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∂(  � ) �
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 ) ∧ 	 �
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,

��=X���
ε
��
{�$N�O����%/�Nv�"��

. mon L n p r
�?��$+�������$ j �

i+1/2,j,k

��� j f
i+1/2,j,k

%/�����
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Fd31 Fd32 Fd33
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Fd51 Fd52 Fd53
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3v,y − 2

3w,z) µ̄(u,y + v,x) µ̄(u,z + w,x)
µ̄(u,y + v,x) µ̄(−2
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3w,z) µ̄(v,z + w,y)
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k̄T,x k̄T,y k̄T,z

+Fd21u+ Fd22v + Fd23w +Fd31u+ Fd32v + Fd33w +Fd41u+ Fd42v + Fd43w
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∮
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x
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Fdi,j,k ·
8

i+ 1

2
,j,k + Fdi+1,j,k ·

8
i+ 1

2
,j,k

2
. mon L n �Xr

gZ� �'`���%&���P�Q��%/�!$% ��� $�����!��%/3����'��
U35�u��%&$��
����%&$�����%&�'� ��� �!��"	��%�
O�!$�%jh<��=X���4WF
��'��%&�����$I��='��3/�!��$:����"
�����P��
��$U����$Z����3/3/��3&��$Z���V���'��:H�I�O�'%/�P�$ m 
��$��?L!6���%/�Z�O�'%/�P�$ rN���'��
Z���R��
�'`�3&{����V��
�%&��%/�����!$�%&�'���!��3 m 
��$��?L`�%&��%/�����!$�%&�'���!��3�rS���'� ���Q�'�+�O�����S3&�U=X�'%/
Y$���
N35�4v!WF��
� n L B ���'��
S3&�:�H�'$S`�%&��%/�����!$�%&�'���!��3iL



B n

(i, j)
(i−1, j)

(i, j+1/2)

(i, j+1)

(i+1, j)

(i, j−1)

Volume de discrétisation

Centres d’interfaces où les grandeurs sont extrapolées

Centres de cellules

(i, j−1/2)

(i−1/2, j) (i+1/2, j)
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Centres de cellules pour le calcul de Fd i

(i, j+1)

(i+2, j)

(i+1, j−1)

(i+1, j+1)

(i−1, j) (i, j) (i+1, j)

(i, j−1)

Centres de cellules pour le calcul de Fd i+1
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∮
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εσ.ã � x6')] ')/ %$�(��	/W2/�!1���0#
X̃ �

"$/�!=*�' -�!�/$/�!?�6')/�%$��#��(!=���0#���!(�7%$!�/���	+,��(�S=�'��+"$*�	 D "�!(� k

X̃ � =
ρ � X � + ρ � X �
ρ � + ρ � ,

�G')"$#
X ∈ {u, v, w,E}. mon L ��B r

9O'�	+,
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2
,j,k

− 1
2((

√
k)i,j,k + (

√
k)i−1,j,k)S

x
i− 1

2
,j,k

+1
2((

√
k)i,j+1,k + (

√
k)i,j,k)S

x
i,j+ 1

2
,k
− 1

2((
√
k)i,j,k + (

√
k)i,j−1,k)S

x
i,j− 1

2
,k

+1
2((

√
k)i,j,k+1 + (

√
k)i,j,k)S

x
i,j,k+ 1

2

− 1
2((

√
k)i,j,k + (

√
k)i,j,k−1)S

x
i,j,k− 1

2
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y
!�,
z
L



B �

�<!?,�!�#-*�!
E

!(�-,S�P���&��"����?���0#��9�&#�!
�9�0,�	�')/R# �0�$�6!
���(! 	&�
	 k
E = 2

µµ *
ρ

(∇ (∇ �
))

LLL
(∇ (∇ �

)) = 2
µµ *
ρ

(

∂2ui

∂xk∂xj
· ∂2ui

∂xk∂xj

)

. mon L � �Xr
�Q�JhL')#-*4"���!?%$��=�!
��')�$�G�(!4!(�-, k

E = 2
µµ *
ρ





u2
,xx + u2

,xy + u2
,xz + u2

,yx + u2
,yy + u2

,yz + u2
,zx + u2

,zy + u2
,zz

+v2
,xx + v2

,xy + v2
,xz + v2

,yx + v2
,yy + v2

,yz + v2
,zx + v2

,zy + v2
,zz

+w2
,xx + w2

,xy + w2
,xz + w2

,yx + w2
,yy + w2

,yz + w2
,zx + w2

,zy + w2
,zz



 . mon L B�� r

. �
#�!(�-,�! ,�!CB��$#�	+*�!�# �9�N% 	����#���,�	�� �0,�	�')/1%$!(�S%$��#�	/=��(!(�W%��')#�%�#�! n g,xy, g ∈ {u, v, w}, (x, y) ∈ {x, y, z}2 L
�8'),�')/�� D "� "$/�!:hL'�	��7% 	�����#���,�	����(!(�Hx���!(��#�!
�9�0,�	�')/��E%$!Q9������X�0# :&/�!?��')/
,N���+"��7�-,-#�	&��,�!�*�!�/
,Z=���#�	jv��(!(� k

∂

∂xk
(
∂ui

∂xj
) 6= ∂

∂xj
(
∂ui

∂xk
). mon L B p r

gE/Y%$')/$/�! 	&�
	 ���!CB��$#�!(����	�')/Y%$! �9�H% 	����#���,�	�� �0,�	�')/3%$! �9�I%$��#�	/=��(!�%��')#�%�#�! n %$! �9�RW2# �0/�%$!�"$#
g

���0#
# �0�$�6')#-, ,��9�4=2�0#�	9��`���!=%��!(�-���'�(!

y
�$"�	��

x m ')/I''`$,�	�!�/
,N%$!(�<hF')#-*."���!(�7� 	+*�	��9��	+#�!(���G')"$#@,�')"$,�!(� ��!(�7�0"$,-#�!(�
�(')*Q`�	+/���	�� ')/��E%��0/�� ���!�/�� !�*Q`���! {x, y, z}2 r k

(g,xy)i,j,k = ((g,y),x)i,j,k =
1

Vi,j,k









(g,y)i+ 1

2
,j,kS

x
i+ 1

2
,j,k

− (g,y)i− 1

2
,j,kS

x
i− 1

2
,j,k

+(g,y)i,j+ 1

2
,kS

x
i,j+ 1

2
,k
− (g,y)i,j− 1

2
,kS

x
i,j− 1

2
,k

+(g,y)i,j,k+ 1

2

Sx
i,j,k+ 1

2

− (g,y)i,j,k− 1

2

Sx
i,j,k− 1

2









,

=
1

Vi,j,k











(g,y)i+1,j,k+(g,y)i,j,k

2 Sx
i+ 1

2
,j,k

− (g,y)i,j,k+(g,y)i−1,j,k

2 Sx
i− 1

2
,j,k

+
(g,y)i,j+1,k+(g,y)i,j,k

2 Sx
i,j+ 1

2
,k
− (g,y)i,j,k+(g,y)i,j−1,k

2 Sx
i,j− 1

2
,k

+
(g,y)i,j,k+1+(g,y)i,j,k

2 Sx
i,j,k+ 1

2

− (g,y)i,j,k+(g,y)i,j,k−1

2 Sx
i,j,k− 1

2











.

mon L B n r� /�')"�=�!P�0"?x 	��<h��0"$,&��=2���+"�!�#�%$!(�1%$��#�	/=��(!(�K%$!dW2# �0/�%$!�"$#��K���0#1# �0�$�G')#-,��0"�B5% 	+#�!���,�	�')/��������0,�	9����!(�Hx
�(!�,-,�!0hL'�	��f] �
	@�0"�B>�(!�/
,-#�!(�1%$!u�(!
���+"���!(�1�)%�e��'�(!�/
,�!(� , �9�	�(!
���+"���!0�(')"$# �0/;,�!

(i, j, k)
x���'�	+,&!�/ ��!(�4�(!
���+"���!(�

(i + 1, j, k)
x
(i − 1, j, k)

x
(i, j + 1, k)

x
(i, j − 1, k)

x
(i, j, k + 1)

x
(i, j, k − 1)

L[gE/Y''`$,�	�!�/
,A��	+/���	 �9�
% 	����#���,�	�� �0,�	�')/ %$! �9�A%$��#�	/=��(!&%��')#�%�#�! n %$!

g
���0#E# �0�$�6')#-, , �9�0=)�0#�	9��`���!

y
�$"�	��

x
x�!�/V,�!�/��0/
,:�(')*K�$,�!

%$!(�?��	+*K����	jv2�P�0,�	�')/��4%�" ,�-O�G! 	+/;,���W2# �0,�	�')/5%�">=�!���,�!�"$#4�-"$#fhF�'�(!K�
����*�!�/;, ��	+#�!A�-"$# �9����"$#fhF�'�(!4hF!�#-*��(!K%�"
=�'��+"$*�!?%$!I�(')/;,-#0/���! r k

(g,xy)i,j,k = ((g,y),x)i,j,k =
1

Vi,j,k





























λxy,i,j,kgi,j,k + λxy,i+2,j,kgi+2,j,k + λxy,i−2,j,kgi−2,j,k

+ λxy,i,j+2,kgi,j+2,k + λxy,i,j−2,kgi,j−2,k

+ λxy,i,j,k+2gi,j,k+2 + λxy,i,j,k−2gi,j,k−2

+ λxy,i+1,j+1,kgi+1,j+1,k + λxy,i+1,j−1,kgi+1,j−1,k

+ λxy,i+1,j,k+1gi+1,j,k+1 + λxy,i+1,j,k−1gi+1,j,k−1

+ λxy,i−1,j+1,kgi−1,j+1,k + λxy,i−1,j−1,kgi−1,j−1,k

+ λxy,i−1,j,k+1gi−1,j,k+1 + λxy,i−1,j,k−1gi−1,j,k−1

+ λxy,i,j+1,k+1gi,j+1,k+1 + λxy,i,j+1,k−1gi,j+1,k−1

+ λxy,i,j−1,k+1gi,j−1,k+1 + λxy,i,j−1,k−1gi,j−1,k−1





























,
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k
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λxy,i = −











Sx
i+ 1

2

Sy

i+ 1

2

Vi+1
+
Sx

j+ 1

2

Sy

j+ 1

2

Vj+1
+
Sx

k+ 1

2

Sy

k+ 1

2

Vk+1

+
Sx

i− 1

2

Sy

i− 1

2

Vi−1
+
Sx

j− 1

2

Sy

j− 1

2

Vj−1
+
Sx

k− 1

2

Sy

k− 1

2

Vk−1











,

λxy,i+2,j,k =
Sx

i+ 1

2

Sy

i+ 3

2

Vi+1
,

λxy,i−2,j,k =
Sx

i− 1

2

Sy

i− 3

2

Vi−1
,

λxy,i,j+2,k =
Sx

j+ 1

2

Sy

j+ 3

2

Vj+1
,

λxy,i,j−2,k =
Sx

j− 1

2

Sy

j− 3

2

Vj−1
,

λxy,i,j,k+2 =
Sx

k+ 1

2

Sy

k+ 3

2

Vk+1
,

λxy,i,j,k−2 =
Sx

k− 1

2

Sy

k− 3

2

Vk−1
,

λxy,i+1,j+1,k =
Sx

i+ 1

2

Sy

i+1,j+ 1

2

Vi+1
+
Sx

j+ 1

2

Sy

i+ 1

2
,j+1

Vj+1
,

λxy,i+1,j−1,k = −
Sx

i+ 1

2

Sy

i+1,j− 1

2

Vi+1
−
Sx

j− 1

2

Sy

i+ 1

2
,j−1

Vj−1
,

λxy,i+1,j,k+1 =
Sx

i+ 1

2

Sy

i+1,k+ 1

2

Vi+1
+
Sx

k+ 1

2

Sy

i+ 1

2
,k+1

Vk+1
,

λxy,i+1,j,k−1 = −
Sx

i+ 1

2

Sy

i+1,k− 1

2

Vi+1
−
Sx

k− 1

2

Sy

i+ 1

2
,k−1

Vk−1
,

λxy,i−1,j+1,k =
Sx

i− 1

2

Sy

i−1,j+ 1

2

Vi−1
+
Sx

j+ 1

2

Sy

i− 1

2
,j+1

Vj+1
,

λxy,i−1,j−1,k = −
Sx

i− 1

2

Sy

i−1,j− 1

2

Vi−1
−
Sx

j− 1

2

Sy

i− 1

2
,j−1

Vj−1
,

λxy,i−1,j,k+1 =
Sx

i− 1

2

Sy

i−1,k+ 1

2

Vi−1
+
Sx

k+ 1

2

Sy

i− 1

2
,k+1

Vk+1
,

λxy,i−1,j,k−1 = −
Sx

i− 1

2

Sy

i−1,k− 1

2

Vi−1
−
Sx

k− 1

2

Sy

i− 1

2
,k−1

Vk−1
,

λxy,i,j+1,k+1 =
Sx

j+ 1

2

Sy

j+1,k+ 1

2

Vj+1
+
Sx

k+ 1

2

Sy

j+ 1

2
,k+1

Vk+1
,

λxy,i,j+1,k−1 = −
Sx

j+ 1

2

Sy

j+1,k− 1

2

Vj+1
−
Sx

k− 1

2

Sy

j+ 1

2
,k−1

Vk−1
,

λxy,i,j−1,k+1 =
Sx

j− 1

2

Sy

j−1,k+ 1

2

Vj−1
+
Sx

k+ 1

2

Sy

j− 1

2
,k+1

Vk+1
,

λxy,i,j−1,k−1 = −
Sx

j− 1

2

Sy

j−1,k− 1

2

Vj−1
−
Sx

k− 1

2

Sy

j− 1

2
,k−1

Vk−1
.

mon L BFB r
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ρ � = ρ0

!�,
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, ��!(�E#�!
�9�0,�	�')/��U�P�0# �'��,���#�	��-,�	 D "�!(�=����!��
� 	+,�!(����!R!�/;,-# �0/
,�! r !�,�%$!(�A#�!
�9�0,�	�')/��+�P�0# �'��,���#�	���,�	 D "�!(��"$,�	���	�� ��`���!(� m D "�	^�(')#-#�!(���G')/�%$!�/;,�0"�B #�!
�9�0,�	�')/��
�P�0# �'��,���#�	��-,�	 D "�!(�E����!���� 	+,�!(����!=��')#-, �0/;,�! r#L
��������� 	5�&� 	���
 ��!������
sW')"$# �(!�,-,�!u�(')/�% 	+,�	�')/J�0"�B ��	+*�	+,�!(�HxW')/["$,�	���	�� !A,�')"$,�!(� ��!(�&#�!
�9�0,�	�')/��J�P�0# �'��,���#�	��-,�	 D "�!(�K�)��� '��
	��(!(� ,

%$!(�b% 	+#�!���,�	�')/��<�P�0# �'��,���#�	��-,�	 D "�!(����')#-, �0/;,�!(�b�6')"$#b#�!
��	�!�#
w �

,
w0

!�, ��!(�[�P�0# �'��,���#�	���,�	 D "�!(�X!�/
,-# �0/;,�!(�Z�6')"$#
#�!
��	�!�#

w �
,
w∞
x �����, �0, , �� 	+/�v�/�	iL2|=�0/�� ��!I�P�)�N%$!(�N*�';%�{
��!(�

k
]
ε
x���!(�N%$!�"�B��2�0#�	9��`���!(�N,-"$#�`$"���!�/;,�!(�

k
!�,

ε
� ')/
,7!CB�,-# �0�G'����(!(�HL
��������� ��	��&������ 	�� �0� 	'�'����� �
� � � �0�&����
 ����� � �&�� � ������� ��V� 	���� � ���&� � �2	�� � � ��>��	��%���

� ���&� � �'� ����
���� ��� ���&� � �
��/ ����� D "�!��6'�	+/
,.%$!��9��h:#�')/;,�	&{�#�!

M �
x��9��$#�!(����	�')/ �-, �0,�	 D "�!

p �
!(�-, 	+*K�6'2���(!FL<�<!(� D "��0,-#�! �0"$,-#�!(�

�2�0#�	9��`���!(�8%$�#v�/�	�� � �0/
, ������(')"���!�*�!�/;,=*�'.-�!�/ ��')/
,=%$��,�!�#-*�	+/��(!(�1, �� ��	�%$!1%$!(� D "��0,-#�!4#�!
�9�0,�	�')/��:�P�0# �'��,��#]
#�	��-,�	 D "�!(�7% 	����#{�,�!(�N"$,�	���	�� ��`���!(�HLMgE/I''`$,�	�!�/;,8��	+/���	 k



























p � = p � `�� ,
ρ � = ρ0 +

p � ��� −p0

(a2)0
,

U � � = U0
n +

p � ��� −p0

(ρa)0
,

U *�� � = U0* 1,
U *�� � = U0* 2.

mon L 2Fn r

�O'�	+,���!=� -��-,{�*�!=%��� D "��0,�	�')/��N%$!��2�0#�	9��`���!(�7�$#�	+*�	+,�	���!(�E%��0/�� ��!=#�!��O{�#�!I�P�0#-,��(��	�!�/
(x, y, z) k































ρ � = ρ0 +
p � ��� −p0

(a2)0
= ρ0 +

p � ��� −p0

γp0
ρ0,

u � = u0 +
p � ��� −p0

(ρa)0
nx = u0 +

p � ��� −p0√
γp0ρ0

nx,

v � = v0 +
p � ��� −p0

(ρa)0
ny = v0 +

p � ��� −p0√
γp0ρ0

ny,

w � = w0 +
p � ��� −p0

(ρa)0
nz = w0 +

p � ��� −p0√
γp0ρ0

nz,

p � = p � `�� ,

mon L 2 � r

����!��  = (nx, ny, nz)
+ L|=�0/�� ��!I�P�)�N%$!(��*�';%�{
��!(�

k
]
ε
x���!(�7%$!�"�B �2�0#�	9��`���!(�7,-"$#�`$"���!�/
,�!(�

k
!�,
ε

� ')/
,N!CB�,-# �0�G'����(!(� k
k � = k0

!�,
ε̃ � = ε̃0. mon L 2 B r



2 �

��������� ��	��&������ 	�� �����'	����&�'� � � � �T������
���� � � ������ �����&�#7� ��� � ��" ������� �
��/ "$/ �G'�	+/;,

M �
%� "$/�!	hL#�')/
,�	&{�#�!>%� 	+/'ee!���,�	�')/ �-"�`�� ')/�	 D "�!Fx��G')"$# ������(')"���!�*�!�/
,*�' -�!�/?x 	��Yh��0"$,

	+*K�6'2��!�# D "��0,-#�!+�(')/�% 	+,�	�')/�� �0"�B ��	+*�	+,�!(�HL��Q�>% 	+#�!���,�	�')/J%$! ������(')"���!�*�!�/;,A*�' -�!�/J%$��,�!�#-*�	+/��(!���0#��9�
%$')/$/��(!D%�" ��!���,�!�"$#X"$/�	+, ��	+#�!��

�
x �9�.�$#�!(����	�')/�%� �0#-#�4�,

p � �
!�, ���!�/
, �����+��	�!?%� �0#-#�4�,

h � �
��')/
, 	+*K�6'2���(!(�HLO�Q�

%$��,�!�#-*�	+/��0,�	�')/H%$! ������(')"���!�*�!�/;,8!(��,S�(')*K������,��(!, �� ��	�%$!?%$! �9�1��!�"���!D#�!
�9�0,�	�')/K�P�0# �'��,���#�	���,�	 D "�!4% 	����#{�,�!
, � 	+,�!(����!=��')#-, �0/;,�! k

p � + (ρa)0U � (
�
� ·  ) = p0 + (ρa)0U0(

�
� ·  ), mon L 232 r

����!�� �
� = U �

�
�
��	+,�!(� ��! D "�	<!(��,7%$')/!�=���0# �����&{
��!4�0" ��!���,�!�"$#N"$/�	+, ��	+#�! 	+*K�G'2� ���

�
L

gE/I"$,�	���	�� ! �9�&*���, ��';%$!.%$! �E! ��,�')/R�G')"$#7%$��,�!�#-*�	+/�!�# ��!(� 	+/!�(')/$/
"�!(�
p �

!�,
U �
L2gE/H� ��!(�N#�!
�9�0,�	�')/��

�-"�	��2�0/
,�!(� k
h � � =

γ

γ − 1

p �
ρ �

+
1

2
U2� , mon L 2', r

ρ � = ρ � �
(

p �
p � �

) 1

γ

=
γ

γ − 1

p � �
h � �

(

p �
p � �

) 1

γ

. mon L 2 @ r
��/H�
��	+*�	+/��0/
, �9�1*A�)����!���'��+"$*�	 D "�!

ρ �
!�/;,-#�! mon L 2', r7!�, mon L 2 @ r#x �9�&�$#�!(��� 	�')/R� �!CB��$#�	+*�!.!�/+hF')/!��,�	�')/

%�"I*�'O%�"���!=%$! �9� � 	+,�!(����!
U �

���0# k

p � = p � �
(

1 − U2�
2h � �

)

γ
γ−1

. mon L 2 qXr
�Q�N�$#�!(����	�')/

p �
!�, ��!b*�'O%�"���!

U �
%$! �9� ��	+,�!(��� !b��')/
,�����')#��W��'��+"$,�	�')/��^%�"4� -��-,{�*�!b/�')/ ��	+/��P��	+#�!<�(')/��-,�	j]

,-"��1%$!(�8#�!
�9�0,�	�')/�� mon L 232 rE!�, mon L 2 qXr#xG#��(��'��+">���0#D"$/�!&*���, ��';%$!1%$! �8! ��,�')/?x �$"�	�� �9� *A�)����! ��'��+"$*�	 D "�!
!(�-,7%$�(%�"�	+,�!4%$! �9�1#�!
�9�0,�	�')/ mon L 2 @ r#LgE/ �A��	+/���	^%$!�"�BI#�!
�9�0,�	�')/�� 	+*K����	&�
	+,�!(�D� D "�	��2����!�/
,�!(�=%�"KhF��	+,8%$!��9��#�!
�9�0,�	�')/ mon L 2 qXrN!�/
,-#�! ��!(�ZW2# �0/�]
%$!�"$#��

(ρ0, U0, p0, p � )
!�, ��!(�NW2# �0/�%$!�"$#��

(ρ0, U0, p0, U � ) k

f1(ρ0, U0, p0, p � ) = p � +
√
γp0ρ0

√

√

√

√2h � �

(

1 −
(

p �
p � �

)1− 1

γ

)

(
�
� ·  ) − p0 −

√
γp0ρ0 U0(

�
� ·  ) = 0,

mon L 2 �Xr
f2(ρ0, U0, p0, U � ) = p � �

(

1 − U2�
2h � �

)

γ
γ−1

+
√
γp0ρ0 U � (

�
� ·  )−p0−

√
γp0ρ0 U0(

�
� ·  ) = 0. mon L , � r

|=�0/�� ��!I�P�)�N%$!(��*�';%�{
��!(�
k
]
ε
x���!(�7%$!�"�B �2�0#�	9��`���!(�7,-"$#�`$"���!�/
,�!(�

k
!�,
ε

� ')/
,�	+*K�6'2���(!(�HL
��������� � 	���� � � � �%�&� ����� ��	 ��
���� ����)"��&�� � ��������� ����! ����� � � �%�A���&��	
� � 
 ��! �� � ��� � �
gE/ /�!>�  	+/
,���#�!(� ��! 	&�
	 D "� �0" ,-# ��	+,�!�*�!�/
,R/
"$*���#�	 D "�! %$!(�+�(')/�% 	+,�	�')/��R�0"�B ��	+*�	+,�!(��6')"$# ��!���"�B

% 	�
6"���	jhfx<�G')"$# ��!0�P�)�.')] ��!(�QW2# �)% 	�!�/
,��&%$! � 	+,�!(����!K!�,.%$!A,�!�*K�G��# �0,-"$#�! ��')/
,&� �)���+"��(�&�0"�B>�(!�/
,-#�!(�&%$!(�
	+/
,�!�#fh��'�(!(� m ��!�"��O�P�)� D "�	 /�')"�� 	+/;,���#�!(����!8�G')"$# �9� ��	+/��P�0#�	�� �0,�	�')/I%�" ��"�B % 	�
6"���	jh�x��(')*K*�!=')/ �)�4�6')"���'�	+#
��! ��'�	+#N%��0/�� �9�1��!���,�	�')/ � L � r#L

�Q�UhL')#-*4"��9�0,�	�')/ %$!(�_�(')/�% 	+,�	�')/��X�0"�B ��	+*�	+,�!(��%$!7���0#�'�	�!CBO�6'2���(!N�0"u�����0��	+,-#�!7�$#����(�(%$!�/;, 	+/�% 	 D "�! D "�!
��!E�P���&��"���%$!(�%��"�B.�-"$#��� 	+/;,�!�#fhF�'�(!_hL#�')/
,�	&{�#�!

Σ
%�" ��'��+"$*�!X%$!<�(')/
,-#0/���!X/����(!(����	+,�! �9�S�(')/$/���	���� �0/!�(!X%�"&,�!�/�]

��!�"$#b%$!(�l�(')/;,-# ��	+/
,�!(�X!�,^%�" ��"�BK%$!N��������!�"$#�%��0/�� ��!N�P�)��%� "$/ ��"�	�%$! ��	�� D "�!�"�B-L��E'),�')/��^#�!(�-�6!���,�	���!�*�!�/
,
�(!(� D "��0/
,�	+,��(�

τ �
!�,�

�
L

�<!(��W2# �)% 	�!�/
,��W%$!�� 	+,�!(����!�!�,Q%$!�,�!�*K�6��# �0,-"$#�!
(∇ �

) �
!�,

(∇T ) �
��')/
,S%$� e�,N�P���&��"����(�S�-"$#���!(��	+/;,�!�#fhF�'�(!(�

%$!u`G')#�%-x ��!(�4�(')/�% 	+,�	�')/��A�0"�B ��	+*�	+,�!(�1��, �0/
,K%$� e�,R�$#�	�� !(�4!�/)�(')*K�$,�!FL . ���&��')/;,&,�')"'e-')"$#��J�P���&��"����(�1���0#



2 B

hF')#-*."���!K%$!2*8#�!(!�/ �-"$# �9� *�'�	+,�	���%�" ��'��+"$*�!�%$!J�(')/
,-#0/���!A%$! �9�u�(!
���+"���!��)%�e��'�(!�/
,�! , �9��hL#�')/
,�	&{�#�!FLQ�Q�
�2����!�"$#?�-"$# �� 	+/
,�!�#fh��'�(! hL#�')/
,�	&{�#�!K!(�-,?��W
����!5, �9� �2����!�"$#�����#�	jv �0/
,��9�d�(')/�% 	+,�	�')/5�0"�B ��	+*�	+,�!(� m ��, �0,.����!��
�� 	+/�% 	&�(!:`Mr#L

�Q� � 	���('2��	+,��&*�'�������"��9��	+#�!K!(�-,:�P���&��"����(!1�-"$# �� 	+/
,�!�#fh��'�(!4h:#�')/;,�	&{�#�!5, ���0#-,�	+#D%$! �����, �0,I�P���&��"����&���0# �9�
�(')/�% 	+,�	�')/V�0"�B ��	+*�	+,�!(�7,�')"'e-')"$#������0#��9����'�	<%$! �;"$, ��!�#��9�0/�% m pFL/p , r k

µ � =
β �
√
T �

1 + C � /T �
. mon L , p r

�;"$# ��!(�Zh:#�')/;,�	&{�#�!(�Hx ��!&,�!�/���!�"$#=%$!(�^�(')/;,-# ��	+/
,�!(�
τ �

!�, ��! ��!���,�!�"$# ��"�BH%$!J��������!�"$# �
�
x �9� � 	���('2��	+,��

,-"$#�`$"���!�/
,�!
µ * � !�,7%$')/!� ��!D,�!�/�� !�"$#7%$! 2E! -;/�'���%$�

τ � �
x ��! ��!���,�!�"$#-��"�B�%$!U��������!�"$#N,-"$#�`$"���!�/
,� * � !�, ��!(�

W2# �0/�%$!�"$#��E,-"$#�`$"���!�/
,�!(�
k �

!�,
ε̃ �

%��0/�� ��!Q�P�)�7%�"I*�'O%�{
��!
k
]
ε

%$!?�S�0"$/�%$!�#f]������0#-*A��xG� ')/
,Y�P���&��"����(�N���0#
!CB�,-# �0�G'��9�0,�	�')/ ,����')#�%�#�! � %$!��9� �2����!�"$#8%$!��9� W2# �0/�%$!�"$#U�(')#-#�!(�-�G')/�%��0/;,�!K�0"K`��0# -��(!�/
,-#�!1%$! �9�0�(!
���+"���!
#��(!
����!.�)%�e��'�(!�/
,�!", �9�4h:#�')/;,�	&{�#�! k

τ � = τ 0,
�
� =

�
0, µ * � = µ * 0, τ � � = τ � 0,

� * � =
� * 0, k � = k0, ε̃ � = ε̃0. mon L ,Fn r

|=�0/�� ��!I�P�)�N%� "$/�!Uh:#�')/;,�	&{�#�!.%��!�/;,-#��(!.�-"�`���')/�	 D "�!Fx ��!(� �2�0#�	9��`���!(�
k

!�,
ε̃

��')/
, 	+*K�6'2���(!(�HL
|=�0/�� ��!Q�P�)�8%� "$/�!.���0#�'�	��)% 	9��`��0,�	 D "�!Fx �9� ��	���('2� 	+,��=,-"$#�`$"���!�/
,�!K!(�-,D�0/$/
"����(!&�-"$# ��!(� 	+/
,�!�#fh��'�(!(�D%$!

���0#�'�	ix6,�')"$,:�(')*K*�! ��!"��"�BV%$!J��������!�"$#4!�, ��! ��!���,�!�"$#�� 	+,�!(����! m �(')/�% 	+,�	�')/ %� �)% ����#�!�/!�(! , �9� ���0#�'�	�r8!�,
��!(� �2�0#�	9��`���!(�7,-"$#�`$"���!�/;,�!(�

k
!�,
ε̃ m %��0/�� ��!:�P�)�7%�"I*�'O%�{
��!

k
]
ε

%$!=�S�0"$/�%$!�#f]������0#-*A�Xr k
τ � = τ 0,

�
� = 0, (∇T ) � = 0,

�
� = 0, µ * � = 0, τ � � = 0,

� * � = 0, k � = 0, ε̃ � = 0. mon L , � r
�Q� �
	+/ D "�	&{�*�!I�(')*K�6'2� �0/
,�!4%�" ��"�BI% 	�
G"���	jh�!(�-,7%$')/!�.�0/$/;"����(!.�-"$#�"$/�! 	+/
,�!�#fh��'�(!?%$!=���0#�'�	iL

����� � ���" �� ( �����"�  "& $���#)# ��$  & � (�$ &  "� 
 �����"& �

����� ��� � �$� � � �����&�#��%� � 	��&������ 	 ���(�� 	���"�"�� 	 
�Q�Sv!W2"$#�! n L/pFpZ*�')/;,-#�! D "�! �9�E%$���(')*K�6'2��	+,�	�')/K!�/4��')"��f]�%$')*A��	+/�!(�b�Ce-')"$,�!��0"�BQh:#�')/;,�	&{�#�!(�S*A�0,���#�	�!
����!(�

!�,�� � -O��	 D "�!(��%$!(��h:#�')/;,�	&{�#�!(�A%$!# �'���(')#�%-x D "�	N� ')/
,A%$!(�JhL#�')/
,�	&{�#�!(� �6!�#-*��P��`���!(� �0#-,�	jv2�
	�!
����!(� %$!���0#-,
!�,K%� �0"$,-#�!%$!(� D "�!
����!(� ������(')"���!�*�!�/
,A!(�-,K% 	����#���,�	�� �FL �8')"��K�0�$�G!
��')/�������')#��4hL#�')/
,�	&{�#�!I"$/�! �6')#-,�	�')/3%$!

w raccord
Σ

Σ8

Σ8
8Σ

8Σ

������� n L/pFp / |D')*A��	+/�!?%$!I�P���&��"��S����!��?"$/�!^hL#�')/
,�	&{�#�!4%$!D# �'���(')#�%-L
�-"$#fh��'�(! D "�	�`G')#-/�! ��!D��')"��f]�%$')*A��	+/�!=%$!U�P���&��"��<!�, D "�	G!(�-,@#�!��$#��(��!�/;,��(!D���0#�"$/�#�!���, �0/�W ��!=%��0/�� ���!(�-���'�(!
%$!(� 	+/�% 	&�(!(�HLX�<!(� �G'�	+/;,�� %$! �9�>h:#�')/;,�	&{�#�!V� ')/
, ��!(� /!TD"�%$��%�" *A��	����9��W�! D "�	D�0�$���0#-,�	�!�/$/�!�/
,�, �(!�,-,�!
hL#�')/
,�	&{�#�!FL��Q!(�7,-# ��	+,�!�*�!�/
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ρL( µ

Pr + µ �� � � )S
ξx = γxu+ γxyv + γxzw ξy = γxyu+ γyv + γyzw ξz = γxzu+ γyzv + γzw
m51 = −ξxu− ξyv − ξzw − γk(E − � 2)
m52 = γxu+ γxyv + γxzw − γku
m53 = γxyu+ γyv + γyzw − γkv
m54 = γxzu+ γyzv + γzw − γkw
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!(�-,�"$/ ��	��9�0/R%$! ��"�BI!�,7%$!=,�!�#-*�!?� ')"$#�(!4.

	 Ω =

6
∑

l=1

(Fc + Fd) · Σl − .
V(Ω)

,
�
��� + �
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���+"���! � . ��!(�-, ��	�!�/J!�/
,�!�/�%�" �;"�! ��! #��(��	�%�"J% 	����#�!�, 	 !�,K!�/3���0#-,�	&��"���	�!�#A��')/3,�!�#-*�!% 	��6"���	��
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µ �� � ���
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y  ��!(�?%$��#�	����(!(�.%$')/;, �� �0*K����	+,-"�%$!A!(�-,=�$#����6')/�%$��# �0/
,�! ��')/
,���!(�

%$��#�	����(!(�N!�/
y
�:�6!�#-�G!�/�% 	&��"��9��	+#�!", �9�&���0#�'�	 � �

��������� � !��'����� ���&� �� ��� �G����	���";	�� � "��&� "
	�� � ����"$�� �X	 ��� ��
 ��� � � � ��������� 	 ��� � �'���&�
 � 
 ��!#�� � ��� � �

�Q����	+/��P�0#�	�� �0,�	�')/!CB��'��,�!E%�" ��	��9�0/�%$! ��"�B � 	�� �
"�!�"�B�%$! �9�=� ���)��!8!CB�����	&�
	+,�!E��, �0/;,X���+"$,0/),z�(')*K����!CB$!  
"$/�! % 	��6��#�!�/;,�	�!
����!I�0�$�$#�'�� ���(!!�/g��! ���9�)\P�0/
,K%��0/��&"$/�! � -O�G'), ��'(� ! %$! ,�-O�G!�/:�(')"!� ��! *�	+/!�(! 1 ����'�	+#
) � / -7� !(�-,l�P���&��"����(!  1 . � .2!�/K/�� � ��	,��!P�0/;, �9�U�(')/;,-#�	,�$"$,�	�')/ %$!(��,�!�#-*�!(�Z%$!�%$��#�	��)�0,�	�')/d��#�'�	����(! � �S')"$#<�(!
�9�  ')/�(')/���	�%!'�#�! ��! ��"�B �(')/
,�	+/;" %��0/��b"$/�!�% 	+#�!���,�	�')/ %$')/$/��(!��

1 = (nx, ny, nz)
+ !�,��6')"$#[����� �;"�!7!CBO�$#�!(� ��	�')/

����	�� �0/
, 	+/
,�!�# ��!�/�	+#@"$/�!N%$��#�	����(!8�-���0,�	9����!  ��!�"���!��9�D���0#-,�	�!^�(')#-#�!(�-�6')/�%��0/
,�,D"$/�!8%$��#�	����(!N�-"�	��2�0/
,��
1
!(�-,

�(')/���!�# ���(! � ��/&�$# �0,�	��
"�!  ����� �;"�!_�(')*K�6'2� �0/;,�!�%$!
Fd· � 1

!(�-,Q#��(����#�	+,�!X��')"�� �9� �F')#-*�!
f1,V1

+f2,V2
+f3,V3')]��

2
!�,��

3
��')/;,N%$!�"�B ��!���,�!�"$#��N')#-, ��'���')/��0"�B�,��

1
!�,7��!�"�����!D�$#�!�*�	�!�#7,�!�#-*�!

f1,V1

!(��,S�(')/���!�# ��� ��E/R'��$,�	�!�/;,8��	+/���	��9� �L')#-*4"���!4.

Fd · � 1 ≈





























0

µ̄((4
3n

2
x + n2

y + n2
z)u,V1

+ 1
3nxnyv,V1

+ 1
3nxnzw,V1

)

µ̄(1
3nxnyu,V1

+ (n2
x + 4

3n
2
y + n2

z)v,V1
+ 1

3nynzw,V1
)

µ̄(1
3nxnyu,V1

+ 1
3nxnyv,V1

+ (n2
x + n2

y + 4
3n

2
z)w,V1

)

k̄T,V1
+µ̄[(4

3n
2
x + n2

y + n2
z)u,V1

+ 1
3nxnyv,V1

+ 1
3nxnzw,V1

]u

+µ̄[13nxnyu,V1
+ (n2

x + 4
3n

2
y + n2

z)v,V1
+ 1

3nynzw,V1
]v

+µ̄[13nxnzu,V1
+ 1

3nynzv,V1
+ (n2

x + n2
y + 4

3n
2
z)w,V1

]w
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��������� � ���'����� �� "$����"���� �� � � �d�&	
� ����� �� 
 ��! �� � ��� � � ������
� � �6�Z��	
��!���� � �����&� ��
� �^� ���
"��&��";	��Y� ����"$���

�Q�K*A�0,-#�	&�(!?%$! ��"�B% 	��G"���	�� �0/ � / � � !(�-,�# �0�$�6!
���(! 	&�
	 .

Fd =

















0 0 0
µ̄(4

3u,x − 2
3v,y − 2

3w,z) µ̄(u,y + v,x) µ̄(u,z + w,x)
µ̄(u,y + v,x) µ̄(−2

3u,x + 4
3v,y − 2

3w,z) µ̄(v,z + w,y)
µ̄(u,z + w,x) µ̄(v,z + w,y) µ̄(−2

3u,x − 2
3v,y + 4

3w,z)
k̄T,x k̄T,y k̄T,z

+Fd21u+ Fd22v + Fd23w +Fd31u+ Fd32v + Fd33w +Fd41u+ Fd42v + Fd43w
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nx

ny

nz
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��� 22�

!�,b��'�	�!�/;,��
2
!�,��

3
%$!(����!���,�!�"$#��Z')#-, ��'���')/��0"�B5,��

1
�:���)��/����(!(��� ��	+#�!�*�!�/;,b/�')#-*��(� � � �E/K�6!�"$,^�$#�!�/�%�#�!

���0#N!CB$!�*K����!4.
�

2 =





−ny

nx

0





!�,	�
3 =





0
−nz

ny
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��� ,2�

�E/I/������#�	+, 	&�
	 �
"�! ��!(�7,-#�'�	��S�(')*K�G'2� �0/
,�!(� ��	��(!(� , �9� � 	+,�!(����! �

Fd2−4 ·
�

1 =





µ̄((4
3u,x − 2

3v,y − 2
3w,z)nx + (u,y + v,x)ny + (u,z + w,x)nz)

µ̄((u,y + v,x)nx + (−2
3u,x + 4

3v,y − 2
3w,z)ny + (v,z + w,y)nz)

µ̄((u,z +w,x)nx + (v,z + w,y)ny + (−2
3u,x − 2

3v,y + 4
3w,z)nz)



 .
�
��� �@�



,@=

�E/����#�	+, �9�.%$!�"�B 	('�*�!U�(')*K�G'2� �0/
,�!=%$!
Fd · � 1

��')"�� �9� �L')#-*�!
f1,V1

+ f2,V2
+ f3,V3

!�,X')/�-"$�$�6'2��!
�;"�! ��!(�

fi
�6!�"���!�/
,8��!D*�!�,-,-#�!?��')"����9���L')#-*�!4.

fi = λi1u+ λi2v + λi3w.
�
���>=2�

�X')*K*�!4')/R� .
u,V1

= u,xnx + u,yny + u,znz,
�
���>12�

')/I,-#�')"���!4.

(Fd · � 1)2 = (λ21u,x + λ22v,x + λ23w,x)nx + (λ21u,y + λ22v,y + λ23w,y)ny + (λ21u,z + λ22v,z + λ23w,z)nz

−(λ31u,x + λ32v,x + λ33w,x)ny + (λ31u,y + λ32v,y + λ33w,y)nx

−(λ41u,y + λ42v,y + λ43w,y)nz + (λ41u,z + λ42v,z + λ43w,z)ny. �
��� + ?2�

!�, ���')/ '��$,�	�!�/
,V��	+/�� 	 ��! � -��-,�'�*�! �:�$"�	�� �;"�!>�(!
�9�3%$'�	+, 4�,-#�! �O# ��	?�6')"$#,�')"$,K�����0*K� %$! � 	+,�!(����!
(u, v, w)

+ � .






















































λ21nx − λ31ny = 4
3 µ̄nx,

λ22nx − λ32ny = µ̄ny,
λ23nx − λ33ny = µ̄nz,
λ21ny + λ31nx − λ41nz = µ̄ny,
λ22ny + λ32nx − λ42nz = −2

3 µ̄nx,
λ23ny + λ33nx − λ43nz = 0,
λ21nz + λ41ny = µ̄nz,
λ22nz + λ42ny = 0,
λ23nz + λ43ny = −2

3 µ̄nx.

�
��� +@+ �

�E/I,-#�')"���!.%$')/!�4.

λ21 =
4
3n

2
x + n2

y + n2
z

n2
x + n2

y + n2
z

µ̄, λ22 =
nxny

3(n2
x + n2

y + n2
z)
µ̄, λ23 =

nxnz

3(n2
x + n2

y + n2
z)
µ̄,

�
��� + / �

��'�	+,  !�/I�$#�!�/��0/;,N"$/���!���,�!�"$# �
1
/�')#-*��4.

λ21 = (
4

3
n2

x + n2
y + n2

z)µ̄ = (
1

3
n2

x + 1)µ̄, λ22 =
1

3
nxnyµ̄, λ23 =

1

3
nxnzµ̄,

�
��� + �2�

!�,%$!(� �L')#-*4"���!(�%�" *54�*�!>,�-O�G!V�6')"$# ��!(�+�(')*K�6'2� �0/;,�!(�
�

!�, � %$!
Fd · � 1 �

�S')"$# �9� �
	+/ �;"�	('�*�!
�(')*K�6'2� �0/
,�!4%$!

Fd · � 1  ')/R����#�	+, �;"��!
����! �2�0"$, .

(Fd · � 1)
���

5 = k̄T,V1
+ (Fd · � 1)

���

2 u+ (Fd · � 1)
���

3 v + (Fd · � 1)
���

4 w.
�
��� + � �

�E/ '��$,�	�!�/
,I��	+/���	 ���!CBO�$#�!(��� 	�')/ %� "$/�!>�0�$�$#�'(B 	+*A�0,�	�')/ %�" ��"�B � 	�� �;"�!�"�Bf%$')/$/��(!H!�/ �
��� �2�� �;"�!���')/ �)�A%$��#�	���!�#E���0#8# �0�$�G')#-,=�0"	� ���0*K� �(')/���!�# �)�0,�	�� � �6')"$#E'��$,�!�/�	+#8"$/�!4� �2���+"��0,�	�')/>%$!��9��*A�0,-#�	&�(!

���'�('���	�!�/$/�! ∂ 
∂ � �
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�E/K����#�	+, 	&�
	 �9�D% 	����#���,�	�� �0,�	�')/�%$! �9�%�L')#-*4"���! �

��� �2�� ����!���%$!(�^/�'), �0,�	�')/������+"��^�$#����
	�� !(�^�G')"$# 	+/�% 	��;"�!�#
�9� ��'��P����	�� �0,�	�')/H%$! ���� �2���+"��0,�	�')/H%$!(�*�2# �0/�%$!�"$#��8�0"�B 	+/
,�!�#A���'�(!(� .

D $
i+ 1
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,j,k
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0

µ̄i+ 1

2

(

(1 + 1
3n

2
x)(u,V1

)i+ 1

2

+ 1
3nxny(v,V1

)i+ 1

2

+ 1
3nxnz(w,V1

)i+ 1

2

)

µ̄i+ 1

2

(

1
3nxny(u,V1

)i+ 1

2

+ (1 + 1
3n

2
y)(v,V1

)i+ 1

2

+ 1
3nynz(w,V1

)i+ 1

2

)

µ̄i+ 1

2

(

1
3nxnz(v,V1

)i+ 1

2

+ 1
3nynz(v,V1

)i+ 1

2

+ (1 + 1
3n

2
z)(w,V1

)i+ 1

2

)

k̄i+ 1

2

(T,V1
)i+ 1

2

+µ̄i+ 1

2

(

(1 + 1
3n

2
x)(u,V1

)i+ 1

2

+ 1
3nxny(v,V1

)i+ 1

2

+ 1
3nxnz(w,V1

)i+ 1

2

)

ui+ 1

2

+µ̄i+ 1

2

(

1
3nxny(u,V1

)i+ 1

2

+ (1 + 1
3n

2
y)(v,V1

)i+ 1

2

+ 1
3nynz(w,V1

)i+ 1

2

)

vi+ 1

2

+µ̄i+ 1

2

(

1
3nxnz(u,V1

)i+ 1

2

+ 1
3nynz(v,V1

)i+ 1

2

+ (1 + 1
3n

2
z)(w,V1

)i+ 1

2

)

wi+ 1

2
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1 =

�

i+1
2

,j,k

S
i+1

2
,j,k

 Si+ 1

2
,j,k

��, �0/
, �9�5/�')#-*�!>%�" ��!���,�!�"$# 8
i+ 1

2
,j,k �

�O'�	+,
g

"$/�! �2# �0/�%$!�"$#R���0#-*�	

{u, v, w, T} � �<!3�2# �)% 	�!�/;,N%$!
g

%��0/�� �9�1% 	+#�!���,�	�')/
V1

!(�-,�� �)���+"��=!�/R�0�$�$#�'PB 	+*A�0,�	�')/V%$!D,�-O�G! /Z�(')"!� ��!
*�	+/!�(!x1 ���0# .

(g,V1
)i+ 1

2

=
gi+1Si+1 − giSi

Vi+ 1

2

,
�
��� + ,2�

����!�� ��!(��/�'), �0,�	�')/���.

Si+1 =
Si+ 1

2
,j,k + Si+ 3

2
,j,k

2
, Si =

Si− 1

2
,j,k + Si+ 1

2
,j,k

2
,

gi+1 = gi+1,j,k, gi = gi,j,k,

gi+ 1

2

=
gi,j,k + gi+1,j,k

2
, g ∈ {u, v, w, µ̄, k̄,V}.
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��� + �@�

�E/R'��$,�	�!�/;,8��	+/���	 .

D $
i+ 1

2
,j,k

=















































0

µ̄i+ 1

2

(1+ 1

3
n2

x)(ui+1Si+1−uiSi)+
1

3
nxny(vi+1Si+1−viSi)+

1

3
nxnz(wi+1Si+1−wiSi)

V
i+1

2

µ̄i+ 1

2

1

3
nxny(ui+1Si+1−uiSi)+(1+ 1

3
n2

y)(vi+1Si+1−viSi)+
1

3
nynz(wi+1Si+1−wiSi)

V
i+1

2

µ̄i+ 1

2

1

3
nxnz(ui+1Si+1−uiSi)+

1

3
nynz(vi+1Si+1−viSi)+(1+ 1

3
n2

z)(wi+1Si+1−wiSi)

V
i+1

2

k̄i+ 1

2

Ti+1Si+1−TiSi

V
i+1

2

+µ̄i+ 1

2

(1+ 1

3
n2

x)(ui+1Si+1−uiSi)+
1

3
nxny(vi+1Si+1−viSi)+

1

3
nxnz(wi+1Si+1−wiSi)

V
i+1

2

ui+ 1

2

+µ̄i+ 1

2

1

3
nxny(ui+1Si+1−uiSi)+(1+ 1

3
n2

y)(vi+1Si+1−viSi)+
1

3
nynz(wi+1Si+1−wiSi)

V
i+1

2

vi+ 1

2

+µ̄i+ 1

2

1

3
nxnz(ui+1Si+1−uiSi)+

1

3
nynz(vi+1Si+1−viSi)+(1+ 1

3
n2

z)(wi+1Si+1−wiSi)

V
i+1

2

wi+ 1
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Si+ 1

2
,j,k,

�
��� + =2��X!�,-,�! �L')#-*4"��9�0,�	�')/ �F��	+, 	+/
,�!�# ��!�/�	+#D*�'�	+/��D%$!Q�(!
���+"���!(�:�L%$!�"�B � �
"�!��9�:�F')#-*."��9�0,�	�')/0/9�2# �)% 	�!�/;,D�0"�B

�(!�/
,-#�!(� 1 � �;"��0,-#�! � �6')"$# ���!CBO�$#�!(� ��	�')/3%�" �2# �)% 	�!�/;,A�-"�	��2�0/
,1"$/�!�% 	+#�!���,�	�')/  !�,1���0#K!CBO,�!�/���	�')/  �6')"$#
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���!CB��$#�!(����	�')/3%�" ��"�B � 	�� �
"�!�"�BY����!���0�$�$#�'(B 	+*A�0,�	�')/f%$! ,�-O�G! /I�(')"!����!�*�	+/!�(! 1 � �E/3'��$,�	�!�/
, �0"�����	
% 	+#�!���,�!�*�!�/
, ��!(�7%$��#�	����(!(�E%$! �9� �2# �0/�%$!�"$#

(g,V1
)i+ 1

2

���0#�# �0�$�G')#-, ,
gi

!�,
gi+1

.

∂(g,V1
)i+ 1

2

∂gi+1
=
Si+1

Vi+ 1

2

!�, ∂(g,V1
)i+ 1

2

∂gi
=

−Si

Vi+ 1

2

.
�
��� + 12�

��������� � � 	 � ��� �����&� ����	 	��6�Z��� 	�� ��� "
	�� � � "��&� � ��	'� � ��� �
� ��� �;"�! �(')*K�G'2� �0/;,�! %$!.D $

i+ 1

2
,j,k

!(�-,%� � �6')#�% %$��#�	����(!>���0# # �0�$�6')#-,I�0" � -O��,�'�*�!H%$! �2�0#�	9� ����!(�
�$#�	+*�	+,�	���!(� � � ;���� = (ρ, u, v, w, p)

+ �$"�	��?*4"��+,�	+����	��(!A���0# �9�*A�0,-#�	&�(!A%$!1���)��� � ��! ∂ � � 	�� �
∂ � � 	�� �

�6')"$#?'��$,�!�/�	+#
��!(��%$��#�	����(!(� %$!+����� �;"�!K�(')*K�6'2� �0/
,�!R���0#�# �0�$�6')#-, �0"1�����0*K� %$!��2�0#�	9� ����!(�0�(')/���!�# �2�0,�	���!(� � � ;���� =
(ρ, ρu, ρv, ρw, ρE)

+ � � 	+/���	  %��0/�� ��!:�P�)�7%� "$/�! 	+/
,�!�#A���'�(! 	+/;,���#�	�!�"$#�!  ')/I/�'),�!�.

D $
i+ 1

2
,j,k

=
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2
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(
D $
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2
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(
D $
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2
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D $

i+ 1

2
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�<!(�+�('O!�60�
	�!�/
,��R%$!w�(')/�%�"!��,�	�� 	+,��>, ��!�#-*�	��;"�!
k + !�,

k * ��')/;, ��	��(�I�0"�B �(';!�60�
	�!�/;,��R%$! � 	���('2��	+,��
*�'�������"��9��	+#�!

µ
!�,7,-"$# �$"���!�/;,�!

µ * ��	9� ��!(�7/�')* �$#�!(�N%$! ��# �0/�%�,��
Pr

!�,���# �0/�%�,��<,-"$# �$"���!�/
, ��# * .

k̄ = k + + k * = c �
(

µ

Pr
+

µ *��# *

)

.
�
��� /�+ �

� 	+/���	  ���0#��9� ��'�	Q%$!(� �
� :?���0#A�F��	+,�� .
T =

p

ρr ��a�� ,
�
��� /@/ �

')/R'��$,�	�!�/;, .

k̄T =

(

µ

Pr
+

µ *��# *

)

γ

γ − 1

p

ρ
.

�
��� / �2�

��/I�$# �0,�	��;"�!  Pr = 0,72
!�,���# * = 0,9 �

�Q�&*A�0,-#�	&�(! ���'�('���	�!�/$/�!?�0"+�(!�/
,-#�!=%$! �9�4�(!
���+"���!=%� 	+/�% 	&�(!
(i+ 1, j, k)

�6')"$# �9�4�(')*K�6'2� �0/
,�!=%$!���"�B
% 	��6"���	��7% 	����#���,�	���� �0�$�$#�'������ D $

i+ 1

2
,j,k

���0#4# �0�$�G')#-,1�0"5� -��-,�'�*�!�%$! �)�0#�	9� ����!(�4�$#�	+*�	+,�	���!(� �
i+1,j,k

�0"

�(!�/
,-#�!4%$! �9� �(!
���+"���!?%� 	+/�% 	&�(!(�
(i+ 1, j, k)

!(�-, .

∂
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i+ 1

2
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∂
�
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0 γxy γy γxy 0
0 γxz γyz γz 0
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γx = µ̄i+ 1

2

(1 + 1
3n

2
x)

Si+1,j,k

V
i+1

2

Si+ 1

2
,j,k,

γy = µ̄i+ 1

2

(1 + 1
3n

2
y)

Si+1,j,k

V
i+1

2

Si+ 1

2
,j,k,

γz = µ̄i+ 1

2

(1 + 1
3n

2
z)

Si+1,j,k

V
i+1

2

Si+ 1

2
,j,k,

γxy = µ̄i+ 1

2

1
3nxny

Si+1,j,k

V
i+1

2

Si+ 1

2
,j,k,

γxz = µ̄i+ 1

2

1
3nxnz

Si+1,j,k

V
i+1

2

Si+ 1

2
,j,k,

γyz = µ̄i+ 1

2

1
3nynz

Si+1,j,k

V
i+1

2

Si+ 1

2
,j,k,

m51 =
(

µ
Pr + µ �� � �

)

i+ 1

2

γ
γ−1

−pi+1

ρ2
i+1

Si+1,j,k

V
i+1

2

Si+ 1

2
,j,k,

m52 = γxui+ 1

2

+ γxyvi+ 1

2

+ γxzwi+ 1

2

+ 1
2(
D $

i+ 1

2
,j,k

)2,

m53 = γxyui+ 1

2

+ γyvi+ 1

2

+ γyzwi+ 1

2

+ 1
2(
D $

i+ 1

2
,j,k

)3,

m54 = γxzui+ 1

2

+ γyzvi+ 1

2

+ γzwi+ 1

2

+ 1
2(
D $

i+ 1

2
,j,k

)4,

m55 =
(

µ
Pr + µ �� � �

)

i+ 1

2

γ
γ−1

1
ρi+1

Si+1,j,k

V
i+1

2

Si+ 1

2
,j,k.
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!�, ��!(�@/�'), �0,�	�')/��7%$!:�
��� + �@� � �Q�&%$��#�	��)�0,�	�')/���0#@# �0�$�6')#-,N�0"� -O��,�'�*�!8%$! �2�0#�	9� ����!(�@�$#�	+*�	+,�	���!(� �

i,j,k
�0"

�(!�/
,-#�!.%$! �9�J�(!
���+"���!=%� 	+/�% 	&�(!(�
(i, j, k)

%$')/$/�!=%$!(� �F')#-*."���!(�N��	+*�	��9��	+#�!(� , �9�&�$#����(�(%$!�/
,�!  !�/R�����0/!��!P�0/;,��!(�
Si+1,j,k

!�/ −Si,j,k �
��������� � 	���� � � � �%�&� ���� "������� �����&� � ����!#����� � �'���

& �0/��S�(!�,-,�!?� ')"��A6���!���,�	�')/  �6')"$#E������� ��!�#���!(��/�'), �0,�	�')/��  �� 	+/�% 	&�(! ? %$�(��	,�2/�! ��!=,-#�	+����!�,
(0, j, k) ��W')"$#���! ��"�Bg% 	��6"���	��D!�/f�0�$�$#�'�� ��!I%$!�,�-O�G! /I�(')"!����!*�	+/!�(! 1  ��!�"���! �9�w�(')/�% 	+,�	�')/ �0"�B ��	+*�	+,�!(�

%$!K���0#�'�	@�)% 	9� ���0,�	��
"�! ����!�� �)% ����#�!�/!�(!�, �9�����0#�'�	Z!(��, ��	+/��P�0#�	����(!��$#����
	�� ��*�!�/
, � �X!�,-,�!��(')/�% 	+,�	�')/g�0"�B
��	+*�	+,�!(� 	+*K�6'2��! ��!(��#�!
�9�0,�	�')/�� .

µ * = 0,
�

= 0
!�, ∇T = 0

, �� 	+/
,�!�#A���'�(!4����'�	+#7��!���,�	�')/ / � ,2� � �<! ��'��+"$*�!
%$!d�(')/
,-#0/���!%� 	+/
,�� �2# �0,�	�')/f�G')"$# ��!u�P���&��"���%�" �2# �)% 	�!�/
, ,��� 	+/
,�!�#A���'�(! �:#�')/;,�	('�#�! � �2�0"$, �9�R*�'�	+,�	���%�"
��'��+"$*�!?%$! �9�J�(!
���+"���!&�)% �-�'�(!�/;,�!, �9�&���0#�'�	��L%��')] V � = 1

2V0 � ��  �0�$�$#�'PB 	+*A�0,�	�')/ %$! ��"�Bg% 	����#���,�	����  %$')/$/��(!�%��0/�� �9�R#�!
�9�0,�	�')/ �
��� + =2� %$! ��	�!�/;,�����')#��  !�/5,�!�/��0/;,

�(')*K�$,�!&%$! �9�K/;"�����	+,��4%$!��9� ��	+,�!(� ��!��  %$! µ * !�,N%$! ∇T , �9�����0#�'�	  !�/H�$#�!�/��0/
,
µ = µ0

�-"$#��9�����0#�'�	
!�,�,�')"$,�!(����!(�7/�')#-*�!(�N%$!?�-"$#A���'�(! �;"�	Q�0�$���0# ��	�����!�/
,8� �
����!(� ,

S �
.

D $
� =
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3
n2

x)u0S � + 1

3
nxnyv0S � + 1

3
nxnzw0S �

V0

2µ0

1

3
nxnyu0S � +(1+ 1

3
n2

y)v0S � + 1

3
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V0
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1

3
nxnzu0S � + 1

3
nynzv0S � +(1+ 1
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n2

z)w0S �
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,-#�!.%$! �9�J�(!
���+"���!.%� 	+/�% 	&�(! ? �)% ���'�(!�/
,�!, �9�&���0#�'�	  �6')"$#��9�J�(')*K�6' 6
� �0/;,�!A%$! ��"�B % 	��6"���	����0�$�$#�'������ D $

�
���0#?# �0�$�6')#-,&�0"[� -��-,�'�*�!�%$! �)�0#�	9� ����!(�.�$#�	+*�	+,�	���!(� �

0
� �

0,j,k%$')/
, ��!(� �2����!�"$#��7��')/
,N�$#�	���!(�N�0"R�(!�/
,-#�!4%$! �9�J�(!
���+"���!?%� 	+/�% 	&�(!(�
(0, j, k)

!(�-, .

∂
D $
�

∂
�

0,j,k
= µ0

2S �
V0
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Centres de cellules

Volume de discrétisation

0 0

Paroi MIN Paroi MAX

�������
��� + / �;,�!�/!�
	����R%$! �� �0�$�$#�'PB 	+*A�0,�	�')/ %�" ��"�B % 	��G"�� 	��1% 	����#���,�	�� � ,Y"$/�! 	+/
,�!�#A���'�(! ���0#�'�	

(b, j)
%� 	+/�% 	&�(!(�������R!�,����
	H����!��:�2# �)% 	�!�/
,4� �)���+"����0">�(!�/;,-#�!�%$!(� 	+/
,�!�#A���'�(!(�  ����!����0�$�$#�'(B 	+*A�0,�	�')/5%$!1,�-;�6!
/Z�(')"!����!.*�	+/!�(!x1 �

�W')"$#���!l�P�)�<%� "$/�! �:#�')/;,�	('�#�!��0"$,-#�! �;"� "$/�!����0#�'�	;�)% 	9� ���0,�	��;"�!  "$/�!^*A�0,-#�	&�(! �-�'�('���	�!�/$/�!b!(��,?�(')/��-,-#-"�	+,�!
�(')*K*�!J�(!
����!(�8�$#�'���!�/��0/
,4%$!��9� ��	+/��P�0#�	�� �0,�	�')/ %� "$/�!J�(')/�% 	+,�	�')/[�0"�B���	+*�	+,�!(�=�0" �G')#�%H���0#D,-#�')/!�P�0,-"$#�! �
�<! ��'��+"$*�!1%$!V�(')/;,-#0/���!K%$! �9�u�(!
���+"���! �2�0"$,U�(!
�+"�	W%$! �9�0�(!
���+"���!K�)% ���'�(!�/
,�! ?� �9�A��')*K*�!&%$!(� ��	����('2��	+,��(�
�2�0"$,S�(!
����!?�0"��(!�/;,-#�!?%$! �9�J�(!
���+"���! ? 0$%$!8*54�*�!=�6')"$#

k̄ � �Q� � 	+,�!(����! , �� 	+/
,�!�#A���'�(!3�L#�')/
,�	('�#�! �I!(��,X�$#�	�� !
� �
����! , �9� � 	+,�!(����!D�0"+�(!�/
,-#�!?%$! �9�4�(!
���+"���! ? �G')"$# �9�4�
	+/ �
"�	('�*�!U�(')*K�6'2� �0/
,�!.%$!2D $

�
!�,�!(�-,<�(')/�� 	�%$��#��(!

�(')*K*�!R�(')/��-, �0/;,�!���0#K# �0�$�6')#-,A�0"�B*�(')*K�6'2� �0/
,�!(� %$! ��	+,�!(� ��!(�K%��0/�� �9� �(!
���+"���!R�)% ���'�(!�/
,�! �:�6')"$#��9�
%$��#�	��2�0,�	�')/ � �

�<! ��"�B � 	�� �;"�!�"�B�% 	����#���,�	�� �?%$')/$/��?%��0/�� �9�1#�!
�9�0,�	�')/ �
��� + =2� %$! ��	�!�/;,8����')#��  !�/R�$#�!�/��0/
,

µ̄ = µ̄0
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1
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3
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3
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nxnzu0S � + 1
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+µ̄0

1

3
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3
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3
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,-#�!�%$! �9�N�(!
���+"���!�%� 	+/�% 	&�(! ? �)% �-�'�(!�/;,�! , �9� �:#�')/;,�	('�#�!  
�6')"$# �9� �(')*K�G'2� �0/
,�!?%$! ��"�B% 	��6"���	����0�$�$#�'������ D $

�
���0#N# �0�$�G')#-,E�0"I�0-O�-,�'�*�!=%$!��)�0#�	9� ����!(���$#�	+*�	+,�	���!(�
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�
0,j,k

%$')/;,���!(� �2����!�"$#��7��')/;,7�$#�	���!(�7%��0/�� �9�J�(!
���+"���!.%� 	+/�% 	&�(!(�
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∂
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∂
�
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1
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m51 =
(

µ0

Pr + µ � 0� � �
)

γ
γ−1

−p0

ρ2
0

,

m52 = µ̄0((1 + 1
3n

2
x)u0 + 1

3nxnyv0 + 1
3nxnzw0),

m53 = µ̄0(
1
3nxnyu0 + (1 + 1

3n
2
y)v0 + 1

3nynzw0),

m54 = µ̄0(
1
3nxnzu0 + 1

3nynzv0 + (1 + 1
3n

2
z)w0),

m55 =
(

µ0

Pr + µ � 0� � �
)

γ
γ−1

1
ρ0
.
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��� �@?2�

,,��� � �������$ ���	�-(���� �  "��� ���  "����������� � ���"� ��$ $�$'� �1�)
 � (������  "& (���$ & 
 #)���"#'�"&

 ���"# & ��� 


µ � � � ���

& �0/�� �9�N� !���,�	�')/4�$#����(�(%$!�/;,�!  �2#��'�(! , �� �0�$�$#�'(B 	+*A�0,�	�')/�%$!Z,�-;�6! /[�(')"!� ��!@*�	+/!�(!�1  "$/�!��0�$�$#�'(B 	+*A� 6
,�	�')/I%�" ��"�B�% 	��6"���	��S� 	+*K����!1,4%$��#�	���!�#N���0#X# �0�$�6')#-,N�0"R�����0*K�R�(')/�� !�# �)�0,�	��b��	+/���	 �
"� "$/�! ��	+/��P�0#�	�� �0,�	�')/
%�" ��"�B ��	�� �;"�!�"�BA')/
,@��,��^�(')/��-,-#-"�	+,�!(�  �(! �;"�	 /�')"��@�.�G!�#-*�	��X%��'��$,�!�/�	+#@"$/�!E� �2���+"��0,�	�')/%$! �9�?*A�0,-#�	&�(!
���'�('���	�!�/$/�! ∂ 

∂ � � & �0/��:�(!�,-,�!K� !���,�	�')/  �G')"$# ��!J�P���&��"��Z%$!(�D,�!�#-*�!(� ∂ ���
∂ �

	+/;,�!�# ��!�/��0/
,&%��0/�� �9� *A�0,-#�	&�(!
���'�('���	�!�/$/�! ∂ 

∂ �  ')/1�-"$�$�$#�	+*�!X,�')"$,�! � -O�G'), ��'(��!@��	+*K����	��2�P�0,-#�	&�(!�%$!X,�-;�6! /_�(')"!� ��!�*�	+/!�(! 1Q�(')/!�(!�#-/��0/
,
���!CB��$#�!(����	�')/�%�" ��"�BK% 	��G"���	��G*A��	��b!�/��(')/���!�# �2�0/
, �� � -;�6'), ��'(��! �F')#-,�!�%$! /

µ * ����� 1 � ��/K���0#-,�	&��"���	�!�#  �0"�6��"$/ ,�!�#-*�!8%$!8%$��#�	��2�0,�	�')/���#�'�	�� �(!E/��!(��,�/�� � ��	,��� � �  �0�$�$#�'�����!D#�!�,�!�/;"�!D�G')"$# ���� �)���+"��0,�	�')/%$!(� �2# �)% 	�!�/
,��
!(�-,�,�')"��-')"$#��7"$/�!=� �2���+"��0,�	�')/V�0"�B 	+/
,�!�#A���'�(!(� � & !(��#��(��"��+, �0,������+"��7�$#����
	��7� ')/
,N%$')/!�.�0,-,�!�/�%�"�� �
��������� � 	���� ���	�� �e� 	
� ��� � �������

�E/4�$#�'�� '(%$!_�(')*K*�!b�6')"$#��9��% 	����#���,�	�� �0,�	�')/&!�,��9�7%$��#�	��)�0,�	�')/1%�" ��"�B�� 	�� �
"�!�"�B=!�/&�0�$�$#�'�����!X%$!�,�-;�6!
/<�(')"!����!7*�	+/!�(! 1 � �E/��(')/���	�%!'�#�! ��! ��"�B ��	�� �;"�!�"�B&%��0/��b"$/�!�% 	+#�!���,�	�')/A%$')/$/��(!��

1 = (nx1, ny1, nz1)
+ ��O'�	�!�/;,�,-#�'�	�� ��!���,�!�"$#�� �F')#-*A�0/
,�"$/�! ���)� ! �L!�/3�$# �0,�	��
"�!  ')/3�$#�!�/�%�# � 	&�
	 ��!(�K,-#�'�	��A% 	+#�!���,�	�')/���%$!

*A��	����9� ��!  ��!�"$#���!�/�����, �0/
,Z,�')"��-')"$#��<����'�	���	G�-"�	��)�0/;, ��!(� 	+/�% 	&�(!(�_��#�'�	���� �0/
,�� 0;%��0/��_�(!Z�P�)�A6�� ,  ��!(� ��!���,�!�"$#��
%$!3���)��!D/�!=� ')/
,7���)�N/����(!(��� ��	+#�!�*�!�/
,8')#-, ��'���')/��0"�BR%$!�"�B�,1%$!�"�B � .

�
1 =





nx1

ny1

nz1



 ,
�

2 =





nx2

ny2

nz2



 ,
�

3 =





nx3

ny3

nz3



 .
�
��� � + �

�E/I����#�	+, ��!(�S�(')*K�6'2� �0/;,�!(�N%$!
Fd · � 1

��')"�� �9� �L')#-*�!
f1,V1

+ f2,V2
+ f3,V3

!�,7')/I��"$�$�G'2��! �;"�! ��!(�
fi

� �����#�	���!�/
,8��')"�� �9���F')#-*�!4.
fi = λi1u+ λi2v + λi3w.

�
��� � / �

�8'),�')/��
(u, v, w)

+ �9� � 	+,�!(����! , �� 	+/
,�!�#A���'�(!
(i+ 1

2 , j, k)
�-"$# �9� �;"�!
����!?')/R�P���&��"���!���! ��"�B% 	��6"���	�� �� 	+/���	 .

Fd · � 1 =













0
µ̄((4

3u,x − 2
3v,y − 2

3w,z)nx1 + (u,y + v,x)ny1 + (u,z + w,x)nz1)
µ̄((u,y + v,x)nx1 + (−2

3u,x + 4
3v,y − 2

3w,z)ny1 + (v,z + w,y)nz1)
µ̄((u,z + w,x)nx1 + (v,z + w,y)ny1 + (−2

3u,x − 2
3v,y + 4

3w,z)nz1)
. . .













.
�
��� ���2�



���

��/H%$� ��!
��')�$���0/
, ��!(�
g,Vm , g ∈ {u, v, w} !�,

m ∈ {1, 2, 3} � ')"�� �9�5�F')#-*�!:.
g,Vm = g,xnxm + g,ynym + g,znzm,

�
��� ��� �

���0# 	�%$!�/;,�	��2�P�0,�	�')/  ')/ '��$,�	�!�/
, ���!CBO�$#�!(��� 	�')/A%� "$/�!E�0�$�$#�'PB 	+*A�0,�	�')/�%�" ��"�B � 	�� �
"�!�"�BK� �0/��X�0�$�$#�'(B 	+*A� 6
,�	�')/R%$!D,�-;�6! /Z�(')"!����!.*�	+/!�(!x1 .

Fd · � 1 =

































































0

µ̄(λ211u,V1
+ λ212v,V1

+ λ213w,V1
+λ221u,V2

+ λ222v,V2
+ λ223w,V2

+λ231u,V3
+ λ232v,V3

+ λ233w,V3
)

µ̄(λ311u,V1
+ λ312v,V1

+ λ313w,V1
+λ321u,V2

+ λ322v,V2
+ λ323w,V2

+λ331u,V3
+ λ332v,V3

+ λ333w,V3
)

µ̄(λ411u,V1
+ λ412v,V1

+ λ413w,V1
+λ421u,V2

+ λ422v,V2
+ λ423w,V2

+λ431u,V3
+ λ432v,V3

+ λ433w,V3
)

k̄T,V1
+ µ̄ [ λ211u,V1

+ λ212v,V1
+ λ213w,V1

+λ221u,V2
+ λ222v,V2

+ λ223w,V2

+λ231u,V3
+ λ232v,V3

+ λ233w,V3
]u

+ µ̄ [ λ311u,V1
+ λ312v,V1

+ λ313w,V1

+λ321u,V2
+ λ322v,V2

+ λ323w,V2

+λ331u,V3
+ λ332v,V3

+ λ333w,V3
]v

+ µ̄ [ λ411u,V1
+ λ412v,V1

+ λ413w,V1

+λ421u,V2
+ λ422v,V2

+ λ423w,V2

+λ431u,V3
+ λ432v,V3

+ λ433w,V3
]w

































































,
�
��� �322�

')] ��!(�
λlmn  (l,m, n) ∈ {1, 2, 3}3 ��')/;,N��'��+"$,�	�')/��7%$!?�0-O�-,�'�*�!(����	+/��P��	+#�!(�N%$!D,�-O�6!4.























































λi11nx1 + λi21nx2 + λi31nx3 = β1,
λi12nx1 + λi22nx2 + λi32nx3 = β2,
λi13nx1 + λi23nx2 + λi33nx3 = β3,
λi11ny1 + λi21ny2 + λi31ny3 = β4,
λi12ny1 + λi22ny2 + λi32ny3 = β5,
λi13ny1 + λi23ny2 + λi33ny3 = β6,
λi11nz1 + λi21nz2 + λi31nz3 = β7,
λi12nz1 + λi22nz2 + λi32nz3 = β8,
λi13nz1 + λi23nz2 + λi33nz3 = β9,

�
��� �',2�

����!��
(βl)l=1,...,9

�F')/!��,�	�')/��N%$!
nx1, ny1

!�,
nz1 �& �0/��

λlmn  l %$�(��	,�2/�! ��!?/
"$*���#�'�%$!4�(')*K�G'2� �0/
,�!&%�" ��"�BH% 	��6"���	��  m �9�A% 	+#�!���,�	�')/>%$!4%$��#�	��)�0,�	�')/
�:���0#-*�	 �

1,
�

2,
�

3 � !�,
n
�9� �(')*K�G'2� �0/
,�!?% 	+#�!���,�	�')/$/�!
����! �A+D�G')"$#

x  /&�6')"$#
y  � �6')"$#

z � �� 	+/���	  �6')"$# �9�K�$#�!�*�	('�#�!J�(')*K�G'2� �0/
,�! �:�$"�	�� �
"�!4�(!
�9� %$'�	+, 4�,-#�! �;# ��	S�G')"$#8,�')"$,^� ���0*K�V%$! � 	+,�!(����!
(u, v, w)

+ � .






















































λ211nx1 + λ221nx2 + λ231nx3 = 4
3nx1,

λ212nx1 + λ222nx2 + λ232nx3 = ny1,
λ213nx1 + λ223nx2 + λ233nx3 = nz1,
λ211ny1 + λ221ny2 + λ231ny3 = ny1,
λ212ny1 + λ222ny2 + λ232ny3 = −2

3nx1,
λ213ny1 + λ223ny2 + λ233ny3 = 0,
λ211nz1 + λ221nz2 + λ231nz3 = nz1,
λ212nz1 + λ222nz2 + λ232nz3 = 0,
λ213nz1 + λ223nz2 + λ233nz3 = −2

3nx1.

�
��� ���@�



��2

�E/��?!�/4����	+,Z�6')"$#_� ��� �
"�!^�(')*K�6'2� �0/
,�!E/�')/A���)��"$/ � -��-,�'�*�!E%$! 1 �
�;"��0,�	�')/��-, 1 	+/!�(')/$/;"�!(�  *A��	��
,-#�'�	��7� -��-,�'�*�!(�7%$���(')"$�����(�E%$!=,-#�'�	��7�
�;"��0,�	�')/�� ,1,-#�'�	���	+/!�(')/$/
"�!(� ��W')"$# �9�&�$#�!�*�	('�#�!V�(')*K�G'2� �0/;,�!  ')/R����	+/�� 	 .







λ211nx1 + λ221nx2 + λ231nx3 = 4
3nx1,

λ211ny1 + λ221ny2 + λ231ny3 = ny1,
λ211nz1 + λ221nz2 + λ231nz3 = nz1,

�
��� �@=2�







λ212nx1 + λ222nx2 + λ232nx3 = ny1,
λ212ny1 + λ222ny2 + λ232ny3 = −2

3nx1,
λ212nz1 + λ222nz2 + λ232nz3 = 0,

�
��� �@12�







λ213nx1 + λ223nx2 + λ233nx3 = nz1,
λ213ny1 + λ223ny2 + λ233ny3 = 0,
λ213nz1 + λ223nz2 + λ233nz3 = −2

3nx1.

�
��� � ?2�

� ��� �;"�!?� -��-,�'�*�!?�&�6')"$#N%$��,�!�#-*�	+/��0/
, .

det(  1,  2,  3) =

∣

∣

∣

∣

∣

nx1 nx2 nx3

ny1 ny2 ny3

nz1 nz2 nz3

∣

∣

∣

∣

∣

.
�
��� � + �

�E/I,-#�')"���!.��	+/�� 	#���L')#-*4"���!(�E%$! ��# �0*�!�# � .

λ211 =

∣

∣

∣

∣

∣

4
3nx1 nx2 nx3

ny1 ny2 ny3

nz1 nz2 nz3

∣

∣

∣

∣

∣

det(  1,  2,  3)
, λ212 =

∣

∣

∣

∣

∣

ny1 nx2 nx3

−2
3nx1 ny2 ny3

0 nz2 nz3

∣

∣

∣

∣

∣

det(  1,  2,  3)
, λ213 =

∣

∣

∣

∣

∣

nz1 nx2 nx3

0 ny2 ny3

−2
3nx1 nz2 nz3

∣

∣

∣

∣

∣

det(  1,  2,  3)
,

λ221 =

∣

∣

∣

∣

∣

nx1
4
3nx1 nx3

ny1 ny1 ny3

nz1 nz1 nz3

∣

∣

∣

∣

∣

det(  1,  2,  3)
, λ222 =

∣

∣

∣

∣

∣

nx1 ny1 nx3

ny1 −2
3nx1 ny3

nz1 0 nz3

∣

∣

∣

∣

∣

det(  1,  2,  3)
, λ223 =

∣

∣

∣

∣

∣

nx1 nz1 nx3

ny1 0 ny3

nz1 −2
3nx1 nz3

∣

∣

∣

∣

∣

det(  1,  2,  3)
,

λ231 =

∣

∣

∣

∣

∣

nx1 nx2
4
3nx1

ny1 ny2 ny1

nz1 nz2 nz1

∣

∣

∣

∣

∣

det(  1,  2,  3)
, λ232 =

∣

∣

∣

∣

∣

nx1 nx2 ny1

ny1 ny2 −2
3nx1

nz1 nz2 0

∣

∣

∣

∣

∣

det(  1,  2,  3)
, λ233 =

∣

∣

∣

∣

∣

nx1 nx2 nz1

ny1 ny2 0
nz1 nz2 −2

3nx1

∣

∣

∣

∣

∣

det(  1,  2,  3)
,�

��� � / �
!�,�%$!(� �L')#-*4"���!(��%�"1*54�*�!@,�-O�G!X�6')"$# ��!(���(')*K�6'2� �0/
,�!(��/E!�,

��� �W')"$#Z������� ��!�# ��!(�^/�'), �0,�	�')/��  ')/ �(')/���!�# ��!
%��0/��[�(!@���0# � �2# �0� ��! ��!(�b/�'), �0,�	�')/��

λlmn
�G')"$#�!CB��$#�	+*�!�#

Fd · 8 i+ 1

2
,j,k �

� �!CB��$#�!(����	�')/A%$!(� ��"�B � 	�� �
"�!�"�B
�
��� �2� !�, �

��� �322� ����	+, 	+/
,�!�# ��!�/�	+# ��!(�8�2# �)% 	�!�/;,��=%$! �2# �0/�%$!�"$#��D%��0/�� �9�A% 	+#�!���,�	�')/ �
1
�:*A��	��=�0"�����	 �

2
!�,

�
3
�6')"$#���!:�P�)� �

��� �322� � �
�����<������� � 
�"@� �9��������� ��� �;"5�9����� �E�4� ��� �;"5�+�<�����"5�A
 �9�+#��<
� �+��= ���E�4�"�� �9)*���

�>��	+/
,�!�/��0/;, �;"�! ���')/>�K%$��,�!�#-*�	+/�����!(�^�('O!�60�
	�!�/
,��
λlmn  	��<#�!(�-,�!",K%$')/$/�!�# ��!(� �L')#-*4"���!(�E%$!4%$��#�	�6

�2�0,�	�')/ %$!(�3�2# �)% 	�!�/
,��4%$! �(')*K�G'2� �0/;,�!(�.%$! � 	+,�!(����!K!�,?%$!1,�!�*K�6��# �0,-"$#�! � �O'�	+, g  "$/�! �2# �0/�%$!�"$#4���0#-*�	
{u, v, w, T} %$')/
,7')/��')" ����	+,�!=� �2���+"�!�# ��!8�2# �)% 	�!�/;,N�-"$# �� 	+/
,�!�#A���'�(!

(i+ 1
2 , j, k)

�L')/��$#�'�� '(%$!=%$!8*54�*�!
,&"$/�!=�6!�#-*."$, �0,�	�')/V%� 	+/�% 	&�(!?�$#�'(���6')"$#7"$/�! 	+/
,�!�#A���'�(!

(i, j + 1
2 , k)

')"
(i, j, k + 1

2) � �
�<!(�N/�'), �0,�	�')/��7"$,�	���	����(!(�N��')/
,���!(�7*54�*�!(� �;"�!D�G')"$#��9�����2"$#�!�/ � 2� ���2"$#�!=#�!��$#�'O%�"�	+,�!Q�
	�6 �(')/
,-#�! �



� ,

(i+1, j−1)

Noeuds où les grandeurs sont extrapolées
(i, j−1)

(i, j)

(i+1, j+1)(i, j+1)

(i+1, j)

(i+1/2, j+1/2)

(i+1/2, j−1/2)

Centres de cellules

Volume de discrétisation

�������
��� / / �;,�!�/!�
	��Z%$! �� �0�$�$#�'(B 	+*A�0,�	�')/5%�"���"�B % 	��6"���	��@% 	�����#���,�	����5, �� 	+/
,�!�#A���'�(!�%� 	+/�% 	&�(!(�

(i + 1
2 , j)����!�� �2# �)% 	�!�/
,E� �2���+"��.�0"K�(!�/;,-#�!?%$!(��	+/;,�!�#A�F�'�(!(� � �W�)�E%� �0�$�$#�'(B 	+*A�0,�	�')/V%$!?,�-O�G! /Z�(')"!����!.*�	+/!�(!x1 �

�E/� ��!(�X!CBO�$#�!(� ��	�')/��Z�-"�	��2�0/
,�!(�  �6')"$# �9�4% 	����#���,�	�� �0,�	�')/�%�"��2# �)% 	�!�/;,@%$!
g, g ∈ {u, v, w, T} � �)���+"��

, �� 	+/
,�!�#A���'�(!
(i+ 1

2 , j, k)
%��0/�� �9�1% 	+#�!���,�	�')/ �

n, n ∈ {1, 2, 3} .

g,V n =







gi+1,j,k
8

i+1,j,k ·
�

n − gi,j,k
8

i,j,k ·
�

n

+ gi+ 1

2
,j+ 1

2
,k

8
i+ 1

2
,j+ 1

2
,k ·
�

n − gi+ 1

2
,j− 1

2
,k

8
i+ 1

2
,j− 1

2
,k · � n

+ gi+ 1

2
,j,k+ 1

2

8
i+ 1

2
,j,k+ 1

2

· � n − gi+ 1

2
,j,k− 1

2

8
i+ 1

2
,j,k− 1

2

· � n







V
�
��� � �2�

����!�� V =
Vi,j,k+Vi+1,j,k

2  
8

i+1,j,k =

�

i+1
2

,j,k
+

�

i+3
2

,j,k

2 ,
8

i,j,k =

�

i− 1
2

,j,k
+

�

i+1
2

,j,k

2 ,
8

i+ 1

2
,j+ 1

2
,k =

�

i,j+1
2

,k
+

�

i+1,j+1
2

,k

2 ,
8

i+ 1

2
,j− 1

2
,k =

�

i,j− 1
2

,k
+

�

i+1,j− 1
2

,k

2 ,

8
i+ 1

2
,j,k+ 1

2

=

�

i,j,k+1
2

+
�

i+1,j,k+1
2

2 ,
8

i+ 1

2
,j,k− 1

2

=

�

i,j,k− 1
2

+
�

i+1,j,k− 1
2

2 ,

�
��� � � �

!�,

gi+ 1

2
,j+ 1

2
,k =

gi,j,k + gi+1,j,k + gi,j+1,k + gi+1,j+1,k

4
,

gi+ 1

2
,j− 1

2
,k =

gi,j,k + gi+1,j,k + gi,j−1,k + gi+1,j−1,k

4
,

gi+ 1

2
,j,k+ 1

2

=
gi,j,k + gi+1,j,k + gi,j,k+1 + gi+1,j,k+1

4
,

gi+ 1

2
,j,k− 1

2

=
gi,j,k + gi+1,j,k + gi,j,k−1 + gi+1,j,k−1

4
.

�
��� ��22�

�E/[� %$')/!� ��!1*54�*�!1,�-O�6!&%$!5�F')#-*."���!(�?�G')"$# ��!(�=% 	+#�!���,�	�')/�� �
1  � 2

!�, �
3  !�/ �-"!����,�	+,-"��0/
,�,

n��!(��	+/�% 	&�(!(�5+  /A')"
��� �W')"$# ��! �2# �)% 	�!�/
,D%� "$/�! �2# �0/�%$!�"$#D� �2���+"��4�0"	�(!�/;,-#�!4%� "$/�!�	+/
,�!�#A���'�(!  ��!.*54�*�!

��'��+"$*�!?%$!I�(')/;,-#0/���! V !(�-,�"$,�	���	����=�6')"$#���!(��,-#�'�	��7% 	+#�!���,�	�')/��E%$!?%$��#�	��2�0,�	�')/��
1  � 2

!�,	�
3 ��Q��%$��#�	��2�0,�	�')/[%�" �2# �)% 	�!�/;,4%$!

g
� �2���+"��5, �� 	+/;,�!�#A�F�'�(!

(i + 1
2 , j, k)

���0#=# �0�$�G')#-,&�0">�����0*K�5�)��#�' 6
%$-O/��0*�	��
"�! %$���G!�/�%g%$')/!�A%$! % 	MBG�(!
���+"���!(�&!�/ ��#�'�	MB �:#�!(�-� � ��	MB � �6')"$#."$/g�$#�'����('�*�!A,-#�	�% 	+*�!�/���	�')/$/�!
�



� �

�:#�!(�-� � ��	�% 	+*�!�/�� 	�')/$/�!
� �� �(')*K*�!?')/H�&�$"���! ��'�	+# , �9�1��')"��A6�� !���,�	�')/ / � ��� / � � 	+/���	 .

∂g,V n

∂gi,j,k
=

1

V

(

− 8 i,j,k +

8
i+ 1

2
,j+ 1

2
,k − 8 i+ 1

2
,j− 1

2
,k +

8
i+ 1

2
,j,k+ 1

2

− 8 i+ 1

2
,j,k− 1

2

4

)

· � n,

∂g,V n

∂gi+1,j,k
=

1

V

(

8
i+1,j,k +

8
i+ 1

2
,j+ 1

2
,k −

8
i+ 1

2
,j− 1

2
,k +

8
i+ 1

2
,j,k+ 1

2

− 8 i+ 1

2
,j,k− 1

2

4

)

· � n,

∂g,V n

∂gi,j+1,k
=

8
i+ 1

2
,j+ 1

2
,k ·
�

n

4V ,
∂g,V n

∂gi+1,j+1,k
=

8
i+ 1

2
,j+ 1

2
,k ·
�

n

4V ,

∂g,V n

∂gi,j−1,k
= −

8
i+ 1

2
,j− 1

2
,k ·
�

n

4V ,
∂g,V n

∂gi+1,j−1,k
= −

8
i+ 1

2
,j− 1

2
,k ·
�

n

4V ,

∂g,V n

∂gi,j,k+1
=

8
i+ 1

2
,j,k+ 1

2

· � n

4V ,
∂g,V n

∂gi+1,j,k+1
=

8
i+ 1

2
,j,k+ 1

2

· � n

4V ,

∂g,V n

∂gi,j,k−1
= −

8
i+ 1

2
,j,k− 1

2

· � n

4V ,
∂g,V n

∂gi+1,j,k−1
= −

8
i+ 1

2
,j,k− 1

2

· � n

4V .
�
��� � ,2�

� 	+/���	  !�/ �
�0#�%��0/;, ��!(�N/�'), �0,�	�')/��7�$#����(�(%$!�/;,�!(�  ')/>� ��!(�7!CB��$#�!(����	�')/��E%$!(�N%$��#�	����(!(�8%�" ��"�BI% 	��G"���	��
% 	����#���,�	����4�0�$����	��
"��, �9���-"$#A�F�'�(!=%� 	+/�% 	&�(!(�

(i+ 1
2 , j, k)

����!�� �9�&/�'), �0,�	�')/
gi+ 1

2

= gi+ 1

2
,j,k

.

∂
D $

i+ 1

2
,j,k

∂ � � ;���� = µ̄i+ 1

2

































0

λ211
∂u,V1

∂u � 	�� � + λ221
∂u,V2

∂u � 	�� � + λ231
∂u,V3

∂u � 	�� �
λ311

∂u,V1

∂u � 	�� � + λ321
∂u,V2

∂u � 	�� � + λ331
∂u,V3

∂u � 	�� �
λ411

∂u,V1

∂u � 	�� � + λ421
∂u,V2

∂u � 	�� � + λ431
∂u,V3

∂u � 	�� �
[

λ211
∂u,V1

∂u � 	�� � + λ221
∂u,V2

∂u � 	�� � + λ231
∂u,V3

∂u � 	�� �
]

ui+ 1

2

+
[
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S � .

�
��� 2@12�



= +

� 	+/���	  !�/ �
�0#�%��0/;, ��!(��/�'), �0,�	�')/��N�$#����(�(%$!�/
,�!(�  ')/H� ��!(�7!CB��$#�!(����	�')/��N%$!(�N%$��#�	����(!(� .

∂
D $
�

∂ � � ;���� = µ0





















0

λ211

(

∂u,V1

∂u � 	�� �
)

� + λ221

(

∂u,V2

∂u ��	�� �
)

� + λ231

(

∂u,V3

∂u � 	�� �
)

�

λ311

(

∂u,V1

∂u � 	�� �
)

� + λ321

(

∂u,V2

∂u ��	�� �
)

� + λ331

(

∂u,V3

∂u � 	�� �
)

�

λ411

(

∂u,V1

∂u � 	�� �
)

� + λ421

(

∂u,V2

∂u ��	�� �
)

� + λ431

(

∂u,V3

∂u � 	�� �
)

�
0





















S � ,
�
��� ,@?2�

��	O�(!
��� ∈ {(0, j, k), (0, j + 1, k), (0, j − 1, k), (0, j, k + 1), (0, j, k − 1)} �y�P�)��%� "$/�!9�L#�')/
,�	('�#�!=%� 	+/�% 	&�(!(�
� � � � !�,&%$!(���F')#-*."���!(�K��	+*�	��9��	+#�!(�&�6')"$# ��!(�1%$��#�	����(!(�&���0#1# �0�$�G')#-, ,

v � ;���� !�,
w � ;����0 !�/5�6!�#-*."$, �0/;,���!(�

λlmn ��W')"$#���!l�P�)�<%� "$/�! �:#�')/;,�	('�#�!��0"$,-#�! �;"� "$/�!����0#�'�	;�)% 	9� ���0,�	��;"�!  "$/�!^*A�0,-#�	&�(! �-�'�('���	�!�/$/�!b!(��,?�(')/��-,-#-"�	+,�!
�(')*K*�!J�(!
����!(�8�$#�'���!�/��0/
,4%$!��9� ��	+/��P�0#�	�� �0,�	�')/ %� "$/�!J�(')/�% 	+,�	�')/[�0"�B���	+*�	+,�!(�=�0" �G')#�%H���0#D,-#�')/!�P�0,-"$#�! �
�<!(�4*54�*�!(� � -;�6'), ��'(��!(� �
"�! %��0/����� �0�$�$#�'�����!�%$!A,�-O�G! /U�(')"!����! *�	+/!�(! 1 �-"$#���!(�4����'�	MB[%$! ��'��+"$*�!
%$!Q�(')/;,-#0/���!  %$!(� ��	����('2��	+,��(�  %$!(�Z�(';!�60�
	�!�/;,��8%$!4% 	��G"�� 	�')/I, ��!�#-*�	��
"�!&!�,E%$!(�Z�(')*K�G'2� �0/
,�!(�8%$!�� 	+,�!(����!
, �� 	+/
,�!�#A���'�(!���')/
,D"$,�	���	����(!(� � � 	+/���	  !�/ �
�0#�%��0/;, ��!(�8/�'), �0,�	�')/��D�$#����(�(%$!�/
,�!(�  ')/>� ��!(�D!CBO�$#�!(� ��	�')/��D%$!(�
%$��#�	����(!(� .

∂
D $
�

∂ � � ;���� = µ̄0





































0

λ211

(

∂u,V1

∂u � 	�� �
)

� + λ221

(

∂u,V2

∂u ��	�� �
)

� + λ231

(

∂u,V3

∂u � 	�� �
)

�

λ311

(

∂u,V1

∂u � 	�� �
)

� + λ321

(

∂u,V2

∂u ��	�� �
)

� + λ331

(

∂u,V3

∂u � 	�� �
)

�

λ411

(

∂u,V1

∂u � 	�� �
)

� + λ421

(

∂u,V2

∂u ��	�� �
)

� + λ431

(

∂u,V3

∂u � 	�� �
)

�
[

λ211

(

∂u,V1

∂u ��	�� �
)

� + λ221

(

∂u,V2

∂u � 	�� �
)

� + λ231

(

∂u,V3

∂u ��	�� �
)

�

]

u0

+
[

λ311

(

∂u,V1

∂u ��	�� �
)

� + λ321

(

∂u,V2

∂u � 	�� �
)

� + λ331

(

∂u,V3

∂u ��	�� �
)

�

]

v0

+
[

λ411

(

∂u,V1

∂u ��	�� �
)

� + λ421

(

∂u,V2

∂u � 	�� �
)

� + λ431

(

∂u,V3

∂u ��	�� �
)

�

]

w0





































S � ,
�
��� , + �

��	E�(!
��� ∈ {(0, j + 1, k), (0, j − 1, k), (0, j, k + 1), (0, j, k − 1)} !�,.%$!(� �L')#-*4"���!(�4� 	+*�	��9��	+#�!(�.�6')"$#���!(�
%$��#�	����(!(�8���0#N# �0�$�6')#-, ,

v � ;���� !�, w � ;����0 !�/H�G!�#-*4"$, �0/
, ��!(�
λlmn

�
n = 2

�:#�!(�-� � �2� �6')"$#E%$��#�	��2�0,�	�')/H���0#
# �0�$�6')#-, ,

v � ;���� �:#�!(�-� � w � ;����(� � ��^�0#Z�(')/;,-#�!  ��	?�(!
��� = (0, j, k)
.

∂
D $
�

∂ � � ;���� = µ̄0









































0

λ211

(

∂u,V1

∂u � 	�� �
)

� + λ221

(

∂u,V2

∂u ��	�� �
)

� + λ231

(

∂u,V3

∂u � 	�� �
)

�

λ311

(

∂u,V1

∂u � 	�� �
)

� + λ321

(

∂u,V2

∂u ��	�� �
)

� + λ331

(

∂u,V3

∂u � 	�� �
)

�

λ411

(

∂u,V1

∂u � 	�� �
)

� + λ421

(

∂u,V2

∂u ��	�� �
)

� + λ431

(

∂u,V3

∂u � 	�� �
)

�
[

λ211

(

∂u,V1

∂u ��	�� �
)

� + λ221

(

∂u,V2

∂u � 	�� �
)

� + λ231

(

∂u,V3

∂u ��	�� �
)

�

]

u0

+
[

λ311

(

∂u,V1

∂u ��	�� �
)

� + λ321

(

∂u,V2

∂u � 	�� �
)

� + λ331

(

∂u,V3

∂u ��	�� �
)

�

]

v0

+
[

λ411

(

∂u,V1

∂u ��	�� �
)

� + λ421

(

∂u,V2

∂u � 	�� �
)

� + λ431

(

∂u,V3

∂u ��	�� �
)

�

]

w0

+1
2(Fd

� � ��� �<; * ·  � )2









































S � .
�
��� , / �

�E/Y�%$!(�3�F')#-*."���!(�4��	+*�	��9��	+#�!(�.�6')"$# ��!(�4%$��#�	����(!(�.���0#?# �0�$�6')#-,",
v � ;���� !�, w � ;���� !�/[�G!�#-*4"$, �0/
, ��!(�

λlmn
!�, ��!(�b,�!�#-*�!(� 1

2(Fd
� � ��� �<; * ·  � )nS � ����!��

(Fd
� � ��� �<; * ·  � )n  n 6�	('�*�!^�(')*K�6'2� �0/
,�!8%$!

Fd
� � � � �<; * ·  �� 

n ∈ {1, 2, 3} �



= /

�W')"$# �9�J�
	+/ �;"�	('�*�!Q�(')*K�6'2� �0/
,�!.%$! D $
�  ')/R� ��!(� �F')#-*."���!(� .

∂(
D $
� )5

∂ρ � ;���� =

(

µ

Pr
+

µ *�b# *

)

0

γ

γ − 1

−p � ;����
ρ2� ;����

(

∂T,V1

∂T � ;����
)

�
S � ,

�
��� ,��2�

∂(
D $
� )5

∂p � ;���� =

(

µ

Pr
+

µ *��# *

)

0

γ

γ − 1

1

ρ � ;����
(

∂T,V1

∂T � ;����
)

�
S � .

�
��� ,�� �

��������� � ����!��� � � �e� 	
� � � � �����&�

& �0/��I�(!�,-,�!K��')"�� 6���!���,�	�')/  ��! ��"�B % 	��G"���	��@!(�-,?!CB��'��,�!�*�!�/
,.%$��#�	����K,�!
� �;"� 	��b!(�-,?% 	����#���,�	�� �K%��0/�� ��!
��	��9�0/%$! ��"�B 	  *A��	��X,�')"��e')"$#��@!�/��(')/���!�# �2�0/
, �� � -O�G'), ��'(� ! /

µ * ����� 1 � � �!CB��$#�!(����	�')/%�" ��"�B % 	��G"���	��
� �����#�	+,7,�')"��-')"$#�� .

Fd =













0 0 0
µ̄(4

3u,x − 2
3v,y − 2

3w,z) µ̄(u,y + v,x) µ̄(u,z + w,x)
µ̄(u,y + v,x) µ̄(−2

3u,x + 4
3v,y − 2

3w,z) µ̄(v,z + w,y)
µ̄(u,z + w,x) µ̄(v,z + w,y) µ̄(−2

3u,x − 2
3v,y + 4

3w,z)
k̄T,x + . . . k̄T,y + . . . k̄T,z + . . .













,
�
��� ,322�

!�,

Fd · � 1 =



































0

µ̄((4
3u,x − 2

3v,y − 2
3w,z)nx + (u,y + v,x)ny + (u,z + w,x)nz)

µ̄((u,y + v,x)nx + (−2
3u,x + 4

3v,y − 2
3w,z)ny + (v,z + w,y)nz)

µ̄((u,z + w,x)nx + (v,z +w,y)ny + (−2
3u,x − 2

3v,y + 4
3w,z)nz)

k̄(T,xnx + T,yny + T,znz)
+µ̄((4

3u,x − 2
3v,y − 2

3w,z)nx + (u,y + v,x)ny + (u,z + w,x)nz)ui+ 1

2

+µ̄((u,y + v,x)nx + (−2
3u,x + 4

3v,y − 2
3w,z)ny + (v,z + w,y)nz)vi+ 1

2

+µ̄((u,z + w,x)nx + (v,z + w,y)ny + (−2
3u,x − 2

3v,y + 4
3w,z)nz)wi+ 1

2



































,
�
��� ,',2�

����!�� �
1 = (nx, ny, nz)

+
=

�

i+1
2

,j,k

S
i+ 1

2
,j,k

!�, � � 	+,�!(����!=�-"$# �� 	+/;,�!�#A�F�'�(!4%� 	+/�% 	&�(!
(i+ 1

2 , j, k)

�����<������� � 
�"@� �9��������� ��� �;"5�9����� �E�4� ��� �;"5�+�<�����"5�A
 �9�+#��<
� �+��= ���E�4�"�� �9)*���
�
µ, µ * , k + !�,

k * �(')/���, �0/
,��  	���/�!�#�!(�-,�!����+"�� �;"� ,>%$��#�	���!�#��9�>% 	����#���,�	�� �0,�	�')/ %$!(�:�2# �)% 	�!�/
,�� %$!
� 	+,�!(����!K!�,.%$!K,�!�*K�6��# �0,-"$#�! �;"�	��0�$���0# ��	���� !�/
,4%��0/������!CBO�$#�!(� ��	�')/ �

��� ,',2� ���0#.# �0�$�G')#-,1�0"[� -��-,�'�*�!K%$!
�2�0#�	9� ����!(�A�$#�	+*�	+,�	���!(� � � ;���� �$"�	�� %$!I���)� ��!�#A!�/ �2�0#�	9� ����!(�0�(')/�� !�# �)�0,�	���!(� ���0#��9� *A�0,-#�	&�(!H%$!���)� � � ��!
∂ � ��	�� �
∂ � ��	�� �

�L�
�;"��0,�	�')/ �
��� / � � ��& �0/��S�(! �
"�	<�-"�	+,  ')/R"$,�	���	���! ��!(��/�'), �0,�	�')/���.

ui+ 1

2

= ui+ 1

2
,j,k =

ui,j,k + ui+1,j,k

2
,

vi+ 1

2

= vi+ 1

2
,j,k =

vi,j,k + vi+1,j,k

2
,

wi+ 1

2

= wi+ 1

2
,j,k =

wi,j,k + wi+1,j,k

2
,

µ̄i+ 1

2

= µ̄i+ 1

2
,j,k =

µ̄i,j,k + µ̄i+1,j,k

2
,

�
��� ,��@�

��!(�3�2# �0/�%$!�"$#��4%� 	+/�% 	&�(!(�
i, j, k

�:#�!(�-� � i + 1, j, k � ��, �0/
,���!(�3�2# �0/�%$!�"$#��.%��0/�� �9���(!
���+"���!4�
�0"!����! �:#�!(�-� �
%�#�'�	+,�! � %$! �� 	+/;,�!�#A�F�'�(!

(i+ 1
2 , j, k) �



=��

�W')"$# �9��%$��#�	��2�0,�	�')/[%$!(�:�(')*K�G'2� �0/
,�!(�.%$! � 	+,�!(����!
u, v, w

!�,?%$! �9� ,�!�*K�6��# �0,-"$#�!
T  ')/>"$,�	���	���!���!(�

*54�*�!(� �F')#-*."���!(� �;"�!D%��0/�� �9�&��!���,�	�')/�$#����(�(%$!�/
,�!  � �'�����0/
, �
"� 	&�
	  ��!(� ��!���,�!�"$#���� n
��')/;, ��!(� ��!���,�!�"$#��

%$!(�N% 	+#�!���,�	�')/��^�P�0#-,��(��	�!�/$/�!(���
x,
�

y,
�

z �
��/H! � !���,-"��0/
, ��!=�$#�'O%�"�	+,N��P���9��	+#�!4%$!���!���,�!�"$#E�-"$#A���'�(!=���0#��

x���0#N!CB$!�*K����!  ')/I'��$,�	�!�/
,D����')#�����!(� �F')#-*."���!(��.

∂g,x

∂gi,j,k
=

1

V

(

−Sx
i,j,k +

Sx
i+ 1

2
,j+ 1

2
,k
− Sx

i+ 1

2
,j− 1

2
,k

+ Sx
i+ 1

2
,j,k+ 1

2

− Sx
i+ 1

2
,j,k− 1

2

4

)

,

∂g,x

∂gi+1,j,k
=

1

V

(

Sx
i+1,j,k +

Sx
i+ 1

2
,j+ 1

2
,k
− Sx

i+ 1

2
,j− 1

2
,k

+ Sx
i+ 1

2
,j,k+ 1

2

− Sx
i+ 1

2
,j,k− 1

2

4

)

,

∂g,x

∂gi,j+1,k
=

Sx
i+ 1

2
,j+ 1

2
,k

4V ,
∂g,x

∂gi+1,j+1,k
=

Sx
i+ 1

2
,j+ 1

2
,k

4V ,

∂g,x

∂gi,j−1,k
= −

Sx
i+ 1

2
,j− 1

2
,k

4V ,
∂g,x

∂gi+1,j−1,k
= −

Sx
i+ 1

2
,j− 1

2
,k

4V ,

∂g,x

∂gi,j,k+1
=

Sx
i+ 1

2
,j,k+ 1

2

4V ,
∂g,x

∂gi+1,j,k+1
=

Sx
i+ 1

2
,j,k+ 1

2

4V ,

∂g,x

∂gi,j,k−1
= −

Sx
i+ 1

2
,j,k− 1

2

4V ,
∂g,x

∂gi+1,j,k−1
= −

Sx
i+ 1

2
,j,k− 1

2

4V ,

�
��� ,@=2�

!�,7%$!(�*�F')#-*."���!(�E��	+*�	��9��	+#�!(�7�6')"$# ��!(�7%$��#�	����(!(�N���0#7# �0�$�G')#-, ,
y

!�,
z ��E/R�K��	+/���	���!(�N!CBO�$#�!(��� 	�')/��7%$!(�7%$��#�	����(!(�7��	?�(!
��� ∈ {(i, j + 1, k), (i, j − 1, k), (i + 1, j + 1, k), (i +

1, j − 1, k), (i, j, k + 1), (i, j, k − 1), (i + 1, j, k + 1), (i + 1, j, k − 1)} .

∂
D $

i+ 1

2
,j,k

∂ � � ;���� =





























0

µ̄i+ 1

2

(4
3

∂u,x

∂u ��	�� � nx +
∂u,y

∂u ��	�� � ny +
∂u,z

∂u � 	�� � nz)

µ̄i+ 1

2

(
∂u,y

∂u ��	�� � nx − 2
3

∂u,x

∂u ��	�� � ny)

µ̄i+ 1

2

(
∂u,z

∂u ��	�� � nx − 2
3

∂u,x

∂u ��	�� � nz)

µ̄i+ 1

2

(4
3

∂u,x

∂u � 	�� � nx +
∂u,y

∂u � 	�� � ny +
∂u,z

∂u ��	�� � nz)ui+ 1

2

+ µ̄i+ 1

2

(
∂u,y

∂u � 	�� � nx − 2
3

∂u,x

∂u � 	�� � ny)vi+ 1

2

+ µ̄i+ 1

2

(
∂u,z

∂u � 	�� � nx − 2
3

∂u,x

∂u � 	�� � nz)wi+ 1

2





























Si+ 1

2
,j,k ,

�
��� ,@12�

∂
D $

i+ 1

2
,j,k

∂ � � ;���� =





























0

µ̄i+ 1

2

(−2
3

∂v,y

∂v ��	�� � nx +
∂v,x

∂v ��	�� � ny)

µ̄i+ 1

2

(
∂v,x

∂v � 	�� � nx + 4
3

∂v,y

∂v ��	�� � ny +
∂v,z

∂v � 	�� � nz)

µ̄i+ 1

2

(
∂v,z

∂v � 	�� � ny − 2
3

∂v,y

∂v � 	�� � nz)

µ̄i+ 1

2

(−2
3

∂v,y

∂v ��	�� � nx +
∂v,x

∂v � 	�� � ny)ui+ 1

2

+ µ̄i+ 1

2

(
∂v,x

∂v ��	�� � nx + 4
3

∂v,y

∂v � 	�� � ny +
∂v,z

∂v ��	�� � nz)vi+ 1

2

+ µ̄i+ 1

2

(
∂v,z

∂v ��	�� � ny − 2
3

∂v,y

∂v ��	�� � nz)wi+ 1

2





























Si+ 1

2
,j,k ,

�
��� ��?2�



=��

∂
D $

i+ 1

2
,j,k

∂ � � ;���� =





























0

µ̄i+ 1

2

(−2
3

∂w,z

∂w ��	�� � nx +
∂w,x

∂w ��	�� � nz)
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,�!E*�'O% 	����(! �

,,��� � ���"#����"� � ��� $ � $�(���&��)��& � ��$ �)� ����� ��� $'��� �-( �����  �� �"���  ���� �"� ��� &)(  "&
�1!#� $$"$ � #��"& 


µ � � � ���

& �0/�� ��!(� �$#�!�*�	('�#�!(����!���,�	�')/���%$!	�(!	� ���0��	+,-#�!  ')/ � %$')/$/��>%$!(� !CBO�$#�!(� ��	�')/�� %�" ��"�Bf% 	��6"���	���,
/
µ * ����� 1 � ��/I%������#�	+#�!="$/�!?�0�$�$#�'(B 	+*A�0,�	�')/H%$! �9�&*A�0,-#�	&�(! ���'�('���	�!�/$/�! ∂ 

∂ � �!& �0/�� ��!(��%$!�"�B�� !���,�	�')/��
�;"�	X�-"�	���!�/;,  ')/ �)�H%$')/$/�!�#K%$!(�K!CBO�$#�!(��� 	�')/��&%$! �9�R*A�0,-#�	&�(! ∂ 

∂ �
!�/Y,�!�/��0/;,��(')*K�$,�!%�" ����	+, �
"�! ��!

�('O!�60�
	�!�/
,%$!�� 	���('2��	+,��H,-"$# �$"���!�/
,�!
µ * %$���6!�/�% %�" �����0*K� �)��#�'O%$-O/��0*�	��
"�! � �L!�, %$')/!� �0"�����	 ��!

�('O!�60�
	�!�/
,
k * =

c � µ �� � � � ,�')"$,+�(')*K*�! ��! �('O!�60�
	�!�/
,R%$! � 	���('2��	+,��V*�'�������"��9��	+#�!
µ

�L!�,I%$')/!�>�0"�� ��	 ��!
�('O!�60�
	�!�/
,

k + =
c � µ
Pr � � �E/ �2� ��'�	+#  %��0/�� ��!(��%$!�"�B���!���,�	�')/��X�-"�	��2�0/
,�!(�  ��!(�E� ���0/!��!�*�!�/
,�� �;"� �0�$�G')#-,�!�/;,

�(!(� � -O�6'), ��'(��!(�@�G')"$#�%$!�"�B *�';%!'
��!(��%$!8,-"$# �$"���!�/!�(!:. ��!8*�';%!'
��!=%$! � 	&����!
� � 4 � �/.�!�, ��!8*�'O%!'
��!
k
6
ε

%$!
�Q�0"$/�%$!�#A6������0#-*A� �
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 �  ����&  �&�� ��#��"&�� ��� �����

�X!V*�'O%!'
��!V%$!V,-"$# �$"���!�/!�(! !(�-, "$/ *�';%!'
��! ���,��� �$#�	��;"�!>�G')"$# ��!
�;"�!
� ��! �('O!�60�
	�!�/
,I%$! � 	���('2��	+,��
%$-O/��0*�	��
"�!=,-"$# �$"���!�/;,

µ * !(�-,7%$')/$/��=���0#7"$/�!=#�!
�9�0,�	�')/�	+*K����	&�
	+,�! ��	9�0/
,
µ * �0"R�����0*K�H*�'.-�!�/ �

��������� � ���0�&����������� �� � � � 
���� ������� ��$� � ��� � �����
µ �

�Q�K#�!
�9�0,�	�')/ �A+ � � + � !(�-,�"$/�!D#�!
�9�0,�	�')/ 	+*K����	&�
	+,�! � �X!�,-,�!=�
�
"��0,�	�')/R!(��,�#��(��'��+"�!=%��0/�� � �o7�� ) 1 - , �� ��	�%$!
%� "$/�!=*���, ��'O%$!.%$!=�6'�	+/
, �$B�! � �X!�,-,�!?*���, ��';%$!."$,�	���	���! �9� �2����!�"$#N%$!

µ * �0"R���)�7�$#����(�(%$!�/
,
n− 1

�G')"$#
�P���&��"���!�#��9� �2����!�"$#N%$!

µ * �0"���)�
n
.

µ
(n)* = ρ `2 D2(µ

(n−1)* ) ω̄,
�
���>= + �

����!�� ��!(��*54�*�!(� /�'), �0,�	�')/�� �
"�!H%��0/����9� #�!
�9�0,�	�')/ 	+*K����	&�
	+,�! �A+ � � + � � � �(')/ ��!�# ��!�/!�(!  ')/ %$'�	+, ����'�	+#
µ

(n)* ∼ µ
(n−1)* !�,=%$')/!� �9� #�!
�9�0,�	�')/ �A+ � � + � !(�-, ����#�	����(! � �X!��6!�/�%��0/
,  �(')*K*�! �(! �
"�	 	+/
,���#�!(� ��! �����,-"�%$!

%$! �9����	+/��P�0#�	�� �0,�	�')/ %�">*�'O%!'
��!4%$! ��	&� ��!
��!(�-, �9� %$��#�	����(!1%$!��9� � 	���('2��	+,��?,-"$# �$"���!�/;,�!1���0#D# �0�$�G')#-,=�0"
�����0*K��)��#�'O%$-;/��0*�	��;"�!��L��'�	+, ∂µ �

∂ � �� %$!7*A�0/�	('�#�!E#�	,��')"$#�!�"���!  	�� %$'�	+, 4�,-#�! 	+*K�G��# �0,�	��Q%� ����'�	+# �9�=#�!
�9�0,�	�')/
	+*K����	&�
	+,�! �A+ � � + � ����#�	����(!?!�/I,�')"$,7�6'�	+/
, �,E/�!.�0"$,-#�!?*���, ��'O%$! �;"�	S� !�* ����!?���+"��N#�	,��')"$#�!�"���!  �
"�'�	��;"�!=*�'�	+/��8�-, � ����!  ��%$')/!�4��,��=,�!(�-,��(! .$"$/
���,��')#�	+, �$*�!1%$! �8! ��,�')/>!(�-,E"$,�	���	�� �.�6')"$# �9�A#��(��'��+"$,�	�')/ %$!�����
�;"��0,�	�')/ �A+ � � + � � �  �0/$/�!CB�! � � /K�$#��(��!�/;,�!
"$/�! �(')"$#-,�!�	+/;,-#�';%�"!��,�	�')/g�-"$# �� ���,��')#�	+, �$*�! � �  	+/;,���#�4�,.�$#�	+/!�
	+�����Z%$! �(!�,-,�!�*���, ��';%$!�!(��, �;"�! ��')#�� �;"� 	��
- �4�(')/ ��!�# ��!�/!�(!  �(!
����!�6 �
	<��!9����	+,7%$!E*A�0/�	('�#�! �
"��)%�# �0,�	��;"�!  %$')/!�D# �0��	�%$! � �X!��G!�/�%��0/;,  �(!�,-,�!D*���, ��'O%$!
/��!(�-,8���)�N,-#�'(�D�-, � ����!&!�, �9� ��'��P����	�� �0,�	�')/ %$! �9� ��'��+"$,�	�')/V!(��,E,-#�'(�%�L')#-,�!�*�!�/;,=%$���G!�/�%��0/;,�!K%$! ����
����*�!�/
,
	+/�	+,�	9��� � �  	���/�!���! ��	+,-"�! ���)�&%��0/�� ��! ���)����	+/Y%� �0,-,-# �'��,�	�')/J%$! �9�H��'��+"$,�	�')/)����!�#� ���(!  �� ���,��')#�	+, �$*�!�/�!
�(')/ ��!�# ��!����)� ��!�#�� �9� ��'��+"$,�	�')/ � �b/V�$# �0,�	��;"�!  �;"�!
���
"�!(�D�$#�'����('�*�!(�?%$!J�(')/ ��!�# ��!�/!�(!�%$! �9�A#��(� '��+"$,�	�')/
%$! ����
�;"��0,�	�')/ �A+ � � + � �6')"$# �;"�!
���
"�!(�S�(!
���+"���!(� 	���'����(!(�N�0�$���0# ��	���� !�/
,E��"$# �� ��	���!�� � � 2 � � ,��
��������� � ��� ���������"$��� �� "������ "�� �����)�� ����� "��&� � �'�
����	 � ��������� �

µ �

�W')"$# ��!I*�';%!'
��!I%$!���	&� ��!
� � 4 ��� .�����!�� �2# �)% 	�!�/;,�� � �2���+"��(� �0"�B(�(!�/
,-#�!(� %$!(��	+/;,�!�#A�F�'�(!(� �6')"$#���!
��"�B3% 	��G"���	��=!�,���!(�:�2# �)% 	�!�/;,�� %$! ��	+,�!(��� !  ���'����e!�,A%$! �9����	+/��P�0#�	�� �0,�	�')/ %�"J*�'O%!'
��!I%$! � 	&����!
�E!(�-,��9�
%$��#�	��2�0,�	�')/I%�"d�('O!�60�
	�!�/
,7%$! � 	���('2��	+,��8%$-;/��0*�	��;"�!8,-"$# �$"���!�/
,�!

µ * ���0#X# �0�$�G')#-,N�0"������0*K�R�(')/�� !�# �)�0,�	��
�

= (ρ, ρu, ρv, ρw, ρE)
+  �9� *���,-#�	��
"�! 
 ��, �0/
,+�(')/��-, �0/;,�! � �O'�	+, ��!K�P���&��"��D%$! �9� *A�0,-#�	&�(!���	,�2/�!

∂µ �
∂ � � . � �F�0"$,8%$��#�	���!�# ��! ��"�BH% 	��6"���	��Z% 	����#���,�	���� D $

i+ 1

2
,j,k

, /
µ * �����x1K�(')*K*�!&%��0/�� ��!(�8��')"��A6�� !���,�	�')/��

�$#����(�(%$!�/
,�!(� � �b/H���+"��8%$!Q�(!
�9�  	�� ���0"$,8�)%$% 	+,�	�')/$/�!�# �9�K���0#-,�	�!&')]����')/>%$��#�	���! ��!(� ���'��,�!�"$#��
(µ+ µ * ) !�,

(k + + k * )  ��!1#�!(�-,�!K%$! ���!CB��$#�!(����	�')/[%$! D $
i+ 1

2
,j,k

��, �0/;,Q�(')/���	�%$��#����(')*K*�!0�(')/��-, �0/
,  ,�')"$,V�(')*K*�!�')/

%$��#�	���! ��!=�$#�'O%�"�	+,N%$!=%$!�"�B �F')/!��,�	�')/�� �!&  �0�$#�'(������
�;"��0,�	�')/ �A+ � � + �� ��!:�('O!�60�
	�!�/
, µ * %$���6!�/�%I%$!:.
/ �9�&*A�)� ��! ��'��+"$*�	��
"�!

ρ
0

/ �9� ��')#-,�	&�
	+,��
ω̄
0

/ �9� ��')/!�2"�!�"$#�%$!Z*��
�9�0/!��!
`
!�,^%$')/!� ���������	�� ��!�"$#W%$!z�(')"!� ��! ��	+*�	+,�!

δ
!�,^%$! �9�N% 	��-, �0/!�(! ,��9�7���0#�'�	

η
0

/ �9� � 	���('2��	+,��D*�'�������"��9��	+#�!
µ
��	9� �9���F')/!��,�	�')/R%� �0*�')#-,�	���� !�*�!�/
, D �

&  �0�$#�'(���9�&#�!
�9�0,�	�')/�����#�	����(!=���0#
µ * %��0/��5�A+ � � + �� ')/I�6!�"$,7����#�	+#�! �9�1#�!
�9�0,�	�')/ 	+*K����	&�
	+,�! .

f(ρ, `, ω̄, µ, µ * ) = 0,
�
���>= / �

����!��
f : R

5 −→ R

(ρ, `, ω̄, µ, µ * ) 7−→ f(ρ, `, ω̄, µ, µ * ) = ρ `2 D2(µ * ) ω̄ − µ * .
�
���>=��2�
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�E/ "$,�	���	���!N"$/d�(')#�'����9��	+#�!E%�" , ���(')#�'�*�!E%$!(�#�F')/!��,�	�')/�� 	+*K����	&�
	+,�!(�3����'�	+#X�0/$/�!CB$!(� � � / � �G')"$#<�P���&��"���!�#
�9�1%$��#�	����(!.%$!

µ * ���0#7# �0�$�6')#-, ,J�����'��"$/�!4%$!(�*�2# �0/�%$!�"$#��N%$')/;,E%$���6!�/�%
µ * .

∂µ *
∂ρ

= −
∂f
∂ρ

∂f
∂µ �

,
∂µ *
∂`

= −
∂f
∂`
∂f
∂µ �

,
∂µ *
∂ω̄

= −
∂f
∂ω̄
∂f
∂µ �

,
∂µ *
∂µ

= −
∂f
∂µ

∂f
∂µ �

,
�
���>=�� �

����!��
∂f

∂ρ
=

µ *
ρ

+
1

26K
`2ω̄D(µ * )√ξ exp(−

√
ξ

26K ),

∂f

∂`
= 2ρ`D(µ * )2ω̄ + 2

1

26K
ρ`ω̄D(µ * )√ξ exp(−

√
ξ

26K ),

∂f

∂ω̄
= ρ`2D(µ * )2 +

1

26K
ρ`2D(µ * )√ξ exp(−

√
ξ

26K ),

∂f

∂µ
= − 1

26K
ρ`2ω̄

D(µ * )
µ

µ+ 2µ *
µ+ µ *

√
ξ exp(−

√
ξ

26K ),

∂f

∂µ * = −1 +
1

26K
ρ`2ω̄

D(µ * )
µ+ µ *

√
ξ exp(−

√
ξ

26K ).

�
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� , �0/;,�%$')/$/�� �;"�! ���')/J����!�#� ��!�,Y�P���&��"���!�# ∂µ �
∂ρ  ∂µ �

∂ρu  ∂µ �
∂ρv  ∂µ �

∂ρw  ∂µ �
∂ρE  	��
#�!(�-,�!-,E!CBO�$#�	+*�!�# ��!(�^%$��#�	����(!(�

%$!
`, ω̄

!�,
µ

!�/ �F')/!��,�	�')/R%�"R� ���0*K�	�(')/���!�# �2�0,�	�� �
= (ρ, ρu, ρv, ρw, ρE)

+ �
��������� � ����� ��	 ��� � �����&� �� "������ "�� �����)�� ����� "��&� � �'�[� �&� �%"���� ����	��

µ
� �!CB��$#�!(����	�')/I%�"+�('O!�60�
	�!�/
,7%$! � 	���('2��	+,��E*�'�������"��9��	+#�!

µ  �P���&��"����D���0# �9� ��'�	 %$!��;"$, ��!�#��9�0/�% �A+ � + ,2�� 
!(�-,�# �0�$�6!
���(! 	&�
	#.

µ =
β �
√
T

1 + C � /T
,

�
���>=',2�

')]
β �

!�,
C �

��')/
, %$!�"�B)�(')/���, �0/
,�!(� �
"�	7%$���6!�/�%$!�/
,�%�" �
� :K�(')/���	�%$��#�� � �<!R�('O!�60�
	�!�/
,�%$!�� 	���('2��	+,��
*�'�������"��9��	+#�!

µ
!(�-,E%$')/!�4% 	+#�!���,�!�*�!�/
, �F')/!��,�	�')/H%$!��9�K,�!�*K�6��# �0,-"$#�!

T
!�,E%$')/!�&%�"	� ���0*K�w�(')/���!�# �2�0,�	��

� � ;���� � 	9� �9���L')#-*4"���!�.
T =

γ − 1

r ��a�� e =
γ − 1

r ��a�� (E − 1

2

� 2).
�
���>=��@�

&  �0�$#�'(���9� ��'�	S%����, �0,N%$!(�*�
� :?���0#A����	+,��  ')/R� �O"I�$#����(�(%$!�*K*�!�/
, .

e =
p

(γ − 1)ρ
=
r ��a�� T
γ − 1

,
�
���>=@=2�

!�,

∂µ

∂
� � ;���� =
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∂ρ
∂µ
∂ρu
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∂ρv
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∂ρw
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∂ρE
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∂µ
∂T

∂T
∂ρ

∂µ
∂T

∂T
∂ρu

∂µ
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∂ρw
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∂ρE
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∂µ

∂
� � ;���� =















µ
ρe(

1
2 + C �

T+C � )(
1
2

� 2 − e)

− µ
ρe(

1
2 + C �

T+C � )u
− µ

ρe(
1
2 + C �

T+C � )v
− µ

ρe(
1
2 + C �

T+C � )w
µ
ρe(

1
2 + C �
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�W')"$# '��$,�!�/�	+# ∂µ �
∂µ

∂µ
∂ � ��	�� �  	��E�-"76�,A%$!*4"��+,�	+����	�!�# ��!���!���,�!�"$# ∂µ

∂ � ��	�� �
���0# ∂µ �

∂µ

!�/1� ��� �
"�!	�(!
���+"���! �
& �0/��S�(!:�P�)�  ,�')"$,�!(� ��!(� �2# �0/�%$!�"$#��N��')/;,7�$#�	���!(�7�0"K�(!�/;,-#�!?%$! �9�&*54�*�!I�(!
���+"���!?!�, �;"�! ���!CBO�$#�!(� ��	�')/I%$!

∂µ �
∂µ

∂µ
∂ � ��	�� �

/�!�����	+,S���)� 	+/
,�!�# ��!�/�	+#�%$! �2����!�"$#���%�"4� ���0*K���(')/���!�# �2�0,�	�� � � ;���� %��0/�� ��!(�t�(!
���+"���!(�b�)% ���'�(!�/
,�!(� ��X!��
	6/��!(�-,X���)� ��!U�P�)�X�6')"$# ��!(�@%$!�"�B %$���6!�/�%��0/!�(!(�7�-"�	��2�0/
,�!(� . ��')#-,�	&�
	+,��
ω̄

!�, ��')/!�2"�!�"$#7%$!N*��
�9�0/!��!
` �

��������� � ��� "$	�������� � �����&� ���)�� 	 � ��� �����&�#�� � � �Q� 	'����"�� �'�
�Q� ��')#-,�	&�
	+,��

ω̄ = ‖∇ ∧ � ‖ %$���6!�/�%3%$! �9� � 	+,�!(����!�!�,�%$! �9�V*���,-#�	��
"�! ��� 	9����!(�K�-"$#A���'�(!(��!�,���!(�
��'��+"$*�!(� � � �Q� ��')#-,�	&�
	+,��

ω̄
� �!CB��$#�	+*�!?���+"��%�F�'�
	���!�*�!�/;,8%��0/�� ��!.� -��-,�'�*�!?%$! �)�0#�	9� ����!(�8% 	+,�!(�7�$#�	+*�	+,�	���!(�

� � ;���� � �<!&���)��� � ��!4%$!(� �2�0#�	9� ����!(�D�$#�	+*�	+,�	���!(�?!�/ �)�0#�	9� ����!(�:�(')/�� !�# �)�0,�	���!(�=� �! � !���,-"�! ��	9� �9�A*A�0,-#�	&�(!K%$!
���)��� � ��! ∂ � � 	�� �

∂ � ��	�� �
�L�
�
"��0,�	�')/ �

��� / � � �
� 	��A6 , 6�� 	��7%$! �9� ��')#-,�	&�
	+,��

ω̄  	�� /� -�&���)�N%$!=%$���6!�/�%��0/!�(!.!�/ �9� �
	+/ �;"�	('�*�!��2�0#�	9� ����!=�$#�	+*�	+,�	���!
p

∂µ *
∂p

= −
∂f
∂p

∂f
∂µ �

= 0.
�
���>1 + �

�E/>/�!&�  	+/
,���#�!(��� !�# � %$')/!� , �9� %$��#�	����(!4���0#-,�	�!
����! � , *���,-#�	��;"�!4�(')/���, �0/
,�! � %$!
ω̄
�;"�!.���0#D# �0�$�6')#-,

�0"�B �
"��0,-#�!=�$#�!�*�	('�#�!(� �)�0#�	9� ����!(�N�$#�	+*�	+,�	���!(�
(ρ, u, v, w) �

������� �<��� �  � �"5� =<��&(���������
,E/�!8�$#�!�*�	('�#�!?�0�$�$#�'(B 	+*A�0,�	�')/I,-#�'(�@�$#����
	���!=%��0/�� �9�4�(')"!����! ��	+*�	+,�!?�&��,��8,�!�/
,��(!D�6')"$# ��	+/��P�0#�	���!�# �9�

/�')#-*�!?%$! �9� ��')#-,�	&�
	+,�� ��8'),�')/�� �
3
�9�A% 	+#�!���,�	�')/ %$!&*A��	����9� ��!&�6!�#-�G!�/�% 	&��"��9��	+#�!5, �9� ���0#�'�	^%��0/�� �9�d�(!
���+"���!J�(')"$# �0/
,�!  � 1 =

(nx1, ny1, nz1)
+ !�, �

2 = (nx2, ny2, nz2)
+ ��!(��% 	+#�!���,�	�')/��%$!V*A��	����9� ��!V%��0/�� ��!H���9�0/ , �0/!��!�/
, , �9�

���0#�'�	b!�,
d3

�9��% 	��-, �0/!�(!1!�/
,-#�!���!(�U�(!�/;,-#�!(�?%$!(�:�(!
���+"���!(�?')] ��')/
,=�$#�	�� !(� ��!(�^�(')*K�6'2� �0/;,�!(�?%$!(� ��	+,�!(� ��!(�
, �0/!��!�/
,�	�!
����!(� , �9�&���0#�'�	

U‖1
!�,
U‖2

.
∂U‖1

∂x3
=

U‖1p−U‖1m

d3
,

∂U‖2

∂x3
=

U‖2p−U‖2m

d3
,

U‖1p =
�

p3 ·
�

1,

U‖1m =
�

m3 ·
�

1,

U‖2p =
�

p3 ·
�

2,

U‖2m =
�

m3 ·
�

2.

�
���>1 / �

�E/H�K��	+/�� 	��� �0�$�$#�'(B 	+*A�0,�	�')/H%$!
ω̄

���0# .

ω̄ = ‖∇ ∧ � ‖ ' ‖
∂U‖
∂x3

‖ =

√

(

∂U‖1
∂x3

)2

+

(

∂U‖2
∂x3

)2

=
1

d3

√

(
�

p3 ·
�

1 −
�

m3 ·
�

1)2 + (
�

p3 ·
�

2 −
�

m3 ·
�

2)2.

�
���>1��2�

� �!(�-,Y�(!�,-,�!.%$!�#-/�	('�#�!?!CBO�$#�!(� ��	�')/ �;"�	<!(�-,7%$��#�	����(!=���0#7# �0�$�6')#-, ,J����� �;"�!Q�(')*K�6'2� �0/;,�!?%$!�� 	+,�!(����!:.
∂ω̄

∂up3
= − ∂ω̄

∂um3
=

1

ω̄d2
3

((
�

p3 −
�

m3) ·
�

1nx1 + (
�

p3 −
�

m3) ·
�

2nx2) ,

∂ω̄

∂vp3
= − ∂ω̄

∂vm3
=

1

ω̄d2
3

((
�

p3 −
�

m3) ·
�

1ny1 + (
�

p3 −
�

m3) ·
�

2ny2) ,

∂ω̄

∂wp3
= − ∂ω̄

∂wm3
=

1

ω̄d2
3

((
�

p3 −
�

m3) ·
�

1nz1 + (
�

p3 −
�

m3) ·
�

2nz2) .

�
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1@?

p3

m3

U||1

U||2

Projection de V3 dans le plan (e1,e2)

Vue de côté Vue de dessus

3

2

3
2

1d3

1

� � ���
��� � / �;,�!�/!�
	��Q%$! �� �0�$�$#�'PB 	+*A�0,�	�')/V%$! �9� ��')#-,�	&�
	+,�� �

�Q��%$��#�	����(!K%$! �(!�,-,�!��0�$�$#�'PB 	+*A�0,�	�')/g%$! �9� ��')#-,�	&�
	+,��K���0#D# �0�$�G')#-,�, �9� � 	+,�!(����!1!�/ "$/�! �(!
���+"���!1/�!
����	+,E���)� 	+/
,�!�# ��!�/�	+# �9� ��	+,�!(��� !4!�/w�(!�,-,�!4�(!
���+"���!  *A��	��U�(!
����!&�0" �(!�/
,-#�!1%$!(�D%$!�"�BK�(!
���+"���!(�?�)% ���'�(!�/
,�!(� ,
�9���(!
���+"���!�%$!J�P���&��"��  %��0/�� �9��% 	+#�!���,�	�')/5')#-, ��'���')/�����! , �9� ���0#�'�	 � �<!K�-,�!�/!�
	��b%$! �(!�,-,�!A� �)���+"��0,�	�')/ ����	+,
%$')/!� 	+/;,�!�# ��!�/�	+#E%$!�"�B�G'�	+/;,�� �

�  �0/���� -���!�%� "$/)�����0*K�3%$! ��	���('2� 	+,��
µ * �0"$,�')"$#K%$! �� ��	���! � , *�')/
,-#�! �
"�! �9�H#�!
�9�0,�	�')/ 	+*K����	&�
	+,�!

%$����/�	���� �0/;,
µ * %��0/�� �9�Q�(')"!� ��! ��	+*�	+,�!=!(�-,���	�!�/ ����#�	����(!  *A��	�� �;"�!Z�(!
����!�6 �
	 /��!(�-,X���+"�� �6')/$/�! ��'�	+/%$! �9�

���0#�'�	 � �X!��
	b!(�-,:�(')/���#-*��1�6')"$# ��!(�:�����0*K���?%$! ��')#-,�	&�
	+,����P���&��"����(�?%$!&*A�0/�	('�#�!�!CB��'��,�!1!�,?%$!&*A�0/�	('�#�!
�0�$�$#�'������(!����0# �9� �F')#-*."���!+�
	�6�%$!(����"��  %��0/��&,�')"$, ��! %$')*A��	+/�! � �  �0�$�$#�'(B 	+*A�0,�	�')/f!(�-,5�G')/$/�! %��0/�� �9�
�(')"!����!���	+*�	+,�!  �$#�'(�N%$! �9�&���0#�'�	Q%$')/!�  *A��	��7%$! � 	�!�/
,^�(')*K���('�,�!�*�!�/
,9�F�0"�� ��! ��'�	+/R%$! �9�&���0#�'�	��:���+"��E%$!

2000 %
%��!�#-#�!�"$#�#�!
�9�0,�	���!1,4"$/�!D% 	��-, �0/!�(!D%� "$/�!:�(')#�%$!=�0"�%$!(� �-"��@%$! ���!CB�,-# �)%$'2� � � �E/%$'�	+,@�G')"���'�	+#7��!

�(')/
,�!�/;,�!�#?%� "$/�! � 	���('2��	+,��.,-"$# �$"���!�/
,�! �P���&��"����(!4�(')*K*�!4!�/ �
���>= + �� �
"�	  %$!?,�')"$,�! �F�)\(')/  %$! � 	�!�/
,8,-#�'(�

�6!�,�	+,�! ��'�	+/g%$! �9�I���0#�'�	 � �  	+/ ��"�!�/!�(! %$!u�(!�,-,�! �0�$�$#�'PB 	+*A�0,�	�')/J��"$#���!d�P���&��"��X%$!��2# �)% 	�!�/
,��1/��!(�-,4���)�
�F')#�(��*�!�/
,N/�� � ��	,��!P� ����! �,E/A�0"$,-#�!��6'�	+/
,b!(�-, ��	+*�	+, �0/;,Z�6')"$# �� 	+*K������*�!�/
, �0,�	�')/�%$!N�(!�,-,�! �L')#-*4"��9�0,�	�')/ � & !@*A�0/�	('�#�!��$# �0,�	��;"�!  �(!��
	Z!(�-,.�)� ��! :5�F�'�
	���!�*�!�/;,�	+*K������*�!�/
, � ����! �  	���/� - � �
"� "$/�!����0#�'�	  ')"5����')#��?��	b%$!�"�B>���0#�'�	��?��')/;,.!�/
� 	��A6 , 6���	��1%��0/�� ��!(�1*54�*�!(�1���9�0/��K%� 	+/�% 	&�(!(��%$! *A��	����9� ��!(� � 	����1���0#-, � ��!�/;,K"$/�!% 	+#�!���,�	�')/J%$! *A��	����9� ��!
/�')#-*A����!Y�(')*K*4"$/�! � � & �0/�� ��!N�P�)�  %� "$/�!Y�(')/����2"$# �0,�	�')/�����!��Z�('�	+/ �:���0#�!CB$!�*K����! �9�:�(')/����2"$# �0,�	�')/�% 	+,�!
,-#�'�	��N�0"I���0# � �2# �0� ��!5/ � � �� �� 	+*K������*�!�/
, �0,�	�')/>/�!D�6!�"$,N��!8����	+#�!=%$!D*A�0/�	('�#�!.��	+*K����!.!�,*����/���#�	��
"�! �� �!(�-,E�$#�	+/!�
	+������!�*�!�/
,:�(!?*A�0/ �;"�!.%$! ����/���#�	&�
	+,��4%�"	�(';%�� ��!  ��	+/���	 �;"�! ��!(�8%$')"$,�!(�N�-"$# �� 	+/ ��"�!�/!�(!
%$!N�(!�,-,�!7�0�$�$#�'(B 	+*A�0,�	�')/ �;"�	$!CBO����	��;"�!�/
, ��!<� ��'�	MB1%��! � !���,-"�!�# �9�8%$��#�	��2�0,�	�')/A%$! �9�8% 	����#���,�	�� �0,�	�')/A!CB��'��,�!
%$! �9� ��')#-,�	&�
	+,��.���0#�# �0�$�G')#-,E�0"	�����0*K�V�)��#�'O%$-O/��0*�	��
"�!?!CB��$#�	+*��?!�/��2�0#�	9� ����!(�7�$#�	+*�	+,�	���!(� � � ;���� �
������� �<�>� � �%��)*" 
������4��������� �*=��9)0�4�

�Q�=/�')#-*�!N%$! �9� ��')#-,�	&�
	+,��E!(�-,Z% 	����#���,�	����(!7,�!
����! �
"��!
����!N!(�-,Z! � !���,�	���!�*�!�/
,�% 	�����#���,�	����(!N%��0/�� ��!7#��(��	�%�"
!CB�����	&�
	+,�! 	 � �W�0#E%$����/�	+,�	�')/  �9� ��')#-,�	&�
	+,����2�0"$, .

ω̄ = ‖∇ ∧ � ‖ =
√

(w,y − v,z)2 + (u,z − w,x)2 + (v,x − u,y)2
�
���>1322�



1 +

')] ��!(�
u,y

�:#�!(��� � u,z, v,x, v,z, w,x, w,y � %$�(��	,�2/�!�/;,���!(� �2# �)% 	�!�/;,��1%$!��(')*K�G'2� �0/
,�! %$! ��	+,�!(� ��!
u
�:#�!(��� �

u, v, v, w,w � %��0/����9�4% 	+#�!���,�	�')/
y
�:#�!(�-� � z, x, z, x, y � � �X!�"�B 6 �
	<� ')/
,7� �2���+"��(�7�0"�Bd�(!�/
,-#�!(�N%$!(�N�(!
���+"���!(� �

� 	+/���	  ��	
g ∈ {u, v, w} %$�(��	,�2/�! �9� �2# �0/�%$!�"$#�%$')/
,K')/3��')" ����	+,�!+�P���&��"���!�# ��! �2# �)% 	�!�/
, � 187�� 5�� 4 187 �

�0" �(!�/
,-#�!K%$! �9�u�(!
���+"���!K%� 	+/�% 	&�(!(�
(i, j, k)

!�,D� 	 ���')/>/�'),�!
gi+1,j,k  gi−1,j,k  gi,j+1,k  gi,j−1,k  gi,j,k+1  

gi,j,k−1
��!(���2����!�"$#��&%$!

g
%��0/�� ��!(�4�(!
���+"���!(�&�)% ���'�(!�/
,�!(� , �9�K�(!
���+"���! %� 	+/�% 	&�(!(�

(i, j, k)
�(')*K*�! �-"$# �9�

���2"$#�!
��� 2 �6')"$# ��!I�P�)�*��	�% 	+*�!�/�� 	�')/$/�!
�  ')/H� .

(g,x)i,j,k =
gi+ 1

2
,j,kS

x
i+ 1

2

− gi− 1

2
,j,kS

x
i− 1

2

+ gi,j+ 1

2
,kS

x
j+ 1

2

− gi,j− 1

2
,kS

x
j− 1

2

+ gi,j,k+ 1

2

Sx
k+ 1

2

− gi,j,k− 1

2

Sx
k− 1

2

Vi,j,k

(g,y)i,j,k =
gi+ 1

2
,j,kS

y

i+ 1

2

− gi− 1

2
,j,kS

y

i− 1

2

+ gi,j+ 1

2
,kS

y

j+ 1

2

− gi,j− 1

2
,kS

y

j− 1

2

+ gi,j,k+ 1

2

Sy

k+ 1

2

− gi,j,k− 1

2

Sy

k− 1

2

Vi,j,k

(g,z)i,j,k =
gi+ 1

2
,j,kS

z
i+ 1

2

− gi− 1

2
,j,kS

z
i− 1

2

+ gi,j+ 1

2
,kS

z
j+ 1

2

− gi,j− 1

2
,kS

z
j− 1

2

+ gi,j,k+ 1

2

Sz
k+ 1

2

− gi,j,k− 1

2

Sz
k− 1

2

Vi,j,k �
���>1',2�

����!��

gi+ 1

2
,j,k =

gi,j,k + gi+1,j,k

2
, gi− 1

2
,j,k =

gi,j,k + gi−1,j,k

2
,

gi,j+ 1

2
,k =

gi,j,k + gi,j+1,k

2
, gi,j− 1

2
,k =

gi,j,k + gi,j−1,k

2
,

gi,j,k+ 1

2

=
gi,j,k + gi,j,k+1

2
, gi,j,k− 1

2

=
gi,j,k + gi,j,k−1

2
,

�
���>1��@�

!�,  �6')"$#N������� ��!�#���!(��/�'), �0,�	�')/��5.

Sx
i+ 1

2

= Sx
i+ 1

2
,j,k
, Sx

i− 1

2

= Sx
i− 1

2
,j,k
,

Sx
j+ 1

2

= Sx
i,j+ 1

2
,k
, Sx

j− 1

2

= Sx
i,j− 1

2
,k
,

Sx
k+ 1

2

= Sx
i,j,k+ 1

2

, Sx
k− 1

2

= Sx
i,j,k− 1

2

.

�
���>1@=2�

�<!(��/�'), �0,�	�')/��8��')/;,N��	+*�	��9��	+#�!(���6')"$#���!(�S�(')*K�6'2� �0/
,�!(�E�-"�	��2�0/
,
y

!�,
z �

� 	+/���	  
∂g,x

∂gi,j,k
=

1

2

Sx
i+ 1

2

− Sx
i− 1

2

+ Sx
j+ 1

2

− Sx
j− 1

2

+ Sx
k+ 1

2

− Sx
k− 1

2

Vi,j,k
,

∂g,x

∂gi+1,j,k
=

1

2

Sx
i+ 1

2

Vi,j,k
,

∂g,x

∂gi−1,j,k
= −1

2

Sx
i− 1

2

Vi,j,k
,

�
���>1@12�

����!��&%$!(�%�L')#-*4"���!(�E��	+*�	��9��	+#�!(�E�6')"$# ��!(�^�(!
���+"���!(�E%� 	+/�% 	&�(!(�
(i, j ± 1, k)

!�,
(i, j, k ± 1)  ��	+/���	 �;"�!=�6')"$#

��!(�1% 	+#�!���,�	�')/��
y

!�,
z � �<! ,�!�#-*�!

(Sx
i+ 1

2

− Sx
i− 1

2

+ Sx
j+ 1

2

− Sx
j− 1

2

+ Sx
k+ 1

2

− Sx
k− 1

2

)
�(')#-#�!(�-�G')/�% ,��9�

�$#�' �-!���,�	�')/R�-"$# �� �TB$!?%$!(�N� ����
	���� !(��%$! �� 	+/
,�� �2# �0,�	�')/V%�" ��!���,�!�"$#N�-"$#A���'�(!=�
����*�!�/
, ��	+#�!&�-"$#�"$/�!=�-"$#A���'�(!
�F!�#-*��(! 0 	��^!(�-,E%$')/!�4/
"�� � . �Q#�!(�-,�!&%$')/!����!(�8%$��#�	����(!(�D%$!V� ��� �
"�!4�(')*K�6'2� �0/
,�!1%$! ��	+,�!(��� !.%��0/��^����� �;"�!



1 /

% 	+#�!���,�	�')/R���0#�# �0�$�6')#-, , �9�J�(')*K�6'2� �0/;,�!.%$! � 	+,�!(����!:�(')/���	�%$��#��(!4%��0/�� ��!(�S�(!
���+"���!(�E�)% ���'�(!�/
,�!(� �
∂ω̄

∂ui+1,j,k
=

1

2ω̄

Sz
i+ 1

2

(u,z − w,x) + Sy

i+ 1

2

(u,y − v,x)

Vi,j,k
,

∂ω̄

∂vi+1,j,k
=

1

2ω̄

Sz
i+ 1

2

(v,z − w,y) + Sx
i+ 1

2

(v,x − u,y)

Vi,j,k
,

∂ω̄

∂wi+1,j,k
=

1

2ω̄

Sy

i+ 1

2

(w,y − v,z) + Sx
i+ 1

2

(w,x − u,z)

Vi,j,k
,

∂ω̄

∂ui−1,j,k
= − 1

2ω̄

Sz
i− 1

2

(u,z − w,x) + Sy

i− 1

2

(u,y − v,x)

Vi,j,k
,

∂ω̄

∂vi−1,j,k
= − 1

2ω̄

Sz
i− 1

2

(v,z − w,y) + Sx
i− 1

2

(v,x − u,y)

Vi,j,k
,

∂ω̄

∂wi−1,j,k
= − 1

2ω̄

Sy

i− 1

2

(w,y − v,z) + Sx
i− 1

2

(w,x − u,z)

Vi,j,k
.

�
��� + ?@?2�

�E/I�&%$!(� �L')#-*4"���!(����	+*�	��9��	+#�!(���6')"$#@%$!(�@%$��#�	����(!(�7%$! �9� ��')#-,�	&�
	+,��
ω̄

���0#X# �0�$�6')#-,7�0"�Bd�(')*K�6'2� �0/
,�!(�N%$!
� 	+,�!(����!=%��0/�� ��!(�S�(!
���+"���!(�E%� 	+/�% 	&�(!(�

(i, j + 1, k)  (i, j − 1, k)  (i, j, k + 1)
!�,

(i, j, k − 1) �
�Q��%$��#�	����(!K%�" �2# �)% 	�!�/;,?%$! ��	+,�!(��� !&�0" �(!�/
,-#�!K%� "$/�! �(!
���+"���!K%$���6!�/�%>%$')/!�K%$! �9� �2����!�"$#?%$!J�(!�,-,�!

� 	+,�!(����!D!�/I��	MB �:#�!(�-� � �;"��0,-#�! � �(!
���+"���!(�N�)% ���'�(!�/
,�!(� , �9�4�(!
���+"���!I�(')"$# �0/;,�!=�6')"$#X"$/�$#�'����('�*�!?,-#�	�% 	+*�!�/�6
��	�')/$/�!
� �:#�!(�-� � ��	�% 	+*�!�/���	�')/$/�!
� � �(')*K*�!�')/&�6!�"$, ��! ��'�	+#��-"$# �9� ���2"$#�!

��� 2�� �Q!<�P���&��"���%$! ∂µ �
∂ω̄

∂ω̄
∂ � � 	�� �

%��0/��

(i, j)
(i−1, j)

(i, j+1/2)

(i, j+1)

(i+1, j)

(i, j−1)

Volume de discrétisation

Centres d’interfaces où les grandeurs sont extrapolées

Centres de cellules

(i, j−1/2)

(i−1/2, j) (i+1/2, j)

��� ���
��� 2 / �;,�!�/!�
	��W%�" �2# �)% 	�!�/
,8%$!���	+,�!(� ��!=% 	����#���,�	����=� �2���+"��.�0"K�(!�/;,-#�!?%$!(�Y�(!
���+"���!(� �

�9�^�(!
���+"���!@%� 	+/�% 	&�(!
(i, j, k)

�F��	+,^%$')/!�@� �
����!�*�!�/
, 	+/
,�!�# ��!�/�	+#���	MB �:#�!(�-� � �;"��0,-#�! � �(!
���+"���!(�b�)% ���'�(!�/
,�!(�^�6')"$#
"$/A�$#�'����('�*�!E,-#�	�% 	+*�!�/���	�')/$/�!
� �:#�!(�-� � ��	�% 	+*�!�/�� 	�')/$/�!
� � � �b/ ')"$,-#�!  	�� �F�0"$, �F��	+#�! ��!����)��� � ��!E%�" � -��-,�'�*�!
%$! �2�0#�	9� ����!(�X�$#�	+*�	+,�	���!(� � � ;���� ,Q�(!
�+"�	G%$! �)�0#�	9� ����!(�z�(')/���!�# �2�0,�	���!(� � � ;����  � �!(�-,A6 , 6�% 	+#�!%�F��	+#�! ��!Y�P���&��"��6%$!
∂µ �
∂ω̄

∂ω̄
∂ � ��	�� � ∂ � � 	�� �

∂ � ��	�� � �
. � ���0"$,4%$')/!�d�P���&��"���!�# ��!(�&!CBO�$#�!(� ��	�')/�� ∂µ �

∂ω̄
∂ω̄

∂ � i+1,j,k

∂ � i+1,j,k

∂ � i+1,j,k
 ∂µ �

∂ω̄
∂ω̄

∂ � i−1,j,k

∂ � i−1,j,k

∂ � i−1,j,k
 

∂µ �
∂ω̄

∂ω̄
∂ � i,j+1,k

∂ � i,j+1,k

∂ � i,j+1,k
 ∂µ �

∂ω̄
∂ω̄

∂ � i,j−1,k

∂ � i,j−1,k

∂ � i,j−1,k
 ∂µ �

∂ω̄
∂ω̄

∂ � i,j,k+1

∂ � i,j,k+1

∂ � i,j,k+1

!�, ∂µ �
∂ω̄

∂ω̄
∂ � i,j,k−1

∂ � i,j,k−1

∂ � i,j,k−1
�



1��

��������� � � 	 � ��� �����&�#�� � � ���&�Z�&������	 ��3� �%� ���b� �
�Q����')/!�2"�!�"$#E%$!D*��
�9�0/!��!

`
%$���G!�/�%R%$! �9�1% 	��-, �0/!�(!, �9�&���0#�'�	

η
�;"�	Q!(�-,�"$/�! �2# �0/�%$!�"$#7�$"$#�!�*�!�/
,

���(')*���,-#�	��;"�! � ��!I� ���0*K�V�)��#�'O%$-;/��0*�	��;"�! � /� 	+/;,�!�# ��	�!�/;,D���)�7%��0/��N��')/R�P���&��"�� � !�,N%$! ���������	���� !�"$#N%$!
�(')"!����! ��	+*�	+,�!

δ
�P���&��"����(!A!�/[#�!�����!�#�����0/;,1"$/ *A�TB 	+*4"$* %$! ��')#-,�	&�
	+,�� �:�6'2����	,��	���	+,���%$! %$!�"�B ��#�	+,�'�#�!(�  ��'�	+# �9�8��')"��A6���!���,�	�')/4/ � � � � �^�0#[�(')/����
�;"�!�/
,  %�"K�6'�	+/
,�%$! �;"�!��)��#�'O%$-;/��0*�	��;"�!  �9� ��')/!�2"�!�"$#b%$!X*��
�9�0/!��!

`
%$���G!�/�%H%$! �9� ��	+,�!(� ��!��

= (u, v, w)
+ � 4Q')"$,:�(')*K*�!��9� ��')#-,�	&�
	+,��

ω̄  δ !�,D%$')/!�
`
� �!CBO�$#�	+*�!�/;,E���+"��

/��0,-"$#�!
����!�*�!�/
,D%��0/�� ��!?�0-O�-,�'�*�!=%$! �2�0#�	9� ����!(�N% 	+,�!(�N�$#�	+*�	+,�	���!(� � � ;���� �
� �!CB��$#�!(����	�')/H%$! �9� ��')/!�2"�!�"$#E%$!D*��
�9�0/!��!&�1��,��?%$')/$/��(!=�$#����(�(%$!�*K*�!�/
,:�A+ � � / �� 

` = 0,085 δ tanh(
K

0,085

η

δ
),

�
��� + ? + �

����!��
K = 0,41

�9�Q�(')/��-, �0/;,�!D%$! *,+0#-*-+0/  η �9�4% 	��-, �0/!�(! , �9�.���0#�'�	 !�,
δ
���������	�����!�"$#�%$!^�(')"!����! ��	+*�	+,�! ���/ �$# �0,�	��
"�!  � ��/�%� ����'�	+#�"$/�!8������	�����!�"$#@%$!Z�(')"!� ��! ��	+*�	+,�!

δ
!�,@%$')/!�E"$/�! ��')/!�2"�!�"$#�%$!E*��
�9�0/!��!D%$��#�	�6

�2� ����!  ')/1/�!z�(')/���	�%!'�#�! �;"�! ��!X� !��(')/�%4��#�	+,�'�#�!  ��!X�$#�!�*�	�!�#[��#�	+,�'�#�!X/�!@%$')/$/��0/
,b���)��%$!X#�!
�9�0,�	�')/�!CB�����	&�
	+,�!
!�/
,-#�! ���������	�� ��!�"$#=%$!V�(')"!� ��! ��	+*�	+,�!&!�, ��!4�����0*K�[�)��#�'O%$-;/��0*�	��;"�! ����'�	+#=��!���,�	�')/ / � � � � � �������	�����!�"$#=%$!
�(')"!����! ��	+*�	+,�!

δ
!(�-,X'��$,�!�/
"�!D���0# 	+/
,�!�#-�6'��9�0,�	�')/�%$! �9�.*A�0/�	('�#�!8��"�	��)�0/;,�! � �8'),�')/��@�-"$#Z"$/�!E*54�*�! ��	,�2/�!

%$!4*A��	����9� ��! �����2"$#�!
��� ,2� ω̄ `badc

��!4*A�TB 	+*4"$* %$! ��')#-,�	&�
	+,��  ω̄1
�9� ��')#-,�	&�
	+,��K�0" �(!�/;,-#�!1%$! �9�u�(!
���+"���! +  

ω̄2
�9� ��')#-,�	&�
	+,��K�0" �(!�/
,-#�!&%$!��9�u�(!
���+"���!5/  η1

�9�A% 	��-, �0/!�(! ,��9�A���0#�'�	W%�" �(!�/
,-#�!1%$! �9���(!
���+"���! +  η2
�9�

% 	��-, �0/!�(!, �9�K���0#�'�	Q%�"R�(!�/
,-#�!4%$! �9�J�(!
���+"���! / ���/Y')"$,-#�!  /�'),�')/��
c � � � * ��!A�6')"$#�(!�/
, � ��!�%�"Y%$!�"�B 	('�*�!d��#�	+,�'�#�! � �<!(�&�G'�	+/;,�� + !�,:/I%$���6!�/�%$!�/
,K%$!

�(!�,-,�! �)����!�"$#^%$!
c � � � * � � �!(�-,���!Z�G')"$#�(!�/;, � ��!�%$! ��')#-,�	&�
	+,��X*A�TB 	+*A�����;"�	;%$��,�!�#-*�	+/�! ���������	�����!�"$#W%$!_�(')"!� ��!

��	+*�	+,�! � �Q')#�� �
"�! �9���2����!�"$#
c � � � * ω̄ `badc

!(�-,&�0,-,�!
	+/;,�!  ���������	���� !�"$#4%$!0�(')"!� ��! ��	+*�	+,�!
δ

!(�-,?,-#�')"����(! ����'�	+#
���2"$#�!

��� ,2� .
δ = η1 +

c � � � * ω̄ `badc − ω̄1

ω̄2 − ω̄1
(η2 − η1),

= η2 +
c � � � * ω̄ `badc − ω̄2

ω̄2 − ω̄1
(η2 − η1).

�
��� + ? / �

�E/��(')/$/��
��,�*A��	+/;,�!�/��0/
, ��!(�X!CBO�$#�!(� ��	�')/���%$! �9� ��')/!�2"�!�"$#@%$!E*��
�9�0/!��!
`
!�/4�F')/!��,�	�')/�%$! ���������	���� !�"$#

%$!N�(')"!����!���	+*�	+,�!
δ � �E/�� ��	+,�� �
����!�*�!�/
,X!CBO�$#�	+*�!�#[�(!�,-,�!�%$!�#-/�	('�#�!N!�/��F')/!��,�	�')/�%$! �9� ��')#-,�	&�
	+,��7�0"��(!�/
,-#�!

%$!=,-#�'�	��S�(!
���+"���!(� ��& �')] ��!(�7%$��#�	����(!(� .
∂`

∂δ
=

`

δ
− 0,085δ Kη

0,085δ2

1

cosh2( Kη
0,085δ

)
,

∂δ

∂ω̄1
=

ω̄2 − c � � � * ω̄ `badc

(ω̄2 − ω̄1)2
(η1 − η2) ,

∂δ

∂ω̄2
=

ω̄1 − c � � � * ω̄ `badc

(ω̄2 − ω̄1)2
(η2 − η1) ,

∂δ

∂ω̄ `badc
=

η2 − η1

ω̄2 − ω̄1
c � � � * .

�
��� + ?��2�

. � #�!(�-,�!.����')#�� ,1!CB��$#�	+*�!�#���!(�E%$��#�	����(!(�N%$!D,�-O�6!4.
∂ω̄l

∂
�

il±1,jl±1,kl±1
,

����!��
l ∈ {1, 2, *A�TB }, �

��� + ?�� �
!�,W����!�� �

il±1,jl±1,kl±1 ∈ { � il+1,jl,kl
,
�

il−1,jl,kl
,
�

il,jl+1,kl
,
�

il,jl−1,kl
,
�

il,jl,kl+1,
�

il,jl,kl−1}
%$!

�9�&*54�*�!?*A�0/�	('�#�! �
"�!=%��0/�� �9�1��')"��A6���!���,�	�')/
��� ,�� � ��W')"$#A'��$,�!�/�	+#���! #��(�-"��+, �0, ��/���� ∂`

∂ � ��	�� �  ∂`
∂δ

!(�-,1*."��+,�	+����	��I���0# ∂δ
∂ω̄l

�$"�	��1���0# ∂ω̄l

∂ � il±1,jl±1,kl±1

����!��
l ∈ {1, 2, *A�TB } !�,!�/���/ ���0# ∂ � il±1,jl±1,kl±1

∂ � il±1,jl±1,kl±1

�G')"$# ��!V���)��� � ��! %�" � -O��,�'�*�!H�$#�	+*�	+,�	����0" � -��-,�'�*�!

�(')/���!�# �2�0,�	�� �



1��

η1η2 δ

max

ω maxcritc

max

1

2

ω

�������
��� , / �E'), �0,�	�')/��N�G')"$# ��!I�P���&��"��S%$! ���������	�� 6

��!�"$#7%$!I�(')"!� ��! ��	+*�	+,�!
δ �

c2

c1

cmax
max

ω maxcritc

ω

�������
��� � / �;,�!�/!�
	���%$! �9� ��	+/��P�0#�	�� �0,�	�')/ %$! ���������	��A6

��!�"$#%$! �(')"!����! ��	+*�	+,�! !�/ �F')/!��,�	�')/ %�" � ���0*K�
�)��#�'O%$-;/��0*�	��;"�! �

�Q��%$��#�	��2�0,�	�')/ %$! �9� ��')/!�2"�!�"$#?%$!4*��
�9�0/!��!
`
���0#=# �0�$�G')#-,?�0" �����0*K�5�)��#�'O%$-O/��0*�	��
"�!��0" �(!�/
,-#�!

%� "$/�!���!�"���! �(!
���+"���!:�F��	+, 	+/;,�!�# ��!�/�	+#
3 × 6 = 18

�:#�!(�-� � 3 × 4 � �(!
���+"���!(�.�G')"$#="$/ �$#�'����('�*�!A,-#�	�% 	+*�!�/�6
��	�')/$/�!
�#�:#�!(�-� � ��	�% 	+*�!�/�� 	�')/$/�!
� � � �X!=��')/
,�,-#�'�	��N!�/���!�* ����!(�7%$!=� 	MB �:#�!(�-� � �;"��0,-#�! � �(!
���+"���!(��/E!�/R��#�'�	MB 1
�(!�/
,-#��(�7�0"$,�')"$#�%$!(�z�(!
���+"���!(�@/�'),��(!(�����������	�
������K���0# �9�.��"�	+,�! � �X!(�z�(!
���+"���!(�������
���	�
�������� ')/
, ��!(�
*54�*�!(�D�6')"$#E,�')"$,�!(� ��!(�^�(!
���+"���!(�=%� "$/�!&*54�*�! ��	,�2/�!1%$!4*A��	����9� ��! �
"�	W�6'2����'(%$!�/
, ��!4*54�*�!&*A�TB 	+*4"$*
%$! ��')#-,�	&�
	+,��  !�,b%$')/!���9�8*54�*�!N������	�� ��!�"$#b%$!S�(')"!����! ��	+*�	+,�! � �E/�/�'),�!E��	+/���	$"$/0�P�0# �'��,�'�#�!7/�')/u�(')*K���'��,
!�,�/�')/ ��'��P���Q%$! �9�K%$���6!�/�%��0/!�(!?!�/K�(!(�S�(!
���+"���!(�����������	�
������ ����'�	+#*���2"$#�!

��� �@� �
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,,��� � �������$ ���	�-(���� �  "� 
 �  ����&
k � ε  "& � ���"�" �& $ ��� � � $ 
 �

�E/3# �0�$�6!
����! 	&�
	 ��!(���
�;"��0,�	�')/���%�"3*�'O%!'
��!
k
6
ε

�Q�0"$/�%$!�#A6������0#-*A�5%$')/$/��(!(�A%��0/�����!����0# � �2# �0� ��!
+ � / � � � / � +�.

∂ρk

∂t
+ ∇·

[

�
ρk −

(

µ+
µ *
σk

)

∇k
]

= P − (ρε̃+D),

∂ρε̃

∂t
+ ∇·

[

�
ρε̃−

(

µ+
µ *
σε̃

)

∇ε̃
]

= Cε1f1
ε̃

k
P − Cε2f2ρ

ε̃2

k
+ E,

��#�'O%�"!��,�	�')/ & 	�����	+���0,�	�')/ �X')#-#�!���,�	�')/ ���)� 2E! -;/�'���%$�
�
��� + ?322�

����!���.

P = τ � : ∇ �
= −ρu′iu′j

∂ui

∂xj

,�!�#-*�!?%$!?�$#�';%�"!��,�	�')/V%$!
k,

����!�� 	&�
	 �
= (u1, u2, u3)

+
,

τij = −ρu′iu′j = µ *
(

∂ui

∂xj
+
∂uj

∂xi
− 2

3

∂ul

∂xl
δij

)

− 2

3
ρkδij ,

τ � = µ * (∇ �
+ (∇ �

)
+ − 2

3(∇· � )I
)

− 2
3ρkI,

D = 2µ
(

∇
√
k
)

·
(

∇
√
k
)

,

E = 2
µµ *
ρ

(∇ (∇ �
))
��� (∇ (∇ �

)) , �
��� + ?',2�

����!�� ��!(� �L')/!��,�	�')/��Z�(')#-#�!���,�	���!(�
f1

!�,
f2

%$!=�$#�'�����!=���0#�'�	�.

f1 = 1,0 , f2 = 1 − 0,3
! − � ; 2� , 2E! * =

k2

νε̃
,

�
��� + ?��@�

µ * = cµfµ
ρk2

ε̃
,

����!��
fµ = exp

( −3,4

(1 +
2E! * /50)2

)

,
�
��� + ?@=2�

!�, ��!(�Y�(')/���, �0/
,�!(�N%$!Q�(!D*�';%!'
��!?� ')/
, .

Cµ = 0,09 ; σk = 1,0 ; σε = 1,3 ; Cε1 = 1,44 ; Cε2 = 1,92.
�
��� + ?@12�

�8'),�')/�� .
& !(�-, , = −(ρε̃+D),

& !(�-, � = −Cε2f2
ρε̃2

k ,��#�'O% , = P,��#�'O% � = Cε1f1
ε̃
kP.

�
��� +@+ ?2�

����� ��� � � 	 � ��� �����&�#����)"������ "����������(�� ����� "��&� � �'�
�W')"$#���!��('O!�60�
	�!�/
,1%$! � 	���('2��	+,��1*�'�������"��9��	+#�!  ')/ "$,�	���	���!  ,�')"$,Q�(')*K*�!��6')"$# �9� ��	+/��P�0#�	�� �0,�	�')/g%�"

*�'O%!'
��!?%$!���	&� ��!
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��� (∇ (∇ �

)) = −E
ρ
.

�
��� + �322�

�W')"$# ��!(�z�(')*K�G'2� �0/;,�!(�7%$! ��	+,�!(��� !  ��	 g %$�(��	,�2/�!8"$/�!D%$!Z�(!(�N�(')*K�6'2� �0/
,�!(��%��0/�� {u, v, w} !�,N�(!
��� ∈
{(i, j, k), (i+2, j, k), (i−2, j, k), (i, j+2, k), (i, j−2, k), (i, j, k+2), (i, j, k−2), (i+1, j+1, k), (i+
1, j − 1, k), (i + 1, j, k + 1), (i + 1, j, k − 1), (i − 1, j + 1, k), (i − 1, j − 1, k), (i − 1, j, k + 1), (i −
1, j, k − 1), (i, j + 1, k + 1), (i, j + 1, k − 1), (i, j − 1, k + 1), (i, j − 1, k − 1)}  ')/V� .

∂E

∂g � ;���� =
µµ *
ρV





λxx, � ;���� g,xx + λxy, � ;���� g,xy + λxz, � ;���� g,xz

+λyx, � ;���� g,yx + λyy, � ;���� g,yy + λyz, � ;���� g,yz

+λzx, � ;���� g,zx + λzy, � ;���� g,zy + λzz, � ;���� g,zz



 ,
�
��� + �',2�

����!�����!(�
λβ1β2, � ;���� , (β1, β2) ∈ {x, y, z}2 %$����/�	�� ��')#��Z%$! �9�D% 	�����#���,�	�� �0,�	�')/A%�"K,�!�#-*�!

E  �F')#-*."���!(�%�0/ � � � � �
�W')"$# �9�A%$��#�	��)�0,�	�')/>%�"R,�!�#-*�!

E  ���0#N# �0�$�6')#-,8�0"�BK�('O!�60�
	�!�/
,��D%$!�� 	���('2��	+,��
µ

!�,
µ *� ')/V�A% 	+#�!���6

,�!�*�!�/
,5.
∂E

∂µ
=

2µ *
ρ

(∇ (∇ �
))
��� (∇ (∇ �

)) =
E

µ
,

�
��� + ���@�

∂E

∂µ * =
2µ

ρ
(∇ (∇ �

))
��� (∇ (∇ �

)) =
E

µ * .
�
��� + �@=2�

�E/A#�!����)� ��!E�0�$#�'(�X%��0/�� ��!E� -��-,�'�*�!7%$! �2�0#�	9� ����!(�<�(')/���!�# �)�0,�	���!(� �
7
���0# �9�=*A�0,-#�	&�(!8%$!����)��� � ��! ∂ � � 	�� �

∂ � � 	�� ��6')"$# ��!(�Y�(')*K�6'2� �0/
,�!(�E%�"R�����0*K�R*�' -�!�/  ���0#���!(� ��!���,�!�"$#�� ∂µ
∂ � 5

!�,N���0# ��!(� ��!���,�!�"$#�� ∂µ �
∂ � 7

�
�W')"$#N�(!
��� ∈ {(i+2, j, k), (i− 2, j, k), (i, j +2, k), (i, j − 2, k), (i, j, k +2), (i, j, k− 2), (i+1, j +

1, k), (i+ 1, j − 1, k), (i+ 1, j, k + 1), (i+ 1, j, k − 1), (i− 1, j + 1, k), (i− 1, j − 1, k), (i− 1, j, k +
1), (i − 1, j, k − 1), (i, j + 1, k + 1), (i, j + 1, k − 1), (i, j − 1, k + 1), (i, j − 1, k − 1)}































































∂E

∂ρ � ;���� = − 1

ρ � ;����
(

∂E

∂u � ;���� u � ;���� +
∂E

∂v � ;���� v � ;���� +
∂E

∂w � ;���� w � ;����
)

,

∂E

∂ρu � ;���� =
1

ρ � ;����
∂E

∂u � ;���� ,
∂E

∂ρv � ;���� =
1

ρ � ;����
∂E

∂v � ;���� ,
∂E

∂ρw � ;���� =
1

ρ � ;����
∂E

∂w � ;���� ,
∂E

∂ρE � ;���� = 0.

�
��� + �@12�



+ ?@?

��	+/�')/  �6')"$#��9�J�(!
���+"���!V�(')"$# �0/
,�! (i, j, k)
.























































































∂E

∂ρ
=

∂E

∂ρ � � � `
− 1

ρ

(

∂E

∂u
u+

∂E

∂v
v +

∂E

∂w
w

)

+
∂E

∂µ

∂µ

∂ρ
+
∂E

∂µ *
∂µ *
∂ρ

,

∂E

∂ρu
=

1

ρ

∂E

∂u
+
∂E

∂µ

∂µ

∂ρu
+
∂E

∂µ *
∂µ *
∂ρu

,

∂E

∂ρv
=

1

ρ

∂E

∂v
+
∂E

∂µ

∂µ

∂ρv
+
∂E

∂µ *
∂µ *
∂ρv

,

∂E

∂ρw
=

1

ρ

∂E

∂w
+
∂E

∂µ

∂µ

∂ρw
+
∂E

∂µ *
∂µ *
∂ρw

,

∂E

∂ρE
=

∂E

∂µ

∂µ

∂ρE
+
∂E

∂µ *
∂µ *
∂ρE

∂E

∂ρk
=

∂E

∂µ *
∂µ *
∂ρk

,

∂E

∂ρε̃
=

∂E

∂µ *
∂µ *
∂ρε̃

.

�
��� + � ?2�

����� ��� � � 	 � ��� �����&�#��#�'� 	
� � ��Y��	��� ��" �����&�
�W'2��')/�� .

σ11 = µ * (2u,x − 2
3(∇ · � )) − 2

3ρk ,
σ22 = µ * (2v,y − 2

3(∇ · � )) − 2
3ρk ,

σ33 = µ * (2w,z − 2
3(∇ · � )) − 2

3ρk ,
σ12 = µ * (u,y + v,x) ,
σ13 = µ * (u,z + w,x) ,
σ23 = µ * (v,z + w,y) ,

�
��� + � + �

')/H�K����')#�� .
P = µ *

(

2u2
,x + 2v2

,y + 2w2
,z − 2

3(∇ · � )2 + (u,y + v,x)2 + (u,z + w,x)
2 + (v,z + w,y)

2
)

− 2
3ρk(∇ · � )

= µ * (∇ � · ∇ �
+ ∇ � · ∇ � + − 2

3(∇ · � )2) − 2
3ρk(∇ · � ). �

��� + � / ��E/H�1% 	+#�!���,�!�*�!�/;,5.
∂
�b#�';% ,
∂µ * =

∂P

∂µ * = ∇ � · ∇ �
+ ∇ � · ∇ � + − 2

3
(∇ · � )2 ,

�
��� + � �2�

(

∂
��#�'O% ,
∂
�

5

)

=

(

∂P

∂
�

5

)

=
∂P

∂µ *
∂µ *
∂
�

5
,

�
��� + � � �

∂
��#�'O% ,
∂ρk

=
∂P

∂ρk
= −2

3
(∇ · � ) +

∂P

∂µ *
∂µ *
∂ρk

,
�
��� + ��22�

∂
��#�'O% ,
∂ρε̃

=
∂P

∂ρε̃
=
∂P

∂µ *
∂µ *
∂ρε̃

.
�
��� + � ,2�

�W')"$# ��!(���(!
���+"���!(�W�)% ���'�(!�/
,�!(�
(i+1, j, k), (i−1, j, k), (i, j+1, k), (i, j−1, k), (i, j, k+1), (i, j, k−1)  

')/H� .
∂
��#�'O% ,
∂u � ;���� =

∂P

∂u � ;���� =
(σ11 + ρk

3 )Sx� ;���� /2 + σ12S
y� ;���� /2 + σ13S

z� ;���� /2

V ,

∂
��#�'O% ,
∂v � ;���� =

∂P

∂v � ;���� =
(σ22 + ρk

3 )Sy� ;���� /2 + σ12S
x� ;���� /2 + σ23S

z� ;���� /2

V ,

∂
��#�'O% ,
∂w � ;���� =

∂P

∂w � ;���� =
(σ33 + ρk

3 )Sz� ;���� /2 + σ13S
x� ;���� /2 + σ23S

y� ;���� /2

V ,

�
��� + ���@�



+ ? +

����!��?���0#N!CB�!�*K����!.��	?�(!
���
= (i+ 1, j, k), Sx� ;���� /2 = Sx

i+ 1

2
,j,k

� ��,7%$')/!�  

∂
��#�'O% ,
∂
�

5 � ;���� =
∂P

∂
�

5 � ;���� =





























− 1

ρ � ;����
(

∂P

∂u � ;���� u � ;���� +
∂P

∂v � ;���� v � ;���� +
∂P

∂w � ;���� w � ;����
)

1

ρ � ;����
∂P

∂u � ;����
1

ρ � ;����
∂P

∂v � ;����
1

ρ � ;����
∂P

∂w � ;����
0





























.
�
��� + � =2�

�W')"$# ��!D,�!�#-*�! �b#�';% �� ')/V���F�'�
	���!�*�!�/;,�.
∂
�b#�';% �
∂
�

5
= Cε1

ε̃

k

∂P

∂
�

5
,

�
��� + � 12�

∂
�b#�';% �
∂ρk

= −Cε1
ε̃

ρk2
P + Cε1

ε̃

k

∂P

∂ρk
,

�
��� + 2@?2�

∂
��#�'O% �
∂ρε̃

= Cε1
1

ρk
P + Cε1

ε̃

k

∂P

∂ρε̃
,

�
��� + 2 + �

!�,W�G')"$# ��!(� �(!
���+"���!(�b�)% ���'�(!�/
,�!(�
(i+1, j, k), (i−1, j, k), (i, j+1, k), (i, j−1, k), (i, j, k+1), (i, j, k−1)  

')/H� .

∂
��#�'O% �
∂
�

5 � ;���� = Cε1
ε̃

k

∂P

∂
�

5 � ;���� = Cε1
ε̃

k





























− 1

ρ � ;����
(

∂P

∂u � ;���� u � ;���� +
∂P

∂v � ;���� v � ;���� +
∂P

∂w � ;���� w � ;����
)

1

ρ � ;����
∂P

∂u � ;����
1

ρ � ;����
∂P

∂v � ;����
1

ρ � ;����
∂P

∂w � ;����
0





























.
�
��� + 2 / �

�<')#��8%$! ���� �2���+"��0,�	�')/>%�" �2# �)% 	�!�/
,=%� "$/�! �;"��0/
,�	+,��&%��0/�����!.,�!�#-*�!.��')"$#�(!&�0"	�(!�/;,-#�!4%� "$/�!V�(!
���+"���!
�)% ���'�(!�/
,�! ,D"$/4�6')#�%A%�"�*A��	����9� ��!  ')/��$#�!�/�%��6')"$# �2����!�"$#���%$!Y�����0*K� �y�(')*K�G'2� �0/;,�!N%$! ��	+,�!(��� !  # �'�
	+/�!�P�0#-#��(!=%$! �����/�!�# � 	�!:�
	+/���,�	��
"�! �
�
�
� %��0/�� �9�4�(!
���+"���!?�)% ���'�(!�/
,�! �;"�	 ��!N,-#�')"���!1, ���!CB�,���#�	�!�"$#7%�"�*A��	����9� ��!  �(!
����!N%$!��9�I�(!
���+"���!Y�(')"$# �0/;,�! � & �0/�� ��!S�P�)�Z%�" ,�!�#-*�! ���)� 2E! -;/�'���%$�

E  ��	 ���')/ ��!�,-#�')"���!E�-"$#b"$/�!S�(!
���+"���!
�)% ���'�(!�/
,�!?�0" �G')#�%�%�" *A��	����9� ��!=%� 	+/�% 	&�(!

(i, j, k)  ���0#�!CB$!�*K����!D%��0/�� ��!U�P�)�@%� "$/�!9�:#�')/;,�	('�#�!D%� 	+/�% 	&�(!(�
� . �_%��0/�� �9� % 	+#�!���,�	�')/ %$!(�

i  ')/H�$#�!�/�%>�6')"$# �)����!�"$#=%$!
gi−2,j,k

�9� �2����!�"$#D%��0/�� �9�d�(!
���+"���! �(')"$# �0/;,�!
gi,j,k �

,,��� � �)� ���

& �0/��E�(!Y�����0��	+,-#�!N� ')/
,Z�$#��(� !�/
,��(!(� ��!(�b% 	��6��#�!�/;,�!(� �F')#-*."���!(�X%$!7% 	����#���,�	�� �0,�	�')/ !�,Z%$!7% 	�� ��#�!�/
,�	9�0,�	�')/
%�"���"�B % 	��G"���	���!�,?%$!1*�'O%!'
��!(�?%$!1,-"$# �$"���!�/!�(! � 4Q#�'�	�� ��	+/��P�0#�	�� �0,�	�')/��.%�" ��"�BV% 	��6"���	��@!CB 	��-,�!�/;,?*A��	+/�6
,�!�/��0/
,K%��0/�� � �o7�� !�,K��')/;, ,	�(')*K���0#�!�# .W����!����0�$�$#�'�����!�%$! ,�-O�G!�/:�(')"!� ��! *�	+/!�(! 1[!�,&� �0/�� �:�6')"$#
�9� �;"�!
����!7')/ �=%$!�"�B �F')#-*."��9�0,�	�')/����G'2��� 	,����!(� � � �E')"���������')/��Z� �2���+"�!�# �� 	+/ ��"�!�/!�(!N%$!Y�(!�,-,�!N�0�$�$#�'�� ��!7�6')"$#
��!:�P���&��"��S%$! �2# �)% 	�!�/;,��E%$!8�F')/!��,�	�')/��E�)��#�'O%$-O/��0*�	��
"�!(� �



+ ? /

��/ ')"$,-#�!  �9� ��	+/��P�0#�	�� �0,�	�')/ %�"f*�'O%!'
��!R%$!�� 	&����!
� � 4 ��� .@� ��,��H%$����#�	+,�! � �X!�#-, ��	+/�� �F�'��,�!�"$#�� �L!�/
���0#-,�	&��"���	�!�# �9� ��')#-,�	&�
	+,�� � �G!�"���!�/;,�4�,-#�!E% 	�� ��#�!�/
,�	��(�7%$!8*A�0/�	('�#�!8���+"��@')"�*�'�	+/����$#����
	�� ! � �W')"$# �9� ��	+/��P� 6
#�	�� �0,�	�')/�%�" *�'O%!'
��!

k
6
ε  ')/�=�$#�' ��,��D%$!����!CB��6��#�	�!�/!�(!8%$! �9� ��	+/��P�0#�	�� �0,�	�')/ %�" *�';%!'
��!8%$! � 	&����!
� � 4 � �/.

�X!�#-, ��	+/�!(����'�	�!(�b!CB�����')#��(!(�b!�,^/�')/��(')/!�
�+"��0/
,�!(� ��')#��b%$! �9� ��	+/��P�0#�	�� �0,�	�')/A%$!z�(!@*�'O%!'
��!7���,��� �$#�	��
"�!@/��')/;,
���)�8��,��?,�!�/
,��(!(� ,1/�')"���!P�0" � �8�P�0/$*�'�	+/��  %$!(�E�$#�'����('�*�!(� 	+/��L')#-*A�0,�	��;"�!(�E/�!?/�')"��E�G!�#-*�!�,-,�!�/;,E���)�8%$!
�$#��(��!�/;,�!�# ,0�(!�,-,�!.%��0,�!.%$!(�E#��(�-"��+, �0,�� 	����-"��E%$! �9� ��	+/��P�0#�	�� �0,�	�')/ %�"H*�';%!'
��!

k
6
ε � �E/��)�K%$')/!�4�6')"���'�	+#

� �2���+"�!�# �� 	+/ ��"�!�/!�(!.%$! �9� ��	+/��P�0#�	�� �0,�	�')/>%�"I*�';%!'
��!4%$!=,-"$# �$"���!�/!�(!?���0#E# �0�$�G')#-, ,1"$/�! ��	+/��P�0#�	�� �0,�	�')/ ,
/
µ * �����x1  /�'), �0*K*�!�/;,E�6')"$# ��!(�S�P���&��"����7"$,�	���	�� �0/
, ��!D*�'O%!'
��!?%$!�� 	&����!
� � 4 ��� .

& �0/�����!(�W%$!�"�BI�����0��	+,-#�!(� �;"�	
�-"�	���!�/
,  ��!(�<#��(��"��+, �0,��S%$!(����	+/��P�0#�	�� �0,�	�')/�� ��!(�<���+"��S�G!�#-,�	+/�!�/;,�!(�S!�,W��	,�2/�	�6
�2�P�0,�	���!(�N��"$#@% 	�� ��#�!�/
,��Z�P�)��%�����$#�!�"���!���')/;, 4�,-#�!D�$#��(��!�/
,��(� .$%$!(�S�P�)�7�'�P�)%$��*�	��
"�!(�E%� �)��#�';%$-O/��0*�	��;"�!
�:,-"�-2'�#�!&% 	+,�!.%$! & �
����# -�/%�6'2����! � 1  ��	���!5� � �32 � � ,2� �0"	� ���0��	+,-#�! � !�,N%$!(�^�P�)�N%$!?,-"$# �6')*A�'����	+/�!
�0"K� ���0��	+,-#�! 2��
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��!A@P�)��%� �)��#�';%?>O/��0*�	��;"�!=!CBO,�!�#-/�!:�F��	���! �DC:EGF � �IH �� ')/�,-# �J@(!E/�'), �0*K*�!�/;,���!(� ��	,�2/�!(� 	���' 6��2����!�"$#���%$!
���')�$�6'2���?%�"K@('O!MLN@
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−C � = − p− p∞
1
2ρ∞ a 2∞

,
� � � + �

[Jb
p∞  ρ∞ ORS a ∞
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�Tf]O �BORf?~%kPZ"Zof]Z2UVOAh�_zhlklQ]\t_`YokPZe_`SokP[JQ�U?fsnq[�UZvRhPOXUVO�	�k
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�LKNMPORQTSUQWVYX8Z[K\MP] vT^ KNQ`_badc[O b c[MeZ[K � QWX � c[XfKgOhZ[K ^!^ ORQdZiVfKgjkM ^ Z[K z adj � MPVfadj ^ QdlgOIa	Z � j:QWmnVfokcpK ^ Z[K
mqQWj[V v OIKr_[OIl � V ^ KUs d V k lgOIKgjtMIK ^ XYVYjpluQWOPV ^ QWMPVfadj ^ Zic � civwZiV k c ^ V z KgM<Zic*mxa	Z v XfKZ[KryzV � ]pKgX �g{F|��Y} adjtM~lgMIl
_[OIad_ba ^ lTK ^ ZpQWj ^ XfK � ]:QW_[VYMPOIK 	 s ' XYXfK ^ adjkM<lgMIl�MIK ^ MIlTK ^ ZpQWj ^ XfK � ]:QW_[VYMPOIK_[OIl � lTZ[KgjkM ^ c[O�Z[K ^ � adj u�^ c[ORQ t
MPVfadj ^�� X�Q ^R^ VfokcpK ^ � c[jpK�MPc �|v OIK8KgM�c[jpK8QWVYXfK ��s d QWj ^ � K � ]:QW_[VYMPOIK m Z[K ^ OIl ^ c[XYMRQWM ^�^ adjtM�_[OIl ^ KgjtMIl ^ _badc[O�Z[Kgciv
QWc b K ^ Z[K<MPc[O b VYjpKUs

� K ^ � adjpZiVYMPVfadj ^ QdlgOIatZ � j:QWmnVfokcpK ^ KgM�X���l � adc[XfKgmxKgjtM ^ MRQWMPVfadj[j:QWVYOIKxQWc[MIadc[O~Z[KX�Q ^ lTadmxlgMPOPVfKnZ[K b Q ^ K
Z[K ^ ZiV k lgOIKgjkM ^ � Q ^ Z���QWc b K ^ V ^ adXflTK ^ Z[KhMPc[O b admqQ � ][VYjpK ^ adjtM b OPV v S�KgmxKgjkMqZ[l � OPVYM ^ s p _[O vT^ QuS�adVYOqZ[l u j[V
XfK ^ _:QWORQWm v MPOIK ^ Z[K z adOPmxK m XfK ^ OIl ^ c[XYMRQWM ^ a b MIKgjtc ^ _Jadc[O�XfK � QWX � c[X�Z[K ^ ORQdZiVfKgjkM ^ Z[K z adj � MPVfadj ^ QdlgOIatZ � j:Q t
mnVfotcpK ^�^ adjkM�_[OIl ^ KgjtMIl ^ s ' jr_[ORQWMPVfokcpK m _badc[O � ]:QdotcpK � Q ^ MIK ^ M m Z[K ^ OIl ^ c[XYMRQWM ^ _Jadc[O�c[jrc[j[VfotcpK�_:QWORQWm v MPOIK
Z[K z adOPmxK ^ adjkMFmxadjkMPOIl ^&m MIadc[M � admnmxK~ZpQWj ^ XfK � ]:QW_[VYMPOIK~�ps d Kgciv�M � _JK ^ Z[K�OIl ^ c[XYMRQWM ^F^ adjtMFK�vi_Ja ^ l ^!�

� XfK ^E^ ORQdZiVfKgjkM ^ Z[K z adj � MPVfadj ^ QdlgOIatZ � j:QWmnVfokcpK ^ _:QWO�ORQW_[_badOPMFQWc\_:QWORQWm v MPOIK�Z[K z adOPmxK��� XfK ^�^ Kgj ^ V b VYXYVYMIl ^ Z[K�X���l � adc[XfKgmxKgjkM�_:QWO�ORQW_[_JadOPMLQWc � ]:QWmn_eQdlgOIa	Z � j:QWmnVfotcpK � adcxZ[lgOPVYS�lTK�Zic � ]:QWmn_
QdlgOIa	Z � j:QWmnVfokcpK<_:QWOFORQW_[_JadOPM8QWc�_:QWORQWm v MPOIK�Z[K z adOPmxK �LZpQWj ^ XfK�_[X�QWjNZ[K ^ adOPMPVfK��A�� α s� QhSUQWXfKgc[O~Z[K ^ z adj � MPVfadj ^ QdlgOIatZ � j:QWmnVfotcpK ^ QWVYj ^ V�otcpKrXfKgc[O ^ Z[lgOPVYS�lTK ^ _:QWO<ORQW_[_badOPM�QWc`mqQWVYXYX�Q ^ KxKgM�QWc� ]:QWmn_rQdlgOIatZ � j:QWmnVfotcpK ^ adjtM z adc[OPj[V ^ _:QWO�X���adc[MPVYXtZ[K�_Ja ^ M t MPORQWVYMIKgmxKgjtM=��ad_[M=Z[lgS�KgXfad_[_bl�QWc d lg_:QWOPMIKgmxKgjkM

Z�� p lgOIa	Z � j:QWmnVfotcpK p�� _[XYVfokcplTK�Z[K8X�� r � '���p � S�adVYO�X�Q ^ K � MPVfadj � s � ��s r jhORQW_[_JKgXYXfK�V � V�otcpK � K ^<z adj � MPVfadj ^
QdlgOIa	Z � j:QWmnVfotcpK ^�^ adjtM ^ adVYM~Z[K ^ mxa � Kgj[jpK ^^ c[O z Q � VfotcpK ^ Z[K � admn_ba ^ QWjkMIK ^ Zic � ]:QWmn_�QdlgOIatZ � j:QWmnVfotcpK�
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m
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ρw

m
ρE ��ZpQWj ^ XfKe_[X�QWj�Z[K ^ adOPMPVfK m�^ adVYMnZ[K ^cz adj � MPVfadj ^ otc[VLZ[lg_bKgjpZ[KgjkMxZ[K � K ^ mxa � Kgj[jpK ^�

p � m p m T ��s � K ^E^ ORQWjpZ[Kgc[O ^ XfK ^ _[XYc ^�^ V ^ j[V u�� QWMPVYS�K ^�� a bp^ KgOPS�KgO ^ adjtMFZ[adj � XfK ^ mxa � Kgj[jpK ^ Z[K ^^ ORQWjpZ[Kgc[O ^� adj ^ KgOPSUQWMPVYS�K ^ ρ m ρu m ρv m ρw m ρE sd QWj ^ MIadc ^ XfK ^ � Q ^&m XfK ^ OIl ^ c[XYMRQWM ^ V ^I^ c ^ ZicNmxatZic[XfK�Z[K � QWX � c[X�Z[K ^ ORQdZiVfKgjtM ^�^ adjkM � admn_:QWOIl ^�� � Kgciv
a b MIKgjkc ^ _:QWO=ZiV k lgOIKgj � K ^
u j[VfK ^ Z���adOIZiOIK � s � Q�_[OIa � lTZic[OIKLZ���a b MIKgjkMPVfadjrZ[K � K ^ ZiV k lgOIKgj � K ^
u j[VfK ^ Z���adOIZiOIK �
K ^ M�ORQW_[_JKgXflTK � X�Q ^ K � MPVfadj�ps g s � K ^ Q b OIlgS	V�QWMPVfadj ^ VYjkMPOIa	Zic[VYMIK ^ QWc � ]:QW_[VYMPOIKL� �/d�� mU� y m ��¡8� m y w8¢B��£P¤-m
y r d��=£ � � ^ adjkMFc[MPVYXYV ^ lTK ^ s� adc[OeX�Q`XYVYjpluQWOPV ^ QWMPVfadj¥Zic � civ2ZiV k c ^ V z~^ QWj ^ QW_[_[OIa � ]pKNZ[K�M � _bK ��� adc � ]pKzmnVYj � K �4m � K ^ adjkMeXfK ^
OIl ^ c[XYMRQWM ^ V ^I^ c ^ Z[K8X�QZ[KgciviV v mxK z adOPm�c[X�QWMPVfadj � S�adVYO ^ adc ^@t¦^ K � MPVfadj 	 s �ps � �Lokc[V ^ adjtMB_[OIl ^ KgjkMIl ^ s � K ^ OIl ^ c[X t
MRQWM ^ V ^I^ c ^ Z[K�X�Qq_[OIKgmnV v OIK z adOPm�c[X�QWMPVfadj*Z[adj[jpKgjtM<Kgjz_[ORQWMPVfotcpK�Z[K ^ SUQWXfKgc[O ^ Z[K�§UORQdZiVfKgjkM ^ Z[K z adj � MPVfadj ^
QdlgOIa	Z � j:QWmnVfotcpK ^ otc:Q ^ VYmxKgjtM�VfZ[KgjtMPVfokcpK ^r� � Kgciv/Z[KnX�QNZ[Kgciv	V v mxK z adOPm�c[X�QWMPVfadj�s � ��K ^ M � KgMPMIKeZ[KgOPj[V v OIKz adOPm�c[X�QWMPVfadjNotc[V�Q�lgMIl�OIKgMIKgjtcpK � QWOBKgXYXfK�c[MPVYXYV ^ K�X�Q�ZiV ^�� OIlgMPV ^ QWMPVfadjNZ[K ^ §UORQdZiVfKgjkM ^ Z[K8S	VYMIK ^I^ K � a	Z[lTK�ZpQWj ^
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� � ����KgM�_:Q ^ c[jpK�] � _badMP] vT^ K |������ ����� Z���l � OPVYMPc[OIKB_:QWOPMPV � c[XYV v OIK�Zic � civZiV k c ^ V z�m � K�otc[V ^ Kgm b XfK�_[XYc ^4{ c ^ MIKUsd QWj ^ XfK � Q ^ Z[KFX�� c[MPVYXYV ^ QWMPVfadj�Zichmxa	Z v XfK8Z[K8yNV � ]pKgX �T{�|��Y} m adjh_[OIl ^ KgjtMIKFXfK ^ OIl ^ c[XYMRQWM ^ Z[KFZiV k lgOIKgjkMIK ^
XYVYjpluQWOPV ^ QWMPVfadj ^��

� XYVYjpluQWOPV ^ QWMPVfadjzZic � civ�ZiV k c ^ V z QTS�K � QW_[_[OIa � ]pK~Z[K<M � _bK ��� adc � ]pK<mnVYj � K ����� µ � u §�l � �� XYVYjpluQWOPV ^ QWMPVfadj�Zic � civeZiV k c ^ V z=^ QWj ^ QW_[_[OIa � ]pK8Z[K8M � _JK � � adc � ]pK8mnVYj � K � � � XYciv ¡ V ^ otcpKgciv � adm t
_[XfKgM � ��� µ � u §�l � �� XYVYjpluQWOPV ^ QWMPVfadj�Zic � civ~ZiV k c ^ V z QTS�K � QW_[_[OIa � ]pKLZ[K�M � _bK � � adc � ]pK�mnVYj � K � KgM�mxa	Z v XfK�Z[K�MPc[O b c[XfKgj � K
XYVYjpluQWOPV ^ l��� XYVYjpluQWOPV ^ QWMPVfadj�Zic � civeZiV k c ^ V z=^ QWj ^ QW_[_[OIa � ]pK8Z[K8M � _JK � � adc � ]pK8mnVYj � K � � � XYciv ¡ V ^ otcpKgciv � adm t
_[XfKgM �BKgMBmxatZ v XfK~Z[K~MPc[O b c[XfKgj � K~XYVYjpluQWOPV ^ lUs� K ^ OIl ^ c[XYMRQWM ^ _[OIl ^ KgjkMIl ^�^ adc ^ X�QnZ[lgjpadmnVYj:QWMPVfadj	� ��
��� ��
 ��{�������� � ����� � �������P|���� � ��� adOPOIK ^ _badjpZ[KgjkM �

c[jpK�XYVYjpluQWOPV ^ QWMPVfadjeX�Q�mxadVYj ^ QW_[_[OIa � ]plTK8_Jadc[O�X���lgSUQWXYc:QWMPVfadj�Z[KBX�Q<mqQWMPOPV � K { Q � a b VfKgj[jpK ∂ �
∂ � s

� Q~S�adOPMPV � VYMIl
K ^ M<QWXfadO ^ XYVYjpluQWOPV ^ lTKnKgjwc[MPVYXYV ^ QWjkM<X���l � OPVYMPc[OIKnZ[K ^ QeZiV ^�� OIlgMPV ^ QWMPVfadj ZpQWj ^ � � ��� � S�adVYO ^ adc ^@t¦^ K � MPVfadj 	 s��is � �
MIadc[M � admnmxK<X�QnXfadj[§UcpKgc[OFZ[K<mxlgX�QWj[§�K � S�adVYO ^ adc ^@t¦^ K � MPVfadj 	 s��is�����sr jzS�KgOPORQnokcpK~XfK ^ OIl ^ c[XYMRQWM ^ a b MIKgjkc ^ QTS�K � adc ^ QWj ^ QW_[_[OIa � ]pK�Z[K<M � _bK � � adc � ]pK�mnVYj � K � � SUQWXfKgc[O ^
Z[Kx§UORQdZiVfKgjtM ^ Z[K z adj � MPVfadj ^ adc � adc[O b K ^ Z[KqZ[lgOPVYS�lTKeZ[K � admn_ba ^ QWjtMIK ^ Zic � ]:QWmn_ � adj ^ KgOPSdQWMPV z ZpQWj ^ XfK
_[X�QWj/Z[K ^ adOPMPVfK � m�^ adjkM�MPO vT^ _[OIa � ]pK ^ S�adVYOIKxVfZ[KgjkMPVfotcpK ^� X�Q�_[OIl � V ^ Vfadj/adc�QWciv`l � ]pKgXYXfK ^�� ]padV ^ VfK ^&m KgM�Kgj
_:QWOPMPV � c[XYVfKgOFXfadO ^ okcpK�X�� ] � _badMP] vT^ K~Z[K � µ � u §�l � K ^ MFQ { adc[MIlTKUsd QWj ^ � K � ]:QW_[VYMPOIK m � admnmxK~XfK ^ OIl ^ c[XYMRQWM ^ _[OIl ^ KgjkMIl ^�^ adjkM8c[j[VfokcpKgmxKgjtM ^ c[O�Z[K ^ QWc b K ^ Z[K<MPc[O b VYjpK ^;m^ Kgc[X�XfKnmxa	Z v XfKxZ[KnyzV � ]pKgX �T{�|��f} K ^ M<c[MPVYXYV ^ l m � KnZ[KgOPj[VfKgO~j���lgMRQWjtM�_:Q ^ c[MPVYXYV ^ lqQWc ^ KgVYj Z[K ^ lTotc[VY_bK ^ Z[K� adj � Kg_[MPVfadjzZ[K � admn_[OIK ^I^ Kgc[O ^ s
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£ X ^ ��QW§UVYM�Z�� c[jpKnQWc9=JK�V ^ adXflTK�Z[K�ZiV ^ MPOPV>=[c[MIKgc[O<Z�� c[jpKMPc[O?=[VYjpK@=:Q ^I^ K�_[OIK ^I^ Vfadj*Z[l ^ VY§UjplTK�_:QWO�X�Q ^ c[VYMIK^ adc ^ XfK ^ VY§UXfKBA � � s p c � c[jpK�Z[adj[jplTK�K�vi_JlgOPVYmxKgjtMRQWXfK�j���K ^ MnZiV ^ _Jadj[V>=[XfK � � K { adc[Or_badc[O � adjtMPO � XfKgOxXfK ^
OIl ^ c[XYMRQWM ^ V ^I^ c ^ Z[K ^�^ VYm�c[X�QWMPVfadj ^ jtc[mxlgOPVfokcpK ^ s� Q/Z[l z adOPmqQWMPVfadj � adj ^ VfZ[lgOIlTKzK ^ Mqc[j Z[lg_[X�Q � KgmxKgjtM�XYVYjpluQWVYOIKzZ[K�X���Q v[KNZ���Kgmn_[VYX�QW§�KUs � KN_:QWORQWm v MPOIK
Z[K z adOPmxK�K ^ M�X���QWj[§UXfK�otcpK z QWVYMrX�QwXYVY§UjpK�Z���Kgmn_[VYX�QW§�KNQTS�K � X�QzS�KgOPMPV � QWXfKUs � KgXYc[V t�� VBSUQWc[M 0,1 �L_Jadc[Orjpa ^^ VYm�c[X�QWMPVfadj ^ s n c[O�XfK ^�u §Uc[OIK ^ �is>C�KgMD�is �8m X�QZ[l z adOPmqQWMPVfadj\K ^ MLOIKg_[OIl ^ KgjkMIlTK�_badc[OLc[j\QWj[§UXfK�Z[K +1 � m _badc[O
Z[K ^ S	cpK ^ OIK ^ _bK � MPVYS�K ^ QWcE=badOIZ\Z���QWMPMRQdotcpK~KgMFQWcF=badOIZ�Z[K z c[VYMIKUs
�*),+-),+ �B3����G;H8I;J3������K14:I3	�	
����L5M;���N<��

� K ^ � adjpZiVYMPVfadj ^ QdlgOIa	Z � j:QWmnVfotcpK ^ c[MPVYXYV ^ lTK ^�^ adjkM �
� MIKgmn_blgORQWMPc[OIK�Z���QWOPO � M T � 0 = 345 �2�� _[OIK ^R^ Vfadj\Z���QWOPO � M p � 0 = 64 200

� QB�� _:QWOIadV ^ QdZiV�QO=:QWMPVfokcpK ^ s
�*),+-)�� �-;/5 ��!"��8I;J3��#���N5714:;$�%�N<&�N<'!)(P1�*Q3+��!J<�5R<,�68-�S8���8�;/3������L;J:I<

� K ^ � adjpZiVYMPVfadj ^ QWciv�XYVYmnVYMIK ^F^ adjtM �
� � adjpZiVYMPVfadjwZ�� VYj { K � MPVfadj ^ c9= ^ adj[VfotcpK � X�Q z OIadjtMPV v OIK�QWmxadjtM � X���l � adc[XfKgmxKgjkM�K ^ M ^ c9= ^ adj[VfokcpK �J�� _[OIa u X�Z[K�_[OIK ^I^ Vfadj ^ MRQWMPVfotcpK<VYmn_ba ^ l ^ c[OBX�Q z OIadjkMPV v OIKQTSUQWX=okc[V�OIK ^ _JK � MIK<c[j\lTotc[VYXYV>=[OIK<ORQdZiV�QWX��� � adjpZiVYMPVfadjwZ[K�_:QWOIadV�QdZiV�QO=:QWMPVfotcpK�QTS�K � QdZi]plgOIKgj � K � X�Qr_:QWOIadV ^ c[OBX���QWc9=JK m XfK�mxa � KgczKgM�XfK � QWOPMIKgOus
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Z[K�]:QWc[MIKgc[O�Z[K�S�KgVYjpK<a � X�� VYj � VfZ[Kgj � K�K ^ M�VYmn_JadOPMRQWjtMIKUs £ XJj�� � Q�_:Q ^~| ����� ����� Z���l � QWOPM � civ t _[OIa u X m � K�otc[V
K ^ M � adj u OPmxl�_:QWOBX�Q u §Uc[OIK~Z[K<_[OIa u X=Z���QWj[§UXfK�QO= ^ adXYc α �Ou §Uc[OIK@�is�����sn c[O�XfK ^ � adc[O?=bK ^ Z[K 1 − p

p � 0
� X�Qx_:QWOIadV �Ou §Uc[OIK��is � � m X�Q � adc[_JK � 10 % QW_[_:QWORQ��fM�KgjzOIadc[§�K m � KgXYXfK �

50 % KgjNS�KgOPM�KgM � KgXYXfK � 90 % Kgj =[XfKgc�s � K ^�� admnmxKgjkMRQWVYOIK ^ z QWVYM ^F^ c[OFXfK ^ XYVY§UjpK ^ V ^ a t jpadm =[OIKZ[K�y*Q � ]�Ou §Uc[OIK ^ �is � m �is��FKgM-�is���� � adj � adOIZ[KgjkM�QuS�K �%� K ^�� adc[O?=bK ^ s n c[O�X�Q � adc[_bK � 90 %
m X���l � adc[XfKgmxKgjtM�K ^ M�Z���QO=JadOIZ

Q ��� lgXflgOIl � ^ c[OPStVYMIK ^I^ K � X���K�v	MPORQdZ[a ^ ��_[c[V ^ X�QrS	VYMIK ^I^ K�OIK ^ MIK � adj ^ MRQWjtMIK ^ c[OBX�Q ^ c[VYMIK~Zic�_[OIa u X�sr j � adjkMPO � XfK�Kgj�adc[MPOIK�Z[K ^ _[OIa u X ^ ORQdZiV�QWciv�ZpQWj ^ XfK ^ _[X�QWj ^ Z���KgjkMPOIlTK~KgMBZ[K ^ adOPMPVfK�Z[K�X���QWj[§UXfK~QO= ^ adXYc
α

�Ou §Uc[OIKF�is���� m Zic�jpadm =[OIK�Z[K�y*Q � ] QO= ^ adXYc M ���	� �Ou §Uc[OIKE�is � ��
�Z[KeX�QN_[OIK ^I^ Vfadj ^ MRQWMPVfotcpK p �Ou §Uc[OIK
�is>C�C �KgMnZ[KhX�QN_[OIK ^R^ Vfadj2MIadMRQWXfK p � �Ou §Uc[OIKF�is>C � ��OIKg_[OIl ^ KgjkMRQWMPVYS�K\Z[K ^ _bKgOPMIK ^ s � K ^ mxa � Kgj[jpK ^ ZpQWj ^ XfK
_[X�QWj Z���KgjkMPOIlTK u §Uc[OIKgjkMqKgj2jpadVYO�
�QWXfadO ^ otcpK � KgXYXfK ^ ZpQWj ^ XfKh_[X�QWj Z[K ^ adOPMPVfK u §Uc[OIKgjtMqKgj2OIadc[§�KUs-A<QWj ^
XfK�_[X�QWjwZ[K ^ adOPMPVfK
AX���l � adc[XfKgmxKgjkM ^ c[VYM8c[jpK�XfadV�Z���lTokc[VYXYV>=[OIKORQdZiV�QWX�
JX�Qn_[OIK ^R^ Vfadj ^ MRQWMPVfokcpKK ^ MF_[XYc ^�z QWV>=[XfK
Kgj*_[VfKTZ`okc���Kgj*M � MIKUs � K ^ OIKgXfKgS�l ^ Z���QWj[§UXfKxQO= ^ adXYc �Ou §Uc[OIK �is���� ^ adjkM � ad]plgOIKgjkM ^ QuS�K � X���a�= ^ KgOPSUQWMPVfadj Z[K ^� adc[O?=bK ^ Z[K8XYVY§UjpK ^ V ^ a t jpadm =[OIK~Z[K�ywQ � ] �Ou §Uc[OIK �is � � �is�����Kgj�KgjkMPOIlTKUs � 10 % Z[KF]:QWc[MIKgc[O α = 10 ��
 �
mnV t ]:QWc[MIKgc[O α = 15 ��KgM � 90 % Z[K~]:QWc[MIKgc[O α = 20 �¦s � Q =:QWV ^I^ K�Z���QWj[§UXfKQO= ^ adXYc α KgjN_[VfKTZwKgj ^ adOPMPVfK
K ^ M ^ QWj ^ Z[adc[MIK~c[j\K��bKgMBMPOPVfZiVYmxKgj ^ VfadjpKgX�s � K ^ _bKgOPMIK ^ � p �

p � 0 

u §Uc[OIK �is>C � � ^ adjkMB_[XYc ^ z adOPMIK ^ Kgj�M � MIK<otc���Kgj

_[VfKTZ�s ' jw_[VfKTZ�
AX�Qq_[OIK ^I^ Vfadj*MIadMRQWXfK p � K ^ M � adj ^ KgOPS�lTK
�QWXfadO ^ otc���KgjzM � MIK
badj`Qxc[jpK_bKgOPMIK�Z[K 	$t
4 % s � Kz QWVYM�Z�� � MPOIK � c[jqORQW_[_badOPM ^ c[_blgOPVfKgc[O � C�S	VfKgjkMLZ[K�X�Q<SUQWXfKgc[O z adc[OPj[VfKFZpQWj ^ XfK�_[OIa u XJZ[K�_[OIK ^I^ VfadjqVYmn_ba ^ lTK

Kgj KgjkMPOIlTKUs � adc[O�X�QhOIlg_:QWOPMPVYMPVfadj/Zic jpadm =[OIKqZ[KnywQ � ]�QO= ^ adXYc �Ou §Uc[OIK �is � ��
�VYX � Qhc[j[V z adOPmnV ^ QWMPVfadj/Kgj^ adOPMPVfKUs � ��l � adc[XfKgmxKgjkM�K ^ MFQ ��� lgXflgOIl � X�QMPORQuS�KgO ^ lTK�Z[K<X�QOIadcpK � MRQWciv�Z���Q ��� lgXflgORQWMPVfadjwZ���KgjkS	VYOIadj 1,7 ��s
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��� ��� �is�� � A � � ¢ c[O?=[VYjpKUs�A�V ^ MPOPV>=[c[MPVfadjwZ���QWj[§UXfK
QO= ^ adXYcNKgj ^ adOPMPVfKUspyza	Z v XfK<Z[K~yzV � ]pKgX �T{L|��f}

Mach abx

%
h

/H

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

10

20

30

40

50

60

70

80

90

100

��� ��� �is � � A � � ¢ c[O?=[VYjpKUs A�V ^ MPOPV>=[c[MPVfadj#Z[K
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��� ��� �is>C � � A � � ¢ c[O?=[VYjpKUs A8V ^ MPOPV>=[c[MPVfadj Z[K
_[OIK ^I^ VfadjDZ���QWOPO � M\Kgj ^ adOPMPVfKUsBywatZ v XfKwZ[K*yNV � ]pKgX�g{�|��f}
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��� ��� �is>C�C � A � � ¢ c[O?=[VYjpKUs A8V ^ MPOPV>=[c[MPVfadj Z[K
_[OIK ^I^ Vfadj ^ MRQWMPVfokcpKqKgj ^ adOPMPVfKUs�ywatZ v XfKqZ[KnyNV � ]pKgX�g{�|��f}
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� K ^ z adj � MPVfadj ^ lgMPcpZiVflTK ^�^ adjkM�
 _Jadc[O�XfK ^�� VYjpo~_[OIKgmnV v OIK ^ 
dZ[K ^ mxa � Kgj[jpK ^�^ c[O z Q � VfotcpK ^ Z[K � admn_ba ^ QWjkMIK ^
Zic � ]:QWmn_ QdlgOIa	Z � j:QWmnVfotcpK �

ρ 
 ρu 
 ρv 
 ρw 
 ρE s � K ^ §UORQWjpZ[Kgc[O ^ mxa � Kgj[jpK ^ Z[K\_[OIK ^R^ Vfadj ^ MRQWMPVfotcpK
mxa � Kgj[jpK p 
iMIKgmn_JlgORQWMPc[OIK ^ MRQWMPVfotcpK T KgMB_[OIK ^I^ Vfadj\MIadMRQWXfK p �b^ adjkM z adj � MPVfadj ^ Z[K�mxa � Kgj[jpK ^8^ c[O z Q � VfotcpK ^
Z[K ^�� admn_Ja ^ QWjtMIK ^ ρ 
 ρu 
 ρv 
 ρw KgM ρE 
 � admnmxK�_[OIl ^ KgjtMIlLZpQWj ^ X�Q ^ adc ^@t¦^ K � MPVfadj � s � s � s � K ^ §UORQdZiVfKgjtM ^ Z[K ^z adj � MPVfadj ^ QdlgOIatZ � j:QWmnVfotcpK ^ lgMPcpZiVflTK ^�^ adjkM�Z[adj[jpl ^ ZpQWj ^ XfK�MRQO=[XfKuQWc �is>C�_badc[O�X�Q8mxlgMP]patZ[KBZ[KLX���lTotc:QWMPVfadj
XYVYjpluQWOPV ^ lTKUs

A � � y P ��¡8�9P � y P ��¡8�9P

y w8¢B��£P¤ y w�¢B��£?¤ y r A �=£ � y r A ��£ �
� ρ� α 5,71.10−5 1,51.10−4 1,51.10−4 3,00.10−4 1,42.10−4

� ρu

� α 3,78.10−3 3,89.10−3 3,89.10−3 3,87.10−3 3,87.10−3

� ρv

� α 2,82.10−3 2,04.10−3 2,05.10−3 2,07.10−3 2,08.10−3

� ρw

� α 6,70.10−3 6,25.10−3 � ,23.10−3 6,25.10−3 6,23.10−3

� ρE

� α −5,13.10−4 −7,63.10−5 −7,78.10−5 −1,32.10−4 −1,03.10−4

� p� α 2,49.10−5 7,21.10−5 7,21.10−5 7,07.10−5 7,20.10−5

� T� α −2,02.10−5 −4,28.10−5 −4,22.10−5 −2,10.10−4 −3,24.10−5

� p �� α −6,92.10−4 −2,51.10−4 −2,53.10−4 −3,18.10−4 −2,84.10−4

WYX�Z � �is>C � A � � ¢ c[O?=[VYjpKUs6A�lgOPVYS�lTK ^ Z[K z adj � MPVfadj ^ QdlgOIa	Z � j:QWmnVfotcpK ^ _:QWO~ORQW_[_badOPM�QWc _:QWORQWm v MPOIKeZ[Kz adOPmxKUspyzlgMP]pa	Z[K<Z[K<X���lTotc:QWMPVfadj\XYVYjpluQWOPV ^ lTKUsAyza	Z v XfK<Z[K~yzV � ]pKgX �g{�|��f}
� admnmxK�a�= ^ KgOPS�l�ZpQWj ^ XfK � ]:QW_[VYMPOIK�_[OIl � lTZ[KgjkM�
 XfK ^ XYVYjpluQWOPV ^ QWMPVfadj ^ Zic � civ~ZiV �bc ^ V z QTS�K ����� y ��adc ^ QWj ^� ��¡8� ��QW_[_[OIaTviVYmqQWMPVfadj�Z[KrM � _bK � � adc � ]pKxmnVYj � K �*� � µ � u §�l � Z[adj[jpKgjtM�Z[K ^ OIl ^ c[XYMRQWM ^ VfZ[KgjtMPVfokcpK ^ 


V � V � Z[Kgciv � ][V �bOIK ^n^ VY§Uj[V u�� QWMPV z ^ _[O vT^ 
�_:QWO z adV ^ MPOIadV ^ � ^ c[OXfK ^ mxa � Kgj[jpK ^x^ c[O z Q � VfotcpK ^ Z[K ρ KgM ρu ��s £ X
Kgj2K ^ MrZ[Kem � mxK�ZpQWj ^ XfK � Q ^ Z[KhX�QNXYVYjpluQWOPV ^ QWMPVfadj Zic�mxa	Z v XfK�_Jadc[OXfK ^ mxa � Kgj[jpK ^ Z[K � admn_ba ^ QWjkMIK ^
Z[K�okc:QWjtMPVYMIl�Z[Kemxadc[S�KgmxKgjtM �

ρu 
 ρv 
 ρw ��s*A�KhmqQWj[V v OIK�§�lgjplgORQWXfK
�okcpKgXYXfKhokcpK ^ adVYMX�QzXYVYjpluQWOPV ^ QWMPVfadj
KgjkMPOIKg_[OPV ^ K
kMIadc[MIK ^ XfK ^ SUQWXfKgc[O ^ Z[K�§UORQdZiVfKgjkM ^ Z[K z adj � MPVfadj ^ adjkM�XfKD=badj ^ VY§UjpKF_:QWO�ORQW_[_badOPM � X�Q�OIl z lgOIKgj � K� QWX � c[XflTK~_:QWO�ZiV ��lgOIKgj � K ^u j[VfK ^ s' j � admn_:QWORQWjtM�XfK ^ §UORQWjpZ[Kgc[O ^ a�=[MIKgjkcpK ^ _:QWO � K ^ ZiV �blgOIKgjtMIK ^ XYVYjpluQWOPV ^ QWMPVfadj ^ KgjkMPOIK�KgXYXfK ^ 
Uadj � adj ^ MRQWMIK
otcpK ^ c[O�XfK ^ mxa � Kgj[jpK ^�^ c[O z Q � VfotcpK ^ Z[K ρu 
 ρv 
 ρw 
TXfK ^ ZiV ��lgOIKgjkMIK ^ XYVYjpluQWOPV ^ QWMPVfadj ^
z adc[OPj[V ^I^ KgjkM=Z[K ^ SUQWXfKgc[O ^
Z[K�§UORQdZiVfKgjtM ^ _[OIK ^ okcpK8lg§kQWXfK ^ � mxadVYj ^ Z[K 1,5 % Z���l � QWOPM�OIKgX�QWMPV z ��s ' jeadc[MPOIK
�XfK ^ SdQWXfKgc[O ^ Z[KB§UORQdZiVfKgjtM ^ Z[Kz adj � MPVfadjwMPOIadc[S�lTK ^ _badc[O � K ^ MPOIadV ^�� admn_Ja ^ QWjkMIK ^<^ adjtM�Kgj`Q ��� adOIZ*QTS�K �*� KgXYXfK ^ Z[K�X�QqOIl z lgOIKgj � Kra�=[MIKgjtcpK
_:QWO~ZiV ��lgOIKgj � K ^ u j[VfK ^~^ QWj ^!� MPOIKrK�vpQ � MIKgmxKgjkM�lg§kQWciv�s � luQWj[mxadVYj ^ 
bXfK z QWVYM~Z[KXYVYjpluQWOPV ^ KgO~XfKmxa	Z v XfKnZ[K
MPc[O?=[c[XfKgj � K~Z[adj[jpK<c[jpK�SUQWXfKgc[O ^ Kgj ^ V>=[XfKgmxKgjtM�mxKgVYXYXfKgc[OIK<_badc[OBXfK ^ mxa � Kgj[jpK ^ Z[K ρu KgM ρv 
 � K<okc[V�jpK ^ K
§�lgjplgORQWXYV ^ KgORQx_:Q ^ 
 ^ c[OBX�Qrmxa � Kgj[jpK�Z[K ρw s� adc[O<X�Qemxa � Kgj[jpKnZ[K ρE 
JX�QeXYVYjpluQWOPV ^ QWMPVfadj Zic*mxa	Z v XfKZ[KMPc[O?=[c[XfKgj � KxQWmxlgXYVfadOIKrXfKOIl ^ c[XYMRQWM�
�QTS�K �
c[j/OIl ^ c[XYMRQWM�Kgj � adOIKemxKgVYXYXfKgc[O�_badc[O�X�Q � adm =[VYj:QWV ^ adj��uXYVYjpluQWOPV ^ QWMPVfadj2Zic/mxa	Z v XfK P QW_[_[OIa � ]pKhZ[KxM � _bK� � adc � ]pKnmnVYj � K ��� s � luQWj[mxadVYj ^ 
�XfK ^ SdQWXfKgc[O ^ MPOIadc[S�lTK ^�^ c[VYMIKxQWciv`ZiVYS�KgO ^ K ^ XYVYjpluQWOPV ^ QWMPVfadj ^�^ adjkM ^ adc ^��
K ^ MPVYmxlTK ^ _:QWOBORQW_[_JadOPM � X�QOIl z lgOIKgj � K � QWX � c[XflTK�_:QWO�ZiV �blgOIKgj � K ^	� j[VfK ^ s' jeOIKgSdQWj � ]pK
 ^ c[O�X�Q�mxa � Kgj[jpK�Z[K ρ 
UVYX � Q�_bKgc[M � � MPOIK�c[jpK�VYj � ad]plgOIKgj � K8otc:QWjkM � X�Q�XYVYjpluQWOPV ^ QWMPVfadjhZic
mxa	Z�
gXfK�Q ^I^ a � VflTK � X���QW_[_[OIa � ]pK�Z[K8M � _JK � � adc � ]pK�mnVYj � K � s ' jhadc[MPOIK
	okcpKgXYXfK�otcpK ^ adVYM�X�Q~XYVYjpluQWOPV ^ QWMPVfadj 

X�QSUQWXfKgc[OFZ[K<§UORQdZiVfKgjkM8MPOIadc[S�lTK<jpK � adOPOIK ^ _badjpZ�_:Q ^F� X�QnSdQWXfKgc[O�Z[K<OIl z lgOIKgj � K�QWMPMIKgjpZicpKUs



Cg��

� Kg_bKgjpZpQWjkM�
bX���adOIZiOIKZ[K�§UORQWjpZ[Kgc[O<Z[K ^ SUQWXfKgc[O ^ Z[K ^ §UORQdZiVfKgjkM ^ Z[K ^ mxa � Kgj[jpK ^ Z[K ρu 
 ρv KgM ρw K ^ M^ c[_blgOPVfKgc[O�Z�� c[j S�adVYOIKeZ[Kgciv/adOIZiOIK ^ _:QWOORQW_[_JadOPM � � KgXYc[V�Z[K ^ SUQWXfKgc[O ^ Z[Kq§UORQdZiVfKgjkM ^ Z[Kemxa � Kgj[jpK ^ Z[K
ρ KgM ρE s��8j � QWX � c[XfKhQ ^I^ K � _[OIl � V ^ lgmxKgjtM�XfK ^�z adOPM ^ §UORQdZiVfKgjtM ^ Z[K z adj � MPVfadj ^ 
=QWXfadO ^ okcpKrXfK ^ SdQWXfKgc[O ^ Z[K
§UORQdZiVfKgjkM ^�z QWV>=[XfK ^ MPOIadc[S�lTK ^ jpK ^ adjkMB_:Q ^ � adj z adOPmxK ^8� X�QOIl z lgOIKgj � K�a�=[MIKgjtcpK~_:QWO�ZiV ��lgOIKgj � K ^ � j[VfK ^ s� K ^ l � QWOPM ^ Z[l {I� a�= ^ KgOPS�l ^ KgjkMPOIKrXfK ^ ZiV �blgOIKgjtMIK ^ XYVYjpluQWOPV ^ QWMPVfadj ^ KgM�X�QqOIl z lgOIKgj � Kra�=[MIKgjkcpKr_:QWO<ZiV ��l �
OIKgj � K ^ � j[VfK ^�^ K�OIlg_bKgO � c[MIKgjkM ^ c[O�XfK ^ OIl ^ c[XYMRQWM ^ Z[K ^ MPOIadV ^ Z[KgOPj[V�
gOIK ^�z adj � MPVfadj ^�� _[OIK ^I^ VfadjnMIadMRQWXfKBmxa � Kgj[jpK
p
� 
iMIKgmn_JlgORQWMPc[OIK ^ MRQWMPVfokcpK�mxa � Kgj[jpK T 
	_[OIK ^I^ Vfadj ^ MRQWMPVfotcpK�mxa � Kgj[jpK p ��
 z adj � MPVfadj ^ otc[V ^ adjkMBV ^I^ cpK ^ Z[K ^
mxa � Kgj[jpK ^�^ c[O z Q � VfokcpK ^ Z[K�§UORQWjpZ[Kgc[O ^ Zic � ]:QWmn_wQdlgOIa	Z � j:QWmnVfotcpKUs
� �\['�����\[ /0�*1e!�-�1 ���&� ���H���F�eEG��1��\��%��

� K ^�� ]:QWmn_ ^ Z[K ^ Z[lgOPVYS�lTK ^ Z[K ^ � admn_ba ^ QWjkMIK ^ Zic � ]:QWmn_ � adj ^ KgOPSUQWMPV z�� _:QWO�ORQW_[_JadOPMLQWcn_:QWORQWm 
gMPOIK
Z[K z adOPmxK�� adc ^ Kgj ^ V>=[VYXYVYMIl ^ � � � ρ� α 
 � ρu

� α 
 � ρv

� α 
 � ρw

� α 
 � ρE

� α � ^ adjkM�OIKg_[OIl ^ KgjtMIl ^ ZpQWj ^ XfK_[X�QWj Z[K ^ adOPMPVfKUs� K ^ §UORQWjpZ[Kgc[O ^ Z[K � ]:QWmn_ ^ adjtM�lgSdQWXYcplTK ^ QWciv � KgjkMPOIK ^ Z[K ^�� KgXYXYc[XfK ^ s � K�_[X�QWjxZ[K ^ adOPMPVfKBa � XfK ^ � ]:QWmn_ ^ Z[K
Z[lgOPVYS�lTK ^�^ adjtM�K�viMPORQWVYM ^ K ^ M�Zic[_[XYVfotcpl�Z[Kgciv z adV ^�^ KgXfadjX���Q � VYm�c[M�
�Q � jrZ[KLOIKgjpZiOIK � admn_[MIK�Z[KLX�QF_JlgOPVfa	ZiV � VYMIl
ZicNOIl ^ c[XYMRQWMus � Q � adjpK�KgjF=[X�QWj ��^ ��K�v	_[XYVfotcpK~_:QWO8XfK z QWVYMFokcpK�X�QrS	V ^ c:QWXYV ^ QWMPVfadjzK ^ M z QWVYMIKQWciv � KgjkMPOIK ^ Z[K ^� KgXYXYc[XfK ^ _badc[OBXfK<mqQWVYXYX�QW§�K<VYj[VYMPV�QWX�
:X � a � ^ adjtMFlgSdQWXYcplTK ^ XfK ^ SdQWOPV�QO=[XfK ^ Z���lgMRQWMus� c[O�XfK ^ _[X�QWj � ]pK ^ Z[K ^ Kgj ^ V>=[VYXYVYMIl ^ 
	XfK ^ OIl ^ c[XYMRQWM ^ a�=[MIKgjkc ^ QuS�K � adc ^ QWj ^ QW_[_[OIa � ]pK<Z[K�M � _bK ��� adc � ]pK
mnVYj � K �/^ adjkMnlg§kQWXfKgmxKgjkMxMPO 
 ^ _[OIa � ]pK ^ S�adVYOIK�VfZ[KgjtMPVfokcpK ^ � � j[VYS�KuQWc Z[KhXYVYjpluQWOPV ^ QWMPVfadj Zic mxa	Z�
gXfK�Z[K
MPc[O?=[c[XfKgj � KnlTotc[VYSdQWXfKgjtM ��
�okcpKgXYXfKrotcpK ^ adVYM�X�Q � admn_Ja ^ QWjkMIKna�= ^ KgOPS�lTK
JmnV ^<� _:QWOPM ^ c[O8X�QqSdQWOPV�QO=[XfK ρw �
c[jNKgjpZiOIadVYMus

� adc[O�X�Q ^ Kgj ^ V>=[VYXYVYMIlBZ[K ρ � � §Uc[OIK ^ �is>C ��� �is>C�����
dX�Q�XYVYjpluQWOPV ^ QWMPVfadjqZicrmxatZ�
gXfKBZ[K�MPc[O?=[c[XfKgj � KFQWmxlgXYVfadOIK^ Kgj ^ V>=[XfKgmxKgjtM8XfK ^ OIl ^ c[XYMRQWM ^ KgjN_[VfKTZ ��� adjpK~Z[K � ρ� α
� admn_[OPV ^ K�KgjtMPOIK 0,002 5 KgM 0,003 5 ��s ' jNadc[MPOIK
pS�KgO ^

50
�
60 % Z[K�]:QWc[MIKgc[OBZ[K�S�KgVYjpK
tX�Q � adj[jpK�viVYMIl�Zic�Z[admqQWVYjpK<Z[K � ρ� α

� admn_[OPV ^ KgjkMPOIK −0,001 5 KgM −0,000 5
K ^ MBmnVfKgciv�OIKg_[OIa	Zic[VYMIKUs� adc[O\X�Q ^ Kgj ^ V>=[VYXYVYMIl`Z[K ρE � � §Uc[OIK ^ �is>C �2� �is � C ��
BX�Q XYVYjpluQWOPV ^ QWMPVfadj ZicDmxatZ�
gXfK`Z[K*MPc[O?=[c[XfKgj � K
QWmxlgXYVfadOIKeMPO 
 ^ Xflg§ 
gOIKgmxKgjkMrXfK ^ OIl ^ c[XYMRQWM ^ Kgj/M � MIK
�QWc/S�adV ^ VYj:QW§�KqZ[KxX�Q�_:QWOIadV�s � luQWj[mxadVYj ^ 
�otcpKgXYXfKxotcpK^ adVYM�X�QeXYVYjpluQWOPV ^ QWMPVfadj K��bK � MPcplTK
JXfK ^ SUQWOPV�QWMPVfadj ^ Z[K � ρE

� α
^ adjtM�mqQWX�OIKg_[OIa	Zic[VYMIK ^ Kgj*M � MIKKgM�Kgj*_[VfKTZ�s ' j

adc[MPOIK
pZpQWj ^ � K � Q ^ 
iXfK ^ XYVY§UjpK ^ V ^ a � � ρE

� α
^ adjkM8Z[l � QWXflTK ^ KgjzQ � VYm�c[M ��� adjpK~Z[K � ρE

� α QWc[MIadc[O8Z[K 0,004 ��s� adc[O=X�Q ^ Kgj ^ V>=[VYXYVYMIl�Z[K ρu � � §Uc[OIK ^ �is ����� �is � ����
 X�Q�XYVYjpluQWOPV ^ QWMPVfadjrZic~mxatZ�
gXfK�Z[K�MPc[O?=[c[XfKgj � KLQWmxlgXYVfadOIK
Xflg§ 
gOIKgmxKgjkMBXfK ^ OIl ^ c[XYMRQWM ^ KgjhM � MIK ��� adjpK�Z[K � ρu

� α
� admn_[OPV ^ K�KgjkMPOIK 0,0021 KgM 0,0023 K ^ M � adj[jpK�v[K � admnmxK

_badc[OeX�Q�OIl�� lgOIKgj � Kwa�=[MIKgjtcpK*_:QWOhZiV ��lgOIKgj � K ^ � j[VfK ^ ��s ' j OIKgSUQWj � ]pK
LS�KgO ^ c[jpKN]:QWc[MIKgc[O\Z[KzS�KgVYjpK*Z[K
50
�
60 % 
pQWc � c[jpK<XYVYjpluQWOPV ^ QWMPVfadjzjpK<OIKg_[OIa	Zic[VYM�X�QrOIlg_:QWOPMPVYMPVfadjzZ[K � ρu

� α s� adc[O<X�Q ^ Kgj ^ V>=[VYXYVYMIlrZ[K ρv � � §Uc[OIK ^ �is
	�� � �is
QC ��
JS�KgO ^ X�QqmnV � ]:QWc[MIKgc[O~Z[K�S�KgVYjpK
JXfK ^ Z[Kgciv � admn_ba �^ QWjtMIK ^�� adj[jpK�v[K ^ Z[K��uadjpKxZ[K � ρv

� α
� admn_[OPV ^ KxKgjtMPOIK −0,006 KgM −0,002

^ adjtM~mnVfKgciv`OIKg_[OIatZic[VYMIK ^ _Jadc[O
c[jpK<XYVYjpluQWOPV ^ QWMPVfadj ��� µ � � §�l � s� adc[O�X�Q ^ Kgj ^ V>=[VYXYVYMIlxZ[K ρw � � §Uc[OIK ^ �is
�	 � �is
�����
�XfK ^ ZiV ��lgOIKgjkMIK ^ XYVYjpluQWOPV ^ QWMPVfadj ^ Z[adj[jpKgjtMZ[K ^ OIl �^ c[XYMRQWM ^ otc:Q ^ VYmxKgjtMqVfZ[KgjkMPVfotcpK ^ 
�K�v � Kg_[MIl�_bKgc[M ��� MPOIK � 30 % Z[K�]:QWc[MIKgc[OhZ[K�S�KgVYjpK
�QWc S�adV ^ VYj:QW§�K\Zic
ORQ ��� adOIZ�s���QWO~ORQW_[_badOPM�QWciv`OIl ^ c[XYMRQWM ^ Z[KnOIl�� lgOIKgj � Kxa�=[MIKgjtc ^ _:QWO�ZiV ��lgOIKgj � K ^ � j[VfK ^ 
�adj`_JKgc[M ^ VY§Uj:QWXfKgO
MPOIadV ^ ZiV ��lgOIKgj � K ^ jpadMRQO=[XfK ^�� Kgj _[VfKTZ�
 � 30 % Z[Kx]:QWc[MIKgc[OZ[KxS�KgVYjpKeQWc�S�adV ^ VYj:QW§�KqZic/ORQ ��� adOIZ�KgM�Kgj
M � MIKUs
�*),+-)�� �B3���* !$����;J3�������:I8�;/<�!!/<

� K ^ XYVYjpluQWOPV ^ QWMPVfadj ^ Zic � civ ZiV �Jc ^ V���KgM�Zic¥mxa	Z�
gXfK*Z[K*yNV � ]pKgX �g{x|��f} adjkM\lgMIlwSUQWXYVfZ[lTK ^ _badc[O�X�Q
mxlgMP]pa	Z[K<Z[K�X���lTokc:QWMPVfadj\XYVYjpluQWOPV ^ lTK<_Jadc[O � K A�V ^ MPOPV>=[c[MIKgc[O��BQ ^I^ K���OIK ^I^ Vfadj\Z[K�MPc[O?=[VYjpKUs � K ^ ZiV ��lgOIKgjkMIK ^
XYVYjpluQWOPV ^ QWMPVfadj ^ Z[adj[jpKgjtM�Z[K ^ OIl ^ c[XYMRQWM ^�� adj�� adOPmxK ^�� X�QeOIl�� lgOIKgj � Kna�=[MIKgjtcpKn_:QWO~ZiV ��lgOIKgj � K ^ � j[VfK ^�� XfK ^



Cg� �

^ Kgj ^ V>=[VYXYVYMIl ^ Z���l � adc[XfKgmxKgjkM�ZpQWj ^ XfK\_[X�QWj Z[K ^ adOPMPVfKNOIKg_[OIatZic[V ^ KgjtMq§UXfa�=:QWXfKgmxKgjtM � K\otc[VFK ^ MhQWMPMIKgjpZic~�
XfK ^ SUQWXfKgc[O ^ Z[K<§UORQdZiVfKgjtM ^ Z[K�� adj � MPVfadj ^ QdlgOIatZ � j:QWmnVfokcpK ^8^ adjkM�Q ^I^ K � =[VfKgj � QWX � c[XflTK ^ 
 ^ c[OPMIadc[M � KgXYXfK ^ Z[K
_[XYc ^ � adOPMIKhQWmn_[XYVYMPcpZ[K
�KgMadjtM�MIadc � adc[O ^ XfK =badj ^ VY§UjpKUs � ��QW_[_[OIauv	VYmqQWMPVfadj Z[KeM � _JK � � adc � ]pKemnVYj � K �
_badc[O�X�QNXYVYjpluQWOPV ^ QWMPVfadj2Zic � civ ZiV �Jc ^ V��FZ[adj[jpK�Z[K ^ SUQWXfKgc[O ^ Z[Ke§UORQdZiVfKgjkM ^ otc:Q ^ VYmxKgjtMVfZ[KgjtMPVfokcpK ^n� X�Q
XYVYjpluQWOPV ^ QWMPVfadj QTS�K � _[OPV ^ K\Kgj � admn_[MIKNZ[K ^ Z[lgOPVYS�lTK ^&� OIadV ^ lTK ^�� mxadVYj ^ Z[K 2 % Z���KgOPOIKgc[OqOIKgX�QWMPVYS�K\_badc[O
X�Q�_[XYc ^ §UOIa ^I^ KeZiV �blgOIKgj � K
=mxadVYj ^ Z[K 0,5 %

^ VYjpadj���s � KgMPMIKxMIKgjpZpQWj � K ^ KnOIKgMPOIadc[S�Khlg§kQWXfKgmxKgjkM ^ c[O�XfK ^� adc[O?=bK ^ Z[K ^ Kgj ^ V>=[VYXYVYMIl ^ Z���l � adc[XfKgmxKgjkML_:QWO�ORQW_[_badOPM�QWcx_:QWORQWm 
gMPOIKFZ[K � adOPmxKUs � K ^ SUQWXfKgc[O ^ Z[KB§UORQdZiVfKgjkM ^
otc[V ^ adjkM�Z[K~_[XYc ^ � adOPMIK�QWmn_[XYVYMPcpZ[K ^ adjtMFXflg§ 
gOIKgmxKgjtM�mnVfKgciv � QWX � c[XflTK ^�^ V�XfK�mxatZ�
gXfK�Z[K<MPc[O?=[c[XfKgj � KrK ^ M
XYVYjpluQWOPV ^ lUs
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_[OIK ^I^ Vfadj ^ MRQWMPVfokcpKqKgj ^ adOPMPVfKUs�ywatZ�
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������� �is �� � � � � ¢ c[O?=[VYjpKUs�A8V ^ MPOPV>=[c[MPVfadjxZ���QWj[§UXfK
OIKgX�QWMPV���Kgj ^ adOPMPVfKUspywatZ�
gXfK<Z[K�yNV � ]pKgX �g{�|��Y}
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������� �is �� � � � � ¢ c[O?=[VYjpKUs�A8V ^ MPOPV>=[c[MPVfadjxZ���QWj[§UXfK
QO= ^ adXYcNKgj ^ adOPMPVfKUs[yza	Z�
gXfK~Z[K<yzV � ]pKgX �g{�|��f}
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������� �is � � � � � � ¢ c[O?=[VYjpKUs A�V ^ MPOPV>=[c[MPVfadj$Z[K
_[OIK ^I^ VfadjDZ���QWOPO � M\Kgj ^ adOPMPVfKUsBywatZ�
gXfKwZ[K*yNV � ]pKgX�g{�|��f}
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������� �is���� � � � � ¢ c[O?=[VYjpKUs�A�V ^ MPOPV>=[c[MPVfadjZ[K�MIKgm �
_blgORQWMPc[OIK�Z���QWOPO � M�Kgj ^ adOPMPVfKUsUywatZ�
gXfKBZ[KByzV � ]pKgX �g{|��f}
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� K ^ � adj � MPVfadj ^ lgMPcpZiVflTK ^�^ adjkM�XfK ^ m � mxK ^ okcpKz_Jadc[OhXfK A8V ^ MPOPV>=[c[MIKgc[O �BQ ^I^ K ��OIK ^R^ Vfadj 
 ��^ QuS�adVYO�

Z[K ^ mxa � Kgj[jpK ^�^ c[O � Q � VfotcpK ^ Z[K ^$� admn_ba ^ QWjkMIK ^ Zic � ]:QWmn_ QdlgOIa	Z � j:QWmnVfotcpKNKgMhZ[K ^ � adj � MPVfadj ^ Z[K � K ^
mxa � Kgj[jpK ^ � _[OIK ^R^ Vfadj ^e^ MRQWMPVfokcpKzKgMeMIadMRQWXfK
�MIKgmn_JlgORQWMPc[OIK ^ MRQWMPVfotcpK ��
 � admnmxKw_[OIl ^ KgjtMIlzZpQWj ^ X�Q ^ adc ^��^ K � MPVfadj 	is � s
	is � K ^ §UORQdZiVfKgjkM ^ Z[K ^ � adj � MPVfadj ^ QdlgOIatZ � j:QWmnVfotcpK ^ lgMPcpZiVflTK ^<^ adjkM<Z[adj[jpl ^ ZpQWj ^ XfK�MRQO=[XfKuQWc
�is
	�_badc[O�X�Q�mxlgMP]patZ[KBZ[K�X���lTotc:QWMPVfadjnXYVYjpluQWOPV ^ lTKUs � Kgc[X ^ XfK ^ OIl ^ c[XYMRQWM ^ V ^I^ c ^ Z[K�XYVYjpluQWOPV ^ QWMPVfadj ^L�
� µ � � §�l �^ adjtM�_[OIl ^ KgjkMIl ^ V � V�s

A � � y P ��¡8�DP

y�� ¢B��£?¤ y � ¢B��£P¤
� ρ� α 2,62.10−4 3,21.10−4 2,84.10−4

� ρu

� α −3,27.10−4 −6,80.10−4 −7,93.10−4

� ρv

� α −1,95.10−3 −2,73.10−3 −2,73.10−3

� ρw

� α −1,69.10−2 −1,80.10−2 −1,83.10−2

� ρE

� α 5,51.10−4 4,68.10−4 5,52.10−4

� p� α 2,01.10−4 3,06.10−4 3,32.10−4

� T� α 5,69.10−5 1,87.10−4 2,89.10−4

� p �� α −6,29.10−6 −4,61.10−4 −4,49.10−4

WYX�Z � �is
	 � � � � ¢ c[O?=[VYjpKUs A�lgOPVYS�lTK ^ Z[K�� adj � MPVfadj ^ QdlgOIatZ � j:QWmnVfotcpK ^ _:QWO~ORQW_[_badOPMQWc _:QWORQWm 
gMPOIKeZ[K
� adOPmxKUspyzlgMP]pa	Z[K<Z[K<X���lTotc:QWMPVfadj\XYVYjpluQWOPV ^ lTKUsAyza	Z�
gXfK<Z[K~yzV � ]pKgX �g{�|��f}

� admnmxK�_Jadc[OBXfK A�V ^ MPOPV>=[c[MIKgc[O ��Q ^R^ K���OIK ^I^ Vfadj � MRQO=[XfKuQWc �is>C ��
[MIadc[MIK ^ XfK ^ SdQWXfKgc[O ^ Z[K�§UORQdZiVfKgjkM ^ Z[K
� adj � MPVfadj ^ QdlgOIatZ � j:QWmnVfotcpK ^ adjkMnXfK =badj ^ VY§UjpK�_:QWOnORQW_[_JadOPM � X�QwOIl�� lgOIKgj � K � QWX � c[XflTK�_:QWOxZiV ��lgOIKgj � K ^� j[VfK ^ s � ��K ^ M�XfK ^ Kgc[X � Q ^ MIK ^ MIlrotc[V�_[OIl ^ KgjkMIKrZ[K ^ ZiV �blgOIKgj � K ^ mqQWOIotcplTK ^ KgjkMPOIKnZ[K ^ XYVYjpluQWOPV ^ QWMPVfadj ^ QuS�K �
adc ^ QWj ^ QW_[_[OIaTviVYmqQWMPVfadj�Z[KrM � _bK ��� adc � ]pKnmnVYj � K �w� � µ � � §�l � s � luQWj[mxadVYj ^ 
 ^ c[O�XfK ^ §UORQWjpZ[Kgc[O ^��
� adOPM<§UORQdZiVfKgjkM � mxa � Kgj[jpK ^ Z[K ρv jpadMRQWmnmxKgjtM�KgM ρw ��
�adj a�=[MPVfKgjkM�XfK ^ m � mxK ^ SUQWXfKgc[O ^ _badc[O<XfK ^ Z[Kgciv
XYVYjpluQWOPV ^ QWMPVfadj ^ s� K ^ §UORQdZiVfKgjtM ^ Z[Kmxa � Kgj[jpK ^�^ c[O � Q � VfotcpK ^ Z[KSdQWOPV�QO=[XfK ^ ρ KgM ρE ^ adjkM~Q ^I^ K �_[OIl � V ^ lgmxKgjkM � QWX � c[Xfl ^
_:QWOFXfK ^ Z[Kgciv\XYVYjpluQWOPV ^ QWMPVfadj ^ � QTS�K � adc ^ QWj ^ QW_[_[OIaTviVYmqQWMPVfadj Z[K~M � _bK � � adc � ]pK�mnVYj � K � � � � µ � � §�l �� C�� � 20 % QTS�K � QW_[_[OIauv	VYmqQWMPVfadj2Z[KqM � _JK ��� adc � ]pKemnVYj � K � 
�mxadVYj ^ Z[K 9 %

^ QWj ^ QW_[_[OIauv	VYmqQWMPVfadj2Z[K
M � _bK ��� adc � ]pK<mnVYj � K � ��s ��QWO � adjtMPOIK
p_badc[O�X�Qmxa � Kgj[jpK ^ c[O � Q � VfotcpK<Z[K ρu 
iVYX � Qc[jzl � QWOPM ^ c[_blgOPVfKgc[O
Z[K 100 % Z���KgOPOIKgc[OB_badc[O�XfK ^ XYVYjpluQWOPV ^ QWMPVfadj ^ Zic � civhZiV �bc ^ V��Ps ¢ adc[MIK�� adV ^ 
 ^ c[OLXfK ^ mxa � Kgj[jpK ^F^ c[O ��Q � VfokcpK ^� � adOPMh§UORQdZiVfKgjkM � mxa � Kgj[jpK ^ Z[K ρv jpadMRQWmnmxKgjkM\KgM ρw ��
�XfK ^ OIl ^ c[XYMRQWM ^ a�=[MIKgjkc ^ _:QWOeXfK ^ ZiV ��lgOIKgjkMIK ^
XYVYjpluQWOPV ^ QWMPVfadj ^�^ adjtM�mxKgVYXYXfKgc[O ^ � 40 %

^ c[O�X�Q~mxa � Kgj[jpK�Z[K ρv 
kmqQWV ^L^ c[OPMIadc[M�mxadVYj ^ Z[K 9 % Z���KgOPOIKgc[O ^ c[O� KgXYXfK~Z[K ρw otc[V�K ^ MBX�QrSUQWXfKgc[OFZ[K�§UORQdZiVfKgjkM�Z[K<SdQWXfKgc[OFQO= ^ adXYcpK<X�Qr_[XYc ^ §UORQWjpZ[K ��s� admnmxKwVYX�Q�lgMIlwZiVYMe_badc[OqXfK � Q ^ ZicMA�V ^ MPOPV>=[c[MIKgc[O �BQ ^I^ K ��OIK ^I^ Vfadj 
Ladj � QWX � c[XfK =[VfKgj XfK ^ � adOPM ^
§UORQdZiVfKgjkM ^ Z[K � adj � MPVfadj ^ � V � V�
 � KgXYc[V�Z[K�X�Qmxa � Kgj[jpK ^ c[O � Q � VfotcpK�Z[K ρw ��
pQWXfadO ^ otcpK�XfK ^ §UORQdZiVfKgjkM ^ � QWV>=[XfK ^^ adjtM�mxadVYj ^ =[VfKgj � QWX � c[Xfl ^ s ' jnadc[MPOIK
 � admnmxK�_[OIl � lTZ[KgmnmxKgjkM�
�XfK ^ MPOIadV ^ Z[KgOPj[V�
gOIK ^ � adj � MPVfadj ^ � mxa � Kgj[jpK ^
Z[Kx_[OIK ^R^ Vfadj ^ MIadMRQWXfKeKgM ^ MRQWMPVfotcpK
=KgM�MIKgmn_JlgORQWMPc[OIK ^ MRQWMPVfotcpK � ^ adjtM�Z[K ^ � adj � MPVfadj ^ Z[K ^�� VYjpo*mxa � Kgj[jpK ^
_[OIl � lTZ[KgjkMIK ^ s � jpadc[S�KuQWc 
LXfK ^ l � QWOPM ^ a�= ^ KgOPS�l ^ KgjtMPOIKwXfK ^ ZiV ��lgOIKgjkMIK ^ XYVYjpluQWOPV ^ QWMPVfadj ^ KgMeX�Q`OIl�� lgOIKgj � K
a�=[MIKgjkcpK�_:QWOFZiV ��lgOIKgj � K ^ � j[VfK ^�^ K�OIlg_bKgO � c[MIKgjkM ^ c[O�XfK ^ OIl ^ c[XYMRQWM ^ Z[K � K ^ � adj � MPVfadj ^ s
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� K ^�� ]:QWmn_ ^ Z[K ^ Z[lgOPVYS�lTK ^ Z[K ^ � admn_ba ^ QWjkMIK ^ Zic � ]:QWmn_ � adj ^ KgOPSUQWMPV�� � _:QWO�ORQW_[_JadOPMLQWcn_:QWORQWm 
gMPOIK

Z[K � adOPmxK �&adc ^ Kgj ^ V>=[VYXYVYMIl ^ � � � ρ� α 
 � ρu

� α 
 � ρv

� α 
 � ρw

� α 
 � ρE

� α �
^ adjkMLOIKg_[OIl ^ KgjkMIl ^ V � VAZpQWj ^ XfKF_[X�QWjhZ[K ^ adOPMPVfKUs� K ^ §UORQWjpZ[Kgc[O ^ Z[K � ]:QWmn_ ^ adjkMFlgSUQWXYcplTK ^ QWciv � KgjkMPOIK ^ Z[K ^ � KgXYXYc[XfK ^ s � K ^�� ]:QWmn_ ^ Z[K<Z[lgOPVYS�lTK ^ ZpQWj ^ c[j

_[X�QWj/Z[K ^ adOPMPVfK ^ adjkM�OIKg_[OIl ^ KgjkMIl ^ Zic[_[XYVfokcpl ^ Z[Kgciv � adV ^~^ KgXfadj X���Q �TVYm�c[M�
�Q � j/Z[KnOIKgjpZiOIK � admn_[MIKqZ[KnX�Q
_blgOPVfatZiV � VYMIl~ZicNOIl ^ c[XYMRQWMus' jhO 
g§UXfK8§�lgjplgORQWXfK
tXfK ^ OIl ^ c[XYMRQWM ^ a�=[MIKgjkc ^ _:QWOLXfK ^ ZiV ��lgOIKgjkMIK ^ XYVYjpluQWOPV ^ QWMPVfadj ^ Zic � civqZiV �bc ^ V�� � � µ �� §�l � jpK ^ adjkM8_:Q ^ MPO 
 ^ =[VfKgjzOIKg_[OIatZic[VYMIK ^ KgjkMPOIK � �xKgM 100 % Z[K<]:QWc[MIKgc[O�Z[K<S�KgVYjpKUs � civ\KgjpZiOIadVYM ^ a �
XfK ^�^ Kgj ^ V>=[VYXYVYMIl ^F^ adjtM�XfK ^ _[XYc ^ � adOPMIK ^ 
iXfK ^ Z[Kgciv�XYVYjpluQWOPV ^ QWMPVfadj ^ QWmn_[XYV � KgjkM�Kgj � adOIK<_[XYc ^ XfK ^ ZiV ��lgOIKgj � K ^ s

��adc[O�X�Q ^ Kgj ^ V>=[VYXYVYMIl�Z[K ρ � � §Uc[OIK ^ �is��QC
�is���<KgMN�is���� ��
kQWc � c[jpK�Z[K ^ Z[KgcivXYVYjpluQWOPV ^ QWMPVfadj ^�� � µ � � §�l �
jpKOIKg_[OIatZic[VYM<X�Q � adj[jpK�viVYMIlnZ[KX�Q �uadjpK�VYj�� lgOPVfKgc[OIK � � � 
 ���QC��bX�QeXYVYjpluQWOPV ^ QWMPVfadj�QTS�K � QW_[_[OIa � ]pKnZ[KM � _bK� � adc � ]pKhmnVYj � K � Z[adj[jpKhc[jpKqMIKgjpZpQWj � K�Xflg§ 
gOIKgmxKgjtMnmxKgVYXYXfKgc[OIKhotcpKhX�Q\XYVYjpluQWOPV ^ QWMPVfadj�Z[KB=:Q ^ KUs ��adc[O
X�Q ^ Kgj ^ V>=[VYXYVYMIlrZ[K ρE � � §Uc[OIK ^ �is���	 
L�is��W��KgM �is���� ��
bX�Q �uadjpK � mnV � ]:QWc[MIKgc[O � admn_[OPV ^ KKgjtMPOIK � � 
 ����	-�hKgM
� 
 ����	-��j���K ^ M�_:Q ^ =[VfKgjhOIKg_[OIa	Zic[VYMIK�_:QWOLXfK ^ Z[KgcivqXYVYjpluQWOPV ^ QWMPVfadj ^ 
 � KgXYXfK ��� µ � � §�l � Z[adj[j:QWjtMFQWXfadO ^ c[jpK
MIKgjpZpQWj � KXflg§ 
gOIKgmxKgjkM<mxKgVYXYXfKgc[OIKUs ��adc[O�X�Q ^ Kgj ^ V>=[VYXYVYMIlrZ[K ρu � � §Uc[OIK ^ �is���� 
K�is�� � KgM �is��QC ��
AXfK�Z[admqQWVYjpK� admn_[OPV ^ KgjtMPOIK � � 
 �����rKgM � 
 ����� � KgjhS�KgOPM ��j���K ^ MB_:Q ^ =[VfKgjhOIKg_[OIa	Zic[VYM�_:QWO�XfK ^ Z[KgciveXYVYjpluQWOPV ^ QWMPVfadj ^ s ��adc[O
X�Q ^ Kgj ^ V>=[VYXYVYMIlBZ[K ρw � � §Uc[OIK ^ �is��� 
I�is��W��KgM �is���� ��
dXfKL_[V � Z[K ^ Kgj ^ V>=[VYXYVYMIlBotc[VpQW_[_:QWORQ��fM�Kgj_[VfKTZrj���QW_[_:QWORQ��fM
_:Q ^ ZpQWj ^ XfK ^ Z[Kgciv XYVYjpluQWOPV ^ QWMPVfadj ^ s � Q�XYVY§UjpKqV ^ a � � ρw

� α
� �

� 
 �QC �*�zK ^ M~mqQWXL_Ja ^ VYMPVfadj[jplTKq_Jadc[O�XfK ^ Z[Kgciv
XYVYjpluQWOPV ^ QWMPVfadj ^ s� K ^ Z[KgcivxXYVYjpluQWOPV ^ QWMPVfadj ^���� µ � � §�l � Z[adj[jpKgjtMLjpluQWj[mxadVYj ^ c[jpK =badj[jpK�MIKgjpZpQWj � K�Z[KFSUQWOPV�QWMPVfadj ^ Z[K� ]:QWmn_ � adj ^ KgOPSUQWMPV��Ps � ��QW_[_badOPM�Z[K�X�QFXYVYjpluQWOPV ^ QWMPVfadjxZicmxatZ�
gXfKLZ[K�MPc[O?=[c[XfKgj � K�QWc[ORQWVYM�_bKgc[M ��� MPOIKBQWmxlgXYVfadOIl
XfK ^ OIl ^ c[XYMRQWM ^ s
�*)��-)�� �B3���* !$����;J3�������:I8�;/<�!!/<

� K ^ XYVYjpluQWOPV ^ QWMPVfadj ^ Zic � civhZiV �bc ^ V���adjkMBlgMIl�SUQWXYVfZ[lTK ^ V � VJ_badc[O�X�Q�mxlgMP]patZ[K<Z[K�X���lTotc:QWMPVfadjhXYVYjpluQWOPV ^ lTK
_badc[O � KgMPMIK � adcpK��BQ ^I^ K���OIK ^I^ VfadjwZ[K~MPc[O?=[VYjpKUs � K ^ � admnmxKgjtMRQWVYOIK ^ Z[K~X�Q � adj � XYc ^ VfadjN_:QWOPMPVfKgXYXfK�_Jadc[O8XfK
A�V ^ MPOPV>=[c[MIKgc[O ��Q ^R^ K ��OIK ^I^ Vfadj\_JKgc[S�KgjtM � MPOIK�KgjN§UORQWjpZ[K�_:QWOPMPVfK~OIKg_[OPV ^ V � V�
 � adj � KgOPj:QWjkM�X�QnXYVYjpluQWOPV ^ QWMPVfadj
Zic � civ�ZiV �Jc ^ V�� ��� µ � � §�l � s � K ^ ZiV �blgOIKgjtMIK ^ XYVYjpluQWOPV ^ QWMPVfadj ^ Z[adj[jpKgjkM�QWc ^I^ V�Z[K ^ OIl ^ c[XYMRQWM ^ � adj�� adOPmxK ^� X�QxOIl�� lgOIKgj � Ka�=[MIKgjkcpK�_:QWO�ZiV �blgOIKgj � K ^ � j[VfK ^�� XfK ^8^ Kgj ^ V>=[VYXYVYMIl ^ Z���l � adc[XfKgmxKgjtM<ZpQWj ^ XfK�_[X�QWjwZ[K ^ adOPMPVfK
OIKg_[OIa	Zic[V ^ KgjkM�§UXfa�=:QWXfKgmxKgjkM � K�otc[VJK ^ M�QWMPMIKgjpZic 
 ^ c[OPMIadc[MBZpQWj ^ X�Q�_:QWOPMPVfK =:Q ^I^ KFZ[K8X�Q�S�KgVYjpK��tXfK ^ SUQWXfKgc[O ^
Z[Kn§UORQdZiVfKgjtM ^ Z[K � adj � MPVfadj ^ QdlgOIa	Z � j:QWmnVfokcpK ^^ adjkMQ ^I^ K � =[VfKgj � QWX � c[XflTK ^ 
 ^ c[OPMIadc[M � KgXYXfKqZ[Kn_[XYc ^ � adOPMIK
QWmn_[XYVYMPcpZ[K � mxadVYj ^ Z[K 9 % Z���KgOPOIKgc[O ��
WKgM�adjtM=MIadc � adc[O ^ XfKN=Jadj ^ VY§UjpKUs � ��QW_[_[OIauv	VYmqQWMPVfadjnZ[K�M � _JK � � adc � ]pK
mnVYj � K � _badc[O�X�QhXYVYjpluQWOPV ^ QWMPVfadj Zic � civ*ZiV �Jc ^ V��LZ[adj[jpKnZ[K ^ SUQWXfKgc[O ^ Z[K�§UORQdZiVfKgjtM ^ Zic`m � mxKradOIZiOIKnZ[K
§UORQWjpZ[Kgc[O � X�Q�XYVYjpluQWOPV ^ QWMPVfadj QuS�K � _[OPV ^ KxKgj � admn_[MIKeZ[K ^ Z[lgOPVYS�lTK ^�� OIadV ^ lTK ^ � mxadVYj ^ Z[K 17 % Z���KgOPOIKgc[O
OIKgX�QWMPVYS�Kh_Jadc[OXfK ^ _[XYc ^ §UOIa ^R^ K ^ ZiV ��lgOIKgj � K ^ 
 � c ^ okc�� � mxadVYj ^ Z[K 2 % ZpQWj ^ XfK � Q ^ XfKe_[XYc ^ ��QTS�adORQO=[XfK ��s� KgMPMIK�MIKgjpZpQWj � K ^ KBOIKgMPOIadc[S�K�lg§kQWXfKgmxKgjkM ^ c[O�XfK ^ � adc[O?=bK ^ Z[K ^ Kgj ^ V>=[VYXYVYMIl ^ Z���l � adc[XfKgmxKgjtML_:QWO�ORQW_[_JadOPM�QWc
_:QWORQWm 
gMPOIK�Z[K � adOPmxKUs
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�8j � KgOPMRQWVYj jpadm =[OIKeZ[K � adj � XYc ^ Vfadj ^ lgjpadj � lTK ^r� X�Q � j/Zic � ]:QW_[VYMPOIKx_[OIl � lTZ[KgjtM�_bKgc[S�KgjkM � MPOIKnOIK �
_[OIa	Zic[VYMIK ^ V � V�s � K ��QWVYMLZ[K8XYVYjpluQWOPV ^ KgO�XfK � civeZiV �Jc ^ V���QTS�K � adc ^ QWj ^ QW_[_[OIa � ]pK�Z[K�M � _bK ��� adc � ]pK�mnVYj � K �
j�� VYjpZic[VYMeotcpK�_bKgc Z[K\ZiV �blgOIKgj � K ^�� ^ c[OnXfK � QWX � c[XFZ[K\§UORQdZiVfKgjkM ^ Z[K � adj � MPVfadj ^ adc ^ c[OnXfK ^x^ Kgj ^ V>=[VYXYVYMIl ^
Z���l � adc[XfKgmxKgjkM ��s � ��QW_[_[OIa � ]pK�Z[K<M � _JK � � adc � ]pK~mnVYj � K � K ^ MFZ[adj �<^ c�� ^ QWjkMIK�_Jadc[OBX�QXYVYjpluQWOPV ^ QWMPVfadjwZic� civ�ZiV �Jc ^ V��Ps� QNXYVYjpluQWOPV ^ QWMPVfadj � � µ � � §�l � Z[adj[jpKeZ[K ^ OIl ^ c[XYMRQWM ^�� adjkS�Kgj:QO=[XfK ^ � SUQWXfKgc[O ^ Z[Kx§UORQdZiVfKgjkM ^ KgM ^ Kgj �^ V>=[VYXYVYMIl ^ ��
=_[OIa � ]pK ^ Z[KxX�Q�OIl�� lgOIKgj � Kha�=[MIKgjkcpKq_:QWO�ZiV ��lgOIKgj � K ^ � j[VfK ^ s � KgOPMIK ^ 
�KgXYXfKqmqQWjpokcpKq_:QWO � adV ^ Z[K
_[OIl � V ^ Vfadj`mqQWV ^ KgXYXfKra �bOIKrc[jpK =badj[jpKMIKgjpZpQWj � Kn_badc[O�XfK � QWX � c[X�Z[KX�QhZiVYOIK � MPVfadj Z[Kr§UORQdZiVfKgjkM �h^ c[VYS	OIK
_badc[O�X���QWXY§�adOPVYMP][mxKFZ[KBZ[K ^�� KgjtMIKB_Jadc[O�XfK ^ � adj � MPVfadj ^ QdlgOIa	Z � j:QWmnVfokcpK ^ Z[K�_[XYc ^ � adOPM�§UORQdZiVfKgjtM ^ Kgc[XfKgmxKgjtMus� QhXYVYjpluQWOPV ^ QWMPVfadj�Zic`mxa	Z�
gXfKnZ[KnyNV � ]pKgX �g{8|��Y} c[MPVYXYV ^ lTKxZpQWj ^�� K � ]:QW_[VYMPOIKxK ^ M � KgXYXfKnotc[V�Z[adj[jpKnXfK ^
mxKgVYXYXfKgc[O ^ OIl ^ c[XYMRQWM ^ _Jadc[O�XfK ^�� Q ^ Z���lg_[OIKgc[S�K ^ Zic � ]:QW_[VYMPOIK�_[OIl � lTZ[KgjtM � MIadc ^ XfK ^ MIKgOPmxK ^ okc[ViQW_[_:QWORQWV ^I^ KgjtM
ZpQWj ^ X���K�v	_[OIK ^I^ VfadjzZ[K � K�mxatZ�
gXfKZ[K~MPc[O?=[c[XfKgj � K ^ adjtM�ZiV ��lgOIKgjkMPVfl ^ Z[K~mqQWj[V�
gOIKK�vpQ � MIK � Kgjw_:QWOPMPV � c[XYVfKgO
X�QzS�adOPMPV � VYMIl�KgMnX�QzXfadj[§UcpKgc[OxZ[KemxlgX�QWj[§�K ��s ' XYXfK�QWmxlgXYVfadOIK�X�Qz_[OIl � V ^ Vfadj Z[K ^ SdQWXfKgc[O ^ Z[Kh§UORQdZiVfKgjtM ^ Z[K
� adj � MPVfadj ^ QWVYj ^ VJotcpK�XfK ^�^ Kgj ^ V>=[VYXYVYMIl ^ Z���l � adc[XfKgmxKgjkM�mqQWV ^ Z[K�mqQWj[V�
gOIK�mxadVYj ^B^ VY§Uj[V ��� QWMPVYS�K<otcpKF_badc[O�XfK ^� Q ^ Zic � ]:QW_[VYMPOIK~_[OIl � lTZ[KgjtMus

A<QWj ^ X�Q ^ K � MPVfadj 	is�� 
kadj�Q<S	ceotcpK�X�Q<_[OIl � V ^ VfadjhZ[KFX�Q<mxlgMP]pa	Z[K � QdZ � adVYjkMIK�adcqXYVYjpluQWOPV ^ lTK ��Z[lg_bKgjpZpQWVYM
Z[K~X�Q � + | � � �-,�� ���H��� {� s � K ^ ZiV ��lgOIKgj � K ^ okc[V�Z[KgmxKgc[OIKgjkM�_:QWO8ORQW_[_badOPM � X�QnXYVYjpluQWOPV ^ QWMPVfadjwZicwmxatZ�
gXfK�Z[K
yzV � ]pKgX �g{�|��f} _bKgc[S�KgjkMFMPOIadc[S�KgOFXfKgc[OFK�vi_[XYV � QWMPVfadjNZpQWj ^ _[XYc ^ VfKgc[O ^�� QWc ^ K ^��� c[j�MPORQWVYMIKgmxKgjtMq§�lgjplgOPVfotcpK�_[XYc ^ _[OIl � V ^ _Jadc[OnXfK ^ � adjpZiVYMPVfadj ^ QWciv�XYVYmnVYMIK ^ QWc[MPOIK ^ otcpK�Z[K�_:QWOIadV

_badc[OPORQWVYM � MPOIK�QdZ[ad_[MIl~XfadO ^ Z[K<X�QXYVYjpluQWOPV ^ QWMPVfadjwZic � civ�ZiV �bc ^ V���KgM�Z[K<mxa	Z�
gXfK ^ Z[K<MPc[O?=[c[XfKgj � K��� XfK8_[OIa�=[X�
gmxK<Zic � ]padV vhZich_:Q ^ ad_[MPVYmqQWX�_Jadc[OLXfK8_:QWORQWm 
gMPOIK<Z[K � adOPmxK�OIK ^ MIKF_ba ^ l � _Jadc[OLXfK � QWX � c[X
Z[K�X�Q8OIl�� lgOIKgj � K�a�=[MIKgjkcpK�_:QWO�ZiV �blgOIKgj � K ^ � j[VfK ^ adcnXfK � QWX � c[XpZicnMIKgOPmxK�Z[K ^ Kgj ^ V>=[VYXYVYMIl�_:QWO�ORQW_[_badOPM
QWc�mqQWVYXYX�QW§�K ∂ �

∂
� � �� α �J�� X�� ] � _badMP] 
 ^ K�Z[K�jkc[XYXYVYMIl2Zic =[VYX�QWj)Z[K � civ ZiV ^�� OIlgMPV ^ l _Jadc[OwXfK ^ lTokc:QWMPVfadj ^ Z[K � QuStVfKgO � � MIa � K ^�

(
�
, � ) j���K ^ MqKgj2_[ORQWMPVfotcpK�_:Q ^ OPVY§�adc[OIKgc ^ KgmxKgjkMhS�lgOPV � lTK � ZiV�� � c[XYMIl�_badc[Oxa�=[MIKgj[VYOxc[jpK ^ a �

XYc[MPVfadjzZ�� c[j � QWX � c[X=Z���QWj:QWX �i^ K =[VfKgj � adjtS�KgOP§�lTK ��s
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��QWOPmnV�XfK ^ mxlgMP]patZ[K ^ Z���ad_[MPVYmnV ^ QWMPVfadj�Xfa � QWXfK�Z[K � adOPmxK ^ 
tXfK ^ Z[KgcivhmxlgMP]patZ[K ^ ZiV ^�� O 
gMIK ^ Z[K�§UORQdZiVfKgjtM� mxlgMP]pa	Z[K�Z[K�X���lTokc:QWMPVfadj XYVYjpluQWOPV ^ lTK�ZiV ^�� O 
gMIK\KgMrmxlgMP]patZ[KzQdZ � adVYjtMIK�ZiV ^�� O 
gMIK �radjkMxlgMIl � ]padV ^ VfK ^ _badc[O� QWX � c[XfKgOxXfK ^ §UORQdZiVfKgjtM ^ Z[K � adj � MPVfadj ^ QdlgOIa	Z � j:QWmnVfotcpK ^ s ��adc[O � K ^ Z[Kgciv�mxlgMP]patZ[K ^ 
�X�Qw_[OIl � V ^ Vfadj Z[K ^
OIl ^ c[XYMRQWM ^ K ^ M � adjpZiVYMPVfadj[jplTK<_:QWO � KgXYXfK<Zic � QWX � c[X�Z[K�X�Q�mqQWMPOPV � K � Q � a�=[VfKgj[jpK<ZicE=[VYX�QWj�Z[K � civhZ[K ^ lTotc:Q �
MPVfadj ^ Z[K � QTS	VfKgO � � MIa � K ^ _:QWO8ORQW_[_badOPM<QWc � ]:QWmn_`QdlgOIa	Z � j:QWmnVfokcpK
AmqQWMPOPV � KrlgSdQWXYcplTK�_:QWO8XYVYjpluQWOPV ^ QWMPVfadj
Z[K ^ � civ � adjkS�K � MPV�� ^ 
�ZiV �bc ^ V�� ^ KgM�XfK � Q ^ l � ]pluQWjtMrZic MIKgOPmxK ^ adc[O � KUs6A�V ��lgOIKgjkM ^ j[VYS�KuQWciv�Z[Kx_[OIl � V ^ Vfadj^ adjtM�mxKgjtMPVfadj[jpl ^ ZpQWj ^ X�Q\XYVYMPMIlgORQWMPc[OIK ����� �I|�� � adc�XYVYjpluQWOPV ^ QWMPVfadj2Zic/mxa	Z�
gXfKeZ[KqMPc[O?=[c[XfKgj � KhjpadMRQWm �
mxKgjkMus � ��a�= � K � MPV���Z[K � KgMPMIKnMP] 
 ^ KnlgMRQWVYM<X���lgMPcpZ[KqZ[K ^ XYVYjpluQWOPV ^ QWMPVfadj ^ Zic � civ`ZiV �Jc ^ V��LKgM~Z[Krmxa	Z�
gXfK ^ Z[K
MPc[O?=[c[XfKgj � K~_badc[OBX���ad_[MPVYmnV ^ QWMPVfadjwZ[K � adOPmxK ^ QdlgOIatZ � j:QWmnVfokcpK ^ Kgj\MPc[O?=badmqQ � ][VYjpKUs

A<QWj ^ XfK � QdZiOIK8Z[K � KgMPMIK�MP] 
 ^ K
	Z[Kgcivemxa	Z�
gXfK ^ Z[K8MPc[O?=[c[XfKgj � K<adjkMBlgMIl � adj ^ VfZ[lgOIl ^�� XfKFmxa	Z�
gXfK<QWXY§�l �
=[OPVfotcpK�Z[K�yzV � ]pKgX �T{�|��f} =:Q ^ l ^ c[O�c[j ^�� ]plgmqQ�Z[KBXfadj[§UcpKgc[O�Z[KBmxlgX�QWj[§�K8KgM�XfKBmxa	Z�
gXfK � Z[KgcivxlTotc:QWMPVfadj ^
Z[K<MPORQWj ^ _badOPM k � ε Z[K � QWc[jpZ[KgO � � ]:QWOPmqQis

� KZ[lgMRQWVYX�Z[K ^ � QWX � c[X ^ mxKgj:QWjkM � X�QxXYVYjpluQWOPV ^ QWMPVfadj`Zic � civNZiV �bc ^ V���QTS�K � adc ^ QWj ^ MIKgOPmxKZ[K�Z[lgOPVYSUQ �
MPVfadj � OIadV ^ lTK
�QWVYj ^ V�otcpKnX�Q�XYVYjpluQWOPV ^ QWMPVfadj�Z[K ^ Z[Kgciv mxa	Z�
gXfK ^ Z[KnMPc[O?=[c[XfKgj � Kqc[MPVYXYV ^ l ^ 
�adjkM�lgMIleZ[l � OPVYM ^ s' j�_:QWOPMPV � c[XYVfKgO�
[X�QZ[lgOPVYSUQWMPVfadj\Z[K8X�Q�S�adOPMPV � VYMIl<KgMBZ[K�X�Q�Xfadj[§UcpKgc[O�Z[K8mxlgX�QWj[§�K�_badc[O�X�Q�XYVYjpluQWOPV ^ QWMPVfadj\Zic
mxa	Z�
gXfK~Z[K~yzV � ]pKgX �g{�|��f} KgMFX�QrZ[lgOPVYSdQWMPVfadjwZ[K ^ MIKgOPmxK ^F^ adc[O � K ^ Z[K<_[OIa	Zic � MPVfadj 
pZiV ^I^ VY_:QWMPVfadjwKgM�Z[K � adO �
OIK � MPVfadj =:Q ^�� K � jpadXfZ ^ _badc[O�X�Q~XYVYjpluQWOPV ^ QWMPVfadj�Zicemxa	Z�
gXfK k � ε Z[K � QWc[jpZ[KgO � � ]:QWOPmqQradjkMBlgMIl�K�v	_[XYV � VYMIlTK ^ s� ��Kgj ^ Kgm =[XfK�Z[K � K ^ Z[lgS�KgXfad_[_JKgmxKgjtM ^ QrlgMIl~VYmn_[XflgmxKgjkMIlZpQWj ^ XfK � a	Z[K<Z[K ^ VYm�c[X�QWMPVfadjzjkc[mxlgOPVfotcpK � � ���
Z[lgS�KgXfad_[_bl � X�� � � '�� � s � K ^ Z[lgS�KgXfad_[_JKgmxKgjtM ^ adjkM�lgMIlFSUQWXYVfZ[l ^ _Jadc[OLZ[K ^ � adj � §Uc[ORQWMPVfadj ^ =[VfZiVYmxKgj ^ Vfadj �
jpKgXYXfK ^ KgM�MPOPVfZiVYmxKgj ^ Vfadj[jpKgXYXfK ^ 
iZ���QdlgOIa	Z � j:QWmnVfotcpK�K�v	MIKgOPjpK8adceZ���l � adc[XfKgmxKgjkM ^ � adj � jpl ^ 
tKgM�QWc ^R^ V ^ c[O�Z[K ^� adj � §Uc[ORQWMPVfadj ^ VYjpZic ^ MPOPVfKgXYXfK ^ Z���QWc9=bK�V ^ adXflTK�Z[K�MPc[O?=badmqQ � ][VYjpKUs � QqXYVYjpluQWOPV ^ QWMPVfadj`Zic � civwZiV �Jc ^ V���QuS�K �
adc ^ QWj ^ MIKgOPmxK~Z[K<Z[lgOPVYSUQWMPVfadj � OIadV ^ lTK�_badc[OBXfK ^ mxlgMP]pa	Z[K ^ XYVYjpluQWOPV ^ lTK~ZiV ^�� O 
gMIK<KgMFQdZ � adVYjkMIK�ZiV ^�� O 
gMIK
[Z[K
X�Q<XYVYjpluQWOPV ^ QWMPVfadj�Zichmxa	Z�
gXfKFZ[K�yNV � ]pKgX �g{�|��Y} _badc[O�X�Q~mxlgMP]patZ[K�Z[KFX���lTotc:QWMPVfadjhXYVYjpluQWOPV ^ lTK8ZiV ^�� O 
gMIKF_badc[O
Z[K ^ §�lTadmxlgMPOPVfK ^ � viK ^ � OIl�� lgOIKgj � KFKgM�VYjpZic ^ MPOPVfKgXYXfK ��KgM�_Jadc[O�X�Q<mxlgMP]patZ[K�Z[K�X���lTokc:QWMPVfadj�QdZ � adVYjtMIK�_badc[O�Z[K ^
§�lTadmxlgMPOPVfK ^ � v[K ^ Z[K<OIl�� lgOIKgj � K ^ adjtMFZiV ^ _badj[V>=[XfK ^ s� � VYj � cpKgj � KqZic`j[VYS�KuQWc Z���QW_[_[OIaTviVYmqQWMPVfadj ^ Z[KX�QhXYVYjpluQWOPV ^ QWMPVfadj Zic � civwZiV �bc ^ V���KgM~Z[Kmxa	Z�
gXfK ^ Z[K
MPc[O?=[c[XfKgj � K ^ c[O�X�Qx_[OIl � V ^ VfadjwZic � QWX � c[X�Z[K�§UORQdZiVfKgjkM ^ K ^ M8lgMPcpZiVflTKUs�A�K ^ OIl ^ c[XYMRQWM ^8^ c[OFXfK ^ §UORQdZiVfKgjkM ^ Z[K
� adj � MPVfadj ^ QdlgOIatZ � j:QWmnVfokcpK ^ KgMBZ[K ^B^ Kgj ^ V>=[VYXYVYMIl ^ Z[K8X���l � adc[XfKgmxKgjtM�_:QWO�ORQW_[_JadOPM � X�Q�� adOPmxK ^ adjtM�_[OIl ^ Kgj �
MIl ^^ c[O~XfK ^ ZiV �blgOIKgjtM ^�� Q ^ Z���lg_[OIKgc[S�KUs � KxMPORQTSUQWVYXBQ�_bKgOPmnV ^ Z[KeZ[lg§kQW§�KgO�_[XYc ^ VfKgc[O ^ OIlg_badj ^ K ^ otc:QWjkM �
X���a�=[MIKgjkMPVfadj�Z[KB§UORQdZiVfKgjtM ^ Z[K � adj � MPVfadj ^ QdlgOIa	Z � j:QWmnVfotcpK ^ _[OIl � V ^ s � Q�XYVYjpluQWOPV ^ QWMPVfadjeZic � civnZiV �Jc ^ V���QuS�K �
_[OPV ^ KeKgj � admn_[MIKhZ[K ^ MIKgOPmxK ^ Z[KqZ[lgOPVYSUQWMPVfadj � OIadV ^ lTKxj���K ^ M�_:Q ^ jpl � K ^I^ QWVYOIKx_badc[O�a�=[MIKgj[VYOrZ[K ^ SUQWXfKgc[O ^
Z[K\§UORQdZiVfKgjtM ^ Z[K � adj � MPVfadj ^ QdlgOIa	Z � j:QWmnVfotcpK ^ _[XYc ^ _[OIl � V ^ s �8jpKNZ[lgOPVYSUQWMPVfadj¥QuS�K � QW_[_[OIa � ]pKwZ[K�M � _bK� � adc � ]pKqmnVYj � K � K ^ M�Z[adj �e^ c�� ^ QWjtMIKx_badc[O�X�Q�XYVYjpluQWOPV ^ QWMPVfadj�Zic � civ ZiV �bc ^ V��Ps ' j/OIKgSUQWj � ]pK
�VYX ��QWc[M
XYVYjpluQWOPV ^ KgO�XfKrmxatZ�
gXfKeZ[KnMPc[O?=[c[XfKgj � KqZ[KnmqQWj[V�
gOIKq_[OIl � V ^ Kn_badc[O�a�=[MIKgj[VYO�Z[K ^ SdQWXfKgc[O ^ Z[Kn§UORQdZiVfKgjkM ^ Z[K
� adj � MPVfadj ^ _[XYc ^ _[OIl � V ^ s

� KgOPMRQWVYj ^ _badVYjkM ^ MIK � ][j[VfokcpK ^ OIK ^ MIKgjkM � QWmxlgXYVfadOIKgO�QW_[O 
 ^ � KMPORQuSdQWVYX�Z[K�MP] 
 ^ KUs � QeSdQWXYVfZpQWMPVfadj Z[K�X�Q
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XYVYjpluQWOPV ^ QWMPVfadjwZic\mxatZ�
gXfK�Z[K~yzV � ]pKgX �T{L|��f} _Jadc[O�c[jpK~OIadcpK~mxa�=[VYXfK�Z[K~MPc[O?=JadmqQ � ][VYjpK
:X�QrXYVYjpluQWOPV ^ QWMPVfadj
Zic mxa	Z�
gXfKxZ[KqyzV � ]pKgX �g{�|��Y} _badc[O~X�Q�mxlgMP]pa	Z[KqQdZ � adVYjtMIKx_badc[O�Z[K ^ §�lTadmxlgMPOPVfK ^ Z[KnMPc[O?=badmqQ � ][VYjpKhKgM� KgXYXfK~Zic�mxa	Z�
gXfK k � ε Z[K � QWc[jpZ[KgO � � ]:QWOPmqQ ^ adjkM � Q � ]pKgS�KgOus

��QWOQWVYXYXfKgc[O ^ 
�X���K��bKgM�Z[KxX�Q�XYVYjpluQWOPV ^ QWMPVfadj�Z[KxmxatZ�
gXfK ^ Z[KrMPc[O?=[c[XfKgj � K ^ c[O<X���K � � Q � VYMIleZ[KnX�Q � ]:Q��fjpK
Z���ad_[MPVYmnV ^ QWMPVfadj � admn_[X�
gMIKL_JKgc[M � MPOIK�MIK ^ MIlUs � ��ad_[MPVYmnV ^ QWMPVfadjrZ�� c[jpK�QWc9=bKLQuS�K � c[jpKLZiVYOIK � MPVfadjnZ[K�Z[K ^�� KgjtMIK
_[XYc ^ _[OIl � V ^ KK ^ M8_ba ^I^ V>=[XfK
 � Kokc[V�_JKgc[M�OIlTZic[VYOIKXfK�jpadm =[OIKnZ�� VYMIlgORQWMPVfadj ^ Z[K�X�Q =badc � XfKZ���ad_[MPVYmnV ^ QWMPVfadj
jpl � K ^I^ QWVYOIK~_Jadc[OFQWMPMIKgVYjpZiOIK�c[jNad_[MPVYm�c[m!Xfa � QWX�s� K � QWX � c[XpZ[KB§UORQdZiVfKgjkM ^ Z[K � adj � MPVfadj ^ QdlgOIatZ � j:QWmnVfokcpK ^ QTSUQWVYM�lgMIlBKgjkS	V ^ QW§�lFQWcxZ[l�=[c[M�Z[K � KgMPMIK�MP] 
 ^ K� admnmxK�c[j � admn_ba ^ QWjtM�Z�� c[jpK � ]:Q��fjpK<Z���ad_[MPVYmnV ^ QWMPVfadjhXfa � QWXfKUs � ��ad_[MPVYmnV ^ QWMPVfadjNQdlgOIa	Z � j:QWmnVfotcpK8§UXfa�=:QWXfK^ c[OBc[j\Z[admqQWVYjpK~Z[K�_:QWORQWm 
gMPOIK ^ K ^ M�Kgj � adOPMIK<K�v	_:QWj ^ Vfadj 
:Z[K ^ adOPMIK<okcpK�X���adjN_JKgc[M�KgjtStV ^ QW§�KgO�Z�� c[MPVYXYV ^ KgO
Z[K ^ §UORQdZiVfKgjkM ^ Z[K � adj � MPVfadj ^ QdlgOIatZ � j:QWmnVfotcpK ^ � admnmxKwKgjtMPOIlTK � admn_[XflgmxKgjkMRQWVYOIK�Z�� c[jpKzmxlgMP]pa	Z[K*Z[K
OIlg§UOIK ^I^ VfadjzZ[K � adj � MPVfadj\VYjtMIKgOPS�Kgj:QWjkM<ZpQWj ^ c[jzQWXY§�adOPVYMP][mxK�Z���ad_[MPVYmnV ^ QWMPVfadjN§UXfa�=:QWXfKUs� KgMPMIKBMP] 
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� ��������� �

� �	��
��
�� � ��������� ����������
��

���! #"%$#&' )(+*#,-".,0/)(.,01'23/),045,0/76.(8(9 #":&;,<(%=>/#/),@?#,<(%ACB'DE,06+AFBHGJIK�!/L$M�! #"9"N=O(N,P" 
@Q 
 ".,0" 
SR T u!U B

V�WNX Y[ZF\�]+^M_a`cbedFb�fhg<]+iFjlknm.]%iFfomp`rqCs.mNjtmukMb�f
v �!1'6

W
 #/w�! #xy,0"96z*#,

R
n × R

I
f : W −→ R, (x1, . . . , xn, y) 7−→ f(x1, . . . , xn, y)

B|{}/w(9 #$J~$��3(.,��� ),
f
,<(96z*#, £ &�=!(.(N, C1 Ia�7 ), a = (a1, . . . , an, b) ∈ W

,<(96z6.,0&}�� ),
f(a1, . . . , an, b) = 0

,06
∂f
∂y (a1, . . . , an, b) 6= 0

BA}&;�!".(�Iy1'&M,@?�1;(96.,+ #/��! #xy,0"96
U
*#,

R
n £ �!/76.,0/K=>/76 (a1, . . . , an)

I
V
 #/��! #xy,0"96�*#,

R £ �!/�6.,0/K=>/76 b 6.,0&��7 ),-�

∀(x1, . . . , xn, y) ∈ U,∃! y ∈ V
6.,0&t�7 ),

f(x1, . . . , xn, y) = 0. � AFB'D��
v 1�&����!/�/)�!6.,

y = ϕ(x1, . . . , xn)
IP&��H=>$#$#&'1 £ =>691;�!/ ϕ

,<(96�*#, £ &�=!(.(., C1 (9 #"� #/��! #xy,0"96
U0

6.,0&O�� ),
(a1, . . . , an) ∈ U0 ⊂ U

B
��&�,0/�* 
 £ �! #&;,E&���,@?J$#".,<(.(91;�!/�*#,<(%* 
 "91'x 
 ,<(+$K=>"9691;,0&'&;,<(��

∂y

∂xi
(a1, . . . , an) =

∂ϕ

∂xi
(a1, . . . , an) = −

∂f
∂xi

(a1, . . . , an, b)
∂f
∂y (a1, . . . , an, b)

, i ∈ [[1, n]]. � ACBHGy�

V�W�� V�sN�+]:^�muknZ�`cbedCb���b�� kM]+i
v �!1'6

f : I −→ R
 #/), Q �!/ £ 691;�!/�* 
@¡ /#1;,�(9 #"� #/L1'/76.,0"9x3=>&'&;, I *#, R


 x3=>&;,0 #".(:*)=>/)(
R
I#* 
 "91'x3=>¢#&;,E(9 #"

I
B�{}/�(9 #$#$M�3(N,+�7 ),

f
=!*J45,06£ #/5¤ 
 ".��1;(.�!& 
 (9 #" I ��¥§¦6l�¦ ∃ xα, f(xα) = 0

=�xy, £ f (969"91 £ 6.,045,0/�6|45�!/)�!6.�!/),(9 #"
I
�@B#���! #"

x0
(9 J¨z(N=>4O45,0/�6+$#".� £N© ,-*#,P&�=�(.�!&' #691;�!/ xα

IJ&�=�(9 #1'6.,-*#,P" 
 ,0&;( £ �!/)(969"9 #1'6.,�*#,P&�=C4z=>/#1;ª0".,(9 #1'x3=>/76.,5�
xn+1 = xn − f(xn)

f ′(xn)
� ACBH«y�

£ �!/7xy,0"92y,L*#,�4z=>/#1;ª0"., ©A¤ $�,0".,@?�$��!/),0/7691;,0&'&;,Sxy,0".(C&�=¬(.�!&' #691;�!/ xα
�t,0/23".�3(�It&;,z/)�!4F¢#".,L*#,�* 
 £ 1'4z=>&;,<(*#�! #¢#&;, 
 £N© =!�7 ),-1'6 
 "N=>691;�!/�*)=>/)(:&�=C&'1'4O1'6.,F*#,P&�=�$#" 
 £ 1;(91;�!/�*#,P&�=�4z= £N© 1'/),3B

V�W¯® °²±+s.j�³Fs�dCb�dF\�^�m9´+\�b�fµq�±:^¶qC±+fnfK±+�%b�b�i·´|±:^�m.±:¸�s.b�foj�]%`rq�s.b�¹-b�f
º ,0696.,�=>/#/),@?#,-,<(96:¢K=!( 
 ,-(9 #": #/�=>"9691 £ &;,-*#, v �� #1'".,-,06%»l"N=>$#$ RH¼3½ U B



D�� T

��&�=��<�!/)(9~�/)�! )( *)=>/)(|&;, £ =!( * �  #/), Q �!/ £ 691;�!/�" 
 23 #&'1;ª0"., F 
 x3=>&;,0 #".(£" 
 ,0&'&;,<( *#�!/76��!/�(.�! © =>1'6., 
 x3=>&' ),0"&�=�* 
 "91'x 
 ,�,0/L #/�$M�!1'/�6�B �D£ "91'xy�!/)(+&;,�* 
 xy,0&;�!$#$M,045,0/�68*#,E»�= ¤ &;�!" 
 &����!".*J".,FG�*#, F ,0/
x0
�

F (x0 + h) = F (x0) + hF ′(x0) +
h2

2
F ′′(x0) + o(h2). � ACB T �

v 1 &����!/�".,04O$#&�= £ , h $K=>"+1 h � 1 
 6N=>/76+&�=C"N= £ 1'/), £ =>"9" 
 ,F*#, −1

 $K=>"9691;,E" 
 ,0&'&;,E$��3(91'691'xy,��@I)(91 &����!/�(9 #$#$M�3(N,*#,}$#&' )( �� ),

F
,<(.6�=>/K=>& ¤ 691;�7 ),8,06:(91K&����!/S/)�!6.,P��4 (F )

&�=F$K=>"9691;,81'4z=>231'/K=>1'".,P*#,}&�= Q �!/ £ 691;�!/ F I��!/�$M,0 #6

 £ "91'".,E&��H=>$#$#".��?�1'4z=>691;�!/�

F ′(x0) '
��4

(F (x0 +
1
h))

h
. � ACB��y�

�a� 1'/�6 
 "��06�*#, £ ,0696., Q �!"94F #&�=>691;�!/h,<(96L�7 ���,0&'&;, 
 &'1'4O1'/), &;,¬$#".�!¢#&;ª045, *#,¬&�= (.�! )(969"N= £ 691;�!/o*#,¬/)�!4�¢#".,<($#".,<(.�� ), 
 27=> J? B
	}/),+4z=>/#1;ª0".,%*#,%".,069".�! #xy,0" £ ,0696.,},@?�$#".,<(N(91;�!/z,<(96 *#, £ �!/)(91;* 
 ".,0" &;,:$#".�!¢#&;ª045,},0/�6.,0"945,*#, Q �!/ £ 691;�!/)(:* �  #/),Px3=>"91�=>¢#&;, £ �!4O$#&;,@?J,3B v �!1'6 F (z)
 #/), Q �!/ £ 691;�!/�=>/K=>& ¤ 691;�� ),P*#,}&�=Fx3=>"91�=>¢#&;, £ �!4O$#&;,@?J,

z
B���,E* 
 xy,0&;�!$#$�,045,0/76P*#, F ,0/�( 
 "91;,-*#,E»t= ¤ &;�!"P=> #6.�! #"%*J �$��!1'/76 x0

(�� 
 £ "91'6-�

F (x0 +
1
h) = F (x0) +

1
hF ′(x0) −

h2

2
F ′′(x0) −

1
h3

3!
F (3)(x0) + o(h3). � ACB ¼ �

��/ $#".,0/K=>/�6L&;,<(�$K=>"9691;,<(S1'4z=>231'/K=>1'".,<(L*#, £N© =!�7 ), £� 6 
 *#,�&�� 
 �� K=>691;�!/ £ 1 ~¯*#,<(.(9 )(�I|,06S,0/µ*J1'x�1;(N=>/�6
£.© =!�� ),E45,04F¢#".,-$K=>" h IK�!/��!¢#691;,0/76F�

�¯4
(F (x0 +

1
h))

h
= F ′(x0) −

h2

3!
F (3)(x0) + . . . � AFB��3�

��, £� 6 
 27=> £.© ,%*#,+&�� 
 �7 K=>691;�!/�,<(96� #/),%=>$#$#".�<?J1'4z=>691;�!/S*#, F ′(x0) ��� � ���������'�7B���,+/)�!4F¢#".,���� (F (x0+ � h))
h,<(96+¢#1;,0/�" 
 ,0&l,06%/�� 1'/�69".��*J #1'68$#&' )(+&�=5(.�! )(969"N= £ 691;�!/ *#,-*#,0 J?L/)�!4�¢#".,<(8$#".,<(.�� ), 
 27=> J?�I £ ,-�� #1 
 x�1'6.,�&;,<(,0"9".,0 #".(8* �H=>"9".�!/)*J1�,06}$M,0"945,068*#, £N© �!1;(91'" h => )(.(91t$M,0691'68�7 ),�&����!/�xy,0 #6�B {}/�$�,0 #68=>&;�!".( £.© �!1;(91'"P*#,<(+$K=!(*#,5*J1;( £ " 
 691;(p=>691;�!/ 69".ª<(-$�,0691'6.(�(p=>/)(E$M,0"96.,<(F*#,O$#" 
 £ 1;(91;�!/�BtA%1'/)(91�Il,0/ £.© �!1;(91;(N(N=>/76 h 6.,0&£�� ),O&;,<(-6.,0"945,<(* ���!".*J"., 
 &;,0x 
 (}(.�!1;,0/76+$#&' )(%$M,0691'6.(%�7 ),P&;,P¤ 
 ".�O4z= £N© 1'/),3IK�!/�=C&�� 
 27=>&'1'6 
 �

F ′(x0) =

��4
(F (x0 +

1
h))

h
. � ACB��y�

º ,0696.,F=>$#$#".��?�1'4z=>691;�!/ ,<(96%* ���!".*J".,CG�¢#1;,0/��� ��  #/),-(.,0 #&;, 
 x3=>&' K=>691;�!/�*#,�&�= Q �!/ £ 691;�!/�(.�!1'6+ #691'&'1;( 
 ,3B º ,0&�=x�1;,0/76|*J Q =>1'6£�� ),+&�=E$K=>"9691;,+1'4z=>231'/K=>1'".,8*J 5" 
 (9 #&'6N=>6|,<(.6a #/), Q �!/ £ 691;�!/z$K=>1'".,:$K=>"|"N=>$#$M�!"96 
 &�� 1'/ £ " 
 45,0/761'4z=>231'/K=>1'".,-$# #"�B



� ��������� �

� �	��
��
�� � ����� � ��� �����������c� ��
 �	��
�� 
��

� WNX °²]%iFdCmuknm.]%i dCb�j�]+i8´+b�^��+b�iFj�b�dCbes��±+s.�%]:^Mm9knZC`cb�mukM\�^M±�kMm.g
{}/ "N=>$#$M,0&'&;, � xy�!1'"O=> )(.(91 =>/#/),@?#,<(CAFBHGy���7 ),z&��H=>&'2y�!"91'6 © 45,S*#, ¢ , � 6.�!/�$��! #"F&�=�" 
 (.�!&' #691;�!/[* �  #/),


 �� K=>691;�!/�*#,E6 ¤ $�,O�
f(x) = 0, ��� B'D��

=<xy, £ f  #/), Q �!/ £ 691;�!/�/� #4 
 "91;�7 ), 
 x!=>&;,0 #".(%*)=>/)( R
I#* 
 "91'x3=>¢#&;,-(9 #": #/�¢��!/L1'/76.,0"9x3=>&'&;,�(�� 
 £ "91'6-�

f ′(x(n))(x(n+1) − x(n)) = −f(x(n)). ��� BHGy�
�a� 
 �� K=>691;�!/ &'1'/ 
 =>"91;( 
 ,z,<(96E #/ ( ¤ (96.ª045,�&'1'/ 
 =>1'".,5* � 1'/ £ �!/#/7 ),����� α Bl��=>"F=>/K=>&;�!231;,�=<xy, £ &;, £ =!(�( £ =>&�=>1'".,3I�!/�$�,0 #6 
 £ "91'".,-�� ),P&����!/�xy,0 #6+" 
 (.�! )*J".,5�

�
(

*��
*
α

) = 0
=�xy, £ � ( � ) =

∂ �
∂
� � +

∂ �
∂ �

* �*
α
. ��� BH«y�

� 
 6N=>/�6F=>&;�!".(E #/), Q �!/ £ 691;�!/ 
 x!=>&;,0 #"Exy, £ 6.�!"91;,0&'&;,3B�{}/ =>$#$#".� £N© ,O&�=S*J1�� 
 ".,0/7691;,0&'&;,z*#,��r$K=>"E #/),5=>$J~$#".�<?J1'4z=>691;�!/[*#, ∂ �
∂ � Bt�t�! #"�&�=�4 
 6 © ��*#,�*#,5&�� 
 �� K=>691;�!/&'1'/ 
 =>"91;( 
 ,3It�!/�!¢#691;,0/76C&�=�4 
 6 © ��*#,�*#,56 ¤ $�,

¢ ,��:6.�!/ �
∂ �
∂
� (  "!#! )(

(

*$�
*
α

)(l+1) − (

*%�
*
α

)(l)
)

= −
(

∂ �
∂
� ( &#'( )

(

*%�
*
α

)(l) +
∂ �
∂ �

* �*
α

)

. ��� B T �

� £.© =!�� ),z$K=!(C*#,5&��H=>&'2y�!"91'6 © 45,�1'6 
 "N=>691 Q l Il�!/ * 
@¡ /#1'6F #/ ( ¤ (.6.ª045,O&'1'/ 
 =>1'".,�*J1�� 
 ".,0/76 � &;,z45,04�¢#".,�*#,*J".�!1'6.,5*#,�&�� 
 �� K=>691;�!/ 
 6N=>/�6�*J1�� 
 ".,0/�6p�@I�4z=>1;(-�!/ £ �!/)(N,0"9xy,O&�=�4��045,O4z=>69"91 £ ,3B º ,O( ¤ (96.ª045,O,<(.6E" 
 (.�!&' ,0/L,)��, £ 69 K=>/�6+*#,<(�$K=!(�*#,}".,0&�= ?)=>691;�!/ � 	CB){}/S(N,%".,<(969".,01'/�6:1 £ 1�=> £ =!(:* �  #/S$#".�!¢#&;ª045,P¢#1;*J1'45,0/)(91;�!/#/),0&�B�l=�4z=>69"91 £ , ∂ �
∂ � (  "!#! ) ,<(96 £ ".,0 )(N,-,06+$�,0/76N=!*J1�=>2y�!/K=>&;,3BM{}/�* 
 £ �!4O$M�3(.,z�

∂ �
∂
�

(  "!�! )

= D + L + U ��� B��y�
=�xy, £ D

4z=>69"91 £ ,�*J1�=>2y�!/K=>&;,-$K=>"+¢#&;� £ ( ,
U

4z=>69"91 £ ,-69"91�=>/#23 #&�=>1'".,F(9 #$ 
 "91;,0 #".,E$K=>":¢#&;� £ (��£ �!"9".,<(9$��!/)*�=> J?L6.,0"945,<(+* � 1'/)*J1 £ ,<( (i+ 1, j)
,06

(i, j + 1)),
L

4z=>69"91 £ ,-69"91�=>/#23 #&�=>1'".,�1'/ Q 
 "91;,0 #".,-$K=>"+¢#&;� £ (��£ �!"9".,<(9$��!/)*�=> J?L6.,0"945,<(+* � 1'/)*J1 £ ,<( (i− 1, j)
,06

(i, j − 1)).

��� B ¼ �



D�� ¼

���! #"%" 
 (.�! )*J".,E&;,E( ¤ (96.ª045, ��� B T ���� ),P&����!/ 
 £ "91'6+$��! #"+(91'4O$#&'1 ¡ ,0"

∂ �
∂
�

(  (!�! )

� = � , ��� B��3�
�!/�,)� , £ 69 ),E #/L/)�!4�¢#"., ¡ /#1l*#, £�¤¡£ &;,<(+*#,E6 ¤ $�,O�

(D + U) � (0) = � ,
(D + L) � (1) = � −U � (0),

(D + U) � (2) = � − L � (1),

(D + L) � (3) = � −U � (2).

��� B��y�

�E=>/)( £ ,06%,@?#,04O$#&;,3I £ ��,<(96: #/ £�¤¡£ &;,-*#,E�� K=>69".,E$K=!(+*#,E".,0&�= ?)=>691;�!/�B{}/�$�,0 #6 
 £ "91'".,5�
(D + L) � (n) = � −U � (n−1),

(D + U) � (n+1) = � − L � (n),

(D + L) � (n+2) = � −U � (n+1).

��� B ½ �

A}1'/)(91a�
( � (n+1) − � (n−1)) = −(D + U)−1 L ( � (n) − � (n−2)),

( � (n+2) − � (n)) = −(D + L)−1 U ( � (n+1) − � (n−1)).
��� B'D��y�

v �!1'6
( � (n+2) − � (n)) = (D + L)−1 U (D + U)−1 L ( � (n) − � (n−2)), ��� B'D3D��

,06
( � (n+1) − � (n−1)) = (D + U)−1 L (D + L)−1 U ( � (n−1) − � (n−3)). ��� B'D�Gy�

{}/��!¢#691;,0/�6-=>1'/)(91t*#,0 J?�(9 #1'6.,<(
( � (2p))

,06
( � (2p+1))

�� #1t(.�!/�6}*#,<(8(9 #1'6.,<(8*#, º => £.©C¤ (.�! )(}&;,<( £ �!/)*J1 ~691;�!/)(-�

‖(D + L)−1 U (D + U)−1 L‖∞ < 1
,06 ‖(D + U)−1 L (D + L)−1 U‖∞ < 1. ��� B'D�«y�

º ,<(P(9 #1'6.,<(P(.�!/76E*#�!/ £�£ �!/7xy,0"92y,0/�6.,<(�(.�! )( £ ,<(84��045,<( ©A¤ $��!6 © ª<(.,<(�BM�t�3(.�!/)(�� 1 ,06�� 2 &;,0 #".(P&'1'4O1'6.,<(8".,<(u~$�, £ 691'xy,<(�Bn{}/�=5=>&;�!".(-�
(D + U)

�
1 = � − L

�
2, ��� B'D T �

,06
(D + L)

�
2 = � −U

�
1. ��� B'D �y�

{}/��!¢#691;,0/76a=>1'/)(91�I>,0/C(.�! )(.69"N= ¤ =>/76�45,04F¢#"., 
 45,04�¢#".,3I�� 1 =
�
2
(N�! )(l&�� ©C¤ $��!6 © ª<(., �7 ), D

(.�!1'6�1'/7xy,0".(91'¢#&;,3B

� W�� ���8³C±�knmN]+iFf²dF³ qC^�]:¸CsN_a`cbhd ��]:qFknmN`cm.fn±�knm.]%i dFb�g<]:^ `cb�f±a´+b�jµkM]+³-kMb�f
sNb�fodF\�q�b�iFdC±+iCjtb�f

{}/�"N=>$#$�,0&'&;,E¢#"91;ª0xy,045,0/�6%&;,<( 
 �� K=>691;�!/)(%*J �$#".�!¢#&;ª045,3B



D����

��������� �
	��������	����������������! "���#$���
%8�!6.�!/)(

α
&;,¬xy,'&06.,0 #"L*#,<(S$K=>"N=>45ª069".,<(�*#,�&<�!/769" � &;,�&�=>"N=(&06 
 "91;(N=>/�6�&�= Q �!"945, *#,¬&����!¢$)9,06L=> #6.�! #"*J )�� ),0&-�!/µ" 
 =>&'1;(.,  #/),�(91'4� #&�=>691;�!/�= 
 ".��*$*�/K=>4O1;�� ),3B �a��,0/7691;,0" n + * 
 (91'23/), &�= 6N=>1'&'&;, *J  xy,'&06.,0 #" α

B
��,<(,&<���!".*#�!/#/ 
 ,<(-*J �4z=>1'&'&�=>2y,O(N�!/76P/)�!6 
 ,<( � (α)

IM�!/ (9 #$#$��3(.,�=(&'&<,<(.(91'¢#&;,C&�=z* 
 "91'x 
 ,O*J ¬45��*J #&;,C*#,4z=>1'&'&�=>2y, �.-�
α

By{}/�/)�!6., � &;,/& © =>4O$�= 
 ".��*$*�/K=>4O1;�� ), � xy,'&06.,0 #"a*#, 6N=>1'&'&;, n 0 �@B��l=}x!=>"91�=>¢#&;, �218* 
 (91'23/),&;,<(|x!=>&;,0 #".(|*J 3& © =>4O$�= 
 ".��*$*�/K=>4O1;�� ),}=> J? Q ".�!/7691;ª0".,<(�*J �*#�!4z=>1'/),3B �a� 1'/�69".��*J �&0691;�!/L*#,4&<,0696.,%x3=>"91�=>¢#&;,�21�,<(.6/)� )(9691 ¡ 
 ,5&�=>"E&;�!".(�*#,�&�� 1'/76 
 23"N=>691;�!/�(. #"-*#,<(E(9 #" Q =(&<,<( Q ".�!/�691;ª0".,<(�I6&3��,<(96E&�� 
 6N=>6 �21S,06E/)�!/�$K=!(&�� 
 6N=>6 � �� #1l1'/76.,0"9x�1;,0/76�B87�/¬�! #69".,3I9&<,06 
 6N=>6 Q ".�!/7691;ª0"., �215,<(96 Q �!/�&0691;�!/;:5&�= Q �!1;(%*#, � 4z=>1;(P=> )(.(91*#,E&�=C4 
 69"91;�� ), � $K=>"%&;,E¢#1�=>1;(+*#,<(:/)�!"94z=>&;,<(�B
v �!1'6 J &�= Q �!/�&0691;�!/w�!¢$)u,'&0691 Q B �P=>/)(C&;,<&�=!(�&;,�$#&' )(�2 
 / 
 "N=>&�I�&;,<(O* 
 $M,0/)*)=>/�&<,<(O*#,<&<,0696., Q �!/�&0691;�!/(.�!/�6��

J (α) = J(
�21

(
�

(α), � (α)),
�

(α), � (α)). ��� B'D ¼ �
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LINÉARISATION DU FLUX VISQUEUX DES ÉQUATIONS DE NAVIER-
STOKES ET DE MODÈLES DE TURBULENCE POUR L'OPTIMISATION

AÉRODYNAMIQUE EN TURBOMACHINES

RÉSUMÉ  : Le calcul de gradients de fonctions aérodynamiques par rapport à des paramètres
géométriques de la forme solide est une sous-discipline de la simulation numérique en mécanique
des fluides. Cette dérivation par rapport à deux variables dépendantes, le champ aérodynamique et
le maillage, liés par les équations discrètes de la mécanique des fluides, nécessite l'inversion d'un
système linéaire dont la matrice est la matrice jacobienne des équations de la mécanique des fluides
discrétisées  par  rapport  au  champ  aérodynamique  (méthode  de  l'équation  linéarisée)  ou  la
transposée de cette matrice jacobienne (méthode adjointe). La précision du calcul de cette matrice
jacobienne fait  débat lorsque les  équations de la  mécanique des fluides sont  modélisées avec
l'approche RANS.
L'objectif de cette thèse est de déterminer le degré d'exactitude de la linéarisation d'un flux visqueux
discret et des équations discrètes de certains modèles de turbulence, nécessaire à l'obtention de
gradients  précis  de  fonctions  métiers  des  concepteurs  de  turbomachines  par  rapport  à  des
paramètres géométriques d'une aube.
L'écriture de linéarisations approchées du flux visqueux (avec ou sans approche dite de « couche
mince ») et de deux modèles de turbulence (modèle algébrique de Michel et al. et modèle à deux
équations de transport  k-ε de Launder-Sharma)  est  détaillée.  Pour le  modèle de Michel  et al.,
plusieurs  approximations  pour  la  linéarisation  des  équations  du  modèle  ont  été  testées  et
comparées.  Des résultats  (valeurs  de  gradients  de  fonctions  aérodynamiques,  sensibilités
d'écoulement pour la  méthode linéarisée) sont présentés pour la  tuyère de Déléry dite C,  l'aile
ONERA M6 et deux configurations d'aube isolée de turbine. Des recommandations sont formulées
pour le calcul de gradients pour des configurations de machine tournante avec modélisation RANS.

Mots-clés  : optimisation  de  formes,  méthodes de  gradient  discrètes,  méthode  de  l'équation
linéarisée discrète, méthode adjointe discrète, flux visqueux, modèles de turbulence, turbomachine

VISCOUS FLUX AND TURBULENCE MODELS LINEARIZATION FOR
AERODYNAMIC SHAPE OPTIMIZATION FOR TURBOMACHINERIES

ABSTRACT: The computation of  derivatives of  aerodynamic functions,  with  respect  to  design
parameters of the solid shape is now a branch of computational fluid dynamics. This differentiation
with respect to two dependent variables, the flow field and the mesh, bound by the discrete fluid
dynamics equations, needs the resolution of a linear system. Its matrix is the Jacobian matrix of the
fluid dynamics equations with respect to the flow field (direct differentiation method) or the tranposate
of this Jacobian matrix (adjoint method). The accuracy of the computation of this Jacobian matrix is
discussed when the RANS equations are used.
The aim of this PhD thesis is to determine the level of accuracy for the linearization of a discrete
viscous flux and the discrete equations of  some turbulence models,  needed to  reach accurate
gradients of functions used by the conceptors of turbomachineries, with respect to some design
parameters of a blade.
Approximate viscous flux linearizations (with or without a thin layer approach) and the linearization of
two turbulence models (algebraic Michel et al. model and Launder-Sharma k-ε two-equation model)
are described. Several approximations for the linearization of Michel  et al.'s model are tested and
compared. Results (values of gradients of  aerodynamic functions, flow sensibilities for the direct
differentiation method) are shown for Déléry's C nozzle, ONERA M6 wing and two turbine isolated
blades. Recommendations for the computation of derivatives are given for turbomachinery flows with
RANS equations.

Keywords:  shape optimization, discrete gradient-based methods, direct differentiation method,
discrete adjoint method, viscous flux, turbulence models, turbomachinery


