhérence
satisfaisant. Concernant la forme et la répartition des sculptures, il importe de mentionner
qu’elles ne se répetent pas périodiquement sur le tour de roue. Ceci a pour effet d’élever la
fréquence des premiers modes propres de la structure en brisant sa symétrie. De la sorte, le
rayonnement acoustique du pneu aux plus basses fréquences, tres inconfortables, est réduit.
En général, trois tailles de sculptures se succedent aléatoirement sur la circonférence, tandis
que transversalement, I'orientation des sculptures varie, ce qui est illustré sur la figure 1.3.

F1G. 1.3 — Sur la circonférence, trois tailles de sculptures se succedent (& gauche). Trans-
versalement, l'orientation des sculptures varie (& droite).

1.1.2 Quelques enjeux pour la simulation

Tout d’abord, il importe de prendre conscience de la violence des sollicitations subies
par un pneumatique en roulage. Un pneumatique de voiture de tourisme, gonflé sous une
pression supérieure & 2 bars, n’est en contact avec le sol que sur une surface de 150 centi-
metres carrés, soit la surface d’une carte postale sur laquelle viennent s’appuyer plusieurs
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centaines de kilogrammes. En outre, a une vitesse de 80 kilometres par heure, un pneu-
matique fait approximativement un tour en 80 millisecondes, ce qui implique que chaque
sculpture est écrasée au sol et libérée en environ une milliseconde. L’intensité et la rapi-
dité de telles sollicitations nécessitent de s’assurer du parfait comportement mécanique de
la structure. En outre, la difficulté d’effectuer des mesures dynamiques précises dans ces
conditions rend tout a fait pertinent le recours a la simulation numérique.

Simuler la dynamique en grandes déformations d’un pneumatique en roulage, c’est
prévoir la valeur des efforts de contact, donc le niveau d’adhérence au sol de la structure,
mais c’est aussi obtenir la répartition des contraintes dans les matériaux, donnée parti-
culierement inaccessible a I'expérience et cependant cruciale pour estimer leur niveau de
sollicitation. En ligne de mire, se trouve le besoin de prévoir leur usure dans le temps et
donc la durée de vie du pneumatique a conditions d’utilisation fixées. Aussi, si de nombreux
tests en usine s’attachent a certifier le niveau de fiabilité des structures, I’outil numérique
s’avere de nos jours indispensable durant la phase de conception car il permet de limiter
le recours a des prototypes.

Outre le probleme de la dynamique en grandes déformations, se pose celui du rayonne-
ment acoustique du pneumatique lors du roulage. Cette prévision est d’importance puisque
lorsqu’une voiture de tourisme excede les 70 kilometres par heure, on estime que le bruit
rayonné par les frottements au sol et aérodynamique devient prépondérant devant le bruit
rayonné par le moteur. En raison d’un intérét croissant des pouvoirs publics pour la qua-
lité de l’environnement sonore, comme en témoigne la norme européenne 2001/43 CE,
une pression s’exerce sur les manufacturiers afin de limiter le rayonnement acoustique des
pneumatiques.

1.1.3 Sources de difficultés

Il convient de reconnaitre que le pneumatique présente un certain nombre de carac-
téristiques intrinseques qui sont des sources importantes de difficultés tant en termes de
modélisation que de simulation numérique des phénomenes étudiés. Ces propriétés dont
nous allons dresser un portrait sommaire concernent la physique du probleme, le compor-
tement des matériaux utilisés, la géométrie de I'objet et la facon dont il est sollicité.

Dans le cadre de la dynamique en grandes déformations, la premiere difficulté tient
au fait que nous sortons du cadre bien balisé des problemes linéaires. Plus précisément,
nous sommes confrontés a une premiere non-linéarité dite géométrique, qui est liée au fait
que les lois de comportement des matériaux sont exprimées dans une configuration de
référence distincte de la configuration actuelle, conformément a I'approche lagrangienne.
La dynamique ne peut donc plus étre simulée par décomposition sur les modes propres
de la structure, ce qui est standard en élastodynamique linéaire, et une attention toute
particuliere doit étre portée au choix des schémas numériques d’intégration en temps, tres
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sensibles en termes de stabilité aux non-linéarités de la physique.

Une seconde difficulté est liée aux propriétés des matériaux en présence. Ainsi, le caou-
tchouc possede une loi de comportement non-linéaire viscoélastique, laquelle fait intervenir
une variable interne du matériau dont 1’évolution doit étre calculée au cours de la dyna-
mique. De plus, il se trouve étre I'un des rares matériaux quasi-incompressibles, contrainte
cinématique qui est elle-méme non-linéaire dans le cadre de grandes déformations. L’incom-
pressibilité impose 1'utilisation de schémas d’intégration en temps au moins partiellement
implicites pour la structure. En effet, les ondes de pression hydrostatique dans le caou-
tchouc se propagent a des vitesses de 'ordre de 5000 metres par seconde. Pour étre stable,
un schéma explicite doit utiliser des pas de temps suffisamment petits pour décrire la pro-
pagation de ces ondes, et ’extréme petitesse de tels pas de temps rendrait prohibitive la
durée de la simulation.

Quant aux nappes métalliques qui constituent la carcasse radiale, outre leur anisotropie,
mentionnons qu’elles doivent étre considérées commes des coques de par leur finesse. Du
point de vue numérique, ce caractere de coque doit étre mis a profit, faute de quoi on
s’expose a une lenteur de convergence par raffinement de maillage liée a la dégradation des
constantes dans les estimations éléments-finis tridimensionnelles usuelles. Dans ce cadre, se
pose le probleme du couplage entre ladite nappe traitée comme une coque, et le caoutchouc
qui Penserre. A ce propos, on pourra consulter les travaux d’Anca Ferent [Fer02] sur les
formulations de coques tridimensionnelles.

Par ailleurs, les modules d”Young du caoutchouc et de 'acier qui constitue les nappes sont
dans un rapport de 1 a 1 000 000. 11 en résulte un tres mauvais conditionnement naturel
de la sculpture qui nuit séverement a 1’'utilisation de méthodes itératives.

Le caractere a deux échelles de la géométrie du pneumatique constitue la troisieme
source de difficultés, et non la moindre. En effet, la dimension caractéristique du pneuma-
tique est de 'ordre de 60 centimetres, coincidant avec le diametre de ’architecture, alors
que les sculptures mesurent quelques centimetres. En termes de fréquences fondamentales,
disons que l'architecture possede un premier mode propre vers 100 Hertz tandis qu’une
sculpture possede ce premier mode propre au voisinage de 2000 Hertz. A cause de la non-
linéarité du matériau, les oscillations & ces deux échelles sont couplées et interagissent, ce
qui interdit de découpler architecture et sculptures dans la résolution dynamique du pro-
bleme. L’obligation de résoudre simultanément le probléeme & ces deux niveaux de finesse
est a l'origine d’un cotit de calcul important.

Enfin, la sollicitation du pneumatique résulte naturellement du contact frottant sur le
sol (par exemple avec une loi de type Coulomb). Ainsi, s’ajoutent aux difficultés précé-
dentes la notoire complexité de la gestion du contact, ainsi que le caractére non-symétrique
du probleme considéré.

Prendre en compte la totalité de ces éléments pour simuler la dynamique du pneuma-
tique en grandes déformations est certes affaire de puissance de calcul, mais pas seulement.
En effet, développer des méthodes dédiées, c’est aller dans le sens d’une meilleure compré-
hension de la physique et de méthodes numériques adaptées qui permettent un allegement
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considérable du cotut informatique de simulation.

Pensant a ce stade avoir rendu compte de la difficulté de simuler entierement le roulage
d’un pneumatique sur une route chaotique, nous allons mentionner pour étre plus com-
plets, les difficultés inhérentes & la simulation de l'acoustique. Les prévisions acoustiques
s’appuyant couramment sur les équations linéarisées de la dynamique en domaine fréquen-
tiel, le cadre semble évidemment plus simple. Néanmoins, ’acoustique du pneumatique a
ceci de particulier qu’il faudrait idéalement tenir compte du phénomene de “pompage” de
I’air dans les sculptures, ce qui pose le probleme d’un calcul difficile en interaction fluide-
structure. Si on se limite aux vibrations de la structure, quelques difficultés demeurent
cependant. Tout d’abord, il n’est pas aisé d’obtenir une caractérisation fréquentielle du
modele de viscoélasticité linéarisé, crucial quant au comportement acoustique de la struc-
ture. D’autre part, résoudre le probleme de ’acoustique requiert préalablement ’extraction
des modes propres du systeme. Ceci serait particulierement peu coliteux en I’absence de
sculptures, ou plus exactement pour un pneumatique axisymétrique. En effet, pour cal-
culer les modes propres d’une structure axisymétrique, on peut procéder par séparation
de variables entre la variable angulaire et les variables restantes -radiale et transverse- et
obtenir ainsi les modes propres tridimensionnels pour le cott de calculs quasiment bidi-
mensionnels. Tant que la longueur d’onde des vibrations considérées est grande devant
la taille des sculptures du pneu, on peut légitimement négliger ces dernieres et ainsi se
contenter d’'un calcul axisymétrique. Néanmoins, au dela de 1500 Hertz, la présence des
sculptures devient cruciale, ce qui nécessite un calcul modal vraiment tridimensionnel et
suscite la question suivante : est-il possible de calculer avec une bonne précision la réponse
fréquentielle du probleme tridimensionnel par une correction (peu couteuse) de la réponse
du probleme axisymétrique ?

Nous présentons maintenant les contributions de ce mémoire quant au traitement de
certaines de ces problématiques.

1.2 Travail de thése et contributions

Cette thése s’intéresse a la simulation numérique de la dynamique des structures quasi-
incompressibles en grandes déformations, présentant une loi de comportement hyperélas-
tique non-linéaire et une géométrie a deux échelles. Nous esquissons ici la démarche adoptée
et présentons le contenu des chapitres de cette thése en mettant en relief nos contribu-
tions. En préambule, le chapitre 2 rappelle quelques notions essentielles de dynamique des
milieux continus. Il est 'occasion d’introduire les principes fondamentaux de mécanique
des milieux continus permettant de formaliser le probléme mécanique qui nous occupe.
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INTEGRATION EN TEMPS - CHAPITRE 3

Tout d’abord, l'intégration numérique en temps des équations de 'élastodynamique
non-linéaire, a fortiori incompressible, pose certaines difficultés. En particulier, la contrainte
d’incompressibilité rend impossible toute stratégie explicite d’intégration, et nous mon-
trons au chapitre 3 qu'une stratégie semi-implicite en pression a la méme complexité
qu’un schéma totalement implicite & cause de la non-linéarité. Nous devons donc nous
résoudre a considérer des schémas totalement implicites, mais toujours a cause de la non-
linéarité, leur stabilité reste un probleme majeur. En effet, lorsque le pas de temps n’est
pas suffisamment petit, la plupart des schémas issus du cadre linéaire donnent lieu & une
explosion de I’énergie totale du systeme discret. Se pose alors le probleme de la conser-
vation de I'énergie par l'intégrateur, ce qui constitue un critere de stabilité fondamental.
La conservation de I'impulsion et du moment cinétique représente par ailleurs une bonne
information sur le respect des groupes de symétrie : translations et rotations.

Si le schéma de point milieu conserve exactement 1’énergie et I'impulsion discretes dans
un cadre linéarisé, ses généralisations non-linéaires n’héritent pas forcément de bonnes pro-
priétés de conservation pour des pas de temps physiquement significatifs. Nous présentons
au chapitre 3 une analyse rigoureuse de conservation pour deux généralisations du schéma
de point milieu. Ces analyses dictent en outre la forme naturelle de ses généralisations
non-linéaires assurant la conservation de I’énergie et des moments dans le cadre incom-
pressible. O.Gonzalez propose dans [Gon00] un schéma de cette famille particulierement
intéressant en pratique, car fournissant une expression explicite des termes de contrainte
figurant dans le schéma.

Si l'utilisation de schémas linéairement dissipatifs (de rayon spectral inférieur ou égal
a 1) comme celui de Hilber-Hughes-Taylor (voir [HHT77]) ne résout pas fondamentale-
ment le probleme de la maitrise de 1’énergie par rapport au schéma de point milieu, nous
menons une analyse précise de conservation pour le schéma HHT qui fournit de précieux
renseignements. Tout d’abord, nous mettons en évidence dans le cadre linéarisé, ’existence
d’une énergie discrete modifiée régularisée qui décroit dans la dynamique et fait intervenir
une petite contribution des effets d’accélération. Par ailleurs, cette analyse nous permet
de proposer la formulation d’un schéma d’intégration en temps dissipatif pour cette méme
énergie modifiée dans le cadre non-linéaire. Les analyses précédentes sont confirmées par
des études numériques. Cette étude a été publiée sous la forme suivante :

[HT02] Conservation analysis for integration schemes in quasi-incompressible nonlinear
elastodynamics, P. Hauret and P. Le Tallec, CMAP Technical report # 499, 2002.

[THRO02] Efficient solvers for the dynamic analysis of nonlinear multiscale structures, P.
Le Tallec, P. Hauret and A. Rezqui, Proceedings of the Fifth World Congress on Com-

putational Mechanics WCCM V, 2002, H. A Mang and F.G. Rammerstorfer and J. Ebe-
rhardsteiner eds.
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[THO03b] Nonlinear schemes and multiscale preconditioners for time evolution problems in
constrained structural dynamics, P. Le Tallec and P. Hauret, Proceedings of the 2nd MIT
Conference on Computational Fluid and Solid Mechanics, Ed. K.-J. Bathe, Boston, June
2003.

Dans ce chapitre, nous montrons également que la technique de correction énergétique
introduite par [Gon00] peut étre généralisée a différents problemes. Tout d’abord, le pro-
bleme de I’élastodynamique avec impact passe pour étre particulierement raide et sensible
au choix de I'intégrateur. En témoignent les travaux réalisés par Laursen, Armero et leurs
collaborateurs [LC97, AP98]. Néanmoins, si ces premiers travaux proposent une intégra-
tion numérique temporelle exactement conservative, c’est au prix d’'une modification des
contraintes cinématiques satisfaites aux pas de temps entiers. Deux travaux consécutifs
de Laursen et ses collaborateurs [LL02, LL03] permettent de corriger ce travers dans les
cadres glissant et frottant, en agissant sur la maitrise du saut de vitesse a travers 'impact.
Ce point de vue utilise la résolution d’un probleme annexe sur le saut des vitesses. C’est
sans y recourir que nous proposons ici dans le cadre pénalisé, une formulation conservative
des efforts de contact glissant dérivant de [Gon00] ne faisant pas intervenir de condition
de persistence, et utilisant les contraintes de Kuhn et Tucker usuelles aux pas de temps
entiers.

Lorsque le coefficient de pénalisation tend vers I'infini, il est bien connu que des oscillations
de la pression de contact se manifestent. Ce phénomene, 1ié & I’absence de limite forte (par
manque de compacité) pour la solution dynamique lorsque le coefficient de pénalisation
tend vers l'infini, peut étre montré mathématiquement dans le cadre de ’élastodynamique
linéaire (voir le travail de [Sca04]). L’obtention d’une limite forte passe par I'introduc-
tion d’une viscosité, qui peut étre introduite dans la formulation méme du contact par
la prise en compte d’une condition sur la vitesse de pénétration, comme il est proposé
dans [TP93, AP98]. Une alternative consiste a introduire une viscoélasticité volumique
du matériau. Dans cette voie, nous montrons qu’un bilan énergétique discret exact peut
étre obtenu dans le cadre viscoélastique introduit par [TRK93| pour un schéma que nous
introduisons et qui étend la technique d’O.Gonzalez.

Enfin, la stratégie d’écriture de schémas conservatifs peut étre étendue aux problemes
d’interaction fluide-structure en formulation ALE (Arbitrary Lagrangian Eulerian) quitte
a utiliser des variables non-conservatives pour le fluide. Cette généralisation a fait I’objet
de la publication suivante :

[THO03a] Energy conservation in fluid-structure interactions, P. Le Tallec and P. Hauret,
Numerical methods for scientific computing, variational problems and applications, 2003,
Y. Kuznetsov, P. Neittanmaki and O. Pironneau eds.
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INTEGRATION EN ESPACE - CHAPITRE 4

A Tlissue de ce chapitre 3, le probléme qui nous intéresse est maintenant discrétisé en
temps et nous devons résoudre un systeme non-linéaire par pas de temps, ce que nous
faisons par une méthode de Newton-Raphson. Focalisons nous sur 'un des problemes
tangents, tout a fait semblable a un probleme d’élastostatique linéaire pour discuter de la
discrétisation en espace a adopter et des techniques de résolution.

Si nous utilisions un mailleur conforme pour mailler notre domaine & deux échelles, la
finesse du maillage des zones fines (les sculptures) se propagerait a la zone grossiere (Iar-
chitecture), occasionnant un cott de calcul accru lié a une surprécision de la solution dans
la zone grossiere. Il peut donc étre intéressant de mailler séparément les sous-problemes
grossier et fins. En outre, s’agissant d’un pneumatique, I’architecture qui est axisymétrique
peut étre maillée a faible cott par révolution d’un maillage de la tranche. Seules les sculp-
tures nécessitent un maillage véritablement tridimensionnel. Se pose donc le probleme de
la formulation non-conforme du probleme en déplacements, pour lequel nous adoptons le
cadre des méthodes de mortiers introduites dans [BMP93, BMP94]| et consistant & imposer
la continuité de la solution sur l'interface architecture/sculpture au sens faible contre un es-
pace M de multiplicateurs de Lagrange. La formulation initiale des mortiers proposée par
C. Bernardi, Y. Maday et A. Patera présente cependant quelques difficultés numériques :

— la définition de M au bord des interfaces est complexe en 3D si plus de 2 sous-

domaines s’y intersectent,

— la base contrainte des déplacements est non-locale sur I'interface, ce qui peut engen-

drer de petites oscillations non-physiques.
Le premier point peut étre résolu, comme indiqué dans [Ses98|, en abaissant le degré des
polynomes de M si les déplacements sont au moins approchés par des polynomes du
second degré. Le deuxieéme point trouve une solution dans [Woh00] par 1’adoption de mul-
tiplicateurs de Lagrange construits sur une base duale de la base initiale. Pour concilier ces
avantages, nous proposons au chapitre 4 une formulation mortier discontinue stabilisée,
idée déja introduite dans [BMOO] pour des formulations dites a trois champs dans le cadre
d’une approximation au premier ordre. Elle est ici introduite dans le cadre des formulations
a deux champs pour des déplacements de degré 1 et 2. Outre le cas élastostatique standard,
la preuve de convergence optimale vers la solution du probleme continu est généralisée a
I’élastodynamique linéaire. Par ailleurs, les formulations de type mortiers constituant un
cadre naturel en décomposition de domaine (voir [Tal93, AKP95, AMW99, Ste99, Woh01]),
il s’agit d’assurer la non-dégradation des différentes estimations lorsque le nombre de sous-
domaines croit et que leur taille diminue. Un tel résultat s’obtient en s’assurant de la
non-dégradation de la constante de coercivité du probleme élastostatique. Un tel travail
a été mené par J.Gopalakrishnan puis S. Brenner [Gop99, Bre03] dans le cadre de pro-
blemes elliptiques scalaires avec interfaces planes, et étendu au cas vectoriel récemment
dans [Bre04]. Un résultat analogue a [Bre04] est ici montré, mais pour des décompositions
présentant des interfaces courbes, et en proposant une généralisation de l'opérateur d’in-
terpolation de Scott et Zhang [SZ90] permettant d’approcher optimalement et de fagon
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stable en norme de I’énergie, un déplacement non-conforme par un déplacement conforme.
Enfin, ce chapitre est 'ocasion de discuter de détails pratiques de mise en oeuvre dans le
cadre de problemes tridimensionnels d’élasticité. Des cas tests numériques permettent de
valider I’étude théorique. Ce travail a été publié sous la forme :

[HT04b] A stabilized discontinuous mortar formulation for elastostatics and elastodyna-
mics problems, Part I : abstract framework, P. Hauret and P. Le Tallec, CMAP Technical
Report # 553, 2004.

[HT04c] A stabilized discontinuous mortar formulation for elastostatics and elastodyna-
mics problems, Part II : discontinuous Lagrange multipliers, P. Hauret and P. Le Tallec,
CMAP Technical Report # 554, 2004.

SOLVEUR - CHAPITRE 6

La matrice du systeme linéaire a résoudre, issue de la discrétisation précédente, est
assez couteuse a inverser par une méthode directe pour des problemes industriels a cause
de la présence simultanée de deux échelles de description. Or, nous aimerions résoudre ce
systeéme pour un cott de calcul comparable a celui du systéme grossier (architecture seule)
quitte a supposer que la détermination de la solution fine puisse se faire pour un cott
faible connaissant la solution grossiere. Nous commencons par supposer que les sculptures
sont disjointes et de faible taille, de sorte que I'inversion des matrices de rigidité des sculp-
tures peut se faire en parallele, rendant minime le cott de calcul de la solution fine. Nous
introduisons alors deux préconditionneurs a deux échelles de type Dirichlet-Neumann,
permettant de résoudre le probléme itérativement par gradient conjugué. Ces précondi-
tionnements sont dits a deux échelles, en ce sens qu’utilisés dans une méthode de gradient
conjugué, le nombre d’itérations pour obtenir la convergence souhaitée est indépendant du
nombre de sculptures et de leur taille. Le premier préconditionneur s’inspire des méthodes
usuelles de type Dirichlet-Neumann [QV99] et allie simplicité et qualité de résultats, mais
fait apparaitre une faiblesse lorsque les sous-probleémes fins sont soumis a une condition
aux limites de Dirichlet. A des fins d’amélioration, nous introduisons un espace grossier
donnant lieu au deuxieme préconditionneur proposé, et montrons I'indépendance de com-
portement vis-a-vis de conditions aux limites essentielles. Le nombre de conditionnement
obtenu reste dépendant du rapport des modules d’Young des sous-probléemes grossier et
fin, limitation naturelle des préconditionneurs de type Dirichlet-Neumann. Ces précondi-
tionnements sont proposés, analysés et testés au chapitre 6, et nous montrons également
numériquement que moyennant une rigidité suffisante de 'architecture, ils peuvent donner
lieu a des méthodes de quasi-Newton efficaces. Le travail de ce chapitre a été proposé pour
publication :
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[HT04a] Dirichlet-Neumann preconditioners for elliptic problems with small disjoint geo-
metric refinements on the boundary, P. Hauret and P. Le Tallec, CMAP Technical Report
# 552, 2004.

Les tests numériques académiques réalisés dans ces trois chapitres ont été réalisés sur
la base du code académique SOL développé au Centre de Mathématiques Appliquées de
I’Ecole Polytechnique par Francois Jouve. L’outil a été étendu au cours de ce travail afin de
permettre des calculs dynamiques, incompressibles, ainsi que le recollement par mortiers
de maillages incompatibles et la résolution itérative de problemes par les préconditionne-
ments proposés.

Cette thése a par ailleurs été 'occasion d’un transfert de méthodes vers la Manufacture
Frangaise des Pneumatiques Michelin, et de leur implémentation au sein du code de calcul
interne. L’implémentation réalisée comprend :

— l’initialisation et la simulation du roulage d’un pneumatique,

— le recollement de maillages incompatibles entre architecture et sculpture, apres for-

mulation d’une contrainte de recollement sur interface régularisée par patch Hermite,
dans l'esprit de Puso [Pus04], décrite dans les grandes lignes au chapitre 5.
Ces aspects font I'objet d’une note technique confidentielle [Hau04].

Un peu en marge du sujet de cette these, mentionnons que 1’édition 2001 du CEMRACS
(Centre d’Eté Mathématique de Recherche Avancée en Calcul Scientifique) organisée par
Yves Achdou, Claude Le Bris et Frédéric Nataf, a été I'occasion de se pencher sur un
probleme d’acoustique a deux échelles du pneumatique. Le contenu de ce travail est résumé
dans ce paragraphe tiré de Matapli, la revue de la SMAI (Société de Mathématiques
Appliquées Industrielles) :

L’¢tude de la réponse acoustique du pneumatique est d’un grand intérét
en termes de confort dans un véhicule mais elle est rendue cotteuse par
son caractére multi-échelle. Une facon de simplifier le probleme est de
réaliser une homogénéisation angulaire du pneumatique, laquelle trouve
néanmoins ses limites 4 moyennes fréquences, des lors que les modes
de vibration des pains de sculpture sont excités. L’idée de la démarche
proposée par P. Le Tallec (E’cole Polytechnique) et développée au CEM-
RACS par P. Hauret (E‘cole Polytechnique) pour la société Michelin était
d’utiliser un couplage entre le modéle homogénéisé et les modéles locauz
des pains afin d’en corriger la réponse acoustique aux moyennes fré-
quences.

Cette méthode, inspirée de la parution de [LB99], a été développée en collaboration avec
Ludovic Gréverie et Jean-Michel Vacherand (Michelin). Son cadre d’application est celui
de la réponse acoustique au voisinage des premieres fréquences propres des pains de sculp-
ture. Son lien avec les méthodes de Dirichlet-Neumann est ’exploitation d’une méthode
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de complément de Schur afin de représenter une rigidité corrigée de la structure grossiere.

Les chapitres sont rédigés de facon aussi indépendante que possible afin de permettre
une lecture ponctuelle. En outre, afin de permettre une meilleure communication dans le
cadre de ce travail qui s’inscrit dans un partenariat international et de faciliter le travail
du rapporteur américain, les chapitres ultérieurs, excepté celui de rappels qui suit et le
chapitre 5 traitant de contributions industrielles, sont rédigés en langue anglaise.



Chapitre 2

Eléments de mécanique des
milieux continus

Afin de faciliter la lecture du présent travail et de formuler en totalité le probleme
mécanique qui le motive, nous rappelons ici quelques éléments de dynanique des milieux
continus. Le cadre de I’hyperélasticité, privilégié par la suite, y est détaillé. Une formu-
lation viscoélastique issue de [TRK93] est également introduite afin de fournir le cadre
complet de modélisation de la dynamique du pneumatique. Enfin, pour compléter la des-
cription présentée, mention est faite de la formulation du contact sans frottement. Pour
tout détail complémentaire en ce qui concerne la mécanique des milieux continus, on pourra
consulter les ouvrages de référence suivant qui exposent le point de vue de la géométrie
[MHS83, Arn89, MR94|, de I'analyse [Cia88, Tal94b] ou de la mécanique [Sal88, Tal99]. Les
références [Joh85, Lau02, Wri02] concernent plus particulierement les problemes liés au
contact.

2.1 Dynamique des milieux continus

2.1.1 Cinématique

Considérons dans l'intervalle de temps [0, 7] la déformation d’un solide dont 'intérieur
de la configuration de référence est noté 2. On peut supposer que 'adhérence © de
coincide avec le domaine occupé par la structure au temps t = 0, mais cela n’a rien
d’obligatoire. Nous désignons par ¢ : [0,7] x Q@ — R3 le champ des déplacements, en ce
sens que ¢(t,x) est la position & l'instant ¢t € [0,7] du point x € Q. A chaque instant
t € [0,T], on notera ¢(t) = ¢(t,-) et on suppose que 'application ¢(t) est injective
sur €2 pour une raison de non-interpénétration du matériau dans lui-méme. Néanmoins,
©(t) n’est pas forcément injective sur € afin de permettre les phénomenes d’auto-contact.
En outre, pour tout ¢t € [0,7T], Iapplication ¢(t) respecte l'orientation des champs de
vecteurs afin d’interdire un “retournement” du domaine sur lui-méme ce qui se traduit par

23
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det Vo(t) > 0 sur Q. De plus, on montre dans [Cia88] que si ¢(t) est continue sur et en
Pabsence d’auto-contact, alors le bord du domaine déformé dp(t, Q) est 'image par ¢(t)
du bord de la configuration de référence, c’est-a-dire que :

Bp(t, Q) = @(t, 9). (2.1)

r @)

FiGc. 2.1 — Déformation de la configuration de référence ().

De plus, le champ de déplacements doit satisfaire les contraintes cinématiques du pro-
bleme a tout instant. En particulier, & chaque instant ¢ € [0, 7], on impose le déplacement
wp(t) sur la partie I'p(t) C 92 du bord de 2 :

Vte [0,T], o(t,z) =¢p(t,z), =€Tp(t). (2.2)

En vertu de la relation (2.1), cela est équivalent a dire qu’a U'instant ¢, les déplacements
sont connus sur la partie ¢(¢,I'p(t)) du bord du domaine déformé.

Une contrainte cinématique tout aussi fondamentale dans la suite de notre étude réside
dans l'incompressibilité du matériau. Une telle contrainte d’incompressibilité s’écrit sous
la forme :

det Vo(t,z) =1, presque partout. (2.3)

En effet, la préservation du volume impose que pour toute partie A C €2, on doit avoir

pour tout ¢ € [0,77] :
/ di = / de,
A ©(t,A)

et le changement de variable = ¢(t, &) implique donc :

/dg:«:/detw(t,:z) di, YACQ,
A A
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ce qui est bien la contrainte annoncée (2.3). On préfere souvent a cette contrainte ponc-
tuelle une contrainte variationnelle, et quitte a introduire ’espace P des pressions hydro-
statiques, la contrainte d’incompressibilité devient :

/ (detVo —1)g=0, VqgeP. (2.4)
Q

A tout instant ¢ € [0,7], on désignera par U(t) 'ensemble des champs de déplace-
ments “suffisamment réguliers” ¢(t) : Q — R3 satisfaisant les contraintes cinématiques du
probleme, c’est-a-dire les déplacements imposés sur I' p(t) et 'incompressibilité au sens va-
riationnel (2.4). Ainsi, ’ensemble des déplacements cinématiquement admissibles se définit
par :

u(t) = {¢ € w(t),/ (det Ve —1)g =0, Vge 79} ,
Q
ou l'espace affine U¢(t) des déplacements compressibles est défini par :

ut)={v: R? — R3 “assez régulier”, ) = pp(t), sur Tp(t)}.

2.1.2 Systeme de 1’élastodynamique

Il s’agit maintenant de rappeler le systeme d’équations permettant de déterminer le
champ de déformation ¢ dans un solide en fonction de ses caractéristiques et des sollici-
tations appliquées.

Notons p : @ — R% la masse volumique du solide. A I'instant ¢ € [0, 77, lorsque le solide
occupe le domaine déformé ¢(t,2), on lui impose la force volumique ﬁp(t, r) € R? en tout
point z € ¢(t,2) et la force surfacique §,(t,z) € R3 en tout point z € ¢(t,I'y(t)). A tout
instant ¢ € [0, 7], on a désigné par I'y(t) = 9Q \ I'p(t) la partie complémentaire de I'p(t)
sur le bord de la configuration de référence €.

Par des bilans locaux de conservation de la quantité de mouvement dans le matériau du do-
maine déformé ¢(t,2) a tout instant ¢ € [0, 7], puis en utilisant le changement de variables
lagrangien ¢ dans la formulation variationelle de ces bilans, on établit classiquement qu’il
existe un champ de tenseurs du second ordre,

I : [0, 7] x Q — R3*3, (2.5)

dit champ du premier tenseur des contraintes de Piola-Kirchhoff, et que les équations de
la dynamique consistent & trouver a tout instant ¢ € [0,7], le champ de déplacements
o(t) € U(t) tel que :

2
/ p(x)a—(p(t,x) ~v(z) dx + / I1°(t, x) : Vo(x)dx
Q

12 o

= /Qf(t,x) -v(x) dex —I—/ g(t,z) -v(z)dr, Vv e dypHU(t). (2.6)

T'n(t)
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Cette formulation est également connue sous le nom de principe des puissances virtuelles,
et d,U(t) y désigne I'espace vectoriel tangent a U(t) en ¢(t) € U(t), c’est-a-dire que :

dppU(t) = {v € dyU (1), /Qq (cof Vp(t)) : Vo=0, Vqe 77} ,

oit cof M désigne la matrice des cofacteurs de la matrice M € R3*3, et :
doU(t) = {v :R3 — R? “assez régulier”, v = 0, sur FD(t)} .

De plus, on a introduit les forces suivantes, exprimées dans la configuration de référence :

V() Folts plt,2) det Vo(t,2), @€,
(t.2) = |(Vet,2)) " ()| G, (t p(t,2)) det Vit ), @ € Ty (o)

ou n désigne la normale unitaire extérieure a I'y(t). Naturellement, les forces f et g
dépendent a priori du champ de déplacements , méme si nous avons délibérément omis
de faire figurer cette dépendance. Lorsque f et g sont réellement indépendantes du champ
de déplacements, on parle de forces mortes. Dans la formulation (2.6), le champ de tenseurs
II¢ ne prend pas en compte la propriété d’incompressibilité du matériau. Il s’agit donc du
champ de tenseurs des contraintes du matériau compressible associé.

(2.7)

2.1.3 Probleme mixte en déplacement-pression

La formulation (2.6) a l'instant ¢ € [0, 7] fait intervenir la contrainte d’incompressibilité
a la fois dans l'espace U(t) des déplacements cinématiquement admissibles et dans ’espace
tangent d,»U(t). A des fins d’approximation variationnelle, il est bien souvent commode
de faire apparaitre séparément la contrainte d’incompressibilité, ce que nous faisons ici.

Nous notons U¢(t) l'espace affine des déplacements compressibles admissibles au temps
t € [0,T], et introduisons l'opérateur de contrainte suivant :

Bty : dpnyU°(t) — P,

qui agit de I'espace tangent dw(t)lxlc(t) vers I'espace P’ des formes linéaires continues sur
P et se définit par la forme bilinéaire :

<B@(t)v,q>7y7p = /Qq(x) (cof Vo(t,x)) : Vu(z)dz,

pour tous (v,q) € dyyHU(t) x P. Par ailleurs, on se donne la forme linéaire continue
Tty € dypUe(t)" définie par :

<T“0(t)’v> dptyUC(t) dop(yUC(2) 2

—/()mg 0)-o(@)do + [ W(ta): Vo(o)do
/f (t,z) - v(x)dr — g(t,z) - v(x) dx,

FN(t
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pour tout v € dy,»U°(t). Ainsi, la formulation (2.6) implique classiquement avec un mini-
mum d’hypotheses de régularité, que pour tout temps ¢ € [0, 77, le champ de déplacements
solution ¢p(t) € U(t) est tel que :

Tgo(t) S (KGTBSD@))J' = ImBgto(t)
Il existe donc formellement un multiplicateur de Lagrange p(t) € P, dit pression hydro-
statique, tel que :

Ty = Blayp(t),

si bien que la formulation contrainte (2.6) revient & trouver pour tout ¢ € [0, 7], le champ
de déplacements p(t) € U(t) et la pression hydrostatique p(t) € P tels que :

2
/Qp(;v)ng(t,:U) -v(x) dx (2.9)

+/ (TII°(t, ) — p(t,x) cof V(t,z)) : Vo(x) dx

Q
= [ f(t,x) -v(x)de + / g(t,z) -v(z)dr, Yov e d,hUt),
Q I'n

/ q(z) (det Vp(t,z) — 1) de =0, VqeP. (2.10)
Q

Il s’agit du probleme mixte en déplacement-pression usuel utilisé pour les problemes
hyperélastiques incompressibles. On y voit apparaitre le champ du premier tenseur des
contraintes de Piola-Kirchhoff IT : [0, 7] x  — R3*3 du matériau incompressible qui se
définit par :

II(t,x) = I°(t, ) — p(t, z) cof V(t,z), Y(t,x) € [0,T] x .

2.2 Hyperélasticité

2.2.1 Energie emmagasinée

A ce stade, il importe de se donner une loi de comportement, c’est-a-dire une expression
du premier tenseur des contraintes de Piola-Kirchhoff II¢ du matériau compressible en
fonction de I’état de la structure. L’hypothese d’élasticité consiste a supposer que le tenseur
des contraintes I1°(t,z) a l'instant ¢t € [0,7] et au point € 2 ne dépend en fait que
des propriétés du matériau au point x € ) et du tenseur du second ordre gradient de
déformation :

F=Veyp, [0,T]xQ.
On notera ainsi I1¢(t, z) = L(x, F(t,x)) pour tout (t,z) € [0,T] x Q.
Nous restreignons encore ce cadre en introduisant I’hypothese d’hyperélasticité, c’est-
a~dire en supposant qu’aucune énergie n’est emmagasinée dans le matériau lors de cycles
de charge-décharge admissibles. Plus précisément, on a la :
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Definition 2.1. On dit qu’un matériau est hyperélastique si et seulement si pour tout
champ de déplacements de la forme :

pt,z) =c(t)+ F(t) -z, V(t,z)€[0,7]xQ,
et T-périodique :
0(0,x) = p(1,x), VreQ,

le travail fourni par le matériau compressible au cours d’une période est nul, en ce sens
que :

// L F(t): F(t)dedt =0, YAC Q. (2.11)
0 A

Dans ce cadre (décrit dans [Tal94b]), on obtient la :

Proposition 2.1. Pour un matériau hyperélastique, il existe une fonctionnelle d’énergie
emmagasinée W : Q x R3*3 = R continiment différentiable par rapport & son deuziéme
argument, telle que pour tout = € § et tout t € [0,T] :

~

ow

£, V9) = S

2, V), Vb € UC(t).

Preuve : Nous la rappelons ici. Tout d’abord, on établit un résultat préliminaire. En
différentiant la relation (2.11) pour la variation §F de F', il vient en utilisant la convention
de sommation implicite sur les indices répétés et une intégration par parties en temps :

OF,; 0
- *J F ] 7 Fz
0 //<8Fk15 kl +ﬁ]8t5 J> dx dt
oLy OFU P
//(% o (875‘])5 ]> dudt
OF,;  OL;; OF
/ / <8Fkl Mot T OF, ot ]> o

_ 8£z] 8£kl aE]
N /0 /,4<8Fkl (f)Fij>5Fkl gD dzx dt.

En conséquence, pour presque tout x € 2, on a :

/OT (gfﬁ (2, F(t)) - gf?f; (a:,F(t))> 5F(t) agt (t)dt = 0. (2.12)

D’autre part, soit F' € R3*3 un gradient de déformation. Pour tout z € €, on définit
I’énergie accumulée par le champ de déplacements p(t,x) = tF - x au point = € ) par :

1
W(z, F) = / L(z,tF): Fdt.
0
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On obtient alors pour toute variation JF € R3*3 de F € R3*3 en utilisant (2.12) :

?;;V(a: F):6F = /1 <t<§§(m tF) - 5F> :F+£(x,tF):<5F> dt

= ( < (x,tF) >:5F+E(x,tF):5F> dt
d
dt

= / (tL(z,tF): 0F) dt
0
L(z,F):dF.

Il s’agit bien du résultat annoncé. De plus, il résulte de (2.11) que la définition de W ne
dépend pas du champ de déplacements ¢ choisi. O

En vertu de ce résultat, nous avons pour un matériau hyperélastique :

~

W (o, F(t,2)), Y(t,z) € [0,T] x Q.

(k) = L(t, F(t,2)) = 52

2.2.2 Forme indépendante du référentiel

Nous pouvons en outre préciser la forme de l’énergie emmagasinée W du matériau
hyperélastique dans le cadre d’hypotheses physiques adaptées. En particulier, il importe
que I'énergie emmagasinée W soit définie en chaque point d’une facon indépendante du
choix du référentiel. Cette préoccupation légitime la définition suivante :

Définition 2.1. On dit que ’énergie emmagasinée W:QxR¥>3 5 R est indépendante
du référentiel si pour toute rotation Q € SO (3), on a pour presque tout v € Q :

W(z,Q - F)=W(z,F), VFeR>3 detF > 0.

On obtient alors simplement une condition nécessaire et suffisante pour que 1’énergie em-
magasinée W soit indépendante du référentiel.

Lemme 2.1. L’énergie emmagasinée W est indépendante du référentiel si et seulement
s’il existe une fonctionnelle W : Q x R3*3 — R telle que pour tout x € Q et tout F € R3*3
avec det F' > 0 :

W(z, F) = W(z, Ft - F). (2.13)

Preuve : En effet, si un tel W existe, on a pour presque tout z € Q et tout F € R3*3 tel
que det F' >0 :

W(2,Q - F)=W(x,F'-Q"-Q-F) =W(x,F' - F) = W(z,F), VQ e SO"(3),
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ce qui revient précisément a dire que 1’énergie emmagasinée W est indépendante du réfé-
rentiel choisi.

Réciproquement, si on adopte Q = (F' - F)/2. F~1 € SO*(3) dans la définition 2.1,
puisqu’ainsi det Q) = 1, il vient :

W(z,F) =W(z,Q - F) = W(x, Ft - F).

Cette propriété légitime l'introduction du tenseur de Cauchy-Green a droite :
C=F"'F (2.14)

On peut alors préciser la forme du premier tenseur des contraintes de Piola-Kirchhoff.
Pour ce faire, nous avons le :

Lemme 2.2. Avec les notations (2.13) et (2.14), on obtient :

~

%(m,F) =2F - g—ycv(o:,Ft “F), YreQ, VFeR¥>3 detF >0.

Preuve : On a par définition de W, pour toute variation §F € R3*3 de F' € R3*3 .

oW ow

7. _ g t . i
op  OF 80.(5F F+ F'-6F)
ow
= (2F -— | : 0F
(256 ) o7
. R L ow N
en utilisant le caractere symétrique de 20 d’ou la preuve. O

En introduisant le second tenseur de Piola-Kirchhoff 3¢ tel que :
(¢, z) = F(t,x) - X(t,x), (t,z) €[0,T] x Q, (2.15)

on a donc dans le cas hyperélastique la forme générale de la loi de comportement :

X(t,x) = 2%(m, Vol (t,x) V(t,z)). (2.16)

2.2.3 Isotropie

Nous terminons cette sous-section en rappelant que sous une hypothese d’isotropie,
la loi de comportement prend une forme particuliere. On définit le caractere isotrope du
matériau en termes d’énergie emmagasinée par la :
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Définition 2.2. On dit que l’énergie emmagasinée W QxR 5 R caractérise un
matériau isotrope si pour toute rotation Q € SOT(3), on a pour presque tout x € §) :

Wz, F-Q)=W(x, F), VFcR¥>3 detF >0.

Nous renvoyons a ([Cia88], page 152) pour montrer que W est une fonctionnelle d’énergie
emmagasinée sous forme indépendante du référentiel et caractérisant un matériau isotrope
si et seulement si elle s’écrit :

W(zx, F) = I(z,i(Ft- F)),

ot i(F'F) = (tr C,tr cof C,det C') désigne les invariants principaux de la matrice C' =
F'. F. La loi de Mooney-Rivlin pour les matériaux isotropes incompressibles, qui adopte
I’énergie quadratique par rapport aux invariants :

W(C) = ¢ (tr C — 3)? + ¢o (tr cof C —3)?,

voit ainsi légitimer sa forme par ce résultat.

Enfin, en supposant que Z est deux fois continument différentiable par rapport aux
invariants principaux i(C) pour C = F!. F = I, on en déduit par un calcul explicite
de sa dérivée seconde qu’il existe deux fonctions positives A et p définies sur 2 et dites
coefficients de Lamé du matériau, telles que :

o*W
W(b) = Ao ® Iy + 2puly,

ou Iy et I, désignent respectivement les tenseurs unité d’ordre 2 et 4. On pourra trouver le
détail de ce calcul dans ([Cia88], page 156). Ce dernier résultat permet de justifier la loi de
comportement dite de Hooke en élasticité isotrope linéarisée. En effet, en linéarisant par
exemple le systéme incompressible (2.9),(2.10) avec la loi (2.15),(2.16) autour du champ de
déplacements identité ¢ = id, on obtient alors le probleme consistant a trouver les champs
des déplacements u et des pressions p, tels qu’a tout instant ¢ € [0,7] on ait u(t) € V(t)
et p(t) € P satisfaisant :

0?u
/Q () Sy (1) o) d
+/ (E(z) : e(u(t,x)) — p(t,z) divu(t,x)) : Vo(z)dx
Q
= [ f(t,x) v(x)dx+ / g(t,x) -v(zx)de, YveW(t),
Q I'n

et
/ q(z) divu(t,z)de =0, VqeP.
Q
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Nous avons désigné par :
V(t)={u: Q- R u=¢pp(t)—idsur T'p(t)},
I'espace des déplacements cinématiquement admissibles & l'instant ¢ € [0, 7], et par :
Vo(t) = {u:Q —= R u=0sur pt)},

I’espace vectoriel des fonctions test. Le tenseur d’élasticité d’ordre quatre, noté E, est
donné par la loi de Hooke :

R

b= 0C?

(I2) = Ao @ Io + 2uly.
De plus, le tenseur de déformation linéarisé e(u) est défini comme la partie symétrique du
gradient de w :

1
e(u) = 3 (Vu+ Viu),
et 0 = E: g(u) définit le tenseur des contraintes de Cauchy, avec :
o= Mtre(u) + 2ue(u).

Le cadre de la dynamique hyperélastique incompressible présenté dans cette section est le
cadre fondamental de ce travail.

2.3 Viscoélasticité

L’hypothese d’hyperélasticité ne permettant pas de prendre en compte ’historique de
déformation des matériaux, nous complétons ici la présentation précédente en introduisant
le cadre viscoélastique, tel que décrit dans [TRK93, Tal94b].

Il est basé sur le modele rhéologique de Kelvin-Voigt schématisé figure 2.2, en ce sens
que l'expression du tenseur des contraintes en fonction du tenseur de Cauchy-Green a
droite s’inspire de la relation entre la force f appliquée entre A et B et I’élongation [
du systeme. Ledit systeme est composé de deux branches paralleles : la premiere est pu-
rement élastique et composée d’un ressort de raideur K, d’élongation [. La deuxieme,
partiellement visqueuse, comprend un ressort de raideur K. d’élongation [., et un vérin
de coefficient de viscosité v d’élongation [,. Si la force f est exercée entre les extrémités
A et B du systeme, son évolution est alors décrite par le systeme d’équations :

f = Kol + Kel67
Vjv = Kle, (2'17)
l=1c+1,.
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Fi1G. 2.2 — Modele rhéologique de Kelvin-Voigt pour un matériau viscoélastique.

En grandes déformations, on considere par analogie que le champ de déformation F'
dans le matériau se décompose en une partie visqueuse F, et une partie élastique F,, et
on écrit :

F=F,F,.

Par application du lemme de décomposition polaire (démontré par exemple dans [GvL83,
Cia88]), il existe une matrice de rotation R telle que :

F.=R-(F'-F)Y?=R.C!?,

ot C, = F! - F, désigne le tenseur de Cauchy-Green & droite de la partie élastique du
champ de déplacements. Nous procédons de méme sur la partie visqueuse des déplacements
en supposant en outre que la rotation associée a la décomposition polaire de F), a été
intégralement reportée dans F, et vaut donc 'identité, de sorte que :

F,=CY?

ot C, = F! - F, désigne le tenseur de Cauchy-Green a droite de la partie visqueuse du
champ de déplacements. Il vient donc que :

C=F'.F'F, F,=Cc'.c,.cl?

D’une fagon consistante avec cette introduction, on associe a toute déformation du ma-
tériau, deux champs de tenseurs de Cauchy-Green a droite C et C,, qui permettent de
définir le tenseur de Cauchy-Green de la déformation élastique de la branche visqueuse :

C.=CV%.c.ol2

Si on suppose de plus que le matériau est incompressible dans son comportement élastique
et visqueux, ces quantités sont alors contraintes, au moins dans un sens variationnel, par :

detCy, =1, detC = 1.

A tout état déformé caractérisé par C et C,, on associe alors ’énergie de déformation
suivante :

W(C7 Cv) = W()(C) + WE(CU_I/Q .C - 01)—1/2)’
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constituée de D’énergie de déformation de la branche élastique Wy, et de I'énergie de dé-
formation élastique de la branche visqueuse W,.

Reste a rendre compte de la deuxieéme équation de (2.17), c’est-a-dire de la dissipation
due a la branche visqueuse. Lors d’une variation §C, de C,, on exprime I’énergie dissipée
sous la forme ¢(Cv) : 0C, et le second principe de la thermodynamique impose :

$(Cy): Cy >0, VO,

On adopte classiquement :

B(C) = v (€,

choix pour lequel nous explicitons la quantité gb(C’U) : C,. Par dérivation par rapport au
temps ¢, la relation C,(t) - C, 1 (t) = I3 fournit :

(2

0 1 9, 1\

8t (CU) ' C’v + CU ' 8t (CU ) - 07
de sorte que :

O ety -1 O 1

at(cv )_ Cv at(cv) Ov

Il s’ensuit que :
o(Cy) =vCyt-Cy - O,

et donc le second principe de la thermodynamique est satisfait en ce sens que :

qﬁ(C'U) :Cy=vD,: D, >0,
avec le tenseur de taux de déformation visqueux :

D,=C;%.¢,.c\2

Dans ce cadre, nous obtenons ’expression du premier tenseur des contraintes de Piola-
Kirchhoff :

oW
II = QFE(C,CU)—])COJCF
B oW 1
= F (280(C,Cv) 7€ ) (2.18)

ou figure la pression hydrostatique p € P, associée a la contrainte d’incompressibilité :

/(detF—l)q:O, Vg € P.
Q
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Conformément au second principe de la thermodynamique, la dissipation correspond exac-
tement a la diminution de I’énergie élastique du systeme, de sorte que :

8t v ) = _a—aj(cv CU) + q COf Cv; (219)

ou figure la pression ¢ € Q associée a la contrainte d’incompressibilité :
/ (detC, —1)qg=0, VqeQ.
Q

Nous introduisons alors la variable interne A = C!, et réécrivons (2.19) sous la forme :

vt Gyt =0t %<O, Cv)-Cyl +q (det Cy) C, (2.20)

En multipliant cette expression a gauche et a droite par C,, il vient :

oW

Ca =22
- 0A

I/a(A_l)

C,Cy) + q cof A. (2.21)

Les équations de I’évolution viscoélastique consistent donc a trouver au sens variationnel
a tout instant ¢ € [0,7], le champ des déplacements ¢(t) € U(t), des pressions hydrosta-
tiques p(t) € P, des variables internes A(t) € A et des pressions associées ¢(t) € Q tels

que :
(/ ; A+/F 2™ 0 4y p O ~VA—/f A+/ ;
QPSO 2 o ac \“ pdetF PV = 0 ‘2 FNQ 2

/(detF —1)p =0,
Q

0, ._ ow s
/Q<1/E(A 1)—8—A(C’,A)—qcofA> :A=0,

/(detA _1)g=o,
Q

(2.22)

pour tout (&, p, A, q) € dypU(t) x P x A x Q. Le caoutchouc est un excellent candidat
au comportement viscoélastique. Le cadre du comportement viscoélastique nous servira
essentiellement au chapitre 3 oli nous proposons un schéma d’intégration en temps pour
I’évolution viscoélastique possédant un bilan énergétique discret exact.

2.4 Contact sans frottement

Afin de donner une description complete du probleme qui motive cette étude, il nous
faut maintenant introduire la notion de force de contact. Soit I'. une partie du bord de €2,
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ou est susceptible de se produire un contact unilatéral (pour simplifier) contre une surface
rigide I',.. Pour tout point = € T, on définit le point y(x) de ', le plus proche de x :

y(z) = arg min lly — 2.

Si on suppose la variété I',. différentielle, cela signifie qu’il existe un réel g(x) ('opposé de
la distance de x & T';) tel que :
y(z) —z = g(z) v(y(x)),

ou v(y) désigne le vecteur normal unitaire au point y de I',., dirigé vers I'. en supposant
que € se trouve d’un seul c6té de la paroi I';.. On a ainsi :

g(z) = [y(x) — =) - v(y(x)), Veel.

Y(%)
v(x)

FiGc. 2.3 — Configuration non-déformée €2 d’un solide, dont la partie I'. du bord est sus-
ceptible d’entrer en contact avec la paroi rigide I',.

La contrainte de contact unilatéral se formule de maniéere non-variationnelle en disant que
tout champ de déplacements ¢ doit étre tel que :

g(p(x)) <0, Vxel..
En conséquence de cette contrainte, la réaction de contact exercée par I', sur I'. s’écrit :
9g
Oz

ou figure I'intensité A de la force répulsive qui satisfait aux conditions de Karush, Kuhn
et Tucker [Lue84, Cia92] :

T(z) = —Ma)= (p(z)), Vxel,,
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Par suite, il vient que :

SIS
|

r0) = A0 | (G- 1) v5@) + g (o) vl (5 57|
L) (o)), puisane Ay (p(2) =0
= M) (), (229

: L 0 .
puisque pour toute variation dz de x € R3*3, le vecteur 9 oz € R¥3 est tangent a

la variété I', au point g(x). Il est donc naturellement orthoggnal a v(y(z)), et on obtient
ainsi une force de réaction normale a la paroi rigide I',.. En conclusion, le probleme d’évo-
lution viscoélastique avec contact consiste & trouver a tout temps t € [0, 7], le champ des
déplacements ¢(t) € U (t), des pressions hydrostatiques p(t) € P, des variables internes
A(t) € A avec pressions associées ¢(t) € Q, et des pressions de contact A\(t) € A(t) tels
que :

/ +/F 2@(0A)— o ~VA—/fW+/ f+/ AOV(T) - ¢
QP‘PSO 0 ac \ pdetF V= o 4 FNQ ‘2 Yy)- e,

/(detF —1)p =0,
Q

0, _ ow A
/g(UE(A 1)—8—A(C’,A)—qcofA> tA=0,

/(detA _1g=o,
Q

A(t,x) >0, z €T, almost everywhere,

(AL, 2)g (p(t,2)) =0, =« €T almost everywhere.

(2.24)
pour tout (@, p, A, q) € dpyUe(t) x P x Ax Q.
Nous n’évoquerons pas dans ce travail, le traitement du contact frottant qui peut étre lu
par exemple dans [Joh85, Lau02, Wri02]. En effet, notre contribution dans ce domaine
concerne essentiellement la formulation d’un schéma d’intégration en temps conservant
I’énergie discrete en élastodynamique avec contact sans frottement ou parfaitement adhé-
rant. Quant a elles, I’évaluation du glissement et l'expression des forces de frottement
pourront étre réalisées de maniere tout a fait indépendante par la méthode voulue.

Les éléments de ce chapitre décrivent donc sommairement la maniere usuelle de mo-
déliser la dynamique de structures hyperélastiques ou viscoélastiques pouvant entrer en
contact sur une partie de leur bord avec un corps rigide extérieur. Il fournit le cadre
physique des développements du travail exposé dans les chapitres suivant.






Chapitre 3

Energy conservative/dissipative
time integration in nonlinear
elastodynamics

Résumé

Il est maintenant bien établi que la conservation/dissipation de ’énergie dis-
créte joue un role fondamental en ce qui concerne la stabilité inconditionnelle
des schémas d’intégration en temps pour 1’élastodynamique non-linéaire. Dans
ce chapitre, nous présentons une analyse théorique et numérique de I’évolution
de I’énergie pour les schémas du second ordre de point milieu, de trapéze, et
de Hilber-Hughes-Taylor [HHT77], comparés & des schémas conservatifs tels
que [Gon00]. De plus, nous proposons des extensions de la technique de correc-
tion d’énergie proposée par O. Gonzalez pour un modele viscoélastique issu de
[TRK93], et les probléemes avec contact glissant, comme dans [LL02, AP98].
Enfin, en exploitant ’analyse proposée du schéma HHT, nous formulons une
intégration en temps dissipative des termes d’inertie, précise a 'ordre deux, et
se traduisant par I'obtention d’un schéma dissipatif pour une énergie régularisée
prenant en compte une petite contribution des effets d’accélération. Le tout est
illustré sur plusieurs essais numériques significatifs.
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Abstract

It is now well established that discrete energy conservation/dissipation plays a
key-role for the unconditional stability of time integration schemes in nonlinear
elastodynamics. In this paper, we present a theoretical and numerical study
of energy evolution for midpoint, trapezoidal and Hilber-Hughes-Taylor se-
cond order schemes, as compared with energy conserving schemes like [Gon00].
Moreover, we propose extensions of Gonzalez’ energy correction to a viscoe-
lastic model from [TRK93], and frictionless contact problems in the way of
[LLO2, AP98].

Finally, by exploiting the proposed analysis of the HHT scheme, we formulate
a second order dissipative time integration of inertial terms, resulting in a
dissipative scheme involving a regularized energy, taking into account a small
contribution of accelerations.

3.1 Introduction

Time integration schemes for elastodynamics have been developed for a long time in a
linear framework in which consistency and linear stability ensure convergence by time step
refinement. Whereas the conditionally stable explicit centered method must be mentioned
for its simplicity, the numerical stiffness of such mechanical problems has lead to the
development of implicit methods, especially when dealing with incompressible materials,
such as Houbolt, Wilson, Newmark or Hilber-Hughes-Taylor [HHT77] methods, that can
be read in [Bat82, Cri97, GR93] among others. Nevertheless, when considering nonlinear
problems, the previous implicit schemes lose their unconditional stability and nonlinear
criteria of stability must be found.

In the Hamiltonian framework (i.e. with conservative loadings), a geometrical approach
could consist in constructing numerical schemes whose flow is symplectic [HLW02, SSC94],
entailing the conservation of the volume in the phase space. Nevertheless, such a condition
is not always sufficient to ensure the stability of the numerical system for large time
steps and for stiff problems. In the compressible case, this statement will be numerically
assessed for the symplectic midpoint scheme. A deeper analysis is proposed by J.C.Simo
and O.Gonzalez in [SG93]. In particular, the authors show that symplecticness is difficult to
maintain in the case of kinematically constrained systems. More recently, a new geometric
understanding of time integration schemes in the Lagrangian framework has lead to the
concept of variational integrators, and seems quite promising [KMOWO00, MWO01].

Another way to stabilize the discrete solution can consist in imposing energy conser-
vation as a constraint, by projection [NNR77, HLC78] or by Lie group methods [MK99].
In fact, by a mean value argument, Simo and Tarnow have shown in [ST92] that conser-
vation could be achieved by choosing correctly the algorithmic definition of the second
Piola-Kirchhoff stress tensor. Such an idea has lead to a very practical conservative scheme
proposed by Gonzalez in [Gon00].
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In the linear framework, linearly dissipative integration schemes, i.e. whose spectral
radius is strictly less than unity, have been developed to avoid polynomial instabilities,
arising for non-diagonalizable integrators with double unit eigenvalue. Nevertheless, when
extended to the nonlinear framework, they do not ensure longterm stability as the evolution
of energy cannot be controlled. Many works from Bauchau, Bottasso and their collabo-
rators [BT96, BJ99, BB99, BBT01la, BBT01b, BBC02, BBT03] or Armero and Romero
[AROla, ARO1b] or Bui [Bui03] among others, have proposed various strategies to obtain
slightly dissipative time integration schemes, able to damp out unresolved high frequency
modes, while maintaining a good accuracy. Whereas these works often develop a special
discrete integration of the inertial term, or introduce a numerical Rayleigh damping (see
[GR93]) at highest frequencies, we turn to good account the conservation analysis for the
HHT scheme we propose, to provide a way of introducing energy dissipation in a conser-
vative scheme such as [Gon00] by a non-trapezoidal second order approximation of the
inertial term. In particular, as often, the dissipative contribution remains located in the
inertial term, which makes easier to transpose it to various Lagrangian systems for which
the potential energy remains integrated with a conservative method.

Among the most violent situations involving the dynamics of hyperelastic structures,
the problem of impact is known to be particularly demanding. Over the last years, an
increasing interest has been devoted to energy conserving time integration schemes for
contact mechanics. In particular, in the framework of frictionless contact, both Laursen
and Chawla [LC97] and Armero and Petocz [AP98] have proposed an energy conserving
approach. Nevertheless, as underlined in [LL02], both contributions encounter a difficulty
in enforcing standard Kuhn-Tucker conditions associated to frictionless contact, so that
they concede an interpenetration of the structures in interaction, vanishing as the time
step goes to zero. This drawback is resolved by Laursen and Love in [LL02], by introducing
a discrete jump in velocities during impact, making possible the enforcement of contact
conditions at each time step, at the computational price of resolving a problem on the
jump in velocities. In the framework of a penalized enforcement of the contact condition,
and by adapting the correction technique from [Gon00], we propose an energy conserving
scheme while enforcing the standard Kuhn-Tucker contact conditions at entire time steps.

On the other hand, because of the Dirac acceleration involved during perfect impact,
which has Fourier components at all frequencies, oscillations of the normal contact pres-
sure occur when the penalization coefficient tends to infinity. Indeed, the absence of strong
convergence of the solution in the linearized framework is well understood from a mathe-
matical point of view in the absence of viscosity (see [Sca04] for example) for a lack of
compacity reason. The enforcement of a constraint on velocities, formally equivalent to
a viscous contact force, used for example in [TP93, AP98] is known to provide the dis-
sipation of the high frequency oscillations. An alternative consists in taking into account
a real internal viscoelastic behavior in the material. In order to obtain an exact discrete
energetic balance, we adapt again the technique from [Gon00], and propose a new scheme
for the time integration of the viscoelastic model introduced in [TRK93].
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When considering the dynamics of coupled problems, such as aeroelasticity [FLT98]
or magneto-hydro-dynamics [GLBO03] problems, of even more crucial importance is the
stability of the coupled system, well described by energy evolution. We have shown in
[THO3a] that the energy conserving approach presented herein could be extended to a
fluid-structure interaction framework, with Arbitrary Lagrangian Eulerian description, by
adopting special non-conservative variables in the fluid.

In section 2, we introduce the problem of nonlinear quasi-incompressible elastodyna-
mics. In section 3, we show why completely implicit schemes are the only way to explore.
Indeed, in the nonlinear framework, semi-implicit strategies are shown to have the same
complexity as implicit ones. We propose in section 4, a precise conservation analysis of
linearly conservative schemes such as midpoint and trapezoidal rules, identifying their
major sources of instability in presence of an incompressibility kinematical constraint,
which are avoided by [ST92, Gon00, LMO1]. In section 5, based on a rigorous analysis of
the conservation of the Hilber-Hughes-Taylor time integration scheme [HHT77], we pro-
pose a dissipative discretization of the inertial terms in a conservative scheme enabling to
conciliate second order accuracy with an energy decaying property for a regularized energy
involving acceleration effects. In section 6, we propose an extension of the energy correction
technique from [Gon00] to obtain a conservative discrete integration of the viscoelasticity
system from [TRK93], and of penalized contact pressures involved during impact enabling
the enforcement of the standard Kuhn-Tucker conditions at time discretization points.
Numerical tests in the hyperelastic framework are presented in section 6, and illustrate
the present work.

3.2 Quasi-incompressible elastodynamics

3.2.1 The incompressible model

The open set 2 C R? denotes the interior of the reference configuration of a solid body
and its time-dependent deformation is described by the following mapping :

©:[0,T] x Q — R3. (3.1)
The material is assumed to be incompressible in the sense that on [0, 7] x €2,
det F' =det Vi = 1. (3.2)

The density of the material on the reference configuration is denoted by p : 2 — R% and
the body forces by f : [0,T] x Q2 — R3. On the subsets I'p and 'y of the boundary I' = 99
of the domain, the displacement ¢ p : [0, T]xT'p — R? and the traction g : [0, T]|xT'y — R3
are prescribed. Moreover 'p UT'y =TI, 'p NI’y = 0, and n is the outward normal unit
vector.
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The first Piola-Kirchhoff stress tensor in the material is denoted by II and is given by
the hyperelastic constitutive law :

2%
II 9F pcof F
oW 1
- (2 oc ~ ey’ C)
ow ddet C1/2
=F (2 ac ~ P ac >
—F.%.

The symmetric tensor ¥ is known as the second Piola-Kirchhoff stress tensor, p : [0,7] x
) — R denotes the hydrostatic pressure, W and W the stored elastic potentials respecti-
vely in term of the gradient F' or the right Cauchy-Green strain tensor C = F?. F . The
cofactor matrix of the matrix F' is denoted by cof F' = O det F.

3.2.2 Variational quasi-incompressible formulation

We introduce variational spaces for displacements, velocities and pressures :

Uy C{u e WH(Q)3;, u=0onTp},
Y c {w e L?(Q)3}, (3.3)

Pc{peli(); 2+1<1}

We assume that p € L*°(Q), with p > pg > 0 almost everywhere on €, that f €
L?(0,T; L* (Q)) with % + s% = 1, and that ¢p € L? (0,T;W1_1/575(FD)3). The elastic
potentials W and W are assumed to be continuously differentiable with respect to their

arguments. Then, the variational formulation of the hyperelastic incompressible elastody-
namics problem we consider, consists in finding :

@ —@p € L*(0,T;Up),
p e L*(0,T; V),

pé € L*(0,T;Us),

p € L*(0,T;P),

such as for almost every t €]0, T, any v € Uy and any g € P :

5(1), 0), Vo = f v,
{pB(8), v)ygr 1o + / / (3.5)
/Q(detho( )—1+ep(t)qg=
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Remark 3.1. Some remarks should be done concerning the formulation (3.5) :

- We have assumed that the surfacic traction g was vanishing to avoid a technical
difficulty. Indeed, since the speed is in L?(Q2)3, it has no trace on the boundary T n
and the surfacic work cannot be defined so easily without additional reqularity study.

— The spaces Uy, V and P can be finite dimensional spaces in the framework of space
discretized approrimation.

— The compression term ep generalizes the problem to quasi-incompressible situations.
1/€ has the physical meaning of a bulk modulus.

— To ensure the well posedness of the linearized problems coming from (3.5) around
any admissible displacement @ and obtain the uniform convergence toward the incom-
pressible limit as e — 0, it is necessary to have the following compatibility condition
(see [Bab73, Bre7}]) :

46 >0, Yo € pp+ U,

inf sup /Qq ((cof V) : Vv) > . (3.6)

a€PllallP=1 vetsy,|v]ryy =1

As far as we know, the proof of existence of a solution for (3.4) is presently out of
reach, but we recall in the next subsection a crucial expected conservation property for
such a solution, both from theoretical and numerical point of view.

3.2.3 Conservation properties

From a physical point of view, a solution of (3.4) is expected to satisfy the following
conservation properties :

Proposition 3.1. Formally', the following conservation properties hold for a solution of
(3.5) for any t €]0,T7 :
— Energy conservation.

¢
-0 = [ [ (37)
0 Jo
the total energy being defined by :

1

E(t) =5 /Q po(t,z)? dz + /Q W(;r,Vgo(t,x))d;r—i—% /Q ()2, (3.8)

— Angular momentum conservation (for Tp=10).

g -g0= [ [oxs (39)

with :
() = /Q po(t2) x (1, 2) da. (3.10)
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— Linear momentum conservation (for T'p =10).

I(t)—I(()):/Ot/Qf, (3.11)

I(t):/ﬂpgb(t,x) dx. (3.12)

Proof : As announced, the present proof is formal. Concerning energy conservation, the
variational formulation of the problem at time ¢ € [0, 7] entails for v = ¢(¢) that :

with :

| rew- e+ | (%—);V(Vw(t))—p(t) cofW(t)) o) = [ 1040 (313

By a derivation in time of the incompressibility constraint :

/ (detVp(t) —1+ep(t))g=0, VqeP,
Q
one gets that :
| (Geor Vio(t)) V(o) + bt a = 0. vaeP.
and by using this expression with ¢ = p(t) into (3.13) :

ain oW : : ,
[ re0- o0+ [ GEEew): Va0 +e [ ione) = [ 10t

which formally entails that :

& (5 [oowr+ [Wwew+5 [02) = [ 1050

The announced formal energy conservation comes from an integration over [0, ¢].
Concerning angular momentum conservation, for any a € R3 we introduce the skew-
symmetric matrix J, defined by :

Jo-w=axw, YweR>3.

By using the factorization II = F'- ¥ of the first Piola-Kirchoff stress tensor, the variational
formulation of the problem at time ¢ € [0, 7] entails for v = a X ¢(t) = Jq - ¢(t) that :

a / po(t) x B(t) + / (F(t) - 2() : (Ja - Velt)) = a- / o) x f(t),  (3.14)
Q Q Q

Lin the sense that these properties can only be derived from (3.5) if higher regularity than expected in
(3.4) is assumed.
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that is :

alépwwX¢@%ﬁL@W%E@%FUD:%zal/¢@Xf@L

Q

and because F(t) - X(t) - F'(t) is a symmetric tensor because the second Piola-Kirchhoff
stress tensor ¥ is symmetric, and J, is skew-symmetric, one gets for all a € R3 :

<w/pﬂwx¢@=a¥/ﬂwXﬂm
Q Q

and therefore :
[ oot <ty = [ o6 £00).
Q Q
This last expression can be written as :

d

& | oty <ot = [ o0 x 100

resulting in the announced formal angular momentum conservation by integration over
[0, ¢].

Concerning linear momentum conservation, the variational formulation of the problem
at time ¢ € [0, 7] entails for any v € R? that :

v [ ppy=o- [ 50

& e = [ s,

resulting in the announced formal linear momentum conservation by integration over |0, t].

O

and then :

In coming sections, we are interested in the transposition of such expected properties for
the continuous solution to the time discrete framework, that is when considering time
integration schemes.

3.3 Efficiency and semi-explicit strategies

When regarding industrial computations, the necessity of obtaining low cost methods
for time integration is obvious. The disadvantage of implicit methods is the introduction of
a nonlinear problem at each time step, whose resolution has an expensive computational
cost.

At the opposite, each time iteration of an explicit scheme would be economic to com-
pute, but for stability reasons, the time step has to satisfy a Courant-Friedrichs-Lax (CFL)
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condition, particularly restrictive for quasi-incompressible problems. Indeed, in a lineari-
zed framework, we show in section 3.3.1 that the time step must decrease as /€. In section
3.3.2, we propose a compromise between explicit and implicit strategies which consists in
impliciting the compression term in the centered explicit scheme. Then, the CFL condition
to satisfy for the time step in the linearized framework is proved to be far less restrictive :
it must only ensure the stability of the explicit compressible scheme. Nevertheless, when
extended to the nonlinear framework, this latter scheme proves to be more complex to
handle than expected, which is developed in section 3.3.3 : it has the same computational
complexity of a totally implicit strategy, and cannot be lighten.

3.3.1 A centered explicit scheme

In the case where quasi-incompressibility is ensured with € > 0, let us consider the
centered explicit scheme using obvious notation :

/p(ﬁn.v+/a—W(thn)ZVU—/pHCOan:VU:/fn'U,

q (det Voptr — 1+ 6pn-i-l) =0,
Q

for all v € Up, g € P and the centered discrete acceleration (see e.g. [Bat82]) :

P Pn+1 — 290n + Pn—1

The n suffix denotes an approximate value at discrete time t,, and At,, = t,41 —t, > 0.

Linear stability

First, let us analyze the corresponding scheme for the time integration of incompressible
linearized elastodynamics equations describing the evolution of the displacement u and the
hydrostatic pressure p, namely :

/piln.v+/ (E:e(up)) : Vv—/pndivv: / fn v,
9 9 9 (3.16)
0 q (dii} Un+1 + 6pn-i—l) =0,

for all v € Uy, g € P and the centered discrete acceleration :

Un+1 — 2un + Up—1
A2

Uy, =

Moreover, the elasticity tensor E is given by :

o*WwW

E= W(Iz)a
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where W is the stored energy in terms of the Cauchy-Green strain tensor C, and I the
unit matrix in R3*3. Assuming that the spaces Uy of displacements and P of pressures have
a finite dimension, the scheme (3.16) can be written as follows under obvious matricial
notation :

1
A2
BUyni1 = €CPyy1.

MUy —2U, +U,_1)+ KU, + B'P, = F,

We deduce that :
U1 = AEM7UE, +2U, - A2M7'KU, - At2M~'B'P, — U,
1
= A2M7'F, + (212 —~A2MTIK — —At;iM—lBtc—lB> Up—Up_1,
€

resulting in the following matricial form of the integration scheme :

U1\ _ [ A —I Un AZME,
()= o) (o ) (590 ) e
H

with : )
A=20, - A2M 'K — A2 M~ 'B'C™'B.
€

To obtain the convergence of the approximation toward the exact solution of the elastody-
namics problem, it is standard (see [Bat82, RT98] for example) that a classical sufficient
condition is that the spectral radius of the matrix H be less than one. More precisely, let
X = (U,V)! be an eigenvector of H associated to the eigenvalue A # 0. Then :

1
AU — -U = \U.
)\ Y

which is exactly by definition of A and from a left multiplication by A—thM :

1 1 1
K+ -BlC'Bl|U=(2-<~—-)\) —=MU.
(+60>U<AA>N%U

As a consequence, there exists an eigenvalue w? of K + %BtC’ ~1 B with respect to the mass
matrix M such that : )
1 A +1

2 A 42
wEAtn—Zz—X—)\:— T

Moreover, a direct calculus shows that the solutions A of :

M1
=

(0}
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satisfy |A| < 1 iff || < 2. Therefore, the spectral radius of the matrix H is less than one
iff for the highest eigenvalue (w%)2 of K + %BtC’ !B with respect to the mass matrix
M, we have :

(W) Aty = 2| < 2,

€

that is w"** At,, < 2. Moreover :

((K+1iB'Cc-'B)U,U)

mar\2 __
(We™)™ = max (MU, U)
1(C~'B®,B®) co
> mazx\2 - ’ — mazx\2 Y 3.18
T =~ (3.18)

where ® is an eigenvector of the (compressible) stiffness matrix K with respect to the

mass matrix M associated to the maximum eigenvalue (w™%)?2, that is :

K® = (W) M.
Then, for a time step At, satisfying the stability condition w***At, < 2, we get the
following CFL condition :

At < riax = - :
w 2 CO
T ey 2

Such a CFL condition becomes particularly restrictive for nearly incompressible models.
Indeed, the right hand side goes to zero as +/e.

Conservation analysis in the compressible framework

Even if in the quasi-incompressible framework this CFL condition makes the centered
explicit scheme delicate to use, such a scheme can become interesting in the compressible
framework, by using the following time iteration :

/,ogbn.v—i—/ 8—W(Vg0n):Vv:/fn'v, Vv € Uy, (3.19)
Q o OF Q

using the centered discrete acceleration :

. Pnt+1 — 205 + Pn_1
SOTL = 2
At?
In the nonlinear framework, we prove for the centered explicit scheme :

Proposition 3.2. In the discrete dynamics given by the explicit centered integration
scheme (3.19), the following properties of discrete evolution hold :
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1. Discrete energy.
Eni1 — En = P + AL, (3.20)

where the discrete energy is defined by :

_1 Pn — Pn-1
oy o (B2 e

the discrete work of body forces by :

Pn+1 — Pn—-1
mn—/fn< 2Atn >>

and ¢, depends on the discrete displacements, velocities but also of the acceleration
Pn-
2. Discrete angular momentum. If I'p = ), we have :

In41 — Tn =M, + CnAt%> (321)
where the discrete angular momentum is defined by :
Yn—1+ Pn Pn — Pn—1
= X
aim () < ()

the discrete resultant moment is given by :

m, — Pn—1 ‘; Pn+1 % fn
Q

and ¢, only depends on the displacement @, and the acceleration ¢,,.

3. Discrete linear momentum. If I'p = (), we have :

In-i—l - In = gna (3.22)

where the discrete linear momentum is defined by :

Pn — Pn—-1
T, = [ p(fn—Pnt)
for (252)

and the discrete resultant force by :

&zém

Proof :
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1. Discrete energy evolution. The proposed result can be easily obtained by using
as a test function v in (3.19), the second order accurate velocity :

— )
vV = 2Atn ®n+1 ®n—1)-

Then, the inertial term becomes :
5= 1 Pn+1 — Pn 2 _ 1 Pn — Pn—1 2
on 2At, At,, 2At, At,,

Concerning the elastic contribution, we mainly use lemma 3.3 (page 67) and elemen-
tary Taylor’s expansions to get :

a7 () £ (P = Fic)
_ W& “H;A‘t:wF ) anti%gTVg(F*). (Vn)?
—At? (C?;TV;)(F*) :Vén | 1 Vin,
_ WlF) - W) | W) = W(En) | W(E) — W)

tn

tn n
PW . PW ) :
+At2 (cn—aF3 (F,). (V) — <—8F2 (Fy) : Vgon> : Vg0n> ,

where F, stands for various gradient tensors, and we have denoted by ¢, = (¢n+1 —
©n—1)/2At, the second order accurate velocity at time t,. Moreover, let us detail
the two first terms of the energy error :

W(Fn) B W(Fn+1) W(Fn) B W(Fn—l)

2At, 2AL,
— 1@( * ) I = I 18_)/\/( * ) I — I
T 2 9F vty At,, 2 9F /20 At,,
1. oW .
= ——Atna—F(Fn) : Vi

2

1 82W Fn+1_Fn ;+1/2_Fn

——Aty——(F* )|
3 At (Faeiya) < At, ) Aty

1 92W F,—F, 1 Fn — F;Lk—l/Q
——Atp,——(E* N | — ]
3 At (Faoyya) < At, ) < Aty
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; 2
Hence the energy conservation up to a At; term.

2. Discrete angular momentum evolution. If I'p, = (), by using the test function
v=qx Extgnil — ] . Entenil iy (3.19), the elastic term becomes :

ow
Fn'—(on)'(Fn“‘Fn—l—l)t:Ja
1 o¢ ow
= i(Fn_l + Fn+1) . %(Cn) . (Fn + Fn+]_)t . Ja
1 ow
_E(Fn—l—l - 2Fn + Fn—l) . %(Cn) . (Fn + Fn—l—l)t : Jaa
AW

2 Qpn'%(cn)'(Fn‘FFn—i-l)t:Ja'
Concerning the inertial terms, we get :
= 55 ((Pn-1+ Pnt1) X (Pnr1 = 200 + @n-1))
2At2
1

= —50" (©n X (Pnt1+ ©n-1)),

1
= A—tQCL‘ (On X (Pn41 = ©n) — ©n X (Pn — Pn-1)),

n
_ 1 0. ©n + Pni1 % Pnt1 —Pn\ [ Pn-11Pn % ¥n — Pn-1
At, 2 Aty 2 Aty ’
The sollicitation term exactly gives the contribution a - 901,,, and then we get :

Tnt1 — Tn = My, + cn AL

3. Discrete linear momentum conservation. It is straightforward by using constant
test functions v in (3.19).

O

Remark 3.2. Not only energy conservation is satisfied up to a O(At2) additional term
instead of O(At3) for midpoint based schemes presented in section 3.4.2, but the constant
cn, depends on the acceleration of the system, whereas it only depends on the velocities in
the case of the implicit trapezoidal scheme for example (as we will see in section 3.4.3).
From the nonlinear point of view, it explains the extreme sensitivity of the present scheme
with respect to the time step translated by the CFL condition in the linear framework.

Remark 3.3. Whereas the natural centered second order accurate expression of the velocity
at time n 1S :
_ Pn+l — Pn
O 2At,
the velocity appears under a upwind and first order accurate form in the expressions of the
energy &y, the angular momentum J, and the linear momentum L, that is :
Pn — Pn-1
At,

Pn

AL Z—
9011 -
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3.3.2 A semi-implicit scheme

To overcome the dependence of the previous integration scheme stability in the pena-
lization coefficient €, we propose the following semi-implicit scheme :

;

. oW 1
/sté’n-v + /Q a—F(V@n) : Vo — 3 /Qpn—l cof Fp—1: Vv
1

~3 / Prt1 cof Fpyr : Vo = / fn-v, Yv €U, (3.23)
2 Ja Q

/ q(detVonir —14+€eppi1) =0, VYgeP,
Q

with the centered discrete acceleration :

s Pn+1 — 2pn + Pn—1
Pn At%

Linear stability

Let us analyze the corresponding scheme for the time integration of incompressible
linearized elastodynamics equations describing the evolution of the displacement u and
the hydrostatic pressure p, namely :

1 1
/piin.v—{—/E:e(un):Vv——/pn_ldivv——/pnﬂdivv:/fn-v,
Q 0 2 Ja 2 Ja Q (3.24)

q (div up41 + €pnt1) =0,
Q

for all v € Uy, q € P. With the notation introduced in the previous subsection, the scheme
(3.24) can be written as follows under obvious matricial notation :
1
At2
BUp11 = €eCPpy.

1
M(Un+1 - 2Un + Un—l) + KUn + §Bt(Pn—1 + Pn-‘,—l) = Fn

As a consequence, we deduce that :

2
ﬂ%J—&—J%4+<ZgM—K>%,

with :
1

:A—t%

and the semi-implicit scheme can be written as :

()= (B ) ()() e

H

1
J M+ —B!C!'B,
2€
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To obtain the convergence of the approximation toward the exact solution of the elastody-
namics problem, it is standard (see [Bat82, RT98] for example) that a classical sufficient
condition is that the spectral radius of the matrix H be less than one. More precisely, let
X = (U,V)! be an eigenvector of H associated to the eigenvalue A # 0. Then :

2 1
<A—1€%M - K> U= <>\ + X) JU, (3.26)

and the present purpose is to determine a condition over At, such that |[A\] < 1. From
(3.26), we get that :

2 2
W M —-K|W WM -K W
min AL, < (A4 = < max Aty YW,  (3.27)
W WtJw - AT W WtJjw ’ ’ '
and from the previous subsection, a sufficient condition to get |\| <1 is that :
o 2
w MM -K W
-2< 2 <2, VW (3.28)

- WtJw -

Let ® the matrix of the eigenvectors of the stiffness matrix K with respect to the mass
matrix M, namely :
K® = M®D?,

where D? is a diagonal matrix whose coefficients are the eigenvalues (w?);>1. Moreover,
the orthonormality of the eigenvectors with respect to the mass matrix M is expressed as :

MDD = I,.

Because the eigenvectors of the stiffness matrix K with respect to the mass matrix M
spans the space of displacements, we can replace W by W = &X for all X in (3.28),
leading to :

2
Az
By definition of J and @, the right inequality in (3.29) means that :

—2X'e'JoX < X! ( I — D2> X <2X'®'JOX. (3.29)

1
—-X'D*X < ZX'®'B!C'BdX,
€

which is always true because the left hand side quantity is always negative, and the right
hand side one is positive as the compression energy. The left inequality in (3.29) means
that :

1 4
——X'®'B'C7'B®X < —X'X - X'D*X,
€ Atz
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and because the left hand side term is always negative, a sufficient stability condition is :

4
0< —X'X—-X'D?X,

A2
that is in components :

3 (M _ w§> X2

i>1
We conclude denoting by w™** = max wi, that a sufficient stability condition for the
proposed semi-implicit scheme is :

This last sufficient stability condition is independent of € and then far less restrictive than
the one of the totally explicit scheme. Moreover, this semi-implicit scheme can be used even
for € = 0. This scheme consists in impliciting the compression term in the scheme, which
is equivalent to project the centered explicit time iteration of the compressible problem on
the manifold of incompressible displacements. Then, the CFL condition to satisfy for the
time step in the linearized framework has been proved to be far less restrictive : it must
only ensure the stability of the explicit compressible scheme.

3.3.3 Computational complexity of the semi-implicit scheme

We discuss now the implementation of the semi-implicit scheme (3.23) proposed in the
nonlinear framework, and analyze its pertinence. Using a standard resolution by Newton

method, the increments 5@5521 and 5p7(1]21

type :
1 / (k) 1 / (8 COf n+1 (k)
7 [ PO V=5 | Pt | ———g— V0oL | s VY
Al 2 Ja OFy),

/ 5Pn+1 cof F, n+1 PVo = <Ra(f21’”> , Vv €U, (3.30)

are solutions of tangent problems of the following

7

\/Q (Cof Fri1: V‘S@D&Lll + e 5297(@@1) - <Sq(;321,v> . VYgeP.

The only way to make it computable at low cost compared to an implicit scheme would
be to invert only a pressure problem, which requires to adopt a lumped diagonal mass and
to neglect the term in displacement :

(k)
1/ <3COan+1 ) ()
Sl (Y (Rt S o1 A P (3.31)
2Ja IR,
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This modification leads to a modified algorithm which we have observed not to converge
in practice in nonlinear incompressible elasticity. Indeed, because the set of incompressible
displacements is very nonlinear, the projection operator cannot be simplified. Thus, a
displacement problem must be inverted and the associated cost is comparable to the cost
of an implicit time step. Then, in our framework, totally implicit schemes seem to be the
only way to explore.

3.4 Conservation analysis for some usual schemes

In nonlinear elastodynamics, discrete energy dissipation in the large sense (i.e. strict
dissipation or conservation) is the natural criterion of stability for time integration schemes.
Because in the linear framework, Newmark’s trapezoidal scheme (see [Bat82]) is the typical
example of schemes having a clear conservative behavior in terms of mechanical energy,
it is rather natural to study its possible generalizations to the nonlinear framework. In
particular, we provide a discrete conservation analysis for the midpoint and the trapezoi-
dal schemes derived from Newmark’s scheme in the nonlinear framework. The concepts
underlined in these analysis lead to the design of energy conserving schemes, as proposed
in [ST92, Gon00, LMO1].

3.4.1 General concepts

We write (3.5) under a first order form, useful for time integration concepts :
For allvely, q P,

8t/p<,b‘v+/H:Vv:/f-v, in D'(0,7),
Q Q Q
atSO(vl‘) = (,b(',ﬂj‘), in D,(O,T),V$ € Qa (332)

/ (det Vip(t) — 1+ ep(t)) g =0, in D'(0,T).
Q
The time interval [0, T is split into subintervals [0, T] = UN_[t,; tny1], with Aty = 5,41 —

tn. We will call numerical approximation of (3.32), any sequence (¢n,@n,Pn)o<n<ny Of

(Uy X V x P)N, given by an integration scheme of the type :

.
/ P@n+1 V= / 109011 -+ Atn<P (‘Pna Pn+1, ‘;bna Sbn—l—lypnapn-‘rl) ;’U>, Vv € Z/{Oa
Q Q

Pn+1 = Pn + Ath (90n7 Pn+1, Sbny an-‘rl) ’ on Qv

Atn/ qG(on, Pny1) =0, VqeP.
Q

(3.33)
The concept of consistency is then defined by :
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Definition 3.1. Let us assume that for all z € Q, f(-,z) € C>([0,T]) and W(z,-) €
C>®(R3*3). The scheme (3.33) is said to be consistent and accurate at order r with the
problem (3.4) if for any solution (p,p) of (3.4) satisfying o(-,x) € C*([0,T];R?) and
p(,x) € C([0,T1]) for all z € Q, we have :

| pettuino = [ i) o

+Atn<P ((tn)s p(tn+1), @(tn), ¢(tnt1), p(tn), P(tnt1)) ?U> + O(At?‘l)’
(P(tn—i—l) = So(tn) + Ath (‘p(tn)a So(tn-i-l)a ‘p(tn)a ‘p(tn-i-l)) + O(Atz—i_l)? on Qv
| a6ttt o(tnin)) = 0

(3.34)
for allvely and q € P.

3.4.2 Midpoint based schemes

We analyze below some natural second order time integration schemes of the form :

. , N
/WTLH‘”:/P%W—NH/Hn+1/2:Vv+Atn/%.v,
€ QO Q o

b + O
/%H.w:/%.erAtn/w.m (3'35)
Q Q

2
DPn +pn+13 —0,

/q Dpp1p—1+e¢ 2
Q

entirely determined by the expressions of II,, 1/, and D), /5. We have the :

Lemma 3.1. The time integration scheme (3.35) is consistent and accurate at order r < 2
with the problem (3.4) if and only if by replacing the discrete approximations by the solution
at discrete times (t,)n>0, we get for alln >0 :

tn+l
Atn/ yp1/9: Vo= / / II: Vo4 O(AT), Yo e Uy,
Q tn Q

. (3.36)
Atn/ qDpt1)2 = / / qdet CV2 + O(AETTY), VgeP.
Q tn Q

Proof : Let (¢, p) a smooth solution in time of (3.4). We denote by ¢, = ¢(ty,), on = ¢(tn)
and p,, = p(t,). The time integration scheme (3.35) is accurate at order r iff we have first
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for all v € Uy :

Atn/Hn+1/2:VU
_ p¢n+1v+/pgonv+At /f”+f"+1 +At/ %v—i—O(At’““),

n+1 n+1 n+1
= / /pnpv—i—/ /fv+/ / gv+ O(AtsT), s =min(r,2),
tn tn tn T'y
n+1
:/ /H Vo + O(AtE™).
tn

Secondly, the relation (3.34)-2 is straightforward because by Taylor’s expansion, one gets
on () that :

thil AL, 5
Pntl — Pn = / v= —(¢n + nt1) + O(AL).
tn

Thirdly, the relation (3.34)-3 means that for all ¢ € P :

0 19 2
n+
/ / (1 —ep) + O(AtETY), s = min(r,2),

n+1
/ / qdetC'? + O(ALsH).
tn

The choices analyzed in this paper corresponds to second order approximations.

3.4.3 Trapezoidal rule

When approximating the integrals in (3.36) by the trapezoidal rule, we get from lemma 3.1
that the corresponding time integration scheme is second order accurate. It corresponds
to the choice :

%% %% 1
W12 = <8F (Fn) + 8—F(F”+l)> -3 (Pn cof Fp + pny1 cof Fy1) ,

1 (3.37)
Dn+1/2 = 5 (det Fn + det Fn+1) N

and in other words, we could say it is a stress averaging scheme. Concerning its discrete
evolution properties, we prove the :

Proposition 3.3. The trapezoidal rule achieves the following properties of discrete evo-
lution :
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1. Discrete energy.
Eni1 — En = Pn + cn A3, (3.38)

where the discrete work between times t,, and t,+1 is given by :

Pn = /Q % (Pn+1 — n),

and the discrete energy at discrete time n by :

1 . A €
Enz—/pwiJr/W(VsOn)Jr—/pi'
2 Ja Q 2 Ja

The scalar ¢, only depends on ©n, Pn, Pny Pntls Pntl, Pnt+1, and on the approrimate

time derivative of the pressure W. We will say that c, only depends on the

approximate solution at times n and n + 1.

2. Discrete angular momentum. If I'p = (),
Tni1 — Tn = My + cu A3, (3.39)

where the resultant moment between times t,, and t,41 is given by :

mn:Atn/ Pn + Pnt1 % fn“‘fn—i—l’
0 2 2

and the angular momentum at discrete time n by :

jn:/pSOn X D
Q

The constant c,, only depends on the approximate solution at times n and n + 1.

3. Discrete linear momentum. IfI'p = 0,
Int1 — In = n, (3.40)

where the resultant force between times t, and t,y1 is given by :
+
Q 2

and the discrete linear momentum at time n by :

Zn:/pgbn.
Q

Proof :



60 Chapitre 3. Time integration in nonlinear elastodynamics

1. Energy evolution. We take v = (¢p41 — ¢p)/At in (3.35). The inertial term gives
the discrete increase of kinetic energy :

) . 1 .9 1 .9
P (Pny1 — Pn) v = 5 [ PPn— 5 | PP
Q Q Q

The work P, is obtained as :
Q Q

The elastic term gives by a standard Taylor’s expansion :

1 (oW 0%

1 (oW %
"~ 2A7, (a—F(F”) * 8—F(F”+1)> (o = Fa),
1 ; : c OBPW 3
= 5 (Penr =) + 5= G () (Fuss = B
1 A ~ 2 83W

(F)(Véni1 + Ven)?,

S (Wnﬂ - Wn) + gAth

AT,

for a given constant 0 < ¢ < 1/8 and an unknown matrix F.

Concerning the compression term :

1
Py (pn COf F, + Pnt1 COf Fn—i—l) : Vo

2
= 3AL (Pn cof Fy +pny1 cof Fryr) : (Fug1 — Fp),
1" p, +
= g P (cof B+ cof Fusa)  (Fuys — F)
i _
+2At pn+12 Pr (cof Fry1 — cof Fy) : (F1 — Fy),
n
— L Pntprn (det F,, 1 — det F),)
At, 2 y
F — F
+CA1tn 2 aF3 ( n+1 n)
+2At pn+12 Pr (cof Fry1 — cof Fy) : (Fy1 — Fy),
n

with 0 < ¢ < 1/8 from lemma 3.2 (page 63). Moreover, if the initial kinematic

constraint holds :
/ q(det Vipg —1+€epg) =0, VqeP,
Q

then it holds at every discrete time. Then, using (3.35) :

Dn + Dn+1 Pn + Pntil €
/ n72n+ (det Fry1 — det Fy,) = 6/ n72n+(pn+l —pn) = B / (Pr1 — Ph)-
Q Q Q
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Up to an integration over {2, we have :

1
— (pn cof Fy + pny1 cof Fry1): Vo

2
_ pq%-‘,—l - p%
2At, 5
c + 0’ det . .
+§At%pn Pn+1 S (Vn + v(pn+1)3

A2 ppi1 — pn 02 det F

and the announced result holds :
Eni1 — En = Pp + cn A3,
with :

PwW ) . \3 Pn + Pn+1 PP det F

1pnt1 —pn 9> det F . . 2

(v@n + VSbn—i-l)g

+
Pn T Pn+1 T, -

2. Angular momentum evolution. If I'p = (), taking v = a x — =
% in (3.35), the elastic term becomes :
2 (DB + DE(Fu) ) - (Fat Fa) < o
= <Fn : (‘;_VOV(Cn) + Fpyi - %—ZV(CnH)) (Fu+ Fot1)' : Ja,
= 3 Fut Baet) (G + G (Cor)) - (B Fur) o1,
+3 Fust = F) - (5 Coi) = GG ) - (B Fu) 3

The first term vanishes because of the skew-symmetry of J,. Therefore, we get :
1 (oW OW
5 <—(Fn) + 8—F(Fn+l)> . (Fn + Fn_;,_l)t : q]]a

OF
W

: IW () (Coar cn>> (Fa+ Fust)' : Ju,

= ZAtn (Vo +Vnir) -

4
1. ., . .
= gAtn (Véon + V) -

(s
— 180 (T + Tpu) - (G (€5 (Tt (Fusa = F) ) - (4 o) s T
( (Cs) : (Ve - V(on + ¢n+1))> (Fo+ Fps1)' : Ja-
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Concerning the momentum of compression terms, we have :

1
3 (pn, cof Ey + pry1 cof Frt) - (B + Fn+1)t 2 Jq

1/2

Fry1 - (Fp 4 Fo)t:
80” +pn+l n+1 8Cn+1 ( n+ n-i—l) Jaa

1 8 det C/? ddet CM2 .
= 5(Fn+Fn+l) <pn8761n +pn+lTn+1 (Fn+Fn+l) .Ja
1 ddetCY2% det > .
+§ (Fn-‘,-l - Fn) : (pn—i—l aCn+1 — Pn 80” . (Fn + Fn—i—l) . Jaa

whose first term vanishes because of the skew-symmetry of J,. Therefore, we have
simply :

1
9 (pn cof Fy, + pny1 cof Fn—i-l) ) (Fn + Fn+1)t Ja

adet Y2 adetCl

1
= -At, On O : n — Pn - (Fn + Fy ¥ a-
1 (Vén + Vi) <p +1 9C s D ac, ) (Fon+ Fpy1) 2 J

We detail the central factor :

adetCY%  adet
Pn+1 9C 1 — DPn ac,
1 ddetCY?  adetCM2
= §(pn+1 — Pn) ac, + 9Cprs

L ) (Ddet CY2 det O
+§ Dn + Pnt1 - >

9Cs ac,
— At lpn+1 —pn [ Odet C?’IL/2 + ddet 07%-21
- " 2 Atn 8Cn 8Cn+1

92 det C'1/2

1
+At, Z(pn +pn+1) (

where A, is a fourth order symmetric tensor depending on the approximate solution
at times n and n + 1. Then, we have :

1
3 (pn cof By + pny1 cof Frt) - (B, + Fn+1)t 2 Jq

1
- ZAt% (VSDn + v@n+1) “Ap (Fn + Fn—l-l)t :Ja-

Let us introduce :
@ = At2 (Vo + Vi) -
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19°W

A a4
( "t 3907
the discrete momentum of the tensions in the material between times t,, and t,11
along the a € R? direction. By linearity c% = ¢, - a, for a ¢, € R3. Plugging this in
(3.35), and from the identity u - (a X w) = (w X u) - a, we obtain that :

/ ©n + Pny1 % Pnt+1 — Pn :/ Pn + Pn+1 % S+ far1
G2 At 0 2 2

(C*) : (VSOi ’ V(SDn + Son-l-l))) ’ (Fn + Fn-i—l)t t Jas

(3.41)

+/ Pn + Pnt1 % gn + Gn+1 .
L2 2

From (3.35)-2, we have :

/ p(aon-i-l — ¥n % Son +§bn+1 _ 07
Q

Aty, 2
which from (3.41), implies :

jn—l—l - jn - mn + CnAti.

3. Linear momentum conservation. If I'p = (), the result is straightforward by
using any constant vector v € R3 in (3.35).

O
In the previous proof, we have used the simple lemma, :

Lemma 3.2. If J € C3(R3*3) , then for all F,, F,y1 € R3*3, there exists a constant
0 <c¢<1/8 and a matriz F, € R3*3 such that :

oJ oJ o3

IEri) = JE) + 5 (G E) + GFain) ) (Fass = Fo) = e (F) (P — 1)’

Proof : Let f € C3(R) and a,b € R. From successive integrations by parts, one gets that :

b
() - fla) = / f(@) da

(- rw] - [ (- ) rww

! ! b 2
:(b—a)f(a);f(b)-i-/a <l’7_CL—QI-bx_’_6%17)],;///(1,)6&:7

and form the mean value theorem, there exists x, €]a,b[ such that :

"a ! 2 a a
f(b)— fla) = (b— a)w + (b—a) <7* - %bﬂc* + ;) " (xy).

P(xy)
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But the second order polynomial P admits a and b as roots and therefore P(x.) < 0. Its

minimum is reached for z, = %2 and P(%f?) = —%. Then, let us denote P(z,) =
—c(z.)(b— a)? with 0 < c(z,) < £, resulting in :
f(a)+ f'(b
£0) ~ 5y = T 6y — o) (w6 -

2

The announced lemma is straightforward by applying this expansion to the function :

f: 0,1 —R
x —J((1=-2)F,+2F41),

with ¢ =0 and b = 1. O

Remark 3.4. Some key-ideas about the trapezoidal scheme :

— In the compressible case, exact energy conservation is only achieved if W is a qua-
dratic elastic potential as a function of F. It is easy to check that angular momentum
1s then also conserved. Nevertheless, this assumption is not realistic because incom-
patible with :

lim W(F) — +o0,
det FF—0
as shown in [Cia88].

— A crucial argument in the proof of energy evolution is that if the initial kinematic

constraint holds :

/q(dethoo—l—i—epo) =0, VgeP,
Q

then it holds at every discrete time.

— Energy and angular momentum conservations are achieved with an error term c, At3,
and the dependance of c, with respect to the approrimate solution is quite regular.
Nevertheless, an accretive behavior (local increase of energy or/and momentum) can-
not be excluded for nonlinear problems with large time steps. It can entail numerical
instability and a poor behavior with respect to the group of rotations. In fact, one
can wonder if a control of the time step is possible in order to control the behavior of
energy for example. Nevertheless, we observe numerically that when the time grows,
the time step should become smaller and smaller to prevent energy from exploding,
and far more the time step converges to zero.

— The perfect behavior of the scheme with respect to the group of translations is ensured
by the exact conservation of linear momentum.

3.4.4 Midpoint scheme

When approximating the integrals in (3.36) by the midpoint rule, we get from lemma 3.1
that the corresponding time integration scheme is second order accurate. It corresponds
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to the choice :

I _aw Fn+Fn+1 Pn + Pnt1 Fn+Fn+1
=\ T )T W T )

(3.42)
F,+ I,
Dy i1/g = det <%> )

In other words, it results in a strain averaging scheme, and we show the following proper-
ties :

Proposition 3.4. The midpoint scheme achieves the following discrete evolution proper-
ties :

1. Discrete energy evolution. For a constant time step At,
Eni1 — En = P + cn A3, (3.43)

Here, ¢, depends on the approzimate solution at times n and n + 1, but also of the
discrete third order time derivative of acceleration : 'S'O'nﬂ/g = ﬁ(@nw — Ontl —

on + ‘;bn—i-l)'
2. Discrete angular momentum conservation. IfI'p = (),

Tn1 = Tn = My (3.44)
3. Discrete linear momentum conservation. If I'p = (),
In-i—l - In = gn (345)

Proof :

1. Energy evolution. We take v = %(sbn-l-sbnﬂ) in (3.35). The elastic and compression
terms are the only one which differ from the trapezoidal case. For the elastic one,
we have from lemma 3.3 with 0 <c¢<1:

W (F+Fo\ o 1 OV [(F+Fun\
8F< 2 >'W_AtnaF< 2 HFne = Fa),
W(Fns1) = W(E,) ¢ ,PW <Fn + Foiq

_ N
At s pps 5

The main difficulty comes from the kinematic constraint. We denote U, 1/ =
%(Dn + Opy1) and %(Dn + Dn+1) = ALtn(DnJrl — 0,). We assume that the step
time is a constant At, and introduce the interpolated displacement :

) (Ve + Vi)

_ 1 1
Pnt1/2 = 5(90n+3/2 + On-1/2) = Z(Son+2 + Ont1 + P+ Pn-1).
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Then :
_ 1
Pn+1/2 — Pn+1/2 = 1(90n+2 — Pnt1 — Pn + Pn-1)
At , . ,
= §(90n+2 + @nt1 — Pn — Pn-1)
A )
= T(%’nﬂ + ¢n),
with ¢, = %. The increase of displacement is defined by :

1
o = Pn+3/2 — Pn—1/2 = 5(90n+2 + @n+1 — On — Pn-1)
1, .
= 5(90n+3/2At + On1/2A + 20541 — 2¢0n) (3.46)
. 1...
= 20nt1288 + 5 P 1208,

From the kinematic constraint at half step time, we deduce :

_ 1 0 cof F
det Fn+3/2 — det Fn—1/2 = <COf V90n+1/2) : (V(S) + QW

= —€ (pn+3/2 - pn—1/2) . (3.47)

(F)(V4)°

The work of pressure forces is therefore :

Pny1/2 €of Fy1yo : Vni1/2 =
0 cof F

7(F**) : (Fn+l/2 - v¢n+1/2)> : Vsbn—l—l/Z =

Pny1y2 | cof V@10 + oF

_ 0cof I 1. . )
Pn+1/2 <00f Vonie — —gp F) <Z(V90n+1 + Vson)At2>> : Vi)
: . RAN 2
Since ¢y 41/2 = oAL T¢n+1/2, we have :
, 1 _
Pn+1/2 cof Fn+1/2 : vS%H/z = Epn—i-lﬂ (COf VS%+1/2) 1 (V9)
At?

= Pn+1y2 (COf V@LH/Q) P Vi)
_A_t2 0cof F
4 oF

The two last terms are of order 2 in At. To tackle the first one, we use (3.47) and
up to a second order term in At, we get :

(Fas) 0 (Véng1 + Vdn) 1 Vo).

. At? 02 cof F )
Pny1y2 €of Fry1ya: Vo1 = —Kpnﬂﬂw(ﬂ)(vﬂ)g’
€
ToAL Pnt1/2 (pn+3/2 —pn—1/2) .
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By rewriting (3.46) for the quantity p,,;3/9 — pp—1/2, We have :

. €
P12 €Of Fry1yo: Vi1 = Q—At(p%“ —pZL%

up to a second order term in At.

2. Angular momentum conservation. Assuming that I'p = 0, we use v = a X

% =Ja- % in (3.35). In the elastic part, we obtain the terms :
Fn + Fn+1 8W % Fn + Fn+1 t .
2 2 ) 80( n+1/2)' 5 2 Je =0,
and :
Pn t Pnti Fn + Fn+1 d det 01/2 * Fn + Fn+1 ! .
’ 2 2 ' oC (Cn+1/2) T 9 )¢ J. =0,

that vanish because of the skew-symmetry of J,. The result proceeds then as in
(3.41) but with ¢, = 0.

3. Linear momentum conservation. Direct derivation as in the trapezoidal case.

O
In the previous proof, we have used the simple lemma, :

Lemma 3.3. If J € C3(R3*3) , then for all F,, F,y1 € R3*3, there exists a constant
0<ec¢<1 and a matriz F, € R3*3 such that :

aJ Fn + Fn+]_ 83J 3
J(Foin) = J(Fa) + <f> H(Fust = ) + e () (Fog = F)

Proof : Let f € C3(R) and a,b € R. From successive integrations by parts, one gets that :

b ath b
- / F(@) do = / Fayde+ [ @i
— [@—a)f @)% + [@—b)f ()]s
ath b
T e—of@d - [ (@-bf@)d
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and from the mean value theorem, there exists z. €]a, “TH’[ such that :

10 =10 = 0-af (B2) + (5 -an+ 5 ) (7w + "0+ b-2) -

2

P(xy)

The second order polynomial P admits a as a double root and is an increasing function over
N2

the segment [a, b] with P(b) = %. We denote P(z,) = 2c(z.)(b—a)? with 0 < ¢(z,) <

1. Moreover, because of the continuity of f” on [a, b], the mean value theorem proves that

there exists z.. €]a,b[ such that f”(2z..) = 5 (f"(z.) + f"(a + b — z.)). Therefore :

a+b

F(6)— Fa) = (b—a)f’ ( ) o) " () (b — a)’.

The announced lemma is straightforward by applying this expansion to the function :

f: 00,1 =R
x —J((1=-2)F,+2F41),

witha=0et b=1. O

Remark 3.5. Some key-points about the midpoint scheme :

— This scheme is known to be symplectic in the compressible framework (see [HLW02,
SSC94, Gon96]). For small time steps, backward analysis shows the conservation of
a discrete energy, close to the physical one up to a O(At?) term. Nevertheless, in
practice, the desired time step may prove to be not sufficiently small to ensure such
a property. Moreover, symplecticity is hard to obtain for constrained problems (see
[SGI3]) ; in particular, it is lost in the incompressible framework.

— For compressible materials with (unrealistic) quadratic elastic potential W, enerqgy
would be exactly conserved.

— The kinematic constraint at midpoint has bad consequences on energy conservation.
In particular, it requires a very high reqularity in time.

— Angular and linear momenta are exactly conserved, which is a proof of a perfect
behavior of the scheme with respect to rotations and translations groups.

3.4.5 Exactly conservative schemes

At this stage, some remarks need to be done :

— The better conservation of energy achieved by the trapezoidal rule in comparison
with the midpoint scheme, is due to the imposition of the kinematic constraint at
time steps, and not at mid time steps. In (3.35), it is then natural to adopt :

1
Dn+1/2 = 5 (det Fn + det Fn+1) . (348)
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— The exact conservation of momenta performed by the midpoint scheme is due to the
natural form of the first algorithmic stress tensor :

F,+ F,
Mo/ = (%) R (3.49)

with a symmetric second stress tensor X, 1 /o.
— Then, it is straightforward to check that exact energy conservation is achieved iff we
can satisfy :

1 ) _ € 2 € 9

3 | Bt Con=Co) = [ (W) + )= [ (WiC) + 522) - (350
Remark 3.6. After finite element discretization, the integral over 2 in (3.50), could be
replaced by the following relation :

1

1
§En+1/2 ((Cnp1 — Cp) = <W(On+1) + ZPP (det Fiy1 — 1)2>

_ (W(Cn) I i]pp (det F, — 1)2> :

where Pp denotes the L?(Q)-projection over P. It can be treated numerically by a subinte-
gration technique.

A major goal is then to construct such a tensor ¥, 1/, satisfying (3.50). We extend the
construction of Simo and Tarnow in [ST92] to the quasi-incompressible case by proving
the :

Lemma 3.4. For alln > 0, there exist two scalar functions By, and v, over ) such that :

ow ow

En—i—1/2 = <%(ﬁncn + (1 - ﬁn)on-i-l) + %((1 - ﬁn)cn + ﬁnCn+1)>

 Potpay1 [ OdetC/2 B ddetC'?

satisfies (3.50), and the corresponding scheme is second order accurate when making the
choices (3.48) and (3.49) for D, 415 and I,y )5 in the midpoint like scheme (3.35) . The
corresponding scheme performs exact conservation for momenta and energy.

Proof : Let be given x € Q and two Cauchy-Green tensors C,, and C, 1 (given at the
point x € Q of the material). We define the functions :

h(ﬁ) = W(xaﬁcn + (1 - ﬁ)0n+1) - W($a (1 - ﬁ)cn + ﬁ0n+1)7 Vﬁ € [07 1]>
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and :
k("}/) = det(’nd + (1 - V)Cn+l)l/2 - det((l - ’Y)Cn + ’YCn+1)1/27 V’V € [07 1]-
By the mean value theorem, there exists a constant 5* € [0, 1] such that :

W(z,Cpir1) = W(z,Cp) = %(hx(O) ~ (1) = _%CZZ;

(8) = 565,172 ot = G,

with the algorithmic compressible second Piola-Kirchhoff stress tensor :

* ow oW
IB * *
Sn+1/2 oC (2, 8°C + (1 = B%)Cni1) + %(337 (1

We obtain by the same argument the existence of a constant v* € [0, 1] such that :

—B7)Cn + B Cria).

1 1dk, 1
1/2 1/2 )

(det Crt1) /2 - (det Cy) /2 = 5(/%(0) — k(1)) = —55( 7) = §Gz+1/2 : (Cngr — Ch),
with the tensor G7 n41/2 defined as :

0 det C'1/2 9 det C'1/2

Glorp = = (G + (1= 1)Crp) + =5 (1 = 7)Co +1Cns)
If p, and p,11 are the algorithmic pressures at times n and n + 1, we then introduce :
8 Pn(x) + Pry1(2)
E11-1—1/2( ) S n+1/2 + 2 GZ+1/27

at x € Q.

Extending this definition for all fields of Cauchy-Green tensors C), and C),+1 and any
x € Q, we deduce by construction of ¥, 5, 3%, v* and by definition of the (quasi)incompressibility
constraint :

/an+1/2  (Cpg1 — Cp)

* Pn + Pn
= /554_1/2 (Cn+1 - Cn) +/Q%GZ+1/2 (On—i-l - Cn)

= 2 / W(Cri1) = W(Cpi1) + / %(detFnH—detFn)
Q Q

TL+ n
_ 9 /Q W(Crrs1) = W(Crs) + € /Q Do TP (s = )

= 2/QW(Cn+1) —W(Cn+1)+€/gpi+1 — 5,

which is exactly (3.50). Then, the corresponding scheme is energy conserving. The linear
momentum is obviously conserved as for any scheme of the form (3.35), and the angu-
lar momentum is conserved because of the form (3.49) of the algorithmic algorithmic
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Piola-Kirchhoff stress tensor. The second order accuracy comes from the direct Taylor’s
expansion :

ow P+ Prg1 O det C1/2
Y12 = 2@(@%1/2) - 5 = 90 (Crg1y2) + O(Cpy1 — Cp)?

oW ddet C'1/2
2%(0(%“/2)) - 2p(tn+1/2)T(C(tn+1/2)) + O(At),

where we have denoted by C, 11 /9 = (Cp + Cpy1)/2. O

In [LMO1], T.A Laursen and X.N. Meng propose a local procedure enabling the consistant
determination of 3, in the compressible framework. Nevertheless, the difficulty of deter-
mining 3, and v, at each time step and at each Gauss point can be overcome by the
proposal of Gonzalez in [Gon00], proposing to compute the stress at mid-interval by :

oW W 5C,
Ssijp =255 (Cosag) +2 <W(Cn+1) ~WI(Cn) = 55 (Cntap) : 5Cn> 3. oC.
ddet C1/2
= i) [ 2 E— o)+
ddet C1/2 5C,,
+ <det Clf — det CY/? — —cCnt1j2) : 50”) M]
(3.51)

with C), 14 J2 = %(C’n—I—C’nH), and 0C,, = C,,+1—C}. By construction, the resulting scheme
satisfies (3.50) and therefore conserves energy, angular and linear momentum.

Remark 3.7. In the compressible framework with a quadratic elastic potential W (e.g.
Saint Venant-Kirchhoff material), energy conservation is achieved with :

ow oW
Yg12 = %(Cn) + %(Cn+l)'

Remark 3.8. In a Newton’s method, nonlinear problems are solved by successive lineari-
zations. Here, the linearized time integrator is not symmetric, which is a noticeable com-
plication in numerical methods. An interesting idea, already mentioned in [AR01b], is to
adopt the following perturbed expression :

ow ow
Yny12 = 2%(0(90%1/2)) + <Zn+1/2 - 2%(0(¢n+l/2))>7

(1)

where C(ppy1/2) = Vi1 /2 Vony1/2 is the midpoint right Cauchy-Green strain tensor,
and in which no differentiation is made on the correction term denoted by (T). The di-
sadvantage of the proposed quasi-Newton methods is a non-quadratic convergence, but the
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practical overcost is negligible. This proposal proves to be much more efficient than simply
adopting the midpoint tangent stiffness operator. Indeed, in this latter case, a complete
preliminary midpoint prediction of the solution at each time step becomes necessary to
obtain a good convergence.

Remark 3.9. When (3.5) is linearized around the undeformed configuration, the schemes
presented in this section are reduced to the classical Newmark’s trapezoidal rule, perfor-
ming exact energy and linear momentum conservations. Because of the linearization, the
angular momentum is no more conserved, neither for the continuous solution, nor for the
approximate one. The spectral radius of the time integration operator is equal to one. The
classical proof of this last statement can be found for example in [RT98].

3.5 Dissipative schemes

We discuss herein the extension of a linearly dissipative scheme to the nonlinear frame-
work by analyzing the evolution of main invariants for a generalized Hilber-Hughes-Taylor
[HHT77] scheme in the nonlinear framework. In particular, the control of the spectral ra-
dius of the linear scheme is proved not to entail energy dissipation in the nonlinear frame-
work. Nevertheless, the proposed analysis shows that in the linear framework, dissipation
property holds for a modified energy taking a small acceleration energy into account.

By using the analysis done for the HHT scheme, we propose a modification of the
conserving scheme [Gon00] enabling a dissipation property for a modified energy.

3.5.1 Conservation analysis for the HHT scheme

In linear elastodynamics, it is necessary for stability reasons to use schemes whose
spectral radius is » < 1, and even r < 1 because in this latest case :

1. possible polynomial instabilities are avoided (arising when r = 1 in presence of a
multiple unit eigenvalue),

2. information is dissipated at highest frequencies, that has no physical meaning,
3. the condition number of the linear systems to be solved is improved,

4. there exist a quadratic form whose value diminishes along the discrete evolution.

A good example is the popular second order Hilber-Hughes-Taylor (HHT) scheme. We
present here a nonlinear analysis of this scheme, showing that the above advantages are
no more conserved in a nonlinear framework. Nevertheless, it is the occasion to show that
in the linear framework, the scheme is strictly dissipative for a modified energy. For a
given a > 0, the natural extension of the HHT scheme [HHT77, Hug87] to nonlinear
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elastodynamics is given by :

/ PPnt+1 -+ / (aHn + (1 - a)Hn-i-l) Vo = / fatl-a v+ / In+tl—a U,
Q Q Q I'n

/ ¢ (det Fyyy —1) =0,

Q
(3.52)
for all v € Uy and q € P, with Newmark’s relations :
. 2 1 . .
Ont1 = oo + Atppp + Aty 9 B) @n+ Bént1 |,
Sbn-i-l = ‘»On + Atn ((1 - ’7) 9011 + ’V‘ﬁn-ﬁ-l) :
We have denoted v = % + a, and 8 = %. The notation [J,,41_, classically stands for

Oél:'n + (1 — Oé)Dn+1.

Remark 3.10. In the linear case, we recall that [HHT77, Hug87] :
— HHT scheme is the natural modification of the Newmark’s scheme combining spectral
dissipation and second order accuracy.
— The choice of v = % + a ensures second order accuracy.
— For the Newmark’s case (see [RT98] ), the choice

2
1+2a§ﬂ§(1+a) ’
4 4

corresponds to real eigenvalues for the integration operator, whereas :

(1+ a)?
ﬁz T?

corresponds to complex conjugate eigenvalues.

— The stability imposes 0 < a < %, with o = 0 corresponding to the trapezoidal rule.

The spectral radius decreases for 0 < a < % and increases for % <a< %

In the nonlinear framework, we prove :

Proposition 3.5. We assume the time step to be constant. Then, the nonlinear HHT
scheme (3.52) achieves the following discrete evolution properties :

1. Discrete energy evolution. Up to higher order terms depending only of time va-
riations in force, we have :

Eni1 — En = Pn — DAL + ¢, AL, (3.53)

where ¢, is defined as for the trapezoidal rule and depends on displacements and
pressures at times n and n + 1, on the approzimate velocity Vi, 11,2 = ﬁ(gpnﬂ —
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¢n), and on the approzimate pressure time derivative T, /o = ﬁ(pnﬂ — pn). The
coefficient D¢ has the following expression :

o a? ) ) o? . N2
D5 == | p(@nii—En) +— | ($nt1— @)
8 Q 4 Q 9
.. 0
—|—]€'Atn/ Hn . (an+1/2) + k‘Atn —f(tn) . Vn+1/27
Q q Ot

where 11, is the centered second order finite difference :

1

ﬂn = A—t2 (Hn—l —2IL, + Hn—i—l) .

2. Discrete angular evolution. Up to higher order terms, we have :

Tt — Tn = My, + cn AL, (3.54)

where ¢, depends on the approximate solution at times n — 1, n and n+ 1, on the
accelerations pp_1, Pn et Pni1, and on the approximate second order time derivatives

ﬁ(ﬂnﬂ/z - 7Tn—1/2)-
3. Discrete linear evolution. Up to higher order terms depending only of the time
variations in force, we have :

Tpi1 — I = Fn + cn A, (3.55)

where ¢, only depends on the second order time derivative of f.

Proof : A linear combination of the discrete systems at times n and n+ 1, with respective

coefficients (1 — ) = % —aand y= % + « gives :

. -
/pw-v+/k(ﬂn_1—2ﬂn+ﬂn+1):Vv—i—/M:Vv:
Q Aty Q Q 2

N
- (3.56)
/%~v+/k<fn_l—2fn+fn+l>%
Q Q

fn

with coefficient k& = a(% —a) >0for 0 < a< % With v = %—F a and 8 = —(12“)2,
Newmark’s relations are :

, , 1 " 1 .
bt = 0 = Bt ( (5 = Q) + (5 + @i )

b+ 1 QPALE .
Pn 2‘;0n+ + T n (SDn—l—l _ SDn) .

(3.57)

Pn+1l — Pn = At,

The form (3.56),(3.57) of the scheme adds to the trapezoidal rule some “correction terms”.
We only detail these additional contributions.
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1. Energy evolution. By using v = (pn+1 — ¢n)/At, in (3.56), and the relations
(3.57), the inertial term takes the form :
/ pson-l—Alt_ ¥n T / pson-l—Alt_ ¥n . n +290n+1
Q n Q n

a? 1 . 1 . . .

+At”Z/ P ((5 — )Py + (5 + a)son+1> (Png1— Pn),
Q

_L/ 2 _L/ 2

o . . ol . .
+At,— / P (Soi—i—l - ‘Pi) + Atp— / (Pnt1— SDn)2 :
8 Q 4 Q

The non-trapezoidal contribution to the stress terms is :
/ R, : Vv = kAtQ/ 1L, : (VVig1/2)s
Q Q
defining the second order accurate finite difference approximations of the stress ac-
celeration II,,, and of the velocity V;, ;1,2 by

1
AR

ﬂn (Hn—l - 2Hn + Hn—i—l) 5

1
V12 = E(@nﬂ — ).
Concerning corrections on the force term, we have
82
/ fn - v = kAL —f(tn) Vpt1/2 + O(AE).
As a consequence, up to higher orders in At concerning only the variations of f, we

obtain :

Ent1 — En = Pn — DUALD + e AL,
with : ) 5

o e ; . e . .
:Dn = _/ P (90%4—1 - 90721) + _/ (Son-i-l - ‘Pn)2
8 Ja 4 Jo )
} o2 f

+k/g;Hn : (vvn+l/2) + ]{:\/Q W(tn) . Vn+l/2‘

2. Angular momentum evolution. Assuming that I'p = ), we use v = J,
The non-trapezoidal contribution of stresses is :

/Nn'<Fn+Fn+1>t:Ja _ /Nn'<Fn+1+Fn_l>t:Ja
Q 2 Q 2

I

N, - (an—1/2)t Ja-

/

. S0n+80n+1
—a -

+At
2 Ja

~~

Iz
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We decompose R, by writing :

F, F,_
Z\zn = <$> . (En—l - 2271 + Z)n-i-l)

2
Fui — .
- %) c(Bng1 = Zn-1) + (Fagr — 26, + Fro1) - 3a,
Fur + F
= (Lt Bt) 234 B 5%

At
T (VVagije + VViiis2) - (Zng1 — Zno1)

A (VVi1j2 = YV 1/2) - Sa.

We denote the centered finite difference approximations of stress acceleration by :

. 1
Zn = E(En—l - an + En-i—l)a

and of stress speed by :
1

T 2A¢

Considering Newmark’s relations, we have :

Sn (Znt1 — Snet)-

1 . . 1 n
Vors=Varp= 8t (5 = 0ot + at 5+ )i

2
« . . .
+At2z (‘pn-i-l - 29071 + 9071—1) .

Then, we can rewrite N,, as :

Ny,

. F o j
N, = kAt <%> 3,

+RA (Vg1 + VVii1/2) - Sy + kA (V (Vigprjo — Vae1/2) /AL) - S

NG

By skew-symmetry of J,, XL has a vanishing contribution in I;, whereas X2 has a
second order contribution in I;. Contributions of X,, in I5 is at third order in At.

Concerning the additional resultant moment, up to a third order term :

Pn T Pn+1 a2f
v = kAR [ PPl Oy
/Qf v =Rt /Q 2 . ot? (t)
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3. Linear momentum evolution. Assuming that I'p = (), the HHT scheme entails a
second order error in the discrete resultant force, given by :

82
Lin=ae [ 2.

up to a third order term.
O

Remark 3.11. Considering the linearized problem, we assume that W is quadratic as a
function of F', and that the incompressibility constraint is linearized. Then :

/QHH:VU:/Q((;—);V:VU—pdiUU, Yv € Up.

If f =0, we have ¢,, =0 (i.e. the trapezoidal rule is energy conserving). Moreover, since :

(90 — ¥n— 1)
(30 Son—l) ’

Pnt1 —@n = 5 (Pny1—on)+

1
2
+% (Son—i-l - Son) - %

(3.59)

we have up to an integration over ) :

AT, : VWi =W (Fopr — Fo) = W (F, — Fooy)
LY SV

+2(pn+1 pn) 2(pn pn—l)

+W (Fpy1 — 2F, 4+ F,_1)

€
+§ (pn—i—l - 2pn +pn—1) .

Then, the following quadratic form :

€
EHHT /‘pson /W 5/ 2

a? At? ke
+ 3 /P@nﬂ"‘kAt W( n— 1/2) + AP (P 1/2) )

with Fn_l/Q = (Fn — Fy—1)/At and py_1/2 = (pn — Pn—1)/At, diminishes along the dyna-
mics. More precisely :

3 2
a’ At . ..
Eonl =& = —— /Q (Pnt1 — Pn)?

kA /Q W(Fn) '“At‘l ()% < 0.
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Therefore, for linear elastodynamics, there exist a quadratic form EXHT diminishing along
the HHT discrete evolution. This comes from the fact that the spectral radius of the time
integrator is less than one. Nevertheless, this quadratic form does not coincide with the
usual mechanical energy. It introduces acceleration terms in the energy and high order
terms in time in the dissipation, which are larger for larger frequencies.

Remark 3.12. - Ifg= 1+42a, it 1s straightforward to check in the proof that the two
first inertial terms in D% disappear. In particular, there is no energy associated to
acceleration effects.

— Groups of symmetry are not well preserved by the discrete dynamics as momenta
conservation is not preserved in the discrete dynamics. This remark confirms the
work of Armero and Romero in [AROla]; they prove the non-existence of relative
equilibria for the HHT discrete dynamics in the case of a nonlinear spring-mass
system.

3.5.2 A new dissipative scheme in the nonlinear framework

The previous analysis inspires us to propose a dissipative scheme for a modified energy
taking into account acceleration effects, by using a second order non-trapezoidal Newmark
time integration of the inertial term, while keeping Gonzalez energy conserving proposal for
the algorithmic Piola-Kirchhoff stress tensor at midtime. More precisely, let us adopt the
following integration scheme, in the compressible framework to lighten the presentation :

. . TL+ n
/Qp[(l_'ﬂ@n“"y(pn—i-l]'U+/9Hn+1/2:V'U:/Q%'Ua Vv € Uy,  (3.60)

where II,, 15 is the first Piola-Kirchhoff algorithmic stress tensor proposed in [Gon00] to
achieve energy conservation, and described by equations (3.49) and (3.51), together with
Newmark’s relations :

; 1 N N
Pntl = @n + Atn@n + Ati <<§ - ﬁ) Pn + ﬁ@n—l—l) s

Pyl = On + Aty [(1 —Y)Pn + 'YSbn—i-l] .

(3.61)

Second order accuracy is ensured by considering v = % + a with a = nAt, > 0, and in
the framework of the proposed conservation analysis, we adopt 3 = (1 + «)?/4, as in the
original HHT scheme. Then, we obtain the following result :

Proposition 3.6. The scheme (3.60),(3.61) achieves the following properties :

1. Discrete energy dissipation.

. - B At . "
gn+1 - & = B — 1 /Q (‘Pn—i—l - ‘;Dn) < B, (3'62)
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with the modified energy :

~ azAt,% . 1 . N
Snz—/psoiJr—/psoiJr/W(Vson)-
8 Q 2 Jo Q

2. Discrete angular momentum conservation. If I'p = (), we have :

Tn+1 — In = M. (3.63)
3. Discrete linear momentum conservation. If I'p = (), we have :

Tns1—In =Fn- (3.64)

The definitions of the discrete angular (resp. linear) momentum J, (resp. I,) and of the
resultant moment (resp. force) My, (resp. Fn) are the one given in Proposition 3.3.

Proof : The proof readily comes from the previous analysis of the HHT scheme. O

Concerning the practical implementation of the present scheme, we propose to compute
first the displacements ¢,,11 such that for all v € Uy :

ol
— . II Vo =
/g;pBAt%SOYH_I ,U+/g; n+1/2 v

7 v . .
/g;p/BAt%@n'U+/g;p/8AtngonU+6/g;ngn+\/va+/r: g'l)—f—/r“ TTL—}-I/Q'U? vveu()’
N c

with :

1_
5:72ﬁ5—1+7.

Then, the accelerations at time ¢, are computed by :

. :(Pn+l_90n_ ©On _%_ﬁ..
Pt BAE2 AL, B8 ™

and velocities by :

Pn+1 = On + Atp [(1 = )Pn + VPnt1] -
A practical issue deals with acceleration initialization. To do so, we propose to compute
two time steps with a midpoint, a trapezoidal or a conservative scheme with initial displa-
cements ¢g and velocities ¢g, and adopt the following initial data :

©o = ©1,
Sblong'lv )
. P2 — %0
P07 oA

for the proposed dissipative scheme.
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3.6 Extensions of the conservative approach

In this section, we illustrate the idea that the approach of energy conserving time
integration schemes can be extended to various mechanical situations. In particular, we
extend the finite difference energy correction from [Gon00] to time integration schemes for
frictionless impact and viscoelasticity.

First, a conservative formulation of frictionless impact is proposed, enabling as in [LLO02]
the enforcement of the usual Kuhn-Tucker conditions at time discretization points.

On the other hand, we propose herein a conservative scheme in the viscoelastic framework,
that is achieving the same energetic balance as the continuous viscoelastic system. The
main goal of this approach is to avoid the pollution of the viscoelastic dissipation by
numerical effects, potentially important as shown numerically in section 3.7 for purely
hyperelastic systems.

Finally, in the case of fluid-structure interaction problems in Arbitrary Lagrangian Eulerian
(ALE) formulation, we have proposed an energy conserving integration scheme provided
special non-conservative variables are adopted in the fluid part. As this last issue is not
fully related with the rest of the work, the contribution [TH03a] does not appear herein.

3.6.1 Frictionless contact

Over the last years, an increasing interest has been devoted to energy conserving time
integration schemes for contact mechanics. In particular, in the framework of frictionless
contact, both Laursen and Chawla [LC97] and Armero and Peticz [AP98] have shown
the interest of the persistency condition to obtain energy conservation in the discrete
framework. Nevertheless, as underlined in [LL02], both contributions encounter a difficulty
in enforcing standard Kuhn-Tucker conditions associated to frictionless contact, so that
they concede an interpenetration of the structures in interaction, vanishing as the time
step goes to zero. This drawback is resolved by Laursen and Love in [LL02], by introducing
a discrete jump in velocities during impact, making possible the enforcement of contact
conditions at each time step, at the computational price of resolving a problem on the
jump in velocities. In the framework of a penalized enforcement of the contact condition,
and by adapting the correction technique from [Gon00], we propose an energy conserving
scheme while enforcing the standard Kuhn-Tucker contact conditions at entire time steps.

Let QM and Q@ two open sets in R? representing the interior of the reference confi-
gurations of two solids potentially in contact on the parts Fg) c 90O (i € {1,2}) of their
boundaries. For each i € {1,2}, 0@ will denote the quantity [ relative to Q@ and with

the notation introduced above, we assume that F%), Fg\if), and Fg) constitute a partition

of the boundary Q). In this presentation, ng) will be considered as the master surface.

Let us introduce for all z € F((;l), the closest-point projection :

7(t,x) = arg min_[|oM (¢, ) — 0@ (t,y)|2.
yer?
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Assuming that the manifold 1“22) is continuously differentiable, it follows that there exists
a function g : [0,7] x Fgl) — R continuous with respect to the space variables, such that :

P (t,2) — P (7t ) = —g(t,2) v(tY(t, 2)),

where v(t,y) is the normal outward unit vector to ¢®)(t, F£2)) at time t € [0,7] and point

(2)

y € I'¢”. As a consequence, we get :

g(t,2) = = (¢W(t,2) = oD (7t 2) ) - v(E,T(E2)),
and the non-penetration condition expresses as :
g(t,x) <0,

for all displacements fields ) and ¢®). Then, the weak form of the balance of linear
momentum reads :

2 2
3 / P50 L0 4 / no : vold = 3 / £ (0
i—1 Q@) Q) i—1 Q)

99 L 99 o
— /I:&l) )\(t,$) <m - v —+ w -V s (365)

G(v(l) 71)(2))

for all admissible virtual displacements v € Uy(Q®) | i € {1,2}, such that the Kuhn-
Tucker conditions are satisfied :

g(t,z) <0, (3.66)

for almost all (¢, z) € [0,T]x€ (see [Lau02]). Moreover, it is well known that the frictionless

contact reaction is then normal to Fcl , and as proved in [Lau02] for example, the following
relation holds :

G o) = — /F o A2 (g(t ) - (v (@) - oD (5t 2)| -

For energy conservation purpose, the following persistency condition (see [SL92]) has to
be added :

Alt,z)g (p(t,z)) = 0. (3.67)
The condition (3.67) means that normal contact reactions can only appear during per-
sistent contact on the rigid surface.
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Conservation properties in the continuous framework

The two-body system, assumed here to be compressible for simplicity, achieves usual
conservation properties in the absence of external forces, as proved in [AP98] for example.
Indeed, the work of normal contact reactions at time ¢, obtained as G(¢ U (t), ) (t))
vanishes :

GV (1), oD ) = —/ At z)v(t,y(t, z)) - (gb(l)(t,$) —gb(z)(t,y(t,x)))

c

99 . 99 .
= / A(t, x) <8¢(1) ceW (8, 2) + m o) (t,x))

= /)\(t,x)g'(t,x)
= O.c

As a consequence, when the persistency condition (3.67) is enforced, the total energy of
the two-body-system :

2
£ =S 00),
=1
with : )
) =5 [ AW+ [ WO@0),
Q@) Q)

is conserved. The same statement can be established for angular and linear momentum.
Indeed, the resultant moment of the contact forces with respect to any axis a € R? va-
nishes :

Glax ¢V x ¢(0) = ~a- [ At.o) (¢(t0) — D (t.3(02) x vit.7(0.2)

c

_ a-/ Mt 2)g(t 2 (b T 2)) % v(t, 5t )
— 0,

which entails, in the absence of external efforts, the conservation of the two-body system
angular momentum :

with :
MO (1) = / P (1) x (1),
Q

Finally, for any translation a € R3 of the two-body system, it is straightforward that
G(a,a) = 0, which entails that the sum of resultant forces between the two bodies vanishes,
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and in the absence of external efforts, the conservation of the two-body system linear
momentum :

with :
70 (1) = / 00 (1),
Q
When the conditions (3.66) are enforced through a penalized formulation, the Lagrange

multiplier X is defined as :

1
A= Zg-i_, [O,T] X Q,

with g7 = g if g > 0 and g" = 0 otherwise. Then, the persistency condition (3.67) is no
more necessary to achieve energy conservation. The work of contact forces is given by :

resulting in the absence of external forces, in the conservation of a penalized total energy
of the two-body system :

2

Et) = % / (6" ()2 + >0 ).

¢ i=1

A conserving time integration approach for frictionless contact

To reproduce in the discrete framework the previous conservation properties, we adapt
the energy correction approach of [Gon00] and propose the following midtime approxima-
tion of the normal contact reaction :

Gn+1/2(v(l)7v(2)) = A An+l/2Agn+1/2 ’ [v(l)(x) - U(Q)(gn—i-l/Q(x))] ) (368)

o

ey

/2 (z) over <p£L2J)rl/2(FC) with the notation :

where ¥, ;1 /5(z) is the projection of ¢
@ _ 10,0
90nl+1/2 =35 (901(12) + SDnZH) :
Moreover, we propose to adopt :

op
Agni1/2 = —Vng1/2 + [9n+1 —9n +Vpy1/2- 59%] 7&0 '290 )
n n
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where v, /2(z) is the normal outward unit vector to 901(12411 /o (1“9) at point Y, 1 /5(z) €

Fg2), and :

ga(@) = = (¢ @) = &P @a(@))) - vala),

60n(@) = |¢1(@) = 6L Fura 2 (@))] = [ (@) = 60 G j2(@))]

With rather obvious notation, we have denoted by %, (z) the projection of go%l)(x) over

@(3) (T'c) and by v, (z) the outward normal unit vector to cpg) (T'c) at point 7, (x). Finally,

Wwe propose :

)\n—i—l n+1 — )‘n dn 5gn
— A Ogn | ——,
B n+1/299 (5912

Apy12 = Apgay2 + [

where A\, 11/2 = gny1/2(2)" /0 in which g, 1/2(x) is the gap function g evaluated at point

1) (2
n+1/2 n+1/2°

{/\n(fﬂ) = gn () /7,

0gn () = gny1(2) = gn(z).
With this construction, the following properties hold :

T € Fgl) for the displacements fields ¢
has been used :

and ¢ Moreover, the following notation

Proposition 3.7. The discrete work of frictionless contact forces we have defined in
(3.68), achieves :

1. exact discrete work, that is :

(1) 1 (2 (2))

1
Gn+1/2(90n+1 —PnHPnt1 — Pn = ) /I“(l) An+19n+1 — Angn

1 2 2
- 5 L ) - @)

2. zero resultant force, that is :
Gni1p2(a,a) =0, Vae R3.

Proof : The zero resultant force is readily obtained from (3.68). Concerning discrete work,
we have by construction :

Gn+1/2(901(11—|)—1 — o), 90,(31 Py = /p(n Api1/28Gn1172 - 0pn

= /1“(1) An+1/2 dgn
1

= 5 /I“(l) )\n-i-lgn-i-l — AnGns

hence the proof. O
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Remark 3.13. A more simple energy conserving formulation is given by :

G o (0, 0®) = /m Nasipo - [0 (@) = 0@ G0 p(a))] (3.69)
in which :
)\n n - )\n n 5 n
Nn+1/2 = )‘n+1/2yn+1/2 - [ 19 +21 In _ )‘n+1/27/n+1/2 ) 5904 ﬁv

with the above notation. Nevertheless, the section dealing with unilateral frictionless contact
against a plane wall will illustrate a magjor difference between the two approaches (3.68)
and (3.69).

Remark 3.14. In order to preserve symmetric tangent operators in a Newton’s method,
we propose not to differentiate correction terms, that is in the expressions of Agy 112 and
Ayy1/2, the terms marked with a (1)

0pn
Agn = —Vn + |9n+1 — 9gn + U 671 >
+1/2 +1/2 [9n+1 +1/2° 0¥ ] 0on - Opn,
(1)
)\n dn - )\n dn 5911
Apj12 = Ang1p + + +21 = Ant1/209n Gon)

/

~~

(1)

This proposal enables to solve the problem in the midtime displacements field p,,1/2, as
in the proposed implementation of Gonzalez time integration scheme.

Unilateral frictionless contact against a plane wall

We analyze here the case of unilateral frictionless contact against a plane wall. Then,
we assume that the infinite half space Q) = R2 xR, is fixed and perfectly rigid, and that
the deformable body of reference configuration Q) is submitted to a unilateral frictionless
contact against the boundary Fg) = R? x {0} of Q®). This assumption impose that the
displacement fields cp(z) = id and its variations v(?) vanishes. Moreover, the outward normal
unit vector v is constant over r§2). Then, by using the above definitions, we get :
gn(m @n(m) - (@n(m) ' V)l/a

— oW ().
In on’ () -V,

(z
Spn(x) = o\)1 (2) — o (@)

) =
) =

and deduce that Ag,1/2(z) = —v, so that :

Gn+l/2(v(1)70) = _/I“ An+1/2 V- ’U(l),

2
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for all v € Uy(QW). The fact, that the contact force remains normal to the wall explains
the superiority of the proposed discrete formulation, when compared to the apparently sim-
pler formulation (3.69). Indeed, the latter induces a non-physical variation of the contact
force direction to achieve energy conservation, while (3.68) only plays on the intensity of
the contact force. Moreover, we have noticed numerically the superiority of (3.68) in terms
of number of iterations in Newton’s algorithm in the framework of the previous imple-
mentation, since the formulation (3.69) implemented with the same strategy experiment
difficulty in converging.

3.6.2 Viscoelasticity

The two-branch viscoelastic incompressible model presented in [Tal94b, TRK93] in-
troduces in addition to the displacements and hydrostatic pressures fields ¢,p of the hy-
perelastic framework, the symmetric positive second order tensor A of internal variables,
which is physically the inverse of the right Cauchy-Green strain tensor of the viscous
branch in the material, and the pressure ¢ associated to the incompressibility constraint
on A. The hyperelastic stored energy function W(C') in terms of the right Cauchy Green
strain tensor becomes W(C, A) with typically :

W(C, A) = W(C) + W.(AY? . C - AV?),

where W, is the so-called stored energy of the elastic part in the viscous branch of the
material. We also introduce the dissipation coefficient v and the penalization coefficients ¢
and 7 associated to the incompressibility constraints. Then, for all ¢ € [0,7] we look in a
variational formal sense for the displacements ¢(t) € ¢ p(t) + Uy, the hydrostatic pressure
p(t) € P, the second order tensor of internal variables A(t) € A and the associated pressure
q(t) € Q such that :

e oW R )
/stO(t)-soJr/Q <2V¢(t)-%—p(t) COfvw(t)) :Vsoz/ﬂf(t)‘so,

[ (et Vit - 1+ eptt) =0,
Q (3.70)

/Q (@(A(t)—l) -V gty eof A(t)) A=,
/Q (det A(t) — 1 - nq()) 4 = 0,

for all (@, p, A, G) € Uy x P x A x Q. The following proposition shows the conservation
properties of the system.

Proposition 3.8. For the viscoelastic variational problem (3.70), energy conservation
holds in a formal sense :

i) -e0 = [ ([ 1696t~ [ vD0s): D).



3.6. Extensions of the conservative approach 87

with the viscous deformation rate second order tensor :
D(s) = A(s)""/? - A(s) - A(s)"'/?,

and the total energy :

e = [ peler+ [ Wew.aw) +5 [ o2+ [ aw®

Angular and linear momenta are also conserved, exactly as in proposition 1.

Proof: Concernlng energy conservation, we consider the problem (3.70) at time ¢ with ¢ =
¢(t) and A = A(t), and we formally compute the time derivatives of the incompressibility

constraints taking p = p(t) and § = ¢(t). Therefore, we get :

Lo )
[ rew-et+ [ Gz e = [ peorpy o = [ r)-¢
[ (co Pty £(0)+ eitt)) pte) =0,
Q ~
O ) B VAR U PR
/Q—VD(t).D(t) | ox A0 /Qq(t) fA(t) - At) = 0,

/Q (cof A(t) - A(t) — nq'(t)) q(t) =0,

with the viscous deformation rate second order tensor :
D(t) = A(t)"Y2 - A(t) - A@t)~ Y2,

By exploiting the time derivative of the incompressibility constraints, we deduce that :

Lo oW . :
[ re0- e+ [ G5 cr+e [ sono = [ 1060
0

oW . .
/QVD(t):D(t)—i— Qa—A:A(t)m/Qq(t)q(t) =

By summing these relations, we then get formally :

%</ngb(t)2+/QW(C(t),A(t))+§/Qp(t)2+g/QQ(t)2>
= [ 1-¢0 = [ vD): D),

which gives the claimed energy conservation by time integration over [0,¢]. Concerning
angular and linear momenta, conservation is obtained with the same arguments as in the
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proof of proposition 1. ]

Now, we propose a time integration scheme for the viscoelastic problem (3.70) respec-
ting exactly the discrete energy conservation, and formulated as follows :

Sbn—l-l - SDn ~ An + An+1 An+1 - An An + An+1 2
/Qp Aty, L /Q v < 2 At,, 2

A A n+ n A~ N
+7;+1/2(907A)=/Q%-% V(p,A) €Uy x A,

(3.71)
/ (det VQOrH_l —1 + Gpn+1)]§ = O, Vﬁ S P,
Q
K/ (det An+1 -1- 77%1-1—1)@ = 07 V(j € Q>
Q
where the stress term 7,11 /2(9, fl) is given for all (¢, fl) €Uy x Aby:
To1)2(, A) =
oW oW A
2F 12 %(Cn—l-l/QyAn—H/Q) Vo + 8—A(Cn+1/2>An+1/2) 1 A
ddet C''/? R .
—2pny12 g2 T(Cn—i-lﬂ) VO +dny1e cof Apyrpt A
_ § 2(6Cy, : Ft_ - V@) + (54, : A)
Atn n An - n An n+1/2
+ [W(C 1 Antr) = WG An) | — =50 554, 54
oW oW
—At, [%(Cn—l—l/% Apy1/2) :0C, + 8—A(Cn+l/2>An+l/2) : 5144 x
. 2(6Cy < FL )y - V@) + (64, : A)
(6Cyy : 0Cy) + (0A, : 0A,)
. t ~
1/2 s OdetC'/? , 0Cn 2 Fyy)g- VO
—2 P12 [det C,lo —det C% — T(CnH/Q) . 6C,, Cacn
6A, : A
—|—qn+1/2 |:det An+1 — det An — COf An+l/2 : 5An:| m (372)

Dn + Dn—l—l

We have adopted the notation U, 1/ = and o0J,, = 0,41 — O,, and the

formulation is completed by Newmark’s trapezoidal rule :

Pn+1 — Pn _ ©n + Pnt1
At, 2 '
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The expression of 7,11 /2(p, A) given by (3.72) is a second order accurate approximation
in time of the continuous expression :

2F - —(C,A): Vo+ | Z=(C,A): A,

/ oW oW A
e o 9C

at time ¢, 1/, and therefore the time integration scheme (3.71) is second order accurate.

In the definition (3.72) of 7;,,1/2(, A), the four last lines correspond to energy correction
terms enabling energy conservation in the way proposed by O. Gonzalez ([Gon00]).

We show the following conservation properties for (3.71) :

Proposition 3.9. The discrete solution given by (3.71) satisfies the following discrete
conservation properties :

1. Discrete energy conservation.

+ o + ¢
gn+1 _gn :/ fn 2fn+l . $n 2‘Pn+1 _ / U Dn+1/2 . Dn+l/2>
Q Q

with the discrete total energy :

1 N
Snz—/psbiJr/W(CmAn)ﬂLE/piJrﬂ/Qi,
2 Jo Q 2 Jo 2 Ja

and the discrete deformation rate tensor :

D _ An + An+1 1/2 ) An+1 - An . An + An+1 1/2
n+1/2 9 At, 9 .

2. Discrete angular and linear momenta conservations hold with the same ex-
pressions as in the hyperelastic case.
Pn+1 — Pn dA: An+1_An .

Proof : Energy conservation comes by taking ¢ = an in
At,, Aty

(3.71). By construction of 7, /o, we get :

Pn+1 — Pn An+l - An 1 r
7;1-1-1/2( At, ) At > = At /QW(Cn—HaAn-H) - W(CnaAn)

1
Aty

and by using the quasi-incompressibility constraints :

12 e cl/?) 41 _
/Qan/Q (det C,l5 —detCp )+ Atn/Qan/z (det Ajp41 —det 4,,),

Pn+1 — Pn An+1 - A, 1 / =
7, - n 7An - n An
n+1/2 ( At AL > At Jo W(Chny1, Ant1) — W(C )
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€ 2 2 n 2 2
+2Atn /Q(pn—l-l pn) + 2Atn /Q(qn—i-l qn)'
As a consequence, we get :
Pn+1 — Pn Pntl — Pn /
. + | vD : D
/QP At, At, 0 n+1/2 n+1/2

L [w - _c 2 2 Y / 2 2
+Atn/QW(Cn+laAn+l) W(CnaAn)+ QAtn /Q(pn—l-l pn)+ 2Atn Q(qn+1 qn)

:/ fn+fn+1 ) Pn+1 — Pn
Q 2 ’

At,,
with :
D o An + An+1 12 An-l—l - An An + An+1 1/2
n+1/2 — 9 At, 2 .
We have used herein the fact that tr(A-B) = tr(B-A) implying with B = <%>

that :

An + An+l . An+1 - An . An + An+l . An+1 - An
2 Aty 2 At, ]

Dn+l/2 : Dn+1/2 =tr |:

The announced discrete energy conservation result is then straightforward by using New-
mark’s trapezoidal rule : . .
$ntl1 — Pn _ Pn + Pn+1

At, 2
and a multiplication by At,. Concerning discrete momenta conservation, the proof for
Gonzalez scheme in the hyperelastic framework exactly applies. U

3.7 Numerical experiment

In this section, we illustrate the analysis proposed in this chapter. First, the bad conser-
vation of standard time integration schemes such as midpoint, trapezoidal and HHT is
underlined when compare to the energy conserving strategy from [Gon00]. On the case
of a ball impact against a wall, we validate numerically the proposed energy conserving
formulation for frictionless contact, and the energy dissipating approach.

3.7.1 A simple cantilever beam

In this section, we illustrate numerically the previous analysis in the case of a bidi-
mensional quasi-incompressible cantilever beam in plane displacements (figure 3.1). The
elastic potential is given by the Mooney-Rivlin constitutive law :

W(C) = ¢y (trC — 3) 4 ca (tr cof C —3).
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F1G. 3.1 — A cantilever beam with constant force F.

length 1m

width 0.1 m

F 1000 N

p 1000 kg/m3
a 2 MPa

(6] 0.2 MPa
1/e 2.E12 Pa

T 10 s

At 0.02 s
Newton’s tolerance | 1E-7

F1G. 3.2 — Physical data and numerical choices.

Data is presented on figure 3.2.

On the quadrangular mesh presented on figure 3.3, the discrete spaces Q1 and Qq for
displacements and pressures respectively are adopted. They are compatible in the sense
that the following inf-sup condition relative to the linearized incompressibility constraint

is satisfied (see [Bre74]) :
/ p divu
Q

36, > 0, inf sup > Gy,
PEP. A0 uetty uz0 1Pl L2 1ull 1 ()3

provided the system is not fixed on its whole boundary, that is when the measure of
00\ I'p is strictly positive for the surfacic measure. The inf-sup constant (3;, depends on
the discretization and more precisely :

ch < ﬁh < Ch7

where ¢,C' denote two constants independent of the discretization (see [GR86], page 164),
and h is the diameter of the elements. A general description of the Q;/Qp compatibility
condition is presented in [Tal81].
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Fi1G. 3.3 — A 250 elements mesh of the beam.

Let f be a field of constant forces distributed on the tip of the cantilever beam whose

resultant is :
Fe / f.
0

Then, the field of forces f is derived from a potential and we ideally expect to observe the
evolution of the following discrete quantity :

Hn:/f~g0n—5n.
Q

The constant time step At is chosen so that to have approximatively 20 time steps per
oscillation of the cantilever beam. With this value of At, 4 or 5 Newton’s iterations per
time step are necessary to solve the problem with the required accuracy (10~7 m) at least
at the beginning of the simulation. Due to numerical instabilities, the number of Newton’s
iterations per time step can grow up; the simulation is stopped when it exceeds 20.

Our first observation is that when H,, decreases (global increase of the energy of the
system), the number of Newton’s iterations per time step grows up until the method
does not converge any more. As a consequence, trapezoidal, midpoint and HHT [HHT77]
schemes cannot complete the simulation on the whole time interval [0, 7] for the specified
parameters. Only the conservative Gonzalez scheme can achieve long term time integration
without such an overcost.

Energy evolution is presented on figure 3.5. The worst energy conservation holds for
the midpoint scheme, as shown in the previous analysis. With the selected parameters,
HHT is globally energy growing. Gonzalez scheme is quasi-exactly conservative up to a
very small error term depending on Newton’s tolerance.

Concerning midpoint and trapezoidal schemes, the energy growth goes with numerical
instabilities on velocities, as shown on figure 3.6.

To highlight the theoretical analysis done for the HHT scheme, figure 3.7 shows a zoom
of energy evolution during one second of the dynamics, with displacements. It is worth
noticing that in conformity with the analysis of (3.53), energy is dissipated when the beam
goes up or down (acceleration of the dynamics) and grows when the deformation is in a
neighborhood of the minimum or the maximum. This observation comes from the natural
accelerations contribution in the natural energy E#HT of the scheme.

Moreover, concerning HHT scheme, it is difficult to adopt the right value of the dissipa-
tion parameter ae. We have seen that the usual value ao = 0.05 proposed in [Cri97, HHT77]
is not sufficient to ensure long term time integration in the nonlinear framework. At the
opposite a = 0,2 entails overdissipation, as shown on figure 3.8.
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F1G. 3.4 — Vertical displacement of the tip of the cantilever beam. Simulation stops when
the time step calculation exceeds 20 Newton’s iterations.

Remark 3.15. The present numerical analysis holds for quasi-incompressible nonlinear
elastodynamics, but the same phenomena can be observed in large displacements for com-
pressible systems.

3.7.2 Ball impact

For validation purposes concerning energy conservation for impact formulation, let us
consider an axisymmetric ball with a small cylindrical hole as shown on figure 3.10, with
data listed in figure 3.9.

Four snapshots of the impact simulation are shown on figure 3.11. As illustrated on figure
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L ——— Midpoint HHT (alpha=0.05)

-150 | | I I I I I I I I I
(9] 05 1 15 2 1 2 3 4 5 6 7

time (s) time (s)

E -1.107

2,107

-3.107

-4.107

Gonzalez

081 Trapezoidal
E ey . . . . | . . . . |
0 05 1 15 2 0 5 10

time(s) time(s)

F1G. 3.5 — Evolution of the discrete total potential H (in Joules) as a function of time.
As an indication, the maximal value of the deformation potential [, W(C) is about 0.5
Joules.

3.12, the evolution of discrete energy in the ball during the dynamics is very sensitive to
the time integration strategy.

In particular, the discrete energy explodes when using a midpoint scheme (or a trapezoidal
scheme), and the deformation of the ball just before energy explosion is shown on figure
3.13. In particular, non-physical irregular displacements can be noticed around the hole.
The conservative Gonzalez scheme enriched with our energy conserving impact formulation
keeps its promise and the relative loss of energy through the impact is 1.8 E-4, only
depending on the required accuracy in Newton’s algorithm. The interest of our energy
dissipative formulation is also confirmed, showing here the control of the mechanical energy
in the ball. To complete this discussion, let us mention that when considering practical
industrial use of time integration schemes for non-smooth dynamics, first order implicit
schemes are sometimes prefered for their robustness. The best proof is the frequent use of
implicit Euler strategies in coupled systems [TMO01, GLB03]. In order to compare energy
evolution when using first order strategy, we introduce the following time integration
approach, obtained by a trapezoidal integration of the inertial term, and an implicit Euler
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speed (m/s)

| — Midpoint
Trapezoidal

S S SR N
0 0.5 1 15 2

time(s)

Fi1G. 3.6 — Instability of the vertical velocity at the tip of the cantilever beam, for midpoint
and trapezoidal schemes.

005 HHT (@pha=02) b

Energy conserving

0.03

0.025 —

0.02 —

0.015 7

vertical displacement (m)

of . E HHT (alpha=0.2) 9
I I | 045 1 I I I I I I I I I |
1 15 2 1 11 12 13 14 15 16 17 18 19 2

time (9) time (s)

F1G. 3.7 — Zoom on total discrete potential and displacement for HHT scheme (a = 0.2).

strategy for the stress part :

Son—i-l / fn + fn+1
07 : V90n+1 : Vo = / ‘v, Y € U,
/Q At, 2 (3.73)
Pntl — Pn _ Pn — Pn+1
At,, 2 ’

written here in the compressible framework. The kinematical constraint will be naturally
satisfied by the displacements field ¢, 1 at time ¢, 1. It is a Euler-like degraded first order
version of the trapezoidal second order time integration scheme. It can be readily checked
with the analysis of section 4, that the Euler-Newmark scheme (3.73) is energy dissipating
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0ol —— HHT(aipha=0.2) ]

vertical displacement (m)
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[¢) 5 10

time (s)

Fi1G. 3.8 — Overdissipation for vertical displacement at the tip of the beam for HHT scheme
(a=0.2).

radius 0.1 m
density 1200 kg/m?
Young’s modulus 0.2 M Pa
Poisson’s ratio 0.33
initial distance of the center

of the ball to the wall 0.12 m
initial velocity 0.4 m/s
n 1.E-4
time step 0.002 s
T 1.0s

# nodes in the mesh 11.160

Fi1G. 3.9 — Data for ball impact, made of a Saint-Venant Kirchhoff material.

whenever the stored energy W(F ) is locally convex. The ball impact simulation performed
with this scheme proves to achieve global energy dissipation, with a 9 % relative loss of
energy through the impact. To illustrate the better accuracy of our second order energy
conserving/dissipating schemes, the figure 3.14 illustrates the evolution of elastic energy
after impact.

A noticeable statement is that the computation of contact pressures is relatively inde-
pendent of the considered scheme for the simulation, as illustrated on figure 3.15.
Finally, we use the present example to illustrate the well known sensitivity of contact
pressures in the penalization coefficient 7. Indeed, it is shown on figure 3.16 that when 7 is
divided by 10, oscillations on the contact force appear. This phenomenon can be explained
by the absence of strong limit for the linearized dynamics as 7 goes to zero (see for example
[Sca04]) in the absence of viscosity. Such oscillations are typical of weak limits in two-scale
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F1G. 3.10 — Mesh of the ball.

Ly
t=0.008s I t=0.078s
Ly
.

FiG. 3.11 — Snapshots of the impact simulation.

problems, as in [BLP78, All97]. The phenomenon is even much more visible in the case of
a cube impact, described on figure (3.17).
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F1a. 3.12 — Evolution of the ball mechanical energy through impact for midpoint, Euler-
Newmark, energy conserving, and dissipating (o = 0.5) schemes.

From a mathematical point of view, the presence of viscosity enables to obtain com-
pacity, enabling the possibility to build a converging sequence of solutions as n — 0. From
a physical point of view, viscosity would enable the dissipation of high frequency vibra-
tions. In [AP98], the authors propose the enforcement of the persistency condition (3.67)
at entire time steps in their formulation, then adding an energy term associated with this
constraint. An alternative could consist in introducing a real internal viscoelastic behavior
of the material in the structures. In this framework, the “conserving” scheme proposed in
the viscoelastic framework could be exploited.
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t=02s t=021s

Fi1G. 3.13 — Snapshots at times t = 0.2 and 0.21 s, illustrating the deformation of the ball
before energy explosion when using a midpoint time integration scheme.

Energy conserving
L ‘ Euler-Newmark 1
Ener gy dissipating (alpha=0.5) | |

E‘ /ﬁ \/\A N\\\/\WVW\A

0.5 -

elastic energy (J)

0.3 0.4 05 0.6 0.7 0.8 0.9 1

time (s)

Fi1G. 3.14 — Evolution of elastic energy after impact for first order accuracy Euler-Newmark
scheme, and second order accuracy energy conserving and dissipating (o = 0.5) schemes.

3.8 Conclusion

In this chapter, we have proposed a detailed analysis of the non-conservative contri-
butions of midpoint, trapezoidal and HHT time integration schemes in incompressible
nonlinear elasticity, and compared it to an energy conserving scheme. Moreover, we have
used the analysis done for the HHT method, to propose a new energy dissipative dis-
crete integration in the nonlinear framework, involving a regularized energy taking small
acceleration effects into account. Finally, by generalizing Gonzalez’ energy correction me-
thod [Gon00], we have proposed a conservative strategy for penalized frictionless impact
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enforcing the usual Kuhn-Tucker conditions at entire time steps. The analysis of these
techniques is illustrated with numerical simulations. An extension to viscoelasticity is also

proposed.
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t=0.16s
PRESSIONS DE CONTACT Z
Min= 10.196 ,Max= 363.17

=0.16 s
PRESSIONS DE CONTACT Z
Min= 16.746 ,Max= 363.67

> AR,
“' ‘l.

=0.16 s
PRESSIONS DE CONTACT Z
Min= 16.667 ,Max= 364.24

H

N MmN S M

e

Fia. 3.15 — Contact pressures computed at time t = 0.16 s, when energy penetration is

maximal, for Fuler-Newmark, midpoint and energy-conserving schemes.
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FiG. 3.16 — Evolution of penetration energy during ball impact for n = 1.E-4 and n =
1.E-5 (left), and zoom on the oscillations for e = 1.E-5 (right).
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F1G. 3.17 — Oscillations of penetration energy for a cube impact problem, as the penali-

zation coefficient 7 decrease.



Chapitre 4

A stabilized discontinuous mortar
formulation for elastostatics and
elastodynamics problems

Résumé

Dans ce chapitre, nous introduisons et analysons une formulation mortier sta-
bilisée utilisant des multiplicateurs de Lagrange discontinus, pour des approxi-
mations aux éléments finis d’ordre 1 et 2 de la solution de problemes d’élas-
ticité linéarisée. Cette approche s’inscrit dans la continuité de Brezzi et Ma-
rini [BMO00] qui utilisent de tels multiplicateurs pour une formulation dite &
trois champs dans le cadre de problemes elliptiques scalaires. Dans le cas d’un
grand nombre de sous-domaines, nous montrons en outre l'indépendance de
la constante de coercivité de la forme bilinéaire associée au probleme d’élas-
tostatique non-conforme par rapport au nombre de sous-domaines considérés
et a leur taille, par extension au cas d’interfaces courbes des idées de Gopa-
lakrishnan et Brenner [Gop99, Bre03, Bre04], et généralisation de 'opérateur
d’interpolation de Scott et Zhang [SZ90]. De plus, nous rappelons la conver-
gence optimale de la méthode en élastostatique linéarisée en utilisant les outils
de Wohlmuth [Woh01], et procédons & une extension au cas de ’élastodyna-
mique. Enfin, des choix concrets d’espaces sont proposés, les détails pratiques
de mise en oeuvre sont indiqués, et des tests numériques viennent illustrer la
présente analyse.
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Abstract

We introduce and analyze first and second order stabilized discontinuous two-
field mortar formulations for linearized elasticity problems, following the stabi-
lization technique of Brezzi and Marini [BMO0O] introduced in the scalar elliptic
case for a three-field formulation. By extension to the curved interfaces case of
the ideas from Gopalakrishnan and Brenner [Gop99, Bre03, Bre04], and from
the introduction a generalized Scott and Zhang interpolation operator [SZ90],
we prove the independence of the coercivity constant of the broken elasticity
bilinear form with respect to the number and the size of the subdomains. Mo-
reover, we prove the optimal convergence of the method by mesh refinement
by using the tools from Wohlmuth [Woh01] in the elastostatic case, and extend
the result to the elastodynamic framework. Finally, we detail practical issues
and present numerical tests to illustrate the present analysis.

4.1 Introduction

In this paper, we introduce, analyze and test a non-conforming formulation using sta-
bilized discontinuous mortar elements to find the vector solution u of linearized elasticity
problems such as :

—div(E:e(u)) =f, QCR?(d=2,3)
u=0, Ip, (4.1)
(EE(U))n:gv Iy,

where the linearized strain tensor is classically given by :

e(u) = = (Vu+ Vtu) ,

DO =

and the fourth order elasticity tensor E is assumed to be elliptic over the set of symmetric
matrices :

Ja >0,V e R™ ¢ =¢, (B:¢):£>a:¢

The analysis is also extended to the elastodynamics problem :

82
pa—t;‘ — div(E:e(u)) = f, [0,T] x Q,
'LLZO, [O,T] XPD,
(E:e(w)-n=g, [0,7)xTx, (4.2)
u=ug, {0} xQ,
Ou uO) {0} X Qa

E:
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and we consider this analysis as a theoretical background for using discontinuous mortar
elements in nonlinear elastodynamics.

Mortar methods have been introduced for the first time in [BMP93, BMP94] as a
weak coupling between subdomains with nonconforming meshes, or between subproblems
solved with different approximation methods. The main purpose was to overcome the very
sub-optimal “v/A” error estimate obtained with pointwise matching. The analysis of this
method as a mixed formulation was first made in [Bel99].

Nevertheless, in spite of the optimal error convergence obtained with the original mor-
tar elements, some numerical difficulties appear. First, the original space of Lagrange
multipliers ensuring the weak coupling is rather difficult to build in 3D on the boun-
dary of the interfaces when more than two subdomains have a common intersection (see
[BM97, BD98]). Moreover, the original constrained space has a non-local basis on the
non-conforming artificial interfaces, which may lead to small spurious oscillations of the
approximate solution.

To overcome the first difficulty, one idea is given in [Ses98] when displacements are
at least approximated by second order polynomials. The introduced Lagrange multipliers
have a lower order, still enabling optimal error estimates, and no special treatment is
needed on the boundary of the interfaces. To overcome the second difficulty, dual mortar
spaces are proposed in [Woh00, Woh01], enabling the localization of the mortar kinematical
constraint. In order to benefit from the advantages of these two approaches, we propose to
introduce stabilized low order discontinuous mortar elements. This idea has already been
introduced for a first order three-field mortar formulation in [BMO00], and we exploit it
herein in the two-field framework for first and second order elements when dealing with
elastostatics and elastodynamics problems.

Mortar formulations also provide a natural framework for domain decomposition, as
observed by [Tal93, AKP95, AMW99, AAKP99, Ste99] and the references therein. A large
number of subdomains and their small size is therefore a basic difficulty to overcome. To
get an optimal use of such domain decomposition methods, it is then crucial that the
constants arising in the analysis of the mortar formulation remain independent (or at
least weakly dependent) on the number and the size of the subdomains. One can readily
check that the only potential dependence on such parameters is hidden in the coercivity
constant of the broken bilinear form associated to the linearized elastostatics problem. In
the framework of elliptic scalar problems, both [Gop99, Bre03] and [BMO00] have shown
the independence of the coercivity constant with respect to the number and the size of the
subdomains, respectively when considering two and three-field mortar formulations with
plane interfaces. An extension to the vector elasticity case has been proposed by [Bre04].
By definition of a generalized Scott and Zhang [SZ90] interpolation operator, we simplify
and extend herein the result to potentially curved interfaces.

In section 2, the fundamental assumptions and results arising in mortar element me-

thods to approximate the solution of the elastostatics problem (4.1) are recalled. Well-
posedness results are recalled in section 3. Moreover, we prove in section 4, the indepen-
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dence of the coercivity constant with respect to the number and the size of the subdomains.
In section 5, we recall the optimal convergence of the method by mesh refinement, and
generalize the analysis to the elastodynamics problem (4.2) in section 6. We propose in
section 7 the analysis of stabilized discontinuous mortar elements, proving the satisfaction
of the fundamental assumptions. In section 8, some practical issues are pointed out : the
choice of an appropriate penalization term, and the exact integration of the constraint.
We present numerical tests in section 9 to confirm the previous analysis.

4.2 Nonconforming setting

4.2.1 Position of the problem

Let Q C RY (d = 2,3), be an open set partitioned into K subsets (Qx)1<x<x. We denote
by Yr = QN the interface between Qy, and €, and the skeleton of the internal interfaces
is denoted by & = Uk7l>1 Ygi- On the part I'p of the boundary 9€), an homogeneous
Dirichlet boundary condition is imposed. Concerning the coefficients of the fourth order
elasticity tensor E, we assume that the stress tensor is symmetric whatever the deformation
is in the material, namely for almost all x € €2 :

Ve e R4 ¢t = ¢ E(z): € is a symmetric matrix.

Moreover, in the theoretical analysis, we will suppose that for all £ > 1, there exists two
constants ¢, and C}, such that for almost all x € Q. :

VEERPIE =€, < (B(z):6):E<Cr: Ll (4.3)

If the material of the subdomain ; has a Young modulus Ej, both ¢; and C} are pro-
portional to Fy.
We introduce the following spaces :

Hi(ﬂ) ={ve HI(Q)dv U|FD =0},

Hl(Q) = {v e H'(Q)%, vlrpnoa, =0},
X = {v e L2(Q)%, v = vlo, € H' () Vk} H HY (),

X being endowed with the H'! broken norm :

K 3
ol = (znvnzw) -
k=0
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o

Vi3 Vs

Fi1G. 4.1 — A decomposition of 2 into subdomains.

Here, in order to be scale independent when dealing with a large number of subdomains,
we use a scale invariant definition of the H! norm :

1
2 _ 2 2
||’U||H1(Qk)d = (l/—k)2||v||L2(Qk)d + ||VU||L2(Qk)dxd,

L, being a characteristic length of g, for instance its diameter.
We are interested in finding u € H}(f2) such that :

a(u,v) =1(v), Yve H(Q), (4.4)

where the continuous coercive bilinear form « is defined by :

a(u,v) = /Q (E:e(u)):e(v), Yu,ve HNQ),

and the continuous linear form [ by :
I(v) :/f'wr/ g-v, Yve HN Q).
Q I'n

This problem is classically well-posed by Lax-Milgram lemma, the Korn’s inequality (see
[DL72]) ensuring the coercivity of the bilinear form a over H!(Q)) x HL ().

4.2.2 Discretization

We introduce here a non-conforming discretization of the problem (4.4) using mortar
elements to be further defined later on. The discrete problem is proved to be well-posed
and error estimates are derived in the mesh-dependent norms already introduced and
used in [AT95, Woh99]. Some useful elementary trace and lifting results for the related
mesh-dependent spaces are reviewed and detailed in appendix 4.10.
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The mesh

For each 1 < k < K, we consider a family of shape regular affine meshes (Ty.p, )n, >0
on the subdomain . This means that each element T is the image of a reference element
T by an affine mapping Jr. For each T' € 7y,.p,, , we will denote its diameter :

hT) = diam(T),

and the local mesh size by :
hy = sup h(T).
TE,]—k;hk

Then, a nonconforming family of domain based meshes (7}),~0 over  is obtained by :

K
’]}L = U ,Z;thk? h = max hk.
Pt} 1<k<K

The skeleton § = Uk7l>1 vk is partitioned into M interfaces (I';;,)1<m<nr, and can then be
decomposed as § = U2<m< u I'm- Moreover, we assume that for each 1 < m < M, there
exists at least one domain €, with k > 1 such that I',,, C 9Q4, and denote k(m) := k the
name of one of these subdomains, taken once for all for each interface. This side will said
to be the non-mortar (or slave) side.

For each 1 < m < M, Iy, inherits a family of meshes (F,.s,,)s..>0, obtained as the
trace of the volumic mesh (’Tk(m) Rie(m) >0 of the slave subdomain over I'},,. We have
denoted by :

;hk(m))

O0m = sup h(F).
FeFnsm

We also denote by §,, the size of the mesh on the mortar side :

Om = sup diam(T NTy,).
TETip, Ik (m)

Then, a family of interface meshes (Fs)s-0 can be defined over S by :

M
Fs = F . 0= max 0,,.
[ Ul m;0m» 1<meM m
e

For each F' € Fp,5,,, we denote by T'(F) € Ty,
such that TNS = F.
Moreover, the following assumption is made :

the unique element T' € Ty,

Pk (m) P (m)

Assumption 4.1. F € Fy is always an entire face of T(F) € Tj,.

In other words, the construction of the interfaces (I';;,)1<m<nr respects the mesh of the
slave sides. An example of situation obeying to assumption 1 is given on figure 4.2.
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yOl

F1G. 4.2 — A situation where the mesh 7.5, of the interface o1 is inherited from the mesh
7o, of £2g. The assumption 1 would be violated if at the opposite, 21 were the slave side.

Remark 4.1. For simplicity, the mesh is assumed to be affine but the following results
are still valid for regular quasi-uniform quadrangular meshes, at least in 2D (see [GR8G]).
In fact, the only assumptions to satisfy are the following standard inequalities :

@] gy < C diam(K)mmeas(K)_%\w|Hm(K),
[w] g7 (1) < C diam(K)~"meas(K)2 || g,

between the semi-norms of the function w defined on a mesh-element K and its transfor-
mation W defined on the corresponding reference element K.

Remark 4.2. In the following sections, C' will stand for various constants independent of
the discretization.

Interface mesh-dependent spaces

We define here some mesh-dependent trace spaces, endowed with useful mesh-dependent
norms already introduced and used in [AT95, Woh99]. For each 1 < m < M, they are
defined by :

Hy*(Cn) = {6 € POn) 1003y = D0 37 ||¢||L2(Fd<+oo}

FeFm.sp,
H; *(Cn) = 0 € PEm) L NGy o= D ME)MFaeye < +o0},
FeFmsm

endowed respectively with the norms || - |5 1 5,1.m and || - [|s _1,,. The product spaces W; =

Hk 1 1/2( I'y,) and My = Hk, 1 _1/2(Fm), are then respectively endowed with the
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norms :

M 1/2
Il51 = (Z ||¢||§,%,m> ,
m=1

M 1/2
_ 2
1Ml s = (Z_1||A||5,_%,m> .

They can be viewed as dual spaces by means of the the L? inner product :

Lo A< Il ol y. V(6.0) € Wy x 1 (4.5)

Some elementary results about these spaces can be found in appendix. Their advantage
is that the corresponding norms are easily computable, enabling a posteriori estimates
[Woh99] and efficient penalization strategies as shown in section 5.

4.2.3 Approximate problem
Nonconforming formulation

Let us define the discrete subspaces of degree ¢ inside each subdomain :
Xigh, = {p € Hi (%) N COU(U)%,  plr € Py(T),VT € Tipp, } @ Bisp,.

with P, = [Py]? or [Q,]%. We have denoted by P, (resp. Q) the space of polynomials of
total (resp. partial) degree ¢, and have introduced the possibility of adding a space By,
of interface bubble stabilization to be constructed later on. The corresponding product

space is denoted by :
K

X, = H Xk;hk c X.
k=0

We introduce the following trace spaces on the non-mortar side :
Wm;6m = {p|Fm7p € Xk(m);hk(m)}7 W??z;(im = Wm;5m N H&(Fm)d7

and the corresponding product space W(? = H%Zl WSL; 5, endowed with the mesh-dependent
norm |- ;1.

In order to formulate the weak continuity constraint, the following spaces of disconti-
nuous Lagrange multipliers are defined :

Mm;ém = {p € L2(Fm)d> p|F S Pq—l(F)>VF € fm,cim}v (4'6)
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as well as the product space Ms = Hfle M,,.s.,, endowed with the mesh-dependent norm

IIlls 2 and M = Hn]‘le L?(T',,)%. The following continuous bilinear form is then introduced
’ 2

to impose interface weak continuity :

b: X xM —R

M
(v, A) = by, A) = [V]m * Am,
2.

with [v],, = Uk(m) — U, ON V(m) C I'm. Then, the constrained space of discrete unknowns
can be defined as :

Vi, = {uh c Xh,b(uh,)\h) =0, VAR € M(;}.

In order to formulate the non-conforming approximate problem, it is standard to consi-
der the broken elliptic form :

a: XxX —R

(u,v)  —a(u,v) = ak(ug, vk),

T

with :

ai (g v) = /Q (B : e(up)) : (o).

We are then interested in finding (up, A\p) € Xp X Mg, such that :

{a(uh,vh) +b(vn, An) = U(vn), Vou € Xp, (4.7)

b(un, pn) =0, Vpup € Ms.

In other words, we solve our variational problem on the product space X} under the
kinematic continuity constraint b(-,-) = 0.

Remark 4.3. The theory proposed herein also applies to situations involving continuous
Lagrange multipliers defined on spaces like :

M5, ={p € C’(Ty), plr € Py(F),VF € Frns, }-

Fundamental assumptions

In order to ensure the well-posedness of the problem (4.7), some fundamental assump-
tions have to be made. Concerning the compatibility of X and Mj, we assume :
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Assumption 4.2. For each interface 1 < m < M, there exists an operator :
1/2
Tm - H(s/ L) — Wr(r)L;(Sma

such that for all v € Hé/Q(Fm) :

/(Wmv)‘ﬂz/ v p, V€ My,
m Fm

with :

|’7'('m7)mH57%7m S CmHUH&%’m.

This assumption means that the projection perpendicular to the multiplier space onto the
trace space WT?L. s,, with zero extension is continuous. This assumption will have to be
checked for each choice of discretization. Its major consequence lies in the fact that the
weak-continuity constraint is onto, as shown in the next section.

Concerning the coercivity of a over V x V., where V is a constrained subspace of X
to be defined in that section, we have to consider Lagrange multipliers spaces which are
sufficiently rich on the interfaces to kill local rigid motions, which are defined by :

Definition 4.1. A displacement field r € H'(Q)? over Q C R? is said to be a rigid motion
of Q iff :
/ e(r)e(w) =0, Ywe HYN)?,
Q

which we denote r € R(Q).
For that purpose, we introduce the following assumption over the Lagrange multipliers
spaces :

Assumption 4.3. For all 1 < m < M, we assume that there exists two integers 1 <
k,l < K such that Ty, = vg and a minimal Lagrange multiplier space My, such that
My C My, independently of the discretization. Moreover, we assume that for all v € X
which is locally a rigid motion both over the subdomains Qy, and €, that is v|q, € R()
and vlg, € R(), we have :

[ Wlu=0 veeMa = =0 (48)
Ykl
where the jump of v over ~yy is denoted by [v].

Under assumption 4.3, the constrained subspace V of X on which the coercivity of the
broken bilinear form a holds, is defined as :

V={velX, /[v]‘uzo, Vu e My, 1<kl<K}.
Ykl
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Remark 4.4. In the scalar case, as shown in [BMP94], this assumption would be redu-
ced to impose that constant functions belong to the minimal Lagrange multipliers spaces
(M) 1<k 1<K -

4.3 Well-posedness

4.3.1 Inf-sup condition

The main consequence of assumption 4.2 is the inf-sup condition satisfied by the bilinear
form b expressing the mortar condition :

Proposition 4.1. Under assumption 4.2, there exists a constant 3 > 0 such that :

. b(un, An)
inf sup
A EM\0} uyex;,\ {0} 1Al — 1 llunllx

> p, (4.9)

where (B is of the form :

. 1
p= Clgr?nlgM (Cn)?’

where the constant C,, is the stability constant of m,, defined in assumption 4.2, for all
1 <m < M, and C is independent of the discretization and of the number of subdomains.
Proof : For completeness, we recall the proof from [Woh01]. Let A € M;. For all 1 < m <
M, denoting by A, := A|r,, we have by construction :

fr Am - ¢
Pnlly = sup
Gl ? (Tyn) 8,5,m

and by definition of the projection m,, and by using assumption 4.2 :

Am - Tm A -
||)‘m||5_l m < Cm sup M me @b

N ¢€H§/2(Fm) HFm¢H67%7m ¢EWSZ;(5m H(b”é,%ﬂn .

<(C,, max

Let ¢y, € W&(;m be the function reaching the maximum with ¢, ||5’%’m =1, hence :

1
We use the discrete extension by zero operator over the Lagrange nodes of the volumic
mesh R,.p,, : wo S X}, (introduced in definition 4.2 of the appendix, page 203) to

define :

Um = Rm;hmqb)\m'
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Then, because ¢y, € WY MO its extension wu,, has zero trace on all interfaces except I';,
and thus it is obtained that

b(thms Am) = | Dry * Am. (4.11)
I'm

Now, let us define the function uy € X}, by :

M
Up = Z b(uma )\m)um
m=1

As a consequence, using (4.11) and (4.10) :

M
1 .
Uh, E b Uma m 2 > E O—%||Am||§7_%7m - 1<HT}LI£IM ( )2 ||)‘||5 . (412)
m=1

Using the locality of the supports of the (u,),, on disjoint small strips around the (I'y;)m,
and lemma 4.19 of the appendix (page 203) :

‘uh”X = Z b(tm, Am) ‘UmHHl(Qk(m))

M M
Z Uy A ||¢)\ ||5 m = Z b(ufm)‘m)Q
m=1 m=1

Then, by (4.11) and the Cauchy-Schwartz inequality (4.5) :

M 2 M
lunll <€ ( /F Do Am> <O Il s, = CINE . (4.13)
m=1 m m=1

Therefore, by construction, for all A € Mg, there exists a uy € X}, such that :

b(up, \) _
> —_—
lunllx — Clg%?M Cm)? [RYFe

which ends the proof. O

Remark 4.5. In the absence of any triple point on the interface, that is if any function
defined on 'y, has zero trace on all other interfaces I'y, | # m, the previous proposition
remains true even if one replaces ng-ém by Win:s,, in assumption 4.2.
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4.3.2 Local rigid motions

The set of rigid motions is spanned with translations and elementary rotations, as
recalled in the following simple lemma, :

Lemma 4.1. A tridimensional rigid motion r € R(2) with Q C R3 is a linear combination
of the three translations :

tl(-r) = €1, tQ(iE) = €2, t3($) = €3, MRS Q?
where (ey,ea,e3) is the canonical basis of R®, and the three elementary rotations :

0
ri(z)=erxz=1| —23 |,
Z2
T3
ro(x) = ey X x = 0 ;
— 2
— 2o
r3(x) =e3 x x = x1 , Te.
0

A bidimensional rigid motion v € R(Q) with Q C R? is a linear combination of the
translations t1,to and of the elementary rotation :

r(m):<_;i2>, z e

Proof : By definition of a rigid motion v € R(£2), it follows that the symmetrized gradient
£(v) vanishes almost everywhere in €. Let us notice that for all 1 <4, j,1 < d, the following
equality holds in the sense of distributions :

0%v; 0 0 0

—_— . —_— .. —_— . 1 ,
Jr0m = oz eq(v) + s eij(v) 3 g;1(v), in D'(Q),

7

where the indices i, j, 1, denote the components of v and z in R¢. The fact that £(v) vanishes
almost everywhere in 2 implies that for all 1 <4,5,1 <d:

By a classical result from distribution theory ([Sch66], page 60) and provided §2 is connec-
ted, each scalar function v; for all 1 < i < d is an affine function, namely v;(z) =
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a; + Z?Zl bijjx; for almost all z € Q. Since e4(v) = 0, we get b;; = 0 and because
gij(v) = 0, we get b;j = —bj;. As a consequence, we obtain for d = 3 :

v1(7) = a1 — ba1wa + bizws,
va(w) = az + ba1w1 — bsaws,
vg(:L’) = ag — bigx1 + b3axo, Vr € Q,
and for d =2 :
vi(x) = a1 — bara,
vo(z) = ag + bo1z1, Vr € Q,
which ends the proof. O
Remark 4.6. Another way to understand rigid motions in the linear framework comes
from the nonlinear one. Indeed, in nonlinear elasticity, if we denote by ¢ : Q — R3 the

deformation of the reference configuration in the sense that () is the deformed domain,
the associated strain tensor is defined by :

E(p) = % (Vi -V —id).

As shown in [Cia88], if 2 is a connected open set in R? and ¢ € C1(Q;R3), then E(p) =0
iff  is a rotation or a translation. In particular, let us introduce the rotation of angle 6
with respect to eg :
21 cosf — x9sinf
R3(z) = | x1sinf+ zcosb
T3

For all 0 € R, we have E(Rg’) = 0 and therefore by differentiation with respect to 6 for

0 =0, it is obtained that :
OR3
dF;q (—9 (a:)> =0,
6=0

06
e(es x ) = 0.

which is exactly :

We have then justified the fact that elementary rotations are rigid motions in the linearized
framework. The case of translations is simpler. Indeed, let T,f’ the translation of vector kes,
that s :

T3(x) = x + kes.

For all k € R, we have E(T,S’) = 0, entailing by differentiation with respect to k fork =0 :

3
ey (% <:c>) —o,
k=0

ok
6(63) = 0.

which is exactly :
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4.3.3 Minimal Lagrange multipliers spaces

For instance, the implication (4.8) of assumption 4.3 is true when the traces of first
order polynomial displacements over the interfaces belong to the Lagrange multipliers
spaces, as shown in the next lemma.

Lemma 4.2. By chosing My as the restriction to ~yg; of first order polynomial displace-
ments, i.e :

My = My(yw) = Pl(Q)d|W = {v]y,, vEPI(V)Y, 1<kI<K,

where P1(Q) is the space of first order polynomials over ), the implication (4.8) of as-
sumption 4.3 holds.

Proof : Let us assume that v € X is such that its restriction vy = v|q, (resp. v; = v|q,)
to Q (resp. §2;) is a local rigid motion. Assuming that :

/ ] - =0, Vue M(ym),
Ykl

and because by construction the jump [v],,, of v across vy belongs to M (vk), we can
choose p = [v],,, so that :

/ [v]2 =0 = [v]y,, =0 on .
Vil

Hence the proof. O

Remark 4.7. When considering second order approrimations for the displacements, first
order polynomials must belong to the space of Lagrange multipliers in order to achieve
an optimal rate of convergence, as shown in the proof of proposition 4.7, page 141. The
choice of My, given by lemma 4.2 is then natural. Nevertheless, when considering first
order approzimations of the displacements, and when more than two subdomains share a
common edge, it is impossible for stability reason to conserve all the affine functions in
the spaces of Lagrange multipliers. In particular, the order of Lagrange multipliers should
be reduced on the interface elements having a non-empty intersection with the boundary of
the interface, as pointed out in [BMP93, BMP9}] for the scalar case.

It is possible to weaken the assumption of lemma 4.2, for instance by using piecewise
constant Lagrange multipliers, at least over interfaces having a tensor product structure.

Lemma 4.3. We assume that for all 1 < k,l < K such that Q. and ; have a non-empty
intersection, the interface vy = 0 NOCY; between the subdomains is planar. Denoting by
Gy its center of gravity defined by :

1
G = — / zdz,
" meas(Tw) Jry,
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we can characterize v by :

Y ={r€R® x—Gu=Ef+8&f, (&, &)e[-1,17},

where f1, fo € R? are linearly independent. We introduce the following partition over v :

vt ={&fi+&f &€
VT ={ah+ &y &€
Y =16 +&f &€
Y ={af+&fs &€

0;1] and & € [0;1]},

0;1] and & € [—1;0]},
;0] and & € [—1;0]},
0

| and & € [0;1]},

| e T G

[
[
[_
-1

and assume that My, is made of piecewise constant functions over the sets 'y,jﬁ, 'y,jl_, Vil
and vk_ﬁ. Then, the assertion (4.8) of assumption 4.3 holds.

/

++

. Yu
Y u

\
\

Y u

\

ykI

\

\

Proof : Let v € X such that its restriction vy = v|q, (resp. v; = v|q,) to Q (resp. ) is
a local rigid motion, and :

/ (’Uk — ’Ul) - =0, Vu € My,;. (4.14)
Ykl

As vl = (v — v;) € R(yk) is a rigid motion of the interface 7, there exist constant
vectors t,a € R3 such that :

() =t+ax (z—Gg), =€y

If we consider constant vector functions p in (4.14), it is obtained that :

tpmeas(u) + (ux o) [ (o= Gu) =t meas(ou) =0
Ykl

for all constant vectors 1 € R3, entailing that ¢t = 0.
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Now, let us prove that a = 0. We can decompose it into :

a=oa1fi+azfo+azfs, with f3 = f1 x fo,
and then obtain from (4.14) :

/[ - (a1 fi +aafo+ asfs) x (&f1 +&f2) - pdéi dée =0,
—1;1
for all functions p that are constant over the sets ’y,jﬁ, ’y]jl_, Vi and vk_ﬁ. Then :

o1 /[_1;1]252 (f3-p) d&i déa — ag/[ . & (fs - p) d&y déy

3

s /[_1.1]2 (&1 (s x J1) - ) + &2 ((fs x f2) - ) drdEz =0, (4.15)

for all functions p that are constant over the sets fy]jﬁ, ’y,jl_, Vi and f)/k_lJr. For all & €
[—1;1], let us define :

f3, &2 €[0;1],

(@) = p(&fi +&fo) = {_f?“ & € [-1;0],

in (4.15), which leads to :

1
4@1/ 52(152:2041:0 — a1 =0.
0
By chosing for all £, € [—1;1] :

f37 él € [07 1]7

p(r) = p€rfr +&f2) = {_f:% £ € [-1;0],

in (4.15), it is obtained that :

1
—40&2/ 51 d£1 = —209=0 — a9 = 0.
0
When chosing now for all &, € [—1;1] :

_ _ f2) 51 € [07 1]7
IU(:E) a 'u(glfl " £2f2) {_f27 51 € [_1;0]7
it is obtained that :

1
4@3/ &1déy =2a3 =0 = a3 =0.
0

We conclude that [v]g; = 0, hence the proof. O
Remark 4.8. In the proof of lemma 4.3, the space of Lagrange multipliers we have used

to check the implication (4.8) of assumption 4.3, is in fact a subspace of dimension 3 of
the proposed space My;.
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4.3.4 Standard result of coercivity

We are now ready to recall the standard coercivity result for the bilinear form :
K
v) 1= de(u,v), Yu,v e V

with :
di(u,v) := / e(u) :e(v), Yu,veV.
Q

The now standard proof, done by contradiction as in [BMP93] for example in the scalar
case, does not guarantee the independence on the number and the size of the subdomains.
We recall it nevertheless for completeness, and illustrate the way local rigid motions are
controlled.

Proposition 4.2. Let Q be a bounded C' connected open set. The assumption 4.3 is suppo-
sed to be satisfied. Then, there exists a constant C > 0 possibly depending on the number
and sizes of subdomains such that for all v € V, the following inequality holds :

|
Z/Q >O<27dmm(9k)2/gk”2+ ka:vv).

Proof : Let us assume that the inequality is false. Then, there exists a sequence (vy,)p>1
in V such that :

K

K
Z/Qk e(vp) : e(vy) < % ZW/Qk(vn)z + o Vo, : Vo, =1.  (4.16)

k=1 k=1

From (4.16), (vy)n>1 is bounded in X, and we can extract a subsequence still denoted
by (vn)n>1 converging to v, weakly in X and strongly in L?(22)? by the Rellich-Kondrachov
theorem ([Bré99], page 169). It comes that (v,),>1 is a Cauchy sequence in L?(Q2)%. Mo-
reover, from (4.16), we obtain that for all 1 < k < K, (¢(vy,))n>1 is strongly convergent to
zero in L?(€;)?*¢, and as a consequence, is a Cauchy sequence in L2(£2;,)?*?. Therefore,
forall 1 <k < K, (vy)n>1 is a Cauchy sequence for the norm :

1 9 e(w
W/Qk(vn) +/Qk e(vn) : e(vn),

and then for the norm of H'(Q;)? by the Korn’s inequality (proposition 4.3). We deduce
that (vp)n>1 strongly converges to v in X = Hszl H!(Q) by completeness of X. From
(4.16), it comes that ¢(v|q,) = 0, i.e. v|q, is a rigid motion for all 1 <k < K.

Let us prove now that v € V. We have for all 1 <m < M, and p € M,,5,,

/m[v]‘szm[vn]w/m[v—vn]'u?
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and by using that v, € V and the convergence of v, to v in H I(Qk(m))d, and therefore the
convergence of their traces in L?(T',,,)? by the trace theorem, we get :

/[v]'uzo, V€ Mys,, -

The assumption 4.3 entails that the jump of v across all the interfaces (I'y,)1<m<m va-
nishes, making v a rigid motion over ). Because v = 0 on I'p, we deduce that v vanishes
on the whole domain €2, which is in contradiction with :

K 1

- Un2+ Vv, : Vo, =1,
diam()? /Q,f "t

proving the proposition. O

k=1

In the previous proof, we have used the well-known :

Proposition 4.3 (Korn’s inequality). Let Q be a bounded C' connected open set. There
exists a constant Cq independent of the diameter of Q0 such that :

/Qs(v):E(v)—le(Q)2/902ECQ</QVU:VU+W/QU2>,

1
for all functions v such that / e(v) : e(v)

2 .
_— bounded.
. +diam(Q)2/QU 18 bounde

The Korn’s inequality is a consequence of the following lemma (see [DL72], page 112, for
a proof) :

Lemma 4.4. Let Q2 C R be a bounded C' connected open set, and f € D'(Q) a real valued
distribution such that f € H=Y(Q) and for all 1 < i < d, the derivative Of /Ox; in the
sense of distributions belongs to H~1(S2), where H=(Q) is the dual space of H}(Q)). Then
the distribution f can be identified to a function by means of the L? inner product and

feL?9).

Again following [DL72], we get the proof of the Korn’s inequality.
Proof : First, we assume that ) has a unit diameter. The following space

E ={ve L*(Q)%e(v) € L* ()™}

is an Hilbert space when endowed with the norm :

lolls = </Qs(v) : e(0) +/Qv2>1/2, o € E.
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For all 1 <i,j,k < d, the following expression holds in D'(2) :

0?v; 0 0 0
-7 i) = L (w). 4.1

As v € E, then ¢;;(v) € L*(Q) and then Og;;/0z), € H~ (). From (4.17) we get that :

c H1(Q),

and from lemma 4.4, we conclude that for all 1 < i,k <d :

(%i )

e L(8),
and then v € H'(Q)% We have proved that E ¢ H'(Q)?, and then £ = H'(Q)?. Let
T : H'Y(Q)? — E the canonical embedding from H!(2)? to E. The application T is linear,
continuous because for all v € H1(Q)?, ||v| g < [V z71(2)e and onto because we have proved
that if v € E, then v € H'(Q)?. From the theorem of the open application (see [Bré99]),
there exists a constant C' such that for all v € E :

[0l () < Cllole-

If Q has not a unit diameter, there exists an homotethy ¢ and a bounded C'connected
open set 0 C R? with unit diameter such that ¢(Q) = Q. As a consequence, by the change
of variables ¢ and by using the previous result over ), we get :

/Q c(v) :mwm /Q v? = diam(Q)"2 < /Q £(6) 1 4(0) + /Q @2>
> diam(Q)*2C, < /Q Vi : Vi + /Q @2>

. . IR S
—CQ</QVU.Vv+dmm(Q)2/Qv>,

which ends the proof. O

4.4 Uniform coercivity

We improve herein the previous coercivity result by showing the independence of the
coercivity constant with respect to the number, the size and the shape of the subdomains.
Such a result is known for scalar elliptic problems, when interfaces are plane, as proved
in [Gop99, Bre03]. A proof for the vector case is also proposed in a recent publication
[Bre04]. The originality of our approach is that it uses a generalization of the Scott and
Zhang interpolation [SZ90], and is valid for curved interfaces.
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4.4.1 Fundamental assumptions

Let us introduce the assumptions used in the present section. First, we assume that
each subdomain is a “compact deformation” of a reference domain, the reference domains
being in finite number. More precisely :

Assumption 4.4. It is assumed that :

1. there exists a finite collection of reference domains (Qj)lgjg] of unit diameter, of
compact sets (K;)1<j<s and of maps p; : Qj x K; — R? 1 < j < J such that for all
1<j<J:

diam (goj(flj,p)) =1, Vpekj,
and the following application :
K; — Wheo(Q;)d,
p = Soj(‘vp)?
18 continuous ;
2. for all 1 < j < J, there exists a constant C; > 0 such that :

0p; A
det %(@p) > Cj, VpeKj, for almost all & € €Qj;

in other words, for all p € Kj, ¢;(-,p) is a uniform homeomorphism ;

3. for all (Q)1<kp<k there exists a j with 1 < j < J and an element p € KC; such that
within a scaling factor :
1 ~
—— Q= ©; (2, p).
Moreover, we consider that :

4. there exists a finite collection of reference interfaces (V;)1<j<.r, with 4; C 8Qj, 1<
7 < J, and that the application :

,Cj N Wl,oo(,ij)d’
p = 9i(p),
18 continuous,
5. forall 1 < j < J, there exists a constant C; > 0 such that :

i

det
Y

(z,p) > Cj, VpeK,, for almost all T € 7,

and when v is a part of the boundary of Qi = ¢;(§2;,p), we assume that :

6. W(’Y) Y= Soj(%"p)'
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7. there exists three constants k, k', k" > 0 such that for all 1 <k < K :

p(Q) > Kk diam(Q),
diam(yg) > &' diam(Q), 1<I<K, (4.18)
vkt > & diam(Q)7,

where p(Qi) denotes the diameter of the largest ball contained in Qy . The constants
k,&" and k" must remain independent of the number and the size of the subdomains.
As a consequence of (4.18), the number of subdomains sharing a common inter-
section remains bounded by a fired integer P, independently of the chosen reqular
decomposition.

The assumptions 1 to 6 are used to show a technical result of shape-independence of the
constant in Korn-like inequalities with proper scaling, detailed in appendix B (section 4.11,
page 205). Assumption 7 will be used to show our interpolation estimates.

To deal with curved interfaces in the framework of Scott-Zhang like interpolation,
we will need the technical assumption 4.5, page 127, precized in the definition of the
interpolation operator. The present coercivity result will be shown on the constrained
space :

V={velX, /[U]'Mzoa Vi € Py(vi)?}
Vil

Remark 4.9. In this section, we use the Lagrange multipliers spaces My = IP’l(’ykl)d.
Newvertheless, one can adopt any My, such that for all v € L?(y;)?, there exists a solution

TV € P1(yi)® of :
/ ﬂVklU'lu:/ v p, V€ My,
Ykl Ykl

v
s ol o 0 < C sup 2 (4.19)
Vit (k1) pEMy, ||:U’||L2("/kl)d

satisfying :

with a constant C' independent of the interface ~yg;. The statement (4.19) is true when
adopting Lagrange multipliers satisfying the assumption 4.3, but the constant a priori de-
pends on the shape of the interface ;.

In this section, we assume that all these assumptions are satisfied.

4.4.2 Generalized Korn’s inequality

We will use hereafter the two following generalized Korn’s inequalities reviewed and
detailed in appendix 4.11, page 205, for domains satisfying the assumptions of section
4.4.1.
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Lemma 4.5. There exists a constant Cp such that for all 2y, and ~y; satisfying the condi-
tions defined in section 4.4.1, the following inequality holds for all v € H*(4,)? :

2
1 S v
[l e < Cp | T | sup 22— +di(v.0) |,
HY Q)7 diam(Q) \ perty 1l L2 ()

where Cp does not depend on Qi and ;.

Lemma 4.6. There exists a constant Cn such that for all Qp and ~g; satisfying the
conditions defined in section 4.4.1, the following inequality holds for all v € H ()% :

1 Q VT
o] <ON | s—53 | sup —+—— | +di(v,0) ],
H () diam(Q)? \ rerion) T2

where C does not depend on Qy and ~yy;.

Then, we deduce the following trace lemma :

Lemma 4.7. There exists a constant Cr such that for all Q. and vy satisfying the condi-
tions defined in section 4.4.1, the following inequality holds for all v € H* ()Y :

2
1 v 1 v-r
———— | sup fwf <Or | w55 | sup =) 4 dy(v,0) |
diam() \ ety |41l 22 (40) diam ()% \ rer(ay) 172204
where Cr does not depend on . and Y.

Proof : By using the Cauchy-Schwarz inequality, the Sobolev trace theorem (with proper
scaling) and the lemma 4.6, we get :

1 f'm s 1 / 2
— | sup L —— < v
diam () <N6Mkl 1]l 22 () diam(Q,) J,,,

1

< c 7/ v2+/ w?)
(dmm(Qk)2 o Qk| |
2
1 Jo, v-r

< COn|——"—= | sup —2——| +di(v,v) ],

diam(Qy)? (reR(Qk) HTHL?(Qk)d)

hence the proof. O

4.4.3 A Scott & Zhang like interpolation operator for mortar methods

The proposed interpolation operator builds a conforming approximation of a non-
conforming function defined in the constrained space V of functions whose jump is or-
thogonal to interface Lagrange multipliers, with the usual stability properties shown in
[SZ90], even when considering curved interfaces between the subdomains.
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Construction of a coarse conforming basis - Let us introduce a coarse conforming
triangulation 7g of 2, as shown on figure 4.3, which satisfies the following conditions :

1. Each T € Ty is totally included in a subdomain 2.
2. The tetrahedra in 7Ty possibly have curved faces along the skeleton interface S.

3. The tetrahedra T' € 7Ty in Qj are such that p(T) > Cdiam(Qy), with p(T") the
diameter of the largest ball included in T

F1G. 4.3 — A coarse conforming triangulation 7z of 2 = € U Q9 U3 satisfying conditions
1 and 2.

We define on 7 the following conforming approximation space :
Xy ={veHYQ), v|lreP(T), TeTy},

where P1(7T") denotes the space of affine applications over T'. The vertices of the coarse
conforming triangulation Ty are denoted by (M;)1<i<s, and the associated nodal basis of
Xy by (¢i)1§i§] such that :

¢i(Mj) = bij,

using the Kronecker symbol d;; = 1 for i = j and 0 otherwise.

Set of interfaces - Let us denote by Zs the set of interfaces v, between two adjacent
subdomains, and by Z the set of internal faces of the triangulation 7, that is the faces
of the triangles T' € Ty, which are not included in the skeleton interface S. The total set
of interfaces is then defined by :

Z=25UZ.

To deal with curved interfaces in the framework of Scott-Zhang like interpolation, we need
the following assumption :
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Assumption 4.5. There exists a constant C' > 0 such that for each node M; of the coarse

triangulation Ty, there exists an interface v; € Z with M; € ~; such that for all matriz
B € R¥™4 we have :
1
ol 1B - (x — G,)* de > C \(B,)? diam(y:)?, (4.20)
Vi Vi

where G, is the center of gravity of v, i.e :

1
G, = —/mdm,
vl Jy
and \(B,~) the mazimal singular value of B on ~ :
B-(z—G,)J
A(B, ) = sup 22 )

Remark 4.10. The assumption 4.5 means that for all node M; of the coarse triangulation
Ty, there exists an interface sharing M; and having a finite “length” along the principal
direction of displacement for all affine fields of displacements. As a counter-example, let
us consider the curved interface depicted in the following picture :

Y L

1
and the linear function v(z,y) = e 'y = B -x. It follows that )\(B,'y)2 ~ 72 and

1

1 /¢, 1 \2 €
— B~x—Gi2da::—/ e ly)" dy ~ —.

As a consequence, the assertion (4.20) is not satisfied on ~v uniformly in €. The reason is
that in this case, v is nearly orthogonal to the principal direction of displacement.
Nevertheless, the assertion (4.20) is satisfied for any plane interface v whatever the matrix
B € R¥™4 as shown in the following lemma :

Lemma 4.8. The assumption 4.5 is satisfied when choosing as ~; any plane interface
sharing the node M;, provided ~y; is shape reqular that is :

p(vi) = Cdiam(7;).

Proof : The present proof is done in three dimensions. Let v be a plane interface, and Q)
a square of maximal edge length (= p(7)/v/2) included in the largest ball contained in y
(as shown in the following picture).
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We write © — G, = z1e1 + 22e2 = J - 2, where e; and ey are two orthogonal vectors such
that G-, + span{er, ea} = 7. As the matrix J'- B'- B-J is symmetric semi-definite positive,
it can be diagonalized and we still denote by e; and es its eigenvectors, associated to the
eigenvalues ,u% and ,u% with ,u% > p%. Finally, we choose among all the possible squares @,
the one whose edges are parallel to the eigenvectors :

Q = {x1e1 + xoe9; w1 € [X1 —a, Xy +al,z € [Xy —a, Xy + a]},
where the center of the largest ball in v is G, + Xje; + Xoez, and 2a = p(7)/v2. Then,

we get :
R LRI AR
vl /5 B Ivl !
Xi1+a X2+a
> / )? + p5(x2)%) darydas
h/’ X1—a Xo—a
2a
> 3] (1 (X1 40a)’ = (X1 —a)®) + 43 (X2 +a)® — (X2 —a)?)).
Moreover, we have :
(X1 +a)P - (X1—-0a)? = 2a (X1 + a)? + (X1 +a)( X1 —a) + (X; — a)2)
= 2a (3X12 + a2)
> 2d%,
leading to :
1 / 2 2a 2 2
— | |B- (-G > 23l +p
|7| ’y| ( ’Y)| 3hl| ( 1 2)
2a
> —2
= 3h a® M2

From shape regularity, we have |y| < Cdiam(y)? < Cp(y)? = 2Ca?, and therefore :

1
o [1B @GP = et
Y

> Cdiam(y)* i3,
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but by definition :
13 = A(B,7)?,
which ends the proof. O

The main consequence from assumption 4.5 is the simple :

Lemma 4.9. Under assumption 4.5, there exists a constant C > 0 such that for all locally
affine functions v € P1(Q)¢, we can find at each node M of the coarse mesh Ty, an
interface v > M for which :

1
olepe < Ol

Proof : Let v be locally in P1(Q)% For all v € Z, there exists a vector v(G,) € R? and
a matrix B € R™? such that :

v(z) =v(Gy)+B-(x—-G,), VYxer,

the matrix B being independent of the choice of v € Z. From assumption 4.5, we can
always find at each node M; of the coarse mesh 7y, an interface v = ; such that (4.20)
is satisfied. Then :

[V 7oy < 200(G) P + 2X(B, y)*diam(v)?,

and from assumption 4.5, we deduce :

1 1 2
Lol2ary = (Gy)? + / )l
[y ") 1 ;

( (G2 4+ A(B, v)*diam(y )2)
Cllollf ey

O

Conforming approximation - For all functions v € X, we are now ready to define the
conforming approximation Pv € H}(Q) by :

Pu =" p(M) 6. (4.21)

i>1
where :
biv = T4, 0,

in which 7, is the L%(y)¢ projection over Py(v)? (the restrictions to v of functions in
P1(Q)9), and v; € Z is among the interfaces sharing M;, the one which maximizes :

A(y) = inf L i/\B‘(x—GV)F dz.
ol

BERdxd )\(B7 7)2dzam(’y)2 "'}/’
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Let us notice that in the expression m.,v, we choose arbitrarily the side of «; on which the
trace of v is taken. When considering v € V' with the constrained space :

V={veX, | W-p=0, VuePi(y)"1<kl<K},
Vil

this choice has no influence because :

/v+-u=/v‘-u, Vi € Py ()%,
i Yi

entailing that 7., vt =m0~

Remark 4.11. In this section, we use the Lagrange multipliers spaces My = Py (y)?.
Nevertheless, one can adopt any My, such that for all v € L2(’ykl)d, there exists a solution

Ty ¥ € Pl('}/kl)d of :
/ 7T’Yklv’/~‘:/ v, V€ My,
Vil Vil

satisfying :

v
|70l 20 ye < C sup ——E— (422
Vit (k1) pEMy, ||:U’||L2("/kl)d

Such a statement is true when adopting Lagrange multipliers satisfying the assumption
4.3, but the constant a priori depends on the shape of the interface ~vi;.

K
Proposition 4.4. The interpolation operator P : H HY () — (Xg)? defined by (4.21)

k=1
satisfies the following local inequality for all 1 < k < K :
1
o= Pl <O dilw) + g / G2 ). )
leN ()

where N'(Q) denotes the set of indices of the subdomains sharing a vertex with Qy,, and
dy, is the bilinear form over H'(Qx)? x HY(Qx)? defined as :

di(u,v) = /Q e(u) : e(v), Vu,ve HY Q)L

Moreover, we have denoted by Sy, the union of the neighboring interfaces of Q. :

Ss= U m

l,mEN(Qk)
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F1G. 4.4 — A triangular domain decomposition of Q C R?, with illustration of the subdo-
mains (£2;);epr(o,) sharing a vertex with €y, (inside the dark thick line), and of the reunion
Si, of the neighboring interfaces of Q0 (in dotted lines).

and :

m[v](z) = m[v](z), for all x € ~, with v € Zs.

Moreover, when the decomposition into subdomains satisfies the conditions defined in sec-
tion 4.4.1, the constant C' is independent of the diameter and the shape of the subdomains.
The definitions of N () and Sk are illustrated on figure 4.4.

Proof : The proof is decomposed into 4 parts. For convenience, we will denote by O, the
neighborhood of €}, defined as :
o= |J

1eN ()

1. Range of P1(O})".
Let us consider the affine displacement v € IP’l(Ok)d. For all v € Z N Oy, the trace
of v over v belongs to P;(7)? by definition, and therefore :
TV =v, on-v.

As a consequence, we obtain for all i > 1 satisfying M; € Qy, that p;u = v, hence :

Po)lo, = > v(Mi)gi = vlay,

i>1,M; €y,

because v|q, € (Xu)<.
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2.

Stability of P in L%(Q;)%.
Let v € X. It is readily obtained from definition (4.21), that :

2
IPolZs g0 < max [piv(M;) / S o
Y i, M€ 1<i<I
2
< max ol [ o
i, M; ey, ) Jo, 121
Under assumption 4.5, we obtain from lemma 4.9 that :
2 <C 1 2
||7T"/iv||L00('yi)d > m ||7T%U||L2(,yi)d )
and because 7, is the L?(v;)¢ projection over Py (v;)?, we get :
2 2
||7r%'U||L2(~/Z-)d < [[ollz2 ¢y
resulting in :
2
1
Polagye < max ool | o] . (a2
L2 i, M; €9, [l "E () Q 1%1 '

As v; is a part of the boundary of a domain ;) corresponding to the side of ; on
which the trace of v is taken, we get from the Sobolev trace theorem that :

1 2 1 / 2 / 2
— ||V <O —7Fr— v+ Vul“ |, 4.25
diam (S ;) o122y <dZam(Ql(i))2 Qi ) v 2

with C' uniformly bounded due to the shape regularity of €2;;). Moreover, we have :

2
/Qk S Jo =/dex=|nk|, (4.26)

1<i<I

because by construction » ;. |¢i| = 1. We deduce by exploiting the expressions
(4.25) and (4.26) in (4.24) that :

|| 1 / 2 / 2
Po < (C max diam/(Q) L v+ Vv
|| ||L2(Qk Z M GQk |71‘ ( l( )) dzam(ﬂl(i))z Ql(z) Ql(i) | |

-
< C max diam(Q — vT+ Vu
i, M;€Qy, |Ql(7, | ( 1 )) dzam(ﬂl(i))z Q) Qi) | |
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because from the shape regularity conditions (4.18), we get :

il diam () > ﬁ”diam(Ql(i))d_l diam (S ;)
Ii” diam(Ql(i))d
> O Q.

Therefore, there exists a subdomain 2; sharing a node with 2 such that :

1 Q%] / / 2
——||P
diam(9 )2H UHLQ(Q’C =C €| (dzam )2 Jo, vt o Vel

after a division of the two sides of the inequality by diam(£;)?.

Let us show now that diam(€;) < Cdiam(§2). From the shape regularity (4.18) of
the decomposition, we can build a sequence of (less than) P adjacent subdomains
(£4,,)1<m<p such that €, and €, share the interface v;,,;,, ., with ;, = € and
€, =, as illustrated on the following figure (for triangular subdomains) :

Yi

From the shape regularity (4.18) of the decomposition into subdomains, we then

have :
. 1.
1 .
< gdzam(le), (4.27)
and by iteration of (4.27), we get :
diam () L diam(o) (4.28)
iam(§Y ) iam (). .

Considering that the roles of Q2 and €; can be swapped in the previous inequa-
lity (4.28), we deduce that |Q;| < C|€| from the shape regularity (4.18) of the
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decomposition because :

Q] < Cdiam(Qk)d
< (R,) dzam(Ql)d
1
< (H/)dp dp(Ql)
1
= ()P d| il

As a consequence, we obtain from (4.27) with a still generic use of the constant C,
that there exists a subdomain €); sharing a node with 2 such that :

1 9 1 ) ,
- oL | |
diam Q) IPelizg, < © <dz’am(ﬂl)2 /Ql . /Ql Vel > (4.29)

3. Stability of P in H'(;)4.
Proceeding as previously, we get for all v € X the following bound on the H ()¢
semi-norm of the interpolate function Pv :

2
2
\P’U’Hl(m)d < 112?5}(1 [piv ‘ / 1<§;IW¢Z
2 2
diam(9; 1
< C max () . 2/ 02+/ ver / Z v
iMe 1Sl diam(3))* Joy, Q) P \1<i<t
(4.30)

Moreover, by decomposing the last integral over €2 into a sum of integrals over the
triangles of the coarse triangulation 7y belonging to €2y, :

2 2

JA X we] = > [ el

1<<T TeTy, TCQy 1<<T1

and using the fact that for all tetrahedra T € 7y belonging to j, we have the

standard result : 1

(T) Cdzam(Qk)

using the assumption 3- made for the coarse triangulation 7y, we conclude that :

Voi| < C—-H

2

c
/Qk >Vl | € gl (4.31)

1<i<]
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Hence from (4.30) and (4.31), we get by using the same arguments of shape regu-
larity of the decomposition as in the previous part of the proof that there exists a
subdomain €; sharing a node with Qj, (the same as in (4.29)) such that :

o 2
| U|H1(Q ) = C(dzam )2 /le +/Ql Vel >

4. Approximation property
For all v € X the interpolation Pv € (X H)d satisfies from the two previous points
of the proof, the following stability property :

||P’U||?'—[1(Qk)d < OHUH%—II(Ql)d‘ (4.32)

For all rigid motion p € R(Oy), which is a fortiori a linear function of P1(O})?, we
have from point 1 that Pp = p on Q, resulting in the following bounds by using the
triangular inequality and the stability estimate (4.32) :

o =Po|ngye = llv=—p+Po—0)3 0,0
< 2o = plE g, + 2PE — ) g,
< 0 (Io = bl + v = Pl
< C Y v =plingye

leN ()

By taking p as the extension over {2 of the rigid motion projection of v over 2, we
get from lemma 4.10, page 135 that :

1

2 2

[[v— PU||H1(Qk)d <C E dy(v,v) dza (Qk) / (r[o])” |,
ZEN Qk

which is exactly (4.23).

O
In the previous proof, we have used the following lemma which is a generalization to non-
conforming vector functions of the Deny-Lions [DL55] or Bramble-Hilbert [BH70] lemma
involving the broken elasticity semi-norm.

Lemma 4.10. There exists a constant C' > 0 such that for allv e X :

1
> ol <0 | Y dvt s [ @)

leN(Q) leN(Q)
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where p € R(Q) is the rigid motion satisfying :

/p‘w:/ v-w, Yw e R(N).
Q Q

Moreover, provided the decomposition into subdomains satisfy the shape reqularity condi-
tion defined in section 4.4.1, the constant C' is independent of the size and the shape of
the neighbor subdomains.

Proof : We prove herein the announced upper bound for the quantity

Z v — p”%ﬂ(gl)d»

leN(Qk)

in which the rigid motion p € R(2) is defined by :

/p'r:/ ver, VreR(Q).
Q Q

e First, it follows from lemma 4.6 that :

2
1 fQ (v=p)-r

2 k

v—p <Oy | —— sup —r2——— | 4dip(v—p,v—p)| =Cn di(v,v),
lo=plin oy Tiam(@)? <remk> Moy ( ) (v:0)

by definition of the local rigid motion projection p.
o If €); shares an interface with Qj, we obtain from lemmas 4.5 and 4.7 that :

[|lv _pH%—[l(Ql)d

) R A
Cp|——~ [ sup & l +di(v,v)
diam(§Y) \ pemy, ”/’L”L2(’7kl)d

<
< 90 1 f’Ykz(v_p)’Qk':u‘ 2—|—d( )+ 1 / ( [])2
~ T — sup v,V T — T v
P\ diam(@) \ ey Tl 22 (e : diam () Jy,, ™
2
diam(€y,) 1 Jo,(w=p)-r
< 2C : , sup —E——— | +di(v,v) | +di(v,v
P\ diam(@) T | Gam@ey? <TER8§§,C> Moy ) T |+t
1
90, L+ 2
+ CPdZ(Im(Ql) [Ykl(ﬂ-"/kl[v])
diam(Qy;) 1 / 9
= 2 - 2 _—_
Cp <dz’am(ﬂl) Cr dg(v,v) +dz(U7U)> + Csz’am(Ql) . (T [0])
1 2
< S .
< 0 (ao0) + o) + 7o [ ki) ). (434)



4.4. Uniform coercivity 137

because we have diam(Qy) < Cdiam();) as in the step 2 of the proof of proposition 4.4.

e For other | € N (Q), we proceed by the same technique used in the step 2 of the proof
of proposition 4.4, by reasonning on a sequence of adjacent subdomains, and obtain as
above :

|lv —szl(leH)d

1 Lo 0=play, ,, n
S Cp - sup Vemlm 41 +1 + dlmH (’U, v)
dzam(anH-l) BEMip1,, o HMHLQ(’YZmlerl )@
2
1 f'Ylml l(v_p)|le K
< 20p | 57— sup = + di,, 1, (v, 0)
diam($,,, 1) \ perr, . Plez,,,, )0
1
#20p g [ (i, )
dzam(ﬂlm+1) Vimlma1 fmtmi1
2
diam(€, ) 1 le (v—p)-r
< p—— i ——Cr | ——— sup —Fr——————— +dlm(v —p,U—p)
diam($Y,, ;) diam(,,)* \ rer,,) I7llz2@,, )

1 2
+2Cp (dlerl(v,U) + mL (W“ﬂmlmﬂ[v]) >

2Cp ( diam(§Y,,)

l’mlm+l

IN

1
C —p||? d N 2
diam(le+1) T ”'U pHHl(le)d + lm+1 ('U,U) + diam(QlMH) /7 (Tr'YlmlnH_l ['U]) > )

l’mlm+l

from Cauchy-Schwarz inequality. From the shape regularity (4.18), it follows that diam(2j) <
Cdiam (Y, ) and diam(€Y,,) < Cdiam(§Y,,, ) as in the step 2 of the proof of proposition
4.4, and we get :

[lv —pH?{l(leH)d

1
2 2
< CCp (CT [[o —p||H1(le)d + di 0 (0,0) + mﬁ (szmH [v]) ) :

Imlm41

By induction on m and from (4.34), it is then obtained from #N(Q}) < P that :

2 P 1 2
lv = pll3 e < CCPCH)ON [ D djv,0) + diam () (w[v])” |
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and therefore :

1
> rlpae € OOy | 2 din)+ s | ahl)?

leN () LEN (%) \JEN (%)
1
< P 2
< CP(CpCr)"Cn | > dj(v,v) dzam(Qk)/ (wlo])” |,
]GN Qk)
hence the proof. O

Remark 4.12 (Satisfaction of a Dirichlet homogeneous boundary condition). If
v € X satisfies a Dirichlet homogeneous boundary condition on the part I' p of the boundary
of the domain (Q, its interpolation Pv has the same boundary value on I'p provided :

- Ty NT'p is a (possibly curved) triangulation of I'p,

— the nodes M; € I'p are associated to faces v; € Z contained in I'p.

4.4.4 Uniform coercivity result

We improve herein the coercivity result from proposition 4.2 by showing that the
coercivity constant is independent of the number and the size of the subdomains :

Proposition 4.5. There exists a constant C > 0 independent of any decomposition of {2
into subdomains satisfying the assumptions of section 4.4.1, such that for all displacements
fieldsv e X :

K
2 1 T v 2
bl <0 | X+ 3 Goes JACCI BECED

1<k<I<K

Proof : For all v € V, the conforming interpolate function Pv € (Xpg)4 c H'(Q)?
satisfies the same Dirichlet boundary condition as v (see remark 4.12) resulting in the
usual coercivity result, only depending on the shape of €2 :

d(Pv,Pv) = d(Pv,Pv) > ClIPo||31 gy = ClIPo|% (4.36)

Consequently, we get from (4.36) and proposition 4.4 that :

o5 = [lv—Pv+Pol,
K K
< 2> v =Polf g +2 3 IPol g
k=1 k=1

<c§: S ! /([])2 + Cd(Pu, Pv)
< 1(v,v) dzam(Qk) v v, Pv),

k=1 \IeEN(Q)
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Moreover, we obtain by the triangular inequality and the use of proposition 4.4 that :

d(Pv,Pv) = d(Pv—v+v,Pv—uv+u)
< 2J(Pu — v, Pv —v) 4 2d(v,v)

IA

22 Pv — 0|31 ya + 2d(v,0)

IN

e[ e+ T / (elo])? | + 2d(v,v),

k=1 lEN(Qk)

which leads to the final estimate :

K
1
2 2
ok <C [ dr(w,v)+ > m[y (M, )",  YoeX, (4.37)
k=1 1<k<I<K Kl
by exploiting the fact that #N (Q) < P, and diam(Qy) > diam(y). O

4.4.5 Existence result for problem (4.7)

From assumption 4.3, we have V}, C V independently of the discretization, and get the
uniform coercivity of the bilinear form a over Vj, x V},. Indeed, for all vy, € V},, we get from
(4.35) that :

d(’l)h,’l)h) = Z/ E Evh (Uh)

vV
JE.
~E

§

M
\

v

2 2
CII?>1111 Ck <Z dzam / (vh) +/Qk |vvh| ) ’

because 7[v,] = 0 due to the fact that v, € V. The coercivity of the bilinear form a over
Vi, x V3, is then proved, with independence of the coercivity constant & = C'ming>q(cx)
with respect to the number and the size of the subdomains. Let us remark that when the
Young moduli of the subdomains are multiplied by a constant, & is multiplicated as well.
Since @ is uniformly coercive over Vj, x V}, and since (4.9) ensures that the weak-continuity
constraint b over the interfaces is onto, the discrete problem (4.7) is well posed by using
Babuska and Brezzi’s theory of mixed problems [Bre74, Bab73] summarized in the follo-
wing proposition :
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Proposition 4.6. Let X}, and Mg be two real reflexive Banach spaces respectively endowed
with the norms ||| x, and |||, . Let a : Xpx X, — R and b : X x Ms — R two continuous
bilinear forms, and | : X} — R a continuous linear form. Denoting by :

Vi ={vn € Xp, b(vn,pn) =0,Yuy € Ms}
the kernel space of b, we assume that a is coercive over Vi, X Vi, in the sense that :
Jda > 07 gL(Uh,Uh) > 6(||Uh||_2)(h,

and that b satisfies the following inf-sup condition :

36 >0, inf S b(vh—"uh) >
ur€M\{0} o, e X\ (03 1V llx 1en |l s

Then there exists a unique solution (up, \p) € Xp X Ms of :

a(un,vp) + b(vn, An) = l(vp),  Von € Xp,
b(un, pr) =0, Vpp € Ms.

4.5 Error estimates in elastostatics

4.5.1 Approximation of displacements

We recall now the standard error estimates in elastostatics under the following assump-
tion :

Assumption 4.6. For all 1 < m < M, the family of interface meshes (fm;5m)6m>

the mon-mortar side is quasi-uniform, and &, /8, remains bounded independently of the
chosen discretization.

0 over

First, we need the following lemma :

Lemma 4.11. For all 1 < m < M, there exists an operator :
1/2
P, : H(;/ (Fm) = Wmiém

such that for all v € H§/2(Fm) :

/(va)'ﬂz/ v, V€ My,
m Fm

with :
1Pl 3 < Clells
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Proof : For all 1 <m < M, we have by using assumption 4.2 :

inf sup frm An O inf sup frm A - P
AEMim:sm ¢, €Winss,, ”)\h”a,%,mwh”a,_%,m ARE€EMim;syy, ShEWD, 5 H)\hH(s,%,mWhHa,_%,m
Ap - T
> inf sup me m
)‘heM’m%‘Sm ¢EH(1§/2 (Fm) H)\h”&%7m”ﬂ-m¢”6,—%7m
! inf sup fr A ¢ _
= Con Mmoo,y Pl 305 O

As W5, is reflexive, this condition implies that the map v, € Wy,.5,, — 1 € M;n; 5, with
() = me vy - p for all p € M,,.s,, is onto with a continuous inverse. In other words, it
implies that for all [ € M’ M there exists a vy, € W,,.s,, such that :

/ vp - =), Vi€ Mis,, s

with
1

[onls, 1 m < C—mHl”Min;ém

In particular, for all v € ]H[l/Q( m), we can define [(p) = me v-p for all p € M,,s,. , and
obtain the announced property. Il

Error estimates can then be established by the classical result.

Proposition 4.7. Ifu € Hszl HY Q)4 is solution of (4.4) with (E : e(u)) € Hle HI(Qp)dxd
and q > 1, and (up, A\p) € Xp x My is solution of (4.7), the following error estimate holds :

1/2
Ck 2
lu—unllx <C <1 + 122%;) (Zh *fulgsr, EW) ’

with :
2
lulgi1 B0, = ‘u’Hqul(Qk Cg B : 5(U)||%{q(gk)dxd- (4.38)
The constant C' is independent of the number, the diameter, the Young moduli and the

discretization of the subdomains. The coercivity constant of a over Vi, x Vj, is denoted by
& and the coefficients (Cy)1<p<k characterizing the elasticity tensor E are defined by (4.3).
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Remark 4.13. The difference with the original result of Wohlmuth lies in the fact that the
constants appearing in the proof do not depend any more on the number of subdomains.

The result remains true if we replace in (4.38) q by any integer 1 < r < q because it re-
lies on interpolation results which hold for any 1 < r < q given our choice of finite element.

Proof : The proof can be found in [Woh01]. We review here the main steps. By a standard
use of the second Strang’s lemma [Str73], we have :

C, . 1 a(u,vy) — (v
||u_uh||X < <1+Ta> inf ||u—vh||X + — sup ( h) ( h)
[0 v EVh

L (439)
& 4, eV \{0} [Jvn | x

where C, = C n}faéx (Y is the continuity constant of a, and is independent of h. We detail

the estimates for the consistency error (the second term in (4.39)) and the approximation
error (the first term in (4.39)) .

Concerning the consistency error, because (E : e(u)) € Hszl H'(Q)?™4, we have for
all vy, € Vj, by using the divergence formula :

a(u,vp) —l(vy) = Z/Q Vvh—/ﬂ f-vh—/FNg-vh

E>1
= —Z/ (div (E :e(u)) + f) Uh—I-Z/ ) - ng) - vp
k>17 S k>1 7 0%

_/ g - VUh, (440)
I'n

where nj denotes the outward normal unit vector on Q. Moreover, since (E:e(u)) €
[T, H'(%)%?, we have for all v € C3°(€,)¢

f'v:a(u,v):/g(E:s(u)):Vv:—/Q div(E:e(u)) -v

Q
which entails by density of C3°(Q)? in L?()¢, that :
div(E:e(u)+ f=0, in L*(Q)% (4.41)
A fortiori, the result (4.41) entails that for all v € Hle HY Q)

—Z/deEe v—/fv

which gives by substracting the original problem (4.4) that :

/FNQ-U = /Q(E:E(u)):Vv+/div(E;g(u)).% Vo € HY(Q),

Q

= /r (E:e(w))-n)-v, Yve HI(Q),
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where the normal outward unit vector on I' iy is denoted by n. As this final expression only
depends on the restriction v|r, € H, / (T'x)4, we conclude that :

/F g-0= [ (®:ctw)m)-o Vo e Hy ()" (4.42)

As a consequence, by using (4.41) and (4.42) in (4.40), we get :

a(u,vp) —l(vy) = Z /

1<m<M

with A = (E : €(u)) -n, where the normal unit vector n is chosen to be outward to §2(,,) on
T',,. Moreover, [vj,] denotes the jump of vj, over S. Then, we have to find an upper bound
for the following quantity :

JsA

sup ———
vRLEV) ||’Uh||X

By construction of V, we have for all up € My :

Jx el = [ s fon) < 13wl ol 3.
S S

Moreover, we can prove that :

1nf ||)\ Mh”g__ m S mH)\HH‘Z‘%(Fm)'
Indeed :
inf [|A — gl =  inf RE) |\ — )2
nf A —pnly 1, = inf ”Z (F)IX = pnll 72y

A

5mumf A — MhHLz(pm @ < Cd?ngH)\”%Iq(r )d

because the space of polynomials of degree ¢ — 1 is included in M,,.s,, . We have also at
order g — 1 :

inf A=l < OO M 0
By interpolation between the H4~! and the H? norm (see [LM72]), we obtain :

inf (A= pnll} _y,, < CELIA (4.43)

pn€M, HI™2 ()’
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As a consequence, by summing the previous estimations over m > 1 :

M
inf ||\ — | = inf A — ppl|?
o2 Wl g = 2 nf A=l
M K
< 2q 2 < 2q 2
< 0> 5mHAHHq_%(Fm)d < Ck_1 h: HA”HQ—%mk)d
K
2 2
< OB : e(u)a o, yaxas
k=1
hence the following estimate :
K
. B 9 1,20
pinf A= plls < kz:: W IE = €(w)ll7a (0 yaxa- (4.44)

Now, let us estimate [|[vp]||5 1, by using the operators P, introduced above. As v, € Vj,
72

[un] vanishes in the dual space M, s and therefore Ppy,[vy] = 0. Then, for all wy, € Wiy,
and using lemma 4.11 :

Nondls 3 < lEon] = w0n = P (o] = 0n) 5 3 < Cllon] = wnlly 1 e (4.45)

As the family of meshes over the non-mortar side is quasi-uniform by assumption 4, we
have by a standard inverse inequality (see [EG02]) :

1

Ifon] = w2y, < 5= o] = wlia,

Let wy, the L? projection of [v,] over Winss,, - We then have :
I[vn] = wh”2L2(rm)d < H[Uh”|%2(rm)da
and by a classical interpolation result :
Ifon) = wall7zp,ya < Non) = Inforll1 2o, e < ComlllvnlllFn o,y

where I}, is the nodal interpolation over T',,. By interpolation between the L? and H'
norms (see [LM72]), we obtain :

I[vn] — wh”%%rm)d < C‘SmH[Uh]”?qlM(pm)d?

resulting in :
o] = wnl2 5, < Clllonl By,
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It is deduced from (4.45) that :
Ionllls, 2 m < Clllonlllmrzw,ye Yon € Vi (4.46)

The consistency error is therefore of optimal order, and we get more precisely by using the
Cauchy-Schwarz inequality and estimates (4.46) and (4.44) :

2 M M
</S)\‘ [Uh]> < <Z A= Mh||§,_;7m> (Z ||[Uh]||§,é,m) . Vpn € M,

K
S C (thq”E : E( )HH‘Z(Q]C dxd) (Z H Up, H]’—[l/2 Fm )

k=1

by taking the infimum over uj € Ms. We deduce from the trace theorem that :

1/2
sup JoA-fon] <C (ch k |u|q+1EQk> :

vnEVh thHx prt

Now, let us consider the approximation error. If I, is the standard Lagrange interpo-
lation operator over Xp,, wy, = Ipu does not satisfy the weak constraint on the jump [wp]
over I',,,. Then we define :

M
Vp = WhH — Z Rm;hmﬂ'm[wh]m € Vh)

m=1

with the discrete extension by zero operators ﬁm;hm : Winss,, — X, defined in the defini-
tion 4.2 of the appendix, page 203. As a consequence, from lemma 4.19 :

M
lu —wall% < C© <||u —wnlk + ) ||7Tm[wh]m||(2g,%,m) :

m=1

Moreover, from assumption 4.2 :

M M
D i fewnlnll3 1m S Z Ifwnmll5 s, = C Y N —wllf s L
m=1 m=1

We have also :

I — w2y,

M=

M M
< QZ [l — wh‘ank( )Ha L, T2 Z [l — wh‘agl I£k(m Ha m’

m=1 m=1
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and use the quasi-uniformity of the non-mortar mesh to obtain :

1 .
,5,7’)’1,

M M —=
)
2 m 2
<2 Z lu — wh‘aﬂk(m) ||6,%,m +2 Z a”“ - wh‘agl,z;ek(m)”‘
m=1

m=1

Using now the lemma 4.18 from the appendix, page 202, we get the following upper bound :

M
1 2 2
<2 g E: WHU - wh|Qk(m) ||L2(T)d V(- wh)|9k(m> ”LQ(T)dXd
m=1TeT},, TCQ(m)

; _
Om 1 2 2
+2) 2 5 (WH“ = Walg, 1 nomy | L2y + V(0 = wh)‘ﬂl,zyék(m)”LQ(T)dXd) '
m=1TeT,, TCO l#k(m) "

Then, by using a classical interpolation result and the assumption 4, we get :

M = K
)
2 m 2q),.12
S Imnlunboll < € (14 mi, ) 3 Wbl
m= =

IN

K
}: 2qy, 12

C hk’ ‘U’Hqul(Qk)d.
k=1

and the proof is complete. ]

Remark 4.14. It can be noticed by reading precisely the previous proof, that a better
a priori estimate is obtained when the non-mortar side is taken as the coarsest side (to
improve the approzimation error) and/or the softer one (to improve the consistency error).

4.5.2 Approximation of fluxes

The convergence of Lagrange multipliers uses the inf-sup condition (4.9) and is established

by the :

Proposition 4.8. Ifu € Hszl HY Q)4 is solution of (4.4) with (E : e(u)) € Hle HI(Qp )44
and ¢ > 1, and (up, \p) € X X My is solution of (4.7), the following error estimate on
Lagrange multipliers holds :

K

1/2
2
A= AhHa,—% <C (Z hkq ‘u|§+1,E,Qk> )

k=1

with A = (E : (u)) - n, where n is the normal unit vector on S which is outward to Q)
for all 1 <m < M. In more details, the constant C' has the following dependence :

/ 1 /1I§I}€aéXK Cr Ck
C=C"max C, (1+= | +C'—— 1+ max — |,
1<k<K I} 16} 1<k<K @&
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where the various constants denoted by C' do not depend on the number, the diameter, the
Young moduli and the discretization of the subdomains.

Proof : As (E: e(u)) € Hszl H' ()4, by a simple integration by part over each €y,
one can obtain from the continuous problem :

a(u,v) + b(v,\) =1(v), VveX.

Considering this equality with v = v, € X;, C X and substracting the approximate
problem (4.7), we obtain :

b(’l)h, Kh — )‘h) = d(uh —u, Uh) + b(Uh) KUh — )‘)7 vUh € thv,uh € M(S' (447)

Defining vy, from up — Ap by the same technique used for constructing uy, in the proof of
(4.9), we deduce from (4.12), and using (4.47) :

b(vn, b — An)

M
(é(uh —u,vn) + Y / [wnlr,, - (wn — >\)> :
m=1 m

ln = Anll5 < €

= C

R I

But by construction :

[Uh”Fm = ¢Nh_)\h /1" gb#h—)\h : ()‘h - :U’h)7

hence since ||¢Mh_)\h||5,%,m =1, we get :

[ ol =% = /F G - (11 /F G - (1 — N)

< = pnlls 1 mllin = Als —1 -
It remains that :

C
_ 2 < = _
ln = Anlls 1 < 3 1%2%@”“ un || x [lvnllx

o (M 2, m
+3 <Z |0 = AH?,_;M) (Z [l n — Ah\\i_é,m)
m=1 m=1

and recalling that ||vy||x < C||pn — Anlls _1 from (4.13), we obtain after division by
’2
e = Anlls, -1

1/2

1
< C’B < max Cy |lu—up|x + || — AH&,—%) )

- A
[ max

1
2
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By the triangular inequality, we have :

A= Mlls s <IN = pmlls s+ A~ panlls s

1 1
< %y - —_ —
< Cﬁ 12}%XK(C’1€)||M up || x + <1 +Oﬁ> [IA ,uh||57_%7 Y, € Ms.
Then, from proposition 4.7 and (4.44), the announced estimate is obtained. O

4.6 Generalization to elastodynamics.

In this section, we analyze the use of mortar elements to solve the linear elastodynamics
problem :

(0% )

2 div(E:e(u)) =f, [0,T]xQ,

(E:e(u)-v=g, [0,T]xTy,

u=0, [0,7]xTp, (4.48)
u=ug, {0} xQ,

ou .

E = Up, {0} X Qu

with obvious notation. Let us only notice that the normal outward unit vector over a sur-
face is now denoted by v instead of n to avoid any possible confusion with the forthcoming
numbering of the time steps.

First, the notation of the static case is adapted and a standard result of existence
recalled in the elastodynamics framework. In the second subsection, a total approximation
in space and time is introduced for the dynamical solution. It uses a mid-point finite
difference time integration scheme which is interesting for energy conservation purpose,
and a non-conforming finite element space approximation using a mortar weak-continuity
constraint over the interfaces. We finally establish the convergence of the approximate
solution to the continuous one, which is the main contribution of this section.

Moreover, an important remark has to be done with respect to this analysis. For first
order problems in time, Lagrange multipliers are involved in the convergence analysis
through the estimation of :

inf E: t)) -v—
MhlgM[;H( e(u(®) v —pnlls 1

as shown for example in [BMRO1] for an eddy currents model. In the framework of second
order problems in time, we underline the idea that the Lagrange multipliers are also
involved through the estimation of :
ou
E:e| (¢ V=
(2 (G0)) oo

inf
HREMSs

b
1
5—1
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entailing a higher sensitivity with respect to the choice of Lagrange multipliers. A time
discontinuity in interface constraints would lead to a deterioration of convergence.

4.6.1 Position of the problem.

We formulate here the linear elastodynamics problem, using mainly the same notation
as in the static case. The body forces are denoted by f € L2(0,T; L?(Q)9), the density of
the material by p € L*(£2), which is assumed to be greater than a positive constant, and
the initial conditions in displacement by ug € H'(Q)? and in velocity by 1y € L%(Q)4.
A surfacic force g € C'(0,T; L?(I'y)?) which is regular in time is applied over the part
I'y of the boundary 02 and a Dirichlet boundary condition v = 0 is imposed on the
complementary part I'p = 02 \ I'y which can be of zero measure. The elastic properties
of the material are the same as in the static case described above.

To give a precise meaning to the system (4.48), we define a solution as a displacement
function :

u e CO0,T; HL(Q)) N CH0,T; LA(Q)4),

such that in the sense of distributions on |0,77] :

2
%/ﬂpu() v+a(u /f v+/FN9(t)~v, Yo € HY (). (4.49)

It is now standard that :

Proposition 4.9. Under the previous assumptions, there exists a unique displacement
field uw € C°(0,T; HL(Q)) N CL(0,T; L?(Q)%), such that the equation (4.49) is satisfied in
the sense of distributions on |0, T[. Moreover, the energy :

e =1 [ o(20) + atw,uo)

is conserved, that is for all t € [0,T] :

04 [ 10w [ [ 50 S0

We refer to [LM72, RT98] for a proof of the proposition. It is classically done by :
— defining an approximation :

m
= cilt)ps,

k=1

of the solution over the m first eigenmodes (p;);>1 satisfying :

a(p;, )—w /pgol v, VveHj(Q),

with the eigenvalues (w?);>1,
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— proving that the sequence of approximate solutions (., )m>1 is a Cauchy sequence
in C°(0,T; H}(Q)) nC(0,T; L*(Q)%), resulting in its convergence to a solution u €
C%0,T; H:(Q)) N C(0,T; L?(2)%) of the problem (4.49).

The energy estimate for the solution v comes from the limit of energy estimates for the ap-
proximate solutions u,,. The uniqueness of the solution u is a straightforward consequence
of the energy estimate.

4.6.2 A midpoint nonconforming fully discrete approximation.

We introduce here a space non-conforming fully discrete approximation of the solution
of (4.48). First, at each time ¢ € [0, T] the spaces H}(Q2) and L?(Q2)¢ for the displacements
and the velocities are replaced by the non-conforming finite element space V}, introduced in
section 4.2.3, page 110, for the elastostatics problem. We then look for the displacements
ul € °(0,T;V;,) NCY(0,T; V4) such that in the sense of distributions on ]0, 77 :

g—;Apuh(t)-vh+&(uh(t),vh) =/Qf(t)-vh+/FN g(t)-v", W eV (4.50)

The initial conditions in displacement and velocity take the form :

ul(0) = P}Luo eV,

h (4.51)
%(0) = 'P}(QUO S Vh,

where P} (resp. Py) denotes a projection from H1(Q) (resp. L2(Q2)?) to V},. Now, let (t,)nen
a sequence of discrete times such that ¢,, = nAt for n € N. The use of a constant time step
At enables the optimal time accuracy order established below. The formal integration of
(4.50) and of the additional relation :

0 h h_ oul h h
(%/Qu (t) -v" = ot () -0", VYo' eV,

over t € [tn,tn41] by the trapezoidal rule gives the following fully discrete system :

“h “h h o . h
Upy1 — Uy o up Up 11 Ln(vh) + Ln—l—l(vh)
e T | = . Vo € Vi,
/QP Al vp+a ( 5 ’Uh> 5 vp € Vi
up . —up, _ p +al
At 2 (452

We have introduced the virtual work of the applied forces at the discrete time t,, :

Ln(on) = /Q Fltn) -0 + /F o(tn) v, Von € Vi,
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and have denoted by u” € Vj, (resp. u! € V}) the approximation in time of the space

o h
approximation u”(t,) € Vj, of the displacement (resp. %(tn) € Vj, of the velocity), that

is the fully discrete approximation of the displacement u(t,) € HL(Q) (resp. the velocity

%(tn) € L*(Q)%). This trapezoidal finite difference scheme in time has been selected for

its exact conservation properties with respect to the energy and to the linear momentum
(see [ST92)).

The convergence analysis to come could be extended to other time integrators. The
system has to be completed with the initial conditions :

{u(})’ = P}IL’LL() € W, (4 53)

up =Py € V.

Knowing ul, 4! € V}, and after elimination of @/ 41 by (4.52)-2, we can then determine the
fully discrete displacement uz 41 €V, at the discrete time ¢, 1 € [0,T] by solving :

2 h 1.7 4 2 4,002
Qmpun+1-vh+§a(un+l,vh> = Qp mun—kﬂun < Up,

Ly (vp) + Lyy1(vn)
+ 5 ,

Yoy, € Vy,

and the velocity @/, , € V}, is obtained by the simple computation :

2
- h _ h h - h
Up41 = Kt(un—"—l - un) — Up.

The existence of a projection P, from HL(2) to V}, is detailed in the following lemma :

Lemma 4.12. If I'p has a positive measure, there exists a projection operator :

]P)hi Hi(ﬂ) — Vh
U —  Ppu,

such that Ppu is the unique solution up € Vy, of :
a(up,vp) = au,vy), Yo, € V.
Moreover, for all u € HEH(Q) with r > 1, we have the following estimates :

K
e = Brllie < O 3 A ul} g 0
k=1
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K
e = Phullfagy < C { sup hE ) > b uliismo,
1<k<K el

Observation : the last inequality holds within a regularity condition, namely that the solu-
tion of all elasticity problems over Q0 be in H(2).

Remark 4.15. The constant C' in the estimates of proposition 4.12 is in fact of the form :
C C
Cc=Cc (1 —I—maXTk> maXTk,
E>1 &

where C' is independent of the discretization in space and time, of the number of sub-
domains, and of the coercivity and continuity constants of the broken bilinear form a.
Nevertheless, to simplify the present exposition, we will keep the generic notation C.

Proof : The existence of the projection P, is a straightforward consequence of the Lax-
Milgram lemma. More precisely, for a given function u € H}(Q), let us define the conti-
nuous linear form [ € X’ by :

l(v) =a(u,v), YveX.
The function v € H!(Q) is the unique solution of :
a(u,v) =1(v), Vv H(Q),
and Ppu is the unique solution uy, of :
a(up,vy) = l(vy), Yop € Vp.

The error between uj, and u in the broken norm || - || x is given in the proposition 4.7,
resulting in the announced estimate. The estimation in the L?(2)% norm can be obtained
by a Aubin-Nitsche argument (cf. [Aub87] for example) that we detail here. Let us assume
that for all ¢ € L%(2)?, there exist a solution (s € Ha(Q2) of

d(v,%):/ﬂqb-v, Yo € H(Q). (4.54)

Indeed, we have assumed that the solution of all elasticity problems over Q be in HZ(12).
First, because the application :
T: HEZ(Q)NHNQ) — HNQ
¢ = TG <TC,U>H,}(Q)/,H1(Q) = a(v, (),

is linear, continuous and bijective, the inverse T~! is continuous by the open application
theorem [Bré99, Yos65]. As a consequence, the solution (s € Hg(Q) of (4.54) satisfies :

X 1/2
(Z Cr |<¢|§,E,Qk> < C gl < C lldllp2q)a- (4.55)
k=1
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Now, let us prove the announced upper bound on [|u — Ppul|;2(q)a, by the Aubin-Nitsche
technique. Namely :

/ (u—Pru) - ¢
v —Prullp2qpe = sup Q
scr2@)\for  1@llrze
EL(U - ]P)huv C¢)

= sup
scr2@)\(or  9llr2(@)

and by definition of Py, a(u — Ppu,v,) = 0 for all v, € V4, resulting in the following
expression for all v, € V},, and ¢ realizing the supremum in the above inequality :

d(u — Phu, C¢ — vh)
91 L2 (e

IA

[u = Prullp2(q)a

9

a(u — Ppu,u — Ppu)/2 @(Cy — vp, G — vp) /2

<
91l 2 ()e

By taking the infimum of the right hand side over v;, € V},, and by using the approximation
property of P, in X (proposition 4.7), and the relation (4.55), we get :

K o 1/2 /g 1/2
I — Byl _ C(Zk:lhz |u|72~+17E,Qk) ( k:lhzcia%@,ngk)
u — ICpul|r2 d S
L) 91l 2 (2)a
K 1/2
< C B3 u)? sup hy | .

4.6.3 Convergence analysis

Now, we prove the convergence of the fully discrete approximation given by (4.52) to
the continuous solution of (4.49). For that purpose, we introduce the following space :

HENQ) = v e H(Q);  |[vllgrim0 < +ool,

which is endowed with the following norm :
K

1
1B = Il + 3 (olFieesa e + e £(0) gy )
k=1

We also denote as in proposition 4.7 :
1
2 2 2
vlgr1e0, = [VFar e + 2 IE = e(0)ll7aqyyaxds

and state the main result of that section :
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Proposition 4.10 (Error estimate). If

K
we CH0, T HE ™ (@) n (0, T; [ H (%)) N (0, T; L ()
k=1

is solution of (4.49) and (ul'; ul),en is the fully discrete solution of (4.52), then the follo-
wing error estimate holds :

- h * h
un+un+l>

H\/ﬁ (ﬂ(tnﬂ/z) - 5

? ul 4+ ul ?
N 1
+a ([utpg1/2) — %

L2 (Q)d

X

< C (IPutio — 22 pa + 1Pouo — % )

AN ; T
—i—C’[( > a sup [tgi(t)|% + sup [\/ptg U(t)”%2(9)d +— sup |\/ptdu (t)|’%2(ﬂ)d
to t€[0,7] t€[0,T to ve[o,1]

K K
T .. . ~ 2
0= > W | sup [Vptodi(t)[Fime, + sup [VRUD s, | 6D k! sup [u()fii e,
0,3 te[0,7 te[0,7 k=1 te[0,7

KL, C2 ) T ) At\"

+thqT sup |u(t)’q+1,E,Q+t_ sup [to u(t)|g41, 8,0 } <1+t_> ;

1 Q| tefo,T7] 0 t€[0,T) 0

where C denotes various constants independent of the discretization in space and time,
1

and tyy1/9 = i(tn + tny1). Moreover, Py, is the projection Py, from H}(Q) to Vj, given

in lemma 4.12 if T'p has a positive measure, and is defined by (4.66) if T'p has a null
measure, and r is any integer with 1 < r < q. Finally, to is a reference length of time.

In order to simplify the exposition of the proof, we assume that I'p has a positive measure
so that the bilinear form a is coercive over H!(Q) x H!(2). We will enumerate in the
remark following the proof the necessary modifications when I'p has a null measure. The
proof is inspired by the convergence proof introduced in [TMO0] for fluid-structure analysis.

Proof : For clarity, the proof is decomposed into six parts. The time derivative of u will
be sometimes denoted by 4 to simplify notation.

1. The discrete evolution of error.

Let us define the projection on V}, of the error in displacements at time t,, by :

euz = Pru(ty,) — uz,

and a new approximation (V,*),>o of velocities by :

1 1
3 (Vnh + VJLH) = A7 (Pru(tny1) — Pru(tn)),
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with the initial condition Voh = Ppig. The gap between the fully discrete velocity %" and
VI is then defined by :

eVh =vh —qh,

We now establish the equation satisfied by these errors.
To do so, we first show that for all ¢ € [0,7] :

/ 8t2 )-optalu(t),vy) / f(t) Uh—i-/ g(t Uh—i-/ At 'Uh Yo, € Vi, (4.56)
I'n

with A\(t) = (E : e(u(t))) - v, where v is the normal unit vector on S which is outward to
the non-mortar subdomain.

Due to the assumptions that for all ¢t € [0,T], (E: e(u(t))) € Hszl H'(Q)?™4 and that
the time derivatives of u have a classical sense, we obtain from (4.49) that for all ¢ € [0, 7]
and all v € C°(Q)?

2y
/Q <pg?(t) _ div (B : e(u(t))) — f(t)> =0,
By density of C2°(2)% in L?(Q)¢ we have then that for all ¢ € [0,7T] :
2u
paa?(t) — div (E : e(u(t))) — f(t) =0, in L2(Q)% (4.57)

Then, we can obtain some information about the natural boundary conditions. Indeed, we
get a fortiori from (4.57) that :

2
/ (p%(t) —div (E: e(u(t))) — f(t)) w=0, Yve HNQ), (4.58)
Q
and by substracting the original problem (4.49) to (4.58), we obtain for all v € H1() :

/FN g(t)-v = /Q(E ce(u(t))) : Vo —i—/ div (E:e(u(t))) -v

Q

= / (E:e(u(t)) -v) - .
INY;

Obviously, this relation does not depend on v € HL(2) but only on its trace v|r, €
1/2(FN) resulting in :

/r g(t) - ¢ = . (B:e(u(t) - v) ¢, Vo€ Hy (Dn)™. (4.59)
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Now, we can show the relation (4.56). By exploiting the divergence formula, and the results
(4.57) and (4.59), we get for all ¢ € [0, 7], and all v, € V}, :

K
alu,vp) = Z/Q (E : e(u(t))) : e(vy)
K

= —Z/Q div(E:e(u )))‘vh—i-kZ:l/an((E:s(u(t)))-y)-vh

= [ (r0-550) u [ ot [0 f)

resulting in the announced expression (4.56).
By computing the half sum of the expressions (4.56) for t = t,, and ¢t = t,,41 and substrac-
ting the first line of the system (4.52), it comes that for all vj, € V}, :

Vh —Vvh b —al tn) —ul w(tpyr) —ul
/ P n+1 n . vy, — / P n+1 n . vy + i U( n) Uy, + ( n-l—l) n—l—l’vh
Q Q

At At 2 2
Vi, —Vh 1 *u 0%u Atn) + Atnt1)
— _nl T, Z —(tn) + == (tn . n n . ,
/Q At 2/Qp<at2( )+ o “)> ”h+/$ 2 [on]
vh  —Vvh
where we have added the term / p%t” - v, on the both sides of the equality. From

Q
the lemma 4.12 and the definitions of eu and eV, we deduce that for all v, € V}, :

eVt — eVl _(eul +eul
/Qp AL v+ a 5 , Up

Vi —Vh 1 &% &%u Atn) + AMtns1)
—/Q T'Uh—g/ <at2(tn)+w(tn+l)>'vh+/s 5 ~[vnl,

that we sum up in the following expression :

eVh | —eVh [ eul +eul
/ pin“m "oop+a <7” 5 ML on | = B o(on) + EGyy(vn). (4.60)
Q
We have denoted the approximation error in time and space by :

Eg+1/2(vh) = /Q \/ﬁTnH/Q “Up, Vop € Vp,

with VEL—VE 1 (8% 0%
Torip =Vr—x7— ~ VP 52 tn) + 5 (ts1)
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and the consistency error by :

B iyo(vn) = %/S()\(tn) + A(tnt1)) - [vn],  Vop € Vi

It will be convenient to have estimations at midtime steps, and this is why we introduce
the midtime quantities :

eVl + eVl h eul +eul

h
eVn+1/2 = ClUpi1/p = —

whose evolution is given by averaging (4.60) between two consecutive time steps. We get
for all v, € V}, :

eV’ —eVh eul + eul
X “”At””?%+a<f%w2 2wy | = Ei(on) + Eyw). (461)
Q

where : )
B (o) = 3 (EE—I/Q(Uh) + EE+1/2(Uh)) , Yop € Vi,

in which O stands for “a” or “¢”. In (4.61), we choose :

h h h h
CUpyijo — CUp_1/2 Va1t eVl

Uh = At - 2 ’

by construction of (Vnh)nzo, which gives by summation on all time steps between 1 and n

the main estimation of this first step of the proof :

- eVl + GV‘CLA 2 e“hﬂ 5~ eul
My1js =M = Aty EF ( Y — 2 4+ pe | Y — 21 (4.62)
i=1

with : ) )
h h h ~ h h
Mht1/2 = B} /QpeVnH/Q ) eVn+l/2 + Ea(eun+1/2’ eun+1/2)-

2. An upper bound for 77?/2.

We establish here an upper bound for 77{’/2. By definition of 17@2, we get by using the
symmetry of a :

I 1/10 eVt + eV 2+1d eul + eult eul + eul
1/2 2 Jo 2 2 2 2

1 1 1. 1
3[R+ g [ o (VP + Jated.eu) + Jateut ead),
4 Jo 4 Jo 4 4

Using (4.60) with n =0 and :

IN

eull —eul eV + eVl
AL T T 2
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by construction, we obtain :

1 1

1. 1
3 [ PVl Saeutiend) = 5 [ p (2
Q Q

At .
+7E1/2(6V1h) + Ei (eu}f - eué’) :

aleult, eul)

|

The approximation term in the right hand side can be bounded by using the Cauchy-
Schwarz inequality :

Azt oVl < HAtT1/2HL2(Q)d %\/ﬁevlh o
< STl + 5 eV
Moreover :
sty = o (V- v - St + i)
= f(it (Ppu(ts) ]P’hu(to))—ﬂ?hu(to)—%('(t0)+ﬁ(tl))>
= /P ( 2 —ulty)) — 2u(ty) — % (ii(to) + ﬂ(tl))>
+/(Ph — id) (Ait (ulty) — ulty)) — Qu(t0)> . (4.63)

We then use the lemma 4.12 and a Taylor’s expansion with integral remainder to bound
the second term in (4.63) as follows :

(2 . 2
a0 (g i) e it )|
2
< Ch? Z h2r T\/ﬁ (u(ty) —u(to)) — 2au(to)
r+1,E,Q
K

At
<C ( > 2N R sup |ptoii(t)]? .
to kzl " el vP LB

The first term in (4.63) is also bounded by the use of a Taylor’s expansion with integral
remainder, resulting in :

At
ATl < O (5 ) s IV 0

to ) tejo,A
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At 2 i 2r
Y et h Z 7 sup |\/_tou()|r+1,E,Qk :
k=1

to te[0,At]

For the consistency term, we use that eu? — eug € Vj,, the Cauchy-Schwarz inequality, the
inequality (4.46) page 145, and the error estimate (4.44) page 144 :

Ior]lls1 m < Clllonlllgrzr, e Yon € Vi, (4.64)
K
: 2 2 . 2
of 1A= pally_y <€ kz_l eI : ()10 g v (4.65)

to obtain that :
EY ) (eu? - eug) <max [ A(t)- leult — eult]
1=0,1 Jg

< max [ (A(t:) = pn) - [eu — eug],  Vpun € M
=018

< h
_Hgngﬁ;gﬁ%\\k() uhHa_,eHeul eugllx, VO €]0,+oc],

1
2 2 h h)2
<Co ?g%uhﬂelf [A(t:) — Mh”(;,_% + 202 leut — eugl|x

1 1

2 29 2 2 B2 )2

<Co § hJC sup Ju(t)|giimq, + ) leuy ||% + 72 llewq || % -
=1 te[0,At]

As I'p has not a null measure, the bilinear form a is coercive over V}; x Vj. Then, we
choose 0% = 8 /& where & is the coercivity constant of a over Vj, x V},, and obtain the final
estimation :

a(eug, eug)

Q| Ut

3 3 1
3 / p(eVI)? + Sa(eut eult) < © / p(eV)? +
8 Jo 8 2 Jq
At\ 4
+0 (2) s VAR O

0 te(o, At]

At -
+C <t > h2zh2 sup | \/ptoii(t)]; 1 g0,

0 te[0,At]

2
24 O, 2
+O§ hy i u(®)g11,8,0,»
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hence :
h B2 ~ b h Ar\* 2
M < CIVeeVy 2y + aleug, eug) + ) . SE)JFA’t] I/t i (t Mz2 (e
€[
At
+ C (—) h2Zh2r sup |/ptou(t )’r+1,E,Qk
te[0,At]
2, CF 2
+ CY W12 sup |u(®)|iiqgo,-
; kg te[0.A4 q+1,E,Qy

3. Time and space approximation error estimate.
We estimate here the space and time approximation error given by :

- )
=1

By applying the Cauchy-Schwarz inequality, we obtain :

6V 1/2+6V+1/2
2

A < At Ti1/2+Tit1y2 eV ~1/2 +6V+1/2
a to =1 2 LQ(Q)d 2 LQ(Q)
. At ., Tim1yz + T2 ||)? N At & eVl )+ €Vz+1/2
= 2t0 i—1 2 LQ(Q) 2t0 2 LQ(Q)d
At Ti1y2 + Tiv12 ?
< = Sz T Tetl/2 vh
= 24y & 2 Ly 2ho - Z H\/ﬁe Z+1/2 2@y
Let us remark that :
|2 ii(ti—1) + 2ii(t;) + @(tis)
Titijo+Tiio=+/p +1At - — VP 9 -
Vv v vy Gi(t;—1) + 24(t;) +iitiy1)
=P At —Vp 2
Phu(tiﬂ) — 2]P’hu(ti) + ]P’hu(ti_l) il(ti_l) + 271(%) + ﬁ(ti_;_l)
= A2 G
u(tiv1) — 2u(t;) +u(ti-1) (ti—1) + 2a(t;) + i(tiv1)
=25~ At2 —Vp 2
, u(tit1) — 2u(ts) + ulti-1)
+2\/E(Ph — ’Ld) < At2 .

Proceeding, as in the estimation of the approximation error of the second step of the proof,
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we use the lemma 4.12 and Taylor’s expansions with integral remainder to obtain :

1 T541/2 +T’z’—1/2||%2(9)d

< o(a# sup_[|/7 i (1) 32 s
te[0,7
u(t; 2u(t; ti1)|?
+h22h2r +1) — U(2)+U( 1) >
At r+1,E,Qp
C <At> 2 2
< — sup ot +h hy" sup toii(t)]
tg( ) s PRt s o 01,
Then :
At 2 Ti 12+ Tiv1y2 2 T 2
— S e R —t i
2to 2 L2(Q)d 8'50 0?25” 172+ T el e
T ((At\* =
=% <_> sup ||/ptg i +h*Y hi sup |yptoiit)]; :
8to ( to te[07T]H\/7 0 HLQ )d kzl L 0] \/’ +1,E,Qy,

4. Consistency error
We estimate here the consistency error given by :

z+1/2 —eu}’. 1/2
B= AtZEC ~ .

Using a reorganization of the terms (equivalent to a discrete integration by parts in time),
we obtain :

B — Atz/< ti-1 +2>\i )+)\(ti+l)> _ [e“?ﬂ/z;:“?—l/z]
_ At;/g <)‘ ti-1) + A(t:) ;A)\t(tiﬂ) - )‘(ti+2)> ' [eu?ﬂ/Q]
7 R

_/ <)\(to)+2)\(t1)+)\(t2)> . [euh ]
; 1 1/2
= AtD+FE-F.

Concerning the AtD term, we proceed exactly as in the estimation of the consistency
error of the second step of the proof. More precisely, we use that [eu?ﬂ /2] € Vy, the
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Cauchy-Schwarz inequality and the inequality (4.46), the estimation (4.43) and a Taylor’s
expansion to get :

Altiz1) + Alti) = Atit1) — Altiv2) h
AtD = Z/ < N — Mp ) |:€UZ-+1/2] ) v,Uh € M57
At Altiz1) + A(t:) — Altit1) — Afit2) ?
< —p? t _
- 2t ; 0 4At Hb 57_%
At =2
292t Z ||euz+l/2||X7 A E] —l—OO[ Vpn € Ms,
n K
< z:l n2e | Altiz1) + At) = Altizn) = Mtis2) ||
> 2t0 =1 el 4AtL Hqi%(aﬂk)d
n—1
At

292t Z ||eu2+l/2||X> Vo E] —l—OO[

At n—1 K
< 92 h24 Ht At H . . vo €,
< ;; tES[lélf;] 0 13 (90 + 20215 ZHEU +1/2||X €]0, +oo]

T K At n—1
< C=02N"h¥0? sup |tou(t)|? +— e, 2. V0 €]0,+00],

0 kg VOE i Vo0l + gy D Nl 10, +o0|

and by choosing % = 1/&, we obtain :
2q C2 LA —
At D < B 1=k t 2N aleu; , )
C Z & tES[lépT]\ ot(t )| +LEQ, T 2%, ;a(euzﬂ/meuzﬂ/z)

The terms E and F' are easily bounded by using the same technique :

2

Cj 1
p<cS p2tk 2 1o h h
Z & t:;é%] ‘u( )|q+1,E,Q + 4a(eun+1/27 6un+1/2)7

C?
F < 29>k
C (g 1 hy; 3 tES[l(l]P:)F] |u(t )’q-l—l EQ T 0(6“1/27 eul/2))

Moreover, the second term d(eu? /25 eu? /2) in the upper bound of F' can be bounded opti-
mally by the second point of the present proof.

5. Estimate on 77n+1/2
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Putting together the estimations from the previous points, we obtain that :

1 At 1. h
2 <1 B %) / (GVn+1/2) t Za(e“nﬂ/?’ Clyi1/5)

<C < /Q p(eVy')? + aleug, eug >>
At\? 2 r 2
+c<£> wp VP Ol + 35 s IVPE (Ol

te[0,7) to 0 t€fo
T (A% &
h2 _ — h2r o di(t 2

) (G (2) ) S g wnsram

K 2 T
+C h2q_k sup |u(t)[? o+ — sup |tou(t)? 0

Z o t€[0,T] q+1,E, to +e[0,7] q+1,E,

At 5 h 9 A L o \
+% Z ||\/5 e‘/;+1/2||L2(Q)d + % Z a(eui+1/2, eui+1/2)'
=0 i=1

We deduce by applying the discrete Gronwall’s lemma 4.13, and for sufficiently small time
steps (At < ty/2) that :

[ oVt o el o) < € (W + e cuf)

At\* o2 T )
+|C . sup |[V/ptg u(t)|72qp + t_tSUP IV ts i (D720

0 te[0,7)

K
T ..
+C th_ E hir sup |\/ﬁt0 u(t)’z—i-LE,Qk
01 te[0,T]

T ' At\"
+CZh2q { sup |u(t )|q+1EQJr sup |t0“(t)’§+1ﬂE’Q}} (1+E> .

te[0,T) 0 te[0,T)

6. Conclusion.
We end this proof by establishing the announced error estimates on velocities and displa-

cements. Concerning the estimate on velocities, let us remark that :

, alt 4+l , Vh 4 yh
Wty y1/2) — % = u(tyy1/2) — % te Vn+1/2
We have by definition :
. Vnh + Vn . Phu(tn 1) - ]P)hu(tn)
U(tpy12) — % = U(tpy1/2) — = Al ;
. u(ty —u(ty . u(ty, —u(ty,
= iltnsaya) - ST i gy (M2,
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which entails that :

2
. Vi + Vi
H\/ﬁ (U(tn+1/2) - 2 +1>

LQ(Q)d

=1 te[0,T

At4 . r
gc<(5>t%%mm%umhzd+ﬁ§jﬁ wPRﬁW”MMmJ'
€10,

Therefore, we deduce the final estimate on velocities by the triangular inequality :

. gy + i,
H\/ﬁ (U(tn+1/2) - %

4
—i—[C <g> { sup H\/_to u(t )HzLQ( a Z SuP ”\/_to ()”%Q(Q)d}

to te[0,T] 0 tefo,T

2
< C (IVA eV la(gya + aleu, euf))

L2 (Q)d

K
T
+C hzg Zhir ( sup |y/ptoii(t )’r—i—lEQk + sup |\/pu(t )|3+1,E,Qk>

te[0,T] t€[0,7]

9 T At\"
—i—C’Zh «Ci { sup |u(t )|q+1EQ + to, sup |[tou(t )’g—i-l,E,Q 1+ )

te[0,T] t€[0,T]
We end by the estimate on displacements. We remark that :

h h
u! +u Ppu(t,) + Pru(t,iq
ultpre) — Iy, ) - DI )

Moreover, we notice that :

Pru(tn) + Pru(tnir) w(ty) + u(tns1)

u(tny1/2) — 5 = ultni1/2) — 5

id—Py) <u(tn) ~|—2u(tn+1)> |

resulting in :

Pru(t,) + Pyu(t,) ||
u(tpi1/2) — ult) 2h( +1)

‘ X

At\?
<C ((E) sup |3 i(1)[I% "'Zh ! SUP]|U( )|q+1EQk> '

te[0,T =1 telo, T
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and we conclude by the triangular inequality that :

2
h h
Unp + un—l—l

a((u(tpy1y2) — 3

X
< C (VP eV Iz pa + aleut, eu))

AN [ § T
+0| (£2) {a sw g1 + s VBB OB+ 1 sup VA0
to t€[0,7) t€[0,7) to tefo,1]

K K
T . - 2 9
+ | max C’k> 2= "R sup |ptoi(t)|2 ko +a§ Rt sup |u(t)|iiq go

<1SkSK to ; te[0,T] VP rELES st k te[0,7] et LB

K
C? T At\"
2 .
+ Z hkqgk sup |u(t)]2+17E79 + . sup [to u(t)ngrLEQ } (1 + t_> .
k=1 t€[0,7] 0 t€[0,T7 0

The proof is complete. ]

In the previous proof, we have used the following discrete Gronwall’s lemma :

Lemma 4.13 (Gronwall). Let (wy,)nen, a real valued sequence such that :

n—1

wn <a+kY wi, Yn=>0,
i=0
with a > 0, and k > 0. Then, for alln € N :
wy, < a(l+k)".
Proof : Denoting by y, = Y1, wy, we obtain for all n > 1 :

Un < (1 + k)yn—l + a,

and by induction :

n—1 n

yn < (L4 E)"wo+ad (1+k) <ad (1+k)
i=0 i=0
As a consequence, for alln > 1 :

wp, < a+kyp—1 <a(l+k)",

which ends the proof. O
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Remark 4.16. The proof of the convergence has been done in the case where the measure
of I'p was positive. Let us mention the necessary modifications of the proof when it is not
the case. The displacements have to be decomposed in the space of rigid motions :

R={veHQ)? alv,w)=0Ywe H(Q)},
and in the complementary :
V:{veHl(Q)d, /v-rzO,VT’GR},
Q
such that H(Q)% = R@V. The solution u of (4.49) can then be decomposed into u = T+,
with w € C°(0,T;R) NCL(0,T;R) such that in the sense of distributions over 0,T] :
82
—2/ pu(t) - v = / f(t) ‘E—i—/ g(t) -7, VoeR,
ot* Ja Q 'y
and v’ € C°(0,T;V)NCL(0,T; W) such that in the sense of distributions over |0, T :
8_2 / / I / ’ /
5 [ pu'(t) v +a(u,v)= [ f(t) v + g(t)-v', W eV,
ot Q Q I'n

with W = {v € L*(Q), /v -1 = 0,Vr € R}. The fully discrete approzimation of u
Q

at time t, is ul = u’ + Ul in displacements and W = u, + WM in velocities. To find

(u!l; 4™, >1, one has to replace Vi, by :

Vi = {vp € Vs /vh-rzo,VreR}
Q

in (4.52). The previous proof gives an upper bound for :

because a is coercive over V| x V. To find (ﬂﬁ;ﬁﬁ)nzl, one has to replace Vi, by R in
(4.52). An upper bound on :

2 2
th 'h
Uy + U1

ou’ wl + Wl ,
LARAAT ) ~ 2

E(tnﬂ/?) - 3 +

)

LQ(Q)d Hl(Q)d

h 2

__ ~h -
ou Uy + Uy g q

)

L2 (Q)d

is then obtained by the previous proof, which still applies. Indeed, it is noticeable that there
is mo consistency error because R C Vy,, and then, no need of coercivity. Putting together
the estimates concerning the rigid motion part of the solution and the complementary part,
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the announced estimate then remains the same when I' p has a null measure.

In this case, the projection Py, of the proposition 4.10 can be constructed as follows. For
all w € HY(Q)?, we can build the decomposition v = T+ ', with @ € R and v’ € V. The
projection Ppu of u € H'(Q)? is then defined by :

Pru =T + up, (4.66)
where uj, € V) is such that :

a(uy,vp) = a(u',vy), W' e V.

4.7 Analysis of discontinuous mortar spaces

In this section, the fundamental assumption 4.2 on mortar spaces is checked for parti-
cular discrete spaces with discontinuous Lagrange multipliers, when a suitable stabilization
on the interface is added. Let us mention that this assumption is equivalent to the following
interface inf-sup conditions for 1 <m < M :

/ Hm - ¢m
inf sup m

“mEMm§5m (j)meWSL;am ”/’LmH&—%,mH(lﬁmH&%,m

> B (4.67)

In subsection 3.1, we show that a P; /Py approximation with interface bubble stabilization
on uy, is compatible for u/\, i.e satisfies assumption 4.2. This idea has been introduced in
[BMOO] for the so-called three-field formulation. In subsection 3.3, we propose a numerical
procedure to check the compatibility condition (4.67). In subsection 3.4, we show a useful
lemma enabling to check only a local inf-sup condition on the interface in the way of
[BN83, Ste84, Ste90] for divergence free problems. We use it in the subsection 3.5 to prove
(4.67) for a stabilized Py or Q2 /P1 — discontinuous formulation.

4.7.1 Stabilized first order elements

Here, we assume that A is approximated by piecewise constants (¢ = 1), and u by
continuous piecewise linear functions with bubbles on the interface S (see figure 4.5). For
each mesh element F' € F; on the interface S, an interface bubble can be defined on T'(F)
in the way followed by [BM00]. If T'(F') is a triangle or a tetrahedron whose vertices are
denoted by (a;); with the associated barycentric coordinates (A;);, an interface bubble bp
can be defined as :

br =[] M

a; ES

When considering a square or cubic reference element Q =[-1, 1]d, we can also define the
face bubble associated with the face ' = [~1,1]97! x {~1}
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a,

2,

S a,

F1G. 4.5 — Bubble function A2A3 on the interface S, in a triangle 7'. (Bidimensional pro-
blems)

o for d=3 by :
1 2 2 . N A 3
bp = 5(1 —z)(1 —x3)(1 — x3), Vi = (&1, 29,23) € [-1,1]°,
o for d =2 by :
1 9 . A A 2
bp = 5(1 —x7)(1 — x9), Vi = (Z1,22) € [—1,1]°.
Proposition 4.11. With ¢ = 1 and a bubble stabilization on the interface, the assumption
4.2 is always satisfied with a stability constant independent of the discretization, whatever

the relative configuration of the meshes on the interface S.

Proof : Let I, be an approximation operator from Hé/ 2(I‘m) to WT%; 5,5 to be detailed

later. For all v € H};/ 2 (T'),), we define with constants vp to be computed later :

¥ = Iv + Z ’YFbF|F-
FeFnsm

Because Lagrange multipliers are piecewise constant, we must have for all F' € F,,,5,, :

[ o=
F F

_ Jp(w = Inv)
" e

which imposes :
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By a classical change of variable on the reference element F

/bpzwfészeas(F),
F F

meas(F)
and then by Cauchy-Schwartz inequality :

v = Imvl[L2(r)
meas(F)1/2

Ivr| <

Thus, we obtain the following estimate :

Imevlly s, = > h ||7Tk?f||L2(F
FEFmsm

1 9 ||bF||2L2(F)
<C Z h HImv”LQ + Z h(F) Il = ImvHLQ(F)WS(F)
FEFmism FEFmism

1
<c| Y h HImvHLz + ) Wuv = T[22y
Fefm Fefm;gm

1
<c| > h ||ImU||L2 + ) WHUH%?(F)

FeFmsm FeFmsm

By chosing the approximation operator I,,, as the projection from ]HI;/ 2 (T'yn) to WSZ; s, for
the inner product :
1
<U7U>51m: Z —/ U -,
’ FEFmism, h(E) Jr
which ensures that we have :

1

FeFmsm FeFnsm

we conclude :
1Tmolls 1 m < Cllolls 1 ms

which ends the proof. O

4.7.2 A counter example

We show here that the assumption 4.2 can be easily violated when a bubble stabilization
is not introduced. For example, let us consider an interface S whose non-mortar side is
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represented on figure 4.6, and equipped with a uniform square mesh. The diameter of the
squares is denoted by 9.
We adopt the classical Q1 x Py discretization :

Ms = {p € L*(S)?, plr € Po(F)?,VF € Fs},
W = {pe HYS)INC'S)4, plreQi(F)?VF € Fs}.

If A} € Ms is taken as a checkaboard (as shown on figure 4.6), that is :
Ni|lp = +a, a€R%

depending of F' € Fs in the way indicated by figure 4.6, then we have by point symmetry
of each shape function around each node :

/qsh-A;:o, Yo, € WY,
S

As a consequence, the inf-sup condition (4.67) cannot be satisfied.

C,
-1 +1 -1
-1 +1 -1 +1 -1
+1 1 +1 -1 +1
+1 -1 +1

C,

F1G. 4.6 — Uniform square mesh of the interface S between two subdomains.

Remark 4.17. The standard assumption 4.2 ensures the well-posedness of the approxi-
mate problem (4.7) whatever the relative configuration of the mortar and non-mortar
meshes. In particular, it is always strictly stronger than the inf-sup condition (4.9), except
in the conforming case, where it is equivalent. The instability shown on figure 4.6 entails
that (4.7) is not well-posed for conforming meshes on the interface, but the problem (4.7)
could be well-posed for strictly non-conforming interfaces. Indeed, in the inf-sup condition
(4.9), the displacement over the interface enters through its jump whereas it only enters
in the assumption 4.2 through its value on the non-mortar side. Obviously, the space of
jumps over the interface can be comsiderably richer than the space of the displacements
on the non-mortar side if the interface is really non-conforming. This enrichment coming
from the non-conformity can make the inf-sup condition (4.9) satisfied, but in such cases,
there will be no robustness with respect to the relative position of the interfaces.
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4.7.3 Numerical validation

We propose here a numerical test to check if the inf-sup condition (4.67) is satisfied for
a given discretization by mesh-refinement. This test is a simple variant of a test introduced
by [BCI0O0]. For 1 < m < M, let us denote by :
/ )\m : ¢m

Blos. = min max
M0 N \O) bW s \(0} @l g Pl

the discrete inf-sup constant. Then, we have the following result :
Proposition 4.12. Under the assumption that the family of meshes (Fp:s,,)5,>0 on the
interface 'y, is quasi-uniform, we have :

1
Brsom = O <F/\mm(Bmeﬂ)1/2> :

where By, is the matriz associated to the bilinear form b on W&am X Mp,s,, and Amin (M)

1/2

the smallest eigenvalue of the matriz M. We remark that )\mm(BmBﬁn) 1s the smallest

positive singular value of By, .

Proof : We have (3,5 min Ay, with :

m B AmEMm,ém\{o} "
A ax dL

= m. .
omeWS,5, M0} 10mlls 1 sl Amlls 1 om

Using matrices and vectors representing data in the chosen discrete spaces in a given basis,
we have :

A = (B®,,, An)
Am = THAX 172 12
m <M<1>¢m7 (I)m> <MAAm7 Am>

In particular, the matrix Mg (resp. My ) is the definite positive matrix representing || -
(resp. || - ||57_%’m) in the discrete spaces. Let us remark that B, Mg and M depend

||6 Im
727
on h. The vector ®,, reaches the maximum if :

<B\Ilm7 Am> - S <M<I>¢m7 \Ijm> = 07 V\Ilmn
with (Mg®,,, ®,,,) = 1. As a consequence :
M,'BA,,

®,, =
(BM3'BiA,, Ay

1/2°

and :
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(BM'BiA,,, A,
(MpAp, )2
1 1 (BB!A,, A )'?
)\mm(Md))l/Q )\min(MA)l/2 <AmaAm>l/2

m

<

. YA

The last result is a consequence of the inequality :
Amin (M) (A, A) < (MAJA) < Ao (M) (A A)

Hence we get :

o = min Ay, <C

Om _
m )\mEMm,ém\{O} 5;1,7, 1

)\min (Bmen) 1/2 )

using the result from lemma 4.14, because the interface mesh is quasi-uniform.
Conversely, proceeding as previously, we deduce that :

(BMg'BiA,,, A,
<MAAm7 Am>l/2
1 1 (BBA,, Ay
)\max(Mé)l/Q )\max(MA)l/2 <Am, Am>l/2

Ay, =

m

v

C

yielding :

1
Bis > CFAmMBmen)W,

m

using lemma 4.14 on a quasi-uniform mesh. Hence the proof.

In the previous proof, we have used the following lemma :

Lemma 4.14. We assume that Fy,.s,, is a family of uniform meshes. For all ¢, € Wiy, ,

the following inequalities hold :

05%_2 <(I)m7 (I)m> S <M<I>q)m7 CI)m> S C(S?n_z (q)my CI)m> ’

where Oy, is the vector of the nodal degrees of freedom of ¢, in W5, , and (Me Py, p) =

HqﬁmH?%m Moreover, for all A, € My,s,,, we have also :

C6L (A, M) < (MpAp, Ap) < C6L (A, Ar)
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where Ay, is the vector of the degrees of freedom of Ay, in My,.5,., and (MpAy,, Ay) =
Al s
)

Proof : The proof of this lemma can be found in [EG02] for the L? norm and the adap-
tation to the weighted L? norms is straightforward. For completeness, we recall the proof.
It proceeds in three steps.

1. First, let us denote by (él, ,én) a basis of the finite-element scalar functions defined
on the reference element F, and define the following application :

P: §" — R

[/ HZ?Zlméi i

L2(F)’

over the unit sphere S™ of R". Because S™ is compact, ¢ admits a minimum ¢ and a
maximum C , which are non-negative, and in fact positive. Indeed, by contradiction, let
us assume that ¢ = 0. It would imply the existence of a n € 8™ such that Y . , méi =0,
and because the functions (éi)lgign are independent, then n = 0, which is in contradiction
with n € §™. As a consequence :
<é<C.

For each finite element function v = Z?Zl Vib; # 0 on the reference element F, we intro-
duce the quantity n = V/||V||,, with ||V[|2 =Y., V2. We then have :

112
(17) HUHLQ(F)
VIz
and we conclude from the bounds of ¢ that :
eIvia < lloll3 ClIVIi

2. Let F be a deformed element of the surfacic mesh of T',, and T : F' — F the affine
application transforming the reference element F into F. For all 1 < i < n we define by
0, = éz ol I the i-th basis function of the scalar finite-element functions over F. For each
function v = > ;| V;0; on the element F', we define 0 = v o T and get classically :

meas
e E in .

and : (F)
9 meas
v >
ol = oo oy

where C' denotes various constants independent of F. Using that meas(F) < Ch(F)4~! <
C§9=1 and by quasi uniformity of the mesh that meas(F) > C§%-1, we conclude from the
point 1. that :

cSiy HIVIE < ollfzey < Co IV,
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where the constants ¢ and C' do not depend on F'. By quasi-uniformity of the mesh, we
also have :

SNV < ol 2a gy < COL2VIE,

1
h(F)
and :

e [[VI2 < h(F) )22y < COLIV2.

3. Let us generalize to the entire mesh. Let (¢;)1<i<n be the basis of the scalar Lagrange
finite-element functions over I',,. The suffix i makes reference to the node of the mesh,
and we introduce the number (; of elements ' € F,,.5,, sharing the node i. Obviously,
we have minij<;<n ¢; > 1 as each node belongs at least to one element, and maxi<;<n is
bounded independently of d,, by regularity of the mesh. Moreover, we denote by Y g the
set of nodes of the element F. For all the scalar finite-element functions v = Zf\il Vi;

over I';,, we deduce from the point 2. of the present proof that :

5d 2 Z V2 < h H’UHLQ(F 5d 2 Z VQ

ZET ZGTF

and :

8y, > V< ME)||ol 72y < C8 Y Vi

€T R €T

By summing these inequalities over I’ € F,.5,., we get :

2D DD SRR DR [ ARELeL D DI Dl

FeFns, 1€TF FeFnsm FeFms, 1€TF

and :

e D D VES Y MPliap SCT Y, DV

FeFns, 1€TF FeFnsm FeFns, 1€TFR
We remark that :
N
2 2
D D V=) GV
FE]‘—m;gm €T p =1

and because of the bounds on (;, we obtain :

N

N
B Py VRS Y h HU”LQ ) SCo2NY VR
i=1

FEFmsm i=1

and :

N
S Y V< Y h(E)|ola e <05d2v2
i=1

FE]‘—m;gm =1
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The proof has been done for scalar functions v, but the same estimates hold for vector
functions by summing the previous inequalities over their components 1, .., d. ]

As an illustration, we check numerically the satisfaction of the inf-sup condition (4.67) with
piecewise constant A\, € M;s and piecewise linear ¢j € W(? with bubble stabilization. It is
done on the same square interface S used in the previous subsection (counter example).

1
On figure 4.7, we present the quantity 5—2)\mm(BBt)l/ 2 as a function of §. In particular,

it remains greater than a positive constant as § goes to 0, proving (4.67).

0.51

0.5 q

0.49 4

048 4

0.47 - q

0.46 q

0.45- 4

0.44 1 1 1 1 1 1 1 1
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

1
F1G. 4.7 — Numerical computation of ﬁ)\mm(BBt)l/2 as a function of 6 when 6 — 0.

4.7.4 A useful lemma

It can be useful to check only a local inf-sup condition on macro-elements, in the way
of Boland-Nicolaides [BN83] or Stenberg [Ste84, Ste90] for divergence free problems. We
assume that the interface S is equipped with a family of macro-meshes (Ns)s~o constituted
of macro-elements. Each macro-element w € N is a subset w C Fs of adjacent elements.

We assume that each element F' € Fs belong to at least one and less than L macro-
elements in N, independently of J.

Moreover, each w = U; F; € N is assumed to be the image of a reference macroele-
ment & = U; F} by a mapping J, such that the restrictions J| P F; — F; are bounded

transformations. The set of reference macro-elements is denoted by N,

Lemma 4.15. Let us assume that for all reference macro-element & € /\7, we have with
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FiG. 4.8 — Example of a macro-element in a mesh.

obvious notations :

=
~ inf > B (4.68)
AEMs(@)\{0} qseWO \{0} |’¢”L2(w H)\HLQ(W

Then (4.67) is satisfied for all k > 1, with a stability constant 8;, > C inf f3.

@€
Proof : Thanks to a change of variable, the local assumptions (4.68) on reference macro-
elements can be extended on any macro-element w = Ju. Indeed, for A € Ms(w) and

e W(w) :

/w)\.qb:zi:/ ¢ = Zmeas /Fij\-ﬁzCzi:h(Fi)d_l/Fi;\.ﬂ,

meas

by regularity of the mesh. Using its quasi-uniformity, we obtain :

/LL)A.¢205‘1—1/®X<£.

HM%M=:§:h 1612 s,

= % iy e W

meas

We have also :

< OO,

and similarly :
A2 s < oA .

Then, from (4.68), we get for all w € Ny :

fo
w > Cf. (4.69)

= w||)\||6 —s,w

R

inf sup
AeM5 (@0} gewsy (wined w0y 19]ls,2
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Now, we will prove the global inf-sup condition (4.67). Let A € My. For all w € N, the
condition (4.69) proves that there exists a function ¢, € W(w) vanishing outside w such
that :

[ Aoz,

with :
[bwlls 10 < A5 -1 0

o= Z G-

wG/\/’g

Then, because each element is in a macro-element at least and in less than L :

/)\ = Z/A 00> C ) G,

Let us define :

w€eNs weNs
=C Z Zh( ”)‘HLQ(F =C Z Zh( ”)‘HLQ(F
weNs Few FEFs wdF
>C S0 ME) Mg = CINIE .
FeFs
and :
1025 < 3 loul2y < 30 N2,
wEN w€eNs
< 3 S RE)N sy S L3 BOF)IN e = LNy,
FeFswdF FeFs
which proves (4.67). O

As a consequence, local inf-sup conditions has only to be checked on reference macro-
elements to ensure a global inf-sup compatibility.
4.7.5 Second order stabilized interface elements

We now introduce some stabilized elements achieving second order approximation in
displacements and satisfying the local inf-sup condition (4.68).
1D macroelements

For bidimensional problems, we build on the reference interface element & = [—1;1],
the following spaces :

Ms(@) = P1(0)?,
WP@) = (Po(@)? @ span{b}?) N H(@)
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where the interface bubble function b is an odd function over [—1, 1], which satisfies :

/1 ab(x) dz # 0.
0

Then, the local inf-sup condition (4.68) is satisfied on a macro-element made of the single
element @. Indeed, let A € Ms(&) be such that :

/¢-A:O, Vo € WP(W).

For all 1 < i < 2, denoting by A; the ith component of A, we have \;(z) = a;z + [3; for
x € @, and its integral against any second order polynomial and the bubble b vanishes,
which implies :

1
/)\i(a:)(l—a:Q)dngﬁizo — =0,
-1

1 1
/ Ai(x)b(z) de = 204¢/ xb(x)dr =0 = «; =0.
—1 0

Therefore, A = 0, which proves that the local inf-sup condition (4.68) is satisfied.
As a bubble b, one can take :

b(z) =x(1—22%), ze. (4.70)

Obviously, b is the trace over & x {0} of a bubble function h defined in a reference element
K C R?, whose & x {0} is an edge.

In the case where K = T is a reference triangle, if 4 = (—=1,0), B = (1,0) and
C = (—1,2) are its vertices, the interface bubble function h can be defined as :

0, (z,y)=(-12).

Such a function h is represented on figure 4.9.
In the case where K = () is a reference square, if A = (_12 0), B=(1,0), C = (1,2)
and D = (—1,2) are its corners, the interface bubble function h can be defined as :

Bz, y) = (1 - g) b(z), Y(z,y) e O.

Such a function h is represented on figure 4.10.
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F1G. 4.10 — A reference square Q and a corresponding interface bubble function h on the
edge [AB] = & x {0}.

2D quadrangular interface macroelement

For tridimensional problems, we introduce the following second order 2D quadrilateral
the following spaces :

interface element. Let & = @ = [—1,1]? be a reference quadrilateral, on which we build
M;(@) = P1(Q)?,

W@) = (@Q) @ span{by, bo}*) N HY(@)?,
where the bubble functions are defined as follows :

bi(w1,w2) = w(1 = 23)(1 - a7),

l#k,
the (z1)k=1,2 being the euclidian coordinates in R2. An illustration of such bubble functions
defined on the reference square is shown on figure 4.11.

(4.71)
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F1G. 4.11 — A bubble function defined by (4.71) on the reference square Q.

The corresponding element satisfies the local inf-sup condition (4.68) on a macro-
element made of the single element Q. Indeed, let A € Ms(w) be such that :

/¢-A:O, Vo € WP(w).

For all 1 < i < 3, denoting by \; the ith component of A, we have \;(x1,x2) = ;a1 +
Bixa +y; for (x1,x9) € @, and its integral against any second partial order polynomial and
bubble vanishes, which implies :

/ Mz, 22)(1 — $%)(1 — x%) dxy dzo = %’yi =0 = =0,
Q

16
—a; =0 :>Oéi=0,

/ Mz, z0)zy (1 — 23)(1 — 23) dxy day = I
Q

/ )\(33‘1,33‘2)1172(1 — l‘%)(l — $%) d:El dﬂ:‘Q = %ﬁz =0 — ﬁz = 0,
Q

that is A = 0, which proves that the local inf-sup condition (4.68) is satisfied.
As previously, the interface bubble functions (by)r=1,2 are the restrictions to @) x {0}

of functions (hy)r—1.2 defined on a reference cube Q = Q x [0;2] whose Q x {0} is a face.
More precisely, we can define for k =1,2 :

iLk(:El,:EQ,:Eg) = (1 — 7) bk(:l?l,:l?g) V(ZL‘l,:EQ) S Q,Vl‘g S [0, 2].

2D triangular interface macroelement

For tridimensional problems, we introduce the following second order 2D triangular
interface element. Let @ = T be a triangular element whose vertices are A = (1,0),
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B = (0,1) and C = (0,0). We introduce the following spaces :

M&(UAJ) = PI(T)S’
WR@) = (Pao(T)* @ span{bn, ba, bs}*) N HE(@)?,

where the bubble functions are defined by :

in which 5\1, A2 and 5\3 are the barycentric coordinates on T , respectively associated to
the vertices A, B and C. A typical example of such bubbles is given on figure 4.12.
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Fi1G. 4.12 — A bubble function on the reference interface triangle T.

The corresponding element satisfies the local inf-sup condition (4.68) on a macro-
element made of the single element T'. Indeed, let A € M;s(w) be such that :

/qb-)\:O, Vo € WP(w).

For all 1 <+ < 3, denoting by A; the ith component of A, we have \; = i +ﬁ¢5\2 +’y¢5\3,
and its integral against any second partial order polynomial and bubble vanishes, which
implies :
(673 0
M| B =1 0], (4.72)
Vi 0
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with :
Mkl:/Ele, 1<k, 1<3.
T

To compute these coefficients, we use the following lemma (see for example [Lar95], page
57) :

Lemma 4.16. Let T a non-degenerated triangle in R? and \i(x),\o(x),A3(x) the bary-
centric coordinates of x € R? with respect to the vertices of T. Then :

kI m!
(k+1+m+2)

/T)\l(a:)k)\g(a:)l)\g(x)m dx = 2meas(T)

Now, let us calculate the coefficients of the matrix M by using the previous lemma. It is
obtained that for k =1,2,3 :

N NP 335, 15253
My, = /<A1__> )‘%)‘2)\3:/)‘?)‘2)‘3__/)\%)\2)\3’
n 2 T 2 )
3! 2_!>__M

= 2meas(T) <— - o ) (4.73)

1
— X
o2 6l

and that for all k,1 € {1,2,3} such that i # j :

JUUA 1 I
My = /<)\1——> )\1)\2)\3—/)\%)\3)\3——/)\1)\3)\3
T T 2 )7

Ao (2120 1 2 2meas(T)
= 2meas(T) <T —5 X @> =— o
Then :
7 1 33
" wm=|313],
2meas(T) 3 3 1

and the original linear system (4.72) is equivalent to :

133 a; 0
31 3 g |=1|o
331 i 0

The right hand side matrix is invertible, and the only solution is then o; = 3; = v, =0
for all 1 <4 < 3, that is A = 0, which proves that the local inf-sup condition (4.68) is
satisfied.

As previously, the interface bubble functions (bk) k=123 are the restrictions to 7' x {0}
of functions (hk)k 1,2,3 defined on a reference tetrahedron T whose T x {0} is a face. More
precisely, if A1, ..., A\y are the barycentric coordinates associated to the vertices of ’]I‘, and
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assuming that A4 is the barycentric coordinate associated to the node not belonging to
T x {0}, we have for k =1,2,3 :

e = MO — DNAR( =N, {mh = 1,2,3)\ (A}

4.8 Some numerical issues

The practical implementation of mortar elements such as those introduced in the above
sections, faces a few technical problems outlined in this section.

4.8.1 Penalized formulation.

One can replace the solution of a saddle-point problem by the solution of a positive
definite one, by introducing a penalized formulation for (4.7). It is a very standard solution
in many academic and industrial implementations for treating kinematic constraints and
non-homogenous essential boundary conditions. Herein, we propose a mesh-dependent
penalization term. Introducing the following L? inner product :

C(A7M)=/5>vm VA € M;,

and denoting by n > 0 a small penetration parameter, we propose to replace the problem
(4.7) by the symmetric positive definite one :

&(uz,vh) + b(Uh, )\Z) = l(vh), Yy, € Xy,
(4.74)
b(u}, pn) = 1 0min ¢\, i), Vun € Mg,

where the minimum diameter of interface surfacic elements has been denoted by :

Omin = min h(F).
FeFs

Then, we prove the convergence of the penalized solution of the system (4.74) to the exact
constrained solution of (4.7) as n goes to zero :

Proposition 4.13. We assume that the original mortar formulation (4.7) is well-posed,
and denote by (up, \p) € Xp x Mj its unique solution. Then, for all n > 0, there exists a
unique solution (u), 1) € X x My of (4.74), and the convergence of the penalized solution
to (up, An) as n — 0 holds in the sense that :

un —ulllx < Cmn,
”)‘h - )‘ZH(S,—% < C 7,

where C' denotes various constants independent of the penalization coefficient n, of the
decomposition into subdomains, and the discretization.
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Remark 4.18. The main difference with the usual penalization strategy used for incom-
pressibility is that a is not coercive on Xp X Xp.

Proof : The proof is inspired from [EG02], with adequate modifications in order to take
the remark 4.18 into account. For convenience, we rewrite (4.74) under the usual operator
form with obvious notation :

Au? + BINT = [ b
{A“]?z + B\, 7,7 on h,/ (4.75)
Buy, = 10min CAy,  on M;.
and the original problem (4.7) as :
Aup, + BN, = L X
Aup + BAn =L, on Xj (4.76)
Bup =0, on Mj.

The present proof is decomposed into 4 parts.

1. Well-posedness of the penalized problem - As the bilinear form c(-,-) is
coercive and continuous on M x M, with M = Hfle L?*(',,)¢, the Lax-Milgram
lemma shows the invertibility of C on Ms C M, and it is obtained from (4.75) that :

<A - Btc—%’) ul = L. (4.77)

71 Omin

K5

Omin

Moreover, we prove that K, s . is uniformly coercive with respect to 7, to the

min

decomposition into subdomains, and to the discretization. Indeed, for all u, € X, :

~ 1
< & >X X XX n Omin

<Buh,C_lBuh>M,7M s

and if )\}L € Mj is the unique solution of CA! = Buy, in My, it follows that :

i 1
<IC7775mmuhvuh>X/7X = <Auh,uh> +

1 41
XX némzn <C)\h’)\h>M/,M
1

= (Aup,w) T
(Aunn) o+ s —IM s

/7 5mzn

~ 1
> <~A’U«hyuh>X,’X + EH)\}L”?\/I’

when 1 < 1 and 6,4, < L (which is not a restriction because both 7 and d,,;, are
expected to tend to zero), in which L denotes the diameter of the smallest interface.
From the definition of 7 given in section 4.4.3, we get that for all interfaces ~g; :

[ wun o= [ fwlou= [ N vae M
Ykl Ykl Ykl
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because we have for I';,, = 7y, the inclusion Mjy; C M,y,s, from assumption 4.3.
As a consequence, taking p = 7[uy] and using Cauchy-Schwarz inequality, it follows
that :

I fun]lar < A5 llar-
The inequality (4.35) then provides the existence of a coercivity constant x > 0
independent of the number of subdomains, of their sizes, and of the discretization,
such that :

v

<Auh, uh>

>k lunlk-

1
<IC7776minuh7uh>X’7X + zHﬂ'[uh]H?\/j

X'\ X

V

The continuity of Ky, 5,.,, holds because for all uy, v, € X}, we have :

min

~ 1
Kot 00) o = (At vn ) C'Buy, Buy)
U dunin s V) Uhs Uh X/,X+775min< uns Bon) yp g
< lHAlllunlixllonllx + ——[Bunl| s | Boallar
min
< [Alllunllxllonllx + ——l[un]llallfvn]lla2
min
1L
< o1+ 25 ) funlxlunls.
7l Omin

where ||A|| is the continuity constant of A : X — X', and Li,e, the diameter of the
largest interface. Then, for each penalization coefficient 1 and each discretization,
there exists a unique solution u) € X, of (4.77) which satisfies the a priori estimate :

1
lupllx < —l1£llx- (4.78)

It is crucial noticing that even if the continuity constant of X, 5
on the discretization, the coercivity constant does not.

depends on 7 and

min

As a consequence of the inf-sup condition (4.9), an upper bound can be established
on )\Z since :

1/2 it
Bl Nilar < BNl -1 < IBNxr < 1€ — Aufllx:
< el + Al gl
<

i
(1 n u) 1l
K

resulting in the following estimate :

172 K 172

main min

1 A 1
Nl < (1 n ”) 1l < O=2. (4.79)
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2.

First estimate - By substraction of the penalized system (4.74) to the original
one (4.76), we get :

Alun =)+ B =) =0 on X, (150
B(up —u}) = =1 0pmin, CA},  on Mj, '
and deduce by testing the first equation with uj, — UZ that :
(Alan =) (an =) = momin (O M= XD 0
< N 0min 1IN e lIAn — Ajllar- (4.81)
Moreover, the inf-sup condition (4.9) implies :
B Ion = Ml < Bld — Ml s
< IB" (A = A7) llx
< |4 (un —uf) || x from (4.80),
< | A|l|lun —u}lllx, by continuity of A,  (4.82)
and considering (4.79), it follows from (4.81) that :
<A(uh — ), (up, — uZ)>X/ LSO =] x. (4.83)

Because up — “Z ¢ Vj,, we cannot conclude directly about the convergence of the
displacements.

Convergence of displacements - Let us prove now an upper bound for the
quantity :
Z dmml( ) / (7T’Ykz [up — UZ])z J
1<k<I<K VL) Sy

with the notation introduced in section 4.4.3. First, because uy € V}, we have
mlup — ] = —7uf], and :

[ wtt)n= [ )n = [ N e M (€ M)
Ykl Ykl

Tkl

By taking p = 7[u}], and from Cauchy-Schwarz inequality, we get :

”ﬂ-[uZ]HLQ('yM)d < 775mmH)\ZHL2(m)d,

and therefore :
oo, — )l 2 s < Mmin IVl 2o (4.84)
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On the other hand, we get :

/ W[Uh—UZ]M:/ [Uh—UZ],U, VMGMM,,
Tkl Ykl
resulting as above in :
I7fun — willl2yeye < NMun — wlllz2 (g0
< Cdiam(y)? (HM — gt + lun — uzquml)d) :

from the (rescaled) Sobolev trace theorem, and deduce with (4.84) that :
2
diam () ™1k = Ullze e

5min
CnWH)‘ZHLQ(m)d (||uh —upll g1 apye + llun — UZHHI(Ql)d) .

. . 1/2 .
From the uniform boundedness with respect to n of 5m/m||)\Z|| L2()¢ Shown in (4.79),
we deduce :
Z S H. / (7 [, — U”])2 < Cn%Huh —ullx. (4.85)
1§k<lSK dzam(f}/kl) Yki T h - diam(fykl)l/Q h

By summing the inequalities (4.83) and (4.85), and using the coercivity result given
by proposition 4.35 (page 138), we deduce for sufficiently small values of §,,ip <
diam(vyy) for all 1 < k <1 < K that :

lun = up % < Cllup, —uf|Ix,

leading to the expected convergence result in displacements after division by ||up —
4. Convergence of Lagrange multipliers - The convergence of Lagrange multipliers
is deduced by using the inf-sup condition (4.9) and the first equation in (4.80) :

BlIAn = Nlls—1 < 1B Ow = AD)llxe < (1A Cun = uf)lx

< I fun = ujllx < COn.

O
The penalized formulation reinforces the interest in mesh-dependent formulations. We
insist on the presence in the penalty term of the minimum diameter of the surfacic interface
elements 6., which is of crucial importance to obtain constants independent of the
discretization in convergence estimates with respect to the penalization coefficient 7. In
spite of the practical computational interest of such a penalized formulation, it is recalled
that the condition number classically explodes like O(1/n), which suggests that a good
compromise should be chosen on the value of the penalization coefficient 7.
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Remark 4.19. From the implementation point of view, the penalization strategy classically
enables to solve the symmetric positive definite linear system :

~ 1 _
<A * némzn Btc 1B> U?L N E,

with operator notation from (4.75).

4.8.2 Exact integration of the constraint

From the numerical point of view, especially in 3D, the accurate calculation of the
integral [ ¢y, - Ap, is difficult when ¢, and Aj, do not live on the same side of the interface
I', and are therefore defined on completely independent meshes.

The question of approximating this integral by quadrature has been risen in [CLM97,
MRWO02]. The authors prove that any approximation of this integral by quadrature either
on the mortar or non-mortar side is not optimal, leading to a convergence in “v/A”. This bad
behavior will be illustrated in the numerical results to follow. A dissymetric formulation
in which this integral is always approximated by quadrature is proposed.

Herein, we have decided to compute exactly such an integral because the simplest
quadrature approach does not lead to accurate simulations as illustrated on figure 4.16 of
the next section, and have giving it up using the non-symmetric approach from [CLM97,
MRWO02].

More precisely, let ¢, a finite element displacement living on the mortar side of the
interface, and P an interface element on the same side, where ¢} does not vanish. Let ()
an interface element of the non-mortar side having a non-empty intersection with P, and
where the finite element Lagrange multiplier A, does not vanish. To compute the integral
meQ dp, - Ap, we proceed as follows :

1. We compute the exact intersection of the convex polygons P and @ (see figure 4.13),
for which we refer to the book of Joseph O’Rourke [O’R82] for example. The code
source in C can be downloaded on his website. It is originally written in integer
precision, but can be modified to deal with double precision, and also to detect the
complete inclusion of a polygonal into another.

2. We introduce the barycentre GG of the n vertices of the intersection polygon PN @,
and decompose it into n triangles sharing the same vertex GG as illustrated on figure
4.13. We denote PN Q = U T;.

3. For all i = 1,..,n, the integral fTi o - A is computed exactly by quadrature, since
@p, - Ap is a polynomial over T;. The exact integration is then obtained by :

<Z5h')\h=Z/ D+ An,
i=1 77T

the last term being computed thanks to lemma 4.16.

PNQ
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PNQ

T4

F1G. 4.13 — The exact intersection of the convex polygons P and (), and its decomposition
into triangles.

4.9 Numerical tests for discontinuous mortar-elements

First, we consider an homogeneous beam made with a Hooke’s material, whose a tip
is clamped on a wall, and whose the other tip is under traction by a uniform negative
pressure. All the characteristics are detailed in the table, figure 4.14. For comparison
purpose, both non-conforming and conforming meshes are considered, as shown on figure
4.15. They are respectively made of 2926 nodes with 2240 elements and 4225 nodes with
3456 elements.

Young modulus F 5000 Pa
Poisson coefficient v 0.2
density p 1 kg/m3
traction pressure p 10000 Pa
length L 2 m
thickness [ 1lm
extension under static loading 3.97 m
period of the first extensional eigenmode | 0.1125 s

F1G. 4.14 — Characteristics of the beam and first numerical estimations.

We test the proposed first order formulation by using a Q1 approximation for the displace-
ments on both conforming and non-conforming models, enriched with an interface bubble
stabilization (defined on the finer side of the interface) for the non-conforming model to-
gether with Py Lagrange multipliers on the finer side of the interface (non-mortar side)
as described in section 4.7.1 (page 167). We start by illustrating the non-optimal results
obtained when computing the mortar constraint by quadrature on the finer side of the
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Fia. 4.15 — Conforming (4225 nodes, 3456 elements) and non-conforming (2926 nodes,
2240 elements) meshes of a beam using first order elements.

interface. The quadrature is exact for computing fr r - v, when both py and vy, live on
the finer side of the interface. Such a computation leads to interface oscillations of the dis-
placements, as shown on figure 4.16. This result confirms the work of [CLM97, MRW02],
and we will definitively use the exact integration technique described in section 4.8.2.

,ﬁl"ﬁg‘ X )
4 !g L 4
V& & A ™ 4 E— E——
204et> 204et>
/£ L" A-k"A-L‘ 203 203
:il ! !=I I!I 2008 2028
y _— 2022 2022
N/ NN I\l 2 e
| 4 \, 7 \ / \ 7 A |
Y Y X -
I 1.992 1.992
AT AT AV o Tod - v
'iiiv \/ ivﬁii‘ o T
U -_— > S——
N AT A N - o
L, o L, o

F1G. 4.16 — Interface displacements on the finer side, when using a quadrature approxi-
mation (left) and the exact integration (right) of the mortar constraint.

First, we observe the L>°(£2)%norm of the error between the displacements obtained on
the conforming model and the non-conforming model on which a penalized formulation
of the mortar constraint is adopted, that is ||wh, con forming — uzmon_conformmgHLoo(Q)d, as
a function of the penalization coefficient 1/n. The convergence process is illustrated on
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figure 4.17. By the triangular inequality, we have :

”uh,conforming - uz,non—conforming”LO"(Q)d <

n
< ||uh,conforming —Uh,non—con forming ||L00 (Q)d + ||Uh,non—conforming _uh,non—conforming ||L°° (Q)a-

For 1/n < 101, the first term appears to be negligible, and the linear convergence proved in
section 4.8.1 is observed. At the penalization limit, the error in displacements between the
conforming and non-conforming models is about 5.10"%m in L> norm. The corresponding
relative error is about 107%. Concerning Cauchy stresses, a 4.10~% relative gap between
the conforming and non-conforming models is observed. This very good agreement is
illustrated on figure 4.18, where the computed distribution of 011 stresses is represented.

v Conver gence of the penalized formulation ——rrrmr—r—rrrrm

10° \ E
o \ ?

o \ ?
10° ¢ \ 3

10° T~ E

L infinity error on displacements
=
(=)
3
T
I

ot

F1a. 4.17 — Error in displacements |[up, con forming — U}, non—conformmgHLOO (@) as a function
of the penalization coefficient 1/n, with Huhmnformmgﬂ]Loo(Q)d: 3.97m .

Finally, let us discuss the influence of the choice of the non-mortar side (defining the mul-
tipliers either on the coarse side, or on the fine one) on the solution. The relative gap of
the displacements (resp. of the o017 stresses) in L® norm between the non-conforming so-
lutions computed with these choices is 2.107% (resp. 8.107%). As illustrated on figure 4.20,
the relative gap of stresses remains concentrated on the elements sharing the interface.
The relative gaps in displacements and stresses have the same order than the relative gaps
between the conforming and non-conforming solutions. Therefore, the static analysis is
confirmed (at least in a homogeneous model) indicating that the choice of the non-mortar
side can be done on both sides without affecting the convergence.

The same simulations have been computed for a Q5 approximation of the displacements
both on conforming and non-conforming models, using the interface stabilization presented
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Fic. 4.18 — Distribution of oq1 stresses on the deformed configuration of the non-
conforming (top) and conforming (bottom) models, by using a first order approximation
for the displacements.
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in section 4.7.5, and P; Lagrange multipliers. For this second order approximation, we have
kept the same number of nodes than the previous first order approximation. Then, the
conforming model is made with 4225 nodes and 432 elements, and the non-conforming
one with 2926 nodes and 280 elements. We have adopted the value 1/n7 = 10! of the
penalization coefficient. Then, the relative gap of displacements (resp. maximal stresses)
in L> norm between conforming and non-conforming models is 3.1076 (resp. 1.1073). The
distribution of o1; stresses for the conforming and non-conforming models is represented
on figure 4.19. Moreover, we show on figure 4.20 that the influence of the choice of the
non-mortar side (defining the multipliers either on the coarse side, or on the fine one)
is again rather small in this case. Indeed, the relative gap of the o1 stresses between
the solutions for the two possible choices of the non-mortar side is always smaller than
2.1073, keeping the same order than the gap in stresses between the conforming and non-
conforming solutions. It is worth noticing that whereas the relative gap of displacements
between the first and second order models is 2.107% in L> norm, the maximal stress has
been increased by 10% in the second order model, due to the presence of a singularity at
the corners of the fixed tip of the beam.

Let us now consider the elastodynamics problem associated with the previous beam model,
by using the trapezoidal time discretization given by (4.52). For comparison purpose,
the first order conforming and non-conforming space discretizations used above in the
static case are tested. Here, the non-mortar side is the finer one. A constant traction
(identical to the static case) is applied at the tip of the beam. As this sollicitation is
derived from a potential, oscillations are expected and observed. Some snapshots of the
computed dynamics are given on figure 4.21. In order to compare the space non-conforming
solution with the conforming one, the horizontal displacement of the central node of the
free tip of the beam is represented on figure 4.22 both for non-conforming and conforming
approximations when using 20, 50 and 100 time steps per oscillation period. The proximity
of the solutions confirms the theoretical result of optimality of the space non-conforming
approximation in linear elastodynamics.

Finally, an homogeneous bidimensional cylinder in plane displacements under pressure is
considered. It is made with a Hooke’s material and its characteristics are given on table,
figure 4.24. As previously, for comparison purpose, we consider both conforming and non-
conforming meshes, respectively constituted of 1456 nodes with 1350 elements and 973
nodes with 810 elements, shown on figure 4.23. The displacements are approximated by
@1 polynomials, together with a bubble interface stabilization and Py Lagrange multi-
pliers, as presented in section 4.7.1 (page 167). In that case, the non-mortar and mortar
interfaces do not geometrically match. Then, to formulate the weak-continuity constraint,
the displacements of the mortar side are projected on the non-mortar side by elementary
plane projections on the non-mortar faces. Of course, the previous analysis do not take this
approximation into account. A better approach would have been to consider a Q9 approxi-
mation for the displacements, with an isoparametric description of the interface as recently
analyzed in [FMWO04]. Nevertheless, the bold approach presented proves to provide good
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results in that simple case. The distribution of maximal stresses over the deformed confi-
guration is represented on figure 4.25, both for conforming and non-conforming first order
approximations. The quality of the non-conforming approximation shows here the small
influence of the geometric non-conformity. The influence of the choice of the non-mortar
side is also studied, and the relative gap of maximal stresses between the two possible
choices is represented on figure 4.26. Because of the homogeneity of the material and be-
cause the non-conforming interface is not in a high stress region, such an influence remains
very small.

From a practical point of view in the case of discontinuous mortar elements, let us
underline that when dealing with a penalized formulation of the mortar constraint, or the
elimination of the constraint as well, the assembling of the stiffness matrix of the problem
in displacements can be done in a purely local way due to the discontinuity of the Lagrange
multipliers. Indeed, in the corresponding stiffness operator :

1 ~ 1
B'¢c7'B=A+

A+

> BLCy'Br,
FeFs

with the notation used in (4.75), the second term can be computed element by element.
Moreover, no special treatment is needed on the boundary of the interfaces, which is a great
advantage in terms of implementation. The price to pay for these numerical advantages
lies in the implementation of the proposed bubble stabilization.

Remark 4.20. A major practical problem concerns the case when the discretization of
the mortar and non-mortar interfaces do not geometrically match. Sometimes, in the case
of second order approximation for the displacements, an isoparametric discretization of
the interface enables perfect geometric matching and the work done by [FMWO04] ensures
optimal properties. Nevertheless, in real life cases, such a matching often proves to be im-
possible and the reformulation of the interface weak-continuity constraint on a reqularized
interface is crucial, especially when dealing with non-linear elasticity. Indeed, stress singu-
larity on the non-mortar interface may occur during large deformations if this interface is
not reqularized, and Newton’s method convergence is then compromised. Some interesting
works regarding these aspects have been published by T. Laursen and M. Puso, and propose
Gregory or Hermite patch regqularization of the interface (see [PL02, PL0S3, Pus04]). Such
contributions deal also with the treatment of contact surfaces. A comparable reqularization
approach is proposed and tested in the next chapter of the present work, when considering
practical industrial implementation.
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Fic. 4.19 — Distribution of o071 stresses on the deformed configuration of the non-
conforming (top) and conforming (bottom) models, by using a second order approximation

for the displacements.
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Fi1g. 4.20 — Relative gap of o1 stresses between the solutions computed on the non-
conforming model for the two possible choices of the non-mortar side, when using a first
order (top) and a second order (bottom) approximation for the displacements. The pictures

on the right column are zooms on the finer side of the interface.
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F1a. 4.21 — Snapshots of the computed dynamics of the beam by using a non-conforming

first order approximation of the displacements.

4.9. Numerical tests for discontinuous mortar-elements
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F1a. 4.22 — Horizontal displacement of the central node of the tip of the beam as a function
of time, both for the non-conforming and conforming first order space approximation of
the beam, together with a trapezoidal approximation in time. Simulations done with 20,
50 and 100 time steps per period. The good agreement confirms the optimality of the
non-conforming space approximation.
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F1a. 4.23 — Conforming (1456 nodes, 1350 elements) and non-conforming (973 nodes, 810
elements) meshes of a cylinder in plane displacements.

Young modulus E 5000 Pa
Poisson coefficient v 0.2
internal pressure p 100 Pa
internal radius 1.0m
interface radius 1.33 m
external radius 1.5m
maximal displacement under loading | 0.058 m

Fi1G. 4.24 — Characteristics of the cylinder.
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FiG. 4.25 — Distribution of maximal stresses in a cylinder under pressure both for confor-
ming and non-conforming space approximation.
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F1G. 4.26 — Relative gap of the 017 stresses between the solutions computed on the non-
conforming model for the two possible choices of the non-mortar side, when using a sta-
bilized first order approximation for the displacements and piecewise constant Lagrange
multipliers.
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4.10 Appendix A : Mesh-dependent norms.

We present here some useful elementary results for the mesh-dependent norms intro-
duced in the text.
First, the duality between the mesh-dependent norms expresses as follows :

Lemma 4.17. For all X € Hglm(f‘m), we have :

X

Ml = sup

¢EH1/2 ||¢||672,m

Proof: Let A € H_l/ 2( m)- 1t is straightforward by a standard Cauchy-Schwarz inequality
applied on each face of I';,, that :

J.

16ll5,1 e ¥ € Hy (D),

hence :
Ao
[Alls—1 = sup
SR nmmwm
Conversely, by introducing ¢ = Z h(F) AF :
FeFmsm
R R
sup > = [[All5 1
2 R T P T
O
As the mesh of I';, is inherited from the non-mortar side mesh %(m);hum)’ we have the

following trace result :

Lemma 4.18. There exist a constant C' > 0 independent of the discretization such that
for allu e Hl(Qk(m)) :

1
2 : 2
Hu|FmH5é,m <C E : WHUHLQ(T)GZ + HVUHL2(T)11><¢1.
T € Tk(m):hk(m)’
TNy #0

Proof : Let us denote by ¢, = u|r,,. For all F' € F,,5, , by a standard change of variable
onto the reference element F' :

[6ml2arya < C meas(F)G124
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and by the standard trace theorem in Sobolev spaces, we have with 7' = T'(F) :

l6mlZama < Cmeas(F) (IVal22 0 0a + 181200700
B(T)? Lo
§ C meaS(F)WS() <||VU||L2(T dxd + h(T)2 ||u||L2(T)d .

By regularity of the mesh, we have meas(T) > Ch(T)? and also meas(F) < Ch(F)?1 <
Ch(T)%! so that :

1
Jomlaqeye < € WD) (190l gryocs + o liles )

Then, by summing over the I’ € F,,5,, :

1
> m”@bm\\%z(p)d <

FeFnsm
1
c Z WHUH%Q(TW + ||VU”%2(T)dxd-
T € Titm)ihg ()
TNy, #0

O
Conversely, a lifting result can be established on W5, N Hl/ 2 (T'),). For that purpose,
we introduce the definition of discrete extension by zero operators :

Definition 4.2. Let ¢, € Wyy.5,,, and (a;); the nodes associated to the Lagrange degrees
of freedom of the functions in Xy, The discrete extension by zero operator R.h,,

Pk(m)
over Xk(m);hk(m) is defined on the non-mortar side by Rn.s,, Ok € Xi(m); such that :

hi(m)

or(a;), a; €Ty,

Rm;5m¢k(ai) = {0 w ¢ T

and the discrete extension by zero operator ﬁm;gm over Xy, by :

R o = 4 Cmibm O 01 i),
om 0, elsewhere.

Lemma 4.19. There exist a constant C' > 0 independent of the discretization such that
for all ¢, € Wns,, NHY2(T,),

1R @rll 11 @) < CllYmlg 2 m
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Proof : We have :
||Rm;6m¢m||%[1(gk(m))d § Z Z ||Rm;6m¢m||?{1(T)d-

FEFmsm TeTk(m);hk(m) STNF#0D

For all F' € F,,, the number of elements T' € Ty ()., (m) Such that TNF # () is bounded
independently of h by the shape regularity of the mesh. Concerning the tetrahedron T' =
T(F) whose a face is F', we have :

1

||Rm;5m Om ||2HI(T ||Rm;5m Om ||2L2 (T)4 + ||VRm;6m Om ||%2 (T)dxd

T2

meas(T') meas( )
Sc(m“Rmém(ﬁmHLz(T WHVR”“; ¢mHL2 dXd)’

and since h(T) < Ly () :

<c meas(T)

T MT)?

By equivalence of the norms for discrete functions on 71", we get :

meas
||Rm;5m¢m||%,1mdsc e § PO 2

meas(T h(T)4—2
< 0 e e I0mlEarye < C s 19mlE ey
Let us consider now a tetrahedron T' € Ty, (;):4, (m) sharing only an edge or a vertex with
F'. The number of these tetrahedras is bounded by regularity of the mesh. The Lagrange
finite element nodes on the reference face F' are denoted by (Gi)i. We obtain :

IR @l 3 = 75— [ Ronson @l 2y + 1V Romstnm 22 i

T2
Lk(m)

meas(T') meas( )
< i Sl i Sl
<0 (S el + 5

and using that A(T) < Ly, and the equivalence of the norms for discrete functional
spaces :

”VRm5 (ZsmHLQ dxd) )

meas(T") meas(T')

( 5 22 T2
<C— =35 (T)Q HRm;5m¢m”H1(T)d <C W m?X‘¢m(a1)’
meas(T') meas(T") 1 9

<
= C— 5 ( )2 |’¢mH C h(T)2 meas(F) |’¢m”L2(F)d
d—2

W||¢m||%2(p)d

Then, the announced result is obtained by using the shape regularity of the mesh and
summing the previous inequalities. O
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4.11 Appendix B : Independence of the Korn’s constant
with respect to the shape of a domain

In this section, we detail a proof for lemmas 4.5 and 4.6, page 125, for regular domains
Q) C R satisfying items 1 to 6 in Assumption 4.4, page 123. For clarity, we denote here
Q instead of €, and recall these assumptions :

1. there exists a finite collection of reference domains (Qj)lgjg J of unit diameter, of
compact sets (K;)1<j<s and of maps ¢; : Q; x K; — R% |1 < j < J such that for all
1<j<J:

diam <g0j(§2j,p)> =1, VpeKkj,
and the following application :
’Cj — Wl7OO(Qj)d,
p = Soj(‘vp)v
is continuous,
2. for all 1 < j < J, there exists a constant C'; > 0 such that :
0p; A
det %(i,p) > Cj, VpeKj, for almost all & € €2,

3. there exists a j with 1 < j < J and an element p € K; such that within a scaling
factor :

rm;(m Q = ¢;(Q,p).
Moreover, we consider that :
4. there exists a finite collection of reference interfaces (¥;)1<j<s, with 4; C OQj, 1<
7 < J, and that the application :
5 — WG,
p = (D),
is continuous,
5. for all 1 < j < J, there exists a constant C; > 0 such that :

a .
det 2P (&,p) > Cj, Vpe€K;, for almost all & € 4;,

0%
and when < is a part of the boundary of {2 = gpj(Qj,p), we assume that :
1
6. ————— v =0 (5, p).
diam(y) | = (%5, p)

Remark 4.21. Let us notice that the application ©; and the compact set K; can in fact
be different when considering the reference domain §1; or the part 4; of its boundary.

In this section, C will denote various positive constants independent of the domain 2.
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4.11.1 Poincaré-Friedrichs inequalities
As a preliminary, let us prove the following :

Lemma 4.20. There exists a constant C' independent of any domain Q satisfying assump-
tions 1,2,3, and of any v C 0N) satisfying assumptions 4,5,6 such that :

2

> ) (4.86)

/dex
/vda 2) ) (4.87)

Proof : The two inequalities can be easily proved on Qj by a contradiction argument for
any function ¢ € Hl(flj)d and any 1 < j < J. Proofs can be found in [Nec¢67, W1o87].

For any v € H(Q)?, there exists an integer j and a function © € H'(;)? such that
vo; = ¥, and by classical changes of variable, it follows from assumptions 2 and 5 that :

dram(@ ey < € | Wiy *+ Gromayera

1 9 9 1
E@KWWM%WSC<MWMW+%%@W

for all v € H(Q)2.

(ol e < 11det Vil 19120, o
ov|”|0x

o2 0= [ |2
HY Q)" Jo |0z | |0
< et T05) e ) I3 2 ol < €0 19512l

/ 0 dx /vdm
Q; Q

J

/ @d&‘ <(C) M IVl poo g yaxa
"

2
det(V;) ™!

)

< |l(det chj)_lﬂLoo(Qj) ‘/dex

/vda
.

this latest statement being justified in remark 4.22. Moreover, from the continuity as-
sumption 1 (resp. 4) and the fact that (Cj)1<j<; are compact sets, we obtain the uniform
boundedness of ||Vg0j(',p)HLoo(Qj) (resp. [[V;(-sp)llLe(5,)) With respect to p € K;. We
obtain as a consequence that :

-1
< C;

)

\

( . ~
0]z ye < C diam(@) ]2, 1o

, < C diam(Q)*¢ |U|%11(Q)d’

/vd;r

Q

/vda
~

12
[0 H(;)

/ vdz
Q.

J

/f)d&
4

< C diam/(Q)~4 (45

9

< C diam(Q)' ¢

\
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This yields, using the inequalities (4.86) and (4.87) written on Q; :

1 . 9 1~
WHUH%z(Q)d < C diam(Q) 2||U||ig(§2].)d
2
< 00| g, 0t /Q odi| | diam(Q)d2
j
2
< ¢ ||v? P S d
= i | 1Vl (@) diam(Q)2+ QU Sk
and also that :
1 . —2 A
Ty < O diam@)* ol
2
< CCj |6|§{1(Qj)d+/ﬁd§c diam(€)4~2
2
. ) 1 2
S CC] (‘U|H1(Q)d+m /Ud:l) ),
v
hence the proof. O

Remark 4.22. By construction of the jacobian J = det V;, we have for all dM € RY :
J dM - #vdé = dM - ndo,

where n (resp 1) denotes the outward normal unit vector on v (resp. 4), and do (resp.
dc ) is the surfacic measure over v (resp. 7). Moreover :

—

J dM -7 dé = dM -ndo = (Ve; - dM) - ndo,

yielding by identification :
Jndé = (Vg,) - ndo,

yielding :
do = I (V) n| do < OV [Vl e g yaxa do

4.11.2 Dependence of the constant in Korn’s second inequality

We prove the following lemma by using Brenner’s equicontinuity argument [Bre04] :
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Lemma 4.21. There exists a constant C' such that for any domain §2 satisfying the above
assumptions 1,2,3, the following inequality holds :
/ V xwv > ,
Q

Remark 4.23. The scaling diam(Q)' =% instead of diam(Q)~%? which appears in [Bre04]
seems to be a mistake. Indeed, it is then straightforward by a rescaling argument that doing
so, the best constant C' is not independent of diam(S2).

1
oo < € (e spns + oo

for allv e HY(Q)4.

Proof : Because of scale invariance, we can suppose that diam(2) = 1. Let us first observe
that the inequality is true, and can be proved by a contradiction argument and Korn’s
first inequality (cf. [LM72], page 110). Moreover, the resulting constant is independent of
diam(Q2) from the adopted scaling of the two sides of the inequality, but a priori depends
on the shape of Q, and we denote it by C(2).

Now, let us fix 1 < j < J, and consider the closed subset :

Whe () = {¢p € Wh=(Q;)4, diam(4(Q;)) = 1, det Vé > C; almost everywhere on €2},

endowed with the usual norm of W17°°(Qj)d. Let us first show that C' (gb(QJ)) is continuous
with respect to ¢ € WH(Q;)4, where C(¢(€);)) is given by :

) |00 ¢ 1)
Co(,) =
(¢( J)) ﬁej—ﬁl(aflj)d ||5({;o¢—1)||L2(Q)d><d + |fQV X (@O¢_1)|

|77|H1(§zj)d =1

N;(
= s RGo= s PO
b e H'(Qy)? e H' (Qy)! i(8:9)
[0l 1 00 = 1 0] g1 (0y0 =1

For this purpose, let us detail that both (N;(?,¢)), and (D;(2,¢)), are equicontinuous
sets of functions with respect to ¢ € Wl’oo(flj)d. Let F(¢) be given by :

12 (cof V)
- ~ \1/2°
(det ngb)

By construction, the map F' is continuous with respect to ¢ on Wl’oo(flj)d. From the
changes of variable ¢~! and ™!, the triangular inequality, the equivalence of the norms

|Alo = sup |Ax|z and |A| = (A : A)1/2 for any matrix A € R¥? and the fact that
r€RY |z|=1

F(¢) = (V§)~" (det Vo)
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|A - Bla < |A|2|Bl2, we obtain that :

oo

i @~ 180y i Qnd| = ‘H%'F(@

LQ(Q dxd LQ(Qj)dxd

A

Vi - (F(¢) = F())

IA

L2(Qj)d><d

1/2
- ( / W@-(F(@—F(w»fd@)
2y
(/ ‘vv F()|? dw>1/2

CNF(9) = F() ooy, yaxa

IN

IN

because \@\Hl(g)dxd = 1. By the same estimation and the fact that |A| = |A!| for any
J

matrix A € R™¥4, we also get :

le(do g™ )||L2(¢ ydxd — lle(@oy™ )HL?(WQj))dxd

5 (90 F@) + Fw)' - (99)')

[2(Q;)dxd H2

LQ(Qj)dxd

IN
|
/N
<
S
3
&
|
g
=
+
i
&
|
g
£
<
8
N

A
Q
=
=

|
e
S
=

2
Q

=
X
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Finally, denoting by F(¢) = F(¢) (det V$)'/2, we get :

/A V x (0o¢™h) / V x (6ot
#(25) »(25)

R A 5o 1

= /45(Qj)v><(v - /TZJ(QJ')VX( v

— 1 Do =1y _ Do —1\\t) _ b o -1y bo —1\\¢t
= 5L, FO00 = (es™)) - [ (Feu - (60 w))
<

L

J

V(ﬁoqﬁ_l)—/A V(o)
) $()

gc/ (%
2y

< C|F(e) - Fw)|

A

Vi - (F(¢) — F())

F(¢) - F(v)|

Q;

< Oy |Fo) - Fw)|

Loo(Q)dxd Loo(Q)dxd )

As a consequence, from the continuity of F and F on W1 (€);), (N; (4, ®)); and (D;(0, 9)),
are equicontinuous sets of functions in o with respect to ¢ € Wl’oo(Qj)d. We now prove

that the ratios (R;(0,¢))

; are an equicontinuous set of functions with respect to ¢ €

Wl,oo(Qj)d .
— By equicontinuity of (D(%,¢))s with respect to ¢ € WH (€)%, infy D (9, ¢) is conti-

nuous with respect to ¢ € Wl’oo(Qj)d. Now, let us fix ¢ € Wl’oo(Qj)d. The standard
Korn’s second inequality shows that with a shape dependent constant C'y > 0 :

D(9,¢)

v

Co 10007 (p(c2,)0
C¢ Hﬁﬁb (det ﬁd))_l/QHLoo(Q ydxd>

J

v

and entails that inf; D(9, ¢) > 0. By continuity of inf; D(9,1)) with respect to 1 €
WL2°(Q;)?, there exists a neighborhood V, of ¢ € WH°(Q,;)® in Wh>(€);)4, such
that there exists a constant Cq? > () such that :

Vi) € Vy, infD(,¢) > CJ.

By equicontinuity of (N(0,¢))s with respect to ¢ € Wl’oo(Qj)d, sup, N(0,1) is
continuous with respect to ¢ € W1°(Q;)?, and is therefore bounded by Cév on a
neighborhood Vy of ¢ € Wl’OO(Qj)d in Wl’oo(Qj)d, for all ¢ € Wl’oo(flj)d.
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— We then get :
N (o N (o
R0 =B = 555~ By
D;(0,¢)D;(0,v) D;j(0,7)
chy 1
< 55 1Di(0,0) = D;(0,9)| + 55 IN;(9,0) = Ny (0, 0)|
¢ ¢

Hence, the ratios (R;(0,¢)),
¢ € Whee(Qy;),
The supremum C(6(€;)) of R;(?,¢) over o is therefore a continuous function of ¢ €
Wl,oo(Qj)d'
Because the application :

are an equicontinuous set of functions with respect to

]Cj - WLOO(Qj)d?
b = 90](7]9)7

~

is continuous from assumption 1, the function C(¢;(§2;,p)) is a continuous function of

p € K; and since K; is a compact, C(¢;(£2;,p)) reaches its maximum value for a p € K;,
entailing the existence of a constant C]’- such that :

C(pi(Q,p) < Cj, VpeK;.

Hence the proof, and the constant C = 11113<XJ C’]’» in lemma 4.21. O
<<

4.11.3 Semi-norm estimates

As introduced in [Bre04], let P : H'(2)? — R(f2) be the rigid motion projection such that
for all v € H ()%, Pv € R() is the unique rigid motion such that :

/(‘Bv—v):(), /Vx(‘l?v—v):().
Q Q
The existence and uniqueness comes from the straightforward implication :
veR(Q), Pv=0= v=0.
Lemma 4.22. Let ® be a semi-norm satisfying :
[Vl g1 qye < C @(v), VveRQ), (4.89)

P(v—Pv) < C e()r2)axa, Vv E H'(Q)Y, (4.90)
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with a constant C independent of any ) satisfying assumptions 1,2,3. Then there exists a
constant C independent of Q0 such that :

1/2
ol < C (le@Zaqpuna + 2@)2) ", Vo€ HY Q).

Proof : By using the triangular inequality, the property (4.89) of the semi-norm ®, and
lemma 4.21, we get :

|”’§{1(Q)d < |Pv+ov-— ‘Bv\?{l(g)d
< 2APoffp gy + 2o = Polip g
< CB(Pv)* +C lle(v — Po) 72 qyixa
< CB(Pv)’ +C [le(v)ll72(qaxa (4.91)

because £(Pv) = 0, Po being a rigid body motion. Observing that the triangular inequality
and assumption (4.90) entail :

®(Pv) ®(v) + &(Pv - v)

O(v)+C ||€(7))”L2(Q)dxd,

IA A

it is obtained from (4.91) that :
01 (0a < C (@) 32 qpaea + @(0)?)
hence the proof. O

We then have to check the assumptions (4.89) and (4.90) for the particular semi-norms
®; and P, defined by :

1 .
Dy (v) = TZiam (D) sup M, Vo € L2(Q)4,
iam(§) re R(Q)\ {0}, HT”L2(Q)d
Jor=0
and : f
1 ver
@2(’0) = m sup W, Yv € HI(Q)d
iam(Q)V2 ¢ pia) oy, 17llL2(p)e
Jor=0

We obtain indeed the :

Lemma 4.23. Under assumptions 1,3 (resp. assumption 4,6), the semi-norms ®1 (resp.
Oy ) satisfy the criterion (4.89).
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Proof : Because of scaling, we can restrict ourselves to the case where 2 has a unit
diameter, since ||€(U)H%2(Q)dxd, |U|%11(Q)d and ®2(v) all scale like diam(Q2)?~2. The proof is
done in three dimensions (d = 3), and can be adapted very simply to the bidimensional
case (d = 2). Let t,a € R3. Thus, v(z) =t +a x z, for all x € Q is a rigid motion. It is a
simple exercise to check that |v|§{1(9)3 = 2|a|?|Q| < Clal?, because 2 has a unit diameter.

For all 1 < j < J, the following application :
M RIx Whe(Q)4 — R
@p) = M) = [ ox (0l6) = Gy, det V(@) da.
j

where G@(Qg‘) is the center of gravity of ¢(§2;) defined as :

1
G o ziA/ ) det V(#) dz,
A0 = T Jo, 1 VR

is continuous. By introducing the compact set S := {a € R3, |a] = 1} C R?, and from
assumption 1, it follows by composition that the positive application :

SSX’CJ' — R
(e7p) e Mjl(eﬂpj(vp)%

is also continuous, and because both S and KC; are compact sets, we deduce the existence
of a lower bound. Therefore, there exists a constant C; > 0 such that for all e € S? and
allpe ;-

Mi(e,¢i(-,p) = C;.
By an homogeneity argument, we deduce for all a € R3, and all p € Kj, that :

Mi(a,0;(p)) > Cj la]* > CCj [ul3p s

Hence the satisfaction of the criterion (4.89) for ®; with a constant C' = C max, C;.
<j<

We proceed the same concerning ®o, by defining the following application for all 1 <
J<J:

My R x Whe(3,)d — R

@p) o Miap)i= [ lox (@) - Gopy [ mols) do(a),
i
where G, (4,) is the center of gravity of ¢(9;) defined as :

Goto) = T [ (@) mo(@) do o),
7.
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dd is the surfacic measure over 45, and my(Z) is the metric defined as :

9

my () = det Vo ‘(@w)_t N

in which 7 is the outward normal unit vector on 4;. The application M% is continuous.
By introducing the compact set S := {a € R3, |a| = 1} C R3, and from assumption 6, it
follows by composition that the positive application :

S$$xK; — R
(e,p) = M%(Q wj(‘vp))v
is also continuous, and because both S and K; are compact sets, we deduce the existence
of a lower bound. Therefore, there exists a constant C'; > 0 such that for all e € S? and
allpe ;- ‘
Mi(e,95(,p)) = Cj.
By an homogeneity argument, we deduce for all a € R3, and all p € K;, that :

M(a,;(,p)) > Cj |a]* > C Cj [vf3p gps-

Hence the proof.
O

The satisfaction of assumption (4.90) for the semi-norms ®; and ®; is obtained in [Bre04] :

Lemma 4.24. The semi-norms ®1 and ®o satisfy the assumption (4.90).

Proof : Using the Cauchy-Schwarz inequality, Friedrichs inequality (lemma 4.20) and
lemma 4.21, we get :

1

m”v - ‘BUHL?(Q)d

Dy (v — Po)

IN

C ”U - m’U‘HI(Q)d
< COlelv =Po)llz@axe = C le() L2 (gyixa-

Concerning ®,, the same result follows by using the Cauchy-Schwarz inequality, the So-
bolev trace theorem (lemma 4.25), Friedrichs inequality (lemma 4.20) and lemma 4.21 :

Bao = P) < Gl — Pl
< C v —Pvlg ()
< C v =Pl ()
< C o~ B0l z@yees = C o)l z(pone
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Hence the proof. O

The Sobolev trace theorem with shape independence of the constant is given by the :

Lemma 4.25. There exists a constant C' independent of any domain Q satisfying assump-
tions 1,2,3, and of the part v of its boundary satisfying assumptions 4,5,6, such that :

1 2 2 1 9
BTSN < - '
diam(Q) /;'U =¢ (MHl(Q)d + diam(Q)2 H’UHL2(Q)d> ) (4.92)

for allv e HY(Q)4.

Proof : The inequality (4.92) is true for Q = Qj and v = 4; for any 1 < j < J, as the
standard Sobolev trace inequality. For any v € H'(Q)?, there exists an integer j and a
function v € H 1((2 )% such that v o @; = 1, and by classical changes of variable, we get as
in the proof of lemma 4.20 that :

f 'U < ” COf v(p]”LOO dxdf
020, <H@%V%)WW>IW%W o yoeal Vi ys < O IV e sl

19117 < [I(det Vi) ™Ml oo o 10172 p0 < C7F 10113200

L2(€;)d

Moreover, from the continuity assumption 1 (resp. 4) and the fact that (K;)1<;<s are com-
pact sets, we obtain the uniform boundedness of ||V, (-, p)|| ; @) (resp. [[V; (. p)ll Lo 3,))
with respect to p € K;. We obtain as a consequence that :

2 ~ d—1 52
fwv < C diam(R) f% 02,
01122 e < C diam(@)~ [o]2,
|U|?L11(Q)d <C diam(9>2 d |U|

L2(Q;)%
H(Q;)d"

This yields, using the inequality (4.92) written on Qj :

1 2 ~ d—2 / £
_— < Q
Tiam(Q) /Wv < C diam(Q) 0

Vi
< CCydiam(@)"2 (1922, 0 + 104 yoea)

A 1 2 2
CQ(@@KWWMMW+Mme-

Hence the proof. O

IN

4.11.4 Conclusion

Lemmas 4.5 and 4.6, page 125, are now proved as a consequence of lemmas 4.22 and 4.20.
We recall them in the :
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Lemma 4.26. There exists two constants Cp and Cy, such that for all Q and vy satis-
fying the assumptions 1,2,3,4,5,6, the following inequality holds for all v € H' ()% :

2
1 L vep
2 2 Ykl
v <Cp | lle(v wit——-—1| sup —L—— , 4.93
ol e e )zz 0y o diam() (/J'EMM ||M||L2(m)d> -
2
1 Jo, v-T
2 2 Q,

v <Cn | lle(v g+ ——— sup —Ff— . 4.94
Pl @ RLACES diam(Q)? <T€R(Qk) HTHL2(Qk)d> o

Proof : From lemma 4.22, which holds due to lemmas 4.23 and 4.24, we have :

0P < C ()220 0a + Br0,(0)%)

2
fQ v-r
C HE(U)H%Q(Qk)dXd"i_m sup M (4.95)

reR(Q) ”TH%Q(Qk)d

2
) : (4.96)

(4.97)

On the other hand, using lemma 4.20, we have :

1 2 <O 2 1
W”””mmwd = ‘U|H1(Qk)d + W

/ vdx
Q
and using here a unit translation r, we deduce :

(Joyo7)’

2 v - r)
Q
/ vdz AR T
Qi

< sup 5 .
reR(Qy) HTHL2(Qk)d

Hence the proof of (4.93) by substituing (4.95) and (4.97) in (4.96) and adding the result

to (4.95).

From lemma 4.22, which holds due to lemmas 4.23 and 4.24, we also have :

diam(Q)?

i < (1e)ayyoms + B0, 1)),

2
GRS -

1
< C ||5(U)||%2(Qk)d><d —I—mr;zu(gkl) ||7“||%2(w)d
(4.99)
On the other hand, using lemma 4.20, we have :
1 1 2
Wllvlliz(gk)d <C <|v|§p(gk)d - Tram () /W vdx ) , (4.100)
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and using here a unit translation r, we deduce :

2
2 .
1 ( v 7")
/ v dx N
Vi

S ———53 Sup
dzam(Qk‘)z r€R(Q) HTH%Q(%l)d
Hence the proof of (4.94) by substituing (4.98) and (4.101) in (4.100) and adding the result
to (4.98). 0

1

T O (4.101)







Chapitre 5

Recollement de maillages
incompatibles en contexte
industriel

Résumé

Nous présentons dans ce chapitre la formulation d’une contrainte mortier sur
interface intermédiaire régularisée par carreaux de Hermite dans l'esprit de
[Pus04], mais avec quelques différences quant & la définition des parameétres de
la surface et la projection utilisée coté non-mortier. En outre, nous détaillons
I'intégration quasi-exacte de cette contrainte. Enfin, nous illustrons 'utilisation
de cette technique dans le cadre du recollement de maillages incompatibles en
contexte industriel pour la résolution numérique de problemes d’élastostatique
non-linéaire du pneumatique.

Abstract

In this chapter, we present the formulation of a mortar constraint on an in-
termediate regularized interface by the use of Hermite patches in the way of
[Pus04], but with some differences regarding the definition of the parameters
of the surface and the projection on the non-mortar side. Moreover, the quasi-
exact integration of such a constraint is detailed. Finally, the use of the pro-
posed technique to glue incompatible meshes is illustrated in the tire industry
framework for the resolution of nonlinear elastostatics problems.

5.1 Introduction

Le travail effectué en contexte industriel en ce qui concerne le recollement de maillages
incompatibles vient compléter celui réalisé par Pascal Landereau et Adeline Eynard [Eyn04],

219
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en proposant la formulation d’une contrainte mortier sur interface courbe régularisée et
I'intégration quasi-exacte de cette contrainte.

En effet, ’étude [Eyn04] montre la grande sensibilité de la convergence des itérations
de Newton pour la résolution de problemes d’élastostatique non-linéaires en contexte in-
dustriel, en présence de maillages incompatibles et lorsqu’une formulation de recollement
de type mortier est adoptée. La raison la plus vraisemblable est que sur l'interface, la
présence de facettes incompatibles exercant des forces sur le maillage mortier induit, des
singularités de contraintes surviennent et perturbent dramatiquement la convergence de
I’algorithme de Newton. La prise en compte d’une interface bien réguliere apparait alors
naturelle. Aussi, si Wohlmuth et al. analysent dans [FMWO04] le cas d’interfaces courbes,
toute la difficulté demeure dans la définition de telles interfaces. En effet, on ne dispose
souvent que des maillages séparés des sous-domaines, et la définition des interfaces courbes
doit se faire a partir des données de maillage. Aussi, Laursen et Puso proposent-ils dans
[PL02, PL03, Pus04] I'introduction d’une interface intermédiaire de classe G, c’est-a-dire
assurant la continuité du champ de normales, et construite par carreaux selon la méthode
de Grégory ou Hermite [GF99]. La formulation d’une contrainte de type mortier nécessite
alors l'introduction d’applications bijectives entre cette nouvelle interface, et les interfaces
discretes non-coincidantes.

Par ailleurs, du point de vue de ’approximation de la contrainte mortier, Cazabeau,
Maday et leurs collaborateurs montrent dans [CLM97, MRW02] en présence d’interfaces
planes, que l'approximation par quadrature des intégrales de contrainte occasionne une
dégradation de la convergence de la méthode, qui se fait alors en vh indépendemment
du degré d’approximation adopté pour les déplacements! Une formulation avec quadra-
tures mais non-symétrique est proposée, mais nous choisissons ici de jouer la carte d’une
intégration exacte permettant de concilier symétrie et précision.

Enfin, dans le cadre de ce chapitre, on se restreint & la gestion de déplacements Q1
de part et d’autre de l'interface, controlés par des multiplicateurs @ continus ou Qg dis-
continus non-stabilisés, I’absence de stabilisation pouvant étre acceptable si les maillages
recollés sont “suffisamment incompatibles”. En effet, la condition inf-sup usuellement vé-
rifiée dans le cadre des méthodes de mortiers [BMP93] est plus forte que celle strictement
nécessaire pour assurer le caractere bien posé du probleme, et assure ce caractere bien
posé méme dans le cas (en fait le pire du point de vue de la constante inf-sup) ou les
maillages recollés sont compatibles sur leur interface commune. De ce fait, la stabilisation
peut s’avérer inutile pour des maillages suffisamment incompatibles. Néanmoins, compte
tenu des conclusions de I'étude d’Adeline Eynard relative a des cas test pneus sur les
maillages de finesse usuelle, I'utilisation de multiplicateurs de Lagrange Q1 semble a pri-
vilégier numériquement par rapport a des multiplicateurs Qy, au moins en ’absence de
stabilisation.

Nous introduisons en section 2, une interface intermédiaire par carreaux de Hermite,
a l'instar de [Pus04], et formulons une contrainte de type mortier dans l'esprit de [Pus04],
mais avec quelques différences de position. Nous détaillons ensuite en section 3, l'intégra-
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tion quasi-exacte de cette contrainte. Cette étape nécessitant l'intersection de polgdnes
convexes, nous nous appuierons sur ’algorithme de Rourke [O’R98| qui présente une com-
plexité optimale. Enfin, des tests numériques illustrant la pertinence de la méthode sont
présentés en section 4. Pour tout complément quant a des détails plus mathématiques, on
se reportera au chapitre précédent.

5.2 Formulation mortier sur une surface courbe

Si 'interface entre deux maillages incompatibles n’est pas plane, le maillage indépen-
dant des sous-domaines conduit a I'obtention de deux interfaces distinctes I'; et F;Lr entre
lesquelles nous souhaitons formuler une continuité faible des déplacements au sens des
méthodes de mortier [BMP93]. On notera I',” 'interface sur laquelle sont définis les mul-
tiplicateurs de Lagrange (coté esclave ou non-mortier).

Q* / -

o-

F1G. 5.1 — Configuration dans laquelle les interfaces discrétes I't et I'™ des domaines Q"
et Q7 ne se confondent pas en une interface commune.

A Tinstar de la technique utilisée par Puso [Pus04], on définit une interface régularisée
I de classe G, c’est-a-dire assurant la continuité du champ des normales. La motivation
pour effectuer une telle construction est double :
— faire en sorte que les déformations de I'interface lisse I' n’occasionnent pas de singu-
larité de contrainte ,
— faire en sorte que tout noeud de R? admette une projection’sur I' définie selon le
champ des normales de la surface I,
ce qui n’est pas le cas sur la surface discrete non-différentielle I',”. On opte ici pour une
construction de I" par régularisations locales -dites également carreaux (George) ou patches
(Laursen, Puso)- en utilisant une approximation tensorielle de Hermite. Dans ce cadre, on
se limitera aux cas ol la discrétisation de I'interface non-mortier est réalisée en quadrangles.

LCette projection étant unique si le noeud est suffisamment proche de T, plus précisément & une distance
de I' inférieure a son rayon de courbure local.
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Afin de définir la surface I', on commence par construire un champ de normales régula-
risé s’appuyant sur l'interface non-mortier I';” (sous-section 5.2.1). Chaque élément de I'in-
terface non-mortier est alors déformé par patch Hermite en un élément courbe s’appuyant
sur les noeuds de I'; et possédant en ces noeuds les normales régularisées précédemment
définies (sous-section 5.2.2). Enfin, nous proposons une contrainte mortier sur cette in-
terface régularisée, utilisant comme bijections entre I' et I, (resp. F;) la déformation de
type Hermite des éléments de I'interface non-mortier (resp. la projection selon le champ
des normales de T').

5.2.1 Construction des espaces tangents

Pour construire I'interface régularisée I, il est nécessaire de se donner une information
géométrique sur sa courbure. Pour construire une telle information, il faut par exemple
définir en chaque noeud du maillage le plan tangent a I', ou de facon équivalente la normale
a I'. Soit F' C I')’ un quadrangle de 'interface non-mortier, image de F = [—1;1)% par
I'application ¢ :

o' (F)=F.

Plus précisément, si les sommets de F' sont les (Af)1<;<4 € R3, on a :
4
Fs F (5
of(2) =) Al @il#),
i=1

ou les ¢; sont les fonctions de forme définies sur I’élément de référence F' :

$1(2) = (1 — 21)(1 — 22)/4,

$2(2) = (1 +21)(1 — 22)/4,

¢3(2) = (1+21)(1 + 22)/4, A

Ga(®) = (1= 21)(1 + &) /4, Vi = (21,82) € F = [-1;1]*,

Ainsi, les normales nodales unitaires (nf Ji<i<a € R3 sont définies par :

th x t2
nf =t 1 1<i<d,
[t; > 7|2

ol les vecteurs tangents t} et t2 & ' en A; sont donnés par :
. o
t = [V (4] -¢;

avec e; = (1,0), eg = (0,1), et A} = (=1,-1), Ay = (1,-1), A3 = (1,1) et Ay = (—1,1).
Ensuite, on construit en chaque noeud A € I';” une normale moyennée :

A_ F_F
nt= > IFlegny,
FcF;,Hj,Af:A
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avec ef = =1 afin de pallier au fait que les normales nf , définies sur chaque élément ne
sont définies qu’au signe pres. | F'| désigne la surface du quadrangle d’interface F', et définie
par :

|F| = / det Vo' (2) di.
F

Le vecteur normal est ensuite normalisée : n? := n?/||n4|..

F1a. 5.2 — Construction des normales aux noeuds du maillage.

Remarque 5.1. Une problématique intéressante et assez fondamentale consiste a se de-
mander si la technique de moyenne nodale des normales converge par raffinement de
maillage vers obtention du champ de normales de la surface continue sur laquelle s’ap-
puie la discrétisation. En réalité, la réponse est non avec la technique proposée qui est
cependant répandue (elle est suggérée en particulier dans [GF99]). A Uinverse, des tra-
vauz récents, tels [CSMO3], proposent des approches plus complexes permettant d’obtenir
de bonnes propriétés de convergence du champ des normales par raffinement de maillage.
Nous ignorons volontairement ces développements, mais insitons sur leur possible intérét.

5.2.2 Construction du carreau.

Soit I C I';; un quadrangle de l'interface non-mortier, avec les notations de la sous-
section précédente. On dispose des quatre sommets (Af Ji<i<a € R3 et des normales n? pré-

cédemment construites. Nous construisons en chaque noeud Af deux tangentes (#])1<j<2
“régularisées”. Si le noeud Af coincide avec le noeud A du maillage, on définit en A les
tangentes a la future interface régularisée intermédiaire I' par projection sur le plan normal
a n? le long de n? :

74 A 4\, A .
ti—ti—(n ‘ti>n , 1<5<2

L’élément régularisé que nous utilisons s’appuie sur les noeuds (Af Ji<i<a € R3 avec
les tangentes respectives (t}, t?)1§i§4 € R3. Nous le définissons comme l'image du carré de
référence F' par application ¢f donnée par I'expression suivante :
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GF (&) = AT 1 (21)11(22) + A5 o (21)1h1 (22) + AL o (@1)1ha(B2) + A 11 (21)1ha(82)

1101 (1)1 (£2) + 1302 (21) 11 (82) + E302(81) 2 (B2) + £401(21)¥2(d2)
+E L (£1)01 (£2) + T74p2(d1)01(22) + B3ha(21)02(82) + E5001 (£1)02(d2)

pour # € [—1;1]2. On a utilisé les fonctions 11,12,01,02 qui constituent les fonctions de
base usuelles des polynémes de Hermite sur [—1;1] :

s = Js—D2@+s),  wals) = {5+ D22 9)

01(s) = %(s +1)(1 —s)?, 0y(s) = é(s —1)(1+5s)%

pour tout s € [—1;1]. Elles satisfont les relations suivantes :
di(=1) =1 (1) =0 (=) =0 ¥i(1)=0

Ua(=1) =0 (1) =1 5(-1)=0 v5(1)=0
01(-1)=0 6:(1)=0 0i(-1)=1 0{(1)=0
O(—1) =0 62(1)=0 05(-1)=0 651)=1.

Il s’agit d’un carreau tensoriel de Hermite, o on voit qu’on ne prend pas en compte
les termes de la forme 6;(£1)0;(22). En conséquence, on ne représente pas le “twist” des
éléments (dérivées secondes nulles aux noeuds).

Sur un tel carreau, on définit les vecteurs tangents au point de référence # € [—1;1]2
par :

. et :
t/(z) = i 1<45<2
la normale par :
15 725
(@) = LA XEE)
[E5(2) x t2(2)]l2

Dans ces expressions, || - ||2 désigne la norme euclidienne dans R3. Par construction des
carreaux, les espaces tangents se raccordent continiiment d’un élément a I’autre. On obtient
donc ainsi le pavement d’une variété I' de classe G'.
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5.2.3 Projection sur la surface

Ayant précédemment défini la surface régularisée I', nous nous attachons ici a définir
de facon univoque la projection continue P(z) € T' des points x de R? situés dans un
voisinage de I'.

Definition 5.1. On dit que P(z) € T est un projeté de x € R3 surT, s’il existe un élément
F C T}, de linterface non-mortier, des coordonnées intrinséques p € [—1; 1]2 et un réel a
tels que :

z — 3" (p) = an(p), (5.1)

avec les notations introduites plus haut. On note alors P(z) = @¥(p). On utilisera égale-
ment la notation Pr(x) pour signifier qu’il s’agit du projeté sur l’élément F.

On obtient alors le :

Lemma 5.1. Pour tout élément F = @F(F) de linterface régularisée T", il existe un
voisinage fermé V(F) C R? de F tel que tout z € V(F) admette un unique projeté Pp(x)
sur F. De plus, la projection Pp est continue.

Preuve : On se donne I'application f: R x F — R3 définie par :

fla,p) = @F' () + an(p), Y(a,p) €Rx F.

Comme f € C'(R x F :R3) est contintiment différentiable, que les points de I' sont leurs
propres projetés :
£0,p) = 3" (p), VpeF,

et que la différentielle :

oot
df(0,p) = — - dp + (p)da,
p
est inversible du fait que les vecteurs t!(p) = % ey, t2(p) = 855; - eg et n(p) sont indé-

pendants par construction, le théoreme d’inversion locale [Bou95] assure que pour x € R3
assez pres de F, il existe un unique projeté de x sur F', et que de plus, I'opération de
projection est continue et contintiment inversible. ]

Quitte a restreindre 1’épaisseur des voisinages en considérant :
{x € V(F), dist(z,F) “assez petite”}

comme nouveau V(F'), on peut toujours supposer que les intersections des intérieurs de
tels voisinages pour des éléments distincts sont vides. En effet, les champs de normales
sur le bord d’éléments adjacents coincident et donc les voisinages relatifs a des éléments
adjacents sont disjoints, comme cela est illustré ci-dessous :
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F

En jouant sur I’épaisseur des voisinages, on peut donc empécher toute intersection de
voisinages d’éléments d’interface, comme illustré ci-dessous :

On introduit alors le voisinage V(I') de I' comme :

I = J V),

FCT},
dont les (V(F)) Fcrs constituent une partition, et la :

Definition 5.2. On note P : V(I') = UFCr}: V(F) — T, la projection définie pour tout
z € V(I') par :
P(z) = Pr(z), sizeV(F).

Tout x € V(I') admet donc un unique projeté par construction, d’abord par l'identifica-
tion d’un voisinage d’élément d’interface, puis par I'unicité de la projection sur I’élément
d’interface. De plus, la projection P est continue par construction du fait de la continuité
de Pr et de la continuité du champ de normales entre deux carreaux adjacents de I'. Nous
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faisons I'hypotheése que l'interface mortier est completement incluse dans le voisinage V(I')
de T :
Iy c V(D)

en conséquence de quoi tout point x de I‘Z admet un unique projeté P(z) sur I

Remarque 5.2. L’utilisation d’une telle projection sur l'interface G ainsi construite per-
met d’obtenir la continuité de l'opération de projection. A l’inverse, une projection plane
sur chacun des éléments de l'interface facétisée I'y ne constitue pas une projection glo-
balement continue, et présente de nombreuses zones de non-projectabilité. En particulier,
dans le schéma suivant :

Vv(r

< A

PN

on a représenté en grisé le voisinage V(I') de linterface facétisée concave T' des points
admettant un unique projeté sur I' par projection plane. Ainsi, on observe [’existence de
points arbitrairement prés de linterface et n’admettant pas univoquement de projeté. Cette
configuration interdit notamment la définition d’une projection continue selon le champ
des normales auz facettes. Dans le cas convexe, on observe au contraire ’impossibilité de
définir un projeté plan dans certaines zones également arbitrairement pres de linterface.

Quand bien méme on adopterait A (resp. B) comme projeté des points de W 5 (resp. Wg),
rendant la projection continue, on obtiendrait que ’aire sur I' du projeté de tout volume
inclus dans W ou Wp est nulle.

Remarque 5.3. D’un point de vue numérique, l'implémentation de la projection P(x) se
fait par détection de ’élément ' par fenétrage parallélépipédique grossier puis résolution
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de (5.1) par une méthode de Newton.

Avant de définir la contrainte de continuité faible sur 'interface intermédiaire régularisée

I', nous introduisons 'application Q@ comme l'application réciproque de P|+ : F,J{ — T,
h

plus précisément :

Definition 5.3. On notera Q : " — F;{ Uapplication définie pour tout x € I' par unique
solution Q(z) € T} de :

Q(z) — @' (#) = an(2),

pour un coefficient o réel a déterminer, x étant situé sur U'élément d’interface F = @ (F)

et de coordonnées de référence & € I' en ce sens que v = @& ().

5.2.4 Contrainte mortier

Siu, € W, et u; € W,j désignent respectivement les traces des champs des dé-
placements sur les interfaces non-mortier I';” et mortier I, nous imposons la contrainte
suivante sur leur saut, intégrée sur la surface intermédiaire régularisée I" :

[ [#5) — ()] - nle) = 0. i€ . 52)

Dans cette expression, pour tout z € F = o (F ), nous avons défini le transport des

applications u, et up de I'interface non-mortier I';” sur I' par I"application de déformation
~F)—1 .

de I'interface ¢ o (p
ay, () = w (97 0 (§7) 7 (@),

fin(z) = pn(e" o (") (x)),

oll up € Mp est un multiplicateur de Lagrange vivant dans un espace Mj,.
Pour chaque élément F' C T, , et tout Z € F', nous avons :

i, (P"()) =, (¢ (2)),
(@7 (2)) = pale™ (2)),
de sorte que la contrainte se décompose en :

> /F [uy (05 (@) —uf (Q(8"(2)))] - (9™ (2)) Mp(2)dE =0, Yy € My. (5.3)
F

Du point de vue de la condition inf-sup, on obtient tres simplement le :
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Lemma 5.2. Si la condition inf-sup suivante est satisfaite pour le couple W,  x My, :

Joi e s > 3,

up

in S
phE€M\{O} 4, e\ {0} Ju™ Haéjg ”M”g,_%,r;

elle vaut également pour la contrainte régularisée (5.2) :

Up, - [
JrOn - fin > 8 inf inf J4T
r;, HNH@_%,F; FCT,, &#eF mp (&

mF(i

~—

sup

inf
pREM\{0} 4, ewm\ {0} [ ”5,%,

~—

Preuve : La preuve découle simplement d’'un changement de variables a partir de l'ex-
presion (5.3) :

inf i mp(Z) / _
= inf inf ————— w, () - ) dx
FCT;, &€k det Vol'(2) r- h (z) - pp()
inf inf —E(@) _
> det Vo F (7) - —
- Fléllf; inf GV I s g oy lells gy
]

Remarque 5.4. Nous indiquons bricvement les quelques différences entre cette proposition
et celle de Michael Puso [Pus04].

— La définition des espaces tangents sur I' se fait ici a partir d’une moyenne de nor-
males aux noeuds, alors que dans [Pus04], ils sont construits directement par ap-
proximation des vecteurs tangents par différences finies entre éléments adjacents.
L’avantage de l’approche choisie ici est la réalisation d’un calcul élément par élé-
ment, et l’absence de restriction a des maillages réglés.

— C’est la carte locale ¥ et non la projection P que nous utilisons pour appliquer
un élément non-mortier de I';” sur I'. Cette derniere solution est celle retenue par
[Pus04], mais elle apparait numériquement moins satisfaisante.

— Nous renongons a lutilisation des mortiers duaux de Barbara Wohlmuth [Woh00).
En effet, Uargument de dualité tel qu’il figure dans [SZ90] ne vaut que sur une in-
terface plane, et il serait particulierement complexe a généraliser sur la variété T'.
L’avantage de mortiers duauz au sens de [Woh00], qui permettent sur une interface
plane la diagonalisation de la contrainte, est donc moins clair ici. Nous utiliserons
au choix les multiplicateurs Q1 de [BMP93] ou les multiplicateurs Qg du chapitre
précédent.
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5.3 Algorithme d’assemblage

5.3.1 Algorithme

Nous proposons ici un algorithme permettant le calcul de la contrainte cinématique de
recollement proposée (5.2) qui est décomposée en :

Z Z/ z) —uf (Qz))] - fin(z) =0, Vi€ M.

FCr, Gcryf Fop(@

Nous détaillons ici le calcul du terme élémentaire :

A= [ [@, () — uy, (Q@))] - fin (),
FAP(G)

ou F' et G désignent respectivement des éléments des interfaces non-mortier I',” et mortier
I‘;. Un changement de variable fournit :

A= [ ooy [ (@) Q@] e ) )

L(FrP(@))

Remarque 5.5. Une difficulté essentielle pour la détermination de F N'P(G) vient de ce
qu’on ne peut projeter intégralement G sur I' en utilisant un seul redressement de I'. Cela
provient de ce que P(G) déborde sur pluszeurs éléments courbes de I'. En revanche, il est

aisé de déterminer le transport de F sur F par son champ de normales, i.e Q(F ) NnG.
La méthode proposée ici utilise la relation :

FnP(G) =P (QF)NG),
qui vaut parce que P|F; : F; — I est injective.

Nous détaillons I’évaluation de A par les étapes suivantes :

1. Détermination de Q(F)NG.
Soient A; = goF(fli) pour 1 <7 <4 les sommets de ’élément F'. Pour tout 1 < i < 4,
on vient calculer les coordonnées de référence B; dans G des Q(A;), c’est a dire que :

0% (B;) — Ay = an™, 1<i<4,

pour un coefficient « réel a déterminer. Cette détermination se fait par une méthode
de Newton. Il est bien entendu que tous les B; n ‘appartiennent pas en général au
carré de référence F. On note H C R? le polygone de sommets (B )i<i<4, €t on
adopte :

(¢%) " (eF)nG) =ik
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Ce faisant on suppose qu’en coordonnées de référence dans G, Q(F ) est un poly-
gbne, ce qui est faux a priori puisque les arrétes en sont courbes pour des champs
de normales quelconques. Néanmoins, lever cette simplication occasionnerait une
algorithmique encore beaucoup plus coluteuse, ce & quoi nous renoncons.

La méthode d’intersection utilisée, travaillant exclusivement sur des polygones convexes,
est celle de Joseph O’Rourke [O’R98]. Le code source original se trouve a l'adresse
suivante :

http ://cs.smith.edu/ orourke/books/ftp.html.

Il a été modifié au cours de ce travail pour traiter des polygones dont les sommets pos-
sedent des coordonnées non-entieres et gérer les exceptions (inclusions de polygones
les uns dans les autres). Les routines correspondantes se trouvent dans intersec.c.
Les sommets du polygone intersection H N F sont notés (C‘i)lgig N et on adopte de
plus C; = % (C)).

G

< =

2. Détermination de F NP(G).

Du fait de l'injectivité de P, on a :
FAP@G) =P (Q(F) N G) .

Pour tout C; avec 1 < ¢ < N, on calcule sa projection D; = P(C;). Plus précisément,
on détermine D; et « tels que :

Ci — ¢"(D;) = an(Dy),

par une méthode de Newton. On considere alors en faisant la méme approximation

qu’a ’étape précédente, que (@F)_l (F N P(G)) est le polygone de sommets D;,

inclus dans le carré de référence F'. Nous notons R ce polygone.
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G

3. Intégration.

On découpe le polygone Ren N triangles partageant le centre du polygone comme
A N 7 .
sommet commun : 12 = J;_; T}, de sorte que maintenant, on adopte :

N
A= [ fug (27@) ~ i (U @))] - (" (@) ()
j=1"T;

ou on vient approcher les intégrales sur les T] par quadrature de Gauss a 12 points
afin de conserver suffisamment de précision pour des zones a forte courbure. On
integre ainsi exactement les polynomes de degré total 6 sur les T] alors que le produit
de deux fonctions QQ; est seulement de degré total 4, et nécessite seulement 6 points
de Gauss. Néanmoins, la fonction u; 0@, n’est pas un polynéme Q sur les T] lorsque
les interfaces mortiers et non-mortiers sont géométriquement non-conformes, ce qui
légitime la sur-intégration proposée.

5.4 Essais numériques

5.4.1 Recollements au tour de roue

Le fait de considérer des maillages incompatibles permet bien évidemment une écono-
mie substantielle de degrés de liberté.
Pour des raisons de convergence des itérations de Newton (’approche apparait beaucoup
plus robuste en général) et éventuellement d’économie du nombre de relations cinématiques
entre noeuds, il reste préférable de définir les multiplicateurs sur le maillage le plus grossier,
i.e. celui de I’architecture. En utilisant des multiplicateurs Q1 sur ’architecture en présence
de la régularisation proposée de I'interface, on obtient les cartes de pressions normales lors
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i
il
i
AN
T
e
il

F1a. 5.3 — Maillages compatible et incompatible (ratio 4) d’'un pneumatique du projet
Roulage 3D, présentant respectivement 240.845 et 128.500 noeuds.

d’un contact glissant représentées ci-apres. La précision du calcul réalisé sur le modele
incompatible avec un ratio de maillage de 4 apparait tout a fait bonne pour la restitution
des pressions de contact.
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Fic. 5.4 — Cartes de pressions de contact obtenues avec la discrétisation compatible
(240.845 noeuds), incompatible d’un ratio 2 (169.000 noeuds,28.620 relations linéaires)

et d’un ratio 4 (128.500 noeuds,14.310 relations linéaires).
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5.4.2 Recollement d’un pain unique

On réalise maintenant le recollement d’un pain de scultpure unique contre une archi-
tecture, comme représenté ci-apres :

architecture

pain

o <

Les déplacements et contraintes o,, dans l'aire de contact sont représentés figure 5.5.

A des fins d'illustration de la régularisation de 'interface architecture/sculpture mise en
place ici, on compare l'aire des interfaces régularisées I' s’appuyant sur I';” selon que le
c6té non-mortier choisi est 'architecture ou la sculpture.

Ty, T
architecture | 48014. | 46589.
sculpture 46384. | 46536.

L’écart entre les surfaces I' ainsi construites est bien moindre que celui entre les surfaces
anguleuses coté architecture ou sculpture. Ainsi, il apparait que l'interface régularisée est
véritablement une surface intermédiaire.

Si on utilise des multiplicateurs de Lagrange Q1 définis sur ’architecture, les contraintes
d’interface o, sur l'interface sculpture obtenues avec et sans régularisation Hermite sont
représentées sur la figure 5.6. Force est de constater que les répartitions sont quasiment
identiques. En revanche, dans le cas de multiplicateurs de Lagrange Q¢ définis sur ’archi-
tecture, seule la méthode régularisée permet d’obtenir la convergence de la méthode de
Newton, et le champ des contraintes d’interface o, sur l'interface sculpture correspondant
est représenté sur la figure 5.7.

5.4.3 Mortiers et dynamique

Comme il a été montré au chapitre précédent dans le cadre linéarisé, le recollement
de maillages non-conformes par une méthode de mortiers n’altére pas en termes de préci-
sion la résolution numérique de la dynamique des structures élastiques. Pour illustrer la
véracité de cette assertion, nous considérons les versions compatible (240.845 noeuds) et
incompatible d’un ratio 4 (128.500 noeuds,14.310 relations linéaires) du modele de pneu-
matique présenté en section 5.4.1. Apres avoir effectué les gonflages, puis écrasements
adhérent correspondant, nous réalisons une simulation avec vitesse imposée du centre roue
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F1G. 5.5 — Cartes de déplacements et de contraintes de Cauchy o,, dans l'aire de contact
d’un pain de sculpture isolé collé contre une architecture et écrasé sur le sol

a 1 km/h. Sans qu’un régime purement stationnaire soit établi, nous extrayons les pres-
sions de contact pour le roulage adhérent des deux modeles. Les résultats sont présentés
en figure 5.8. Ils confirment cette affirmation. En outre, la dynamique déterminée a partir
du modele incompatible est sensiblement moins cotteuse a calculer. En effet, on compte
un nombre comparable d’itérations de Newton par pas de temps, mais pour un cout de
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F1G. 5.6 — Contraintes o,, sur 'interface sculpture sans (en haut) et avec régularisation
Hermite (en bas), en présence de multiplicateurs de Lagrange Q1 définis sur ’architecture.

16 minutes contre 34 en faveur du modele incompatible a iso-processeur. Notons néan-
moins que ce rapport de temps de calcul est inférieur au carré du rapport des degrés de
liberté, en raison du fait que le modele incompatible nécessite 'inversion d’un systeme
non-symétrique défini positif en I’absence d’élimination préalable de la contrainte.
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Fi1G. 5.7 — Contraintes o, sur l'interface sculpture avec régularisation Hermite, en présence
de multiplicateurs de Lagrange Q¢ non-stabilisés définis sur I'architecture.

Remarque 5.6. L’élimination préalable de la contrainte cinématique de recollement per-
mettrait ['obtention d’un systéme symétrique défini positif, et pourrait sans doute permettre
de combler le manque a gagner. En outre, dans le cadre d’une éventuelle implémentation
en décomposition de domaine, le caractére symétrique défini positif du probléme acquiert
encore davantage d’importance. En effet, la difficulté d’une analyse compléte dans le cadre
non-symétrique est illustrée dans la référence [GGTNO4).

5.5 Conclusion

La présente contribution a consisté en la mise en place d’une régularisation par po-
lynémes de Hermite de l'interface de recollement avec intégration courbe exacte de la
contrainte mortier dans le cas de déplacements Q1 sur les maillages en vis-a-vis. Quitte
a concéder la définition des multiplicateurs de Lagrange sur le maillage le plus grossier,
cette formulation permet un gain sensible de robustesse, tout particulierement pour des
calculs stationnaires non-linéaires d’écrasement glissant ou adhérant.
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Chapitre 6

Two-scale Dirichlet-Neumann
preconditioners for elliptic
problems with small disjoint
geometric refinements on the
boundary

Résumé

Dans ce chapitre, nous proposons, analysons et testons deux préconditionneurs
de type Dirichlet-Neumann pour la résolution de problemes d’élasticité sur des
domaines présentant de petits détails géométriques sur leur bord, et discrétisés
par une méthode de mortiers isolant ces détails. En particulier, nous montrons
I’indépendance du conditionnement du systéeme préconditionné par rapport au
nombre et a la taille des détails du bord. En outre, nous introduisons pour 'un
de ces préconditionneurs un espace grossier permettant de contrer I'influence
de conditions aux limites essentielles sur les détails géométriques. Enfin, une
méthode de quasi-Newton s’inspirant de ces préconditionneurs est proposée en
présence d’élasticité non-linéaire.

241
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Abstract

We propose, analyze and test herein two simple Dirichlet-Neumann precon-
ditioners to solve a non-conforming mortar formulation of elasticity problems
presenting small disjoint geometric refinements on the boundary. In particular,
we show a two-scale property, that is the independence of the condition number
of the preconditioned system in the number and the size of the small details on
the boundary. On the other hand, we introduce for one of the preconditioners, a
coarse space counterbalancing the effect of essential boundary conditions on the
small details. Finally, a quasi-Newton method inspired by these preconditioners
is proposed when dealing with nonlinear elasticity.

6.1 Introduction

The present chapter is devoted to the construction of efficient numerical procedures to
solve vector elliptic problems with small geometric details on the boundary of the domain,
that is where a localized fine scale behavior of the solution is expected. In particular, the
solution in displacements u € R? of the linearized elastostatics problem will be considered,
that is for d = 2, 3 the solution of :

—div(E:e(u)) = f, QCRY
u = 0, FD, (6.1)
(EE(U))?’LZQ, Iy,

where the linearized strain tensor is denoted by :
1 ¢
e(u) = 3 (Vu+ V') ,
and the fourth order tensor E is assumed to be elliptic over the set of symmetric matrices :
Ja >0,V eR™ et =¢, (E:&):(>af: €

In our framework, we consider that inside the disjoint subsets (Q)i1<kx<x of €, the so-
lution rapidly varies. In applications like tire developments, one could think of geome-
tric refinements or sculptures on the boundary 0{2. At the opposite, u slowly varies in

Qo =2\ (U1<k<rx ).

The strategy proposed in this chapter consists in using a non-conforming mortar for-
mulation for (6.1) in order to decompose the physical domain into coarse and fine zones.
Then, Dirichlet-Neumann preconditioners are proposed in order to solve the obtained li-
near system for the approximate cost of inversion of the coarse system, that is the problem
set over 2. To do so, we assume that the computational cost of the solution over each
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(Qk)1<k<rk knowing the solution over € is reasonably low when compared to the resolu-
tion over ). For the proposed strategies, we then show a two-scale property in the sense
that the condition number of the preconditioned system remains independent of the num-
ber and the size of the small subdomains.

Mortar methods have been introduced for the first time in [BMP93, BMP94]| as a weak
coupling between subdomains with non-conforming meshes, or between subproblems sol-
ved with different approximation methods. The main purpose was to overcome the very
sub-optimal “v/A” error estimate obtained with pointwise matching. The analysis of this
method as a mixed formulation can be found in [Bel99]. For the present purpose, various
Lagrange multipliers spaces can be indifferently adopted. For example, one can use the
original formulation from [BMP93]. It is worth noticing that because of the disjoint cha-
racter of the small subdomains, no modification of Lagrange multipliers is necessary on
the boundary of the interfaces. Indeed, interfaces are only shared by two subdomains : the
coarse one, and a fine one. The dual variant from [Woh00] can present the advantage of
making the weak continuity constraint diagonal, at least in the case of plane interfaces. It
is always nearly diagonal when using discontinuous stabilized Lagrange multipliers as in
the previous chapter. In the case of a second order approximation in displacements, one
can also adopt the proposal from [Ses98], opting for affine Lagrange multipliers.
Moreover, as we have proved in the previous chapter the independence of the coercivity
constant of the broken elastostatics bilinear form with respect to the number and the size
of the subdomains, there is no limitation in considering here a high number of small subdo-
mains. Indeed, the error estimates remain optimal. A brief review on the non-conforming
formulation adopted to discretize (6.1) is done in section 2.

The challenge is then to develop a solver which efficiently handles such situations. In
the present framework, the disymmetric roles played by the coarse subdomain and fine ones
give greater importance to Dirichlet-Neumann preconditioners (see [QV99, Woh01]), rather
than symmetric strategies such as Neumann-Neumann [TRV91] or FETI [FR91], studied
in the mortar framework in the references [Tal93, AKP95, AMW99, AAKP99, Ste99].
In section 4, we begin by proposing a basic Dirichlet-Neumann preconditioner and prove
that its quality is independent of the number and of the size of the refinements of the
boundary. In this sense, we can talk of two-scale preconditioning. Nevertheless, the quality
of this first preconditioner deteriorates when an essential boundary condition is imposed
on such a boundary refinement. This inconvenient is overcome by considering a special
coarse space taking interface rigid motions into account. An enhanced Dirichlet-Neumann
preconditioner insensitive to essential boundary conditions is then obtained and analyzed.
These preconditioners are tested in section 4 to confirm the previous analysis.

When considering nonlinear problems with soft geometric refinements on the boundary,
it is illustrated in section 6 that such preconditioners can be used to build efficient quasi-
Newton methods.
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6.2 A mortar formulation

6.2.1 Continuous problem

Let © C R% be an open set partitioned into K + 1 subsets (Qk)o<k<k satisfying
Q = UinQ_k and Q. Ny = 0 if k,1 > 1. We denote by I'gr = Qg N Q, the interface
between €2y and g, and the skeleton of the internal interfaces is denoted by S = UkK:1F0k-
For the understanding of the situation, let us say that €y has slowly varying physical
properties whereas the disjoint subsets (£2x)1<r<x have rapidly varying ones or complex
geometries. Moreover, the subdomain 2y has a non-empty intersection with all the sub-
domains (2)1<k<x. We will also assume as a simplification that the intersection between
two local subdomains 2, k£ > 1 is empty. In other words, for the time being, the inclu-
sions are disconnected. On the part I'p of the boundary 9€), an homogeneous Dirichlet
boundary condition is imposed. Concerning the coefficients of the fourth order elasticity
tensor E, we assume that the stress tensor is symmetric whatever the deformation in the
material, namely for almost all z € Q :

Ve e R4 ¢t = ¢ E(z): € is a symmetric matrix.

Moreover, the different materials are spectrally isotropic, namely for all k£ > 1, there exists
two constants ¢ and C}, such that for almost all x € Q) :

VEERPIE =€, 66 < (B(z):6):E<Cr Ll (6.2)

For homogeneous isotropic materials, if F} stands for the Young modulus of the material
used in €y, both ¢, and C} are proportional to £, within a shape dependent constant.

FiG. 6.1 — Example of a structure presenting small geometric refinements on its boundary.

We introduce the following spaces :

Hi(ﬂ) ={ve HI(Q)dv U|FD =0},
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Hi(Qk) = {’U € Hl(Qk)d7 v’FDﬂan = 0}7

K
X ={ve @ v=rlo, € H:Q), ¥k} = [T HH),
k=0

X being endowed with the H' broken norm :

2

K
lollx = <Z||U||%{1(Qk)d> ,
k=0

and :

K
M = ] L*(Tor)™.
k=1

In the whole paper, for homogeneity reason, the H' norm is rescaled, that is :

1
ol 0,0 = gyzEaege & 19013200

where L denotes the diameter of ).
We are interested in finding u € H}(f2) such that :

a(u,v) =1(v), Yve HYQ), (6.3)

where the continuous coercive bilinear form a is defined as :
a(u,v) = / (E:e(u)):e(v), Yu,ve HNQ),
Q
and the continuous linear form [ as :

l(v):/ﬂf'v—i—/r g-v, Yve HNQ),

with f € L?(Q)? and g € L?(I'y)¢. This problem is well-posed from Lax-Milgram lemma,
by using the Korn’s inequality (see [DL72]) to prove the coercivity of the bilinear form a.

6.2.2 Discretization

We introduce here a domain based non-conforming discretization of the problem using
mortar elements. Under standard assumptions, well-posedness results and error estimates
are reviewed below.
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The mesh

For each 0 < k < K, let us consider a family of shape regular meshes (7j.p, )n, >0
defined over each domain ), and denote :

hy = sup diam(T).
Te%;hk

The mesh 7y.p, defined on Qg is the coarsest, i.e hg > hy, for all 1 < k < K, and a
non-conforming family of meshes (7});,~0 over Q is obtained by :

T, = UK 7 h = max hg.
h k=04k,hi> 0<k< K k

For each 1 < k < K, T'g inherits from the family of meshes (Fy., )5, >0, obtained as the
trace of the fine mesh (7.4, )n, >0 over I'gx. We have adopted the notation :

0 = sup h(F).
Féfk;gk

Then, the family of meshes (Fj)s~o can be defined over the skeleton S by :

Fs = UL Fp. § = max 0.
é k=1 k;d1» 1<k<K k

Moreover, the following assumption is made (Figure 6.2).

Assumption 6.1. F' € F; is always an entire face of an element T € Ty,

F1G. 6.2 — A situation where the mesh .5, of the interface I'g; is inherited from the mesh
71, of Qq, and where assumption 1 is violated.
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Mesh-dependent spaces

We define here some mesh-dependent spaces, endowed with useful mesh-dependent
norms already proposed and used in [AT95, Woh99]. For each 1 < k < K, they are defined
by :

1/2
Hy2(Cow) = {6 € Lo 101y = 32 5 IoliEacmye < o),
FE}—kgk

—-1/2
;200 = e LT I, = 3 BNy < +o0),
Fefk;gk

endowed respectively with the norms || - [ 1k and || - ||5_1 4. The product spaces Ws =
) 27

Hk H (Fok) and My = Hk 1 _1/2(F0k) are then respectively endowed with the

norms :
K 1/2
_ 2
1655 = <Z ||¢||5,%,k) ,
k=1
K 1/2
_ 2
IAls_s = (Z ||A||5,_%,k> .
k=1

They can be viewed as dual spaces by means of the the L? inner product :
Lo A< Il ol y. V(6.0) € Wy x 1

Remark 6.1. The use of such mesh-dependent spaces instead of Héf(l“()k)d and its dual
/
H_I/Q(Fok)d = (HééQ(Fok)d> for example, has several advantages. First, these mesh-

dependent norms are computable, which make easier a posteriori estimations (see [Woh99])
and penalized formulations (see the previous chapter). Moreover, their use enables to avoid
some technical difficulties for 8D problems.

Non-conforming approximation

Let us introduce the discrete subspaces of degree ¢ inside each subdomain :
Xy, = {p € HH( Q) NCY(U)%, plr € Py(T),VT € Tip, } B Bis,

with P, = [P,]? or [Qg]¢, where P, (resp. Q,) is the space of polynomials of total (resp.
partial) degree ¢, and where we have introduced a possible stabilization space By, built
with bubbles on the interface as in [BMO0O] or in the previous chapter. The corresponding
product space is denoted by :

K
Xp =[] Xen, € X.
k=0
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Let us define the following trace spaces on the non-mortar side (small subdomain side
herein) :
Wiis, = {p|F0k7p € Xk;hk}> ng;ék = Wi;s, N Hé(FOk‘)d7

endowed with the mesh-dependent norm | - [[5 1k

In order to formulate the weak continuity constraint, we introduce the spaces Mj.s,
of (possibly discontinuous) Lagrange multipliers defined on the meshes F.s, . In order to
achieve optimal approximation, they must contain all polynomials []P’q_l]d of degree q — 1.
The product space Ms = Hszl Mg, is endowed with the mesh-dependent norm || - [|5 1.
The following bilinear form is then introduced to express the constraint on the jump éf
the displacements on the non-conforming interfaces :

b: X xM —R

K
(,A) b, \) = kZ/r% (k] - Ak

=1

with [vg] = vo — vk, on T'gx. We denote :

K K
b(v,)\) :Z/I: UO.)\k_Z/‘F vk-)\k
k=1 Ok k=1"v"0k
K K

= box(vo, Ak) — > bi(vks Ak).
k=1 k=1

Then, the constrained space of admissible displacements can be defined as :
Vi = {uh € Xy, b(uh,)\h) =0, V)€ M(;}.
In order to formulate the approximate problem, the broken elliptic form a is defined as :
a: XxX —R
K
(u,v)  —a(u,v) = Z ak(ug, vk),
k=0

with :

ar(ug, vg) = /Q (E:e(ug)) : e(vg).

We are then interested in finding (up, A\p) € X} X My, such that :

(6.4)

a(un,vn) + b(vn, An) = l(vn), Yoy € Xp,
b(up, pp) =0, Yy € Ms.

In other words, we solve our variational problem on the product space X} under the
kinematic continuity constraint b(-,-) = 0.
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Fundamental assumptions and error estimates

In order to ensure the well-posedness of the problem (6.4), some fundamental assump-
tions have to be made. Concerning the compatibility of X and Mj, we assume :

Assumption 6.2. For each 1 < k < K, there exists an operator :
1/2
i Hy* (Tok) — Wiy

such that for all v € H§/2(Fok) :

/ (ﬂ'kv) B = / v W, \V/M € Mk;5k7
Tog Lok

Ikl s 4 < Cllolls s 5

with :

This assumption means that the projection perpendicular to the multiplier space onto the
trace space Wy, is continuous. It implies a limitation on the size of M; with respect to
Xp,. If more than two subdomains had a common intersection, the range Wj.5, of 7 in
assumption 6.2 would be replaced by W,?; 5,0 11 order to enable independent projections on
each interface.

The coercivity of a over V}, x V}, is obtained under the following assumption introduced
in the previous chapter :

Assumption 6.3. For all 1 < k < K, we assume that there exists a subspace M), of the
Lagrange multipliers space My.s, such that M, C Mj..s, independently of 0y, Moreover, we
assume that for all v € X which is locally a rigid motion over all the (2)k>1 in the sense
that :

a(v,w) =0, YweX,

and satisfying :
/ W -p=0, YpeM, k=1,.K,
Tog

then v = 0.

Various pairs of spaces X}, x My can be chosen to satisfy the assumptions 6.2 and 6.3 :
— The initial formulation from [BMP93, BMP94] proposes discrete displacements of
degree ¢ without stabilization, i.e. By, = (), and continuous Lagrange multipliers of
degree ¢. In our framework, no modification of the Lagrange multipliers is necessary
on the boundaries of the interfaces (OI'ox)1<k< K because they are disjoint. Therefore,
with this choice, the displacements trace spaces over the fine subdomains interfaces
coincides with Lagrange multipliers spaces, that is My.s, = Wy, forall 1 <k < K.
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— In order to make the mortar weak continuity constraint diagonal, one can adopt the
dual Lagrange multipliers from Wohlmuth [Woh00], again without special treatment
on the boundaries of the interfaces.

— As shown in [Ses98] for second order approximations of the displacements (¢ > 2),
the formulation from [BMP93, BMP94] can be modified by using only continuous
Lagrange multipliers of degree g — 1.

— Discrete displacements of degree ¢ with a proper stabilization are compatible with
discontinuous Lagrange multipliers of degree ¢ — 1, as proved in the previous chapter,
and detailed in the previous chapter.

In this framework, we have proved in propositions 4.5 and 4.6 from chapter 4, the :

Proposition 6.1. Under assumptions 6.2 and 6.3, the problem (6.4) is well-posed. Mo-
reover, if u € Hszo HITY(Q)? is solution of (6.3) with (E : e(u)) € HkK:o H(Qy,)™%4 in
which ¢ > 1, and (up, A\n) € Xp, X Ms is solution of (6.4), the following error estimates
hold :

X 1/2
2| |2
lu—upllx <C (E :hkq |u|q+l7E,Qk> ’

k=1

X 1/2
29|, 12
[A— AhHa,—% <C <Z hy! ‘U|q+1,E,Q,€) )
k=0

with :

2
[ulg1,m.0, = [t @ + O_,an ()| oy yaxa:

We have denoted the fluz over the artificial interfaces by A = (E : ¢(u))-n, where the normal
outward unit vector on 08 is denoted by n. C' denotes various constants independent of
the decomposition into subdomains and of the discretization.

Remark 6.2 (Choice of the non-mortar side). In this discretization, as confirmed
by assumption 6.2, we have chosen the non-mortar side defining the multipliers as the
fine scale side of the interface S. The main motivation is that in the preconditioners to be
defined later, it is crucial to get a stable extension operator over the small scale subdomains,
which is the case with the present choice while compatible with the standard assumption
6.1.

6.3 Two-scale preconditioners.

The previous discretization leads to a well-posed linear discrete problem with optimal
error estimates. In this section, we propose and analyze preconditioners to solve this linear
system for the approximate computational cost of the coarse scale problem on €2, provided
the solution of the problem over each (2;)i1<k<kx be at a reasonnably low-cost. That is
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why we have assumed that the (2x)1<r<x were small and disjoint. Then, the inversions
of the fine scale problems on the boundary can be parallelized and are relatively cheap in
terms of computation.

Some notation and remarks must first be introduced :

— In this section, all quantities live in finite dimensional spaces. If a is a bilinear form,
then A represents the matrix of a in the discrete space. If u is a function, then U is
the vector of its nodal degrees of freedom in the chosen discrete space.

— For all 0 < k < K, the bilinear form ay (-, ) is continuous in H'(Qz)? x H'(Q,)¢ and
its continuity constant is C}, already defined in (6.2).

— When I'p N 08 has a positive measure, ag(-, ) is coercive in H}(Qq) x H}(Qp). We
denote by «q its constant of coercivity, which is proportional to ¢y defined in (6.2),
within a shape dependent constant.

— For all 1 < k < K such that € is fixed on a part of its boundary, the bilinear
form ay (-, ) is coercive over H(Qx) x H! () and its coercivity constant is denoted
by ai. It is proportional to ¢ defined in (6.2), within a constant which depends
continuously on the shape of 5 but not of its size because a; and the scaled norm
of H' have the same dependence with respect to a change of scale.

6.3.1 Introduction

With obvious notation, the discrete problem (6.4) leads to the following linear system

to solve :
K

Aol + ) Bihy = Ry,

k=1 (6.5)
AUy —BiA, =F, 1<k<K,

BorUs—BrUp, =0, 1<k<K.
Defining the local extended stiffness matrix of the k-th (k > 1) subproblem by :

_( A« By
the problem (6.5) can be rewritten as :
K
AUy + > Bl = Fy,
k=1 (6.6)

K}, Ur ) Z Ei ., 1<k<K.
Ay —BoUo

The operator R;, of matrix <O, 1 My, 5k> is defined as the canonical restriction from Xy.p,, x

M5, to My, , and therefore, from (6.6), we can obtain Ay as a function of Uj as :

_ F, L ( F _
Ap = Ry < —Bino > = RiK; ! ( 0’“ > — Ry K 'R BoUp.
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Then, by elimination of Ay in the coarse scale problem, (6.6) becomes :

K K
_ [ F
(Ao — Y Bl RiK; 1R§€B0k> Uo=Fy— Y By RK,! ( ok > :

k=1

(6.7)
o B T e
Ay, —BorUo

w (V) _ F, Cerew (6.8)
Ay, —BoUo

Here, Dy = Ag— Zszl BékRnglRZBok is the Schur complement matrix. The problem is
now split into a coarse problem defined on €2, and into fine problems defined on (Q)1<k<x
using the coarse solution Uy. It seems that the calculus on the subdomains are now sepa-
rated, but the price to pay is in the building of the coarse Schur complement D(. Our aim
is to obtain a good preconditioner for this problem, using an approximate coarse operator
Do In other terms, we need to construct an approximate solution (u, )\) € Xy x My of
(6.8) by :
Uy = Dy ',

K}, {]’“ — Eie_ ., 1<k<K, (6.9)
Ay —BoUo

and the main issue is to build an appropriate definition of the Schur inverse ]50_ L

6.3.2 Two possible definitions for D,
A symmetrized Dirichlet-Neumann preconditioner

The simplest idea consists in replacing the Schur complement Dy by the stiffness of
the coarse problem : X
Dy = Ay, (6.10)

which reduces the proposed preconditioning to a symmetrized Dirichlet-Neumann itera-
tion. Indeed, solving (6.9) then amounts to solving :

1. Dirichlet problems on the (£2;)1<k<k With zero weak trace on the interface to obtain

& F
Fy=F - Y ByRXK, ( 0’“ > :
k=1

2. a Neumann problem on g with the sollicitation Fyy to compute Uy,
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3. Dirichlet problems on the (€j)1<x<x to compute the (Uj)i<r<x with right-hand

SideS

In section 3.3, we prove that the condition number of the associated preconditioned system
is independent of the number and of the size of the fine scale subdomains ()x>1. We also
prove that the method is efficient when €y has not a small stiffness in comparison with
the (Qf)r>1, and when the small subdomains are not fixed on a part of their boundary.

An enhanced symmetrized Dirichlet-Neumannn preconditioner

The previous simplest choice of preconditioner may lack of efficiency in two simple

situations :

— the substructure €2, is of small size and is fixed on a part of its boundary. In this
situation, because of its size, the substructure will have a rather large stiffness to
interface rigid body displacements.

— the substructure 2, may have other privileged directions of large stiffness to interface
motions (rigid links, incompressibility).

Assuming that these directions of interface localized stiffness be in very small number Ny
(this is indeed the case for interface rigid body motions), we propose a modification of the
previous preconditioner enabling to correct such a lack of efficiency.

For all £ > 1 such that  is fixed on a part of its boundary, we denote by (e}lf)lgiSNk
(with Nj = 6 in general) the interface rigid motions of I'gy or rigid links and introduce :

Wy = span{el,i=1,..,Ny}.

To each interface rigid body motion e};, we introduce its local ag-harmonic extension
(up, AL) € Xih, X My, solution of :

CLk(’U,Ui) - / v - )‘Z; = 07 Vo € Xk;hka

e (6.11)

_/ ZL?];:,U,:— 62'/% VMGMk;Jk-
Lok Tox

These solutions span two small local spaces :
Xy, = span{ul,i=1,.., Ny} C Xkihy
My, = span{\i,i=1,.., Ny} C M5, -
If £ > 1 is such that £ is not fixed on its boundary, we adopt :

Wy, = M, = {0}.
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Then, instead of finding Uy such that DoUy = Fp, we propose to compute ug € X0:ho>
(ur) € (Xk)i<k<i, (Ax) € (Mg)i1<k<xk solution of the coupled problem :

o(uo,vo +Z/ vo - A = lo(vo),  Yvo € Xosne,
Tox
ak(uk,vk) — / v A, =0, Yo, € Xk, 1<k<K, (6'12)
Cog
—/ Uk~ g = — uo - pigy, Vg € My, 1<k <K,
\ Tok Tox

where [y is the linear form associated to the coarse sollicitation Fy.
We introduce the matrix Iy, € RVxX4mXong defined for all vy € Xo:no by :

<10kvo)l-=/ oo Mo = (BorVoo ALY, Vi=1,.., N,

TCox

t .
that is Ig, = [A}g,..,Ai\f’“} By, = AZBOk, and the restriction A of the displacement
stiffness matrix Aj on the local space X 1. Thus :
(Ak> = (U,i)tAkU,z = ak(ui,ui) = / ui . )\2.
i Lok

From (6.11)-1, the system (6.12) can be rewritten as :

AgUp + Y4, 1,0k = T,

AyZ, — ALO, =0, (6.13)

~AyZy = Iy, 1<k<K.

The new vector O, (resp. Zi,) denotes the component of A (resp. ug) in M, (resp. W)
appearing in (6.12). From the elimination of O and Zj in (6.13), it follows that :

Dol = F, (6.14)

with a new approximate Schur complement given by :

K
Dy = Ao+ > THA Iy (6.15)
k=1

K
= Ao+ ) B AA A|Bo.

Its complexity is much smaller than (6.7) because the local problem (6.13)-2,(6.13)-3 for
the subproblem k£ > 1 is of dimension N.
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For analysis purpose, this enhanced Dirichlet-Neumann preconditioner corresponds to
a Dirichlet-Neumann decomposition where the Dirichlet substructures are defined by :

Xli_;hk :{ukEXk;hk, /1'\ ug - =0, VMEMk}, 1<k<K,
ok

and where the Neumann substructure is defined by :
Xh = {’lL € Xha b(”?”) = 0) viu € Mk}

The analysis of this preconditioner is done in section 4.3, proving now an independence
with respect to essential boundary conditions imposed over the small subdomains (Q)x>1.
For further analysis, we introduce :

Definition 6.1. For any vo € Xo.p,, its “rigid body projection” over €y, denoted by mjvg €
Xy is defined as the solution of (6.13)-2,(6.13)-8 for the subproblem k. More precisely
(%kvo,)\k) € X X My, is such that :

a(Txvo, vg) — / Akvp =0, Vo € X,

Lo ) (6.16)
—/ TR0 * ik = — Vo * Py Vg € M.
ok Cok
In matricial form, we have wpv, = Z;V:kl zjui with :
~ALZ = Iy Vo,

yielding :

Vo = |UL o U AL ToV = Up A oo,
that is :

1T, = ULA; Ty
We then have by construction of Ay
AL, = IA'ULALUGA T,
= T ATALA T,
= IhA To,
and therefore the new preconditioner (6.15) takes the form :

K
]f)o =Ayg+ ZﬁiAkﬁk (617)
k=1

Also observe from (6.11) that when ay, is symmetric, we have :

ey = uk, 1<i< N (6.18)
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6.4 Condition number analysis

In this section, we establish upper bounds on the condition number of the precondi-
tioned systems based on the two symmetrized Dirichlet-Neumann preconditioners respec-
tively defined in the subsections 6.3.2 and 6.3.2. First, the same factorized form for the
original linear system and the preconditioner is introduced. Then, we show the spectral
equivalence between f)o and Dy, detailing the dependence of the constants on the size of
the domains, the stiffness of the materials, and on the mesh sizes, and deduce estimates
on the condition number of the preconditioned system.

6.4.1 Factorization

The original system to solve is :

Uo Fy
Ui Fy
A 0
A . = ,
Uk Fr
Ak 0
with :
AO O B61 o 0 BéK
0 A, -B!
By —B; 0
A =
0 Ax B
Box —Bg 0

Now, let us factorize the expression of A. Introducing the triangular matrix :

I 0 ... 0
- K 'RiBy I
K RBog 0 ... T
and the block diagonal matrix :
D, 0 0
0 K
H= :

0 Kx

it is straightforward to check that A = T'HT.
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The matrix of our preconditioner can be written under the similar form C = T'H T,
with the block diagonal matrix :

Dy 0 0

. 0 K;

o=
0 Kg

We have then : _
O B
Uy Fy
A 0
c|l =

o || F
Ax 0

The matrices A and C are not positive, and we introduce the kernel on which the following
results hold, and in which A and C are definite positive :

E ={U = (Up,U1, A1, ..,Ur, A)'s BoxUp = BpUp, 1 < k < K}.

Our aim is to bound the condition number s g(C~A) in A-norm on E.

6.4.2 Spectral equivalence for the simple Dirichlet-Neumann

We show herein the spectral equivalence between the Schur complement Dy and its
approximation ]f)o for the symmetrized Dirichlet-Neumann preconditioner presented in
subsection 6.3.2. For the choice Dy = Ao made in section 6.3.2 and corresponding to the
simple symmetrized Dirichlet-Neumann preconditioner, we obtain :

Proposition 6.2. Assuming that Ag is invertible that is I'p N0y has a positive measure,
the following spectral equivalence holds for all Uy :

Wi, (DoUo, Up) < (AgUy, Upy) < (Dolp, Up) ,

with :

C CiL
:1+C<max—k+max b 0>,
kel Cp kels OéoLk

where Iy (resp. I) is the set of indices k > 1 such that QU is not fized on its boundary
(resp. is fixred on a part of its boundary). The constant C' is independent of the number K
and the size of the subdomains.

Observe that the condition number deteriorates for a small fixed subdomain L << Ly,
k € Iy, and for very stiff subdomains Cj >> «y.
The following lemma is needed in the proof :
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Lemma 6.1. Let us assume that T'gy, is of class C'. Then, there exists an open set Q. CQ
which is the restriction of a neighborhood of U'gx. to g, and a linear extension operator :

Dy : HY ()% — HY ()4,

such that for all u € H'(Q)?, Dypu = u on Loy, and :

/ (Dku)z <C U2,
QL o

/ wow?2<c [ (vu)?,
o o

where the constant C does not depend on .

The proof of this lemma is rather standard in functional analysis, and the existence of
such an extension operator can be found in ([Bré99], page 158) for example. Now, we can
prove the proposition.

Proof : [of the proposition] Let Uy be given. For all k > 1, let us define (Uy, Ay) such

that :
Ay —Bff Up \ _ 0

In other words, we have :
Ay = —RyK; 'R Bo.Uo,

and then by construction of U, and Ay, :

— (Bh Ry K, ' RiBopUp, Up) = (Bl Ak, Up)
(

= (Mg, BrUyg)
= (AU, Uy)
> 0.
We deduce by addition that :
(DoUo,Up) = (AoUo,Up) — Z (BorRr K, ' RiBokUo, Up)

> (AoUy, V) .

Hence the inequality :
(AoUo, Up) < (DoUo, Uo), VU.



6.4. Condition number analysis 259

Let us now bound A from below. Let ug € H}(2) be given. For all k > 1, such that
Q) has an empty intersection with I'p (we denote k € I1), we decompose ug on ). (as
defined in lemma 6.1) into :
Uy = T + W, on Q;g,

where 7, belongs to the space R(€2},) of rigid motions over €, and :

/ wg-r=0, VreR(Q). (6.19)
o
We define the function :
ug =1 +uy, on Q,

where 71, € R(£)) is the natural extension to 2y of 7, € R(£)) (thus r, € R(Q UQ))),
and :

wy, = Lih Drwr, + R, 7k (Wi — Liooh, Drwy),
where 7.5, denotes the Scott-Zhang [SZ90] interpolation over Xy, , and Ry, is the
extension by zero operator over the grid points of 2, already defined in the previous
chapter. By construction, the mortar condition is satisfied :

/ Uk‘M:/ ug - phy Y € Mg, .
Tox Cog

Moreover, by using the stability of the extension operator Ry.s, from W5, to H L(Qp)?, the
assumption 6.2, the stability of Zy.p, from H()? to H(Q)4, the classical estimation
(see [SZ90]) :

Ju— Ik;hkuné,%,k < C|U|H1(Qk)da

and the stability property of Dy in lemma 6.1, we obtain :

2
ar(up, up) < Ck:/Q IV = O [ui 51 g, 0
k

< 20 |Ik;thkwk|§{1(Qk)d + 2C% [R5, 7 (Drwy, — Ik;hkpkwk)ﬁp(gk)d

< 2C IIk;thkwklfql(Qk)d + 2CCy |y (Drwy, — Ik;hkpkwk)ngé,k

< 20 |Ik;hkpkwk|ip(ﬂk)d + 2CCy|| Drwy, — Ik;hkpkwk”;;k

< CCk |Dkwk|?{1(gk)d < CCk |wk‘%{1(92)d . (6.20)

Moreover, the following inequality holds for all v € H1(Q})¢ :
2
/ ver
e a < Coy / cw) e+ ——— | ep (6.21)
HH@)T = 5 Q, diam(2)? | ) c geay), [7llz2@pe ’

f%r:O
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with a constant CQ;C independent of the size of Q) from the adopted scaling of the norms,
but possibly depending on its shape. The shape independence of this constant can be
insured for polyhedral shape regular domains, as shown in section 4.11, page 205, using
the arguments from [Bre04]. Therefore, we have from (6.19) by definition of wy :

/
k

sl e < Gy [ <l s ().
By summing over k € I7, we get from (6.20) that :
Z ak(uk,uk) < C Z Ck/ E(UO) : E(UO), (6.22)

kel kel Q

with a constant C' independent of the size of the subdomains. Since by construction
Uker, ), C o, and since there is a bounded number of domains Q) overlapping at a
given point, we deduce :

C
E ag(ug, ug) < Cmax(C’k)/ e(ug) : e(up) < — max(Cy)ag(ug, ug)-
el kel Qo co kel

For all £ > 1 such that I'p is fixed on a part of its boundary (that is k € I5), we cannot
use the extension operator Dy because it will not satisfy the Dirichlet boundary condition
on I'p. But, the Sobolev lifting theorem proves the existence of a function % whose trace
is ug on I'gx and such that :

1 9 SN 1 2 2
< J— .
(Lk)2 /Qk |Uk| * /Qk |VUk| N ¢ <Lk’ /I‘Ok <u0>k i |UO|H1/2(FOk)d

Here, (ug), denotes the average

(uo) i/
U = —————— o
* " meas(Tor) Jr,

of ug on I'g, and C is a constant which is independent of the size of ; but which depends
on the ratio between Lj; and the distance from I'g; to I'p. We then modify u; to obtain
a discrete function satisfying the weak-continuity constraint on I'gx, and define using our
previous notation :

U = Li;ny Wk + R, T (U — Ly, Uk )-

By construction, the mortar condition is satisfied :
/ up - p = / (Zhshy Uk, + g, — Ly Uk) -
Cok Tok

= / ug -+ phy Vi € Mg, .
Cog
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From the same argument as in the case k € I, we get :

ak(uk,uk) § CCk/ |Vfbk|2
Qp

1 2 2
< CCy <L_k /r% (uo)y, + ‘uo‘Hl/Q(FOk)d>

Ly (1 2 2
< CCkL_k <L_0 /I"Ok <u0>k + |UO|H1(Q;€)¢1> .

By summation, we have :

Zk:/r% <u0>i = zk:meas(rmc) <Uo>i
— Zmeas(FOk)_l (/F% 1u0>2

< Zmeas Lok)™ / uo/
Lo TCox
Cok To

By summing over k € I, we get as before :

1 2 2
St < O (agt) (g [ o+ bolironr )

kels

A

Lo
< Cmax <CkL ) ol 571 ()

0
< (Cmax ag(ug, ug).
- kel apLy ( ’ )

As a consequence, with this choice of uy, :

K

Ck CrLo
A A < (1 —
(AoUo, Up) + k§:1< KUk, Ug) < < + Crl?e%ic o + ngg{ ool

) (AoUo, Uy) -

Now, let us show that for all (V})r>1 such that By Vj = BorUp, we have :

K
(DoUo, Us) < (AqUn, Un) + > (AkVi, Vi) - (6.24)
k=1

For all k > 1, we decompose V}, into V;, = U} + 60Uy, where :

Ay -BLN[/USN [ 0
-B, 0 Ay )\ -Buly )’
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and BydU = 0. Then, since by construction :

K
(AoUo, o) + > (AwUS, Uf) = (DoUo, Uo) ,
k=1
we obtain by symmetry of Ay :
K K
(AoUo, Uo) + Y (AkVi, Vi) = (DoUo, Uo) + > 2 (AwUs:, 6Uk) + (Ag6Us, 6Uy) .
k=1 k=1

Moreover :
(ALUL, 0Ug) = (B AL, 6Uy) = (A}, BpdUy) =0,

resulting in :
K K
(AoUo,Uo) + > (AxVi, Vi) = (DU, Uo) + Y (Ak6Uy, 6Uk)
k=1 k=1
> (DoUo, Uo) -

In particular, we can take for all £ > 1, V,, = U, where U has been built above. We
conclude that :

C C,L
(DU, Upy) < <1+Cmax—k—|—0max k20

AUy, U
kel Cg kel OéoLk>< 0%0 0>7

which ends the proof. O

6.4.3 Spectral equivalence for the enhanced Dirichlet Neumann

For the enhanced Dirichlet-Neumann preconditioner presented in section 6.3.2, we
prove that :

Proposition 6.3. For all Uy, the following spectral equivalence holds :
Wi n (DolUo, Up) < <D0U07U0> < (DoUy, Vo) ,

with :

1 14+ ma Ci
g X — s
Wi kel,Ul, ¢
where Iy (resp. I3) is the set of indices k > 1 such that Qy is not fized on its boundary

(resp. is fixred on a part of its boundary). The constant C' is independent of the number K
and the size of the subdomains.
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Proof : Let Uy be given. We proceed as in the last part of the previous proof, and introduce
(U}, Ay) satisfying :

< ﬁéﬁk _OBZ > ( Kl’iz > - < —ngUo > (6.25)

We introduce the decomposition U} = U,j + W} with U,j = fIka, and by construction of
Ur, we get :

K
(DoUp, Up) = < (Ao -y ngRkK,;leBOk) Uo, U0>

k=1

= (AoUo,Up) + > (AU, UL)

M T

> (Ao, Up) + <Akﬁ;,ﬁ;>+2<Akﬁ;,W;>.

b
Il
—

But decomposing U,’; = ﬁka = Ejvz’“l sz,g we have :

(AW Uiy = 3 zan(wi, )

j=1
Ny '

= sz/ A - wy,  from (6.11).1,
j=1 Lok
Ny '

= Z 2j / (uj —ay) - Ay, by construction of wy,
j=1 Lok

= sz [/ uj - X, —/ uj - )\i,] , from (6.25) and (6.16).2,
j=1 Lok Tog
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This gives :

(DU, Up) > (AoUo, Up) + <Ak[}§,ﬁ1§>

1 T

= (AoUo,Up) + <Akﬁka,ﬁkU0>

K
- < (Ao + Zﬁ',;Akﬁk> U, U0>

k=1

e
Il
—

K
(AoUo, Up) + Z <Ak(°],j, U,:> , from (6.17).
k=1

Let us prove now a lower bound for Do. Forall 1 < k < K , as in the proof of
the previous proposition, we build a particular function wj € Wi, satisfying the weak
continuity constraint on the interface I'gx. When €2, is not fixed on a part of its boundary,
which we have denoted by k € I, we take the uj defined in the previous proof by “reflexion”
with respect to I'g,. When 2y, is fixed on a part of its boundary, namely k € I, we proceed
differently, and define here (ug), € R(Iox) (the trace over I'gy, of a rigid motion) such that :

/ (u0>k-r:/ ug -1, Vr € R(Tok).
Cog Tog

Then, we introduce :
k= L, Uk + R, T (Ul — Lioshy Us] + T (Uo),

where 4y, is a function whose trace is zero on I'p and is ug — (ug), on I'g satisfying from
the Sobolev lifting theorem :

~ 1
/Q |VUk|2 < C [L_k (uo — <u0>k>k + [uo — <u0>k|§{1/2(F0k)d]
k

= Clug — (uo)y, \%1/2@%)(1, by construction of (ug),. (6.26)

The mortar condition is indeed satisfied because :

/ Ug - = / (Zishy, U, + g, — Loy, U - M+/ T (U0) g, -
Cog Cog r

Ok
- / akw/ i (o) -
Cok Tox

= / (up — (uo)y, + 7T (uo)y,) - 1, Y € Mys,,
Cog
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and because, since (ug),, is a linear combination of rigid body motions e}, we have from
(6.18) :

| o= wn)y) - n =0, Vi€ My,
Lok
On the other hand, we have for k € I :

ap(up,ur) < 2ag (up — T (Vo) > Uk — Tk (Uo)y)
+2ay, (TOI'k (u0>k ST (u0>k) . (627)

Using the same argument as in (6.20), we get by construction of uy :

ak(uk—frk(u0>k,uk—frk(u0>k) S CCk/ |V1~Lk|2
Qp
< CClug — (wo)yl3p/ay,ya>  from (6.26),
< ¢, / e(up) : (ug), (6.28)
Q/

k

from the Sobolev trace theorem and the inequality (6.21). On the other hand, we have
from lemma 6.2 :

ak (7 (wo) g » Tk (U0)) < 2ag (g (uo — (o)) » Tk (vo — (uo)y))
+2ay, (TRuo, TEUuo)
CCy uo — (U0>k\§{1/z(FOk)d + 2ay, (7o, Tru)

< CCk/ E(UO) : E(UO) + 2ay (ﬁkuo,frkuo) .

k

IN

We then deduce from (6.22),(6.27) and (6.28) :
K

K
ao(’u,o,’u,o) + Zak(uk,uk) < ao(uo,uo) + CZCk/I E(UO) ZE(”LL())

k=1 k=1 o,
+4ak (%k’u,o, 7°rku0)

IN

C . .
<4 + — max(Ck)> ao(uo,uo) + Z ag (wkuo,wkuo)

Cco k>1
kels

— <4 + ¢ maX(Ck)> <150Uo, Uo> .

Cco k>1

We deduce from (6.24) and from the mortar conditions satisfied by the (uj)r>1, that :

C X
< hal .
(DoUo, Uyp) < <4 + @ Dg?(@:)) <D0U0,Uo>

In the above proof, we have used the following lemma, :
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Lemma 6.2. If a; is symmetric, the projection operator Ty satisfies :

. . 1
ak (fpw, Tpw) < CCy |:L_k/1“ (w)f, + |w|§{1/2(r0k)d]
Ok

Proof : Let w be a lifting function of w with zero trace on I' p, with @ = w on I'g; and
satisfying the Sobolev lifting theorem :

~ 1
/Qk |Vw|2 <C [L_k /F()k <w>i + |w|?{1/2(F0k)d] ’

Let us define as before Wy, = Zj.p, W + Ri:s, k(W — Zg;p, w) which belongs to Xy, and
which satisfies by construction :

[ = [ wen vie My, (6.29)
Cog Cog

We then have on one hand :

ap(Wg, W) = ap(Trw, Tpw) + ag(Trw — Wk, Trw — W)
+2ay, (ﬁkw, TpWw — ﬁ}k) (6.30)
Developing 7wy, into mpwy, = E;V:’H zjuf;, we have from (6.11).1

N

ak(frkw — 1I)k,7°rkw) = Z zjak(frkw — wk,ui)
j=1

Plugged back in (6.30), this implies :
ak(Trw, Tpw) < ag(Wy, W)

But on the other hand, proceeding as in (6.20), we have :

ak(’@k,’tz}k) § CCk/

~ 1
o, IVa|* < CCy |:L_k/ (w)y + |w|§{1/2(1“0k)d

Lo

the last inequality coming from the Sobolev lifting theorem. This concludes the proof. [
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Bound on condition number

We prove now a classical result, using for example the technique from the Matsokin-
Nepomniaschik [MN85] framework :

Proposition 6.4. Let us assume that there exist two positive quantities W1, Wap, such
that for all Uy :

Wi, (DoUy, Up) < <D0Uo, U0> < Wa i, (DoUo, V) - (6.31)
Then, the condition number of C™1A in A-norm on E admits the following upper bound :
B max (1, Wsp,)
ClA) < —2 =2,
rin, )< min(1, Wy p)

Proof : Knowing that :

1
o (AUCT'AU) (. (AU,CTIAUY\ T Apnw(C'A)
mar(CTA) = Ty B (AT D) = Nin(CTA)’

we give an upper bound for the highest eigenvalue Ajq:(C'A) of C™'A and a lower
bound for its smallest eigenvalue i, (C~LA).

Let us begin with the smallest eigenvalue. For all U € E, by using the Cauchy-Schwarz
inequality and the factorizations A = T*HT and C = T'HT , we obtain that :

(AUU) = (T™'AU,TU) = (AH7'T™'AU,TU)
< <ﬁTU, TU>1/2 <Hﬁ_1T_tAU, ﬁ_lT_tAU>1/2 ,
< <ﬁTU, TU>1/2 <T‘tAU, ﬁ_lT_tAU>1/2 ,
< <I§rTU, TU>1/2 (AU, CLAUY?

AsU = (Up, Uy, A1, ...,Uk, Ak)! € E, it is simple to check that V = (Vp, Vi, A}, ..., Vi, A )t
such that V = TU satisfies :

VQZU(), andBka:0, 1§k§K

As a consequence, we have by using assumption (6.31) :

K
<HTU,TU> = <HV,V> = <D0UO,UO>+z::1 (ARVi, Vi)

IN

K
max(l, W27h) ((DQUQ, U0> + Z <Aka, Vk>>
k=1
< max(1, Wyy) (HTU,TU) . (6.32)
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Using the upper bound (6.32), we now get :

(AU,U) < max(1, Wy )2 (HTU, TU)"? (AU, CLAU)? |

< max(1, Wy,)? (AU, U)/? (AU, C AU

resulting in :
. <AU ,C1AU > 1
inf > .
vee  (AU,U) max(1, Wa )
Concerning the highest eigenvalue, let us begin by applying the Cauchy-Schwarz in-
equality to get :

(AU,C'AU) < (AU, U)?(AC'AU,CAU). (6.33)

Moreover, by using the factorizations of A = T'HT and C = T tHT and the Cauchy-
Schwarz inequality, we obtain that :

(ACT'AU,CT'AU) = (T'HTT 'H'T™'AU,T~'H™'T™AU)

I
Py

HH'TAU, Er—lT—tAU> . (6.34)

A~

Let us introduce W = H-'T'AU = H 'HTU. As U = (Uo, U1, Ay, ..., Uk, Ag)t € E,
the vector V = (Vo, V1, AL, ..., Vi, A} )t = TU satisfies :

Vb:Uo, andBka:Q 1§k‘§K
Then, the vector W = (Wy, Wy, Af, ..., Wi, A})t = H-1HV satisfies :
Wo=Dy'DolUy, and Wy, =V, 1<k<K,

entailing that ByW, = 0, for £k > 1. Then :
K
<HW W> = <D0W0,W0> + ) (ARVE, TR)
k=1

> min(1, Wy ) <<D0W0,Wo +§: AVi, Vi) >
> min(1, Wyp) (HW, W). - (6.35)
Using this inequality in (6.34) we obtain that :
(ACT'AU,C'AU) < min(1,Wy,)"" <1§H—1T—tAU,1§—1T—tAU>

< min(1,Wy,)"" (AU, CT'AU),
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which gives in (6.33) :

1
min(L Wl,h)l/2

(AU,U)? (AU, G AU,

(AU,CT'AU) <

entailing the following upper bound on the highest eigenvalue of C~1A :

(AU.CT'AU) _ 1
Ssu - .
ver (AU, U)  — min(L, W)

We conclude that :

which ends the proof. O

We conclude by the main result of that section, which gives an upper bound on the
condition number of the preconditioned systems :

Proposition 6.5. For the symmetrized Dirichlet-Neumann preconditioner given in section
6.3.2, we have :

C CrL
kap(CTTA)<1+C (max—k + max — 0>
kel co kel apLyg

and for the enhanced Dirichlet-Neumann preconditioner given in section 6.5.2 :

kelhUlx Cy

Both condition numbers are independent of the number K of fine scale subdomains and
of their sizes. In that sense, we can reasonnably talk of two-scale preconditioners. The
simplest symmetrized Dirichlet-Neumann preconditioner, which imposes the invertibility
of Ay (i.e. a Dirichlet boundary condition on £ for example), is strongly affected by the
presence of small subdomains that are fixed on a part of their boundary, through the ratio
Lo/Lj. The enhanced symmetrized Dirichlet-Neumann preconditioner avoids efficiently
this dependence, and its use is not limited to the case where I'p N 0y has a positive
measure. Nevertheless, both condition numbers are affected by the presence of stiff fine
subdomains in comparison with the coarse domain, through the presence of the ratio C'/ay
because C}, (resp. ap) is proportional to the Young modulus Ej, (resp Ep) of the material
in Q (resp. Qo).
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6.5 Algorithm

Before testing these two preconditioners, we summarize herein the algorithm coming
from their application. The action of a preconditioner on a right hand side

Fy
Fy
0

F
0

in the dual of E leads to the following sequence of operations :

1. Compute the equivalent coarse scale sollicitation on €2 :

& F
Fy=F - Y ByRXK, ( 0’“ > :
k=1

by solving in parallel one Dirichlet problem by small subdomain.

2. Use the equivalent coarse scale operator Dy to determine :
Uy = Dy ' Fo.

3. Solve the local problems for 1 < k < K :

Up \ Fy
Kk<Ak>_<—Boﬁ0>'

If the computational cost of A,;l for k > 1 is low with respect to the one of Ay L the
calculation cost is concentrated in the step 2.

Remark 6.3. Even if a saddle-point problem is involved, this preconditioner can be used
i a Conjugate Gradient because it provides approximations in the constrained space Vp,
on which the considered problem 1is elliptic. For practical convenience, the saddle point
problem to solve can be penalized with a small parameter of penetration n, even though the
condition number of the resulting penalized system explodes like O(1/n).

Remark 6.4. This preconditioner is multiplicative, in the sense that the two scales cannot
be solved simultaneously. Nevertheless, the solutions over the small details can be performed
stmultaneously in parallel.
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6.6 Numerical tests

6.6.1 A basic two-scale model

Let us consider a two-scale linear model beam whose tips are clamped. We impose
a negative constant pressure on the lower face of the small details. A Q; approximation
is adopted for displacements, and an example of the resulting deformed configuration of
our model is represented on figure 6.3. The Young modulus and the Poisson coefficient
are taken constant over the coarse (Fy,1p) and the fine (E’,7) subdomains. As assumed
above, the non-mortar side is taken as the fine side of the interface and Lagrange multi-
pliers are taken piecewise constant as in the previous chapter, together with an interface
bubble stabilization for the displacements. Moreover, the weak-continuity constraint is en-
sured by a penalization strategy (as described in the previous chapter) and the associated
penalization coefficient is taken as :
1 109E".

n

On this model, we use the first symmetrized Dirichlet-Neumann preconditioner in a
standard Conjugate Gradient algorithm, and the L? norm of the successive increments on
Lagrange multipliers along the iterations is illustrated on figure 6.4 for different values
of the ratio r = E'/Eq . Conversely the number of iterations necessary to obtain a 10~
convergence, estimated in terms of the L? norm of the current increment on the Lagrange
multiplier, is represented on figure 6.5. The degradation of the performance as r grows is
in conformity with our predictions.
Let us assume now, that two of the details are clamped on their lower face, leading under
the same load to the new deformed configuration illustrated on figure 6.6. The convergence
of simple and enhanced Dirichlet-Neumann algorithms are then compared on figure 6.7
for the ratios 7 = 10, 100, 1000, 10%. Conversely, the number of iterations necessary to
reach a 10~ convergence as a function of 7 is represented on figure 6.8 both for simple
and enhanced Dirichlet-Neumann algorithms. We observe a much better performance of
the enhanced preconditioner, the number of iterations being typically divided by 3 for an
additional computational cost of 6 additional degrees of freedom on the coarse part of the
model. Indeed, 3 rigid motions per clamped small structure have been added to the coarse
model. The resulting overcost per iteration in terms of computation is negligible.
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F1a. 6.3 — Maximal stress distribution on a deformed configuration of our two-scale model
problem (Ey = E', vg = 1/, 497 elements mesh).

10° :

- F ook gk

10°

5= e
*
¥
*
¥

T
|
#

* ke KKk

10°

A
¥
*
*
*
*

s ¢ :
5 101 \ B
k<] L ]
13 [ 1
g 10%h B
o~ L ]
<

— L ]
107 - E
25 [ - ;
10% |- 4 r=0.00L |
L r=1 ]
r * + r=1000 |

30
W5, e T

5 10 15 20 25 30
#iterations

FIG. 6.4 — L? norm of the successive increments on Lagrange multipliers along the itera-
tions.



6.6. Numerical tests 273

LIBLILL L B3 L) R LL BLL LEL N EELLL B RLLL

50
_—

e

/

e
/

/

—

40

30

#iterations

20

NSNS L e L B

10

lHulHHMAHMHNHH\\H

‘v\vvv

0
sl vl vl vl vl vl el el 3l
-3 -1 1 3 5
10 10 10 10 10
ratio of Young moduli

F1G. 6.5 — Number of iterations necessary to obtain a 10™° convergence of the simple
Dirichlet-Neumann preconditioned Conjugate Gradient, estimated in terms of the L? norm
of the current increment on the Lagrange multiplier, as a function of the ratio r = E'/Ej.
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F1G. 6.6 — Maximal stress distribution on a deformed configuration of our two-scale model
problem where two of the details are clamped on their lower face (Eyg = E', vy = v/, 497
elements mesh).
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Fi1a. 6.7 — Convergence of the simple and enhanced Dirichlet-Neumann algorithms for
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90 B

#iterations

L L | L
10" 10° 10° 10° 10°

ratio of Young moduli

F1G. 6.8 — Number of iterations necessary to obtain a 10~ convergence of the simple and
the enhanced Dirichlet-Neumann preconditioned Conjugate Gradient, estimated in terms
of the L? norm of the current increment on the Lagrange multiplier, as a function of the
ratio r = E'/Ej.
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6.6.2 Extension to a quasi-Newton method

When considering nonlinear problems with soft fine geometrical details on the boun-
dary, the previous preconditioners can be successfully applied to quasi-Newton methods.
Instead of solving each tangent problem by a preconditioned Conjugate Gradient method,
the idea is to replace the tangent problems by the preconditioning problems. From the
implementation point of view, it is no more necessary to keep in memory the non-inverted
matrix of the tangent problem. Moreover, the numerical tests show that this strategy
entails almost no overcost in terms of iterations of the Newton method.

For example, let us consider the following elastostatics problem :

~

— div %—);V(id—i— Vu) = f, Q,

u=0, Ip,
oW .

Let us assume that the potential W is given by the Saint-Venant-Kirchhoff constitutive
law defined by :

W(F) = % [tr(F"- F —id)]” + % tr [(F"-F —id)?] .

After a non-conforming finite element discretization, we have then to solve a nonlinear
discrete problem of the form :

Fo(Uo) + ey Box Ay = Fy,
fk(Uk)—BZAk:Fk, 1<k<K,
BorUyo—BLUp. =0, 1<k<K.

A standard Newton algorithm would build two sequences (U™),, and (A"),, such that :
urtl =un +6Um,
AL = A" 4+ GA",

with :

K K

v, Fo(U) - U + > BowdAj = Fy — Fo(Ug) — Y BorAy,
k=1 k=1

Oy, Fr(UD) - 6UP — BEAD = Fy, — Fo(UP) + BLA?, 1<k <K,

BowdU — BroUP =0, 1<k<K.
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At iteration n, this linear system can then be written as follows :

sUp Fr
sUT Fr
SAT 0
A : = :
sUR Fn
SAT 0

We propose to define the new increments 6U" and JA™ as the solutions of :

oU3 Fy
o0} Fy
SA7 0

C . = . |
o0k Fit
SAT. 0

with the same notations used in section 2. Our two-scale quasi-Newton method is then

defined by :

untt = un + 60",
AL = A" 4 A

Let us consider the same model problem as in the previous section, under a dead

pressure of p = 100Pa. We have adopted the following Lamé coefficients :

Yo

A = E
07 00 F o) (1 - 20p)

2(1+ w)

N = T Ao, Ml =rpoPa,

E
= 1389Pa, pg= ——2— = 2083Pa,

respectively for the coarse and the fine subdomains, characterized by the stiffness ratio :

_Eo Ao o

LA Vv

The solution remains unchanged when p, Ao, Ey, A’ and p/ are multiplied by the same
coefficient. We have observed numerically that for » > 10, the quasi-Newton method does
not converge well, as shown on the table on figure 6.9. Whereas, the convergence becomes
extremely slow with » = 1, the method does not converge any more with r = 100. The
convergence of the Newton-Raphson method is represented as a comparison. Nevertheless,
when the ratio r remains sufficiently small, the proposed quasi-Newton method appears to
be interesting, enven though the convergence is no more quadratic. The overcost in terms
of iterations compared with a Newton-Raphson method is low, as shown in the table, on
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r=1 r =100

it. || quasi-Newton | Newton quasi-Newton | Newton
1 0.6193E+01 0.5839E+01 || 0.6187E+401 0.5224E+01
2 0.1904E+01 0.1649E+01 || 0.1380E-+02 0.1401E+01
3 0.1013E+01 0.9821E+00 || 0.6958E+4-03 0.7683E+00
4 0.6684E+00 0.6221E+00 || 0.1283E+04 0.4046E+00
5 0.3309E4-00 0.3032E4-00 || 0.3672E+04 0.2419E+00
6 0.8885E-01 0.8811E-01 0.1847E+04 0.1454E+00
7 0.4654E-02 0.8719E-02 0.9162E+03 0.1096E+00
8 0.5162E-02 0.1591E-03 0.6159E+03 0.5302E-01
9 0.4352E-02 0.8287E-07 0.1027E+04 0.5350E-01
10 || 0.3714E-02 0.6719E+03 0.7019E-02
11 || 0.3155E-02 0.8720E+03 0.3277E-02
12 || 0.2716E-02 0.5561E+03 0.3023E-04
13 || 0.2334E-02 0.6285E+03 0.3357E-07
14 || 0.2023E-02 0.8873E+03
15 || 0.1753E-02 0.5120E+03
16 || 0.1528E-02 0.5499E+03
17 || 0.1333E-02 0.6496E+03
18 || 0.1167E-02 0.9376E+03
19 || 0.1023E-02 0.3581E+03
20 || 0.8981E-03 0.3805E+03
21 || 0.7895E-03 0.5372E+03
22 || 0.6950E-03 0.8865E+03
23 || 0.6123E-03 0.7312E4-03
24 || 0.5399E-03 0.7739E+03
25 || 0.4764E-03 0.7279E+03

Fi1G. 6.9 — Slow convergence of the method for r = 1, and lack of convergence for r = 100.

figure 6.10. Finally, we represent on figure 6.11 the different evolutions of the L? norm of
the residual for the proposed quasi-Newton method along the iterations, depending on the
value of the ratio r.

This kind of quasi-Newton Dirichlet-Neumann strategy has been recently used with success
in fluid-structure interactions problems and specially hemodynamics, as developped in
[GV03] where a simplified model for the fluid is adopted in the preconditioner.
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L? norm of the residual with
it. | Newton algorithm | two-scale quasi-Newton
1 | 0.6192E+401 0.6249E+01
2 | 0.1775E401 0.1811E+01
3 | 0.1061E+01 0.1075E+01
4 | 0.6671E+00 0.6747E+00
5 | 0.3254E+00 0.3292E+00
6 | 0.8096E-01 0.7836E-01
7 | 0.5036E-02 0.3414E-02
8 | 0.2010E-04 0.8871E-05
9 | 0.3750E-09 0.5000E-06
10 | converged 0.1387E-07
11 | converged 0.3629E-08

Fi1G. 6.10 — Convergence of the exact Newton and two-scale quasi-Newton algorithm using
the preconditioner (6.10). We have chosen Ey/E’ = 10 and the convergence criterion is
that the L2 norm of the residual become < 10~9.

6.7 Conclusion

In this paper, we have introduced, analyzed and tested two symmetrized Dirichlet-
Neumann preconditioners that can be used efficiently together with a non-conforming mor-
tar formulation to solve elliptic problems with small geometrical details on the boundary.
This method is well-adapted to the case where the details are localized enough to make
their resolution relatively cheap. In the case where the small structures would not be so
localized to satisfy this assumption, one can imagine a Neumann-Neumann domain decom-
position approach [TRV91] to solve the Dirichlet part of the present Dirichlet-Neumann
method. Finally, we have deduced a quasi-Newton method which is well-adapted for soft
details in the framework of nonlinear problems.
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L2 norm of theresidual
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Fi1G. 6.11 — Evolutions of the L? norm of the residual for the proposed quasi-Newton
method along the iterations, depending on the value of the ratio r.



Chapitre 7

Conclusion

Le présent travail a permis ’analyse détaillée du comportement énergétique de quelques

schémas d’intégration en temps usuels dans le cadre non-linéaire incompressible, et a dé-
bouché sur la formulation, I'analyse et le test d’'une méthode d’intégration en temps a
dissipation réglable, jamais accrétive, et inspirée du travail de Gonzalez [Gon00] et de la
présente analyse de conservation pour le schéma de Hilber-Hughes-Taylor [HHT77]. La
méthode proposée inclut également une formulation pénalisée conservative des forces de
contact normales, utilisant les contraintes de Kuhn et Tucker usuelles aux pas de temps
entiers, problématique soulevée dans [LL02]. Les contributions de ce troisieme chapitre ont
fait I'objet d’implémentations et de validations académiques et industrielles, et permettent
I’initialisation et la simulation du roulage instationnaire de pneumatiques.
Le troisieme chapitre a également été 1’occasion de proposer une méthode d’intégration en
temps adaptée & un comportement viscoélastique non-linéaire (issu de [TRK93]) du maté-
riau, et présentant dans ce cadre un bilan énergétique discret exact. Nous avons également
montré dans [THO3a] la possible extension de telles techniques conservant 1’énergie, aux
problémes en interaction fluide-structure.

Afin d’accroitre la modularité de la discrétisation en espace des problemes d’élasto-
dynamique, nous avons proposé au chapitre 4 l'utilisation de formulations mortiers de
recollement de maillages incompatibles, introduites dans [BMP93], et utilisant ici des mul-
tiplicateurs de Lagrange discontinus et une stabilisation des déplacements sur l'interface,
étendant les idées de [BMO00]. Nous avons également montré I'indépendance de la constante
de coercivité du probleme d’élasticité linéarisé vis-a-vis du nombre et de la taille des sous-
domaines, et avons étendu ’analyse statique désormais classique [WohO1] au cadre de
I’élastodynamique linéaire. La méthode proposée a fait 'objet d’implémentations acadé-
miques et industrielles ayant débouché sur sa validation. En outre, nous avons proposé
et testé au chapitre 5, une formulation de la contrainte mortier adaptée au cas d’inter-
faces géométriquement non-conformes, dans l’esprit de [Pus04], et permettant d’obtenir
une certaine amélioration de la robustesse du recollement mortier en contexte industriel.

Enfin, dans le cadre de problemes a deux échelles, et plus précisément dans le cas ou de
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petits sous-domaines constituent un raffinement géométrique du bord d’une structure plus
grossiere, nous avons proposé au chapitre 6, I'utilisation de deux préconditionneurs de type
Dirichlet-Neumann [QV99] permettant de résoudre le probleme discrétisé par une tech-
nique de mortiers isolant les structures fines. Nous avons montré le caractere a deux échelles
de ces méthodes, c’est-a-dire I'indépendance du nombre de conditionnement du systeme
préconditionné par rapport au nombre et a la taille des détails géométriques. En outre,
nous avons proposé 'utilisation d’un espace grossier (dans lesprit de [Tal94a, TSV94|)
permettant de s’affranchir en termes de qualité du préconditionnement, de la présence
de conditions aux limites essentielles sur les détails géométriques. Ces méthodes ont fait
I’'objet d’une implémentation et d’une validation académiques, et ont également permis de
définir une méthode de quasi-Newton efficace dans le cas de détails peu rigides.

En complément du travail réalisé ici, 'implémentation et le test des méthodes proposées
dans le cadre de problemes non-linéaires viscoélastiques, mais également en interaction
fluide-structure, pourrait se révéler intéressante et ouvrir encore le champ d’application
des méthodes conservatives, déja fort étudiées pour des raisons de stabilité.

S’agissant des méthodes de mortiers appliquées aux problemes d’élasticité, quoique déja
tres étudiées, quelques développements semblent nécessaires. Tout d’abord, leur utilisation
dans le cadre de modeles présentant de fortes discontinuités de coefficients sur les interfaces
de recollement reste toujours délicate, et une étude approfondie serait sans doute utile.
En outre, leur mise en pratique se heurte sans cesse a des questions de non-conformité
géométrique en ce sens que les surfaces a recoller ne coincident pas. Aussi, si on doit
a [FMWO04] une analyse récente de la question supposant connue interface courbe de
recollement, une étude mathématique des méthodes de recollement par patch de Puso et
Laursen [PL02, PL03, Pus04] serait sans doute instructive.

Du point de vue des futurs défis a relever, mentionnons qu'un des axes majeurs de-
meure la compréhension et ’élaboration de techniques de simulation pour des problemes
dynamiques (éventuellement non-linéaires) présentant deux échelles de temps et d’espace.
En effet, la présence de phénomenes dynamiques présentant des temps caractéristiques tres
brefs par rapport au phénomene principal étudié, occasionne des temps de calcul d’autant
plus importants que le rapport des temps caractéristiques est grand. Si I’approche par
homogénéisation (cf. [All97]) présente 'avantage d’une certaine simplicité en termes de
simulation, elle impose une certaine restriction a des problemes linéaires avec distribu-
tion périodique des détails inférieurs. Des alternatives pourraient alors se trouver dans
des méthodes dites d’homogénéisation numérique [HW97, MS01], ou dans des techniques
récentes considérant comme stochastique la contribution des détails les plus fins (voir le
récent travail de [Lel04]).
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