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Riassunto

Questa tesi raccoglie parte dei risultati ottenuti durdnteo dottorato di ricerca, che
ho svolto nell’ambito di un accordo di cotutela tra I'Uniséa di Padova e I'Ecole Na-
tionale Supérieure des Télécommunications (E.N.S.T.jadgPa partire dal mese di
gennaio 2001 fino a dicembre 2004. A Padova sono stato inselitequipe del Prof.
Gianfranco Cariolaro del Dipartimento d’'Ingegneria delidrmazione (DEI), men-
tre a Parigi la ricerca € stata supervisionata dal Prof. @ssoRodriguez Guisantes
all'interno del Dipartemento Communications et Electroa@ComElec).

Gli enormi progressi delle tecnologie della comunicazioegli ultimi quindici
anni hanno permesso lo sviluppo di nuovi modi di comunicatie&vorare; pensiamo
ad Internet, agli enormi flussi di dati che transitano sudk& iogni secondo, ai servizi
integrati multimediali sempre piu accessibili, grazie lemall’affidabilita delle fibre
ottiche e ai progressi fatti nello sfruttamento del dopgiADSL). Ultimamente, una
certa filosofia vorrebbe rendere tali servizi disponibilii agenti la dove si trovano,
integrando la tecnologia necessaria nei computer poreatiéi telefoni cellulari. Per
far questo, bisogna abbandonare la “sicurezza” rappr@sedalle trasmissioni via
cavo, per passare alle trasmissioni via radio. Purtrodpmnale radio &€ un mezzo
trasmissivo tra i meno affidabili, € soggetto ad interfees@zpone grossi problemi di
sicurezza.

Ci concentreremo su un aspetto: come fornire su un canale uadi velocita di
trasmissione sufficientemente elevata ed un tasso di eabtr@stanza basso da garan-
tire i flussi di dati e la qualita necessaria ai servizi mudtdiali? Una proposta tra le
tante fatte € quella di dotare il trasmettitore ed il ricexétdi una schiera di antenne,
cioé di aumentare la cosiddetta diversita spaziale delmsdi comunicazione. Lidea
e semplice: se si dispongono le antenne sufficientementanene une dalle altre in
maniera tale che i diversi canali non siano correlati tra,l¢a probabilita che tutti i
cammini radio siamo fortemente perturbati € via via piu hasan mano che il numero
delle antenne aumenta.

Alla fine degli anni novanta, i lavori di Telatar e, parali@knte, di Foschini e Gans
hanno dimostrato che con questa tecnica si possono te@itamaggiungere velocita
di trasmissione elevate. Negli stessi anni Tarokh e atterdatori hanno fornito delle
strategie per organizzare in maniera conveniente i ddé dierse antenne in trasmis-
sione, riuscendo a sfruttare a pieno la diversita spazitdeta dal canale e ottenendo
un guadagno di codifica. Nascevano dunque i cosiddedlici spazio—tempo

Da allora un numero crescente di ricercatori si € dedicatoestg promettente



filone di ricerca, sviluppando le idee originali, proponene altre e adattandole a
diversi scenari. Questa tesi sviluppa soprattutto uno dstjigcenari, tutt'ora oggetto
di ricerca, in cui il ricevitore ed il trasmettitore non staa conoscenza del canale,
al contrario di quanto accade nella maggior parte dei lasorquesto tema, dove si
suppone una conoscenza perfetta del canale al ricevitoed rasmettitore.

Il principale argomento di questo lavoro, trattato nei pdnsapitoli, € dunque uno
studio della codifica e decodifica dei cosiddetti codici $parempo a Blocco (STB)
non coerenti. Lo scenario € costituito da una comunicazmmgo—punto e singolo
utente in cui né il trasmettitore né il ricevitore abbian@wonoscenza dello sfasa-
mento e dell’attenuazione introdotta dal canale (sisteaniHgoerenti). Quest’ultimo
viene simulato secondo delle ipotesi semplificate universate accettate nella let-
teratura e formulate ad—hoc per la progettazione deglirdéahgiodi codifica e decodi-
fica. Contemporaneamente, il modello di canale utilizzatquasta tesi é sufficien-
temente generale da poter coprire le problematiche fondteli tali sistemi: il
canale a piu ingressi e piu uscite (Multiple Input Multipletput — MIMO) pud avere
delle attenuazioni profonde (Rayleigh fading channel), m@$ono presi in conto né
I'effetto Doppler (flat fading), né canali a cammini mulfigll canale si suppone a
banda stretta).

| sistemi non coerenti non sono molto diffusi nellambitdldeicerca perché di
solito si preferisce cercare di stimare il canale al riaaétper migliorare le prestazioni.
Comunque, quando il canale varia troppo rapidamente o queodsiderazioni di
costo lo impongano, la stima di canale pud essere troppasaer addirittura im-
possibile da implementare. Potrebbe essere il caso, papeseali canali con tempi di
coerenza di pochi periodi di simbolo, o di sistemi ad accessitiplo in cui brevi inter-
valli temporali e/o frequenziali non contigui siano assega diversi utenti. Il modello
utilizzato per rappresentare tali canali suppone i lordfaenti costanti su un inter-
vallo di tempoT’ (chiamato “blocco”). Ad ogni blocco i coefficienti vengoriamovati
secondo un processo stocastico tempo invariante a sinmoighandenti (block fading
channel). La durata del blocdoin periodi di simbolo é dell’ordine del numero di an-
tenne in emission@/. Per tali valori diT’, stimare il canale attraverso delle sequenze
di simboli pilota pud diventare sconveniente. In questi aashe i metodi differenziali
sono poco efficienti spettralmente e I'alternativa dei costbazio—tempo non coerenti
puo diventare interessante.

Il Capitolo 2 introduce formalmente il modello di canale mdentemente descritto
e rivisita tutti i concetti necessari per la comprensionieddici spazio—tempo non co-
erenti, sia da un punto di vista matematico che da un puntist@i piu prettamente in-
gegneristico (capacita del sistema, probabilita di errdireersita). Tali considerazioni
ci hanno permesso di giustificare la scelta dei parametedigimeltali del sistema, cioé
la durata della parola di codice e la struttura geometritaattice. In seguito sono ri-
portate le proposte piu importanti della letterature sgeaaata, con un breve riassunto
dei loro vantaggi e svantaggi.

La tecnica proposta in questa tesi viene approfondita neit@a3: le parole di
codice sono delle matrici unitarie x M, doveT e il numero di periodi di simbolo
del blocco in cui il canale resta costantég e il numero di antenne all’emissione.



L'informazione viene in realta codificata ssottospazi vettorialjenerati dalle colonne
delle parole di codice, si dimostra infatti che questa sgriate ottima nel caso ergodico
ed a rapporti segnale su rumore (SNR) elevati. Ora, l'insidaiesottospazi vettori-
ali di CT di dimensioneM & una varieta differenziale, detta Grassmanniana, .

Il metodo di codifica proposto consiste nel localizzare Iolgadi codice (sottospazi)
sulla Grassmanniana a partire dallo spazio tangente adnia giriferimento diG' 5.
Dettagliando un po’ meglio, ogni parola di codiceGfr 5, € in corrispondenza biuni-
voca con un punto dello spazio tangente attraverso una nmgppiéneare detta mappa
esponenziale. L'idea e di scegliere intelligentemententipsullo spazio tangente in
modo da mapparli poi sulla Grassmanniana e ottenere un mdicecspazio—tempo
non coerente. Il metodo proposto é di utilizzare nello sptrigente un codice spazio—
tempo a blocco (STB)oerenteossia progettato per sistemi di comunicazione coerenti.
Questa scelta nasce dal fatto che molto lavoro é stato gatogper i codici STB co-
erenti, di cui si conoscono molte proprieta. Vorremmo dunsfuuttare le conoscenze
accumulate per creare buoni codici non coerenti a partireadkci coerenti. Nel Capi-
tolo 3 tutto cio e spiegato in maggiore dettaglio, introcd il formalismo matem-
atico minimo per descrivere e manipolare questi oggettibiatmo approfondito le
relazioni tra i codici STB non coerenti e i correspondentiicocoerenti, un compito
non facile data la non linearita della mappa esponenziaiol@ver formulato oppor-
tunamente il problema, abbiamo ottenuto risultati oritjisai legami tra la diversita
del codice STB non coerente e quella del suo codice coerentemondente. Infine,
abbiamo riportato diversi esempi di codici.

Nel Capitolo 4 abbiamo trattato del problema della decodiiictali codici nel
caso in cui il ricevitore ed il trasmettitore abbiano soldamtenna ciascuno (Sin-
gle Input Single Output — SISO). La regola di decisione adattl ricevitore e il
GLRT (Generalized Likelihood Ratio Test). Calcolare tutterletriche richieste dal
GLRT per ogni segnale ricevuto puo essere proibitivo styitatad elevate efficienze
spettrali. E dunque necessario trovare degli algoritmiegiadiifica semplificati che
abbiano possibilmente delle prestazioni comparabili dlguwiel GLRT. Basandoci
sull’interpretazione geometrica della procedura di codifiecritta nel Capitolo 3, ab-
biamo proposto un nuovo algoritmo subottimo che permettdtdnere performance
indistinguibili da quelle GLRT, per lo meno nei casi in cuitate possibile simulare
le prestazioni GLRT. Questo metodo € poi stato adattatoi@&ritori con pit antenne
(Single Input Multiple Output — SIMO) grazie ad un semplitgoaitmo di stima della
direzione di un sottospazio. Alla fine del capitolo sono rigt diverse curve di prob-
abilita d’errore e dei confronti con altre proposte.

Nel Capitolo 5 abbiamo affrontato il caso generale di sisteprapiu antenne in
emissione ed in ricezione (MIMO). L'analisi del GLRT si eefata impraticabile ed
allora abbiamo tentato di semplificare il problema lineaaimo localmente la Grass-
manniana. L'intento consisteva nell’approssimare la &r@sniana con un suo spazio
tangente, per riportarsi al codice STB coerente in modo tix géruttare le tecniche di
decodifica gia disponibili. Abbiamo verificato che lineaare la Grassmanniana in-
torno al segnale ricevuto € equivalente ad operare unatraghzione non lineare sulle
parole del codice STB coerente corrispondente, il che rengessibile adottare gli



algoritmi semplificati gia disponibili. Per contro, é pdedinearizzare la Grassmanni-
ana intorno allo sottospazio di riferimento utilizzato pedcesso di codifica. Tuttavia,
guesta semplificazione introduce una distorsione nonrét@ato piu marcata quanto
piu le parole di codice si allontanano dal sottospazio ériiiento. Un algoritmo di
decodifica semplificato é stato proposto in questo casoavatso simulazione abbi-
amo mostrato quali parametri controllano I'effetto delistorsione. Anche in questo
caso abbiamo simulato diverse curve di performance e pagagda nostra proposta
con quelle piu promettenti della letteratura.

Il Capitolo 6 tratta della modulazione a fase continua (CPM),farmato che
viene utilizzato in sistemi coerenti e non coerenti in cusi@no vincoli stringenti
sulla banda e/o sulla potenza. La modulazione CPM e parntioelate indicata per
trasmettitori che utilizzino amplificatori non lineari, quanto il segnale ha inviluppo
costante. Il modulatore, sebbene sia abbastanza semaliogptementare, introduce
un’operazione non lineare ed produce un segnale con menossa dipendente an-
che da dati forniti in istanti passati. Queste due caratiehie fanno si che il rice-
vitore ottimo possa essere molto complesso. Negli annntatta novanta (e anche
recentemente) sono state proposte diverse scomposiabsednale CPM in implusi
PAM (Pulse Amplitude Modulation). Cio equivale a dire che gbmescrivere lin-
earmente il segnale CPM, la non linearita essendo stataaspadla definizione dei
pseudo—-simboli corrispondenti agli impulsi PAM. A partil@quel momento, la scom-
posizione PAM é stata sfruttata per semplificare il rice@t€PM ottimo, per pro-
porre nuovi algoritmi di sincronizzazione, per progetteoglici spazio—tempo, ecc..
In questo capitolo proponiamo un’altra scomposizione PABlida per segnali cha
hanno una certa simmetria nella risposta di fase. || metedotfenere la nuova scom-
posizione € originale e permette di dimostrare che essa fainaita minima: per
guesto tipo di segnali CPM non esistono scomposizioni PAMnoite con meno im-
pulsi. Vari esempi numerici e analitici sono forniti.



Résumé

Cette thése rassemble une partie des résultats obtenus @udeomon doctorat de
recherche réalisé entre le mois de janvier 2001 et la fin ds meidécembre 2004.
Le travail s’est déroulé dans le cadre d'un accord de cdtueeitre I'Université de
Padoue et I'Ecole Nationale Supérieur des Télécommupitsi(E.N.S.T.) de Paris. A
Padoue j'ai été intégré dans I'équipe du Prof. Gianfrancaozap du Département
d’'Ingénierie de I'Information (DEI), alors qu’'a Paris lecteerche a été supervisée par
le Prof. Georges Rodriguez Guisantes au sein du DépartememmnQoications et
Electronique (ComElec). Une partie de cette these, cellérgité des codes espace-
temps, s’inscrit a la suite d’'un sujet de recherche déjatanisa 'E.N.S.T., étudié
notamment par le Prof. Jean-Claude Belfiore et le Dr. Inés Kammo

Les importants progres de la technologie de la communitdtics des quinze
derniéres années ont permis le développement de nouveaiesrde communication
et de travail; on peut penser a Internet, aux flux importaatd@hnées qui transitent
sur le réseau chaque seconde et aux services multiméedigsaattoujours plus acces-
sibles grace a la fiabilité des fibres optiques et aux progasés dans I'exploitation
des paires cuivrées (ADSL). Derniérement une certainegiyihie voudrait rendre ac-
cessibles ces services aux utilisateurs la ou ils se treueanntégrant la technologie
nécessaire dans les ordinateurs et téléphones portablascdi il faut abandonner la
« Sécurité » que représente la transmission par cable, gtmp@aa transmission radio.
Malheureusement, le canal radio est un des moyens de trgsisemles moins fiables,
est propice aux interférences, et pose d’importants pnoégede sécurité.

Nous nous intéresserons a un aspect du probleme: commeirt tnucanal ra-
dio d’'une vitesse de transmission suffisamment élevée attdux d’erreur assez bas
pour garantir les flux de données et la qualité nécessairs@awices multimédias?
Une proposition parmi d’autres est de doter 'émetteur etepteur d’'un réseau
d’antennes, c’est-a-dire d’augmenter la diversité sfgatia systéme de communica-
tion. Lidée est simple: si 'on implante les antennes saffiment éloignées les unes
des autres, de maniére a ce que les différents canaux né pagoorrélés entre eux,
la probalité que tous les trajets du canal radio soientifioetd perturbés est de plus en
plus réduite a mesure que le nombre d’antennes croit.

Alafin des années quatre-vingt-dix, les travaux de Telajgaeallélement ceux de
Foschini et Gans, ont démontré que cette technique peittleéariquement d’atteindre
un débit de transmission élevé. Au cours de ces mémes anaéaehTet d’'autres
chercheurs ont fourni des stratégies pour organiser deamacdnvenable les données
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sur les différentes antennes en émission, réussissanaarploiter pleinement la di-
versité spatiale offerte par le canal et a obtenir un gainod@age. Naissaient donc les
codes espace-temps

Depuis lors un nombre croissant de chercheurs s’est cangaerfilon de recherche
prometteur, en développant l'idée de départ, en proposaatrds et en 'adaptant a
divers cas. Cette these développe surtout un de ces casrdihbjowbjet de recherche,
dans lequel le récepteur et 'émetteur n’ont pas connaigsdn canal, a la différence
de ce qui se passe dans la majorité des travaux sur ce sujstiragesquels I'on
suppose une connaissance parfaite du canal par I'émetteuderécepteur.

Le principal sujet de ce travail, traité dans les 4 premidapdres, est donc une
étude du codage et du décodage des codes Espace-Temps erfHIB¢snon co-
hérents. Nous avons considéré une communication pointr& gans laquelle ni
I'émetteur ni le récepteur ont connaissance du déphasade Batténuation intro-
duite dans le canal (systéme non cohérent). Ce dernier egesselon des hypothéses
simplifiées acceptées unanimement dans la littératurermifiées pour réaliser plus
aisément les algorithmes de codage et de décodage. Conjeimtde modéle de canal
utilisé dans cette thése est suffisamment général pour paoworir la problématique
fondamentale de tels systemes: le canal a plusieurs erfrgéssieurs sorties (Multi-
ple Input Multiple Output — MIMO) peut avoir des atténuasgorofondes (Rayleigh
fading channel), mais n'y sont pris en compte ni I'effet Digpflat fading), ni les
canaux a plusieurs rayons (le canal est supposé a bande)etroi

Les systemes non cohérents sont peu diffusés dans le miliereicherche car I'on
essaie généralement d'évaluer le canal au récepteur palioaen les performances.
Quoi gu’il en soit, quand le canal varie trop rapidement oarglides considérations
concernant le colt I'imposent, I'estimation peut étre tnogreuse ou vraiment impos-
sible a mettre en oeuvre. Cela pourrait étre le cas par exetagl@naux avec des temps
de cohérence égaux a un petit nombre de temps de symboles aystémes a acces
multiple dans lesquels de brefs intervalles temporelaudtéquentiels non contigus
sont alloués aux utilisateurs. Le modeéle utilisé pour regméer ces canaux considere
les coefficients des canaux constants sur un intervallerdps@ (appelé « bloc x»).
Les coefficients de chaque bloc sont générés selon un pusceteshastique invariant
dans le temps et a symboles indépendants. La dlirde bloc, en temps symbole,
est du méme ordre de grandeur que le nombre d’antennes esia@miis. Pour ces
valeurs déel’, 'estimation du canal par une séquence pilote peut étravdésageuse.
Méme les méthodes différentielles ont une faible efficaspigctrale, les méthodes non
cohérentes peuvent alors devenir une alternative ingméss

Le chapitre 2 introduit formellement le modele du canal détdessus. Les con-
cepts de base de la théorie des codes espace-temps nomteBére rappelés par la
suite (capacité du systéme, taux d’erreur, diversité). @sgmations nous ont per-
mis de choisir les paramétres fondamentaux du systéme: rée duet la structure
géomeétrique du code. Sont ensuite rappelées les propwsige plus importantes de
la littérature, accompagnées d’un bref résumé de leurdayes et inconvénients.

La technique que nous proposons est approfondie dans lgrehdples mots de
code sont des matrices unitair€sx M, ou T est le nombre de temps de symbole
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du bloc dans lequel le canal reste constant)/eest le nombre d’antennes en émis-
sion. L'information est en réalité codée sur tgsiIs-espaces vectorigigéneres par les
colonnes des mots de code. En effet, on peut démontrer geectekt la stratégie op-
timale dans le cas ergodique avec un rapport signal a biNR}®levé. Or, 'ensemble
des sous-espaces vectorielstede dimensiorT” est une variété différentielle appelée
Grassmanniefir ;. La méthode de codage proposée consiste a localiser lesimots
code suiGGr s en partant de 'espace tangent a un point de référence dsi@aasien-
méme. En fait, chaque mot de code@qn,, est en correspondance biunivoque avec
un point de I'espace tangent a travers une fonction norailiaélite «exponentielle».
L'idée est de choisir judicieusement les points sur I'esgaagent de maniere a obtenir
sur le Grassmannien un bon code espace-temps non cohéraved ta fonction ex-
ponentielle. La méthode proposée est d'utiliser sur I'esgangent un code espace-
temps a blocs (STBgohérent c’est-a-dire congu pour les systemes cohérents. Ce
choix nait du fait que les codes STB cohérents ont été traliéstet que par con-
séquent on en connait les propriétés. On souhaiteraitiexpbes connaissances dans
I'étude et la création des codes STB non cohérents. Dansaljgitoh 3 tout cela est
plus amplement détaillé avec le formalisme mathématiqyeogpié. Les relations
entre codes STB cohérents et non cohérents ont été appiedqual la suite, tache
difficile du fait de la non linéarité de la fonction exponetig. Apres avoir formalisé
la théorie du probléme, nous avons obtenu des résultategnt la relation entre
la diversité des codes STB non cohérents et celle de leursspamdants cohérents.
Enfin, nous avons présenté différents exemples de codes.

Le chapitre 4 traite du probléme du décodage de ces codedadaas ou le ré-
cepteur et 'émetteur ont seulement une antenne chacugl¢Simput Single Output
— SISO). La regle de décision adoptée pour le récepteur &SLIRT (Generalized
Likelihood Ratio Test). Calculer toutes les métriques regpiigar le critere de dé-
tection pour chaque signal recu peut étre tres colteuxgugt@fficacité spectrale
élevée. Il est donc nécessaire de trouver des algorithmdéatelage simplifiés don-
nant des performances les plus proches possibles de cell@s”T. En s’appuyant
sur l'interprétation géomeétrique de la procédure de codiggeite dans le chapitre 3,
nous avons proposé un nouvel algorithme simplifié qui pediaitenir des perfor-
mances indistinguables de celles du GLRT, au moins dansies(cil a été possible
de simuler les performances GLRT. Cette méthode a été emslaiptée aux récepteurs
avec plusieurs antennes (Single Input Multiple Output —S)Mréace a un algorithme
simple d’estimation de la direction d’'un sous-espace. Eddichapitre sont présen-
tées plusieurs courbes de probabilité d’erreur et difi@®eoomparaisons avec d’autres
propositions.

Dans le chapitre 5 nous avons abordé le cas général du sy&tgoseurs antennes
a I'’émission et a la réception (MIMO). L'analyse du critére détection GLRT s’est
avérée impraticable et nous avons tenté de simplifier lel@naden linéarisant locale-
ment le Grassmanien. Le but est d’approximer le Grassma@anic un de ses espaces
tangents afin de se reporter au code STB cohérent et d’ajpisiEx une technique de
décodage déja disponible. Malheureusement nous avonsntiéntue cette linéari-
sation autour du signal recu revenait a appliquer une twamsftion non linéaire aux
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mots du code STB cohérent correspondant, ce qui rend infpes$sidoption des algo-
rithmes simplifiés déja disponibles. Il est par contre gaesie linéariser le Grassman-
ien autour du sous-espace de référence utilisé dans lesside codage. Néanmoins
cette simplification introduit une distorsion non linéaite plus en plus importante a
mesure que I'on s’éloigne du sous-espace de référence. ddnthime de décodage
simplifié a été proposé dans ce cas et a travers des simglat@rs avons montré
guels sont les parametres qui contrélent I'effet de la dssdo. Nous avons également
dans ce cas simulé plusieurs courbes de performances, pao®motre proposition
aux plus prometteuses de la littérature.

Le chapitre 6 traite de la modulation a phase continue (CPNB,tachnique qui
est utilisée dans les systemes cohérents et non cohérettsles contraintes sur la
bande et/ou la puissance. La modulation CPM est particulién¢ indiquée pour les
émetteurs qui utilisent des amplificateurs non linéairedecaignal a une enveloppe
constante. Le modulateur, bien qu’il soit assez simple danipr, introduit une opéra-
tion non linéaire et produit un signal avec mémoire, c’edira qu’il dépend aussi des
données fournies aux instants passés. Ces deux caragtégsstont que le récepteur
optimal puisse étre extrémement complexe. Dans les ann@g®eyingts et quatre-
vingt-dix (et récemment) les chercheurs ont proposé plusidécompositions du sig-
nal CPM en impulsions PAM (Pulse Amplitude Modulation). Cemiigaut a dire que
I'on peut décrire linéairement le signal CPM, la non linéagtant alors reléguee a
la définition des pseudo-symboles correspondants aux sigmsl PAM. Des lors, les
décompositions PAM ont été exploitées pour simplifier lepéeur CPM optimal, pro-
poser des algorithmes de synchronisation, projeter dessaegpace-temps, etc.. Dans
ce chapitre nous proposons une autre décomposition PAMevalour les signaux
qui ont une certaine symeétrie dans la réponse de phase. ledespour obtenir la
nouvelle décomposition est inédite et permet de démontrercglle-ci a une cardi-
nalité minimale: pour ce type de signaux CPM il n’existe pasl@eomposition PAM
obtenue avec moins d’impulsions. Différents exemples migqués et analytiques sont
présentes.



Introduction

This thesis collects part of the results | obtained duringfPhyD. program, period |
spent in Padova at the Information Engineer Departmentefihiversity of Padova
and in Paris at Communications and Electronics DepartmetiteoEcole Nationale
Supérieure des Télécommunications (E.N.S.T. Paris). drfitet months, | was in-
volved in the study of quantum communications with paracuttention to quan-
tum cryptography. Encouraged by my tutor in Padova, profananco Cariolaro,

| have redirected my interest to space—time coding for Mldtinput Multiple Out-
put (MIMO) non—coherent wireless system, which constgutee main body of this
work. For these channels, in fact, information is coded dmspaces, as in certain
error correcting codes for quantum systems. With prof. amol also investigated
some signal processing topics on multidimensional maétisgstems and CPM signal
analysis. We report here results on the latter topic ormgesthey can find valuable ap-
plication in narrow—band non—coherent system. Researalt apace—time codes has
been carried out at E.N.S.T. under the supervision of M. GeoRodriguez Guisantes
and the collaboration of prof. Jean—Claude Belfiore.

General interest on space—time codes was generated byftheation theoreti-
cal works of Telatar, Foschini and Gans and by the works adkfaand collaborators
at the end of the nineties. Multiple antenna wireless linkally seemed to assure
sufficient rate and reliability to the critical wireless cmel, an important step toward
the deployment of wireless networks able to support advanualtimedia services.
Since then, the research community has spent a lot of res®orcthe promises pre-
conized by these pioneering investigations. Research ynfonlsed on systems in
which channel realizations are perfectly estimated at ¢doeiver. Different space—
time trellis and block codes have been proposed for coherieeless links.

In this thesis, we focused on space—time block coding anddieg for systems in
which no channel knowledge is available at the receiver atftearansmitter. Coding
for these non—coherent communications links receivedd#ssation than their coher-
ent counterpart. In our opinion, two main reasons can bengigech non—coherent
systems are less common in practice and their coding andiogcdesign problems
are quite hard. These codes are commonly referred to as ¢oberent space—time
codes”, even if in a proper sense system can be “non—coldmannhot codes them-
selves. Anyway, we will use this widely spread notation, &i.wWoreover, through-
out this whole work, the word “code” must not be understooth sense of classic
error correcting codes. Space-time codes we dealt with drerespace—time block
codes. They opportunely transform blocks of symbols confiagn “standard” con-
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stellations, like PSK or QAM, and then distribute them ondiféerent active trasmit
antennas throughout the whole frame. This operation hasiblel@im: to fully ex-
ploit channel diversity and to increase the coding gain efdysstem, to allows power
saving, for instance. At the receiver side, an algorithmusthdbe implemented able
to exploit the code advantages and at the same time to miaithez computational
burden. Codes make sense only in respect of the particulanehased to communi-
cate. The communication channel, in fact, can raise somenoncations problems
but also can offer some good qualities to be exploited. A gume is able to exploit
channel characteristics to assure a good link, accordirgdesired and previously
specified criterion. In this work a simplified MIMO channel de was adopted, in
order to focus on the coding design and decoding algorithime. channel model is the
so called quasi-static block fading channel, which assspasial diversity since the
paths among trasmit and receive antennas are independent.

In Chapter 2 we introduce the channel model considered theutgthe whole
work and we justify the choice of some basic system paramet®asic mathemat-
ical tools to deal with non—coherent space—time codes are@mbvided. We recall
known results on error probability and diversity, as welttzes advantages and disad-
vantages of many propositions in the literature. In Chaptar Bi—depth investigation
of non—coherent space—time codes obtained via the expaherdp is carried out.
Codes obtained with this method are called also EP codes artteamain object of
our work. We explain the geometrical interpretation of ttosling procedure and we
solve some open problems on code design. In Chapter 4 we grapusw simplified
decoder for the case of one transmit antenna and many remai®anas. To find this
decoder, the geometrical interpretation of the coding ggeds related to the decision
function. Discussion on the expected complexity and patarsef the decoder are
detailed, as well as simulations and comparisons with gireositions. In Chapter 5
we cope with the general MIMO case, we propose two simplifiecbders, based on
once again on the geometrical interpretation of the codnoggss. As in the previ-
ous case, discussion about the expected complexity and dbooders parameters is
provided. Simulations and comparisons conclude this ena@hapter 6 deals with
CPM signal decompositions in PAM pulses. CPM is a non-lineadutation, while
signal decomposition as a linear combination of waveforarsssmplify the code and
receiver design both for coherent and non—coherent systégal conclusion is
reported in the last chapter.



Chapitre 1

Algorithmes de decodage pour des
codes espace-temps non cohérents

1.1 Etatde l'art

En cette section on établira le modéle de canal utilisé datsweail, en suite on intro-
duira les propositions les plus importantes de la littéeatu

1.1.1 Modele de Canal

emetteur
S
\
\
\
\\\\
\
\
a
recepteur

H; . H, .\ Hy,
HER 4 4
M | [super—symbole|l | superfsymbole 2 - - super—symbple
-
T

Figure 1.1: Canal MIMO et un mot de code &g super-symboles bruités par un canal
a évanouissement par blocs.
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Le modele du canal sans fils utilisé dans cette thése est & @a@vanouissement
par blocs (block fading channel) [1], [2], qui doit son nomfail que les coefficients
du canal sont constant penddhpériodes de symbolg&, (7" est entier). On considére
des canaux a entrées et sorties multiplel/:et N sont respectivement le nombre
d’antennes a I'émemission et a la réception (voir Fig. 1.1).

Sous I'hypothése d’'une modulation a bande étroite, sarsféménce entre sym-
boles, le modéle équivalent en bande de base est

Yk:()éXka+UWk, k:1,2, (11)

L'indice k indique le bloc (ou paquet)y, est la matricél’ x N du signal recuX,

est la matricel’ x M du signal envoyéH, est la matriceM/ x N qui collecte les
coefficients du canal 8V, est la matricd’ x N du bruit additif gaussien et blanc. Les
nombre réels positifs: et o sont utilisés pour normaliser la puissance du signal utile
et la variance du bruit.

Les coefficients d&1 et W sont des variables gaussiennes complexes, a symétrie
circulaire, indépendant et identiquement distribuésd().i avec une espérance nulle
et une variance égal a LA/ (0,1)). Le signal complexe envoyé est indépendant des
coefficients du canal et du bruit additif. Lors de cette éflele coefficients du canal
sont considérés inconnus a I'émetteur et au récepteur. ILhyseme de communi-
cations est dit non cohérent et, en suivant une notationéomge mais trés répandue
en littérature, on nommera les codes utilisés pour cesmgste€odes (espace-temps)
non cohérents. L'étude est menée en considéfamt méme ordre de grandeur que
M (en particulierl” > 2M), de maniere a rendre peu rentable I'utilisation de longues
séquences d’apprentissage pour I'estimation du canal.

Le modéle (1.1) peut étre mis sous la forme

y=aXh+ow, X=Iy®X (1.2)

ou ® indique le produit de Kronecker gt = vec(Y) est le vecteur colonne obtenu
en enchainant les colonnes Wel'une aprés l'autre; de méme pouwr = vec(W) et
h = vec(H) (cf. annexe A).
Le rapport signal a bruit moyen (SNRR)par antenne en réception est donné par :
Lar(E[Y Y'woo)  o?tr(E[XX)

P IThEW W) 2T (1.3)

Pour plus de détails, nous renvoyons le lecteur a I'annexe B.

1.1.2 Introduction aux Représentations des Sous-espaces

Du point de vue de la théorie de I'information, il a été démérgue dans les sys-
temes non cohérent a haut SNR l'information est portée ipahement par les sous-
espaces vectoriels générés par les colonnes des matrésartantes les mot de
codes (cf. Sect. 2.2.2). En conséquence, nous introduleonstation de base sur
les sous-espaces vectoriels.
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Soit (x un sous-espace vectorigf-dimensionnel d&€7, ouT > M. SoitX une
base dex, alors nous pouvons écrire

QOx = span[x; ...xy] =span(X) avec rang(X)= M. (1.4)

Nous introduisons I'ensemble des sous-espaces vectddaksla définition suiv-
ante :

Définition 1 L’ensemble des sous-espaces vectoriel€tayant une dimensiof/,
avecI’ > M, est appelé Grassmannien ou variété de Grassmann et egpaats; 5, .

Le Grassmannien est une variété différentielle et seraleapent introduit dans la
prochaine section. Pour plus de détails le lecteur est yenada Sect. 3.2.

Les concepts de bases bi-orthogonales et d’angles princgznt treés importants
pour caractériser la distance entre deux sous-espacesj.36@3].

Définition 2 Soientx, {0y € Gr deux sous-espaces. Leur ba3estY sont dites
bi-orthogonales si les vecteurs sont orthonormaux et

X! v, = 0 pour tousm # m’, X! Y = ¢ avecl < ¢, < 1 (1.5)

c’est-a-dire pour tousn = 1,..., M, le m®™evecteur de la premiére base est orthog-
onal a tous les vecteurs de l'autre base excepté 8¢

Les bases bi-orthogonales peuvent étre obtenues a padaukebases orthonormales
guelconques a travers la décomposition a valeurs priresg&VD). La procédure est
la suivante : une fois calculé

X'Y = UxCUl | Uy, Uy €Uy, C=diag([cr,...,cn])  (1.6)
ou0 < ¢, < 1 pour toutm, les bases orthonormals sont les suivai¥ebx etY Uy..

Définition 3 A partir de deux bases bi-orthogonales des sous-espAges$ly <
Gr.m, les produits scalaires,, > 0 sont déterminés uniquement par :

Cm = €08 Oy, , 0, € 10,7/2], m=1,...,M. (1.7)
Les#,,. .., 60, sont appelés angles principaux enfig et ().

Plusieurs distances sur le Grassmannien peuvent étreedefimice aux angles
principaux [4], [5]. Nous en introduirons une qui est ugélipour définir le gain de
codage des codes espace-temps par bloc étudiés dans eséte th

Définition 4 SoientX et'Y deux bases orthonormales et s&itY = UyCU! la
SVD définie dans (1.6) avé€t = cos ©. La pseudo-distance appelée distance produit
est définie :

d,(Qx, Oy ) = (ﬁ sin 9m> v (det { [ﬂ X Y]}) ” (1.8)

m=1

Pour la suite nous noterons la pseudo-distance appel@acisproduitl,(Q2x, Qy)
oud,(X,Y).
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1.1.3 Ciriteres de détection

Le critére de détection optimale, dans le cas ou au récefiteique information con-
nue sur le canal est sa statistique, est appelé maximum demialance non cohérent
(non-coherent Maximum Likelihood : nc-ML) et il s’écrit da forme suivante :

X = arg maxp(Y[X,) = arg max p(Y[X,), (1.9)

oup(Y|X,) est la densité de probabilité &€ sous la condition d’avoir envoyé le mot

de codeX, € C et L est la taille de’.
Sous les hypothéses du modele de canal (2.2), I'expreskigndévient :

X1 = arg é:nilinL [~y Foy +cf, (1.10)

ou

l— o2 —t— —
Fg = —Xg(@INM + XZX@)_IXZ y Cyp = In

o? —t
0_2 ?INM + XEX[ .

(1.11)

plus de détails sont donnes dans I'annexe C du chapitre 2.

Dans le cas ou le récepteur ne connait ni les coefficientsmil,aa leur statistique,
le critere de détection optimale est le Generalized LikalthRatio Test (GLRT) [6],
[7] qui s’écrit dans la forme suivante :

Xarrr = arg max sup p(Y|X,, H). (1.12)
(=1,...L g
Dans le cas d’un bruit additif blanc gaussien (AWGN, commesdarR)) le GLRT se
simplifie ainsi :

XGLRT = arg EzrllaxL tr [YTXK(X;[Xg)_IX;[Y} ) (1.13)
Cette expression nous suggere que le GLRT sélectionne leentaic® qui a la norme
de sa projection sur le sous-espace généré par le signa¥régplus importante, ou,
également, le mot de code qui génere le sous-espace le plisepi celui généré par
Y.

Dans le cas d’évanouissement i.i.d. et de code unitairet (denmots de code ont
des vecteurs colonne orthonormaux entre eux), les criter®dl et GLRT coincident

A

X = arg max tr(YTX,X]Y) = arg  fmax, 1Y T2 (1.14)

Si le récepteur connait la réalisation des coefficients dalcalors il est possi-

ble d'utiliser le critéere du maximum de vraisemblance cehé(coherent Maximum
Likelihood : co-ML)

~

XeomML = arg max, p(Y Xy, H) (1.15)

-----
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Figure 1.2: a) Le GLRT sélectionne le mot de code correspurala sous-espace le
plus proche & (dont la projection suy est la plus importante). b) Le ML cohérent
sélectionne le point le plus proche.

Selon les hypotheses du modéle (1.2), le critére devient

Xeonir = arg Hlnn Y — XEHHF—arg mm ||y (H' @ I7)x,||*> (1.16)

77777777

oux, = vec(Xy). Le co-ML sélectionne le mot de code dont la distance (défiaie
le canal) est la plus faible. (cf. Fig. 1.2). Ce critere pete étilisé méme quand la
connaissance du canal n’est pas parfaite, et que seuletimatimn des coefficients du
canal est disponible au récepteur. Dans ce cas le critésepilies appelé co-ML, mais
est nommé critere estimation-détection (E-D). Finalenments notons que lorsque
les mots de code sont issus d’'un réseau de points générépatriael, la solution
donnée par (1.16) revient a chercher le point du réseau déspoodifié(H @ 1)L le
plus proche & . Cette recherche peut étre conduite efficacement gracegaritdme
nommé détecteur a sphére (sphere decoder).

1.1.4 Probabilités d’erreur

La borne de 'union sur la probabilité d’erreur de super-sgta est [8]

~

-1

L
P, < PUP = ZZ 0 = > (Py+ Pyo) (1.17)
I+

e1g# 1 j=f+1

~
I

ou L est la taille du code &®,; est la probabilité d’erreur par paire (PEP)
P@j =P [X = Xj’Xsent = XZ] . (118)

Dans le cas de codes unitaires, la PEPdépend des angle principaux enttg,
and(2x, [9]. La borne de Chernoff de la PEP s’ecrit de la maniere stévéef. [10],
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[9):

M : -N
1 T/M)?sin® 0, 4
PZ?B _ 1t H [1 (pT'/M)*sin m,@]

ot A1+ pT'/M)
o N
1 [ M Nmes | g
~ — | —= —— 1.19
p—oo 2 {pT} [}_:[1 sin® Qm’ej] ( )
oUb1 45, - - -, 0my,,c; SONtles angles principaux différents de zéro eftge etx . Si

tous les angle principaux sont différents de zéro, la egprasasymptotique suivante,
a haut SNR, de la PEP est valable [11] :

pro _ [ MM (2MN —1 1
Y Tp MN | sin® © |V

MY foMN — 1\
:{T_/J ( MN )de(QXwQXj)- (1.20)

Dans le cas de codes non-unitaires ou d’évanouissemenéséspie critere ML et
le GLRT ne coincident pas. Une expression asymptotique tackiéé également dans
le deux cas par Brehelet al. [11].

1.1.5 Diversité

La diversité est une mesure du nombre de coefficients satshent indépendants du
canal qui affectent le méme signal. Nous allons donner laitiéfi de la diversité qui
sera utilisée dans la suite de ce travail, et qui représardéfinition classique, basée
sur la PEP (cela revient a la donner sur la probabilité diemeoyenne) :

Définition 5 (Définition basée sur la PEP)SoitF,;(p) La PEP entre les mots de code
X, etX,; en fonction du SNR. X, etX; appartiennent au code de taille L. Le code
C a un gain de diversité (ou plus brievement diversit§ si :

In P;(p)

min lim ————= = —d. (1.21)
0,j:4#7 p—00 hlp

La diversité de sera indiquée pad(C).

Nous soulignons que la diversité donnée dans la définitiagdp®d du code mais aussi
du critére de détection, puisque la PEP en dépend elle ddass le cas ou le critére
ML cohérent est utilisé au récepteur, on parlera de « codéreah» et dans le cas de
code par bloc sa diversité est donnée par la définition stav@oir aussi [12]) :

Définition 6 (Diversité du code cohérent)Soit3 un code espace-temps cohérent par
blocs et soit le ML cohérent le critére de détection utiligéi( (1.15) et (1.16)). La
diversité basée sur la PEP est :

deML(B) = r]ggl rank(B; — By). (1.22)
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Dans le cas des codes espace-temps unitéifgsur les systemes non cohérents
avec GLRT au récepteur, la diversité basée sur la PEP estiuite par Hochwalet
al. [9]. Nous la reportons ci-dessous :

Définition 7 (Diversité du code non-cohérent)SoitC un code espace-temps unitaire
par blocs, dont les mots de codg, génerent des sous-espaces de dimen&ioton-
stante. Alors, la diversité basée sur la PEP du cGdpar rapport au GLRT, est :

dLRT(C)y = M — max dim(Qx, N Qx,) . (1.23)

Il est facile de démontrer que :

dCHRT(C) = r]?;? {rank([X), X))} — M. (1.24)

La proposition suivante a été établie par Breleleal. [11], elle est valide pour les
codes unitaires et pour ceux qui ne le sont pas :

Proposition 1 Sous les hypotheses du modéle (1.1), si pour toutes lesesodgimots
de codeX, et X; appartenant &, les matrices :

Bﬂ X %] = Ha{f gﬂ (1.25)

ont rang plein, alorg a diversité pleine selon le GLRT et le critere ML non cohérent
dH(C) = dmME(C) = M. (1.26)
Une condition nécessaire est qiie> 2.

Brievement, sil’ = 2M — my < 2M (ce qui revient a diren; > 0), chaque couple
de sous-espacéd-dimensionnels d€” ont une intersection au moins de dimension
my > 0, et la PEP entre ces deux mots de code ne peut donc pas a&tEalidire
descendante la plus rapige ().

1.1.6 Propositions de la littérature

Des arguments de théorie de l'information a propos des casegodiques et des
criteres de minimisation de la probabilité d’erreur (cfc52.5) démontrent qu’a SNR
élévé les signaux optimaux peuvent étre représentés parateses avec des colonnes
orthonormales. C’est pour cela que notre recherche s’esbcoie a des codes ayant
cette propriété. Néanmoins, différentes propositionsgaes avec divers criteres, sont
présentées dans la littérature. Les plus importantes sont :

e Codes obtenus par minimisation d’'une fonction colt donnédte cerniere peut
étre liée aux distances définies sur le Grassmannien [9,413a1a borne de
I'union de la probabilité de super-symbole/bit [15, 16],encore a la distance
de Kullback-Leibler [17].
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e Codes obtenus par paramétrisation de 'ensemble des nsatmdires via une
certaine fonction : par exemple la transformée de Cayley cemiomnée dans
[18, 19, 20], ou par paramétrisation du Grassmannien argdaéonction expo-
nentielle, comme dans cette these et les travaux précéslants sujet [21, 22].

e Codes issus des constructions algébriques ad-hoc pour sipatiulaires [23,
24, 25].

e Codes concgus en s’inspirant de systemes avec séquenceetiapgage : la
premiére partie du mot de code contient la séquence d’afigsage, tandis que
la deuxiéme contient I'information codée (ou modulée) sala code espace-
temps pour des systemes cohérents. Au récepteur la prepaigie du signal
recu sert a avoir une estimation du canal qui est ensuiteasilpour décoder
I'information [16, 26, 27, 28, 29].

Dans le tableau 1.1 sont résumées les principales casditjéas des propositions
mentionnées.

1.2 Les codes EP : codes unitaires obtenus via la fonc-
tion exponentielle

Dans cette section nous introduirons rapidement le Grassiera en décrivant sa
structure mathématique. Nous décrirons ensuite la méthblile pour construire
les codes unitaires qui sont I'objet de cette étude : leutts i@ code peuvent étre vus
comme des points du Grassmannien. Nous appellerons ces c@deles EP » parce
gu'’ils sont obtenus a partir des codes espace-temps cabéreravers une fonction
non linéaire : la fonction exponentielle. Nous décrirorssgeopriétés des codes EP et
la relation qui existe avec les codes cohérents qui les géhéxlous terminerons par
guelques exemples.

1.2.1 Le GrassmannierGy
Nous utilisons ici la définition de Grassmannien donné ppr [4

Définition 8 Soitl/,, le groupe unitaire. Soiet, M € NetT > M, le Grassmannien
GT,M = Z/{T/(Z/{M X Z/IT—M)-

Un point du Grassmannien, c'est-a-dire un sous-espgcest décrit par la classe
d’équivalence :

QT—]M

En séparant les premiéras colonnes, on obtient :

Q= {Q [QOM 0 } :Qelr, Qu €Uy, Qr_um € QT—M} : (1.27)

Q = [X X1], XX =1, (XH)X*+ =17, XIXt=0. (1.28)



| Référence | type’ | méthode de conception | codecd. | diversité | dec. simplifi€ | complexité dec. |
[13] U min. num.d?(C) non | pas de controle non O(2FT)
[14] U min. num.d?,(C) non | pas de controle S GLRT locale
[15]/[16] U min. num.P./P, ,; non pleine non O(2RT)
[17] N/U min. num. non | pas de controle norf O(2FT)
[18] U rotations successives non pas de controle non O(2FT)
[19, 20] U parametrisation de Cayley| non pas de contrdle S dec. a sphere
[22] U | parametrisation exponentielle oui pleine GLRT locale
[23] U algébrique/apprentissage|  oui? pleine O O(MN)IO(M?N)
[24] U algébrique/apprentissage|  oui pleine ) O(277/2)
[25] N/U algébrique non pleine non O(2TR)
[16, 26, 27, N/U apprentissage oui pleine S dec . a sphére
28]

@ Type de code non cohérent: U = unitaire, N/U = non unitaireniaire.
b Est-ce que le code non cohérent est obtenu a partir d’'un cduEent ?
¢ S = décodage simplifié sous-optimal, O = décodage simplifiénap

(par rapport aux performances ML).
¢ Une proposition qui n’est pas construite sur un code colhé@sirégalement présentée.
¢ Des constellations unitaires qui ont un algorithme de dégedimplifié peuvent étre utilisées, mais ce n’est pas lgé&adral.

Tableau 1.1: Résumé des proposition les plus citées danttetatire.

3||anueundiouo) B| BIA SNUS)M0 SaJreliun Sapod : 43 S8pod s8] "Z'T

€c
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Figure 1.3: La fonction exponentielle envoie des points’dsplce tangent sur le
Grassmannien. Un ensemble de points sur I'espace tangaétegéonc un ensemble
de points sur le Grassmannien, qui est ainsi un code seulairlarionction exponen-
tielle est inversible.

Le sous-espace en (1.27) coincide avec le sous-espace généré par les esldeK.
L'opération de quotient sur,; x Ur_,; décrit le fait que des rotations arbitraires
des bases d¥ et séparément d€+, ne changent pas le sous-espace. Au contraire, une
rotation enC7, représentée par une multiplication a gauche par une raatrittaire,

génere un sous-espace différent.

Puisquefr eti, xUr_y; sont des groupes de Lie fermés, le Grassmannien est une
variéte différentielle”>> homogene. Le Grassmannien peut étre vu comme une surface
de dimension (réell&M (T — M) plongée dans un espace vectoriel de dimension plus
grande (par exempl&”) [30].

Il est possible d’associer un espace tangent a chaque poiGtassmannien [4].

Par convention, nous considérerons I'espace tangepnt a un sous-espace fixé par
référence (dit « sous-espace de référence ») qui s’exprintee maniére suivante :

I
Qref = [XTEf X7J"_ef] = IT> Xref = |:0 M :| == IT,M . (129)
T—-M,M

Ce choix nous aidera a simplifier la notation et les calculs.qGaaoint de,.; est
représenté par :

_Rt
Ay = {BO EX} . By eCT-MxM (1.30)
X

La dimension (réelle) der,., est2M (T — M). Elle est identique a celle du Grass-
mannien.
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La fonction exponentielle est utilisée afin d’obtenir desmpdu Grassmannien a
partir des points de I'espace tangent (cf. Fig. 1.3) :

_ Rt
X =exp O —Bx be | _ exp(Ax)Ira . (1.31)
Bx Or_n| [Or—nmrm ’

La formule précédente peut étre mise sous une forme pagtieappelée forme Cosinus-
Sinus (CS) obtenue a partir de la décomposition a valeursigngs de la matric8 x
(Thin Singular Value Decomposition - TSVD [3, pag. 72]) :

Bx=VOU',  VclUpy Ucly, ©=diag(l ... 0\ (1.32)

ou nous ordonnons les valeurs singuliéres par ordre crdis$a< 6; < 0, < ... <
0). Laforme CS de la formule (1.31) est alors donnée par :

_|UC| [+ B L
Y = {VS] u', C=cos®, S=5sin® (1.33)

Les valeurs singulieres d8y, rassemblées e®, sont les angles principaux entf
et le sous-espace de référeriee;.

1.2.2 Structure des codes EP

bits symboles super—symboles

b = vec(B) x = vec(X) i7
Tt,1
s b X mod

> >
> >

A\

5

A\
A4

Ck étiquetage Sn
QAM/PSK
Tyt

buffer

> S/P

exp

codeur e-t
cohérent

Tt M

A\

mod

TT, T,

Figure 1.4: Schéma de la chaine de transmission.

L'idée que nous suivrons dans cette étude est d’obtenir désscespace-temps
unitaires a partir des codes espace-temps par blocs sitilis®s les systémes cohérents.
Le code cohérent, que nous noterdhest disposé sur I'espace tangent ; etle code
unitaireC est obtenu a travers la fonction exponentielle, il est gopkls simplement
« code EP ». Le schéma par bloc du codeur est dessiné sur la.&igLe codeB
n'est pas construit ad-hoc mais il est choisi parmi les cadgmce-temps cohérents
par blocs, parce que les propriétés des ces codes sont déplasn connues et qu'il
est donc possible d’exploiter leur structure afin d’obtemie procédure efficace de
décodage.

Or, comme la fonction exponentielle est non-linéaire, alkst pas toujours in-
versible. Il faut d’abord trouver sous quelles conditidresst possible de réobtenir le
codeB a partir du codé€ (indiqué aussi aveCs), pour avoir une définition bien formée
de code EP. La réponse a cette question est donnée par |spi@psuivante :
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Proposition 2 Soit5,/; le sous-ensemble ouvertte, ; défini par (cf. aussi Fig. 1.3) :

0 -Bf s
Bﬂ—/Q = {A = |:B 0 1 < tﬂ'ref : mEI%aXM<9m) < —} (134)

ou#,, sont les valeurs singulieres d& SoitG; ,, le sous-ensemble ouvert du Grass-
mannien défini comme

G;‘,Mf = {QX € GT,M Qx N QvJ“_ef = {O}} . (135)
Alors
exp : Brjy Ctmpep — GFEM C Grum (1.36)

est une fonction bijective.

En cette démonstration est donnée la méthode pour invererdtion exponentielle a
partir d’une base orthonormale quelconque d'un point:dg,. Soit doncX une base
(pas nécessairement en forme Cx) € G,

x-[8]. e, meerow
2

Le pointBx correspondant sur I'espace tangent est obtenu en applibgigorithme

Suivant :

1. Calculer la SVD d&,: X, = UCU'
2. CalculerX = XUUT qui est maintenant en forme CS.

3. DiviserX en deux sous-blocs comme en (1.3X)} = [X! X!] et calculer la
TSVD deX, : X, = VSUT,

4. Calculer® = sin~'(S).
5. Construire la matricB = VO U'.

Un fois choisi un code cohére®, pour satisfaire la condition d’'inversibilité (1.34)
on fixera un nombre réel positif, appelé facteur homothétique, qui multiplie tous les
mots de code en obtenant un autre code :

B=aB ={B=aB, VB cB}

dont les mots de codes appartienneBta. Le facteur homothétique influence linéaire-
ment les valeurs principales des matrig&set n’'influence pas les matrices de rotation
de la SVD.

Une fois choisi le bon facteur homothétique et obtenu le @dmn peut se deman-
der s’il existe un lien entre les propriétés du cdtlet du codes, en particulier pour
ce qui est de la diversité en transmission assurée par celéypede. Une réponse est
donnée par le théoréme suivant :



1.2. Les codes EP : codes unitaires obtenus via la fonctiparentielle 27

Théoréme 1 SoitCy le code EP obtenu par le code cohérént aB'. Soitd~ML(B') =
d la diversité de3’. Alors

dGLRT(CB> 2 dco—]\/[L(B) — dco—ML(B/) ) (138)

sous la condition que le facteur homothétique appartienhiatzrvalle

O<a<a, a:min{$,@d}, G0 = min (k. ) (1.39)
oud,,,, = max; ||Bj |l = max, 0; , et

aq(k, 1) est solution detan(ab), ;) + tan(ab; ;) — a(f, , +0;,) = aoy(k,1) (1.40)
oUay(k, 1) estled®™evaleur singuliére (en ordre décroissant) B — Bj aveck # .

Ce théoreme, bien qu'il assure la pleine diversité du codei P code de départ a
pleine diversité aussi, donne des valeurs tres petites dauahomothétique. Si
est tres petit, les performances du code seront mauvaises gae les mots du code
B sont toutes prés du sous-espace de réféerence. Néanmashpdssible de trouver
des facteurs homothétiques, hors de l'intervalle fixé pahémreme, qui gardent la
diversité du code EP. Ceci a été vérifié par simulation.

1.2.3 Exemples de codes EP

Codes EP Codes avec séquence d’apprentissage

Codes PSK généralisés

Codes de Givens

Alamouti + PSK

Figure 1.5: Les codes PSK généralisés et les codes de Givahsias codes EP.
Aussi, certains codes avec des séquence d’apprentissatgen(nent ceux présentées
dans [23]) peuvent étre vus comme des codes EP.

Il existe une famille de codes EP pour laquelle nous peuvtuthe¥ plus en détail
la relation entre les mots du code cohérent et du code EP. f@etille est formée par
les codes qui satisfont la propriété suivante :

th _ nt
{ BB, = BBy pour chaqué: + /. (1.41)

B,B) =B,B|
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Sous cette condition trés stricte, toutes les pairs de cestA , et A, dans I'espace
tangent commutent. Dans ce cas, grace aux propriétés gefiextiel, on peut facile-
ment démontrer que X, X, € C

0 —(Bi — By)!
X[ Xy = I}, ) exp { { (B, yBZ) ( o 0) ] } Trar. (1.42)

Gréce a cette relation nous pouvons finalement démontreofegpition suivante :

Proposition 3 Soit B un code dont les matrices satisfont (1.41). AlBret le code
EP correspondant ont la méme diversité (selon le critere de réception as3obié
plus, la distance produit peut étre bornée comme il suit :

2 1 1
Z|(Bi — By)! (By — B[ < d,(X,, X,) < |(By — B! (B — Byl (1.43)

Les codes PSK généralisés sont en effet des codes EP gdorsates conditions
(3.58). Toutefois, ces conditions contraignantes n’orst parmi de trouver d’autres
codes qui les satisfont. De plus, les codes PSK généralstissent pas tous les dé-
grés de liberté disponibles, a cause de leur structure gplcéenplusieurs dégrées de
liberté.

La Fig. 1.5 montre d’autres propositions déja existantes tilittérature, qui peu-
vent étre vues comme des codes EP.

1.3 Décodage Simplifié des Codes EP &#y

Dans cette section nous introduirons les codes EP pour #érsgs a une antenne
en transmission/ = 1), définis sur le Grassmanni&€r ;. Ensuite nous décrirons
un algorithme sous optimal pour le décodage de ces codesgraue a suivre les
performances GLRT.

1.3.1 Forme et propriétés des codes EP &y

Le Grassmannieid’;; peut étre vu comme I'ensemble des lignes complexes dans
I'espaceC”. Le sous-espace de référence est fixé ainsi :

Xeep = [1 0 ... 0]'=¢ (1.44)
et la forme CS du mot de code EP est :
cos ||b| Cos Py
x = [sin|lbll, | = [sinpy | o =]b], (1.45)
||b|| Pb

ou p, est I'angle principal entre le sous-espace de référence sius-espace géneré
parx. La condition pour inverser la fonction exponentielle est

b€ Bys+{beC™":p=|b|<r/2}. (1.46)
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Sous cette condition 'image de la fonction exponentiedte e
Gi,={xeU":z,>0} where x' =z, z, ... z7]. (1.47)

ou (-)* indique la transposition éf” indique (avec abus de notation) la sphére com-
plexe de dimensioff. On remarque que dans le casu= 1, le représentant de la
classe d’équivalence en forme CS (1.45) est uniquex SiG, alors il est possible
d’inverser la fonction exponentielle a partir de la forme @3®245). Nommeé

X = [ZL‘Q ZL‘M]t, (148)
le vecteurb € B, , est calcule ainsi :

b=exp !(x) = - X, Py = Arccos r . (1.49)
1— a2
L'opération d’arccos est bien définie parce que= (0, 1].

La distance produit entre deux sous-espaces (lighes) € G esttres simple :

dy(x, %)) = sinf,; = /1 — |xIx,2. Il est possible de démontrer la proposition
suivante :

Proposition 4 Soientxy,x, € C obtenus déy, b, € B, avecp, = ||by||. Alors la
borne inférieure suivante vaut :

0, (X1 %¢) = sin 01 > 20s) b, — byl si |[bel = [[bell = s
P ’ - g = ]
2 el — [belll i el £ bl

A partir de la proposition précédente il est possible deutatcde bons facteurs
homothétiques. Soit la constellatiGhQAM :

Q-QAM = {qid+iqd, 1 = £1,...£(Q1—1), ¢ = £1,...£(Q2—1), Q = Q:1Q2}
(1.51)

pour des constellations carrées les entigret Q, sont égaux) = Q3. Il est possible

de prouver que, dans les cas de constellations carréesndadieur homothétique est

(1.50)

donné par :
a=(1/2)1+ V2T -1)(/Q -1 (1.52)
et pour des constellations rectangulaires il est donné par :
a=(1/2){1+ V(T - D[(Q1 — 1) +(Q2— )Z} " (1.53)

1.3.2 Géométrie du GLRT

L'idée du décodeur est la suivante : puisqu’aucune méthfiidaee pour le calcul du
GLRT n’est connue, on veut localiser un sous-ensemble de deotode sur lesquels
calculer et comparer les métrigues GLRT. On appellera egipgoche « GLRT lo-
cale ».
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Pour ce faire, nous avons tout d’abord étudié la forme desnelles de points sur
le Grassmannien qui ont le méme valeur de la métrique GLRTrg@port au point
recu. Le GLRT dans ce cas est :

Y(x) = |y'x| ensupposantque,y € UT, (1.54)

et on cherche la forme des ensembies= {x € Gr; : ¥(x) = c}, ouc peut
étre écrit comme un cosinus= cosf,, puisquec € (0,1] . Naturellement, sb,
est bien choisi, un certain nombre de mots du codeCEde situera a l'intérieur de
I'ensembleS, = S..s0,. Celui-ci est le sous-ensemble sur lequel nous voulons cal-
culer les métriques GLRT. Il existe un autre probléme : ilisee pas une méthode
efficace pour énumeérer les mots de code dapg,. La solution que nous proposons
est la suivante : en utilisant la fonction inverse de I'exguarelle (cf. (1.49)), nous
obtenons I'image réciproquﬁ;ﬁar = exp !(Swsp,) dans I'espace tangent. Puisque
I'espace tangent n’est pas courbe, et que nous supposons qoées3 est tiré d’'un
réseau de points, des méthodes de recherche efficacesigxgsigs la condition que
cette recherche soit effectuée a lintérieur d’'une sphéted’'un hyper-cube). Or,
comme la fonction exponentielle est non linéaire, les irsageiproques dans I'espace
tangent ne ressemblent pas a des sphéres (voir la Fig. 1é@8nmbins on a réussi a
couvrir I'image réciproque avec trois sphéres. Ceci noumped'utiliser des algo-
rithmes efficaces pour chercher les mots du d8dkans I'espace tangent a l'intérieur
deS_., . Ces mots de codes sont ensuite donnés en entrée & la fongimmeatielle
pour obtenir la liste cherchée de mots du code’EHar laquelle calculer les métriques
GLRT.

Un autre effet d0 a la définition méme de Grassmannien et dgtasentation que
nous avons choisi pour chaque sous-espace (le vecteurrae fof) est le suivant.
Supposons qu’'un mot du code ERjuasi-orthogonal au sous-espace de référence soit
envoyeé (pointx; en Fig. 1.7). Supposons aussi que le bruit du canal perterbet
de code d’'une facon telle que le signal recu représente siespace de l'autre coté
du Grassmannien par rapport au sous-espace vectoriegorthbau sous-espace de
référence (poink; en Fig. 1.7). Alors le vecteur en forme CS qui représente leeném
sous-espace peut étre trés loin, méme opposé, du premiet xp@n Fig. 1.7). On a
appelé cet effet, effet moduld, parce que il est d au quotient g@adans la définition
du Grassmannien.

Dans une représentation du type de la Fig. 1.6, I'effet mm@ulonne des courbes
comme celles sur la Fig. 1.8. Dans ce cas la, il est imposdluvrir efficacement
I'image réciproque avec un faible nombre de spheres. Pouteli la complexité du
décodeur nous proposons d'utiliser toujours trois sph@tasées differemment, et de
choisir le paramétrg@,. d’une fagon telle que I'effet modul@ soit le moins significatif
possible par rapport a son influence sur les performancesahi ¢

1.3.3 Proposition de décodeur

Nous rappellons un décodeur simplifié déja proposé par KamraebBelfiore [31] et
gue nous appellerons ici décodeur ML cohérent sur I'espamgent (co-ML-tg), sim-



1.3. Décodage Simplifié des Codes ER&ry 31

2ft

k =
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Figure 1.6: Représentation en coordonnées polairgs-dg|b|| et de la phase com-
muned des vecteurb € S_|, dans I'espace tangent, 6iassume différentes valeurs.

Sur ce plan des spheres devraient donner des circonférdbdoas Nous pouvons re-
marquer la déformation due a la non linéarité de la fonctiqpoaentielle.

plement parce que sa métrique est définie sur I'espace thegeur le code cohérent
B. Le décodeur peut étre implementé selon les points suivants

1. Mettre le signal recty en forme CS et calculer a l'aide de la formule (1.49) le
point correspondarit, dans I'espace tangent.

2. Calculer
b~ M9 — min ||b, — b|| . 1.
min |[b, — b (1.55)
Naturellement cette métrique n’est pas optimale, elle meespond a la métrique
GLRT sur le Grassmannien que pour les mots de code tres watheous-espace
de référence. Sile codg est simplement une constellation QAM multidimension-
nelle, le calcul de (1.55) est simple. Biest un sous-ensemble d’'un réseau de points

plus complexe, il faut utiliser un décodeur a sphere. Dartasaine approximation de
la complexité du décodeur est :

O(8(T — 1)) + 10T (mult. réelles)+ 37 (add. réelles)- 2(sqrt)+ 2(look-up table)
(1.56)
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Xref

Figure 1.7: Le Grassmannien réel pdue= 3 peut étre représenté par une hémisphere.
Chaque point de I'hnémisphére « nord » est en forme CS. Le popusgpdans I'autre
hémisphére représente naturellement le méme sous-espaiseil n'est pas dans la
forme CS.

Le décodeur que I'on propose ici pour la premiére fois estiBGlocale. Puisqu'il
utilise trois recherches dans des sphéres, ce décodese wdrtains parametres qui
servent a placer les spheres, décider du rayon ou s’apérgeand |'effet moduldU
dévient trés probable. L'algorithme est le suivant :

1. Choisir le paramet,; qui mesure I'angle par rapport du sous-espace de référence
a partir duquel 'effet de la non linéarité devient impottarHabituellement

0n = /5, 7/6.

2. Choisir le paramétr@., qui est lié a la taille du sous-ensemble du Grassmannien
autour du point correspondant au signal recu, la ou il fagtater les mots de
code.

3. Soity le vecteur en forme CS qui correspond au signal recu. Caléulet
arccos(y ), qui est 'angle principal entre etx,.; = e.

4. Si#, < 6,,, utiliser le décodeur co-ML-tg (1.55) (non linéarité néglable).

5. Sib,, < 6, < m/2—#,, calculerb,, le correspondant dans I'espace tangent de
y. Ensuite, effectuer trois recherches dans I'espace tamagen un rayon :

Tmaz — (91 —I— 07,) Sin HT/SiH(91 + 07‘) (157)

et des centres :

Po
sin pg

cos B, sinby; py = arccos(cos b, cos b;)

(1.58)

01923 = O€Z61’2‘3ﬁy; 0=
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Figure 1.8: Représentation en coordonnées polairgs-dg|b|| et de la phase com-
munes des vecteub € S}, dans I'espace tangent, 6iassume différentes valeurs.
A partir d’une certaine valeur dé. les courbes ont des points aussi dans la partie
gauche du plan, ce qu signifie que des petites perturbatessalis-espaces peuvent

donner des trés grandes perturbations des représentdotsnenCs.

51 = 0, (5273 =+ arcsin(tan QT tan 91)/5F (159)

et le facteuror > 1 est optimisé pour minimiser la performance. On obtient
une liste de mots du codB. Cette liste est dite « liste de mots candidats »

Lp =A{by,..., b, }. Apartir de cette liste on calcule la liste correspondant au
code EPL; = {x;,,..., x;, }. Le mot de code choisi est celui qui satisfait la
condition suivante :

X = min [y’ 1.60

* = min [y'x| (1.60)

6. Si¢, > /2 —0,, 'effet moduloU est présent. On utilise les mémes paramétres
que dans le cas suivant, mais on adapte la position des sgrechoisissart, ;

difféeremment
do3 = 1—- AT : (1.61)
arccos .
2,3 5

ou k est choisi entre 1 et 2.
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Le choix numérique des paramétres est justifié dans la Sdct. 4.a complexité du
décodeur GLRT locale est bien sdr plus grande que celle dudééc co-ML-tg, cela

est dd au fait qu’il faut calculer les mots du code EP et legiméts GLRT. De plus,
ces calcules donnent un terme de complexité linéairg ehen la longueur de la liste
des mots candidats. Si L devient trop grand, ce terme peut gagner sur la complexité
de la recherche a l'intérieur des spheres.

1.3.4 Simulations

Des simulations on été effectuées dans un canal AWGN et dacsnah de Rayleigh
qui démontrent que le décodeur local atteint les perforesi@LRT.

Cas T =3, M=1, 64-QAM

I
GLRT,N=1
GLRT,N=2
GLRT,N=3

x GLRT,N=4
—©— GLRT locale, N =
—8- GLRT locale, N =

+ - GLRT locale, N =
—— GLRT locale, N =
-O- co-ML-tg, N=1
-+ co-ML-tg, N=2
—+ co-ML-tg, N=3 |]
—x— co-ML-tg, N=4 |{

+ 0O O

O T S TN P

per-symbole

P su
e

10 15 20 25 30 35 40 45 50
SNR [dB]

Figure 1.9: Performances des codes EP générés a partir dicobdrentq4-QAM)?2
(T = 3), pourN = 1,2,3,4. Les parametres du décodeur sonbs 6, = 0.97,6p =
2,0, = /6. La simulation est arrétée avec au moins 500 erreurs sufesr-s
symboles.

Les performances du code EP obtenues a partir du Bodé4-QAM)? (T = 3)
sont montrées en Fig. 1.9, avec plusieurs antennes eni@tepé décodeur GLRT
local donne des performances pratiquement indiscerndeleslles du décodeur qui
calcule toutes les métriques GLRT. A taux d’erreur fixé, leadieur co-ML-tg montre
une perte croissante de SNR par rapport au GLRT local, leregnombre d’antennes
en réception augmente.

Des comparaisons avec des propositions de la littératéie [[B6], [23] sont pro-
posées en Fig. 1.10. La comparaison se porte sur 'efficapéétrale; des différents
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Figure 1.10: Efficacité spectralela— de taux d’erreur par bit (BER) pour des codes
proposés dans la littérature, avEe= 2 et N = 1.

codes en fonction di, /Ny a un niveau de taux d’erreur sur bit fixé@ 3, avecT = 2
et N = 1. Pourn = 1.5 bits/s/Hz, le code EP n’a pas une bonne performance a cause
de la forme rectangulaire de la constellatte@AM. Le probleme peut étre dépassé
en choisissant une constellation avec une forme différey@nt un meilleur facteur
de forme. Les codes EP proposés sont tres proches des cditieany dessinés par
optimisation numérique en minimisant la probabilité deemr sur le bit. Naturelle-
ment, I'opération de codage des codes EP et de décodagesasplbs simple que
pour les codes optimaux. Par rapport aux codes avec séquapmentissage, les
performances sont meilleures dans le cas des codes EP asipooincertains niveaux
d’efficacité spectrale. Par contre la complexité de calstibda faveur des codes avec
séquence d’apprentissage.

1.4 Décodage Simplifié des Codes EP dans le cas de
Grum

Dans cette section nous étudierons les codes EP pour lesr@estaved/ > 1 an-
tennes en transmission 8t > M antennes en réception, définis sur le Grassmannien
Gr.n- Ensuite, nous décrirons un algorithme sous optimal podet®dage basé sur
I'approche GLRT locale.
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1.4.1 Propriétés des codes EP &y 5/

La forme de la fonction de codage est celle déja décrite darisrinule (1.31) et
illustrée par la Fig. 1.4. Pour ce qui est des propriétés de,cmous n’avons pas réussi
a trouver un lien analytique précis entre le gain de codageode cohérenB, défini
commeA(B) = ming, A(By, B,) ou

A(Bk, Bg) = det[(Bg - Bk)T(Bg - Bk)] = | det(Bg - Bk)|2 (162)

et la distance produit minimale du code BRC) = miny, d,(Xy, X,). Dans deux
cas particuliers, nous avons trouvé un lien entre ce deuxtf@s

Proposition 5 Considérons un code EB; obtenu a partir du code cohérefit Sile
facteur homothétique tend a zéro— 0, etT = 2M, en définissant

2 2
6= (1= Zmin{IBl}) <1,

alors
BA(B) < d,(Cs) < A(B)

Un autre résultat dérive directement de la proposition 3

Proposition 6 Soit3 un code dont les matrices satisfont (1.41). AlBrst le code EP
correspondant satisfont

2

—A(B) < dp(Xy, Xy) < A(B).

™
Néanmoins des résultats plus généraux qui pourraient ndeisachoisir un bon fac-
teur homothétique (bon dans le sens de la performance)restifficiles a trouver par
calcul analytique, donc un tel facteur sera fixé par simatgaten minimisant le taux
d’erreur par trame (Frame Error Rate — FER).

1.4.2 Proposition de décodeur

Pour ce cas général I'analyse mathématique de la métriquRTGlest avérée trés
difficile, mais, pour trouver un algorithme de décodage $ifi@pnous avons toujours
besoin de ramener le probleme au code cohétehidée, dans ce cas, est de linéariser
la métrique GLRT en considérant la région du Grassmannies gu sous-espace de
référence¢ — 0). Sous cette hypothése, et si le bruit additif est assefefddmot
du code EP et le signal recu peuvent étre approximes de la&neasuivante :

~ In | In
i e fin

ou le facteury est caché darB et By . En insérant ces expressions approximées dans
la métrique GLRT (1.14), on s’apercoit que le terméHH,) est constant et qu'il
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n'a pas d'influence dans la maximisation. De plus, le tetniéli Bl BB'By H,)
dépend den* et il peut étre négligé par rapport aux autres termes qui raée

de o®. Finalement, maximiser le GLRT est équivalent a résoudse,—; _; 2Re
[tr(HIB'ByH,)]. Par conséquent, nous peuvons démontrer que :
i VY ~ mi _ 2
 fmax, tr(Y'X,X,Y) =~  oin |(B—By)H.|7. (1.63)

-----

La métrique précédente est quadratique en fonction desdnotedeB et peut étre
réalisée efficacement si le cofBeest tiré d’'un réseau de points. Bien sdr, la métrique
(1.63) est valide seulement poauttres petit ou pour les mots du code EP tres proches
du sous-espace de référence, ce qui la rend sous optimaild gli@ est utilisée pour
décoder tout signal recu.

Un récepteur qui utilise (1.63) pour décoder un code EP aveg 1 ne récupére
pas la diversité en transmission. Pour compenser les eféela non linéarité, nous
proposons un décodeur GLRT local, que I'on décrit dans le\cas M.

1. Calculer la forme C¥ . du signal recly et la matriceH, = YY.
2. CalculeBy = exp(Y,).

3. Calculer une list€z de mots du cod8 candidats, en utilisant la métriqUéB —
By )H.||% jusgu’a avoir au moing.,,,;, mots de code dans la liste.

4. Calculer, via la fonction exponentielle, la liste corr@sganteL. des mots du
code EP

5. Calculer les métriqgues GLRT sul. et choisir le mot de code qui atteint le
maximum.

Dans la Sect. 5.3 une analyse rapide de la complexité esttéepaComme dans
le cas SISO, il y a principalement deux termes, le premienddécodeur a sphere est
cubique dans la dimension du réseau de pdiif&7 (T — M)]?) et 'autre dépend de
la longueur moyenné de la liste des mots de code candidatd. 7 M N).

1.4.3 Simulations

Le codes cohérents utilisés dans les simulations sonttéepdans la Sect. 5.4.1. Le
codeB!, appelé aussi code 1 dans les figures, est introduit par Datran [32], le
codel3,, appelé aussi code 2 ou «golden code» a été introduit par Bedtal. [33].
En fin le codeB;, pour le cas7s 3, a été présenté dans [27, pag. 1109].

Au contraire du cas SISO, nous ne disposons pas toujoursrdessur la distance
produit minimale en fonction de la distance euclidienneimaie du code cohérent.
Donc nous ne pouvons pas choisir un bon facteur homothépioueles performances
par voie analytique. Pour cette raison, nous avons décidialsir leac: en minimisant
la probabilité d’erreur par trame pour un certain niveau N& $noyen a la réception.
Naturellement la valeur optimale du facteur homothétiduange en fonction du ré-
cepteur (GLRT ou GLRT locale) et aussi en fonction du SNR stpBrametres du
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Figure 1.11: Probabilité d’erreur moyenne par trame (FERJé&todeur GLRT locale
en fonction du facteur homothétiquepour des différents SNR. Les listes des mots de
code candidats ont une longueur entbest 30. L'efficacité spectrale est debits/s/Hz.

décodeur (par exemple, la longueur de la liste des mot catglidSur la Fig. 1.11
Nnous pouvons remarquer que, pour une valeur de SNR fixédastbaxne valeur op-
timale du facteur homothétique : siest trop grand, la distance produit minimale du
code augmente mais l'effet de la non linéarité est trés itapbet les performances
dégradent. Siv est trop petit, la non linéarité est moins importante maisgjela d’'un
certainniveau, la distance produit minimale devient trefitp et la probabilité d’erreur
augmente a cause du bruit additif. Nous pouvons aussi remacue le facteur ho-
mothétique optimal diminue lorsque le SNR augmente. Ceaqifgggque pour faire
face a la non linéarité il faut dégrader au fur et a mesurede®pnances (nous rap-
pelons qu’en diminuant la distance produit minimale diminue). Cet effet se produit
puisque, a SNR élévé, I'influence de la non linéarité surddabilité d’erreur dévient
de plus en plus importante et donc il faut agir surtout s @litdét que sur la distance
produit minimale du code.

Pour ce qui est de la longueur de la liste des mots de codedzdadnous avons
vérifié par simulation que sa moyenne et son écart-typenestastants pour un grand
intervalle de SNR (surtout a haut SNR) en choisissant comganrial fois le coef-
ficient le plus petit sur la diagonale de la décomposition del€ky de la base du
réseau de points (cette quantité correspond en gros a lpglits norme des vecteurs
de la base du réseau de points).

Sur la Fig. 1.12, nous pouvons voir des résultats de sinomlatans le ca%' = 4,
M = 2. En choisissant bien le facteur homothétique pour lesrdiffis codes nous
pouvons contrbler I'effet de la non linéarité et le décod8URT locale arrive a suivre
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T
— - GLRT, code 1
— GLRT, code 2
—- GLRT locale, liste 10-30, code 1
—— GLRT locale, liste 10-30, code 2
—- GLRT, apprentissage + golden cagle
©- E-D, apprentissage + golden codg
-8 Zhao et al.
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Figure 1.12: Des courbes de FER des code§ERC, sont comparées aux codes avec
des séquence d’apprentissage obtenus a partir du goldeiB¢ed a la proposition de
Zhaoet al. [24]. La longueur de la liste de mots de code candidats du GbBdle est
comprise entra0 et30. Tous les codes ont une efficacité spectrate 2 bits/s/Hz.

le décodeur GLRT a moins de 1 dB de perte. Il faut aussi direaqpleis haut SNR,
la courbe de FER du GLRT locale s’éloigne de celle du GLRTtéode diversité).
En effet, le facteur homothétique choisi pour les codes EFigel.12 minimise le
FER autour de 20 dB de SNR. Sur la méme figure, nous peuvonsansgcier le
fait que les codes EP ont des performances comparable & celleode avec une
séquence d’'apprentissage (et bien meilleur que I'autnegsition avec récepteur sim-
plifie). Néanmoins la complexité des codes avec une sequapprentissage reste
plus basse que la complexité de décodage du GLRT locale.

Nous terminons la section en disant que des résultats gisilsont obtenus quand
T et M augmentent, mais I'effet de la non linéarité devient de pluplus difficile a
compenser, ce qui rend l'utilisation du décodeur GLRT Igta$ intéressante lorsque
le nombre d’antennes a I'’émission dgt = 2,3. (Cette derniére considération vaut
pour le décodeur GLRT locale tel gu'il est formulé dans ctttse. D’autres récep-
teurs simplifiés peuvent donner des conclusions diffésggnte

1.5 Decomposition Minimale des Signaux CPM en im-
pulsions PAM

Cette section traite d'un sujet différent par rapport auereld ce travail. Ici nous
avons étudié une description mathématique des signausxdaste modulation a phase
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continue (CPM). Cette modulation est particulierement inde pour les émetteurs
qui utilisent des amplificateurs non linéaires car le signahe enveloppe constante.
Le modulateur, bien qu’il soit assez simple a implanteroiddiit une opération non
linéaire et produit un signal avec une mémadiréen périodes de symbole). Ces deux
caractéristiques font que le récepteur optimal peut étte€mement complexe. A
cause de cela nombreux chercheurs se sont penchés surlenpeate décrire linéaire-
ment ces signaux, c’est-a-dire comme en somme d’un certaitbre d’'impulsions.
Plusieurs décompositions PAM des signaux CPM ont été pregd34, 35, 36] et elles
ont ensuite été appliquées pour proposer des réceptepbfga[37, 38, 39, 40].

Ici, nous proposons une autre décomposition PAM valide fEsusignaux qui ont
une certaine symétrie dans la réponse de phase. La méthodelgenir la nouvelle
decomposition est inédite et permet de démontrer que cedlaine cardinalité mini-
male : pour ce type de signaux CPM il n’existe pas de déconmpond$tAM obtenue
avec moins d’'impulsions.

1.5.1 Signaux CPM Séparables

L'enveloppe complexe d’un signal CPM générique peut s’é@insi :

. (1.64)

L-1
. 1 .
v(t) = exp [J27Th<§9n—1:+1 + E Qi p(t —nT + ZT)>

1=0

ou h estl'indice de modulationy(t) estréponse de phasé est la mémoire du signal,
a, est lan-eme donnée en entréet ;; estl'état de la phasalans la période de
symbolen — L + 1. les données,, appartiennent a un alphabet équilibré de taille
c Ay ={£1,43,...,£(M — 1)} si M estpairoudy; = {0,+2,...,+(M — 1)} si
M est impair.

La réponse de phaset) est une fonction croissante er [0, LT et elle est égale
a0 pourt < 0etap(LT) = 1/2pourt > LT. Nous étudierons des signaux CPM dont
la réponse de phase satisfait une propriété appelée « béparaqui est la suivante:

ot +iT) = go(t) + —,  i=0,1,....,L—1,t€[0,T). (1.65)

2L
Nous appélerons les signaux qui satisfont la proprietéjlGignaux CPM sépara-
bles ». La fonctionp,(t) est appelée phase €lémentaire et elle est croissafieZen
Il vaut po(t) = 0 pourt < 0 etpo(t) = 1/(2L) pourt > T. Cette classe de
signaux comprend les signauxREC (réponse de phase linéaire), donc aussi les si-
gnaux CPFSK et MSK et les signauxréponse pleinddes signaux CPM avec une
mémoireL = 1 et une réponse de phase arbitraire).

En introduisant la condition (1.65) dans I'expression dpnal CPM on obtient :

1
v(t) = exp [jQﬂ'h(i@n + A, po(t — nT)) , tel,. (1.66)
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ou

L-1
représentent les symboles « compacts », obtenus a patfirsgenboles consécutifs
Gp—[41y---,0p €10, = LO, 111 + Zf:_olz'an_i est I'état de phase « compacte ».

L'alphabet deA, est.A,; méme pourl = 1, Ay + Ay = {an1 + ayla,q1 €
Ay an € Ay} = Agpr—g pourL = 2, en généraldy ou N = L(M — 1) + 1. ll est
possible de démontrer le principe d’équivalence suivant :

Proposition 7 Soit ;. (M) un modulateur CPM séparable défini par les parametres
M, L, hety(t), oup(t) est généré par une phase €lémentaire arbitraigét). Alors,

pr (M) est équivalent & un modulateur CPM(NV) défini par les paramétresM; =
N=LM-1)+1,L; =1,h; = h/L, ety(t) = Lpo(t). Les donnéesl,, € Ay

en entré deu,(N) sont obtenues a partir des, € Ay, de uy (M) par I'opération
(1.67).00

En utilisant la proposition 7 il est possible de démontree tjaspace du signal
CPM séparablé” dans une période de symbole générique (par exeffigl®) peut
étre décrit par la base suivante{ 1, (t) = e2""1#0(t) |y € Ay }. Puisque les fonc-
tions{f,(t) |y € Ax } forment une base, la dimension de I'esp&ceoincide avec le
nombre de ces fonctionslim(V) = N = L(M — 1) + 1.

1.5.2 Formulation des Nouvelles Décompositions PAM

Un signal CPM séparable peut étre exprimé linéairement ectitond’'une base de
I'espace du signal. Nous re-écrivons (1.66) ainsjt) = S,, ¢/ 27" 4n»0® ¢ ¢ 7, ou
A, € Ay sont définis dans la formule (1.67) et I'étsif est renouvelé selon la loi
suivante :

Spy1 = Sn Z4 with 7 =¢ "f (1.68)
Alors, soity € Ay = {71,...,7~n} €t
en(7) = Sndany:  f(t) =n(t) 7ol (1.69)
ou
Odnsy = { é :ﬁgtr:erzent o) = { g) :;tftr[é);njt;)nt ’

Nous obtenons ainsi une décomposition que nous appeloasdaghosition compacte
(CD) du signal CPM :

v(t) =) e, f(t—nT), (1.70)

e, etf(t) sont des vecteurs colonne de taiNe dont les éléments sont respectivement
lese, () et les fonctions de la bask(t). L'apostrophe « » désigne la transposition.
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La CD a cardinalité minimale d& = L(M — 1) + 1, puisque les impulsions PAM
coincident avec les fonctions de la base du signa Q).

La décomposition minimale (MD) peut étre obtenue a partiadeD comme suit :

1) nous générons une autre basd/da travers une transformation linéaire inversible
(matriceN x N) P = [p,4], v € Ay, k € Ky = {0,1,..., N — 1}; 2) nous choi-
sissons une matricB qui permet d’établir des récurrences parmi les symboles et fi
nalement de regrouper ensemble des impulsions PAM en exduéscardinalité de la
décomposition.

SoitR = P! = [r,]. Eninséraniy = PR en (1.70) on obtient(t) =
Y., PREf(t—nT)=3" cl g(t—nT)etparla(l.69), les symboles modifies sont
dérivés ainsi :

cn(k) = Snpan ks kely. (1.71)
Naturellement toutes ces décompositions sont équivaenta CD et ont la méme
cardinalitéN.

Nous illustrons au moyen d’'un exemple I'idée des récurrenE@&onsN = 4, le
signal CPM est(t) = vg(t) + v1(t) + va(t) + vs(t), oUv(t) = > . (k) ge(t —
nT). Or, sila récursior,(3) = ¢,_1(0) est valide pour tous, les impulsionsy(t)
et us(t) peuvent étre combinées ensemb€l) + vs(t) = > ¢,(0) ho(t — nT') et
exprimées par une unique impulsibf(t) = go(t) + g3(t —T") de durée double. Donc,
la cardinalité de la décomposition passeNde- 4 a N. = 3.

Il est possible de démontrer gu’en général avec la méthagleédarrences on peut
au maximum diminuer la cardinalité de la décomposition dmfinme dans I'exemple
précédent. La matricE qui permet cette opération doit avoir la structure suivante

Z7NYL por - pon—2 1
7—N+3 P .. PN 1

o o ] 1
ZN7V pnoia o pNoin-—2 1

ou les colonnes a l'intérieur de la matrice peuvent étresibiarbitrairement sous la
contrainte d'inversibilité de la matrice. La MD prend doaddrme suivante :

o(t) =) dh(t —nT) (1.73)
oud!, est obtenu de, en laissant tomber le dernier symbojJg /N — 1) et
S go(t) Fgna(t=T), k=0
hult) = { 9k (1), k=1,...,N -2 (1.74)

Le support dé(t) est|0,27") alors que celui des autres impulsiongt) reste[0, T').
Pour toute matricé inversible, il est possible de vérifier que les impulsiondale
MD sont des fonctions continues deFinalement il est aussi possible de démontrer
gue la MD est la décomposition PAM des signaux CPM séparatbézsla cardinalité
minimale.
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M = 4, réponse de phase séparable

cardinalité LMMD CD, mCD MD
de ladécomp| ML — ML=t | L(M —1)+1 | L(M —1)
L=1 3 4 3
L=2 12 7 6
L=3 48 9 8
L=4 208 13 12
L=5 768 16 15

Tableau 1.2: Cardinalité de différentes décompositionssagsaux CPM séparables
en fonction de la mémoiré du signal, poutM/ = 4.

L =1, réponse de phase arbitraire
cardinalité LMMD CD,mCD| MD
de la décomp 2/log2 M1 _ | M M-1
M =2 1 2 1
M=4 3 4 3
M=6 7 6 5
M =38 7 8 7
M =10 15 10 9

Tableau 1.3: Cardinalité de différentes décompositionsstgsaux CPM a réponse
pleine (L = 1, aucune contrainte sur la réponse de phase) en fonctiortai#dal/ de
I'alphabet.

Dans le Tableau 1.2, les cardinalités des nouvelles décsitips PAM des si-
gnaux CPM séparables sont comparées avec la cardinalité disctéamposition de
Laurent-Mengali-Morelli (LMMD) [34, 35] en fonction de la @mnoire L. du signal.
Dans le cas de la CD et MD, la cardinalité augmente seulenredifiement en fonc-
tion de L, alors que pour la LMMD l'augmentation est exponentiell@anb le cas de
signaux a réponse pleiné & 1), avec réponse de phase arbitraire, les décompositions
ici proposées sont encore capables d’achever une rédutditan cardinalité, comme
il est montré dans le Tableau 1.3. Cette réduction dans le rediinpulsions néces-
saires pour décrire las signaux CPM peuvent ouvrir la rouessanduveaux récepteurs
simplifiés.

1.6 Conclusion

Cette thése a été consacré a deux sujets distingués, le pmmiernant les codes
espace-temps pour des systemes sans fils sans estimatianalunca I'émetteur ni
au récepteur, le deuxieme concernant la décompositionitméles signaux a phase
continue (CPM).

Les contributions originales vont de I'analyse des codegm@&stemps obtenus
par paramétrisation exponentielle a la proposition desdiars simplifiés pour cette
classe de codes et a la caractérisation de leur performdPaesce qui est des signaux
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CPM, des nouvelles décompositions ont été dérivées avecamardhe innovante du
point de vue de la formulation du probléeme.

La recherche peut se poursuivre sur les codes espace-tampte en cherchant
a approfondir encore plus la thématique du décodage signmifiutre part en essayant
d’optimiser les critéres de construction pour différegfsetde canaux plus proches de
cas pratiques, tout en comprenant les avantages des ardgpEsitions de la littéra-
ture et leur éventuels liens avec les codes EP. Pour la gantikes signaux CPM, la
recherche peut se poursuivre en appliquant les nouveltesg@sitions a la recherche
de récepteurs simplifiés pour voir si effectivement ces piels descriptions du signal
CPM peuvent donner une valeur ajoutée par rapport aux régsptéja présents dans
la littérature.



Chapter 2

Non—Coherent Space—Time Codes:
State of the Art

In this chapter we introduce the fundamental frame of thigwohannel assumptions,
basic code parameters and definitions, mathematical pasidshe state of the art of
current non—coherent space—time codes propositions.

In the first section channel models are introduced which béllused throughout
all this work. In the second subsection, results on inforomatheory are reported to
justify the choice of some fundametal system parametéuestiie duration of the fad-
ing block and its relation to the number of transmit and nez@intennas. Besides,
this information theory summary helps us understand undechwchannel assump-
tions the proposed non—coherent codes are optimal. Theriamue of letting infor-
mation be on subspaces spanned by codewords columns enfrengethe previous
discussion. Hence, in the third section, basics on subspaets of subspaces and
distances between subspaces are introduced. In the faatibrs detection rules, both
for coherent and non—coherent Multiple Input Multiple QuitgMIMO) systems, are
recalled. The fifth section contains a summary of the knowpression of Pairwise
Error Probability (PEP) and its bounds for different kindsion—coherent space—time
codes, under different criteria. The following sectionldeeth diversity, another fun-
damental parameter of space—time codes, strictly linke¢d arror performance and
the geometrical structure of the non—coherent codes. Mam#esection collects most
of current propositions on this topic and briefly describedecdesign criterion as well
as code characteristics, advantages and disadvantage®igfh section is dedicated
to one particular proposition called “training—based apph”, since in our opinion it
is one of the best competitors. In the final section, an exard@wn from previous
propositions of the literature illustrates some previgusiroduced concepts.

2.1 The channel model

The channel model we use throughout this thesis is the deddabck fadingchannel
model [1], [2]. In this model the channel coefficients arestant during a block of’
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Figure 2.1: The MIMO channel and a codeword/éf supersymbols affected by a
block fading channel.

symbol periodd’; (we considefl’ integer). For each block the channel coefficients are
generated independently from the previous blocks, acegrtti a certain probability
distribution. The block fading channel model is applicalsleen the channel is sub-
stantially time-invariant for a duratiofi 7, and then it changes abruptly. This occurs,
for example, when the blocks are separated in time or freqyu@nboth, e.g. in system
where the access to time and band resources are managediciham

We generally consider a multiple—input multiple output ) channel where
M andN are the number of antennas respectively at the transmitterexeiver as in
Fig. 2.1. Under the assumption of a ideal band-limited matiloth scheme, without
inter-symbol interference, the discrete—time basebandalgnt channel model is

where the subscript refers to thek—th block, Y, is theT x N complex matrix of
the received signalX; is 7" x M sent signalHy is M x N andW, is theT x N
additive noise matrix. The real scalarsando are used to normalize transmit power
and noise variance. If not otherwise stated, the entridd ahdW are i.i.d. mean—
zero, unit-variance, circularly symmetric, complex Gaaiss/ariablesC A/(0,1) and
the complex—valued signal at the transmitter is independéthe channel and the
Gaussian noise. In the following we do not explicitly wrikeetblock index: because
coding among different blocks is not considered and, siticéhe@ random variables
are independent from one block to another, all blocks atesstally equivalent (there
IS no memory in the system).
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In this work we assume that the channel realizalibrs unknownto the receiver.
This assumption is usually justified by the fact that in fetgeneration MIMO wireless
systems with high mobility requirements, the coherence tifithe channel [8] is very
short. For example, at a vehicle speed of 100 km/h a mobileatipg at 1.9 GHz
has a fading coherence interval of about 5.7 ms, which gooress to an uncorrelated
fading each 200-300 symbols at a symbol transmission rab@ &baud. At the same
symbol rate and vehicle speed, but for an operating frequeh®80 GHz, the fading is
uncorrelated after only 10-20 symbols. Hence, to estinteehannel can be a more
and more computationally demanding task as the number @lfrttemnas grows up, or
it can unacceptably decrease the throughput of the systgacmrlly if only short data
or control packets must be sent.

We prevent the reader that the above rough argumentationstdwecessarily jus-
tify the use of space—time codes designed for non-coheegattion. Another impor-
tant practical problem is the existence of simple and effictecoding algorithms for
such codes and the analysis of the trade-off between peafurenbenefits and com-
plexity costs. However, the previous short reasoning migi€ that such codes can
become interesting when the duration of the bl@tk comparable with the number
of transmit and receive antennas, otherwise a good estimadin be performed at the
receiver. Hence, in the following we will make the assumptioat?’ is comparable
max (M, N).

2.1.1 Other forms and power normalization

This model can be reformulated in vector form

y=aXh+ow, X=Iy®X (2.2)
where® is the Kronecker product and= vec(Y) is the column vector obtained con-
catenating the columns of the matfk, analogouslyw = vec(W) andh = vec(H)
(see Appendix A)y andw are column vectors of lengffiV, h has lengthV M while
Xisa(T'M) x (NM) block—diagonal matrix.

The average received Signal to Noise Ratio (SMRer receiver antenna is (see
Appendix B)
_ wtr(E[Y Y'w=o) _ o’ tu(E[XXT)
Litr(E[W WT)) 02T '
In literature we can find many different ways to normalizetta@smit power. We will
mostly deal with codebooks whose codewords have orthol@wohanns, being called
unitary space-time codebogKer which it holdsX'X = I,,. Under this assumption,
supposing i.i.d. sent supersymb®s we set the power constraint as

Atr(EXX) =M = a=1 (2.4)

(2.3)

which means in fact that the total power for a supersymbotgaé&) must bél/ (for
everyT). Then,o? = M/(Tp). We generally leave ando explicitly expressed when
we want to switch from different normalizations. For exaempiormalization in [41]
is obtained by lettingy = /7.
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2.2 Results from Information Theory

We recall here some fundamental results about the capacMIMO block fading
channels when the channel is unknown both to the receivert@mide transmitter.
We are focusing on the ergodic capacity, which makes sens@é Wie transmission
duration is much longer that the coherence time of the cHdhheEach codeword is
formed by, supersymbols and the capacity study is asymptotically\adiV, goes
to infinity. In this case the classic Shannon formulatiordsgé 2]

C =maxI(X;Y) (2.5)

px ()

wherepx (-) is the probability distribution of the input signal. Usyathere is some
constraint on the power &.

It is well-known that when it is not possible to code amondedént blocks or
when a delay constraint is imposed, then the ergodic capeaitnot be applied and
the concept obutage capacityr outage probabilityis more appropriate [43], [44],
[2]. The outage capacity is a well-defined concept when aepe@hannel State In-
formation (CSI) is available to the receiver. However, in tiase of no CSI there are
some difficulties arise to define it. As far as we know, the gurlyposal for an outage
capacity definition is in [45]. Since some results for theimpt signal structure are
the same that in the ergodic case, we prefer to investigestéatter case only.

2.2.1 General Results

The power—constrained ergodic capacity in the Single I§mgle Output (SISO) case
(M = N = 1) and fast fadindgl” = 1 was studied by [46], [47] (see also references
therein). The first investigations of the general MIMO caséue to [41], [9] and [48].
We report the following fundamental results.

1. The power constraint. Constraining the average power of the single antenna
symbol E [z;,,] = 1, of the symbols emitted in one symbol period from all
the M antennas Y | E[|z;,|?] = M, of the symbols emitted from each an-
tenna during all the block”;_, E [|z,,|?] = T or of the whole supersymbols
tr(E[X X']) = TM does not affect capacity, provided that the supersymbol
total average power is the same. If not, only a simple scaintpe SNRp is
required.

2. Capacity Dependence or{’. For any block lengtl¥’, any number of receiver
antennasV and any SNRp, the capacity obtained with/ > T"andM =T
are equal. This is substantially different from the cohease (perfect CSI
available to the receiver) where the capacity is indepetnalen [44].
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3. Optimal signal structure. For every SNRp, the capacity—achieving signal ma-
trix can be written as

M0 0
. 0 X 0
X=®A, ® U, ie 'O =1, A=
0 0 - Ay
(2.6)

where® is aT x M isotropically distributed unitary matrixand A is an in-
dependentM x M real, nonnegative, diagonal matrix. In other words, the
optimal signal is formed byw/ orthogonal vectors whose norms axg, > 0,

m = 1,..., M. The general analytical form of the joint density[af, . . ., Ay/]

is still unknown.

4. Asymptotic capacity for ' — co. WhenT — oo the capacity approaches the
capacity of the coherent case with perfect CSI available ¢adiceiver. More-
over, all the density distributiong()\,,,) converge to a Dirac delta centered in
VT, showing thathe information is carried by the direction of the vectarsd
not by their norms (see also [6]).

2.2.2 Asymptotic Results at high SNR

An investigation about the ergodic capacity in the high SEgme can be found in
[30], where the following results are proved.

1. Optimal signal structure. For high SNRp, the random variables,, converge
to the deterministic constant7 , as in the case df’ > 1. Once again the
optimal signal structure is a matrix whose columns are agotally distributed
orthogonal vectors

X:[Xl ...X]u]:ﬁ(I), (I)GZ/{TJ\/[. (27)

2. The information is carried by subspaces. Indeed, (2.7) states that a good
codebook should put information in the directions of thetoecx,,, m =

1,..., M. However, [30] shows that the information is not in the singi-
rections spafx; ), ..., sparix,), but in thesubspace
Qx = span(xy,...,x)) = span(X) . (2.8)

In other words, at high SNR and f&l, W with i.i.d. circularly symmetric
Gaussian variables, the mutual information in the capaséfnition (2.5) is
I(X;Y) = I(Qx;Y). An intuitive explication is that, at high SNR, we can
write

Y=aXH+oW>~aXH (2.9)

1An isotropically distributed unitary matrix has a probitpildensity function which is invariant
under left—multiplication of deterministic unitary mates.
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and we see that the channel stretches and rotates theXafi®x. Since the
channel is unknown, the receiver cannot recover the p#atitasisX, but the
subspacélx is unchanged.

3. Capacity and degrees of freedomThe asymptotic capacity (in bit/s/Hz) is
C = Ky,.log, p+ cun + 0(1) (2.10)

whereo(1) is a quantity which goes to zero at high SNR angy is a constant
which depends o/, N andT (for more details see [30]).

Kpe = M*(1 = M*/T) with M* =min(M, N, |T/2)) (2.11)

is called the number afegrees of freedowr multiplexing gainof the noncoher-
ent MIMO channel [45]. Sincéog,(p) is the high SNR behavior of a classical
AWGN SISO channelK,,. can be interpreted as the number of parallel spatial
channels that can be used at the same time [48].is the optimal humber of
transmit antennas that should be used to communicate. Wsorg that)M*
transmit antennas does not yield any benefit (in terms ofaigyba

We notice that, as recalled in the previous section, theaiypdepends orT’,
while for coherent systems the degrees of freedon@ge= min(M, N), inde-
pendent froni" [44], [49],[50].

We can draw some useful conclusions from the previous oagens. Sincex,.
is the leading coefficient and a 3 dB SNR increase means agaserofi,. bit/s/Hz
in the capacity, the number of degrees of freedom should bé&mmzed. This means
that M/* should bel’/2 or as close to this value as possible. Moreover, it should be

T > 2M,2N (2.12)

otherwise the additional antennas will be not useful (frocajpacity perspective).

2.2.3 Asymptotic results for low SNR

In the low SNR regime, results are quite different. In faanerally, ifp — 0, the
coherent and noncoherent capacities are asymptoticallgl end their limit is [30]

lir%C'(p)/p:Nlong, bit/s/Hz, (2.13)

p—

so that the relationship with the number of degrees of freedsappears. Only an
augmentation of the number of receive antennas can be jlefi@collect the small
signal power. Moreover, evenif and M are greater than one, the optimal strategy
consists in allocating all the transmit power to only onesant. during one symbol
period.
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2.3 Introduction to Subspace Representations

As we said in Sect. 2.2.2, the information is principallyread by subspaces in systems
with unknown channel and high SNR. We will recall here someachbdsfinitions on
subspaces.

2.3.1 Basics on Subspaces

Let Qx be anM—dimensional (vector) subspace®f, with T > M. Given one of its
basesX, we recall (2.8)

QOx = span[x; ...xy] =span(X) with rank(X)= M. (2.14)

The basisX is not unique, in fact given any invertibl®/ x M complex matrixA,
another valid basis of the same subspacK i&. The Thin Singular Value Decom-
positior? (TSVD) [3, pag. 72] gives interesting insights into the strue of a generic
basis

X=VAU'",  VecUry, Ucly, A=dag([\ ... \u]) (2.15)

whereldr , is the set of thd” x M complex matrices with orthonormal columis,,
is the group of unitary/ x M matrices and\ is a diagonal matrix whose entries are
positive and ordered in decreasing order. Resuming

ViV =1,, Ulu=1,, M>X > > Ay (2.16)

The TSVD (2.15) has an interesting geometrical interpi@tatV is an orthonormal
basis of the same subspa@g. The basisX is obtained fromV by means ofA U'
which first stretches the basis vectgr according to the positive constaky, and then
rotates it accordindJ?.

While the basis of a subspace is not unique, its projectorthe linear operator
which projects a vector on the subspace, is unique. GivemeargebasisX of 2x, the
projectorPg, is defined as

Po, = X(X'X) !XT (2.17)
while if X € Uy, 7, the previous definition trivially simplifies in
Pq, = XX, (2.18)
The projector has the following properties

Po, =P, , P} =Po, PuX=X. (2.19)

2WhenT = M, the thin Singular Value Decomposition becomes the commogugar Value De-
composition, where all matrices in (2.15) are square.
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2.3.2 Basics on the Grassmann Manifold
We give the following basic definitions:

Definition 1 The set of thé/—dimensional complex (real) vector subspa@gsof C*
(RT), withT > M is called Grassmann manifold or Grassmannian, denote@hy;.

The concept of differentiable manifold will be recalled iacs 3.2.
The concept of biorthogonal bases and of principal angleg&ig important to
characterize a couple of subspaces [3, pag. 603].

Definition 2 Given two subspacésx, 0y € Gy, two corresponding bases and
Y are said to be biorthogonal if they are orthonormal and

X!y = 0 forall m #m’, X! Vi = ¢ With 0 < ¢, < 1 (2.20)

l.e. forallm = 1,..., M, them—th vector of the first basis is orthogonal to all the
vectors of the other basis except of theth one.

A pair of biorthogonal bases can be obtained by anydvwbonormalbases by means
of the SVD decomposition. L&, Y be two orthonormal but not necessarily biorthog-
onal bases ofix, 2y and let

X'Y =UxCU!l, Uy, Uy €Uy, C=diag([c,...,cum)) (2.21)

where( < ¢,, < 1 for all m. Then two biorthogonal basis able Uy andY Uy.
From (2.21) we can also see that the squared cosines of th@pai angles are the
eigenvalues of the matriX'YY'X or equivalently ofY ' XX'Y.

Definition 3 Given two biorthogonal bases of the subspdegs2y € G, the real
positive inner products,, can be uniquely written in the following form

Cm = €080, , 0, € [0,7/2), m=1,...,M. (2.22)
01, ...,0, are called the principal angles between subspde¢gsand 2y .

From (2.21) we see that given two orthonormal bases, theicipal angles are the in-
verse cosine of singular values of the maXiky . Equivalently, lettingd = [0, ... 0]
be the principal angles ordered in decreasing order, fropljand (2.22) we can write

C =cosO, © = diag(0). (2.23)

The principal angles are unique, while the biorthogonatbasge not (for example a
common permutation of two biorthogonal bases gives agamvialid biorthogonal
bases).

Definition 4 Two subspaceQx, {2y € G, are called intersecting subspaces if the
dimension of their intersection is greater than zero, déan(2x Ny ) > 0. Otherwise
they are called non—intersecting.
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When two M —dimensional subspaces are intersecting the dimensidrefibtersec-
tion coincides with the number of principal angles equalémzand vice versa). In
this case some vectors of the two biorthogonal bases ceinthiéy span the intersec-
tion [3, pag. 604].

Several distances between subspaces can be defined overagsm@nnian [4],
[5]. We recall here the mostly used ones.

Definition 5 Let X andY two orthonormal bases of two different subspaces and let
X!'Y = UxCU! the SVD as in (2.21) witll = cos @. Then we can define the
following distances

1. The geodesic distance

1/2
dure(x, 2y ) = [0 = (Ze ) (2.24)

2. The chordal distance

M 1/2
d.(Qx, Qy) = f||PQX —Po, |l =|sinf| = (Zsm? 9m> (2.25)

m=1

wherePq, andPq,, are the projectors defined as in (2.18) ajhd || » is matrix
Frobenius norm (see Appendix A).

Another pseudo—distance called product distance -whiahedigtis not a true distance
but it is often used in literature- is

oo ([Tnan) = (5] xv))™ e

m=1

In the following we will use sometimes the notatiéX, Y) meaningd(2x, Qv).

2.4 Detection Criteria

2.4.1 The Non—Coherent Maximum Likelihood Criterion

When the channel statistics of the fading and noise are knowimetreceiver (not its
realization), the Maximum-Likelihood (ML) criterion carelused for non—coherent
detection [8]. The ML rule is

X, = arg maxp(Y|Xg) = arg max p(Y|Xg) (2.27)

77777

wherep(Y|X,) is the conditional probability distribution 6f knowing thatX, has
been sent anX, is the/—th codeword of the codebodk whose cardinality i§C| =
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In the hypotheses of channel model (2.2) (i.i.d. Gaussidmépand noise), the re-
ceived signay is a complex Gaussian vector with zero mean and covarikngg, =

a? Xgi; + o Iny, X, asin (2.2). Hence
exp{—tr([0’I + *X, X[ 7Y Y1)}

Y |Xy) = 2.28
P(Y|Xe) 7N det™ [021 + 02X, X]] (2.28)

In this hypothesis the ML is a quadratic receiver and can &edtas

X1 = arg Z:nllinL [~y'Foy + ¢, (2.29)

,,,,,

where the dependence on the signal i§'in

1— o2 e =
F, = ;Xg(?INM%—XZXg) X!, =l

o? —te
ST+ XX (2.30)

See Appendix C for the derivation of the non—coherent MLeciain.

2.4.2 The Generalized Likelihood Ratio Test

The Generalized Likelihood Ratio Test (GLRT) does not regtire knowledge of
the fading and noise statistics, nor the knowledge of ittizatzon (see [6], [7] and
references therein). It is defined as

Xgrrr = arg max sup p(Y|X,, H) (2.31)
(=1,...L g
wherey givenX,, H is a complex Gaussian varialyfe~ CA (aX/h, Iyr) in the case
AWGN noise (as in model (2.2)). The criterion simplifies in

XeLrr = arg max yTXE(XZXZ)_IXZY- (2.32)

.....

or equivalently

Xorpr = arg  max tr [YTX,(XIX,) ' XY] . (2.33)

-----

From (2.32) or (2.33) we see that the GLRT applies a projaatigeration of the re-
ceived signalY on the different subspacésx, (see (2.17) and then calculates their
norms and chooses the “closest” subspace.

From the perspective of the average supersymbol error pildiganinimization,
the GLRT generally supplies a suboptimal estimation witpest to the ML crite-
rion. However, the GLRT independence of every kind of fadirfgrmation makes it
an excellent candidate—detection rule when the receivemataestimate the channel
correlations or when the channel has variable statistics.

In the case of i.i.d. fading and unitary codebook, the ML drelGLRT criteria are
equivalent (it trivially comes from (2.30)). In this casettiecision is made according

A

X = arg max tr(YTX,X!Y) = arg  fnax 1YTX |2 (2.34)

----------
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regarding which the remarks of (2.34) are valid too.

The equivalence of the GLRT and non—coherent ML criterioldiander slightly
looser assumptions of i.i.d. circularly complex Gaussguhirigs and correlated addi-
tive noisew ~ CAN(0,K,, ), where the covariance matrix is separable in space and
time, and uncorrelated in space ii€,, = Iy ® K,,, [10]. See Appendix C for general
calculations and proofs.

Figure 2.2: a) The GLRT chooses the subspace with greatgstfion. b) the coherent
ML chooses the closest point.

2.4.3 The Coherent ML Criterion

When the receiver exactly knows the channel realization theeMerion is

~

XeoM, = arg max p(Y|X,, H) (2.35)

Sincey given X, andH is a Gaussian random variable as in the GLRT case, (2.35) is
equivalent to minimize the exponent of its probability distion, which in the AWGN
case is

X0 pL = Arg Jnin [[Y = XH| = arg min [y — (H' @ Ir)x|* (2:36)

----------

wherex, = vec(X,). The ML choice is the vectat.,_ ., that minimize the distance
between the vectoy and the vectorsH’ ® Ir)x,. While the GLRT maximizes a
projection onto different subspaces, the coherent ML oitesearches for the closest
point (see Fig. 2.2). When the codewords come from a lattite g@nerator matrik.,
the solution of (2.36) comes to find the closest point in thelifiexd lattice(H' ® I7)L.
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2.5 Error Probability Bounds

The average error probability of the received supersymanlle upper bounded by
the classical union bound [8]

L L

1 1

P, < PYP = 7 § § Py = 7 § (Py; + Py) (2.37)
=1 j#¢ (=1 j=0+1

whereL is the size of the codebook?,; is the Pairwise Error Probability (PEP) be-
tweenX, andX,, with ¢ # jand/,j = 1,..., L, which is the probability of deciding
X, whenX, is sent and the codebook is formed by just these two superdgmie.

PEj =P [X = Xj|Xsent = XZ] . (238>

2.5.1 Unitary Codebooks

In the case of unitary codebooks under the assumptions oiehanodel (2.1), (for
which the ML criterion and GLRT are equivalent) an exact etbsorm analytical
expression of the PEP,; was found in [9]. The PEP,; depends only on the principal
angles betweeflx, and(2x,. However, we do not report it since it is based on the
evaluation of the residue of an analytical complex fungtiwhich gives not particular
insights. The Chernoff Bound on the PEP (see [10] or [9] for anttedin) is reported
too in [9]

pop_ 1 ﬁ [ (/M2 sin® em,gj} N

v 2.4 4(1 + pT /M)

1 [ M ]Nma rw 4 ]N
~ = { } I -—— (2.39)

~ — —
p—oo 2 | pT o2 sin Om.ej

wheret, g, ..., 0m,,, ¢, are the non—zero principal angles betweksq) and)x; (they
correspond to the singular values Bf; = X!X; different from 1). As it can be
appreciated from (2.39), the choice that minimizes the G¥febound isf,, = 7/2
for all m, which geometrically states the orthogonality of the twbspaces.

An asymptotic expression (at high SNR) of the PEP was found 1, jwhich is
tighter than the Chernoff bound (2.39). This asymptotic egpion is valid only for

the case of non-intersecting subspaces (see Definitiore4),.i,; # 0, Vm

pro _ [ MM (2MN —1 1
b Tp MN | sin® @ |

MM ropiN — 1\
:[T_p] ( o )dPQNM(QXZ,QXj). (2.40)
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2.5.2 Non-Unitary Codebooks

In the case of non—unitary codebooks or correlated fadiagndm—coherent ML crite-
rion and the GLRT do not coincide.
In the case of th&lL detection, from (2.38), the PEP is defined as

Pyimr =P ly'Foy < ¢yl

whereF,; = F, —F; andc,; = ¢, — ¢, (see (2.30)). The pairwise error probability can
be expressed in analytical form as a function of the eigeiegabfK, x F,;. Many
works reported this fundamental expression, usually withhelp of residue theory
(see for example [51], [11] and references therein). Siheeekpressions are usually
complicated and never insightful nor suitable for numéreealuation, we report the
asymptotic expression at high SNR as in [11]. Assuming

X; _ [Ree Ry N 2
{Xﬂ [Xf XJ} - {Rj R;|’ ¢j = Nln ‘Rjj‘ (2.41)

and supposing that the matrix in (2.41) has full rank, hefite (2M1), the asymptotic
expression is

Mfl 2MN — kY &
M NM MN k!
] +=0 (2.42)

P2wvr + Pryr = {— —
Z],ML jé,ML Tp ’Rgﬁ _ RZ]RleR]AN
for ¢,; > 0, signals can always be renumbered to satisfy this condition
In the case of i.i.d. Gaussian additive noise, the asympREP for theGLRT can
be written [11]

M] Nt (2MN - 1> (1+ &) (2.43)

Pps + P = |
POLRE S T IRGLRT {Tﬂ MN Ry — Ry R RV

[11] showed that if the fadings are correlated- CN (0, Ky,), expressions (2.42) and
(2.43) must be multiplied by a scalar factor bf|K;,|. Hence, even in the case of
correlated fadings, for unitary codebooks the two asymptEPs (2.42) and (2.43)
coincide, even if the GLRT and non—coherent ML do not!

The deduction of the asymptotic PEP (in the ML and GLRT ca$¢)1 can be
easily generalized in the case of correlated additive zaean Gaussian noise, when
its covariance matrix takes the for,, = Iy ® K. The proofs of the propositions
in [11] are the same, provided thRY; is replaced b)XZK;V;Xj.

Under the assumption of equal—energy codewam{X(}Xg) =P V{=1,... L),
the codewords which minimize the ML asymptotic PEP (and bethe asymptotic
union bound) have orthogonal columns [11]. In other woriihe equal-energy con-
straint is imposed, unitary codebooks are optimal from gmasotic PEP minimiza-
tion perspective. Hencat high SNR the same signal structure is optimal from the
perspective of capacity and performance
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2.6 Diversity

Diversity roughly measures the number of independent akligmaths through which
the signal passes. Using the statistical independencesé haths, it is more probable
to recover the correct information as long as one path isiagtenough [52], [53].
There are many kinds of diversity: temporal diversity (codgploit channel temporal
uncorrelation), frequency diversity (codes exploit fatance the uncorrelation among
channel frequency responses at different frequencieds@on. MIMO channels offer
spatial diversity thanks to the presence of multiple ardsnwhich of course must be
correctly spaced far apart to assure the statistical intgece of the fadings. The
physical environment around the antennas is very impogsantell [54], [53]. When
the correlation among antennas can be controlled, beamisigrsystems and smart
antennas can be used (see [55] and references therein).

There are three different definitions of diversity for nookerent MIMO block—
fading systems in literature. The most widespread andicks#efinition of diversity
is based on the asymptotic Pairwise Error Probability (P& its Chernoff Bound
or on the average error probability. This diversity dendigdPEP—based diversity (or
simply diversity) is used for coherent system too [12]. Arestdefinition relates diver-
sity (as a mesure of the average error probability) to mieltipg gain (an information
theoretical concept, see Sect. 2.2.2) [49], [45]. This demis given for families of
codes whose rate scales logarithmically with the SNR andabkes clear diversity—
multiplexing gain trade—off analysis. This is not the cahtopic of our investigation,
so we just report the reference and recall that it contairigi@lien 6 as a special case.
Eventually, algebraic diversity is another definition lmhealy on codewords algebraic
properties [28].

2.6.1 Pairwise Error Probability—based Diversity

Definition 6 (PEP—based Definition) Let P, (p) be the Pairwise Error Probability
(PSE(p) be the Chernoff Bound) between the codewdfdsand X, as a function
of the SNRv. LetX, and X, belong to a codebodk of sizeL. The codebooK is said

to achieve the diversity gait(or briefly to have diversityl) if

min lim In Paclp) =—d min lim % =—d]) . (2.44)
0,k l+#k p—o0 In P ’ 0,k l#k p—o0 In p

The diversity of the codebockwill be denoted byi(C).

In other words( has diversityd if the minimum slope among all the PEP curves (in a
log-log scale) at high SNR isd. Another equivalent explication is that, at high SNR
we can writePy.(p) o< p~" with n > d for all ¢, k, ¢ # k. To underline the importance
of diversity in increasing the performance of a code, weasotihat to divide the PEP
by 10 an increas\p|qs = 10/d in SNR is required (see Table 2.1)
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diversityd | 1
[Aplas [dB] ‘ 10

2 3 4 5 6
5 34 25 2 1.7

Table 2.1: SNR increagé\p| to lower of a factor 10 the asymptotic PEP of codebooks
with diversityd, at high SNR.

For unitary codebooks, the Chernoff Bound is given in (2.3%)c&the exponent
of the SNR isNm, 4 we can state that

<d= < — '
N<d=Nmyg<MN, mg = Er]?l};rélkmd@k (2.45)

wheremy ¢, is the number of zero principal angles between subspagesindQx, .
When the subspaces are not intersecting theeaches its maximun¥V M and the
codebook is calledull-diversitycode. The worst case is when only receiver diversity
is provided. This happens when there are two subspaces wiftessection has di-
mensionM — 1. Obviously, the diversity cannot be zero; in fact in thatecise two
subspaces would coincide and the codebook is not correetigded, because the map
between information bits and codewords would not be byecti

Theaverage error probabilityslope at high SNR is related to diversity, but do not
necessarily coincide with d. In fact, the average error probabilif is upper bounded
by the union bound (2.37), while we can write the followingér bound [56]

Mh

—ng W< P, <PUB LAy vy (2.46)

z:

where the PERP,;, can be chosen arbitrarily. For example, if a codebook doctutae
full-diversity and hasl,; couples of non—intersecting subspaces, and the others
couples have an intersection with dimension 1, then the pgytia slope ofP, will be
between- N M and— N (M — 1) depending on the statistics of the codewords. On the
contrary, if the intersections of all the couples of subggdtave the same dimension,
then the asymptotic slope éf really coincides with-d, as directly comes from (2.46).

We stress thahe PEP—based diversity of Definition 6 does not depend anth®
codebook, but also on the detection criteridmfact, the PEP depends on the detection
criterion. We formulate therefore For instance, two deioni of diversities which are
more precise and which we will use in the following. First df ave introduce the
compact expression “coherent code” to refer to a code dedifpr coherent systems.
For this kind of codes, the following difinition of diversityas formulated in [12]

Definition 7 (Coherent Code Diversity) Let B a coherent code, being detected with
the coherent ML criterion (see (2.35) and (2.36)). The PEd3€ll diversity gain is

d~ME(B) = r]ggl rank(B;, — By) . (2.47)
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In the following, when we write “coherent code diversityf'niot otherwise stated, we
refer to the code PEP—-based diversity corresponding todherent ML criterion as
defined in (2.47). Definition 7 is not a real definition becaliseas in fact proved in
[12]. But this result is so widely known that we prefer to stidta form of definition.

In the case of anitary codeboolC for non—coherent systems with GLRT detection,
the PEP—based diversity from (2.39) (see also [9]) is defasefdllows

Definition 8 (Non—Coherent Code Diversity) Let C be a unitary codebook, whose
codewordsX;, span subspaces of constant dimensiénThen the PEP—based diver-
sity of code’, with respoct to the GLRT criterion, is

dERT(C) = M — max dim(Qx, N Ox,) - (2.48)

In the following when we refer t@ as a “non—coherent code”, we mean that the
GLRT is the detection criterion which defines its PEP—basestrsity. We can rewrite
dim(Qx, N Nx,) = dimnull([X; X,])], where nul{A) is the vector space of the
vectorsx satisfying the conditiolA x = 0. Besides, lefA be a linear transformation
A :C" — C", withm < n, itis well-known thatlim[span(A)] + dim[null(A)] =

m. Combining these facts antim[span(A)] = rank(A), we have the equivalent
expressions of (2.48)

dGLRT(C) = M — max dim[null([X}; X,])]

P,
=M — max {2M — rank([X}, X))}
= I’?;? {rank([X; X))} — M. (2.49)

When( is a unitary codebook and the fadings are i.i.d. we have:
dGLRT(C) — dnc—ML(C)7 (250)

since the two detection criteria coincide.

The following proposition is valid both for unitary and namitary codebooks
[11].
Proposition 1 Under the hypotheses of channel model (2.1), if for all theptes of
codewordsX, and X, belonging taC, the matrices

X] _ |Ru Ry
{Xﬂ (X, X;] = [RM R, (2.51)

have full rank, then the codebodkachieves full PEP—-based diversity, both for the
GLRT and the non—coherent ML criterion, i.e.

dCERT(C) = ame™ME(C) = M . (2.52)
Moreover it is necessary thdt > 2M.

Intuitively, the conditionl” > 2M is necessary for, in unitary codebooks when=
2M — m; < 2M (m; € N), every twoM-dimensional subspaces 6f have an
intersection of dimensiom; > 0, so the Chernoff Bound cannot have a slope of
—NM. In fact condition (2.51) exactly states that all subsparesot intersecting.
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2.6.2 Algebraic Diversity

A definition based on some algebraic properties of the caalkebis introduced in [28].
We state it in the particular case of no coding between diffefading blocks and we
give a slightly different but equivalent definition. Let'sgpose that the receiver has
one antenna (wheN > 1 just multiply each diversity by) and that no additive noise
is present on the channel. Let’s define the subspace of chagatizationsH,,.(¢, k)
which makes the GLRT unable to differentiate between tweindes transmitted sym-
bolsX, andX; as

Hoe(l, k) ={h e CM: Ih; € CM, X;h = X;hy} (2.53)
= {h e CM: 3h € Qx, N Qx,, whereh = X;h} (2.54)

Definition 9 (Algebraic Diversity Gain) The codebooK is said to achieve the alge-
braic diversity gaind if

d=N[M — Jnax dim H,.(¢, k)] = Nzg;lgslk[dlm(QX‘ + Qx,) —dim Qx,] (2.55)

The algebraic diversity i€ will be denote byl*9(C).

What is important here is that, since Definition 9 is not basethe PEP, but only on
algebraic properties of the codewortise algebraic diversity is independent from the
detection criterion

There is no formal proof of the equivalence of the classiégaPFoased diversity
and the algebraic diversity, for generic codebooks. Howéeas been proved in [29]
the following

Proposition 2 If the codebook is unitary, it holds
d™9(C) = d“M7(C) (2.56)

that is, the algebraic diversity and the PEP—based diversiith GLRT detection) are
equivalent.

Itis also clear that when codebook has full algebraic ditsgrhen it has also full
PEP-based diversity, because in this hypothesis the matinc(2.51) have full rank
and Proposition 1 can be applied.

2.7 Code Design Criteria and Propositions

Both information theoretical criteria (see (2.7)) and epabability criteria (Sect. 2.5)
show that, at high SNR, the optimal signals are matrices witfiomormal columns,
most research concentrated on codes of this kind. Howevey prapositions are ac-
tually present in literature, both for unitary and non—anjtcodebooks. These propo-
sitions differ in code design methods and criteria and h@ndecoding methods. The
principal propositions are
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e Codebooks designed by numerical minimization of a cost fanatelated to
the distances defined in Definition 5 [9, 13, 14] or by numénmanimization
of the union bound on the supersymbol/bit error probabjlify, 16] or on the
Kullback—Leibler distance [17].

e Codebooks obtained by some parameterization of unitaryiceat{18, 19, 20]
or of the Grassmannian (it is also the case of this thesis)42]L

e Codebooks obtained by algebraic construction for someqpdaiti cases [23, 24,
25].

e Codebooks which follow the so—called training—based foymat which esti-
mate the channels in the first part of the supersymbols anthasecond part to
send information by means of a space—time code designedtierent detection
[16, 26, 27, 28, 29].

In the following we will report briefly the various propositis with advantages and
disadvantages. Some characteristics of these codes aneaésn Tab. 2.2.

2.7.1 Numerical Optimization Designs

These propositions differ in cost functions and in (oftebagatimal) minimization
methods. They suffer from common shortcomings:

1. only low size constellations can be constructed, becaide increasing com-
plexity in the design process;

2. the codebook of siz& = 277 has to be stored in the transmitter and receiver
equipment and so the memory required is exponenti&in (R is the transmit
rate in bit per symbol period);

3. in general no simplified decoding algorithm is availalsle,that the GLRT or
ML rule must be evaluated for all codewords. Hence, the degocomplexity
Is in general exponential iRT'.

Small (L < 64) unitary space—time constellations were designed in [9]18] the
minimum chordal distance is used as cost function

M
d?(C) = min d2(Qx,,0Qx,) = min sin® 0, (2.57)

1<I<lI'<L 1<I<l'<L
m

whered,, ;» are theM principal angles between the two subspaces generatéi by
and X, belonging taC (see (2.25)). The minimum chordal distance can be related to
the worst case upper bound of the Chernoff Bound on the PEPi@alqose approx-
imation of the PEP. Moreoveii?(C) is a good approximation of the product distance
(2.26) only when all the subspaces are quasi—orthogongld&8umption which is not
true even for small-size codebook, whéns comparable ta\/. The optimization



| Reference | code typé | design method | co. codé | diversity | simplified dec:|  dec. compl. |
[13] U num. min.d?(C) no no control no O(21T)
[14] U num. min.d?,(C) no no control S local GLRT
[15]/[16] U num. min.P./P, ,; no full no O(2FT)
[17] N/U num. min. no no control no’ O(21T)
[18] U successive rotations no no control no O(28T)
[19, 20] U Cayley map no no control S sphere dec.
[22] U exponential map yes full S local GLRT
[23] U algebraic/training | yes’ full o) O(MN)IO(M?N)
[24] U algebraic/training yes full o) O(277/2)
[25] N/U algebraic no full no O(2TR)
[16, 26, 27, N/U training yes full S sphere dec.
28]

% Non—Coherent code type: U = unitary codebooks, N/U = all kihdodebooks.

b |s the non—coherent code built from a coherent code?

¢ There exists a simplified decoding? S = yes, but is it subsafiO = yes and it is optimal

(it matches non—coherent ML performances).

4 A proposition not based on coherent codes is presented as wel

¢ Unitary constellations with simplified decoding can be ysexvever its not the general case.

Table 2.2: Resume of the most quoted propositions in thetitee.

suonisodoid pue eua) ubisaq apod /2

€9
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technique used in [13] is called relaxation method and iegalized from [57] where
it was used for real Grassmannians.
[14] uses another metric, the so—called chordal Frobensiartte [4]

M
d?:F<QXz7 QXZ’) =4 Z Sin2(9m7”//2) < dz(QXm Qxl,)

m=1

looser than the chordal distance. A simplified decoding oetils proposed which,
from some reference point on the Grassmannian, locatetstd tiandidate points over
which the GLRT is calculated (local GLRT). This procedurewlnot to calculate the
GLRT metric for all the codewords, however tables with therdmates of all code-
words must be saved in the memory as well as the codebookhwiaiE no algebraic
structure.

Codebooks created with these methods sometimes cannotadhliediversity. In
fact, even ifd. ,.;, IS maximized, one or more terms in the sum can be z&5q.(= 0
for somem), decreasing the diversity order. As an example, in [14, Ejgthe code
is designed fol/ = N = 2 antennas and so its maximal diversity gain is 4, while the
slope of the error probability at high SNR reveals an avedagersity gain of about 2.

In [15] and [16] constellations are obtained through nuoarsearch minimizing
the asymptotic union bound on the supersymbol error rage (@lled FER — Frame
Error Rate) and the asymptotic union bound on the bit err@ (BER). While the
common disadvantages persist the advantage of this methioaltj being based on the
PEP, it guarantees full order diversity of the constellaiovherl” > 2.

Motivated by the fact that unitary codebooks are not optiatdbw SNR or forT’
comparable ta\/, in [17] non—unitary codebooks designed with the Kullbdabibler
distancé are proposed. This method has been proposed due to theaiiliyg of the
PEP-based design criterion, when the assumption of beiibgryijconstant power)
is loosened. The proposed codewords have orthogonal csliouinthey have not
the same norm, so they are not unitary. The proposed critésiequivalent to the
maximization ofd.(C) when the codewords are constrained to be unitary and it is
equivalent to the minimization of the maximum PEP of the Mltesion in the case
T =1, M = 1. In the other cases it is related to the ML criterion when thmber of
receiving antennas is high or when a quite redundant outr isoused. In any case a
sub-optimal optimization algorithm is proposed to find nteNel unitary codebooks.
The decoding algorithm can be simplified choosing the upitzaitrices of each level to
belong to codes with simple decoding algorithms. Howevwer aptimal code does not
scale linearly with the SNR. This means that for each value\® $e transmitter and

3The Kullback-Leibler distance between two distributipaér) andp, () is defined as [58]

D(p1|lp2) = /pl(x)(lnpl(a:) —Inpo(z))da.
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receiver must store a different constellation. This cowddalproblem in environment
with variable SNR and the performance degradation of anrirecbestimation of the
SNR are not yet evaluated. Only small size codes are proposed

2.7.2 Parameterization Designs

The coding method we study in this thesis belongs to thisclasfact, these methods
are quite heterogeneous. The first one uses random methedetbnd one is not ran-
dom and uses a non-linear transformation called Cayley roaghtain non—coherent
codes from codes which are opportunely and more simply dedigThe third one is
investigated in more detail in this thesis. This coding rodthoo is not random and
it uses a non-linear transformation, called exponentigh,ni@ obtain non—coherent
codes from coherent codes (space—time codes used foreesailiich known channel
realization).

A more structured approach was used in [18], where an imit&ttix generates the
whole code by successive rotatibn¥he parameters of the codebadlre chosen by
arandom search to maximize the minimal chordal distap@®) as in (2.57). However
no simplified decoding algorithm is reported.

In [19], a method to build unitary codebooks is described.e ThdewordX is
obtained via the Cayley Transform

X = (1 + A) 1z - ) 'y (2.58)
where the Hermitian matriXA is obtained from a set of fixed Hermitian matrices as
A= Zle a,A,. To assure the orthogonality &, the coefficientsy, are real scalars
belonging to a discrete set whose cardinality is-. Even if (2.58) is invertible (for
all Hermitian matricesA with no eigenvalue equal te 1), the Cayley Transform is
non-linear. The authors constrain some entries of the saatices{A,}, the scalar
() (related to the rate of the systefh= () log,(r)/T and make an approximation of
the ML rule to resort to a simplified suboptimal decodingesid which can be solved
via the sphere decoder algorithm [60]. Many variables w®dlin the design of the
code are found by numerical optimization, for example thi@seatrices{A,}. One
open issue is that the maximization criterion{&, } does not a priori guarantees full
diversity of Cayley unitary codebooks for non—coherenteyst, even if it has been
shown in [61] that the same criterion guarantees the diyes$differentially encoded
unitary codebooks. Successively, in [20] other optim@atnethods to find the codes
are proposed in order to ameliorate performances.

In this thesis we further investigate a method based on the @onential param-
eterization, proposed in [22], [21]. The unitary code is obtained viagikponential
map from a subset of skew-Hermitian matricds£ —A).

X = exp(A)Ir s = exp { {Oéf O_T]j[} } {134 ] (2.59)

“4In [59] codes with better statistical properties and sgeifficiencies are constructed. However,
the current absence of a simplified decoder prevents rés&arfrom verifying their performances.
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where the matriceB must satisfy some conditions which we investigate in the nex
chapter. In fact matriceB are codewords of a code for coherent systems, and are
linearly scaled by a positive real factaralso callechomothetic factar The homoth-

etic factor is the only parameter to optimize for fixed cod#boThe diversity of the
unitary codebook is not simple to link with the diversity betcoherent code, a con-
jecture about this relationship is proposed in [21]. We ngaadato give, under some
assumptions, a positive responses to this conjecture (se@€2I8). These codes can
reach high spectral efficiencies just choosing the appatgdoherent code, only the
homothetic factor must be optimized and not an increasimgl&u of parameter as in
[19] or [15]. In this thesis we will also provide some sim@didecoding algorithms.

2.7.3 Algebraic Designs

These codes are quite different and could be also classifiddruother categories
(which we will notice in case). They share a common qualitys possible to control
code parameters thanks to a quite constraining and povagebraic structure.

In [23] two code constructions are presented. The first cedaliedgeneralized
PSK constellatiomnd it can be constructed fér = 2/

X, = Ef&%gﬂ . ¢ =Ir/L, 1=0,1,...,L—1. (2.60)
where L is the size of the code. An ML decoder exists whose complasgitynly
O(MN), independent from the duratidn of the frame and the rat® = log,(L)/T.
However, this is achieved by imposing a strong structur@Q(2.which only exploits

M real degrees of freedom out 8/ (7" — M). The principal angles between two
given codewordsX; andX; are all the same and equal 1@k — [)/27%. Even if

the constellation has full diversity, the minimal produdstdnce (2.26) isl, i, =
sin(r/L) = sin(w/2T%) and exponentially decreases according to the rate or the du-
ration so that this method is efficient for low spectral effiaies. A generalization
called complex Givens codes was proposed in [26] which égild/ degrees of free-
dom out of2M (T — M) and only doubles the decoding complexity of the generalized
PSK codes. These codes can also be obtained through theestigdparameteriza-
tion. The second proposition in [23] is based on the cohespate—time orthogonal
designs [62] and can be described in the framework of theitrg-based codes [26].
The generic constellation matrix 8! = [I,; C!], whereM = 1,2,4,8. Since the
authors want to build a unitary code, some constraints gpesed on the constellation
choice (e.g. only foil/ = 2 a PSK constellation can be used@h and BPSK in the
other cases). As in the previous case, not all the degreesaxddm are exploited but
the ML detection can be implemented by an algorithm with lomplexity O(M?N),
independent from the rate.

Some unitary codes derived from the orthogonal designs wegented in [24];
these codes can be described as training—based codes. Kisthglecoder is pre-
sented to perform the ML detection with complexity2/7/2), instead ofD(277). We
are detailing one of these codes in Sect. 2.9.



2.8. Training Based Schemes 67

Eventually in [25] we can find an investigation about the maxin number of
non intersecting subspaces, on condition that the codenemtties belong to fixed
small constellations. The problem is solved when thesetebiaons coincide with
Galois FieldGF(q), wheregq is a power of a prime integer; in this case the maximum
number of non—intersecting subspacegis—1)/(¢* —1). An upper and lower bound
are given in the case of PSK constellations, when the numbiammsmit antenna is
M = 2. A simplified decoding has not been proposed yet.

2.8 Training Based Schemes

Recently research community growing interest is going tsthecalled training based
schemes [16], [26], [27], [28]. This section is entirely aeded to these schemes,
since it is actually one of the best available propositions.

In this approach each block fading is divided into two passpectively ofl; and
T, symbol periods (channel useg),+ 7; = T). In the first7, symbol periods, a
pilot signal, known to the transmitter and to the receiversent to obtain a rough
estimation of the channel (training phase). The followifyggymbols periods are used
to send information, usually encoded via some coherenesjiaice codds. Codeword
typically assume this form

| VT . . . .
X = [\/ﬁB , T is the pilotT; x M matrix, B € BisT; x M  (2.61)

wherer € (0,1) is scalar to assign different ratios of the transmit poweh#otrain-
ing. The codeword can extend to several blocks of the fadnageel (see for example
[28]). We will write 75 in order to indicate that the training codeexploits the coher-
ent codeB.

The channel estimation performed in the training phase it gunusual in esti-
mation practice. As a matter of fact, in this kind of non—aem systems, channel
estimation is performed without having different estinsatéthe channel coefficients,
but one. This is due to statistical independence of charoedficients from one block
to another. Moreover, the block length is so short that teagpthe estimation within
the same block would cause an unacceptable decrease okitteasefficiency. In the
specialized literature, training for these systems has gg#ored for some years (as
remarked by [26]), probably because of the previous reasons

However, since their introduction, training based codesrst be one of the best
competitors. The advantages of this approach are:

¢ the theoretical and design knowledge on space—time cod#sfooherent chan-
nel (called also coherent ST codes) can be re—used,;

e simplified decoding techniques of coherent space—timesode be used to
decode training based codes (whenever these algorithi);exis
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e training based codes as in (2.61) achieve the diversityh@rPEP sense) of the
underlying coherent space coBewhenT is full-rank and the fadings are i.i.d.
Gaussian random variables [26].

In the next subsections results on information theory apented to justify the
choice of the optimal training phase duration. Then, a stibmgh decoding rule is
introduced which gives another PEP—diversity definition.Apbpendix B SNR nor-
malizations used in simulations are calculated.

2.8.1 Information Theoretical Considerations

In case of ergodic capacity, [63] showed that the optimal imemof symbol period;
dedicated to the training is equal 2@, the number of the transmit antennas, when it is
possible to control the training power. Similar conclusi@me presented also in [30].
So that in our examples we will always set

T,=M (2.62)

(if T, < M no meaningful channel estimation is possible because th#weauof un-

known variables is greater than the number of equations)re®er, when a linear
MMSE estimation is performed, the optimal training symimki unitary matrix (it

minimizes the total expected estimation error) [63]

T'T =1,,/M . (2.63)

In low SNR regime or when the coherence inter¥/ak slightly larger than\/ and all
the transmit antennas are used, the training based appseaats to be suboptimal,
from an (ergodic) capacity perspective [63]. Wgh SNR, activating)M* transmit
antennas (as in (2.11)), the training based system can lmeagsee [30] and [63] for
other details). Anyway, if the codeword length is limitedetdinite number of blocks,
the optimal choice of the active transmit antennas canrdiften //*, also according
to the SNR value [27].

2.8.2 Simplified Decoding

Let the channel model be

VT Wt} : (2.64)

Ve ) L e e

where the channel coefficients are i.iddV (0, 1) and each complex component of the
additive noise i€ (0, 0?).
The simplified receiver for training based symbols perfotwis operations

1. the receiver estimates the channel coefficients via an EINMBnimum Mean
Square Error) estimator [63] from signal received during finst A/ symbol
periods R

H = /7(c’ Iy + 7T'T) ' TTY;, . (2.65)
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2. the receiver treats channel estimate as if it was perfettd@codes the signal
received in the followingd” — M symbol periods through the coherent ML rule
(2.36) R R

B = argljglinL Yy, — BH|3% (2.66)
The rule (2.66) corresponds to finding the closest point tivangpoint ve¢Y ;) of
CM(T=M)  This problem can be efficiently solved via the so—calledespltdecoder
algorithm [64]. There are different search strategies [6@pand references therein).
The Pohst strategy scans the points inside an hypersphigxeafadius and decreases
the radius as soon as it finds a point. The Schnorr—Euchregegyr searches in an
hypersphere too but scans the points in a different orderi{isearches first for points
in the nearest hyperplanes inside the sphere).

The complexity of the sphere decoding algorithm is a cunresgarch topic and we
do not investigate it in this thesis (see for example [60%][§66], [67]). Complexity
depends on a host of parameters: the lattice itself, theepkat lattice basis, the choice
of the radius, the visiting strategy, etc.. Resuming, given-adimensional lattice (in
real dimension, e.g. in (2.66) we hane= 2M (T — M)), the worst case complexity
is exponential inn [64], [60]. In communications problems with AWGN, it makes
more sense the notion of expected complexity, because th&t wase has very low
probability [67]. Extensive search has shown that for adaange of the parameters,
the expected complexity is polynomialin in particular isO(n?) [65].

2.8.3 Diversity

The PEP-based diversity for a training code is generallyutatied with respect to the
new detector (2.66). We denote this diversityddy P (75) and when we talk about the
diversity of a training code, we implicitly refer to the PEbuhd by detector (2.66), if
not stated otherwise. A recent interesting result of [26]icl relates the diversity of
the training cod€” with the diversity of the correspondent coherent cdes

Proposition 3 Let7 be a training code of the form (2.61), obtained from a coheren
codeB3, whereT'T = I,,/M and with i.i.d, Gaussian fadings and AWGN. Then,

dE=P(Tz) = d“"ME(B). (2.67)
In [29] it is shown that

Proposition 4 Let7 be a training code of the form (2.61), obtained from a coheren
code’. If the range of the training matri{"' contains the range of all the codewords
of B, then the algebraic diversity coincides with the diversity @&, i.e.

d"9(Tg) = d~ME(B). (2.68)

If TI'T = I,,/M, ranKT) = M is maximum. Hence, from Proposition 3 and
Proposition 4, we have that'(7z) = d¥~P(73), i.e. for training codes of the kind
(2.61), the algebraic and PEP—based diversities coincaishelér the detection criterion
(2.66))
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2.9 Example

In this section we describe a particular example, to bettdetstand code parameters.

Let's take the code fo/ = 2 transmit antennas anfl = 4 symbol periods
described in [24]. This is a unitary code, built accordinghtraining based approach
from the2 x 2 Alamouti code [54]. Itis one of the the rare codes that allomsalculate
the different distances among subspaces, which is notlpedsr a generic training
based code. This codk has codewords

T. 11
Xyt = |:Bk J : T, = [_1 1} , Biy = {_S’;* ji} (2.69)
: I Sk

where the symbols,, s; belong to a)—PSK constellation to assure the orthogonality
of XkJ

sp=e¢eF k=0,....0-1. (2.70)
and then the codebodk has sizel, = ). Since the Alamouti code is an orthogonal
design, i.e. B] By, = 2I,, we haveX| X, = 4I,. To calculate the principal

angles between all the subspa€bg, , we need their orthonormal bases, e%@(k,l,
as described in Sect. 2.3.2. The squared cosine of the painengles between two
subspaces represented Ky ; and X, are given by the eigenvalues of the matrix

(see (2.21)) [24]
1
Rkl,k’l’RLLk/l/ s Rkl,k’l’ = ZkalXL,l’
and following calculations in [24] we have that the two pipat angles are equal to a

valuedy,; , and its cosine is

cos* (B ) = i [2 4 cos(2n(k — K)/Q) + cos(2r(l — 1)/Q)]

which show that if two codewords are different (i.e. at le@st of the two inequality
holds: £ # k', | # ') the subspaces are non—intersecting and hence the codellhas f
diversity. The minimal product distance can be calculated

dy(C2) = sin(m/Q)/V2.

In literature we can find another independent propositicsetiaon the Alamouti
code [23]. In this code, denoted By, the structure is like in (2.69), but this case the
training matrix isT,; = I,. As pointed out by [26], the two codes are equivalent. As
before in fact, we can calculate the squared cosine of tmeipal angles of the code
C;. We have

5
9
hence the principal angle are equal and from the express$ithrem squared cosines
(above) we can calculate the minimum product distance wiSidh(C;) = sin(7/Q)

\/2/3, that is2/+/3 times greater thad, (C.).

2
Rkl,k’l’RLl,k/l/ = -4 5 [2 + cos(2m(k — k') /Q) + cos(2m (I — l’)/Q)}Ig
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Figure 2.3: The two codes proposed by Zhao et al. [24] andKFaidim [23] have in
the end the same structure, but a non—optimal allocatiomeoéhergy in [23] causes a
loss of about 0.5 dB (in the figure the case of spectral effotesm = 1.5, 2 bps/Hz).

This difference in the product distance is not due to tragmmatrix T, but to power
distribution between the training and the data. While in c6dequal power is allo-
cated to the two phases (this strategy has proved to be dptimar working hypothe-
ses [26]), in the case @, the ratio between the training and the data powelr/is
This results in a performance degradation, as shown in Ei§.. @n the contrary, if
the power in cod&, is well distributed, for example by fixin@;, = /2I,, the two
codes become equivalent in the sense that the distributiproduct distances of the
two codes coincides.

Codes being equivalent, the decoding algorithm proposed@3hHas lower com-
plexity than the one proposed in [24]. Eventually, the twde®does not exploit all
the available complex degrees of freedom (4 in this case).
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A Summary of Some Matrix Properties

We recall that-)?, (-)* and(-)' respectively denote the transpose, conjugate and trans-
pose conjugate matrix. We consider complex matrices.

Kronecker product. If A isaM x N complex matrix and is a K x L matrix, the
Kronocker matrix produc€ = A ® B is defied as

al,lB . al,NB
C= :
anlB e CL]\/LNB
The following identity holds
vec(ABC) = (C' ® A)vec(B) (2.71)

where ve¢B) is the vector formed by the columns Bf and all the matrices can be
rectangular with proper dimensions. From (2.71) comes

vec(AB) = (I® A)vec(B). (2.72)
Other properties
1. (A@B)f = AT @ Bf;
2. (A®B)(C®D)=(AC)® (BD);
3. (AeB)'=A"1gB.
Trace properties. Matrices can be rectangular
1. tr(A B) = tr(B A), when the two products make sense;

2. tr(UTA U) = tr(A), if at least one of the following conditions hold#§ U = I
orUU' =T,

3. tr(A") = tr(A*) = [tr(A)]* = [tr(AT)]*, from 1);
4. tr(A'BY) = [tr(A B)J*, in facttr(ATB1) = [tr(B A)]* = [tr(A B)]".

Matrix norms. The matrix Frobenius norm is defined for a genéri M complex
matrix as

X[l = Vtr(XIX) = Vtr(XXT) = (3, Jwem] )/
and the spectral norm is defined as [68, pag. 295]

|X ||y = max{v/\, \is eigenvalue oKX} . (2.73)

Supposd’ > M, letX = VXU be the Thin Singular Value Decomposition (TSVD),
whereo; > o, > ... > 07 > 0, [3, pag. 72], then we have

IXllp=yfoi+...+0%,  [Xl2=0 (2.74)



B. Signal Normalization Calculation 73

Determinantal formula. We reporte the useful determinantal formulain [68, pad. 22
Let A be a square complex matrix, partitioned as

All A12
A = 2.75
{Am A22] (275)
then
det A = det AH det(AQQ - A21A1_11A12) . (276)

B Signal Normalization Calculation

With respect to the channel model (2.1), the transmit sypaps| isaX. Its statistical
power averaged over the transmit antennas is

ZE (1% [2] [tr(XTX)] % (2.77)

Suppose equally probable (correlated) supersymXasd impose the following nor-
malization [11}

E [tr(X'X)] Ztr (XIX,) (2.78)
where L is the size of the codebook. Normallzatlon (2.78) states ttea statistical

power of the supersymbd® is globally M.
The signal model (2.1) column—wise reads

V. = a Xh, +ow,, n=1,...,N (2.79)

If the noise samples; ,, ~ CA/(0, c2) are i.i.d., the noise average statistical power per
receive antenna is

N
1
~ > o’E[||w,||’] = ’TN/N = o°T . (2.80)
n=1
The useful (no noise) average statistical signal powerguive antenna is
ZE Iyall?) = & E [hf X Xh,] aQE[t (X'X h,hf)] (2.81)
n = — r n .
N Yl =N N "

Now, the expectation must be considered in the supersynmabthannel. If the su-
persymbols are independent of the channel and the fadiegspatially uncorrelated
h, ~ CN(0,K,) for all n, we have

~ ZE 1y all’] Ztr E [X'X]K;) = o tr(KuE [XTX])

SWith notation of [11], the SNR per receive antenng i§.
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If K, = I, (temporal uncorrelation of the channel), we obtain (2.3pr & more
general treatment, when the channel has spatial and tehgooralation see [11].

Itis interesting to express results as a function of theggneer information bit over
the noise spectral density variangg/N,. Let N, /ss be the number of information
bits per supersymbol, and let the complex baseband noiseaemriance of?/2 =
Ny /2 per real dimension [69, pp. 549, 613]. From (2.77) we havefiha= E, Nyt ss
and from (2.3) we obtain

Eb pT (Eb

NO ]\[bit/ss7 NO)dB (p)dB+ Og10< ) OglO( bit/ ) ( )

B.1 SNR Normalization of Training—Based Codes

Let X € 73 be atraining code as in (2.61), we normalize the codeworkridllowing
way

tr(EX'X))=1 = 7tr(E[T'T]) + (1 - 7)tr(E[B'B]) (2.83)

supposing (2.62) and (2.63), the energy spent in training; is= = and the energy
spent for data transmission must Bg = (1 — 7) in order to satisfy condition (2.83).
Hence,

tr(E[B'B]) = B[|B|}] = 1. (2.84)

Let (T'— M )M x 1 vectorb = vec(B) be calculated as = ®s where® is unitary and
s belongs to a constellatiad™(7—) (e.g. QAM, PSK). Denote by, ., the average
statistical power of the constellatio, then (2.84) becomes

1

E[|B||%] = M(T — ME, ,, = 1 Eogp=— .
[IB%] ( )Es a0 = s,av M(T — M)

(2.85)
Under these condition the (global, for training and dataRS¥¢r receiver antenna is
p = 1/(To?), whereo? is the additive noise variance and fading are consideret i.i
as usual.

C Derivation of the ML and GLRT

Let introduce in channel model (2.2) spatial and temporaktation in the fading and
noise:h ~ CA(0,Ky) andow ~ CN (0, K, ), then the received signgl = vec(Y),
having been senk, is a complex Gaussian vector with zero mean and covariance
Kyx = o? XKnX' + K.. We follow the proofs in [11], and we prove a slightly
general results.

The non—coheremtIL criterion for Gaussian vectorg ~ CA(0,K, ), where the
covariance matrix depends on the sent sym¥and assumes the form

K, = 2(XKpX') + Ky (2.86)



C. Derivation of the ML and GLRT 75

can be simplified.
m}e{txp(y]X) =miny' K, 'y +In |K,|

’ i, 1 S
Y min |-y K, (5K + X K, 'X) XK,y + In|K, |
(6%

® min [~y Fy+In|Ky, " /a® + KTXH
where (a) follows from the identity (when matrices are non-singulBr)= A +
XRY = B! = A - A'X(R'+ YA 'X)"'YA~! [68, pag. 19] applied

to (2.86) and being ignored the constant te,rhi_g_vly. the logarithmic part inb)
follows by applying twice the determinantal formula in () 7o the composite matrix

A— 1Kh‘1+XK ' XK
KX K,

so that we have

1

1 e 1— -
(6% [0

and it immediately follows

In|Ky| =1In

LKy ! +XTK;1X' In (|Ko | |a?Ka|)
(e

where the second part can be ignored in minimization singiés a constant contri-
bution. Thus, the ML criterion is

max p(y|X) = min [-y'Fy +c] (2.87)
where
F=K, X( ! K, '+ XK, X)'X'K,, c=In %Kh—l +X*K‘Vli‘ .
! (2.88)

The GLRT requires the maximization gf(Y|X,H), i.e. of p(y|X,h) (2.31).
For correlated noise and fadingsgiven X, H is a complex Gaussian variabye~
CN (aXh,Ky), hence (2.31) can be written as

- — oXh)' K (y — aX
Xoopr = arg r)?gjl 1%f( aXh)'K,, (y — aXh)

The matrixK_1 is definite positive (since it is the inverse of a covarianczstrm

which we assume of full rank), from the eigenvalue decontosive have: K
U'AU = B'B, whereB = /AU.Lettingyz = By, X5 = BX, we have

(v — oXh)'K,, (y — aXh) = |ys — oXph|?. (2.89)
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we must search for the chandek CV* which minimizes the above distance. We can
describe the vector agz = yp,| + ys,1, Whereyg | is the component of z which

lies on spafX z) while y 5, is the component orthogonal to the same subspace. The
minimum of the distance (2.89) is obtained by annihilatihg parallel component
yg,- This is obtained when

1l —t— == S
hiy = —(XXe) ' Xpye = (XK, X) XK,y
Through a substitution we obtain the result

Xevnr = ax yhXa(XpXs) Xys = gax y K XXK, X XK,y
€ €

We can see that the original noise covariance matrix actssast@f distance. When
the additive noise in only temporally correlated, so gt = K., = Iy ® K, then
we can write

XaLrr = max tr[ YKy, ' X(X'Ky; ' X) ' XK, Y]
S

The GLRT and ML criteria are equivalent whéfy, = Iy, andXTKV_VIX = InT,

i.e. whenX has orthogonal columns with respect to the metric givelﬁij Given
the particular structure dX, the new orthogonality condition can be satisfied only if
K. = Iy ® K., so that the orthogonality condition is separable and wet iy
satisfy XK, 'X = I;.



Chapter 3

Unitary Codes Obtained via the
Exponential Map

In this chapter we propose codes for non—coherent MIMO syst&Ve introduce some
basic mathematical tools on differential manifolds and@reups. We explain that the
Grassmannialyz y, i.e. the set ofi/—dimensional subspaces®@f, is a differential
manifold. We introduce the concept of tangent space at a firgtt of the Grassman-
nian. The exponential map, which sends tangent space goitite Grassmannian, is
presented too. We propose to build codesver G, via the exponential map: the
codewords ot’ are obtained from the codewords of another cBdevhich is imbed-
ded into the tangent space. CoHeusually designed focoherentMIMO systems-
will be called coherent code, with a slight abuse of notatiGodesC will be called
EP codessince they are obtained via exponential parameterization

We explain conditions under which the exponential map igritible so that the
described procedure makes sense. Some open problems asityl of the EP
codes are fixed, in particular we determined the relatignbkiween the diversity of
C, calculated through GLRT, to the diversity 6f calculated through the coherent
ML detector. Relationships with training—based codes asmaxed. At the end of
the chapter, some examples shows that certain non—colsp@reg—time codes can be
seen as EP codes.

3.1 Differentiable Manifolds and Lie Groups

The Grassmanniafir y, i.e. the set of théd/—dimensional complex vector subspaces,
has a rich mathematical structure. Many algebraic and matheal concepts are
needed for a deep understanding of all its properties, natheltheory of Lie groups
and algebras, the theory of manifolds and topology. For owpgse, we don’t need
to use and dominate all these mathematical concepts nouitvibe possible to recall
here the whole of their basic definitions. So we invite therested reader to refer to
some corner stone manuals as [70], [71], for instance. Agywe are sketching, when
possible, in the most rapid and rigorous way, the framewbtke@main mathematical
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concepts, in the hope that this can be helpfull to cope witsghecialized literature.

3.1.1 Review ofC* Differentiable Manifolds

manifold

C

SN

Figure 3.1: The coordinate maps associate connected open subsets of the manifold
to open subsets @“.

A C= differentiable manifold (in our cas@r ,,) is a topological space in which,
for each connected open st of G, there exists an homeomorphiSny, from Ay
to an open subset @ (see Fig. 3.1). These homeomorphisms are infinitely differe
tiable functions (i.e.C* functions)and are called coordinate maps. They enable the
construction of local coordinate systems [71, pag. 5@6% the complex dimensién
of open set4,, [71, pag. 573].

When it is possible to cover the whole manifold with sudh, all local charts
grouped together form &~ differentiable structure for the manifold [70, pag. 5]. A
C* differentiable manifold is said to be homogeneous whenhedl dcovering open
sets have the same dimensiénwhich coincides with the manifold dimension [70,
pag. 120].

A manifold can be imagined as a surface imbedded in a higineermsional space
[70]. For each poinf) of an infinitely differentiable manifold it is possible tosaxiate

A one-to—one continuous transformation between topatbgigaces, with continuous inverse map.
20ne complex dimension corresponds to two real dimensions.
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normal space at €2

tangent space at 2

P - -

manifold

Figure 3.2: The geometrical interpretation of the tang@aice and normal space in
a 2—dimensional real manifold imbeddedRA. The direction of each smooth curve
passing througk belongs to the tangent plane.

atangent spacewhich is the tangent hyperplane to the manifold at that fdijhand
which will be denoted bynq, (here the notation differs from common use in order to
be precise). The tangent space has the same dimension aartifeld[70, pag. 12].
Its orthogonal complement is called the normal space (&fpibiat).

A smooth curve on the manifold, passing throyghas a tangent vector belonging
to tangent spacerq (see Fig. 3.2). Hencésr, can be seen as the collection of all
directions or velocities that a point can take when it smiygblasses througk (see
also [72] at the voice Tangent Space or Chart Tangent Space).

The tangent space is a vector space, and it can be seen asahcpseof manifold.

3.1.2 Review of Lie Groups and Lie Algebras

Lie groups are a particular kind of differentiable maniflobeying group properties
and satisfying the additional condition that group operatiare differentiable, see [70,
pag. 82], [72].

Examples of Lie groups are the unitary gralp, the orthogonal group of real
matrices (i.e. real matrices whose inverse coincides ighttanspose), the general
linear groupGI(C,T) of all T x T complex non—singular matrices, etc..

If a differentiable manifold is a Lie grou@, then its tangent space is a Lie algebra

3A Lie algebra is a vector space with a bilinear operatorechlirackef-, -], satisfying two proper-
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g. There always exists a map from a Lie algebra to its Lie gralfed exponential
map[71, pag. 608].

Example. The complex unit circlédl = {c € C : |¢| = 1} C R? with the classical
complex multiplication is a Lie group of dimension 1 (it is@ee). The tangent space
at any point ofU is a 1-dimensional real vector space, iewith the common sum.
Once fixedl to be the identity ofU, the exponential mapping frol to U is the
classicak’?, § ¢ R.

Example. The unitary group{r is a Lie group, its associated Lie algebra is denoted
by ur and it is the set of the skew—Hermitian complex matrices

ur ={AcC™". AT=—-A} (3.1)

whereC™*T is the set of the generif x T complex matrices. Sum iy is common
matrix sum, while bracket operation ifA;, A;] = AjA; — A3 A, The exponential
map is equal to the classical matrix exponential, defined as

=L A" :
e =exp A = ;} I valid for all A € CT*7 (3.2)
and whose most important properties are
exp(—A) = (expA)~* (3.3)
exp(A") = (exp A)f (3.4)
exp(Al + AQ) = eXp(Al) eXp(AQ) < A1A2 = AzAl (35)

From definition (3.1) and properties (3.3), (3.4) it come thatrix exponential maps
a skew—Hermitian matrix into a unitary matrix

exp: up — Ur. (3.6)

Finally, we recall that i is a Lie group and{ a closed subgroup @, thenG/H
has a unique manifold structure and is called homogeneoungatth[70, pag. 120].

3.2 The Grassmann ManifoldG'7 5,

3.2.1 The Grassmannian as a Quotient Group
There are many equivalent ways to describe a Grassmanmains (4]

Definition 10 Letif, be the unitary group , i.e. the group of the< n unitary complex
matrices under common matrix multiplication. Zét- M integers, the Grassmannian
Grm = Ur/(Un X Ur—p), 1.e. Gp s the quotient group ot on its subgroup
Uy x Ur_y; and with the operation inherited frot;.

ties: the anticommutativity[§i, 2] = —[g2,91], V91,92 € g) and the Jacobi identity{[¢1, 2], g3] +
[lg2, 93], 1] + [lg3,91],92] = 0, Vg1,92,93 € 9)[70, pag. 84]. Notice that the tangent space of a
manifold is a vector space so that when the manifold is a Lergrits tangent space has two more
properties.
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The previous definition means that a point of the Grassmann& a subspace, can
be seen as the equivalence class

QZ{Q {QOM QO } iQGUT,QMGUM,QT—MGQT—M}- (3.7)
T—M

Write Q in block form, separating the firgt/ columns
Q=[XX, X X=Ip, (XHX=1Ir,, XIX+=0. (3.8)

The subspacg in (3.7) coincides with the subspace spanned by the coluimXs dhe
columns ofX* spans)+, the orthogonal complement 6, i.e. theuniquesubspace
orthogonal to2 completing vector spacg”: O @ O+ = CT (@ is subspace direct
sum) [72]. Because of this fact it is totally equivalent toresent a poinf2 € Gy,
with Q, the subspace spannedXyor its orthogonal complemeX+, if (3.8) is valid.

The quotient operation aify; x Ur_,; means that arbitrary rotations, internal to
basisX and, separatetly, tX, do not change the subspace and its orthogonal com-
plement (see also the explication given in Sect. 2.3.1) s&metations are completely
different from rotations irC”. Rotations inC”, represented by left unitary matrices,
map a subspace to another and hence they obtain a differi@ehbpthe Grassmannian.

3.2.2 The Grassmannian as a Differentiable Manifold

Sinceldr andify; x Ur_,; are closed Lie groups, the Grassmannianhsi@mogeneous
C= differentiable manifoldThe Grassmanniafir ,; can be imagined as a closed sur-
face imbedded in a higher dimensional space, for exar@pted”, the vector space of
T x M complex matrices, which is isomorphic@™ and ha7 M real dimensions.
The Grassmannian is a compact manifold and has a finite voia@je

The dimension of the Grassmanni@n , is [30]

dim G = M(T — M) complex dimensions< 2M (T — M) real dimensions.

(3.9)
This can be easily calculated by noticing that & M complex matrixX with orthog-
onal columns ha®7'M — M? real degrees of freedom (because condifoiX = I,
setsM? real constraints). Moreover, the quotient operation ingsas constraint over
other /2 real degrees of freeedom, so that (3.9) is obtained.

3.2.3 Tangent Spaces dfr s

We follow here the derivation in [4]. To define a tangent spaoe need to consider
the Grassmannian embedded in a higher dimensional spacehageC’ with its
classical metric, even if other choices are possible [4].[1A point in Gy, is de-
fined as an equivalence class (3.7) so that its represamthtiough a unitary matrix
is not unique.The representation in the tangent spaceewille not unique: there are
many skew—Hermitian matrices which correspond to the sayirg m the Grassman-
nian. Skew—Hermitian matrices vector spagecan be split into two components, the
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vertical space and the horizontal space (as called in [éppectively assuming the
form

{AH 0

_BT
) A€ Upg, Ay € Ur_pr, Oar B , Bc (C(T—M)XM '

B Or_um

Points in the vertical space correspond to different repridives of the same equiv-

alence class on the Grassmannian, while points in the hdekepace correspond to

different points on the Grassmannian. Hence, we will onlgsider the horizontal

space and we will refer to it as the tangent space, in ordentpliy the notation.
Fixed a point)x € G, represented by a unitary matiiXy, as in (3.8), a point

on the tangent space @y, denoted byrq, ortmq,, can be represented as [4]

Ay = Qyx { 0 _Bg] . By eCcT-MxM (3.10)
By O
We observe that the real dimension of (3.1®1¢ (7" — M), which coincides with the
dimension of the Grassmannian, as it is supposed to be.
Fixed the tangent space@, thecanonical metriccan be introduced [4]. Accord-
ing to this metric, the inner product of two points, definednai3.10), is

1

1 i
(A1, Ag) = Str{A] A} = Sur { {BlBQ 0

0 BIBJ}ZRG(U{BX&}) (3.11)

which induces a norm proportional to the Frobenius norm of

1
(A, A) = SlIA[E = IBIE- (3.12)

3.2.4 The Exponential Map

The exponential mapxp : trmo, — Gr . Maps one point of the tangent spaeg
to a subspace in the following way [4]

Qy =[Y Y] = Qyxexp [OM -B} ] , By € CT—M)xM (3.13)
By Or_u

which is a representative 6fy = span(Y). We notice that ifBy = 0 in (3.13), then

Qy = Qy, i.e. the null matrix in the tangent space corresponds taahgent point

on G . This also corresponds to the physical intuition accordmwhich a point

passing througkx with a null velocity cannot leave the point. Moreover, thedesic

which starts fromQ x with velocity Ay is the curve [4]

Qv () = Qx exp {t {g _(]ﬂ } : (3.14)

Hence, the subspacgy (3.13) can also be interpreted as the pointef,, along the
geodesic starting frofx reached at time = 1 and having velocityAy at2x.
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Representation (3.13) is redundant, we will also use mafribeing given by the
first M columns of (3.13)

i
Y = QX exXp OM BY IM = QX eXp(Ay)ITM . (315)
By Or_um| [Or—nmm ’

This representation is also used in our proposed codes.
In the following, we will fix a reference point af'; 5, calledreference subspace
and we will consider the tangent space at that point. Ourcehisi

I
Qref = [Xref Xi_ef] = IT» Xref = |:O M :| = IT,M— (316)
T—M,M
This choice is fully arbitrary and does not influence codeprtes, but the notation in
many expression is simplified. The tangent space at theeraferpoint will be called
sometimes simply tangent space when no confusion can be amaldeill be denoted
by tﬂ'ref.

3.2.5 The Cosine-Sine (CS) Decomposition

In this subsection we present a particular decompositioiclwis very useful to un-
derstand the geometry of the exponential parametrizatidrii@link parameters of the
points on the tangent space to the parameters of the unitatryces, which represent
subspaces on the Grassmannian. Moreover, this decongoostipplies an efficient
way to calculate the unitary matrices so that it is extremadgful for the practical
implementation of the code.

Let us suppose that > 2M. If this is not the case, i.e. i/ < T < 2M, the
following development can be done on the Grassman@ian_,,. Take the TSVD of
B asin (2.15), [3, pag. 72] which we restate for clearity

B=VOU'  VclUry, Ucly, ©=diagb ... 0u]) (3.17)

with 0 < 6; < 0, < ... < 6y and letV; an arbitraryT’ x (7' — 2M) matrix with
orthonormal columns so th&¥V V| € Uy. Then we can write

0 -©® 0] [U" o
® 0 o]0 VI (3.18)

UOO}
0 0 o0|/|0 VI

0 —Bf
AYZQX{B O}ZQX{O vV V,

where some matrices can have zero siz€ &= 2M. Hence, by applying (3.2) we
obtain

_Bt
Q = [Y Y'] = Qyexp {g (])3}

c-s o 1[ut o
—Qy [IOJ 3 \9] s Cc o 0 Vi (3.19)
Yl1o 0 Ipau| |0 VI
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The above expression is the Cosine-Sine (CS) form of m&yixwhich represents a
subspace with tangent vectdry in tangent spacerq, at pointQy-.
By taking the first\/ columns of (3.19), we obtain the CS form of (3.15)

Y =Qx {Sg} U’ C=cos®, S=sin® (3.20)

The singular values adB, collected in®, are the principal angles betweény, and
Qx. This can be easily verified by calculatidg'Y from (3.20) and by applying
considerations of Sect. 2.3.2, namely (2.21).

3.3 Code Structure

In this section we investigate the structure of the coder vepgse to build unitary
non—coherent space—time (ST) codesfar 2M [22], [21].

The main idea is to obtain a non—coherent unitary (ST) adbdie®m a coherent
space—time block (STB) codg. Let's imbeeds into the tangent space (of the refer-
ence point) and then map it to the Grassmanitan, via the exponential map (see
Fig. 3.4). Codeg obtained via exponential parameterization are called ER£m
this work. An EP cod& obtained from coherent codgis denoted byCs. A block
diagram of the coding and transmit chain si shown in Fig. 3t8s approach has one
point in common with the training—based approach [27], [26poth cases a coherent
STB code is used to obtain a non—coherent code.

We hope that by choosing a good coherent STB code we can gersegood
non—coherent STB code. Besides, if the parameters of thee@h8TB code can
be controlled (see for example [27], [32]), we hope to cdritie parameters of the
non—coherent STB code, at least partially. Another impargmint is the decoding
algorithm: the the coherent STB has sufficient algebriccétine to have a simplified
decoding algorithm, we would like to exploit the knowledgtowever, before coping
with this problem, many questions on the coding process fesinswered: under
what conditions the exponential mapping is well-defined muiaghs a coherent code-
book to a non—coherent codebook? Is there a relationshimgeadeword distances
of coherent and non—coherent codes? Is diversity mairddigehe exponential map?
and what kind of diversity?

In this section we use the reference subspace defined in(3.16

3.3.1 Exponential Map Inverse

Generally the exponential map is not a bijective functiame constraints must be
imposed to make it invertible. Itis possible in fact to findeaghborhoodof 0 in ¢,
and a corresponding neighborhooddf ; over the Grassmannian between which the
exponential map is invertible.

4An open set containing in tm,.. I
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bits symbols super—symbols
b = vec(B) x = vec(X) j
Tt,1
s b x r» mod
g Y > >
Ck AM/PSK | 5n g% < |
Qmap/per = S/P . E S . xp . E . :
L Ta > g 5‘3 > > LM j
_L> mod
TT, T

Figure 3.3: Block scheme of the transmit chain.

Proposition 5 Let B, /, the open set dofr,.; defined as

0 —Bf T
Brjy = {A = {B 0 ] € UTyey mir%axM(Hm) < —} (3.21)
wheref,, are the singular values ds. LetG;M be the open set defined as
G ={9x € Grar : X[, Xis full rank} . (3.22)

which is equivalent to state that there is no vectorQgfe G;M orthogonal tof,.
Then
exp : Brjp C tMypep — G;,M C Gru (3.23)

is a bijective map.

Proof. This proof is important because it is constructive, we catleustand how to
invert the map.

We show that the exponential mapngective We want to prove that i\, A, €
B andexp A; = exp Ay, thenA; = A,, which is equivalent td3; = B,. Let’s
write the TSVDsB,; = V,0,U! andB, = V,0,Ul, with the singular values ordered
from the smallest to the largest. From the CS decompositi@®)3ve have

(UG [ULCy
x-[vis]vi-|

Let’s take the first\/ rows of (3.24)

] Ul =X,. (3.24)

C,=UGCU’, U=UU,.

This expression states that andC, are similar and hence they have the same eigen-
values. Henc€, = C, = C, i.e.

€08 01 = cosby,, = cosb,, € (0,1] <= 01, =02 =0 €[0,7/2)

form=1,..., M,ie. ® = ©, = O. The above correspondence is one—to—one
only if the cosine is constrained to the inter{@lr/2), where the cosine is a bijective
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Figure 3.4: The concept of exponential parameterizatiazode for coherent systems
is imbedded into an open set of the tangent space, so thakplomential map is in-
vertible.

function. For the same reason we can wlte= S, = S. From (3.24), we can write
U,0U] = U,0Ul, which donotstate thafU; is equal toU,. In fact, as explained
in [68, Lemma 7.3.1]U; = U,D whereD is an block diagonal unitary matrix in
which, if the singular valué,, has multiplicity 1, then the corresponding blocKinis
an arbitrary phase factef’~, while if 6,, = ... = 0,,,,_1 has multiplicityr, then the
corresponding block i is an arbitrary- x r unitary matrix. To resumd) assumes
the most generic block diagonal form satisfying

D'eD =0. (3.25)

If we take care of these remarks, from the last A rows of matrix identity (3.24)
we haveV,SU! = V,SDU!. By applying (3.25) and i has full rank, we have
V; = V,D. If S has not full rank, for instance, the lassingular values are zero, then
the lastr columns ofV; andV, can be chosen arbitrarily since they will be annihilated,
so that we can sé&/; = V,D in every case. Then, by building the original matrices
through the TSVD

B, = V,0,U! = V,DO,D'U! = B,

and we have proved the thesis.
We show that the exponential mapsarjective We must proveexp(B;, /) =
Gr - LetQx belong toGr ,, and let

X = [}51] , X, e CMxM X, e CT-M)xM (3.26)

X
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be one of its orthonormal bases. Let's apply the followirgpathm
1. Calculate the SVD oK ;: X, = UCU'
2. CalculateX = XUUT,

SinceUUT' is a unitary matrixX is another basis fdRx. MoreoverX is a CS decom-
position like in (3.20), becausk,.; = I, andC has full rank smcé(refX X, is
full rank by hypothesis. A poinA € B, 5, in particular the associated matiix can
be built following next algorithm

1. Consider basiX’ = [X!| X1], whereX is the upper/ x M block andX, is
the lower(T" — M) x M block.

2. Calculate the TSVD dX,, sayX, = VSUT', the diagonal entries of the diagonal
matrix S are non—negative (by definition of TSVD) and less than one {duhe
fact XX = I,).

3. Calculate® = sin~!(S), the diagonal matrix® has entrie®,, € [0,7/2), for
alm=1,..., M.

4. Build the matrixB = VO U".

The matrixA built with this B satisfies (3.21) and it gives the baXisn G7. ,,. Hence,
we have the thesi§l]

Proposition 5 clearly sets a condition to assure an indergkponential map (this
condition was already present in [21], here we gave a formabfp. The inverse
exponential map, denoted byp~!, (see Fig. 3.4) can be operationally calculated with
the algorithm presented in the proof of Proposition 5 andctvican be summarized as
the reduction into CS form of a generic orthonormal basi®Wedid by the calculation
of a TSVD on the lower part of this reduced matrix.

3.3.2 Relationships between Coherent Codes and their Correspond-
ing EP Codes

Let B’ a coherent code we use to build a non—coherent EP €odss in Fig. 3.4.
Codewords of3’ can generally generate directiods lying outside the sef3; ,, in
which the exponential map is invertible. To assure that thelescoherent code is
contained inside3; », we follow the approach of [22], where a positive homothetic
factora is used to scale the coherent cdsfein order to obtain another coherent code

B=aB ={B=aB, VB € B} (3.27)

whose codewords belong tB8,,,. We recall that if a matrix is multiplicated by a
positive scalar, then the singular values of the producsemply scaled by the same
factor: 6,, = a#.,, whered,, and¢/  are the singular values of respectivéyand B’
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(see [68, pag. 418]). Moreover a multiplication by a positscalar does not change
the range of the matrices, so that the diversity order of @it code is maintained

dcofML(B) — dcofML(B/). (328)

In the following, if not otherwise stated, we suppose that tbdeB andC are
well-defined, that is, the exponential map is invertible.

Let’'s consider a generic codewol8l € B and the correspondin € C ob-
tained via exponential parameterization (3.20).Blf= V ® U", then, as recalled
in Sect. 3.2.5 and [21], its singular valugs are the principal angles between the ref-
erence spac¥,., and the subspace generatedXy To scale the codewords hy
multiplies by the same facter all the principal angles. Summarizing

dy(X, X,er) = | sin(©)]3 = | sin(B'B)|z (3.29)
and the relationship with the singular values of the codeaan B’ is
dy(X, X,ef) = a| sin(@')|7 = a|sin(B'TB')|2v . (3.30)

The dimension of the intersection between the referenceesadX is given byM —
rank(B), i.e. by the number of null principal angles. Eventually, /e a rich
geometrical characterization of the non—coherent code wispect to the reference
space.

Unfortunately, the above considerations do not completbBracterize the non—
coherent cod€ with respect to the codB8. What we are really interested in is, for
example:

e The distribution of the principal angles between differeatlewords o’ and
the way to control them via the coherent cdgle

e The relationship between the diversity®fand the diversity of.

These points were not cleared up in [21], where a conjecta® farmulated, which
we restate in a more explicit form:

Conjecture 1 If a coherent codds has fully diversity, then the corresponding non—
coherent cod€ obtained via exponential parameterization, achieves #mesdiver-
sity gain.

We managed to find general assumptions under which this cdongeis true. We
also get interesting insights into the relationship betwteaining—based codes and EP
codes obtained from the same coherent cBdd-urther details can be found in the
following subsection.

A first asymptotic argument (on small principal angles wehpect td?2,.,) let the
reader understand the hidden relationship between tgathesed codes and EP codes.

Let homothetic factow run to zero. Then, iB = V(a®')UT, we have

C = cos(a®’) ~ 1), S = sin(a®’) ~ a®’
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and hence the CS form (3.20) of the codewaxds

X ~ Bg,} : (3.31)

which looks like a training—based code! Transmit powerrnsadt completely allocated
to the training phase. Anyway, through Proposition 3 we egntbat EP code diversity
is equal toB3’ diversity, if the detection is made as {2.65), (2.66) (not with the non—
coherent ML criterion or the GLRT) [26].

3.3.3 EP Code Diversity
We state the following

Theorem 1 LetCi be an EP code obtained from the coherent cBde a3’. Suppose
that the diversity of3’ is d*~*(B') = d. Denote by, , > ... > 6 ,, > 0 the
singular values oB;, and defined,,,, = max, ||B’[l = max; ) ;. Denote also by

max

o4(k, 1) thed—th singular values (in decreasing order) Bf. — B; with k£ # [. Under
the condition

O<a<a, a:min{—,dd} : ddzrkn?ié?ad(k:,l) (3.32)

where
aq(k, 1) is the solution oftan(ad), ;) +tan(ad; ;) — a(b;,, +0;,) = aoy(k,1) (3.33)

we have
dGLRT(CB) 2 dco—ML(B) — dCO_ML(B,). (334)

Proof. Let us suppose that the codeword€3of a8’ andB’ have TSVD
B,=V,©0, U, B, =V0,U,  0,=.0, (3.35)

wherefy, > 00 > ... > 0 > 0. Let Xy, X; € Cs C G;M be in the CS form
(3.20). From the definition of diversity with GLRT detecti{49)

dCLET (Cp) = %1;21 {rank(X; X,])} — M

. U,C,'Ul 0y B
= 11?7151 {rank ([Xk X { Ons UlelU;r M (3.36)

. I Iy
= %171&? {rank {VkaU}; VlTlUlT] } M, (3.37)

where (3.36) holds because tfig\/) x (2M) right rotation in (3.36) is always full
rank (even wherBy, is not, provided thaB C B/, and (3.37) follows from trivial
calculations letting

T}, = tan(©y,) = tan(a®)), T, = tan(©,) = tan(a®)) . (3.38)
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Let us define two new coherent codésind3’, whose codewords are defined as
B, =V, T,Ul, B} = V,tan(Theta,)U! . (3.39)

We rewrite (3.37) introducing the new codewords

A (Cp) = IIICI;? {rank FM L [} } - M

B;. B
- %171&? {rank(I,/) + rank(By, — Bl)} - M (3.40)
= r]?;? rank(B;, — B)) = d°"ML(B) (3.41)

where (3.40) follows by basic rank identities (see for exenj@9]) and (3.41) by
Definition 7.

To conclude our proof, we have to understand the relatiprisgtiween the diversity
of coherent code# andB. Let o1(k,l) > oa(k,l) > ... > oy(k,l) > 0 be the
singular values of matrixB, — B;) and letr(k, 1) > (k1) > ... > (k1) > 0
be the singular values of matriB;, — B;). Also recall thato,,(k,l) = ao’, (k,1),
whereo,, (k, 1) is the generic singular value @Bj, — B;). From Corollary 7.3.8in [68,
pag. 419] about the perturbation of the singular values oatim) we have

T (K, 1) — 0 (B, D) < ||(By — By) — (B, — By) |2, m=1,...,M (3.42)

Codewords of3 have the same unitary matrices in the TSVD, therefore thetspe
norm in (3.42) can be written as

|[Vi(tan O, — ©,)UL — V,(tan ©, — ©,)U] 5. (3.43)

Since functionf(z) = tan x — z is non—negative and increasing in the range of interest
z € [0,7/2), two TSVD are defined in (3.43). Hence

IVif(©1) U] = Vif(©) U] <
< IVef(©r) ULl + IVif (@)U |l2 = f(Or) + f(011), (3.44)

where the last passage comes from definition of spectral fjorfa in (2.74). Restate
the inequality, by using (3.35) and writing the dependerfce,dk, ) on a, we have

T (k1) — a0y, (kD) < f(6r1) + [(Or1) = f(aby,) + (b)) - (3.45)
To assure that the perturbation satisfies (3.45) we mustsmfsee Fig. 3.5)
ao,, (k1) > f(aby,) + f(ab,,) (3.46)
which is satisfied for altv

a € (0, &y, (kD)) , G (K, 1)« flaby,) + f(ab) ) — a0y, (k1) =0 (3.47)
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0 aol (k1)

T (K, 1)

f(()‘%,l) + f(a‘gl/,l)

Figure 3.5: Graphical interpretation of condition (3.45).

f(af) = tan(ad) — ab

aa, (k1)

f(abq) +jf(f¥91,1)

[0}

(k1)

Figure 3.6: Graphical interpretation of equation (3.47).

We notice that the solution of equation in (3.47) alwaystsxis unique and different
from O wheno,, (%, 1) # 0. This is becausg¢(at ;) + f(ad;,) is an increasing mono-

tonic function with an asymptote at/(2max{d, ,,¢;,}) and a null derivate at zero
(see Fig. 3.6).

Now, suppose that codB’ has diversityd. This means that for all couples of
codewordsr| (k,1) > ... > o}, > 0. If ais chosen to satisfy

0<a<ay, g = 1116171&? aq(k,l) (3.48)

we are sure that, (k,1) > ... > 74(k,1) > 0, for all k # . Therefore diversity o3
is equal to the diversity oB’ at least, which coincides with the one Bf o« must be

chosen also in order to satisB/C B; /., therefore conditions (3.32), (3.33) are found.
This concludes the proafl

From the previous theorem it immediately follows
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Corollary 1 With the same notation and hypotheses of Theorem"14f 2/ and B
has full diversityd®—"%(B) = M, then EP cod€ has full diversity.

This proves Conjecture 1.

Remark 1. During the proof of Theorem 1, we showed thet "% (B) > d~ML(B).
Hence, training cod&g, built from B, has at least equal diversity of training cafig
built from B (see Proposition 3).

dcofML<B) > dcofML(B) — dEfD(IZZQ > dEiD(%)
Moreover, from (3.41) and Proposition 3 we can argue thefohg

Corollary 2 Under the same hypothesis of Theorem 1
T (Cg) = dPP(T) > dPP (T) = 4" P(Tp) (3.49)

This does not necessarily mean that EP codes have bettermarfces than training—
based codes, since code gain and distance distributioroaceetermined here.

Remark 2. About the fact: d°~M%(B) > d*~M~(B), under hypotheses of Theo-
rem 1. Suppose for instance thay (k,!) = 0 = o),(k,[). (3.45) claims simply that
[T (B, D < f(Ora) + f(011) = f(aby ) + flab;,), i.e. Ta(k,l) is not forced to
zero. On the contrary, since the perturbation depends imglkoate way on code-
word entries, it is highly probable that,(k, 1) # 0, for a fixeda. We have verified
this phenomenon through simulations: from coherent cod@sout full diversity we
obtained EP codes with full diversity, even if they have $mahimum product dis-
tance.

Remark 3. From (3.36) and (2.43), the PEP of cafigcan be obtained (with GLRT).
By calling R+ andR the matrices (2.51) corresponding to codgsandCgz, we have
IR¢| = |R7|||Cr[?|Ci|*. Therefore, by using determinantal formula (2.76)

IRu7| [Riwr — R 7Ry 7R 7| |[ChlP|Ci” = [Ruel Rk — RureRy cRunel ,

the identity|Ry 7| = [T, + U, T?U]| = |C;|~2 and the property of (unitary code-
words), we conclude

M (X4, X))

Rirr — Ru Ry SRy 7| =
| 1,7 | |Ck|2

Therefore we can for example express the GLRT asymptotic REB) of 7; as a
function of principal angles between the two codewordse(tlaing for a training code!)

M tan?(0k.m
P 4 p® _ M M 2MN —1 ’C ‘2N (1 + Hm:l tiHQ((GIlC:m))>
ij,GLRT Jji,GLRT — Tp MN k ngVIN (Xk7 Xl>

where| Ty | > |T|.
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Remark 4. The above proof gives insights on the behaviour of EP codeshenexpo-
nential map non-linearity. However, the bigger the code szthe more demanding
the calculation ofv,(k, 1) in (3.33) iS. Moreover, homothetic factor in (3.32) may
be very small and may unnecessarily reduce product distaaroeng codewords, and
degrade EP code performance. Hence, since codeword deyenale singular values
Tm(k, 1) is continuous but complicated, we conjecture that it iseydifficult to choose
an homothetic factor annihilating somg (&, 7). Anyway, in numerical simulation a
diversity gain decrease has never been reported. Therieftine following we allow
condition (3.32) not to be satisfied. We consider the prooCohjecture 1 as a sort
of existence proof and not as a mean to choose a practica shlbiomothetic factor
a, which will be chosen (for big codebooks) via a numericalimiaation of the error
probability.

3.4 Examples of EP codes

We present in this section some particular cases of EP coiflesvstrong algebraic
structure. Their rich structure always implies the loss efrées of freedom so that
these codes are never optimal from a capacity perspective.algd show that the
generalized PSK codes [23] and the complex Givens code#6¢h do not fit in the
training based description, are EP codes.

3.4.1 EP Codes from Scaled Unitary Coherent Codes

Let the codewords of the coherent cdslée scaled unitary matrices, i.e.
BIB, =01y, B >0. (3.50)

forall kK =1, ..., L and where the coefficients, can be different. One valid TSVD
of B, is
Br = Vi (B Lur) (3.51)

whereV, is implicitly defined. Then the corresponding EP codeworés a

cos(f) I
%= [l - | ke, 5

B
Be "

which is similar to a training—based code but it is not!
In fact, if we let

mk

SActually, it would be nice to use coherent codéslesigned to maximize the minimum singular
value of the difference of two arbitrary codewords. Unfosdtely, current research on coherent codes
deals with the optimization dfB;, — B;)f(B, — B;)|, i.e. the product of the singular values.
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we obtain the generalized PSK codes of Tarokh—Kim [23] (3se @€.60) and that

section for a discussion)
cos(B) I
X,= 1. . 3.54
k [sm(ﬁk) IM} ( )
It is possible to find the complex Givens codes [26] by defirihmgycodewords of
B as

' I
B = e Iy = Xp = Liz(zsﬂ(f)gafﬁ}

where the alphabets ¢f, andd, are specified in [26].

EP codes of type (3.50) can also give some patrticular trgifiased codes. Let us
assume that all thg, in (3.50) are equal

B/B, = 3’1, VBcB. (3.55)

In this case the EP codegis

[cos(ﬁ) IMi|
X = | sinf : (3.56)

The factor3 is in common to all codewords, it plays therefore the rolerofiamothetic
factor. For example, if we choo#® as the Alamouti coherent code with unitary energy
PSK symbols forM = 2 (as in (2.69), (2.70) for propositions [24] and [23]), we bav
5 = V2. LettingB = aB’ we have3 = a+/2. Code (3.56) is a genuine training—
based code. From Sect. 2.9, the correct choice for optintébipeances is an equal
distribution of power between the training and data phase, i

2cos?(aV2) = 2sin*(av2) = a=r7/(4V2)

which is a valid choice of the homothetic factor.

There exist training codes which do not directly fit into tHe €ébdes, even if every
training code can be associated to an EP code, as in the dr@aingecture 1. Given
the training matrixI' (with T'T = I,,) and the respective coherent calg,;,, with
TSVDsS By, tr4in = VA, U, the coherent codB over the tangent space producing
an equivalent EP code over the Grassmannian is

Bigp = Vitan ' (A,)ULTT. (3.57)

In Fig. 3.7 we resume the considerations of this subseatiangraphical way.

3.4.2 EP Codes from Codes with Commuting Matrices

Let us suppose that codewords of coherent dodatisfy

'R, _ Rl
{ BB, = BB, for everyk # 1. (3.58)

B,B) = B,B|
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‘ainine_based codes
EP codes Training—based codes

Generalized PSK codes

Complex Givens codes
: Alamouti + PSK

Figure 3.7: The generalized PSK and complex Givens codestfieiEP code descrip-
tion, as well as the training codes described in [23].

Under this very strong condition, all couples of matricks and A, (3.21) in the
tangent space commute, as wellm}andAk, for example. In this case, property (3.5)
can be applied and the calculations performed over codeai€i can be reported to
codewords of3 on the tangent space. For eaXh, X, € C, using (3.4) we have, for
example
. 1t Oxr —(By, — By)!

XZXk = IT,M exp { |:(Bk _ Bg) OT_M IT,M . (359)
Let the TSVD ofB, — B, beB, — B, = VMEMULJ, apply the CS decomposition
asin (3.19), then (3.59) becomes

X};Xk = UkJ COS(EkJ)ULJ . (360)

Hence, when the matrice&, ontr,., commute, principal angles between two sub-
spaces spanned B, andX, are the singular values of the difference of the respective
codewords oB, i.e. B, — B,. We have proved the following

Proposition 6 Let 3 be such a coherent code that all the matrices mutually com-
mute. ThernB and the corresponding EP codkhave equal diversity. The product
distance can be bounded

2
;|(Bk — BBy, — By)|77 < d,(Xi, Xs) < [(Br — By)'(By — By)|=7  (3.61)

We notice that generalised PSK codes (3.54) satisfy camdit{(3.58) and therefore
have full diversity (because rajukos(5x )1y, — cos(Ge)Iy] = M sincek # 1).

Unfortunately, condition (3.58) is so strong that we werealie to find interesting
codes with this property.

3.5 Conclusion

In this chapter we have discussed conditions under whichetipenential parame-
terization can be used to create a non—coherent unitary. ddedealso discussed the
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relationships between the coherent c#tland the non—coherent codeobtained via

exponential map (EP code).
In Fig. 3.3, the transmit chain of an EP code is shown. The eaptial map can be
efficiently implemented according to the CS decomposititarting from an TSVD of

the codeword$,..



Chapter 4

Suboptimal Decoding of EP Codes
over Gp g

We investigate in this chapter EP code properties and degatrategies when the
transmitter has one antenn®/ (= 1). This case has been studied in [21], [31], where
a partial characterization of EP code properties and a fiegldecoding algorithm
were proposed. We describe here another simplified subalptistoder, which has
performances almost coincident to GLRT ones, but whose atyp is higher than
the one of simplified decoder presented in [31]. We have tigated both the Single
Input Single Output (SISO) casé/ = N = 1) and the Single Input Multiple Output
(SIMO) case {4/ = 1, N > 1), in order to understand how the different decoders
behave.

In the first section we study the GLRT in the SISO case. Siegisf an important
GLRT parameter are found and numerically evaluated. Theg game indications
to choose the parameters of the simplified decoder we proposthe SIMO case,

a simple subspace estimation algorithm is briefly introdyeehich gives a subspace
estimation from the observations &f received signals. This allows to apply the sim-
plified decoder introduced for the SISO case to SIMO systems .

In the second section, we detailed the properties of EP cad8I5O channels.
The particular structure of codes ow&t-; permits to find close form relationships
between the codewords distances of coherent ¢bdad the codewords distances of
the corresponding EP code We then used this comprehension to determine a good
choice of the homothetic factor, which maximizes the midifaclidean distance of
the codewords of and at the same time approximatively maximizes their mihima
chordal distance.

A long geometrical study is presented in the third sectitsaim is to investigate
the geometrical structure of the GLRT level sets over thesSmanniartir ;. In other
words, we wanted to understand to which point&-ef; a certain value of the GLRT
corresponds, given the value of the received signalhis comprehension helps us to
locate the region of the Grassmannian in which it is highlybable to find the correct
sent codeword, so that the decoding process can be limitiistaone. However, we
did not (and do not) know how to perform efficient numericalrsé in the Grassman-
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nian, even inside bounded regions. On the other hand, matiwhtools to perform
these searches are available for coherent STB codes. Thesiteerefore to move the
decoding problem to the tangent space, i.e. to the coheogat/e corresponding to
the EP cod&. To this end, we also studied the behaviour of GLRT level pegan-
ages in the tangent space. Their shape is warped by the exgdmeap non—linearity,
nevertheless we succeeded in bounding these regions (whetgghly probable to
find the coherent codewords corresponding to the sent nbereot codeword).

In the fourth section, a new simplified decoder on the tangpate is proposed,
thanks to the insights gained by previous geometrical iig&tsons. The decoder com-
plexity is roughly investigated. The choice of decoder pseters is discussed via
simulations.

The final section is dedicated to simulations for both AWGN Ragileigh channels
in the SISO and SIMO case. Comparisons with other propositiwe also presented.

4.1 Channel Model

AWGN channel with unknown channel phase is considered indlse of one receive
antenna. We made this choice to better discriminate betwednrmances of differ-
ent decoders. However, also the Rayleigh channel is imastign the single—input
multiple—output (SIMO) case.

4.1.1 AWGN Channel with Unknown Phase

Suppose that the receiver has one anteva= 1. Let the codewords be column
vectors of lengthl” with unit norm ||x|| = 1. The channel introduces an unknown
phase and an additive white Gaussian noise

= xer +w 4.1
y

wherew; ~ CN(0,0?) andy;, is a uniform random variable if, 27r). The GLRT is,
in this case

5 T2

X = max [xy| (4.2)
In this particular case we notice that the GLRT is indepehdenthe norm of the
received codeword. The rule (4.2) is equivalent to maximize

T
.- Xl (4.3)

Iyl
which is the cosine of the principal angle between the sutesgpgpanned by andy.
If x =y, the value of GLRT metrie achieves its maximum. Its minimum value
correspond to points orthogonal §g i.e. to the farthest points from the normalized

received signay/||y||. Itis clear that the greatest is the channel additive ntiseless
probable is to find the sent codeword close to the receivewk{m the principal angle
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Figure 4.1: Probability distribution function af the cosine of the principal angle
between the subspaces spanned by the received signal asghtredeword.

sense). We are therefore interested in function (4.3)s$i| fixed sent codeworxl
and given channel phassg, in order to relate the value ofto the noise variance.

We observe that the application of a unitary transformatioa 1/, to all vectors
does not change the value of (4.3) nor the statistios ¢/ w ~ CN (0, 0?)). Hence,
in order to simplify the study of the statistics @fsincex andy;, are fixed, we choose
a rotation so that after renaming terms and rewriting (4 4 have

y=e +w, e =[10...0]. (4.4)
From (4.3)

14 2%(z1) + ||z[> (14 21.8)% + 2+ Z?:Q(zt%R +271) .

(4.5)

Random variables, r, z; ; are i.i.d. real Gaussian random variabM§0, 02 /2). ¢? is
a non-central beta random variable [73, pag. 944] (see gigerdix A.3). Since the
probability distribution function of the cosinean (4.3) cannot be obtained in a simple
closed form, we used a Montecarlo method to obtain its itzdiBriefly we generate
the random variablg in (4.4) by means of(0° realizations of noise vectov.

In Fig. 4.1, probability distribution functiof. of c is plotted for different values of
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Figure 4.2 Mean and variance, as a function of the blocktlefig of the cosine of
the principal angle between the subspaces spanned by #ieegsignal and the sent
codeword.

block lengthT” and of noise varianéer? (both real and complex parts). We can notice
that, for a fixed noise variance, the smaller is the blocktlerthe smaller is the support
where the probability density functiol. assumes values significantly different from
0. Obviously, if the noise variance becomes smaller andlsmd#he cosine in (4.3)
converges to 1. In fact, if noise was absent the receivedrveatuld span the same
subspace spanned by the sent codeword, channel phaseHaeiog no influence.
The curves are less regular arourtd®, due to the number of realization used in the
simulations (i.e.10° as previously stated). In Fig. 4.2 we plot the mean and vegian
of c. For fixed noise variance?, these parameters remain almost constant for a large
interval of values of the block length, especially at high SNR (small noise variance).
For small values of’, the variance of becomes smaller, as noticed above in Fig. 4.1.

These results indicates that the sent codeword has a ridglgyobability to have a
principal angle less th& 97 with respect to the received signal, at high SNR. So that,
if we design a non—coherent system without outer code to trev@cceptable error
probability of 103 at 20 dB SNR per receive antenna, it does not make sense thsear
for the sent codeword farther thari13 (in principal angle radians) from the received
signal.

Lin the figures we chose to represent the noise variance bynthgual notation in dBo?)qp =
10log,,(c?). We adopted this notation because it is simple to calcuteteorresponding average SNR
per receive antenna in dB §8)qg = —(0?)ap — 10log,, T
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4.1.2 Rayleigh SIMO Channel

We consider a single—input multiple—output (SIMO) chanf@él = 1, N > 1) with
Gaussian fadings and additive white Gaussian noise

Y=xH+W (4.6)

where the noise entries are i.idN(0, 0%) and the fading entries are i.i. A/ (0, 1).
MatricesY andW areT x N, His 1 x N (arow vector), whilex € C is a column
vector? x 1 with unit norm, as in the previous subsection. The GLRT is tt@se is

% = max || x"Y|?. (4.7)

xeC

WhenN = M = 1, replacingy with y/||y|| does not change the GLRT estimation.
WhenM = 1, N > 1, this is no longer possible and cannot be replaced in (4.7)
by a matrixY, = YA with Y]Y, = I,,. Infact, even ifY andY, span the same
subspace the values of the metrjes Y||? and ||x'Y,||? are not scaled by the same
constant!

In the following, we propose to apply the decoder idr= N = 1 to the SIMO
case. To this end, we use the columns of the received nmetas independent noisy
realizations of, from which we estimate the subspace directpras the eigenvector
corresponding to the maximum eigenvalue of the correlatiatrix

N
. . 1 1
x. eigenvector of max. eigenvalue Bfy = N E Yoy = N YY' (4.8)
n=1

This estimation is unbiased. In fact, since
1 bt : b i
Ry = N[XHH x'+xHW'+ WH'x' + WWT]

once fixed the sent codewordand being the fading and noise process independent,
we have
E[Ry] = xx' 4+ o%Ir. (4.9)

Reducing noise variance makes the estimatipgonverge in mean to the sent code-
word x.

Thanks to this estimation the SIMO system can be reduced 8@ S$ystem, since
we can use the estimated directign as the received signal. This is equivalent to
decode according to the suboptimal rule

Raup = max([xx |/ [xe)* (4.10)
where|x'x,||/||x.|| is the cosine of the principal angle between the subspacesed

by a generic codeword and the estimated directioty. This suboptimal criterion is
well motivated, as a matter of fact the maximization termdirY] can be rewritten as

Ix'Y]? =x"YY'x = Nx'Ryx, (4.11)

which coincides with|xx.||? for vanishing noise variance.
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4.2 EP codes foiG'r;

In this section we specialize the results for the EP codes @ifp@hn 3 to the case
M = 1. We introduce some properties of the EP codes and use theetdordne a
good choice of the homothetic factor.

4.2.1 The Exponential Map in the casé&:r;

Let us briefly recall the quotient geometry@f ;. From Definition 10 we havé&';; =
Ur /Uy X Up_1), whereld; = {e7%}. An equivalent and economical description is

Gr,=U"/U, U'={veC":|v|=1}. (4.12)

In other words, the Grassmann manifold can be described agmtip the complex
sphereU? modulo a common phase, i.e. an arbitrary complex number wvithab-
solute value. We notice that the complex hyperspli&ras isomorphic to the real
hyperspher&?® = {a € R?*" : ||a|]| = 1}, which has2n — 1 real dimensions. Hence,
Gr, has dimensior?” — 1 — 1 = 2(7 — 1), as claimed in (3.9).

Letb € CT-!, the matrices on the tangent space to the reference sub&a6g

Xeeg = [1 0 ... 0]'=¢ (4.13)

are

2l o)

b 07
and therefore the exponential map in its CS form (3.20) canrittew as

cos ||b|| COS b
x = |sin Hbe = sinpbb , o = ||b]. (4.14)
bl Po

wherep, is the principal angle between the reference subspace asdlispace spanned
by x. The condition to invert the exponential map is

b€ B+ {beC'':p,=|b| <n/2}. (4.15)
Under condition (4.15), the image of the exponential map is
Gr,={xeU" :z;, >0} where x'=[z; 25 ... zr]. (4.16)

where(-)! denotes transposition.

We notice that a vectot belonging toG 7, is the representative of the equivalence
class given by the vectofs e¢’?, ¢ € R}. Indeedx is theuniquerepresentative with
the first element; > 0. As a matter of fact, if another representatvef the same
subspace exists so that > 0 andx # x, we have thall ¢ € [0, 27) so thatk = xe'?.
But, sincez; > 0 andz; > 0 by construction, it must be’# = 1. Representation
(4.14) is calledCS representatianWe can easily extend these considerations to the
case where; = ... =z, = 0 considering the point as a representative of a subspace
over Gr_,,1. We do not consider this case, since the set of points ortraldo the
reference space has zero measure with respect to the wredsr@annian.
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4.2.2 Properties of EP Codes ovefrr

Let us consider two codewords, x, € C and let use denote I8y, ; the principal angle
betweerf,, and(,, (which are two lines irC”), where

|X};Xg’ = cos O, XZXg = cos O 17 7F . (4.17)
In [21], the following result for the case ofal codebooks is reported
(2/7)%||br — by||* < 4sin*(0y,/2), Vk#£1. (4.18)

This is no longer true where complex vectors are used. Letsider for instance
two codewords in the casé = 3 belonging to an EP code obtained from the pa-
rameterization of a6d—QAM)? constellation in which each4—-QAM constellation
{d(qn + jg2), 1,42 = £1, £3, ..., £7} has statistical power af,, ~ 0.46, so that

d = dyin/2 = 0.105. Let's take

blzd{wm} 7b2:d|:7—7j:| .

T+7j T+7j
0.105 0.105
X1 = [0.497(1+ j)| , x2 = |0.497(1 — §)
0.497(1 + 5) 0.497(1 + §)

then
x'x, = cos(m/4)e 74— (2/7)?||by—Dby||? = 0.871 > 0.586 = 4sin?(7/8).
The following proposition can be shown for complex vectors

Proposition 7 Letx,, x, € C obtained from the corresponditg., b, € B, with p;, =
|bx||. Then the following lower bounds on the product distamgex;, x,) = sin 6y
hold

SnCm) 1, — if |by = [|be]| =
) sinpy = bl bl = b =
Zlbrll = Ibelll — if [[bgl| # [[be|
Proof. From (4.14)
cos? Oy, = ’X};XAQ = | cos p, cos pg + sin py sin pgb,tbg/(pkp@) B (4.20)

whereby /pr andb,/p, are two unit vectors. This fact implies thbtbg/(pkpg) =
ae’?, where0 < a < 1. Sincecos p;, cos p; > 0, it is easy to verify that (4.20) is upper
bounded by

cos? O < | cos py, cos pg + sin py sin pg|* = cos®(pr, — pr) < cos(pr — pe) . (4.21)

Now, thanks to the inequalityos p, < 1 — (2/7)%p% if pi € [0,7/2], we have

4
cos® Oy <1 — p(“bkﬂ — ||be[])? (4.22)
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and the second inequality in (4.19) is easily obtained. o0& p, the bound (4.22)
gives no information, while fop,, # p, it always holds px, — p,) < 7/2.
Let us suppose. = pr = ps, by developing (4.20) we obtain

cos? O, < cos” py, + sin p, + 2 cos? p, sin® p, Re(bng)/pg
cos? p, sin? py
1 SR Py oRe(b]by)
P
cos? py sin? py

2
b

=1 by, — by|)?

where the first inequality follows frorTrbng/pﬂ < 1. And the firstinequality in (4.19)
immediately follows[]

To further simplify the dependence pnin (4.19), we simply observe that
sin(2p,)/(2p) = 1 — (2/m)py for py, € 0,7/2).

The exponential map from®, , to G, is invertible. Letx belong toG7; and let
x be the vector of lengtfi’ — 1 obtained erasing the first entry =f

If xisin CS representation (4.14), the corresponding 5, is derived as [31]

b=exp '(x) = S Py = arccos y . (4.24)

Vi—a2

We notice that the arccos is uniquely defined becauyse (0, 1].

This latter expression will be useful to state the simplitiegoders we will study
in the follwing sections, while Proposition 7 is useful tmose the correct homothetic
factor,i.e. to design a good EP code.

4.2.3 Choice of the Homothetic Factor

No outer code is considered in this work; codebooks are & 8/p- (Q—QAM)T 1,

In this subsection we show how to use previous results tosgaocgood homothetic

factor, i.e. an homothetic factor which minimizes the dises of codewords i6';;.
Let a generi@)—QAM constellation be

Q-QAM = {qid+iqed, ¢ = £1,...£(Q1—1), @ = £1,...£(Q2—1), Q = Q:1Q>}

(4.25)
for square constellations, the integ€)s and @, are equal) = Q?. For square con-
stellations, the average energy and minimal distance &je [6

2
Ew=2(Q-1)d*, d

3 min

6
= (2d)* = Em
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In [31] the expression of optimal homothetic factowas found for real codes by
maximizing the minimal Euclidean distance. Even if the eotrdistance criterion is
the distance product, this is of no importance for real codieee the Euclidean dis-
tance and the product distance substantially coincidehdrcomplex case these two
distances are no longer equivalent and the product distsimmeld be chosen as the
optimization criterion. Nevertheless, the Euclideanatst and the product distance
give the same result, which coincide with the one for reabsodVe first derive the op-
timal homothetic factor for complex codes with Euclideastalince, since the argument
is simple. Then, we sketch the proof for the product distance

If the Euclideand distance is used, the minimal distance(efFAM)T—! coin-
cides with the minimal distance of the single-QAM constellation. However, for
codewords close to the boundary®f,,, we must also consider the distance with re-
spect to their opposite, due to the moduloeffect. Letb,, b, be such two codewords
so thatb, = —by and||b;|| = ||ba|| = pme: = maxp_z||b||. Their distance, keep-
ing in mind the worst case moduld—effect is,2(7/2 — ppaz). Suppose thad = 1
in (4.25) and that all the codewords are multiplied by a comrhomothetic factor
a. Since the minimal distance 6§QAM)T~! increases by increasingbut the dis-
tance2(m/2 — pma.) decreases, the optimal tradeoff is obtained by equatingwbe
distances. For square constellations this condition gield

t/2—a=02T-1)(/Q-1) = a=@/20+/2T-1)(/Q-1)]"
(4.26)
while for rectangular constellations the homothetic facgo

o = (m/2) {1+ VT = D@1 — D? + (Qa— 12} (4.27)

The correct distance ovéfr; is the product distance. Hence, to find the optimal
homothetic factor, bounds in Proposition 7 must be used,tlagyl lead to basically
equal results, only their derivation is more complicatedieBy, the second bound
of (4.19) simply suggests that the homothetic factor musthaesen as high as pos-
sible, in order to maximize the minimal distance betweerugsoof codewords with
a constant norm. The first bound of (4.19) simplifies|m — b,||, for codewords
close to the origing4, — 0 impliessin(2p,)/(2p,) — 1). In this case, the mini-
mal product distance is lower bounded [y, — b,|| = 2a. Moreover, coefficient
sin(2]/b||)/(2||b||) annihilates a||b|| = =. Then for opposite codewords with max-
imal norm p,,.... (worst case for modulds- effect) the first bound in (4.19) can be
simplified insin(2p,4:) = sin(2a4/2(T — 1)(v/Q — 1)) (square constellations). If
Pmaz 1S close torr/2, which is the case for EP codes which try to exploit the whole
Grassmannian surfacey,,... is greater tham /2. Hencesin(2p,,.,.) decreases whemn
increase. Therefore, for these codewardsiust be minimized. The optimal tradeoff
can be found by equating the two expressions of minimal westa (for codewords
close to the origin and the ones close to the boundary)

200 = sin(2a/2(T — 1)(1/Q — 1)) ~ 7 — 2a/2(T — 1)(/Q — 1) .

In the previous expression we used the linearizagian: ~ 7 — x, valid for x suf-
ficiently close tor, which holds true in our case jf,.. is sufficiently close tar/2.
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Homothetic factor (4.26) is then derived. We stress thatipus considerations are
not a complete formal proof: for instance, we also need taiciem more carefully the
second bound in (4.19) in order to draw general conclusions.

4.3 GLRT Geometry

At this point, as explained in the introduction of this chapit is very important to
study some geometrical properties of the curves on the @Giassian which have con-
stant GLRT value, since they give insights about where tochefar the sent codeword.
These curves are callddvel setsof GLRT function. Since there exists no efficient
method to maximize the GLRT even on a bounded subset of thes@@nnian, we re-
state the problem to the tangent space, which is not a mdrbfdljust a linear vector
space. In the tangent space, in fact, is located the coheodetcorresponding to the
EP code on the Grassmannian, and there exist mathemaiitsilttodeal efficiently
with codewords search. Anyway the shape of the level s€tinis not preserved be-
cause the inverse exponential map is non—linear! Hencefwiges the preimages of
the level sets in the tangent space. The understandingiottiepe allowed us to pro-
pose a suboptimal decoder in the tangent space. In thipseeti assumé/ = N =1
(SISO system).

4.3.1 GLRT Level Sets orU?

As we saw in (4.2) and (4.3) the GLRT rule is equivalent to thsire of the principal
angle between the subspaces (lines!) spanned by the cadiewamd the received
signaly, that is we let

Y(x) = |y'x| where we aussume,y € U . (4.28)

We assumdy|| = 1 and we letx belong toU” without forgetting that different can
represent the same point over the Grassmannian.

Obviously(x) takes its maximum value on the points,.. = ye’#, with o €
[—m, ), for which(x,,,..) = 1. The minimum value of the GLRT rule is zero.

Consideringy : UT — R, the level set ofi) corresponding to a real value
is defined as the subset of the dom&in= {x € UT : ¢(x) = ¢} [72]. Sincec
is a cosine, the level sét. is not empty where € [0,1]. We setc = cos 6, where
0, € [0,7/2] is actually the principal angle betweerandy. The level sets$...., are

Seos, = {x € U : x =cosb,e’*y +sinf,v, Vv Ly, ||[v| =1, & €[0,2m)}.
(4.29)
Expression (4.29) can be verified by substituting point§gf,_in (4.28). We notice
from (4.88) that the level set are hyperspheres with one fpeedmetep,., and they
have therefore dimensi@¥" — 2 (see Appendix B.1 for more details and explications).
Now, our codes are over the Grassmannian so that we musttiawemhich vectors of
Secoso, represent the same subspace, before inverting the mapyamgl tiv understand
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how things work in the tangent space. To this end, we assuatéith received signal
is in CS representation (4.14)

y' = [cos O cos by’ ... cosOpe??T] 6, € 0,7/2) (4.30)

whereé, is the principal angle between, and(2,.,, represented as in (4.13) ley.
Since the level set (4.29) is an hypersphere, we apply trepeterization (4.94) given
in Appendix B.1

Seosg, : X = €75 (cos B,y + sin6,v). (4.31)

cos 61

Figure 4.3: Basis vector for the parameterization of thellsgtsS,. s, .

Since we want to express the pointsf;, in CS representation, we choose basis
vectors such as to simplify our calculation: the first ong iand the second one,
defined as follows (see Fig. 4.3)

uy € span(ey,y), u, Ly. (4.32)

These conditions leave a degree in the choicaiwhich is fixed to have, in CS
representation:

1
Uy = (e1 — COS Qluy) s Ql 7é 0, 7T/2 . (433)

sin 6,

where we suppos® +# 0, 7/2, which is always verified with probability one when

Is a received vector in a communication systemis in CS representation because its
first entry is(1 — cos? 6,)/sin f; = sin#; > 0. We rewrite the parameterization of the
level set (4.31) according to (4.94)

Seoso, 1 X = €% [cos 0,y + e sin 6, (sin f,uy + cos 0,v5)]

(4.34)
wherev, € UL 2, v, | span(y, uy), 0, €10,7/2], &,&, € [0,27).
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Orthogonality condition (4.34) eventually imposes a gaitir form to pointsv,

Tvo = 0

Let’s use convention (4.23):
vi=lovt],  Vi=[v ... ], (4.36)
thenv, in (4.34) takes the form
vh=[0vh] with [[vof = |¥2] = 1. (4.37)
Injecting in (4.35), through convention (4.36) we have
Vive=0 <= y1v,. (4.38)

We have then obtained the parametric formula (with theiresponding condi-
tions) which express the GLRT level sets Bh. We are ready for the next step, to
translate this level sets on the Grassmannian by removirigeapoints which repre-
sent the same codeword.

4.3.2 GLRT Level Sets onGr |

From parameterization (4.34), we can reduce the level sats®”’ on the Grassman-
nian, by imposing the CS representation (3.20) to their goiftis is equivalent to
let 1, the first component of € S..s4,, be a positive real number (from (4.34), from
definitions (4.30), (4.32) and from (4.37)):

r1 = €% (cos B, cos O + ¢ sin 6, sin 0, sin 6,) > 0 (4.39)
This can be obtained in the following way: let

a = cos 0, cos b,
bimaz = SIin 6, sin 0, (4.40)
b = bz Sind,

and

p = p(04,&) = arccos(|a + e*b|) = arccos(|z1|), § = 6(a, &) = Z(a+ e*b)
(4.41)
we have to impose

& = —06(04,€4) = Z(cos B, cos O, + e sin 6, sin ), sind,) . (4.42)

Condition (4.42) fixes a degree of freedom and the dimensighefevel setS..sg,
overGy,, is 2T — 3. To resume, the level set over the Grassmannian is

Seoss, = {x = €“"[cos 0,y + € sin 0, (sin O,uy + cos 0,v,)] : (4.42) is satisfie},
(4.43)
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with 8, € [0,7/2], & € [0, 27).

Expression (4.43) eventually gives the level set corredpantoc = cos 6, in the
Grassmanniai:r;. If we make6, run betweerl) and a valud, ..., we obtain a
region of the Grassmannian. For examplé€l'it= 6, the receive SNR is abogb dB
and®, ... = 7/13, there is a probability of about)~* that the sent codeword is out
of this region (see Fig 4.1). Once we have the shape of thédet®onG,; we must
find their shape in the tangent space by mapping them bachkeiaverse exponential
mapping. This is the successive step we described in thesnbsection.

4.3.3 Preimage of the Level Sets in the Tangent Space

Operating a slight abuse, we decide here to call tangenesp@dmbedding space of
the matrice), but of vectors. These vectors are obtained by inverting the exponen-
tial map asin (4.24).
The vectorb which corresponds t® € S, Via the exponential mapping is
—id —id ) Ja )
b = pe X = pe [(cos 0, — sin 6, sin 0,¢% o 1) y + sin 6, cos 0,e v,

sin p sin p sin 6,

where we use convention (4.36) and definitions (4.41). Sjgdie= sin ¢;, we define
the unit vectora, = y/sin6;, and including the phase factef- inside the hyper-
sphere whose generic vectorig, we have

pe~
sin p

b = [(Cos 0, sin0; — sin @, cos 0, sin Gaeiga)ﬁy +sin @, cos b, \72] (4.44)
wherev, L 1, because of (4.38). Vectors like (4.44) are points of thenpagie
S;éer on the tangent—space. We notice that vectotgave lengthl” — 1 and, being
S;éer C B/, they must have norm inferior to/2 (see (4.15)). The dimension of
the preimage of the level set is equal to that of the leveltbat,is27" — 3. The free
parameters in (4.44) asg, € UL."7 L 1, andb,, &,. 0, is a fixed parameter which
depends on the level set, whilg is fixed byy. Expression (4.44) needs some more
comment

e Effect of the non—linearity of the exponential mactorsv, run over a(27" —
5)—dimensional hypersphere @' !, which translates along the directid.
Even if (4.44) looks like the parameterization of an hypbesp, the surface
St p. 1S Not an hypersphere, since its origin and radius depend thregparam-

eters. The warping of the surface is due to the non—lineafithe exponential
map.

e Effect of the modulo operation in the definition of GrassniannThis is a more
subtle effect, due to the fact that the Grassmannian is defie®” /U, i.e. by
means of a modulo operation (the quotientldn As previously recalled, the
modulo-U operation means that several points on the hyperspherespamd to
one point on the Grassmannian. This operation introducEdiinuity on the
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representatives at the “equator” of the hypersphere, wherex,.; = e;. This

fact can be better visualized in the case of a real Grassm@anwhose points

in CS representation all lie on the upper part of the hypergpheor example,

in Fig. 4.4, a real Grassmannian is represented/for 3. Pointsx, andxjs
represent the same line, which indeed is close to the lineesepted byk;.

But x5 is not in CS representation, whilg is the correct representative, which

is very far fromx; on the sphere. This situation is reproduced on the tangent
space, where the corresponding vedipandb; are opposite. The effect of the
modulo-U operation on the complex Grassmannian,, is similar but it cannot

be represented.

Figure 4.4: Areal Grassmannian fbr= 3 can be represented by an hemisphere. Each
point of the “north” hemisphere is in CS representation as@iposite (in the other
hemisphere) represents the same subspace.

The modulo¥ effect is present only for those level séts,,, crossing the “equa-
torial plane” ofG1 y, i.€. the set of subspaces orthogonatto:. This happens if and
only if

7/2—0, <60, <7m/2. (4.45)
We can better understand what happens in the complex cadetbgigpthe behaviour
of p = ||b|| and (common phase) as a function &f in polar coordinates. The

parameted, is fixed tor /2, to maximize the component a&f € S..sy, Which lies on
spany, uz). This component affects; (the first entry ofx), which is responsible of
the modulod effect.

Fig. 4.5 illustrates a case in which there is no modul@fect. In fact, the largest
closed curve is given b§, ... = 7/10 and6, = 0.97/2 — 0.8 0, 4., Which is less
thanz/2 — 6, ... SO that (4.45) is not satisfied. The other closed curves aengi
varyingd, toward 0 and keeping constaht so that points corresponding to a family
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k=2

kp sind,

kpcod, k=2

Figure 4.5: Representation of (normalized)= ||b|| and the common phaskas
a function of¢, in polar coordinates. Different curves are obtained fofedént?,.,
decreasing its value frof, ..., = 7/10. We setdy = 0.97/2 — 0.8, ,q.. In this
example there is no modult-effect, since for alb,. it holdsé; < 7/2 — 0,.

of level sets are plotted. The maximal phass (see Appendix B.2)
§ = arcsin(tan @, tan ;) at &, = +(7/2 +9). (4.46)

When§), goes tor/2 — 6, the maximal phasé goes tor/2 and the curves become
more and more warped. The effect of the non—linearity is tleatgr the farthey is
from the reference point,., (or equivalently, the closet is tor/2).

In Fig. 4.6 we plot an example were the modulbeffect is present. In fact, this
timeo, ., = 7/10 andf; = 7/2 — 0.7 0, .4, SO that there are sonde for which; >
7/2 — 0, (condition (4.45) satisfied). As in the case of Fig. 4.5, esrbecome more
and more warped at growir}. When#, becomes greater than7 4, ,,.... the curves
suddenly pass to the right side of the plane too. On the Giassian this corresponds
to level sets passing over the “equatorial plane” of the gabss orthogonal t®,.. ;.

We observe on Fig. 4.5 that subspaces inside the portionasg@rannian delimited
by a level sefS..s, correspond to preimage pointsidethe (p, §) curve given by that
f.. On the contrary consider the situation of Fig 4.6, in pattcthe curve given by
0, maz- Then, the moduloB effect is present and the subspaces on the Grassmannian
inside the level sef.s correspond to preimage points anebetweerthe (p, )

r,max
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2ft

k

kp sind ,

-1 -0.5 0 0.5 1
kpcod, k=2t

Figure 4.6: Representation of (normalized)= ||b|| and the common phaskas
a function of§, in polar coordinates. Different curves are obtained fofedentd,,
decreasing its value froff} ,,,,, = 7/10. We set; = 7/2—0.76, ,q,. The modulo¥
effect is present fof, € (0.7 6, maz, Or maz)-

curve given by, ..., and the boundary of the domal?). , (represented by a circle of
radiusz/2 in Fig. 4.5 and Fig. 4.6).

We eventually notice that whely = 7/2 (4.44) reduces to
pe—z‘é
sin p

b —

(cos B, sin @y — sin 0, cos 6, eig")ﬁy (4.47)

therefore the common phase factobo$hould take into account the phase of the term
cos 0, sin f; —sin 6, cos 0. It can be shown (see Appendix B.3) that this factor does
not change substantially the behaviour of the pbimt the tangent space, for example
the condition to have the modult-effect is the same. So that here we preferred to
avoid mathematical complication.

4.4 Decoders for EP codes ovefir

If y is the received signal and the paramékeis properly chosen, the level s&f;4.
of 1(x) = ||y'x|| delimits a region of the Grassmannian where it is highly ploé to
find the sent codeword. However, a GLRT maximization algamifor sets of discrete
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point over the Grassmannian is not available, even if thechgagion is limited. Now,
if the region of G, delimited by a level set contains the good sent codeviXrd
(of the EP cod&), the preimage of this region in the tangent space will darttze
corresponding codewor@ (of the coherent codB), by continuity of the exponential
map. Then, the idea is to perform the search on the tangene gpalinear vector
space) where more standard tools are available to effigidatiode.

We therefore studied the preimage of GLRT level sets of tres§&nannian in the
tangent space in order to understand their shape. We saw préivious section that
the preimages ! are warped by the non-linearity of the exponential map. Gea is
to approximatively cover these warped regions with a finueber of hyperspheres.
The sphere decoder algorithm can then be used to search @aliewi 53 inside these
hyperspheres, under the hypothesis that carved from a lattice. We point out that we
do not want to use the sphere decoding algorithm to decodestizéved codewords,
since the sphere decoder solves a coherent ML maximiza2i@6). We just exploit
the geometrical meaning of a sphere decoder search to fiistl @ tandidate code-
words for which the true GLRT metric will be calculated and congzhrWe call this
procedurdocal GLRT, because we want to restrict exhaustive calculation of GLRT
metrics to a subset of codebogk, i.e. the list of candidate codewords close to the
received signal.

In this section, we show that our idea makes sense first, tleeprapose our de-
coder.

4.4.1 Covering the Preimages of the Level Sets with Hyperspheres

In this subsection we suppose that the moduleffect is not present
0, <7/2—0,. (4.48)

This condition can never be satisfied with probability oneirtdya communication.
However, it is possible to control the probability{sf, > =/2—6, } through a reduction
of 6, and/or of the maximunijb||, b € B via the homothetic factor (see Sect. 4.4.4).

Points close to the Reference Subspace

Let us suppose that the sent subspace is near to the refengiosgace, i.ef; — 0,
so thatsin §; ~ 6, andcos#, ~ 1. Thend ~ 6, tan#, sin , and it goes to zero (null
phase). In the same hypothegis- ,. The preimage (4.44) becomes

0,01 . ; s . X R R
~ . 1, + 0,("CT sin 0,11, + cos 0,¥5) , Vo Ly, ||[vo||=1. (4.49)

~ tand,

Expression (4.49) describes a complex hypersphere ofsadaentered ad, 0, / tan 6,
u,, which is close to the origin of the tangent space. If dlsis small, we can approx-
imate#,/ tan 6, ~ 1, so that the hypersphere in centeredsdt, = b, = exp~'(y).
We also remark that fof; = 0, the exact expression of preimages., is S..., =

cos 0,

{b = 0,(e¢*™ sin 0,1, + cos 0,v2)}, i.e. hyperspheres for every valid valuefpf
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The conclusion is thafpr received points close to the reference spale preim-
ages are very well approximated by hyperspheres. Sincesuwvith constant GLRT
metric onG'r; have the same shape on the tangent sgatesrent ML detection on the
tangent space is reasonably a good approximation of GLR&ctienh on the Grass-
mannian

Points far from the Reference Subspace

Let’s define s

: pe
r= sin @, , o=

sin p sin p
We rewrite (4.44) in the following way

cosf, sin 6 a, . (4.50)

b=o0+ re_i5(— cos 0, sin Haeif“ﬁy + cos b, V). (4.51)
The absolute value of the second addend of (4.51) is
|re™"(— cos 0; sin B,e% 1, 4 cos O, v5)||* = (1 — sin? 0, sin® 6,) < r?.
Hence,S_ !, is contained inside the volume delimited by
b = 0 + r(sinf,e"" 1, + cos b, Vo) (4.52)

under the condition thahe modulo¥ effect is not preseniThe set spanned by (4.52)
is a family of hyperspheres with centerand radiusr continuously depending on
0, € [0,7/2] and&, € [0, 27).

We upper bound the variable radiusn order to reduce and simplify the depen-
dence on the different parameters. Maximizing equivalent to maximize, because
r is a monotonic increasing function fpre [0, 7/2). However,p is an arc-cosine so
that it reaches its maximum when its argumpnt- ¢<b| is minimum. Since there is
no modulod effect, the minimum is achieved fgy, = = andf, = =/2, which gives
|a — bpae| = cos(0; + 6,.) and finally

r < Toae = (01 + 6,)sinf,./sin(6; + 6,.) (4.53)

wheret; + 60, < 7/2 in our hypothesis. When the maximum is reached 0.
Then, setS_ ., is contained inside the volume delimited by

S={b € Byjs: b€ {00u&)+rmaU ", 0, €[0,7/2], & €[0,2m) }. (4.54)

Now, only the center of the spheres depends on free paramneter

The centeb always belongs to the subspace generated, byut it has a changing
absolute value and common phase. These two quantities retienal excursion when
0, = m/2, i.e. when the component in the subspace-ois absent

|01 — 6, cos 0, sin 0 /sin(|0; — 0,.|) < o= |o|| <0+ 0,cosb,.sinb,/sin(0; + 6,.)
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if 6, <6, <7/2—0,. Inthese extremal values, since the component orthogomng| t
is null, the volume contained by the set of points obtained/fo= 0 is null in CT 1.
Hence, in the following we fix the center & = 0 where the component orthogonal
to u, is maximized obtaining maximum volume and from (4.51) an84}

cos B, sin 0 , po = arccos(cos 8, cos by) .

(4.55)
To conclude, when the received point is far from the refeeespace, the preimages
of the level sets are not hyperspheres, therefore GLRT ahereat ML criterion on
the tangent space do not coincide. However, since the pgeisnaf the level sets are
contained inside a family of hyperspheres (4.54) with fixadius and varying center,
covering these sets with a finite number of hypersphere medese.

b = 0+7mwVa, o=llo|| =

sin pg

4.4.2 Decoder Proposal

The previous discussion leads us to a deep understandihg effect of non—linearity
and modulo¥® operation on the level sets of the GLRT rule. However, we datnyo
to show how many hyperspheres are necessary to cover exa&#4) in the tangent
space. We preferred to limit complexity by fixing the numbespghere search. Then
we optimize sphere parameters to obtain a good coveringshwheans good perfor-
mance.

The local GLRT decodefor M = N = 1 can be implementd by the following
proposed algorithm

1. Choose a parametéy; which measures when the non-linearity of the exponen-
tial map becomes negligible.

2. Choose a parametér which decides the maximal distance (as principal angle)
between the received signal subspace and the codewordsaselss The small-
estd,., the fewer number of points in the list to be controlled dgiiocal GLRT.
Values off, and of6,, make sense if satisty;,, < 7/2 — 0,.

3. Lety be the unit vector in CS representation which spans the sobgmerated
by the received signal. L&{ = arccos(y;) be the principal angle betwegrand
Xref = €1.

4. 1f 6, < 60,,;, we use the approximation for codewords close to the reterspace.
Letb, = exp~'(y) = 611,, use a sphere decoder to find the closest poibt o
l.e. the estimated is

_ yco—ML—-tg _ _ s o
bchosen X Iglelg ||by b” : (456)
5. If 6,, < 6, < m/2 — 6,, we substitute the search inside the preim&gg, with
three sphere searches, with radius (4.53)

Tmae = (61 + 0,) sin 6,/ sin(0; + 6,.) (4.57)
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and centers
Lo

0123 = oei51’273ﬁy , 0= — cos B, sin b, po = arccos(cos 6, cos 61)
Sin pg
(4.58)
where
=0, d23 = tarcsin(tan 6, tan0y)/dp (4.59)
and scaling factof» > 1 can be optimized to minimize performance. The three
searches give a list of candidate poidls = {b,,,..., b;, }, from which the
corresponding list of is constructed’; = {x;,, ..., x;, }. The decoded point
IS
= min |y' 4.60
Xchosen ilglgé |y X| ( )

If 0, > w/2 — 6,, the moduloW effect is present and the search should be
performed in all the region close to the boundarysgf,. We prefer not increase
the number of sphere searches, but to perform again threehssa with the
same radius,,,,, the same centers (4.58) but with differén i.e.

1 (k ?
09,3 = arccos [1 -3 ( Tmm) ] (4.61)

o

wherek is chosen by optimization. To understand the choice (4.6&)Ap-
pendix B.4.

We rapidly explain the role of each parameter

0., divides the Grassmannian into two zones, the first one amthe referene
space and the other does not. Points of the first zone havapairangle with
x,.s less thard,,;. Point of the second zone have principal angle withy greater
thand,,,. For points in the first zone, we consider that non—lineasityegligible.
This parameter influences the complexity of the decodecesomly one sphere
search is needed (no local GLRT).

0, fixes the “size” of the level set: the smallgr, the closer the level set preim-
ages are tb,. We also have that the smallgr, the less probable the modulg—
effect is (because the received poynmust be closer to the “equatorial plane”
so that the level set crosses #).must not be chosen too small because, is noise
is too strong, no point can be found inside the preimage {shi®t a problem
with big codebooks).

d0r. The sphere centers of the famifyin (4.54) lie on the same direction,
whose norm is reported in (4.58). The common phase sf variable and its
maximum value isarcsin(tan 0, tan 6;). We approximate familys' with three
hyperspheres: the first one has zero pliaslee other two have opposite phases
and their absolute value is in between zero and the maximuananketer »
permits to choose a particularin that interval §{ = 1 corresponds to the
maximum,dr = oo corresponds t0, see (4.59)).
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e kin (4.61) controls the common phase of the hyperspheresneithzero com-
mon phase, but in this case we have not a limit because of tidelodJ effect.

4.4.3 Complexity

We investigate the order of magnitude of the complexity afadecoder.

First of all, suppose to fix the parametgy = 7 /2: the suboptimal coherent ML
criterion on the tangent space (4.56) is used to decodecalived signals. This corre-
spond to the simplified decoder proposed in [31]. We denasekihd of decoder by
coherent ML on the tangent spa@—-ML—-tg). The computational complexity of this
decoder is

e to bringy inthe CS representation we need4T)real multiplicationsy —1 real
additions and a square root operation (to normaig@) one phase estimation
andT complex multiplications (to have the CS form) (one complextiplica-
tion correspond to 4 real multiplications and 2 real addgio

e to invert the map and obtaib,: 1) one arc-cosine computation, 2 real multi-
plications, one real addition, and a square root computtdtialculation of the
scalar factor in (4.24)); 2(T — 1) real multiplications, (to finally calculate,)

¢ to calculate the ML estimation (4.56) through a sphere decad have an ex-
pected complexity of([2(T — 1)]®) as explained in Sect. 2.8.

If we suppose to perform the nonlinear operation with a lagktable, the total com-
plexity is

co-ML-tg complexity: O(8(T — 1)*) + 107 (real mult.)+ 37'(real add.)
+ 2(sqrt)+ 2(look—up table) (4.62)

Notice that the expected complexity of the sphere searclessimistic, because the
lattice is known in (4.56) (no channel influence). Hence,Hoamplexity algorithms
can be implemented for the particular lattice. For exampleen the codebook is a
Q-QAMT~! a threshold detector can be implemented and multiplicatiwa the most
complex operation.

For the local GLRT decoder, the complexity analysis is noipge, so that we
provide a raugh study. The derivation is the same as the cetgyilecoder, until the
calculation of9,. Then

e choose the decoder to be applied in the following way:

- if 8 < 6, the co-ML-tg decoder is chosen. This happens only during
a part of the total transmission duration. The duration @etage can be
roughly estimated (at high SNR) by the ratio between the numhgeof
codewords for which/b|| < 6,, and the code cardinality.
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- if 6, > 6,,, three sphere searches are performed: 1) 6 real multijoinsat
and 4 non-linear operations are performed (calculationsawidr,,,.; 2)
3 real multiplications, 1 non-linear operation and one canspn,f; <
7—0, (calculation of, 3 in both cases of moduld}effect or not); 3) nearly
67 real multiplication (calculation of the centers); 4) exigetcomplexity
30(8(T—1)3) (three sphere searches), aid—1) L, memory cell {,, is
the average length of the candidate codewords list, whicst imeistocked).

e estimation of the sent codeword through (4.60)L1)(107 — 3) real multipli-
cations (to calculate metrics) ad,, memory cells (stock them) (calculation of
the GLRT metrics); 2).,, comparisons (to find the maximum).

The leading term of local GLRT complexity is clearly giventhy sphere searches and
by the calculation of GLRT metrics for candidate codewo&ismmarizing

local GLRT complexity: 30(8(T — 1)*) + (L4, (10T — 3) + 18T + 9)(real mult.)
+ (Lqy + 2)(comparisonsy- 5(look—up table) (4.63)
Since the length,,, of candidate lists is not a deterministic parameter, corityle
(4.63) must be understood as a random variable. We will dsstater the average and
standard deviation df,,, through simulations. Real implementations of this aldponit

must also cope with the memory size, which is variable toa fBiet that the lattice is
known can help to better contral,,, but it does not simplify the decoder complexity.

4.4.4 Choice of Decoder Parameters

108

! ; 10° T . T T T T
16 SNR [dB] 16 SNR [dB
- - 18 SNR [dB] - - 12 gNR {gB}
— 20 SNR [dB] — 20 SNR [dB]

GLRT/(coherent ML on tangent space) Error Ratio
=
Q.
1
GLRT/(coherent ML on tangent space) Error Ratio

10’ b

Figure 4.7: Effect of non—linearity in the decoding with tt@herent ML decoder on
the tangent space.Left plot: the codebook has 256 codewRrglst plot: the codebook
has 4096 codewords.

The optimal choice of parameters presented in the previginsestion depends on
codeboolC (therefore or3 and on homothetic facter), on’7" and on the SNR. It also
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depends on the optimization criterion: performance or derity. In the following,
we present some general guidelines for the choice of theseneders. In this section
homothetic factorr was chosen as explained in Sect. 4.2.3.

The parametef,,; selects the zone of the Grassmannian around the referebce su
space where we neglect the non—linearity on the exponenséipl Each point of curves
in Fig. 4.7 represents the ratio between errors made by tHellcetg decoder and the
GLRT decoder, fom, less than the abscissa of the curve, which represents a given
., conveniently normalized. The examples reported in Figcéie from two code-
books: (6—QAM)? and ((6—QAM)? (see next section for details). The non—linearity
effect is very important fof,;, > /4. It is stressed increasing the received average
SNR, because for low SNR the main source of error is the addoise: only when
the noise power is negligible the effect of non—linearity@sognizable. Simulations
curves are not smooth due to the small number of error eventsf< 7/4, because
only a small fraction of codewords are located in that regionthe followingé,, is
fixed betweenr/6 andx /4, assuring best performance. The impact on complexity is
negligible, because, for these value9gf the co-ML—tg decoder is used only during
a small faction of the total communication duration.

The anglef, was choserd,, < 7 /13, according to the particular communication
system, so thatos 0, < 0.97. In Fig. 4.1 we can see that this choice assures to find the
sent codewords inside the level s&t,y, with a probability inferior to10~°, at high
SNR (where non-linearity is the main source of errors). Thecechoice of), also
depends on the code size. For large codebooks a to. lgiyes bigL,, and hence a
complexity augmentation.

- T=

3L=2

o T= =32

SNR = 18 dB T=4L=2
=5L=2

6, L=2

001 SNR = 18 dB

0.012¢
\

\\
0014 )

Pe supersymbol
Pe supersymbol

0.008-

0.006r

0.004 : : ; - : : . . 0.00
1 1

Figure 4.8: Left plot: the effect of for codebooks ¥6—QAM)?—! with growing
cardinality forcos, = 0.97. Right plot: the effect o in the case of ((—QAM)®
with different®,..

The parameted was usually chosen equal to 2. We are reporting here some sim-
ulations for the codesl¢—QAM)”—!, with T" = 3,4, 5,6. Simulations are performed
with 0,, = 7 /5, k = 1.5 at average receive SNR equalltodB. The number of super-
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symbols error are superior to 200 for each curve point. In&£Bsupersymbol average
error probability is plotted with respect tg- for different codebookslG—QAM)T 1,
with growing cardinality. The second plot of Fig. 4.8 clgashows that there is an
interval of values ob -, approximatively from 2 to 5, which minimizes the error prob
ability. The bigger the codebook size is, the larger thienvdl becomes. This can be
explained by the fact that the denser the code is, the clogst lbe the solution to the
received point, if a correct detection is performed (we lt¢bat greatei - correspond
to sphere closer to the received point in the tangent spacé&pable 4.1 we report pa-
rameters and simulation results for communication systeRigp 4.8. o2 is the noise
complex variance as in Fig. 4.1 arg, is the mean length of candidate codewords
lists calculated fof = 10. The variation ofL,, is in fact not significant in the range
of variation ofér. We can see that,, of lists used in local GLRT is multiplied only
by 10 when the code size is respectively multiplied by.1%/e point out that thé,
used in this case is not optimized for big codebooks.

(T[] L [o%[dB] | Loy | La/L |
3725 228 [ 4.0 [0.1510°°
41221 240 | 6.4 016102
5201 250 [125] 021072
6220 258 [25.0] 0210°%

Table 4.1: Evolution of some decoder parameters for diffiefgs—QAM)” ! codes.

The second plot of Fig. 4.8 is obtained for fixéd= 6 and code (6—-QAM)> at
18 dB SNR. The curve fof, = 7/13 is in common with the firs plot. Parameter
0, is decreased and supersymbol error probability (or FERgas®s at» > 5, and
its behaviour is similar to that of the curve f@r = 3 in the first plot of Fig. 4.8.
Hencecos 6, = 0.97 is a good choice for codes with loW, but introduces redundant
complexity for codes with greatdr. This can also be argued from Table 4.2, where
the standard deviation,, of the length of candidate codeword lists is reported. From
the second plot of Fig. 4.8 and Table 4.2, we can see that e ¢6—QAM)>, 0,
can be decreased without loosing in performance by redub@gverage length of the
lists to some unities, like in the caseBf= 3 in Table 4.2. This fact let us guess that,
when an optimab, is chosen for each codebook afdis in between 2 and 9,,, is
basically constant over a large range of codebook saetslower than 10. Under this
hypothesis, the leading term of expected complexity (4i$8)eO(73) term if T > 4,
while if T' = 2, 3 the term withL,, becomes the most important. These considerations,
which hold for these simulations, need more extensive stiauls to be generalized.

Finally, let's consider the last parameferwhen modulo¥ effect can be present.
In Fig. 4.8 the average supersymbol error probability istptbfor code (6—QAM)T—!
with 7' = 3,6, 6 = 3 andcosf, = 0.97 at 18 dB SNR. A proper choice df is
necessary not to degrade the performance, but the paramatere sensible for small
size codebooks. This behaviour can be explained by the elodibomothetic factor
a. In fact, due ton, the maximuml|b|| of the code withI" = 3 is aboutl1.35, while
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‘ 97" ‘ Lav ‘ Lav/L ‘ Oav ‘ Uav/L ‘
/13 25.0 | 0.24107% | 8.5 | 0.81107°
7/14 | 13.8 | 0.1310 7 | 6.4 | 0.6010°°
/15| 9.0 | 0.09107* | 5.5 | 0.53107°
/16 | 6.6 [ 0.0610~* | 5.1 [ 0.48107°
/17| 5.2 [0.05107* | 3.3 | 0.32107°
/18 | 4.7 [0.04107* | 3.3 | 0.32107°

Table 4.2: Evolution of some decoder parameters for diffeée fixed code (6—
QAM)®, (T = 6, L = 2%°), at 18 dB average (on supersymbols) receive SNR.

0.02

SNR = 18 dB i
0.018- 4

0.016-

0.014-

0.012-

Pe supersymbol

0.0% -

Figure 4.9: The effect of for codebooks (6—QAM)T~! with T' = 3, 6, with x = 3
andcos 6, = 0.97 at 18 dB SNR.

for the code withl" = 6 is 1.42. Generally, the moduldZ effect affects codewords
of (16-QAM)? with higher probability than codeword$s6—QAM)?2. In other words,
whenT increases, the correct codeword has higher probabilityetm&ated far from
the received pointi( > 2).

4.5 Simulations

We report in this section some simulations for the cése- 1 and N = 1 on AWGN
channel with unknown phase, and fof = 1, N > 1 on the Rayleigh channel.
No outer code is considered in these simulations. CodebaekefaypeB = (Q—
QAM)T—1, We recall that the co-ML-tg decoder is a simple threshotdaer for this
codebooks. Comparisons are performed with other propasitio
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45.1 Simulations for AWGN with Unknown Channel Phase

10 S5==
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/
Error probability
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EP code, GLRT
_s| — - EP code, co-ML-tg
10 "y — EP code, local GLRT
—-- Sweldens, GLRT
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o 8-QAM
x - 16-QAM
0 64-QAM

10

L L L 1075 1 1 1 L L
5 10 15 20 25 8 10 12 14 16 18 20
SNR [dB] SNR [dB]

Figure 4.10: Left plot: performances of EP codes from cahiecedes Q—QAM)™ !
with 7 = 3 and@ = 4,8,16,64. We setcosf, = 0.97 anddér = 3, 0,;, = 7/6.
Comparisons are also performed with proposal of Swelderis Right plot: Perfor-
mances (average supersymbol error probability or FER and BEE) codes from
(16-QAM)T—! with T = 3,6, 10.

The left plot of Fig. 4.10 represents performances (avemageersymbol error
or FER) of EP codes coming from coherent cod@sQAM)? (I' = 3), for Q =
4,8,16,64. We used different decoding criteria: the GLRT (implemeritg exhaus-
tive search), the proposed local GLRT and the coherent Meraon on tangent space
(co—ML-tg). The channel model used is the AWGN with unknowag#) while sim-
ulation is stopped after 500 supersymbol errors at lease proposed local GLRT
follows closely the GLRT performances, while the co—-ML-g$gclose to the GLRT
performances only when the size of the codebook is not la@gele 6—QAM)? has
very bad performance due to bad constellation shaping. dn4L0 a comparison
with [74] is made. Sweldens proposed an efficient decodiggrahm of complexity
O(TlogT') for codes based on thig—PSK constellation

x! = [1 2™/Q  i?mkr1/Q] ki,....kr_1 €40,1,...,Q —1}. (4.64)

For (@ = 4, EP codes and codes of the kind (4.64) have equivalent peafoce. When
@) > 16, EP codes outperform codes (4.64) because the minimahdestietween
codewords of—PSK is smaller than the one —QAM (currently the simplified
decoding exists only for codes (4.64) based b SK).

In the right plot of Fig. 4.10, we can see the performance oté&dkes from {(6—
QAM)T=1with T" = 3, 6, 10 and AWGN noise with unknown channel phase. Decoding
is done via local GLRT with the same parameters of previoas ¢axcept fof" = 10,
wheref, = 7 /19 is chosen to have small lists).



4. 5. Simulations 123

4.5.2 Simulations for Rayleigh SIMO Block Fading Channels

As mentioned in the first section of this chapter, we proposesé the same detector, in
SIMO case. To this end, received signalprovides an estimated direction via signal
processing described in (4.8). Once the estimated direci@btained, suboptimal
criterion (4.10) is used instead of true GLRT (4.7), and treimization problem is
solved via local GLRT or co-ML—tg decoder. Nevertheless simulations show that
GLRT performances are always matched.

) Case T=3, M =1, 64-QAM
10’ 5 T T .

: :
6 GLRT,N=1 S S S

o GLRT,N=2 T
+ GLRT,N=3 =
x GLRT,N=4
—©- local GLRT, N = —-— L ,5 =3,06=m17,06 =15
-5~ local GLRT, N = av w17 6
L : .

+ local GLRT,

w
=}

i
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T
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BwWNE
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T
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number of codewords
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Figure 4.11: Left plot: performances of EP codes coming f(6#-QAM)? (T = 3),
for N = 1,2,3,4. Decoder parametersos 0, = 0.97,0r = 2,0, = w/6. Simulation
stopped with more than 500 supersymbol errors. Right pldtabieur of the mean and
standard deviation of candidate lists length for local GLfBiTthe case §4—QAM)?
with one receive antennav(= 1).

In the left plot of Fig. 4.11, performances of EP code fraw-QAM)? (T = 3)
are plotted in the case of different receive antennas. Weethat the local GLRT
matches with the GLRT performances. We notice also that biotiplified decoders
(local GLRT and co—ML-tg) maintain full (receive) divessitNevertheless, the co—
ML—tg decoder exhibits a growing SNR loss (for fixed errorigability) as the number
of receive antennas grows. In the right plot of Fig. 4.11, inexsthe behaviour of the
mean and standard deviation of lengths of the candidagsftistocal GLRT. We used
the same code, wittv' = 1 in two different cases: one with parameters chosen in a
conservative way and the other with better optimized patarae We can see that in
both cases, the mean and standard deviations substargiayn constant over a large
interval of average received SNR.

At the left of Fig. 4.12 we see that the performances on Ralyleltannels con-
verge to the ones on AWGN for growiny. This happens when the received SNR
is normalized so that the total received power (from all rec@ntennas) is equal
to transmit power (in our case channel complex fading havewee 1/N). The
right plot of Fig. 4.12 show performances for different cedg = 4,8, 16, 64, 256
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Figure 4.12: Left plot: performances of EP code frol6{QAM)? (' = 3) on a
Rayleigh block fading channel converge to performance on AWGahnel with un-
known phase (if the SNR is properly normalized). Right pla@rfprmances of differ-
ent codes fofl" = 4 and N = 4.

and N = 4, with local GLRT and co—-ML-tg. Spectral efficiencies arepesdively

n = (log, Q)(T —1)/T = 3/2,9/4,3,9/2,4. EP code from8—QAM works better
than in AWGN case, due to the Rayleigh channel. We see that tda¢ GLRT gain
with respect to the co-ML-tg decoder goes from 1 to 2 dBat FER (or super-
symbol error probability), which is practically constantiwrespect to the SNR. The
loss is greater fo8B—QAM, 16—QAM and it decreases for lower or higher cardinality
constellations.

In the left plot of Fig. 4.13, we measured SNR loss@t® BER, due to decoding
with co-ML—tg in stead of local GLRT. For fixed, the loss increasess at a growing
number of receive antennas. For fix&d the loss decreases at growing As in the
right plot of Fig. 4.12, loss is slightly greater in “mediunzes’ constellations (8 and
16—QAM).

In the right plot of Fig. 4.13 comparisons with different positions in the lit-
erature are performed [26], [16], [23]. We plot spectralogdincy versusy,/N, at
1072 BER, forT = 2, in order to compare with codebooks obtained by numerical
optimization [16] (for greatef this benchmark is not available due to the numerical
impossibility to perform such optimizations). For spekefficiency 1.5 bits/s/Hz, EP
codes are drawn fro®—QAM and have bad performance due to the rectangular shape
of the constellation, as previously explained. This problean be mitigated using
constellations with different shapes. We can see that mpqsition works better than
every other one in certain cases (16 and 64 —QAM). Howeveloyoand high spectral
efficiencies, training based schemes work better. In thigdigtraining is performed
sending a known first symbol (equal to 1) to extract the chigstanation. Data sym-
bols, drawn from QAM constellations, follow. As a matter atf, the advantage of
training systems consists in their low decoding compleshe estimation of the chan-
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Figure 4.13: Left plot: spectral efficiency versfs/N, at 1073 BER forT = 2,4
and N = 1,4. E,/N, is calculated from transmit power; channel is normalized so
that total received power is equal to total sent power (fadariances aré/N). Right
plot: spectral efficiency versus, /N, at 10~® BER for different code propositions are

presented, fol’ = 2 andN = 1.

nel is immediate, since it is just the first received complgxisol. The decoder is
just a simple threshold detector (complexity lineaffiy) which means that no sphere

search must be performed.

4.6 Conclusions

After a presentation of the distance properties of EP coalesystems with one trans-
mit antennas, we investigated the geometrical relatignehiGLRT level sets on the
Grassmannian and on the tangent space. This allowed us ta fitetoding algo-
rithm which closely follows GLRT performances under theuasption that decoder
parameters are properly set. A rough complexity study wa®peed. Performance
comparisons between EP codes and current best proposftioparticular training

based codes) indicate that EP codes perform better thanngabased codes for in-
termediate spectral efficiencies. However, the performaccmplexity trade—off is
better optimized by training codes, which have very low dieg complexity.
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A Class of Random Variables

A.1 Central and non—central Chi-Squared

The sum ofs squared i.i.d. gaussian variabl&s ~ A/ (0, o?) is a chi-squared random
variable [8]

Y=Y "X7, Y ~l?) (4.65)
n=1

whose probability density function (pdf) is

1

- p/2ly/(20%)
2T /2)or? € )

py(y) , (4.66)

wherel(y) = 1 for y > 0 and zero otherwise.

When the random variablek, have non-zero mean and equal variankg, ~
N (m,,c?), the sum of their squares is a non—central chi-squared withrcentrality
parameter

A=) "m (4.67)
n=1
and it is denoted by ~ x2(c2, \). Its pdf is given by [8]
_ LT e VAY
) =55 (%) e 1, (Y50 1) (4.68)
wherel, (u) is the modified Bessel funciton of the first kind of order
o (u/2)2k+a
I = ) 4.
() kzzok!r(a+k+1) (4.69)

A.2 Central and non—central F’

The (central)F' random variable can be described as the ratio of two indegend
central chi-squared

. Xl/Vl

Y_ )
X2/V2

with X1 ~ Xl2/1 (0'2) y XQ ~ X12/2 (0'2) (470)

thenY ~ F,, .,. Indeed, the parametet does not influence the pdf of dnrv, as it
can be easily seen by multiplying at the numerator and demaoii by the definition
(4.70) (see also [75]). The pdfis given by

(/) y? 1
pY(y) - B(V1/2, V2/2) (1 N Z_ly) V1J2ru2 1(y) (471>
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whereB(u, v) is the Beta function defined as

B(u,v) = % (4.72)

Observe that ifX, ~ x2 (6°), thenX,/v, — 1if v, — co. Hence ifY ~ F,, .,
Y — Xi/vn ~ x2, (0% /1) if v, — oo (see [76, pag. 28]).

The non—centralF’ random variable can be described as the ratio of a non-¢entra
chi-squared\; ~ x/? (1, \) and a central chi-squared, € x2 (1)

B X1/1/1

Y_ ’
XQ/I/Q

Y ~ Foim(N) (4.73)

As a matter of fact, the non—centi&ldepends on the parameterof the chi-squared
component. IfX; ~ x2 (0%, \) andX, ~ x2 (c?),thenY ~ F, ., (\/o?) (the control
is made developping as a ratio of sums of squared GaussianZys~ N (m,,, 0?)
and noticing thatZ,,/o ~ N'(m,/c,1)). The pdf of aF,, ,,()\) is

py(y) =e 2 > (Ek? PFo oy (Y) (4.74)

k=0

wherepy, .., . (y) is the pdf of &%, ;5. givenin (4.71). We observe that, ,,, (A =
0) = Funp, and that ify ~ F,,,,(3) thenl — Xy /vy with X; ~ x7(1,A) if

v
V9 — OQ.

A.3 Central and non—central beta

A beta variable of parameters/2 andv,/2, (3,,/2.,/2 can be generated as follows
[73, pag. 944]

X4

v _ Xy o2 (02). Xy~ v2 (02 4.75
SO 1~ X, (0%), Xo ~ X, (07) (4.75)

wherex; andzx, are independent. We can write

ot W Y
y =% e W=—— with Yel0,1],Wel0 .

In the given range the two functions are monotonic and onentrexse of the other,
which implies that the cumulative distribution functionr (probability distribution
function) cdf of the two random variables is related by

w Y Y Yy
P =P|lY<— | =P |W<—Z—| =P — | =P = =
=P Ve sl em (0] < (72,7)
(
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becauséV = (v, /1»)Z, whereZ € F,, ,,. By derivation we obtain

oyt 1—y)E!
py(y) = Bn/2.2)2) H(y)l(y—1). (4.77)

Another way to obtain the cdf is to directly integrate (4.77)

Py(y) = /prY(y)d?/ =1 (%’ %)

wherel, (u,v) is the incomplete Beta function [73, pag. 944]. Siices a function of
a centralF’ rv Z, it does not depend on the parametér
In general, for a betary’ ~ 3, ,, the raw moments are

: Fp+n)I(p+q)  TLlp+n) 1
tn(p,q) =E[Y"] = ~ forg — +o00.
(ba) =B I(p)I'(p+q+n) I'(p) (¢+p+n)"
(4.78)
In particular, for a betary” ~ 33, ,, we have
p 2 2 pq
EYl=my=—, E|lY —m =0y = 4.79
M=mv = “ = = v rery U
asymptotically forg — 400
lim E[Y] =0, lim E[|Y —my|?] =0. (4.80)

q—-+oo q—-+o0o

Hence, whermy goes to infinity,Y” converge to the pseudo-random variable O (since the
series of rv converges in 2—mean as q goes to infinity). lkanise possible to prove
that wherp goes to infinityY” converge to the pseudo-random variable 1.

The non—central beta random variable of parametef3, /2 and non—centrality
parameter /o2, Y ~ (3, /2,,/2(\/0?) is obtained as

X4

Y= —— X1~ 202 N\), Xy~ x2 (02 4.81
X1+X2’ 1 XV1(07 )7 2 XVQ(U) ( 8)

If we proceed as before, with’” = (v, /1»)Z andZ € F,, ,,(\) this time we obtain
the cdf

priy) =e 52y (ﬁ) Py, v (U)- (4.83)
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The pdf (4.83) can be generalized by replacing2 andwv, /2 with two real positive
parameterg andq and\/o? woth \' > 0, in order to obtain the general pdf of a rv

Y ~ 61%(1()‘/)

to|>:

o0
)\/
iy

k=0

. Py )y Hn(p @ N) =E[YT]. (4.84)

=

From (4.84) the raw moments of a non—central beta rv can breedeirom the ones of
the correspoding central beta rv

)\l

o k
Ho(p g, X) =e 7 Qk,) p (0 + K, q) (4.85)

k=0

If p 4+ ¢ € Nthen a simple expression for the mean exists
1 1
my =1-—gq [Zp+q (-1 (p::;qll)k (% )
+(=1)PT Y (p+q—1)le 5 (%)p+q:| (4.86)
1)k N
=1—qp+a- DI, o5 (3)

When )\ = 0 we obtain a central beta with the same parameters, of cobmsdarge
A it holds

my ~1— ~ (4.87)

B Circles

B.1 Parameterization of Complex Hyperspheres

We describe a particular parameterization of the complepetgpherel” with real
parameters, which will be useful later on. kebelong toU”. Once fixed an arbitrary
unit vectoru,;, which takes the role of reference direction, then a veeter U” can
be expressed as

v = € cosfjuy + sin by vy vi Lu, [[vi| =1 (4.88)

wheref; € [0, /2] (it is the amplitude of a complex number) afide [0, 27) (phase
degree of freedom)d; = 0 = & locateu,, the reference vector of the parameteri-
zation. Equation (4.88) means tHat ~ S?%, the (27" — 1)—dimension& complex
hypersphere, can be parameterized & — 3)—dimensional complex hypersphere
and two free real parameteffs and&;, which are written in the previous form to sat-
isfy the constraint of the sphere equation. The roles of aimecosine are equivalent

2|n real dimensions.
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(we can change them and obtain the same surface, even ifféteree points do not
coincide). Through a slight abuse of notation, for everydiue, we have

UT = €%t cosByu; + sin 91U§_1(u1) , (4.89)

whereUL~! is a (T — 1)-dimensional hypersphérén C”, orthogonal tou,, i.e.
UL ' (wy) = {v € CT : ||v| = 1,vlu; = 0}. The process can be repeated, i.e.
fix uy orthogonal tau; and letv, run over the(27" — 5)—dimensional complex hyper-
sphereUL2(uy, u,), orthogonal to the subspace spannedibygndus,, then

v = ¢! cos fyuy + sin 6, (€2 cos fyuy + sin B vy) . (4.90)

Generally, if we consider an hypersph&g " (uy, . . ., u,,) with real dimension87T —
1 — 2n orthogonal to &n—dimensional subspace generated by the orthonormal basis
{uy,...,u,}, we have

v = ¢ cosfuy + sin 01{6%2 cos fauy + sin bs]. . .

... +sinf,_, (% cosbu, +sinb,v,)...]}  (4.91)

with 0y, ...,0,, € [0,7/2], &,...,&, € [0,27) andv,, € U~ "(uy,...,u,). When
n =T — 1 parameterization (4.91) becomes

v = e® cosfyuy + sin b, [. . . sin Op_o (€71 cos Op_1up_y + €“Tsinfp_jur).. ).
(4.92)
wherevy_; = e“Tuy is the one—dimensional hypershere, i.e. a fixed unit vaetor
(orthogonal tou;, t = 1,...,7 — 1) with a free phase factor. We need — 1 real
parameters, as required.

Parameterization (4.92) is not unique, it depends for imstan the choice of or-
thonormal basigu;, ..., ur}. Another parameterization is obtained by defining the
phase parameters of each couple in relation to the previweislbwe collect the factor
inside each parenthesis in (4.92) and rename it, we obtain

v = e {cosfu;+e® sin b, . . . €71 sin O _o(cos Op_qup_ 1467 sin Or_1ur)...]}.
(4.93)
The previous parameterization can be restated in form 4.91

v =e“{cosfiu; + e sindy]. .. %" sinb,_i(cosb,u, +sinb,v,)...]}. (4.94)

wherev,, € UL " (uy,...,u,).
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Figure 4.14: Graphical interpretation of the expressios a + be' for a > b and
a <b.

B.2 Absolute Value and Phase of Points over a Circle

Let e andb be two real and positive numbers. We want to calculate, neoadl phase
ofr=a-+be% &€ (—m, 7

r| = |a”+0b"+2abcos , p=2Lx =
— arccos <%) , &€ (—m,0)
(4.95)
H a<b ‘ a=> ‘ a>b
maxe{|z|} | a+b, £=0| 2a, £=0 a+b, £=0
mlng{lm\} b_CL?g:ﬂ_ 07627( G—b,fzﬂ
maxe{p} mE=n | nw/2, £=m|¢p=arcsin(b/a), E=7/2+ @

Notice that, while the absolute value ofis a continuous function of andb, its
maximum phase has a discontinuitysat b, where it jumps fronr /2 to 7.

B.3 On the common phase of points in the preimage of level sets
whenf, = 7/2.

We can distinguish three case according to the relatiorsttyeery; andd,.

1. 0 <0, <0,. Inthis case the poirt € B, is contained in the preimage of the
level set. Moreover, the following inequalities hold

sin#; sin 6, < sinf; cos b, < sinb, cosb; < cos b, cosH,

The first termy (defined in (4.41)) is bounded singe> b, (defined in (4.40)):
§ € [-0,6] with 0 as in (4.46). We note that, beirly < 0, < =/4, then

3The subscript in UL ! means thallZ.~! vectors’ length i< and notT" — 1, because the hyper-
sphere are imbedded @
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tan #; < tan#, < 1. On the other hand the phase
v = Z(cos B, sinf; — sin 6, cos ; ") (4.96)

can span the whole intervé, 27) becauseos, sin¢; < sinf, cos b, in this
case. This means that the global common phase factor $pa@ag but this is
not a modulo¥ effect, it is simply due to the fact that the origin of the tang
space is inside the preimage of the level set.

2.0, < 0, < w/2 — 0,. In this case the level set is between the origin and the
equator.We have

sin 6, sin 6,

i < sin 64 cos 6 sin 0 sin @, < cos 6 cos b, .
sin 0, cos 0, } - " " "

In this cased is limited with the same expression in (4.46), whesa 0, <
tan(r/2 — 0,) = 1/tan#,, assures a real solution. This timein (4.96) is
limited too

v € [-%,7], 7 = arcsin(tan 6,/ tan6;) at £, = £(7/2 — 7).
hence we do not have modulg-effect.

3. /2 -0, <6, < n/2. The modulo¥ effect is present. In this cage+ r <
7/4 <7/2—0, <6, wehave

sin @, cos#; < cosb; cosf, < sinb;sinb, < sin b, cosl,

and soy is bounded as in the previous case, wiilg, can assume all values in
[0, 27).

B.4 Choice of the Spheres for the Case with Modulo Effect

For the case of modulds effect, the common phase phasef the origin can be
everywhere in0, 27). However, we chose to use three sphere searches. The first
search takes place inside a sphere with centex o as in (4.58) and radius,,,.
(4.57).

What is the common phasewhich bringoez'§ on the surface of this first sphere?
The solution ig|o” — o] = Taz, i.€. |0]||1 — €°| = Tz, €. |1 — €°| < Thnas /0.
Solving the latter equation yields

A 1 2 Tma:c
d = arccos {20& (2—-R )] , R= > (4.97)
which is valid for R < 2 and which holds true for the values &fwe use. Expression
(4.97) exactly corresponds to expression (4.61), in whihehpgarametek artificially
scales the radius of the first sphere. Hende# 1, the common phasés ; are such
thato, ; are located on the surface of the first spheré. 4f 1, o, ; are contained in the
first sphere, while it > 1 they are out of the first sphere. In other workdsontrols
the position of the two spheres with respect to the first one(goyd = 0).



Chapter 5

Suboptimal Decoding of EP Codes
over G g

We present two simplified decoders for space—time EP codessufpose that the
receiver has a number of antennas equal or greater thanhtbamumber of antennas
at the transmiter’ ' > M). We will also suppose that the duration of the frame is
T = 2M, since it is the only case for which we can say something aB®utode
properties. As a matter of fact, whén > 1 analytical investigation of the GLRT rule
has proved to be a tough task. This was already proved by €hedr the complex
non-linear relationship betwe#&handC prevented us to find an analytical relationship
between the product distance (t9rand the classical Euclidean distance {r Only

a local description of EP codes properties around the nedersubspace has been
found. Even if this description gives some insights in coelgigh, EP codes parameters
must be eventually optimized by simulation.

Section 5.1 recalls the GLRT detection rule and introduceimale subspace esti-
mation whenN > M. In Section 5.2, some results on product distances aretezpor
under the assumption of small principal angles (betweeewotd subspaces and the
reference subspace). In Section 5.3, we discuss lineapxippations of the Grass-
mannian. We introduce a decoder coming from the geomeintadpretation of the
coding procedure and another simplified decoder based @amtak principal angle as-
sumption, called local GLRT. A first investigation about thger decoder is presented
as well as a rough complexity study. In Section 5.4 some qdai EP codes are
presented. The choice of the homothetic factor and of otaearpeters is discussed
under different decoding strategies. Performances am@tegpand comparisons are
performed in particular with training—based codes. Thédastion contains conclu-
sions.
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5.1 Detection Criteria for EP Codes onG'r

We recall the channel model (2.1) with normalization (2.4)

s M

Y = XH + oW, o2 = —
Tp

(5.1)
wherep is the SNR per receive antenna averaged over supersymlzbthannel fad-
ings. GLRT rule is A
X = max || X"Y||%. (5.2)
XeC

Channel and noise affect sent unitary codewords so thawestsignals are no longer
unitary. As in SIMO case, we also consider the suboptimé&ticon

X up = max XY, |12, Y'Y, =1, span(Y,) = span(Y) (5.3)
=

replacingY with a unitary basisY, spanning the same subspace. The suboptimal
criterion (5.3) is not equivalent to GLRT (5.2), of coursdidapproximation enables
to express the decision criterion as a function of the pawty the Grassmannian.
Nevertheless, the increased complexity of suboptimal G[HR3) geometrical analy-
sis prevented us to lead an in—depth study as in SISO chaasel(see Chapter 4).
Moreover(5.3) proved to be far less accurate than in SIS@IBtases, so we do not
report results here.

WhenN > M, received signalk’ can be reduced t@'r , as in SIMO case. From
the same correlation matrix reported in expression (4.8)reducel’ x N received
signal matrixY to a7l x M matrixY,:

. . : 1
Y, : eigenvectors of firsd/ greatest eigenvalues &y = NY Y'. (5.4)

As a matter of fact, using channel model (5.1)
YY! = XHHX' + cWH'X" + X HoW' + oW W'

we obtain
E[Ry] = XX + 617, (5.5)

which is similar to (4.9) (expectation conditioned on seodl@vordX). We notice
that, if NV were strictly smaller thai/, Ry would have rankV < M. Hence, M — N
dimensions of the subspace spannedXbwould be lost and conclusion (5.5) is no
longer true. In facty, is no longer onG'; ), but onGr y and we do not know how
this reduction affects the coherent code on the tangenespiacother words, as in
coherent systems, our system is under-determined (moigbies than observations),
and decoding complexity is exponentiallif)/ — N'). One possible strategy to recover
the whole sent codeword is to use a channel with greaterdgiiyef~or instance, the
same codewor® could be sent ovefM /N independent block fading realizations,
so that codeword duration B[ M /N]. This case will not be considered here.
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5.2 Properties of EP Codes oveGr

EP codes over a Grassmannidn , have a far less exploitable structure than codes
over Gr;. However we succeeded in relating product distance of Ele €gdo fun-
damental parameters of coherent cdtleThe latter is defined fron8 as in the proof

of Theorem 1: singular value matr®;, of B, € B is replaced byan ©; (see (3.39)).
Under the assumption of full diversity (in the coherent £@rmd 3, we define

A(Bk, Bg) = det[(Bg - Bk)T(Bg - Bk)] = | det(Bg - Bk)|2 (56)

where the second passage is valid only for square matrices.minimum of these
guantities

A(B) = min A(By, By) (5.7)

is closely related to the coding gain of STB coligin the case of flat quasi—static
block—fading channel whit no outer code [12].
Given these definitions, we prove

Proposition 8 Suppose thal’ = 2M. LetCiz be an EP code derived from coherent
codes3, and consider also codB. Suppose that all the codes enjoy full diversity. Let
X, Xy € Cs, By, B, € B the corresponding matrices i and let®,, be the singular
values ofB;, € B. Then

dy(Xp, Xy) = | cos ©| | cos O, |1 [A(By, By)] 2w (5.8)

Proof. SinceT” = 2M, matrices in3 ands3 are squaré/ x M. Under this hypothesis,
determinantal formula (2.76) gives

T
detKBK—Bk)*(Be—Bk)J=det{[}~§i 5] [B gfi”gk” (5.9

where, from (3.40) and (3.41)

Ly Owm _ Ly In| | I —Iu
B, B,— By B, B¢| |On Ium
UkCEIUL Oxr 1[IM —IM}

= [X, X
X Z][ 0y  UC'UI [0y Iy

whereC;, = cos(0®y,). By insertion of the previous identity in (5.9) we obtain

- N - N T
det[(B; — By)'(B; — By)] = det { B?;} Xy Xg]} det C;? det C; 2

4

and we conclude the proof thanks to product distance deim{f.26).]
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Expression (5.8) is nice but not very useful, because a sitimi between dé([]?;@—
B,) (B, — B;)] and def(B, — B,,)!(B, — B;)] does not exist. Even i has a strong
algebraic structure (e.g. it is carved from a lattice), cBdeormally looses this struc-
ture because of the non—linear operation which producesrt 8. This prevented us
finding a good homothetic factor via mathematical analysisligstance bounds, as in
the caseyr ;.

However,B, ~ B, is valid if singular value®®, are sufficiently small so that
tan(@®y,) is acceptably approximated I8y, itself. In this case, identity (5.8) becomes

(X, Xy) ~ | cos O| 7| cos Oy [A(By, By)]27 , tan(©)), tan(©,) ~ O, ©,.

(5.10)
From inequalitiesl — (2/7)x < cosx < 1,inxz € [0,7/2], andl — 0y, 7/2 >
1 — 0y17/2, wheref,.; = || B2 (Spectral norm as in (2.74)), we have

1—(2/m)[|Bgllz < [H(l — (2/7r)9k7m)}% < | cos @k\% <1.

By combining the previous expression with (5.10), the follagvbounds are obtained
for codewords sulfficiently close to the reference space

(1= (2/m)[Bill)(1 = (2/m)[Bello)[A(B, B)] 27 5 dy(Xs, Xo) S [A(By, Bo)|27
(5.11)

Suppose now that the homothetic factor is chosen so thaidéhveords are close to the

reference space. We can then minimize the three terms df)(&rd by defining

dp,min(CB) = Xkr;l)igzec dp(Xk> X@) 3 (512)

we have

(1 = (2/m) gin [Bul)? (A(B)

1

S dpmin(Cr) S [MB)]7 . (5.13)

We notice that the minimum is not necessarily reached by éineescouple, for all
terms. For the approximation to be valjd;||» must be small. Under this assumption
we eventually obtaiid, ,,.;, (Cs) ~ [A(B)]z7. Expression (5.13) was obtained suppos-
ing small homothetic factors, condition under which parfances degrade (as we will
see). Therefore, expression (5.13) cannot be used to findthetic factors for codes
which have part of their codewords far away from the refeeespace.

5.3 Decoder Proposals

5.3.1 AboutGr s Linearization around the Received Signal

We have seen in Chapter 4 that the Grassmannian can be ledaraund reference
spacef),.;: its tangent spacer,.; is a good approximation (around the reference
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space). Now, we suppose that received sighalas already been orthonormalized and
reduced to CS form (3.20). i/ = N, at high SNR the sent codeword must be close
to the received signal. Our idea is to linearize ,, around the received signal (not
the reference space!), to extract a list of candidate cod¥svand to perform a local
GLRT on that list, with the true GLRT criterion (5.2) (as iretprevious chapter). In
other words, we would like to map codeboBk back to the tangent space tand
then to use it as a linear approximation of the GrassmanmamdY .

To this end, we consider a codebook whose codewords givacesmtimbedded
on the tangent space that satisfy the commutative prop&tyN; = A; A, for each
couplek # [). As seen in Chapter 4, codes satisfying this property aree qare.
Nevertheless, these strong structured codes allow us &rstachd linearization issues.

A generic codewordX € Cp is obtained aX = exp(Ax,.s)Irn (see (3.15)),
where subscriptX, re f mean that matrixA x s is int,.; and corresponds . To
deduce which matrix correspondsXoin the tangent space &, we should rewriteX
as (see (3.15))

_Ri
X = QY €Xp ( |:B?( . ]?:)X’Y:| ) IT7y (514)

whereQy = [Y Y] € Uy. To this end consider

X = exp(Ax ef) I = QyQl, exp(Ax ref)Irm
= (using (3.13) and (3.4))= Qy exp(Al ;) exp(Ax res)Ir s
= (commuting skew—Hermitian matrices} Qy exp(Ax yef — Ay per) Lo,

and we obtain (5.14), where

0 -B;
|:BXY OX’Y:| - AX,ref - AY,ref = AX’Y - QY(AX,ref N Ay’mf) ’
: (5.15)

It is easy to verify that the block form @A x,.; — Ay, is correct. Notice that new
matrices in the tangent space¥atare obtained by a linear transformation, which is
unique for all matrices and determined Wy

Unfortunately, when matrices am,., do not commute, it is impossible to draw
similar conclusions. Proceeding as before, the step intwbammutativity is used
must be replaced by explicit calculations. To simplify cdéddions let us takd™ =
2M. By writing exponential matrices in CS form (see (3.19) an@@B.for matrix
definitions) we have

X = Qy exp(Al,.;) exp(Ax o) Iy

_qQ U, C, Ul UySyV;] [UXCXUTX —UxSx V¥

I
~VySy UL vy Cy VL] [ VS UL vyeyvi [T

where matrix subscripty” or Y denote correspondence wiXhor Y represented with
respect tdr,.,. For example, consider left top block of the matrix exporamroduct

Uy Cy UL Uy Cx UL + Uy Sy VI VS UL . (5.16)
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The correct sent codeword is close to the received signaght3NR. Let us use ap-
proximations:Uy ~ Uy, Vy ~ Uy and®x = Oy + E, whereE is a diagonal
matrix which contains the perturbation of singular valé®s. If we inject these ap-
proximations inside (5.16) we findy- cos(E)U;, which has the correct form, but is
useless. In fact, the directional informationXfwith respect toY is lost, since it is
contained in TSVD unitary matrices.

However, if@x ~ ©y andUy, V x are not approximate, we have

Uy Cy UL UxCy Ul + Uy Sy VE VLS, UL . (5.17)

Matrix (5.17) is not in CS form (it should be Hermitian) so thet must find a right
unitary transformation to set (5.17) in Hermitian form (peéar decomposition [68]).
We do not succeeded in finding such a rotation in close fornrelher such a rotation
generally depends on the TSVD matrices of each codewordn a non-linear way,
while we would like to find a linear expressionday as in (5.15). We explain this fact
as a structure loss of codwhen mapped back to the tangent space at a point different
from the reference subspace. Once figgdthe algebraic structure & changes if the
tangent space changes.

We conclude that Grassmannian linearization is not feasibbund the received
signal, in the sense that the coherent code has no appaxsitust to be exploited.

5.3.2 Simplified Decoding based on Tangent Space Directions

In the previous subsection we did not succeeded in lineayithe Grassmannian and
in maintaining a sufficient code structure to decode effityest the same time. We
propose here a simplified decoder which exploits the gearakinterpretation of ma-
tricesA ontm,.;.

We have seen that the singular value®8gfare the principal angles between, ;
and(2x, , while matrixA;, € tr,.r (built from B,) is the direction of the Grassmannian
geodesic passing through.; andQx, (see (3.14)).

Our idea is to choose the codeword whose directiomripy is closest to direction
Ay, corresponding t&/’,, in (5.4). Hence, we maximize the cosine between direction
couples, using canonical matrix (3.11) (which is definechmtangent space)

min(Ay, A)/(|Aylrl|Allr) (5.18)

(the relationship betweeB and A can be found in formula (3.10)). We do not know
how to solve efficiently problem (5.18). But, under assumptio

||IB||r = constant VvBeB (5.19)
from (3.11), it is simple to show that (5.18) is equivalentite minimization problem

min 1B =Bl _ sy B2 (5.20)
B By [ Bl — BB
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Matrix By- can be calculated as explained in the proof of Propositievesquickly
recall the algorithm. Le¥ be the received signal (not necessarily with orthonormal
columns)

1. FindY, from the eigenvector problem (5.4Y., is calculated to have orthonor-
mal columns.

2. PutY, = [Y!,Y],]"in CS formY. (calculate the SVD of\/ x M square
upper matrixY,; = Uy Cy Uf, then calculaté, = Y, UU!).

3. CalculateBy by inverting the exponential map (froii, = [YZJYZQ]T, calcu-
late TSVDY.» = Vy'Sy Ul and formBy = Vy arcsin(Sy )U?).

Once obtainedy, an efficient method to implement (5.20) is the Schnorr—Bech
algorithm for closest point search, as long as cBdes an adequate algebraic struc-
ture [60]. Unfortunately this algorithm is not able to reeodiversity, as shown by
simulations. This is not a surprise, because the chanrettaf disappeared inside
decoding rule (5.20). To improve performance, the GLRT moetan be computed on
a list of codewords (local GLRT), as in the case of one trahantenna. This leads to
a SNR gain, but simulations show that diversity is not recesdteWe do not report this
case in simulations.

5.3.3 Decoding on the Tangent Space

We propose another decoder, performing better than theogpiewone. Our idea is to
find an approximated decoding rule for codewords close ta¢ference subspace.
This approximate decoding rule will be applied to all reeéisignals, as it was the
case with the coherent ML decoder on the tangent space (4B is naturally
a suboptimal strategy because exponential map non-lipaarvery important for
sent codewords far from the reference subspace. Howeveygeeeded in obtaining
acceptable performances in certain cases.

After calculatingY, from (5.4) we reduce it to CS forrly,. = YufJU{/, as de-
scribed in the previous subsection. By exploiting codewattiagonality, a rough
channel coefficients estimation can be easily extracted

H. =YY (5.21)

which is aM x N complex matrix. If no additive noise is on the channél,is equal
to X and channel estimation (5.21) coincides with channelzaatnH.

We use a suboptimal metric coming from a training intergreteof our scheme,
for codewords close to the reference subspace. As seen3h)(3inder the latter
condition, EP codewords look like training—based codewdtd~ [I,, Bf]i. We
propose to use the decoder (2.66)

B = arg min 'Ys — BH,||»

LOur proposition has a common point with training—based meise even if in our case no training
data is sent.
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whereY = [Y! YI]i. SinceY, = Y.,H. ~ By H, for Y, close tof,.;, we deduce
B = arg min |(By — B)H,||r. (5.22)

We assume that coherent codes are carved from a latticedan tw exploit efficient
closest point search algorithms (sphere decoder). Degadie (5.22) preserves di-
versity of coherent codB, as we have seen in Sect. 2.8 and Proposition 3. However,
in our case diversity is no longer assured, since we consilies with codewords far
away from the reference space. As simulations indicate ri@npeance degradation
and a diversity loss is possible if exponential map non-aliitg is not mitigated. As

a matter of fact, this decoder is similar to the co-ML—-tg dian SIMO case and
exploits similar ideas. We use the same name co—ML-tg (eoh®&iL decoder of the
tangent space) for the generic MIMO case too. We briefly t¢iosaldecoding steps

1. FindY, from the received signaY (see (5.4)) and reduce it in CS fori,.
Calculate channel estimatidd, (see (5.21)).

2. Invert the exponential map to obtdsy .

3. Estimate the sent codewofs! by solving problem (5.22) via a closest point
search (e.g. by a Schnorr-Euchner strategy).

5.3.4 Local GLRT Decoder

Coherent ML decoders on the tangent space for MIMO and SIM@sysshare com-
mon problems. In MIMO channels problems are more severeediiversity is lost
(as simulations show). For this reason, we propose to adopahGLRT strategy, as
in SISO case.

Starting from poinBy in the tangent space, a list of candidate codewords is cal-
culated via the Pohst algorithm of closest point search gpfilied to mismatched
metric||(By — B)H.|| . SinceH, is present in the metric, it is not possible to control
list length as in the previous chapter. Anyway, we would li&econtrol list lengths
as much as possible, since this parameter principally mdétes decoder complexity.
A similar problem is investigated is [77]. Through a dis¢asswith the authors of
the previous paper and after simulation validation, a jracthoice of the radius for
the Pohst search was found. We cannot explicate here theespdeoding algorithm,
nevertheless we quickly explain our radius choice usingdsted notation. For better
comprehension see references [60], [65], [77].

The first step of a generic sphere decoding algorithm is todmdpper (or lower)
triangular basis of the global lattice. Usually, given ditat basigG which depends on
channel estimation and cod® a QR factorization is performe@ = QR [3] (other
algorithm can be used, e.g. a Cholesky factorization). M&}yis unitary and can be
seen as a rotation. MatriR is the searched basis. We chose as the initial radafs
sphere searches the minimal diagonal entrfRohultiplied by a factor 1.1

r=11( min R, (5.23)

t=1,....2T
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where we suppose to represénk 7' complex matrices with theilt x 27 real repre-
sentation. If no pointis found by the first searelis increased of 20%:,,.,, = r+7/5.
This heuristic management ofprovided small candidate lists lengths.

We summarize the steps of the local GLRT decoder

1. Process the received sigiélto obtain a basis of spél) in CS form, called
Y. and a channel estimatidd..

2. Inverse the exponential map to obt&r .

3. Search for a list of candidate codewordg3obbtained with the distance defini-
tion ||(By — B)H,. || r via a Pohst search in an hypersphere of radicisosen as
in (5.23). It is possible to iterate the search until a minimiist length L, ;,, is
reached, increasing the radius of 20% at each iteration.

4. Calculate the candidate codewords ligt ¢ C from the candidate codewords
list Lz C B just found.

5. Solve the local GLRT problem by exhaustive computatioGbRT metrics on
the candidate listc.

This decoder is far much complicated than the co-ML-tg. Mwee lists have vari-
able length since hypersphere radius depends on chanrfétiemgs. To cope with
this uncertainty, we fix also the maximum list Iendmm. Simulations show that the
local GLRT decoder permits to follow GLRT performance aslda a certain extent.

5.3.5 Local GLRT Decoder Complexity
We are giving here a first order investigation about local Gldecoder complexity.

e Calculation of matrixRy = Y Y': NT(T + 1)/2 complex multiplications and
additions. IfN = M this step can be avoided.

¢ Calculation of firstM greatest eigenvectons,: about127 real multiplications
and addition (total) [3, pag. 229]. IN = M this step can be replaced by a
Gram-Schmidt orthogonalization algorithm: aba8@t)/? real multiplications
and additions (total) [3, pag. 232].

e Calculation of CS formY.: 1) about88A/3 real ‘multiplications and additions
(total) [3, pag. 254] for the SVDY,; = Uy CyUT, 2) 2M3 + T M? complex
multiplications and additions to calculaié. = YuUU;).

e Calculation of By: 1) about4(14(T — M)M?* + 8M?) real multiplications
and additions (total) for TSVDY., = VySyUl, 2) M3 + NM? complex
multiplications and additions antl/ non—linear operations to calculaBy =
Vy arcsin(Sy ) UL

e Calculation ofH, = Y[Y: M NT complex multiplications and additions.
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e Determine candidate codeword li8g = {B,,, ..., Bgi} via a Pohst search:
O(8[(T — M)M]?). This step requires alstl.(T — M)M memory cells.

e Calculate candidate codewords li&t = {X,/,, - .., Xgﬁ}: this requiresﬁ SVD

and2 L matrix multiplications for an approximate total of abGOt (T — M) M?
real multiplications and addition (total) add. 7'M memory cells.

e Calculate GLRT metrics on the candidate li&E:7'N M real multiplications and
additions (total)

The lengthZ of candidate codewords lists is a random variable. In oxlesughly
understand expected complexity, the average of lehgthould be evaluated via sim-
ulation. Anyway, without explicitly computing expectedmaplexity, it is easily found
that expected complexity of a training based scheme is & il@portant. We refer
to training model in Sect. 2.8, then the Estimation—Detectiecoder complexity of a
training based code is

e Extract channel estimation from firdf rows of the received matrix: no compu-
tations.

e Perform a closest point search (2.66) using the followihg M rows of the
received matrix as received data: the expected averagelexitgps O(8[(T —
M)M]?)

With training based system a list of candidate codeword®isreded: decoding is
achieved by a unique closest point search and no extra memmyguired. It is clear
that the whole local GLRT decoder preprocessing due to exqital non—linearity is
avoided in training based systems. The local GLRT decodser r@calculates code-
words in L. from codewords ingz, for each received signal. This step needs the
calculation of the non-linear exponential map again. Itle&acthat training—based
systems are far better than EP codes from a decoding cortypetspective.

5.4 Simulations

In this section coherent space—time block codes are briatitgduced. We also dis-
cuss the choice of good homothetic factorSimulations results and comparisons are
reported.

5.4.1 Coherent Codes for EP codes

We cannot give a complete introduction about the theory becent STB codes. We
will simply apply to our aims some already built coherent STi8les. Some interesting
references are [55, 27, 78]. Coherent STB codes consideredane carved from

lattices [27, 78, 32].
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Some examples of EP codes are shownfor= 2M, whereM = 2 3. In this
subsection we introduce the coherent codes we will use tergenour EP codes. We
recall that a coherent space—time block code of §ize M) x M is needed to generate
an EP code of sizé x M. In our examples,T"— M) x M coherent codes are obtained
from points of a Q—QAM)("~")M constellation which are rotated by an appropriate
unitary matrix and opportunely combined. To better un@derdthe principal issues of
coherent codes design, please refer to previous (and foipweferences.

In Sect. 3.3.3 we proved that a coherent c&&vith high minimal singular value
should be used to assure diversity control. This kind of sate not available yet. In
our examples coherent codes with non—vanishing determamarsometimes used [79,
33, 80]. These codes satisfy the very special property ki@t ininimum determinant
A(B) (see (5.7)) does not vanish to zero if the constellation isizeeases. Moreover
they are the current be8tx 2 coherent codes. We also considered coherent codes of
other propositions [32], [27, pag. 1109]. As a general rae chose the best coherent
codes available when our research was carried out. Sironoatiormally confirm that
the better the coherent code is, the better the EP code is.

Coherent codes for EP codes oty -
If T'=4andM = 2, we considered two codes. Let us set
s = [81 So S3 S4]t, s; € 4—QAM, 8—QAM

where the average statistical power of the constellatiootimalized to 1. The spectral
efficiency is 2 bits/s/Hz or 3 bits/s/Hz, if respectivelyQAM or 8—QAM is used.

CodeB; presented in [32] was already applied to build a non—cohe®aeC; in
[22]. CodeB; will be also called code 1 in the following. Its generic codewis

1 s+ dsa U(sz+ dsa)
V2 V(83— ¢s4)  s1— sy |

Expression (5.24) can be written in the following equivalkenm

B = W = ¢ =™, (5.24)

1 6 0 0
r_ no_ 1 jo 0 v —v¢
b’ = vec(B') = ®;s, <I>1——2 00 0 96 (5.25)
1 -6 0 0

where® is unitary.

If s; € 4-QAM, for all constellation pointgs|| = 2 is constant. The suboptimal
decoding method (5.20) can be applied (this is no longerntraebelongs ts—QAM).
In this simple case, the singular valuesRifcan be derived. From (5.25)B’||% =
Ib/||* = ||s]|* = 4. Identity§ = /det(B'TB’) = |det(B’)| = |s? — ¢?s2 — ¢s2 +
¢*s2| /2 [32] takes only two valuesy; , = (1 4+ 1/4/2)/2. Hence, there are only two
couples of singular values

Ao = (V4426 £/4+26)/2, Asa = (VA + 20, £ /4 +25,)/2
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This is indicative of cod€; geometrical structure around the reference spagand
it is useful to fix the maximum valid homothetic factoy,., = (7/2)/ max{\;} ~
0.793.

CodeC,, which will be also called code 2, comes from the coherened#ctalled
golden code, see [33]. Its generic codeword is

B’ L [ ¢p(s1+752) ¢p(s3+154)

- 75 ity (53— T54)  Op(s1 + 782) (5.26)
with
r= 1+2\/5,r: 1_2\/5, ¢p=1+i(1—7), ¢y =1+i(1—7)
Expression (5.26) can be written in the following equivalkenm
¢r Tor 0 0
b = vee(B)) = Bps,  By— - |0 O W0 —ioT (5.27)

Va0 0 ¢ 1o,
¢ 7O, 0 0

where ®, is unitary and hence, if symbolg are drawn fromd—QAM, decoding
method (5.20) can be applieditakes 5 values € {1/2/5,2//5,/8/5,v/2, \/18/5},
and there are 5 classes of singular values. The maximum hetofactor in this case
IS Apnae = 0.796.

If 8—QAM constellations are used to build the EP code, maximiaddtbetic factor
are obtained via numerical search.

Both codes have full diversity (in the coherent sense) ars /&l8;) and A(B))
can be calculated, but we will see that they are of no use &pthctical choice of the
homothetic factor.

Coherent code for EP codes o017 5

If M = N = 3 andT = 6), the Threaded Algebraic Space-Time (TAST) code
B, presented in [27, pag. 1109] was applied. SymBolare drawn from a 4—-QAM
constellation so thaj = 3 bit/s/Hz. The generic codeword is

ui ¢Pug ¢ ug
B/ = ¢1/3U4 U9 9252/31,69 s u = (13 X M)S
*Puz ¢ Pus us

where¢ = ¢'™/> and the3 x 3 optimal real rotatiorM is obtained by the so—called
“cyclotomic construction” given in [81, Sect. IV]. The maxal homothetic factor can
be obtained via numerical search on the singular values ebdkwordss3; has full
diversity.
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Figure 5.1: Left plot: minimal product distance of codeC1(¢v)) and code 2@ («)),

n = 2 bits/s/Hz), as a function of homothetic facter Right plot: for the same codes,
average supersymbol error probability (FER) at 15 dB witpeesto GLRT detection
solved by exhaustive search.

5.4.2 The Homothetic Factor Choice

In this subsection we discuss different criteria to choogead homothetic factor. We
see that numerical optimization method must be adoptednyrcase the numerical
algorithm is very simple (e.g. minimizing error probabég via transmission simula-
tion). Details are provided for the case@fandC, with spectral efficiency bits/s/Hz
(4-QAM).

Theorem 1 states conditions under which the diversity oee@d, C, is greater or
equal to the diversity oB; = aB3;, B, = aB3,. In the case of coherent codB$ and
B!, coming from4—QAM, by extensive computer search we found that the maximal
homothetic factors to get full diversity according to Theorl area = 0.0950 for
C; anda = 0.2125 for C, (step 0f0.0025 in the numerical search). We notice that
the homothetic factor af, (coming from golden code) is more than the double of the
homothetic factor of;. This is due to the code structure.

However, the homothetic factors above are unnecessarajl.sfence, we choose
« nhot satisfying assumptions of Theorem 1. Then, diversityadonger guaranteed
but can be verified by measuring performance curve slope.

What is the best criterion to choos® This question has not an immediate an-
swer. A similar problem in literature is codebook design miemerical methods [9],
[13], [15]. These papers tell us that minimizing codeworstainces (e.g. the product
distance or the chordal distance) often gives worse rethdiis directly minimizing
the BER (Bit Error Rate) or the FER (Frame Error Rate, or also sypdvol error
probability). The same conclusion can be drawn for our twabeso

The minimal product distance (2.26) is plotted in Fig. 5.thatleft. For each value
of a we generated the corresponding codgsy), C»(«), and calculated,, ,;,, (C1 ()
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Case §2, spectral efficiency = 2 bits/s/Hz, M = N = 2, code 2
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Figure 5.2: Left Plot. Local GLRT average supersymbol epabability (FER) as

a function of the homothetic factar, at different SNR; candidate lists have length
betweenl0 and 30 and spectral efficiency = 2 bits/s/Hz. Right plot. FER of EP
codes generated 1y, (golden codey = 2 bits/s/Hz). The EP cod@, combined with
GLRT detection (exhaustive search) was generated fer 0.6. The other EP codes
Cs(a) are decoded by a local GLRT decoder with candidate codewistdf length
between 10 and 30.

andd,, ;i (C2(«)) with definition (5.12). For codB) (4—QAM), max,, dp min(Ci(a)) =
0.172 reached atv; ., = 0.595. For codeB), (4—QAM), max, dpmin(C2(a)) =
0.2530 reached atvs .., = 0.395. Step 0f0.0025 on « are used in calculations. In
Fig. 5.1 at the right, for each codg(«), C2(«), average supersymbol error probability
(FER) was calculated via simulation. Simulation paramedees 15 dB SNR, GLRT
detection, implemented with exhaustive search, minimumbyer of supersymbol er-
rors 500. There exists an interval of good values, approels o € (0.5,0.7). We
notice that the homothetic factof ,,,..., Wwhich maximizes the product distancedf
falls inside this interval, buts ,,., of C, does not belong to this interval. Nevertheless,
Cs(«) performs better thad; («) for all values ofa! This can be explained by a better
distribution of codeword distances. In the following, weosh the homothetic factor
according to the minimum FER criterion.

Minimum FER criterion depends on the implemented decodarirfStance, when
a local GLRT strategy is adopted, the optimal homothetitofadoes not necessarily
coincide with the value found for GLRT detection. For thedbGLRT decoder, opti-
mal o depends on the SNR level and on decoder parameters, i.adatntlist length.
In Fig. 5.2 at the left, we plotted the FER as a function of tbmbthetic factor at dif-
ferent SNR, where the candidate lists can have length betiveand30 codewords.
The optimalo depends on the SNR. The higher the SNR is, the lower the hotiothe
factor is. In fact, for low—power noise, the exponential map—linearity is important.
If we decreaser, the non-linearity effect is reduced for constant SNR. Besigizen
a constant homothetic factor, the non-linearity effect icmmore important at high
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Figure 5.3: Left plot. Local GLRT average supersymbol epabability (FER) as

a function of the homothetic facter, at different SNR; candidate lists have length
betweenl10 and30 and spectral efficiency = 3 bits/s/Hz. Right plot. FER of EP
codes generated Wy, (golden codey = 3 bits/s/Hz). The EP codé, combined with
GLRT detection (exhaustive search) was generated fer 0.5. The other EP codes
Cs(a) were decoded by a local GLRT decoder with candidate codestistd of length
between 10 and 30.

SNR, where the channel estimation is good and the noise caegtected. This is why
the optimal homothetic factor moves to the left when the SNgRgases. However, if

« decreases, codewords distances decrease too. Whers out of the interval of
optimal valueg0.5,0.7) found in the GLRT case, important performance degradation
is expected (with respect to the GLRT performances).

This trade—off can be straightforwardly appreciated inrilgat plot of Fig. 5.2.
The local GLRT performances of codés(«) are closer to the GLRT performance at
low SNR, if « is close t00.6 (i.e. the homothetic factor which we adopted to trace
the curve of GLRT performance). At high SNR, the local GLRTfpenances and the
GLRT ones diverge: the decoder is not able to recover diyer3ihis effect can be
mitigated setting a lowet, as previously discussed. The price to pay is a performance
loss at low SNR.

Denser codes was obtained from cod¥sand B), by using(8—QAM)* symbols
(spectral efficiency) = 3 bits/s/Hz). Results are similar to the previous case with2
bits/s/Hz. In Fig. 5.3 at the left, the same trend of optimalan be appreciated: for
growing SNR, the optimum homothetic factor decreases. Atighe, the performance
loss with respect to the best GLRT performance (obtained fer0.5) is greater than
in the case of Fig. 5.2. We notice that c@#€0.35) (n = 3 bits/s/Hz) looses about 2 dB
at10~3 FER, while code,(0.39) (n = 2 bits/s/Hz) looses 1 dB. However, for the latter
code the maximal relative length of candidate lists witlpees to the code cardinality
Lis ﬁmw/L = 30/256 = 11%, while for the code at higher spectral efficiency the
maximal relative length iimax/L = 30/4096 = 0.73%. For the same relative length
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performance loss is naturally smaller. Anyway, we deduaéwnen the dimension of
the Grassmannian grows the non—linearity effect increases

Following previous considerations, the homothetic factahosen by a numerical
optimization, usually minimizing FER and it can be made “tifie”. This process
must be iterated for each different code and it is bettemupgd if the SNR working
level of the system is known.

5.4.3 Decoders Parameters and Performances

In this subsection we compare the different decoders wegsexpand we illustrate the
behaviour of the candidate list lengths of the local GLRTakse.

10 : : : : : : : : : 10°

T T T
— GLRT

—&— co-ML-tg

—&— local GLRT, list: 1-10
—— local GLRT, list: 10-30
—— local GLRT, list: 20-50
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Figure 5.4: Left plot. GLRT, local GLRT and simplified decodB.20) FER perfor-
mance at) = 2 bits/s/Hz. EP codes are obtained from cd¥{eand golden codé;,
with parameters in the legend. For the local GLRT decoderdickate lists lengths
are betweeri0 and30. Right plot. GLRT, local GLRT and co—ML—-tg decoder FER
performance ay = 2 bits/s/Hz. For GLRT decoder, code was obtained from golden
codeB}, anda = 0.6; for the other decoders EP codes have 0.4.

When coded3; and3, are obtained fromd-QAM)*, code<C; andC, satisfy con-
dition (5.19), and decoding rule (5.20) can be used. Monee (5.20) can be simpli-
fied becaus¢By — B||r = |[vec(By) — vec(B)|| and, if we lets, ; » = ®1 , vec(By),
then||By — B|lr = |[sy12 — s|. Hence, (5.20) can be implemented by a simple
threshold detector. In Fig. 5.4 at the left, the performamicthis simplified decoder
(named . directions” in the legend) is very deceiving, due to the faet channel
influence is neglected.

At the right of Fig. 5.4, performances of different decodenrsEP codes coming
from golden codeB;, are shown. GLRT performances are calculated by exhaustive
search for an EP code obtained with= 0.6. Local GLRT performances and co—
ML-tg performances are calculated for an EP codesbtained fora = 0.4. We
have chosen such homothetic factor to assure acceptaliberpances at0—3, which
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is a good FER for transmission system without outer code. cthéL—tg decoder
does not recover code diversity, as it can be guessed. Adrsées previous subsec-
tion, local GLRT decoder approaches to GLRT performancerebising minimal and
maximal length of candidate lists above respectiviglyand 30 does not recover the
performance loss (to approach GLRT performancgaust be changed).
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Figure 5.5: Left plot. Mean and standard deviation of caatfidists length as a func-
tion of the SNR, for EP codé, obtained fora = 0.4 atn = 2 bits/s/Hz. Right plot.
Mean and standard deviation of candidate lists length asaitin of the SNR, for EP
codeC, obtained foro = 0.35 atn = 3 bits/s/Hz.

In Fig. 5.5, mean and standard deviation of candidate listsr@ported, for EP
codesC, andn = 2,3 bits/s/Hz. Concerning local GLRT decoding, the Pohst search
was stopped when lists length were greater thap,. Even if lists longer tharl, .,
were truncated to calculate the GLRT metrics, length siegisvere calculated without
top truncation. As it can be appreciated, list mean is stabblever the SNR interval
and just a little bit higher than,,;,,. Hence, the initial hypersphere radius choice and
its increase policy are correct, both for a relatively snecalliebook 4 = 2 bits/s/Hz
corresponds to code cardinality = 256) and a relatively big code;(= 3 bits/s/Hz
corresponds to code cardinalify = 4096). Lists standard deviations hold almost
constant with increasing SNR too.

When the dimension of the Grassmannian grows, the expohera@non—linearity
becomes more severe. FER performances of EP€pdetained from3; are reported
in Fig. 5.6. The homothetic factor is chosen equabtbl in order to optimize ap-
proximatively code GLRT performance. Once set the homuttiattor, we tried the
local GLRT decoder with different interval of candidatedisengths. Results are not
good because the optimal homothetic factor for local GLRToders is surely not
0.41. Anyway, we can appreciate that the sensitivity to non-diitg grows with the
manifold dimension. We have also verified that the initidlieaof the Pohst search
radius gives list of about 8000 codewords. Then, searcihuganitial value should be
optimized again when increasing manifold dimensions, ifwaat to obtain short list
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Figure 5.6: FER performance of EP cadeobtained fromB; with o = 0.41. GLRT
decoding is performed by exhaustive search. For local GL&Joders, lists length
intervals are reported.

5.4.4 Comparisons

Comparisons are mainly performed with respect to trainiaged codes for two rea-
sons. The first one is that they are currently one of the begigsitions in term
of performance—complexity trade-off. The latter is thatwather propositions are
not simple to implement since they are obtained by numedp&imization. For all
training—based codes we considered optimal power allmcditn our particular cases,
the training and data phase must have equal power).

FER performances of EP cod@sandC, with respect to GLRT detection are com-
pared to the training—based code obtained from the goldda8pin the left plot of
Fig. 5.7. GLRT performance of the training code is almoshtaal to the one of the
EP code coming from the same coherent code. The same situtiobe appreci-
ated in the right plot of Fig. 5.7: the EP code and trainingecodming froms/ have
equivalent performance.

Training codes suboptimally decoded with the estimati@tection (E-D) rule
(2.66) maintain diversity as claimed by Proposition 3. Théso exhibit small SNR
loss (less than 1 dB) with respect to GLRT performance. Thegsed local GLRT
decoder managed to follow the GLRT performance, howevsr ¢ixperience greater
SNR loss with respect to the corresponding GLRT performambey loose at least 1
dB with respect to the simplified E-D decoder of training-dshsodes and they have
greater complexity.
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Figure 5.7: Left plot. FER performances for EP codgsandC, are compared to
training-based code obtained from the same golden gjdind proposition of Zhao
et al. [24]. Candidate lists length belong to the intergl, 30). All codes have
spectral efficiency; = 2 bits/s/Hz. Right plot. FER performances for EP codes
andC, are compared to training-based code obtained from the saidergcodes;.
Candidate lists length belong to the inter{20, 50). All codes have spectral efficiency
n = 3 bits/s/Hz.

In the casels 3 the behaviour is similar to the casé, », as shown in Fig. 5.8.
In fact, it is possible to find homothetic factors for whicletEP codes decoded with
local GLRT follow the GLRT performance and the training-déxsode performance.
About 1 dB loss with respect to the training—based code isrted for FER above
10-3 with relatively small candidate list relative length,../L = 300/4° ~ 1.1%.
However, the expected complexity of the local GLRT is higtiean the one of the
estimation—detection process.

5.5 Conclusions

We presented two simplified decoding techniques for nonestiepace—time EP codes
overGr . The most promising one is the so—called local GLRT decodtse.receiver
reduces the received signal oritg. ,, if the number of receive antennas is greater or
equal to the number of transmit antennas. Then, a linearizatf the Grassman-
nian around the reference space permitted to decode thtbegtiosest point search
algorithms developed for algebraic coherent space—timekldodes. Anyway, the ne-
glected non-linearity deteriorated performances. We d@apéh this degradation by
opportunely setting the homothetic factoof the code and by increasing the receiver
complexity. Final comparisons showed that the trainingeldacodes and EP codes
obtained from the same coherent code perform in a simila;r asyong as they are
opportunely designed according to their correspondingiai Training—based codes
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—7— EP code, GLRT,a =0.41

—x— training + code 3, Estimation—Detection

—4— EP code, local GLRT,a = 0.30, list 150-300
—&— EP code, local GLRT,a = 0.36, list 50-150
—&— EP code, local GLRT,a = 0.41, list 2000-4000

3 I I I 1 I

6 8 10 12 14 16 18

10

Figure 5.8: FER performances of EP codgver G 3 and training-based code ob-
tained from the same cod®. Parameters are reported in the legend and all codes have
spectral efficiency) = 3 bits/s/Hz.

eventually achieve the same performance with lower exdembenplexity and with
less decoder tuning operations.



Chapter 6

Minimal PAM Decompositions of
CPM Signals

Continuous Phase Modulation (CPM) is often used in both powehandwidth lim-
ited communication links [82, 83, 84]. It has recently beembined with space—time
codes [85]. CPM is particularly attractive for radio trangers employing non—linear
amplifiers since it produces a constant envelope signal [86\vever, CPM is a non—
linear format with memory and the ML receiver can be quite ptax. In 1986, Lau-
rent [34] has shown that binary CPM signals can be decompaosed ifinite number
of PAM signals. This result was extended by Mengali and Mof&b] to a generic
M-ary CPM signal. More recently, a PAM decomposition for byn@PM signals with
integer modulation index has been proposed [36].

These decompositions allow to describe CPM signals as lioeawbination of
pulses and permit to reduce receiver complexity at the samest For instance, in
the case of coherent receivers, PAM decompositions haveefibial effect both on
suboptimal ML receivers (reduction of the number of matctiésts and trellis states)
[37, 39] and on synchronization issues (see [37, 40] andarbtes therein).

CPM is also considered for non—coherent systems [87]. PAMmeositions al-
low to propose simplified receivers [88, 36], and permit teuse knowledge about
receivers for linear modulations [38, 37].

In this chapter, we deal with PAM decompositions of a certdass of CPM sig-
nals, being aware of the fact that improvements on this togiclead to improvements
in receiver realizations or in system and code analysisgfample PAM decomposi-
tions are used to derive design criteria of space—timesscimiéCPM signals in [85]).

For this class, which includes the-REC signals and several other CPM formats,
we pointed out a procedure to generate a decomposition aithrality given by

N,=L(M - 1), (6.1)

where M is the alphabet sizeN, in (6.1) only grows linearly with respect to the
signal memory length.. This is to be compared to the cardinality of the Laurent—
Mengali—Morelli decomposition (LMMD) given by, = M* — M*~!, which grows
exponentially with respect tb. For separable—phase CPM signals we shall prove that
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the cardinality given by (6.1) represents thénimal cardinality which means that it
is not possible to decompose a separable—phase CPM sighdkeast thanV, PAM
waveforms. CPM signals witlh, = 1 are also called full response signals. In this
case, the separability condition is always satisfied, thuisrésponse CPM signals
with arbitrary phase response fall into this framework.

This chapter is organized as follows. In Section 1, a brie&lleof the CPM for-
mat is reported as well as the definition and some propertideedCPM signal class
investigated in this study. In Section 2, a preliminary deposition, called Compact
Decomposition (CD), is presented. The CD is modified by an ramyitinear trans-
formation, thus obtaining infinitely many decompositioristite same CPM signal.
In Section 3, the decomposition with minimum cardinalityderived. Evetually, in
Section 4 the pulses are obtained as closed form expredsiosmall cardinalities.

We recall that notation used in previous chapters is notlvalthis part, symbols
will be redefined here!

6.1 CPM Signal Model

The complex envelope of a CPM signal has the form

v(t) = exp |j2mh Z a, o(t —nT) (6.2)

n=—0oo

where h is the modulation index () is the normalizedphase responsand a,, is
the n—th input data. The data, belong to an)M-ary balanced alphabet,, =
{£1,4£3,...,£(M — 1)} for M even andA,, = {0,£2,...,£(M — 1)} for M
odd. The phase respongé) is an increasing function @fc [0, LT] and is equal t®
fort < 0 and equal tao(LT') = 1/2 for t > LT. With these properties the expression
of v(t) in then—th time slotZ,, = [nT, (n + 1)T') becomes

L-1

. 1 .
v(t) = exp [j271'h<§9n_L+1 + Z Qi p(t —nT + zT)>

1=0

, (6.3)

whered,,_ ., is thephase statef the modulator attime — L + 1 given byd,,_;,; =
E”m_ioo a,,. Hence, inZ, the “past” data{a,,, m < n — L} are no more “active”
since they are incorporated into the phase diate .; and only the “present” data
(an,an_1,...,a,_141) are active. The phase state is renewed at eachitifaccord-

ing to the state equatiah, .1 = 0,,, + a,,.
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1
2

Figure 6.1: Construction of a separable phase responsg,$08.

6.2 Separable CPM Signals

6.2.1 The Separability Condition and the Equivalence Principle

This work does not deal with general CPM signal but focussea olass ofA/—ary
CPM signals whose phase response) satisfies the followingeparabilityproperty
L
2L°
wheregy(t) is monotonic in0, 7] with ¢ (t) = 0 for ¢ < 0 andyy(t) = 1/(2L) for

t > T. L is the memory length of the CPM signal. An example of consionobdf a
separable phasg(t) starting from theelementaryphasep,(t) is illustrated in Fig. 6.1
for L = 3. This class included—REC signals and several other CPM formats, but it
does not contail—RC signhals or GMSK signals.

Let’s consider a CPM signal with a separable phase respggas in (6.4). Then,
the normalized phase in (6.3) becomes

ot +1T) = @o(t) + i=0,1,....,L—1,t€0,7T) (6.4)

L1
1
a,(t) = 3 On—r41 + Z an—i p(t + 1T —nT)
i=0

1

where

Ay = (6.5)

1=0

represents the “compact” symbols aBd = L6, .1 + S, (i/2L) a,_; is the
“compact” phase state. In terms of “compact” parametees(AM signal becomes
. teT,. (6.6)

1
v(t) = exp jQWh(i@n + A oot — nT))

Note thatL consecutive inputdata, ;.1,...,a, are “compacted” into a single sym-
bol A,,. The alphabet of,, is equal taA4,, itself for L = 1, t0 Ay + Ay = {an_1 +



156 Chapter 6. Minimal PAM Decompositions of CPM Signals

Ay Ap—1 € Ay | a, € .AM} = Aoy for L = 2, t0 Ay + Ay + Ay = Aspr_s for
L = 3,and toAy with N = L(M — 1) + 1 for genericL. Sinced,, ;1 = 0,, + a,,, we
find that the compact phase stéig is renewed according 10,,,,1 = ©,, + A,..

Let us compare the original expressions governing a CPM natalulvith memory
L = 1 with respect to the “compact” expressions obtained with @assble phase
response

original expressions “compact” expressions

v(t) _ ej27rh[%6n+an<p(t—nT)] v(t) _ €j2ﬂ%[%®n+AnL@0(t—nT)]
a, € Ay Ape Ay, N=L(M—-1)+1
9m+1 = em + am @m+1 = @m + Am

Considering that; (t) = L po(t) is a valid phase response and setting= »/L, we
obtain the following Equivalence Principle [89]

Proposition 9 Let u, (M) be a separable CPM modulator with parametevs L,
h and ¢(t), wherep(t) is generated by an arbitrary elementary phasgt). Then,
pr (M) is equivalent to a CPM modulater (V) with parametersM; = N = L(M —
1)+ 1,L; =1,hy = h/L,andy;(t) = L po(t). The input datad,, € Ay of u1(N) is
obtained from the input data, € A, of (M) by (6.5).00

The relevant consequence of the Equivalence Principleatsabery CPM mod-
ulator 7, (M) with arbitrary L and M, but with a separable phase response, can be
implemented by a CPM modulates (N) with a unitary memory but with a bigger
alphabet4y. In other words, there is an equivalence between separailesitihals
and full response CPM signals (i.e. signals with= 1) as long as the alphabet, mod-
ulation index and phase response of the full response sagaadroperly derived from
the corresponding parameters of the separable signal.

Observe that several modulatqrg(A/) with different L and M may be related
to a same modulatat, (V) with the adjustment of the modulation index. Table 6.1
collects this equivalence for the first orde¥s For instance, a binary modulator with
L = 4 (14(2)) and a ternary modulator with = 2 (u5(3)) are both equivalent to a
five—symbol modulator with. = 1, that isyu,(5), provided that each one is preceded
by the appropriate compactor. Vice versa, a CPM signal withrgel alphabet (for
exampleM = 9) can be obtained by a CPM signal with smaller alphabét-£ 2).
This idea can be generalized by relating (N, ) to someu,, (N,), where both.; and
L, are not unitary. For instancgg(2) can be implemented through(3), preceded
by an appropriate block converting symbols in the corrgubabet.

6.2.2 Dimension of the CPM signal space

Let us fix the CPM parameter¥/, L, h andy(t) and let us consider the equivalent
full response CPM signal(t) of Proposition 9 withN, h/L and Ly (t). Let7 be
the set of all the trajectories of¢) in the time periodZ,, = [nT, (n + 1)T), i.e. the
eye diagramEquation (6.6) implie§” = {5, e/2""1#0() |y € Ay}, where the state
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IN|[M=2[M=3|M=4|M=5|M=6|M=7[M=38

2 | L=1

3| L=2|L=1

4 | L=3 L=1

O | L=4| L=2 L=1

6 | L=5 L=1

71| L=6 | L=3 | L=2 L=1

81| L=7 L=1
9| L=8| L=4 L=2

10| L=9 L=3

11| L=10| L=5 L=2

12| L=11

3|L=12| L=6 | L=4| L=3 L=2

14 || L =13

WB|L=14| L=7 L=2
16 || L =15 L=5 L=3

Table 6.1: Equivalence Table.

S, = €™ On depends on the data but not anWe search for the minimum number
of waveforms whose linear combination generates all ttajexs in7, i.e. for a basis
of the vector spac® = span 7. To this end, we consider the sete{purgated—state
trajectories

Qp = {f,(t) |y € Ay} = {7900 |y € Ay} . (6.7)

Since the state dependensSg ;. is a scalar factor)/ = span7 = span Qp.
We showed in Appendix A that functions belonging@ arelinearly independent
Hence, the dimension epan 7 is just the cardinality of2,, which is

dim(V)=N=L(M—1)+1. (6.8)

6.3 Two PAM Decompositions

6.3.1 The Compact Decomposition (CD)

We are now formulating a CPM decomposition with cardinaliseg by (6.8) that is
N=LM-1)+1. (6.9)

Our mind is to associate the appropriate coefficients to tpergated trajectories, in
order to obtain a decomposition with the same number of PAjiads. Note that (6.6)
can be rewritten as

v(t) = S, e A e T, (6.10)
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where A, € Ay are the compact symbols defined in (6.5) ahdis the “compact”
statesS,, = ej”%(%, which is renewed according to

. h
Spp1 =S, Z4 with Z=¢"L. (6.11)

Expression (6.10) can be rewritten as a sum of PAM pulsesadp fety € Ay =
{m,...,yv}and

en(7) = Sndanq,  [o(t) = n(t) e 2T hye® (6.12)

wheredy, ., = 1 whenA, = ~ and zero otherwise anglt) = 1 whent € [0,7") and
zero otherwise. So that we obtain

v(t) =) el f(t —nT), (6.13)

wheree,, is the column vector with entries, (), f(¢) is the column vector of thg, (¢),
both of them have siz&/. (-)! denotes transposition. (6.13) represents the Compact
Decomposition (CD).

We have shown that a separable CPM signal can be decomposedamny N
PAM waveforms, whose duration 1, by construction, as stated in (6.12). Therefore,
considerations in Sect. 6.2.2 prove thats the minimal cardinality within the class of
decompositions with pulses of durati@n

6.3.2 The Modified Compact Decomposition (mCD)

We are now modifying the CD by means of a linear transformaiimnrder to obtain
a modified Compact Decomposition (mCD). This linear trans&dgrom can be seen as
a change of basis in the vector spatand permits to further reduce the cardinality of
the PAM decomposition (see next section).

LetP = [pyx], v € Ax, k € Ky = {0,1,..., N — 1} be an invertibleN x N
matrix and letR = P! = [r;,] be its inverse. Then, inserting the prodiRR in
(6.13) gives

v(t) =) ¢, gt —nT) (6.14)

where
c=e P, g(t) =R f(t) (6.15)

are themodified wordsind themodified pulsegespectively, and they form a modified
Compact Decomposition (mCD) of the CPM signal. The transfaonanatrix P is
arbitrary so that infinitely many mCDs can be found for the s&@®M signal. As
long asP is invertible, a basis oV is transformed into another basis 6f with the
same cardinalityV given by (6.9). Therefore, all the mCDs share the same prppert
of minimality and the same pulse duratidras the CDs.
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If we replace (6.12) in (6.15), we obtain the modified symbols
cn(k) = Supasr, kekn, (6.16)

that is, thek—th symbol is given by théA,,; k) entry of the matrix® multiplied by the
current state5,,. Thek—th pulse assumes the explicit form

ge(t) =n(t) Y riy P10 ke Ky (6.17)

YEAN

wherer;, , are the entries dR. Hence, the compact pulses are linear combinations of
complex exponentials truncated to the intef@all").

If we choose an appropriate mati#kor R = P!, it is possible to impose some
properties, in particular:

Proposition 10 The mCD pulseg;(t) are real if and only ifP = [p, ;] is column
Hermitian, namely_, ;. = p3 , or, equivalentlyP~! = R = [r;,] is row Hermitian,
namelyry, ., =} . [

Proof. It is trivial to show that ifR is row Hermitian then the pulses are real. This
is due to the fact that the alphahdty is balanced and naturally ordered (from the
smallest to the greatest element). The contrary is simpléseBg(¢) are real if and
only if g(t) = g*(¢t) for all t € [0,T), where(-)* denotes the complex conjugate
matrix. Sinceg(t) = Rf(¢), we haveg*(t) = R*f*(¢). SinceAy is balanced and
the basic pulsef(t) are complex exponential§;(t) = I1f(¢) holds, wherdl is the
anti—diagonal matrix which turns upside dofi). Now

g(t) —Igt) =0 < (R—RIDEt) =0, t € [0,7)

Sincef (¢) are linearly independent signals, as shown in Appendix Ainear combi-
nation annihilates them all over the support. TRus- R*IT, i.e. R is row Hermitian.
It is easy to prove [90] that, iP is column Hermitian, then the inverd® = P! is
row Hermitian and vice versa. The same holds for Anti—-Heamnimatrices.]

6.3.3 A Useful Class of Transformation Matrices

Any invertible N x N complex matrixP gives a valid mCD. We are now focussing
on the particular subclas$ty (V) of column Hermitian matrices and on the subclass
Mp(N) whose entries are integer powers of= ¢’/ and, in particular, on the
subclassMpyp(N) = Mu(N) N Mp(N). Although restricted, the clas§étyp (V)
is still broad and has some interesting properties. In theviing, we shall further
restrict the investigation to transformation matrices ahhliead to recursion formula
between pulses and permit building the Minimal Decompaositi

The classMp(N) imposes the following properties: 1) the modified woegsare
polynomial inZ; 2) the determinant oP is a polynomial inZ; 3) the entries of the
inverse matrixR = P! are rational functions of . The poles of the determinant Bf
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Figure 6.2: All 10 mCD pulsesy(t) with M = 4, L = 3 and transformation matrix
specified by (6.18) foh = 0.3.

determine thdorbidden valuesf the modulation index, values at whicl> becomes
singular and the mCD can not be carried out. For the subdléss(V), the determi-
nant of P is a rational functiom\ (), which satisfies alst\(Z) = A(Z71).

Example 1L The Vandermonde matrix (for arbitrafl/ and L) can be taken as
a transformation matrix with the first column equal[t¢'], v € Ay. We assume
Zn #£ 77 for all v, # 79, so thatP is invertible. Therefore, the forbidden values
of hare{Lk/n,n=1,2,..., N — 1, k € N}. For instance, if¥ = 4andL = 3
(IV = 10) the first column of the Vandermonde matrix is given by

(29 7277 25 7% 7z 72v 78 725 77 7). (6.18)

and the corresponding pulses are shown in Fig. 6.2.4f ¢/7"/3, in the interval0, 1)

we find five forbidden values for, namely{2, 2 1 3 21

6.4 The Minimal Decomposition (MD)

We saw that every mCD has cardinality = L(M — 1) + 1. A further reduction is
possible if we choose such transformation matrices thatigegarecursive updates for
the modified symbols, (k). For example, fotvV = 4 the mCD isv(t) = vo(t)+vy(t)+
va(t) +vs(t), wherevg(t) = > ¢, (k) gi(t —nT). If the recursion:,, (3) = ¢,—1(0) is
valid for all n, we can combiney(¢) andvs(t) into a single PAM waveform, namely
vo(t) +us(t) = >, €a(0) ho(t —nT'), with ho(t) = go(t) + g3(t — T'). The cardinality
decreases fromito 3, and the pulsé(¢) has supporfo, 27").
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This method can only reduce the cardinality by one. In faobpBsition 9 states
that the separable CPM signals are equivalent to full resp@#M signals. Mengali
and Morelli [35] showed that, in general, only one pulse aofja (L + 1)T exists, due
to the memory of the signal. From this argument and the fatittre CD has the same
cardinality of the CPM signal space |0, T"), we conclude that the MD has minimal
cardinality.

6.4.1 Conditions for recursions
We are now establishing the conditionsBrwhich produce the following recursion
Cn(k'l) = Cn_l(k]g) y lfl 7é ko . (619)

WhenZ # 0, combination of (6.16) and (6.11) implies

Paks = 27 Ao » k1 # ko (6.20)

where the selection of the entrigs, r, andpa, ,x, Of the same fixed matri¥ de-
pends on two distinct compact symbols_; and A,,. Recursion (6.20), which has to
hold true for all input data sequences, imposes the follgiamm on the columng,
andk; of P (see Appendix B for a proof)

Prykg = T0 Z7 s Py = To, V’)/ (621)

wherer, # 0 is an arbitrary constant.
Without loss of generality, we may skt = 0, k&, = N — 1 andwy = 1. Then, the
matrix P, if compatible with condition (6.19), takes the form

Z Nt poy o pon—2 1
7Z-N+3 P .. PN 1

P— M e (6.22)
ZNTU pyia o poin—2 1

where inner columns can be chosen arbitrarily, as lon# as invertible. A trans-

formation matrix of the above form will be called a standaahsformation matrix.

Moreover, it is clear that only one recursion of the form (§.2an be imposed, oth-
erwise two columns i would be proportional to another one aRdwould be no

longer invertible.

6.4.2 Formulation of the MD
If we apply condition (6.19) to the mCD we obtain the MD, namely

v(t) =Y d,h(t—nT) (6.23)
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ho(t)
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Figure 6.3: MD pulse#,(t) with M/ = 4, L = 3 andh = 0.3.

whered,, is obtained front,, by dropping the last symbel,(N — 1) and

hi(t) = { go(t) +gna(t=T), k=0

(1), k=1 N—2 (6.24)

We notice that the support &f(¢) is equal to[0, 27") while the support i30,7") for

the othersh(¢). For all valid matrice®, the pulses created with this procedure are
continuous functions of, as can be easily seen considering the limits at the points
0,7,2T and using definitions (6.12), (6.15), (6.17) and (6.24). kaifEple 1 (where

M =4, L =3 andN, = 9), the corresponding MD pulses are shown in Fig. 6.3.

It is clear that the MD cardinality i8/. = N — 1, as claimed in (6.1). Thereforg,
represents the true minimal cardinality of all possibleahepositions of a separable—
phase CPM signal. In Table 6.2, the cardinality of the new PAddainpositions of
separable phase CPM signals are compared to the cardinflitg Mengali-Morelli
decomposition [35]. We see that the cardinality of the pssgbdecompositions in-
creases only linearly with the memory of the original CPM sigtf the constraint on
separable phase is relaxed, our decomposition is stilll ¥atifull response CPM sig-
nals with L = 1. In Table 6.3 a comparison with the Mengali—-Morelli decoisipon
is presented.

6.4.3 Step—by-step procedure to evaluate an MD

The complete procedure for obtaining a MD is presented fftered et us consider a
CPM signal with separable phase, paramefers, M and elementary phase)(t).
The procedure to obtain the MD is as follows

1. setN=L(M —1)+1;
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M = 4, separable phase

decomp. LMMD CD, mCD MD
cardinality | ML — ML=t | L(M —1)+1 | L(M — 1)
L=1 3 4 3
L=2 12 7 6
L=3 48 9 8
L=4 208 13 12
L=5 768 16 15

Table 6.2: Cardinality of different decompositions with asggble phase, fok/ = 4

and somd..

L =1, no phase constraint

decomp. LMMD CD,mCD| MD
cardinality | 2/los2 M1 _ 1 M M-1
M =2 1 2 1
M=4 3 4 3
M=6 7 6 5
M =38 7 8 7
M =10 15 10 9

Table 6.3: Cardinality of different decompositions with rwage constraint, fak = 1

and somel/.

2. choose av x N standard transformation matrxaccording to (6.22);

3. compute its inversB = [r, ;] and check that it is regular for the given value of

h;

4. evaluate the mCD symbotg (k) from (6.16) and the mCD pulseg(¢) from

(6.15);

5. the MD symbols coincide with the firdf — 1 mCD symbols, i.ed,,(k) = ¢, (k),

fork=0,1,..

N —=2;

6. evaluate the MD pulses using (6.24).

When real pulses are required, in ste@P2nust be chosen column Hermitian.

6.5 EXxplicit pulse expressions

Pulse evaluation of mCD and MD requires the inversion of saeshdransformation
matrix P. This can be done in exact (non numerical) form for small ealof N. We
found the CD pulses faV = 2, 3, 4.
In order to get the general formulas, we Bet= h/L, ¢1(t) = Lpo(t). FOrN = 2,
the only possibility is\/ = 2, L = 1, and we obtain the well-known MSK modulation.
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The standard transformation matrix is unique, for the twlarwms of P are determined
by condition (6.21),

7711 11 -1
P_{Z 1}, R_z{_z Z‘l}’ (6.25)

whereZ = /™ andA = det P = Z~! — Z = —2j sin(rw hy). The mCD pulses can
be written in the form

9o(t)
g1(t)

n(t) sin[27 hypy(t)]/ sin(m hy)
n(t) sin[27 hy(1/2 — @1 (t))]/ sin(m hy)

If N = 3 the standard transformation matrix is no longer unique. Wd®ose

7-2 771 1 [1-2 z-2z7 7z -1
P=|1 1 1, R=x|Z-122-77 1-77
7 7 1 Z-7¢ 7-77v z72_71

whereA = 45 sin(why)[1 — cos(mhy)]. If we setc(z) = cos(2m hyzx), we obtain the
following mCD pulses

Ce(1/4) = c(2¢1(t) — 1/4)
go(t) =n(t) 2¢(1/4)[1 —¢(1/2)]
~c(1/2) + e(204(t) — 1/2)

g1(t) =n(t) 1—¢(1/2)
) —

(

c(1/4) — c(2¢1(t) — 3/4)
92(t) =n(t) 2¢(1/4) [1 — c(1/2)]

For N = 4 we choose

zZ3 z71 z72 1 z -z -z z1
P z7t z7t 1 1 R_L11]-% zt  z —z7!
“lz Zz 1 1| A | -22 72 Z772 —z7?
z3  Z Z? 1 zZ? -1 -1 Z72

go(t) = n(O){—clpr(t) = 1/2] + c[3p1 (1) — 1/2]} /A
g1(t) = n(t){clpr(t) + 1/2] = c[Be(t) — 1/2]} /A
92(t) = n(t){clpr(t) = 1] = c[3pu(t) — 1]} /A

g3(t) = n(t){—clpr ()] + c[3pa(t) — 1]} /A
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6.6 Conclusions

This work analyzies the problem of PAM decomposition of CPihsis. In partic-
ular, the attention is focused on CPM signals with a separngldese. This property
allows us to find the exact signal space dimension and toel®AM decompositions
with minimal cardinality. The procedure to obtain such dapositions is new and
original compared to previous works [34], [35], [36] and ggvinsight on the rela-
tionship between the signal space bases and the final PAMfevave Further work
needs to be performed to understand the consequences eftihasmpositions on the
implementation of simplified receivers.
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A Appendix: the dimension of span Op

We want to show that the functions @, are linearly independent,in order to conclude
that the dimension aofpan 7 is the cardinality ofQ». More precisely we have the
following

Theorem 2 Let Op be the class of the expurgated—state trajectories gengiiayea
separable phase response and fet= span Qp. Then, a base fofS is given by
the pulsesf, (t) = e2™1vo® =~ € Ay, t € [0,7) and its dimension isV =
L(M —1)+1.

Proof. We show that the functiong, (¢) are linearly independent. Singg(¢) is con-
tinuous and monotonic i, 7") from 0 to 1/(2L), it is always possible to findv

instantst; so thatyy(t;) = i¢/N,, i =0,1,...,N —1 = L(M — 1), provided that
Ny > 2L*(M —1). Let's samplef,(t) over{t;} and store the samples inf& x N

matrix F'. This is a Vandermonde matrix

o hy ‘ ——
[F]i77 — f'y(tz’) — e]27rh’YN1 — 17’ QA/ — 6327rhN1 :
and it is non-singular if and only if th& complex numbers), are pairwise distinct
and non-zero [68]. This is achieved by settiNg > 2 h L(M — 1) so that the phases
of each@, are all distinct and contained in the interyalr, 7). Therefore, choosing

Ny > max{2L*(M — 1), 2h L(M — 1)}

we can always find atv—tuple(t,, .. ., t,) such that theV vectorst, = [f,(t1), ...,
f+(tn)], v € An are linearly independent. Note that this choice is alwaysside
sinceM, L andh are finite.

Since the sampled vecto{$,} are linearly independent, the continuous functions
{f,(®)}, t € [0,T), v € Ay are also linearly independent. As a matter of fact, if
we could find a non—null linear combination ¢, f,(t) = 0 forall ¢ € [0,T), then
> ¢y fy(ti) = 0, which is not possible.]

B Appendix: Recurrence Solution

We want to prove that equation (6.20) has solutions of the f@.21).
Considering thatd,, — A,,_; = a,, — a,,_ 1, from (6.20) we obtain

pAn—1+an_an—L7k1 = Z_An_lpAn—lka ) (626)

which has to be satisfied for all input sequenges}. Now, given a generig € Ay,
v < N — 1, there exists a fixed sequengg | = (a,_r,...,a, 1) SO thatd, ; =
Zle an_; = yanda,_r < M —1. The sequence,_; fixes the second term of (6.26).
Now, if the input datau,, = a,,_r, thenA, = A, = ~; if a, = a,,_;, + 2 we have



A, = A,_1 +2 =+ 2. Hence, in the first case, ,, = Z "p, x,, While in the latter
DPyt2,kn = £ Py Therefore

Py+2k1 = Py s VyeAn, v <N -1. (6.27)

The N — 1 equalities (6.27) state that all the entries,,, for all v € Ay, are equal to
a constant, say,. From the latter statement and from (6.26) we hayes= Z~"p, ,,
which is satisfied for ally € Ay, finally obtainingp,, , = myZ”. This completes the
proof. ]






Conclusions

This thesis mainly investigated coding and decoding problef noncoherent space—
time codes. Our attention focused on unitary codes obtairzethe exponential map.

This specific topic requires an important mathematical gemknd: space—time code
theory, matrix theory and differential manifold basics.

One important contribution of this thesis is the collectaord organization of the
basic mathematical tools we need to understand EP codesartioytar, we hope to
have provided a sufficiently clear description of the geoitatinterpretation of the
coding procedure in Chapter 3. In that chapter, one origimaiportant contribution
is Theorem 1, which relates the non—coherent code divewsttye diversity of the cor-
responding coherent code. This was a particularly hardftaskvo reasons: the first
one is the non-linearity of the exponential map, the lagehe fact the the diversity
is defined with respect to different detection criteria. Besj the proof of Theorem 1
suggested relationships between training codes and ER.code example with com-
muting matrices at the end of Chapter 3 is original and the remlaout generalized
PSK codes and Givens codes too.

We believe that, in SISO case, the derivation of the new sfragldecoder based on
geometrical investigation in Chapter 4 is original. The aatlon of the new simplified
decoder to a SIMO systems is original too. Detailed discunssabout the difficulties
which prevented us from finding performing decoders for MIEB codes were never
reported before (see Chapter 5). We hope that they can baihtpdther researchers
who want to pursue this goal. The simplified decoders desdiitnChapter 5 are worth
of attention as well as the discussion of the parametergehsince they can be source
of inspiration to ameliorate decoder performance.

Simulations show that GLRT performances of EP codes ardaniialy equiva-
lent or slightly better than training—based codes perforcea, specially in SISO case
for intermediate spectral efficiencies. When suboptimalsamglified decoding is ap-
plied, training—based codes seem to perform slightly beitel to have smaller com-
putational complexity. One of the possible research dwastis to further develop EP
code design and decoding, to reduce decoder complexitycanintain diversity at
the same time. We believe that the remarks about the resdtipibetween EP codes
and training—based codes quoted above can constitute asmgnool to cope with
the search for new suboptimal efficient decoders or to uta®isn deep the reasons
why one proposition eventually works better than the other.

Another topic which would be interesting to investigatéis theoretical upper and
lower bound of error rate performances with respect to thalI&GLRT decoder here

169
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proposed. For instance, such a study concerning the locRITGlould clarify if this
suboptimal decoder have some floor and how much diversitysis Our simulations
in fact show only performance behaviours in some partictéaes, but they are not a
proof. It would be interesting also to simulate performanoehe general MIMO case
when the number of receive antennas is greater that the murhb@nsmit antennas
(N > M), by applying the subspace basis estimation algorithmrtegan this thesis.
Another important point is to propose strategies to use rrargsmit antennas than
receive onesX/ > N), issue which is not treated in this thesis. The optimal nemnalh
active antenna/* was chosen according to results of the ergodic chardrélshould
actually be revisited under the perspective of quasi-<stageneric block fading chan-
nel, a more realistic channel model, which can lead to difiestrategies. This is a
short list of issues which in my opinion should be addresgetl fThe solution to these
problems can lead to the proposition of more flexible EP coded is an inevitable
step toward practical implementations.

The original contributions of Chapter 6 are the equivalenteciple for separa-
ble CPM signals and the new method to obtain PAM decompositidrhis method
also shows that these decompositions have minimal caityinélis not possible to
find PAM decompositions with fewer pulses. Many topics carfupther investigated.
For instance, PAM decompositions have been recently appispace—time coding,
so that our decomposition can be a useful tool to design sfiate codes for CPM
system with linear phase response. Our decomposition capided to “classic” in-
vestigations: the simplification of the optimal CPM recei@mchronization issues,
etc.. The method to create PAM decompositions we proposédeageneralized to
CPM with general phase response. In this case the equivateimoéple is no longer
valid so that the decompositions cardinality is not linedahwespect to the CPM signal
memory. Therefore, for generic CPM signals our method doegmduce decomposi-
tions more compact than the other ones proposed in literxafimyway, the generation
method itself is interesting and gives insights in the CPNhaligtructure. This under-
standing can be eventually a useful tool to deal with the algmoted problems.
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