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RésuméDans 
ette thèse, nous analysons une méthode de Galerkine dis
ontinue (GD) et deuxestimateurs d'erreur a posteriori pour l'équation d'adve
tion-di�usion-réa
tion linéaire etstationnaire ave
 di�usion hétérogène. La méthode GD 
onsidérée, la méthode SWIP, estune variation de la méthode symétrique ave
 pénalisation intérieure. A la di�éren
e de 
ettedernière, la méthode SWIP utilise des moyennes pondérées dont les poids dépendent de ladi�usion. L'analyse a priori montre que la 
onvergen
e est optimale en le pas du maillageet robuste par rapport aux hétérogénéités de la di�usion, 
e qui est 
on�rmé par les testsnumériques. Les deux estimateurs d'erreur a posteriori sont obtenus par une analyse parrésidus et 
ontr�lent la (semi-)norme d'énergie de l'erreur. L'analyse d'e�
a
ité lo
ale mon-tre que presque tous les estimateurs sont indépendants des hétérogénéités. L'ex
eption estl'indi
ateur de non-
onformité qui a été évalué en utilisant l'interpolé de Oswald. Le deux-ième estimateur d'erreur est plus pré
is que le premier, mais son 
oût de 
al
ul est légère-ment plus élevé. Cet estimateur est basé sur la 
onstru
tion d'un �ux H(div)-
onformedans l'espa
e de Raviart-Thomas-Nédéle
 en utilisant la 
onservativité des méthodes GD.Les résultats numériques montrent que les deux estimateurs peuvent être employés pourl'adaptation de maillage.Abstra
tIn this thesis we analyse a dis
ontinuous Galerkin (DG) method and two 
omputable aposteriori error estimators for the linear and stationary adve
tion-di�usion-rea
tion equa-tion with heterogeneous di�usion. The DG method 
onsidered, the SWIP method, is avariation of the Symmetri
 Interior Penalty Galerkin method. The di�eren
e is that theSWIP method uses weighted averages with weights that depend on the di�usion. The apriori analysis shows optimal 
onvergen
e with respe
t to mesh-size and robustness withrespe
t to heterogeneous di�usion, whi
h is 
on�rmed by numeri
al tests. Both a poste-riori error estimators are of the residual type and 
ontrol the energy (semi-)norm of theerror. Lo
al lower bounds are obtained showing that almost all indi
ators are independentof heterogeneities. The ex
eption is for the non-
onforming part of the error, whi
h hasbeen evaluated using the Oswald interpolator. The se
ond error estimator is sharper inits estimate with respe
t to the �rst one, but it is slightly more 
ostly. This estimatoris based on the 
onstru
tion of an H(div)-
onforming Raviart-Thomas-Nédélé
 �ux usingthe 
onservativity of DG methods. Numeri
al results show that both estimators 
an beused for mesh-adaptation.
vii
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Chapitre 1Introdu
tion
1.1 Le sto
kage en formation géologique profonde des dé
hetsradioa
tifsLa Fran
e est un pays pauvre en ressour
es énergétiques fossiles, 
e qui l'a motivée àmettre en ÷uvre un programme nu
léaire important, qui aujourd'hui 
ompte 59 réa
teurs.78 % des kWh élé
triques produits en Fran
e sont d'origine nu
léaire. Cette produ
tionpermet de réduire le niveau des émissions de CO2, mais pose la question des dé
hetsradioa
tifs. Un des a
teurs prin
ipaux dans le domaine est l'ANDRA, l'agen
e nationalepour la gestion des dé
hets radioa
tifs. Dans la terminologie du dossier Argile 2005 del'ANDRA, les dé
hets HAVL (haute a
tivité, vie longue) 
omprennent les dé
hets C (hautea
tivité), B (moyenne a
tivité à vie longue) et CU (
ombustibles usés non traités). Alorsque les dé
hets CU peuvent être retraités, une solution permanente doit être trouvée pourles dé
hets B et C, dont le volume total 
onstituait, au 31 dé
embre 2004, 47 369 m3.Un programme de re
her
he ambitieux a été mis en pla
e ave
 la loi du 30 dé
embre1991, dite `loi Bataille', qui spé
i�e trois axes de re
her
he prin
ipaux : la séparation etla transmutation des éléments radioa
tifs à vie longue, le sto
kage dans les formationsgéologiques profondes, et l'étude des pro
édés de 
onditionnement et d'entreposage delongue durée en surfa
e. L'ANDRA est responsable de la 
oordination des re
her
hes surle deuxième axe. À l'issue des 15 années de re
her
he menées dans le 
adre de la loi de1991, la loi du 28 juin 2006 renfor
e le r�le de l'ANDRA en lui 
on�ant les études surl'entreposage, et établit une feuille de route détaillée pour l'agen
e. De plus, le sto
kageen 
ou
he géologique profonde devient la solution de référen
e pour les dé
hets à hautea
tivité et vie longue. 1



Chapitre 1. Introdu
tionUn site approprié pour a

ueillir un sto
kage doit posséder 
ertaines 
ara
téristiquesimportantes : le risque sismique à long terme et la présen
e d'eau doivent être minimaux, laprofondeur doit être su�sante (400-700 mètres) pour mettre à l'abri les dé
hets de diversesperturbations (anthropiques ou naturelles) et la ro
he doit permettre le 
reusement pourdes installations. La 
apa
ité de la ro
he à limiter la di�usion des dé
hets radioa
tifs est
ru
iale. En outre, des ressour
es rares exploitables ne doivent pas se trouver à proximitédu site. En Fran
e, le site a
tuellement à l'étude est 
elui de Bure en Meuse/Haute-Marne,où la ro
he est de type argilite Callovo-Oxfordien.Un site de sto
kage souterrain utilise trois di�érentes barrières pour 
ontenir les dé
hetsradioa
tifs. La premiere barrière est 
onstituée du 
onteneur. Les dé
hets de type B sont
ompa
tés ou enrobés dans du bitume ou du béton, avant d'être pla
és dans un 
olis enbéton ou a
ier. Les dé
hets du type C sont in
orporés dans un verre parti
ulier et mis dansun 
onteneur en inox.Pour la deuxième barrière, dite barrière ouvragée, on a opté pour la bentonite, un typed'argile largement 
onstitué de sme
tite. La bentonite se gon�e au 
onta
t ave
 l'eau, et,en fon
tion de sa 
ompa
ité, peut absorber du liquide 
orrespondant à plusieurs fois sonpropre poids à se
. C'est une argile très utile pour s
eller et rendre un passage imperméable.De plus, la plasti
ité des argiles leur permet d'absorber des déformations éventuelles.La ro
he autour du sto
kage 
onstitue la troisième barrière, la barrière géologique.L'argilite a une très faible perméabilité et est très homogène. La grande porosité du milieuporeux en
ourage la �xation des radionu
léides à l'intérieur des ro
hes. Un point importantest que la zone endommagée 
réée pendant le 
reusement des ouvrages soint limitée etn'in�uen
e pas les bonnes proprietés du site. Dans le dossier 2005, l'ANDRA a présentéune re
her
he sur les argiles et l'argilite de Bure en parti
ulier.Comme les 
onstantes de dé
roissan
e radioa
tive sont de l'ordre de 105 − 107 anspour l'iodine et le plutonium, il est 
lair que les barrières mises en pla
e n'arriveront pasà 
ontenir toute la radioa
tivité à l'intérieur du sto
kage sur de si grandes é
helles detemps. L'eau remplira le sto
kage et les 
onteneurs seront 
orrodés. En 
onta
t ave
 l'eau,les radionu
léides seront transportés à l'extérieur des alvéoles de sto
kage vers le milieunaturel. Le risque de 
ontamination de la biosphère est évalué par des analyses de sûreté.Toute l'information disponible est utilisée a�n de modéliser les pro
essus, et on se sert du
al
ul s
ienti�que a�n de simuler la migration des radionu
léides à un horizon d'un milliond'années. Le r�le du groupement de re
her
hes (GDR) MoMaS1, dans lequel s'ins
rit le1http ://www.gdrmomas.org 2



1.2. Les milieux poreux et le transport réa
tiftravail de 
ette thèse, est de 
oordonner les re
her
hes sur la modélisation mathématique etla mise au point des s
hémas numériques pour l'étude et l'analyse des sto
kages de dé
hetsradioa
tifs.De plus amples informations sur le sto
kage en formation géologique profonde desdé
hets radioa
tifs peuvent être trouvées sur le site internet du gouvernement français2 etsur 
elui de l'ANDRA3. Les dossiers ANDRA sont disponibles au publi
 et peuvent êtretélé
hargés depuis le site internet de l'agen
e.1.2 Les milieux poreux et le transport réa
tifUn milieu poreux est 
onstitué d'une stru
ture solide et d'un réseau de pores à traverslesquels un �uide s'é
oule. L'ensemble formé de la stru
ture, des pores et du �uide peutêtre 
onsidéré 
omme un 
ontinuum. La modélisation et l'étude des milieux poreux sonttrès importantes, 
ar elles permettent de 
omprendre le 
omportement de nombreux ma-tériaux. Même si le 
on
ept de milieu poreux a été originellement développé pour étudierla mé
anique des sols, et don
 pour 
ara
tériser le sable ou les ro
hes, on a ensuite utiliséle 
on
ept pour former une théorie plus générale, la poromé
anique. La 
ara
térisation desmilieux poreux est don
 utilisée aussi pour des matériaux naturels 
omme le bois et lestissus biologiques et des matériaux industriels 
omme la 
éramique et la mousse.On 
ara
térise un milieu poreux par sa porosité, sa perméabilité et par les propriétésde sa stru
ture solide et du �uide qui la traverse. La porosité est dé�nie par le rapportentre le volume des pores et le volume total, et est don
 par dé�nition plus petite que 1.La perméabilité dépend ex
lusivement de la géométrie du milieu et mesure la possibilitédu �uide de le traverser. Elle dépend non seulement de la porosité du milieu, mais aussi dela 
onnexité des pores, et est exprimée par le biais d'un tenseur symétrique dé�ni positif.La perméabilité peut être mesurée expérimentalement, et pour les milieux anisotropes lesmesures doivent être faites en 
onsidérant les trois dire
tions spatiales. Dans le 
as générald'é
oulements dans les ro
hes, une 
ara
térisation 
omplète doit en outre 
onsidérer lesfra
tures présentes.L'é
oulement dans un milieux poreux est souvent modélisé par l'équation de Dar
y
q = −K∇h, (1.1)2http ://www.industrie.gouv.fr/energie/sommaire.htm3http ://www.andra.fr 3



Chapitre 1. Introdu
tionoù q est la vitesse de �ltration, K est la 
ondu
tivité hydraulique et h est la 
harge hydrau-lique. Le signe négatif est dû au fait que la �ltration a lieu dans la dire
tion des pressionsdé
roissantes. La 
ondu
tivité hydraulique dépend de la perméabilité et de la vis
osité dy-namique du �uide. La loi de Dar
y peut être déduite des équations de Navier-Stokes sous
ertaines hypothèses. En fait, l'équation (1.1) est valable seulement pour des é
oulementslents et visqueux, 
e qui est le 
as pour le transport de solutés dans un sol. Par 
ontre,si le transport est polyphasique, l'équation doit être modi�ée. Si le �ux est monophasiqueet stationnaire et sous l'hypothèse de densité 
onstante, la 
onservation de la masse enabsen
e de sour
es ou puits implique que
∇·q = 0. (1.2)Les équations (1.1) et (1.2) 
ompletées des 
onditions aux limites dé
rivent, à l'é
hellema
ros
opique, l'é
oulement stationnaire dans un sol saturé.Pour dé
rire le transport d'une espè
e radioa
tive de 
on
entration Ci dans un sol, onutilise en première approximation l'équation d'adve
tion-di�usion-réa
tion suivante

φRi

(
∂Ci
∂t

+ λiCi

)
−∇· (Di∇Ci) + q · ∇Ci = fi,où φ est la porosité e�e
tive, Ri est le fa
teur de retard, λi la 
onstante de dé
roissan
eradioa
tive, q la vitesse de Dar
y, Di le tenseur de di�usion/dispersion et fi un terme desour
e ou puits éventuel. L'indi
e i indique que la valeur peut être di�érente pour 
haqueespè
e. La porosité e�e
tive fait référen
e aux pores qui sont ouverts pour le transport du�uide.Le fa
teur de retard tient 
ompte du fait que le soluté n'est pas transporté ave
 la mêmevitesse que le �uide. C'est une manière très simple de modéliser l'e�et du pro
essus 
himiqued'adsorption, qui par 
ontre est très 
ompliqué. L'adsorption fait intervenir la surfa
edu milieu poreux (à la di�éren
e de l'absorption où les molé
ules sont in
orporées dansla stru
ture même). L'adsorption est souvent modélisée 
omme un pro
essus instantanéen utilisant des isothermes. Celles-
i fournissent la masse adsorbée S sur la surfa
e enfon
tion de la 
on
entration du soluté C. Les deux isothermes les plus utilisées sont 
ellesde Langmuir et de Freundli
h. L'isotherme de Freundli
h est donnée par
S = K[C]n,alors que l'isotherme de Langmuir est donnée par
S =

KMC

1 +KC
,

4



1.3. Les méthodes de Galerkine dis
ontinuesoù M est le maximum de soluté adsorbé. Le fa
teur de retard est 
al
ulé en utilisant larelation
R = 1 + ρ

1 − φ

φ
Kd,où ρ est la densité de la phase solide et Kd = S/C est le 
oe�
ient de distribution. Notonsque le fa
teur de retard peut donner lieu à d'importantes non linéarités.La modélisation des phénomènes de di�usion par le terme ∇· (Di∇Ci) est 
onnue sousle nom de `loi de Fi
k', et reste a

eptable quand un intervalle de temps relativement grandest 
onsidéré. Le tenseur de di�usion/dispersion Di tient 
ompte de di�érents phénomènes,notamment la di�usion molé
ulaire et la di�usion mé
anique. Le tenseur peut être dé
riten utilisant la relation suivante

Di = deiI + αliF (q) + αti(I − F (q)).La di�usion molé
ulaire est due au mouvement brownien, et rend 
ompte du mouvementdu soluté au niveau molé
ulaire. Elle est modélisée par le terme deiI, où I est la matri
eidentité. La valeur de dei est en général très petite. La dispersion mé
anique est due àla variation lo
ale de la vitesse par rapport à la vitesse ma
ros
opique (de Dar
y), et estmodélisée par deux 
oe�
ients αli et αti et un tenseur F qui dépend de la vitesse q. Ladi�usion mé
anique rend souvent négligeable la di�usion molé
ulaire, sauf quand la vitessed'é
oulement devient très petite 
omme dans l'argilite.Le système d'équations d'adve
tion-di�usion-réa
tion pour les di�érentes 
on
entra-tions des espè
es 
himiques doit être a

ompagné d'un système d'équations qui dé
rit l'in-tera
tion entre 
elles-
i. Les pro
essus à 
onsidérer sont les phénomènes en phase aqueuse,les é
hanges liquide-gaz et les é
hanges liquide-solide. Il faut aussi 
onsidérer la 
inétiquedes réa
tions. Dans 
e travail de thèse, nous nous sommes limités à 
onsidérer la résolutionde l'équation d'adve
tion-di�usion-réa
tion stationnaire et linéaire.Pour plus d'informations sur le transport de 
ontaminants, on pourra 
onsulter le livred'Anderson [7℄.1.3 Les méthodes de Galerkine dis
ontinuesContrairement aux méthodes usuelles d'éléments �nis, les méthodes de Galerkine dis-
ontinues (GD) n'imposent pas de 
ontrainte de 
ontinuité sur les fon
tions de base, 
e qui
onduit à une solution appro
hée qui n'est pas H1-
onforme.5



Chapitre 1. Introdu
tionLa dé�nition de l'espa
e d'approximation GD sur un maillage Th du domaine Ω, supposépolygonal ou polyédrique pour simpli�er, est
Vh = {vh ∈ L2(Ω);∀T ∈ Th, vh|T ∈ Pp},où Pp est l'ensemble de polyn�mes de degré global inférieur ou égal à p. Les méthodes GDdonnent lieu à la formulation suivante du problème appro
hé : Cher
her uh ∈ Vh tel que
ah(uh, vh) = (f, vh)0,Ω, ∀vh ∈ Vh,où f est la donnée du problème, (·, ·)0,Ω le produit s
alaire L2 sur le domaine Ω et ah laforme bilinéaire de la méthode GD. La forme bilinéaire ah 
ontient non seulement les termesren
ontrés dans les méthodes d'éléments �nis usuelles, mais également d'autres termes. Cestermes di�èrent de méthode en méthode, mais il y a normalement un terme qui rend laméthode 
onsistante et un autre dit de pénalisation, a�n d'imposer de manière faible la
ontinuité de la solution appro
hée et les 
onditions aux limites. Le terme de 
onsistan
epeut également être a

ompagné d'un terme qui rend la matri
e de rigidité symétrique.Les méthodes GD peuvent aussi être formulées en termes de �ux numériques dé�nis surles interfa
es d'un élément. Les �ux sont dits 
onservatifs si leur valeur est unique au signeprès sur une fa
e partagée par deux éléments. Dans 
e 
as, le �ux qui sort d'un élément estégal au �ux qui entre dans l'élément voisin. Cette propriété est 
ommune ave
 les méthodesde volumes �nis.Comme ave
 les méthodes d'éléments �nis usuelles, la matri
e de rigidité obtenue ave
une méthode GD est 
reuse, et il est possible de travailler sur des géométries 
omplexesen utilisant des maillages non stru
turés. La non-
onformité de la méthode donne en outrela possibilité de dé
omposer le domaine en sous-domaines, et de mailler 
eux-
i séparé-ment sans 
ontraintes de 
ompatibilité entre les maillages des sous-domaines. Les n÷udspendants (`hanging nodes' en anglais) sont don
 autorisés, et il est possible de ra�ner lemaillage ou d'augmenter lo
alement le degré des polyn�mes utilisés sans grande di�
ulté.En�n, travailler ave
 des fon
tions de base dis
ontinues peut sembler naturel si des 
ou
heslimites sont présentes dans la solution exa
te.L'in
onvénient prin
ipal des méthodes GD est leur nombre de degrés de liberté élevépar rapport à 
elui des méthodes d'éléments �nis usuelles. Il est don
 important d'exploiterles avantages de la méthode au regard de la �exibilité des maillages a�n de minimiser les
oûts du 
al
ul.Les méthodes GD ont été introduites par Reed et Hill [83℄ dans les années 70 a�n derésoudre un problème hyperbolique lié au transport de neutrons. Lesaint et Raviart [69℄6



1.3. Les méthodes de Galerkine dis
ontinuesont e�e
tué l'analyse mathématique de la méthode en 1974, mais la période la plus propi
eau développement des méthodes GD pour les problèmes hyperboliques a été vers la �n desannées 80 et les années 90. Ave
 la première 
onféren
e internationale sur les méthodesGD qui a eu lieu en 1999, le développement et les problématiques liés à 
es méthodes ontété tra
és, voir par exemple l'ouvrage de Co
kburn, Karniadakis et Shu [31℄. Grâ
e au faitque les méthodes GD pour les systèmes hyperboliques non-linéaires ont été formulées entermes de �ux numériques, les similarités ave
 les méthodes de volumes �nis ont pu êtreexploitées. Les façons de stabiliser le s
héma et de 
apturer les dis
ontinuités éventuellesdans la solution exa
te sont souvent très similaires. Les méthodes impli
ites SCDG (Sho
kCapturing Dis
ontinuous Galerkin) ajoutent un terme de vis
osité arti�
ielle qui dépenddu résidu de l'équation et de la taille lo
ale h du maillage ; 
f. Jiang et Shu [60℄. La dé-monstration que la 
onvergen
e du s
héma est d'ordre élevé est fa
ilitée par la dépendan
ede 
e terme en h, mais à proximité des dis
ontinuités la vis
osité arti�
ielle atténue troples extrema de la solution. Les méthodes RKDG (Runge Kutta Dis
ontinuous Galerkin)ont été introduites par Co
kburn et Shu [32℄. Dans 
es méthodes, la vis
osité numériquedépend de la régularité lo
ale de la solution. Elles peuvent être réé
rites ave
 un limiteur depente, utilisé pour avan
er la solution en temps après avoir résolu l'équation sans vis
ositéarti�
ielle dans les pas de temps intermédiaires.Les méthodes GD sont également en mesure d'appro
her les systèmes de lois de 
onser-vation 
omportant des dérivées du deuxième ordre. En étudiant les équations de Navier-Stokes, Bassi et Rebay [16℄ ont dé
idé de traiter également 
omme in
onnue la dérivéepremière de la solution. Le système a ensuite été résolu ave
 une méthode RKDG. Co
k-burn et Shu [33℄ ont généralisé 
ette pro
édure en proposant la méthode LDG (Lo
alDis
ontinous Galerkin). Dans le s
héma LDG, toutes les équations sont ré
rites 
omme unsystème d'équations du premier ordre. C'est don
 la formulation mixte du problème dedépart qui est 
onsidérée.Ave
 le développement des méthodes RKDG et LDG, les méthodes GD sont devenues depremière importan
e dans la résolution des systèmes de lois de 
onservation ave
 termesdu premier et du deuxième ordre. Outre les équations de Navier-Stokes, nous pouvonsmentionner à titre d'exemple la résolution des équations de Saint Venant par Ern, Pipernoet Djadel [47℄, par Tassi, Bokhove et Vionnet [95℄ et par Aizinger et Dawson [6℄.Le développement des méthodes GD pour les problèmes elliptiques s'est fait de manièrerelativement indépendante, en s'inspirant de la formulation faible des 
onditions aux limitesproposées dans les travaux de Nits
he [76,77℄. Les premiers travaux ont été e�e
tués dansles années 70-80, et sont 
eux de Babu²ka [11℄, de Babu²ka et Zlámal [14℄, de Douglas et7



Chapitre 1. Introdu
tionDupont [40℄, de Baker [15℄, de Wheeler [104℄ et de Arnold [10℄. Dans 
es travaux, les �uxnumériques ne sont pas exprimés de manière expli
ite, et 
e sont plut�t les modi�
ationspossibles des di�érents termes de la forme bilinéaire qui sont 
onsidérées.La méthode GEM (Global Element Method) de Delves et Hall [36℄ est une méthodesans termes de pénalisation pour laquelle la matri
e de rigidité est symétrique. Comme lamatri
e n'est pas né
essairement semi-dé�nie positive, la méthode peut être in
ondition-nellement instable en l'appliquant à une équation instationnaire. Il n'a pas non plus étédémontré que le s
héma soit bien posé. La méthode hp DG (hp Dis
ontinuous Galerkin)de Oden, Babu²ka et Baumann [78℄ se di�éren
ie de la méthode pré
édente par un signe,
e qui rend les termes de 
onsistan
e antisymétriques. Pour obtenir un s
héma stable, ilfaut par 
ontre utiliser des polyn�mes d'un degré minimum de deux.Parmi les s
hémas de type IP (Interior Penalty - pénalisation interne) on trouve la mé-thode 
onstituant le point de départ de 
ette thèse : la méthode SIPG (Symmetri
 InteriorPenalty Galerkin) établie suite aux travaux de Baker [15℄, de Douglas et Dupont [40℄, deWheeler [104℄ et de Arnold [10℄. La forme bilinéaire est symétrique, et les sauts de la solu-tion appro
hée ainsi que les 
onditions aux limites de Diri
hlet sont pénalisés. Le paramètrede stabilisation doit être supérieur à un 
ertain seuil minimal qui doit être déterminé parl'utilisateur. Une variante de la méthode SIPG qui s'a�ran
hit de 
e paramètre indéter-miné, est la méthode proposée par Bassi, Rebay, Mariotti, Pedinotti et Savini [17℄, où leterme de pénalisation utilise des opérateurs de relèvement. La méthode NIPG de Rivière,Wheeler et Girault [89℄ est très similaire, modulo un des termes qui est 
hangé de signe.Dans 
e 
as, on obtient une méthode qui assure la positivité de la forme bilinéaire sans leterme de stabilisation. Par ailleurs, un désavantage de la méthode NIPG est que, 
ontrai-rement à la méthode SIPG, on ne sait pas montrer la 
onvergen
e optimale de l'erreur ennorme L2 sous hypothèse de régularité elliptique, même si 
ette 
onvergen
e est observéedans les essais numériques. Une variante de la méthode NIPG a été présentée par Romke,Oden et Prudhomme [92℄, où sont pénalisés les sauts des �ux di�usifs et non les sauts dela solution appro
hée.Ave
 l'introdu
tion des méthodes LDG, les similarités entre les méthodes DG pourles équations hyperboliques et 
elles pour les équations elliptiques sont devenues plus évi-dentes. Dans les dix dernières années, les analyses uni�ées des méthodes GD ont vu lejour. Mentionnons l'arti
le de Arnold, Brezzi, Co
kburn et Marini [8℄ qui a pour but d'uni-�er l'analyse des méthodes GD appliquées aux équations elliptiques. Les arti
les de Ernet Guermond [43�45℄ et de Di Pietro, Ern et Guermond [38℄, par ailleurs, examinent lesméthodes GD pour les systèmes de Friedri
hs, qui 
omprennent à la fois les équations8



1.3. Les méthodes de Galerkine dis
ontinueshyperboliques et elliptiques.Pour le 
as qui nous intéresse dans 
ette thèse, les équations d'adve
tion-di�usion-réa
tion, l'analyse des méthodes GD a été présentée de manière approfondie dans l'arti
lede Houston, S
hwab et Süli [59℄, qui 
ouvre notamment le 
as d'un tenseur de di�usionanisotrope et hétérogène. Par 
ontre, le 
as parti
ulier d'une très petite di�usion dans unepartie du domaine pose en
ore des di�
ultés. En e�et, dans le 
as où le 
hamp d'adve
tionest orienté dans la dire
tion de di�usion (isotrope) 
roissante, une 
ou
he limite se forme àl'interfa
e où la di�usion est dis
ontinue. Dans le 
as limite de di�usion évanes
ente d'un
�té de l'interfa
e, la solution exa
te est dis
ontinue si le 
hamp adve
tif pointe de la partiehyperbolique vers la partie elliptique. Ce 
as a été analysé en une dimension d'espa
e parGastaldi et Quarteroni [52℄, et plus ré
emment dans l'arti
le de Croisille, Ern, Lelièvre etProft [34℄. Dans le 
as d'une di�usion anisotrope en dimension ≥ 2, il faut tenir 
omptede la di�usion et de l'adve
tion dans la dire
tion normale à l'interfa
e, 
f. Di Pietro, Ernet Guermond [38℄.Lorsque 
ertaines des valeurs propres du tenseur de di�usion deviennent très petites,même si le tenseur reste dé�ni positif, les méthodes GD usuelles ont des di�
ultés si la
ou
he limite n'est pas su�samment résolue par le maillage. En e�et, au lieu d'imposerla 
ontinuité d'une manière faible, la solution (
ontinue) serait mieux appro
hée par unefon
tion dis
ontinue sur l'interfa
e où se trouve la 
ou
he limite. Une possibilité seraitd'autoriser 
ette dis
ontinuité dans la programmation de la méthode en éliminant manuel-lement les terms de pénalisation sur l'interfa
e en question, ainsi que proposé par Houston,S
hwab et Süli [59℄ et plus ré
emment dans l'arti
le de Ern et Proft [48℄.Notre proposition, qui sera dé
rite en détail par la suite, 
onsiste en revan
he à modi�erles méthodes GD de façon plus générale. Dans les termes de 
onsistan
e, nous proposonsde 
onsidérer des moyennes pondérées au lieu des moyennes arithmétiques, ave
 des poidsdépendant de la di�usion. Le terme de pénalisation, par ailleurs, dépend de la moyenneharmonique de la di�usion dirigée normalement à l'interfa
e. La seule hypothèse (raison-nable) qui est requise, est que les dis
ontinuités dans la di�usion 
oïn
ident ave
 
ertainesdes interfa
es du maillage, 
e qui est raisonnable dans le 
ontexte de la modélisation hy-drogéologique.L'utilisation des moyennes pondérées provient de la méthode d'éléments �nis dite de`mortier', dont l'idée remonte aux travaux de Nits
he [76, 77℄. Cette méthode impose la
ontinuité des �ux entre régions di�érentes de manière faible. Divers auteurs ont notéla possibilité d'utiliser une moyenne ave
 des poids dans les méthodes GD. Mentionnonsles travaux de Stenberg [94℄, de Heinri
h et Pönitz [56℄, de Heinri
h et Ni
aise [54℄ et9



Chapitre 1. Introdu
tionde Heinri
h et Piets
h [55℄. Dans 
es travaux, di�érentes te
hniques de type `mortier'ont été proposées a�n d'utiliser des éléments �nis 
onformes sur un maillage qui n'estpas né
essairement 
onforme. Les moyennes pondérées sont introduites simplement pourgénéraliser les moyennes arithmétiques. Par 
ontre, les poids ne sont pas 
hoisis en fon
tiondes 
oe�
ients du problème et notamment du 
oe�
ient de di�usion. Un tel 
hoix a étéré
emment exploré dans l'arti
le de Burman et Zunino [25℄ pour des problèmes d'adve
tion-di�usion-réa
tion isotrope appro
hés par une te
hnique de type `mortier'. Si on applique
ette méthode élément par élément, on obtient une méthode GD. Burman et Zunino ontmontré qu'un 
hoix spé
i�que des poids améliore la stabilité du s
héma quand la di�usivitéprend lo
alement des valeurs très petites. L'extension à des équations d'adve
tion-di�usion-réa
tion ave
 di�usion lo
alement évanes
ente a été analysée ré
emment par Di Pietro, Ernet Guermond [38℄.1.4 Analyse d'erreur a posterioriL'analyse d'erreur a priori vise à démontrer la bonne 
onvergen
e du s
héma numé-rique ; l'analyse d'erreur a posteriori a pour but de quanti�er l'erreur d'approximation.Celle-
i doit être mesurée dans une norme qui est signi�
ative pour le problème en ques-tion : pour l'évaluer, nous avons à disposition la solution 
al
ulée, les données du problèmeet les données du maillage. Dans 
ette thèse, nous nous restreindrons à des estimateurs d'er-reur a posteriori dans la norme de stabilité naturelle du problème 
ontinu, ou (semi-)normed'énergie, que nous noterons ‖·‖B.Un estimateur d'erreur doit fournir une borne supérieure de la véritable erreur. Nousnommerons u la solution exa
te et uh la solution GD. Ainsi, e(h, f, uh) est un estimateurd'erreur si
‖u− uh‖B ≤ e(h, f, uh),où h est la taille du maillage et f le terme sour
e. Dé�nissons l'indi
e d'e�
a
ité Ie par

Ie =
e(h, f, uh)

‖u− uh‖B
.A�n de pouvoir dé
ider si le 
al
ul e�e
tué a été su�samment pré
is, l'estimateur e(h, f, uh),a

essible par le 
al
ul, est évalué. Un indi
e d'e�
a
ité pro
he de 1 implique que l'erreurn'est pas inutilement surévaluée. De plus, il est souhaitable que l'indi
e d'e�
a
ité soitindépendant des données du problème (
omme le tenseur de di�usion ou le 
hamp d'ad-ve
tion). Dans 
e 
as, l'estimateur est dit robuste.10



1.4. Analyse d'erreur a posterioriL'adaptation de maillage est un bon moyen pour obtenir une solution plus pré
iseave
 un sur
oût de 
al
ul modéré, un fa
teur à ne pas négliger si les 
al
uls sont d'une
ertaine importan
e. Un ingénieur ave
 beau
oup d'expérien
e peut utiliser son intuitionpour identi�er les parties du domaine où la méthode aurait besoin d'un maillage plus �n.Une autre pro
édure relativement 
ourante 
onsiste à ra�ner le maillage dans les parties oùla solution 
al
ulée présente un fort gradient. Par opposition, l'analyse d'erreur a posteriorivise à automatiser la pro
édure d'adaptation du maillage en basant 
ette pro
édure surdes fondements mathématiques solides.A�n de pouvoir utiliser l'estimation d'erreur a posteriori pour adapter le maillage, ilfaut que l'estimateur soit lo
alisable, 
'est-à-dire que l'estimateur puisse s'é
rire 
ommeune somme sur les éléments du maillage Th du domaine Ω sous la forme
e(h, f, uh) =



∑

T∈Th

e2T (h, f, uh)




1
2

.Les quantités eT (h, f, uh) sont appelées indi
ateurs d'erreur. Dans la partie du domaineoù les indi
ateurs sont les plus grands, le maillage est ra�né. Il est aussi possible dedéra�ner le maillage dans les parties du domaine où les indi
ateurs sont les plus petits.Dans l'algorithme d'adaptation, il est possible, par exemple, de ra�ner les éléments oùl'indi
ateur d'erreur dépasse l'indi
ateur le plus grand multiplié par une 
onstante c < 1,et de déra�ner suivant un 
ritère similaire. Une autre possibilité est de dé
ider a priorile pour
entage d'éléments à ra�ner pour mieux 
ontr�ler le 
oût de 
al
ul d'un maillageà l'autre. Une troisième possibilité est d'utiliser le marquage proposé par Dör�er [39℄ qui
onsiste à trouver un sous-ensemble minimal de mailles dont la 
ontribution des indi
ateursreprésente une fra
tion minimale de l'estimateur total. Cette stratégie de marquage permetde garantir la rédu
tion de l'erreur sous 
ertaines hypothèses, voir également les travauxde Morin, No
hetto et Siebert [71�73℄.Pour que les indi
ateurs d'erreur soient utiles, il faut qu'il ne surestiment pas tropl'erreur lo
alement. Dans le 
as idéal, l'indi
ateur et la véritable erreur sont lo
alementéquivalents, 
'est à dire, sur 
haque élément T ∈ Th,
c1eT (h, f, uh) ≤ ‖u− uh‖B,T ≤ c2eT (h, f, uh). (1.3)I
i c1 et c2 sont deux 
onstantes, et la norme indiquée par B, T est telle que

‖u− uh‖B =



∑

T∈Th

‖u− uh‖2
B,T




1
2

.

11



Chapitre 1. Introdu
tionEn général, le mieux que l'on puisse obtenir est une majoration de l'indi
ateur lo
al parl'erreur lo
ale en 
onsidérant les éléments les plus pro
hes, 
'est-à-dire :
c1eT (h, f, uh) ≤

∑

T∈∆T

‖u− uh‖B,T ,où ∆T indique un ensemble d'éléments autour de T , par exemple les éléments partageantau moins une fa
e ave
 T .Les indi
ateurs d'erreur ont été introduits dans les années 70 par Babu²ka et Rhein-boldt [12, 13℄. Plusieurs te
hniques ont été développées par la suite. Nous nous 
on
entre-rons 
i-après sur les estimateurs par résidu, 
ar ils 
onstituent un des prin
ipaux sujets de
ette thèse.Considérons par exemple l'équation de Poisson ave
 
onditions aux limites de Diri
hlethomogènes sur un domaine Ω en R
d de frontière ∂Ω :




−∆u = f sur Ω,

u = 0 sur ∂Ω.
(1.4)Indiquant par uh la solution appro
hée obtenue ave
 une méthode GD, le résidu est égal à

R(uh) = f + ∆huh, (1.5)où ∆h indique le lapla
ien lo
al, 
'est-à-dire l'opérateur qui sur 
haque élément 
oïn
ideave
 l'opérateur ∆ appliqué à la restri
tion sur 
et élément. Dans l'estimateur d'erreur parrésidu, le terme R(uh) est a

ompagné d'autres termes, typiquement un terme qui mesurela non-
onformité de uh et d'autres termes qui mesurent les sauts des �ux di�usifs et lessauts de uh sur les interfa
es.Pour l'équation de Poisson ave
 
onditions aux limites de Diri
hlet, la semi-normed'énergie est la norme L2 du gradient brisé, 
'est à dire le gradient dé�ni maille par maille.Pour les méthodes GD, les premières estimations d'erreur par résidu dans la semi-normed'énergie ont été obtenues par Be
ker, Hansbo et Larson [20℄ et par Karakashian et Pas-
al [62℄. Ainsworth [3, 4℄ a rendu expli
ite la dépendan
e des 
onstantes vis à vis de ladi�usion, tandis que Houston, S
hötzau et Wihler [58℄ ont e�e
tué une analyse hp. En 
equi 
on
erne les estimateurs d'erreur en norme L2, on peut mentionner le travail de Be
ker,Hansbo et Stenberg [21℄, 
elui de Rivière et Wheeler [87℄ et 
elui de Castillo [29℄.Dans les travaux de Be
ker, Hansbo et Larson [20℄, Ainsworth [3℄ et Castillo [26℄, legradient de l'erreur e = u−uh est sujet à une dé
omposition de Helmholtz ; une te
hniqueintroduite à l'origine dans les arti
les de Dari, Duran, Padra, et Vampa [35℄ et Carstensen,12



1.4. Analyse d'erreur a posterioriBartels et Jans
he [27℄. La te
hnique 
onsiste à 
onsidérer que ∇e est 
omposé de deuxparties :
∇e = ∇φ+ ∇× ϕ,où φ ∈ H1

0 (Ω) est un potentiel s
alaire tel que
(∇φ,∇v)0,Ω =

∑

T∈Th

(∇e,∇v)0,T , ∀v ∈ H1(Ω),et ϕ ∈ H = {H1(Ω), (ϕ, 1)0,Ω = 0} est un potentiel ve
teur tel que
(∇× ϕ,∇× w)0,Ω =

∑

T∈Th

(∇e,∇× w)0,T , ∀w ∈ H.La dé
omposition 
onduit à l'identité suivante pour la norme d'énergie
∑

T∈Th

‖∇e‖2
0,T =

∑

T∈Th

‖∇φ‖2
0,T +

∑

T∈Th

‖∇ × ϕ‖2
0,T .L'analyse s'e�e
tue en intégrant par parties et en notant que ∇φ = ∇(φ − πφ) où πφest la proje
tion L2-orthogonale sur l'espa
e des fon
tions 
onstantes par mor
eaux. Cettefaçon de pro
éder a aussi été appliquée aux équations de Maxwell par Houston, Perugia etS
hötzau [57℄. Par 
ontre, elle n'a pas été utilisée dans l'analyse de Houston, S
hötzau etWihler [58℄, ni dans 
elle de Karakashian et Pas
al [62℄. Nous ne n'utilisons pas non plusdans 
ette thèse. Notons que la te
hnique de dé
omposition de Helmholtz ne s'étend pasfa
ilement si la norme d'énergie dans laquelle on souhaite 
ontr�ler l'erreur 
ontient destermes d'ordre zéro, 
omme 
'est le 
as pour les équations d'adve
tion-di�usion-réa
tion.Dans tous les 
as, un terme de non-
onformité est présent dans les estimations d'erreura posteriori pour les méthodes GD. D'une façon générale, 
e terme peut être formulé enintroduisant une fon
tion 
ontinue arbitraire qui doit respe
ter les 
onditions aux limitesde Diri
hlet. A�n de pouvoir 
al
uler 
ette erreur de non-
onformité, il faut 
hoisir unefon
tion spé
i�que, et l'interpolé de Oswald est un 
hoix 
ourant. Sur 
haque n÷ud dumaillage qui n'est pas situé sur la frontière, l'interpolé de Oswald prend la valeur moyennede la solution 
al
ulée uh. Si le n÷ud est à l'intérieur de l'élément, uh et son interpolé deOswald prennent la même valeur. Si le n÷ud se trouve sur l'interfa
e entre deux éléments,la valeur de l'interpolé de Oswald est la moyenne arithmétique des deux valeurs de uh,et
. Les valeurs au sein de 
haque élément sont ensuite interpolées ave
 des polyn�mes delagrange. 13



Chapitre 1. Introdu
tionUne des di�
ultés ave
 les estimateurs 
i-dessus est que pour le problème de Poisson,si la solution uh est linéaire par mor
eaux, le résidu est identique au terme sour
e f duproblème. Cette estimation est trop grossière pour les méthodes GD, qui disposent detous les degrés de liberté polynomiaux dans 
haque maille, si bien qu'on devrait obtenirdes résidus du type ‖f − πpf‖0,T où πpf indique la proje
tion L2 orthogonale du termesour
e sur l'espa
e ve
toriel des polyn�mes de degré p. Les estimateurs d'erreur obtenusré
emment par Vohralík pour les méthodes mixtes et de volumes �nis [101�103℄ 
onsidèrentnotamment des résidus de 
e type. Pour les méthodes de volumes �nis, on a p = 0, alorsque pour les méthodes mixtes, p est le degré polynomial de l'in
onnue s
alaire. Ce résultata été obtenu en utilisant le fait que les méthodes mixtes et de volumes �nis sont lo
alement
onservatives. Notre 
ontribution a été d'étendre 
e resultat aux méthodes GD. Notons quesi f est su�samment régulière (i.e. f ∈ H1(T ) pour tout T ∈ Th) la 
onvergen
e du résiduest d'un ordre plus élevé par rapport au résidu standard.Dans les estimateurs par résidu, le terme qui mesure le défaut de 
onservativité des �uxdi�usifs basés sur le gradient lo
al de la solution 
al
ulée, résulte du fait que le gradient n'estpas dans l'espa
e H(div,Ω) = {v ∈ L2(Ω);∇·v ∈ L2(Ω)}. Ce terme n'est pas stri
tementlo
al, 
ar pour le 
al
uler, il faut 
onsidérer les éléments qui partagent une interfa
e ave
un élément donné. Il serait don
 souhaitable de pouvoir substituer à 
e terme un autre quiserait 
al
ulé en 
onsidérant seulement l'élément en question. Même si les �ux di�usifs nesont pas 
ontinus, les �ux numériques des méthodes GD le sont. Il est don
 envisageabled'utiliser les �ux numériques a�n de 
onstruire un 
hamp ve
toriel dans H(div,Ω), etensuite de baser l'estimation d'erreur sur 
e 
hamp ve
toriel. Pour que 
ette te
hnique soitintéressante, la 
onstru
tion du 
hamp ve
toriel devra être lo
ale, 
e qui limite en e�et le
oût du 
al
ul. Notre 
ontribution porte également sur 
e point.L'idée d'utiliser une 
onstru
tion de �ux H(div,Ω)-
onformes dans les estimations d'er-reur remonte aux années 40 ave
 le travail de Prager et Synge [81℄. Pour l'appli
ation auxméthodes d'éléments �nis 
onformes, signalons les travaux de Ladevèze [65℄, de Ladevèzeet Leguillon [66℄, de Destuynder et Métivet [37℄, de Repin [84�86℄ et de Neittaanmäki etRepin [75℄. L'appli
ation aux méthodes GD pour les problèmes de di�usion pure est par
ontre très ré
ente, et a été explorée par Ainsworth [5℄, par Kim [63, 64℄, par Lazarov,Repin et Tomar [67℄ et par Co
hez-Dhondt et Ni
aise [30℄. L'appli
ation aux problèmesd'adve
tion-di�usion-réa
tion est nouvelle, et sera explorée 
i-après. Une observation im-portante est que dans tous 
es estimateurs, il n'y a pas de 
onstantes indéterminées.14



1.5. Obje
tifs de la thèse1.5 Obje
tifs de la thèseLe prin
ipal obje
tif de 
ette thèse est d'améliorer la résolution de l'équation d'adve
tion-di�usion-réa
tion linéaire et stationnaire, dans le 
as où le tenseur de di�usion présente defortes hétérogénéités. L'appli
ation visée est la modélisation de la dispersion de 
omposantsradioa
tifs autour d'un ouvrage de sto
kage souterrain dans le milieu naturel. En parti-
ulier, 
ette dispersion est modélisée par une équation de transport réa
tif simpli�ée enmilieu poreux. Les di�érentes 
ou
hes ro
heuses sont 
ara
térisées par des di�usions trèshétérogènes, 
e qui pose une di�
ulté pour les méthodes numériques. Vu les propriétésfavorables des méthodes GD, nous nous sommes 
on
entrés sur 
ette famille de s
hémasnumériques.Le premier obje
tif est de 
onstruire une méthode d'approximation robuste et pré
ise.Nous supposons que la di�usion est 
onstante à l'intérieur de 
haque élément si bien queles dis
ontinuités dans le tenseur de di�usion 
oïn
ident ave
 des frontières de 
ertainséléments du maillage. En modi�ant la méthode SIPG standard, nous obtenons un s
hémaqui impose moins de 
ontinuité sur les interfa
es où les hétérogénéités donnent lieu à desforts gradients. En permettant une dis
ontinuité plus forte dans la solution 
al
ulée parrapport à 
elle imposée par la méthode SIPG usuelle, nous arrivons à diminuer, voireen 
ertain 
as à éliminer, les os
illations qui sont souvent présentes à proximité d'une
ou
he limite. Le résultat obtenu est dû à un 
hoix des poids utilisés dans le terme de
onsistan
e et dans le terme qui rend la méthode symétrique. Dans la méthode SIPG,les poids sont tout simplement égaux à 1
2 . Le 
hoix du paramètre de pénalisation estaussi très important, et nous utilisons la moyenne harmonique de la di�usion dans ladire
tion normale à l'interfa
e, alors que les méthodes SIPG proposées dans la littératureutilisent souvent la moyenne arithmétique. Dans l'analyse nous verrons que la possibilitéd'utiliser la moyenne harmonique est une 
onséquen
e du 
hoix des poids dans le terme de
onsistan
e. Nous avons nommé 
ette nouvelle méthode SWIP pour Symmetri
 WeightedInterior Penalty.La qualité du maillage est 
ru
iale pour garantir des résultats numériques satisfaisants,en parti
ulier si la solution présente des 
ou
hes limites. Pour l'analyse de sûreté, il estaussi très important de pouvoir se �er aux résultats numériques obtenus. Le but sera don
d'e�e
tuer l'analyse d'erreur a posteriori pour obtenir un estimateur d'erreur qui puisseégalement être utilisé pour l'adaptation du maillage. Nous analysons dans 
ette thèsedeux estimateurs d'erreur basés sur l'analyse par résidus. Ces estimateurs sont fa
ilement
al
ulables, et fournissent des informations sur la semi-norme d'énergie (à savoir la norme15
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tion
L2 du gradient brisé) de l'erreur dans tout le domaine. On observera que le terme de sautsaux interfa
es et les valeurs au bord de la solution appro
hée, qui sont souvent in
lus dansles estimateurs d'erreur a posteriori pour les méthodes GD, ne sont pas in
lus dans lasemi-norme d'énergie 
ar 
es termes dépendent du 
hoix des paramètres numériques de laméthode. L'analyse d'erreur se base sur la possibilité d'identi�er la non-
onformité de lasolution, 
'est-à-dire l'erreur 
ommise en utilisant des fon
tions dis
ontinues pour appro
herune solution 
ontinue. Le premier estimateur que nous avons obtenu est similaire dans saforme à 
elui de Karakashian et Pas
al [62℄. Nous avons par ailleurs apporté beau
oup desoin à l'évaluation de toutes les 
onstantes et à l'amélioration de l'e�
a
ité de l'estimateura�n de le rendre le plus indépendant possible des hétérogénéités du tenseur de di�usion. Ledeuxième estimateur utilise un 
hamp ve
toriel auxiliaire 
onstruit par le biais de problèmeslo
aux. La pro
édure est inspirée des travaux de Vohralík pour les méthodes mixtes [102℄et de volumes �nis [101℄, et est basée sur la propriété de 
onservativité des méthodes GD.Le 
oût de 
al
ul du deuxième estimateur est légèrement plus grand, mais en revan
he sonindi
e d'e�
a
ité est meilleur.1.6 Plan de la thèseCe mémoire est 
omposé de 5 
hapitres.Dans le 
hapitre 2 nous présentons l'équation d'adve
tion-di�usion-réa
tion 
onsidéréeet la méthode SWIP, notamment le 
hoix des poids et du paramètre de stabilisation. Nousmontrons que la méthode proposée est 
oer
ive par rapport à la norme d'énergie du pro-blème dis
ret et que la 
onvergen
e en norme d'énergie et en norme L2 (sous hypothèsede régularité elliptique) est d'ordre optimal. De plus, 
ette 
onvergen
e est indépendantedes hétérogénéités et des anisotropies du tenseur de di�usion. A�n de 
ompléter l'analysede 
onvergen
e de la méthode dans le 
as de di�usion évanes
ente, nous e�e
tuons aussil'analyse d'erreur par rapport à la dérivée adve
tive. Ce résultat est lui aussi indépendantdes hétérogénéités du tenseur de di�usion, mais l'anisotropie du tenseur peut a�e
ter l'er-reur dans 
ertains 
as. La robustesse de l'estimation d'erreur est obtenue si les nombres dePé
let évalués par rapport à la plus grande valeur propre du tenseur de di�usion lo
al sontsu�samment grands. En�n nous présentons des tests numériques pour illustrer l'analysed'erreur. Les mêmes tests numériques ont été réalisés ave
 la méthode SIPG a�n de 
om-parer les résultats ave
 
eux obtenus ave
 la méthode SWIP. Pour les résultats présentésau 
hapitre 2, nous avons 
ollaboré ave
 Paolo Zunino4. Les tests numériques, e�e
tués4MOX, Dipartimento di Matemati
a `F. Brios
hi', Polite
ni
o di Milano16



1.6. Plan de la thèsepar Paolo Zunino, ont été réalisés ave
 le logi
iel gratuit freeFEM++ 5, développé parFrédéri
h He
ht, Antoine Le Hyari
 et Olivier Pironneau au Laboratoire Ja
ques-LouisLions, Université Pierre et Marie Curie. Le 
hapitre 2 est le sujet d'un arti
le soumis pourpubli
ation dans IMA Journal of Numeri
al Analysis [51℄.Dans le 
hapitre 3 nous présentons un premier estimateur d'erreur par résidus. Unrésultat sous forme abstraite montre d'abord 
omment l'erreur dans la norme d'énergiepeut être 
ontr�lée par l'erreur de non-
onformité et deux autres termes. Le premier de
es termes fait intervenir la forme bilinéaire asso
iée au problème et l'erreur d'approxi-mation, et le deuxieme dépend de la partie antisymétrique de 
ette forme bilinéaire etl'erreur de non-
onformité. Nous 
onsiderons d'abord l'équation de Poisson, où la partieantisymétrique de la forme bilinéaire est nulle. Nous obtenons un estimateur où toutes les
onstantes sont 
al
ulables. L'indi
ateur d'erreur est divisé en trois parties : une qui mesurela non-
onformité de la solution 
al
ulée, une qui dépend du résidu et une qui mesure lanon-
onformité des �ux. Ensuite nous 
onsidérons l'équation d'adve
tion-di�usion-réa
tionà laquelle nous appliquons la même pro
édure. Nous nous sommes inspirés du travail deVerfürth [98℄ pour dé�nir la robustesse de l'estimateur en régime de nombre de Pé
let élevé.Celui-
i est dit robuste si les 
onstantes intervenant dans les estimateurs lo
aux dépendentdu nombre de Pé
let sous la forme C1 + C2 min(Pe, ρ), où ρ dépend du 
hamp adve
tif etdu tenseur de di�usion, mais pas du maillage. L'indi
ateur d'erreur est 
omposé de quatreparties : une qui dépend du résidu, une qui mesure la non-
onformité des �ux (identiqueà 
elle trouvée pour l'équation de Poisson) et deux qui mesurent la non-
onformité de lasolution 
al
ulée. Une amélioration parti
ulière à mentionner est dans le résidu, où nous
onsidérons le résidu auquel sa proje
tion L2 sur l'élément est soustraite, 
e qui augmente
onsidérablement l'e�
a
ité de l'estimateur. Nous avons utilisé pour 
ela le fait que lesfon
tions 
onstantes par mor
eaux sont dans l'espa
e d'approximation des méthodes GD.En 
e qui 
on
erne l'e�
a
ité lo
ale des indi
ateurs, notons que seulement l'e�
a
ité del'erreur de non-
onformité, qui est évaluée en utilisant l'interpolé de Oswald, dépend del'hétérogénéité du tenseur de di�usion. La robustesse de tous les autres indi
ateurs est une
onséquen
e des propriétés des poids de la méthode SWIP. Les tests numériques présentésà la �n du 
hapitre montrent la bonne 
onvergen
e de l'estimateur et une e�
a
ité en 
o-héren
e ave
 la notion de robustesse de Verfürth. Tous les tests numériques ont été réalisésave
 un 
ode é
rit en C++, dont le noyau GD a été développé au Cermi
s par Daniele5http ://www.freefem.org 17



Chapitre 1. Introdu
tionDi Pietro6. Les maillages stru
turés ont été 
onstruits ave
 le logi
iel gratuit gmsh7 déve-loppé par Christophe Geuzaine et Jean-François Rema
le. Les maillages non-stru
turés etl'adaptation de maillage basée sur les indi
ateurs d'erreur ont été réalisés ave
 le logi
ielMatlab8. Le travail présenté au 
hapitre 3 est soumis pour publi
ation dans Journal ofComputational Mathemati
s [49℄.Dans le 
hapitre 4 nous présentons un deuxième estimateur d'erreur par résidus, utili-sant 
ette fois la 
onstru
tion d'un 
hamp ve
toriel auxiliaire. Nous donnons d'abord unestimateur abstrait pour l'équation de Poisson. Cet estimateur est quasi-optimal, 
'est-à-dire que l'indi
e d'e�
a
ité est égal à √
2. La norme d'énergie est i
i 
ontr�lée par deuxtermes : le minimum de l'erreur de non-
onformité, 
onsidérant toutes les fon
tions pos-sibles de H1

0 (Ω), et un autre terme où le minimum est pris en 
onsidérant toutes lesfon
tions de H(div,Ω). Pour pouvoir 
al
uler l'estimateur, nous avons 
hoisi à nouveaud'utiliser l'interpolé de Oswald et d'utiliser les espa
es de fon
tions ve
torielles de Raviart-Thomas-Nédéle
 (⊂ H(div,Ω)). En 
onsidérant une solution appro
hée a�ne par mor
eaux(p = 1), la fon
tion de H(div,Ω) peut être 
onstruite grâ
e à la résolution de problèmeslo
aux à 3 ou 8 degrés de liberté, 
orrespondant respe
tivement aux degrés de liberté deséléments �nis RT0 et RT1. La 
onvergen
e du résidu est d'un ordre plus élevé en utilisantune re
onstru
tion des �ux dans l'espa
e RT1. L'estimateur ainsi obtenu ne dépend pasde la régularité du maillage, et ne né
essite pas de terme additionnel pour traiter les os
il-lations du terme sour
e. Passant ensuite à l'équation d'adve
tion-di�usion-réa
tion, nous
onstruisons un deuxième 
hamp ve
toriel basé 
ette fois sur les �ux adve
tifs. En utilisantune 
onstru
tion de degré maximal, nous montrons que sous des hypothèses minimalessur le 
oe�
ient de réa
tion et la divergen
e du 
hamp adve
tif, le terme de résidu estde la forme ‖f − πpf‖0,T . Dans les tests numériques, nous examinons d'abord le 
as dela di�usion pure, et en parti
ulier nous observons que le résidu 
onverge bien à l'ordreprévu par la théorie, que 
e soit pour le 
as d'une 
onstru
tion dans l'espa
e RT0 ou dansl'espa
e RT1. De plus, l'indi
e d'e�
a
ité du nouvel estimateur est très pro
he de 1. Nousprésentons également une 
omparaison ave
 deux autres estimateurs, notamment 
elui ob-tenu au 
hapitre pré
édent. Même les 
as tests ave
 une solution exa
te qui présente unesingularité dans le domaine de 
al
ul due aux hétérogénéités de la di�usion montrent labonne 
onvergen
e de l'estimateur et un très bon indi
e d'e�
a
ité. Les 
as tests ont étéréalisés sur des maillages stru
turés et non-stru
turés. Pour le 
as ave
 adve
tion domi-6Institut Français du Pétrole7www.geuz.org/gmsh/8www.mathworks.
om 18



1.6. Plan de la thèsenante, les estimateurs montrent toujours une bonne 
onvergen
e, l'indi
e d'e�
a
ité étanten 
ohéren
e ave
 la notion de robustesse de Verfürth. Pour tous les 
as tests (réalisésave
 p = 1 dans la méthode SWIP), l'indi
e d'e�
a
ité ne 
hange pas beau
oup en passantd'une 
onstru
tion dans l'espa
e RT0 à une 
onstru
tion dans l'espa
e RT1. En�n nous pré-sentons des maillages adaptifs basés sur l'indi
ateur d'erreur ave
 une 
onstru
tion dansl'espa
e RT0 et pour un problème de di�usion pure ave
 singularité. Conformément auxattentes, le maillage devient plus ra�né là où la solution exa
te présente une singularité.Pour les résultats présentés au 
hapitre 4 nous avons 
ollaboré ave
 Martin Vohralík9,qui a été à l'origine d'une grande partie de la réda
tion. Les maillages stru
turés ont été
onstruits ave
 le logi
iel gratuit gmsh. Les maillages non-stru
turés et l'adaptation demaillage basée sur les indi
ateurs d'erreur ont été réalisés ave
 le logi
iel Matlab. Tous lestests numériques ont été réalisés par l'auteur de la thèse en utilisant le 
ode C++ pré
é-demment mentionné. Le travail présenté au 
hapitre 4 a été soumis pour publi
ation dansSIAM Journal on Numeri
al Analysis [50℄.Le 
hapitre 5 dresse la 
on
lusion de 
e travail de thèse et propose quelques perspe
tives.

9Laboratoire Ja
ques-Louis Lions, Université Pierre et Matie Curie (Paris 6)19
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Chapitre 2A Dis
ontinuous Galerkin methodwith weighted averagesSubmitted to IMA Journal of Numeri
al Analysis under the title `A Dis
ontinuous Galerkin method withweighted averages for adve
tion-di�usion-rea
tion equations with lo
ally small and anisotropi
 di�usivity'.Alexandre Ern1, Annette F. Stephansen1,2 and Paolo Zunino3Abstra
t: We propose and analyze a symmetri
 weighted interior penalty (SWIP) method toapproximate in a Dis
ontinuous Galerkin framework adve
tion-di�usion-rea
tion equations withanisotropi
 and dis
ontinuous di�usivity. The originality of the method 
onsists in the use ofdi�usivity-dependent weighted averages to better 
ope with lo
ally small di�usivity (or equivalentlywith lo
ally high Pé
let numbers) on �tted meshes. The analysis yields 
onvergen
e results forthe natural energy norm that are optimal with respe
t to mesh-size and robust with respe
t todi�usivity. The 
onvergen
e results for the adve
tive derivative are optimal with respe
t to mesh-size and robust for isotropi
 di�usivity, as well as for anisotropi
 di�usivity if the 
ell Pé
let numbersevaluated with the largest eigenvalue of the di�usivity tensor are large enough. Numeri
al resultsare presented to illustrate the performan
e of the proposed s
heme.1Cermi
s, E
ole des Ponts, ParisTe
h, 6 et 8 avenue Blaise Pas
al, Champs sur Marne, 77455 Marne laVallée Cedex 2, Fran
e.2Andra, Par
 de la Croix-Blan
he, 1-7 rue Jean Monnet, 92298 Châtenay-Malabry 
edex, Fran
e.3MOX, Dipartimento di Matemati
a "F. Brios
hi", Polite
ni
o di Milano, via Bonardi 9, 20133 Milano,Italy. 21



Chapitre 2. A Dis
ontinuous Galerkin method with weighted averages2.1 Introdu
tionSin
e their introdu
tion over thirty years ago [69,83℄, Dis
ontinuous Galerkin (DG) meth-ods have emerged as an attra
tive tool to approximate numerous PDEs in the engineerings
ien
es. Here we are primarily interested in adve
tion-di�usion-rea
tion equations withanisotropi
 (e.g., tensor-valued) and heterogeneous (e.g., non-smooth) di�usivity. Su
hequations are en
ountered, for instan
e, in groundwater �ow models whi
h 
onstitute themotivation for the present work.The analysis of DG methods to approximate adve
tion-di�usion-rea
tion equations isextensively 
overed in [59℄. This work already addresses anisotropi
 and heterogeneousdi�usivity. However, one parti
ular aspe
t that deserves further attention is that wherethe di�usivity be
omes very small in some parts of the 
omputational domain. Indeed,in this 
ase it is well-known that the presen
e of an adve
tive �eld 
an trigger internallayers. In the lo
ally vanishing di�usivity limit, the solution be
omes dis
ontinuous onthe interfa
es where the adve
tive �eld �ows from the vanishing-di�usivity region towardsthe nonvanishing-di�usivity region. This situation has been analyzed in [52℄ and, morere
ently, in [34, 38℄. For (very) small but positive di�usivity, the usual DG methods meetwith di�
ulties in the presen
e of internal layers that are not su�
iently resolved by themesh. Indeed, these methods are designed to weakly enfor
e 
ontinuity of the dis
retesolution a
ross mesh interfa
es, but be
ause internal layers are under-resolved, the exa
tsolution is better approximated by a dis
ontinuous fun
tion at the interfa
es adja
entto internal layers. One possible remedy is to 
onsider a hard-wired modi�
ation of theDG method at those interfa
es, as already proposed in [59℄ and, more re
ently, in [48℄.However, a more satisfa
tory approa
h would be to design a DG method that 
an handleinternal layers in an automated fashion. This is the purpose of the present work. The keyingredient is the use of weighted instead of arithmeti
 averages in 
ertain interfa
e terms ofthe DG method, with weights depending on the di�usivity on both sides of the interfa
e.The present method relies on the (mild) assumption that �tted meshes are used, i.e., thatdis
ontinuities in the di�usivity are aligned with the mesh. When this assumption is notpossible (e.g., in the 
ase of nonlinear di�usivity), the present method is not expe
ted tobehave better than the usual DG methods, sin
e all methods will su�er from the fa
t thatthey attempt to approximate a rough solution within some mesh elements.The idea of utilizing weighted averages stems from the mortar �nite-element methodoriginally proposed by Nits
he [76, 77℄. This method imposes weakly the 
ontinuity of�uxes between di�erent regions. Various authors have highlighted the possibility of using22



2.1. Introdu
tionan average with weights that di�er from one half; see [54�56, 94℄ where several mortaringte
hniques are presented to mat
h 
onforming �nite elements on possibly non
onforming
omputational meshes. In the 
ited works, weighted averages are introdu
ed as a general-ization of standard averages and the analysis is 
arried out in the general framework, buta possible dependen
y of the weights on the 
oe�
ients of the problem is not 
onsidered.This dependen
y was investigated re
ently in [25℄ for isotropi
 adve
tion-di�usion-rea
tionproblems, using a weighted interior penalty te
hnique with mortars; when applied elemen-twise, this approa
h yields a DG method. It was shown in [25℄ that a spe
i�
 
hoi
e ofweights improves the stability of the s
heme when the di�usivity takes lo
ally small val-ues. The reason why weighted averages are needed to properly handle internal layers isrooted in the dissipative stru
ture of the underlying Friedri
hs's system. The design ofthe 
orresponding DG bilinear form, where dissipation at the dis
rete level is enfor
ed bya 
onsisten
y term involving averages, has been re
ently proposed in [43℄. The extensionto adve
tion-di�usion-rea
tion equations in
luding the lo
ally vanishing di�usivity limit isanalyzed in [38℄.In the present work, we extend the DG method impli
itly derived in [25℄ for isotropi
di�usivity to anisotropi
 problems. This task is not as simple as it may appear on �rstsight sin
e the presen
e of internal layers now depends on the spe
tral stru
ture of thedi�usivity tensor on both sides of ea
h mesh interfa
e. The spe
tral stru
ture also raisesthe question of the appropriate 
hoi
e of the penalty term in the DG method at ea
h meshinterfa
e. The analysis presented below will ta
kle these issues.We design and analyze one spe
i�
 DG method with weighted averages, namely theSymmetri
 Weighted Interior Penalty (SWIP) method, obtained by modifying the well-known (Symmetri
) Interior Penalty (IP) method [10, 15℄. Many other well-known DGmethods, in
luding the Lo
al Dis
ontinuous Galerkin method [33℄ and the Nonsymmetri
Interior Penalty Galerkin method [89℄, 
an also be modi�ed to �t the present s
ope; forbrevity, these developments are omitted herein.This paper is organized as follows: Se
tion 2.2 presents the setting under s
rutiny andformulates the SWIP method, while Se
tion 2.3 
ontains the error analysis in the naturalenergy norm for the problem. The estimate is fully robust, meaning that the 
onstant in theerror upper bound is independent of both heterogeneities and anisotropies in the di�usivity.Se
tion 2.4 is 
on
erned with the error analysis on the adve
tive derivative. The derivedestimate is again robust with respe
t to heterogeneities in the di�usivity, but the 
onstantin the error upper bound 
an in some 
ases depend on lo
al anisotropies. Robustness isa
hieved for instan
e if the 
ell Pé
let numbers evaluated with the largest eigenvalue of the23



Chapitre 2. A Dis
ontinuous Galerkin method with weighted averagesdi�usivity tensor are large enough. Numeri
al results, in
luding 
omparisons with the moreusual IP methods, are presented in Se
tion 2.5 and illustrate the bene�ts of using weightedinterior penalties to approximate adve
tion-di�usion-rea
tion equations with lo
ally smalland anisotropi
 di�usivity. Finally, Se
tion 2.6 
ontains some 
on
luding remarks.2.2 The SWIP methodLet Ω be a domain in R
d with boundary ∂Ω in spa
e dimension d ∈ {2, 3}. We 
onsiderthe following adve
tion-di�usion-rea
tion equation with homogeneous Diri
hlet boundary
onditions:




−∇·(K∇u) + β·∇u+ µu = f in Ω,

u = 0 on ∂Ω.
(2.1)Here µ ∈ L∞(Ω), β ∈ [W 1,∞(Ω)]d, the di�usivity tensor K is a symmetri
, positive de�nite�eld in [L∞(Ω)]d,d and f ∈ L2(Ω). The regularity assumption on β 
an be relaxed, butis su�
ient for the present purpose. The weak formulation of (2.1) 
onsists of �nding

u ∈ H1
0 (Ω) su
h that

(K∇u,∇v)0,Ω + (β·∇u, v)0,Ω + (µu, v)0,Ω = (f, v)0,Ω ∀v ∈ H1
0 (Ω) (2.2)where (·, ·)0,Ω denotes the L2-s
alar produ
t on Ω. Hen
eforth, we assume that

µ− 1
2∇·β ≥ µ0 > 0 a.e in Ω. (2.3)Furthermore, we assume that the smallest eigenvalue of K is bounded from below by apositive (but possibly very small) 
onstant. Then, owing to the Lax�Milgram Lemma,(2.2) is well�posed.Let {Th}h>0 be a shape-regular family of a�ne triangulations of the domain Ω. Themeshes Th may possess hanging nodes. For simpli
ity we assume that the meshes 
over Ωexa
tly, i.e., Ω is a polyhedron. A generi
 element in Th is denoted by T , hT denotes thediameter of T and nT its outward unit normal. Set h = maxT∈Th

hT . We assume withoutloss of generality that h ≤ 1. Let p ≥ 1. We de�ne the 
lassi
al DG approximation spa
e
Vh = {vh ∈ L2(Ω);∀T ∈ Th, vh|T ∈ Pp}, (2.4)where Pp is the set of polynomials of total degree less than or equal to p. Hen
eforth, weassume that the dis
ontinuities in the di�usivity tensor are aligned with the mesh. This is a24



2.2. The SWIP methodmild assumption in the 
ontext of linear problems. Moreover, for the sake of simpli
ity, weassume that the di�usivity tensor K is pie
ewise 
onstant on Th. This assumption, whi
his reasonable in the 
ontext of groundwater �ow models, 
an be generalized by assuminga smooth enough behavior of K inside ea
h mesh element.We say that F is an interior fa
e of the mesh if there are T−(F ) and T+(F ) in Th su
hthat F = T−(F )∩T+(F ). We set T (F ) = {T−(F ), T+(F )} and let nF be the unit normalve
tor to F pointing from T−(F ) towards T+(F ). The analysis hereafter does not dependon the arbitrariness of this 
hoi
e. Similarly, we say that F is a boundary fa
e of the meshif there is T (F ) ∈ Th su
h that F = T (F )∩∂Ω. We set T (F ) = {T (F )} and let nF 
oin
idewith the outward normal to ∂Ω. All the interior (resp., boundary) fa
es of the mesh are
olle
ted into the set F i
h (resp., F∂Ω

h ) and we let Fh = F i
h ∪ F∂Ω

h . Hen
eforth, we shalloften deal with fun
tions that are double-valued on F i
h and single-valued on F∂Ω

h . This isthe 
ase, for instan
e, of fun
tions in Vh. On interior fa
es, when the two bran
hes of thefun
tion in question, say v, are asso
iated with restri
tions to the neighboring elements
T∓(F ), these bran
hes are denoted by v∓ and the jump of v a
ross F is de�ned as

[[v]]F = v− − v+. (2.5)On a boundary fa
e F ∈ F∂Ω, we set [[v]]F = v|F . Furthermore, on an interior fa
e F ∈ F i
h,we de�ne the standard (arithmeti
) average as {v}F = 1

2(v− + v+). For 
onvenien
e, weset {v}F = 1
2v|F on F ∈ F∂Ω. The subs
ript F in the above jumps and averages is omittedif there is no ambiguity.The L2-s
alar produ
t and its asso
iated norm on a subset R ⊂ Ω (evaluated with theappropriate Lebesgue's measure) are indi
ated by the subs
ript 0, R. For s ≥ 1, a norm(seminorm) with the subs
ript s,R designates the usual norm (seminorm) in Hs(R). Whenthe region R is the boundary of a mesh element ∂T and the arguments in the s
alar produ
tor the norm are double-valued fun
tions, it is impli
itly assumed that the value 
onsideredis that of the bran
h asso
iated with the restri
tion to T . For s ≥ 1, Hs(Th) denotes theusual broken Sobolev spa
e on Th and for v ∈ H1(Th), ∇hv denotes the pie
ewise gradientof v, that is, ∇hv ∈ [L2(Ω)]d and for all T ∈ Th, (∇hv)|T = ∇(v|T ). It is also 
onvenientto set V (h) = H2(Th) + Vh.The formulation of the SWIP method requires two parameters. As in the formulationof the usual IP method we introdu
e a s
alar- and single-valued fun
tion γF de�ned on

Fh. The purpose of this fun
tion is to penalize jumps a
ross interior fa
es and valuesat boundary fa
es. Additionally, we de�ne a s
alar- and double-valued fun
tion ωT,F for
T ∈ Th and F ⊂ ∂T , F ∈ F i

h. This fun
tion, whi
h is not present in the usual IP method,25



Chapitre 2. A Dis
ontinuous Galerkin method with weighted averagesis used to evaluate weighted averages of di�usive �uxes. On an interior fa
e F ∈ F i
h,the values taken by the two bran
hes of ωT,F are denoted by ωT∓(F ),F . Hen
eforth, it isassumed that for all F ∈ F i

h, both values are non-negative and that
ωT−(F ),F + ωT+(F ),F = 1. (2.6)For v ∈ V (h), we de�ne the weighted average of the di�usive �ux K∇hv on an interiorfa
e F ∈ F i

h as
{K∇hv}ω = ωT−(F ),F (K∇hv)

− + ωT+(F ),F (K∇hv)
+. (2.7)For 
onvenien
e, we extend the above de�nitions to boundary fa
es as follows: on F ∈ F∂Ω

h ,
ωT,F is single-valued and equal to 1, and we set {K∇v}ω = K∇v.The SWIP bilinear form Bh(·, ·) is de�ned on V (h) × V (h) as follows

Bh(v, w) = (K∇hv,∇hw)0,Ω + ((µ−∇·β)v, w)0,Ω − (v, β·∇hw)0,Ω

+
∑

F∈Fh

(
(γF [[v]], [[w]])0,F − (ntF {K∇hv}ω, [[w]])0,F − (ntF {K∇hw}ω, [[v]])0,F

)

+
∑

F∈Fh

(β·nF {v}, [[w]])0,F . (2.8)The SWIP bilinear form 
an equivalently be expressed, after integrating the adve
tivederivative by parts, as
Bh(v, w) = (K∇hv,∇hw)0,Ω + (µv,w)0,Ω + (β·∇hv, w)0,Ω

+
∑

F∈Fh

(
(γF [[v]], [[w]])0,F − (ntF {K∇hv}ω, [[w]])0,F − (ntF {K∇hw}ω, [[v]])0,F

)

−
∑

F∈Fh

(β·nF {w}, [[v]])0,F . (2.9)Both (2.8) and (2.9) will be used in the analysis. The dis
rete problem 
onsists of �nding
uh ∈ Vh su
h that

Bh(uh, vh) = (f, vh)0,Ω ∀vh ∈ Vh. (2.10)The penalty parameter γF is de�ned as
∀F ∈ Fh, γF = α

γK,F
hF

+ γβ,F , (2.11)
26



2.2. The SWIP methodwhere α is a positive s
alar (α 
an also vary from fa
e to fa
e) and where
∀F ∈ F i

h, γK,F = (ωT−(F ),F )2δK,F− + (ωT+(F ),F )2δK,F+ (2.12)
∀F ∈ F∂Ω

h , γK,F = δK,F , (2.13)
∀F ∈ Fh, γβ,F = 1

2 |β·nF |, (2.14)with δK,F∓ = ntFK
∓nF if F ∈ F i

h and δK,F = ntFKnF if F ∈ F∂Ω
h . Note that the 
hoi
e for

γβ,F amounts to the usual upwind s
heme to stabilize the adve
tive derivative. As for anysymmetri
 IP method, the size of the penalty parameter α is assumed to be large enough.This assumption is made for the rest of this work. The minimal value for α depends on thea
tual value of the 
onstant arising in the tra
e inequality (2.17) stated below; it 
an bedetermined from the proof of Lemma 2.1 to ensure 
oer
ivity. Be
ause they are standard,these developments are omitted.For the error analysis in the energy norm (see Se
tion 2.3), no other assumption than(2.6) is made for the weights. In parti
ular, it is possible to 
hoose ωT∓(F ),F = 1
2 , in whi
h
ase the SWIP bilinear form Bh redu
es to the standard IP bilinear form with the penaltyparameter s
aling as the standard average of the di�usivity in the normal dire
tion; thismethod has been analyzed in [53℄. Note also that the 
hoi
e made in [59℄ for the penaltyparameter is di�erent sin
e it involves the maximum eigenvalue of K.For the error analysis in the adve
tive derivative (see Se
tion 2.4), a spe
i�
 
hoi
e ofthe weights di�ering from ωT∓(F ),F = 1

2 has to be made to yield robust error estimateswith respe
t to the di�usivity. Spe
i�
ally, we shall set
ωT−(F ),F =

δK,F+

δK,F+ + δK,F−
, ωT+(F ),F =

δK,F−

δK,F+ + δK,F−
, (2.15)and thus

∀F ∈ F i
h, γK,F =

δK,F+δK,F−

δK,F+ + δK,F−
. (2.16)Note that with this 
hoi
e γK,F = ωT−(F ),F δK,F− = ωT+(F ),F δK,F+, and that 2γK,F is theharmoni
 average of the normal 
omponent of the di�usivity tensor a
ross the interfa
e.Observe also that γK,F ≤ inf(δK,F−, δK,F+), a point that be
omes important to ensure eventhe 
onsisten
y of the method when the di�usivity is a
tually allowed to vanish lo
ally,see [38℄. The numeri
al results presented in Se
tion 2.5 show that also in the energy norm,the DG method behaves better if the weights are 
hosen a

ording to (2.15). Hen
e, were
ommend this 
hoi
e whenever the di�usivity exhibits heterogeneities.27



Chapitre 2. A Dis
ontinuous Galerkin method with weighted averages2.3 Error analysis in the energy normThe goal of this se
tion is to establish an error estimate for the SWIP method in theenergy norm, the estimate being robust with respe
t to heterogeneities and anisotropiesin the di�usivity. The analysis is performed using fairly standard arguments, i.e., byestablishing 
oer
ivity, 
onsisten
y and 
ontinuity properties for the SWIP bilinear formin the spirit of Strang's Se
ond Lemma [42℄.In the sequel, the symbol . indi
ates an inequality involving a positive 
onstant Cindependent of the mesh family and of the di�usivity. The 
onstant C 
an depend on
‖β‖[W 1,∞(Ω)]d , ‖µ‖L∞(Ω), µ−1

0 (see (2.3)), and the shape-regularity of the mesh family.Without loss of generality, it 
an be assumed that the problem data is normalized sothat ‖β‖[W 1,∞(Ω)]d is of order unity. We will not be 
on
erned with the dependen
y on
‖µ‖L∞(Ω) sin
e we are not interested in strong rea
tion regimes. The dependen
y on µ−1

0
an be addressed by means of Poin
aré inequalities; this will not be further dis
ussed here.Owing to the shape-regularity of the mesh family, the following inverse tra
e and inverseinequalities hold: For all T ∈ Th and for all vh ∈ Vh,
‖vh‖0,∂T . h

−
1
2

T ‖vh‖0,T , (2.17)
‖∇hvh‖0,T . h−1

T ‖vh‖0,T , (2.18)whi
h result from the shape regularity of the mesh family {Th}h>0.For a fun
tion v ∈ V (h), we 
onsider the following jump seminorms
|[[v]]|2σ =

∑

F∈Fh

|[[v]]|2σ,F , |[[v]]|2σ,F = (σ[[v]], [[v]])0,F , (2.19)with σ := γβ,F , σ := γK,F or σ := γF . The natural energy norm with whi
h to equip V (h)is
‖v‖h,B = ‖v‖0,Ω + ‖κ∇hv‖0,Ω + |[[v]]|γF

(2.20)where κ denotes the (unique) symmetri
 positive de�nite tensor-valued �eld su
h that
κ2 = K a.e. in Ω.Lemma 2.1. (Coer
ivity) The bilinear form Bh is ‖·‖h,B-
oer
ive, i.e., for all vh ∈ Vh,

Bh(vh, vh) & ‖vh‖2
h,B. (2.21)
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2.3. Error analysis in the energy normProof. Let vh ∈ Vh. Taking v = w = vh in (2.8) yields
Bh(vh, vh) = ‖κ∇hvh‖2

0,Ω + (µvh, vh)0,Ω − ((∇·β)vh, vh)0,Ω − (vh, β·∇hvh)0,Ω

+ |[[vh]]|2γF
−
∑

F∈Fh

2(ntF {K∇vh}ω, [[vh]])0,F +
∑

F∈Fh

(β·nF {vh}, [[vh]])0,F .(2.22)Integrating by parts the fourth term on the right hand side of (2.22) and owing to hypoth-esis (2.3), we obtain
(µvh, vh)0,Ω − ((∇·β)vh, vh)0,Ω − (vh, β·∇hvh)0,Ω (2.23)

+
∑

F∈Fh

(β·nF {vh}, [[vh]])0,F = ((µ− 1
2∇·β)vh, vh)0,Ω & ‖vh‖2

0,Ω.Consider now the sixth term in the right-hand side of (2.22). Let F ∈ Fh. First, observethat owing to Young's inequality
|2(ntFωT∓(F ),F (K∇hvh)

∓, [[vh]])0,F | = |2((κ∇hvh)
∓, ωT∓(F ),Fκ

∓nF [[vh]])0,F |

≤ hFα0‖(κ∇hvh)
∓‖2

0,F +
1

α0

(
(ωT∓(F ),F )2δK,F∓

hF
[[vh]], [[vh]]

)

0,F

,where α0 > 0 
an be 
hosen as small as needed. Using the tra
e inverse inequality (2.17)and the de�nition of γK,F (2.12)-(2.13) yields
|2(ntF {K∇hvh}ω, [[vh]])0,F | . α0‖κ∇hvh‖2

0,T (F ) +
1

α0hF
|[[vh]]|2γK,F

.The end of the proof is 
lassi
al sin
e α in (2.11) 
an be 
hosen to be large enough.Lemma 2.2. (Consisten
y) Let u solve (2.2) and let uh solve (2.10). Assume that u ∈
H2(Th). Then

∀vh ∈ Vh, Bh(u− uh, vh) = 0 (2.24)Proof. Let vh ∈ Vh. Sin
e u ∈ H1
0 (Ω), (2.9) yields

Bh(u, vh) = (K∇u,∇hvh)0,Ω + (µu, vh)0,Ω + (β·∇u, vh)0,Ω −
∑

F∈Fh

(ntF {K∇u}ω, [[vh]])0,F .Using the fa
t that ntFK∇u is 
ontinuous on interior fa
es yields ntF {K∇u}ω = (ωT−(F ),F+

ωT+(F ),F )ntFK∇u = ntFK∇u owing to (2.6). Hen
e, integrating by parts leads to
(K∇u,∇hvh)0,Ω −

∑

F∈Fh

(ntF {K∇u}ω, [[vh]])0,F = −
∑

T∈Th

(∇·(K∇u), vh)0,T .
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Chapitre 2. A Dis
ontinuous Galerkin method with weighted averagesAs a result,
Bh(u, vh) =

∑

T∈Th

(−∇·(K∇u) + β·∇u+ µu, vh)0,T = (f, vh)0,Ω = Bh(uh, vh),yielding (2.24).We now establish a 
ontinuity property for the SWIP bilinear form Bh. To this purpose,we introdu
e on V (h) the norm
‖v‖

h,
1
2

= ‖v‖h,B +



∑

T∈Th

‖v‖2
0,∂T




1
2

+



∑

T∈Th

hT ‖κ∇hv‖2
0,∂T




1
2

. (2.25)Let V ⊥
h = {v ∈ V (h),∀vh ∈ Vh, (v, vh)0,Ω = 0}.Lemma 2.3. (Continuity) The following holds:

∀(v, wh) ∈ V ⊥
h × Vh, |Bh(v, wh)| . ‖v‖

h,
1
2
‖wh‖h,B. (2.26)Proof. Let (v, wh) ∈ V ⊥

h × Vh. The �rst two terms in (2.8) are easily bounded as
|(K∇hv,∇hwh)0,Ω| + |((µ−∇·β)v, wh)0,Ω| . ‖v‖h,B‖wh‖h,B.To bound the third term, let β be the pie
ewise 
onstant, ve
tor-valued �eld equal to themean value of β on ea
h T ∈ Th. Then,

(v, β·∇hwh)0,Ω = (v, β·∇hwh)0,Ω + (v, (β − β)·∇hwh)0,Ω

= (v, (β − β)·∇hwh)0,Ω,sin
e β·∇hwh ∈ Vh and v ∈ V ⊥
h . Moreover, sin
e β ∈ [W 1,∞(Ω)]d,

∀T ∈ Th, ‖β − β‖[L∞(T )]d . hT ,so that the inverse inequality (2.18) yields
|(v, β·∇hwh)0,Ω| . ‖v‖0,Ω‖wh‖0,Ω ≤ ‖v‖h,B‖wh‖h,B.Furthermore, pro
eeding as in the proof of Lemma 2.1 yields, for all F ∈ Fh,

|(ntF {K∇hv}ω, [[wh]])0,F | .




∑

T∈T (F )

h
1
2
T ‖κ∇hv‖0,∂T


h

−
1
2

F |[[wh]]|γK,F
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2.3. Error analysis in the energy normand
|(ntF {K∇hwh}ω, [[v]])0,F | . h

−
1
2

F |[[v]]|γK,F
‖κ∇hwh‖0,T (F ),so that

∑

F∈Fh

(
|(ntF {K∇v}ω, [[wh]])0,F | + |(ntF {K∇wh}ω, [[v]])0,F |

)
. ‖v‖

h,
1
2
‖wh‖h,B.For the remaining terms, we obtain

∑

F∈Fh

|(γF [[v]], [[wh]])0,F | +
∑

F∈Fh

|(β·nF {v}, [[wh]])0,F |

. |[[v]]|γF
|[[wh]]|γF

+
∑

F∈Fh

‖{v}‖0,F |[[wh]]|γβ,F
≤ ‖v‖

h,
1
2
‖wh‖h,B.This 
ompletes the proof sin
e ‖·‖h,B ≤ ‖·‖

h,
1
2
.Theorem 2.4. Let Πhu be the L2-proje
tion of u onto Vh. Then,

‖u− uh‖h,B . ‖u− Πhu‖h,12
. (2.27)Proof. Owing to Lemmata 2.1, 2.2 and 2.3,

‖uh − Πhu‖h,B .
Bh(uh − Πhu, uh − Πhu)

‖uh − Πhu‖h,B
=
Bh(u− Πhu, uh − Πhu)

‖uh − Πhu‖h,B
. ‖u− Πhu‖h,12

. (2.28)We 
omplete the proof by applying the triangle inequality and using the fa
t that ‖·‖h,B ≤
‖·‖

h,
1
2
.Remark. Estimate (2.27) yields an error upper bound in the natural energy norm witha 
onstant independent of the di�usivity tensor. Furthermore, if the exa
t solution issmooth enough lo
ally on ea
h mesh 
ell, namely u ∈ Hp+1(Th), it is readily seen usingstandard approximation properties for the L2-orthogonal proje
tor Πh, that the upperbound 
onverges as hp, whi
h is optimal.We now prove that under some assumptions, the error estimate in the L2-norm 
an beimproved using the Aubin-Nits
he duality argument. Let λm,K denote the lowest eigenvalueof K in Ω and set λM,K = max(1, λK) where λK denotes the largest eigenvalue of K in Ω.We introdu
e the following dual problem: seek ψ ∈ H1

0 (Ω) su
h that
(K∇v,∇ψ)0,Ω + (β·∇v, ψ)0,Ω + (µv, ψ)0,Ω = (v, u− uh)0,Ω ∀v ∈ H1

0 (Ω). (2.29)
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Chapitre 2. A Dis
ontinuous Galerkin method with weighted averagesWe assume that ellipti
 regularity holds in the broken H2-norm, namely that
‖ψ‖H2(Th) . λ−1

m,K‖u− uh‖0,Ω. (2.30)WhenK is uniform, it is well-known that the 
onvexity of Ω is su�
ient to guarantee (2.30).This is no longer the 
ase if K is dis
ontinuous. In this 
ase, (2.30) impli
itly amounts toadditional assumptions on the distribution of K inside Ω.Theorem 2.5. In the above framework,
‖u− uh‖0,Ω ≤

λ
1
2
M,K

λm,K
h

(
‖u− uh‖h,B + inf

wh∈Vh

‖u− wh‖h,B+

) (2.31)where for all v ∈ V (h),
‖v‖h,B+

= ‖v‖h,B +



∑

T∈Th

h2
T ‖∇hv‖2

0,T




1
2

+



∑

T∈Th

hT ‖κ∇hv‖2
0,∂T




1
2

. (2.32)Proof. Step (i): observe that for all v ∈ V (h), using (2.8) yields
Bh(v, ψ) = (K∇hv,∇ψ)0,Ω + ((µ−∇·β)v, ψ)0,Ω − (v, β·∇ψ)0,Ω −

∑

F∈Fh

(ntF {K∇ψ}ω, [[v]])0,F

=
∑

T∈Th

(v,−∇·(K∇ψ) − β·∇ψ + (µ−∇·β)ψ)0,T = (v, u− uh)0,Ω. (2.33)Step (ii): de�ne on V (h) the norm
‖v‖h,1 = ‖v‖

h,
1
2

+



∑

T∈Th

h−2
T ‖v‖2

0,T




1
2 (2.34)and let us prove that for all (v, w) ∈ V (h) × V (h),

|Bh(v, w)| . ‖v‖h,B+
‖w‖h,1. (2.35)Indeed, indi
ating by Ti, 1 ≤ i ≤ 7, the seven terms on the right-hand side of (2.9),and pro
eeding as in the proof of Lemma 2.3, it is 
lear that ∑i6=3 |Ti| . ‖v‖h,B+

‖w‖
h,

1
2
.Moreover,

|T3| = |(β·∇hv, w)0,Ω| .
∑

T∈Th

‖∇hv‖0,T ‖w‖0,T =
∑

T∈Th

hT ‖∇hv‖0,Th
−1
T ‖w‖0,T ≤ ‖v‖h,B+

‖w‖h,1.
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2.4. Error analysis for the adve
tive derivativeHen
e, (2.35) holds.Step (iii): taking v = u− uh in (2.33), applying Lemma 2.2 and using (2.35) yields for all
ψh ∈ Vh,

‖u− uh‖2
0,Ω = Bh(u− uh, ψ) = Bh(u− uh, ψ − ψh) . ‖u− uh‖h,B+

‖ψ − ψh‖h,1.Using standard interpolation results leads to
inf

ψh∈Vh

‖ψ − ψh‖h,1 . λ
1
2
M,Kh‖ψ‖H2(Th),and taking into a

ount (2.30) yields

‖u− uh‖0,Ω .
λ

1
2
M,K

λm,K
h‖u− uh‖h,B+

. (2.36)Using the inverse inequalities (2.17) and (2.18), we infer that for all vh ∈ Vh,
‖vh‖h,B+

. ‖vh‖h,B + ‖vh‖0,Ω + ‖κ∇hvh‖0,Ω . ‖vh‖h,B. (2.37)Applying the triangle inequality together with (2.37) leads to
‖u− uh‖h,B+

≤ ‖u− wh‖h,B+
+ ‖uh − wh‖h,B+

. ‖u− wh‖h,B+
+ ‖uh − wh‖h,B

. ‖u− wh‖h,B+
+ ‖u− uh‖h,B, (2.38)where wh is arbitrary in Vh. Substituting (2.38) into (2.36) yields (2.31).Corollary 2.6. If the exa
t solution u is in Hp+1(Th), then

‖u− uh‖0,Ω .
λM,K

λm,K
hp+1‖u‖Hp+1(Th). (2.39)Proof. Use Theorem 2.5 and standard approximation properties of Vh.2.4 Error analysis for the adve
tive derivativeWhen the di�usivity takes small values, it is no longer possible to 
ontrol the adve
tivederivative by means of Theorem 2.1. The goal of this se
tion is to obtain a 
ontrol of33



Chapitre 2. A Dis
ontinuous Galerkin method with weighted averagesthe error in the adve
tive derivative that is possibly robust with respe
t to the di�usivity.De�ne on V (h) the norm
‖v‖h,Bβ = ‖v‖h,B + ‖v‖h,β , (2.40)where

‖v‖h,β =



∑

T∈Th

hT ‖β·∇hv‖2
0,T




1
2

. (2.41)To prove a 
onvergen
e result in the ‖·‖h,Bβ-norm, the �rst step is to derive a stabilityproperty for the SWIP bilinear form Bh in this norm.Lemma 2.7. (Stability) De�ne
∀T ∈ Th, ∆K,T =





1 if ‖β‖[L∞(T )]d &
λM,T

hT
,

λM,T

λm,T
otherwise, (2.42)where λM,T and λm,T are respe
tively the maximum and the minimum eigenvalue of K|T .Set ∆K = maxT∈Th

∆K,T . Then,
inf

vh∈Vh\{0}
sup

wh∈Vh\{0}

Bh(vh, wh)

‖vh‖h,Bβ‖wh‖h,Bβ
& ∆−1

K . (2.43)Remark. We stress the fa
t that the inf-sup 
ondition is robust in the isotropi
 
ase andin the anisotropi
 
ase if the 
ell Pé
let numbers evaluated with the largest eigenvalue ofthe di�usivity tensor are large enough. Note also that the anisotropies are lo
al to themesh element, i.e., ratios of eigenvalues between adja
ent elements are not 
onsidered. Toa
hieve this result, the key point (see the 
ontrol of |[[πh]]|2γK,F
in the proof below) is thatthe 
hoi
e (2.15) for the weights yields γK,F ≤ inf(δK,F−, δK,F+).Proof. Let vh ∈ Vh and set S = supwh∈Vh\{0}

Bh(vh,wh)
‖wh‖h,Bβ

. We want to prove that ‖vh‖h,Bβ .

∆KS.Step (i): owing to Lemma 2.1, we infer that
‖vh‖2

h,B . S‖vh‖h,Bβ , (2.44)so it only remains to 
ontrol the adve
tive derivative in ‖vh‖h,Bβ .34



2.4. Error analysis for the adve
tive derivativeStep (ii): let πh ∈ Vh be su
h that for all T ∈ Th πh|T = hTβ·∇hvh where β is de�ned inthe proof of Lemma 2.3. Let us prove that
‖πh‖h,Bβ . ∆

1
2
K‖vh‖h,Bβ . (2.45)The inverse inequality (2.18) and the regularity of β yield for all T ∈ Th,

‖πh‖0,T . hT ‖β·∇hvh‖0,T + hT ‖vh‖0,T , (2.46)while the inverse inequality (2.17) yields for all F ∈ Fh

|[[πh]]|2γβ,F
.

∑

T∈T (F )

‖πh‖2
0,∂T .

∑

T∈T (F )

(
hT ‖β·∇hvh‖2

0,T + hT ‖vh‖2
0,T

)
.Hen
e, sin
e ∆K ≥ 1,

‖πh‖0,Ω + |[[πh]]|γβ,F
. ‖vh‖h,Bβ ≤ ∆

1

2

K‖vh‖h,Bβ .Let us estimate h−1
2

F |[[πh]]|γK,F
for all F ∈ Fh. Observe �rst that γK,F = ωT∓(F ),F δK,F∓ ≤

δK,F∓ if F ∈ F i
h and γK,F = δK,F if F ∈ F∂Ω

h . Hen
e, if there is a T ∈ Th(F ) su
h that
‖β‖[L∞(T )]d &

λM,T

hT
, then

h−1
F |[[πh]]|2γK,F

≤ h−1
F λM,T ‖[[πh]]‖2

0,F ≤
∑

T∈T (F )

(
hT ‖β·∇hvh‖2

0,T + hT ‖vh‖2
0,T

)
.Otherwise, for all F ∈ F i

h,
h−1
F γK,F [[πh]]

2 . hFγK,F
(
((β·∇hvh)

−)2 + ((β·∇hvh)
+)2
)

. hF
(
δK,F−((β·∇hvh)

−)2 + δK,F+((β·∇hvh)
+)2
)
,and similarly for F ∈ F∂Ω

h . Hen
e, using the tra
e inverse inequality (2.17),
h−1
F |[[πh]]|2γK,F

.
∑

T∈T (F )

λM,T ‖∇hvh‖2
0,T .

∑

T∈T (F )

λM,T

λm,T
‖κ∇hvh‖2

0,T .Thus, |[[πh]]|γF
. ∆

1
2
K‖vh‖h,Bβ . Furthermore, sin
e κ is pie
ewise 
onstant,
‖κ∇hπh‖0,T = hT ‖β·∇h(κ∇hvh)‖0,T . ‖κ∇hvh‖0,T ,35



Chapitre 2. A Dis
ontinuous Galerkin method with weighted averagesimplying that ‖κ∇hπh‖0,Ω . ‖vh‖h,B. Finally, the adve
tive derivative of πh is 
ontrolledby
‖πh‖2

h,β .
∑

T∈Th

h−1
T ‖πh‖2

0,T . ‖vh‖2
h,Bβ ,owing to (2.46). This proves (2.45).Step (iii): we 
an now examine the term ‖vh‖2

h,β by making use of (2.9):
‖vh‖2

h,β = Bh(vh, πh) − (K∇hvh,∇hπh)0,Ω − (µvh, πh)0,Ω

+
∑

T∈Th

(β·∇hvh, hTβ·∇hvh − πh)0,T +
∑

F∈Fh

(β·nF {πh}, [[vh]])0,F

+
∑

F∈Fh

(
(ntF {K∇hvh}ω, [[πh]])0,F + (ntF {K∇hπh}ω, [[vh]])0,F − (γF [[vh]], [[πh]])0,F

)

= Bh(vh, πh) + T1 + T2 + T3 + T4 + T5 + T6 + T7.We observe that
|Bh(vh, πh)| ≤ S‖πh‖h,Bβ ≤ S∆

1
2
K‖vh‖h,Bβ.It is also 
lear that, using (2.44),

|T1| + |T2| + |T5| + |T6| + |T7| . ‖vh‖h,B‖πh‖h,B . S
1
2 ∆

1
2
K‖vh‖

3

2

h,Bβ .Furthermore, using the inverse inequality (2.17) together with (2.46) yields
|T4| . |[[vh]]|γβ,F



∑

T∈Th

‖πh‖2
0,∂T




1
2

. |[[vh]]|γβ,F



∑

T∈Th

h−1
T ‖πh‖2

0,T




1
2

. ‖vh‖h,B‖vh‖h,Bβ . S
1
2 ‖vh‖

3

2

h,Bβ.Finally,
|T3| ≤

∑

T∈Th

hT |(β·∇hvh, (β − β)·∇hvh)0,T | .
∑

T∈Th

h2
T ‖β·∇hvh‖0,T ‖∇hvh‖0,T

.
∑

T∈Th

hT ‖β·∇hvh‖0,T ‖vh‖0,T . ‖vh‖h,Bβ‖vh‖0,Ω . S
1
2 ‖vh‖

3

2

h,Bβ .
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2.5. Numeri
al testsHen
e,
‖vh‖2

h,Bβ . ‖vh‖2
h,B + ‖vh‖2

h,β

. S‖vh‖h,Bβ + S∆
1
2
K‖vh‖h,Bβ + S

1
2 ∆

1
2
K‖vh‖

3

2

h,Bβ + S
1
2 ‖vh‖

3

2

h,Bβ

. S∆
1
2
K‖vh‖h,Bβ + S

1
2 ∆

1
2
K‖vh‖

3

2

h,Bβ ,where we have used the fa
t that ∆K ≥ 1 in the last step. Applying twi
e Young'sinequality yields the desired result.Pro
eeding as above, the following result is readily inferred:Theorem 2.8. In the above framework,
‖u− uh‖h,Bβ . ∆K inf

vh∈Vh

‖u− vh‖h,12β
, (2.47)where, for all v ∈ V (h),

‖v‖
h,

1
2β

= ‖v‖h,Bβ +



∑

T∈Th

‖v‖2
0,∂T




1
2

+



∑

T∈Th

hT ‖κ∇hv‖2
0,∂T




1
2

. (2.48)Remark. Estimate (2.47) yields an error upper bound on the adve
tive derivative with a
onstant depending on ∆K . Robustness is re
overed whenever ∆K = 1, i.e., when workingwith an isotropi
 di�usivity tensor or when the 
ell Pé
let numbers evaluated with thelargest eigenvalue of the di�usivity tensor are large enough. Furthermore, if u ∈ Hp+1(Th),the upper bound 
onverges as hp+ 1

2 , whi
h is optimal.2.5 Numeri
al tests2.5.1 A test 
ase with dis
ontinuous 
oe�
ientsTo verify the 
onvergen
e of the SWIP method and to make quantitative 
omparisonsbetween this and other IP methods, we 
onsider the test problem proposed in [25℄, featuringdis
ontinuous 
oe�
ients and where the exa
t solution is known analyti
ally. We split thedomain Ω = [0, 1]× [0, 1] into two subdomains: Ω1 = [0, 1
2 ]× [0, 1], Ω2 = [12 , 1]× [0, 1]. Thedi�usivity tensor K is 
onstant within ea
h subdomain, and de�ned as

K(x, y) =

(
ǫ(x) 0

0 1.0

)

37



Chapitre 2. A Dis
ontinuous Galerkin method with weighted averageswhere ǫ(x) is a dis
ontinuous fun
tion a
ross the interfa
e x = 1
2 . Indi
ating with thesubs
ript 1 (resp. 2) the restri
tion to the subdomain Ω1 (resp. Ω2), we will 
onsiderdi�erent values of ǫ1, while ǫ2 is set equal to 1. Letting β = (1, 0)t, µ = 0 and f = 0, theexa
t solution is independent of the y-
oordinate, and is exponential with respe
t to the

x-
oordinate. The following 
onditions must be satis�ed at the interfa
e between the twosubdomains:
lim
x→

1
2

−
u(x, y) = lim

x→
1
2

+
u(x, y), and lim

x→
1
2

−
−ǫ1∂xu(x, y) = lim

x→
1
2

+
−∂xu(x, y).Setting u(0, y) = 1, u(1, y) = 0 and applying the mat
hing 
onditions, we obtain the valueof the exa
t solution at the interfa
e:

u
(

1
2 , y
)

=
exp( 1

2ǫ1
)

1 − exp( 1
2ǫ1

)

(
exp( 1

2ǫ1
)

1 − exp( 1
2ǫ1

)
+

1

1 − exp(1
2)

)−1

.As a result, the exa
t solution in ea
h subdomain 
an be expressed as
u1(x, y) =

u(1
2 , y) − exp( 1

2ǫ1
) + (1 − u(1

2 , y)) exp( xǫ1 )

1 − exp( 1
2ǫ1

)
,

u2(x, y) =
− exp(1

2)u(1
2 , y) + u(1

2 , y) exp(x− 1
2)

1 − exp(1
2)

.

h ‖u− uh‖h,B ‖u− uh‖h,β ‖u− uh‖0,Ω0.1000 1.62e-01 1.49e-01 6.94e-030.0500 7.96e-02 5.45e-02 2.11e-030.0250 3.67e-02 1.87e-02 4.80e-040.0125 1.70e-02 6.37e-03 1.21e-04order 1.11 1.55 1.98Table 2.1: Convergen
e rates of the SWIP method, p = 138



2.5. Numeri
al tests
h ‖u− uh‖h,B ‖u− uh‖h,β ‖u− uh‖0,Ω0.1000 2.31e-02 2.15e-02 6.80e-040.0500 4.63e-03 3.31e-03 4.29e-050.0250 1.17e-03 5.93e-04 5.20e-060.0125 2.95e-04 1.05e-04 6.41e-07order 1.99 2.49 3.02Table 2.2: Convergen
e rates of the SWIP method, p = 2To assess the a

ura
y of the SWIP method with respe
t to the mesh-size, we 
onsider afamily of uniform triangulations {Th}h>0 whi
h are 
onforming with respe
t to the interfa
ebetween Ω1 and Ω2. These triangulations are obtained starting from a uniform partitionof ∂Ω in sub-intervals of length h = 0.1, h = 0.05, h = 0.025 and h = 0.0125 respe
tively.The value of the penalty parameter α is hen
eforth set to α = 1.0 for P1 elements and

α = 4.0 for P2 elements. The numeri
al results obtained with ǫ1 = 0.1 are reported inTables 2.1 and 2.2, where the order of 
onvergen
e is 
omputed with respe
t to the last tworows of ea
h table. We observe that the SWIP method exhibits the orders of 
onvergen
epredi
ted by the theory.method ‖u− uh‖h,B ‖u− uh‖h,β ‖u− uh‖0,Ω MSWIP 1.583e-01 1.505e-01 4.586e-03 9.555e-04IP-A 1.483e-01 1.403e-01 5.153e-03 5.882e-03IP-B 1.338e-01 1.378e-01 5.903e-03 5.882e-03Table 2.3: Comparison of SWIP and IP methods: ǫ1 = 5e-2, p = 1method ‖u− uh‖h,B ‖u− uh‖h,β ‖u− uh‖0,Ω MSWIP 4.917e-01 1.280 1.474e-02 6.594e-02IP-A 5.886e-01 1.303 4.973e-02 4.373e-01IP-B 6.625e-01 1.634 7.553e-02 4.173e-01Table 2.4: Comparison of SWIP and IP methods: ǫ1 = 5e-3, p = 139



Chapitre 2. A Dis
ontinuous Galerkin method with weighted averagesmethod ‖u− uh‖h,B ‖u− uh‖h,β ‖u− uh‖0,Ω MSWIP 4.33e-01 1.44e+00 1.69e-02 6.72e-02IP-A 6.05e-01 1.54e+00 3.77e-02 1.85e-01IP-B 6.52e-01 1.71e+00 4.52e-02 1.86e-01Table 2.5: Comparison of SWIP and IP methods: ǫ1 = 5e-3, p = 2We have also 
ompared the SWIP method with two IP methods. The �rst method (IP-A) 
orresponds to the SWIP method with weights ωT∓(F ),F = 1
2 . The penalty parameter

γK,F is thus the arithmeti
 average of the di�usivity in the dire
tion normal to the fa
e.This method was analyzed in [53℄. The se
ond method (IP-B), proposed in [59℄, di�ersfrom IP-A in the 
hoi
e of the penalty parameter: γK,F is the arithmeti
 average of themaximum eigenvalue of K on the triangles sharing the fa
e F . We 
onsider a uniformtriangulation Th 
hara
terized by h = 0.05. The quantitative analysis is based on thenorms ‖·‖h,B, ‖·‖h,β , ‖·‖0,Ω and the indi
ator
M = max(|max

Ω
(uh) − max

Ω
(u)|, |min

Ω
(uh) − min

Ω
(u)|) (2.49)whi
h quanti�es overshoots and undershoots of the 
al
ulated solution. The numeri
alresults for p = 1 are found in Tables 2.3, 2.4, and in Figure 2.1. Table 2.3 deals withthe 
ase ǫ1 = 5e-2; the inner layer is not very sharp and is resolved by the meshes under
onsideration. The three methods deliver similar results for all the quantities of interest.As the inner layer be
omes sharper (ǫ1 = 5e-3, Table 2.4), the SWIP s
heme performsbetter than the other IP methods, espe
ially in the L2-norm and in the indi
ator M .The reason is that the weights permit sharper dis
ontinuities in the 
al
ulated solution,leading to smaller os
illations in the internal layer, whereas the other IP methods for
e thedis
rete solution to be almost 
ontinuous. As 
an be observed in Figure 2.1, this limitationpromotes instabilities in the neighborhood of the internal layer. The spurious os
illationsgenerated in the 
ase ǫ1 = 5e-3 lead to an overshoot of about 40%. The robustness of theSWIP method with respe
t to standard IP s
hemes is also 
on�rmed by further numeri
altests 
on
erning vanishing values of ǫ1 (Figure 2.2). Finally, Table 2.5 presents the resultsfor ǫ1 = 5e-3 and p = 2. Here we use a 
oarser mesh yielding approximately the samenumber of degrees of freedom as in the tests with linear polynomials. Then, the same
on
lusion as for p = 1 
an be rea
hed. As the mesh is further re�ned (or the polynomialdegree is further in
reased), the approximation spa
e eventually be
omes ri
h enough to
ompletely 
apture the internal layer, and the three methods exhibit a similar behavior.40
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1Figure 2.1: Graphi
al 
omparison between the methods SWIP and IP-A. The test 
ase with ǫ1 = 5e-2is reported on the left while the 
ase with ǫ1 = 5e-3 is on the right. In both 
ases ǫ2 = 1. Ea
h 
olumnshows the one-dimensional exa
t solution u(x) of the test problem (top) and the numeri
al approximation
uh obtained with the methods SWIP (
enter) and IP-A (bottom), by means of pie
ewise-linear elements(p = 1). The 
ase IP-B has been omitted sin
e it is qualitatively equivalent to IP-A.41
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Figure 2.2: The norm ‖·‖0,Ω and the indi
ator (2.49) (denoted by M ) are plotted for thevalues ǫ1 = 2−i, i = 0, . . . , 16. The methods SWIP, IP-A and IP-B are 
ompared withrespe
t to these indi
ators for linear (top) and quadrati
 elements (bottom).
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2.5. Numeri
al tests2.5.2 A test 
ase with genuine anisotropi
 properties
K22

K11

Ω1

Ω4

K22

K11

Ω2

Ω3

Figure 2.3: Test 
ase with genuine anisotropi
 properties. On the left, an illustration of thedomain and its subregions together with a synopti
 des
ription of the di�usivity tensor.The adve
tion �eld β is shown on the right.To 
on
lude the sequen
e of numeri
al tests, we 
onsider a test 
ase with genuine anisotropi
properties. Be
ause of the 
omplexity of the problem, it is not possible to 
ompute ana-lyti
ally the exa
t solution. Consequently, the 
omparison between the SWIP and the IPmethods will only be qualitative.We 
onsider the unit square Ω = [0, 1]× [0, 1] split into four subdomains: Ω1 = [0, 2
3 ]×

[0, 2
3 ], Ω2 = [23 , 1]× [0, 2

3 ], Ω3 = [23 , 1]× [23 , 1] and Ω4 = [0, 2
3 ]× [23 , 1]. The di�usivity tensor

K takes di�erent values in ea
h subregion:
K(x, y) =

(
1e−6 0

0 1.0

) for (x, y) ∈ Ω1, Ω3,

K(x, y) =

(
1.0 0

0 1e−6

) for (x, y) ∈ Ω2, Ω4.The adve
tion �eld is solenoidal and given by β = (βx, βy)
t with βx = 40x(2y − 1)(x− 1)and βy = −40y(2x − 1)(y − 1). Unlike the previous test 
ase, we note that the �eld βis neither 
onstant nor orthogonal to the interfa
es of dis
ontinuity of K, but it is stilloriented along the dire
tion of in
reasing di�usivity, thus triggering internal layers. Thefor
ing term only depends on the radial 
oordinate originating at the 
enter of Ω in the form43



Chapitre 2. A Dis
ontinuous Galerkin method with weighted averages
f(x, y) = 10−2 exp(−(r− 0.35)2/0.005) with r2 = (x− 0.5)2 + (y− 0.5)2; this 
orrespondsto a Gaussian hill with 
enter at r = 0.35. Finally, we 
hoose µ = 1. For the simulations,we 
onsider a quasi-uniform mesh with h = 0.025. The mesh is 
onforming with respe
tto the dis
ontinuities of K. A qualitative representation of the data is found in Figure 2.3.

In the left 
olumn of Figure 2.4 we 
ompare the solutions obtained with the SWIP andthe IP methods. The 
ontour plots of the numeri
al solutions 
on�rm that the methodsat hand behave di�erently in the neighborhood of the interfa
es where the tensor K isdis
ontinuous. We observe that the SWIP s
heme approximates the internal layers bymeans of jumps, while the IP s
hemes attempt to re
over a numeri
al solution whi
h isalmost 
ontinuous. Sin
e the 
omputational mesh is insu�
iently re�ned, the s
heme IP-A generates some slight undershoots near the interfa
es where K is dis
ontinuous. Forthe IP-B method the os
illations generated by the approximation of the internal layer aremu
h more evident and propagate quite far away from the interfa
es. This behavior 
an beexplained by observing that this type of penalty does not distinguish between the prin
ipaldire
tions of the di�usivity tensor. Consequently, an ex
essive penalty is applied along thedire
tion of low di�usivity.
To strengthen these 
on
lusions, we also 
onsider a numeri
al test where the adve
tion�eld is the opposite of the one reported in Figure 2.3, i.e. it rotates 
lo
kwise. Following thisadve
tion �eld along the interfa
es between subdomains, the di�usivity de
reases. These
onditions lead to an exa
t solution whi
h is smooth in the neighborhood of the interfa
es.In this 
ase, the three methods are expe
ted to behave similarly, as is 
on�rmed by thenumeri
al results reported in the right 
olumn of Figure 2.4.44



2.5. Numeri
al tests

0 1
0

1

−1e−06

6.66e−05

0.000134

0.000202

0.000269

0.000337

0.000405

0.000472

0.00054

0.000607

0.000675

0

1

0 1
0

1

−7e−06

6.68e−05

0.000141

0.000214

0.000288

0.000362

0.000436

0.00051

0.000583

0.000657

0.000731

0

1

0 1
0

1

−3e−06

6.42e−05

0.000131

0.000199

0.000266

0.000333

0.0004

0.000467

0.000535

0.000602

0.000669

0

1

0 1
0

1

−6e−06

6.71e−05

0.00014

0.000213

0.000286

0.000359

0.000433

0.000506

0.000579

0.000652

0.000725

0

1

0 1
0

1

−3.3e−05

3.68e−05

0.000107

0.000176

0.000246

0.000316

0.000386

0.000456

0.000525

0.000595

0.000665

0

1

0 1
0

1

−7.6e−05

2.6e−06

8.12e−05

0.00016

0.000238

0.000317

0.000396

0.000474

0.000553

0.000631

0.00071

0

1

Figure 2.4: Test 
ase with genuine anisotropi
 properties. The adve
tion �eld rotates
ounter
lo
kwise on the left (see �gure 2.3) and 
lo
kwise on the right. The solutionobtained by the SWIP s
heme is shown on the top while those relative to the IP-A andIP-B methods are depi
ted below.
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Chapitre 2. A Dis
ontinuous Galerkin method with weighted averages2.6 Con
luding remarksThe SWIP method analyzed in this paper is a DG method with weighted averages designedto approximate satisfa
torily adve
tion-di�usion-rea
tion equations with anisotropi
 andlo
ally small di�usivity. A thorough a priori error analysis has been 
arried out, yieldingrobust and optimal error estimates that have been supported by numeri
al eviden
e. TheSWIP method is an interesting alternative to other IP methods sin
e it 
an approximatemore sharply under-resolved internal layers 
aused by lo
ally small di�usivity.
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Chapitre 3A posteriori energy-norm errorestimateSubmitted to Journal of Computational Mathemati
s under the title `A posteriori energy-norm errorestimates for adve
tion-di�usion equations approximated by weighted interior penalty methods'.Alexandre Ern1 and Annette F. Stephansen1,2Abstra
t: We propose and analyze a posteriori energy-norm error estimates for weighted interiorpenalty dis
ontinuous Galerkin approximations to adve
tion-di�usion-rea
tion equations with het-erogeneous and anisotropi
 di�usion. The weights, whi
h play a key role in the analysis, depend onthe di�usion tensor and are used to formulate the 
onsisten
y terms in the dis
ontinuous Galerkinmethod. The error upper bounds, in whi
h all the 
onstants are spe
i�ed, 
onsist of three terms:a residual estimator whi
h depends only on the elementwise �u
tuation of the dis
rete solutionresidual, a di�usive �ux estimator where the weights used in the method enter expli
itly, anda non-
onforming estimator whi
h is nonzero be
ause of the use of dis
ontinuous �nite elementspa
es. The three estimators 
an be bounded lo
ally by the approximation error. A parti
ularattention is given to the dependen
y on problem parameters of the 
onstants in the lo
al lowererror bounds. For moderate adve
tion, it is shown that full robustness with respe
t to di�usionheterogeneities is a
hieved owing to the spe
i�
 design of the weights in the dis
ontinuous Galerkinmethod, while di�usion anisotropies remain purely lo
al and impa
t the 
onstants through thesquare root of the 
ondition number of the di�usion tensor. For dominant adve
tion, it is shown,1Cermi
s, E
ole des Ponts, ParisTe
h, 6 et 8 avenue Blaise Pas
al, Champs sur Marne, 77455 Marne laVallée Cedex 2, Fran
e.2Andra, Par
 de la Croix-Blan
he, 1-7 rue Jean Monnet, 92298 Châtenay-Malabry 
edex, Fran
e.47



Chapitre 3. A posteriori energy-norm error estimatein the spirit of previous work by Verfürth on 
ontinuous �nite elements, that the 
onstants arebounded by the square root of the lo
al Pé
let number.3.1 Introdu
tionIn this work, we are interested in a posteriori energy-norm error estimates for a parti
ular
lass of dis
ontinuous Galerkin (DG) approximations of the adve
tion-di�usion-rea
tionequation



−∇·(K∇u) + β·∇u+ µu = f in Ω,

u = 0 on ∂Ω,
(3.1)where for simpli
ity homogeneous Diri
hlet boundary 
onditions are 
onsidered. Here,

Ω is a polygonal domain in R
d with boundary ∂Ω, µ ∈ L∞(Ω), β ∈ [L∞(Ω)]d with

∇·β ∈ L∞(Ω), µ̃ := µ − 1
2∇·β is assumed to be nonnegative, the di�usion tensor K is asymmetri
, uniformly positive de�nite �eld in [L∞(Ω)]d,d and f ∈ L2(Ω). Owing to theabove assumptions, (3.1) is well-posed.DG methods re
eived extensive interest in the past de
ade, in parti
ular be
ause of the�exibility they o�er in the 
onstru
tion of approximation spa
es using non-mat
hing meshesand variable polynomial degrees. For di�usion problems, various DG methods have beenanalyzed, in
luding the Symmetri
 Interior Penalty method [10, 15℄, the Nonsymmetri
method with [90℄ or without [78℄ penalty, and the Lo
al Dis
ontinuous Galerkin method[33℄; see [9℄ for a uni�ed analysis. For linear hyperboli
 problems (e.g., adve
tion�rea
tion),one of the most 
ommon approa
hes is to use upwind �uxes to formulate the DG method[61, 68℄. A uni�ed theory of DG approximations en
ompassing ellipti
 and hyperboli
PDE's 
an be found in [43, 44℄. The approximation of the adve
tion-di�usion-rea
tionproblem (3.1) using DG methods has been analyzed in [59℄ and more re
ently in [45℄ witha fo
us on the high Pé
let regime with isotropi
 and uniform di�usion. The 
ase of high
ontrasts in the di�usivity poses additional di�
ulties. Re
ently, a (Symmetri
) WeightedInterior Penalty method has been proposed and analyzed to approximate satisfa
torily (3.1)in this situation [51℄. The key idea is to use weighted averages (depending on the normaldi�usivities at the two mesh elements sharing a given interfa
e) to formulate the 
onsisten
yterms and to penalize the jumps of the dis
rete solution by a fa
tor proportional to theharmoni
 mean of the neighboring normal di�usivities; the idea of using weighted interiorpenalties in this 
ontext 
an be tra
ed ba
k to [25℄.48



3.1. Introdu
tionThe present paper addresses the a posteriori error analysis of the weighted interiorpenalty method. Many signi�
ant advan
es in the a posteriori error analysis of DG meth-ods have been a

omplished in the past few years. For energy-norm estimates, we refer tothe pioneering work of Be
ker, Hansbo and Larson [20℄ and that of Karakashian and Pas-
al [62℄, while further developments 
an be found in the work of Ainsworth [3,4℄ regardingrobustness with respe
t to di�usivity and that of Houston, S
hötzau and Wihler [58℄ re-garding the hp-analysis; see also [26,93℄. Furthermore, for L2-norm estimates, we mentionthe work of Be
ker, Hansbo and Stenberg [21℄, that of Rivière and Wheeler [87℄, and thatof Castillo [29℄. Broadly speaking, two approa
hes 
an be undertaken to derive a poste-riori energy-norm error estimates; in [3, 20, 26℄, a Helmholtz de
omposition of the error isused, following a te
hnique introdu
ed in [27, 35℄, while the analysis in [58, 62℄ relies moredire
tly on identifying a 
onforming part in the dis
rete solution. The analysis presentedherein will be 
loser to the latter approa
h. We also mention re
ent work relying on there
onstru
tion of a di�usive �ux; see [50,67℄.This paper is organized as follows. �3.2 presents the dis
rete setting, in
luding theweighted interior penalty bilinear form used to formulate the dis
rete problem. �3.3 
on-tains the main results of this work. The starting point is the abstra
t framework for aposteriori error estimates presented in �3.3.1 and whi
h is 
losely inspired by the work ofVohralík for mixed �nite element dis
retizations [102℄. Then, �3.3.2 addresses the 
ase ofpure di�usion with heterogeneous and possibly anisotropi
 di�usivity. We derive an upperbound for the error 
onsisting of three error indi
ators, i.e. a residual, a di�usive �uxand a non-
onforming one. This form is similar to that obtained in previous work. Thekey point however is that the di�usive �ux error indi
ators also provide lo
al lower errorbounds that are fully robust with respe
t to di�usivity heterogeneities and that depend onthe lo
al (elementwise) degree of anisotropy; see Propositions 3.4 and 3.5. A key ingredientto obtain this result is the use of weighted averages in writing the 
onsisten
y term. �3.3.3extends the previous analysis to the adve
tion-di�usion-rea
tion problem. Here, the fo
usis set on a
hieving a 
ertain degree of robustness in the high Pé
let regime, namely thata
hieved by Verfürth [98℄ for a posteriori energy-norm error estimates with 
onforming�nite elements and SUPG stabilization. Although these estimates are not independentof the Pé
let number (see, e.g., [99℄ for fully robust estimates with suitable norm modi�-
ation), their present extension to DG methods 
onstitutes the �rst results of this type.Finally, numeri
al results are presented in �3.4.49



Chapitre 3. A posteriori energy-norm error estimate3.2 The dis
rete settingLet {Th}h>0 be a shape-regular family of a�ne triangulations 
overing exa
tly the polyg-onal domain Ω. The meshes Th may possess hanging nodes, as long as the number ofhanging nodes per mesh element is uniformly bounded. For meshes with hanging nodes,the shape-regularity must hold for a hierar
hi
al re�nement of the mesh without hangingnodes. This assumption is needed in the lo
al lower error bounds when using the approx-imation properties of the Oswald interpolate (see (3.35)�(3.36) below) and when workingwith edge bubble fun
tions (see, e.g., the proof of Proposition 3.5). A generi
 element in
Th is denoted by T , hT denotes the diameter of T and nT its outward unit normal. Let aninteger p ≥ 1. We 
onsider the usual DG approximation spa
e

Vh = {vh ∈ L2(Ω);∀T ∈ Th, vh|T ∈ Pp}, (3.2)where Pp is the set of polynomials of degree less than or equal to p. The L2-s
alar produ
tand its asso
iated norm on a region R ⊂ Ω are indi
ated by the subs
ript 0, R. For s ≥ 1,a norm (semi-norm) with the subs
ript s,R designates the usual norm (semi-norm) in
Hs(R). For s ≥ 1, Hs(Th) denotes the usual broken Sobolev spa
e on Th. For v ∈ H1(Th),
∇hv denotes the pie
ewise gradient of v, that is, ∇hv ∈ [L2(Ω)]d and for all T ∈ Th,
(∇hv)|T = ∇(v|T ).We say that F is an interior fa
e of the mesh if there are T−(F ) and T+(F ) in Th su
hthat F = T−(F )∩T+(F ). We set T (F ) = {T−(F ), T+(F )} and let nF be the unit normalve
tor to F pointing from T−(F ) towards T+(F ). The analysis hereafter does not dependon the arbitrariness of this 
hoi
e. Similarly, we say that F is a boundary fa
e of the meshif there is T−(F ) ∈ Th su
h that F = T−(F ) ∩ ∂Ω. We set T (F ) = {T−(F )} and let nF
oin
ide with the outward normal to ∂Ω. All the interior (resp., boundary) fa
es of themesh are 
olle
ted into the set F i

h (resp., F∂Ω
h ) and we let Fh = F i

h ∪ F∂Ω
h . For T ∈ Th,

FT denotes the set of its fa
es and F̃T the set of mesh fa
es that share at least a vertexwith T . Hen
eforth, we shall often deal with fun
tions that are double-valued on F i
h andsingle-valued on F∂Ω

h . This is the 
ase, for instan
e, of fun
tions in Vh. On interior fa
es,when the two bran
hes of the fun
tion in question, say v, are asso
iated with restri
tionsto the neighboring elements T∓(F ), these bran
hes are denoted by v∓ and the jump of va
ross F is de�ned as
[[v]]F = v− − v+. (3.3)We set [[v]]F = v|F on boundary fa
es. On an interior fa
e F ∈ F i

h, we also de�ne thestandard (arithmeti
) average as {v}F = 1
2(v− + v+). The subs
ript F in the above jumps50



3.2. The dis
rete settingand averages is omitted if there is no ambiguity. We de�ne the weighted average of atwo-valued fun
tion v on an interior fa
e F ∈ F i
h as

{v}ω = ωT−(F ),F v
− + ωT+(F ),F v

+, (3.4)where the weights are de�ned as
ωT−(F ),F =

δK,F+

δK,F+ + δK,F−
, ωT+(F ),F =

δK,F−

δK,F+ + δK,F−
, (3.5)with δK,F∓ = nF (K|T∓)nF . We extend the above de�nitions to boundary fa
es by formallysetting ωT−(F ),F = 1 and ωT+(F ),F = 0. For the standard average, it is instead more
onvenient to set {v}F = 1

2v|F on boundary fa
es.The weak formulation of (3.1) 
onsists of �nding u ∈ V := H1
0 (Ω) su
h that

B(u, v) = (f, v)0,Ω, ∀v ∈ V, (3.6)with the bilinear form
B(v, w) = (K∇hv,∇hw)0,Ω + (β·∇hv, w)0,Ω + (µv,w)0,Ω. (3.7)Pie
ewise gradients are used so as to extend the domain of B to fun
tions in V + Vh. Theenergy norm is

‖v‖2
B =

∑

T∈Th

‖v‖2
B,T , ‖v‖2

B,T = (K∇hv,∇hv)0,T + (µ̃v, v)0,T . (3.8)The dis
rete problem 
onsists of �nding uh ∈ Vh su
h that
Bh(uh, vh) = (f, vh)0,Ω, ∀vh ∈ Vh, (3.9)with the bilinear form

Bh(v, w) = (K∇hv,∇hw)0,Ω + ((µ−∇·β)v, w)0,Ω − (v, β·∇hw)0,Ω

+
∑

F∈Fh

[(γF [[v]], [[w]])0,F − (ntF {K∇hv}ω, [[w]])0,F − θ(ntF {K∇hw}ω, [[v]])0,F ]

+
∑

F∈Fh

(β·nF {v}, [[w]])0,F . (3.10)The penalty parameter γF is de�ned for all F ∈ Fh as γF = αh−1
F γK,F + γβ,F with

∀F ∈ F i
h, γK,F =

δK,F+δK,F−

δK,F+ + δK,F−
, (3.11)

∀F ∈ F∂Ω
h , γK,F = δK,F , (3.12)

∀F ∈ Fh, γβ,F = 1
2 |β·nF |, (3.13)
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Chapitre 3. A posteriori energy-norm error estimateand α is a positive parameter (α 
an also vary from fa
e to fa
e). Finally, the parameter
θ 
an take values in {−1, 0,+1}. The parti
ular value taken by θ plays no role in thesubsequent analysis.To avoid te
hni
alities, the di�usion tensor K is assumed to be pie
ewise 
onstant on
Th and its restri
tion to an element T ∈ Th is denoted by KT . We will indi
ate by λm,T and
λM,T respe
tively the minimum and the maximum eigenvalue of K on T . The degree ofdi�usion anisotropy on an element T is evaluated by the 
ondition number of KT , namely
∆T =

λM,T

λm,T
. Furthermore, the minimum value of µ̃ on T is indi
ated by µ̃m,T . We assumethat if µ̃m,T = 0, then ‖µ‖L∞(T ) = ‖∇·β‖L∞(T ) = 0.3.3 A posteriori error analysis3.3.1 Abstra
t settingIn this se
tion we present the basi
 abstra
t framework for our a posteriori error estimates.The following result is dire
tly inspired from the abstra
t framework introdu
ed by Vohralík[102℄.Lemma 3.1. Let Z and Zh be two ve
tor spa
es. Let A be a bilinear form de�ned on

Z+×Z+ with Z+ := Z+Zh. Assume that A 
an be de
omposed into the form A = AS+ASSwhere AS is symmetri
 and nonnegative on Z+ and where ASS is skew-symmetri
 on Z(but not ne
essarily on Z+). Then, de�ning the semi-norm | · |∗ := AS(·, ·)1/2, the followingholds for all u, s ∈ Z and uh ∈ Zh,
|u− uh|∗ ≤ |s− uh|∗ + sup

φ∈Z,|φ|∗=1
|A(u− uh, φ) +ASS(uh − s, φ)|. (3.14)Proof. Let u, s ∈ Z and uh ∈ Zh. Observe that if u = s, (3.14) obviously holds so that wemay now suppose u 6= s. Suppose �rst that |u− s|∗ ≤ |u− uh|∗. Then,

|u− uh|2∗ = A(u− uh, u− uh) −ASS(u− uh, u− uh)

= A(u− uh, u− s) +A(u− uh, s− uh) −ASS(u− uh, u− uh)

= A(u− uh, u− s) +AS(u− uh, s− uh) +ASS(u− uh, s− uh) −ASS(u− uh, u− uh)

= A(u− uh, u− s) +AS(u− uh, s− uh) +ASS(u− uh, s− u)

= A(u− uh, u− s) +AS(u− uh, s− uh) +ASS(uh − s, u− s),where we have used ASS(u − s, u − s) = 0 sin
e (u − s) ∈ Z. Introdu
ing φs = u−s
|u−s|∗and using the fa
t that for all v, w ∈ Z+, AS(v, w) ≤ |v|∗|w|∗ sin
e AS is symmetri
 and52



3.3. A posteriori error analysisnonnegative on Z+ yields
|u− uh|2∗ ≤ |u− s|∗A(u− uh, φs) + |u− uh|∗|s− uh|∗ + |u− s|∗ASS(uh − s, φs). (3.15)Having hypothesized that |u− s|∗ ≤ |u− uh|∗, we infer

|u− uh|∗ ≤ |s− uh|∗ + |A(u− uh, φs) +ASS(uh − s, φs)|, (3.16)when
e (3.14) follows. Consider now the 
ase |u−uh|∗ ≤ |u−s|∗. Sin
e ASS(u−s, u−s) = 0,
|u− s|2∗ = A(u− s, u− s) = A(u− uh, u− s) +AS(uh − s, u− s) +ASS(uh − s, u− s)

≤ |u− s|∗A(u− uh, φs) + |uh − s|∗|u− s|∗ + |u− s|∗ASS(uh − s, φs).Thus,
|u− uh|∗ ≤ |u− s|∗ ≤ A(u− uh, φs) + |s− uh|∗ +ASS(uh − s, φs). (3.17)Combining the results we obtain (3.14).3.3.2 Pure di�usionLet β = 0 and µ = 0 in (3.1), i.e., we 
onsider a di�usion problem with anisotropi
 andheterogeneous di�usivity:




−∇·(K∇u) = f in Ω,

u = 0 on ∂Ω.
(3.18)The bilinear form B de�ned by (3.7) be
omes

B(v, w) = (K∇hv,∇hw)0,Ω, (3.19)while the de�nition of the (semi-)norm ‖·‖B involves only the di�usive 
ontribution, i.e.,
‖v‖2

B,T = (K∇hv,∇hv)0,T . The dis
rete problem is still (3.9) with the bilinear form Bhde�ned by
Bh(v, w) = (K∇hv,∇hw)0,Ω +

∑

F∈Fh

[(αh−1
F γK,F [[v]], [[w]])0,F

− (ntF {K∇hv}ω, [[w]])0,F − (ntF {K∇hw}ω, [[v]])0,F ]. (3.20)
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Chapitre 3. A posteriori energy-norm error estimateLemma 3.1 
an be applied by letting Z := V , Zh := Vh, A = AS := B and ASS := 0.The semi-norm | · |∗ 
oin
ides with ‖·‖B. This yields
‖u− uh‖B ≤ inf

s∈V
‖uh − s‖B + sup

φ∈V,‖φ‖B=1
|B(u− uh, φ)|. (3.21)We now pro
eed to estimate the se
ond term in the right-hand side of (3.21). Let Πh :

L2(Ω) → Vh denote the L2-orthogonal proje
tion onto the ve
tor spa
e of pie
ewise 
on-stant fun
tions on Th. It is well-known that for v ∈ L2(Ω), Πhv 
oin
ides on ea
h meshelement with the mean value of v on the 
orresponding element. The proje
tor Πh satis�esthe following approximation properties: For all T ∈ Th and for all φ ∈ H1(T ),
‖φ− Πhφ‖0,T ≤ C

1
2
p hT ‖∇φ‖0,T ,≤ C

1
2
p hTλ

−
1
2

m,T ‖φ‖B,T , (3.22)
‖φ− Πhφ‖0,∂T ≤ C

1
2
T h

1
2
T ‖∇φ‖0,T ≤ C

1
2
T h

1
2
T λ

−
1
2

m,T ‖φ‖B,T . (3.23)The 
onstant Cp in the Poin
aré-type inequality (3.22) 
an be bounded for ea
h 
onvex
T by π−2, see [19, 79℄, while it follows from [100℄ that the 
onstant CT in the tra
e in-equality (3.23) is given by CT = 3dρT with ρT = hT |∂T |/|T | where |∂T | denotes the
(d−1)-measure of ∂T and |T | the d-measure of T ; note that ρT is uniformly bounded ow-ing to the shape-regularity of the mesh family. For all T ∈ Th, de�ne on T the volumetri
residual

R(uh) = f + ∇h·(K∇huh), (3.24)and on ∂T the boundary residual su
h that for F ⊂ ∂T ,
JK(uh)|F = ω̄T,Fn

t
T [[K∇huh]] + αh−1

F γK,F [[uh]], (3.25)where
ω̄T,F = 1 − ωT,F . (3.26)Note that ω̄T,F = 0 on boundary fa
es.Lemma 3.2. The following holds:

sup
φ∈V,‖φ‖B=1

|B(u− uh, φ)| ≤



∑

T∈Th

(ηT + ζT )2




1
2

, (3.27)where the residual error indi
ator ηT is
ηT = C

1
2
p hTλ

−
1
2

m,T ‖(I − Πh)R(uh)‖0,T , (3.28)
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3.3. A posteriori error analysisand the di�usive �ux error indi
ator is
ζT = C

1
2
T h

1
2
T λ

−
1
2

m,T ‖JK(uh)‖0,∂T . (3.29)Proof. Let φ ∈ V su
h that ‖φ‖B = 1. Using B(u, φ) = (f, φ)0,Ω and integrating by partswe obtain
B(u− uh, φ) =

∑

T∈Th

(f + ∇h·(K∇huh), φ)0,T −
∑

F∈F i
h

(ntF [[K∇huh]], φ)0,Fsin
e φ ∈ V = H1
0 (Ω). Testing the dis
rete equations with Πhφ yields

∑

F∈Fh

(αh−1
F γK,F [[uh]] − ntF {K∇huh}ω, [[Πhφ]])0,F = (f,Πhφ)0,Ω.On interior fa
es F ∈ F i
h, de�ne the 
onjugate weighted average

{v}ω̄ = ωT+(F ),F v
− + ωT−(F ),F v

+,so that [[vw]] = {v}ω[[w]] + {w}ω̄[[v]] for any fun
tions v and w whi
h are (possibly) double-valued on F . Using this identity yields
∑

T∈Th

(∇h·(K∇huh),Πhφ)0,T =
∑

F∈Fh

(ntF {K∇huh}ω, [[Πhφ]])0,F+
∑

F∈F i
h

(ntF [[K∇huh]], {Πhφ}ω̄)0,F .Combining the above equations and using [[φ]] = 0 leads to
B(u− uh, φ) =

∑

T∈Th

(f + ∇h·(K∇huh), φ− Πhφ)0,T −
∑

F∈Fh

(αh−1
F γK,F [[uh]], [[φ− Πhφ]])0,F

−
∑

F∈F i
h

(ntF [[K∇huh]], {φ− Πhφ}ω̄)0,F

=
∑

T∈Th

(R(uh), φ− Πhφ)0,T −
∑

T∈Th

∑

F⊂∂T

nT ·nF (JK(uh), φ− Πhφ|T )0,F .The 
on
lusion is straightforward using (3.22)�(3.23) and the fa
t that Πh(R(uh)) and
(φ− Πhφ) are L2-orthogonal on ea
h T ∈ Th.Remark. Subtra
ting the mean value of R(uh) in the residual error estimator is possiblebe
ause the dis
rete spa
e 
ontains pie
ewise 
onstant fun
tions. This is a feature of DGapproximations, but not, for instan
e, of 
ontinuous �nite element approximations.55



Chapitre 3. A posteriori energy-norm error estimateTheorem 3.3. Pi
k any sh ∈ V and de�ne the non-
onforming error indi
ator ιT as
ιT = ‖uh − sh‖B,T . (3.30)Then, the following holds

‖u− uh‖B ≤



∑

T∈Th

(ηT + ζT )2




1
2

+



∑

T∈Th

ι2T




1
2

. (3.31)Proof. Dire
t 
onsequen
e of Lemma 3.2 and of (3.21).We now investigate the lo
al e�
ien
y of the above error indi
ators ηT , ζT and ιT . Morepre
isely, we derive lo
al upper bounds for these indi
ators in terms of the approximateerror u − uh, this time measured in the full energy norm, i.e. the energy semi-normaugmented by a term with jumps. Here, x . y indi
ates the inequality x ≤ cy withpositive c independent of the mesh and of the di�usion tensor. To simplify, the data f isassumed to be a polynomial; otherwise, the usual data os
illation term has to be added tothe estimates. The following two propositions establish that the error indi
ators ηT and ζTare fully robust with respe
t to heterogeneities in the di�usion tensor, while the dependen
yon anisotropies remains lo
al, i.e., only the square root of the di�usion 
ondition numbers
∆T̃ on T and neighboring elements appears in the lo
al lower bounds, but not the ratiosof two di�usion tensor eigenvalues from di�erent elements.Proposition 3.4. For all T ∈ Th,

ηT . ∆
1
2
T ‖u− uh‖B,T . (3.32)Proof. Sin
e ‖(I − Πh)R(uh)‖0,T ≤ ‖R(uh)‖0,T , we simply bound ‖R(uh)‖0,T . To thispurpose, we use the te
hnique of element bubble fun
tions introdu
ed by Verfürth [96,97℄;the arguments, whi
h are fairly standard, are only brie�y sket
hed. Let T ∈ Th, let bT bea suitable lo
al bubble fun
tion in T vanishing on ∂T and set νT = bTR(uh). Then,

‖R(uh)‖2
0,T . (R(uh), νT )0,T = (K∇h(u− uh),∇νT )0,T . λ

1
2
M,Th

−1
T ‖u− uh‖B,T ‖R(uh)‖0,T .Hen
e,

ηT . hTλ
−

1
2

m,T ‖R(uh)‖0,T . hTλ
−

1
2

m,Tλ
1
2
M,Th

−1
T ‖u− uh‖B,T ,from whi
h (3.32) follows. 56



3.3. A posteriori error analysisProposition 3.5. Let
‖v‖2

B,∗,F =
∑

F∈F

‖γF
1
2 [[v]]‖2

0,F ∀v ∈ H1(Th),where we will either take F = FT , F = F̃T or F = Fh. Then, for all T ∈ Th,
ζT . ∆

1
2
T


‖u− uh‖B,∗,FT

+
∑

T̃∈NT

∆
1
2
T̃
‖u− uh‖B,T̃


 , (3.33)where NT is the set of elements sharing at least a fa
e with the element T .Proof. Let T ∈ Th. Observe that

|ζT | . λ
−

1
2

m,T

∑

F∈FT

γK,Fh
−

1
2

F ‖[[uh]]‖0,F + λ
−

1
2

m,Th
1
2
T

∑

F∈FT

ω̄T,F ‖ntF [[K∇huh]]‖0,F ≡ X + Y,and let us bound X and Y .(i) Bound on X. There holds
X . λ

−
1
2

m,T

∑

F∈FT

γK,F
1
2 ‖γF

1
2 [[uh]]‖0,F . ∆

1
2
T ‖u− uh‖B,∗,FT

,sin
e γK,F ≤ ntFKTnF ≤ λM,T .(ii) Bound on Y . Let F ∈ FT . Using the te
hnique of edge bubble fun
tions introdu
edby Verfürth [96,97℄, it is shown that
h

1
2
F ‖ntF [[K∇huh]]‖0,F .

∑

T ′∈T (F )

λ
1
2
M,T ′‖u− uh‖B,T ′ .Hen
e,

Y . λ
−

1
2

m,T

∑

F∈FT

ω̄T,F
∑

T ′∈T (F )

λ
1
2
M,T ′‖u− uh‖B,T ′

. ∆
1
2
T

∑

F∈FT

∑

T ′∈T (F )

λ
−

1
2

M,Tλ
1
2
m,T ′ω̄T,F∆

1
2
T ′‖u− uh‖B,T ′ . ∆

1
2
T

∑

F∈FT

∑

T ′∈T (F )

∆
1
2
T ′‖u− uh‖B,T ′ ,sin
e

λ
−

1
2

M,Tλ
1
2
m,T ′ω̄T,F ≤ (ntFKTnF )

1
2 (ntFKT ′nF )

1
2

(ntFKTnF ) + (ntFKT ′nF )
≤ 1

2
.The proof is 
omplete. 57



Chapitre 3. A posteriori energy-norm error estimateRemark. The lo
al e�
ien
y stated in Proposition 3.5 is given for the energy semi-norm augmented by the natural DG jump semi-norm ‖·‖B,∗,Fh
. Owing to the result ofAinsworth [5℄, global e�
ien
y of ζT in the energy semi-norm ‖·‖B follows from (3.32)-(3.33) for su�
iently large stabilization parameters α in the 
ase d = 2, p = 1, K = Id,and θ = 1.To analyze the lo
al e�
ien
y of the non-
onforming error indi
ator ιT , a parti
ular
hoi
e must be made for sh ∈ V . Presently, one of the state-of-the-art approa
hes 
onsistsin 
onsidering the so-
alled Oswald interpolate of the dis
rete solution uh. For vh ∈ Vh,its Oswald interpolate IOs(vh) ∈ Vh ∩ V is de�ned by pres
ribing its values at the usualLagrange interpolation nodes on ea
h mesh element by taking the average of the values of

vh at the node,
IOs(vh)(s) =

1

|Ts|
∑

T∈Ts

vh|T (s), (3.34)where Ts is the set of mesh elements that 
ontain the node s and where |Ts| denotesthe 
ardinal of that set. On boundary nodes, IOs(vh)(s) is set to zero. The Oswaldinterpolation operator IOs yields the following lo
al approximation properties [2, 62℄: Forall vh ∈ Vh and for all T ∈ Th,
‖vh − IOs(vh)‖2

0,T ≤ C
∑

F∈ eFT

hF ‖[[vh]]‖2
0,F , (3.35)

‖∇h(vh − IOs(vh))‖2
0,T ≤ C

∑

F∈ eFT

h−1
F ‖[[vh]]‖2

0,F , (3.36)where the 
onstant C depends on the spa
e dimension, the polynomial degree p usedto 
onstru
t the spa
e Vh, and the shape-regularity parameter asso
iated with the mesh
Th; the dependen
y of the 
onstant C on p has been re
ently explored in [24℄. Setting
sh := IOs(uh) to evaluate ιT , it is inferred using (3.36) that

ιT .
λ

1
2
M,T

λ
1
2
m,RT

‖u− uh‖B,∗, eFT
(3.37)where λm,RT

= minT ′∈RT
λm,T ′ and RT = {T ′ ∈ Th;T ∩ T ′ 6= ∅}. Clearly, the aboveestimate is not robust with respe
t to heterogeneities and/or anisotropies in the di�usiontensor. In the isotropi
 
ase, the result 
an be improved by using weighted averagesin (3.34) to de�ne the nodal values of the Oswald interpolate. The weights depend on thedi�usivity and a robust bound 
an be inferred on ιT when evaluated with this modi�ed58



3.3. A posteriori error analysisOswald interpolate provided a monotoni
ity property of the di�usivity around verti
es isassumed to hold; see [3, 22,41℄.To the authors' knowledge, no fully satisfa
tory result on a modi�ed Oswald interpola-tion operator is yet available in the 
ase of anisotropi
 di�usivity. We will not explore thisissue further here. Finally, we point out that the error indi
ator ιT 
an be readily sharpenedby in
reasing the 
omputational e�ort. Indeed, sin
e any re
onstru
ted fun
tion sh ∈ V
an be 
hosen to evaluate it and sin
e
inf
s∈V

‖uh − s‖B,T ≤ ‖uh − u‖B,T , (3.38)the lo
al e�
ien
y of ιT 
an be improved simply by solving more detailed lo
al problems,and full robustness with respe
t to the di�usion tensor 
an eventually be a
hieved.Remark. Using a triangle inequality, the �ux error indi
ator ζT 
an be split into two
ontributions, one asso
iated with the jump of the di�usive �ux and the other asso
iatedwith the jump of the dis
rete solution itself, and the latter 
an be regrouped with the non-
onforming error indi
ator ιT . By pro
eeding this way, the error upper bound is somewhatless sharp be
ause a triangle inequality has been used, but the �nal form of the a posteriorierror estimate takes a more familiar form.3.3.3 Adve
tion-di�usion-rea
tionIn this se
tion we turn to the general 
ase of an adve
tion-di�usion-rea
tion problem.Our purpose is to extend the a posteriori error indi
ators derived in Lemma 3.2 and inTheorem 3.3 to this situation, with a parti
ular emphasis on the robustness of the estimatesin the high-Pé
let regime in the sense of Verfürth [98℄. The starting point is again theabstra
t estimate derived in Lemma 3.1 whi
h is now applied with Z := V , Zh := Vh,
AS(v, w) = (K∇hv,∇hw)0,Ω + (µ̃v, w)0,Ω, (3.39)
ASS(v, w) = (β·∇hv, w)0,Ω + 1

2((∇·β)v, w)0,Ω, (3.40)and A = AS+ASS = B as de�ned by (3.7). Observe that AS is symmetri
 and nonnegativeon Z + Zh, that | · |∗ 
oin
ides with ‖·‖B, and that ASS is skew-symmetri
 on Z (but noton Z + Zh). As a �rst step, we rewrite the quantity B(u − uh, φ) + ASS(uh − s, φ) in amore 
onvenient form.Lemma 3.6. Let s ∈ V . For all T ∈ Th, de�ne on T the volumetri
 residual
R(uh) = f + ∇h·(K∇huh) − β·∇huh − µuh, (3.41)
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Chapitre 3. A posteriori energy-norm error estimatelet JK(uh) be de�ned on ∂T by (3.25), and let Jβ(uh− s) be de�ned su
h that for F ∈ FT ,
Jβ(uh − s)|F = 〈γβ,F [[uh − s]] + β·nF {uh − s}〉F , (3.42)where 〈·〉F denotes the mean value over F . Then, for all φ ∈ V ,
B(u− uh, φ) +ASS(uh − s, φ) = X1 +X2 +X3, (3.43)with

X1 =
∑

T∈Th

((I − Πh)R(uh), φ− Πhφ)0,T , (3.44)
X2 = −

∑

T∈Th

∑

F∈FT

nT ·nF (JK(uh), φ− Πhφ|T )0,F , (3.45)
X3 =

∑

T∈Th

[((I − Πh)(β·∇h(uh − s)), φ− Πhφ)0,T + 1
2(∇·β(uh − s), φ− 2Πhφ)0,T ]

+
∑

F∈Fh

(Jβ(uh − s), [[Πhφ]])0,F . (3.46)Proof. Let φ ∈ V . Using B(u, φ) = (f, φ)0,Ω and integrating by parts, we infer
B(u− uh, φ) =

∑

T∈Th

(R(uh), φ)0,T −
∑

F∈F i
h

(ntF [[K∇huh]], φ)0,F .Testing the dis
rete equations with Πhφ yields
∑

F∈Fh

(γF [[uh]] − ntF {K∇huh}ω + β·nF {uh}, [[Πhφ]])0,F + ((µ−∇·β)uh,Πhφ)0,Ω = (f,Πhφ)0,Ω.Combining the two above equations and pro
eeding as in the proof of Lemma 3.2 for thedi�usive term leads to
B(u− uh, φ) = X1 +X2 +

∑

F∈Fh

(γβ,F [[uh]], [[Πhφ]])0,F −
∑

F∈Fh

(β·nF [[uh]], {Πhφ})0,F .Using the relation
−
∑

T∈Th

((∇·β)(uh − s),Πhφ)0,T −
∑

T∈Th

(β·∇h(uh − s),Πhφ)0,T

+
∑

F∈Fh

(β·nF [[uh]], {Πhφ})0,F +
∑

F∈Fh

(β·nF {uh − s}, [[Πhφ]])0,F = 0,and adding ASS(uh − s, φ) as evaluated from (3.40), (3.43) is inferred. Note that theupwind related term Jβ(uh − s) 
an be evaluated as a mean value over ea
h fa
e be
auseit is tested against a pie
ewise 
onstant fun
tion and that the mean value of β·∇h(uh− s)
an be taken o� on ea
h element be
ause it is tested against φ− Πhφ.60



3.3. A posteriori error analysisRemark. The idea of evaluating the upwind related term as a mean value over ea
h fa
ehas been proposed by Vohralík [101℄. Sin
e for any fun
tion ψ ∈ L2(F ), ‖〈ψ〉F ‖0,F ≤
‖ψ‖0,F , this modi�
ation 
an only sharpen the a posteriori error estimate.The next step is to 
ontrol φ − Πhφ for φ ∈ V in terms of the energy norm ‖φ‖B.To obtain bounds that behave satisfa
torily when the Pé
let number is large, a sharperversion of inequalities (3.22)�(3.23) needs to be used. Observing that on all T ∈ Th,
‖φ− Πhφ‖0,T ≤ ‖φ‖0,T and letting

mT = min

(
C

1
2
p hTλ

−
1
2

m,T , µ̃
−

1
2

m,T

)
, (3.47)the bound (3.22) 
an be sharpened as follows:

‖φ− Πhφ‖0,T ≤ mT ‖φ‖B,T . (3.48)Furthermore, owing to the tra
e inequality
∀v ∈ H1(T ), ‖v‖0,∂T ≤ ρ

1
2
T [h

−
1
2

T ‖v‖0,T + ‖v‖
1
2
0,T ‖∇v‖

1
2
0,T ], (3.49)(see [28,70℄ and se
tion 3.6), (3.23) 
an be sharpened as follows:

‖φ− Πhφ‖0,∂T ≤ ρ
1
2
T [h

−
1
2

T mT + λ
−

1
4

m,Tm
1
2
T ]‖φ‖B,T ≤ C̃

1
2
T λ

−
1
4

m,Tm
1
2
T ‖φ‖B,T , (3.50)where we have set

C̃
1
2
T = ρ

1
2
T (1 + C

1
4
p ). (3.51)Estimate (3.50) will be used to bound the term X2 introdu
ed in Lemma 3.6. However,this estimate turns out not be sharp enough when bounding the last term in X3. In this
ase, we will use the tra
e inequality

∀φh ∈ Vh, ‖φh‖0,∂T ≤ ρ
1
2
T h

−
1
2

T ‖φh‖0,T , (3.52)and we de�ne for all F ∈ Fh,
m̃2
F = min

(
max

T ′∈T (F )
(CT hT ′λ−1

m,T ′), max
T ′∈T (F )

(ρT ′h−1
T ′ µ̃

−1
m,T ′)

)
, (3.53)re
alling that CT ′ = 3dρT ′ . Finally, let κµ,β,T = 1

2‖∇·β‖L∞(T )µ̃
−

1
2

m,T . If µ̃m,T = 0, κµ,β,Tshould be evaluated as zero (re
all that we have assumed ‖∇·β‖L∞(T ) = 0 in this 
ase).To simplify the notation, we will use the 
onvention 0/0 = 0 in the sequel.61



Chapitre 3. A posteriori energy-norm error estimateLemma 3.7. Let s ∈ V . The following holds
sup

φ∈V,‖φ‖B=1
|B(u− uh, φ) +ASS(uh − s, φ)| ≤



∑

T∈Th

(ηT + ζT + ι′T )2




1
2

, (3.54)where the residual error indi
ator ηT is
ηT = mT ‖(I − Πh)R(uh)‖0,T , (3.55)the di�usive �ux error indi
ator ζT is
ζT = C̃

1
2
T λ

−
1
4

m,Tm
1
2
T ‖JK(uh)‖0,∂T , (3.56)and the non-
onforming error indi
ator ι′T is

ι′T = mT ‖(I − Πh)(β·∇h(uh − s))‖0,T + κµ,β,T ‖uh − s‖0,T +
∑

F∈FT

2m̃F ‖Jβ(uh − s)‖0,F .(3.57)Proof. Let φ ∈ V su
h that ‖φ‖B = 1. We bound the three terms X1, X2 and X3introdu
ed in Lemma 3.6. Owing to (3.48) and (3.50), it is 
lear that
|X1 +X2| ≤

∑

T∈Th

(ηT + ζT )‖φ‖B,T .De
ompose X3 into X3 = X3,1 + X3,2 where X3,1 denotes the sum over elements andwhere X3,2 denotes the sum over fa
es. Observing that ‖φ− 2Πhφ‖0,T = ‖φ‖0,T and usingagain (3.48), we obtain
|X3,1| ≤

∑

T∈Th

(mT ‖(I − Πh)(β·∇h(uh − s))‖0,T + κµ,β,T ‖uh − s‖0,T )‖φ‖B,T .To bound X3,2, let F ∈ Fh. On the one hand, owing to (3.23),
|(Jβ(uh − s), [[Πhφ]])0,F | = |(Jβ(uh − s), [[Πhφ− φ]])0,F |

≤
∑

T ′∈T (F )

|(Jβ(uh − s),Πhφ|T ′ − φ)0,F |

≤ ‖Jβ(uh − s)‖0,F max
T ′∈T (F )

(C
1
2
T h

1
2
T ′λ

−
1
2

m,T ′)
∑

T ′∈T (F )

‖φ‖B,T ′ .
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3.3. A posteriori error analysisOn the other hand, owing to (3.52),
|(Jβ(uh − s), [[Πhφ]])0,F | ≤

∑

T ′∈T (F )

|(Jβ(uh − s),Πhφ|T )0,F |

≤ ‖Jβ(uh − s)‖0,F max
T ′∈T (F )

(ρ
1
2
T ′h

−
1
2

T ′ µ̃
−

1
2

m,T ′)
∑

T ′∈T (F )

‖φ‖B,T ′ .Hen
e,
|(Jβ(uh − s), [[Πhφ]])0,F | ≤ m̃F ‖Jβ(uh − s)‖0,F

∑

T ′∈T (F )

‖φ‖B,T ′ ,and therefore,
|X3,2| ≤

∑

T∈Th



∑

F∈FT

2m̃F ‖Jβ(uh − s)‖0,F


 ‖φ‖B,T .The 
on
lusion is straightforward.Theorem 3.8. Pi
k any sh ∈ V and de�ne the non-
onforming error indi
ator ι′′T as

ι′′T = ‖uh − sh‖B,T , (3.58)and let ι′T be evaluated from (3.57) using sh. Then,
‖u− uh‖B ≤



∑

T∈Th

(ηT + ζT + ι′T )2




1
2

+



∑

T∈Th

(ι′′T )2




1
2

. (3.59)Proof. Apply Lemmata 3.1 and 3.7.Remark. The non-
onforming error indi
ators ι′T and ι′′T 
an be regrouped into a singlenon-
onforming error indi
ator ιT by setting
ι2T = 4(ι′T )2 + 2(ι′′T )2. (3.60)Then, (3.59) be
omes

‖u− uh‖B ≤


2

∑

T∈Th

(ηT + ζT )2




1
2

+



∑

T∈Th

ι2T




1
2

, (3.61)whi
h is less sharp but has a more familiar form.63



Chapitre 3. A posteriori energy-norm error estimateWe now investigate the lo
al e�
ien
y of the above error indi
ators ηT , ζT and ιT .Here, x . y indi
ates the inequality x ≤ cy with positive c independent of the mesh and ofthe parameters K, β, and µ. Again, the data f is assumed to be a polynomial; otherwise,the usual data os
illation term has to be added to the estimates. As in the pure di�usion
ase, we will not take advantage of the presen
e of the operator (I −Πh) in ηT and in the�rst term of ι′T to derive the bounds below.Proposition 3.9. For all T ∈ Th,
ηT . mT [λ

1
2
M,Th

−1
T + min(α1,T , α2,T )]‖u− uh‖B,T , (3.62)where

α1,T =
‖µ‖L∞(T )

µ̃
1
2
m,T

+
‖β‖L∞(T )

λ
1
2
m,T

, α2,T =
‖µ−∇·β‖L∞(T ) + ‖β‖L∞(T )h

−1
T

µ̃
1
2
m,T

.Proof. Let T ∈ Th, let bT be a suitable lo
al bubble fun
tion in T vanishing on ∂T and set
νT = bTR(uh). Then,
‖R(uh)‖2

0,T . (R(uh), νT )0,T = (K∇h(u− uh),∇hνT )0,T + (µ(u− uh), νT )0,T

+ (β·∇h(u− uh), νT )0,T

. λ
1
2
M,Th

−1
T ‖u− uh‖B,T ‖R(uh)‖0,T + min (α1,T , α2,T ) ‖u− uh‖B,T ‖R(uh)‖0,T ,where the min is obtained by integrating by parts or not the adve
tive derivative. The
on
lusion is straightforward.Proposition 3.10. For all T ∈ Th,

ζT . ∆
1
2
T ‖u− uh‖B,∗,FT

+ ∆
1
2
T λ

1
4
m,Tm

1
2
T

∑

T̃∈NT

m
−

1
2

T̃
λ
−

1
4

m,T̃

(
mT̃α1,T̃ + ∆

1
2
T̃

)
‖u− uh‖B,T̃ .(3.63)Proof. Let T ∈ Th. Observe that

|ζT | . λ
−

1
4

m,Tm
1
2
T

∑

F∈FT

γK,Fh
−1
F ‖[[uh]]‖0,F + λ

−
1
4

m,Tm
1
2
T

∑

F∈FT

ω̄T,F ‖ntF [[K∇huh]]‖0,F ≡ X + Y,
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3.3. A posteriori error analysisand let us bound X and Y by the right-hand side of (3.63).(i) Bound on X. Owing to the de�nition of γK,F ,
X . λ

−
1
4

m,Tλ
1
2
M,Th

−
1
2

T m
1
2
T

∑

F∈FT

γK,F
1
2h

−
1
2

F ‖[[uh]]‖0,F

. ∆
1
2
T λ

1
4
m,Th

−
1
2

T m
1
2
T ‖u− uh‖B,∗,FT

.Owing to the obvious bound h−1
2

T . m
−

1
2

T λ
−

1
4

m,T , it is inferred that X is bounded by the �rstterm on the right-hand side of (3.63).(ii) Bound on Y . Let F ∈ FT . Following the ideas of Verfürth [98℄, let bF be a suitablebubble fun
tion with support in F and let ℓF be the lifting of (ntF [[K∇huh]])bF in T (F )with 
ut-o� parameter
θT ′ = mT ′C

−
1
2

p h−1
T ′ λ

1
2
m,T ′ ≤ 1,on ea
h T ′ ∈ T (F ). Then,

‖ntF [[K∇huh]]‖2
0,F . (ntF [[K∇huh]], ℓF )0,F ,

‖ℓF ‖0,T ′ . h
1
2
T ′θ

1
2
T ′‖ntF [[K∇huh]]‖0,F . m

1
2
T ′λ

1
4
m,T ′‖ntF [[K∇huh]]‖0,F ,

‖∇ℓF ‖0,T ′ . h
−

1
2

T ′ θ
−

1
2

T ′ ‖ntF [[K∇huh]]‖0,F . m
−

1
2

T ′ λ
−

1
4

m,T ′‖ntF [[K∇huh]]‖0,F .Observe that
B(u− uh, ℓF ) = (R(uh), ℓF )0,T (F) + (ntF [[K∇huh]], ℓF )0,F ,and that

|B(u−uh, ℓF )| .
∑

T ′∈T (F )

(λ
1
2
M,T ′m

−
1
2

T ′ λ
−

1
4

m,T ′ +m
1
2
T ′λ

1
4
m,T ′α1,T ′)‖u−uh‖B,T ′‖ntF [[K∇huh]]‖0,F .Furthermore, sin
e

|(R(uh), ℓF )0,T (F)| ≤
∑

T ′∈T (F )

‖R(uh)‖0,T ′‖ℓF ‖0,T ′

.
∑

T ′∈T (F )

[λ
1
2
M,T ′h

−1
T ′ + min(α1,T ′ , α2,T ′)]‖u− uh‖B,T ′‖ℓF ‖0,T ′

.
∑

T ′∈T (F )

[λ
1
2
M,T ′h

−1
T ′ + α1,T ′ ]m

1
2
T ′λ

1
4
m,T ′‖u− uh‖B,T ′‖ntF [[K∇huh]]‖0,F ,
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Chapitre 3. A posteriori energy-norm error estimateand sin
e h−1
T ′ m

1
2
T ′λ

1
4
m,T ′ ≤ m

−
1
2

T ′ λ
−

1
4

m,T ′ , it is inferred that |(R(uh), ℓF )0,T (F)| 
an be boundedas |B(u− uh, ℓF )|, when
e
‖ntF [[K∇huh]]‖0,F .

∑

T ′∈T (F )

(λ
1
2
M,T ′m

−
1
2

T ′ λ
−

1
4

m,T ′ +m
1
2
T ′λ

1
4
m,T ′α1,T ′)‖u− uh‖B,T ′ .As a result,

Y . λ
−

1
4

m,Tm
1
2
T

∑

F∈FT

∑

T ′∈T (F )

ω̄T,F (λ
1
2
M,T ′m

−
1
2

T ′ λ
−

1
4

m,T ′ +m
1
2
T ′λ

1
4
m,T ′α1,T ′)‖u− uh‖B,T ′

. ∆
1
2
T λ

1
4
m,Tm

1
2
T

∑

F∈FT

∑

T ′∈T (F )

(λ
−

1
2

M,Tλ
1
2
m,T ′ω̄T,F (∆

1
2
T ′ +mT ′α1,T ′)m

−
1
2

T ′ λ
−

1
4

m,T ′‖u− uh‖B,T ′

. ∆
1
2
T λ

1
4
m,Tm

1
2
T

∑

T̃∈NT

(∆
1
2
T̃

+mT̃α1,T̃ )m
−

1
2

T̃
λ
−

1
4

m,T̃
‖u− uh‖B,T̃ .The 
on
lusion is straightforward.Finally, we investigate the lo
al e�
ien
y of the non-
onforming error estimator ιT .To this purpose, we pi
k sh = IOs(uh). As dis
ussed at the end of �3.3.2, a modi�edOswald interpolation operator 
an be 
onsidered in the 
ase of isotropi
 and heterogeneousdi�usivity with a monotoni
ity property around verti
es to sharpen the result.Proposition 3.11. Set sh = IOs(uh). Let T ∈ Th. De�ne cβ, eFT

= min
F∈ eFT

γβ,F . Then,
ιT .


λ

1
2
M,Th

−1
T + ‖µ̃‖

1
2
L∞(T ) +mT ‖β‖L∞(T )h

−1
T + κµ,β,T +

∑

F∈FT

m̃F ‖β·nF ‖L∞(F )h
−

1
2

T




× min




hT

λ
1
2
m,RT

,
h

1
2
T

c
1
2
β, eFT


 ‖u− uh‖B,∗, eFT

. (3.64)Proof. Let T ∈ Th. Observe �rst that
∑

F∈ eFT

‖[[uh]]‖0,F ≤ min




hT

λ
1
2
m,RT

,
h

1
2
T

c
1
2
β, eFT


h

−
1
2

T ‖u− uh‖B,∗, eFT
.
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e, using (3.35)�(3.36),
‖uh − sh‖B,T .

(
λ

1
2
M,Th

−1
T + ‖µ̃‖

1
2
L∞(T )

)
min




hT

λ
1
2
m,RT

,
h

1
2
T

c
1
2
β, eFT


 ‖u− uh‖B,∗, eFT

,where λm,RT
= minT ′∈RT

λm,T ′ and RT = {T ′ ∈ Th;T ∩ T ′ 6= ∅}. Furthermore, stillusing (3.35)�(3.36), the �rst two terms in ι′T (see (3.57)) are bounded by
(
mT ‖β‖L∞(T )h

−1
T + κµ,β,T

)
min




hT

λ
1
2
m,RT

,
h

1
2
T

c
1
2
β, eFT


 ‖u− uh‖B,∗, eFT

,and it remains to bound the last term, namely ∑F∈FT
2m̃F ‖Jβ(uh − sh)‖0,F . For all

T ∈ Th, it 
an be shown that ∀vh ∈ Vh,
‖{uh − IOs(uh)}‖0,∂T .

∑

F∈ eFT

‖[[uh]]‖0,F ,when
e the 
on
lusion is straightforward.To illustrate by a simple example, assume that β and µ are of order unity, that βis solenoidal (or that its divergen
e is uniformly bounded by µ̃ lo
ally), and that thedi�usion is homogeneous and isotropi
, i.e., K = ǫId with real parameter 0 < ǫ ≤ 1 andwhere Id denotes the identity matrix in R
d. Then, mT = min(hT ǫ

−
1
2 , 1), α1,T = 1 + ǫ−

1
2 ,

α2,T = 1 + h−1
T , and it is readily veri�ed that all the 
onstants appearing in the lo
alestimates for ηT , ζT , and ιT are bounded by (1 + ǫ−

1
2 min(hT ǫ

−
1
2 , 1)), whi
h 
orrespondsto the result derived in [98℄ for 
ontinuous �nite elements with vanishing, isotropi
, andhomogeneous di�usion.3.4 Numeri
al resultsIn this se
tion, the present a posteriori error estimators are assessed on two test 
ases. The�rst one is a pure di�usion problem with heterogeneous isotropi
 di�usion; its aim is toverify numeri
ally the sharpness of the di�usion �ux error indi
ator ζT when evaluated withthe proper weights. The se
ond test 
ase is an adve
tion�di�usion-rea
tion problem withhomogeneous di�usion; its aim is to verify the behavior of the a posteriori error estimatesin the low- and high-Pé
let number regimes. We have always taken θ = 1 in (3.10),67



Chapitre 3. A posteriori energy-norm error estimatewhile α in the de�nition of γF has been taken equal to 4. The 
orresponding DG methodis the so-
alled Symmetri
 Weighted Interior Penalty method analyzed re
ently in [51℄.Moreover, we have set p = 1, i.e., used pie
ewise linears. In all 
ases, the non-
onformingerror indi
ators have been evaluated using the standard Oswald interpolate of the dis
retesolution; see (3.34).3.4.1 Heterogeneous di�usionWe 
onsider the following test problem proposed in [88℄. The domain Ω = (−1, 1)×(−1, 1)is split into four subregions: Ω1 = (0, 1)×(0, 1), Ω2 = (−1, 0)×(0, 1), Ω3 = (−1, 0)×(−1, 0),and Ω4 = (0, 1) × (−1, 0). The sour
e term f is zero. The di�usion tensor is isotropi
,i.e., of the form K|Ωi
= ǫiI with 
onstant value within ea
h subregion for i ∈ {1, 2, 3, 4}.Letting ǫ1 = ǫ3 = 100 and ǫ2 = ǫ4 = 1, the exa
t solution written in polar 
oordinates is

u|Ωi
= rα (ai sin(αθ) + bi cos(αθ)) , (3.65)with α = 0.12690207 and

a1 = 0.100000000 b1 = 1.000000000,

a2 = −9.603960396 b2 = 2.960396040,

a3 = −0.480354867 b3 = −0.882756593,

a4 = 7.701564882 b4 = −6.456461752.Non-homogeneous Diri
hlet boundary 
onditions as given by (3.65) are enfor
ed on ∂Ω.The exa
t solution possesses a singularity at the origin, and its regularity depends onthe 
onstant α, namely u ∈ Hα(Ω); see [80℄ for further regularity results for this type ofproblems. The expe
ted 
onvergen
e order of the error in the L2-norm is 2α, while theexpe
ted 
onvergen
e order in the energy semi-norm is α. Table 3.1 presents the resultson a series of quasi-uniform unstru
tured triangulations with N mesh elements. All themeshes are 
ompatible with the above partition of the domain Ω. The last line of the tabledisplays the 
onvergen
e orders evaluated on the last two meshes. The 
onvergen
e ordersfor the error both in the L2-norm and in the energy semi-norm are in good agreementwith the theoreti
al predi
tions. The same 
on
lusion is rea
hed for the a posteriori errorestimators based on ζT and ιT (observe that in the present 
ase, ηT = 0 be
ause f = 0 and
p = 1). The 
olumn labelled �est� reports the total a posteriori error estimator derived inTheorem 3.3, and the 
olumn labelled �e�� reports the e�e
tivity index of the estimator,namely the ratio of the a posteriori error estimator to the a
tual approximation error. The68



3.4. Numeri
al resultse�e
tivity index is about 7 on all meshes. Noti
e that all the 
onstants in the estimatorsare expli
itly evaluated. To 
ompare, using the more 
onventional DG method based onarithmeti
 averages (i.e., weights equal to 1
2 on all fa
es) and a penalty term γK,F equalto the arithmeti
 mean of the normal di�usivities on ea
h fa
e, the e�e
tivity indi
es areabout 5 times larger.

N ‖u− uh‖0,Ω ‖u− uh‖B (
∑

T∈Th
ζ2
T )

1
2 (

∑
T∈Th

ι2T )
1
2 est. e�.112 8.48e-2 3.27 15.62 11.84 27.45 8.4448 7.16e-2 3.11 10.92 11.35 22.26 7.21792 6.19e-2 2.93 9.89 10.82 20.72 7.17168 5.37e-2 2.75 9.16 10.27 19.43 7.1order 0.21 0.09 0.11 0.08 0.09 �Table 3.1: Heterogeneous di�usion with parameter α = 0.13

We have also examined a similar test 
ase with a less singular solution 
orrespondingto milder 
ontrasts in the di�usion, namely ǫ1 = ǫ3 = 5 and ǫ2 = ǫ4 = 1. In this 
ase, theexa
t solution is still given by (3.65) with α = 0.53544095 and
a1 = 0.44721360 b1 = 1.00000000,

a2 = −0.74535599 b2 = 2.33333333,

a3 = −0.94411759 b3 = 0.55555556,

a4 = −2.40170264 b4 = −0.48148148.

Table 3.2 presents the results. The 
on
lusions are similar to those rea
hed with theprevious test 
ase. The e�e
tivity index is approximately equal to 7 (ex
ept on the 
oarsestmesh), and thus takes 
omparable values to those in the previous test 
ase, 
on�rming therobustness of the estimates with respe
t to di�usion heterogeneities.69



Chapitre 3. A posteriori energy-norm error estimate
N ‖u− uh‖0,Ω ‖u− uh‖B (

∑
T∈Th

ζ2
T )

1
2 (

∑
T∈Th

ι2T )
1
2 est. e�.112 2.66e-2 6.11e-1 4.82 8.70e-1 5.69 9.32448 1.13e-2 4.28e-1 2.49 6.09e-1 3.10 7.231792 4.98e-3 2.97e-1 1.66 4.23e-1 2.08 7.007168 2.26e-3 2.06e-1 1.13 2.92e-1 1.42 6.90order 1.14 0.53 0.56 0.53 0.55 �Table 3.2: Heterogeneous di�usion with parameter α = 0.54

We 
on
lude this se
tion by an example on how the error estimator 
an be used toadapt the mesh. We 
onsider the test 
ase with parameter α = 0.54. Starting from thequasi-uniform mesh with N = 112 
onsidered previously, the adaptive mesh re�nementpro
edure �ags 5% of the mesh elements yielding the largest error indi
ators. Results arereported in Table 3.3. The e�
ien
y of the pro
edure 
an be seen for instan
e by observingthat the error in the energy semi-norm is approximately 0.29 on an adaptive mesh with
N = 288 elements, while N = 1792 elements are needed in a quasi-uniform mesh to a
hievethe same target. Figure 3.1 presents two meshes obtained with the adaptive re�nementpro
edure, one with 148 elements and one with 200 elements. We see that the adaptivere�nement 
orre
tly aims at 
apturing the singularity at the origin.

N ‖u− uh‖B (
∑

T∈Th
ζ2
T )

1
2 (

∑
T∈Th

ι2T )
1
2 e�.112 6.11e-1 5.69 8.70e-1 9.3148 4.58e-1 2.53 6.17e-1 5.5200 3.51e-1 2.20 4.40e-1 6.3288 2.86e-1 2.00 3.17e-1 7.0394 2.69e-1 1.72 3.13e-1 6.4Table 3.3: Error as a fun
tion of mesh elements on adaptive meshes70
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Figure 3.1: Two adaptive meshes derived from the error estimator: 148 elements (left) and200 elements (right)3.4.2 Adve
tion-di�usion-rea
tionConsider the domain Ω = (0, 1) × (0, 1), the adve
tion �eld β = (1, 0)t, the rea
tion
oe�
ient µ = 1, and an isotropi
 homogeneous di�usion tensor K = ǫI. We run tests with
ǫ = 1 and ǫ = 10−4 to examine the di�eren
e between dominant di�usion and dominantadve
tion regimes. Sin
e the di�usion is homogeneous and isotropi
, the SWIP method
oin
ides with the more 
onventional Interior Penalty DG method. The sour
e term f isdesigned so that the exa
t solution is

u(x, y) = 0.5x(1 − x)y(1 − y)

(
1 − tanh

(
0.5 − x

γ

))
. (3.66)Here, the parameter γ = 0.05 
ontrols the thi
kness of the internal layer at x = 0.5.Homogeneous Diri
hlet boundary 
onditions are enfor
ed.In Table 3.4 we present the results for the dominant di�usion regime. The estimatorand the error 
onverge at the same order, and the e�e
tivity index is 
omparable with thatobtained for a pure di�usion problem. The dominant 
ontribution to the total a posteriorierror estimate is the di�usive �ux error indi
ator. When the adve
tion be
omes dominant(Table 3.5), the main 
ontribution is the non-
onforming error indi
ator ι′T and, marginally,the residual error indi
ator (whi
h 
onverges to se
ond-order owing to the subtra
tion of theelementwise mean-value of the residue). Owing to the appropriate use of 
ut-o� fun
tions,the e�e
tivity index is only twenty times larger than in the dominant di�usion regime. Thelast line of Table 3.5 reports the 
onvergen
e orders evaluated using the last two meshes.It 
an be observed that the last mesh is su�
iently �ne, leading to �rst-order 
onvergen
e71



Chapitre 3. A posteriori energy-norm error estimateof ‖u − uh‖B, whereas this quantity 
onverges to order 1.5 on 
oarser meshes where the
L2-
ontribution dominates. Finally, adaptive meshes 
an be generated using the aboveerror indi
ators (not shown). As expe
ted, the adaptive re�nement o

urs in the vi
inityof the internal layer.

N ‖u− uh‖B (
∑

T∈Th
η2
T )

1
2 (

∑
T∈Th

ζ2
T )

1
2 (

∑
T∈Th

ι
′2
T )

1
2 (

∑
T∈Th

ι
′′2
T )

1
2 est. e�.256 4.39e-2 3.48e-2 3.13e-1 1.13e-2 1.90e-2 3.74e-1 8.51024 2.28e-2 1.03e-2 1.74e-1 2.61e-3 1.11e-2 1.96e-1 8.64096 1.15e-2 2.68e-3 9.16e-2 5.51e-4 5.45e-3 9.71e-2 8.416384 5.71e-3 6.76e-4 4.65e-2 1.28e-4 2.61e-3 4.97e-2 8.7order 1.01 1.98 0.99 2.10 1.07 0.97 �Table 3.4: Adve
tion-di�usion with ǫ = 1

N ‖u− uh‖B (
∑

T∈Th
η2
T )

1
2 (

∑
T∈Th

ζ2
T )

1
2 (

∑
T∈Th

ι
′2
T )

1
2 (

∑
T∈Th

ι
′′2
T )

1
2 est. e�.256 7.85e-4 3.85e-2 2.43e-3 6.70e-2 9.33e-4 1.05e-1 1341024 2.98e-4 2.00e-2 1.88e-3 3.48e-2 2.47e-4 5.56e-2 1864096 1.32e-4 8.40e-3 1.24e-3 1.74e-2 8.80e-5 2.67e-2 20116384 6.40e-5 2.18e-3 6.23e-4 8.53e-3 3.90e-5 1.13e-2 177order 1.06 1.95 0.99 1.03 1.17 1.25 �Table 3.5: Adve
tion-di�usion with ǫ = 10−43.5 Con
lusionsIn this work, we have proposed and analyzed a posteriori energy-norm error estimatesfor weighted interior penalty DG approximations to adve
tion-di�usion-rea
tion equationswith heterogeneous and anisotropi
 di�usion. All the 
onstants in the error upper boundshave been spe
i�ed, so that the present estimates 
an be used for a
tual 
ontrol over theerror in pra
ti
al simulations. Lo
al lower error bounds in whi
h all the dependen
ies onmodel parameters are expli
itly stated, have been derived as well. In the 
ase of puredi�usion, full robustness is a
hieved with respe
t to di�usion heterogeneities owing to theuse of suitable di�usion-dependent weights to formulate the 
onsisten
y terms in the DGmethod. This feature has been veri�ed numeri
ally and stands in 
ontrast to the results72



3.6. Appendix: Tra
e inequalityobtained with more 
onventional interior penalty DG approximations. Furthermore, di�u-sion anisotropies enter the lower error bounds only through the square root of the 
onditionnumber of the di�usion tensor on a given mesh 
ell and its neighbors. Current state-of-the-art results have been used to evaluate the non-
onforming error estimators throughthe so-
alled Oswald interpolate; further work in this dire
tion is needed to investigate therobustness with respe
t to di�usion heterogeneities and anisotropies. In the presen
e ofadve
tion, we have shown, in the spirit of the work of Verfürth for 
ontinuous �nite elementapproximations with streamline di�usion stabilization, that the lower error bounds 
an bewritten with 
onstants involving a 
ut-o� for the ratio of lo
al mesh size to the re
ipro
alof the square root of the lowest lo
al eignevalue of the di�usion tensor.3.6 Appendix: Tra
e inequalityThe following Lemma is a slight variation of that found in the arti
le by Monk and Süli [70℄and that of Carstensen and Funken [28℄.Lemma 3.12. Set d ≥ 2. For all T ∈ Th and v ∈ H1(T ),
‖v‖0,∂T ≤ ρ

1
2
T ‖v‖

1
2
0,T

(
h
−

1
2

T ‖v‖
1
2
0,T + ‖∇v‖

1
2
0,T

) (3.67)with
ρT =

|∂T |hT
|T | (3.68)where |T | denotes the d-measure of T and |∂T | the (d− 1)-measure of ∂T .Proof. For 0 ≤ i ≤ d, let pi be a fun
tion de�ned on T ∈ Th by

pi =
|Fi|
d|T |(x− ai)where Fi is the fa
e opposite to node ai. Note that the normal 
omponent is equal to 1 on

Fi and vanishes on Fj , j 6= i. Furthermore,
‖pi‖L∞(T ) ≤

|Fi|hT
d|T | and ∇·pi =

|Fi|
|T | .73



Chapitre 3. A posteriori energy-norm error estimateUsing the divergen
e theorem and the Cau
hy-S
hwarz inequality we have
‖u‖2

0,∂T ≤
d∑

i=0

(u2, pi · nT )0,∂T ≤
d∑

i=0

(∇·(u2pi), 1)0,T

≤
d∑

i=0

(2upi∇u+ u2∇·pi, 1)0,T ≤
d∑

i=0

(2‖u‖0,T ‖∇u‖0,T ‖pi‖L∞(T ) + ‖u‖2
0,T

|Fi|
|T | )

≤
d∑

i=0

|Fi|hT
|T | ‖u‖0,T

(
2

d
h−1
T ‖u‖0,T + ‖∇u‖0,T

)
.Taking the square root on both sides 
ompletes the proof.
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Chapitre 4A posteriori energy-norm errorestimate based on �ux re
onstru
tionSubmitted to SIAM Journal on Numeri
al Analysis under the title `Improved energy norm a posteriorierror estimation based on �ux re
onstru
tion for dis
ontinuous Galerkin methods'.Alexandre Ern1, Annette F. Stephansen1,2 and Martin Vohralík3Abstra
t: We propose and study a new approa
h to residual a posteriori error estimation in thedis
ontinuous Galerkin �nite element method. The main idea, whi
h 
onsists of 
onstru
ting an
H(div)-
onforming Raviart�Thomas �ux on the basis of the 
onservative dis
ontinuous Galerkinside �uxes, is �rst exposed for a pure di�usion se
ond-order ellipti
 problem. In this 
ase, the
lassi
al elementwise residual 
an be transformed into a higher-order term (sometimes 
onsideredseparately and 
alled �data os
illation term�), thus fully taking advantage of the spe
tral degreesof freedom within ea
h element available in the dis
ontinuous Galerkin method. Moreover, the
lassi
al estimator based on normal gradient jumps is simultaneously repla
ed by a 
omparisonof the original and re
onstru
ted di�usive �uxes. Finally, our error bound 
onsists of one lastestimator whi
h measures the non
onformity of the a
tual dis
rete solution by 
omparing it to itsso-
alled Oswald interpolate. In the se
ond part of the paper, we extend our results to adve
tion�di�usion�rea
tion problems, where we introdu
e an additional 
onve
tive �ux re
onstru
tion. Our1Cermi
s, E
ole des Ponts, ParisTe
h, 6 et 8 avenue Blaise Pas
al, Champs sur Marne, 77455 Marne laVallée Cedex 2, Fran
e.2Andra, Par
 de la Croix-Blan
he, 1-7 rue Jean Monnet, 92298 Châtenay-Malabry 
edex, Fran
e.3Laboratoire Ja
ques-Louis Lions, Université Pierre et Marie Curie (Paris 6), B.C. 187, 4 pla
e Jussieu,75252 Paris 
edex 5, Fran
e 75



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionestimators are based on an abstra
t upper bound, whi
h is sharp sin
e it is established for arbitrary
onforming re
onstru
tions of the dis
rete solution itself and of its di�usive and 
onve
tive �uxes.They yield a guaranteed upper bound sin
e all 
onstants are evaluated, are lo
ally e�
ient, repre-sent lo
al lower bounds of the 
lassi
al residual estimators, and numeri
al examples presented atthe end of the paper 
on�rm their a

ura
y and robustness. In
identally, the H(div)-
onformingRaviart�Thomas di�usive and 
onve
tive �ux re
onstru
tions are of independent interest.4.1 Introdu
tionLet us 
onsider an adve
tion�di�usion�rea
tion problem
−∇·(K∇u) + β·∇u+ µu = f in Ω, (4.1a)

u = 0 on ∂Ω, (4.1b)where Ω ⊂ R
d (d = 2, 3) is a polygonal (polyhedral) domain, K is a di�usion tensor,

β is a velo
ity �eld, µ is a rea
tion fun
tion, and f is a sour
e term. Our intention isto study a posteriori energy norm error estimates for the approximation of (4.1a)�(4.1b)by interior-penalty dis
ontinuous Galerkin methods with the twofold obje
tive to deriveestimates without undetermined 
onstants and to analyze 
arefully the robustness of theestimates in several pra
ti
al important situations, e.g., di�usion heterogeneities, dominantadve
tion, or dominant rea
tion.For the pure di�usion problem ((4.1a)�(4.1b) with β = µ = 0), a posteriori errorestimates have now been presented in the literature for all major numeri
al methods. Inparti
ular, for the dis
ontinuous Galerkin (DG) one, residual-based energy norm errorestimators 
an be found in the work of Karakashian and Pas
al [62℄, Be
ker, Hansbo andLarson [20℄, and Houston, S
hötzau and Wihler [58℄. New results, 
loser in spirit to thepresent approa
h sin
e they avoid undetermined 
onstants, appeared in the �nalizationphase of this paper; they in
lude the works of Ainsworth [5℄, Kim [63,64℄, Lazarov, Repinand Tomar [67℄, Co
hez-Dhondt and Ni
aise [30℄, and Ern and Stephansen [49℄.Although the residual-based energy norm error estimates in [20,58,62℄ are proved to beboth reliable (yield an upper bound on the di�eren
e between the exa
t and approximatesolution) and lo
ally e�
ient (give lo
al lower bounds for the error as well), there is,in our opinion, still room for improvement. First of all, in all these estimates, variousundetermined 
onstants appear. As su
h, the derived estimators should rather be 
allederror indi
ators, sin
e they are fully usable for the usual pra
ti
e of identifying the parts ofthe 
omputational domain with insu�
ient pre
ision, but not for the a
tual 
ontrol over the76



4.1. Introdu
tionerror. Hen
e, the �rst motivation for our work was to remedy this in
onvenien
e. Se
ondly,in all these referen
es, the residual estimator in an element T is given by cKhT ‖R(uh)‖0,T ,where R(uh) := f + ∇·(K∇huh) is the elementwise residue, hT is the element diameter,and the 
onstant cK depends only on K (the modi�
ations of [58℄ do not in�uen
e the basi
ideas of what follows). In parti
ular, for pie
ewise 
onstant K and a DG s
heme employing�rst-order polynomials, this redu
es to cKhT ‖f‖0,T . We believe that this is not an optimalestimator. In 
ontrast to this situation, the a posteriori error estimates for mixed �niteelement or �nite volume methods re
ently derived in [101�103℄ lead to residual estimatorsof the form cKhT ‖f −Πk(f)‖0,T , where Πk is the L2-orthogonal proje
tion onto pie
ewisepolynomials of degree k (k = 0 for �nite volumes and it is the s
alar unknown polynomialdegree for mixed �nite elements), whi
h is obviously of one order better for k = 0 as soonas f possess an H1(T ) regularity. This result is based on the elementwise 
onservativityof these methods. Hen
e, a se
ond motivation for our work was to extend this result toDG methods as well, sin
e these methods are likewise lo
ally 
onservative. A �rst resultin this dire
tion 
an be found in [49℄ where the fa
t that pie
ewise 
onstant fun
tionsare 
ontained in the DG �nite element spa
e is exploited to improve the 
lassi
al residualestimator to cKhT ‖R(uh) − Π0(R(uh))‖0,T , whi
h redu
es to cKhT ‖f − Π0(f)‖0,T if �rst-order polynomials are used. Finally, it is quite usual in the a posteriori error estimationliterature to en
ounter a residual estimator in ea
h element of the form cKhT ‖R(uh)‖0,Tand a separate �data os
illation term� cKhT ‖f − Πk(f)‖0,T . In our approa
h, these twoterms are merged into a single residual estimator of the form cKhT ‖f − Πk(f)‖0,T .One obtains cKhT ‖R(uh)‖0,T as the residual term when the ellipti
 operator is applieddire
tly to the dis
rete solution uh, after an integration by parts has been performed. Sin
ethe di�usive �ux−K∇huh of the approximate DG solution uh is not inH(div,Ω), there alsoappears a so-
alled mass balan
e estimator, typi
ally of the form cKh
1/2
F ‖ntF [[K∇huh]]‖0,Ffor ea
h fa
e F , where hF is the diameter of F and where [[·]] is the jump operator givenby equation (4.2) below. By su
h a dire
t approa
h, one in some sense ignores the lo
al
onservativity imbedded in DG s
hemes. The basi
 idea of our approa
h is to �rst introdu
ean H(div,Ω)-
onforming re
onstru
tion of the di�usive �ux th. By suitably 
hoosing th inRaviart�Thomas spa
es, used extensively in the mixed �nite element method, 
f. [23, 91℄,the mass balan
e estimator is repla
ed by a 
omparison of the original and re
onstru
teddi�usive �uxes of the form ‖K1/2∇uh+K−1/2th‖0,T . We next prove that this new estimatorrepresents a lower bound for the original mass balan
e estimator plus a part of the 
lassi
alnon
onformity estimator (see below), whi
h, together with the results of the previousparagraph, 
loses the improvement 
ir
le. Lastly, this lo
ally 
omputable estimate is only77



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionone possible realization of the general estimator inft∈H(div,Ω) ‖K1/2∇huh+K−1/2t‖0,Ω thatwe show to be optimally e�
ient.The last typi
al DG residual estimator measures the non
onformity in the approxi-mate solution uh and usually takes the form cKh
−1/2
F ‖[[uh]]‖0,F for ea
h fa
e F . How-ever, it appears unne
essary at the estimation stage to go up to this form. The term

‖K1/2∇(uh−IOs(uh))‖0,T , with IOs(uh) the Oswald H1
0 (Ω)-
onforming interpolate of theoriginal non
onforming uh, is the usual starting point, it is a lower bound for the aboveone, and presents the additional advantages that it does not feature any undeterminedinterpolation 
onstant and that it yields a dire
t (and 
orre
t) dependen
e on K. Again,the 
ompletely general form for this estimator is infs∈H1
0
(Ω)‖K1/2∇h(uh − s)‖0,Ω.Estimators based on 
omparisons with re
onstru
ted H(div)-
onforming �uxes in the
ontinuous �nite element method 
an be tra
ed ba
k to the ideas of Prager and Synge [81℄and in
lude, e.g., the works of Ladevèze [65℄, Ladevèze and Leguillon [66℄, Destuynder andMétivet [37℄ and B. A
h
hab, S. A
h
hab, Agouzal and Ellaia [1℄. The estimates [5,30,63,64, 67℄ for DG dis
retizations of pure di�usion problems develop this way. In parti
ular,Ainsworth [5℄ gives a fully 
omputable estimate for the symmetri
 interior-penalty DGs
heme in the 
ase d = 2, k = 1, and K = Id (a
tually, the re
onstru
ted �ux th is notdire
tly 
omputed). Kim in [63℄ uses an H(div)-
onforming �ux re
onstru
tion and givesan estimate for the original unknown and this re
onstru
tion for d = 2. Next, in [64℄, hepresents a result similar to that of Co
hez-Dhondt and Ni
aise [30℄ and to the one givenhere for the pure di�usion 
ase. Finally, Lazarov, Repin and Tomar [67℄ present essentiallynumeri
al experiments for yet a similar estimator.The setting of the present paper in
ludes a large 
lass of interior-penalty DG s
hemes.We treat the 
omplete adve
tion�di�usion�rea
tion 
ase and present an abstra
t frame-work, established for arbitrary 
onforming re
onstru
tions of the dis
rete solution itselfand of its di�usive �ux and 
onve
tive �uxes, and show that this framework is optimal.Our estimates are given in the natural energy semi-norm for the DG approximate solution

uh, whi
h is the energy norm for the �ux −K∇huh. We then prove rigorously the lo
ale�
ien
y of the derived estimators, this time in a norm in
luding a term with jumps. Wealso pay a spe
ial attention to the 
ase of a heterogeneous and anisotropi
 di�usion tensor
K; it turns out that some fully robust results with respe
t to di�usion heterogeneities 
anbe obtained for our new di�usive �ux estimator for a 
ertain 
lass of DG s
hemes su
has those introdu
ed by Ern, Stephansen and Zunino [51℄. These s
hemes use di�usivity-dependent weighted averages to formulate the 
onsisten
y terms and the harmoni
 averageof normal di�usivity to penalize jumps at interfa
es. Next, our error estimates, as well78



4.2. Notation, assumptions, and 
ontinuous and dis
rete problemsas the upper and global lower bounds within the abstra
t framework, do not require themesh to be shape-regular and the data 
an be as general fun
tions as possible (the usualrequirement of shape-regularity and of polynomial data, or, equivalently, the introdu
tionof higher-order os
illation terms, is only needed for the lo
al e�
ien
y proofs). Also, nosaturation assumption, no 
onvexity of Ω, no additional regularity of the weak solutionof (4.1a)�(4.1b), and no Helmholtz de
omposition are needed in our setting. Finally, wehave only 
onsidered the homogeneous Diri
hlet boundary 
ondition for the sake of simpli
-ity; extensions to heterogeneous Diri
hlet and Neumann boundary 
onditions are possibleusing the 
on
epts of, e.g., [30, 63, 101℄. A similar remark applies also to nonmat
hingmeshes, 
f., e.g., [101℄, while 
onstru
ting the Oswald interpolate as well as the 
onform-ing di�usive and 
onve
tive �ux re
onstru
tions on a mat
hing re�nement of the givennonmat
hing grid.The paper is organized as follows: we �rst introdu
e the s
hemes, notation, assump-tions, and the 
ontinuous problems in Se
tion 4.2. We then present the details for thepure di�usion problem. First, in Se
tion 4.3, we state both the abstra
t (
ontaining theabove-dis
ussed in�mum over 
ontinuous spa
es) and lo
ally 
omputable (using parti
ular
onforming s
alar and di�usive �ux re
onstru
tions) forms of our a posteriori error esti-mates. In Se
tion 4.4, we then show that our abstra
t framework gives a quasi-optimalglobal e�
ien
y of √2 and that the lo
ally 
omputable estimate is optimal up to hetero-geneities and anisotropies. An abstra
t a posteriori error estimate for the re
onstru
teddi�usive �ux itself, whi
h allows to improve the global e�
ien
y to the optimal 
onstant
1, is then given in Se
tion 4.5. In Se
tions 4.6 and 4.7, we then extend the results of thepure di�usion 
ase to the full adve
tion�di�usion�rea
tion one. While the abstra
t upperbound stays quasi-optimal with global e�
ien
y of 2, the presented 
hoi
e of dis
rete re
on-stru
tions leads only to semi-robust estimates in this 
ase, with lo
al e�
ien
y dependingon lo
al variations in the 
oe�
ients and on the lo
al Pé
let number. Finally, numeri
alexperiments of Se
tion 4.8 
on�rm the a

ura
y and robustness of our estimators.4.2 Notation, assumptions, and 
ontinuous and dis
rete prob-lems4.2.1 NotationLet {Th}h>0 be a family of triangulations of the domain Ω, 
onsisting of simpli
es (trianglesif d = 2, tetrahedra if d = 3). A generi
 element in Th is denoted by T , hT stands for the79



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tiondiameter of T , and nT for its outward unit normal. We suppose that Th is mat
hing in thesense that it 
ontains no �hanging nodes�, i.e., su
h that if T, T ′ ∈ Th, T 6= T ′, then T ∩T ′is either an empty set or their 
ommon fa
e, edge, or vertex. For the lo
al e�
ien
y proofsof our estimators, we will later need the assumption that Th is shape-regular in the sensethat there exists a 
onstant κT > 0 su
h that minT∈Th
|T |/hdT ≥ κT for all h > 0. We willbe using the �broken Sobolev spa
e� Hs(Th),

Hs(Th) := {v ∈ L2(Ω); v|T ∈ Hs(T ) ∀T ∈ Th},along with its DG approximation spa
e
V k
h := {vh ∈ L2(Ω); vh|T ∈ Pk(T ) ∀T ∈ Th},where Pk(T ) is the set of polynomials of degree less than or equal to k on an element T ,

k ≥ 1.4 The L2-s
alar produ
t and its asso
iated norm on a region R ⊂ Ω are indi
atedby the subs
ript 0, R; shall R 
oin
ide with Ω, this subs
ript will be dropped o�. For
s ≥ 1, a norm (semi-norm) with the subs
ript s,R designates the usual norm (semi-norm)in Hs(R). Finally, we use the symbol ∇hvh in order to denote the pie
ewise gradient of
v ∈ H1(Th), that is, ∇hv ∈ [L2(Ω)]d and for all T ∈ Th, (∇hv)|T = ∇(v|T ).We say that F is an interior fa
e of the mesh if there are T−(F ) and T+(F ) in Th su
hthat F = T−(F ) ∩ T+(F ) and we let nF be the unit normal ve
tor to F pointing from
T−(F ) towards T+(F ). Similarly, we say that F is a boundary fa
e of the mesh if thereis T (F ) ∈ Th su
h that F = T (F ) ∩ ∂Ω and we let nF 
oin
ide with the outward normalto ∂Ω. All the interior (resp., boundary) fa
es of the mesh are 
olle
ted into the set F i

h(resp., F∂Ω
h ) and we let Fh = F i

h ∪ F∂Ω
h ; FT is then the set of fa
es of a given T ∈ Thand F̃T is the set of su
h fa
es that share at least a vertex with T . Similarly, TT is theset in
luding the simplex T and its neighbors and T̃T 
ontains all T ′ ∈ Th that share atleast a vertex with T (in
luding T itself). Hen
eforth, we shall often deal with fun
tionsthat are double-valued on F i

h and single-valued on F∂Ω
h . This is the 
ase, for instan
e, offun
tions in V k

h . On interior fa
es, when the two bran
hes of the fun
tion in question, say
v, are asso
iated with restri
tions to the neighboring elements T∓(F ), these bran
hes aredenoted by v∓ and the jump of v a
ross F is de�ned as

[[v]]F := v− − v+. (4.2)On an interior fa
e F ∈ F i
h, we de�ne the standard (arithmeti
) average as {v}F :=

1
2(v− + v+); the subs
ript F in the above jumps and averages is omitted if there is no4Dans les 
hapitres pré
édents, k était noté p. 80



4.2. Notation, assumptions, and 
ontinuous and dis
rete problemsambiguity. For 
onvenien
e, we set [[v]]F := v|F and {v}F := 1
2v|F on boundary fa
es.Finally, the weighted average of a two-valued fun
tion on an interior fa
e F ∈ F i

h isde�ned as
{v}ω := ωT−(F ),F v

− + ωT+(F ),F v
+, (4.3)where the nonnegative weights have to satisfy ωT−(F ),F + ωT+(F ),F = 1. On boundaryfa
es, we set {v}ω := v and ωT (F ),F := 1. Finally, for all T ∈ Th and F ∈ FT , we let

ω̄T,F := 1 − ωT,F .4.2.2 AssumptionsWe suppose in this paper that K ∈ [L∞(Ω)]d×d is a symmetri
, uniformly positive de�nite,and pie
ewise 
onstant tensor and we denote by λm,T and λM,T , respe
tively, its minimumand maximum eigenvalue on T ∈ Th. Next, β ∈ H(div,Ω) ∩ [L∞(Ω)]d, µ ∈ L∞(Ω), and
µ − 1

2∇·β ≥ 0 are supposed and we use µ̃m,T to indi
ate the (essential) minimum valueof µ − 1
2∇·β on T ; we also suppose that if µ̃m,T = 0, then ‖µ‖∞,T = ‖1

2∇·β‖∞,T = 0.Finally, f ∈ L2(Ω) is supposed. These assumptions will be su�
ient for the existen
eand uniqueness of both 
ontinuous and dis
rete problems and for our a posteriori errorestimates, as well as for the global e�
ien
y of the abstra
t estimates; for the presentproof of the lo
al e�
ien
y of the lo
ally 
omputable estimates, however, we shall latertighten them.4.2.3 The 
ontinuous problemWe de�ne the bilinear form B by
B(u, v) :=

∑

T∈Th

{
(K∇u,∇v)0,T + (β·∇u, v)0,T + (µu, v)0,T

}
u, v ∈ H1(Th) (4.4)and the 
orresponding energy (semi-)norm by

‖v‖2
B :=

∑

T∈Th

‖v‖2
B,T , ‖v‖2

B,T := ‖K 1

2∇v‖2
0,T+

∥∥(µ− 1
2∇·β

) 1

2 v
∥∥2

0,T
v ∈ H1(Th). (4.5)We remark that ‖·‖B is always a norm on H1

0 (Ω), whereas it is a norm on H1(Th) onlywhen µ̃m,T > 0 for all T ∈ Th.The weak formulation of the problem (4.1a)�(4.1b) is then to �nd u ∈ H1
0 (Ω) su
h that

B(u, v) = (f, v) ∀v ∈ H1
0 (Ω). (4.6)81



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionThe assumptions of the previous se
tion, the Green theorem, and the Cau
hy�S
hwarzinequality imply that
B(v, v) = ‖v‖2

B ∀v ∈ H1
0 (Ω), (4.7)

B(u, v) ≤ max

{
1,max
T∈Th

{‖µ‖∞,T

µ̃m,T

}}
‖u‖B‖v‖B

+ max
T∈Th




‖β‖∞,T

λ
1/2
m,T



 ‖u‖B‖v‖0,Ω ∀u, v ∈ H1(Th). (4.8)Hen
e, problem (4.6) admits a unique solution.Remark (Notation). If µ̃m,T = 0, then the term ‖µ‖∞,T /µ̃m,T in estimate (4.8) should beevaluated as zero, sin
e in this 
ase we assume ‖µ‖∞,T = 0. To simplify the notation, wewill systemati
ally use the 
onvention 0/0 = 0 throughout the text.4.2.4 The dis
ontinuous Galerkin methodThe interior-penalty DG methods 
onsidered in this paper are asso
iated with the bilinearform

Bh(u, v) := (K∇hu,∇hv) + ((µ−∇·β)u, v) − (u, β·∇hv)

−
∑

F∈Fh

{
(ntF {K∇hu}ω, [[v]])0,F + θ(ntF {K∇hv}ω, [[u]])0,F

} (4.9)
+
∑

F∈Fh

{(γF [[u]], [[v]])0,F + (β·nF {u}, [[v]])0,F } .The dis
rete problem now 
onsists of �nding uh ∈ V k
h su
h that

Bh(uh, vh) = (f, vh) ∀vh ∈ V k
h . (4.10)Taking in (4.9) the weights on interior fa
es equal to 1/2 and letting θ = 0, θ = −1, or

θ = 1 leads to the well-known In
omplete, Nonsymmetri
, or Symmetri
 Interior-Penaltydis
ontinuous Galerkin methods. The stabilization parameter γF takes the general form
γF := αF

γK,F
hF

+ γβ,F ∀F ∈ Fh, (4.11)where αF is a (user-dependent) positive parameter, γK,F a positive s
alar-valued fun
tiondepending on K, and γβ,F a nonnegative s
alar-valued fun
tion depending on β and van-ishing if β = 0 (the usual 
hoi
e is γβ,F = 1
2 |β·nF |, whi
h amounts to so-
alled upwinding).82



4.3. Improved energy norm a posteriori error estimates in the pure di�usion 
aseAs usual with interior-penalty methods, the parameters αF must be taken large enoughto ensure the 
oer
ivity of the dis
rete bilinear form Bh on V k
h whenever θ 6= −1. Someadditional assumptions on the weights and the penalty 
oe�
ient γK,F will be introdu
edlater in order to ensure the robustness of our estimates with respe
t to di�usion hetero-geneities; see Theorems 4.7 and 4.18 below. The re
ently derived weighted interior penaltyDG method of [51℄ satis�es these assumptions.4.3 Improved energy norm a posteriori error estimates in thepure di�usion 
aseWe present in this se
tion our a posteriori estimates on the error between the weak solution

u and the DG approximate solution uh in the pure di�usion 
ase. Note that at this stage,neither additional assumptions on the data (in parti
ular, f need not be a polynomial) northe shape-regularity of the mesh are required.4.3.1 Abstra
t frameworkThe following lemma gives the basi
 abstra
t framework for our a posteriori error estimatesin the pure di�usion 
ase. It follows from [63, Lemma 4.4℄ and it is analogous to, but simplerthan, the Helmholtz de
omposition of, e.g., [5, Theorem 1℄; a similar but more generalresult, appli
able also in the adve
tion�di�usion�rea
tion 
ase (and used in Se
tion 4.6below) is given in [102, Lemma 7.1℄.Lemma 4.1 (Abstra
t framework in the pure di�usion 
ase). Let β = µ = 0 and let
u ∈ H1

0 (Ω) and uh ∈ H1(Th) be arbitrary. Then
‖u− uh‖2

B ≤ inf
s∈H1

0
(Ω)

‖uh − s‖2
B + sup

ϕ∈H1
0
(Ω), ‖ϕ‖B=1

B(u− uh, ϕ)2. (4.12)Proof. Following [63, Lemma 4.4℄, let ψ ∈ H1
0 (Ω) be su
h that

B(ψ, v) = B(uh, v) ∀v ∈ H1
0 (Ω).Then

‖u− uh‖2
B = ‖uh − ψ‖2

B +B

(
u− uh,

u− ψ

‖u− ψ‖B

)2

,when
e the 
on
lusion is straightforward. 83



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tion4.3.2 Abstra
t a posteriori error estimateWe next give here an abstra
t form of our a posteriori error estimate.Theorem 4.2 (Abstra
t a posteriori error estimate in the pure di�usion 
ase). Let β =

µ = 0, let u be the unique solution of (4.6), and let uh ∈ H1(Th) be arbitrary. Then
‖u− uh‖2

B ≤ inf
s∈H1

0
(Ω)

‖uh − s‖2
B (4.13)

+ inf
t∈H(div,Ω)

sup
ϕ∈H1

0
(Ω), ‖ϕ‖B=1

((f −∇·t, ϕ) − (K∇huh + t,∇ϕ))2.Proof. By (4.6), we immediately have B(u, ϕ) = (f, ϕ). Using this we obtain, for anarbitrary t ∈ H(div,Ω) and employing the Green theorem,
B(u− uh, ϕ) = (f, ϕ) − (K∇huh,∇ϕ) = (f, ϕ) − (K∇huh + t,∇ϕ) + (t,∇ϕ)

= (f −∇·t, ϕ) − (K∇huh + t,∇ϕ).Remark (Form of the abstra
t estimate of Theorem 4.2). It has been already noted in,e.g., [2,3,41,63,102℄ that the �rst term of (4.12) evaluates the �non
onforming error� in thes
alar unknown uh. The se
ond term of (4.12) is 
alled in [3, 63℄ the �
onforming error�.Relation (4.13) a
tually shows that this se
ond term is related to the residual and to thenon
onformity in the �ux −K∇huh.Remark (A �rst 
omputable a posteriori error estimate). We remark that using theCau
hy�S
hwarz inequality, the Friedri
hs inequality ‖ϕ‖2 ≤ CF,Ωh
2
Ω‖∇ϕ‖2, the de�ni-tion (4.5) of the energy semi-norm, and the fa
t that ‖ϕ‖B = 1, it follows readily from (4.13)that

‖u− uh‖2
B ≤ ‖uh − s‖2

B +


 C

1/2
F,ΩhΩ

minT∈Th
λ

1/2
m,T

‖f −∇·t‖0,Ω + ‖K 1

2∇huh +K− 1

2 th‖0,Ω




2for any s ∈ H1
0 (Ω) and any t ∈ H(div,Ω). This is an estimate similar to that proposed byLazarov, Repin and Tomar [67℄. As promoted in [67℄, this estimate is s
heme-independent.On the other hand, being s
heme-independent means that we are not using all the infor-mation that we have on
e the 
omputation has been �nished. As we will see later, thisinformation 
an be used to improve the residual. Another disadvantage of the above esti-mate is that the dependen
e on the di�usion tensor K is very unfavorable in the presen
eof strong heterogeneities; this point was however not addressed in [67℄.84



4.3. Improved energy norm a posteriori error estimates in the pure di�usion 
aseAlthough Theorem 4.2 gives a framework for a quasi-optimal a posteriori error estimate(see Se
tion 4.4.1 below), su
h an estimate is not pra
ti
ally 
omputable. To this purpose,we have to 
hoose a parti
ular s ∈ H1
0 (Ω) and t ∈ H(div,Ω). We devote the two followingse
tions to this point.4.3.3 Oswald interpolation operatorThe Oswald interpolate of uh was already used as a suitable s ∈ H1

0 (Ω) in a posteriorierror estimation in non
onforming or DG methods, 
f. [2, 41, 62℄. It has been analyzed indetail in [24, 62℄. The Oswald interpolation operator IOs : V k
h → V k

h ∩ H1
0 (Ω) is de�nedas follows: given a fun
tion vh ∈ V k

h , the value of IOs(vh) is pres
ribed at suitable (e.g.,Lagrangian) verti
es of the simpli
es of Th. At the verti
es lo
ated inside Ω, the averageof the values of vh is spe
i�ed by
IOs(vh)(V ) =

1

|TV |
∑

T∈TV

vh|T (V ),where TV is the set of T ∈ Th that 
ontain the vertex V , while at boundary verti
es, thevalue of IOs(vh) is set to zero. The following results have been proved in [24, Lemma 3.2and Remark 3.2℄ and [62, Theorem 2.2℄:Lemma 4.3 (Oswald interpolation operator). Let Th be shape-regular, let vh ∈ V k
h , andlet IOs(vh) be 
onstru
ted as above. Then,

‖vh − IOs(vh)‖2
0,T ≤ C

∑

F∈ eFT

hF ‖[[vh]]‖2
0,F ,

‖∇(vh − IOs(vh))‖2
0,T ≤ C

∑

F∈ eFT

h−1
F ‖[[vh]]‖2

0,F ,where the 
onstants C only depend on the spa
e dimension d, the maximal polynomialdegree k, and the shape regularity parameter κT .4.3.4 Di�usive �ux re
onstru
tionA 
hoi
e of suitable t ∈ H(div,Ω) in Theorem 4.2 is a more deli
ate question. Remark inparti
ular that t ∈ H(div,Ω) is a ne
essary 
ondition but some result on the divergen
eof t will also be ne
essary in view of the abstra
t a posteriori error estimate. A previouswork on H(div,Ω) �ux postpro
essing in DG methods in
ludes the paper of Bastian andRivière [18℄, but we shall 
hoose here the postpro
essing re
ently derived in [46℄ or in [64℄.85



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionTo this purpose, we will need the Raviart�Thomas�Nédéle
 spa
es of ve
tor fun
tions(
f. [23, 74,82,91℄)
RTNl

T = P
d
l (T ) + xPl(T ),

RTNl
h =

{
vh ∈ H(div,Ω) ; vh|T ∈ RTNl

T ∀T ∈ Th
}
.In parti
ular, vh ∈ RTNl

h is su
h that ∇·vh ∈ Pl(T ) for all T ∈ Th, vh·nF ∈ Pl(F ) for all
F ∈ FT and all T ∈ Th, and su
h that its normal tra
e is 
ontinuous.Using the spe
i�
ation of the degrees of freedom of fun
tions in RTNl

T given in theabove 
itations, our H(div,Ω)-
onforming di�usive �ux re
onstru
tion th will belong to
RTNl

h with l = k or l = k − 1 and we pres
ribe it lo
ally on all T ∈ Th as follows:
(th·nF , qh)0,F =

(
−ntF {K∇huh}ω + αF

γK,F
hF

[[uh]], qh

)

0,F

∀qh ∈ Pl(F ), ∀F ∈ FT ,(4.14)
(th, rh)0,T = −(K∇uh, rh)0,T + θ

∑

F∈FT

ωT,F (ntFKrh, [[uh]])0,F ∀rh ∈ P
d
l−1(T ). (4.15)Note in parti
ular that the quantities pres
ribing the moments of th·nF are uniquely de�nedfor ea
h fa
e F ∈ Fh, when
e the 
ontinuity of the normal tra
e of th. By this 
onstru
tion,we have the following 
ru
ial lemma:Lemma 4.4 (Re
onstru
ted di�usion residual). There holds

(∇·th, ξh)0,T = (f, ξh)0,T ∀T ∈ Th, ∀ξh ∈ Pl(T ), (4.16)whi
h yields, using that ∇·th|T ∈ Pl(T ),
∇·th|T = Πl(f)|T ∀T ∈ Th.Proof. Let ξh ∈ Pl(T ) be arbitrary. We then have, using the Green theorem, the fa
t that

ξh|F ∈ Pl(F ) for all F ∈ FT , ∇ξh ∈ P
d
l−1(T ), the de�nition (4.14)�(4.15) of th, and putting

vh = ξh on T and vh = 0 otherwise,
(∇·th, ξh)0,T = −(th,∇ξh)0,T +

∑

F∈FT

(th·nT , ξh)0,F = (K∇huh,∇hvh)0,T

−
∑

F∈FT

{
θ(ntF {K∇hvh}ω, [[uh]])0,F

+
(
ntF {K∇huh}ω − αF

γK,F
hF

[[uh]], [[vh]]
)

0,F

}

= Bh(uh, vh) = (f, vh) = (f, ξh)0,T ,86



4.3. Improved energy norm a posteriori error estimates in the pure di�usion 
aseemploying �nally the de�nition of the DG bilinear form (4.9) and that of the DG approx-imate solution (4.10).4.3.5 Lo
ally 
omputable a posteriori error estimateWith the results of the three previous se
tions, we are now ready to state our pra
ti
allo
ally 
omputable a posteriori error estimate for DG methods.Let us de�ne the non
onformity estimator ηNC,T by
ηNC,T := ‖uh − IOs(uh)‖B,T , (4.17)and the di�usive �ux estimator ηDF,T by

ηDF,T := ‖K 1

2∇uh +K− 1

2 th‖0,T , (4.18)where th ∈ RTNl
h is given by (4.14)�(4.15). Finally, let us put

m2
T,K := CP

h2
T

λm,Tfor all T ∈ Th, where CP is the 
onstant from the Poin
aré inequality
‖ϕ− Π0(ϕ)‖2

0,T ≤ CPh
2
T ‖∇ϕ‖2

0,T ∀ϕ ∈ H1(T ), (4.19)whi
h 
an be evaluated as 1/π2 owing to the 
onvexity of T ∈ Th, 
f. [19, 79℄. We de�nethe residual estimator ηR,T by
ηR,T := mT,K‖f − Πl(f)‖0,T . (4.20)We then have the following a posteriori error estimate:Theorem 4.5 (Lo
ally 
omputable a posteriori error estimate in the pure di�usion 
ase).Let β = µ = 0, let u be the unique solution of (4.6), and let uh be its dis
ontinuousGalerkin approximation given by (4.10). Then

‖u− uh‖B ≤
{
∑

T∈Th

{
η2
NC,T + (ηR,T + ηDF,T )2

}
}1/2

.Proof. Put s = IOs(uh) and t = th in Theorem 4.2. Note that, for ea
h T ∈ Th,
|(f −∇·th, ϕ)0,T | = |(f −∇·th, ϕ− Π0(ϕ))0,T | (4.21)

= |(f − Πl(f), ϕ− Π0(ϕ))0,T | ≤ ηR,T ‖ϕ‖B,T ,87



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionusing Lemma 4.4, the Poin
aré inequality 4.19, and the de�nition (4.5) of the energy norm(note that this step holds true for both l = k or l = k− 1). Next, |(K∇huh + t,∇ϕ)0,T | ≤
ηDF,T ‖ϕ‖B,T is immediate. Hen
e it now su�
es to use the Cau
hy�S
hwarz inequalityand to noti
e that ‖ϕ‖B = 1 in order to 
on
lude the proof.Remark (Properties of the estimate of Theorem 4.5). The following properties of theestimate of Theorem 4.5 
an be mentioned:

• It gives a guaranteed upper bound, i.e., features no undetermined 
onstant.
• The residual estimator ηR,T 
oin
ides with the 
lassi
al (properly weighted) �dataos
illation term�, when
e it represents a major improvement of the 
lassi
al residualestimator, whi
h is of the form cKhT ‖f + ∇·(K∇huh)‖0,T . Also, although it repre-sents a higher-order term for pie
ewise smooth f , it shall not be negle
ted as it 
anbe important on 
oarse grids or for highly varying K.
• The Poin
aré 
onstant CP does not depend on the shape-regularity of the mesh,when
e the present estimate is valid also on anisotropi
 meshes.
• The Poin
aré 
onstant CP does not depend on the polynomial degree of uh, so that,in 
ontrast to the estimates of [20, 62℄, the present estimate is valid uniformly withrespe
t to k.
• No assumption on the polynomial form of f is needed at this stage.
• Letting ηR,T = mT,K‖f − ∇·th‖0,T , the present estimate is valid for any th ∈
H(div,Ω) su
h that (∇·th, 1)0,T = (f, 1)0,T for all T ∈ Th, whi
h is a lo
al (
onserva-tivity) property, in 
ontrast to the global Galerkin orthogonality used traditionallyfor 
onforming �nite element methods.4.4 E�
ien
y of the estimates in the pure di�usion 
aseIn this se
tion, we �rst rapidly 
he
k the (global) e�
ien
y of the abstra
t framework ofTheorem 4.2. We then investigate in detail the (lo
al) e�
ien
y of the a posteriori errorestimate of Theorem 4.5. 88



4.4. E�
ien
y of the estimates in the pure di�usion 
ase4.4.1 Global e�
ien
y of the abstra
t estimateTheorem 4.6 (Global e�
ien
y of the abstra
t estimate in the pure di�usion 
ase). Let
β = µ = 0, let u be the unique solution of (4.6), and let uh ∈ H1(Th) be arbitrary. Let thea posteriori error estimate be given by Theorem 4.2. Then

inf
s∈H1

0
(Ω)

‖uh − s‖2
B + inf

t∈H(div,Ω)
sup

ϕ∈H1
0
(Ω), ‖ϕ‖B=1

((f −∇·t, ϕ) − (K∇huh + t,∇ϕ))2

≤ 2‖u− uh‖2
B.Proof. It su�
es to put s = u, t = −K∇u, and to use the Cau
hy�S
hwarz inequality andthe fa
t that ‖ϕ‖B = 1.Remark (Global e�e
tivity index). It follows from Theorem 4.6 that the abstra
t a pos-teriori error estimate of Theorem 4.2 is quasi-exa
t in the sense that the e�e
tivity index,i.e., the ratio of the estimated to the a
tual error, is equal to √

2. The e�e
tivity index
an be improved to 1 when either uh ∈ H1
0 (Ω) or −K∇huh ∈ H(div,Ω), but this is notto be expe
ted apart from parti
ular 
ases. A possible remedy is presented in Se
tion 4.5below.Remark (Robustness with respe
t to data, polynomial degree, and meshes). It followsfrom Theorem 4.6 that the abstra
t a posteriori error estimate of Theorem 4.2 is fullyrobust with respe
t to K without any assumption on its distribution, with respe
t to f(no polynomial form needed), with respe
t to the polynomial degree k, and �nally withrespe
t to the mesh (whi
h 
an be anisotropi
), in the sense that the e�e
tivity index doesnot depend on these quantities.4.4.2 Lo
al e�
ien
y of the lo
ally 
omputable estimateWe now investigate how the quasi-optimal abstra
t global e�
ien
y of the previous se
tionpersists for our parti
ular 
hoi
es of the 
onforming re
onstru
tions of the dis
rete solutionand of its di�usive �ux. To this purpose, we restri
t the 
lass of interior-penalty DGs
hemes by the following assumptions: there exist 
onstants C1, C2, and C3, independent89



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionof K, su
h that
C1 min(λm,T+(F ), λm,T−(F )) ≤ γK,F ≤ C2 min(λM,T+(F ), λM,T−(F )) ∀F ∈ F i

h,(4.22)
C1 λm,T (F ) ≤ γK,F ≤ C2 λM,T (F ) ∀F ∈ F∂Ω

h ,(4.23)
ntFKnFωT (F ),F ≤ C3γK,F ∀T ∈ T (F ), F ∈ F i

h.(4.24)An example of a DG s
heme satisfying (4.22)�(4.24) with C1 = 1/2, C2 = 1, and C3 = 1is that re
ently derived by Ern, Stephansen and Zunino [51℄. It 
onsists of setting
γK,F :=

δK,F+δK,F−

δK,F+ + δK,F−
∀F ∈ F i

h, (4.25)
γK,F := δK,F ∀F ∈ F∂Ω

h , (4.26)where δK,F∓ = ntFK|T∓(F )nF if F ∈ F i
h and δK,F = ntFK|T (F )nF if F ∈ F∂Ω

h , while theweights are 
hosen so that
ωT−(F ),F :=

δK,F+

δK,F+ + δK,F−
, ωT+(F ),F :=

δK,F−

δK,F+ + δK,F−
∀F ∈ F i

h. (4.27)Theorem 4.7 (Lo
al e�
ien
y of the lo
ally 
omputable estimate in the pure di�usion
ase). Let β = µ = 0, let Th be shape-regular, let f be a pie
ewise polynomial of degree m,let u be the unique solution of (4.6), and let uh be its dis
ontinuous Galerkin approximationgiven by (4.10) with the weights ωT,F and penalty parameters γK,F (for simpli
ity supposedfa
ewise 
onstant) satisfying (4.22)�(4.24). Let next the a posteriori error estimate be givenby Theorem 4.5, with in parti
ular ηNC,T given by (4.17) and ηDF,T given by (4.18). Letus put
λ
m,eTT

:= min
T ′∈eTT

λm,T ′ , (4.28)and
‖v‖2

B,∗,F :=
∑

F∈F

‖γ1/2
F [[v]]‖2

0,F v ∈ H1(Th), (4.29)where we will either take F = Fh, F = FT , or F = F̃T . Then, for ea
h T ∈ Th, there90



4.4. E�
ien
y of the estimates in the pure di�usion 
aseholds
ηNC,T ≤ C

λ
1/2
M,T

λ
1/2

m,eTT

‖u− uh‖B,∗, eFT
, (4.30)

ηDF,T ≤ C̃ max
T ′∈TT

{
λM,T ′

λm,T ′

}
‖u− uh‖B,TT

+ C̃

(
λM,T

λm,T

)1
2
‖u− uh‖B,∗,FT

, (4.31)where the 
onstant C depends only on the spa
e dimension d, on the maximal polynomialdegree k, on the DG parameters αF , on the shape regularity parameter κT , and on the
onstant C1 from (4.22)�(4.23) and C̃ in addition depends on the polynomial degree m of
f , on the DG parameter θ, and on the 
onstants C2�C3 from (4.22)�(4.24).Proof. Combine Lemmas 4.8 and 4.10 given below.Remark (Lo
al e�
ien
y norm and global e�
ien
y with respe
t to the energy semi-norm).The lo
al e�
ien
y stated in Theorem 4.7 is given for the energy semi-norm augmentedby the natural DG jump semi-norm ‖·‖B,∗,Fh

. Owing to the result of Ainsworth [5, The-orem 3℄, global e�
ien
y of our non
onformity and di�usive �ux estimators in the energysemi-norm ‖·‖B follows from (4.30)�(4.31) for su�
iently large stabilization parameters αFin the 
ase d = 2, k = 1, K = Id, and θ = 1.Remark (E�
ien
y of the residual estimator). We re
all that the residual estimator ηR,T
oin
ides with the usual �data os
illation term� and is in general of higher order, when
eno e�
ien
y is to be shown.Remark (Robustness with respe
t to heterogeneities and anisotropies). Owing to (4.31),our di�usive �ux estimator ηDF,T is fully robust with respe
t to di�usion heterogeneities.This is an important property in pra
ti
al appli
ations, e.g., when dealing with under-ground �ows. The design 
onditions (4.22)�(4.24) play a 
ru
ial role in this respe
t, 
f.the proof of Lemma 4.10 below. A similar result was proved re
ently in [49℄ in the 
ontextof residual-based a posteriori error estimates for DG methods with di�usivity-dependentweights and penalty parameter based on the harmoni
 average of the normal di�usivity,see (4.25)�(4.27). We next point out that under the assumption of �monotoni
ity aroundverti
es� distribution of the heterogeneities and using the 
on
epts of, e.g., Ainsworth [3℄,also the non
onformity estimator ηNC,T may be shown robust with respe
t to hetero-geneities. Finally, no robustness with respe
t to anisotropies is a
hieved by our estima-tors ηDF,T and ηNC,T , but, at least, the lo
al e�
ien
y estimates only depend on lo
al,elementwise, anisotropies. 91



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionRemark (Generalization to other DG s
hemes). Making appropriate 
hanges in the proofof Theorem 4.7 below, all the presented results (up to the robustness with respe
t toheterogeneities) extend appropriately to all the DG s
hemes in
luded in the setting (4.9)�(4.10), even if the design 
onditions (4.22)�(4.24) are not satis�ed.Remark (Lower bound for the 
lassi
al estimator). The proof of Lemma 4.8 below showsthat the non
onformity estimator ηNC,T represents a lower bound for the 
lassi
al non
on-formity estimator {∑
F∈ eFT

h−1
F ‖[[uh]]‖2

0,F

}1/2. Similarly, the proof of Lemma 4.10 belowshows that the di�usive �ux estimator ηDF,T represents a lower bound for the 
lassi
algradient jump estimator {∑F∈FT
‖ntF [[K∇huh]]‖2

0,F

}1/2 plus again the 
lassi
al non
on-formity estimator.As already indi
ated, the proof of Theorem 4.7 is de
omposed into several parts:Lemma 4.8 (Lo
al e�
ien
y of the non
onformity estimator). Let the assumptions ofTheorem 4.7 be veri�ed. Then (4.30) holds true.Proof. We have
η2
NC,T = ‖uh − IOs(uh)‖2

B,T ≤ λM,T ‖∇(uh − IOs(uh))‖2
0,T

≤ CλM,T

∑

F∈ eFT

h−1
F ‖[[uh]]‖2

0,F = C
∑

F∈ eFT

λM,T

αFγK,F
αF

γK,F
hF

‖[[uh]]‖2
0,F (4.32)

≤ C

C1

(
min
F∈ eFT

αF

)−1
λM,T

λ
m,eTT

∑

F∈ eFT

αF
γK,F
hF

‖[[u− uh]]‖2
0,F ,using Lemma 4.3, the lower bound in (4.22)�(4.23), and the fa
t that [[uh − u]] = [[uh]].Re
all from Lemma 4.3 that C depends only on d, k, and κT .Lemma 4.9 (Norm estimate for the RTNl

T spa
e). Let Th be shape-regular. Then thereexists a 
onstant C, depending only on d, k, and κT su
h that for all vh ∈ RTNl
T , thereholds

‖vh‖2
0,T ≤ C



hT

∑

F∈FT

‖vh·nF ‖2
0,F +


 sup
rh∈P

d
l−1

(T )

(vh, rh)0,T
‖rh‖0,T




2
 .Proof. Use norm equivalen
e on �nite-dimensional spa
es, the Piola transformation, ands
aling arguments.Lemma 4.10 (Lo
al e�
ien
y of the di�usive �ux estimator). Let the assumptions ofTheorem 4.7 be veri�ed. Then (4.31) holds true.92



4.4. E�
ien
y of the estimates in the pure di�usion 
aseProof. Throughout this proof, let C denote a general 
onstant not ne
essarily the same atea
h o

urren
e, depending only on d, k, and κT . We put vh := (K∇uh + th)|T ∈ RTNl
Tand noti
e that, for rh ∈ P

d
l−1(T ),

(vh, rh)0,T = θ
∑

F∈FT

ωT,F (ntFKrh, [[uh]])0,F

≤ |θ|CC3h
− 1

2

T ‖rh‖0,T

∑

F∈FT

γK,F ‖[[uh]]‖0,F ,owing to the de�nition (4.15), the Cau
hy�S
hwarz inequality, the inverse inequality ‖rh‖0,F ≤
Ch

−1/2
T ‖rh‖0,T and the lower bound (4.24). Hen
e, using the de�nition (4.18) of ηDF,T , theprevious lemma, the de�nition of th by (4.14)�(4.15), and the above inequality leads to
η2
DF,T ≤ 1

λm,T
‖vh‖2

0,T ≤ C

λm,T



hT

∑

F∈FT

‖vh·nF ‖2
0,F +


 sup
rh∈P

d
l−1

(T )

(vh, rh)0,T
‖rh‖0,T




2


≤ C

λm,T



hT

∑

F∈FT

∥∥∥∥ω̄T,Fn
t
T [[K∇huh]] + αF

γK,F
hF

Πl([[uh]])

∥∥∥∥
2

0,F

+θ2h−1
T C2

3

∑

F∈FT

γ2
K,F ‖[[uh]]‖2

0,F



 .We next study the three resulting terms separately. First of all,

hT
λm,T

∑

F∈FT

∥∥∥∥αF
γK,F
hF

Πl([[uh]])

∥∥∥∥
2

0,F

≤ Cλ
−

1
2

m,T

∑

F∈FT

αFγK,FαF
γK,F
hF

‖Πl([[uh]])‖2
0,F

≤ CC2 max
F∈FT

λ
−

1
2

m,TαF
∑

F∈FT

min{λM,T−(F ), λM,T+(F )}αF
γK,F
hF

‖[[uh]]‖2
0,F

≤ CC2 max
F∈FT

αF
λM,T

λm,T

∑

F∈FT

αF
γK,F
hF

‖[[u− uh]]‖2
0,F ,where we have used (4.22) (the modi�
ation at the boundary has been skipped for sim-pli
ity). Similarly, for the se
ond term we have

θ2 1

hTλm,T

∑

F∈FT

γ2
K,F ‖[[uh]]‖2

0,F ≤ CC3θ
2λM,T

λm,T

(
min
F∈ eFT

αF

)−1 ∑

F∈FT

αF
γK,F
hF

‖[[u− uh]]‖2
0,F .Finally,

hT
λm,T

∑

F∈FT

ω̄2
T,F

∥∥ntF [[K∇huh]]
∥∥2

0,F
≤ CC2C3 max

T ′∈TT

{
λM,T ′

λm,T ′

}2

‖u− uh‖2
B,TT

,
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Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionwhi
h 
an be dedu
ed from [49, Proposition 3.2℄5.4.5 A posteriori error estimates for the re
onstru
ted �uxThe a posteriori error estimates of Se
tion 4.3 are given for the DG approximate solution
uh, or, equivalently, taking into a

ount the de�nition of the energy norm (4.5), for its�ux −K∇huh. In order to obtain them, we have used its H(div,Ω)-
onforming di�usive�ux re
onstru
tion th. There arises a natural question whether we are also able to givean a posteriori error estimate for this (supposedly) improved �ux, instead of the originalestimate. Moreover, Theorem 4.6 indi
ates that the a posteriori error estimates of Se
-tion 4.3 will only lead to quasi-exa
tness with e�e
tivity index √

2. This is quite obviousbe
ause both uh and −K∇huh are non
onforming (in the sense that uh 6∈ H1
0 (Ω) and

−K∇huh 6∈ H(div,Ω)) and 
onsequently two estimators appear. We present here a possi-ble remedy to this situation: sin
e th ∈ H(div,Ω) is su
h that ∇·th = Πl(f), it su�
es touse the results of [103℄ in order to obtain the same estimates as for mixed �nite elements:Theorem 4.11 (Abstra
t a posteriori error estimate for the re
onstru
ted �ux). Let ube the unique solution of (4.6), let uh be its dis
ontinuous Galerkin approximation givenby (4.10), and let th be its di�usive �ux re
onstru
tion given by (4.14)�(4.15). Then
‖K− 1

2 th +K
1

2∇u‖2
0,Ω ≤ inf

s∈H1
0
(Ω)

‖K− 1

2 th +K
1

2∇s‖2
0,Ω +

∑

T∈Th

m2
T,K‖f − Πl(f)‖2

0,T .For pra
ti
al purposes, a �rst 
hoi
e for s in the above theorem is s = IOs(uh). However,more pre
ise re
onstru
tions are suggested and studied in [103℄ for mixed �nite elements.Con
erning the e�
ien
y of this framework, we have the following result, whi
h in
ontrast to Se
tion 4.4.1 gives full asymptoti
 exa
tness (i.e., e�e
tivity index equal to 1,up to the residual (or data os
illation) term).Theorem 4.12 (Global e�
ien
y of the abstra
t estimate for the re
onstru
ted �ux). Let
u be the unique solution of (4.6), let uh be its dis
ontinuous Galerkin approximation givenby (4.10), and let th be its di�usive �ux re
onstru
tion given by (4.14)�(4.15). Let the aposteriori error estimate for th be given by Theorem 4.11. Then

inf
s∈H1

0
(Ω)

‖K− 1

2 th +K
1

2∇s‖2
0,Ω +

∑

T∈Th

m2
T,K‖f − Πl(f)‖2

0,T

≤ ‖K− 1

2 th +K
1

2∇u‖2
0,Ω +

∑

T∈Th

m2
T,K‖f − Πl(f)‖2

0,T .5Chapitre 3, Proposition 3.5 94



4.6. Improved energy norm a posteriori error estimates in the general 
ase4.6 Improved energy norm a posteriori error estimates in thegeneral 
aseWe present in this se
tion an extension of our analysis of Se
tion 4.3 to the general
ase (4.1a)�(4.1b). Again at this stage, neither assumptions on the data other than thosestated in Se
tion 4.2.2, nor the mesh shape-regularity, are needed.4.6.1 Abstra
t frameworkThe following general abstra
t framework has been proved in [102, Lemma 7.1℄.Lemma 4.13 (Abstra
t framework in the general 
ase). Let u ∈ H1
0 (Ω) and uh ∈ H1(Th)be arbitrary. Then

‖u− uh‖B ≤ inf
s∈H1

0
(Ω)

{
‖uh − s‖B + sup

ϕ∈H1
0
(Ω), ‖ϕ‖B=1

(
B(u− uh, ϕ)

+
(
β·∇h(uh − s) + 1

2(∇·β)(uh − s), ϕ
))}

.Remark (Comparison with the abstra
t framework of Lemma 4.1). In 
omparison withthe abstra
t framework of Lemma 4.1, Lemma 4.13 is appli
able to the general adve
tion�di�usion�rea
tion 
ase. In parti
ular, there is an additional 
ontribution from the non-symmetri
 part of the bilinear form B(·, ·), whi
h 
an be evaluated using an arbitrary
s ∈ H1

0 (Ω). The pri
e for this generality is that Lemma 4.13 yields a triangular-like in-equality instead of a Pythagorean-like inequality.4.6.2 Abstra
t a posteriori error estimateAn abstra
t form of our a posteriori error estimate now takes the following form (
omparewith Theorem 4.2).Theorem 4.14 (Abstra
t a posteriori error estimate in the general 
ase). Let u be theunique solution of (4.6) and let uh ∈ H1(Th) be arbitrary. Then
‖u− uh‖B ≤ inf

s∈H1
0
(Ω)

{
‖uh − s‖B

+ inf
t∈H(div,Ω)

sup
ϕ∈H1

0
(Ω), ‖ϕ‖B=1

(
(f −∇·t − β·∇s− µs, ϕ) (4.33)

−(K∇huh + t,∇ϕ) +
((
µ− 1

2∇·β
)
(s− uh), ϕ

))}
.
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Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionProof. We use (4.6) in Lemma 4.13, keep s ∈ H1
0 (Ω) arbitrary, introdu
e an arbitrary

t ∈ H(div,Ω), and employ the Green theorem to infer
B(u− uh, ϕ) + (β·∇h(uh − s) + 1

2(∇·β)(uh − s), ϕ) = (f −∇·t − β·∇huh − µuh, ϕ)

−(K∇huh + t,∇ϕ) +
(
β·∇h(uh − s) + 1

2(∇·β)(uh − s), ϕ
)
,when
e the assertion of the theorem follows easily.Remark (A 
omputable a posteriori error estimate). Similarly as in the pure di�usion
ase (
f. Remark 4.3.2), it follows readily from (4.33), using the Friedri
hs inequality

‖ϕ‖2 ≤ CF,Ωh
2
Ω‖∇ϕ‖2 or the inequality ‖ϕ‖ ≤ minT∈Th

{µ̃1/2
m,T }−1

∥∥(µ − 1
2∇·β

)1/2
ϕ
∥∥, theCau
hy�S
hwarz inequality, the de�nition (4.5) of the energy semi-norm, and the fa
t that

‖ϕ‖B = 1,
‖u− uh‖B ≤ ‖uh − s‖B

+ min





C
1/2
F,ΩhΩ

minT∈Th
λ

1/2
m,T

,
1

minT∈Th
µ̃

1/2
m,T



 ‖f −∇·t − β·∇s− µs‖0,Ω

+
(
‖K 1

2∇huh +K− 1

2 th‖2
0,Ω + ‖

(
µ− 1

2∇·β
) 1

2 (uh − s)‖2
0,Ω

)1/2for any s ∈ H1
0 (Ω) and any t ∈ H(div,Ω). Again, this is a fully 
omputable and s
heme-independent estimate, but all the points from Remark 4.3.2 apply here as well.Remark (Another form of Theorem 4.14). The estimate of Theorem 4.14 
an be 
hangedinto

‖u− uh‖B ≤ inf
s∈H1

0
(Ω)

{
‖uh − s‖B (4.34)

+ inf
q∈H(div,Ω)

inf
t∈H(div,Ω)

sup
ϕ∈H1

0
(Ω), ‖ϕ‖B=1

∣∣(f −∇·t −∇·q − (µ−∇·β)uh, ϕ)

− (K∇huh + t,∇ϕ) + (∇·q −∇·(βs), ϕ) −
(

1
2(∇·β)(uh − s), ϕ

)∣∣
}
.Again, Theorem 4.14 gives a framework for a quasi-optimal a posteriori error estimate(see Se
tion 4.7.1 below), whi
h is however not pra
ti
ally 
omputable. In the next se
tions,we present its lo
ally 
omputable version. To this purpose, we would like to keep the 
hoi
eof the H1

0 (Ω)-
onforming s
alar fun
tion s and of the H(div,Ω)-
onforming di�usive �ux
t the same as in Se
tions 4.3.3 and 4.3.4, respe
tively. With this 
hoi
e, however, theresidual f −∇·t−β·∇s−µs does not satisfy an orthogonality property as (4.16). It is not96



4.6. Improved energy norm a posteriori error estimates in the general 
aseeven of zero mean ne
essarily, whi
h would be ne
essary to obtain a 
omputable estimateas in (4.21). In order to re
over (at least partially) these properties, we will employ theform of Theorem 4.14 given by (4.34), where q will be a suitable H(div,Ω)-
onforming
onve
tive �ux re
onstru
tion.4.6.3 Conve
tive �ux re
onstru
tionOur H(div,Ω)-
onforming 
onve
tive �ux re
onstru
tion qh will belong to RTNl
h with

l = k or l = k − 1 and we pres
ribe it lo
ally on all T ∈ Th, as follows:
(qh·nF , qh)0,F = (β·nF {uh} + γβ,F [[uh]], qh)0,F ∀qh ∈ Pl(F ), ∀F ∈ FT , (4.35)

(qh, rh)0,T = (uh, β·rh)0,T ∀rh ∈ P
d
l−1(T ). (4.36)Note in parti
ular that the quantities pres
ribing the moments of qh·nF are uniquelyde�ned for ea
h fa
e F ∈ Fh, when
e the 
ontinuity of the normal tra
e of qh. By this
onstru
tion, we have the following generalization of Lemma 4.4:Lemma 4.15 (Re
onstru
ted adve
tion�di�usion�rea
tion residual). There holds

(∇·th + ∇·qh + (µ−∇·β)uh, ξh)0,T = (f, ξh)0,T ∀T ∈ Th, ∀ξh ∈ Pl(T ).Moreover, using that ∇·th|T ∈ Pl(T ) and ∇·qh|T ∈ Pl(T ) for all T ∈ Th,
(∇·th + ∇·qh + Πl((µ−∇·β)uh))|T = Πl(f)|T ∀T ∈ Th,and, when in parti
ular µ and ∇·β are elementwise 
onstant and when l = k in the di�usiveand 
onve
tive �ux re
onstru
tions,

(∇·th + ∇·qh + (µ−∇·β)uh)|T = Πk(f)|T ∀T ∈ Th.Proof. Let ξh ∈ Pl(T ) be arbitrary. Owing to the Green theorem, the fa
t that ξh|F ∈ Pl(F )for all F ∈ FT , ∇ξh ∈ P
d
l−1(T ), the de�nitions (4.14)�(4.15) of th and the de�nitions (4.35)�97



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tion(4.36) of qh, respe
tively, and putting vh = ξh on T and vh = 0 otherwise, we infer
(∇·th + ∇·qh + (µ−∇·β)uh, ξh)0,T

= −(th,∇ξh)0,T +
∑

F∈FT

(th·nT , ξh)0,F − (qh,∇ξh)0,T +
∑

F∈FT

(qh·nT , ξh)0,F

+((µ−∇·β)uh, ξh)0,T = (K∇huh,∇hvh)0,T − (uh, β·∇hvh)0,T

−
∑

F∈FT

{
θ(ntF {K∇hvh}ω, [[uh]])0,F +

(
ntF {K∇huh}ω − αF

γK,F
hF

[[uh]], [[vh]]
)

0,F

}

+
∑

F∈FT

(β·nF {uh} + γβ,F [[uh]], [[vh]])0,F + ((µ−∇·β)uh, vh)0,T

= Bh(uh, vh) = (f, vh) = (f, ξh)0,T ,employing �nally the de�nition of the DG bilinear form (4.9) and that of the DG approx-imate solution (4.10).4.6.4 Lo
ally 
omputable a posteriori error estimateWe are now ready to state our pra
ti
al lo
ally 
omputable a posteriori error estimate forDG methods and the problem (4.1a)�(4.1b).While we keep the de�nitions of the non
onformity estimator ηNC,T (4.17) and that ofthe di�usive �ux estimator ηDF,T (4.18) as in Se
tion 4.3.5, the residual estimator ηR,T willnow be de�ned by
ηR,T := mT,K,β,µ‖f −∇·th −∇·qh − (µ−∇·β)uh‖0,T , (4.37)where

m2
T,K,β,µ := min

{
CP

h2
T

λm,T
,

1

µ̃m,T

}for all T ∈ Th; re
all that CP is the 
onstant from the Poin
aré inequality (4.19). We nextde�ne two adve
tion estimators ηC,1,T and ηC,2,T respe
tively by
ηC,1,T := mT,K,β,µ‖∇·(qh − βsh) − Π0(∇·(qh − βsh))‖0,T (4.38)and

ηC,2,T :=
1

µ̃
1/2
m,T

∥∥1
2(∇·β)(uh − sh)

∥∥
0,T
, (4.39)with sh = IOs(uh). Finally, let

m2
F,K,β,µ := min

{
max

T ;F∈FT

{
CF,T,F

|F |h2
T

|T |λm,T

}
, max
T ;F∈FT

{ |F |
|T |µ̃m,T

}} (4.40)
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4.6. Improved energy norm a posteriori error estimates in the general 
asefor a fa
e F ∈ Fh. Here CF,T,F is the 
onstant from the generalized Friedri
hs inequality,whi
h states that
‖ϕ− Π0,F (ϕ)‖2

0,T ≤ CF,T,Fh
2
T ‖∇ϕ‖2

0,T , (4.41)where Πl,F is the L2-orthogonal proje
tion onto pie
ewise polynomials of degree l on thefa
e F . It follows from [100, Lemma 4.1℄ that CF,T,F = 3d for a simplex T and its fa
e F .The upwinding estimator ηU,T is de�ned by
ηU,T :=

∑

F∈FT

mF,K,β,µ‖Π0,F ((qh − βsh)·nF )‖0,F . (4.42)We then have the following a posteriori error estimate:Theorem 4.16 (Lo
ally 
omputable a posteriori error estimate in the general 
ase). Let
u be the unique solution of (4.6) and let uh be its dis
ontinuous Galerkin approximationgiven by (4.10). Then

‖u− uh‖B ≤
{
∑

T∈Th

η2
NC,T

}1/2

+

{
∑

T∈Th

(
ηR,T + (η2

DF,T + η2
C,2,T )1/2 + ηC,1,T + ηU,T

)2
}1/2

.Proof. We start by putting s = sh = IOs(uh), t = th, and q = qh in the abstra
t estimateof (4.34). We next write
(f −∇·th −∇·qh − (µ−∇·β)uh, ϕ) − (K∇huh + th,∇ϕ) + (∇·qh −∇·(βsh), ϕ)

−
(

1
2(∇·β)(uh − sh), ϕ

)
=
∑

T∈Th

{
(f −∇·th −∇·qh − (µ−∇·β)uh, ϕ− Π0(ϕ))0,T

−(K∇uh + th,∇ϕ)0,T −
(

1
2(∇·β)(uh − sh), ϕ

)
0,T

+ (∇·(qh − βsh), ϕ− Π0(ϕ))0,T

+
∑

F∈FT

((qh − βsh)·nT ,Π0(ϕ))0,F

}
,using Lemma 4.15 in the �rst term and subtra
ting (∇·(qh − βsh),Π0(ϕ))0,T and addingthe same quantity rewritten using the Green theorem in the last but one term. Next notethat in this last term, we may repla
e ∇·(qh − βsh) by ∇·(qh − βsh)−Π0(∇·(qh − βsh)),and similarly in the last term, we may repla
e (qh−βsh)·nT by Π0,F ((qh−βsh)·nT ). Theabove expression is thus bounded, using the Cau
hy�S
hwarz inequality, the inequality

‖ϕ− Π0(ϕ)‖0,T ≤ mT,K,β,µ‖ϕ‖B,T ,99



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionwhi
h follows from the Poin
aré inequality (4.19) and from the de�nition of the energynorm (4.5), and �nally using [101, Lemma 4.5℄ for the last term, by
∑

T∈Th

(
ηR,T + (η2

DF,T + η2
C,2,T )1/2 + ηC,1,T + ηU,T

)
‖ϕ‖B,T .Using the Cau
hy�S
hwarz inequality, noti
ing that ‖ϕ‖B = 1, and adding the non
onfor-mity estimator, whi
h appears dire
tly as the �rst term in (4.34), 
on
ludes the proof.Remark (Properties of the estimate of Theorem 4.16). As in the pure di�usion 
ase, weremark that the estimate of Theorem 4.16 yields a guaranteed upper bound, the residualrepresents a higher-order term, neither CP nor CF,T,F depend on the polynomial degree of

uh, when
e the estimate is valid uniformly with respe
t to k, no polynomial data form isneeded at this stage, and, �nally, the estimate is valid for any th,qh ∈ H(div,Ω) su
h that
(∇·th + ∇·qh + (µ−∇·β)uh, 1)0,T = (f, 1)0,T for all T ∈ Th.Remark (Mean values in ηC,1,T and ηU,T ). Sin
e ‖g−Π0(g)‖0,Ω ≤ ‖g‖0,Ω and ‖Π0(g)‖0,Ω ≤
‖g‖0,Ω, where ‖·‖0,Ω denotes the L2-norm for a square-integrable fun
tion g, the estima-tors ηC,1,T and ηU,T may be 
onsiderably smaller in the adve
tion-dominated 
ase when
ompared to the situation where the pie
ewise 
onstant proje
tion is not subtra
ted/used.4.7 E�
ien
y of the estimates in the general 
aseIn this se
tion, we �rst rapidly 
he
k the (global) e�
ien
y of the abstra
t framework ofTheorem 4.14. We then investigate in detail the (lo
al) e�
ien
y of the a posteriori errorestimate of Theorem 4.16.4.7.1 Global e�
ien
y of the abstra
t estimateTheorem 4.17 (Global e�
ien
y of the abstra
t estimate in the general 
ase). Let u bethe unique solution of (4.6) and let uh ∈ H1(Th) be arbitrary. Let the a posteriori errorestimate be given by Theorem 4.14. Then

inf
s∈H1

0
(Ω)

{
‖uh − s‖B + inf

t∈H(div,Ω)
sup

ϕ∈H1
0
(Ω), ‖ϕ‖B=1

(
(f −∇·t − β·∇s− µs, ϕ)

−(K∇huh + t,∇ϕ) +
((
µ− 1

2∇·β
)
(s− uh), ϕ

))}

≤ 2‖u− uh‖B. 100



4.7. E�
ien
y of the estimates in the general 
aseProof. It su�
es to put s = u and t = −K∇u in Theorem 4.14 and to use the Cau
hy�S
hwarz inequality and the fa
t that ‖ϕ‖B = 1.
Before we start to investigate the lo
al e�
ien
y of the lo
ally 
omputable estimate,we note that the same global e�
ien
y result holds true also for the estimate (4.34) � itsu�
es to put in addition q = βu. In addition, similar observations to those given afterTheorem 4.6 hold true also in the present 
ase.

4.7.2 Lo
al e�
ien
y of the lo
ally 
omputable estimateThe following theorem is a generalization of Theorem 4.7:
Theorem 4.18 (Lo
al e�
ien
y of the lo
ally 
omputable estimate in the general 
ase).Let Th be shape-regular, let f be a pie
ewise polynomial of degree m, and let, for the sakeof simpli
ity, ∇·(qh− βsh) ∈ Pl on all T ∈ Th. Let next u be theu unique solution of (4.6)and let uh be its dis
ontinuous Galerkin approximation given by (4.10). Assume (4.22)�(4.24) for the weights ωT,F and for the penalty parameters γK,F and that γβ,F ≤ ‖β‖∞,Tfor all T ∈ Th and F ∈ FT (both γK,F and γβ,F are for the simpli
ity supposed fa
ewise
onstant). Let �nally the a posteriori error estimate be given by Theorem 4.16, with inparti
ular ηNC,T given by (4.17), ηR,T by (4.37), ηDF,T by (4.18), ηC,1,T by (4.38), ηC,2,Tby (4.39), and ηU,T by (4.42). Re
all the notation λ

m,eTT
from (4.28) and put

µ̃m,TT
:= min

T ′∈TT

µ̃m,T ′ , c
β, eFT

:= min
F∈ eFT

γβ,F , (4.43)
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Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionand R(uh) := f + ∇·(K∇huh) − β·∇huh − µuh. Then, for ea
h T ∈ Th, there holds
ηNC,T ≤ C

(
λ

1/2
M,Th

−1
T +

∥∥µ− 1
2∇·β

∥∥1/2

∞,T

)
min





hT

λ
1/2

m,eTT

,
h

1/2
T

c
1/2

β, eFT



 ‖u− uh‖B,∗, eFT

,(4.44)
ηC,2,T ≤ C

∣∣1
2∇·β

∣∣

µ̃
1/2
m,T

min





hT

λ
1/2

m,eTT

,
h

1/2
T

c
1/2

β, eFT



 ‖u− uh‖B,∗, eFT

, (4.45)
ηU,T ≤ Cmin





1

λ
1/2
m,TT

,
1

hT µ̃
1/2
m,TT



‖β‖∞,Tmin





hT

λ
1/2

m,eTT

,
h

1/2
T

c
1/2

β, eFT



‖u− uh‖B,∗, eFT

, (4.46)
ηC,1,T ≤ Cmin





1

λ
1/2
m,TT

,
1

hT µ̃
1/2
m,TT



‖β‖∞,Tmin





hT

λ
1/2

m,eTT

,
h

1/2
T

c
1/2

β, eFT



‖u− uh‖B,∗, eFT

, (4.47)
ηDF,T ≤ C̃

(
λM,T

λm,T

)1
2
‖u− uh‖B,∗,FT

+ C̃ max
T ′∈TT

{
λM,T

λm,T

}1/2



∑

T ′∈TT

hT ′

λ
1/2
m,T ′

‖R(uh)‖0,T ′ +
∑

T ′∈TT

{
max

{
1,

‖µ‖∞,T ′

µ̃m,T ′

} (4.48)
+


1 +

‖µ− 1
2∇·β‖1/2

∞,T ′

λ
1/2
m,T ′

hT ′


+

‖β‖∞,T ′

λm,T ′

hT ′



 ‖u− uh‖B,TT


 ,and

‖R(uh)‖0,T ≤ C̄


λ

1/2
M,T

hT
+ min




‖µ‖∞,T

µ̃
1/2
m,T

+
‖β‖∞,T

λ
1/2
m,T

,
‖µ−∇·β‖∞,T

µ̃
1/2
m,T

+
‖β‖∞,T

µ̃
1/2
m,ThT








×‖u− uh‖B,T . (4.49)Here, the 
onstants C depend only on the spa
e dimension d, on the maximal polynomialdegree k, on the shape regularity parameter κT , on the DG parameters αF , and on the
onstant C1 from (4.22)�(4.23), C̃ in addition depends on the polynomial degree m of f ,on the DG parameter θ, and on the 
onstant C3 from (4.24), and C̄ depends only on d, k,
m, and κT .Proof. Sin
e ηR,T is a higher-order term owing to Lemma 4.15 (given by mT,K,β,µ ‖f −
Πk(f)‖0,T when µ and ∇·β are elementwise 
onstant and when l = k), we prove only thee�
ien
y of the other estimates. In this proof, we denote by C a general 
onstant not102



4.7. E�
ien
y of the estimates in the general 
asene
essarily the same at ea
h o

urren
e, depending only on d, k, and κT . Also, re
all thatit follows from (4.32) that
∑

F∈ eFT

h−1
F ‖[[uh]]‖2

0,F ≤ C−1
1 ( min

F∈ eFT

αF )−1 1

λ
m,eTT

‖u− uh‖2
B,∗, eFT

. (4.50)Similarly, one obviously has, using (4.29) and (4.43),
∑

F∈ eFT

‖[[uh]]‖2
0,F ≤ 1

c
β, eFT

‖u− uh‖2
B,∗, eFT

. (4.51)We begin with ηNC,T . As the estimate for its di�usive part is given by (4.32), we onlyestimate
∥∥(µ− 1

2∇·β
) 1

2 (uh − IOs(uh))
∥∥2

0,T
≤ C

∥∥µ− 1
2∇·β

∥∥
∞,T

∑

F∈ eFT

hF ‖[[uh]]‖2
0,F ,using Lemma 4.3. We 
an further bound this term either by (4.50) or by (4.51), when
e (4.44)follows.Similarly, (4.45) is readily dedu
ed, using

η2
C,2,T ≤ C

∣∣1
2∇·β

∣∣2

µ̃m,T

∑

F∈ eFT

hF ‖[[uh]]‖2
0,F .Next, we remark that, for all F ∈ FT ,

m2
F,K,β,µ ≤ Cmin

{
hT

λM,TT

,
1

hT µ̃m,TT

}
,when
e, employing (4.35) and the fa
t that ‖Π0,F (g)‖0,F ≤ ‖g‖0,F , we get, with sh =

IOs(uh),
ηU,T

≤ Cmin





h
1/2
T

λM,TT

1/2
,

1

h
1/2
T µ̃

1/2
m,TT




∑

F∈FT

‖β·nF {uh} + γβ,F [[uh]] − β·nF sh‖0,F

≤ Cmin





h
1/2
T

λM,TT

1/2
,

1

h
1/2
T µ̃

1/2
m,TT




∑

F∈FT

{
‖γβ,F [[uh]]‖0,F

+1
2

∑

T ′;F∈FT ′

‖β·nF (uh − sh)‖0,F

}

≤ Cmin





1

λM,TT

1/2
,

1

hT µ̃
1/2
m,TT



 ‖β‖∞,T

∑

F∈ eFT

h
1/2
F ‖[[uh]]‖0,F ,
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onstru
tionusing also the inequality
‖uh − IOs(uh)‖0,F ≤ C

∑

F ′;F ′∩F 6=∅

‖[[uh]]‖0,F ′valid for the Oswald interpolation operator.We next prove the e�
ien
y of ηC,1,T . First of all,
mT,K,β,µ‖∇·(qh − βsh) − Π0(∇·(qh − βsh))‖0,T

≤ mT,K,β,µ‖∇·(qh − βsh)‖0,T = mT,K,β,µ sup
ξh∈Pl(T )

(∇·(qh − βsh), ξh)0,T
‖ξh‖0,T

,using the assumption ∇·(qh − βsh) ∈ Pl on all T ∈ Th. Next, using the Green theorem,the de�nition of qh (4.35)�(4.36), the inverse inequalities ‖ξh‖0,F ≤ Ch
−1/2
T ‖ξh‖0,T and

‖∇ξh‖0,T ≤ Ch−1
T ‖ξh‖0,T , and Lemma 4.3,

(∇·(qh − βsh), ξh)0,T

= −(qh − βsh,∇ξh)0,T +
∑

F∈FT

((qh − βsh)·nT , ξh)0,F

= −(uh − sh, β·∇ξh)0,T +
∑

F∈FT

(β·nT {uh} + ntFnFγβ,F [[uh]] − β·nT sh, ξh)0,F

≤ C‖β‖∞,Th
−1
T ‖ξh‖0,T

∑

F∈ eFT

h
1/2
F ‖[[uh]]‖0,F

+Ch
−1/2
T ‖ξh‖0,T

∑

F∈FT

‖β·nT {uh} + ntFnFγβ,F [[uh]] − β·nT sh‖0,F

≤ C‖β‖∞,Th
−1
T ‖ξh‖0,T

∑

F∈ eFT

h
1/2
F ‖[[uh]]‖0,F ,using �nally the result proved previously for ηU,T , when
e (4.47) follows.A

ording to Lemma 4.10, whi
h holds true also in the general 
ase, the estimate on

ηDF,T 
an be de
omposed into three parts, the �rst two of whi
h are bounded by
C̃

(
λM,T

λm,T

)1
2
‖u− uh‖B,∗,FTwith C̃ depending on d, k, κT , αF , θ, C2, and C3. The estimate for the third term is similarto that of [49℄ and 
an be obtained using the edge bubble fun
tion te
hnique introdu
edin [98℄, yielding altogether (4.48).Finally, the estimate (4.49) was established in [49℄ using the equivalen
e of normson �nite-dimensional spa
es, inverse inequalities, and the de�nition of ‖·‖B,T by (4.5),following the approa
h given in [98℄. 104



4.8. Numeri
al experimentsRemark (Comments on the results of Theorem 4.18). In 
omparison with Theorem 4.17,again the 
ru
ial advantage of Theorem 4.18 is the 
on�rmation of the lo
alization of theerror. However, the e�
ien
y 
onstant is no longer parameter-independent, the majoroverestimation being produ
ed in the adve
tion-dominated 
ase. Nevertheless, as h →
0, the estimators ηC,1,T , ηC,2,T , and ηU,T will 
ompletely loose in�uen
e and ηNC,T and
ηDF,T will be
ome optimally e�
ient, the rapidity being a fun
tion of the lo
al Pé
letnumber ‖β‖∞,T

λm,T
hT on ea
h T ∈ Th. This result is of the same quality as those a
hievedin [49,98,101,102℄.Remark (E�
ien
y of ηDF,T ). In 
omparison with the results of [49, 98, 101, 102℄, thedi�usive �ux estimator ηDF,T is not e�
ient with a 
onstant of the form c1 + c2 min{Pe, ̺}with ̺ depending on β and K, but only of the form c1 + c2Pe. The former e�
ien
y 
anbe obtained if integration by parts is performed and ηDF,T is repla
ed by a minimum of

ηDF,T and an estimator as that in [49℄. We did not perform here su
h a modi�
ation, alsoin view of the fa
t that the numeri
al experiments presented below show that ηDF,T isa
tually small in 
omparison with the other estimators.Remark (E�
ien
y of ηU,T in 
omparison with �nite volumes or mixed �nite elements).In �nite volume or mixed �nite s
hemes, upwinding 
an likewise be used in order to stabi-lize the s
hemes in the adve
tion-dominated regime. However, no e�
ien
y of the 
orre-sponding upwinding estimator ηU,T 
an be proved for these s
hemes, see [101℄ and [102℄,respe
tively. Contrarily to this situation, ηU,T in the dis
ontinuous Galerkin method isby (4.46) lo
ally e�
ient (with a 
onstant depending on the lo
al Pé
let number).Remark (E�
ien
y of ηC,1,T and ηU,T ). We remark that the improvements in ηC,1,T and
ηU,T des
ribed in Remark 4.6.4 were not taken into a

ount in the proof of Theorem 4.18.Hen
e the a
tual e�
ien
y of these estimators may be still better.4.8 Numeri
al experimentsWe present in this se
tion the results of several numeri
al experiments.4.8.1 Pure di�usionFor the pure di�usion problem we have examined three di�erent test 
ases, all posed onthe domain Ω = {−1 < x, y < 1} with Diri
hlet boundary 
onditions. The di�usion tensoris isotropi
 (but heterogeneous in test 
ases 2 and 3) and 
an thus be identi�ed with as
alar di�usion 
oe�
ient denoted by κ. The dis
rete solution has been obtained using105



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionthe weighted interior-penalty DG s
heme proposed in [51℄ with polynomial degree p = 1,given by (4.9)�(4.11) with the penalty parameter and the weights given by (4.25)�(4.27).The di�usive �ux th was re
onstru
ted using (4.14)�(4.15) for both l = 0 or l = 1. Next,the pie
ewise a�ne Oswald interpolate IOs(uh) of the dis
rete solution uh was used. Inthe subsequent tables, sequen
es of uniformly re�ned, stru
tured or unstru
tured meshesare 
onsidered to evaluate the 
onvergen
e rates and N indi
ates the number of meshelements. Columns labeled �e�� report the global e�e
tivity index, that is the ratio ofthe a posteriori error estimate to the a
tual error, both quantities being 
omputed overall mesh elements. We employ the following notation for the various error estimators:
ηNC :=

{∑
T∈Th

η2
NC,T

}1/2, ηR :=
{∑

T∈Th
η2
R,T

}1/2, ηDF :=
{∑

T∈Th
η2
DF,T

}1/2, and so on.For test 
ase 1 the exa
t solution is u(x, y) = cos(0.5πx) cos(0.5πy) and κ is equal tounity. The purpose of this test 
ase is to assess the 
onvergen
e rate of all the estimators inthe 
ase of a smooth solution. Tables 4.1 and 4.2 report the results obtained on stru
turedand unstru
tured meshes, respe
tively. As expe
ted, the residual estimator ηR 
onvergesto order (l + 2), i.e., super-
onverges with respe
t to the non
onformity estimator and tothe di�usive �ux estimator, the latter always dominating the former by a fa
tor between2 and 3. For l = 0, the e�
ien
y index is equal to 1.2. This ex
eptionally good resultis a
tually below the value derived for the global e�
ien
y of the abstra
t estimate inTheorem 4.6, namely √
2. This is not a 
ontradi
tion sin
e in the present 
ase, it turnsout that the Oswald interpolate IOs(uh) is 
loser to the dis
rete solution uh than the exa
tsolution u. For l = 1, the e�e
tivity index is equal to 1.5 on stru
tured meshes and to 1.3on unstru
tured meshes, whi
h 
on�rms the sharpness of the estimate for l = 1 also. Thee�e
tivity index for l = 1 is however slightly larger than for l = 0, showing that for thepresent test 
ase, the lowest-order di�usive �ux re
onstru
tion yields the sharpest results(a di�erent 
on
lusion is rea
hed in the two following test 
ases).

l = 0 l = 1

N ‖u− uh‖B ηNC ηR ηDF e�. ηR ηDF e�.128 3.28e-1 1.89e-1 7.23e-2 3.38e-1 1.2 5.50e-3 4.32e-1 1.4512 1.62e-1 9.72e-2 1.82e-2 1.69e-1 1.2 6.90e-4 2.22e-1 1.52048 8.04e-2 4.89e-2 4.54e-3 8.39e-2 1.2 8.64e-5 1.12e-1 1.58192 4.01e-2 2.45e-2 1.14e-3 4.18e-2 1.2 1.08e-5 5.64e-2 1.5order 1.0 1.0 2.0 1.0 - 3.0 1.0 -Table 4.1: Convergen
e rates of error estimators for test 
ase 1, stru
tured meshes106



4.8. Numeri
al experiments
l = 0 l = 1

N ‖u− uh‖B ηNC ηR ηDF e�. ηR ηDF e�.112 3.16e-1 1.25e-1 7.01e-2 3.60e-1 1.2 5.13e-3 3.58e-1 1.2448 1.58e-1 6.85e-2 1.76e-2 1.82e-1 1.2 6.90e-4 2.22e-1 1.51792 7.88e-2 3.53e-2 4.40e-3 9.10e-2 1.2 8.05e-5 9.43e-2 1.37168 3.93e-2 1.77e-2 1.10e-3 4.55e-2 1.2 1.01e-5 4.76e-2 1.3order 1.1 1.1 2.1 1.1 - 3.2 1.1 -Table 4.2: Convergen
e rates of error estimators for test 
ase 1, unstru
tured meshesBefore moving to the following test 
ases, it is useful to 
ompare the present errorestimators to those previously available in the literature. We fo
us here on the 
lassi
alerror estimator for the pure di�usion 
ase whi
h 
onsists of four terms: the non
onformityestimator (evaluated using the Oswald interpolate as in this paper) and three additionalterms, namely the residual estimator η∗R, the di�usive �ux (mass balan
e) estimator η∗DF,and the jump estimator η∗J de�ned as follows:
(η∗R)2 =

∑

T∈Th

m2
T,K‖f + ∇·(K∇uh)‖2

0,T ,

(η∗DF)2 =
∑

T∈Th

CT
hT
λm,T

‖ntF [[K∇huh]]‖2
0,∂T\∂Ω,

(η∗J)
2 =

∑

T∈Th

CT
1

hT
‖γK,F 1/2[[uh]]‖2

0,∂T ,where CT = 3dhT |∂T |/|T |. Results are presented in Table 4.3. In parti
ular, the 5th
olumn, whi
h displays the e�e
tivity index, shows that the error is overestimated by afa
tor of 10. It should be observed that the main sour
e for overestimation is the residualestimator η∗R, whi
h we have transformed into a super-
onvergent term in the present work.The di�usive �ux estimator η∗DF is also observed to be about three-times larger than theestimators ηDF evaluated using the present re
onstru
ted �ux th either with l = 0 orwith l = 1. For 
ompleteness, the last 
olumn of Table 4.3 proposes a 
omparison with there
ent results of [49℄6 where the mean value is subtra
ted from the residue within ea
h meshelement, while the di�usive �ux estimator and the non
onformity estimator are 
onsideredtogether as one unique term. We see that the estimate be
omes sharper, though it still6
'est-à-dire les résultats obtenus au 
hapitre 3 de 
ette thèse107



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionoverestimates the error by a fa
tor of 4.5, mainly be
ause the re
onstru
ted �ux th is notused.
N η∗R η∗DF η∗J e�. e�. [49℄112 1.74 1.38 3.57e-1 7.5 5.2448 8.73e-1 5.86e-1 2.03e-1 7.2 4.91792 4.37e-1 2.75e-1 1.07e-1 7.1 4.77168 2.19e-1 1.31e-1 5.42e-2 7.1 4.5order 1.1 1.1 1.0 - -Table 4.3: Comparison with other error estimators for test 
ase 1, unstru
tured meshesThe aim of test 
ases 2 and 3, whi
h were proposed in [88℄, is to address the questionof di�usion heterogeneities. The domain Ω is split along the Cartesian axes into foursubregions Ωi. The subregion {x > 0, y > 0} ∩ Ω is indi
ated by Ω1 and the subsequentnumbering is done in a 
ounter
lo
kwise manner. The di�usion 
oe�
ient is equal to κi insubregion Ωi where κi is a 
onstant. Taking the for
ing term equal to zero, the analyti
alsolution with 
orresponding nonhomogeneous Diri
hlet boundary 
onditions 
an be writtenin polar 
oordinates as

u(r, φ)|Ωi
= rα (ai sin(αφ) + bi cos(αφ)) ,where the subs
ript i refers to the 
orresponding subregion. Owing to the singularity inthe origin, the 
al
ulated solution 
onverges with order 2α in the L2-norm and with order

α in the energy (semi-)norm. For test 
ase 2, we take κ1 = κ3 = 5 and κ2 = κ4 = 1,yielding α = 0.53544095 and
a1 = 0.44721360; b1 = 1.00000000;

a2 =−0.74535599; b2 = 2.33333333;

a3 =−0.94411759; b3 = 0.55555556;

a4 =−2.40170264; b4 =−0.48148148.
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4.8. Numeri
al experimentsFor test 
ase 3, we take κ1 = κ3 = 100 and κ2 = κ4 = 1, yielding α = 0.12690207 and
a1 = 0.10000000; b1 = 1.00000000;

a2 =−9.60396040; b2 = 2.96039604;

a3 =−0.48035487; b3 =−0.88275659;

a4 = 7.70156488; b4 =−6.45646175.The results for test 
ase 2 are shown in Tables 4.4 and 4.5 for stru
tured and unstru
-tured meshes, respe
tively. Sin
e the for
ing term is zero, the residual estimator is alsoequal to zero, and has not been reported. The interpolation error on nonhomogeneousDiri
hlet boundary 
onditions is not reported either. We observe that the expe
ted 
on-vergen
e rate of order α is obtained for both the non
onformity estimator ηNC and forthe di�usive �ux estimator ηDF. Both estimators yield 
omparable values. The e�e
tivityindex is 1.9 for l = 0 and 1.8 for l = 1; hen
e, for this test 
ase, employing l = 1 for there
onstru
tion leads to a slightly sharper estimator.
l = 0 l = 1

N ‖u− uh‖B ηNC ηDF e�. ηDF e�.128 6.61e-01 9.60e-1 8.02e-1 1.9 6.54e-1 1.8512 4.58e-01 6.68e-1 5.63e-1 1.9 4.63e-1 1.82048 3.17e-01 4.62e-1 3.92e-1 1.9 3.23e-1 1.88192 2.19e-01 3.20e-1 2.72e-1 1.9 2.25e-1 1.8order 0.53 0.53 0.53 - 0.53 -Table 4.4: Convergen
e rates of error estimators for test 
ase 2, stru
tured meshes
l = 0 l = 1

N ‖u− uh‖B ηNC ηDF e�. ηDF e�.112 6.11e-01 8.70e-1 7.43e-1 1.9 6.00e-1 1.7448 4.28e-01 6.09e-1 5.35e-1 1.9 4.32e-1 1.71792 2.97e-01 4.23e-1 3.74e-1 1.9 3.05e-1 1.87168 2.01e-01 2.92e-1 2.60e-1 1.9 2.12e-1 1.8order 0.53 0.53 0.53 - 0.52 -Table 4.5: Convergen
e rates of error estimators for test 
ase 2, unstru
tured meshes109



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tionThe results for test 
ase 3 are shown in Tables 4.6 and 4.7 for stru
tured and unstru
-tured meshes, respe
tively. The order of 
onvergen
e of the error estimators is 
lose to α,and the error is overestimated by a fa
tor of approximately 3.8. This is be
ause the non
on-formity error estimator now dominates over the di�usive �ux estimator. Hen
e, althoughthe di�usive �ux estimator is lower for l = 1 than for l = 0, this di�eren
e is s
ar
elyre�e
ted in the e�e
tivity index. Finally, it is worthwhile to noti
e that in the presentsetting, the di�usion 
oe�
ient is not monotone around the singularity, thus pre
ludingthe use of weighted variants of the Oswald interpolate su
h as that proposed in [3℄. Onthe other hand, one 
an employ a pie
ewise quadrati
 Oswald interpolate as in [101,102℄.
l = 0 l = 1

N ‖u− uh‖B ηNC ηDF e�. ηDF e�.128 3.49 12.4 2.68 3.6 2.02 3.6512 3.29 11.9 2.57 3.7 1.95 3.62048 3.09 11.3 2.45 3.7 1.86 3.78192 2.88 10.7 2.32 3.8 1.76 3.8order 0.10 0.08 0.08 - 0.08 -Table 4.6: Convergen
e rates of error estimators for test 
ase 3, stru
tured meshes
l = 0 l = 1

N ‖u− uh‖B ηNC ηDF e�. ηDF e�.112 3.27 11.8 2.39 3.7 1.89 3.7448 3.11 11.3 2.33 3.7 1.84 3.71792 2.93 10.8 2.23 3.8 1.77 3.77168 2.75 10.3 2.12 3.8 1.68 3.8order 0.09 0.08 0.08 - 0.07 -Table 4.7: Convergen
e rates of error estimators for test 
ase 3, unstru
tured meshes4.8.2 Adve
tion�di�usion�rea
tionWe 
onsider the domain Ω = {0 < x, y < 1}, the rea
tion 
oe�
ient µ = 1, the adve
tion�eld β = (1, 0)t, and an isotropi
 homogeneous di�usion tensor represented by a di�usion
oe�
ient κ. We run tests with κ = 10−2 (test 
ase 4) and κ = 10−4 (test 
ase 5). The110



4.8. Numeri
al experimentssour
e term f is 
hosen so that the exa
t solution with homogeneous Diri
hlet boundary
onditions is
u = 1

2x(x− 1)y(y − 1) (1 − tanh(10 − 20x)) .For brevity, only results for uniformly re�ned stru
tured meshes are presented.
N ‖u− uh‖B ηNC e�. l = 0 e�. l = 1128 1.95e-3 3.62e-3 13.8 14.4512 4.01e-4 1.84e-3 11.1 10.92048 1.89e-3 8.84e-4 8.10 7.75order 1.1 1.1 - -Table 4.8: E�
ien
y of error estimators for test 
ase 4 (κ = 10−2)

l = 0 l = 1

N η∗R ηR ηDF ηU ηR ηDF ηU ηC,1128 4.91e-2 3.94e-2 8.82e-3 6.35e-2 1.12e-2 8.73e-3 6.35e-2 3.28e-2512 1.44e-2 9.86e-3 4.93e-3 2.87e-2 1.66e-3 4.73e-3 2.87e-2 7.69e-32048 4.63e-3 2.42e-3 2.51e-3 9.77e-3 3.19e-4 2.37e-3 9.77e-3 1.53e-3order 1.6 2.0 1.0 1.6 2.4 1.0 1.6 2.3Table 4.9: Convergen
e of error estimators for test 
ase 4 (κ = 10−2)Tables 4.8 and 4.9 report the results for κ = 10−2. Table 4.8 fo
uses on the globale�e
tivity index when both the di�usive and 
onve
tive �uxes are re
onstru
ted using l = 0or l = 1. Both 
hoi
es yield 
omparable results with e�
ien
y indi
es ranging between 8and 14 approximately. A more detailed 
omparison 
an be found in Table 4.9. The residualestimator ηR super-
onverges and 
onverges faster for l = 1 than for l = 0. The 
lassi
alresidual estimator η∗R evaluated using solely the dis
rete solution is also reported; it takes,as expe
ted, larger values. The di�usive �ux estimator ηDF yields the smallest 
ontributionamong the di�erent terms in the error estimate. The upwinding estimator ηU is dominant,along with the �rst adve
tion estimator ηC,1 for l = 1, while this latter estimator vanishesfor l = 0 sin
e in this 
ase, ∇·(qh−βIOs(uh)) is by 
onstru
tion pie
ewise 
onstant. Finally,the se
ond adve
tion estimator ηC,2 vanishes identi
ally be
ause β is divergen
e-free. Allin all, there is little gain in e�
ien
y when going from l = 0 to l = 1.111



Chapitre 4. A posteriori energy-norm error estimate based on �ux re
onstru
tion
N ‖u− uh‖B ηNC e�. l = 0 e�. l = 1128 1.72e-3 2.73e-3 80 89512 5.68e-4 6.74e-4 124 128order 1.4 2.0 - -Table 4.10: E�
ien
y of error estimators for test 
ase 5 (κ = 10−4)

l = 0 l = 1

N η∗R ηR ηDF ηU ηR ηDF ηU ηC,1128 7.77e-2 6.84e-2 1.06e-3 6.98e-2 1.92e-2 1.03e-3 6.98e-2 6.55e-2512 3.90e-2 3.41e-2 6.20e-4 3.60e-2 3.44e-3 5.71e-4 3.60e-2 3.38e-2order 1.1 1.0 0.8 1.0 2.5 0.8 1.0 1.0Table 4.11: Convergen
e of error estimators for test 
ase 5 (κ = 10−4)Tables 4.10 and 4.11 report the results for κ = 10−4. Table 4.10 fo
uses on the globale�e
tivity index for the l = 0 and l = 1 �ux re
onstru
tions. Again, both 
hoi
es yieldsimilar results, and the e�
ien
y indi
es are roughly ten-times larger than those observedfor κ = 10−2, in agreement with the 
ut-o� 
oe�
ients employed in front of the estimators.A more detailed 
omparison 
an be found in Table 4.11. As for test 
ase 4, the residualestimator ηR 
onverges faster for l = 1 than for l = 0, but this gain is 
ompensated bythe �rst adve
tion estimator ηC,1. The di�usive �ux estimator ηDF yields the smallest
ontribution, while the upwinding estimator ηU dominates the overall estimate.4.8.3 Adaptive meshesWe 
on
lude this se
tion by an example on how the error estimator with l = 0 
an be usedto adapt the mesh. Test 
ase 2 is 
onsidered. The adaptive mesh re�nement pro
edure�ags 5% of the mesh elements yielding the largest error indi
ators. Results are reportedin Table 4.12. The e�e
tivity index �u
tuates between 1.7 and 2 and de
reases as �nermeshes are 
onstru
ted. Comparing with Table 4.5, we observe that the energy norm of theerror on an adapted mesh with 494 elements is 
omparable to that obtained on a uniformlyre�ned mesh with 7168 elements. Finally, Figure 4.1 presents two meshes obtained withinthe adaptive re�nement pro
edure, one with 342 elements and one with 494 elements. Wesee that the adaptive re�nement 
orre
tly aims at 
apturing the singularity at the origin.112



4.8. Numeri
al experiments
N ‖u− uh‖B ηNC ηDF e�.112 6.11e-1 8.70e-1 7.43e-1 1.87148 4.58e-1 6.17e-1 5.78e-1 1.84204 3.59e-1 5.59e-1 4.63e-1 2.02264 2.96e-1 4.21e-1 3.76e-1 1.91342 2.50e-1 3.05e-1 3.23e-1 1.78494 2.10e-1 2.20e-1 2.78e-1 1.68Table 4.12: Error as a fun
tion of mesh elements
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essively re�ned using the error estimator with l = 0 re
on-stru
tion: 342 elements (left) and 494 elements (right)
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Chapitre 4. A posteriori energy-norm error estimate based on �ux re
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Chapitre 5Con
lusions et perspe
tivesDans 
e mémoire, nous nous sommes intéressés aux méthodes de Galerkine dis
ontinueset à l'analyse a posteriori pour les équations d'adve
tion-di�usion-réa
tion linéaires etstationnaires ave
 di�usion hétérogène.Dans le 
hapitre 2, nous avons présenté une méthode de Galerkine dis
ontinue que nousavons nommée SWIP. La méthode est une variante de la méthode SIPG, et utilise des poidspondérés qui sont 
al
ulés en fon
tion du tenseur de di�usion. Le terme de pénalisationdépend de la moyenne arithmétique de la di�usion dans la dire
tion normale à l'interfa
e.Ave
 l'analyse d'erreur a priori de la méthode nous avons montré que la 
onvergen
eest optimale en le pas du maillage et qu'elle est indépendante des hétérogénéités de ladi�usion dans la norme d'énergie et la norme L2 (sous hypothèse de régularité elliptique).Par 
ontre, la 
onvergen
e dans la norme adve
tive peut être in�uen
ée par l'anisotropielo
ale du tenseur de di�usion. Les tests numériques que nous avons e�e
tués 
on�rmentles résultats théoriques. Une 
omparaison ave
 la méthode SIPG montre que la méthodeSWIP o�re une alternative intéressante quand une di�usion lo
alement petite est à l'origined'une 
ou
he limite qui n'est pas su�samment résolue par le maillage.Dans le 
hapitre 3, nous avons présenté un premier estimateur d'erreur a posteriori pourla semi-norme d'énergie. L'estimateur d'erreur est intégralement 
al
ulable en utilisant lasolution 
al
ulée, les données du problème et le maillage, et a été obtenu en e�e
tuantun analyse d'erreur a posteriori par résidus. Dans l'analyse nous avons distingué entrel'erreur dire
tement asso
iée au résidu sur 
haque maille, l'erreur de non-
onformité des�ux di�usifs et l'erreur de non-
onformité de la solution elle-même. Nous avons montré queles deux premiers termes ne dépendent pas des hétérogénéités du tenseur de di�usion ; 
erésultat a été obtenu grâ
e aux poids pondérés utilisés dans la méthode SWIP. Les tests115



Chapitre 5. Con
lusions et perspe
tivesnumériques sont en a

ord ave
 la théorie, même lorsque la solution exa
te est singulièredu fait des hétérogénéités de la di�usion.Dans le 
hapitre 4, nous avons présenté un deuxième estimateur d'erreur a posteriori,
ette fois obtenu ave
 des 
hamps ve
toriels auxiliaires qui appartiennent à l'espa
e deséléments �nis de Raviart-Thomas-Nédéle
. Les 
hamps ve
toriels sont obtenus en résolvantdes problèmes lo
aux. Nous avons montré que, sous 
ertaines hypothèses sur le 
oe�
ientde réa
tion et la divergen
e du 
hamp adve
tif, le terme de résidu est de la forme ‖f −
πkf‖, où πk indique la proje
tion L2 orthogonale sur l'espa
e ve
toriel des polyn�mes dedegré inférieur ou égal à k. Les tests numériques ont 
on�rmé la bonne 
onvergen
e desestimateurs, et l'indi
e d'e�
a
ité est en a

ord ave
 la théorie. En parti
ulier, l'indi
ed'e�
a
ité est meilleur que 
elui obtenu au 
hapitre 3. L'estimateur obtenu au 
hapitre 4est parti
ulièrement utile pour l'adaptation de maillage.La théorie et les tests numériques ont montré que l'erreur de non-
onformité 
al
uléeave
 l'interpolé de Oswald est in�uen
ée par les hétérogénéités du tenseur de di�usion.Pour améliorer l'indi
e d'e�
a
ité des deux estimateurs d'erreur présentés dans 
e mé-moire, il serait intéressant de pouvoir évaluer l'erreur de non-
onformité de manière indé-pendante des hétérogénéités de la di�usion. Par ailleurs, une pro
haine étape importanteserait d'étendre 
e travail à l'équation d'adve
tion-di�usion-réa
tion instationnaire. Il fau-drait d'abord 
hoisir une dis
rétisation en temps pour le s
héma SWIP. Une extension desestimateurs d'erreur dans 
e 
adre devrait idéalement distinguer entre les erreurs dues àla dis
rétisation en temps et 
elles dues à la dis
rétisation en espa
e, a�n d'indiquer s'il
onvient d'agir sur le maillage ou sur le pas de temps. A�n d'obtenir de bonnes solutionsappro
hées sans un 
oût de 
al
ul ex
essif, il faudrait en�n élaborer et tester di�érentesstratégies d'adaptation de maillage.
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