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Abstract

Providing high data rates with good quality of service for a large number of radio terminals communi-
cating with each other over a wireless channel constitutes the major challenge for the fourth generation
(4G) wireless networks. The basic technologies necessary to implement the vision of a target data rate
in the order of 1 Gbits/s are the subject of extensive research and investigation. In this context, the ultra-
wideband (UWB) technology is a strong candidate for 4G wireless personal area networks (WPANs).
This technology provides the advantage of low cost terminals that can coexist with the existing wireless
communication systems.

In this thesis, we present the construction of UWB transmitters and receivers over multi-antenna
channels. The multi-antenna techniques can further enhance the data rate, quality and communication
ranges of the existing UWB solutions.

Given the carrier-less nature of the UWB transmissions, most of the existing space-time (ST) coding
schemes (the best known ones in any case) can not be associated with this nonconventional technique.
While phase rotations can be exploited to achieve the transmit diversity in conventional narrow-band and
wide-band systems, the very large bandwidth occupied by thetransmitted UWB pulses renders the phase
reconstitution at the receiver side practically infeasible.

In our work, we propose novel families of ST codes that can be associated with carrier-less UWB
transmissions. At a first time, we adapt the mathematical tools based on cyclic division algebras to con-
struct new totally-real coding schemes over the field of rational numbers. At a second time, we show
that additional performance gains can be obtained when applying additional intra-symbol coding on the
pulses used to convey a given information symbol. Finally, and unlike the classical approach of construct-
ing ST codes over infinite fields, we propose a new approach forthe construction of modulation-specific
codes that can be associated with pulse position modulation(PPM) and with hybrid pulse position and
amplitude modulation (PPAM). The new modulation-specific codes show the best known performance
among the existing ST-UWB schemes. In some situations, these codes satisfy all the construction con-
straints of the perfect codes in addition to the constraint of being totally real.

We also consider the problem of constructing distributed ST-UWB codes that permit to profit from
the spatial diversity in a distributed manner. Novel amplify-and-forward and decode-and-forward strate-
gies are proposed and investigated over the indoor UWB channels. Throughout our work, we present
analytical, semi-analytical and numerical analysis of theproposed solutions over realistic indoor highly
frequency-selective channels. Issues related to the transceiver design and decoding strategies of practical
multi-antenna UWB systems are also studied.
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Resumé en Français

Introduction

Le plus grand défi des réseaux personnels sans fil de quatrièmegénération (4G) est de fournire un très
haut débit avec une bonne qualité de service à un grand nombred’utilisateurs qui partagent les mêmes
ressources d’un canal radio. Les solutions techniques qui peuvent répondre aux besoins très haut débit
(de l’ordre de 1 Gbits/s) des réseaux personnels sans fil de quatrième génération sont l’objet d’une intense
activité de recherche à travers le monde. Dans ce contexte, les systèmes de transmissions à bande ex-
trêmement large sont une solution adaptée à ces besoins. La technique ultra large bande (ULB) consiste
à émettre des impulsions de très courte durée. Etant donnée que la transmission s’effectue directement
en bande de base, les terminaux basés sur les transmissions ULB sont potentiellement bas coût et capable
de coexister avec les autres systèmes de communication sansfil.

Ce rapport de thèse présente des nouvelles méthodes d’émission et de réception basées sur les trans-
missions ULB pour les canaux à antennes multiples. Dans ce contexte, les techniques multi-antennes
sont capables d’améliorer les performances et d’augmenterle débit des systèmes ULB par impulsion.

Les codes spatio-temporels optimaux permettant d’atteindre les meilleures performances sont désor-
mais connus pour un émetteur àn≥ 2 antennes et un récepteur ayant au moinsn antennes. Ces codes,
appelés les codes parfaits, initialement développés pour les signaux à bande étroite peuvent être aussi
appliqués aux systèmes à large bande de type OFDM, MC-CDMA ouDSSS-CDMA. Par contre, ces
codes ne peuvent pas être associés aux signaux ULB impulsionnels. En effet, les codes parfaits sont à
coefficients complexes et portent par conséquent une information de phase. Or, les systèmes ULB ont
pour spécificité de travailler directement en bande de base.Pour ces formes d’ondes étant donné la bande
passante (de l’ordre de quelques GHz), il devient alors excessivement difficile de récupérer l’information
de phase.

Dans ce travail, nous proposons la construction de nouvelles familles de codes espace-temps pour
les systèmes de communications ULB impulsionnels. Dans un premier temps, les outils mathématiques
basés sur les algèbres cycliques de division ont été adaptéspour la construction d’un schéma de codage
espace temps totalement réel sur le corps des nombres rationnels. Dans les systèmes ULB impulsionnels,
plusieurs impulsions sont utilisées pour la transmission de chaque symbole d’information. En profitant
de la présence de ces impulsions, nous avons proposé une autre famille de codes basée sur l’introduction
du codage d’impulsion ainsi que du codage conjoint symbole-impulsion. Cette famille de code a permis
d’améliorer les performances.

À cause de leur très bonne résolution temporelle, les systèmes ULB sont mieux adaptés aux modula-
tions par position. Dans un deuxième temps, et contrairement à l’approche classique de construction des
codes espace-temps sur des corps infinis, nous proposons desnouvelles constructions spécifiques aux
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modulations de positions (PPM) ou aux modulations conjointes de position et d’amplitude (PPAM). Ces
constructions profitent des caractéristiques de ces constellations multidimensionnelles et non linéaires,
elles permettent d’obtenir une famille de code présentant les meilleures performances parmi tous les
schémas de codage espace-temps ULB existant dans la littérature. Dans certains cas, cette famille de
codes totalement réels satisfait toutes les contraintes deconstruction des codes parfaits complexes.

Enfin, nous nous sommes intéressés à des nouvelles constructions de codes distribués pour les sys-
tèmes ULB coopératifs. En particulier, nous proposons trois familles de codes algébriques pour la
stratégie de coopération type “amplify-and-forward”. La première famille introduit un codage entre
les symboles adjacents en se basant sur les algèbres cycliques de division. La deuxième famille est basée
sur le codage inter-impulsion et elle permet d’atteindre des bons niveaux de performance avec une com-
plexité réduite. Ces deux familles de code permettent d’atteindre un ordre de diversité maximal avec un
gain de codage qui ne s’évanouit pas avec la taille de la constellation et ce pour n’importe quel nombre
de relais. Ces codes peuvent être associés avec les constellations PAM, PPM et PPAM. La troisième
famille de code présente l’avantage d’une énergie moyenne uniforme par relais et par symbole. Elle est
spécifique aux constellations PPM et PPAM avec lesquelles elle présente les meilleures performances
connues. Dans certains cas, cette famille de code peut atteindre un gain de codage qui ne s’évanouit pas
avec la taille de la constellation. Nous présentons aussi des nouvelles techniques de coopération pour la
stratégie type “decode-and-forward” pour les systèmes ULBcohérents et non cohérents.

Tout le long de notre travail, nous présentons une analyse analytique, semi-analytique et numérique
des solutions proposées sur des canaux ULB sélectifs en fréquence proposés en standardisation (IEEE
802.15.3a). Nous présentons aussi des schémas pratiques detransmission, réception et décodage des sys-
tèmes multi-antennes ULB et des systèmes coopératifs ULB. Les simulations sur des canaux ULB réal-
istes valident les propositions théoriques et montrent l’utilité de combiner les techniques multi-antennes
et les techniques coopératives avec les transmissions ULB impulsionnelles.

Généralités sur les systèmes multi-antennes ULB

Durant ces dernières années la communauté de la recherche a développée des nombreuses solutions
pour les réseaux personnels sans fil de quatrième génération(4G). Parmi les solutions qui promettent des
améliorations significatives dans les performances, on peut citer le codage et la modulation adaptative, les
algorithmes de codage itératifs, le codage espace-temps, les techniques multi-antennes, les modulations
multi-porteuses et les systèmes radio à bande extrêmement large. Plus particulièrement, la technique de
transmission ultra large bande (ULB) par impulsion promet des solutions attirantes et innovantes pour
les systèmes de communications sans fil, les applications radar, l’imagerie médicale et les systèmes de
positionnement.

Aujourd’hui les transmissions ULB qui consistent à émettredes impulsions de très courte durée
(bande fréquentielle de plusieurs GHz) sont toujours considérées comme non conventionnelles. Cette
technique, d’abord utilisée pour des applications radar, atrouvé peu à peu des applications dans le do-
maine des télécommunications. L’ère moderne de l’ULB a commencé en 1993 quand Robert Scholtz
a présenté une stratégie d’accès multiple adaptée aux communications radio de type impulsionnelles.
Associé à un schéma d’accès multiple variable, les techniques ULB impulsionnelles peuvent permet-
tre d’une part des applications radar ou des liens point à point, mais aussi des communications plus
complexes mettant en réseaux plusieurs terminaux radios. Étant donné que la bande occupée par ces
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impulsions peut être commune avec des bandes allouées à d’autres services de radiocommunication, des
contraintes très rigides ont été adoptées sur le niveau d’émission des terminaux radio ULB. Par exemple,
aux USA la “Federal Communications Commission ” (FCC) permet l’émission des signaux ULB dans
la bande de fréquence[3.1 10.6] GHz avec une densité spectrale de puissance très faible de−41.25
dBm/MHz. Ce faible niveau peut être très contraignant sur ledébit et sur la portée des systèmes ULB.

Dans ce rapport de thèse, nous nous intéressons aux systèmesULB impulsionnels. Une autre solution
technique qui permet de profiter de la bande ULB est la solution multi-band OFDM où la bande passante
est divisée en plusieurs sous bandes de 528 MHz. Chaque sous bande est composée de 128 sous porteuses
modulée en QPSK en générale. La solution OFDM est bien adaptée aux systèmes haut débit et les sous
porteuses peuvent être choisis d’une façon dynamique pour limiter l’interférence avec les systèmes à
bande étroite. En générale, cette technique nécessite des traitements FFT lourds et la variation du niveau
de puissance sur une bande extrêmement large constitue un grand défi pour la conception des circuits
RF. En effet, il y a un grand débat sur les avantages et les inconvénients des solutions multi-bande et
impulsionnelle et les organismes de standardisation n’ontpas tranchés pour une solution ou une autre.
Dans la littérature, beaucoup de travail a été consacré aux systèmes OFDM (mono-antenne et multi-
antennes). Les systèmes multi-antennes impulsionnels, sujet peu exploré constituent à la fois un nouveau
défi, et une solution potentielle pour les systèmes très hautdébit.

Grâce à leur très bonne résolution temporelle, les systèmesULB impulsionnels peuvent être asso-
ciés avec les modulations par amplitude (PAM), les modulations par position (PPM) ou les modulations
conjointes d’amplitude et de position (PPAM). Pour les systèmes ULB haut débit, l’augmentation de
l’efficacité spectrale est obtenue en augmentant les niveaux d’amplitude de la modulation PAM ce qui
introduit des pertes non négligeables au niveau des performances du système. D’autre part, pour les mod-
ulations PPM l’augmentation de l’efficacité spectrale est obtenue en augmentant le nombre de positions
de modulation cependant cette solution augmente la complexité du récepteur.

Le canal de propagation ULB est un canal sélectif en fréquence. La réponse impulsionnelle du canal
est composée d’un très grand nombre de multi-trajets et l’étalement du canal peut être cent fois plus
important que la durée de l’impulsion transmise. Cette caractéristique du canal de propagation implique
des conséquences directes sur la conception du récepteur. Pour profiter de cette diversité de multi-trajet,
les récepteurs de type Rake sont souvent utilisés. Ces récepteurs combinent des versions différentes du
signal émis qui ceux sont propagés par des chemins différents. Mais, étant donné l’étalement du canal,
l’énergie du signal émis est étalée sur des centaines de multi-trajets et par conséquent l’énergie intégrée
par chaque doigt du Rake est faible. D’autre part, la complexité du Rake augment avec son nombre de
doigts, et par conséquent, en pratique les récepteurs profitent d’une partie limitée de la diversité offerte
par le canal ULB. Une autre catégorie de récepteur ULB est réalisée à l’aide de corrélateurs de type
filtres adaptées au canal ou à une partie du canal. La différence entre un Rake et un récepteur à base
de corrélations et que la seconde approche ne souffre pas de l’interférence intra-impulsion. En d’autres
termes, le récepteur à base de corrélations arrive à résoudre les multi-trajets séparés d’une durée plus
petite que la largeur de l’impulsion. Etant donnée la bonne résolution temporelles des récepteurs à base
de corrélations, l’amplitude est souvent quantifié sur un nombre très limité de niveaux.

D’autre part, les techniques multi-antennes sont capablesd’améliorer la qualité des communications
sur un canal radio. Les ressources limitées du système, comme par exemple le spectre et la puissance,
peuvent être exploitées d’une façon plus efficace pour augmenter la capacité du canal par rapport à un
canal avec une antenne de transmission et une antenne de réception. En d’autres termes, le degré spatial
additionnels de liberté donne la possibilité de transmettre des flux de données indépendants à traverse
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le canal et de les séparer coté réception. De ce point de vue, les techniques multi-antennes permet-
tent d’augmenter le débit des systèmes sans fil. Les techniques multi-antennes peuvent être également
employées pour combattre les phénomènes d’évanouissement.

Sur les canaux radio sans fil, il est possible d’obtenir un gain de multiplexage et un gain de diversité
à la fois. Mais, désormais, il existe un compromis entre ces deux gains. Dans ce contexte, le compromis
diversité-multiplexage d’un canal multi-antennes est nettement plus élevé que le compromis atteint par
un canal mono-antenne. D’autre part, des solutions exclusives à l’ULB ont été proposées où deux im-
pulsions orthogonales destinées à l’estimation du canal età la transmission de données sont transmises
simultanément pour améliorer le débit et les performances des systèmes multi-antennes ULB.

Une diversité de transmission maximale qui est égale au nombre des antennes de transmissions peut
être obtenu dans le cas où le flux de donnée transmis est convenablement codé par un schéma de codage
espace-temps approprié, ST pour space-time en Anglais. Lescodes ST peuvent être classés en deux
catégories : les codes ST par treillis et les codes ST en bloc.Dans la suite de ce rapport, nous nous in-
téressons aux techniques de codage par bloc parce que la complexité de leur décodage est moins élevée
que celle des codes par treillis. Plusieurs familles de codes ont était proposées dans la littérature. Le
premier code est le code d’Alamouti pour les systèmes avec deux antennes de transmissions. Ce code
permet d’atteindre la diversité maximale de transmission sans réduction en débit par rapport aux sys-
tèmes mono-antenne. La dernière génération de codes ST linéaires correspond aux codes parfaits qui
permettent d’atteindre la meilleure performance avec n’importe quel nombre d’antennes de transmis-
sion. Dans ce rapport, nous prenons les codes parfaits commeréférence avec laquelle nous comparons
nos codes qui sont adaptés aux communications ULB.

Dans le domaine des réseaux de capteur, les contraintes d’encombrement des terminaux radios con-
stituent une limite pratique au nombre d’antennes qui peut être implémenté sur chacun de ces terminaux.
Dans ce contexte, les différents nœuds peuvent coopérer entre eux pour profiter de la diversité spatiale
d’une façon distribuée en formant un réseau virtuel d’antennes. Considérons le cas d’un réseau sans fil
composé d’un certain nombre de nœuds équipé d’une seule antenne chacun. On considère le cas pratique
des terminaux qui peuvent recevoir ou transmettre à un moment donnée (pas d’émission et de réception
en même temps). Dans ce contexte, les nœuds voisins peuvent aider un certain nœud source à transmettre
son message vers sa propre destination. Ces nœuds réagissent comme des relais pendant la communica-
tion entre la source et sa destination. Dans ce contexte là, plusieurs stratégies de coopération permettent
d’obtenir des gains de performances très importants par rapport aux systèmes non coopératifs.

Les caractéristiques des canaux ULB et l’application des techniques non conventionnelles des trans-
missions avec des nouvelles modulations nécessitent la construction de codes ST et de schémas de
coopération appropriés. L’état de l’art sur les systèmes multi-antennes ULB n’est pas très fourni. En
générale, les solutions proposées dans la littérature consistent à associer des transmissions ULB avec
des codes ST orthogonaux (dont le débit peut être au mieux égal à 1 symbole par utilisation du canal).
Une autre approche basée sur du multiplexage spatial permetd’augmenter le débit mais qui ne permet
pas de tirer profit de la diversité de transmission. L’analyse des performances est basée sur des approx-
imations des propriétés du canal et est souvent limités à desstratégies simples de transmission et de
réception. Quelques codes orthogonaux de débits unitairesont été aussi proposés pour les systèmes ULB
non-cohérents utilisant des modulations PPM où la réception est basée sur l’intégration de l’énergie.

Dans ce mémoire de thèse, nous présentons une application des techniques multi-antennes pour les
systèmes ULB impulsionnels. En particulier, nous présentons la construction de nouvelles familles de
code ST par bloc adaptées aux transmissions ULB par impulsion. Nous présentons aussi la construction
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de nouvelles familles de code ST distribués qui peuvent êtreassociées aux systèmes ULB coopératifs.
Nous nous intéressons aussi à l’architecture des récepteurs multi-antennes ULB et au problème de dé-
codage avec les constellations multidimensionnelles et non-linéaires utilisées avec ces systèmes. Les
systèmes proposés dans cette thèse sont exploitables dans les applications de réseaux personnels sans fil
à très haut débit.

Modèle et performances des systèmes ULB sur des canaux à antennes mul-
tiples

Dans le deuxième chapitre, nous présentons le modèle du système que nous appliquerons tout le long de
la thèse. Nous considérons un système multi-antennes ULB oùla connaissance du canal est disponible
coté réception uniquement. Nous faisons l’hypothèse de synchronisation parfaite entre l’émetteur et le ré-
cepteur. Le schéma d’accès multiple par des sauts temporelsest considéré et toutes les antennes du même
utilisateur partagent la même séquence de saut temporel et,par conséquent, le niveau d’interférence
moyen est le même que dans les réseaux mono antenne.

Le canal est typiquement un canal sélectif en fréquence. Etant donné la très courte durée des im-
pulsions émises, les différences de temps de propagation doivent être prisent en compte. D’autre part,
les temps d’arrivée des différents trajets multiples sont complètement différents d’une antenne à l’autre.
Nous adoptons trois approches pour générer les canaux multi-antennes ULB. Dans une première ap-
proche, nous faisons l’hypothèse que la distance qui séparedeux antennes du même réseau d’antennes
est grande par rapport à la longueur d’onde correspondante àla fréquence minimale de la bande fréquen-
tielle occupé. Dans ce cas, les différents sous-canaux sontnon-corrélés et, par conséquent, ils sont
générés indépendamment utilisant les modèles du canal mon-antenne ULB proposés par le IEEE (les
modèles IEEE 802.15.3.a). La deuxième approche consiste d’utiliser les modèles semi-déterministes du
canal mono-antenne. Ces modèles qui prennent l’aspect spatial de l’environnent en considération peu-
vent être adaptés pour générer des canaux multi-antennes. La troisième approche consiste de simuler les
performances du système sur une base de données générée par des mesures effectué avec des réseaux
d’antennes dans la bande fréquentielle[3 5] GHz.

Les récepteurs considérés sont de type Rake et à base de corrélations. Pour les Rake, on distingue
entre les Rakes non-sélectifs qui combinent les premiers trajets et les Rakes sélectifs qui combinent
uniquement les trajets les plus forts entre une antenne de transmission et une antenne de réception. Les
Rakes sélectifs profitent d’une meilleure diversité de multi-trajets mais au coût d’une complexité beau-
coup plus élevée que celle des Rake non-sélectifs. Les récepteurs à base de corrélations sont équivalents
aux Rakes qui combinent la totalité des multi-trajets avec une résolution temporelle très élevée. Leur réal-
isation pratique est associée avec un échantillonnage sur un nombre très limité des niveaux d’amplitude
(typiquement, échantillonnage sur 1 bit).

Dans les systèmes ULB impulsionnels, plusieurs impulsionssont utilisées pour la transmission de
chaque symbole d’information. Ces répétitions sont introduites pour lutter contre l’interférence multiu-
tilisateur. En d’autres termes, et étant donné le faible niveau de puissance imposé sur les transmissions
ULB, ces répétitions servent aussi à améliorer le niveau d’énergie capturée au récepteur en performant
des intégrations cohérentes. Pour les systèmes à antennes multiples, on peut profiter de ces répétitions
pour introduire un nouveau type de codage inter-impulsion.Ce codage peut améliorer les performances
et diminuer la complexité par rapport aux schémas de codage espace-temps plus classiques et qui sont
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basés sur le codage inter-symbole. Nous proposons un schémasimple de codage ST qui profite à la fois
de la diversité de multi-trajets et d’espace avec un débit qui est égale à 1 symbole par utilisation du canal
pour n’importe quel nombre d’antennes de transmission et deréception. Quand le nombre de répéti-
tions est plus grand que le nombre d’antennes de transmission, le même symbole d’information peut être
transmis par les différentes antennes tandis que des séquences orthogonales attribuées aux impulsions de
chaque symbole permettent d’introduire une orthogonalitéentre les différents flux de données.

Des expressions explicits de la probabilité d’erreur conditionnelle sont données quand ce schéma de
codage est utilisé avec les modulations PPM ou les modulations PPM plus polarité. Pour les modulations
de polarité, une expression approximative de la probabilité d’erreur est donnée. Dans ce cas, la distribu-
tion statistique de la somme des variables aléatoires qui suivent une loi lognormale peut être approximée
par une loi lognormale. Cette approximation permet d’intégrer la probabilité d’erreur conditionnelle et
d’obtenir une expression explicite de la probabilité d’erreur.

Nous démontrons l’équivalence entre les critères de construction de codes ST sur un canal de Rayleigh
et leur construction sur les canaux du standard IEEE 802.15.3a. D’une façon plus explicite, un gain en
diversité plus élevé est équivalent à une variance plus faible pour la loi lognormale qui décrit la variation
globale de l’énergie intégrée provenant des différents trajets de propagation entre émetteur et récep-
teur. De la même façon, le gain de codage est relié à la moyennede cette distribution. Donc le canal
multi-antenne codé par ce schéma de codage est équivalent à un canal mono-antenne ayant la même
distribution mais avec une variance plus petite et une moyenne plus grande que chacun des sous canaux
entre l’émetteur et le récepteur. La variance et la moyenne de cette distribution équivalente du canal
à antennes multiples varient en fonction du produit entre lenombre d’antennes de transmission et le
nombre d’antennes de réception, ce produit qui correspond au nombre total de canaux entre l’émetteur
et le récepteur. Cette dépendance montre que les codes proposés profitent de la diversité maximale de
transmission étant donné que la diversité maximale de réception est assurée par ces récepteurs cohérents.

Nous poursuivons ce chapitre par une caractérisation statistique des canaux IEEE 802.15.3a. En
particulier pour les systèmes mono-antenne, l’énergie intégrée dans une fenêtre temporelle de n’importe
quelle durée peut être approximée par une loi lognormale. Dela même façon pour les canaux multi-
antennes, la valeur maximale entre les valeurs propres de lamatrice du canal peut aussi être approximée
par une loi lognormale. Grâce à cette étude statistique, nous avons proposé des expressions approx-
imatives du compromis diversité-multiplexage pour des canaux mono-antenne et des systèmes multi-
antennes codés par le code ST de débit unitaire. De la même façon, nous proposons des bornes inferieures
et supérieures des compromis diversité-multiplexage des canaux multi-antennes.

Cette étude montre que pour les canaux IEEE 802.15.3a, un gain de diversité infini peut être obtenu
avec les systèmes mono-antennes et multi-antennes pour lesvaleurs asymptotiques du rapport signal-
sur-bruit (RSB). Mais pour ces valeurs, les compromis varient comme le logarithme du RSB et pas
linéairement avec le RSB comme dans le cas des canaux de Rayleigh. Par conséquent, le codage ST
présente un avantage majeur pour les valeurs pratiques du RSB. En effet, étant donné cette variation
logarithmique, le régime asymptotique correspondant à unediversité infinie est atteint pour des valeurs
très élevées du RSB. Dans les systèmes pratiques, il est impossible d’atteindre ces RSB et il est toujours
possible d’obtenir un gain de diversité pour les valeurs pratiques du RSB. Dans ce cas, les résultats
montrent qu’il est beaucoup plus avantageux (en termes de performance et complexité) d’utiliser des
systèmes multi-antennes avec des Rakes ayant un nombre limité de doigts que d’utiliser des systèmes
mono-antennes avec des Rakes ayant un nombre très grand de doigts afin de combiner la totalité des
multi-trajets. Ces améliorations de compromis diversité-multiplexage offertes par les techniques multi-
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antennes sont importantes particulièrement pour les gainsde multiplexage élevés.
Dans un deuxième temps, nous nous intéressons à l’Interférence Inter-Symboles (IIS) et à l’Interférence

Multi-Utilisateurs (IMU). Nous proposons un modèle qui prend en compte ces interférences pour des
systèmes synchrones et asynchrones. Ce modèle est ensuite utilisé pour analyser les performances des
systèmes ULB multi-antennes en présence de ces interférences avec des récepteurs linéaires de type
MMSE (Minimum Mean Square Error).

En se basant sur le modèle d’interférence, nous proposons une nouvelle technique qui peut être
appliqué pour la réduction des niveaux d’IMU. Dans ce contexte, des études récentes montrent une
réduction des niveaux d’IMU dans le cas où des séquences aléatoires d’étalement en amplitude sont
associées aux séquences de sauts temporels. Nous étudions le problème d’IMU avec les systèmes mono-
antenne et multi-antennes et nous proposons une méthode plus appropriée pour la génération de ces
séquences.

L’analyse est basée sur une borne supérieure de la probabilité d’erreur qui correspond à la réduc-
tion de l’interférence entre deux utilisateurs en négligeant l’interférence des autres utilisateurs. Cette
approche permet de proposer un critère simple pour la construction de ces matrices d’étalement. La pro-
priété de l’inclusion est respectée par cette constructionce qui évite la mise à jour des matrices des dif-
férents utilisateurs chaque fois qu’un utilisateur accèdeou sort du réseau. La construction d’une famille
de matrices d’étalement qui respecte ce critère de construction est ensuite présentée. Cette technique de
construction qui est inspirée des codes ST non-cohérents peut être appliquée avec n’importe quel nombre
d’antennes de transmission. Les séquences d’étalement générées sont très courtes par rapport aux autres
séquences appliquées dans les systèmes CDMA.

La dernière partie de ce chapitre est consacrée aux simulations sur les canaux IEEE 802.15.3a et
sur des canaux multi-antennes issues d’une campagne de mesure que nous avons effectuée au CEA-
LETI. Cette analyse numérique montre l’intérêt de l’association des techniques multi-antennes avec les
systèmes ULB impulsionnels. Pour un ordre de diversité donnée, la diversité spatiale peut apporter
beaucoup plus que la diversité de multi-trajets en particulier pour les grandes valeurs de RSB. Limité
par les réalisations pratiques des récepteurs, la diversité de multi-trajets peut être insuffisante même si la
diversité du canal est très élevée.

Les campagnes de mesure montrent que la corrélation spatiale entre les réponses des sous-canaux
est faible à cause de l’interaction limitée entre les différents multi-trajets ceci est du à la faible durée
des impulsions. Dans ce contexte, les récepteurs à base de corrélations utilisant des filtres adaptés à
la réponse entière du canal sont attirants parce que l’interférence co-canal devient faible et des gains de
multiplexage très élevés avec des bonnes performances peuvent être obtenus avec des récepteurs MMSE.
D’autre part, les systèmes ayant des Rakes avec un nombre limité des doigts souffrent des niveaux non
négligeables d’évanouissement. Même si cet évanouissement est moins sévère que dans les systèmes à
bande étroite, il introduit des pertes non négligeables. Dans ce contexte, la diversité spatiale peut apporter
des améliorations supplémentaires en termes de taux d’erreur binaire.

Finalement, une étude du bilan de liaison avec des impulsions respectant la masque du FCC montre
les gains importantes en termes de l’extension de la portée des réseaux WPANs ULB en appliquant les
techniques multi-antennes. Dans ce contexte, des débits del’ordre de 100 Mbits/s à une distance de 10
m sont envisageables sur le modèle de canal IEEE CM2 avec six antennes à l’émission et à la réception.
Dans les mêmes conditions le cas mono antenne permet seulement une portée de 1m. Les simulations
prennent en compte les aspects pratiques des récepteurs ULBcomme, par exemple, l’échantillonnage sur
un bit et l’estimation non parfaite du canal.
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Construction des codes ST pour les systèmes multi-antennesULB

Dans le troisième chapitre, nous considérons le problème dela construction des schémas de codage qui
transmettent avec un débit maximal égal au nombre des antennes de transmission. Du fait de l’absence
d’une fréquence porteuse, les flux de données codées transmis par les différentes antennes doivent être
totalement réels. Limitant la communication dans la bande de base constitue une contrainte très forte du
point de vue de construction des codes ST à débit maximale. Malgré cette contrainte, les transmissions
impulsionnelles présentent un certain nombre de dégrées delibertés qui peuvent être exploités pour la
construction des schémas de codage appropriés.

Le premier dégrée réside dans la possibilité de transmettredes formes impulsionnelles différentes.
Le deuxième dégrée de liberté est lié à la transmission de chaque symbole d’information à l’aide de
plusieurs impulsions. Enfin, les spécificités des modulations PPM et PPAM peuvent être exploitées pour
la construction de schémas de codage adaptés.

Pour profiter du premier dégrée de liberté, nous proposons unnouveau schéma de diversité basé
sur l’utilisation des impulsions de Hermite. Les formes desimpulsions transmises par les différentes
antennes sont constituées de fonctions d’Hermite d’ordresdifférents. D’une manière équivalente, les
impulsions transmises par les différentes antennes sont orthogonales entre elles. Ce schéma s’applique
sur un bloc contenant un nombre de symboles d’information égal au nombre des antennes de transmis-
sion. Dans un premier temps, une rotation réelle appropriéeest appliquée entre les impulsions transmises
dans chacune des positions PPM et correspondantes au bloc des symboles considérés. Cette rotation per-
met d’atteindre un ordre de diversité maximale. Dans un deuxième temps, les versions retournées des
symboles sont transmis par les différents sous-espaces générés par les différentes formes d’ondes.

L’interférence intra-impulsion générée par la propagation dans des canaux très sélectifs en fréquence
réduit le niveau d’orthogonalité entre les différents signaux reçus. Les simulations sur les canaux IEEE
802.15.3a montrent que l’association des impulsions d’Hermite avec de la diversité de modulation permet
d’atteindre des niveaux de performance élevés avec une complexité de décodage qui est une fonction du
nombre d’antennes de transmission. Un autre avantage est que les récepteurs linéaires simples peuvent
atteindre des niveaux des performances plus élevés que dansle cas classique à cause de l’orthogonalité
introduite par l’utilisation des impulsions de Hermite. Par exemple, un système avec trois antennes
de transmission utilisant des impulsions de Hermite permetde transmettre trois fois plus rapidement
qu’un système mono-antenne avec des meilleures performances en utilisant des décodeurs MMSE sim-
ples. Dans ce cas, les systèmes multi-antennes n’utilisantpas des impulsions de Hermite permettent
d’atteindre des meilleures performances que les systèmes mono-antennes simplement avec des décodeurs
non-linéaires basées sur le critère de maximum de vraisemblance.

Le désavantage est que le nombre des filtres adaptés nécessaires en réception augmente avec le nom-
bre d’antennes à l’émission. Les simulations montrent que les performances de ce schéma de codage sont
nettement meilleurs que celles des systèmes multi-antennes non-codés associés à un récepteur utilisant
un Rake avecP fois plus de doigts oùP est le nombre d’antennes de transmission.

Les algèbres cycliques de division constituent le principal outil mathématique utilisé pour la con-
struction des dernières familles de code ST qui transmettent à débit maximale et qui profitent d’un ordre
de diversité maximale. Ces codes sont en général construitssur des corps infinis et ils sont associés aux
modulations QAM, PAM ou PSK. La première approche adoptée dans ce chapitre pour la construction
des codes ST à diversité maximale et débit maximal est basée sur les algèbres cycliques totalement réels
considérés sur le corps des nombres entiers. Les codes proposés peuvent être associés avec n’importe
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quelle modulation PAM, PPM ou PPAM. Avec ces constellations, cette première famille de codes permet
d’atteindre un gain de codage qui ne diminue pas avec la taille de la constellation.

D’autre part, la contrainte d’avoir des mots de code totalement réels implique un désavantage sur les
codes construits des algèbres cycliques de division totalement réels. Pour les systèmes équipés de plus
de trois antennes de transmission, il est impossible de construire des mots de codes basés sur les algèbres
cycliques de division et qui ont un niveau d’énergie moyen uniforme par antenne et par temps symbole.
Dans ce cas, les codes proposés sont construits sur le sous-corps maximal du corps cyclotomique et le
choix approprié d’une base permet de transmettre une constellation qui est une simple rotation de la
constellation d’origine (avant codage). Pour les systèmeséquipés avec deux antennes de transmission,
nous montrons qu’il existe un compromis entre l’efficacité énergétique et l’efficacité de forme. Dans ce
cas, nous proposons la construction des deux familles de codes. La première famille de codes est associée
avec l’entier−1 et permet de maximiser le gain de codage parmi tous les codesayant un niveau d’énergie
moyen. Par contre, ce code introduit des pertes de forme. La deuxième famille est associée avec l’entier 2
et le nombre d’or. La constellation transmise est une rotation de la constellation d’origine mais l’énergie
n’est pas distribuée d’une façon uniforme entre les différents symboles d’information. Malgré le niveau
de performance très élevé atteint par cette première famille de codes, elle reste moins performante que
les codes parfaits et le gain de codage atteint par la nouvelle construction est une fraction du meilleur
gain de codage connu et qui est atteint par les codes parfaitsà mots de codes complexes.

Dans un deuxième temps, nous avons profité de la présence des répétitions des impulsions pour
améliorer les performances de cette première famille de code en distribuant l’énergie disponible à la
transmission d’une façon plus équilibré entre les différentes couches de chaque mot de code. Ce schéma
de codage conjoint par symbole et par impulsion est obtenu enappliquant une permutation cyclique
d’ordreP d’une façon périodique sur le bloc deP2 symboles avant d’appliquer les niveaux d’amplitude
sur les différentes impulsions.

Nous proposons aussi une troisième famille de codes basée sur le codage inter-impulsion. Nous
montrons que ce schéma de codage est l’extension optimale des codes construits à partir des algèbres cy-
cliques de division. Cette extension est obtenue dans le casoù les différents flux de données peuvent être
séparés coté réception à l’aide de plusieurs séquences orthogonales associées aux impulsions utilisées
pour la transmission de chaque symbole d’information.

Par rapport au codage inter-symbole, le codage inter-impulsion présente l’avantage d’une complexité
plus réduite avec des meilleures performances. En effet, lacomplexité de décodage optimal des deux
premières familles de codes augmente avecP2. Par contre, la complexité de décodage de la troisième
famille de codes est une fonction deP (le nombre d’antennes à la transmission). En plus, le gain de
codage est optimal est ne diminue pas avec la taille de la constellation. Le désavantage est que ce
schéma de codage peut être appliqué simplement dans le cas oùle nombre d’antenne de transmission est
plus petit que le nombre d’impulsions transmises par symbole.

Dans la dernière partie de ce chapitre, nous introduisons lanotion de codages spécifiques aux mod-
ulations. En particulier, nous présentons la constructionde nouvelles familles de codes qui peuvent être
associées avec les modulations PPM ou les modulations PPAM avec un nombre donné de positions de
modulation. L’avantage par rapport aux codes construits à partir des algèbres cycliques de division est
que l’efficacité énergétique peut être obtenue avec n’importe quel nombre d’antennes de transmission.
En générale le gain de codage diminue avec le nombre de niveaux d’amplitude. Par contre, dans certains
cas, le gain de codage est constant avec n’importe quel nombre de niveaux d’amplitude.

D’une façon plus explicite, nous présentons la construction des deux familles de codes. La première
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famille est basée sur la permutation des impulsions où une simple permutation cyclique entre les im-
pulsions permet d’atteindre un ordre de diversité maximal.Pour cette famille de codes, le nombre des
positions de modulation pour lequel le code atteint la diversité maximale est une fonction croissante du
nombre des antennes à l’émission. Plus précisément, pour les constellationsM-PPM-M′-PAM avecP
antennes de transmission, la première construction permetd’atteindre le niveau maximal de diversité
de transmission pour toutes les valeurs deM′ et pourM ≥ 2P− 1 ou pour les valeurs deM respectant
ϕ(M) ≥ P où ϕ(.) est la fonction d’Euler.

La deuxième famille des codes spécifiques est basée sur la combinaison des impulsions. Dans ce
cas, une extension additionnelle de la constellation non-codée permet d’atteindre la diversité maximale
avec n’importe quel nombre d’antennes de transmission et pour toutes les constellations PPM ou PPAM
ayant un nombre pair de positions de modulation. Comme la première famille de codes spécifiques, la
deuxième construction permet de transmettre une énergie moyenne constante par antenne et par symbole.
Cette famille de code est particulièrement intéressante avec les modulations PPM binaires. Dans ce cas,
le gain de codage est le même que le gain de codage atteint avecles codes parfaits complexes pour
n’importe quel nombre d’antennes de transmission.

Dans les cas où les deux familles permettent d’atteindre unediversité maximale, la première famille
présente un niveau de performance légèrement plus élevé. Cette différence en performances est visible
particulièrement avec les constellations ayant un grand nombre des niveaux de modulation d’amplitude.

D’une façon générale, les codes construits à partir des algèbres cycliques de divisions permettent
d’atteindre un gain de codage ne s’évanouissant pas avec l’efficacité spectrale de la constellation trans-
mise. Le désavantage est la perte de l’efficacité énergétique. D’autre part, les codes spécifiques per-
mettent d’atteindre cette efficacité énergétique avec un gain de codage qui risque de diminuer avec le
nombre des niveaux de modulation d’amplitude. Pour les canaux IEEE 802.15.3a, nous pouvons con-
stater que l’efficacité énergétique est plus importante quele critère d’un gain de codage fixe pour les
raisons suivantes :

• Sur le canal de Rayleigh, les codes ST ayant un gain de codage qui est indépendant de la taille
de la constellation sont capables d’atteindre le compromisdiversité-multiplexage du canal. Par
contre, pour les canaux ULB, il n’y a pas une relation directeentre la contrainte d’un gain de
codage constant et du compromis diversité-multiplexage atteint. En absence de cette relation, le
critère d’avoir un gain de codage ne s’évanouissant pas avecla taille de la constellation devient
moins important que l’efficacité énergétique.

• D’autre part, pour les constellationsM-PPM-M′-PAM, l’efficacité spectrale peut être augmentée
en augmentant la valeur deM. Contrairement à la réduction du gain de codage qui est asso-
cié à l’augmentation de la valeur deM′, l’augmentation du nombre des positions de modulation
n’implique pas une réduction du gain de codage.

Les codes spécifiques sont intéressants parce que la structure des codes est indépendante du nombre
des niveaux de modulation d’amplitude. Cette structure estsimplement dépendante de la dimensionnalité
de la constellation transmise (nombre d’antennes de transmission et le nombre des positions PPM). Dans
plusieurs cas, les codes spécifiques totalement réels répondent aux mêmes critères de construction que
les codes parfaits complexes et les niveaux des performances atteints sont très semblables. En plus, cette
nouvelle famille de code est à mots de codes entièrement réels et, par conséquent, peut être associée aux
transmissions ULB dans la bande de base.
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Une analyse numérique effectuée sur des canaux réaliste montre que les performances des codes
spécifiques sont meilleurs que celles des codes construits àpartir des algèbres cycliques de division.
D’une façon plus générale, les systèmes ULB pratiques sont associés avec des modulations PPM ou
des modulations PPAM ayant un nombre limité de niveaux d’amplitude car les performances diminuent
très rapidement lorsque l’ordre de modulation PAM augmente. Dans ce contexte, l’efficacité énergé-
tique est plus importante que la propriété d’avoir un gain decodage ne s’évanouissant pas avec la taille
de la constellation et les modulations spécifiques sont mieux adaptées à la nature impulsionnelle de la
transmission.

Construction des codes ST distribués pour les systèmes coopératifs ULB

Dans le quatrième chapitre, nous étudions les systèmes ULB coopératifs. Dans ce contexte, les terminaux
radios coopèrent pour profiter de la diversité spatiale d’une façon distribuée. En particulier, considérons
la communication entre une source et une destination. Dans le mode coopératif, des terminaux radio
qui se trouvent dans le voisinage d’une source et de sa destination peuvent aider ces derniers à établir
leur communication d’une façon plus fiable. Dans la suite nous considérons le cas des terminaux radios
équipés d’une seule antenne et qui ne peuvent pas transmettre et recevoir en même temps.

Dans la suite, nous considérons les réseaux coopératifs oùK relais peuvent aider la source à trans-
mettre son message vers sa propre destination. Tous les schémas de coopération que nous considérons
permettent d’atteindre un ordre de diversité spatiale égale àK + 1. En plus, cette diversité est atteinte
en transmettant dans une fenêtre TDMA de la source uniquement. Pendant la phase de coopération, la
source et sesK relais partagent la même séquence de sauts temporels.

Cette technique de coopération non-orthogonale est très intéressante. Étant donné que les relais
transmettent dans la fenêtre TDMA de la source, ces relais peuvent se coopérer avec la source même
dans le cas où ils ont leurs propres données à transmettre vers leurs destinations respectives. De la même
façon, la source peut devenir un relai pendant la transmission d’un de ses voisins. En d’autres termes,
l’application des stratégies de coopération non-orthogonales correspond à une meilleure utilisation des
ressources du canal radio.

Dans un premier temps, nous considérons la stratégie de coopération basée sur la technique “Amplify-
and-Forward” (AF) où chaque relai transmet une version amplifiée du signal qu’il a reçu antérieurement.
Pour ces systèmes, la sélectivité en fréquence des canaux ULB implique des conséquences directes sur
la structure du récepteur et des différents relais. Pour lesrelais, nous choisissons de combiner un certain
nombre de multi-trajets avant la retransmission du signal.Cette solution permet de réduire d’une façon
très significative l’interférence intra-symbole à la destination et évite l’implémentation des Rakes avec
un nombre excessif de doigts.

D’autre part, les différences de temps de propagation associées aux canaux entre les différents relais
et la destination peuvent être comparables avec la durée desimpulsions ULB. Alors, étant donnée la
grande résolution temporelle des impulsions ULB, il faut différencier les systèmes avec voie de retour
des systèmes sans voie de retour entre la destination et chaque relai. Dans le premier cas, les différents
temps de propagation sont compensés et les premiers trajets, correspondants aux canaux entre chaque
relai et la destination, sont alignés à la destination. Dansle deuxième cas, le délai du premier doigt du
Rake à la destination est égal au temps d’arrivée du premier trajet entre la source et la destination.

Des simulations sur des canaux ULB réalistes montrent que leretour entre la destination et les relais
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permet d’améliorer les performances d’une façon très significative. Plus précisément, les canaux avec
un trajet direct (les canaux CM1 de la recommandation IEEE 802.15.3a) sont plus sensibles à l’absence
de synchronisation entre les différents relais et la destination. Dans ce cas, il n’est pas improbable de ne
pas combiner le trajet direct et le plus fort entre un relai etla destination. Pour ces canaux, la différence
entre les niveaux des performances des systèmes avec ou sansvoie de retour est plus manifeste. D’autre
part, cette dégradation de performance devient moins visible pour les systèmes utilisant des Rakes avec
un grand nombre des doigts.

Pour la stratégie AF, nous proposons la construction de quatre nouvelles familles de codes spatio-
temporels distribués et adaptés aux systèmes ULB impulsionels. Comme les codes ST proposés en
chapitre 3, les codes ST distribués que nous proposons dans ce chapitre sont des codes à mots de codes
totalement réels. Tous les codes que nous introduisons dansce chapitre n’introduisent pas une réduction
du débit binaire par rapport aux systèmes non coopératifs.

La première famille de codes est basée sur les algèbres cycliques de division. Cette famille de codes
est basée sur le principe de codage inter-symbole. En d’autres termes, les amplitudes des différentes
impulsions utilisées pour la transmission de chaque symbole d’information sont égales. D’une manière
équivalente, cette famille de codes peut être associée mêmeavec les systèmes ULB très haut débits
n’appliquant aucune répétition d’impulsions. Cette famille de codes peut être appliquée avec n’importe
quel nombre de relais et avec toutes les constellations PAM,PPM ou PPAM. Avec ces modulations, le
gain de codage obtenu est indépendant de l’efficacité spectrale de la constellation transmise. Dans ce
cas, la constellation transmise est une simple rotation de la constellation non codée.

Par contre, du fait de la contrainte des transmissions totalement réelles, l’énergie n’est pas dis-
tribuée d’une façon homogène entre les différents symbolesd’information. Plus précisément, les mots
de code sont composés des plusieurs couches où chaque couchecontient un certain nombre des sym-
boles d’information. Mais, ces couches ne sont pas protégées d’une façon égale contre le bruit et les
erreurs de décision sur les symboles contenus dans les couches les moins protégées sont plus fréquentes.
En d’autres termes, du fait de la contrainte des transmissions totalement réelles, ces codes sont moins
performants que certains codes proposés pour les systèmes àbande étroite.

Cet inconvénient a orienté nos recherches vers une deuxièmefamille de codes qui profite de la
présence de plusieurs impulsions pour introduire un codageconjoint des symboles et des impulsions.
Dans ce contexte, le code basé sur les algèbres cycliques de divisions est appliqué périodiquement sur
des versions permutées du flux de donnée source. Cette technique d’entrelacement permet de distribuer
l’énergie disponible d’une façon plus équilibrée entre lessymboles transmis par la source et les différents
relais. Ce code à énergie moyenne uniforme par symbole d’information et par relai peut être appliqué
si Nf > 1 oùNf est le nombre d’impulsions utilisées pour la transmission d’un symbole d’information.
Comme la première famille de codes, le gain de codage ne s’évanouit pas avec la taille de la constella-
tion transmise. Pour ces deux familles de codes, le décodagedoit être effectué dans un espace réel de
dimension 4K.

D’autre part, l’entrelacement introduit des gains importants en performances par rapport aux codes
construits des algèbres cycliques de division. Par exemple, pour les faibles valeurs du rapport signal sur
bruit, la première famille de codes introduit une perte en performances par rapport aux systèmes non-
coopératifs. Etant donné que toutes les constructions proposées sont des constructions asymptotiques,
le gain de diversité n’est pas visible pour ces RSB. D’autre part, le bruit additionnel introduit par les
relais rend les décisions prises à la destination plus erronées. Par contre, pour ces mêmes intervalles de
RSB, les performances de la deuxième famille de code sont nettement meilleures que celles des systèmes
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non-coopératifs. Cette comparaison montre l’importance de l’équilibre énergétique dans la construction
des codes ST distribués.

La troisième famille de code est basée sur le codage inter-impulsions où les impulsions utilisées pour
la transmission de chaque symbole d’information sont encodées de façon indépendante des valeurs des
impulsions utilisées pour la transmission d’un autre symbole. Cette famille de code présente l’avantage
d’une complexité de décodage plus réduite car dans ce cas chaque mot de code contient 2K symboles.
Comme les deux premières familles de codes, le gain de codagene s’évanouit pas avec la taille de la
constellation transmise. En plus, le codage inter-impulsions peut être appliqué avec toutes les constel-
lations PAM, PPM et PPAM. Par contre, cette famille de codes ne peut être appliquée que si le nombre
d’impulsions par symbole est strictement plus grand que quatre fois le nombre de relais.

La deuxième et la troisième famille de codes profitent de la répétition des impulsions pour aug-
menter l’efficacité énergétique et améliorer les performances. La quatrième famille de codes que nous
proposons permet d’atteindre cette efficacité énergétiquemême dans les systèmes ULB très haut débit où
les répétitions des impulsions peuvent être absentes. Cette famille de codes est spécifique aux constel-
lations multidimensionnelles PPM et PPAM. En d’autres termes, les trois premières familles de codes
peuvent être associées avec n’importe quel sous ensemble deZ4K tandis que le gain en diversité de la
quatrième code est atteint à cause de la structure particulière des constellations PPM et PPAM.

En particulier, considérons une constellationM-PPM-M′-PAM. La quatrième famille de code permet
d’atteindre une diversité spatiale de l’ordre deK + 1 pourM ≥ 2 et pour toutes les valeurs deM′. Pour
les constellations ayants une dimensionnalité suffisamment grande (en particulier,M ≥ 4K +1), le gain
de codage est indépendant de la valeur deM′. Par rapport aux trois premières familles de codes, la qua-
trième famille présente l’avantage d’une bonne efficacité énergétique même en absence des répétitions
des impulsions. Par contre, la quatrième famille ne peut pasêtre associée avec les modulations PAM.

PourM > 2, la quatrième famille de codes est basée sur une permutation cyclique entre les positions
nominales de modulation et par conséquent elle n’introduitaucune extension additionnelle de la con-
stellation avec les modulations PPM et PPAM. PourM = 2, cette construction introduit une permutation
cyclique et un changement de polarité. Par conséquent, pourles constellations bidimensionnelles, cette
famille de codes n’introduit aucune extension additionnelle de la constellation qu’avec les constellations
PPAM.

Des résultats numériques sont donnés sur des canaux ULB 802.15.3a et sur les canaux obtenus à
partir des techniques de “ray tracing”. Les résultats montrent l’importance de l’efficacité énergétique. La
deuxième famille de codes permet d’atteindre les meilleursniveaux de performance. La troisième famille
de codes permet d’atteindre des niveaux de performance comparables avec une complexité réduite. Pour
les constellations multidimensionnelles, le schéma de codage spécifique est meilleur que pour la première
famille de codes et il permet de se rapprocher des performances de la deuxième famille de codes sans
répétitions des impulsions.

Les simulations sur les canaux obtenus à partir des techniques de “ray tracing” montrent le gain én-
ergétique additionnel obtenus par la coopération dans des réseaux sans fil de type “indoor”. Les résultats
montrent aussi l’impact de la position de chaque relais sur les performances globales du système. Dans
ce contexte, il est préférable de se coopérer avec les nœuds qui sont dans le voisinage de la source qu’avec
les nœuds qui se trouvent dans le voisinage de la destination. D’autre part, le gain énergétique permet
à la première famille de codes, basée sur le codage inter-symboles, d’avoir de meilleures performances
que les systèmes non-coopératifs pour toutes les valeurs pratiques du RSB.

Dans un deuxième temps, nous considérons la stratégie de coopération basée sur la technique “Decode-
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and-Forward” (DF). Dans ce cas, chaque relai peut décoder leflux de données qu’il reçoit et l’encoder
avec un schéma de codage qui peut être potentiellement différent. Nous considérons les techniques DF
avec les systèmes ULB cohérents, non cohérents et différentiels.

Le schéma cohérent est basé sur le codage conjoint des symboles et des impulsions et il peut être
associé avec n’importe quel nombre de relais quand au moins deux impulsions sont utilisées pour la
transmission de chaque symbole de l’information. Ce schémaest basé sur la diversité de modulation. Le
décodage dans chaque relai est effectué symbole par symbole. Ce schéma de codage peut être appliqué
avec toutes les constellations PAM, PPM et PPAM.

Le schéma de codage est périodique de période(K + 1)Nf impulsions oùK est le nombre de relais
etNf est le nombre d’impulsions par symbole. Pendant la premièremoitie de la période de coopération,
la source transmitK + 1 symboles d’informations. Dans ce cas,Nf /2 impulsions sont utilisées pour
la transmission de chaque symbole (au lieu deNf dans le cas non-coopératif). Pendant la deuxième
moitie de la période de coopération, la source transmet des versions codées de cesK + 1 symboles
d’information. Le codage est basé sur l’association d’une séquence d’étalement d’amplitude avec la
première ligne d’une matrice de rotation totalement réellede dimensions(K +1)× (K +1) et qui permet
d’atteindre la diversité maximale de modulation.

Chaque relai reçoit les impulsions transmises pendant la première moitie de la période de coopéra-
tion. Pendant la deuxième moitie de la période de coopération, tous les relais transmettent simultané-
ment. Dans ce cas, chaque relai transmet une version codée deses décisions concernant lesK +1 sym-
boles d’information. Le codage auk-ième relai est basé sur l’association d’une séquence d’étalement
d’amplitude avec la(k+1)-ième ligne de la matrice de rotation atteignant la diversité maximale de mod-
ulation. Les séquences d’étalements associés aux relais età la source pendant la deuxième moitie de la
période de coopération sont orthogonales.

Les études montrent que les performances sont très dépendantes de la façon avec laquelle l’énergie
totale disponible est distribuée entre la source et ses relais. Les performances du système basculent entre
deux cas extrêmes. Dans le premier cas, les niveaux de transmission des relais sont très élevés mais les
décisions prises par les relais sont peu fiables. Dans le deuxième cas, des versions codées des décisions
fiables des symboles d’information sont transmises par les relais avec un faible niveau d’énergie. Les
performances optimales correspondent à un compromis entreces deux cas et à une meilleure distribution
énergétique entre la source et les relais d’une part et entreles deux moities de chaque période de coopéra-
tion d’autre part. Ce compromis dépend des caractéristiques des différents canaux de propagation et du
nombre de doigts de Rake utilisé à chaque relai.

Pour les systèmes différentiels et non cohérents, la diversité spatiale est atteinte par un codage inter
impulsions. Ces deux systèmes ne nécessitent pas l’estimation du canal coté récepteur et sont mieux
adaptés aux réseaux de capteurs simples à bas cout. Le nombrede relais toléré par ces schémas de
codage est dépendant du nombre d’impulsions par symbole. Engénérale, le nombre de relais doit être
plus petit que le nombre de répétitions des impulsions.

Les systèmes différentiels peuvent être associés avec toutes les modulations à module constante
comme la modulation de polarité, les modulations PPM et les modulations bi-orthogonales PPM avec
polarité. Dans ce cas, l’information est déterminée par la différence de phase et/ou le décalage tem-
porel relatif entre deux impulsions consécutives. Coté réception, la comparaison des vecteurs de déci-
sion associées à des impulsions consécutives permet de déterminer l’amplitude et la position des sym-
boles d’information. En d’autres termes, chaque impulsionconstitue une référence pour la détection de
l’impulsion suivante. Pour ces systèmes, les performancespeuvent êtres améliorées en améliorant la
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qualité du signal de référence. Dans ce cas, les systèmes avec retour de décision permettent d’améliorer
les performances et de se rapprocher des performances des systèmes cohérents pour des valeurs suff-
isamment larges du rapport signal sur bruit.

Les systèmes non cohérents sont basés sur l’entrelacement des impulsions, utilisées pour la transmis-
sion de chaque symbole, entre la source et ses relais. Ces systèmes peuvent être associés avec des mod-
ulations PPM et le récepteur est basé sur l’intégration d’énergie. D’autre part, ce schéma non-cohérent
ne nécessite pas une synchronisation très précise entre la source, la destination et les relais.

Les techniques DF sont associées avec du reliage sélectif. Dans ce cas, un relai participe à la commu-
nication entre une source et sa destination uniquement s’ilest capable de décoder correctement un certain
nombre de symboles d’apprentissage. Pour le reliage non sélectif, les performances sont détériorées par
les décisions très erronées dans un certain nombre de relais. Dans ce cas, les gains de diversité des sché-
mas DF ne sont visibles que aux valeurs très élevés et non réalisables du RSB. D’autres algorithmes de
sélection de relais se basant sur les positions des différents nœuds sont aussi envisageables. Dans ce cas,
le système proposé profite des potentiels de positionnementtrès élevés offerts par les systèmes ULB à
cause de leur très haute résolution temporelle.

Des simulations sur des canaux réalistes montrent des gainsimportants en diversité. En plus du
gain en diversité, des gains énergétiques importants sont obtenus. Ce dernier point présente un grand
intérêt étant donné les très faibles niveaux de puissance tolérée en ULB. Les simulations montrent que
l’association de la stratégie DF avec des modulations différentielles PPM non orthogonales et récep-
teurs avec retour de décision permet d’atteindre des débitstrès élevés avec des niveaux de performances
importants et une complexité réduite. Dans ce cas, nous réalisons un débit important en utilisant des
constellations PPM de grande efficacité spectrale. La duréede chaque symbole est maintenue constante
en utilisant des modulations non-orthogonales. Les pertesen performances introduites par l’interférence
entre les différentes positions PPM peuvent être remédiéesavec l’implémentation d’un récepteur avec
retour de décision.

Décodage des constellations multidimensionnelles et non linéaires

Le dernier chapitre de cette thèse est consacré au problème du décodage des constellations multidimen-
sionnelles PPM ou PPAM. Considérons une constellationM-PPM ouM-PPM-M′-PAM. Ces constel-
lations sont de dimensionM et chaque symbole d’information est représenté par un vecteur de taille
M dont uniquement une composante prend une valeur non nulle. D’autre part, les techniques de dé-
codage par sphère permettent d’atteindre les performancesdes décodeurs optimaux à base de maximum
de vraisemblance. Par contres, ces décodeurs peuvent être associés exclusivement avec des lattices des
points ou avec des hyper cubes appartenant à ces lattices (par exemple, les constellations PAM ou QAM
finies multidimensionnelles). Par conséquent, même si le code spatio-temporel appliqué est linéaire, la
constellation multidimensionnelle transmise est non linéaire et les techniques de décodage par sphère
ne peuvent pas être appliquées parce que les différentes composantes des vecteurs transmis ne sont pas
indépendantes.

Considérons un système multi-antennes non codé avecP antennes de transmission associé avec une
constellationM-PPM-M′-PAM. Les vecteurs d’information sont de taillePM et sont composées deP
sous vecteurs de tailleM chacune et sont multiples entiers des colonnes de la matriced’identité de taille
M×M. Par conséquent, le réseau d’antennes est composé deP sous réseaux ayant chacunM antennes
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virtuelles parmi les quelles une seule antenne peut être active à un moment donné. Par contre, à cause de
l’interférence co-canal et de la sélectivité en fréquence des canaux ULB, chaque antenne peut interférer
avec les autresPM−1 antennes. D’autre part, l’hyper cube généré de dimensionPM contient(M′+1)MP

points parce que l’amplitude de l’impulsion dans chaque position peut prendreM′ valeurs non nulles et
une valeur nulle qui signifie l’absence du signal. Par contre, parmi ces points seulement(MM′)P points
sont valables. Dans ce cas, la sortie d’un décodeur par sphère peut être égale à un point non valable qui
n’appartient pas à la constellation transmise.

Les constellations 2-PPM-2-PAM constituent une exception. Dans ce cas, et même si les différentes
composantes de chaque vecteur d’information ne sont pas indépendantes, une rotation adaptée rende ces
composantes indépendantes. Dans ce cas, l’algorithme de décodage par sphère peut être appliqué sans
modifications sur cette version tournée de la constellation. Dans un deuxième temps, une rotation inverse
permet de déterminer la valeur du vecteur de l’information transmis.

Dans ce chapitre, nous proposons des modifications non triviales qui permettent l’association des
techniques de décodage par sphère avec les sous ensembles finis et non linéaires correspondants aux
modulations PPM ou PPAM. D’autre part, nous considérons l’adaptation des techniques de décodage
sous optimales, tel que V-BLAST et l’algorithme de Fano, pour ces constellations. Pour les codes spatio-
temporels linéaires avecP antennes etT symboles d’informations par mot de code,P doit être remplacé
par la valeurPT.

Les décodeurs sous optimaux de type V-BLAST peuvent être directement appliqués avec les con-
stellationsM-PPM-M′-PAM. Dans ce cas, les procédures d’annulation de l’interférence et de décision
doivent être appliquées aux groupes composés desM colonnes consécutives de la matrice du canal et pas
à chaque colonne comme avec les modulations PAM ou QAM. La même procédure est appliquée pour
la détermination de l’ordre avec lequel les différents flux de données doivent être décodés.

Pour les techniques de décodage par sphère, nous adaptons les stratégies d’énumération de Pohst
et de Schnorr-Euchner pour les constellations multidimensionnelles. Nous proposons trois algorithmes
basés sur la stratégie de Pohst. Le premier algorithme est une solution triviale qui constitue la référence
de temps pour comparer les différentes approches de décodage. Cet algorithme est aussi présenté pour
démontrer que cette solution intuitive est largement sous-optimale motivant la proposition des nouvelles
solutions ayant des temps de convergence nettement plus courts.

Dans ce cas, la validité de chacun deP sous vecteurs est testé d’une façon continue sur chacun deM
niveaux de ce sous vecteur. Ce test assure qu’une partie composée dem composantes d’un sous vecteur
ne contient plus qu’une valeur non-nulle et que cette partiecontient exactement une seule valeur non
nulle pourm= M. Dans le cas où la valeur testée à un certain niveau d’un sous vecteur n’est pas valable,
un nœud adjacent sur le niveau considéré est testé.

Le deuxième algorithme est basé sur le principe suivant. Pour un certain niveau, l’intervalle de va-
lidité (correspondant aux points appartenant à la sphère considérée) est adapté d’une façon continue en
fonction des points testés aux autres niveaux. En d’autres termes, si la valeur testée correspondante
à un certain niveau est différente de zéro, les autres composantes (avec des indices plus petits) corre-
spondantes aux premières positions nominales de modulations du même sous vecteurs sont forcées de
prendre la valeur zéro indépendamment des intervalles de validité à ces niveaux. Cette solution consiste
à forcer l’algorithme à tester uniquement les points valables. Il évite de calculer et de parcourir plusieurs
intervalles de validité correspondants aux plusieurs niveaux.

Le troisième algorithme consiste à déterminer d’une façon conjointe l’intervalle de validité à chaque
niveau en prenant en compte que dans ce cas, les autres niveaux appartenant au même sous vecteur
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doivent prendre des valeurs nulles. En d’autres termes, leséquations de test d’appartenance à la sphère
sont groupées et résolues conjointement après chaqueM niveaux. Dans ce cas, siPM correspond à la
taille du vecteur de l’information, algorithme 3 consiste àrésoudreP groupes deM équations au lieu
de résoudre lesPM équations consécutivement l’une après l’autre. Cette solution conjointe est rendue
possible grâce à la structure des symboles PPM ou PPAM transmises.

Une analyse numérique montre que le troisième algorithme présente le meilleur temps de conver-
gence. Par exemple, pour les systèmes MIMO 2× 2 non-codés avec un rapport du signal sur bruit de
20 dB, algorithme 3 converge 10 fois plus rapidement que algorithme 0 avec les constellations ayant
16 dimensions avec 8 niveaux d’amplitude dans chaque dimension. Par rapport au premier et deuxième
algorithme, le gain en termes de temps de convergence augmente avec les valeurs deM et M′. Dans ce
dernier cas, le pourcentage des points valables dans la lattice considérée devient très faible et les deux
premiers algorithmes vont tester beaucoup des points non valables avant la convergence vers le point
valable le plus proche.

La seconde approche consiste à adapter l’énumération de Schnorr-Euchner aux modulations PPM et
PPAM. Dans ce cas, le temps de convergence de l’algorithme dedécodage peut être amélioré si l’ordre
avec lequel les points appartenant à l’intervalle de validité, déterminé à chaque niveau du vecteur testé,
est déterminé d’une façon efficace. La technique d’énumération de Schnorr-Euchner consiste de tester
ces points dans l’ordre croissant de la distance Euclidienne (par rapport au point reçu). Cette technique
peut être appliquée d’une façon efficace avec les modulations PAM ou QAM. Dans ce chapitre, nous
appliquons le même principe avec une façon plus adaptée aux modulations PPM et PPAM.

Pour les modulationsM-PPM, chacun deP sous vecteurs peut prendreM valeurs possibles. Nous
proposons une méthode simple pour arranger ces valeurs par ordre croissant de distance Euclidienne.
Dans ce cas, l’énumération de Schnorr-Euchner est remplacée par une autre technique d’énumération
qui prend en compte la structure des constellations PPM. Pour les modulationsM-PPM-M′-PAM, nous
proposons un algorithme simple qui permet de parcourir lesMM′ points valables sur chacun deP niveaux
d’une façon itérative par ordre croissant de distance Euclidienne. L’algorithme détermine d’une façon
efficace si le prochain test doit être appliqué sur le même niveau ou si l’algorithme doit tester un point ap-
partenant à un niveau différent et qui appartient au même sous vecteur. La complexité de cette solution
n’augmente pas avecM′. Par contre, elle augmente avecM simplement parce que les opérations ma-
tricielles sont appliquées à des matrices d’ordres plus élevés. Ces algorithmes associés aux modulations
PPM et PPAM possèdent les meilleurs temps de convergence parmi toutes les autres versions modifiées
des décodeurs par sphère.

Finalement, l’algorithme de Fano est adaptées aux constellations PPM et PPAM permettant d’atteindre
plusieurs niveaux de compromis entre performance et complexité. Ce variant des algorithmes de dé-
codage par sphère introduit une fonction de cout additionnelle qui dépende de la variance du bruit et
des normes des valeurs propres de la matrice de Gramm associée à la matrice du canal. Cette technique
permet de réduire la complexité de décodage en réduisant le nombre des points testés. Cette solution
introduit des pertes en performances tout en gardant le mêmeniveau de diversité.

Pour toutes les algorithmes proposés, et comme les techniques de décodage par sphère classiques, la
complexité est indépendante deM′. Elle dépend uniquement deP et M qui déterminent la dimension-
nalité de la constellation. En d’autres termes, ils sont adaptés aux systèmes très hauts débits ayant une
grande efficacité spectrale.
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Chapter 1

Introduction

1.1 Ultra-Wideband communications

1.1.1 Introduction

During the last years, the research community has developeda number of promising solutions for the
fourth-generation (4G) wireless networks. Among the solutions that promise significant improvements
in system performance we can mention adaptative coding and modulation, iterative (turbo) decoding
algorithms, space-time coding, multi-antenna techniques, multi-carrier modulation, multi-user detection
and ultra-wideband (UWB) radio. In particular, UWB is a fastemerging technology with uniquely
attractive features inviting major advances in wireless communications, networking, radar, imaging, and
positioning systems.

The history of UWB is as old as that of radio itself. In fact, the very first wireless transmission, via
the Marconi Spark Gap Emitter, was essentially an UWB signal. Despite this, UWB is always referred
to as unconventional radio. Early works on UWB systems showed their interest in radar and military
applications. The modern era in UWB started in 1993 when Robert Scholtz wrote a landmark paper that
presented a multiple access technique for UWB communication systems [1]. With a variable multiple
access scheme, UWB became capable of supporting not only radar and point-to-point communications
but wireless networks as well. Another important landmark has been the publication in 2002 of the
Federal Communications Commission (FCC) Order and Report regulating the use of UWB systems in the
USA [2]. Very low transmission levels in the order of -41.25 dBm/MHz were allowed in the bandwidth
[3.1 10.6] GHz. This resulted in growing research activities in the industry, academic institutions and
government agencies.

The adoption of the FCC regulations provoked different technological solutions all capable of meet-
ing the FCC emission mask. In particular, we can differentiate between multi-carrier (MC) and impulse
radio (IR) solutions.

The MC-UWB solution is based on the Orthogonal Frequency Division Multiplexing (OFDM) tech-
nique using multiple simultaneous carriers. In this approach, the UWB spectrum is divided into a num-
ber of sub-bands of 528 MHz each. Each sub-band comprises 128carriers modulated using QPSK on
OFDM tones. OFDM is suitable for high data rate. It is used in Asymmetrical Digital Subscriber Line
(ADSL) services, power line networking (HomePlug), IEEE 802.11n (high speed 802.11) and IEEE
802.20 (MAN). OFDM is a mature technology and it is well suited for avoiding interference. At the
expense of an additional layer of control in the physical layer, the carriers can be chosen to avoid inter-
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ference to (and from) narrow-band systems. However, high speed FFT processing is required and the
continuous variation in the power over a very wide bandwidthis challenging for the circuits (especially
for the power amplifiers).

Unlike classical communications, IR-UWB does not use a modulated sinusoidal carrier to convey
information. Instead, the transmitted signal is a series ofshort-duration baseband pulses. This results in
simple and cheap digital circuits. On the other hand, highlyprecise synchronization is required.

The relative advantages and disadvantages of IR-UWB and MC-UWB are controversial issues and
have been debated extensively in the standardization bodies. In January 2006, this debate resulted in
disbanding the IEEE 802.15.3 task-group created three years earlier to define a standard for short-range
and high data rate (up to 480 Mbits/s) wireless communications. On the other hand, the IEEE 802.15.4
task-group adopted IR-UWB for low data rate sensor networks.

This work focuses on IR-UWB. While the multi-antenna IR-UWBis a new topic, much information
on OFDM (single-antenna and multi-antenna cases) is available in the recent technical research. IR-
UWB has a number of appealing advantages:

• The very large bandwidth could potentially offer rates in the order of Gbits/s.

• Low-complexity and low-cost radio terminals. This arises essentially from the baseband nature
of the transmitted signal. In conventional radio systems, aradio frequency (RF) mixing stage is
necessary to translate the baseband signal to a frequency that has desirable propagation properties.
In IR-UWB, the generated short pulses occupy a bandwidth that spans frequencies commonly used
as carrier frequencies. In other words, these pulses can propagate without the need of additional up-
conversion. At the receiver side, local oscillators can be omitted and the reverse down conversion
process is not required.

• The fine temporal resolution results in very precise localization capabilities.

• Immunity against multi-path fading. Due to the narrow temporal pulses, the interaction between
multi-path components is severely limited as compared to narrow-band signals.

• The noise-like signals allow coexistence, low probabilityof interception and resistance to jam-
ming.

1.1.2 Waveforms

Perhaps the most famous pulse shapes used in UWB communications are the Gaussian waveform and its
derivatives. The very short pulses occupy a very large bandwidth. In general, the frequency responses of
the RF circuitry and antennas are not flat over these frequency ranges. In all that follows,w(t) is used to
designate the pulse observed at the destination. In other words, all distortions (if any) introduced by the
RF components, transmit antennas and receive antennas are included inw(t).

Designate byB the -10 dB bandwidth occupied byw(t) and denote byf0 the center frequency of this
band. A Gaussian pulse occupying a bandwidthB can be expressed as [3]:

w(t) =
√

πα
β
2

cos(2π f0t)e
(−πα β

2 t2) (1.1)

whereα = 0.93 is a normalization factor that is introduced since the bandwidth is defined at the -10 dB
points.
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Another popular waveforms in the literature of UWB are the modified Hermite pulses. These pulses
are known for their orthogonality properties and were used to achieve high data rates in single-antenna
systems by transmitting several pulses during the same modulation position [4,5].

The modified Hermite polynomial of orderp can be expressed as [4]:

wp(t) = (−1)p exp

(
t2

4Γp

)
dp

dtp

(
exp

(
− t2

2Γp

))
(1.2)

whereΓp regulates the width of thep-th order pulse. Multiplying eq. (1.2) by a sinusoidal waveform
along with an appropriate choice ofΓp [5] results in pulses respecting the FCC mask [2]. For a given
center frequency and bandwidth, the best value ofΓp that fits the FCC mask can be only obtained by
computer simulations.

1.1.3 Modulation Schemes

In this section, we provide a brief review of the modulation schemes that are associated with IR-UWB.
Since IR-UWB is a carrier-less technology, it can be associated uniquely with totally-real modulations.

Pulse Amplitude Modulation

In M′-ary Pulse Amplitude Modulations (PAM), the amplitude of each transmitted pulse can take one of
M′ possible values. In this case, log2(M

′) information bits are mapped onto theseM′ amplitudes. The
transmitted signal set can be expressed as:

SM′−PAM = {(2m′−1−M′)w(t) ; m′ = 1, . . . ,M′} (1.3)

wherew(t) is the pulse waveform.
Each signal inSM′−PAM can be represented by a unique point in a 1-dimensional signal space. In this

signal space, theM′-ary PAM signal constellation is the set of points whose coordinates belong to the
set:

CM′−PAM = {(2m′−1−M′) ; m′ = 1, . . . ,M′} (1.4)

PAM is a good candidate for IR-UWB [6]. In most cases, IR-UWB systems were associated with
2-PAM. However, high data rate systems must use modulationsof higher orders (larger values ofM′)
even though this choice results in performance losses [7].

Pulse Position Modulation

While Pulse Position Modulation (PPM) is a classical modulation for optical communications, it remains
untraditional for wireless communications. The interest in PPM increased with IR-UWB that has a very
fine time resolution [8]. InM-ary PPM, information is conveyed by the temporal shift of a pulse. The
transmitted signal set is given by:

SM−PPM = {w(t − τm) ; m= 0, . . . ,M−1} (1.5)

In this case, them-th information symbol corresponds to shifting the position of w(t) by τm for m =

0, . . . ,M−1. A linear and non-overlapping PPM constellation corresponds to the choiceτm = mδ where
δ is the nominal modulation delay.
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The signals ofSM−PPM are orthogonal to each other. They can be represented in aM-dimensional
signal space. In this space, theM-PPM constellation is defined by the set:

CM−PPM = {em+1 ; m= 0, . . . ,M−1} (1.6)

whereem is them-th column of theM×M identity matrixIM. In other words, each point of the constella-
tion is defined by aM-dimensional vector havingM−1 zero components and exactly one component that
equals to 1 and that corresponds to the position of the transmitted pulse. Unlike PAM, the performance
of PPM is enhanced by increasing the cardinality of the constellation [7].

Pulse Position Amplitude Modulation

In hybrid M-ary PPM andM′-ary PAM constellations, the information is mapped onto both the ampli-
tudes and the positions of the transmitted pulses. The signal set is composed ofMM′ signals and is given
by:

SM−PPM−M′−PAM = {(2m′−1−M′)w(t − τm) ; m′ = 1, . . . ,M′ ; m= 0, . . . ,M−1} (1.7)

The special case ofM′ = 2 corresponds to the bi-orthogonal constellations that have been considered
with UWB systems [9,10]. Recently, hybrid PPAM constellations with higher values ofM′ were consid-
ered in [11]. It was shown that these constellations offer a good compromise between performance and
complexity. In fact, forM′-PAM increasing the value ofM′ does not increase the complexity of the re-
ceiver (the constellation always has one dimension). However, this increase in the data rate is associated
with performance losses [7]. On the other hand, the performance ofM-PPM is enhanced by increasing
M at the expense of an increased receiver complexity.

TheMM′ information symbols can be represented byM-dimensional vectors that belong to the signal
set:

CM−PPM−M′−PAM = {(2m′−1−M′)em+1 ; m′ = 1. . .M′ ; m= 0. . .M−1} (1.8)

Among theM components of each element of eq. (1.8), only one value can bedifferent from zero. Note
that PPM and PAM follow as special cases of PPAM.

1.1.4 Time Hopping UWB

Different users sharing the same physical channel interfere with each other. In order to limit the effect
of this harmful interference, different multiple access techniques were considered in IR-UWB. Among
these techniques, we can cite the time hopping (TH) and the direct sequence (DS) spread spectrum. UWB
systems are inherently spread spectrum systems. The use of spreading codes is solely for accommodating
multiple users.

In DS-UWB, pulses are transmitted continuously. For a giveninformation symbol, the amplitudes
of these pulses are determined from a spreading sequence. InTH-UWB, a pseudo-random sequence
determines the positions of the transmitted pulses. TH is aninterference avoidance strategy while direct
sequence (DS) is an interference suppression technique. Ingeneral, DS-UWB is associated with PAM
[12]. However, recently DS-UWB was used for multiple accesswith PPM [13].

In TH-UWB systems, an additional pseudo-random temporal shift avoids the catastrophic collision
between the pulses transmitted by the different users. In this case, each information symbol is conveyed
by Nf consecutive pulses. These pulse repetitions are introduced for the following reasons:
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Figure 1.1: Structure of a TH-UWB signal.

• In order to avoid interference in cases where the channel is not shared in a TDMA manner.

• Given the very low transmission levels imposed by the regulatory organizations [2], these repeti-
tions enhance the energy capture at the receiver side.

For TH systems, the signal transmitted from thek-th user can be expressed as [1,14]:

s(k)(t) =

√
EsE k

Nf

∞

∑
j=−∞

a(k)
j

Nf −1

∑
n=0

b(k)
j,nw(t − jTs−nTf −c(k)

j,nTc−d(k)
j δ) (1.9)

where:

- w(t) is the pulse waveform of durationTw. It normalized to have a unit energy:
∫ Tw

0 |w(t)|2dt = 1.

- E k is the transmission level of thek-th user. It is determined with respect to the energy of the first
user (E0 = 1).

- Es is the average energy transmitted per information symbol.

- Nf is the number of pulses used to transmit one information symbol.

- Tf is the average separation between two consecutive pulses.

- Ts = Nf Tf is the symbol duration.

- Tc is the chip duration.

- Nc is the number of chips per time frame (of durationTf ).

- Tg = Tf −NcTc is a guard interval introduced at the end of each time frame. Inter-frame interference
can be eliminated by choosingTg to be larger than the channel delay spread.
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Figure 1.2: TH-UWB signal with polarity randomization.Nf = 4, Nc = 3, Tg = 0, δ = Tw and the
TH sequence is{1,0,2,1}. The polarity randomization is given by{1,−1,1,−1}. A 4-PPM-4-PAM
constellation is used. The 16 information symbols are mapped onto the amplitude (a) and the position
(p) of the pulses. The pulses represented by solid and dashed lines correspond to(a, p) = (1,0) and
(a, p) = (−3,2) respectively.

- c(k)
j,n ∈ {0, . . . ,Nc−1} is the additional time shift (normalized byTc) applied on then-th pulse of

the j-th information symbol of thek-th user.

- δ is the separation between two consecutive modulation positions.

- a(k)
j is the amplitude of thej-th information symbol of thek-th user. For PPM,a(k)

j = 1 for all
values of j andk.

- d(k)
j is the position of thej-th information symbol of thek-th user. For PAM,d(k)

j = 0 for all values
of j andk.

- {b(k)
j,n} is an additional amplitude spreading sequence. This sequence can be exploited for encoding

the different pulses of a given user. In the same way, it can beused in order to introduce different
signatures between the data flows transmitted by the different users.

The structure of a TH-UWB signal is presented in Fig. 1.1. Time hopping also corresponds to
pseudo-random dithering. In fact, without the additional time shifts (determined byc(k)

j,n), all consecutive
pulses are separated byTf . This results in spectral lines in the frequency response ofthe transmitted
signal. This can result in important interference to narrow-band systems.

For PAM and for independent and identically distributed information symbols, the mean ofSM′−PAM

in eq. (1.3) is equal to zero. This results in an additional smoothing of the power spectrum density. On
the other hand, for PPM, dithering by the TH sequence can be insufficient. In this case, an additional
polarity randomization of the pulses must be applied [15]. In eq. (1.9), this dithering is included in the
sequence{b(k)

j,n}. Fig. 1.2 illustrates an example of a polarity-randomized pulse train.

For DS-UWB systems, the transmitted signal is obtained fromeq. (1.9) by settingTf = Tc, Nf = Nc

and by eliminating the TH sequence{c(k)
j,n}.

In this work, we focus on TH with PAM, PPM and PPAM constellations. As discussed later, the
extension to DS systems is straightforward since the space-time coding schemes that we propose are
independent from the multiple access scheme.
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1.1.5 UWB channel models

The UWB propagation channel is typically a frequency-selective multi-path channel. However, there are
some differences between these channels and wideband channels. The main difference is the very large
number of resolvable multi-path components. The energy contained in a very short pulse is dispersed
over a duration that can be hundreds of times larger than the pulse-width. Wideband channels are mod-
eled by tapped-delay lines where the arrivals of the multi-path components take place at integer multiples
of the pulse-width [16]. Given the high frequency selectivity of UWB channels, modeling these channels
by tapped-delay lines is inappropriate since several multi-path components can arrive during the dura-
tion of one pulse [17,18]. This introduces intra-pulse interference and the impulse response of an UWB
channel is the sum of a very large number of delayed, attenuated and distorted replicas of the transmitted
pulse.

Modeling the single-antenna UWB channel has been the subject of extensive research (refer to
[17, 18] and the many references therein). However, only limited references studied the multi-antenna
channels.

Single-Input-Single-Output UWB channels

Two approaches were adopted for modeling the UWB channel. The first approach corresponds to “site-
specific” or “deterministic” modeling [19,20]. This corresponds to modeling the interaction of the elec-
tromagnetic signal with a known physical environment. Thisresults in a good comprehension of the
impact of some propagation phenomena on the system performance. The second approach is the “statis-
tical” modeling. In this domain, the IEEE society adopted two channel models for high data rate [17] and
low data rate [18] WPANs. These recommendations are based onthe statistical model proposed in [21]
where a clustering phenomenon is observed in indoor channels. In other words, the channel is modeled
as the superposition of different clusters each composed ofa certain number of rays. From [17, 18], an
UWB channel can be modeled based on four parameters that characterize a given environment. Namely,
the cluster arrival rate, the ray arrival rate within a cluster, the cluster decay factor and the ray decay
factor. Unlike [21] where the amplitudes of the rays followed a Rayleigh distribution, it was found that
these amplitudes can be well approximated by a lognormal distribution [17,18].

Multiple-Input-Multiple-Output UWB channels

For the moment, the IEEE has not adopted an UWB channel model in the MIMO context. In [22, 23], a
MIMO-UWB channel model was proposed based on the extension of a space-variant SISO-UWB chan-
nel model. In this model, the clusters are supposed to be generated by some reflectors whose positions
are known. Based on the positions of the reflectors, receive antennas and transmit antennas, the differ-
ent arrival times of the first ray of each cluster can be determined deterministically assuming free-space
propagation. At a second time, the remaining rays of each cluster are generated randomly. [23] remains
a simplified model. On one hand, it is a quasi-deterministic model that is highly dependant on the po-
sitions of the reflectors in a certain indoor environment. Onthe other hand, in [23], Rayleigh fading
is observed on the different multi-path components. This observation contradicts the results of more
extended channel sounding campaigns that prescribed a lognormal amplitude distribution [17,18].

Perhaps the most extensive work on characterizing the MIMO-UWB channels is the one proposed
in [24,25]. The authors of [24,25] observed that the variation of the total received energy over a local area
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is very low. Given the very short duration of the pulses, the interaction between the different multi-path
components is limited resulting in limited fading. However, the energy collected over a limited part of the
channel delay spread can change significantly over local areas implying high fading margins. Given the
very large number of multi-path components, practical systems (for example Rake receivers) combine a
limited number of multi-path components. For these systems, the spatial fading is more pronounced. In
this case, exploiting the spatial diversity can be beneficial.

Another observation made in [24, 25] is that UWB signals generally exhibit low spatial correlation
despite the low variation in the signal level. Even though the interaction between the multi-path com-
ponents is limited, the relative positions of these components can change substantially from one receive
antenna to another co-located one given the short duration of the pulses. Following from the fact that
there are several directions of arrival, the signals seen bydifferent antennas can be very different. How-
ever, even though the spatial correlation of the entire impulse responses is low, the correlation among
some portions of these responses can be more pronounced. In particular, the portions of the channel
taken around the strongest arriving rays are more correlated than other portions.

Similar results on the spatial correlation were observed in[26] and [27]. In [27] it was observed
that only the first bin presents high correlation levels in line-of-sight (LOS) situations while the corre-
lations at all of the remaining bins are lower than 0.3. The SIMO-UWB channel measurements and
characterization that we performed are summarized in Appendix A.

In [28], a spatial model for UWB systems is proposed based on the extension of the 2-cluster SISO
model proposed in [29]. The authors observed a lack of significant clustering in their channel measure-
ments and proposed a new model in which each channel is composed of only two clusters. The first
arriving cluster has strong multi-path components while the second one is slowly decaying with diffuse
multi-path components. While the rays of the first cluster arrive from approximately the same angle-of-
arrival (AOA), the AOA of the diffuse rays are uniformly distributed over all directions. Generating the
AOAs of the first cluster from a Laplacian distribution with asmall variance and the AOAs of the second
cluster from a uniform distribution over[0 2π], the SISO model in [29] can be extended to the SIMO
case.

1.1.6 Receivers

Rake Receivers

A very popular receiver structure that is widely used with multi-path channels is the Rake receiver [7].
Rake receivers capture the energy contained in the signal components that have propagated through
the channel by different paths. In particular, anL-th order Rake captures the energy ofL multi-path
components. The integrated energy and the diversity order increase withL at the expense of an increased
receiver complexity. In UWB systems, given the very large number of multi-path components, an All-
Rake (A-Rake) receiver that combines all of the multi-path components is practically infeasible [30]. In
practical systems, Rake receivers with limited number of fingers must be used. Therefore, despite the
very large multi-path diversity offered by the frequency selective UWB channels, practical UWB systems
only profit from a limited part of this diversity.

We can differentiate between Partial-Rake (PRake) and Selective-Rake (SRake) receivers [31]. A
L-th order PRake combines the firstL arriving multi-path components while a SRake combines the
strongestL multi-path components. In general, Rake receivers are followed by a multi-path combining
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stage. For example in coherent systems, maximum-ratio-combining (MRC) or equal-gain-combining
(EGC) is performed. InL-th order PRakes, MRC and EGC necessitate the estimation ofL amplitude
and polarity values respectively. In addition to these quantities, SRakes necessitate the estimation of
the arrival times of the strongest multi-path components. However, the energy captured by a SRake can
be much more important than the energy captured by a PRake especially in non-line-of-sight (NLOS)
situations where the magnitudes of the first arriving rays can be very small.

Correlation receivers

In this case, the first stage of the receiver consists of a filter matched to the channel response rather
than the received pulse waveform as with Rake receivers. This is equivalent to evaluating the cross-
correlations between the received signal and a reference signal that is constructed during a training phase.
Given the very large channel delay spreads of the UWB channels, constructing the reference signal can
be practically infeasible. The practical implementation of these systems consists of all-digital receivers
based on direct sampling [9, 32]. In this case, the received signal and the reference signals are sampled
at a very high sampling rate (20 Gsample/s) and quantized over a small number of quantization levels
(typically 3 levels for the reference signal and 2 levels forthe received signal) [9].

Another suboptimal solution corresponds to the transmitted-reference (TR) systems [33]. In TR
systems, each information-carrying pulse is preceded by a reference pulse. At the receiver side, the
received data signal is correlated with the preceding noisyreference signal. The disadvantages include
the additional energy transmitted for non data bearing pulses and performance losses induced by the use
of a noisy reference signal.

1.2 Definitions from algebraic number theory

In this section, we will introduce some notations and definitions that are useful for the remaining parts
of this work. Interested readers are referred to [34,35] formore details.

Definition 1.1 field extension
LetK andL be two fields.K is called afield extensionof L, denoted byK/L, if L is a subfield ofK.

Definition 1.2 algebraic numbers
If θ ∈ K is the root of a monic polynomial: f(x) = ∑n

j=0a jx j ∈ L[x] and θ is not the root of such a
polynomial of degree less than n, thenθ is calledalgebraicoverL with degree n. Ifθ is not algebraic,
then it is calledtranscendental. If L = Q, θ is called analgebraic number. If f (x) ∈ Z[x], thenθ is
called analgebraic integer.

For example, then-th root of unityωn = exp
(

2πi
n

)
is an algebraic integer whose degree overQ is

equal toE (n), the Euler’s function, that corresponds to the number of integers in the set{1, . . . ,n−1}
that are relatively prime withn. For example,ω3 is of degree 2 and it is a solution of the quadratic monic
polynomialx2 +x+1= 0.

Definition 1.3 simple field extension
Let θ be algebraic overL with degree n. The field extensionL(θ) is formed from the adjunction ofθ
to the fieldL and is called asimple field extension. It is the smallest field containing bothL andθ. A
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synonymous definition of thedegreeoccurs when the fieldK = L(θ) is considered as a vector space over
L. In this case, we can say thatL(θ) has degree n overL. Q(θ) is called analgebraic number fieldof
degree n overQ generated byθ.

For example, letθ = 2cos
(

2π
N

)
and n = E (N)/2. Q(θ) =

{
∑n−1

j=0 a jθ j ; a0, . . . ,an−1 ∈ Q
}

is an
algebraic number field with degreen overQ.

Definition 1.4 field-basis
If α ∈ L(θ), then it can be written in the formα = ∑n−1

j=0 α jθ j whereα0 . . .αn−1 ∈ L are unique. In other
words, the set{1,θ, . . . ,θn−1} forms afield-basisoverL(θ).

Definition 1.5 minimal polynomial
If θ is algebraic overL, then it has a unique monic irreducible function overL called theminimal
polynomialof θ overL and denoted by µθ,L(x). In other words, every polynomial inL[x] for whichθ is a
root must be divisible by µθ,L(x) whose degree is equal to the degree ofθ overL. If the n roots of µθ,L(x)
are distinct, thenK = L(θ) is called a Galois extension.

For example, the fieldQ(
√

5) = {a+b
√

5 ; a,b∈Q} is generated by the basis{1,
√

5}. The minimal
polynomial of the primitive element

√
5 is equal tox2−5 and it is irreducible overQ. The roots of this

polynomial are equal to±
√

5 and consequentlyQ(
√

5) is a Galois extension ofQ.

Definition 1.6 Galois group
Let K/L be a field extension. Ifσ is an embedding ofK in C that fixesL pointwise, namelyσ(l) =

l ∀l ∈ L, thenσ is called anL-isomorphismof K. The set of suchL-isomorphisms forms a group that
is called theGaloisgroup denoted by Gal(K/L). If K = L(θ) has a minimal polynomial µθ,L(x), then
each element of the Galois group permutes the roots of µθ,L(x) in a fixed way.

Definition 1.7 conjugates of an algebraic number
If K = Q(θ) is an algebraic number field of degree n overQ, there exists exactly n embeddings{σ j ; j =

0, . . . ,n−1} of K in C. If α ∈ K, thenσ j(α) is called the j-thconjugateof α with σ0(α) = α. Further-
more, the n conjugates ofθ are precisely the n roots of the minimal polynomial µθ,Q(x). When we apply
the embeddingσi to an arbitraryα ∈ K, the properties of theL-isomorphisms imply that:

σi(α) = σi

(
n−1

∑
j=0

α jθ j

)
=

n−1

∑
j=0

σi(α j)σi(θ j) =
n−1

∑
j=0

α jθ
j
i (1.10)

whereθ0, . . . ,θn−1 are the roots of µθ,Q(x) with θ0 = θ. If σi(α) ≥ 0 for i = 0, . . . ,n−1, thenα is called
totally-positive.

Consider the maximal real subfield of the cyclotomic fieldQ(θ) with θ = 2cos
(

2π
N

)
andn= E (N)/2.

The j-th conjugate ofθ is given byθ j = σ j(θ) = 2cos
(

2( j+1)π
N

)
for j = 0, . . . ,n−1 (with θ0 = θ). The

j-th element of the Galois group{σ j}n−1
j=0 is equivalent to applying a cyclic permutation of degreej over

the elements of the set{θ j}n−1
j=0.

Definition 1.8 ring of integers and integral basis
Let K = Q(θ). The set of algebraic integers ofK is called thering of integersof K and it is denoted by
OK. A basis ofOK overZ, or simply aZ-basis, is called anintegral basisof K. Any element ofOK can
be expressed as∑n−1

j=0 α jω j whereα0, . . . ,αn−1 ∈ Z and{1,ω, . . . ,ωn−1} is the integral basis.
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For example,OQ(
√

2) is generated by the integral basis{1,
√

2}whileOQ(
√

5) = Z(θ)= {a+bθ ; a,b∈ Z}
whereθ = 1+

√
5

2 is the Golden number.

Definition 1.9 norms, traces and discriminants
LetK be an algebraic number field of degree n overL. For each elementα∈K, TrK/L(α)= ∑n−1

j=0 σ j(α)∈
L is called therelative traceof α in K/L. In the same way,NK/L(α) = ∏n−1

j=0 σ j(α) ∈ L is called the
relative normof α in K/L. If α ∈ OK, thenTrK/L(α) ∈ OL andNK/L(α) ∈ OL. TrK/Q(α) andNK/Q(α)

are called theabsolute traceand absolute normrespectively. Designate byD the n×n matrix whose
(i, j)-th component is equal toσi−1(ω j) where{ω1, . . . ,ωn} is an integral basis ofOK. The relative
discriminant of K as a field extension ofL is defined by dK/L = det(D )2. dK/Q is called theabsolute
discriminant of K.

For example, letx= a+b
√

5 be an element ofK = Q(
√

5), then NK/Q(x) = (a+b
√

5)(a−b
√

5) =

a2−5b2 and TrK/Q(x) = (a+b
√

5)+(a−b
√

5) = 2a. In the same way,x can be written asx = a′ +b′θ
whereθ is the Golden number and(a′,b′) = (a−b,2b). In this case:

NK/Q(x) = (a′ +b′θ)(a′ +b′θ̄) = a′2−b′2 +a′b′ = a2−5b2 ∈ Q

TrK/Q(x) = (a′ +b′θ)+ (a′ +b′θ̄) = 2a′ +b′ = 2a∈ Q

whereθ̄ = σ(θ) = 1−
√

5
2 . Let:

D =

[
1 θ
1 θ̄

]

then: det(D D T) = dK/Q = 5.

Definition 1.10 signature
Let σ0, . . . ,σn−1 be the embeddings ofK in C. Designate by r1 (resp.2r2) the number of values of j for
whichσ j(K) ⊆ R (resp. σ j(K) * R). (r1, r2) is called thesignatureof K. An algebraic field is called
totally real when all its embeddings are real (r2 = 0). In the same way, a field istotally complexwhen
r1 = 0.

Q(
√

5) is totally real with signature(2,0) while Q(i) is totally complex with signature(0,1).

Definition 1.11 ideals
Designate byOK the ring of integers of an algebraic number fieldK of degree n. Anideal I is a sub-Z-
module ofOK such that∀a∈ I , ∀b∈ OK, ab∈ I. An ideal I 6= OK is prime if whenever I|AB, a product
of two ideals, then I|A or I|B. Thenorm of an ideal I is defined as the cardinality of the quotient ring
OK/I. An ideal isprincipal if it can be written as: I= αOK for some algebraic integerα. In this case,
NK(I) = NK(α). Any element a∈ I can be expressed as: a= ∑n−1

j=0 a jγ j where a0, . . . ,an−1 ∈ Z and
{γ0, . . . ,γn−1} is aZ-basis of I.

Definition 1.12 lattices, generator matrix and fundamental parallelotope
Let l1, . . . , lm ∈ Rn beR-linearly independent vectors (m,n∈ N,m≤ n). If:

ΛL = {b∈ Rn ; b =
m

∑
j=1

zj l j ; z1, . . . ,zm ∈ Z} = LZ (1.11)
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thenΛL is called an m-dimensionallattice of Rn. The n×m matrixL = [l1 . . . lm] is called thegenerator
matrix of ΛL. If n = m,ΛL is called afull-rank lattice. The setP defined by:

P = {
n

∑
j=1

r j l j ; r j ∈ R ; 0≤ r j < 1 ; j = 1, . . . ,n} (1.12)

is called thefundamental parallelotopeof ΛL. An invariant ofΛL is:

vol(ΛL) = |det(L )| (1.13)

and it is called thevolumeof the fundamental parallelotope ofΛL.

Definition 1.13 lattices and ideals
After applying the canonical embeddingσ to an ideal I, we obtain the latticeΛI = σ(I). The generator
matrix ofΛI can be expressed as:

GI =




σ0(γ0) σ0(γ1) · · · σ0(γn−1)
...

...
. . .

...
σr1−1(γ0) σr1−1(γ1) · · · σr1−1(γn−1)

R(σr1(γ0)) R(σr1(γ1)) · · · R(σr1(γn−1))

I(σr1(γ0)) I(σr1(γ1)) · · · I(σr1(γn−1))
...

...
. . .

...
R(σr1+r2−1(γ0)) R(σr1+r2−1(γ1)) · · · R(σr1+r2−1(γn−1))

I(σr1+r2−1(γ0)) I(σr1+r2−1(γ1)) · · · I(σr1+r2−1(γn−1))




(1.14)

where{γ0, . . . ,γn−1} is aZ-basis of I. The volume of the fundamental parallelotope ofΛI is:

vol(ΛI ) = |det(GI )| = 2−r2
√

dKNK(I) (1.15)

For the ring of integersOK, the generator matrix G ofΛ = σ(OK) is obtained by applying eq. (1.14)
on the integral basis. In this case:

vol(OK) = 2−r2
√

dK (1.16)

For totally real fields, the n-dimensional latticeΛI has a diversity order of n. Theminimum product
distanceof the generated lattice verifies [36]:

dmin = min
x∈ΛI ; x6=0n

n

∏
j=1

∣∣x j
∣∣= 1√

dK/Q

(1.17)

Moreover, the latticeΛI is equivalent toZn if the generator matrix GI is unitary.

For example, letK = Q(θ) whereθ is the Golden number. If there exits a totally positive element
α ∈ K verifying NK/Q(α) = 1

dK/Q
= 1

5, then the matrix:

GI = diag
(√

α
√

ᾱ
)
D =

[ √
α 0

0
√

ᾱ

][
1 θ
1 θ̄

]

generates a rotated square lattice sinceD D T is a diagonal matrix. We can chooseα = 3−θ
5 since bothα

andᾱ = σ(α) are positive and NK/Q(α) =
NK/Q(3−θ)

52 = 1
5 = d−1

K/Q
.
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Definition 1.14 lattice reduction
The generator matrix GI of a lattice ΛI in not unique. In particular, any matrix̃GI = GI T generates
the same latticeΛI if the matrix T is unimodular, that is, T∈ Zn×n and det(T) = ±1. In the same way,
GI = G̃IT−1 and T−1 is unimodular. Since|det(T)| = 1, then vol(ΛI ) is independent from the choice
of the generator matrix. The aim of the lattice reduction is to transform the basis composed from the
columns of GI into a new basis (composed from the columns ofG̃I ) whose components have shorter
length. In an equivalent manner, the lattice reduction corresponds to the best choice of T that enhances
the orthogonality between the columns ofG̃I .

Among the different lattice reduction techniques, the Lenstra, Lenstra and Lovász (LLL) algorithm
[37] is appealing because it has a polynomial complexity. Writing the QR decomposition of̃GI as
G̃I = Q̃R̃, thenG̃I is said to be LLL-reduced with parameterδ (1/4 < δ ≤ 1) if:

{ ∣∣r̃ i, j

∣∣≤ 1
2 |r̃ i,i | for 1≤ i < j ≤ n

δr̃2
i−1,i−1 ≤ r̃2

i,i + r̃2
i−1,i for i = 2, . . . ,n

(1.18)

where the parameterδ influences the quality of the reduced basis. In some situations and depending on
the structure ofGI , applying the LLL algorithm results in an orthogonal basis.The pseudo-code for a
possible implementation of the LLL algorithm can be found in[38].

Definition 1.15 cyclic division algebras
LetK/L be a Galois extension of degree n with Galois group Gal(K/L) =< σ > with σn = 1. We choose
a non-zero elementγ in L and construct a rightK-vector space with formal basis{1,z, . . . ,zn−1}:

A = K⊕zK⊕ . . .⊕zn−1K (1.19)

where the multiplication overA satisfies zn = γ and kz= zσ(k) ∀k∈ K. A is acyclic algebradenoted by
A (K/L,σ,γ). An element k= ∑n−1

j=0 zjk j ∈ A can be associated with the following n×n matrix:

C(k0, . . . ,kn−1) =




k0 k1 k2 · · · kn−1

γσ(kn−1) σ(k0) σ(k1) · · · σ(kn−2)

γσ2(kn−2) γσ2(kn−1) σ2(k0) · · · σ2(kn−3)
...

...
...

...
...

γσn−1(k1) γσn−1(k2) γσn−1(k3) · · · σn−1(k0)




(1.20)

Proposition 1.1 [39]: det(C(k0, . . . ,kn−1)) ∈ L ∀k0, . . . ,kn−1 ∈ K.

Proposition 1.2 [39]: Let K/L be a degree-n Galois extension with Gal(K/L) =< σ > andγ ∈ L∗ =

L\{0}. If there are no elements inK whose norms are equal toγt for t = 1, . . . ,n− 1, then the cyclic
algebraA (K/L,σ,γ) is a cyclic division algebra (CDA).

1.3 Multiple-Input-Multiple-Output communications

1.3.1 Introduction

MIMO processing has emerged as a promising technique for improving the performance of wireless
systems [40,41]. The limited resources of a communication system, such as spectrum and power, can be
efficiently used to provide sufficient quality and capacity to a wide range of high data rate systems.
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In the literature, the basic MIMO system model consisted of aquasi-static and frequency-flat Rayleigh
fading channel. Consider a system withP transmit antennas andQ receive antennas. The complex base-
band channel, within a single fading block ofT symbol durations, can be expressed as:

YQ×T =

√
SNR

P
HQ×PCP×T +NQ×T (1.21)

where the subscripts indicate the corresponding matrices’dimensions and the termSNRcorresponds to
the signal-to-noise ratio per receive antenna. The(q, p)-th term of the channel matrixH corresponds
to the channel between thep-th transmit and theq-th receive antenna and it is modeled as a complex
Gaussian random variable. The matrixN corresponds to the additive white noise whose entriesNq,t ∽
C N (0,1) (complex normal random variables with zero mean and unit variance). The(p, t)-th entry ofC
corresponds to the symbol transmitted from thep-th antenna during thet-th symbol duration.

For this kind of channels, the capacity at high SNRs was foundto scale with min{P,Q} [41]:

C(P,Q,SNR)≃ min{P,Q} log(SNR) (1.22)

In the case of sufficiently-spaced transmit and receive antenna arrays, thePQsub-channels are inde-
pendent resulting in a well-conditioned channel matrix. Inother words, the additional spatial degrees of
freedom permit to transmit independent data flows through the channel and to separate these flows at the
receiver side. Equation (1.22) indicates that there are approximately min{P,Q} parallel spatial channels
between the transmitter and the receiver. From this point ofview, MIMO techniques permit to increase
the data rate of wireless systems. Several schemes were proposed to profit from this spatial multiplexing
phenomenon [42,43].

MIMO techniques can be also used to combat fading. Differentindependently faded replicas of the
information symbols that have propagated through different channels are available at the receiver side. In
other words, the signal is lost if all these replicas are lostimplying a better immunity against multi-path
fading. A maximum diversity advantage ofPQ, corresponding to the number of channels between the
transmitter and the receiver, can be achieved. For exploiting the diversity at the transmitter side, several
space-time (ST) codes were proposed in the literature [44–47]. In general, we can distinguish between
ST trellis codes and ST block codes (STBC). In this work, we are interested in STBCs.

1.3.2 Diversity and Multiplexing Tradeoff

In [48] Zheng and Tse observed that both the diversity and multiplexing gains can be achieved simul-
taneously, but there is a fundamental tradeoff between themover Rayleigh fading channels. A scheme
{C(SNR)} is defined as a family of ST codes, one for each SNR. A scheme is said to achieve a spatial
multiplexing gainr and a diversity gaind if:

lim
SNR→∞

R(SNR)
log(SNR)

= r ; lim
SNR→∞

log(Pe)

log(SNR)
= −d (1.23)

whereR(SNR) is the data rate in bits per channel use (PCU) andPe is the probability of error.

Lemma 1.1 [48] If T ≥ P+ Q−1, the maximum achievable diversity gain is given by the piece-wise
linear function connecting the points(r,d(r)) for r = 0, . . . ,min{P,Q} where:

d(r) = (P− r)(Q− r) (1.24)
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Form eq. (1.24), the maximum multiplexing gainrmax= min{P,Q} comes at the expense of sacrific-
ing the diversity gain (d = 0). In the same way, the maximal diversity gain isdmax= PQ. In [49], it was
shown that the tradeoff forT = P is the same as in eq. (1.24) for all values ofP andQ.

1.3.3 Design criteria of Space-Time codes

Designate byC a codebook whose cardinality is equal to|C |. In [50], Tarokhet al. derived the design
criteria of ST codes over slow flat fading channels. The average codeword error probability can be
bounded by:

Pe ≤
1
|C | ∑

c∈C
∑

c′∈C \{c}
E
[
P
(
c→ c′|H

)]
(1.25)

where P(c→ c′|H) is the conditional pairwise error probability (PEP) definedas the probability of de-
ciding in the favor of the codewordc′ when the codewordc was transmitted. From eq. (1.21), it can be
expressed as:

P
(
c→ c′|H

)
= Q

(√
Es‖H(c−c′)‖√

2N0

)
(1.26)

≤ exp

(
−Es‖H(c−c′)‖2

4N0

)
(1.27)

whereEs is the average energy per symbol andN0 is the noise spectral density.Q(x) = 1√
2π

∫ ∞
x exp(− t2

2 )dt
is the Gaussian tail function. After some manipulations, eq. (1.27) takes the form:

P
(
c→ c′|H

)
≤

Q

∏
q=1

P

∏
p=1

exp

(
− Es

4N0
λp|βq,p|2

)
(1.28)

whereβq,p = ∑P
p′=1hq,p′vp,p′ . hq,p is the(q, p)-th entry of the channel matrixH, λp is thep-th eigenvalue

of the matrixB(c,c′) = (c− c′)(c− c′)H andvi, j is the(i, j)-th entry of the unitary matrixV composed
of the eigenvectors of the Hermitian matrixB(c,c′).

When the channel coefficients are complex Gaussian random variables,βq,p is Gaussian. In this case,
integrating eq. (1.28) over a Rayleigh distribution results in the following upper bound on the average
pairwise error probability [50]:

P
(
c→ c′

)
≤
(

r

∏
p=1

λp

)−Q(
Es

4N0

)−rQ

(1.29)

wherer is the rank ofB(c,c′). The design criteria, namely the rank criterion and determinant criterion,
follow from eq. (1.29) as follows [50]:

Definition 1.16 Rank Criterion
The number of non-zero eigenvalues of the matrix B(c,c′) must be maximized over the set of all distinct
codewords c and c′. If the rank of B(c,c′) is equal to r, then a diversity gain of rQ is achieved. Note that
on a log-log plot, rQ corresponds to the slope of the PEP at high SNRs. A code is said to achieve full
diversity when B(c,c′) has full rank (r= P).
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Definition 1.17 Determinant Criterion
The coding gain is equal to(∏r

p=1λp)
1
r and it must be maximized. Note that for a given diversity gain,

the coding gain corresponds to a simple translation of the PEP curve on a log-log scale. When r= P,
maximizing the coding gain is equivalent to maximizing:

min
c,c′∈C ; c6=c′

∣∣det(c−c′)
∣∣ (1.30)

When the productPQ is large, an additional criterion referred to as the trace criterion was proposed
in [51]:

Definition 1.18 Trace Criterion
Maximize the minimum Euclidean distance between all pairs of distinct codewords. This is equivalent to
maximizing the trace of the matrix B(c,c′).

As observed in [52], the previous design criteria constitute an upper bound for different kinds of
channels under the condition of independent fading. If the entries of the channel matrixH are indepen-
dent, the average PEP from eq. (1.28) can be expressed as:

P(c→ c′) =
Q

∏
q=1

P

∏
p=1

∫
exp

(
− Es

4N0
λp|βq,p|2

)
p(βq,p)dβq,p (1.31)

Applying the Cauchy-Schwartz inequality, eq. (1.31) can beupper-bounded by:

P(c→ c′) ≤
Q

∏
q=1

P

∏
p=1

[∫
p2(βq,p)dβq,p

] 1
2
[∫

exp

(
− Es

2N0
λp|βq,p|2

)
dβq,p

] 1
2

(1.32)

≤ k

(
r

∏
p=1

λp

)−Q
4 (2

π
Es

N0

)− rQ
4

(1.33)

wherek is a constant and the last equation follows from the fact thatfor physical channelsp2(βq,p) is
finite and integrable.

In the literature, the rank and determinant criteria were widely used for constructing ST codes over
different kinds of fading channels. In [53], it was shown that these criteria still hold with Rician-fading
channels in the presence of lognormal shadowing on the line-of-sight component. In fact, this shadowing
results in multiplying eq. (1.29) by a term that depends uniquely on the parameters of the shadowing.
Similar results were observed with Rician-Nakagami channels [54].

1.3.4 Space-Time Block Codes

The literature of ST coding is huge. In this section, we present some existing ST codes. A special
attention is paid to the codes constructed from cyclic division algebras. In what follows, ST codes that
transmitP symbols PCU (P is the number of transmit antennas) are referred to as full-rate codes.

Orthogonal Space-Time codes

A ST block codes is said to be orthogonal if the different information symbols contained in each code-
word can be decoded separately. In other words, Maximum Likelihood (ML) decoding is possible with
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linear combining at the receiver side. The first ST block codewas proposed by Alamouti in [44] for
2 transmit antennas and was later generalized to larger number of transmit antennas [45]. The 2× 2
Alamouti code is given by:

C =

[
s1 −s∗2
s2 s∗1

]
(1.34)

wheres1 ands2 are the information symbols that belong to a PSK or QAM constellation ands∗ stands
for the complex conjugate ofs. This code achieves full diversity while transmitting at a rate of 1 symbol
PCU. The coding gain is given by:

δC = min
(s1,s2) 6=(s′1,s

′
2)

(
|s1−s′1|2 + |s2−s′2|2

)
> 0 (1.35)

It was shown in [49] that the Alamouti code achieves the optimal diversity-multiplexing tradeoff
with Q = 1 receive antenna. However, this optimality is lost forQ > 1 and the Alamouti code is not
information-lossless in this case [47].

For larger number of transmit antennas, full diversity can be always achieved. However, this may be
obtained at the expense of a data rate loss (rate< 1 symbol PCU). For example, rate-1 real orthogonal
designs exist only withP= 2, 4 and 8 transmit antennas. For complex orthogonal designs, the maximum
achievable data rate depends onP and it is equal to 3/4 symbols PCU for 3 and 4 transmit antennas.

Space-Time codes for PSK modulations

The construction of the majority of ST codes in the literature was based on the rank criterion (Section
1.16) which applies to the difference between the complex-valued baseband versions of the codewords.
In [55], Hammonset al. proposed an equivalent binary rank criterion that depends on the unmodulated
signals. This approach simplifies the design of the ST codes and relates this design to the well understood
results from the coding theory over finite fields. For BPSK, the binary rank criterion states simply that
the ST code is fully diverse if every non-zero codeword has full rank over the binary field. Denote byF
the field of integers modulo 2 and by⊕ the modulo 2 addition. Based on the binary rank criterion, the
authors of [55] proposed a simple stacking construction forP×T (T ≥ P) ST block codes given by:

C(x̄) =




x̄M1
...

x̄MP


 (1.36)

wherex̄ denotes ak-tuple of information bits.M1, . . . ,MP are binaryk×T matrices.C(x̄) in eq. (1.36)
achieves full diversity if∀a1, . . . ,aP ∈ F, the matrixM = a1M1⊕·· ·⊕aPMP is nonsingular unless when
a1 = · · · = aP = 0.

While the orthogonal design [45] results is a rate of 3/4 with 3 transmit antennas, the authors pro-
posed a new rate-1 3× 3 code that is fully diverse with BPSK and QPSK modulations based on the
stacked construction. This code is obtained by settingP = T = K = 3 in eq. (1.36). Denote bys1, . . . ,s3

the BPSK or QPSK signals, the 3×3 codewords are given by:

C =




s1 s2 s3

s2 s3 s1 +s2

s3 s1 +s2 s2 +s3


 (1.37)
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Tilted-QAM design

In [56], Yao et al. proposed a 2× 2 code that has been referred to as the tilted-QAM in the literature.
Designate bys1, . . . ,s4 the information symbols that are taken from a QAM constellation and define the
two 2-dimensional vectorsx andy as follows:

x = Mθ1[s1 s2]
T ; y = Mθ2[s3 s4]

T (1.38)

whereMθ1 andMθ2 are two rotation matrices given by:

Mθi =

[
cos(θi) −sin(θi)

sin(θi) cos(θi)

]
(1.39)

The codeword associated with the symbolss1, . . . ,s4 is given by:

C =

[
x1 y2

y1 x2

]
(1.40)

wherexi andyi are thei-th components of vectorsx andy respectively.
The authors found that there is one pair of rotation angles that maximizes the coding gain for all

constellation sizes. This pair is given by:(θ1,θ2) =
(

1
2 arctan

(
1
2

)
, 1

2 arctan(2)
)

and the corresponding
coding gain is equal to1

2
√

5
.

A 2×2 code based on number theory (B2,φ)

In [47], Damenet al. proposed the following 2×2 ST code that can be associated with constellations
carved fromZ[i] (QAM or PAM):

B2,φ =
1√
2

[
s1 + φs2 θ(s3 + φs4)

θ(s3−φs4) s1−φs2

]
(1.41)

whereφ = θ2. It is clear thatB2,φ has a full rate since it transmits 4 information symbols during 2 symbol
durations.

The determinant of eq. (1.41) is given by:

d(s,φ) =
3

∑
j=0

a jφ j (1.42)

where [a0,a1,a2,a3] = [s2
1,−s2

2,−s2
3,s

2
4] = a ∈ Z[i]4. Let s = [s1, . . . ,s4], it is clear that fors 6= 01×4,

d(s,φ) 6= 0 if {1,φ,φ2,φ3} forms a free set overZ[i]. Therefore, choosingφ to be an algebraic number
of degree≥ 4 results in a fully-diverse code. In the same way,φ can be chosen to be any transcendental
number. For this particular construction, any algebraic element of degree 2 overQ[i] achieves full diver-
sity if φ2 ∈ Q[i]. This follows from the fact that the components ofa are perfect squares inZ[i] andφ can
not be a perfect square inQ[i] since its degree is greater than 1.

For 4-QAM and 16-QAM constellations, the value ofφ that maximizes the coding gain can be ob-
tained by performing a computer search. This approach can not be adopted for high order constellations
that generate a very large number of codewords. Finally, thecoding gain ofB2,φ decreases with the size
of the constellation.
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Threaded Algebraic Space Time (TAST) codes

The approach used for constructingB2,φ in [47] was extended by El Gamalet al. in [57] for P ≥ 2
transmit antennas. AP×P TAST code withL layers (L ≤ P) is denoted byTP,L and it achieves a rate of
L symbols PCU. The codewords are given by:

TP,L =




s1,1 s2,1 · · · sP,1

sP,2 s1,2
. . .

...
...

. . .
. . . s2,P−1

s2,P · · · sP,P s1,P




(1.43)

where:
[

sp,1 · · · sp,P

]T
=





φpM p

[
a(p−1)P+1 · · · apP

]T
; p = 1, . . . ,L

[
0 · · · 0

]T
; p = L+1, . . . ,P

(1.44)

whereφp = φ
p−1
P , a1, . . . ,aPL are the information symbols carved fromZ[i] andM 1, . . . ,M P areP×P

rotation matrices that achieve full modulation diversity [36,58].
The TAST code is based on the following principle. Lets= M a wheres anda areP-dimensional

vectors andM is a P×P matrix. Suppose that theP components ofs are transmitted overP parallel
channels (for example on thel -th thread ofTP,L that is composed from the entries of thel -th upper diag-
onal and(P− l)-th lower diagonal ofTP,L). If M is aP×P real or complex rotation matrix that achieves
full modulation diversity, then the components ofa can be recovered unless when all the components of
s are lost (because of deep fades on theP channels). In eq. (1.43),L threads are transmitted simultane-
ously (overP symbol durations). In this case, the scalars{φ1, . . . ,φL} are introduced in order to render
theL threads transparent to each other. The code is said to be symmetric when the same rotation matrix
is applied on theL threads (M 1 = · · · =M L ,M ).
TP,L achieves full diversity ifφ is an algebraic integer such that the elements of the set{φl}L

l=1 are
algebraically independent over the algebraic number field used to construct the rotation matrixM . In
the same way, any transcendental element results in a fully diverse code; in particular,φ = exp(iλ) with
λ 6= 0 being any algebraic number.

The authors of [57] related the coding gain of the TAST code tothe Diophantine approximation
of φ by algebraic numbers. Increasing the size of the constellation enhances this approximation and,
consequently, decreases the coding gain. On the other hand,the algebraic numbers are not very well
approximated by other algebraic numbers and choosingφ to be algebraic results in better coding gains.

Space-Time codes from field extensions

This construction was proposed by Sethuramanet al. in [39]. Designate byn the number of transmit
antennas. LetK = F(γ) be a field extension with minimal polynomialxn− γ ∈ F[x]. Designate byMn(F)

the set ofn×n matrices whose entries belong toF. It is simple to show that there exists an embedding
of K into Mn(F) where an elementk = ∑n−1

j=0 f jγ
j
n ∈ K is mapped onto then×n matrix given by:

C( f0, . . . , fn−1) =




f0 f1 · · · fn

γ fn f0
. . .

...
...

. . .
. . . f1

γ f1 · · · γ fn f0




(1.45)
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SinceK is a field (its non-zero elements are invertible), then the difference between any two distinct
matrices, having the form given in eq. (1.45), has full rank.This motivates the construction of ST
codes based on field extensions. The problem can be stated as follows. Given a certain constellationS ,
designate byF the infinite field containing all the elements ofS . For example, form-PSK constellations,
F = Q(ωm) whereωm = exp(2πi

m ) is them-th root of unity. The construction of the ST code reduces
to finding an elementγ ∈ F such thatxn− γ is irreducible overF[x] (so thatK is an-dimensional field
extension ofF).

The authors of [39] proposed the following method for choosingγ. Form-PSK signals withn transmit
antennas, designate byM the integer containing all the primes of bothm andn. Then the polynomial
xn −ωl

M is irreducible overQ(ωM) (and consequently overQ(ωm)) for any integerl that is relatively
prime with M. Note that when all the primes that appear in the prime factorization of n appear also
in the factorization ofm, thenM can be chosen to be equal tom. In this case,γS = S and the coding
scheme does not introduce any constellation expansion. Forexample, for 4-PSK constellations with
n = 2 transmit antennas,M = 4 andγ = ω4 =

√
−1. In this case, the 16 generated codewords turn out to

be the same as those corresponding to the Alamouti code [44].
Full diversity can be also achieved by choosingγ to be transcendental. In this case,F(γ) is the set

of quotients of polynomials inγ with entries inF. This approach results in constructing ST codes for
any constellation and for an arbitrary number of antennas sincexn− γ is irreducible overF(γ)[x] for all
integersn≥ 1 and for any transcendental numberγ.

Space-Time codes from cyclic division algebras

Cyclic division algebras are powerful tools for constructing full rate and fully diverse ST codes [39, 49,
59–65]. Suppose that we want to construct a minimal-delayn×n ST code for a system equipped with
n transmit antennas. From eq. (1.20), the codebook associated with a signal constellationS can be
determined from a cyclic division algebraA (K/F,σ,γ) as follows:

C S =
{

C(s1, . . . ,sn2) ; (s1, . . . ,sn2) ∈ S n2
}

(1.46)

where the codeword associated with the symbolss1, . . . ,sn2 is given by:

C(s1, . . . ,sn2) =




∑n−1
j=0 sj+1θ j ∑n−1

j=0 sn+ j+1θ j · · · ∑n−1
j=0 sn(n−1)+ j+1θ j

γ∑n−1
j=0 sn(n−1)+ j+1θ j

1 ∑n−1
j=0 sj+1θ j

1

. . .
...

...
. . .

. . . ∑n−1
j=0 sn+ j+1θ j

n−2

γ∑n−1
j=0 sn+ j+1θ j

n−1 · · · γ∑n−1
j=0 sn(n−1)+ j+1θ j

n−1 ∑n−1
j=0 sj+1θ j

n−1




(1.47)

The procedures of constructing a ST code from cyclic division algebras can be summarized by the
following steps:

• In order to construct a ST code over a complex alphabet, the first step consists of the choice of a
quadratic field extensionF of Q such thatS ⊂ F. F constitutes the center of the algebraA .

• Choose the maximal subfieldK of degreen overF such thatK is Galois overF andGal(K/F) is
cyclic.

• Choose a value ofγ that verifies proposition 1.2. Such an element will be referred to as a “non-
norm” element in the sequential.
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The constructed ST block-code will have the following properties:

• The constructed code has a full rate. From eq. (1.47),n2 symbols are included in a codeword
occupyingn symbol durations resulting in a rate ofn symbols PCU.

• The constructed code is fully diverse. This results from thefact that a non-norm elementγ results
in a division algebra and thus the difference between any twodistinct codewords (which is always
isomorphic to an element ofA ) has full rank.

In [39, 59], a family of ST codes based on transcendental extensions and respecting the three above
mentioned construction constraints was proposed. In this work, F was chosen as:F = Q(S , t,ωn). The
authors proved that the extensionK = F(tn = t

1
n ) is cyclic for any transcendental numbert. As for the

choice ofγ, any transcendental number can be chosen. The generator of the Galois group is given by
σ : tn → ωntn. The codeB2,φ in eq. (1.41) follows as a special case of this generic construction procedure
whenn = 2. The 2×2 codewords constructed from [39,59] can be expressed as (σ(t2) = −t2):

C =
1√
2

[
s1 + t

1
2 s2 s3 + t

1
2 s4

γ(s3− t
1
2 s4) s1− t

1
2 s2

]
≡ 1√

2

[
s1 + t

1
2 s2 γ 1

2 (s3 + t
1
2 s4)

γ 1
2 (s3− t

1
2 s4) s1− t

1
2 s2

]
(1.48)

whereγ and t are any transcendental numbers and the equivalence followsfrom the fact that the two
matrix forms have the same determinant. Fixingt = γ2 results inB2,φ given in eq. (1.41) (withφ = t

1
2 = γ).

Among all transcendental numbers, the ones verifyingt = exp(iλ) with λ algebraic are appealing since
in this case|t| = 1 resulting in the same average energy per transmit antenna.

While all transcendental elements can be associated with any cyclic field K, it was pointed out
in [60] that it is more interesting to chooseγ to be an algebraic integer. In fact, ifγ and the information
symbols are taken from the ring of integers ofF (for exampleZ[i] for QAM constellations andZ(ω3) for
HEX constellations). Then, from proposition 1.1, it follows that the set{det(C) ; C ∈ C S } is a discrete
set ofOF. Therefore, minC6=0n×n |det(C)| ≥ 1. This results in a non-vanishing determinant (NVD). In
other words, the coding gain does not decrease with the size of the constellation. Moreover, since the
information vector[1,01×(n2−1)] ∈ O n2

F for different constellation sizes and since for this information
vector det(C) = 1, then the NVD property implies that:

δC = min
C∈C S ; C6=0n×n

|det(C)| = 1 ∀S ⊂ OF (1.49)

The NVD is a very interesting property over Rayleigh fading channels. In fact, codes with a NVD
achieve the optimal diversity-multiplexing tradeoff of the underlying multi-antenna channel [49].

In some cases,F can be simply the infinite field containingS . For example,F = Q(i) if S is a QAM
constellation andF = Q(ω3) if S is a HEX constellation.

For example, withn = 2 transmit antennas and QAM constellations [60],F = Q(i) andK = Q(ω8)

is cyclic overF (with degree 2). Any transcendental numberγ results in a fully diverse code. However,
γ = 2+ i ∈ OF = Z[i] is a non-norm element and it results in a NVD. In fact, the ideal 5OK factorizes
as 5OK = I1I2 whereI1 andI2 are the principal ideals generated by 2+ i and 2− i respectively showing
that the idealI1 is prime and consequently there is no element inK whose norm is equal toγ = 2+ i.
The same procedure was generalized in [61] forn = 2k and n = 3.2k transmit antennas with QAM
constellations where it was shown that the extensionQ(ω2k+2)/Q(i) is always cyclic andγ = 2+ i is a
non-norm element. In the same way, systems withn = 3k or n = 2.3k transmit antennas were associated
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with HEX constellations [60, 61]. In this case, the field extensionQ(ω3k+1)/Q(ω3) is always cyclic and
γ = 3+ ω3 is a non-norm element.

In other cases,F must be obtained by adjoining an algebraic element to the infinite field containing
S in order to have a cyclic extension (this element does not belong to the infinite field containingS ). For
example, forn = 3 transmit antennas with QAM constellations,ω3 must be adjoined toQ(i) resulting in
F = Q(i,ω3). In this case,F(ω9)/Q(i) is cyclic [39].

In [49], cyclic extensions of QAM (or HEX) constellations were proposed for different numbers of
transmit antennas. Moreover, finding a non-norm element wasshown to be equivalent to finding a prime
ideal ofOF that remains inert inOK. Non-norm elements were found for all values ofn.

Perfect Codes

The perfect codes [63, 64] are based on cyclic division algebras. However, two additional constructing
constraints are added to the constraints of codes from cyclic division algebras. Namely:

• K/F must be cyclic (refer to the previous subsection).

• γ must be an algebraic non-norm integer (refer to the previoussubsection).

• |γ| must be equal to 1 in order to have a uniform average transmitted energy per antenna.

• Good shaping of the constellation. This means that the transmitted entries on each layer of the
codeword must be a rotation of the initial (QAM or HEX) signalset. In eq. (1.47), the elements of
each layer can be viewed as taken from a latticeRZ[i]n (or RZ(ω3)

n). In order not to introduce any
shaping losses, this lattice must be isometric toZ[i]n (or Z(ω3)

n). In other words, the generator
matrix R must be unitary.

The perfect codes were constructed forn = 2,3,4,6 transmit antennas and were associated with
QAM for n = 2,4 and HEX forn = 3,6 [64]. These codes satisfy a large number of hard to achieve
criteria and show the best performance among all the existing ST block codes. The 2×2 perfect code is
also known as the Golden code and it is based on the Golden number 1+

√
5

2 [63].
The codewords of an×n perfect code can be expressed as [64]:

P = DC(s1, . . . ,sn2) (1.50)

= diag
(
α,σ(α), . . . ,σn−1(α)

)
C(s1, . . . ,sn2) (1.51)

whereD is an×n diagonal matrix andC(s1, . . . ,sn2) is the codeword constructed from cyclic division
algebras in eq. (1.47).α ∈ OF and the volume of the fundamental parallelotope of the latticeΛ(I = αOK)

must verify:

vol(Λ(I)) = 2−n
√

|dK/Q|NK/Q(I) =

{
cn, for QAM constellations

cn
(√

3
2

)n
, for HEX constellations

(1.52)

wheredK/Q is the absolute discriminant ofK. Based on eq. (1.50) and eq. (1.52), the coding gain of the
perfect codes with any QAM or HEX constellation can be expressed as:

δP = min
P6=0n×n

|det(D)det(C)| = |det(D)| = |NK/F(α)| = |NK/Q(α)| 1
2 = d

− 1
2

K/F
(1.53)
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Multiplying the codewords constructed from cyclic division algebras by the diagonal matrixD in
eq. (1.50) is equivalent to limiting the construction in theideal I = αOK. In this case, the integral basis
{θ j}n−1

j=0 is replaced by theF-basis ofI given by{αθ j}n−1
j=0. If this basis is not unitary, an appropriate

change of basis is performed in order to construct a new orthogonal basis{v j}n−1
j=0. The new codewords

are obtained by replacing{θ j}n−1
j=0 with {v j}n−1

j=0 in eq. (1.47).

For example, the Golden code is constructed over the integral basis ofQ(i,
√

5)/Q given byOK =

Z(i,θ) whereθ is the Golden number. For QAM constellations, the codewordsare given by [63]:

G =
1√
5

[
α 0
0 σ(α)

][
s1 + θs2 s3 + θs4

γ(s3 + θ1s4) s1 + θ1s2

]
(1.54)

whereθ1 = σ(θ) = 1−
√

5
2 andα = 1+ i(1− θ). The elements of each layer belong to the latticeRZ[i]

where the generator matrixR is given by:

R=

[
α αθ

σ(α) σ(α)θ1

]
(1.55)

SinceRRH = I2, the code has good shaping. The uniform average transmittedenergy per antenna is
assured by choosingγ = i (which is a non-norm element overOK). An equivalent version of the Golden
code was proposed in [66]. This code can be related to the Golden code byD1GD2 for two diagonal and
unitary matricesD1 andD2. The code in [66] was obtained by numerically optimizing thecoding gain
and it shows the same performance as the Golden code.

Since γ must belong toZ[i] or Z(ω3) with |γ| = 1, thenγ can take one of the values in the set
{−1,±i,±ω3,±ω2

3}. The authors of [64] observed that non of the element of this set results in a cyclic
division algebra forn = 5 showing the non-existence of perfect codes with 5 transmitantennas. More-
over, letx be any element of this set, we havex6 = 1 showing the non-existence of perfect codes forn> 6
antennas.

Recently, perfect ST codes with any number of transmit antennas were proposed by Eliaet al. in [65].
In a previous work [49], the authors were able to find appropriate cyclic extensions ofQ(i) (or Q(ω3))
and appropriate non-norm elements in these fields for all values ofn. Writing this non-norm element as
a+bi (or a+ω3b). In [65], the authors showed thatγ = a+bi

b+ai (or a+bω3
b+aω3

) is also a non-norm element. Since
|γ| = 1, this choice along with an appropriate construction of a unitary ideal generator matrix results in
perfect codes.

Lattice Space-Time codes

In [67], El Gamalet al. proposed a lattice-based construction for full-rate ST block codes. This construc-
tion is referred to as the generalized mod-Λ scheme. Unlike the above mentioned coding constructions
that are based on optimizing the coding gain, the mod-Λ scheme has no space-time structure. Designate
by x a m= 2PT-dimensional vector obtained from the vertical concatenation of the real and imaginary
parts of the columns of theP×T codewords. LetΛc be a lattice inRm andΛs a sublattice ofΛc. The
transmitted vectorsx are determined from a dither vectoru and from vectorsc that belong to the nested
lattice defined by the partition ofΛc/Λs and given byC = Λc∩V s whereV s is the fundamental Voronoi
cell of Λs. The nested latticeΛs ⊂ Λc is drawn from an ensemble of lattices that are good for covering
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and consequently good for MSE quantization. The encoding scheme is defined by:

x = (c−u) modΛs (1.56)

= (c−u)−argminλ∈Λs
|(c−u)−λ| (1.57)

wherec is randomly selected fromC andu is known at the receiver side. The receiver consists of a
MMSE-DFE estimator followed by a lattice decoder where the boundaries of the lattice are disregarded
when determining the closest lattice point to a certain received point. Designate byF andB the forward
and feedback filter matrices respectively, the decoder decides in the favor of ˆc such that:

ĉ = Gẑ modΛs ; ẑ= argminz∈Zm |Fy+Bu−BGz|2 (1.58)

wherey is the received vector andG is the generator matrix of the latticeΛc. The authors showed that
the association of the nested-lattice structure, the random dither and the MMSE-DFE lattice decoding
permits to achieve the optimal diversity-multiplexing tradeoff for T ≥ P+ Q− 1 (Q is the number of
receive antennas). In comparison with the Gaussian coding ensembles (that achieve the D-MG tradeoff
for T ≥ P+Q−1 as shown in [49]), the mod-Λ scheme has a simple encoding and decoding structure.
Moreover, storing the whole codebook is not required at the transmitter side and the exhaustive research
at the receiver is replaced by a lattice decoder.

1.3.5 Cooperative Diversity

In many situations, profiting from the spatial diversity by employing antenna arrays can be infeasible
especially for small mobile or sensor nodes. In such situations, the terminals of a wireless network can
cooperate with each other in order to profit from the spatial diversity in a distributed manner by forming a
virtual antenna array [68–74]. Consider a wireless networkcomposed of a certain number of half-duplex
terminals that can either transmit or receive at a certain time (but not both). Moreover, suppose that each
terminal is equipped with a single antenna. In cooperative networks, the neighboring nodes can help a
certain source in delivering its message to its corresponding destination. Such nodes behave as relays for
the communication between the source and the destination.

In general, the cooperation protocols can be classified as amplify-and-forward (AF) or decode-and-
forward (DF). In the first case, the relays simply transmit scaled versions of their corresponding received
signals. In the DF mode, each relay can decode the messages ofthe source and then re-encodes them with
a possibly different codebook. In general, the DF schemes outperform the AF schemes at the expense
of an increased complexity [73]. In many situations, the quality of the channel between the source and a
certain relay can be bad. In this case, it might be better for the source to continue its direct transmission
with no relaying. This is referred to as selective-relaying[70] where a relay cooperates with the source
only if the quality of the channel between the source and thisrelay falls above a certain threshold. The
quality of this channel can be measured by the magnitude of the channel coefficient [70] or by the mutual
information between the source and the relay [73].

In [70], AF and DF schemes were proposed where the source and the relay transmit on orthogonal
subspaces. These subspaces can be the different time slots in a TDMA network or the orthogonal spread-
ing sequences in a CDMA network. Later this DF strategy was extended to the case of more than one
relay in [71]. Another protocol, referred to as a space-timecoded protocol, was also proposed in [71].
In this case, all the relays can transmit simultaneously buttheir transmissions take place over a signal
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Figure 1.3: The NAF protocol withK relays.

subspace that is orthogonal to the signal subspace of the source. The non-orthogonal AF protocol (NAF)
proposed in [73] outperforms all of the existing AF protocols [70,71]. The superiority of the NAF proto-
col follows from the fact that the transmissions of the source and the cooperating relays take place in the
same signal subspace. In this case, the continuous transmission of the source enhances the multiplexing
gain of the NAF protocol while the cooperation enhances the diversity advantage [73].

The NAF protocol withK relays is described in Fig. 1.3. The cooperation is periodicwith a period
of 2Kl symbol durations. The cooperation period is divided into 2K frames each composed ofl symbols.
Thek-th relay retransmits an amplified version of the(2k−1)-th frame during the 2k-th frame duration
(Fig. 1.3). The diversity-multiplexing tradeoff of the NAFscheme withK relays is given by [73]:

d(r) = (1− r)+K max{0,(1−2r)} (1.59)

Equation (1.59) shows that the NAF protocol achieves full diversity (d(0) = K + 1 corresponds to
the diversity advantage of an antenna array withK + 1 antennas). The authors of [73] showed that the
diversity-multiplexing tradeoff in eq. (1.59) can be achieved by using random Gaussian codebooks with
a sufficiently large codeword length.

Block codes for the NAF protocol were proposed in [74] and were shown to achieve the D-MG
tradeoff given in eq. (1.59). For these minimal-delay codes, the length of each frame in the NAF scheme
is l = 2. This construction is based on cyclic division algebras. LetP = Q(i) andP = Q( j) for QAM and
HEX constellations respectively. Designate byK = P(θ) a K-dimensional field extension ofP whose
Galois group isGal(K/P) = 〈σ〉 with σK = 1. In the same way, letF = K(φ) = P(θ,φ) whose Galois
group is〈τ〉. Designate byC1, . . . ,CK the 2×2 matrices given by:

Ck = σk−1

[
∑K−1

j=0 (sj + φsK+ j)θ j ∑K−1
j=0 (s2K+ j + φs3K+ j)θ j

γ∑K−1
j=0 (s2K+ j + τ(φ)s3K+ j)θ j ∑K−1

j=0 (sj + τ(φ)sK+ j )θ j

]
(1.60)

wheres0, . . . ,s4K−1 are the information symbols andγ ∈ K verifies the condition that there are no ele-
ments inF whose norm are equal toγt for t = 1, . . . ,2K −1 resulting in a cyclic division algebra.

The first and second rows ofCk in eq. (1.60) correspond to the signals transmitted from thesource
during the 2k-th and the(2k−1)-th frames respectively. Thek-th relay transmits an amplified version
of the received signal corresponding to the second row ofCk for k = 1, . . . ,K. Note that all of the 4K
information symbols must be included inCk for all values ofk in order to achieve full diversity. Moreover,
4K symbols are transmitted during 2K frames each consisting ofl = 2 symbols resulting in no data rate
loss with respect to non-cooperative systems.

As in [64], sincesj ∈ OP for j = 0, . . . ,4K −1 (QAM or HEX symbols), limitingγ ∈ OK results in
a non-vanishing determinant. Moreover,γ is chosen to verify|γ| = 1 resulting in a uniform energy per
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relay. In the same way, the integral basis{1, . . . ,θK−1,φ, . . . ,φθK−1} can be replaced by an orthogonal
basis resulting in no shaping losses. For example, the Golden code [63] can be used withK = 1 relay
(K = Q(i) andF = K(

√
5)). ForK = 2 relays,P = Q(i), K = P(ω16) andF = K(

√
5) whereωm is the

m-th root of unity. In this case,γ = ω16 results in full diversity. Note that these codes are constructed
based on the design criteria of ST codes with co-located antenna arrays. It was shown in [72] that these
criteria still hold for virtual arrays.

1.4 MIMO-UWB communication systems

In the recent years, there was a great interest in beamforming with IR-UWB (refer to [75] and the refer-
ences therein). In such systems, an adaptive antenna array can result in highly directive beam patterns.
The very fine temporal resolution of the UWB pulses results invery narrow main lobes that are capable
of limiting the interference even from radio terminals thatare very close to the desired transmitter. For
the positioning and imaging applications, the fine angular and temporal resolutions permit to differentiate
between closely spaced targets [76].

Another active research area includes the multi-antenna UWB techniques. MIMO techniques can be
a possible solution for overcoming the very low tolerated transmission levels [2] resulting in enhanced
data rates, communication ranges and quality of service. MIMO-UWB systems profit from SNR im-
provements, higher channel capacities [77] and better interference rejection [78]. However, given the
important multi-path diversity of the UWB channels, the utility of an additional spatial diversity may
be questionable. In fact, the large frequency band occupiedby the UWB signals makes them not very
sensitive to deep notches that can occur in any part of the spectrum. Deeper discussions on the utility of
the multi-antenna techniques with UWB systems will be the main subject of the next chapter.

The absence of a carrier frequency is the very fundamental character that differentiates impulse radio
from narrow-band applications, wideband DSSS-CDMA, MC-CDMA and OFDM. This has a direct im-
pact on the design and the performance of the ST codes that must be used in conjunction with IR-UWB.
Given that IR-UWB transmissions must be totally-real, the complex-valued ST codes can not be applied
with IR-UWB (in particular the Golden code and the perfect codes). This is a very limiting constraint. In
fact, except for [79] (to the author’s knowledge), full-rate and fully diverse ST coding with IR-UWB was
never considered elsewhere. In the literature of UWB, multi-antenna systems were used exclusively to
enhance the overall diversity with no data rate enhancement[80–83]. Another approach was the spatial
multiplexing where independent data flows are transmitted simultaneously from the transmit antennas
resulting in enhanced data-rates with no transmit diversity advantage [84, 85]. In the remaining parts of
this section, we will briefly discuss the most relevant contributions in MIMO-UWB communications.

1.4.1 Space-Hopping with IR-UWB

In [79], a space-hopping (SH) scheme was proposed for IR systems. For a system equipped withP
transmit antennas, different TH sequences are associated with each one of the transmit antennas. In
order to achieve a rate ofP symbols PCU,P PPM modulated symbols are transmitted during one symbol
duration which is composed ofNf time frames (eq. (1.9)). Suppose thatP divides Nf and letP′ =
Nf

P . Designate byd1, . . . ,dP ∈ {0, . . . ,M − 1} the positions of theP symbols takes from aM-ary PPM
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constellation. The coding scheme can be determined from thefollowing P×P matrix:

Cp′ =




w(t −d1) w(t −d2) · · · w(t −dP)

w(t −dP) w(t −d1)
. . .

...
...

. . . . . . w(t −d2)

w(t −d2) · · · w(t −dP) w(t −d1)




(1.61)

wherew(t) is the pulse waveform and the(i, j)-th element ofCp′ corresponds to the pulse transmitted
from the i-th transmit antenna during the((p′ −1)P′ + j)-th frame duration forp′ = 1, . . . ,P′. In other
words, the coding scheme is determined from theP×Nf matrix C = [C1 · · · CP′]. In order to avoid
the interference between the elements of the same column ofCp′ , different TH sequences are associated
with the transmit antennas. Moreover, for a given time frame, the time shifts introduced at the different
antennas must be all different. From eq. (1.61), the information symbols are interleaved over the transmit
antennas resulting in a full diversity advantage.

However, SH was considered uniquely over flat fading channels [79]. The advantages of this scheme
are exclusive to this kind of channels. In fact, for flat-fading channels, the orthogonality between the
received signals is assured by having at leastP chips of durationTc in each time frame (Tf ≥ PTc in
eq. (1.9)). On the other hand, over frequency selective channels, we must haveTf ≥ PΓ whereΓ is the
channel delay spread of the UWB channels. Given thatΓ >> Tc, the orthogonality over UWB channels
can be achieved at the expense of larger time frames (approximatelyP times larger than that of single-
antenna systems). As a conclusion, the proposed system performs well over flat fading channels while
the diversity advantage can be lost over frequency selective channels because the multi-path propagation
can break down the orthogonality between the transmitted data streams.

1.4.2 Coherent Rate-1 Space-Time codes for IR-UWB

In [81], Giannakiset al. introduced a diversity scheme that achieves full spatial and multi-path diversity
with two transmit antennas while transmitting at a rate of 1 symbol PCU. Unlike the Alamouti code [44]
that encodes two adjacent symbols, the proposed scheme encodes theNf pulses of the same information
symbol.

For a peer-to-peer communication with 2-PAM constellations, the transmitted signals corresponding
to the information symbolsare given by [81]:

s1(t) = s

√
Es

2Nf

Nf −1

∑
n=0

(−1)nw(t −nTf ) (1.62)

s2(t) = s

√
Es

2Nf

Nf −1

∑
n=0

w(t −nTf ) (1.63)

wheresp(t) corresponds to the signal transmitted from thep-th antenna ands∈ {±1} is the information
symbol.

For a system with one receive antenna, designate bygp(t) the impulse response of the channel from
the p-th transmit antenna. Definehp(t) as the convolution ofgp(t) with w(t). The conditional bit error
rate using aL-th order Rake receiver can be expressed as:

P
(
e|{α1(l),α2(l)}L

l=1

)
= Q



[

ρ
2

L

∑
l=1

(
α2

1(l)+ α2
2(l)
)
] 1

2


 (1.64)
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whereρ is the signal to noise ratio.αp(l) =
∫

hp(t)w(t −∆(l))dt and{∆(l)}L
l=1 are the delays of the

Rake fingers chosen to verify|∆(l)−∆(l −1)| ≥ 2Tw resulting inE
[
αp(l)αp′(l ′)

]
= βl δ(l − l ′)δ(p− p′).

βl = E
[
α2

p(l)
]

and it is independent fromp for independent and identically distributed channel impulse
responses.

The channel model considered in [81] is the SV model [21] withRayleigh fading on the multi-path
components. Given the nature of the carrier-less transmissions and the associated homodyne receivers,
only the real parts of the multi-path components (which havea Gaussian distribution) are considered.
Based on this model, the impulse responses can be expressed as: gp(t) = ∑Lp−1

l ′=0 ap,l ′δ(t − τp,l ′) where
Lp is the total number of multi-path components ofgp(t). τp,l ′ andap,l ′ are the arrival times and the
amplitudes of the multi-path components of thep-th channel withap,l ′ having a Gaussian distribution.
Now αp(l) is given by:

αp(l) =
Lp−1

∑
l ′=0

ap,l ′Rw(∆(l)− τp,l ′) (1.65)

whereRw(t) is the autocorrelation function ofw(t).

Being the sum of Gaussian random variables,αp(l) is also a Gaussian random variable forp = 1,2
andl = 1, . . . ,L. In this case, the Chernoff bound can be determined from the conditional error probability
in eq. (1.64) as follows [81]:

P(e) ≤


ρ

2

(
L

∏
l=1

βl

) 1
L



−L

(1.66)

On the other hand, the BER of a single-antenna system verifiesP(e)≤
(

ρ
(
∏L

l=1 β1
) 1

L

)− L
2
. Therefore,

the proposed system achieves full diversity since the diversity advantage is doubled (it passes fromL
2 to

L). Note that, forL = 1, the BER with Gaussian fading decays asρ− 1
2 (for large values ofρ) unlike the

Rayleigh channels where the BER decays asρ−1.

Note that the proposed system is equivalent to the Alamouti code [44]. While the Alamouti code
is an orthogonal design that encodes adjacent symbols, the system in [81] takes advantage of the pulse
repetitions in order to introduce orthogonality among the transmitted data streams. A similar encoding
and decoding scheme was proposed in [80] forM-PPM modulations over flat fading channels.

In an independent work, the authors of [82,83] determined the performance of TH and DSSS multi-
antenna systems using the Alamouti code over Nakagami-faded multi-path channels. It was shown in
[83] that for independent Nakagami-m fading coefficients withP transmit antennas,Q receive antennas
and aL-finger Rake, the total diversity advantage is equal to ˜mPQLwherem̃= Pm(Pm−m+1)−1. Note
that for Gaussian (resp. Rayleigh) fading channels the maximal diversity order is12PQL (resp.PQL).

1.4.3 Non-coherent Rate-1 Space-Time codes for IR-UWB

As an extension of their coherent rate-1 ST code, Giannakiset al. [81] proposed a non-coherent multi-
antenna scheme that can be associated with 2-PPM modulations. The proposed system is based on
energy integration and does not require any channel estimation procedure. Keeping the same notations
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as in Section 1.4.2, the transmitted signals take the form:

s1(t) =

√
Es

2Nf

Nf −1

∑
n=0

(−1)nw(t −nTf −sδ) (1.67)

s2(t) =

√
Es

2Nf

Nf −1

∑
n=0

w(t −nTf −sδ) (1.68)

wheres∈ {0,1} indicates the position of the modulated symbol andδ is chosen to be larger than the
channel delay spread in order to avoid the interference among the modulation positions (this interference
can not be mitigated with energy detectors).

Designate byx(m)
e (l) (resp.x(m)

o (l)) the sum over theNf

2 even (resp. odd) time frames of the outputs
of the l -th Rake finger during them-th position. The corresponding decision vector is given by:

x(m)(l) =

[
x(m)

e (l)

x(m)
o (l)

]
=

√
Nf Es

8

[
α1(l)+ α2(l)
α1(l)−α2(l)

]
δ(s−m)+

[
ne(l)
no(l)

]
(1.69)

Let z(m) = ∑L
l=1

(
x(m)(l)

)T
x(m)(l), the receiver decides in the favor of the position ˆmsuch that:

m̂= arg max
m∈{0,1}

(
z(m)
)

(1.70)

In the absence of noise,z(m) =
Nf Es

2 ∑L
l=1(α2

1(l)+α2
2(l))δ(s−m) has the same value as with coherent

systems implying that the non-coherent ST scheme still profits from full transmit and multi-path diversity.

1.4.4 Spatial Multiplexing with IR-UWB

For a system equipped withP transmit antennas, spatial multiplexing (SM) is a simple way for multi-
plying the data-rate byP without profiting from any transmit diversity. SM for IR-UWBwas considered
in [84] with 2-PAM constellations and correlation receivers (refer to Section 1.1.6). The considered chan-
nel model was the Kunisch-Pamp model [22, 23]. As explained in Section 1.1.5, the cross-correlations
between the entire channel impulse responses are very small. In other words, correlation receivers using
filters matched to the entire channel response result in verylimited co-channel interference. This results
in better performance with respect to narrow band systems [84].

A similar approach was adopted in [85] with 2-PAM constellations, Rake receivers and MMSE de-
tectors. A tapped delay line channel model was adopted. For aP×Q MIMO system, thePQ channels
are drawn randomly according to the IEEE channel model recommendation [17]. At a second time,
correlations between the antennas are introduced by applying the Kronecker model where the MIMO
channel covariance matrix is determined from the Kroneckerproduct of the channel covariance matrices
at the transmitter and the receiver sides. Even though a tapped delay line model is not accurate for UWB
channels (refer to Section 1.1.5), this formulation gives more insights on the effect of spatial correla-
tion on the system performance. Results showed that, at highdata rates, TH-UWB systems have better
performance than DSSS-UWB systems that suffer from excessive inter-chip interference. Moreover, a
spatial correlation factor of 0.5 (at both the transmitter and the receiver) introduces a limited performance
loss of about 0.5 dB at a BER of 10−4 with a 2×2 MIMO-TH-UWB system having a data rate of 748.5
Mbps.
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1.4.5 MIMO-UWB systems using orthogonal pulses

In IR-UWB, an additional degree of freedom resides in the possibility of transmitting several orthogonal
pulses simultaneously. An example of a family of orthogonalpulses is the modified Hermite pulses (refer
to Section 1.1.2). For single-antenna systems, associating position, amplitude and shape modulations
results in high data rates [86]. For MIMO systems where the channel estimation is more challenging,
orthogonal pulses were used for enhancing the channel estimation and detection [87, 88]. In particular,
two orthogonal pulses (the Gaussian pulse and its first derivative), destinated for the channel estimation
and data transmissions, are transmitted simultaneously.

1.5 Thesis outline and contributions

The remaining part of this work is organized as follows:

• In chapter 2, we present a generic system model for multi-antenna TH-UWB systems. This model
takes into account the possibility of having inter symbol interference (ISI) and multi-user inter-
ference (MUI). Moreover, this system model, that will be considered throughout the remaining
parts of this work, is associated with different kinds of practical receivers that achieve different
compromises between performance and complexity. We then propose a new rate-1 ST coding
scheme that is based on inter pulse coding and that can be associated with any number of transmit
antennas. The performance of this coded system as well as that of uncoded MIMO systems is
then determined over the IEEE 802.15.3a channel model recommendations [17]. The performance
is measured by the achieved error rates as well as the achieved diversity-multiplexing tradeoffs.
Finally, we present a new design of the low-dimensional amplitude spreading matrices that are
associated with the pulses used to transmit a given information symbol. This design permits to
reduce the level of MUI in multiple access channels.

• In chapter 3, we present new full rate ST coding constructions that can be associated with carrier-
less TH-UWB systems. While carrier-less UWB systems were considered uniquely with rate -1
totally-real ST codes in the literature, the proposed ST codes are the first proposed schemes that
have full rate and that satisfy a large number of constraintsthat are difficult to achieve. Differ-
ent families of codes are presented. We discuss the constructions from cyclic division algebras,
intra-symbol coding, joint inter-symbol and intra-symbolcoding. We also present novel diversity
schemes that follow from the association of Hermite pulses with modulation diversity. For the first
time, we introduce new families of ST codes that can are exclusive to PPM and to PPAM and that
outperform all “classical” constructions based on cyclic division algebras.

• In chapter 4, the principles used in chapter 3 for the construction of ST codes are extended to the
cooperative TH-UWB systems. While cooperation was never studied in the UWB context, the pro-
posed schemes turn out to be very beneficial for UWB ad hoc and sensor networks. In particular,
we present new totally-real constructions for the non-orthogonal amplify-and-forward scheme. All
of the proposed codes are totally-real and they permit to achieve full rate and full diversity. Because
of the totally-real constraint, some families present the advantage of having a non-vanishing deter-
minant at the expense of not being information lossless. Other families of codes are information
lossless and have a uniform average transmitted energy per antenna at the expense of having a cod-
ing gain that decreases with the spectral efficiency. For given constellation dimensions (number of
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modulation positions), the non-vanishing determinant andthe energy efficiency can be obtained si-
multaneously. We also present novel coherent, non-coherent, and differential decode-and-forward
strategies that take advantage of the pulse repetitions that are intrinsic to TH-UWB systems. Some
practical issues related to timing errors are also discussed.

• In chapter 5, we consider the problem of decoding the multi-dimensional PPM and PPAM con-
stellations. Unlike QAM and PAM constellations where all the components of the transmitted
information vectors are independent from each other, PPM and PPAM are sparse constellations
where only one position (among theM modulation positions) is occupied. The sphere decoder
as well as other sub-optimal decoders (such as the V-BLAST decoder) are modified to efficiently
decode these constellations.

Finally, concluding remarks and future work perspectives are given. The appendices are dedicated
for the complementary material and for the proof of the different lemmas and propositions.
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Chapter 2

Receiver Design and Performance Analysis

In this chapter, we present the system model of MIMO-IR-UWB systems. An accurate model must take
the impulsive nature of time domain UWB systems into consideration. Moreover, the effects of the high
frequency selectivity of the UWB channels must be considered for accurate transceiver design. At the
receiver side, practical implementations based on Rake receivers and correlation receivers are considered
(Section 1.1.6). At a second time, we present analytical, semi-analytical as well as numerical analysis
on the performance of MIMO-UWB systems over realistic multi-path indoor channels. Throughout the
analysis, we try to answer the question about the utility of spatial diversity in UWB systems.

Throughout this work, the considered system model is based on the following assumptions that are
commonly used in the wireless communications literature.

• Channel State information: In this work, we consider the case where the CSI is availableonly
at the receiver side. In some situations, we also consider differential systems where the CSI is not
available at the communicating terminals.

• Block Fading: A block fading model is used to characterize the time varying nature of the wireless
channels. In other words, we assume that the channel is invariant over a block composed of a
certain number of symbol durations and then the channel parameters change independently from
one fading block to another. In general, indoor channels arestationary and the duration of each
fading block can be very large.

• Perfect synchronization: For peer-to-peer links, perfect synchronization is assumed between the
communicating terminals. For multiuser systems, the proposed model takes the possible asynchro-
nization between the different users into consideration.

• Multi-path channels: In the absence of an accurate and widely approved MIMO-UWB channel
model, we adopt two different approaches for studying the performance of the proposed systems.
The first approach consists of adopting the IEEE 802.15.3a single-antenna channel model recom-
mendations [17]. In this case, the different sub-channels between the transmit and the receive
antenna arrays are generated independently according to [17]. In other words, we assume that
the antenna arrays are sufficiently spaced. In all cases, this approach constitutes an upper bound
that quantifies the maximum performance improvements offered by multi-antenna techniques. The
second approach consists of providing numerical results based on channel measurements. Even
though an analytical analysis is not possible in this case, this approach is beneficial in giving more
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insights on the system performance in realistic situations. In all cases, highly frequency-selective
channels are considered.

• Additive White Gaussian Noise at the receiver: The noise at the receiver side is taken to be real
AWGN with zero mean and double-sided spectral densityN0

2 .

Recent work on the performance analysis of MIMO-UWB systemscan be found in [89,90]. In [89],
the error rate of spatial multiplexing was evaluated over a multi-path lognormal-fading channel for the
first time. This approach is interesting because the IEEE channel models [17,18] are based on lognormal
fading. The receiver performed zero-forcing and maximum ratio combining in order to separate the
incoming data streams. However, the authors made the assumption that all the combined paths have the
same average power, and the proposed model is valid only for limited number of combined multi-path
components. Moreover, the ray arrival times were taken to occur at integer multiples of the pulse-width,
and therefore, the proposed calculations can not be appliedon the channel models proposed in [17] where
different multi-path components can arrive during the samepulse duration.

The performance of PPM constellations over multi-path Nakagami-fading channels was considered
in [90]. The considered system transmits at a rate of 1 symbolPCU and the transmit diversity is achieved
by antenna switching. For systems withP transmit antennas andNf pulses per symbol, antenna switching
is equivalent to transmittingNf

P pulses from each transmit antenna where only one antenna transmits dur-
ing each frame duration. For such systems, the authors showed that the diversity advantage, in the sense
of having steeper BER-versus-SNR curves, is achievable forsystems having a small number of Rake
fingers. However, despite this contribution, the analysis proposed in [90] is exclusive to systems based
on antenna switching (in other words MIMO systems that do notsuffer from co-channel interference).

2.1 System Model

Consider a MIMO-TH-UWB system where the transmitter and thereceiver are equipped withP andQ
antennas respectively. We consider aM-PPM-M′-PAM constellation that entailsM-PPM andM′-PAM
as special cases. Keeping the same notations as in Section 1.1.4, the signal transmitted from thep-th
antenna can be obtained by slightly modifying eq. (1.9):

s(k)
p (t) =

√
EsE k

PNf

∞

∑
j=−∞

a(k)
p, j

Nf −1

∑
n=0

b(k)
p, j,nw(t − jTs−nTf −c(k)

p, j,nTc−d(k)
p, jδ) (2.1)

where the multiplying factor 1√
P

was introduced in order to have the same total transmitted energy as

in the case of single-antenna systems. In what follows, the amplitude spreading sequence{b(k)
p, j,n} and

the TH sequence{c(k)
p, j,n} are taken to be periodic with periodNf and therefore the subscriptj can be

dropped down. Moreover, the antennas of a given user will share the same pseudo-random TH sequence
and the subscriptp can be dropped down from the TH sequence. The amplitude and position of the
symbol transmitted from thep-th antenna of thek-th user during thej-th symbol duration are given by
a(k)

p, j andd(k)
p, j respectively. Let:

a(k)
p, j,m = a(k)

p, jδ
(

d(k)
p, j −m

)
; m= 0, . . . ,M−1 (2.2)
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Equation (2.1) can now be expressed as [6,8]:

s(k)
p (t) =

√
EsE k

PNf

∞

∑
j=−∞

Nf −1

∑
n=0

M−1

∑
m=0

a(k)
p, j,mb(k)

b,nw(t − jTs−nTf −c(k)
n Tc−mδ) (2.3)

Designate byg(k)
q,p(t) the impulse response of the frequency selective channel between thep-th trans-

mit antenna of thek-th user and theq-th receive antenna. In a system comprisingK interfering users, the
received signal at theq-th receive antenna can be expressed as:

rq(t) =
K

∑
k=0

P

∑
p=1

s(k)
p (t)∗g(k)

q,p(t − τ(k)− ε(k)
q,p)+nq(t) (2.4)

wherenq(t) is the noise at theq-th antenna and it is assumed to be real AWGN with varianceN0/2. τ(k)

corresponds to the propagation delay of thek-th user with respect to the first user (τ(0) = 0).

ε(k)
q,p corresponds to the arriving time of the first multi-path component ofg(k)

q,p(t). The spacing be-
tween the antennas of a given array results in different arrival times that are not negligible with respect
to the very short duration of the UWB pulses. These additional delays are calculated with respect to the
first arriving ray of the first user. In other words, minp,q(ε

(0)
q,p) = 0. In what follows, we fix:

h(k)
q,p(t) = w(t)∗g(k)

q,p(t − ε(k)
q,p) (2.5)

implying that the receiver is synchronized to the first multi-path component between the transmit and the
receive arrays.

Following these notations and dropping the superscriptk for the desired user and the subscriptj for
the desired symbol duration (the period during which the decision variables are collected), eq. (2.3) and
eq. (2.4) can now be combined together resulting in:

rq(t) =

√
Es

PNf
{

P

∑
p=1

Nf −1

∑
n=0

M−1

∑
m=0

ap,mbp,nhq,p(t −nTf −cnTc−mδ)

+
K

∑
k=1

√
E k

+∞

∑
j=−∞

P

∑
p=1

Nf −1

∑
n=0

M−1

∑
m=0

a(k)
p, j,mb(k)

b,nh(k)
q,p(t − jTs−nTf − τ(k)−c(k)

n Tc−mδ)

︸ ︷︷ ︸
r (mui)
q (t)

+
+∞

∑
06= j=−∞

P

∑
p=1

Nf −1

∑
n=0

M−1

∑
m=0

ap, j,mbp,nhq,p(t − jTs−nTf −cnTc−mδ)

︸ ︷︷ ︸
r (isi)
q (t)

}+nq(t) (2.6)

In what follows, we ignore the impact of inter symbol interference (ISI) and multi user interference
(MUI) that will be discussed in Section 2.4. Denote byΓ the maximum delay spread of the underlying
channel (Γ >> Tw), ISI can be eliminated by choosing:

Tf ≥ Γ+NcTc +(M−1)δ+Tw (2.7)
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2.1.1 Rake receivers

We first consider the case where aL-th order Rake is used after each receive antenna. At each armof the
Rake receiver, a bank ofM correlators is needed to detect theM-dimensional signals. For aL-th order
Rake, designate by∆q,p,l the delay of thel -th finger associated with the channel from thep-th transmit
to theq-th receiver antenna forl = 0, . . . ,L−1. In general, we can differentiate between Partial Rakes
(PRakes) and Selective Rakes (SRakes) (refer to Section 1.1.6). For PRakes that combine the firstL
arriving multi-path components, we fix∆q,p,l = ∆l = lMTw for all values ofp andq. For SRakes,∆q,p,l

corresponds to the arrival time of thel -th strongest multi-path component between thep-th transmit and
theq-th receive antenna. In general, the receiver can not resolve multi-path components separated by a
duration less thanTw and therefore,∆q,p,l is always chosen to be a multiple ofTw. The signal at each
receive antenna is correlated with the following referencesignals:

w̃q,l ,p,n,m(t) = w(t −nTf −cnTc−∆q,p,l −mδ) (2.8)

This results inQPLM decision variables collected during each frame duration (Tf ). From eq. (2.6)
and eq. (2.8), the output of the correlator matched to thel -th multi-path component ofhq,p(t) during the
m-th modulation position of then-th frame is given by:

xq,l ,p,n,m =

∫ (n+1)Tf

nTf

rq(t)w̃q,l ,p,n,m(t)dt (2.9)

=

√
Es

PNf

P

∑
p′=1

M−1

∑
m′=0

ap′,m′bp′,nrq,p′((m−m′)δ+ ∆q,p,l )+nq,l ,p,n,m (2.10)

where:

rq,p(τ) =

∫ Tf

0
hq,p(t)w(t − τ)dt (2.11)

and the noise termnq,l ,p,n,m is given by:

nq,l ,p,n,m =

∫ (n+1)Tf

nTf

nq(t)w̃q,l ,p,n,m(t)dt (2.12)

Given that the reference signals are different from zero only over a limited time interval (of duration
Tw) and are equal to zero elsewhere, the correlation between the noise samples verifies:

E[nq,l ,p,n,mnq′,l ′,p′,n′,m′ ]=E

[∫ +∞

−∞
nq(t)w̃q,l ,p,n,m(t)dt

∫ +∞

−∞
nq′(τ)w̃q′,l ′,p′,n′,m′(τ)dτ

]

=
∫ +∞

−∞

∫ +∞

−∞
w̃q,l ,p,n,m(t)w̃q′,l ′,p′,n′,m′(τ)E[nq(t)nq′(τ)]dtdτ (2.13)

Since the noise termsnq(t) are AWGN,E[nq(t)nq′(τ)] = N0
2 δ(q−q′)δ(t − τ) and the double integral in

eq. (2.13) simplifies to a simple integral:

E[nq,l ,p,n,mnq′,l ′,p′,n′,m′ ] =
N0

2
δ(q−q′)

∫ +∞

−∞
w̃q,l ,p,n,m(t)w̃q′,l ′,p′,n′,m′(t)dt

=
N0

2
γw
(
(n′−n)Tf +(cn′ −cn)Tc +(m′−m)δ+ ∆q′,l ′,p′ −∆q,l ,p

)
δ(q−q′) (2.14)

whereγw(t) is the autocorrelation function ofw(t).
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Suppose that the time support of each matched filter does not exceed the frame duration. In other
words, maxq,p,l (∆q,p,l ) ≤ T

′
g whereT

′
g is given in given by:

T
′
g = Tf −NcTc− (M−1)δ−Tw (2.15)

In this case, eq. (2.14) simplifies to:

E[nq,l ,p,n,mnq′,l ′,p′,n′,m′ ]=
N0

2
γw
(
(m′−m)δ+ ∆q′,p′,l ′−∆q,p,l

)
δ(q−q′)δ(n−n′) (2.16)

For PRakes, we fix∆q,p,l = ∆l = lMTw for l = 0, . . . ,L−1 and for all values ofp andq. From eq.
(2.16), it is easy to show that this choice along withδ ≥ Tw result in white noise terms sinceγw(kTw) = 0
for k∈ Z\{0}. For SRakes, the correlation between the noise terms depends on the channel. For theq-th
receive antenna and for a given modulation positions (m), if the l -th strongest path ofhq,p(t) coincides
with the l ′-th strongest path ofhq,p′(t), then the corresponding integrated noise terms are correlated.

From eq. (2.10), designate byXq,l the vector of lengthPNf M whose((p−1)Nf M +nM+m+1)-th
component is equal toxq,l ,p,n,m for p = 1, . . . ,P, n = 0, . . . ,Nf − 1 andm = 0, . . . ,M − 1. Xq,l can be
expressed as:

Xq,l =

√
Es

PNf
Rq,l (B ⊗ IM)A+Nq,l (2.17)

where:

• Nq,l is the noise vector that is constructed in the same way asXq,l .

• A is thePM-dimensional information vector. It can be expressed as:A = [AT
1 · · · AT

P]T where
Ap is the M-dimensional vector representation of the symbol that is transmitted from thep-th
antenna. For example, forM-PPM-M′-PAM constellationsAp ∈ C given in eq. (1.8). For PAM
constellations,Ap is a scalar for all values ofp.

• Designate byB theP×Nf amplitude spreading matrix whose(p,n+1)-th entry is equal tobp,n for
p = 1, . . . ,P andn = 0, . . . ,Nf −1. ThenB is thePNf ×P matrix given by:B = diag(BT

1 · · · BT
P)

whereBp designates thep-th row ofB.

• Rq,l is aPNf M×PNf M matrix given by:

Rq,l =




INf ⊗Rq,l ,1,1 · · · INf ⊗Rq,l ,1,P
...

.. .
...

INf ⊗Rq,l ,P,1 · · · INf ⊗Rq,l ,P,P


 (2.18)

whereRq,l ,p,p′ is aM×M toeplitz matrix whose(m,m′)-th element is given by:

Rq,l ,p,p′ (m,m′) = rq,p′
(
(m−m′)δ+ ∆q,p,l

)
(2.19)

and it corresponds to the impact of the pulse (if any) transmitted by thep′-th antenna at them′-th
modulation position on the filter matched to thel -th ray ofhq,p(t) (the delay of this filter is further
translated by a duration corresponding to them-th position). Note that for PAM,Rq,l ,p,p′ is a scalar
that corresponds to the amplitude of the multi-path component of hq,p′(t) whose arrival coincides
with that of thel -th path ofhq,p(t). A schematic representation of a MIMO-UWB SRake receiver
is given in Fig. 2.1.
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Figure 2.1: Schematic representation of a MIMO-UWB SRake receiver.

In what follows, and for notational simplicity, the multiplying factor
√

Es
PNf

is removed from eq.

(2.17) since this term can be included in the expression of the noise variance.
From eq. (2.17), designate byXq = [XT

q,0 · · · XT
q,L−1]

T the vector of lengthLPNf M. TheQLPNf M-
dimensional decision vector is given by:X = [XT

1 · · · XT
Q ]T . In the same way, we denote byRq the

LPNf M ×PNf M channel matrix corresponding to theq-th receive antenna and that is given by:Rq =

[RT
q,0 · · · RT

q,L−1]
T . Finally, theQLPNf M ×PNf M channel matrixR is given by: R = [RT

1 · · · RT
Q]T .

Following these notations, the input-output relation can be expressed as:

X(QLPNf M×1) = R(QLPNf M×PNf M)

(
B (PNf ×P)⊗ I(M×M)

)
A(PM×1) +N(QLPNf M×1) (2.20)

whereN is the noise vector that is constructed in the same way asX and the subscripts in eq. (2.20)
indicate the matrices’ dimensions. Note that the noise termN is not white. The components of the
covariance matrixΣn of N are obtained by multiplying eq. (2.16) byPNf

Es
.

For PRakes, the matrixRq,l in eq. (2.18) will have dimensionsNf M×PNf M. In this case, eq. (2.18)
can be written as:

Rq,l =
[

INf ⊗Rq,l ,1 · · · INf ⊗Rq,l ,P

]
(2.21)

whereRq,l ,p is a M ×M toeplitz matrix whose(m,m′)-th element is given by the following relation:
Rq,l ,p(m,m′) = rq,p ((m−m′)δ+ lMTw).

Equation (2.20) can be written in a more general form as:

X(QLP′Nf M×1) = R(QLP′Nf M×PNf M)

(
B (PNf ×P)⊗ I(M×M)

)
A(PM×1) +N(QLP′Nf M×1) (2.22)

whereP′ = P for SRakes andP′ = 1 for PRakes. For PRakes, the noise vectorN is white with variance
PNf N0

2Es
.

For 2-PPM modulations, the reference signals in eq. (2.8) can be replaced by:

w̃q,l ,p,n(t) = w(t −nTf −cnTc−∆q,p,l )−w(t −nTf −cnTc−∆q,p,l −δ) (2.23)
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In this case, theM×M matrix Rq,l ,p,p′ in eq. (2.19) reduces to the scalar:

Rq,l ,p,p′ = rq,p′
(
∆q,p,l

)
− rq,p′

(
δ+ ∆q,p,l

)
(2.24)

In the same way, for PRakes with 2-PPM, the matrixRq,l ,p reduces to the scalar:Rq,l ,p = rq,p (2lTw)−
rq,p (δ+2lTw).

2.1.2 Correlation receivers

For correlation receivers, the signal received at theq-th receive antenna is correlated withP reference
signals corresponding to the filters matched to the channelshq,1, . . . ,hq,P. In the case of perfect channel
estimation, the reference signals are given by:

h̃q,p,n,m(t) = hq,p(t −nTf −cnTc−mδ) (2.25)

The decision variables at the receiver side are given by:

xq,p,n,m =

∫ Ti

0
rq(t)h̃q,p,n,m(t)dt (2.26)

=

√
Es

PNf

P

∑
p′=1

M−1

∑
m′=0

ap′,m′bp′,nrq,p,p′
(
(m−m′)δ

)
+nq,p,n,m (2.27)

where:

rq,p,p′(τ) =
∫ Ti

0
hq,p′(t)hq,p(t − τ)dt (2.28)

andTi is the integration time. WhenTi = Γ (the maximum channel delay spread), then the above receiver
is equivalent to an All-Rake (ARake) that combines all of themulti-path components. The correlations
between the noise terms verify:

E[nq,p,n,mnq′,p′,n′,m′ ]=
N0

2
rq,p′,p

(
(n′−n)Tf +(cn′ −cn)Tc+(m′−m)δ

)
δ(q−q′) (2.29)

which simplifies to:

E[nq,p,n,mnq′,p′,n′,m′ ] =
N0

2
rq,p′,p

(
(m′−m)δ

)
δ(q−q′)δ(n−n′) (2.30)

whenTi ≤ Tf . Equation (2.27) can be expressed in matrix form as:

X =

√
Es

PNf
R(B ⊗ IM)A+N (2.31)

whereR= [RT
1 · · ·RT

Q]T has dimensionsQPNf M×PNf M. In a way similar to eq. (2.18),Rq is given by:

Rq =
[
(INf ⊗Rq,p,p′)

]P
p,p′=1 where the(m,m′)-th element of theM×M toeplitz matrixRq,p,p′ is given by:

Rq,p,p′(m,m′) = rq,p,p′
(
(m−m′)δ

)
(2.32)

Finally, as in Section 2.1.1, the multiplying factor
√

Es
PNf

is removed from eq. (2.31) and included in

the noise variance.
There is a big similarity between PRakes and correlation receivers. In fact, a correlation receiver with

integration timeTi collects the same energy as aL-th order PRake withL = Ti
MTw

. However, from eq. (2.8)
and eq. (2.25), it can be seen that the correlation receiversdo not suffer from intra-pulse interference
since they can resolve the multi-path components separatedby a duration less thanTw.
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2.1.3 Despreading

In order to simplify the structure of the receivers, we choose to combine the decision variables cor-
responding to theNf pulses of the same transmitted symbol prior to decoding. This corresponds to
multiplying by a despreading matrixD. In this case, the new decision vectorY at the receiver can be
expressed as:

Y = DX = DR(B ⊗ IM)︸ ︷︷ ︸
H

A+N (2.33)

The length ofY is equal toQLP′M for Rake receivers andQPM for correlation receivers. In particular,
spatial multiplexing follows as a special case of this generic model. In this case, independent data flows
are transmitted simultaneously and the same spreading sequence is associated with all transmit antennas.
In particular, we can chooseB = 1P×Nf . The despreading matrixD is given byD = IQLP′ ⊗ (B1⊗ IM) for
Rake receivers andD = IQP⊗ (B1⊗ IM) for correlation receivers whereB1 = 11×Nf is the first row ofB.
For example, when associating spatial multiplexing with correlation receivers, eq. (2.33) simplifies to:

Y = HA+N =




R1,1,1 · · · R1,1,P
...

. . .
...

R1,P,1 · · · R1,P,P
...

...
...

RQ,1,1 · · · RQ,1,P
...

. . .
...

RQ,P,1 · · · RQ,P,P




A+N (2.34)

where the(m,m′)-th element of the matrixRq,p,p′ is given in eq. (2.32). SinceD is unitary, the covariance
matrix of the zero-mean noise termN verifies:Σn = E

[
NNT

]
= PN0

2Es
H.

2.2 Rate-1 coherent ST-coded systems

2.2.1 Transceiver Structure

In this case, the same information symbol is transmitted from theP antennas and orthogonal amplitude
spreading sequences are associated with the different transmit antennas. While orthogonal codes achieve
a rate of 1 symbol PCU for some specific values ofP (P= 2,4,8) [45], the proposed scheme profits from
the pulse repetitions in order to introduce orthogonality among the transmitted data streams. It can be
associated with any number of transmit antennas verifyingP ≥ Nf . Given thatNf can be in the order
of 10 in IR-UWB systems, this approach is feasible with practical systems having a limited number
of antennas. The considered scheme can be seen as an extension of the ST code (“STC1”) proposed
in [81] for P > 2. While [81] was limited to 2-PAM constellations and PRakes, the considered scheme
is generalized for all constellations associated with PRakes, SRakes or correlation receivers.

More explicitly, theP×Nf amplitude-spreading matrixB is chosen to verifyBBT = Nf IP. The
despreading matrixD in eq. (2.33) is given byD = IQLP′ ⊗ (B⊗ IM) for Rake receivers andD = IQP⊗
(B⊗ IM) for correlation receivers. In what follows, the performance analysis is limited to correlation
receivers.
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For the rate-1 ST coded systems, it can be easily seen that eq.(2.33) can be written in an equivalent
way as:

Y = HA+N =




diag(R1,1 · · · R1,P)
...

diag(RQ,1 · · · RQ,P)


A+N (2.35)

whereRq,p is a M ×M matrix for q = 1, . . . ,Q and p = 1, . . . ,P. Its (m,m′)-th element is given by
rq,p ((m−m′)δ) whererq,p(τ) =

∫ Ti
0 hq,p(t)hq,p(t − τ)dt. Since the same symbol is transmitted from all

antennas,A can be written asA = 1P×1⊗SwhereSdenotes theM-dimensional vector representation of
the transmitted symbol (A1 = · · · = AP = S). N is a colored noise:

E
[
NNT]=

PN0

2Es
diag

(
R1,1 · · ·R1,P · · · RQ,1 · · ·RQ,P

)
(2.36)

Since this orthogonal scheme is equivalent to creatingPQ parallel channels between the transmitter
and the receiver, the outputs of thePQmatched filters corresponding to a given positionm can be added
up. Therefore, eq. (2.35) can be written in an equivalent wayas:

xm =
Q

∑
q=1

P

∑
p=1

Y(q−1)PM+(p−1)M+m

=
Q

∑
q=1

P

∑
p=1

M−1

∑
m′=0

rq,p
(
(m−m′)δ

)
sm′ +nm (2.37)

wheresm is them-th component ofS. From eq. (2.36), the correlation betweennm andnm′ is given by:

ρm,m′ =
E[nmnm′ ]√
E[n2

m]E[n2
m′ ]

=
∑q,p αq,p,m−m′

∑q,p αq,p,0
(2.38)

whereαq,p,m , rq,p(mδ) = αq,p,−m.

2.2.2 Conditional Error probability with bi-orthogonal PP AM

The bi-orthogonal PPAM corresponds to hybridM-PPM-2-PAM constellations. Suppose that a pulse
whose amplitude verifiessm ∈ {±1} was transmitted at them-th position (0≤ m≤ M − 1). TheM
decision variables in eq. (2.37) can be expressed as:

xm′ = sm∑
q,p

αq,p,m′−m+nm′ (2.39)

for m′ = 0, . . . ,M−1.
We show in Appendix B that the conditional error probabilityverifies:

Pe/H ≤ Q



√

2Es∑q,p αq,p,0

PN0


+

2
M

M−1

∑
m=1

(M−m)
(
P

(1)
m +P

(2)
m −2P (1)

m P
(2)
m

)
(2.40)

whereP (1)
m andP (2)

m are given by:

P
(i)
m = Q



√

Es∑q,p (αq,p,0 +(−1)i−1αq,p,m)

PN0


 (2.41)

The error probability of PPM constellations follows as a special case by settingP (2)
m and the first

term of the right hand side of eq. (2.40) to zero.
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2.2.3 Error probability with PAM

For 2-PAM constellations,αq,p,0 =
∫ Ti

0 hq,p(t)2dt corresponds to the total energy contained in the channel
impulse response forTi = Γ. From [17], αq,p,0 = exp(N ) whereN is a zero-mean normal random
variable with standard deviationσN = ln(10)

10 σx. σx = 3dB is the standard deviation of the lognormal
shadowing that affects all multi-path components [17]. Therefore, the average error probability with
2-PAM constellations can be expressed as:

Pe =

∫ ∞

0
· · ·
∫ ∞

0
Q



√

2Es∑PQ
i xi

PN0



(

PQ

∏
i=1

p(xi)

)
dx1 · · ·dxPQ (2.42)

wherex1, . . . ,xPQ are independent and identically distributed lognormal random variables that can be
written asxi = exp(N i) whereN i is a Gaussian random variables with meanu = 0 and variancev = σ2

N

for i = 1, . . . ,PQ. p(xi) is the probability density function ofxi .
Let x = ∑N

n=1xi whereN = PQ. Being a sum of lognormal random variables,x can be well ap-
proximated by a lognormal distribution [91, 92]. Designateby u andv the parameters of the lognormal
approximation of the distribution ofx, then eq. (2.42) can be approximated by:

Pe ≃
∫ ∞

0
Q

(√
2Esx
PN0

)
1

x
√

2πv
exp

(
−(ln(x)−u)2

2v

)
dx (2.43)

Several approaches have been proposed for determining the values ofu andv from the parameters
of the constituent random variablesx1, . . . ,xN. For example, we can cite Wilkinson’s approach, Farley’s
approach and Schleher’s cumulants matching approach [92].In particular, Wilkinson’s method is based
on matching the first two moments of a lognormal random variable x to the moments of the sum∑i xi . In
this case,u andv are given by:

u = ln

(
u2

1√
u2

)
; v = ln

(
u2

u2
1

)
; u1 = Nexp

(
σ2
N

2

)

u2 = Nexp(2σ2
N )+N(N−1)exp(σ2

N ) (2.44)

2.2.4 Achieved diversity order over the IEEE 802.15.3a channel models

Using the Chernoff bound, eq. (2.43) can be upper bounded by:

Pe ≃
1
2

∫ ∞

0
exp

(
− Esx

PN0

)
1

x
√

2πv
exp

(
−(ln(x)−u)2

2v

)
dx (2.45)

Equation (2.45) corresponds to the moment generating function of the lognormal distribution that
doesn’t have a closed form expression. The numerical evaluation of eq. (2.45) shows that the curve Pe

versusEsN
−1
0 (or versus SNR) becomes steeper when the value ofv decreases. This is equivalent to

the rank criterion [50] and therefore the diversity advantage over the IEEE 802.15.3a channel models
is related to the value ofv. From eq. (2.44), sincev is a deceasing function ofN, then the proposed
orthogonal ST coding scheme is equivalent to transforming the SISO channel into another channel having
the same distribution but with a lower variation in the captured energy (and hence lower fading margins).

On the other hand, for a fixed value ofv, increasing the value ofu results in a simple translation of
these curves. This is equivalent to the coding gain achievedby ST codes [50]. The interest of ST coding
over the considered channels is evident sinceu is an increasing function ofN.
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Figure 2.2: Bounds on the performance of single antenna systems and of the(4× 1) orthogonal code
over the IEEE 802.15.3a CM2 channel model.

Note thatP andQ have the same impact on the performance curves since, from eq. (2.44),u andv
depend uniquely on the productN = PQ (without mentioning the energy capture enhanced by increasing
Q). Since the receive diversity is assured by this kind of coherent receivers, this proves that, in an
equivalent way, the proposed system profits from full transmit diversity.

In order to determine the achieved diversity order over the considered channels (the slope of the
log-log plot of Pe versusEsN

−1
0 ), we try to conveniently upper bound eq. (2.45). Since exp(−x) =(

∑+∞
n=0

xn

n!

)−1 ≤ n!
xn ∀n∈ N, then eq. (2.45) can be bounded by:

Pe ≤
1
2

n!
∫ +∞

0
t−n 1

t
√

2πv
exp

(
− [ln(t)− (u+ ln(Es)− ln(PN0))]

2

2v

)
dt

≤ 1
2

n!E
[
t−n
]
=

n!

2
(

exp(u)exp(−nv
2 )Es(PN0)

−1
)n ∀n∈ N (2.46)

From eq. (2.46), it can be seen that the considered channels profit from an infinite diversity order as
SNR→+∞. For example, unlike the Rayleigh fading channels that behave asymptotically as(SNR)−PQ,
the slope of Pe(SNR) over the channels in [17] has an infinite value for large SNRs.It can be also seen
from eq. (2.46) that unlikeu, v has an impact on the achieved diversity order since it is multiplied byn.

Because of this infinite diversity order at asymptotic values of the SNR, the utility of an additional
spatial diversity over the IEEE 802.15.3a channels is questionable. However, even though the bound in
eq. (2.46) gives a clear idea on the slope of Pe(SNR) asSNR→ +∞, it becomes looser with increasing
values ofn especially at practical SNRs. The bound in eq. (2.46) for different values ofn as well as the
error probability in eq. (2.43) are plotted in Fig. 2.2. Thisfigure shows that despite the infinite diversity
order achieved at infinite SNRs, the diversity advantage canbe enhanced at practical values of the SNR.

Note that the above calculations were limited to the caseTi = Γ. However, as will be shown later in
Section 2.3.1, the integrated energy can be well approximated by a lognormal distribution for different
values of the integration time. Therefore, the proposed approach can be applied with different values of
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Ti and an infinite diversity order can be achieved at infinite SNRs. However, sinceu (resp.v) in eq. (2.46)
decreases (resp. increases), this asymptotic regime is achieved for higher SNRs and the enhancements
introduced by ST coding for practical values of the SNR become more pronounced.

In a similar way, the conditional error probability of the considered coding scheme with Rake re-
ceivers and 2-PAM constellations can be expressed as:

Pe = Q




√
2Es∑Q

q=1∑P
p=1 ∑L−1

l=0 r2
q,p,l

PN0


 (2.47)

whererq,p,l = rq,p(∆q,p,l ) andrq,p(τ) is given in eq. (2.11).hq,p(t) can be expressed as:

hq,p(t) =
Lq,p−1

∑
l=0

αq,p,l w(t − τq,p,l ) (2.48)

whereLq,p is the number of multi-path components.αq,p,l andτq,p,l correspond to the amplitudes and
the arrival times of these multi-path components respectively. αq,p,l = θq,p,l ηq,p,l whereθq,p,l = ±1 with
equal probability and it accounts for the random pulse inversion that can occur due to reflections. The
magnitude termηq,p,l is a lognormally distributed random variable and it corresponds to the ray, cluster
and overall energy shadowing [17]. From eq. (2.11) and eq. (2.48), it follows that:

rq,p,l =
Lq,p−1

∑
l ′=0

θq,p,l ′ηq,p,l ′γw(τq,p,l ′ −∆q,p,l ) = r+
q,p,l − r−q,p,l (2.49)

where:
r±q,l ,p = ∑

l ′∈A ±

∣∣γw(τq,p,l ′ −∆q,p,l )
∣∣ηq,p,l ′ (2.50)

andA ± is the set of values ofl ′ verifying θq,p,l ′γw(τq,p,l ′ −∆q,p,l ) ≷ 0.
Being the sum of lognormal random variables,r+

q,p,l and r−q,p,l can be approximated by lognormal
distributions. Thereforerq,p,l is equivalent to the difference between two lognormal distributions. To
the author’s knowledge, there are no valid approximations for the distribution ofrq,p,l and therefore an
analytical analysis of the average probability of error with Rake receivers is not possible.

However, if the receiver uses a very high resolution fractionally-sampled (FS) Rake receivers that
can resolve multi-path components whose temporal separation is less thanTw [93], thenr+

q,p,l andr−q,p,l

can be coherently combined andrq,p,l can be approximated by a lognormal random variable. Therefore,
these receivers are equivalent to the correlation receivers and they achieve an infinite diversity order at
large SNRs.

Concerning the construction of ST coding schemes over the UWB channels [17] that do not lend
themselves to an analytical characterization, we have no choice except adopting the design criteria given
in definitions 1.16 and 1.17. In all cases, these criteria constitute an upper bound (even if it may be loose)
for constructing “good” ST codes as shown in eq. (1.33).

2.3 Diversity-Multiplexing Tradeoff over the 802.15.3a channel models

In this section, we evaluate the diversity-multiplexing gain (D-MG) tradeoff of single-antenna and multi-
antenna UWB channels in [17]. This formulation which is a very powerful tool for evaluating the under-
lying communication channel was never considered in the UWBcontext. Evaluating the D-MG tradeoff
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gives more insights on the true utility of merging MIMO techniques with UWB independently from
any calculation approximations and receiver structure. Given the high frequency selectivity of the con-
sidered channels, the entries of the channel matrices (in eq. (2.34) for example) have no closed form
distributions.

Our approach consists of evaluating the statistical behavior of some significant parameters of the
channels in [17]. At a second time, the distribution of theseparameters is used to derive lower and upper
bounds as well as approximate values of the achieved D-MG tradeoffs.

2.3.1 Statistical characterization

Consider, for simplicity, the case of a correlation receiver equipped withQ = 1 receive antenna. For
PAM, multiplying eq. (2.34) byH− 1

2 in order to whiten the noise results in:

Y′ = H− 1
2Y = H

1
2 A+N (2.51)

whereN is white with variancePN0
2Es

, Pρ−1 whereρ is the signal-to-noise ratio.H is aP×Pmatrix whose

(p, p′)-th element isHp,p′ = Hp′,p =
∫ Ti

0 hp(t)hp′(t)dt wherehp(t) corresponds to the channel between
the p-th transmit antenna and the receive antennas.λp = Hp,p corresponds to the energy received in an
integration window of durationTi.

Statistical model of the integrated energy

We suppose that the channel responses are uncorrelated and we denote byλ the random variable de-
scribing the behavior of the independent and identically distributed random variablesλp for all values of
p. For example, it was seen in Section 2.2.3 that whenTi = Γ, λ is a lognormal random variable with
parametersu = 0 andσ = 3 ln(10)

10 .

In what followsw(t) is taken to be the second derivative of the Gaussian pulse with a duration of
0.5 ns. We found thatλ can be well approximated by a lognormal distribution for allintegration times
and channel profiles [17]. For CM2 that corresponds to NLOS conditions, the complementary density
function (CDF) ofλ and that of its lognormal approximation are presented in Fig. 2.3 for different values
of Ti . Similar results are obtained for the other profiles CM1, CM3and CM4.

Statistical model of the maximal eigenvalue of the channel matrix

Studying the D-MG tradeoff for any number of transmit antennas necessitates the knowledge of the joint
probability density function of the eigenvalues of the channel matrix in eq. (2.51). While this distribution
is known in the case of Gaussian random matrices [48], such ananalytical characterization is impossible
for the channel matrices in eq. (2.51). In this section, we present a statistical approximation of the
distribution of the maximal eigenvalue of the channel matrix denoted byαmax. This characterization is
useful in determining lower and upper bounds on the D-MG tradeoffs over the MIMO-UWB channels.

αmax is also found to be well approximated by a lognormal distribution. The probability density
function (PDF) over CM2 is shown in Fig. 2.4 for different number of transmit antennas and integration
times. Similar results are obtained over the other channel profiles.



46 2. RECEIVER DESIGN AND PERFORMANCEANALYSIS

0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

P
r(

λ 
≤ 

x)

Lognormal approximation
Simulations

T
i
 = {1, 2, 3, 5, 7, 10, 20, 30, Γ} ns 

Figure 2.3: Exact and approximated CDF of the energy integrated in a duration ofTi over CM2. Γ
corresponds to the maximum channel delay spread.

0 1 2 3
0

0.5

1

1.5

2

2.5

3

3.5

4

α
max

P
D

F
(α

m
ax

)

N
t
 = 2, T

i
 = 2 ns

N
t
 = 3, T

i
 = 2 ns

N
t
 = 4, T

i
 = 2 ns

N
t
 = 2, T

i
 = 5 ns

N
t
 =3, T

i
 = 5 ns

N
t
 =4, T

i
 = 5 ns

Simulations
lognormal approximation

Figure 2.4: PDF ofαmaxover CM2. Solid and dashed lines correspond to the simulateddistributions and
their lognormal approximations respectively.



2.3. DIVERSITY-MULTIPLEXING TRADEOFF OVER THE802.15.3A CHANNEL MODELS 47

2.3.2 Achieved Tradeoffs

Rather than studying the D-MG tradeoffs at asymptotic values of the SNR as in [48], we choose to apply
the framework proposed in [94] for determining the D-MG tradeoffs at finite values of the SNR (ρ).
The multiplexing gainr is defined as the ratio of the spectral efficiencyR (bps/Hz) to the capacity of an
AWGN channel:

r =
R

log2(1+ ρ)
(2.52)

As in [48], this definition implies that for a constant multiplexing gain, the spectral efficiency in-
creases with the SNR. The diversity gaind(r,ρ) is the negative slope of the log-log plot of the outage
probabilityPout(r,ρ) [94]:

d(r,ρ) = − ρ
Pout(r,ρ)

.
∂Pout(r,ρ)

∂ρ
(2.53)

At a fixed SNR,d(r,ρ) provides an indication on the additional power required to decrease the outage
probability by a specified quantity.

Single-antenna systems

From eq. (2.51), the outage probability at a given SNR (ρ), multiplexing gainr and channel realization
(determined byλ) is given by:

Pout(r,ρ) = Pr{I = log2(1+ ρλ) < R= r log2(1+ ρ)} (2.54)

From Section 2.3.1,λ can be approximated by a lognormal random variable and eq. (2.54) can be
written as:

Pout(r,ρ) = Pr{λ < ρ−1[(1+ ρ)r −1]} (2.55)

= Q

(
u+ ln(ρ)− ln((1+ ρ)r −1)

σ

)
(2.56)

whereu andσ are the mean and the standard deviation of ln(λ) respectively.
From eq. (2.53) and eq. (2.56), we obtain:

d(r,ρ) =
1√

2πσQ(x)
exp

(
−x2

2

)[
1− rρ

(1+ ρ)r−1

(1+ ρ)r −1

]
(2.57)

whereσx = [u+ ln(ρ)− ln((1+ ρ)r −1)].
Two remarks follow from eq. (2.57):

1. limρ→∞ d(r,ρ) = ∞. This shows that at very high SNR, the UWB channels in [17] behave in the
same way as the Gaussian channel. In other words, an infinite diversity gain can be obtained even
in single antenna situations. This is in coherence with the observation made in Section 2.2.3. At a
first glance, this shows that there is no interest in profitingfrom the spatial diversity at high SNR
by the use of space-time coding techniques.

2. For large values of the SNR, eq. (2.57) behaves as ln(ρ). This implies that the asymptotic behavior
(with an infinite diversity gain) is reached at very high SNRs. These SNRs can not be obtained in
practical systems implying that the asymptotic regime can never be reached in some situations. For



48 2. RECEIVER DESIGN AND PERFORMANCEANALYSIS

example,ρ = 30 dB results in an asymptotic behavior over the Rayleigh-fading channel. However,
ln(ρ) = 8.3 dB may not be in the asymptotic region (which is the case for practical values ofu and
σ as shown later). The interest of using multi-antenna systems arises from this remark. In other
words, for practical SNRs, MIMO techniques introduce an additional diversity advantage.

Rate-1 ST coded systems

In order to avoid redundancy, we introduce the following notations:

Pre f(r,ρ,u,v,n′ ,n) = Pr
{

n′ log2

(
1+

ρ
n

λ
)

< r log2(1+ ρ)
}

= Q

(
u+ ln(ρ/n′)− ln((1+ ρ)

r
n −1)√

v

)
(2.58)

whereu andv are the mean and variance of ln(λ) respectively andλ is a lognormal random variable.
Applying eq. (2.53) on eq. (2.58), we obtain:

dre f (r,ρ,u,v,n′ ,n) =
1

Q
(

u+ln(ρ/n′)−ln[(1+ρ)
r
n−1]√

v

)

1√
2πv

exp

[
−1

2

(
u+ ln

( ρ
n′

)
− ln((1+ ρ)

r
n −1)

)2
][

1− rρ
n

(1+ ρ)
r
n−1

(1+ ρ)
r
n −1

]
(2.59)

For the rate-1 coded systems described in Section 2.2, the mutual information between the input and
the output of the channel defined in eq. (2.35) with PAM and onereceive antenna is given by:

I (c) = rs log2

(
1+

ρ
P

H
1
2TH

1
2

)
= rs log2

(
1+

ρ
P

P

∑
p=1

λp

)
(2.60)

wherers = 1 is the number of symbols transmitted per channel use.
Sinceλ1, . . . ,λP are lognormal random variables,λ = ∑P

p=1λp can be well approximated by a lognor-
mal random process [92]. As in Section 2.2.3, the meanU and the varianceV of ln(λ) can be obtained
from the parametersu andσ of the constituent distributions by applying Wilkinson’s method:

U = ln

(
u2

1√
u2

)
; V = ln

(
u2

u2
1

)
; u1 = Pexp

(
u+

σ2

2

)

u2 = Pexp
(
2u+ σ2)(P−1+exp

(
σ2)) (2.61)

Finally, the outage probability and the diversity gain of the rate-1 coded systems can be expressed as:

P(c)
out(r,ρ) ≃ Pre f(r,ρ,U,V,P,1) (2.62)

d(c)(r,ρ) ≃ dre f (r,ρ,U,V,P,1) (2.63)

Spatial Multiplexing

The D-MG tradeoff of uncoded systems (spatial multiplexing) is equivalent to that of the underlying
multi-antenna channel. The mutual information of eq. (2.51) is given by:

I (SM) = Plog2det
(

IP +
ρ
P

H
)

= Plog2

(
P

∏
p=1

(
1+

ρ
P

αp

))
(2.64)
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whereαp is thep-th eigenvalue ofH.
H is a positive semi-definite Hermitian matrix, this implies thatαp ≥ 0 for all values ofp. Therefore,

eq. (2.64) verifies:

I (SM) ≤ Plog2

(
P

∏
p=1

(1+
ρ
P

αmax)

)
= P2

(
1+

ρ
P

αmax

)
(2.65)

whereαmax is the maximum eigenvalue ofH. In the same way:

I (SM) = P
P

∑
p=1

log2

(
1+

ρ
P

αp

)
≥ P

(
1+

ρ
P

αmax

)
(2.66)

From Section 2.3.1,αmax can be approximated by a lognormal distribution. Therefore, equations
(2.65) and (2.66) imply that:

Pre f(r,ρ,u,v,P,P2) ≤ P(SM)
out (r,ρ) ≤ Pre f(r,ρ,u,v,P,P) (2.67)

dre f (r,ρ,u,v,P,P) ≤ d(SM)(r,ρ) ≤ dre f (r,ρ,u,v,P,P2) (2.68)

u andv being the mean and variance of ln(αmax) respectively.
WhenP= 2, better bounds can be obtained without the knowledge of thedistribution of the maximal

eigenvalue of the channel matrix. In this case, eq. (2.64) can be expressed as:

I (SM) = 2log2

(
1+

ρ
2

λ1 +
ρ
2

λ2 +
ρ2

4
(λ1λ2−H2

1,2)

)
(2.69)

From the Cauchy-Schwartz inequality we have:

λ1λ2−H2
1,2 =

∫ Ti

0
h2

1(t)dt
∫ Ti

0
h2

2(t)dt −
(∫ Ti

0
h1(t)h2(t)dt

)2

≥ 0

This implies that:

I (2) ≥ 2log2

(
1+

ρ
2

(λ1 + λ2)
)

(2.70)

In a similar way, eq. (2.69) can be upper bounded by:

2I (SM) ≤
(

1+
ρ
2

λ1

)(
1+

ρ
2

λ2

)
≤ 1

2

(
2+

ρ
2
(λ1 + λ2)

)2
≤
(

1+
ρ
2
(λ1 + λ2)

)2
(2.71)

Finally, eq. (2.70) and eq. (2.71) result in:

Pre f(r,ρ,U,V,2,4) ≤ P(SM)
out (r,ρ) ≤ Pre f(r,ρ,U,V,2,2) (2.72)

dre f (r,ρ,U,V,2,2) ≤ d(SM)(r,ρ) ≤ dre f (r,ρ,U,V,2,4) (2.73)

whereU andV are obtained by settingP = 2 in eq. (2.61). Equations (2.63) and (2.73) show that the
D-MG tradeoff achieved by the orthogonal rate-1 codes is less than the maximum achievable tradeoff
over the considered channel. This shows that these codes that are not optimal over the Rayleigh fading
channels [48] are also not optimal over the UWB channels in [17].

Fig. 2.5 shows the achieved D-MG tradeoff over CM1 atρ = 15 dB andρ = 30 dB withTi = 5 ns.
Results show that single-antenna and multi-antenna UWB systems achieve an infinite diversity gain at
r = 0. However, the superiority of the multi-antenna systems isevident in all cases. This figure also
shows the non-optimality of the simple rate-1 orthogonal coding schemes.
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Fig. 2.6 shows the achieved D-MG tradeoffs over CM4 atρ = 20 dB withTi = 1 ns. For comparison
reasons, we also show the D-MG tradeoff of the single-antenna systems withTi = Γ (which is equivalent
to an All-Rake). The derived bounds permit to have more insights on the D-MG tradeoff especially for
large number of antennas and high SNRs because, in these cases, the simulation results are not exact
because the outage probability curves are very steep. Results show that for high data rates, it is more
beneficial to increase the number of transmit antennas rather than the integration time (or the number
of Rake fingers). For example, a 2-antenna (or 4-antenna) system combining only the first 2 arriving
multi-path components has a much better D-MG tradeoff than asingle antenna system that profits from
the full multi-path diversity (forr > 1). It is worth noting that this diversity advantage is not associated
with an increased complexity because in practice a multi-antenna system with limited number of Rake
fingers is simpler to implement than a single-antenna All-Rake receiver that necessitates the estimation
of the amplitudes of a very large number of multi-path components.

2.4 Interference model

2.4.1 Inter Symbol Interference

Each symbol can interfere withNisi symbols such that:

Nisi =

⌈
Γ−T

′
g

Nf Tf

⌉
(2.74)

whereT
′

g is given in eq. (2.15). For Rake receivers, the ISI on the decision variablexq,l ,p,n,m in eq. (2.10)
is given by:

x(isi)
q,l ,p,n,m =

∫ (n+1)Tf

nTf

r(isi)
q (t)w̃q,l ,p,n,m(t)dt (2.75)

wherew̃q,l ,p,n,m(t) is given in eq. (2.8) andr(isi)
q (t) is given in eq. (2.6). Denote byXisi the vector of length

QLP′Nf M constructed fromx(isi)
q,l ,p,n,m in eq. (2.75) in the same way as the vectorX was constructed from

the decision variablesxq,l ,p,n,m in eq. (2.22).Xisi can be expressed as:

Xisi = Risi (INisi ⊗ (B ⊗ IM))Aisi (2.76)

where:

• Aisi is a NisiPM vector. For the given symbol duration,Aisi corresponds to the symbols that will
interfere with the considered transmitted vector. IfA( j) corresponds to thePM-dimensional in-
formation vector transmitted from theP antennas during thej-th symbol duration, thenAisi =

[AT( j −Nisi) · · · AT( j −1)]T .

• Risi is a QLP′Nf M ×NisiPNf M given by: Risi = [R(1) · · · R(Nisi)] whereR( j) is a QLP′Nf M ×
PNf M matrix for j = 1, . . . ,Nisi. R( j) = [RT

1 ( j) · · · RT
Q( j)]T whereRq( j) is a LP′Nf M ×PNf M

matrix for q = 1, . . . ,Q. Rq( j) = [RT
q,0( j) · · ·RT

q,L−1( j)]T whereRq,l ( j) is aP′Nf M×PNf M matrix
for l = 0, . . . ,L−1. Rq,l ( j) is given by:

Rq,l ( j) =




Rq,l ,1,1( j) · · · Rq,l ,1,P( j)
...

. . .
...

Rq,l ,P′,1( j) · · · Rq,l ,P′,P( j)


 (2.77)
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Figure 2.5: D-MG tradeoffs over CM1 at a SNR of 15 dB and 30 dB with Ti = 5 ns.
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whereRq,l ,p,p′ ( j) is aNf M ×Nf M matrix whose(nM+ m+ 1,n′M + m′ + 1)-th element is given
by:

rq,p′
(
∆q,p,l +(m−m′)δ+(cn−cn′)Tc +(n−n′+ jN f )Tf

)
(2.78)

for n,n′ ∈ {0, . . . ,Nf −1} andm,m′ ∈ {0, . . . ,M−1}.

For correlation receivers,R( j) is obtained by the vertical concatenation ofRq( j) =
[
Rq,p,p′( j)

]P
p,p′=1.

The(nM+m+1,n′M +m′+1)-th element of theNf M×Nf M matrix Rq,p,p′( j) is given by:

rq,p,p′
(
(m−m′)δ+(cn−cn′)Tc +(n−n′+ jN f )Tf

)
(2.79)

2.4.2 Multi User Interference

We suppose that the users are symbol-synchronous. This is a generally accepted approximation given
that the symbol duration is very large with respect to the pulse width. In other words,τ(k) in eq. (2.4)
is written asτ(k) = τ(k)

1 Tf + τ(k)
2 whereτ(k)

1 is uniformly distributed over
[
−Nf

2
Nf

2

]
andτ(k)

2 is uniformly

distributed over
[
−Tf

2
Tf

2

]
. Then-th frame of the( j −x)-th symbol interferes with the first frame of the

j-th symbol if (x, j,n∈ N):
Γ−T

′
g ≥ xNf Tf −nTf − τ(k) (2.80)

We first consider the caseτ(k) < 0. Given thatn≤ Nf −1 andτ(k) < 0, the maximum value ofx in
eq. (2.80) is denoted byN−

mui and is given by:

N−
mui =

⌈
Γ−T

′
g

Nf Tf
+

Nf −1
Nf

⌉
+1 (2.81)

where the first part of the right hand-side of eq. (2.81) corresponds to the causal interference caused by
the symbols of thek-th user that precede thej-th symbol of the desired user (x∈ N). The coefficient 1
was added sinceτ(k) < 0 results in anti-causal interference. In other words, the( j +1)-th symbol of the
k-th user always interferes with thej-th symbol of the desired user whenτ(k) < 0.

For τ(k) > 0, given thatτ(k) ≤ Nf

2 Tf +
Tf

2 andn≤ Nf −1, the maximum value of the symbol indexx
in eq. (2.80) is equal to:

N+
mui =

⌈
Γ−T

′
g

Nf Tf
+

3Nf −1
2Nf

⌉
(2.82)

Note that for synchronous user,Nmui = Nisi +1 since thej-th symbol is interfered on byNisi preceding
symbols and by thej-th symbol of thek-th user (Nisi is given is eq. (2.74)). On the other hand, for systems
that do not suffer from ISI,Nisi = 0 andN−

mui = N+
mui = 2 for asynchronous users. In other words, thej-th

and the( j + 1)-th (resp.( j −1)-th) symbols of thek-th user interfere on thej-th symbol of the desired
user forτ(k) < 0 (resp.τ(k) > 0).

The additional multi-user interference can be included in the vectorXmui of lengthQLP′Nf M:

Xmui =
K

∑
k=1

√
E kX

(k) (2.83)

The interference from thek-th user is given by:

X(k) = R(k)
(

I
N(k)

mui
⊗
(
B (k) ⊗ IM

))
A(k)

mui (2.84)

whereN(k)
mui = N−

mui given in eq. (2.81) forτ(k) < 0 andN(k)
mui = N+

mui given in eq. (2.82) forτ(k) > 0.
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• If A(k)( j) corresponds to thePM-dimensional vector transmitted from thek-th user during thej-th
symbol duration, thenA(k)

mui is theN(k)
muiPM vector given by:

A(k)
mui =

[
A(k)T

(
j − J (k) (1)

)
· · · A(k)T

(
j − J (k)

(
N(k)

mui

))]T
(2.85)

whereJ (k) is the set composed ofN(k)
mui integers and it is given by:

J (k) =

{
{−(N−

mui−2), . . . ,1}, τ(k) < 0
{−(N+

mui−1), . . . ,0}, τ(k) ≥ 0
(2.86)

• For Rake receivers,R(k) is aQLP′Nf M×N(k)
muiPNf M matrix given by:R(k) = [R(k)(1) · · · R(k)(N(k)

mui)]

where the constituent matrices are obtained from the vertical concatenation of the matricesR(k)
q,l ( j)

of dimensionsP′Nf M ×PNf M for l = 0, . . . ,L−1, q = 1, . . . ,Q and j = 1, . . . ,N(k)
mui. R(k)

q,l ( j) has
the same structure as in eq. (2.77) but now the(nM + m+ 1,n′M + m′ + 1)-th element of the
constituent matrixR(k)

q,l ,p,p′( j) is given by:

r(k)
q,p′

(
∆q,p,l +(m−m′)δ+

(
cn−c(k)

n′

)
Tc +

(
n−n′− J (k)( j)Nf

)
Tf − τ(k)

)
(2.87)

for n,n′ ∈ {0, . . . ,Nf −1} andm,m′ ∈ {0, . . . ,M−1}.

For synchronous users that do not suffer from ISI:

X(k) = R(k)
(
B (k) ⊗ IM

)
A(k)

mui (2.88)

whereA(k)
mui = A(k)( j) for the j-th symbol duration. In this case,R(k) is a QLP′Nf M ×PNf M matrix

constructed from the vertical concatenation of the matrices R(k)
q,l of for l = 0, . . . ,L−1 andq = 1, . . . ,Q.

In this case,R(k)
q,l ,p,p′ is aNf M×Nf M block-diagonal matrix given by:

R(k)
q,l ,p,p′ = diag

(
R(k)

q,l ,p,p′ ,0 · · · R(k)
q,l ,p,p′ ,Nf −1

)
(2.89)

where the(m,m′)-th element of the constituentM×M matrix R(k)
q,l ,p,p′ ,n takes the form:

R(k)
q,l ,p,p′ ,n(m,m′) = r(k)

q,p′

(
∆q,p,l +(m−m′)δ+

(
cn−c(k)

n

)
Tc

)
(2.90)

For correlation receivers, the term corresponding to MUI has the same expression as eq. (2.84). In
this case,R(k) = [R(k)(1) · · · R(k)(N(k)

mui)]. R(k)( j) is obtained from the vertical concatenation ofR(k)
q ( j) =[

R(k)
q,p,p′( j)

]P

p,p′=1
. The(nM+m+1,n′M +m′+1)-th element of the matrixR(k)

q,p,p′( j) is given by:

r(k)
q,p,p′

(
(m−m′)δ+

(
cn−c(k)

n′

)
Tc +

(
n−n′− J (k)( j)Nf

)
Tf − τ(k)

)
(2.91)

Finally, including the effect of ISI and MUI, eq. (2.33) generalizes to:

Y = HA+DRisi (INisi ⊗ (B ⊗ IM))︸ ︷︷ ︸
Hisi

Aisi +HmuiAmui+N (2.92)
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whereAmui is given from the vertical concatenation ofA(k)
mui given in eq. (2.84) fork = 1, . . . ,K. Hmui

follows from eq. (2.83) and eq. (2.84):

Hmui = Ddiag
(√
E1 · · ·

√
EK

)[
R(1) · · · R(K)

]
diag

(
I
N(1)

mui
⊗ (B (1)⊗ IM) · · · I

N(K)
mui

⊗ (B (K)⊗ IM)
)

(2.93)

For Rake receivers, the dimensions ofH, Hisi andHmui are given byQLP′M×PM, QLP′M×NisiPM
andQLP′M×NmuiPM respectively whereNmui = ∑K

k=1 N(k)
mui (P

′ = P for SRakes andP′ = 1 for PRakes).
For correlation receivers, the number of rows of these matrices changes fromQLP′M to QPM.

2.4.3 Performance with MMSE receivers

In order to eliminate the effect of ISI and MUI, a simple linear detector based on the minimum-mean-
square-error (MMSE) criterion is implemented at the receiver side. A MMSE filter used for detecting
the data vectorA in eq. (2.92) is given by:

CMMSE = HT
(

HHT +HisiH
T
isi +HmuiH

T
mui+

P
Es

Σn

)−1

(2.94)

whereΣn is the noise covariance matrix whose elements can be determined from eq. (2.14) and eq.
(2.29) for Rake and correlation receivers respectively. Since the receiver has no access to the CSI of the
interfering users, the MMSE filter can be determined fromCMMSE = E

[
AYT

](
E
[
YYT

])−1
where the

average is calculated over a training sequence.
LetZ =CMMSEY,V =CMMSEH,V(isi) =CMMSEHisi,V(mui) =CMMSEHmui andU =CMMSECT

MMSE. For
2-PAM constellations, the conditional probability of detecting the symbols of thep-th transmit antenna
erroneously is given by:

P(p)
e/H =

1

2NisiNmuiP2(P−1) ∑
A∈{±1}P−1

∑
Aisi∈{±1}NisiP

∑
Amui∈{±1}NmuiP

Q

(
Vp,p +V pA+V(isi)

p Aisi +V(mui)
p Amui√

Up,pPN0/2Es

)

(2.95)
whereXi andXi, j correspond to thei-th row and the(i, j)-th element of the matrixX respectively.Xp is
obtained by removing thep-th element from thep-th row ofX.

Assuming that after applying the MMSE filter the co-channel interference, ISI and MUI are zero-
mean Gaussian, eq. (2.95) can be approximated by:

P(p)
e/H ≈ Q


 Vp,p√

Up,pPN0/2Es+V pV
T
p +V(isi)

p V(isi)T
p +V(mui)

p V(mui)T
p


 (2.96)

When it is possible to calculate eq. (2.95), i.e. for small values ofP, Nisi andNmui, we realized that
there is no difference between the values given by eq. (2.95)and eq. (2.96). This can be explained by
the fact that the MMSE filter succeeds in suppressing co-channel interference, ISI and MAI [95].

Motivated by the fact that eq. (2.96) is a good indicator on the error performance, we now present
an upper bound on the performance ofM-PPM-2-PAM constellations. We keep the same notations
as above and we denote byV(p) the M ×M matrix obtained from the elementsV(p−1)M+m,(p−1)M+m′

for p, p′ = 1, . . . ,P andm,m′ = 0, . . . ,M−1 where, for notational simplicity,Xi, j is the(i + 1, j + 1)-th
element of the matrixX in what follows. Suppose that a symbols=±1 is transmitted at them-th position
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of the p-th transmit antenna, considering that co-channel interference, ISI and MAI are Gaussian, then
the outputs of theM correlators corresponding to this antenna are given by:

y(p)
m′ = V(p)

m′,ms+nm′ (2.97)

for m′ = 0, . . . ,M−1. The termnm′ includes the effect of noise, co-channel interference, ISIand MAI. It
will be considered as a zero-mean Gaussian random variable.In this case, its variance is given by:

σ2
m′ = U (p)

m′,m′PN0/2Es+
1
M
{V(p−1)M+m′V

T
(p−1)M+m′ +V(isi)

(p−1)M+m′V
(isi)T
(p−1)M+m′ +V(mui)

(p−1)M+m′V
(mui)T
(p−1)M+m′}

(2.98)
whereU (p) is constructed in the same way asV(p) andV i (with i = (p−1)M +m′) stands for removing
the elements(p−1)M +1, . . . , pM of the(i +1)-th row of the matrixV.

Applying an approach similar to that used in Appendix B, the conditional probability of detecting
the pulse emitted at them-th position of thep-th transmit antenna erroneously can be upper-bounded by:

P(p,m)
e/H ≤ Q (0)

p,m+
M−1

∑
m′=0 ; m′ 6=m

Q
(1)
p,m,m′ +Q

(2)
p,m,m′ −2Q (1)

p,m,m′Q
(2)
p,m,m′ (2.99)

whereQ (0)
p,m = Q

(
V(p)

m,m√
σ2

m

)
andQ (i)

p,m,m′ = Q

(
V(p)

m,m+(−1)iV(p)

m′,m√
σ2

m+σ2
m′

)
for i = 1,2. The conditional error probability

can be calculated from:

Pe/H =
1
M

P

∑
p=1

M−1

∑
m=0

P(p,m)
e/H (2.100)

For M-PPM,Q (0)
p,m andQ (2)

p,m,m′ are set to zero. Since the performance is determined over theIEEE
channel model [17] that does not lend itself to analytical solutions, the average error probability is eval-
uated by Monte Carlo simulations. More precisely, the errorprobability is determined by averaging
Pe/H over different realizations of the channel, the interfering users’ channels, the amplitude spreading
matrices and the TH sequences.

2.4.4 Designing the amplitude-spreading sequences

In [96], Pooret al. observed that randomizing the polarity of the pulses of a given information symbol
resulted in a better immunity against MUI even in asynchronous single-antenna networks. In this section,
we further investigate this point and propose a simplified construction of the randomizing sequences for
single-antenna as well as multi-antenna systems. In particular, we consider the problem of designing the
amplitude spreading matricesB(k) for k = 0, . . . ,K + 1 whereK is the number of interfering users. In
what follows, these matrices are taken to be unitary.

The adopted approach consists of designing the amplitude-spreading sequences and the time-hopping
sequences independently from each other. Without discussing neither the benefit nor even the feasibility
of jointly designed sequences, the proposed approach results in a simple design criterion that can be
readily exploited for designing interference-reducing amplitude-spreading sequences. So, the hopping
sequences are designed as if there was no amplitude spreading and vice versa.

We consider the case of synchronous users. In the absence of ISI and TH, combining eq. (2.20), eq.
(2.83) and eq. (2.88) we obtain:

X = R(B ⊗ IM)A+
K

∑
k=1

√
E kR

(k)
(
B (k)⊗ IM

)
A(k)

mui+N (2.101)
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Since no TH is used, the constituent elements of the matrixR(k) given in eq. (2.90) have the same
expression for all values ofn. Therefore, eq. (2.101) can be written in a more convenient way as:

X = RAB+
K

∑
k=1

√
E kR

(k)A
(k)
muiB

(k) +N (2.102)

where the matrixX (of dimensionsQLP′M×Nf ) is obtained by rearranging the components of vector
X whose length is equal toQLP′Nf M. If A is written asA =

[
AT

1 · · · AT
P

]T
, thenA = diag

(
AT

1 · · · AT
P

)
.

A
(k)
mui is constructed in the same way.

Despreading the components of eq. (2.102) is equivalent to multiplying by BT resulting in:

Y = X BT = RA +
K

∑
k=1

√
E kR

(k)A
(k)
muiB

(k)BT +N BT (2.103)

Based on eq. (2.103) and inspired from [97], we propose to construct the spreading matrices based
on minimizing:

max
0≤k≤K+1

K+1

∑
l=0
l 6=k

det
(

B(k)T
B(l)
)

(2.104)

This design criterion simply states that the spreading matrices of the different users must be chosen
to be as orthogonal to each other as possible. Unlike the CDMA-like systems (Nf >> 1) where all the
matricesB(k) are chosen to be orthogonal to each other, the limited value of Nf and the potentially large
number of users sharing the channel renders the totally orthogonal choice impossible. Equation (2.104)
is equivalent to choosing the set{B(0), . . . ,B(K)} that maximizes:

d = min
0≤k≤K+1

K+1

∑
l=0
l 6=k

P

∏
p=1

sin2θ(k,l)
p (2.105)

where
(

θk,l
1 , . . . ,θk,l

P

)
are the principal angles (moduloπ2) between the two subspaces generated from the

rows ofB(k) andB(l).
From eq. (2.105), the construction of the spreading matrices depends on the number of interfering

users. For example, a family ofK + 1 matrices is designed for a network withK + 1 users. Now, if a
user leaves the network, the matrices of the remainingK users must be changed since the optimal set of
matrices forK users is not a subset of the set of optimal matrices forK + 1 users. In other words, all
users must update their spreading matrices whenever a user joins or leaves the network. Taking this in
consideration and observing thatd ≥ Kdmin, we propose to maximize:

dmin = min
0≤k6=l ≤K+1

P

∏
p=1

sin2θ(k,l)
p (2.106)

In this way, the inclusion property is maintained and the family of matrices can be designed based
on a single parameter that corresponds to the maximum numberof users whose interference must be
rejected. Maximizing eq. (2.106) is equivalent to reducingthe interference between two particular users
without taking other users in consideration. This simplification is similar to the classical approach of
calculating the pairwise error probability in order to find aunion bound on the performance. Another
interpretation of eq. (2.106) is that it is the design under aworst-case scenario.
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Equation (2.106) is nothing but the design criterion for theconstruction of non-coherent ST codes
[98]. In what follows we fixNf = 2P which, given the number of transmit antennas corresponds tolow-
dimensional spreading. Now, the approach used in [99] for the construction of such codes can be readily
applied to the design of a family of matrices satisfying eq. (2.106).

B = IP×2Pexp

(
0P×P CT

−C 0P×P

)
(2.107)

whereC is anyP×P coherent ST code satisfying the design criteria of [50]. This code is scaled in order
to insure that all principal angles in eq. (2.106) are smaller thanπ/2. In particular,C can be any full
rate and fully diverse ST code. In this way, ifC is constructed from the vectorss= [s1, . . . ,sP2] whose
elementssi ∈ {±1, . . . ,±nu}, then(2nu)

P2
users can share the same channel. To each one of these users

is given a spreading matrix corresponding to a particular value of the vectors. Moreover, ifC has a
non-vanishing coding gain, thennu can have large values without limiting the capability of reducing the
interference level.

As in [96], when amplitude spreading is combined with TH, theresulting system is expected to suffer
from less interference than systems using TH exclusively.

2.5 Numerical Results

2.5.1 All-digital systems based on direct sampling

We consider uncoded MIMO systems on CM2 with correlation receivers, MMSE decoders and 4-PPM-2-
PAM constellations in the absence of ISI and MUI. We fixTi = Γ. In particular, we compare simulation
results with a semi-analytical approach based on the upper bound in eq. (2.99). Results presented in
Fig. 2.7 show that the upper-bound is very close especially at high SNRs. The considered receivers
combine the entire channel impulse responses that show low cross-correlations (refer to Section 1.1.5).
Results show that a ML receiver shows practically the same performance as the MMSE linear receiver.
Therefore, even though the fading margin is very low forTi = Γ, the quasi-orthogonality of the constituent
sub-channels results in higher rates with simple transceiver structures.

In Fig. 2.7, we also show the performance of a practical all-digital implementation of the correlation
receivers. In this case, the reference and the received signals are sampled at 20 Gsample/s and quantized
over 1 bit. Moreover, the reference signal is averaged over 100 symbol durations. The advantage of the
MIMO techniques is evident with these practical systems.

2.5.2 Coded systems over realistic indoor channels

In this section we show the performance of PRake receivers with 1 receive antenna over the MIMO-UWB
channel measurements given in Appendix A. We consider 2-PAMwith the coded systems presented in
Section 2.2. Fig. 2.8 shows the performance with different number of transmit antennas and Rake
fingers. For a given number of transmit antennas, the difference between the error values at two different
SNRs corresponds to the diversity gain. This difference increases with the number of transmit antennas
showing the enhanced diversity order.

For a fixed diversity order given by the productPL, it seems more beneficial to increase the number
of transmit antennas (P) rather than the number of Rake fingers (L). For example, for a diversity order
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Figure 2.7: Performance of spatial multiplexing over CM2 with 4-PPM-2-PAM, correlation receivers
and MMSE detectors.
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of 12 at 20 dB, the error rates withP = 1, 2 and 4 (L = 12,6 and 3) are equal to 9.10−6, 2.10−6 and
2.10−7 respectively. Note that this advantage is visible especially at high SNRs where the performance
is dominated by fading. For low SNRs where the performance isdominated by the noise, increasingL
may be more beneficial since this enhances the energy capture(that does not increase withP).

2.5.3 Coverage extension offered by the MIMO techniques

Given the very low tolerated transmission levels [2], UWB systems often suffer from very limited com-
munication ranges (especially for high data rate systems).In this context, the MIMO techniques can
offer higher data rates at a given communication distance or, in an equivalent manner, they can extend
the coverage of WPANs.

Designate byEb andN0 the average energy per information bit and the noise spectral density respec-
tively. The ratioEb/N0 can be related to the communication distance (d) by [17]:

Eb

N0
= EIRP+10log10(B)+Gt +Gr −10α log10

(
4π fcd

c

)
−10log10(Rb)−(−173.83+F)− I (2.108)

whereEIRP is the effective isotropic radiated power,B is the−10 dB bandwidth of the transmitted
pulses. Gt andGr are the gains of the transmit and receive antennas respectively. α is the path loss
exponent. Iffmin and fmax stand for the−10 dB edges of the spectrum occupied by the waveforms, then
fc =

√
fmin fmax. F is the noise figure of the receiver andI is the implementation loss.Rb =

Plog2(MM′)
Nf Tf

is the transmission rate. In what follows, we consider FCC-compliant Gaussian pulses occupying the
[3.1 5.1] GHz bandwidth (refer to Section 1.1.2). In this case,EIRP=−41.25 dBm/MHz [2]. Moreover,
we fix Gt = Gr = 0 dB,F = 6 dB, I = 5 dB andα = 2 which corresponds to free-space propagation.

Rb(d) is plotted in Fig. 2.9 for the channel models CM1 and CM2 [17].A peer-to-peer spatial
multiplexing system is used with 4-PPM-2-PAM constellations. We fixNf = 4 while Tf is varied from
2.5 ns to 100 ns. The receiver consists of a PRake equipped withL = 3 fingers followed by a MMSE
equalizer to eliminate the effect of ISI. Equations (2.99) and (2.100) are averaged over 104 channel
realizations by Monte Carlo simulations. At a second time, the value ofEb/N0 corresponding to a target
SER of 10−3 is determined andd is calculated from eq. (2.108). Results in Fig. 2.9 show thatMIMO-
UWB systems are strong candidates for very high data rate systems. While a single antenna system can
not deliver more than 10 Mbps at a distance of 10 m on CM1, the 6×6 system achieves the data rate of
about 160 Mbps (without any channel coding or transmit diversity techniques). In general, data rates in
the order of 1 Gbps are possible for communications ranges that do not exceed 3 m.



60 2. RECEIVER DESIGN AND PERFORMANCEANALYSIS

0 2 4 6 8 10 12 14 16 18 20
10

1

10
2

10
3

distance (m)

da
ta

−
ra

te
 (

M
bp

s)

1×1, CM1
2×2, CM1
3×3, CM1
4×4, CM1
5×5, CM1
6×6, CM1
1×1, CM2
2×2, CM2
3×3, CM2
4×4, CM2
5×5, CM2
6×6, CM2

Figure 2.9: The achieved data rate vs. the communications distance at a SER of 10−3 with 4-PPM-2-
PAM, MMSE detectors and a 3-finger PRake.



61

Chapter 3

Full-Rate ST codes

In this chapter, we consider the construction of ST coding schemes withP transmit antennas. All of the
considered codes will have a transmission rate ofP symbols PCU. Since UWB is a baseband carrier-less
technique, it can not be associated with any one of the full rate and fully diverse ST codes presented
in Section 1.3.4 (except for the titled-QAM design which is a2× 2 totally-real construction). This
necessitates the construction of new totally-real ST codes. However, despite this limiting constraint,
there is a number of additional degrees of freedom that can beexploited in designing full-rate coding
schemes for IR-UWB systems:

• The first degree of freedom follows from the possibility of using different pulse shapes resulting
in enhanced multiplexing gains.

• Another degree of freedom is the pulse repetitions that are intrinsic to TH-IR-UWB. While these
repetitions mainly enhance the energy capture and the interference avoidance capabilities of TH-
UWB systems, their presence is very beneficial in introducing new and simple transmit diversity
schemes.

• Unlike the existing ST codes that were constructed for conventional QAM, PAM, PSK or HEX
constellations, we can take advantage of the structure of the PPM and PPM-PAM constellations in
order to propose new adapted coding schemes.

In this chapter, we first present a new partial-diversity scheme based on modified Hermite pulses
associated with modulation diversity [36]. Then we proposethree families of ST codes for TH-IR-UWB.
The first family is based on the adaptation of the construction techniques based on cyclic division algebras
[39, 62] to real-valued situations. At a second time, we takeadvantage of the pulse repetitions in order
to propose a new coding scheme that encodes the pulses used toconvey the same information symbol.
Unlike the first families of codes that can be associated withPPM, PAM and PPM-PAM constellations,
we propose a third family of codes that is exclusive to PPM or PPM-PAM constellations for some fixed
values of the constellations’ dimensions.

3.1 Partial Transmit Diversity Using Modified Hermite Pulses

In this case, the independent data streams transmitted fromthe different transmit antennas are rendered
orthogonal by the use of modified Hermite pulses with different orders at each transmitter. More pre-
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Figure 3.1: The orthogonality induced by the use of modified Hermite pulses over CM1.

cisely, the pulse waveform transmitted from thep-th antenna will consist of the modified Hermite poly-
nomial of orderp given in eq. (1.2). This waveform is denoted bywp(t) in what follows. At the receiver
side, each antenna is followed byP filters matched towp(t) for p = 1, . . . ,P. For Rake receivers, the
reference signal in eq. (2.8) will take the following form:

w̃q,l ,p,n,m(t) = wp(t −nTf −cnTc−∆q,p,l −mδ) (3.1)

In this case the input-output relation in eq. (2.33) can be expressed as:

YQLPM×1 = HQLPM×PMSPM×1 +NQLPM×1 (3.2)

whereH is the vertical concatenation ofHq,l for q= 1, . . . ,Q andl = 0, . . . ,L−1. Hq,l =
[
Rq,l ,p,p′

]P
p,p′=1.

The expression of the(m,m′)-th element ofRq,l ,p,p′ given in eq. (2.19) is now modified to:

Rq,l ,p,p′ (m,m′) = rq,p,p′
(
(m−m′)δ+ ∆q,p,l

)
(3.3)

whererq,p,p′(τ) =
∫

hq,p′(t)wp(t − τ)dt and in this casehq,p′(t) is the convolution of the physical channel
gq,p′(t) with wp′(t). Note that when using modified Hermite pulses as signatures of the transmitted data
streams, eq. (3.2) will have the same dimensionality with SRakes as well as PRakes. An expression
similar to eq. (3.2) can be obtained with correlation receivers.

The vectorS in eq. (3.2) is related to the information vector by:

S= (M ⊗ IM)A (3.4)

whereM can be any full-diversityP×P rotation matrix [58,100].
In eq. (3.4), a rotation is applied on them-th components of theP information symbols form =

1, . . . ,M. After that, the rotated components are transmitted over the P signal subspaces determined
by the different pulse forms. This strategy is similar to theone applied in [57]. In [57], rotations are
applied between theP components of each layer of the codewords. At a second time, these layers are
rendered orthogonal to each other by an appropriate choice of an algebraic or transcendental element.
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In this section, we take advantage of the impulsive nature ofthe transmitted signal in order to introduce
orthogonality by the use of modified Hermite pulses.

Because of the highly frequency selective UWB channel, multi-path components can arrive within
the same pulse duration. This implies that the orthogonality is only partial at the receiver side. The
orthogonality loss over CM1 is presented in Fig. 3.1 for a PRake with L = 2,5 and 12 fingers. We fix
P = 2 andQ = 1 and the shown results correspond to the CDF of the sine of theprinciple angle between
the columns of the channel matrix. Fig. 3.1 shows that co-channel interference is reduced despite the
intra-pulse interference. We show later through simulations that the better conditioned channel matrix
results in better performance. Moreover, the modulation diversity turns out to be robust against the
mixing, caused by the channel, between the coordinates of the coded symbols that are mapped onto the
different signal subspaces.

3.2 Inter-Symbol Coding (ISC)

In this case, theNf pulses used to convey a given information symbol will all have the same amplitudes
and positions. In other words, as with spatial multiplexing, we fix B = 1P×Nf (refer to Section 2.1.3).
Extending eq. (2.33) overT symbol durations results in:

YQ′×T = HQ′×PMCPM×T +NQ′×T (3.5)

whereQ′ = {QLPM,QLM,QPM} for SRakes, PRakes and correlation receivers respectively. Q is the
number of receive antennas andM is the number of modulation positions of theM-PPM-M′-PAM con-
stellation.C is the ST codeword whose((p−1)M + m+ 1, t)-th entry corresponds to the amplitude of
the pulse (if any) transmitted at them-th position of thep-th transmit antenna during thet-th symbol
duration forp = 1, . . . ,P, m= 0, . . . ,M−1 andt = 1, . . . ,T.

In what follows, we limit ourselves to PAM constellations (M = 1). The extension to the cases where
M > 1 will be discussed at the end of this section. Moreover, we consider minimal-delay codes and we
fix P = T = n.

ISC is the construction based on totally-real cyclic division algebras (Definition 1.15). Since, we are
limited to totally-real CDAs with PAM constellations, the centerF of the cyclic algebraA (K/F,σ,γ)
must be equal toQ. In this case,K can be any cyclic field extension ofQ with degreen and with Galois
groupGal(K/Q) = 〈σ〉 with σn = 1. Limiting the construction to the ring of integersOK of K, then×n
codewords follow from eq. (1.20) as:

C0 =




k0 k1 k2 · · · kn−1

γσ(kn−1) σ(k0) σ(k1) · · · σ(kn−2)

γσ2(kn−2) γσ2(kn−1) σ2(k0) · · · σ2(kn−3)
...

...
...

...
...

γσn−1(k1) γσn−1(k2) γσn−1(k3) · · · σn−1(k0)




(3.6)

whereki ∈ OK for i = 0, . . . ,n− 1. n information symbols are contained in each value ofki resulting
in a full rate code. In other words,ki = ∑n−1

j=0 ani+ j+1θ j for i = 0, . . . ,n−1 where{1,θ, . . . ,θn−1} is an
integral basis ofOK anda1, . . . ,an2 are the information symbols that belong to a PAM constellation.

Consider then information symbolsain+1, . . . ,a(i+1)n for a given value ofi ∈ {0,1, . . . ,n−1}. From
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eq. (3.6), these symbols are contained uniquely in the conjugates ofki according to:



ki
...

σn−1(ki)


=




1 θ · · · θn−1

...
... · · · ...

1 σn−1(θ) · · · σn−1(θn−1)







ain+1
...

a(i+1)n




, Γ(θ)
[
ain+1 · · · a(i+1)n

]T
(3.7)

Therefore, a modified version of the initialn-dimensional PAM constellation is transmitted. In order
not to introduce any distortions on the PAM constellation, it is interesting that the transmitted and the
original signal sets keep the same shape. This can be done by multiplying Γ(θ) by a diagonal matrixD
such that the matrixD′ = DΓ(θ) is unitary. In this case, the transmitted constellation is arotated version
of the initial signal set and no shaping losses are introduced. If D′ is unitary, then det(D) = 1√

dK
since

det(Γ(θ)Γ(θ)T) , dK (the absolute discriminant ofK).
When dK is a perfect square, we fixD = diag(α, . . . ,σn−1(α)) whereα ∈ K verifying det(D) =

NK/Q(α) = 1√
dK

. In this case, the codewords are given by:

C = diag
(
α,σ(α), . . . ,σn−1(α)

)
C0 (3.8)

WhendK is not a perfect square, we choose a totally positive elementα ∈ K such that the diagonal
matrix D is given by: D = diag

(√
α, . . . ,

√
σn−1(α)

)
and NK/Q(α) = 1

dK
. In this case the codewords

take the form:
C = diag(

√
α,
√

σ(α), . . . ,
√

σn−1(α))C0 (3.9)

The above cases correspond to choosing an elementα such that:

vol (αOK) = 1 (3.10)

whereΛ(αOK) is the lattice generated by the principal idealαOK and vol(αOK) stands for the volume
of the fundamental parallelotope ofΛ(αOK).

If γ ∈ Z andγ is a non-norm element, then proposition 1.1 and proposition1.2 imply that:

d∞(C) , min
a∈Zn2

, a6=01×n2

|det(C)| (3.11)

= det(D) min
a∈Zn2 , a6=01×n2

|det(C0)| =
1√
dK

(3.12)

since det(C0) ∈ Z whenγ ∈ Z and det(C0) 6= 0 for a 6= 01×n2 whenγ is a non-norm element.
Equations (3.8) and (3.9) can be also expressed as:

C =
n−1

∑
i=0

diag
(
M
[
ain+1, . . . ,a(i+1)n

]T)Ωi (3.13)

whereM is an×n matrix. Letθ0 = θ andθi = σi(θ) for i = 1, . . . ,n−1. WhendK is a perfect square, the
(i, j)-th element ofM is given byσi−1(αθ j−1) = σi−1(α)θ j−1

i−1 . Otherwise,M (i, j) =
√

σi−1(α)θ j−1
i−1 .

Ω is then×n matrix given by:

Ω =




0 1 · · · 0
... 0

...
...

0
...

. . . 1
γ 0 · · · 0




(3.14)
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As a conclusion, ISC is based on eq. (3.13) and the design problem is reduced to the correct choice
of the extension fieldK, of a non-norm integerγ and ofα ∈ K verifying eq. (3.10). ST codes constructed
from eq. (3.13) will achieve full rate and full diversity with a non-vanishing minimum determinant and
with no shaping losses.

As indicated in [63, 64], the choice|γ| = 1 results in important performance gains. For totally-real
codewords, transmitting a uniform average energy per antenna can be realized uniquely byγ = ±1. This
implies that the constraint of having totally-real codewords results in energy non-efficient codes forn≥ 3
sinceγ2 = 1 is always a norm inK (NK/Q(1) = 1). Therefore, energy-efficient codes from CDAs are
possible forn = 2 transmit antennas uniquely. We will now present the construction of totally-real ST
codes based on CDAs forn = 2, . . . ,6.

3.2.1 2×2 codes

Since there are no 2-dimensional field extensions having a perfect square discriminant, the code is con-
structed from eq. (3.9). The matrixM in eq. (3.13) takes the form:

M =

[√
α 0

0
√

σ(α)

][
1 θ
1 σ(θ)

]
(3.15)

It is possible to have a rotated version of the initial signalset ifM is unitary resulting in:
{

α
(
1+ θ2

)
= σ(α)

(
1+ σ(θ)2

)
= 1√

ασ(α) (1+ θσ(θ)) = 0
(3.16)

The second condition is verified if there exists an elementθ such thatθσ(θ) = NK/Q(θ) = −1 and
soK must have an element whose norm is equal to−1. Therefore, for 2×2 codes from CDAs energy
efficiency comes at the expense of shaping losses and vice versa. In other words, totally-real perfect
codes are not possible even with 2 transmit antennas. Therefore, forn = 2 a compromise must be made
between energy-efficient codes and shaping-lossless codes.

2×2 energy-efficient code

The energy-efficient 2×2 codewords can be expressed as:

C2,eq =

[ 1√
1+θ2 0

0 1√
1+θ2

1

][
a1 +a2θ a3 +a4θ

γ(a3 +a4θ1) a1 +a2θ1

]
(3.17)

with γ = ±1. The first approach is to find numerically the value of(γ,θ,θ1) that maximizes the coding
gain over the setA= {−1,0,1}. By a computer search, varying the values ofθ andθ1 from−4 to 4 with
a step size of 0.001, we find that the choiceγ = −1, θ = 1+

√
3 andθ1 = 1−

√
3 maximizes the value

of the minimum determinant of eq. (3.17) over the setA4. This maximum value is equal to:

d∞(C2,eq) =
1√

(1+ θ2)
(
1+ θ2

1

) =
1√
13

(3.18)

The interest of the above approach would have ended here if not for the following observation.
Interestingly,θ = 1+

√
3 andθ1 = 1−

√
3 are the roots of the equationx2 − 2x− 2 = 0. Therefore,
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eq. (3.17) corresponds to the matrix representation of the elements of the cyclic algebraA = (K =

Q(θ),σ,γ = −1). In Appendix C, we show thatγ = −1 is not a norm inQ(1+
√

3) resulting in a cyclic
division algebra and therefore the coding gain of1√

13
can be achieved with all constellations carved from

Z.

2×2 shaping-lossless code

In this case, we construct a rotated constellation by choosing a field having units whose norms are equal
to −1. For example, we can chooseK = Q(

√
5) whose ring of integers is given byOK = Z(θ) where

θ = (1+
√

5)/2. Using KANT software [101], we find that the ideal 2OK is prime. This proves that there
is no element inK having a norm equal to 2. Therefore, choosingγ = 2 verifies Proposition 1.2. In this
case, the codewords take the form:

C2,rot =

[ √
α(a1 +a2θ)

√
α(a3 +a4θ)

2
√

α1(a3 +a4θ1)
√

α1(a1 +a2θ1)

]
(3.19)

The choiceα = 1
1+θ2 = 3−θ

5 results in a unitary matrixM in eq. (3.15). Sinceα verifies eq. (3.10),
thend∞(C2,rot) = 1√

dK
with dK = 5.

3.2.2 3×3 code

The construction is performed inK = Q(θ) with θ = 2cos(2π
7 ) having a discriminant ofdK = 72. The

ideal 2OK is prime. This proves that the first power of 2 which is a norm ofsome elements inK is 2n.
Therefore, choosingγ = 2 results in a division algebra. Choosingα = β/7 with β = 1−θ+2θ2 verifies

eq. (3.10) since NK/Q(β) = 72 and so NK/Q(α) =
NK/Q(β)

73 = 1√
dK

. Let M 1 be the 3× 3 matrix whose

(i, j)-th element is given byσi−1(αθ j−1), the Gramm matrix is defined asG =M 1M T
1 :

G =




2 −3 6
−3 6 −10
6 −10 19


 (3.20)

The basis{α,αθ,αθ2} is not unitary. Applying the change of basis:

T =



−1 1 1
3 0 −1
2 −1 −1


 (3.21)

we obtain the new unitary basis 7{v1,v2,v3}= {u,σ(u),σ2(u)} with u=−2+2θ+3θ2 and TrK/Q(viv j)=

δi, j for i, j = 1,2,3. The 3× 3 code can be constructed from eq. (3.13) where the(i, j)-th element of
M is given byσi−1(v j) = σi−1(σ j−1(u)) = (−2+2θk +3θ2

k)/7 with k = (i + j −2) mod 3,θ0 = θ and
θi = 2cos(2π(i+1)

7 ) for i = 1,2.

3.2.3 4×4 code

Let K = Q(2cos(2π
15)) which has a discriminant ofdK = 3253. γ = 2 verifies Proposition 1.2 since the

ideal 2OK is prime. SincedK is not a perfect square, the code is constructed from eq. (3.9). Using KANT
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software [101], we find that the prime factorizations of the ideals 3OK and 5OK are given by:

3OK = (β3OK)2 ; β3 = −2+3θ+ θ2−θ3

5OK = (β5OK)4 ; β5 = 1+ θ

Choosingβ = β3β5/15 verifies eq. (3.10) since NK/Q(β) = 1
dK

, but a problem arises since the first and
second conjugates ofβ are negative. Using KANT, we find the unite= −1+4θ−θ3 whose conjugates
have the same sign as those ofβ and whose norm is equal to 1. Therefore, choosingα = βe= (5+6θ−
θ2 + 2θ3)/15 results in a totally positive element verifying eq. (3.10). Once again, the rotation matrix
M whose(i, j)-th element is given by

√
σi−1(α)σi−1(θ j−1) is not unitary and a change of basis must be

performed. Denote byG =M M T the Gramm matrix ofM , it is easy to find that the(i, j)-th element of
G is given by TrK/Q(αθi−1θ j−1).

G = 5




3 0 3 0
0 3 0 9
3 0 9 −3
0 9 −3 30


 (3.22)

Now, an orthogonal basis can be obtained by applying the Lenstra-Lenstra-Lovász (LLL) reduction
algorithm [37] onG . This basis is given by 15{vi}4

i=1 = {1,−1−3θ+θ2 +θ3,−1−2θ+θ2 +θ3,−1+

3θ−θ3}. It is easy to verify that the(i, j)-th element of the new Gramm matrix is equal to TrK/Q(αviv j) =

δi, j for i, j = 1, . . . ,4. Finally, the codewords are constructed from eq. (3.13) where the(i, j)-th element
of M is given by

√
σi−1(α)σi−1(v j) with σi(θ) = 2cos(2π(i+1)

15 ) for i = 1,2,3.

3.2.4 5×5 code

This code is built fromK = Q(2cos(2π
11)) whose integral basis and discriminant are given by{θi =

2cos(2π(i+1)
11 )}4

i=0 anddK = 114 respectively. Once again we can chooseγ = 2 since the ideal 2OK is
prime. So there are no elements inK having norms equal toγt for t = 1, . . . ,4. The code is constructed
according to eq. (3.13) where the(i, j)-th element of the(5× 5) matrixM is given byσi−1(v j) with
11{vi}5

i=1 = {u,σ(u),σ4(u),−σ2(u),−σ3(u)} whereu = 4+2θ+2θ2 −θ4 whose norm is equal to 113

which verifies eq. (3.10) since vol(Λ(uOK)) = 115.

3.2.5 6×6 code

Let K = Q(2cos(2π
13)) which has a discriminant ofdK = 135. Once again, we can chooseγ = 2 since the

ideal 2OK is prime. Using KANT, we find that: 13OK = (βOK)6 whereβ = 2+ θ−θ2. The conjugates
of the unit e = [0,2,2,−3,−1,1] have the same sign as those ofβ; thereforeα = βe/13 is a totally

positive element verifying eq. (3.10) since NK/Q(α) =
NK/Q(β)NK/Q(e)

136 = 13×1
136 = 1

dK
. An orthogonal basis

is obtained from{θi}5
i=0 by using the matrix:

T =




−2 1 1 0 0 0
−1 6 1 −5 0 1
3 −5 −1 5 0 −1
1 −8 0 6 0 −1
0 6 −3 −5 1 1
−1 −3 3 4 −1 −1




(3.23)
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Figure 3.2: A schematic representation of error-balancingwith 3 transmit antennas.

The new basis is given by[v1,v2, . . . ,v6]
T = T[1,θ, . . . ,θ5]T . The code is constructed from eq. (3.13)

where the(i, j)-th element ofM is given by
√

σi−1(α)σi−1(v j) with σi(θ) = 2cos(2π(i+1)
13 ).

3.2.6 Balanced codes

The transmitted energy of eq. (3.6) (and consequently that of eq. (3.13)) can be distributed in a more
balanced way among the different transmit antennas and symbol durations resulting in a balanced version
C′

0 [60]. C′
0 is constructed in the same way as in eq. (3.6) by removingγ from the lower triangular part

of C0 and by replacing the constituent elementski by γ i
n ki for i = 0, . . . ,n−1. This will be referred to

as “energy” balancing and the properties of eq. (3.6) and eq.(3.13) are conserved sinceC0 andC′
0 have

the same determinant. Even when “energy” balancing is performed and since|γ| > 1, the amplitudes
attributed to each value ofki (and its conjugates) are not the same and, consequently, then symbols
contained in the conjugates ofki are not equally protected against error events. For example, when
|γ| > 1, the symbolsa1, . . . ,an are the most vulnerable while the biggest portion of the energy is used
to transmit symbolsan(n−1), . . . ,an2. An additional kind of balancing (referred to as “error” balancing
hereafter) can be performed whenNf is a multiple ofn according to:

C( j) =
n−1

∑
i=0

diag(M [a[(i+( j−1))n+1]n2
, . . . ,a[(i+ j)n]n2

]T)Ωi (3.24)

Cbal =
[
C(1) · · · C(n)

]
(3.25)

where[x]n = (x−1) modn+ 1. In other words, when including the pulse repetitions, instead of trans-
mitting C⊗ 11×Nf , error-balancing corresponds to transmittingCbal ⊗ 11×Nf /n. In what follows, energy
balancing will be applied systematically to all constructed codes, while the subscript “bal” will be re-
served to “error” balancing. For example, the error-balanced version of eq. (3.19) is given by:

[ √
α(a1 +a2θ)

√
2α(a3 +a4θ)

√
α(a3 +a4θ)

√
2α(a1 +a2θ)√

2α1(a3 +a4θ1)
√

α1(a1 +a2θ1)
√

2α1(a1 +a2θ1)
√

α1(a3 +a4θ1)

]
(3.26)

Writing C0 in eq. (3.6) asC0(k0,k1,k2), a schematic representation of error-balancing with the 3×3
code is given in Fig. 3.2.
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3.2.7 Relation with the TAST codes

For n 6= 4, the procedure used to choose an elementα verifying eq. (3.10) coincides with that used to
construct the fully-diverse rotation matrices in [58]. These matrices were used to construct the Threaded
Algebraic Space-Time (TAST) codes in [57]. Taking this fact, as well as the structure ofC′

0 into account,
we conclude that the constructed codes have the same structure as the TAST codes but now real Diophan-
tine numbers (in contrast to complex ones in [57]) are used torender the different layers transparent to
each other. The utility of following the design procedure presented in this section resides in the fact that
we showed that{1,γ

1
n , . . . ,γ

n−1
n ; γ = 2} is in fact the best possible choice of the Diophantine numbers

for all M′-ary PAM constellations since the minimum of the coding gainof eq. (3.6) is equal to 1. For
n = 4, the matrixM used for constructing the ST code from eq. (3.13) is different from the rotation
matrix given in [58]. While usingM with γ = 2 results in a ST code with non-vanishing determinant,
full diversity is lost when using the rotation matrix given in [58] with γ = 2.

3.2.8 Coding Gain

Since|γ| 6= 1, eq. (3.13) must be multiplied by a normalization factor
√

cn(γ) in order to insure the same
transmitted energy as in uncoded systems wherecn(γ) = n/∑n−1

i=0 γ
2i
n . The coding gain of eq. (3.13) is

given by [50]:

min
C∈Zn×n, C6=0n×n

(
det(CCT)

) 1
n = cn(γ)(d∞(C))

2
n = cn(γ)d

− 1
n

K , d∞(γ) (3.27)

whered∞(γ) is defined overZ. The coding gain of finite code-books constructed overM-PAM constel-
lations is denoted bydM(γ) for a given value ofγ. Since the constructed codes have a non-vanishing
determinant, then for finite values ofM:

dM(γ) = 4d∞(γ) = 4cn(γ)d
− 1

n
K (3.28)

The multiplying factor 4 follows from the fact that{a−b ; a,b∈ CM−PAM} = 2{−M, . . . ,M} ⊂ 2Z
whereCM−PAM is theM-PAM signal set given in eq. (1.4).

A good question arises: what if there exists a TAST code associated with a certainγ /∈ Z and which,
for a particular value ofM, results in a coding gain that is greater thandM. Forn = 2 andn = 3 transmit
antennas, we can show that this can never happen since:

dM(γ) ≤ d2(γ) ≤ d2(2) = dM(2) (3.29)

The first inequality follows from the inclusion of 2-PAM inM-PAM for M ≥ 2 and the last equality
follows from the NVD property that is satisfied byγ = 2. In order to prove the second inequality, we first
consider the case ofn = 2. ForC2,rot given in eq. (3.19), the coding gain verifies:

dM(γ) = 4d
− 1

2
K

2
1+ γ

min
X,Y∈A 2\{(0,0)}

|X− γY| (3.30)

where 4X = b2
1 − b2

2 + b1b2 and 4Y = b2
3 − b2

4 + b3b4 wherebi = ai − a′i with ai ,a′i ∈ CM−PAM for i =

1, . . . ,4. It is evident from eq. (3.30) thatγ and 1/γ give the same coding gain. So, without loss of
generality, we will limit ourselves to the caseγ ≥ 1. For 2-PAM constellations,A = {0,±1}. For
1 ≤ γ ≤ 2, the minimum of the right hand side of eq. (3.30) is obtainedfor X = Y = ±1 and sod2(γ)
varies asf1(γ) = γ−1

γ+1. For γ > 2, the minimum is obtained forX = ±1 andY = 0 andd2(γ) varies as
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f2(γ) = 1
γ+1 in this interval. Following the variations off1(γ) and f2(γ), we find that the maximum value

of eq. (3.30) is obtained forγ = 2 resulting ind2(2) = 8
3
√

5
. This proves the second inequality in eq.

(3.29) showing thatγ = 2 is the optimal choice. Choosing 1< γ < 2, can be a good compromise for a
given tolerated value of the peak to average power ratio (PAPR) because the code can still achieve full
diversity with a NVD (for example withγ = 3/2 since 2 and 3 are non-norm elements inQ(θ)). However,
choosingγ > 2 is a bad choice because this increases the PAPR and reduces the coding gain.

For 4-PAM, 5A = {0,±1,±4,±5,±9,±11} where the factor 5 corresponds to the average energy of
the constellation. Following a similar approach as for 2-PAM, it can be shown that starting from 1 and
increasing the valueγ, the coding gain will vary following the set of curves:(1/(γ+1)){ γ−1, |9γ−11|,
|4γ−5|, γ−1, |5γ−9|, |5γ−11|, |4γ−9|, |4γ−11|, |γ−4|, |γ−5|, γ−1, |γ−9|, |γ−11|, γ−1}. Once
again, the coding gain attains its maximum value forγ = 2. Equation (3.30) is plotted in Fig. 3.3 for
M-PAM with M = 2,4,8,16.

For n = 3 antennas, the second inequality in eq. (3.29) can be checked out through computer sim-
ulations. Fig. 3.4 shows the coding gain of the 3× 3 code constructed in Section 3.2.2 with 2-PAM
constellations. The maximal coding gain is obtained forγ = 2 and is equal to 4c3(2)7−

2
3 = 0.65. For

n > 3, the second inequality in eq. (3.29) can not be verified by a computer search given the very large
number of codewords. In this case,γ = 2 is the best possible choice since the validity of another choice
can not be verified.

Note that a relation similar to eq. (3.29) can be also appliedonC2,eq given in eq. (3.17) since this
code was constructed to maximize the coding gain with 2-PAM constellations.

3.2.9 ISC with hybrid PPM-PAM constellations

Consider a hybridM-PPM-M′-PAM constellation withM > 1. In this case, the scalarsk0, . . . ,kn−1 in eq.
(3.6) are replaced byM-dimensional vectors given byki = ∑n−1

j=0 ani+ j+1θ j wherea1, . . . ,an2 are the vector
representations of the information symbols. Extending eq.(3.13) toM-dimensional constellations, the
nM×n codewords can be expressed as:

C =
n−1

∑
i=0

M

∑
m=1

(
diag

(
M
[
ain+1,m, . . . ,a(i+1)n,m

]T)Ωi
)
⊗em (3.31)

whereem is them-th column of theM×M identity matrixIM andai,m is them-th component of the vector
ai for i = 1, . . . ,n2 andm= 1, . . . ,M.

Designate byC(m) the n× n matrix composed of the rowsiM + m of C for i = 0, . . . ,n− 1 and
m = 1, . . . ,M. Denote byC′ the matrix obtained from the vertical concatenation ofC(1), . . . ,C(M). C′

is obtained fromC by performing row permutations and thereforeC′ andC have the same rank. Now,
each matrixC(m) has the same structure as then×n codes in eq. (3.13). As this code was constructed
to be fully-diverse,C(m) is rank deficient only if them-th components ofa1, . . . ,an2 are all equal to zero.
In other words, for non-zero information vectors, there is at least one value ofm∈ {1, . . . ,M} such that
C(m) has full rank. Therefore,C′ (and consequentlyC) have full rank and the code given in eq. (3.31) is
fully diverse with allM-PPM-M′-PAM constellations.

Designate byr the number of values ofm∈ {1, . . . ,M} for which the matrixC(m) is different from
the all-zero matrix. We then rearrange the superscripts of the constituent matrices so thatC(m) 6= On×n

for m= 1, . . . , r andC(m) = On×n for m= r +1, . . . ,M. The following relation holds:

det
(
CTC

)
≥ rn min

m=1,...,r

{
det
(
C(m)TC(m)

)}
(3.32)
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Figure 3.3: The coding gaindM(γ) of C2,rot(γ) in eq. (3.19) forM = 2,4,8,16.
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Figure 3.4: The coding gain of ISC with 3 transmit antennas and 2-PAM.



72 3. FULL -RATE ST CODES

Forr = 1, eq. (3.13) and eq. (3.31) have the same determinant and fornon-zero symbols: det
(
CTC

)
≥

22n(d∞(γ))n where d∞(γ) is give in eq. (3.27). Forr > 1 and for non-zero symbols, det
(
CTC

)
≥

rn(d∞(γ))n since the difference between two components of the matricesC(m) now belongs toZ rather
than 2Z as for PAM constellations (or whenr = 1). Therefore, the minimum determinant is obtained
for symbols that occupy exactly 2 positions among theM modulation positions (r = 2). Designate by
δM,M′(γ) the coding gain of ISC withM-PPM-M′-PAM constellations for a given non-norm elementγ,
then the value ofγ that maximizes the coding gain is the same for all values ofM. From eq. (3.28) and
eq. (3.32), we obtain:

δM,M′(γ) =





4cn(γ)d
− 1

n
K ; M = 1,∀M′

2cn(γ)d
− 1

n
K ; M > 1,∀M′

(3.33)

3.3 Inter-Pulse Coding (IPC)

3.3.1 Code Construction

When IPC is performed, orthogonal sequences are associatedwith the pulses transmitted from each
antenna. In other words, the spreading matrixB in Section 2.1.3 is chosen to verifyBBT = Nf In (n = P
is the number of transmit antennas). In this case, the despreading matrix in eq. (2.33) is given by
D = IQ0⊗(B⊗ IM) whereQ0 = {QLP,QL,QP} for SRakes, PRakes and correlation receivers respectively.
In this case, eq. (2.33) can be expressed as:

YQ′P×T = HQ′P×PMCPM×T +NQ′P×T (3.34)

whereQ′ = {QLM,QM} for Rake and correlation receivers respectively. For Rake receivers,H is the
vertical concatenation ofHq,l for q= 1, . . . ,Q andl = 0, . . . ,L−1 whereHq,l is aPM×PM matrix given
by:

Hq,l = diag
(
Rq,l ,1,1 · · ·Rq,l ,P,P

)
(3.35)

where the entries of theM×M matrix Rq,l ,p,p are given in eq. (2.19) forp = 1, . . . ,P. In the same way,
for correlation receivers,H is the vertical concatenation ofHq for q = 1, . . . ,Q with:

Hq = diag(Rq,1,1 · · ·Rq,P,P) (3.36)

where the entries of theM×M matrix Rq,p,p are given in eq. (2.32).

By rearranging the entries of eq. (3.34), it can be expressedas:

Y′
Q′×PT = H ′

Q′×PMAPM×PT +N′
Q′×PT (3.37)

In this case the constituent matrices in eq. (3.35) and eq. (3.36) are transformed toH ′
q,l =

[
Rq,l ,1,1 · · ·Rq,l ,P,P

]

andH ′
q = [Rq,1,1 · · ·Rq,P,P] respectively. We limit ourselves to PAM for the moment. IfC corresponds to

the energy-balanced ISC, then for a given value ofγ, A can be written as:

A(γ) =
√

cn(γ)diag(α0, . . . ,αn−1)F(γ) (3.38)
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whereαi = σi(α) for n odd andαi =
√

σi(α) for n even whereα is chosen to verify eq. (3.10).F(γ) is
ann×n2 matrix given by:

F(γ) =




f 0
0 0 · · · 0 f 0

1 0 · · · 0 · · · f 0
n−1 0 · · · 0

0 f 1
n−1

...
... 0 f 1

0
. . .

... · · · 0 f 1
n−2

. . .
...

...
. . .

. . . 0
...

...
. . . 0 · · ·

...
. . .

. . . 0
0 · · · 0 f n−1

1 0 · · · 0 f n−1
2 · · · 0 · · · 0 f n−1

0




(3.39)

where f j
i = γ

i
n σ j(ki) for i, j = 0, . . . ,n−1.

The matrixF(γ)F(γ)T admitsn eigenvalues. These eigenvalues are given byλ j = σ j(λ) for j =

0, . . . ,n−1 andλ = ∑n−1
i=0 γ 2i

n k2
i . Therefore, whenα verifies eq. (3.10), the coding gain ofA(γ) verifies:

δmin(γ) = d
− 1

n
K cn(γ)min

(
NK/Q

(
n−1

∑
i=0

γ
2i
n k2

i

)) 1
n

≥ d
− 1

n
K cn(γ)min

(
n−1

∑
i=0

γ2iNK/Q(ki)
2

) 1
n

(3.40)

Consider the caseγ ≥ 1. The minimum of the right hand side of eq. (3.40) is obtainedwhenki = 0
for i = 1, . . . ,n− 1 and NK/Q(k0) = ±1. The value ofγ that maximizes the coding gain isγ = 1 since
cn(γ) is a decreasing function ofγ for γ ≥ 1.

For γ < 1, the minimum of the right hand side of eq. (3.40) is obtainedfor k0 = · · · = kn−2 = 0 and

NK/Q(kn−1) = ±1. Maximizing overγ results inγ = 1 since nowcn(γ)γ
2(n−1)

n is an increasing function of
γ. The optimal choiceγ = 1 shows that since the transmitted streams are separated at the receiver side (by
the use of orthogonal spreading sequences), the best strategy consists of evenly distributing the available

energy among the different data streams. For IPC, the achieved coding gain overZ is equal tod
− 1

n
K . For

finite PAM constellation, the coding gain is equal to 4d
− 1

n
K .

Arranging the columns of eq. (3.38), we obtain:

A = diag(α0, . . . ,αn−1)
[

diag
(
k0, . . . ,σn−1(k0)

)
· · · diag

(
kn−1, . . . ,σn−1(kn−1)

) ]
(3.41)

Equation (3.41) shows that encoding adjacent symbols is notneeded since each information symbol
is contained in the conjugates of only one valueki for i = 0, . . . ,n−1. Therefore, the temporal length (T)
of the codewords can be chosen to be equal to 1. In this case, the amplitudes of the pulses transmitted
from then antennas during each symbol duration are given by then×Nf matrix:

C = diag
(
M [a1, . . . ,an]

T
)

B (3.42)

whereB/
√

Nf is any unitaryn×Nf matrix andM is calculated in the same way as in Section 3.2. Since
the transmitted date streams are decoupled,M can be any one of the rotation matrix constructed in [36]
or [58].

IPC presents the following advantages over ISC:

• ISC achieves a coding gaincn(2) times smaller than that of IPC systems (cn(2) < 1 for all values
of n).
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• IPC has a lower decoding complexity since each codeword containsn rather thann2 symbols.

• IPC has a lower peak-to-average-power-ratios (PAPR). Moreover, IPC transmits a uniform average
energy per antenna.

• IPC has a lower decoding delay which is equal to 1 symbol duration rather thann symbol durations
for ISC.

However, unlike ISC that can be applied with any IR-UWB system, IPC can be applied only when
Nf ≥ n.

3.3.2 IPC with hybrid PPM-PAM constellations

For hybridM-PPM-M′-PAM constellations, eq. (3.42) can be expressed in a more explicit form as:

C(a) =




s1,1 0 · · · 0
...

...
.. .

...
s1,M 0 · · · 0

...
... .. .

...
0 · · · 0 sn,1
...

. ..
...

...
0 · · · 0 sn,M




B = S(a)B (3.43)

wheresn′,m stands for the((n′−1)M +m)-th component of thenM-dimensional vectors for n′ = 1, . . . ,n
andm= 1, . . . ,M. s is related to the information vectora by:

s= (M ⊗ IM)a (3.44)

Let x = a− a′ be the difference between two information vectors. From eq.(3.43), we have
C(x)CT(x) = S(x)BBTST(x) = Nf S(x)ST(x) sinceB/

√
Nf is unitary. Therefore, the matrixC(x)CT(x)

hasn eigenvaluesλn′ that are given by (n′ = 1, . . . ,n):

λn′ =
M

∑
m=1

y2
n′,m (3.45)

wherey = (M ⊗ IM)x.
λn′ is equal to zero if and only ifyn′,m = 0 for m = 1, . . . ,M. For a given value ofm, we have

yn′,m = M n′ [x1,m, . . . ,xn,m]T whereM n′ stands for then′-th row of M . SinceM is chosen to achieve
full modulation diversity [36],yn′,m = 0 implies thatxn′,m = 0 for n′ = 1, . . . ,n. Therefore,λn′ can not
be equal to zero unless whenxn′,m = 0 for n′ = 1, . . . ,n andm= 1, . . . ,M, in other words whena = a′.
Therefore,C(x) hasn non-zero eigenvalues and thus it achieves the maximum transmit diversity order of
n.

The coding gain of eq. (3.43) can be expressed as:

δmin = min
x 6= 0nM×1

(
n

∏
n′=1

λn′

) 1
n

= min
x 6= 0nM×1

(
n

∏
n′=1

(
M

∑
m=1

y2
n′,m

)) 1
n

(3.46)
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For one dimensional constellations (M = 1), the sum in eq. (3.45) contains only one summand and
eq. (3.46) reduces toδmin = 4d2/n

min. The factor 4 comes from the fact that the coding gain is defined over
the PAM constellation.dmin is the minimum product distance achieved byM that is defined as [36]:

dmin = min
a6=a′

a,a′∈ Zn

n

∏
i=1

|si −s′i| (3.47)

wheres=M a ands′ =M a′. From [36,58],dmin = d−1/2
K wheredK is the discriminant of the field over

which the rotation matrix is constructed.
For multi-dimensional constellations, suppose that the sum in eq. (3.45) containsr non zero sum-

mands. Forr = 1 we obtainδmin = 4d2/n
min. If r > 1, δn

min is increasedr times but it will be further reduced 4
times since the difference between 2 data symbols now belongs to{m′}M rather than{2m′} as in the case
of PAM symbols form′ ∈ {−M′, . . . ,M′}. So, the minimum value of the coding gain will be obtained for
r = 2 and it is equal toδmin = 2d2/n

min = 2d−1/n
K .

3.4 Modulation-specific ST codes

In Section 3.2, we showed the non-existence of totally-realand energy-efficient (the magnitude of the
non-norm element is equal to 1) ST codes based on cyclic division algebras forn≥ 3 transmit antennas.
In the same way, forn = 2 antennas, energy efficiency comes at the expense of shapinglosses (refer to
Section 3.2.1).

In this section, instead of adopting the classical approachof constructing ST codes over infinite
fields (Z in the totally-real case), we profit from the particular structure of the PPM-PAM constellations
in order to construct new coding schemes suitable for these modulations. The proposed schemes are
energy-efficient, information-lossless and they introduce no shaping losses. Unlike balanced-ISC (Sec-
tion 3.2.6) and IPC (Section 3.3) that profit from the pulse repetitions to achieve energy-efficiency and
shaping-efficiency, the codes that we propose in this section can be applied even in the absence of pulse
repetitions. However, unlike ISC and IPC that can be associated with any PPM, PAM or hybrid PPM-
PAM constellation, the new codes are exclusive toM-PPM-M′-PAM constellations for specific values of
M. Finally, we show that for certain values ofM, it is possible to construct ST codes that satisfy all the
construction constraints of the perfect codes in the addition to the constraint of being totally-real.

3.4.1 Construction 1: Achieving full transmit diversity via position permutation

Code Construction

For M-PPM-M′-PAM with n transmit antennas, the minimal-delay codewords are given by:

C =




k0 k1 k2 · · · kn−1

Ωσ(kn−1) σ(k0) σ(k1) · · · σ(kn−2)

Ωσ2(kn−2) Ωσ2(kn−1) σ2(k0) · · · σ2(kn−3)
...

...
...

. . .
...

Ωσn−1(k1) Ωσn−1(k2) · · · Ωσn−1(kn−1) σn−1(k0)




(3.48)

where:

ki =
n−1

∑
j=0

ani+ j+1θ j ∈ OM
K (3.49)
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OK is the ring of integers of an-dimensional totally-real field extensionK. a1, . . . ,an2 areM-dimensional
vectors that belong to theM-PPM-M′-PAM constellation given in eq. (1.8).C is a nM× n matrix
whose((p−1)M +m, t)-th element corresponds to the amplitude of the pulse transmitted from thep-th
transmit antenna during them-th modulation position of thet-th symbol duration forp, t ∈ {1, . . . ,n} and
m∈ {1, . . . ,M}.

In comparison with eq. (3.6), the non-norm scalarγ is replaced by theM×M permutation matrixΩ
given by:

Ω =




0 · · · · · · 0 1
1 0 · · · 0 0

0 1
...

...
...

...
. . . . . . 0

...
0 · · · 0 1 0




(3.50)

It can be directly seen that the code in eq. (3.48) is not fully-diverse with PAM constellations (M = 1)
since in this case eq. (3.48) corresponds to the code constructed from cyclic algebras withΩ = γ = 1
which is not a non-norm element.

Diversity Order

Proposition 3.1 For n transmit antennas, the association of the codewords given in eq. (3.48) with the
permutation matrix given in eq. (3.50) permits to achieve full transmit diversity with M-PPM-M′-PAM
constellations for all values of M′ and for M≥ 2n−1 or for the values of M verifyingE (M) ≥ n where
E (.) stands for Euler’s function.

For example, the proposed scheme achieves full diversity with M-PPM-M′-PAM constellations for
all values ofM′ and forM ≥ 3, M ≥ 5, {M = 5,M ≥ 7}, {M = 7,M ≥ 9} and{M = 7,9,M ≥ 11} with
n = 2, 3, 4, 5 and 6 transmit antennas respectively.

In order to get more insights on the properties of the proposed code, we next present the proof of
Proposition 3.1 withn = 2. The proof forn > 2 is given in Appendix D.1.

Designate by∆C(X1,X2) the difference between any two codewords given in eq. (3.48):

∆C(X1,X2) = C−C′ =

[
X1 X2

Ωσ(X2) σ(X1)

]
(3.51)

whereC andC′ are the codewords associated with the vector pairs(k0,k1) and(k′0,k
′
1) respectively where

k0,k′0,k1,k′1 areM-dimensional vectors whose structure verifies eq. (3.49).X1 = k0−k′0 andX2 = k1−k′1
belong to the setA given by:

A =
{
(a−a′)+ (b−b′)θ | a,a′,b,b′ ∈ C

}
⊂ OM

K (3.52)

whereC stands for theM-PPM-M′-PAM constellation given in eq. (1.8).
We will now show that all non-zero vector couples(X1,X2) that result in a rank deficient matrix

∆C(X1,X2) do not belong to the setA given in eq. (3.52) for all values ofM′. In other words, full
transmit diversity is achieved withM-PPM-M′-PAM constellations if:

rank(∆C(X1,X2)) = 2 ; ∀(X1,X2) ∈ A 2\{(0M ,0M)} (3.53)
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where0M is theM-dimensional all-zero vector. In what follows,∆C(X1,X2) will be referred to as∆C
when there is no ambiguity. Denote byXi,m the m-th component of the vectorXi for i = 1,2 andm=

1, . . . ,M.
Proposition: if ∃ i,m|Xi,m = 0 then rank(∆C(X1,X2)) = 2 unlessX1 = X2 = 0M .
Proof: Designate byπ the cyclic permutation given by:

π(i) = i mod(M)+1 ; i = 1, . . . ,M (3.54)

π defines a bijection over{1, . . . ,M} whereπ−1(i) = i−2 mod(M)+1 for i = 1, . . . ,M. The 2M×2
matrix ∆C(X1,X2) can be written as:

[
X1,1 · · · X1,M σ(X2,π−1(1)) · · · σ(X2,π−1(M))

X2,1 · · · X2,M σ(X1,1) · · · σ(X1,M)

]T

(3.55)

Suppose thatX1,m = 0 for a given value ofm. When rank(∆C) < 2, the two columns of∆C have
the same direction. Therefore, considering the firstM rows of∆C, X1,m = 0⇒ X2,m = 0. Now we have
σ(X2,m) = 0 (sinceX2,m = 0 and{1,θ} is an integral basis ofOK). Considering the lastM rows of
∆C, σ(X2,m) = 0⇒ σ(X1,π(m)) = 0⇒ X1,π(m) = 0. Starting the same procedure again withπ(m) rather
thanm, we conclude by iteration thatX1,m = X1,π(m) = · · · = X1,πM−1(m) = 0 andX2,m = X2,π(m) = · · · =
X2,πM−1(m) = 0 ⇔ X1 = X2 = 0M sinceπ defines a bijection over{1, . . . ,M}. The same proof holds if
∃m|X2,m = 0.

Lemma: Forn = 2 transmit antennas, the code in eq. (3.48) achieves full diversity withM-PPM-M′-
PAM constellations forM > 4 and for all values ofM′.

Proof: From the definition ofA in eq. (3.52),X1 andX2 are linear combinations of any four columns
of theM×M identity matrixIM. Therefore forM > 4, X1 andX2 each have at least one zero component
resulting in full rank as shown in the last proposition.

We must now verify that∆C has a full rank when all of its components are different from zero. In
this case,X1,m,X2,m∈ O ∗K = Z∗⊕θZ∗⊕O ′K for all values ofmwhereO ′K = {a+bθ | a,b∈ Z∗}. When
all the components of∆C are different from zero, rank(∆C) < 2 implies that:

X2,1

X1,1
= · · · = X2,M

X1,M
=

σ(X1,1)

σ(X2,π−1(1))
= · · · = σ(X1,M)

σ(X2,π−1(M))
= k (3.56)

wherek is any element ofK. After some manipulations, eq. (3.56) becomes:

X1,1 =
(
NK/Q(k)

)M+1−m
X1,m ; m= M,M−1, . . . ,2 (3.57)

Since NK/Q(k)∈Q, eq. (3.57) implies thatX1,1, . . . ,X1,M (and in an equivalent mannerX2,1, . . . ,X2,M)
must belong simultaneously to one of the following setsZ∗, θZ∗ or O ′K.

Following from the structure ofA in eq. (3.52), a maximum number of two components ofX1 (or
X2) can contain an integer or an integral multiple ofθ. For M = 2, eq. (3.57) does not contradict the
structure ofA implying that the proposed code is not fully diverse withM = 2. Designate byx1, . . . ,x4

any four elements of theM′-PAM constellation and byi and j two integers verifyingi, j ∈ {1,2} and
i 6= j. From eq. (3.52), both entries ofX1 can belong toZ∗ when b = b′ and (a,a′) = (x1ei ,x2ej)

(em is the m-th column of IM). In the same way, both entries ofX1 can belong toθZ∗ when a = a′

and (b,b′) = (x1ei ,x2ej). Finally, X1,1 and X1,2 can both be inO ′K when X1 takes the form:X1 =

(x1 + θx2)ei +(x3 + θx4)ej .
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For M = 3, whenX1,m 6= 0 for m= 1, . . . ,M, X1 ∈ A implies thatX1 must belong to the set of all
possible permutations of:

A ′ =
{
[x1,x2,x3θ]T , [x1,x2θ,x3θ]T , [x1,x2θ,x3 +x4θ]T

}
(3.58)

wherex1, . . . ,x4 ∈ Z∗. Therefore, a maximum number of 2 components ofX1 can be inZ∗ (or θZ∗) at the
same time while only one component can belong toO ′K. This is in contradiction with eq. (3.57) which
proves that the proposed code is fully diverse forM = 3.

For M = 4, a vectorXi ∈ A occupies four positions without having any zero entry only if it is a
permutation of the vector(x1e1 + θx2e2 + x3e3 + θx4e4). This implies that there are two components of
Xi that belong toZ∗ while the other 2 components belong toθZ∗. Such vectors do not verify eq. (3.57)
and, consequently, they do not result in rank deficient matrices∆C. Considering the last lemma and the
casesM = 3 andM = 4, we conclude that the proposed code achieves full diversity for n= 2, M ≥ 3 and
∀M′.

For the general values ofn, the reader is referred to Appendix D.1.

Coding Gain

Designate byδM,M′ the coding gain of the code given in eq. (3.48) withM-PPM-M′-PAM constellations.
We haveδN,M′ ≥ δM,M′ for N ≥ M since in this caseN-PPM-M′-PAM is obtained by adding new di-
mensions to the initialM-PPM-M′-PAM signal set. On the other hand,δM,N′ ≤ δM,M′ for N′ ≥ M′ since
M′-PAM is a subset ofN′-PAM for N′ ≥M′. Therefore, unlike the QAM constellations where an increase
in the spectral efficiency results in a possible reduction inthe coding gain, the coding gain and the spec-
tral efficiency of the hybrid PPM-PAM constellations can be increased by increasing the dimensionality
of the considered constellation. Therefore, we can argue that for M >> 1, δM,M′ keeps the same value
for all values ofM′. This follows from the fact that the multiplication by the matrix Ω simply permutes
the coordinates of the information vectors over theM-dimensional signal subspace without introducing
any constellation expansion. Formally speaking, the proposed code verifies the following property:

Proposition 3.2 For a system equipped with n transmit antennas with M-PPM-M′-PAM constellations,
eq. (3.48) has a non-vanishing determinant for M> n2 and for all values of M′.

The proof is provided in Appendix D.2.

Shaping and Information Losses

In order to verify the shaping constraint, the basis{1,θ, . . . ,θn−1} in eq. (3.48) can be replaced by a new
orthonormal basis{vi}n

i=1. In this case, eq. (3.48) takes the general form:

C =
n−1

∑
i=0

Diag((M ⊗ IM)[aT
in+1 · · ·aT

(i+1)n

]T)Λi (3.59)

For anM-dimensional vectorX, Diag(X) = diag([X1 · · ·Xn]) whereXi is theM-dimensional vector com-
posed of thej-th components ofX for j = (i−1)M+1, . . . , iM wherei ∈ {1, . . . ,n}. The(i, j)-th element
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of M is equal toσi−1(v j) andΛ is thenM×nM matrix given by:

Λ =




0M×M IM · · · 0M×M
... 0M×M

. . .
...

0M×M
...

. . . IM
Ω 0M×M · · · 0M×M




(3.60)

Concerning the choice of the basis{vi}n
i=1, the orthonormal basis constructed in Section 3.2 can be

readily used for all values ofn. In the same way,M can be any fully diverse rotation matrix [100].

Proposition 3.3 The code given in eq. (3.59) is information lossless for all values of n.

The proof follows from the fact that the basis{vi}n
i=1 is constructed to be orthonormal and that the

matrix Ω is unitary. A detailed proof is provided in Appendix D.3.

3.4.2 Construction 2: Achieving full transmit diversity via position combining

In this section, we propose the construction of a new family of ST codes forM-PPM-M′-PAM con-
stellations with the values ofM spanning intervals that are potentially different from theones given in
proposition 3.1. In particular, the proposed codes can be applied with any number of transmit antennas
for all even values ofM. In order to achieve full transmit diversity with these values ofM, we propose
to keep the same structure of the codewords (as in eq. (3.48))and to find an appropriate structure of the
M×M matrix Ω that permits to achieve this diversity order. For a given number of transmit antennas,Ω
is constructed as follows:

Proposition 3.4 For n transmit antennas, consider the code given in eq. (3.48) constructed overK(θ)

with θ = 2cos(2π
N ) andE (N) = 2n. This code is fully diverse with M-PPM-M′-PAM constellations for

all values of M′ and for even values of M if:

Ω = IM/2⊗
[

cos(θ′) sin(θ′)
−sin(θ′) cos(θ′)

]
(3.61)

such thatθ = 2π
N′ and N′ is an integer that is relatively prime with N verifyingE (N′) ≥ n.

Proof: The proof is provided in Appendix E.1.
In order to have more insights on the properties of the constructed code, we further investigate the

casen = M = 2. In this case,N = 5 and the choiceN′ = 4 verifies the conditions in proposition 3.4 and
the matrixΩ takes the following form:

Ω =

[
0 1
−1 0

]
(3.62)

As in eq. (3.51), denote by∆C the difference between two codewords. ForM = n = 2 and forΩ
verifying eq. (3.62),∆C can be expressed as:

∆C =

[
X1,1 X1,2 σ(X2,2) −σ(X2,1)

X2,1 X2,2 σ(X1,1) σ(X1,2)

]T

(3.63)
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∆C is rank deficient if∆C2 = k∆C1 for a certain valuek∈K where∆Ci is thei-th column of∆C. This
results in:

X2,1 = kX1,1 = kσ(k)X2,2 = k2σ(k)X1,2 = −k2(σ(k))2X2,1

= −
(
NK/Q(k)

)2
X2,1 (3.64)

(1+(NK/Q(k))2)X2,1 = 0 implies thatX2,1 = 0 sincek is real. From the first row of∆C, rank(∆C) < 2
andX2,1 = 0⇒ X1,1 = 0. Considering the third row of∆C, this implies thatX2,2 = 0 which further results
in X1,2 = 0 from the linear dependence between the elements of the second row of∆C. Therefore, only
the all-zero matrix is rank-deficient and the code is fully diverse for all values ofM′.

For the special case of 2-PPM constellations (M = 2 andM′ = 1), the following proposition holds:

Proposition 3.5 If Ω has the structure given in eq. (3.62), then the code is fully diverse with2-PPM
constellations for all values of n.

Proof: Designate byA the set whose elements consist of the difference between twoM-dimensional
vectors having the structure given in eq. (3.49). In other words:

A = {
n−1

∑
i=0

(ai −a′i)θ
i ; a0,a

′
0, . . . ,an−1,a

′
n−1 ∈ C } (3.65)

whereC stands for the PPM-PAM signal set. For binary PPM constellations, C = {[1 0]T , [0 1]T}.
Following from this structure ofC , an elementA of A can be written asA = [a −a]T wherea∈ K. For
example, withn = 2 transmit antennas, consider the following matrix:

A =

[
0 1 θ 1+ θ 1−θ
0 −1 −θ −1−θ −1+ θ

]
(3.66)

then, the elements ofA are equal to the columns of the above matrix multiplied by±1.
In Appendix E.2, we show that this particular structure of the elements ofA results in rank(∆C) = n

for non-zero matrices∆C and for all values ofn. Note that for binary PPM, full diversity can be achieved
with the values ofΩ respecting proposition 3.4 or withΩ as in eq. (3.62). It is better to choose the matrix
form given in eq. (3.62) because in this case the multiplication by Ω does not result in an additional
constellation extension. Moreover, this choice ofΩ results in an additional advantage stated in the next
proposition.

Proposition 3.6 If Ω has the structure given in eq. (3.62), then the code proposedin eq. (3.48) and the
perfect codes [64] have the same coding gain with2-PPM constellations for all values of n.

Proof: The proof is given in Appendix E.3.

As in section 3.4.1, the basis{1, . . . ,θn−1} can be replaced by an orthonormal basis resulting in
information lossless and shaping efficient codes obtained from the association of eq. (3.59) with the
values ofΩ given in eq. (3.61) or eq. (3.62). The proof is similar to the one given in Appendix D.3.

Finally, combining the constructions proposed in this section and in section 3.4.1 permits to achieve
full transmit diversity withM-PPM-M′-PAM constellations for all values ofM′ and forM ≥ 2, {M ≥
2,M 6= 3}, {M ≥ 2,M 6= 3}, {M ≥ 2,M 6= 3,5} and{M ≥ 2,M 6= 3,5} with n = 2, 3, 4, 5 and 6 transmit
antennas respectively. If a certain values ofM verifies proposition 3.1 and proposition 3.4 simultaneously,
it is better to choose the matrix form given in eq. (3.50) thatsimply permutes the coordinates of the
transmitted information vectors rather than combining them.
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3.4.3 Comparison with codes from cyclic division algebras

In what follows, we compare the modulation-specific codes with the totally-real codes constructed from
cyclic division algebras (ISC in section 3.2) for the valuesof M respecting proposition 3.1 or proposition
3.4.

For the values ofM respecting proposition 3.2, construction 1 has a coding gain that does not de-
crease with the size of the embedded PAM constellation (M′). However, this happen forM > n2 which
corresponds to constellations having a large number of dimensions and consequently for systems having
a high receiver complexity. For constellations with limited dimensions, the modulation specific codes
do not have a non-vanishing determinant. The advantage of these codes is that they are energy-efficient
and information lossless. On the other hand, ISC has a non-vanishing determinant. However, this comes
at the expense of not having uniform average transmitted energy per antenna. Moreover, ISC are not
information lossless codes. For UWB communications, we argue that energy efficiency can be more
important than the NVD property for the following reasons:

• Over Rayleigh fading channels, codes with NVD achieve the diversity-multiplexing tradeoff of
the underlying channel [49]. However, UWB signals are subject to lognormal fading (refer to
section 2.3). For these channels, the asymptotic analysis applied in [49] gives no insights whether
or not codes with NVD achieve the D-MG tradeoff over the UWB channels. First, because of the
complex nature of the channel matrices (that are no more complex Gaussian). Second, because it
was seen in section 2.3 that an infinite diversity order can bereached for asymptotic values of the
SNR. Over the UWB channels, the absence of a direct connection between the NVD property and
the achievable tradeoffs reduces the importance of the NVD property.

• In [49], the tradeoff is achieved with a family of codes whosespectral efficiency scales with the
SNR. For QAM constellations, this reduces the coding gain unless when the code has a NVD.
On the other hand, at high SNRs, the spectral efficiency ofM-PPM-M′-PAM can be increased by
extending the constellation in the time domain (increasingM) rather than the amplitude domain
(increasingM′). For construction 1, this extension does not introduce a decrease in the coding
gain since the dimensionality of the signal subspace is increased with no additional constellation
expansion.

• High order PAM constellations have a very poor performance [7]. This is why, the highest order
PAM constellation used in the literature of the UWB was the 2-PAM constellation.

Finally, the modulation-specific codes verify a large number of constraints. 1) They are totally-
real. 2) They achieve full rate and full diversity. 3) They introduce no shaping losses. 4) They are
information lossless. 5) They are energy efficient. 6) They achieve the best known coding gains (those
of the complex-valued perfect codes) in the following cases:

• M-PPM-M′-PAM constellations for all values ofM′ and forM > n2 with any number of transmit
antennasn (from proposition 3.2).

• 2-PPM constellations with any number of transmit antennas (from proposition 3.6).

• 2-PPM-2-PAM, 2-PPM-4-PAM and 2-PPM-8-PAM constellationswith n = 2 transmit antennas
(with the value ofΩ given in eq. (3.62)).
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• M-PPM constellations for all values ofM ≥ 3 and forn = 2 transmit antennas (construction 1).

• M-PPM-2-PAM (bi-orthogonal) constellations andM-PPM-4-PAM forM ≥ 4 and forn = 2 trans-
mit antennas (construction 1).

The third case is verified by computer simulations. The last two cases follow from the numerical eval-
uation of the coding gain of the code in eq. (3.59) associatedwith the value ofΩ in eq. (3.50) with
M-PPM andM-PPM-M′-PAM (M′ ∈ {2,4}) for M = 3 andM = 4 respectively. Since the coding gain of
construction 1 increases withM, this proves the last two conditions.

3.5 Numerical Results

In order to compare different modulation schemes, the energy of the PPM-PAM constellation is normal-
ized to one. For systems that do not use modified Hermite pulses, the pulse waveformw(t) is chosen to
be the second derivative of the Gaussian pulse with a duration of Tw = 0.5 ns normalized to have unit
energy. When modified Hermite pulses are used, the first-order pulse (the one with the shortest duration)
has a duration of 0.5 ns. Orthogonal PPM modulations are used withδ = Tw = 0.5 ns. In order to elimi-
nate ISI, the frame time is fixed toTf = 100 ns. In single user situations, the performance is independent
from the number of time framesNf . In this case, we fixNf = P in order to render IPC and the balancing
of ISC possible. In multi-user scenarios, all users are assumed to have the same transmission levels and
random TH sequences are used. Simple PRake receivers are deployed and the sphere decoder [102] is
used for detection.

The transmit and the receive arrays are supposed to be sufficiently spaced so the each one of thePQ
sub-channels is generated independently from the other sub-channels using the standard IEEE 802.15.3a
channel model [17]. For simplicity, we assume that the relative time delays between the signals received
at the different antennas (ε(k)

q,p in eq. (2.4)) are negligible. In this way, simulations highlight the diversity
and multiplexing advantage of the proposed schemes independently from the relative orientations and
positions of the transmit and receive arrays.

The number of matched filters at the receiver increases with the dimensionality of the transmitted
constellations. Therefore, when evaluating the performance of the different diversity schemes, we com-
pare systems that useM-PPM-M′-PAM constellations having the same value ofM. In what follows, the
term uncoded systems corresponds to spatial multiplexing.

3.5.1 Performance with PAM

First, we compare systems using modified Hermite pulses withST coded systems. For MIMO systems
using PRakes, the diversity scheme based on Hermite pulses deploysQLPmatched filters (from eq. (3.2))
while only QL matched filters are necessary when only one pulse waveform isused (from eq. (2.33)).
Moreover, the estimation of the channel matrix necessitates the estimation ofQLP2 rather thanQLP
parameters as in uncoded and ST-coded systems. Therefore, it is interesting to compare Hermite systems
havingL fingers with uncoded systems havingPL fingers since in this case the number of matched filters,
decoding complexity and the data rate are the same.

Fig. 3.5 shows the performance at a rate of 4 bits PCU. In particular, we compare Hermite systems
(section 3.1), orthogonal codes (section 2.2) and ISC (section 3.2). The legend “Hermite” stands for
the system using Hermite pulses with no modulation diversity. To achieve the given rate, all schemes
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Figure 3.5: Performance on CM2 with PAM constellations at a rate of 4 bits PCU.
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Figure 3.6: Performance on CM2 with 2 transmit antennas, 2 receive antennas and a PRake with 6
fingers.
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Figure 3.7: Performance of 3×3 systems over CM3 and CM4 with 2-PAM and a 1-finger PRake.
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Figure 3.8: Performance of 5×5 systems over CM1 and CM2 with 2-PAM and a 1-finger PRake.
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Figure 3.9: Performance on CM2 with 6 transmit antennas, 6 receive antennas and a 1-finger PRake at 6
bits PCU.

use 2-PAM except for SISO systems and the orthogonal codes that must use 16-PAM. Results show the
importance of merging the use of Hermite pulses with modulation diversity. For example, at an error
rate of 10−4, the coded Hermite system with 1-finger outperforms the uncoded 4-fingers system by 2 dB
while having the same number of matched filters and decoding complexity. With respect to ISC, coded
Hermite systems show better performance at the expense of using P = 4 times more correlators with the
advantage of a lower decoding complexity.

In Fig. 3.6, we show the performance of energy-efficient, shaping-efficient and balanced ISC taken
from eq. (3.17), eq. (3.19) and eq. (3.26) respectively. We compare the above codes with the orthogonal
codes and IPC from section 2.2 and section 3.3 respectively.With PAM, the coding gains ofC2,eq

andC2,rot given in eq. (3.17) and eq. (3.19) are equal to4√
13

and 8
3
√

5
respectively. This justifies the

difference in the performance between these two codes at high SNRs. We can also notice the performance
improvement introduced by balancing ISC. Note that at 2 bitsPCU, the orthogonal code approaches the
performance of balanced-ISC at high SNR. At 4 bits PCU (and for the same number of correlators fixed
by the dimensionality of the constellation), it must use 16-PAM which results in important performance
losses with respect to ISC and IPC.

In Fig. 3.7, we show the performance on CM3 and CM4 withP= Q= 3 andL = 1 finger PRake using
2-PAM constellations. Once again IPC outperforms all the other codes and balanced-ISC outperforms
ISC. At low SNRs, the pulse permutations render balanced-ISC more resistant against noise resulting in
limited performance ameliorations with respect to IPC.

In Fig. 3.8, the performance at 5 bits PCU is shown forP = Q = 5 andL = 1 on CM1 and CM2.
In this case, balanced-ISC slightly outperforms IPC for allvalues of the SNR. This can be explained by
the fact that in this case balanced-ISC performs a large number of permutations (5 permutations) of the
codewords in eq. (3.13). This results in a better immunity against noise explaining the slight performance
gain at all SNRs. Similar results are obtained in Fig. 3.9 forP= Q= 6, L = 1 and at a rate of 6 bits PCU.
Notice that even with 8-dimensional constellations, the orthogonal code performs worse than balanced-
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ISC. As a conclusion, when the pulse repetitions are present, balanced-ISC shows the best performance
for sufficiently large number of antennas. On the other hand,IPC shows comparable performance with
lower complexity.

3.5.2 Performance with hybrid PPM-PAM

First, we compare MIMO-UWB systems using modified Hermite pulses with uncoded systems using
ML and MMSE receivers. Fig. 3.10 shows the performance with 8-PPM-8-PAM,P = 3, Q = 1 and
L = 8. MIMO and single-antenna systems transmit at 180 Mbits/s and 60 Mbits/s respectively. Results
show that the better conditioned channel matrix that follows from the use of Hermite pulses permits
linear receivers to close the gap with respect to the optimaldetectors. Therefore, even though the use of
the Hermite pulses achieves partial transmit diversity with an increased number of matched filters, high
performance levels can be obtained even with non-optimal linear receives.

In Fig. 3.11, we compare PRake and SRake receivers on CM1 with2-PPM-2-PAM constellations
andL = 1. Results show that the uncoded 2×2 systems using SRakes outperform coded systems using
PRakes at low SNRs. At high SNR, the diversity order of the latter turns out to be better. Note that SRake
receivers suffer from low fading margins since the strongest multi-path component is chosen. Therefore,
the performance gap between coded and uncoded systems is smaller for systems equipped with SRakes.
However, despite the low fading margins of SRake systems, IPC results in a performance gain of about
1 dB at a SER of 10−3 with respect to uncoded MIMO systems.
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Figure 3.10: Performance on CM2 with 8-PPM-8-PAM,P = 3, Q = 1 andL = 8 using ML and MMSE
receivers.

Fig. 3.12 compares ISC with the modulation-specific codes using M-PPM-M′-PAM constellations.
The values ofM are chosen to verify proposition 3.1 and thereforeΩ can take the value given in eq.
(3.50). Results show that the modulation-specific codes outperform codes from totally-real cyclic di-
vision algebras without the need of any pulse repetitions oradditional number of matched filters. This
shows the importance of having energy-efficient codes. A gain of about 1 dB is observed at an error rate
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Figure 3.11: Performance on CM1 with 2-PPM-2-PAM and a 1-finger Rake.

of 10−3 using three transmit antennas and 5-PPM-2-PAM constellations. This gain increases to 1.5 dB
with four transmit antennas and 5-PPM.

In Fig. 3.13, we consider 2-PPM constellations on CM2. The receiver is equipped with a 1-finger
PRake and we fixP = Q = n wheren = 2, . . . ,5. Following from proposition 3.5,Ω can take the form
given in eq. (3.62). In this case, the association of construction 2 with 2-PPM achieves the best known
coding gain (proposition 3.6). As a result, performance gains in the order of 2 dB can be obtained with
respect to ISC with 3 transmit antennas at a BER of 10−3.

In Fig. 3.14, we show the performance of the proposed ST codesover the space-variant UWB channel
model proposed in [22, 23]. In this case, the relative delaysbetween the elements of the antenna arrays
are provided by this model (ε(k)

q,p in eq. (2.4)). We fix,P= 3, Q= 1 andL = 5 with 4-PPM constellations.
For the modulation-specific codes,Ω has the structure given in eq. (3.61) withN′ = 5 (sinceN = 7).
We consider profile 3 that corresponds to an “office-to-office” scenario. We compare the cases where the
distanced between the elements of the transmit antenna array is equal to 5 cm and 15 cm respectively.
Results show that even though construction 2 introduces an additional constellation extension, its good
energetic distribution results in a performance gain of about 1.2 dB with respect to ISC at a SER of
10−3. The slopes of the error curves of the ST coded systems highlight the enhanced diversity order
with respect to the uncoded MIMO systems. Closely separatedantenna arrays (d = 5 cm) result in a
performance loss of about 0.6 dB with respect to arrays whose inter-antenna separation is equal to 15
cm. However, this performance loss is not associated with any degradation in the diversity order and the
same diversity advantage can be obtained for both inter-antenna separations.

In Fig. 3.15, the modulation-specific codes are compared with the perfect codes for the values ofM
andM′ that result in the best known coding gain (refer to section 3.4.3). For comparison reasons, and
even though it may seem practically infeasible, the UWB receivers are supposed to be equipped with IQ
front ends. The results show the high performance levels of the proposed modulation-specific schemes.
Even though they are real-valued, they show exactly the sameperformance as the best known codes.
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Figure 3.12: ISC versus construction 1 (STC1) on CM2.
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Figure 3.13: ISC versus construction 2 on CM2 with 2-PPM andL = 1.
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Figure 3.14: ISC versus construction 2 on the Kunisch-Pamp channel model (profile 3) using 4-PPM,
P = 3, Q = 1 andL = 5. d corresponds to the inter-antenna separation.
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Figure 3.15: The new modulation-specific codes (NC) versus the perfect codes (PC) on CM2.
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3.5.3 Construction 1 versus Construction 2
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Figure 3.16: Construction 1 versus construction 2 with 3 transmit antennas, 3 receive antenna and 6-
PPM-M′-PAM constellations over CM2. A 1-finger PRake is used.

In Fig. 3.16, we compare construction 1 and construction 2 with M-PPM-M′-PAM constellations
for the values ofM that verify proposition 3.1 and proposition 3.4 simultaneously. In particular, we
perform simulations over CM2 withP = 3 transmit antennas, 3 receive antennas and a 1-finger Rake for
M = 6 andM′ ∈ {2,4,8,16}. Given the high dimensionality of the transmitted constellation (P2M =

54), we apply the algorithm proposed in [103] for detection.This decoding algorithm is based on the
Schnorr-Euchner enumeration strategy and a Fano-like metric bias is introduced in order to enhance the
convergence time. Moreover, the MMSE-DFE preprocessing isperformed [104] (refer to chapter 5 for
more details). As expected, construction 1 outperforms construction 2 and the simulation results show
that the performance difference between these two constructions becomes significant for large values of
M′. While construction 2 shows practically the same performance as construction 1 forM′ = 2,4, the
former construction results in a performance loss in the order of 0.5 dB for M′ = 8,16.
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3.5.4 Performance in the presence of MUI

In this section, we determine the impact of MUI on the performance of the proposed ST codes. In
particular, we determine the performance gains that resultfrom the association of IPC with the user-
specific unitary amplitude spreading matrices given in section 2.4.4.

Fig. 3.17 shows the performance withP = Q = 2, Nf = 2P = 4, Nc = 200, 2-PAM andL = 5
for K = 10 andK = 15 interfering users in a synchronous environment. MMSE filters are used at
the receiver side in order to reduce the level of MUI. For ISC and balanced-ISC, the same amplitude
spreading sequence is associated with theP transmit antennas and MUI can be controlled uniquely by
the choice of the time-hopping sequence. For IPC, the amplitude spreading matrix can be taken to be
user dependent. In this case, it chosen to verify eq. (2.107).

Balanced-ISC is compared with IPC in the two following cases. In the first case, each one of the
K + 1 users is attributed with a random unitary matrix whose elements are taken from{±1}. In the
second case, to each user is given a matrix form the family of 44 = 256 matrices constructed from eq.
(2.107) using 4-PAM elements. Results show that appropriately choosing the spreading matrices results
in a gain of about 1 dB at 10−4 for K = 10. The dotted lines associated with each curve correspond to
the Gaussian approximation given in eq. (2.96). This approximation turns out to be accurate with any
number of users.

Fig. 3.18 shows the degradation introduced by MUI when usingIPC withP= Q= 2, L = 7, Nc = 200
andNf = 4 in an asynchronous environment at a signal to noise ratio of25 dB. The random matrices
whose elements are taken from{±1} and the designed matrices from eq. (2.107) are attributed tothe
different users in the same way as in Fig. 3.17. Results show that the performance gain becomes more
significant with large number of users since in this case interference becomes more critical on the system
performance. For example with 4-PPM-2-PAM constellationsand at an error rate of 10−4, about 5
additional users can share the same physical channel without any bandwidth loss, increased receiver
complexity or additional medium access control procedures. However, the application of eq. (2.107)
may result in increased PAPR and higher dynamic ranges.
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Figure 3.17: Performance withP = Q = 2, 2-PAM and 5 fingers PRake withK interfering users in
a synchronous environment. The dotted lines associated with each curve correspond to the Gaussian
approximation.
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Figure 3.18: Performance of IPC in the presence of MUI withP = Q = 2 and 7 fingers PRake in an
asynchronous environment at 25 dB.
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Chapter 4

Cooperative Diversity

In this chapter, we extend the cooperative diversity schemes to the context of IR-UWB systems. While
cooperative systems were extensively studied with narrow band communications (refer to section 1.3.5
and the references therein), the benefits of associating these techniques with UWB communications were
never investigated before. The nature of the IR-UWB transmissions and the high frequency selectivity
of the UWB channels result in additional challenges on the design of the transmitter, receiver and the
cooperating relays. Moreover, the analysis must take into account the synchronization problems, such as
the timing jitter effects, which are prominent problems in UWB communications and which might not
advantage a cooperative scenario if mistiming delays are propagated through several nodes.

In what follows, we develop appropriate schemes that exploit the spatial diversity in a distributed
manner among the different terminals of a wireless network.We first consider the amplify-and-forward
(AF) strategy and we apply the techniques presented in [74] for the construction of new totally-real dis-
tributed ST codes that are suitable for carrier-less UWB transmissions. At a second time, we apply the
same approach that was adopted in section 3.2 and section 3.3for profiting from the pulse repetitions to
ameliorate the performance of the above codes and to introduce inter-pulse coding schemes. Then we
propose new modulation-specific coding schemes that can be associated withM-PPM-M′-PAM constel-
lations forM ≥ 2 and for any number of relays.

We also consider the decode-and-forward (DF) strategy and we propose new coherent and differential
DF schemes that take advantage of the pulse repetitions usedto convey each information symbol.

Note that in what follows, we discuss uniquely issues related to the physical layer and code design.
In comparison with other existing cooperative protocols, the proposed schemes do not impose any ad-
ditional constraints on the medium access control layer andthe routing protocols (refer to [105] and the
references therein).

4.1 System design with the AF scheme

Consider the case of a wireless network composed of a certainnumber of synchronous and half-duplex
radio terminals each equipped with a single antenna. The high frequency selectivity of the underlying
channel results in two major differences in the system modelwith respect to the AF narrow band sys-
tems. Because of this frequency selectivity, diversity combining must be performed at the relays prior to
amplification and retransmission. Moreover, the high temporal resolution might necessitate a feedback
from the destination to the relays in order to overcome the different propagation delays.
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4.1.1 Diversity combining at the relays

Designate byΓ the channel delay spread. In non-cooperative systems, ISI can be eliminated by choosing
Tf ≥ Γ whereTf is the frame duration. Applying a simple AF strategy at each relay will result in a
received signal that is spread over a duration of 2Γ at the destination. Consequently, ISI can only be
eliminated by choosingTf ≥ 2Γ resulting in larger symbol durations and lower data rates. Moreover,
higher order Rake receivers must be implemented at the destination since the energy collected by each
finger is now very small.

A possible solution for this problem is by amplifying and retransmitting a limited part of the received
signal. Designate byw(t) the pulse waveform. During the cooperation phase, the signal transmitted
by each relay can be seen as a train of distorted versions ofw(t). This signal will have a duration
Γ1 < Γ. Moreover, the signals transmitted by the relays will have different shapes. Therefore, using
a filter matched tow(t) at the destination is highly suboptimal given that these newtransmitted pulse
waveforms will be further distorted by the channels betweenthe relays and the destination. Therefore,
these systems will suffer from an increased intra-pulse interference. On the other hand, a Rake receive
(at the destination) that combines the multi-path components duringΓ1 will integrate a very limited part
of the signal energy resulting in important performance degradations.

In order to overcome the above mentioned limitations,L multi-paths are combined at each relay
prior to amplifying and retransmission. On the other hand, the channel parameters between the source
and the relays must be known at the destination in order to achieve optimal detection with all AF schemes
[70, 73]. For example, each relay can estimate its underlying channel and then it forwards the estimated
parameters to the destination during the control phase. Therefore, using the available channel parameters
to perform maximum ratio combining (MRC) does not result in asignificant increase in the complexity
of the relays. In what follows, we consider PRake receivers havingL fingers.

4.1.2 Systems with feedback

Consider the case whereK neighboring terminals (relays) can help the source in delivering its message
to a given destination. Denote byh′k(t) the impulse response of the channel from the source to thek-th
relay fork= 1, . . . ,K. In the same way, denote byg′k(t) andh′0(t) the channel impulse responses from the
k-th node to the destination and from the source to the destination respectively. Lethk(t) = h′k(t)∗w(t)
for k = 0, . . . ,K and gk(t) = g′k(t) ∗w(t) for k = 1, . . . ,K. The channel seen by the destination and
corresponding to thek-th relay can be expressed as:

g′′k(t) = gk(t − εk) (4.1)

whereεk corresponds to the propagation delay between thek-th relay and the destination fork= 1, . . . ,K.
It is determined with respect to the arrival time of the first multi-path component between the source and
the destination (ε0 = 0). In general, the relay selection protocol chooses relaysthat are closer to the
destination than the source andεk is a negative quantity.

Based on this formulation, we can differentiate between twocases. In the first case, a feedback be-
tween the destination and the relays indicates the quantityby which each relay must advance or delay its
transmission. In this case, the different delays are compensated and we can setεk = 0 for k = 1, . . . ,K. In
other words, the first arriving rays of the different relays are aligned at the destination before performing
matched filtering. In the second case, the first finger delay ofthe Rake corresponds to the first arriving
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ray between the source and the destination. As will be seen later, this feedback can have a non negligible
impact on the system performance.

4.1.3 System model

Consider the non-orthogonal AF (NAF) scheme proposed in [73] and described in Fig. 1.3. For this
protocol, each relay enters in cooperation with the source during a period of 2Ns symbol durations. The
Ns symbols received during the first half of this cooperation period are amplified and retransmitted by the
cooperating relay during the second half. In what follows, we denote byA k,1 andA k,2 theM×Ns matrices
given by:A k,1 = [A2(k−1)Ns+1 · · · A(2k−1)Ns

] andA k,2 = [A(2k−1)Ns+1 · · · A2kNs]. A k,i is transmitted during
the i-th half of thek-th cooperation interval fori = 1,2 andk = 1, . . . ,K. A j is theM-dimensional vector
that corresponds to thej-th information symbol and it belongs to theM-PPM-M′-PAM constellation
given in eq. (1.8). In the same way, the 1×Nf amplitude spreading vectors corresponding toA j will be
denoted byB1 andB2 for j = 2(k−1)Ns+1, . . . ,(2k−1)Ns and j = (2k−1)Ns+1, . . . ,2kNs respectively
and fork = 1, . . . ,K. Moreover, the source and its relays will share the same timehopping sequence.

Taking these notations into consideration, the decision variables collected at thek-th relay during the
first half of thek-th cooperation period can be expressed as:

Xk =

√
β1ρk

Nf
Hk (A k,1⊗B1)+N′

k (4.2)

whereρk is a gain factor corresponding to the relative quality of thechannel between the source and thek-
th relay with respect to the channel between the source and the destination (ρ0 = 1). When transmitting
during the first half of each one of theK cooperation periods, the energy transmitted by the source is
scaled byβ1. Hk is a LM ×M matrix corresponding to the channel between the source and the k-th
relay. As in section 2.1.1, its(lM + m,m′)-th element is equal to

∫
hk(t)w(t − (m−m′)δ− lMTw)dt for

l = 0, . . . ,L−1 andm,m′ = 1, . . . ,M.
As in eq. (4.2), the decision variables collected at the destination during the first half of thek-th

cooperation period can be expressed as:

Yk,1 =

√
β1

Nf
H0(A k,1⊗B1)+Nk,1 (4.3)

At each relay, MRC is performed before retransmitting. In other words, the signal transmitted from
thek-th relay during the second half of thek-th cooperation period is given by:

X′
k =

√
β2ΨkH

T
k Xk (4.4)

whereΨk is the amplification matrix verifying:

Ψk =
(
HT

k Hk
)− 1

2

(
β1ρkH

T
k Hk +

N0

2
IM

)− 1
2

(4.5)

When transmitting simultaneously during the second half ofthe k-th cooperation period, thek-th
relay and the source are supposed to the have the same transmission levels (determined byβ2) for k =

1, . . . ,K. Transmitting the same energy as in non-cooperative systems corresponds to fixingβ1+2β2 = 2.
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Finally, the decision matrix at the destination during the second half of thek-th cooperation period
can be expressed as:

Yk,2 =

√
β2

Nf
H0(A k,2⊗B2)+

√
λkGkX

′
k +Nk,2

=

√
β2

Nf
H0(A k,2⊗B2)+

√
β1β2ρkλk

Nf
GkΨkH

T
k Hk (A k,1⊗B1)+

√
β2λkGkΨkH

T
k N′

k +Nk,2 (4.6)

whereλk is determined in a similar way asρk and it stands for the quality of the channel between thek-th
relay and the destination.Gk is aLM×M matrix that stands for the channel between thek-th relay and the
destination. Its(lM +m,m′)-th element is equal to

∫
g′′k(t)w(t − (m−m′)δ− lMTw)dt for l = 0, . . . ,L−1

andm,m′ = 1, . . . ,M whereg′′k(t) is given in eq. (4.1).
Combining eq. (4.3) and eq. (4.6), the decision variables collected at the destination during thek-th

cooperation period can be expressed as:
[

Yk,1

Yk,2

]
=

[ √
β1H0 0LM×M√

β1β2ρkλkGkΨkHT
k Hk

√
β2H0

][
A k,1⊗B1

A k,2⊗B2

]
+N k (4.7)

where the factorNf is included in the noise variance andN k is a zero-mean colored Gaussian noise
whose covariance matrix is given by:

E
[
N kN

T
k

]
=

Nf N0

2

[
ILM 0LM×LM

0LM×LM ILM + Σk

]
(4.8)

where:
Σk = β2λkGkΨkH

T
k HkΨT

k GT
k (4.9)

After noise whitening, eq. (4.7) can be written as:

Yk = H̃k

[
A k,1⊗B1

A k,2⊗B2

]
+Nk (4.10)

whereNk is white andH̃k is the 2LM×2M matrix given by:

H̃k =

[ √
β1H0 0LM×M√

β1β2ρkλkΣ− 1
2

k GkΨkHT
k Hk

√
β2Σ− 1

2
k H0

]
(4.11)

Stacking the decision matrices corresponding to theK different cooperation intervals horizontally,
we obtain the following relation:

Y(2LM×KNsNf ) = H̃(2LM×2KM)A (2KM×KNsNf ) +N(2LM×KNsNf ) (4.12)

where the subscripts indicate the corresponding matrices’dimensions. Y, H̃ and N are obtained by
stacking the matricesYk, H̃k andNk horizontally fork = 1, . . . ,K. A is given by:

A = diag

( [
A1,1⊗B1

A1,2⊗B2

]
· · ·

[
AK,1⊗B1

AK,2⊗B2

] )
(4.13)

The cooperative scheme is determined by the choice of the matrix A .
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4.2 Code construction for the NAF scheme

In this section, we present different techniques for constructing the codewords given in eq. (4.13).

4.2.1 Inter Symbol Coding (ISC)

The construction is first considered with PAM constellations and the extension to PPM-PAM constel-
lations is discussed later. For ISC, we fixB1 = B2 = B = 11×Nf . Equation (4.13) can be expressed as:
A =C⊗B whereC is a 2K×KNs matrix and it corresponds to the distributed space-time coding scheme.
It is given by:

C = diag(C1 · · · CK) (4.14)

Ck =
[
AT

k,1 AT
k,2

]T
(4.15)

whereCk is a 2×Ns matrix for k = 1, . . . ,K.
From eq. (4.12), combining the decision variables corresponding to the different pulses of the same

symbol is equivalent to calculating:

Y
(
IKNs ⊗BT) = H̃ (C⊗B)

(
IKNs ⊗BT)+N (4.16)

= Nf H̃C+N (4.17)

where it is easy to verify that the noise term is still white (with variance
N2

f N0

2 ).
SinceCk is a 2×Ns matrix, it can be directly seen that there is no interest in choosingNs > 2.

Therefore, in what follows we fixNs = 2 resulting in minimal-delay codes. Moreover, in order to achieve
full rate, 2KNs symbols must be included in each codewordC. Furthermore, in order to achieve full
diversity, all of these 4K symbols must be included in the sub-matricesCk for all values ofk.

For the construction ofC, we extend the family of codes proposed in [74] to UWB communications
by performing the construction in totally-real field extensions. The family of codes constructed in [74] is
based on cyclic division algebras and permits to achieve thediversity-multiplexing tradeoff given in [73]
with any number of relays (refer to section 1.3.5).

Let K = Q(θ) and F = Q(φ) be K and 2 dimensional real cyclic number field extensions ofQ
respectively. Their Galois groups are given byGal(K/Q) = 〈σ〉 (with σK = 1) andGal(F/Q) = 〈τ〉
(with τ2 = 1). Moreover, we fixL = Q(θ,φ) andφ = 1+

√
5

2 . From [74], the sub-matrixCk takes the
following structure:

Ck = Dσk−1(C0) (4.18)

= diag
(
(1+ φ2)−

1
2 (1+ φ2

1)
− 1

2

)
σk−1(C0) (4.19)

whereφ1 = τ(φ) = 1−
√

5
2 and the diagonal matrixD is introduced for normalization purposes. The matrix

C0 is given by:

C0 = λ

[
k1 + φk2 k3 + φk4

γ(k3 + φ1k4) k1 + φ1k2

]
(4.20)

whereγ,k1, . . . ,k4 ∈ OK whereOK is the ring of integers ofK resulting in a non-vanishing coding gain
when γ is a non-norm element (refer to section 3.2 for more details). The scalarλ is introduced for
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normalization purposes and it must verify:

NK/Q(λ) =
1√
dK/Q

(4.21)

WhenK is odd, we fixλ = α ∈ K. WhenK is even, we fixλ =
√

α and, in this case,α must be totally
positive.

From eq. (4.14) and eq. (4.21), the determinant ofC verifies:

det(C)

det(D)K =
K

∏
k=1

det(σk−1(C0)) =
K

∏
k=1

σk−1(det(C0))

= NK/Q(λ2)NL/F

(
NL/K(k1 + φk2)− γNL/K(k3 + φk4)

)

= d−1
K/Q

NL/F(x− γy) (4.22)

Since there is no element inL whose norm is equal toγ, we obtainx− γy 6= 0. Furthermore,x− γy∈
OK sincex,y,γ ∈ OK. Therefore, the minimum of the absolute value of eq. (4.22) is equal tod−1

K/Q
. As a

conclusion, the minimum determinant ofC is given by:

δmin = min
C6=02K×2K

|det(C)| = det(D)Kd−1
K/Q

= (dF/Q)−
K
2 d−1

K/Q

= (dL/Q)−
1
2 > 0 (4.23)

wheredL/Q is the absolute discriminant ofL.
Equation (4.20) can be expressed in an equivalent manner as:

C0 =
1

∑
i=0

diag
(

R
[
a2iK+1 · · · a2(i+1)K

]T)Ωi (4.24)

R=

[
1 φ
1 φ1

]
⊗M ; Ω =

[
0 1
γ 0

]
(4.25)

wherea1, . . . ,a4K are the PAM symbols andM = λ[1 θ · · · θK−1]. In the same way,M can be deter-
mined from any orthonormal basis{σk(v)}K−1

k=0 :

M =
[

v σ(v) · · · σK−1(v)
]

(4.26)

Energy balancing and shaping

As in section 3.2, we can show the nonexistence of energy-efficient and information lossless codes based
on CDAs. Therefore,|γ| 6= 1 and the energy-balanced version of eq. (4.20) can be written as:

C0 = c(γ)λ

[
k1 + φk2 sgn(γ)|γ| 1

2 (k3 + φk4)

|γ| 1
2 (k3 + φ1k4) k1 + φ1k2

]
(4.27)

wherec(γ)2 = 2
1+|γ| is a normalization factor insuring the same transmitted energy as in non-cooperative

systems. In this case, and whenγ is totally positive, eq. (4.23) becomes:

δmin =
2K

NK/Q(1+ γ)
(dL/Q)−

1
2 (4.28)
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When it is possible to chooseγ ∈ Z+, multiplying by the conjugates ofλ results in a transmitted
constellation that is a rotation of the original PAM signal set on each layer of the codeword. Letk′i = γ′iki

for i = 1, . . . ,4 whereγ′i = 1 for i = 1,2 andγ′i = γ
1
2 for i = 3,4. Sinceσk(γ′i) = γ′i for k = 0, . . . ,K −1,

we have the following relation (fori = 1, . . . ,4):

[k′i · · · σK−1(k′i)]
T = γ′iΓ[a(i−1)K+1 · · · aiK ]T (4.29)

whereΓ is aK ×K matrix whosek-th row is given byΓk = σk−1(M ) whereM is given in eq. (4.26).
Moreover,ΓΓT = IK which follows from eq. (4.21) and from the choice of an orthonormal basis resulting
in a simple rotation of the PAM constellation. More precisely, the symbols contained in the conjugates
of k1 andk2 are a simple rotation of the original information symbols while the symbols contained in the
conjugates ofk3 andk4 are an amplified version of this same rotation. Whenγ is not a positive integer,
eq. (4.29) does not hold fori = 3,4 and shaping losses are introduced on the symbols containedin the
conjugates ofk3 andk4.

As a conclusion, the construction procedure consists of thecorrect choice ofK, a “non-norm” el-
ementγ of OK and of an algebraic elementα such thatλ = α (resp. λ =

√
α) whenK is odd (resp.

even). Moreover, if the basis{λθk}K−1
k=0 is not orthogonal, then an appropriate basis transformation must

be performed before applying eq. (4.24) and eq. (4.26). In what follows, we will outline the construction
procedure forK = 1, . . . ,5.

1, 3 and 5 relays

For K = 1 relay,C can be equal to any one of the 2×2 totally-real ST codesC2,eq andC2,rot given in eq.
(3.17) and eq. (3.19) respectively. ForK = 3,5, the construction is performed in the fieldQ(2cos(2π

N ),φ)

whereN verifiesE (N) = 2K (N = 7,11 for K = 3,5 respectively). In both cases, we can chooseγ = 2
since the ideals 2OL are prime. The rotation matrix in eq. (4.25) can be determined from the orthogonal
basis determined in section 3.2.2 and section 3.2.4 forK = 3 andK = 5 respectively.

2 relays

In this case, we chooseK = Q(θ) with θ = 1+
√

2 anddK/Q = 23. The choiceλ =
√

3−θ
2 verifies

eq. (4.21) resulting in no shaping losses on the symbols contained in the conjugates ofk1 and k2 as
explained earlier. Moreover,λ and its conjugate are both real since 3− θ > 0 and 3− θ1 > 0 where
θ1 = σ(θ) = 1−

√
2. The rotation matrix in eq. (4.25) can be calculated fromM = λ[1 θ] since the

basis{λ, λθ} is orthonormal.

In order to have a division algebra, we chooseγ = 1+ θ since the idealγOL is prime implying that
there is no element inL whose norm is equal toγ. Moreover,γ andσ(γ) are both positive resulting in a
minimum determinant that verifies eq. (4.28) (more precisely, δmin = 1

70).

4 relays

We fix L = Q(θ,φ) with θ = 2cos(2π
16) anddQ(θ)/Q = 211. Using KANT [101], we find that the prime

factorization of the ideal 2OK is given by:

2OK = (θOK)4 (4.30)
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Choosingα = θ/8 verifies eq. (4.21) since NK/Q(α) = 1
dK/Q

, but a problem arises since the second

and third conjugates ofα are negative. Using KANT software, we find the unite= 1− θ2 + θ3 whose
conjugates have the same sign as those ofα and whose norm is equal to 1. Therefore, choosingα =

θe/8 = (−2+ θ + 4θ2 − θ3)/8 results in a totally-positive algebraic number such thatλ =
√

α verifies
eq. (4.21).

The basis{√αθk}K−1
k=0 is not orthogonal. Applying the LLL reduction [37] on the Gramm matrix

corresponding to the previous basis, we obtain the new basisgiven by:
{√

σk(2+3θ−θ3)/8
}3

k=0
.

Equation (4.26) can be calculated from the preceding basis.The elementγ = θ results in a fully diverse
code since its generated ideal is prime.

Error balancing

As in section 3.2.6, we can profit from the presence of the pulse repetitions in order to evenly distribute
the available energy among the different information symbols. Suppose thatNf is even, instead of
transmittingCk⊗11×Nf in thek-th cooperation period, we can transmit:

Ck,bal =
[

Ck C
′
k

]
⊗11×Nf /2 (4.31)

whereC
′
k is obtained in the same way asCk from eq. (4.18) by applying a cyclic permutation of order 2K

on the information symbols.

4.2.2 Inter Pulse Coding (IPC)

In this case, the spreading vectorsB1 andB2 in eq. (4.13) are chosen to be orthogonal to each other. It
is worth noting that IPC is equivalent to the non-orthogonalAF scheme [73] even though the source and
the relays are using low-dimensional orthogonal vectors during each cooperation interval. In fact, the
multiple access is controlled by the TH sequence which is common to the source and to all its cooperating
relays. If there is another source transmitting at the same moment, its corresponding relays can use the
same vectorsB1 andB2.

From eq. (4.12), combining the decision variables corresponding to the different pulses of the same
symbol duration is equivalent to calculating:

Y
(
IKNs ⊗BT) = H̃A

(
IKNs ⊗BT)+N

= Nf H̃F +N (4.32)

whereB is a 2×Nf matrix given byB= [BT
1 BT

2 ]T and the noise term is always white. The matrixF can
be expressed as:

F = diag

( [
A1,1⊗e1

A1,2⊗e2

]
· · ·

[
AK,1⊗e1

AK,2⊗e2

] )
(4.33)

whereei is thei-th row of the 2×2 identity matrix. Since the dimensions ofF are equal to(2K,2KNs),
there is no benefit in choosingNs > 1, therefore we fixNs = 1. In this case,F is diagonal and any fully
diverse rotation [58] of the 2K information symbols is sufficient for achieving full diversity.

ISC and IPC can be readily applied withM-PPM-M′-PAM constellations. More precisely, during the
cooperation with thek-th relay, the codewords can be expressed as:

Ck = diag
(
(1+ φ2)−

1
2 11×M (1+ φ2

1)
− 1

2 11×M

)
σk−1(C0) (4.34)
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whereC0 takes the same form as in eq. (4.27), but now the information symbols are replaced byM-
dimensional vectors.

4.2.3 Modulation-specific codes

A new coding scheme that is specific toM-PPM-M′-PAM constellations can be obtained if the scalarγ in
eq. (4.20) is replaced by aM×M matrix Ω. The constituent matrixC0 in eq. (4.20) takes the following
from:

C0 = λ

[
k1 + φk2 k3 + φk4

Ω(k3 + φ1k4) k1 + φ1k2

]
(4.35)

where:

ki =
K−1

∑
j=0

ani+ j+1θ j ∈ OM
K (4.36)

with a1, . . . ,a4K beingM-dimensional vectors that belong to theM-PPM-M′-PAM constellation given in
eq. (1.8).Ω is chosen to verify the following proposition.

Proposition 4.1 For a cooperative system with K relays, combining eq. (4.18)and eq. (4.35) permits
to achieve a spatial diversity order of K+1 with M-PPM-M′-PAM constellations for M≥ 2 and for all
values of K and M′ if Ω verifies:

Ω =

[
0 1
−1 0

]
for M = 2 (4.37)

Ω =

[
01×(M−1) 1

IM−1 0(M−1)×1

]
for M > 2 (4.38)

Proof: Ignoringλ in eq. (4.35) that is common to all codewords, denote by∆C0(X,Y) the difference
between two codewords:

∆C0(X,Y) = C0−C′
0 =

[
X Y

Ωτ(Y) τ(X)

]
(4.39)

whereX,Y ∈ A :

A =

{
2K

∑
i=1

(ai −a′i)ti ; a1,a
′
1, . . . ,a2K ,a′2K ∈ C

}
⊂ OM

L (4.40)

where{ti}2K
i=1 = {1,θ, . . . ,θK−1,φ,φθ, . . . ,φθK−1} and it forms a basis overQ2K . With respect to this

basis, them-th component ofX (andY) is represented by 2K coordinates form= 1, . . . ,M.
From eq. (4.39), rank(∆C0(X,Y)) < 2 implies that there exists a non-zero constantl ∈ L such that:

Y = lX andτ(X) = lΩτ(Y). Solving these equations, we obtain thatX andY must verify the equation:

ΩX =
1

NL/K(l)
X (4.41)

showing thatX andY are the eigenvectors ofΩ.
ForM = 2, the eigenvalues of the matrixΩ given in eq. (4.37) are equal to±

√
−1. Therefore, being

real-valued, the non-zero vectorsX andY can not verify eq. (4.41). This shows that non-zero vectorsX
andY that result in a rank deficient matrix∆C0(X,Y) do not belong toA for M = 2.
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For M > 2, the eigenvalues ofΩ given in eq. (4.38) are equal toωm
M for m = 0, . . . ,M − 1 where

ωM = e
2πi
M is theM-th root of unity. We have NL/K(l) ∈ K∗ sincel 6= 0. Therefore, being real-valued,

X andY correspond to the real eigenvalues ofΩ that are equal to±1. WhenM is odd, the real vectors
verifying eq. (4.41) are the real-multiples of 1M×1. WhenM is even, the real solutions of eq. (4.41)
are the real-multiples of 1M×1 or of [1 − 1 · · · 1 − 1]T . Therefore in both cases, whenX ∈ OM

L ,
∃k∈ {1, . . . ,2K} such that thek-th coordinates of theM components ofX (andY) are all different from
zero. This shows thatX andY do not belong to the setA for M > 2. In fact, from eq. (4.40), only
two vectorsak anda′k can result in non-zerok-th coordinates. Therefore, the vectors that result in rank
deficient codewords do not belong toA for M > 2.

Combining the last two cases, and since the proof is independent fromM′, we conclude that the code
achieves full diversity withM ≥ 2 and for all values ofM′.

Proposition 4.2 For binary PPM, combining eq. (4.18), eq. (4.35) and eq. (4.37) permits to achieve the
same coding gain as the optimal complex-valued codes proposed in [74].

Proof: From 2-PPM constellations,X andY can be written asX = [x − x]T andY = [y − y]T where
x,y∈ L. In this case, for the value ofΩ given in eq. (4.37), eq. (4.39) takes the following form:

∆C0(X,Y) =

[
x −x −τ(y) −τ(y)
y −y τ(x) −τ(x)

]T

(4.42)

This results in the following relation:

det
(
(∆C0)

T∆C0
)

=
4

∑
i1=1

4

∑
i2=i1+1

(
det
([

(∆C0,i1)
T (∆C0,i2)

T]T))2

≥
2

∑
i1=1

4

∑
i2=3

(
det
([

(∆C0,i1)
T (∆C0,i2)

T
]T))2

= 4
((

NL/K(x)
)2

+
(
NL/K(y)

)2
)

(4.43)

where∆C0,i is thei-th row of ∆C0. Let ∆C = diag(∆C0 · · · σK−1(∆C0)), then:

det
(
(∆C)T∆C

)
≥ 4K

((
NL/Q(x)

)2
+
(
NL/Q(y)

)2
)

(4.44)

Therefore, the minimum non-zero value of eq. (4.44) is equalto 4K since NL/Q(x) ∈ Z and NL/Q(y) ∈Z.

Proposition 4.3 For a cooperative system with K relays, combining eq. (4.18), eq. (4.35) and eq. (4.38)
permits to achieve a non-vanishing coding gain with M-PPM-M′-PAM constellations for M≥ 4K + 1
and for all values of K.

Proof: From eq. (4.40),X andY are linear combinations of 4K columns ofIM. Therefore, for
M ≥ 4K +1, X andY each contain at least one zero component. Suppose thatXm = 0 for a given value
of m∈ {1, . . . ,M}. As in eq. (3.55), eq. (4.39) can be written in a more explicitform as:

∆C0(X,Y) =

[
X1 · · · XM τ(Yπ−1(1)) · · · τ(Yπ−1(M))

Y1 · · · YM τ(X1) · · · τ(XM)

]T

(4.45)
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where the cyclic permutationπ is defined in eq. (3.54). Considering them-th and the(M + π(m))-th
rows of∆C0, we obtain:

det
(
(∆C0)

T∆C0
)
≥
(

det
([

(∆C0,m)T (∆C0,M+π(m))
T]T))2

= NL/K

(
Y2

m

)
(4.46)

This implies that:
det
(
(∆C)T∆C

)
≥ NL/Q

(
Y2

m

)
(4.47)

proving that det
(
(∆C)T∆C

)
≥ 1 unless whenYm = 0. Now, considering theπ(m)-th and the(M +π(m))-

th rows of∆C0, we obtain:

det
(
(∆C0)

T∆C0
)
≥
(

det
([

(∆C0,π(m))
T (∆C0,M+π(m))

T]T))2
= NL/K

(
X2

π(m)

)
(4.48)

implying that det
(
(∆C)T∆C

)
≥ 1 unless whenXπ(m) = 0. Starting the same procedure again withπ(m)

rather thanm, we can show by recurrence that det
(
(∆C)T∆C

)
≥ 1 unless whenXm = · · · = XπM−1(m) = 0

andYm = · · · = YπM−1(m) = 0. Since{m, . . . ,πM−1(m)} scans the entire set{1, . . . ,M} for all values ofm,
this implies that det

(
(∆C)T∆C

)
≥ 1 unless whenX = Y = 0M completing the proof.

As with ISC and IPC, the basisλ{θk}K−1
k=0 can be replaced by an orthonormal basis{σk(v)}K−1

k=0 . In
a way similar to appendix D.3, we can prove that choosingΩ to be unitary and the basis{σk(v)} to be
orthonormal results in an information lossless code.

4.3 Code construction for the DF scheme

The decode-and-forward (DF) strategy was associated with coded cooperation [70, 72] and space-time
(ST) cooperation [106,107]. In the first case, a channel-coded frame is partitioned into several sub-frames
retransmitted by the different cooperating nodes. In the second case, after a broadcast phase where the
source transmits information to the relays, the relays transmit simultaneously in the relay phase. Their
data streams are encoded by an appropriate ST code. IfK is the number of nodes, the proposed schemes
result in a diversity order ofK.

As with the AF strategy, the superiority of the non-orthogonal schemes was reported in [73]. In this
context, the extension of [72,106,107] to the non-orthogonal scheme will result in a data-rate reduction.
In what follows, we present the construction of new non-orthogonal ST-coded DF schemes that achieve a
diversity order ofK +1 with no data rate losses and without transmitting on the relays’ signal sub-spaces.
This is rendered possible by taking advantage of the pulse repetitions that are inherent to TH-UWB
systems. IfNf is the number of pulses per symbol, the coherent scheme is based on joint symbol and
pulse coding and achieves full diversity with any number of relays forNf > 1. The differential scheme
is based on pulse coding and achieves full diversity with a maximum number ofNf −1 relays.

4.3.1 Coherent systems

Designate byK the number of relays and letK′ = K +1. The proposed scheme is periodic with a period
of K′Nf Tf . We suppose that this duration is smaller than the channel coherence time and we focus on the
first period. The source and the cooperating relays will share the same TH sequence. For non-cooperative
systems, the transmitted signal in eq. (1.9) can be written as:

s(t) =
K′

∑
k′=1

Nf −1

∑
n=0

bk′,n

M−1

∑
m=0

ak′,mw(t − (k′−1)Ts−nTf −mδ) (4.49)
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Suppose thatNf is even and letNf =
Nf

2 . Let Ts = NfTf designate the new symbol duration. In the
cooperative mode, we write eq. (4.49) as:

s(t) =
2K′

∑
k′=1

αk′

Nf−1

∑
n=0

bk′,n

M−1

∑
m=0

ak′,mw(t − (k′−1)Ts−nTf −mδ) (4.50)

Designate byAk′ = [ak′,0, . . . ,ak′,M−1]
T andAk′ = [ak′,0, . . . ,ak′,M−1]

T the vector representations of
thek′-th uncoded and coded symbol respectively. The encoding scheme is given by:

Ak′ = Ak′ ; k′ = 1, . . . ,K′ (4.51)

Ak′ = A(0) = (R0⊗ IM)
[
AT

1 · · · AT
K′
]T

; k′ = K′+1, . . . ,2K′ (4.52)

whereR is anyK′×K′ fully diverse rotation matrix [100] andRk is the(k+1)-th row ofR . The choice
of αk′ andbk′,n is given later.

The DF cooperation strategy is as follows. Each one of theK relays will listen tos(t) given in eq.
(4.50) during the firstK′ symbol durationsTs. After that Rake reception is performed and decisions
concerning the values of the firstK′ symbols are taken. The estimated value ofAk′ at thek-th relay
is designated bŷA(k)

k′ for k′ = 1, . . . ,K′ andk = 1, . . . ,K. After that, the relays transmit simultaneously

during the second half of the cooperation period. Designateby A(k)
k′ the vector representation of thek′-th

symbol transmitted by thek-th relay fork′ = K′ +1, . . . ,2K′ andk = 1, . . . ,K. We fix:

A(k)
k′ = A(k) = (Rk⊗ IM)

[
Â(k)T

1 · · · Â(k)T
K′

]T
(4.53)

In eq. (4.50), we fixαk′ = β1 for k′ = 1, . . . ,K′ andαk′ = β2 for k′ = K′ + 1, . . . ,2K′. Moreover,
during the second half of the cooperation period, the energytransmitted by each relay is scaled byβ2.
The energy transmitted by the source and itsK relays during the entire cooperation period is taken to be
the same as in non-cooperative systems. This normalizationcan be performed by fixingβ1 +K′β2 = 1.

In eq. (4.50), we fixbk′,n = 1√
Nf

for k′ = 1, . . . ,K′ andn= 0, . . . ,Nf−1. Designate byB(0) the 1×K′Nf

matrix given byB(0) = [B(0)
K′+1 · · · B(0)

2K′ ] whereB(0)
k′ = [bk′,0 · · · bk′,Nf−1]. We fix B(0) = B0⊗11×Nf . In the

same way, when transmitting during the second half of the cooperation period, the 1×K′Nf spreading
sequence associated with thek-th relay is given byB(k) = Bk⊗11×Nf . We chooseBk to be the(k+1)-th
row of the matrixB = 1√

Nf
U for k = 0, . . . ,K whereU is any unitaryK′×K′ matrix. In this way, the

spreading sequences transmitted by the source and the relays during the second half of the cooperation
period are orthogonal to each other.

In the case where all the decisions taken at the relays duringthe first half of the cooperation period are
correct, the cooperation during the second half of the cooperation period coincides with the IPC scheme
given in section 3.3. This permits to achieve a spatial diversity order ofK′. Since the construction of
ST codes over cooperative channels is based on the rank criterion and determinant criterion [72,74], we
expect that the proposed scheme continues to show good performance even when erroneous decisions
are taken at some relays.

As in eq. (4.2), the decision variables collected at thek-th relay during thek′-th symbol duration can
be expressed as:

X(k)
k′ =

√
β1ρkHkAk′ +N(k)

k′ (4.54)

The last equation is valid fork′ = 1, . . . ,K′ andk = 1, . . . ,K. As in eq. (4.2),X(k)
k′ andHk correspond

to theLM-dimensional decision vector and to theLM ×M channel matrix respectively. The decision
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variables at the destination during the first half of the cooperation period are obtained by settingk = 0 in
eq. (4.54) (withρ0 = 1).

During the second half of the cooperation period,K′ separate despreading branches are applied at
the outputs of the matched filters (refer to section 3.3). Theorthogonality of the amplitude spreading
sequences during the second half of the cooperation period results inK′ decision vectors that can be
expressed as (fork = 0, . . . ,K):

Y(k) =
√

β2λkGkA
(k) +N′(k) (4.55)

Y(k) stands for the decision vector corresponding to the data stream that is transmitted from thek-th
relay. λk stands for the gain between thek-th relay and the destination whileGk has the same structure
as in section 4.1.A(k) is given in eq. (4.52) and eq. (4.53) fork = 0 andk = 1, . . . ,K respectively. The
decision vector corresponding to the signal transmitted from the source during the second half of the
cooperation period can be obtained by settingk = 0 in eq. (4.55) (withλ0 = 1 andG0 = H0).

Finally, the decision at the destination is based on the 2K′LM-dimensional vectorZ that is the vertical
concatenation of vectorsX(0)

1 , . . . ,X(0)
K′ given in eq. (4.54) and vectorsY(0), . . . ,Y(K) given in eq. (4.55):

Z = diag
(
H̃1 H̃2

)[
A T

1 A
T
2

]T
+N (4.56)

whereA1 = [AT
1 · · · AT

K′ ]T andA2 = [A(0)T · · · A(K)T ]T . A1, . . . ,AK′ correspond to the information sym-
bols.A(k) is given in eq. (4.52) and eq. (4.53) fork = 0 andk = 1, . . . ,K respectively. TheK′LM×K′M
matricesH̃1 andH̃2 are given by:

H̃1 =
√

β1(IK′ ⊗H0) (4.57)

H̃2 =
√

β2diag
(

H0

√
λ1G1 · · ·

√
λKGK

)
(4.58)

As in all decode-and-forward schemes, the decoding at the destination is based on the assumption of
correct decisions at the relays. The ML decoding at the destination is based on:

argminA ∈C K′‖Z−
[

H̃1

H̃2(R ⊗ IM)

]
A ‖2 (4.59)

whereC is the PPM-PAM signal set given in eq. (1.8). WhenNf > 1 is odd, the above cooperation
scheme can be applied withNf =

Nf −1
2 . In this case,Nf +1 (resp.Nf) pulses can be used to convey each

information symbol in the first (resp. second) half of the cooperation period. Therefore, the only case in
which the proposed scheme can not be applied is whenNf = 1; in other words, for systems that do not
use any pulse repetitions.

4.3.2 Differential systems

Recently differential and non-coherent IR-UWB systems have drawn considerable attention as a means
of obtaining a good compromise between performance and complexity [33,108–110]. Differential trans-
mitted reference (DTR) systems proposed in [108, 109] are extensions of differential binary phase shift
keying (DBPSK) to UWB systems where the data is conveyed through the phase difference between two
consecutive symbols. On the other hand, PPM was associated uniquely with non-coherent energy detec-
tors [110] and with simple transmitted reference systems (STR) [33] where each data pulse is preceded
by a reference pulse which carries no information. The association of energy detectors and PPM was
extended to multi-antenna systems in [81] (refer to section1.4.3).
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In this section ,we propose a new differential DF strategy based on inter-pulse-coding. This strat-
egy is associated with a new modulation scheme where the information is conveyed through the phase
difference and/or the time shift between two consecutive symbols. Unlike the non-coherent UWB di-
versity schemes that are associated with energy detectors and PPM [81], the proposed scheme can be
associated with all constant-modulus real constellationssuch asM-PPM, 2-PAM andM-PPM-2-PAM.
For energy detectors, the modulation delayδ must be larger than the channel delay spread (Γ) and thus
the symbol duration increases significantly withM (refer to section 1.4.3). In this case, the association
of the proposed scheme withM-PPM-2-PAM results in an enhanced data rate. An additional advantage
with respect to energy detectors is that we can profit from thelong coherence time of indoor channels to
develop decision-feedback receivers that can ameliorate the performance by reducing the noise level in
the reference signal. Finally, the proposed scheme can be used whenδ < Γ resulting in high data rate
differential DF systems.

Encoder/Decoder structure

In what follows, we fixK = Nf −1. The period of the proposed cooperation scheme is equal toK′Nf Tf

whereK′ is determined from the channel coherence time. In the cooperative mode, the signal transmitted
from the source node during the first cooperation period is written as:

s(t) = β1

Nf −1

∑
n=0

K′

∑
k′=1

bk′,nak′,mw(t −nK′Tf − (k′−1)Tf −mδ) (4.60)

wherebk′,n = 1√
Nf

δ(n) whereδ(.) is the Dirac delta function. In other words, instead of transmitting

continuously duringK′Nf time frames, the source transmits uniquely during the firstK′ time frames in
the cooperative mode. Denote bysk and∆k the amplitude and the position of thek-th information symbol
respectively, the multi-dimensional differential encoding scheme corresponds to transmitting the vector
Ak = [ak,0, . . . ,ak,M−1]

T such that:
Ak = skΩ∆kAk−1 (4.61)

whereA0 is equal to the first column of theM×M identity matrix IM andΩ is the permutation matrix
given by:

Ω =

[
01×(M−1) 1

IM−1 0(M−1)×1

]
(4.62)

The decision variables collected at thek-th relay during thek′-th symbol duration can be expressed
as:

X(k)
k′ =

√
β1ρkHk (IL ⊗Ak′)+N(k)

k′ (4.63)

whereHk in this case is theM×LM matrix whose(m, lM +m′)-th element is equal to
∫

hk(t)w(t − (m−
m′)δ− lMTw)dt for l = 0, . . . ,L−1 andm,m′ = 1, . . . ,M. The decision variables at the destination are
obtained by settingk = 0 in eq. (4.63). The decoding strategy at thek-th relay is defined as:

(ŝ(k)
k′ , ∆̂(k)

k′ ) = arg max
s=±1

m∈{0,...,M−1}

(
maxdiag

(
sX(k)

k′ (X(k)
k′−1)

TΩM−m
))

(4.64)

where the function maxdiag(X) returns the maximum value of the diagonal of matrixX. This decoding
strategy shows to be superior to the one employing the trace of the decision matrix in eq. (4.64) since the
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(M−1) noisy diagonal elements are excluded from the sum. For PPM constellations, we sets= 1 in eq.
(4.64) while for BPSK signals the restored polarity corresponds to the sign of the scalarX(k)

k′ (X(k)
k′−1)

T .
At a second time, the detected symbols at thek-th relay are encoded differentially according to eq.

(4.61) and transmitted during the frame durationskK′ +1, . . . ,(k+1)K′. The energy transmitted by the
relays is scaled byβ2 with β1 +Kβ2 = 1.

The decision variables at the destination corresponding tothe signal transmitted by thek-th relay
during the(kK′ +k′)-th time frame can be expressed as:

Y(k)
k′ =

√
β2λkGk

(
IL ⊗ ŝ(k)

k′ e∆̂(k)
k′ +1

)
+N′(k)

k′ (4.65)

ŝ(k)
k′ and∆̂(k)

k′ are given in eq. (4.64) andem is them-th column ofIM.
Finally, the destination node decides in the favor of:

(ŝk′ , ∆̂k′) = arg max
s=±1

m∈{0,...,M−1}

(
maxdiag

(
sZk′Z

T
k′−1ΩM−m)) (4.66)

where:

Zk′ = X(0)
k′ +

K

∑
k=1

Y(k)
k′ (4.67)

Suppose thatβ1 = β2. In the absence of noise and under the assumption of correct decisions at
the relays, the maximum value of the right hand side of eq. (4.66) for orthogonal PPM or PPM-PAM
constellations (δ ≥ Γ) is equal to:

1
Nf (K +1)

L−1

∑
l=0

(
h2

0,l +
K

∑
k=1

λkg
2
k,l

)
(4.68)

whereh0,l =
∫

h0(t)w(t − lMTw)dt andgk,l =
∫

gk(t)w(t − lMTw)dt for k = 1, . . . ,K.
Suppose that the relay-selection protocol does not select relays that are very far from the destination

[105]. In other words, the values ofλk are not very small. In this case, eq. (4.68) implies that the captured
energy is small only if the magnitudes of(K +1)L quantities are small. In other words, the signal is lost
only if K + 1 channels suffer from fading during a duration ofLMTw. Therefore, the proposed system
exploits the spatial and multi-path diversity and it has thesame diversity advantage as the non-coherent
multi-antenna system in [81] withK +1 transmit antennas andL fingers.

Decision feedback

The differential receiver in eq. (4.64) and eq. (4.66) is based on comparing two consecutive symbols
where the(k′−1)-th symbol acts as a reference for the detection of thek′-th symbol. Performance can
be ameliorated if this noisy reference is replaced by another one based on more than one symbol. This is
referred to as decision feedback or decision directed receivers [109, 111]. This principle can be readily
adapted to multi-dimensional constellations. In this case, eq. (4.64) and eq. (4.66) can be written as:

(ŝk′ , ∆̂k′) = arg max
s=±1

m∈{0,...,M−1}

(
maxdiag

(
sXk′R

T
k′−1ΩM−m)) (4.69)

whereXk′ = X(k)
k′ in eq. (4.64) andXk′ = Zk′ in eq. (4.66).
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The reference signalRk′ is updated during the channel coherence time based on previously detected
symbols as:

Rk′ = Xk′ + ŝk′Ω∆̂k′Rk′−1 (4.70)

with R0 = X0. It was shown in the literature that decision-feedback receivers do not suffer from error
propagation and that the performance converges to that of a coherent receiver especially at high signal to
noise ratios [111].

An equivalent encoding scheme to the one proposed in eq. (4.61) can be obtained by performing
separate differential codec on the amplitude and non-coherent codec on the position. The encoding
scheme in eq. (4.61) is modified toAk = ake∆k+1 such thatak = skak−1. The decoder will now perform
separate decisions on the amplitudes and the positions of the transmitted symbols:

∆̂k′ = arg max
m∈{0,...,M−1}

(Xk′,mX
T
k′,m) (4.71)

ŝk′ = sgn(Xk′,∆̂k′
X T

k′−1,∆̂k′−1
) (4.72)

whereXk′,m is the(m+1)-th row ofXk′ .

In the absence of feedback, this system shows negligible performance losses with respect to the
differential systems. However, feedback can not be performed for the position detection, and thus per-
formance will be limited by the energy detector irrespective from the possible amplitude feedback. In
other words, feedback can not ameliorate the performance ofsuch systems.

For non-coherent systems based on energy integration, we can fix K′ = 1 in eq. (4.60). In this way,
the cooperative diversity can be obtained by simply interleaving theNf pulses among the source node
and theK relays. In this case, the decision at the destination node isbased on the association of eq. (4.67)
with eq. (4.71).

4.3.3 Selective Relaying and Fixed Relaying

For coherent, non-coherent and differential systems, the coding scheme depends on the number of re-
lays. TheseK cooperating relays are chosen amongKmax nodes that are in the neighborhood of the
source and the destination. Moreover, a maximum number ofKtol relays can be tolerated by each coop-
eration scheme. For example, with coherent systems, the decoding complexity grows with the number
of relays while for non-coherent and differential systems the maximum number of relays is determined
from the number of pulse repetitions and the channel coherence time. For the selection of the relays, we
differentiate between Fixed-Relaying (FR) and Selective-Relaying (SR).

For FR, any node can become a cooperating relay. IfKmax≤ Ktol, then we setK = Kmax. If Kmax>

Ktol, thenK = Ktol relays are chosen randomly. For SR, a node cooperates with the source only if the
channel between the source and this node is “good”. We assumethat a certain number of control symbols,
that are known by all nodes, are transmitted before each databurst. A node can help the source only if it
correctly decodes these symbols. Once again, if the number of these nodes exceedsKtol, we fixK = Ktol.
This protocol is similar to the one proposed in [70] where each coded frame is preceded by a CRC. A
node is allowed to cooperate with the source only if the CRC check is correct. Note that the proposed
strategy is less stringent since the length of the control frame is very short compared to the data bursts.
Moreover, decision errors on the information symbols can occur even if the control symbols are correctly
decoded.
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4.4 Numerical Results

4.4.1 The NAF strategy

Performance with PAM

The objective of the first simulation setup is to compare the distributed ST codes with PAM. Namely,
we perform comparisons between ISC, balanced-ISC and IPC. In order to highlight the effect of the
achieved diversity order, we consider systems that do not have any energetic gain. In other words, we
fix ρk = λk = 1 in eq. (4.11). In this case, the distances source-relay, relay-destination and source-
destination are supposed to be the same. The transmitted energy is chosen to be equally distributed
among the two halves of the cooperation period (we fixβ1 = β2 in eq. (4.11)). At the destination, the
sphere decoder [112] is used for detection. At a first time, wefix εk = 0 for k = 1, . . . ,K in eq. (4.1).
The choice ofNf has no effect on the performance in single user scenarios. Itis chosen to be a multiple
of two to render error balancing and inter pulse coding possible. We fixδ = 0.5 ns for coherent systems
while δ = 100 ns for differential and non-coherent systems.

Fig. 4.1 shows the performance on CM2 with one relay and 2-PAM. The relay and the destination
are equipped with 5-fingers PRakes. The performance gains resulting from the proposed distributed ST
codes are evident. Fig. 4.1 shows the importance of error balancing. ISC shows poor performance
especially at low signal to noise ratios since the performance is limited by the error events occurring on
the less protected symbolsa1 anda2. Using balanced-ISC from eq. (4.31) results in a gain of about
2.5 dB at a BER of 10−3. IPC shows comparable performance with respect to balanced-ISC. The gap
between the two codes results from the interleaving imposedby eq. (4.31) resulting in a better immunity
against noise.
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Figure 4.1: Performance on CM2 with one relay, 2-PAM and a 5-finger PRake.

Fig. 4.2 shows the performance on CM2 with 2-PAM and a 5-fingerPRake. Simulation results
with K = 2 andK = 4 relays are presented. The reduced decoding complexity of IPC incurs a loss
that is less than 1 dB with respect to balanced-ISC that showsthe best performance. Similar results are
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Figure 4.2: Performance on CM2 with 2-PAM and a 5-finger PRakeusing 2 and 4 relays.
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Figure 4.3: Performance on CM2 with 2-PAM and a 1-finger PRakeusing 3 and 5 relays.
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obtained in Fig. 4.3 with 3 and 5 relays using a 1-finger PRake.Since the amplitude of the first arriving
multi-path component can be very small in NLOS configurations [17], the noise events have a critical
role in determining the system performance. This explains the relatively large gap between IPC and
balanced-ISC.

Performance with PPM-PAM and PPM

We keep the same simulation setup as in the preceding subsection and we consider the performance
of multi-dimensional constellations. In Fig. 4.4 we compare ISC, balanced-ISC and the modulation-
specific codes over CM2. Results show the interest of using the modulation-specific codes rather than
the extension of codes constructed over infinite fields. The PPM-PAM-specific code outperforms ISC
and approaches the performance of balanced-ISC without performing any kind of intra-symbol coding.
This shows the importance of using energy-efficient and information-lossless codes.

In Fig. 4.5, we compare ISC and the modulation-specific code with one relay and 2-PPM-M′-PAM
constellations forM′ ∈ {2,4,16,32,64} over CM1 using a 5-finger PRake. It was previously shown
that ISC has a non-vanishing determinant while the modulation-specific codes are information lossless.
For the latter codes, there is no explicit expression of the coding gain given that the determinants of the
codewords are not rational integers. We might imagine that ISC will outperform the modulation-specific
codes for large values ofM′ since the coding gain of the former remains constant. However, the results
in Fig. 4.5 show the superiority of the modulation-specific codes even at very high spectral efficiencies.
Note also that for large values ofM′, the performance losses of both ISC and the modulation-specific
codes are very important even at very large values of the SNR.Therefore, practical non-cooperative and
cooperative UWB systems might not use these high order embedded PAM constellations.

Impact of timing errors

In Fig. 4.6, we determine the impact of the synchronization errors on the performance of cooperative
UWB systems. Simulations are performed on CM2 with 4-PAM constellations and a 8-finger PRake. For
the cooperative systems, the case of one cooperating relay is considered. The relative asynchronization
between the source-relay, source-destination and relay-destination is determined by a zero-mean Gaus-
sian random variable having a variance of 1 ns (twice the pulse-widthTw). Results show the superiority
of the cooperative schemes even in the presence of synchronization errors.

In the second simulation setup,ρk andλk in eq. (4.11) are determined from the relative positions of
the terminals assuming free space propagation. The source and destination are separated by a distance
of d = 10 m. The positions of theK relays are uniformly distributed in the surface determinedfrom the
intersection of the two circles whose radii are equal tod and centered at the source and the destination
respectively. We compare the two following cases. Case 1: perfect feedback from the destination to
the relays (εk = 0 in eq. (4.1)). Case 2: systems with no feedback. In this case, εk is determined from
the positions of the destination and thek-th relay. IPC is used with 2-PAM, one relay and a 5-finger
PRake. Results presented in Fig. 4.7 show the performance losses that result in the case where the
propagation delays between the relays and the destination are not compensated. CM1 is more vulnerable
to this “misalignment”. In fact, it is possible not to combine the strongest path between the relay and the
destination when|ε1| has a large value.
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Figure 4.4: The modulation-specific PPM-PAM code versus ISCand balanced-ISC over CM2.
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Figure 4.6: Impact of the synchronization errors over CM2. 4-PAM constellations are used and the
receiver is equipped with a 8-finger PRake.
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Figure 4.7: Performance with 2-PAM and a 5-finger PRake.ε = 0 corresponds to perfect feedback while
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Performance over realistic indoor channels

In the third setup, simulations are performed over a realistic indoor channel. In this context, the site-
specific channel modeling tools [19, 20] can be beneficial in simulating wireless networks in realistic
indoor environments. These tools are based on “Ray-Tracing” and they take the geometry of the explored
environment into consideration. The explored environmentcorresponds to a typical office building whose
map is given in Fig. 4.8. The transmitted signal correspondsto a Gaussian pulse occupying the band
[3 5] GHz. The gain parametersρk andλk in eq. (4.11) are determined explicitly from this model that
determines the path loss associated with each multi-path component from a given transmitter to one of
the four reference nodes. We consider systems with feedback(εk = 0 for k = 1, . . . ,K in eq. (4.1)).

We consider the communication between the reference nodes “2” and “4” with two cooperating
relays that can occupy any position in the rooms (A), (B) and (C). Simulations of balanced-ISC with 4-
PAM and a 4-finger Rake are shown in Fig. 4.9. Results show thatin realistic indoor channels, important
performance gains can be achieved depending on the relativepositions of the source, destination and the
relays. Moreover, a “bad” channel between the source and a relay can be more penalizing than a channel
having the same quality between this relay and the destination. Performance gains as high as 11 dB can
be obtained if the relays are in room (B). Therefore, in addition to the enhanced diversity order, space-
time cooperation can result in important energetic gains that can be very beneficial for UWB systems
that suffer from low admissible transmission levels.

4.4.2 The DF strategy

Coherent systems

Once again, we fixεk = 0 andρk = λk = 1 in eq. (4.1) and eq. (4.11) respectively fork = 1, . . . ,K.
Fig. 4.10 shows the performance of coherent systems on CM2 with 2-PAM and a 5-finger PRake. In
this case, we fixβ1 = β2. In particular, we compare Fixed-Relaying (FR) and Selective-Relaying (SR)
with K = 1,2,3 relays. For SR, a relay participates in the transmission ifit correctly decodes the control
sequence (composed of 16 symbols). FR shows poor performance with any number of relays. In fact, it
is better not to cooperate rather than transmitting completely erroneous decisions from the cooperating
relays. On the other hand, cooperation with SR shows high performance gains for any number of relays.
Note that even in SR errors can occur at the relays but the encoding scheme turns out to be robust against
these errors.

The impact of the energy distribution among the two halves ofthe cooperation period on the system
performance is shown in Fig. 4.11. We consider coherent systems with 1 relay, 2-PAM and a 4-finger
PRake. A large value ofr = β1/β2 implies that, at the relays, lower energy is dedicated for the trans-
mission of more accurate decisions on the received signals.On the other hand, for small values ofr, a
bigger proportion of the energy is transmitted by the relays. However, the “forwarded” symbols have a
higher probability of being coded versions of erroneous decisions. For high SNR, the optimum is ob-
tained aroundr =4 dB over CM1 and CM2. This shows the importance of allocatingmore energy for
enhancing the decisions at the relays.
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Figure 4.8: Map of the studied environment.
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Non-coherent and differential systems

ForM-dimensional constellations, the frame duration is chosento verify Tf = (M−1)δ+100 ns resulting
in no ISI. For non-coherent systems based on energy integration, orthogonal PPM constellations are used
with δ = 100 ns in order to eliminate the interference between the modulation positions.

Fig. 4.12 shows the performance of non-coherent systems on CM2 with 4-PPM and a 5-finger PRake.
SR is used with 1 and 2 relays for different values of the ratior = β1/β2. For non-coherent systems,r = 1
means that the transmitted energy is evenly distributed among the source and the relays. In this case, the
cooperative scheme shows the best performance. Forr = 4, the energy transmitted by the relays is small
resulting in some performance losses. Note that, in both cases, the proposed scheme outperforms the
non-cooperative systems. Results in Fig. 4.12 also show that for r = 4 it is interesting to have limited
number of relays at low signal-to-noise ratios (SNR). In this region, the performance is dominated by
the noise events (rather than fading). The amplitudes of thepulses transmitted during the time frames
2, . . . ,K +1 are smaller forK = 2 with respect to the caseK = 1 and therefore these pulses can be masked
by the noise.

Fig. 4.13 shows the performance of differential systems over CM2 with 4-PPM-2-PAM, one cooper-
ating relay and a 10-finger PRake. For the decision feedback receivers, the reference signal is averaged
over 100 symbol durations which is supposed to be smaller than the channel coherence time. We com-
pare high data rate (HDR) and low data rate (LDR) differential systems that correspond toδ = 2.5 ns and
δ = 100 ns respectively. Note that for the HDR systems, the increase in the symbol duration is not very
high when increasing the value ofM (and hence the spectral efficiency) showing the interest of associ-
ating the proposed differential systems with high dimensional modulations. While the HDR differential
systems suffer from high error floors, the DF cooperative diversity permits to decrease these error floors.
An additional reduction in the error floors can be obtained bythe association of the DF scheme with
decision feedback receivers. In the same way, the differential DF scheme shows important performance
gains with LDR systems. Note that forδ = 2.5 ns, the decision feedback receivers can not ameliorate
the performance at high SNRs. In fact, for high SNRs, the performance is dominated by the interference
between the modulation positions and the decision feedbackreceivers, whose role is to reduce the noise
level in the reference signal, can not eliminate this kind ofinterference.
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Chapter 5

Decoding the multi-dimensional
constellations

In the literature, space-time block codes were principallyassociated with PAM and QAM constellations.
For PAM constellations, decoding aP× T ST block code transmitting at a rate ofn symbols PCU
is equivalent to the detection in a signal-space of dimension nT. For QAM, the real and imaginary
parts of each information symbol can be decoded separately and the decoding problem corresponds
to the detection in a 2nT-dimensional space where all the components of the information vectors are
independent from each other. For these linear modulations,the linearity of a ST code facilitates the
design of maximum-likelihood (ML) decoders. The sphere decoder algorithms [102, 113] constitute a
possible practical implementation of these ML decoders.

M-PPM and hybridM-PPM-M′-PAM are non-linear modulations where only one component, among
theM-dimensional vector representations of the information symbols, can have a non-zero value. There-
fore, even when linear ST codes are used (for example the codes proposed in chapter 3 and chapter 4),
the sphere decoders can not be applied when these codes are associated with PPM and PPM-PAM.

In this chapter, we consider, for the first time, the problem of ML detection with multi-dimensional
and non-linear PPM and PPM-PAM constellations. We propose non-trivial modifications of the sphere
decoder that allow to enhance the convergence time and that avoid the convergence towards non-valid
points. We also consider the adaptation of non-optimal decoders, such as the V-BLAST decoding algo-
rithm [42,43] and the Fano algorithm [103], to the considered modulations.

5.1 Problem formulation

The baseband linear dependence between the output and the input of uncoded and linearly ST-coded
P×Q MIMO-UWB systems can be expressed as:

XQ′MT×1 = HQ′MT×P′MAP′M×1+NQ′MT×1 (5.1)

where the noise termN is white. M is the number of modulation positions andT is the number of
symbol durations occupied by each codeword.Q′ = QLP, Q′ = QL andQ′ = Q for SRakes, PRakes and
correlation receivers respectively (refer to chapter 2).P′ = P andP′ = Pn for uncoded and ST-coded
systems respectively (n is the number of symbols PCU).H stands for the channel matrix of uncoded
systems while the linear dependence of the transmitted symbols on the information symbols can be
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included inH for ST-coded systems (refer to appendix D.3). We suppose than Q′ ≥ P. In this case, the
matrixH has full-rank and eq. (5.1) can be written in an equivalent way as:

XP′M×1 = HP′M×P′MAP′M×1 +NP′M×1 (5.2)

whereH =
(
H TH

) 1
2 . The ML detection corresponds to deciding in the favor of thevectorâ verifying:

â = arg min
a∈C P′

‖X−Ha‖2 (5.3)

whereC stands for the PAM, PPM or the PPM-PAM signal sets given in eq.(1.4), eq. (1.6) and eq. (1.8)
respectively.

For M-PPM-M′-PAM, the coordinates of theMP′ dimensional information vectorA in eq. (5.2) are
not independent.A is composed ofP′ sub-vectors that are multiples of the columns of theM×M identity
matrix. Taking this fact into consideration, the transmit antenna array can be seen as composed ofP′ sub-
arrays each havingM “virtual” antennas from which only one antenna is active at atime. But because
of the co-channel interference and the frequency selectivity of the UWB channels, each one of theP′M
data streams will interfere with all the other streams.

Moreover, the generated lattice has a cardinality of(M′+1)MP′
since the amplitude in each position

can be equal to zero in addition to theM′ nonzero values. However, among these points only(MM′)P′

points are valid. Therefore, applying the sphere decoder without any modifications can result in non-
valid points. This can be simply remedied by applying a validity test at the end of the algorithm. In this
case, if the resulting vector does not belong to the constellation it is not kept and the search is restarted.
However, this results in an additional complexity since themodified algorithm will “zigzag” between
a large number of non-valid points before reaching the closest valid point. Moreover, this complexity
increases withM andM′ since the resulting constellations become sparser.

In Fig. 5.1, we plot a 3-PPM-4-PAM constellation and a 3-dimensional extension of the 4-PAM
(that, for example, corresponds to the constellation transmitted in the case of spatial multiplexing with 3
transmit antennas). This figure shows the degree of sparsityof the PPM-PAM constellations. While each
component of the vector representation of a 3-PPM-4-PAM constellation can take 4 possible non-zero
values, only 12 points are valid among the 43 points that are obtained if the 3 components are allowed
to vary independently. An efficient decoding algorithm mustiterate only between the intersection of the
x-axis, y-axis and z-axis with the spheres of radii 1 and 3 that are centered at the origin.

2-PPM-2-PAM constellations constitute an exception. In fact, the components of the transmitted
information symbols can be rendered independent by applying a simple 2-dimensional rotation. In other
words, the vectorA in eq. (5.2) can be written as:

A = R A0 = (IP′ ⊗R)A0 ; R=
1
2

[
1 −1
1 1

]
(5.4)

whereA0 ∈ {±1}2P′
. In this case, the components ofA0 can be decoded separately by applying the

sphere decoder and the restored vectors are then demapped back to construct the ML decision onA.

5.2 Layered space-time detection

The layered space-time detection technique (V-BLAST) is able to achieve good compromise between
ML and linear receivers [42, 43]. It was extended to tapped-delay UWB channels with 2-PPM con-
stellations in [114]. However, unlike QAM, PAM or 2-PPM constellations,M-PPM-M′-PAM signals



5.2. LAYERED SPACE-TIME DETECTION 121

−3 −2 −1 0 1 2 3

−3−2−10123
−3

−2

−1

0

1

2

3

Figure 5.1: The 3-PPM-4-PAM constellation (in filled circles). The stars corresponds to a{4−PAM}3

constellation.

necessitate decision vectors of lengthM. Therefore, the nulling, interference cancelation and decision
operations will now concern groups ofM columns of the matrixH in eq. (5.2) rather than one column.
The modified version of [42] decides in the favor of ˆa whereâ is given by the following algorithm:

Layered Space-Time Detection(Input: H, X, M ,P′. Output:â)
Initialization:
i = 1, H1 = H, X1 = X
P’ Iterations:
1: Gi = H+

i

2: ki = argminj /∈{k1,...,ki−1} ∑M
m=1‖(Gi)( j−1)M+m‖2

3: yki = [(Gi)
T
(ki−1)M+1 ... (Gi)

T
kiM

]TXi

4: p̂ki = argmaxm=1,...,M|yki ,m
|

5: âki = ⌈yki ,p̂ki
⌋ep̂ki

6: Xi+1 = Xi − [(Hi)(ki−1)M+1 · · · (Hi)kiM]âki

7: Hi+1 = H−ki
i

8: i = i +1

where:(Gi)k corresponds to thek-th row of Gi, (Hi)k is thek-th column ofHi andX+ is the pseudo in-
verse ofX based on the MMSE criterion.X−k corresponds to zeroing the columns(k−1)M +1, . . . ,kM
of the matrixX. The function⌈x⌋ roundsx to the closestM′-PAM point.

Step 2 corresponds to the ordering of the sub-arrays based onthe norm ofM consecutive columns of
H. These columns will multiply the components of oneM-dimensional vector that corresponds to ones
of theP′ transmitted symbols. In thei-th iteration, step 3 corresponds to the construction of thedecision
vector of lengthM after nulling the interference caused byP′− i sub-streams that correspond to(P′− i)M
components of ˆa. The scalar ˆpki in step 4 corresponds to the position of theki-th restored sub-stream
while âki in step 5 stands for theM-dimensional vector corresponding to theki-th symbol. Steps 6 and
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7 correspond to canceling the interference of theki-th detected sub-stream from the remainingP′ − i
streams.

5.3 Sphere detection based on Pohst enumeration (SD)

The sphere decoding algorithms are based either on the Pohstenumeration strategy [102, 112] or on
the Schnorr-Euchner enumeration strategy [103, 113]. The enumeration strategies correspond to two
different techniques adopted for spanning the set of admissible values at each layer of the decoded infor-
mation vector. In what follows, these techniques are adopted for decoding finite and non-linear PPM and
PPM-PAM constellations. In what follows, and for notational simplicity, we consider the detection in a
PM-dimensional signal-space (we setP′ = P).

Denote byQ andR the unitary matrix and the upper triangular matrix (with positive diagonal ele-
ments) obtained by performing the QR decomposition on the matrix H in eq. (5.2). Denoting byz= QTX
a rotated version of the initial decision vectorX, eq. (5.3) is equivalent to finding the pointa∈ C P that
minimizes‖z−Ra‖2.

5.3.1 SD with PPM-PAM constellations (algorithm 0)

In order to have reproducible results that are independent from the speed of the simulating machines, the
convergence times of all the proposed algorithms are determined with respect to the following algorithm
referred to as algorithm 0. Besides constituting a relativetime reference, it is also presented to show
how far the trivial solution is from the proposed algorithms. Algorithm 0 is based on a straight-forward
modification of the SD that is based on the Pohst strategy. It consists of a continuous checking of the
validity of each part of the sub-vectors. If the validity test fails, an adjacent node at the same level
is checked. If the failure corresponds to the last node at a given level, algorithm 0 passes to a lower
dimension (one with a higher index). In what follows, we givethe pseudo code of algorithm 0.P is the
number of transmit antennas for uncoded systems whileP is replaced byP2 for decoding the full rate
and minimal-delay codes proposed in chapter 3.

In what follows,r i, j corresponds to the(i, j)-th element of the upper triangular matrixR. The func-
tion enum(a,b) enumerates all elements of the setS= {0,±1, . . . ,±(M′−1)} that belong to the interval
[a b]. The function length(a,b) returns the number of elements in enum(a,b).

Algorithm 0 (Input: z, R, P, M, M′, C. Output:â)

Step 1: SetP′ = PM, i = P′, TP′ = 0, ξP′ = 0, d = C (sphere squared radius)

Step 2: If d < Ti go to Step 4 else

Ai = max

(
1−M′,

⌈
zi −ξi −

√
d−Ti

r i,i

⌉)

Bi = min

(
M′−1,

⌊
zi −ξi +

√
d−Ti

r i,i

⌋)

yi = enum(Ai ,Bi), Ni = length(Ai ,Bi), xi = 0 endif.
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Step 3: xi = xi +1,
if xi ≤ Ni {for j = i, . . . ,⌈ i

M ⌉M do u j = y j(x j) endfor,
if validity_test(u) = 1 go to Step 5 else go to Step 3 endif} endif.

Step 4: If i = P′ terminate elsei = i +1, go to Step 3 endif.

Step 5: If i > 1, ξi−1 = ∑P′
j=i r i−1, j y j(x j),

Ti−1 = Ti + |zi −ξi − r i,iyi(xi)|2, let i = i −1 and go to Step 2 endif.

Step 6: d̂ = T1 + |z1−ξ1− r1,1y1(x1)|2.
If d̂ < d let d = d̂, for i = 1, . . . ,P′, âi = yi(xi) endfor endif go to Step 3.

The function “validity_test” in Step 3 assures that a part consisting ofm coordinates of a sub-vector
contains no more than one nonzero entry and that this part contains exactly one nonzero entry form=

M. The disadvantage of algorithms 0 is that the function “validity_test” is performed each time we
pass from one dimension to another. The complexity is higherthan that of the classical SD withPM
dimensions. Note that algorithm 0 is based on a straightforward modification of the SD. In fact, for PAM
constellations, algorithm 0 can be readily applied by setting M = 1 and by removing the part between
parenthesis in Step 3. In this case, the function “enum” is applied on the setS= {±1, . . . ,±(M′−1)}.

We now propose two versions of the modified multi-dimensional sphere decoder (SD) that are based
on the Pohst enumeration strategy. Even though the first version is not the best solution, it is presented
for comprehensive reasons and it constitutes an intermediary step for deriving the second algorithm.

5.3.2 SD with PPM-PAM constellations (algorithm 1)

The first algorithm is a direct modification of the SD obtainedby a continuous adaptation of the bound-
aries at each level based on the tested points at previous levels. The parts of the algorithm that are specific
to this extension are written between parenthesis while theremaining parts correspond to the Pohst strat-
egy as can be found in [112] for example.

Algorithm 1 (Input: z, R, P, M, M′, C. Output:â)

Step 1: SetP′ = PM, i = P′, TP′ = 0, ξP′ = 0, { f lag = 0P′}, d = C (sphere squared radius)

Step 2: If d < Ti go to Step 4 else {Iff lag(i) = 1 Ai = Bi = 0 else

Ai = max

(
1−M′,

⌈
zi −ξi −

√
d−Ti

r i,i

⌉)

Bi = min

(
M′−1,

⌊
zi −ξi +

√
d−Ti

r i,i

⌋)

endif}, yi = enum(Ai ,Bi), Ni = length(Ai ,Bi), xi = 0 endif.

Step 3: xi = xi +1, if xi > Ni go to Step 4 else {ifyi(xi) 6= 0, j = i −1 mod (M),
for k = 1, . . . , j f lag(i −k) = 1 endfor elseifi = 1 mod (M)

for k = i, . . . , i +M−1 uk = yk(xk) endfor, ifu = 0M go to Step 3 endif endif}, go to Step 5 endif.

Step 4: If i = P′ terminate elsei = i +1, { f lag = 0P′} go to Step 3 endif.
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Step 5: If i > 1, ξi−1 = ∑P′
j=i r i−1, j y j(x j),

Ti−1 = Ti + |zi −ξi − r i,iyi(xi)|2, let i = i −1 and go to Step 2 endif.

Step 6: d̂ = T1 + |z1−ξ1− r1,1y1(x1)|2.
If d̂ < d let d = d̂, for i = 1, . . . ,P′, âi = yi(xi) endfor endif go to Step 3.

Algorithm 1 is based on the idea that whenever a nonzero coordinate is found (Step 3), the remaining
coordinates having smaller indices and corresponding to the nominal positions of the same transmit
antenna are set to zero without checking the boundaries of the sphere along these dimensions (Step
2). This follows from the structure of the transmitted information vectorA that can be divided intoP
sub-vectors each consisting ofM − 1 zeros and one non-zero component that belongs to theM′-PAM
constellation. In a similar way, all-zero sub-vectors are avoided (Step 3). This can be seen as “forcing”
the algorithm to zigzag only between valid nodes. This algorithm avoids calculating and spanning many
intervals corresponding to the set of valid coordinates. Inother words, if a non-zero coordinate is found
at them-th component of a given sub-vector, algorithm 1 “short circuits” the remainingm−1 dimensions
at higher levels (levels with smaller indices).

5.3.3 SD with PPM-PAM constellations (algorithm 2)

At the i-th level, and for some given values ofal ∈ enum(Al ,Bl ) for l = i +1, . . . ,PM, algorithm 1 tries
to find the set of valid values ofai verifying:

∣∣∣∣∣zi −
PM

∑
j=i

r i, j a j

∣∣∣∣∣

2

=

∣∣∣∣∣zi − r i,iai −
PM

∑
j=i+1

r i, j a j

∣∣∣∣∣

2

, |zi − r i,iai −ξi|2 ≤ d−Ti (5.5)

whereTi andξi are updated recursively in the order fromPM to 1 andd is changed adaptively along
the search (at level 1). We argue that the complexity of algorithm 1 follows from solving eq. (5.5)
overPM dimensions. We propose to groupM equations in the form of eq. (5.5) together and to solve
them simultaneously. This is rendered possible because of the structure of the PPM-PAM constellations.
TheseM equations are solved at levels(p−1)M +1 for p= P, . . . ,1. Grouping theM equations at levels
(p−1)M +1, . . . , pM, we obtain:

M

∑
m=1

∣∣∣∣∣z
(p)
m −

PM

∑
j= f (p,m)

r f (p,m), ja j

∣∣∣∣∣

2

≤ d−Tp (5.6)

where f (p,m) = (p− 1)M + m andT is changed recursively after eachM levels. z(p) corresponds to
theM-dimensional vector composed of the elementsz(p−1)M+1, . . . ,zpM of thePM-dimensional vectorz.

Them-th component ofz(p) is denoted byz(p)
m . We construct the vectorsa(1), . . . ,a(P) in the same way.

As in the preceding algorithm,r i, j is the(i, j)-th element ofR.

Given that only one value amongaf (p,1), . . . ,af (p,M) can be different from zero, determining the
boundaries at the levelf (p,m′) is equivalent to solving (form′ = 1, . . . ,M):

M

∑
m=1

∣∣∣z(p)
m − r f (p,m), f (p,m′)af (p,m′)−ξ′p,m

∣∣∣
2
≤ d−Tp (5.7)
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where:

ξ′p,m =
PM

∑
j= f (p+1,1)

r f (p,m), ja j (5.8)

We introduce the following notations:a(p)
m′ = af (p,m′) andR(i, j) is theM×M matrix composed of the

elementsrm,m′ for m= (i−1)M+1, . . . , iM andm′ = ( j−1)M+1, . . . , jM . Finally,R(i) = R(i,i). Thek-th
column of a matrixX is denoted byX:,k. For a given value ofm′ ∈ {1, . . . ,M}, eq. (5.6) can be expressed
as: ∥∥∥z(p) −a(p)

m′ R(p)
:,m′ −ξ:,p

∥∥∥
2
≤ d−Tp (5.9)

whereξ is aM×P matrix whosep-th column is given by:

ξ:,p =
P

∑
p′=p+1

a(p′)
cp′ R(p,p′)

:,cp′ (5.10)

wherecp′ ∈ {1, . . . ,M} is the position of the pulse transmitted by thep′-th antenna. These values are
obtained by back-substitution. The boundaries at the level(p′−1)M+cp′ are determined taking into con-
sideration that the amplitudes at levels(p′−1)M+1, . . . ,(p′−1)M+cp′ −1,(p′−1)M+cp′ +1, . . . , p′M

are all equal to zero.a(p′)
cp′ is allowed to vary between the boundaries at this level. For the detection of the

symbol transmitted from thep-th antenna, the different notations that we introduced in eq. (5.9) and eq.
(5.10) can be visualized as in what follows (withM = 4, cp = 3, cp+1 = 2 andcP = 1):
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We now give the pseudo code of algorithm 2. In what follows,I stands for theM×M identity matrix.

Algorithm 2 (Input: z, R, P, M, M′, C. Output:â)

Step 1: Seti = P, Ti = 0, ξ:,i = 0M , d = C (sphere squared radius).

Step 2: If d < Ti go to Step 4 elsef =
(
z(i) −ξ:,i

)T (
z(i) −ξ:,i

)
−d+Ti, for m= 1, . . . ,M,

a = R(i)T
:,m R(i)

:,m, b = −R(i)T
:,m
(
z(i) −ξ:,i

)
, δ = b2−a f . If δ < 0 A(i)

m = B(i)
m = 0 else

A(i)
m = max

(
1−M′,

⌈
−b−

√
δ

a

⌉)

B(i)
m = min

(
M′−1,

⌊
−b+

√
δ

a

⌋)

endif,x(i)
m = A(i)

m −2 endfor ci = 1 endif.
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Step 3: x(i)
m = x(i)

m +2, if x(i)
m > B(i)

m go to Step 4 else go to Step 5 endif.

Step 4: ci = ci +1, if ci = M +1 if i = P terminate elsei = i +1 endif endif go to Step 3.

Step 5: If i > 1 ξ:,i−1 = ∑P
j=i x

( j)
cj R(i−1, j)

:,cj , Ti−1 = Ti +‖z(i)−ξ:,i −x(i)
ci R(i)

:,ci‖2,
i = i −1 go to Step 2 endif.

Step 6: d̂ = T1 +‖z(1) −ξ:,1−x(1)
c1 R(1)

:,c1‖2. If d̂ < d let d = d̂, for p = 1, . . . ,P âp = x(p)
cp I:,cp endfor endif

go to Step 3.

Algorithm 2 is the recursive solution of eq. (5.9). It is equivalent to consideringP levels where each
level hasM sub-levels whose boundaries are determined jointly. Note that there is no need to the function
“enum” as in algorithm 1 because the checked amplitude levels now belong to the set{±1, . . . ,±(M′−
1)} rather than{0,±1, . . . ,±(M′−1)}.

Fig. 5.2 compares the complexity of algorithms 1 and 2 for different hybrid constellation sizes
for systems with 2 transmit antennas, 2 receive antennas and1 finger PRake on CM2. The ordinate
corresponds to the value:t0/ti for i = 1,2 wheret j is the average time needed by algorithmj ( j = 0,1,2)
to detect one symbol vector. The signal to noise ratio is fixedat 20 dB and the initial sphere radius is
set to infinity. For example, the combined 32-PPM-16-PAM constellation corresponds to a generated
lattice with 218 valid points in a 64 dimensional space. In this case, algorithm 1 can “shortcut” up to 31
dimensions and converges 6 times faster than algorithm 0. Results show that algorithm 2 has the best
convergence time.

0 5 10 15 20 25 30 35
10

0

10
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2 PAM
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Figure 5.2: Solid and dashed lines correspond to algorithm 1and algorithm 2 respectively. 2 transmit
antennas, 2 receive antennas and a 1-finger PRake are used.
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5.4 Sphere detection based on Schnorr-Euchner enumeration(SE)

5.4.1 SE with PAM constellations

The Schnorr-Euchner enumeration strategy was first appliedin [113] for searching for the closest lattice
point. This enumeration enhances the spanning of the admissible interval at each level of the received
symbol vector. Consider for example thek-th level for a certain value ofk∈ {1, . . . ,P}. Designate byek,k

the value of the received signal after applying a zero-forcing decision feedback equalization (ZF-DFE)
(in other words,ek,k is considered in the subspace of the transmitted constellation). Designate byR the
upper triangular matrix obtained by applying a QR decomposition on the channel matrix and denote
by r i, j its (i, j)-th component. When determining the squared Euclidean distance between the received
vector and the current node (the point we are checking in a search algorithm), the influence of thek-th
level is determined by the quantity:

d2
k = (rk,k(ek,k−xk))

2 ,

(
ek,k−xk

Vk,k

)2

(5.11)

whereV = R−1 (implying thatVk,k = r−1
k,k sinceR is upper triangular),xk is thek-th component of the

checked lattice point and the squared Euclidean distance isgiven by:

d2 =
P

∑
k=1

d2
k (5.12)

where the interference of the levelsk+1, . . . ,P on thek-th level is eliminated recursively by applying a
ZF-DFE. Suppose thatRhas positive diagonal elements,d2

k is a second degree function ofxk. The integer
that minimizesd2

k is given byxk = round(ek,k) where the function round(x) roundsx to the closest integer.
The second closest lattice point is given byxk +1 (resp.xk−1) whenek,k > xk (resp.ek,k < xk). In other
words, spanning the interval corresponding to the values ofthek-th coordinate of the lattice point in the
order of increasing distance is equivalent to the followingenumeration:

round(ek,k) , round(ek,k)+ ρ , round(ek,k)−ρ , round(ek,k)+2ρ , round(ek,k)−2ρ , . . . (5.13)

whereρ = sign(ek,k−xk) (sinceVk,k > 0 for k = 1, . . . ,P).

For finite constellations, this spanning can be readily modified in order not to check lattice points
that are outside the boundaries of the transmitted constellation. The Schnorr-Euchner enumeration with
a 4-PAM constellation is represented schematically in Fig.5.3. The enumeration is the same as in eq.
(5.13) but nowρ is replaced by 2ρ. Moreover,iρ, for a certain integeri, is replaced by−(i + 1)ρ each
time one of the upper or lower boundaries is exceeded. The first time when bothiρ and−(i +1)ρ exceed
the constellation’s boundaries, the search process is terminated and the resulting point (±(M′− 1) for
M′-PAM) corresponds to the point that has the largest distancefrom the received point.

A possible implementation of the sphere decoder based on theSchnorr-Euchner enumeration and
taking the boundaries of aM′-PAM constellation into consideration is given below:

SE with PAM (Input: z, V = R−1, P, M′, C. Output:â)

Step 1: Setk = P+1, dist(k) = 0, ρ = 0, bestdist= C (sphere squared radius)
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Step 2: newdist= dist(k)+ ρ2,
if (newdist< bestdist)&(k 6= 1) go to Step 3 else go to Step 4 endif.

Step 3: if k=P+1,e:,k−1 = Vzelse
for i = 1, . . . ,k−1, ei,k−1 = ei,k−ρVi,k endfor endif.
k = k−1, dist(k) = newdist, xk = ⌈ek,k⌋, xk = max(1−M′,xk), xk = min(M′−1,xk),
ρ = (ek,k−xk)/Vk,k, step(k) = 2sign(ρ), go to Step 2.

Step 4: if newdist< bestdist, â = x, bestdist= newdistelseifk = P, terminate elsek = k+1 endif.
x(k) = x(k)+step(k),
if x(k) < 1−M′ or x(k) > M′− 1, step(k) = −step(k)− 2sign(step(k)), x(k) = x(k) + step(k)
endif.
if x(k) < 1−M′ or x(k) > M′−1, go to Step 4 endif.
ρ = (ek,k−xk)/Vk,k, step(k) = −step(k)−2sign(step(k)) go to Step 2.

where:

⌈x⌋ = 2round

(
x+M′−1

2

)
−M′+1 (5.14)

corresponds to choosing the closest element of theM′-PAM signal set{±1, . . . ,±(M′−1)} to x.

Figure 5.3: The Schnorr-Euchner enumeration with a 1-dimensional 4-PAM constellation. The black
points correspond to the 4-PAM amplitude levels ({±1,±3}) while the gray points correspond to the
infinite extension of the 4-PAM (the set of odd integers). Dashed lines are used each time the enumeration
results in a point that falls outside the boundaries of the 4-PAM constellation. The plotted parabola
corresponds to the squared Euclidean distance between the received point and the visited lattice point.

5.4.2 SE with PPM constellations

Consider the case of multi-dimensional PPM or PPM-PAM constellations. The received vector of length
PM is now seen as composed ofP layers. However, in this case, each layer is composed of a hypercube
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of dimensionM rather than a finite interval of points (of dimension 1) as with PAM constellations.
TheM components of each hypercube can not span different intervals independently because only one
component can have a nonzero value. Suppose that, for a givenlayer (composed ofM dimensions), we
can efficiently order all the validM-dimensional sub-vectors of the PPM or PPM-PAM constellation as
a function of their increasing distances from a certain received point. In this case, the sphere decoder
based on the Schnorr-Euchner enumeration can be readily modified by replacing the natural span given
in eq. (5.13) by the new ordering function.

Consider thek-th level and denote byR(k) the M ×M matrix composed of the elementsr i, j of the

PM×PM matrix R for i, j = (k− 1)M + 1, . . . ,kM. Designate byR(k)
m,m′ the (m,m′)-th element ofR(k)

for m,m′ = 1, . . . ,M. The enumeration given in eq. (5.13) can not be applied on each one of theM
components of thek-th level independently while setting the otherM−1 components to zero. In fact, for
them-th component of thek-th layer, no ZF-DFE is applied on the components 1, . . . ,m−1 of this layer.

Consider first the case ofM-PPM and denote bye(k) theM-dimensional vector obtained by applying
ZF-DFE on the levelsk+ 1, . . . ,P. The influence of thek-th layer on the squared Euclidean distance
when a pulse is transmitted at them-th position is given by:

d2
k =

∥∥∥R(k)
(

e(k) − I:,m
)∥∥∥

2
=
∥∥∥E(k)−R(k)

:,m

∥∥∥
2

(5.15)

whereE(k) , R(k)e(k). R(k)
:,m andI:,m correspond to them-th column ofR(k) and theM×M identity matrix

I respectively. Therefore, it is easy to sort theM valid sub-vectors of thek-th layer by ordering theM
elements of the following set in increasing order:

{
−2(R(k)

:,m)TE(k) +(R(k)
:,m)TR(k)

:,m ; m= 1, . . . ,M
}

(5.16)

Therefore, a principle similar to the Schnorr-Euchner enumeration can be applied with PPM constel-
lations. For PPM constellations that are orthogonal at the receiver (the modulation duration is larger than
the channel delay spread),R is diagonal and the sorting function in eq. (5.16) is equivalent to sorting the
M components ofE(k) in a decreasing order (given that the applied QR decomposition results in a matrix
Rwith positive diagonal elements).

The decoding algorithm is given after fixing the following notations. ρ is a M-dimensional vec-
tors. e and E are MP× P matrices. x and Order are M × P matrices. The entries ofOrder be-
long to the set{1, . . . ,M}. X:,k corresponds to thek-th column of matrixX. X(p) corresponds to the
elements(p− 1)M + 1, . . . , pM of the MP-dimensional vectorX for p = 1, . . . ,P. In the same way,
X(p,p′) corresponds to theM ×M matrix composed of the elementsXi, j of the PM×PM matrix X for
i = (p− 1)M + 1, . . . , pM and j = (p′ − 1)M + 1, . . . , p′M for p, p′ = 1, . . . ,P. The function Diag(X)

returns a vector composed of the diagonal elements of the matrix X. The function sort(x) returns the
indices of the components of vectorx when these latter are arranged in an increasing order.

SE with PPM (Input: z, R, P, M, C. Output:â)

Step 1: Setk = P+1, dist(k) = 0,V = R−1, ρ = 0M, bestdist= C (sphere squared radius)

Step 2: newdist= dist(k)+ ρTρ,
if (newdist< bestdist)&(k 6= 1) go to Step 3 else go to Step 4 endif.
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Step 3: if k=P+1,e:,k−1 = Vzelse

for i = 1, . . . ,k−1, e(i)
:,k−1 = e(i)

:,k −V(i,k)ρ endfor endif.

k = k−1, dist(k) = newdist, E(k)
:,k = R(k,k)e(k)

:,k ,

Order:,k = sort
(
−2(R(k,k))TE(k)

:,k +Diag
(
(R(k,k))TR(k,k)

))

step(k) = 1, pos(k) = Orderstep(k),k, x:,k = I:,pos(k), ρ = E(k)
:,k −R(k,k)

:,pos(k) go to Step 2.

Step 4: if newdist< bestdist, for i = 1, . . . ,P, â(i) = x:,i endfor
bestdist= newdistelseifk = P, terminate elsek = k+1 endif.
step(k) = step(k)+1,
if step(k) > M, go to Step 4 endif,
pos(k) = Orderstep(k),k, x:,k = I:,pos(k), ρ = E(k)

:,k −R(k,k)
:,pos(k) go to Step 2.

5.4.3 SE with PPM-PAM constellations

We would have obtained the same algorithm if the function “sort” can be replaced by an efficient sorting
function for the PPM-PAM constellations. Unfortunately, ordering theMM′ elements of aM-PPM-M′-
PAM constellation is not a simple task and the complexity of this ordering might increase with the value
of M′. In what follows, we present a modified algorithm that performs a “joint” M-dimensional span. It is
not necessary to sort all the validMM′ elements, it is sufficient to develop an efficient way that permits to
generate theM-dimensional vectors, at each layer, in a recursive manner (just like the Schnorr-Euchner
enumeration). In this case, the recursion is stopped if the point falls outside the current sphere. The
complexity of the proposed solution does not increase withM′. As all the other decoders, the complexity
increases withM because this results in increasing the dimensionality of the signal subspace.

The main difference between the Schnorr-Euchner enumeration for PAM constellations and the pro-
posed enumeration strategy for PPM-PAM constellations is as follows. For the enumeration with finite
PAM constellations, falling outside the boundaries of the constellation can be simply remedied by per-
forming a jump in the opposite sense (third line of Step 4 in the SE algorithm with PAM). This is possible
because we are sure that this double jump results in an increase in the Euclidean distance as shown in
Fig. 5.3. For PPM-PAM, we must be sure that the next candidatenode is a valid node before passing
to this node. In fact, the relative increase in the minimum distance resulting from this jump (at a certain
component of a given layer) must be compared with the increase induced by passing to a next candidate
node at the other components of the same layer.

To be more explicit, we further highlight this point by an example. Consider a 2-PPM-4-PAM con-
stellation given by:

{(−3,0),(−1,0),(1,0),(3,0),(0,−3),(0,−1),(0,1),(0,3)} (5.17)

and represented in Fig. 5.4. In this example, the closet lattice point to the received point is given by
(3,0). Applying the SE enumeration on the x-axis, the next latticenode in the sense of increasing the
minimum distance is the point(1,0). Continuing the SE enumeration on this axis, the next candidate
node is(5,0). This is not a valid 4-PAM point and the SE enumeration will pass to the point(−1,0).
Denote bydA→B the relative increase in the minimum distance when passing from pointA to point B.
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Figure 5.4: The enumeration with a 2-dimensional 2-PPM-4-PAM constellation. This enumeration must
be performed jointly between the points of the x-axis and they-axis that correspond to the two modulation
positions.

While d(1,0)→(5,0) < d(1,0)→(0,1), we haved(1,0)→(−1,0) > d(1,0)→(0,1) and therefore, unlike the SE, the
next node is(0,1) rather than the node obtained by performing a double SE jump from (1,0) (the point
(−1,0)). Therefore, a joint 2-dimensional enumeration is needed and the values ofdA→B at the two
different levels of the same layer must be only evaluated (and compared) for valid pointsA andB. An
example of a 2-dimensional span is shown in Fig. 5.4. In general, aM-dimensional span must be applied
and a new decoding algorithm for PPM-PAM is needed.

We first give the pseudo code of the function “decide” that will be used in the decoding algorithm.
Consider them-th component of thek-th layer with m∈ {1, . . . ,M} and k ∈ {1, . . . ,P}. If the m-th
coordinate of theM-dimensional sub-vector at thek-th layer is given byx_pam(k)

m , then the influence of
thek-th layer ond2

min is given by:

d2
k =

∥∥∥R(k)
(

e(k) −x_pam(k)
m I:,m

)∥∥∥
2
,
∥∥∥E(k)−x_pam(k)

m R(k)
:,m

∥∥∥
2

(5.18)

= (E(k))TE(k)−2x_pam(k)
m (R(k)

:,m)TE(k) +(x_pam(k)
m )2(R(k)

:,m)TR(k)
:,m (5.19)

, (E(k))TE(k) +next pos_metric(k)m (5.20)

Therefore, when them-th level of thek-th layer is considered alone (the levels 1, . . . ,m− 1,m+

1, . . . ,M have zero values and them-th level is considered as a PAM constellation), then this level can be
spanned in the following way:

x_pam(k)
m , x_pam(k)

m +2ρ(k)
m , x_pam(k)

m −2ρ(k)
m , x_pam(k)

m +4ρ(k)
m , x_pam(k)

m −4ρ(k)
m , . . . (5.21)
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where:

X(k)
m =

(R(k)
:,m)TE(k)

(R(k)
:,m)TR(k)

:,m

(5.22)

x_pam(k)
m =

⌈
X(k)

m

⌋
; ρ(k)

m = sign
(

X(k)
m −x_pam(k)

m

)
(5.23)

At the k-th layer, the input of the function “decide” consists ofR(k) andE(k). The outputs consists of
theM-dimensional vectorsnext pos_pam(k), X(k) andx_pam(k) whosem-th components are given in eq.
(5.20), eq. (5.22) and eq. (5.23) respectively.x_pam(k) contains the coordinates of the first node to be
visited at theM levels of thek-th layer (if these layers are consider separately).next pos_pam(k) stores
the distance corresponding to these nodes whileX(k) is used to determine the SE span at theM levels. At
this stage, we know simply the starting point of each one of the M levels as well their corresponding SE
enumerations without taking into account the possibility of passing from one level to another during the
joint M-dimensional span (for example, in Fig. 5.4, when passing from (2) → (3), (5) → (6), (6) → (7)

and(7) → (8)).
In addition tonext pos_pam(k), X(k) andx_pam(k), the function “decide” returns the scalarsposand

ampthat correspond to the position and the amplitude of the closest lattice point respectively. The pseudo
code of the function “decide” is given by:

decide(Input: Y, R, M′. Output: pos, amp, x_pam, X, next pos_metric)

Y1 = RTY ; Ỹ1 = diag(Y1)

Y2 = Diag
(
RTR

)
; Ỹ2 = diag(Y2)

X = Diag
(
Ỹ1
(
Ỹ2
)−1
)

x_pam= 2round

(
X +M′−1

2

)
−M′+1

x_pam= max
(
1−M′,x_pam

)
; x_pam= min

(
M′−1,x_pam

)

next pos_metric= −2Diag
(
Ỹ1diag(x_pam)

)
+Diag

(
Ỹ2 (diag(x_pam))2

)

pos= argmin(next pos_metric) ; amp= x_pam(pos)

In what follows, the variablesstep, f lag1 and f lag areM×P matrices. At thek-th layerstep:,k is
a M-dimensional vector that permits to determine, at each one of the M levels, the difference between
the next generated node and the current node. Throughout thealgorithm,stepis permanently modified
to assure thatx_pamm,k + stepm,k (the next node) is always a valid PAM symbol whenx_pamm,k (the
current node) is valid. This constraint is added since, as explained earlier, only valid points must be
considered. Note thatstepm,k can be equal to zero. In this case, performingx_pamm,k +stepm,k permits
to pass to them-th level (from anyone of the otherM−1 levels). Once them-th component is allowed to
have a nonzero value,stepm,k is updated according to:

{
2ρ(k)

m ,−4ρ(k)
m ,6ρ(k)

m , . . . , iρ(k)
m ,−2sign(iρ(k)

m ), . . . ,−2sign(iρ(k)
m )
}

(5.24)

whereρ(k)
m is defined in eq. (5.23).i is the integer for whichx_pamm,k + iρ(k)

m falls outside the boundaries
of the PAM constellation for the first time. When this happens, f lag1m,k is set to zero. In this case, for
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testing the remaining nodes, we fixstepm,k = −2sign(iρ(k)
m ). Whenx_pamm,k +stepm,k falls outside the

boundaries for the second times, the spanning is stopped at them-th level and we setf lagm,k to one. All
the levels of thek-th layer are spanned whenf lag:,k = 1M . The pseudo code of the sphere decoder with
M-PPM-M′-PAM constellations is given by:

SE with PPM-PAM (Input: z, R, P, M, M′, C. Output:â)

Step 1: Setk = P+1, dist(k) = 0,V = R−1, ρ = 0M , bestdist= C (sphere squared radius). LetC0 be a
very large positive number.

Step 2: newdist= dist(k)+ ρTρ,
if (newdist< bestdist)&(k 6= 1) go to Step 3 else go to Step 4 endif.

Step 3: if k = P+1, e:,k−1 = Vzelse

for i = 1, . . . ,k−1, e(i)
:,k−1 = e(i)

:,k −V(i,k)ρ endfor endif.

k = k−1, dist(k) = newdist, E(k)
:,k = R(k,k)e(k)

:,k

[pos(k),amp(k),x_pam:,k,X:,k,next pos_metric:,k] = decide(E(k)
:,k ,R(k,k),M′)

x:,k = amp(k)I:,pos(k)

step:,k = 0M , steppos(k),k = 2sign
(
Xstep(k),k−xstep(k),k

)

f lag:,k = 0M , f lag1:,k = 1M

if (x_pampos(k),k +steppos(k),k < 1−M′) or (x_pampos(k),k +steppos(k),k > M′−1),
steppos(k),k = −2sign

(
steppos(k),k

)
, f lag1pos(k),k = 0 endif

ρ = E(k)
:,k −amp(k)R(k,k)

:,pos(k) go to Step 2.

Step 4: if newdist< bestdist, for i = 1, . . . ,P, â(i) = x:,i endfor
bestdist= newdistelseifk = P, terminate elsek = k+1 endif.
if ∏M

m=1 f lagm,k = 1 go to Step 4 endif
generate the next node:

next pos_metricstep(k),k = −2
(

R(k,k)
:,pos(k)

)T
E(k)

:,k

(
x_pampos(k),k +steppos(k),k

)

+

((
R(k,k)

:,pos(k)

)T
R(k,k)

:,pos(k)

)(
x_pampos(k),k +steppos(k),k

)2
+C0 f lagpos(k),k

pos(k) = argminm=1,...,M(next pos_metricm,k)

x_pampos(k),k = x_pampos(k),k +steppos(k),k.
if steppos(k),k = 0, steppos(k),k = 2sign

(
Xpos(k),k−x_pampos(k),k

)
else

steppos(k),k = (−1) f lag1pos(k),ksteppos(k),k −2 f lag1pos(k),ksign
(
steppos(k),k

)

endif.
if (x_pampos(k),k +steppos(k),k < 1−M′) or (x_pampos(k),k +steppos(k),k > M′−1)

if f lag1pos(k),k 6= 0, f lag1pos(k),k = 0, steppos(k),k =−2sign(steppos(k),k) else f lagpos(k),k = 1 endif.
if (x_pampos(k),k +steppos(k),k < 1−M′) or (x_pampos(k),k +steppos(k),k > M′−1), f lagpos(k),k = 1
endif endif.
amp(k) = x_pampos(k),k, x:,k = amp(k)I:,pos(k), ρ = E(k)

:,k −amp(k)R(k,k)
:,pos(k) go to Step 2.
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Figure 5.5: Convergence of SE with respect to algorithm 2 with a 1-finger PRake on CM2.

Lines 8 and 9 of Step 3 as well as lines 11− 14 of Step 4 assure that the next node does not fall
outside the boundaries of the PAM constellation. This is whynext pos_metricpos(k),k can be evaluated at
the fourth and fifth lines of Step 4. At these lines, havingf lagpos(k),k equal to one avoids spanning the
level pos(k) of thek-th layer. Updatingsteppos(k),k as in the ninth line of Step 4 permits to generate the
enumeration given in eq. (5.24).

In Fig. 5.5, we compare the convergence times of the SE and algorithm 2 with 4-dimensional constel-
lations. Simulations are performed over CM2 withP×P uncoded MIMO UWB systems and a 1-finger
PRake. The initial sphere radius is set to infinity in both cases. The ordinate corresponds tot2/tSE where
t2 andtSE are the convergence times of algorithm 2 and the SE respectively. The superiority of the SE is
evident especially for large dimensions (the dimensionality is equal to 4P).

5.4.4 SE with a Fano-like metric bias

The complexity of the sphere decoders can become excessively high especially at low signal to noise
ratios. For these SNRs, the first node, corresponding to the babai point (or the output of a ZF-DFE
receiver), can be very far from the closest node. Therefore,the algorithm will zigzag between a large
number of nodes before reaching the ML solution. The convergence of the sphere decoders can be en-
hanced by enhancing the quality of the first checked node. Forexample, the first checked point can
correspond to a MMSE-DFE receiver rather than a ZF-DFE receiver. This approach can result in some
performance losses (especially at low SNRs) since the resulting noise term has a non-Gaussian compo-
nent. However, MMSE-DFE preprocessing can be beneficial since very important enhancements in the
convergence time can be obtained at the expense of limited performance losses [104]. In the same way,
a V-BLAST-like ordering can be applied on the columns of the channel matrix in order to have the best
possible decisions at the lower layers [112]. For PPM and PPM-PAM constellations, this ordering must
be applied on groups ofM columns (refer to section 5.2).

Another possible simplification is by spanning limited parts of the set of admissible values at the
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different layers. The smaller the number of spanned points is (especially at lower levels), the lower the
complexity of the resulting decoder. The authors of [103] proposed relating the length of the spanned
intervals to the noise variance and the channel matrix by using a Fano-like metric bias. For PAM con-
stellations, define the sequence{Fk}P

k=1 by:

Fk = Fk−1 + ασ2Vk−1,k−1 ; k = 2, . . . ,P (5.25)

whereF1 = 0, σ2 is the noise variance andV = R−1. The scalarα ∈ [0 1] controls the achieved com-
promise between complexity and performance. The modifications of the algorithm given in section 5.4.1
are straightforward. Step 2 of the considered algorithm is now replaced by:

Step 2: newdist= dist(k)+ ρ2, f anodist= newdist+Fk

if ( f anodist< bestdist)&(k 6= 1) go to Step 3 else go to Step 4 endif.

In the same way the first line of Step 4 is replaced by:

if f anodist< bestdist. . .

The same modifications can be applied on the algorithms givenin section 5.4.2 and section 5.4.3 and
used for the detection of PPM and PPM-PAM constellations respectively. In this case, the sequence{Fk}
is determined from:

Fk = Fk−1 + ασ2
M

∑
m=1

V(k−2)M+m,(k−2)M+m ; k = 2, . . . ,P (5.26)

with F1 = 0.

5.5 Numerical Results

In this section, we perform computer simulations in order tocompare the complexity and performance
of SE and the associated decoder with the Fano metric. We alsocompare the MMSE-DFE and ZF-DFE
preprocessing. In what follows, we fixα = 0.5 in eq. (5.26) and no column ordering is performed.

We first consider spatial multiplexing with 4-PPM-4-PAM constellations over CM2. 5 transmit an-
tennas, 5 receive antennas and a 1-finger PRake are used. Notethat in this case, the decoding process
consists of searching for the closest point among 220 valid points in a signal space of dimension 20. The
resulting SER curves are shown in Fig. 5.6. The complexity ismeasured by the average number of eval-
uations of Step 2 (of the algorithm given in section 5.4.3) per transmitted symbol vector. This complexity
is plotted in Fig. 5.7 as a function of the SNR. Results show that the performance losses resulting from
using the Fano metric are small especially at high SNRs. For example, with ZF-DFE at an error rate of
0.3, the SE decoder with the Fano metric results in a loss of about 0.5 dB while converging three times
faster than the SE decoder. For the SE, applying MMSE-DFE results in a performance loss of about 0.7
dB at high SNRs. However, MMSE-DFE significantly decreases the number of visited lattice points.

The same simulation setup is repeated in Fig. 5.8 and Fig. 5.9but with the diversity scheme using the
modified Hermite pulses (refer to section 3.1). In this case,the better conditioned channel matrix at the
receiver side reduces the complexity of the decoders. The SEhas practically the same performance as the
SE with the Fano metric with both ZF-DFE and MMSE-DFE. For theSNRs higher than 15 dB, the babai
point corresponds to the closest lattice point and the different algorithms have the same complexity.
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Figure 5.6: Performance of spatial multiplexing with 5 transmit antennas, 5 receive antennas and a 1-
finger PRake on CM2. A 4-PPM-4-PAM constellation is used.
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Figure 5.7: Complexity of the decoding algorithms with 4-PPM-4-PAM, 5 transmit antennas, 5 receive
antennas and a 1-finger PRake on CM2. Spatial multiplexing isused.
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Figure 5.8: Performance of the diversity scheme using modified Hermite pulses on CM2. A 4-PPM-4-
PAM constellation is used with 5 transmit antennas, 5 receive antennas and a 1-finger PRake.
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Figure 5.9: Complexity of the decoding algorithms with 4-PPM-4-PAM, 5 transmit antennas, 5 receive
antennas and a 1-finger PRake on CM2. The diversity scheme using modified Hermite pulses is applied.
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Conclusion and Perspectives

In this work, we studied space-time coded impulse radio systems over highly frequency selective multi-
antenna channels as a possible candidate solution for future broadband wireless personal area networks.
Nonconventional modulation schemes that were exclusive tooptical communication systems are now
used over radio frequencies necessitating the design of newcoding schemes that can combine the advan-
tages of impulse radio and multi-antenna communications.

In particular, we presented the design of appropriate full rate and fully diverse ST codes with any
number of transmit antennas. The advantage of such an approach is that a user located very close to
an access point can exploit the multiplexing benefits, whilea user at farther locations may benefit from
an enhanced diversity order as well. For very high data rate systems that do not employ any pulse
repetitions, these benefits are obtained at the expense of a more powerful software processing (ISC in
section 3.2) or a more sophisticated RF circuitry (the use ofHermite pulses in section 3.1). For more
conventional high data rate systems that perform coherent integrations, the decoding complexity is the
same as that of spatial multiplexing thanks to the proposed inter-pulse coded schemes. For these schemes,
an additional robustness against multiple access interference was obtained via the design of simple and
efficient low-dimensional amplitude-randomizing matrices that can be used in conjunction with the time
hopping sequences.

For PPM and PPAM constellations, we proposed novel coding schemes that are based on “position
permutation” (construction 1 in section 3.4.1) and “position combining” (construction 2 in section 3.4.2).
These modulation-specific codes have the additional advantages of being energy-efficient and informa-
tion lossless and they outperform the classical approach ofconstructing totally-real ST codes based on
cyclic division algebras. Since practical UWB systems are expected to associate PPM with PAM con-
stellations having limited number of amplitude levels (in other words PPM or biorthogonal PPAM), the
modulation-specific codes that do not have a non-vanishing determinant become particularly appealing.
The totally-real modulation-specific codes are capable in delivering the same performance levels as the
complex-valued prefect codes for sufficiently high dimensional constellations.

The principles of inter-symbol coding, inter-pulse codingand modulation-specific coding were fur-
ther extended to the construction of distributed ST schemesfor the nonorthogonal amplify-and-forward
cooperation strategy with any number of relays. Furthermore, “position permutation” was shown to be
sufficient for achieving full diversity with all PPM and PPAMconstellations. Moreover, the modulation-
specific ST codes and distributed AF ST codes turned out to be optimal with binary PPM (in the sense
of maximizing the coding gain). New decode-and-forward strategies were also proposed for coherent,
non-coherent and differential UWB systems. Studying the achieved diversity-multiplexing tradeoffs and
error rates over realistic indoor UWB channels showed that exploiting the spatial diversity in a co-located
or distributed manner can be very beneficial to IR-UWB systems.
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We also considered the problems related to the receiver design and decoding algorithms. The ISI
and MUI were included in the presented system model which permitted to evaluate the performance
of dense and high data rate UWB networks. As for the decision block, we proposed to modify the
sphere decoding algorithm to efficiently decode the nonlinear sparse multi-dimensional PPM and PPAM
constellations. We also presented the performance of sub-optimal linear decoders that are appealing with
correlation receivers that suffer from limited co-channelinterference. An analytical analysis over the
IEEE 802.15.3a channel models permitted to have more insights on the implications of these channels
on the performance of single-antenna as well as multi-antenna UWB systems. While the presented
analysis and code construction was limited to TH-UWB, the extension to DS-UWB is straightforward.

The realized work has given rise to a certain number of open questions that are worth to be considered
in future work. The future research perspectives include the following aspects:

• MIMO-UWB radio channels are much less understood than the traditional single-antenna UWB
channels. While the proposed codes were considered assuming uncorrelated sub-channels, the
impact of the spatial correlation on the code design and system performance can be evaluated
when an appropriate and a widely approved MIMO-UWB channel model is adopted. In this case,
the impact of the relative delays between the first arriving multi-path components on the system
performance can be also determined. The statistics over thenew channel models can be further
exploited for an appropriate design of two dimensional selective Rake receivers that enhance the
energy capture.

• While we presented aspects related to the physical layer of cooperative UWB systems, the cross
layer design can give more insights on the studied problem. For example, the important localiza-
tion capabilities of IR-UWB systems can be exploited to optimize the choice of the cooperating
relays and to determine the number of relays that is sufficient to achieve a certain compromise
between performance and complexity.

• Optimizing the mapping of the information bits on the PPM or PPAM symbols. In this case, serial
concatenation schemes based on turbo codes or LDPC codes andusing the proposed ST block
codes as inner codes can be evaluated. In this case, an iterative decoder is used at the receiver
side and an analysis of the Extrinsic Information Transfer (EXIT) chart determines what mapping
strategy to be adopted in order to accelerate the convergence of the considered schemes. The non-
linearity of the PPM and PPAM constellations and the non-orthogonality of the ST codes render
this problem a non-trivial one. Moreover, efficient latticereduction techniques and trellis coding
schemes that were recently proposed for the Golden code may be extended to the new modulation-
specific codes that have a layered structure.
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Appendix A

SIMO-UWB channel measurements and
characterization

Figure A.1: Map of the explored environment.

A total number of about 100 SIMO channel measurements were performed in a line-of-sight (LOS)
condition. The limited number of measured channels does notpermit the construction of a statistical
multi-antenna UWB channel model. However, these measurements are sufficient for highlighting some
important aspects concerning the general behavior of multi-antenna UWB channels. In particular, we are
interested in characterizing the fading margins and the spatial correlations of these channels.

The explored environment corresponds to a typical laboratory/industrial environment of approxi-
mately 4×14m2. The ceiling (3 m) is composed of iron sheets and metallic beams. The floor and the
walls are constructed from concrete materials. The room is quite empty except for the presence of some
metallic elements. A map of this environment is presented inFig. A.1. The receiver is fixed at one of the
four positions represented by the bold points while the transmitter is moved on the remaining positions.

The transmitted pulse occupies the bandwidth[3.1 4.5] GHz. At the receiver side, an array of 4
antennas is used. The diameter of the ground plane is equal to80 mm and the antennas are separated by
a distance of 85 mm. Given that the four receiver branches arenot perfectly identical, all the elements
involved in the receiver link before the oscilloscope are deconvoluted out from the measurements (cables
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and low noise amplifiers). Therefore, the measurements correspond to the the convolution of the physical
channel with a reference signal that corresponds to the convolution of the impulse responses of the
transmit and receive antennas. This reference signal has a duration of 2 ns approximately.

We first determine the fading margin. Among the four measuredsub-channels corresponding to a
certain position of the transmitter and the receiver, we determine the ratio between the maximal value
and minimal value of the energy integrated over a durationTi. The variance of this ratio, calculated
over all pairs of transmitter and receiver positions, corresponds to the fading margin. The fading margin
versusTi is plotted in Fig. A.2. Results show that the fading margin isnot negligible for small integration
times. In particular, a practical Rake receiver with 5 fingers (Ti = 10 ns) suffers from a fading margin of
about 3 dB even in LOS situations. On the other hand, spatial diversity is not very beneficial with very
high order Rakes that profit from an important multi-path diversity.

The spatial correlation between the different antennas is plotted in Fig. A.3. In particular, we de-
termine the cross-correlation coefficients among the side antennas (separated by 25.5 cm) and among
adjacent antennas (separated by 8.5 cm). Results show that the entire channel responses present very
low correlation levels. However, given that the channels are LOS, the first arriving parts of the received
signals (corresponding to the strongest multi-path components) are more correlated than the other parts
of the signals. The relatively low spatial correlation shows that spatial diversity can be beneficial for
UWB systems.

The channel impulse response is divided into small time intervals called “bins” of 2 ns corresponding
to the duration of the reference signal. We next analyze the spatial correlation between the different time
bins. This is an important indicator on the performance of PRake receivers when extended to multi-
antenna situations. To derive this kind of information, each bin is correlated with the reference signal.

For thel -th bin and then-th SIMO channel realization, designate byg(n)
i,l (τ) the result of this correla-

tion at thei-th receive antenna (i = 1, . . . ,4) and let:

∆(n)
i,l = argmax

τ≤Tw

∣∣∣g(n)
i,l (τ)

∣∣∣ (A.1)

whereTw = 2 ns is the duration of the reference signal.
The correlation between the signal at the output of thel -th Rake finger of thei-th receive antenna

and the signal at the output of thel -th finger of thej-th receive antenna is given by:

r i, j,l =
E
[
∆(n)

i,l ∆(n)
j,l

]

(
E

[(
∆(n)

i,l

)2
]

E

[(
∆(n)

j,l

)2
]) 1

2

(A.2)

where the average is determined over the SIMO channel realizations (the superscriptn).
Fig. A.4 presents the average ofr i, j,l over the receive antennasi and j that are separated by 8.5 cm,

17 cm and 25.5 cm. Given that the channels are LOS and due to the presence ofa dominant first path
in the first bin of the different channel impulse responses, the first bins show relatively high correlation
levels in the order of 0.6. Starting from the second bin, the correlation between theoutputs of the Rake
receivers falls below 0.4 for different antenna separations. The behavior is similar with different antenna
separations showing the inutility of separating the receive antennas by more than 8.5 cm. Note that the
results were presented in LOS conditions that correspond tothe worst case situation (in what concerns
spatial correlation). NLOS channels are expected to show lower correlations.
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Figure A.2: Fading margin over a 4-element linear antenna array of length 25.5 cm.
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25.5 cm respectively.



144 A. SIMO-UWB CHANNEL MEASUREMENTS AND CHARACTERIZATION

0 5 10 15 20 25 30 35 40 45 50
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

bin number

bi
n 

cr
os

s−
co

rr
el

at
io

ns

antenna separation of 8.5 cm
antenna separation of 17 cm
antenna separation of 25.5 cm

Figure A.4: Spatial correlation among the signals at the output of a Rake receiver.



145

Appendix B

Performance of bi-orthogonal Signalling

From eq. (2.39), theM decision variables are given by:

xm′ = Xm′−msm+nm′ (B.1)

whereXm = ∑Q
q=1∑P

p=1αq,p,m. From eq. (2.38), the joint probability density function ofthe noise is
given by:

p(nm,nm′) =
1

2πσ2γ
exp

(−n2
m+2ρm,m′nmnm′ −n2

m′

2σ2γ2

)

whereρm,m′ =
∑q,p αq,p,m−m′

∑q,p αq,p,0
=

Xm−m′
X0

, γ =
√

1−ρ2
m,m′ andσ2 = PN0

2Es
X0.

Apply the following transformation on the Gaussian random variablesnm andnm′ :

[
u
v

]
=

1√
2

[
1 1
1 −1

][
nm′

nm

]
(B.2)

thenu andv are zero-mean independent Gaussian random variables whosevariances are given by:

σ2
u = σ2(1+ ρm,m′) =

PN0

2Es
(X0+Xm−m′) (B.3)

σ2
v = σ2(1−ρm,m′) =

PN0

2Es
(X0−Xm−m′) (B.4)

The conditional error probability ofM-PPM-2-PAM constellations can be determined from:

Pe/H =
1

2M ∑
b=±1

M−1

∑
m=0

Pe/(H,sm=b) (B.5)

where Pe/(H,sm=b) corresponds to the probability of erroneous detection whena pulse with amplitude
b = ±1 was transmitted during them-th modulation position. Following from the amplitude symmetry
of the bi-orthogonal PPAM constellation, eq. (B.5) simplifies to:

Pe/H =
1
M

M−1

∑
m=0

Pe/(H,sm=1) ≤
1
M

M−1

∑
m=0

P(m)
e/H (B.6)
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where P(m)
e/H is given by:

P(m)
e/H = Pe/H(sm = 1→ sm = −1)+

M−1

∑
m′=0,m′ 6=m

Pe/H(sm = 1→ sm′)

= p(xm ≤ 0,sm = 1)+
M−1

∑
m′=0,m′ 6=m

p(|xm′ | ≥ |xm|,sm = 1) (B.7)

= Q

(√
2EsX0

PN0

)
+ I1+ I2 (B.8)

where:

I1 = p(xm′ ≤ xm ≤−xm′ ; xm′ ≤ 0 ; sm = 1)

=
∫ −Xm′−m

−∞

∫ −Xm′−m−X0−nm′

Xm′−m−X0+nm′
p(nm,nm′)dnmdnm′

=

∫ − Xm′−m+X0√
2

−∞
p(u)d(u)

∫ X0−Xm′−m√
2

−∞
p(v)d(v) (B.9)

= Q
(1)
m,m′

(
1−Q (2)

m,m′

)
(B.10)

where eq. (B.9) follows from Fig. B.1 and:

Q
(1)
m,m′ = Q

(
X0+Xm′−m√

2σ2
u

)
= Q



√

Es(X0 +Xm−m′)

PN0


 (B.11)

Q
(2)
m,m′ = Q

(
X0−Xm′−m√

2σ2
v

)
= Q



√

Es(X0−Xm−m′)

PN0


 (B.12)

In the same way:

I2 = p(−xm′ ≤ xm ≤ xm′ ; xm′ ≥ 0 ; sm = 1)

=

∫ +∞

−Xm′−m

∫ Xm′−m−X0+nm′

−Xm′−m−X0−nm′
p(nm,nm′)dnmdnm′

=
∫ +∞

− Xm′−m+X0√
2

p(u)d(u)
∫ +∞

X0−Xm′−m√
2

p(v)d(v) (B.13)

=
(

1−Q (1)
m,m′

)
Q

(2)
m,m′ (B.14)

Replacing equations (B.10), (B.11),(B.12) and (B.14) in eq. (B.8), we obtain:

P(m)
e/H = Q



√

2Es∑q,p αq,p,0

PN0


+

M−1

∑
m′=0,m′ 6=m

Q
(1)
m,m′ +Q

(2)
m,m′ −2Q (1)

m,m′Q
(2)
m,m′ (B.15)

whereQ (1)
m,m′ andQ (2)

m,m′ can be expressed in a more explicit form as:

Q
(i)
m,m′ = Q



√

Es∑q,p

(
αq,p,0 +(−1)i−1αq,p,m−m′

)

PN0


 (B.16)
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Figure B.1: The different integration areas.

Q
(i)
m,m′ depends uniquely onαq,p,m−m′ and therefore on the difference between the pulse positions.

Taking this into account, and summing up the terms corresponding to the same position difference, the
conditional error probability in eq. (B.6) simplifies to:

Pe/H ≤ Q



√

2Es∑q,p αq,p,0

PN0


+

2
M

M−1

∑
m=1

(M−m)
(
P

(1)
m +P

(2)
m −2P (1)

m P
(2)
m

)
(B.17)

where:

P
(i)
m = Q



√

Es∑q,p (αq,p,0 +(−1)i−1αq,p,m)

PN0


 (B.18)
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Appendix C

−1 is not a norm in Q
(
1+

√
3
)

For (γ,θ,θ1) = (−1,1+
√

3,1−
√

3), the determinant of eq. (3.17) verifies:

√
13det(C2,eq) = a2

1 +a2
3 +2(a1a2 +a3a4)−2(a2

2 +a2
4)

= (a2 +c2)−3(b2 +d2) (C.1)

wherea = a1 +a2, b = a2, c = a3 +a4 andd = a4.

In order to show that the minimum determinant of1√
13

is achieved for all constellations, we need to

prove that eq. (C.1) equals to zero fora,b,c,d∈Z only whena= b= c= d = 0. Suppose that(a2+c2) =

3(b2+d2), write a andc as:a= 3qa+ ra andc= 3qc+ rc with ra, rc ∈ {0,1,2}. 3|a2+c2 ⇒ 3|r2
a + r2

c. It
is straight forward to find that the only case where 3|r2

a + r2
c is ra = rc = 0⇒ 3|a, 3|c and 9|a2+c2. From

eq. (C.1), 9|a2+c2 ⇒ 3|b2+d2 an in the same way 3|b and 3|d. Therefore,a,b,c,d are all divisible by 3.
Writing a = 3a′, b = 3b′, c = 3c′ andd = 3d′, we obtain an identical equation(a′2 +c′2) = 3(b′2 +d′2)
wherea′,b′,c′,d′ ∈ Z. We can repeat the above operation and divide all parametersby 3 indefinitely.
Therefore, the only possible solution is whena=b=c=d =0⇒ a1=a2=a3=a4= 0. As a conclusion:

δmin = min
(0,0,0,0) 6=(a1,a2,a3,a4)∈Z4

|det(C2,eq)| =
1√
13

(C.2)

since
√

13det(C2,eq) ∈ Z\{0} for (a1,a2,a3,a4) 6= (0,0,0,0).

Another more elegant solution consists of using thep-adic numbers [115] to show that there is no
elementx ∈ K whose norm verifies NK/Q(x) = −1 whereK = Q(θ) with θ = 1+

√
3. Any element

x∈ K can be written asx = a1 +a2θ = a+b
√

3 wherea1,a2,a,b∈ Q with a = a1 +a2 andb = a2. We
will show that the equation:

NK/Q(x) = a2−3b2 = −1 (C.3)

has no solution in the field of 3-adic numberQ3 and consequently has no solution inK. Let Z3 = {x∈
Q3,v3(x) ≥ 0} be the valuation ring ofQ3 [115]. Using the embedding ofQ in Q3, eq. (C.3) can be
written in Q3 as:

a2−3b2 = 2+3x ; a,b∈ Q, x∈ Z3 (C.4)

We take the valuations of both sides of eq. (C.4):

v3(a
2−3b2) = v3(2+3x) (C.5)
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(
1+

√
3
)

to show thata andb must be inZ3. Sincex∈ Z3:

v3(2+3x) ≥ min{v3(2),v3(x)+1} = 0 (C.6)

Since both valuations are distinct (v3(2) = 0 andv3(x) ≥ 0), we have:

v3(a
2−3b2) ≥ min{2v3(a),2v3(b)+1} = 0 (C.7)

Moreover we have equality since both valuations are distinct. Equation (C.7) holds ifv3(a) = 0 which
impliesa∈ Z3 and consequentlyb∈ Z3. Equation (C.4) can be now written as:

a2−3b2 = 2+3x ; a,b,x∈ Z3 (C.8)

Reducing eq. (C.8) modulo 3Z3, we find that 2 should be a square in GF(3) which is a contradiction and
therefore there are no elementsa,b∈ Q that verify eq. (C.3).
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Appendix D

Properties of construction1

D.1 Diversity Order

In this section, we determine the dimensions of the hybrid PPM-PAM constellation for which the code
in eq. (3.48) is fully diverse for a given value ofn.

Designate by∆C(X1, . . . ,Xn) the difference between two codewords having the structure given in eq.
(3.48).Xi is aM-dimensional vector that can be written as:Xi = x(1)

i −x(2)
i where:

x(k)
i =

n−1

∑
j=0

x(k)
i, j θ j ; k = 1,2 (D.1)

where the vectorsx(k)
i, j belong to theM-PPM-M′-PAM constellationC given in eq. (1.8) fork = 1,2,

i = 1, . . . ,n and j = 0, . . . ,n−1. In other words, the vectorsX1, . . . ,Xn belong to the setA given by:

A = {
n−1

∑
j=0

(a j −a′j)θ
j | a0,a

′
0, . . . ,an−1,a

′
n−1 ∈ C } (D.2)

The proof now consists of finding the set of values ofM for which the following relation holds:
rank(∆C(X1, . . . ,Xn)) = n for (X1, . . . ,Xn) ∈ A n\{(0M , . . . ,0M)}.

For an elementk ∈ K | k = ∑n−1
j=0 k jθ j , k j ∈ Q will be referred to as thej-th coordinate ofk. In eq.

(D.2),a0,a′0, . . . ,an−1,a′n−1 are integer multiples of the columns of theM×M identity matrix. Therefore,
elements ofA have the property that at most two of their components can have their j-th coordinates
different from zero forj = 0, . . . ,n−1.

∆C(X1, . . . ,Xn) will be referred to as∆C for simplicity. rank(∆C) < n if ∃k1, . . . ,kn−1 such that:

∆Cn =
n−1

∑
i=1

ki∆Ci (D.3)

where∆Ci is thei-th column of∆C. Moreover,k1, . . . ,kn−1 ∈ K since all of the elements of∆C are inK.

Proposition D.1 Equation (D.3) is verified if the vectors X1, . . . ,Xn verify the equation:

M Xi = (
n−1

∑
j=0

λ jΩ j)Xi = 0M ; i = 1, . . . ,n (D.4)

whereΩ is the permutation matrix given in eq. (3.50).λ1, . . . ,λn−1 ∈ Q and λ0 = 1 resulting inM ∈
QM×M.
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Proof: We first give an example withn = 3. Inserting eq. (3.48) in eq. (D.3), we obtain:

X3 = k1X1+k2X2

σ(X2) = Ωk1σ(X3)+k2σ(X1)

σ2(X1) = Ωk1σ2(X2)+ Ωk2σ2(X3)

Since the entries ofΩ are rational numbers, thenσ(Ω) = Ω and the above equations can be written as:

X3 = k1X1+k2X2

X2 = Ωσ2(k1)X3 + σ2(k2)X1

X1 = Ωσ(k1)X2 + Ωσ(k2)X3

Solving these equations, we conclude that the vectorsXi for i = 1, . . . ,3 must verify:

(
IM + λ1Ω+ λ2Ω2)Xi = 0M (D.5)

λ1 = −
(
TrK/Q(σ2(k1)k2)+NK/Q(k2)

)
; λ2 = −NK/Q(k1) (D.6)

In the same way, withn = 4 antennas, we have:

(
IM + λ1Ω+ λ2Ω2 + λ3Ω3)Xi = 0M (D.7)

λ1 = −NK/Q(k3)−TrK/Q(k1σ(k3))−TrK/Q(k2σ(k3)σ2(k3))−
1
2

TrK/Q(k2σ2(k2))

λ2 = NK/Q(k2)−TrK/Q(k2σ2(k1)σ3(k1))−TrK/Q(k2σ(k2)σ3(k1)σ2(k3))

+
1
2

TrK/Q(σ(k1)σ3(k1)k3σ2(k3))

λ3 = −NK/Q(k1)

We return now to the general case. The columns of∆C are considered asn-dimensional vectors
composed of the parametric variablesΩ, X1, . . . ,Xn and their conjugates. Therefore, eq. (D.3) results in
n linear equations. Taking the(n− i)-th conjugate of thei-th equation fori = 2, . . . ,n, eq. (D.3) can be
written as:




k1 k2 · · · kn−1 −1

σn−1(k2)
. .. σn−1(kn−1) −1 Ωσn−1(k1)

...
. .. . . . Ωσn−2(k1) Ωσn−2(k2)

σ2(kn−1) −1
... ...

...
−1 Ωσ(k1) Ωσ(k2) · · · Ωσ(kn−1)




︸ ︷︷ ︸
R




X1

X2
...

Xn−1

Xn




=0Mn (D.8)

The last equation is verified if:

det(R)Xi = 0M ; i = 1, . . . ,n (D.9)
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when calculating the determinant,R is considered as an×n matrix andΩ is taken as a parameter (rather
than aM×M matrix). By rearranging the rows ofR, we obtain:

det(R) = det([RT
n ,RT

n−1, . . . ,R
T
2 ,RT

1︸ ︷︷ ︸
R′

]T) = det(R′) (D.10)

whereRi is the i-th row of i. R′ has the same structure as the matrix expression of the elements of a
division algebra. In particular:

R′ = C(−1,σ(k1), . . . ,σ(kn−1)) (D.11)

where the expression ofC is given in eq. (1.20). From [39] and Proposition 1.1, the coefficients of the
powers ofΩ in det(C) are linear combinations of norms and traces that belong toQ. Consequently,
parameterized byΩ, det(R) is a polynomial with rational coefficients having a degree ofn−1:

det(R) =
n−1

∑
i=0

λiΩi ; λ0, . . . ,λn−1 ∈ Q (D.12)

Moreover, it can be easily shown thatλ0 = 1 andλn−1 =−NK/Q(k1). Finally, replacing the parameter
Ω by its corresponding matrix form, we obtain eq. (D.4).

Consider the caseM ≥ n. The matrixM in eq. (D.4) takes the form:

M =




1 0 · · · 0 λn−1 · · · λ1

λ1 1 0 · · · 0
...

...
λ2 λ1 1 0 · · · 0 λn−1
...

. . .
. . .

. . .
. . .

. . .
...

0 λn−1 · · · λ1 1 0
...

... 0 λn−1 · · · λ1 1 0
0 · · · 0 λn−1 · · · λ1 1




(D.13)

where the number of zero entries in each row ofM is equal toM−n.
From eq. (D.13), it can be seen that the matrix composed of thefirst (M − n+ 1) rows and the

first (M−n+1) columns ofM is a lower triangular matrix whose diagonal elements are allequal to 1.
Therefore, its determinant is equal to 1 and consequently ithas a rank ofM−n+1. Designate byr the
rank ofM . Therefore,r ≥ M− (n−1). In an equivalent manner:

r = M−k ; k∈ {0,1, . . . ,n−1} (D.14)

Since eq. (D.4) is valid for all values ofi, we fixY = Xi. Denote byYm them-th component ofY for
m= 1, . . . ,M. The j-th coordinate ofYm is denoted byYm, j for j = 0, . . . ,n−1.

For k = 0,M Y = 0M ⇒Y = 0M . Therefore, the only matrix∆C that is rank deficient is the all-zero
matrix.

For k = 1, theM components ofY can be determined from a single parametert. Without loss of
generality, we taket = YM . In this case,Ym = βmt with βm ∈ Q∗ for m= 1, . . . ,M−1 sinceM ∈ QM×M.
t = 0⇒Y = 0M . In other words, if one of the components ofY is equal to zero, thenk= 1 andM Y = 0M

imply thatY = 0M. For nonzero vectors, denote byYM, j the first non-zero coordinate ofYM for a certain
value of j ∈ {0, . . . ,n− 1}. Sinceβm ∈ Q∗, all the components ofY will have their j-th coordinates
different from zero. Therefore,Y will not belong toA whenM ≥ 3 since, from eq. (D.2), any element
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of A can have a maximum number of two components whosej-th coordinates are different from zero
∀ j. Therefore, the only vector ofA that verifiesM Y = 0M whenr = M−1 isY = 0M. As a conclusion,
whenk = 1, the code is fully diverse for:

M ≥ max{3,n} (D.15)

as a special case, whenn = 2, the code is fully diverse forM ≥ 3.
For k > 1, the components ofY can be parameterized byk parameters. Without loss of generality,

these parameters are taken to be equal toYM−k+1, . . . ,YM . The otherr parameters can be expressed as:

Ym =
k

∑
j=1

β( j)
m YM−k+ j ; m= 1, . . . , r (D.16)

whereβ(1)
m , . . . ,β(k)

m can not be equal to zero simultaneously form= 1, . . . , r. We will consider the two
following cases.

Case 1: Suppose that there is only one element amongYM−k+1, . . . ,YM that has itsj-th coordinate
different from zero for a given value ofj. In other words, there are no two or more elements that have the
same coordinate taking a nonzero value. Note that this can always happen sincek≤ n−1. Denote byj l
the first nonzero coordinate ofYM−k+l . Among the firstr components ofY there arer l components whose
j l -th coordinates are not equal to zero with 1≤ r l ≤ r for l = 1, . . . ,k. Along withYM−k+l , this results in
a total ofr l + 1 components ofY having their j l -th components different from zero. Thek coefficients
β(1)

m , . . . ,β(k)
m can not be all equal to zero simultaneously for a given value of mverifying 1≤ m≤ r. This

implies that there are at leastr nonzero coefficients amongβ(1)
1 , . . . ,β(k)

1 , . . . ,β(1)
r , . . . ,β(k)

r . This results
in: ∑k

l=1 r l ≥ r.
Y will fall outside ofA (and consequently the code will be fully diverse) whenever∃l ∈{1, . . . ,k} | r l +

1 > 2. In this case, the maximum size of the constellation for whichY remains inA corresponds to the
case whenr l = 1 for l = 1, . . . ,k. Now, ∑k

l=1 r l ≥ r implies thatk≥ r. Given that the maximal value ofk
is equal ton−1,Y falls outside ofA whenr > k implying that:

M ≥ 2n−1 (D.17)

When considering the second case, we limit ourselves to the constellation sizes that respect eq.
(D.17) (or equivalentlyr > k).

Case 2: Following from the structure ofA , the complementary of case 1 takes place when there exist
two distinct valuesk′,k′′ ∈ {1, . . . ,k} such thatYM−k+k′ andYM−k+k′′ have theirj-th coordinates different
from zero for a certain value ofj ∈ {0, . . . ,n−1}. Designate byϒ thek×k matrix whose(i, j)-th element
is equal toβ( j)

i for i, j = 1, . . . ,k. ϒ describes the linear dependence of the firstk components ofY on
YM−k+1, . . . ,YM . Given the lower triangular structure of the matrix composed of the firstk rows andk
columns ofM and sincer > k, this implies thatϒ has a rankk.

Among the firstk components ofY, designate byr1 ≤ k the maximum number of components having
their j-th components equal to zero simultaneously. Since the nonzero j-th coordinates are contained
uniquely inYM−k+k′ andYM−k+k′′ , this implies that there existsr1 indexesI(1), . . . , I(r1) such that:

β(k′)
I(i)YM−k+k′, j + β(k′′)

I(i) YM−k+k′′, j = 0 ; i = 1, . . . , r1 (D.18)

From eq. (D.18),r1 = k implies that thek′-th and thek′′-th columns ofϒ are linearly dependent
which is in contradiction with the fact thatϒ has a full rank. Consequentlyr1 < k and among the firstr
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components ofY there is a minimum ofr−(k−1) components whosej-th coordinates are different from
zero. Along withYM−k+k′ andYM−k+k′′ , this will result in a total ofr − (k−3) components ofY having
nonzeroj-th coordinates.Y will fall outside ofA wheneverr − (k−3) > 2 implying thatM > 2k−1 or
equivalentlyM ≥ 2(n−1). Therefore, the values ofM respecting eq. (D.17) will result in fully diverse
codes in this second case.

Form eq. (D.15) and eq. (D.17), we conclude that the proposedcode is fully diverse withn transmit
antennas ifM ≥ 2n−1.

From eq. (D.13),M is a circulant matrix that can be expressed as:

M =
M

∑
i=1

αiΩi (D.19)

whereαM = λ0 = 1 (sinceΩM = IM), αi = λi for i = 1, . . . ,n− 1 andαi = 0 for i = n, . . . ,M − 1.
From [116], the eigenvalues ofM can be expressed as:

µk =
M−1

∑
i=0

ωki
MλM−i ; k = 0, . . . ,M−1 (D.20)

whereωM = exp
(

2πi
M

)
is theM-th root of unity.

Any subset composed ofn′ distinct elements of{1,ωM , . . . ,ωM−1
M } forms a free set overQ if 2 ≤

n′ ≤ E (M) whereE (.) is the Euler’s function. Consider the case whereE (M) ≥ n. In this case,µk 6= 0
for k = 1, . . . ,M − 1 sinceλ0, . . . ,λn−1 multiply different elements of the set{1, . . . ,ωM−1

M } and since
λ0 = 1. Onlyµ0 = ∑n−1

i=0 λi can be equal to zero. Therefore,r = rank(M )≥ M−1. From what preceded,
M Y = 0M ; Y ∈ A ; r ∈ {M,M − 1} ⇒ Y = 0M for M ≥ max{3,n}. The conditionM ≥ max{3,n} is
verified by the values ofM that respectE (M) ≥ n (sinceM > E (M) ∀M). This implies that the code is
fully diverse with all values ofM respectingE (M) ≥ n.

Finally, the proposed scheme achieves full transmit diversity with n transmit antennas andM-PPM-
M′-PAM constellations if:

M ∈ {m | m≥ 2n−1}∪{m | E (m) ≥ n} (D.21)

Note that the above proof does not depend onM′. Therefore, full diversity is achieved for the values
of M respecting eq. (D.21) and for all values ofM′.

D.2 Coding Gain

Consider the codewordC given in eq. (3.48). Denote byC(i) the M × n matrix composed of the rows
iM + 1, . . . ,(i + 1)M of C for i = 0, . . . ,n−1. The j-th row ofC(i) is denoted byC(i)

j . In the same way,
Xi,m denotes them-th component of theM-dimensional vectorXi for m= 1, . . . ,M and i = 1, . . . ,n. For
notational simplicity, we setσn(x) = x(n). From eq. (3.48),C(i) takes the following form:

C(i) =




X(i)
n−i+1,π(1) · · · X(i)

n,π(1) X(i)
1,1 · · · X(i)

n−i,1
... · · · ...

... · · · ...

X(i)
n−i+1,π(M) · · · X(i)

n,π(M) X(i)
1,M · · · X(i)

n−i,M


 (D.22)

whereπk(.) stands for the cyclic permutation of orderk given by:

πk(i) = (i +k−1) modM +1 (D.23)
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Let S = {X1, . . . ,Xn} be the set composed ofn vectors drawn randomly from the setA given in eq.
(D.2). ForM > n2, among then vectors ofS , there existsn−1 vectors whosem-th coordinates are all
equal to zero for a certain value ofm∈ {1, . . . ,M}. This follows from the structure ofA whose elements
can contain a maximum number of 2n nonzero components. In what follows, we show that the code has
a non-vanishing determinant forM > n2.

Without loss of generality, suppose thatX1,m = · · ·= Xn−1,m = 0 for a given value ofm∈ {1, . . . ,M}.

Proposition D.2 X1,m = · · · = Xn−1,m = 0 implies that det(CTC) ≥ 1 unless Xn,m = 0.

Proof:

det(CTC) =
nM

∑
i1=1

nM

∑
i2=i1+1

· · ·
nM

∑
in=in−1+1

(
det
([

CT
i1 · · · CT

in

]T))2

≥
M

∑
i1=1

2M

∑
i2=M+1

· · ·
nM

∑
in=(n−1)M+1

(
det
([

CT
i1 · · · CT

in

]T))2

=
M

∑
i1=1

M

∑
i2=1

· · ·
M

∑
in=1

(
det

([
(C(0)

i1 )T · · · (C(n−1)
in )T

]T
))2

(D.24)

Construct then×n matrix C ′ as:

C′ =




C(1)

π−1(m)
...

C(n−1)

π−1(m)

C(0)
m




=




X(1)
n,m X(1)

1,π(−1)(m)
· · · · · · X(1)

n−1,π(−1)(m)
...

. . .
. . .

. . .
...

X(n−1)
2,m · · · · · · X(n−1)

n,m X(n−1)

1,π−1(m)

X1,m · · · · · · Xn−1,m Xn,m




(D.25)

SinceX1,m = · · · = Xn−1,m = 0, C ′ is upper triangular. From eq. (D.24):

det
(
CTC

)
≥
(
det
(
C′))2

=
(
NK/Q(Xn,m)

)2
(D.26)

Since, NK/Q(Xn,m) ∈ Z∗ for Xn,m 6= 0, this completes the proof of proposition D.2.

Proposition D.3 X1,m = · · · = Xn−1,m = 0 implies that det(CTC) ≥ 1 unless Xn,π(m) = 0.

Proof: Construct the matrixC′ as:

C′ =




C(1)
m
...

C(n−1)
m

C(0)
π(m)




=




X(1)
n,π(m) X(1)

1,m · · · · · · X(1)
n−1,m

...
. . .

. . .
. ..

...

X(n−1)
2,π(m)

· · · X(n−1)
n−1,π(m)

X(n−1)
n,π(m)

X(n−1)
1,m

X1,π(m) · · · · · · Xn−1,π(m) Xn,π(m)




(D.27)

SinceX1,m = · · · = Xn−1,m = 0, C ′ is lower triangular. From eq. (D.24):

det
(
CTC

)
≥
(
det
(
C′))2

=
(
NK/Q(Xn,π(m))

)2
(D.28)

completing the proof of proposition D.3.

Proposition D.4 X1,m = · · · = Xn′−1,m = Xn′+1,π(m) = · · · = Xn,π(m) = 0 implies that det(CTC) ≥ 1 unless
Xn′,π(m) = 0.
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Proof: For a given value ofn′, define the functionf (.) as:

f (k) = (1−n′−k) modn+1 (D.29)

Construct then×n matrixC′ such that:

C′ =




C( f (0))
m

...

C(n−1)
m

C(0)
π(m)
...

C( f (n−1))
π(m)




=




X( f (0))
n′,π(m) · · · · · · X( f (0))

n,π(m) X( f (0))
1,m · · · X( f (0))

n′−1,m
...

. . .
. . .

. . .
. . .

. . .
...

X(n−1)
2,π(m) · · · X(n−1)

n′,π(m) X(n−1)
n′+1,π(m) · · · X(n−1)

n,π(m) X(n−1)
1,m

X1,π(m) · · · · · · Xn′,π(m) Xn′+1,π(m) · · · Xn,π(m)
...

. . .
. . .

. . .
. . .

. . .
. . .

...

X( f (n−1))

n′+1,π2(m)
· · · X( f (n−1))

n,π2(m)
X( f (n−1))

1,π(m)
· · · · · · X( f (n−1))

n′,π(m)




(D.30)

For X1,m = · · · = Xn′−1,m = Xn′+1,π(m) = · · · = Xn,π(m) = 0, C′ is a lower triangular matrix. From eq.
(D.24):

det
(
CTC

)
≥
(
det
(
C′))2

=
(
NK/Q(Xn′,π(m))

)2
(D.31)

completing the proof of proposition D.4.

Proposition D.5 det(CTC) ≥ 1 unless C= 0nM×n.

Proof: Suppose thatX1,m = · · ·= Xn−1,m and det(CTC) < 1. This implies thatXn,m = Xn,π(m) = 0 from
proposition D.2 and proposition D.3 respectively. Now,X1,m = · · · = Xn−2,m = 0 andXn,π(m) = 0 imply
thatX2,π(m) = · · · = Xn−1,π(m) = 0 from the recursive application of proposition D.4 forn′ = n−1, . . . ,2.
Finally, from proposition D.2,X2,π(m) = · · · = Xn−1,π(m) = 0 implies thatX1,π(m) = 0.

Therefore,X1,m = · · · = Xn−1,m = 0 and det(CTC) < 1 imply that them-th andπ(m)-th components
of X1, . . . ,Xn are all equal to zero. Now,X1,π(m) = · · · = Xn−1,π(m) = 0 and det(CTC) < 1 imply that
π(m)-th andπ2(m)-th components ofX1, . . . ,Xn are all equal to zero. Starting the same operation again
we conclude that det(CTC) < 1 only whenX1 = · · · = Xn = 0M sinceπ defines a bijection over the set
S= {1, . . . ,M} and consequently{π1(m), . . . ,πM−1(m)} spans the entire setS for any value ofm∈ S.
This proves that whenM > n2, det(CTC) ≥ 1 for all values ofM′.

D.3 Information Losses

Consider the codewordC given in eq. (3.59). Concatenating the columns ofC vertically one after the
other, we obtain:

vec(C) = Φ
[
aT

1 · · · aT
n2

]T
(D.32)

whereΦ is an2M ×n2M matrix. In what follows, we will show that the matrixΦ is unitary. Φ can be
written as:

Φ =
[
ΦT

1 · · · ΦT
n

]T
(D.33)

Following from the layered structure of the codewords, the constituent matrices of dimensionsnM×
n2M take the following form (k = 1, . . . ,n):

Φk = ΨkMPϒk−1
n (D.34)
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whereϒn = ΩT
n ⊗ InM andΩn is then×n permutation matrix given by:

Ωn =

[
01×n 1
In−1 0n×1

]
(D.35)

In this case, the permutation matrix in eq. (3.50) can be written asΩM. ThenM×nM matrix Ψk is
given by:

Ψk = diag(IM · · · IM︸ ︷︷ ︸
k times

ΩM · · · ΩM︸ ︷︷ ︸
n−k times

) (D.36)

M is anM×n2M matrix related to the rotation matrixM given in eq. (3.59) by:

M = M⊗ IM = diag(M 1 · · · M n)⊗ IM (D.37)

whereM i is thei-th row ofM . Finally, the matrixP is given by:

P = P⊗ InM =




1 0 · · · 0
0 0 · · · 1
...

...
. . .

...
0 1 · · · 0



⊗ InM (D.38)

For example, withn = 3 transmit antennas:

Φ1=



M 1⊗ IM 0M×Mn 0M×Mn

0M×Mn 0M×Mn M 2⊗ΩM

0M×Mn M 3⊗ΩM 0M×Mn


 ; Φ2=




0M×Mn M 1⊗ IM 0M×Mn

M 2⊗ IM 0M×Mn 0M×Mn

0M×Mn 0M×Mn M 3⊗ΩM




Φ3=




01×n 01×n M 1

01×n M 2 01×n

M 3 01×n 01×n


⊗ IM

From eq. (D.34), we haveΦkΦT
k = InM since the matricesΨk, M , P andϒn are all unitary (the matrix

M is unitary since the rotation matrixM is unitary by construction). Now, for any integersk andk′, we
have:

ΦkΦT
k′ = ΨkMPϒk−1

n (ϒk′−1
n )TPTMTΨT

k′

= ΨkM (P⊗ InM)
(

Ω1−k
n ⊗ InM

)(
Ωk′−1

n ⊗ InM

)(
PT ⊗ InM

)
MTΨT

k′

= ΨkM
(

PΩk′−k
n PT ⊗ InM

)
MTΨT

k′

= Ψk

(
M

(
PΩk′−k

n PT ⊗ In
)

M
T ⊗ IM

)
ΨT

k′ (D.39)

If a vector is multiplied byΩk
n, then itsi-th component is permuted to theπk

n(i)-th position where:

πk
n(i) = (i +k−1) modn+1 (D.40)

In the same way, multiplying byP (or P−1) is equivalent to the following permutation:

pn(i) = (1− i) modn+1 (D.41)
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Therefore, multiplying by the matrixPΩk′−k
n PT is equivalent to applying the permutation:

fn(i) = pn(πk′−k
n (pn(i))) = πk−k′

n (i) (D.42)

Given that the matrixM is block-diagonal, then the matrixM
(

PΩk′−k
n PT ⊗ In

)
M

T in eq. (D.39) is
a n×n matrix having the property that each one of its rows can have at most one nonzero value. From
eq. (D.42), the indices of the elements of this matrix that can possibly have nonzero values are equal to
(i, f−1

n (i)) for i = 1, . . . ,n. Their values are given by:

M iM
T
f−1
n (i)

=M iM
T

πk′−k
n (i)

= δ(k′−k) ; i = 1, . . . ,n (D.43)

whereδ(.) is the Dirac delta function. The last equality follows from the fact that the fully diverse
rotation matrixM is constructed to be unitary [100].

Finally, from eq. (D.39) it follows that:

ΦkΦT
k′ = InMδ(k−k′) (D.44)

showing that the matrixΦ given in eq. (D.33) is unitary.

As in [47], we write the input-output baseband relation of the MIMO system (Y =
√

ρ
nHC+N) as:

vec(Y) =

√
ρ
n

(IT ⊗H)vec(C)+vec(N) (D.45)

=

√
ρ
n

(IT ⊗H)︸ ︷︷ ︸
H′

Φ
[
aT

1 · · · aT
n2

]T
+vec(N) (D.46)

whereρ is the SNR andT = n is the temporal extension of the ST code.
From eq. (D.46), the capacity of equivalent (coded) channelis given by:

C(c)(ρ,n, r) =
1
n

EH log2

(
det
(

Inr +
ρ
n
(H ′Φ)(H ′Φ)T

))
(D.47)

wherer is the number of rows ofH and the factor1n follows from the number of channel uses.
SinceΦ is unitary andH ′ is block diagonal, then eq. (D.47) can be written as:

C(c)(ρ,n, r) =
1
n

EH log2

((
det
(

Ir +
ρ
n

HHT
))n)

(D.48)

= EH log2

(
det
(

Ir +
ρ
n

HHT
))

(D.49)

= C(ρ,n, r) (D.50)

whereC(ρ,n, r) is the capacity of the uncoded MIM0 channel (H). This proves that the code given in eq.
(3.59) is information lossless for all number of transmit antennas.
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Appendix E

Properties of construction2

E.1 Choice ofΩ

We write theM×M matrix Ω given in eq. (3.61) as:

Ω(θ′) = IM/2⊗Ω′(θ′) ; Ω′(θ′) =

[
cos(θ′) sin(θ′)
−sin(θ′) cos(θ′)

]
(E.1)

Suppose thatθ′ is chosen such thatσ(Ω′(θ′)) = Ω′(θ′). This choice will be discussed at the end of
this section. As in Appendix D.1, designate by∆C(X1, . . . ,Xn) the difference between two codewords that
is associated with the vectorsX1, . . . ,Xn belonging to the setA given in eq. (D.2). The linear dependence
between the columns of∆C when this latter is rank-deficient results in eq. (D.4) sinceΩ(θ′) remains
invariant when applying the embeddings ofK. Equation (D.4) can be written in a more convenient way
as:

M (θ′)Xi =

(
n−1

∑
j=1

λ jΩ j(θ′)

)
Xi = Xi ; i = 1, . . . ,n (E.2)

whereλ1, . . . ,λn−1 are rational numbers.

Ω′(θ′) is a rotation matrix verifying(Ω′(θ′)) j = Ω′( jθ′). This implies thatΩ j(θ′) = Ω( jθ′) since
Ω(θ′) is a block-diagonal matrix. Therefore, the matrixM (θ′) in eq. (E.2) takes the following form:

M (θ′) =




x(θ′) y(θ′) 0 · · · 0
−y(θ′) x(θ′) 0 · · · 0

...
.. . . . . . . .

...
0 · · · 0 x(θ′) y(θ′)
0 · · · 0 −y(θ′) x(θ′)




(E.3)

where:

x(θ′) =
n−1

∑
j=1

λ j cos( jθ′) (E.4)

y(θ′) =
n−1

∑
j=1

λ j sin( jθ′) (E.5)
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From eq. (E.2),Xi is an eigenvector ofM (θ′) for i = 1, . . . ,n. Moreover, since we are limited to
real-valued constellations, thenXi can only be associated with the real eigenvalues ofM (θ′).

Solving the characteristic equation ofM (θ′) results in:

((
x(θ′)−µ

)2
+
(
y(θ′)

)2)M
2

= 0 (E.6)

whereµ stands for the eigenvalue ofM (θ′). µ is real only wheny(θ′) = 0. In this case,Xi is the eigen-
vector associated with the eigenvalueµ = x(θ′). The idea is to chooseθ′ such thatx(θ′) = 0 whenever
y(θ′) = 0. In this case, ify(θ′) 6= 0, Xi is complex-valued and hence it does not belong toA . When
y(θ′) = 0, thenµ= x(θ′) = 0 andXi is the all-zero vector fori = 1, . . . ,n.

From eq. (E.5), this can happen when{sin(θ′), . . . ,sin((n−1)θ′)} forms aZ-basis of degreen−1.
In this case,y(θ′) = 0 implies thatλ1 = · · · = λn−1 = 0 which implies thatx(θ′) = 0 from eq. (E.4).
As a special case, we chooseθ′ such that{1,sin(θ′), . . . ,sin((n− 1)θ′)} forms ann-dimensionalZ-
basis. Letθ′ = 2π

N′ . The set{1,exp(iθ′), . . . ,exp((N′−1)iθ′)} forms a basis of degreeE (N′) overZ[i]
and consequently the sets{1,cos(θ′), . . . ,cos((N′−1)θ′)} and{1,sin(θ′), . . . ,sin((N′−1)θ′)} form two
basis of degreeE (N′) overZ. Therefore, the desired property is obtained whenE (N′) ≥ n.

Finally, K is chosen to be the real subfield of the cyclotomic field associated with theN-th root of
unity (K = Q(2cos(2π

N )) andE (N) = 2n). Therefore,σ(Ω(θ′)) = Ω(θ′) whenN andN′ are relatively
prime.

E.2 Diversity Order with 2-PPM

For 2-PPM constellations, the elements of the setA given in eq. (3.65) can be expressed as[a − a]T

wherea∈ K. In other words, for any elementA∈ A , we haveΩA=−A whereΩ has the structure given
in eq. (3.62). Therefore, the difference between two codewords takes the following form:

∆C(X1, . . . ,Xn) =




x1 x2 · · · xn

−x1 −x2 · · · −xn

−σ(xn) σ(x1)
. . .

...

−σ(xn) −σ(x1)
. . .

...
...

. . .
. . . σn−2(x2)

...
. . .

. . . −σn−2(x2)

−σn−1(x2) · · · −σn−1(xn) σn−1(x1)

−σn−1(x2) · · · −σn−1(xn) −σn−1(x1)




(E.7)

whereXi ∈ A is written asXi = [xi − xi ]
T for i = 1, . . . ,n. When∆C is rank deficient, consider the

relation given in eq. (D.3) that follows from theK-linear dependence between the columns of∆C. The
dependence between the columns of the last two rows of eq. (E.7) implies that:

{
x1 = −∑n−1

j=1 σ(k j)xπ1
n( j)

x1 = ∑n−1
j=1 σ(k j)xπ1

n( j)
(E.8)

whereπk
n is the permutation given in eq. (D.40). Equation (E.8) implies that the linear dependence

between the columns of∆C is possible only whenx1 = 0. In a more general way, the linear dependence
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between the columns of the(2(n− i)+1)-th row of eq. (E.7) can be written as:

xi = −
n−i

∑
j=1

σi(k j)xπi
n( j) +

n−1

∑
j=n−i+1

σi(k j)xπi
n( j) (E.9)

= −
n−i

∑
j=1

σi(k j)xπi
n( j) +

i−1

∑
j=1

σi
(

kπ−i
n ( j)

)
x j (E.10)

Whenx1 = · · · = xi−1 = 0, this implies that:

xi = −
n−i

∑
j=1

σi(k j)xπi
n( j) (E.11)

In the same way, the linear dependence between the columns ofthe(2(n− i)+2)-th row of eq. (E.7)
whenx1 = · · · = xi−1 = 0 can be written as:

xi =
n−i

∑
j=1

σi(k j)xπi
n( j) (E.12)

Equations (E.11) and (E.12) imply thatxi = 0. Applying eq. (E.11) and eq. (E.12) recursively for
i = 2, . . . ,n along with eq. (E.8) (forx1) imply thatx1 = · · · = xn = 0. From eq. (E.7), this implies that
the only rank-deficient matrix∆C is the all-zero matrix. This shows that the choice ofΩ given in eq.
(3.62) results in fully diverse ST codes with 2-PPM constellations for any number of transmit antennas.

E.3 Coding Gain with 2-PPM

In a way similar to eq. (D.24), det(∆CT∆C) verifies the following relation:

det(∆CT∆C) ≥
2

∑
i1=1

· · ·
2

∑
in=1

(
det

([
(∆C(0)

i1 )T · · · (∆C(n−1)
in )T

]T
))2

(E.13)

where∆C(i)
j is the j-th row of the 2×n matrix ∆C(i) composed of the(2i +1)-th and the 2(i +1)-th rows

of ∆C. Following from eq. (E.7),∆C(i) has the following form (fori = 0, . . . ,n−1):

∆C(i) = σi

[
−xn−i+1 · · · −xn x1 x2 · · · xn−i

−xn−i+1 · · · −xn −x1 −x2 · · · −xn−i

]
(E.14)

Note that∆C(0)
1 = −∆C(0)

2 = [x1 · · · xn]. Given that the absolute value of the determinant of a matrix

remains invariant if one of its rows is multiplied by−1, then∆C(i)
2 can be replaced by−∆C(i)

2 in eq.
(E.13). Therefore, eq. (E.13) can be written as:

det(∆CT∆C) ≥ 2
2

∑
i2=1

· · ·
2

∑
in=1

(
det

([
(∆C(0)

1 )T (∆C(1)
i2 )T · · · (∆C(n−1)

in )T
]T
))2

, 2
2

∑
i2=1

· · ·
2

∑
in=1

(
det
(
C ′(i2, . . . , in)

))2
(E.15)
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where:

C ′(i2, . . . , in) =
[

(∆C(0)
1 )T (−1)i2(∆C(1)

i2 )T · · · (−1)in(∆C(n−1)
in )T

]T

=




x1 x2 x3 · · · xn

j1σ(xn) σ(x1) σ(x2) · · · σ(xn−1)

j2σ2(xn−1) j2σ2(xn) σ2(x1) · · · σ2(xn−2)
...

. . . . . . . ..
...

jn−1σn−1(x2) jn−1σn−1(x3) · · · jn−1σn−1(xn) σn−1(x1)




︸ ︷︷ ︸
C ( j1,..., jn−1)

(E.16)

where jk = (−1)ik+1 for k = 1, . . . ,n−1. Therefore, eq. (E.15) can be written as:

det(∆CT∆C) ≥ 2 ∑
j1=±1

· · · ∑
jn−1=±1

(det(C ( j1, . . . , jn−1)))
2

︸ ︷︷ ︸
δ( j1,..., jn−1)

(E.17)

Since jk appears in only one row ofC ( j1, . . . , jn−1) for k = 0, . . . ,n− 1, then the highest power
of jk that appears in the determinant ofC ( j1, . . . , jn−1) is equal to one for the different values ofk.
Consequently,δ( j1, . . . , jn−1) can be expressed as:

δ( j1, . . . , jn−1) =

(

∑
(p1,...,pn−1)∈{0,1}n−1

cp1,...,pn−1( j1, . . . , jn−1) fp1,...,pn−1

)2

(E.18)

= ∑
(p1,...,pn−1)∈{0,1}n−1

(p′1,...,p′n−1)∈{0,1}n−1

cp1,...,pn−1( j1, . . . , jn−1)cp′1,...,p
′
n−1

( j1, . . . , jn−1) fp1,...,pn−1 fp′1,...,p
′
n−1

(E.19)

where the coefficientscp1,...,pn−1( j1, . . . , jn−1) are given by:

cp1,...,pn−1( j1, . . . , jn−1) =
n−1

∏
l=1

j pl
l (E.20)

fp1,...,pn−1 is a certain function ofx1, . . . ,xn and their conjugates (it can be equal to zero). For example,
whenn = 3: 




f0,0 = NK/Q(x1)

f1,0 = −x2σ(x3)σ2(x1)

f0,1 = NK/Q(x2)−x1σ(x2)σ2(x3)−x3σ(x1)σ2(x2)

f1,1 = NK/Q(x3)

From the structure of the matrix given in eq. (E.16), the following relations hold for any value ofn:

f0,...,0 = NK/Q(x1) ; f1,...,1 = (−1)n+1NK/Q(xn) (E.21)

Given thatpl ∈ {0,1} for l = 1, . . . ,n−1, from eq. (E.20), it follows that:

∑
j1=±1

· · · ∑
jn−1=±1

cp1,...,pn−1( j1, . . . , jn−1)cp′1,...,p
′
n−1

( j1, . . . , jn−1) = ∑
j1=±1

( j
p1+p′1
1 ) · · · ∑

jn−1=±1

( j pn+p′n
n−1 )

=

{
0 ; (p1, . . . , pn−1) 6= (p′1, . . . , p′n−1)

2n−1 ; (p1, . . . , pn−1) = (p′1, . . . , p′n−1)
(E.22)
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Therefore, from eq. (E.17):

det(∆CT∆C) ≥ 2n ∑
(p1,...,pn−1)∈{0,1}n−1

f 2
p1,...,pn−1

(E.23)

≥ 2n( f 2
0,...,0 + f 2

1,...,1

)
(E.24)

= 2n
((

NK/Q(x1)
)2

+
(
NK/Q(xn)

)2
)

(E.25)

Since NK/Q(xi) ∈ Z for all values ofi, this implies that det(∆CT∆C) ≥ 2n unless when NK/Q(x1) =

NK/Q(xn) = 0.
Suppose that NK/Q(x1) = NK/Q(xn) = 0 implying thatxn = 0. The only time whenj1 appears in

eq. (E.16), it is multiplied byσ(xn) which is equal to zero. Therefore,j1 will not appear neither in the
expression ofcp1,...,pn−1( j1,..., jn−1

) nor in that ofδ( j1, . . . , jn−1). This implies that eq. (E.19) and eq. (E.20)
can now be written as:

δ( j2, . . . , jn−1) =

(

∑
(p2,...,pn−1)∈{0,1}n−2

cp2,...,pn−1( j2, . . . , jn−1) fp2,...,pn−1

)2

(E.26)

where:

cp2,...,pn−1( j2, . . . , jn−1) =
n−1

∏
l=2

j pl
l (E.27)

with f1,...,1 = ±NK/Q(xn−1). As in eq. (E.22), this implies that:

det(∆CT∆C) ≥ 2n ∑
(p2,...,pn−1)∈{0,1}n−2

f 2
p2,...,pn−1

(E.28)

≥ 2n(NK/Q(xn−1)
)2

(E.29)

implying that det(∆CT∆C) ≥ 2n unlessxn−1 = 0. Proceeding recursively in the same way, and notic-
ing that at stepk, jk is multiplied by the conjugates ofxn, . . . ,xn−k+1 in eq. (E.16), we deduce that
det(∆CT∆C) ≥ 2n unlessx1 = · · · = xn = 0.

As in Section 3.2, limiting the construction in an ideal whose fundamental parallelotope has a volume
of 1 is equivalent to multiplying the codewords by a diagonalmatrix whose determinant is equal to1√

dK
.

Therefore, the coding gain of the proposed code with 2-PPM and n transmit antennas is equal to:

δmin = min
∆C(X1,...,Xn)

(X1,...,Xn)∈A n\{(02×1,...,02×1)}

(
det
(
∆CT∆C

)) 1
n = 2d

− 1
n

K (E.30)

On the other hand, the perfect codes achieve a coding gain ofd
− 1

n
K overZ [64]. From eq. (3.33), this

implies that the coding gain is equal to 4d
− 1

n
K and 2d

− 1
n

K with PAM and PPM constellations respectively.
This shows that the proposed scheme achieves the same codinggain as the perfect codes.
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