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>uD6>�V]HJcOS@B�H@SIQ<K6ouK@=�D]BkACBOSW_JB�V]_JcOSJB�KLHJB�_4D8QCB�c�_JB�U4U�B�KLH�:%�^K¡Pp�6B�_JPJ�6B�_p>�B�K6SIm]Q<HJB �
_Jc�VrouK6D8_JBY>�m8��lLm6BOSJHIQCouK6SqSIm]Q<N#>�KLHJBOSY�

• 2���7]{}$t|t$0��* �/�TlLm6B�A<ACB POouK6D8Q<HIQCouKMSJm]_"SJBOS�V9>�_p>�U���HI_JBOS}Ai>n?6ACBhD�FG>�HIHJB�KLHJB�>�HIHJB�Q<KLHa`
B�A<ACBXm]K�_Jc�¤#Q<U�BESIHp>�HIQCouK]K9>�Q<_JB�

• !L76|0!R /|M�}3L2 «d3R��� �9�u~�76�/!-3L2 �kPOouU4U�B�KRH�P�>�ACP�m]ACB�_4ACBOSMD8QCB�c�_JB�KLHJS�Q<K6D8QCP�>z`
HJB�m]_JS�D]BOS�VrB�_astou_IUk>�K6POBOS�D8m+SI�8SIHJ��U�B�=8>�m5V]_JB�U4QCB�_�_p>�K]¤@D]BOSJlLm6B�ACS =LAi>YV]_Jouj8`
>�j]Q<A<Q<HJcYD]B�VrB�_IHJBED�F m]K¬P�A<QCB�KLH^B�K+stouK6P�HIQCouK�D]BOSnV9>�_p>�U���HI_JBOS^D8m�SJ��SIHJ��U�B��

• ��$t~�3��"2%$&���/�/3R~�3R��� ��POouU4U�B�KLH U4QCB�m8�kD8Q<U�B�K6SIQCouK]K6B�_hAi>\?6ACB ¯ K6ouUYj]_JB\D]BSJB�_IN-B�m]_JS>=]N�Q<HJBOSJSJBXD�F�B��]cOP�m]HIQCouK ° Vroum]_qD8Q<U4Q<KLm6B�_\POB�HIHJBXV�B�_IHJB��
• ! +/�1$0� �/3¡|07 ��$&2�!L$&«�|&$t�/3 �/3�2�3L�.H"$&!-3 ��SIm]Q<N#>�KLHElRm6B�A<ACB4D8QCSJP�Q<V]A<Q<K6B4SJB�_IN�Q<_
ACBOSEP�A<QCB�KLHJSWV�oum]_Y>�U�c�A<QCou_JB�_WPOBOSEVrB�_astou_IUk>�K6POBOSEB�HWB�K V9>�_IHIQCP�m]A<QCB�_>="Vroum]_YB�K
V�B�_JD8_JBXACBEU�ouQ<K6SnV�o#SpSIQ<j]ACB��

�������������! #"$"�%�&('*)��

[X>�K6S�Ai>WA<Q<HIHJc�_p>�HIm]_JB�=8ACBOS _JcOSJm]A<Hp>�HJSnSJouKLHnD]c AJ�EK6ouUWj]_JB�m8� D6>�K6S�ACBOS�P�>uS�o&R+ouK >WV]m
_p>�V]V]_Jo�PJ�6B�_nACB\U�o�D]��ACB\D]B\Ai>Y?6ACB\D�FG>�HIHJB�KLHJBY>�N-BOP\P�A<QCB�KRHJSnQ<U4V9>�HIQCB�KLHJS^�WPOB�A<m]Q�D]B\Ai>
?6ACBXD�FG>�HIHJB�KRHJBXP�Ai>uSJSIQClRm6B ¯ S >�K6SnD]c�Ai>�QCS ° :.�dSJSJB�KRHIQCB�A<ACB�U�B�KLH>=�POB�Ai>WK�F�BOSIH�V�o#SJSJQ<j]ACB\lRm6BACou_JSJlRm6B�Ai>\D8QCSJP�Q<V]A<Q<K6B�D]B�SpB�_INRQCPOB�BOSIHM3,+)�"2�+��-+��"!.�.+)H0/ 3,+)�"2�+��-+ / �1+"%>+ ¯ �/���d� ° :'#�>�QCSm]K6B^¤#_p>�K6D]B^lRm9>�KLHIQ<HJc�D]B^U�oRD]��ACBOS =LV9>�_IU4Q�ACBOSJlRm6B�ACShHJoum6S�POB�m8�ko&R¦Ai>ED8QCSJP�Q<V]A<Q<K6B�D]B
SJB�_IN�QCPOB+D]c�VrB�K6D¡D8m D]c�Ai>�QqD]BOS4P�A<QCB�KRHJS>= K6B V�B�m]H ;�HI_JB+c�HIm6D8QCc V9>�_�POBOS@U�c�HI�6o�D]BOS
P�Ai>uSJSJQClLm6BOS�:�[X>�K6S�POBOS P�>uS>=RACBOS V]_JoRPOBOSJSJm6S D]cOP�_IQ<N#>�KLH��9>�j]Q<HIm6B�A<ACB�U�B�KLHnACBOS�SI�8SIHJ��U�BOS
¯ POouK]¤-BOSIHIQCouK¡D]B4Ai>5?6ACB�D�FG>�HIHJB�KRHJB�=}Pp�9>�_I¤-BkD]B@HI_p>�Nu>�Q<A�D]BOSESJB�_IN-B�m]_JS ° K6B4S >�HIQCSastouKRHV]A<m6S^D�F�cOlLm9>�HIQCouK6STUk>�_32-o�N�QCB�K]K6BOS^B�HnACBOST>�_I¤#m]U�B�KRHJST�9>�j]Q<HIm6B�ACS^SJouKLHTQ<K9>uD6>�V]HJcOS�:

��ouU4U�B¦ouK�N#>+ACB�N-ouQ<_>=}POB�_IHp>�Q<K6BOS@D]B5POBOSWD8QCSJP�Q<V]A<Q<K6BOSMD]BkSpB�_INRQCPOBkV]_JcOSJB�KLHJB�KRH
POB�VrB�K6D6>�KLH^m]K+Q<KLHJc�_);�H^P�_Im6P�Qi>�A/D6>�K6SnAi>MV]_p>�HIQClLm6B#:���ouU4U�B�KLH^D]cOP�_IQ<_JBYD]BXUk>�K]QC��_JB
Sp>�HIQCSIs>�QCSp>�KRHJBMACBOS�U�oRD]��ACBOSXPOou_I_JBOSIVrouK6D6>�KLHJS���=/>kA<Q<HIHJc�_p>�HIm]_JBkBOSIH6Aam6SJlRm�F QCP�Qd>uSJSJB-4
_JcOD8m]Q<HJBWSIm]_nACBXSIm&AIB�H�:

=hF�ouj4AaBOP�HIQ sED]B+POB HI_p>ON#>�Q<ATBOSIH�D]ouK6P+D]B¬POouKLHI_IQ<j]m6B�_¦��Ai>�POouK6SJHI_Im6P�HIQCouK�D�F m]K6B
HI�6cOou_IQCB�SIVrcOP�Q ?9lLm6B�>�m8�X?6ACBOS}D�FG>�HIHJB�KRHJBn>ON-BOP�P�A<QCB�KLHJS}Q<U4V9>�HIQCB�KLHJS>=#B�KMV]_JouVro#Sp>�KLH�D]BOS
D]BOSJP�_IQ<V]HIQCouK6Shou_IQ<¤#Q<K9>�ACBOSd>uD6>�V]Hp>�j]ACBOSh>�m@V]A<m6S/¤#_p>�K6DMK6ouUWj]_JBnV�o#SpSIQ<j]ACB D]B U�o�D]��ACBOS�:
5 ouHI_JBEV]_JcOo�POP�m]V9>�HIQCouK BOSIH^D]ouK6P@>�m]Hp>�KLH\HI�6cOou_IQClLm6BMlRm�FG>�V]V]A<QCP�>�HIQ<N-B¦��K6oum6S\P�>�ACP�m8`
ACouK6SqD6>�K6STPOB�_IHp>�Q<K6SqP�>uSnV]_JcOP�QCS>=8ACBOSnVrB�_asou_IUk>�K6POBOSnV9>�_qD]BOSnHJBOPJ�]K]QClRm6BOSL�I�7698 ( =6B�H



³

H��uPJ�6ouK6SdV9>�_�>�Q<A<ACB�m]_JShD]BqD]ouK]K6B�_�D]BOS.U�c�HI�6o�D]BOShD�F�c�HIm6D]Bq¤-c�K6c�_p>�ACBOS =�>uD6>�V]HJcOBOS�>�m8�
V9>�_IHIQCP�m]Ai>�_IQ<HJcOS^D]B�Ai>M?6ACBXD�FG>�HIHJB�KRHJBM>�N-BOPEP�A<QCB�KLHJSTQ<U4V9>�HIQCB�KLHJS�:

� �� � ��� ��& '���� � �	�

=�B PJ�9>�V]Q<HI_JB ��BOSIH@D]c�N-ouA<m���Ai>¬D]BOSJP�_IQ<V]HIQCouK D8m�U�o�D]��ACB D]BOSM?6ACBOSMD�FG>�HIHJB�KRHJB
>ON-BOPTP�A<QCB�KRHJSdQ<U4V9>�HIQCB�KRHJS�: 5 oum6Sd�MQ<KLHI_Jo�D8m]QCSJouK6ShACBOShV]_IQ<K6P�Q<V9>�ACBOS D]c�?6K]Q<HIQCouK6S�B�HdK6o�`
Hp>�HIQCouK6S\lRm6BWK6oum6S^m]HIQ<A<QCSpouK6S�HJoum]H�>�m�ACouK]¤ D]BWPOB�HIHJBMHI�6�OSJB#:��.K�V9>�_IHIQCP�m]A<QCB�_>=rK6oum6S
D]c�?6K]QCSJSJouK6S�ACBOS�V]_Jo�POBOSJSIm6SnSIHJo�PJ�9>uSIHIQClRm6BOSnD]cOP�_IQ<N#>�KLHqACB�SI�8SIHJ��U�B�B�HnACBOSnD8QCSJP�Q<V]A<Q<K6BOS
D]BXSJB�_INRQCPOBOSTlLm6B�K6oum6S^c�HIm6D8QCouK6S�:

=�BqPp�9>�V]Q<HI_JB^f�BOSIHdPOouK6Sp>uP�_Jc\�\Ai>�V]_Jouj]ACc�Uk>�HIQClRm6BTD�F�B�K6SJB�UWj]ACBTB�H >�m8�@_JcOSIm]A<Hp>�HJS
B�HTU�c�HI�6o�D]BOS\B��8QCSIHp>�KRHJS^SIm]_^Ai>kSJHp>�j]Q<A<Q<HJcWB�H^ACBOSTVrB�_astou_IUk>�K6POBOS�D]BOST?6ACBOS^D�FG>�HIHJB�KRHJB
>ON-BOPXP�A<QCB�KLHJSTQ<U4V9>�HIQCB�KLHJS�: 5 oum6SnPOouU4U�B�K�
OouK6STV9>�_n_p>�V]V�B�ACB�_TACBOS�_JcOSIm]A<Hp>�HJSqD]BXSIHp>z`
j]Q<A<Q<HJc�=�D]B@POouK]¤-BOSIHIQCouK��5AbF�c�Hp>�HESIHp>�HIQCouK]K9>�Q<_JB�=�D]B@HJB�U4V6SXD�FG>�HIHJB�KLHJB�V�oum]_XD]BOS\?6ACBOS
D�FG>�HIHJB�KLHJBhD8Q<_IQ<¤-cOBOS"V9>�_�Ai>nD8QCSJP�Q<V]A<Q<K6Bh�/���d�XB�H�_p>�V]VrB�ACouK6S�ACBOS�sou_IUYm]ACBOS}>�K9>�A<�RHIQClRm6BOS
B���QCSIHp>�KRHJBOS�V�oum]_ ACBTP�>�ACP�m]ArD]BTAi>EV]_Jouj9>�j]Q<A<Q<HJc\D]B^VrB�_IHJB^B�H�D8m5HJB�U4V6S�D�FG>�HIHJB�KLHJB�D]BOS
P�A<QCB�KLHJS�:

�.K6SIm]Q<HJB�=�K6oum6S/U�B�HIHJouK6S/AbFG>uPOPOB�KRH}SJm]_"Ai>qPOouU4V9>�_p>�QCSpouKMD]BOS/V�B�_asou_IUk>�K6POBOS}B�KLHI_JB
ACBOSED8QCBrc�_JB�KRHJBOSYD8QCSJP�Q<V]A<Q<K6BOSWD]B�SJB�_IN�QCPOBOSXB�HYB�K V9>�_IHIQCP�m]A<QCB�_WSJm]_XAbF�ouV]HIQ<Uk>�A<Q<HJc5D]B@Ai>
D8QCSJP�Q<V]A<Q<K6BE�d[�� ¯� � +"� +��K/*��� �N�9�4� +0! ����+ +K/"� ° :�.K8?6K@=u>�V]_J�OS/>ON-ouQ<_"V�ouQ<KRHJc.AbF Q<U4V�o#SpSIQ<j]Q<A<Q<HJcdD�FG>�V]V]A<QClRm6B�_"Ai>�U�c�HI�6o�D]ouACou¤#QCB >uD6>�V8`
HJcOBY>�m8� ?6ACBOST�/���d�+D6>�K6STACBYP�>uSqo&R�Ai>4D8QCSJP�Q<V]A<Q<K6BWBOSIHT�d[�� =6K6oum6S^D]cOP�_IQ<N-ouK6STm]K6B
U�c�HI�6oRD]B4ou_IQ<¤#Q<K9>�ACB�B��8QCSIHp>�KRHYD6>�K6S�Ai>¦A<Q<HIHJc�_p>�HIm]_JB�Vroum]_ED]cOP�_IQ<_JB@AbF�c�N-ouA<m]HIQCouK�D�F m]K
SI��SJHJ��U�BXSJoum]U4QCST�@�d[�� =]Uk>�QCSqSp>�K6SqV�B�_IHJBED]BXP�A<QCB�KRHJS�:

�"oum6STACBOSqPJ�9>�V]Q<HI_JBOS\SIm]Q<N#>�KLHJSqSJouKRHTD]c�N-ouA<m6S^�MK6o#STPOouKLHI_IQ<j]m]HIQCouK6S�:
[X>�K6ShACB\PJ�9>�V]Q<HI_JB � =RK6oum6S�POouU4V]ACc�HJouK6S�ACBOS�_JcOSIm]A<Hp>�HJS�D]B^SJHp>�j]Q<A<Q<HJc^B��8QCSIHp>�KLHJS�B�H

D]cOP�_IQ<HJS^D6>�K6STACBYPJ�9>�V]Q<HI_JB4f@Vroum]_Tm]K6BWD8QCSJP�Q<V]A<Q<K6BMD]BESJB�_IN�QCPOBYlRm6B�ACPOouK6lLm6BWB�H^D6>�K6S
m]K�P�>uD8_JB4V]A<m6SE¤-c�K6c�_p>�AdVroum]_XACBOSXACouQCSWD]BOSXV9>�_p>�U���HI_JBOSYD8m�SJ��SIHJ��U�B#: 5 oum6SXU�B�Ha`
HJouK6S.B�K@oum]HI_JBnB�K4c�N�QCD]B�K6POB�m]K6B�U�c�HI�6oRD]BnB�_I¤-o�D8QClRm6Bq>uD6>�V]HJcOBnD8m@P�>�ACP�m]A6D]B ��>�A<U =
V�oum]_�D]c�HJB�_IU4Q<K6B�_T�YlRm6B�A<ACB�POouK6D8Q<HIQCouK ACB\SJ��SIHJ��U�B�>�HIHJB�Q<KLH�ACB\_Jc�¤#Q<U�B�SIHp>�HIQCouK]K9>�Q<_JB#:

[X>�K6S�ACBMPp�9>�V]Q<HI_JB�e4=rK6oum6S�K6oum6S�Q<KLHJc�_JBOSJSpouK6SY>�m P�>�ACP�m]A�D]BMAi>5V]_Jouj9>�j]Q<A<Q<HJc�D]B
V�B�_IHJB B�H��¡Ai>�POouU4V9>�_p>�QCSJouK B�KRHI_JB ACBOS+D8QCSJP�Q<V]A<Q<K6BOS�D]B SpB�_INRQCPOB D]B POB�VrouQ<KLH�D]B
NRm6B#: 5 oum6SYD]ouK]K6ouK6S@D]B�m8��B�K6P�>uD8_JB�U�B�KRHJS@V�oum]_WAi>�V]_Jouj9>�j]Q<A<Q<HJc D]BkV�B�_IHJB�=�D6>�K6S
ACBMP�>uS6#%!'&$!�;4�kstou_IHJB@PJ�9>�_I¤-B�>�N-BOP4D]c�Ai>�QCSXlLm6B�ACPOouK6lRm6BOSXB�HXD6>�K6S�ACB@P�>uS & ! # !�;
>ON-BOP D]c�Ai>�QCS�D]c�HJB�_IU4Q<K]QCSIHJBOS%: 5 oum6S+D]ouK]K6ouK6S�B�K6SIm]Q<HJB�m]K6B�K6oum]N-B�A<ACB V]_JB�m]N-B D]B
AbF�ouV]HIQ<Uk>�A<Q<HJc�D]B Ai>�D8QCSJP�Q<V]A<Q<K6B��d[���Vroum]_4Ai>�POouU4V9>�_p>�QCSJouK�SIHJo�PJ�9>uSIHIQClRm6B+SIm]_4Ai>
V�B�_IHJB5D]BOSMP�A<QCB�KRHJS>=�U�ouKLHI_JouK6S@AbF�ouV]HIQ<Uk>�A<Q<HJc D�F��d[�� B�K�HJB�_IU�B¦D]BkV]_Jouj9>�j]Q<A<Q<HJc D]B
V�B�_IHJB�=6B�H^D]ouK]K6ouK6Sqm]K�Uk> AIou_p>�KLH\D8m�¤L>�Q<K¬D�F��d[���Vroum]_qAi>@V]_Jouj9>�j]Q<A<Q<HJcYD]BEV�B�_IHJB#:
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5 oum6SdV]_Joum]N-ouK6S V9>�_�>�Q<A<ACB�m]_JS�lLm6BqAi>XD8QCSJP�Q<V]A<Q<K6B\D]BqSJB�_IN�QCPOBT=�[�� ¯�� �9� �K/"� � �N�9�4� +P!G�
�6+ + /*� ° BOSJHnAi>�¥WU�ouQ<K6SqjrouK]K6BW§¦D8QCSJP�Q<V]A<Q<K6BED]BESpB�_INRQCPOBXSIm]Q<N#>�KLH^POBOSqP�_IQ<HJ��_JBOS�:

[X>�K6S�ACB�PJ�9>�V]Q<HI_JBWw4=RK6oum6SnD]ouK]K6ouK6Sqm]K6BXD]BOSJP�_IQ<V]HIQCouK+K6oum]N-B�A<ACBXD]B\Ai>E?6ACBE>�N-BOP
P�A<QCB�KRHJS�Q<U4V9>�HIQCB�KLHJS�_Jc�¤#QCBMV9>�_\�h[\� B�K�Q<KRHI_JoRD8m]QCS >�KLH�m]K�V]_Jo�POBOSJSIm6S^Uk>�_32-o�N�QCB�K��
N#>�ACB�m]_JSqU�BOSIm]_JBOSTV�ouK6P�HIm6B�A<ACBOSM�.ACBXV]_Jo�POBOSJSIm6STD]BOS 3,+38 ���,/"=6lRm]Q�¤L>�_JD]BEB�K¬U�c�U�ouQ<_JB
ACBOS/D]c�Ai>�QCS�_JcOSIQCD8m6B�ACS}D]B.HJoum6S�ACBOS/P�A<QCB�KLHJS/V]_JcOSJB�KLHJS/D6>�K6S"ACBhSI��SJHJ��U�B�=%oumWD]c AJ��VrB�_JD8m6S�:

5 oum6S�D]ouK]K6ouK6S\m]K6BYA<Q<U4Q<HJBL:6m]QCD]BMB�H^m]K�HI�6cOou_J��U�B@POB�KLHI_p>�A�A<Q<U4Q<HJBMV�oum]_\HJoum6S
ACBOSTV]_JoRPOBOSJSJm6S�#�>�_32-o�N�QCB�K6S��4Nu>�ACB�m]_JS^U�BOSIm]_JBOSqVrouK6P�HIm6B�A<ACBOS\V]_JcOSJB�KLHp>�KRH^Ai>�U?;�U�B
D8��K9>�U4QClLm6B lRm6B¦ACBkV]_Jo�POBOSJSIm6S@D]BOS@V]_Jo�?6ACS ¯ ACBOS
3,+38>( �K/K/�� / � � �.+N�&! /-3 8 +"� ° : 5 oum6SB�K�D]cOD8m]QCSJouK6S\AbFG>�V]V]_JoO�8Q<Uk>�HIQCouK�D]BOS^V]_Jo�POBOSJSIm6STD]BYV�B�_asou_IUk>�K6POBOS�D]BEAi>4?6ACBY�d[��
¯ V]_Jo�POBOSJSIm6S�D]B@POouK]¤-BOSIHIQCouK@=rV]_Jo�POBOSJSIm6S�D]BOS\V�B�_IHJBOS�B�HXD]BOS�SJB�_INRQCPOBOS ° V9>�_XD]BOS\V]_Jo�`POBOSJSJm6SdPOouKLHIQ<KRm6S B�HdD]c�HJB�_IU4Q<K]QCSIHJBOS =LB�HdAbF�BOSIHIQ<Uk>�HIQCouK5D]BOSD:6m6P�HIm9>�HIQCouK6S���POBOSdA<Q<U4Q<HJBOS
V9>�_TD]BOSqV]_JoRPOBOSJSJm6SqD]BXD8QCB�m6SJQCouK�:

�dK¦oum]HI_JB�=RK6oum6S�>uD6>�V]HJouK6S�POBOS _JcOSIm]A<Hp>�HJS��EAi>�?6ACB^D�FG>�HIHJB�KLHJB���� � � >ON-BOP^D]c�Ai>�QCS
D]c�HJB�_IU4Q<K]QCSIHJBOS =1lRm]Q�V�B�m]H�;�HI_JBYD]cOP�_IQ<HJBEV9>�_TACBXU?;�U�BEV]_Jo�POBOSJSIm6S>=1>�Q<K6SIQ"lRm�FG>�m�V]_Jo�`
POBOSJSJm6SqD]BOSqSJB�_IN�QCPOBOSn_JcOSIQCD8m6B�ACS^D]B�Ai>M?6ACB?�IH"�7�&+G3��9+�:

5 oum6S�POouK6P�A<m6ouK6SnB�H�D]ouK]K6ouK6S�ACBOS V�B�_JSIVrBOP�HIQ<N-BOS�D]BTPOBOS�HI_p>ON#>�m8�5B�K¦PJ�9>�V]Q<HI_JBY��:
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5 oum6S/Q<KLHI_Jo�D8m]QCSJouK6S�QCP�Q�ACBOS/D]c�?6K]Q<HIQCouK6S.lRm6BhK6oum6S�>�A<ACouK6S}m]HIQ<A<QCSJB�_�HJoum]H�>�mMACouK]¤�D]B POB
HI_p>ON#>�Q<Ab: 5 oum6SnD]c�?6K]QCSpSJouK6S�HJoum]HqD�FG>�j�ou_JD+B�K V9>�_IHIQCB �8:<;�=]�MV9>�_IHIQ<_qD]B\Ai>@D]c�?6K]Q<HIQCouK
¤-c�K6c�_p>�ACB�D�F m]K6B@?6ACB�D�FG>�HIHJB�KRHJB�=/Ai> ���7� ��� ����� �"!.� � �&%'�)( (*�,+-�"!.�0/ +02�34���5+-�"!.�0/�: 5 oum6S
D]c�?6K]QCSJSJouK6S B�K V9>�_IHIQCB �8: ��Ai>�D8QCSpP�Q<V]A<Q<K6B�D]B�SJB�_IN�QCPOB��d[�� =�lRm]Q6AIoum6B�_p>�m]K _��uACB
POB�KLHI_p>�A�V9>�_�Ai>qSIm]Q<HJB#: 5 oum6S"c�N-o�lLm6ouK6S/B�K8?6KWB�KYV9>�_IHIQCB �8:GfnACBOS/D8QCBrc�_JB�KRHJBOS/N#>�_IQi>�j]ACBOS
B�HXV]_JoRPOBOSJSJm6S �I� 3 �1+��-8 +K2?�&!#(K�K/"=�lRm]Q.V�B�_IU�B�HIHI_JouKRHMD]B�D]cOP�_IQ<_JB�ACB�POouU4V�ou_IHJB�U�B�KRH
D]BOSqD8QCBrc�_JB�KRHJSqU�o�D]��ACBOSTc�HIm6D8QCcOS�:

	�
� ��������������������� �!���"�$#%� &"&'��(�� �!��)*(+-,.�/��(�� �!��)
5 oum6S@_p>�V]VrB�ACouK6S�QCP�QnAi>�D]c�?6K]Q<HIQCouK ¤-c�K6c�_p>�ACB�D8m U�oRD]��ACB�V]_Jouj9>�j]Q<A<QCSIHJB�D]B+Ai>�?6ACB
D�FG>�HIHJB�KLHJB�=uB�KXQ<KLHI_Jo�D8m]QCSp>�KLH}ACBOS�V]_Jo�POBOSJSIm6S�D]B�j9>uSpBd>�m8�8lRm6B�A<ACBOS�K6oum6SrsB�_JouK6S�_Jc�sc�_JB�K8`
POB�HJoum]H^>�m�ACouK]¤�D]BEPOB�HqHI_p>�Nu>�Q<Ab:

0 $&|&3��21<78�O��3R����3
��ouQCB�KLHXD]BOS�P�A<QCB�KLHJSXlRm]Q/B�KLHI_JB�KRHED6>�K6S\m]K�Uk>�¤L>uSIQ<K��5D]BOS\Q<K6SIHp>�KLHJSX>�ACc�>�HJouQ<_JBOS>=�B�K
D]B�Uk>�K6D6>�KLH�m]K¦SpB�_INRQCPOB^D]BTD8m]_JcOB�>�ACc�>�HJouQ<_JB#: ��BOS P�A<QCB�KRHJSq>�HIHJB�K6D]B�KLHnD6>�K6S m]K6Bq?6ACB
D�FG>�HIHJB�KLHJBqlRm6BhAbF m]K�D]BOS.SpB�_IN-B�m]_JS.D8mMUk>�¤L>uSJQ<K�SJouQ<H�A<Q<j]_JB�V�oum]_�Vroum]N-ouQ<_D;�HI_JBnSpB�_INRQCS�:

�^K�SJB�V]Ai>uPOBkSIm]_Em]K¡BOSIV9>uPOB4V]_Jouj9>�j]Q<A<QCSJc (
Ω,F ,P

) : �^K¡>�V]VrB�A<ACB
C1, C2, ...ACBOS�P�A<QCB�KRHJSqD6>�K6S�AbF�ou_JD8_JBXD]B\ACB�m]_JSq>�_I_IQ<N-cOBOS>=]B�HnouK K6ouHJB�V�oum]_�HJoum]H

n
=
Tn

AbF Q<K6SJHp>�KLH
D�FG>�_I_IQ<N-cOBOSTD]B

Cn
=9B�H

σn
=8Ai>�D8m]_JcOBED8m¬SJB�_IN�QCPOBXD]B�Uk>�K6D]cXV9>�_

Cn
:

�^K�SIm]V]V�o#SpB\lRm6B\V�:�S�:�ACBOST>�_I_IQ<N-cOBOSqSpouKLHqSIQ<U4V]ACBOS ¯ m]K�SpB�m]A�P�A<QCB�KLHqB�KLHI_JBW�MAi>WstouQCS ° =Ai>�SJm]Q<HJB D]BOS Q<K6SIHp>�KLHJS�D�FG>�_I_IQ<N-cOBOS (
Tn, n ∈ N

∗
) BOSIH�D]ouK6P�m]K6B SIm]Q<HJB D]B�Nu>�_IQ `

>�j]ACBOS >�ACc�>�HJouQ<_JBOS�V�:�S�:�SIHI_IQCP�HJB�U�B�KLH�P�_JouQCSJSp>�KRHJB#:��^K�K6ouHJB
(Nt, t ≥ 0)

=-ACBTV]_JoRPOBOSJSJm6S
SIHJoRPp�9>uSIHIQClRm6BqlLm]Q6POouU4V]HJB�=8��PJ�9>ulRm6BqQ<K6SJHp>�KLH

t
=-ACB�K6ouUYj]_JB^D]BqP�A<QCB�KLHJS�B�KLHI_JcOS D6>�K6S

ACBXSI��SJHJ��U�B A m6SJlRm�FG�
t
:.©^m]HI_JB�U�B�KLH\D8Q<H>=]Vroum]_nHJoum]H

t
=

Nt :=
∑

n∈N∗

1{Tn≤t}.

;#;
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�^K�K6ouHJB�_p>4V9>�_^>�Q<A<ACB�m]_JS
U1 := T1

B�HqVroum]_nHJoum]H
n ≥ 1

=8Ai>
(n+ 1)

`bQC��U�B?+0!.� �1+N� +"Q
+"+P%&H)�

Un+1 := Tn+1 − Tn.
�^K¦D8Q<H >�ACou_JS lRm6B

(Nt, t ≥ 0)
BOSJHhACB 3,+38>( �"/ /�� /$�I�K/F� +1+"+P%'H �K/"= (

Un, n ∈ N
∗
)
,
BOSJHdAi>

/ � +5� �$�I�"/F+0!.� �1+N� +1+K+0%'H)�K/EB�H (
σn, n ∈ N

∗
) BOSIH�Ai>MSIm]Q<HJB\D]BOSF� �*283#/1�I� / �1+"%>+�( �K/�:��^K

SIm]V]Vro#SJBXV9>�_\>�Q<A<ACB�m]_JSTlRm6BXACBOSqSIm]Q<HJBOSqD]BOSTQ<KLHJB�_p>�_I_IQ<N-cOBOS�B�HTD]BOSnHJB�U4V6S^D]BESJB�_IN�QCPOBOS
SJouKRHnSIHp>�HIQCouK]K9>�Q<_JBOSqB�H�ouK¦K6ouHJBX>�ACou_JS

U
=�m]K6B\N#>�_IQi>�j]ACB�>�ACc�>�HJouQ<_JB ¯ Nr:G>8: ° ¤-c�K6c�_IQClRm6B>��L>�KLHTVroum]_qACouQ�Ai>MACouQ"D]BOSqQ<KLHJB�_p>�_I_IQ<N-cOBOS\B�H

σ
=8m]K6BXN�:G>8:d>��L>�KLH^V�oum]_nACouQ�Ai>MACouQ/D]BOS

HJB�U4V6S^D]BXSJB�_INRQCPOBOS%:��^K�SIm]V]Vro#SJBXD]BXV]A<m6SqlRm6BXPOBOSnNr:G>8:dSJouKLHTQ<KLHJc�¤#_p>�j]ACBOSM�

E [U ] <∞ B�H
E [σ] <∞,

ouK�K6ouHJBYB�K�oum]HI_JB

λ := (E [U ])−1 B�H
µ := (E [σ])−1

B�HTouK�D]c�?6K]Q<HTAi> (16�� +�"I�
ρ
D8m�SI��SJHJ��U�B�V9>�_E�

ρ :=
λ

µ
=

E [σ]

E [U ]
.

="> ����� ��� ����� �"!#� � POou_I_JBOSIVrouK6D6>�KLHJB BOSIH+D]ouK6P�AbF�ouj4AIB�H¦V]_Jouj9>�j]Q<A<QCSJHJB B�KLHIQC��_JB�U�B�KLH
D]c�HJB�_IU4Q<K6c�V9>�_nPOB\V]_JoRPOBOSpSIm6S�D]BOS�B�KRHI_JcOBOS>=8V9>�_nPOB�HIHJB�SIm]Q<HJB�D]BOS HJB�U4V6SnD]B�SJB�_IN�QCPOB�=
B�H@V9>�_MACBOSWV]_JouV]_IQCc�HJcOSkD8m ¥�Uk>�¤L>uSIQ<K�§#: 5 ouU4U�c�U�B�KLH>= POBOS@V]_JouV]_IQCc�HJcOS4SJouKLH@ACB
K6ouUWj]_JBMD]BWSJB�_IN-B�m]_JS>=1Ai>kP�>�V9>uP�Q<HJcMD]BWAi>@?6ACBMD�FG>�HIHJB�KLHJB ¯ oum$# �&%��1+ ° =�P#F�BOSIH\�kD8Q<_JB�=ACBWK6ouUYj]_JB4D]BMP�A<QCB�KLHJSXlRm]Q/VrB�m]N-B�KLH1;�HI_JBMU4QCS�B�K�U?;�U�BMHJB�U4V6S�B�K >�HIHJB�KLHJB�=�B�H�Sp>
�&+P/*( + 3#� +0! � �I�$/ �1+"%>+�( �*=M+�'0�('ACBYP�_IQ<HJ��_JBYSIm]Q<N#>�KLHqACBOlRm6B�A�ACBOS^SJB�_IN-B�m]_JSTPp�6ouQCSIQCSJSJB�KRHTACB
P�A<QCB�KRH�V]_IQCou_IQ<Hp>�Q<_JBX�WSJB�_IN�Q<_ ACou_JSJlRm�F Q<ACS�SJouKLHnD8QCSIVrouK]Q<j]ACBOS�B�H lRm�F Q<A1�5>YD]BOS�P�A<QCB�KLHJSnB�K
>�HIHJB�KRHJB#:h=�BOS^D8QCSJP�Q<V]A<Q<K6BOSTD]BXSJB�_IN�QCPOB�ACBOSqV]A<m6Sqm6SIm6B�A<ACBOSqSJouKRHY�

• �*) �,+ ¯ �6+ + /*�G( �&2O�0/ �6+ +K/"�#/ �-+K%'�)� ° SIQLouK@SJB�_IH"HJoum&AIoum]_JS"ACBhV]A<m6S}>�K6P�QCB�K@P�A<QCB�KLH>�_I_IQ<N-c#:^�.K�V9>�_IHIQCP�m]A<QCB�_>=�SIQ/Q<A/K�F �¬>5lLm�F m]K�SJB�_IN-B�m]_>=�Ai>kD8QCSpP�Q<V]A<Q<K6BY_JB�N�QCB�KLHE�
��- �/. ¯ �6+ +K/"�D+0! / �6+ + /*� 8 �4� ° =�V]m]QCSJlRm�FG>�ACou_JS�m]K¦P�A<QCB�KRHnB�KLHI_JcE>ON#>�KLH�m]K+>�m]HI_JBSJou_IHnsou_JPOc�U�B�KLH\>�Nu>�KRHqA<m]Q"SJoum6ST�/���d� =

• � ) �,+ ¯�� �'/*�$()�&2O�0/ �6+ + /*�F/ �1+"%'�N� ° SIQnouK�SpB�_IHMHJoum&AIoum]_JS4ACB D]B�_IK]QCB�_�P�A<QCB�KLH>�_I_IQ<N-c#:d�.K+V9>�_IHIQCP�m]A<QCB�_>=6SIQ�Q<Ar�5>Wm]K+SJB�_IN-B�m]_>=8Ai>MD8QCSJP�Q<V]A<Q<K6B�_JB�NRQCB�KRHT� � - �0.
¯�� �'/*�6+0! /	�6+ +K/"��8 ��� ° =

• 1*2*3 �4.65 SIQ/ouK SJB�_IH\ACBOS�P�A<QCB�KLHJSE>�m��9>uSp>�_JD�SIm]Q<Nu>�KRH�m]K�HIQ<_p>�¤-BMm]K]Q sou_IU�B
SIm]_qAi>MVrouV]m]Ai>�HIQCouK�D]B�Ai>M?6ACBXD�FG>�HIHJB�KRHJB�=

• 7 + ¯87 + 8>(K�K/ / 8 +9+ 6�� +"+P!" ° SIQ"m]K ¥4SJB�_IN-B�m]_E§+SpB�_IH^SIQ<UWm]A<Hp>�K6c�U�B�KLHXHJoum6S^ACBOSP�A<QCB�KLHJS�V]_JcOSJB�KLHJS�D6>�K6S ACBTSI�8SIHJ��U�B�=��Xm]K6B^NRQ<HJBOSJSpBqD8Q<NRQCSpcOBqV9>�_hACBTK6ouUYj]_JB�D]B
P�A<QCB�KLHJS\SJB�_INRQCSq��PJ�9>ulRm6BXQ<K6SIHp>�KLH>=



;�f

• �6+P���K/ �&%'�)( 3,+"+.8 +K+5� HK/��WACBOSWP�A<QCB�KRHJS@SJouKLHMD]BOSY_JB�V]_JcOSJB�KRHp>�KLHJS4D]B5D8QCBrc�_JB�KRHJBOS
P�Ai>uSJSJBOS C1, C2, ...

B�H�ACB\SpB�_IN-B�m]_>=]SIQ1Q<A�>WACB�PJ�6ouQ � =]SJB�_IH�m]K P�A<QCB�KRHqD]B�Ai>YP�Ai>uSpSJB
Ci
>�Nu>�KRHTm]K�P�A<QCB�KLH\D]B�Ai>4P�Ai>uSJSJB Cj SJQ i < j

:
[�>�K6SdHJoum]HJBOSdACBOSdD8QCSJP�Q<V]A<Q<K6BOS D]BqSJB�_IN�QCPOBOSdB��]POB�V]HJcOBq�/���d�@B�H � � =-m]K�P�A<QCB�KLH lRm]Q6BOSIH
D]c AI�^D6>�K6S�ACB�SI��SJHJ��U�BhVrB�m]H�N-ouQ<_�B�KRHI_JB�_ >�V]_J�OS}A<m]Q8m]K@P�A<QCB�KRHdlLm]Q8A<m]Q]BOSIH�V]_IQCou_IQ<Hp>�Q<_JB#:
�^K�D8Q<_p> >�ACou_JS�lLm�F m]K SJB�_IN-B�m]_XSJB�_IH�D]BWs> 
OouK 3,+)H)�"2�3 �5+0%'�kSIQ/Q<A�VrB�m]H^Q<KRHJB�_I_JouU4V]_JB
ACB\SpB�_INRQCPOB�D�F m]K+P�A<QCB�KLHqVroum]_nPOouU4U�B�K6POB�_T�MB�K�SJB�_INRQ<_�m]K¬>�m]HI_JB�lLm]QrA<m]Q�BOSIH�V]_IQCou_IQ `
Hp>�Q<_JB�= !,8&!<Q�3,+)H)�"2�3 �5+0%'�MSIQ<K6ouK�:

=�BOS4ACouQCS4D]B V]_Jouj9>�j]Q<A<Q<HJcOS5B�H4ACBOS@Nu>�ACB�m]_JS4D]BOS4V9>�_p>�U���HI_JBOS5lLm]QnP�>�_p>uP�HJc�_IQCSJB�KRH
B�KLHIQC��_JB�U�B�KLH^m]K6B\?6ACB�D�FG>�HIHJB�KLHJBESJouKRHn_JcOSIm]U�cOSnV9>�_�Ai> !,8&2O�"! (*�C�9� � +)� �I�����"! �9�&�0� =
K6ouHp>�HIQCouK m]K]Q<N-B�_JSJB�A<ACB�U�B�KLH5_JBOPOouK]KLm6B�D6>�K6S@Ai>�HI�6cOou_IQCB+D]BOSM?6ACBOS4D�FG>�HIHJB�KLHJB¬lLm6B�A `
POouK6lLm6BOSE�

)+3-,.�/$0�%$&�1��(��t���t�
�����
	 E ���� 9���� ��� � ��� 7�� ��� �(5�� ; � = ��� ��� 9C; 9������ ;'5 7�� ��� 9C; E �� D 5 � �(D � E �
A/S/s/s+B −X

A�!#"

• A
; �$� ;$� 7 ��� � � E 9 E A<5 ��� E 9 7 D�5%� �&��� 7:5 � � � ; 9<;';'5%'(� � 7 (

Un, n ∈ N
∗
) )

• S
; �*� ;$� 7 ��� � � E 9�EFAC5 ��� E 9�7 D�5+� � (

σn, n ∈ N
∗
) ��� 7,� � = � 7 ��� 7 � ;-' 5+� � 7

��� = 9 ��� � 7 � 9C;�E � 7.� E 5 ��� �(7 )

• s
; �$� ;$� 7 ��� � � E �/� AC=10 ; �32 ��' ��� �(D � E E � = ��� � 5 �(	4� 565 ��� 7 � ;-' � D�;'7 )

• B
� 7���E 9
� 9C58E E �72 ��' ��� �(D � E E � = ��� � 5 �8	4� 5 � 5 � D90 D;: � ; 2�� A<=10 ; �<���

� E 5 ��� �(7 = 9>=C58= 9CE  D  58E �?� D@�A� A � � ��� 5 ;B5 )

• X
; �$� ;$� 7 ��� � � EF9 � 587�� 5 � E 5 ���<��� 7 � ;-' 5�� �(C

�.K�V9>�_IHIQCP�m]A<QCB�_>=�ACBOShD]B�m8��V]_JB�U4QCB�_JS V9>�_p>�U���HI_JBOS
A
B�H
S
P�>�_p>uP�HJc�_IQCSp>�KLH�ACBOSdACouQCS D]BOS

SIm]Q<HJBOSnD]BOS�Q<KLHJB�_p>�_I_IQ<N-cOBOS\B�H�D]BOS�HJB�U4V6SnD]B�SJB�_IN�QCPOBOS�V]_JB�K]K6B�KLH^BOSJSJB�KLHIQCB�A<ACB�U�B�KRHqACBOS
Nu>�ACB�m]_JSqSJm]Q<Nu>�KRHJBOSY�

• G ¯ "I�*! �1+N�&� ° SIQ�Ai>4SIm]Q<HJBXBOSIHqSJHp>�HIQCouK]K9>�Q<_JBYB�_I¤-o�D8QClLm6B?=

• GI ¯ " �"! �1+N�&��+0!#�I� 3 �"!#�I�*!.� ° SIQ�B�A<ACBXBOSIHqQb: Qb:�D =

• M ¯ 2O�"2 8 +ED'���K/K/ ° SJQ1Ai>WSIm]Q<HJB�BOSIH�Qb: Qb:�D�:.D]B\ACouQ�B��8V�ouK6B�KRHIQCB�A<ACB ¯ SIQ A = M
=�ACB

V]_Jo�POBOSJSIm6SqD]BOSqB�KRHI_JcOBOSTBOSIHqD]ouK6PEm]K�V]_JoRPOBOSpSIm6SqD]B �}ouQCSJSJouK ° =

• D ¯ � �*� �1+"2 +0!<+P/"�5+�( ° SIQ�Ai>4SJm]Q<HJBXBOSIHqD]c�HJB�_IU4Q<K]QCSIHJBYB�H^POouK6SIHp>�KLHJB#:
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�.K+¤-c�K6c�_p>�A-=]SJQ�>�m6P�m]K6BX>�UWj]Q<¤#m��HJcXK�F�BOSIHnVro#SJSIQ<j]ACB�=8ouK K6ouHJB�_p> : !�: !�S>=�m]K6BT?6ACBE>�N-BOP
s
SJB�_IN-B�m]_JS =.D]Bkj]m4B�B�_MD]B P�>�V9>uP�Q<HJc¦Q<K8?6K]QCB�=._Jc�¤#QCB5V9>�_@Ai>¬D8QCSJP�Q<V]A<Q<K6B �/���d��: ��>�_

B��]B�U4V]ACB�=]Ai>Y?6ACB
M/M/1

BOSIH�Ai>W?6ACBXD�FG>�HIHJB�KLHJBEo&R+ACBOSnP�A<QCB�KRHJSTB�KLHI_JB�KRHTSIm]Q<N#>�KLHqm]K
V]_Jo�POBOSJSIm6SnD]B6�}ouQCSJSJouK@=]B�K+D]B�Uk>�K6D6>�KLH^m]K SpB�_INRQCPOB�D]B\ACouQ�B���VrouK6B�KLHIQCB�A<ACB�=9>�N-BOPXm]K
SJB�_IN-B�m]_>=6m]K�j]m4BrB�_qD]BEHp>�Q<A<ACBXQ<K8?6K]QCBEB�HqHI_p>�Q<HJcOBEB�K��}� � �M:
� ������|&3�7 H13L!¬!L|t$03�����25$t~�«}78�%$&3R����2
�}oum]_4U�oRD]c�A<QCSpB�_WACB5HI_p>�K6SasB�_IH@D]B¦D]ouK]K6cOBOS4B�K¡HJB�U4V6Sa`b_JcOB�A-=houK�D]ouQ<H�> Aaoum]HJB�_Mm]K6B
POouKRHI_p>�Q<KLHJB5>�m�SJ��SIHJ��U�B@B�K SIVrcOP�Q ?1>�KLHYlRm6BMACBOS�H��uPJ�6BOSESpouKLHXVrB�_JD8m6BOSESIQ�ACBMHJB�U4V6S
lRm�F�B�A<ACBOS�V9>uSJSJB�KRH�D6>�K6S�ACB�SI�8SIHJ��U�B�BOSIH}V]A<m6S�¤#_p>�K6DMlRm�F m]K4D]c�Ai>�Q6lLm]Q�ACB�m]_.BOSIHd>�A<ACoum6c#:

="B�U�oRD]��ACBXlRm6B\K6oum6SnPOouK6SIQCD]c�_JouK6SqBOSIHnD]ouK6P\m]K6B\?6ACBXD�FG>�HIHJB�KLHJBEo&R ACBOSnP�A<QCB�KRHJS
ouKRH�m]K �IH"�7�&+ ¯ oum�34���5+-�"!#( � ° Vroum]_?;�HI_JB�SJB�_IN�QCS>= >�m D]B�Ai��D8m6lRm6B�AqQ<ACS�SJou_IHJB�KRHkD8m
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=�Ai>@D8m]_JcOBXD8m
n
`bQC��U�BXSJB�_IN�QCPOB�+N�"! � ��34� +

���1/>�1+"%'� �9+"=�+�'0�('dAi>@D8m]_JcOBED8m¬SJB�_IN�QCPOBXlLm]Q�SpB�HJB�_IU4Q<K6BW�
T̃n

=

• V�oum]_MHJoum]H
n ≥ 1

=douK�K6ouHJB5V9>�_
Ťn

=�ACB
n
`bQC��U�B5Q<K6SIHp>�KRH@o&R¡m]K�P�A<QCB�KLH4BOSIH

VrB�_JD8m�:.=�B�3,+38>( �K/K/�� / �I�K/ 3 �1+*� �K/
(Pt, t ≥ 0)

BOSJHn>�ACou_JSqACB^V]_Jo�POBOSJSIm6SnP��uD8Ai��¤
POouU4V]Hp>�KLH^ACBXK6ouUYj]_JBWD]B�V�B�_IHJBOS A m6SJlRm�FG�

t
: �}oum]_THJoum]H

t
�

Pt =
∑

n∈N∗

1Ťn≤t
,

• ACBF3,+38>( �K/K/�� /��I�"/ �IH 34� +"�0/WD8m�SI��SJHJ��U�B
(Dt, t ≥ 0)

BOSIHqACBXV]_Jo�POBOSJSIm6SqPOouU4V8`
Hp>�KLHWACBOSXQ<K6SIHp>�KRHJSYD]B�SJou_IHIQCBOSWD8m�SI�8SIHJ��U�B ¯ SJB�_IN�QCPOBOSYoum�VrB�_IHJBOS ° Aam6SJlRm�FG�

t
:

©^m]HI_JB�U�B�KLH^D8Q<H>=6V�oum]_nHJoum]H
t
�

Dt := St + Pt.

�RQTouK�_JcOou_JD]ouK]K6B�ACBOSkD]c�Ai>�QCS5_JcOSIQCD8m6B�ACSkD]BOS
Qt

P�A<QCB�KRHJS¦V]_JcOSJB�KLHJS¦D6>�K6S�ACB¬j]m4BrB�_
�
t
V9>�_Mou_JD8_JB�P�_JouQCSJSp>�KRH ¯ Vroum]_YACBOSESJB�_IN�Q<_YB�K EDF =}D]ouK6P ° =}ouK�K6ouHJB�POBOSWD]c�Ai>�QCS_JcOSIQCD8m6B�ACS��

R1(t) < R2(t) < .... < RQt(t).�����	��
����� ������� �������������	
���� �	�! ���"#��$&%�'(�)�#
*
*�� ���+#,-���#��
.���	%�+/���	��
.�0�1�2+43�+/�5����+
X

�)�	������+
�6���78+8
*
*��


(Xt, t ≥ 0)



;�� � ����� ������� ��� ��� �����	� ������� �	� �  
������ ����� � ���  ,���������� � � ��� �

R1(t)
BOSIH D]ouK6P^ACB 3#� � / 3 �*�5+5���IH"�7�&+�+NHK/"+5� � �"� 	 �)� +0! /*�-�&!.�

t
:�©vm]KkQ<K6SJHp>�KLH�D]Bn?6K D]B

SJB�_IN�QCPOB
T̃n

=rACB4SJB�_IN-B�m]_ESJB�_IHED]ouK6P4B�K
EDF

ACB4P�A<QCB�KLHED]B4D]c�Ai>�Q._JcOSJQCD8m6B�A
R1(T̃n)

:
�^K¡K6ouHJB�_p>¬c�¤L>�ACB�U�B�KRH4ACB �IH*�C�&+F+0!<+0�5+��&�6� ��(*� +��*!.�63,+K+ 8 +"+0�-��+ +)� 	 �N� +0! /"�-�&!#�

t
V9>�_

D(t)
: �Rm]V]Vro#SJouK6SnlRm6B�Ai>W?6ACBXBOSIH�HI_p>�Q<HJcOBEB�K��d[���:9��ouQ<H

n0
=8ACB\KLm]U�c�_JokD8m+P�A<QCB�KRH

V]_IQCou_IQ<Hp>�Q<_JBE�EAbF Q<K6SIHp>�KLH
t
D6>�K6S�AbF�ou_JD8_JB�D]BOS�>�_I_IQ<N-cOBOS ¯ POB\P�A<QCB�KLHnBOSIH�D]ouK6P Cn0

° :��^K>4>�ACou_JSW�
R1(t) = DRn0

(t)
B�H

D(t) = Dn0
= R1(t) + t− Tn0

.

�^K�K6ouHJB�_p>�c�¤L>�ACB�U�B�KLH
Zt := RQt(t),ACBL3#� � / " + �&! � �IH*�C�&+ +)HK/"+5� �<�"� 	
t
D�F m]K�P�A<QCB�KRHWD6>�K6SXACB@j]m4B�B�_Y�

t
:M© PJ�9>ulRm6BM?6K

D]BMSJB�_IN�QCPOB
T̃n

=�ouK�SJB�_IH�D]ouK6PYB�K
LDF

ACBYP�A<QCB�KRHXD]ouKLH\ACBWD]c�Ai>�Q/_JcOSIQCD8m6B�A��
T̃n

BOSIH
ZT̃n

:�=�B V]_Jo�POBOSJSIm6S (
Zt, t ∈ R

+
) BOSJH@D]ouK6P�ACB?3 + 8>(K�K/ / �I/ � �K/ � H"�C��+ / +)HK/K+�� �<�"� /

2?���&+02?� ���#:
�^K�>5N�m lLm6B�=rHJoum]HE>�m ACouK]¤+D]B4POBMHI_p>ON#>�Q<A-=�HJoum6S�ACBOS�V]_JoRPOBOSpSIm6SXB�H�ACBOSXSIm]Q<HJBOS

D]B�j9>uSJBOS D8m U�o�D]��ACB ¯ B�KLHI_JcOBOS>=^SJB�_INRQCPOBOS =qD]c�Ai>�QCS ° SJB�_JouKLH�>�m U�ouQ<K6S¦POouK6SJQCD]c�_JcOSSIHp>�HIQCouK]K9>�Q<_JBOS%:h��BOP�Q1c�Hp>�KLH>=�_IQCB�K5K6BqD8Q<HhVroum]_hAbF Q<K6SIHp>�KRH lRm6BqACBqSJ��SIHJ��U�BqA<m]Q `bU?;�U�B�=
B�H¦V9>�_a`bAi��U?;�U�B¬ACBOS5Nu>�_IQi>�j]ACBOS+D]B¬V�B�_asou_IUk>�K6POBOS+POouU4U�B�ACBOS5HJB�U4V6S D�FG>�HIHJB�KRHJB
B�HED]B4SJc AIoum]_XB�HXACBOS�V]_JoRPOBOSpSIm6SXD]B@V�B�_asou_IUk>�K6POBOS

X
B�H
Q

=�SJouQCB�KLHWD]BOS�V]_JoRPOBOSJSJm6S
SIHp>�HIQCouK]K9>�Q<_JBOS%:

=/>�� 8�! � �I� /"�-� #"+0� +0� H�D]B¬Ai>�?6ACB¬D�FG>�HIHJB�KRHJB�BOSJHkAbF�B�K6SJB�UWj]ACB�D]BOSkNu>�ACB�m]_JS¦D]BOS
V9>�_p>�U���HI_JBOS@D]B4Ai>¦?6ACB5D�FG>�HIHJB�KLHJB ¯ ACouQCSWD]BOSM>�_I_IQ<N-cOBOS>=}D]BOSYD]B�Uk>�K6D]BOS@D]B�SJB�_IN�QCPOBOSB�H4D]BOS4D]c�Ai>�QCS ° HJB�A<ACBOS4lRm6B¦ACB+SI��SJHJ��U�BkV]m]QCSJSpB >�HIHJB�Q<K6D8_JB�ACB5_Jc�¤#Q<U�B+SJHp>�HIQCouK]K9>�Q<_JB
¯ B�HMD6>�K6SYPOB�P�>uS>=/Q<AdAbFG>�HIHJB�Q<K6D8_p>�stou_JPOc�U�B�KRHWm]K Aaoum]_ ° : �.K�V9>�_IHIQCP�m]A<QCB�_>=�Ai>+ACouQ D8mV]_Jo�POBOSJSIm6S

X
D]B�N�QCB�KLH�SJHp>�HIQCouK]K9>�Q<_JB�=\B�H+m]K P�A<QCB�KRH�lLm]QEB�KRHI_JB D6>�K6S+ACB�SI�8SIHJ��U�B

HI_Joum]N-BYHJoum&Aaoum]_JS^ACBESI�8SIHJ��U�BY�@AbF�c�Hp>�H\SIHp>�HIQCouK]K9>�Q<_JB�=�Sp>�K6SqVrB�_IHIm]_Ij�B�_^POB�H^c�Hp>�H�:�=">
%'�-+ /"+.8&! /"�-�9�5+.8&!.!#�&+ +N��D]B

X
BOSJH�>�ACou_JS�Ai>MACouQ�D]B\V]_Jouj9>�j]Q<A<Q<HJcESIm]_

N
HJB�A<ACBXlLm6B\Vroum]_

HJoum]H
t
�5V9>�_IHIQ<_ED]B@AbFG>�HIHJB�Q<KRHJB�D]B@AbF�c�Hp>�HESIHp>�HIQCouK]K9>�Q<_JB�=

Xt
SpouQ<H�D8QCSJHI_IQ<j]m6c4SIm]Q<Nu>�KRH

POB�HIHJBXACouQb:
�^K�K6ouHJB�_p>4=1�@AbF�c�Hp>�HTSIHp>�HIQCouK]K9>�Q<_JB��

• X∞
=]Ai>MN-B�_JSIQCouK¬SIHp>�HIQCouK]K9>�Q<_JBWD]B

Xt

• Q∞
=8Ai>@N-B�_JSIQCouK�SIHp>�HIQCouK]K9>�Q<_JBED]B

Qt
=

• T a =8Ai>MN-B�_JSIQCouK¬SIHp>�HIQCouK]K9>�Q<_JBWD8m�HJB�U4V6SqD�FG>�HIHJB�KLHJB�=
• T s =8Ai>@N-B�_JSIQCouK�SIHp>�HIQCouK]K9>�Q<_JBWD8m�HJB�U4V6SqD]BESJc AIoum]_�:
• W

=8Ai>@N-B�_JSJQCouK¬SIHp>�HIQCouK]K9>�Q<_JBED8m�HJB�U4V6STD�FG>�HIHJB�KLHJBWV]_JouV�o#SJc#:

�^K >�V]VrB�A<ACB 3 8�+P!.� �I� ( 8&! /*�.+�� ( �5+ 8&! D�F m]K6B�?6ACB�D�FG>�HIHJB�KLHJB SIHp>�j]ACB�=nm]KvVrouQ<KLH+D]B
_JB�K6oum]N-B�A<ACB�U�B�KRHTVroum]_�SJouK V]_Jo�POBOSJSIm6S�D]B�POouK]¤-BOSIHIQCouK@=]P#F�BOSIHq�WD8Q<_JB�=8m]K¦Q<K6SJHp>�KLHqo&R



;�³

m]K�P�A<QCB�KRHkB�KLHI_JB+D6>�K6S@m]K SJ��SIHJ��U�B¦N�QCD]B#: �^K�>�V]VrB�A<ACB¦V9>�_k>�Q<A<ACB�m]_JS # � / D ( D9(*���*=
ACBYHJB�U4V6S�lRm]Q}S�F�cOPOoum]ACB@B�KRHI_JBMD]B�m8��V�ouQ<KRHJS\D]BMPOouK6SIHI_Im6P�HIQCouK�SIm6POPOBOSpSIQ stS%:T¨^K # � / D
( D9(*�7�WSJBXD]cOPOouU4Vro#SJBEB�K

# �I/ED ( D9(*���
=
# � / D13<�1+K+ 8>�

+
+5� �7� 3 �1+"+.8 �

,

o&R¦Ai> # �I/ED 3 �1+"+.8 �+BOSIHnACB\HJB�U4V6SnV9>uSJSJcXB�KRHI_JB�ACB�V�ouQ<KRHqD]BXPOouK6SIHI_Im6P�HIQCouK¬B�HnACB�V]_JB�`
U4QCB�_YQ<K6SIHp>�KRHWD]B�N�QCD6>�¤-BkB�HYAbFC+5�4���13 �1+"+.8 ��BOSIHYACB�HJB�U4V6SWV9>uSJSJc�B�KRHI_JBkPOB�HYQ<K6SJHp>�KLH
D]BWN�QCD6>�¤-B@B�HXACBMV�ouQ<KRHED]BMPOouK6SJHI_Im6P�HIQCouK�SIm]Q<N#>�KLH�: ��>�_ED]c�?6K]Q<HIQCouK�D]BMAi>¦SIHp>�j]Q<A<Q<HJc
D�F m]K6B¦?6ACB+D�FG>�HIHJB�KLHJB�=�m]K6B ?6ACB+D�FG>�HIHJB�KLHJB¬SIHp>�j]ACB¬>�V�:�S�:¡m]K6B Q<K8?6K]Q<HJc�D]B VrouQ<KLHJS
D]B\POouK6SJHI_Im6P�HIQCouK@=6B�HnACBOSnD8m]_JcOBOSqD]BOS�# � / D 3<�1+K+ 8>�'/YSJm6POPOBOSJSIQ<N-BOS�sou_IU�B�KLHnm]K6BXSIm]Q<HJB
Qb: Qb:�D�:7=6D�F�BOSIVrc�_p>�K6POB�?6K]QCB#:

© SIm]V]Vro#SJB�_ lRm6BTACB^SI�8SIHJ��U�B\>�HIHJB�Q<¤#K6B^m]KLAaoum]_�AbF�c�Hp>�H�SJHp>�HIQCouK]K9>�Q<_JB�=]ouK5D]c�?6K]Q<H
m]K�Q<U4V�ou_IHp>�KRH^Q<K6D8QCP�>�HJB�m]_�D]BEVrB�_asou_IUk>�K6POBOSTVroum]_Tm]K6B�?6ACBWD�FG>�HIHJB�KLHJB4�@VrB�_IHJB�=6Ai>
V]_Jouj9>�j]Q<A<Q<HJcYD]B�VrB�_IHJBY�MAbF�c�Hp>�HTSIHp>�HIQCouK]K9>�Q<_JB�=1oum�3,+38 #N� #"+0� +0� H��I� 3 �-+"� ��:

)+3-,.�/$0�%$&�1��(��Cx��t�
� ACD ; � ACD@� ��	 E � �� 9���� ��� � � � ��� ;-� � ) E 9�«/���9{}7]{�$&|t$0��*@�/3@«d3R�%��3 � 7 � � A � � � �
� 9<; "

π := P
[ D � � E 5 ��� � ��� �(; 9 � � � 9 � 7 E � 7 >�7���� = �

� E  ��� 9�� 7 � 9��(58A � � 9<5 ; �/� 7 � ��� ; � D ]
. ¯ �8: � °

�/oum]_}m]K6B.?6ACB D�FG>�HIHJB�KLHJBn>ON-BOP�P�A<QCB�KLHJS}Q<U4V9>�HIQCB�KLHJS =
π
BOSIH"D]ouK]K6cOB V9>�_/Ai>qV]_Jouj9>�j]Q<A<Q<HJc

�\AbF�c�Hp>�HhSIHp>�HIQCouK]K9>�Q<_JBTlRm�F m]KkP�A<QCB�KRHhD]ouQ<N-BT>�HIHJB�K6D8_JBqV]A<m6ShACouK]¤#HJB�U4V6ShlRm6BnSJouKkD]c�Ai>�Q
V�oum]_J;�HI_JBESpB�_INRQd�

π = lim
n→∞

πn = lim
n→∞

P [Wn > Dn]

= lim
n→∞

P [Wn > D] = P [W > D] . ¯ �8:Gf °
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5 oum6S B���Vro#SJouK6S QCP�Q9ACBOSdV]_IQ<K6P�Q<V9>�m8�5_JcOSIm]A<Hp>�HJS�B���QCSIHp>�KRHJS SJm]_hACBTSJm&AaB�HhD]BOSh?6ACBOS�>ON-BOP
P�A<QCB�KLHJSqQ<U4V9>�HIQCB�KRHJS�: 5 oum6SnV]_JcOSpB�KLHJouK6STB�K�oum]HI_JBXACBOSTD8Q	�kP�m]A<HJcOSTU�c�HI�6oRD]ouACou¤#QClRm6BOS
SJoum]ACB�N-cOBOSYV9>�_MPOB�U�o�D]��ACB�=/POouU4U�B5m]K6B�Q<KRHI_JoRD8m6P�HIQCouK � K6o#SMPOouKLHI_IQ<j]m]HIQCouK6S =.lLm]Q
SIm]Q<NR_JouKRHTPOBXPJ�9>�V]Q<HI_JB#:

=">WA<Q<HIHJc�_p>�HIm]_JB�=9>�jrouK6D6>�KLHJBEB�K+POB�lLm]Q�POouK6POB�_IK6B�ACB�D]ouUk>�Q<K6B�¤-c�K6c�_p>�A�D]BOS�?6ACBOS
D�FG>�HIHJB�KLHJB�=}BOSIHEB�K _Jc�>�A<Q<HJck>uSJSJB-44_JcOD8m]Q<HJBkD]�OSXACou_JSElRm6B@AbF�ouK�V�o#SpB4D]BOSXA<Q<U4Q<HJBOSESIm]_
ACBkHJB�U4V6S4D�FG>�HIHJB�KRHJB+D]BOSMP�A<QCB�KRHJS�: �^K�D8QCSIHIQ<K]¤#m6B�_p>�QCP�Q HI_JouQCS@H �RVrBOS@D�FG>�V]V]_JoRPp�6BOS>=
>�m8�8lRm6B�A<ACBOS�POou_I_JBOSIV�ouK6D8_JouKRHEACBOS\HI_JouQCS�V9>�_IHIQCBOSXD]B@POBWPp�9>�V]Q<HI_JB�D�F�c�Hp>�HXD]BWAbFG>�_IHXD8m
V]_Jouj]AC��U�B#:

=">�V]_JB�U4QC��_JB�POouK6SIQCSIHJB ��>uD6>�V]HJB�_¦Ai>�HI�6cOou_IQCB�P�Ai>uSJSIQClRm6B�D]BOS5?6ACBOS¦D�FG>�HIHJB�KRHJB
�/���d� >�m P�>uS5o&R ACBOSkP�A<QCB�KRHJS5SJouKRH�Q<U4V9>�HIQCB�KLHJS%: �^K�PJ�6B�_JPp�6B�D6>�K6S5POB�P�>uD8_JB��
Sp>ON-ouQ<_���lLm6B�A<ACBOS4POouK6D8Q<HIQCouK6S@ACBOSMV]_Jo�POBOSJSIm6S@lLm]Q�SJouKRHMACBOSMU�c�HI_IQClRm6BOS@�9>�j]Q<HIm6B�A<ACBOS
D�F�c�HIm6D]BXD8m�SI��SJHJ��U�B ¯ POouK]¤-BOSIHIQCouK@=9PJ�9>�_I¤-BED]B�HI_p>�Nu>�Q<Ab:<:<: ° _JBOSJHJB�KLHqB�_I¤-o�D8QClLm6BOSqB�Hq�B�K�D]cOD8m]Q<_JB4ACBOSEP�>�_p>uP�HJc�_IQCSIHIQClRm6BOSYD8m�SI�8SIHJ��U�B��¦AbF�c�Hp>�HYSJHp>�HIQCouK]K9>�Q<_JB#:�=">¦HI�6cOou_IQCB
BOSIHM>uSJSpB-4�_Jouj]m6SIHJB��MB�K¡SIm]V]Vro#Sp>�KLH4>�m�U�ouQ<K6SMlRm6B�ACBOSWQ<KLHJB�_p>�_I_IQ<N-cOBOS>=.ACBOSWHJB�U4V6S
D]B5SJB�_IN�QCPOB¦B�HMACBOS@D]c�Ai>�QCSWsou_IU�B�KLH�D]BOS@SIm]Q<HJBOSMQb: Qb:�D�:7=douK�V�B�m]H4>uD6>�V]HJB�_4POB�_IHp>�Q<K6BOS
D]BOSJP�_IQ<V]HIQCouK6SYD]B4Ai> ?6ACB�D�FG>�HIHJB�KLHJB¦P�Ai>uSJSIQClRm6B��/���d��B�HYD]ouK]K6B�_MD]BOSXsou_IUYm]ACBOSWB��R`
V]A<QCP�Q<HJBOSqVroum]_nAi>@SIHp>�j]Q<A<Q<HJc�=6Ai>MV]_Jouj9>�j]Q<A<Q<HJcWD]BXV�B�_IHJBXoum¬ACB�HJB�U4V6STD�FG>�HIHJB�KLHJB#:

=">�D]B�m8��QC��U�B >�V]V]_JoRPp�6BkVro#SJBkACBkV]_Jouj]AC��U�B¦D]BOSE?6ACBOS@D�FG>�HIHJB�KRHJB >�N-BOP5P�A<QCB�KRHJS
Q<U4V9>�HIQCB�KLHJSkB�K�HJB�_IU�B+D�F�ou_JD]ouK]K9>�K6POB�U�B�KRH��¦lLm6B�A<ACB+D8QCSpP�Q<V]A<Q<K6B+D]B¦SpB�_INRQCPOB+D]ouQ<Ha`
ouK�>�V]V]A<QClLm6B�_YV�oum]_EVrB�_JD8_JB4ACB4U�ouQ<K6SWD]B�P�A<QCB�KLHJSWVro#SJSIQ<j]ACB � ©^V]V9>�_p>�
CHEQCP�QdAbF QCD]cOB
lLm�F m]K6B\>�m]HI_JBTD8QCSJP�Q<V]A<Q<K6B^D]BTSJB�_IN�QCPOBqlRm6BT�/���d� =LlRm]Q6V]_JB�K]K6B\B�KkPOouU4V]HJB^ACBOShD]c�Ai>�QCS
D]BOSqP�A<QCB�KLHJS>=6V�B�m]HqHI_p>�Q<HJB�_TAi>@D]B�Uk>�K6D]BYD]BXUk>�K]QC��_JBXV]A<m6SqV�B�_asou_IUk>�KLHJB#:

� A]c�U�B�_I¤-BnD]BOS�HI_p>�Nu>�m8�@_Jc�>�A<QCSJcOS.SIm]_�ACB�SIm&AIB�H�lRm6B�Ai>\D8QCSJP�Q<V]A<Q<K6BnD]BnSJB�_IN�QCPOB��h[\�
BOSIHYouV]HIQ<Uk>�ACB5��V]A<m6SIQCB�m]_JSEHIQ<HI_JBOS%:+��BOP�Q�c�Hp>�KLH>=�POBOSE_JcOSJm]A<Hp>�HJSWSJouKRHYVroum]_EAbF �6B�m]_JB�=

�8;
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SJouQ<HkV�o#SJcOSkB�K�HJB�_IU�BOS�HJouHp>�ACB�U�B�KRH¦D]c�HJB�_IU4Q<K]QCSJHJBOS ¯ ouK POouK]K9>�
CHkACB�SJPOc�K9>�_IQCo�D]BOS_JBOlRm<;�HJBOS>=}ouK�ou_JD]ouK]K9>�K6POBkACBkHI_p>�Q<HJB�U�B�KLH@D]BOSEH��uPp�6BOSYVroum]_YD]ouK]K6B�_YAi>+U�B�Q<A<ACB�m]_JB
_Jc�VrouK6SJB ° =�SJouQ<HTV]m]_JB�U�B�KRHEB���Vrc�_IQ<U�B�KLHp>�m8����Q<A�>�V]V9>�_p>�
CH�lRm6BEACBOS�>�_I¤#m]U�B�KLHJS�N#>�A `>�j]ACBOS@Vroum]_@AbF�c�HIm6D]B V]_Jouj9>�j]Q<A<QCSIHJB+D�F m]K6B5?6ACB >�N-BOP+P�A<QCB�KLHJS4Q<U4V9>�HIQCB�KRHJS4¤-c�_JcOB¦V9>�_
�/���d�¦K6BYSJouKLHqV9>uS^>uD6>�V]Hp>�j]ACBOS^�@m]K�SI�8SIHJ��U�BX�d[���V9>�_TB��]B�U4V]ACB#:

5 oum6S�V]_JcOSpB�KLHJouK6S�D]ouK6P m]K6B�HI_JouQCSIQC��U�B¡>�V]V]_JoRPp�6B�=EPOB�A<ACB�D]B�Ai> 1 �N�&��	M+P2O�

 �<� � �*+P! "�	�6 �38 +ED ¯ £ ���� °4¯ � [�=/�8²8;  ° �EB�A<ACB4V]_JouVro#SJB4m]K V]_Jo�POBOSJSIm6SWSIHJoRPp�9>uSa`HIQClRm6B+ou_IQ<¤#Q<K9>�AqVroum]_�D]cOP�_IQ<_JB+m]K6B¦?6ACB+D�FG>�HIHJB�KLHJB�>ON-BOP�D]c�Ai>�QCS4K6ouK c�A<Q<U4Q<K9>�HJouQ<_JBOS
_Jc�¤#QCBXV9>�_^�d[���:

��B�Pp�9>�V]Q<HI_JBXS�F�ou_I¤L>�K]QCSJB�POouU4U�B�SIm]Q<H\��B�K V9>�_IHIQCBXf8:<;�=�K6oum6S V9>uSpSJouK6S�B�K¦_JB�N�m6B
ACBOS5_JcOSIm]A<Hp>�HJS B���QCSJHp>�KLHJS¦SIm]_kACB�V]_Jouj]AC��U�B�D]B�Ai>�?6ACB��/���d� >ON-BOP�P�A<QCB�KLHJS¦Q<U4V9>z`
HIQCB�KRHJS�: �.K�V9>�_IHIQCB+f8: �4=�K6oum6SWV]_JcOSpB�KLHJouK6S4AbF�c�Hp>�H4D]B5AbFG>�_IH@SJm]_WAi>�lLm6BOSJHIQCouK¡D]B¦Ai>
POouU4V9>�_p>�QCSJouK¡D]BOS�V�B�_asou_IUk>�K6POBOSYB�KRHI_JB4ACBOSED8QCB�c�_JB�KLHJBOSWD8QCSJP�Q<V]A<Q<K6BOSED]B�SJB�_IN�QCPOB4B�H
B�K�V9>�_IHIQCP�m]A<QCB�_\AbF�ouV]HIQ<Uk>�A<Q<HJcMD]BEAbFG>�A<¤-ou_IQ<HI�]U�B@�d[���:9�dK¬V9>�_IHIQCB@f8:Gf4=6K6oum6S^V]_JcOSJB�K8`
HJouK6SWAi>+V]_Jouj]ACc�Uk>�HIQClRm6B D]B�AbF�c�HIm6D]B�V]_Jouj9>�j]Q<A<QCSJHJB¦D�F m]K6B�?6ACBkD�FG>�HIHJB�KRHJB5_Jc�¤#QCBkV9>�_
�d[���B�H@Ai>�POouU4V]ACB���Q<HJc+D]B+POB¦U�o�D]��ACB#: 5 oum6S@N-o%�-ouK6S�B�K SJBOP�HIQCouK�f8:Gf8: ��ACBOS@_Jc�`
SIm]A<Hp>�HJSXB��8Vrc�_IQ<U�B�KLHp>�m8��B���QCSJHp>�KLHESIm]_�ACB@P�>�ACP�m]AdD]BOS�V�B�_asou_IUk>�K6POBOSED�F��d[��vB�HEB�K
SJBOP�HIQCouK f8:Gf8:Gf4=LK6oum6S c�N-oRlRm6ouK6Sdj]_IQC��N-B�U�B�KRH Ai>EU�c�HI�6oRD]B^ou_IQ<¤#Q<K9>�ACBTD]BTAi>X£ �����B�H
D]ouK]K6ouK6S\AbF Q<KLHJc�_);�H�HI�6cOou_IQClRm6BWlRm6BYPOB�HIHJBWU�c�HI�6o�D]BYVrB�m]H^V]_JcOSpB�KLHJB�_�D6>�K6S^ACBWP�>uD8_JB
D]BXK6ouHI_JBEV]_Jouj]AC��U�B#:

� 
 � ���-�.������������ �
	 )��.� ����� )��'� + 	'��� � � � ) ��� (�) � �%�!��)
[�B�V]m]QCS¦ACouK]¤#HJB�U4V6S ¯ �._IAi>�K]¤<= � �d_IAb;%� �� ° =nouKvSp>�Q<H¦c�HIm6D8QCB�_ >�N-BOP�D]BOS5V]_JoRPOBOSpSIm6SUk>�_32-o%NRQCB�K6S SIQ<U4V]ACBOS =EAbF�c�Hp>�H�SIHp>�HIQCouK]K9>�Q<_JB�D�F m]K6B�?6ACB¡D�FG>�HIHJB�KLHJB ¥ P�Ai>uSpSIQClLm6B §
M/M/s/s + B

¤-c�_JcOB�V9>�_@�/���d� o&R
B
BOSIHYAi>�Hp>�Q<A<ACB�=/A<Q<U4Q<HJcOB¦B�HWD]c�HJB�_IU4Q<K]QCSIHJB�=

D8m j]m4B�B�_�:±��BOS�U�o�D]��ACBOS�SJouKRH�ACBOS+U�o�D]��ACBOS¬��VrB�_IHJBOS+ACBOS+V]A<m6S�SJQ<U4V]ACBOS�: �^K
D]cOP�_IQ<HqV9>�_asb>�Q<HJB�U�B�KLH^ACBXPOouU4V�ou_IHJB�U�B�KRH^D8m�V]_Jo�POBOSJSIm6SnD]BXPOouK]¤-BOSJHIQCouK

(Xt, t ≥ 0)B�H�ouK¦B�K+D]cOD8m]Q<H�lLm6B^ACB\SI��SJHJ��U�B\>�HIHJB�Q<KRH�Ai>WSIHp>�HIQCouK]K9>�_IQ<HJcXSp>�K6S�POouK6D8Q<HIQCouK�SIm]_�SJBOS
V9>�_p>�U���HI_JBOS�:��}>�_T>�Q<A<ACB�m]_JS =8Ai>YV]_JouV]_IQCc�HJc �1©X� �"© >ON-BOP�AbF�B�_I¤-o�D8QCP�Q<HJcXD]B

X
VrB�_IU�B�H

D]B¦D]ouK]K6B�_WAi>�V]_Jouj9>�j]Q<A<Q<HJc D]BkVrB�_IHJB5��AbF�c�Hp>�HMSIHp>�HIQCouK]K9>�Q<_JB¦V9>�_WAi>�V]_Jouj9>�j]Q<A<Q<HJc+�
AbF�c�Hp>�HTSJHp>�HIQCouK]K9>�Q<_JBYlRm�F Q<A�� >�Q<H

s+B
P�A<QCB�KRHJS^D6>�K6SqACBXSI��SJHJ��U�B#:

="B�D]c�Ai>�Q ¯ oum 3 ���5+��*!#( �*=�SIm]Q<N#>�KLH5ACBOSk>�m]HJB�m]_JS ° > B�BOP�HJc¬>�m8� P�A<QCB�KLHJS¦>�V]V9>�_p>�
CHPOouU4U�BXm]K6BEA<Q<U4Q<Hp>�HIQCouK ¯ Uk>�QCSqD]BXHp>�Q<A<ACBE>�ACc�>�HJouQ<_JB�� ° D]B�Ai>@P�>�V9>uP�Q<HJcYD8m�SI�8SIHJ��U�B#:G >�_I_JB�_ ¯ � G >�_pe-�� ° >4=�ACB@V]_JB�U4QCB�_>="Spoum]ACB�N-c@ACBWV]_Jouj]AC��U�B�V�oum]_Xm]K6BM?6ACB4D�FG>�HIHJB�KRHJB
M/M/s/s+D−FCFS �"V�B�m]Ha` ouK5>uD6>�V]HJB�_hACB _JcOSJm]A<Hp>�HdV]_JcOPOcOD]B�KLH V�oum]_.HI_Joum]N-B�_Ai>�V]_Jouj9>�j]Q<A<Q<HJc�D]B¬VrB�_IHJB�D�F m]KvP�A<QCB�KLH �¢=">�_Jc�VrouK6SJB�BOSJHkK6ouK@=qV]m]QCSplLm�FG>�ACou_JS¦ACB
V]_Jo�POBOSJSIm6SWD]B5POouK]¤-BOSIHIQCouK

X
K�F�BOSIHYV9>uSYUk>�_32-o�N�QCB�K�: G >�_I_JB�_MPOouK6SJHI_Im]Q<HM>�ACou_JSMm]K

U�o�D]��ACB �I� 698>(MVroum]_TACB�N-B�_XPOB�HIHJBWQ<K6D]c�HJB�_IU4Q<K9>�HIQCouK�:Y��BEsb>�QCSp>�KLH>=�Q<A}B����]Q<jrBYAi>kACouQ
SIHp>�HIQCouK]K9>�Q<_JBWD8m�K6ouUYj]_JBMD]BEP�A<QCB�KRHJS^D6>�K6SnACBYSI��SJHJ��U�BEB�HTD]ouK]K6B

π
Ai>@V]_Jouj9>�j]Q<A<Q<HJc



�#f

D]B�V�B�_IHJB��
π =

1

s!
ρse(λ−sµ)dP [X∞ = 0] , ¯ f8:<; °

o&R
d
BOSJH�Ai>�N#>�ACB�m]_5D]BOSkD]c�Ai>�QCS5Q<K]Q<HIQi>�m8��: &�K6BOD]B�K 2-o�B�H �^o�N#>�ACB�K 2-o ¯ � & �Ew#�  °ouKLHMV�ouQ<KRHJc¦B�HMPOou_I_IQ<¤-c D]BOSMB�_I_JB�m]_JS@D6>�K6SMAi>+V]_JB�m]N-B D]B ¯ f8:<; ° =�HJoum]HMB�K¡N#>�A<QCD6>�KLHAi>+sou_IUYm]ACB#:��#m]_32-B�NRQCP ¯�� �#m]_ ��;  ° >�B�K6SIm]Q<HJB c�Ai>�_I¤#QqPOB¦_JcOSIm]A<Hp>�H4B�H4D]ouK]K6c5Ai>�ACouQD8m5K6ouUWj]_JB\D]B\P�A<QCB�KLHJSq�YAbF�c�Hp>�H�SIHp>�HIQCouK]K9>�Q<_JB\ACou_JSJlLm6B^ACBOS�D]c�Ai>�QCS�SJouKLH�ACBTU4Q<K]Q<UWm]U

D�F m]K6B\POouK6SJHp>�KLHJBEB�HnD�F m]K6B\ACouQ�B���VrouK6B�KLHIQCB�A<ACB#: �}>�_T>�Q<A<ACB�m]_JS>=]�}Q<K6Pp�¬>WD]ouK]K6c�Ai>WACouQ
D8m HJB�U4V6SYD�FG>�HIHJB�KLHJB5D6>�K6SEm]K6BM?6ACB

GI/M/1/1 + D − FIFO ¯ � �/Q<K9w#²  ° :�[�BOSPOouK6SIQCD]c�_p>�HIQCouK6SXD8m¬U?;�U�BMH ��VrBYouKLH�U�B�K6c@>�m�P�>�ACP�m]A�D]BWAi>�V]_Jouj9>�j]Q<A<Q<HJc@D]BWV�B�_IHJB
D�F m]K6BY?6ACB

M/G/1/1 +D − FIFO ¯ �To 2�B�H ��Q A U�S>= � [ � �q�#e#>  ° B�HXD�F m]K6BM?6ACB
M/G/1/1 + D − FIFO

>ON-BOP5D]c�Ai>�QCS Aam6SJlLm�FG�+Ai>¦?6K�D8m�SpB�_INRQCPOB ¯ � [�� �q�#e�j  ° :� Q<HJouK6STB�K6POou_JB � ��ou�9w#�  = � &\�6o-w#f /B�H � �/> 26� � "Vroum]_TD�FG>�m]HI_JBOSq_JcOSIm]A<Hp>�HJS^SIm]_qD]BOSU�oRD]��ACBOSqD]BYPOB�H ��V�B#:
�/oum]_\Q<K]Q<HIQCB�_\Ai>4¤-c�K6c�_p>�A<QCSp>�HIQCouK�D]BYPOBOS^_JcOSIm]A<Hp>�HJS��4m]K6BX?6ACB

G/G/1/1 +G −
FIFO

= � =�=/�uf .D]ouK]K6BWm]K6BWjrou_IK6BMSIm]V�c�_IQCB�m]_JBM�6B�m]_IQCSIHIQClRm6BWV�oum]_\Ai>5V]_Jouj9>�j]Q<A<Q<HJcD]B�V�B�_IHJB��
π ≤ P[σ > U ]. ¯ f8: � °

�/oum]_^m]K6B�?6ACBED�FG>�HIHJB�KRHJBWP�Ai>uSJSJQClLm6B
G/G/1

_Jc�¤#QCBXV9>�_T��� ��� =@=]ACBED]BOSJP�_IQ<V]HJB�m]_
D�F�c�Hp>�H@BOSJHMAi>�SIm]Q<HJB¦D]BOS@HJB�U4V6S4D�FG>�HIHJB�KLHJB�V]_JouV�o#SJcOS4>�m8��P�A<QCB�KLHJS ¯ oum���8 +�� � 8>�9� °
(Wn, n ∈ N)

:.=dF�cOlRm9>�HIQCouK�D]BX=�Q<K6D8ACB���D]ouK]K6BEV�oum]_nHJoum]H
n
�

Wn+1 = [Wn − Un+1 + σn]
+. ¯ f8:Gf °

=dF�c�HIm6D]B D]BkAi>¬SIHp>�j]Q<A<Q<HJc D]BkAi>+?6ACB
G/G/1

D8m6B �¬=�o%�RK6BOS ¯�� =�o��]w �  ° m]HIQ<A<QCSJB¦POBV]_JoRPOBOSJSJm6S�_JB�Uk>�_JlLm9>�j]ACB#: =�o���K6BOSqV]_Joum]N-BWlLm�FG�MAi>4POouK6D8Q<HIQCouK

E [U ] > E [σ] , ¯ f8: � °
ACBTSI�8SIHJ��U�B^>�HIHJB�Q<KRH�m]K5_Jc�¤#Q<U�B\SIHp>�HIQCouK]K9>�Q<_JB�=]B�H D]cOP�_IQ<H�ACB^_Jc�¤#Q<U�B^SIHp>�HIQCouK]K9>�Q<_JB�D8m
SI��SJHJ��U�BE>ON-BOP

W
=8Ai>MACouQ"SIHp>�HIQCouK]K9>�Q<_JBWD8m���8 +�� � 8>�I�#:

£TB�N-B�K6ouK6S >�m�HJB�U4V6Sa`b_JcOB�Ab: G >uPOPOB�A<A<Q�B�H	�\c�j]m]HJB�_IK6B ¯ � G �\�8;  ° B�H G >uPOPOB�A<A<Q-=G o%�-B�_}B�H
�\c�j]m]HJB�_IK6B ¯�� G�G ��� �  ° U�ouKLHI_JB�KRHdlLm6B ACB���8 +�� � 8>�9�MD�F m]K6Bh?6ACB D�FG>�HIHJB�KRHJB
GI/GI/1/1+GI −FIFO BOSIHhm]K6B\PJ�9>�
CK6B�D]B�#�>�_32-o%N5�EV9>�_IHIQ<_�D�F m]K6B\ouj6SJB�_INu>z`
HIQCouK�SIQ<U4V]ACB¦�hACB���8 +�� � 8 �9��BOSIHTACBYU?;�U�BYlRm6BYPOB�A<m]Q�D�F m]K�SI�8SIHJ��U�BEo&R�ACBOS^P�A<QCB�KRHJS>=
lLm]Q.POouK]K9>�QCSJSJB�KRHW�5ACB�m]_Y>�_I_IQ<N-cOB@Ai>¦Nu>�ACB�m]_XD8m��8 +�� � 8>�9� ¯ ���6� +N� ( � /"��8&2O�1+K/ ° =�K6B_JB�KLHI_JB�KLHXB"B�BOP�HIQ<N-B�U�B�KLHXD6>�K6S\ACBYSI�8SIHJ��U�BWlLm6BWSIQ"ACB���8 +�� � 8>�I��BOSJHTV]A<m6S^V�B�HIQ<H\lLm6B
ACB�m]_�D]c�Ai>�Q ¯ >�m6lRm6B�A.P�>uS^Q<ACS�SJB�_JouKRH�stou_JPOc�U�B�KRHESJB�_IN�QCS ° :�¨TK6BW?6ACB4>ON-BOP ���6� +)�?( �I/"Q
��8&2O�1+ /�K�F�B�K6D8m]_JBkD]ouK6P4V9>uSED]B4VrB�_IHJB�D]B4P�A<QCB�KLHJSY_JB�KLHI_JcOSMD6>�K6SXACB�SI�8SIHJ��U�B+��m]K
P�A<QCB�KLHXVrB�m]H\Sp>�N-ouQ<_ED]�OS\ACBMD]c�j]m]HES%F Q<A/Vroum]_I_p> >�HIHJB�Q<K6D8_JB@ACBMSpB�_INRQCPOB@oum�K6ouK�>ON#>�KLH
AbF�B���V]Q<_p>�HIQCouK D]BkSpouK¡D]c�Ai>�Q-=.B�HMK6B�_JB�KRHI_JB5V9>uS@SIQ 
�>�K�F�BOSJHYV9>uSMACB5P�>uS%:¬=�B���8 +�� Q
� 8>�I��D]BWAi>k?6ACB�>�N-BOP ���6� +)�O( � /"��8�2?�-+ / ¯ B�HED]ouK6P�=�POB�A<m]QdD]BMAi>5?6ACB4>ON-BOP ��!#���6� +)�



� � ��� ����� � � ����� ��� ��� �8� ����	� �,��� ����� ��� � ��� � �(� � �����

( � /"��8�2?�-+ / ° N-c�_IQ ?9B\>�ACou_JS�m]K6B\cOlLm9>�HIQCouK¦Uk>�_32-o�N�QCB�K]K6BXD8mkU?;�U�B\H �RVrBTlRm6B ¯ f8:Gf ° �
{
Wn+1 = [Wn + σn − Un+1]

+ SIQ
Dn > Wn

Wn+1 = [Wn − Un+1]
+ SIQ<K6ouK

.� A�BOSJH�>�ACou_JS.>�QCSJc�D]B D]ouK]K6B�_�Ai>^POouK6D8Q<HIQCouK4V�oum]_}AbFG>�HIHJB�Q<KLHJBnD8mM_Jc�¤#Q<U�B�SIHp>�HIQCouK]K9>�Q<_JBX�

� +"3R�9� �R~�3�x��t���t���B� ? � 1 1���� �	��

� E 97� A � � 5%�(5�A �

P[σ < U ] > 0
) E 97��� 9� ��������� 9C;�� A�' (

Wn, n ∈ N
) � 7��

� ; �CA � 5  D � 7.5 � � 7 � D�E � = ��� �$7 5 "

1 − ρ
(
1 − lim

x→∞
(1 −P [D > x])

)
> 0.

� � � E D�7 ) E � 7 � � ;'58A ��� 7 �� 9����(5%' 5%��� 7 A � � �  � 7 � � ; 9 � � � 	4� 5 �(C

�.K V9>�_IHIQCP�m]A<QCB�_>=/POBMHI�6cOou_J��U�B@Q<U4V]A<QClLm6B4lRm�FG�5Ai>5POouK6D8Q<HIQCouK
P[σ < U ] > 0

=�SIQ�Ai>
ACouQ�D]BOS D]c�Ai>�QCS K6BqPJ�9>�_I¤-B^V9>uS

+∞ =-Ai>X?6ACBTBOSIHhSJHp>�j]ACBTD6>�K6S ACBTSJB�K6S o&RkACBOSdVrc�_IQCo�D]BOS
D�FG>uP�HIQ<N�Q<HJc�SJouKLH V�:�S�: ?6K]QCBOS�:�£TB�Uk>�_JlRm6ouK6S+D�FG>�Q<A<ACB�m]_JS+lRm6B�POB�HIHJB�POouK6D8Q<HIQCouK D]B
SIHp>�j]Q<A<Q<HJcTBOSIH.V]A<m6S�sb>�Q<j]ACBqlLm6B�Ai>�POouK6D8Q<HIQCouK¦D]Bn=�o���K6BOS ¯ f8: � ° =RPOBT��lRm6ouQ6ouK�V�oum]N#>�Q<HS�FG>�HIHJB�K6D8_JB�=9V]m]QCSJlRm6B�AbF�ouK�V�B�_JD+D]BOS^P�A<QCB�KLHJS�:

=hF�c�HIm6D]B\D8m¦POouU4V�ou_IHJB�U�B�KRHnSIHp>�HIQCouK]K9>�Q<_JB�D]BqAi>�?6ACB\D]ouK]K6B^>�m6SpSIQ9m]K6B^_JB�Ai>�HIQCouK
SIQ<U4V]ACB\B�KLHI_JB\Ai>YV]_Jouj9>�j]Q<A<Q<HJcXD]BTVrB�_IHJBTD]B^Ai>E?6ACB^B�H�Ai>EV]_Jouj9>�j]Q<A<Q<HJcXlRm6BqACB\SI�8SIHJ��U�B
SJouQ<HnN�QCD]BY�MAbF�c�Hp>�HTSJHp>�HIQCouK]K9>�Q<_JB#: � G�G �\� � �U�ouKRHI_JBYlRm6B4�

π = 1 − 1

ρ
+

P [X∞ = 0]

ρ
. ¯ f8:Ge °

��ouK6SJQCD]c�_JouK6S Uk>�Q<KRHJB�K9>�KLH�ACBTP�>uS
M/M/s/s+G−FCFS : � GG ��� � �D]ouK]K6BAi>qACouQLD8mYHJB�U4V6S}D�FG>�HIHJB�KLHJB�D]BdAi>�?6ACB
M/M/s/s+GI−FCFS ¤#_��uPOB �qAbFG>�_I¤#m]U�B�KLHV]_JcOPOcOD]B�KRH�:d£TcOPOB�U4U�B�KRH>=]D]BOSdU�c�HI�6o�D]BOShUk>�_32-o%NRQCB�K]K6BOS�K6oum]N-B�A<ACBOS�ouKLH�V�B�_IU4QCS�D]B

D]ouK]K6B�_�D]BOSdsou_IUYm]ACBOS�B��6>uP�HJBOShVroum]_ D]BOS U�c�HI_IQClRm6BOS�D]BTV�B�_asou_IUk>�K6POB\D8m5SI�8SIHJ��U�B�=
HJB�A<ACBOSdlRm6B�Ai>\V]_Jouj9>�j]Q<A<Q<HJcqD]BnVrB�_IHJBnoum4ACB�K6ouUYj]_JBTD]BnP�A<QCB�KLHJS �\AbF�c�Hp>�HdSJHp>�HIQCouK]K9>�Q<_JB#:
G _p>�K6D8H�B�H G _p>�K6D8H ¯ � G�G ³#³� ° B�H�#�o%Nu>�¤#�9>�_ ¯ � #�o�N]³#�� ° D]ouK]K6B�KLH�Ai>nACouQ8D8mYK6ouUWj]_JBD]B4P�A<QCB�KRHJSW�¦AbF�c�Hp>�HYSIHp>�HIQCouK]K9>�Q<_JB

X∞
D6>�K6SXm]K6BM?6ACB

M/M/s/s + GI − FCFS
¯ B�H�U?;�U�B�=�o&R�ACBOS�V9>�_p>�U���HI_JBOSXD]BOS�ACouQCS�B���VrouK6B�KLHIQCB�A<ACBOSED]BOS�Q<KRHJB�_p>�_I_IQ<N-cOBOSEB�HXD]BOS
SJB�_IN�QCPOBOS@D]c�V�B�K6D]B�KRHkD8m�K6ouUYj]_JB+D]B P�A<QCB�KLHJS4D6>�K6S@ACB SI�8SIHJ��U�B�= /*�-��� � �I� 3 �"!#�9��!.�
+02�3�����= � #�o�N]³#�� ° : � ACSkm]HIQ<A<QCSJB�KRH+m]K >�_I¤#m]U�B�KLH�D]B ¥�POouK6SpB�_INu>�HIQCouK D]B :6m8� §
¯ B�KRHI_JcOBOS.B�KWSJou_IHIQCBOS ° D��@� ��ACB�Q<K]_JoRP 2 ¯�� ��ACB%�uw  ° �"�qAbF�c�Hp>�H}SJHp>�HIQCouK]K9>�Q<_JB�=#ACBdK6ouUWj]_JBD]BWP�A<QCB�KLHJS�D6>�K6STACBWSI�8SIHJ��U�BY>4Ai>�U?;�U�BYACouQ}SIm]Q<N#>�KLH^lRm�F Q<A/BOSJHTN�m¬D�F m]K�P�A<QCB�KRH\lRm]Q
SJou_IH\D8m�SI�8SIHJ��U�B ¯ c�A<Q<U4Q<K6cMoum�SpB�_INRQ ° oum�D�F m]K�P�A<QCB�KRH\lRm]Q/B�KRHI_JBYD6>�K6S^ACBYSI�8SIHJ��U�B#:=�BOS�P�>�ACP�m]ACS\SJouKLHX>�ACou_JS^V�B�_IU4QCS\V9>�_^D]BOS^V]_JouV]_IQCc�HJcOSXSIVrcOP�Q ?9lLm6BOS^D8m�V]_Jo�POBOSJSIm6S\D]B
�}ouQCSJSJouK ¯ �1©X� �"©M:<:<: ° :d� ACSdD]ouK]K6B�KLH�B�K�V9>�_IHIQCP�m]A<QCB�_ Vroum]_dAi>\?6ACB M/M/1/1+GI−
FIFO

ACBXHJB�_IU�B
P [X∞ = 0]

V9>�_Y�

P [X∞ = 0] = 1 + λ

∫ ∞

0
eλ

R y
0

P[D>x] dx−µy dy, ¯ f8:Gw °



�#e

POB¬lRm]Q�>�N-BOP ¯ f8:Ge ° D]ouK]K6B�B���V]A<QCP�Q<HJB�U�B�KRH¦Ai>�V]_Jouj9>�j]Q<A<Q<HJc�D]B¬VrB�_IHJB�V�oum]_5Ai> ?6ACB
M/M/1/1+G−FIFO ¯ K6ouHJouK6S/lLm6B�ACBd_JcOSIm]A<Hp>�H"BOSIH�¤-c�K6c�_p>�A<QCSJc ��Ai>�?6ACB M/M/s/s+
GI − FCFS

V�oum]_
s ≥ 1 ° :[X>�K6S�ACBnP�>uSdD�F m]K6B�?6ACB

M/M/s/s+D−FCFS o&R4ACBOS.D]c�Ai>�QCS.Q<K]Q<HIQi>�m8�@D]c�HJB�_a`U4Q<K]QCSIHJBOS^SpouKLHTHJoum6S\c�¤L>�m8���
d
= � � ����²8; }V]_JouV�o#SJBYm]K6BW>�V]V]_Jo�PJ�6B@SJB�K6SIQ<j]ACB�U�B�KRHD8QCBrc�_JB�KRHJB�B�HXK6ouHp>�U4U�B�KLHWACB4P�>�ACP�m]AdB���V]A<QCP�Q<HJB�D]B@VrB�_asou_IUk>�K6POBOS ¯ V]_Jouj9>�j]Q<A<Q<HJckD]BV�B�_IHJB�=nHJB�U4V6S+D�FG>�HIHJB�KRHJB#:<:<: ° V9>�_¦AbF�c�HIm6D]B�D]B�Ai>�ACouQ\SJHp>�HIQCouK]K9>�Q<_JB�D8mvV]_Jo�POBOSJSIm6S

Uk>�_32-o�N�QCB�K�D�F��&!#( +��"!.! �*� H
(Kt, t ≥ 0)

=6�@Nu>�ACB�m]_JSTD6>�K6SqAbF�BOSIV9>uPOB
(
{0} × {0, 1, ..., s}

)⋃({1} × [0, d]
) �

{
Kt := (0, c)

SIQ�Q<A��+>
c
P�A<QCB�KLHJSTD6>�K6SqACBESI�8SIHJ��U�B�=

c ≤ s,
Kt := (1, Yt)

S%F Q<A�� >4>�m�U�ouQ<K6S
s+ 1

P�A<QCB�KRHJSTD6>�K6SnACBYSI��SJHJ��U�B�=
o&R

Yt
BOSJH�ACB\HJB�U4V6S�V9>uSJSpc^D6>�K6S�ACB�SI�8SIHJ��U�B��

t
V9>�_�ACB�P�A<QCB�KLHnV]_IQCou_IQ<Hp>�Q<_JBE�MPOB�H�Q<K8`

SIHp>�KLH ¯ ACB�V]A<m6S�>�K6P�QCB�K ° :��^KMV�B�m]H.>�ACou_JS.P�>�ACP�m]ACB�_�Ai>qACouQ8SIHp>�HIQCouK]K9>�Q<_JBnD]B (Kt, t ≥ 0)B�HhD]ouK6PnAi>XD]B�K6SIQ<HJc
f
D]BqAi>�N-B�_JSIQCouK5SJHp>�HIQCouK]K9>�Q<_JBTD]B

Y
:��.K�N-B�_IHIm5D]BqAi>�V]_JouV]_IQCc�HJc

�1©X� �"© =]Ai>@V]_Jouj9>�j]Q<A<Q<HJcWD]B�V�B�_IHJBEBOSJHT>�ACou_JSTD]ouK]K6cOBXV9>�_Y�

π =
f(d)

λ
¯ f8: � °

o&R
λ
BOSIHMAbF Q<KLHJB�K6SJQ<HJc¦D8m¡V]_Jo�POBOSJSIm6S@D]BOS@B�KLHI_JcOBOS>=dB�H@ouK¡_JB�HI_Joum]N-B5ACB5_JcOSIm]A<Hp>�H4D]B

G >�_I_JB�_>= ¯ f8:<; ° : £TB�Uk>�_JlRm6ouK6S¦lLm6B¬ACB¬_JcOSIm]A<Hp>�H¦V]_JcOPOcOD]B�KLH+BOSIH5¤-c�K6c�_p>�A<QCSJc���D]BOS
D]c�Ai>�QCSqPOoum]_p>�KLH6A m6SJlRm�FG�MAi>M?6K�D8m¬SpB�_INRQCPOB�=]o&R�ACB�U�o�D]��ACBEBOSIHT>uD6>�V]Hp>�j]ACB#:

� 
 	 � �!+-,.� � �%(�) �%� �.� )��.(�) &'( ,���(��.� ) �.� )�����# (�&'�
gdo��-ouK6SMUk>�Q<KLHJB�K9>�KRHkD6>�K6SMACBOSW¤#_p>�K6D]BOSMA<Q<¤#K6BOS@o&R�B�K¡BOSIHMACB¦SIV�BOP�HI_JB¦D]B5Ai>¬POouK8`
K9>�QCSJSp>�K6POBXPOouK6POB�_IK9>�KLH^Ai>4lRm6BOSIHIQCouK�SIm]Q<N#>�KLHJB��.c�Hp>�KRHn?]�8c�m]K�SpPOc�K9>�_IQCo�D�FG>�_I_IQ<N-cOBOS
D]BT_JBOlRm<;�HJBOS>=8> BrBOP�HJcOBOS�D]B�D]c�Ai>�QCS�D�F�B��8cOP�m]HIQCouK+D]ouK]K6cOS>=8POouU4U�B�KLHnou_JD]ouK]K9>�K6POB�_nACB
HI_p>�Q<HJB�U�B�KLH^D]BOSqH��uPJ�6BOS\D]B�Uk>�K]QC��_JBW�@ouj]HJB�K]Q<_TD]BXU�B�Q<A<ACB�m]_JBOSTV�B�_asou_IUk>�K6POBOS��

¨TK�SpPOc�K9>�_IQCoEHJB�U4V6Sa`b_JcOB�A ¯ SJPOc�K9>�_IQCoYD]BnHI_p>z?9P\>ON-BOP^D]c�Ai>�QCS ° BOSIHhD8Q<H �*�&+P/*� #"�7�TV9>�_m]KMou_JD]ouK]K9>�K6POB�m]_dS�F Q<A�VrB�m]H}HI_p>�Q<HJB�_�HJoum]HJBOS}ACBOS}_JBOlLm<;�HJBOS.S >�K6S/B�K@VrB�_JD8_JBhm]K6B�SJB�m]ACB#:
[\B�_IHJoum 4�o#S � [�B�_ � � �V]_Joum]N-BY>�ACou_JSqACB�_JcOSJm]A<Hp>�HTSIm]Q<N#>�KLHY�

� +/3L�9� �R~�3�x@�C(��t���a!�� � )+3L�L'�� ��

�  9CE �CA<;'5%� � = � � � � � 7��@A � �(5 = 9<E ��� � � ;'= � ��� ?B9C587 9?0B58E 5+��� � 9<;'=%5 � ACD 7
E � 7 9CE �CA<;'5%� � = � 7 � ;$� � = � �(5 ?'7 C

=dF�ouV]HIQ<Uk>�A<Q<HJcXD�F��d[���B�K¦HJB�_IU�BOS�D]B^s>�QCSp>�j]Q<A<Q<HJc\SIQ<¤#K]Q ?9B�lRm�F Q<A1K�F�B��8QCSIHJB^V9>uS�D]B\SJPOc�`
K9>�_IQCo+D]B@HI_p>z?9P@HJB�U4V6Sa`b_JcOB�A.sb>�QCSp>�j]ACB@V9>�_Xm]K�>�m]HI_JB�>�A<¤-ou_IQ<HI�]U�B4V]_JcOB�U4V]HIQ sN=�Uk>�QCS
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V9>uSYV9>�_W�d[���:"[@FG>�m]HI_JB�V9>�_IH>=}=�B�jroum6PJ�6B�_ � =�B�j9³#� �U�ouKLHI_JB5lLm�F��d[�� BOSJHYc�¤L>�ACB�`
U�B�KRH\ouV]HIQ<Uk>�A�B�K¬HJB�_IU�BWD]BXsb>�QCSp>�j]Q<A<Q<HJcYSIQ}ouK¬POouK6SIQCD]��_JBWACBOSTD]c�Ai>�QCS6A m6SplLm�FG��Ai>M?6K
D8m¬SpB�_INRQCPOB�=]B�HTD6>�K6STD�FG>�m]HI_JBOSTP�>uSqPOouK]K6B��]BOS�:

�dK�D]BOSEHJB�_IU�BOSWV]_Jouj9>�j]Q<A<QCSIHJBOS>=/ACBOSE_JcOSJm]A<Hp>�HJSWSJouKRHYHI_J�OSY_JcOD8m]Q<HJS�: ��ouU4U�B¦ouK
N#>WACB^N-ouQ<_�HJoum]HT>�m ACouK]¤4D]B�POB�HI_p>ON#>�Q<A-=8Ai>WD8��K9>�U4QClRm6B\D8m�SJ��SIHJ��U�B\SJoum6Sn�d[��¡BOSIH
HI_J�OSMPOouU4V]ACB��8B#:��}>�K � >�_>=��/o � SIACB��¡B�H���ouA s ¯ � ���q�#�  ° U�ouKLHI_JB�KLH4POB�VrB�K6D6>�KLH@ACB_JcOSIm]A<Hp>�H^SIm]Q<Nu>�KRHY�

� +"3R�9� �R~�3�x��i(?�i( �a!*� � y � ��� ��

2 A<5%�

γ
) D ��� � 5 7�� 5 � E 5 ��� ��� 7 � ;-' 5+� �  D � E6� A �  D �(C �4� � A�� 9 � �

P γt
) E �

� A<=10B; �9��� � E 5 ��� �(7 ��� ; � D�7 �
t
7 A<D�7

γ
)
Bγ
n

) E 9 � D�;$� �9��� E 9
n
� 5�� = �

{� "2���«h3L�u$0��� 7 ACD 7
γ
� � T γ E � �/*R{}$0���}3¬2�3R�,H"$&!-3 7 ACD�7

γ
"

 C4� A<D�; � ACD@� � 	 E �
G/M/s/s+GI

) � A<D�; � ACD@�
t
)
PEDFt ≤st P

γ
t

)

� C4� A<D�; � A<D@� � 	 E �
M/G/s/s + GI

)
T γ ≤ T EDF � � � A<D�; � A<D@�

n
)

BEDF
n ≥st B

γ
n,

A�! A ��� A�� � "

X ≥st Y ⇔ P[X ≤ x] ≤ P[Y ≤ x]
) � ACD ; � A<D@�

x ∈ R.

� A"BOSIH\�@K6ouHJB�_^lRm6BEPOBOSq_JcOSJm]A<Hp>�HJS^SJouKRH^ouj]HJB�KRm6STV9>�_\SIHI_IQCP�HJBEPOouU4V9>�_p>�QCSJouK�D]BOS
?6ACBOS�D�FG>�HIHJB�KRHJB�HI_p> AIBOP�HJouQ<_JB V9>�_�HI_p> AIBOP�HJouQ<_JB ¯ +8'P�(' =^V�oum]_�m]K SpPOc�K9>�_IQCo D]B�HI_p>z?9P
D]ouK]K6c ° B�H@POBOS�>�_I¤#m]U�B�KLHJS4K6B5VrB�_IU�B�HIHJB�KLH�V9>uS � 3,+"+ 8 +K+ED]B P�>�ACP�m]ACB�_4oum�U?;�U�B
D�F�BOSIHIQ<U�B�_nAi>WACouQ�D8m V]_JoRPOBOSpSIm6S�D]BOS�V�B�_IHJBOSnSJoum6S��d[�� (

PEDFt , t ≥ 0
) B�H�Ai>WV]_Jouj8`

>�j]Q<A<Q<HJc�D]B�VrB�_IHJB�SJoum6Sk�h[\� =
πEDF

: 5 c�>�K]U�ouQ<K6S>=�Q<ACSkPOouK8?6_IU�B�KRH5ACB+_JcOSJm]A<Hp>�HJS
V]_JcOPOcOD]B�KRHYD]BMs>�QCS >�j]Q<A<Q<HJcMB�K�Hp>�KRHYlLm�F Q<ACS�D]cOSIQ<¤#K6B�KRHW>�m6SJSIQ.�d[�� POouU4U�B@Ai> D8QCSJP�Q `
V]A<Q<K6BEouV]HIQ<Uk>�ACB#:

� 
�� ���-�.���� � � �., �
���.� 	$+��/��(��� ��, �����.���.(��(�) ���
�	�
�	���  ��� ' %�� " ����&�� ��������� ��� � �

��ouU4U�B@ouK�AbFG>4_JB�Uk>�_JlRm6cMD6>�K6S\Ai>kSJBOP�HIQCouK�V]_JcOPOcOD]B�KRHJB4B�H^U4QCS��kV9>�_IH^ACBMD]B�_IK]QCB�_
_JcOSIm]A<Hp>�H>=�ACBOS�POouU4V9>�_p>�QCSpouK6SkD]B VrB�_astou_IUk>�K6POBOS5B�KLHI_JB�ACBOSkD8QCSJP�Q<V]A<Q<K6BOS�D]B�SJB�_IN�QCPOB
ouKRH�SJoum]N-B�KLH+c�HJc�V�o#SpcOBOS+B�K HJB�_IU�BOS�D�F�ou_JD]ouK]K9>�K6POB�U�B�KRH¬V]m]_>=^B�H¦_p>�_JB�U�B�KRH¬B�K
HJB�_IU�BOS V]_Jouj9>�j]Q<A<QCSIHJBOS%:��dA<ACBOS¦D]cOSJQ<¤#K6B�KLH+�d[�� POouU4U�B�Ai>�D8QCSJP�Q<V]A<Q<K6B�ouV]HIQ<Uk>�ACB#:
��B�VrB�K6D6>�KLH>=n>�ACou_JS�lRm6B AbF�c�HIm6D]B�D�F m]K SI�8SIHJ��U�B¦HJB�U4V6Sa`b_JcOB�ATSJoum6Sk�/���d�¡BOSIH4HI_J�OS
_Jouj]m6SIHJB¦POouU4U�B ouK�AbFG>¬N�m�B�K¡V9>�_IHIQCB f8:<;�=�Q<A K�F�B�K�Nu>�V9>uSMD]BkU?;�U�B¦ACou_JSJlLm6B5Ai>
D8QCSJP�Q<V]A<Q<K6BYD]BESJB�_IN�QCPOBXBOSIHq�d[���:

�dK�B"B�B�H>=rD8m�V�ouQ<KRH�D]BWN�m6BWD8m P�A<QCB�KLHXlRm]Q/_JB�KRHI_JB4D6>�K6S\ACBWSI�8SIHJ��U�B�=�Ai>5SIQ<HIm9>z`
HIQCouK�BOSIHnjrB�>�m6POoum]V+V]A<m6SqPOouU4V]ACB��]BXlLm�F�B�K��}���.��:��8>uPJ�9>�KLH\SJouK+D]c�Ai>�Q�Q<K]Q<HIQi>�A"B�HnACB
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��8 +�� � 8>�I��D8m�SJ��SIHJ��U�BE�4AbF Q<K6SIHp>�KLH�D]BESJouK�>�_I_IQ<N-cOB�=9m]K�P�A<QCB�KRHTK6BXVrB�m]HqV9>uSTS >ON-ouQ<_
B�K��d[�� S�F Q<A}SJB�_p>�SpB�_INRQ}oum¬K6ouK�:^�8>kSIQ<HIm9>�HIQCouK�D6>�K6S^Ai>@?6ACBMD�FG>�HIHJB�KLHJBWN#>�c�N-ouA<m6B�_
D]B5Uk>�K]QC��_JB Q<K6SJHp>�j]ACB+B�H4Q<K6POB�_IHp>�Q<K6B�=hV]m]QCSJlRm6B D]BOS4P�A<QCB�KLHJS4VrB�m]N-B�KLH5B�KLHI_JB�_�D6>�K6S
ACBkSI�8SIHJ��U�B5>�V]_J�OSMA<m]Q�B�HYV9>uSJSpB�_WD]B�N#>�KLH@A<m]Q�SJQhACB�m]_WD]c�Ai>�Q�Q<K]Q<HIQi>�A�BOSIHYV]A<m6S@POoum]_IH
lLm6B¦SJouK D]c�Ai>�Q�_JcOSIQCD8m6B�Aq�¬AbF Q<K6SJHp>�KLH4D]B¦ACB�m]_4>�_I_IQ<N-cOB#:��.K6SIm]Q<HJB�=dAi>�SIQ<HIm9>�HIQCouK D8m
U?;�U�BqP�A<QCB�KLH V�B�m]Hdj]_Im]Hp>�ACB�U�B�KRH�S%FG>�U�c�A<QCou_JB�_hS�F Q<A9S�FG>�N-��_JBqlRm6BqPOBOSdP�A<QCB�KLHJS�lRm]Q]AbF�ouKLH
V]_JcOB�U4V]HJcYSJouKRH^c�A<Q<U4Q<K6cOSTD8m�SI�8SIHJ��U�BE�4P�>�m6SJBED�F m]K�D]c�Ai>�Q"HI_JouV¬POoum]_IH�:��.K�>�A<Ai>�KLH
V]A<m6SXACouQ<K@="Q<AdBOSJHEHI_J�OSYP�Ai>�Q<_YB�K��/���d��lLm�F m]K�P�A<QCB�KLHWB�KRHI_p>�KLHMD6>�K6SEm]K�SI�8SIHJ��U�B��
AbF�c�Hp>�HWSIHp>�HIQCouK]K9>�Q<_JB+>�D�FG>�m]Hp>�KRH@U�ouQ<K6SWD]B5PJ�9>�K6POBOS4D�F ;�HI_JB�VrB�_JD8m�lLm6B5SJouK�D]c�Ai>�Q
Q<K]Q<HIQi>�A"BOSIHnACouK]¤6:���>�_^POouKRHI_JB�=9SJoum6Sq�h[\� =]Q<A�SpB�UYj]ACBO�$3,+"+.8 +K+ j�B�>�m6POoum]V�V]A<m6STD8Q s0`
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�MAbF Q<K6SIHp>�KLH

t
V9>�_>=8Vroum]_qHJoum]H

t
B�HnV�oum]_qHJoum]Hnjrou_Jc�A<QCB�K

B
�

Qt(B) :=
{ K6ouUYj]_JBYD]BXP�A<QCB�KRHJSTD6>�K6STACB\?6ACBY�

t

>O�L>�KLH��
t
m]K¬D]c�Ai>�Q"_JcOSIQCD8m6B�A"D6>�K6S

B

}
.

�^K+K6ouHJBXV9>�_^>�Q<A<ACB�m]_JS

Wt(B) :=
{ HI_p>ON#>�Q<A}>uSJSJo�P�QCcX>�m8��P�A<QCB�KLHJSTD6>�K6SqACB�?6ACBE�

t

>O�L>�KLH��
t
m]K¬D]c�Ai>�Q"_JcOSIQCD8m6B�A"D6>�K6S

B

}
,

ACB�V]_JoRPOBOSJSJm6SqD8m���8 +�� � 8 �9�¬>uSJSpoRP�QCc#:
=dF�ouj4AIB�HED]B � [�=/�8²8; .BOSJH\AbF�c�HIm6D]B�� � 8 +*� �?(16�� +�"I� ¯ ρ = 1 ° D�F m]K HJB�AdSI�8SIHJ��U�BV9>�_qPJ�9>�K]¤-B�U�B�KLHXD�F�cOPp�6B�A<ACBYB�K�BOSIV9>uPOBEB�HqB�K¬HJB�U4V6S�:
�^K�POouK6SIQCD]��_JBk>�Q<K6SIQhm]K6B4SIm]Q<HJB�D]B4SI�8SIHJ��U�BOSXHJB�ACSElRm6B

λ(n)E
[
σ(n)

]
→ 1

="o&R
ACBOSdP�A<QCB�KLHJS�B�KLHI_JB�KRH�D6>�K6ShACBnSI��SJHJ��U�BT> BrBOP�HJcOS D]BqD]c�Ai>�QCSdQ<K]Q<HIQi>�m8�

D(n) D]BnstouK6P�HIQCouKD]B@_Jc�V9>�_IHIQ<HIQCouK
G(n) : �^K�SIm]V]Vro#SJB4lRm�F Q<AdB���QCSIHJB@m]K6B4stouK6P�HIQCouK�D]B�_Jc�V9>�_IHIQ<HIQCouK GHJB�A<ACBElLm6B

G(n)(
√
nx) = G(x)

V�oum]_nHJoum]H
n
:

�^K�K6ouHJBWVroum]_^ACB
n
`bQC��U�BWSI�8SIHJ��U�B�= Q(n)

t

B�H W(n)
t

=1ACBOS\V]_JoRPOBOSJSJm6S^D]BOS\V]_Jo�?6ACS
B�HqD8m�HI_p>ON#>�Q<A"POou_I_JBOSIVrouK6D6>�KLH>=1B�H

• ACB 3 �*�,3 ����3,+38>( �K/K/
N

(n)
t :=

HI_p>�Nu>�Q<A/B�KLHI_Jc Aam6SJlRm�FG�
t
=
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• AbF -*� �7�"!G�K/ / 3,+38>( �"/ /
I

(n)
t := − min

0≤s≤t
N

(n)
s =

HJB�U4V6S
+5� �7� A m6SplLm�FG�
t,

• ACB���8 +�� � 8>�9�
3,+38>( �"/ /
W

(n)
t := N

(n)
t + I

(n)
t .

�^K�K6ou_IUk>�A<QCSpBEPOBOSnV]_Jo�POBOSJSIm6SqD]BXAi>Wsb> 
OouK¬SIm]Q<N#>�KLHJB�=6V9>�_TB��8B�U4V]ACBk�

Q̄(n)
t (B) :=

1√
n
Q(n)
nt (

√
nB).

£\>�V]V�B�ACouK6S4Uk>�Q<KRHJB�K9>�KLH¦ACB � 64H38 +��"2O� ( �"!#�.+ �&�8�,+02�+0� � �-8&! ( �5+.8�!<! �"�M3 8 �9+ ���K/1���7�"/
��� ����� �"!#� �1/ �&! / 3 �1+*� �*=1_Jc�>�A<QCSJcXVroum]_qm]K6BEPp�9>�_I¤-BEA<Q<U4Q<HJB

1
: ©Tm�SJB�K6STD]BXAi>4POouKLN-B�_a`

¤-B�K6POBEB�K¬ACouQ�D]BOSqV]_Jo�POBOSJSIm6Sq�@N#>�ACB�m]_JSn_JcOB�A<ACBOSY�

� +"3R�9� �R~�3�x��Cx��t�
(
N̂ (n), Î(n), Ŵ (n)

)
⇒
(
N∗, I∗,W ∗

)
,

A�!
N∗ � 7�� D � = ACD@' � = ��� ����; AC4 � 5 ��� 9�' � � � � ;'5+' � ) � �

I∗t := − min
0≤s≤t

N∗
s ,

W ∗
t := N∗

t + I∗t .

�.KYm]HIQ<A<QCSp>�KLH}POB.D]B�_IK]QCB�_�_JcOSIm]A<Hp>�H>=�[\o%�RHJPp�]Q<K6o�N � � �&� '}D]c�U�ouKLHI_JB�KRH�>�ACou_JS�ACB.HI�6cOou_J��U�B
SIm]Q<N#>�KLHW�

� +"3R�9� �R~�3�x��Cx��i( �B� ? � ) ������� ��

� � 7 � ; A8� � 7.7 D�7 � ' 9CE � D�;'7 = � 7 D�; � 7 W̄(n) � � Q̄(n) �.A � ' � ; � ��� � ����� 5 7��(;'5 �
0 D@�(58A � ' � ;'73E � 7 � ; A�� � 7 7 D�7

W̄ ∗ � �
Q̄∗ � � 	4� 587 � A<D�; � A<D@�

t
� � � ACD �

B� 9C;�"

Ŵ ∗
t (B) =

∫

B∩[F ∗(t),∞[
(1 −G(x)) dx, Q̂∗

t (B) = λŴ ∗
t (B),

A�!
F ∗ � 7 � E � � ; A�� � 7.7 D�7 � � 	4� 5 � ACD�; � ACD � t � 9<;�"

F ∗(t) := H−1(W ∗
t )
) A�!

H(y) :=

∫ ∞

y
(1 −G(x)) dx.

�.K�V]_Jo'AIB�Hp>�KLH\V�oum]_\HJoum]H
t
B�H\V�oum]_^HJoum]H

n
POouKRHIQ<K��]U�B�KRHEAi>4U�BOSIm]_JB

Q̂
(n)
t

SJm]_TAi>
D8_JouQ<HJBX_JcOB�A<ACB�=1ouK¬>@B�K�V9>�_IHIQCP�m]A<QCB�_W�



f8;
)Y�9���1|t|&76$0��3¬x@�<x@�Cx ��� ) ������� ��

� 9 E A � ��D � D�; ��� E 9 	 E � ; ��� A<;'= 9<E 5 7�� �

Q(n) � A � ' � ; � � ��� � 587 �(;'5 0BD �(58A �
9CD 7 ��� 7 ��� 7 � ; A8� � 7.7 D�7 ' � ;'7

λW ∗ C

=�B�_JcOSJm]A<Hp>�HWV]_JcOPOcOD]B�KRHMVrB�_IU�B�H@D]ouK6PkAbFG>�V]V]_Jo���Q<Uk>�HIQCouK :6m]QCD]B¦D8m�V]_Jo�POBOSJSIm6S
P��uD8Ai��¤�lRm]QTPOouU4V]HJB�ACB¬K6ouUYj]_JB¬D]B�P�A<QCB�KLHJS¦B�K >�HIHJB�KLHJB�V9>�_km]K6B¬D8QCB�m6SIQCouK�: ��B
_JcOSIm]A<Hp>�HqVrB�_IU�B�H\>�Q<K6SIQ"D]BWSIQ<UYm]ACB�_>=1B�KLHI_JB@>�m]HI_JBOS>=]Ai>4s&_p>uP�HIQCouK

N (n)(x)
D]BEP�A<QCB�KLHJS

�kAbF�c�Hp>�HXSIHp>�HIQCouK]K9>�Q<_JBkD6>�K6S�Ai>5lRm6B�m6B4>O�L>�KRHEm]K D]c�Ai>�Q._JcOSIQCD8m6B�A.Q<K8stc�_IQCB�m]_Eoum c�¤L>�A
�
x
B�K¬stouK6P�HIQCouK�D8m¬K6ouUYj]_JBMD]BYP�A<QCB�KRHJS\��AbF�c�Hp>�H^SIHp>�HIQCouK]K9>�Q<_JBMD6>�K6S^Ai>M?6ACB�=

Q(n) =lLm]Q�K�F�BOSIHnV9>uS^B���V]_IQ<U�cYB���V]A<QCP�Q<HJB�U�B�KRH�:
�/oum]_XN-c�_IQ ?9B�_EPOBW_JcOSIm]A<Hp>�HXV9>�_XSIQ<UWm]Ai>�HIQCouK6S>=�[�o���HJPJ�]Q<K6o%N � �J�&��'WSIQ<UWm]ACB�KLHXm]K

SI��SJHJ��U�B V�oum]_
n
¤#_p>�K6D B�H5>�_I_);�HJB�D]B+ACB sb>�Q<_JB+HJoum]_IK6B�_5ACou_JSJlLm6B

Q(n) BOSIH5>uSJSJB-4¤#_p>�K6D�:T©�POBYU�ouU�B�KRHa`bAi�4=�ouK�SIm]V]Vro#SJBWlLm6BYAbF�ouK�>5>�HIHJB�Q<KLH�AbF�c�Hp>�H\SJHp>�HIQCouK]K9>�Q<_JBWB�H
ouKM_JB�¤L>�_JD]B�Ai>^N#>�ACB�m]_dB�U4V]Q<_IQClLm6BnD]B

N (n)(x)
:�=dFG>�V]V]A<QCP�>�HIQCouK5�

x = 0
D]ouK]K6BnD]ouK6P

B�K�HI�6cOou_IQCB�=d�+AbF�c�Hp>�H@SIHp>�HIQCouK]K9>�Q<_JB�=�Ai>�V]_JouV�ou_IHIQCouK�D]B5P�A<QCB�KRHJS@D6>�K6SYAi>+?6ACB5>O�L>�KRH
D]c�V9>uSJSJcqACB�m]_�D]c�Ai>�Qb:.=�BOS�SIQ<UYm]Ai>�HIQCouK6S�U�ouKRHI_JB�KLHqlRm6BqAbFG>�V]V]_JoO�8Q<Uk>�HIQCouK�BOSIH j�ouK]K6B#:

� Q<HJouK6SMQCP�Q�c�¤L>�ACB�U�B�KRH4ACBOSMHI_p>ON#>�m8��Q<K]Q<HIQi>�m8�¡D]B¦=�B��6o�P-4 2R�¡SIm]_YACB SIm&AIB�H>=�lLm]Q
ouKLH�>�j�oum]HIQY>�m8� _JcOSIm]A<Hp>�HJS+lRm6B�K6oum6S N-B�K6ouK6S+D]B�P�Q<HJB�_ ¯ � =�B��9³#w  = � =�B��9³-�zj  ° =oum�m]K6B�N#>�_IQi>�KLHJB�>�V]V]A<QClRm6cOB���D]BOS�_JcOSJB�>�m8��D]B��L>uP 28SJouK ¯ � =�B��9³-�u>  ° : 5 ouHJouK6S
c�¤L>�ACB�U�B�KLHYlRm6B G >�ACD � Q<K �*���&� 'WV]_JouVro#SJB�KLHYD6>�K6S � G [ � #�²#²�dm]K6B@U�c�HI�6oRD]B4D]BPOouKLHI_��uACBED�FG>uD8U4QCSJSJQCouK�>uD6>�V]HJcOBED]B�Ai>@£ ����1=6D6>�K6SnACBXP�>uD8_JBED�F m]K�SJ��SIHJ��U�BX�h[\�
Sp>�K6ShVrB�_IHJB#:.=">YU�c�HI�6oRD]B\V]_JcOSJB�KRHJcOB\V�B�_IU�B�H�m]K6B�D8Q<U4Q<KLm]HIQCouK�SIm]j6SIHp>�KRHIQCB�A<ACB�D]BTAi>
V]_Jouj9>�j]Q<A<Q<HJcYD]BXD]c�V9>uSJSJB�U�B�KRH^D]BED]c�Ai>�Q ¯ B�HqD]ouK6PED]BX_JB�Hp>�_JD ° :

�.K¬POouK6P�A<m6SIQCouK@=6Ai>@£����� V]_JouV�o#SJBYD]ouK6PXAi>MV]_JB�U4QC��_JBXN-c�_IQ<Hp>�j]ACBEU�c�HI�6o�D]BED]B
D]BOSJP�_IQ<V]HIQCouK�D�F m]K�SI��SJHJ��U�BESJoum]U4QCS^�k�d[�� =6D]ouKLH�ouK�>@V9>�_�>�Q<A<ACB�m]_JST_JB�Uk>�_JlRm6cEAi>
¤#_p>�K6D]B�Q<K6SIHp>�j]Q<A<Q<HJc#: #�>�QCS.SJouK�>�V]V]A<QCP�>�HIQCouKk�^m]K6B�?6ACB��d[�� >ON-BOP�VrB�_IHJBOS�V�o#SJB HI_JouQCS
V]_Jouj]AC��U�BOSqUk> AIB�m]_JSY�

• ACB�HI�6cOou_J��U�BWf8:Gf8:<;XK6BXS%FG>�V]V]A<QClLm6BXV9>uSTD6>�K6SnACBXP�>uSTo&R+ACBXSI�8SIHJ��U�B�VrB�_JD+D]BOS
P�A<QCB�KLHJS =

• AbFG>�V]V]_JoO�8Q<Uk>�HIQCouK�D8m K6ouUYj]_JB+D]B P�A<QCB�KRHJS4K�FG>O�L>�KRH�V9>uS4D]c�V9>uSJSJc¦ACB�m]_�D]c�Ai>�Q
D]c�VrB�K6D�D]BWAi>5ACouQ.SIHp>�HIQCouK]K9>�Q<_JB@D8m�K6ouUWj]_JB4D]B@P�A<QCB�KLHJSXD6>�K6S\ACBMj]m4BrB�_>=rSIm]_
ACBOlRm6B�A"ouK¬>4>�m6P�m]K6BEQ<K8sou_IUk>�HIQCouK¬D6>�K6SqACBXP�>uS^D�F m]K�SI�8SIHJ��U�BE�@VrB�_IHJB�=

• B�K�N-B�_IHIm D]BOS\_JB�Uk>�_JlRm6BOS\s>�Q<HJBOS\V]_JcOPOcOD]B�U4U�B�KLHWSIm]_^ACBOS�D8QCB�c�_JB�K6POBOSXSIHI_Im6P�`
HIm]_JB�A<ACBOS�B�KLHI_JBMAi>�D8��K9>�U4QClRm6BWD]BMPOBWSJ��SIHJ��U�BW�d[���Sp>�K6S^VrB�_IHJBYB�H�POB�A<ACBWD8m
SI�8SIHJ��U�BY>�N-BOPYVrB�_IHJB�=1ouK�K6BEVrB�m]HT_IQCB�K�D]cOD8m]Q<_JBWD]BWPOBOST_JcOSJm]A<Hp>�HJSTVroum]_Tm]K6B
?6ACB�>ON-BOPkc�A<Q<U4Q<K9>�HIQCouK6S>=�Ai>¦V]_JouVrou_IHIQCouK�D]B4P�A<QCB�KLHJSYV]_JcOSJB�KLHJSM>O�L>�KRHYD]c�V9>uSJSJc
ACB�m]_5D]c�Ai>�Q\K�F�c�Hp>�KLH V9>uS � 3,+K+ 8 +"+WAi>�V]_JouVrou_IHIQCouK D]B�P�A<QCB�KLHJS¦V�B�_JD8m6S¦D6>�K6S
K6ouHI_JBESI�8SIHJ��U�B�=8V9>�_TB��]B�U4V]ACB�=
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• ACB�SJB�m]Q<A�D]BhPJ�9>�_I¤-B�A<Q<U4Q<HJB ¯ ρ = 1 ° K�F�BOSIH"V]A<m6S}VrB�_IHIQ<K6B�KLH}ACou_JSJlLm6BhAbF�ouKW_JB�¤L>�_JD]Bm]K�SI��SJHJ��U�B��^VrB�_IHJB��"ouK4K�F�BOSIH�V9>uSd�\Sp>�HIm]_p>�HIQCouK�D8m�SI�8SIHJ��U�B�lLm9>�K6D
ρ = 1

=
V]m]QCSJlLm6BEACBXSI��SJHJ��U�BXBOSIHT>�ACou_JSqHJoum&AIoum]_JSTSIHp>�j]ACB ¯ ( ��Pp�9>�V]Q<HI_JB � ° :

��BOP�Qrc�Hp>�KLH>=8Ai>YU�c�HI�6oRD]BX>YB�A<ACB�`bU?;�U�B�m]K5Q<KRHJc�_);�H�Vroum]_�POB^lRm]Q9N#>YSJm]Q<NR_JB\B�H ACB^D]B�`
SJP�_IQ<V]HJB�m]_�POouK6SIQCD]c�_Jc�SJB�UWj]ACB�;�HI_JB^ACBTU�o�D]��ACBqVrB�_IHIQ<K6B�KLH�Vroum]_�D]cOP�_IQ<_JB^Ai>WD8QCSJP�Q<V]A<Q<K6B
�d[���:

� 3R~�7]�z�� /3¬x��Cx@�&� =dF QCD]cOBhD]B�V]_JB�K6D8_JBhm]KXV]_JoRPOBOSpSIm6S"��N#>�ACB�m]_JS�U�BOSIm]_JBOS�VrouK6P�HIm6B�A#`
ACBOS POouU4U�B�Q<K6D8QCP�>�HJB�m]_�D]B¬AbF�c�Hp>�H D�F m]K SJ��SIHJ��U�B�� Ai>�D8��K9>�U4QClLm6B�Q<K6SIHp>�j]ACB�BOSIH
c�¤L>�ACB�U�B�KRH@D]c�N-B�ACouV]VrcOB¦V9>�_�&�_JouU�ouA<A-= �.m]�9>¬B�H � Q<A<A<Qi>�U�S ¯ � &6� � ²8;� ° D6>�K6SMACBP�>uSqD]BEAi>M?6ACBXD�FG>�HIHJB�KLHJB 7 +38>( �K/K/-8 +�+ 6�� +"+P!" ¯ ��� ° B�HnV9>�_T=�Q<U4QCP ¯ � =�Q<Uk²8;� ° Vroum]_m]K6B�?6ACBT=�� ��� =LD6>�K6SdACBOShD]B�m8�4P�>uShV�oum]_dD]BOS SI�8SIHJ��U�BOSdSp>�K6S.VrB�_IHJBOS �^sou_IHJBqPp�9>�_I¤-B
¯ ρ = 1 ° :
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��B\Pp�9>�V]Q<HI_JB�=9B�H�HJoum6SnACBOSnPp�9>�V]Q<HI_JBOSTSIm]Q<N#>�KLHJS>=]SpouKLHqD]c�N-ouA<m6ST�MK6o#SnPOouKRHI_IQ<j]m]HIQCouK6S�:

� 
� � �!� ��� � �.& � (�%�
5 oum6S�Vro#SJouK6S.QCP�Q]Ai>XlRm6BOSIHIQCouK�D]BnAi>�SJHp>�j]Q<A<Q<HJcqD8m�SI�8SIHJ��U�B#:�©�lRm6B�A<ACBqPOouK6D8Q<HIQCouKkSIm]_
ACBOS�V9>�_p>�U���HI_JBOS/D8mESJ��SIHJ��U�B�=�POB�A<m]Q ` P�QR>�HIHJB�Q<KRHa`bQ<ARm]KX_Jc�¤#Q<U�B SIHp>�HIQCouK]K9>�Q<_JB�� ��ouU4U�B
ouKMAbFG>^N�mMD6>�K6S�ACB�Pp�9>�V]Q<HI_JBnV]_JcOPOcOD]B�KLH>=LHI�6cOou_J��U�Bqf8:<;#:<;�=#m]K6B�POouK6D8Q<HIQCouK�K6cOPOBOSJSp>�Q<_JB
B�H�SJm �kSp>�KLHJB4D]B@SIHp>�j]Q<A<Q<HJc@Vroum]_�m]K6BM?6ACBMD�FG>�HIHJB�KRHJB

GI/GI/1/1 + GI − FIFOo&R+ACBOSqD]c�Ai>�QCSTSJouKRHqV�:�S�:}?6K]QCS^BOSIHqD]ouK]K6cOBXV9>�_

P[σ < U ] > 0.

5 oum6SnK6oum6SqV]_JouV�o#SJouK6SqQCP�Q"D�F�c�Ai>�_I¤#Q<_^POB�_JcOSIm]A<Hp>�H\�Mm]K¬P�>uSnV]A<m6Sq¤-c�K6c�_p>�A �
• B�K SIm]V]V�o#S >�KLH�SJB�m]ACB�U�B�KLHElRm6BMAbF�ouK�BOSIHXD6>�K6S\ACB@P�>uS

G/G/1
=�o&R�ACBOS\D]c�Ai>�QCS

sou_IU�B�KLHqm]K6BESJm]Q<HJBEB�_I¤-oRD8QClRm6B�=
• B�K�POouK6SIQCD]c�_p>�KLH\m]K6BXD8QCSJP�Q<V]A<Q<K6BWD]BXSJB�_INRQCPOBXlRm6B�ACPOouK6lRm6B#:

� A.BOSIHY� K6ouHJB�_EB�K�B"BrB�HESIm]_EPOB4D]B�_IK]QCB�_WV�ouQ<KRHYlRm6B@ACBOSX_JcOSIm]A<Hp>�HJSED]B4SIHp>�j]Q<A<Q<HJckB��R`
QCSIHp>�KLHX�4K6ouHI_JBMPOouK]K9>�QCSJSp>�K6POBMK6BYSpouKLH�c�Hp>�j]A<QCS\lRm6BEVroum]_\Ai>�D8QCSJP�Q<V]A<Q<K6B@D]BYSpB�_INRQCPOB
�}� � �M:�¨TK6BWU�c�HI�6o�D]BYA<QCcOB@>�m�P�>�ACP�m]A.D]B �}>�A<U VrB�_IU�B�HXPOouU4U�BWouK�Nu>kACBWN-ouQ<_\D]B
D]ouK]K6B�_�D]BOS�_JcOSJm]A<Hp>�HJS�V�oum]_�ACB�P�>uS

G/G/1/1 +G
B�H�Vroum]_�m]K6B�D8QCSJP�Q<V]A<Q<K6BXD]B\SJB�_a`

NRQCPOBXlRm6B�ACPOouK6lLm6B#:
��BYPp�9>�V]Q<HI_JBMS%F�ou_I¤L>�K]QCSJBWPOouU4U�B@SIm]Q<H�:T�.K�V9>�_IHIQCB � : �kK6oum6STU�ouKRHI_JouK6S�Ai>�SIHp>z`

j]Q<A<Q<HJc\D6>�K6SqACB\P�>uS
GI/GI/1/1 +GI

>�N-BOPED8QCSJP�Q<V]A<Q<K6BXD]B�SJB�_IN�QCPOB�lLm6B�ACPOouK6lRm6B�=]B�K
POouU4V9>�_p>�KLH�ACBYV]_Jo�POBOSJSIm6S^D]BWPOouK]¤-BOSJHIQCouK�D]BYAi>4?6ACBM>ON-BOP@P�A<QCB�KLHJS\Q<U4V9>�HIQCB�KRHJSE>ON-BOP
POB�A<m]Q"D]B�Ai>M?6ACBk¥@D]c�Ai>�Q�V]m]_^§

G/G/∞ :
f#f



f � � ��� ��� �� ����8� �8� � �� � �/��� �&���
GI/GI/1/1 +GI

5 oum6SED]ouK]K6ouK6SWB�K V9>�_IHIQCB � :Gf m]K _JcOSIm]A<Hp>�HYD]B4SIHp>�HIQCouK]K9>�_IQ<HJc5>uD6>�V]HJc�D8m�P�>�A `
P�m]A.D]B �}>�A<U B�H�D�F m]K SJPJ�6c�Uk> D]BW_JcOP�m]_I_JB�K6POBk>�_I_IQC��_JBMVroum]_\m]K6BY?6ACB4>ON-BOP4P�A<QCB�KRHJS
Q<U4V9>�HIQCB�KRHJS

G/G/1/1 +G
>ON-BOPED8QCSpP�Q<V]A<Q<K6BYD]BXSJB�_IN�QCPOBElRm6B�ACPOouK6lLm6B#:

� 
 	 � 	���	 � 	�� ��� ( # ( � 	�� � � ) ����&'�%)
GI/GI/1/1 + GI

��� �	��� � & � "� #%� � ��& �  ��� ' �  ���� �	� � � �� � "���%�

5 oum6SqPOouK6SIQCD]c�_JouK6STQCP�Q�m]K6B�?6ACBXD�FG>�HIHJB�KLHJB �IH"�7�&+G3��9+

G/G/∞ =9P#F�BOSIHa` �z` D8Q<_JBk�
• ACBOS¬SIm]Q<HJBOS�D]BOS Q<KLHJB�_p>�_I_IQ<N-cOBOS�B�H�D]BOS+HJB�U4V6S�D]B SpB�_INRQCPOB (

Un, n ∈ N
) B�H

(
σn, n ∈ N

) SJouKLHqB�_I¤-o�D8QClLm6BOS^B�HnQ<KLHJc�¤#_p>�j]ACBOS>=
• Q<A"� >Mm]K6BXQ<K8?6K]Q<HJcYD]BESJB�_IN-B�m]_JS�:

©^Q<K6SIQ-=�PJ�9>ulRm6B\P�A<QCB�KRHnlLm]QrB�KLHI_JB�D6>�K6S�ACBTSI�8SIHJ��U�B\BOSIH D8Q<_JBOP�HJB�U�B�KRHqV]_IQCS�B�K¦Pp�9>�_I¤-B
V9>�_@m]K�SJB�_IN-B�m]_ ¯ Q<A���B�K >�HJoum&AIoum]_JS@m]K�D8QCSIV�ouK]Q<j]ACB ° B�HM_JBOSIHJB¦D6>�K6SWACB¦SI�8SIHJ��U�BVrB�K6D6>�KLH^Ai>@D8m]_JcOBED]BESJouK�SJB�_IN�QCPOB#:
5 oum6SnK6ouHJB�_JouK6S^>�ACou_JSTV�oum]_nm]K¬HJB�A�SI��SJHJ��U�B4�

• σ ��n
=/ACB�HJB�U4V6SMD]B5SJB�_IN�QCPOB�D]B�Uk>�K6D]c¦V9>�_YACB

n
`bQC��U�BkP�A<QCB�KLH@B�KLHI_Jc D6>�K6SWAi>

lLm6B�m6B�=
• X ��t

=8ACBEK6ouUYj]_JBED]BEP�A<QCB�KRHJS^�@AbF Q<K6SJHp>�KLH
t
:

� +"3R�9� �R~�3��@�i(?�t�
2 A<5%� D ��� 	 E �

G/G/1/1 +G
��� ;$� � � 9<;�D � �1� 587�� 5 � E 5 � �1��� 7 � ;-' 5�� �&� A � �

� ;$� � = � �(5%' �  D � E �.A �� D � ) A�!
(σn, n ∈ N)

; �*� ;$� 7 ��� � � EF9 7 D�5%� � ��� 7 � � = � 7
��� 7 � ;-' 5�� �/� �

(Dn, n ∈ N)
� 7��$E 9 7 D�5%� �/��� 7 � � EF9C587�5 � 5%�(5�9CD?= ��� 7 � E 5 ��� �(7 C

� EFAC;'7 "
 C ���&� A<=10B; �1��� � E 5 ��� �(7 � 9 � 7�E � 7 >�7���� = � � 7�� � � A<D@� 5 � 7 � 9 � �

t
5 � �

?;� ;'5 � D�; �
� � E D 5
X ���t

��� E 9 	 E �
G/G/∞  D 5 �(; 9<5%� � E � 7 ��� = 9 � ��� 7

��� 7 =�� = � 7 � E 5 ��� �(7 ) A�! E � 7 � � = � 7 ��� 7 � ;-' 5�� � 7 ��� = 9 ��� � 7 � 9<;@E � 7
� E 5 ��� �(7 7 A � � � A � � � 7 � 9<;

σ ���n := σn +Dn.

� C ��� � AC=10 ; � ��� � E 5 ��� �(7 � 9 � 73E � 0 D;: � ; � 7�� � � ACD@� 5 � 7 � 9 � �
t
5 � �

?;� ;'5 � D�; 9<D � A<=10 ; � ��� � E 5 ��� �(7
X̂ ���t

� 9 � 7 E 9 	 E �
G/G/∞  D�5 �(; 9<5%� �

E � 7 ��� = 9 ����� 7 ��� 7 =�� = � 7 � E 5 ��� �(7 � � A�! E � 7 � � = � 7 ��� 7 � ;-' 5+� � ��� �
= 9 ��� � 7 � 9<;�E � 7 � E 5 ��� �(7 7 A � � � A � � � 7 � 9<;&"

σ̂ ���n := Dn.



f#e

7 +N� � %'� 'X�Rm]V]V�o#SJouK6SMlRm6B4Ai> ?6ACB¦>ON-BOP�Q<U4V9>�HIQCB�K6POBOS@B�HWAi> ?6ACB � H"�C��+D3��9++V9>�_IHJB�KLH
D8m+U?;�U�BEc�Hp>�HqQ<K]Q<HIQi>�Ab:
�.K6SIm]Q<HJB�=�B�A<ACBOSEHI_p>�Q<HJB�KRHWACBOSWD]B�Uk>�K6D]BOSMD]BOSYU?;�U�BOSWP�A<QCB�KRHJS ¯ >�_I_IQ<N-cOS@>�m8��U?;�U�BOS
Q<K6SIHp>�KLHJS ° :
;#:q[X>�K6SqAi>M?6ACB

G/G/1/1 +G
=9ACBYP�A<QCB�KRH

Cn
_JBOSIHJBYD6>�K6STACBESI�8SIHJ��U�BXVrB�K6D6>�KLH

m]KkHJB�U4V6S�>�mkV]A<m6S�c�¤L>�A��
σn+Dn

: ��>�_�>�Q<A<ACB�m]_JS>=RACBqU?;�U�B\P�A<QCB�KLH
Cn

B�KLHI_JB
D6>�K6S�Ai>k?6ACB �IH"�7�&+M3��9+5B�K D]B�Uk>�K6D6>�KLHWm]K�SpB�_INRQCPOB

σ � n := σn +Dn
:E=�BOS

SIm]Q<HJBOS (
Dn, n ∈ N

) B�H (
σn, n ∈ N

) c�Hp>�KLH^B�_I¤-o�D8QClRm6BOS>= (
σ � n , n ∈ N

) AbF�BOSIH
>�m6SJSIQ�B�HqD]ouK6PEACBESI�8SIHJ��U�BXBOSIHnj]QCB�K¬D]B�H �RVrB

G/G/∞ :�^K¬>�D]B�V]A<m6SY�

Xt ≤
∑

n∈N

1{Tn≤t,Tn+σn+Dn>t} = X � t .

�8:q=�B+P�A<QCB�KRH
Cn

V9>uSpSJB D6>�K6S�ACB j]m4B�B�_�D]B Ai>�?6ACB
G/G/1/1 + G

m]K HJB�U4V6S
Q<K8sc�_IQCB�m]_Toum¬c�¤L>�A"�

Dn
:

�RQ/ouK�POouK6SIQCD]��_JBWUk>�Q<KLHJB�K9>�KLHElRm6BEACBOS^U?;�U�BOS\P�A<QCB�KLHJS�B�KLHI_JB�KRH�D6>�K6S^ACBYSJ��Sa`
HJ��U�BO�IH*�C�&+ 3�� +@B�K¬D]B�Uk>�K6D6>�KRHTm]K¬SJB�_IN�QCPOBXD]BED8m]_JcOB

σ̂ ��n := Dn,

POBXSI�8SIHJ��U�BXBOSIHqj]QCB�K�D]BEH ��V�B
G/G/∞ B�HTouK¬>+�

Qt ≤
∑

n∈N

1{Tn≤t,Tn+Dn>t} = X̂ � t .

�����	��� � ��� ����  � ��� % � � � � � %� ��� ��� � �
=">¬lRm6BOSIHIQCouK¡D]BkAi>�SIHp>�j]Q<A<Q<HJc¦BOSIHMSpoum]N-B�KLHMV�o#SJcOB¦B�K�HJB�_IU�B D]B�?6K]Q<HIm6D]B5V]_JBOSplLm6B
S��]_JB�D]BOS # �I/ED?3<�1+K+ 8>�8S>=.oum�>�m]HI_JB�U�B�KLH@D8Q<H>=�D]B +)H�"IH"! H-+ ���5+0%>+5� H�D8m�V]_JoRPOBOSpSIm6SYD]B
POouK]¤-BOSIHIQCouK

(Xt, t ≥ 0)
:$�^K�D8Q<HXlRm�F m]K�V]_Jo�POBOSJSIm6S�BOSIH\_Jc�¤-c�K6c�_p>�HIQ s ACou_JSplLm6B

0
BOSJH

_JcOP�m]_I_JB�KLH�V�o#SJQ<HIQ sdV�oum]_\POBEV]_Jo�POBOSJSIm6S�:q[X>�K6S\POBWP�>uS =
(Xt, t ≥ 0)

>�HIHJB�Q<KLH�V�:�S�:qm]K
_Jc�¤#Q<U�BTSIHp>�HIQCouK]K9>�Q<_JB^B�HdACBqHJB�U4V6ShV9>uSJSJcqB�KRHI_JBqACBOSdQ<K6SJHp>�KLHJS�SIm6POPOBOSJSIQ sSdD]BnN�QCSIQ<HJBqB�K
0
stou_IU�B�KRH�m]K6B^SIm]Q<HJB^Qb: Qb:�D�:<:.[X>�K6ShACB\P�>uS V9>�_IHIQCP�m]A<QCB�_�o&R

(Xt, t ≥ 0)
_JB�V]_JcOSJB�KRHJB\ACB

V]_JoRPOBOSJSJm6S�D]B\POouK]¤-BOSIHIQCouK�D�F m]K6B^?6ACB�D�FG>�HIHJB�KLHJB�=8Ai>W_Jc�¤-c�K6c�_p>�HIQ<N�Q<HJcXD]B
X
Q<U4V]A<QClRm6B

B�K�V9>�_IHIQCP�m]A<QCB�_WlLm6BMAi>k?6ACB@D�FG>�HIHJB�KLHJBk>�HIHJB�Q<KRHEm]K�_Jc�¤#Q<U�B4SIHp>�HIQCouK]K9>�Q<_JB4B�HElLm6BWACBOS
D8m]_JcOBOSXD]BOS # �I/ED 3 �1+"+.8 �8SESIm6POPOBOSJSIQ<N-BOS\sou_IU�B�KLHXm]K6B4SJm]Q<HJBWQb: Qb:�D�:<:W�.K�V9>�_IHIQCP�m]A<QCB�_>=
ACB�V]_JoRPOBOSJSJm6S

X
>�HIHJB�Q<KLH^ACBX_Jc�¤#Q<U�BESIHp>�HIQCouK]K9>�Q<_JBWB�HnAi>M?6ACBXBOSIHTSJHp>�j]ACB � :

��� �#� ��� �����
	
	
�



f#w ��� ���� �(���������8� �0 � � ��� � �����
G/G/1/1 +G

� +"3R�9� �R~�3��@�i(?�i(
2 A<5%��D � � 	 E � �� 9���� ��� � � 9�' � � � E 5 ��� �(7�5 = � 9��(5 ��� �(7

GI/GI/1/1+GI
��� ;$� �

� 9C; D ��� � 5 7�� 5 � E 5 ��� ��� 7 � ;-' 5�� � � A � � � ;$� � = � �(5%' �  D � E6� A �  D � ) A�! E � 7 5 � �
� � ; 9C;';'5+'8� � 7 7 A � � � A���� � 7

(Un, n ∈ N)
) E � 7 � � = � 7 ��� 7 � ;-' 5+� � 7

(σn, n ∈ N)� ��E � 7 � � E 9<5 7 5 � 5%�(589<D?= ��� 7 � E 5 ��� �(7�7 A � � � A���� 7
(Dn, n ∈ N)

C��,� 7 D ��� A<7 �
 D � "

P [D + σ < U ] > 0. ¯ � :<; °
� EFAC;'7 ) E � � ; A�� � 7.7 D�7 ��� �.A � � � 7��(58A �

(Xt, t ≥ 0)
� 7�� ;$����� � � ; 9��(5 ? C

7 +)� ��%'�('E��ouK6SJQCD]c�_JouK6SYAi>+?6ACB
GI/GI/∞ o&R�ACBOSEQ<KLHJB�_p>�_I_IQ<N-cOBOS4SpouKLHWD]B�ACouQ POB�A<ACB

D]B
U

=�HJB�A<ACB^lRm6B^ACBOS�D]B�Uk>�K6D]BOSnD]B�SJB�_IN�QCPOBOS�D]BOS�P�A<QCB�KRHJSnSJouKLH�Ai>WSJouU4U�B�D]BOS D]c�Ai>�QCS
B�HXD]BOS\HJB�U4V6SXD]B@SJB�_INRQCPOBOSXD]B�Uk>�K6D]cOS�V9>�_�ACBOSXP�A<QCB�KRHJSXD]BWAi>k?6ACB4>ON-BOP4P�A<QCB�KRHJS�Q<U@`
V9>�HIQCB�KRHJS ¯ +�'0�(' / (σ ��n = σn +Dn, n ∈ N

) ° :Y��ouQ<H P0
N

=�Ai>�V]_Jouj9>�j]Q<A<Q<HJc�D]B ��>�A<U
>uSJSpoRP�QCcOBE>�m�V]_Jo�POBOSJSIm6STD]BOSqB�KLHI_JcOBOS

N
: ¯ � :<; ° Q<U4V]A<QClRm6BElRm6B

P0
N

[
σ �� < U

]
= P0

N [σ +D < U ] > 0.

�^K V�B�m]H�D]ouK6P¡>�V]V]A<QClRm6B�_�ACB�_JcOSIm]A<Hp>�H�D]B ���6ou_IQCSJSJouK ¯ � ���6o-²#²  =EV�:Gf-�u² ° � ACBV]_Jo�POBOSJSIm6S (
X̂ ��t , t ∈ R

+
) D8m¡K6ouUYj]_JB+D]B P�A<QCB�KLHJS4D6>�K6SMAi>�?6ACB

GI/GI/∞ BOSIH
_Jc�¤-c�K6c�_p>�HIQ sI: �^K >�V]V]A<QClRm6B�>�ACou_JS5Ai>�V]_JB�U4QC��_JB�V9>�_IHIQCB�D8m HI�6cOou_J��U�B � : �8:<;¡��ACB
V]_Jo�POBOSJSIm6S (

Xt, t ∈ R
+
) D8m�K6ouUWj]_JB5D]B5P�A<QCB�KLHJS@D6>�K6SWAi> ?6ACB5>�N-BOPkQ<U4V9>�HIQCB�K6POBOS

GI/GI/1/1 +GI
>�HIHJB�Q<KLH

0
V�:�S�:�m]K6BXQ<K8?6K]Q<HJcED]B�souQCS�:

� 3R~�7]�z�� /3��@�i(��&� ��B@_JcOSIm]A<Hp>�HX¤-c�K6c�_p>�A<QCSJB4ACB@HI�6cOou_J��U�B5f8:<;#:<;��¦m]K6B4D8QCSJP�Q<V]A<Q<K6B
D]BESpB�_INRQCPOBXlRm6B�ACPOouK6lLm6B#:

� 
�� � ������( �%� �.� � ( � 	", � � �*�����.��
G/G/1/1 + G

5 oum6S.POouK6SIQCD]c�_JouK6S�QCP�Q]ACB�P�>uS}¤-c�K6c�_p>�A6D�F m]K6B�?6ACB�D�FG>�HIHJB�KRHJBT>ON-BOPnP�A<QCB�KRHJS.Q<U4V9>�HIQCB�KLHJS
G/G/1/1+G

¤-c�_JcOB�V9>�_.m]K6B�D8QCSpP�Q<V]A<Q<K6BqD]B�SJB�_INRQCPOB�K6ouK8`bV]_JcOB�U4V]HIQ<N-B^lLm6B�ACPOouK6lRm6B#:

���
�	��� � � %	��� ����  � � � � �  ����&��$�  #%��� �

��ouQCB�KRHW�

•
(
Ŝt, t ≥ 0

) =Rm]KkV]_Jo�POBOSJSIm6ShV�ouK6P�HIm6B�ArSIHp>�HIQCouK]K9>�Q<_JB\D]BqVrouQ<KLHJS (
T̂n, n ∈ N

) :
�/oum]_^HJoum]H

t
�

Ŝt =
∑

n∈N

1{T̂n≤t}
,



f-�

• V�oum]_nHJoum]H
n ∈ N

=
σ̂n := T̂n+1 − T̂n.=">�SIm]Q<HJB

(σ̂n, n ∈ N)
BOSIHMD]ouK6P5m]K6B¦SIm]Q<HJBkSIHp>�HIQCouK]K9>�Q<_JB B�_I¤-o�D8QClLm6B¦D]B5ACouQ

¤-c�K6c�_p>�ACBEPOB�A<ACBED]B
σ̂
=

• (α̂n, n ∈ N)
=rm]K6B4SIm]Q<HJB@D]B@Uk>�_JlLm6BOSXD8m�V]_Jo�POBOSJSIm6S (

Ŝt, t ≥ 0
) :E="> SIm]Q<HJB

(α̂n, n ∈ N)
BOSJHWD]ouK6P5m]K6BkSIm]Q<HJB¦SIHp>�HIQCouK]K9>�Q<_JB¦B�_I¤-oRD8QClRm6B5D]BkACouQ ¤-c�K6c�_p>�ACB

POB�A<ACBED]B
α̂
:

5 oum6S"K6oum6S"V]Ai> 
OouK6S�SIm]_/AbF�BOSIV9>uPOBhD]B�}>�A<U��dPOou_I_JBOSIVrouK6D6>�KLHd>�mWV]_JoRPOBOSJSJm6S
Ŝ
:��.A<m6S

V]_JcOP�QCSJc�U�B�KLH>=rK6oum6S^UYm]K]QCSJSpouK6S^AbF�BOSJV9>uPOBWV]_Jouj9>�j]Q<A<QCSpc (
Ω,F ,P

) D8m :9ouH
θ := θT̂1B�HqD]BXAi>MV]_Jouj9>�j]Q<A<Q<HJcYD]B$��>�A<U

P0
Ŝ

>uSJSJo�P�QCcOSq�
Ŝ
:

=dF�BOSIV9>uPOBED]B �}>�A<U (
Ω,F ,P0

Ŝ
, θ
) BOSIHnHJB�A�lRm6B��

• θ
BOSIH /"�-�9�5+.8&!.!#�&+ +N�k� �/oum]_^HJoum]H A D6>�K6S F =

P0
Ŝ

[
θ−1(A)

]
= P0

Ŝ
[A] ,

• θ
BOSIHL�1+�"�8>�&+ � �<� ���}oum]_qHJoum]H A D6>�K6S F =

A = θ−1(A) ⇒ P0
Ŝ

[A] = 0
oum

1,

• T̂0 = 0, P0
Ŝ
− V�:�S%:

�Rm]Q<Nu>�KRHWPOB�HIHJB�D]c�?6K]Q<HIQCouK@=}Ai>+SIm]Q<HJB
(σ̂n, n ∈ N)

BOSJHYPOouU4V9>�HIQ<j]ACB¦>�N-BOP�ACB�:9ouHWB�_a`
¤-oRD8QClRm6B

θ
B�H^>�m]HI_JB�U�B�KLH\D8Q<H>=6B�K�K6ouHp>�KLHTV�oum]_qHJoum]H

n
D6>�K6S

N
=

θn = θ ◦ θ ◦ ... ◦ θ,
>�ACou_JS>=

P0
Ŝ
− V�:�S�:7=6V�oum]_nHJoum]H

n
D6>�K6S

N
�

σ̂n = σ̂ ◦ θn.
[\B\U?;�U�B�=

(α̂n, n ∈ N)
c�Hp>�KRHqm]K6BXSIm]Q<HJBXD]B�Uk>�_JlRm6BOSqD8m+V]_JoRPOBOSpSIm6S (

Ŝt, t ≥ 0
) =

B�A<ACBEBOSIHTc�¤L>�ACB�U�B�KRH\POouU4V9>�HIQ<j]ACB@>ON-BOPYACB :9ouH�:��\F�BOSJHTD]ouK6PXm]K6BYSJm]Q<HJBESIHp>�HIQCouK]K9>�Q<_JB
B�_I¤-oRD8QClRm6BXB�HqVroum]_nHJoum]H

n
D6>�K6S

N
�

α̂n = α̂ ◦ θn.
5 oum6SqSJm]V]V�o#SJouK6STD]B�V]A<m6SqlLm6Bk�

E0
Ŝ

[σ̂] <∞ B�H
E0
Ŝ

[α̂] <∞.

� � �#� ��� �������
� �)�	���-��+ ������
 �	�5����+8
 � �	� �����.��%����#��
-
*�6�-78+ 7��	�6��+ ��� '/%�����+
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��>�_\>�Q<A<ACB�m]_JS>=6K6oum6SqSIm]V]Vro#SJouK6SqlRm6B�ACB :9ouH
θ
BOSIHnj]Q AIBOP�HIQ s =]B�HqK6ouHJouK6SW�

θ−1 (A) = B ∈ F HJB�A"lRm6B
θ (B) = A.

©^Q<K6SIQ-=8Vroum]_qHJoum]H
n
D6>�K6S

N
=
θ−n = θ−1 ◦ θ−1 ◦ ...θ−1.

5 oum6SqD]cOP�_IQ<N-ouK6STm]K6BXSIm]Q<HJBXD]c�?6K]QCBXV9>�_qm]K6BXcOlRm9>�HIQCouK¬D]B�_JcOP�m]_I_JB�K6POBYD]B�H �RVrB
cOlRm9>�HIQCouK¬D]BE=�Q<K6D8ACB�� ¯�� =�o%�8w �  ° �

)+3L,��}$0�%$0��� � �<x@�t�
2 A<5%�

Y
) D ��� ' 9<;'589?0BE � 9<E6� 9�� AC58; �1� C 7 C7	4� 5 �8C � 9 7 D�5%� � (

Ŷ Y
n , n ∈ N

) �
' 9CE � D ;'7

R
+ � 7 � � � 	4� 5 � � 9C;&"
{
Ŷ Y

0 = Y,

Ŷ Y
n+1 =

[
max

{
Ŷ Y
n , α̂n

}
− σ̂n

]+ ) � A<D�; � ACD@�
n ∈ N.

5 oum6SYPp�6B�_JPJ�6ouK6SMQCP�Q � c�Hp>�j]A<Q<_@�+lLm6B�A<ACBkPOouK6D8Q<HIQCouK (
Ŷ Y
n , n ∈ N

) >�HIHJB�Q<KLHMm]K
_Jc�¤#Q<U�B¦SIHp>�HIQCouK]K9>�Q<_JB#:�©Tm]HI_JB�U�B�KRH@D8Q<H>=�K6oum6SMPJ�6B�_JPp�6ouK6S4m]K6B�N#>�_IQi>�j]ACB >�ACc�>�HJouQ<_JB
Y

=6V�:�S�:h?6K]QCB�=6HJB�A<ACBWlLm6B
Y
SJouQ<HTAi>4N-B�_JSIQCouK�SIHp>�HIQCouK]K9>�Q<_JBYD]BYAi>4SIm]Q<HJB

(Yn, n ∈ N)
=

oum¬B�K6POou_JBk�
Ŷ Y
n = Y ◦ θn Vroum]_nHJoum]H n ∈ N.�.K¬V9>�_IHIQCP�m]A<QCB�_>=1>ON-BOPEAi>4D]c�?6K]Q<HIQCouK � :Gf8:<;�=6ouK¬>�m]_p>k>�ACou_JSY�
Y ◦ θ = [max {Y, α̂} − σ̂]+ . ¯ � : � °

�^K�>MACBE_JcOSIm]A<Hp>�HTSIm]Q<N#>�KLHE�

� +"3R�9� �R~�3��@�Cx��t�
� E � =C5 7�� � D ��� D � 5  D � 7 ACE D@�(58A �

Y
��� 2 � C � 5 ) 	4� 5 � ��C 7 C+C � � � E D�7 "

P0
Ŝ

[Y ≤ α̂] > 0. ¯ � :Gf °

7 +)� ��%'�('E��ouQ<H
Y
m]K6BXSJouA<m]HIQCouK¬D]B ¯ � : � ° :.g\c�_IQ ?9ouK6S ¯ � :Gf ° �

• �RQ
P0
Ŝ

[Y = 0] > 0
=8Q<A�K�F �¦_IQCB�K��MU�ouKLHI_JB�_�:

• �Rm]V]Vro#SJouK6S lLm6B
P0
Ŝ

[Y = 0] = 0.
©TACou_JS>=LSIm]_.m]K�c�N-��K6B�U�B�KLH�D]B�V]_Jouj9>�j]Q<A<Q<HJc

;�=

Y ◦ θ > 0 ⇔ [max {Y, α̂} − σ̂]+ > 0

⇔ Y ◦ θ = max {Y, α̂} − σ̂. ¯ � : � °



f#³

�RQRouKMSIm]V]Vro#SJBdlRm6B ¯ � :Gf ° BOSJH�s>�m6SpSJB�= P0
Ŝ

`bV�:�S�:7=
Y > α̂

B�H}D]ouK6P
Y ◦θ = Y −σ̂.�^K�>4>�ACou_JSE�

E0
Ŝ

[Y ◦ θ − Y ] = −E0
Ŝ

[σ̂] < 0,POB�lLm]Q]BOSIHd>�j6SIm]_JD]B�V9>�_.ACB�ACB�U4U�BnB�_I¤-o�D8QClLm6B ¯ ACB�U4U�Bn©M:G²8:<;nB�K4>�V]VrB�K6D8QCPOB ° :
¯ � :Gf ° BOSIHnN-c�_IQ ?9cOB#:

5 oum6S�>�A<ACouK6S�B��8�]Q<jrB�_4m]K6B+SJouA<m]HIQCouK
Y
D]B AbF�cOlRm9>�HIQCouK ¯ � : � ° V9>�_4m]K SJPp�6c�Uk> D]BH ��V�BXSJPp�6c�Uk>�>�_I_IQC��_JBYD]BX="o���K6BOS ¯ � =�o%�8w �  ° :5 oum6SnK6ouHJouK6SqV�oum]_qHJoum]H

n
D6>�K6S

N
=

α̂−n = α̂ ◦ θ−n B�H
σ̂−n = σ̂ ◦ θ−n.

[\c�?6K]QCSpSJouK6S�Ai>�SIm]Q<HJB
(Mn, n ∈ N) ¯ / � +5� � � +1+K+ �1+)�hPOou_I_JBOSJV�ouK6D6>�KRH}� (

Ŷ 0
n , n ∈ N

) ° �




M0 = 0
=]V�:�S�:

,

Mn =

[
n

max
j=1

(
α̂−j −

j∑

i=1

σ̂−i

)]+ V�oum]_qHJoum]H
n ∈ N.

£TB�Uk>�_JlRm6ouK6SqlLm6B
(Mn, n ∈ N)

BOSJHqP�_JouQCSJSp>�KLHJB�=9V]m]QCSJlRm6B�V�oum]_qHJoum]H
n
D6>�K6S

N
�

Mn+1 =

[
n+1
max
j=1

(
α̂−j −

j∑

i=1

σ̂−i

)]+

=

[
max

{
n

max
j=1

(
α̂−j −

j∑

i=1

σ̂−i

)
, α̂−(n+1) −

n+1∑

i=1

σ̂−i

}]+

= max

{
Mn, α̂−n+1 −

n+1∑

i=1

σ̂−i

}
,

B�K+_JB�Uk>�_JlLm9>�KRH^lRm6B {max (A,B)}+ = max {A+, B} =]Vroum]_nHJoum6S
A
B�H
B
:

[\ouK6P�=6Q<A"B���QCSJHJBXm]K6BXN#>�_IQi>�j]ACBW>�ACc�>�HJouQ<_JB ¯ c�N-B�KRHIm6B�A<ACB�U�B�KLHXQ<K8?6K]QCB ° M∞
=]HJB�A<ACBYlLm6B

M∞
SJouQ<HYAi> A<Q<U4Q<HJB�V]_JBOSJlRm6B�S��]_JBkD]B�Ai>+SIm]Q<HJB

(Mn, n ∈ N)
: �.A<m6SYV]_JcOP�QCSJc�U�B�KLH>=

M∞
BOSIHqD]ouK]K6cOBEV9>�_Y�

M∞ =

[
sup
j∈N∗

(
α̂−j −

j∑

i=1

σ̂−i

)]+

. ¯ � :Ge °
�}>�_^>�Q<A<ACB�m]_JS =6ouK�VrB�m]Hn_JB�Uk>�_JlLm6B�_\lLm6B4�

�d3R~�~�3��@�Cx��i(
� ACD ;.� A<D@�

n
� 9 � 7

N
)

Mn+1 ◦ θ = [max {Mn, α̂} − σ̂]+ .
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7 +)� ��%'� � � �7�"2�2O����'��'��'��^K+sb>�Q<Hnm]K6BX_JcOP�m]_I_JB�K6POBYSJm]_
n
�

Mn+1 =

[
n+1
max
j=1

(
α̂−j −

j∑

i=1

σ̂−i

)]+

=

[
max

{
n+1
max
j=2

(
α̂−j −

j∑

i=1

σ̂−i

)
, α̂−1 − σ̂−1

}]+

=

[
max

{
n

max
j=1

(
α̂−j−1 −

j∑

i=0

σ̂−i−1

)
, α̂−1 − σ̂−1

}]+

=

[
max

{
n

max
j=1

(
α̂−j −

j∑

i=1

σ̂−i

)
◦ θ−1 − σ̂−1, α̂−1 − σ̂−1

}]+

=


max





[
n

max
j=1

(
α̂−j −

j∑

i=1

σ̂−i

)]+

◦ θ−1, α̂−1



− σ̂−1




+

= [max {Mn, α̂} − σ̂]+ ◦ θ−1.

��>�_dPOouKLHIQ<KRm]Q<HJcnV�:�S�:}D]BhAi>TsouK6P�HIQCouK
[max {., α̂} − σ̂]+◦θ−1 =uAi>TA<Q<U4Q<HJB

M∞
N-c�_IQ ?9B

D]ouK6P��
M∞ ◦ θ = [max {M∞, α̂} − σ̂]+ ,POB�lRm]QdPOou_I_JBOSIVrouK6D�� ¯ � : � ° : M∞

BOSJHED]ouK6P�m]K jrouK ¥ P�>�K6D8QCD6>�H@§�Vroum]_EAi> Nr:G>8:
SIHp>�HIQCouK]K9>�Q<_JB

Y
:.� A�_JBOSIHJBY�MN-c�_IQ ?9B�_^��lLm6B�A<ACBXPOouK6D8Q<HIQCouK

M∞
BOSJHnV�:�S�:�?6K]QCB#:

�h3R~�~�3¬� �<x@�Cx
M∞

� 7 � � C 7 C 	4� 5 �(C

7 +)� ��%'� � � �7�"2�2O����'��'�� 'T=dF�c�N-��K6B�U�B�KRH {M∞ = ∞} BOSIH θ `bQ<KRNu>�_IQi>�KRH�:h�.K�B"BrB�H>=
θ−1 {M∞ = ∞} = {M∞ ◦ θ = ∞}

=
{
[max {M∞, α̂} − σ̂]+ = ∞

}
= {M∞ = ∞} ,

V]m]QCSJlRm6B
α̂
B�H
σ̂
SJouKLHqV�:�S%:}?6K]QCBOS�:

#�>�Q<KLHJB�K9>�KRH>=9_JB�Uk>�_JlRm6ouK6STlRm6B4�

M∞ =

[
sup
j∈N

(
α̂−j −

j∑

i=1

σ̂−i

)]+

=

[
sup
j∈N

(
j∑

i=1

(α̂−i − α̂−i+1 − σ̂−i) + α̂0

)]+

. ¯ � :Gw °



� ;

�^_>=TD�FG>�V]_J�OS ACB�HI�6cOou_J��U�B D]B G Q<_32��6o'B ¯ HI�6cOou_J��U�B�©W:G²8: ��>�V]V]A<QClRm6c >�m8� SIm]Q<HJBOS
B�_I¤-oRD8QClRm6BOSqB�HqQ<KRHJc�¤#_p>�j]ACBOS

(α̂i, i ∈ N)
B�H

(σ̂i, i ∈ N) ° �

1

j

j∑

i=1

(α̂−i − α̂−i+1 − σ̂−i) −→
j→∞

E0
Ŝ

[α̂− α̂− σ̂] = E0
Ŝ

[σ̂]
V�:�S�:

.

=�B�D]B�_IK]QCB�_kHJB�_IU�B�BOSIHkSIHI_IQCP�HJB�U�B�KRHkK6c�¤L>�HIQ sYB�HkD]ouK6P�B�K�D]c�?6K]QCSJSp>�KRHkVroum]_�HJoum6S
N ∈ N

B�H
η > 0

=8AbF�c�N-��K6B�U�B�KLH

EN,η :=

{
∀j ≥ N,

j∑

i=1

(α̂−i − α̂−i+1 − σ̂−i) ≤ j
(
−E0

Ŝ
[σ̂] + η

)}
,

V�oum]_nHJoum]H
ε > 0

=8Q<A"B��8QCSIHJB
N ∈ N

B�H
η > 0

=8HJB�ACS^lLm6B4�
P0
Ŝ

[EN,η] ≥ 1 − ε.

�/oum]_
ε
HJB�A�lLm6B −E0

Ŝ
[σ̂] + η < 0

=6SJm]_nAbF�c�N-��K6B�U�B�KLH EN,η =8Vroum]_nHJoum]H j ≥ N
=

j∑

i=1

(α̂−i − α̂−i+1 − σ̂−i) + α̂0 ≤ j
(
−E0

Ŝ
[σ̂] + η

)
< 0

B�HqD]ouK6P
M∞ = sup

j∈N

j∑

i=1

(α̂−i − α̂−i+1 − σ̂−i) + α̂0 <∞.

[\ouK6P�=6V�oum]_nHJoum]H
ε > 0,

P0
Ŝ

[M∞ <∞] ≥ 1 − ε,

oum�B�K6POou_JB��
P0
Ŝ

[M∞ = ∞] ≤ ε.��ouU4U�B�AbF�c�N-��K6B�U�B�KLH {M∞ = ∞} BOSIH θ− Q<KLN#>�_IQi>�KLH>=]V9>�_nAbF�B�_I¤-o�D8QCP�Q<HJcXD8m�:9ouH
θ
=

ouK�POouK6P�A<m]HW�
P0
Ŝ

[M∞ = ∞] = 0.

[\ouK6P�=�ouK >4HI_Joum]N-cMm]K6BYN-B�_JSJQCouK�SIHp>�HIQCouK]K9>�Q<_JB@D]BYAi>kSIm]Q<HJB
(Yn, n ∈ N)

=�+8'0�('Tm]K6B
SJouA<m]HIQCouK¬D]B ¯ � : � ° ��Q<A"S%FG>�¤#Q<HqD]BXAi>MNu>�_IQi>�j]ACBM>�ACc�>�HJouQ<_JBXV�:�S�:}?6K]QCB

Y := M∞.

5 oum6S.V]_Joum]N-ouK6Sh?6K9>�ACB�U�B�KLH�lLm6B
M∞

BOSJH.AbF m]K]QClLm6B^SJouA<m]HIQCouKkD]B ¯ � : � ° :d��ouQ<H Z m]K6B
>�m]HI_JBYSJouA<m]HIQCouK¬?6K]QCB#:�[@F m]K6BYV9>�_IH>=

Z ≥ 0 = M0
B�HTSIQ"ouK�SIm]V]V�o#SpBElLm6B

Z ≥Mn

P0
Ŝ

`bV�:�S�:7=6>�ACou_JS>=

Z ◦ θ = [max {Z, α̂} − σ̂]+ ≥ [max {Mn, α̂} − σ̂]+ = Mn+1 ◦ θ , P0
Ŝ
− V�:�S�:
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B�HTD]ouK6P
Z ≥Mn+1P

0
Ŝ

`bV�:�S�:<:
�}Q<K9>�ACB�U�B�KLH>=1Vroum]_nHJoum]H

n
=
P0
Ŝ

[Z ≥Mn] = 1
B�HTouK+V9>uSpSJBE�@Ai>MA<Q<U4Q<HJB��

P0
Ŝ

[Z ≥M∞] = 1. ¯ � : � °
��>�_\>�Q<A<ACB�m]_JS>=9SIm]_nAbF�c�N-��K6B�U�B�KLH {Z ≤M∞} =

Z ◦ θ = [Z − σ̂]+ 1{Z>α̂} + [α̂− σ̂]+ 1{Z≤α̂}

≤ [M∞ − σ̂]+ 1{Z>α̂} + [α̂− σ̂]+ 1{Z≤α̂}

≤ (M∞ ◦ θ)1{Z>α̂} + (M∞ ◦ θ)1{Z≤α̂} = M∞ ◦ θ.
=dF�c�N-��K6B�U�B�KRH {Z ≤M∞} BOSIH�D]ouK6P θ ` POouKLHI_p>uP�Hp>�KRH>=6B�H�D]ouK6P\D]B^V]_Jouj9>�j]Q<A<Q<HJcE²Moum;XB�K�N-B�_IHIm�D]BXAbF�B�_I¤-oRD8QCP�Q<HJcYD8m :9ouH�: ��ouU4U�B

{Z ≤ α} ⊆ {Z ◦ θ ≤M∞ ◦ θ} ,

¯ � :Gf ° Q<U4V]A<QClRm6BElRm6B
P0
Ŝ

[Z ◦ θ ≤M∞ ◦ θ] = P0
Ŝ

[Z ≤M∞] > 0,

POBElRm]Q�D]ouK]K6B�?6K9>�ACB�U�B�KRHW�
P0
Ŝ

[Z ≤M∞] = 1,

SJouQ<HT>�N-BOP ¯ � : � ° �
P0
Ŝ

[Z = M∞] = 1.

5 oum6S�D]cOD8m]QCSJouK6SXD]BWPOBM_JcOSIm]A<Hp>�HXD]B�m8��POou_JouA<Ai>�Q<_JBOSEQ<U4V�ou_IHp>�KRHJSXSIm]_^ACB@POouU4Vrou_IHJB�`
U�B�KRH\>uSI��U4V]HJouHIQClLm6BYD]B�Ai>4SIm]Q<HJB (

Ŷn, n ∈ N

) �

)Y�1�z��|&|&76$&��3��@�Cx��<�
� 9<;-� 9 � � ���

0
)

Ŷ 0
n

L−→
n→∞

Y.

7 +)� ��%'�('$�^K¦VrB�m]H�B�K¦V9>�_IHIQCP�m]A<QCB�_qD]ouK]K6B�_�Ai>Xsou_IU�B^D]c�N-B�ACouV]VrcOBXD]B
Y 0
n
V�oum]_�HJoum]H

n ∈ N
�

Ŷ 0
n =


 n−1

max
j=0


α̂j −

n−1∑

i=j

σ̂i






+

. ¯ � :G� °
�.K�B"BrB�H>=]Vroum]_nACB�V]_JB�U4QCB�_THJB�_IU�B�=6Ai>4D]c�?6K]Q<HIQCouK � :Gf8:<;XQ<U4V]A<QClRm6Bk�

Ŷ 0
1 = [max {0, α̂0} − σ̂0]

+ = [α̂0 − σ̂0]
+



� f

B�H ¯ � :G� ° BOSIHnN-c�_IQ ?9cOB#:�.K6SIm]Q<HJB�=]V9>�_q_JcOP�m]_I_JB�K6POB�=1SIQ
Y 0
n

S >�HIQCSas>�Q<H ¯ � :G� ° =1>�ACou_JSY�

Ŷ 0
n+1 =


max






 n−1
max
j=0


α̂j −

n−1∑

i=j

σ̂i






+

, α̂n



− σ̂n




+

=


max



0,

n−1
max
j=0


α̂j −

n−1∑

i=j

σ̂i


 , α̂n



− σ̂n




+

=


max



−σ̂n,

n−1
max
j=0


α̂j −

n−1∑

i=j

σ̂i


− σ̂n, α̂n − σ̂n








+

=


max





n−1
max
j=0


α̂j −

n∑

i=j

σ̂i


 , α̂n − σ̂n








+

=


 n

max
j=0


α̂j −

n∑

i=j

σ̂i






+

.

#�ouKRHI_JouK6SqUk>�Q<KLHJB�K9>�KRH^V9>�_T_JcOP�m]_I_JB�K6POBYlRm6B�V�oum]_nHJoum]H
n
�

M0
n = Ŷ 0

n ◦ θ−n.
[MF m]K6BEV9>�_IH>=]V�oum]_

n = 0
=]ouK�>@P�Ai>�Q<_JB�U�B�KRHM�

M0 = 0 = Ŷ 0
0 .

�.K6SIm]Q<HJB�=6B�K�SIm]V]Vro#Sp>�KRHTlLm6BEV�oum]_
n
=8Ai>MV]_JouV]_IQCc�HJcYSpouQ<HnNR_p>�QCB�=6ouK�> �

Mn+1 =
[
max

{
Mn ◦ θ−1, α̂−1

}
− σ̂−1

]+

=
[
max

{
Ŷ 0
n ◦ θ−n−1, α̂−1

}
− σ̂−1

]+
=
[
max

{
Ŷ 0
n , α̂n

}
− σ̂n

]+
◦ θ−n−1

=


max





n−1
max
j=0


α̂j −

n−1∑

i=j

σ̂i


 , α̂n



− σ̂n




+

◦ θ−n−1

=


max





n−1
max
j=0


α̂j −

n∑

i=j

σ̂i


 , α̂n − σ̂n








+

◦ θ−n−1

=


 n

max
j=0


α̂j −

n∑

i=j

σ̂i






+

◦ θ−n−1 = Y 0
n+1 ◦ θ−(n+1).
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=">YV]_JouV]_IQCc�HJc�BOSIH D]ouK6P^N�_p>�QCB^>�m¦_p>�K]¤
n+1

:.�dA<ACB^BOSIH�D]ouK6PTN-c�_IQ ?9cOB^Vroum]_hHJoum]H
n
:

#�>�Q<KLHJB�K9>�KRH>=1SJouQ<H
F,
m]K6B\stouK6P�HIQCouK�_JcOB�A<ACBYPOouKLHIQ<KLm6BMB�Hqjrou_IK6cOB#:.©TACou_JS%�

E0
Ŝ

[
F
(
Ŷ 0
n

)]
= E0

Ŝ

[
F
(
Ŷ 0
n ◦ θ−n

)]
= E0

Ŝ
[F (Mn)]

−→
n→∞

E0
Ŝ

[F (M∞)] = E0
Ŝ

[F (Y )] .

)Y�1�z��|&|&76$&��3��@�Cx��iª
� EF9 �.A ��� 5+�(58A �

P0
Ŝ

[
sup
j∈N∗

(
α̂−j −

j∑

i=1

σ̂−i

)
≤ 0

]
> 0, ¯ � :G³ °

58E � =C5 7�� �
P0
Ŝ
− ��C 7 C D � � 5 �8	4� 5+��� �  5 ��� 5�� � 7 � � E 7  D � Ŷ Y

n = Y ◦ θn = 0
C

7 +)� ��%'�('�=/>4POouK6D8Q<HIQCouK ¯ � :G³ ° cOlRm]Q<Nu>�m]H\�

P0
Ŝ

[Y = 0] > 0,

o&R
Y = M∞

BOSJH^D]ouK]K6cOBWV9>�_ ¯ � :Ge ° :n=">5SIm]Q<HJB (Ŷ Y
n , n ∈ N

) ¥4_JB�HJouUYjrB@§�D]ouK6P
P0
Ŝ
− V�:�S�:}m]K6BnQ<K8?6K]Q<HJcTD]BqstouQCSdB�K 0

V]m]QCSJlRm6B
0
BOSIHhPp�9>�_I¤-cqV9>�_hS >�ACouQ9SIHp>�HIQCouK]K9>�Q<_JB#:

���
�	��� � "�"���� '  ����& � � �  ���� �
G/G/1/1 + G

5 oum6S"POouK6SIQCD]c�_JouK6S}m]K6B�?6ACB D�FG>�HIHJB�KLHJBn>ON-BOP P�A<QCB�KLHJS}Q<U4V9>�HIQCB�KLHJS
G/G/1/1+G

_Jc�¤#QCB
V9>�_�m]K6BMD8QCSJP�Q<V]A<Q<K6B4D]BWSpB�_INRQCPOBWK6ouK8`bV]_JcOB�U4V]HIQ<N-B�lRm6B�ACPOouK6lLm6B#:Y��ouU4U�B4D]c�?6K]Q.B�K
Pp�9>�V]Q<HI_JBXD�F Q<KLHI_Jo�D8m6P�HIQCouK@=]K6oum6S�K6ouHJouK6S�V9>�_

Zt
=LACB�D]c�Ai>�Q�_JcOSIQCD8m6B�A��EAbF Q<K6SIHp>�KRH

t
D8m

P�A<QCB�KRHdACBY¥^U�ouQ<K6S.V]_JBOSJSJcT§WV]_JcOSpB�KLHdD6>�K6S.ACB�j]m4B�B�_h��POB�H.Q<K6SIHp>�KLH�: 5 oum6S�Uk> AIou_JouK6S
QCP�Q.>�m8�¬Q<K6SIHp>�KRHJS\D]BY?6K6S�D]BWSpB�_INRQCPOB�=1ACBYV]_Jo�POBOSJSIm6S

(Zt, t ≥ 0)
V9>�_\m]K6BWU�c�HI�6oRD]B

D]BMH ��VrB+¥kjrou_IK6B4SIHJo�PJ�9>uSIHIQClRm6B�§��#: 5 oum6S\U�ouKLHI_JouK6SM>�ACou_JS�Ai>¦SIHp>�HIQCouK]K9>�_IQ<HJc�D8m
V]_Jo�POBOSJSIm6S�Uk> AIou_p>�KLHq¤#_��uPOBX>�m HI�6cOou_J��U�B�V]_JcOPOcOD]B�KLHTB�HnD]ouK6P�=]POB�A<ACB�D8m V]_JoRPOBOSpSIm6S
(Zt, t ≥ 0)

:
£\>�V]V�B�ACouK6SYlLm6B@AbF�ouK�K6ouHJB@V9>�_

T̃n
=�ACB

n
`bQC��U�B4Q<K6SIHp>�KLHWD]B /-8 +*�5+�� ��� � !�(*� +��*!.�

� � / �1+"%>+�( �MB�H
(St, t ≥ 0)

=6ACB�V]_JoRPOBOSJSJm6SqD]BOSqSJou_IHIQCBOSqD8m�SJB�_IN-B�m]_>=6P#F�BOSIHa` �z` D8Q<_JB��

St =
∑

N

1{T̃n≤t}

Vroum]_qHJoum]H
t.
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� e

��ouQ<H�V�oum]_kHJoum]H
n
=
σ̃n

Ai>�D8m]_JcOB�D8m
n
`bQC��U�B¬SJB�_IN�QCPOB _JB�K6D8m�V9>�_kACB�SJB�_IN-B�m]_�: � A

BOSIH�P�Ai>�Q<_>= POouU4U�B�Ai>�SIm]Q<HJB+D]BOS4HJB�U4V6SkD]B+SpB�_INRQCPOB+D]B�Uk>�K6D]cOS5D6>�K6S4AbF�ou_JD8_JB�D]BOS
>�_I_IQ<N-cOBOS

(σn, n ∈ N)
BOSIHXQ<K6D]c�V�B�K6D6>�KRHJB5D]BOSW>�m]HI_JBOSEV9>�_p>�U���HI_JBOSYD8m�SI��SJHJ��U�B4B�H

B�K+V9>�_IHIQCP�m]A<QCB�_^D]BXAi>@D8QCSJP�Q<V]A<Q<K6BYD]BESJB�_IN�QCPOB�=]lLm6B
(σn, n ∈ N)

L
= (σ̃n, n ∈ N) .

�.K¦D�FG>�m]HI_JBOS�HJB�_IU�BOS =8Ai>¦¥YSIHp>�HIQCSIHIQClRm6B%§5D8m¦SI�8SIHJ��U�B ¯ ACouQ�D]BOS N#>�_IQi>�j]ACBOSn>�ACc�>�HJouQ<_JBOSB�H"V]_Jo�POBOSJSIm6S"lRm]QLACB P�>�_p>uP�HJc�_IQCSJB�KLH ° BOSIH"Ai>nU?;�U�B�SIm]Q<Nu>�KRH/lRm6BhP#F�BOSIH/ACBhSJB�_IN-B�m]_}oumYACB
P�A<QCB�KLH/lRm]QRD]cOP�QCD]B D]BdAi>TD8m]_JcOBhD8mWSpB�_INRQCPOBdlRm]QRPOouU4U�B�K6POB#: 5 oum6S"POouK6SIQCD]c�_JouK6S�>�ACou_JS
lLm6BEP#F�BOSJHqACBESJB�_IN-B�m]_TlRm]Q"D]cOP�QCD]BWD]BXAi>�D8m]_JcOBED]BWPJ�9>ulRm6BYSJB�_IN�QCPOBElRm]Q"POouU4U�B�K6POB�=
Sp>�K6SnVrB�_IHJBXD]BX¤-c�K6c�_p>�A<Q<HJcOSY�

V�oum]_nHJoum]H
n,
D8m]_JcOBYD8m

n
`bQC��U�BESJB�_IN�QCPOB

= σ̃n.©TACou_JS>=
σ̃n

BOSIHnD]B�U?;�U�BXACouQ�lRm6B�ACB�D8m]_JcOBED]BXSJB�_IN�QCPOBXD�F m]K�P�A<QCB�KLH>= +8'P� 'dPOB�A<ACBXD]B�Ai>
N�:G>8:

σ
:

�d3R~�~�3��@�Cx�� �
2 A<5%� � A<D�; � ACD@�

n
� 9 � 7

N
"

An := max
k/Tk∈(T̃n−σ̃n,T̃n]

{(
Dk − (T̃n − Tk)

)+}
1{N(T̃n−σ̃n,T̃n]>0}.

� E A<;'7 ) An
� � 7 5 � ��� E � � E D�7���; 9 ��� � � E 9<5 ;$� 7.5 � D � E �

T̃n
��� 7 � E 5 ��� �(7 ��� �(;$� 7

� 9 � 7 E � 7 >�7���� = �3� D�; 9 � � E �
n
� 5+� = � 7 � ;-' 5+� � � � � A � 7 � ;-'8� 7 � E  5 � 7�� 9 � �

T̃n
7 5 5 E�> ��� 9 ) A<D��37.5 � A � C

7 +N� � %'� 'X�RQ/>�m+U�ouQ<K6Snm]K¬P�A<QCB�KRHTBOSIHqB�KLHI_JcYV�B�K6D6>�KRHqACB n `bQC��U�BESJB�_IN�QCPOB ¯ �MAi>4POouK8`D8Q<HIQCouK
N(T̃n− σ̃n, T̃n] > 0 ° =LACB�V]A<m6S.¤#_p>�K6D�D]c�Ai>�Q6_JcOSIQCD8m6B�A�� T̃n V9>�_IU4Q9POBOSdP�A<QCB�KRHJSK6oum]N-B�>�m8�+B�KRHI_JcOSTSJB�_p>@D]ouK]K6cYV9>�_nACBXV]A<m6Sn¤#_p>�K6D�D]BOS (

Dk − (T̃n − Tk)
)+ :

�RQ]Ai>\V]_JcOPOcOD]B�KLHJB^lLm9>�KRHIQ<HJcqBOSIH.KLm]A<ACB�=RPOB�Ai>XSIQ<¤#K]Q ?9BnlRm6BnD]BOSdP�A<QCB�KLHJS SJouKLHdB�KRHI_JcOS
D6>�K6SYACB¦SI�8SIHJ��U�BkD8m]_p>�KRHMACB

n
`bQC��U�BkSJB�_IN�QCPOB�=�Uk>�QCS@lLm�F Q<ACSMouKLHMHJoum6S4>�HIHJB�Q<KLH@ACB�m]_

D]c�Ai>�Q/�
T̃n
:

[\c�?6K]QCSpSJouK6SnVroum]_nHJoum]H
n
D6>�K6S

N
Ai>4lRm9>�KLHIQ<HJc

αn
V9>�_E�

An = [αn − σ̃n]
+ ,

oum¬>�m]HI_JB�U�B�KLH�D8Q<HE�
αn := max

k/Tk∈(T̃n−σ̃n,T̃n]

{
Dk + Tk − (T̃n − σ̃n)

}
1{N(T̃n−σ̃n,T̃n]>0}.

�^K+V�B�m]Hq_JB�Uk>�_JlRm6B�_TlRm6B
αn ≥ 0

V�:�S�:�Vroum]_qHJoum]H
n ∈ N, ¯ � :<;�² °

V]m]QCSJlLm6B�Vroum]_qHJoum]H
k
HJB�A�lRm6B

Tk ∈ (T̃n − σ̃n, T̃n], Tk + σ̃n > T̃n
:
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)+3L,��}$0�%$0��� � �<x@�i(
� A<D�; � ACD@�

n ∈ N
) � A<D�7 � A�� A � 7

Z̃n := ZT̃n
,

E �,� E D�7 �C; 9 ��� � � E 9<5 ;$� 7.5 � D � E �
T̃n

�� D � � E 5 ��� � � ;$� 7 ��� � � 9 � 7 E � 7 >�7���� = �
� � � �$5 � 7�� 9 � � C

�.K¬V9>�_IHIQCP�m]A<QCB�_>=9B�K�_p>�V]VrB�Ai>�KLH ¯ ( ��Pp�9>�V]Q<HI_JB � ° lRm6B
R1(t) < R2(t) < ... < RQ(t)(t)

D]cOSIQ<¤#K6BMAi>¦SIm]Q<HJB@D]BOS�D]c�Ai>�QCS�_JcOSIQCD8m6B�ACSE�
t
D]BOSXP�A<QCB�KLHJS�V]_JcOSJB�KRHJSED6>�K6S\ACBWj]m4B�B�_E�

POB�HqQ<K6SJHp>�KLH>=6ouK�>4>�ACou_JS%�
Z̃n := RQT̃n

(T̃n)1{QT̃n
>0} = RXT̃n

(T̃n)1{XT̃n
>0}, ¯ � :<;#; °

V]m]QCSJlRm6B
T̃n

c�Hp>�KLHMAbF Q<K6SIHp>�KLHMD�F m]K6B4?6K�D]B5SJB�_IN�QCPOB�=}�+POB�HWQ<K6SIHp>�KLHWAi>+VrouV]m]Ai>�HIQCouK
D8m�j]m4B�B�_qBOSIHqAi>MVrouV]m]Ai>�HIQCouK�D]BXSJ��SIHJ��U�B�HJoum]H^B�KLHIQCB�_�:
�.K�D�FG>�m]HI_JBOSqHJB�_IU�BOS>=]Ai>@SJm]Q<HJB

(Z̃n)
P�>�_p>uP�HJc�_IQCSJBXAi>4lRm9>�KLHIQ<HJcESJm]Q<Nu>�KRHJB��

• SJQ V]A<m6S@D�F m]K P�A<QCB�KLH�BOSIHMD6>�K6S@ACB5SJ��SIHJ��U�B �¬AbF Q<K6SIHp>�KLH
T̃n ¯ B�K�V9>�_IHIQCP�m]A<QCB�_>=

T̃n + 1
SpB�_p>@c�¤L>�A"�

T̃n + σ̃n+1
=8V]m]QCSplLm6B�ACBXSI�8SIHJ��U�B�K6BXSJB\N�QCD]B�V9>uST�

T̃n ° =
Z̃n

Q<K6D8QClRm6BkACBkV]A<m6SW¤#_p>�K6D¡D]c�Ai>�Q�_JcOSIQCD8m6B�A�D]BOSMP�A<QCB�KLHJS4D6>�K6SWACB¦SI��SJHJ��U�B5�
T̃n−1

=rACBMUk>z��Q<UWm]U c�Hp>�KLHEV]_IQCS���POouU4V]_IQCSESIm]_�ACB@P�A<QCB�KLHYlRm]Q.POouU4U�B�K6POBk�
;�HI_JBESJB�_IN�Q-=

• SJQ
XT̃n

= 1
=6Q<A�K�F � >@lRm�F m]K�SJB�m]A�P�A<QCB�KLH^D6>�K6SnACBXSI�8SIHJ��U�BE�

T̃n
B�H
Z̃n

BOSIHnACB
D]c�Ai>�Q�_JcOSIQCD8m6B�A��YPOB�H�Q<K6SIHp>�KRHqD]B\POB\P�A<QCB�KLHqlRm]QrV]_JcOP�QCSJc�U�B�KLHnN#>L;�HI_JB\SpB�_INRQ�B�H
�^POB�H�Q<K6SIHp>�KRH.SJouKMD]c�Ai>�Q8K6B�POouU4V]HJB�V]A<m6S�:}� ARsb>�m6D8_p>TAbF�B"B�>uPOB�_.D8m4D]BOSJP�_IQ<V]HJB�m]_
V9>�_qAi>4SIm]Q<HJB�=

• SJQ
XT̃n

= 0
=}Q<A K�F ��>¬>�m6P�m]K�P�A<QCB�KLH@D6>�K6SYACB5SI��SJHJ��U�B5�+Ai>+?6K�D8m

n
`bQC��U�B

SJB�_INRQCPOB�=6ACBXSI��SJHJ��U�BXBOSIHnNRQCD]BYB�H
Z̃n = 0

:
��>�_^POouK6SJcOlRm6B�KLH>=9ouK�> �

XT̃n
= 0 ⇔ Z̃n = 0

V�oum]_nHJoum]H
n ∈ N. ¯ � :<; � °

�h3R~�~�3¬� �<x@�&'
� A<D�; � ACD@� �&� 5 7�� 5 � E 5 ���<��� 7 � ;-' 5+� � )

Z̃n+1 ≤
[
max

{
Z̃n.1{XT̃n

6=1}, αn+1

}
− σ̃n

]+
. ¯ � :<;�f °
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XT̃n

BOSIHqc�¤L>�A}�4²4=�;Xoum ≥ 2
�

• �RQ
XT̃n

≥ 2
=�B�K�V9>�_IHIQCP�m]A<QCB�_>=

Z̃n 6= 0
=rACBMSJ��SIHJ��U�BWK�F�BOSIHXV9>uS\N�QCD]B@�

T̃n
B�H

T̃n+1 = T̃n + σ̃n
:d©^ACou_JS>=]ACBXV]A<m6ST¤#_p>�K6D�D]c�Ai>�Q"_JcOSIQCD8m6B�A/D]BOSTP�A<QCB�KLHJS^D6>�K6SqACB

SI�8SIHJ��U�B@�
T̃n+1

BOSIH\Q<K8stc�_IQCB�m]_Xoum c�¤L>�Ad>�m
max

{
Z̃n − σ̃n,An+1

} :�� A/�¬>
c�¤L>�A<Q<HJcXD6>�K6SnACBXP�>uSnD�F��d[�� =8V]m]QCSJlRm�FG>�ACou_JSnACBXP�A<QCB�KLHT_JB�Ai>�HIQ s��@POB�Uk>z�8Q<UYm]U =
S�F Q<A�c�Hp>�Q<HqD]c AJ�@D6>�K6SnACB�SI��SJHJ��U�BE�

T̃n ¯ B�HnD]ouK6P�=]Q<A�POou_I_JBOSIVrouK6D¬� Z̃n − σ̃n ° =K�FG>¦V9>uSXc�HJc@SJB�_IN�Q.� POB�H�Q<K6SIHp>�KRHYB�HXBOSIHXD]ouK6P@HJoum&Aaoum]_JSXD6>�K6SEACBMSJ��SIHJ��U�B4�
T̃n+1

:.[X>�K6SqHJoum6SnACBOSTP�>uS>=
T̃n+1 = T̃n + σ̃n

B�HTouK¬>��

Z̃n+1 ≤ max
{
Z̃n − σ̃n,An+1

}
=
[
max

{
Z̃n, αn+1

}
− σ̃n

]+
.

• �RQ
XT̃n

= 1
=�ACB\SJB�m]ArP�A<QCB�KLHqD6>�K6S�ACB�SI��SJHJ��U�B\�YAbF Q<K6SIHp>�KLH

T̃n
POouU4U�B�K6POB�SJouK

SJB�_IN�QCPOB^�YPOB�H Q<K6SIHp>�KRH�B�H�D]ouK6P^SpouK5D]c�Ai>�Q�_JcOSIQCD8m6B�A
Z̃n

�
T̃n

D]ouQ<H�D8QCSIV9>�_p>�
CHI_JB
D8m D]BOSpP�_IQ<V]HJB�m]_kV]m]QCSJlRm�F Q<ATK6B�SJB�_p>�V]A<m6S¦B�K POouK6P�m]_I_JB�K6POB�>ON-BOP�ACBOS5>�m]HI_JBOS
P�A<QCB�KLHJS\�

T̃n+1
=]D6>�HJBXD]B�Ai>W?6K�D]BXSJouK�SJB�_IN�QCPOB#:.[X>�K6SqPOBXP�>uSnACB�V]A<m6S�¤#_p>�K6D

D]c�Ai>�Q._JcOSIQCD8m6B�Ad�
T̃n+1

=�S�F Q<A}��> >�m�U�ouQ<K6SXm]K P�A<QCB�KLHED6>�K6SXACB@SI�8SIHJ��U�B�=rBOSIH
>�V]Vrou_IHJckV9>�_Wm]K¡P�A<QCB�KRHMB�KRHI_JckVrB�K6D6>�KLH@ACB

n + 1
`bQC��U�B SJB�_INRQCPOB#:¬� P�Q >�m6SpSIQ-=

T̃n+1 = T̃n + σ̃n
B�HqouK�> �

Z̃n+1 = An+1 = [αn+1 − σ̃n]
+ .

• �RQ
XT̃n

= 0
=�ACB¦SI�8SIHJ��U�B¦BOSIHYN�QCD]B¦�

T̃n
:�[X>�K6SMPOB¦P�>uS>=�Q<A s>�m]H4>�HIHJB�K6D8_JB

AbFG>�_I_IQ<N-cOB4D�F m]K P�A<QCB�KLHXVroum]_\lRm6BMACB
n + 1

`bQC��U�B@SJB�_IN�QCPOB@POouU4U�B�K6POB#:Y[�ouK6P�=
T̃n+1 6= T̃n + σ̃n

=8Uk>�QCS

max
k/Tk∈(T̃n+1−σ̃n+1,T̃n+1]

({
Dk + Tk − (T̃n+1 − σ̃n+1)

}

.1{N(T̃n+1−σ̃n+1,T̃n+1]>0}

)

= max
k/Tk∈(T̃n,T̃n+1]

({
Dk + Tk − (T̃n+1 − σ̃n+1)

}

.1{N(T̃n ,T̃n+1]>0}

)
,

V]m]QCSJlRm6B+>�m6P�m]K�P�A<QCB�KLH�K�F�BOSJH@B�KRHI_Jc�B�KLHI_JB
T̃n

B�H
T̃n+1 − σ̃n+1

: �^K�>�Ai�z`
B�K6POou_JB��

An+1 = [αn+1 − σ̃n]
+ .

[�ouK6P�=
Z̃n+1 = An+1 = [αn+1 − σ̃n]

+ .
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5 oum6S�D]ouK]K6ouK6SXm]K6B@POouK6D8Q<HIQCouK V�oum]_�Ai>5_JcOP�m]_I_JB�K6POB4D]BMAi>5SJm]Q<HJB (
Z̃n, n ∈ N

) B�K
²8:��^_>= ¯ � :<;�f ° Q<K6D8m]Q<HED]B�m8� D8Q	�kP�m]A<HJcOS�:@=">¦V]_JB�U4QC��_JB4BOSIHElRm6BMAi>¦_JcOP�m]_I_JB�K6POB�BOSIHD]c�?6K]QCBhV9>�_�m]K6B.Q<K6c�¤L>�A<Q<HJc�D6>�K6S�ACBdP�>uS�¤-c�K6c�_p>�A ¯ D8QCSJP�Q<V]A<Q<K6BhD]BhSJB�_INRQCPOBhlLm6B�ACPOouK6lRm6B ° =Ai>5SJBOPOouK6D]BYBOSJH\lRm6BEACBYHJB�_IU�B

1{XT̃n
6=0}

=1lRm]Q/D]c�VrB�K6D�D]BEHJoum]H\ACBYV9>uSJSpcYD]BEAi>4?6ACB
B�HWV9>uSWSJB�m]ACB�U�B�KRHMD]B

Z̃n
="U�ouKRHI_JB lLm6B4AbF Q<K6c�¤L>�A<Q<HJc¦K6BkU�B�HYV9>uSMD8Q<_JBOP�HJB�U�B�KLH�B�K

c�N�QCD]B�K6POBXm]K6BESIm]Q<HJBXB�_I¤-o�D8QClRm6B#:
5 oum6SMB����]Q<jrouK6SYD]ouK6P5m]K6BkSIm]Q<HJB5D]B�N#>�_IQi>�j]ACB5>�ACc�>�HJouQ<_JB¦lLm]Q�SJouQ<HWD]c�?6K]QCBkV9>�_

m]K6B@c�¤L>�A<Q<HJc4D]BM_JcOP�m]_I_JB�K6POB�D8m�H ��V�B@D]BMAbF�cOlRm9>�HIQCouK�D]BM=�Q<K6D8ACB���B�HXlLm]Q�VrB�_IU�B�HIHJB
V9>�_TPOouU4V9>�_p>�QCSpouK�D]BXD]ouK]K6B�_TACBXPOouU4Vrou_IHJB�U�B�KLHX>uSI��U4V]HJouHIQClLm6BYD]B (

Z̃n, n ∈ N
) :

)+3L,��}$0�%$0��� � �<x@�Cx
� � � � 	4� 5%� E 9 7 D�5%� �

(Yn, n ∈ N)
� 9<;/"

{
Y0 = Z̃0,

Yn+1 = [max {Yn, αn} − σ̃n]
+ ) � A<D�;.� A<D@� n ∈ N.

�.K¬V9>�_IHIQCP�m]A<QCB�_>=6Q<A�BOSIHTP�Ai>�Q<_^lLm6B4�
Yn ≥ Z̃n

Vroum]_qHJoum]H
n ∈ N, ¯ � :<; � °

>�N-BOPEm]K6B�_JcOP�m]_I_JB�K6POBEQ<U4U�cOD8Qi>�HJBWB�HqAbF Q<K6c�¤L>�A<Q<HJc ¯ � :<;�f ° :

��ouQ<HqUk>�Q<KRHJB�K9>�KLH\Ai>4SIm]Q<HJB (
T̂n, n ∈ N

) SJm]Q<Nu>�KRHJB��
{
T̂0 := T̃0,

T̂n = T̂n−1 + σ̃n
Vroum]_qHJoum]H

n ∈ N
∗.

5 oum6SnK6ouHJouK6SqV9>�_\>�Q<A<ACB�m]_JSqACB�V]_Jo�POBOSJSIm6SqSIm]Q<N#>�KLHW�
Ŝt :=

∑

N

1{T̂n≤t}

V�oum]_THJoum]H
t.

=">�SIm]Q<HJB
(σ̃n, n ∈ N)

c�Hp>�KLHYSJHp>�HIQCouK]K9>�Q<_JBkB�HYB�_I¤-o�D8QClLm6B�= (
Ŝt, t ≥ 0

) AbF�BOSJHY>�m6SJSIQ
B�HkouK V�B�m]H5POouK6SIQCD]c�_JB�_kAbF�BOSIV9>uPOB�D]B ��>�A<U (

Ω,F ,P0
Ŝ
, θ
) _JB�Ai>�HIQ sY>�m V]_JoRPOBOSpSIm6S

(
Ŝt, t ≥ 0

) =8B�K K6ouHp>�KLH
θ := θT̂n

ACB�:9ouHnSIHp>�HIQCouK]K9>�Q<_JBXB�_I¤-o�D8QClLm6BXPOou_I_JBOSJV�ouK6D6>�KRH�:
��oum6S}POB�HIHJBh�R�RVrouHI�6�OSJB�=

(σ̃n, n ∈ N)
BOSIH}D]ouK6Pdm]K6B�SIm]Q<HJBhD]BhUk>�_JlLm6BOS}D8mYV]_Jo�POBOSJSIm6S

Ŝ
:^�.K�V9>�_IHIQCP�m]A<QCB�_XB�A<ACBYstou_IU�BWm]K6BMSIm]Q<HJBWB�_I¤-o�D8QClRm6B�=9V]m]QCSJlRm�F�B�A<ACB@BOSIH^POouU4V9>�HIQ<j]ACB

>�N-BOPEACBF:9ouH�:
P

0
Ŝ
− V�:�S%:��

σ̃n(ω) = σ̃
(
θT̂n

(ω)
)
= σ̃ ◦ θn(ω),



� ³

o&R
σ̃
BOSIHhAi>ED8m]_JcOB\D8m5SJB�_IN�QCPOBTlRm]Q9SJBTHJB�_IU4Q<K6B

P
0
Ŝ
− V�:�S�:.� t = 0

=RD]BTACouQ1POB�A<ACBTD]B
σ
:

5 oum6SqD]c�?6K]QCSpSJouK6SnV9>�_^>�Q<A<ACB�m]_JSTAi>MNu>�_IQi>�j]ACBY>�ACc�>�HJouQ<_JB

α̂ := max
k/Tk∈(T̂0 ,T̂1]

{
Dk + Tk − (T̂0)

}
1{N(T̂0 ,T̂1]>0}.

=�B¦V]_JoRPOBOSJSJm6S4D]BOS4B�KLHI_JcOBOS4Uk>�_JlRm6c V9>�_@ACBOS4D]c�Ai>�QCS4Q<K]Q<HIQi>�m8��D]BOS4P�A<QCB�KRHJS
(N,D)c�Hp>�KLH�Q<K6D]c�VrB�K6D6>�KLH}D]B

Ŝ
=%ouKEVrB�m]H�POouK6SIHI_Im]Q<_JB.Ai>qSIm]Q<HJB.D]B.Uk>�_JlRm6BOS�D]B

Ŝ (α̂n, n ∈ N)D]B�Ai>@Uk>�K]QC��_JBESIm]Q<N#>�KLHJB�=]Vroum]_qHJoum]H
n ∈ N

=
P0
Ŝ

`hV�:�S�:��

α̂n(ω) = α̂
(
θT̂n

(ω)
)
= α̂ ◦ θn(ω).

�^K¬>4B�K+V9>�_IHIQCP�m]A<QCB�_W�
α̂n ≥ 0 P0

Ŝ
− V�:�S�:�V�oum]_nHJoum]H

n ∈ N.

�/Q<K9>�ACB�U�B�KRH>=6K6oum6S^D]c�?6K]QCSJSJouK6SnVroum]_nHJoum]HJBENr:G>8:
X
�

{
Ŷ X

0 = X,

Ŷ X
n+1 =

[
max

{
Ŷ X
n , α̂n

}
− σ̃n

]+ =]Vroum]_nHJoum]H
n ∈ N.

� +/3L�9� �R~�3¬� �<x@� �

 C � 9<;-� 9 � � ���
Y0 = 0

) � E � =C5 7�� � D ��� D ��� D � 5  D � ' � ;'7.5�A � 7 � 9��(58A � �
� 9C58; �

Y
��C 7 C 	4� 5 � � � E8E �/ D � "

Yn
L−→

n→∞
Y.

� C 2 5 ��� � E D�7

P0
Ŝ

[
sup
j∈N∗

(
α̂−j −

j∑

i=1

σ̃−i

)
≤ 0

]
> 0,

E 9 	 E �<�� 9���� ��� � � 7 � ' 5 ��� � C 7 C D ��� 5 �(	4� 5%��� ��� ?BAC587 C

7 +N� � %'� ' ;#:q=�BOSd�L��V�ouHI�6�OSJBOS D8m�HI�6cOou_J��U�B � :Gf8:<;�=1;qSJouKRHdN-c�_IQ ?9cOBOSdVroum]_dACBnV]_Jo�`
POBOSJSIm6S (

Ŝt, t ≥ 0
) B�HXACBOSESIm]Q<HJBOS

(α̂n, n ∈ N)
B�H

(σ̃n, n ∈ N)
:W�.K V9>�_IHIQCP�`

m]A<QCB�_houK�VrB�m]H >�V]V]A<QClRm6B�_dACBqPOou_JouA<Ai>�Q<_JB � :Gf8: � �"Q<A1B���QCSIHJB�m]K6Bqm]K]QClLm6BTNu>�_IQi>�j]ACB
>�ACc�>�HJouQ<_JB

Y
V�:�S�:}?6K]QCBXHJB�A<ACBElRm6B4�

Ŷ 0
n

L−→
n→∞

Y. ¯ � :<;�e °
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£TB�Uk>�_JlRm6ouK6S�Uk>�Q<KLHJB�K9>�KRH.lLm6B
(α̂n, n ∈ N)

>�Ai>nU?;�U�BdACouQLlRm6B
(αn, n ∈ N)

:
[\ouK6P�=8V9>�_IHp>�KRHqD]B

Y0 = Z̃0 = 0
=RAi>WSIm]Q<HJB (

Ŷ 0
n , n ∈ N

) >YAi>WU?;�U�B\ACouQrlRm6B
(Yn, n ∈ N)

B�HqouK¬POouK6P�A<m]H^>ON-BOP ¯ � :<;�e ° :
�8:n=">�POouK6D8Q<HIQCouK ¯ � :G³ ° BOSIH.Sp>�HIQCSasb>�Q<HJBnB�H.ouK4V�B�m]Hd>�V]V]A<QClRm6B�_.ACBnPOou_JouA<Ai>�Q<_JB � :Gf8:Ge@�Q<AhB���QCSJHJB

P0
Ŝ
− V�:�S�:Mm]K6B@Q<K8?6K]Q<HJc�D�F Q<K6D8QCPOBOSYHJB�ACSElLm6B Ŷ Y

n = 0
:��}>�_IHJouK6SMD]B

AbF�c�Hp>�H
Y0 = Z̃0 = Y

:�[@F m]K6B5V9>�_IH>= POouU4U�B¦Ai>�SJm]Q<HJB (
Ŷ Y
n , n ∈ N

) >�Ai>
U?;�U�B�ACouQTlRm6B

(Yn, n ∈ N)
=hQ<Aq� >�V�:�S�: m]K6B�Q<K8?6K]Q<HJc¬D�F Q<K6D8QCPOBOS�HJB�ACS5lLm6B

Yn = 0
:�[@FG>�m]HI_JB5V9>�_IH>= ��HJoum]H@Q<K6SIHp>�KRH

T̃n
B�HMV�oum]_@HJoum]HJB¦D8QCSJP�Q<V]A<Q<K6B+D]B

SJB�_INRQCPOBk�
{Yn = 0} ⊆

{
Z̃n = 0

}
=
{
XT̃n

= 0
}
,

>ON-BOP ¯ � :<; � ° B�H ¯ � :<; � ° : 0
BOSIHdD]ouK6Pn_JcOP�m]_I_JB�KRH Vroum]_dAi>�SIm]Q<HJB

(XT̃n
)
B�HdQ<A9AbF�BOSIH

>�m6SJSIQ�V�oum]_�ACBTV]_Jo�POBOSJSIm6S
(Xt, t ≥ 0) ¯ V9>�_nD]c�?6K]Q<HIQCouK@=

Xt
K6BTVrB�m]H�Nu>�ACouQ<_

0lLm�FG�@m]K+Q<K6SJHp>�KLH^D]B\?6K�D]BXSJB�_INRQCPOB ° :

� 3R~�7]�z�� /3��@�Cx@�&� � A�BOSIH�Q<KLHJc�_JBOSpSp>�KLHTD]B\_p>�V]V]_Jo�PJ�6B�_qPOB\_JcOSIm]A<Hp>�HT�YAi>MPOouK6D8Q<HIQCouK
D]B\SIHp>�j]Q<A<Q<HJc\D]BTAi>E?6ACB

G/G/1/1
=6D]ouK]K6cOB^V9>�_ � �}A<Qi�#f� ¯�� G�G ³ �  =LV]_JouV]_IQCc�HJc �8:Gw8:<;#:

V�:<; �#f ° =�D]BMAi>¦U?;�U�BWsou_IU�B#:M��B�VrB�K6D6>�KLH>="D6>�K6S�Ai>k?6ACB
G/G/1/1

="ACou_JSplLm6B@POB�HIHJB
POouK6D8Q<HIQCouK�K�F�BOSIHnV9>uSqN-c�_IQ ?9cOB�=]AbF m]K]QCP�Q<HJc�=1B�HqU?;�U�BXAbF�B��8QCSIHJB�K6POBED]B�Ai>4SpouA<m]HIQCouK¬SIHp>z`
HIQCouK]K9>�Q<_JBnK6B�SJouKRH.V9>uS�¤L>�_p>�KLHIQCBOS ¯ � G�G ³ �  =-B��]B�U4V]ACBOS �8:Gw8:<;nB�H �8:Gw8: �4=-V�:�; � � ° :��.A<ACBACBESpouKLHqD6>�K6SqACBXP�>uS

G/G/1/1 +G.
:

)Y�1�z��|&|&76$&��3��@�Cx�� /
� 9 	 E �.�� 9���� ��� � � 9�' � �.� E 5 ��� �(7 58= � 9��(5 ��� �(7

M/GI/1/1+GI
7 � ' 5 ��� ��C 7 C

D ��� 5 �8	4� 5+��� ��� ?BA<5 7 � A<D�;.� A<D@� �&� 5 7�� 5 � E 5 ���&��� 7 � ;-' 5�� �(C

7 +)� ��%'�('�[@F m]K6B�V9>�_IH>=uQ<A]BOSIH}Q<U4U�cOD8Qi>�HdD]BhN-ouQ<_d>ON-BOP�AbF�B��8V]_JBOSJSIQCouK4D]B
α̂n

V�oum]_}HJoum]H
n
lLm6B�SIQ�ACB\V]_JoRPOBOSJSJm6S�D]BOSnB�KRHI_JcOBOSnBOSIH�m]K V]_JoRPOBOSJSJm6S�D]B6�}ouQCSJSJouK+B�H�ACBOS�HJB�U4V6SnD]B

SJB�_IN�QCPOBMB�H^ACBOS�D]c�Ai>�QCS^stou_IU�B�KRHXD]B�m8��SIm]Q<HJBOS\Qb: Qb:�D�:7=�Ai>kSIm]Q<HJB
(α̂n, n ∈ N)

BOSJH^Qb: Qb:�D�:<:
[@FG>�m]HI_JBXV9>�_IH>=]Vroum]_qHJoum]H

n
=

P0
Ŝ

[α̂ ≤ σ̃] ≥ P0
Ŝ

[α̂ = 0]

≥ P
[
N(T̂n−1, T̂n] = 0

]
= P

[
N(T̃n − σ̃n, T̃n] = 0

]
> 0.



e8;

[\ouK6P�=

P0
Ŝ

[
sup
j∈N∗

(
α̂−j −

j∑

i=1

σ̃−i

)
≤ 0

]

= P0
Ŝ

[
sup
j∈N∗

(
α̂−

j∑

i=1

σ̃−i

)
≤ 0

]
= P0

Ŝ
[α̂− σ̃ ≤ 0] > 0.

�^K+V�B�m]HTD]ouK6PW>�V]V]A<QClLm6B�_qACB�HI�6cOou_J��U�B � :Gf8:G�4=]V9>�_IHIQCB �8:

� 3�~�7]���� "3�� �Cx��i( [X>�K6S�POB.D]B�_IK]QCB�_}P�>uS>=%ouKW>n> B�>�Q<j]A<Q-ACBOS��R�RVrouHI�6�OSJBOS�D8mYHI�6cOou_J��U�B
� : �8: �8:}£^B�Uk>�_JlLm6ouK6S�D]BnV]A<m6S�lLm6BqACBnHI�6cOou_J��U�B � :Gf8:G�4= �XS�FG>�V]V]A<QClRm6BTD6>�K6Shm]K5P�>uD8_JB
V]A<m6Sn¤-c�K6c�_p>�A-=9SJBOS��R�RVrouHI�6�OSJBOS^c�Hp>�KLHqV]A<m6STAi>�_I¤-BOS�:
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=">WV]_Jouj9>�j]Q<A<Q<HJcXD]B^VrB�_IHJB�D�F m]K+P�A<QCB�KLHT�YAbF�c�Hp>�HqSIHp>�HIQCouK]K9>�Q<_JB ¯ V]_Jouj9>�j]Q<A<Q<HJc�V�oum]_�m]KP�A<QCB�KLHkB�KRHI_p>�KLH5D6>�K6SkACB+SI�8SIHJ��U�B���AbF�c�Hp>�HkSIHp>�HIQCouK]K9>�Q<_JB�D]B K6B V9>uS5>�HIHJB�Q<K6D8_JB+ACB
SJB�_IN-B�m]_k>ON#>�KLH�AbF�B��8V]Q<_p>�HIQCouK�D]B+SJouK D]c�Ai>�Q ° BOSIH@Ai>�V]_IQ<K6P�Q<V9>�ACB�U�c�HI_IQClRm6B+D]B V�B�_a`stou_IUk>�K6POB¦D�F m]K¡SJ��SIHJ��U�B¦��VrB�_IHJB#:¬=hF�BOSIHIQ<Uk>�HIQCouK D]B5POB�HIHJB5V]_Jouj9>�j]Q<A<Q<HJc¦V9>�_Wm]K6B
stou_IUWm]ACB P�ACo#SJB�D]c�VrB�K6D6>�KLH�D]BOS�>�m]HI_JBOS/V9>�_p>�U���HI_JBOS.D8mWSJ��SIHJ��U�BhV�B�m]H}VrB�_IU�B�HIHI_JB D]B
_Jc�V�ouK6D8_JB��qD]BOS"lRm6BOSIHIQCouK6S}D]BdD8Q<U�B�K6SIQCouK]K6B�U�B�KRHq��c�Hp>�KLH}D]ouK]K6cOBOS}D]BOS/POouKLHI_p>�Q<KRHJBOS
D]BYHI_p>z?9P ¯ :6m8��D]BOS\B�KLHI_JcOBOSXB�H\ACouQ}D]BOS\D]c�Ai>�QCS\V9>�_\B��]B�U4V]ACB ° =�ouK�VrB�m]H^B�K�V9>�_IHIQCP�`m]A<QCB�_}D]cOD8m]Q<_JB�D]B POB�HIHJBhsou_IUYm]ACB ACBOS"N#>�ACB�m]_JS�D]BOS"V9>�_p>�U���HI_JBOS ¯ K6ouUYj]_JB�D]B�SJB�_IN-B�m]_JS>=D]c�j]Q<H�D]B�SJB�_IN�QCPOB ° =8lLm]Q�¤L>�_p>�KLHIQCSJSpB�KLHnm]K6B\B���Q<¤-B�K6POB^?]�]cOB^B�K HJB�_IU�B\D]B^VrB�_IHJB^V�oum]_m]K6BYD8QCSJP�Q<V]A<Q<K6BWD]BYSJB�_IN�QCPOBED]ouK]K6cOB#: 5 oum6S^>�N-ouK6STN�m¬D6>�K6S^ACBYPJ�9>�V]Q<HI_JB@f@m]K6BEstou_a`
UYm]ACBqB��8V]A<QCP�Q<HJBTD]BqPOB�HIHJBqV]_Jouj9>�j]Q<A<Q<HJcqVroum]_dm]KkSI�8SIHJ��U�B

M/M/s/S+G −FCFS
¯�� #�o%N8³#�  =8V9>�_^B��8B�U4V]ACB ° :[X>�K6S�Ai>YV]_JB�U4QC��_JB�V9>�_IHIQCBXD]B�POB�PJ�9>�V]Q<HI_JB�=6K6oum6SnB���Vro#SJouK6SnD6>�K6SnlRm6B�AClLm6BOS�P�>uS
V]A<m6S.¤-c�K6c�_p>�m8�G=RD�FG>�m]HI_JBOSd_JcOSIm]A<Hp>�HJS B�H.U�c�HI�6oRD]BOS D]BnP�>�ACP�m]A6Vroum]_dBOSIHIQ<U�B�_dAi>�V]_Jouj8`
>�j]Q<A<Q<HJcED]B�V�B�_IHJB#:

=dFG>�m]HI_JBk>uSIVrBOP�HED8m V]_Jouj]AC��U�BkBOSJHXV]_JcOP�QCSJc�U�B�KLHWACB4PJ�6ouQ ��D]B@Ai> D8QCSJP�Q<V]A<Q<K6B�D]B
SJB�_INRQCPOB��@Ai>ulLm6B�A<ACB¦PJ�6ouQCSJQ<_@>z?6K�D]BkU4Q<K]Q<U4QCSpB�_WAi>¬V]_Jouj9>�j]Q<A<Q<HJc D]B�VrB�_IHJB ��\F�BOSIH
AbF�ouj4AaB�H¦D]B�Ai> D]B�m8�8QC��U�B¬V9>�_IHIQCB�D]B¬POB�PJ�9>�V]Q<HI_JB�=qlRm]QTV]_JcOSJB�KRHJB�lRm6B�AClRm6BOS�_JcOSIm]A `
Hp>�HJSWD]B5POouU4V9>�_p>�QCSJouK¡B�KRHI_JB5D8QCSpP�Q<V]A<Q<K6BOSMD]B5SJB�_IN�QCPOB�Vroum]_Ym]K AaB�m�D]B5V9>�_p>�U���HI_JB
D]ouK]K6c#:+��B�s>�QCS >�KLHYK6oum6SYV]_JcOP�QCSJouK6SMB�HWPOouU4V]ACc�HJouK6SMPOB�_IHp>�Q<K6SW_JcOSJm]A<Hp>�HJSYD]B ��>�K8`
� >�_>= �"o � SIACB��¬B�H ��ouA shD6>�K6S [

���q�#�
]
SIm]_TAi>kPOouU4V9>�_p>�QCSJouK D]BYAi>�V�B�_IHJBMB�KLHI_JBWACBOS

D8QCBrc�_JB�KRHJBOSXD8QCSJP�Q<V]A<Q<K6BOS�D]BWSJB�_IN�QCPOBWV�oum]_\HJoum]HJBW?6ACBWD�FG>�HIHJB�KRHJB�>ON-BOP@P�A<QCB�KLHJS\Q<U4V9>z`
HIQCB�KLHJS�:���ouU4U�B�ouK�AbFG>¬_p>�V]VrB�ACc+D6>�K6S@ACB PJ�9>�V]Q<HI_JB¬f4=hHI�6cOou_J��U�B�f8: �8: �4= ��>�K � >�_�*�1�&��'�ouKRHWU�ouKRHI_Jc+lLm�F��h[\� BOSIHWouV]HIQ<Uk>�ACB B�K¡HJB�_IU�B5D]B5VrB�_IHJBkVroum]_YHJoum]HJBOSMACBOS
D8QCSJP�Q<V]A<Q<K6BOS�D]BMSpB�_INRQCPOBOS^K6ouK8`bV]_JcOB�U4V]HIQ<N-BOS>=�B�K�ACBMSJB�K6S^lRm�FG�5PJ�9>ulRm6B@Q<K6SIHp>�KLH

t
=1Ai>

V�B�_IHJB5D6>�K6SEm]K6B4?6ACB5D�FG>�HIHJB�KLHJB
G/M/s/s + G − EDF

BOSIHYSIHJo�PJ�9>uSIHIQClRm6B�U�B�KLH
Q<K8stc�_IQCB�m]_JB��EPOB�A<ACB\B�K6D8m]_JcOBTV9>�_�ACBqU?;�U�B\SI�8SIHJ��U�BTSpoum6ShHJoum]HJB�>�m]HI_JB^D8QCSpP�Q<V]A<Q<K6B^D]B
SJB�_INRQCPOBMK6ouK8`bV]_JcOB�U4V]HIQ<N-B#: 5 oum6SXD]ouK]K6ouK6SYQCP�Q.m]K6B�>�m]HI_JB4V]_JB�m]N-B4D]B4POB@_JcOSIm]A<Hp>�H>=
B�K�>�A<Ai>�KLHYV]A<m6SEACouQ<K���K6oum6SXU�ouKLHI_JouK6SMlRm6B@Ai>O3,+ 8 #N� #"+0�,+5� H��I� 3 �1+*� � 	 �)� H �-��� /*�-�&Q

e#f



e � 	 � � � ��� �&� � � ��� �������

�5+ 8&!<!#��+ +)�
π � BOSIH�Q<K8sc�_IQCB�m]_JBMB�K��d[�� V9>�_^_p>�V]Vrou_IHE��HJoum]HJB4>�m]HI_JB@D8QCSJP�Q<V]A<Q<K6B4D]BSJB�_IN�QCPOBXK6ouK8`bV]_JcOB�U4V]HIQ<N-B#:���>�_TACBXU?;�U�BYH ��V�BXD]BX_p>�QCSpouK]K6B�U�B�KLH>=1K6oum6SqU�ouKLHI_JouK6S

c�¤L>�ACB�U�B�KRH�lRm6BqAi>YD8QCSJP�Q<V]A<Q<K6BT="[\��Uk>z��Q<U4QCSJB^Ai>XVrB�_IHJBqVroum]_hAbF�ou_JD8_JB^SIHJo�PJ�9>uSIHIQClRm6B
B�HqAi>MV]_Jouj9>�j]Q<A<Q<HJcWD]BXVrB�_IHJB#:

=hFG>�A<¤-ou_IQ<HI�]U�B��d[���BOSIH�POo �]HJB�m8��B�K�HJB�_IU�B@D�F�ou_JD]ouK]K9>�K6POB�U�B�KLHk�qQ<A/_JBOlRm]QCB�_IH
m]K6B�_Jc�>uP�HIm9>�A<QCSp>�HIQCouK POouU4V]AC��HJB�D8m j]m4BrB�_ HJoum]H�B�KRHIQCB�_��¡PJ�9>ulRm6B�>�_I_IQ<N-cOB D�F m]K
P�A<QCB�KRH�:�� A BOSJHWD]ouK6P5K9>�HIm]_JB�A�D]B¦SJB5D]B�Uk>�K6D]B�_@SJQhACB5¤L>�Q<K�_Jc�>�A<QCSJc¦B�K >�V]V]A<QClLm9>�KRH
�d[�� BOSIH5SIm �kSp>�KLH5V�oum]_$A m6SIHIQ ?9B�_5POB¬POo �]H�: 5 B+D8QCSIVro#Sp>�KRHkV9>uSkD�F m]K6B�stou_IUWm]ACB
P�ACo#SJBkV�oum]_WAi>+V]_Jouj9>�j]Q<A<Q<HJc D]B�VrB�_IHJBkSpoum6SY�d[�� =/ouK¡PJ�6B�_JPp�6B¦D]ouK6P¦��BOSIHIQ<U�B�_MACB
¤L>�Q<K _Jc�>�A<QCSJc�B�K HJB�_IU�B�D]B^V]_Jouj9>�j]Q<A<Q<HJcXD]B^VrB�_IHJB\B�KRHI_JBX�d[���B�H�HJoum]HJBX>�m]HI_JBXD8QCSJP�Q `
V]A<Q<K6B\D]BTSJB�_IN�QCPOBqK6ouK8`bV]_JcOB�UWHIQ<N-B#: 5 oum6ShV]_JouVro#SJouK6S QCP�Q1m]K6BTV]_JB�U4QC��_JB�BOSIHIQ<Uk>�HIQCouK�:

��B@Pp�9>�V]Q<HI_JB4S�F�ou_I¤L>�K]QCSJB@POouU4U�B4SIm]Q<H�:X�.K�V9>�_IHIQCB4e8:<;MK6oum6S�V]_JcOSJB�KLHJouK6SED]B�m8�
B�K6P�>uD8_JB�U�B�KRHJSdD]B�Ai>qV]_Jouj9>�j]Q<A<Q<HJcnD]B V�B�_IHJB�Vroum]_/m]K6Bh?6ACBn>ON-BOP�P�A<QCB�KLHJS�Q<U4V9>�HIQCB�KRHJSq�
m]K B�K6P�>uD8_JB�U�B�KLH���sou_IHJB�PJ�9>�_I¤-B

(ρ > 1)
Vroum]_5m]K SI�8SIHJ��U�B

M/G/1/1 + G>�N-BOP D8QCSJP�Q<V]A<Q<K6B D]B SJB�_IN�QCPOB�lRm6B�ACPOouK6lRm6B�B�K SpBOP�HIQCouK e8:<;#:<; B�H m]K B�K6P�>uD8_JB�U�B�KLH
Vroum]_+m]K SI��SJHJ��U�B

GI/M/1/1 + D − FIFO
B�K SJBOP�HIQCouK e8:<;#: � �#: �.K V9>�_IHIQCB

e8: �4=�K6oum6SkPOouU4V9>�_JouK6S5ACBOS�D8QCB�c�_JB�KLHJBOS¦D8QCSJP�Q<V]A<Q<K6BOS¦D]B�SJB�_IN�QCPOB+D8m V�ouQ<KRH5D]B+N�m6B
D]BWAi>4VrB�_IHJB#: 5 oum6S^D]ouK]K6ouK6S�B�K�SJBOP�HIQCouK e8: �8:<;Ym]K6BWK6oum]N-B�A<ACBYV]_JB�m]N-BMD8m�_JcOSIm]A<Hp>�H
D]B@�}>�K � >�_ �*�1�&� ' ¯ � � �q�#�  ° lRm]Q�D]ouK]K6B5�d[�� POouU4U�B5D8QCSJP�Q<V]A<Q<K6B ouV]HIQ<Uk>�ACB B�K
HJB�_IU�B5D]B4V�B�_IHJB4D6>�K6SYACB�P�>uS

G/M/1/1 + G
V�oum]_XAbF�ou_JD8_JB5SIHJo�PJ�9>uSIHIQClRm6B#: 5 oum6S

U�ouKRHI_JouK6SYc�¤L>�ACB�U�B�KLHMlLm6B@=�[�� Uk>z�8Q<U4QCSJB@Ai>5V�B�_IHJB@Vroum]_XAbF�ou_JD8_JB4SIHJo�PJ�9>uSIHIQClRm6B#:
5 oum6S4D]ouK]K6ouK6SkB�K SJBOP�HIQCouK�e8: �8: ��m]K B�K6P�>uD8_JB�U�B�KRH5D]B Ai>�V]_Jouj9>�j]Q<A<Q<HJc¬D]B VrB�_IHJB
SJoum6S¦HJoum]HJB�D8QCSJP�Q<V]A<Q<K6B�D]B�SJB�_INRQCPOB�K6ouK8`bV]_JcOB�U4V]HIQ<N-B ¯ B�H D]ouK6P�Vroum]_ �}� � � = V9>�_
B��]B�U4V]ACB ° B�K¬souK6P�HIQCouK D]BYAi>kV]_Jouj9>�j]Q<A<Q<HJc4D]BYVrB�_IHJB@SJoum6S\�d[���Vroum]_^m]K�SI�8SIHJ��U�B
M/M/1/1 +G

: 5 oum6S�U�ouKLHI_JouK6S�>�m+V9>uSJSp>�¤-B�lLm�F��h[\� BOSJH�D6>�K6STPOBXP�>uSqouV]HIQ<Uk>�A
Vroum]_kAi>�V]_Jouj9>�j]Q<A<Q<HJc�D]B¬V�B�_IHJB�=nB�H¦D]ouK]K6ouK6S¦m]K�Uk> AIou_p>�KLH D8m ¤L>�Q<K D�F��d[�� B�K
HJB�_IU�BED]BEV]_Jouj9>�j]Q<A<Q<HJcYD]B�VrB�_IHJB#:

��
 � � � � � � �.&'�%� � �$+�� �!��)
�	� � ��� 
7��'  � %�� � �,� � ��� & % � � ' )  #%�� �

5 oum6SdV]_JouVro#SJouK6S.m]K5V]_JB�U4QCB�_ B�K6P�>uD8_JB�U�B�KLH>=�Vroum]_dm]K6B�?6ACBqD�FG>�HIHJB�KRHJB\>�N-BOPTP�A<QCB�KRHJS
Q<U4V9>�HIQCB�KRHJSE_Jc�¤#QCB4V9>�_Xm]K6B4D8QCSJP�Q<V]A<Q<K6B4D]B4SpB�_INRQCPOB4lRm6B�ACPOouK6lLm6B�="D]B@Ai>¦V]_Jouj9>�j]Q<A<Q<HJc
D]BXVrB�_IHJBXD6>�K6SqACBXP�>uSTo&R�Ai>@PJ�9>�_I¤-BWD8m¬SI�8SIHJ��U�BXBOSIHqSIm]Vrc�_IQCB�m]_JBY�

1
:

�h3R~�~�3�ª��&���t�
2 A<5%�

γ
D ��� � 587�� 5 � E 5 � � ��� 7 � ;-' 5+� �  D � E �.A �� D �(C � A<D�;,� A<D@� ��	 E � �� 9���� ��� � �

���6'��0��� + +/�����	� ��

�� +8
 ��+/��3.+8��7��#� ��+8�5+8�%�
��0"	����+8�%-������
 � ��� 	 � �



e#e

G/G/1/1 +G− γ
7 ACD�=%587 � �3E 9 ��� 9<; � �

ρ > 1
)

π >
ρ− 1

ρ
.

7 +N� � %'� 'X��ouU4U�B5ouK�ACB4U�ouKLHI_JB¦B�K¡>�V]VrB�K6D8QCPOB G = ¯ G :Gf ° =}ACBkV]_JoRPOBOSJSJm6SYSIHp>�HIQCouK8`K9>�Q<_JB
N s D]BOSqP�A<QCB�KLHJS^lLm]Q�SpB�_JouKLHTSJB�_IN�QCST>MVroum]_qQ<KLHJB�K6SJQ<HJc λs D]ouK]K6cOBEV9>�_E�

λs = λ(1 − π).

��ouK6SIQCD]c�_JouK6SEACB�¥+SJoum6Sa` SI�8SIHJ��U�B5§�_JBOSIHI_JB�Q<KRH@>�m8� P�A<QCB�KLHJSMlRm]QhSJB�_JouKLHWSJB�_INRQCS%:k=�B
SJoum6Sa` SI�8SIHJ��U�B�BOSIH"D]ouK6P�m]K6B�?6ACB&$!'&$!�;�=u>ON-BOP.m]KXV]_Jo�POBOSJSIm6S�SJHp>�HIQCouK]K9>�Q<_JBhD�F Q<KLHJB�K6SJQ<HJc
λ(1−π)

B�K�B�KRHI_JcOB�=RSIHp>�j]ACBqV]m]QCSJlLm6BqACBnSI��SJHJ��U�BnD�F�B�K6SJB�UYj]ACB\BOSIHdSIHp>�j]ACBnA<m]Q `bU?;�U�B#:
[MFG>�V]_J�OSqACBXHI�6cOou_J��U�BYD]BX=�o%�RK6BOS =6ouK�>@D]ouK6P#�

λ(1 − π)E [σ] < 1

B�HT>�m]HI_JB�U�B�KLH�D8Q<H>=
1 − 1

ρ
< π.

�^K¬>@V9>�_T>�Q<A<ACB�m]_JSY�

�d3R~�~�3�ª?�t���i(
� ACD ;,� ACD � � � 5 7�� 5 � E 5 ��� ��� 7 � ;-' 5+� �

γ
) � ACD�; � ACD@� ��	 E � �  9���� ��� � �

M/G/1/1+
G − γ

7 A<D�=%5 7 � �3EF9 ��� 9<; � �
ρ
)

π <
ρ

ρ+ 1
.

7 +N� � %'� '\=">�V]_Jouj9>�j]Q<A<Q<HJc D]B5V�B�_IHJB5D�F m]K¡P�A<QCB�KRH4BOSIHYQ<K8sc�_IQCB�m]_JB¦��POB�A<ACB¦D�F m]K6B�?6ACBD�FG>�HIHJB�KLHJBYP�Ai>uSpSIQClLm6BXS >�K6S�j]m4BrB�_
M/G/1/1 ¯ ACBOSqP�A<QCB�KLHJSTK6BESJouKRHqSJB�_INRQCSTlLm6BXSIQ�Q<ACSB�KLHI_JB�KLHXD6>�K6S\m]K�SJ��SIHJ��U�BYNRQCD]B ° :��/oum]_�m]K�HJB�A}SI�8SIHJ��U�B�=1Ai>@sou_IUYm]ACB@D�F��._IAi>�K]¤u` GD]ouK]K6BXAi>MV]_Jouj9>�j]Q<A<Q<HJcYD]BXVrB�_IHJB
π (M/G/1/1)

�

π (M/G/1/1) =
ρ

ρ+ 1

B�HqouK�>MACB�_JcOSIm]A<Hp>�H�:
5 oum6SdV�oum]N-ouK6SdD]ouK6PTD]cOD8m]Q<_JBTD]BOSdD]B�m8�@ACB�U4U�BOSdV]_JcOPOcOD]B�KRHJShm]KkB�K6P�>uD8_JB�U�B�KRH

D]BXAi>@V]_Jouj9>�j]Q<A<Q<HJcMD]BXV�B�_IHJBEV�oum]_qHJoum]HJBE?6ACBED�FG>�HIHJB�KLHJB
M/G/1/1 +G

=9>�N-BOPYD8QCSa`
P�Q<V]A<Q<K6BED]BXSJB�_IN�QCPOBElLm6B�ACPOouK6lRm6B��



e#w 	 � � � ��� �&� � � ��� �������

� +"3R�9� �R~�3�ª?�t���Cx
� A<D�; � A<D@� �/� 5 7�� 5 � E 5 ���/��� 7 � ;-' 5+� �

γ
) E 9 � ; A?0.9�0 5 E 5%��� ��� ��� ;-� � ��� E 9 	 E �

M/G/1/1 +G − γ
7 ACD�=%587 � � D ��� ��� 9<; � �

ρ > 1
'(� ;'5 	,�

ρ− 1

ρ
< π <

ρ

ρ+ 1
. ¯ e8:<; °

��ouU4U�B ouK¡V�B�m]H@S�F ��>�HIHJB�K6D8_JB�=.Ai>¬V]_Jouj9>�j]Q<A<Q<HJc D]BkVrB�_IHJB5HJB�K6D�>�ACou_JSMN-B�_JS
1lRm9>�K6D�Ai>+PJ�9>�_I¤-B�HJB�K6D N-B�_JSXAbF Q<K8?6K]Q-=�V]m]QCSplLm6B@ACB4SI�8SIHJ��U�B@HJB�K6D�� S�F�B�K]¤-ou_I¤-B�_>=}B�H

m]K¬P�A<QCB�KRH^��>�N-ouQ<_qHI_J�OSnVrB�m¬D]BXPJ�9>�K6POBOS\D�F ;�HI_JBEPJ�6ouQCSJQb:
5 o#SESIQ<UWm]Ai>�HIQCouK6SYQ<K6D8QClRm6B�KLHMlLm�FG�

ρ > 1
?]�]c�=�Ai> V]_Jouj9>�j]Q<A<Q<HJc5D]B4V�B�_IHJB@HJB�K6D

N-B�_JS�Ai>5jrou_IK6B4SIm]V�c�_IQCB�m]_JB@D]BMAbF Q<KLHJB�_IN#>�A<ACB4V]_JcOPOcOD]B�KRHEACou_JSJlRm6B
1/E [D]

HJB�K6D�N-B�_JS
AbF Q<K8?6K]Q-=8D]ouK6PTB�K¦P�>uS D]B^D]c�Ai>�QCS D�F�B��]cOP�m]HIQCouK¦HI_J�OShVrB�HIQ<HJS B�H V9>�_a`bAi�XU?;�U�B�=8D]Bnsou_IHJB
VrB�_IHJB#:
�	� � ��� �  �

GI/M/1/1 + D − FIFO � EDF �
5 oum6S�K6oum6SkV]Ai> 
OouK6S�QCP�QTD6>�K6Skm]K P�>uS�SJB�K6SJQ<j]ACB�U�B�KLH¦V]A<m6SkPOouU4V]ACB��]B�=�o&R ouK�K6B
SIm]V]Vro#SJBXV]A<m6S^lLm6B�ACBEV]_JoRPOBOSJSJm6STD]BOSqB�KRHI_JcOBOS^BOSIHTm]K�V]_JoRPOBOSpSIm6STD]B$�}ouQCSJSJouK@=9Uk>�QCS
SIQ<U4V]ACB�U�B�KRHkm]K V]_Jo�POBOSJSIm6S4D]B _JB�K6oum]N-B�A<ACB�U�B�KRH�: 5 oum6SkSIm]V]V�o#SpouK6S@V9>�_k>�Q<A<ACB�m]_JS
D6>�K6S^POB�HIHJBESJBOP�HIQCouK�lRm6BXACBOSqD]c�Ai>�QCSnQ<K]Q<HIQi>�m8��SJouKRHTD]c�HJB�_IU4Q<K]QCSIHJBOS�:

5 oum6SnPOouK6SIQCD]c�_JouK6S^D]ouK6P�m]K6B\?6ACBXD�FG>�HIHJB�KLHJB
GI/M/1/1 +D − FIFO

=]o&R��
• ACBOS^P�A<QCB�KLHJS^B�KLHI_JB�KLH�D6>�K6SqACBXSJ��SIHJ��U�BXSJm]Q<Nu>�KRHqm]K�V]_Jo�POBOSJSIm6SqD]BX_JB�K6oum]N-B�A<ACB�`
U�B�KLH�: ©^m]HI_JB�U�B�KLH D8Q<H>= ACBOSkQ<KLHJB�_p>�_I_IQ<N-cOBOS

Un+1 := Tn+1 − Tn
SJouKRH�Q<K8`

D]c�V�B�K6D6>�KRHJBOS^B�HqQCD]B�KRHIQClLm6B�U�B�KRH\D8QCSJHI_IQ<j]m6cOBOS>=
• ACBOS^P�A<QCB�KLHJS^D]B�Uk>�K6D]B�KLHTm]K�SJB�_INRQCPOBXD]BYD8m]_JcOBEB���VrouK6B�KLHIQCB�A<ACB

σ ∼ ε(µ)
=

• ACBOS�D]c�Ai>�QCS�c�A<Q<U4Q<K9>�HJouQ<_JBOS�D]BOS�P�A<QCB�KLHJS�SJouKRH D]c�HJB�_IU4Q<K]QCSIHJBOS =RQ<K]Q<HIQi>�ACB�U�B�KRH�HJoum6S
c�¤L>�m8���

d
:

£^B�Uk>�_JlLm6ouK6S HJoum]H�D�FG>�j�ou_JD5lLm6B^D6>�K6ShPOBTP�>uS =LACBOS D8QCSJP�Q<V]A<Q<K6BOS�D]BTSJB�_IN�QCPOBq�d[��
B�H���� � ��SJouKRH}cOlRm]Q<Nu>�ACB�KRHJBOS�:��.K@B"BrB�H>=uACB D]c�Ai>�Q�_JcOSJQCD8m6B�A�D8m@P�A<QCB�KLH

Ck
�Tm]KWQ<K6SIHp>�KRH

t
>�m6lLm6B�A�Q<A�BOSJHqB�K6POou_JBYB�K¬>�HIHJB�KLHJBWD6>�K6SqACBXSI�8SIHJ��U�BXBOSIHqD]ouK]K6cEV9>�_��

DRk(t) = Dk − (t− Tk) = d+ Tk − t.

©^Q<K6SIQd�
{ ACBXP�A<QCB�KLH

Ci
BOSJHnV]_IQCou_IQ<Hp>�Q<_JBW�

t
SIm]_nACBXP�A<QCB�KLH

Cj
SJoum6Sq�h[\� }

⇐⇒ 0 < DRi(t) < DRj(t)

⇐⇒ 0 < d+ Ti − t < d+ Tj − t

⇐⇒ Ti < Tj
=]B�H

Ci
B�H
Cj

SJouKLHTB�K¬>�HIHJB�KRHJBW�
t

⇐⇒
{ ACBEP�A<QCB�KRH

Ci
BOSIHnV]_IQCou_IQ<Hp>�Q<_JBW�

t
SIm]_nACBEP�A<QCB�KLH

Cj
SJoum6ST�}� � � }

.



e-�

=�B._JcOSIm]A<Hp>�H}D]ouK]K6chQCP�Q-=�B���V]_IQ<U�chV�oum]_/m]K6B�?6ACBd¤-c�_JcOB B�KW��� � � =�BOSIH�V9>�_}POouK6SJcOlRm6B�KLH
HJoum&Aaoum]_JS�N#>�Ai>�j]ACB�SIQ1Ai>Y?6ACB�BOSIH�¤-c�_JcOB�B�K �h[\� ��Q<A�S�FG>�¤#Q<H�B��6>uP�HJB�U�B�KLH^D]B^Ai>YU?;�U�B
?6ACBXD�FG>�HIHJB�KLHJB#:

� 3�~�7]���� "3�ª��t���t� �^K4U�ouKRHI_JBqD]B�Ai>^U?;�U�B�s> 
OouK4lRm6BnD6>�K6SdPOB�P�>uSdo&R4ACBOS.D]c�Ai>�QCS
SJouKLHTD]c�HJB�_IU4Q<K]QCSJHJBOS>=]Ai>4D8QCSJP�Q<V]A<Q<K6BY=�[���_JB�N�QCB�KLH��MAi>4D8QCSJP�Q<V]A<Q<K6BE="� � �M:

5 oum6S¬D]ouK]K6ouK6S�m]K B�K6P�>uD8_JB�U�B�KLH�D]B Ai>¡V]_Jouj9>�j]Q<A<Q<HJc�D]B V�B�_IHJB D�F m]K P�A<QCB�KLH
��AbF�c�Hp>�H SIHp>�HIQCouK]K9>�Q<_JB#: ©^ACou_JS¦lRm6B�AbFG>�j6SJB�K6POB�D]B¬U�c�U�ouQ<_JB�D]B�Ai>�ACouQ�B��8V�ouK6B�K8`
HIQCB�A<ACBTVrB�_IU�B�HIHp>�Q<HnD6>�K6S ACB\P�>uS

M/M/s/s+G − FCFS
D�F�B��8�]Q<j�B�_�D]BOS�U�oRD]��ACBOS

Uk>�_32-o�N�QCB�K6SWSIQ<U4V]ACBOSEV�oum]_EACBkP�>�ACP�m]A D]B@VrB�_astou_IUk>�K6POBOSMB�HYD]ouK]K9>�QCB�KLHMB�K�V9>�_IHIQCP�`
m]A<QCB�_qm]K6B�sou_IUYm]ACBYP�ACo#SpBXV�oum]_TAi>MV]_Jouj9>�j]Q<A<Q<HJcWD]BXVrB�_IHJB�=]m]K�HJB�A/P�>uD8_JBED�F�c�HIm6D]BEK6B
stouK6P�HIQCouK]K6B4V]A<m6S�QCP�QdB�HXQ<A�sb>�m]HXHI_Joum]N-B�_Em]K�P�>uD8_JB �9� 698>(4V�oum]_XVroum]N-ouQ<_YBOSIHIQ<U�B�_
POB�HIHJBXV]_Jouj9>�j]Q<A<Q<HJc#:

£^>�V]VrB�ACouK6SqlRm6B�AbF�ouK�K6ouHJBXVroum]_nHJoum]H
k
=

πk := P [
ACBEP�A<QCB�KRH

Ck
BOSIHnVrB�_JD8m

] .

5 oum6SqD]ouK]K6ouK6STm]K6BEcOlRm9>�HIQCouK¬D]BX_JcOP�m]_I_JB�K6POBYSJQ<U4V]ACB�V�oum]_
(πk, k ∈ N)

B�HqB�K�D]c�`
D8m]QCSJouK6S}Ai>TV]_Jouj9>�j]Q<A<Q<HJcnD]B�VrB�_IHJB�B�KMV9>uSpSp>�KLHd�^Ai>qA<Q<U4Q<HJBnSJm]_/AbF�B��8V]_JBOSJSIQCouK@¤-c�K6c�_p>�ACB
D]B
πk
:

� +/3L�9� �R~�3�ª��&���<�
� 9 � ; A?0,9?0B58E 5+��� ���7��� ;-� � � E  ��� 9�� 7 � 9��(58A � � 9<5 ; � �  D ��� 	 E � �  9���� ��� � �
GI/M/1/1 +D − FIFO

2 A<D
EDF

5<'(� ;'5 	,� "

P[σ > U ]e−µd

1 −P[σ > U ](1 − e−µd)
≤ π ≤ P[σ > U ].

7 +N� � %'� ' 5 oum6S K6ouHJouK6S T ′
k

=LAbF Q<K6SIHp>�KRHno&RkACBTP�A<QCB�KRH
Ck

lRm]Q<HIHJB^Ai>�?6ACB\D�FG>�HIHJB�KLHJB#: ��F Q<A
K�F�BOSIH�V9>uS^VrB�_JD8m@=

T ′
k

BOSIHXD]ouK6PMAbF Q<K6SIHp>�KLHEo&R�Q<A.B�KLHI_JB4B�K SJB�_IN�QCPOB@B�H
T ′
k

SJBWHI_Joum]N-B
D6>�K6SnAbF Q<KLHJB�_IN#>�A<ACBYD]BXHJB�U4V6S

[Tk, Tk + d[
:��RQ<K6ouK@=6ouK¬>

T ′
k = Tk + d

:
5 ouHJouK6SqV9>�_^>�Q<A<ACB�m]_JSqACBOSqc�N-��K6B�U�B�KRHJS^SJm]Q<Nu>�KRHJSY�





Itj :=
{
Cj

BOSIHqB�K¬SJB�_IN�QCPOBE�MAbF Q<K6SIHp>�KLH
t
}
,

Gj :=
{
Cj

BOSIHqSJB�_IN�Q }
.

=�B�P�A<QCB�KLH
Ck

BOSJH�c�A<Q<U4Q<K6c�ACou_JSplLm6B\ACB�SJB�_IN-B�m]_qBOSIHno�POP�m]V�cX�WAbF Q<K6SIHp>�KLH
Tk + d

:h��B�H
c�N-��K6B�U�B�KLHEBOSIH^_Jc�>�A<QCSJc@SIQ"AbF m]K D]BOS�P�A<QCB�KLHJS

C0, C1, ..., Ck−1
B�KRHI_JcOSE>ON#>�KLH

Ck
BOSIH



e#� 	 � � � ��� �&� � � ��� �������

B�K SJB�_IN�QCPOB\�YAbF Q<K6SIHp>�KLH
Tk + d

:.[X>�K6S�POB\P�>uS>=�POB^P�A<QCB�KRHnB�K¦SJB�_IN�QCPOB��
Tk + d

AbF�c�Hp>�Q<H
D]c AJ���

Tk−1 + d
=6SIQ<K6ouK+Q<A">�m]_p>�Q<H^c�HJcXc�A<Q<U4Q<K6cM�@POB�HqQ<K6SIHp>�KRHY�

πk =

k−1∑

j=0

P
[
ITk+d
j

]
=

k−1∑

j=0

P
[
ITk+d
j ∩ ITk−1+d

j

]

=
k−1∑

j=0

P
[
ITk+d
j | ITk−1+d

j ]P[I
Tk−1+d
j

]
.

=�BOS"HJB�U4V6S"D]B.SJB�_IN�QCPOBdc�Hp>�KRH"B���VrouK6B�KLHIQCB�ACS =zAi>nV]_Jouj9>�j]Q<A<Q<HJchlRm�F m]KYP�A<QCB�KLH"SpouQ<H"B�K6POou_JB
B�K¬SpB�_INRQCPOBE�

Tk + d
Sp>uPJ�9>�KRH^lRm�F Q<A�c�Hp>�Q<HTD]c AJ�@B�K�SJB�_INRQCPOBW�

Tk−1 + d
BOSJHqD]ouK]K6cOB

V9>�_Y�
P [σ > Tk − Tk−1] = P [σ > U ] .

=dF�c�¤L>�A<Q<HJcYV]_JcOPOcOD]B�KLHJBWD]ouK]K6BED]ouK6P��

πk =
k−1∑

j=0

P [σ > U ]P
[
I
Tk−1+d
j

]

= P [σ > U ] πk−1 + P [σ > U ]P
[
I
Tk−1+d
k−1

]
. ¯ e8: � °

��ouU4U�B
I
Tk−1+d
k−1 ⊂ Gk−1

=]ouK�>4>�ACou_JSY�

πk ≤ P [σ > U ]πk−1 + P [σ > U ] (1 − πk−1) = P [σ > U ] .

�^K V9>uSJSJB��WAi>WA<Q<U4Q<HJB\SJm]_
k
D6>�K6S�AbF Q<K6c�¤L>�A<Q<HJc�V]_JcOPOcOD]B�KLHJB#:���ouU4U�BXouK >�HIHJB�Q<KRHqm]K

AIoum]_nAbF�c�Hp>�H^SIHp>�HIQCouK]K9>�Q<_JB�=
lim
k→∞

πk = π

B�HTouK¬>4Ai>Mj�ou_IK6BESJm]V�c�_IQCB�m]_JBXVroum]_
π
:

��ouK6SIQCD]c�_JouK6SkUk>�Q<KLHJB�K9>�KRH5Ai>�jrou_IK6B+Q<K8sc�_IQCB�m]_JB#: ¯ e8: � ° D]ouK]K6B+Vroum]_�HJoum]H�P�A<QCB�KRH
Ck

�

πk = P [σ > U ] πk−1 + P [σ > U ]P
[
I
Tk−1+d
k−1

]

= P [σ > U ]

(
πk−1 + P [Gk−1]

−P [
��+ 
*+/� � ��78+ ��+

Ck−1

*+ %�+4���5� ��+ � � �	�%

Tk−1 + d]

)

= P [σ > U ]

(
πk−1 + 1 − πk−1

−P
[
Gk−1 ∩ {T ′

k−1 + σk−1 < Tk−1 + d}
] )

≥ P [σ > U ]
(
1 − (1 − πk−1)P [σk−1 < d]

)

= P [σ > U ] −P [σ > U ]P [σ < d] (1 − πk−1).



e#³

�.K�D�FG>�m]HI_JBOSTHJB�_IU�BOS =8V�oum]_qHJoum]H
k
�

πk ≥ P [σ > U ]P [σ > d] + P [σ > U ]P [σ < d]πk−1

B�HqB�K�V9>uSJSp>�KRH^�MAi>MA<Q<U4Q<HJBYSIm]_
k
�

π ≥ P [σ > U ]P [σ > d] + P [σ > U ]P [σ < d] π.

=">MU4Q<K6ou_p>�HIQCouK�BOSIH^D]c�U�ouKLHI_JcOB#:
��Bq_JcOSIm]A<Hp>�H�POouU4V]AC��HJB�POB�A<m]Q�D]B � =�=}�uf  = ¯ f8: � ° =RlRm]Q9K6B\D]ouK]K9>�Q<H�lRm�F m]K6B^j�ou_IK6BSIm]V�c�_IQCB�m]_JBEV�oum]_qAi>4V]_Jouj9>�j]Q<A<Q<HJcWD]BXVrB�_IHJB#: ��>�_\>�Q<A<ACB�m]_JS =6Q<A"BOSIH^P�Ai>�Q<_JB�U�B�KLH\j�B�>�m8`

POoum]V¦V]A<m6S ?6K+lRm6BTAbF�B�K6P�>uD8_JB�U�B�KRH ¯ e8:<; ° B�H V]_JcOSpB�KLHJB�AbFG>ON#>�KLHp>�¤-BXD�F ;�HI_JB�N�_p>�Q�V�oum]_D]BOSnQ<KLHJB�_p>�_I_IQ<N-cOBOS^Qb: Qb:�D�:dD]BXACouQ�lRm6B�ACPOouK6lLm6BYB�HqV�oum]_nK�F Q<U4Vrou_IHJBYlRm6B�A<ACBXPJ�9>�_I¤-B#:
�._JcOP�QCSJouK6SE�5lLm6ouQ}_JB�N�QCB�KLHXPOB�H\B�K6P�>uD8_JB�U�B�KRHYD6>�K6S\HI_JouQCS�P�>uS\D]BWACouQCS\V�oum]_\ACBOS

Q<KLHJB�_p>�_I_IQ<N-cOBOS>=1D]c�HJB�_IU4Q<K]QCSIHJB�=6m]K]Q sou_IU�BEB�HTB��8V�ouK6B�KRHIQCB�A<ACBk�

)Y�9���1|t|&76$0��3�ª��&���iª

 C �:9 � 7 D ��� 	 E �
D/M/1/1 + D − FIFO

2
EDF

5 ) A�!"E � 7 9<;';'5%'(� � 7
7 A � � � � ;'58A � 5  D � 7 ��� � � ;'58A ���

p
2 9CD@�(; � = ��� � � 5+�

U = p
� C 7 C 5 )

e−µ(p+d)

1 − e−µ(1 − e−µd)
≤ π ≤ e−µp. ¯ e8:Gf °

� C �:9 � 7 D ��� 	 E �
GI/M/1/1 +D − FIFO

2
EDF

5 ) A�! E � 7 5 � � � ; 9<; �
;'5%'(� � 7�?BAC;'= � D ��� 7 D�5+� � ��� ' 9<;'589?0BE � 7�D � 5 ?BA<;'=<� = ��� � � 587 �(;'5 0BD � � 7
7 D�;

[0,M ]
)

1−e−µM

µM e−µd

1 − 1−e−µM

µM (1 − e−µd)
≤ π ≤ 1 − e−µM

µM
. ¯ e8: � °

� C �:9 � 7 D ��� 	 E �
M/M/1/1 +D − FIFO

2
EDF

5 ) A�! E �.� ; A�� � 7 7 D�7
��� 7:9<;';'5%'(� � 7 � 7 � D ��� ; A�� � 7.7 D�7 ��� � A<5 7 7 A �9��� � 9C; 9<=<���(; � 7

λ
)

λ
λ+µe

−µd

1 − λ
λ+µ (1 − e−µd)

≤ π ≤ λ

λ+ µ
. ¯ e8:Ge °

�^K�VrB�m]HX_JB�Uk>�_JlRm6B�_EB�K V9>�_IHIQCP�m]A<QCB�_YlLm6BMACB4D]B�_IK]QCB�_X_JcOSIm]A<Hp>�H ¯ e8:Ge ° BOSJH�POou�6c�_JB�KRH>ON-BOPkPOB�A<m]Q�D]B � � �\��²8;  = ¯ f8: � ° =}V]m]QCSJlRm6B�ACBOSYj�ou_IK6BOSWV]_JcOPOcOD]B�KLHJBOS@B�K6P�>uD8_JB�KLH@Ai>Nu>�ACB�m]_qB��6>uP�HJBED]B
π
:
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��
 	 � � +-,�� � �%(�) �%� � �!� � �"�.(�)�& ( ,���(��.� )*� ��) ��� # (�&'�
�.Ai> 
OouK6SI`bK6oum6S+Uk>�Q<KLHJB�K9>�KRH�D6>�K6S ACB�P�>uS ¤-c�K6c�_p>�AESIHp>�HIQCouK]K9>�Q<_JB�V�oum]_ Ai>�ACouQXD]BOS
D]c�Ai>�QCS^Q<K]Q<HIQi>�m8�¬D]BOSTP�A<QCB�KRHJS�:n� P�Q-=9ACBOSTD8QCSJP�Q<V]A<Q<K6BOS\�d[�� B�H\�}� � ��V9>�_\B��8B�U4V]ACB�=1K6B
SJouKRH � 3,+K+ 8 +"+TV]A<m6SWcOlLm]Q<N#>�ACB�KLHJBOS>=}B�HXK6oum6SYPp�6B�_JPJ�6ouK6S4�¦ACBOSEPOouU4V9>�_JB�_MD8m�V�ouQ<KRH
D]B�NRm6B�D]B�Ai>�VrB�_IHJB#: [X>�K6S POB�HIHJB�V9>�_IHIQCB�=qK6oum6S¦_JBOD]c�U�ouKLHI_JouK6S+ACB�_JcOSIm]A<Hp>�H+D]B
��>�K � >�_ � �F�&� ' ¯ � ���q�#�  ° =/HI�6cOou_J��U�B¦f8: �8: �4=}lLm]Q D]ouK]K6B�AbF�ouV]HIQ<Uk>�A<Q<HJc D�F��d[�� B�K
HJB�_IU�B�D]B�V�B�_IHJB�V�oum]_¦AbF�ou_JD8_JB�SIHJoRPp�9>uSIHIQClRm6B#: 5 oum6S¦U�ouKLHI_JouK6S+c�¤L>�ACB�U�B�KLH�lRm6B
=�[��¡BOSIH�Ai>WU�ouQ<K6S�j�ouK]K6B�D8QCSJP�Q<V]A<Q<K6B�D]B�SJB�_IN�QCPOB�>�N-BOPXPOB�P�_IQ<HJ��_JB#:d�.K+oum]HI_JB�=8K6oum6S
>�A<ACouK6SWV]A<m6SMACouQ<K �MK6oum6SYU�ouKRHI_JouK6SMV�oum]_Wm]K¡SI�8SIHJ��U�B�cOlRm]Q<N#>�ACB�KLH@lLm�F��d[���>+Ai>
V]A<m6S�sb>�Q<j]ACBTV]_Jouj9>�j]Q<A<Q<HJcXD]B\VrB�_IHJBX�EAbF�c�Hp>�HnSIHp>�HIQCouK]K9>�Q<_JB�=]lRm6B�=�[���>WAi>EV]A<m6S�sou_IHJB
V]_Jouj9>�j]Q<A<Q<HJc�D]BMVrB�_IHJB��5AbF�c�Hp>�HESIHp>�HIQCouK]K9>�Q<_JB�B�KLHI_JB@HJoum]HJBOSEACBOSXD8QCSJP�Q<V]A<Q<K6BOSXD]B4SJB�_a`
N�QCPOB@K6ouK8`bV]_JcOB�U4V]HIQ<N-BOS@B�HED]ouK]K6ouK6SEm]K Uk> AIou_p>�KLHWD8m�¤L>�Q<K�D�F��d[�� B�K�HJB�_IU�B�D]B
V]_Jouj9>�j]Q<A<Q<HJcWD]BXV�B�_IHJB�V9>�_T_p>�V]V�ou_IH^�MHJoum]HJBW>�m]HI_JBED8QCSJP�Q<V]A<Q<K6BYD]BXSpB�_INRQCPOB#:

�	� �	��� �  � � � � � %� �
G/M/1/1 + G

��ouQ<Hnm]K6B\?6ACBXD�FG>�HIHJB�KRHJBW>ON-BOP�Q<U4V9>�HIQCB�K6POBOS
G/M/1/1 +G

: ��ouQ<H
σ̃n

=�Ai>@D8m]_JcOBED8m
n
`bQC��U�BqSJB�_IN�QCPOB�_JB�K6D8m�V9>�_dACBnSpB�_IN-B�m]_�: 5 oum6SdSIm]V]Vro#SJouK6SdPOouU4U�BTD6>�K6SdACBnPJ�9>�V]Q<HI_JB
V]_JcOPOcOD]B�KRH^lRm6BXP#F�BOSIHnACBXSJB�_IN-B�m]_TB�HnK6ouK�AbF QCD]B�KRHIQ<HJcYD8m�P�A<QCB�KRHTlLm]Q�B�KRHI_JBYB�K�SJB�_IN�QCPOB
�
T̃n−1

=dlRm]QnD]cOP�QCD]B+D]B¦Ai>¬N#>�ACB�m]_�D]B
σ̃n
:���B�HIHJB �L��V�ouHI�6�OSpB K6B¦Pp�9>�K]¤-B+V9>uS@Ai>

SIHp>�HIQCSJHIQClLm6BED8m�SJ��SIHJ��U�B#:
�^K�K6ouHJBEV�oum]_nHJoum]HJBED8QCSpP�Q<V]A<Q<K6BED]BESJB�_IN�QCPOB

(.)
�

• Vroum]_�HJoum]H
t
=
P

(.)
t

ACB�K6ouUYj]_JBnD]B�P�A<QCB�KLHJS.VrB�_JD8m6S.B�H
S

(.)
t

ACB�K6ouUYj]_JBnD]B�P�A<QCB�KRHJS
SJB�_INRQCSqV9>�_

(.)
�MAbF Q<K6SIHp>�KLH

t
=

• �4AbF�c�Hp>�HTSIHp>�HIQCouK]K9>�Q<_JBk�
� P (.) =8ACBXK6ouUYj]_JBWD]BXP�A<QCB�KLHJSqVrB�_JD8m6SqVrB�K6D6>�KLHTm]K6B # � / D13<�1+K+ 8>�¬D]B

(.)
=

� E(.) =]ACB�K6ouUYj]_JBWD]BEP�A<QCB�KLHJS^B�KLHI_JcOSTV�B�K6D6>�KRHTm]K6B # � / D$3 �1+"+.8>�¬D]B
(.)

=
� S(.) =8ACBXK6ouUYj]_JBWD]BXP�A<QCB�KLHJSTSpB�_INRQCSnVrB�K6D6>�KLH^m]K6B # � / D13<�1+K+ 8>�¬D]B

(.)
=

� B(.) =8Ai>@D8m]_JcOBED�F m]K6B # �I/ED13 �-+K+ 8>�+Vroum]_
(.)

=
� π(.) =8Ai>4V]_Jouj9>�j]Q<A<Q<HJcYD]B�VrB�_IHJBXV�oum]_ (.)

:
5 oum6S�POouU4V9>�_JouK6S>=�Vroum]_4m]K�SJPOc�K9>�_IQCo�D]B HI_p>z?9P ¯ m]K6B+HI_p> AaBOP�HJouQ<_JB�D]B Ai>�?6ACBD�FG>�HIHJB�KRHJB ° =6ACBOS�VrB�_astou_IUk>�K6POBOSqD8m+SI�8SIHJ��U�B\Vroum]_�HI_JouQCSnD8QCSpP�Q<V]A<Q<K6BOSqD]BXSJB�_IN�QCPOB\D8Q s&`sc�_JB�KLHJBOSW�.�d[�� =9=�[�� B�Hnm]K6BED8QCSJP�Q<V]A<Q<K6BED]BESpB�_INRQCPOBXlRm6B�ACPOouK6lLm6B
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�����

n
=
Tl +Dl > Tj +Dj > t̃n+1

=
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N�QCD]BXB�H^>�m]HI_JB�U�B�KLH\D8Q<H
sγ1 ≤ s

�����

1 .��>�_^>�Q<A<ACB�m]_JS>=]ACBXACB�U4U�BWe8: �8: �@Q<U4V]A<QClLm6BYD]BXU?;�U�BElRm6B

#
(
R
�����

/γ
n

)
≤ #

(
Rγ/

�����

n

) Vroum]_qHJoum]H
n ≤ min

{
S
�����
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�����
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�����

1 , Sγ1
}
.

=�BESJ��SIHJ��U�BX="[\��SJB�N�QCD]BED]ouK6PY>�Nu>�KRHqACBESI�8SIHJ��U�B
γ
�
s
�����

1 ≤ sγ1
:



w#w � �(�� !��� � � ���(� ����� � � ��� �����  ������ � �	��� � ��(� �����

�8: �}>�_E_JcOP�m]_I_JB�K6POB#�E�
t̃1

=
#
(
R

�

�
�

1

)
= 0

: �^K�SJm]V]V�o#SJBMAi>¦V]_JouV]_IQCc�HJc@N�_p>�QCB��
t̃n
:��^K+K6ouHJBEB�K6POou_JB

Cl
=6ACBXP�A<QCB�KLH^SpB�_INRQ�V9>�_

γ
�@POB�HqQ<K6SIHp>�KLH�:h©TACou_JS>=

R
�����

/γ
n+1 ⊆





{
Cl

} ⋃
{
R
�����

/γ
n ∩

{
Tk +Dk >

(
t̃n+1 ∨ min

Ci∈V
� ���

n

{
Ti +Di

})}
}

SJQ
Cl ∈Mγ,

�����
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Τ1+σ1+σ2
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Τ1
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�}>�_^>�Q<A<ACB�m]_JS =8ACBOSnV�ouQ<KRHJSqD]BXPOouK6SIHI_Im6P�HIQCouK�c�Hp>�KLHTD]BOSnQ<K6SJHp>�KLHJSqD]B�_JB�K6oum]N-B�A<ACB�U�B�KRH
D8m�SI��SJHJ��U�BXSIHp>�j]ACB�=6D�FG>�V]_J�OS ¯�� £^o#Sp³#e� =8HI�6cOou_J��U�BWf8:Gw8:<;#: ° = ¯ e8:<;�� ° _JB�N�QCB�KLH^� �

πγ =
E [P γ ]

E [Eγ ]
=

E [P γ ]

λE [Bγ ]
. ¯ e8:<;�³ °
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¯ e8:<;�³ ° Q<U4V]A<QClRm6B��

π
�����

=
E [P

� ���
]

E [E
� ���

]
=

E

[
P
� ���

T̃ νγ̃/
� ���

0

− P
� ���

T̃ 0
0

]

λE
[
T̃ ν

γ̃/
�����

0 − T̃ 0
0

] =
E
[∑νγ̃/

�����

i=1

(
P
�����

T̃ i
0

− P
�����

T̃ i−1

0

)]

λE [B
�����

]
,

πγ̃ =
E
[
P γ̃
]

E [Eγ̃ ]
=

E
[
P γ̃
T̃ 1
0

− P γ̃
T̃ 0
0

]

λE
[
T̃ 1

0 − T̃ 0
0

] =
E
[
ν γ̃/

�

�
� ]

E
[
P γ̃
T̃ 1
0

− P γ̃
T̃ 0
0

]

λE
[
ν γ̃/

�

�
� ]

E
[
T̃ 1

0 − T̃ 0
0

]

=
E
[∑νγ̃/

� ���

i=1

(
P γ̃
T̃ i
0

− P γ̃
T̃ i−1

0

)]

λE
[
T̃ ν

γ̃/
� ���

0 − T̃ 0
0

] =
E
[∑νγ̃/

� ���

i=1

(
P γ̃
T̃ i
0

− P γ̃
T̃ i−1

0

)]

λE [B
�����

]
,

>�N-BOPEAbF QCD]B�KLHIQ<HJcWD]B ��>�ACD�: ��BOSTD]B�m8�+cOlRm9>�HIQCouK6STD]ouK]K6B�KLH�>ON-BOP ¯ e8:<;�w ° �

π
�����

≤ πγ̃ ≤ π
�����

+
E
[
ν γ̃/

�

�
� ]

E
[
Sγ̃
]
−E

[
ν γ̃/

�

�
� ]

λE [B
�����

]
. ¯ e8: �#² °

[@FG>�m]HI_JBXV9>�_IH>=9>�N-BOP ¯ e8:<;%� ° B�HnAbF QCD]B�KRHIQ<HJcWD]B ��>�ACD��

E [B
�����

] = E
[
ν γ̃/

�

�
� ]

E
[
Bγ̃
]
+ E

[
ν γ̃/

�

�
� ]

E [I] −E [I] ,

o&R
I
BOSIH�Ai>nNu>�_IQi>�j]ACB�>�ACc�>�HJouQ<_JB D8mEHJB�U4V6S��q>�HIHJB�K6D8_JB�>ON#>�KLH/AbFG>�_I_IQ<N-cOB D�F m]KWK6oum]N-B�>�m

P�A<QCB�KRH^D6>�K6Snm]K¬SJ��SIHJ��U�B�N�QCD]B#:.=dF�cOlRm9>�HIQCouK¬V]_JcOPOcOD]B�KRHJBWSJB\_JcOcOP�_IQ<HM�

E
[
ν γ̃/

�

�
� ]

=
E [B

�����
] + E [I]

E [Bγ̃ ] + E [I]
=

E [B
�����

] + 1/λ

E [Bγ̃] + 1/λ
. ¯ e8: �8; °

¯ e8: �#² ° B�H ¯ e8: �8; ° D]ouK]K6B�KLH\D]ouK6P��

π
�����

≤ πγ̃ ≤ π
�����

+

E[B
�����

]+1/λ

E[Bγ̃ ]+1/λ

(
E
[
Sγ̃
]
− 1
)

λE [B
�����

]
.

=">WSIHp>�HIQCSIHIQClRm6BTD8m SI�8SIHJ��U�BTSpoum6S
γ̃
c�Hp>�KLH�Ai>XU?;�U�B\lRm6BTPOB�A<ACB\D8m¦SI�8SIHJ��U�B^SJoum6S

γ
=

Ai>4SJm]Q<HJBXD�F Q<K6c�¤L>�A<Q<HJcOSTV]_JcOPOcOD]B�KRHJBYcOlRm]Q<Nu>�m]H^� �

π
� ���

≤ πγ ≤ π
�����

+

E[B
�����

]+1/λ

E[Bγ ]+1/λ (E [Sγ ] − 1)

λE [B
�����

]
. ¯ e8: � � °

¯ e8: � � ° BOSIH�N�_p>�QCBMV�oum]_�HJoum]HJB4D8QCSJP�Q<V]A<Q<K6B4D]B@SJB�_IN�QCPOBMK6ouK8`bV]_JcOB�U4V]HIQ<N-B γ :E�dA<ACB4BOSIHN�_p>�QCBXVroum]_
γ :=

=�[�� B�HTD]ouK6PXB�K�V9>�_IHIQCP�m]A<QCB�_M�

π
�����

≤ π
�����

≤ π
�����

+

E[B
�����

]+1/λ

E[B
�����

]+1/λ
(E [S

�����
] − 1)

λE [B
�����

]
. ¯ e8: �#f °



�uf

#�>�Q<KRHJB�K9>�KLH>=\B�K _JB�sb>�QCSp>�KLH ACB�U?;�U�B�_p>�QCSJouK]K6B�U�B�KLH+Vroum]_5Ai>�POouU4V9>�_p>�QCSJouK D]BOS
V]_Jouj9>�j]Q<A<Q<HJcOS5D]B+VrB�_IHJB�B�KRHI_JB�=�[�� B�H�Ai> D8QCSJP�Q<V]A<Q<K6B�lLm6B�ACPOouK6lRm6B

γ
��V9>�_IHIQ<_kD]B

AbF�cOlLm9>�HIQCouK ¯ e8:G³ ° =�ouK >�j�oum]HIQ<HE�5AbF�cOlLm9>�HIQCouK�>�K9>�ACou¤#m6B�� ¯ e8: � � ° B�K�_JB�U4V]Ai> 
�>�KRH γV9>�_q=�[�� B�Hq�d[���V9>�_
γ
�

πγ ≤ π
�����

≤ πγ +

E[Bγ ]+1/λ
E[B

�����
]+1/λ

(E [S
�����

] − 1)

λE [Bγ ]
. ¯ e8: � � °

�.K POouUYj]Q<K9>�KLHWAi>¦V]_JB�U4QC��_JB@Q<K6c�¤L>�A<Q<HJc�D]B ¯ e8: � � ° B�HEPOB�A<ACB@D]B ¯ e8: � � ° >ON-BOP ¯ e8: �#f ° =ouK�ouj]HIQCB�KLHW�

π
�����

≤ πγ ≤ π
�����

+

E[B
�����

]+1/λ

E[B
�����

]+1/λ
(E [S

�����
] − 1)

λE [B
� ���

]
.

�/Q<K9>�ACB�U�B�KRH>=6AbF�BOSIVrc�_p>�K6POBED]BXAi>@D8m]_JcOBYD�F m]K6B # � / D13<�1+K+ 8>��N-c�_IQ ?9B

E [B
�����

] = E [σ]E [S
�����

] =
1

µ
E [S

�����
]

B�HnAbF�cOlLm9>�HIQCouK�V]_JcOPOcOD]B�KLHJBYD]ouK]K6BEACBX_JcOSIm]A<Hp>�H�:
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=�ou_JSJlRm6BdAbF�ouKMK6BhD8QCSIVro#SJBdV9>uS}D�F�oum]HIQ<ACS/HI�6cOou_IQClLm6BOS}VrB�_IU�B�HIHp>�KLH.D�F�c�HIm6D8QCB�_"?6K6B�U�B�KRH
m]K�SI�8SIHJ��U�BYD]BE?6ACBOS^D�FG>�HIHJB�KRHJB�=rouK�VrB�m]H^Pp�6B�_JPJ�6B�_E�4QCD]B�KRHIQ ?9B�_�SpouK�¥4POouU4Vrou_IHJB�`
U�B�KLH5>uSI��U4V]HJouHIQClRm6B�§#: �^K Pp�6B�_JPJ�6B�>�ACou_JS>=dN�Qi>�m]K6B+_JB�K6ou_IUk>�A<QCSp>�HIQCouK D]B H ��V�B
ACouQ�stou_IHJBYD]BOSq¤#_p>�K6D]S^K6ouUYj]_JBOS>=1m]K6BXA<Q<U4Q<HJBW>�m�SJB�K6SqD]BOSTV]_JoRPOBOSJSJm6SqVroum]_qm]K¬V]_Jo�`
POBOSJSIm6S\Uk>�_32-o�N�QCB�K�D]cOP�_IQ<Nu>�KRHXACB@SI��SJHJ��U�B#:W��B�HIHJBMA<Q<U4Q<HJB4BOSIHE>�ACou_JSE��HI_p> AIBOP�HJouQ<_JBOS
POouKLHIQ<KLm6BOS\B�HqD]cOP�_IQ<HTAi>MHJB�K6D6>�K6POBY¤-c�K6c�_p>�ACBED]BXAbF�c�N-ouA<m]HIQCouK�D8m�SI��SJHJ��U�BXSIHp>�j]ACB#:

©TV]V]A<QClRm6cOB ��Ai>¬?6ACB@# ! #%!�;5D]B¦V9>�_p>�U���HI_JBOS
λ
B�H
µ
=.POB�HIHJBkQCD]cOB POouK6D8m]Q<H��

PJ�6B�_JPJ�6B�_}ACBdPOouU4Vrou_IHJB�U�B�KLH}V�oum]_
n
¤#_p>�K6D =uD]B.Ai>qSIm]Q<HJBdD]B.V]_Jo�POBOSJSIm6S (

L̄n, n ∈ N
∗
)

D]c�?6K]QCBWV9>�_
L̄

(n)
0 = 1

B�H�Vroum]_
t > 0, L̄

(n)
t := n−1Lnt

=ro&R
Lt
BOSJH^ACBWK6ouUYj]_JB4D]B

P�A<QCB�KLHJSTD6>�K6SqACBESI�8SIHJ��U�BE�MAbF Q<K6SIHp>�KLH
t
:

5 ouHJouK6STlLm�F Q<A�Q<U4Vrou_IHJBXD]BXV]_JcOP�QCSJB�_nAi>@POouK6D8Q<HIQCouK�Q<K]Q<HIQi>�ACBESIQrAbF�ouK�N-B�m]Hqouj]HJB�K]Q<_
m]Kk_JcOSIm]A<Hp>�HnSIQ<¤#K]Q ?9P�>�HIQ s �}Vroum]_�D�FG>�m]HI_JBOS�SIm]Q<HJBOS�D]B\POouK6D8Q<HIQCouK6S�Q<K]Q<HIQi>�ACBOS>=�Ai>XA<Q<U4Q<HJB
SJB�_p>�QCD]B�KLHIQClRm6B�U�B�KLH}KLm]A<ACBdoumYQ<K8?6K]QCB#:/¨^K6B}stouQCS�U�ouKLHI_JchlRm6B�Ai>�SIm]Q<HJB (

L̄(n), n ∈ N
∗
)

HJB�K6D�>�m�SpB�K6SXD]BWAi>¦HJouVrouACou¤#QCB4D]Bk� 2-ou_Jo 2��6oRD � N-B�_JSXACBMV]_JoRPOBOSpSIm6SXD]c�HJB�_IU4Q<K]QCSIHJBPOouKLHIQ<KLm
L̄ := {(1+(λ−µ)t)+, t ≥ 0}, ouK�c�HIm6D8QCBqAi>k¥^NRQ<HJBOSpSJB�D]BqPOouKLN-B�_I¤-B�K6POB�§B�H�ouK¦U�ouKLHI_JBXlRm6BTAi>WSIm]Q<HJB\D]B\V]_JoRPOBOSJSJm6S (√

n
(
L̄(n) − L̄

)
, n ∈ N

∗
) POouKLN-B�_I¤-BXB�K

ACouQ�N-B�_JS�m]K V]_JoRPOBOSJSJm6S4D]B¦D8QCBrm6SIQCouK SIm]_@AbF Q<KRHJB�_INu>�A<ACB�D]B5HJB�U4V6S
[0, 1/(λ − µ)+[

¯�� £Touj9²#²4=��._JouV�e8:<;�e@V�:<; �8;  ° :�^K�N-ouQ<HYj]QCB�K¡D6>�K6SWPOB�HWB��8B�U4V]ACB5lLm6BkAi> A<Q<U4Q<HJB :6m]QCD]BkQ<K6D8QClLm6BkAi>+HJB�K6D6>�K6POB
¤-c�K6c�_p>�ACB¡D�F m]K SI�8SIHJ��U�B :6m]QCD]B�lLm]Q@S�F�cOPOoum]ACB�_p>�Q<H���HJB�U4V6S�POouKRHIQ<KLm@=�>��L>�KLH ACBOS
U?;�U�BOSdP�>�_p>uP�HJc�_IQCSIHIQClRm6BOS�>�m4V]_JB�U4QCB�_�ou_JD8_JBqlLm6B�ACB�N�_p>�Q6SI�8SIHJ��U�B�=#Ai>\?6ACBnD�FG>�HIHJB�KRHJB
�Xc�N-��K6B�U�B�KLHJS�D8QCSJP�_JB�HJS�:.� P�Q-=-V9>�_IHp>�KRH�D�F m]K6BTUk>uSJSJBnQ<K]Q<HIQi>�ACB^m]K]Q<HJc�=RACBTSI�8SIHJ��U�B :6m8`
QCD]BqA<Q<U4Q<HJB�SJBq_JB�U4V]A<Q<H�j]QCB�K+�EAi>ENRQ<HJBOSJSpB

λ
B�H SpBqN�QCD]B\�EAi>EN�Q<HJBOSJSJB

µ
:���>�_q>�Q<A<ACB�m]_JS>=

�XAi>WPOouK6D8Q<HIQCouK
λ < µ

=LQ<A�_JBOSIHJB\c�HJB�_IK6B�A<ACB�U�B�KLHnN�QCD]BTm]K6BTsouQCS lRm�F Q<A1S�F�BOSJHhN�QCD]cTVroum]_
Ai>�V]_JB�U4QC��_JB+souQCS�: 5 ouHJouK6S5lLm6B+POB�HIHJB�POouK6D8Q<HIQCouK BOSIH4V]_JcOP�QCSJc�U�B�KLH5Ai> POouK6D8Q<HIQCouK
K6cOPOBOSJSp>�Q<_JBkB�HWSIm �kSp>�KLHJB¦D]B�SIHp>�j]Q<A<Q<HJc5D]B�Ai>+?6ACB�D�FG>�HIHJB�KLHJB#:��dK�oum]HI_JB�=}Ai> A<Q<U4Q<HJB

� 78+/%*%�+ %��	�)�#���#"	� + +8
 % �6'87/��� %�+ ����'87/� 
*'/�5+8�% +8� 
*+874%�� �	��� ��� ���
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:6m]QCD]BXVrB�_IU�B�HqD]BXP�>�ACP�m]ACB�_nAi>@D8m]_JcOB�U�o��-B�K]K6BWD�F m]K6B�V�c�_IQCo�D]BXD�FG>uP�HIQ<N�Q<HJc�=6D]ouK]K6cOB
V9>�_qACB�V]_JB�U4QCB�_^Q<K6SIHp>�KLH^D]BXNRQCD6>�¤-BXD8m�SI��SJHJ��U�BF:6m]QCD]B#:

[�B\K6ouUYj]_JB�m8�+SI�8SIHJ��U�BOSnD]BT?6ACBOSnD�FG>�HIHJB�KLHJBEouKRH�s>�Q<H�AbF�ouj4AaB�HqD]B\HJB�A<ACBOS�Q<KRN-BOSIHIQ `
¤L>�HIQCouK6S>=LV�oum]_.D]BOSdSJ��SIHJ��U�BOS}N#>�_IQCcOSdD]B�¤#_p>�K6D]BnHp>�Q<A<ACB ¯ N-ouQ<_ � £Touj9²#²  = � G ou_pw-��6Vroum]_Ai>E?6ACB 3 � +)�$�I�*�C��D�= � &�_p>#²#e �Vroum]_hm]K SI�8SIHJ��U�BTo&R¦ACB\P�A<QCB�KLH�_JB AaouQ<KRH Ai>YV]A<m6S�POoum]_IHJB?6ACB�=6oum � � �6o-³#² �V�oum]_Tm]K+_JcOSJB�>�m¬D]B�N�QCD]cOo�` POouK8stc�_JB�K6POB ° :=/>5D]c�U�ouK6SJHI_p>�HIQCouK�P�Ai>uSJSIQClRm6BWB��8Q<¤-B@lLm6BWACBMV]_JoRPOBOSJSJm6S^c�HIm6D8QCc4SJouQ<H\m]K6B@SJB�U4Q `
Uk>�_IHIQ<K]¤L>�ACB#:d="BOS V]_IQ<K6P�Q<V9>�m8�¦oum]HIQ<ACShVroum]_ U�ouKRHI_JB�_ ACBOS�POouKLN-B�_I¤-B�K6POBOS�_JBOPp�6B�_JPJ�6cOBOS
SJouKRHE>�ACou_JS�AbF Q<K6c�¤L>�A<Q<HJc4D]BM[�o�ouj B�H�SJm]_IHJoum]H\ACBMACB�U4U�B@D]B &\_JouK � >�A<Ab: �^K B�K�HIQ<_JB>uSJSpB-4¬>�QCSJc�U�B�KLH�AbF�cOlRm9>�HIQCouK�D8QCB�c�_JB�KLHIQCB�A<ACB�ou_JD8Q<K9>�Q<_JB�D]ouKLHkD]ouQ<H ;�HI_JB+SJouA<m]HIQCouK Ai>
¥WsouK6P�HIQCouK�D]BWPOB�KLHI_p>�¤-B4§�=1P#F�BOSIHa` �z` D8Q<_JBEAi>�A<Q<U4Q<HJBYD8m�V]_Jo�POBOSJSIm6ST_JB�K6ou_IUk>�A<QCSJc#:�=">
D]c�U�ouK6SIHI_p>�HIQCouK¦D8m4HI�6cOou_J��U�BqPOB�KLHI_p>�A9A<Q<U4Q<HJB�stouK6P�HIQCouK]K6B�A-=�>�Q<K6SIQ6lRm�F Q<A6BOSIHdPOouKLN-B�KRm
D�FG>�V]VrB�ACB�_qAi>MPOouKLN-B�_I¤-B�K6POBMD]B\Ai>@SIm]Q<HJBXD]BOSncOP�>�_IHJSnN-B�_JSnm]K6BXD8QCBrm6SIQCouK@=8_JB�Vro#SJBXSIm]_
ACBOS�U?;�U�BOS�oum]HIQ<ACS�:.� A9sb>�m]H HJoum]HJB�souQCS�V]_JB�K6D8_JB\¤L>�_JD]B�>�m8��¥YB"B�B�HJS�D]B^jrou_JD § ¯ N-ouQ<_
� £^ouj9²#² =6V9>�¤-B5; � �  ° ��V9>�_^B��]B�U4V]ACB�=1lRm9>�K6D�ACBYV]_JoRPOBOSpSIm6S L̄ P�Q ` D]BOSJSIm6S�>�HIHJB�Q<KLH

0
=

ACBWSI��SJHJ��U�BE>�lRm9>uSIQ<U�B�KLH�>�HIHJB�Q<KLH\AbF�cOlLm]Q<A<Q<j]_JB�=1POBOSJ:6m6P�HIm9>�HIQCouK6S\SJouKLH\D]ouK6PXsb>�Q<j]ACBOS
B�H�Ai>k_JB�K6ou_IUk>�A<QCSp>�HIQCouK�ACBOS�cOP�_p>uSJBMHp>�KLHElRm6B

L̄
_JBOSIHJB4�

0
:E� A/Q<U4Vrou_IHJB@D]ouK6P@>�m6SpSIQ

D]B@HI_Joum]N-B�_MD]BOSEPOouK6D8Q<HIQCouK6SEQ<K]Q<HIQi>�ACBOSWlLm]Q.VrB�_IU�B�HIHJB�KLHMD�FG>uSJSIm]_JB�_ElRm6B@AbF Q<KLHJB�_IN#>�A<ACB
D]BXHJB�U4V6STSIm]_qACBOlRm6B�A�Ai>4POouKLN-B�_I¤-B�K6POBM>@A<QCB�m+K6BESJouQ<HnV9>uST_JcOD8m]Q<H^�

0
:

=hF�ouj4AaB�HXD]BMPOBYHI_p>�Nu>�Q<A.BOSIH�D�F�ouj]HJB�K]Q<_�ACBYU?;�U�BWH ��V�BMD�F Q<K8sou_IUk>�HIQCouK V�oum]_�D]BOS
?6ACBOS.D�FG>�HIHJB�KRHJBq>ON-BOPnP�A<QCB�KLHJS�Q<U4V9>�HIQCB�KRHJS�: 5 oum6S}POouK6SJQCD]c�_JouK6S�V]_IQ<K6P�Q<V9>�ACB�U�B�KLH D]B�m8�
P�>uS �@ACBOSW?6ACBOS

M/M/s/s + GI − EDF
B�H
M/M/s/s + D − FCFS

:�[X>�K6S
POBOS@D]B�m8�¡P�>uS =.Q<Ahsb>�m]H@_JB�Uk>�_JlLm6B�_4lRm6BkACB¦V]_Jo�POBOSJSIm6S

(Xt, t ≥ 0)
lRm]Q�POouU4V]HJB ACB

K6ouUWj]_JB+D]B5P�A<QCB�KRHJS4V]_JcOSJB�KLHJS4D6>�K6SMACB¦SI�8SIHJ��U�B¦�
t
=�K�F�BOSIHWV]A<m6SMUk>�_32-o%NRQCB�K�:��dK

B"B�B�H>=LAi>ENu>�ACB�m]_�D]B
Xt+h

D]c�V�B�K6D5K6ouK5SpB�m]ACB�U�B�KLHnD8mkK6ouUWj]_JB\D]B^P�A<QCB�KLHJS�V]_JcOSJB�KRHJS
�
t
Uk>�QCSkSJm]_IHJoum]H5D]B+HJoum6SkACBOSkD]c�Ai>�QCS5_JcOSIQCD8m6B�ACSkD]B�POBOS5P�A<QCB�KLHJS >�Q<K6SIQ^lRm6B�POB�m8�

D]BOS�P�A<QCB�KRHJS�lRm]QY>�_I_IQ<N-B�KLH¬B�KRHI_JB
t
B�H
t + h

: �^K PJ�6ouQCSIQ<H�D]ouK6P�K9>�HIm]_JB�A<ACB�U�B�KLH
POouU4U�B@V]_Jo�POBOSJSIm6SE�¦c�HIm6D8QCB�_XACBMV]_JoRPOBOSpSIm6S

ν := (νt, t ≥ 0)
=��¦N#>�ACB�m]_JS�U�BOSIm]_JBOS

VrouK6P�HIm6B�A<ACBOS>=hD]ouKRHk��PJ�9>ulRm6B Q<K6SIHp>�KLH4ACBOS4>�HJouU�BOS�SJouKRH@ACBOS4D]c�Ai>�QCS@_JcOSIQCD8m6B�ACS4D]BOS
P�A<QCB�KRHJS�V9>uSJSJcOS¬B�H�V]_JcOSJB�KLHJS%: �^K VrB�m]H+_JB�HI_Joum]N-B�_�D]B�HJB�ACS�V]_Jo�POBOSJSIm6S¬D6>�K6S+ACBOS
HI_p>�Nu>�m8�@D]B�[�o%�RHJPp�]Q<K6o�N �*���&� '}Vroum]_�m]K6Bh?6ACB��d[���Sp>�K6S�c�A<Q<U4Q<K9>�HIQCouK6S ¯�� [\=}�8²8;  ° =D6>�K6Snm]K6B\sou_IU�B\ACc�¤-��_JB�U�B�KLH\D8QCBrc�_JB�KRHJB�=6D]B G >uPOPOB�A<A<Q�B�H G _Jc�Uk>�m6D�>�m�SJm&AaB�HnD]B�Ai>
��£���� ¯�� G�G ³ �  ° =8oum¦B�K6POou_JBXD]B &\_JouU�ouA<A6�*�6�&� '.D6>�K6S�ACB\P�>uS�D]B^Ai>E?6ACB6�._Jo�POBOSJSJou_
�R�9>�_IQ<K]¤ ¯�� &6� � ²8;� ° :� P�Q-=RK6oum6S U�ouKRHI_JouK6SnD6>�K6ShACBOS�P�>uS�lLm]Q1K6oum6ShQ<KRHJc�_JBOSJSJB�KRHqlLm6BTV�oum]_ HJoum]HJBTsouK6P�`
HIQCouK

φ
SIm �kS >�U4U�B�KLH\_Jc�¤#m]A<QC��_JB�=6ACBXV]_Jo�POBOSJSIm6S�� 〈νt, φ〉 − 〈ν ′t, φ〉, t ≥ 0} BOSIHnm]K6BSJB�U4Q `bUk>�_IHIQ<K]¤L>�ACB#: © Ai>¡D8QCB�c�_JB�K6POB D]BOS SI��SJHJ��U�BOS¦c�HIm6D8QCcOS A m6SJlRm�FG��V]_JcOSJB�KLH>=\Q<A

Q<U4Vrou_IHJB4QCP�QhD]B4_JB�Uk>�_JlRm6B�_YlRm6B@Ai>+D8��K9>�U4QClLm6B�D8m�SI��SJHJ��U�B�=�B�K�AbF�o�POP�m]_I_JB�K6POB�Ai>
D]cOP�_JouQCSJS >�K6POBMPOouKRHIQ<KLm6B4D]BOS�D]c�Ai>�QCS\_JcOSIQCD8m6B�ACS>=�Q<KLHI_Jo�D8m]Q<H�m]K�HJB�_IU�BMD]B+¥�D]c�_IQ<N-B�§
SIV9>�HIQi>�ACB¦D]B

ν
=}lLm]Q�B���V]A<QClRm6B�Ai>�V]_JcOSJB�K6POBkD]BkAi>�D]c�_IQ<N-cOB ¯ >�m�SJB�K6SWD]BOSWD8QCSJHI_IQ<j]m8`HIQCouK6S ° D]B νt. =">EV]_JcOSJB�K6POB\D]BqPOBqHJB�_IU�BTK6oum6S ouj]A<Q<¤-B\D�F m]K6BqV9>�_IH��XHI_p>ON#>�Q<A<ACB�_�D6>�K6Sm]K BOSIV9>uPOBMjrB�>�m6POoum]V V]A<m6S�¤#_p>�K6D�lRm6B@POB�A<m]QdD]BOS\U�BOSIm]_JBOS�V�ouK6P�HIm6B�A<ACBOS =�K6ouU4U�c�`



�#�

U�B�KLHhK6oum6Shm]HIQ<A<QCSJouK6SdAbF�BOSJV9>uPOBTD]BOSdD8QCSIHI_IQ<j]m]HIQCouK6S HJB�U4Vrc�_JcOBOS B�HhD�FG>�m]HI_JBTV9>�_IHdK6oum6S
B�U4V ;OPp�6BkD�F m]HIQ<A<QCSJB�_WACB@ACB�U4U�BkD]B &\_JouK � >�A<Ab: 5 oum6SW>ON-ouK6SYV]m�POouKRHJoum]_IK6B�_MPOB�HIHJBD8Q	�kP�m]A<HJcW¤#_��uPOB@�4AbF�c�HIm6D]B@D�F m]K6BMcOlLm9>�HIQCouK >�m8��D]c�_IQ<N-cOBOS\V9>�_IHIQCB�A<ACBOS\V9>�_IHIQCP�m]A<QC��_JB�=
D8Q<HJB�¥¬cOlLm9>�HIQCouK�D]B5HI_p>�K6SIV�ou_IH�§#:�=">�sou_IU�B5B��8V]A<QCP�Q<HJB5D]B5Ai>�SJouA<m]HIQCouK D]B5POB�HIHJB
cOlLm9>�HIQCouK¦V�B�_IU�B�HnD]B^U�B�K6B�_��Yj]QCB�K ACBOShUk> AIou_p>�HIQCouK6S�K6cOPOBOSJSp>�Q<_JBOSn�YAi>EV]_JB�m]N-B\D]BOS
POouKLN-B�_I¤-B�K6POBOS�:�="BOSE>�m]HI_JBOSYD8Q	�kP�m]A<HJcOSESJouKRHYD8m U?;�U�B4ou_JD8_JB�lRm6B4POB�A<ACBOSXm6SIm6B�A<ACB�`
U�B�KLH�_JB�K6POouKLHI_JcOBOSXD6>�K6S�POBM¤-B�K]_JBWD�FG>�V]V]_Jo�PJ�6B�=�K6ouHp>�U4U�B�KLHXQ<A�S�FG>�¤#Q<H\D]BWHI_Joum]N-B�_
D]BdjrouK]K6BOS/POouK6D8Q<HIQCouK6S}Q<K]Q<HIQi>�ACBOS�lLm]Q8>uSJSIm]_JB�KRH}lRm6BdAbF Q<KRHJB�_INu>�A<ACB�D]BhHJB�U4V6S}SIm]_/ACBOlLm6B�A
Ai>@POouKLN-B�_I¤-B�K6POB@>MA<QCB�m�K�F�BOSIHnV9>uSqN�QCD]B#:

��BqPJ�9>�V]Q<HI_JB^S�F�ou_I¤L>�K]QCSJB^POouU4U�BqSIm]Q<H � :�[X>�K6S.m]K6BqV]_JB�U4QC��_JBTV9>�_IHIQCBqD]BnV]_Jc�A<Q<U@`
Q<K9>�Q<_JBOS>=�V9>�_IHIQCBMw8:<;�=�K6oum6S�D]c�?6K]QCSJSJouK6S\ACBOS^V]_IQ<K6P�Q<V9>�m8��BOSIV9>uPOBOS�D]BWU�BOSIm]_JBOS�B�H\D]B
V]_JoRPOBOSJSJm6SkD6>�K6S5ACBOSJlLm6B�ACSkK6oum6SkHI_p>�Nu>�Q<A<ACouK6S B�K SJBOP�HIQCouKvw8:<;#:<;�B�H5D]c�?6K]QCSJSpouK6S5B�K
SJBOP�HIQCouK�w8:<;#: �kAbF�cOlLm9>�HIQCouK�D]BEHI_p>�K6SJV�ou_IH^Q<KLHJc�¤#_p>�ACB@D6>�K6STAbF�BOSJV9>uPOBWD]BOS^V]_JoRPOBOSpSIm6S^�
Nu>�ACB�m]_JSnD8QCSIHI_IQ<j]m]HIQCouK6STHJB�U4V�c�_JcOBOS%:d�.K+V9>�_IHIQCBYw8: �4=8K6oum6SnQ<KRHI_JoRD8m]QCSpouK6SqACBXD]BOSJP�_IQ<V8`
HJB�m]_�D�F�c�Hp>�HnVroum]_�m]K6B^?6ACB\D�FG>�HIHJB�KRHJB

M/M/1/1 +GI −EDF
=�ACB\V]_JoRPOBOSJSJm6S�D]BOS

3,+ 8N��� /*= ��N#>�ACB�m]_JS4U�BOSIm]_JBOS�V�ouK6P�HIm6B�A<ACBOS�: 5 oum6S@U�ouKRHI_JouK6S5B�K V9>�_IHIQCP�m]A<QCB�_¦lLm�F Q<A
BOSIH^m]K�V]_Jo�POBOSJSIm6S\D]BM�9B�A<ACB�_^sb>�Q<j]ACB@��N#>�ACB�m]_�U�BOSIm]_JBOS�:��.K�V9>�_IHIQCB@w8:Gf4=rK6oum6S�c�HIm8`
D8QCouK6S�V]A<m6S�¤-c�K6c�_p>�ACB�U�B�KLHYACBOS�3 + 8>(K�K/ / �I/ �I�?�.+ ��! /-3 8 +"��=�Ai>¦P�Ai>uSJSpBMD]B@V]_Jo�POBOSJSIm6SX�
Nu>�ACB�m]_JS�U�BOSIm]_JBOS�VrouK6P�HIm6B�A<ACBOST>��L>�KLHqACB�U?;�U�B�H �RVrB�D]B�¤-c�K6c�_p>�HJB�m]_qQ<K8?6K]Q<HJcOSIQ<Uk>�A-=
>�Q<K6SIQnlLm6B¦ACB�m]_@_JB�K6ou_IUk>�A<QCSp>�HIQCouK�B�K BOSIV9>uPOB B�H4B�K HJB�U4V6S�:�[�>�K6S@Ai>�V9>�_IHIQCB�w8: � =
K6oum6S�D]ouK]K6ouK6STD]B�m8�k_JcOSIm]A<Hp>�HJSnD]B�POouKLN-B�_I¤-B�K6POBXVroum]_�D]BOSnSIm]Q<HJBOS�D]B^V]_Jo�POBOSJSIm6S�D]B
HI_p>�K6SIV�ou_IHT_JB�K6ou_IUk>�A<QCSJcOSTN-B�_JS^D]BOSqA<Q<U4Q<HJBOSJ:6m]QCD]BOS�: �dK�V9>�_IHIQCBWw8:Ge4=9K6oum6STD]ouK]K6ouK6S
ACB�HI�6cOou_J��U�B�POB�KLHI_p>�A\A<Q<U4Q<HJB�souK6P�HIQCouK]K6B�A\POou_I_JBOSJV�ouK6D6>�KRH�: [X>�K6SkAi>�V9>�_IHIQCB�w8:Gw4=
K6oum6S@_JB�N-B�K6ouK6Sk��Ai>¬?6ACB+D�FG>�HIHJB�KLHJB

M/M/1/1 + GI − EDF
B�H�>uD6>�V]HJouK6S4ACBOS

HI�6cOou_J��U�BOSqA<Q<U4Q<HJBOS :6m]QCD]BOSqD]B�Ai>MV9>�_IHIQCBWw8: � B�HqPOB�KLHI_p>�m8�+A<Q<U4Q<HJBOSqD]B�Ai>MV9>�_IHIQCBYw8:Ge
>�m¬V]_Jo�POBOSJSIm6STD]BOS^V]_Jo�?6ACS�D]BYPOB�HIHJBY?6ACBYD�FG>�HIHJB�KRHJB#: 5 oum6S^c�Ai>�_I¤#QCSpSJouK6S^B�K�SJBOP�HIQCouK6S
w8:Gw8:Gf5B�HEw8:Gw8: � POBOS\_JcOSIm]A<Hp>�HJSE>�m P�>uSXD]B

s
SpB�_IN-B�m]_JS>=

s ≥ 1
:E�.K�V9>�_IHIQCB4w8: ��=rK6oum6S

>uD6>�V]HJouK6S.ACBOS�_JcOSIm]A<Hp>�HJSdD]BOS.V9>�_IHIQCBOS w8: � B�Hhw8:Ge\�\m]K6BnSJm]Q<HJBnD]B�V]_JoRPOBOSJSJm6Sd�TN#>�ACB�m]_JS
U�BOSIm]_JBOS�_JB�K6ou_IUk>�A<QCSJcOSED]cOP�_IQ<N#>�KLHEm]K6BW?6ACB4D�FG>�HIHJB�KRHJB

M/M/s/s + D − FCFS
:

�.KYV9>�_IHIQCB�w8:G�qK6oum6S�>�V]V]A<QClRm6ouK6S}POBOS/_JcOSIm]A<Hp>�HJS��nAi>q?6ACBhD]c�Ai>�Q�V]m]_
M/GI/∞ : 5 oum6S

POouK6P�A<m6ouK6S�POB\PJ�9>�V]Q<HI_JB�B�K¦V9>�_IHIQCBXw8:G³XV9>�_�D]BOS �6B�m]_IQCSJHIQClLm6BOS�B�H�D]BOS POouU4U�B�KRHp>�Q<_JBOS
SIm]_nACBOSn_JcOSIm]A<Hp>�HJS^ouj]HJB�KLm6S�:

� 
� � �
	 ��(+�(� �%( � � )
�	��� ��� � � � "�%*& ' � � � � � � �# ��� ��%�� � ��� � %*���
=dF�ouj4AaBOP�HIQ sXD]B+POB¦HI_p>ON#>�Q<ATBOSIH4D�F�c�HIm6D8QCB�_�Ai>�POouKRN-B�_I¤-B�K6POB¬B�K ACouQnD�F m]K6B�P�Ai>uSJSJB D]B
V]_JoRPOBOSJSJm6S._JB�K6ou_IUk>�A<QCSJcOS��\Nu>�ACB�m]_JS D6>�K6SdAbF�BOSIV9>uPOBqD]BOShU�BOSIm]_JBOShD]BTPOouU4V]Hp>�¤-BTSIQ<U@`
V]ACBOS�:�[�>�K6SnPOB�HIHJB\SJBOP�HIQCouK K6oum6S�B���Vro#SJouK6S�ACBOS�K6ouHp>�HIQCouK6SnlLm6B^K6oum6S�m]HIQ<A<QCSJouK6S�D6>�K6S
HJoum]HqACBYPp�9>�V]Q<HI_JBYB�H^D]c�?6K]QCSpSJouK6SqACBOS^BOSIV9>uPOBOSTD]BXU�BOSJm]_JBOS>=6ACBOS^BOSIV9>uPOBOSTD]BXV]_Jo�POBOSa`
��� + 78�	�%�+8� � �6� ����'/
*+8�% 7 �0����� %*��+ �����0�1����� %-�)�#�6� �&� +8
*
*+8�%���+8� ���	��
 � � � 	��
��+/% � � � 	
	 �



�u� � ��������� ����� � � � �

SIm6S@B�H@B�K8?6K�ACBOSMBOSJV9>uPOBOS4D]BkV]_Jo�POBOSJSIm6S4�¬Nu>�ACB�m]_JS@U�BOSIm]_JBOS@D6>�K6S@ACBOSJlRm6B�ACSMK6oum6S
HI_p>�Nu>�Q<A<ACouK6S�: 5 oum6STD]ouK]K6ouK6STB�K�oum]HI_JBXACBOSTV]_JouV]_IQCc�HJcOSTD]B�j9>uSJBOSqD]BYPOBOSqBOSIV9>uPOBOS�:
� 2�«}7]!-3L2 � �1�/!#�%$&�1�}�/3R|&243-��3R2�«/7]!L3L2k�}3�~�3L2% /��3L2
[�c�?6K]QCSJSJouK6SqHJoum]HTD�FG>�j�ou_JD�ACBOSqBOSIV9>uPOBOSnsouK6P�HIQCouK]K6B�ACSTSJm]Q<Nu>�KRHJSY�

Db := { stouK6P�HIQCouK6STP��uD8Ai��¤kjrou_IK6cOBOSqD]B R
D6>�K6S

R} ,

C0 := { souK6P�HIQCouK6STPOouKRHIQ<KLm6BOS\D]B R
D6>�K6S

R
=]D]BXA<Q<U4Q<HJBEKLm]A<ACBEB�K�AbF Q<K8?6K]Q } ,

Cb := { souK6P�HIQCouK6STPOouKRHIQ<KLm6BOS^j�ou_IK6cOBOS^D]B R
D6>�K6S

R} ,

C1
b :=

{
φ
D]c�_IQ<N#>�j]ACBOSTD]B

R
D6>�K6S

R
=]D]BEA<Q<U4Q<HJBXKLm]A<ACBEB�K¬AbF Q<K8?6K]Q

HJB�A<ACBOS^lLm6B
φ
B�H
φ′
SJouKLHTj�ou_IK6cOBOS }

,

C∞ := { souK6P�HIQCouK6SqQ<K8?6K]Q<U�B�KRH^D]c�_IQ<N#>�j]ACBOSTD]B R
D6>�K6S

R} ,

S :=
{
φ ∈ C∞,∀(a, b) ∈ N

2, sup
|x|

| xa db

dxbφ(x) |<∞
}
.

�^K�UWm]K]Q<H C0
B�H Cb D]B�Ai>@K6ou_IU�BEm]K]Q stou_IU�B

‖ φ ‖∞:= sup
x∈R

|φ(x)|

B�H
C1
b

D]B�Ai>@K6ou_IU�B
‖ φ ‖:=‖ φ ‖∞ + ‖ φ′ ‖∞ .

S BOSJH}AbF�BOSJV9>uPOBqD]BOS�souK6P�HIQCouK6S 	L� HN(-+38&+ /K/*�&! ( ��+N�K3#+��I��:�=">�HJouVrouACou¤#QCBnSIm]_ S =LD]c�?6K]QCB
V9>�_qAi>Wsb>�U4Q<A<ACBED]BESpB�U4Q `bK6ou_IU�BOS

| φ |a,b:= sup
x∈R

| xa d
b

dxb
φ(x) |, a ∈ N, b ∈ N,

BOSIHnU�c�HI_IQCS >�j]ACBYB�H S BOSIHnm]K�BOSIV9>uPOBED]BX�]_JcOPp�6B�HTKLm6P�ACc�>�Q<_JB � B�HqSJc�V9>�_p>�j]ACB#:
�^K�K6ouHJB�_p>4V9>�_^>�Q<A<ACB�m]_JSqVroum]_nHJoum]HJB

φ
D6>�K6S Db

=]Vroum]_nHJoum]H
h
_JcOB�A-=

τh φ(.) := φ(.− h).

�^K¬D]c�?6K]Q<HTUk>�Q<KLHJB�K9>�KLH\ACBOSqBOSIV9>uPOBOS^D]B�U�BOSIm]_JBOSY�
MP :=

{ U�BOSIm]_JBOSqD]BEPOouU4V]Hp>�¤-BYACoRP�>�ACB�U�B�KRHq?6K]QCBOSqSIm]_
R
}
,

M+
f := { U�BOSIm]_JBOS�?6K]QCBOSTV�o#SIQ<HIQ<N-BOSTSIm]_ R} ,

Mp := MP ∩M+
f =

{ U�BOSJm]_JBOSTD]BXPOouU4V]Hp>�¤-BX?6K]QCBOS^SIm]_
R
}
.

� � �	���-� � ��'������ %����#�(+4% � +/
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�u³

�/oum]_qHJoum]HJB
µ
D6>�K6S M+

f

=8V�oum]_qHJoum]HJBXstouK6P�HIQCouK
φ
D]B Db

=]ouK�VrB�m]HqD]c�?6K]Q<_

〈µ, φ〉 :=

∫
φ(x) dµ(x).

�.KXV9>�_IHIQCP�m]A<QCB�_>=uV�oum]_�HJoum]HJBdU�BOSIm]_JB
ξ
D]B Mp

ouKEV�B�m]H�D]c�?6K]Q<_
(tn(ξ), n = 1, ..., N(ξ))

=
Ai>@SIm]Q<HJBED]BOSnVrouQ<KLHJSqD]B

ξ
_p>�K]¤-cOS^D6>�K6SnAbF�ou_JD8_JBYP�_JouQCSJS >�KLH�:

ξ
S�F�cOP�_IQ<H^>�ACou_JS

ξ =

N(ξ)∑

n=1

δtn(ξ),

B�HnV�oum]_qHJoum]HJB
φ
D]B Db

=

〈ξ, φ〉 =

N(ξ)∑

n=1

φ (tn(ξ)) .

5 ouHJouK6SWV9>�_�>�Q<A<ACB�m]_JSWVroum]_MHJoum]H
h
_JcOB�A�B�HWHJoum]HJB

ν
D]B M+

f

=
τhν

Ai>�U�BOSIm]_JB¦D]B
M+

f

HJB�A<ACBElRm6B�Vroum]_qHJoum]H
B ∈ B(R)

=

τhν(B) := ν(B + h),

o&R
B+h := {x+ h, x ∈ B} . �}oum]_"HJoum]HJB φ ∈ Db

=�ouKW>nD]ouK6P 〈τhν, φ〉 = 〈ν, τhφ〉.�.K+V9>�_IHIQCP�m]A<QCB�_>=1SJQ
ν ∈ Mp

=

τhν =

ν(R)∑

n=1

τhδtn(ν) =

ν(R)∑

n=1

δtn(ν)−h,

B�H
〈τhν, φ〉 = 〈ν, τhφ〉 =

ν(R)∑

n=1

τhφ(tn).

=dF�BOSIV9>uPOB M+
f

BOSIH�UYm]K]Q�D]B¡Ai> HJouVrouACou¤#QCB � �&+8#"���
σ
(
M+

f , Cb
) ¯ oum�HJouVrouACou¤#QCB

H*�.+ 8�+0� � ° =�Ai>�HJouV�ouACou¤#QCB�Ai> U�ouQ<K6S5?6K6B�_JB�K6D6>�KLH POouKLHIQ<KRm6BOS+ACBOS5>�V]V]A<QCP�>�HIQCouK6S+D]B
M+

f

D6>�K6S
R
�
µ 7→ 〈µ, φ〉 , φ ∈ Cb

:�="> HJouVrouACou¤#QCBkc�HI_JouQ<HJB�BOSJHXU�c�HI_IQCSp>�j]ACB ¯ ouKK6ouHJB�_p>@Ai>4D8QCSIHp>�K6POBYQ<K6D8m]Q<HJB
dM+

f
(., .) ° =9B�H M+

f

UYm]K]Q/D]BYPOB�HIHJBEHJouVrouACou¤#QCBEBOSIHqm]K
BOSIV9>uPOB��/ouACouK9>�QCS ¯ ( � � �._Jo-e#w  ° : �^K UYm]K]Q<HWV9>�_Y>�Q<A<ACB�m]_JS Mp

D]B@Ai>¦HI_p>uPOB�D]B@Ai>
HJouV�ouACou¤#QCBEc�HI_JouQ<HJB#:
�/1<3L2�«}7]!-3��/3R2���$02�����$&{� ��%$&�1�/2M��3R~�«d*L��*L3R2 S ′

5 oum6S�K6ouHJB�_JouK6S S ′ AbF�BOSIV9>uPOBdD]BOS6��+ /*�.+K+8# �4�5+.8&!</6� �"2�3 H1+)H)�K/"=#lRm]Q-BOSIH�ACB.D8m9>�A-HJouVrouACou¤#QClRm6B
D]B S ¯ B�K6SJB�UWj]ACBnD]BOSd>�V]V]A<QCP�>�HIQCouK6S.A<Q<K6c�>�Q<_JBOS.POouKLHIQ<KRm6BOSdD]B S D6>�K6S R ° : S ′ BOSIH.>�ACou_JS
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m]K¦BOSIV9>uPOB^D]B^�]_JcOPJ�6B�H�KRm6P�ACc�>�Q<_JB\B�H�SJc�V9>�_p>�j]ACB�=RV]m]QCSJlLm6B S AbF�BOSJH�: �^K¦K6ouHJB�_p>M>�ACou_JSVroum]_qHJoum]HJBED8QCSIHI_IQ<j]m]HIQCouK
µ
D6>�K6S S ′ B�HnHJoum]HJBXsouK6P�HIQCouK φ D6>�K6S S =

〈µ, φ〉S′ := µ(φ).

� A1BOSIH�P�Ai>�Q<_�lRm6B 〈µ, φ〉S′
V]_JouACouK]¤-B 〈µ, φ〉 Vroum]_�HJoum]HJB φ D]B S =RB�H�ouK¦K6ouHJB�_p>4=�V�oum]_

HJoum]HJB
φ
D]B S B�HqHJoum]HJB

µ
D]B M+

f

�
〈µ, φ〉 := 〈µ, φ〉S′ .

�^KW_p>�V]V�B�A<ACBhV9>�_}>�Q<A<ACB�m]_JS}lLm6B.Vroum]_
µ
m]K6B D8QCSIHI_IQ<j]m]HIQCouKMD]B S =zV�oum]_/HJoum]HJB.souK6P�HIQCouK

φ
D6>�K6S S =8Ai> �IH1+"+P%'H � � � />�"! /
�I�K/L�&+P/"�.+"+8# ���5+ 8&! /

µ′
D]B

µ
BOSIHqD]ouK]K6cOBXV9>�_W�

〈µ′, φ〉 := −〈µ, φ′〉
B�HTS >��.+ �&!</ � 8 +K2OH)� �I����8 � +"+-�1+

µ̂
BOSIHqD]c�?6K]QCBYV9>�_E�

∀φ ∈ S, 〈µ̂, φ〉 := 〈µ, φ̂〉,
o&R

φ̂
BOSIHnAi>@HI_p>�K6SIstou_IU�cOBED]BX�9oum]_IQCB�_^D]B

φ
�

φ̂(ξ) :=
1√
2π

∫

R

e−iξxφ(x) dx.

�}Q<K9>�ACB�U�B�KLH>=8ouKkD8Q<_p>YlLm�F m]K6BTSIm]Q<HJBqD]BTD8QCSJHI_IQ<j]m]HIQCouK6S
µn

( 8&!<%'�-+�"I�1%'�1+K/
µ

� �O/ �"! /
�I�"/L�&+ /*�.+K+8# �4�5+.8�! / B�HTouK+K6ouHJB�_p>

µn
S′

−→ µ,
SIQ.�

〈µn, φ〉 −→
n→∞

〈µ, φ〉 Vroum]_qHJoum]HJB�souK6P�HIQCouK φ D6>�K6S S.
�h3L2k3R2�«}7]!-3L2��}3¬«}����!-3L2�2z "2
��ouQ<H

0 < T ≤ ∞ : 5 oum6SYD]c�?6K]QCSJSJouK6SYQCP�QhACBOSEBOSJV9>uPOBOSWD]B4V]_Jo�POBOSJSIm6SEQ<K6D8QCPOcOSWSIm]_
[0, T ] ¯ oum+SIm]_�HJoum]H R+

SIQ
T = ∞ ° B�H�V9>�_IHIQCP�m]A<QC��_JB�U�B�KLH>=9AbF�BOSIV9>uPOBXD]BOS�V]_JoRPOBOSJSJm6S�¬Nu>�ACB�m]_JSMD8QCSIHI_IQ<j]m]HIQCouK6S@HJB�U4Vrc�_JcOBOS�:¬[X>�K6SWHJoum]HJBkAi>�SIm]Q<HJB�=

E
c�Hp>�KLH@m]K�BOSJV9>uPOB

�}ouACouK9>�QCS>=6K6oum6STK6ouHJB�_JouK6S
CT,E := C ([0, T ], E) ,

AbF�BOSIV9>uPOBYD]BOS�stouK6P�HIQCouK6S^POouKLHIQ<KRm6BOS^D]B
[0, T ]

D6>�K6S
E
B�H

DT,E := D ([0, T ], E) ,

AbF�BOSIV9>uPOBWD]BOS�souK6P�HIQCouK6S^P��uD8Ai��¤kD]B
[0, T ]

D6>�K6S
E ¯ B�HTD]BEU?;�U�B�= C∞,E

B�H D∞,E ° :�RQ M+
f

BOSIHXUYm]K]Q D]B@Ai> HJouV�ouACou¤#QCB4c�HI_JouQ<HJB�= CT,M+

f

B�H DT,M+

f

SJouKLHYD]BOSYBOSIV9>uPOBOS
�}ouACouK9>�QCS ¯�� � �E�#w  = � [X> � ³#f  ° =6V�oum]_ t <∞ = CT,R UYm]K]Q/D]B�Ai>4K6ou_IU�BXQ<K8?6K]QCB

|| g ||T,∞:= sup
0≤t≤T

| g(t) |



�8;

BOSIH�m]K�BOSJV9>uPOB �}ouACouK9>�QCS>=/D]BWU?;�U�B4lRm6B C∞,R
UYm]K]QhD]BMAi>5HJouV�ouACou¤#QCB4D]BMAi> POouK8`

N-B�_I¤-B�K6POB�m]K]Q stou_IU�BXSIm]_�HJoum]HqPOouU4V9>uP�H�:d[@FG>�m]HI_JB�V9>�_IH>=8Q<A�B��8QCSIHJB\m]K6B�D8QCSIHp>�K6POB
dTSIm]_ DT,R

HJB�A<ACB¦lRm6B5POB�HMBOSIV9>uPOBkU�c�HI_IQClRm6B SJouQ<HWPOouU4V]ACB�H4B�HMSJc�V9>�_p>�j]ACB ¯ N-ouQ<_WV9>�_B��8B�U4V]ACB � £^ouj9²#²� =]V�:Gf#e � ° :=�B¬HI�6cOou_J��U�B SJm]Q<Nu>�KRH D]ouK]K6B�m]KvP�_IQ<HJ��_JB�SIQ<U4V]ACB�V�oum]_ P�>�_p>uP�HJc�_IQCSJB�_ DT,F ′
=qo&R

F ′ BOSIHMACB¦D8m9>�A�HJouVrouACou¤#QClLm6B D�F m]K6B BOSIV9>uPOB D]B �]_JcOPJ�6B�H4KRm6P�ACc�>�Q<_JB ¯ F ′ BOSIH4>�ACou_JSA<m]Q `bU?;�U�BED]BE�]_JcOPp�6B�HTKLm6P�ACc�>�Q<_JB ° �

� +/3L�9� �R~�3��@�&���t���a!���� ��� � ( ��

2 A<5%� F ) D � � 7 � 9�� ����� � ;$����� � � � D � E6� 9<5 ; �(C ����� ?BA � ���(58A �

µ.
� 7 � � 9 � 7

DT,F ′
2 ; � 7 ��C CT,F ′

5 7.7 5 〈µ., φ〉
� 7 � � 9 � 7 DT,R

2 ; � 7 ��C CT,R
5 � A<D�;<� A<D@� �

?BA � ���(58A �
φ
� 9 � 7 F C

�.K�V9>�_IHIQCP�m]A<QCB�_ =
ζ.
BOSIHhD]ouK6P^D6>�K6S DT,S′

SIQ6B�H SJB�m]ACB�U�B�KRH�SJQ 〈ζ., φ〉 BOSIH D6>�K6S DT,RV�oum]_nHJoum]HJB
φ
D6>�K6S S :£TB�N-B�K6ouK6S.>�m@P�>uS}o&R

E
BOSIH}m]KMBOSJV9>uPOB��}ouACouK9>�QCS>=-B�H�V]Ai> 
OouK6S}K6oum6S}Uk>�Q<KLHJB�K9>�KLH

SIm]_.AbF�BOSIV9>uPOBnV]_Jouj9>�j]Q<A<QCSp>�j]ACB (DT,E,BDT,E

) :��^Kk>�V]V�B�A<ACB 3,+ 8 ( �K/ / �I/X��N#>�ACB�m]_JS
E

=
m]K6B�Nu>�_IQi>�j]ACBY>�ACc�>�HJouQ<_JBW�MNu>�ACB�m]_JS DT,E

: �^K+V�B�m]Hn¤-c�K6c�_p>�A<QCSpB�_qAi>@K6ouHIQCouK�D]BEPOouK8`
N-B�_I¤-B�K6POB^c�HI_JouQ<HJBX�XHJoum]H�BOSIV9>uPOB��/ouACouK9>�QCS�B�K D8QCSp>�KLH�lRm6BqAi>WSIm]Q<HJBTD]B^V]_Jouj9>�j]Q<A<Q<HJcOS
(Pn, n ∈ N

∗)
SIm]_

E
POouKLN-B�_I¤-BXc�HI_JouQ<HJB�U�B�KLH ¯ +8'0�('d>�m SJB�K6S�D]BTAi>YHJouVrouACou¤#QCBTsb>�Q<j]ACB °SIQd�

lim
n→∞

∫
F dPn =

∫
F dP,

V�oum]_�HJoum]HJBWstouK6P�HIQCouK�POouKRHIQ<KLm6B4jrou_IK6cOB
F
D]B

E
D6>�K6S

R
: �^K�D8Q<_p> >�ACou_JSXlRm�F m]K6B

SIm]Q<HJBYD]BYV]_JoRPOBOSJSJm6S
(Xn, n ∈ N)

D]B DT,E
( 8&!.%'�1+�"I� H �.+ 8&+5� �"2O�"!.� ¯ oum��"! � 8&+5=1>�m

SJB�K6SqD]BY� 2-ou_Jo 2��6oRD ° N-B�_JS X D6>�K6S DT,E
B�HqouK�K6ouHJB�_p>

Xn =⇒T,E X,

SIQ�Ai>@SIm]Q<HJBED]BOSnV]_Jouj9>�j]Q<A<Q<HJcOSTQ<Uk>�¤-BOSTPOouKRN-B�_I¤-BYc�HI_JouQ<HJB�U�B�KLH�:

)+3-,.�/$0�%$&�1� �@�t���t�
����� 7.D 5%� �/��� � ; A?0,9?0B58E 5+���

(Pn, n ∈ N
∗)
) 7.D ; D �7� 7 � 9�� � � A<E A � 9<5 7

E
� 7��

� 5+� � ��3��"�� "3 7.5 � A<D�; � A<D@�
ε > 0

) 58E � =C587 � � D � � AC= � 9����
Kε

���
E
� � E  D �

� A<D�;/� ACD �
n ∈ N

)
Pn [Kε] ≥ 1 − ε.

�,� � 5 ; 9  D  D ��� 7 D�5%� � ��� ' 9C;'5�9�0 E � 7
9CE �.9�� AC58; � 7 �<' 9<E � D�;'7

E
� 7 � � ����� D � 7 5 E 9%7 D�5+� � ��� 7 � ; A�0.9?0B58E 5%��� 7 58= 9 � � 7

� 7�� � ����� D �(C

=">qHJouVrouACou¤#QCB Q<K6D8m]Q<HJB�SJm]_"ACBOS/V]_Jouj9>�j]Q<A<Q<HJcOS.SIm]_"m]K@BOSIV9>uPOB�/ouACouK9>�QCS.BOSIH/U�c�HI_IQCSp>�j]ACB
¯�� £qm6D6³8;  ° :��^K�>4>�ACou_JSY�
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� +"3R�9� �R~�3 ���t���i( � � +"*R�9� �R~�3��}3�yE���<+/�9��� H 

� ��� 7.D 5%� �&��� � ; A?0.9�0 5 E 5%��� 7

(Pn, n ∈ N
∗)

7 D�;
E

� A<E A � 9C587 � 7�� � ����� D � 7.5
� � 7 � D E � = ��� � 7 5 � E8E �&� 7 � ; � E 9��(5%' � = ��� � �.A<= � 9���� �8C

=�B�_JcOSJm]A<Hp>�H�SJm]Q<Nu>�KRHdD]ouK]K6B�m]K@P�_IQ<HJ��_JBnD]B�HJB�K6SIQCouK4Vroum]_�m]K6B�SIm]Q<HJB�D]B V]_Jouj9>�j]Q<A<Q<HJcOS
SIm]_XAbF�BOSJV9>uPOB@V]_Jouj9>�j]Q<A<QCSp>�j]ACB (DT,F ′ ,BDT,F′

) =�o&R F BOSIHED]B4�]_JcOPp�6B�HYKLm6P�ACc�>�Q<_JB#:
�^K�K6ouHJB�_p>�D6>�K6SnHJoum]HJBEAi>@SIm]Q<HJB�Vroum]_qHJoum]H

φ
D6>�K6S F =8AbFG>�V]V]A<QCP�>�HIQCouK�SIm]Q<Nu>�KRHJBk�

Pφ :

{
DT,F ′ ↪→ DT,R

µ. 7→ 〈µ., φ〉.

� +"3R�9� �R~�3 ���t���Cx �a!*��� � � $i� � x	��

2 A<5%�

(Pn, n ∈ N)
D ��� 7.D�5+� �3���&� ; A�0.9?0B58E 5%��� 7 7 D�; (DT,F ′ ,BDT,F′

) ) � � E E �
 D �4� A<D�; � ACD@� �

φ
� 9 � 7 F ) (PnPφ, n ∈ N)

� 7�� � ��� � D � � 9 � 7 DT,R
C � E A<;'7 )

(Pn, n ∈ N)
� 7 � � ��� � D �/� 9 � 7 DT,F ′

C

�	� � ��� � ��� ���� � � &�� � � � %� � � " & % � � �	� � � %� ��� �  � � D∞,S′

5 oum6S}Q<KLHI_Jo�D8m]QCSJouK6S�QCP�Q8AbF�cOlLm9>�HIQCouK�D]B HI_p>�K6SIVrou_IH}Q<KRHJc�¤#_p>�ACBnD6>�K6S D∞,S′
=um]K6B�cOlRm9>z`

HIQCouK�Q<KRHJc�¤#_p>�ACBWD6>�K6SqAbF�BOSIV9>uPOBYD]BOSnV]_Jo�POBOSJSIm6STP��uD8Ai��¤¦�MN#>�ACB�m]_JSTD6>�K6SqAbF�BOSJV9>uPOBED]BOS
D8QCSIHI_IQ<j]m]HIQCouK6S^HJB�U4Vrc�_JcOBOS>= D∞,S′

:
5 oum6S4_p>�V]VrB�ACouK6S4QCP�QnACB _JcOSIm]A<Hp>�H�SIHp>�K6D6>�_JD ¯ � �.Nu>#³#�� ° SJm]_4Ai>�_JcOSJouA<m]HIQCouK�D]BAbF H � �4���5+ 8&! � �6�.+N�&! / 3 8 +*��D6>�K6S C1(R×R+,R)

:/��ouQ<H�AbF�cOlRm9>�HIQCouKYSIm]Q<N#>�KLHJBdD�F Q<K6POouK]KRm6B
u(x, t)

�
(E)

{
∂tu = −b∂xu+ f

D6>�K6S
R × (0,∞),

u = h
SIm]_

R × {t = 0},
o&R

b
BOSIHnm]K�_JcOB�A-=

f
BOSJHnm]K6B�stouK6P�HIQCouK C1 (R × R+,R)

B�H
h
BOSIH C1 (R,R)

:
�}oum]_YHJoum]H

x
D6>�K6S

R
B�H
t
D6>�K6S

R+
=�AbF m]K]QClRm6BkSJouA<m]HIQCouK�D]B

(E)
BOSIHYD]ouK]K6cOB

V9>�_Y�
u(x, t) = h(x− tb) +

∫ t

0
f(x+ (s− t)b, s)ds. ¯ w8:<; °

=">4_JcOSJouA<m]HIQCouK¬D]BEPOB�HIHJBEcOlRm9>�HIQCouK�m]HIQ<A<QCSJBEAi>MU�c�HI�6oRD]BED]BOSTP�>�_p>uP�HJc�_IQCSIHIQClLm6BOS%:



�#f
)+3-,.�/$0�%$&�1� �@�t���i(
2 A<5 ��� �

K
� 9 � 7 S ′ � � (gt, t ≥ 0)

) D ��� ?BA � ���(58A �1��� D∞,S′
� � E8E �  D �

g0 ≡ 0
)

E 9 � 587 �(;'5 0BD �(58A � � D�E8E �(C �,� � 5%�  D �
(ηt, t ≥ 0)

'(� ;'5 	,� E  *L�� /78�%$&�1���/3
���z76�/2�«d�1�%�

(EK,g)
� 9 � 7 D∞,S′

7 5 � ACD�;
� ACD � �
φ
� 9 � 7 S � � � A<D�;3� A<D@�

t ≥ 0
"

〈ηt, φ〉 = 〈K,φ〉 +

∫ t

0
〈(ηs)′, φ〉 ds+ 〈gt, φ〉. ¯ w8: � °

� A.>�V]V9>�_p>�
CHXD�F m]K6B@V9>�_IH�lRm6B
η0 ≡ K

:6��>�_Y>�Q<A<ACB�m]_JS>=rK6ouHJouK6SXlRm6B
(ηt, t ≥ 0)

m]K6B
SJouA<m]HIQCouK�D]B

(EK,g)
BOSJHh�TN#>�ACB�m]_JSdD6>�K6S D∞,S′

=-V]m]QCSJlLm6B�Ai>^souK6P�HIQCouK (
t 7→ 〈gt, φ〉

)
BOSIHqP��uD8Ai��¤�Vroum]_nHJoum]HJBXsouK6P�HIQCouK

φ
D]B S :

5 oum6S�_p>�QCSJouK]K6ouK6SkV9>�_¦>�K9>�ACou¤#QCB�>�N-BOP�ACB+_JcOSIm]A<Hp>�HkV]_JcOPOcOD]B�KLH¦V�oum]_5U�ouKLHI_JB�_
lLm6BMPOB�HIHJBWcOlRm9>�HIQCouK�Q<KLHJc�¤#_p>�ACB4D6>�K6S�AbF�BOSIV9>uPOBMD]BOS^stouK6P�HIQCouK6SXP��uD8Ai��¤��kNu>�ACB�m]_JS S ′>uD8U�B�H�m]K6B+m]K]QClRm6B�SJouA<m]HIQCouK@=�B�HkB���V]A<QCP�Q<HJouK6S5POB�HIHJB�SJouA<m]HIQCouK�: �^K _JcOSJoum]H5>�Q<K6SIQ
AbF�cOlLm9>�HIQCouK+D]B\Ai>WU?;�U�B\s> 
OouK@=8B�K�>uSJSIQ<U4Q<Ai>�KRHnAi>WD]c�_IQ<N-cOBXB�K+BOSIV9>uPOB

∂xu
V�oum]_�ACBOS

stouK6P�HIQCouK6S�D]B C1(R×R+,R)
>ON-BOP^Ai>ED]c�_IQ<N-cOB�>�m5SJB�K6S�D]BOShD8QCSIHI_IQ<j]m]HIQCouK6S�Vroum]_hACBOS

stouK6P�HIQCouK6SqD]B D∞,S′
�

� +/3L�9� �R~�3��@�&���<�
�  �  D 9��(58A �3��� �(; 9 � 7 � A<;-��5 � ��� �C; 9<E �

(EK,g)
9 � = � �6D ��� D � 5  D � 7 A<E D@�(5�A �

L
� 9 � 7 D∞,S′

) '(� ;'5 	 9 � � � A<D�;.� A<D@� �
φ
� 9 � 7 S � � � A<D�;.� A<D@�

t ≥ 0
"

〈Lt, φ〉 = 〈K, τt φ〉 + 〈gt, φ〉 −
∫ t

0
〈gs, τt−s φ′〉 ds. ¯ w8:Gf °

�^K�POouU4U�B�K6POBEV9>�_TD]ouK]K6B�_qACBE_JcOSIm]A<Hp>�HqHJBOPJ�]K]QClRm6BESIm]Q<N#>�KLHW�

�d3R~�~�3 ���t���iª
� ACD ; � A<D@� �

ζ
� 9 � 7 S ′

) � ACD@� �
φ
� 9 � 7 S ) E  9 ��� E 5+� 9��(5�A � (t 7→ 〈ζ, τtφ〉)

� 7��
� � ;'5%' 9�0 E �&� � � A<D�;.� A<D@�

t
"

d

dt
〈ζ, τtφ〉 = 〈ζ ′, τtφ〉.

3,+N� � %'��� � � �"2�2O����'���'�� '

lim
h→0

1

h
〈ζ, τt+hφ− τtφ〉

= 〈ζ, lim
h→0

1

h
(τtφ(.− h) − τtφ)〉 = −〈ζ, (τtφ)′〉 = 〈ζ ′, τtφ〉.



� � � ��������� ����� � � � �

3,+)� ��%'� � � 	�64H38 +��"2O� ��'���' ��' � � 5+� 5%���
��ouQ<H

φ
D6>�K6S S B�H^D]B�m8��SJouA<m]HIQCouK6S

L
B�H
M

D]B
(EK,g)

: 5 ouHJouK6S^V�oum]_qHJoum]H
t
_JcOB�A

Ai>4D8QCSJHI_IQ<j]m]HIQCouK
Nt

SJm]Q<Nu>�KRHJB��

Nt := Lt −Mt.

¯ w8: � ° Q<U4V]A<QClRm6BEB�K�V9>�_IHIQCP�m]A<QCB�_\lLm6B�Vroum]_nHJoum]H t ≥ 0
�

〈Nt, φ〉 =

∫ t

0
〈(Ns)

′, φ〉 ds,

SJouQ<HnVroum]_qHJoum]H
φ
D6>�K6S S �
d

dt
〈Nt, φ〉 = 〈(Nt)

′ , φ〉 >ON-BOP 〈N0, φ〉 = 0.

�^K�>4>�ACou_JSW�
d

dt
〈N̂t, φ〉 =

d

dt
〈Nt, φ̂〉 = 〈(Nt)

′ , φ̂〉 = −〈Nt,
(
φ̂
)′
〉.

�.K¬K6ouHp>�KLHTVroum]_nHJoum]H
ξ
=
ψ(ξ) := −iξ =8AbF�cOlRm9>�HIQCouK¬V]_JcOPOcOD]B�KLHJBY_JB�NRQCB�KRHTD]ouK6PY�+�

d

dt
〈N̂t, φ〉 = −〈Nt, ψ̂φ〉 = −〈N̂t, ψφ〉 = −〈ψN̂t, φ〉.

�.K¦_JcOSJouA<N#>�KLHnPOB�HIHJB\cOlLm9>�HIQCouK+D8QCB�c�_JB�KLHIQCB�A<ACB�=]ouK ouj]HIQCB�KLHnD]ouK6P\V�oum]_�HJoum]HJB
φ
D6>�K6S

S B�HTV�oum]_nHJoum]H
t
�

〈N̂tφ〉 = 〈N̂0e
ψt, φ〉 = 〈N̂0, e

ψtφ〉 = 〈N0, êψtφ〉 = 0.

�}Q<K9>�ACB�U�B�KLH>=uVroum]_�HJoum]H
t
=
Nt
BOSJH�D]ouK6PdAi>nD8QCSIHI_IQ<j]m]HIQCouKMD]BdHI_p>�K6Sasou_IU�cOBdD]Bd�9oum]_IQCB�_

QCD]B�KRHIQClLm6B�U�B�KRH^KRm]A<ACBk�.P#F�BOSIHnAi>4D8QCSJHI_IQ<j]m]HIQCouK¬KLm]A<ACB#:

� =C5 7�� ��� � �
��ouQ<H

t ≥ 0
=
φ
m]K6B�souK6P�HIQCouK¬D]B S B�H

Lt
Ai>WsouK6P�HIQCouK¬D]B D∞,S′

D]c�?6K]QCBXV9>�_ ¯ w8:Gf ° :
∫ t

0
〈(Ls)′ , φ〉 ds = −

∫ t

0
〈Ls, φ′〉 ds

= −
∫ t

0
〈K, τsφ′〉 ds−

∫ t

0
〈gs, φ′〉 ds+

∫ t

0

∫ s

0
〈gr, τs−rφ′′〉 dr ds

=

∫ t

0
〈K ′, τsφ〉 ds−

∫ t

0
〈gs, φ′〉 ds−

∫ t

0

∫ t

r
〈(gr)′ , τs−rφ′〉 ds dr.



�#e

�^K¬>�V]V]A<QClLm6BXACBEACB�U4U�BYw8:<;#:Ge�>�m�V]_JB�U4QCB�_TB�H\>�m�D]B�_IK]QCB�_qHJB�_IU�Bk�
∫ t

0
〈(Ls)′ , φ〉 ds =

∫ t

0

d

ds
(〈K, τsφ〉) ds−

∫ t

0
〈gs, φ′〉 ds

−
∫ t

0

∫ t

r

d

ds

(
〈gr, τs−rφ′〉

)
ds dr

= 〈K, τtφ〉 − 〈K,φ〉 −
∫ t

0
〈gs, φ′〉 ds−

∫ t

0

(
〈gr, τt−rφ′〉 − 〈gr, φ′〉

)
dr

= 〈K, τtφ〉 − 〈K,φ〉 −
∫ t

0
〈gs, τt−sφ′〉 ds.

=dF�cOlLm9>�HIQCouK�V]_JcOPOcOD]B�KLHJB�>�N-BOP ¯ w8:Gf ° D]ouK]K6BMD]ouK6PYVroum]_^HJoum]H t ≥ 0
B�H^V�oum]_\HJoum]HJB

φ
D6>�K6S S �

〈Lt, φ〉 = 〈K,φ〉 +

∫ t

0
〈(Ls)′ , φ〉 ds+ 〈gt, φ〉,

B�HT>�m]HI_JB�U�B�KLH�D8Q<H
(Lt, t ≥ 0)

BOSJHqAbF m]K]QClLm6BYSJouA<m]HIQCouK¬D6>�K6S D∞,S′
D]B

(EK,g)
:

� 
 	 � ��� &'� ) )��.) �.� ) , ���/����)��.�������.���� � �

5 oum6S�Q<KRHI_JoRD8m]QCSpouK6S"QCP�QRACBdD]BOSJP�_IQ<V]HJB�m]_/D�F�c�Hp>�H/V�oum]_"m]K6B.?6ACBdD�FG>�HIHJB�KRHJB
M/M/1/1+

GI−EDF : 5 oum6S�POouK6SIQCD]c�_JouK6S�m]K5V]_Jo�POBOSJSIm6S�D�F�B�KLHI_JcOBOS��}ouQCSJSJouK]QCB�K (Nt, t ≥ 0)
=

D]BXV�ouQ<KRHJS
(Tk, k ∈ N

∗)
B�H\D�F Q<KLHJB�K6SIQ<HJc

λ
=1D]BYP�A<QCB�KRHJS\D]B�Uk>�K6D6>�KRH^m]K6BWSJB�_IN�QCPOBYD]B

D8m]_JcOB^B��8V�ouK6B�KRHIQCB�A<ACB^D]B^V9>�_p>�U���HI_JB
µ
:�=�B

k
`bQC��U�B\P�A<QCB�KLH�BOSIH�> B�BOP�HJc\�YSJouK5B�KRHI_JcOB

D�F m]K�D]c�Ai>�Qnc�A<Q<U4Q<K9>�HJouQ<_JB�Aam6SJlRm�FG>�m D]c�j]m]H@D]B SJB�_IN�QCPOB
Dk

=hD]B5ACouQ�¤-c�K6c�_p>�ACB+POB�A<ACB
D]B

D
=�Nu>�_IQi>�j]ACB�>�ACc�>�HJouQ<_JB V�:�S%:�SIHI_IQCP�HJB�U�B�KLHkV�o#SIQ<HIQ<N-B#:�=�BOS4P�A<QCB�KLHJS4SJouKRH4HI_p>�Q<HJcOS

SIm]Q<Nu>�KRHqAi>@D8QCSJP�Q<V]A<Q<K6BED]BYSJB�_INRQCPOBX�h[\��K6ouK8`bV]_JcOB�U4V]HIQ<N-B#:
£^>�V]VrB�ACouK6SnACBOSTD]c�?6K]Q<HIQCouK6S\D]BOS 3,+38>( �"/ /�� /�� � 3<�1+ � 8 +"2?�&!#( �K/@P�>�_p>uP�HJc�_IQCSp>�KLH\Ai>M?6ACB
D�FG>�HIHJB�KLHJB#: �}oum]_THJoum]H

t
�

Xt :=
5 ouUYj]_JBWD]BXP�A<QCB�KLHJS\D6>�K6SnACBESI�8SIHJ��U�BX�@AbF Q<K6SIHp>�KRH

t ,

Qt := (Xt − 1)+ =
5 ouUWj]_JBED]BEP�A<QCB�KRHJSTB�K�>�HIHJB�KRHJBW�MAbF Q<K6SIHp>�KRH

t ,

St :=
5 ouUYj]_JBWD]BXP�A<QCB�KLHJS\SJB�_INRQCS Aam6SJlRm�FG�

t ,

Pt := Nt −Xt − St =
5 ouUWj]_JBED]BEP�A<QCB�KLHJSTV�B�_JD8m6S A m6SJlRm�FG�

t .
��ouU4U�BqV]_JcOP�QCSJc^B�KkQ<KLHI_Jo�D8m6P�HIQCouK@=]>�m6P�m]K5D]B^POBOSdV]_Jo�POBOSJSIm6SdU�ouK6o�` D8Q<U�B�K6SJQCouK]K6B�ACS
P�Ai>uSJSIQClRm6BOS"K�F�BOSIH/Uk>�_32-o�N�QCB�K4B�H}ouKMD]ouQ<H�>�N-ouQ<_}_JBOPOoum]_JS.�qm]K6B�>�m]HI_JB�D]BOSJP�_IQ<V]HIQCouK@lLm]Q
SJouQ<H B��8�9>�m6SIHIQ<N-B#: 5 oum6S D]c�?6K]QCSpSJouK6S�D]ouK6P^m]K¦K6oum]N-B�>�m V]_JoRPOBOSpSIm6S D]BOSpP�_IQ<V]HJB�m]_��.�
AbF Q<K6SIHp>�KLH

t
=�SIQ-ACBhj]m4BrB�_}BOSIH�K6ouKYN�QCD]B�=�_p>�V]V�B�ACouK6S}lRm6BdAbF�ouKYK6ouHJBhV�oum]_

i = 1, ...., Qt
=

Ri(t)
ACBhD]c�Ai>�Q8_JcOSIQCD8m6B�A8D8m

i
` ��U�B P�A<QCB�KRH�D6>�K6S}ACBhj]m4BrB�_�D6>�K6S}AbF�ou_JD8_JB�D]BOS/V]_IQCou_IQ<HJcOS��

R1(t) < R2(t) < .... < RQt(t).

5 ouHJouK6SMV9>�_�>�Q<A<ACB�m]_JS>=hSJQ�>�m�U�ouQ<K6S@m]K�P�A<QCB�KLHk>�c�HJc¦V�B�_JD8m �
t ¯ Pt 6= 0 ° =.Vroum]_

i = 1, ....., Pt
=
R−i(t)

=.ACB5HJB�U4V6S4cOPOoum]ACc D]B�V]m]QCSWAbF�c�A<Q<U4Q<K9>�HIQCouK D8m
i
` ��U�B P�A<QCB�KRH



�#w � ������ ����� � ��� �  
���(��� � ����� �9��������	 �

D6>�K6SWAbF�ou_JD8_JB�Q<KRN-B�_JSJBkD]B4AbF�ou_JD8_JB¦PJ�]_JouK6ouACou¤#QClRm6B ¯ POB�HJB�U4V6SYcOPOoum]ACc¦BOSIHW>�m6SpSIQdm]K¥MD]c�Ai>�Q�_JcOSIQCD8m6B�A/§9=8Uk>�QCSnQ<A�BOSIHnK6c�¤L>�HIQ s}B�HqPOouK6POB�_IK6BEm]K�P�A<QCB�KLHqlRm]Q">Wc�HJc�VrB�_JD8m ° �
R−Pt(t) < R−Pt−1(t) < .... < R−1(t).

©^Q<K6SIQ-=RV�oum]_ HJoum]H
i
D6>�K6S {−Pt, ....,−1, 1, ...., Qt

} =LSIQ�ouKkK6ouHJB^V9>�_
ki

=RACBqKRm]U�c�_Jo
D8m¬P�A<QCB�KRHTPOou_I_JBOSIVrouK6D6>�KLH\D6>�K6SqAbF�ou_JD8_JBED]BOST>�_I_IQ<N-cOBOS =

Ri(t) = Dki
− (Tki

− t)

B�H�ACB^SpB�_IN-B�m]_�POouU4U�B�K6POB\ACB\SJB�_INRQCPOB^D8m¦P�A<QCB�KRHnD]B^D]c�Ai>�Q�_JcOSIQCD8m6B�A
R1(t)

�EAbF Q<K6SIHp>�KLH
t
o&R�Q<A�HJB�_IU4Q<K6BEm]K�SJB�_IN�QCPOB#:

�^K¬D]c�?6K]Q<HTACBF3,+38 ���/D8m�SI��SJHJ��U�B�V9>�_Y�

νt :=

Qt∑

i=1

δRi(t) +

Pt∑

i=1

δR−i(t),

o&R�Vroum]_XHJoum]HE_JcOB�A
x
=
δx
BOSIHXAi>¦Uk>uSJSJB4D]Bk[^Q<_p>uPkB�K

x
:4=�B4V]_Jo�?6AdBOSIHWD]ouK6P@m]K6B

U�BOSIm]_JBWVrouK6P�HIm6B�A<ACB�=1lRm]Q"V]Ai>uPOBYm]K6BYm]K]Q<HJcWD]BYUk>uSJSpBY��Pp�9>ulLm6BMD]c�Ai>�Q/_JcOSJQCD8m6B�A}�
tD�F m]K P�A<QCB�KLHXV]_JcOSpB�KLHED6>�K6S\ACBMj]m4BrB�_>=�oum�D]c AI�¦c�A<Q<U4Q<K6c�=��¦POB�H�Q<K6SIHp>�KLH�:Y© PJ�9>ulRm6B

Q<K6SIHp>�KRH
t
=
νt
>�V]V9>�_IHIQCB�KLH\j]QCB�K�V�:�S�:d� Mp

: �^K¬D]c�?6K]Q<HqV9>�_^>�Q<A<ACB�m]_JSTAi>W?6A<HI_p>�HIQCouK
Ft := σ (νs(B), s ≤ t, B ∈ B(R)) .

� HIm6D8QCouK6S�B�K�D]c�Hp>�Q<A@Ai> D8�RK9>�U4QClRm6B�D8m V]_Jo�POBOSJSIm6S�D]BOS�V]_Jo�?6ACS
(νt, t ≥ 0)

:
[@F m]K6B�V9>�_IH>=#ACB�V]_JoRPOBOSpSIm6S�c�N-ouA<m6BnPOouKLHIQ<K��]U�B�KRH B�KMsouK6P�HIQCouK�D8mMHJB�U4V6Sn�"ACBOS�D]c�Ai>�QCS
_JcOSIQCD8m6B�ACS�D]BOS�P�A<QCB�KLHJSXD]cOP�_JouQCSpSJB�KLHE�4Ai>kN�Q<HJBOSJSJBWm]K]Q<HJcWB�H�D]ouK6PMHJoum6STACBOS\VrouQ<KLHJS�SJB
D]cOP�>�ACB�KRHYN-B�_JSXAi>¦¤L>�m6Pp�6Bk� POB�HIHJB@NRQ<HJBOSpSJB#:@=�BOSEP�A<QCB�KLHJSYV�B�_JD8m6SYSJouKLHEPOB�m8� POou_I_JB�`
SIVrouK6D6>�KLHT>�m8�+>�HJouU�BOSnlLm]QrB�K+D]c�_IQ<Nu>�KRHqSJouKLHnV9>uSpSJcOS�B�K D]BOSpSJoum6S�D]B

0
:.© PJ�9>ulRm6B

Q<K6SIHp>�KRHnD�FG>�_I_IQ<N-cOB�=Rm]K5V�ouQ<KRH�S%FG> Aaoum]HJB��XAi>YU�BOSIm]_JB\B�K
d
=RACB^D]c�Ai>�Q�Q<K]Q<HIQi>�ArD8m5P�A<QCB�KLH

lRm]QdB�KLHI_JB5D6>�K6SEACB4SI�8SIHJ��U�B��+POB�HEQ<K6SJHp>�KLH�:k�dK8?6K@=/�+Pp�9>ulLm6B@?6K�D]B�SJB�_IN�QCPOB�=�m]K
VrouQ<KLHMBOSIH �uHJckD]B�Ai> U�BOSIm]_JB¬�YAbFG>�HJouU�BkPOou_I_JBOSIVrouK6D6>�KLH4>�m�P�A<QCB�KRHWlRm]Qd_JB�KLHI_JB¦B�K
SJB�_IN�QCPOB�=

R1(t) := t1(νt),>�m]HI_JB�U�B�KRH�D8Q<H>=RACBnV]A<m6SdVrB�HIQ<H >�HJouU�BTV�o#SIQ<HIQ s�D]BnAi>EU�BOSIm]_JB#:d��B�HIHJBTD8��K9>�U4QClLm6B^BOSIH
_JcOSIm]U�cOBEV9>�_qAi>W?6¤#m]_JBYw8: �8:

� HIm6D8QCouK6S�ACBOShN#>�_IQi>�HIQCouK6ShQ<K8?6K]Q<HJcOSJQ<Uk>�ACBOSnD]BTPOB^V]_JoRPOBOSJSJm6S�: 5 ouHJouK6S V�oum]_ HJoum]H
t
=
At

=RACBTHJB�U4V6Sn�M>�HIHJB�K6D8_JB�>�Nu>�KRH�Ai>XV]_JB�U4QC��_JBX>�_I_IQ<N-cOBX>�V]_J�OS
t
B�H�V�oum]_�HJoum]H

t
HJB�A

lRm6B
Xt > 0

=
Ft
ACBTHJB�U4V6Sq�M>�HIHJB�K6D8_JBX>ON#>�KLH�ACBTV]_JB�U4QCB�_qD]c�V9>�_IHnD8m SJB�_IN-B�m]_q>�V]_J�OS

t
:.©TACou_JS>=8Vroum]_qHJoum6S

t, h > 0
�

νt+h =





τhνt
SIQ
At > h

B�H
Ft > h

oum
Qt = 0

=
τhνt − δR1(t)−h

SIQ
At > h

=
Ft < h

B�H
Qt > 0,

τhνt + δdk−(t+h−tk)
SIQ
At < h

B�H
Ft > h

oum
Qt = 0B�HqACBXP�A<QCB�KRH^B�KRHI_JBY�

tk
> B�BOP�HJcED�F m]K¬D]c�Ai>�Q

dk,



�-�

Arrivée entre t+h et t+2h

R1(t) R2(t) R3(t) R4(t)

R1(t+h) R1(t+h) R1(t+h)

R−1(t+2h) R1(t+2h) R3(t+2h)R2(t+2h)

Début d’un service entre t et t+h

Client éliminé

t

t+h

t+2h

0

0

0

�}Q<¤#m]_JBYw8:<;#�d[\�RK9>�U4QClRm6BED8m+V]_Jo�POBOSJSIm6SqD]BOSqV]_Jo�?6ACS

ACBOSYc�N-c�K6B�U�B�KLHJSMV]A<m6SMPOouU4V]ACB��8BOS ¯ V]A<m6SIQCB�m]_JS@>�_I_IQ<N-cOBOS>=}V]A<m6SIQCB�m]_JSY?6K6SYD]BkSpB�_INRQCPOBoum¬>�_I_IQ<N-cOBOSTB�H�?6K6SqD]BXSJB�_IN�QCPOBOS ° B�KRHI_JB t B�H t+ h
c�Hp>�KLH^D]BXV]_Jouj9>�j]Q<A<Q<HJc

o(h)
:h�.K

V9>�_IHIQCP�m]A<QCB�_>=�POB�HIHJB^D8�RK9>�U4QClRm6BqU�ouKRHI_JB�lLm6BnACBTV]_JoRPOBOSpSIm6S
(〈νt, φ〉, t ≥ 0)

BOSIHhD6>�K6S
D∞,R

Vroum]_qHJoum]HJB�souK6P�HIQCouK
φ ∈ Cb

:

M+
f

UYm]K]QnD]B�Ai>¬HJouVrouACou¤#QCB5c�HI_JouQ<HJB¦BOSIHYACo�P�>�ACB�U�B�KLH4POouU4V9>uP�H4SJc�V9>�_p>�j]ACB�=.B�H
V�B�m]HJ;�HI_JBEPOouU4V9>uP�HIQ ?9cWSIm]Q<N#>�KLHqAi>@POouU4V9>uP�HIQ ?9P�>�HIQCouK�D]B ��>�Hp>�K9>�jrB ¯ � [X> � ³#f  ° �
M+

f = M+
f ∪ ∞M+

f

o&R ∞M+

f

BOSJH\ACBL3 8&+P!#� 	 �)� +P!>�6!<+nHJB�AdlLm6B
νn → ∞M+

f

SIQ
B�H SJB�m]ACB�U�B�KRH�SJQ

(νn, n ∈ N
∗)
SJou_IH�D]BqHJoum]H�POouU4V9>uP�Hq�XV9>�_IHIQ<_�D�F m]K¦POB�_IHp>�Q<K _p>�K]¤6:

��ouQ<H C0(M+
f ,R)

=LAbF�B�K6SpB�UYj]ACB\D]BOS.souK6P�HIQCouK6S POouKRHIQ<KLm6BOS�D]B Mf
D6>�K6S

R
=RD]BnA<Q<U4Q<HJB

KLm]A<ACBEB�K ∞Mf

:��^K+UWm]K]Q<H C0(M+
f ,R)

D]B�Ai>@K6ou_IU�BYD8m�SIm]V��

‖ F ‖∞:= sup
ν∈M+

f

|F (ν)| .

yE�z�1«d�92z$i�%$&��� ���i(?�t�
���,� ; A8� � 7 7.D�7

(νt, t ≥ 0)
� 7 � D �.� ; A�� � 7.7 D�7 ����� � E E � ; ?B9<5�0 E � ; � E 9��(5%' � = ��� �



�#� � ������ ����� � ��� �  
���(��� � ����� �9��������	 �

�
(Ft, t ≥ 0)

� A � � E � -9*R�/*L��78��3R /� 5 �8	4� 5+��� 7 5 = 9<E � 7�� � A � � � � 9C;/"

AF (ν) = lim
h→0

F (τhν) − F (ν)

h
−
(
λ+ µ1{νt(R∗

+
)>0}

)
F (ν)

+ µF
(
ν − δt1(ν)

)
1{ν(R∗

+
)>0} + λ

∫
F (ν + δd) dPD(d). ¯ w8: � °

� ACD ;.� A<D@� �
F

9 ��� 9<;-� ��� 9 � � 9CD �/��~�76$t�/3 ��� A "

D(A) := C0(M+
f ,R) ∩

{
lim
h→0

F (τh.) − F

h

� =C5 7�� � }
.

7 +)� ��%'�('6�}oum]_4HJoum6S
t, h ≥ 0

B�HWHJoum]HJB5souK6P�HIQCouK�U�BOSIm]_p>�j]ACB j�ou_IK6cOB
F
D]B M+

fD6>�K6S
R
�

E [F (νt+h)|Ft] =
(
1 −

(
λ+ µ1{νt(R∗

+
)>0}

)
h
)
F (τhνt)

+ µhF
(
τhνt − τhδt1(νt)

)
1{νt(R∗

+
)>0}

+ λh

∫
F (τhνt + τhδd) dPD(d) + o(h)

=: ThF (νt). ¯ w8:Ge °=�B5V]_Jo�POBOSJSIm6S
(νt, t ≥ 0)

BOSIHWD]ouK6P5m]K�V]_Jo�POBOSJSIm6SMD]B@#�>�_32-o%N s>�Q<j]ACB5�6ouU�ou¤-��K6B
SIm]Q<N#>�KLH�Ai>MD]c�?6K]Q<HIQCouK ¯ Q<Q<Q ° V�:<;��MD]B � [X> � ³#f  =�D]ouKRHnAi>XsouK6P�HIQCouK�D]B^HI_p>�K6SIQ<HIQCouK�BOSIHD]ouK]K6cOBXV9>�_

(Th, h ≥ 0)
:

M+
f

UYm]K]QRD]B.Ai>�HJouV�ouACou¤#QCBhc�HI_JouQ<HJBhc�Hp>�KLH"ACoRP�>�ACB�U�B�KRH/POouU4V9>uP�H/Spc�V9>�_p>�j]ACB�=zouKEVrB�m]H
>�V]V]A<QClRm6B�_nAi>WV]_JouV�o#SIQ<HIQCouK �8: � V�:G�#³@D]B � £��E³ � .� (νt, t ≥ 0)

BOSIH�m]K¦V]_Jo�POBOSJSIm6SnD]B
�6B�A<ACB�_\SJSIQ.�





∀h > 0 , ∀F ∈ C0(Mp,R) , ThF ∈ C0(Mp,R),

∀F ∈ C0(Mp,R) , ∀ν ∈ M+
f , ThF (ν) −→

h→0
F (ν).

��ouQ<H
F ∈ C0

(
M+

f ,R
) : �"oum]H�D�FG>�jrou_JD = ¯ w8:Ge ° Q<K6D8QClLm6B^P�Ai>�Q<_JB�U�B�KLHnlRm6BnV�oum]_ HJoum]H

h ≥ 0
=
ThF

BOSIHXD6>�K6S
C0(M+

f ,R)
=�V]m]QCSJlRm�F�B�K V9>�_IHIQCP�m]A<QCB�_YACBOSW>�V]V]A<QCP�>�HIQCouK6SYlRm]Q

�
ν ∈ Mp

>uSpSJoRP�QCB�KRH5SJouK V]_JB�U4QCB�_+>�HJouU�B¬Vro#SIQ<HIQ sYB�H Sp> Uk>uSJSpB�Vro#SIQ<HIQ<N-B¬SJouKRH
POouKRHIQ<KLm6BOSXVroum]_TAi>kHJouV�ouACou¤#QCB@c�HI_JouQ<HJB ¯ � � �E�#w }V�: � ² �4= � G Q<Aiw#�  ° : �^K�>kB�K6SIm]Q<HJBVroum]_qHJoum]HJB

ν ∈ Mp
�
lim
h→0

ThF (ν) = lim
h→0

F (τhν) = F (ν),

V]m]QCSJlRm6B
dM+

f
(τhν, ν) −→

h→0
0 ¯ +�'0�(' ∫ f dτhν −→

h→0

∫
f dν

Vroum]_qHJoum]HJB
f ∈ Cb

=9V9>�_
POouKRN-B�_I¤-B�K6POB\D]ouU4Q<K6cOB ° B�H F BOSJHhPOouKLHIQ<KRm6B#:

(νt, t ≥ 0)
BOSIHhD]ouK6PTm]KkV]_Jo�POBOSJSIm6ShD]B

�6B�A<ACB�_Ts>�Q<j]ACB#:h��ouK¬¤-c�K6c�_p>�HJB�m]_^BOSIHT>�ACou_JS^D]c�?6K]Q�V�oum]_nHJoum]H
F ∈ D(A)

V9>�_Y�

lim
h→0

ThF − F

h
.



�#³
�d3R~�~�3 ���i(?�i(

� ACD ;.� A<D@� �
F ∈ C0(M+

f ,R)
)

lim
h→0

‖ F (τh.) − F ‖∞= 0
C

3,+N� � %'��� � �7�*2 2O����'��'��'q£^B�Uk>�_JlLm6ouK6SqHJoum]HTD�FG>�j�ou_JD¬lLm6B�AbFG>�V]V]A<QCP�>�HIQCouK��
{ C0(M+

f ,R) −→ C0(M+
f ,R)

F (.) 7−→ F (τh.)

BOSIH\POouKRHIQ<KLm6B#:YAbFG>�V]V]A<QCP�>�HIQCouK�c�Hp>�KLH�A<Q<K6c�>�Q<_JB�=�Q<A.SIm ��H�D]BMN-c�_IQ ?9B�_ElLm6BWV�oum]_�HJoum]HJB
SIm]Q<HJB

(Fn, n ∈ N
∗)
HJB�K6D6>�KRH.N-B�_JS�²4=uAi>^SIm]Q<HJB

(Fn(τh.), n ∈ N
∗)
HJB�K6DMN-B�_JS.²8: �}oum]_

POB�Ai>MQ<A"SIm ��HqD]BX_JB�Uk>�_JlRm6B�_TlRm6BXV�oum]_nHJoum]H
F
B�HqHJoum]H

h > 0
�

sup
ν∈M+

f

|F (τhν)| = sup
ν∈M+

f

|F (ν)| .

��ouQ<H
F
D6>�K6S C0(M+

f ,R)
:.=hF�B�K6SJB�UYj]ACB

CK(M+
f ,R)

D]BOS�souK6P�HIQCouK6SnPOouKLHIQ<KLm6BOS^D]B
M+

f

D6>�K6S
R
� SIm]V]Vrou_IHkPOouU4V9>uP�H5D6>�K6S M+

f

BOSIH�D]B�K6SJB�D6>�K6S C0(M+
f ,R)

: � A
B���QCSIHJB¦D]ouK6P

F̃ ∈ CK(M+
f ,R)

HJB�A<ACB lLm6B5Vroum]_WHJoum]H
ε > 0

Q<A�B��8QCSIHJB
k
HJB�A�lLm6B

|h| ≤ k
Q<U4V]A<QClLm6Bk�

‖ F (τh.) − F ‖∞≤‖ F (τh.− F̃ (τh.) ‖∞ + ‖ F̃ (τh.) − F̃ ‖∞ + ‖ F̃ − F ‖∞
≤ 2ε+ ‖ F̃ (τh.) − F̃ ‖∞ .

�^K�BOSIHqD]ouK6PX_p>�U�B�K6cW�MV]_Joum]N-B�_\lLm6B

lim
h→0

‖ F̃ (τh.) − F̃ ‖∞= lim
h→0

sup
ν∈K

∣∣∣F̃ (τhν) − F̃ (ν)
∣∣∣ = 0, ¯ w8:Gw °

o&R
K
BOSJHTACB@SIm]V]Vrou_IH\POouU4V9>uP�HXD]B

F̃
:
F̃
BOSJH\D]ouK6PMm]K]Q sou_IU�c�U�B�KLHEPOouKLHIQ<KRm6B4SIm]_

K
��Vroum]_nHJoum]H

ε
=6Q<A�B���QCSIHJB

η > 0
HJB�A�lRm6B4�

ν, ν̃ ∈ K , dM+

f
(ν, ν̃) < η =⇒

∣∣∣F̃ (ν) − F̃ (ν̃)
∣∣∣ < ε.

�.K V]_JB�K9>�KLHEACB
h0 > 0

HJB�AdlLm6B
sup

|h|<h0

dM+

f
(ν, τhν) < η

B�HXVroum]_XHJoum]H |h| ≤ h0
=

τhν ∈ K
=]ouK�>@D]ouK6Pk�

sup
|h|<h0

sup
ν∈K

∣∣∣F̃ (ν) − F̃ (τhν)
∣∣∣ < ε,

POBXlLm]Q">uPp�6��N-BEAi>4D]c�U�ouK6SIHI_p>�HIQCouK�D8m+ACB�U4U�B#:



³#² � � �  
������ ����� � ��� � � � � �  ���(� � ��������� � ��� � � �

�^K�>MVroum]_qHJoum]H
F ∈ D(A)

B�HnHJoum]H
h > 0

�

lim
h→0

‖ 1

h
(ThF − F ) −AF ‖∞

≤ lim
h→0

sup
ν∈M+

f

∣∣∣∣
F (τhν) − F (ν)

h
− lim
h→∞

F (τhν) − F (ν)

h

∣∣∣∣

+ (λ+ µ) lim
h→0

sup
ν∈Mp

|F (τhν) − F (ν)|

+ µ lim
h→0

sup
ν∈Mp

∣∣F
(
τh(ν − δt1(ν))

)
− F

(
ν − δt1(ν)

)∣∣

+ λ lim
h→0

sup
ν∈Mp

E [|F (τh(ν − δD)) − F (ν − δD)|]

≤ lim
h→0

sup
ν∈M+

f

∣∣∣∣
F (τhν) − F (ν)

h
− lim
h→∞

F (τhν) − F (ν)

h

∣∣∣∣

+ 2(λ+ µ) lim
h→0

sup
ν∈M+

f

|F (τh.) − F | , ¯ w8: � °
V9>�_�POouKLN-B�_I¤-B�K6POBXD]ouU4Q<K6cOB�D6>�K6S�D]B�_IK]QCB�_�ACBTHJB�_IU�B�D]B^Ai>EV]_JB�U4QC��_JB\Q<K6c�¤L>�A<Q<HJc#:���>�_
D]c�?6K]Q<HIQCouK�D8m D]ouUk>�Q<K6B D(A)

=�Q<A.B���QCSIHJBMm]K6BWsouK6P�HIQCouK
BF

D]B C0(M+
f ,R)

HJB�A<ACB
lRm6B4�

BF = lim
h→0

‖ F (τh.) − F

h
‖∞,

B�HTB�K+V9>�_IHIQCP�m]A<QCB�_^V�oum]_THJoum]HJB
ν ∈ M+

f

=

BF (ν) = lim
h→0

F (τhν) − F (ν)

h
.

=�BYV]_JB�U4QCB�_THJB�_IU�BWD8m¬HJB�_IU�BYD]BYD8_JouQ<HJBYD]B ¯ w8: � ° BOSIHTD]ouK6PYKLm]A-=9D]BEU?;�U�BYlRm6BEAi>
A<Q<U4Q<HJBED6>�K6STACBXD]B�m8��QC��U�BEHJB�_IU�B�=9D�FG>�V]_J�OSqACB�ACB�U4U�BWw8: �8: �8:

� 
�� ��� ) , �
� &'� ) ) � )��.� � � � � ) , � ��� � � � � � +��%��(�) 	 )
5 oum6SqQ<KRHI_JoRD8m]QCSJouK6S\QCP�Q�m]K6BWP�Ai>uSJSJBWD]BXV]_JoRPOBOSpSIm6S^��Nu>�ACB�m]_JS M+

f

=6¤-c�K6c�_p>�A<QCSp>�KLH�ACB
V]_Jo�POBOSJSIm6S�D]BOShV]_Jo�?6ACS�D]B^Ai>�?6ACB

EDF
:�[X>�K6S HJoum]HJB^POB�HIHJB^V9>�_IHIQCB�=�K6oum6Sd?]�]ouK6ShACBOS

V9>�_p>�U���HI_JBOS\SIm]Q<N#>�KLHJSE�
• λ

B�H
µ
=]D]B�m8�+_JcOB�ACSnVro#SIQ<HIQ stS =

• m]K6BW>�V]V]A<QCP�>�HIQCouK

R :

{ Mp ↪→ R

ζ 7→ R(ζ) := tj(ζ)(ζ),o&R
j(ζ)

BOSIHWm]K�B�KLHIQCB�_@D]c�HJB�_IU4Q<K]QCSIHJB#:��.K¡D�FG>�m]HI_JBOSMHJB�_IU�BOS>=}AbFG>�V]V]A<QCP�>�HIQCouK
D]c�HJB�_IU4Q<K]QCSIHJB R >uSJSJo�P�QCB4�km]K6BMU�BOSIm]_JBMVrouK6P�HIm6B�A<ACB�=�AbF m]K D]B@SJBOSX>�HJouU�BOS ¯V�oum]_

j
?]�8cXoum@=6V9>�_qB��8B�U4V]ACB�=]Vroum]_qACB�V]A<m6ST¤#_p>�K6D¬>�HJouU�B ° =



³8;

• D
=8m]K6BENu>�_IQi>�j]ACBY>�ACc�>�HJouQ<_JBE_JcOB�A<ACBESIHI_IQCP�HJB�U�B�KLH\Vro#SIQ<HIQ<N-B#:

)+3-,.�/$0�%$&�1� �@�Cx��t�
2 A<5%�

(νt, t ≥ 0)
) D �3� ; A8� � 7 7.D 7 � ' 9CE � D�;'7 Mp

� � E  D � � ACD�; � A<D@� � ?BA � � �
�(58A �

f ∈ Cb
) E � � ; A8� � 7.7 D�7

(〈νt, f〉, t ≥ 0)
� 7 � � 9 � 7 D∞,R

C
2 A<5%�

(Ft, t ≥ 0)
E 9 	 E6�(; 9��(5�A � 9<7 7 A8� 5�� �(C � � � 5%�  D �

(νt, t ≥ 0)
� 7 � D �

«/����!-3L2%2% "2 �}3 ����76�"2�«h�9�z� 9C7 7 A�� 5+� �
(λ, µ,R, D)

7.5 5 E � 7 � D � � ; A8� � 7 7.D 7
��� ��� E8E � ; � A � � E � ��� � � ; 9�� � D�; A � 7�� � A � � � � 9C;&"

AF (ν) = lim
h→0

1

h

(
F (τhν) − F (ν)

)
−
(
λ+ µ1{νt(R∗

+
)>0}

)
F (ν)

+ µF
(
ν − δR(ν)

)
1{ν(R∗

+
)>0} + λ

∫
F (ν + δd) dPD(d), ¯ w8:G� °

� A<D�;.� A<D@� �
F

9 ��� 9<;-� ��� 9 � � � D(A)
C

=�BOSTV]_Jo�POBOSJSIm6S^D]BEHI_p>�K6SIVrou_IH^S >�HIQCSastouKRH\>�Q<K6SIQ/m]K�V]_Jouj]AC��U�BMD]BEUk>�_IHIQ<K]¤L>�ACBWV9>�_IHIQ `
P�m]A<QCB�_�:��^K�>MACB�_JcOSIm]A<Hp>�HTSJm]Q<Nu>�KRHY�

�d3R~�~�3 ���Cx��t�
� ACD ;3� A<D@� � ?BA � ���(58A �

φ ∈ S
) E � � ; A�� � 7 7 D�7

(Mφ(t), t ≥ 0)
7.D�5+' 9 � � � 7 �

D ��� Ft
� = 9C;-�(5 � �C9<E �&��� � 9C;';$� 5 � ������; 9?0 E � ) ���(; 9�� � ��� A<5 ; � 7 � C 7 C � � � E � �3"

Mφ(t) = 〈νt, φ〉 − 〈ν0, φ〉 +

∫ t

0
〈νs, φ′〉 ds

+ µ

∫ t

0
φ (R(νs)) 1{νs(R∗

+
)>0} ds− λtE [φ(D)] . ¯ w8:G³ °

2 A ��� ; A�� � 7 7 D�7.� ; AC587.7 9 � � � 7�� � A � � � � ACD ;.� A<D@�
t ≥ 0

� 9C;/"

〈Mφ〉t = µ

∫ t

0
φ2 (R(νs)) 1{νs(R∗

+
)>0} ds+ λtE

[
φ2(D)

]
. ¯ w8:<;�² °

7 +N� � %'� 'X��ouQ<H φ ∈ S :��^K�D]c�?6K]Q<H\AbFG>�V]V]A<QCP�>�HIQCouK Πφ
D]B M+

f

D6>�K6S
R
V�oum]_\HJoum]HJB

ν
V9>�_W�

Πφ(ν) := 〈ν, φ〉. ¯ w8:<;#; °
Πφ

>�V]V9>�_IHIQCB�KRH�� D(A)
:.[@FG>�m]HI_JBXV9>�_IHY�

lim
h→0

1

h

(
Πφ(τhν) − Πφ(ν)

)
=

ν(R)∑

i=1

1

h
(φ (ti(ν) − h) − φ (ti(ν) − h))

= −
ν(R)∑

i=1

φ′ (ti(ν)) = −〈ν, φ′〉, ¯ w8:<; � °
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ACBX¤-c�K6c�_p>�HJB�m]_ A >�V]V]A<QClRm6cY�
Πφ

D]ouK]K6BED]ouK6PXVroum]_qHJoum]HJB
ν
D]B Mp

�

AΠφ(ν) = lim
h→0

1

h

(
Πφ(τhν) − Πφ(ν)

)
−
(
λ+ µ1{νt(R∗

+
)>0}

)
Πφ(ν)

+ µΠφ

(
ν − δR(ν)

)
1{ν(R∗

+
)>0} + λ

∫
Πφ (ν + δd) dPD(d)

= −〈ν, φ′〉 −
(
λ+ µ1{νt(R∗

+
)>0}

)
〈ν, φ〉

+ µ
(
〈ν, φ〉 − 〈δR(ν), φ〉

)
1{ν(R∗

+
)>0} + λ

(
〈ν, φ〉 +

∫
〈δd, φ〉 dPD(d)

)

= −〈ν, φ′〉 + µφ (R(ν)) 1{ν(R∗
+

)>0} + λE [φ(D)] . ¯ w8:<;�f °
£^B�¤L>�_JD]ouK6STUk>�Q<KRHJB�K9>�KLHXACBX¤-c�K6c�_p>�HJB�m]_XPOou_I_JBOSIVrouK6D6>�KLHX�4Ai>4stouK6P�HIQCouK

Π2
φ

D]c�?6K]QCB
Vroum]_qHJoum]HJB

ν
V9>�_

Π2
φ(ν) = 〈ν, φ〉2. Π2

φ

BOSIHqD6>�K6S D(A)
=]B�HTouK¬>k>ON-BOP ¯ w8:<; � ° �

lim
h→0

1

h

(
Π2
φ(τhν) − Π2

φ(ν)
)
=

d

dx
(Πφ (τxν))

2 (0)

= 2Πφ(ν)
d

dx
(Πφ (τxν)) (0) = −2〈ν, φ〉〈ν, φ′〉.

=�BE¤-c�K6c�_p>�HJB�m]_\>�V]V]A<QClRm6cY�
Π2
φ

BOSIHT>�ACou_JSqD]ouK]K6cYV�oum]_nHJoum]HJB
ν
V9>�_W�

AΠ2
φ(ν) = lim

h→0

1

h

(
Π2
φ(τhν) − Π2

φ(ν)
)
−
(
λ+ µ1{νt(R∗

+
)>0}

)
Π2
φ(ν)

+ µΠ2
φ

(
ν − δR(ν)

)
1{ν(R∗

+
)>0} + λ

∫
Π2
φ (ν + δd) dPD(d)

= −2〈ν, φ〉〈ν, φ′〉 −
(
λ+ µ1{νt(R∗

+
)>0}

)
〈ν, φ〉2

+ µ
{
〈ν, φ〉 − 〈δR(ν), φ〉

}2
1{ν(R∗

+
)>0}

+ λ

∫ {
〈ν, φ〉 + 〈δd, φ〉

}2
dPD(d)

= 2〈ν, φ〉
(
−〈ν, φ′〉 − µφ (R(ν))1{ν(R∗

+
)>0} + λE [φ(D)]

)

+ µφ2 (R(ν)) 1{ν(R∗
+

)>0} + λE
[
φ2(D)

]

= 2〈ν, φ〉AΠφ(ν) + µφ2 (R(ν)) 1{ν(R∗
+

)>0} + λE
[
φ2(D)

]
. ¯ w8:<; � °

[@FG>�V]_J�OS4ACB¦ACB�U4U�B�D]B [\�RK 2�Q<K ¯ � � �E�#w  =hV]_JouV�o#SIQ<HIQCouK ;#: ��:�V�:<;�w �4= � [\��K9w#e  ° =Vroum]_qHJoum]HJB�souK6P�HIQCouK
F ∈ D(A)

=8ACBXV]_Jo�POBOSJSIm6SnSIm]Q<N#>�KLH^BOSIHnm]K6B Ft `bUk>�_IHIQ<K]¤L>�ACBk�

MF (t) := F (νt) − F (ν0) −
∫ t

0
AF (νs) ds.
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©TV]V]A<QClRm6ouK6SnPOB\_JcOSIm]A<Hp>�Hq�
F := Πφ

=RV]m]QCS
F := Π2

φ

: �"oum]HqD�FG>�jrou_JD =6>ON-BOP ¯ w8:<;�f ° =ACB�V]_JoRPOBOSJSJm6SqSIm]Q<N#>�KLHTBOSIHnm]K6BEUk>�_IHIQ<K]¤L>�ACBk�

Mφ(t) := MΠφ(t) = Πφ(νt) − Πφ(ν0) −
∫ t

0
AΠφ(νs) ds

= 〈νt, φ〉 − 〈ν0, φ〉 +

∫ t

0
〈νs, φ′〉 ds

+

∫ t

0
φ (R(ν)) 1{ν(R∗

+
)>0} ds− λtE [φ(D)] ,

B�H�ouK�_JB�HI_Joum]N-B4ACBMV]_Jo�POBOSJSIm6SXD]c�?6K]Q.V9>�_ ¯ w8:G³ ° : �}>�_Y>�Q<A<ACB�m]_JS>= (Mφ(t), t ≥ 0)
BOSIH

V�:�S�:d�MHI_p> AaBOP�HJouQ<_JBOS^P��uD8Ai��¤5P�>�_nACBXV]_Jo�POBOSJSIm6S
(〈νt, φ〉, t ≥ 0)

AbF�BOSIH�:
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Nφ(t) := MΠ2
φ(t) = Π2

φ(νt) − Π2
φ(ν0) −

∫ t

0
AΠ2

φ(νs) ds

= 〈νt, φ〉2 − 〈ν0, φ〉2 −
∫ t

0
2〈νs, φ〉AΠφ(νs) ds

− µ

∫ t

0
φ2 (R(νs)) 1{νs(R∗

+
)>0} ds− λtE

[
φ2(D)

]
. ¯ w8:<;�e °

�.K6SIm]Q<HJB�=]_JB�Uk>�_JlRm6ouK6S^>�N-BOP ¯ w8:G³ ° lRm6B��
〈Mφ〉t = 〈〈ν., φ〉〉t. ¯ w8:<;�w °

="> stou_IUWm]ACBhD�F Q<KRHJc�¤#_p>�HIQCouKWV9>�_�V9>�_IHIQCBOS}>�V]V]A<QClLm6cOBh�nAi>�SJB�U4Q `bUk>�_IHIQ<K]¤L>�ACB
(〈νt, φ〉, t ≥ 0)D]ouK]K6B��

〈νt, φ〉2 = 〈ν0, φ〉2 + 2

∫ t

0
〈νs, φ〉 d〈νs, φ〉 + 〈〈ν., φ〉〉t

= 〈ν0, φ〉2 + 2

∫ t

0
〈νs, φ〉 dMφ(t) + 2

∫ t

0
〈νs, φ〉AΠφ(νs) ds+ 〈〈ν., φ〉〉t,

¯ w8:<;%� °
>ON-BOP ¯ w8:G³ ° : ¯ w8:<;�e ° >ON-BOP ¯ w8:<;%� ° Q<U4V]A<QClLm6BED]ouK6PEV�oum]_nHJoum]H t ≥ 0

�

2

∫ t

0
〈νs, φ〉 dMφ(t) + 〈〈ν., φ〉〉t

= Nφ(t) + µ

∫ t

0
φ2 (R(νs)) 1{νs(R∗

+
)>0} ds+ λtE

[
φ2(D)

]
.
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〈Mφ〉t = 〈〈ν., φ〉〉t = µ

∫ t

0
φ2 (R(νs)) 1{νs(R∗

+
)>0} ds+ λtE

[
φ2(D)

]
.
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�.K¬V9>�_IHIQCP�m]A<QCB�_
φ
BOSIHnj�ou_IK6cOBEV9>�_ ‖ φ ‖∞

=6ouK¬>@D]ouK6P

E [〈Mφ〉t] ≤ (λ+ µ)t ‖ φ ‖2
∞<∞,

B�HTD]ouK6P
(Mφ(t), t ≥ 0)

BOSJHnm]K6B Ft `bUk>�_IHIQ<K]¤L>�ACBYD]BEP�>�_I_JcXQ<KRHJc�¤#_p>�j]ACB#:
5 oum6S�V]_JcOSpB�KLHJouK6S}Uk>�Q<KLHJB�K9>�KRH}Ai>nUk>�_IHIQ<K]¤L>�ACB POou_I_JBOSIVrouK6D6>�KLH.�nm]K6Bd_JB�K6ou_IUk>�A `

QCSp>�HIQCouK
(ν̄t, t ∈ R

+)
D�F m]KkV]_Jo�POBOSJSIm6ShD]BTHI_p>�K6SIVrou_IH

(νt, t ∈ R
+)
POou_I_JBOSIVrouK6D6>�KLHn�

m]K�HI_IQ<V]ACB�H
(α, β, γ)

�

)+3L,��}$0�%$0��� �@�<x@�i(
2 A<5 ��� �

α, β, γ
�(; A<5 7 ;$� � E 7 � AC7 5%�(5 ?'7 C � � 9 ���?� E E � ��3R�/�9�u~�76|t$&2�78�%$&�1� �� D �

� ; A�� � 7.7 D�7
(ξt, t ≥ 0)

� ' 9<E � D�;'7 M+
f

9<7.7 A8� 5�� � 9CD �(;'5 � E � �
(α, β, γ)

) E �
� ; A�� � 7.7 D�7 (

ξ̄t, t ≥ 0
) � ' 9<E � D�;'7 M+

f

� � 	4� 5 � A<D�;3� A<D@�
t
� � � A<D�; � A<D@�

B ∈ B(R)
� 9<; "

ξ̄t(B) :=
1

β
ξαt(γB),

A�!
γB := {γx, x ∈ B} .

�.K V9>�_IHIQCP�m]A<QCB�_>=]Ai>Y_JB�K6ou_IUk>�A<QCSp>�HIQCouK�D�F m]K V]_Jo�POBOSJSIm6S
ζ
�EN#>�ACB�m]_JS Mp

BOSJH�D]ouK6P\ACB
V]_Jo�POBOSJSIm6S

ζ̄
�@Nu>�ACB�m]_JS Mp

>uPOPOc�ACc�_JcYB�K�HJB�U4V6S\>ON-BOPXACBXs>uP�HJB�m]_
α

=6D]ouKLH^ACBXVrouQCD]S
D]B�PJ�9>ulRm6BE>�HJouU�BXBOSIH�D8Q<NRQCSpc^V9>�_

β
B�HnD]ouKLHnACBOSq>�HJouU�BOSq�WAbF Q<K6SIHp>�KRH

αt
SpouKLHqPOB�m8�

D8m�V]_Jo�POBOSJSIm6STou_IQ<¤#Q<K9>�A/�MAbF Q<K6SIHp>�KLH
t
=]D8Q<N�QCSJcOSnV9>�_

γ
�

ζ̄t =
1

β

ζαt(R)∑

i=1

δti(ζαt)/γ ,

B�HqVroum]_nHJoum]HJB�souK6P�HIQCouK
f ∈ Db

=

〈ζ̄t, f〉 =
1

β

ζαt(R)∑

i=1

f

(
ti(ζαt)

γ

)
.

5 oum6S POouK6SJQCD]c�_JouK6S�?6K9>�ACB�U�B�KLHqlRm6BqAbFG>�V]V]A<QCP�>�HIQCouK R SJc�ACBOP�HIQCouK]K6BX�EAbF Q<K6SIHp>�KRH
t
SIm]_

Ai>@U�BOSJm]_JB�_JB�K6ou_IUk>�A<QCSJcOB
ζ̄t
AbFG>�HJouU�B

R(ζ̄) =
R(ζ)

γ
.

�h3R~�~�3��@�<x@�i(
2 A<5%�

(νt, t ≥ 0)
) D � � ; A�� � 7.7 D�7 ��� �(; 9 � 7 � AC;-� 9C7 7 A�� 5+� �

(λ, µ,R, D)
)
φ� 9 � 7 S

)
(ν̄t, t ≥ 0)

) EF9 ; ��� AC;'= 9<E 587 9��(58A � ��� � � � ; A8� � 7 7.D�7 9<7.7 A8� 5�� � �
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(α, β, γ)
� � EF9 �(;'5�0 D Gt := σ (ναs(B), s ≤ t, B ∈ B(R))

C � � � ; A�� � 7.7 D�7
� � 	4� 5 � A<D�;.� A<D@�

t ≥ 0
� 9<;

M̄φ(t) := 〈ν̄t, φ〉 − 〈ν̄0, φ〉 +
α

γ

∫ t

0
〈ν̄s, φ′〉ds

+
µα

β

∫ t

0
φ(R(ν̄s))1{ν̄s(R∗

+
)>0} ds−

λα

β
tE

[
φ

(
D

γ

)]
¯ w8:<;�� °

� 7���D ��� Gt � = 9<;-�(5 � �<9CE � ��� � 9<;';$� 5 � ��� �C; 9�0 E � �&�(; 9�� � ��� AC58; � 7 � C 7 C � � � E � � C� � � E D 7 ) 7 A � � ; A8��� � � � 7 � � A � � � � A<D�;.� A<D@�
t ≥ 0

� 9<; "

〈
M̄φ

〉
t

=
µα

β2

∫ t

0
φ2 (R(ν̄s)) 1{ν̄s(R∗

+
)>0} ds+

λα

β2
tE

[
φ2

(
D

γ

)]
. ¯ w8:<;�³ °

7 +N� � %'� 'X��ouQ<H ψ D]c�?6K]QCB V9>�_ ψ(.) = 1
βφ(./γ)

:.�.K@V9>�_IHIQCP�m]A<QCB�_>=
ψ
BOSIH}m]K6B�stouK6P�HIQCouK

D]B S B�HXD�FG>�V]_J�OSXACBMACB�U4U�B�w8:Gf8:<;�=rACBMV]_JoRPOBOSpSIm6S\_JcOB�A
(Mψ(t), t ≥ 0)

BOSIH�m]K6B Ft `Uk>�_IHIQ<K]¤L>�ACBYD]BXP�>�_I_JcXQ<KRHJc�¤#_p>�j]ACB#: ©^m]HI_JB�U�B�KLH\D8Q<H>=8ACBXV]_JoRPOBOSpSIm6S
(
M̄φ(t), t ≥ 0

)
:= (Mψ(αt), t ≥ 0)

BOSIH4m]K6B Gt
`bUk>�_IHIQ<K]¤L>�ACB¬D]B�P�>�_I_Jc�Q<KLHJc�¤#_p>�j]ACB�=T��HI_p> AIBOP�HJouQ<_JBOSkV�:�S%: P��uD8Ai��¤6: �^_>=

V�oum]_nHJoum]H
t
=

Mψ(αt) = 〈ναt, ψ〉 − 〈ν0, ψ〉 +

∫ αt

0
〈νs, ψ′〉 ds

+ µ

∫ αt

0
ψ(R(νs))1{νs(R∗

+
)>0} ds− λαtE [ψ(D)]

= 〈ναt, ψ〉 − 〈ν0, ψ〉 + α

∫ t

0
〈ναs, ψ′〉 ds

+ µα

∫ t

0
ψ (R(ναs)) 1{ναs(R∗

+)>0} ds− λαtE [ψ(D)] . ¯ w8: �#² °
�^K¬>@V9>�_T>�Q<A<ACB�m]_JSqACBOSqc�¤L>�A<Q<HJcOS^SIm]Q<N#>�KLHJBOSY�

〈ναt, ψ〉 =
∑ναt(R+)

i=1 ψ (ti(ναt)) = 〈ν̄t, φ〉,

〈ναs, ψ′〉 = 1
βγ

∑ναs(R∗
+)

i=1 φ′
(
ti(ναs)
γ

)
= 1

γ 〈ν̄s, φ′〉,

ψ (R(ναs))1{ναs(R∗
+

)>0} = 1
βφ (R(ν̄s)) 1{ν̄s(R∗

+
)>0},

E [ψ(D)] = 1
βE
[
φ
(
D
γ

)]
.
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[�B ¯ w8: �#² ° =9ouK�D]cOD8m]Q<H\D]ouK6PXVroum]_nHJoum]H t ≥ 0
�

M̄φ(t) = Mψ(αt) = 〈ν̄t, φ〉 − 〈ν̄0, φ〉 +
α

γ

∫ t

0
〈ν̄s, φ′〉 ds

+
µα

β

∫ t

0
φ (R(ν̄s)) 1{ν̄s(R∗

+
)>0} ds−

λα

β
tE

[
φ

(
D

γ

)]
.

©/N-BOP ¯ w8:<;�² ° =]ACBXP�_Jo�PJ�6B�H\D]B (M̄φ(t), t ≥ 0
) BOSIHTD]ouK]K6cXVroum]_nHJoum]H

t ≥ 0
V9>�_E�

〈M̄φ〉t = 〈Mψ〉αt = µ

∫ αt

0
ψ2 (R(νs)) 1{νs(R∗

+
)>0} ds+ λαtE

[
ψ2(D)

]

=
µα

β2

∫ t

0
φ2 (R(ν̄s)) 1{ν̄s(R∗

+
)>0} ds+

λα

β2
tE

[
φ2

(
D

γ

)]
.

� 
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5 oum6S�B���Vro#SJouK6S}QCP�Q]D]B�m8�YHI�6cOou_J��U�BOS.A<Q<U4Q<HJBOS :6m]QCD]BOS�Vroum]_}D]BOS�SIm]Q<HJBOS.D]B V]_JoRPOBOSpSIm6S
D]BXHI_p>�K6SJV�ou_IHJS>=]POou_I_JBOSJV�ouK6D6>�KRH\�4D]B�m8� _JB�K6ou_IUk>�A<QCSp>�HIQCouK6S\D8QCBrc�_JB�KRHJBOS�:
�	� ����� � %�� � ��� %�� %*� � & % �  � ���  � � &��
)+3L,��}$0�%$0��� �@� � �t�
2 A<5%�

ξ
) D ��� = � 7.D ; � � 5 : D�7 � ��� M+

f

C 2 A<5 ��� �
λ
� �
µ
��� D?= ;$� � E 7 � AC7 5 �

�(5 ?'7 )
(r̄t, t ≥ 0)

D ��� ?BA � ���(5�A � � ��� � ;'=%5 � 5 7�� �.��� D∞,R
� �
D̄

D ��� ' 9C;'5�9�0 E �
9<E6� 9�� A<5 ; �3� C 7 C 7 �(;'5���� � = ��� � � AC7 5%�(5+' �(C�� A<D�7 9 ���?� E A � 7 |t$t~�$0��3 �. /$&�}3
� AC;'; � 7 � A ��� 9 � � � (

ξ, λ, µ, r̄, D̄
) ) E 9 ?BA � ���(58A � � ��� � ;'=%5 � 587 � �

(ν̄∗t , t ≥ 0)
�

' 9CE � D ;'7 � 9 � 7 M+
f

� � 	4� 5 � � A<D�;.� A<D@�
t ≥ 0

� � � A<D@� �
f ∈ Db

� 9C;/"

〈ν̄∗t , f〉 = 〈ξ, τt f〉 − µ

∫ t

0
τt−sf (r̄s) ds+ λ

∫ t

0
E
[
τt−sf

(
D̄
)]
ds. ¯ w8: �8; °

��oum6SnPOBOS��R�RVrouHI�6�OSJBOS>= ¯ w8: �8; ° Q<K6D8QClRm6BXB�K V9>�_IHIQCP�m]A<QCB�_TlLm6B\Vroum]_�HJoum]HJB\stouK6P�HIQCouK fD6>�K6S Cb =8Ai>MsouK6P�HIQCouK�_JcOB�A<ACB (〈ν̄∗t , f〉, t ≥ 0)
BOSIHqD6>�K6S C∞,R

:

yE���9«h�92%$0�%$&�1� �@�<�@�t�
� 9:E 5 =%5+� ��� D�5 ���

ν̄∗
9<7 7 A8� 5�� � � (

ξ, λ, µ, r̄, D̄
) � 7 � E  D � 5  D � 7 A<E D �(58A � � 9 � 7

D∞,S′
��� "

〈ν̄∗t , φ〉 = 〈ξ, φ〉 −
∫ t

0
〈ν̄∗s , φ′〉 ds− µ

∫ t

0
φ (r̄s) ds+ λtE

[
φ(D̄)

]
, ¯ w8: � � °

� ACD ;.� A<D@� �
φ
� 9 � 7 S C
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7 +N� � %'� ' ¯ w8: � � ° BOSIH�m]K6BhcOlLm9>�HIQCouKMD]B.HI_p>�K6SIVrou_IH"Q<KLHJc�¤#_p>�ACB�D]ouKLH/ACBdSJBOPOouK6DYU�B�UYj]_JB
(gt, t ≥ 0)

=6D]ouK]K6cXVroum]_nHJoum]HJB
φ
V9>�_Y�

〈gt, φ〉 := −µ
∫ t

0
φ (r̄s) ds+ λtE

[
φ(D̄)

]
,

BOSIHnj]QCB�K¬D6>�K6S D∞,S′
: �^K¬>�V]V]A<QClRm6BEACB�HI�6cOou_J��U�BMw8:<;#: � B�HqD]ouK6P��

〈ν̄∗t , φ〉 = 〈ξ, τt φ〉 + 〈gt, φ〉 −
∫ t

0
〈gs, τt−s φ′〉 ds

= 〈ξ, τt φ〉 + 〈gt, φ〉 +

∫ t

0

d

dt
〈gs, τt−s φ〉 ds

= 〈ξ, τt φ〉 − µ

∫ t

0
φ (r̄s) ds+ λtE

[
φ(D̄)

]

− µ

∫ t

0

∫ s

0

d

dt
(τt−sφ (r̄u)) du ds+ λ

∫ t

0
s
d

dt
E
[
τt−sφ

(
D̄
)]
ds. ¯ w8: �#f °

�^_>=
∫ t

0

∫ s

0

d

dt
(τt−sφ (r̄u)) du ds = −

∫ t

0

∫ s

0
τt−sφ

′ (r̄u) du ds

= −
∫ t

0

∫ t

0
1{u<s}τt−sφ

′ (r̄u) ds du

= −
∫ t

0
(φ(r̄u) − τt−uφ(r̄u)) du ¯ w8: � � °

B�H
∫ t

0
s
d

dt
E
[
τt−sφ

(
D̄
)]
ds = −

∫ t

0
sE
[
τt−sφ

′
(
D̄
)]
ds

= −tE
[
φ(D̄)

]
+

∫ t

0
E
[
τt−sφ(D̄)

]
ds, ¯ w8: �#e °

V9>�_EQ<KLHJc�¤#_p>�HIQCouK¡V9>�_EV9>�_IHIQCBOS�:¦�}Q<K9>�ACB�U�B�KLH ¯ w8: � � ° B�H ¯ w8: �#e ° D6>�K6S ¯ w8: �#f ° D]ouK]K6BB��]>uP�HJB�U�B�KRH ¯ w8: �8; ° Vroum]_nHJoum]HJB�souK6P�HIQCouK φ D6>�K6S S :
��ouQCB�KLH^Uk>�Q<KLHJB�K9>�KLH@�
• (λn, n ∈ N

∗)
B�H

(µn, n ∈ N
∗)

=]D]B�m8��SIm]Q<HJBOSqD]B�_JcOB�ACSTV�o#SIQ<HIQ sS>=
• R m]K6BW>�V]V]A<QCP�>�HIQCouK�D]B Mp

D6>�K6S
R
D]c�?6K]QCBYPOouU4U�BWD6>�K6SqAi>�V9>�_IHIQCBXV]_JcOPOc�`

D]B�KLHJB�=
• (Dn, n ∈ N

∗)
=9m]K6BWSIm]Q<HJBMD]BWNu>�_IQi>�j]ACBOS�>�ACc�>�HJouQ<_JBOS�_JcOB�A<ACBOS\V�:�S�:qSIHI_IQCP�HJB�U�B�KRH

Vro#SIQ<HIQ<N-BOS�:
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�}oum]_
n ∈ N

∗ =�K6oum6SMD]c�?6K]QCSJSJouK6S (νnt , t ≥ 0)
=�ACB�V]_Jo�POBOSJSIm6SWD]B4HI_p>�K6SIVrou_IHWPOou_I_JB�`

SIVrouK6D6>�KLH��
(λn, µn,R, Dn)

B�H
(Fn

t , t ≥ 0)
=#Ai>\?6A<HI_p>�HIQCouK >uSJSJo�P�QCcOB#: 5 oum6S.K6ouHJouK6S

V9>�_k>�Q<A<ACB�m]_JS
τn0

=dACB V]_JB�U4QCB�_�Q<K6SJHp>�KLH�HJB�AnlRm6B Ai>�U�BOSIm]_JB
νn

K6B+Pp�9>�_I¤-B+V]A<m6S4Ai>
D]B�U4Q ` D8_JouQ<HJBYV�o#SIQ<HIQ<N-Bk�

τn0 := inf
{
t, νnt (R∗

+) = 0
}
.

(ν̄nt , t ≥ 0)
BOSIH�Ai>¦_JB�K6ou_IUk>�A<QCSp>�HIQCouK�D]B

(νnt , t ≥ 0)
>uSJSpoRP�QCcOB4�

(n, n, n)
=�P#F�BOSIHa` �z`

D8Q<_JB�=]Vroum]_qHJoum]H
n
=8HJoum]H

t
B�HqHJoum]Hnjrou_Jc�A<QCB�K

B
�

ν̄nt (B) =
1

n
νnnt(nB).

�.K¬V9>�_IHIQCP�m]A<QCB�_>=
Ti(νt

n)
c�Hp>�KLH^ACB

i
`bQC��U�BY>�HJouU�BWD]BXAi>MU�BOSIm]_JBEVrouK6P�HIm6B�A<ACB

νt
n =]ACB

i
` ��U�BY>�HJouU�BWD]B

ν̄nt
BOSIHqD]ouK6PED]ouK]K6cXV9>�_Y�

Ti(ν̄
n
t ) =

Ti(ν
n
nt)

nB�H^>�ACou_JS =
R(ν̄nt ) =

R(νnnt)

n
.

5 oum6S�K6ouHJouK6S5V9>�_5>�Q<A<ACB�m]_JS
(Gnt , t ≥ 0) := (Fn

nt, t ≥ 0)
=�Ai>�?6A<HI_p>�HIQCouKv>uSpSJoRP�QCcOB#:

�.K8?6K@=
τ̄n0

BOSIHnACB�V]_JB�U4QCB�_nQ<K6SIHp>�KRHqHJB�A�lLm6B\Ai>MU�BOSIm]_JB�_JB�K6ou_IUk>�A<QCSpcOB
ν̄n

K6B�Pp�9>�_I¤-B
V]A<m6S

R
∗
+

�

τ̄n0 := inf
{
t, ν̄nt (R∗

+) = 0
}

= inf{t, νnnt(R∗
+) = 0} =

τn0
n
.

��ouQ<H
φ
="m]K6B4souK6P�HIQCouK�D]B S :5[@FG>�V]_J�OSEACB�ACB�U4U�B5w8:Gf8: �4=}ACB4V]_Jo�POBOSJSIm6SX_JcOB�A�D]c�?6K]Q

Vroum]_qHJoum]H
t
V9>�_

M̄n
φ (t) := 〈ν̄nt , φ〉 − 〈ν̄n0 , φ〉 +

n

n

∫ t

0
〈ν̄ns , φ′〉ds

+
µnn

n

∫ t

0
φ (R(ν̄ns )) 1{ν̄n

s (R∗
+

)>0} ds−
λnn

n
tE

[
φ

(
Dn

n

)]

= 〈ν̄nt , φ〉 − 〈ν̄n0 , φ〉 +

∫ t

0
〈ν̄ns , φ′〉ds

+ µn
∫ t

0
φ (R(ν̄ns )) 1{ν̄n

s (R∗
+

)>0} ds− λntE

[
φ

(
Dn

n

)]
¯ w8: �#w °

BOSIH.m]K6B Gnt `bUk>�_IHIQ<K]¤L>�ACBTD]B D∞,R
D]BnP�>�_I_JcnQ<KLHJc�¤#_p>�j]ACB�=�D]ouKLHdACBnP�_Jo�PJ�6B�H BOSIHdD]ouK]K6c

Vroum]_qHJoum]H
t
V9>�_W�

〈
M̄n
φ

〉
t

=
µnn

n2

∫ t

0
φ2 (R(ν̄ns ))1{ν̄n

s (R∗
+

)>0} ds+
λnn

n2
tE

[
φ2

(
Dn

n

)]

=
µn

n

∫ t

0
φ2 (R(ν̄ns )) 1{ν̄n

s (R∗
+

)>0} ds+
λn

n
tE

[
φ2

(
Dn

n

)]
. ¯ w8: �-� °
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5 oum6SqD]ouK]K6ouK6STm]K6B�ACouQ"D]BOSn¤#_p>�K6D]STK6ouUYj]_JBOS^V�oum]_nAi>@SIm]Q<HJBYD]B�V]_JoRPOBOSJSJm6S
((ν̄nt , t ≥ 0) , n ∈ N

∗) .
�.A<m6S�V]_JcOP�QCSJc�U�B�KRH>=8V�oum]_�m]K5�6ou_IQ 4�ouK

T
j]QCB�K¦Pp�6ouQCSIQ-=�K6oum6S

U�ouKLHI_JouK6S Ai>EPOouKLN-B�_I¤-B�K6POB�B�K�ACouQ ¯ oum5>�m5SpB�K6ShD]B^� 2-ou_Jo 2��6oRD ° D]BTPOB�HIHJB^SIm]Q<HJBnN-B�_JSAi>kA<Q<U4Q<HJB :6m]QCD]B
ν̄∗
D6>�K6S DT,S′

:W�9>�QCSJouK6S�ACBOS��L��VrouHI�6�OSJBOSXSIm]Q<N#>�KLHJBOS>=�POou_I_JBOSJV�ouK8`
D6>�KLH^�@POB�HIHJBXV]_JB�U4QC��_JBY_JB�K6ou_IUk>�A<QCSp>�HIQCouK��

� ��«d�6�,+��L2%3����<� �&�

•

� E � =C5 7�� �<��� D?= ;$� � E 7 � AC7 5%�(5 ?'7
λ , µ

� � E 7  D � "

λn −→
n→∞

λ, ¯ w8: �#� °
µn −→

n→∞
µ. ¯ w8: �#³ °

•

2 5
µ > 0

) 58E � =C587 � �
τ̄ ∗0 > 0

� � E  D �

P [τ̄∗0 > τ̄n0 ] −→
n→∞

0 ¯ w8:Gf#² °
� � � � E  D � � ACD ;.� A<D@� �

φ
� 9 � 7 S

)

E

[
sup
t≤τ̄∗

0

〈ν̄nt , φ〉21{τ̄∗
0
>τ̄n

0
}

]
−→
n→∞

0. ¯ w8:Gf8; °

•

� E � =C5 7�� � D ��� = � 7.D ; � � 5 : D�7 �
ξ
��� M+

f

� � E E �3 D �&� A<D�; � ACD@� �
f� 9 � 7 Db

"

E

[
sup
t≤τ̄∗

0

〈ν̄n0 − ξ, τtf〉2
]
−→
n→∞

0. ¯ w8:Gf � °

•

� E � =C5 7�� � D ��� ��C 7 C ' C 9 C 7��(;'5+��� � = ��� � � A<7 5%�(5%' �
D̄
� � E E �& D � "

Dn

n

L−→
n→∞

D̄, ¯ w8:Gf#f °

E

[
Dn

n

]
−→
n→∞

E
[
D̄
]
. ¯ w8:Gf � °

•

2 5
µ > 0

) 58E � =C587 � � D � � ; A8� � 7 7.D�7
(r̄t, t ≥ 0)

��� D∞,R
� � E  D � "

� A<D�;.� A<D@�
t > 0, E

[(∫ t

0
(R(ν̄ns ) − r̄s) ds

)2
]
−→
n→∞

0. ¯ w8:Gf#e °

5 oum6SqSpouU4U�BOSqD]ouK6PEB�K�U�BOSIm]_JBXD]BEV]_Joum]N-B�_qACBX_JcOSIm]A<Hp>�HTSJm]Q<Nu>�KRHY�



;�²#² � �(� � ��� � � � � � � �����(� � � � �

� +"3R�9� �R~�3 ���<�@�i(
� � 7.D ��� AC7 � ' ; 9<5 � 7 E � 7 �0> � A�� �?� 7 � 7�� C � C  C 2 AC5+�

(ν̄∗t , t ≥ 0)
) EF9 E 5 =%5+� �

� D�5 ��� � A<;'; � 7 � A ��� 9 � � � (
ξ, λ, µ, r̄, D̄

) C � E A<;'7 ) � A<D�; � ACD � � ?BA � ���(58A �
φ� 9 � 7 S "

E

[
sup
t≤τ̄∗

0

〈ν̄nt − ν̄∗t , φ〉2
]
−→
n→∞

0.

7 +)� ��%'�('�[�c�?6K]QCSJSpouK6S�V�oum]_nHJoum]H
n
ACB�V]_JoRPOBOSJSJm6S

(η̄nt , t ≥ 0)
D]B D∞,S′

Vroum]_�HJoum]H
t ≥ 0

V9>�_Y�
η̄nt

.
= ν̄nt − ν̄∗t .��ouQCB�KRH

φ ∈ S B�H
n ∈ N

: 5 oum6ST>�A<ACouK6SqHJoum]H^D�FG>�j�ou_JD+U�ouKRHI_JB�_^lRm6B4�

E

[
sup

t≤τ̄n
0
∧τ̄∗

0

〈η̄nt , φ〉2
]
−→
n→∞

0. ¯ w8:Gf#w °
[@FG>�V]_J�OS ¯ w8: � � ° B�H ¯ w8: �#w ° =6ouK¬>@V�:�S�:�Vroum]_nHJoum]H t ≤ τ̄n0 ∧ τ̄∗0 ≤ τ̄n0

�

〈η̄nt , φ〉 = 〈η̄n0 , φ〉 −
∫ t

0
〈η̄ns , φ′〉 ds+ µ

∫ t

0
φ(r̄s) ds− λtE

[
φ(D̄)

]

− µn
∫ t

0
φ(R(ν̄ns )) ds+ λntE

[
φ

(
Dn

n

)]
+ M̄n

φ (t). ¯ w8:Gf-� °
�.K¬V�o#Sp>�KRH

〈ḡnt , φ〉 := µ

∫ t

0
φ(r̄s) ds− λtE

[
φ(D̄)

]

− µn
∫ t

0
φ(R(ν̄ns )) ds+ λntE

[
φ

(
Dn

n

)]
+ M̄n

φ (t),

¯ w8:Gf-� ° _JB�N�QCB�KLH�� �

〈η̄nt , φ〉 = 〈η̄n0 , φ〉 +

∫ t

0
〈(η̄ns )′, φ〉ds + 〈ḡnt , φ〉.

��>�_�>�Q<A<ACB�m]_JS>=�Vroum]_�HJoum]H
t
=\AbFG>�V]V]A<QCP�>�HIQCouK

(φ 7→ 〈gnt (ω), φ〉) BOSIH�V�:�S%: A<Q<K6c�>�Q<_JB
B�H¦Ai>�stouK6P�HIQCouK

(t 7→ 〈ḡnt (ω), φ〉) BOSIH5V�:�S%:���HI_p> AIBOP�HJouQ<_JBOS+P��uD8Ai��¤v��ACB�V]_Jo�POBOSa`
SIm6S

(ḡnt , t ≥ 0)
>�V]V9>�_IHIQCB�KLHED]ouK6P4� Dτ̄∗

0
,S′
:\©Tm]HI_JB�U�B�KRH�D8Q<H>=

(η̄nt , t ≤ τ̄∗0 )
N-c�_IQ ?9B

AbF�cOlRm9>�HIQCouK�D]B�HI_p>�K6SIVrou_IHqQ<KRHJc�¤#_p>�ACBYD6>�K6S S ′ = (Eη̄n
0 ,ḡ

n)
:
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[@FG>�V]_J�OSYACBkHI�6cOou_J��U�B w8:<;#: � =�ouK >�D]ouK6P5V�:�S�: Vroum]_YHJoum]H
t ≤ τ̄∗0 (ω) ∧ τ̄ ∗0 ≤

τ̄n0 (ω)
�

〈η̄nt , φ〉 = 〈η̄n0 , τtφ〉 + 〈ḡnt , φ〉 −
∫ t

0
〈ḡns , τt−sφ′〉 ds,

POBXlLm]Q�_JB�N�QCB�KLH�� ���

〈η̄nt , φ〉 = 〈η̄n0 , τtφ〉 + µ

∫ t

0
φ(r̄s) ds− λtE

[
φ(D̄)

]
− µn

∫ t

0
φ (R(ν̄ns )) ds

+ λntE

[
φ

(
Dn

n

)]
+ M̄n

φ (t) − µ

∫ t

0

∫ s

0
τt−sφ

′ (r̄u) du ds

+ λ

∫ t

0
sE
[
τt−sφ

′(D̄)
]
ds+ µn

∫ t

0

∫ s

0
τt−sφ

′ (R(ν̄nu )) du ds

− λn
∫ t

0
sE

[
τt−sφ

′

(
Dn

n

)]
ds−

∫ t

0
M̄n
τt−sφ′(s) ds

= 〈η̄n0 , τtφ〉 + µ

∫ t

0
τt−sφ(r̄s) ds− λ

∫ t

0
E
[
τsφ

(
D̄
)]
ds

− µn
∫ t

0
τt−sφ (R(ν̄ns )) ds+ λn

∫ t

0
E

[
τsφ

(
Dn

n

)]
ds

+ M̄n
φ (t) −

∫ t

0
M̄n
τt−sφ′(s) ds,

oum�B�K6POou_JB��

〈η̄nt , φ〉 = 〈η̄n0 , τtφ〉+(µ−µn)
∫ t

0
τt−sφ(R(ν̄ns )) ds−(λ−λn)

∫ t

0
E

[
τsφ

(
Dn

n

)]
ds

− µ

∫ t

0

(
τt−sφ(R(ν̄ns )) − τt−sφ(r̄s)

)
ds

+ λ

∫ t

0
E

[
τsφ

(
Dn

n

)
− τsφ(D̄)

]
ds

+ M̄n
φ (t) −

∫ t

0
M̄n
τt−sφ′(s) ds. ¯ w8:Gf#� °
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=dF�c�¤L>�A<Q<HJcYV]_JcOPOcOD]B�KLHJBMBOSIHnN�_p>�QCB�V�:�S�:7=]Vroum]_nHJoum]H
t ≤ τ̄n0 (ω) ∧ τ̄ ∗0

: �^K�>@D]ouK6Pk�

E

[
sup

t≤τ̄n
0
∧τ̄∗

0

〈η̄nt , φ〉2
]

≤ 7

{
E

[
sup

t≤τ̄n
0
∧τ̄∗

0

〈η̄n0 , τtφ〉2
]

+ |µ− µn|2 E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{∫ t

0
|τt−sφ(R(ν̄ns ))| ds

}2
]

+ |λ− λn|2 E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{∫ t

0
E

[∣∣∣∣τs
(
Dn

n

)∣∣∣∣
]
ds

}2
]

+ µ2E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{∫ t

0
|τt−sφ(R(ν̄ns )) − τt−sφ(r̄s)| ds

}2
]

+ λ2E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{ ∫ t

0
E

[ ∣∣∣∣τsφ
(
Dn

n

)
− τsφ(D̄)

∣∣∣∣
]
ds

}2
]

+ E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{
M̄n
φ (t)

}2

]
+ E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{∫ t

0

∣∣∣M̄n
τt−sφ′(s)

∣∣∣ , ds
}2
] }

.

¯ w8:Gf#³ °
5 oum6SM>�A<ACouK6SMD]ouK]K6B�_@m]K�Uk> AIou_p>�KLH4D]B�AbF�B��8V]_JBOSJSIQCouK�V]_JcOPOcOD]B�KLHJB+lRm]QhHJB�K6D]B5N-B�_JS
0
: 5 ouHJouK6SkV�oum]_�HJoum]H5HJB�U4V6SkD�FG>�_I_);�H

τ
= Vroum]_�HJoum]H5V]_JoRPOBOSJSJm6S

(Xt, t ≥ 0)
= ACB

V]_Jo�POBOSJSIm6SY>�_I_);�HJc
(Xτ

t , t ≥ 0)
D]c�?6K]Q V�oum]_XHJoum]H

t ≥ 0
V9>�_

Xτ
t = Xτ∧t. τ̄

n
0

BOSIH
P�Ai>�Q<_JB�U�B�KRHdm]K Ft

`bHJB�U4V6S.D�FG>�_I_);�HT�"ouK�>�V]V]A<QClRm6B�AbF Q<K6c�¤L>�A<Q<HJcqD]B�[�oRouj��^Ai>\Uk>�_IHIQ<K8`
¤L>�ACBMD]BYP�>�_I_JcWQ<KLHJc�¤#_p>�j]ACB ((

M̄n
φ

)τ̄n
0

(t), t ≥ 0

) =1B�K�_JB�Uk>�_JlRm9>�KLHXB�K�V9>�_IHIQCP�m]A<QCB�_
lRm6B�Ai>@Uk>�_IHIQ<K]¤L>�ACBEACo�P�>�ACB

({(
M̄n
φ

)τ̄n
0 (t)

}2
−
〈
M̄n
φ

〉
t∧τ̄n

0

, t ≥ 0

)

BOSIHnm]K6BEUk>�_IHIQ<K]¤L>�ACBk�

E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{
M̄n
φ (t)

}2

]
= E

[
sup
t≤τ̄∗

0

{(
M̄n
φ

)τ̄n
0 (t)

}2
]

≤ 4E

[{(
M̄n
φ

)τ̄n
0 (τ̄∗0 )

}2
]

= 4E

[〈(
M̄n
φ

)τ̄n
0

〉
τ̄∗
0

]
= 4E

[〈
M̄n
φ

〉
τ̄n
0
∧τ̄∗

0

]

= 4E

[
µn

n

∫ τ̄n
0
∧τ̄∗

0

0
φ2 (R(ν̄ns )) ds+

λn

n
(τ̄n0 ∧ τ̄∗0 )E

[
φ2

(
Dn

n

)]]

≤ 4

(
µn

n
+
λn

n

)
|| φ2 ||∞ τ̄∗0 . ¯ w8: � ² °
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�.K6SIm]Q<HJB�=]Vroum]_nACBXHI_JouQCSIQC��U�BXHJB�_IU�B�=

E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{∫ t

0

∣∣∣M̄n
τt−sφ′(s)

∣∣∣ ds
}2
]

= E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{∫ 0

−t

∣∣∣M̄n
τ−sφ′(s+ t)

∣∣∣ ds
}2
]

≤ E



{∫ 0

−τ̄∗
0

sup
t≤τ̄n

0
∧τ̄∗

0

∣∣∣M̄n
τ−sφ′(s+ t)

∣∣∣ ds
}2



≤ E

[
τ̄∗0

∫ 0

−τ̄∗
0

sup
t≤τ̄n

0
∧τ̄∗

0

{
M̄n
τ−sφ′(s+ t)

}2
ds

]

= τ̄∗0

∫ 0

−τ̄∗
0

E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{
M̄n
τ−sφ′(s+ t)

}2
]
ds,

>ON-BOPn��>�m6PJ�L�R` ��PJ� � >�_34^V]m]QCS/�]m]j]Q<K]Qb:�=">qsouK6P�HIQCouK τ−sφ′ BOSJH/D6>�K6S S Vroum]_"HJoum]H s SIQ
φ
AbF�BOSIH�:.� A6BOSIHhD]ouK6PTP�Ai>�Q<_ lRm6B�ACBnV]_JoRPOBOSpSIm6S (

M̄n
τ−sφ′

(s+ t), t ≥ 0
) BOSJHdm]K6B Gns+t `Uk>�_IHIQ<K]¤L>�ACBXQCSJSIm6BXD]BY²@B�HqD]BYP�>�_I_Jc�Q<KLHJc�¤#_p>�j]ACB#: �^K¬>�V]V]A<QClLm6BXAi�z` >�m6SpSIQ�AbF Q<K6c�¤L>�A<Q<HJc

D]BX[\o�ouj�B�HTD]ouK6P��

E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{∫ t

0

∣∣∣M̄n
τt−sφ′(s)

∣∣∣ ds
}2
]
≤ 4τ̄∗0

∫ 0

−τ̄∗
0

E

[〈
M̄n
τ−sφ′(s+ .)

〉
τ̄n
0
∧τ̄∗

0

]
ds

= 4T

∫ 0

−τ̄∗
0

E

[〈
M̄n
τ−sφ′

〉
s+τ̄n

0
∧τ̄∗

0

]
ds

= 4τ̄∗0

∫ 0

−τ̄∗
0

E

[
µn

n

∫ s+τ̄n
0
∧τ̄∗

0

0

(
τ−sφ

′
)2

(R(ν̄nu )) 1{ν̄n
u(R∗

+) 6=0} du

+
λn

n
(s+ τ̄n0 ∧ τ̄∗0 )E

[(
τ−sφ

′
)2
(
Dn

n

)]]
ds

≤ 4T || (φ′)2 ||∞
(
µn

n
+
λn

n

)∫ 0

−τ̄∗
0

(s+ τ̄∗0 ) ds

= 2(τ̄∗0 )3 || (φ′)2 ||∞
(
µn

n
+
λn

n

)
. ¯ w8: � ; °

�/oum]_qACBOSTD]B�m8��QC��U�BWB�HnHI_JouQCSIQC��U�BXHJB�_IU�BOSY�

E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{∫ t

0
|τt−sφ(R(ν̄ns ))| ds

}2
]

≤ E

[
sup
t≤τ̄∗

0

{∫ t

0
‖ φ ‖∞ ds

}2
]

=‖ φ ‖2
∞ (τ̄∗0 )2, ¯ w8: � � °
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E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{∫ t

0
E

[∣∣∣∣τsφ
(
Dn

n

)∣∣∣∣
]
ds

}2
]

≤ E

[
sup
t≤τ̄∗

0

{∫ t

0
‖ φ ‖∞ ds

}2
]

=‖ φ ‖2
∞ (τ̄∗0 )2. ¯ w8: � f °

[@FG>�m]HI_JBXV9>�_IH>=
φ
BOSIHqB�K+V9>�_IHIQCP�m]A<QCB�_^m]K6B�souK6P�HIQCouK¬=�Q<V6SJPp�]Q<H34OQCB�K]K6BWB�HqouK�> �

E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{∫ t

0
|τt−sφ(R(ν̄ns )) − τt−sφ(r̄s)| ds

}2
]

≤ E

[
sup
t≤τ̄∗

0

{∫ t

0
‖ φ′ ‖∞ |R(ν̄ns ) − r̄s| ds

}2
]

=‖ φ′ ‖2
∞ E



{∫ τ̄∗

0

0
|R(ν̄ns ) − r̄s| ds

}2

 , ¯ w8: �#� °

E

[
sup

t≤τ̄n
0
∧τ̄∗

0

{ ∫ t

0
E

[ ∣∣∣∣τsφ
(
Dn

n

)
− τsφ(D̄)

∣∣∣∣
]
ds

}2
]

≤ E

[
sup
t≤τ̄∗

0

{∫ t

0
E

[
‖ φ′ ‖∞

∣∣∣∣
Dn

n
− D̄

∣∣∣∣
]
ds

}2
]

=‖ φ′ ‖2
∞ E

[{
Dn

n
− D̄

}2
]

(τ̄∗0 )2. ¯ w8: � e °
�}Q<K9>�ACB�U�B�KLH>=^_JcOcOP�_IQ<N-ouK6S ¯ w8:Gf#³ ° >ON-BOP ¯ w8: � ² ° = ¯ w8: � ; ° = ¯ w8: � � ° = ¯ w8: � f ° = ¯ w8: �#� ° B�H
¯ w8: � e ° �

E

[
sup

t≤τ̄n
0
∧τ̄∗

0

〈η̄nt , φ〉2
]

≤ 7

{
E

[
sup

t≤τ̄n
0
∧τ̄∗

0

〈η̄n0 , τtφ〉2
]

+ |µ− µn|2 ‖ φ ‖2
∞ (τ̄∗0 )2

+ |λ− λn|2 ‖ φ ‖2
∞ (τ̄∗0 )2 + µ2 ‖ φ′ ‖2

∞ E



{∫ τ̄∗

0

0
|R(ν̄ns ) − r̄s| ds

}2



+ λ2 ‖ φ′ ‖2
∞ E

[{
Dn

n
− D̄

}2
]

(τ̄∗0 )2 + 4

(
µn

n
+
λn

n

)
|| φ2 ||∞ τ̄∗0

+ 2(τ̄∗0 )3 || (φ′)2 ||∞
(
µn

n
+
λn

n

) }
, ¯ w8: � w °
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B�HqB�K�N-B�_IHIm¬D]BOSn�R�RVrouHI�6�OSJBOSTw8: � :<;�= ¯ w8:Gf#w ° BOSIHnN�_p>�QCB#:
#�>�Q<KRHJB�K9>�KLH>=9ouK�> �

E

[
sup
t≤τ̄∗

0

〈η̄nt , φ〉2
]

= E

[
sup
t≤τ̄∗

0

〈η̄nt , φ〉21{τ̄∗
0
≤τ̄n

0
}

]
+ E

[
sup
t≤τ̄∗

0

〈η̄nt , φ〉21{τ̄∗
0
>τ̄n

0
}

]

≤ E

[
sup

t≤τ̄n
0
∧τ̄∗

0

〈η̄nt , φ〉21{τ̄∗
0
≤τ̄n

0
}

]
+ E

[
sup
t≤τ̄∗

0

〈η̄nt , φ〉21{τ̄∗
0
>τ̄n

0
}

]

≤ E

[
sup

t≤τ̄n
0
∧τ̄∗

0

〈η̄nt , φ〉2
]

+ 2E

[
sup
t≤τ̄∗

0

〈ν̄nt , φ〉21{τ̄∗
0
>τ̄n

0
}

]

+ 2E

[
sup
t≤τ̄∗

0

〈ν̄∗t , φ〉21{τ̄∗
0
>τ̄n

0
}

]
. ¯ w8: � � °

�^K¬>@V9>�_T>�Q<A<ACB�m]_JSY�

sup
t≤τ̄∗

0

〈ν̄∗t , φ〉2 = sup
t≤τ̄∗

0

{
〈ξ, τt φ〉 − µ

∫ t

0
τt−sφ (r̄s) ds

+ λ

∫ t

0
E
[
τt−sφ

(
D̄
)]
ds

}2

≤ sup
t≤τ̄∗

0

{
‖ φ ‖∞ ξ

(
R
∗
+

)
+ ‖ φ ‖∞ t (λ+ µ)

}2

≤‖ φ ‖2
∞

{
ξ
(
R
∗
+

)
+ τ̄∗0 (λ+ µ)

}2
=: M, ¯ w8: � � °

POBXlLm]Q�D]ouK]K6BED]ouK6PYD6>�K6S ¯ w8: � � ° �

E

[
sup
t≤τ̄∗

0

〈η̄nt , φ〉2
]
≤ E

[
sup

t≤τ̄n
0
∧τ̄∗

0

〈η̄nt , φ〉2
]

+ 2E

[
sup
t≤τ̄∗

0

〈η̄nt , φ〉21{τ̄∗
0
>τ̄n

0
}

]

+ 2M P [τ̄ ∗0 > τ̄n0 ] .
�^K�POouK6P�A<m]H >�N-BOP ¯ w8:Gf#w ° V�oum]_5ACB+V]_JB�U4QCB�_5HJB�_IU�B�B�H�ACBOS��R�RVrouHI�6�OSJBOS ¯ w8:Gf8; ° B�H
¯ w8:Gf#² ° V�oum]_nACBOSTD]B�m8��QC��U�BWB�HnHI_JouQCSIQC��U�BXHJB�_IU�BOSY�

E

[
sup
t≤τ̄∗

0

〈η̄nt , φ〉2
]
−→
n→∞

0.

)Y�9���1|t|&76$0��3:�@� � �Cx
2 A<D�7 E � 7�� > � A�� ��� 7 � 7 � D
� ���.A<;$� = � � C � C � )

((ν̄nt , t ≥ 0) , n ∈ N
∗) =⇒τ̄∗

0
,S′ (ν̄∗t , t ≥ 0) .
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7 +)� ��%'�('�[@FG>�V]_J�OSnACBEHI�6cOou_J��U�BWw8: � : �4=]Vroum]_nHJoum]HJB
φ
D]B S �

(
sup
t≤τ̄∗

0

|〈ν̄nt − ν̄∗t , φ〉| , n ∈ N
∗

)
L2

−→
n→∞

0.

��B�HIHJB¦SIm]Q<HJB¦POouKLN-B�_I¤-B D]ouK6P5B�K¡V]_Jouj9>�j]Q<A<Q<HJc�=dB�HMouK�VrB�m]H@>�V]V]A<QClRm6B�_MAi>�V]_JouVro#SIQ `
HIQCouK��\:G²8:<;+�nVroum]_�HJoum]HJB

φ
=rAi>¦SIm]Q<HJB

((〈ν̄nt , φ〉, t ≥ 0) , n ∈ N
∗)
POouKRN-B�_I¤-B�B�K�ACouQ

>�m SJB�K6S4D]B�� 2-ou_Jo 2��6oRD�N-B�_JS@Ai>¬souK6P�HIQCouK D]c�HJB�_IU4Q<K]QCSIHJB
(〈ν̄∗t , φ〉, t ≥ 0) . S ′ BOSIHm]K�BOSIV9>uPOB D]B5�6_JcOPJ�6B�H4KLm6P�ACc�>�Q<_JB B�H@ouK�>�V]V]A<QClRm6B¦ACBkHI�6cOou_J��U�B�w8:<;#:Gf��4Ai>�SIm]Q<HJB

((ν̄nt , t ≥ 0) , n ∈ N
∗)
BOSIH�HJB�K6D8m6BED6>�K6S Dτ̄∗

0
,S′
:h��ouK+m]K]QClRm6B�N#>�ACB�m]_qD�FG>uD8�6c�_JB�K6POB

BOSIHqD]ouK]K6cOBYV9>�_nAi>@A<Q<U4Q<HJB :6m]QCD]B
(ν̄∗t , t ≥ 0)

�.B�A<ACBEPOouKRN-B�_I¤-BYB�K�ACouQb:
�	� �����  � ��� ��� � � %��,� & % �  ��� �  ��� &��
��ouK6SIQCD]c�_JouK6STUk>�Q<KLHJB�K9>�KRH^ACBEP�>uSqA<Q<U4Q<HJBEP�_IQ<HIQClLm6B�=9P#F�BOSIHa` �z` D8Q<_JB�=6ACou_JSJlRm6B

λn

µn
−→
n→∞

1.

[X>�K6SXPOB4P�>uS>=rm]K6B@K6oum]N-B�A<ACB4_JB�K6ou_IUk>�A<QCS >�HIQCouK�BOSIH�V�o#SpSIQ<j]ACB@SJoum6SXD]BOSX�L��VrouHI�6�OSJBOS
j]QCB�K+V]_JcOP�QCSJBOS%:.=">MA<Q<U4Q<HJB�:6m]QCD]BXouj]HJB�KLm6B ¯ oum � +P2�+5� ��� � +��I�L(-+K+5�5+ � � � ° >@>�ACou_JS�m]K6Bsou_IU�BED8QCB�c�_JB�KLHJBYD]B�Ai>4V]_JcOPOcOD]B�KLHJB#:

)+3L,��}$0�%$0��� �@� � �i(
2 A<5 ��� �

ξ
D ��� = � 7.D�; � � 5 : D�7 � ��� M+

f

� �
K > 0

C � A<D�7�9 ����� EFA � 75|t$t~�$0��3
�. /$&�}3 !L��$0�%$&�� "3 � A<;'; � 7 � A ��� 9 � � �

(ξ,K)
) EF9 ?BA � ���(58A � � ��� � ;'=%5 � 5 7�� �

� � 	4� 5 � � 9<;/"
 C

ν̃∗0 := ξ
)

� C4� A<D�; � ACD@� �
f ∈ Db

) � ACD ;.� A<D@�
t
"

〈ν̃∗t , f〉 = 〈ξ, τt φ〉 +K

∫ t

0
φ(s− t) ds. ¯ w8: � ³ °

��ouU4U�B D6>�K6S�ACB�P�>uS�D]B�Ai>�V]_JcOPOcOD]B�KLHJB A<Q<U4Q<HJB :6m]QCD]B�=MVroum]_�HJoum]HJB
f
D]B Cb

=
(〈ν̃∗t , f〉, t ≥ 0)

BOSIHqm]K6B\souK6P�HIQCouK¬D]B C∞,R
:

5 oum6S U�ouKLHI_JouK6S�V9>�_n>�Q<A<ACB�m]_JS>=8POouU4U�B^Vroum]_
ν̄∗

=8lRm6B
ν̃∗
BOSIH AbF m]K]QClRm6B\SJouA<m]HIQCouK

D�F m]K6BEcOlRm9>�HIQCouK¬D]BXHI_p>�K6SJV�ou_IHqQ<KRHJc�¤#_p>�ACBYD6>�K6S D∞,S′
�

yE���9«h�92%$0�%$&�1� �@�<�@�i(
� 9 E 5 =%5%� � � D 5 ��� � ;'5%�(5  D �

ν̃∗
9<7 7 A8� 5�� � �

(ξ,K)
� 7�� E  D � 5  D � 7 A<E D �(58A �

� 9 � 7 D∞,S′
��� "

〈ν̃∗t , φ〉 = 〈ξ, φ〉 −
∫ t

0
〈ν̃∗s , φ′〉 ds+Ktφ(0), ¯ w8:Ge#² °



;�²-�

� A<D�;.� A<D@� �
φ
� 9 � 7 S C

7 +N� � %'� ' ¯ w8:Ge#² ° D]cOP�_IQ<H�m]K6B�cOlRm9>�HIQCouK D]B HI_p>�K6SJV�ou_IH+Q<KRHJc�¤#_p>�ACB�D]ouKRH�ACB�SJBOPOouK6D
U�B�UYj]_JBYBOSJHqD]ouK]K6cXV�oum]_nHJoum]H

t
V9>�_

〈gt, φ〉 := Ktφ(0)

B�H
(gt, t ≥ 0)

BOSIH.j]QCB�K�m]K4V]_Jo�POBOSJSIm6SdD]B D∞,S′
:��^Kk>�V]V]A<QClLm6BqACBnHI�6cOou_J��U�BTw8:<;#: � �

〈ν̄∗t , φ〉 = 〈ξ, τt φ〉 + 〈gt, φ〉 −
∫ t

0
〈gs, τt−s φ′〉 ds

= 〈ξ, τt φ〉 + 〈gt, φ〉 +

∫ t

0

d

dt
〈gs, τt−s φ〉 ds

= 〈ξ, τt φ〉 +Ktφ(0) +K

∫ t

0
s
d

dt
(τt−sφ(0)) ds

= 〈ξ, τt φ〉 +K

∫ t

0
τt−sφ(0) ds,

POBXlLm]Q�BOSIHqB��6>uP�HJB�U�B�KLH ¯ w8: � ³ ° Vroum]_nHJoum]HJB φ D6>�K6S S :
��ouU4U�BqD6>�K6S�Ai>�SJBOP�HIQCouK�V]_JcOPOcOD]B�KRHJB�=LK6oum6SdPOouK6SJQCD]c�_JouK6S.V�oum]_.HJoum]H

n
=
(νnt , t ≥ 0)ACB�V]_Jo�POBOSJSIm6S¬D]B�HI_p>�K6SIVrou_IH�POou_I_JBOSIVrouK6D6>�KLH�� m]K lRm9>uD8_Im]V]ACB

(λn, µn,R, Dn)
=

(Fn
t , t ≥ 0)

Ai>�?6A<HI_p>�HIQCouK�>uSJSJo�P�QCcOBWB�H
τn0

=�ACBWV]_JB�U4QCB�_�Q<K6SIHp>�KRHXD]BWN�QCD6>�¤-B@D8m�SJ��Sa`
HJ��U�B#: 5 oum6S�K6ouHJouK6STUk>�Q<KLHJB�K9>�KRH

(ν̃nt , t ≥ 0)
=8Ai>@_JB�K6ou_IUk>�A<QCS >�HIQCouK�D]B

(νnt , t ≥ 0)POou_I_JBOSIV�ouK6D6>�KRHM>�m HI_IQ<V]ACB�H (
n3/2, n, n3/2

) =�P#F�BOSJHa` �z` D8Q<_JB�="Vroum]_EHJoum]H
n
=�HJoum]H

t
B�H

HJoum]Hqj�ou_Jc�A<QCB�K
B
�

ν̃nt (B) =
1

n
νnn3/2t(n

3/2
B).

�.K+V9>�_IHIQCP�m]A<QCB�_>=9ACB
i
` ��U�BW>�HJouU�BED]B

ν̃nt
BOSIHqD]ouK6PED]ouK]K6cXV9>�_W�

Ti(ν̃
n
t ) =

Ti(νn3/2t)

n3/2
,

B�HT>�ACou_JS>=
R(ν̃nt ) =

R(νn
n3/2t

)

n3/2
.

5 oum6S�K6ouHJouK6ShV9>�_h>�Q<A<ACB�m]_JS
(Hn

t , t ≥ 0) :=
(
Fn
n3/2t

, t ≥ 0
) =#Ai>^?6A<HI_p>�HIQCouK5>uSJSpoRP�QCcOB#:

�.K8?6K@=#ACB�V]_JB�U4QCB�_.Q<K6SIHp>�KLHdo&R@ACB
n
`bQC��U�B�V]_JoRPOBOSpSIm6S}K6B�Pp�9>�_I¤-B�V]A<m6S�Ai>\D]B�U4Q ` D8_JouQ<HJB

V�o#SIQ<HIQ<N-BXBOSJHnK6ouHJc��

τ̃n0 := inf{t, ν̃n(R+) = 0} =
τn0
n3/2

.
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� P�_IQ<N-ouK6S@Vroum]_YHJoum]HJB
φ
D6>�K6S S =}Ai>+Uk>�_IHIQ<K]¤L>�ACB POou_I_JBOSIVrouK6D6>�KLH��

(ν̃nt , t ≥ 0)
�

D�FG>�V]_J�OSTACB�ACB�U4U�BWw8:Gf8: �4=]ACB�V]_Jo�POBOSJSIm6Sn_JcOB�A/D]c�?6K]Q�V�oum]_nHJoum]H
t
V9>�_

M̃n
φ (t) := 〈ν̃nt , φ〉 − 〈ν̃n0 , φ〉 +

n3/2

n3/2

∫ t

0
〈ν̃ns , φ′〉ds

+
µnn3/2

n

∫ t

0
φ (R(ν̃ns )) 1{ν̃n

s (R+)>0} ds−
λnn3/2

n
tE

[
φ

(
Dn

n3/2

)]

= 〈ν̃nt , φ〉 − 〈ν̃n0 , φ〉 +

∫ t

0
〈ν̃ns , φ′〉ds

+
√
nµn

∫ t

0
φ (R(ν̃ns )) 1{ν̃n

s (R+)>0} ds−
√
nλntE

[
φ

(
Dn

n3/2

)]
¯ w8:Ge8; °

BOSIH¦m]K6B Hn
t

`bUk>�_IHIQ<K]¤L>�ACB D]B D∞,R
D]B�P�>�_I_Jc�Q<KLHJc�¤#_p>�j]ACB�=qD]ouKRH¦ACB�P�_Jo�PJ�6B�H+BOSIH

D]ouK]K6cXVroum]_qHJoum]H
t
V9>�_E�

〈M̃n
φ 〉t =

µnn3/2

n2

∫ t

0
φ2 (R(ν̃ns )) 1{ν̃n

s (R∗
+

)>0} ds+
λnn3/2

n2
tE

[
φ2

(
Dn

n3/2

)]

=
µn√
n

∫ t

0
φ2 (R(ν̃ns )) 1{ν̃n

s (R∗
+

)>0} ds+
λn√
n
tE

[
φ2

(
Dn

n3/2

)]
. ¯ w8:Ge � °

��ouU4U�BnD6>�K6S}Ai>\SJBOP�HIQCouK@V]_JcOPOcOD]B�KLHJB�=LK6oum6S.D]ouK]K6ouK6S�m]K6B ACouQ]D]BOS�¤#_p>�K6D]S�K6ouUWj]_JBOS
Vroum]_EAi>+SIm]Q<HJBkD]B4V]_JoRPOBOSpSIm6SX_JB�K6ou_IUk>�A<QCSJcOS

((ν̃nt , t ≥ 0) , n ∈ N
∗)
: 5 oum6SEN-o��-ouK6S

D6>�K6S ¯ w8:Ge8; ° lLm6B�ACBOSqHJB�_IU�BOS^�MN#>�_IQi>�HIQCouK6Sn?6K]QCBOS
√
nµn

∫ t

0
φ(Rν̃n

s
)1{ν̃n

s (R+)>0} ds

B�H
√
nλntE

[
φ

(
Dn

n3/2

)]

¥WB��8V]ACo#SJB�KLHT§5�YAbF Q<K8?6K]Q.�}K6oum6S�V]_JouVro#SJouK6S�D]BOSnPOouK6D8Q<HIQCouK6S�A<Q<U4Q<HJBOS�HJB�A<ACBOSnlLm6B\POBOS
D]B�m8�+HJB�_IU�BOSqSJBXPOouU4VrB�K6SJB�KRH>=9B�K�N-B�_IHIm¬D]B�AbF �R�RVrouHI�6�OSJB

λn/µn −→
n→∞

1
�

� ��«h�6�,+��L2�3 ���<�@�<�

•

� E � =C587 � �
λ > 0

� � E  D � "

λn −→
n→∞

λ, ¯ w8:Ge#f °
µn −→

n→∞
λ, ¯ w8:Ge � °

� � 5 E � =C5 7�� �
K > 0

� � E  D �
√
n (λn − µn) −→

n→∞
K. ¯ w8:Ge#e °
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•

� E � =C5 7�� �
τ̃∗0 > 0

� � E  D � "

P [τ̃∗0 > τ̃n0 ] −→
n→∞

0, ¯ w8:Ge#w °

E

[
sup
t≤τ̃∗

0

〈ν̃nt , φ〉21{τ̃∗
0
>τ̃n

0
}

]
−→
n→∞

0. ¯ w8:Ge-� °

•

� E � =C5 7�� � D ��� = � 7.D ; � � 5 : D�7 �
ξ
��� M+

f

� � E E �3 D �&� A<D�; � ACD@� �
f� 9 � 7 Db

"

nE

[
sup
t≤τ̄∗

0

〈ν̃n0 − ξ, τtf〉2
]
−→
n→∞

0. ¯ w8:Ge#� °
•

Dn

n

L−→
n→∞

0, ¯ w8:Ge#³ °
E

[
Dn

n

]
−→
n→∞

0. ¯ w8:Gw#² °
•

E



(
√
n

∫ τ̃∗
0

0
R(ν̃ns ) ds

)2

 −→
n→∞

0. ¯ w8:Gw8; °

��oum6SqPOBOSnK6oum]N-B�A<ACBOSq�R�RVrouHI�6�OSJBOS>=9ouK�>MAi>@POouKLN-B�_I¤-B�K6POBMSIm]Q<N#>�KLHJB��

� +/3L�9� �R~�3��@� � �iª
�,� 7 D ��� A<7 � ' ; 9<5 � 7 E � 7 � > � A�� ��� 7 � 7 � C � C � C 2 A<5%�

(ν̃∗t , t ≥ 0)
EF9 E 58=%5%� �

� D�5 ��� � ;'5%�(5  D � �.A<;'; � 7 � A ��� 9 � � �
(ξ,K)

C � E A<;'7 ) � A<D�;1� A<D@� � ?BA � ���(58A �
φ
� 9 � 7 S "

E

[
sup
t≤τ̃∗

0

〈ν̃nt − ν̃∗t , φ〉2
]
−→
n→∞

0.

7 +N� � %'� '\£TB�V]_JB�K6ouK6S�ACBOSn>�_I¤#m]U�B�KLHJSqD]B\Ai>YV]_JB�m]N-B�V]_JcOPOcOD]B�KLHJB#: [\c�?6K]QCSpSJouK6S�V�oum]_HJoum]H
n ∈ N

B�HnHJoum]H
t ≥ 0

�
η̃nt

.
= ν̃nt − ν̃∗(t).

�^K¬>��MAbF Q<K6SIHp>�KLH
t ≤ τ̃n0 ∧ τ̃∗0

=]D�FG>�V]_J�OS ¯ w8:Ge#² ° B�H ¯ w8:Ge8; ° �

〈η̃nt , φ〉 = 〈η̃n0 , φ〉 + M̃n
φ (t) −

∫ t

0
〈ηns , φ′〉 ds+

(
K −√

n (λn − µn)
)
tφ(0)

− µn
√
n

∫ t

0
(φ (R(ν̃ns )) − φ(0)) ds+ λn

√
ntE

[
φ

(
Dn

n3/2

)
− φ(0)

]
. ¯ w8:Gw � °
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=dF�cOlRm9>�HIQCouK V]_JcOPOcOD]B�KRHJB�BOSJH+m]K6B�cOlLm9>�HIQCouK D]B HI_p>�K6SIVrou_IH+Q<KLHJc�¤#_p>�ACB¡D]B SJBOPOouK6D
U�B�UWj]_JB
〈g̃nt , φ〉 = M̃n

φ (t) +
(
K −√

n (λn − µn)
)
tφ(0)

− µn
√
n

∫ t

0
(φ (R(ν̃ns )) − φ(0)) ds+ λn

√
ntE

[
φ

(
Dn

n3/2

)
− φ(0)

]
,

POBElRm]Q�D]ouK]K6BY>�N-BOPXACBXHI�6cOou_J��U�BWw8:<;#: � =6V]m]QCSnQ<KLHJc�¤#_p>�HIQCouK6S^V9>�_qV9>�_IHIQCBOSY�

〈η̃nt , φ〉 = 〈η̃n0 , τtφ〉 + M̃n
φ (t) +

∫ t

0
M̃n
τt−sφ′(s) ds

+
(
K −√

n (λn − µn)
)
.

∫ t

0
φ(−s) ds

− µn
√
n

∫ t

0
(τt−sφ (R(ν̃ns )) − τt−sφ(0)) ds

+ λn
√
n

∫ t

0
E

[
τt−sφ

(
Dn

n3/2

)
− τt−sφ(0)

]
ds. ¯ w8:Gw#f °

�^K¬>�ACou_JS>=]D]B�U?;�U�BXlRm6BXD6>�K6SnAi>WV]_JB�m]N-BXV]_JcOPOcOD]B�KRHJB�=6Vroum]_nHJoum]H
n
B�H�Vroum]_nHJoum]H

t ≤ τ̃n0 ∧ τ̃∗0
�

E

[
sup

t≤τ̃n
0
∧τ̃∗

0

{〈η̃nt , φ〉}2

]

≤ E

[
sup

t≤τ̃n
0
∧τ̃∗

0

{〈η̃n0 , τtφ〉}2

](
µn√
n

+
λn√
n

)
24τ̃∗0 || φ2 ||∞

+

(
2
µn√
n

+ 4
λn√
n

)
6 (τ̃∗0 )3 || (φ′)2 ||∞

+
{
K −√

n (λn − µn)
}2

6 {τ̃∗0 || φ ||∞}2

+ 6 {µn}2 || φ′ ||2∞ E



{
√
n

∫ τ̃∗
0

0
R(ν̃ns ) ds

}2



+ 6 {τ̃∗0λn}2 || φ′ ||2∞
{
E

[
Dn

n

]}2

B�HqACBOSq�L��V�ouHI�6�OSJBOS^w8: � : � D]ouK]K6B�KLHM�

E

[
sup

t≤τ̃n
0
∧τ̃∗

0

{〈η̃nt , φ〉}2

]
−→
n→∞

0. ¯ w8:Gw � °
��ouU4U�B�D6>�K6S�Ai>�V]_JB�m]N-B+V]_JcOPOcOD]B�KLHJB�=�Q<AqBOSIHk>�QCSpc+D]B+U�ouKLHI_JB�_klRm�F Q<AqB��8QCSIHJB m]K6B
POouK6SIHp>�KRHJB

M̃
HJB�A<ACBElLm6B4�

E

[
sup
t≤τ̃∗

0

〈ν̃∗t , φ〉2
]
≤ M̃. ¯ w8:Gw#e °
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�^K�POouK6P�A<m]H^B�K+_JB�Uk>�_JlRm9>�KLH^lRm6B��

E

[
sup
t≤τ̃∗

0

〈η̃nt , φ〉2
]
≤ E

[
sup

t≤τ̃n
0
∧τ̃∗

0

〈η̃nt , φ〉2
]

+ 2E

[
sup
t≤τ̃∗

0

〈ν̃nt , φ〉21{τ̃∗
0
>τ̃n

0
}

]

+ 2E

[
sup
t≤τ̃∗

0

〈ν̃∗t , φ〉21{τ̃∗
0
>τ̃n

0
}

]
,

>ON-BOPXAbF �R�RVrouHI�6�OSJB ¯ w8:Ge-� ° = ¯ w8:Gw � ° B�H ¯ w8:Gw#e ° :

)Y�9���1|t|&76$0��3:�@� � � �
2 A<D�7 E � 7�� > � A�� ��� 7 � 7 � D
� ���.A<;$� = � � C � C�� )

((ν̃nt , t ≥ 0) , n ∈ N
∗) =⇒τ̃∗

0
,S′ (ν̃∗t , t ≥ 0) .

7 +N� � %'� 'X��ouU4U�B�D6>�K6S5ACB¬POou_JouA<Ai>�Q<_JB�w8: � :Gf4=nouK >�V]V]A<QClRm6B¬Ai>�V]_JouV�o#SJQ<HIQCouK �\:G²8:<;
B�HEACB�HI�6cOou_J��U�B w8:<;#:Gf8: =">+A<Q<U4Q<HJB?:6m]QCD]B5P�_IQ<HIQClRm6B

(ν̃∗t , t ≥ 0)
BOSIHW>�ACou_JSWAbF m]K]QClRm6B

Nu>�ACB�m]_qD�FG>uD8�6c�_JB�K6POBMD]B
((ν̃nt , t ≥ 0) , n ∈ N

∗)
D6>�K6S Dτ̃∗

0
,S′
:

� 
�� ��� 	 � ���$+��"& � �!� � �%� �(+�( ��� ���%�.& � (�%�.� � �
� KRHJc�_JBOSJSJouK6Sa`bK6oum6Sd�\V]_JcOSJB�KRHh>�m8�
:6m6P�HIm9>�HIQCouK6S D]BOS�V]_JoRPOBOSJSJm6S}D]B�HI_p>�K6SJV�ou_IH�_JB�K6ou_a`
Uk>�A<QCSJcOS�>�m]HJoum]_4D]B Ai>¬A<Q<U4Q<HJB :6m]QCD]B#: 5 oum6S@U�ouKRHI_JouK6S�B�K�V9>�_IHIQCP�m]A<QCB�_�QCP�Q-=dD6>�K6S
D]B�m8� P�>uS^D8QCBrc�_JB�KRHJS>=]Ai>4POouKRN-B�_I¤-B�K6POBWB�K+ACouQ"D6>�K6S Dτ̄∗

0
,S′
D]BXAi>@SIm]Q<HJBED]BOSnV]_Jo�POBOSa`

SIm6S�_JcOSIQCD8m6B�ACSTouj]HJB�KRm6SqN-B�_JSTm]K+V]_JoRPOBOSJSJm6SqD]BED8QCBrm6SIQCouK�:
5 oum6SYK6ouHJB�_JouK6SWD6>�K6SWHJoum]HJB¦POB�HIHJB�V9>�_IHIQCB�=}V�oum]_WHJoum]HYV]_Jo�POBOSJSIm6S

(Mt, t ≥ 0)D]B Dτ̄∗
0
,S′

= (
NM
t , t ≥ 0

) ACB@V]_Jo�POBOSJSIm6SW�¦Nu>�ACB�m]_JS S ′ D]c�?6K]QdVroum]_XHJoum]H t B�HXVroum]_HJoum]HJB
φ
D]B S V9>�_E�

〈NM
t , φ〉 :=

∫ t

0
〈Ms, τt−sφ〉 ds,

B�H (
IMt , t ≥ 0

) ACB4V]_Jo�POBOSJSIm6SM�+N#>�ACB�m]_JS S ′ D]c�?6K]Q�V�oum]_YHJoum]H t B�HYVroum]_EHJoum]HJB φV9>�_E�
〈IMt , φ〉 :=

∫ t

0
〈Ms, φ〉 ds.

�}>�_�>�Q<A<ACB�m]_JS>=.ouK�_p>�V]VrB�A<ACB ¯ ( � � #�B�Hp� �  = ��� � �� ° lLm�F m]K�V]_Jo�POBOSJSIm6S (Mt, t ≥ 0)D]B Dτ̄∗
0
,S′

BOSIH5m]K6B />�"2�+PQ 2 � +"�5+0! "9�&������+)�K/ 3 '12?� +*�5+0! "9�&��� � 8 ()�&���0/ 2?� +*�5+P!"9�&���
	 	
% �&��� � +K/ S ′ SIQ�V�oum]_XHJoum]HJB φ D6>�K6S S =

(〈Mt, φ〉, t ≥ 0)
BOSIH�m]K6B4SJB�U4Q `bUk>�_IHIQ<K]¤L>�ACB

¯ _JBOSIV�: Uk>�_IHIQ<K]¤L>�ACB ACo�P�>�ACB�=TUk>�_IHIQ<K]¤L>�ACB ° _JcOB�A<ACB#: �}oum]_+HJoum]HJB SJB�U4Q `bUk>�_IHIQ<K]¤L>�ACB
��N#>�ACB�m]_JS S ′ (Mt, t ≥ 0)

=TVroum]_ HJoum]HJB�SJB�U4Q `bUk>�_IHIQ<K]¤L>�ACB _JcOB�A<ACB
(Xt, t ≥ 0)

=TACB
V]_JoRPOBOSJSJm6S

(Lt, t ≥ 0)
D]B Dτ̄∗

0
,S′
D]c�?6K]Q�Vroum]_qHJoum]H

t
B�HnHJoum]HJB

φ
D]B S V9>�_Y�

〈Lt, φ〉 =

∫ t

0
〈Ms, φ〉 dXs,



;#; � � � ��������� ��������� � � �!����� �8��� ���(� � ��� �(��� ���

SJB�_p>MK6ouHJcEV�oum]_qHJoum]H
t
=

∫ t

0
Ms dXs =: Lt,

AbFi¥MQ<KRHJc�¤#_p>�ACBYSIHJo�PJ�9>uSJHIQClLm6BW§ �MN#>�ACB�m]_JS S ′ D]B M >ON-BOP
X
:

�	� �	��� � ��� ��� �  � "�% � ��� � � �  ��%*�

[X>�K6S�POB�HIHJB SpBOP�HIQCouKWK6oum6S}U�ouKLHI_JouK6S�m]KM_JcOSIm]A<Hp>�H}HJBOPJ�]K]QClRm6B ¯ Ai>nV]_JouVro#SIQ<HIQCouK�w8:Ge8:<; °lRm6BYK6oum6S^m]HIQ<A<QCSJB�_JouK6S�Vroum]_^D]c�U�ouKRHI_JB�_XAi>kPOouKRN-B�_I¤-B�K6POBMB�K�ACouQ�D8m�V]_Jo�POBOSJSIm6S\D]BOS
cOP�>�_IHJS�:

�h3R~�~�3��@�Cª��t�
� A<D�;&� A<D@� �

φ
� 9 � 7 S

) EF9:?B9<=%5 E8E � {τrφ, r ∈ [0, τ̄ ∗0 ]} � 7���D � � ;$��� AC= � 9����
��� S C

7 +)� ��%'�('6�}oum]_qHJoum]HJBESpB�U4Q `bK6ou_IU�BW>uSJSJo�P�QCcOBE>�m8�+B�KLHIQCB�_JS
α

=
β
=]Vroum]_nHJoum]H

r
=

|τrφ|α,β = sup
x

∣∣∣xαφ(β)(x− r)
∣∣∣ = sup

y

∣∣∣(y + r)αφ(β)(y)
∣∣∣

≤
α∑

j=1

Cjα r
α−j |φ|j,β ≤

α∑

j=1

Cjα (τ̄∗0 )α−j |φ|j,β =: Kτ̄∗
0
,α,β,φ,

POouK6SIHp>�KRHJB Q<K6D]c�V�B�K6D6>�KRHJB+D]B
r
:�=dF�B�K6SJB�UYj]ACB {τrφ, r ∈ [0, τ̄ ∗0 ]} BOSIHMD]ouK6P5jrou_IK6cD6>�K6S�AbF�BOSIV9>uPOB\KRm6P�ACc�>�Q<_JB S �}B�K N-B�_IHIm+D]B\Ai>EV]_JouVro#SIQ<HIQCouK � : � : ��=�V�:G�8;�D]B � �.QCB�w#w  =Q<A"BOSJHnV]_JcOPOouU4V9>uP�H�:

�h3R~�~�3��@�Cª��i(
� A<D�; � ACD@� �

φ
��� S

) E  9 ��� E 5��.9��(58A �

{
R −→ S
r 7−→ τrφ

� 7 � � A � �(5 � D �(C



;#;�f

7 +N� � %'� 'X��ouQ<H r′ < r
:h��ouQCB�KLH

α
B�H
β
D]B�m8�+B�KRHIQCB�_JS�:d� A�B���QCSJHJB

s ∈]r′, r[
HJB�A"lLm6B4�

|τr′φ− τrφ|α,β = sup
x

∣∣∣xα
(
φ(β)(x− r′) − φ(β)(x− r)

)∣∣∣

= sup
x

∣∣∣xα(r − r′)φ(β+1)(x− s)
∣∣∣ =

∣∣r − r′
∣∣ sup

y

∣∣∣(y + s)αφ(β+1)(y)
∣∣∣

≤
∣∣r − r′

∣∣
α∑

j=1

Cjα s
α−j |φ|j,β+1

≤
∣∣r − r′

∣∣
α∑

j=1

Cjα (r + 1)α−j |φ|j,β+1 =: Mr,α,β,φ.

�/oum]_qHJoum]H
ε > 0

=]Q<A�B��8QCSIHJBXD]ouK6P
η :=

ε

Mr,α,β,φ

HJB�A"lRm6B

| r − r′ |< η ⇒ |τr′φ− τrφ|α,β < ε.

�d3R~�~�3 ���iª?�Cx
� ACD ; � A<D@��� E � = ��� �

(Mt, t ≥ 0)
��� Dτ̄∗

0
,S′

) (
NM
t , t ≥ 0

) 9 ��� 9C;-�(5 ��� � �
Cτ̄∗

0
,S′
C

7 +N� � %'� 'X��ouQ<H φ D6>�K6S S B�H
(Mt, t ≥ 0)

D6>�K6S Dτ̄∗
0
,S′
:h��ouQ<HqAbFG>�V]V]A<QCP�>�HIQCouK

FMφ :





R
2 −→ R

(t, r) 7−→
∫ t

0
〈Ms, τrφ〉 ds.

��ouQCB�KLH
t, r ≤ τ̄ ∗0

: �/oum]_^HJoum6S
t′, r′

=

∣∣FMφ (t′, r′) − FMφ (t, r)
∣∣ =

∣∣∣∣∣

∫ t′

0
〈Ms, τr′φ〉 ds−

∫ t

0
〈Ms, τrφ〉 ds

∣∣∣∣∣

≤
∫ t′

t
|〈Ms, τrφ〉| ds+

∫ t′

0
|〈Ms, τr′φ− τrφ〉| ds. ¯ w8:Gw#w °

[MF m]K6BEV9>�_IH>=
(〈Ms, φ〉, s ≥ 0)

BOSIHqD6>�K6S Dτ̄∗
0
,R

=]D]ouK6PXjrou_IK6cESIm]_
[0, τ̄∗0 ]

�
sup
s≤τ̄∗

0

|〈Ms, φ〉| = sup
s∈[0,τ̄∗

0
]∩Q

|〈Ms, φ〉| <∞.

=dF�B�K6SJB�UYj]ACB M := {Ms, s ∈ [0, τ̄ ∗0 ] ∩Q} BOSIH¦D]ouK6P�m]KvSJoum6Sa` B�K6SJB�UWj]ACB�sb>�Q<j]ACB�`U�B�KLH�j�ou_IK6cMD]BWAbF�B�K6SJB�UYj]ACB@D]BOSX>�V]V]A<QCP�>�HIQCouK6SXPOouKLHIQ<KRm6BOSED]B S D6>�K6S
R
:\�.K�Hp>�KRH

lLm�F�BOSIV9>uPOB D]B��]_JcOPp�6B�H>= S BOSIH m]K HJouK]K6B�ACc�D�FG>�V]_J�OS+ACB�POou_JouA<Ai>�Q<_JB�²4=^V�: �p�J� : �#e
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D]B � G oum1�uf  : �^K VrB�m]H¬D]ouK6P�>�V]V]A<QClRm6B�_¬ACB HI�6cOou_J��U�B�D]B G >�K9>uPJ�8` �RHJB�Q<K]�9>�m6S
¯ HI�6cOou_J��U�B�;�=�V�:W�J�p� : �#ekD]B � G oum1�uf  ° � M BOSIHXcOlLm]QCPOouKRHIQ<KLm�:�[�ouK6P�=�Vroum]_�HJoum]H
ε > 0

=

Vε :=
⋂

s∈[0,τ̄∗
0
]∩Q

M−1
s

(]
− ε

2τ̄∗0
,
ε

2τ̄∗0

[)
=

{
φ, sup

s∈[0,τ̄∗
0
]∩Q

|〈Ms, φ〉| <
ε

2τ̄∗0

}

BOSIHWm]K�N-ouQCSIQ<K9>�¤-B5D]B�Ai>+stouK6P�HIQCouK�KLm]A<ACB¦D6>�K6S S : =dFG>�V]V]A<QCP�>�HIQCouK r 7→ τrφ
c�Hp>�KRH

POouKRHIQ<KLm6B D]B
R
D6>�K6S S D�FG>�V]_J�OSWACB�ACB�U4U�B¦w8:Ge8: �4=}Q<A B��8QCSIHJB�D]ouK6P

η > 0
HJB�A�lLm6B

Vroum]_qHJoum]H
t ≤ τ̄∗0

�
∣∣r′ − r

∣∣ < η =⇒ (τr′φ− τrφ) ∈ Vε

=⇒ sup
s∈[0,τ̄∗

0
]∩Q

|〈Ms, τr′φ− τrφ〉| <
ε

2τ̄∗0

=⇒
∫ t′

0
|〈Ms, τr′φ− τrφ〉| ds <

ε

2
. ¯ w8:Gw-� °

[@FG>�m]HI_JBXV9>�_IH>=
(〈Ms, τrφ〉, s ≥ 0)

BOSIHnD6>�K6S Dτ̄∗0 ,R
=]D]ouK6P�jrou_IK6cXSIm]_

[0, τ̄∗0 ]
: �/oum]_

HJoum]H
t′
�

∫ t′

t
|〈Ms, τrφ〉| ds ≤

∣∣t′ − t
∣∣Kr,φ.

©^m]HI_JB�U�B�KLH\D8Q<H>=]Q<A�B���QCSJHJB
δ :=

ε

2Kr,φ
> 0

HJB�A�lLm6B

∣∣t′ − t
∣∣ < δr =⇒

∫ t′

t
|〈Ms, τr′φ〉| ds <

ε

2
. ¯ w8:Gw#� °

�}oum]_.HJoum]H
t, r

=uV�oum]_}HJoum]H
ε
= ¯ w8:Gw-� ° B�H ¯ w8:Gw#� ° D6>�K6S ¯ w8:Gw#w ° Q<U4V]A<QClRm6B�KLHdlRm�F Q<A]B���QCSJHJB

η
=
δr
HJB�ACSTlRm6B
∣∣t′ − t

∣∣ < δr ,
∣∣r′ − r

∣∣ < η =⇒
∣∣FMφ (t′, r′) − FMφ (t, r)

∣∣ < ε.

=dFG>�V]V]A<QCP�>�HIQCouK
FMφ

BOSIHED]ouK6P4POouKLHIQ<KRm6B�SIm]_XACB@POouU4V9>uP�H
([0, τ̄ ∗0 ])2

:W�.K N-B�_IHIm�D8m
HI�6cOou_J��U�BMD]B �\B�Q<K6B�=1B�A<ACBWBOSIH^>�m6SJSJQ"m]K]Q sou_IU�c�U�B�KLHXPOouKLHIQ<KRm6BMSJm]_TPOBYPOouU4V9>uP�H�:q� A
B��8QCSIHJBXD]ouK6P

δ, η > 0
HJB�ACSqlLm6B4�

sup
r,r′, |r−r′|<η

sup
t,t′ |t−t′|<δ

∣∣FMφ (t′, r′) − FMφ (t, r)
∣∣ < ε.

�}Q<K9>�ACB�U�B�KLH>=1Vroum]_
ξ := η ∧ δ =

sup
t,t′, |t−t′|<ξ

∣∣〈NM
t′ , φ〉 − 〈NM

t , φ〉
∣∣

≤ sup
r,r′, |r−r′|<η

sup
t,t′, |t−t′|<δ

∣∣FMφ (t′, r′) − FMφ (t, r)
∣∣ < ε.

=dFG>�V]V]A<QCP�>�HIQCouK
t 7→ 〈NM

t , φ〉 BOSIH�D]ouK6PdPOouKRHIQ<KLm6B V�oum]_�HJoum]HJB φ D6>�K6S S � (NM
t , t ≥ 0

)
BOSIHqD6>�K6S Cτ̄∗

0
,S′
:



;#;�e

5 oum6SnU�ouKRHI_JouK6S^>�ACou_JSTACB�_JcOSIm]A<Hp>�HTSIm]Q<N#>�KLHY�

yE�z�1«d�92z$i�%$&��� ���iª?�t�
�  9 ��� E 5+� 9��(5�A �

{ Dτ̄∗
0
,S′ −→ Cτ̄∗

0
,S′

(Mt, t ≥ 0) 7−→
(
NM
t , t ≥ 0

)

� 7��A� A � �(5 � D �8C

7 +N� � %'� 'X��ouQ<H ((Mn
t , t ≥ 0) , n ∈ N

∗)
m]K6BESJm]Q<HJBXD]B Dτ̄∗

0
,S′
POouKLN-B�_I¤-B�>�KRH^N-B�_JS

(Mt, t ≥ 0)
:T�.K�V9>�_IHIQCP�m]A<QCB�_>=rV�oum]_^HJoum]HJB

φ
Ai>kSJm]Q<HJB

((〈Mn
t , φ〉, t ≥ 0) , n ∈ N

∗)POouKLN-B�_I¤-B�D6>�K6S Dτ̄∗
0
,R
N-B�_JS

(〈Mt, φ〉, t ≥ 0)
:�� A�BOSIH j]QCB�K¦POouK]KLm+lRm6BqAbFG>�V]V]A<QCP�>�HIQCouK





Dτ̄∗
0
,R −→ Cτ̄∗

0
,R

(Xt, t ≥ 0) 7−→
(∫ t

0
Xs ds, t ≥ 0

)
,

BOSIHqPOouKLHIQ<KRm6BEVroum]_qAi>MHJouV�ouACou¤#QCBWD]BY� 2-ou_Jo 2R�6o�D�:d[�ouK6P�=]Ai>4SJm]Q<HJB
((
〈IMn

t , φ〉, t ≥ 0
)
, n ∈ N

∗
) POouKLN-B�_I¤-B�D6>�K6S Cτ̄∗

0
,R
N-B�_JS (〈IMt , φ〉, t ≥ 0

) : �.K
V9>�_IHIQCP�m]A<QCB�_>=

sup
n∈N

sup
t≤τ̄∗

0

∣∣〈IMn

t , φ〉
∣∣ <∞.

��BOP�Q�BOSIH�NR_p>�Q�Vroum]_nHJoum]HJB
φ
D6>�K6S S B�HqD]ouK6PXACB�HI�6cOou_J��U�BED]B G >�K9>uPJ�8` �RHJB�Q<K]�9>�m6S

Q<U4V]A<QClLm6BElRm6B�AbF�B�K6SJB�UWj]ACB

H :=
{
IM

n

t , n ∈ N, t ∈ Q ∩ [0, τ̄ ∗0 ]
}

BOSIH�cOlLm]QCPOouKRHIQ<KLm�: #�>�Q<KLHJB�K9>�KLH>=uVroum]_�HJoum]H
k
=zV�oum]_�HJoum]HJB�sb>�U4Q<A<ACB�?6K]QCB {φi, i = 1, ..., k}B�HnV�oum]_qHJoum]H

i ≤ k
=

sup
t≤τ̄∗

0

∣∣〈IMn

t − IMt , φi〉
∣∣ −→
n→∞

0.

[\ouK6P�=
sup
t≤τ̄∗

0

max
i=1...k

∣∣〈IMn

t − IMt , φi〉
∣∣ −→
n→∞

0

B�HqD]ouK6PY>�m]HI_JB�U�B�KLH\D8Q<HqV�oum]_THJoum]HJBESJB�U4Q `bK6ou_IU�B
pw

D]B�Ai>@HJouVrouACou¤#QCB�s>�Q<j]ACBk�

sup
t≤τ̄∗

0

pw
(
IM

n

t − IMt
)
−→
n→∞

0.

�.K+N-B�_IHIm�D8m+HI�6cOou_J��U�BWD]B �.QCB�HJSJPJ� ¯�� �.QCB�w#w  =8V]_JouVro#SIQ<HIQCouK�²8:Gw8: ��:dV�:G³ ° =

sup
t≤τ̄∗

0

p′K
(
IM

n

t − IMt
)
−→
n→∞

0,



;#;�w � � ��������� ��������� � � �!����� �8��� ���(� � ��� �(��� ���

Vroum]_XHJoum]HJB4SJB�U4Q `bK6ou_IU�B
p′K

D]BMAi>¦HJouV�ouACou¤#QCBMsou_IHJB�=�P#F�BOSIHE� D8Q<_JB@lLm6B@Vroum]_�HJoum]H
V]_JcOPOouU4V9>uP�H

K
D]B S �

sup
t≤τ̄∗

0

sup
φ∈K

∣∣〈IMn

t − IMt , φ〉
∣∣ −→
n→∞

0.

�}oum]_
φ
?]�8cOBhD6>�K6S S =zouKEV�B�m]H">�V]V]A<QClRm6B�_"POB._JcOSJm]A<Hp>�H/��AbF�B�K6SJB�UYj]ACB {τrφ , r ∈ [0, τ̄ ∗0 ]} =

lRm]Q�BOSIHnV]_JcOPOouU4V9>uP�H�D�FG>�V]_J�OSnACBXACB�U4U�BYw8:Ge8:<;#:��^K�>@D]ouK6P��

sup
t≤τ̄∗

0

sup
r≤τ̄∗

0

∣∣〈IMn

t − IMt , τrφ〉
∣∣ −→
n→∞

0.

�^K�>W?6K9>�ACB�U�B�KRH^Vroum]_nHJoum]HJB
φ
D6>�K6S S �

sup
t≤τ̄∗

0

∣∣〈NMn

t −NM
t , φ〉

∣∣ = sup
t≤τ̄∗

0

∣∣∣∣
∫ t

0
〈Mn

s −Ms, τt−sφ〉 ds
∣∣∣∣

≤ sup
t≤τ̄∗

0

sup
r≤τ̄∗

0

∣∣∣∣
∫ t

0
〈Mn

s −Ms, τrφ〉 ds
∣∣∣∣

= sup
t≤τ̄∗

0

sup
r≤τ̄∗

0

∣∣〈IMn

t − IMt , τrφ〉
∣∣ −→
n→∞

0.

�}oum]_�HJoum]HJB
φ
D6>�K6S S =.Ai>�SIm]Q<HJB ((〈NMn

t , φ〉, t ≥ 0
)
, n ∈ N

∗
) HJB�K6D D]ouK6P N-B�_JS

(
〈NM

t , φ〉, t ≥ 0
) D6>�K6S Cτ̄∗

0
,R
� ((

NMn

t , t ≥ 0
)
, n ∈ N

∗
) HJB�K6D@N-B�_JS (

NM
t , t ≥ 0

)
D6>�K6S Cτ̄∗

0
,S′
:.=">@V]_JouVro#SIQ<HIQCouK¬BOSIH^D]c�U�ouKLHI_JcOB#:

�	� �	��� � %�� � ��� %�� ��& % �  ��� �� ����& �
5 oum6Sd?]�]ouK6S

ξ, (λn, n ∈ N
∗) , λ, (µn, n ∈ N

∗) , µ, R B�H
(Dn, n ∈ N

∗)
N-c�_IQ ?1>�KLH

ACBOS��R�RVrouHI�6�OSJBOShw8: � :<;#:
((νnt , t ≥ 0) , n ∈ N

∗)
BOSIH�Ai>�SIm]Q<HJB�D]BOS�V]_JoRPOBOSJSJm6S.D]B HI_p>�K6SI`

Vrou_IH\POou_I_JBOSJV�ouK6D6>�KRHX�
(λn, µn,R, Dn)

B�H
((ν̄nt , t ≥ 0) , n ∈ N

∗)
=rSp>4_JB�K6ou_IUk>�A<Q `

Sp>�HIQCouK�SIm]Q<Nu>�KRHqACB�HI_IQ<V]ACB�H
(n, n, n)

:
[X>�K6SnHJoum]HJBEPOB�HIHJBEV9>�_IHIQCB�=9ouK�SIm]V]Vro#SJBXD]BXV]A<m6SqlRm6B4�

� ��«h�6�,+��L2�3 ���iª?�<�

• √
n (λn − λ) −→

n→∞
0, ¯ w8:Gw#³ °

√
n (µn − µ) −→

n→∞
0. ¯ w8: �u² °

•

� ACD�; � A<D@�
ε > 0

58E � =C5 7�� �
a
� � E  D � � ACD ;.� A<D@�

n ∈ N
"

P
[ ∣∣√n〈ν̄n0 − ν̄∗0 , φ〉

∣∣ > a
]
≤ ε. ¯ w8: ��; °



;#;%�

•

� E � =C5 7�� �
v ∈ S ′

) � � E  D � � A<D�;.� A<D@� �
φ
� 9 � 7 S

)

(√
n〈η̄n0 , τt, φ〉, t ≥ 0

)
=⇒τ̄∗

0
,R (〈v, τtφ〉, t ≥ 0) . ¯ w8: � � °

•

�:9 � 7 E  �0> � A�� �?� 7 � 2 � C �
� 5 )
D̄ = d̄

� 7�� � ��� � ;'=%5 � 587 � �&� � "

√
nE

[∣∣∣∣
Dn

n
− d̄

∣∣∣∣
]
−→
n→∞

0. ¯ w8: �uf °

•

2 5
µ > 0

) 58E � =C587 � � D � � ; A8� � 7 7.D�7
(Rt, t ≥ 0)

��� Dτ̄∗
0
,S′

� � E  D � "

((√
n
(
δR(ν̄n

t ) − δr̄t

)
, t ≥ 0

)
, n ∈ N

∗
)

=⇒τ̄∗
0
,S′ (Rt, t ≥ 0) . ¯ w8: � � °

[MFG>�V]_J�OSqACBXHI�6cOou_J��U�BWw8: � : �4=]Vroum]_nHJoum]HJB
φ
D6>�K6S S =

((〈ν̄nt , φ〉, t ≥ 0) , n ∈ N
∗) =⇒τ̄∗

0
,R (〈ν̄∗t , φ〉, t ≥ 0) ,

o&R
(ν̄∗t , t ≥ 0)

BOSIH^Ai>5A<Q<U4Q<HJB :6m]QCD]B@POou_I_JBOSIVrouK6D6>�KLHW� (
ξ, λ, µ, r̄, D̄

) =rD]c�?6K]QCB@V9>�_
¯ w8: �8; ° :��ouQ<H

n ∈ N
B�HnACBXV]_JoRPOBOSpSIm6ST�MN#>�ACB�m]_JS M+

f

SIm]Q<N#>�KLHY��Vroum]_nHJoum]H
t
=

Ȳ n
t :=

√
n η̄nt =

√
n (ν̄nt − ν̄∗t ) .

��ouQ<H
φ
=Lm]K6BqstouK6P�HIQCouK D]B S :}[X>�K6S ACB^P�>uS D]B ρ lLm6B�ACPOouK6lRm6B�>ON-BOP^Ai>XV]_JB�U4QC��_JB\K6ou_a`Uk>�A<QCSp>�HIQCouK@=]K6oum6SqPp�6B�_JPJ�6ouK6S��@D]ouK]K6B�_qAi>MA<Q<U4Q<HJBXB�K+ACouQ"D]B�Ai>@SIm]Q<HJBXD]B�V]_Jo�POBOSJSIm6S

D]c�?6K]QCBXV�oum]_nHJoum]H
n
B�HnVroum]_qHJoum]H

t ≥ 0
V9>�_Y�

Ȳ n
φ (t) := 〈Ȳ n

t , φ〉 =
√
n (〈ν̄nt − ν̄∗t , φ〉) ,

lLm]Q�BOSIHnj]QCB�K��MNu>�ACB�m]_JS^D6>�K6S
D∞,R

:
�^K¬>@HJoum]HTD�FG>�jrou_JD ACBX_JcOSIm]A<Hp>�HTSIm]Q<N#>�KLHW�

�d3R~�~�3 ���iª?�iª
� ACD ;.� A<D@� �

φ
� 9 � 7 S

) EF9 7.D�5+� �

((∫ t

0

√
n (τt−sφ(R(ν̄ns )) − τt−sφ(r̄s)) ds, t ≥ 0

)
, n ∈ N

∗

)

��� Cτ̄∗
0
,R
�.A � ' � ; � �/��� E A<5 ' � ;'7 E � � ; A8� � 7 7.D�7 � � 	4� 5 � A<D�;.� A<D@�

t
� 9C;&"

∫ t

0
〈Rs, τt−sφ〉 ds.



;#;�� � � ��������� ��������� � � �!����� �8��� ���(� � ��� �(��� ���

7 +)� ��%'�('��dK�K6ouHp>�KLHqVroum]_qHJoum]H
n
B�HqVroum]_nHJoum]H

t
=

Rn
t :=

√
n
(
δR(ν̄n

t ) − δr̄s

)
,

ACBnV]_Jo�POBOSJSIm6S
(Rn

t , t ≥ 0)
BOSIHhD6>�K6S Dτ̄∗

0
,S′ ¯ Vroum]_dHJoum]H φ (φ (R(ν̄ns )) , t ≥ 0)

BOSIH �
HI_p> AIBOP�HJouQ<_JBOS�P��uD8Ai��¤WP�>�_

φ
BOSJH POouKLHIQ<KRm6B�B�H

(R(ν̄ns ), t ≥ 0)
BOSIHhP��uD8Ai��¤ ° :h�.KkN-B�_IHImD]BXAbF �R�RVrouHI�6�OSJB ¯ w8: � � ° =

((Rn
t , t ≥ 0) , n ∈ N

∗) −→ (Rt, t ≥ 0)

B�K�ACouQhD6>�K6S Dτ̄∗
0
,S′

B�HYD�FG>�V]_J�OSWACBOSE_JB�Uk>�_JlRm6BOSWV]_JcOPOcOD]B�KLHJBOS>=�ouK�VrB�m]HW>�V]V]A<QClRm6B�_
Ai>�V]_JouVro#SIQ<HIQCouK w8:Ge8:<;���V9>�_MACB5HI�6cOou_J��U�B+D]B5AbFG>�V]V]A<QCP�>�HIQCouK�POouKLHIQ<KRm6B ¯ HI�6cOou_J��U�B�\:G²8:<; ° = ((

NRn

t , t ≥ 0
)
, n ∈ N

∗
)
−→

(
NR
t , t ≥ 0

)

B�K�ACouQ�D6>�K6S Cτ̄∗
0
,S′
:d=�B�ACB�U4U�BWBOSIHqD]c�U�ouKLHI_Jc#:

��ouQ<H
n ∈ N

:.[�c�?6K]QCSJSpouK6S�ACB�V]_JoRPOBOSJSJm6S�SJm]Q<Nu>�KRHE��V�oum]_nHJoum]HJB
φ
D]B S B�HnV�oum]_

HJoum]H
t
=

M̄n
φ(t) :=

√
n M̄n

φ (t)

=
√
n〈ν̄nt , φ〉 −

√
n〈ν̄n0 , φ〉 +

√
n

∫ t

0
〈ν̄ns , φ′〉ds

+ µn
√
n

∫ t

0
φ (R(ν̄ns )) 1{ν̄n

s (R∗
+

)>0} ds− λn
√
ntE

[
φ

(
Dn

n

)]
¯ w8: �ue °

>�N-BOP ¯ w8: �#w ° : (M̄n
φ(t), t ≥ 0

) BOSJHEB�K V9>�_IHIQCP�m]A<QCB�_Em]K6B4Uk>�_IHIQ<K]¤L>�ACB�D]B D∞,R
=�D]B

P�>�_I_Jc5Q<KLHJc�¤#_p>�j]ACB V]m]QCSJlRm6B (
M̄n
φ (t), t ≥ 0

) AbF�BOSIH�:���ouK¡P�_Jo�PJ�6B�H@BOSIHMD]ouK]K6c5Vroum]_
HJoum]H

t
V9>�_Y�

An
φ(t) :=

〈
M̄n

φ

〉
t
= n

〈
M̄n
φ

〉
t

= µn
∫ t

0
φ2 (R(ν̄ns )) 1{ν̄n

s (R∗
+)>0} ds+ λntE

[
φ2

(
Dn

n

)]
¯ w8: �uw °

>�N-BOP ¯ w8: �-� ° :=�BEV]_JoRPOBOSJSJm6S (M̄n
t , t ≥ 0

) D]B D∞,S′
D]c�?6K]Q�V�oum]_THJoum]HJB

φ
D6>�K6S S V9>�_

〈M̄n
t , φ〉 := M̄n

φ(t)

BOSIHqD]ouK6PEm]K6BXUk>�_IHIQ<K]¤L>�ACBW�MN#>�ACB�m]_JS S ′ :.�.A<ACBEN-c�_IQ ?9BXACBX_JcOSIm]A<Hp>�HTSJm]Q<Nu>�KRHY�



;#;�³
�d3R~�~�3 ���iª?� �
� 9 7 D�5%� � ��� = 9C;-�(5 � �C9<E � 7 ((M̄n

t , t ≥ 0
)
, n ∈ N

∗
) �.A � ' � ; � � ��� E A<5 � 9 � 7

Dτ̄∗
0
,S′

' � ;'7 E � � ; A8� � 7.7 D�7

(Mt, t ≥ 0) :=

(√
µ

∫ t

0
δr̄s dW

1
s +

√
λδd̄W

2
t , t ≥ 0

)
, ¯ w8: �#� °

A�! (
W 1
t , t ≥ 0

) � � (
W 2
t , t ≥ 0

) 7 A � � ��� D?=:= ACD ' � = ��� �(7 0B; A<4 � 5 ��� 7 7 � 9 � �
� 9<; � 7:5 ��� � ������� 9 � �(7 C

7 +N� � %'� '\©TV]V]A<QClRm6ouK6S4HJoum]H4D�FG>�j�ou_JD�ACB HI�6cOou_J��U�B¬�\:G²8: ��B�K >�V]VrB�K6D8QCPOB#: ��ouQ<H
φm]K6B\stouK6P�HIQCouK¬D]B S B�H

γφ
=8Ai>WstouK6P�HIQCouK�D]c�?6K]QCBEV9>�_E�

γφ(t) := µ

∫ t

0
φ2 (r̄s) ds+ λtφ2(d̄).

�^K¬>
γφ(0) = 0

=6V�oum]_nHJoum]H
n
= (M̄n

φ(t), t ≥ 0
) BOSIHnm]K6BXUk>�_IHIQ<K]¤L>�ACBYQCSJSIm6BXD]B

0
=

SJouK+V]_JoRPOBOSpSIm6SqP�_JouQCSJSp>�KRH (Ān
φ(t), t ≥ 0

) N-c�_IQ ?9BEV�oum]_nHJoum]H
t
�

E
[
Ān
φ(t)

]
≤ (λn + µn)t ‖ φ ‖2

∞<∞,

B�H^D]ouK6PWACBYV]_Jo�POBOSJSIm6S ((M̄n
φ(t)

)2
− Ān

φ(t), t ≥ 0

) BOSJH^B�K�V9>�_IHIQCP�m]A<QCB�_\m]K6B Gnt `Uk>�_IHIQ<K]¤L>�ACB�� ACBOS�>uSJSJB�_IHIQCouK6S ¯ �\:<; ° B�H ¯ �\: � ° SJouKLH�N-c�_IQ ?9cOBOS%: ��>�_5>�Q<A<ACB�m]_JS>= V�:�S�:
V�oum]_nHJoum]H

t ≤ τ̄∗0
�

Ān
φ(t) − γφ(t) = (µ− µn)

∫ t

0
φ2 (R(ν̄ns )) 1{ν̄n

s (R∗
+

)>0} ds

+ (λn − λ)tE

[
φ2

(
Dn

n

)]
+ µ

∫ t

0

(
φ2 (R(ν̄ns )) 1{ν̄n

s (R∗
+

)>0} − φ2(r̄s)
)
ds

+ λtE

[
φ2

(
Dn

n

)
− φ2(d̄)

]
. ¯ w8: �u� °

��B�Ai>@Q<U4V]A<QClLm6BYD�F m]K6BXV9>�_IHTlRm6B

E

[
sup
t≤τ̄∗

0

{
Ān
φ(t) − γφ(t)

}2
1{τ̄∗0>τ̄n

0 }

]

≤
{
4
(
(µ− µn)2 + (λ− λn)2

)
+ 8

(
λ2 + µ2

)}
(τ̄∗0 )2 ‖ φ2 ‖2

∞ P [τ̄∗0 > τ̄n0 ]

−→
n→∞

0, ¯ w8: �u³ °



; �#² � � ��������� ��������� � � �!����� �8��� ���(� � ��� �(��� ���

>�N-BOPEAbF �L��VrouHI�6�OSJB ¯ w8:Gf#² ° :d[@FG>�m]HI_JBXV9>�_IH>= ¯ w8: �u� ° Q<U4V]A<QClLm6BY>�m6SpSIQd�

E

[
sup

t≤τ̄∗
0
∧τ̄n

0

{
Ān
φ(t) − γφ(t)

}2
]
≤ 4

{
(µ− µn)2 + (λ− λn)2

}
(τ̄∗0 )2 ‖ φ2 ‖2

∞

+ 4µ2 ‖ (φ2)′ ‖2
∞ E



{∫ τ̄∗0

0
|R(ν̄ns ) − r̄s| ds

}2



+ 4λ2 ‖ (φ2)′ ‖2
∞

{
E

[
Dn

n
− d̄

]}2

−→
n→∞

0, ¯ w8:G�#² °
>�N-BOP�ACBOS�>uSpSJB�_IHIQCouK6S ¯ w8: �#� ° = ¯ w8: �#³ ° = ¯ w8:Gf � ° B�H ¯ w8:Gf#e ° D]BOS��R�RVrouHI�6�OSJBOSqw8: � :<;#:��^K�>>�ACou_JSW�

E

[
sup
t≤τ̄∗

0

{
Ān
φ(t) − γφ(t)

}2
]
≤ 2E

[
sup

t≤τ̄∗
0
∧τ̄n

0

{
Ān
φ(t) − γφ(t)

}2
]

+ 2E

[
sup
t≤τ̄∗

0

{
Ān
φ(t) − γφ(t)

}2
1{τ̄∗0>τ̄n

0 }

]

−→
n→∞

0,

>�N-BOP ¯ w8: �u³ ° B�H ¯ w8:G�#² ° � ¯ �\:Ge ° BOSIHYD]c�U�ouKRHI_JcOB#:+�}Q<K9>�ACB�U�B�KLH>= ¯ �\: � ° D]cOPOoum]ACB5D8Q `_JBOP�HJB�U�B�KRH@D]BkAi>�POouKRHIQ<KLm]Q<HJc+D]BOSEQ<KRHJc�¤#_p>�ACBOS4D6>�K6S ¯ w8: �uw ° =�B�HWV�oum]_WHJoum]H T > 0
=

D�FG>�V]_J�OS ¯ w8: �ue ° �

E

[
sup
t≤T

∣∣M̄n
φ(t) − M̄n

φ(t−)
∣∣2
]
≤ E

[
sup
t≤T

√
n
(
〈ν̄nt , φ〉 − 〈ν̄nt−, φ〉

)2
]

≤
(√

n
‖ φ ‖∞
n

)2

−→
n→∞

0,

V]m]QCSJlRm6B ACBOS�Sp>�m]HJSkD]B
(ν̄nt , t ≥ 0)

SJouKLHkV�:�S�:�D]B+Hp>�Q<A<ACB+Q<K8sc�_IQCB�m]_JB¬� ‖φ‖∞
n

�+ouK
> ¯ �\:Gf ° :3�^K V�B�m]H4D]ouK6P�>�V]V]A<QClRm6B�_�ACB¦HI�6cOou_J��U�B��\:G²8: ���¦Ai>�SIm]Q<HJB+D]B Uk>�_IHIQ<K8`
¤L>�ACBOS ((M̄n

φ(t), t ≥ 0
)
, n ∈ N

∗
) POouKRN-B�_I¤-B�B�KMACouQ�N-B�_JS/ACB U�oum]N-B�U�B�KLH G _Jo � K]QCB�K

Pp�9>�K]¤-c D]BhHJB�U4V6S (
Wγφ(t), t ≥ 0

) =uoumMD]B.Uk>�K]QC��_JB cOlRm]Q<N#>�ACB�KLHJB�=uN-B�_JS/ACB.V]_JoRPOBOSpSIm6S
(√

µ

∫ t

0
φ(r̄s) dW

1
s +

√
λW 2

t φ(d̄), t ≥ 0

)
,

o&R (
W 1
t , t ≥ 0

) B�H (
W 2
t , t ≥ 0

) SpouKLH5D]B�m8� U�oum]N-B�U�B�KLHJS j]_Jo � K]QCB�K6S¦_JcOB�ACS5Q<K8`D]c�VrB�K6D6>�KLHJS ¯ POBTSpouKLH�D]B�m8��Uk>�_IHIQ<K]¤L>�ACBOS ACo�P�>�ACBOS _JcOB�A<ACBOS POouKRHIQ<KLm6BOSnD]BqU?;�U�BTV]_Jo�`
POBOSJSJm6SqP�_JouQCSJSp>�KRH

(γφ(t), t ≥ 0) ° : �/oum]_^HJoum]HJB φ D6>�K6S S =8Ai>4SIm]Q<HJBXD]BEV]_JoRPOBOSJSIm6S
((
〈M̄n

t , φ〉, t ≥ 0
)
, n ∈ N

∗
) POouKRN-B�_I¤-B^D]ouK6P^B�K�ACouQ1D6>�K6S Dτ̄∗

0
,R
N-B�_JShACBnV]_JoRPOBOSpSIm6S

(
〈M̄t, φ〉, t ≥ 0

) D]c�?6K]Q"B�K ¯ w8: �#� ° =9POBXlRm]Q">uPJ�6��N-BYAi>@D]c�U�ouK6SIHI_p>�HIQCouK�:



; �8;
)Y�9���1|t|&76$0��3:�@�Cª��&'
� 9 7 D�5%� � ��� � ; A�� � 7 7 D�7 ��� Cτ̄∗

0
,S′

((
NM̄n

t , t ≥ 0
)
, n ∈ N

∗
) � A � ' � ; � �����

E A<54' � ;'7 (
NM̄
t , t ≥ 0

) C � D �(; � = ��� � � 5+� ) � A<D�; � ACD � �
φ
� 9 � 7 S

) E 937 D�5%� �

���,� ; A8� � 7 7.D�7 ((∫ t

0
M̄n

τt−sφ(s) ds, t ≥ 0

)
, n ∈ N

∗

) � A � ' � ; � � ��� EFAC5 � 9 � 7

Cτ̄∗
0
,R
' � ;'7 E � � ; A8� � 7 7.D�7 � � 	4� 5 � A<D�; � A<D@�

t
� 9<; "

√
µ

∫ t

0

∫ s

0
τt−sφ(r̄u) dW

1
u ds+

√
λ

∫ t

0
τt−sφ(d̄)W 2

s ds.

7 +N� � %'� '\=">�SIm]Q<HJBnD]B ((M̄n
t , t ≥ 0

)
, n ∈ N

∗
) BOSIHd�\Nu>�ACB�m]_JShD6>�K6S Dτ̄∗

0
,S′
:��^Kk>�V8`

V]A<QClLm6BXAi>4V]_JouV�o#SIQ<HIQCouK�w8:Ge8:<;��dAbFG>�V]V]A<QCP�>�HIQCouK�lRm]Q/� ((M̄n
t , t ≥ 0

)
, n ∈ N

∗
) >uSJSJo�`

P�QCB ((
NM̄n

t , t ≥ 0
)
, n ∈ N

∗
) BOSIH^POouKLHIQ<KLm6B#:�=">�POouKLN-B�_I¤-B�K6POBMD8m�ACB�U4U�BXV]_JcOPOc�`

D]B�KLH^D]ouK]K6BYACBE_JcOSIm]A<Hp>�H�>ON-BOPYACBEHI�6cOou_J��U�BYD]BYAbFG>�V]V]A<QCP�>�HIQCouK�POouKRHIQ<KLm6B ¯ HI�6cOou_J��U�B�\:G²8:<; ° :

�/oum]_kHJoum]HJB
φ
?]�]cOB�D6>�K6S S =dAi>�A<Q<U4Q<HJB¬B�K ACouQT>�m�SJB�K6S4D]B+Ai>�HJouVrouACou¤#QCB�D]B

� 2-ou_Jo 2R�6o�D�D]B¬Ai>�SIm]Q<HJB�D]B�V]_Jo�POBOSJSIm6S�_JcOB�ACS (
Ȳ n
φ , n ∈ N

∗
) N#> ;�HI_JB�c�Hp>�j]A<QCB�B�K

U�ouKLHI_p>�KLH¬Ai>�HJB�K6SIQCouK D]B�Ai>¡SIm]Q<HJB�D]BOS U�BOSIm]_JBOS¦Q<Uk>�¤-BOS+D]B�POBOS¦V]_Jo�POBOSJSIm6S SIm]_
DT,R

:

yE�z�1«d�92z$i�%$&��� ���iª?�i(
� ACD ; � ACD � �

φ
) E 9 7 D�5%� �/��� � ; A8� � 7.7 D�7 ((

Ȳ n
φ (t), t ≥ 0

)
, n ∈ N

∗
) � 7 � � ��� �

� D �(C

7 +N� � %'� ' 5 oum6Sn>�A<ACouK6Sn>�V]V]A<QClLm6B�_�ACB^HI�6cOou_J��U�BE�\:G²8:Gf5�/?]�]ouK6S φ D6>�K6S S =
ε , η > 0B�HnQ<KLHJc�_JBOSJSJouK6SI`bK6oum6S\>�m 2 8>� �������I� ( 8&!.�5+0! ��+0� HYD]B

Ȳ n
φ

=

wn(δ) := sup
u,v≤τ̄∗

0
,|v−u|≤δ

| Ȳ n
φ (u) − Ȳ n

φ (v) | .



; � � � � ��������� ��������� � � �!����� �8��� ���(� � ��� �(��� ���

©/N-BOP ¯ w8:Gf#� ° =6ouK¬>@Vroum]_nHJoum6S u, v ≤ τ̄ ∗0 ∧ τ̄n0
�

〈Ȳ n(u) − Ȳ n(v), φ〉 =
√
n〈η̄n0 , τuφ− τvφ〉

+
√
n(µ− µn)

{∫ u

0
τu−sφ(R(ν̄ns )) ds−

∫ v

0
τv−sφ(R(ν̄ns )) ds

}

−√
n(λ− λn)

{∫ u

0
E

[
τsφ

(
Dn

n

)]
ds−

∫ v

0
E

[
τsφ

(
Dn

n

)]
ds

}

−√
nµ

{∫ u

0

(
τu−sφ(R(ν̄ns )) − τu−sφ(r̄s)

)
ds

−
∫ v

0

(
τv−sφ(R(ν̄ns )) − τv−sφ(r̄s)

)
ds

}

+
√
nλ

{∫ u

0
E

[
τsφ

(
Dn

n

)
− τsφ(d̄)

]
ds

−
∫ v

0
E

[
τsφ

(
Dn

n

)
− τsφ(d̄)

]
ds

}

+ M̄n
φ(u) − M̄n

φ(v) −
{∫ u

0
M̄n

τu−sφ′(s) ds−
∫ v

0
M̄n

τv−sφ′(s) ds

}
. ¯ w8:G�8; °

�^K�>4>�ACou_JSTV�oum]_nHJoum6S
v < u ≤ τ̄ ∗0 ∧ τ̄n0

�
∣∣〈Ȳ n(u) − Ȳ n(v), φ〉

∣∣ ≤
∣∣√n〈η̄n0 , τuφ− τvφ〉

∣∣

+
√
n
{
|µ− µn| + |λ− λn|

}
‖ φ ‖∞ (u+ v)

+
√
nµ

∣∣∣∣∣

∫ u

0

(
τu−sφ(R(ν̄ns )) − τu−sφ(r̄s)

)
ds

−
∫ v

0

(
τv−sφ(R(ν̄ns )) − τv−sφ(r̄s)

)
ds

∣∣∣∣∣

+
√
nλ ‖ φ′ ‖∞ E

[∣∣∣∣
Dn

n
− d̄

∣∣∣∣
]

(u+ v)

+
∣∣M̄n

φ(u) − M̄n
φ(v)

∣∣ +
∣∣∣∣
∫ u

0
M̄n

τu−sφ′(s) ds−
∫ v

0
M̄n

τv−sφ′(s) ds

∣∣∣∣ . ¯ w8:G� � °
�/oum]HWD�FG>�jrou_JD =�Ai> SIm]Q<HJB�D]B@V]_Jo�POBOSJSIm6S

((
√
n〈η̄n0 , τtφ〉, t ≥ 0) , n ∈ N

∗)
POouKLN-B�_I¤-B

B�K�ACouQhV9>�_YAbF �R�RVrouHI�6�OSJB ¯ w8: � � ° :��.A<ACBkBOSJHWD]ouK6P�HJB�K6D8m6B5B�HWD]ouK6PkQ<A B��8QCSIHJB N0
B�H

δ0 > 0
HJB�ACSTlLm6B�Vroum]_qHJoum]H

n ≥ N0
=

P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ0

∣∣√n〈η̄n0 , τuφ− τvφ〉
∣∣ ≥ η

12

]
≤ ε

8
. ¯ w8:G�#f °



; �#f

�.K6SIm]Q<HJB�=]Q<A�B��8QCSIHJB
N1

HJB�A"lLm6B�Vroum]_nHJoum]H
n ≥ N1

B�HnHJoum]H
δ ≤ τ̄∗0

=

sup
u,v≤τ̄∗

0
∧τ̄n

0
,|v−u|≤δ

√
n
{
|µ− µn| + |λ− λn|

}
‖ φ ‖∞ (u+ v)

≤ √
n
{
|µ− µn| + |λ− λn|

}
‖ φ ‖∞ 2τ̄∗0 <

η

12
, ¯ w8:G� � °

B�HnQ<A"B���QCSJHJB
N2

HJB�A"lRm6B�V�oum]_THJoum]H
n ≥ N2

B�HnHJoum]H
δ ≤ τ̄∗0

=

sup
u,v≤τ̄∗

0
∧τ̄n

0
,|v−u|≤δ

√
nλ ‖ φ′ ‖∞ E

[∣∣∣∣
Dn

n
− d̄

∣∣∣∣
]

(u+ v)

≤ √
nλn ‖ φ′ ‖∞ E

[∣∣∣∣
Dn

n
− d̄

∣∣∣∣
]

2τ̄∗0 <
η

12
. ¯ w8:G�#e °

=�B�ACB�U4U�BWw8:Ge8:Ge@Q<U4V]A<QClRm6BEB�K+V9>�_IHIQCP�m]A<QCB�_\lLm6BXAi>@SJm]Q<HJBXD]BXV]_JoRPOBOSpSIm6S
((√

n

∫ t

0
{τt−sφ (R(ν̄ns )) − τt−sφ (r̄s)} ds, t ≥ 0

)
, n ∈ N

∗

)

BOSIHnHJB�K6D8m6B#:�[MFG>�V]_J�OSTACBXHI�6cOou_J��U�B4�\:G²8:Gf4=6Q<A"B��8QCSIHJBED]ouK6P
δ3
B�H
N3

HJB�ACS^lLm6BEV�oum]_
HJoum]H

n ≥ N3
�

P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ3

√
nµ

∣∣∣∣
∫ u

0

(
τu−sφ (R(ν̄ns )) − τu−sφ (r̄s)

)
ds

−
∫ v

0

(
τv−sφ (R(ν̄ns )) − τv−sφ (r̄s)

)
ds

∣∣∣∣ ≥ η

12

]
≤ ε

8
.

¯ w8:G�#w °
[\BkU?;�U�B�=.ACB5ACB�U4U�B¦w8:Ge8:Gw�Q<U4V]A<QClRm6B5lRm6BkAi>�SIm]Q<HJB ((Mn

φ(t), t ≥ 0
)
, n ∈ N

∗
)

BOSIHnHJB�K6D8m6B#:�[MFG>�V]_J�OSTACBXHI�6cOou_J��U�B4�\:G²8:Gf4=6Q<A"B��8QCSIHJBED]ouK6P
δ4
B�H
N4

HJB�ACS^lLm6BEV�oum]_
HJoum]H

n ≥ N4
�

P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ4

∣∣M̄n
φ(u) − M̄n

φ(v)
∣∣ ≥ η

12

]
≤ ε

8
. ¯ w8:G�-� °

=�BXPOou_JouA<Ai>�Q<_JBWw8:Ge8: �MQ<K6D8QClRm6BED]BXU?;�U�BYlLm6B�Ai>@SIm]Q<HJBYD]B�V]_JoRPOBOSJSJm6S
((∫ t

0
Mn

τt−sφ′(s) ds, t ≥ 0

)
, n ∈ N

∗

)

BOSIHnHJB�K6D8m6B#:d� A�B���QCSIHJBXD]ouK6P
δ5
B�H
N5

HJB�ACS^lLm6B�Vroum]_nHJoum]H
n ≥ N5

�

P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ4

∣∣∣∣
∫ u

0
M̄n

τu−sφ′(s) ds−
∫ v

0
M̄n

τv−sφ′(s) ds

∣∣∣∣ ≥ η

12

]

≤ ε

8
. ¯ w8:G�#� °
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�}Q<K9>�ACB�U�B�KLH>=1Vroum]_
δ := min (δ0, δ3, δ4, δ5) ,

N6 := max (N0, N1, N2, N3, N4, N5) ,

¯ w8:G�#f ° D]ouK]K6BEV�oum]_qHJoum]H n ≥ N6
�

P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ

∣∣〈Ȳ n(u) − Ȳ n(v), φ〉
∣∣ ≥ η

2

]

≤ P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ

∣∣√n〈η̄n0 , τuφ− τvφ〉
∣∣ ≥ η

12

]

+ P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ

√
n
{
|µ− µn| + |λ− λn|

}
‖ φ ‖∞ (u+ v) ≥ η

12

]

+ P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ

√
nµ

∣∣∣∣∣

∫ u

0

(
τu−sφ(R(ν̄ns )) − τu−sφ(r̄s)

)
ds

−
∫ v

0

(
τv−sφ(R(ν̄ns )) − τv−sφ(r̄s)

)
ds

∣∣∣∣∣≥
η

12

]

+ P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ

√
nλ ‖ φ′ ‖∞ E

[∣∣∣∣
Dn

n
− d̄

∣∣∣∣
]

(u+ v) ≥ η

12

]

+ P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ

∣∣M̄n
φ(u) − M̄n

φ(v)
∣∣ ≥ η

10

]

+ P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ

∣∣∣∣
∫ u

0
M̄n

τu−sφ′(s) ds−
∫ v

0
M̄n

τv−sφ′(s) ds

∣∣∣∣ ≥
η

12

]

≤ ε

2
, ¯ w8:G�#³ °

>�N-BOP ¯ w8:G�#f ° = ¯ w8:G� � ° = ¯ w8:G�#e ° = ¯ w8:G�#w ° = ¯ w8:G�-� ° B�H ¯ w8:G�#� ° :[@FG>�m]HI_JBXV9>�_IH>=]Vroum]_qHJoum]H
n
�

P

[
sup

u,v≤τ̄∗
0
,|v−u|≤δ

∣∣〈Ȳ n(u) − Ȳ n(v), φ〉
∣∣ 1{τ̄∗0>τ̄n

0 } ≥ η

2

]
≤ P [τ̄∗0 > τ̄n0 ] ,

B�H.D]ouK6P�B�K@N-B�_IHIm@D]B�AbF �R�RVrouHI�6�OSJB ¯ w8:Gf#² ° =#Q<A]B���QCSJHJB N7
HJB�A]lRm6BhVroum]_�HJoum]H

n ≥ N7
�

P

[
sup

u,v≤τ̄∗
0
,|v−u|≤δ

∣∣〈Ȳ n(u) − Ȳ n(v), φ〉
∣∣ 1{τ̄∗0>τ̄n

0 } ≥ η

2

]
≤ ε

2
. ¯ w8:G³#² °



; �#e

�/Q<K9>�ACB�U�B�KRH>=6Vroum]_qHJoum]H
n ≥ N := N6 ∨N7

�

P [wn(δ) ≥ η] ≤ P

[
sup

u,v≤τ̄∗
0
∧τ̄n

0
,|v−u|≤δ

∣∣〈Ȳ n(u) − Ȳ n(v), φ〉
∣∣ ≥ η

2

]

+ P

[
sup

u,v≤τ̄∗
0
,|v−u|≤δ

∣∣〈Ȳ n(u) − Ȳ n(v), φ〉
∣∣ 1{τ̄∗0>τ̄n

0 } ≥ η

2

]

≤ ε,

>ON-BOP ¯ w8:G�#³ ° B�H ¯ w8:G³#² ° :.=">MPOouK6D8Q<HIQCouK ¯ �\: � ° D8m5HI�6cOou_J��U�BY�\:G²8:GfWBOSIH�N-c�_IQ ?9cOB\V�oum]_Ai>kSIm]Q<HJB@D]BMV]_Jo�POBOSJSIm6S (
Y n
φ , n ∈ N

∗
) :X=">¦POouK6D8Q<HIQCouK ¯ �\:Gw ° >O�L>�KLHEc�HJc@SIm]V]Vro#SJcOBNR_p>�QCBnV9>�_hAbF �L��V�ouHI�6�OSJB ¯ w8: ��; ° =LACBqHI�6cOou_J��U�B^S�FG>�V]V]A<QClRm6BE�/Ai>XSIm]Q<HJB^BOSIH.HJB�K6D8m6B#:

5 oum6S�U�ouKRHI_JouK6SE?6K9>�ACB�U�B�KRHYACB@HI�6cOou_J��U�B�POB�KRHI_p>�AhA<Q<U4Q<HJB@Vroum]_Em]K6B4SIm]Q<HJB4D]B
V]_JoRPOBOSJSJm6SXD]B@HI_p>�K6SIV�ou_IHX_JB�K6ou_IUk>�A<QCSpcOSYB�HXV]A<m6SXV]_JcOP�QCSJc�U�B�KRH>="Ai> POouKRN-B�_I¤-B�K6POBkB�K
ACouQhD]B�Ai>+SJm]Q<HJB�D]B�V]_Jo�POBOSJSIm6S ((

Y n
φ (t), t ≥ 0

)
, n ∈ N

∗
) N-B�_JSYm]K�V]_JoRPOBOSpSIm6SYD]B

D8QCB�m6SIQCouK��

� +/3L�9� �R~�3��@�Cª�� �
2 A<5%�

φ ∈ S C 2 AC5+�$E � � ; A�� � 7.7 D�7 � � 	4� 5 � ACD ;.� A<D@� t � 9C;

Ȳ ∗
φ (t) = 〈v, τtφ〉 − µ

∫ t

0
〈Rs, τt−sφ〉 ds

+
√
µ

∫ t

0
τt−sφ(r̄s) dW

1
s +

√
λ

∫ t

0
τt−sφ(d̄) dW 2

s ,

A�! (
W 1
t , t ≥ 0

) � � (
W 2
t , t ≥ 0

) 7 A � � ��� D?= = ACD ' � = ��� �(710 ; AC4 � 5 ��� 7%5 � �
� � �?����� 9 � �(7 C
2 A<D�7 E � 7�� > � A�� ��� 7 � 7 � C � C  � � � C ��C � )

Ȳ n
φ =⇒τ̄∗

0
,R Ȳ

∗
φ .

7 +N� � %'� 'X��ouQ<H φ D6>�K6S S : ��ouQ<H t ≤ τ̄ ∗0
: 5 oum6S5>ON-ouK6S�N�m D6>�K6S4Ai>�V]_JouVro#SIQ<HIQCouK

V]_JcOPOcOD]B�KLHJBXlRm6B^Ai>WSIm]Q<HJB�D]B^V]_JoRPOBOSJSJm6S ((
Ȳ n
φ (t), t ≥ 0

)
, n ∈ N

∗
) BOSJH�HJB�K6D8m6B�B�H

lLm6BnHJoum]HJBOS�SJBOShNu>�ACB�m]_JS�D�FG>uD8�6c�_JB�K6POB�SJouKLH�D]BOSdV]_Jo�POBOSJSIm6S �EHI_p> AaBOP�HJouQ<_JBOS�V�:�S�:�POouK8`
HIQ<KLm6BOS�:M[@FG>�m]HI_JB@V9>�_IH>=�B�K N-B�_IHIm�D]BOS��L��V�ouHI�6�OSJBOS =rAi> SIm]Q<HJB (

1{τ̄∗0>τ̄n
0 }, n ∈ N

∗
)

POouKLN-B�_I¤-BTB�KkV]_Jouj9>�j]Q<A<Q<HJcTN-B�_JS�²8:}�dK�V9>�_IHIQCP�m]A<QCB�_>=8POB�HIHJBqSIm]Q<HJBqBOSIHhHJB�K6D8m6BTB�HhD]ouK6P�=
Ai>@SIm]Q<HJBED]BOSqPOoum]V]ACBOS

({(
Ȳ n
φ (t), t ≥ 0

)
,1{τ̄∗0>τ̄n

0 }
}
, n ∈ N

∗
)



; �#w � � ��������� ��������� � � �!����� �8��� ���(� � ��� �(��� ���

BOSIH^HJB�K6D8m6BYD6>�K6S Dτ̄∗
0
,R ⊗ R

:�©TACou_JS =6HJoum]HJBEN#>�ACB�m]_^D�FG>uD8�6c�_JB�K6POB@D]BYAi>�SIm]Q<HJBWD]BOS
POoum]V]ACBOSES%F�cOP�_IQ<H {(

Ȳ ∗
φ (t), t ≥ 0

)
, 0
} B�HX>�m]HI_JB�U�B�KRHYD8Q<H>=rACB@ACouK]¤+D]BMHJoum]HJB4SJoum6Sa`

SIm]Q<HJBXPOouKRN-B�_I¤-B�KLHJB�=
τ̄∗0 ≤ τ̄n0

V�:�S�:d�WV9>�_IHIQ<_TD�F m]K�POB�_IHp>�Q<K¬_p>�K]¤6:.©Tm]HI_JB�U�B�KRH^D8Q<H>=6�
V9>�_IHIQ<_TD�F m]K�POB�_IHp>�Q<K¬_p>�K]¤4V�:�S�:

t ≤ τ̄n0
B�HqD]ouK6P�=9D�FG>�V]_J�OSnAi>@_JB�Ai>�HIQCouK ¯ w8:Gf#� ° �

Ȳ n
φ (t) =

√
n〈η̄n0 , τtφ〉 +

√
n(µ− µn)

∫ t

0
τt−sφ(R(ν̄ns )) ds

−√
n(λ− λn)

∫ t

0
E

[
τsφ

(
Dn

n

)]
ds

−√
nµ

∫ t

0

(
τt−sφ(R(ν̄ns )) − τt−sφ(r̄s)

)
ds

+
√
nλ

∫ t

0
E

[
τsφ

(
Dn

n

)
− τsφ(D̄)

]
ds

+ M̄n
φ(t) −

∫ t

0
M̄n

τt−sφ′(s) ds.

�.K¬N-B�_IHIm�D]BOSn�R�RVrouHI�6�OSJBOS^w8:Ge8: � =1D8m�ACB�U4U�BWw8:Ge8:Ge4=9D8m�ACB�U4U�BWw8:Ge8:Gw4B�H^D8m¬POou_JouA `
Ai>�Q<_JBYw8:Ge8: ��= (

Ȳ ∗
φ (t), t ≥ 0

) N-c�_IQ ?9BED]ouK6PXV�:�S�:�Vroum]_qHJoum]H
t ≤ τ̄∗0

�

Ȳ ∗
φ (t) = 〈v, τtφ〉 − µ

∫ t

0
〈Rs, τt−sφ〉 ds+

√
µ

∫ t

0
φ(r̄s) dW

1
s +

√
λφ(d̄)W 2

t

−√
µ

∫ t

0

∫ s

0
τt−sφ

′(r̄u) dW
1
u ds−

√
λ

∫ t

0
τt−sφ

′(d̄)W 2
s ds. ¯ w8:G³8; °

=�B�HI�6cOou_J��U�B D]B��]m]j]Q<K]QXVroum]_5ACBOS¦Q<KLHJc�¤#_p>�ACBOS¬SIHJoRPp�9>uSIHIQClRm6BOS ¯ � £��E³ �  =�B�� e8:<;%�V�:<;%�ue ° D]ouK]K6BYAbF�c�¤L>�A<Q<HJcEB�K�ACouQd�
∫ t

0

∫ s

0
τt−sφ

′(r̄u) dW
1
u ds =

∫ t

0

∫ t

u
τt−sφ

′(r̄u) ds dW
1
u

=

∫ t

0
(φ(r̄u − τt−uφ(r̄u)) dW

1
u , ¯ w8:G³ � °

B�HqAi>Wsou_IUYm]ACBWD�F Q<KLHJc�¤#_p>�HIQCouK�V9>�_qV9>�_IHIQCBOSqQ<U4V]A<QClRm6B��
∫ t

0
τt−sφ

′(d̄)W 2
s ds =

∫ t

0
W 2
s d
(
τt−sφ(d̄)

)

= φ(d̄)Wt −
∫ t

0
τt−sφ(d̄) dW 2

s . ¯ w8:G³#f °
¯ w8:G³ � ° B�H ¯ w8:G³#f ° D6>�K6S ¯ w8:G³8; ° D]ouK]K6BX?6K9>�ACB�U�B�KLHTAbF�c�¤L>�A<Q<HJcWB�K+ACouQh�

Ȳ ∗
φ (t) = 〈v, τtφ〉 − µ

∫ t

0
〈Rs, τt−sφ〉 ds

+
√
µ

∫ t

0
τt−sφ(r̄s) dW

1
s +

√
λ

∫ t

0
τt−sφ(d̄) dW 2

s .



; �-�

=">nA<Q<U4Q<HJB�B�KEACouQ8D]B ((
Ȳ n
φ (t), t ≥ 0

)
, n ∈ N

∗
) BOSIH/D]ouK6PhAbF m]K]QClLm6BhNu>�ACB�m]_�D�FG>uD8�6c.`

_JB�K6POB�=6B�KLHIQC��_JB�U�B�KRH\D]c�?6K]QCBXV9>�_TAi>M_JB�Ai>�HIQCouK¬V]_JcOPOcOD]B�KLHJB#:
�	� �	� �  � ����� � � ��� & % �  ��� �  ��� &��
�/Q �]ouK6S}Uk>�Q<KLHJB�K9>�KRH

ξ, (λn, n ∈ N
∗) , λ, (µn, n ∈ N

∗) , R
B�H

(Dn, n ∈ N
∗)
B�H
KN-c�_IQ ?1>�KLH�ACBOSh�R�RVrouHI�6�OSJBOS�w8: � : � :d�.K5V9>�_IHIQCP�m]A<QCB�_>=8Ai>EPJ�9>�_I¤-B\A<Q<U4Q<HJB\BOSIH�D]ouK]K6cOBTV9>�_

λn

µn
−→
n→∞

1.

((νnt , t ≥ 0) , n ∈ N
∗)
D]c�K6ouHJB�Ai�z` B�K6POou_JB�Ai>TSJm]Q<HJB D]BOS}V]_Jo�POBOSJSIm6S�D]BhHI_p>�K6SJV�ou_IH.POou_a`

_JBOSIV�ouK6D6>�KRHW�
(λn, µn, R,Dn)

B�HEUk>�Q<KLHJB�K9>�KRH
((ν̃nt , t ≥ 0) , n ∈ N

∗)
="Sp>¦_JB�K6ou_a`

Uk>�A<QCSp>�HIQCouK¬SIm]Q<N#>�KLHqACB�HI_IQ<V]ACB�H (
n3/2, n, n3/2

) :
�^K�SIm]V]V�o#SpBXD]BXV]A<m6SqlRm6B4�

� ��«d�6�,+��L2%3����iª�� /

•

n1/4
(
K −√

n (λn − µn)
)
−→
n→∞

0, ¯ w8:G³ � °
•

n1/4E

[
Dn

n

]
−→
n→∞

0. ¯ w8:G³#e °
•

� E � =C5 7�� � D ��� ; A�� � 7 7 D�7
(Rt, t ≥ 0)

��� Dτ̄∗
0
,S′

� � E  D � "
((
n3/4

(
δR(ν̃n

t ) − δ0

)
, t ≥ 0

)
, n ∈ N

∗
)

=⇒τ̄∗
0
,S′ (Rt, t ≥ 0) . ¯ w8:G³#w °

[MFG>�V]_J�OSqACBXHI�6cOou_J��U�BWw8: � :Ge4=]Vroum]_nHJoum]H
φ
D6>�K6S S =

(〈ν̃nt , φ〉, t ≥ 0) =⇒τ̃∗
0
,R (〈ν̃∗t , φ〉, t ≥ 0) ,

o&R
(ν̃∗t , t ≥ 0)

BOSIH�Ai>YA<Q<U4Q<HJBF:6m]QCD]BXP�_IQ<HIQClRm6B�POou_I_JBOSIVrouK6D6>�KLH^�
(ξ,K)

=8D]c�?6K]QCB�V9>�_
¯ w8: � ³ ° : 5 oum6S�K6oum6S�Q<KRHJc�_JBOSJSJouK6S/��K6oum]N-B�>�m@>�mEV]_Jo�POBOSJSIm6S�D]BOS�cOP�>�_IHJS"_JB�K6ou_IUk>�A<QCSJcOS�:��ouQ<H

n ∈ N
B�HnACBXV]_JoRPOBOSpSIm6ST�MN#>�ACB�m]_JS M+

f

SIm]Q<N#>�KLHY��Vroum]_nHJoum]H
t
=

Ỹ n
t := n1/4η̃nt = n1/4 (ν̃nt − ν̃∗t ) .

�.Kk?]�6>�KLH
φ
D6>�K6S S =RK6oum6S�K6ouHJouK6Snc�¤L>�ACB�U�B�KLH�ACB^V]_JoRPOBOSJSJm6S _JcOB�ArPOou_I_JBOSIVrouK6D6>�KLHX�

V�oum]_nHJoum]H
t
=

Ỹ n
φ (t) := n1/4

(
〈ν̃nt − ν̃∗t , φ〉

)
.�.K SIm]Q<Nu>�KRH^ACBOS�U?;�U�BOSX>�_I¤#m]U�B�KRHJSElLm6B@D6>�K6S\Ai>5V]_JB�m]N-B@D8m�HI�6cOou_J��U�B�w8:Ge8:G�4=�ouK

U�ouKLHI_JBY>�ACou_JS^lLm6B4�



; �#� �0 � ������&���� �(� � � � ����� � ��	 �

� +"3R�9� �R~�3 ���iª?�t� �
2 A<D�7 E � 7 � > � A�� ��� 7 � 7 � C � C � � � � C�� C�� ) � A<D�; � A<D@� �

φ
� 9 � 7 S

)

Ỹ n
φ =⇒τ̃∗

0
,R Ỹ

∗
φ ,

� ; A�� � 7.7 D�7 � � 	4� 5 � ACD�; � A<D@�
t
� 9C;/"

Ỹ ∗
φ (t) = 〈v, τtφ〉 − µ

∫ t

0
〈Rs, τt−sφ〉 ds+

√
2λ

∫ t

0
φ(s− t) dWs,

A�!
(Wt, t ≥ 0)

E � = A<D@' � = ��� � � ; A<4 � 5 ��� 7 � 9 ��� 9<; ��C

7 +)� ��%'�('�="BOSE>�_I¤#m]U�B�KLHJSYSpouKLHXACBOS�U?;�U�BOSXlRm6B4POB�m8��D]BMAi>¦V]_JB�m]N-B4D8m�HI�6cOou_J��U�B
w8:Ge8:G�+�houK�V9>uSJSJBE�@Ai>MA<Q<U4Q<HJBWB�K+ACouQ"D6>�K6S ¯ w8:Gw#f ° =9B�K�m]HIQ<A<QCSp>�KLH^Ai>4POouKLN-B�_I¤-B�K6POBMD]BAi>\Uk>�_IHIQ<K]¤L>�ACBqPOou_I_JBOSJV�ouK6D6>�KRHJBnN-B�_JS.m]K4U�oum]N-B�U�B�KLH G _Jo � K]QCB�KkPp�9>�K]¤-cqD]B�HJB�U4V6SD]B^U?;�U�BTV]_Jo�POBOSJSIm6S P�_JouQCSJSp>�KRH�lRm6BTD6>�K6S ACBqHI�6cOou_J��U�B\V]_JcOPOcOD]B�KRH>=]B�K5_JB�U4V]Ai> 
�>�KRH
Vroum]_qHJoum]H

t
=
r̄t
V9>�_^²@B�H

D̄
V9>�_^²8:

� 
 � �*,.,.��(& ��� (�%� ��� � ����� ) � � �

£^B�N-B�K6ouK6SY>�m8�¬?6ACBOSXD�FG>�HIHJB�KRHJBk>ON-BOP�P�A<QCB�KRHJSXQ<U4V9>�HIQCB�KLHJSWSJoum]U4QCSJBOSE�¦�d[���:"��ouK8`
SIQCD]c�_JouK6SWVroum]_EHJoum]H

n ∈ N
m]K6B@?6ACBkD�FG>�HIHJB�KRHJB

M/M/1/1 + GI − EDF
V�oum]_

Ai>ulRm6B�A<ACB��
• λn

BOSIHnAbF Q<KLHJB�K6SJQ<HJcYD8m+V]_Jo�POBOSJSIm6S �}ouQCSJSJouK]QCB�K�D]BOSqB�KLHI_JcOBOS
(Nn

t , t ≥ 0)
=

• HJoum]H/P�A<QCB�KLH/D]B�Uk>�K6D]Bdm]KYSJB�_IN�QCPOB.B���VrouK6B�KLHIQCB�A<ACB�U�B�KRH�D8QCSJHI_IQ<j]m6cdD]B�V9>�_p>�U���HI_JB
µn

=

• HJoum]HdP�A<QCB�KRHhBOSIHd> B�BOP�HJcnD�F m]K�D]c�Ai>�Q6c�A<Q<U4Q<K9>�HJouQ<_JBDA m6SplLm�FG>�m4D]c�j]m]HdD8m�SJB�_IN�QCPOB�=
D]BXACouQ"POB�A<ACBXD]B

Dn :
5 oum6S4K6ouHJouK6Sk>�ACou_JS

(νnt , t ≥ 0) ,
ACB V]_Jo�POBOSJSIm6SkD]BOS@V]_Jo�?6ACSkPOou_I_JBOSIVrouK6D6>�KLH�: �^K

K6ouHJBXVroum]_nHJoum]HJBEU�BOSJm]_JB�V�ouK6P�HIm6B�A<ACB
ζ
HJB�A<ACBElLm6B

ζ
(
R
∗
+

)
> 0

=

REDF (ζ) := t1(ζ),

ACB�V]A<m6S�VrB�HIQ<H�>�HJouU�B�Vro#SIQ<HIQ s�D]B�POB�HIHJB�U�BOSIm]_JB#:
t1(ν

n
t )

POou_I_JBOSIVrouK6D D]ouK6P�>�m
D]c�Ai>�Q�_JcOSIQCD8m6B�A�D8m P�A<QCB�KRH V]_IQCou_IQ<Hp>�Q<_JB D6>�K6S5Ai>

n
`bQC��U�B�?6ACB���AbF Q<K6SIHp>�KLH

t
: ©/N-BOP

POBOS�K6ouHp>�HIQCouK6S>=
(νnt , t ≥ 0)

BOSIH�D]ouK6P^ACB^V]_JoRPOBOSJSJm6S D]B^HI_p>�K6SIVrou_IH�POou_I_JBOSIVrouK6D6>�KLHT�
(λn, µn,REDF , D

n)
=8V]m]QCSJlRm�FG>�ACou_JS ¯ w8:G� ° _JB�N�QCB�KLH\� ¯ w8: � ° :�^K�K6ouHJB�_p>4V9>�_^>�Q<A<ACB�m]_JSqVroum]_nHJoum]H

n
�

τn0 := inf
{
t, νnt

(
R
∗
+

)
= 0
}
,

ACBXV]_JB�U4QCB�_TQ<K6SIHp>�KLHTD]BENRQCD6>�¤-BED8m�SJ��SIHJ��U�B#:



; �#³

�	� �	��� � � � �
M/M/1/1 + GI − EDF

� '*)� #%�� � ����� � ' & � � � �

��ouQ<H
(ν̄nt , t ∈ R

+)
Ai>4_JB�K6ou_IUk>�A<QCSp>�HIQCouK D8m

n
`bQC��U�BEV]_Jo�POBOSJSIm6STD]BOS^V]_Jo�?6ACS�SIm]Q<N#>�KLH

ACB�HI_IQ<V]ACB�H
(n, n, n)

: �^K�K6ouHJB�Ai�z` B�K6POou_JB

τ̄n0 := inf
{
t, ν̄nt (R∗

+) = 0
}

=
1

n
τn0 .

� +/3L�9� �R~�3��@� �@�t�

 C��,� 7 D ��� A<7 �3 D � E � 7�� > � A�� ��� 7 � 7 2 � C ��� 5 ) 2 � C � � 5 ) 2 � C ��� 5 ) 2 � C �
� 5
� � 2 � C � � 537 A � � '(� ;'5 	 � � 7 )  D  58E � =C5 7�� � D � � ; A8� � 7.7 D�7

(r̄ � � �t , t ≥ 0)��� D∞,R
� � E  D � � A<D�; � ACD@�

t > 0
"

E

[(∫ t

0
(t1(ν̄

n
s ) − r̄ � � �s ) ds

)2
]
−→
n→∞

0, ¯ w8:G³-� °
� �  D  � E  AC;'5 ��5 ��� 5 E � =C587 � � D � ��� �(5 � ; 7 �(;'5���� � = ��� � � AC7 5%�(5 ?

x
� �

τ̄∗0 ∈ (0, x/µ]
� � E 7  D � "

νn0 ([nτ̄∗0 ,∞)) ≥ nx+ 2
� A<D�; � ACD@�

n. ¯ w8:G³#� °
�:9 � 7 � � 7 �.A ��� 5+�(58A � 7 ) � A<D�; � ACD@� � ?BA � ���(5�A �

φ
��� S

)

E

[
sup
t≤τ̄∗

0

〈ν̄nt − ν̄ � � �t , φ〉2
]
−→
n→∞

0,

A�!
(ν̄ � � �t , t ≥ 0)

� 7�� E 9 E 5 =%5+� � � D�5 ��� �.A<;'; � 7 � A ��� 9 � � �
(
ξ, λ, µ, r̄ � � � , D̄) "

〈ν̄ � � �t , φ〉 = 〈ξ, τt φ〉 − µ

∫ t

0
τt−sφ (r̄ � � �s ) ds+ λ

∫ t

0
E
[
τsφ

(
D̄
)]
ds.

� C��,� 7 D ��� A<7 � ��� � E D�7  D � E � 7 � > � A�� ��� 7 � 7 2 � C � � 5 � 2 � C�� � 5 7 A � ��'(� ;'5 �
	 � � 7 � �  D  58E � =C5 7�� � D � � ; A8� � 7 7.D 7

(R � � �t , t ≥ 0)
��� Dτ̄∗

0
,S′

� � E  D � "

((√
n
(
δt1(ν̄n

t ) − δr̄ � � �t

)
, t ≥ 0

)
, n ∈ N

∗
)

=⇒τ̄∗
0
,S′ (R � � �t , t ≥ 0) .

¯ w8:G³#³ °� E A<;'7 ) � A<D�;.� A<D@� � ?BA � ���(5�A �
φ
��� S

)

((√
n〈ν̄nt − ν̄ � � �t , φ〉, t ≥ 0

)
, n ∈ N

∗
)

=⇒τ̄∗0 ,R

(
Ȳ � � �φ (t), t ≥ 0

)
,



;�f#² �0 � ������&���� �(� � � � ����� � ��	 �

E � � ; A�� � 7 7 D�7 � � 	4� 5 � ACD�; � ACD �
t
� 9<; "

Ȳ � � �φ (t) = 〈v, τtφ〉 − µ

∫ t

0
〈R � � �s , τt−sφ〉 ds

+
√
µ

∫ t

0
τt−sφ(r̄ � � �s ) dW 1

s +
√
λ

∫ t

0
τt−sφ(d̄) dW 2

s ,

A�! (
W 1
t , t ≥ 0

) � � (
W 2
t , t ≥ 0

) 7 A � � ��� D?= = A<D@' � = ��� �(7 0 ; AC4 � 5 ��� 7
5 ��� � ������� 9 � �(7 C

7 +)� ��%'�(' ;#: 5 oum6S�>�V]V]A<QClRm6ouK6S¬ACB�HI�6cOou_J��U�B¡w8: � : � � Ai>�SIm]Q<HJB�D]B�V]_JoRPOBOSpSIm6S
(ν̄n, n ∈ N)

: �/oum]_dPOB�Ai>4=uK6oum6S.D]B�N-ouK6S}N-c�_IQ ?9B�_.ACBOS}�L��V�ouHI�6�OSpBOS�w8: � :<;#: ¯ w8:Gf#e °_JB�NRQCB�KRHY� ¯ w8:G³-� ° :E�dK6SIm]Q<HJB�=�AbF �L��VrouHI�6�OSJB ¯ w8:G³#� ° SJQ<¤#K]Q ?9BMlRm�F Q<A���>5Q<K]Q<HIQi>�ACB�`U�B�KLH^D6>�K6SqAi>
n
`bQC��U�B\?6ACBY>�m+U�ouQ<K6S

nx+ 2
P�A<QCB�KRHJS^D]ouKRHqACBXD]c�Ai>�Q�_JcOSIQCD8m6B�A

BOSIH^SIm]Vrc�_IQCB�m]_^oum�c�¤L>�A}�
nτ̄∗0

: 5 ouHJouK6S
T n0

=6ACBWP�m]UYm]A�D8m¬HJB�U4V6S\lLm]Q/SJB�_p>�Q<H
K6cOPOBOSJSp>�Q<_JBXVroum]_TSJB�_IN�Q<_nACBOS

nx+ 1
V]_JB�U4QCB�_\P�A<QCB�KLHJSqV9>�_IU4Q/B�m8���

T n0 :=

nx+1∑

i=1

σi.

T n0
BOSIH.B�K4V9>�_IHIQCP�m]A<QCB�_dQ<K6D]c�VrB�K6D6>�KLHhD8m@V]_Jo�POBOSJSIm6S.D]BOS.B�KRHI_JcOBOS

(Nn
t , t ≥ 0)

:
�^K�>MV9>�_^>�Q<A<ACB�m]_JSqVroum]_nHJoum]H

n
�

P [T n0 < nτ̄∗0 ] ≤ P
[
Snnτ̄∗

0
≥ nx+ 1

]
= P

[
Snnτ̄∗

0
> nx

]
, ¯ w8:<;�²#² °

o&R
(Snt , t ≥ 0)

BOSIH�m]K�V]_Jo�POBOSJSIm6SXD]B �}ouQCSJSJouK�D�F Q<KRHJB�K6SIQ<HJc
µn

=�V]m]QCSJlRm6BMACBOS
SJB�_INRQCPOBOS�D]B�D8m]_JcOB

ε(µn)
S�F�B�K6Pp�9>�
CK6B�KLHhS >�K6S"Q<KRHJB�_I_Im]V]HIQCouK5>�m@U�ouQ<K6S.Aam6SJlRm�FG�

AbF Q<K6SIHp>�KLH4D]B4?6K¡D8m
nx + 2

`bQC��U�B¦SJB�_IN�QCPOB#:
Snnτ̄∗

0

SIm]Q<HYm]K6B5ACouQ D]B �/ouQCSpSJouK
D]BXV9>�_p>�U���HI_JB

µnnτ̄∗0
B�H^>@D]ouK6PEU?;�U�BXACouQ/lLm�F m]K6BESpouU4U�BED]B

n
Nu>�_IQi>�j]ACBOS

(P ni , i = 1...n)
Qb: Qb:�D�: D]B4ACouQ�D]B �}ouQCSJSJouK�D]BkV9>�_p>�U���HI_JB

µnτ̄∗0
:5=�BkHJB�_IU�B

V]_JcOPOcOD]B�KLH\Nu>�m]HqD]ouK6P��

P
[
Snnτ̄∗

0
> nx

]
= P

[
n∑

i

P ni > nx

]
= P

[
1

n

n∑

i

P ni > x

]
.

�.K�K6ouHp>�KRH
(Pi, i ∈ N)

=1m]K6BMSIm]Q<HJBYD]BWNu>�_IQi>�j]ACBOS�>�ACc�>�HJouQ<_JBOS�Qb: Qb:�D�:TD]BYACouQ}D]B
�/ouQCSJSpouK D]B5V9>�_p>�U���HI_JB

µτ̄∗0
=�ACB¦HJB�_IU�B¦V]_JcOPOcOD]B�KLHkBOSJHMcOlRm]Q<Nu>�ACB�KRH4V�oum]_

n¤#_p>�K6D��

P

[
1

n

n∑

i

Pi > x

]
−→
n→∞

P [E [P1] > x] = 1n

τ̄∗
0
> x

µ

o = 0,



;�f8;

V9>�_qAi>MACouQ�sb>�Q<j]ACBXD]BOSn¤#_p>�K6D]STK6ouUYj]_JBOS�: [\ouK6Pk�
P [T n0 < nτ̄∗0 ] −→

n→∞
0. ¯ w8:<;�²8; °

��ouQCB�KLH^Uk>�Q<KLHJB�K9>�KRH^Vroum]_nHJoum]H
n
=8ACBOSqc�N-��K6B�U�B�KLHJS\SIm]Q<N#>�KLHJSW�

An :=
{
τ̄n0 < τ̄∗0

}
=
{
τn0 < nτ̄∗0

}
,

B
n :=

{ ="BOS
nx+ 1

P�A<QCB�KRHJSqV]_IQCou_IQ<Hp>�Q<_JBOS^V9>�_IU4Q"POB�m8� D]BYD]c�Ai>�QCS
Q<K]Q<HIQi>�ACB�U�B�KRH ≥ nτ̄∗0

SJouKRHTSJB�_IN�QCST>ON#>�KLH
nτ̄∗0

}
.

�Rm]_ An = ACBOSk>�HJouU�BOSkD]B
νn0

lRm]QTSJouKRHkSIm]Vrc�_IQCB�m]_JS5�
nτ̄∗0

ouKLH¦D8QCSIV9>�_Im�D]B
Ai>�D]B�U4Q ` D8_JouQ<HJBWVro#SIQ<HIQ<N-BW>�Nu>�KRH

nτ̄∗0
:��}oum]_IHp>�KLH>=rACBOS\P�A<QCB�KLHJS\POou_I_JBOSIV�ouK6D6>�KRH

K�F�ouKLHTV]m ;�HI_JBXc�A<Q<U4Q<K6cOST�@POB�HnQ<K6SIHp>�KLH^P�>�_nACB�m]_qcOPJ�6c�>�K6POBEc�Hp>�Q<HqVro#SIHJc�_IQCB�m]_JB
�
nτ̄∗0

: � ACS�SJouKLH5D]ouK6P+HJoum6S�_JB�KRHI_JcOSkB�K�SJB�_IN�QCPOB�>ON#>�KLH
nτ̄∗0

: ��ouU4U�B�Q<ACS
c�Hp>�QCB�KLH�>�m¬U�ouQ<K6S\>�m�K6ouUYj]_JBMD]B

nx+ 2
=9POB�Ai>�SIQ<¤#K]Q ?9BEB�K�V9>�_IHIQCP�m]A<QCB�_^lRm6B

ACBOS
nx+ 1

V]_IQCou_IQ<Hp>�Q<_JBOS�V9>�_IU4Q}B�m8�¬ouKRH^HJoum6S\POouU4V]ACc�HJcYACB�m]_�SJB�_IN�QCPOBW>�Nu>�KRH
nτ̄∗0

:h��BOP�Q�K6BXVrB�m]HJ;�HI_JBXN�_p>�Q�lLm6BXSIQ
T n0 < nτ̄∗0

:��^K¬>4D]ouK6Pk�
An ⊆ B

n ⊆ {T n0 < nτ̄∗0 } , ¯ w8:<;�² � °
B�HqD]ouK6P��

P [An] ≤ P [T n0 < nτ̄∗0 ] −→
n→∞

0,

>ON-BOP ¯ w8:<;�²8; ° ��AbF �L��VrouHI�6�OSJB ¯ w8:Gf#² ° BOSIHqD]ouK6PEN-c�_IQ ?9cOB#:� A"_JBOSIHJB@��N-c�_IQ ?9B�_ ¯ w8:Gf8; ° :6�"oum]HXD�FG>�jrou_JD =rouK >�V�:�S�:^V�oum]_\HJoum]H n B�H^Vroum]_HJoum]HJB
φ
�

sup
t≤τ̄∗

0

〈ν̄nt , φ〉2 = sup
t≤τ̄∗

0





1

n

Qn
nt∑

i=1

φ

(
ti(ν̄

n
nt)

n

)


2

≤ ‖ φ ‖2
∞

n2
sup
t≤τ̄∗

0

{Qnnt}2

≤ ‖ φ ‖2
∞

n2
sup
t≤τ̄∗

0

{
Nn
nt + νn0

(
R
∗
+

)}2

≤ 2 ‖ φ ‖2
∞





{
Nn
nτ̄∗

0

}2

n2
+
{
ν̄n0
(
R
∗
+

)}2




. ¯ w8:<;�²#f °

[�ouK6P�=

E

[
sup
t≤τ̄∗

0

〈ν̄nt , φ〉21{τ̄n
0
<τ̄∗

0
}

]
≤ 2 ‖ φ ‖2

∞ E




{
Nn
nτ̄∗

0

}2

n2
1{τ̄n

0
<τ̄∗

0
}




+ 2 ‖ φ ‖2
∞ E

[{
ν̄n0
(
R
∗
+

)}2
1{τ̄n

0
<τ̄∗

0
}

]
. ¯ w8:<;�² � °
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�^_>=6D�FG>�V]_J�OS ¯ w8:<;�² � ° =

E




{
Nn
nτ̄∗

0

}2

n2
1{τ̄n

0
<τ̄∗

0
}


 ≤ E




{
Nn
nτ̄∗

0

}2

n2
1{Tn

0
<nτ̄∗

0}




= E




{
Nn
nτ̄∗

0

}2

n2


P [T n0 < nτ̄∗0 ] ∼

n→∞
λ2 {τ̄∗0 }2

P [T n0 < nτ̄∗0 ] −→
n→∞

0,

¯ w8:<;�²#e °
B�K m]HIQ<A<QCSp>�KLHY>�m�V9>uSJSp>�¤-B@AbF Q<K6D]c�VrB�K6D6>�K6POB�D]B

T n0
B�HED8m�V]_Jo�POBOSJSIm6S�D]BOSXB�K8`

HI_JcOBOS
(Nn

t , t ≥ 0)
:h[\B�V]A<m6SY�

E
[(
ν̄n0
{
R
∗
+

)}2
1{τ̄n

0
<τ̄∗

0
}

]

≤ 2E
[{
ν̄n0
(
R
∗
+

)
− ξ

(
R
∗
+

)}2
1{τ̄n

0
<τ̄∗

0
}

]
+ 2E

[{
ξ
(
R
∗
+

)}2
1{τ̄n

0
<τ̄∗

0
}

]

≤ 2E
[{
ν̄n0
(
R
∗
+

)
− ξ

(
R
∗
+

)}2
]

+ 2
{
ξ
(
R
∗
+

)}2
P [T n0 < nτ̄∗0 ] −→

n→∞
0,

¯ w8:<;�²#w °
>ON-BOP ¯ w8:Gf � ° B�H ¯ w8:<;�²8; ° : �}Q<K9>�ACB�U�B�KLH>= ¯ w8:<;�²#e ° B�H ¯ w8:<;�²#w ° D6>�K6S ¯ w8:<;�² � °D]ouK]K6B ¯ w8:Gf8; ° :

�8:T��ouU4U�B ¯ w8: � � ° BOSIHTN�_p>�QCBYD�FG>�V]_J�OS ¯ w8:G³#³ ° =rouK¬VrB�m]H\>�V]V]A<QClRm6B�_TACBYHI�6cOou_J��U�Bw8:Ge8:G�8:

�h3�!-7]2
D̄ = 0

¨^K¦B��]B�U4V]ACB\D]BTACouQ�V�oum]_�ACBOS�D]c�Ai>�QCS�Q<K]Q<HIQi>�m8�¦D]BOS�P�A<QCB�KLHJSnD6>�K6S�ACB
n
`bQC��U�B\SI�8SIHJ��U�B

N-c�_IQ ?1>�KRHdAbF �L��V�ouHI�6�OSpB ¯ w8:G³-� ° BOSIH.POB�A<m]Q6o&R@AbF�ouK�SIm]V]V�o#SpB�lRm6B�ACBnD]c�Ai>�Q]Q<K]Q<HIQi>�A]_JB�K6ou_a`Uk>�A<QCSJc\D]BOS�P�A<QCB�KLHJS
Dn/n

HJB�K6D¦B�K5ACouQ�N-B�_JS
0
:h�Rm]V]Vro#SJouK6S�V9>�_�B��8B�U4V]ACB\lLm6B^Vroum]_

HJoum]H
n
=

Dn ∼ ε

(
Γ

n1−α

)
,

o&R
η,Γ > 0

B�H
ε(ζ)

BOSIH\Ai>5ACouQ}B��8VrouK6B�KLHIQCB�A<ACB4D]BMV9>�_p>�U���HI_JB
ζ
:\� A�BOSIHX>�ACou_JSE>�QCSJc

D]BXN-c�_IQ ?9B�_TACBOSn�L��V�ouHI�6�OSpBOS ¯ w8:Gf#f ° = ¯ w8:Gf � ° B�H ¯ w8: �uf ° V�oum]_
D̄ = 0

V�:�S�:
.

[�B�V]A<m6S>=]V9>�_���>�m6PJ�L�R` ��PJ� � >�_344V]m]QCSq�6m]j]Q<K]Q-=

E

[(∫ t

0
(t1(ν̄

n
s ) ds

)2
]
≤ t

∫ t

0
E
[
(t1(ν̄

n
s ))2

]
ds.



;�f#f

�^_>=rV�oum]_XHJoum]H
s
=
t1(ν̄

n
s ) ≤ Dn(s)

n

V�:�S�:
,
o&R

Dn(s)
BOSIH�ACB4D]c�Ai>�Q +0!<+0�5+��&�dD8m�P�A<QCB�KRH

V]_IQCou_IQ<Hp>�Q<_JBk�¦AbF Q<K6SIHp>�KLH
s
D6>�K6SXACB

n
`bQC��U�B�SJ��SIHJ��U�B#:

Dn(s)
BOSIHED]B@ACouQdD]B

Dn B�HD]ouK6P��

t

∫ t

0
E
[
(t1(ν̄

n
s ))2

]
ds ≤ t

∫ t

0
E

[(
Dn

n

)2
]
ds =

2t2

n2αΓ2
−→
n→∞

0,

¤#_��uPOBE� ¯ w8:Gf � ° =]V]m]QCSnV9>�_qPOouKLN-B�_I¤-B�K6POBMD]ouU4Q<K6cOB#:d[�ouK6P�= ¯ w8:G³-� ° BOSIHnN-c�_IQ ?9cOBEV�oum]_
(
r̄
�����

t , t ∈ R
+
)
≡ 0,

ACB+V]_JoRPOBOSpSIm6S�QCD]B�KRHIQClLm6B�U�B�KRH+KLm]Ab: =">�A<Q<U4Q<HJB :6m]QCD]B�POou_I_JBOSIV�ouK6D6>�KRHJB�BOSIH5>�ACou_JS
D]ouK]K6cOBXV�oum]_nHJoum]HJB

φ
B�HnHJoum]H

t
V9>�_Y�

〈ν̄0
t , φ〉 = 〈ξ, τt φ〉 + (λ− µ)

∫ t

0
φ (−s) ds. ¯ w8:<;�²-� °

�.K�SIm]V]Vro#Sp>�KLHnUk>�Q<KRHJB�K9>�KLH^lRm6B\ACBOSnD]c�Ai>�QCSnQ<K]Q<HIQi>�m8�+SJouKLHnV�:�S�:�jrou_IK6cOS>=6>�N-BOP�V�oum]_
HJoum]H

n
�

Dn ≤ n1/2−αd
V�:�S�:

,o&R
α, d > 0

=6ACB�_p>�QCSJouK]K6B�U�B�KLH^V]_JcOPOcOD]B�KLHT_JBOSJHJBXNu>�A<QCD]BXB�HnAi>�POouKLN-B�_I¤-B�K6POBEN-B�_JSqAi>
A<Q<U4Q<HJB8:6m]QCD]B�D]c�?6K]QCB�V9>�_ ¯ w8:<;�²-� ° _JBOSIHJB\NR_p>�QCB#:.[�B^V]A<m6S>=8ouK�>YVroum]_�HJoum]H n =�HJoum]HJB
φ
D]B S =]HJoum]H

η > 0
B�HnHJoum]H

δ > 0
�

P

[
sup

u,v≤τ̄∗
0
,|u−v|<δ

√
n |{φ (t1(ν̄

n
u )) − φ(0)} − {φ (t1(ν̄

n
v )) − φ(0)}| ≥ η

]

≤ P

[
sup

u,v≤τ̄∗
0
,|u−v|<δ

√
n |t1(ν̄nu ) − t1(ν̄

n
v )| ≥ η

‖ φ′ ‖∞

]

≤ P

[
sup
t≤τ̄∗

0

√
n

∣∣∣∣
Dn(t)

n

∣∣∣∣ ≥
η

‖ φ′ ‖∞

]
≤ 1n

n−αd≥ η
‖φ′‖∞

o.

=�BhHJB�_IU�B V]_JcOPOcOD]B�KLH�N#>�m]H
0
�nV9>�_IHIQ<_.D�F m]K@POB�_IHp>�Q<KW_p>�K]¤

N
��Ai>TSIm]Q<HJB D]B V]_Jo�POBOSJSIm6S

((√
n(δt1(ν̄n

t ) − δ0), t ≥ 0
)
, n ∈ N

∗
) BOSIHqD]ouK6PXHJB�K6D8m6BWD6>�K6S Dτ̄∗

0
,S′
:d[�B�U?;�U�B

=8V�oum]_nHJoum]H
η > 0

B�HqVroum]_nHJoum]HJB
φ
D]B S =

P

[
sup
t≤τ̄∗

0

√
n |φ (t1(ν̄

n
t )) − φ(0)| > η

]
≤ P

[
sup
t≤τ̄∗

0

√
nt1(ν̄

n
t ) >

η

‖ φ′ ‖∞

]

≤ 1n

n−αd≥ η
‖φ′‖∞

o −→
n→∞

0.

�"oum]HJBXN#>�ACB�m]_TD�FG>uD8�6c�_JB�K6POB
(R �����

t , t ≥ 0)
N-c�_IQ ?9BYD]ouK6P��

P

[
sup
t≤τ̄∗

0

|〈R
�����

t , φ〉| ≥ η

]
= 0,



;�f � �0 � ������&���� �(� � � � ����� � ��	 �

B�HTD]ouK6P
(R �����

t , t ≥ 0)
BOSIHnm]K]QClLm6B�=6QCD]B�KLHIQClRm6B�U�B�KLH�c�¤L>�A/�@Ai>4D8QCSIHI_IQ<j]m]HIQCouK¬KLm]A<ACB#:

=dF �R�RVrouHI�6�OSJB ¯ w8:G³#³ ° BOSIH�D]ouK6P\N-c�_IQ ?9cOB^Vroum]_�ACBTV]_Jo�POBOSJSIm6S�D8QCSIHI_IQ<j]m]HIQCouK KRm]A<ACB#:��^KVrB�m]H^>�V]V]A<QClRm6B�_qAi>@D]B�m8��QC��U�BYV9>�_IHIQCBED8m+HI�6cOou_J��U�BWw8:Gw8:<;k�
((
Ȳ n
φ (t), t ≥ 0

)
, n ∈ N

∗
)

=⇒τ̄∗
0
,R

(
Ȳ 0
φ (t), t ≥ 0

)
,

D]c�?6K]Q�Vroum]_qHJoum]H
t
V9>�_E�

Ȳ 0
φ (t) = 〈v, τtφ〉 +

√
µ

∫ t

0
φ(s− t) dW 1

s +
√
λ

∫ t

0
φ(s− t) dW 2

s .

�	� �	��� � � � �
M/M/1/1 + GI − EDF

� '*)  #%���� �$� �� �
��ouQ<H+Uk>�Q<KRHJB�K9>�KLH

(ν̃nt , t ∈ R
+)

=qAi>¡_JB�K6ou_IUk>�A<QCSp>�HIQCouK D]B
(νnt , t ≥ 0)

SIm]Q<N#>�KLH+ACB
HI_IQ<V]ACB�H (

n3/2, n, n3/2
) :��^K+K6ouHJBXQCP�Q

τ̃n0 := inf
{
t, ν̃nt (R∗

+) = 0
}

=
1

n3/2
τn0 .

� +"3R�9� �R~�3 ��� ���i(

 C �,� 7 D ��� A<7 �  D � E � 7 � > � A�� ��� 7 � 7 2 � C � � 5 ) 2 � C�� � 5 ) 2 � C � � 5 � � 2 � C � � 5
7 A � �A'(� ;'5 	 � � 7 )  D �

E

[{
Dn

n

}2
]
−→
n→∞

0 ¯ w8:<;�²#� °
� �  D  � E  AC;'5 ��5 � � 5 E � =C5 7�� � D � ��� �(5 � ; 7��(;'5+��� � = ��� � � A<7.5+�(5 ?

x
� �

τ̃∗0 ∈ (0, x/λ]
� � E 7  D � "

νn0

([
n3/2τ̃∗0 ,∞

))
≥ nx+ 2

� A<D�; � ACD@�
n. ¯ w8:<;�²#³ °

� 9 � 7.� � 7 � A ��� 5%�(5�A � 7 ) � A<D�;.� A<D@� � ?BA � ���(58A �
φ
��� S

)

E

[
sup
t≤τ̄∗

0

〈ν̃nt − ν̃ � � �t , φ〉2
]
−→
n→∞

0,

A�!
(ν̃ � � �t , t ≥ 0)

� 7�� EF9 E 5 =%5+� � � D�5 ��� � ;'5%�(5  D � � AC;'; � 7 � A ��� 9 � � �
(ξ,K)

" � A<D�;.� A<D@� �
φ
��� S � �A� ACD@�

t
)

〈ν̃ � � �t , φ〉 = 〈ξ, τt φ〉 +K

∫ t

0
φ(s− t) ds.
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� C��,� 7.D ��� AC7 �3���/� E D�7  D � E � 7 �0> � A�� �?� 7 � 7 2 � C�� � 5 � � 2 � C � � 537 A � �
'(� ;'5 	 � � 7 � �  D  5 E � =C587 � � D �
� ; A8� � 7 7.D�7

(R � � �t , t ≥ 0)
��� Dτ̄∗

0
,S′

� � E
 D � "

((√
n
(
δt1(ν̃n

t ) − δ0

)
, t ≥ 0

)
, n ∈ N

∗
)

=⇒τ̄∗
0
,S′ (R � � �t , t ≥ 0) .

¯ w8:<;#;�² °� E A<;'7 ) � A<D�;.� A<D@� � ?BA � ���(5�A �
φ
��� S

)

((√
n〈ν̃nt − ν̃ � � �t , φ〉, t ≥ 0

)
, n ∈ N

∗
)

=⇒τ̄∗
0
,R

(
Ỹ � � �φ (t), t ≥ 0

)
,

E � � ; A8� � 7.7 D�7 � � 	4� 5 � ACD ;.� A<D@�
t
� 9C;&"

Ỹ � � �φ (t) = 〈v, τtφ〉 − µ

∫ t

0
〈R � � �s , τt−sφ〉 ds+

√
2λ

∫ t

0
φ(s− t) dWs,

A�!
(Wt, t ≥ 0)

� 7�� E � = A<D@' � = ��� � ��; AC4 � 5 ��� 7�� 9 ��� 9C; �?C

7 +N� � %'� ' ;#: ¯ w8:<;�²#� ° Q<U4V]A<QClLm6B^lLm6B Dn

n

HJB�K6DkB�K5ACouQ9N-B�_JS
0 ¯ �L��V�ouHI�6�OSJB ¯ w8:Ge#³ °I°B�HnV9>�_\��>�m6Pp�L�R` ��PJ� � >�_349=

{
E

[
Dn

n

]}2

≤ E

[{
Dn

n

}2
]
−→
n→∞

0.

�^K�>@D]ouK6P ¯ w8:Gw#² ° :h[\BEU?;�U�B�=]V�oum]_nHJoum]H
t > 0

B�HnVroum]_qHJoum]H
n
�

E

[{√
n

∫ t

0
(t1(ν̃

n
s ) ds

}2
]
≤ t2E

[{
Dn

n

}2
]
ds−→
n→∞

0

B�H�ouKW> ¯ w8:Gw8; ° :}�}Q<K9>�ACB�U�B�KLH>=#POouU4U�BdD6>�K6S�Ai>nV]_JB�m]N-B.V]_JcOPOcOD]B�KLHJBhAbF �L��V�ouHI�6�OSJB
¯ w8:<;�²#³ ° ¤L>�_p>�KRHIQ<H ¯ w8:Ge#w ° B�H ¯ w8:Ge-� ° �.ouK�>�V]V]A<QClLm6BEACBXHI�6cOou_J��U�BYw8: � :Ge8:

�8: ¯ w8:<;#;�² ° ¤L>�_p>�KRHIQ<H ¯ w8:G³#w ° �.ouK+VrB�m]H^>�V]V]A<QClRm6B�_qACB�HI�6cOou_J��U�BWw8:Ge8:<;�²8:

� 3�~�7]���� "3:�@� ���t� �.KEs>�QCSp>�KRH�ACB.U?;�U�B._p>�QCSJouK]K6B�U�B�KRH/lRm6BdD6>�K6S�Ai>�V9>�_IHIQCB.V]_JcOPOc�`
D]B�KLHJB�=6ouK�N-c�_IQ ?9BYlLm6B

Dn ∼ ε

(
Γ

n1−α

)
,

o&R
α,Γ > 0

Sp>�HIQCSIs>�Q<H ¯ w8:<;�²#� ° B�H@ouK¡V�B�m]HMD6>�K6SMPOB5P�>uS4>�V]V]A<QClLm6B�_MAi>�V]_JB�U4QC��_JBV9>�_IHIQCBYD8m¬HI�6cOou_J��U�B@w8:Gw8: �8:T�RQ�Uk>�Q<KRHJB�K9>�KLH�ACBOS^D]c�Ai>�QCS^Q<K]Q<HIQi>�m8�¬SJouKRHTjrou_IK6cOS>=6V9>�_
B��8B�U4V]ACB

Dn ≤ n3/4−αd
V�:�S�:

,
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o&R
d > 0

B�HMD]c�HJB�_IU4Q<K]QCSJHJB�= ouK�N-c�_IQ ?9B¦AbF �L��V�ouHI�6�OSpB ¯ w8:G³#e ° B�H>=hPOouU4U�B+D6>�K6S@Ai>V9>�_IHIQCBXV]_JcOPOcOD]B�KRHJB�=1lRm6B ¯ w8:<;#;�² ° BOSJHnN-c�_IQ ?9cOBXV�oum]_

(R
�����

t , t ≥ 0) ≡ 0,

ACBTV]_JoRPOBOSJSJm6Sh�XN#>�ACB�m]_hD8QCSIHI_IQ<j]m]HIQCouK¦KLm]A<ACB#: �^K5V�B�m]HhD]ouK6P\>�V]V]A<QClLm6B�_ Ai>ED]B�m8�8QC��U�B
V9>�_IHIQCBED8m¬HI�6cOou_J��U�BWw8:Gw8: �4=6B�HnAi>@A<Q<U4Q<HJBYB�K+ACouQ"BOSIHqD]ouK]K6cOBXVroum]_qHJoum]H

t
V9>�_E�

Ỹ
�����

φ (t) = 〈v, τtφ〉 +
√

2λ

∫ t

0
φ(s− t) dWs.

�	� �	� � � � � �
M/M/s/s + GI − EDF

� '*)  #%���� � � �,� ' &�� �����
� A�BOSJH�>�QCSJc�D]B\¤-c�K6c�_p>�A<QCSJB�_�ACBOS�_JcOSIm]A<Hp>�HJSnD]B\Ai>YSpBOP�HIQCouK+w8:Gw8:<;E>�m P�>uS�¤-c�K6c�_p>�A�D�F m]K6B
SIm]Q<HJB�D]B�SI��SJHJ��U�BOS �

S
SpB�_IN-B�m]_JS>=

S ≥ 1
: [\m V�ouQ<KRH+D]B¬N�m6B�D]BOS P�A<QCB�KRHJS+D8m

j]m4B�B�_>=LAi>ED8�RK9>�U4QClRm6BTD8m
n
`bQC��U�B^SI�8SIHJ��U�BqBOSIHdQCD]B�KRHIQClLm6B^B�Kk_JB�U4V]Ai> 
�>�KRH�ACBTD]c�j]Q<H

D]B¦SJB�_IN�QCPOBkV9>�_
Sµn

:�=�B5V]_Jo�POBOSJSIm6S@D]BOSMV]_Jo�?6ACSMPOou_I_JBOSJV�ouK6D6>�KRH
(νnt , t ≥ 0)

BOSIH
>�ACou_JS}ACB V]_JoRPOBOSJSJm6S/D]B HI_p>�K6SIVrou_IH�>uSJSpoRP�QCc��

(λn, Sµn,REDF , D
n) .

�^KMSIm]V]Vro#Sp>�KRH
Uk>�Q<KRHJB�K9>�KLH5lRm�FG�¬AbF�ou_IQ<¤#Q<K6B�=hQ<A�B���QCSJHJB5m]K B�KRHIQCB�_�SIHI_IQCP�HJB�U�B�KLH4Vro#SIQ<HIQ s

x
B�H
τ̄∗0 ∈

(0, x/Sµ]
HJB�ACSTlLm6B �

νn0 ([nτ̄∗0 ,∞)) ≥ Snx+ 2
V�oum]_qHJoum]H

n,

¯ ouK�> Snx + 2
P�A<QCB�KLHJS4�+SJB�_IN�Q<_YB�HWK6ouK�V]A<m6SWSpB�m]ACB�U�B�KLH

nx + 2 ° =}SJoum6SEACBOSY�L�R`VrouHI�6�OSJBOS�D8m5HI�6cOou_J��U�BXw8:Gw8:<;�ouK+>XACB^U?;�U�B^_JcOSJm]A<Hp>�H��}Ai>WSIm]Q<HJB\D]BTV]_Jo�POBOSJSIm6S�D]BOS
V]_Jo�?6ACBOS�_JB�K6ou_IUk>�A<QCSJcOSnSIm]Q<N#>�KLH

(n, n, n) ((ν̄nt , t ≥ 0) , n ∈ N
∗)
N-c�_IQ ?9BTVroum]_�HJoum]HJB

φ
D]B S

E

[
sup
t≤τ̄∗

0

〈ν̄nt − ν̄
������� �

t , φ〉2
]
−→
n→∞

0,

o&R (
ν̄
������� �

t , t ≥ 0
) BOSJHnAi>MA<Q<U4Q<HJB :6m]QCD]BW>uSJSpoRP�QCcOBE� (

ξ, λ, Sµ, r̄
������� �

, D̄
) �

〈ν̄
������� �

t , φ〉 = 〈ξ, τt φ〉 − Sµ

∫ t

0
τt−sφ (r̄

� ����� �

s ) ds+ λ

∫ t

0
E
[
τsφ

(
D̄
)]
ds.

¯ w8:<;#;#; °[@FG>�m]HI_JB V9>�_IH>=hSpoum6SWACBOS@U?;�U�BOS@�R�RVrouHI�6�OSJBOS�lRm6B5ACB5HI�6cOou_J��U�B�w8:Gw8:<;�=dV9>�_IHIQCB �8:7=
Vroum]_qHJoum]HJB

φ
Ai>@SIm]Q<HJBED]BOSnV]_Jo�POBOSJSIm6STD]BOSqcOP�>�_IHJSqHJB�K6D�B�K+ACouQ"N-B�_JSnACBXV]_Jo�POBOSJSIm6SX�

Ȳ
� ����� �

φ (t) = 〈v, τtφ〉 − Sµ

∫ t

0
〈R

������� �

s , τt−sφ〉 ds

+
√
Sµ

∫ t

0
τt−sφ(r̄

������� �

s ) dW 1
s +

√
λ

∫ t

0
τt−sφ(d̄) dW 2

s , ¯ w8:<;#; � °
o&R (

W 1
t , t ≥ 0

) B�H (
W 2
t , t ≥ 0

) SJouKLH5D]B�m8�¡U�oum]N-B�U�B�KRHJSkj]_Jo � K]QCB�K6SkQ<K6D]c�VrB�K8`D6>�KRHJS�:
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�	� �	� � � � � �
M/M/s/s + GI − EDF

� '*)� %*� � ��� �� �
�^K�SIm]V]V�o#SpB�Ai�z` >�m6SJSIQ"lRm6B�Ai>

n
`bQC��U�B�?6ACBY>

S
SJB�_IN-B�m]_JS =6lLm6B

Sµn −→
n→∞

λ

Ai>�A<Q<U4Q<HJB4D]B
(λn, n ∈ N

∗) ¯ PJ�9>�_I¤-B@A<Q<U4Q<HJB@m]K]Q<HJc ° B�HXlLm�F1Q<A.B���QCSJHJB@�kAbF�ou_IQ<¤#Q<K6B@m]KB�KLHIQCB�_TSIHI_IQCP�HJB�U�B�KRHTVro#SIQ<HIQ s
x
B�H
τ̃∗0 ∈ (0, x/λ]

HJB�ACSTlRm6B �
νn0

([
n3/2τ̃∗0 ,∞

))
≥ Snx+ 2

V�oum]_THJoum]H
n.

��oum6S^ACBOS��R�RVrouHI�6�OSJBOS�D8m�HI�6cOou_J��U�B�w8:Gw8: �4=�ouK ouj]HIQCB�KLHED]BMU?;�U�BMAi>5POouKRN-B�_I¤-B�K6POB
N-B�_JS�Ai>kA<Q<U4Q<HJBL:6m]QCD]B4P�_IQ<HIQClRm6B�>uSJSJo�P�QCcOBM�

(ξ,K)
=�B�H�ACBMHI�6cOou_J��U�B4POB�KLHI_p>�A.A<Q<U4Q<HJB

stouK6P�HIQCouK]K6B�A�HI�6cOou_J��U�BMw8:Gw8: �4=]V9>�_IHIQCB �8:q:

� 
�� �*,.,.�(�& �/��(�%� ��� � ����� ) � � ��� � ����� �

=�BqU�o�D]��ACBTBOSIHhQCD]B�KLHIQClRm6B\�YPOB�A<m]Q1D]cOP�_IQ<H B�K5V9>�_IHIQCB^w8:Gw4=�B�KkV]_JcOP�QCSp>�KRH QCP�Q�lLm6BqV�oum]_
HJoum]H

n
�

Dn = dn
V�:�S%:

,o&R
(dn, n ∈ N

∗)
BOSJH�SIm]Q<HJB^D]c�HJB�_IU4Q<K]QCSIHJB�D]Bq_JcOB�ACS�SIHI_IQCP�HJB�U�B�KRH�Vro#SIQ<HIQ sS>=LB�H�lLm6BTACBOS

P�A<QCB�KLHJS@SJouKLHMSJB�_IN�QCSWSIm]Q<N#>�KLHMAi>�D8QCSpP�Q<V]A<Q<K6B5��� � �M:"=�BOSW?6ACBOSMD�FG>�HIHJB�KLHJB SJouKRHMD]ouK6P
D]B�H ��V�B

M/M/1/1 +D − FIFO
:h��ouU4U�BXK6oum6SqAbFG>ON-ouK6Sq_JB�Uk>�_JlRm6cEB�K¬SpBOP�HIQCouK

e8:<;#: �4=�Pp�9>�V]Q<HI_JB�e4=�D6>�K6S5POB�P�>uSko&R ACBOS�D]c�Ai>�QCSkQ<K]Q<HIQi>�m8��SpouKLHkD]c�HJB�_IU4Q<K]QCSIHJBOS5ACBOS
D8QCSJP�Q<V]A<Q<K6BOSn�d[���B�Hn��� � � SJouKLHncOlRm]Q<Nu>�ACB�KRHJBOS�:d=�B�SI�8SIHJ��U�B�BOSIH�D]ouK6P�m]K SJ��SIHJ��U�B
M/M/1/1 + D − EDF

=�B�HXouK�VrB�m]HX>�V]V]A<QClLm6B�_XACBOS\_JcOSIm]A<Hp>�HJSED]BWAi>5V9>�_IHIQCB�w8:Gw8:
�.K�SIm]V]Vro#Sp>�KLHqlRm6B�Ai>W?6ACBE>Mm]K�SJB�_IN-B�m]_>=6lRm6B�ACBOS��L��V�ouHI�6�OSpBOSqD8m+HI�6cOou_J��U�BWw8:Gw8:<;
SJouKLHqN-c�_IQ ?9cOBOS\>ON-BOPEB�K+V9>�_IHIQCP�m]A<QCB�_

dn

n
−→
n→∞

d̄,

√
n

(
dn

n
− d̄

)
−→
n→∞

0,

¯ B�HkD]ouK6P�=�ACBOS��R�RVrouHI�6�OSJBOS ¯ w8:Gf#f ° = ¯ w8:Gf � ° B�H ¯ w8: �uf ° SpouKLH5S >�HIQCSas>�Q<HJBOS ° =�ouK�V�B�m]H>�V]V]A<QClLm6B�_�ACBWHI�6cOou_J��U�B@w8:Gw8:<;¦�nAi>5SIm]Q<HJBMD]BOS^V]_Jo�POBOSJSIm6S\D]BOS\V]_Jo�?6ACS\_JB�K6ou_IUk>�A<QCSJcOS
SIm]Q<Nu>�KRH

(n, n, n) ((ν̄nt , t ≥ 0) , n ∈ N
∗)
N-c�_IQ ?9BEVroum]_nHJoum]HJB

φ
D]B S �

E

[
sup
t≤τ̄∗

0

〈ν̄nt − ν̄
��� ���
t , φ〉2

]
−→
n→∞

0,

o&R
(ν̄

��� ���
t , t ≥ 0)

BOSIHqAi>4A<Q<U4Q<HJB$:6m]QCD]BYPOou_I_JBOSIVrouK6D6>�KLHE�
(ξ, λ, µ, r̄

��� ���
, d̄)

�dVroum]_
HJoum]H

t
B�HqHJoum]HJB

φ
�

〈ν̄
�	� �
�
t , φ〉 = 〈ξ, τt φ〉 − µ

∫ t

0
τt−sφ (r̄

��� ���
s ) ds+ λ

∫ t

0
τsφ

(
d̄
)
ds. ¯ w8:<;#;�f °
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��oum6SnACBOS��R�RVrouHI�6�OSJBOSqD8m+HI�6cOou_J��U�BWw8:Gw8:<;�=8V9>�_IHIQCB �8:7=8Ai>@SIm]Q<HJBXD]BOSncOP�>�_IHJSqSp>�HIQCSasb>�Q<H
D]BXU?;�U�Bk�

((√
n〈ν̄nt − ν̄

��� �
�
t , φ〉, t ≥ 0

)
, n ∈ N

∗
)

=⇒τ̄∗
0
,R

(
Ȳ
��� ���
φ (t), t ≥ 0

)
,

ACBXV]_Jo�POBOSJSIm6SnD]c�?6K]Q"V�oum]_qHJoum]H
t
V9>�_E�

Ȳ
��� �
�
φ (t) = 〈v, τtφ〉 − µ

∫ t

0
〈R

��� �
�
s , τt−sφ〉 ds

+
√
µ

∫ t

0
τt−sφ(r̄

��� ���
s ) dW 1

s +
√
λ

∫ t

0
τt−sφ(d̄) dW 2

s ,

o&R (
W 1
t , t ≥ 0

) B�H (
W 2
t , t ≥ 0

) SJouKLH5D]B�m8�¡U�oum]N-B�U�B�KRHJSkj]_Jo � K]QCB�K6SkQ<K6D]c�VrB�K8`D6>�KRHJS�:
="BOS�_JcOSIm]A<Hp>�HJSnD]B\Ai>YSJBOP�HIQCouK�w8:Gw8: �W_JBOSIHJB�KRHnNR_p>�QCS�SJoum6S�ACBOS�U?;�U�BOS��L��V�ouHI�6�OSpBOS>=

B�KEV]_JcOP�QCS >�KLH�lLm6B.ACBOS/D]c�Ai>�QCS�Q<K]Q<HIQi>�m8�YD]BOS/P�A<QCB�KLHJS}SJouKLH"D]c�HJB�_IU4Q<K]QCSJHJBOS��rACBdHI�6cOou_J��U�B
w8:Gw8: �+S%FG>�V]V]A<QClLm6Bk�+m]K6B�SIm]Q<HJB�D]B4SI�8SIHJ��U�BOS

M/M/1/1 + D − FIFO
� PJ�9>�_I¤-B

A<Q<U4Q<HJBXm]K]Q<HJc ¯ λn/µn −→
n→∞

1 ° :[�B^U?;�U�B�=]B�K¦SJm]V]V�o#Sp>�KRH�Uk>�Q<KLHJB�K9>�KLH^lLm6B^Ai>X?6ACBX>
S
SpB�_IN-B�m]_JS>=�ACBOSh_JcOSIm]A<Hp>�HJS

D]B¦Ai>�SJBOP�HIQCouK w8:Gw8:Gf�_JBOSIHJB�KLH4N�_p>�QCS@B�K SIm]V]V�o#S >�KLH4ACBOS@D]c�Ai>�QCS4D]c�HJB�_IU4Q<K]QCSIHJBOS�:�=">
n
`bQC��U�B¬?6ACB�BOSIH+>�ACou_JS D]B¬H �RVrB

M/M/s/s + D − FCFS
B�H¦Spoum6S5ACBOS5U?;�U�BOS

�R�RVrouHI�6�OSJBOS>=]Vroum]_nHJoum]HJB
φ
D]B S �

E

[
sup
t≤τ̄∗

0

〈ν̄nt − ν̄
��� � �
t , φ〉2

]
−→
n→∞

0,

o&R
(ν̄

��� � �
t , t ≥ 0)

BOSIHnAi>@A<Q<U4Q<HJB :6m]QCD]BY>uSpSJoRP�QCcOBE�
(ξ, λ, Sµ, r̄

��� � �
, d̄)

�

〈ν̄
��� � �
t , φ〉 = 〈ξ, τt φ〉 − Sµ

∫ t

0
τt−sφ (r̄

��� � �
s ) ds+ λ

∫ t

0
τsφ

(
d̄
)
ds.

�}oum]_�HJoum]HJB
φ
Ai>YSIm]Q<HJB\D]BOS cOP�>�_IHJS

((〈ν̄nt − ν̄
��� � �

, φ〉, t ≥ 0) , n ∈ N
∗)
HJB�K6D5B�K¦ACouQ

>�m¬SpB�K6SqD]BY� 2-ou_Jo 2R�6o�D�SIm]_
[0, τ̄∗0 ]

N-B�_JSTACB�V]_JoRPOBOSpSIm6SqD]c�?6K]Q�Vroum]_nHJoum]H
t
V9>�_Y�

Ȳ
��� � �
φ (t) = 〈v, τtφ〉 − Sµ

∫ t

0
〈R

��� � �
s , τt−sφ〉 ds

+
√
Sµ

∫ t

0
τt−sφ(r̄

��� � �
s ) dW 1

s +
√
λ

∫ t

0
τt−sφ(d̄) dW 2

s , ¯ w8:<;#; � °
o&R (

W 1
t , t ≥ 0

) B�H (
W 2
t , t ≥ 0

) SJouKLH5D]B�m8�¡U�oum]N-B�U�B�KRHJSkj]_Jo � K]QCB�K6SkQ<K6D]c�VrB�K8`D6>�KRHJS�:
�}Q<K9>�ACB�U�B�KRH>=TSJoum6S5ACBOSk�R�RVrouHI�6�OSJBOS¦D]B¬Ai>�SJBOP�HIQCouK w8:Gw8: � =�ACB¬HI�6cOou_J��U�B�w8:Gw8: �

S�FG>�V]V]A<QClRm6BW��m]K6BESIm]Q<HJBWD]BYSI�8SIHJ��U�BOS
M/M/s/s +D − FCFS

�4Pp�9>�_I¤-BYA<Q<U4Q<HJB
m]K]Q<HJc ¯ λn/Sµn −→

n→∞
1 ° �douK¬>MACBOSqU?;�U�BOSq_JcOSIm]A<Hp>�HJSTD]BEPOouKRN-B�_I¤-B�K6POB#:



;�f#³

� 
�� �*,.,.�(�& �/��(�%������� ������� ��� � � ∞
5 oum6Sk>�V]V]A<QClRm6ouK6S�QCP�QnACBOS�_JcOSIm]A<Hp>�HJSkD]BOS4V9>�_IHIQCBOS¦w8: � B�H5w8:Ge ��Ai>�?6ACB �IH"�7�&+ 3��9+�:
��ouK6SIQCD]c�_JouK6SqVroum]_nHJoum]H

n
m]K�SI�8SIHJ��U�B

M/GI/∞ D6>�K6SnACBOlRm6B�Ah�
• λn

BOSIH AbF Q<KRHJB�K6SIQ<HJc�D8m V]_JoRPOBOSJSJm6S��}ouQCSJSJouK]QCB�K�D]BOS�B�KLHI_JcOBOS
(Nn

t , t ≥ 0)
=�HJB�A<ACB

lRm6B�Ai>4SIm]Q<HJB
(λn, n ∈ N

∗)
N-c�_IQ ?9B ¯ w8: �#� ° ��Q<A�B���QCSJHJB λ HJB�A�lRm6B

λn −→
n→∞

λ, ¯ w8:<;#;�e °

• ACBOSqP�A<QCB�KLHJS^D]B�Uk>�K6D]B�KLH�D]BOSqSJB�_IN�QCPOBOSnQb: Qb:�D�:dD]BXACouQ�¤-c�K6c�_p>�ACBWPOB�A<ACBED]B

σn := nσ, ¯ w8:<;#;�w °
o&R

σ
BOSIHnm]K6BXN#>�_IQi>�j]ACBY>�ACc�>�HJouQ<_JBXV�:�S%:dSIHI_IQCP�HJB�U�B�KLH^V�o#SJQ<HIQ<N-B#:

5 oum6S/K6ouHJouK6S.>�ACou_JS
(χnt , t ≥ 0) ,

ACB V]_JoRPOBOSJSJm6S/lRm]QLHIQCB�KRH}HI_p>uPOB��TAbF Q<K6SIHp>�KLH
t
D]BdHJoum6S

ACBOS^HJB�U4V6S�D]B@SJB�_IN�QCPOBY_JcOSJQCD8m6B�ACSXD]BWHJoum6S\ACBOS�P�A<QCB�KLHJS�V]_JcOSpB�KLHJSXD6>�K6S�ACBMSI��SJHJ��U�BM�
AbF Q<K6SIHp>�KLH

t
: � A\BOSIH >�QCSpc¬D]B�N-c�_IQ ?9B�_ >�ACou_JS lRm6B¬ACB¬V]_JoRPOBOSJSJm6S

(νnt , t ≥ 0)
BOSIH5ACB

V]_JoRPOBOSJSJm6S¦D]B�HI_p>�K6SIVrou_IH�POou_I_JBOSIVrouK6D6>�KLH¬�
(λn, 0, 0, σn)

: �.K B"B�B�H>=qQ<AXBOSIH m]K
V]_JoRPOBOSJSJm6SnD]BE�6B�A<ACB�_TD]ouKRHTACB�¤-c�K6c�_p>�HJB�m]_^BOSJHqD]ouK]K6cXV9>�_Y�

AF (χ) = lim
h→0

1

h

(
F (τhχ) − F (χ)

)
−λnF (χ) + λn

∫
F (χ+ δs) dPσ(s),

V�oum]_MHJoum]HJB
F
>�V]V9>�_IHJB�K9>�KRH5� D(A)

: 5 oum6SMK6ouHJouK6S@V9>�_�>�Q<A<ACB�m]_JS@V�oum]_@HJoum]H
n

(χ̄nt , t ≥ 0)
=qAi>�_JB�K6ou_IUk>�A<QCSp>�HIQCouK D]B�POB¬V]_Jo�POBOSJSIm6S SIm]Q<N#>�KLH ACB�HI_IQ<V]ACB�H

(n, n, n)
:

5 oum6S/Q<U4V�o#SpouK6S"Ai>TPOouK6D8Q<HIQCouKMQ<K]Q<HIQi>�ACB�SIm]Q<N#>�KLHJB\��K6oum6S"?]�8ouK6S
x
=zm]K@B�KLHIQCB�_.SIHI_IQCP�HJB�`

U�B�KLHhVro#SIQ<HIQ s�B�HdVro#SJouK6Sh�
t = 0

=
χn0

Ai>XD8QCSIHI_IQ<j]m]HIQCouK SIm]_
R
∗
+
D�F m]K

nx
` cOPJ�9>�KRHIQ<A<ACouK

{σni , i = 1, ..., nx} D]B4N#>�_IQi>�j]ACBOSW>�ACc�>�HJouQ<_JBOSWQb: Qb:�D�:¦D]B4ACouQhPOB�A<ACBkD]B σn : ��BOP�QhQ<U@`V]A<QClLm6B B�K¡V9>�_IHIQCP�m]A<QCB�_�lLm6B¦Vroum]_WHJoum]HJB
φ ∈ Db

=.ouK >�Ai>�POouKLN-B�_I¤-B�K6POB+V]_JBOSplLm6B
S��]_JB4�

lim
n→∞

〈χ̄n0 , φ〉 = lim
n→∞

1

n

nx∑

i=1

φ

(
σni
n

)
= x lim

n→∞

1

nx

nx∑

i=1

φ

(
σni
n

)
= xE [φ(σ)] ,

V9>�_XAi>¦ACouQ�stou_IHJB@D]BOSX¤#_p>�K6D]SXK6ouUWj]_JBOS�:4�.K�SIm]V]Vro#Sp>�KRHYD]B@V]A<m6SXlLm�F Q<AdB��8QCSIHJB@m]K6B
U�BOSIm]_JB

ξ ∈ M+
f

HJB�A<ACBElLm6B�Vroum]_nHJoum]H
T ≥ 0

B�HnVroum]_qHJoum]HJB�souK6P�HIQCouK
φ ∈ Db

�

E

[
sup
t≤T

〈χ̄n0 − ξ, τtφ〉2
]
−→
n→∞

0, ¯ w8:<;#;%� °
ACBOSqD]B�m8�¦_JB�Ai>�HIQCouK6STV]_JcOPOcOD]B�KLHJBOS\Q<U4V]A<QClRm6B�KLH^lRm6B�Vroum]_nHJoum]HJB

φ
D6>�K6S Db

�

E [〈ξ, φ〉] = xE [φ(σ)] . ¯ w8:<;#;�� °
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2 A<D�7 E � 7 � > � A�� ��� 7 � 7 2 � C   � 5 � 2 � C   � 5 ) � ACD�; � A<D@�

T > 0
"

E

[
sup
t≤T

〈χ̄nt − χ̄ ���t , φ〉2
]
−→
n→∞

0,

A�!
(χ̄ ���t , t ≥ 0)

� 7���EF9 ?BA � ���(58A � � ��� � ;'=%5 � 587 � � � ' 9<E � D�;'7 M+
f

� � 	4� 5 �
� ACD ;.� A<D@�

t ≥ 0
� 9C;/"

χ̄ ���t = xE [τtf(σ)] + λ

∫ t

0
E [τsf(σ)] ds. ¯ w8:<;#;�³ °

7 +)� ��%'�(' 5 oum6ST>�V]V]A<QClRm6ouK6SqACB�HI�6cOou_J��U�BMw8: � : ���MAi>4SIm]Q<HJBXD]BXV]_Jo�POBOSJSIm6S
((χ̄nt , t ≥ 0) , n ∈ N

∗)
:��}oum]_ POB�Ai>\K6oum6SdD]B�N-ouK6ShN-c�_IQ ?9B�_hlLm6B�ACBOSd�L��V�ouHI�6�OSJBOS w8: � :<;

SJoum6S
µ = 0

SJouKRHWSp>�HIQCSasb>�Q<HJBOS�: ¯ w8: �#� ° BOSJHEN-c�_IQ ?9cOB5B�K�N-B�_IHIm�D]B ¯ w8:<;#;�e ° = ¯ w8:<;#;�w °Q<U4V]A<QClRm6BW>�QCSJc�U�B�KRH ¯ w8:Gf#f ° B�H ¯ w8:Gf � ° Vroum]_ D̄ := σ
B�H ¯ w8:Gf � ° BOSIH\SIm]V]Vro#SJcOBXN�_p>�QCBB�K+N-B�_IHIm�D]B ¯ w8:<;#;%� ° Vroum]_ ξ D]c�?6K]QCBEV9>�_ ¯ w8:<;#;�� ° :��^K¬>@D]ouK6P�V�oum]_nHJoum]H T > 0

�

E

[
sup
t≤T

〈χ̄nt − χ̄
���
t , φ〉2

]
−→
n→∞

0,

o&R
(χ̄

���
t , t ≥ 0)

BOSIH�Ai>�A<Q<U4Q<HJB�:6m]QCD]BhPOou_I_JBOSIVrouK6D6>�KLH.�
(ξ, λ, 0, 0, σ)

=�POBhlRm]Q-_JB�N�QCB�KLH
� ¯ w8:<;#;�³ ° :

� 
�� � � + +�� �!��� (�� � )
=�BOSk_JcOSIm]A<Hp>�HJS5V]_JcOSJB�KLHJcOS5D6>�K6S�ACBOS�V9>�_IHIQCBOS w8:Gw4=nw8: ��B�H5w8:G� D]ouK]K6B�KRH¦D]BOS¦>�V]V]A<Q `
P�>�HIQCouK6S�D8mvHI�6cOou_J��U�B�A<Q<U4Q<HJB :6m]QCD]B B�H+D8mvHI�6cOou_J��U�B�POB�KLHI_p>�AXA<Q<U4Q<HJB�>�m8� ?6ACBOS
D�FG>�HIHJB�KRHJBW>ON-BOPYP�A<QCB�KLHJSnQ<U4V9>�HIQCB�KRHJS ¯ _JBOSIV�:J� H"�C��+ 3�� + ° :d�.A<ACBOSTB���V]ACouQ<HJB�KRHTB�K�oum]HI_JBm]K6BnD]BOSJP�_IQ<V]HIQCouK�B��8�9>�m6SIHIQ<N-BnD8m�SI�8SIHJ��U�Bn�^HI_p>ON-B�_JS.Ai>�POouA<ACBOP�HIQCouK5D]BOS.D]c�Ai>�QCS ¯ _JBOSIV�:HJB�U4V6S�D]BTSJB�_IN�QCPOB ° _JcOSJQCD8m6B�ACS�:h��BOP�Q1c�Hp>�KRH>=RACBqACBOP�HJB�m]_�>�m]_p>EK6ouHJc^lRm6BnV]A<m6SIQCB�m]_JS Q<K8`D]c�HJB�_IU4Q<K9>�HIQCouK6S _JcOSIQCSIHJB�KRH��\AbFG>�K9>�A<�8SJB#:�=dF�ouj4AaB�H D]BqPOB�HIHJBnV9>�_IHIQCBqPOouK6P�A<m6SIQ<N-BTBOSIHhD]B
ACBOS.D8QCSJP�m]HJB�_�: 5 oum6S.B��8V]A<QClLm6ouK6SdD6>�K6S.POB�_IHp>�Q<K6S P�>uS�ACBOS�A<Q<U4Q<HJBOSdD8m4U�o�D]��ACB�=-B�HdD]ouK8`
K6ouK6S�D6>�K6S�D�FG>�m]HI_JBOSXP�>uS�D]BOS^�6B�m]_IQCSJHIQClLm6BOS�Vroum]Nu>�KRH\SpBWD]cOD8m]Q<_JB@D]B@POBOST_JcOSJm]A<Hp>�HJS
Sp>�K6SqV�oum]N-ouQ<_>=6D6>�K6STAbF�c�Hp>�H^>uP�HIm6B�A"D]BOSqPp�6o#SJBOS>=]ACBOSqV]_Joum]N-B�_q_IQ<¤-oum]_JB�m6SJB�U�B�KLH�:
�	���	��� � �,� � %� � ���  � � &��  ��� � &��$' � � &�� � � � � ��� � ��� � '  � %�� ' ���
� A�BOSIHnK9>�HIm]_JB�A/D]BEN-oum]ACouQ<_TD]ouK]K6B�_^D]BOST>�V]V]_Jo���Q<Uk>�HIQCouK6S8:6m]QCD]BOSTD]BOSTV]_JoRPOBOSpSIm6SqD]B
VrB�_astou_IUk>�K6POBOS^P�>�_p>uP�HJc�_IQCSp>�KLH^ACBESI�8SIHJ��U�B�=8V]_IQ<K6P�Q<V9>�ACB�U�B�KLH>=1ACBOSnV]_Jo�POBOSJSIm6S
(Qt, t ≥ 0)

B�H
(Pt, t ≥ 0)

lRm]QhPOouU4V]HJB�KRHW_JBOSIVrBOP�HIQ<N-B�U�B�KLHMACB�K6ouUWj]_JBkD]B5P�A<QCB�KLHJS
D6>�K6S5ACB�SJ��SIHJ��U�B��

t
B�H5ACB¬K6ouUYj]_JB�D]B¬P�A<QCB�KRHJS¦V�B�_JD8m6S
A m6SplLm�FG�

t
: �}oum]_¦HJoum]H

t
=dAbFG>�V]V]_JoO�8Q<Uk>�HIQCouK�:6m]QCD]B (

Q̄∗
t , t ≥ 0

) D8m V]_Jo�POBOSJSIm6S4D]B POouK]¤-BOSIHIQCouK�D8m�j]m4B�B�_
SJB�_p>�Q<H^D]ouK]K6cOBXV9>�_qAi>M_JB�Ai>�HIQCouK��

Q̄∗
t = 〈ν̄∗t ,1R

∗
+
〉, ¯ w8:<; �#² °



; � ;

o&R
(ν̄∗t , t ≥ 0)

BOSJHYAi>�A<Q<U4Q<HJB :6m]QCD]B5D8m�V]_Jo�POBOSJSIm6SMD]BOSWV]_Jo�?6ACS4D8m�SI�8SIHJ��U�B¦POouK8`
SIQCD]c�_Jc#: ��B�VrB�K6D6>�KLH>=\ACBOS _JcOSIm]A<Hp>�HJS�D]B�A<Q<U4Q<HJBOS�:6m]QCD]BOS¬lLm6B�K6oum6S+ouj]HJB�K6ouK6S+K6B
V]_Joum]N-B�KLH�V9>uS�Ai>EPOouKLN-B�_I¤-B�K6POBXD]B^Ai>WSIm]Q<HJB^D]BTV]_JoRPOBOSpSIm6S�D]BTPOouK]¤-BOSIHIQCouK+D8m¦j]m4BrB�_
_JB�K6ou_IUk>�A<QCSJcOS ((

Q̄nt , t ≥ 0
)
, n ∈ N

∗
) N-B�_JS (

Q̄∗
t , t ≥ 0

) =zV]m]QCSJlRm6B.ACBOS"POouKRN-B�_I¤-B�K6POBOS
ouj]HJB�KLm6BOSXK6B4SJouKRHXD]ouK]K6cOBOSElLm6B@Vroum]_XD]BOS\stouK6P�HIQCouK6SEHJBOSIHJS\stou_IHJB�U�B�KRHX_Jc�¤#m]A<QC��_JBOS
¯ stouK6P�HIQCouK6SXD]B S ° =�>�ACou_JSXlRm6BMAi>�souK6P�HIQCouK φ := 1R

∗
+

V]_JcOSJB�KRHJB@m]K6B4D8QCSJPOouKLHIQ<KRm]Q<HJc
B�K¬²8:

��BOP�Q�c�Hp>�KLH>=9Ai>Wstou_IU�BX¤-c�K6c�_p>�ACBYD]B�Ai>@A<Q<U4Q<HJB :6m]QCD]B 〈ν̄∗t , φ〉 ¯ w8: �8; ° K6B\sb>�Q<HnV9>uSQ<KLHJB�_IN-B�K]Q<_4Ai>�D]c�_IQ<N-cOB¦D]B
φ
B�HM_JBOSIHJB D]c�?6K]QCB�=.V9>�_@B��8B�U4V]ACB�=.Vroum]_Mm]K6BksouK6P�HIQCouK

D]BWH �RVrBMP��uD8Ai��¤<=�POB@lLm]Q�BOSIH�ACB@P�>uS\D]B
1R∗

+

:E�dK�V9>�_IHIQCP�m]A<QCB�_>=�Ai>kA<Q<U4Q<HJB :6m]QCD]B@D8m
K6ouUYj]_JB�D]BdP�A<QCB�KLHJS�D6>�K6S�ACB SI�8SIHJ��U�B

M/M/∞ D]BhV9>�_p>�U���HI_JBOS
λ
B�H
µ
Q<K]Q<HIQi>�ACB�U�B�KLH

PJ�9>�_I¤-c4D]B
x
P�A<QCB�KLHJSYD]B�Uk>�K6D6>�KLHYD]BOSXSJB�_IN�QCPOBOS�Qb: Qb:�D�:YD]B@ACouQ

ε(µ)
N#>�m6D8_p>�Q<H>=">ON-BOP

¯ w8:<;#;�³ ° >�V]V]A<QClLm6cOBW� 1R∗
+

�

Q̄
���
t = 〈χ̄

���
t ,1R∗

+
〉 = xE

[
1R∗

+
(σ − t)

]
+ λ

∫ t

0
E
[
1R∗

+
(σ − s)

]
ds

= xP [σ > t] + λ

∫ t

0
P [σ > s] ds = xe−µt + ρ

(
1 − e−µt

)
, ¯ w8:<; �8; °

POB�lLm]Q BOSIHEB��]>uP�HJB�U�B�KRHWAi>+A<Q<U4Q<HJB :6m]QCD]BkD8m�V]_JoRPOBOSJSJm6SED]BkPOouK]¤-BOSIHIQCouK¡D]B4Ai>¦?6ACB
M/M/∞ ¯ N-ouQ<_ � £^ouj9²#²� =rHI��:Mw8:<;�f¦V�:<;�e#f ° :4��B�Ai> SIQ<¤#K]Q ?9B4lRm6BMD6>�K6SXPOB4P�>uS =�ouKV�B�m]Hd¤-c�K6c�_p>�A<QCSpB�_hACBq_JcOSJm]A<Hp>�H D]BqPOouKRN-B�_I¤-B�K6POB�=RHI�6cOou_J��U�B�w8:G�8:<;�=8��Ai>\souK6P�HIQCouKkHJBOSIH
1R∗

+
.
�^KYVrB�m]H"_JB�Uk>�_JlRm6B�_}lRm6B.Ai>n_JB�K6ou_IUk>�A<QCS >�HIQCouK4>�jroum]HIQCSJSp>�KRH}�TPOBd_JcOSIm]A<Hp>�H>=uD8m6B

� �XB�A<A<� ¯ � �XB�Ai�#w  ° =/POou_I_JBOSIV�ouK6D B�K�sb>�Q<HY�¦Ai> SIm]Q<HJB4D]B@V]_Jo�POBOSJSIm6SED]B@HI_p>�K6SJV�ou_IH>uSJSJo�P�QCcOB\�
(nλ, 0, 0, σ)

_JB�K6ou_IUk>�A<QCSJcOBXSIm]Q<N#>�KLH�ACBOS�V9>�_J>�U���HI_JBOS
(1, n, 1)

:�=">MSIm]Q<HJB
D]BhUk>�_IHIQ<K]¤L>�ACBOS.ouj]HJB�KRm6B�BOSJH�>�ACou_JS�B��6>uP�HJB�U�B�KLHdPOB�A<ACB�POou_I_JBOSIV�ouK6D6>�KRHh>�mMP�>uS/HI_p>�Q<HJc
B�K+V9>�_IHIQCBYw8:G�4=6D]c�?6K]QCBXVroum]_qHJoum]H

n
B�H
t
V9>�_Y�

M̄n
φ (t) = 〈ν̄nt , φ〉 − 〈ν̄n0 , φ〉 +

∫ t

0
〈ν̄ns , φ′〉ds− λtE [φ (σ)] .

��B4_JcOSIm]A<Hp>�H@SJB�UYj]ACB5D]ouK6P�Q<K6D8QClRm6B�_WlRm6B�AbF�ouK�VrB�m]HE¤-c�K6c�_p>�A<QCSJB�_MACBOSE_JcOSJm]A<Hp>�HJSWD]B
A<Q<U4Q<HJBOS�:6m]QCD]BOS�D]BOS}V]_Jo�POBOSJSIm6S}D]BhHI_p>�K6SIVrou_IH.�TD]BOS/souK6P�HIQCouK6S/HJBOSJHJS/D]B H ��V�B�P��uD8Ai��¤<=
B�HEB�K V9>�_IHIQCP�m]A<QCB�_M>�m8�¬souK6P�HIQCouK6SEQ<K6D8QCP�>�HI_IQCPOBOS%: 5 oum6SED]ouK]K6ouK6SYQCP�Q.m]K6B@A<QCSIHJB4D]BOS
_JcOSIm]A<Hp>�HJSn�6B�m]_IQCSIHIQClRm6BOS^>�m8�]lLm6B�ACSTPOB�HIHJBXQCD]cOBEPOouK6D8m]Q<_p>�Q<HW�
��� D ��� � �/� � � A<=10B; �/��� � E 5 ��� �(7@7 � ;-' 587 � 9 � 7 E � 7 >�7���� = �

M/GI/∞
��oum6S.ACBOS.�L��VrouHI�6�OSJBOS�sb>�Q<HJBOSdB�K�SJBOP�HIQCouK5w8:G�4=LAbF�cOlLm9>�HIQCouK ¯ w8:<; �8; ° D]ouK]K6B�_p>�Q<H D6>�K6S.ACBP�>uS�¤-c�K6c�_p>�A

M/GI/∞ Ai>nA<Q<U4Q<HJB�:6m]QCD]B SJm]Q<Nu>�KRHJBdVroum]_"ACBdV]_Jo�POBOSJSIm6S/D]BhPOouK]¤-BOSIHIQCouK
D8m�SI��SJHJ��U�B4�

Q̄
� �
t = 〈χ̄

���
t ,1R∗

+
〉 = xP [σ > t] + λ

∫ t

0
P [σ > s] ds.



; � � � �(� � ����� � � � � �

=">\A<Q<U4Q<HJB :6m]QCD]BTD8mMK6ouUWj]_JBqD]BnP�A<QCB�KLHJShSJB�_INRQCS Aam6SJlRm�FG�
t
SJB�_p>�Q<Hh>�ACou_JS.D]ouK]K6cOBnVroum]_

HJoum]H
t
V9>�_Y�

S̄
���
t = 〈χ̄

� �
t ,1R−〉 = xP [σ ≤ t] + λ

∫ t

0
P [σ ≤ s] ds.

[X>�K6SnACBXP�>uSqo&R+ACBOSTD]B�Uk>�K6D]BOSTD]BXSJB�_IN�QCPOBOSnQ<K]Q<HIQi>�ACBOSTSpouKLHqD]c�HJB�_IU4Q<K]QCSIHJBOS^c�¤L>�ACBOS^�
σ ¯ SI�8SIHJ��U�B M/D/∞ ° =8Ai>YA<Q<U4Q<HJBF:6m]QCD]B�D8m V]_JoRPOBOSJSJm6S�D]B\POouK]¤-BOSIHIQCouK¬�

t
_JB�N�QCB�KLH

� �
Q̄
���
t = x1{σ>t} + λ(t ∧ σ),B�HTPOB�A<ACBYD8m+V]_JoRPOBOSJSJm6SqD]BOSqSJB�_IN�QCPOBOSDAam6SJlLm�FG�

t
D]B�NRQCB�KRHY�

S̄
���
t = x1{σ≤t} + λ(t− σ)+.

="> SIm]Q<HJB D]B V]_Jo�POBOSJSIm6S ((√
n
(
Q̄nt − Q̄

���
t

)
, t ≥ 0

)
, n ∈ N

∗
) POouKLN-B�_I¤-B�_p>�Q<H�SIm]_

HJoum]H�POouU4V9>uP�H¬>�m SJB�K6S D]B�Ai>�HJouV�ouACou¤#QCB�D]B�� 2-ou_Jo 2��6oRD N-B�_JS ACB�V]_Jo�POBOSJSIm6S+D]B
D8QCBrm6SIQCouK��

Q
���
t = 〈v,1{.>t}〉 +

√
λ

∫ t

0
1{σ>t−s} dWs,

B�H Ai>ESIm]Q<HJB^D]BTV]_Jo�POBOSJSIm6S ((√
n
(
S̄nt − S̄

���
t

)
, t ≥ 0

)
, n ∈ N

∗
) POouKRN-B�_I¤-B�_p>�Q<HqD6>�K6S

ACBXU?;�U�BYSJB�K6SnN-B�_JSnACB�V]_Jo�POBOSJSIm6SqD]c�?6K]Q"V�oum]_qHJoum]H
t
V9>�_E�

S
���
t = 〈v,1{.≤t}〉 +

√
λ

∫ t

0
1{σ≤t−s} dWs.

� � D ��� � �/� D�0 D;: � ; � � ��� ;-� � � 9 � 7:E 9 	 E �
M/M/s/s+GI −EDF

[X>�K6SEACB5P�>uSYD]BkAi>¦?6ACB5�
S
SJB�_IN-B�m]_JS ¯ S ≥ 1 ° ¤-c�_JcOB�V9>�_M�d[�� =�ouK�ouj]HIQCB�K6D8_p>�Q<H

Ai>�POouKLN-B�_I¤-B�K6POB+D6>�K6S Dτ̄∗
0
,R
D]B¦Ai>�SIm]Q<HJB D8m�K6ouUWj]_JB+D]B5P�A<QCB�KRHJS�D6>�K6SMACBkj]m4B�B�_

_JB�K6ou_IUk>�A<QCSJc ((
Q̄nt , t ≥ 0

)
, n ∈ N

∗
) N-B�_JSnAi>MA<Q<U4Q<HJB$:6m]QCD]BED]ouK]K6cOBXV9>�_Y�

Q̄
����� � �

t = 〈ν̄
������� �

t ,1R∗
+
〉

= 〈ξ, τt 1R∗
+
〉 − Sµ

∫ t

0
τt−s1R∗

+
(r̄
����� � �

s ) ds+ λ

∫ t

0
E
[
τs1R∗

+

(
D̄
)]
ds

= ξ(]t,∞[) − Sµ

∫ t

0
1{r̄

������� �
s >t−s} ds+ λ

∫ t

0
P
[
D̄ > s

]
ds,

>�N-BOP ¯ w8:<;#;#; ° :�=�B@U?;�U�Bk>�_I¤#m]U�B�KRHM>�V]V]A<QClRm6ck�¦Ai>5souK6P�HIQCouK�HJBOSIH
1R−

D]ouK]K6B4Ai>
A<Q<U4Q<HJB :6m]QCD]BYSIm]Q<Nu>�KRHJBXVroum]_qACB�K6ouUYj]_JBWD]BEP�A<QCB�KLHJSTV�B�_JD8m6SE�

P̄
������� �

t = 〈ν̄
������� �

t ,1R−〉

= 〈ξ, τt 1R−〉 − Sµ

∫ t

0
τt−s1R− (r̄

������� �

s ) ds+ λ

∫ t

0
E
[
τs1R−

(
D̄
)]
ds

= ξ([0, t]) − Sµ

∫ t

0
1{r̄

������� �
s ≤t−s} ds+ λ

∫ t

0
P
[
D̄ ≤ s

]
ds.
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[�>�K6S�ACB@P�>uSXo&R�ACB@D]c�Ai>�Q.Q<K]Q<HIQi>�AdD]BOSXP�A<QCB�KLHJSEBOSJH�D]c�HJB�_IU4Q<K]QCSJHJB�=�c�¤L>�Ah�
d̄
=rACBOSXD8QCSa`

P�Q<V]A<Q<K6BOS��d[���B�Hk�/���d�¡SJouKLH5cOlLm]Q<N#>�ACB�KLHJBOS�: ="BOS�D]B�m8��cOlRm9>�HIQCouK6S4V]_JcOPOcOD]B�KRHJBOS
D]ouK]K6B�_p>�QCB�KLHX_JBOSIVrBOP�HIQ<N-B�U�B�KLH�Vroum]_^Ai>kA<Q<U4Q<HJBL:6m]QCD]BWD8m�K6ouUYj]_JB4D]BWP�A<QCB�KLHJSXD6>�K6S
ACBXSI��SJHJ��U�BE�

t
B�HTD8m+K6ouUWj]_JBYD]BEP�A<QCB�KRHJSqVrB�_JD8m6SDA m6SplLm�FG�

t
�

Q̄
��� � �
t = ξ(]t,∞[) − Sµ

∫ t

0
1{r̄

��� � �
s >t−s} ds+ λ(t ∧ d̄),

P̄
��� � �
t = ξ([0, t]) − Sµ

∫ t

0
1{r̄

��� � �
s ≤t−s} ds+ λ(t− d̄)+.

=�B�HI�6cOou_J��U�B POB�KRHI_p>�A�A<Q<U4Q<HJBksouK6P�HIQCouK]K6B�A-=�HI�6cOou_J��U�B w8:Ge8:G�4=�D]ouK]K6B�_p>�Q<H�>�ACou_JS
ACBOSqPOouKLN-B�_I¤-B�K6POBOS\B�K�ACouQ�SIm]Q<N#>�KLHJBOS^D6>�K6S Dτ̄∗

0
,R
�

((√
n
(
Q̄nt − Q̄

��� � �
t

)
, t ≥ 0

)
, n ∈ N

∗
)

=⇒τ̄∗
0
,R (Q ��� � �

t , t ≥ 0) ,((√
n
(
P̄ nt − P̄

��� � �
t

)
, t ≥ 0

)
, n ∈ N

∗
)

=⇒τ̄∗
0
,R (P ��� � �

t , t ≥ 0) ,

o&R+V�oum]_qHJoum]H
t
�

Q
��� � �
t = 〈ν̄

��� � �
t ,1R∗

+
〉

= 〈v,1{.>t}〉 − Sµ

∫ t

0
〈R

��� � �
s ,1{.>t−s}〉 ds

+
√
Sµ

∫ t

0
1{r̄

��� � �
s >t−s} dW

1
s +

√
λ

∫ t

0
1{d̄>t−s} dW

2
s ,

B�H

P
��� � �
t = 〈ν̄

��� � �
t ,1R−〉

= 〈v,1{.≤t}〉 − Sµ

∫ t

0
〈R

��� � �
s ,1{.≤t−s}〉 ds

+
√
Sµ

∫ t

0
1{r̄

��� � �
s ≤t−s} dW

1
s +

√
λ

∫ t

0
1{d̄≤t−s} dW

2
s ,

>ON-BOP ¯ w8:<;#; � ° :

� 3�~�7]���� "3:�@� /��t� �.K N�m6B�D�F m]K6B�¤-c�K6c�_p>�A<QCSp>�HIQCouK�>�m8�ksouK6P�HIQCouK6SnHJBOSIHJS Db
=�K6oum6S

V�oum]N-ouK6SdP�Q<HJB�_hACB�_JcOSIm]A<Hp>�HhD]B � #�£^³#f� =LlRm]Q6D]ouK]K6Bnm]K6BnPOouK6D8Q<HIQCouK¦SIm �kSp>�KLHJBqV�oum]_AbF�c�Ai>�_I¤#QCSJSJB�U�B�KLH D]B Ai>\POouKRN-B�_I¤-B�K6POBTD�F m]K6BnSIm]Q<HJB�D]B�V]_JoRPOBOSpSIm6S.D]B DT,M+

f

=#o&R M+
fBOSIHhUWm]K]Q�D]BTAi>XHJouVrouACou¤#QCBTN#>�¤#m6B ¯ Q<K6D8m]Q<HJB^V9>�_hACBOShsouK6P�HIQCouK6S��YSIm]V]Vrou_IH POouU4V9>uP�H °�MAi>@POouKLN-B�_I¤-B�K6POBMD6>�K6S DT,M+

f

=]o&R M+
f

BOSIHnUYm]K]Q}D]B�Ai>@HJouVrouACou¤#QCBEc�HI_JouQ<HJB#:



; �#� � �(� � ����� � � � � �

�	���	��� � � � " � � � ��� �� #� �

=�BOS5V]_JB�m]N-BOS D]B¬POouKRN-B�_I¤-B�K6POB�lRm6B�K6oum6S¦B��8V�o#SJouK6Sk_JB�V�o#SpB�KLH SIm]_kAi>�_JcOSJouA<m]HIQCouK
D]B@AbF�cOlRm9>�HIQCouK�D]BMHI_p>�K6SIVrou_IHEQ<KLHJc�¤#_p>�ACB�D6>�K6S S ′ :@��B�VrB�K6D6>�KLH>="Ai> D8�RK9>�U4QClRm6B�D8mSI�8SIHJ��U�B K6B�S�F�B���V]_IQ<U�B�SJoum6S�POB�HIHJB sou_IU�B lRm6B�Hp>�KLH.lLm6B�ACB�SI�8SIHJ��U�BhK6B�S�F�BOSJH.AJ>�Uk>�QCS
N�QCD]c#:�© POB�HYQ<K6SJHp>�KLH@D]BkN�QCD6>�¤-B�=}m]K�HJB�_IU�B¦D]c�V�B�K6D6>�KRH@D]B

νt(R
∗
+)

>�V]V9>�_p>�
CH4B�H
K6BMVrB�_IU�B�H\V]A<m6S�AbFG>�V]V]A<QCP�>�HIQCouK�D8m�HI�6cOou_J��U�Bkw8:<;#: � : 5 oum6S�D]B�N-ouK6SXD]ouK6P�=�>z?6K�D]B
K6oum6S@>uSJSIm]_JB�_MlLm6BkAbF �6ou_IQ 4�ouK¡D]B5POouKLN-B�_I¤-B�K6POB¦K�F�BOSIHYV9>uSW_JcOD8m]Q<H4��²4=�PJ�6ouQCSIQ<_@D]BOS
POouK6D8Q<HIQCouK6S^Q<K]Q<HIQi>�ACBOSqHJB�A<ACBOSqlRm�F Q<A"B��8QCSIHJB�m]K

τ̄∗0 > 0
D]c�HJB�_IU4Q<K]QCSIHJBEHJB�A"lLm6B

P [
ACBXSI�8SIHJ��U�B�K6ou_IUk>�A<QCSJcXK6BYSJB�NRQCD]B�V9>uS^>ON#>�KLH

τ̄∗0 ] −→
n→∞

0.

�^K�>uSJSJm]_JB@>�Q<K6SJQ}Ai>¦POouKRN-B�_I¤-B�K6POB�N-B�_JS�Ai>5A<Q<U4Q<HJB :6m]QCD]B4SIm]_
[0, τ̄∗0 ]

=�Uk>�QCSXPOB�Ai>¦K6B
VrB�_IU�B�HdV9>uS>=RB�K�_JB�Nu>�K6Pp�6B�=RD]BTD]c�HJB�_IU4Q<K6B�_hACBnHJB�U4V6S D]BnNRQCD6>�¤-BTD8mkSI�8SIHJ��U�B :6m]QCD]B
B�HTD]ouK6P�=6m]K+�6ou_IQ 4�ouK�D]BXPOouKLN-B�_I¤-B�K6POBWUk>z�8Q<Uk>�Ab:

[X>�K6SWACB�U�o�D]��ACBkP�Ai>uSJSJQClLm6B5D]B�Ai> ?6ACB
M/M/1

� sb>�Q<j]ACBkPp�9>�_I¤-B ¯ ρ < 1 ° =�POBV]_Jouj]AC��U�B�BOSJH�c�NRQ<HJc V9>�_4Ai>�POouKLN-B�_I¤-B�K6POB¬V�:�S�:�D8m HJB�U4V6S�D]B N�QCD6>�¤-B K6ou_IUk>�A<QCSJc
¯ V]_JB�U4QCB�_+Q<K6SIHp>�KRH�D�FG>�HIHJB�Q<KLHJB�D]B�²�V9>�_IHp>�KRH�D]B n =^D8Q<NRQCSJc�V9>�_

n ° N-B�_JS Ai>�A<Q<U@`Q<HJB D]c�HJB�_IU4Q<K]QCSIHJB
1/(µ − λ) ¯ � £Touj9²#²� =�V]_JouVro#SIQ<HIQCouK e8:Ge4=.V�:<;�²#� ° :���B�Ai>�>uSJSIm]_JBAi>�POouKLN-B�_I¤-B�K6POB�D8m V]_Jo�POBOSJSIm6S D]B�POouK]¤-BOSJHIQCouK K6ou_IUk>�A<QCSpc�N-B�_JS5Ai>�A<Q<U4Q<HJB :6m]QCD]B

SIm]_
[0, 1/(µ − λ)]

=9lRm]Q"BOSIH^Ai>4D8m]_JcOBEU�o%�-B�K]K6BWD�F m]K6BYV�c�_IQCo�D]BYD�FG>uP�HIQ<N�Q<HJc ¯ HJB�U4V6SD�FG>�HIHJB�Q<KRHJBMD]B
0
D]B�V]m]QCS\AbF Q<K6SIHp>�KRH\D�FG>�_I_IQ<N-cOB@D�F m]K�P�A<QCB�KRHXD6>�K6STm]K�SI�8SIHJ��U�BXN�QCD]B ° :=">�_JcOSJouA<m]HIQCouK D�F m]K V]_Jouj]AC��U�B+D]B¦_Jc":9B��8QCouK D]B+� 2-ou_Jo 2��6o�D >uSJSIm]_JB lLm6B5Ai>�A<Q<U@`

Q<HJBM_JBOSIHJBMPOouA<ACcOB@B�K�² >�V]_J�OS�POB�H�Q<K6SIHp>�KLHXD]BWNRQCD6>�¤-B�=�B�H�D]ouK6PMAi>kPOouKRN-B�_I¤-B�K6POB�SIm]_
AbF �6ou_IQ 4�ouK

R+
HJoum]H�B�KLHIQCB�_�:\[X>�K6S\ACBYP�>uS�D�F m]K6BE?6ACBMD�FG>�HIHJB�KLHJB4>�N-BOPYQ<U4V9>�HIQCB�K6POBOS>=

>�m6P�m]K _JcOSIm]A<Hp>�HY>�m6SpSIQ�stou_IH�K�FG>¦V]m ;�HI_JB@U�ouKLHI_Jc�=/B�HEouK K6BMV�B�m]HElRm�F�B����]Q<jrB�_�m]K6B
jrou_IK6BEQ<K8sc�_IQCB�m]_JBYD]c�HJB�_IU4Q<K]QCSIHJBWVroum]_TACBEHJB�U4V6S^D]BEN�QCD6>�¤-BE_JB�K6ou_IUk>�A<QCSJc#:��^K�D]ouQ<H
Vroum]_XPOB�Ai>�Q<U4Vro#SJB�_E>�m�U4Q<K]Q<UWm]U lLm6BMACB

n
`bQC��U�BMSJ��SIHJ��U�BWSJouQ<HXPJ�9>�_I¤-c@D]B

n + 2P�A<QCB�KRHJSEB�K�>�HIHJB�KRHJB�D]BMD]c�Ai>�QCS�_JcOSIQCD8m6B�ACSXSIm]Vrc�_IQCB�m]_JSXoum�c�¤L>�m8� �
n/µ ¯ �L��V�ouHI�6�OSJB

¯ w8:G³#� ° Vroum]_ x = 1 ° :h=�BXSI�8SIHJ��U�B�_JB�K6ou_IUk>�A<QCSJcYPOou_I_JBOSJV�ouK6D6>�KRH^BOSIHqD]ouK6PXQ<K]Q<HIQi>�ACB�`U�B�KRH5PJ�9>�_I¤-c�D�F m]K P�A<QCB�KRH5B�K >�HIHJB�KRHJB�=nD]B�D]c�Ai>�QTSIm]Vrc�_IQCB�m]_koum�c�¤L>�A^� Ai> D8m]_JcOB
U�o%�-B�K]K6BYD�F m]K¬SJB�_IN�QCPOB#:

="B^V]_Jouj]AC��U�BXD]BOSnPOouK6D8Q<HIQCouK6S�Q<K]Q<HIQi>�ACBOS�K6B�SJB^Vro#SJB\V]A<m6S�D6>�K6S�ACB\P�>uSno&R
µ = 0

¯ SI�8SIHJ��U�B M/GI/∞ ° ��Ai>MD8�RK9>�U4QClRm6BXD8m+SI�8SIHJ��U�B�SIm]Q<H�m]K6BXcOlLm9>�HIQCouK�D]B\HI_p>�K6Sa`Vrou_IHYVroum]_EHJoum]H
t ¯ Q<K6D]c�VrB�K6D]B�U4U�B�KLH�D8m sb>�Q<HWlRm6B4ACBkSJ��SIHJ��U�BkS�F�BOSIHEN�QCD]c5>�Nu>�KRH

t
oum�K6ouK ° B�H\Ai>5POouKLN-B�_I¤-B�K6POB�N-B�_JS^Ai>5A<Q<U4Q<HJBL:6m]QCD]B4>�A<QCB�m SIm]_\m]K��6ou_IQ 4�ouK�Q<K8?6K]Q
¯ V9>�_IHIQCB\w8:G� ° :}="BOShPOouK6D8Q<HIQCouK6S Q<K]Q<HIQi>�ACBOSdK6BqSJouKRH >�ACou_JSdV]A<m6S POouKLHI_p>�Q<KRHJBOS��XAi>\K6cOPOBOSa`SIQ<HJc�D]Bk¥WPJ�9>�_I¤-B�_�§kSJm �kSp>�U4U�B�KLHqACB�SI�8SIHJ��U�BX�WAbF�ou_IQ<¤#Q<K6B�V�oum]_qc�N�Q<HJB�_�m]K HJB�U4V6S
D]B+N�QCD6>�¤-B+HI_JouV _p>�V]QCD]B ¯ KLm]A\>uSJ�RU4V]HJouHIQClRm6B�U�B�KLH ° : ��B�Ai>�VrB�_IU�B�H>=�D6>�K6S�ACB�P�>uS
M/M/∞ =]D]B\SIm]V]V�o#SpB�_�Q<K]Q<HIQi>�ACB�U�B�KRHTlRm6BTACB�SI�8SIHJ��U�B^V]_JcOSJB�KLHJB\m]K6B�D8QCSIHI_IQ<j]m]HIQCouK
D]B

n
P�A<QCB�KLHJSXD]BMSJB�_IN�QCPOBY_JcOSJQCD8m6B�A}D]BWACouQ}POB�A<ACB@D]B

nσ
=1POBMlLm]Q}D]ouK]K6BMm]K6BWPOouK]¤-BOSa`

HIQCouK�Q<K]Q<HIQi>�ACB@D]B
1
P�A<QCB�KLHED]BMSJB�_IN�QCPOBY_JcOSJQCD8m6B�A�D]BWACouQ.POB�A<ACB@D]B

σ
V�oum]_�ACBMSI�8SIHJ��U�B

_JB�K6ou_IUk>�A<QCSJc#:���B�Ai>¬POou_I_JBOSIV�ouK6D�Q<KLHIm]Q<HIQ<N-B�U�B�KRH4��AbFG>�_I_IQ<N-cOBkD�F m]K¡P�A<QCB�KLHWD6>�K6SWm]K
SI�8SIHJ��U�B\N�QCD]B�=�B�HnD6>�K6SnPOB\P�>uS�AbFG>�V]V]_JoO�8Q<Uk>�HIQCouK :6m]QCD]BXD]ouK]K6B\m]K6BXBOSIHIQ<Uk>�HIQCouK�D]B
Ai>4D8m]_JcOBYD�F m]K6BXV�c�_IQCo�D]BXD�FG>uP�HIQ<N�Q<HJc#:
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"$#&%�%'#)(+*-,.*0/�13254 687979:<;>=@?ACB<DFE (
Ω,F ,P0, θ

) GIHKJML&N5OQP 2 L�R<LTSUP�VXWYW�H�J D R<HTZ B<E N E P E[D\B J]J�P DF^ L�L ^`_
a B R D@b HcL θ d A�B�D\E

Z
GeHKJ�Lgf d P d O d N dih J D LkjlO.P<NmJ�n 2 L&NoNoP DF^ L&W'LpJ EeD J E n _

a ^ PQqrVlLts d ACD Z − Z ◦ θ
L&N EUD J E n a ^ PQqrVlLpGuP�V B�^ N)v

E0 [Z − Z ◦ θ] = 0.

wyx #pz�{o|&%}#~(�*-,.*���13254 6�797�:�;�=\?ACB<DFE V���L&N�O.P 2 L�O ^�B q�P�q D V D N�n (
Ω,F ,P

) d}� J�L�N�H DFE LeR<L�f>P ^`D P�qpVXL&N�P<VXnoP E�B<DF^ L&N
(Yn, n ∈ N

∗)
R�L

L1(Ω, X)
L&N E L ^ a B R D\b H�LTN D L E NoL&HKVlLpW'L&J E N D

1

n

n∑

i=1

F (Yi) −→
n→∞

E [F (Y0)]

O B H ^�E�B H E L 4 B J 2 E[D@B J
F
W'LpNoH ^ PQqrVlL�L E�D J E n a ^ PQqrVlL~R�L X R�P�JCN

R d
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 M<�������l�������������6�!"��K�8����0,*-�C�8$)*-�����6 #0- #=_"#�%$7�8*,�!"���8�5YSH�0-"��a�I2J�8$)$!"#�%$!"K�C��"��f�#0,*-"#�($!�1*,=>�L�8$)*-"#�($!�CM
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d ��*-"#�($fr

• ���<���!�%��"��7�)���a�C.��50p.8U
(Zt, t ≥ 0)

^
• ���h���!�%��"��7�)��� "&�I2J�8�)�)*,�� �"�� $

(At, t ≥ 0)
��"�k��*,�($!�

(Tn, n ∈ N
∗)
^ �I2 *,�($!"#���)*,$! �)$!�[�!cL���)$)*-b%��"

λA
^

• ���<���!�%��"��7�)��� "6��"h�� #�L�8�)$!� $
(Dt, t ≥ 0)

��"G�|��*,�%$!�
(τn, n ∈ N

∗)
^

• (Vn, n ∈ N
∗)
^�0p�}�!��*,$!"n��"u=F�8�!b%��"��T��"

(At, t ≥ 0)
�� ZH���*-"n�k�����_$!����$

n�L�8�fr
Vn = Tn − τn,0-"a$!"#=>���/��"1�! ])����� �;��� = 6���.N8�<�6�003 . 2 @B8 698 
 �5� n ?3*-m#=_"1�#0,*-"#�%$ Cn .f"#�($)�!"#����8���\0-"G� e �)$!m#=_"'^

• 0-"X���!�%��"��7�)���a��"G����=>��$7�8U�"
(Xt, t ≥ 0)

^5�� #�)*~H �8�%$1�k�����a$!�����
a
"#$
b

X(b) −X(a) = A ((a, b]) −D (a, b]) ,

• (Bt, t ≥ 0)
���u���!�[��"��!�)���a�! �"#0z�#�!��*-�!�7�8�($CM
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w�x #&z�{o|&%'#~7�*l/<*0/�132�4 68797�:�;>=@?A H�O�O B N B JCN b H�L
Z,A,D,X

N B J E
θt
_ 2 B WeO.P E[D qrVlLpNoG B&'

(θt, t ≥ 0)
L&N E HKJZ B�E N E P E[D\B JCJ�P D\^ LTN�H ^

(Ω,F ,P) d)( V B<^ N�v

λAE0
A

[∫ V0

0
Zs dBs

]
=

1

t
E

[∫ t

0
Xs−Zs dBs

]
.

�0 XM � 

�C��"��1��"#$)$!"&9E���)=f��0-"'^[���_�!"#$)�!������"1"#�F�L�8�)$)*-�#��0,*-"#�/0p� � 2A0�� :�� 6�<+* 3 4�,[DA@.-;6 <�60/%6#@+6D:5Md ��*-"#�%$u��"#�5Y ���!�[��"��!�)���T�k�����#$)��"#0-�

N
�;�I2 *,�($!"#���)*,$! �H���*-"

λ 
 "#$ N ′ �;��"s�|��*,�%$!�
(T ′
n, n ∈ N)

"#$z�I2 *,�%$!"#���)*,$! 	H���*-"
λ′ 
 ^8�)$7�8$)*-�����L�8*,�!"��z�L�8� �7�8���|���)$ �8�h=_�#=_"Ab(�L���5�)�5?��0-"

(Ω,F ,P, θt)
M21�0-���!�Gr

w�x #&z�{o|&%'#~7�*l/<*���132�4
6�3#547698 =\?S B H ^~E�B H E L 4 B J 2 E[D@B J ^ n�L&VFVlL
f
GuW'LpNoH ^ PQqrVlL�L E O B N DFE[D f>L&G

λE0
N [f ] = λ′E0

N ′

[∫ T ′
1

0
(f ◦ θt)N(dt)

]
.
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R Q O�SLQ K O O�TVUXW L I�Y�M9SNKAKZW K[U��\SLQ O I�T�S]U^SNK M�_ O SLQ O K L0SJI5U^W K
d ��*,$

N
^ 0-"K���!�%��"��!�!���V�!$7�8$)*-�����L�8*,�!"l��"��X"#�%$)�! �"��C^I�I2 *,�($!"#���)*,$! lH���*-"

λ
MV�V�����V�����5?�)*-�� #�!�����

Np ^�0-"/���!�%��"��!�!���v��"��*,���!$7�8�($!�	�I2J�8�)�)*,�� �"�� <�6D8�4 � BC6D@N= 8a`�:[B1856D032A@N= .J6D0 < :�8#M
1���$)�!"#=_"#�($V�5*,$C^��|�����\$!����$

t
r

NP
t =

∑

n∈N

1{Tn≤t}1{Cn bdcfehg7i�cjelknm } :=
∑

n∈N

1{TP
n ≤t},

��y
T pn

=F�8�!b(��"F032 *,���)$7�8�($l��"
n
?3*-m#=_"_"#�%$)�! �"S�I2 ���t�#0,*-"#�($Kb%��*A�!"#�7�u�|"#�!�5�zMW�V���������$!�����

λP
^5032 *,�($!"#���!*,$! f��"

NP �
λP

"��)$&H���*-"h����*-�!b%��"
λ
0324"��)$ 
 Mwv�����T0p�}�5*-�!�#*,��0,*,��"sR g � �L�8�T"ZY�"#=>��0-"'^

NP "��!$S�#0p�8*,�!"#=_"#�($<��� ���!�%��"��7�)����8�%$)*-�#*,�L�8$)*~9:M F "����!�[��"��!�)���\"��!$��� C�8��=_��*,���1�)$7�8$)*-�����L�8*,�!"'^�])��*,�($!"#=_"#�($�����=>�L�8$)*,+�0-"�C��"��f0-"h���!�[��"��!�)������"��1"#�%$)�! �"��
N
"#$1���q�|"#��$��8����0,*-b%��"#�10-"f$)c� ����!m#=_"y XM � Mo�F._0p�9E�����#$)*-���u*-��"#�($)*-b%��"#=_"#�($X #U(�80-"f.

1
r

λpE0
NP

[
N(0, TP1 ]

]
= λ.
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���C^

N(0, TP1 ]
"��)$/���! ��#*-�7 #=_"#�($C^��L�8�)$7�8�%$

P0
NP −

�zM4�CM	��"1032J�8�)�)*,�� �"h�I2 ���<�#0,*-"#�%$&b%��*�!"#�7�W�|"#�!�5�z^ 0-"6����=f+��!"S��"_�#0,*-"#�($!�l"#�($)�! ��l���'�8�($K0324"#�($)�! �"F�I2 ���t�8��$)�!"F�#0,*-"#�($Kb(��*�!"#�7�\�k"#�!�5�Wr �'24"��)$ ���! ��#*-�7 #=_"#�($C^(.a0324 #$7�8$v�)$7�8$)*-�����L�8*,�!"'^�032 *,�(��"#�!�!"���"A0p�1���!��+L�8+�*,0,*,$! ��"h�|"#�)$!"
π
� 0p�>���!���|���)$)*-���s��"G�#0,*-"#�($Xb(��*z�7"#�!���($1�k"#�!�5���1�!���\0-"h����=f+��!"K$!��$7�80 ��"�#0,*-"#�($!� 
 M	! �l9;���)=K��0-"h���! ��� ���"#�($!"l�!"X�! � ��#�)*,$1�������Fr

λP = λπ.
�0 XMo� 
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N
"#$a�!���u*,�%$!"#���)*,$! G"��)$a�������� �"f�L�8�Gr

λS = λ(1 − π).
�0 VM�� 
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t Zt ≡ 1
"#$
Bt ≡ t

^L"#$V����$!�����
A := NP "#$

D := DP ^ 0-"G���!�[��"��!�)�����"��V�� #�L�8�)$!�h��"��X�#0,*-"#�%$!�h�|"#�!�5��� M ���o�W�������l�|�����V$!����$
n
r
Vn = Dn

^ 0-"6�� #0p�8*�5�
n
?3*-m#=_"f�#0,*-"#�($CM ! �K9;���)=K��0-" �0 XM � 
 ��������"G�������_r

λPE0
NP

[∫ D0

0
ds

]
=

1

t
E

[∫ t

0
XP
s− ds

]
,

�!��*,$Gr
λPE [D] = E

[
XP

0

]
,

�0 XM i 
��y (
XP
t , t ≥ 0

) "��)$	0-"&���!�%��"��7�)��� ����=>��$7�8�($/0-"&����=f+��!"���"a�#0,*-"#�($!�/��"��)$)*,�� ��A.h�#$)�!"�|"#�!�5���a���8���a0-"G� e �)$!m#=_"'M21 ��"��I XMo�5^ �0 XM i 
 �!"#�[*-"#�($��������f.Tr
π =

E [Xp(0)]

λE [D]
.

�0 XMJj 

� S��QL�K U��pP1OAO�SLQ O�SVS
	#SNM�O O��
(s�8*,�%$!"#�L�8�($C^\�������)*-�� #�!�����F0-"<$!"#=>���F�I2J�8$)$!"#�%$!"n"D&I"��#$)*~9 T a � $!"#=>���F�L���!�! <���8���0-">+�� &k"#� 
 �I2 ���{�#0,*-"#�($K*,=>�L�8$)*-"#�($CM<R	� ���!"#�L�8�($l$!����]:�����!�f�|�����G$!����$ t ^ Zt ≡ 1

^
Bt ≡ t

^|=F�8*-�
A
"��!$V=F�8*,�%$!"#�L�8�($K0-"K���!�[��"��!�)���h��"��X"#�%$)�! �"��h$!��$7�80 �

A := N 
 ^I"#�����$7�8�($ T s 0-"X$!"#=>������"G�! ])�����C^ �0 VM � 
 �!"#�%*-"#�%$�.Tr

λE0
N

[∫ T s

0
ds

]
=

1

t
E

[∫ t

0
Xs− ds

]
,

��y
(Xt, t ≥ 0)

����=>��$!"X=F�8*,�($!"#�L�8�($10-"�����=K+��!"X$!��$7�80z��"X�#0,*-"#�($a���8���&0-"V� e �!$!m#=_"'M
! 24 �b%�L�8$)*-���n���! ��� ���"#�($!"f�!"#�%*-"#�%$�.<r

λE
[
D1{D<W}

]
+ λE

[
(W + σ)1{D>W}

]
= E [X0] ,
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"��)$�0-"V$!"#=>���\�I2J�8$)$!"#�($!"h�+&I"#�)$a.f���<�#0,*-"#�%$&"#�%$)�7�8�($1���8���&0-"X� e �)$!m#=_"'^[�!��*,$hr
λE [T a] + λE [σ]E

[
1{D>W}

]
= E [X0] ,

���n"#�������!"Fr
λE [T a] + ρ(1 − π) = E [X0] .���q�6�������G�|�����a$!����$!"f�5*-�!�#*,��0,*,��"G��"h�!"#�)�[*-��"_r

E [T a] =
E [X0] − ρ(1 − π)

λ"#$6"#�{�L�8�)$)*-�#��0,*-"#�>�)*�0p�q�5*-�!�#*,��0,*,��"S��"W�!"#�)�[*-��"S"��!$ � G � �l^v�C��"�� � �5MJj 
 0p�u9;���)=K��0-"���! ��� ���"#�%$!"K�!"X�! � ��#�)*,$Kr

E [T a] =
E [X0] − (1 − p0)

λ
,

��y
p0
"��!$\0p�6���!��+L�8+�*,0,*,$! fb%��"X0-"h� e �)$!m#=_"h�!��*,$a�[*-��"G.l0324 #$7�8$1�)$7�8$)*-�����L�8*,�!"'M
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) ��"#�!�I����"	9;�����#$)*-���l�� #$!"#�)=>*,��*-�)$!"A��" D([0, T ],R

) r

�!{�z��$z
	�����lz�����*-,.*0/�13254 6���z
�C,�,>=����]{�z���� ª � *-; ª ;.?A]D HKJ�L)NoH DFE L (
X(n), n ∈ N

) R<LeO ^�B 2 L&N�NoHKN�R�L D
(
[0, T ],R

) L&N EyE L&VFVXL b H�L

sup
0≤t≤T

| X(n)
t −Xt | P−→

n→∞
0,

B '
(Xt, t ∈ [0, T ]

) LpN E HKJ
n&VXn&W'LpJ E R�n E L ^ W D J D N E L R�L D
(
[0, T ],R

) G�P<V B<^ N
(
X(n), n ∈ N

) 2 B JCf L ^ a L)L&J V B�D R�P�JCN D([0, T ],R
) f L ^ N

X d
!z"&$)c� ����!m#=_"1�!��*,���8�%$A��������"\����"\���!�����)*- #$! a��"a+L���!"\�I2 ����"a�)��*,$!"\��"\�'�8�)*p�8+�0-"���80- C�8$!��*,�!"��1�����(��"#�)U�"#�%$!"��X"#�<0-��*Ar
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2>=@?ACB<DFE
S
L E

U
G�R�LpH03 L&N5OQP 2 L&NmW'n E[^`D@b H�L&N}N�ntOQP ^ P�qpVXL&N d A�B�D\E

(Xn, n ∈ N
∗)HKJ�L~NoH D\E L'R<LTf>P ^`D PQqrVlL�P�Vln�P E�B�D\^ L�4 f P<VXL&H ^ N

S
2 B JCf L ^ a L�P<J E LpJ V B�D f>L ^ NHKJ�L�f>P ^`D PQqrVlLUP<VXnoP E�B�D\^ L

X
R�L

S
L E
f : S ↪→ U

HKJ�L9PrO�O]V D 2 P E[D@B J}W'LpNoH ^ PQqrVlLpG2 B J E[D JCH�LmN�H ^ VXL NoH�O�O B<^`E R<L
X d ( V B<^ N�G VXP NoH DFE L (f(Xn), n ∈ N

∗)
2 B J _f L ^ a LTL&J V B<D R<P<JCN U f L ^ N

f(X) d
�������1�7�8���|"#0-�����V"#���)��*,$!"f0-"G�! ��)��0,$7�8$V�)��*,���8�%$	�654R87 � �:9 
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w�x #&z�{o|&%'# ��*-,.*���196���� 2 8�= � wyx /�*�� � *-;�;<:Q?A�B<D L&J E
R(n)

L E
A(n)

G�R<P<JCN
D(R+,R)

L E HKJ�L 4 B J 2 E[D\B J 2 ^�B�D N�N�P<J E L
γ
R�L

D(R+,R)
E L&VFVXL&N b H�L}v

R(n)(0) = 0
L E
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