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bdc�x yOz-{|i�z}p�~�g�r���o�z}{.m\zuj�z-g\��k%jlp-z}��z}g)i.���%j�r�g�p}��o�{�r�kdg�{�jlr��%r�m�z}{�cucucuc&cuc&cucuc&cucvc w

bdc�x�csb yOz}{���k%g�m���ilr�kdg�{|{�o�j��djlk%o��"z}{�m�zv��r�z}o���cuc&cuc&cucucucucuc&cuc&cucuc&cucvc �
bdc�x�c�x �.o\i�j�z-{|i�z}p�~�g�rs�no\z-{	m�z&j�z-g\��k%jlp-z}��z}g)i.���%j|r�g�p}��o�{�r�kdg\{�jlrs�dr�m�z}{ cucuc&cucvc �

bdc�w �.g�zv��j��}�%z&j�z}�no�zum�z-{����}i�~\k�m�z}{�m�zvp'�%�sp-o��Ic&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc �
bdc�w\csb yOz}{.������jlknp�~�z}{.m�z�ih�n�Iz�����knm��}��r�{l��i�rskdg���re�nilzq� cucucucuc&cuc&cucuc&cucvc �
bdc�w\c�x yOz}{	���}il~�knm�z-{�m�zvp'����p-o\�8���%j|�}���-��z-g)il{���g�r�{�c&cucucucucuc&cuc&cucuc&cucvc�bM�

bdc � y/¡��%�\��jlknp�~�zv���%j|~�k%��kd�%�-g��}r�{��Zi�r�k%g¢z}i�{lz}{.�sr���rsilz-{£cuc&cucucucucuc&cuc&cucuc&cucvc¤x%¥
bdc ��csb yOz�{�kd�Ojlz}g\��kdjlp}�vp-kd����z���r��sr�z}o¦�-���%{�ilr���o�zv�%g�rs{lk%iljlkd�Iz§cuc&cuc&cucuc&cucvc¤x%¥
bdc ��c�x �	g¨zq��z-������zvrs����o\{�i�jl��i�re�Ocuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc¤xdx
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x�c � ½^�\z}���\��z�m8¡��%�����sr�p-��i�rskdg cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvcÅ�)¥
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x�c ��csb ¹ kd{lrei�rskdg¢m�o´��jlkd�\���-��zÓcuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvcÅ�)¥
x�c ��c�x Ônkd��o\ilr�kdg�z-g´m��-�����%p-z}��z}g)iÀcucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvcÅ��b
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w\ceb fhg)i�jlknm�o�pqi�rskdgtcucucucucuc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc¤��b
w\c�x ½/g�z-j��dr�z��Ik%i�z}g)i�r�z}���szªm8¡ o�g���r��sr�z}o¦��r��\~��%{lrs��o�z cuc&cuc&cucucucucuc&cuc&cucuc&cucvc¤��b
w\c�w ¹/jlr�g\p-r��Iz¦m�o���r�g�rs�
o��6m�z¨�Û¡ �-g\z-jl�%r�z¦�Ik%i�z}g)i�r�z}���sz��Ikdo�j¿o�gÏ��rs��rsz-oØ�\r���~���{lr���o�z

�-���%{�ilr���o�z<cuc&cucucucucuc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc¤�%w
w\c � Ü�kdjl�
o\�¾��ilr�kdg��%��jlr¾�Zi�r�k%g�g�z-�s��z£cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc¤�dÝ
w\c�� Þ��}il~�knm�zvm�z-{��-�s�-��z-g)i�{|��g\r�{	�%�����sr���o��}zv�%o¨{��n{�il�-��z&��rs��~��%{�r���o�z cuc&cucuc&cucvc¤�dÝ

w\c���csb Þ��%r��s�¾�%�dzßcucucuc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc¤�%à
w\c���c�x �.����j�kK��rs����ilr�kdg�m�z-{	p�~��%����{�m�zvm��-�\�¾�%p}z-��z-g)i	z}i�m�zvjlk�i���ilr�kdg¦cucuc&cucvc¤�%�
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o��ei�rs��~��%{�r���o�z¢z-gC�-���%{�ilr�p-rei��

�sr�g��-�%r�j�z
cucucucuc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc¼Âdw
w\c���c�� ©$����r�m���i�rskdg�m�zv�V¡�kdo�i�r��"g�o����}jlrs�no\z c&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc¼Âd�

w\c�Â Á�kdg�p}��o�{�r�kdgÃc&cucucucucuc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc¤Ý��

Ù È¦[�[�UTRVQdY\HKRTLIG ³
N�PâQdL8N a¯N²a¯QdY�UTQ)P U�®°P�U±HMR�[^]²Y�³'RT_8P²a¨a�G<¶nU�Y�³}HMRTQ)R±HK¶¨UVRTG²¶nY�RTJMa ¸�ã
��ceb fhg)i�jlknm�o�pqi�rskdgtcucucucucuc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc¤ÝdÝ
��c�x »�r���z-g\{lr�k%g�g�z-��z-g)i�m8¡ o�g�z���kdg\m���i�rskdg¢{lo\j	jl�%m�rsz-j|m�zv��rsz-o��äcucucuc&cuc&cucuc&cucvc¤ÝdÝ

��c�x�csb ¹ kd{lrei�rskdg¢m�o´��jlkd�\���-��zÓcuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc¤ÝdÝ
��c�x�c�x ©$����r�m���i�rskdg�zqi.p}kd�����%j���r�{lk%g�{|�'�dz}p&m8¡��%o\iljlz}{.���}il~�k�m\z-{ c&cuc&cucuc&cucvc	b'¥d¥

��c�w Á�kdg�p}��o�{�r�kdgÃc&cucucucucuc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc	b%bK¥

ã å&L"®æ[/LIJKHKan®ØanG"H(¶nUTY�³qHKLX[^U�Y�³}HMRT_8P²a¢a)H¿ç°UTY·J�P²[²HMP JMa´N PD®èRTUVR�anPÓ®°P�U±HMR�[^]²Y�³'RT_8P²a^EXEXE
��ceb fhg)i�jlknm�o�pqi�rskdgtcucucucucuc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc	b%bKw
��c�x Á�kd���"kdjéi�z}��z}g�i��-�¾��{�i�kZÄh�����%{�ilr���o�zªm8¡ o�g���rs��r�z}o���rs��~��%{�r���o�z cucuc&cuc&cucuc&cucvc	b%bKw

��c�x�csb ¹/~���{lzv���Zi�jlrsp-zæc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc	b%bKw
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��c�x�c�x ¹/~���{lzvjlz}g\��kdjlp}z-��z-g)i�cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc	b%bM�
��c�x�c�w yOkdr`m8¡�rsg)i�z-jl�%p}ilr�kdg c&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc	b%bMÝ

��c�w ½^�\z}���\��z�m8¡��%�����sr�p-��i�rskdg cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc	b%bK�
��c�w\csb ¹ kd{lrei�rskdg¢m�o´��jlkd�\���-��zÓcuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc	b%bK�
��c�w\c�x

1 ëTì p'�%{vÕ ρ > 1 í �\�¾�%{éi�rs��p'��ilr�kdg¢m�zv���
����iljlrsp-zªz}g���j�z-��r�z}j�î cuc&cucuc&cvc�bMx��
��c�w\c�w

2 ïTðOë p'��{uÕ ρ = 1 í ���¾��{�i�re��p'�Zi�r�k%g¦{lrs�
o��si��%g�g��}z�m�z-{	m�z}o��¨��~���{lz-{�îñcuc&cvc�bMx%�
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��c���csb ».kd����r�g�zªm\z-{	p�~��%jl�%z-��z-g)i�{��Ik%i�z}g�ilr�z}����z}��z}g)i|{lo��\�"kdjéi��%�\��z-{æc&cucuc&cucvc	b'w)�
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bdc�Â �^�VÛIæÄó!ìåÛØß�Û�ç�Ý
ð�î�Ý
à�é áZé)ãèÝ
ð9ß�ê Þ�ð�Ûaó�ÛIð�é�Û�ãÁð�äIé áWë�ìåÛ ó�áZàÒÞ�ð ýZàÆÝ
Þ$ó�ÛSß�Ûaó!ãèÛIÞ��
þÛ� ç�ø�ìåÝ"äIñ

ä"ÛIànÛIé���ð�é·ÛIàIàÆÛIãÁð�ÛIà�þ��������}ÿ�������
�ÿ c&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc �
bdc�Ý íSãèÛIÞ÷ß�Û@àÆÛIð�î�Ý
àÆç�ÛIæjÛIð�é�ä"Ý
ìÁì ãèçIãÁé·ù3ÛIðu�HÛ��¢ãèÝ
ð[ó�áZàÄìïê á�çIé)ãèÝ
ðõì¦áZé�ùIàâáZìåÛ@ßZÞjä"Ý
ì^þ���àâáZð\�

þ��������qÿ���� ��
�ÿ cucucucucuc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc�bK¥
bdc�à íSàIãÁð�çIã ó�Û�ßZÞ÷æjÝ�ßn�IìåÛ"! ø�ûZë�à�ã)ß�Û#!¨ó�Ý
Þ�à@ìåÛnçïáZìåçIÞ�ì�ß�ê Þ�ð�Û¨î�Ý
ð!ßWáZé)ãèÝ
ð�æ[ãø�¢é·Û�þ��¨ì¦áZð�çIû
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ì ó�ø¯þ��������}ÿ��&%('�
�ÿ c&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc�bdb
bdc�� �ÒáZìåçIÞVì�ßZÞÿß�ù·ó!ì¦á�ç�ÛIæjÛIð�éSÜZÛIàIé)ãèçïáZì�ð�Ý
à�æ�áZì ãåä"ù¼ß�ê Þ�ðrýZàÆÝ
Þ"ó�Û�ß�ÛHó!ãèÛIÞ%�Pä"Ý
Þ^ä�ç�ø�áZà�ñ

ý�ÛIæjÛIð�éÒÜZÛIàIé)ãèçïáZì/þ*) ø�áZð�ý÷ÛIé��Ræ�áZìÁì/þ&%('�'�'�ÿ����	��
�ÿ c&cuc&cucucucucuc&cuc&cucuc&cucvc�bMx
bdcebK¥ �Äð!áZì û$ä"Û9ß�Û9ì¦áõäIéèáWë�ãÁì ãÁé�ùLáZÜZÛ�ç3äIÞVàÁîºá�ç�ÛLß�Û�à�Þ"ó!é?Þ�àÆÛjß�ê ÞVð-é áZì ÞWä�àÆÛIð�î�Ý
à�ç�ù5ó�áZà[ãÁð�ñ

çIì Þ^äIãèÝ
ð�ä@àIã¦ýZã)ß�Û�ä cucucuc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc�bKw
bdcebdb þrÞ�ì é)ãèçIàIãÁéh�IàÆÛ÷ß�ê Þ�ð�ÛjãÁð�çIì Þ^äIãèÝ
ð'ß�ÛLàÆÛIð�î�Ý
à�ç�ÛIæjÛIð�éª�ÿì¦áré)àâáZÜZÛIà�ä"ù�Û�ß�ê Þ�ð�Û�äIÞ�àÁîºá�ç�Û

ß�Û�à�Þ$ó!é)Þ�à�Û�þ?ò�ìåÝ
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�ÿ cucuc&cuc&cucucucucuc&cuc&cucuc&cucvc�b'�
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ÞVÜ"àâá"ý�ÛHàÆÛIð�î�Ý
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ð�ð�ÛIì ÿ cuc&cucvc¼wdÂ
x�c � �¨ãåä�áZãÁìÁìåÛIæjÛIð�é7ÛIð�ß�ù%î�Ý
à�æ�áZé?ãèÝ
ðLó!ì¦áZð�Ûnß�ê Þ�ð�Û[ç�Ý
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ä�áZìåÛIæjÛIð�é cuc&cucucucucuc&cuc&cucuc&cucvc&cuc&cucuc&cuc&cucucucucuc&cuc&cucuc&cucvcÅ��b
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m�zv�¾�
�\jl�-{�z-g)i��Zi�r�k%g�m�zvp}z}ililzuilz-p�~�g\r���o�zuz}i�m�zv{lz}{.m\rzå"�-jlz}g)i�z-{.�%���\��r�p-��i�rskdg�{�z-g´�d�-k%ilz-p�~�g\r���o�z%c
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í �)î í ��î "!$#&% bdcsb%Õ � ç�ø�ùIæ�áZé?ãåä�áZé)ãèÝ
ðLäIãÁæÄó!ì ã �´ù�Û5ß�ê Þ�ð�Û�î�Ý
ð!ßWáZé)ãèÝ
ðnó!à�Ý�î�Ý
ð!ß�Ûvþ�áqÿ[ÛIé�ß�ê Þ�ð�Û�î�Ý
ð!ßWáZé?ãèÝ
ðPæ[ãø�¢é·Û
þ�ëéÿ

• yOz-{ àâáWßZãèÛIàÆä÷ß�ÛÄî�Ý
ð!ßWáZé?ãèÝ
ð�äIÞVà ó!ãèÛIÞ%� kdo î�Ý
ð!ßWáZé?ãèÝ
ð�äLæ[ãø�¢é·Û�ä í i�jl�%m�o�pqi�rskdgèm�z�����r��sz-mèjl���±i
��kdo�g�m���i�rskdg�{é�Bâ/�dkdrsj�û�kdj�z-� í x%¥d¥�bMî ý bdbtþ¾î��Ikdo�j���z-{���o�z-�s{�â����Ø{lz}��z}���sz�m�z���kdg�m���ilr�kdgDz-{�i¦z-g
p-kdg)i��%p}ivm�rsjlz}p}iu�'�dz}p��sz
{lkd� í ���do\jlz¨bdceb í �Xî�îqcOyOzº{��n{�il�-��zºp-kd�
�\r�g�z¿�sz
��knm�z
m\zº��k%g�p}ilr�kdg�Äg�z-��z-g)i¢m\z·�¾�Ã��kdg�m���ilr�kdgC��jlk���kdg�m�z�m��-p}jlrsi¦��jl�}p-�-m\z-����z}g�i�â��'�dz}p¯p-z}��o�r.m�z��¾�°��kdg�m��Zi�r�k%g
{lo��Iz-jé��p-rsz-�s��z%c
Á�z}i�i�z|m�z}jlg�rs�-jlz�ilz-p�~�g\r���o�z�â)m`¡�o\ilr��sr�{��Zi�r�k%g&���so�{/jl�}p-z}g�ilz��no\z	�sz-{^��k%g�m���ilr�kdg�{^��jlk%��k%g�m�z-{ í û�o�j Ä�¾�%g\m¿z}i��%�Ûc í bK�)Ý%Ýdî ý bKÂ#þ¾î@â){lz�j��}�d�}��z�ztã�p-�%p-z	�"k%o�j/��kdg�m�z}j/m�z-{$kdo\�nj����dz-{�m�z��djl�%g�m�z|i���r����sz�{�o�jm�z-{�p-kdo\p�~�z-{/��jl�drs��z-o\{lz-{tâMjlz-����i�re�dz}��z}g�i p}kd���\jlz-{�{lrs����z}{�âZz}i�m�r���r�g�o�z}j���o(���Z��r��
o��ß��z-{²i���{l{lz÷Ä
��z}g)i�{$z-g���r��sr�z}o¿o�jl����r�g_â)p}kd����z|m��%g\{���z�p-�%{�m`¡�rs����z-o��\��z-{/m\z	iljl�-{��dj���g�m�z-{$~��%o�i�z-o\jl{-c�y²�
���do�j�z�b%c�x¿p-røÄ �%��j��-{	z}i.��z�i�������z-�%oæb%csbu��o�r��V¡���p-p-k%�������dg�z�â�z÷�ni�j���rsi�{�m�z
Ô�o�m�j�z}i í bK�%�d�)î ý Ý%�	þ�âm�kdg�g\z-g)i���o�z-�s��o�z-{�z÷�\z}���\��z-{�m�z(i�k%o�jl{.p-kdg�{éi�j�o�rsilz-{ªm���g�{ª��z}{��nr��s��z-{	m�z(y²k%g�m�jlz}{�z}iªÜXjl�%g�p÷Ä
��kdj�i	m�k%g�i���zu{lkdo\{éÄh{�kd� z-{�i�p'�%jl�%p}il�-j�r�{l�u���%j	�¾�º��j��-{lz}g�p-z¿m`¡�o�g\z(p-k%o�p�~�z
m8¡��%j��dr��sz�m8¡��}���%rs{l{lz}o�j
r����"k%j�i���g�ilz%c
»�z$g�kd�
��j�z-o��(�%o�i�jlz}{�z÷��z-������z}{^{lk%g�i ��kdo�j�g�r�{²����jÜû�k%jlz-� í x%¥d¥\bMî ý bdb�þ�âM�no\rnm\�-p-j�rsi����%j��%r��s��z}o�jl{�Û¡ o\i�rs��rs{���ilr�kdgÃm�z¨p-zqili�z¨i�z}p�~�g�rs�no\z�â�z-gCÜ�j��%g�p}z¨p-kd����z¨ò¯�V¡��qi�j���g��dz-jtâ �Ikdo�jº��z}{
��kdg�m���ilr�kdg\{
m8¡ kdo\�nj��%�%z-{|m8¡��%j�i�â\k'�¢�szªg�kd�(��jlzªm\z���r�z}o��¦m\z�jlz-g���kdjlp}z-��z-g)i�z-{éi�i�kdo�i�z}��k%r�{����so�{��T�%rs����z.��o�z
m��%g�{��sz�p'�%{�m�z}{���k%g�m���ilr�kdg�{|m\z-{��)(�ilr���z-g)i�{}c

�������*� + ���+i�j��,� j�-/.0�}h21��}j��3�}j i�j���
�c­i4-Lj�dgj��"���}f$i h2��-65	�0� h�c����0i�h2�$h2�}j��

¹��%jl��rO��z}{���o\i�j�z-{	���qi�~�knm�z-{	jlz}��zq�%��g�i	m�o�jlz}g\��kdjlp}z-��z-g)i.m8¡�o\g·{lk%� ���%j.rsg�p-�so�{lrskdg�{|j�r��drsm�z-{tâ�kdg
�Iz-o\i	p-rei�z}j�Õ

• yOz-{ujlz-�\jlr�{�z-{&z-gØ{�kdo�{ Ähõvo\�njlz�m�z���k%g�m���ilr�kdg�{vm�z��)(�ilr���z-g)i�{ukdoÃm8¡ kdo\�nj��%�%z-{(m`¡��%jéi(���%j&m\z-{
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798�:3;=<?>A@CBEDGFH8GI�<KJLJ&D2@NM	O
P 8KQARS79T?UEUWVX:

YZ [\ [
]_^`a b
cdZe [
f

7 P :�ghDji�i	D2kl>A@jJm79TnUnUEoj: 79p9:qghD2i*i	D	k_>A@jJr7�st<K>vu=DxwKD2@jklyzO
p�8?FHD$:

 "!$#&% bdc�xnÕ �^�VÛIæÄó!ìåÛ�ä3ß�ê Ý
ÞVÜ"àâá"ý�Û�ä5äIÞVà àâáWßZãèÛIà�ä ß�Û´ó!ãèÛIÞ%�¯þÛ�RÞ�ßZàÆÛIé�þ��������qÿ{���	��
�ÿ

�djlk%o��"z}{�k%o¦jl�}{lz'��o��¦m\z æ[ãèçIàÆÝ�ó!ãèÛIÞ%� í ���do�j�z(bdc�w)î÷c�½/g¢Ü�jl�%g�p-z#â�p-z�ih�n�Iz�m�z	i�z-p�~\g�r���o�z��v�T�%rsi�Û¡ kd�+ä�zqi.m\o�¹/jlkAä�zqi � ��i�rskdg��%�8Ü �S{ ½ ©�½ { �no\r��ºm��}�"kdo\p�~��
{lo\j.�V¡��}m�rsilr�kdg¢m�zujlz}p-kd�����%g�m��ZÄ
i�rskdg�{ í ¹/�so���z}���sz�z}i	���Ûc í x%¥d¥)xdî ý Â\btþ�ÿIÔ�p�~��skd{l{�z-j	z}i	Ü�j���g�÷ í x�¥d¥dw)î ý Âdà#þ¾îqc

• yOz´j�z-g\��k%jlp-z}��z}g)i�m\z´{�kd��{ºm�z¢��kdg\m���i�rskdg����%j¿m�z}{�rsg�p-�so�{lrskdg�{
�%z-j�ilr�p-�%��z}{¿z-gDp}kdg)i��%pqi��K�%z-p
o�g {lo��\{�i�jl��i�o\�\â��sz¯p�~��%j��dz-��z-g)i¨�}i��%g)i¨i�j���g�{l��r�{¦���%j¢�Û¡ r�g)i�z}jl���-m�r��%r�j�z�m`¡�o�g ����i�z}�¾�%{�m�z
jl�}���%j�ilrsilr�kdg���k%jl����m8¡�o\g�����i��}jlr��%o¢�dj���gno\�¾�%rsjlz í ���do�j�z¿bdc��)îqc
Á�kdg)i�jl�%r�j�z-��z-g)i ��o��&{lrsilo���ilr�kdg�{²��j��-p}�-m�z}g�ilz-{tâ)z}i�g�k%i�������z-g)i^�%o��u��kdg�m��Zi�r�k%g�{²��jlk%��k%g�m�z-{^kdo
��rø�ni�z-{tâ���z}{.rsg�p-�so�{lrskdg�{|g�zu{lkdg)i����%{	jlz-�sr��}z-{�z-g)i�j�z(z}����z}{����%j�o�g�jl�%m�r�z}j|m�z&��k%g�m���ilr�kdg8c�½��s��z}{
p-kdg)iljlr��\o�z-g)i����%j$zq��z-������z.òvjl�-m\o�r�j�z.p}kdg�{lrsm��-jl�%���sz-��z-g)i��sz|i��%{�{lz-��z-g)i�m�z.j�z-�
�\�¾�%rs{/{lo�j�{lkd�s{
p-kd����j�z-{l{�r����sz-{ í Á�kd�
����jlr�z}o í bK�%àdà)î ý x�b�þ�ÿ8���szq��r�zn| zqi�©�kd�dz-� í x%¥%¥)xdî ý xAþ�ÿ_û�z-jéi�~�z}��k%ivzqiu�%�Ûc
í x%¥%¥dw)î ý �Aþ¾îqc�Á�z.�\jlknp-�-m\�	m\z.j�z-g\��kdj�p-z}��z}g�i�â��no\rIp}kdg�g���rsi�o�g�m��}�%z-��k%���"z}��z}g)i�p}jlkdrs{l{���g�i�âd�T�%rsi�Û¡ kd�+ä�zqi(m8¡ o�gÓ¹/j�kAä�z}i � ��i�rskdg��%� í û�jlr��%g�ü}kdgØzqi¿�%�Vc í x%¥d¥%�)î ý b'�#þ�ÿ~}%z}g�p�÷æzqi¿�%�Vc í x%¥d¥d�dî ý �%w	þ±î÷c
Á�zºm�z-j�g�r�z}j���zqivz-{l{�z-g)i�rsz-�s��z-��z-g)iu�Û¡��%p}p-z-g)iu{lo\ju�����T��ü-k%gæm�k%g�iv�sz-{vp�~��%j��dz-{��%z-j�ilr�p-�%��z}{u{�kdg)i
i�jl�%g�{l��r�{�z-{��%o��Cr�g\p-��o\{lr�k%g�{�m\z·jlz}g\��kdj�p-z-��z-g)i����%j���z´��r¾�%rs{�m`¡�o�gD����ilz-���%{º�dj��%g�o����%r�j�z¨m�z
jl�}���%j�ilrsilr�kdg8c
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� ¡�¢�� � Á���£�§2�+¡�¢�£¤�F� � ¡�¥�¢��B¥�¦� ²��
� ¨+¡�£¤�����B¥�¦

��¥
¦�¡F��£¤�B¦
� ²��

� £¤�B¥�©

bK�dÂdÝ � k%o�j �ÒáZÜ
áZì à�û9ò5áZà�àâá�ç��"ä â�yOkdg\m�jlz}{
íN� k�kd�Iz-j í bK�d�)Ý%î ý �%xAþ±î

�d¥ b�â��
��bv��r�z}o��
d � ¥(â��¿�\â
L = 25

�

bK�)Ý%� fh����z-o\����z �Ré·Ý
ð�Û�ë�à�ã)ß"ý�ÛBí´áZà�� â�yOkdg�m�j�z-{
í Á�knk�÷%zvzqi����Ûc í bK�dà\bKî ý x%w	þ±î

Ä ¥ â��
wd¥\bv��r�z}o��
d � ¥(â ���
�\â
L = 13

�

bK�d�%¥ þ}Û�ä�ä"ÛIé)Þ�àIæ â�ÜXjl�%g�pq��kdj�i
í Ô�k%����z-j�zqi.�%�Ûc í bK�d��bMî ý ÝZ�#þ¾î

x%�%Â w¿Ä�Â
Â%�º��r�z}o��
d � b�â�w¿�\â
L = 27 − 30

�

bK�d�dÝ � k%o�j|m�zv�¾��ô Ý
æ[æjÛIà , ë�áZð\� â\Ü�jl�%g�p}��k%j�i
íN� ��i8ø-z-g�����p�~ í b'�d�)Ýdî ý ����þ¾î

x��d� x â��&Ä$��â��
bdbdbv��r�z}o��
d � b�â��&Ä	b�â�à¿�-â
L � w)Ý+â��&Ä$��� â��
�

�"����% bdcebdÕ �ÒáZàâá�çIé�ùIà�ãåäIé)ã)ö�ÞRÛ�ä ß�ê Ý
ÞVÜ"àâá"ý�Û�äBäIÞ�à´ó!ãèÛIÞ%��þ�ß�ê áIó!à���ä��RÞ�ßZàÆÛIé�þ��������qÿ����	��
�ÿ

• »ª�%g�{��sz|�¼ö}��z|kdj�m�jlz|m`¡�rsm��-z#â)o�g�p}kdg�p}z-�\i�kdjlrs�dr�g��%��m\z	j�z-g\��k%jlp-z}��z}g)i����%j/r�g�p}��o�{�r�kdg\{/jlr��%r�m�z}{
���qi���m\z}�dz}��kd�\�"���"kdo\j(�%{�{lo�j�z-j
���´{éi��%�\r���rei��¿m�z}{(��kdg�m���i�rskdg�{vm�z-{(��r��sz-{vm�oè�Ikdg)i(m\z { r�kdg�Ä
��g)i�rsjlrskdg¢z-g-ø-kdg\zu{�r�{���rs�no\z í ¹�z}p�÷%z}jªz}i � z}�n{l{l�%g�m�rsz-j í bK�d�%à)î ý Âd¥#þ�ÿX¹ z-p�÷�z-j í bK�d�dàdî ý �%�Aþ±î÷c���¾��m�r�å`�}jlz-g\p-z�m\z-{���k%g�m���ilr�kdg�{���re�ni�z}{�â���z}{�rsg�p-�so�{lrskdg�{�m�z.jlz-g���kdjlp}z-��z-g)i í ��o�r"{�kdg)i�m�z}{�ilo��"z}{���qi��%�s��rs�no\z-{`m\z$xd���äm�z/�skdg��do�z}o�j�â'x��ßm�z�m�r��%���qi�j�z^z}i^x�p}�äm8¡ �-���%rs{l{�z-o�j�îOg\z/{lkdg)i g�rdj�z-��rs�-z}{
�%o·jl�%m�rsz-j�m�z&��k%g�m���ilr�kdg_â�g\r z}g�p-k%g�i��%p}iª�'�dz-p&o�g�{�o���{�ilj���ilo��¼jlrs�dr�m�zvz}g����%jéi�r�zvrsg\���-j�r�z-o\jlz%c
yOz¦g�kd�
�\jlz¢z}iº���·m�z}g�{lrei��¨m8¡ r�g�p}��o�{�r�kdg�{&{lkdg)i����%j
�%r��s��z-o\jl{(�\r�z-gÓ�\��o�{¿rs���Ikdj�i��%g)i�{tâ i��%g�m�rs{
��o�z
��z}o�jª�skdg��do�z}o�j�âI�}���%�so��-z(jlz-����i�re�dz}��z}g�i����%j.j��%���Ikdjéi��%o���m�r���z-g\{lr�k%g�{.~\kdjlrzø-kdg)i�����z-{.m�o
j��%m\r�z-jtâ%z}{�i$��k%r�g�{ rs���Ikdjéi��%g)i�z��no\z	m��%g�{���z}{ ��kdg�m���ilr�kdg\{ ��jlk���kdg�m�z}{$p}�¾�%{�{lrs�no\z-{ í ���%o�jlzvbdc��dîqc

• �.gº�%o�i�jlz�m�kd���%r�g\z�m8¡ o\i�rs��rs{���ilr�kdgvm�z|���	i�z}p�~�g�rs�no\z|m�z�jlz}g\��kdj�p-z-��z-g)i�m�z}{/{lkd�s{^����j r�g�p}��o�{�r�kdg\{
jlrs�dr�m�z}{�p-k%g�p-z}jlg�zu�¾�
{éi��%��rs��rs{���ilr�kdg�m�z-{	�"z}g)i�z-{�rsg�{�i��%����z}{-c�y²�¿���do�j�z¿bdc�Â(â�zq�ni�jl�%rsilz�m�o¨i�j���rsi��
�éÁ�kdg\{�i�j�o�p}ilr�kdgn��m�z-{²� � z-p�~�g\r���o�z-{^m�z��V¡�fhg\�d�-g�rsz-o�j ��âMm�kdg\g�z��V¡�z÷��z-������z$m�z$�¾��p-kdg\��k%j�i��Zi�r�k%g&����jr�g�p}��o�{�r�kdg\{²�%z-jéi�r�p-�%��z}{ í ��r�z}o��&m�z�àd¥.p-�Ðm�z�m\r¾�%���}iljlzKîOm8¡ o�g¿jlz}�
�����%rnÔ � Á�Ü�jlz-�Ikd{l�%g)i/{lo�j�o�g
�dz}jl{���g�i�r�g�{éi��%���sz%c�y/¡�o\ilr��sr�{��Zi�r�k%g¿m�z�i�z}���sz-{$r�g�p}��o�{�r�kdg�{$p'�����%���sz-{�m\zªjlz}��jlz}g�m�jlz�m�z-{|z@å`kdjéi�{�m�z
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 "!$#&% bdc�w\Õ �^�VÛIæÄó!ìåÛ3ß�Û�àÆÛ·ó!à�ãåä"Û¼ÛIð.ä"Ý
ÞWäIñé,7ÞVÜ"àÆÛ´ó�áZà ß�Û�ä@æ[ãèçIà�Ý�ó!ãèÛIÞ����!ó!ãÁìåÛ ßZÞ[ó�Ý
ð�é7ß�Û´ó!ãèÛIà�àÆÛ&�
òBÝ
àâß�ÛïáZÞ���þ?ô�Ûïß�Ý
Þ%��þ���������ÿ�������
�ÿ

���=�2���=�N�H�E�
�N�W�=�X�N���K�*�W�

�E�W���*�n�n�

�&�K�*�	� �n�¡�E�*�n�¢�=���n�H�*�

�X�E�£�2�n��¤W�*�¥�*�N�H�W���

 "!$#&% b%c���Õ íSà�ãÁð�çIã ó�ÛjßZÞ-àÆÛIð�î�Ý
àÆç�ÛIæjÛIð�éBß�ê Þ�ð�Û÷ç�Ý
ÞRç�ø�Ûjß�Û9ä"Ý
ì´ç�Ý
æÄó!àÆÛ�ä�äIã)ë�ìåÛBó�áZàPß�Û�äLãÁð�çIì ÞWäIãèÝ
ð�ä
ÜZÛIà�é?ãèçïáZìåÛ�ä

ù�zq��rskdg(�	�"z}jl��r�{Om�z�m�r���r�g�o�z}j8��kdj�ilz-��z-g)i ��z}{���kdo\�%z-��z-g)i�{�m�z����|�"z}g�ilz%c�»(¡��%o\i�j�z-{�zq��z-������z}{
m8¡��%�����sr�p'�Zi�r�k%gÃm\z�p-z�ih�n�"z�m�z�ilz-p�~�g�rs��o�z¦m�z�jlz-g���kdjlp}z-��z-g)i¿ò´�¾�¨{�i�����r��sr�{��Zi�r�k%gÃm\z-{(�Iz-g)ilz-{
{lkdg)i�m��-p}jlrei�{����%j�¦�o�m�z}~�o�{�zqi|Ô�p�~§|��%j�i8ø í bK�%à)�dî ý �\btþ�â4¦�o�rs����k%o�� í bK�d�dw)î ý ��xAþ�â�z}i � kdg��&z}i��%�Ûc
í bK�%�)Ýdî ý ��b�þVc
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í �)î í �Xî
 "!$#&% bdc���Õ þ�áqÿÊ��Þ�Û.ß�ê Þ�ð�ÛBî�Ý
ð!ßWáZé)ãèÝ
ð(ßZÞ�ó�Ý
ð�é3ß�Û7��ãèÝ
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rsg�p-�so�{lrskdg�ò��Û¡ z-g\m�jlkdrei�m�z({�kdg
r�g)ilz-jl{�z-pqi�r�k%g°�K�%z-p¿����{lo�jé�T�%p-z¿m\z
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�<g�k%ilz-j �}�)�%�sz-��z-g)i/��o�z { z-o���z}i { �%g�m�kd�s��~ í x%¥d¥dw)î ý Â%w#þ\��kdg)i/o\g�o\{��%�dz�r�g)i�z}g�{lre�"m\z|�¾��{�r��
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�\jlz	m�z
p'�%{	jl�}z-�s{.m�zu��kdg�m��Zi�r�k%g�{�m�z(�djl�%g�m�z}{	ilkdo�j�{ªò�Ü�jl�%g�p}��k%j�i'c��.o�p-o\g�z(rsg�m�r�p-��i�rskdg¨g8¡ z-{�i�p-z}�"z}g�Ä
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½/gtg�kdo�{¨jlz}{�iljlz-rs�dg��%g)i·�%o p'�%{´k'� ��z-{¨m�z}o�� p-k%g�{�ilrsi�o��%g)i�{ í {lk%��z}i´r�g�p}��o�{�r�kdg�î�kd�"�}r�{�{lz-g)i·òo�g¨p-k%���Ikdj�ilz-��z-g)i|�}�¾�%{éi�r���o�z���r�g\�'�%rsjlz�ân�¾�
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{lk%�*â²jlz}�"kd{�z�{�o�j(����jl�}{lkd�so\i�rskdgÃm8¡�o\gè��jlk%�����}��z��%o���r��sr¾�%rsjlz¿m8¡ �-���%{�ilr�p}rsi��ºm��q��g�r${lo�j&�¾�´p-z-�s��o��szºm�z
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��kdg)i�jlz}j.��o�z#â"m��%g�{��sz&p-�%{�k����¾�¿��j��%pqi�rskdg´�%kd��o\��rs�no\zum\o����Zi��-j�r¾�%o´m�z&jlz-g���kdjlp}z-��z-g)iªg�k�i��-z

η
â
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η =
sr

d2
í bdc�wdî

í �'�%z-p sr Õ�{�z-p}ilr�kdg¨m�j�kdrsilz�m�zu�Û¡ r�g�p}��o�{�r�kdg¦zqi d
Õ�z}{l���%p}z-��z-g)i.z-g)i�j�z&m�z}o��´r�g\p-��o\{lr�k%g�{�î�z}{�i��T�%r��\��z�â

i���g�m�r�{$��o�z�{l�&jl�%r�m�z}o�j�jlz}��jl�}{lz-g)il�-z����%j${lk%g���k�m�o\��z�m8¡õô$kdo�g��
Er z-{�i��dj���g�m�z���rs{éÄhòZÄ��nr�{�m�z	p-z}���sz

m�o�{lkd� í ��knm�o���z�m`¡�ô$kdo\g�� Es îrâX��z é�ÛIð�ä"ÛIÞ�à3ß�ê ùIì¦á
äIé?ãèçIãÁé·ù æ�á�çIàÆÝ"ä"ç�Ý�ó!ã)ö�ÞRÛ m\o�{�kd�²jlz-g���kdjlp}�&{}¡��}p-jlrei
íN� �%{l~\r�g í bK�%àdw)î ý �)wAþ�ÿµ¦vj�z-o�z}��� í bK�d�dw)î ý wd�	þ�ÿIÔ�o�m\jlz}i í bK�d�d�)î ý Ýd�Aþ¾î�Õ

η � 1, Er � Es, Chom = Cs + αrex ⊗ ex ⊗ ex ⊗ ex í bdc��)î

�'�dz}p
αr = ηEr z}i Cs z-{éi
��z¿ilz-g�{�z-o�j
m`¡��}�¾�%{éi�r�p}rsil��m\oØ{lk%�*âOi��%g\m�r�{u��o�z

ex

m��-{�r��dg�z���zº�dz}p}i�z}o�j
o�g�rei��%rsjlzª�\�¾�%p}��{lz-�skdg´�¾�
m�rsjlz-pqi�rskdg¢m�z-{	r�g\p-��o\{lr�k%g�{�m�zvjlz}g\��kdj�p-z-��z-g)i-c

sr

d

R

d

d

ex

 "!$#&% bdcsbKÝ�Õ �!Ý
ì Þ�æjÛ¼ùIìåùIæjÛIð�é áZãÁàÆÛ�àÆÛ·ó!àÆù�ä"ÛIð�éèáZé?ã î

»��%g�{���zªp-�%{|k'�¢�sz�{lkd�"z-{�i	��k�m\�-��rs{l�.p-kd����z.o�g¨��rs��rsz-o��}�¾�%{éi�rs�no\zª��rsg��'�%rsjlz ãåä"Ý
é?àÆÝ�ó�Û m\zup}k�z@ã¿Ä
p-rsz-g)i�{�m�zvy²�%���

λs z}i µs â���z.{lkd�"jlz-g���kdjlp}���%������j��#ási�p-k%����z.o\g´��r��sr�z}o��}�¾�%{éi�rs�no\z Ý
à�é%ø�Ý
é)àÆÝ�ó�Û ß�Û
àÆùIÜZÝ
ì ÞVé)ãèÝ
ð �%o\ilkdo�j|m�zv���
m�r�j�z-p}ilr�kdg¨m�zvj�z-g\��kdj�p-z}��z}g�i�â�{lkdreivÕ

Chom = λsI ⊗ I + 2µsI + αrex ⊗ ex ⊗ ex ⊗ ex í bdc��%î

k'�¨z-g\p-kdj�z&z}g�o\ilr��sr�{���g�i��¾�¿g�k%i���i�rskdg¢����i�j�r�p-rsz-�s��z	m�z�©�kdr��%iªÕ
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[
Chom

]
=














λs + 2µs + αr λs λs 0 0 0

. λs + 2µs λs 0 0 0

. . λs + 2µs 0 0 0

. . 2µs 0 0

. sym. . 2µs .

. . . . . 2µs














í bdc�Âdî

½^����j�r����-z
{�kdo�{v�¾����k%jl��z(m8¡ o�g�zºjlz}�¾��ilr�kdg�p-kdg)ilj��%rsg�ilzqÄ�m��}��kdj����Zi�r�k%g_âX�¾� ìåÝ
ã�ß�ÛLç�Ý
æÄó�Ý
à�é�ÛIæjÛIð�é
æ�á�çIàÆÝ"ä"ç�Ý�ó!ã)ö�ÞRÛ m�o´{lkd�Oj�z-g\��kdj�p-�v{-¡ �-p}jlrei�����kdj�{ªÕ

Σ = Chom : ε = Cs : ε + αrεxxex ⊗ ex = σs + σrex ⊗ ex í bdc�Ý%î
p%¡ z-{éi�ÄhòZÄhm�rsjlz ��o�z�����p-kdg)ilj��%rsg�ilz^�h���%p-j�kd{lp}kd��rs�no\zq�

Σ
�Iz-o\i�öqi�j�z��%m�m�rei�rs�%z-��z-g)iOm��}p-kd���Ikd{l�}z$p}kd����z

�¾��{�kd����z|m8¡ o�g�z.p-kdg)i�jl�%r�g)ilz	j�z-����i�re�dz��%o�{lkd�Xzqi�m`¡�o�g\z ç�Ý
ð�é)àâáZãÁð�é�Û5Þ�ð�ã)á'�¢ã)áZìåÛ �%{l{�k�p}r��}z��%o�jlz}g\��kdj Ä
p-z}��z}g)i'cOy²�¦���%��z}o�jªm�z¿p}z}ililzºm�z-j�g�r��}jlz�â`�no\r �"z}o\ivz-g\p-kdj�z�{}¡��}p-j�r�jlz#â8z-g¯ilz-g��%g)ivp}kd����i�z¿m�z í bdc�wdîz}i í bdc��)î�Õ

σr = αrεxx = ηErεxx =
srErεxx

d2 =
N r

d2 í bdc�àdî
�Iz-o\i|{}¡�rsg)i�z-j���jl�qi�z}j��%��kdj�{�p}kd����z��V¡ ÛD.BÝ
à�éÒá'�¢ã)áZì

N r jlz}��jlrs{����%j��sz-{�rsg�p-�so�{lrskdg�{$m�z�jlz}g\��kdj�p-z-��z-g)i�â
���%j|o\g�rsil�um\z äIÞ�àÁîºá�ç�Û�é)àïáZð�äIÜZÛIàÆä�áZìåÛ&�õç�Û�ä ß�ÛIàIð�ãÛ�IàÆÛ�ä c

�������*� � �Ïj÷��j�d ��5�j h25	52�0�£�+i�f�� h2
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{���g�i�{�o�j o�gº���%{l{�rs�Xm�z|{�kd�\m`¡��}���%r�{�{lz}o�j/�-�)����z|òvx

H
â�j�z-g\��kdj�p-�|����j o�gº�djlk%o��"z�m�z���rsz-o��
m�z���ö-��z

��k%g��do�z}o�jªp-k%����z
r�g\m�r���o��
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ð�ð�ÛIì â
��z}{���rsz-o���m�zªj�z-g\��k%jlp-z}��z}g)i|{lkdg)i|��knm��-�sr�{l�}{�p}kd����z	m�z-{|p}kdo�p�~�z}{|m8¡��}���%rs{l{lz}o�j

e
ânjl�-�%o���rs�-jlz}��z}g)i

z-{����%p}�-z-{¿m`¡�o�g\z¦m�r�{éi��%g\p-z
d
â²m�z�{lkdjéi�z��no\z¦�¾�¨��j��%pqi�r�k%gÃ�%kd��o���r���o�z�m�oèj�z-g\��k%jlp-z}��z}g)i
z-{éi
i�k%o\i

{lrs���\��z-��z-g)i|�}�)�%�szvò
η = e/d í �'�dz}p η � 1

îqc
yOz-{¢j�z-g\��kdj�p-z}��z}g�il{¢{lkdg)i¨z}g�p'�%{éi�j��-{¨z-g<i8ö}i�z¯m��%g�{¢��z�j��%m\r�z-jtâ�p}kdg�{lrsm��-j���p-k%����z�jlrs�dr�m\z�â/i��%gnÄ
m�rs{��no\z¿��z¿���%{l{�rs��z-{éium��-�sr���rsi��uz-g°����j�i�rsz
r�g����-jlrsz-o�j�z
���%j�o\gÃ{�o���{éi�j��Zi�o��:�}�)�%�sz-��z-g)i�{lo\���"k%{l�
r�g\m��}��kdj���������z�c
».�-{lrs�dg��%g)i����%j

q
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δ
�sz

m��}���¾�%p}z-��z-g)i	p-kdj�jlz}{l�Ikdg�m��%g)i-c
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ÞWä[ç�ø�áZà?ý�ÛIæjÛIð�é�ì¦áZé�ùIàâáZì
yOz�{�kd�8jlz}g\��kdj�p-�v�}i��%g)i���knm��-�sr�{���p-k%����zªo�g¨��r���rsz-o��-�¾��{�i�rs��o�z�~�kd��kd�d�}g�z��%g�rs{lk%iljlkd�Izªm�k%g�i	���

����i�j�r�p-z^m8¡��}�¾�%{éi�rsp-rsil� z-{éi m�kdg�g��}z����%j í bdc�Â)îrâ'kdgv��k%g�iljlz/��o�z��¾�|{�kd��o\ilr�kdg�m\ou�\jlkd���s�-��z/p-kdj�jlz}{l�Ikdg�mò�m�z}{¿p�~��%����{¿m�z¢p-k%g�ilj��%rsg)i�z¦zqi¿m�z¢m��q��kdjl����i�rskdgØ~\kd��k%�d�-g�z}{¿m��%g�{(��z¦���%{l{�rs��j�z-g\��kdj�p-�¨�%rsg�{lr
~�kd��kd�d�}g��-rs{l�#â�m�zv�¾�
��kdj���z
Õ

Σ = q
(
ex ⊗ ey + ey ⊗ ex

)

ε = δ
2H

(
ex ⊗ ey + ey ⊗ ex

)
í bdc��dî

fhg)iljlknm�o�r�{l�%g)i�p-z}{	m\z-o��´z÷�\�\jlz-{�{lrskdg�{�m��%g�{����
��kdr"m�z�p-kd���Ikdj�ilz-��z-g)i�����p-jlk%{lp-k%��r���o�z í bdc�Ý%î@â\zqiz-g¨i�z}g��%g)i	p-kd���\ilzum\z í bdc��dî@â�rs�"�nr�z}g)i&Õ

q = µs δ

H
í b%csbK¥dî

m�z.{lkdjéi�z���o�z.��z��T�%p}ilz-o�j$m�z.jlz-g���kdjlp}z-��z-g)i�m�z.�Û¡ kdo\�nj����dz|��rs{éÄhòZÄ��nr�{�m8¡ o�g¦p�~��%jl�dz}��z}g)i��¾�Zi��-jl�%�X��o�z
�Û¡ kdg¨�Iz-o\i�m��q��g�rsj	���%j�Õ

k =
q

µs(δ/H)
í b%csbdbKî

���%o\i�{�z-��k%g����
���qi�~�knm�z�m8¡ ~�kd��kd�d�}g��-rs{���ilr�kdg¯Õ

khom = 1 í bdcsbKxdî

p%¡ z-{éi�ÄhòZÄhm�rsjlzv��o�z�âIp-k%g\��kdjl���-��z-g)i.ò�p}z}i�i�z&�%����j�k�p�~�z#â ìåÛÒîºáZãÁé´ß�Û3à�ÛIð�î�Ý
àÆç�ÛIà�ìåÛ@ä"Ý
ìbó�áZà¼ß�Û�ä ãÁð�çIì Þ�ñ
äIãèÝ
ð�ä�ÜZÛIà�é)ãèçïáZìåÛ�ä�
Øð�Û[ç�Ý
ð�é?à�ã)ë�Þ�Û ð�ÞVìÁìåÛIæjÛIð�é��PàÆÛIð�î�Ý
à�ç�ÛIà@ìïê Ý
Þ�Ü"àâá"ý�Û Ü"ãåäIñé�Zñ·Ü"ãåä3ß�ê Þ�ð�Û@ä"Ý
ìÁì ãèçIãÁé áZé)ãèÝ
ð
ø�Ý
à�ã , Ý
ð�é áZìåÛ â^p%¡ z-{�iéÄ òZÄ�m�r�j�z¨{-¡ zq��z-j�ü'�%g)i¦����i��}j��%�sz-��z-g)iº�%on�Ïr�g�p}��o�{�r�kdg�{(m�z�j�z-g\��k%jlp-z}��z}g)i'c$�.g�i�z}�
jl�}{lo��ei���i�â`��o�r��"z}o\i����%jl�#á�iljlz&{lo�j���jlz}g��%g)iFâ8�\jlkK�nr�z-g)i�m\o°�T��rsi.�no\z¿��z(��knm�o���zu���%p-j�kd{lp}kd��r���o�z(m�z
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p-rs{��%rs���sz-��z-g)i���k%g��drsilo�m�rsg��%�
Chom

1212 í �%kdr�jv�}�no���i�rskdg í bdc�Â)îlîªm�oæ{lkd��jlz}g\��kdj�p-��{lz�jl�-m\o�rsi&ò�p}z-�so�r/m�o
{lk%�Ûc
yOz¿j��-{lo\�si��Zi�m�rzå"�-j�z(i�j��-{v{lz}g�{lrs����z}��z}g)i�m�zºp-z}��o�r�m�kdg�g��¿���%j�o�g�z¿{�r��
o�����i�rskdg·g�o����-j�r���o�z¿����j

�-�s�-��z-g)i�{���g\r�{vm�z��¾�¦{�iljlo�pqi�o�j�z�p}reÄhm\z-{l{�o�{-c y²�¢���do�j�z´b%csbK� í �)îªp-kd�����%j�z¿m�z-o��æ�q�%����o���ilr�kdg\{ªm�o
�T�%pqi�z-o\j�m�zªj�z-g\��k%jlp-z}��z}g)iFâ\z}g¦��kdg�pqi�r�k%g�m�o¦jl�%���Ikdj�i�z-g)i�j�zª��z}{���k�m\o���z}{�m�z�p-r�{l�%r��s��z}��z}g�i�m\o¢jlz-gnÄ
��kdj�p-z-��z-g)i$z}i�m�o�{lkd��â%i��%g\m�r�{���o�z	p-z-�s��z�m�kdg\g��-z	���%j��¾�����}il~�k�m\z	m`¡�~�k%��kd�%�-g��}r�{��Zi�r�k%g�g\z	m\�-�Iz-g�m
���%{/m\z|p-z|j������"k%j�iFâ���o�rs{l��o8¡ z-���sz�g�z|��j�z-g�m�z-gºp}kd����i�z|�%o\p-o�gºztå"z}i�m\o�j�z-g\��k%jlp-z}��z}g)i í khom = 1

Õ
i�jl�%rsi�~�kdjlrzø-kdg)i��%�`{�o�j��¾�(���do\jlzºbdcebK� í �)î�îqc�y/¡ �}���%�so���i�rskdg���kdo\jlg�rsz����%j|o�g¨p'����p-o\�8���%j|�}���-��z-g)il{���Äg�rs{�â��T�%rei�p-�¾��r�jlz}��z}g)i��%������j��#ási�jlz�p}z}i.ztå"z}i.m�o´jlz-g���kdjlp}z-��z-g)i��skdjl{���o�z&�sz�j��%�\�"kdjéi

µr/µs m�z}�nrsz-g)i
r����Ikdj�i��%g)i í > 1000

îqc�Á�z}i��-p'��j�i�z-{�i�p-kdg\��jl���.����j����u���do\jlzubdcsb'� í ��î$��o�rIjlz-�\jl�-{�z-g)i�z��sz-{$��jlk�����{m�zªm\�-�����%p-z}��z}g�i�����i��}j��%�"�%{�{lknp-r��}{|�%o���m�z}o��¦ih�n�Iz-{�m�zªp-�%��p}o��Ûc�y²�
���qi�~�knm�z�m`¡�~�k%��kd�%�-g��}r�{��Zi�r�k%g
p-k%g�m�o�rei(ò´o�gØm\�-�����%p-z}��z}g�i&��rsg��'��r�jlz¿��o�r�p}kdjlj�z-{l�Ikdg�mè�%oØp�~������Ãm�z�m\�}��kdj�����ilr�kdg¯m\z�p-rs{��%rs���szqÄ
��z-g)i
~�k%��kd�%�-g�z�m�kdg�g������%j í bdc��)î@â�ò�����m�r�å`�}jlz-g\p-z¦m�z��¾��{�r��
o\�¾��ilr�kdg°���%j&�-�s�-��z-g)i�{(��g�r�{&�no\rm�kdg\g�zvo�g��\jlk%���²��g��%��k%�do�z�ò¿p-z}��o�rOm\zu���
m��tù�zq��r�kdg´m8¡ o�g�zu�"k%o\i�j�z���reÄ�z-g�p-�%{�iljl�-z�c

δ

µr/µs

k
�-�s�-��z-g)i�{|��g\r�{

~\kd��k%�d�-g��}r�{l��i�rskdg

 "!$#&% bdcsb'�\Õ þ�áqÿ¿�SÜ
áZì ÞbáZé)ãèÝ
ð�änßZÞ îºá�çIé·ÛIÞ�à¼ß�Û àÆÛIð�î�Ý
àÆç�ÛIæjÛIð�é ó�áZà ì¦áPæjùIéÁø�Ý�ß�Û3ß�ê ø�Ý
æjÝïý�ùIð�ùIãåä�áZé)ãèÝ
ð
ÛIé7ó�áZàPì¦á=æjùIé%ø�Ý�ß�Û�ß�Û�ä�ùIìåùIæjÛIð�éÁä.�Òð�ãåä�9(þ�ëéÿ�íSàÆÝ �Òì ä�ß�Ûõß�ù·ó!ì¦á�ç�ÛIæjÛIð�éÄì¦áZé·ùIàâáZì´ßWáZð�äPì¦á�ç�Ý
Þ�ç�ø�Û
àÆÛIð�î�Ý
àÆç�ù�Û

yOz}{ª��rs��rei�z-{�m�z(�¾�����}il~�knm�z(m8¡ ~�kd��kd�d�}g��-rs{���ilr�kdg�p-���%{l{�r���o�z
�������%jl�#á¾{�{lz-g)i�m\kdg�p
p}�¾�%rsjlz-��z-g)i�ò
i�jl�'�dz-j�{�p}z}i�zq��z-������z�c � kdo�i�{�z.����{l{lz.z-g�ztå"z}i�m��%g�{$p-zqili�z.���qi�~�knm�z#â)p-kd����z�{�rI�sz-{$r�g�p}��o�{�r�kdg\{/m�zjlz}g\��kdj�p-z-��z-g)i²g�z/ilj��'���%r��s�¾�%rsz-g)iI�no`¡�z}guilj��%pqi�r�k%g�Ähp}kd���\jlz-{�{lrskdg_â-p}z/��o�z�p-kdg\��jl��z/�¾��m��}p-kd���Ikd{lrei�r�k%g
í b%c�Ýdî�m�o�i�z-g\{lz-o\j�m�z}{�p-k%g�ilj��%rsg)i�z-{.����p-jlk%{lp-k%��r���o�z}{.zqiª�Û¡ r�g)ilz-jl�\jl�}i���i�rskdg í bdc�à)î�m�z&�¾�¿p-kdg)ilj��%rsg�ilzo�g�r��Z��r¾�%�sz

σr p}kd����z
z@å`kdjéivm�z¿i�jl�%p}ilr�kdg¯����j�o�g�rsil�¿m�zº{lo�jé�T�%p-z¿ilj��%g�{é�dz}jl{�����z%c y/¡��%����j�k�p�~�zº����j
~�kd��kd�d�}g��-rs{���ilr�kdg�p-�¾��{l{lrs��o�z�g�zv�"z}jl��z}i�����{|m�zv��jlz}g�m�jlzvz}g�p}kd����i�z���z}{|ztå"z}il{	m\z|ù�zq��r�k%g�zqi�m�z
p-rs{��%rs���sz-��z-g)i�m�z}{�r�g�p}��o�{�r�kdg�{|m\zuj�z-g\��k%jlp-z}��z}g)i'c
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Õ�Ö! "Ãè5ÚIé^Þ4Øìè î Û�ÝG®Hñtàté�ð�Ù�à@Û�Ø î Þ4ñrÙ�à@ï\ê4ð�éaà�ë�Þìè Ý4è�é^éaÛ�ñ�é Ú:è�Ø7ò

íAÛ�ÚIßL®�é ï-ð�Ú àtØ4ß±ñ�Þ4éaà@Û�Ø4é ÚÜà ó à�Ýìè�é

y/¡ r�g)i��}j8öqiª���	ä�z-o�j�m�o���k�m��}��zu�
o��ei�r��\~��%{lrs��o�z(��o¯m��}�%z-��k%���"z}��z}g)i�m�o���o�z}� ��z&��jl�}{lz-g)i�ilj��'���%r��
z-{éiªp}kdg�{���p-jl�#â"z}{�i�m�z(p}kd�
��rsg�z-j��Û¡��'���%g)i��%�dzup-k%g�{lrsm��-jl�%����zum�z&�Û¡��%����j�k�p�~�zu���%j	~�kd��kd�d�}g��-rs{���ilr�kdg
z-g i�z}jl��z-{¢m�z¯ilz-����{¨m�z°p'�%�sp-o���â�g�k%i��%����z}g�i¦m��%g�{¨m�z}{�p}kdg\���do\j���ilr�kdg�{�i�jlrsm�r���z-g\{lr�k%g�g�z-�s��z}{�â
�'�dz}p¯�¾�Ø�Ikd{l{�r���rs��rei��¨m�z¯��j�z-g�m�j�z¯zq�����sr�p-rei�z}��z}g�i�z-gâp}kd����i�z��sz-{�z@å`zqi�{¢m�z¯p}r�{l�%r��s��z-��z-g)i�z}i¦m�z
ù�z÷�\rskdg�p-�%j��%pqi��}jlr�{éi�rs�no\z-{�m\z-{ªrsg�p-�so�{lrskdg�{	jlr��%r�m�z}{�â�p%¡ z-{éi�ÄhòZÄhm�rsjlz&m�z(j�z-���-m�rsz-j.�%o��·��r���rsi���i�rskdg�{�m�z
�¾�����qi�~�knm�z¦m8¡ ~�kd��kd�d�}g��-rs{���ilr�kdgØ�no\z¢g�kdo�{
�%z-g�kdg\{�m\z¢{lkdo��sr��dg\z-j-c�y/¡�rsg)i�o�rei�r�k%gØm�z¢m��}���%jéiº�no\r
��j��-{lrsm�zvò
o�g�zªilz-�s��z���knm��-�sr�{��Zi�r�k%g�z}{�i�m�z�j�z-�����¾��p-z-j���z�j��-{�z'�%o¨m8¡ r�g�p}��o�{�r�kdg\{�jl�}���%j�ilr�z}{�m�zª�T��ü}kdg
ßZãåä"çIà��Ié�Û �%o({lz-rsg(m�o(���%{�{lre��m�z�{lkd� í ��j�r�g�p}r��Iz�m�z����|����knm��-�sr�{l��i�rskdg���rø�ni�zq� î@âK����j�o�g\z�m�r�{éi�j�r���o\ilr�kdgç�Ý
ð�é)ãÁð�ÞRÛ m�z�p-z}{	rsg�p-�so�{lrskdg�{���jl�}{lz-g)ilz-{	z-g¢i�kdo�i��"kdrsg)i�m�o¨���%{l{�rs� c�Á�¡ z-{éi�p-zqili�zvrsm��-zª��o�r`z-{�i�m\��älò
��j��-{lz}g)i�zvm��%g�{���z�m\�}�dz}��kd�\�"z}��z}g�i�m`¡�o�g\z���knm��-�sr�{l��i�rskdg æ[ãèçIà�Ý�ó�Ý
ì¦áZãÁàÆÛ m�zª���(jl�}{lr�{éi��%g\p-z�m8¡ o�g¢{lk%�
jlz}g\��kdj�p-�$���%j r�g�p}��o�{�r�kdg�{tâ'ztå"z-pqi�o���m��%g�{ ��z�p-�%m�jlz$m�o&p'�%�sp-o���ò	�¾�|jlo���i�o�j�z í m�z±û�o�~��%g&z}i^�%�Ûc í bK�d�dà)îý x%à#þ¾î@â)z}i$��o�z	��z|��k�m\�-��z��
o��silr���~��%{lrs�no\z|���%j��nrsz-g)i�òu�d�}g��-jl�%��rs{lz}j�ò�ilkdo\i�ih�n�"z	m�z�p-k%���Ikdj�ilz-��z-g)i'c
y²�¿{lo\rsi�zvm�o´��j��-{lz}g)i����-��kdr�j�z�z}{�i.kdjl�)��g�r�{��-z�p-k%����zª{lo\rsivÕ
yOz¨p�~��%�\rsi�j�z´x�z-{�i�p}kdg�{���p-jl�´ò¯�¾��m\z-{lp}jlrs�\i�rskdg�m�z¨�¾����k�m��}��rs{���ilr�kdgæ�
o��silr���~��%{lrs�no\z¦m�z-{ºkdonÄ

�nj��%�%z-{�jlz}g\��kdjlp}�-{����%j�rsg�p-�so�{lrskdg�{ j�r��drsm�z-{tâ%m��%g\{$�sz�p'��m�jlz�m8¡ o�g�p-kd���"k%j�i�z}��z}g)i��-�¾��{�i�rs��o�z|��rsg��'�%rsjlz
m�z}{&m�r�å`�}jlz}g�il{&����il�-jlr��%o���â8{�kd��z}iur�g�p}��o�{�r�kdg\{um\z�j�z-g\��k%jlp-z}��z}g)i'c yOz���j�kd���s�-��z¿m�z�p}r�{l�%r��s��z-��z-g)i
i�jl�%g�{é�dz-j�{lz�m8¡�o\g�z�p}kdo�p�~�z�m�zº{lkd��jlz}g\��kdj�p-�-z�z-{éi&ilj��%rei����%g����s��i�rs�no\z-��z-g)i'cOy²�´{lkd�so\i�rskdg¯kd�\ilz-g�o�z
z-{éi|p-k%������jl�-zªò
�¾�&{�kd��o�i�r�k%g¦m�kdg�g\�-zª����j�Ô�o�m�j�z}i í bK�d�d�dî ý Ýd�Aþ8�skdjl{���o�zª��z}{�z@å`zqi�{|m�zªp}r�{l�%r��s��z-��z-g)i{lk%g�i	g��}�d��rs�d�-{|zqi	ò����
{lkd�so\i�rskdg¢m�kdg\g��-zu���%j|o�g´p'����p-o\�8m8¡ ~�kd��kd�d�-g\�-r�{l��i�rskdg8c
yOz�p�~��%��rei�jlz�wæ�Ikdj�ilz·{lo\j¦�¾�Ã��rs{lz´z-gâõvo\�njlz�g�o����-j�r���o�z�m�oâ��knm��}��z¨�
o��ei�r��\~��%{lrs��o�z·�'�%z-p

ù�z÷�\rskdg·m��%g�{	��zup'�%m�j�z&m\z&�������}il~�k�m\z&m�z}{.�}���}��z}g�il{	��g�r�{}c"¹��%j�i��%g)iªm�o���jlrsg�p-rs�"zvm�o���rsg�r��(o��
m�z��V¡��}g�z-j��dr�zª�Ik%ilz-g)i�rsz-���sz�âno�g�z���kdj��
o��¾�Zi�r�k%g����%jlr���i�rskdg�g�z}���sz	�\o�r�{|o�g\z�m�r�{�p-jl�qi�rs{���ilr�kdg¢{�����i�r��%��z.m�o
��j�kd�����}��z�{lkdg)i$��jl�}{lz}g�il�-z}{-c�y²z|p�~\kdre�
m�o¿ih���Iz�m8¡ r�g)i�z}jl�Ikd�¾��ilr�kdg(z-{�i�m\r�{lp}o\i���zqi��¾�ª��r�{lz�z-g�õuo���j�z
g�o����-jlrs��o�z|m�o¿��k�m��}��z�z-{�i/���%�sr�m��}z����%j^p-kd�����%jl�%r�{�kdg¿òªm�z}{/{lkd�so\i�rskdg�{ ��g��%�s��ilr���o�z-{tâdg�k%i��%����z}g�i
�¾�
{�kd��o�i�r�k%g¢m��}�%z-��k%���"�}z(��o�p�~�����rsiljlzux�c
Á�z�p-knm�z�m�z|p-�%��p}o������%j^�}���-��z-g)il{^��g�rs{ z-{éi/o\i�rs��rs{l�$m��%g�{ �sz�p�~�����rsiljlz��ª�Ikdo�j^{lr��(o���z}j��sz�p-k%���IkdjéÄ

i�z}��z}g)ivm8¡�o\g�z���k%g�m���ilr�kdg�{�o�jvj��%m\r�z-j�m�zº��r�z}o��°{lk%o���rs{lz¿ò¢o�gÃp�~��%j��dz-��z-g)ivp}kd�
��rsg���â`�%z-jéi�r�p-�%�*â
~�kdj�r�ø}kdg)i��%��z}i/m�z|j�z-g)�dz}jl{�z-��z-g)i'c��.g�z|p}kd�����%j���r�{lk%g
z-g¿i�z}jl��z-{ m\z|j��%rsm�z-o�j^{�i�j�o�p}ilo�jlz}���sz�z-{éi$�T��rsi�z
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��zv{�kd�²z}i.��z-{�rsg�p-�so�{lrskdg�{-cIÁ�z}{.m\z-o�����~���{lz-{.{lkdg)i.kd�\ilz-g�o�z-{.z-gUT ~�kd��kd�d�}g��-rs{��%g)ié�v{l�}���%jl�}��z}g)i��sz
{lk%�Oz}i	��z}{|r�g�p}��o�{�r�kdg�{�m�zvjlz-g���kdjlp}z-��z-g)i�{�o�j|i�kdo�i���z�m�kd���%rsg�z

Ω
c

y²� çIãÁð�ùIæ�áZé)ã)ö�ÞRÛ m`¡�o�g¨i�z}�O��rs��rsz-o¦��rs��~��%{�r���o�z�z}{�i	m��-p}jlrei�zv�"k%o�j|p�~��%��o�z&��~��%{�zu{��-����jl�-��z-g)i&Õ
• íÒø�á
ä"Û�æ�áZé)àIãèç�Û Õ�y �¯p}r�g��}����ilr���o�z¦m\z´���¯��~��%{�z´����iljlr�p}z¦z-{éi�m��-p}jlrsilz¨���%j¿�¾��m\kdg�g��}z�â�z-g
i�kdo�i��"kdrsg)i�����il�-j�r�z-��â\m8¡ o�g¨�dz}p}i�z}o�j�m\�-�����%p-z}��z}g�i

ξm cX�	g�zvi�z-�s��zªm\z-{lp}jlrs�\i�rskdg�p}r�g��}���Zi�r���o�z
p-kdg����-jlzuò¿�¾��m�rsilzª��~��%{�z&�sz-{�p'��j��%pqi��-j�r�{éi�r���o�z}{�m8¡�o\g���r��sr�z-o�m�z&Á��%o�p�~)�¨��o�z&�V¡�k%g´z÷������rsp-rsilz-jl�
���%j|���
{lo�rei�z%c

• íÒø�á
ä"Û à�ÛIð�î�Ý
àÆç�ÛIæjÛIð�é ÕIy/¡ r�m��}zu�qi��%g)i.m�zu��jlz}g�m�jlz&z-g�p-kd���\i�zu��z}{�p'�%jl�%p}il�-jlrs{�ilr���o�z-{	m�zuih���Iz
�h�Ikdo\iljlzq��m�z}{$rsg�p-�so�{lrskdg�{ m\z|jlz-g���kdjlp}z-��z-g)iaÿny²�ªp-r�g\�-����i�rs�no\z�m�z��¾�ª��~��%{lz�jlz}g\��kdj�p-z-��z-g)i$z-{éi
z-g�j�r�p�~�rsz����%j|���ºm\kdg�g��}z�â�z-g¨i�k%o\i��"k%r�g)i����Zi��-j�r�z}�*ânm�z�i�jlk%r�{|m�z}�djl�}{.m�zv�sr��Iz-j�il�ªm�zvjlk�i���ilr�kdg�{
{lo��\�����}��z}g�i��%r�j�z-{}c`y²��p}r�g��}����ilr���o�z&m�z
�¾����~��%{�z
jlz}g\��kdj�p-z-��z-g)i�z}{�iu�%rsg�{lr p'��j��%pqi��-j�r�{��-z
����j
��z�p}kdo����sz í ξr â ωr î@â í Ü^rs�do�jlzuxncsb í ��îlîqc

����iljlr�p}z

jlz}g\��kdjlp}z-��z-g)iξm

ωr

ξr

(x, y)

x

y

z

x

y

z

r�g�p}��o�{�r�kdg\{

{lk%�

í �)î í �Xî
 "!$#&% xncsbdÕ �¨ãÁð�ùIæ�áZé)ã)ö�ÞRÛnß�ê Þ�ðÿæ[ãÁì ãèÛIÞ=ë�ã ó�ø�á
äIã)ö�Þ�Û æjÝ�ß�ùIì ãåä�áZð�éSÞ�ð=ä"Ý
ì�àÆÛIð�î�Ý
àÆç�ù�ó�áZà ÞVð�ÛSîºáZæ[ãÁìÁìåÛ
ß�ê ãÁð�çIì ÞWäIãèÝ
ð�ä



«_Ôs«WV&JZRTG�Q)R�[/a´N a�UTYÃ®ØLON²¶nUVRT³-Y\HKRTLIGÏ®ÃP U±HMRT[�]²Y�³'RT_8P a Ö²E
�������*� X 1L�}f�� h�c��0�3� j 5�f �£� f�� h21��}j i(j�5�f~� hZY$j��
f��Ïdgc&�RQ�5�j

¹��%j�i��%g)i�m�z|p-zqililz	m\z-{lp}jlrs�\i�rskdg¿p-rsg��-����i�rs��o�z�âZ��z}{/�-��o���ilr�kdg�{^p-kdg�{éi�rei�o\ilrs�dz}{/m�oº��knm��}��z��Iz-o\�%z-g)i
���%j�zq��z-�����sz}ö}iljlz.�}i�������rsz-{$���%j ì¦á[æjùIéÁø�Ý�ß�Û�ß�Û�äØó!ÞVãåä�ä�áZð�ç�Û�ä5Ü"ãÁà�é)ÞRÛIìÁìåÛ�ä í Ô�o�m\jlz}i í bK�%�d�)î ý Ýd�	þ�ÿnm�zû�o�~��%g�zqi�Ô�o�m�j�z}i í x%¥%¥d¥)î ý w\b�þ¾îqc
yOz}{.�}�no���i�rskdg�{	m8¡��}��o�r��sr���j�z�z}i	��z}{.p}kdg�m�rei�r�k%g�{��%o��¨�sr���rsilz-{�{}¡��}p-jlre�dz}g�i��"k%o�j�p�~��%��o�z(�\~��%{lzu{l�÷Ä

���%j��-��z-g)iuÕ

• íÒø�á
ä"Û�æ�áZé?à�ãèç�Û c � g´jlzqi�j�kdo\�dzv�Ikdo�j|p}z}ililzv��~��%{�z&�sz-{|�-��o��Zi�r�k%g�{|p-���%{l{�r���o�z-{�j��-�drs{l{���g�i�â��"k%o�j
o�g¨��rs��rsz-o¦m�z&Á��%o\p�~���âX�Û¡ �-��o�r��sr���j�zªz}i	�sz-{|p-k%g�m�rsilr�kdg\{��%o��¨�sr���rsi�z}{.Õ

m�rs�
σm(x, t) + ρmFm(x, t) + I(x, t) = 0

{�o�j
Ωm í x�csbKî

σm(x, t).ν(x, t) = T m
d (ν)

{lo\j
∂Ωm

T í x�c�x%î

ξm(x, t) = ξm

d
(x, t)

{lo�j
∂Ωm

ξ í x�c�wdî
�'�dz-p

∂Ωm
T ∪ ∂Ωm

ξ = ∂Ωm z}i
∂Ωm

T ∩ ∂Ωm
ξ = ∅ í x�c ��î

k'�
σm z}{�i´��z�i�z-g\{lz-o\j´m\z-{¨p-kdg)ilj��%rsg�ilz-{¨m��%g\{¢�¾�è��~���{lz°���Zi�jlrsp-z#â

ρmF m z-{�i¨���èm�z-g\{lrsil�
�dkd�so���r���o�z|m8¡ ztå"kdj�il{�zq�ni��}jlr�z}o�jl{$z}i

I
z}{�i��¾�ªm�z}g�{lrei����dkd�so���r���o�z|m8¡ ÛD.BÝ
à�é%äBß�ê ãÁð�é·ÛIàïá�çIé)ãèÝ
ð �%�nÄ

����rs��o��-z	���%j��¾�v��~��%{�zªjlz}g\��kdjlp}z-��z-g)i�{�o�j����&��~��%{lzª����iljlr�p}z%c
T m

d

z}i
ξm

d

{lkdg)i���z-{�m�kdg�g\�-z-{�z-g
ztå"kdj�il{�z}i	z-g´m��-�\�¾�%p}z-��z-g)i�{	{lo�j��sz-{����%jéi�r�z}{|p-kd�����s�-��z-g)i��%rsjlz}{

∂Ωm
T

zqi
∂Ωm

ξ

m�z
∂Ωm z}i

νz-{éi.�szª�dz}p}i�z}o�j	g�kdjl���%�8z÷�ni��-j�r�z}o�j�o�g�rsi��%r�j�z%c

• íÒø�á
ä"Û@àÆÛIð�î�Ý
àÆç�ÛIæjÛIð�é c�y/¡�rsg�iljlknm�o�pqi�r�k%g�m�z}{|m�z-�dj��-{�m�zª�sr��Iz-jéi���m\z�jlk%i���i�rskdg�m���g�{|�¾�(p}r�g��}���MÄ
i�rs�no\z|m�z�p-z}i�i�z���~���{lz���rs{lz	òªi�jl�%m�o�rsjlz|�Û¡ zq��rs{�i�z}g�p-z�m���g�{�p-z���rs��rsz-o_âZz-g�����o\{/m�z-{$p-kdg)ilj��%rsg�ilz-{tâ
m�z ç�Ý
Þ$ó!ìåÛ�ä ß�Û¼ç�Ý
ð�é?àâáZãÁð�é·Û�ä Õ�r��8{}¡����drsi|m`¡�o�g æ[ãÁì ãèÛIÞ�ß�Û��SÝ"ä�ä"ÛIàâáZé â�k%o æ[ãÁì ãèÛIÞ÷æ[ãèçIàÆÝ�ó�Ý
ì¦áZãÁàÆÛ c
»ª�%g�{ ìåÛ÷çïá
ä[ý�ùIð�ùIàâáZì â²��z}{(�}�no���i�rskdg�{(j��-�drs{l{l�%g)i
�Û¡ �-��o�rs��rs��jlz¿m8¡ o�gèilz-�$��rs��r�z}o°{lkdg)i
m\kdg�g��}z-{
���%j í Á�kd{l{�z-j��Zi í bK�d¥dwdî ý x��#þ�ÿXÔ\����z-g(ü-kdg í x%¥%¥\bMî ý ÂdÂ#þ¾î�Õ

m�re�
σ(x, t) + ρF (x, t) = 0

{lo\j
Ω í xnc��dî

m�re�
h(x, t) + 2α(x, t) + ρG(x, t) = 0

{�o�j
Ω í x�c�Â)î

Ä
σ
m\�-{lrs�dg�zº��z&i�z-g\{lz-o\j&m�z}{vp-kdg)i�jl�%r�g)ilz-{�â ð�Ý
ð}äIû_æjùIé)à�ã)ö�ÞRÛ â`z}i

α
��z
�%z-pqi�z-o\j&��{l{lknp-rs�ºò¢{��

���%jéi�r�zª�%g)i�r�{é�n���qi�jlrs��o�z�â
Ä
h
z-{�i	�szªi�z-g\{lz-o\j.m�z}{�p-kdo��\��z-{�m�zvp}kdg)i�j���r�g)i�z}{�â
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Ä
ρF

m��}{lrs�dg�zª���&m�z}g�{lrei��.�%kd��o\��rs�no\z�m8¡ ztå"kdj�il{�z÷��il�-j�r�z-o\jl{�zqi
ρG

z-{�i��¾�&m\z-g�{�rsi��	�dkd�so���r���o�z
m�zvp-kdo\����z}{|m8¡�z@å`k%j�i�{}c
yOz-{vp-kdg\m�rsilr�kdg�{v��o��°��rs��rei�z}{.{�o�j&�sz¿�"k%jlm

∂Ω
m8¡ o�g°i�z-�/��r��sr�z}o�m�z�Á�kd{l{�z-jl��i({�kdg)ium�kdg�g��}z-{

���%j�Õ

σ(x, t).ν(x, t) = T d(ν)
{�o�j

∂ΩT í x�c�Ý%î

h(x, t).ν(x, t) = Cd(ν)
{�o�j

∂ΩC í x�c�àdî

ξ(x, t) = ξ
d
(x, t)

{lo\j
∂Ωξ í x�c��dî

ω(x, t) = ωd(x, t)
{lo\j

∂Ωω í xncsbK¥dî
�'�dz-p�Õ

{

∂ΩT ∪ ∂Ωξ = ∂Ω
zqi

∂ΩT ∩ ∂Ωξ = ∅
∂ΩC ∪ ∂Ωω = ∂Ω

zqi
∂ΩC ∩ ∂Ωω = ∅

í xncsbdbKî

»ª�%g�{º�sz´p-�%{ºm�z´�¾� ó�ø�á
ä"Û�àÆÛIð�î�Ý
àÆç�ÛIæjÛIð�é â^�"z}j8ü-o\z�p}kd����z¢o�g�z´m�rs{�i�j�r���o�i�r�k%gèp-kdg)ilr�g�o�z´m�z
�"k%o\i�j�z-{�â��¾����knm��-�sr�{��Zi�r�k%g(òª���%��o�z-�s��z�k%gº�%�"k%o\i�rei z-{éi�p-z}����z�m8¡ o�gº��rs��r�z}o&m\z	Á�kd{l{�z-j��Zi Ý
àIãèÛIð�é·ù
ó�áZà�ì¦á@ßZãÁàÆÛ�çIé?ãèÝ
ð9ß�Û�ä�ãÁð�çIì Þ^äIãèÝ
ð�ä â}k'�v��z-{"i�z-g\{lz-o\jl{ m�z/p-kdg)ilj��%rsg�ilz-{Ozqi²m�z/p-kdo\����z}{Om�z/p-kdg)ilj��%rsg�ilz-{
kdg)i��¾�
��kdj���zª{�o�rs���%g)ilz�Õ

σr =






σr
xx 0 0

σr
yx 0 0

σr
zx 0 0




 í xncsbMx%î

hr =






hr
xx 0 0

hr
yx 0 0

hr
zx 0 0




 í xncsbKwdî

Ô�z¯jl�q���-jl�%g)i·��o ��knm��-�sz)T �Ikdo\iljlzq�Bâ���z}{¦i�z}jl��z-{¨m�z
σr z}i

hr �Iz-o\�%z-g)iÒöqi�j�zÃz÷����jlrs���}{¢z-g
��kdg�pqi�r�k%g¢m�z-{	m�z-g\{lrsil�-{�m8¡ ztå"kdj�il{�z}i	m�zv��k%��z}g�il{|�d�-g\�-j�����r�{��-{tâ�{lkdreivÕ í Ü^r��%o�jlzux�c�xdî÷c

σr =






nr 0 0

vr
y 0 0

vr
z 0 0




 í xncsb'�)î



«_Ôs«WV&JZRTG�Q)R�[/a´N a�UTYÃ®ØLON²¶nUVRT³-Y\HKRTLIGÏ®ÃP U±HMRT[�]²Y�³'RT_8P a ÖIÖ

hr =






tr 0 0

mr
y 0 0

mr
z 0 0




 í xncsbM�%î

Ä
nr z-{éi��¾� ß�ÛIð�äIãÁé·ù ß�ê ÛD.BÝ
à�é�ð�Ý
à�æ�áZì�ó�áZàBÞ�ð�ãÁé·ù3ß�ÛÄäIÞ�àÁîºá�ç�Û@é)àïáZð�äIÜZÛIàÆä�áZìåÛ ò
�¾�(m�rsjlz}p}i�rskdg¦m�z}{
r�g�p}��o�{�r�kdg\{�â
Ä
vr

y

z-{�i��¾� ß�ÛIð�äIãÁé·ù@ß�ê ÛD.BÝ
àIé�é)àâáZð�ç�ø�áZð�é*äIÞ�ãÁÜ
áZð�é
ey

ó�áZàÄÞ�ð�ãÁé�ù�ß�ÛÄäIÞ�àÁîºá�ç�ÛBé)àâáZð�äIÜZÛIà�ä�áZìåÛ ò(���
m�r�j�z-pqi�r�k%g¢m�z-{�r�g\p-��o\{lr�k%g�{�â
Ä
vr

z

z}{�i|��� ß�ÛIð�äIãÁé·ù�ß�ê ÛD.BÝ
à�é¨é)àâáZð�ç�ø�áZð�é�äIÞVãÁÜ
áZð�é
ez

ó�áZàBÞ�ð�ãÁé�ù�ß�Û5äIÞ�àÁîºá�ç�Û@é)àâáZð�äIÜZÛIà�ä�áZìåÛ ò(���
m�r�j�z-pqi�r�k%g¢m�z-{�r�g\p-��o\{lr�k%g�{�â
Ä
tr
z-{éi���� ß�ÛIð�äIãÁé�ùBß�Û@ç�Ý
Þ"ó!ìåÛÄß�ÛÄé·Ý
àÆäIãèÝ
ðnó�áZà5Þ�ð�ãÁé·ùÄß�ÛHäIÞ�àÁîºá�ç�ÛHé?àâáZð�äIÜZÛIàÆä�áZìåÛ òv�¾��m�r�j�z-pqi�r�k%g

m�z-{�rsg�p-�so�{lrskdg�{�â
Ä
mr

y

z}{�i ì¦áLß�ÛIð�äIãÁé·ùBß�ÛBæjÝ
æjÛIð�é¨ß�Û^��Û��¢ãèÝ
ðPäIÞVãÁÜ
áZð�é
ey

ó�áZàÄÞ�ð�ãÁé�ù@ß�ÛHäIÞVàÁîºá�ç�ÛÄé?àâáZð�äIÜZÛIàÆä�áZìåÛ
ò¿�¾�
m�rsjlz-pqi�rskdg¨m�z-{�r�g\p-��o\{lr�k%g�{�â
Ä
mr

z

z-{�i ì¦áLß�ÛIð�äIãÁé·ù@ß�ÛBæjÝ
æjÛIð�é¨ß�Û^��Û��¢ãèÝ
ðPäIÞVãÁÜ
áZð�é
ez

ó�áZàÄÞ�ð�ãÁé�ù@ß�ÛHäIÞVàÁîºá�ç�ÛÄé?àâáZð�äIÜZÛIàÆä�áZìåÛ
ò¿�¾�
m�rsjlz-pqi�rskdg¨m�z-{�r�g\p-��o\{lr�k%g�{-c

nr

trmr
y

vr
y

mr
zvr

z

x

y

z

 "!$#&% x�c�x�Õ �C.BÝ
à�é%ä ãÁð�é·ùIà�ãèÛIÞVàÆä(�Lì¦á ó�ø�á
ä"Û�àÆÛIð�î�Ý
àÆç�ÛIæjÛIð�é

yOz-{ºztå"kdj�il{ºr�g)i��}jlr�z}o�jl{¿m��%g�{º�¾�¯��~���{lz¨jlz}g\��kdjlp}z-��z-g)i��"z}o\�dz}g�i��%o�{�{lr�ö}iljlz¨zq����j�r����-{º{lk%o�{
��kdjl��z��%z-p}ilkdjlrsz-�s��z����%j�Õ

Xr =






nr

vr
y

vr
z




 í xncsbKÂdî
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Γr =






tr

mr
y

mr
z




 í xncsbMÝ%î

k'�
Xr zqi Γr jlz-�\jl�-{�z-g)i�z}g)i^j�z-{l�Iz-pqi�re�dz-��z-g)i���z}{`�dz}p}i�z}o�jl{��%{�{lknp-r��}{²�%o���i�z-g\{lz-o\jl{ m�z-{²p-k%g�ilj��%rsg)i�z-{

σr z}i	m�z}{�p-kdo��\��z-{�m�zvp}kdg)i�j���r�g)i�z}{ hr â����%j|��z}{�jlz-����i�rskdg�{ªÕ

σr = Xr ⊗ ex í xncsbKàdî

hr = Γr ⊗ ex í xncsbK�dî

½/g(o\ilr���rs{��%g)i²�sz-{ g�k%i��Zi�r�k%g�{²r�g)i�j�k�m�o\rsi�z}{�âK�sz-{ �-��o���ilr�kdg�{ m8¡ �-��o�rs��r��\jlz�{-¡ �-p}jlrs�%z-g)i/�Ikdo�j �¾����~��%{�z
jlz}g\��kdjlp}z-��z-g)iuÕ

m�rs�
σr(x, t) + ρrF r(x, t) − I(x, t) = 0

{lo�j
Ωr í xnc�x%¥dî

m�re�
hr(x, t) + ex ∧ Xr = 0

{lo�j
Ωr í xnc�x�bKî

y²�&m�z}g�{lrei����%kd��o���r���o�z.m�z-{�p-kdo��\��z-{�m8¡ ztå"kdj�il{
ρG

�������%jl�%r�{�{��%g)i�m��%g�{��V¡��}��o���i�rskdg í x�c�Â)î@ânzq��Ä��jlrs����g�i �Û¡ �-��o�r��sr���j�z�m8¡ o�g���r��sr�z}o¿m�z.Á�kd{l{�z-j��ZiFân{-¡��%g�g�o���z�m���g�{��sz�p'�%{$�}ilo�m�r�� í jlz-g���kdjlp}z-��z-g)im�z-{�{lkd�s{����%j�r�g�p}��o�{�r�kdg�{�jlrs�dr�m�z}{�î/z-g¢jl�%r�{�kdg¦m�zª�V¡�����{lz}g�p-z�m�z}{�p-k%o�����z}{�m8¡ ztå"kdj�il{�ò(m�rs{�i���g�p-z�c
Á�z-{��-��o���ilr�kdg�{�m8¡ �-��o�r��sr���j�z�{-¡ �-p-j�rs�%z-g)i|z-g���kdg�p}ilr�kdg�m�z}{�m�z}g�{lrei��-{�m8¡ ztå"kdj�il{

(nr, vr
y, v

r
z)
z}i�m�z

��k%��z}g�il{
(tr, mr

y, m
r
z)
m�zv�¾�¿���%g�r��}jlzª{�o�rs���%g)ilz�Õ







dnr

dx
+ ρrF r

x − Ix = 0

dvr
y

dx
+ ρrF r

y − Iy = 0

dvr
z

dx
+ ρrF r

z − Iz = 0

í xnc�xdx%î
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z}i






dtr

dx
= 0

dmr
y

dx
− vr

z = 0

dmr
z

dx
− vr

y = 0

í xnc�x%wdî

��z}{ªp-kdg\m�rsilr�kdg�{ª�%o��¯�sr���rsilz-{ í x�c�Ýdî�ò í xncsbK¥dî	�-p}jlrei�z-{v{�o�j���z ëIÝ
àâß.ß�Û9ì¦á[ó�ø�á
ä"Û¼à�ÛIð�î�Ý
àÆç�ÛIæjÛIð�é{lkdg)i	m�kdg\g��-z}{.z}g´��kdg\p}i�rskdg¢m�z}{.m�z}g�{lrei��}{	m`¡�z@å`kdjéi�{�z}i	m�zv��kd��z-g)i�{|�d�}g��-jl�%��rs{l�}{	���%j�Õ

nr(x, t).(ex.ν) = T d
x (ν)

{�o�j
∂Ωr

T í xnc�x��)î

vr
y(x, t).(ex.ν) = T d

y (ν)
{lo\j

∂Ωr
T í xnc�xd�%î

vr
z(x, t).(ex.ν) = T d

z (ν)
{lo\j

∂Ωr
T í xnc�x%Âdî

tr(x, t).(ex.ν) = Cd
x(ν)

{�o�j
∂Ωr

C í xnc�xdÝ%î

mr
y(x, t).(ex.ν) = Cd

y (ν)
{lo\j

∂Ωr
C í xnc�x%àdî

mr
z(x, t).(ex.ν) = Cd

z (ν)
{�o�j

∂Ωr
C í xnc�x%�dî

�'�dz-pvi�k%oAä�kdo�j�{�Õ

{

∂Ωr
T ∪ ∂Ωr

ξ = ∂Ωr zqi
∂Ωr

T ∩ ∂Ωr
ξ = ∅

∂Ωr
C ∪ ∂Ωr

ω = ∂Ωr zqi
∂Ωr

C ∩ ∂Ωr
ω = ∅

í xnc�wd¥dî

»ª�%g�{²�sz$p-�%{²m8¡ o�g ó!àÆÝZë�ì��IæjÛ7ë�ã)ßZãÁæjÛIð�äIãèÝ
ð�ð�ÛIì m��%g\{��sz/���¾�%g
(O, ex, ey)

âK��z}{ �}��o���i�rskdg�{²m8¡ �-��o�røÄ
��rs��jlzªzqi���z}{	p}kdg�m�rei�rskdg�{|�%on�¨��rs��rei�z-{�{lzvjl�}m�o�rs{lz-g)i�ò¢Õ í �dkdrsj����do�j�z(xnc�w)î÷c







dnr

dx
+ ρrF r

x − Ix = 0

dvr
y

dx
+ ρrF r

y − Iy = 0
{lo�j

Ωr

dmr
z

dx
− vr

z = 0

í xnc�w\bKî
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z}i






nr(x, t).(ex.ν) = T d
x (ν)

{lo�j
∂Ωr

T

vr
y(x, t).(ex.ν) = T d

y (ν)
{lo�j

∂Ωr
T

mr
z(x, t).(ex.ν) = Cd

z (ν)
{lo�j

∂Ωr
C

í xnc�w)x%î

 "!$#&% x�c�w�Õ �C.BÝ
àIéÁä ãÁð�é·ùIàIãèÛIÞ�àÆä´ó�Ý
Þ�à Þ�ð�äIû"äIé �IæjÛnë�ã ó�ø�á
äIã)ö�Þ�Ûºþâçïá
ä3ë�ã)ßZãÁæjÛIð�äIãèÝ
ð�ð�ÛIì ÿ

�������X¯ [ cGd ��c­i�� j�dgj��"�,´�5�f��§� h	1L�}j 5�h2��´af$h�i�j

Ônkdo�{v�Û¡ ~)���Ik%il~��-{�z�m�z}{ ó�ÛIé)ãÁé·Û�äBó�ÛIà�é?Þ�àºë�áZé?ãèÝ
ð�ä âO�sz-{�m��q��kdjl����i�rskdg�{ªm\oØ��r���rsz-o���r���~��%{lrs�no\z�{�kdg)i
m��}p-jlrei�z}{	m\zu���
�T��ü-kdg¨{�o�rs���%g)i�zºÕ
• ¹�kdo\j.��� ó�ø�á
ä"Û æ�áZé)à�ãèç�Û âI�sz-{�m��q��kdjl����i�rskdg�{�{lk%g�i.p-���%{l{�r���o�z}��z}g�i�zq����j�r����-z-{	���%j	��z�ilz-g�{�z-o�j
m�z-{�m��}��k%jl����i�rskdg�{/m�z ¦vj�z-z-gnÄ y²�%�djl�%g��dz���rsg��'��jlr�{���â)m�k%g�g��	z-g���kdg\p}i�rskdg�m�o¦p�~��%����m\z.m��}���¾�MÄ
p-z}��z}g�i	m�zvp}z}ililzv��~��%{�z&����j�Õ

εm =
1

2
(gradξm +t gradξm) í xnc�wdwdî

z}i��sz�p-kd���"k%j�i�z}��z}g)i ùIì¦á
äIé?ã)ö�Þ�Û�ì ãÁð�ùïáZãÁàÆÛ {-¡ zq����j�r���z�â�{�kdo�{	�Û¡ ~��n�Ik%i�~\�-{lzvm8¡ ãåä"Ý
é)à�Ý�ó!ãèÛ â\���%jvÕ

σm = λmtr(εm)I + 2µmεm í xnc�w%�)î

k'�
λm z}i

µm {�kdg)i.�sz-{|p}k�z@ã�p}r�z}g�il{.m\z&y²�%����m�zv�¾� ó�ø�á
ä"Û@æ�áZé?à�ãèç�Û c

• ¹�kdo\j¦�¾� ó�ø�á
ä"Û�àÆÛIð�î�Ý
àÆç�ÛIæjÛIð�é â$k%gâjlz}iljlkdo��dz¯��z}{����%j�r¾�%���sz-{�m�z�m��q��kdjl����ilr�kdgD�%g��%�skd�do�z}{¦ò
p-z}����z}{|r�g)i�j�k�m\o�rsilz-{��Ikdo�j���z}{|�"k%o\i�j�z-{�â�{�kdrsivÕ
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





εr =
∂ξr

x
∂x

, θr
y =

∂ξr
y

∂x
− ωr

z , θr
z =

∂ξr
z

∂x
− ωr

y

χr
x =

∂ωr
x

∂x
, χr

y =
∂ωr

y

∂x
, χr

z =
∂ωr

z
∂x

í xnc�w)�%î

Ä
εr m��}{lrs�dg�zv�¾� ß�ù%î�Ý
à�æ�áZé)ãèÝ
ðÿá'�¢ã)áZìåÛ â

Ä
θr

y

z}i
θr

z

m��-{�r��dg�z}g)i��sz-{ ß�ù%î�Ý
à�æ�áZé?ãèÝ
ð�ä ß�Û¼çIãåä�áZãÁìÁìåÛIæjÛIð�é â
Ä

χr
y

zqi
χr

z

m\�-{lrs�dg�z}g�i	�sz-{ ç�Ý
ÞVàºë�Þ�àÆÛ�ä z}i
χr

x

m\�-{lrs�dg�zv�¾� ß�ù%î�Ý
à�æ�áZé)ãèÝ
ð=ß�Û é·Ý
à�äIãèÝ
ð c

Á�z-{|���%jlr��%���sz-{|m�zvm��q��kdjl����i�rskdg¦�Iz-o\�%z-g)i|öqi�j�zuz÷����jlrs���}z-{�{lkdo\{���k%jl��zª�dz-pqi�kdj�r�z}����z����%j�Õ

εr =






εr

θr
y

θr
z




 í xnc�wdÂdî

z}i

χr =






χr
x

χr
y

χr
z




 í xnc�w)Ý%î

»ª�%g�{u��z�p'��{&m�z ó!àÆÝZë�ì��IæjÛ�äjë�ã)ßZãÁæjÛIð�äIãèÝ
ð�ð�ÛIì ä â`�sz-{v�%��jlr¾������z}{�m�z�m��q��kdjl����ilr�kdg°m�z��¾�¨��~��%{�z
jlz}g\��kdjlp}z-��z-g)i�{lz´jl�}m�o�r�{�z-g)i�ò

(εr, θr
y, χ

r
z)
â/��o�z¨�V¡�kdg�g�k�i�z-jl�Ãm\�-{lk%jl���%r�{tâ �"k%o�jº{lr������srs��z}j�â

(εr, θr, χr)
c

yOz�p-kd���Ikdj�ilz-��z-g)i ùIì¦á
äIé)ã)ö�ÞRÛ´ì ãÁð�ùïáZãÁà�Û m�z|�¾�.��~��%{�z|jlz-g���kdjlp}z-��z-g)i�{-¡ zq����j�r���z��%��kdj�{ ò�ilj��'�dz}jl{
{lrø�´�-��o���ilr�kdg�{	jlz}��r��%g)i���z-{	ztå"kdjéi�{�zqi��sz-{	��k%��z}g�il{��d�-g��}j��%�sr�{��-{.�%o��´���%jlr��%����z}{|m�z(m\�}��kdj����ZÄ
i�rskdg¯Õ

{

nr = αrεr, vr
y = βr

yθ
r
y, vr

z = βr
zθ

r
z

tr = γr
xχ

r
x, mr

y = γr
yχ

r
y, mr

z = γr
zχ

r
z

í xnc�wdàdî

{lkdrei|{lk%o�{	��k%jl��z�i�z}g�{lkdj�r�z}����z(Õ
Xr = Cr

F
.εr í xnc�wd�dî

Γr = Cr

C
.χr í xnc��)¥dî
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k'�
Cr

F

zqi
Cr

C

{lk%g�i���z}{.i�z}g�{lz}o�jl{�m�z(j�r��drsm�rsil��m�z(������~���{lz(j�z-g\��k%jlp-z}��z}g)i'c`fh�s{.{�kdg)iªm�k%g�g��-{tâ
m��%g�{��V¡�~)�n�"k�i�~��}{lzvm8¡ áWëIä"ÛIð�ç�Û3ß�Û[ç�Ý
Þ$ó!ì¦á"ý�ÛnÛIð�é?àÆÛ�ìåÛ�ä[ÛD.BÝ
à�éÁä â����%j�Õ

Cr

F
=






αr 0 0

0 βr
y 0

0 0 βr
y




 í xnc���bKî

z}i

Cr

C
=






γr
x 0 0

0 γr
y 0

0 0 γr
y




 í xnc���x%î

yOz-{|i�z}jl��z-{�m�z
Cr

F

zqi
Cr

C

{lkdg)i	��z}{�m�rzå"�-j�z-g)i�z}{	jl�%r�m\z-o�j�{	m\zu���
��~��%{�zvjlz-g���kdjlp}z-��z-g)i(Õ
Ä

αr z}{�i	�¾� àâáZã)ß�ÛIÞ�à(�jìïê ÛD.BÝ
à�éSá'�¢ã)áZì â
Ä

βr
y

z-{�i	��� àïáZã)ß�ÛIÞ�à&�jìïê ÛD.BÝ
à�éØé)àâáZð�ç�ø�áZð�é {lo\rs���%g)i
ey

â
Ä

βr
z

z-{�i	��� àïáZã)ß�ÛIÞ�à&�jìïê ÛD.BÝ
à�éØé)àâáZð�ç�ø�áZð�é {lo\rs���%g)i
ez

â
Ä

γr
x

z}{�i	�¾� àâáZã)ß�ÛIÞ�à&�jì¦áLé�Ý
àÆäIãèÝ
ð â
Ä

γr
y

z-{�i	��� àâáZã)ß�ÛIÞ�àu�jì¦á.�HÛ��¢ãèÝ
ð {lo�re�%��g�i
ey

â
Ä

γr
z

z-{�i	��� àâáZã)ß�ÛIÞ�àu�jì¦á.�HÛ��¢ãèÝ
ð {lo�re�%��g�i
ez

c

• y²���%��jlr¾������z&m�z¿m��}��k%jl����i�rskdg·��o�r��%�\���%j��Aá�iªz}g°m�o��%�srsi��(�'�dz-pº�sz-{ ÛD.BÝ
à�éÁäLß�ê ãÁð�é�ÛIàâá�çIé)ãèÝ
ð z}{�i
�Û¡ �-p-�%j�i�m�z}{�p�~��%����{�m�zvm��-�����%p-z}��z}g)i.m\z-{�m�z-on�´��~��%{�z-{uÕ

∆ξ = ξm − ξr í xnc��)wdî
z}i��¾�v��kdrXm�z.p-kd���"k%j�i�z}��z}g)i�m8¡ r�g)ilz-j���p}i�rskdg�z}{�i�m�kdg�g��}z�â�m��%g�{��sz.p-�%{�m\z��Û¡ �-���%{�ilr�p}rsi����sr�g��-�%r�j�z�â
���%j�Õ

I = CI .∆ξ í xnc��d�)î

k'�
CI m��}{lr��%g�zª��z�i�z}g�{lz}o�j|m�z.jlr��%r�m�rei���m�z����&�skdrXm8¡�rsg)i�z-jl�%p}ilr�kdg�z-g)i�j�zª��z}{�m�z}o��¢�\~��%{lz}{�â�m�kdg)i

��z}{ªi�z-j���z}{��"z}o\�dz}g)i�öqi�jlzº�q�%����o��}{vò¨���%j�ilr�jªm�zº{�r��
o�����i�rskdg�{.gno\���}jlr���o�z}{v{lo�j�m�z}{u�%kd��o\��z}{
�-�s�-��z-g)i��%rsjlz}{¿jlz-�\jl�-{�z-g)i��Zi�rs��{�m�oÏ���Zi��-j�r¾�%oÓj�z-g\��k%jlp-� í Ô�o�m�j�z}i í bK�d�%�)î ý Ý%�	þ�ÿ�û�z}g�g�rs{�zqi�m�z
û�o�~���g í x%¥d¥dwdî ý à#þ¾îqcyOz¢p'�%{ºm�z´�Û¡ áWß
ø�ùIàÆÛIð�ç�Û ó�áZàÁîºáZãÁé·Û p-kdj�jlz}{l�Ikdg�mCò°�V¡�~)�n�Ik%i�~��}{lz´k'�Ï��z-{¿���%j�ilr�p-o\��z-{¿m\z-{ºm�z-on�
��~��%{�z-{���knp'����r�{��-z}{|�%o´�¼ö}��z��Ikdr�g)i|{�kdg)i.�%g�r����-z}{|m�zv�¾� æ�*IæjÛ¼çIãÁð�ùIæ�áZé)ã)ö�ÞRÛ Õ

∆ξ = ξm − ξr = 0 ⇐⇒ ξ = ξm = ξr í xnc����%î
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�Óg�k%ilz-j²��o�z�p-z�p'�%{²����j�i�rsp-o��sr�z}j8�"z}o\i�ö}iljlz�jlzqi�j�kdo\�d��ò|���%jéi�r�jOm\z$������kdr�m8¡ r�g)i�z}j��%pqi�r�k%gu�%�-g��}j��%�sz
í x�c �d��î$z-g¨�T�%r�{l�%g)i é�ÛIð!ßZàÆÛ ÜZÛIàÆä�ìïê ãÁð'�Òð�ã ��z}{�ilz-j���z}{	m\o´ilz-g�{�z-o�j�m�zvjlrs�dr�m\rsi�� CI c

æ·Ö¥¨ =>Û�é�àrÙ�à@Û�Ø Ý ý�Þ4Ø ïìÚÜÛhª4ñE¬�î è Ý ýj®Hñtð�éaÙ�àtß±àrÙå® ï Û�Þ�Ú ñ@è î à@ñtà@è�Þ
ª4à@ï-ê-ð�éaà�ë�Þìè è�Ø ÝÒ®HíAÛ�ÚIî ð{Ù�àtÛ�Ø ï4ñ�ð�Øìè

Ônkdrsi
Ω
o\gu�%kd��o���z�m�z${lkd�)j�z-g\��kdj�p-�$���%j²m�z}{�rsg�p-�so�{lrskdg�{²���%jl�%���s�-��z}{Oò��¾�|m�r�j�z-pqi�r�k%g

Ox
zqi ä"Ý
ìÁì ãèçIãÁé�ù

ÛIð'ß�ù%î�Ý
à�æ�áZé?ãèÝ
ðró!ì¦áZð�Û@ó�áZàâáZìÁì��IìåÛIæjÛIð�éBáZÞõó!ì¦áZð
Oxy

c²y²�·��knm��-�sr�{��Zi�r�k%g¯�
o��silr���~��%{lrs�no\z�m8¡ o�g
i�z}�8{��n{éi��-��z�p-k%���Ikd{lrei�z#â ä"Ý
ÞWä�ìïê ø�û�ó�Ý
é%ø���ä"Û@ß�ê áWß
ø�ùIàÆÛIð�ç�ÛSó�áZàÁîºáZãÁé·Û¼ÛIð�é?àÆÛSó�ø�á
ä"Û�ä í xnc����%î@â\p}kdg�{�r�{�ilzòè{lo\���"k%{lz-j¨��o�z°�¾�æp-r�g\�-����i�rs�no\z�m�z�i�k%o\i¢�Ikdr�g)i¢����i��}jlrsz-�	z-{�i¨p-�%j���p}i��}jlrs{l�-z¯���%j¢o�gâ�dz}p}i�z}o�j
m��}���¾�%p}z-��z-g)i

ξ
z}i�o�g\z&j�k%i���ilr�kdg

ωrez

�"kdo\j	���
���%jéi�r�p}o���z�jlz-g���kdjlp}z-��z-g)i'c
»��%g�{/p-z}{�p-kdg�m\rsi�rskdg�{tâ%o�gºp�~��%���¿m�z ß�ù·ó!ì¦á�ç�ÛIæjÛIð�é)ñ·àÆÝ
é áZé)ãèÝ
ð {ξ, ωr} z-{�i�m\rsi çIãÁð�ùIæ�áZé)ã)ö�ÞRÛIæjÛIð�éáWßZæ[ãåä�äIã)ë�ìåÛ {}¡�rs�`�d�}jlre��z&�sz-{|p}kdg�m�rei�r�k%g�{��%o��¦��r���rsilz-{�z-g´m��-�����%p-z}��z}g)i�Ähj�k%i��Zi�r�k%g¯Õ

{

ξ = ξd {�o�j
∂Ωξ

ωr = ωd {�o�j
∂Ωω

í xnc��)Âdî

k'�
∂Ωξ í j�z-{l�`c ∂Ωω

î&z}{�i��¾�·���%j�ilr�z¦m�o��Ikdjlm
∂Ω

k'��o�g�m��-�\�¾�%p}z-��z-g)iºz-{éiºr����"kd{��¦�%on�Óm�z}o��
��~���{lz-{ í j�z-{��8c�jlk%i���i�rskdg¢r����Ikd{l�}zvòº���¿{lz-o\��z���~���{lzujlz-g���kdjlp}z-��z-g)i÷î÷c
yOz}{uz@å`k%j�i�{vrsg�il�-j�r�z-o\jl{�{lk%g�ivj�z-��j��-{�z-g)i��}{(���%j��sz
i�z}g�{lz}o�j&m\z-{vp-kdg)ilj��%rsg�ilz-{

σm �Ikdo�j����¦��~��%{�z
����i�j�r�p-z�z}i í nr, vr, mr î��Ikdo�j|�¾�
�\~��%{lzvj�z-g\��kdj�p-z}��z}g�i-cX�.g´p�~��%����m`¡�z@å`kdjéi�{�r�g)il�-jlrsz-o�j�{|�d�-g\�-j��MÄ
��rs{l�}{ {σm; nr, vr, mr} z-{éi
m�rei äIé áZé)ã)ö�ÞRÛIæjÛIð�éÄáWßZæ[ãåä�äIã)ë�ìåÛ {}¡�rs���%�-j�rs��z���z}{&�}�no���i�rskdg�{um8¡��}��o�r��sr���j�z
z}i	�sz-{|p-k%g�m�rsilr�kdg\{��%o��¨�sr���rsi�z}{�z}g�z@å`k%j�i�{tâ�{lkdreivÕ

{ m�rs�
(σm + nrex ⊗ ex + vrey ⊗ ex) + ρrF r + ρmFm = 0m�rs�
(mrez ⊗ ex) + vrez = 0

í xnc���Ý%î

zqi

{

(σm + nrex ⊗ ex + vrey ⊗ ex).ν = T d {lo\j
∂ΩT = ∂Ω − ∂Ωξ

(mrez ⊗ ex).ν = Cd {lo\j
∂ΩC = ∂Ω − ∂Ωω

í xnc��)àdî

y²��j�z-p�~�z}jlp�~�z
m\z(�¾�º{lk%��o\ilr�kdg´m8¡ o�g ó!àÆÝZë�ì��IæjÛnß�ê ùIì¦á
äIé)ãèçIãÁé�ù ��kdj��
o����v�Ikdo�j	��zv��r���rsz-o¢��rs��~��%{�r���o�z#â
jlzq�nr�z-g)i�ò��¾�ª��r�{�z�z-g��}�nr�m\z-g�p}z.m8¡ o�g�p�~��%���ºm8¡�z@å`k%j�i�{�rsg�il�-j�r�z-o\jl{ {σm; nr, vr, mr} äIé áZé)ã)ö�Þ�ÛIæjÛIð�é
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áWßZæ[ãåä�äIã)ë�ìåÛ �'�%z-pu��z-{�z@å`kdjéi�{�zq�nil�-jlrsz-o�j�{�z}i	m8¡ o�g�p�~��%���´m�zvm��}���¾�%p}z-��z-g)i {ξ, ωr} çIãÁð�ùIæ�áZé?ã)ö�Þ�ÛIñæjÛIð�é7áWßZæ[ãåä�äIã)ë�ìåÛ â\�%{�{lknp-rs�-{�z-g¨i�kdo�i.�Ikdrsg�i����%j��¾�
�skdr8m�zvp-k%���Ikdj�ilz-��z-g)i|�}�¾�%{éi�r���o�zºÕ







σm = λm(trε)I + 2µmε
�'�dz-p

ε = 1
2(gradξ +t gradξ)

nr = αr ∂ξx

∂x
, vr = βr(

∂ξy

∂x
− ωr), mr = γr ∂ωr

∂x

í xnc��)�dî

æ·Öjü \^]7è�î ï-ñ@è Ý ý�ð�ï-ï4ñ@à�ß±ð�Ù�à@Û�Ø

½/gâ�no�z°m�z¯{lz¯�T�%��r��sr¾�%j�r�{�z-jº�'�dz}pæ�sz���knm��}��z·�(o��silr���~���{lr���o�z��K�%z-p ù�z÷�\rskdg �%r�g\{lr�rsg)i�jlknm�o�reiFâ
�Û¡ zq��z}�����sz¦m�oÓp}r�{���r����sz-��z-g)i&m8¡�o\gÏ��r��sr�z}oæ�
o\�si�rsp-kdo\p�~�z¦z-g�m��q��kdjl����ilr�kdgæ���¾�%g\z�â^�qi�o�m\r��¢���%j(m�z
û�o�~��%g z}i�Ô�o�m\jlz}i í x%¥d¥d¥)î ý w�b�þ�m��%g\{¢��z�p-�%{¢k'� ��z}{¢m��}��kdj����Zi�r�k%g�{�m�z¯p}r�{l�%r��s��z-��z-g)i�{lkdg)i¨g��÷Ä
�d�sr��d�}z-{ í θr = 0

m��%g�{ í xnc�w)�%î¿k%o βr → ∞ m��%g\{ í x�c�w%à)îlî7â/p�¡�z}{�i�ÄhòZÄhm\r�jlz¨{�kdo�{��Û¡ ø�û�ó�Ý
éÁø���ä"Ûõß�Û
#@áZÜ"ãèÛIàIñèòÄÛIàIð�Ý
Þ�ìÁì ã âIz-{�iªjlz-�\jlr�{�r�p-r z-g¯ilz-g��%g)i�p}kd���\i�z
m\z-{�ztå"z}il{ªm�z¿p}r�{���r����sz-��z-g)i'cIÁ�zqi�zq��z}�����sz
�Iz-o\i$jlz}��jl�}{lz}g�ilz-j�o�g�z	��knm��-�sr�{l��i�rskdg
{lrs���\��rs���-z�m8¡ o�g�j��%m\r�z-j/m\z	��kdg\m���i�rskdg¿m�z	�dj���g�m�z�zq�ni�z}g�{lrskdg
{lk%o���rs{�ò¿o�g�p�~��%jl�dz}��z}g)i.����i��}j��%�Vc

�������	� _ c��+h��(h�c�� ��� �}i�c`S�5aQ�dgj

�	g�z(p}kdo�p�~�z¿m\z({lk%��m8¡ �-���%r�{�{lz-o\j
2L

âIjlz-g���kdjlp}�-z
����j.o�g·jl�-{�z'�%o¯m\z
�"k%o\i�j�z-{�k%jlr�z}g)i��-z}{�����j��%�øÄ
���}��z}��z}g�iuò

ex

âOzqiu{lo����Ikd{��-z�r�g\��g\r�z¿��z¿�skdg��¢m�z ícb û îrâOz-{éi(��{l{lo	ä�z}ililr�zºz-gÃm��q��kdjl����i�rskdg�{ª�\�¾�%g�z}{m��%g\{	�sz����¾��g ícb �¢û î��%o¨p�~��%jl�%z-��z-g)i	m��}��g\r p}kd����zª{�o�rsi í Ü^r��%o�jlzux�c ��î�Õ

• yOz-{|��kdjlp}z-{�m�z��dk%��o���z�{lkdg)i	g��}�d��rs�d�-z}{�Õ
Fm = F r = 0

• yOz-{�m�z-on�´��~��%{�z-{�âX����i�j�r�p}zªz}i	jlz}g\��kdj�p-z-��z-g)i�â�{lkdg)i ÛIð�çïá
äIé?àÆù�Û�ä m���g�{���z������%g í�b û , îrâ�{lkdreivÕ

ξ(x = 0, y, z) = ξm(x = 0, y, z) = ξr(x = 0, y, z) = 0
z}i

ωr(x = 0, y, z) = 0 í x�c��%¥)î

• � g´rs���Ikd{�z��%o´���¾�%g
(x = 2L)

o�g�zujlk�i���ilr�kdg¦g�o��s��z¿Õ

ω(x = 2L, y, z) = ωr(x = 2L, y, z) = 0 í x�c���bMî
z}i�o�g´m��}���¾�%p}z-��z-g)i	m�zv�¾�(��kdj���z¿Õ

ξ(x = 2L, y, z) = ξm(x = 2L, y, z) = ξr(x = 2L, y, z) = 2δey í xnc��dx%î
y²���\~��%{lz¿����iljlr�p}z�âXjlz}��jl�}{lz}g�i��%g)iu��z({�kd� z-{�iv{�o����Ikd{l�}z¿�-���%{�ilr���o�z�âI~�kd��kd�d�}g�z(zqi�r�{�k%i�j�kd�Iz�âIm�z

p-k%g�{�i��%g)i�z-{	m�zuy²�%���
λm zqi

µm Õ
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x

y

2δ

f(x)
ω(x)

2L

O

 "!$#&% x�c��\Õ �¨ãåä�áZãÁìÁìåÛIæjÛIð�éÄÛIð ß�ù%î�Ý
à�æ�áZé?ãèÝ
ðõó!ì¦áZð�Û�ß�ê Þ�ð�Û�ç�Ý
ÞRç�ø�ÛLß�Ûnä"Ý
ì¨àÆÛIð�î�Ý
à�ç�ù�Û[é?àâáZð�äIÜZÛIàÆä�áZìåÛIñ
æjÛIð�é

σm = λm(trε)I + 2µmε í xnc��%wdî

Ô�kdo\{/��z-{��¼ö}��z}{ ~)�n�"k%il~��-{�z-{�m�z|p}kd���Ikdjéi�z-��z-g)i^�-�¾��{�i�rs��o�z���rsg��'��r�jlz#âKm8¡ ~�kd��kd�d�-g\�-rsil��z}i m8¡�rs{lk%iljlk�Ä
��rsz&m�o����Zi��-j�r¾�%o´p-k%g�{�ilrsi�o�i�rs��m�z}{ªr�g�p}��o�{�r�kdg\{	m\z&j�z-g\��kdj�p-z}��z}g�i�â"�sz&p}kd���"kdjéi�z}��z}g�i	m�z&�¾�º��~��%{�z
jlz}g\��kdj�p-z-��z-g)i	z-{éi	m�kdg�g��u���%j í x�c �)�)î�Õ

nr = αrεr = αr ∂ξx

∂x
í xnc����)î

vr = βrθr = βr(
∂ξy

∂x
− ωr) í xnc��d�%î

mr = γrχr = γr ∂ωr

∂x
í xnc��%Âdî

�������*� bHc�52��� h�c��Ïj�� ��´¡� 5�f�-Lj�dgj����

y²�¿{lk%��o\ilr�kdg¢z}g�m��}���¾��p-z-��z-g)i	m�o´��jlk%�����}��z�z}{�i	jlz}p�~�z-j�p�~��-z&{lkdo�{	�¾�(��k%jl��z¿Õ

ξ(x, y, z) = f(x)ey í xnc��dÝ%î

ωr(x, y, z) = ω(x) í x�c��%à)î
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k'�_â/m`¡��%�\jl�-{���z}{¿p-kdg\m�rsilr�kdg�{º��o��Ï��rs��rei�z-{ í x�c��%¥)î
ò í x�c��nbMî@â/�sz-{
��kdg�pqi�rskdg�{ f
z}i

ω
�%�-j�rs��z}g�i���z}{

p-k%g�m�rsilr�kdg\{�Õ

f(x = 0) = 0, f(x = 2L) = 2δ, ω(x = 0) = ω(x = 2L) = 0 í x�c��%�)î

yOz}{	p�~��%���\{	m\zum\�}��kdj�����ilr�kdg¢{�kdg)i	m�kdg�g��}{.���%j�Õ

ε =
1

2
f ′(ex ⊗ ey + ey ⊗ ex) í xnc�Âd¥dî

�Ikdo�j|�¾�¿��~��%{lzv����i�j�r�p-z#â\zqi

εr = 0, θr = f ′ − ω, χr = ω′ í xnc�Â\bKî
�Ikdo�j|�¾�¿��~��%{lzvjlz}g\��kdj�p-z-��z-g)i-c

{ z-�Ikdjéi��%g)i�p-z-{�zq����j�z-{l{�r�kdg\{�m��%g\{���z}{��}��o���i�rskdg�{$m�z	p-kd���"k%j�i�z}��z}g)i í x�c��%w)î/ò í x�c���Â)î@â)rs����rsz-g)i.Õ







σm = µmf ′(ex ⊗ ey + ey ⊗ ex)

nr = 0, vr = βr(f ′ − ω), mr = γrω′

í xnc�Â)x%î

½/g�jlz-��������ü'�%g)i$��z}{�zq����jlz}{l{�r�kdg�{ í x�c�Â)xdî^m�z}{�z@å`kdjéi�{$r�g)i��}jlrsz-o�j�{$m��%g�{$��z-{$�-��o��Zi�r�k%g�{�m`¡��}�no\r���rs��jlz
í xncsbMî�zqi í x�c�w\bMî�m�z}{�m�z-o��´�\~��%{lz}{�âX�-p}jlrei�z-{�z}g��V¡��%�\{lz-g\p-zvm�z-{���kdj�p-z-{�m�z��%kd��o���z�â\kdg¨kd�\i�rsz-g)ivÕ







µmf ′′ey + I = 0

βr(f ′′ − ω′)ey − I = 0

γrω′′ez + βr(f ′ − ω)ez = 0

í xnc�Âdwdî

{lk%rsiFâ�z}g<�-�sr���r�g��%g)i��¾�°m�z}g�{lrei���m8¡ ztå"kdjéi�{�m`¡�rsg�ilz-jl�%p}ilr�kdgC���%j�{�kd������ilr�kdg�m�z}{¦m�z}o��<�\jlz-��r��}jlz}{
�-��o��Zi�r�k%g�{�m�z í x�c�Âdw)î.Õ







βr + µm

βr f ′′ = ω′

γrω′′ + βr(f ′ − ω) = 0

í xnc�Â%�)î
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½/g¢m��}jlre�%��g�i��¾�&m\z-o���r��}��z��-��o���ilr�kdg¦m\z í x�c�Â%��î�z}i|z}g¦��{�o���{éi�rsilo��%g)i��¾�u��jlz}��rs�-j�z�ânkdg¦i�j�kdo\�dz(Õ







βrµmω′ − (βr + µm)γrω′′′ = 0

f ′ = ω − γr

βr ω′′

í xnc�Â)�%î

fh�Oz-{éi.�%��kdj�{|p-kd����k�m�z�m8¡�rsg)i�jlknm�o�rsjlzª�sz-{ ó�áZàâáZæ��Ié?àÆÛ�ä3áWßZãÁæjÛIð�äIãèÝ
ð�ð�ÛIì ä {lo�re���%g)i�{vÕ

η1 =

√

µmβrL2

(µm + βr)γr
í xnc�ÂdÂdî

zqi

η2 =

√
µm

µm + βr
í xnc�Â)Ý%î

��o�r\p-�%j���p}i��}jlrs{lz-g)i/j�z-{��"z}p}i�re�dz}��z}g�i�âd�Û¡ r�g ù�o�z-g\p-z�j�z-����i�re�dz$m�o¿��knm�o��sz�m\z�p-rs{��%rs���sz-��z-g)i m�z��¾�	��~��%{�z
����i�j�r�p-zº����j&jl�%���Ikdj�i&ò����´jl�%r�m\z-o�jvz-g ù�zq��r�k%gØz}i(�%oæp-r�{l�%r��s��z}��z}g�iªm�z����´��~��%{lz�jlz-g���kdjlp}z-��z-g)i
�Ikdo�j

η1
â�z}i��Û¡ r�g(ù�o\z-g�p}zªjlz}�¾��ilrs�dz.m�o¨��knm�o��sz.m\z�p-r�{l�%r��s��z}��z}g�i$m�z����(��~���{lz�����i�j�r�p-z	���%j�j��%���Ikdjéi

�%o¨��k�m�o\��z�m�zvp-rs{��%rs���sz-��z-g)i�m\zu���¿��~��%{�zuj�z-g\��k%jlp-z}��z}g)i.�Ikdo�j
η2
c

yOz�p-�%{/���%jéi�rsp-o��sr�z-jtâM�}i�o\m�r������%j m�zHû�o�~��%g¿zqi�Ô�o�m�j�z}i í x%¥d¥d¥d�dî ý w\b�þ�â%k'�¿�V¡�~)�n�"k�i�~��}{lz|m�z � �'��rsz-j Äû�z}jlg�kdo\����rd�.�}il����m�kd�\il�-z$�"kdo\j ���	�\~��%{lz$jlz}g\��kdj�p-z-��z-g)i�â�g�z��T�%rei²r�g)i�z}j��dz}g�r�j ��o8¡ o�g({�z-o��n���%jl�%���qi�j�z
�%m�rs��z}g�{lrskdg�g�z}�^Õ

η1 → η =

√

µmL2

γr
, η2 → 0

��kdj�{l��o�z
βr → ∞ í x�c�Â%à)î

»��%g�{^�sz�p'�%{���jl�}{lz-g)i�â%k'�u��z}{�m��q��kdjl����ilr�kdg�{²m�z$p-rs{��%rs���sz-��z-g)iO{lk%g�i^��jlrs{lz}{�z}g
p-kd���\ilz�âM��z�{��n{éi��-��z
m�r�å`�}jlz-g)ilr�z-� í x�c�Â)�dî�{-¡ �-p}jlreiFâ�z-g´�¢{lo\��{�ilrsi�o��%g)i��sz-{�zq����j�z-{l{�r�kdg\{ í xnc�ÂdÂdî�z}i í x�c�Â)Ýdî�m�z}{.���%j��%���}iljlz}{�%m�rs��z}g�{lrskdg�g�z}��{

η1
zqi

η2
Õ







ω′′′ − η2
1

L2ω′ = 0

f ′ = ω − L2

η2
1η

2
2

ω′′

í xnc�Âd�dî

m�kdg)i	�¾�
{�kd��o�i�r�k%g_â��%�-jlre�X�%g)i	��z}{	p}kdg�m�rei�rskdg�{ í x�c����)î@â�z}{�i	m�kdg\g��-zu���%j � �%{l{�z-g í x%¥d¥)x%î ý �%��þ�Õ
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





f(x) = δ
(1 − η2

2)[
{lr�g\~

(
η1x

L
) +

i��%g�~
(η1)(1 −

p-k%{l~
(
η1x

L
))] − η1x

L
(1 − η2

2)
i��%g\~

(η1) − η1

ω(x) = δ
η1

L

[
p-k%{l~

(
η1x

L
) − i���g�~

(η1)
{�r�g�~

(
η1x

L
) − 1]

(1 − η2
2)
i��%g�~

(η1) − η1

í xnc�Ý%¥dî

»ª�%g\{���zup'��{�k'����z-{	m��q��kdjl����i�rskdg�{�m�z&p-r�{l�%r��s��z}��z}g�i�{lkdg)iªg\�-�d�sr��d�}z-{�âX����{�kd��o\ilr�kdg´m�kdg\g��-z&���%j	m�z
û�o�~��%g¯z}iuÔno�m�jlzqi í x%¥%¥d¥d�)î ý w�b�þ*â"�"z}o\i{öqi�jlz(jlz}iljlkdo��d�-z�ò����%j�ilr�j�m\z í x�c�Ý%¥)î�z-g¯��jlz-��������ü'�%g)i η1z}i

η2
����j|��z-o\jl{�zq����j�z-{l{�r�kdg\{ í x�c�Â%à)î@â�{�kdrsivÕ







f(x) = δ
[
{lrsg�~

(
ηx

L
) +

i��%g\~
(η)(1 − p-k%{l~

(
ηx

L
))] − ηx

Li��%g�~
(η) − η

ω(x) = f ′(x) = δ
η
L

[
p}kd{l~

(
ηx

L
) − i��%g�~

(η)
{�r�g�~

(
ηx

L
) − 1]i���g�~

(η) − η

í xnc�Ý�bKî

y²� ç�Ý
ð�é?àâáZãÁð�é·Ûnß�Û¼çIãåä�áZãÁìÁìåÛIæjÛIð�é�é�Ý
éèáZìåÛ
τ
{lo�j	o�g�z��T�%p}z}i�i�zvm�zvg�kdj����%�sz

ex

z-{éi.m\�}��g�rszv���%jvÕ

τ(x) = vr(x) + σm
yx(x) í x�c�Ý%xdî

½/g´�T��r�{���g�i����
{lkd����z�m�z-{��-��o��Zi�r�k%g�{�m8¡��}��o�r��sr���j�z í x�cebMî�z}i í x�c�w\bMî@â\kdg´iljlkdo��dzºÕ

m
τ(x)m
x

=

m
vr(x) +

m
σm

yx(x)m
x

= 0 í x�c�Ý�w)î

{lk%rsiFâ

τ(x) = τ = cste í x�c�Ý���î

� g�m\�}��g�rei	�%��k%jl{ ìåÛ æjÝ�ßZÞ�ìåÛ3ß�Û[çIãåä�áZãÁìÁìåÛIæjÛIð�éØáIóWó�áZàÆÛIð�é ����juÕ

µ∗ =
τ

(δ/L)
=

vr(x) + σm
yx(x)

(δ/L)
í xnc�Ýd�%î

��o�rO{-¡ �-p}jlrei.z}g´��k%g�p}ilr�kdg¨m�z}{	z÷����jlz}{l{lrskdg�{	m�z-{	ztå"kdjéi�{�r�g)i��}jlrsz-o�j�{ í x�c�Â)xdî�p}kd����z
Õ
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µ∗ =
vr(x) + σm

yx(x)

(δ/L)
=

βr(f ′ − ω)(x) + µmf ′(x)

(δ/L)
í xnc�Ý%Âdî

{lk%rsiFâ²z}gè�æ{�o���{éi�rsilo��%g)i¿�sz-{(z÷����jlz}{l{lrskdg�{
m\z¦�¾�´m��tù�z÷��r�kdg
f
z}i(m�z¦�¾�´jlk%i���i�rskdg

ω
m�kdg�g\�-z-{¿���%j

í xnc�Ý%¥dî�Õ

µ∗

µm
=

η1

η1 − (1 − η2
2)tanh(η1)

í xnc�ÝdÝ%î
f(x)/δ

x/L

γr = 0

0.01

0.1
100

 "!$#&% xnc���Õ �¼ù·ó!ì¦á�ç�ÛIæjÛIð�é�ð�Ý
à�æ�áZì ãåä"ùHÛIð�î�Ý
ð�çIé)ãèÝ
ðPß�Û7ì¦ánç�+
é�Û7ð�Ý
à�æ�áZì ãåä"ù�Ûaó�Ý
ÞVà�ßZã .BùIàÆÛIð�é·Û�äSÜ
áZìåÛIÞVàÆä
ß�Û

γr ìåÝ
àÆä�ö�Þ�Û ìåÛ�ä¼ÛD.BÛIéÁänß�Û¼çIãåä�áZãÁìÁìåÛIæjÛIð�é�ä"Ý
ð�éSð�ùèýZì ã¦ý�ù�ä

y²�
���do\jlz í xnc��dî$jlz-�\jl�-{�z-g)i�zum�r�å`�}jlz-g)ilz-{�p-kdo\jl�Iz-{�m�kdg�g��%g)i.�szªm��}���¾�%p}z-��z-g)i�g�kdj�������r�{�� f(x)/δz-g���kdg�pqi�r�k%g�m\z.�V¡��%�Ip-rs{l{�z|g�kdjl���%�sr�{l�}z
x/L

�Ikdo�j�m�r�å`�}jlz}g�ilz-{����%��z}o�jl{�m�z	�¾��j���r�m�z}o�j�z-g·ù�zq��r�k%g
γr

m�z��¾����~��%{�z$j�z-g\��k%jlp-z}��z}g)i í �'�dz-p µm z}i
L
�\jlr�{O�}�)�%o��vò��V¡�o\g�rsil�Kî@âqm��%g\{ �sz/p'�%{Ok��u�sz-{Om��q��kdjl����ilr�kdg�{

m�z¦p}r�{l�%r��s��z-��z-g)iv{�kdg)i¿g��-�%��r��%�-z-{ í βr → ∞ îqc^Á�kd����z�m���äl�·{�r��dg��%�������%j&m�zìû�o�~��%gèz}iºÔ�o�m�j�z}i
í x�¥d¥d¥è�)îrâ�kdgâj�z}iljlkdo\�%z�â�m��%g�{¢��z�p'�%{¢k��â�¾�Øjl�%r�m�z}o�j�z}gMù�zq��r�k%gâm�z-{¢rsg�p-�so�{lrskdg�{�z}{�i¨g��}�d��rs�d�-z
í γr = 0

î@âKo�g&��jlk�����m�z�m\�-�����%p-z}��z}g�i���rsg��'��r�jlz#â'��z���k�m\o���z/m�z$p-rs{��%rs���sz-��z-g)i²�%�����%jlz}g�i�{lz$jl�}m�o�rs{��%g)i
�%�skdjl{�ò¿p-z}��o�r`m�zv�¾�¿{lz}o���zv����i�j�r�p-z í �dk%r�j����do\jlz&x�c�Â��dî�Õ

µ∗(γr = 0) = µm í xnc�Ý%àdî

�t�Û¡ r�g)�dz}jl{�z�â\�skdjl{���o�z
γr → ∞ â��sz.��j�k%���Im�z�m\�-�����%p-z}��z}g�i�i�j���g�{��%z-jl{l�%�"ilz-g�m¦�%z-j�{�p-z}��o�rIp-kdj�jlz}{éÄ

�Ikdg�m��%g)i.ò¿�¾�
m��@ù�zq��rskdg�m`¡�o�g\z&�Ikdo\iljlz��-���%{�ilr���o�zv��røÄhz-g\p'�%{éi�jl�}z%c
y²�����do\jlz�x�c�Â í �Xî`��kdg)i�jlz/o\g�z�{l�-j�r�z/m�z�p}kdo�jl�Iz-{²m�k%g�g��%g)i �¾�����%�sz-o�jOm�ou��k�m�o\��z^m\z$p}r�{l�%r��s��z-��z-g)i�%�����%jlz}g�i&z-gæ��kdg�p}ilr�kdgÃm�z

γr â²���%jl�%���qi�j��-z-{u���%ju�¾�¦���%�sz-o�jum�oØ��knm�o���z¿m\z�p}r�{���r����sz-��z-g)i
βr m�z
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�¾�°��~���{lz·j�z-g\��k%jlp-z}��z}g)i'c$fh�.�������%jl�#á�i�p-���%r�j�z-��z-g)iº{lo\j�p-zqililz����do\jlz´�no\z�â�ilkdo\ilz-{�p�~�kd{lz}{¦�}i��%g)i
�-�d�%��z}{ª���%j���r����sz-o�j�{�âXp-z¿��knm�o���z(�%������jlz-g)i�z}{�ivo�g\z
��kdg�p}ilr�kdg·p-jlk%r�{l{l�%g)i�z¿m�z

βr c � g°�"z}o\i�m�k%g�p
z-g�p-k%g�p-�so�jlz	��o�z���z|�T�%rsi m�z.g\�-�d�sr��dz}j ��z}{$m\�}��kdj�����ilr�kdg\{ m�z	p-r�{l�%r��s��z}��z}g�i^m��%g�{��sz-{�jlz}g\��kdjlp}z-��z-g)i�{tâ
p%¡ z-{éi�ÄhòZÄhm�rsjlz|m�z|�T�%rsjlz��V¡�~)�n�Ik%i�~��}{lz�m�z � �'�nr�z}jéÄ�û�z-j�g�kdo��s��r*âZ�Iz-o\i�p}kdg�m�o�rsjlz	ò�{lo�j�z-{éi�r���z-j/���ªj��%rsm�z-o\j
�d�skd���%�sz^m�ov{lk%�djlz}g\��kdjlp}�/z}i²m�z�����{�iljlo�pqi�o�j�z�â'i�k%o\i²���%jéi�r�p}o���rs�-j�z-��z-g)i8m���g�{O��z p-�%{²m8¡ o�gvp�~��%jl�%z-��z-g)i
�¾�Zi��-jl�%�Ûc

γrγr

í �Xîí �dî

µ∗/µmµ∗/µm

βr

 "!$#&% xnc�Â\Õ ��áZà�ã)áZé)ãèÝ
ð�ßZÞÕæjÝ�ßZÞVìåÛ�ß�ÛrçIãåä�áZãÁìÁìåÛIæjÛIð�é3áIóWó�áZàÆÛIð�é¼ÛIðrî�Ý
ð�çIé?ãèÝ
ð(ß�Û÷ì¦á-àâáZã)ß�ÛIÞVà��-ì¦á
��Û��¢ãèÝ
ðõß�ÛHì¦áHó�ø�á
ä"ÛHà�ÛIð�î�Ý
àÆç�ÛIæjÛIð�é�ìåÝ
àÆä�ö�ÞRÛHìåÛ�ä@ÛD.BÛIéÁäÄß�Û@çIãåä�áZãÁìÁìåÛIæjÛIð�é ä"Ý
ð�é*ð�ùèýZì ã¦ý�ù�ä&þ�áqÿ[Ý
Þ�ð�Ý
ð
þ�ëéÿ

æ·Ö! dJÛ�Ø-ßGñ�Þ4éaàtÛ�Ø eMî Û�ÝG¬Hñ@è î Þ4ñrÙ�à@ï\ê4ð�éaà�ë�Þìè è5ÙÓêìÛ�î Û ó ®�ØG®Hà�ò
é�ð{Ù�àtÛ�Ø

yOz���k�m\�-��z��
o��silr���~��%{lrs�no\zª��jl�}{lz}g�il�&m��%g�{|p-zvp�~�����rsiljlz��Iz-jl��z}i�m\zuj�z-g�m\jlzvp-kd���\ilzªm�z-{	ztå"z}il{
m�z¢p}r�{���r����sz-��z-g)iuz}i¿m\z�ù�zq��r�k%gÓm�z-{¿rsg�p-�so�{lrskdg�{(m\z¦jlz}g\��kdjlp}z-��z-g)iFâ^p-z¢��o�z¢g�z¢�Iz-j���zqi
���%{¿o\g�z
�%���\jlknp�~�z����%j/~�kd��kd�d�}g��-rs{���ilr�kdg(p-�¾��{l{lrs��o�z�âd��o�r�z}{�i$z-gº�T�%reiFâZ�-��o�rs���%�sz-g)i�z	�%oº��k�m\�-��z���r���~��%{lrs�no\z
ä�áZð�ä�ó!à�ãåä"Û@ÛIð�ç�Ý
æÄó!é�ÛHß�ÛÄì¦á���Û��¢ãèÝ
ð zqi�{�kdo�{ ì¦á�ç�Ý
ð!ßZãÁé?ãèÝ
ð�ß�ê áWß
ø�ùIà�ÛIð�ç�Û�ó�áZà%îºáZãÁé·Û c)½/g�z@å`zqiFâ)m���g�{
p-z}{.p}kdg�m�rei�rskdg�{�â���z}{	�}��o���i�rskdg�{ í x�c��d�)î�{-¡ �-p}jlrs�%z-g)i&Õ







σm = λm(trε)I + 2µmε

σr = nrex ⊗ ex = αrεxxex ⊗ ex

í xnc�Ý%�dî
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m`¡�k'�´���%j|{�kd������ilr�kdg·Õ

Σ = σm + σr = λm(trε)I + 2µmε + αrεxxex ⊗ ex í xnc�àd¥dî
{�kdrsivÕ

Σ = Chom : ε í xnc�à\bKî
�'�%z-p�â

Chom = λmI ⊗ I + 2µmI + αrex ⊗ ex ⊗ ex ⊗ ex í xnc�à)x%î

��o�r|g8¡ z-{éi¦�%o�i�jlz¨��o�z¨��z é·ÛIð�ä"ÛIÞ�à�ß�ê ùIì¦á
äIé)ãèçIãÁé·ù�æ�á�çIàÆÝ"ä"ç�Ý�ó!ã)ö�ÞRÛ m�oÏ{lkd�|j�z-g\��kdj�p-�¨p'����p-o\���¢���%jº���
���}i�~\k�m�zvm8¡ ~�kd��kd�d�}g��-rs{���ilr�kdg¢p}�¾�%{�{lrs�no\z í �dkdrsj	{�z-pqi�r�k%gæbdc ��ceb&m\o·p�~��%�\rsi�j�z%bMî÷cXyOzu��knm��-�sz��
o��silreÄ
��~���{lr���o�z�p}kdg�{éi�rsilo�z�m�kdg\pªz-g¨��o�z-�s��o�zv{lkdjéi�z�o�g�z ý�ùIð�ùIàâáZì ãåä�áZé)ãèÝ
ð m\z��¾�(���}il~�k�m\zªm8¡ ~�kd��kd�d�-g\�-reÄ
{��Zi�r�k%g8c
� o\iljlz¨{lk%gDp'��j��%pqi��-j�z�rs���so�{�ilj���ilrs��â �Û¡ zq��z-������z¢m\z����°p}kdo�p�~�z�m�z´{lkd�|j�z-g\��kdj�p-�´{lkdo\��rs{lz´òÃo\g�z

{lk%����rsp-rei���ilr�kdg°i�jl�%g�{��%z-j�{��%�sz�â�g�kdo�{º��kdo�j�g�rsi
o�g�z´{lkd�so\i�rskdg��%g��%�e��i�r���o�z¢m\z´j��}���}jlz-g\p-z·�Iz-j���zqili��%g)i
�¾�·���%�sr�m��Zi�r�k%gèm�z¨�¾�·��kdj��
o�����i�rskdgØg�o����-j�r���o�z¨m�oÏ��knm��-�sz¦�
o��ei�rs��~��%{�r���o�z¦��o�r��T�%rei¿�Û¡ kd�+ä�zqiºm�o
p�~��%�\rsi�j�zv{lo�re�%��g�i-c

# #
#
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ßàÖ.Ö�Ö.Ö�ÖáÖ.Ö�Ö.Ö�Ö.Ö�Ö.ÖáÖ�Ö.Ö�Ö.Ö�Ö.Ö.Ö�ÖáÖ�Ö.Ö�Ö.Ö.Ö�Ö.Ö�Ö ×3â
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e 9xM,I2>A7REaV=4yVR4�C.I�KUI�M,4�F�>AChb:FR<LCz4�Cq>{;=@HI2CH4�F�>HI�4|V:9�F=C.Ku9}CB4�5~>A<LE�F��ad��}V:9�FRC{KU4N5\9]V=@H4�V�k�P=F

5�E�M";�EG@B>H4�M,4�F�>,I�KL9�CB>H<LTSP=4{KL<LFRI\9�<U@H4hV=42C�V=<?��I2@H42FS>H4�C";=7:9�CB4�C�4~>�CBEGP=C"K�k�7SpO;�E�>A7RY�CH4XV�km9�V=7=I2@H4�FR5�4
;:9�@qt
9�<U>H4�d��o4~>H>H4X;=@BI�CB4�F�>89]>H<LEGF�C�km9�;=;RP=<L4.CHPR@"524�KLKU4zV=EGF=FRI�4{;:9�@��j7:9v>H>"42>,��E�P=��E�>���� �G���S�h� �G���
V:9�FRC`KU4^5\9�CgV�k�P=F{M"<UKL<U4�Ph52EGF�>A<LFSP{5�KL9�CHCB<LTSP=4�d
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e k�I�F=42@HnG<U4g;_E�>H4�F�>A<U4�KUKL4sV�k�P=F"M"<UKL<L42PWr=<U;=7:9�CB<LTSP=4g4�Cq>0t�E�F=52>H<LEGF�V=42C0587:9]M";=C�V=4gV=I2;=Ku9]5�4�M,4�F�> ξm

42> ξr V=42C^V=4�POwy;=7:9]CH4�C^4~>^V=P�587:9�M,;yV=4[@BE�>89v>A<LE�F ωr V=4WKu9�;=7=9�CH4'@B4�FRt�EG@B5�42M"42FS>�d�¦§KLKU4WC2kmI25�@H<?>
V:9�FRC`KU4^5\9�CgnGI2F=I�@H9�K§¨���©OP=V=@H4~>\ª���� �G�G���f�¬« ��� �

E(ξm, ξr, ωr) = W (ξm, ξr, ωr) − Φ(ξm, ξr, ωr) �
�RdU� �

EG­ W 4�CB>6Klk�®~¯�°~±l²�³�°'´O°,´O®�µ\¶v±¸·,¹�ºl³�¶v¯»V=P�M"<UKL<U4�P�rR<L;=7:9]CH<LTSP=4W42> Φ 4�CB>ZKU43¼:¶vº½°~¯:ºl³�°~¾�´O°8¿"°�ÀD¶v±¸º�¿
°BÁGº½®~±~³�°~ÂO±A¿W´O¶v¯:¯�®8¿ZTSP=<�KLP=<_CHEGF�>j9�;=;=KU<LTSP=I2C�ª=CBEG<U>Z¨

W (ξm, ξr, ωr) =

∫

Ω

Ψ(ξm, ξr, ωr) V Ω �
�Rd¬Ã �

4~>

Φ(ξm, ξr, ωr) =

∫

Ω

(ρmF m.ξm + ρrF r.ξr) V Ω +

∫

∂ΩT

(Tm
d .ξm + T r

d.ξ
r) V S +

∫

∂ΩC

Cr
d.ω

r V S
�
�Rd¬� �

EG­ ∂ΩT
�
@B4�CH;�d ∂ΩC

� 4�Cq>cKu96;:9�@B>H<L4fV=Pzr_E�@HV ∂Ω V=4DKL9WCB>H@HP=5~>AP=@B4DCHP=@cKL9�TSP=4�KUKL4gCHE�FS>gVREGF=F=I24�CcKL42C
V=42F=CH<?>AI�C`CHPR@Bt
9�52<LTSP=4�CfV�k�42�_EG@B>HC`;�EGP=@gKL9,;=7=9�CH46M�9v>A@H<U5�4 (Tm = Tm

d ) 42>fKu9';=7:9]CH46@H4�Fat�EG@H524�M,4�F�>
(T r = T r

d)
��@H4�CB;�dÄKu9[V=42F=CH<?>AIZV=4Z5�E�P=;=KL42Cg;_EGPR@`KL9[CH42P=KL4Z;=7:9]CH4Z@H42FRt�EG@H524�M,4�F�>6¨ (Cr = Cr

d)
� d

Ψ VRI�CH<UnGF=4fKu9h´O°~¯R¿~³Åº½®jÆ�¶v¾ÇÂa·'³
È�Â:°Z´�ÉÊ®~¯�°~±l²�³�°f¾Ç³
Ë�±A°6´�Â"¿~Ì�¿~º½Í~·�°6Ë�³¬¼:ÎR¹v¿~³
È�Â:°~ª�TOPR<�C�k�I�52@H<?>c5�EGM,M,4
Ku9^CBEGM"M,4gV=4�C0I�F=42@HnG<U4�CÏKL<Ur=@H42C§V=4�C0V=4�Paw";=7=9�CH42Co42>ÏV=4fKL42P=@�<LF�>A42@A9�5~>A<LE�F�ªGCHE�<U>09\QG4�5fKL42CÏFRE�>89]>H<LEGFRC
<LF�>H@HEOV=P=<U>H4�Cg9�P.587:9];=<U>H@H43Ãh¨
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���Ø ÙS�v�lÚ���ÔX���ÛØ ����ÜOÝ�ÔNØ���ÝÅ����Þ*ß�à:Ó\�
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ÖÙOÝ�à:Ó2���
���Å��Ù.Ýl�

�ÙOà=�
��Ô

Ψ = Ψm(εm) + Ψr(εr, χr) + ΨI(∆ξ) �
�Rd �S�

á Ψm 4�Cq>6¾?¹z´O°~¯R¿~³Åº�®ZÆ�¶v¾ÇÂO·'³
È�Â:°3´�ÉÊ®~¯�°~±l²�³�°Z¾Ç³
Ë�±A°3´O°6¾?¹Z¼:ÎR¹v¿�°Z·,¹�º
±¸³�â8°6V=EGF=F=I24Z;:9�@^¨

Ψm(εm) =
1

2
εm : Cm : εm =

λm

2
(trεm)2 + µmtr(εm)2 �
�Rd�� �

á Ψr 4�Cq>W¾?¹h´O°~¯R¿~³Åº½®ZÆ�¶v¾ÇÂO·'³
È�ÂÄ°W´�ÉÊ®~¯�°~±l²�³�°D¾Ç³
Ë�±8°6´O°6¾?¹6¼:ÎR¹v¿�°^±A°~¯\µ\¶v±Aâ8°~·�°~¯:ºoV=EGFRF=I�46;:9�@^¨

Ψr(εr, χr) =
1

2
(εr.Cr

F
.εr + χr.Cr

C
.χr) �
�Rd¬ã �

á ΨI 42CB>3¾?¹h´O°~¯R¿~³Åº½®ZÆ�¶v¾ÇÂa·'³
È�Â:°3´�ÉÊ®~¯�°~±l²�³�°Z¾Ç³
Ë�±A°3´�É ³Å¯:º½°~±B¹Oâ~ºl³�¶v¯yV=E�F=F=I�4Z;:9]@^¨

ΨI(∆ξ) =
1

2
(∆ξ.CI .∆ξ) �
�Rd «G�

�oE�M";R>H4X>H4�FSPÛV=4�C�4~wa;=@H42CHCB<LEGF=C�V=4�ChI2F=4�@BnG<L42ChKL<Ur=@H42C"VR4�Ch;=7=9�CH42ChM�9v>A@H<U5�4{42>�@H4�Fat�EG@H524�M,4�F�>
42>�V=4NKU4�P=@,<LF�>A42@A9�5~>A<UEGF�ª�K�k�I�F=42@HnG<U4�V=4XV=I2t�E�@HM"9]>A<UEGFäC2km4¸wa;=@H<UM"4N42Fåt�EGF=5~>A<UEGFåV=42C�Q]9�@H<L9�r=KU4�C,V=4
V=I~t�EG@HM"9]>A<UEGF (εm, εr, χr, ∆ξ) ;:9�@^¨

W (εm, εr, χr, ∆ξ) =

∫

Ω

1

2
[(εm : Cm : εm)+(εr.Cr

F
.εr +χr.Cr

C
.χr)+(∆ξ.CI .∆ξ)] V Ω �
�Rd ���

æ 4�M,;=KL9�ç\9�F�>§V=9�F=C`�l�adU� � ªGK�k�I�FR4�@Hn�<L4sV=4cVRI2t�EG@BM�9]>H<LEGFW42>�KL4c;�E�>H4�F�>A<U4�K=V=42C§42�_EG@B>HC�4~wO>AI2@H<L42P=@HC�;:9]@
KL42P=@HCg4¸wR;R@H4�CBCH<UEGF=CW�l�Rdm� � 42>W�
�Rd �G� ª=<UK_QO<L42FS>6¨

E(ξm, ξr, ωr) =

∫

Ω

1

2

[

(εm : Cm : εm) + (εr.Cr

F
.εr + χr.Cr

C
.χr) + (∆ξ.CI .∆ξ)

] V Ω

−
∫

Ω

(ρmF m.ξm + ρrF r.ξr) V Ω −
∫

∂ΩT

(Tm
d .ξm + T r

d.ξ
r) V S −

∫

∂ΩC

Cr
d.ω

r V S
�
�Rd �G�

CHE�<U>\ªRCHEGP=CgKlkm7�pO;_E]>A7=Y2CH46V�ku¹�´vÎ:®~±A°~¯�â8°s¼R¹�±Åµ2¹�³Åº½°Z4�F�>H@H4Z;=7:9�CB4�C (ξ = ξr = ξm) ¨
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ÛØ}�
Ýl��ÔO�ìë���Þ*ß�à:Ó\�
Ú���ÔNÙOÝ
à:Ó~���lÚ���Ô ���

E(ξ, ωr) =

∫

Ω

1

2

[

(εm : Cm : εm) + (εr.Cr

F
.εr + χr.Cr

C
.χr)

] V Ω −
∫

Ω

(ρmF m + ρrF r).ξ V Ω

−
∫

∂ΩT

T d.ξ
V S −

∫

∂ΩC

Cr
d.ω

r V S
�
�Rd?��í �

9\QG425
T d = Tm

d + T r
d

�l�adU�G� �

 "!B îï(�1�%./o1~�y�ð+{- ¡ 12%z1�¡ -.¡ +z�ñ���½òg%z�s(��31~���y)Z&��g%�&�1~�c�~�2�ó�y)3-h(
-.% ¡ 12�~1~�g- ¢{1~�{£.¤�é�12¥"-z�óòc�2¤�é�&�12¥"-z�

e 9Nt�EGF=5~>A<UEGF=F=42KLKL4|®~¯�°~±�²�³�°3¼:¶vº�°~¯:º
³�°~¾Å¾L°{V=I~b:F=<L4z;=9�@X�l�Rd?��í � Q�I�@H<?b:4.KL4z;=@B<LF=52<L;�4zV=4.M"<UF=<LMWP=M
CHPR<UQ]9�F�>Z¨
©OEG<U> (ξ, ωr) Ku9�¿�¶v¾ÇÂOºl³�¶v¯|°~¯|´O®½¼�¾?¹Oâ8°~·�°~¯:ºlô½±A¶vº�¹�ºl³�¶v¯XV=PX;R@HEGr=KUY�M,4DV�k�I�KL9�CB>H<L5�<?>AI]ª:9�KLE�@HCD¨

∀(ξ′, ωr ′) ∈ C.A. E(ξ, ωr) ≤ E(ξ′, ωr ′) �l�adU��Ã �

EG­ C.A. V=I�CB<LnGFR4DK�k�4�F=CB4�M[rRKL4jVR4�Cs587:9]M";=CoV=4DV=I2;=Ku9�524�M,4�F�> á @HE�>A9]>A<UEGFyâ~³Å¯�®~·,¹�ºl³
È�Â:°~·�°~¯:º�¹�´�·'³L¿~ô
¿~³
Ë�¾L°8¿6;�EGP=@cKL4^;R@HEGr=KUY�M,4'¨

C.A. =

{

(ξ′, ωr ′);
ξ′ = ξ

d

CHP=@ ∂Ω\∂ΩT

ωr ′ = ωr
d

CBP=@ ∂Ω\∂ΩC

}

�l�adU��� �

©OEG<L42FS> δξ 42> δω KU4�C�I�5�9�@B>HC"V=42C"587=9�M";RC ξ′ 4~> ωr ′ 9�Pawì587:9]M";=C,V=4{V=I�;RKu9�524�M,4�F�> ξ 4~>,V=4
@HE]>89]>H<LEGF ωr ¿�¶v¾ÇÂOºl³�¶v¯R¿6VRPX;=@BEGr=KUY�M,4[¨

δξ = ξ′ − ξ 42> δω = ωr ′ − ωr �l�adU� ���

e kmI25\9�@q>[V=4"K�k�I�F=42@HnG<U4";�E�>H4�F�>A<U4�KLKU4�V=P}587:9�M,;}V=4"V=I�;RKu9�524�M,4�F�> á @HE�>A9]>A<UEGF (ξ′, ωr ′) J{5�4�KUKL4,V=4hKL9
CHE�KLPR>H<LEGFz42CB>`V=EGF=FRI6;=9�@Z¨



�=õ ÑÒ�lÓ�ÔXÔO
ÖÕ���×���Ôy
���Ø ÙS�v�lÚ���ÔX���ÛØ ����ÜOÝ�ÔNØ���ÝÅ����Þ*ß�à:Ó\�
Ú���Ô.Ôa
ÖÙOÝ�à:Ó2���
���Å��Ù.Ýl�

�ÙOà=�
��Ô

δE = E(ξ′, ωr ′) − E(ξ, ωr) = E(ξ + δξ, ωr + δω) − E(ξ, ωr) �l�adU��� �

CHE�<U>\ªR4�F.>A4�F=9�F�>f52EGM,;R>A4^V=4"�
�RdU�\í � ¨

δE =

∫

Ω

1

2

[

(εm + δεm) : Cm : (εm + δεm)

] V Ω +

∫

Ω

1

2

[

(εr + δεr).Cr

F
.(εr + δεr)

] V Ω

+

∫

Ω

1

2

[

(χr + δχr).Cr

C
.(χr + δχr)

] V Ω −
∫

Ω

1

2

[

εm : Cm : εm + εr.Cr

F
.εr + χr.Cr

C
.χr

] V Ω

−
∫

Ω

(ρmF m + ρrF r).(ξ + δξ) V Ω −
∫

∂ΩT

T d.(ξ + δξ) V S −
∫

∂ΩC

Cr
d.(ω

r + δω) V S

+

∫

Ω

(ρmF m + ρrF r).ξ V Ω +

∫

∂ΩT

T d.ξ
V S +

∫

∂ΩC

Cr
d.ω

r V S

�l�Rd?��ã �

42>`V=E�F=5�ªÄ9�;R@HY�CgCB<LM,;=KL<?b:5\9]>H<LEGFX¨

δE =

∫

Ω

1

2

[

2εm : Cm : δεm + δεm : Cm : δεm

] V Ω +

∫

Ω

1

2

[

2εr.Cr

F
.δεr + δεr.Cr

F
.δεr

] V Ω

+

∫

Ω

1

2

[

2χr.Cr

C
.δχr + δχr.Cr

C
.δχr

] V Ω −
∫

Ω

(ρmF m + ρrF r)δξ V −
∫

∂ΩT

T d.δξ
V S

−
∫

∂ΩC

Cr
d.δω

V S

�l�Rd?� «G�

EG­ δεm 4~> δεr V=I2CH<Ln�F=4�F�>'KU4�C[587:9]M";=C3V=4hV=I~t�EG@HM"9]>H<LEGF»V=4�KL9�;=7:9�CB4hM"9]>A@B<L5�4,42>[V=4�KL9�;=7:9�CB4
@H42FRt�EG@B5�4�M,4�F�>o9�CHCBEa52<LI2Co9�POw,587:9�M,;=CoV=4`V=I2;=Ku9�524�M,4�F�> δξ ªS42> δχr 4�Cq>sKL4g587:9]M";,V=4jVRI2t�EG@BM�9]>H<LEGF
nGI2F=I�@H9�KL<UCHIZ9�CBCHEO5�<LIZJ δω d
ö F�>H@HEOV=P=<LCH9�F�>gKL42C`587=9�M";RC`VR4652EGF�>A@H9�<LF�>A42C (σm, Xr, Γr) ¿�¶v¾ÇÂOº
³�¶v¯R¿WVRP{;R@HEGr=KUY�M,4�ª=5]km42CB> á J á V=<L@B4

9�CBCHEO5�<LI2CZ9�Paw�587:9�M,;=C^V=4'V=I~t�EG@HM"9]>H<LEGF=C (εm, εr, χr) ;:9�@^KU4�CDKUEG<LC`V=4'52EGM";�EG@q>A4�M,4�F�>^I2Ku9�Cq>A<UTOPR4
V=42CfV=42Paw.;=7=9�CH42C3¨

σm = Cm : εm, Xr = Cr

F
.εr, Γr = Cr

C
.χr �l�adU� �G�



���U�»è3�v�

�����Þ§Ô{���ÛØ �l
��lØ���Ø ��ÔyÝ�é?êW�?èf��Þ§�_���z��
ÛØ}�
Ýl��ÔO�ìë���Þ*ß�à:Ó\�
Ú���ÔNÙOÝ
à:Ó~���lÚ���Ô ���

K�k�4~wa;=@B4�CBCH<LE�F}�
�RdU� «G� V=42QO<U4�F�>6¨

δE =

∫

Ω

[
σm : δεm + Xr.δεr + Γr.δχr

] V Ω −
∫

Ω

(ρmF m + ρrF r).δξ V Ω −
∫

∂ΩT

T d.δξ
V S

−
∫

∂ΩC

Cr
d.δω

V S +

∫

Ω

1

2

[

δεm : Cm : δεm + δεr.Cr

F
.δεr + δχr.Cr

C
.δχr

] V Ω
�l�adU� �G�

÷ ;=;=KU<LTSP:9�F�>0KL46º�Î:®8¶v±AÍ~·�°D´O°8¿fºl±B¹�Æv¹�Â]Á,Æ�³Å±¸º
ÂÄ°~¾¬¿^9�Paw"587:9�M,;=CÏ5�<LFRI�M"9]>A<UTOPR4�C (δξ, δωr) 9\QG425DKL42C
587:9�M,;=CgV=4Z5�E�FS>H@A9�<UF�>A4�C (σm, Xr, Γr) ¿�¶v¾ÇÂaº
³�¶v¯R¿6V=P{;=@HE�r=KLY2M"4]ª=<LK�QO<U4�F�>Z¨

∫

Ω

(σm : δεm + Xr.δεr + Γr.δχr) V Ω =

∫

Ω

(ρmF m + ρrF r).δξ V Ω +

∫

∂Ω

T .δξ V S

+

∫

∂Ω

Cr.δω V S
�l�ad�Ã�í �

�oEGM,M"4 δξ �
@H42CH;�d δω
� 42CB>[KL9{VR<U�_I�@H42F=5�4"V=4,V=4�Paw 587:9�M,;=C3V=4"VRI�;=KL9�5�42M"42FS>z�
@B4�CH;�d�@BE�>89]>H<LEGF �

5�<UF=I�M"9]>H<LTSP=4�M,4�F�>`9�VRM"<UCHCH<Ur=KL42C�ªR9�KLEG@BCD¨

{

δξ = 0 CHP=@ ∂Ω\∂ΩT

δω = 0 CBP=@ ∂Ω\∂ΩC

�l�ad�Ãa� �

V�kmEG­

∫

Ω

(σm : δεm + Xr.δεr + Γr.δχr) V Ω =

∫

Ω

(ρmF m + ρrF r).δξ V Ω +

∫

∂ΩT

T d.δξ
V S

+

∫

∂ΩC

Cr
d.δω

V S
�l�ad�ÃGÃ �

e kmI25\9�@q>DV=43K�k�I�F=42@HnG<U4Z;_E�>H4�F�>A<U4�KUKL4ZV=4�Cf587:9�M,;=C (ξ′, ωr ′) J"5�4�KUKL4ZV=43Ku9�CHEGKUPR>A<UEGFXI2Ku9�Cq>A<UTOPR43C2kmI25�@H<?>
b:F:9]KL4�M,4�F�>�ª=5�EGM,;R>H4Z>H4�FSP{V=4"�l�Rd¬ÃGÃ � ¨

E(ξ′, ωr ′) − E(ξ, ωr) =

∫

Ω

1

2
(δεm : Cm : δεm + δεr.Cr

F
.δεr + δχr.Cr

C
.δχr) V Ω �l�ad�Ã�� �



�Äø ÑÒ�lÓ�ÔXÔO
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���Ø ÙS�v�lÚ���ÔX���ÛØ ����ÜOÝ�ÔNØ���ÝÅ����Þ*ß�à:Ó\�
Ú���Ô.Ôa
ÖÙOÝ�à:Ó2���
���Å��Ù.Ýl�

�ÙOà=�
��Ô

TSP=<�ªSV=P,t
9�<U>ÏV=P�5\9�@H9�52>HY�@H4`V=I~b:F=< á ;_E�CH<U>H<Ut_V=4�CÏt�EG@HM,4�CÏTSP:9�V=@H9]>A<UTSP=4�Co9�CHCBEa52<LI�42CsJ Cm ª Cr

F

42> Cr

C

ª
4�Cq>c¼:¶�¿~³Åºl³ µ[¶vÂ{¯:Âa¾Ï¨

∀(ξ′, ωr ′) ∈ C.A. E(ξ, ωr) − E(ξ′, ωr ′) ≤ 0 �
�Rd�Ã �S�

ù °8¿'â8ÎR¹�·j¼:¿Z´O°W´O®½¼�¾?¹Oâ8°~·�°~¯:ºo°~ºc´O°Z±A¶vº�¹�ºl³�¶v¯Rú§¿�¶v¾ÇÂOºl³�¶v¯R¿6´�Â,¼�±A¶�Ë�¾LÍ~·�°8ú§·'³Å¯:³Å·'³L¿�°~¯:º�¾HÉÊ®~¯�°~±l²�³�°
¼:¶vº½°~¯:ºl³�°~¾Å¾L°D¿~ÂO±Z¾HÉÊ°8¿½¼R¹Oâ8°3´O°8¿Z·�¶vÂOÆ�°~·�°~¯:º�¿Wâ~³Å¯�®~·,¹�ºl³
È�Â:°~·�°~¯:ºÏ¹�´�·'³L¿8¿~³
Ë�¾L°8¿~d

e 9yCHE�KLPR>H<LEGFx42CB>,;:9�@,9�<UKLKL42P=@HC"Âa¯:³
È�Â:°~d§¦§F�42�_42>\ª§CBP=;=;�EGCA9]FS>"K�k�4~wa<UCB>A42F=5�4.V=4.V=42Paw�CHE�KLPR>H<LEGF=C
(ξ, ωr, σm, Xr, Γr) 42> (ξ′, ωr ′, σm′, Xr ′, Γr′) ª�5�4Ï;=@B<LF=52<L;�4ÏVRPWM,<LF=<UM[P=MûVR40KlkmI2F=4�@BnG<L4�;�E�>A42FS>H<L42KLKL4
C�k�I�52@H<?>f;�EGP=@c524�C`V=4�POw.CHEGKUPR>A<UEGF=C^¨

E(ξ, ωr) ≤ E(ξ′, ωr ′) 4~> E(ξ′, ωr ′) ≤ E(ξ, ωr) �l�ad�ÃG� �

¦ü>A9�F�>"VREGF=F=I.TSP=4{KL4�C[t�E�@HM,4�C�TSP:9�V=@H9]>A<UTOPR4�C,9�CHCBEa52<LI24�C,J Cm ª Cr

F

4~> Cr

C

CHEGF�>,V=I2b=F=<L42C�ª§<LK
QO<L42FS>6¨

{

E(ξ, ωr) < E(ξ′, ωr ′) CH< (εm, εr, χr) 6= (εm′, εr ′, χr ′)

E(ξ′, ωr ′) < E(ξ, ωr) CH< (εm, εr, χr) 6= (εm′, εr ′, χr ′)

�l�ad�Ã�ã �

ö K�42FX@B4�CBCHEG@q>fTSP=46KL42Cc587:9�M,;=CgV=4ZV=I2t�E�@HM"9]>A<UEGF=CsV=42CfVR4�Paw.;R7:9�CH42CfCBEGF�>`<LV=42FS>H<LTSP=42C6¨







εm = εm′

εr = εr ′

χr = χr ′

�l�ad�Ã «��

e k�P=F=<U5�<U>HI0VR4sKu9`CHEGKUPR>A<UEGF342CB>�9]<LF=CB<OQ�I�@H<?b:I�4o;_EGPR@�KU4�C*VRI2t�EG@BM�9]>H<LEGFRC�ª�4�KUKL4Ï4�CB>§9�P=CHCB<aQ�I�@H<?b:I�4o;_EGPR@
KL42C§587:9�M,;=C§V=4g5�E�FS>H@A9�<UF�>A4�C2d�¦§F"@B42Q]9�F=587R4�ª�4�KUKL4sF�km42CB>09�CHCBP=@HI24g;_EGPR@§KL4�C*587:9�M,;=C�V=4cV=I�;RKu9�524�M,4�F�>
42>`V=4Z@BE�>89]>H<LEGFzTSP�kmJ.Âa¯y·�¶vÂOÆ�°~·�°~¯:º�±~³?²�³
´�³ ý0¹�¯:º0;=@HY2CZ¨

{

ξ = ξ′ + Ω ∧ x + u

ω = ω′ + Ω

�l�ad�Ã �G�
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e k�4~wa<LCq>A42F=5�4gV=4sKL9jCHE�KLPR>H<LEGF34�CB>�;=9�@§9�<UKLKL42P=@HC�9�CBCHP=@BI�4�d e 9DVRI�M,EGF=CB>H@A9]>H<LEGFWF=4sCH42@A9^;:9�C*V=I2>A9�<LKUKLI�4
<L52<�ª�M"9�<LC2ªOJ6>A<?>A@B4f<UF=V=<L5�9]>A<?t�ª�4�KUKL4`@H4�;�EGCB4jCHPR@oKL43º�Î:®8¶v±AÍ~·�°D´O° ù ¹\Á���³Å¾�²�±H¹�·'d��l¦§@BFh42>��ZP=42@HM,EGF=V�ª
��Ã]íGíR� �j� ���v� �

 "!�� �")6(*¡ -.�2¤^&�12)3% �^¤^(*12¤^&�12)3%.%.�c�~�~�

e 9�@H42587=4�@B587=4NV=4{Ku9�CHEGKUPR>A<UEGFxV�k�P=FÖ;=@BEGr=KUY�M,4zV�kmI2Ku9�Cq>A<U5�<U>HIz@H4~Qa<U4�F�>\ª�V=4{;:9�@,KL4.;=@B<LF=52<L;�4zV=P
M,<LF=<UM[P=M I2>A9�r=KL<�5�< á V=4�CBCHP=C2ª�J�KL9[@H42587=4�@B587=4WV=P|·'³Å¯:³Å·'ÂO· ´O°Z¾HÉÊ®~¯�°~±l²�³�°s¼:¶vº½°~¯:ºl³�°~¾Å¾L°�¨

{

Trouver (ξ, ωr) ∈ C.A. tel que :

∀(ξ′, ωr ′) ∈ C.A. : E(ξ, ωr) < E(ξ′, ωr ′)

�l�ad�Ã �G�

TSP=<�4�Cq>jI2TSP=<UQ]9�KU4�F�>A4ZJ'Ku9'@B4�587=42@H587=43V=4ZKu9[CHE�KLPR>H<LEGFzV=Pz¼�±A¶�Ë�¾LÍ~·�°ZÆv¹�±¸³
¹�ºl³�¶v¯:¯�°~¾�CBP=<UQ]9�F�>6¨

{

Trouver (ξ, ωr) ∈ C.A. tel que :

∀(ξ′, ωr ′) ∈ C.A. : a((ξ, ωr), (ξ′, ωr ′)) = Φ(ξ′, ωr ′)

�l�ad¬�Gí �

EG­ a(., .) 4�Cq>0KL9oµ\¶v±¸·�°fË�³Å¾Ç³Å¯�®H¹�³Å±A°f¹v¿8¿�¶�â~³�®8°	�W¾?¹0µ\¶v±¸·�°fÈ�ÂR¹�´�±B¹�ºl³
È�Â:°gV=I~b:F=<L4c;=9�@§Ku9jt�EGFR52>A<UEGF=F=42KLKU4
I�FR4�@Hn�<L4Z;_E]>A4�F�>H<L4�KUKL4]ªa42KLKL4^C2kmI25�@B<U>g;:9�@Z¨

a((ξ, ωr), (ξ′, ωr ′)) =

∫

Ω

[(εm : Cm : εm′) + (εr.Cr

F
.εr ′ + χr.Cr

C
.χr′)] V Ω �
�Rd¬�a� �

42> Φ(., .) 4�Cq>`P=F=4cµ\¶v±¸·�°Z¾Ç³Å¯�®H¹�³Å±A°Z4~wa;=@B<LM"9�F�>gKL4D>A@H9\Q�9]<LK�VR4�C`42�_EG@B>HC`4¸wO>AI�@B<L42P=@HCZ¨

Φ(ξ′, ωr′) =

∫

Ω

(ρmF m + ρrF r).ξ′ V Ω +

∫

∂ΩT

T d.ξ
′ V S +

∫

∂ΩC

Cr
d.ω

r ′ V S �l�ad¬��Ã �
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e 9Z@H42587=4�@B587=4^V=4`Ku9^CHEGKUPR>A<UEGF,V�kmPRF�;=@BEGr=KLY2M"4gV�k�I�KL9�CB>H<L52<U>AIc;=9�@0I2KLI2M"42FS>HCÏb=F=<LC�5�E�F=CH<UCB>A4jJZ>H@HEGP á
QG42@§KL42C§587:9�M,;=C§V=4cV=I2;=Ku9�524�M,4�F�> á @HE�>A9]>A<UEGFWTSP=<RM"<UF=<LM,<LCB4�F�>*KL9ft�EGF=5~>A<UEGF=F=42KLKL40I�F=42@HnG<U4s;�E�>A42FS>H<L42KLKL4
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Ú���Ô.Ôa
ÖÙOÝ�à:Ó2���
���Å��Ù.Ýl�

�ÙOà=�
��Ô

CHPR@[P=F�°8¿½¼R¹Oâ8°h´�É ¹~¼�¼�±A¶2ÁG³Å·,¹�ºl³�¶v¯x³Å¯�â~¾ÇÂ�¿h´�¹�¯R¿"¾HÉÊ°~¯R¿�°~·,Ë�¾L°�´O°8¿{â8ÎR¹�·j¼:¿.â~³Å¯�®~·,¹�º
³
È�ÂÄ°~·�°~¯:ºj¹�´�ô
·'³L¿8¿~³
Ë�¾L°8¿~ªSEGPhV�k�P=F=4jM�9�FR<LY�@B4gI�TSP=<UQ]9�KU4�F�>A4DJ3@HI2CHEGPRV=@H4DKU4j;=@BEGr=KUY�M,4`Q]9�@B<u9]>H<LEGF=FR4�K��l�ad¬�Gí � CBP=@s5�4~>
4�CB;:9�5243V�km9�;=;R@HE\wa<LM"9]>A<UEGF�d
e k�4�CB;:9�5�4,V�km9�;=;=@BE\wR<UM�9v>A<LE�Fy4�CB>3V=I~>A4�@BM"<UF=I�;:9�@^KL9.VR<LCH52@HI~>A<LCH9]>A<UEGF�nGI�E�M"I~>A@H<UTSP=4'V=4�Ku9zCB>H@HP=5 á

>APR@H4Z4�FXI�KLI2M"42F�>ACcb:F=<UCW��M�9]<LKLKL9�nG4 � ªSKu9'V=EGFRF=I�46V=P{V=4�nG@BI3V�k¬9�;R;=@HE\wa<LM"9]>A<UEGFz;�EGKUpOF=EGM,<u9]KL4 n V=42C
587:9�M,;=CgCHPR@`587=9�TSP=43I2KLI2M"42FS>cb=F=<�42>`K�k�EG@BV=@H4^V=4ZKL9[5�EGF�>A<UFSP=<U>HI6VR46Klk¬9];=;=@HE\wa<LM"9]>H<LEGF�d

��������� � �������è� ���

e 4,@H425�EGPRQO@B4�M,4�F�>WCB;:9]>H<u9�K§EGP|M"9�<LKUKu9�nG435�EGFRCH<LCq>A4"J{CBP=r�V=<UQO<LCB4�@6Ku9znGI2EGM"I~>A@B<L4'4�F»P=F FREGM[r=@B4
b:F=< Ne

V�kmI2KLI2M"42FS>HCZ;_EGK?pOnGEGF:9�POwä��>H@H<u9]F=nGKL42CDEGP|TSP:9�V=@B<LKu9v>AY�@B4�C � ª�9\p�9�F�>34�F|5�EGM,M[P=F�ª�C�k�<LKLC^CBEGF�>
9�V"!H9]5�4�F�>HC�ªÄP=F{CHEGM,M"4~>cEGP{P=F=469�@$#2>A4�¨

Ω =
Ne∪
i=1

(νe)i
�l�ad¬�G� �

EG­ (νe)i
V=I�CB<LnGF=4ZKlkmI2KLI�M,4�F�>sb=F=<�FSP=M"I2@HE i d

% EGP=@gKL42Cg;=@HEGrRKLY�M,4�CcrR<L;=7:9]CH<LTSP=42C�ª:KU4'·'&~·�°Z·,¹�³Å¾Å¾?¹�²O°[°8¿~ºo¹�´O¶8¼�º�®s¼:¶vÂO±Z¾L°8¿W´O°~Â�Á3¼:ÎR¹v¿�°8¿Z9]b:F
V=4";_EGPaQGEG<U@W9�PRCHCH<0r=<L42F}9�CBCHP=@B4�@[KL9{52EGF=V=<?>A<UEGF»V�k¬9�VR7=I�@B4�F=524z;:9�@Bt
9]<U>A4]ª�TSP�km<UF=5�KUP=@H4"P=F=4"KLEG<§V�k�<LF á
>A42@A9�5~>A<UEGFÖ4�F�>H@H4y;=7:9]CH4�C2d e 9 CB>H@HP=5~>AP=@B4yr=<L;=7=9�CH<UTOPR4yJ}I2>HP=V=<L42@h4�Cq>{9�KLE�@HC,@H4�M,;=KL9�5�I24N;:9�@hPRF=4
CB>H@HP=5~>AP=@B43VR<LCH52@HI~>A<LCBI�4ZI�TSP=<?Q]9�KL42FS>H4�d
( F{CH46KL<UM"<?>A4�@H9WV:9�FRC`5243TSP=<�CBP=<U>f9�P{5\9�CgV�k�P=FXM"<UKL<L42Phr=<U;=7:9�CB<LTSP=4[¿�¶v¾Å¾Ç³�â~³Åº�®'°~¯|´O®�µ\¶v±¸·,¹�º
³�¶v¯R¿

¼�¾?¹�¯�°8¿�´�¹�¯R¿,¾L°^¼�¾?¹�¯ (O, x, y) d e 42CWCB4�P=KUCWV=42nG@HI2CWV=4,KL<Ur_42@B>AI�V�k�P=F >H4�K�CBpOCq>AY�M,4�CBEGF�>[V=E�F=5�KU4�C
V=42PawyV=I2;=Ku9]5�4�M,4�F�>HC (ξx, ξy)

V:9�F=C^KU4W;=KL9�FN42>DKu9�@BE�>89]>H<LEGF (ω) 9�PR>HEGP=@jVR4'K�km9vwa4 (Oz) d��o7:9�TSP=4
F*)ZP=VXV=P�M"9�<LKUKu9�n�4fI~>89�F�>j9�<LF=CB<�M[P=F=<�V=4,º
±8¶v³L¿W´O°�²�±A®8¿W´O°3¾Ç³
Ë~°~±¸º�®~ª:Klkm42F=CH42M[r=KU46VR43524�CjVR4�nG@BI�C`V=4
KL<Ur_42@B>HID@H42Ku9]>H<Ut�CcJ'K�k�I�KUI�M,4�F�>gF ◦i ;�4�PR>	#~>A@H4ZI25�@H<?>gCHEGPRCfKL9Wt�EG@HM,4^M�9v>A@H<U5�<U4�KLKU4gCHP=<?Q�9]FS>H4�¨

{
ξ
}i

e
=







.





ξk,i
x

ξk,i
y

ωk,i






.







k = 1, .., ne
�l�ad¬� ���

EG­ ne
VRI�CH<UnGF=4ZKL4^FREGM[r=@B4^V=4ZF*)ZP=V=C`CHP=@g587:9�TSP=46I�KUI�M,4�F�>\d
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Ú���Ô �0/

�������21 35464 ���87.�a���:9K�è� ;=< �8>@?*AR��� 4 >B< �C<6D 4 �a� ?B�²���8;E9 �F9G<R� ���H9K�:9K�è� ;

e 42C�587:9�M,;=C"V=4XVRI�;=KL9�5�42M"42FS>�42>"V=4�@BE�>89v>A<LE�F�CBEGF�>h52EGF�>A<LFSP=C"CHP=@"587:9�TSP=4NI2KLI2M"42FS>"42>�9�Paw
F*)ZP=V=C2d e 42C�;_EGK?pOF*IGM,4�C§V�k�<LF�>A42@H;�EGKu9v>A<LE�F[F�km9�CHCBP=@A9�F�>0TSP=4f5242>B>A4`5�EGF�>A<UFSP=<U>HI C0 CHEGF�>09�;=;�4�KUI�Cü¼:¶vô
¾ÇÌv¯FJv·�°8¿f´O° ù ¹�²�±H¹�¯O²O°~d��Wkm9�PR>A@B4�C�;�EGKUpOF*IGM,4�C§V�km<UFS>H4�@B;_EGKL9]>A<UEGFW;�4�@BM"4~>H>H4�F�>ÏV�k¬9]CHCHPR@H4�@ÏP=F=4c52EGF�>A< á
FSP=<U>HIy;=KLPRCzCB>A@B<L5~>A4yV=42Cz587:9�M,;=C.V�k¬9];=;=@HE\wa<LM"9]>H<LEGF=CN� C1 ª C2 ªDd?dUd � ¨s<LKfC�km9�nG<?>zV=4�Ch¼:¶v¾ÇÌv¯FJv·�°8¿
´�É K6°~±~·'³Åº½°~d
e 42C'4~wa;=@H42CHCB<LEGF=C�KU<U>H>HI�@H9�KL42CWV=42C'587:9�M,;=C'V=4zV=I2;=Ku9�524�M,4�F�>�42>�VR4z@HE�>A9]>A<UEGF ;�4�PRQ�4�F�>L#2>A@B4z@H4 á

>A@BEGPRQ�I�4�CZJ";:9�@B>H<L@gV=PNQ�4�52>H4�P=@^VR4�CDV=I2;=Ku9]5�4�M,4�F�>HCj42>D@HE�>A9]>A<UEGF=C`I�KLI2M"42F�>89�<U@H4�C`42>jV=4[KL9"M"9]>A@B<L5�4
V=42C`t�EGFR52>A<UEGF=CcV=4^t�EG@BM"4j;:9�@gKu9[@B4�Ku9v>A<LE�Fy¨

{
ξ
}
(x, y) =

[
N

]

e
(x, y).

{
ξ
}i

e

�l�ad¬��� �

9\Q�4�5

{
ξ
}
(x, y) =







ξx(x, y)

ξy(x, y)

ω(x, y)







�l�ad¬�Gã �

4~>

[
N

]

e
(x, y) =




 . . .






Nk(x, y) 0 0

0 Nk(x, y) 0

0 0 Nk(x, y)




 . . .






�l�ad¬� «��

E�­ Nk(x, y) 4�CB>`KU4^;_EGK?pOF*IGM,4DV=4ZV=4�n�@HI n >A4�K�TSP=4,¨

Nk(x, y) =

{

1 9�PXFM)6PRV k

0 9�<LKUKL4�PR@HC k = 1, .., ne
�l�ad¬� �G�

e 42Ch;_E�KUpOF*IGM,4�C,V�k�<LF�>A42@H;�EGKu9]>H<LEGF�;�4�PRQ�4�F�>zt
9�5�<UKL42M"42FS>,CB4N5\9�KU5�P=KU4�@,CHP=@�587:9�TSP=4NI2KLI�M,4�F�>�4�F
t�EGF=5~>A<UEGF"VR4�CÏ5�EOEG@HV=E�F=F=I�42CoV=4`CH42CoF*)ZP=VRC�ªOM�9�<UC§;:9�@ÏCHEGPR5�<ÄV�k�EG;R>A<UM"<UCA9]>H<LEGF'VR4�Co;R@HEGnG@H9�M,M"42C§V=4
5\9]KL5�PRK�ª�<UKLC�CHEGF�>Ï5\9�KU5�P=KUI�C§CBP=@§K�kÅ®~¾L®~·�°~¯:º�´O°g±A®�µ\®~±A°~¯�â8°`9�CHCBEa52<LIg9�POw'I�KUI�M,4�F�>ACüb=F=<LC§42M";=KUE�pGI�C2ª�;=P=<UC
>A@H9�F=Cqt�EG@HM,I�Cs;�EGP=@oEGrR>A42F=<L@0KL42Cs;_E�KUpOF*IGM,4�CsV�km<UFS>H4�@B;_EGKL9]>A<UEGF,V=4^K�k�I�KUI�M,4�F�>sV=E�F=F=I�d % 9�@s4¸wa4�M,;=KL4]ª
;�EGP=@oVR4�CW®~¾L®~·�°~¯:ºÅ¿Dº
±¸³
¹�¯O²�Âa¾?¹�³Å±A°8¿N�,º
±8¶v³L¿D¯0OoÂ=´v¿��
�g� � ªaKlkmI2KLI2M"42FS>oV=4D@BI2t�I�@B4�F=524^4�Cq>cP=F�>H@H<u9]F=nGKL4
<LCBEa52Y�KU4^@H4�5~>89�FRnGKL4Z9\p�9]FS>`V=42Paw{5PI]>AI�CgP=FR<U>89]<L@H42C6��b:n,�Rd?� � �
�j7:9]>B>f4~>`��EGPR��E�>W�q� �G���S�j� �G�]� �
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�ÙOà=�
��Ô

(0,0)

2
2

1

1

3

3

(1,0)

(0,1)

ξ x

νR

νe

τe

yη

SETVU�W �Rd?�G¨RXs¹v¿8¿�¹�²O°Z´O°j¾HÉÊ®~¾L®~·�°~¯:º�´O°j±8®�µ\®~±A°~¯�â8°N��¾HÉÊ®~¾L®~·�°~¯:º*±8®8°~¾ZY\[DÎR¹�º
º0°~º^]_¶vÂ`_v¶vº�Y�acbedgf`h^i�jcj$k�h

τe
I2>89]FS>jKu9�>A@A9]F=CBt�EG@BM�9v>A<LE�FXnGI2EGM,I2>A@B<LTSP=46;_42@HM,42>B>89�F�>DVR4W;:9�CBCH42@DV=4[KlkmI2KLI�M,4�F�>fV=4W@BI2t�I2@H4�FR5�4

VR
J'KlkmI2KLI�M,4�F�>g@BI�4�K Ve

¨
τe : (ξ, η) −→ (x, y) �l�Rdm� ���

E�F{<UF�>A@HEOV=P=<?>cKu9'M"9]>A@B<L524l!H9�5�E�r=<L42F=F=4^V=4ZKu9[>H@A9�F=Cqt�EG@HM"9]>H<LEGF τe
¨

[ m ]
=





∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η



 �l�ad � í �

42>`KU4�n2¹Oâ8¶�Ë�³�°~¯y´O°6¾?¹"º
±B¹�¯R¿�µ\¶v±~·,¹�º
³�¶v¯}¨

m
= V=4~> [ m ] > 0 �
�Rd � � �

e 42CÏVRI�@H<?QGI24�CÏV=4�C�t�EGF=5~>A<LE�F=C§V=4ct�EG@HM,4s;�4�PRQ�4�F�>c9]P=CHCB<R#2>A@B4g5\9�KU5�P=KUI�4�CÏJ^;:9�@q>A<U@üV=4�CÏV=I2@H<UQ�I�42C0V=42C
t�EGF=5~>A<UEGF=CcV=4^t�EG@BM"4^V=I~b:F=<U4�CgCHP=@gKlkmI2KLI�M,4�F�>gV=4Z@BI2t�I�@B4�F=5243;=9�@^¨







∂Nk
∂x

= ∂Nk
∂ξ

∂ξ
∂x

+ ∂Nk
∂η

∂η
∂x

∂Nk
∂y

= ∂Nk
∂ξ

∂ξ
∂y

+ ∂Nk
∂η

∂η
∂y
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∫

Ve

Ni(x, y)dxdy =

∫

VR

Ni(ξ, η).
m V ξ V η �
�Rd � � �

EG­ Ve
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m
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m
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t
{
Σ

}
=

{
σm

xx, σ
m
yy, σ

m
zz, σ

m
xy, n

r, vr, mr
} �l�ad �G���

t
{
E

}
=

{
εxx, εyy, εzz, 2εxy, ε

r, θr, χr
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{
Σ

}
=

[
D

]
·
{
E
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[
D

]
=
















λm + 2µm λm λm 0 0 0 0

λm λm + 2µm λm 0 0 0 0

λm λm λm + 2µm 0 0 0 0

0 0 0 µm 0 0 0

0 0 0 0 αr 0 0

0 0 0 0 0 βr 0

0 0 0 0 0 0 γr















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W
(
{E}

)
=

1

2

∫

Ω

t{E} · [D] · {E} V Ω �l�Rd �����

TSP=<�4�Cq>^I�n�9]KL4�ªÄ52EGM";a>A43>H4�FSPyV=4.�
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W
(
{E}

)
=

1

2

Ne∑

i=1

∫

(νe)i

t{E} · [D] · {E}(x, y) V x V y �l�ad ���G�
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(
{E}

)
=

1
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Ne∑

i=1

∫

νR

t{E} · [D] · {E}(ξ, η) ·
m V ξ V η �l�ad���í �
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{
E

}
(x, y) =
















εxx

εyy

εzz

2 εxy

εr

θr

χr
















=
















∂
∂x

0 0

0 ∂
∂y

0

0 0 0
∂
∂y

∂
∂x

0
∂
∂x

0 0

0 ∂
∂x

−1

0 0 ∂
∂x
















·






ξx

ξy

ω




 (x, y) =

[
∂
]
·
{
ξ
}
(x, y) �l�ad��a� �
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{
E

}
(x, y) =

[
∂
]
·
[
N

]

e
(x, y) ·

{
ξ
}i

=
[
B

]

e
·
{
ξ
}i �l�ad��GÃ �
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Be =
[

..., [B]k, ...
]

k = 1, .., ne
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9\Q�4�56V�k¬9];=@HY2C[�
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[
B

]

k
=
















Nk,x 0 0

0 Nk,y 0

0 0 0

Nk,y Nk,x 0

Nk,x 0 0

0 Nk,x −Nk

0 0 Nk,x















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∂x

42> Nk,y = ∂Nk
∂y
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W
({

E
})

=
1

2

Ne∑

i=1

∫

νR

t{ξ}i · t[B]e · [D] · [B]e · {ξ}i ·
m V ξ V η

=
1

2

Ne∑

i=1

t{ξ}i ·
[

∫

νR

t[B]e · [D] · [B]e ·
m V ξ V η

︸ ︷︷ ︸
[
K

]i

e

]

· {ξ}i

=
1

2
t{ξ} ·

[
K

]
· {ξ}
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42> {
ξ
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Φ
({

ξ
})

=

Ne∑

i=1

t
{
F

}i ·
{
ξ
}i

= t
{
F

}
·
{
ξ
} �l�ad���ã �
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E
({

ξ
})

= W
({

ξ
})

− Φ
({

ξ
})

=
1

2
t{ξ} ·

[
K

]
· {ξ} − t

{
F

}
·
{
ξ
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[
K

]
· {ξ} =

{
F

} �l�ad�� �G�
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42>3Ku9.@HE]>89]>H<LEGF�V:9�FRCWKL4,;=KL9�F � ¨�I�KUI�M,4�F�>W�g�{V:9�F=C6KL4,5\9]C[Ã��ñ� % � á e 9�n�@A9�F=n�4,V=9�F=C6KL4,5\9�C,���
��b=nGP=@H46�Rd¬Ã.�l9 �B�H� d
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5 �B� d

ξx, ξy

xi

ω

xi+1 xi xi+1 xi+1xi

ξx, ξy ξx, ξy

ω
ω
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{

V (x) = Q

M(x) = Q(L − x)
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





v(x) =
Q
β

x +
Q
γ (Lx2

2 − x3

6 )

ω(x) =
Q
γ (Lx − x2

2 )
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EG­ γ 42> β V=I�CB<LnGF=42F�>�@H4�CB;_4252>H<UQG42M"42F�>�KU4�C�@B<LnG<UV=<U>HI�C�V=4§Ku9s;�EGPR>H@H4�JsKu9 flexion 42>�9�P cisaillement d
e 9z@H42587=4�@B587=4,V=4�Ku9hCHE�KLPR>H<LEGFNVR4,524';=@HE�r=KLY2M"4[;=9�@�®~¾L®~·�°~¯:º�¿oý�¯:³L¿�¾Ç³Å¯�®H¹�³Å±A°8¿X� % � á e 9�nG@A9]F=nG4 �

;�EGP=@DKU4�CjVR4�PawN587:9�M,;=C^5�<UF=I�M"9]>A<UTSP=4�CfV=4'V=I�;RKu9�524�M,4�F�>^42>DV=4[@HE]>89]>H<LEGF�ª�5�E�F=CH<UCB>A4[JhM"<UF=<LM,<LCB4�@
K�k�I�FR4�@Hn�<L4^;�E�>A42FS>H<L42KLKL4fV=<LCB5�@BI2>A<UCHI243;:9]@c@A9�;=;�EG@q>`9�Paw.V=I2;=Ku9]5�4�M,4�F�>HC`4~>`@HE�>A9]>A<UEGF=CsF=EOV:9�POw�d
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





v(x) = v1
x
L

ω(x) = ω1
x
L
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E�­ v1
42> ω1

V=I2CH<Ln�F=4�F�>g@H42CH;�4�5~>A<UQ�4�M,4�F�>`KL4DVRI�;=KL9�5�42M"42FS>s42>gKu93@HE�>A9]>A<UEGFzJ[K�k�4~wO>H@HI�M,<U>HI x = L d
e k�I�F=42@HnG<U4Z;_E�>H4�F�>A<U4�KUKL4jVR46KL9'CB>A@BP=52>HP=@H4ZC2kmI25�@H<?>f9�KLEG@BC^¨

E(v1, ω1) = 1
2

∫ L

0
γω′2(x) V x + 1

2

∫ L

0
β(v′(x) − ω(x))2 V x − Q.v(L)

= 1
2

∫ L

0
γω1

L
2 V x + 1

2

∫ L

0
β(v1

L − ω1
x
L)2 V x − Q.v1

= ω2
1(

γ
2L +

βL
6 ) − β

2ω1v1 +
βv2

1
2L − Q.v1
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©R9zM,<LF=<UM"<UCA9]>H<LEGF.;:9�@^@H9�;=;�EG@B>^9�PawNQ]9�@B<u9�rRKL4�C v1
42> ω1

9�r�EGPR>H<U>Z9�P�CqpaCq>AY2M"4�V�k�I�TSP:9]>H<LEGFRC^CHP=< á
Q]9�F�>6¨







∂E
∂ω1

= ω1(
γ
L +

βL
3 ) − βv1 = 0

∂E
∂v1

= −β
2ω1 + βv1

L − Q = 0
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42>f9�POw.4~wa;=@B4�CHCB<LEGFRCf52EG@H@B4�CH;�EGF=V=9�F�>A4�C`V=P{V=I�;RKu9�524�M,4�F�>`42>`V=4ZKu9[@BE�>89]>H<LEGFz42F x = L ¨







v1 =
4QL(3γ + βL2)
(12γ + βL2)β

=
QL3

3γ · 12(3 + ρ)
ρ(12 + ρ)

= vEF (L)

ω1 =
6QL2

12γ + βL2 =
QL2

2γ · 12
12 + ρ = ωEF (L)
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E�­{KU4j¼R¹�±B¹�·�Í~ºl±A°^¿�¹�¯R¿3´�³Å·�°~¯R¿~³�¶v¯ ρ 42CB>`V=I2b=F=<�;:9�@^¨

ρ =
βL2

γ
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





v(L) =
QL3

3γ

(
1 + 3

ρ
)

ω(L) =
QL2

2γ
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KL42C[Q]9�KL42P=@HC[VRI�V=P=<?>A42C'V=4.Ku9�M,I2>H7=EaVR4zV=4�C'I2KLI�M,4�F�>HC[b:F=<LC'VR42QO<L42F=F=4�F�>,r�4\9�P=52EGP=;ì;=KUP=C[t
9�<LrRKL4�C
TSP=4'KL42CjQ]9�KL42P=@HCj4~wR9�52>H4�C2ª�>A4�FRV:9�F�>ZML#2M"4WJhC�km9�F=FSP=KU4�@^KLE�@HCHTSP=4 ρ → ∞ ª�524'TSP=<ü5�E�@H@H42CH;�EGF=V|J
K�k�7�pO;_E�>H7=Y�CB43VR4, f9�QO<U4�@ á�¢ 4�@BF=EGP=KUKL<ld=�o4~>jI25\9�@q>f52EGF=CB<LV=I2@A9�r=KU4Z4�F�>A@B43KL9�CBEGKLPa>A<LE�F.9�F:9�K?pO>H<LTSP=4^4~>jKL9
CHE�KLPR>H<LEGF[;=9�@üI�KUI�M,4�F�>ACüb=F=<LC2ªGPR>A<UKL<UCA9�F�>�V=4�C§I2KLI�M,4�F�>HC % � á e 9�nG@H9�F=nG4Z���g�D4�F"Ã�� � 9]P=CHCB<=r=<L42F�;_EGPR@
KL42CWV=I2;=Ku9]5�4�M,4�F�>HC'TOPR4h;_E�P=@WKL9X@HE]>89]>H<LEGF�ª�42CB>�5�E�FRb:@HM,I�M£#�M,4�V=9�F=C[KU4�5\9]C[EG­}KL9X;�EGPR>A@B4h4�Cq>
V=<UCH5�@BI2>H<LCHI24g4�F,;=KLP=CB<L42P=@HC�I�KUI�M,4�F�>AC2dO�o4�52<:4�CB>0<LKUKLP=Cq>A@BIo;:9�@�KL9jb:nGP=@B4f�ad � TSP=<:V=EGFRF=4fKU4�C§V=I~t�EG@HM,I�42C
9�F:9]KUpS>A<UTOPR4"4~>WFSP=M,I�@B<LTSP=4�VR4�Ku9.;�EGPR>A@B4";�EGP=@6V=<?��I2@H4�F�>H4�CWQ]9�KU4�P=@BC3V=P»;:9�@H9�M"Y~>A@B4 ρ ª�M,42>H>A9�F�>
9�<UF=CH<�42FXI~QO<LV=42F=5�46KL4^5�9�@A9�5~>AY2@H469�r�4�@H@H9�F�>`V=4�Cg@HI2CHP=K?>89]>HCgFOPRM"I2@H<LTSP=42C�d
t F >A42K0@BI�CBP=KU>A9]>[;�4�PR>WC�k�4~wa;=KU<LTSP=4�@WV=4�KL9{t
9�ç2EGF}CHPR<UQ]9�F�>A4]d e k�I�F=42@HnG<U4�V=4"V=I2t�EG@BM�9v>A<LE�F»V=4�5�< á

CA9]<LKLKU4�M,4�F�>sC2kmI25�@B<U>`CHEGPRC`KL9[t�EG@HM,4[¨

W cis =
1

2

∫ L

0

β(v′ − ω)2 V x �l�ad¬ã �G�
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v(x)

ρ = 103 − 109 � ÷  3d �

ρ = 106 �
¦l´ á % � �
ρ = 106 �l¦ ´ á % � �
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V=I2@H<UQ�I�4"V=4"KL9�»:Y�587=4 v′ 52EGM"M,4�<LF=VR<LTSP=I�CHP=@6Ku9zb:nGPR@H4"�Rd � d��D9�F=C6KL4�5\9]CWEG­ ρ � 1 ª�KL4'>H4�@HM,4
@H42Ku9]>H<UtfJyKu9yV=I~t�EG@HM"9]>A<UEGF}V=4.52<LCA9]<LKLKU4�M,4�F�>[VR42QO<L42FS>";=@BI�;�EGF=V=I2@A9�F�>,;:9�@�@A9];=;_E�@B>,9�Pì>A42@HM,4zV=4
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t�I�@B4�F=524 v′ − ω �
��E�F=4^7:9�587SP=@BI�46CHP=@gKu9Wb=nGP=@H4Z�ad�� � CBP=@c587:9�TSP=46I�KUI�M,4�F�>\ªR42>gV=EGFR56VR4^;=@HEO587=4Z4�F
;=@BEa587=4oKu9|»:Y2587=4 v 4�KLKU40M£#�M,4�ªv5�E�M";R>H4o>A42FSP,VR4sKu9`5�EGF=VR<U>A<UEGF[V�k�42F=5\9�Cq>A@B4�M,4�F�> v(0) = ω(0) = 0 d

xi xi+1

v′ ω
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% 9 , βr = 100
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x = ξj

x, ξi
y = ξj

y, ωi = ωj �l�ad «]���

e 42C^42�_EG@B>HCD<LF�>AI2@H<U4�P=@BCDCHEGF�>Z5�9�KL52P=KLI2CjV=4'M"9�F=<UY�@H4W9�F:9�KUEGnGP=4W9�Py5\9]C^V�kmI2KLI2M"42FS>HCDV=4[>½pO;�4 % Ã á
e 9�nG@H9�F=nG4]ªG;:9�@§KU4�C§KLE�<LC*VR4`52EGM,;_EG@q>A42M"42FS>üI�Ku9]CB>A<UTSP=4c;_E�P=@§KL42C§5�EGF�>A@H9�<LF�>H4�C�V=4c5�<UCA9�<UKLKU4�M,4�F�>üV:9]F=C
Ku9';=7=9�CH43M�9]>H@H<U5�4^42>fKL4ZM,EGM,4�F�>�»:I�587R<LCHCH9�F�>^V:9�FRCfKL9�;R7:9�CH43@H42FRt�EG@H524�M,4�F�>\ª:>A9�F=V=<UC`TSP=46K�k�42�_EG@q>
>A@H9�F=587:9]FS>`42CB>f5\9�KU5�P=KUID;:9�@gK�k�I�TSP:9v>A<LE�FzV�kmI2TSP=<LKU<Lr=@B4^4�F{M"EGM,4�F�>�d
e 42Cfb:nGPR@H4�Cj�Rd?�G�W4~>D�Rd?��Ã�M"EGF�>H@H4�F�>fTSP=4WKlkmEGFX@H4~>A@HE�PRQG43r=<L42F�KL42CfVR<LCB>H@H<Ur=PR>A<UEGF=CgV=4Ì»:Y�587=42C�ª_V=4
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#2>H@H4ZCH587RI�M"9]>A<UCHI�4Z;:9]@`VR4�Cg@HE�>HP=KL42C�d
e 9yV=42@HF=<UY�@H4z;=9�@B>H<L4zV=4.5�4z587=9�;=<U>H@H4.;�EG@B>H4zCHP=@'KL9N5�EGM,;:9�@H9�<LCBEGFxV=4�C�@H9�<LV=42P=@HC'Cq>A@BP=52>HP=@H42KLKL42C

EGrR>H4�FSP=42C�;:9�@.KL9ìM,EOV=I�KU<LCA9v>A<LE�FÖM[P=K?>A<L;R7:9�CH<UTSP=4�9\QG4�5|5�42KLKU4�C.V=EGF=FRI�4�CX;:9�@.P=F=4|M,EaV=I2KL<UCA9]>H<LEGF
M,<?wO>A4^V=P.M£#�M,4^;=@HE�r=KLY2M"4]d
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è"é�êHësë*ì�íîì�ï�ðNìòñôóNõ,êHí è÷öløløEùEúqûÀü�ýHþ«ú

u	��1���� p � >@��9<�è� ;ÿ<6r 4 �����6��{²���

e k�EGPR>H<LK§FSP=M,I�@H<UTSP=4"42CB>WPR>A<UKL<LCBI';_E�P=@3CB<LM[PRKL4�@ZKU4,52EGM,;_EG@q>A42M"42FS>W²�¾L¶�Ë8¹�¾0V�kmPRF=4"t�EGFRV:9]>A<UEGF|V=4
Ku9]@HnG42P=@ B @H4�;�EGCH9�F�>�CBP=@�V=4�Paw�52EGP=587=42C"VR4{CBEGKcV=4.5\9]@A9�5~>AI2@H<LCq>A<UTOPR4�C,M"I25\9�F=<UTSP=4�C�@H42CH;�4�5~>A<UQ�4�C
(E1, ν1)

4~> (E2, ν2)
42>fV�k�I�;:9�<UCHCB4�P=@BCD@H42CH;�4�52>H<UQ�4�C H1

4~> H2
ªÄ;=@BI\9�KL9�r=KL42M"42F�>f@B4�FRt�E�@H5�I24W;:9]@fV=42C

<LFR5�KLPRCH<LE�F=Cs@H<UnG<LVR4�CcV=4ZKLE�F=nGP=42P=@ L @HI2nGP=KU<LY�@B4�M,4�F�>c42CH;:9�52I�42C�d*��b:nGPR@H4 � d?� �
e 9jt�EGFRV:9]>A<UEGF�ª�CHPR;=;_E�CHI�4g<UF=V=I2t�E�@HM"9�r=KL4]ª�4�CB>§9�F=<LM,I�40V�k�P=F.·�¶vÂaÆ�°~·�°~¯:º�´O°fâ8¶v±½¼:¿s±¸³?²�³
´O°c5\9]@A9�5 á

>AI2@H<UCHID;:9]@oP=F=4^@BE�>89v>A<LE�F�V�km9�F=nGKU4 ϕ V:9]F=CsKL4f;=Ku9]F (Oxy) 4~>cV�k�P=F=4D>A@H9�F=CBKu9]>H<LEGF"V=4D5�E�M";�EGCA9]FS>H4�C
QG42@B>H<L5\9]KL4 δx

42>Ï7=E�@H<L�2EGF�>89�KU4 δy
9]P";�EG<LF�> O dS©aEGP=CÏKlk�ÎOÌ8¼:¶vº�Î:Í8¿�°`´�É ¹�´vÎ:®~±8°~¯�â8°�¼R¹�±Åµ2¹�³Åº�°`42FS>H@H4`KL4cCBEGK

42>sKu93CB4�M,4�KUKL4`V=4jt�EGF=V=9]>A<UEGF�ªSKL4`V=I�;RKu9�524�M,4�F�>cV=4j>HEGPR>o;_EG<UF�>oV=4j5�42>B>A4D<UF�>A4�@qt
9�5�4f4�Cq>cV=EGF=FRID;:9�@f¨

ξ(x = 0,−B/2 ≤ y ≤ B/2) = ξd = ξ
O

+ ϕez ∧ yey = (δx − ϕy)ex + δyey
� � dU� �

�f4�C�5�EGF=VR<U>A<UEGF=C�9�POwZKL<UM"<?>A4�C�V=4�5�EGF�>89]52>�KL<LCBCH4§CBEGF�>�<UM";�EGCBI�4�C�9�PRCHCH<Sr=<U4�F6CHP=@�KU4�C�r_E�@HV=C�Ku9v>AI�@H9�Paw
TSP=46CHP=@gKL4^r=9�CcV=4ZKu9'CB>H@HP=5~>AP=@B4"¨

{

ξx(x = −(H1 + H2)) = 0

ξy(y = ±B′/2) = 0

� � d�Ã �
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>A9�F=V=<UCfTSP=43Ku9�CHP=@qt
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T (x = 0,−B/2 < y < B/2) = T d = 0 � � dm� �

e k�I2>HP=V=46;_EG@q>A42@A9'CHP=@gKU4�CcV=42Paw.>½pO;_42CfV=4Z52EGF=F=4252>A<UEGF.;=<L42Paw á t�EGFRV:9]>A<UEGFzCHPR<UQ]9�F�>ACZ¨
á e 42C^;=<L42PawNCBEGF�>h°~¯�âH¹v¿~ºl±A®8¿[V:9�F=C^KL9"t�EGF=V:9v>A<LE�FN5�k�4�Cq> á J á V=<U@H4WTSP�k�EGPR>H@H4'Klkm7�pO;_E]>A7=Y2CH4'V�km9�V=7=I á

@A9]F=5�4Z;:9�@qt
9�<U>H4�� � dU� � ª=Ku9'@BE�>89]>H<LEGFz42F{>�#2>H46VR4�Cg<LF=52KLP=CB<LEGFRCc4�CB>`I2n�9�KL4ZJ'524�KLKU4^V=4ZKu9Wt�EGFRV:9]>A<UEGFy¨

ωr(x = 0, y, z) = ωd = ϕ � � d �S�

á e 9|±A¶vº ¹�º
³�¶v¯x4�F|>�#2>H4"VR4�CW;R<L4�POw|@H4�Cq>A4,KL<Ur=@H4]ª�5�k�4�Cq> á J á V=<U@H4�TSP=4�KL9.KU<u9�<UCHEGFy;R<L4�POw á t�EGF=V:9v>A<LE�F
4�Cq>`CH587=I2M�9]>H<LCBI�46;:9�@cV=42C6±A¶vº
Âa¾L°8¿~ª:4~>`KL4^M,EGM"42F�>g4�CB>`FSP=K�42F{>�#2>A4ZV=42Cf<UF=5�KUP=CH<UEGF=CD¨

mr(x = 0, y, z) = Cd = 0 � � d¬� �

 `I�nGKU<LnG4�9�F�>g9�KUEG@HCcKU4�Cst�EG@B5�4�CgV=4^Q�EGKLP=M,4�ª

F m = F r = 0 � � dmã �

Ku93V=4�F=CB<U>HI^V=4D;=P=<UCHCH9�F=5�4ZV=42Cc42�_EG@B>HCs4~wO>HI�@H<U4�P=@BCc;:9�@cP=FR<U>AIfV=4'¾L¶v¯O²�Â:°~Âa±^º
±B¹�¯R¿~Æ�°~±8¿�¹�¾L°`¿�°~¾L¶v¯�
 _�ª
V:9�FRC`KU4^587:9�M,;XVR4ZQO<?>A4�CBCH4 {ξ̇, ω̇r} �jd ÷ d:4�Cq>`V=EGF=F=I243;=9�@^¨
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Pe

({
ξ̇, ω̇r

})
=

∫ B/2

−B/2

(T · ξ̇ + C · ω̇r) V y � � d «G�
EGP.4�FR5�EG@B4"¨

Pe

({
ξ̇, ω̇r

})
= Rx · δ̇x + Ry · δ̇y + (M/B) · φ̇B � � d ���

EG­
• Rx

V=I�CB<LnGFR4fKL9,±A®8¿~ÂO¾Çº ¹�¯:º½°fÆ�°~±~º
³�âH¹�¾L°fV=4�C042�_EG@B>HC04¸wO>AI�@B<L42P=@HCo9�;=;=KU<LTSP=I�CÏJ6Ku9Dt�EGF=V:9v>A<LE�F"V:9]F=C
Ku9[VR<L@H4252>H<LEGF ex

ª=VREGF=F=I243;:9]@^¨

Rx =

∫ B/2

−B/2

Tx
V y � � d �G�

• Ry
42CB>`Ku9[52EGM";�EGCH9�F�>A4[Î:¶v±¸³ _v¶v¯:º ¹�¾L°ZVR4�Cg42�_EG@B>HCg4~wO>AI2@H<L42P=@HC`9�;R;=KL<UTOPRI�C`J'Ku9Wt�EGF=V=9]>A<UEGFy¨

Ry =

∫ B/2

−B/2

Ty
V y � � dU��í �

• M 4�Cq>^KL4,·�¶v·�°~¯:ºc¹�Â,¼:¶v³Å¯:º O V=4�CD4~��E�@B>ACf4~wO>AI2@H<U4�P=@BC^9�;=;=KU<LTSP=I2CjJ�KL9�t�E�F=V:9]>H<LEGF�ªÄV=E�F=F=I
;:9�@^¨

M =

∫ B/2

−B/2

(mr − yTx)
V y � � dU��� �

TSP=<�CB43@BI�V=PR<U>gV:9�FRC`KU4^5\9�CgEG­.KU4�Cg;=<L42Paw.CBEGF�>f@B4�KU<LI�CsJ,KL9Wt�EGF=V:9]>H<LEGFz;=9�@gV=4�Cg@HE]>AP=KU4�CgJ.¨

M =

∫ B/2

−B/2

(−y · Tx)
V y � � dU��Ã �
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�Ó[���Û�G����Ôy��Ôy�Gà:Ý
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Ú���Ô.Ôa
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���Å��Ù.Ýl�

�ÙOà=�
��Ô

�j9�F=CoKU4f5�9�V=@B4jV=4fK�k�I�Ku9]CB>A<U5�<?>AIgKL<UF=I\9�<U@H4]ªG5�42C0¼R¹�±B¹�·�Í~ºl±A°8¿D´O°3â8ÎR¹�±l²O°~·�°~¯:º Rx, Ry
42> M/B CHEGF�>

@H42KL<UI�Cg9�Pawz;:9�@A9]M"Y~>A@H42Cc5�<UF=I�M"9]>A<UTSP=4�C δx, δy
42> ϕB ;:9�@gKL9[@H4�KL9]>A<UEGFzKL<UF=I\9]<L@H4fCHP=<?Q]9�F�>A4�¨







Rx

Ry

M/B







=






Axx Axy Axz

Ayx Ayy Ayz

Azx Azy Azz




 ·







δx

δy

ϕB







� � dU��� �

EG­ [Aij]
42CB>DKL9{·,¹�º
±¸³�â8°[´O°W±B¹�³
´O°~ÂO±Z¿~º
±¸ÂÄâ~º
ÂO±8°~¾Å¾L°~ª�TSP=<�4�CB>Z¿~Ìv·�®~ºl±¸³
È�Â:°�´O®�ý�¯:³�°c¼:¶�¿~³Åº
³ÅÆ�°342>fV=EGF�>

KL42Cf52EGM,;_EGCH9�F�>A42CjEGF�>DKL9"V=<UM"42F=CH<UEGF{V�kmPRF=4W52EGF�>A@A9]<LF�>A4]d ö K�4�Cq>^J"@B4�M"9�@HTSP=42@jTSP=4WQO<UC á J á QO<LCgV�k�P=F
587:9�@BnG4�M,4�F�>,;=P=@B4�M,4�F�>,QG4�@q>A<U5\9�K (δy = ϕ = 0) ª§I~>89�F�>,V=EGFRF=IXKL9yCBpOM"I~>A@B<L4zV=Pä;=@HEGrRKLY�M,4�ª*Ku9
@HI2CHP=K?>89�F�>H4 Ry

VR4�Co4~��E�@B>ACÏ4~wO>HI�@H<U4�P=@BCo4~>oKL9Z@BI�CBP=KU>A9�F�>A4`V=4�C0M"EGM,4�F�>HC M CHEGF�>0FOPRKLC�ªS4~>o;:9]@0CBP=<U>H4
KL42Cs>A42@HM,4�CgF=EGF{V=<u9]nGEGF:9�POwzCHPR<UQ]9�F�>ACcCBEGF�>jFSP=KUC^¨

Axy = Ayx = Axz = Azx = 0 � � dU� �S�
e 4h>H4�@HM,4 Ayz = Azy

@H4�FRV�52EGM,;R>A4zV=PìM,EGM,4�F�>[42F=nG4�FRV=@HI.;:9�@WP=F=4zCHE�KLKL<U5�<?>89]>H<LEGF�Ku9v>AI�@H9�KL4
δy
EGPNV�kmP=FR4[M�9]F=<LY2@H46I�TSP=<UQ]9�KU4�F�>A4WV=4[K�k�42�_EG@q>jKL9]>AI2@A9�K�4�FRnG4�F=VR@HI[;:9]@DP=F=4[@BE�>89v>A<LE�FX<UM";�EGCHI24 ϕ ª

>89]F=V=<LCcTSP=4,¨
á Axx

4�Cq>`Ku9h±B¹�³
´O°~Âa±ZÆ�°~±¸º
³�âH¹�¾L°ZV=4ZKu9'CB>H@HP=5~>AP=@B4Hµ
á Ayy

4�Cq>`Ku9h±B¹�³
´O°~Âa±Z¾?¹�º½®~±B¹�¾L°6V=4ZKu9[CB>H@HP=5~>AP=@B4Hµ
á Azz

4�CB>`KL9h±H¹�³
´O°~ÂO±3´O°Z¾?¹,¿~º
±~Â:â~º
Âa±A°3Æ�³L¿º��Æ�³L¿3´�É ÂO¯y·�¶v·�°~¯:º0´O°Z±A°~¯:Æ�°~±8¿�°~·�°~¯:º
d

õ��UÐ��
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�
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e 42C`5�9�@A9]52>AI2@H<UCB>A<UTSP=4�CgnGI2EGM"I~>A@B<LTSP=4�CgV=4ZKL9[CB>A@BP=52>HP=@H46CHE�FS>`V=E�F=F=I�42Cf;=9�@^¨

H1 = 15 M , H2 = 35 M , B′ = 150 M , L = 20 M , B = 50 M � � dU��� �
e 9z5�E�P=587=4�V=4�CHEGK*CHP=;�I�@B<L4�PR@H4�ª�V�kmI2;:9�<LCBCH42P=@ H1

ª�4�Cq>3PRF=4�5�EGP=587R4,V�k¬9�@BnG<LKU4WM,EGKLKU4WV=4�5�9�@A9�5~>AI á
@H<UCB>H<LTSP=4�CcI2Ku9�Cq>A<UTOPR4�CZ¨

E1 = 5 � % 9 , ν1 = 0,3 � � d?��ã �

@H42;_E�CA9�F�>`CHP=@gP=FR4652EGP=587=46V�km9�@Hn�<LKL4j@A9�<UV=4^V=4Z5\9�@H9�52>HI�@B<LCB>H<LTSP=42C6¨

E2 = 30 � % 9 , ν2 = 0, 3 � � d?� «G�
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% 9�@^9�<UKLKU4�P=@BC�ª:KL42CD<LFR5�KLPRCH<LE�F=CfVR4[@H42FRt�EG@H524�M,4�F�>ZCHE�FS>DV=4�Cj>HP=r�4�C^52pOKU<LF=V=@B<LTSP=42Cj5�@B4�PawNV=4[@H9�p�EGF
R = 1 M 4~>^V�k�I�;:9]<LCHCB4�P=@ e = 0,02 M V=<UCH;�EGCHI2C^V:9�F=CjKL4[CBEGK*CBP=<UQ]9�F�>^P=FyM"9�<UKLKu9]nG4^5\9�@B@HI'V=4W5�E�>HI
d = 5 M ��Q�EG<L@sb:n�P=@H4 � d¬� � d e 9[KLEGFRnGP=4�PR@HCsV=4^524�CgV=42@HF=<U4�@HCc42CB> L = 20 M{ªa5]km42CB> á J á V=<L@B4DTSP�km<UK�CHE�FS>
4�Fat�EGF=5�I2C"V=9�F=C,Ku9N5�E�P=587=4{@A9�<UV=4º!BP=CHTSP�kmJ»PRF=4X;R@HE�t�EGFRV=4�P=@�V=4 5 MXd��o42C,>HP=r�4�C�CHEGF�>"4�Fä9�5�<U4�@2ª
M,EaV=I2KL<UCHIg5�EGM,M,4fP=F�M�9]>HI�@B<u9�P,I�KL9�CB>H<LTSP=4`V=EGF�>sKU4�Co5�9�@A9]52>AI2@H<UCB>A<UTSP=4�C0M"I25\9�F=<UTSP=4�C0CHEGF�>sVREGF=F=I24�C
;:9�@^¨

Ea = 200 � % 9 , νa = 0, 3 � � d?� ���

( FX<LF�>A@BEaV=PR<U>f9�KLE�@HCgKu9^µ¸±B¹Oâ~ºl³�¶v¯yÆ�¶v¾ÇÂO·'³
È�ÂÄ°3V=42Cj<UF=5�KUP=CH<UEGF=CgV=4W@B4�FRt�E�@H5�42M"42F�>D5�E�M"M,4ZKL4Z@A9�; á
;�EG@B>�V=PåQGE�KLP=M,4�EO5�52P=;_I�;:9�@�PRF=4�<UF=5�KUP=CH<UEGFåV=4�@H4�Fat�EG@H524�M,4�F�>zV=<?Qa<UCHI{;:9�@"5�4�KUP=<jVRPåQGEGKUP=M,4
I�KUI�M,4�F�>89]<L@H4g@B4�;=@BI�CH42F�>89]>H<Ut0��b=nGP=@H4 � dm� � ªSEGPhV�kmP=FR4jM"9�F=<LY2@H4`I�TSP=<?Q�9]KL4�F�>H4f52EGM"M,4`KL4`@A9�;=;�EG@q>oV=42C
CH4252>H<LEGF=C'VR@HEG<?>A4�C3V�k�P=F=4z<LFR5�KLPRCH<LE�F 42>[V=PxQGEGKUP=M"4"I�KUI�M,4�F�>89�<U@H4"@H4�;R@HI�CB4�F�>89v>A<Ut�d§©aEG<U>�ª�4�Fx>A42F:9�F�>
5�E�M";R>H4^V=4ZKu9[t
9�<Ur=KL4DI2;:9�<UCHCH42P=@gV=4�Cg<UF=5�KUP=CH<UEGF=CcV=4~Q�9]FS>`KU4�P=@cV=<L9�M,Y2>A@B4�� e � R

� ¨

η ∼= 2πRe

d2
∼= 0, 5% � � dU� ���

e

d

R

d

d

SETVU�W � dm�R¨���¶v¾ÇÂO·�°'®~¾L®~·�°~¯:º ¹�³Å±A°^±A°½¼�±A®8¿�°~¯:º�¹�ºl³ µ
e 42C*;:9�@H9�M,Y2>A@B4�C�V=PWM,EOV=Y�KU4ÏMWP=KU>H<L;=7:9]CH<LTSP=4§CBEGF�>üV=I~>A42@HM,<LF=I2C*J`;:9�@B>H<L@�V=405�42C*5\9]@A9�5~>AI�@B<LCq>A<LTSP=42C

nGI2EGM"I~>A@B<LTSP=4�C�V=4oKL9fCq>A@HPR52>APR@H4s4~>§V=4�C*;:9�@A9]M"Y~>A@H42C�M,I�5�9�F=<UTOPR4�CüV=42Cü5�E�F=CB>H<U>AP=9�F�>AC�ªvV=4sKL9fM"9�F=<UY�@H4
CHPR<UQ]9�F�>A4]d

• ¦§F�5�4�TSP=<ü5�E�F=5�42@HF=4�Ku9"¼:ÎR¹v¿�°[·,¹�ºl±¸³�â8°~ª_5�EGM,;R>A4[>H4�FSP�V=4'Ku9�t
9]<Lr=KU43Q]9�KL42P=@DV=4'KL9�t�@A9�5~>A<UEGF
QGE�KLP=M,<LTSP=4{V=4�@B4�FRt�E�@H5�42M"42F�>h42>"V=EGFR5�ª09»5�E�FS>H@A9�@B<LE=ª�V=Pät
9�<U>,TSP=4�KL9�t�@H9�52>H<LEGF�QGEGKUP=M,<LTSP=4.V=P
CHE�Ks4�Cq>,>H@HY2C,;R@HEO587=4.V=4.K�k�P=F=<U>HI�ª�KL4�C'5�9�@A9]52>AI2@H<UCB>A<UTSP=4�C�M,I�5\9]F=<LTSP=42C'V=4.Ku9N;=7:9]CH4.M�9v>A@H<U5�4hCBEGF�>
9�;=;R@HE\wa<LM,I�4�Cg;:9]@c5�4�KUKL42CcV=PXCBEGK�TSP�k�4�KLKU4^@H42;=@HI2CH4�F�>H4�¨
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Em
1

∼= E1 = 5 � % 9 , νm
1 = ν1 = 0, 3

Em
2

∼= E2 = 30 � % 9 , νm
2 = ν2 = 0, 3

� � d�Ã�í �

• % EGP=@o5�4DTSP=<_4�CB>sV=4jKL9Z¼:ÎR¹v¿�°j±8°~¯\µ\¶v±Aâ8°~·�°~¯:º
ªSKL4�C0@H<UnG<LV=<?>AI2CÏ42Fyºl±B¹Oâ~º
³�¶v¯:ôHâ8¶v·j¼�±A°8¿8¿~³�¶v¯ αr ªR9�P
â~³L¿�¹�³Å¾Å¾L°~·�°~¯:º βr 4~>ZJ�Ku9¨½`°BÁG³�¶v¯ γr CHE�FS>DEGrR>A42FSP=4�C^42FyV=<UQO<LCH9�F�>DKU4�Cj@B<LnG<UV=<U>HI�C`5�EG@B@H42CH;�EGF=V:9�F�>H4�C
V�k�P=F=4g<LFR5�KLPRCH<LE�F[V=4c@H42FRt�EG@B5�4�M,4�F�>�;=@B<LCB4c<LF=V=<?QO<LV=P=42KLKU4�M,4�F�>*;=9�@üK�km9�<U@H4oVR4cKu9DCH4252>H<LEGF'>A@H9�F=CqQG4�@BCA9�KU4
J'Ku9'V=<U@H4�5~>A<UEGFzV=4Z@H42FRt�EG@H524�M,4�F�>`V=P.QGEGKUP=M"4^I2KLI2M"42FS>A9�<L@B4D@H42;=@HI2CH42FS>A9]>A<?t�d_©aEG<U>D¨







αr =
Ea(2πRe)

d2 = Eaη = 1004 � % 9

βr =
µa(2πRe)κ

d2 = (µaκ)η =
µa

2 η = 193 � % 9

γr = EaI
d2 = (Ea R2

2 )η = 502 � % 9admM 2

� � d�Ãa� �

E�­ κ = 1/2 42CB>'KU4"52Ea4«¿,5�<L42F�>'V=4h52EG@H@B4�52>H<LEGF»V=4h52<LCA9]<LKLKU4�M,4�F�>Z;�EGP=@WPRF=4hCH4252>H<LEGF >HP=r=P=KL9�<L@B4
M,<LF=524h�o´Ä@B42p�ªü��� �G���S�^� � « � � ª I = πR3e 42CB>jK�k�<LF=42@B>A<U4ZV=4WKL9,CB4�52>H<LEGF�;:9�@`@A9�;=;�EG@q>DJ�PRFNV=<u9]M"Y~>A@H4
42> µa 4�CB>`KU4^M"EOV=P=KU4DV=4Z5�<UCA9�<UKLKL42M"42F�>sV=4ZK�km9�52<L4�@2d
ö Kg42CB>zJ�F=E�>H4�@,TSP=4�KU4�C,@H<Ln�<LV=<?>AI�C�J�Ku9y>A@H9�52>H<LEGF á 5�E�M";=@B4�CBCH<LE�F αr 4~>h9]Pä52<LCA9]<LKLKU4�M,4�F�> βr V=4

Ku9y;=7=9�CH4{@H42FRt�EG@H524�M,4�F�>"F=4XVRI�;�4�F=V=42F�>h;:9�C�V=4{Ku9N>A9�<LKUKL4�VR4�C,<LF=52KLP=CB<LEGF=C'M"9�<UC'V=4XKL9Nt�@A9�5~>A<LE�F
QGE�KLP=M,<LTSP=4gV=4f@H4�Fat�EG@H524�M,4�F�>\ªO5�k�4�Cq> á J á V=<U@H4gTSP�km<UKLCÏ@H42CB>A42F�>D³Å¯:Æv¹�±¸³
¹�¯:º�¿�¼R¹�±`º�¶vÂOº½°jÎ:¶v·�¶vºÅÎ:®~ºl³�°~dS¦§F
@H4~Q]9�F=587=4]ª�Ku9,@A9�<UV=4�P=@jJ�Ku9£»:4~wa<LE�FNV=4[KL9�;=7:9�CB4[@H42FRt�EG@B5�4�M,4�F�>^42CB>^PRF=4[t�EGF=5~>A<LE�F�5�@BEG<LCBCA9�F�>H4[V=P
@A9\p�EGFxV=4�C'<UF=5�KUP=CH<UEGF=C2d ö K0C�km9�nG<U>WV�k�P=F ¦½4~��4~>'V�k�I�587=42KLKL4á¦"M"EGF�>H@A9�F�>'TSP=4]ªüJ�t�@A9]52>A<UEGF»Q�EGKLPRM"<UTOPR4
V=4,@H42FRt�EG@H524�M,4�F�>WbawRI24�ª�;=KLPRC3KU4,VR<u9�M,Y2>H@H4'V=42CW<LFR5�KLPRCH<LE�F=CZ4�M,;=KLE�pGI24�C64�Cq>[nG@H9�F=V�ª�;=KUP=CZnG@A9�FRV=4
CH42@A9�Ku9N@H9�<LV=42P=@'V=4.Ku9NCq>A@BP=52>HP=@H4.QO<LC á J á QO<UC[V�k�P=Fä587=9�@HnG42M"42F�>"M,42>B>89�F�>�42F�!B42PäKL9¹»:4~wa<LE�FäV=42C
<LFR5�KLPRCH<LE�F=C�d=�o43;�EG<LF�>cCB4�@H9,<UKLKLPRCB>A@BIDP=K?>AI�@B<L42P=@H42M"42FS>�d
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÷ b:F VR4"CB<LM[P=KU4�@ZKL4�52EGM";�EG@q>A4�M,4�F�>ZV=4"Ku9zCB>H@HP=5~>AP=@B4�V=I25�@B<U>A4,5�< á V=42CHCBP=C3Pa>A<LKU<LCH9�F�>ZKL4�5�EOV=4,V=4

5\9]KL5�PRK^r=<L;=7=9�CH<UTOPR4|M,<LC.9]P�;�EG<LF�>{9�P�587:9�;R<U>A@B4 �aªc<LKjt
9�Pa>{>HEGPR>{V�km9�r�EG@HV�@H42M";=KL9�5�42@zKu9x��E�F=4
@H42FRt�EG@B5�I�4|;:9�@.P=F�M,<LKL<U4�PÖrR<L;=7:9]CH<LTSP=4ä�Åb:nGP=@B4 � d �S� d e 4�Cz>A@H9�<U>HC{VR4|VRI�KL<UM"<?>89]>H<LEGFäV=4�Ku9x��E�F=4
@H42FRt�EG@B5�I�4.V=E�<UQG42F�>,t
9]<L@H4�;:9�@B>H<L4hVRPäM"9�<LKUKu9�n�4,VR4ht
9�ç�EGF�Jy;�EGPRQGE�<L@'V=<UCB>A<UF=nGP=42@[KL42C'F*)ZP=V=C,J|Ã
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biphasique

( ( ( ( () ) ) ) )δy

H1

B′

y

E2, ν2B

E1, ν1

δx

ϕ

L

x

H2

δy

OO

H2

H1

B′

y

E2, ν2B

E1, ν1

δx

x

L

ϕ
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�
CBEGK�7=EGM,EGnGY2F=4 � 42>WJ��»�
r=<U;=7:9�CB<LTSP=4 � V=42nG@HI2CWV=4"KL<Ur_42@B>AI]d e 4�M"9�<LKUKu9�n�4[9�V=E�;R>AI,5�EGM,;�EG@B>H4"ã�ã��
I�KUI�M,4�F�>ACc>H@H<u9]F=nGP=KL9�<L@B4�CsJ�ã'F*)ZP=V=C`42>6��� � ã[F*)ZP=V=C3��Q�EG<L@sb=nGP=@H4 � d¬� � d
e 42CWTSP:9]>H@H4�>H4�@HM,4�C6F=EGF FOPRKLCWVR4�Ku9.M"9]>A@B<L5�4,V=4"@A9�<UV=4�P=@6CB>H@HP=5~>AP=@B4�KUKL4 [Aij]

CBEGF�>'5\9�KU5�P=KUI�C3J
;:9�@q>A<U@sV=4^>A@BEG<LCcCB<LM[P=KL9]>A<UEGF=C0FOPRM"I2@H<LTSP=42CgV=I2b:FR<L4�C`5�E�M"M,4DCHPR<U>Z¨

• �o7:9�@Hn�4�M,4�F�>`;=P=@H42M"42F�>3Æ�°~±¸º
³�âH¹�¾s� δx = 1, δy = 0, ϕ = 0
� ¨

e 4Z5�E�M";�EG@B>H4�M,4�F�>gKL<UF=I\9]<L@H4fV=4ZKu9[Cq>A@HPR52>APR@H4�� � d?��� � C2kmI25�@H<?>f9�KLEG@BCD¨







Rx

Ry

M/B







=






Axx 0 0

0 Ayy Ayz

0 Azy Azz




 ·







1

0

0






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e 9N±B¹�³
´O°~Âa±3Æ�°~±~º
³�âH¹�¾L°,´O°W¾?¹z¿~º
±¸ÂÄâ~º
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4~wO>HI�@H<U4�P=@BC`Q�4�@q>A<L5�9�Paw.C2k¬9];=;=KL<UTSP:9�F�>`J'Ku9[t�EGF=V:9v>A<LE�F�ªRCBEG<U>Z¨

Axx = Rx =

∫ B/2

−B/2

Tx
V y =

∫ B/2

−B/2

(σm
xx + nr) V y � � d�Ã]� �

42>`EGFzQ�I�@H<?b:4ZV�km9�<LKUKL4�PR@HCsV:9]F=Cg5�4Z5\9�C`TSP=4�¨

Axy = Ry =

∫ B/2

−B/2

Ty
V y =

∫ B/2

−B/2

(σm
yx + vr) V y = 0 � � d¬Ã �S�

Axz =
M

B2
=

1

B2

∫ B/2

−B/2

(mr − yTx)
V y =

1

B2

∫ B/2

−B/2

(mr − y(σm
xx + nr)) V y = 0 � � d¬ÃG� �

• ©aE�KLKL<U5�<?>89]>H<LEGF{¾?¹�º�®~±B¹�¾L°�� δx = 0, δy = 1, ϕ = 0
� ¨

�o4z587=9�@HnG42M"42F�>�;_42@HM,42>�V�k�I2Q]9�KUP=4�@[KU4�CW>H4�@BM"42C'V=4zKu9NV=42Pawa<LY2M"4h52EGKLE�F=F=4hV=4zKL9NM�9v>A@H<U5�4"V=4
@A9]<LV=42P=@cCB>H@HP=5~>AP=@B4�KLKU4^V=EGF=FRI�C`;:9�@^¨

Ayx = Rx =

∫ B/2

−B/2

Tx
V y =

∫ B/2

−B/2

(σm
xx + nr) V y = 0 � � d¬Ã�ã �

Ayy = Ry =

∫ B/2

−B/2

Ty
V y =

∫ B/2

−B/2

(σm
yx + vr) V y � � d�Ã «G�

Ayz =
M

B2
=

1

B2

∫ B/2

−B/2

(mr − yTx) V y =
1

B2

∫ B/2

−B/2

(mr − y(σm
xx + nr)) V y � � d�Ã ���

• ©aE�KLKL<U5�<?>89]>H<LEGF,V=4�±A°~¯:Æ�°~±8¿�°~·�°~¯:ºD� δx = 0, δy = 0, ϕ = 1
� ¨

Azx = Rx =

∫ B/2

−B/2

Tx
V y =

∫ B/2

−B/2

(σm
xx + nr) V y = 0 � � d¬Ã ���

Azy = Ry =

∫ B/2

−B/2

Ty
V y =

∫ B/2

−B/2

(σm
yx + vr) V y = A23

� � d¬�Gí �

Azz =
M

B2
=

1

B2

∫ B/2

−B/2

(mr − y.Tx)
V y =

1

B2

∫ B/2

−B/2

(mr − y(σm
xx + nr)) V y � � d¬�a� �

t F";R@H4�M,<L42@§5\9�KU5�P=KR42�_4�52>HP=I`CHP=@�Ku9^Cq>A@HPR52>APR@H46¯�¶v¯z±8°~¯\µ\¶v±Aâ8®8°gVREGF=F=4gKL42C§Q�9]KL4�PR@HC§CHPR<UQ]9�F�>A42C0V=42C
º½°~±~·�°8¿6´�³
¹�²O¶v¯�¹�Â�Á�VR46KL9[M�9v>A@H<U5�4DVR46@H9�<LVR4�P=@cCq>A@HPR52>APR@H4�KUKL4�¨
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A0
xx = 18, 39 � % 9 A0

yy = 7, 83 � % 9 A0
zz = 2, 116 � % 9 � � dm��Ã �

% EGP=@gKu9[Cq>A@BP=52>HP=@H46@H42FRt�EG@H52I�4]ª�E�F{VRI2b:F=<?>`KL4�â8¶�°54Ûâ~³�°~¯:ºÏ´O°6±A°~¯\µ\¶v±8â8°~·�°~¯:º rkk
;=9�@Z¨

rkk =
Akk

A0
kk

k = x, y, z � � dm�G� �

TSP=<�@H4�FRVz5�EGM,;R>A4`V=4fKu9Z@A9�<UV=4�P=@Ï@H42Ku9]>H<UQ�4fV=4fKu96CB>A@BP=52>HP=@H4j@H4�Fat�EG@H52I�4j;=9�@o@H9�;=;�EG@B>oJ3KL96Cq>A@HPR52>APR@H4
F=EGF{@H42FRt�EG@B5�I�4]d

�l9 �

�
r �

�
5 �

rxx

ryy

rzz

1 2A 2B

1 2A 2B

1 2A 2B

5,04 5,2
5,63

1,01
1,36

2,36

4,15 4,17 4,18
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¼R¹�±ZÂa¯�°^·�¶�´O®~¾Ç³L¿�¹�ºl³�¶v¯�Ë�³¬¼:ÎR¹v¿~³
È�Â:°

e 42C3@BI�CHPRKU>89v>ACZV=4�CZV=<?��I2@H42FS>H4�C6CH<UM[P=Ku9v>A<LE�F=CDFSP=M,I�@H<UTSP=4�CZM,4�F=I24�C6CHP=@6Ku9hCq>A@HPR52>APR@H4�@B4�FRt�E�@H5�I24
CHE�FS>g@B4�;=@BI�CB4�F�>AI2CjCHPR@cKu9Wb:nGPR@H4 � dmã[4�Fz>A42@HM,4�CcV=4�â8¶�°54Ûâ~³�°~¯:ºÅ¿6´O°Z±A°~¯\µ\¶v±Aâ8°~·�°~¯:º
d e 4�Cc<UF=V=<L524�C^�Gª



�Äø �hÞ�Þ�Ý
�l�GàR���
��
�Ó[���Û�G����Ôy��Ôy�Gà:Ý
����ÝoØ���ÝÅ����Þ*ß�à:Ó\�
Ú���Ô.Ôa
ÖÙOÝ�à:Ó2���
���Å��Ù.Ýl�

�ÙOà=�
��Ô

Ã ÷ 42>ZÃ ¢ t�EGF�>j@BI2t�I2@H4�FR5�4�9�PawXV=<?��I2@H42FS>H4�CD7�pO;�E�>A7=Y2CH42C^CHP=<?Q�9]FS>H4�CD52EG@H@B4�CB;_EGFRV:9�F�>ZJ"PRF=4[@H<UnG<LVR< á
b:5�9]>A<UEGF.;=@HEGn�@H4�CBCH<?QG4ZV=4ZKu9'CB>H@HP=5~>AP=@B4�¨
á �q� � e 4�CD@H9�<LVR4�P=@BCjV=42CD<LF=52KLP=CB<LEGFRC�ª:42>DV=EGF=53V=4[Ku9�;=7:9]CH4[@B4�FRt�EG@B5�42M"42FS>�ª�9�P�5�<LCH9�<LKUKL42M"42FS>g4~>

J'Ku9�»:4¸wR<UEGF.CHEGF�>6¯�®�²�¾Ç³?²O®8°8¿,¨ βr = 0 4~> γr = 0

á ��Ã ÷ � e 4�Cg@A9]<LV=42P=@HCgJ'Ku9,»=4~wa<LEGF{42>`9]P{52<LCH9�<LKUKL4�M,4�F�>oV=4ZKu9[;=7:9]CH4Z@H42FRt�EG@H524�M,4�F�>`CHEGF�>`;=@B<LCH42C
4�F{5�E�M";R>H4�ª=KU4�Cg<LFR5�KLPRCH<LE�F=CsCHE�FS>`@B4�KL<UI�42CfJ'KL9Wt�EGF=V:9]>H<LEGFz;=9�@gV=4�CZ±A¶vºlÂO¾L°8¿h� mr(x = 0) = 0

� d
á ��Ã ¢ � e 4�Ch<UF=5�KUP=CH<UEGF=C,@A9�<UV=4�CN� βr 6= 0 4~> γr 6= 0

� CHEGF�> °~¯�âH¹v¿~º
±A®8°8¿NV=9�F=ChKL9|t�EGF=V=9]>A<UEGF
� ωr(x = 0) = ϕ

� d
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³�âH¹�¾0¨
©OP=@gKL4�Ccb:n�P=@H42C � d « J � d � CHE�FS>`@B4�;=@BI�CH42F�>AI�42CDKL42CcV=I2t�E�@HM,I�4�C`V=4ZKu9[Cq>A@BP=52>HP=@H4642>`KL42Cg<LCHE�Q]9�KU4�P=@BC

V=42C6VRI�;=KL9�5�42M"42FS>HCDQG42@B>A<U5\9�POw�ª�V=4�CZ@HE]>89]>H<LEGF=C2ª_VR4,KL9�5�E�FS>H@A9�<UF�>A4[QG42@B>H<L5\9]KL4 σxx
ª_V=P�M"E�M"42FS>DV=4

»:4¸wR<UEGF{42>gV=4ZK�k�42�_EG@q>gF=EG@HM"9�KlªRV:9�FRC`KU4�CcTSP:9]>H@H4Z5\9]C`CBP=<UQ]9�F�>HC6¨
· �lí � ©S>A@HPR52>APR@H4ZF=EGF{@H42FRt�EG@H52I�4
· �q� � e 42C`4~��4~>AC`V=4Z5�<UCA9�<UKLKL42M"42F�>o4~>fVR4¨»=4~wa<LEGF{CHE�FS>6¯�®�²�¾Ç³?²O®8¿�¨ βr = 0 4~> γr = 0

· ��Ã ÷ � e 4�Cg@A9�<UV=4�PR@HC`J'Ku9�»:4~wa<UEGF.42>f9�P{5�<LCH9�<LKUKL42M"42FS>oV=4ZKu9[;=7=9�CH46@H42FRt�EG@H524�M,4�F�>`CHEGF�>`;=@B<LCH42C
4�F{5�E�M";R>H4^42>`Ku9'@BE�>89]>H<LEGF�4�CB>fKL<Ur=@H4j4�F.>�#2>H4ZV=4�Cg<LFR5�KLPRCH<LE�F=C�d

· ��Ã ¢ � e 42C`@H9�<LVR4�P=@BCfJ�Ku9,»=4~wa<LEGF{42>f9�P{5�<UCA9�<UKLKU4�M,4�F�>sV=46Ku9[;R7:9�CH46@H42FRt�EG@B5�4�M,4�F�>fCHEGF�>`;=@B<LCH42C
4�F{5�E�M";R>H4^42>`KL42Cg<LF=52KLP=CB<LEGF=CoCHEGF�>`4�F=5�9�CB>H@HI24�CjV=9�F=CgKu9Wt�EGFRV:9]>A<UEGF�d
e k�4~wR9�M,4�FzV=42CsV=<?��I2@H4�F�>HCsnG@A9];=7=<LTSP=42CsM,EGF�>A@H4fTSP=4�ªa5�EGF�>A@H9�<L@B4�M,4�F�>cJ35�4DTSP=<_CH4^;:9�CBCH4DV=9�F=CsKU4

5\9]CÏV�kmP=FR4`Cq>A@BP=52>HP=@H4`F=EGF,@H42FRt�EG@H52I�4]ª�KL4�C§>A9�CHCB4�M,4�F�>ACÏV=4gKu9DCq>A@HPR52>APR@H4W�
V=I2;=Ku9�524�M,4�F�>AC§Q�4�@B>H<L5�9�Paw �
CHE�FS>X;=KUP=CX<UM";�EG@q>89�F�>ACzV=9�F=C�KL9x5�EGP=587R4 <LFat�I�@H<U4�P=@B4�@A9�<UV=4�dg¦§Fï4~��4~>\ªgKu9ì5�EGPR587=4 M,EGKLKU4NI2>A9�F�>
CHE�KL<LV=9�@H<UCHI�4ZJ,Ku9';=7:9]CH4W@B4�FRt�E�@H5�42M"42F�>\ªÄKu9'@A9]<LV=42P=@cQG4�@q>A<U5\9�KU43V=46Ku9'�2EGF=4W@B4�FRt�E�@H5�I243VR42QO<L42FS>j;=KLPRC
<LM,;�EG@B>A9�F�>A4hTSP=4.5�42KLKU4zV=4.Ku9y5�EGPR587=4XVRP�r=9�C�TOPR<`CB4.V=I2t�EG@BM"4z;RKLP=C'QO<LC á J á Qa<UC[V=4.5�4.M,EaVR4zV=4
587:9�@BnG4�M,4�F�>�d]�j9�F=C�KL4§5\9]C�V�k�P=F=4ÏCB>H@HP=5~>AP=@B40FREGF3@B4�FRt�E�@H5�I24�ª�Ku9c52EGF�>A@A9]<LF�>A4 σxx

4�CB>�V=<?��P=CB4�V:9�F=C�KL42C
V=42Paw,5�EGPR587=4�C2ªOQ�I�@H<?bÄ9�F�>0Ku9^;=@HE�;=@H<UI2>AIcVR4f52EGF�>A<LFSP=<?>AIg9�P�t�@HE�FS>ÏV=4`Ku9^�2EGF=4g@H42FRt�EG@H52I�4]dR�o4`5�E�F=CB>A9]>
F�k�4�Cq>�;:9]C.Q�I�@B<Ub:I�V:9�FRC{KU4�C.5�E�FRb:nGP=@H9]>A<UEGF=C|��� � ªZ�lÃ ÷ � 4~>}�lÃ ¢ � ;=PR<LCHTSP�k�<LKj@H4�CBCHEG@q>�52Ku9�<U@H42M"42FS>
V=42C,n�@A9�;=7R<LTSP=4�C'TSP=4.KL9N5�EGF�>A@H9�<LF�>H4 σxx

4�CB>�>H@HY�C[t
9]<Lr=KU4�V:9�FRC,KL9N5�EGPR587=4.M"EGKUKL4,42>�TSP�k�4�KUKL4z4�Cq>
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³Å¯:ÂÄ°[J�Ku9,r:9�CB4WV=4[KL9"�2EGF=4[@B4�FRt�EG@B5�I24�ª�;RP=<LCBTOPR4[Ku9,;=@HEG;R@H<LI~>AI3V=4W52EGF�>A<LFSP=<?>AI3V=PNQG4252>A42P=@
5�E�FS>H@A9�<UF�>A4�t
9�<U>�<UFS>H4�@qQG4�FR<L@�KL4�C�42�_EG@q>AC�<LF�>AI2@H<L42P=@HC�V:9]F=C*KL9`;=7=9�CH4Ï@H42FRt�EG@H524�M,4�F�>\d]¦§KLKU4ÏC2kmI25�@B<U>�V�kmPRF=4
t
9�ç2EGF'nGI�FRI�@A9]KL4s42F�>HEGPR>§;�EG<UFS>üCH<U>HP=IcJDKlkm<UFS>H4�@qt
9�5�404�F�>A@B4`KL9j��E�F=4c@H42FRt�EG@H52I�4c4~>�KL4oCBEGK=CBEGP=C á !H9�5�42F�>g¨

(σm + σr).ex = σ.ex
� � d¬� ���

EG­ σm 42> σ VRI�CH<UnGF=42FS>j@H42CH;�4�52>H<UQ�4�M,4�F�>DKU4Z>H4�F=CB4�P=@fV=4�C`5�E�FS>H@A9�<UF�>A4�C`V=4W�s9�P=587�pXV:9�F=C`Ku9�;=7:9�CB4
M"9]>A@B<L5�4�4~>[V:9�FRCWKu9.5�E�P=587=4hV=4"CHEGK�F=E�F}@H42FRt�EG@H52I�4]ª�>A9�F=V=<UC3TSP=4 σr @B4�;=@BI�CH42F�>A4zKL4�>A42F=CH42P=@[V=42C
42�_EG@q>ACg<LF�>AI2@H<U4�P=@BCgJ�KL9';=7:9�CB46@B4�FRt�E�@H5�42M"42F�>\d
�oE�F=CH<UV=I�@H9�F�>*P=FR<LTSP=4�M,4�F�>�Ku9c52EGM";�EGCH9�F�>A4�CH42KLEGF ex

ª�Ku9c5�E�FS>H<LFSP=<?>AI§V=4ÏKu9c5�E�M";�EGCA9]FS>H4§QG4�@q>A<U5\9�KU4
V=P.QG4252>A42P=@`5�EGF�>A@H9�<LF�>H46C2kmI25�@B<U>g4�F{>AEGPa>g;_EG<UF�>cV=P{r_EG@BVX<UFRt�I�@B<L42P=@sV=4ZKu9[�2EGF=46@H42FRt�EG@H52I�4Z;:9�@^¨

σm(2)
xx + nr = σ(2)

xx
� � d¬��� �

EG­ σ(2) VRI�CH<UnGF=4,KL4'>A42F=CH42P=@WVR4�C65�EGF�>A@H9�<LF�>H4�C6V=4h�s9]P=587�p»V=9�F=C6Ku9z5�EGPR587=4y�lÃ � �
5�E�P=587=4�@H9�<LVR4 � ª
σm(2) 42CB>`KL4D>H4�F=CB4�P=@`V=42C`52EGF�>A@H9�<LF�>A42CgV:9�F=CgKu9[;R7:9�CH4ZM"9]>A@B<L524jt�EG@HM,I�4^;=9�@cKu9[52EGP=587=4���Ã � ª=42> nr

4�Cq>�Ku9`V=4�F=CB<U>HIsV�k�42�_EG@B>§FREG@HM"9�KO;:9�@üP=FR<U>AI0V=4cCHPR@Bt
9�524o>A@H9�F=CBQ�4�@BCA9�KU4cV:9�F=CüKL9j;=7:9]CH4c@H42FRt�EG@B5�4�M,4�F�>�d
e 9'@HE]>89]>H<LEGF�ªOV=42nG@HI^V=4ZKU<Lr�4�@B>HIjCBP=;=;=KUI�M,4�F�>89�<U@H4DVR46KL9W;=7:9]CH4Z@H42FRt�EG@H524�M,4�F�>`KLEG@BCHTSP=4^KU4�Cc42�_42>HC

V=4¨»:4~wa<UEGF�4~>jV=435�<UCA9�<UKLKL42M"42F�>cCHEGF�>f;=@H<UCf42F�52EGF=CH<UV=I�@H9]>A<UEGF �
5�E�FRb:nGP=@H9]>A<UEGF=CW��Ã ÷ � 42>[��Ã ¢ �B� ªÄ4�Cq>
9�F�>A<UCBpOM,I2>A@B<LTSP=40V:9�F=Cü524c5\9�C*V=4s587:9�@BnG4�M,4�F�>`��587:9�@BnG4�M,4�F�>üQ�4�@B>H<L5�9�K � 42>§TSP:9�CB< á FOPRKLKL4ÏCHPR@*>AEGPa>A4sKL9
��E�F=4Z@H4�Fat�EG@H52I�4ZCA9�Patü9�PzQ�EG<LCB<LF:9�n�4^V=4ZCH4�CgV=42Paw.52EG<LF=Cc<UFRt�I�@B<L42P=@HCcV:9]F=CgKL4�CcVR4�Paw.52EGFRb:n�P=@A9]>H<LEGFRC
��Ã ÷ � 42>D��Ã ¢ � 4~>ÏV=4fCB4�C0V=4�Paw,52EG<LFRC0CBP=;_I2@H<U4�P=@BC0V:9]F=C0KU4g5\9�C�EG­"Ku9^@HE�>A9]>A<UEGF�4�Cq>oKU<Lr=@B4c4�F">�#2>H4fV=42C
<LFR5�KLPRCH<LE�F=Cg�
52EGFRb:n�P=@A9]>H<LEGF{�lÃ ÷ �B� d e 4cM,EGM,4�F�>�V=4�»:4¸wR<UEGF,4�CB>Ï9]P=CHCB<�TSP:9]CH< á FSP=K=CHPR@�>HEGPR>H4cKu9D��E�F=4
@H42FRt�EG@B5�I�4�7=EG@HM,<LC6;=@BY�C[V=42C[r�EG@HV=C3Ku9]>HI�@H9�Paw»V=4�KL9X�2EGF=4h@B4�FRt�EG@B5�I24�ªü9]P};:9�CBCA9�nG4�V=4�KL9X5�E�P=587=4
M,EGKLKU4oJjKL9j5�E�P=587=4g@A9�<UV=4�d e 9jb:nGP=@B4 � dmã��l9 � M"E�FS>H@H4s52Ku9�<U@H42M"42FS>�TSP=4�ª]Qa<UC á J á QO<LC�V�k�P=F�587:9�@Hn�4�M,4�F�>
QG42@B>H<L5\9]K�ªÄ42>j4�FNCB4WKL<UM"<?>89�F�>c;�EGP=@`K�k�<LFRCB>89]FS>j9�PX5\9�CfV�kmPRFN5�EGM,;�EG@B>H4�M,4�F�>jI2Ku9�Cq>A<UTOPR4�ªÄKu9,;=@H<UCH464�F
5�E�M";R>H4DV=42Cc42�_42>ACgV=4^»=4~wa<LEGFz4~>cV=4^52<LCA9]<LKLKU4�M,4�F�>0V:9�F=CcKU4�Cs<UF=5�KUP=CH<UEGF=C�!BE�P=4DP=F.@�I�KL4DF=I2nGKL<UnG4\9]r=KL4
;=P=<UCHTSP=4[KU4W52Ea4«¿"52<L42FS>DV=4[@H42FRt�EG@B5�4�M,4�F�>^@

11
;:9�CBCH4'V=43Ku9"Q]9�KU4�P=@ � ª?���"V:9�FRCDKu9,5�EGFRb=nGP=@A9v>A<LE�F}�

J � ª?� « 42> � ª?� � V:9�F=CgKL42Cc5�EGFab:nGP=@H9]>A<UEGF=C6��Ã ÷ � 42>3�lÃ ¢ � d
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CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:45:30

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-1.

-.896376

-.792753

-.689129

-.585505

-.481881

-.481881

-.378258

-.274634

-.17101

-.0673867

 .036237

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:46:41

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-690526.

-616509.

-542491.

-468474.

-394457.

-320439.

-320439.

-246422.

-172405.

-98387.3

-24369.9

 49647.4

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:39:35

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-1.

-.886639

-.773278

-.659916

-.546555

-.433194

-.433194

-.319833

-.206472

-.0931104

 .0202508

 .133612

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:40:51

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-1818710.

-1630400.

-1442090.

-1253790.

-1065480.

-877169.

-877169.

-688861.

-500553.

-312245.

-123937.

 64371.4

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:42:37

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-8236020.

-7412420.

-6588820.

-5765220.

-4941610.

-4118010.

-4118010.

-3294410.

-2470810.

-1647200.

-823603.

 0.

8Û:9,;ºëZæZõ³ï!ëZõ,æèß�ì³ç�ìÉæèß!ì=<Mç�æèï�ñ�ß

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�ø
ß!æZëZÜ6ï Û®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ßHÝ©Û�ï�ç�ì¬ëZæaÛ®Ü0ìºëèß
σ

x
x

8ÞA9�B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ÙD9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�ø
ß!æZëZÜ6ï Û®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ßHÝ©Û�ï�ç�ì¬ëZæaÛ®Ü0ìºëèß
σ

x
x

@îaç ø3Û®Ý6ß!õ,æèî�í,ß�î�ß?E�ç�æZëèî`ì³ç�æZêÈÛ®õÌé
SETVU�W�d «¨:[[®�µ\¶v±¸·�®8°8¿z´O°�¾?¹y¿~º
±¸ÂÄâ~º
ÂO±8°"¿�¶vÂS¿{â8ÎR¹�±l²O°~·�°~¯:ºDÆ�°~±¸ºl³�âH¹�¾c°~ºD³L¿�¶vÆv¹�¾L°~ÂO±A¿.´O°8¿z´O®½¼�¾?¹Oâ8°~ô
·�°~¯:ºÅ¿ZÆ�°~±¸ºl³�âH¹�Â]ÁX°~º0´O°6¾?¹.â8¶v¯:ºl±B¹�³Å¯:º½°

σ
x
x Å�Y�¹«hGFÄº
±¸ÂÄâ~º
ÂO±8°3¯�¶v¯N±A°~¯\µ\¶v±Aâ8®8°8ú�Y�Ë�hzâ8¶v¯\ý�²�ÂO±B¹�ºl³�¶v¯Y�a«h
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CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:50:55

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-1.

-.886657

-.773314

-.65997

-.546627

-.433284

-.433284

-.319941

-.206598

-.0932544

 .0200888

 .133432

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     20:18:50

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-.02494

-.0200623

-.0151846

-.0103069

-.0054292

-.0005515

-.0005515

 .0043262

 .0092039

 .0140816

 .0189593

 .023837

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:27:17

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-1.

-.886628

-.773255

-.659883

-.54651

-.433138

-.433138

-.319766

-.206393

-.0930208

 .0203516

 .133724

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     20:55:30

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-.023631

-.019017

-.014403

-.009789

-.005175

-.000561

-.000561

 .004053

 .008667

 .013281

 .017895

 .022509 8Û:9�B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã�äH9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�ø
ß!æZëZÜ6ï Û®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ß�î`æèç�ëaÛ®ëZÜ6ç�ì³î

8ÞA9�B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã1I�9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�ø
ß!æZëZÜ6ï Û®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ß�î`æèç�ëaÛ®ëZÜ6ç�ì³î
SETVU�W�d �¨:[[®�µ\¶v±¸·�®8°8¿z´O°�¾?¹y¿~º
±¸ÂÄâ~º
ÂO±8°"¿�¶vÂS¿{â8ÎR¹�±l²O°~·�°~¯:ºDÆ�°~±¸ºl³�âH¹�¾c°~ºD³L¿�¶vÆv¹�¾L°~ÂO±A¿.´O°8¿z´O®½¼�¾?¹Oâ8°~ô
·�°~¯:ºÅ¿ZÆ�°~±¸ºl³�âH¹�Â]ÁX°~ºs´O°8¿^±8¶vº�¹�º
³�¶v¯R¿PÅ�Y�¹«h�X0³�°~Â�Áh±A¶vº
Âa¾L®8¿LY�­KJxh�ú|Y�Ë�hh°~¯�âH¹v¿~º
±8®8¿¼Y�­MLHh
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CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:29:41

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-1819530.

-1631860.

-1444180.

-1256510.

-1068840.

-881165.

-881165.

-693493.

-505820.

-318147.

-130475.

 57197.8

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:56:48

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-8097720.

-7287950.

-6478180.

-5668410.

-4858630.

-4048860.

-4048860.

-3239090.

-2429320.

-1619540.

-809772.

 0.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     20:27:26

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxy

-2134420.

-1702540.

-1270650.

-838769.

-406884.

 25001.3

 25001.3

 456886.

 888771.

 1320660.

 1752540.

 2184430.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:53:50

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-1820900.

-1633100.

-1445300.

-1257500.

-1069700.

-881893.

-881893.

-694090.

-506288.

-318485.

-130683.

 57119.6

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:36:46

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-8119680.

-7307710.

-6495740.

-5683770.

-4871810.

-4059840.

-4059840.

-3247870.

-2435900.

-1623940.

-811968.

 0.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     20:58: 3

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxy

-2203010.

-1756670.

-1310330.

-863998.

-417662.

 28674.3

 28674.3

 475010.

 921347.

 1367680.

 1814020.

 2260360. 8Û:9NB�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã�äH9

@îèçcø�Û®Ý6ß!õ,æèî�í,ßHÝ©ÛÄï�ç�ì¬ëZæaÛ®Ü0ì¬ëèß
σ

x
x

@îèçcø�Û®Ý6ß!õ,æèî�í,ß�î�ß?E�ç�æZëèî�ì³ç�æZêÈÛ®õÌé

@îèçcø�Û®Ý6ß!õ,æèî�í,ß�î�êÄç�êÄß!ì¬ëèî�í,ßHO@ßé´Ü6ç�ì

8ÞA9NB�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã1IN9

@îèçcø�Û®Ý6ß!õ,æèî�í,ßHÝ©ÛÄï�ç�ì¬ëZæaÛ®Ü0ì¬ëèß
σ

x
x

@îèçcø�Û®Ý6ß!õ,æèî�í,ß�î�ß?E�ç�æZëèî�ì³ç�æZêÈÛ®õÌé

@îèçcø�Û®Ý6ß!õ,æèî�í,ß�î�êÄç�êÄß!ì¬ëèî�í,ßHO@ßé´Ü6ç�ì
SETVU�W�d �¨QPA¿�¶vÆv¹�¾L°~Âa±A¿6´O°^¾?¹.â8¶v¯:ºl±B¹�³Å¯:º½°

σ
x
x ú0´O°8¿3°�ÀD¶v±¸º�¿Z¯�¶v±¸·,¹�Â]Á.°~ºo´O°8¿^·�¶v·�°~¯:ºÅ¿6´O°:½g°BÁG³�¶v¯0Å

FÄº
±~Â:â~º
Âa±A°Z¿�¶vÂS¿Wâ8ÎR¹�±�²O°~·�°~¯:º�Æ�°~±¸º
³�âH¹�¾/R�Y�¹«h�X0³�°~Â�Á�±A¶vº
Âa¾L®8¿LY�­KJxh�ú|Y�Ë�hh°~¯�âH¹v¿~º
±A®8¿LY�­MLHh



õ��UÐ
�.�lØ ÔO
�Ó\���_
�
�ÔaØ»Ôa
����Ïé?��
�Ô¹© ��
���àR������
ÛÓ\���"��à:����ÔS�h��ÔNÞ��
ÔO��� /�	

á Æ�¹v¿3´�É ÂO¯»â8ÎR¹�±l²O°~·�°~¯:ºÏ¾?¹�º½®~±B¹�¾o¨
e 9Db:nGPR@H4 � d?��í^@H4�;R@HI�CB4�F�>A4`KL42C§V=I2t�E�@HM,I�4�C�V=4gKL9DCB>A@BP=52>HP=@H4`42>�KU4�C�<LCBE�Q�9]KL4�PR@HCüV=42C0VRI�;=KL9�5�42M"42FS>HC

Ku9v>AI�@H9�Paw.4~>`V=4ZKu9'5�EGF�>H@A9�<UFS>H43VR4652<LCH9�<LKUKL4�M,4�F�> σxy
V:9�F=C`KL4^5�9�CfV�kmP=FR43Cq>A@HPR52>APR@H46F=EGF�@B4�FRt�E�@H5�I24

42>�V=9�F=C§KL405\9�C§E�­,KU4�Cü4~��4~>AC§V=4�»=4~wa<LEGF�4~>§V=4c5�<UCA9�<UKLKU4�M,4�F�>*CBEGF�>�F=I�n�KL<Ln�I�C�d ö K:9�;R;:9�@A9K6L>ü52Ku9�<U@H42M"42FS>
TSP=4jKU4�C0V=<LCq>A@H<Ur=PR>H<LEGF=C�V=42CoV=I2;=Ku9]5�4�M,4�F�>HCo7=EG@B<L�2EGF�>89�Paw,4~>sV=42Co52EGF�>A@A9]<LF�>A42CoV=4f5�<LCH9�<LKUKL42M"42FS>�CBEGF�>
TSP:9�CB< á <UV=4�F�>H<LTSP=4�C2ª�M,EGF�>A@H9�F�>*TSP=4c524sCH587=I2M�9DVR4s@H42FRt�EG@H524�M,4�F�>`��<LF=52KLP=CB<LEGF=C�CHE�P=;=KL42C � FR4s@H42FRt�EG@H524
;:9�CoCH<Ln�F=<Ub:5�9]>A<?QG42M"42FS>0Ku96CB>H@HP=5~>AP=@B4DQa<UC á J á QO<LCÏV�k�P=Fz587:9�@BnG4�M,4�F�>cKL9]>AI2@A9�KldO�o4�52<�4�Cq>c5�E�FRb:@HM,ID;:9]@
KL4[t
9]<U>^TSP=4�KL4'52Ea4«¿,5�<L42F�>3VR4,@B4�FRt�E�@H5�42M"42F�>342CB>6I�nG9�K§Jy�GªmíR��5�EG@B@H4�CB;_E�F=V:9�F�>WJ.PRF|nG9�<LF�V=4z� %
CHPR@`KL9[@A9�<UV=4�PR@cKu9]>HI�@A9]KL4DV=4ZKL9�Cq>A@BP=52>HP=@H4]ª:5�46TOPR<�4�CB>`F=I2nGKL<UnG4\9]r=KL4]d
e 42C"@BI�CHPRKU>89v>AC'@H42Ku9]>H<Ut�C�9�POwì5�EGFab:nGP=@H9]>A<UEGF=C{��Ã ÷ � 42>��lÃ ¢ � CHEGF�>,@H42;=@HI2CH42FS>HI�ChCBP=@�KL42C�b=nGP=@H42C

� d?�G�[4~> � d?��Ã"TSP=<�M"E�FS>H@H42FS>DTOPR4[KL42CjV=I2;=Ku9�524�M,4�F�>ACjKu9]>HI�@A9]PawXCHEGF�>D;RKLP=CfV=<U�_P=CjTSP=4'V=9�F=CjKU4W5�9�C
V�k�P=F=4,CB>H@HP=5~>AP=@B4"F=E�F»@B4�FRt�EG@B5�I24�ª�EGP|V:9�F=C6KL4'5�9�C3VR4,KL9z5�EGFRb=nGP=@A9v>A<LE�Få��� � d��o42C3VRI�;=KL9�5�42M"42FS>HC
CHE�FS>s4�F=52EG@H4D;RKLP=C0V=<U�_P=CoV=9�F=CsKU4j5\9]CsEG­hKU4�Co<UF=5�KUP=CH<UEGF=C0CHEGF�>s42F=5\9]CB>A@BI�42C`42Fh>�#~>A4^JWKL96t�EGFRV:9]>A<UEGF�ª
M,EGr=<LKU<LCH9�F�>ZV:9\Q�9]FS>A9�nG4,Ku9.@A9�<UV=4�PR@3V=4"Ku9.5�EGPR587=4h<LFat�I�@H<U4�P=@B4�dTSDP:9�F�>'9]Paw»@HE�>A9]>A<UEGF=C�ª�42KLKU4�C6;=@HI á
CH42F�>A4�F�>0V=4�POw,;=@HE�b=KLCü>AE]>89�KU4�M,4�F�>�V=<U�_I�@B4�F�>AC2dS�D9�F=C�KU4c5\9�C�V�k�<LF=52KLP=CB<LEGFRC§@HE�>HP=KLI24�C�ª�KL9D@HE�>A9]>A<UEGF'4�Cq>
M"9vwa<LM"9�KL4`4�Fz>�#~>A4^4~>gV=<LM,<LFSP=4f;=@HEGn�@H4�CBCH<?QG4�M,4�F�>`KL4jKLEGF=nWV=4^Ku9[�2EGF=4^@H42FRt�EG@B5�I�4]ªÄ9�KLE�@HCoTSP=4ZV:9]F=C
KL4j5\9�CgV�k�<LF=52KLP=CB<LEGFRCs4�F=5�9�CB>H@HI24�CW�
5�E�FRb:nGP=@H9]>A<UEGF|��Ã ¢ �H� ªRKu9[@BE�>89v>A<LE�Fh4�Cq>fFSP=KUKL4D42Fz>�#2>H4"�
4�FR5\9�Cq>A@H4 á
M,4�F�> � 42>Z9�PRnGM"42F�>A4WKU4WKUEGF=n�VR4�CD<UF=5�KUP=CH<UEGF=CH!BP=CHTSP�km9�Py;�EG<LF�>DV�k¬9�FR5�@A9]nG4WV:9]F=CDKu9,5�EGPR587=4'@A9�<UV=4�d
e 4�C"V=<LCq>A@H<Ur=PR>H<LEGF=C�V=42ChM,EGM"42F�>AC¼»:I�587=<UCHCH9�F�>ACzCHE�FS>�V=4�M£#�M,4{V=<U�_I�@B4�F�>AC"CHP=<?Q�9]FS>"KL4{>½pO;_4XV=4
5�E�F=F=4�5~>A<UEGFh<LFR5�KLPRCH<LE�F=C á t�EGF=V:9]>H<LEGF�d e 4jM,EGM"42F�>oV=4|»:4~wa<LE�Fh4�Cq>sM"9vwa<LM"9�K:4�F�>�#2>H4DV=4�Co<LF=52KLP=CB<LEGF=C
V:9�FRC§KL4o5�9�C`��Ã ¢ � 9�KUEG@HC�TSP�km<UKR42CB>�M"9vwa<LM"9�KO9�PawW;_EG<UF�>ACüV�km9�F=52@A9�n�4sV=4�C§<UF=5�KUP=CH<UEGF=C�V:9�F=CüKL9j5�E�P=587=4
@A9]<LV=4gV:9�FRCÏKU4g5\9�Cj��Ã ÷ � d���EGPR>H42t�EG<UC�ª�TSP=4�KUTSP=4fCBEG<U>ÏKU4s>½pa;�4jVR4`52EGF=F=4252>H<LEGF�ªSKU4cM"EGM,4�F�>ÏV=4�»:4¸wR<UEGF
4�Cq>jFSP=K�9�POw{;=<L42V=CfVR4�C`<LF=52KLP=CB<LEGF=C3��r_EG@BVX<UFRt�I�@B<L42P=@cV=46Ku9���EGF=46@H42FRt�EG@B5�I�4 � d_�o42>B>A43;=@HEG;R@H<LI~>AIZ4�Cq>
V=P=46J'Ku9'52EGF�>A<LFSP=<?>AI^V=P.QG4252>H4�P=@`5�EGPR;=KL42C`VR4652EGF�>A@H9�<LF�>A42C�ª:TSP=<�C2kmI25�@H<?>`V�kmPRF=46t
9]ç�EGF.nGI2F=I�@H9�KL4'¨

hr(i).n = hr(j).n � � d¬�Gã �

EG­ hr(i) 4~> hr(j) VRI�CH<UnGF=42FS>f@H42CH;�4�5~>A<UQ�4�M,4�F�>^KU4�Cc>A42F=CH42P=@HCDVR4�C`5�EGP=;RKL4�C`V=465�EGF�>H@A9�<UFS>H4�C`V:9�F=CfKL42C
��E�F=4�C i 42> j CBI�;:9]@HI�C`;:9�@cPRF=4ZCHP=@qt
9�5�4ZV=4ZF=EG@BM�9]KL4 n d:�D9�FRC`FRE�>A@B465�9�C�ª:KU4^r_E�@HV.<LFRt�I2@H<U4�P=@sVR46KL9
��E�F=43@B4�FRt�E�@H5�I24WCBI�;:9�@B4WKL9�52EGP=587=43@A9�<UV=4�ª:M,EOV=I�KU<LCHI24^5�EGM,M,46PRF�M,<LKL<U4�PzV=4W�s9�P=587�p�ª_V=46Ku9���E�F=4
@H42FRt�EG@B5�I�4]ªÄM"EOV=I�KU<LCBI�4^5�E�M"M,4^M"<UKL<U4�PzV=43�oEGCBCH4�@H9]>DE�@H<L42F�>AI�d e 9�5�EGF�>H<LFSP=<U>HIZV=P{Q�4�5~>A4�PR@j5�E�P=;=KL42C
V=4Z5�E�FS>H@A9�<UF�>A4�Cg42CB>f9�KLE�@HC�ªR5�EGM,;R>A4D>H4�FSP�VRPX5�9�@A9�5~>AY2@H4Z;=Ku9]FzV=PX;R@HEGr=KUY�M,4�ª=I2TSP=<UQ]9�KU4�F�>A46Jz¨

mr = 0 CHP=@gKU4^r_EG@BVX<UFRt�I�@B<L42P=@sV=4ZKu9[�2EGF=46@H42FRt�EG@H52I�4 � � d¬� «G�

% 9�@39�<LKUKL4�PR@HC�ª_KL42C652EGF�>A@H9�<LF�>A42C3VR4"52<LCA9]<LKLKU4�M,4�F�>DCBEGF�>\ª�V:9�FRC3KU4�CZV=4�POw 52EGFRb:n�P=@A9]>H<LEGFRC,��Ã ÷ � 4~>
��Ã ¢ � ª042>.9�PRCHCH<fr=<L42FÛ;_E�P=@hKu9|;=7:9�CB4yM�9v>A@H<U5�4 � σxy

� TSP=4N;�EGP=@hKL9 ;=7:9]CH4N@B4�FRt�EG@B5�42M"42FS>»� vr � ª
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5�E�F=5�42FS>H@HI24�CcV:9�FRC0KL9652EGP=587=4D<UFRt�I�@B<L42P=@H4gV=4fKu9Z��EGF=4f@H42FRt�EG@H52I�4]dR¦§KLKU4�C�M,42>H>H4�F�>c9]<LF=CB<�42F�I~Qa<UV=4�FR5�4
P=F=4,V=<UCH5�E�FS>H<LFSP=<?>AI,V=4"KL9z5�EGF�>A@H9�<LF�>H4 σxy

42>3V=4,K�k�42�_EG@B>Z>H@A9�F=587=9�F�> vr J{KL9.>H@A9\QG42@HCHI24hV=P»r_EG@BV
<LFat�I�@H<U4�P=@WV=4.Ku9y��EGFR4{@B4�FRt�E�@H5�I24�ª§V=PR4XJ�Ku9N;R@HEG;=@B<LI~>AIzV=4.5�E�FS>H<LFSP=<?>AIz4�F@¦½52EGF�>A@H9�<LF�>A42C'>AE�>A9�KL42C�¦
4~wa;=@B<LM,I�4^;:9]@ � d¬� � d
�o42C�@HI�CBP=KU>A9]>AC�CBEGF�>�4�F�5�EGF=52EG@HV=9�F=5�4{9\QG425X524�Pawx;=@HI2CH4�F�>HI�C�CBP=@�Ku9�b:n�P=@H4 � dmã��
r � ªüV=EGFRF:9�F�>

KL435�EO4.¿,5�<U4�F�>^V=43@H42FRt�EG@H524�M,4�F�>^V:9]F=CDKL42Cf>H@HEG<UCj5�E�FRb:nGP=@H9]>A<UEGF=C[�q� � ªü�lÃ ÷ � 42>��lÃ ¢ � d�¦§Fy42�_42>�ª�KU4
5�EO4.¿,52<L4�F�>oV=4j@B4�FRt�EG@B5�42M"42FS>o;:9�CBCH4DV=43�GªmíR�'���:U V=4jn�9]<LF � V:9�FRCoKL4`5\9]CoV�k�<LF=52KLP=CB<LEGFRC ¦ CHEGP=;RKL4�C�¦fJ
�Gªm�Gã'�
�Gã3U V=4sn�9�<UF � V=9�F=CüKU4s5\9�C*V�km<UF=5�KUP=CH<UEGF=C�¦½@A9]<LV=42C�¦0M"E�FS>H@A9�F�>ü9�<LF=CB<RKlkm<UM";�EG@B>A9�F=524ÏVR4cKu9j;=@B<LCB4
4�F.52EGM";a>A4DV=42Cc42�_42>HCcV=4^5�<UCA9�<UKLKL42M"42F�>o4~>cV=4^»:4¸wR<UEGFzV:9�FRCcKL4D5�9�KL52P=K�V=4^KL9W@A9]<LV=42P=@sCB>H@HP=5~>AP=@B4�KUKL4�d
�oE�M";:9]@A9�F�>^KU4�C^CH<?>AP:9v>A<LE�F=C���Ã ÷ � �
KL9�5�E�F=F=4�5~>A<UEGF�;=<L42Paw á t�EGF=V=9]>A<UEGFN4�Cq>6CH587=I2M�9]>H<LCBI�4�;:9�@^V=42C

@HE]>AP=KU4�C � 4~>j��Ã ¢ � ��;=<L42Paw�4�FR5\9�Cq>A@HI2C042F">�#2>A4gV:9]F=C�KL4g@A9�VR<L4�@§VR4gt�E�F=V:9]>H<LEGF � ªG<LKR9�;=;:9]@A976U>�TOPR4f5242>H>H4
5�E�F=V=<U>H<LEGF,9�POw,KL<LM,<U>H4�C0!BE�P=4fPRF�@�I�KL4gV=I�52<LCB<Ut�V=9�F=CÏKu9ZM"EGrR<LKL<UCA9]>H<LEGF3V=4�C0@A9�<UV=4�PR@HC09�P"52<LCH9�<LKUKL4�M,4�F�>
42>oCHP=@q>AEGPa>cJ3KL9¨»=4~wa<LEGF"V=4�Co<LF=52KLP=CB<LEGF=C2ª�5�EGM,M,4j9�F=9�KUpOCHI`5�< á V=42CHCBP=C�ªaV:9�F=C0Ku9Z@HI�;�EGF=CB4DnGKUEGr:9�KU4cV=4
Ku9^Cq>A@HPR52>APR@H4gQa<UC á J á QO<LC*V�kmPRF�587:9�@BnG4�M,4�F�>ÏKu9v>AI�@H9�K�ª];=P=<UCHTSP=4`KL4c5�EO4.¿,52<L4�F�>ÏV=4`@H42FRt�EG@H524�M,4�F�>Ï;:9�CBCH4
V=4��Gªm�Gã�J,Ãaª¬��ãRd
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CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21: 9:40

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement V

 0.

 .1

 .2

 .3

 .4

 .5

 .5

 .6

 .7

 .8

 .9

 1.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:10:11

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxy

-1165.58

 24455.

 50075.6

 75696.2

 101317.

 126937.

 126937.

 152558.

 178179.

 203799.

 229420.

 255040.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:21:32

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement V

 0.

 .1

 .2

 .3

 .4

 .5

 .5

 .6

 .7

 .8

 .9

 1.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:22: 9

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxy

-1129.34

 23118.3

 47366.

 71613.6

 95861.3

 120109.

 120109.

 144357.

 168604.

 192852.

 217100.

 241347.

8Û:9N;ºëZæZõ³ï!ëZõ,æèß.ì³ç�ìæèß!ì=<Mç�æèï�ñ�ß

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�Ý©Û®ëèñ!æaÛ®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ßHÝ©Û�ï�ç�ì¬ëZæaÛ®Ü0ìºëèß
σ

x
y

8ÞA9�B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ÙD9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�Ý©Û®ëèñ!æaÛ®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ßHÝ©Û�ï�ç�ì¬ëZæaÛ®Ü0ìºëèß
σ

x
y

SETVU�W�d?��íR¨H[[®�µ\¶v±¸·�®8°8¿h´O°h¾?¹�¿~º
±~Â:â~º
Âa±A°�¿�¶vÂ�¿{â8ÎR¹�±�²O°~·�°~¯:ºf¾?¹�º�®~±B¹�¾c°~ºD³L¿�¶vÆv¹�¾L°~ÂO±8¿h´O°8¿z´O®½¼�¾?¹Oâ8°~ô
·�°~¯:ºÅ¿§Î:¶v±~³_v¶v¯:º�¹�Â]Á6°~º�´O°Ï¾?¹6â8¶v¯:º
±B¹�³Å¯:º�°

σ
x
y Å8Y�¹«hVFÄº
±~Â:â~º
Âa±A°o¯�¶v¯[±A°~¯\µ\¶v±8â8®8°8ú�Y�Ë�h^â8¶v¯\ý�²�Âa±B¹�º
³�¶v¯�Y�a«h
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CESAR-LCPC : PEG2D  Version 3.4.x

6/  2/2006     19:49:34

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calc1

Increment no 1

Deplacement V

 0.

 .1

 .2

 .3

 .4

 .5

 .5

 .6

 .7

 .8

 .9

 1.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     20:44:16

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calc2

Increment no 1

Deplacement U

 0.

 .006233

 .012466

 .018699

 .024932

 .031165

 .031165

 .037398

 .043631

 .049864

 .056097

 .06233

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21: 0:22

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement V

 0.

 .1

 .2

 .3

 .4

 .5

 .5

 .6

 .7

 .8

 .9

 1.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21: 2:40

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

 0.

 .0038114

 .0076228

 .0114342

 .0152456

 .019057

 .019057

 .0228684

 .0266798

 .0304912

 .0343026

 .038114 8Û:9NB�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã�äH9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�Ý©Û®ëèñ!æaÛ®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ß�î`æèç�ëaÛ®ëZÜ6ç�ì³î

8ÞA9NB�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã1IN9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�Ý©Û®ëèñ!æaÛ®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ß�î`æèç�ëaÛ®ëZÜ6ç�ì³î

SETVU�W�d?�G�G¨H[[®�µ\¶v±¸·�®8°8¿h´O°h¾?¹�¿~º
±~Â:â~º
Âa±A°�¿�¶vÂ�¿{â8ÎR¹�±�²O°~·�°~¯:ºf¾?¹�º�®~±B¹�¾c°~ºD³L¿�¶vÆv¹�¾L°~ÂO±8¿h´O°8¿z´O®½¼�¾?¹Oâ8°~ô
·�°~¯:ºÅ¿DÎ:¶v±¸³_v¶v¯:º¹�Â]Á{°~ºc´O°8¿^±8¶vº�¹�º
³�¶v¯R¿PÅxY�¹«h¡X0³�°~Â�Á�±A¶vº
Âa¾L®8¿LY�­KJxh�ú|Y�Ë�hh°~¯�âH¹v¿~º
±A®8¿LY�­MLHh
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CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21: 1:15

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxy

-2157.33

 35920.1

 73997.5

 112075.

 150152.

 188230.

 188230.

 226307.

 264385.

 302462.

 340539.

 378617.

CESAR-LCPC : PEG2D  Version 3.4.x

12/  2/2006     20:15:20

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Syy

-134146.

-111578.

-89010.7

-66443.3

-43875.9

-21308.5

-21308.5

 1258.86

 23826.3

 46393.6

 68961.

 91528.4

CESAR-LCPC : PEG2D  Version 3.4.x

6/  2/2006     20:40:32

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxy

-11243.

 140530.

 292304.

 444077.

 595851.

 747624.

 747624.

 899397.

 1051170.

 1202940.

 1354720.

 1506490.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     20:36:39

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calc1

Increment no 1

Contrainte Sxy

-1528.44

 33834.9

 69198.3

 104562.

 139925.

 175288.

 175288.

 210652.

 246015.

 281378.

 316742.

 352105.

CESAR-LCPC : PEG2D  Version 3.4.x

12/  2/2006     20:12:31

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Syy

-131058.

-89062.6

-47066.9

-5071.23

 36924.5

 78920.2

 78920.2

 120916.

 162912.

 204907.

 246903.

 288899.

CESAR-LCPC : PEG2D  Version 3.4.x

6/  2/2006     20:49:53

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxy

-5128200.

-4477110.

-3826020.

-3174940.

-2523850.

-1872770.

-1872770.

-1221680.

-570598.

 80488.

 731574.

 1382660. 8Û:9NB�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã�äH9

@îèçcø�Û®Ý6ß!õ,æèî�í,ßHÝ©ÛÄï�ç�ì¬ëZæaÛ®Ü0ì¬ëèß
σ

x
y

@îèçcø�Û®Ý6ß!õ,æèî�í,ß�î�ß?E�ç�æZëèî�ëZæaÛ®ì³ïèð@Û®ì¬ëèî
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CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:13: 0

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-25.

-20.

-15.

-10.

-5.

 0.

 0.

 5.

 10.

 15.

 20.

 25.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:14:37

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-19219000.

-15356500.

-11494000.

-7631480.

-3768990.

 93500.

 93500.

 3955990.

 7818480.

 11681000.

 15543500.

 19406000.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:24:31

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-25.

-20.

-15.

-10.

-5.

 0.

 0.

 5.

 10.

 15.

 20.

 25.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:25:24

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-44500600.

-35213300.

-25925900.

-16638600.

-7351260.

 1936080.

 1936080.

 11223400.

 20510800.

 29798100.

 39085400.

 48372800.

8Û:9N;ºëZæZõ³ï!ëZõ,æèß.ì³ç�ìæèß!ì=<Mç�æèï�ñ�ß

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�ø
ß!æZëZÜ6ï Û®õÌé
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CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:29:36

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-25.

-20.

-15.

-10.

-5.

 0.

 0.

 5.

 10.

 15.

 20.

 25.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:41:49

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-.257777

-.182318

-.106859

-.0314006

 .0440582

 .119517

 .119517

 .194976

 .270435

 .345893

 .421352

 .496811

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:56:48

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-25.

-20.

-15.

-10.

-5.

 0.

 0.

 5.

 10.

 15.

 20.

 25.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:53:57

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Deplacement U

-.278275

-.150448

-.02262

 .105207

 .233035

 .360862

 .360862

 .48869

 .616517

 .744345

 .872172

 1. 8Û:9NB�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã�äH9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß
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ß!æZëZÜ6ï Û®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ß�î`æèç�ëaÛ®ëZÜ6ç�ì³î

8ÞA9NB�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã1IN9
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CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:57:27

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-44118400.

-34895500.

-25672700.

-16449800.

-7226990.

 1995860.

 1995860.

 11218700.

 20441600.

 29664400.

 38887300.

 48110100.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:40:48

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-260019000

-207622000

-155224000

-102827000

-50429200.

 1968240.

 1968240.

 54365700.

 106763000

 159161000

 211558000

 263956000

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:31:55

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxy

-17708700.

-11424400.

-5140100.

 1144210.

 7428520.

 13712800.

 13712800.

 19997100.

 26281500.

 32565800.

 38850100.

 45134400.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:30:17

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-44394400.

-35123200.

-25852000.

-16580900.

-7309700.

 1961470.

 1961470.

 11232600.

 20503800.

 29775000.

 39046100.

 48317300.

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:52:23

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxx

-251900000

-201140000

-150380000

-99620700.

-48861000.

 1898750.

 1898750.

 52658400.

 103418000

 154178000

 204938000

 255697000

CESAR-LCPC : PEG2D  Version 3.4.x

2/  2/2006     21:52:58

L.C.P.C.-Paris
Module : MCNL
Etude : these
Calcul : calcu

Increment no 1

Contrainte Sxy

-9859950.

-3058580.

 3742780.

 10544100.

 17345500.

 24146900.

 24146900.

 30948200.

 37749600.

 44551000.

 51352300.

 58153700. 8Û:9NB�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã�äH9

@îèçcø�Û®Ý6ß!õ,æèî�í,ßHÝ©ÛÄï�ç�ì¬ëZæaÛ®Ü0ì¬ëèß
σ

x
x

@îèçcø�Û®Ý6ß!õ,æèî�í,ß�î�ß?E�ç�æZëèî�ì³ç�æZêÈÛ®õÌé

@îèçcø�Û®Ý6ß!õ,æèî�í,ß�î�êÄç�êÄß!ì¬ëèî�í,ßHO@ßé´Ü6ç�ì

8ÞA9NB�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã1IN9

@îèçcø�Û®Ý6ß!õ,æèî�í,ßHÝ©ÛÄï�ç�ì¬ëZæaÛ®Ü0ì¬ëèß
σ

x
x

@îèçcø�Û®Ý6ß!õ,æèî�í,ß�î�ß?E�ç�æZëèî�ì³ç�æZêÈÛ®õÌé

@îèçcø�Û®Ý6ß!õ,æèî�í,ß�î�êÄç�êÄß!ì¬ëèî�í,ßHO@ßé´Ü6ç�ì
SETVU�W�dU���a¨XP8¿�¶vÆv¹�¾L°~ÂO±A¿f´O°`¾?¹"â8¶v¯:ºl±B¹�³Å¯:º½°

σ
x
x úü´O°8¿^°�ÀD¶v±~ºÅ¿`¯�¶v±¸·,¹�Â�Á"°~ºü´O°8¿`·�¶v·�°~¯:º�¿j´O°�½g°BÁG³�¶v¯0Å

FÄº
±~Â:â~º
Âa±A°Z¿�¶vÂS¿Wâ8ÎR¹�±�²O°~·�°~¯:º0´O°6±A°~¯:Æ�°~±A¿�°~·�°~¯:º,R�Y�¹«h�X0³�°~Â�Áh±A¶vº
Âa¾L®8¿LY�­KJxh�ú|Y�Ë�hh°~¯�âH¹v¿~º
±A®8¿£Y�­MLHh



	 Q�Q �hÞ�Þ�Ý
�l�GàR���
��
�Ó[���Û�G����Ôy��Ôy�Gà:Ý
����ÝoØ���ÝÅ����Þ*ß�à:Ó\�
Ú���Ô.Ôa
ÖÙOÝ�à:Ó2���
���Å��Ù.Ýl�

�ÙOà=�
��Ô

u	��1��21 Â � �è��< �H9<�è� ; �F9G?B��� 4 �`������>K� ;|>(��w��8? <�Ä��lr�9@���8>��yDF9sAR��< �8>

¦§FyQOP=4'V=4';�EGCH<?>A<UEGF=F=42@jKL4WM"EOV=Y�KU4WM[PRKU>A<U;=7:9�CB<LTSP=43;:9�@D@H9�;=;�EG@B>Z9]PawyM,I2>H7=EaVR4�C^V=I25�@H<?>A42CZ9�P
587:9�;R<U>A@B4��Gª�KL4zM£#�M,4{;R@HEGr=KUY�M,4zV=4{5\9�KU5�P=KcV=4.t�EGF=V=9]>A<UEGFìCHP=@,@A9�VR<L4�@'VR4X;=<U4�Paw�42CB>,>A@H9�<U>HIz4�F
t
9�<UCA9�F�>c9];=;_42K�V:9]F=CcP=Fz;=@B4�M,<L4�@Ï>A42M";=CsJ[P=F=4^M,EaV=I2KL<UCA9]>H<LEGF�V=<U@H4�5~>A4D4~>cV:9�FRCcP=FzCH425�EGF=Vz>H4�M,;=C
JXPRF=4"M,EOV=I�KU<LCA9v>A<LE�FyM"<�wa>H4�d e k�4�M,;=KLEG<§VR4"KL9{M,I2>H7=EaVR4,V�km7=E�M"EGn�I�F=I2<LCA9v>A<LE�F|;�EGP=@6KL4�5�9�KL52P=K�V=4
Ku9»@A9�<UV=4�P=@zCq>A@BP=52>HP=@H42KLKL4�V=4yKu9 t�EGFRV:9]>A<UEGFÖF=4Nt�42@A9};:9]CzK�k�EGr�!B42>.V�kmP=FR4yI2>APRV=4�CHP=;=;RKLI�M,4�F�>A9�<L@B4
;=P=<UCHTSP�k�4�KUKL4�52EGF=Cq>A<U>HP=4�ª�V:9�F=CWK�k�7SpO;�E�>A7RY�CH4zV�kmP=Fx52EGM,;_EG@q>A42M"42FS>WI�KL9�CB>H<LTSP=4�ª�P=Fx5�9�C';:9�@q>A<L52P=KL<U4�@
V=PhM,EOV=Y�KU4fM[PRKU>A<U;=7:9�CB<LTSP=4gKLE�@HCHTSP=4jKL4�CÏ@H<UnG<LVR<U>AI2CÏJWKu9¨»:4~wa<LE�Fh42>s9�Ph5�<UCA9�<UKLKU4�M,4�F�>�V=4�Co<LF=52KLP=CB<LEGF=C
CHE�FS>sF=I�nGKU<LnGI24�C2d e 4�Cc@BI�CBP=KU>A9]>AC0V=EGF=F=I2Cc;:9�@05�42>B>A4^M,I2>H7=EaVR4jCHE�FS>s@H4�;R@HI�CB4�F�>AI2CfCBP=@sKL96b:nGPR@H4�� � d¬ã �
42>�<UF=V=4¸wRI2C§;:9�@`��� � d ( F�CB4st�Ea5�9�KL<UCH4�@H9f;�EGP=@§KL9jCHP=<?>A4cCBP=@§K�k�PR>A<UKL<UCA9]>H<LEGFZV=4cKL9jM"EOV=I2KL<LCH9]>A<UEGF6V=<L@B4�52>H4
42>`V=4ZKL9[M"EOV=I�KU<LCH9]>A<UEGF�M,<?wO>A4]d

õ��UÐ��UÐ��l	:�jÑÒ����ÙOÝ
�lÓ�àa���
��
ä������Ôa���\ÔXë��l���
Ø ÔO
�Ó\����
�
�ÔOÝlÝ�Ô

e 4g>A@H9�<U>H4�M,4�F�>oVRP�;=@BEGr=KLY2M"4g;=@BI�52I�V=42FS>sV:9�F=C0KL4`5\9�V=@B4fV�kmP=FR4jM,EaV=I2KL<UCA9]>H<LEGF'V=<U@H4252>A4`5�E�F=CH<UCB>A4 á
@A9]<U>*Jf>A@H9�<U>H4�@�KL4�C*@H4�Fat�EG@H524�M,4�F�>ACü52EGM,M"40V=4�Cü<UF=5�KUP=CH<UEGF=C�52pOKL<UF=V=@B<LTSP=4�C�4�F'<UFS>H4�@H9�52>H<LEGF'9\Q�4�5sKU4oCHE�K
4�F�QO<L@BEGF=F:9]FS>�ª�9�r�EGPR>H<LCHCH9�F�>^9�<UF=CH<*J�P=F�;=@BEGr=KLY2M"43V=4[F:9v>AP=@B4hºl±¸³
´�³Å·�°~¯R¿~³�¶v¯:¯�°~¾Å¾L°~d0 f4WV=<LCB;_EGCH9�F�>
V:9�FRCcKL4j5�9�V=@B4^V=4D5�4D>H@A9\Q]9�<LK�TSP=4^V�k�P=F.5�EOV=4DV=4^5�9�KL52P=K�;:9�@sI2KLI�M,4�F�>HCsb:F=<LCo;_EGPaQ�9]FS>c9�r_E�@HV=42@sKL42C
;=@BEGr=KLY2M"42C[Ë�³
´�³Å·�°~¯R¿~³�¶v¯:¯�°~¾¬¿~ª:<UK�4�CB>jV=EGF=53F=I�524�CBCA9�<U@H4[V=4W;_EGPaQGEG<U@f@B4�M,;=Ku9�524�@`P=F=4Wb=KL46V=4W;=<U4�Paw
V:9�FRC`KL9'V=<L@B4�52>H<LEGF (Oz) ;:9�@gP=F=4Z5�E�P=587=46I�TSP=<UQ]9�KU4�F�>A469\p�9]FS>`KU4�CgML#2M"42Cc@A9�<UV=4�PR@HCsQG42@B>H<L5\9]KL4�C α ª
9�P.5�<UCA9�<UKLKU4�M,4�F�> β 42>fJ'Ku9�»:4~wa<UEGF γ ��b=nGP=@H4 � d?��ã � d

dd

SETVU�W � d?��ãR¨HÆ0¶vÂ:â8Î:°'®HÈ�ÂO³ÅÆv¹�¾L°~¯:º�°º�,Âa¯�°�ý�¾L°3´O°c¼�³�°~Â]Áz´�¹�¯R¿Z¾?¹z´�³Å±A°8â~º
³�¶v¯Nº
±H¹�¯R¿~Æ�°~±A¿�¹�¾L°

�o42C�@H9�<LVR4�P=@BC�CBEGF�>�V=I2>H4�@HM,<LFRI�4�C�Jc;:9�@q>A<L@�VR4�C�@A9�<UV=4�P=@BC�@H4�CB;_4252>H<UQG42C�VR4�C�<LF=52KLP=CB<LEGF=C�VR4Ï@B4�FRt�E�@H5�4 á
M,4�F�>�42>�V=4�Ku9cV=<LCq>89�FR5�4 d CHI2;:9�@H9�F�>*V=42Paw6<LFR5�KLPRCH<LE�F=C�CHP=525�42CHCH<?QG42C§V:9�F=C�Ku9cV=<U@H4252>A<UEGF^>A@H9�F=CBQ�4�@BCA9�KU4�ª
CHE�<U>Z¨



õ��UÐ
�.�lØ ÔO
�Ó\���_
�
�ÔaØ»Ôa
����Ïé?��
�Ô¹© ��
���àR������
ÛÓ\���"��à:����ÔS�h��ÔNÞ��
ÔO��� 	 Q�	




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α =
Ea(2πRe)

d
= αrd = 5020 � % 9Rd�M

β =
µa(2πRe)κ

2d
= βrd = 965 � % 9Rd�M

γ = EaI
d

= γrd = 2510 � % 9Rd�M 2
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

α = E.h
(1 − ν2)

= 5020 � % 9Rd�M

β = 5
12

E.h
(1 + ν)

= 965 � % 9admM

γ = E.h3

12(1 − ν2)
= 2510 � % 9RdmM 2
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

E = 1454, 8 � % 9

ν = 0, 54

h = 2, 45 M
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V=4^KL9WCB>H@HP=5~>AP=@B4ZQO<UCcJ[Qa<UCsV=4^524^M"EOV=4DV=4^587=9�@HnG42M"42F�>g4�CB>f�]íWt�EG<LCsCBEGP=C á 4�Cq>A<UM"I24DCH<�KlkmE�FzF=I�nGKU<LnG4
KL42Cc42�_42>HCfV=4N»:4¸wa<LEGF.42>`V=4Z52<LCA9]<LKLKU4�M,4�F�>\d
e 9|5�EGM,;:9�@H9�<LCBEGFìV=4�C"V=4�PawäCB<U>AP=9]>A<UEGF=CX��Ã ÷ � 42>��lÃ ¢ � M,EGF�>A@H4{TSP=4�KU4z>½pa;�4�VR4X52EGF=F=4252>A<UEGF

<LFR5�KLPRCH<LE�F á t�EGFRV:9]>A<UEGFh42CB>`4�CBCH4�F�>H<L4�K�QO<LC á J á Qa<UCcV�k�P=FX587=9�@HnG42M"42F�>jV=46@H42F�QG4�@BCH42M"42FS>�ª_KU4Z5�EO4.¿,5�<U4�F�>
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V=43@H4�Fat�EG@H524�M,4�F�> r33
;:9�CBCA9�F�>^V=4 � ªm� � V=9�F=CjKL9,52EGFRb:n�P=@A9]>H<LEGF ��Ã ÷ � J � ª � Ã'V:9�F=CfKu9�5�EGFRb=nGP=@A9 á

>A<UEGF���Ã ¢ � ª_5�k�4�CB> á J á V=<L@B4'TSP=4'Ku9hCq>A@HPR52>APR@H4�4�Cq>ZV=4"��í % M"<U4�Paw�@H42FRt�EG@H52I�4�CH<§KU4�CD<UF=5�KUP=CH<UEGF=CDCBEGF�>
4�FR5\9�Cq>A@HI24�C`V:9�F=CcKL9Wt�EGF=V:9v>A<LE�F�d=�o4~>gI�5�9�@B>g42CB>`4�F=52EG@H4^;RKLP=Cc;=@BEGF=EGFR5�I^V:9�FRC`KU4D5\9]CcV�kmPRF{587=9�@HnG4 á
M,4�F�>ÏKu9]>HI�@A9]K�ªv;=P=<LCBTSP=4fKU4c5�EO4.¿,5�<U4�F�>ÏV=4g@H42FRt�EG@H524�M,4�F�> r22

;=9�CHCB4fV=4Z�Gª¬Ã � V:9�FRCÏKL9D5�EGFab:nGP=@H9]>A<UEGF
��Ã ÷ � J|Ãaªm��V=9�F=C'Ku9N52EGFRb:n�P=@A9]>H<LEGF��lÃ ¢ � d ö Kc9�;=;:9]@A976U>'KuJN42F=5�EG@B4.TOPR4{KU4h>½pO;_4.V=4z52EGF=F=4252>A<UEGF
<LFR5�KLPRCH<LE�F á t�EGFRV:9]>A<UEGF¨!BE�P=4^P=F.@�IGKU4j>A@BY�Cg<LM,;�EG@B>A9�F�>s;�EGP=@cM,EGr=<LKU<LCB4�@ÏKL4�Cc@H9�<LVR4�P=@BC�»:4~wa<LE�F=F=4�KUKL4D4~>
9�P.5�<UCA9�<UKLKU4�M,4�F�>sV=42Cf<UF=5�KUP=CH<UEGF=C2d
ö KS@B4�CHCBEG@B>�>AE�PR>A4~t�EG<LC2ª�TOPR40KU4�C�@A9�<UV=4�P=@BC�CB>A@BP=52>HP=@H42KLKU4�C�Qa<UC á J á QO<LC�VR4�C�>H@HEG<UC�M"EOV=4�C�V=4Ï587:9�@BnG4�M,4�F�>�ª

QG42@B>H<L5\9]K�ªRKL9]>AI2@A9�K�42>sV=4^@H42FSQ�4�@BCH4�M,4�F�>�ª�5�9�KL52P=KLI24�Cs;=9�@sKu93M"EOV=I�KU<LCH9]>A<UEGF"M,<?wO>H4jCHE�FS>g<UFRt�I�@B<L42P=@H42CcJ
5�42KLKU4�CjVREGF=F=I24�C^;:9�@jKu9"M,EOV=I�KU<LCA9v>A<LE�FXM[PRKU>A<U;=7:9�CB<LTSP=4]d��o4~>^I�5�9�@B>D;_42PR>^C�k�4~wa;=KU<LTSP=42@D;:9�@DKU4�CfV=<LC á
>A@B<Lr=Pa>A<LE�F=C�V=<U�_I�@B4�F�>A42CoV=42Co42�_EG@q>ACo<UF�>AI�@B<L42P=@HCÏV:9�F=C0Ku9Z;=7:9�CB4jM"9]>A@B<L524`4~>sKL96;=7=9�CH4f@H4�Fat�EG@H524�M,4�F�>
V�k�P=F.5PI�>HI�ª:KU4DCHEGK�42>gKL42Cc;_E�PR>A@B4�CgV=4^@H42FRt�EG@B5�4�M,4�F�>gV=4ZKlk¬9�Pa>A@H4]d:©aPR@cKL4�Csb=nGP=@H42C � dU� � J � d�Ãa�^CBEGF�>
@H42;=@HI2CH42FS>HI�42C'KL4�CZ<UCHE�Q]9�KL42P=@HC6V=4�C6V=I2;=Ku9�524�M,4�F�>AC6QG42@B>A<U5\9�POw�ª�KL9]>AI2@A9�Paw|4~>WVR4�C6V=<LCq>A@H<Ur=PR>H<LEGF=CZV=42C
5�E�FS>H@A9�<UF�>A4�C σxx

42> σxy
EGrR>A42FSP=Cj;:9]@`PRF=43M,EOV=I�KU<LCA9v>A<LE�FhM"<�wO>A4ZV=46Ku9'CB>H@HP=5~>AP=@B4W@H42FRt�EG@B5�I�4]d_�o4�C

V=<UCB>A@B<Lr=Pa>A<LE�F=CoCBEGF�>gCH<LM,<LKL9�<L@B4�C0J[5�42KLKL42CsEGrR>H4�FSP=42C`;=9�@cP=F=4^M,EaVRI�KL<UCA9]>H<LEGF"M[P=K?>A<L;R7:9�CH<UTSP=4j4~>g;=@HI á
CH42F�>AI�42CDCHPR@`KU4�Ccb:nGPR@H4�C � d « J � d?���[7=EG@BM"<UCc4�F�5243TSP=<�52EGF=5�42@HF=46KL4^Q�EG<LCB<LF:9�n�4^V=P�r�EG@HV{<LFat�I�@H<U4�P=@
V=4"Ku9X�2EGF=4h@B4�FRt�E�@H5�I24�d ÷ b:F}V�km<UKLKLPRCB>A@B4�@Z5�4�;_EG<UF�>\ª�EGF}9X@H4�;R@HI�CB4�F�>AIzCBP=@[KL9.b:n�P=@H4 � d�ÃGÃ»�
r � KL42C
V=<UCB>A@B<Lr=Pa>A<LE�F=CsV=42Cf4~��EG@q>AC`F=EG@BM�9�POwz@A9];=;_E�@B>AI2C`J,KU4�P=@BCgQ]9�KU4�P=@BCgM�9vwa<UM�9�KU4�CsV=9�F=CgK�k�<LF=52KLP=CB<LEGFzCB4
>A@BEGPRQ]9�F�>6J.Ãaª¬��M V=4'Klk¬9�wR4WV=4'CBpOM,I2>A@B<L4[VR4'Ku9hCB>H@HP=5~>AP=@B4';_E�P=@^Ku9�M,EOV=I�KU<LCA9v>A<LE�FXM,<?wO>A4]ª�4~>69�P
V=@BEG<U>cV�kmP=FR4652EGP=;�4^V=4ZKu9[�2EGF=4Z@H42FRt�EG@H52I�46J�Ãaª¬�[M V=P{ML#2M"4D9vwa4^V=4ZCBpOM"I~>A@B<L4^;�EGP=@cKu9[M,EOV=I�KU< á
CA9v>A<LE�F{rR<L;=7:9]CH<LTSP=4]d e 42Cf@BI�CBP=KU>A9]>ACgCHE�FS>fV=EGFRF=I�C`V:9�F=C`KL4Z5�9�CfE�­XKL9�Cq>A@BP=52>HP=@H464�Cq>jCBEGP=M,<LCH46J�P=F
587:9�@BnG4�M,4�F�>cQ�4�@B>H<L5�9�K�ªaKL4�Co@A9�<UV=4�P=@BCcJ[Ku9,»=4~wa<LEGFz4~>`9�Pz5�<UCA9�<UKLKU4�M,4�F�>oVR4�Cc<LFR5�KLPRCH<LE�F=CoI~>89�F�>g;=@B<LCH42C
4�F{5�E�M";R>H4,�
52EGFRb:nGPR@A9]>H<LEGF=C6�lÃ ÷ � 4~>3��Ã ¢ �B� d
e 42Cfb:nGPR@H4�C � d¬ÃGÃ{�
r � M"E�FS>H@H42FS>f;:9�@`4~wa42M";=KU4�ª:TSP=43Ku9�V=<LCq>A@H<Ur=PR>H<LEGF.V�k�42�_EG@B>fF=EG@BM�9]K�V:9�F=CfKL42C

<LFR5�KLPRCH<LE�F=CsV=EGFRF=I�46;:9�@cKU4^5\9�KU5�P=K�42FXM,EaVRI�KL<UCA9]>H<LEGF"M"<�wO>A4^4�Cq>g>AEGPR>`J[t
9�<?>gCH42M[r=Ku9]r=KL4^J'524�KLKU4^V=P
5\9]KL5�PRK*M[P=K?>A<U;=7:9�CB<LTSP=4�ªÄM,<LCfJh;:9�@q>D;=@BY�C^V=Pyr�EG@HVy<UFRt�I�@B<L42P=@fVR4[Ku9��2EGF=4[@B4�FRt�E�@H5�I24�ª�5]km42CB> á J á V=<L@B4
JWKlkm4¸wa>H@HI2M"<?>AI`<LFRt�I2@H<L42P=@H4`V=Pz;=<U4�Paw_ªOEG­zK�k�42�_EG@q>s93>H4�F=V=9�F=5�4DJWV=<LM,<LFSP=42@Ï>H@HY2Cot�EG@B>H4�M,4�F�>\ªSQGE�<L@H4jJ
C�km9�F=FSP=KU4�@§42F";�EG<LF�>H4sCH<:KlkmEGF'@H9±¿,F=4g5�EGFRCH<LVRI�@A9]r=KL42M"42FS>üKL4cM"9�<LKUKu9�nG4�V:9]F=C§5�4~>H>A4g�2EGF=4�d e 42C�b=nGP=@H42C
� d¬ÃGÃ��
5 � 4~> � d¬ÃGÃ��
V � @H42Ku9]>H<UQ�4�C�9�Paw'V=<LCq>A@H<Ur=PR>H<LEGF=C*@H4�CB;_4252>H<UQG42CoV�k�42�_EG@q>§>A@A9]F=587:9�F�>042>�V=4gM,EGM"42F�>
»:I2587=<LCBCA9�F�>3KLEG@BCHTSP=4�Ku9hCq>A@HPR52>APR@H4,4�CB>3CHE�P=M"<UCH4'@B4�CH;�4�5~>A<?QG4�M,4�F�>WJzP=F»587=9�@HnG42M"42F�>3KL9]>AI2@A9�K*42>3J
P=FX587:9�@Hn�4�M,4�F�>`V=43@B4�F�QG42@HCB4�M,4�F�>\ª_M"EGF�>H@H4�F�>`4�FX@H4~Q�9]F=587=4�ª�P=F=46r�EGF=F=4Z5�E�F=5�EG@BV:9�F=524342F�>A@H43KL42C
V=42Paw >½pO;�4�C'V=4"CH<UM[P=Ku9v>A<LE�F=C�d ( F}EGrRCH4�@qQG4z;:9]@W4~wa42M";=KU4�ª�TSP=4hV:9�FRCWKL42CWV=42Paw 5\9�C2ª*KL4,M,EGM"42F�>
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CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:11: 3

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal11

Increment no 1

Deplacement U

-.125234

-.0127106

 .0998128

 .212336

 .32486

 .437383

 .437383

 .549906

 .66243

 .774953

 .887477

 1.

CESAR-LCPC : PEG2D  Version 3.4.x

8/  2/2006     19: 9:33

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal11

Increment no 1

Contrainte Sxx

-105885.

 229273.

 564431.

 899589.

 1234750.

 1569900.

 1569900.

 1905060.

 2240220.

 2575380.

 2910540.

 3245690.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     17:49:50

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal11

Increment no 1

Deplacement U

-.124931

-.0124379

 .100055

 .212548

 .325041

 .437534

 .437534

 .550028

 .662521

 .775014

 .887507

 1.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     17:50:57

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal11

Increment no 1

Contrainte Sxx

-105887.

 227964.

 561815.

 895666.

 1229520.

 1563370.

 1563370.

 1897220.

 2231070.

 2564920.

 2898770.

 3232620.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     17:58:34

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal11

Increment no 1

Deplacement U

-1.

-.887478

-.774955

-.662432

-.54991

-.437388

-.437388

-.324865

-.212343

-.09982

 .0127025

 .125225

CESAR-LCPC : PEG2D  Version 3.4.x

8/  2/2006     19: 3:39

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal11

Increment no 1

Contrainte Sxx

-3229410.

-2895900.

-2562380.

-2228870.

-1895350.

-1561840.

-1561840.

-1228320.

-894806.

-561290.

-227775.

 105741.

8Û:9�B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ÙD9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�ø
ß!æZëZÜ6ï Û®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ßHÝ©Û�ï�ç�ì¬ëZæaÛ®Ü0ìºëèß
σ

x
x

8ÞA9�B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã�äV9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�ø
ß!æZëZÜ6ï Û®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ßHÝ©Û�ï�ç�ì¬ëZæaÛ®Ü0ìºëèß
σ

x
x

8ïD9�B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã1IN9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�ø
ß!æZëZÜ6ï Û®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ßHÝ©Û�ï�ç�ì¬ëZæaÛ®Ü0ìºëèß
σ

x
x
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CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:16: 6

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal22

Increment no 1

Deplacement V

 0.

 .1

 .2

 .3

 .4

 .5

 .5

 .6

 .7

 .8

 .9

 1.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:18: 9

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal22

Increment no 1

Contrainte Sxy

-2451.88

 36208.

 74867.9

 113528.

 152188.

 190848.

 190848.

 229507.

 268167.

 306827.

 345487.

 384147.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     17:52:14

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal22

Increment no 1

Deplacement V

 0.

 .1

 .2

 .3

 .4

 .5

 .5

 .6

 .7

 .8

 .9

 1.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     17:53:14

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal22

Increment no 1

Contrainte Sxy

-54161.

-13252.2

 27656.7

 68565.5

 109474.

 150383.

 150383.

 191292.

 232201.

 273110.

 314019.

 354927.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18: 1:42

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal22

Increment no 1

Deplacement total

 0.

 .1

 .2

 .3

 .4

 .5

 .5

 .6

 .7

 .8

 .9

 1.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18: 2:52

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal22

Increment no 1

Contrainte Sxy

-2067.6

 36596.

 75259.6

 113923.

 152587.

 191250.

 191250.

 229914.

 268578.

 307241.

 345905.

 384569.

8Û:9�B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ÙD9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�ð³ç�æZÜ_^ ç�ì¬ëaÛ®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ßHÝ©Û�ï�ç�ì¬ëZæaÛ®Ü0ìºëèß
σ

x
y

8ÞA9�B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã�äV9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�ð³ç�æZÜ_^ ç�ì¬ëaÛ®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ßHÝ©Û�ï�ç�ì¬ëZæaÛ®Ü0ìºëèß
σ

x
y

8ïD9�B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã1IN9

>ñ?<Mç�æZêÄñ�ß.í,ßHÝ©Û�îZëZæZõ³ï!ëZõ,æèß

@îèç ø3Û®Ý6ß!õ,æèî�í,ß�î�í,ñ!å,Ý©Û�ï�ß!êÄß!ì¬ëèî�ð³ç�æZÜ_^ ç�ì¬ëaÛ®õÌé

@îaç ø3Û®Ý6ß!õ,æèî�í,ßHÝ©Û�ï�ç�ì¬ëZæaÛ®Ü0ìºëèß
σ

x
y
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CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:19:33

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal33

Increment no 1

Deplacement U

-25.

-20.

-15.

-10.

-5.

 0.

 0.

 5.

 10.

 15.

 20.

 25.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18:20:49

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal33

Increment no 1

Contrainte Sxx

-82623600.

-67201100.

-51778600.

-36356200.

-20933700.

-5511190.

-5511190.

 9911300.

 25333800.

 40756300.

 56178700.

 71601200.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     17:55: 3

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal33

Increment no 1

Deplacement U

-25.

-20.

-15.

-10.

-5.

 0.

 0.

 5.

 10.

 15.

 20.

 25.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     17:56: 3

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal33

Increment no 1

Contrainte Sxx

-82815000.

-67334900.

-51854900.

-36374800.

-20894700.

-5414650.

-5414650.

 10065400.

 25545500.

 41025600.

 56505600.

 71985700.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18: 4: 0

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal33

Increment no 1

Deplacement U

-25.

-20.

-15.

-10.

-5.

 0.

 0.

 5.

 10.

 15.

 20.

 25.

CESAR-LCPC : PEG2D  Version 3.4.x

7/  2/2006     18: 5:20

L.C.P.C.-Paris
Module : MCNL
Etude : hes2
Calcul : cal33

Increment no 1

Contrainte Sxx

-83104000.

-67570500.

-52036900.

-36503400.

-20969800.

-5436290.

-5436290.

 10097300.

 25630800.

 41164400.

 56697900.

 72231400.
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8ïD9�B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã1IN9
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B�ç�ì=C³Þ3õ,æaÛ®ëZÜ6ç�ì 8ã1IN9
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(FxC2km42CB>�<LF�>HI�@H42CHCBIzV:9�F=C'524z587:9�;=<?>A@H4hJ�K�km9�;=;=KU<L5�9]>A<UEGF»VRPx5�EOV=4hV=4z5�9�KL52P=K0MWP=KU>H<L;=7:9]CH<LTSP=4�J
K�k�4�Cq>A<UM�9]>H<LEGFXV=4�Ku9h@H9�<LV=42P=@DCq>A@HPR52>APR@H4�KUKL4'V�k�P=F=4�t�EGF=V=9]>A<UEGFNCHPR@6@H9�V=<U4�@DV=4�;=<U4�PawyV:9�F=C^KU4'5\9�V=@B4
V�k�P=F5�EGM,;�EG@B>H4�M,4�F�>hI2Ku9�Cq>A<LTSP=4�KL<LFRI\9�<U@H4{V=4�CzV=<?��I2@H42FS>HCh5�E�F=CB>H<U>AP=9�F�>AC�dc�o42>H>H4�9�F:9�K?pOCH4NM,4�F=I24
V:9�FRCfV=<?��I2@H42FS>HCf5�9�C`V=43;R@H<LCB4342F�52EGM";a>A4ZEGP�FREGFXVR4�Cj@H9�<LVR4�P=@BCfJ�Ku9¡»:4¸wR<UEGF{42>j9�PX52<LCH9�<LKUKL4�M,4�F�>
V=42CW<LFR5�KLPRCH<LE�F=C^42>3;_E�P=@ZV=<U�_I�@B4�F�>ACZ>½pO;_42CWV=4,5�EGFRF=4�5~>A<LE�F ;=<U4�Pawá t�E�F=V:9]>H<LEGF�ª�F=EGP=C39{;�4�@BM"<UCZV=4
>A<U@H42@cV=4�Pawz5�EGF=52KLP=CB<LEGFRC`42CHCB4�F�>A<U4�KLKU4�CZ¨

•
e42Cf@H9�<LVR4�P=@BCfJ�Ku9�»:4¸wa<LEGF{42>j9�P{5�<LCH9�<LKUKL42M"42FS>oV=4�Cf<LF=52KLP=CB<LEGFRC!BEGP=4�F�>fP=F{@�IGKU46FRI�nGKU<LnG4�9�r=KL4

V:9�FRC^KL4[5�9�CDV�k�P=F�587:9�@BnG4�M,4�F�>Z;=P=@B4�M,4�F�>^QG42@B>H<L5\9]K�d��o42;_42F=V:9�F�>�ª�4�KUKL4�C !BEGP=4�F�>ZP=Fy@$IGKL4W;=@HI2;_EGFá
V=I2@A9�F�>gQO<LCá Já QO<UCsV�k�P=F�587:9]@HnG42M"42FS>`KL9]>AI2@A9�K_EGPXV�kmP=F{587:9�@BnG4�M,4�F�>`V=4Z@H42F�QG4�@BCH42M"42FS>�d

•
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CB>H@HP=5~>AP=@B4�C§V=405\9�@H9�52>HI�@B<LCB>H<LTSP=42C*nGI2EGM"I~>A@B<LTSP=4�C�42>*M"I25\9�F=<UTSP=4�CüVR<U�_I�@H42F�>A4�Cs�\¤f9�CHCB4�F�42>*V=4¢ PR7:9�F
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CHPR5�5�Y2C^;:9�@B5�4WTSP�k�4�KUKL43C�k�4�CB>D@HI2Q�I�KUI�4[<UM";�EGCHCB<Lr=KU4Z;_EGPR@f524W>½pO;_4[VR4WCB>H@HP=5~>AP=@B4�d tF=4[52EGM,;:9�@A9]<LCHE�F
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CESAR-LCPC : PEG2D  Version 3.4.x

1/  3/2006     22:51:32

L.C.P.C.-Paris
Module : MCNL
Etude : ad2
Calcul : calcu

Increment no 1

Contrainte Szz

 0.

 .0002707

 .0005414

 .0008121

 .0010828

 .0013535

 .0013535

 .0016242

 .0018949

 .0021656

 .0024363

 .002707

CESAR-LCPC : PEG2D  Version 3.4.x

1/  3/2006     22:50: 0

L.C.P.C.-Paris
Module : MCNL
Etude : ad2
Calcul : calcu

Increment no 1

POINTS PLASTIQUES
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CESAR-LCPC : PEG2D  Version 3.4.x

28/  2/2006     15:31:17

L.C.P.C.-Paris
Module : MCNL
Etude : ad2
Calcul : calcu

Increment no 1

Contrainte Szz

 0.

 .0002731

 .0005462

 .0008193

 .0090 rotate 100 -600 translate


newpath 120 520 moveto 450 520 lineto 450 70 lineto 120 70 lineto clip
10924

 .0013655

 .0013655

 .0016386

 .0019117

 .0021848

 .0024579

 .002731

CESAR-LCPC : PEG2D  Version 3.4.x

1/  3/2006     22:53:49

L.C.P.C.-Paris
Module : MCNL
Etude : ad2
Calcul : calcu

Increment no 1

POINTS PLASTIQUES
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CESAR-LCPC : PEG2D  Version 3.4.x

1/  3/2006     15:15:34

L.C.P.C.-Paris
Module : MCNL
Etude : ad2
Calcul : calcu

Increment no 1

Contrainte Szz

 0.

 .0166688

 .0333376

 .0500064

 .0666752

 .083344

 .083344

 .100013
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 .150019

 .166688
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L.C.P.C.-Paris
Module : MCNL
Etude : Talu3
Calcul : calcu

Increment no 1

DESSIN DE LA DEFORMEE

maillage initial maillage deforme

echelle 100000.
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L.C.P.C.-Paris
Module : MCNL
Etude : Talu3
Calcul : NR

Increment no 1

Contrainte Szz
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E
m1
∼=

E
1

=
5 ¡I�Ü,

ν
m1
∼=

ν
1

=
0,3,

C
m1
∼=

C
1

=
5 ¤ �Ü

úA@$ò ²b�r�ü
ß-är`�×�â�Ü�Ý(är`�Ý"Þ�ØëådäKâ?â?Ø7í>Ø0Õ>

E
m2
∼=

E
2

=
100 ¡I�Ü,

ν
m2
∼=

ν
2

=
0,3,

C
m2
∼=

C
2

=
100 ¤ �Ü

úA@>ò ²b�>²ü
ß-är`�×�â�Ü�Ý(är`�Ý"Þ�Øë×�ÜKÔ1Ú�ØKò
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L.C.P.C.-Paris
Module : MCNL
Etude : Talu3
Calcul : calSF

Increment no 1

Contrainte Szz

 0.

 .0180982

 .0361964

 .0542946

 .0723928

 .090491

 .090491

 .108589

 .126687

 .144786

 .162884

 .180982

N�POO}p�h{��r���`�����_�`¨��S�t�S�Ù§��h{��ë�_��|C�h}d�S�:�h����|RQ7�p�
N®'O~BSb�_�2�i�S���K|Q���"�����
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L.C.P.C.-Paris
Module : MCNL
Etude : Talu3
Calcul : calcu

Increment no 1

Contrainte Szz

 0.

 .0027138

 .0054276

 .0081414

 .0108552

 .013569

 .013569

 .0162828

 .0189966

 .0217104

 .0244242

 .027138
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L.C.P.C.-Paris
Module : MCNL
Etude : Talu3
Calcul : RR

Increment no 1

DESSIN DE LA DEFORMEE

maillage initial maillage deforme

echelle .2

N�PO}p�h{��r�t�`�5���_�`¨��S���S�Ù§��h{��ë�_��|C�h}d�S�:�h����|RQT�p�
N®'O~hSb�_�2�W�S�ï�7|Q���"�����
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ß-Ø_ÑSÕ�Ø7ò
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L.C.P.C.-Paris
Module : MCNL
Etude : Talu3
Calcul : renf

Increment no 1

Contrainte Sxx

-.005924

-.0046805

-.003437

-.0021935

-.00095

 .0002935

 .0002935

 .001537

 .0027805

 .004024

 .0052675

 .006511

CESAR-LCPC : PEG2D  Version 3.4.x
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L.C.P.C.-Paris
Module : MCNL
Etude : Talu3
Calcul : renf2

Increment no 1

POINTS PLASTIQUES

N�POO���_�`¨5�����Ù¨K����}p��|C�h}5�S�:�h����|RQ7�p�
N®'OÌ���h|Q}T�����S�:�h����|RQT�p�"�����h�p����r��h{���}p�h{��ë�_�

CESAR-LCPC : PEG2D  Version 3.4.x
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L.C.P.C.-Paris
Module : MCNL
Etude : Talu3
Calcul : renf

Increment no 1

Contrainte Sxy

-.000343

-.0001195

 .000104

 .0003275

 .000551

 .0007745

 .0007745

 .000998

 .0012215

 .001445

 .0016685

 .001892

CESAR-LCPC : PEG2D  Version 3.4.x
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L.C.P.C.-Paris
Module : MCNL
Etude : Talu3
Calcul : renf

Increment no 1

POINTS PLASTIQUES

N~¹OO���_�`¨5�S��~"�h�S{�®S�S{��t�S�:�h����|RQ7�p�
N�TOÌ�$�h|Q}7�����S�:�h����|RQ7�p�"�����h�p���r�h�r��}T�½sb�"~BSS|C�����_}7�
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ÄdÅ�¾

¿ËgÈNÏ��_Î
��Ð(ËgÈ

þ�ÑëÜKâ?ñ`äK×ÙÔ1ÕÙÞ�åiØOÚ�Øß$â�ÜKÒ�Õ�Ô?Ý(Ô1ÕÙÖÌÔ?åiß�â1Ô?Ý_Ô:Õ�ØBÜKß�ß$â?Ô?éo`�ÖÜ/`>û2Ò�Õ�×h`�Ý(Õd`�×ÙØ(ÒOå�`$â1Õ�Ô1ß�Þ�ÜKÒàÔ?éo`�Ø(Ò_í0ø�ÜKÒÙÖ�Òh`�×M`�Ñ
Ú�Ö(Ý_är`�ß�ÜKñ`Ø4Ú5`dÕ�×ÙÜ.ùàØ(Õ<Ú�Ø�Ý"Þ�ÜK×àñ`Ø_åiØ_ÑSÕ<Ø_Ñ}`$ÑjÝ_Ø(×àÕ"Ü7Ô?ÑiÑ�ä`å�ø�×àØêÚ$Øêß�Ü7Ò_íbágâÓýÔ1ÑpÕÙÖ_×àÔ?Ø�`$×Ú�Ø_Òàé"`$Ø_â?Ò�`�Ñ
ÝhÜ7â?Ý�`$âDÔ1ÕÙÖ_×ÙÜ7Õ�Ô:ã�ß�ÜK×ïß$×ÙäTùàØ(Ý(Õ�Ô1ä`Ñ�ÒïÒh`�×�â?Ø(ÒïÝ_×àÔ1ÕÙè_×ÙØ(Ò�×ÙØ(ÒÙß-Ø_Ý(ÕÙÔ1ã�ÒïÚ$Ø_Ò�Ú�Ô:ìDÖ(×ÙØ_ÑSÕÙØ_Òtß�Þ�ÜKÒàØ_Ò�Ø(ÒàÕtØ(ìZØ_Ý0Õ�`�Ö7í
Ü¹Ö0Õ�ÖWß$×ÙÖ_ÒàØ_ÑSÕ�Ö7ò �ÜNådÔ1ÒÙØiØ_Ñî�`5ab×ÙØdÑ"`$ådÖ(×ÙÔ?éo`�ØdÚ�ÜKÑ�Ò�â?ØiÝhÜKÚ�×àØWÚ�Ødâ�ÜNådÖ0Õ�Þ�äbÚ�ØWÚ$Ø_Ò�Ö(â?Ö(ådØ(ÑpÕÙÒ
æ�Ñ�Ô1ÒØ_Ò�Õ�Ø_Ñ�Òh`�Ô1ÕÙØ�Ú$Ö�a`Ø(â?ä`ß$ßZÖ(ØKípÜKø-är`$ÕÙÔ?ÒÙÒÙÜKÑSÕ�áf`�ÑiÝ_äbÚ�Ø�Ú�Ø�ÝhÜ7â?Ý�`$â�Ú�Ø_Ò�Ò�Õ�×d`$Ý(Õ�`$×ÙØ_Ò�å�`�â:Õ�Ô1ß�Þ�ÜKÒàÔ?éo`�Ø_Ò
Ú�ÜKÑ$Ò�â1Ø�ÝhÜKÚ$×ÙØ�Ú+Ó�`�ÑiÝ_ä`åißZäK×àÕ�Ø(ådØ(ÑSÕ�Ö_â�Ü7ÒàÕ�äKß�â�ÜKÒ�Õ�Ô1é"`$ØïÚZ`iÒÙä`â�Ø0Õ�Ú�Ø_Ò�Ô?Ñ$Ý_â�`$ÒÙÔ?äKÑ�ÒÚ�Øt×ÙØ(Ñ$ã�ä`×àÝ_Ø_åiØ_ÑSÕ_ò
D Ø0Õ4ä/`$Õ�Ô1â�Ñ"`$ådÖ(×ÙÔ?éo`�ØrØ(ÒàÕf`>Õ�Ô?â1Ô?ÒàÖ3ß�ÜK×�â�Ü�Òd`$Ô1Õ�Ørß-är`�×�â?Ø2Ý_ÜKâ?Ý�`�âVÚZ`ÛÝ(ä`åißZä`×�Õ�Ø(ådØ(ÑpÕ�Ö(â�ÜKÒ�Õ�ä`ß�â?ÜKÒ�ç

Õ�Ô1éo`�ØrÚ�ØrÚ�Ø�`>ûªØ0û>Ø_åiß�â?Ø(Ò�Õ�÷>ß$Ô?éo`�Ø_Ò�Ú+Ó¤är`5ab×�Ü7ñ`Ø_Ò�×ÙØ(Ñ$ã�ä`×ÙÝ(Ö_Òtß�ÜK×tÔ1Ñ�Ý_âp`�ÒÙÔ1ä`Ñ�Òï×àÔ?ñ`Ô1Ú�Ø_Ò>

•
D ÜKâ?Ý�`�âÚ+Ó�`�Ñ�Øiã�ä`Ñ�Ú�Ü7ÕÙÔ?ä`ÑaÒd`$×�×�Ü7Ú�Ô?Ø(×ëÚ$Ødß�Ô1Ø�`>ûZò óÓÜKÑ�ÜKâ1÷bÒÙØiÖ_â?ÜKÒàÕÙä`ß�â?ÜKÒàÕÙÔ?éo`�Ø�ÚZ`mÝ(ä`åißZä`×�Õ�Ø&ç
ådØ(ÑSÕ�ñ`â1ä`ø�ÜKâ�Ú+Ó�`�Ñ�Øiã�ä`Ñ�Ú�ÜTÕ�Ô?äKÑoÒÙä/`�Ò�Ý"Þ�Ü7×Ùñ`Ø(ådØ(ÑpÕ�Ý_ä`å�ø$Ô?Ñ�ÖiØ_Ò�Õ�åiØ_Ñ�Ö(ØWÚ�ÜKÑ$Ò�â?ØiÝhÜKÒgä`ÿmâ?Ü
ÒàÕÙ×d`�Ý0Õ�`�×àØªØ_ÒàÕ5Ñ$ä`Ñ×ÙØ(Ñ$ã�ä`×ÙÝ(Ö_ØªÚ�Ü7Ñ�Ò�`�Ñöß�×ÙØ(ådÔ1Ø_×ëÕ�Ø_åiß�Ò(íÌåiä`ÑSÕ�×�Ü7ÑpÕ�â�Ü¹Ñ�Ö(Ý_Ø(ÒÙÒÙÔ:Õ�ÖMÚ�ØjâÓýØ(å5ç
ß�â?äKÔ-Ú$Ø3×ÙØ(Ñ$ã�ä`×ÙÝ(Ø_åiØ_ÑSÕ�Ò(ò óØ3Ý(ä`ådß-ä`×�Õ�Ø_åiØ_ÑSÕ<Ú�Ø3â?ÜgÒàÕÙ×d`�Ý0Õ�`�×àØ2×ÙØ(Ñ$ã�ä`×ÙÝ(Ö_Ø3Ø(ÒàÕ�Ú�ÜKÑ�Ò7`�ÑWÒÙØ_Ý(ä`Ñ�Ú
Õ�Ø(ådß�Ò�ÒàÔ?å�`�â1Ö�Ú�ÜKÑ�Ò�â?ØtÝ_ÜKÒ<äKÿdâ1Ø_Ò�Ø(ìZØ(Õ�Ò�Ú�Ø���Ø0û>Ô1ä`ÑdØ0Õ¦Ú$ØêÝ(Ô?Ò�Ü7Ô?â?â1Ø_åiØ_ÑSÕÒàä`ÑSÕ¦ß�×àÔ?Ò�Ø_ÑdÝ_ä`åiß$ÕÙØ
är`XÑ�äKÑ+íDåiä`ÑSÕ�×ÙÜKÑSÕ2éo`�Ø�â?ØgÝ"Þ�ÜK×ÙñKØ_åiØ_ÑSÕ2Ú�Ø�Ú�Ô1ådØ(Ñ�ÒÙÔ1ä`Ñ�Ñ�Ø(ådØ(ÑSÕ3Ú�Ø�â?ÜWÒàÕÙ×d`�Ý0Õ�`�×àØ�Ø_Ò�Õ3Õ�är`>Õrá
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