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Résumé : Cette thèse porte sur l'étude théorique d'un modèle mathématiqueprovenant de l'étude de la dynamique de densités de disloations dans les ris-taux de petite taille. Cette dynamique est modélisée par un système non linéaireouplé parabolique/Hamilton-Jaobi. Les disloations sont des lignes de défautsqui se déplaent dans les ristaux lorsque eux-i sont soumis à des ontraintesextérieures. De façon independente, tout à la �n de la thèse, nous présentons uneméthode numérique pour le transport de fronts.Dans le ÷ur de la thèse, trois types d'équations sont onsidérées : équationsde Hamilton-Jaobi non linéaires, lois de onservation salaires, et équations pa-raboliques singulières.Nous traitons un système parabolique/Hamilton-Jaobi singulier où la singu-larité apparaît par la présene de l'inverse du gradient. Notre système prend enonsidération l'e�et à ourte distane entre disloations, ainsi que la formationdes ouhes limites. Nous étudions l'existene, l'uniité et la régularité des solu-tions du système. Cette étude repose en grande partie sur la théorie des solutionsde visosité ; des solutions entropique et des solutions lassiques. Deux as prin-ipaux sont onsidérés : le as où les ontraintes extérieures sont nulles, et le asoù elles sont onstantes (non néessairement nulles).Abstrat : This thesis is onerned with the theoretial study of a mathe-matial model arising from the study of the dynamis of disloation densities inrystals of small size. This dynamis is modelized by paraboli/Hamilton-Jaobinonlinear oupled system. Disloations are linear defets whih move in rystalswhen those are subjeted to exterior stresses. Independently, at the end of the the-sis, we present, in a short hapter, a numerial method for the transport of fronts.In this thesis, three types of equations are onsidered : non-linear �rst or-der Hamilton-Jaobi equations, salar onservations laws, and singular paraboliequations.We treat a singular paraboli/Hamilton-Jaobi system where the singularityappears from the presene of the inverse of the gradient. Our system takes intoonsideration the short range disloation-disloation interations, as well as theformation of boundary layers. We study the existene, uniqueness and the regu-larity of the solutions of this system. This study relies essentially on the theoryof visosity solutions ; the theory of entropy and lassial solutions. Two mainases are onsidered : the ase of zero exterior stresses, and the ase of onstantexterior stresses (not neessarily zero). vii
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Chapitre 1Introdution généraleCette thèse porte sur l'étude théorique d'un modèle mathématique provenantde l'étude de la dynamique de densités de disloations dans les ristaux. Cette dy-namique est modélisée par un système non linéaire ouplé parabolique/Hamilton-Jaobi, et l'on s'intéresse à l'existene et l'uniité des solutions du système. Lesdisloations sont des lignes de défauts qui se déplaent dans les ristaux lorsqueeux-i sont soumis à des ontraintes extérieures.De façon independente, tout à la �n de la thèse, est presentée dans un ourthapitre, une méthode numérique pour le transport de fronts. Dans le ÷ur de lathèse, trois types d'équations sont onsidérées :1. Equations de Hamilton-Jaobi non linéaires du premier ordre.2. Les lois de onservation salaires.3. Equations paraboliques singulières.Pour toutes es équations, le but prinipal de l'étude étant l'existene, l'uniitéet la régularité des solutions. Cette introdution a pour but de donner un aperçudes résultats obtenus. Dans la première setion, on donne une brève desrip-tion physique de la dynamique de densités de disloations dans les ristaux. Unemotivation physique du modèle spéial auquel on s'intéresse est donnée aussi.Dans les setions 2, 3 et 4, on présente les résultats mathématiques onernantnotre modèle dérivant la dynamique de densités de disloations. La setion 5 estonsarée à la présentation d'une méthode numérique pour le transport de fronts.A�n de mettre en relief les nouvelles idées et ne pas se perdre dans les détailstehniques, on a donné des énonés simpli�és dans ette introdution générale. 1



Chapitre 1 : Introdution généralePour les énonés préis, on renvoie le leteur aux hapitres suivants.1 Motivation physique1.1 Disloations : une brève introdutionLes disloations sont des lignes de défaut, ou bien irrégularité dans une stru-ture ristalline. Shématiquement, e sont des zones dans lesquelles les atomessont mal plaés dans le réseau atomique ristallin parfait. La théorie a été mathé-matiquement développée par V. Volterra(1). Les disloations sont des phénomènesnon stationnaires et leur mouvement est l'expliation prinipale de la déforma-tion plastique dans les ristaux métalliques (voir Nabarro [76℄, et Hirth, Lothe [51℄pour une présentation physique réente).

Fig. 1.1 � Les disloations dans l'aier inoxydable.Les disloations ont une longueur typique de l'ordre de 10−6m et une épais-seur de l'ordre 10−9m. Ils ont été introduits par Orowan [78℄, Polanyi [83℄ etTaylor [90℄ en 1934 omme l'une des prinipales expliations au niveau miro-sopique de la déformation plastique marosopique des ristaux. Ces oneptsont été on�rmés en 1956 par la première observation direte des disloationspar Hirsh, Horne et Whelan [50℄, et par Bollmann [5℄, grâe aux mirosopeséletroniques. Sous l'e�et du hamp de ontrainte, es disloations peuvent sedéplaer dans un plan ristallographique bien dé�ni appelé �plan de glissement�.Une disloation est aratérisée par deux veteurs : le veteur ~ξ qui est parallèle à1L'artile original [92℄ de Vito Volterra date de 1907.2



1. Motivation physiquela ligne de disloation, et le veteur de Burgers~b dérivant le déplaement assoié.En utilisant es termes ~ξ et ~b, deux types de disloations peuvent être présentées :1. Disloation oin : le veteur de Burgers ~b est perpendiulaire à ~ξ2. Disloation vis : le veteur de Burgers ~b est parallèle à ~ξ.En fait, es deux types de disloations sont seulement les formes extrêmes del'éventuelle struture de disloations qui peuvent arriver. La plupart des disloa-tions sont des formes hybrides de es deux formes.Dans ette thèse, on étudie la dynamique de lignes de disloations oins dansun matériau borné. La quantité de disloations dans un ristal est représentéepar sa densité qui est dé�nie omme étant le nombre des lignes de disloationstraversant une setion unitaire.Comprendre le omportement des disloations est la lé pour la ompréhen-sion d'une partie essentielle de la mirostruture des ristaux solides. En e�et, leomportement et les propriétés des disloations a�etent diretement la fore etla dureté des matériaux struturaux. Cependant, dans ette thèse, on se onentreseulement sur l'analyse mathématique d'un modèle partiulier dérivant la dyna-mique de densités de disloation dans un domaine de petite taille.1.2 Le modèle de Groma, Czikor et ZaiserDans [46℄, Groma, Czikor et Zaiser ont proposé un modèle 2-dimensionnel dé-rivant la dynamique de densités de disloations oins parallèles dans un ristal3-dimensionnel borné. Le terme �densités de disloations� surgit du fait que lesdisloations oins peuvent être lassi�ées omme étant positives ou négativesselon la diretion de leurs veteurs de Burgers. Ce modèle a été introduit pourdérire l'aumulation possible des disloations sur la frontière du matériau. Ilmet en valeur l'évolution de es deux types de densités en prenant en ompte lesinterations à ourte distane entre disloations.Rentrons plus en profondeur dans le modèle. Supposons l'existene d'un er-tain nombre de disloations oins dans un anal de largeur �nie dans la diretion
x et ayant une extension in�nie dans la diretion y (voir la Figure 1.2). Le analest borné par des murs qui sont impénétrables par les disloations (i.e., la défor-mation plastique dans les murs est zéro). Les lignes de disloations sont supposéesêtre perpendiulaire au plan x-y, et se mouvant dans la diretion x, i.e. 3



Chapitre 1 : Introdution générale1. La ligne de disloation ~ξ est perpendiulaire à x et y.2. Le veteur de Burgers ~b est parallèle à l'axe des x.
PSfrag replaements

x

y

murligne de disloation
+~b

−~b
~ξ

Fig. 1.2 � Le modèle de Groma, Czikor et Zaiser.Tout l'assemblage est plongé dans un ristal in�ni où les disloations peuvent bou-ger sous l'ation d'un ertain hamp de ontrainte exterieure onstante τ 6= 0,et/ou sous l'ation du hamp de ontrainte réé par les disloations elles même.Les fores internes réées par les disloations sont onséquene direte des inter-ations à ourtes et longues distane entre elles dans le matériau même.On s'intéresse à un modèle simpli�é où l'on suppose une on�guration parti-ulière de lignes de disloation.Un modèle unidimensionnel simpli�é.On suppose que le problème est invariant par translation dans la diretion
y. En d'autres termes, on suppose que, si (S) est une setion perpendiulaireaux lignes de disloations, alors l'arrangement des points de disloation dans (S)est invariant par translation dans la diretion y. La distribution de points dedisloations dans (S) est montrée dans la Figure 1.3. Suite aux hypothèses faitessur l'arrangement des disloations (voir Figure 1.3), on peut déduire que l'étudede la dynamique des points de disloation sur la ligne (L) donne l'informationomplète de la dynamique des lignes de disloation dans le anal. En onlusion,4



1. Motivation physique
PSfrag replaements
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Fig. 1.3 � Points de disloation dans une setion.on peut érire que :dynamique dans (L) =⇒ dynamique dans (S) =⇒ dynamique dans un anal borné.Groma, Csikor et Zaiser [46℄ ont formulé, à partir du mouvement des disloa-tions individuelles, une desription ontinue en termes de densités de disloation.Il a été expliqué par Groma et Balogh [44, 45℄, pour un système de disloationsparallèles, qu'une desription ontinue peut être dérivée des équations de mou-vement des disloations individuelles. En utilisant une approhe di�érente, unedesription ontinue d'un système de disloations ourbées en 3-D a été formulée(voir El-Azab [30℄, et Monneau [74℄ et leurs référenes). Cependant, un inonvé-nient majeur de es premières investigations est que, a�n d'obtenir un ensemblefermé d'équations, les interations à ourte distane entre disloations ont éténégligées et les interations entre disloations ont été dérites seulement par leurontribution longue distane. Cette desription n'a pas permis de formuler ma-thématiquement e qui se passe à la frontière du matériau.Remark 1.1 Dans notre adre partiulier, voir Figure 1.3, les disloations sontrelativement prohe les unes des autres. Cei est dû à leur présene dans une petitezone borné par des murs. Dans e as, les interations à longue distane entredisloations sont nulles et don le modèle présenté dans Groma, Balogh [45℄ n'estplus approprié pour dérire l'évolution de densités de disloations. Cependant,pour le modèle dérit dans Groma, Balogh [45℄, on renvoie le leteur à El Hajj [31℄,et El Hajj, Foradel [32℄ pour une étude mathématique et numérique 1-D, et àCannone, El Hajj, Monneau et Ribaud [10℄ pour un résultat d'existene 2-D. 5



Chapitre 1 : Introdution généraleDans [46℄, Groma, Csikor et Zaiser ont réussi à modéliser l'e�et des interationsà ourte distane entre disloations par une ontrainte loale de type gradient.La formulation mathématique exate va être présentée maintenant.La formulation mathématique du modèle unidimensionnel.Soient θ+ et θ− les densités positives et négatives de disloations respetive-ment. En suivant la dernière disussion, les disloations sont bornées par des mursséparés par une distane �nie de longueur ℓ (prendre ℓ = 1). Typiquement, les dis-loations positives/négatives sont elles qui se déplaent vers le mur droit/gauhe.Dans le as où le hamp de ontrainte onstant appliqué τ est di�érent de zéro,notre système est un système de �pile-up� double où les disloations positivess'aumulent au mur droit, tandis que les disloations négative s'aumulent aumur gauhe (voir Figure 1.4). Pour une étude mathématique de plusieurs modèlesPSfrag replaements
0 1

xFig. 1.4 � Un système de �pile-up� double.de �pile-ups� de disloations, on renvoie le leteur au Voskoboinikov, Chapman,Okendon, Allwright [93℄, Carpio, Chapman, Velázquez [12℄, Wood, Head [95℄, etHirth, Lothe [51℄.Le système ouplé dérivant l'évolution de densités de disloations θ+ et θ−s'érit (voir Groma, Csikor et Zaiser [46℄) :





θ+
t =

[(
θ+
x − θ−x
θ+ + θ−

− τ

)
θ+

]

x

sur (0, 1) × (0, T ),

θ−t =

[
−
(
θ+
x − θ−x
θ+ + θ−

− τ

)
θ−
]

x

sur (0, 1) × (0, T ),

(1.1)ave les onditions initiales :
θ+(x, 0) = θ+

0 (x) et θ−(x, 0) = θ−0 (x).Ii T > 0 est un réel positif �xé et τ est le hamp de ontrainte extérieure sup-posé onstant. Le terme θ+x −θ−x
θ++θ−

qui apparait dans (1.1) représente le hamp deontrainte loale dérivant les interations à ourte distane entre disloations.Dans les modèles présentés dans la Remarque 1.1, e terme a été mis à zéro.Dans e as, le système (1.1) dérit la translation des disloations en suivant la6



1. Motivation physiquevitesse τ , sans prendre en onsidération la formation des ouhes limites. Pourette raison, des onditions au bord périodiques ont été onsidérées dans l'étudemathématique de es systèmes. En fait, l'utilisation des onditions au bord pé-riodiques est une façon de voir e qui se passe à l'intérieur du matériau loin desa frontière.L'objetif essentiel de ette thèse est d'examiner l'existene et l'uniité dessolutions de (1.1) sous des onditions au bord appropriées qui vont être lari�éesi-après. Soit
I := (0, 1), et IT := I × (0, T ).On onsidère une forme intégrée de (1.1) et on pose

ρ±x = θ±, ρ = ρ+ − ρ− et κ = ρ+ + ρ−, (1.2)pour obtenir (au moins formellement), pour des valeurs spéiales des onstantesd'intégration, le système suivant en terme de ρ et κ :
{
κtκx = ρtρx sur IT

ρt = ρxx − τκx sur IT ,
(1.3)ave les onditions initiales :

κ(x, 0) = κ0(x) et ρ(x, 0) = ρ0(x).On va donner maintenant les deux onditions essentielles onernant ρ et κ.Conditions physiquement onsistantes.Condition 1. Les deux termes θ+ et θ− représentent deux densités positives.Puisque par (1.2),
θ± =

κx ± ρx
2

,Le fait que θ± ≥ 0 est traduit dans le langage de ρ et κ par la ondition suivante :
κx ≥ |ρx|. (1.4)Cette ondition doit être satisfaite a�n de pouvoir donner sens au système (1.1).Condition 2. La deuxième ondition est

ρ(1, t) = ρ(0, t), ∀t ≥ 0. (1.5)Cette ondition est néessaire pour l'équilibre du modèle physique qui ommeneave le même nombre de disloations positives et négatives. Pour être plus préis, 7



Chapitre 1 : Introdution généralesoit n+ et n− le nombre total des diloations positives et négatives respetivementen t = 0. On suppose qu'il n'existe ni annihilation ni réation de disloations dansle matériau. Il y a don onservation des n+ et n− au ours du temps. Cela peutêtre formulé mathématiquement par (voir (1.2) i-dessus) :
ρ(1, t) − ρ(0, t) =

∫ 1

0

ρx(x, t) dx,

=

∫ 1

0

(θ+(x, t) − θ−(x, t)) dx,

= n+ − n− = 0.Ainsi, on retrouve (1.5).Les onditions au bord.Pour formuler heuristiquement les onditions aux bords (en x = 0 et x = 1),on suppose d'abord que κx 6= 0 en x = 0, 1. On rappelle que puisque les murssont impénétrables par les disloations, alors le �ux de disloations à la frontièredoit être zéro, e qui exige :
Φ︷ ︸︸ ︷

(θ+
x − θ−x ) − τ(θ+ + θ−) = 0, en x ∈ {0, 1}. (1.6)En érivant le système (1.3) en terme de ρ, κ et Φ, on obtient

{
κt = (ρx/κx)Φ,

ρt = Φ.
(1.7)A partir de (1.6) et (1.7), et si κx 6= 0 en x = 0 et x = 1, on peut formellementdéduire que ρ et κ sont onstants le long des murs frontières. Cela suggère demettre des onditions de Dirihlet au bord pour ρ et κ. Erivons maintenant lesystème omplet d'une façon préise.Le système omplet.De tout e qui préède, le système omplet est exprimé par le système ouplésuivant :





κtκx = ρtρx, sur IT ,

κ(x, 0) = κ0(x), sur I,

κ(0, t) = κ0(0) et κ(1, t) = κ0(1), ∀t ∈ [0, T ],

(1.8)8



2. Système non-linéaire parabolique/Hamilton-Jaobiet 




ρt = ρxx − τκx, sur IT ,

ρ(x, 0) = ρ0(x), sur I,

ρ(0, t) = ρ(1, t) = 0, ∀t ∈ [0, T ].

(1.9)Ces équations sont le ÷ur de notre analyse mathématique où l'on étudie l'exis-tene et l'uniité des solutions dans deux as di�érents.Les deux as.Pour l'étude du système (1.8)-(1.9), on ommene par le as où τ = 0. Danse as, le système devient faiblement ouplé dans le sens que l'on peut résoudred'abord l'équation en ρ, puis l'équation en κ. Le deuxième as est un as généraloù τ 6= 0. Notre système devient don fortement ouplé et plus ompliqué. Eri-vons don les deux as :Cas A. La ontrainte extérieure τ appliqué au matériau est zéro.Cas B. La ontrainte extérieure τ appliqué au matériau est onstante di�érentede zéro.2 Système non-linéaire parabolique/Hamilton-JaobiCette setion est un assemblage des résultats du Chapitre 3, où l'on étudiele système (1.8)-(1.9) dans le as τ = 0. Dans ette setion, on présente nosthéorèmes prinipaux ; on montre les di�ultés majeures, et on disute des idéeslés qui nous ont permis de surmonter es di�ultés.2.1 Situation du problèmeOn étudie l'existene et l'uniité des solutions du système parabolique/Hamilton-Jaobi (1.8) et (1.9) dans le Cas A. Cette étude est faite dans le adre des solu-tions de visosité (pour la dé�nition des solutions de visosité pour les équationsde Hamilton-Jaobi, on renvoie le leteur aux Dé�nitions 2.3, 2.5 du Chapitre3). La notion de solutions de visosité a été introduite par Crandall et Lions [22℄pour résoudre les équations de Hamilton-Jaobi du premier ordre. La théorie aété ensuite étendue pour les équations du seond ordre et a onnu un grand dé-veloppement après les travaux de Jensen [58℄ et de Ishii [57℄. 9



Chapitre 1 : Introdution généraleOn réérit le système (1.8)-(1.9) dans le as où τ = 0, on arrive au systèmede Dirihlet suivant :





κtκx = ρtρx, sur IT ,

κ(x, 0) = κ0(x), sur I,

κ(0, t) = κ0(0) et κ(1, t) = κ0(1), ∀t ∈ [0, T ],

(2.10)et 



ρt = ρxx, sur IT ,

ρ(x, 0) = ρ0(x), sur I,

ρ(0, t) = ρ(1, t) = 0, ∀t ∈ [0, T ].

(2.11)Rappelons que κx et ρx doivent satisfaire �dans un ertain sens� la ondition (1.4),i.e.
κx ≥ |ρx| sur IT .Il est utile de noter que le système i-dessus (2.10)-(2.11) est maintenant unsystème faiblement ouplé. Plus préisément, on peut résoudre l'équation de lahaleur (2.11), et puis insérer sa solution ρ dans (2.10), transformant le problèmeen la résolution d'une seule équation de type Hamilton-Jaobi qui peut être for-mulée omme suivant :





κt =
ρxρxx
κx

= F (x, t, κx) sur IT ,

κ(x, 0) = κ0(x) ∈ Lip(I),

κ(0, t) = κ0(0) et κ(1, t) = κ0(1), ∀t ∈ [0, T ],

(2.12)ave
κ0
x ≥ |ρ0

x| sur I. (2.13)2.2 Résultats de visosité sur l'intervalle borné I = (0, 1)La première di�ulté apparait en résolvant (2.12) lorsqu'on divise par κx.Cela donne lieu à une singularité aux points où κx = 0, et qui peut arriver mêmeen t = 0 (voir la ondition (2.13) i-dessus). On surmonte ette di�ulté enprenant une approximation spéiale de (2.13), où l'on empêhe κ0
x de s'annuler.Le théorème suivant est ainsi prouvé.Théorème 2.1 (Existene et uniité d'une solution de visosité, ε > 0)Soient T > 0 et ε > 0 deux onstantes. Soient κ0 ∈ Lip(I), et ρ0 ∈ C∞

0 (I)véri�ant :
κ0
x ≥ Gε(ρ

0
x), Gε(x) =

√
x2 + ε2. (2.14)10



2. Système non-linéaire parabolique/Hamilton-JaobiEtant donné la solution ρ de l'équation de la haleur (2.11), il existe une solutionde visosité κ ∈ Lip(IT ) de (2.10), unique parmi elles véri�ant :
κx ≥ Gε(ρx) p.p. dans IT . (2.15)La di�ulté prinipale en prouvant e résultat est de démontrer la minoration(2.15) de κx. L'argument formel pour surmonter ette di�ulté est d'observerd'abord que κx est une solution de l'équation dérivée de (2.12) :

wt = (F (x, t, w))x, (2.16)tandis que, par simple aluls, on peut montrer (voir Lemme 3.4 de Chapitre 3)que Gε(ρx) satisfait :
(Gε(ρx))t ≤ (F (x, t, Gε(ρx)))x, (2.17)et don Gε(ρx) est une sous-solution de (2.16). En utilisant un prinipe de om-paraison, ave (2.14), on arrive failement au résultat. Ces arguments formelspeuvent être formulés rigoureusement en utilisant une relation entre les solutionsde visosité des équations de Hamilton-Jaobi et les solutions entropiques des loisde onservation salaires. Cette relation montre que, sous ertains hypothèses derégularités, si κ est une solution de visosité de l'équation de Hamilton-Jaobisuivante sur tout l'espae :




κt =

ρxρxx
κx

= F (x, t, κx), sur R × (0, T ),

κ(x, 0) = κ0(x), sur R,où ρ est la solution de l'équation de la haleur :
{
ρt = ρxx, sur R × (0, T ),

ρ(x, 0) = ρ0(x), sur R,
(2.18)alors w = κx est une solution entropique de la loi de onservation salaire suivant :

{
wt = (F (x, t, w))x sur R × (0, T ),

w(x, 0) = w0(x) = κ0
x(x), sur R.

(2.19)De plus, la régularité de la fontion Gε(ρx) permet d'avoir l'inégalité (2.17) p.p.dans R × (0, T ), alors Gε(ρx) est une sous-solution entropique de (2.19). En uti-lisant l'inégalité entre la donnée initiale (2.14), et le prinipe de omparaison deKruºkov (voir Théorème 2.16 du Chapitre 3), on obtient que :
κx ≥ Gε(ρx). 11



Chapitre 1 : Introdution généraleRappelons que les solutions entropiques on été d'abord introduites par Kruº-kov [63℄ omme étant la seule solution �physiquement� admissible parmi toutesles solutions faibles (distributionnelles) aux lois de onservation salaires. La théo-rie des solutions entropiques a été ensuite largement développée. Des dé�nitionséquivalentes aux solutions entropiques pour les lois de onservation salaires avedonnées initiales simplement essentiellement bornées L∞ sont données via des so-lutions entropiques proessus (voir Eymard, Gallouët et Herbin [35,36℄), ou bienvia la formulation inétique (voir Lions, Perthame, Tadmor [70℄, Perthame [81℄,et Perthame, Tadmor [82℄). Une notion de solution entropique faible via le oupleentropie-�ux est donnée dans Otto [80℄. Pour la dé�nition des solutions entro-piques que l'on va utiliser dans notre travail, on renvoie le leteur à la Dé�nition2.12 du Chapitre 3.Il est utile de noter que l'on doit faire attention à deux points importants lorsdes preuves rigoureuses. Le premier point est que la relation i-dessus entre lessolutions de visosité et les solutions entropiques est valide sur R. Cei exige, àun ertain moment, de faire un prolongement approprié du problème à partir del'intervalle borné I dans l'espae entier R ; pour se servir de ette relation, et puisretourner de nouveau à I. Le deuxième point est que le Prinipe de Comparaisonoriginal de Kruºkov [63℄ a été prouvé sous ertaines onditions de régularité dela fontion F que l'on n'a pas. Cela néessite de suivre les idées de Kruºkov [63℄,et Eymard, Gallouët, Herbin [35℄ et d'adapter leurs preuves à notre as ave unerégularité moindre (voir Théorème 2.16 et sa preuve dans l'Appendie du Cha-pitre 3).Une autre voie envisageable pour prouver la minoration (2.15) du gradient κxaurait été de rester dans le adre des solutions de visosité. En e�et, il y a quelquesrésultats sur la minoration du gradient des solutions de visosité des équations deHamilton-Jaobi. Un résultat intéressant à e sujet peut être trouvé dans Ley [67℄.Dans et artile, l'auteur donne une borne inférieure pour le gradient spatial dela solution de visosité des équations de Hamilton-Jaobi du premier ordre :
ut + F (x, t, ux) = 0,sous ertaines onditions sur le Hamiltonien F (x, t, p) inluant sa onvexité en lavariable p. Malheureusement, e n'est pas notre as (voir équation (2.12)) ave

F (x, t, p) =
ρx(x, t)ρxx(x, t)

p
,et ela ne nous permet pas d'utiliser diretement le adre solutions de visositépour établir la minoration sur κx.12



3. Système parabolique singulier fortement oupléLe résultat suivant est un résultat d'existene de (2.10) sous la onditionoriginale (2.13) sur le gradient κ0
x.Théorème 2.2 (Existene d'une solution de visosité, ε = 0)Soient T > 0, κ0 ∈ Lip(I) et ρ0 ∈ C∞

0 (I). Si la ondition (2.13) est satisfaite p.p.dans I, et si ρ est la solution de (2.11), alors il existe une solution de visosité
κ ∈ Lip(IT ) de (2.10) satisfaisant :

κx ≥ |ρx|, p.p. dans IT .La preuve de e théorème vient diretement du passage à la limite ε→ 0 dans lafamille des solutions données par le Théorème 2.1.2.3 Résultat entropique sur tout l'espae RDans la preuve du Théorème 2.1, la fontion κx est en fait une solution en-tropique de (2.19). En e�et, ela peut être onsidéré omme un résultat en soit.Théorème 2.3 (Existene et uniité d'une solution entropique, ε > 0)Soit T > 0. Prenons w0 ∈ L∞(R) et ρ0 ∈ C∞
0 (R) tels que, w0 ≥ Gε(ρ

0
x) p.p. dans

R, pour une ertaine onstante ε > 0. Alors, étant donné ρ, l'unique solution del'équation de la haleur (2.18), il existe une solution entropie w ∈ L∞(QT ) de(2.19), unique parmi les solutions entropiques satisfaisants :
w ≥ Gε(ρx) p.p. dans R × (0, T ).3 Système parabolique singulier fortement oupléDans ette setion on présente le résultat prinipal du Chapitre 4, qui peutêtre onsidéré omme le point de départ pour la résolution du système (1.8)-(1.9)dans le Cas B (le as où τ 6= 0). On étudie l'existene, l'uniité et la régularitédes solutions d'un système parabolique singulier fortement ouplé.3.1 Situation du problèmeSoit T > 0. On onsidère le système parabolique ouplé suivant :




κt = εκxx +

ρxρxx
κx

− τρx sur IT

ρt = (1 + ε)ρxx − τκx sur IT ,
(3.20) 13



Chapitre 1 : Introdution généraleave les onditions initiales :
{
κ(x, 0) = κ0(x) sur I

ρ(x, 0) = ρ0(x) sur I,
(3.21)et les onditions au bord :

{
κ(0, t) = κ0(0) et κ(1, t) = κ0(1), ∀t ∈ [0, T ],

ρ(0, t) = ρ(1, t) = 0, ∀t ∈ [0, T ],
(3.22)où ε > 0, τ 6= 0 sont des réels �xés. Ce système est un système paraboliquefortement ouplé ave une singularité qui provient de la division par κx dans lapremière équation de (3.20). Dans le but d'empêher une telle singularité, onimpose l'inégalité strite suivante sur la donnée initiale :

κ0
x > |ρ0

x| sur I. (3.23)On s'intéresse à l'existene et l'uniité des solutions régulières (ρ, κ) de (3.20)-(3.21)-(3.22), sous la ondition (3.23).Le hoix du système (3.20). La première question que l'on peut se demanderest à propos du hoix spéial du système (3.20). Rappelons au leteur que notrebut �nal est de résoudre (1.8)-(1.9) dans le as général où τ 6= 0. Pour ette raison,on a pris (3.20) omme une approximation régularisée de (1.8)-(1.9). D'autreshoix de systèmes approhés sont aussi possible. Par exemple, le système suivant :




κt = εκxx +

ρxρxx
κx

− τρx sur IT

ρt = ρxx − τκx sur IT ,
(3.24)peut être aussi onsideré omme une approximation de (1.8)-(1.9). Cependant,e qui risque d'arriver est la perte de l'inégalité

κx > |ρx|,qui est ruiale dans notre étude. En e�et, on n'est pas apable de prouver etteinégalité pour (3.24), et même pour beauoup d'autres systèmes approhés quel'on a essayé. Au ontraire, le système (3.20) est partiulièrement onstruit dansle but de véri�er un prinipe de omparaison (voir Proposition 3.1 du Cha-pitre 4) qui implique l'inégalité i-dessus.Bref rappel de la littérature.On n'a pas trouvé dans la littérature des travauxportants sur des systèmes paraboliques singuliers prohe de (3.20). Cependant,14



3. Système parabolique singulier fortement oupléplusieurs systèmes paraboliques impliquant des termes singuliers ont été large-ment étudiés dans divers aspets. Des équations paraboliques dégénérées et sin-gulières ont été intensivement étudiées par DiBenedetto et al. (voir par exempleDiBenedetto et al. [17,24�27℄ et les référenes itées). Les auteurs onsidèrent lessolutions d'équations paraboliques singulières ou dégénérées ave les oe�ientsmesurables dont le prototype est une équation de la haleur ave p-Laplaien :
ut − div

(
|∇u|p−2∇u

)
= 0, p > 2 ou 1 < p < 2.L'étude inlut la ontinuité loale de type Hölder des solutions faibles bornées,bornitude loale et globale des solutions faibles, estimations intrinsèques et es-timations globales de Harnak. D'autres équations paraboliques du type milieuporeux :

ut − ∆um = 0, 0 < m < 1,sont examinées dans Quirós, Vázquez [84℄, et DiBenedetto et al. [28,29℄. Ces équa-tions sont singulières aux points où u = 0. Dans DiBenedetto, Kwong, Vespri [28℄,les auteurs étudient, pour des valeurs partiulières de m, le omportement de lasolution au voisinage des points de singularité. En partiulier, ils prouvent que lessolutions positives sont analytiques en espae et au moins Lipshitz en temps. Ce-pendant, dans DiBenedetto, Kwong [29℄, une estimation intrinsèque de Harnakpour les solutions faibles positives est établie pour un ertain interval optimaldu paramètre m. Dans Quirós, Vázquez [84℄, les auteurs étudient le omporte-ment asymptotique des solutions faibles en domaine extérieur ave des valeursau bord qui sont onstantes en temps. Une autre lasse d'équations paraboliquessingulières est la suivante :
ut = uxx +

b

x
ux, (3.25)

b étant une onstante. Une telle équation est liée aux problèmes à symétrie axialeainsi qu'aux problèmes issus de la théorie de la probabilité. De nombreux travauxsont faits sur (3.25), y ompris des théorèmes d'existene, d'uniité et de représen-tation pour la solution (ave onditions au bord de type Dirihlet ou Neumann).En outre, la di�érentiabilité et les propriétés de régularité sont étudiées (pour lesréférenes, voir Colton [20℄, Speranza [89℄, Alexiades [2℄, et Chan, Wong [16℄).Une forme plus générale de (3.25), y ompris des équations semi linéaires, esttraitée dans Mooney [75℄, Chan, Kaper [14℄, Chan, Chen [15℄, et Maugeri [71℄.Un type important d'équations qui peuvent être indiretement liées à notresystème sont les équations paraboliques semi-linéaires :
ut = ∆u+ |u|p−1u, p > 1. (3.26)Plusieurs auteurs ont étudiés les phénomènes d'explosion pour les solutions del'équation i-dessus (voir par exemple Zaag [96℄, Merle, Zaag [72, 73℄, Souplet et 15



Chapitre 1 : Introdution généraleal. [47,85,88℄). Cela inlut des estimations uniformes au temps d'explosion, ainsique la reherhe onernant le taux initial d'explosion. L'équation (3.26) peut êtreliée d'une façon ou d'une autre à la première équation de (3.20), mais ave unesingularité de la forme 1/κ. Cei peut être formellement vu si l'on suppose d'abordque u ≥ 0, et puis on applique le hangement suivant des variables u = 1/v. Danse as-i, l'équation (3.26) devient :
vt = ∆v − 2|∇v|2

v
− v2−p,et alors si p = 3, on obtient :

vt = ∆v − 1

v
(1 + 2|∇v|2). (3.27)Puisque la solution u de (3.26) peut exploser en temps �ni t = T , alors v peuts'annuler à t = T , et don l'équation (3.27) peut avoir des singularités semblablesà eux de la première équation (3.20), mais ave un terme en 1/v dans l'équationet non pas un terme en 1/vx.3.2 Un résultat d'existene et d'uniitéLe Théorème prinipal onernant le système (3.20)-(3.21)-(3.22) est le sui-vant :Théorème 3.1 (Existene et uniité des solutions régulières)Soit ρ0, κ0 ∈ C∞(Ī) satisfaisant la ondition (3.23) et

{
(1 + ε)ρ0

xx = τκ0
x sur ∂I

(1 + ε)κ0
xx = τρ0

x sur ∂I.
(3.28)Alors, il existe une unique solution globale (ρ, κ) du système (3.20)-(3.21)-(3.22)satisfaisant :

ρ, κ ∈ C3+α, 3+α
2 (Ī × [0,∞)) ∩ C∞(I × (0,∞)), ∀α ∈ (0, 1),ave

κx > |ρx| sur Ī × [0,∞). (3.29)Les onditions au bord (3.28) que l'on a imposé sur la donnée initiale sont na-turelles ii. En e�et, supposons ρ et κ sont des solutions su�samment régulièresde (3.20)-(3.21)-(3.22). A partir de (3.22), on sait que ρ et κ sont onstantes sur16



3. Système parabolique singulier fortement ouplé
∂I × [0, T ], et alors ρt = κt = 0 sur ∂I × [0, T ]. En utilisant ette informationave le système (3.20) satisfaite par ρ et κ, on obtient :





0 = εκxx +

ρxρxx
κx

− τρx sur ∂I × [0, T ]

0 = (1 + ε)ρxx − τκx sur ∂I × [0, T ],Ce qui implique immédiatement (3.28).La régularité C3+α, 3+α
2 de la solution est la régularité maximale que nous pou-vons obtenir �jusqu'à la frontière�. Cei est dû au fait que nous augmentons larégularité, d'une manière itérative, en utilisant haque fois, la théorie de Hölderpour les équations paraboliques (voir Théorème 2.1 du Chapitre 4). Cependant,la théorie de Hölder pour les équations paraboliques exige un ertain ordre deompatibilité entre les données initiales, et, grosso modo : plus que nous augmen-tons l'ordre de ompatibilité, plus nous augmentons la régularité. Dans notre as,les onditions au bord (3.22) et (3.28) augmentent l'ordre de ompatibilité jus-qu'à 1, et par onséquent nous obtenons la régularité C3+α, 3+α

2 jusqu'à la frontière.L'e�et de la division par κx. La manière lassique de prouver l'existene d'unesolution globale en temps d'un problème parabolique, est de montrer l'existened'une solution loale en temps en appliquant un argument de point �xe sur unespae approprié, et de réitérer ensuite après avoir obtenu quelques bonnes esti-mations a priori. Nous emploierons ette méthode pour trouver notre solution.Mentionnons qu'en temps ourt T > 0, nous pouvons failement trouver unesolution régulière de (3.20)-(3.21)-(3.22) qui satisfait :
κx > |ρx|, sur IT ,e qui linéarise en quelque sorte la première équation (3.20) satisfaite par κ. Danse as-i, les estimations bien onnues pour les équations paraboliques linéairesdonnent quelques bonnes estimations a priori, mais pas une minoration appro-priée dans la norme L∞ de κx a�n d'éviter la division par 0. Par onséquent, enréitérant, il peut se produire que κx = 0 et don que le proédé s'arrête.Dans les prohains arguments, beauoup de onstantes qui peuvent dépendredu temps sont remplaées par 0 ou 1. Cei est fait a�n d'éviter des onfusionstehniques, et de faire une présentation plus laire des idées essentielles.Première minoration de κx. On va essayer de surmonter le problème de ladivision de la κx en trouvant une borne inférieure via un prinipe de om-paraison qui est prouvé pour (3.20)-(3.21)-(3.22). Ce prinipe de omparaison 17



Chapitre 1 : Introdution généralepermet de prouver l'inégalité suivante sur IT := Ī × [0, T ] :
κx(x, t) ≥

√
γ2(t) + ρ2

x(x, t), (3.30)où γ est une fontion déroissante satisfaisant l'équation di�érentielle ordinairesimple suivante :
γ

′ ≥ −
(
1 + ‖ρxxx‖L∞(IT )

)
γ sur (0, T ). (3.31)Le terme ‖ρxxx‖L∞(IT ) qui apparait dans (3.31) vient en dérivant le système (3.20)par rapport à x. Nous pouvons failement remarquer que la solution γ de (3.31)pourrait s'annuler si ‖ρxxx‖L∞(IT ) devient in�niment grand. Par onséquent, l'in-égalité (3.30) n'est pas une bonne minoration de κx à moins que ‖ρxxx‖L∞(IT ) soitbien ontr�lée, et ela sera la prohaine étape.Une inégalité parabolique de type Kozono-Taniuhi. Les estimations Cαpour les équations paraboliques donne un ontr�le de ‖ρxxx‖L∞(IT ) de la forme :

‖ρxxx‖L∞(IT ) ≤
1

γ(T )
, (3.32)qui, utilisée dans (3.31), n'empêhe pas κx de s'annuler. Il est utile de mentionnerque les estimations Lp habituelles pour les équations paraboliques sont validespour 1 < p <∞, et pas pour p = ∞.Une théorie �intermédiaire� des équations paraboliques est la théorie BMO(2)(Bounded Mean Osillation). Les estimations BMO donnent un ontr�le de lanorme BMO de ρxxx indépendant de γ :

‖ρxxx‖BMO(IT ) ≤ 1. (3.33)Dans notre travail, on prouve une inégalité parabolique de type Kozono-Taniuhiqui ontr�le la norme L∞ d'une fontion par sa norme BMO et par le logarithmede sa norme dans un ertain espae de Sobolev. Cette inégalité s'érit formelle-ment :
‖ρxxx‖L∞(IT ) ≤ ‖ρxxx‖BMO(IT )

(
1 + log+ ‖ρxxx‖BMO(IT ) + log+ ‖ρxxx‖W 2,1

2 (IT )

)
.(3.34)Par ailleurs, une estimation utile qui peut être obtenue à partir de la théorie

Lp est une estimation de la forme :
‖ρxxx‖W 2,1

2 (IT ) ≤
1

γ4(T )
. (3.35)2L'espae BMO a été présenté par John et Nirenberg, voir [59℄.18



4. Système non linéaire parabolique/Hamilton-Jaobi fortement oupléEn utilisant (3.33), (3.34) et (3.35), on obtient �nalement :
‖ρxxx‖L∞(IT ) ≤ 4 log

(
1

γ(T )

)
, (3.36)qui est meilleur de (3.32).L'original de l'inégalité de Sobolev logarithmique (3.34) a été trouvé dansBrézis, Gallouët [8℄, et Brézis, Wainger [9℄ (voir également Engler [33℄), où lesauteurs ont étudié, dans un adre elliptique et non pas parabolique, la relationentre L∞, W k

r et W s
p , si ‖u‖wkr ≤ 1 pour kr = n. Cette estimation a été appli-quée pour prouver l'existene des solutions globales de l'équation de Shrödingernon-linéaire (voir Brézis, Gallouët [8℄, et Hayashi, von Wahl [48℄). L'inégalité ori-ginale de Kozono-Taniuhi [61, Theorem 1℄ est prouvée dans le as elliptique. Lesidées de la preuve de la version parabolique de ette inégalité sont données enAppendie B du Chapitre 4.En utilisant l'inégalité (3.36) dans l'inéquation di�érentielle ordinaire (3.31)sur γ, et en suivant tous les termes ahés, on obtient
κx(., t) ≥ γ(t) ≥ e−e

ct ave c = et,et on obtient alors, les estimations a priori suivantes :
‖ρ(., t)‖C3(Ī) ≤ ee

et et ‖κ(., t)‖C3(Ī) ≤ ee
et

.L'existene globale de la solution déoule par itération en temps.4 Système non linéaire parabolique/Hamilton-Jaobifortement oupléCette setion présente le résultat prinipal du Chapitre 5 où l'on étudie l'exis-tene d'une solution mixte visosité-distribution du système (1.8)-(1.9) dans leCas B. Ce résultat peut être onsidéré omme la limite du Théorème 3.1 lors-qu'on fait ε = 0.4.1 Situation du problèmeOn s'intéresse à l'existene des solutions du système (1.8)-(1.9) dans le as
τ 6= 0, et sous la ondition (1.4). On rappelle le système ouplé :

{
κtκx = ρtρx sur I × (0, T )

ρt = ρxx − τκx sur I × (0, T ),
(4.37) 19



Chapitre 1 : Introdution généraleave les onditions initiales sur I :
κ(x, 0) = κ0(x), ρ(x, 0) = ρ0(x), (4.38)et les onditions au bord

{
κ(0, t) = κ0(0) et κ(1, t) = κ0(1), ∀t ∈ [0, T ],

ρ(0, t) = ρ(1, t) = 0, ∀t ∈ [0, T ],
(4.39)Les onditions initiales sont maintenant soumises à la ondition suivante :

κ0
x ≥ |ρ0

x| sur I. (4.40)Le système (4.37) peut être vu omme limite du système (3.20) où nous avonsajouté le terme −ε∆. Par onséquent, l'idée naturelle est de passer à la limitelorsque ε→ 0. Cette méthode s'appelle �visosité évanesente� qui est usuelle a�nd'approher les solutions de visosité pour une équation de Hamilton-Jaobi. Lalittérature sur ette méthode est très rihe et on peut iter par exemple le livrede Barles [3℄, Sinai [87℄, et Huang, Wang, et Teo [52℄.4.2 Existene des solutions de visositéLe théorème prinipal onernant le système (4.37), (4.38), (4.39) et (4.40)est le suivant :Théorème 4.1 (Existene globale d'une solution mixte)Soient ρ0 et κ0 deux fontions su�samment régulières satisfaisants (4.40). Alorsil existe
(ρ, κ) ∈ (C(Ī × [0,∞)))2, ρ ∈ C1(I × (0,∞)),solution de (4.37), (4.38) et (4.39) satisfaisant :

κx ≥ |ρx| dans D′(I × (0, T )). (4.41)Cependant, ette solution doit être interprétée au sens suivant :1. κ est une solution de visosité de κtκx = ρtρx dans IT = I × (0, T ),2. ρ est une solution distributionnelle de ρt = ρxx − τκx dans IT ,3. Les onditions initiales et au bord sont satisfaites pontuellement.Remark 4.2 Par soui de non onfusion, on appelle (ρε, κε), la solution obtenuepar le Théorème 3.1.20



4. Système non linéaire parabolique/Hamilton-Jaobi fortement oupléLa di�ulté majeure est que l'on doit travailler ave l'équation
κtκx = ρtρx. (4.42)L'idée est de passer à la limite lorsque ε → 0 dans la famille des solutions ré-gulières κε obtenues par le Théorème 3.1. Pour ette raison, nous avons besoind'un adre où l'équation (4.42), satisfaite par κ, est stable par passage à la limite.La régularité C1 de ρ est prévisible puisqu'il satisfait une équation parabolique(la deuxième équation de (4.37)). Dans e as-i ρt et ρx sont ontinues et paronséquent le Hamiltonien de (4.42) est également ontinu. Puis, en supposant

κx > 0, on peut interpréter κ omme solution de visosité de (4.42). Cei nousrammène naturellement vers le adre des solutions de visosité où la propriété destabilité est satisfaite (voir Barles [3, Lemma 2.3℄).La onvergene de κε vers une fontion ontinue κ est faite par l'intermédiairedu ontr�le loal, uniformément par rapport à ε, du module de ontinuité de κεen espae et en temps(3). Cei laisse déduire la onvergene uniforme loale de κε.Le ontr�le uniforme du module de ontinuité en espae est fait en utilisantune inégalité entropique qui s'avère valide pour le système approhé (3.20) (voirProposition 5.1 du Chapitre 5). Cette inégalité entropique peut être failementomprise. Par exemple, si l'on met ε = 0 et τ = 0, nous pouvons formellementvéri�er que l'entropie des densités de disloation
θ± =

κx ± ρx
2

,dé�nie par
S(t) =

∫

I

∑

±

θ±(., t) log θ±(., t)satisfait
dS(t)

dt
= −

∫

I

(θ+
x − θ−x )2

θ+ + θ−
≤ 0,et alors on obtient S(t) ≤ S(0) e qui ontr�le l'entropie uniformément en temps.Le ontr�le uniforme du module de ontinuité en temps est fait par l'intermé-diaire d'une borne sur κεt − εκεxx uniformément en ε.Finalement, la ondition (4.41) déoule diretement en passant à la limite enutilisant (3.29), i.e. κεx > |ρεx|.3Cei est une onséquene direte du Théorème d'Arzelà-Asoli. 21



Chapitre 1 : Introdution générale4.3 SimulationsEn utilisant les équations de l'élastiité (voir l'Appendie de la thèse), en-semble ave le système (1.3) en termes de ρ et κ, on peut aluler le déplae-ment dans le matériau. On onsidère le as d'un ristal ave un ontrainte deisaillement τ appliquée sur les murs frontières (voir Figure 1.5). Dans la Figure
PSfrag replaements

ττ

e1

e2

1−1Fig. 1.5 � Géométrie du matériau.1.6, on montre suessivement l'état initial du ristal au temps t = 0 sans au-une ontrainte appliquée, puis la déformation (élastique) instantanée du ristallorsqu'on applique la ontrainte de isaillement τ > 0 au temps t = 0+. La dé-formation du ristal évolue en temps et �nalement onverge numériquement versune déformation partiulière qui est montrée à la dernière �gure après un tempsvraiment long. Ce type de omportement est appelé élasto-viso-plastiité en mé-anique ar le matériau met du temps pour réagir à la ontrainte appliquée. Deplus, sur la dernière �gure, on remarque la présene de ouhes limites. Cet e�etest diretement relié à l'introdution du �bak stress� τb = θ+x −θ−x
θ++θ−

dans le modèle(1.1).
a) t = 0− b) t = 0+ ) t = +∞Fig. 1.6 � Déformation d'un ristal pour le modèle (1.3).22



5. Test numériques préliminaires5 Compléments numériques pour un problème in-dépendant de type transportOn s'intéresse au alul numérique des solutions des équations aux dérivéespartielles partielles de type transport :
{
ut = ~a · ∇u sur R

2 × (0, T )

u(x, 0) = u0(x) ∈ {+1,−1} sur R
2,

(5.43)où ~a(x, t) = (a1(x, t), a2(x, t)) est le hamp de veteur vitesse. On onsidère unedisrétisation de l'espae R
2 :

xI = (xi1 , xi2) = (i1∆x, i2∆x),ave I = (i1, i2) ∈ Z
2, et ∆x est le pas en espae. La fontion u0 est donnée par :

u0(xI) =

{
+ 1 si xI ∈ Ω0, Ω0 ⊂ R

2 est un ouvert,
− 1 sinon.Ii u0 permet de représenter une ourbe ∂Ω0 dans R

2. En e�et, on peut formelle-ment érire : ∂Ω0 = ∂{xI ; u0(xI) = +1}. Alors l'évolution en temps de la fontion
u0 représente le transport de la ourbe ∂Ω0 suivant le hamp de veteurs ~a. Lebut est d'érire un algorithme pour aluler la solution de (5.43).Dans le as spéial où ~a = c(x, t) ∇u

|∇u|
, l'équation (5.43) est dite équationeikonale : {

ut = c(x, t)|∇u| sur R
2 × (0, T )

u(x, 0) = u0(x) ∈ {+1,−1} sur R
2,qui modélise l'évolution de fronts dans la diretion normale. Dans e as, un algo-rithme basé sur la méthode �Fast Marhing� (voir Sethian [86℄ et Tsitsiklis [91℄),est présenté dans Carlini, Falone, Foradel et Monneau [11℄. Cet algorithme estune extension de la méthode Fast Marhing lassique puisque e nouveau shémapeut traiter une vitesse c(x, t) qui dépend du temps sans auune restrition surson signe.On a essayé d'explorer les idées de Carlini, Falone, Foradel et Monneau [11℄,et de les adapter pour l'équation de transport (5.43). Dans ette diretion, on aproposé plusieurs algorithmes qui semblent, après avoir e�etué des tests numé-riques, ne pas translater les fronts à la bonne vitesse, même dans le as où ~a estonstant. 23



Chapitre 1 : Introdution généraleUn algorithme du type splitting est alors introduit. L'idée du splitting est deséparer la translation de xi1 suivant la vitesse a1, et la translation de xi2 suivantla vitesse a2. L'avantage de et algorithme est qu'il translate exatement les oinset les lignes droites d'un front donné, si le veteur vitesse ~a est onstant (nousrenvoyons à la Setion 3 du Chapitre 6 pour le détails de l'algorithme).Test numérique : as d'un arré en rotation. Un test numérique est e�etuéave un arré évoluant suivant un hamp de veteur ~a qui dépend seulement dela variable d'espae. On prend le as d'un arré en rotation, i.e. ~a = (−xi2 , xi1).Les simulations suivantes sont alors obtenues :

Fig. 1.7 � Images 0, 38

Fig. 1.8 � Images 149, 241
24



5. Test numériques préliminaires

Fig. 1.9 � Image 373Ce test numérique montre que notre algorithme proposé de type splitting peutrée don des instabilités (voir Figure 1.9). L'étape suivante serait d'améliorer etalgorithme a�n de pallier et inonvénient.
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Chapitre 1 : Introdution générale
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Chapitre 2General introdution(1)This thesis is onerned with the theoretial study of a mathematial modelarising from the study of the dynamis of disloation densities in rystals. Thisdynamis is modelized through a non-linear oupled system of a paraboli and aHamilton-Jaobi equation, and we are interested in the existene and uniquenessof solutions of this system. Disloations are linear defets whih move in rystalswhen those are subjeted to exterior stresses.Independently, at the end of the thesis, we present, in a short hapter, a nu-merial method for the transport of fronts. In this thesis, three main types ofequations are onsidered :1. Non-linear �rst order Hamilton-Jaobi equations.2. Salar onservations laws.3. Singular paraboli equations.For all situations, the main goal of the study is the existene, uniqueness andregularity of the solutions of the above equations. This introdution aims to givean overview of the results that we have obtained. In the �rst setion, we startby giving a brief physial desription of disloations and disloation densities inrystals. A physial motivation of the speial model of our interest is given aswell. In setions 2, 3 and 4, we present the mathematial results onerning ourmodel desribing the dynamis of disloation densities. Setion 5 is devoted topresent a numerial method for fronts transport.In order to shed light on the important ideas and to ensure that they are not1This hapter is the english translation of the general introdution presented in Chapter 1. 27



Chapitre 2 : General introdutionlost in the tehni, we have given simpli�ed announements of the results in thisgeneral introdution. For the preise announements, we send the reader to thehapters that follow.1 Physial motivation1.1 Disloations : brief introdutionDisloations are line defets, or irregularity within a rystal struture. She-matially, they are areas where the atoms are out of position in the perfet ato-mi rystal lattie. The theory was mathematially developed by V. Volterra(2).Disloations are a non-stationary phenomena and their motion is the main expla-nation of the plasti deformation in metalli rystals (see Nabarro [76℄ and Hirth,Lothe [51℄ for a reent physial presentation).

Fig. 2.1 � Disloations in stainless steel.Disloations have a typial length of order 10−6m and a thikness of order
10−9m. They have been introdued by Orowan [78℄, Polanyi [83℄ and Taylor [90℄in 1934 as one of the prinipal explanations at the mirosopi sale of the ma-rosopi plasti deformations of rystals. This onept was on�rmed in 1956by the �rst diret observation of disloations by Hirsh, Horne and Whelan [50℄,and by Bollmann [5℄, thanks to the eletron mirosopy. Under the e�et of stress�elds, these disloations an move in a well de�ned rystallographi planes alled�slip planes�. A disloation is haraterized by two vetors : the disloation line
~ξ desribing its line diretion and the Burgers vetor ~b desribing the assoiated2The original paper [92℄ of Vito Volterra goes bak to 1907.28



1. Physial motivationdisplaement. Using these terms ~ξ and ~b, two basi types of disloations an bepresented :1. Edge disloations : the Burgers vetor ~b is perpendiular to ~ξ.2. Srew disloations : the Burgers vetor ~b is parallel to ~ξ.Atually, edge and srew disloations are just extreme forms of the possible dis-loation struture that an our. Most disloations are a hybrid of the edge andthe srew forms.In this thesis, we study the dynamis of straight parallel edge disloations ina bounded material. The quantity of disloations in a rystal is represented byits density whih is de�ned as the number of disloation lines traversing a unitsetion.Understanding the behavior of disloations is a key to understanding an essen-tial part of the mirostruture of rystalline solids. In fat, the behavior and theproperties of disloations diretly a�et the strength and toughness of struturalmaterials. However, in this thesis, we will only onentrate on the mathematialanalysis of a partiular model desribing the dynamis of disloation densities ina small domain.1.2 The model of Groma, Czikor and ZaiserIn [46℄, Groma, Czikor and Zaiser have proposed a 2-dimensional model des-ribing the dynamis of parallel edge disloations densities in a bounded 3-dimensional rystal. The term �disloations densities� arises from the fat thatedge disloations ould be lassi�ed as being positive or negative aording tothe diretion of their Burgers vetor. This model has been introdued to desribethe possible aumulation of disloations on the boundary layer of the material. Itsheds light on the evolution of the �two type� densities taking into onsiderationthe short range disloation-disloation interations.Let us go deeper into the model. Assume the existene of a ertain number ofparallel edge disloations in a bounded hannel of a �nite width in the x-diretionand an in�nite extension in the y-diretion (see Figure 2.2). The hannel is boun-ded by walls that are impenetrable by disloations (i.e., the plasti deformationin the walls is zero). The disloation lines are supposed to be perpendiular tothe xy-plane, and moving in the x-diretion, i.e. 29



Chapitre 2 : General introdution1. The disloation line ~ξ is perpendiular to x and y.2. The Burgers vetor ~b is parallel to x.
PSfrag replaements
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Fig. 2.2 � The model of Groma, Czikor and Caiser.The whole assembly is embedded in an in�nite rystal where disloations anmove under the ation of some onstant exterior stress �eld τ 6= 0, and/or un-der the ation of the stress �eld reated by disloations themselves. The internalstresses reated by disloations are the diret onsequene of the short and thelong range disloation-disloation interations inside the material.We are interested in a simpli�ed model where we suppose a partiular on�-guration of the disloation lines.A simpli�ed 1-dimensional model.We assume that the problem is invariant by translation in the y-diretion.In other words, we suppose that, if (S) is a ross-setional surfae perpendiular tothe disloation lines, then the arrangement of disloation points in (S) is invariantby translation in the y-diretion (see Figure 2.3). In this ase, we an dedue thatstudying the dynamis of disloation points on the line (L) (see Figure 2.3) givesthe omplete information of the dynamis of disloation lines in the hannel. Asa summary, we an write that :dynamis in (L) =⇒ dynamis in (S) =⇒ dynamis in the bounded hannel.30



1. Physial motivation
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Fig. 2.3 � Disloation points in a ross-setional surfae.Groma, Csikor and Zaiser [46℄ have formulated, starting from the motion of indi-vidual disloations, a ontinuum desription in terms of the disloations densities.It has been explained by Groma and Balogh [44,45℄ that for a system of straightparallel disloations a ontinuum desription an be derived from the equationsof motion of individual disloations. Using a di�erent approah, a ontinuum des-ription of a system of urved disloations in three dimensions was also formu-lated (see El-Azab [30℄, and Monneau [74℄ and the referenes therein). However,a major drawbak of these earlier investigations is that in order to get a losedset of equations, short range disloation-disloation orrelations have been ne-gleted and disloation-disloation interations were only desribed by the longrange ontribution. This desription does not permit to mathematially formulatewhat is really happening near the boundary of a given material.Remark 1.1 In our partiular framework, see Figure 2.3, disloations are rela-tively lose to eah other. This is due to their presene in a small length thatis bounded by walls. In this ase, long range disloation-disloation interationsare zero and hene the models presented in Groma and Balogh [45℄ is no longersuitable to desribe the evolution of the disloations densities. However, for themodel desribed in Groma, Balogh [45℄, we send the reader to El Hajj [31℄, ElHajj, Foradel [32℄ for a one-dimensional mathematial and numerial study, andto Cannone, El Hajj, Monneau, and Ribaud [10℄ for a two-dimensional existeneresult.In [46℄, Groma, Csikor and Zaiser have sueeded to modelize the e�et of theshort range disloation-disloation orrelations by a loal stress whih sales like 31



Chapitre 2 : General introdutiona gradient term. The exat mathematial formulation of their model will now bepresented.The mathematial formulation of the 1-dimensional model.Let θ+ and θ− represent the density of the positive and negative disloationsrespetively. Aording to our previous disussion, disloations are bounded bywalls that are separated by a distane of a �nite length l (take l = 1). Typially,positive/negative disloations are those moving to the right/left wall. In the asewhere the onstant applied stress �eld τ is di�erent from zero, our system is adouble pile-up system where positive disloations aumulate at the right wall,while negative disloations aumulate at the left wall (see Figure 2.4). For aPSfrag replaements
0 1

xFig. 2.4 � A double pile-up system.mathematial study of various models of disloation pile-ups, we send the readerto Voskoboinikov, Chapman, Okendon, Allwright [93℄, Carpio, Chapman, Veláz-quez [12℄, Wood, Head [95℄, and Hirth, Lothe [51℄.The oupled system desribing the evolution of the non-negative disloationsdensities θ+ and θ− reads (see Groma, Csikor and Zaiser [46℄) :





θ+
t =

[(
θ+
x − θ−x
θ+ + θ−

− τ

)
θ+

]

x

on (0, 1) × (0, T ),

θ−t =

[
−
(
θ+
x − θ−x
θ+ + θ−

− τ

)
θ−
]

x

on (0, 1) × (0, T ),

(1.1)with the initial onditions :
θ+(x, 0) = θ+

0 (x) and θ−(x, 0) = θ−0 (x).Here T > 0 is a �xed positive real number and τ is the exterior stress �eld whihis supposed to be onstant. The term θ+x −θ−x
θ++θ−

appearing in (1.1) stands for theloal stress �eld desribing the short range interations between disloations. Inthe models presented in Remark 1.1, this term was set to be zero. In this ase,system (1.1) desribes the translation of disloations following the veloity τ ,without taking into aount the formation of the boundary layer. For this rea-son, periodi boundary onditions were naturally onsidered in the mathematial32



1. Physial motivationstudy of those systems. In fat, the use of periodi boundary onditions is a wayof regarding what is going on in the interior of a material away from its boundary.The main objetive of this thesis is to examine the existene and uniquenessof solutions of (1.1) under suitable boundary onditions that will be lari�ed inthe forthoming arguments. Let
I := (0, 1), and IT := I × (0, T ).We onsider an integrated form of (1.1) and we let

ρ±x = θ±, ρ = ρ+ − ρ− and κ = ρ+ + ρ−, (1.2)to obtain (at least formally), for speial values of the onstants of integration, thefollowing system in terms of ρ and κ :
{
κtκx = ρtρx on IT

ρt = ρxx − τκx on IT ,
(1.3)with the initial onditions :

κ(x, 0) = κ0(x) and ρ(x, 0) = ρ0(x).We move now to give two essential onditions onerning ρ and κ.Physially relevant onditions.Condition 1. The two terms θ+ and θ− represent two non-negative densities.Sine by (1.2),
θ± =

κx ± ρx
2

,the fat that θ± ≥ 0 is translated in the language of ρ and κ to the followingondition :
κx ≥ |ρx|. (1.4)This ondition has to be satis�ed in order to give sense to the system (1.1).Condition 2. The seond ondition is

ρ(1, t) = ρ(0, t), ∀t ≥ 0. (1.5)This ondition has to do with the balane of the physial model that starts withthe same number of positive and negative disloations. To be more preise, let n+and n− be the total number of positive and negative disloations respetively at 33



Chapitre 2 : General introdution
t = 0. We assume that there is neither annihilation nor reation of disloationsinside the material. Hene there is a onservation of n+ and n− with respet totime. This ould be mathematially formulated as follows (see (1.2) above) :

ρ(1, t) − ρ(0, t) =

∫ 1

0

ρx(x, t) dx,

=

∫ 1

0

(θ+(x, t) − θ−(x, t)) dx,

= n+ − n− = 0.Therefore we obtain (1.5).The boundary onditions.To formulate heuristially the boundary onditions at the walls loated at
x = 0 and x = 1, we �rst suppose that κx 6= 0 at x = 0, 1. We reall that sinethe walls of the hannel are impenetrable by disloations, then the disloation�uxes at the boundary must be zero, whih requires that :

Φ︷ ︸︸ ︷
(θ+
x − θ−x ) − τ(θ+ + θ−) = 0, at x ∈ {0, 1}. (1.6)Rewriting system (1.3) in terms of ρ, κ and Φ, we get

{
κt = (ρx/κx)Φ,

ρt = Φ.
(1.7)Using (1.6), (1.7), and the fat that κx 6= 0 at x = 0, 1, we an formally deduethat

ρt = κt = 0 on ∂I × [0, T ],hene ρ and κ are onstants along the boundary walls. This gives inspiration thatthe onvenient boundary onditions of system (1.3) are the Dirihlet boundaryonditions. We now move to write down preisely the omplete system.The omplete system.From all what preedes, the omplete system is expressed by the followingoupled Dirihlet boundary value problems :




κtκx = ρtρx, on IT ,

κ(x, 0) = κ0(x), on I,

κ(0, t) = κ0(0) and κ(1, t) = κ0(1), ∀t ∈ [0, T ],

(1.8)34



2. Nonlinear paraboli/Hamilton-Jaobi systemand 




ρt = ρxx − τκx, on IT ,

ρ(x, 0) = ρ0(x), on I,

ρ(0, t) = ρ(1, t) = 0, ∀t ∈ [0, T ].

(1.9)These equations are the ore of our mathematial analysis where we study theexistene and uniqueness of solutions in two di�erent ases.The two ases.In studying system (1.8)-(1.9), we �rst start with the ase where τ = 0. Inthis ase, the system beomes weakly oupled in the sense that we an �rst solvethe equation of ρ, and then the equation of κ. The seond ase is the general asewhere τ 6= 0. Our system thus beomes strongly oupled and more ompliated.As a summary, we write down the two ases :Case A. The exterior stress τ applied to the material is zero.Case B. The exterior stress τ is a onstant di�erent from zero.2 Nonlinear paraboli/Hamilton-Jaobi systemThis setion is an assembly of the results of Chapter 3, where we study thesystem (1.8)-(1.9) in the ase τ = 0. In this setion, we present our main theorems ;we point out the main di�ulties, and we disuss the key ideas that permit tooverome them.2.1 Setting of the problemWe study the existene and uniqueness of solutions of the paraboli/Hamilton-Jaobi system (1.8)-(1.9) in Case A, the ase of zero applied exterior stresses.This study is done in the framework of visosity solutions (for the de�nition ofvisosity solutions for Hamilton-Jaobi equations, we send the reader to De�ni-tions 2.3, 2.5 of Chapter 3). Visosity solutions have been introdued by Crandalland Lions [22℄ for solving Hamilton-Jaobi equations of �rst order. The theorywas then extended to seond order equations where it has known a wide develop-ment after the works of Jensen [58℄ and of Ishii [57℄.We rewrite system (1.8)-(1.9) in the ase where τ = 0, we arrive to the follo- 35



Chapitre 2 : General introdutionwing system of Dirihlet boundary value problems :




κtκx = ρtρx, on IT ,

κ(x, 0) = κ0(x), on I,

κ(0, t) = κ0(0) and κ(1, t) = κ0(1), ∀t ∈ [0, T ],

(2.10)and 



ρt = ρxx, on IT ,

ρ(x, 0) = ρ0(x), on I,

ρ(0, t) = ρ(1, t) = 0, ∀t ∈ [0, T ].

(2.11)Reall that κx and ρx have to satisfy �in some sense� the ondition (1.4), i.e.
κx ≥ |ρx| on IT .It is worth notiing that the above system (2.10)-(2.11) is now a weakly oupledsystem. More preisely, one an solve the heat equation (2.11) by itself, andthen plug its solution ρ into (2.10), transforming the problem to solving a singleHamilton-Jaobi equation that an be reformulated as follows :





κt =
ρxρxx
κx

= F (x, t, κx) on IT ,

κ(x, 0) = κ0(x) ∈ Lip(I),

κ(0, t) = κ0(0) and κ(1, t) = κ0(1), ∀t ∈ [0, T ],

(2.12)with
κ0
x ≥ |ρ0

x| on I. (2.13)2.2 Visosity results on the bounded interval I = (0, 1)The �rst apparent problem in solving (2.12) is that we divide by κx. Thisreates a singularity at the points where κx = 0, that an even be true at t = 0(see the above ondition (2.13)). We overome this problem by taking a speialapproximation of (2.13), where we prevent κ0
x from having 0 values. The followingtheorem is thus proved.Theorem 2.1 (Existene and uniqueness of a visosity solution, ε > 0)Let T > 0 and ε > 0 be two onstants. Take κ0 ∈ Lip(I), and ρ0 ∈ C∞

0 (I)satisfying :
κ0
x ≥ Gε(ρ

0
x), Gε(x) =

√
x2 + ε2. (2.14)Given the solution ρ of the heat equation (2.11), there exists a visosity solution

κ ∈ Lip(IT ) of (2.10), unique among those satisfying :
κx ≥ Gε(ρx) a.e. in IT . (2.15)36



2. Nonlinear paraboli/Hamilton-Jaobi systemThe prinipal di�ulty in proving this result is to show the minoration (2.15) of
κx. The formal argument to overome this di�ulty is to remark �rst that κx isa solution of the derived equation of (2.12) :

wt = (F (x, t, w))x, (2.16)while, by simple omputations, we an show (see Lemma 3.4 of Chapter 3) that
Gε(ρx) satis�es :

(Gε(ρx))t ≤ (F (x, t, Gε(ρx)))x, (2.17)and hene Gε(ρx) is a sub-solution of (2.16). Using a omparison priniple, to-gether with (2.14), we easily arrive to the result. These formal arguments anbe made rigorous by using a relation between visosity solutions of Hamilton-Jaobi equations and entropy solutions of salar onservation laws. This relationasserts that, under some regularity assumptions, if κ is a visosity solution of thefollowing Hamilton-Jaobi equation in the whole spae :



κt =

ρxρxx
κx

= F (x, t, κx), on R × (0, T ),

κ(x, 0) = κ0(x), on R,
(2.18)where ρ is the solution of the heat equation :

{
ρt = ρxx, on R × (0, T ),

ρ(x, 0) = ρ0(x), on R,
(2.19)then w = κx is an entropy solution of the following salar onservation laws :

{
wt = (F (x, t, w))x on R × (0, T ),

w(x, 0) = w0(x) = κ0
x(x), on R.

(2.20)Moreover, the regularity of the funtion Gε(ρx) permits to have inequality (2.17)a.e. in R × (0, T ), therefore Gε(ρx) is an entropy sub-solution of (2.20). By usingthe inequality between the initial data (2.14), and Kruºkov Comparison Priniple(see Theorem 2.16 of Chapter 3), we obtain that :
κx ≥ Gε(ρx).Let us reall that entropy solutions were �rst introdued by Kruºkov [63℄ as theonly physially admissible solutions among all weak (distributional) solutions tosalar onservation laws. The theory of entropy solutions was then widely develo-ped. Equivalent de�nitions of entropy solutions for salar onservation laws withmerely essentially bounded L∞ data are given via the entropy proess solutions 37



Chapitre 2 : General introdution(see Eymard, Gallouët and Herbin [35, 36℄), or via the kineti formulation (seeLions, Perthame, Tadmor [70℄, Perthame [81℄ and Perthame, Tadmor [82℄). Anotion of a weak entropy solution via the entropy-�ux pairs is given in Otto [80℄.For the de�nition of entropy solutions that will be used in our work, we send thereader to De�nition 2.12 of Chapter 3.It is worth mentioning that we need to give a speial attention on two im-portant points while making the rigorous proof. The �rst point is that the aboverelation between visosity and entropy solutions is valid on R. This requires, atsome stage, to make a suitable extension of the problem from the bounded inter-val I into the whole spae R ; to make use of this relation, and then to return bakto I. The seond point is that the original Kruºkov Comparison Priniple [63℄ wasproved under ertain regularity on the funtion F that we do not have. This ne-essitates to follow the ideas of Kruºkov [63℄ and Eymard, Gallouët, Herbin [35℄,to adapt their proofs for our ase of less regularity (see Theorem 2.16 and itsproof in the Appendix of Chapter 3).Another possibility to prove the minoration (2.15) of the gradient κx was tostay in the visosity solutions framework. In fat, there are few results on theminoration of the gradient of visosity solutions for Hamilton-Jaobi equations.An interesting result on this subjet ould be found in Ley [67℄. In that paper,the author gives a lower bound for the spatial gradient of the visosity solutionof �rst order Hamilton-jaobi equations :
ut + F (x, t, ux) = 0,under some onditions on the Hamiltonian F (x, t, p) inluding its onvexity inthe p-variable. Unfortunately, this is not our ase (see equation (2.12)) with

F (x, t, p) =
ρx(x, t)ρxx(x, t)

p
,and that does not permit us to use diretly the visosity solutions framework forestablishing the minoration on κx.The next result is an existene result of (2.10) under the original ondition(2.13) on the gradient κ0

x.Theorem 2.2 (Existene of a visosity solution, ε = 0)Let T > 0, κ0 ∈ Lip(I) and ρ0 ∈ C∞
0 (I). If the ondition (2.13) is satis�eda.e. in I, and if ρ is the solution of (2.11), then there exists a visosity solution

κ ∈ Lip(IT ) of (2.10) satisfying :
κx ≥ |ρx|, a.e. in IT .38



3. Strongly oupled singular paraboli systemThe proof of this theorem omes diretly from the passage to the limit ε → 0 inthe family of solutions given by Theorem 2.1.2.3 An entropy result on the whole spae RIn the proof of Theorem 2.1, the funtion κx was found to be an entropysolution of (2.20). In fat, this an be a byprodut result by itself.Theorem 2.3 (Existene and uniqueness of an entropy solution, ε > 0)Let T > 0. Take w0 ∈ L∞(R) and ρ0 ∈ C∞
0 (R) suh that, w0 ≥ Gε(ρ

0
x) a.e. in R,for some onstant ε > 0. Then, given ρ ; the unique solution of the heat equation(2.19), there exists an entropy solution w ∈ L∞(QT ) of (2.20), unique among theentropy solutions satisfying :

w ≥ Gε(ρx) a.e. in R × (0, T ).3 Strongly oupled singular paraboli systemThis setion presents the prinipal result of Chapter 4, that an be onsideredas the starting point for solving the system (1.8)-(1.9) in Case B (the ase where
τ 6= 0). We study the existene, uniqueness and regularity of smooth solutions ofa strongly oupled singular paraboli system.3.1 Setting of the problemLet T > 0. We onsider the following oupled paraboli system :




κt = εκxx +

ρxρxx
κx

− τρx on IT

ρt = (1 + ε)ρxx − τκx on IT ,
(3.21)with the initial onditions :

{
κ(x, 0) = κ0(x) on I

ρ(x, 0) = ρ0(x) on I,
(3.22)and the boundary onditions :

{
κ(0, t) = κ0(0) and κ(1, t) = κ0(1), ∀t ∈ [0, T ],

ρ(0, t) = ρ(1, t) = 0, ∀t ∈ [0, T ],
(3.23)where ε > 0, τ 6= 0 are �xed real numbers. This system is a strongly oupledparaboli system with a singularity that arises from the division by κx in the �rst 39



Chapitre 2 : General introdutionequation of (3.21). In order to avoid suh singularity, we impose the followingstrit inequality on the initial data :
κ0
x > |ρ0

x| on I. (3.24)We are interested in the existene and uniqueness of smooth solutions (ρ, κ) of(3.21)-(3.22)-(3.23), under the ondition (3.24).The hoie of system (3.21). The �rst question that ould be asked is aboutthe speial hoie of system (3.21). Let us remind the reader that the �nal goal isto solve (1.8)-(1.9) in the general ase τ 6= 0. For this reason, we have taken (3.21)as a regularized approximation of (1.8)-(1.9). Other hoies of other approximatesystems was also possible. For example, an approximation of (1.8)-(1.9) inludesas a partiular ase the hoie of the following system :



κt = εκxx +

ρxρxx
κx

− τρx on IT

ρt = ρxx − τκx on IT .
(3.25)However, the dangerous situation that may happen is to lose the inequality

κx > |ρx|,whih is ruial in our study. In fat, we are not able to show this inequality for(3.25), and even for many other approximate systems that we have tried. On theontrary, system (3.21) is partiularly onstruted in order to satisfy a ompari-son priniple (see Proposition 3.1 of Chapter 4) that gives the above inequality.Brief review of the literature. We have not found singular paraboli systemsthat are losely related to (3.21). However, many di�erent paraboli problemsinvolving singular terms have been widely studied in various aspets. Degenerateand singular paraboli equations have been extensively studied by DiBenedetto etal. (see for instane DiBenedetto et al. [17,24�27℄ and the referenes therein). Theauthors regard the solutions of singular or degenerate paraboli equations withmeasurable oe�ients whose prototype is a heat equation with p-Laplaian :
ut − div

(
|∇u|p−2∇u

)
= 0, p > 2 or 1 < p < 2.The study inludes loal Hölder ontinuity of bounded weak solutions, loal andglobal boundedness of weak solutions and loal intrinsi and global Harnak es-timates. Other paraboli equations of the porous medium type :

ut − ∆um = 0, 0 < m < 1,40



3. Strongly oupled singular paraboli systemare examined in Quirós, Vázquez [84℄, DiBenedetto et al. [28,29℄. These equationsare singular at points where u = 0. In DiBenedetto, Kwong, Vespri [28℄, theauthors investigate, for speial range of m, the behavior of the solution nearthe points of singularity. In partiular, they show that nonnegative solutions areanalyti in the spae variables and at least Lipshitz ontinuous in time. However,in DiBenedetto, Kwong [29℄, an intrinsi Harnak estimate for nonnegative weaksolutions is established for some optimal range of the parameter m. In Quirós,Vázquez [84℄, the authors study the asymptoti behavior of weak solutions inexterior domains with boundary data that are onstant in time. Other lass ofsingular paraboli equations are of the form :
ut = uxx +

b

x
ux, (3.26)

b is a ertain onstant. Suh an equation is related to axially symmetri problemsand also ours in probability theory. A wide study of (3.26) is done. This in-ludes the existene, uniqueness and the representation theorems for the solution(Dirihlet and Neumann boundary onditions are treated as well). In addition,di�erentiability and regularity properties are investigated (for the referenes, seeColton [20℄, Speranza [89℄, Alexiades [2℄, and Chan, Wong [16℄). A more generalform of (3.26), inluding semilinear equations, is treated in Mooney [75℄, Chan,Kaper [14℄, Chan, Chen [15℄, and Maugeri [71℄.An important type of equations that an be indiretly related to our systemis semilinear paraboli equations :
ut = ∆u+ |u|p−1u, p > 1. (3.27)Many authors have studied the blow-up phenomena for solutions of the aboveequation (see for instane Zaag [96℄, Merle, Zaag [72, 73℄, Souplet et al. [47, 85,88℄). This study inludes uniform estimates at the blow-up time, as well as theinvestigation of upper bounds for the initial blow-up rate. Equation (3.27) an besomehow related to the �rst equation of (3.21), but with a singularity of the form

1/κ. This an be formally seen if we �rst suppose that u ≥ 0, and then we applythe following hange of variables u = 1/v. In this ase, equation (3.27) beomes :
vt = ∆v − 2|∇v|2

v
− v2−p,and hene if p = 3, we obtain :

vt = ∆v − 1

v
(1 + 2|∇v|2). (3.28)Sine the solution u of (3.27) may blow-up at a �nite time t = T , then v mayvanishes at t = T , and therefore equation (3.28) faes similar singularity to thatof the �rst equation of (3.21), but in terms of 1/v and not of 1/vx. 41



Chapitre 2 : General introdution3.2 Existene and uniqueness resultThe main theorem onerning system (3.21)-(3.22)-(3.23) is the following :Theorem 3.1 (Existene and uniqueness of smooth solutions)Let ρ0, κ0 ∈ C∞(Ī) satisfying ondition (3.24) and
{

(1 + ε)ρ0
xx = τκ0

x on ∂I

(1 + ε)κ0
xx = τρ0

x on ∂I.
(3.29)Then, there exists a unique global solution (ρ, κ) of system (3.21)-(3.22)-(3.23)satisfying :

ρ, κ ∈ C3+α, 3+α
2 (Ī × [0,∞)) ∩ C∞(I × (0,∞)), ∀α ∈ (0, 1), (3.30)with

κx > |ρx| on Ī × [0,∞). (3.31)The boundary onditions (3.29) that we have imposed on the initial data arenatural here. In fat, suppose ρ and κ are su�iently regular solutions of (3.21)-(3.22)-(3.23). From (3.23), we know that ρ and κ are onstants on ∂I × [0, T ],and therefore ρt = κt = 0 on ∂I × [0, T ]. Using this information together withsystem (3.21) satis�ed by ρ and κ, we get :




0 = εκxx +
ρxρxx
κx

− τρx on ∂I × [0, T ]

0 = (1 + ε)ρxx − τκx on ∂I × [0, T ],
(3.32)that immediately implies (3.29).The regularity C3+α, 3+α

2 of the solution is the maximal regularity that we areable to obtain �up to the boundary�. This is due to the fat that we are inrea-sing the regularity, in an iterative way, by using, eah time, the Hölder theory ofparaboli equations (see Theorem 2.1 of Chapter 4). However, the Hölder theoryof paraboli equations requires a ertain order of ompatibility between the givendata, and, roughly speaking : the more we inrease the ompatibility order, themore we inrease the regularity. In our ase, the boundary onditions (3.23) and(3.29) raise the ompatibility order up to 1, and hene we obtain the C3+α, 3+α
2regularity up to the boundary.The e�et of the division by κx. The lassial way to prove the existene ofa long-time solution of a paraboli problem, is to show the existene of a short-time solution by applying a �xed point argument on suitable spaes, and then to42



3. Strongly oupled singular paraboli systemiterate after having good a priori estimates. We will use this method to �nd oursolution. Let us mention that at a short time T > 0, we an easily �nd a smoothsolution of (3.21)-(3.22)-(3.23) that satis�es :
κx > |ρx|, on IT , (3.33)whih somehow linearizes the �rst equation of (3.21) satis�ed by κ. In this ase,the well-known estimates for linear paraboli equations give some good a prioriestimates, but not a suitable minoration in the L∞ norm of κx in order to avoiddividing by 0. Hene, while iterating, it may happen that κx = 0 and thereforethe proedure stops.In the forthoming arguments, many onstants that may depend on time areset to be 0 or 1. This is done in order to avoid tehnial onfusions, and to learlypresent the essential ideas.First minoration of κx. We will try to overome the problem of dividing by

κx by �nding a lower bound via a omparison priniple that is shown to besatis�ed for (3.21)-(3.22)-(3.23). This omparison priniple leads to the followinginequality on IT := Ī × [0, T ] :
κx(x, t) ≥

√
γ2(t) + ρ2

x(x, t), (3.34)where γ is a dereasing funtion satisfying the simple ordinary di�erential equa-tion :
γ

′

(t) ≥ −
(
1 + ‖ρxxx‖L∞(IT )

)
γ(t), t ∈ (0, T ). (3.35)The term ‖ρxxx‖L∞(IT ) appearing in (3.35) omes from deriving system (3.21)with respet to x while doing the omputations. We an easily remark that thesolution γ of (3.35) ould vanish if ‖ρxxx‖L∞(IT ) beomes in�nitely large. There-fore, inequality (3.34) is not a good minoration of κx unless ‖ρxxx‖L∞(IT ) is wellontrolled, and this what will be illustrated in the next step.A Kozono-Taniuhi paraboli inequality. The Cα estimates for paraboliequations give a ontrol of ‖ρxxx‖L∞(IT ) of the form :

‖ρxxx‖L∞(IT ) ≤
1

γ(T )
, (3.36)whih, if plugged in (3.35), does not prevent κx from vanishing. It is worth mentio-ning that the usual Lp estimates for paraboli equations are valid for 1 < p <∞,and not for p = ∞. 43



Chapitre 2 : General introdutionAn �intermediate� theory of paraboli equations is the BMO(3) (boundedmean osillation) theory. The BMO estimates give a ontrol of the BMO normof ρxxx (see Lemma 7.5 of Chapter 4) independent of γ :
‖ρxxx‖BMO(IT ) ≤ 1. (3.37)In our work we prove a Kozono-Taniuhi paraboli type inequality that ontrolsthe L∞ norm of a given funtion by its BMO norm and by the logarithm of itsnorm in some Sobolev spae. This inequality formally reads :

‖ρxxx‖L∞(IT ) ≤ ‖ρxxx‖BMO(IT )

(
1 + log+ ‖ρxxx‖BMO(IT ) + log+ ‖ρxxx‖W 2,1

2 (IT )

)
.(3.38)Also, a useful estimate that an be obtained from the Lp theory (see Lemma6.3 of Chapter 4) is an estimate of the form :

‖ρxxx‖W 2,1
2 (IT ) ≤

1

γ4(T )
. (3.39)Using (3.37), (3.38) and (3.39),we �nally get :

‖ρxxx‖L∞(IT ) ≤ 4 log

(
1

γ(T )

)
, (3.40)whih is better than (3.36).The original type of the logarithmi Sobolev inequality (3.38) was found inBrézis, Gallouët [8℄, and Brézis, Wainger [9℄ (see also Engler [33℄), where theauthors investigated, in the ellipti framework and not in the paraboli one, therelation between L∞, W k

r and W s
p , provided ‖u‖W k

r
≤ 1 for kr = n. This estimatewas applied to prove existene of global solutions to the nonlinear Shrödin-ger equation (see Brézis, Gallouët [8℄, and Hayashi, von Wahl [48℄). The originalKozono-Taniuhi inequality [61, Theorem 1℄ is proved in the ellipti ase. A skethof the proof of the paraboli version of this inequality is given in Appendix B ofChapter 4.By using the inequality (3.40) into the ordinary di�erential inequality (3.35),and by following all the hidden terms, we obtain

κx(., t) ≥ γ(t) ≥ e−e
ct with c = et,and hene we get the following a priori estimates :

‖ρ(., t)‖C3(Ī) ≤ ee
et and ‖κ(., t)‖C3(Ī) ≤ ee

et

.The existene of the long-time solution then follows by time iteration.3The BMO spae was introdued by John and Nirenberg, see [59℄.44



4. Strongly oupled nonlinear paraboli/Hamilton-Jaobi system4 Strongly oupled nonlinear paraboli/Hamilton-Jaobi systemThis setion presents the prinipal result of Chapter 5 where we study theexistene of a visosity-distribution mixed solution of system (1.8)-(1.9) in theCase B. This result an be onsidered as the limit of Theorem 3.1 as we set
ε = 0.4.1 Setting of the problemWe are interested in the existene of solutions of system (1.8)-(1.9) in the ase
τ 6= 0, and under the ondition (1.4). We reall the oupled system :

{
κtκx = ρtρx on I × (0, T )

ρt = ρxx − τκx on I × (0, T ),
(4.41)with the initial onditions on I :

κ(x, 0) = κ0(x), ρ(x, 0) = ρ0(x), (4.42)and the boundary onditions
{
κ(0, t) = κ0(0) and κ(1, t) = κ0(1), ∀t ∈ [0, T ],

ρ(0, t) = ρ(1, t) = 0, ∀t ∈ [0, T ],
(4.43)The initial onditions are now submitted to the following ondition :

κ0
x ≥ |ρ0

x| on I. (4.44)System (4.41) an be viewed as the limit of system (3.21) where we added the
−ε∆ term. Therefore, the natural idea is to pass to the limit as ε → 0. Thismethod is alled the vanishing visosity method whih is ommon in order toapproah visosity solutions for a Hamilton-Jaobi equation. The literature onthis topi is very rih and one an ite for instane the book of Barles [3℄ and thereferenes therein, see also Sinai [87℄, Huang, Wang, and Teo [52℄.4.2 Existene of visosity solutionsThe main theorem onerning system (4.41), (4.42), (4.43) and (4.44) is thefollowing : 45



Chapitre 2 : General introdutionTheorem 4.1 (Existene of a long-time mixed type solution)Let ρ0 and κ0 be two su�iently regular funtions satisfying (4.44). Then thereexists
(ρ, κ) ∈ (C(Ī × [0,∞)))2, ρ ∈ C1(I × (0,∞)), (4.45)solution of (4.41), (4.42) and (4.43) satisfying :

κx ≥ |ρx| in D′(I × (0, T )). (4.46)However, this solution has to be interpreted in the following sense :1. κ is a visosity solution of κtκx = ρtρx in IT = I × (0, T ),2. ρ is a distributional solution of ρt = ρxx − τκx in IT ,3. the initial and boundary onditions are satis�ed pointwisely.Remark 4.2 For the sake of distintion, we all (ρε, κε), the solution obtainedby Theorem 3.1.The main di�ulty we have to fae is to work with the equation
κtκx = ρtρx. (4.47)The idea is to pass to the limit as ε → 0 in the family of smooth solutions κεobtained by Theorem 3.1. For this reason, we need a framework where the equa-tion (4.47) is stable under approximation. Roughly speaking, the regularity C1of ρ is expeted sine it satis�es a paraboli equation (the seond equation of(4.41)). In this ase ρt and ρx are both ontinuous and hene the Hamiltonian of(4.47) is also ontinuous. Then, assuming κx > 0, we an interpret κ as a visositysolution of (4.47). This takes us in a natural way to the framework of visositysolutions where the stability property is well satis�ed (see Barles [3, Lemma 2.3℄).The onvergene of κε to a ontinuous funtion κ is made via the loal ontrol,uniformly in ε, of the modulus of ontinuity of κε in spae and in time(4). Thispermits to dedue the loal uniform onvergene of κε.The uniform ontrol of the spae modulus of ontinuity is done using an en-tropy inequality that is shown to be valid for the approximated system (3.21) (seeProposition 5.1 of Chapter 5). This entropy inequality an be easily understood.For instane, if we set ε = 0 and τ = 0, we an formally hek that the entropyof the disloation densities
θ± =

κx ± ρx
2

,4This is a diret onsequene of the Arzelà-Asoli Theorem.46



4. Strongly oupled nonlinear paraboli/Hamilton-Jaobi systemde�ned by
S(t) =

∫

I

∑

±

θ±(., t) log θ±(., t)satis�es
dS(t)

dt
= −

∫

I

(θ+
x − θ−x )2

θ+ + θ−
≤ 0,and hene we get S(t) ≤ S(0) whih ontrols the entropy uniformly in time.The uniform ontrol of the entropy leads to an ε-uniform ontrol of the spaemodulus of ontinuity of κε (see Proposition 5.4 of Chapter 5).On the other hand, the uniform ontrol of the time modulus of ontinuity isdone via a bound on κεt − εκεxx uniformly in ε (see Lemma 3.4 of Chapter 5).Finally, the ondition (4.46) omes diretly by passing to the limit in thesequene of inequalities κεx > |ρεx| (see (3.31)).4.3 SimulationsUsing the equations of elastiity (see the Appendix of the thesis), togetherwith the system (1.3) in terms of ρ and κ, we an alulate the displaementinside the material. We onsider the ase of a rystal with a shear stress τ appliedon the boundary walls (see Figure 2.5). In Figure 2.6, we show suessively the

PSfrag replaements
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1−1Fig. 2.5 � Geometry of the material.initial state of the rystal at time t = 0 without any applied stress, then theinstantaneous (elasti) deformation of the rystal when we apply the shear stress
τ > 0 at time t = 0+. The deformation of the rystal evolves in time and �nallyonverges numerially to some partiular deformation whih is shown on thelast piture after a very long time. This kind of behaviour is alled elasto-viso-plastiity in mehanis beause the material takes time to respond to the applied 47



Chapitre 2 : General introdutionstress. Moreover, on the last piture, we observe the presene of boundary layerdeformations. This e�et is diretly related to the introdution of the bak stress
τb = θ+x −θ−x

θ++θ−
in the model (1.1).
a) t = 0− b) t = 0+ ) t = +∞Fig. 2.6 � Deformation of a rystal for model (1.3).5 Numerial omplement for an independent pro-blem of transport typeWe are interested in the numerial alulus of the solutions of partial di�e-rental equations of transport type :
{
ut = ~a · ∇u on R

2 × (0, T )

u(x, 0) = u0(x) ∈ {+1,−1} on R
2,

(5.48)where ~a(x, t) = (a1(x, t), a2(x, t)) is the veloity vetor �eld. We onsider a dis-retization of the spae R
2 :
xI = (xi1 , xi2) = (i1∆x, i2∆x),with I = (i1, i2) ∈ Z

2, and ∆x is a spae step. The funtion u0 is given by :
u0(xI) =

{
+ 1 if xI ∈ Ω0, Ω0 ⊂ R

2 is an open set,
− 1 otherwise.Here, the funtion u0 permits to represent a urve ∂Ω0 in R

2. In fat, we anformally write : ∂Ω0 = ∂{xI ; u0(xI) = +1}. Then the evolution of the funtion
u0 with respet to time represents the transport of the urve ∂Ω0 following thevetor �eld ~a. The goal is to write an algorithm in order to alulate the solutionof (5.48).48



5. Preliminary numerial testsIn the speial ase where ~a = c(x, t) ∇u
|∇u|

, equation (5.48) is now alled theeikonal equation :
{
ut = c(x, t)|∇u| on R

2 × (0, T )

u(x, 0) = u0(x) ∈ {+1,−1} on R
2,that modelizes front evolutions in the normal diretion. In this ase, an algorithmbased on the �Fast Marhing� Method (see Sethian [86℄, and Tsitsiklis [91℄), ispresented in Carlini, Falone, Foradel, and Monneau [11℄. This algorithm is anextension of the lassial Fast Marhing Method sine the new sheme an dealwith a time-dependent veloity c(x, t) without any restrition on its sign.We have been trying to explore the ideas of Carlini, Falone, Foradel, andMonneau [11℄, and to adapt them for transport equations (5.48). In this diretion,we have proposed several algorithms that seem, after doing numerial tests, nottranslating the fronts at the good speed, even in the ase where ~a is onstant.An algorithm of the splitting type is then introdued (for the details, see Sub-setion 3.2 of Chapter 6). The idea of splitting is to separate the translation of

xi1 following the veloity a1, and the translation of xi2 following the veloity a2.The advantage of this algorithm is that it translates (in an exat manner) theorners and the straight lines of a given front at the good speed, if the veloityvetor ~a is onstant.Numerial test : ase of a rotating square. A numerial test is done for amoving square following a vetor �eld ~a that depends only on spae. We onsi-der the ase of a rotating square, i.e. ~a = (−xi2 , xi1). The following numerialsimulations are thus obtained :

Fig. 2.7 � Images 0, 38
49



Chapitre 2 : General introdution

Fig. 2.8 � Images 149, 241

Fig. 2.9 � Image 373This numerial test shows that our proposed algorithm of the splitting type anreate some instabilities (see Figure 2.9). The following step will be to improvethis algorithm in order to overome suh inonveniene.
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Chapitre 3Existene et uniité pour unsystème oupléparabolique/Hamilton-Jaobinon-linéaire dérivant la dynamiquedes densités des disloationsCe hapitre est une version longue et détaillé d'un artile à paraître dans Annalesde l'Institute Henri Poinaré, Non Linear Analysis.
Nous étudions un modèle mathématique dérivant la dynamique de densités dedisloations dans les ristaux. Ce modèle s'érit omme un système 1D ouplantune équation parabolique et une équation d'Hamilton-Jaobi du premier ordre.On montre l'existene et l'uniité d'une solution de visosité dans la lasse desfontions ayant un gradient minoré pour tout temps ainsi qu'au temps initial. Deplus, on montre l'existene d'une solution de visosité sans ette ondition sur ladonnée initiale. On présente également un résultat d'existene et d'uniité pourune solution entropique d'un système obtenu par dérivation spatiale. L'uniitéde ette solution entropique a lieu dans la lasse des solutions minorées. Pourmontrer es résultats, on utilise une relation entre les lois de onservation salaireet les équations de Hamilton-Jaobi, prinipalement pour obtenir des ontr�les dugradient. Cette étude a lieu dans R et dans un domaine borné ave des onditionsaux bords appropriées. 51



Chapitre 3 : Disloations with null stresses
Existene and uniqueness for a nonlinearparaboli/Hamilton-Jaobi oupled system desri-bing the dynamis of disloation densitiesH. IbrahimCERMICS, Éole Nationale des Ponts et Chaussées6 & 8, avenue Blaise Pasal, Cité Desartes,Champs sur Marne, 77455 Marne-La-Vallée Cedex 2, FRANCEAbstratWe study a mathematial model desribing the dynamis of disloation densities in rystals.This model is expressed as a one-dimensional system of a paraboli equation and a �rst orderHamilton-Jaobi equation that are oupled together. We show the existene and uniqueness of avisosity solution among those assuming a lower-bound on their gradient for all time inludingthe initial data. Moreover, we show the existene of a visosity solution when we have no suhrestrition on the initial data. We also state a result of existene and uniqueness of an entropysolution of the system obtained by spatial derivation. The uniqueness of this entropy solutionholds in the lass of �bounded from below� solutions. In order to prove these results, we use arelation between salar onservation laws and Hamilton-Jaobi equations, mainly to get somegradient estimates. This study will take plae in R, and on a bounded domain with suitableboundary onditions.AMS Classi�ation : 70H20, 35L65, 49L25, 54C70, 74H20, 74H25.Key words : Hamilton-Jaobi equations, salar onservation laws, visosity solutions,entropy solutions, dynamis of disloation densities.1 Introdution1.1 Physial motivationA disloation is a defet, or irregularity within a rystal struture that anbe observed by eletron mirosopy. The theory was originally developed by VitoVolterra in 1905. Disloations are a non-stationary phenomena and their motionis the main explanation of the plasti deformation in metalli rystals (see [51,76℄for a reent physial presentation).52



1. IntrodutionGeometrially, eah disloation is haraterized by a physial quantity alledthe Burgers vetor, whih is responsible for its orientation and magnitude. Dis-loations are lassi�ed as being positive or negative due to the orientation of itsBurgers vetor, and they an move in ertain rystallographi diretions.Starting from the motion of individual disloations, a ontinuum desriptionan be derived by adopting a formulation of disloation dynamis in terms ofappropriately de�ned disloation densities, namely the density of positive andnegative disloations. In this paper we are interested in the model desribed byGroma, Csikor and Zaiser [46℄, that sheds light on the evolution of the dynamisof the �two type� densities of a system of straight parallel disloations, taking intoonsideration the in�uene of the short range disloation-disloation interations.The model was originally presented in R
2 × (0, T ) as follows :





∂θ+

∂t
+ b · ∂

∂r

[
θ+

{
(τsc + τeff) − AD

b

(θ+ + θ−)
· ∂
∂r

(
θ+ − θ−

)}]
= 0,

∂θ−

∂t
− b · ∂

∂r

[
θ−
{

(τsc + τeff) − AD
b

(θ+ + θ−)
· ∂
∂r

(
θ+ − θ−

)}]
= 0.

(1.1)Where T > 0, r = (x, y) represents the spatial variable, b is the burger's vetor,
θ+(r, t) and θ−(r, t) denote the densities of the positive and negative disloationsrespetively. The quantity A is de�ned by the formula A = µ/[2π(1−ν)], where µis the shear modulus and ν is the Poisson ratio. D is a non-dimensional onstant.Stress �elds are represented through the self-onsistent stress τsc(r, t), and thee�etive stress τeff (r, t). ∂

∂r
denotes the gradient with respet to the oordinatevetor r. An earlier investigation of the ontinuum desription of the dynamisof disloation densities has been done in [45℄. However, a major drawbak ofthese investigations is that the short range disloation-disloation orrelationshave been negleted and disloation-disloation interations were desribed onlyby the long-range term whih is the self-onsistent stress �eld. Moreover, for themodel desribed in [45℄, we refer the reader to [31,32℄ for a one-dimensional ma-thematial and numerial study, and to [10℄ for a two-dimensional existene result.In our work, we are interested in a partiular setting of (1.1) where we makethe following assumptions :(a1) the quantities in equations (1.1) are independent of y,(a2) b = (1, 0), and the onstants A and D are set to be 1,(a3) the e�etive stress is assumed to be zero. 53



Chapitre 3 : Disloations with null stressesRemark 1.1 (a1) gives that the self-onsistent stress τsc is null ; this is a onse-quene of the de�nition of τsc (see [46℄).Assumptions (a1)-(a2)-(a3) permit rewriting the original model as a 1D problemin R × (0, T ) :




θ+
t (x, t) −

(
θ+(x, t)

(
θ+
x (x, t) − θ−x (x, t)

θ+(x, t) + θ−(x, t)

))

x

= 0,

θ−t (x, t) +

(
θ−(x, t)

(
θ+
x (x, t) − θ−x (x, t)

θ+(x, t) + θ−(x, t)

))

x

= 0.

(1.2)We onsider an integrated form of (1.2) and we let :
ρ±x = θ±, θ = θ+ + θ−, ρ = ρ+ − ρ− and κ = ρ+ + ρ−, (1.3)in order to obtain, for speial values of the onstants of integration, the followingsystem of PDEs in terms of ρ and κ :

{
κtκx = ρtρx in QT := R × (0, T ),

κ(x, 0) = κ0(x) in R,
(1.4)and {

ρt = ρxx in QT ,

ρ(x, 0) = ρ0(x) in R,
(1.5)where T > 0 is a �xed onstant. Enough regularity on the initial data will begiven in order to impose the physially relevant ondition,

κ0
x ≥ |ρ0

x| . (1.6)This ondition is natural : it indiates nothing but the positivity of the disloationdensities θ±(x, 0) at the initial time (see (1.3)).1.2 Main resultsIn this paper, we show the existene and uniqueness of a visosity solution κof (1.4) in the lass of all Lipshitz ontinuous visosity solutions having speial�bounded from below� spatial gradients. However, we show the existene of aLipshitz ontinuous visosity solution of (1.4) when this restrition is relaxed.A relation between salar onservation laws and Hamilton-Jaobi equations willbe exploited to get almost all our gradient ontrols of κ. This relation, that will54



1. Introdutionbe made preise later, will also lead to a result of existene and uniqueness of abounded entropy solution of the following equation :



θt =

(ρxρxx
θ

)

x
in QT ,

θ(x, 0) = θ0(x) in R,
(1.7)whih is dedued formally by taking a spatial derivation of (1.4). The uniquenessof this entropy solution is always restrited to the lass of bounded entropy solu-tions with a speial lower-bound.Let Lip(R) denotes :

Lip(R) = {f : R 7→ R; f is a Lipshitz ontinuous funtion}.We prove the following theorems :Theorem 1.2 (Existene and uniqueness of a visosity solution)Let T > 0. Take κ0 ∈ Lip(R) and ρ0 ∈ C∞
0 (R) as initial data that satisfy :

κ0
x ≥

√
(ρ0
x)

2 + ǫ2 a.e. in R, (1.8)for some onstant ǫ > 0. Then, given the solution ρ of (1.5), there exists avisosity solution κ ∈ Lip(Q̄T ) of (1.4), unique among the visosity solutionssatisfying :
κx ≥

√
ρ2
x + ǫ2 a.e. in Q̄T .Theorem 1.3 (Existene and uniqueness of an entropy solution)Let T > 0. Take θ0 ∈ L∞(R) and ρ0 ∈ C∞

0 (R) suh that,
θ0 ≥

√
(ρ0
x)

2 + ǫ2 a.e. in R,for some onstant ǫ > 0. Then, there exists an entropy solution θ ∈ L∞(Q̄T ) of(1.7), unique among the entropy solutions satisfying :
θ ≥

√
ρ2
x + ǫ2 a.e. in Q̄T .Moreover, we have θ = κx, where κ is the solution given by Theorem 1.2.The notion of visosity solutions and entropy solutions will be realled in setion2. We now relate these results to our one-dimensional problem (1.2). Remarkingthat ρx = θ+ − θ− and κx = θ+ + θ−, we have as a onsequene : 55



Chapitre 3 : Disloations with null stressesCorollary 1.4 (Existene and uniqueness for problem (1.2))Let T > 0. Let θ+
0 and θ−0 be two given funtions representing the initial positiveand negative disloation densities respetively. If the following onditions are sa-tis�ed :(1) θ+

0 − θ−0 ∈ C∞
0 (R),(2) θ+

0 , θ−0 ∈ L∞(R),together with,
θ+
0 + θ−0 ≥

√
(θ+

0 − θ−0 )2 + ǫ2 a.e. in R,then there exists a solution (θ+, θ−) ∈ (L∞(QT ))2 to the system (1.2), in the senseof Theorems 1.2 and 1.3, unique among those satisfying :
θ+ + θ− ≥

√
(θ+ − θ−)2 + ǫ2 a.e. in Q̄T .Remark 1.5 Conditions (1) and (2) are su�ient requirements for the ompa-tibility with the regularity of ρ0 and κ0 previously stated.Theorem 1.6 (Existene of a visosity solution, ase ǫ = 0)Let T > 0, κ0 ∈ Lip(R) and ρ0 ∈ C∞

0 (R). If the ondition (1.6) is satis�ed a.e.in R, then there exists a visosity solution κ ∈ Lip(Q̄T ) of (1.4) satisfying :
κx ≥ |ρx| a.e. in Q̄T . (1.9)Remark 1.7 In the limit ase where ǫ = 0, we remark that having (1.9) wasintuitively expeted due to the positivity of the disloation densities θ+ and θ−.This re�ets in some way the well-posedness of the model (1.2) of the dynamisof disloation densities. We also remark that our result of existene of a solutionof (1.4) under (1.9) still holds if we start with κ0

x = ρ0
x = 0 on some interval ofthe real line. In other words, we an imagine that we start with the probability ofthe formation of no disloation zones.Problem with boundary onditions.We onsider one again problem (1.4), similar results to that announed abovewill be shown on a bounded interval of the real line with Dirihlet boundaryonditions (see setion 5). This problem orresponds physially to the study ofthe dynamis of disloation densities in a part of a material with the geometryof a slab (see [46℄).56



2. Notations and Preliminaries1.3 Organization of the paperThe paper is organized as follows. In setion 2, we start by stating the de�ni-tion of visosity and entropy solutions with some of their properties. In setion 3,we prove the existene and uniqueness of a visosity solution to an approximatedproblem of (1.4), namely Proposition 3.1, and we move on, giving additional pro-perties of our approximated solution (Proposition 3.2) and onsequently provingTheorems 1.2 and 1.3. In setion 4, we present the proof of Theorem 1.6. setion5 is devoted to the study of problem (1.4) on a bounded domain with suitableboundary onditions. Finally, setion 6 is an appendix ontaining a sketh of theproof to the lassial omparison priniple of salar onservation laws adapted toour equation with low regularity.2 Notations and PreliminariesWe �rst �x some notations. If Ω is an open subset of R
n, k is a positiveinteger, we denote by Ck(Ω) the spae of all real valued k times ontinuouslydi�erentiable funtions. Ck

0 (Ω) is the subspae of Ck(Ω) onsisting of funtionof ompat support in Ω, and Ck
b (Ω) = Ck(Ω) ∩ W k,∞(Ω) where W k,∞(Ω) isde�ned below. Furthermore, let UC(Ω) and Lip(Ω) denote the spaes of uniformlyontinuous funtions and Lipshitz ontinuous funtions on Ω respetively. TheSobolev spae Wm,p(Ω) with m ≥ 1 an integer and p : 1 ≤ p ≤ ∞ a real, isde�ned by

W n,p(Ω) =



u ∈ Lp(Ω)

∣∣∣∣∣∣

∀α with |α| ≤ n ∃fα ∈ Lp(Ω) suh that∫

Ω

uDαφ = (−1)|α|
∫

Ω

fαφ ∀φ ∈ C∞
0 (Ω)



 ,where we denote Dαu = fα. This spae equipped with the norm

‖u‖Wn,p =
∑

0≤|α|≤n

‖Dαu‖Lpis a Banah spae. In what follows, T > 0. A mapm : [0,∞) 7→ [0,∞) that satisfy
• m is ontinuous and non-dereasing ;
• lim
x→0+

m(x) = 0 ;
• m(a + b) ≤ m(a) +m(b) for a, b ≥ 0 ; 57



Chapitre 3 : Disloations with null stressesis said to be �a modulus�, and UCx(Ω × [0, T ]) denotes the spae of those u ∈
C(Ω × [0, T ]) for whih there is a modulus m and r > 0 suh that

|u(x, t) − u(y, t)| ≤ m(|x− y|) for x, y ∈ Ω, |x− y| ≤ r and t ∈ [0, T ].We will deal with two types of equations :1. Hamilton-Jaobi equation :
{
ut + F (x, t, ux) = 0 in QT ,

u(x, 0) = u0(x) in R,
(2.10)2. Salar onservation laws :

{
vt + (F (x, t, v))x = 0 in QT ,

v(x, 0) = v0(x) in R,
(2.11)where

F : R × [0, T ] × R → R

(x, t, u) 7→ F (x, t, u)is alled the Hamiltonian in the Hamilton-Jaobi equations and the �ux funtionin the salar onservation laws. We will agree on the ontinuity of this funtion,while additional and spei� regularity will be given when it is needed.Remark 2.1 We will use the funtion F as a notation for the Hamiltonian/�uxfuntion. Although F might di�er from one equation to another, it will be lari�edin all what follows.Remark 2.2 The major part of this work onerns a Hamiltonian/�ux funtionof a speial form, namely :
F (x, t, u) = g(x, t)f(u), (2.12)where suh forms often arise in problems of physial interest inluding tra��ow [94℄ and two-phase �ow in porous media [43℄.We start by de�ning the notion of visosity solution to Hamilton-Jaobi equa-tions (2.10), and entropy solution to salar onservation laws (2.11) with a �uxfuntion given by Remark 2.2, as well as some results about existene, uniqueness,and regularity properties of these solutions. We will end by a lassial relationbetween these two problems. These results will be needed throughout this paper,preise referenes for the proofs will be mentioned later on.58



2. Notations and Preliminaries2.1 Visosity solution : de�nition and propertiesDe�nition 2.3 ( [22℄, Visosity solution : non-stationary ase)1) A funtion u ∈ C(QT ; R) is a visosity sub-solution of
ut + F (x, t, ux) = 0 in QT , (2.13)if for every φ ∈ C1(QT ), whenever u−φ attains a loal maximum at (x0, t0) ∈ QT ,then

φt(x0, t0) + F (x0, t0, φx(x0, t0)) ≤ 0.2) A funtion u ∈ C(QT ; R) is a visosity super-solution of (2.13) if for every
φ ∈ C1(QT ), whenever u− φ attains a loal minimum at (x0, t0) ∈ QT , then

φt(x0, t0) + F (x0, t0, φx(x0, t0)) ≥ 0.3) A funtion u ∈ C(QT ; R) is a visosity solution of (2.13) if it is both a visositysub- and super-solution of (2.13).4) A funtion u ∈ C(Q̄T ; R) is a visosity solution of the initial value problem(2.10) if u is a visosity solution of (2.13) and u(x, 0) = u0(x) in R.It is worth mentioning here that if a visosity solution of a Hamilton-Jaobiequation is di�erentiable at a ertain point, then it solves the equation there(see [22, Corollary I.6℄). An equivalent de�nition depending on the sub- andsuper-di�erential of a ontinuous funtion is now presented. This de�nition willbe used for the demonstration of Proposition 2.10. Let us reall that the sub-and the super-di�erential of a ontinuous funtion u ∈ C(Rn× (0, T )), at a point
(x, t) ∈ R

n × (0, T ), are de�ned as the losed onvex sets :
D1,−u(x, t) =

{
(p, α) ∈ R

n × R :

lim inf
(y,s)→(x,t)

u(y, s) − u(x, t) − (p · (y − x) + α · (s− t))

|y − x| + |s− t| ≥ 0
}
,and

D1,+u(x, t) =
{

(p, α) ∈ R
n × R :

lim sup
(y,s)→(x,t)

u(y, s) − u(x, t) − (p · (y − x) + α · (s− t))

|y − x| + |s− t| ≤ 0
}
,respetively. 59



Chapitre 3 : Disloations with null stressesDe�nition 2.4 (Equivalent de�nition of visosity solution)1) A funtion u ∈ C(Rn × (0, T )) is a visosity super-solution of (2.10) if andonly if, for every (x, t) ∈ R
n × (0, T ) :

∀(p, α) ∈ D1,−u(x, t), α + F (x, t, p) ≥ 0. (2.14)2) A funtion u ∈ C(Rn× (0, T )) is a visosity sub-solution of (2.10) if and onlyif, for every (x, t) ∈ R
n × (0, T ) :

∀(p, α) ∈ D1,+u(x, t), α + F (x, t, p) ≤ 0. (2.15)This de�nition is more loal, for it permits veri�ation that a given expliit fun-tion is a visosity solution in a more lassial way, i.e. using the derivative alulus.A similar de�nition, that will be used later, ould be given in the stationary ase.Let Ω ⊂ R
n be an open domain, and onsider the PDE

F (x, u(x),∇u(x)) = 0, ∀x ∈ Ω, (2.16)where F : Ω × R × R
n 7→ R is a ontinuous mapping.De�nition 2.5 (Visosity solution : stationary ase)A ontinuous funtion u : Ω 7→ R is a visosity sub-solution of the PDE (2.16) iffor any ontinuously di�erentiable funtion φ : Ω 7→ R and any loal maximum

x0 ∈ Ω of u− φ, one has
F (x0, u(x0),∇φ(x0)) ≤ 0.Similarly, if at any loal minimum point x0 ∈ Ω of u− φ, one has
F (x0, u(x0),∇φ(x0)) ≥ 0,then u is a visosity super-solution. Finally, if u is both a visosity sub-solutionand a visosity super-solution, then u is alled a visosity solution.In fat, this de�nition is used for interpreting solutions of (1.4) in the visositysense. Furthermore, we say that u is a visosity solution of the Dirihlet problem(2.16) with u = ζ ∈ C(∂Ω) if :(1) u ∈ C(Ω̄),(2) u is a visosity solution of (2.16) in Ω,(3) u = ζ on ∂Ω.60



2. Notations and PreliminariesFor a better understanding of the visosity interpretation of boundary onditionsof Hamilton-Jaobi equations, we refer the reader to [3, setion 4.2℄.Now, we will proeed by giving the main results onerning visosity solutionsof (2.10). In order to have existene and uniqueness, the Hamiltonian F will berestrited by the following onditions :
(F0) F ∈ C(R × [0, T ] × R) ;
(F1) for eah R > 0 there is a onstant CR suh that for all (x, t, p), (y, t, q) ∈
R × [0, T ] × [−R,R],

|F (x, t, p) − F (y, t, q) | ≤ CR( |p− q| + |x− y|);

(F2) there is a onstant CF suh that for all (t, p) ∈ [0, T ] × R and all x, y ∈ R,

|F (x, t, p) − F (y, t, p) | ≤ CF |x− y|(1 + |p|).We use these onditions to write down some results on visosity solutions.Theorem 2.6 (Comparison, [23, Theorem 1℄)Let F satisfy (F0)-(F1)-(F2). If u, ū ∈ UCx(Q̄T ) are two visosity sub- andsuper-solution of the Hamilton-Jaobi equation (2.10) respetively, with
u(x, 0) ≤ ū(x, 0) in R,then u ≤ ū in Q̄T .Theorem 2.7 (Existene, [23, Theorem 1℄)Let F satisfy (F0)-(F1)-(F2). If u0 ∈ UC(R), then (2.10) has a visosity solution

u ∈ UCx(Q̄T ).Remark 2.8 The �omparison� theorem stated above gives the uniqueness of thevisosity solution.Remark 2.9 In the ase where the Hamiltonian has the form
F (x, t, u) = g(x, t)f(u),the following onditions :

(V0) f ∈ C1
b (R; R),

(V1) g ∈ Cb(Q̄T ; R), 61



Chapitre 3 : Disloations with null stresses
(V2) gx ∈ L∞(Q̄T ),imply (F0)-(F1)-(F2) together with the boundedness of the Hamiltonian.The next proposition re�ets the behavior of visosity solutions under additionalregularity assumptions on u0 and F .Proposition 2.10 (Additional regularity of the visosity solution)Let F = gf satisfy (V0)-(V1)-(V2). If u0 ∈ Lip(R) and u ∈ UCx(Q̄T ) is theunique visosity solution of (2.10), then u ∈ Lip(Q̄T ).Proof. Consider the funtion uǫ de�ned on R × [0, T ] by :

uǫ(x, t) = sup
y∈R

{
u(y, t) − ekt

|x− y|2
2ǫ

}
.By [56, Theorem 3℄, the funtion u satis�es,

|u(x, t)| ≤ c∗(|x| + 1) for (x, t) ∈ R × [0, T ],where c∗ is a positive onstant. Therefore, u is a sublinear funtion for every time
t ∈ [0, T ]. The funtion uǫ is de�ned via a supremum whih is attained beauseof the sublinearity of the funtion u (a quadrati funtion always ontrol a linearone) ; the supremum an be ahieved at several points ; let xǫ be one of them, sowe an write

uǫ(x, t) = u(xǫ, t) − ekt
|x− xǫ|2

2ǫ
.We are going to prove that for (p, α) ∈ R × R, we have :

(p, α) ∈ D1,+uǫ(x, t) ⇒
(
p, α + kekt

|x− xǫ|2
2ǫ

)
∈ D1,+u(xǫ, t). (2.17)Sine (p, α) ∈ D1,+uǫ(x, t), then we an write for (y, s) ∼ (x, t) that,

L = uǫ(y, s) ≤ uǫ(x, t) + α(s− t) + p(y − x) + o(|s− t| + |y − x|) = R, (2.18)where the left side L of (2.18) satis�es,
L ≥ u(z, s) − eks

|z − y|2
2ǫ

, z ∈ R, (2.19)and the right side R of (2.18) satis�es,
R ≤ u(xǫ, t) − ekt

|x− xǫ|2
2ǫ

+ α(s− t) + p(y − x) + o(|s− t| + |y − x|). (2.20)62



2. Notations and PreliminariesChoose z suh that z − y = xǫ − x, then
z = xǫ + (y − x) ∼ xǫ, sine y ∼ x. (2.21)Combining (2.18), (2.19), (2.20) and (2.21) together, we get

u(xǫ + (y − x), s) − eks
|x− xǫ|2

2ǫ
≤

u(xǫ, t) − ekt
|x− xǫ|2

2ǫ
+ α(s− t) + p(z − xǫ) + o(|s− t| + |z − xǫ|),and hene,

u(z, s) ≤ u(xǫ, t) + (eks − ekt)
|x− xǫ|2

2ǫ

+α(s− t) + p(z − xǫ) + o(|s− t| + |z − xǫ|). (2.22)We have
(eks − ekt)

|x− xǫ|2
2ǫ

= kekt
|x− xǫ|2

2ǫ
(s− t) + o(|s− t|),then using inequality (2.22), we get

u(z, s) ≤ u(xǫ, t) +

(
α + kekt

|x− xǫ|2
2ǫ

)
(s− t)

+p(z − xǫ) + o(|s− t| + |z − xǫ|),whih proves that
(
α + kekt

|x− xǫ|2
2ǫ

, p

)
∈ D1,+u(xǫ, t),and hene statement (2.17) is true. Sine u is a visosity sub-solution of (2.10),we have

α + kekt
|x− xǫ|2

2ǫ
+ F (xǫ, t, p) ≤ 0.We use (V0)-(V1)-(V2) to get

α+ kekt
|x− xǫ|2

2ǫ
+ F (x, t, p) ≤ F (x, t, p) − F (xǫ, t, p),

≤ C|x− xǫ|,where
C = ‖f‖L∞(R)‖gx‖L∞(Q), 63



Chapitre 3 : Disloations with null stressesand therefore,
α + F (x, t, p) ≤ C|x− xǫ| − kekt

|x− xǫ|2
2ǫ

,

≤ Crǫ − k
r2
ǫ

2ǫ
,

≤ sup
r>0

(
Cr − kr2

2ǫ

)
,where rǫ = |x − xǫ|. At the maximum r̄, we have C = kr̄

ǫ
. By hoosing k = C2

2
,we get

α + F (x, t, p) ≤ ǫ.This inequality shows that vǫ = uǫ − ǫt is a visosity sub-solution of (2.10) with
vǫ(x, 0) = uǫ(x, 0). By the omparison priniple, we have

vǫ(x, t) − u(x, t) ≤ sup
x∈R

(vǫ(x, 0) − u0(x)),

≤ sup
x∈R

(uǫ(x, 0) − u0(x)),

≤ sup
x∈R

(
sup
y∈R

{
u0(y) − |x− y|2

2ǫ

}
− u0(x)

)
,

≤ sup
x,y∈R

(
γ|x− y| − |x− y|2

2ǫ

)
,

≤ sup
r≥0

(
γr − r2

2ǫ

)
=
γ2ǫ

2
,where γ is the Lipshitz onstant of the funtion u0, and r = |x − y|. Thisaltogether shows the following inequality for x, y ∈ R :

u(y, t) − ekt
|x− y|2

2ǫ
≤ uǫ(x, t) ≤ u(x, t) + ǫt+

γ2ǫ

2
. (2.23)Remark here that k is a �xed, previously hosen onstant. Inequality (2.23) yields :

u(y, t)− u(x, t) ≤ ekt
|x− y|2

2ǫ
+

(
t+

γ2

2

)
ǫ = ζ/ǫ+ βǫ, (2.24)where ζ = ekt |x−y|

2

2
and β =

(
t+ γ2

2

). We minimize inequality (2.24) over ǫ toobtain,
u(y, t)− u(x, t) ≤ 2

√
ζβ,

≤ e
kt
2

√
2

√
t+

γ2

2
|x− y|.64



2. Notations and PreliminariesSine this inequality holds ∀x, y ∈ R, exhanging x with y yields,
|u(x, t) − u(y, t)| ≤ C(F, u0)|x− y| ∀x, y ∈ R and t ∈ [0, T ].This shows that the funtion u is Lipshitz ontinuous in x, uniformly in time t. Toprove the Lipshitz ontinuity in time, we mainly use the result of [56, Theorem 3℄with the fat that ut = −F (x, t, ux), and the boundedness of the Hamiltonian. 2Remark 2.11 It is worth mentioning that the spae Lipshitz onstant of thefuntion u depends on C, where C appears in (F1) for p = q, and on the Lipshitzonstant γ of the funtion u0. While the time Lipshitz onstant depends on thebound of the Hamiltonian.2.2 Entropy solution : de�nition and propertiesDe�nition 2.12 (Entropy sub-/super-solution)Let F (x, t, v) = g(x, t)f(v) with g, gx ∈ L∞

loc(QT ; R) and f ∈ C1(R; R). A funtion
v ∈ L∞(QT ; R) is an entropy sub-solution of (2.11) with bounded initial data
v0 ∈ L∞(R) if it satis�es :

∫

QT

[
ηi(v(x, t))φt(x, t) + Φ(v(x, t))g(x, t)φx(x, t)+

h(v(x, t))gx(x, t)φ(x, t)
]
dxdt+

∫

R

ηi(v
0(x))φ(x, 0)dx ≥ 0,

(2.25)
∀φ ∈ C1

0(R × [0, T ); R+), for any non-dereasing onvex funtion ηi ∈ C1(R; R),
Φ ∈ C1(R; R) suh that :

Φ
′

= f
′

η
′

i, and h = Φ − fη
′

i. (2.26)An entropy super-solution of (2.11) is de�ned by replaing in (2.25) ηi with ηd ;a non-inreasing onvex funtion. An entropy solution is de�ned as being bothentropy sub- and super-solution. In other words, it veri�es (2.25) for any onvexfuntion η ∈ C1(R; R).A well know haraterization of the entropy solution is that :Proposition 2.13 A funtion v ∈ L∞(QT ) is an entropy sub-solution of (2.11)if and only if ∀k ∈ R, φ ∈ C1
0(R × [0, T ); R+), one has :

∫

QT

[
(v(x, t) − k)+φt(x, t) + sgn+(v(x, t) − k)(f(v(x, t)) − f(k))g(x, t)φx(x, t)−sgn+(v(x, t) − k)f(k)gx(x, t)φ(x, t)

]
dxdt+

∫

R

(v0(x) − k)+φ(x, 0)dx ≥ 0, (2.27) 65



Chapitre 3 : Disloations with null stressesWhere a± = 1
2
(|a| ± a) and sgn±(x) = 1

2
(sgn(x) ± 1). An entropy super-solutionof (2.11) is de�ned replaing in (2.27) (·)+, sgn+ by (·)−, sgn−.This haraterization an be dedued from (2.25), by using regularizations of thefuntion (·−k)+. Also (2.25) may be obtained from (2.27) by approximating anynon-dereasing onvex funtion ηi ∈ C1(R; R) by a sequene of funtions of theform : η(n)

i (·) =
∑n

1 β
(n)
i (· − k

(n)
i )+, with β(n)

i ≥ 0.Entropy solution was �rst introdued by Kruºkov [63℄ as the only physiallyadmissible solution among all weak (distributional) solutions to salar onser-vation laws. These weak solutions lak the fat of being unique for it is easy toonstrut multiple weak solutions to Cauhy problems (2.11), see [66℄. The theoryof entropy solutions was then widely developed in [35, 36, 70, 80�82℄. Equivalentde�nitions of entropy solutions for salar onservation laws with merely essen-tially bounded L∞ data are given via the entropy proess solutions (see [35,36℄),or via the kineti formulation (see [70, 81, 82℄). A notion of a weak entropy solu-tion via the entropy-�ux pairs is given in [80℄.Our next de�nition onerns lassial sub-/super-solution to salar onserva-tion laws. This kind of solutions are shown to be entropy solutions, for the detailssee Lemma 3.3.De�nition 2.14 (Classial solution to salar onservation laws)Let F (x, t, v) = g(x, t)f(v) with g, gx ∈ L∞
loc(QT ; R) and f ∈ C1(R; R). A funtion

v ∈W 1,∞(QT ) is said to be a lassial sub-solution of (2.11) with v0(x) = v(x, 0)if it satis�es
vt(x, t) + (F (x, t, v(x, t)))x ≤ 0 a.e. in QT . (2.28)Classial super-solutions are de�ned by replaing �≤� with �≥� in (2.28), andlassial solutions are de�ned to be both lassial sub- and super-solutions.We move now to some results on entropy solutions depited from [63℄.Theorem 2.15 (Kruºkov's Existene Theorem)Let F , v0 be given by De�nition 2.12, and the following onditions hold :

(E0) f ∈ C1
b (R),

(E1) g, gx ∈ Cb(Q̄T ),

(E2) gxx ∈ C(Q̄T ),then there exists an entropy solution v ∈ L∞(QT ) of (2.11).66



2. Notations and PreliminariesIn fat, Kruºkov's onditions for existene were given for a general �ux funtion[63, setion 4℄. However, in subsetion 5.4 of the same paper, a weak version ofthese onditions, that an be easily heked in the ase F (x, t, v) = g(x, t)f(v) and
(E0)-(E1)-(E2), is presented. Furthermore, uniqueness follows from the followingomparison priniple.Theorem 2.16 (Comparison Priniple)Let F be given by De�nition 2.12 with f satisfying (E0), and g satis�es,
(E3) g ∈W 1,∞(Q̄T ).Let u(x, t), v(x, t) ∈ L∞(QT ) be two entropy sub-/super-solutions of (2.11) withinitial data u0, v0 ∈ L∞(R). Suppose that,

u0(x) ≤ v0(x) a.e. in R,then
u(x, t) ≤ v(x, t) a.e. in Q̄T .Proof. See setion 6, Appendix. 2It is worth notiing that in [63℄, the proof of the existene of entropy solutionsof (2.11) is made through a paraboli regularization of (2.11) and passing to thelimit, with respet to the L1 onvergene on ompats, in a onvenient spae.At this stage, we are ready to present a relation that sometimes holds betweensalar onservation laws and Hamilton-Jaobi equations in one-dimensional spae.2.3 Entropy-Visosity relationFormally, by di�erentiating (2.10) with respet to x and de�ning v = ux, wesee that (2.10) is equivalent to the salar onservation law (2.11) with v0 = u0

xand the same F . This equivalene of the two problems has been exploited inorder to translate some numerial methods for hyperboli onservation laws tomethods for Hamilton-Jaobi equations. Moreover, several proofs were given inthe one dimensional ase. The usual proof of this relation depends strongly onthe known results about existene and uniqueness of the solutions of the twoproblems together with the onvergene of the visosity method (see [21,62,69℄).Another proof of this relation ould be found in [13℄ via the de�nition of viso-sity/entropy inequalities, while a diret proof ould also be found in [60℄ usingthe front traking method. The ase of a Hamiltonian of the form (2.12) is alsotreated even when g(x, t) is allowed to be disontinuous in the (x, t) plane along 67



Chapitre 3 : Disloations with null stressesa �nite number of (possibly interseted) urves, see [79℄.In our work, the above stated relation will be suessfully used to get somegradient estimates of κ. Although several approahes were given to establish thisonnetion, we will present for the reader's onveniene, a proof similar to thatgiven in [21, Theorem 2.2℄. For every Hamiltionian/�ux funtion F = gf andevery u0 ∈ Lip(R), let
EV = {(V0), (V1), (V2), (E0), (E1), (E2), (E3)},in other words,

EV =

∣∣∣∣∣∣∣∣∣

The set of all onditions on f and g ensuring theexistene and uniqueness of a Lipshitz ontinuous visositysolution u ∈ Lip(Q̄T ) of (2.10), and of an entropysolution v ∈ L∞(QT ) of (2.11), with v0 = u0
x ∈ L∞(R).Theorem 2.17 (A link between visosity and entropy solutions)Let F = gf with g ∈ C2(Q̄T ), u0 ∈ Lip(R) and EV satis�ed. Then,

v = ux a.e. in QT .Sketh of the proof. Let ε > 0 and δ > 0. We start the proof by making aparaboli regularization of equation (2.10) and a smooth regularization of u0 andwe solve the following paraboli equation :
{
uε,δt + F (x, t, uε,δx ) = ǫuε,δxx in R × (0, T ),

uε,δ(x, 0) = u0,δ(x) in R.
(2.29)For the sake of simpliity, we will denote uε,δ by w and u0,δ by w0. Note that the�rst equation of (2.29) an be viewed as the heat equation with a soure term F .Thus, we have : {

wt − εwxx = F [w](x, t) in QT ,

w(x, 0) = w0 in R,
(2.30)with F [w](x, t) = F (x, t, wx(x, t)). From the lassial theory of heat equations,sine F [w] ∈ Lploc(QT ) and w0 ∈ W 1,p

loc (R), there exists a unique solution w of(2.30) suh that
w ∈W 2,1

p (Ω) ∀Ω ⊂⊂ QT and 1 < p <∞.Here the spae W 2,1
p (Ω), p ≥ 1 is the Banah spae onsisting of all funtions

w ∈ Lp(Ω) having generalized derivatives of the form wt and wxx in Lp(Ω). For68



2. Notations and Preliminariesmore details, see [65, Theorem 9.1℄. We also notie that the spae W 2,1
p (Ω) isontinuously injeted in the Hölder spae Cα,α/2(Ω) for α = 2 − 3

p
and p > 3

2
,see [65℄. We use now a bootstrap argument to inrease the regularity of w, takingin eah stage, the new regularity of F [w] and the regularity of w0. Finally, we getthat w ∈ C3,1(R × [0, T )) (three times ontinuously di�erentiable in spae andone time ontinuously di�erentiable in time). From the maximum priniple andthe Lp-estimates of the heat equation, see [7,65℄, it follows the uniform bound of

uε,δ in W 1,p
loc (QT ), for p > 2. Therefore, we get as δ → 0 and ε → 0 that :

uε,δ → u in C(R × [0, T )),with u(x, 0) = u0. We now make use of the stability theorem, [3, Théorème 2.3℄,twie on the equation (2.29) to get that the limit u is the unique visosity solutionof (2.10). Hene, we have for any φ ∈ C∞
0 (QT )

lim
ε→0, δ→0

∫ T

0

∫

R

uε,δx φ dx dt = − lim
ε→0, δ→0

∫ T

0

∫

R

uε,δφx dx dt

= −
∫ T

0

∫

R

uφx dx dt =

∫ T

0

∫

R

uxφ dx dt.The appearane of ux follows sine u ∈ Lip(Q̄T ). Moreover, as a regular solution,the funtion vε,δ = uε,δx solves the derived problem
{
vε,δt + (F (x, t, vε,δ))x = ǫvε,δxx in R × (0, T ),

vε,δ(x, 0) = u0,δ
x (x) in R,

(2.31)and, aording to [63, Theorem 4℄, the sequene vε,δ onverge in L1
loc(Q̄T ), as

ε → 0 and δ → 0, to the entropy solution v of (2.11). Then, for any φ ∈ C∞
0 (QT ),

lim
ε→0 δ→0

∫ T

0

∫

R

vε,δφ dx dt =

∫ T

0

∫

R

vφ dx dt.Consequently, ∫ T

0

∫

R

uxφ dx dt =

∫ T

0

∫

R

vφ dx dt,and ux = v a.e. in QT . 2Remark 2.18 The onverse of the previous theorem holds under ertain assump-tions (see [19,60℄).Remark 2.19 In the multidimensional ase this one-to-one orrespondene nolonger exists, instead the gradient v = ∇u satis�es formally a non-strit hyperbolisystem of onservation laws (see [62,69℄). 69



Chapitre 3 : Disloations with null stressesThroughout setions 3 and 4, ρ will always be the solution of the heat equation(1.5). The properties of the solution of the heat equation with suh a regularinitial data will be frequently used, we refer the reader to [7, 34℄ for details.3 The approximate problemIn this setion, we approximate (1.4) and we pose a more restritive ondition(see ondition (1.8)) on the gradient of the initial data than of the physially rele-vant one (1.6). We prove a result of existene and uniqueness of this approximateproblem, namely Theorem 1.2, and the reader will notie at the end of this setionthat this restritive ondition is satis�ed for all time, and this what anels theapproximation in the struture of (1.4) and returns it to its original one. Finallywe present the proof of Theorem 1.3.For every a > 0, we build up an approximation funtion fa ∈ C1
b (R) of thefuntion 1

x
de�ned by :

fa(x) =





1

x
if x ≥ a,

2a− x

a2 + a2(x− a)2
otherwise. (3.32)Proposition 3.1 For any a > 0, let fa be de�ned by (3.32) and H ∈ C1(R) bea salar-valued funtion. If

Fa(x, t, u) = −H(ρx(x, t))ρxx(x, t)fa(u) (3.33)and κ0 ∈ Lip(R), then the Hamilton-Jaobi equation
{
κt + Fa(x, t, κx) = 0 in QT ,

κ(x, 0) = κ0(x) in R,
(3.34)has a unique visosity solution κ ∈ Lip(Q̄T ).Proof. The proof is easily onluded from Theorems 2.6, 2.7 and Proposition2.10, after heking that the onditions (V0)-(V1)-(V2) are satis�ed with

g(x, t) = −H(ρx(x, t))ρxx(x, t). (3.35)The ondition (V0) is trivial, while for (V1), we just use the fat that H isbounded on ompats and the fat that |ρxx(x, t)| ≤ ‖ρ0
xx‖L∞(R) in Q̄T . For the70



3. The approximate problemondition (V2), the regularity of ρ and H permits to ompute the spatial deriva-tive of g in Q̄T , thus we have :
gx = −(H

′

(ρx)ρ
2
xx +H(ρx)ρxxx).The uniform bound of the spatial derivatives, up to the third order, of the solutionof the heat equation, and the boundedness of H ′ on ompats gives immediately

(V2). 2In the following proposition, we show a lower-bound estimate for the gradientof κ obtained in Proposition 3.1. It is worth mentioning that a result of lower-bound gradient estimates for �rst-order Hamilton-Jaobi equations ould be foundin [67, Theorem 4.2℄. However, this result holds for Hamiltonians F (x, t, u) thatare onvex in the u-variable, using only the visosity theory tehniques. This isnot the ase here, and in order to obtain our lower-bound estimates, we need touse the visosity/entropy theory tehniques. In partiular, we have the following :Proposition 3.2 Let G ∈ C3(R; R) satisfying the following onditions :(G1) G(x) ≥ G(0) > 0,(G2) G′′ ≥ 0.Moreover, let
H = GG

′ and 0 < a ≤ G(0).If κ0 satis�es :
κ0
x(x) ≥ G(ρ0

x(x)), a.e. in R,then the solution κ obtained from Proposition 3.1 satis�es :
κx(x, t) ≥ G(ρx(x, t)) a.e. in Q̄T . (3.36)In order to prove Proposition 3.2, we �rst show that G(ρx) is an entropy sub-solution of {

ωt + (F (x, t, ω))x = 0 in QT ,

ω(x, 0) = ω0(x) in R,
(3.37)with w0 = G(ρ0

x) and F = Fa is the same as in (3.33) (we remove the index a forsimpliity). Before going further, we will pause to prove a lemma whih makes iteasier to reah our goal.Lemma 3.3 (Classial sub-solutions are entropy sub-solutions)Let v ∈W 1,∞(QT ) be a lassial sub-solution of (2.11) with v0(x) = v(x, 0), then
v is an entropy sub-solution. 71



Chapitre 3 : Disloations with null stressesProof. Let ηi, Φ, h and φ be given by De�nition 2.12. Multiplying inequality(2.28) by η′

i(v)φ does not hange its sign. Hene, after developing, we have :
η

′

i(v)vtφ+ η
′

i(v)gxf(v)φ+ η
′

i(v)gf
′

(v)vxφ ≤ 0, a.e. in QT , (3.38)and sine v is Lipshitz ontinuous, we use the hain-rule formula together with(2.26) to rewrite (3.38) as :
(ηi(v))t φ+ gxf(v)η

′

i(v)φ+ g(Φ(v))x φ ≤ 0, a.e. in QT . (3.39)Upon integrating (3.39) over QT and transferring derivatives with respet to tand x to the test funtion, we obtain :
∫

QT

[
ηi(v(x, t))φt(x, t) + Φ(v(x, t))g(x, t)φx(x, t)+

h(v(x, t))gx(x, t)φ(x, t)
]
dxdt+

∫

R

ηi(v
0(x))φ(x, 0)dx ≥ 0, (3.40)whih ends the proof. 2Following the same arguments, lassial super-solutions are shown to be entropysuper-solutions. We return now to the funtion G(ρx) and we are ready to showthat it is indeed an entropy sub-solution of (3.37). In partiular, we have thefollowing :Lemma 3.4 The funtion G(ρx) de�ned on QT is a lassial sub-solution of(3.37) with initial data G(ρ0

x), hene an entropy sub-solution.Proof of Lemma 3.4. First, it is easily seen that G(ρx) ∈ W 1,∞(QT ). De�nethe salar valued quantity B on QT by :
B(x, t) = ∂t(G(ρx(x, t))) + ∂x(F (x, t, G(ρx(x, t)))).Sine 0 < a ≤ G(0), we use (G1) to get fa(G(ρx)) = 1/G(ρx) and we observethat,

B = G
′

(ρx)ρxt − ∂x

(
H(ρx)ρxx
G(ρx)

)

= G
′

(ρx)ρxxx −
(
G(ρx)[H

′
(ρx)ρ

2
xx +H(ρx)ρxxx] − (G

′
(ρx)ρ

2
xxH(ρx))

G2(ρx)

)

=
G(ρx)ρxxx(G(ρx)G

′
(ρx) −H(ρx)) − ρ2

xx(H
′
(ρx)G(ρx) −H(ρx)G

′
(ρx))

G2(ρx)

= −ρ2
xxG

′′

(ρx).72



3. The approximate problemThe ondition (G2) gives immediately that B ≤ 0. This proves that G(ρx) is alassial sub-solution of equation (3.37) and hene an entropy sub-solution. 2Proof of Proposition 3.2. From the de�nition of H and the properties of ρ,it is easy to hek that g ∈ C2(Q̄T ) and that EV is fully satis�ed. Hene, we arein the framework of Theorem 2.17 with u0 = κ0. This theorem gives that κx isthe unique entropy solution of (3.37) with w0 = κ0
x. Moreover, by the previouslemma, G(ρx) is an entropy sub-solution of (3.37). Sine

κ0
x ≥ G(ρ0

x), a.e. in R,we an apply the Comparison Theorem 2.16 to get the desired result. 2It is worth notable here that we do not know how to obtain the lower-bound onthe spatial gradient κx using the visosity framework diretly. However, for thease of the upper-bound, we an do so (see Remark 4.1). At this stage, �x some
ǫ > 0, and let

Gǫ(x) =
√
x2 + ǫ2 and a = Gǫ(0) = ǫ.It is lear that Gǫ(x) satis�es the onditions (G1)-(G2) with

Hǫ(x) = x,and the Hamiltonian F from (3.33) takes now the following shape :
Fǫ(x, t, u) = −ρx(x, t)ρxx(x, t)fǫ(u). (3.41)Moreover, we have the following orollary whih is an immediate onsequene ofPropositions 3.1 and 3.2.Corollary 3.5 There exists a unique visosity solution κ ∈ Lip(Q̄T ) of
{
κt + Fǫ(x, t, κx) = 0 in QT ,

κ(x, 0) = κ0 ∈ Lip(R) in R,
(3.42)with κ0

x satis�es :
κ0
x ≥

√
(ρ0
x)

2 + ǫ2 a.e. in R. (3.43)Moreover, this solution κ satis�es :
κx ≥

√
ρ2
x + ǫ2 a.e. in Q̄T . (3.44)The following lemma will be used in the proof of Theorem 1.2. 73



Chapitre 3 : Disloations with null stressesLemma 3.6 Let c̄ be an arbitrary real onstant and take ψ ∈ Lip(R; R) satis-fying :
ψx ≥ c̄ a.e. in R.If ζ ∈ C1(R; R) is suh that ψ − ζ has a loal maximum or loal minimum atsome point x0 ∈ R, then

ζx(x0) ≥ c̄.Proof. Suppose that ψ−ζ has a loal minimum at the point x0 ; this ensures theexistene of a ertain r > 0 suh that
(ψ − ζ)(x) ≥ (ψ − ζ)(x0) ∀x; |x− x0| < r.We argue by ontradition. Assuming ζx(x0) < c̄ leads, from the ontinuity of ζx,to the existene of r′ ∈ (0, r) suh that

ζx(x) < c̄ ∀x; |x− x0| < r
′

. (3.45)Let y0 be a point suh that |y0 − x0| < r
′ and y0 < x0. Reexpressing (3.45), weget

(ζ − c̄x)x(x) < 0 ∀x ∈ (y0, x0),and hene ∫ x0

y0

[(ψ − c̄x)x(x) − (ζ − c̄x)x(x)]dx > 0,whih implies that
(ψ − ζ)(x0) > (ψ − ζ)(y0),and hene a ontradition. We remark that the ase of a loal maximum an betreated in a similar way. 2Now, we are ready to present the proofs of the �rst two theorems announedin setion 1.Proof of Theorem 1.2. Let κ ∈ Lip(Q̄T ) be the solution of (3.42) obtainedin Corollary 3.5. Let us show that it is the unique visosity solution of (1.4)among those verifying (3.44). To do this, we onsider a test funtion φ ∈ C1(QT )suh that κ − φ has a loal minimum at some point (x0, t0) ∈ QT . Proposition2.10, together with inequality (3.44) gives that

κ(., t0) ∈ Lip(R) and κx(., t0) ≥ ǫ a.e. in R.We make use of Lemma 3.6 with ψ(.) = κ(., t0) and ζ(.) = φ(., t0) to get
φx(x0, t0) ≥ ǫ. (3.46)74



3. The approximate problemSine κ is a visosity super-solution of
κt − fǫ(κx)ρxρxx = 0 in QT ,we have

φt(x0, t0) − fǫ(φx(x0, t0))ρx(x0, t0)ρxx(x0, t0) ≥ 0.However, from (3.46), we get
φt(x0, t0)φx(x0, t0) − ρx(x0, t0)ρxx(x0, t0) ≥ 0,and hene κ is a visosity super-solution of

κtκx = ρxρxx in QT .In the same way, we an show that κ is a visosity sub-solution of the aboveequation and hene a visosity solution. The uniqueness of this solution omesfrom the uniqueness of the visosity solution of (3.42) by reversing the abovereasoning. 2Remark 3.7 Notie that the �rst equation of (1.4) an be viewed as a Hamilton-Jaobi equation of the type
F (X,∇κ) = 0 in QT ,where F : QT × R

2 7→ R de�ned by :
F (X, p) = p1p2 − ρx(X)ρxx(X),with X = (x, t) and p = (p1, p2).Proof of Theorem 1.3. Let θ = κx. By Theorem 2.17, θ is the unique entropysolution of

{
θt = (ρxρxxfǫ(θ))x in QT ,

θ(x, 0) = θ0(x) in R,with
θ0(x) = κ0

x(x) ≥
√

(ρ0
x)

2 + ǫ2, a.e. in R.Moreover, from Corollary 3.5, we have
θ ≥

√
ρ2
x + ǫ2 a.e. in Q̄T ,from whih we dedue that fǫ(θ) = 1

θ
and hene our theorem holds. 2 75



Chapitre 3 : Disloations with null stresses4 Proof of Theorem 1.6We turn our attention now to Theorem 1.6. Let 0 < ǫ < 1 be a �xed onstantand take
κ0,ǫ(x) = κ0(x) + ǫx. (4.47)It is easy to hek that the funtion κ0,ǫ belongs to Lip(R), and by ondition (1.6)we get for a.e. x ∈ R,

κ0,ǫ
x (x) = κ0

x(x) + ǫ,

≥
√

(ρ0
x(x))

2 + ǫ2.From Theorem 1.2, there exists a family of visosity solutions κǫ ∈ Lip(Q̄T ) tothe initial value problem (1.4) that satisfy :
κǫx ≥

√
ρ2
x + ǫ2 a.e. in Q̄T .We will try to extrat a subsequene of κǫ that onverges, in a suitable spae, tothe desired solution4.1 Gradient estimates.Uniform bounds for the spae-time gradients of κǫ will play an essential rolein the determination of our subsequene.I. ǫ-uniform upper-bound for κǫt.Starting with the time gradient, we have for a.e. (x, t) ∈ QT :

κǫt(x, t)κ
ǫ
x(x, t) = ρx(x, t)ρxx(x, t), (4.48)and

κǫx(x, t) ≥
√
ρ2
x(x, t) + ǫ2 > 0 a.e. in Q̄T . (4.49)If ρx(x, t) = 0 for some Lebesgue point (x, t) of κǫx and κǫt, it follows from (4.48)and (4.49) that κǫt(x, t) = 0. Otherwise, and sine by (4.49) κǫx ≥ |ρx|, we onludethat :

|κǫt| ≤ ‖ρ0
xx‖L∞(R) a.e. in QT , (4.50)and hene we obtain an ǫ-uniform bound of κǫt.For the spae gradient, we argue in a slightly di�erent way. The key point forobtaining the uniform bound of κǫt was the minoration of κǫx by |ρx| so, roughlyspeaking, if we want to follow the same previous steps using the symmetry of(4.48) in κǫt and κǫx, one should also have an appropriate minoration of |κǫt| by a76



4. Proof of Theorem 1.6well ontrolled funtion whih no longer exists.II. Formal alulus and best andidate.We seek to �nd the best andidate to be an upper-bound of κǫx. For this reason,we regard formally what is happening at the maximum of κǫx. Dividing both sidesof (4.48) by κǫx and di�erentiating with respet to the spatial variable, we get :
κǫxt =

ρ2
xx + ρxρxxx

κǫx
− κǫxxρxρxx

(κǫx)
2
. (4.51)Notie that κǫxx = 0 at the maximum of κǫx. Multiplying equality (4.51) by κǫx andintegrating between 0 and t, we obtain :

∫ t

0

d

dτ

(
1

2
(κǫx)

2

)
dτ =

∫ t

0

(ρ2
xx + ρxρxxx)dτ,then

(κǫx(x, t))
2 = (κ0,ǫ

x (x))2 + 2

∫ t

0

(ρ2
xx(x, t) + ρx(x, t)ρxxx(x, t))dτ,and hene,

|κǫx| ≤
√

2c1t+ c2,where
c1 = ‖(ρ0

xx)
2‖L∞(R) + ‖ρ0

x‖L∞(R)‖ρ0
xxx‖L∞(R),and

c2 = (‖κ0
x‖L∞(R) + 1)2.The reason of taking c2 as above easily follows sine κ0,ǫ

x = κ0
x + ǫ, by taking ǫsmall enough, namely less than 1.III. ǫ-uniform upper-bound for κǫx.De�ne the funtion S by :

S(x, t) =
√

2c1t+ c2.Let us show that S is an entropy super-solution of (3.37) with F given by (3.41)and w0(x) = S(x, 0). Indeed, we remark that S ∈ W 1,∞(QT ), and we know thatfor every (x, t) ∈ QT we have,
S(x, t) ≥ √

c2 = ‖κ0
x‖L∞(R) + 1 ≥ ǫ,then

fǫ(S(x, t)) =
1

S(x, t)
∀(x, t) ∈ QT . (4.52) 77



Chapitre 3 : Disloations with null stressesThe regularity of the funtion S permits to injet it diretly into the �rst equationof (3.37). Therefore, using (4.52), we have
St −

(ρxρxx
S

)

x
=

c1√
2c1t+ c2

− ρ2
xx + ρxρxxx√

2c1t+ c2
,

=
c1 − (ρ2

xx + ρxρxxx)√
2c1t+ c2

,

≥ 0,whih proves, by Lemma 3.3, that S is an entropy super-solution of (3.37). Fromthe disussion of the proof of Proposition 3.2, we know that κǫx is an entropysolution of (3.37) hene an entropy sub-solution. Sine for ǫ < 1 and a.e. x ∈ R,we have,
κ0,ǫ
x (x) = κ0

x(x) + ǫ,

≤ ‖κ0
x‖L∞(R) + 1,

≤ √
c2 = S(x, 0),then we an use the Comparison Theorem 2.16 of salar onservation laws toobtain :

κǫx(x, t) ≤
√
c1t+ c2 ≤

√
c1T + c2 a.e. in Q̄T , (4.53)and hene we get an ǫ-uniform bound for κǫx.Remark 4.1 We were able to obtain this ǫ-uniform upper-bound of κǫx by usingthe visosity theory tehniques. In fat, we laim that ζ1,ǫ(x, y, t) = κǫ(x, t) −

κǫ(y, t) and ζ2(x, y, t) = (x− y)S(t) are two visosity sub-/super-solutions of thefollowing Hamilton-Jaobi equation :
∂w

∂t
= F (x, t, wx) − F (y, t,−wy) in D = {(x, y, t); x > y and t > 0}with initial data ζ1,ǫ(x, y, 0) = κ0,ǫ(x) − κ0,ǫ(y) and ζ2(x, y, 0) = (x − y)S(0)respetively. Here F is given by (3.41). The laim is easy for ζ2, and we referto [23℄ when κǫ is a ontinuous visosity solution of (3.42). We also notie that :

ζ1,ǫ(x, y, 0) ≤ ζ2(x, y, 0) ∀(x, y, 0) ∈ D, and ζ1,ǫ(x, y, t) = ζ2(x, y, t) = 0 for
x = y, t ≥ 0. Moreover, sine ζ1,ǫ and ζ2 are ontinuous funtions, we use theomparison priniple of visosity solutions (see [3℄) to obtain :

κǫ(x, t) − κǫ(y, t) ≤ (x− y)S(t) ∀(x, y, t) ∈ D̄,hene, the estimate (4.53) holds.78



4. Proof of Theorem 1.64.2 Loal boundedness in W 1,∞.We now show that the family (κǫ)0<ǫ<1 is loally bounded in W 1,∞(QT ). Let
K ⊂⊂ QT be a ompatly ontained subset of QT , and (x, t) ∈ K. Sine κǫ isLipshitz ontinuous, we an write,

|κǫ(x, t) − κ0,ǫ(0)| ≤ Cǫ
lip |(x, t)|,where Cǫ

lip is the Lipshitz onstant of κǫ whih is independent of ǫ from theprevious estimates, namely (4.50) and (4.53). Call this onstant C̄. From thede�nition of κ0,ǫ(0) given by (4.47), it follows that,
|κǫ(x, t)| ≤ C̄ |(x, t)| + |κ0(0)|,

≤ C̄ max
(y,τ)∈K

|(y, τ)| + |κ0(0)|,whih is �nite sine K is bounded and hene, (κǫ)0<ǫ<1 is uniformly boundedin C(K). This, together with the uniform gradient estimates, gives the loalboundedness of κǫ in W 1,∞(Q̄T ).4.3 Proof of theorem 1.6At this point, we have the neessary tools to give the proof of Theorem 1.6.We �rst reall that κǫ is a visosity solution of an equation of the type (4.48), witha Hamiltonian independent of ǫ (see Remark 3.7) and κ0,ǫ → κ0 loally uniformlyin R. By Asoli's Theorem, there is a subsequene, alled again κǫ, that onvergesto κ ∈ Lip(Q̄T ) loally uniformly, and by the stability theorem (see [3, Theorem2.3℄), κ is a visosity solution of the initial value problem
{
κtκx = ρxρxx in QT ,

κ(x, 0) = κ0(x) in R.
(4.54)To end the proof, we still have to show the inequality

κx ≥ |ρx| a.e. in Q̄T .Again by Theorem 1.2, our κǫ veri�es for a.e. (x, t) ∈ Q̄T ,
κǫx(x, t) ≥

√
ρ2
x(x, t) + ǫ2 ≥ |ρx(x, t)|. (4.55)Passing to the limit ε → 0 in (4.55) in the sense of distributions, and sine κ isLipshitz ontinuous, we imediatly get :

κx ≥ |ρx| a.e. in Q̄T .and the required inequality follows. 2 79



Chapitre 3 : Disloations with null stresses5 Problem with boundary onditionsIn this part of the paper, we deal with the same problem struture but withboundary onditions of the Dirihlet type. This sort of boundary onditions arisesnaturally in a speial model of disloation dynamis and will be explained in thefollowing subsetion. Our notations are kept untouhed ; the terms θ+, θ−, ρ and
κ still have the same physial meaning, while the domain is hanged into the openand bounded interval

I := (0, 1),of the real line. Although this problem seems to be an independent one, we will tryto bene�t the results of the previous setions by onsidering a trik of extensionand restrition, in order to apply some of the previous results of the whole spaeproblem.5.1 Brief physial motivationTo illustrate some physial motivations of the boundary value problem, weonsider a onstrained hannel deforming in simple shear (see [46℄). A hannelof width 1 in the x-diretion and in�nite extension in the y-diretion is boundedby walls that are impenetrable for disloations (see Figure 3.1). The motion ofthe positive and negative disloations orresponds to the x-diretion. This is a
PSfrag replaements

L = 1

+

x

y

−

Fig. 3.1 � Geometry of a onstrained hannelsimpli�ed version of a system studied by Van der Giessen and oworkers [18℄,where the simpli�ations stem from the fat that :80



5. Problem with boundary onditions
• only a single slip system is assumed to be ative, suh that reations betweendisloations of di�erent type need not be onsidered ;
• the boundary onditions redue to "no �ux" onditions for the disloation�uxes at the boundary walls.The mathematial formulation of this model, as expressed in [46℄, is the system(1.2) posed on I × (0, T ) :






∂tθ
+(x, t) − ∂x

(
θ+(x, t)

(
θ+
x (x, t) − θ−x (x, t)

θ+(x, t) + θ−(x, t)

))
= 0,

∂tθ
−(x, t) + ∂x

(
θ−(x, t)

(
θ+
x (x, t) − θ−x (x, t)

θ+(x, t) + θ−(x, t)

))
= 0.

(5.56)To formulate heuristially the boundary onditions at the walls loated at x = 0and x = 1, we note that the disloation �uxes at the walls must be zero, whihrequires that
Φ︷ ︸︸ ︷

∂x(θ
+ − θ−) = 0, at x ∈ {0, 1}. (5.57)Rewriting system (5.56) in a speial integrated form in terms of ρ, κ and Φ, weget {

κt = (ρx/κx)Φ,

ρt = Φ.
(5.58)Using (5.57) into the system (5.58), we an formally dedue that ρ and κ areonstants along the boundary walls. Therefore, the remaining of this paper fousesattention on the study of the following oupled Dirihlet boundary problems :





ρt = ρxx, in I × (0,∞),

ρ(x, 0) = ρ0(x), in I,

ρ(0, t) = ρ(1, t) = 0, ∀t ∈ [0,∞),

(5.59)and




κtκx = ρtρx, in I × (0, T ),

κ(x, 0) = κ0(x), in I,

κ(0, t) = κ(0, 0) and κ(1, t) = κ(1, 0), ∀t ∈ [0, T ].

(5.60)Denote IT by :
IT = I × (0, T ). 81



Chapitre 3 : Disloations with null stressesThere are two natural assumptions onerning ρ0 and κ0, the �rst one is againthe positivity of the disloation densities θ+ and θ− at the initial time, whihyields to the following ondition :
κ0
x ≥ |ρ0

x|, (5.61)and the seond one has to do with the balane of the physial model that startswith the same number of positive and negative disloations. In other words, if n+and n− are the total number of positive and negative disloations respetively at
t = 0 then :

ρ0(1) − ρ0(0) =

∫ 1

0

ρ0
x(x) dx,

=

∫ 1

0

(θ+(x, 0) − θ−(x, 0)) dx,

= n+ − n− = 0,this shows that ρ0(1) = ρ0(0) and this is what appears in (5.59). Up to now, formalrelations between the initial onditions are only expressed. Whereas, requiredregularity, together with the announement of the main results will be stated inthe next subsetion.5.2 Statement of the main results on a bounded intervalFrom now on, the reader should not be onfused with the term ρ that willalways be the unique solution of the lassial heat equation (5.59). The two maintheorems that we are going to prove are :Theorem 5.1 (Existene and uniqueness of a visosity solution)Let T > 0 and ǫ > 0 be two onstants. Take
κ0 ∈ Lip(I) (5.62)and ρ0 ∈ C∞

0 (I) satisfying :
κ0
x ≥ G(ρ0

x) a.e. in I,where
G(x) =

√
x2 + ǫ2,then there exists a visosity solution κ ∈ Lip(ĪT ) of (5.60), unique among thosesatisfying :

κx ≥ G(ρx) a.e. in ĪT . (5.63)82



5. Problem with boundary onditionsTheorem 5.2 (Existene of a visosity solution)Let T > 0 and κ0 ∈ Lip(I). Under the ondition (5.61) satis�ed a.e. in I, thereexists a visosity solution κ ∈ Lip(ĪT ) of (5.60) satisfying :
κx ≥ |ρx|, a.e. in ĪT .5.3 Preliminary resultsBefore proeeding with the proof of our theorems, we have to introdue someessential tools that are the ore of the "extension and restrition" method thatwe are going to use. We start by extending the funtion κ0 given by (5.62) to

κ̂0 ∈ Lip(R) in the following way :
κ̂0(x) =





κ0(x) if x ∈ [0, 1],

(‖ρ0
x‖L∞(I) + ǫ)(x− 1) + κ0(1) if x ≥ 1,

(‖ρ0
x‖L∞(I) + ǫ)x+ κ0(0) if x ≤ 0.

(5.64)Extension of ρ over R × [0, T ].Consider the funtion ρ̂ de�ned on [0, 2] × [0, T ] by
ρ̂(x, t) =

{
ρ(x, t) if (x, t) ∈ ĪT ,

− ρ(2 − x, t) otherwise, (5.65)this is just a C1 antisymmetry of ρ with respet to the line x = 1. The ontinuationof ρ̂ to R× [0, T ] is made by spatial periodiity of period 2. A simple omputationyields, for (x, t) ∈ (1, 2) × (0, T ) :
ρ̂t(x, t) = −ρt(2 − x, t) and ρ̂xx(x, t) = −ρxx(2 − x, t),and hene it is easy to verify that ρ̂ |[1,2]×[0,T ] solves (5.59) with I replaed withthe interval (1, 2) and ρ0 replaed with its symmetry with respet to the point

x = 1 ; the boundary onditions are unhanged and the regularity of the initialondition is onserved. To be more preise, we write down some useful propertiesof ρ̂.Regularity properties of ρ̂.Let r and s are two positive integers suh that s ≤ 2. From the onstrution of ρ̂and the above disussion, we get the following :i) ρ̂t and ρ̂x are in C(R × [0, T ]),ii) ρ̂ = 0 on Z × [0, T ],iii) ρ̂t = ρ̂xx on (R \ Z) × (0, T ),iv) ‖∂rt ∂sxρ̂(., t)‖L∞(R) ≤ C, ∀t ∈ [0, T ],

(5.66) 83



Chapitre 3 : Disloations with null stresseswhere C is a ertain onstant and the limitation s ≤ 2 omes from the spatialantisymmetry. These onditions are valid thanks to the way of onstrution ofthe funtion ρ̂ and to the maximum priniple of the solution of the heat equationon bounded domains (see [7, 34℄).Let
ĝ(x, t) = −ρ̂t(x, t)ρ̂x(x, t). (5.67)From the above disussion, it is worth notiing that this funtion is a Lipshitzontinuous funtion in the x-variable. Consider the initial value problem de�nedby : {
ut + ĝfε(ux) = 0 in QT ,

u(x, 0) = κ̂0(x) in R.
(5.68)This is a Hamilton-Jaobi equation with a Hamiltonian F ∈ C(Q̄T × R) de�nedby :

F (x, t, u) = ĝ(x, t)fε(u).From the regularity of ρ̂ and fε, we an diretly see that (V0)-(V1)-(V2) areall satis�ed. Moreover, sine κ̂0 is a Lipshitz ontinuous funtion, we get thefollowing proposition as a diret onsequene of Theorems 2.6, 2.7 and Proposition2.10.Proposition 5.3 There exists a unique visosity solution κ̂ ∈ Lip(Q̄T ) of (5.68).The following three lemmas will be used in the proof of Theorem 5.1.Lemma 5.4 (Entropy sub-solution)The funtion G(ρ̂x) is an entropy sub-solution of
{
wt + (ĝfǫ(w))x = 0, in QT ,

w(x, 0) = w0(x) in R,
(5.69)where fǫ is given by (3.32), and w0(x) = G(ρ̂x(x, 0)).Proof. Similar to Lemma 3.4. 2Lemma 5.5 (Di�erentiability property)Let u(x, t) be a di�erentiable funtion with respet to (x, t) a.e. in QT . De�ne theset M by :

M = {x ∈ R; u is di�erentiable a.e. in {x} × (0, T )} ,then M is dense in R.84



5. Problem with boundary onditionsProof. De�ne Ln, n ∈ N to be the Lebesgue n-dimensional measure. Let N ⊂ QTbe the set de�ned by :
N = {(x, t) ∈ QT ; u is not di�erentiable on (x, t)} ,and let IN be the harateristi funtion of the set N . Sine L2(N) = 0, we anwrite, ∫

QT

IN(x, t)dxdt = 0.Using Fubini's theorem we get
∫

R

g(x)dx = 0, with g(x) =

(∫ T

0

IN(x, t)dt

)
≥ 0,then

g = 0 a.e. in Rand onsequently
J = {x; g(x) 6= 0} veri�es L1(J) = 0.In other words,

∀x ∈ R \ J, u(x, ·) is di�erentiable with respet to t a.e. in (0, T ),hene R \ J ⊂M whih implies our lemma. 2In the next lemma, we show a lower-bound estimate for the gradient of κ̂analogue to (5.63). This was previously done for κx in the ase where g is a twieontinuously di�erentiable funtion using mainly Theorems 2.17 and 2.16. Here,the way of extending the funtion ρ over Q̄T makes ĝ loose some of the regularitystated in Theorem 2.17. However, the following lemma shows that a similar resultholds in the ase ĝ ∈W 1,∞(Q̄T ).Lemma 5.6 (Existene of an entropy solution)The funtion κ̂x ∈ L∞(QT ) (κ̂ is given by Proposition 5.3) is an entropy solutionof (5.69) with initial data w0 = κ̂0
x ∈ L∞(R).Proof of Lemma 5.6. Let g̃ be an extension of the funtion ĝ on R

2 de�nedby :
g̃(x, t) =





ĝ(x, t) if (x, t) ∈ Q̄T ,

ĝ(x, T ) if t > T,

ĝ(x, 0) if t < 0.

(5.70) 85



Chapitre 3 : Disloations with null stressesConsider a sequene of molli�ers ξn in R
2 and let g̃n = g̃ ∗ ξn. Remark that, fromthe standard properties of the molli�er sequene, we have g̃n ∈ C∞(R2) and :

g̃n → ĝ uniformly on ompats in Q̄T , (5.71)and
g̃nx → ĝx in Lploc(QT ), 1 ≤ p <∞, (5.72)together with the following estimates :

‖∂rt ∂sxg̃n‖L∞(Q̄T ) ≤ ‖∂rt ∂sxĝ‖L∞(Q̄T ) for r, s ∈ N, r + s ≤ 1. (5.73)Now, take again the Hamilton-Jaobi equation (5.68) with ĝ replaed with g̃n :
{
ut + g̃nfǫ(ux) = 0 in R × (0, T ),

u(x, 0) = κ̂0(x) in R,
(5.74)and notie that the above properties of the funtion g̃n enters us into the frame-work of Theorem 2.17. Thus, we have a unique visosity solution κ̃n ∈ Lip(Q̄T )of (5.74) with initial ondition κ̂0 whose spatial derivative κ̃nx ∈ L∞(QT ) is anentropy solution of the orresponding derived equation with initial data κ̂0

x. FromRemark 2.11 and (5.73), we dedue that the sequene (κ̃n)n≥1 is loally uniformlybounded in W 1,∞(Q̄T ) and that :
‖κ̃nx‖L∞(QT ) ≤ ‖κ̂0

x‖L∞(R) + T‖ĝx‖L∞(QT )‖fǫ‖L∞(R). (5.75)Moreover, from (5.71), we use again the Stability Theorem of visosity solutions[3, Theorem 2.3℄, and we obtain :
κ̃n → κ̂ loally uniformly in Q̄T . (5.76)Bak to the entropy solution, we write down the entropy inequality (see De�nition2.12) satis�ed by κ̃nx :

∫

QT

(
η(κ̃nx)φt + Φ(κ̃nx)g̃

nφx + h(κ̃nx)g̃
n
xφ
)
dxdt+

∫

R

η(κ̂0
x)φ(x, 0)dx ≥ 0, (5.77)where η, Φ, h and φ are given by De�nition 2.12. Taking (5.75) into onsideration,we use a property of bounded sequenes in L∞(QT ) (see [35, Proposition 3℄) thatguarantees the existene of a subsequene (all it again κ̃nx) so that, for anyfuntion ψ ∈ C(R; R),

ψ(κ̃nx) → Uψ weak−⋆ in L∞(QT ). (5.78)86



5. Problem with boundary onditionsFurthermore, there exists µ ∈ L∞(QT × (0, 1)) suh that :
∫ 1

0

ψ(µ(x, t, α))dα = Uψ(x, t), for a.e. (x, t) ∈ QT . (5.79)Applying (5.78) with ψ replaed with η, Φ and h respetively, and using (5.79),we get :




η(κ̃nx(.)) →
∫ 1

0

η(µ(., α))dα weak−⋆ in L∞(QT ),

Φ(κ̃nx(.)) →
∫ 1

0

Φ(µ(., α))dα weak−⋆ in L∞(QT ),

h(κ̃nx(.)) →
∫ 1

0

h(µ(., α))dα weak−⋆ in L∞(QT ).

(5.80)
This, together with (5.71), (5.72) permits to pass to the limit in (5.77) in thedistributional sense, hene we get :

∫

QT

∫ 1

0

(
η(µ(., α))φt + Φ(µ(., α))ĝφx + h(µ(., α))ĝxφ

)
dxdtdα+

∫

R

η(κ̂0
x)φ(x, 0)dx ≥ 0.

(5.81)In [35, Theorem 3℄, the funtion µ satisfying (5.81) is alled an entropy proesssolution. It has been proved to be unique and independent of α. Although thisresult in [35℄ was for a divergene-free funtion ĝ ∈ C1(Q̄T ), we remark thatit an be adapted to the ase of any funtion ĝ ∈ W 1,∞(Q̄T ) (see for instaneRemark 6.2 and the proof of [35, Theorem 3℄). Using this, we infer the existeneof a funtion z ∈ L∞(QT ) suh that :
z(x, t) = µ(x, t, α), for a.e. (x, t, α) ∈ QT × (0, 1), (5.82)hene, z is an entropy solution of (5.69). We now make use of (5.82) and we applyequality (5.79) for ψ(x) = x to obtain,

z = weak−⋆ lim
n→∞

κ̃nx in L∞(QT ). (5.83)From (5.83) and (5.76) we dedue that,
z(x, t) = κ̂x(x, t) a.e. in QT ,whih ompletes the proof of Lemma 5.6. 2 87



Chapitre 3 : Disloations with null stresses5.4 Proofs of Theorems 5.1, 5.2Proof of Theorem 5.1.We laim that κ = κ̂|ĪT is the required solution.Boundary onditions. In order to reover the boundary onditions given by(5.60) on ∂I × [0, T ], we proeed as follows. Let M be the set de�ned by Lemma5.5 and let x ∈M . For every t ∈ [0, T ], we write :
|κ̂(x, t) − κ̂(x, 0)| ≤

∫ t

0

|κ̂s(x, s)|ds ≤
∫ t

0

|F (x, s, κ̂x(x, s))|ds

≤
∫ t

0

(|F (0, s, κ̂x(x, s))| + C|x|) ds.In these inequalities we have used the fat that κ̂ is a Lipshitz ontinuous vis-osity solution of (5.68) and hene it veri�es the equation in QT at the pointswhere it is di�erentiable (see for instane [3℄). Also, we have used the ondition
(F1) with p = q and CR = C, a onstant independent of R. Now from (5.66)-(ii),we dedue that :

|F (0, s, κ̂x(x, s))| = |ρ̂x(0, s)ρ̂t(0, s)fǫ(κ̂x(x, s))| = 0, for a.e. s ∈ (0, t),and hene we get
|κ̂(x, t) − κ̂(x, 0)| ≤ C|x|t. (5.84)Sine M is a dense subset of R, we pass to the limit in (5.84) as x → 0 and theequality

κ̂(0, t) = κ̂(0, 0) = κ0(0) ∀t ∈ [0, T ]holds. Similarly, we an verify that κ̂(1, t) = κ̂(1, 0) = κ0(1) for all t ∈ [0, T ].Inequality (5.63) and existene of a solution. The extension κ̂0 of κ0 out-side the interval I is a linear extension of slope ‖ρ0
x‖L∞(I) + ǫ, therefore we have,

κ̂0
x(·) ≥

√
(ρ̂0
x(·))2 + ǫ2 = G(ρ̂0

x(·)), a.e. in R. (5.85)From Lemma 5.6, we know that κ̂x is an entropy solution of equation (5.69) andfrom Lemma 5.4, we know that G(ρ̂x) is an entropy sub-solution of (5.69). Sine(5.85) holds, we use the Comparison Theorem 2.16 to get,
κ̂x(x, t) ≥

√
ρ̂2
x(x, t) + ǫ2 ≥ ǫ > 0, for a.e. (x, t) ∈ Q̄T . (5.86)and hene
κx ≥ G(ρx) a.e. in ĪT .88



5. Problem with boundary onditionsTake κ to be the restrition of κ̂ on ĪT where κ̂0 and ρ̂ have their automatireplaements κ0 and ρ respetively on this subdomain. It is lear that κ ∈ Lip(ĪT )is a visosity solution of :




κt + gfǫ(κx) = 0 in IT ,

κ(x, 0) = κ0(x) in I,

κ(0, t) = κ0(0) and κ(1, t) = κ0(1) ∀ 0 ≤ t ≤ T,

(5.87)where g(x, t) = −ρt(x, t)ρx(x, t) and κx(x, t) ≥ G(ρx(x, t)) for a.e. (x, t) ∈ ĪT . Wealso notie that κ is a visosity solution of (5.60), for it su�es to follow the samesteps of the passage from the visosity solution of (3.42) to the visosity solutionof (1.4) (see the proof of Theorem 1.2 for details).Uniqueness among solutions satisfying (5.63). Sine the funtion
H̄(x, t, u) = g(x, t)fǫ(u) ∈ C(ĪT × R)satis�es for a �xed t :

|H̄(x, t, u) − H̄(y, t, u)| ≤ C(|x− y|(1 + |u|)),for every x, y ∈ (0, 1) and u ∈ R, we use [3, Theorem 2.8℄ to show that κ isthe unique visosity solution of (5.87). We laim that κ is the unique visositysolution of (5.60). Indeed, we an also follow the same mehanism as in the proofof Theorem 1.2. 2We now move towards the proof of Theorem 5.2 that has the same �avor ofwhat was done in setion 4. We just need to are about the hange in the strutureof our problem and the boundary onditions. Our �rst step will be the followinglemma.Lemma 5.7 Let c1 and c2 be two positive onstants de�ned respetively by :
c1 = ‖(ρ0

xx)
2‖L∞(I) + ‖ρ0

x‖L∞(I)‖ρ0
xxx‖L∞(I),and

c2 = (‖κ0
x‖L∞(I) + 1)2.Then the funtion S̄ de�ned on QT by :

S̄(x, t) =
√

2c1t+ c2is an entropy super-solution of (5.69) with
w0(x) = S̄(x, 0) = ‖κ0

x‖L∞(I) + 1. 89



Chapitre 3 : Disloations with null stressesProof. See subsetion 4.1-III, together with the regularity properties of the fun-tion ρ̂ given in subsetion 5.3. 2Proof of Theorem 5.2. Let ǫ > 0 be a �xed onstant. De�ne κ̂0,ǫ ∈ Lip(R) by :
κ̂0,ǫ(x) =





κ0(x) + ǫx if x ∈ [0, 1],

(‖κ0
x‖L∞(I) + ǫ)(x− 1) + (κ0(1) + ǫ) if x ≥ 1,

(‖κ0
x‖L∞(I) + ǫ)x+ κ0(0) if x ≤ 0.

(5.88)Sine κ0
x ≥ |ρ0

x| a.e. in I, it is lear that for a.e. x ∈ R we have
κ̂0,ǫ
x ≥ G(ρ̂0

x),and hene, from the disussion of the proof of Theorem 5.1, there exists a uniquevisosity solution κ̂ǫ ∈ Lip(Q̄T ) of
{
κ̂ǫtκ̂

ǫ
x = ρ̂tρ̂x in QT ,

κ̂ǫ(x, 0) = κ̂0,ǫ(x) ∈ Lip(R) in R,
(5.89)unique among those satisfying :

κ̂ǫx ≥ G(ρ̂x) a.e. in Q̄T . (5.90)Assume without loss of generality that ǫ < 1. The ǫ-uniform bound for κ̂ǫt istrivial, it su�es to use diretly the equation satis�ed by κ̂ǫ together with (5.90).And the ǫ-uniform bound for κ̂ǫx follows from Lemma 5.7 and Theorem 2.16 sine
κ̂ǫx(x, 0) ≤ ‖κ0

x‖L∞(I) + ǫ ≤ ‖κ0
x‖L∞(I) + 1 =

√
c2 = S̄(x, 0).Following exatly the same tehni of setion 4, namely the proof of Theorem1.6, we get that the sequene κ̂ǫ onverges loally uniformly to κ̂ in Q̄T with

κ̂ ∈ Lip(Q̄T ) satis�es,
κ̂x ≥ |ρ̂x| a.e. in Q̄T (5.91)and
κ̂(x, 0) = κ̂0(x) in R, (5.92)where κ̂0 is the uniform limit of the sequene κ̂0,ǫ in R. Theorem 5.1 guaranteesthat
κ̂ǫ(0, t) = κ̂0,ǫ(0) = κ0(0), (5.93)and

κ̂ǫ(1, t) = κ̂0,ǫ(1) = κ0(1) + ǫ, (5.94)90



6. Appendix : Proof of Theorem 2.16for all t ∈ [0, T ]. From (5.93), (5.94) and the pointwise onvergene, up to asubsequene, of κ̂ǫ to κ̂, we dedue that
κ̂(0, t) = lim

ǫ→0
κ̂ǫ(0, t) = κ0(0), ∀t ∈ [0, T ], (5.95)and

κ̂(1, t) = lim
ǫ→0

κ̂ǫ(1, t) = lim
ǫ→0

(κ0(1) + ǫ) = κ0(1) ∀t ∈ [0, T ]. (5.96)Take κ to be the restrition of κ̂ over ĪT ; ρ̂ and κ̂0 have their automati replae-ments ρ and κ0 respetively on this restrited domain. From (5.91), (5.92), (5.95)and (5.96), we dedue that κ is the required solution. 26 Appendix : Proof of Theorem 2.16We will work on the entropy inequality (2.27) satis�ed by u and its analoguesatis�ed by v, using the dedoubling variable tehnique of Kruºkov (see [63℄) andfollowing the same steps of [35, Theorem 3℄, taking into onsideration the newmodi�ations arising from the fat that we are dealing with sub-/super-entropysolutions and the fat that g ∈W 1,∞(Q̄T ) is not a gradient-free funtion.The proof an be divided into three steps. Denote Br by Br = {x ∈ R; |x| ≤ r}for any r > 0, F±(u, v) = sgn±(u− v)(f(u) − f(v)),
y∞ = ‖y‖L∞(QT ) for every y ∈ L∞(QT ) (6.97)and

Mf = max
|x|≤max(u∞,v∞)

|f ′

(x)|. (6.98)In step 1, we prove that the initial onditions u0, v0 satisfy for any a > 0 :
lim
τ→0

1

τ

∫ τ

0

∫

Ba

(u(x, t) − u0(x))+dxdt = 0, (6.99)
lim
τ→0

1

τ

∫ τ

0

∫

Ba

(v(x, t) − v0(x))−dxdt = 0, (6.100)respetively.In step 2, The following relation between u and v is shown :
∫

QT

[
(u(x, t) − v(x, t))+ψt + F+(u(x, t), v(x, t))g(x, t)ψx

]
dxdt ≥ 0, (6.101) 91



Chapitre 3 : Disloations with null stressesfor every ψ ∈ C1
0(R × (0, T ); R+).After that, we de�ne A(t) for 0 < t < min(T, a

ω
) and ω = g∞Mf , by :

A(t) =

∫

Ba−ωt

(u(x, t) − v(x, t))+ dx. (6.102)In step 3, we show that A is non-inreasing a.e. in (0,min(T, a
ω
)) and we deduethat

u(x, t) ≤ v(x, t) a.e. in QT .Step 1 : Proof of (6.99), (6.100).Let ξn be a sequene of molli�ers in R with ξ1 = ξ. Reall that the funtion
ξ ∈ C∞

0 (R) satis�es the following properties :supp(ξ) = {x ∈ R, ξ(x) 6= 0} ⊂ B1;

ξ ≥ 0, ξ(−x) = ξ(x);∫

B1

ξ(x)dx = 1;

ξn(x) = nξ(nx).

(6.103)Let τ ∈ R suh that 0 < τ < T and de�ne the funtion γ by :
γ(t) =





τ − t

τ
if 0 ≤ t ≤ τ,

0 if t > τ.
(6.104)Take a > 0 and a test funtion ψ ∈ C∞

0 (R; R+) suh that,
ψ(x) = 1 for x ∈ Ba.Let y ∈ R be a Lebesgue point of u0 and we make use of inequality (2.27) with

k = u0(y) and the test funtion φ(x, t) = ψ(x)γ(t)ξn(x − y). Integrating theresulting inequality with respet to y over R yields :
T1(n, τ) + T2(n, τ) + T3(n, τ) + T4(n) ≥ 0, (6.105)with

T1(n, τ) = −1

τ

∫ τ

0

∫

R2

(u(x, t) − u0(y))+ψ(x)ξn(x− y) dxdydt, (6.106)
T2(n, τ) =

∫ τ

0

∫

R2

F+(u(x, t), u0(y))g(x, t)γ(t)(ψ(x)ξn(x− y))xdxdydt, (6.107)92



6. Appendix : Proof of Theorem 2.16
T3(n, τ) = −

∫ τ

0

∫

R2

sgn+(u(x, t) − u0(y))f(u0(y))

gx(x, t)γ(t)ψ(x)ξn(x− y)dxdydt (6.108)and
T4(n) =

∫

R2

(u0(x) − u0(y))+ψ(x)ξn(x− y)dxdy. (6.109)Using the hange of variables : x = x
′ , y = x

′ − y
′

n
in (6.106), and denoting againby (x, y) the new variables (x

′
, y

′
) yields :

T1(n, τ) = −1

τ

∫ τ

0

∫

B1

∫

R

(
u(x, t) − u0

(
x− y

n

))+

ψ(x)ξ(y) dxdydt, (6.110)Using that,
(u− v)+ − (u− w)+ ≤ (w − v)+ ∀u, v, w ∈ R, (6.111)we infer that :

T1(n, τ) +

T
∗(τ)︷ ︸︸ ︷

1

τ

∫ τ

0

∫

R

(u(x, t) − u0(x))+ψ(x)dxdt ≤

ψ∞

∫

Kψ

∫

B1

∣∣∣u0
(
x− y

n

)
− u0(x)

∣∣∣ ξ(y)dydx, (6.112)where Kψ is the support of ψ. Same upper-bound, independent of τ , ould beobtained for T4(n). Furthermore, sine u0 ∈ L∞(R), and is thus integrable over
Kψ, we use the Lebesgue di�erentiation Theorem to show that the right side of(6.112) tends to 0 when n beomes large. Now, let ǫ > 0, ∃n0 suh that

T1(n0, τ) + T
∗(τ) <

ǫ

4
and T4(n0) <

ǫ

4
, ∀τ > 0. (6.113)We also remark that the integrands of the right hand sides of (6.107) and (6.108)are bounded and hene, for this partiular n0 we an hoose some τ0 suh that

∀ 0 < τ < τ0, we have :
|T2(n0, τ)| <

ǫ

4
and |T3(n0, τ)| <

ǫ

4
. (6.114)From (6.113), (6.114) and (6.105), we infer that,

0 < T
∗(τ) < ǫ, ∀0 < τ < τ0.Sine ψ(x) = 1 over Ba, (6.99) is proven. Arguing in the same way, we an prove(6.100). The slight di�erene is using a similar inequality of (6.111) with (·)+replaed with (·)−. 93



Chapitre 3 : Disloations with null stressesStep 2 : Proof of (6.101).It su�es to prove (6.101) for any funtion ψ ∈ C∞
0 (QT ; R+). We may also as-sume, without loss of generality, that there is some c > 0 suh that ψ(x, t) = 0for t ∈ (0, c) ∪ (T − c, T ). For n > 1

c
, let ξn be the usual molli�er sequene in Rand onsider the funtion φ(x, t, y, s) de�ned for (x, t) ∈ QT and (y, s) ∈ QT by,

φ(x, t, y, s) = ψ

(
x+ y

2
,
t+ s

2

)
ξn(x− y)ξn(t− s).The funtion φ hene satis�es

φ(., ., y, s) ∈ C∞
0 (QT ; R+) and φ(x, t, ., .) ∈ C∞

0 (QT ; R+).Fix some (y, s) ∈ QT for whih the funtion v is well de�ned (this is valid almosteverywhere). Sine u is an entropy sub-solution of (2.11), we onsider the relation(2.27) satis�ed by u with k = v(y, s) and the test funtion φ(., ., y, s). Uponintegrating this inequality with respet to (y, s) over QT , we get :
∫

Q2
T

{
(u(x, t) − v(y, s))+φt(x, t, y, s) + F+(u(x, t), v(y, s))g(x, t)φx(x, t, y, s)

−sgn+(u(x, t) − v(y, s))f(v(y, s))gx(x, t)φ(x, t, y, s)
}
dxdtdyds ≥ 0. (6.115)Similar inequality ould be obtained sine v is an entropy super-solution of (2.11).We just swap +, u and (x, t) with −, v and (y, s) respetively, hene :

∫

Q2
T

{
(v(y, s) − u(x, t))−φs(x, t, y, s) + F−(v(y, s), u(x, t))g(y, s)φy(x, t, y, s)

−sgn−(v(y, s) − u(x, t))f(u(x, t))gx(y, s)φ(x, t, y, s)
}
dxdtdyds ≥ 0. (6.116)Summing (6.115) and (6.116) and using the elementary identities :

x− = (−x)+ and sgn−(x) = −sgn+(−x), ∀x ∈ R,we get, for u = u(x, t) and v = v(y, s),
Z1 + Z2 + Z3 ≥ 0, (6.117)with :

Z1 =

∫

Q2
T

(u− v)+(φt + φs)(x, y, t, s)dxdtdyds, (6.118)94



6. Appendix : Proof of Theorem 2.16
Z2 =

∫

Q2
T

F+(u, v)[g(x, t)φx(x, y, t, s) + g(y, s)φy(x, y, t, s)]dxdtdyds, (6.119)
Z3 =

∫

Q2
T

sgn+(u− v)[f(u)gx(y, s) − f(v)gx(x, t)]φ(x, y, t, s)dxdtdyds. (6.120)We now ompute the �rst partial derivatives of the funtion φ. For (x, t, y, s) ∈
QT ×QT , we have :

φt(x, t, y, s) = ξn(x− y)

(
1

2
ψt

(
x+ y

2
,
t+ s

2

)
ξn(t− s)

+ψ

(
x+ y

2
,
t+ s

2

)
ξn

′

(t− s)

)
, (6.121)

φs(x, t, y, s) = ξn(x− y)

(
1

2
ψt

(
x+ y

2
,
t+ s

2

)
ξn(t− s)

−ψ
(
x+ y

2
,
t+ s

2

)
ξn

′

(t− s)

)
, (6.122)

φx(x, t, y, s) = ξn(t− s)

(
1

2
ψx

(
x+ y

2
,
t+ s

2

)
ξn(x− y)

+ψ

(
x+ y

2
,
t+ s

2

)
ξn

′

(x− y)

)
, (6.123)

φy(x, t, y, s) = ξn(t− s)

(
1

2
ψx

(
x+ y

2
,
t+ s

2

)
ξn(x− y)

−ψ
(
x+ y

2
,
t+ s

2

)
ξn

′

(x− y)

)
. (6.124)Using these relations in (6.117) and performing the following hange of variables,

x
′

= (x+ y)/2, y
′

= n(x− y), t
′

= (t+ s)/2, s
′

= n(t− s);denote the new variables x′ , t′, y′, s′ by x, t, y, s and Q4 = QT × B2
1 . Also, forthe simpliity of expressions, denote

x+ = x+
y

2n
, t+ = t+

s

2n
, x− = x− y

2n
, t− = t− s

2n
.This altogether yields :

X1 + X2 + X3 + X4 ≥ 0, (6.125)with :
X1 =

∫

Q4

(u(x+, t+) − v(x−, t−))+ψt(x, t)ξ(y)ξ(s)dxdtdyds, (6.126) 95



Chapitre 3 : Disloations with null stresses
X2 =

1

2

∫

Q4

F+(u(x+, t+), v(x−, t−))(g(x+, t+) + g(x−, t−))×

ψx(x, t)ξ(y)ξ(s)dxdtdyds,

(6.127)
X3 =

∫

Q4

F+(u(x+, t+), v(x−, t−))(g(x+, t+) − g(x−, t−))×

ψ(x, t)nξ
′

(y)ξ(s)dxdtdyds,

(6.128)
X4 =

∫

Q4

sgn+(u(x+, t+) − v(x−, t−))
[
f(u(x+, t+))gx(x

−, t−)−

f(v(x−, t−))gx(x
+, t+)

]
ψ(x, t)ξ(y)ξ(s)dxdtdyds.

(6.129)At this point, it is worth mentioning that we will frequently use the followingLemma from [62℄.Lemma 6.1 If Γ ∈ Lip(R) satis�es |Γ(u)− Γ(v)| ≤ C0|u− v|, then the funtion
H(u, v) = sgn+(u− v)(Γ(u) − Γ(v))satis�es |H(u, v)−H(u

′
, v

′
)| ≤ C0(|u− u

′| + |v − v
′ |) (see [63, Lemma 3℄).Consider now (6.126). Sine (u−v)+ = sgn+(u−v)(u−v), we make use of Lemma6.1 to obtain :

∣∣∣∣X1 −
∫

QT

(u(x, t) − v(x, t))+ψt(x, t)dxdt

∣∣∣∣ ≤
{∫

Kψ

∫

B2
1

|u(x+, t+) − u(x, t)|(ψt)∞ξ(y)ξ(s)dxdtdyds

+

∫

Kψ

∫

B2
1

|v(x−, t−) − v(x, t)|(ψt)∞ξ(y)ξ(s)dxdtdyds
}
,where, by the Lebesgue Di�erentiation/Dominated Theorems, the right hand sideof this inequality tends to 0 as n→ ∞, and hene :

X1 →
∫

QT

(u(x, t) − v(x, t))+ψt(x, t)dxdt as n→ ∞. (6.130)Let us now turn to (6.127) ; using the fat that g ∈ W 1,∞(QT ) and hene Lip-shitz ontinuous over the ompat Kψ, and the fat that F+(u, v) is Lipshitz96



6. Appendix : Proof of Theorem 2.16ontinuous in u and v (see Lemma 6.1), we get :
∣∣∣∣X2 −

∫

QT

F+(u(x, t), v(x, t))g(x, t)ψx(x, t)dxdt

∣∣∣∣ ≤

g∞Mfψ
∞
x

{∫

Kψ

∫

B2
1

|u(x+, t+) − u(x, t)|ξ(y)ξ(s)dxdtdyds

+

∫

Kψ

∫

B2
1

|v(x−, t−) − v(x, t)|ξ(y)ξ(s)
}
dxdtdyds

+
1

n
C((gx)

∞, (gt)
∞, (ψx)

∞,Mf , u
∞, v∞, T ),

(6.131)
and also, by the Lebesgue Di�erentiation/Dominated Theorems, the left handside of this inequality tends to 0 as n→ ∞, hene :

X2 →
∫

QT

F+(u(x, t), v(x, t))g(x, t)ψx(x, t)dxdt as n→ ∞. (6.132)We now study the two terms X n
3 and X n

4 . From the fat that g ∈ W 1,∞(Q̄T ), weremark that for a.e. (x, t, y, s) ∈ QT ×QT , we have :
g(x−, t−) − g(x+, t+) = gx(x

+, t+)(−y/n) + gt(x
−, t−)(−s/n) + Ln(x, t, y, s).where

Ln(x, t, y, s) =

∫ t−

t+
(gt(x

−, z) − gt(x
−, t−))dz +

∫ x−

x+

(gx(w, t
+) − gx(x

+, t+))dwand for a.e. (x, t, y, s) ∈ Q4, we have :
nLn → 0, as n→ ∞.This is obtained via the Lebesgue Di�erentiation Theorem. We also remark thatthe term gx(x

−, t−) in X n
4 ould be replaed with gx(x+, t+), sine this adds a termthat approahes 0 as n beomes large. This term will be omitted throughout whatfollows and we denote the new X n

4 by X̃ n
4 . From these two remarks, we rewrite

X n
3 and X̃ n

4 to get :
X n

3 =

∫

Q4

sgn+(u(x+, t+) − v(x−, t−))(f(u(x+, t+)) − f(v(x−, t−)))

(ygx(x
+, t+) + sgt(x

−, t−))ψ(x, t)ξ
′

(y)ξ(s)dx dt dy ds+

L(n)︷ ︸︸ ︷∫

Q4

nLn(x, t, y, s)dx dt dy ds,(6.133) 97



Chapitre 3 : Disloations with null stresseswhere L(n) → 0 as n→ ∞ (Lebesgue Dominated Theorem), and
X̃ n

4 =

∫

Q4

sgn+(u(x+, t+) − v(x−, t−))(f(u(x+, t+)) − f(v(x−, t−)))

gx(x
+, t+)ψ(x, t)ξ(y)ξ(s)dx dt dy ds.

(6.134)We denote the new X n
3 by X̃ n

3 . Let X n
34 = X̃ n

3 + X̃ n
4 , hene :

X n
34 =

X 1n
34︷ ︸︸ ︷∫

Q4

F+(u(x+, t+), v(x−, t−))gx(x
+, t+)ψ(x, t)(yξ(y)ξ(s))ydx dt dy ds

+

X 2n
34︷ ︸︸ ︷∫

Q4

F+(u(x+, t+), v(x−, t−)))gt(x
−, t−)ψ(x, t)(sξ(y)ξ(s))ydx dt dy ds .(6.135)In X 1n

34 , the term ψ(x, t) ould be replaed with ψ(x+, t+), for this also adds aterm getting small when n → ∞. We keep the same notations for X 1n
34 . Sine

yξ(y)ξ(s) is a ompatly supported smooth funtion in Q4, we have :
∫

Q4

F+(u(x+, t+), v(x+, t+))gx(x
+, t+)ψ(x+, t+)(yξ(y)ξ(s))ydx dt dy ds = 0.(6.136)Moreover, sine F+(u, v) is Lipshitz ontinuous, we obtain :

∣∣∣∣X 1n
34 −

∫

Q4

F+(u(x+, t+), v(x+, t+))gx(x
+, t+)ψ(x+, t+)(yξ(y)ξ(s))ydx dt dy ds

∣∣∣∣

≤Mf (gx)
∞ψ∞

∫

Kψ

∫

B2
1

|v(x+, t+) − v(x−, t−)|dx dt dy ds, (6.137)whereKψ is the support of ψ. Therefore, by the Lebesgue Di�erentiation/DominatedTheorems, we dedue that the right hand side of (6.137) tends to 0 as n → ∞,hene we have :
X 1n

34 → 0 as n→ ∞. (6.138)In a similar way we an show that
X 2n

34 → 0 as n→ ∞. (6.139)From (6.130), (6.132), (6.138) and (6.139), passing to the limit in (6.125) yields(6.101), whih onludes the proof of step 2.Step 3 : u(x, t) ≤ v(x, t) a.e. in QT .98



6. Appendix : Proof of Theorem 2.16Let us �rst show that the funtion A(t) de�ned in (6.102) is non-inreasing a.e. in
(0,min(T, a

ω
)). Take a > 0 and reall that ω = g∞Mf ; let 0 < t1 < t2 < min(T, a

ω
),

0 < ǫ < min(t1,min(T, a
ω
−t2), and δ > 0. Consider the funtion φ ∈ C1

0 (R+, [0, 1])suh that φ(x) = 1 ∀x ∈ [0, a], φ(x) = 0 ∀x ∈ [a + δ,∞), and φ′ ≤ 0. De�ne rǫby :
rǫ(t) =





0 if 0 ≤ t ≤ t1 − ǫ

t− (t1 − ǫ)

ǫ
if t1 − ǫ ≤ t ≤ t1

1 if t1 ≤ t ≤ t2

(t2 + ǫ) − t

ǫ
if t2 ≤ t ≤ t2 + ǫ

0 if t2 + ǫ ≤ t ≤ ∞.

(6.140)
One an take in (6.101) the test funtion

ψ(x, t) = φ(|x| + ωt)rǫ(t).This yields :
E1(δ,ǫ)︷ ︸︸ ︷

1

ǫ

∫ t1

t1−ǫ

∫

R

(u(x, t) − v(x, t))+φ(|x| + ωt)dxdt−
E2(δ,ǫ)︷ ︸︸ ︷

1

ǫ

∫ t2+ǫ

t2

(u(x, t) − v(x, t))+φ(|x| + ωt)dxdt ≥ E(δ, ǫ),

(6.141)
with
E(δ, ǫ) = −

∫ T

0

∫

R

[ω(u(x, t) − v(x, t))+ + sgn+((u(x, t) − v(x, t)))×

(f(u(x, t)) − f(v(x, t)))
x

|x|g(x, t)]φ
′

(|x| + ωt)rǫ(t)dxdt.
(6.142)We laim that E(δ, ǫ) ≥ 0. Indeed, sine φ′ ≤ 0 and rǫ ≥ 0, it su�es to showthat

ω(u(x, t) − v(x, t))+ + sgn+((u(x, t) − v(x, t)))×
(f(u(x, t)) − f(v(x, t)))

x

|x|g(x, t) ≥ 0 a.e. in QT .
(6.143)Two ases an be onsidered, either u(x, t) ≤ v(x, t) ; in this ase it is easy toverify (6.143), or u(x, t) > v(x, t) ; in this ase we use, from the de�nition of ω,the fat that

(f(u(x, t)) − f(v(x, t)))
x

|x|g(x, t) ≥ −ω(u(x, t) − v(x, t)), 99



Chapitre 3 : Disloations with null stresseshene our laim holds. Relation (6.141) now holds with E(δ, ǫ) replaed with
0. We regard the integrand term of E1(δ, ǫ) in (6.141) and we notie that for
t1 − ǫ < t < t1, we have :

(u(x, t) − v(x, t))+φ(|x| + ωt) = (u(x, t) − v(x, t))+φ(|x| + ωt)IA′
δ
,where IA

′
δ
is the harateristi funtion of the set A′

δ de�ned by :
A

′

δ = {(x, t); t1 − ǫ < t < t1, 0 < |x| + ωt < a+ δ}.Remark that the set A′

δ shrinks, as δ beomes small, to
A

′

= {(x, t); t1 − ǫ < t < t1, 0 < |x| + ωt ≤ a}with φ(|x| + ωt) ≡ 1 over A′ . It is easy now to see that as δ → 0

(u(x, t) − v(x, t))+φ(|x| + ωt)IA′
δ
→ (u(x, t) − v(x, t))+

IA′ a.e. in QT .However, sine (u(x, t) − v(x, t))+ ∈ L∞(QT ), we use the Lebesgue DominatedTheorem to get :
E1(δ, ǫ) →

1

ǫ

∫ t1

t1−ǫ

∫

Ba−ωt

(u(x, t) − v(x, t))+dxdt as δ → 0, (6.144)in other words,
E1(δ, ǫ) →

1

ǫ

∫ t1

t1−ǫ

A(t)dt as δ → 0, (6.145)with A(t) given by (6.102). Similar arguments shows that :
E2(δ, ǫ) →

1

ǫ

∫ t2−ǫ

t2

A(t)dt as δ → 0. (6.146)Note that A ∈ L1(0, T ) ; let t1 and t2 be Lebesgue points of the funtion A suhthat 0 < t1 < t2 < min(T, a
ω
), one an easily dedue from (6.145) and (6.141)letting ǫ tends to 0 that

A(t1) ≥ A(t2),hene A is a.e. non-inreasing. We use this property enjoyed by A to get theomparison priniple. In fat, using the elementary identities :
(u− v)+ ≤ (u− w)+ + (v − w)−

(u− v)− ≤ (u− w)− + (v − w)+100



6. Appendix : Proof of Theorem 2.16
∀ u, v, w ∈ R, we alulate for a.e. (x, t) ∈ QT :

(u(x, t) − v(x, t))+ ≤ (u(x, t) − u0(x))+ + (v(x, t) − v0(x))− + (u0(x) − v0(x))+.Sine u0(x) ≤ v0(x) a.e. in R, we get for a.e. (x, t) ∈ QT :
(u(x, t) − v(x, t))+ ≤ (u(x, t) − u0(x))+ + (v(x, t) − v0(x))−. (6.147)Using (6.147), for τ ∈ (0, T ), we alulate :

1

τ

∫ τ

0

A(t)dt ≤ 1

τ

∫ τ

0

∫

Ba

(u(x, t) − v(x, t))+dxdt ≤

1

τ

∫ τ

0

∫

Ba

(u(x, t) − u0(x))+dxdt+
1

τ

∫ τ

0

∫

Ba

(v(x, t) − v0(x))−dxdt.

(6.148)From (6.99), (6.100) and the passage to the limit as τ → 0 in (6.148), we deduethat,
1

τ

∫ τ

0

A(t)dt→ 0 as τ → 0. (6.149)Thus, sine A is a.e. non-inreasing on (0, τ), andA(t) ≥ 0 for a.e. t ∈ (0,min(T, a
ω
)),one then has

A(t) = 0 for a.e. t ∈
(
0,min

(
T,
a

ω

))
.Sine a is arbitrary, we dedue that,

u(x, t) ≤ v(x, t) a.e. in QT ,and the result follows. 2Remark 6.2 In [35℄, the entropy proess solution µ(x, t, α) was proved to beindependent of α for a divergene-free funtion g ∈ C1(Q̄T ). However, for thease of a general non divergene-free funtion g ∈W 1,∞(Q̄T ), same result an beshown by adapting the same proof as in [35, Theorem 3℄ taking into aount theslight modi�ations that ould be dedued from the proof of Theorem (2.16). Morepreisely, the treatment of the two terms X n
3 and X n

4 in Step 2.AknowledgmentsThe author would like to thank R. Monneau and C. Imbert for fruitful disus-sions in the preparation of this paper. We also thank A. El-Hajj, R. Eymard,N. Foradel, M. Jazar and J. Vovelle for their remarks. Finally, this work waspartially supported by The Mathematial Analysis and Appliations Arab Net-work (MA3N) and by The ontrat JC alled �ACI jeunes herheuses et jeunesherheurs� of the Frenh Ministry of Researh (2003-2007). 101
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Chapitre 4Dynamis of disloation densities ina bounded hannel. Part I : smoothsolutions to a singular parabolisystemCe hapitre est issu d'un travail en ollaboration ave M. Jazar et R. Monneau[54℄.
Dans e travail, nous étudions un problème de Dirihlet pour un système parabo-lique ouplé et singulier. La singularité vient de la présene de l'inverse du gra-dient de la solution. Ce système dérit un modèle approximatif de la dynamiquedes densités de disloations dans un domaine borné et soumis à une ontrainteextérieure. Le système d'équations est érit sur un intervalle borné et exige uneattention spéiale au bord. Nous montrons l'existene et l'uniité de solutionsrégulières, en utilisant deux outils prinipaux : un prinipe de omparaison surle gradient qui amène la singularité, et une inégalité du type Kozono-Taniuhiparabolique.
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Chapitre 4 : Disloation dynamis : non-zero stresses (part I)
Dynamis of disloation densities in a bounded han-nel. Part I : smooth solutions to a singular parabolisystem H. Ibrahim∗, M. Jazar†, R. Monneau∗

∗CERMICS, Éole Nationale des Ponts et Chaussées6 & 8, avenue Blaise Pasal, Cité Desartes,Champs sur Marne, 77455 Marne-La-Vallée Cedex 2, FRANCE
†Lebanese University, Mathematis department,P.O. Box 826, Kobbeh Tripoli, LibanAbstratWe study a oupled system of two paraboli equations in one spae dimension. This system issingular beause of the presene of one term with the inverse of the gradient of the solution. Oursystem desribes an approximate model of the dynamis of disloation densities in a boundedhannel submitted to an exterior applied stress. The system of equations is written on a boundedinterval and requires a speial attention to the boundary layer. The proof of existene anduniqueness is done under the use of two main tools : a ertain omparison priniple on thegradient of the solution, and a Kozono-Taniuhi paraboli type inequality.AMS Classi�ation : 35K50, 35K40, 35K55, 42B35, 42B99.Key words : Boundary value problems for paraboli systems, nonlinear PDE of pa-raboli type, BMO spaes, logarithmi Sobolev inequality.

1 Introdution1.1 Setting of the problemIn this paper, we are onerned in the study of the following singular parabolisystem : 



κt = εκxx +

ρxρxx
κx

− τρx on I × (0,∞)

ρt = (1 + ε)ρxx − τκx on I × (0,∞),
(1.1)104



1. Introdutionwith the initial onditions :
κ(x, 0) = κ0(x) and ρ(x, 0) = ρ0(x), (1.2)and the boundary onditions :
{
κ(0, .) = κ0(0) and κ(1, .) = κ0(1),

ρ(0, .) = ρ(1, .) = 0,
(1.3)where

ε > 0, τ 6= 0,are �xed onstants, and
I := (0, 1)is the open and bounded interval of R.The goal is to show the long-time existene and uniqueness of a smooth solu-tion of (1.1), (1.2) and (1.3). Our motivation omes from a problem of studyingthe dynamis of disloation densities in a onstrained hannel submitted to anexterior applied stress. In fat, system (1.1) an be seen as an approximate mo-del of an integrated form of the model desribed in [46℄. This model [46℄, thatdesribes the evolution of the disloation densities inside a rystal, reads :





θ+
t =

[(
θ+
x − θ−x
θ+ + θ−

− τ

)
θ+

]

x

on I × (0, T ),

θ−t =

[
−
(
θ+
x − θ−x
θ+ + θ−

− τ

)
θ−
]

x

on I × (0, T ),

(1.4)with τ representing the exterior stress �eld. The integrated form of system (1.4)an be dedued from (1.1), by letting ε = 0 ; spatially di�erentiating the resultingsystem ; and by onsidering
ρ±x = θ±, ρ = ρ+ − ρ−, κ = ρ+ + ρ−. (1.5)Here θ+ and θ− represent the densities of the positive and negative disloationsrespetively (see [51, 76℄ for a physial study of disloations).The next hallenge (that will be the motivation of another work by the au-thors) is to show some kind of onvergene of the solution (ρε, κε) of (1.1) to thesolution of the integrated form of (1.4) as ε→ 0. 105



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)1.2 Statement of the main resultThe main result of this paper is :Theorem 1.1 (Existene and uniqueness of a solution)Let 0 < α < 1. Let ρ0, κ0 satisfying :
ρ0, κ0 ∈ C∞(Ī), ρ0(0) = ρ0(1) = κ0(0) = 0, κ0(1) = 1, (1.6)

{
(1 + ε)ρ0

xx = τκ0
x on ∂I

(1 + ε)κ0
xx = τρ0

x on ∂I,
(1.7)and

min
x∈I

(
κ0
x(x) − |ρ0

x(x)|
)
> 0. (1.8)Then there exists a unique global solution (ρ, κ) of system (1.1), (1.2) and (1.3)satisfying

(ρ, κ) ∈ C3+α, 3+α
2 (Ī × [0, T ]) for any T > 0, (1.9)and

(ρ, κ) ∈ C∞(Ī × [ζ,∞)), ∀ζ > 0. (1.10)Moreover, this solution also satis�es :
κx > |ρx| on Ī × [0,∞). (1.11)Remark 1.2 Conditions (1.7) are natural here. Indeed, the regularity (1.9) of thesolution of (1.1) with the boundary onditions (1.2) and (1.3) imply in partiularondition.Remark 1.3 Remark that the hoie κ0(0) = 0 and κ0(1) = 1 does not reduethe generality of the problem, beause the problem is linear and equation (1.1)does not see the onstants.1.3 Brief review of the literatureParaboli problems involving singular terms have been widely studied in va-rious aspets. Degenerate and singular paraboli equations have been extensivelystudied by DiBenedetto et al. (see for instane [17, 24�27℄ and the referenestherein). The authors regard the solutions of singular or degenerate paraboliequations with measurable oe�ients whose prototype is :

ut − div
(
|∇u|p−2∇u

)
= 0, p > 2 or 1 < p < 2.106



1. IntrodutionThe study inludes loal Hölder ontinuity of bounded weak solutions, loal andglobal boundedness of weak solutions and loal intrinsi and global Harnak es-timates. Other paraboli equations of the type
ut − ∆um = 0, 0 < m < 1,are examined in [24, 28, 29℄. These equations are singular at points where u = 0.In [28℄, the authors investigate, for speial range ofm, the behavior of the solutionnear the points of singularity. In partiular, they show that nonnegative solutionsare analyti in the spae variables and at least Lipshitz ontinuous in time.However, in [29℄, an intrinsi Harnak estimate for nonnegative weak solutions isestablished for some optimal range of the parameter m. Other lass of singularparaboli equations are of the form :

ut = uxx +
b

x
ux, (1.12)

b is a ertain onstant. Suh an equation is related to axially symmetri pro-blems and also ours in probability theory. A wide study of (1.12), inludingexistene, uniqueness and representation theorems for the solution are proved(Dirihlet and Neumann boundary onditions are treated as well). In addition,di�erentiability and regularity properties are investigated (for the referenes,see [2, 16, 20, 89℄). A more general form of (1.12), inluding semilinear equations,is treated in [14, 15, 71, 75℄.An important type of equations that an be indiretly related to our systemare semilinear paraboli equations :
ut = ∆u+ |u|p−1u, p > 1. (1.13)Many authors have studied the blow-up phenomena for solutions of the aboveequation (see for instane [47, 72, 73, 85, 88, 96℄). This study inludes uniformestimates at the blow-up time, as well as the investigation of upper bounds forthe initial blow-up rate. Equation (1.13) an be somehow related to the �rstequation of (1.1), but with a singularity of the form 1/κ. This an be formallyseen if we �rst suppose that u ≥ 0, and then we apply the following hange ofvariables u = 1/v. In this ase, equation (1.13) beomes :
vt = ∆v − 2|∇v|2

v
− v2−p,and hene if p = 3, we obtain :

vt = ∆v − 1

v
(1 + 2|∇v|2). (1.14)Sine the solution u of (1.13) may blow-up at a �nite time t = T , then v mayvanishes at t = T , and therefore equation (1.14) faes similar singularity to thatof the �rst equation of (1.1), but in terms of the solution itself. 107



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)1.4 Strategy of the proofThe existene and uniqueness is made by using a �xed point argument aftera slight arti�ial modi�ation in the denominator κx of the �rst equation of (1.1)in order to avoid dividing by zero. We will �rst show the short time existene,proving in partiular that
κx(x, t) ≥

√
γ2(t) + ρ2

x(x, t) > 0, (1.15)for initial onditions satisfying :
κx(x, 0) ≥

√
γ2(0) + ρ2

x(x, 0)with some suitable γ(t) > 0. The only, but dangerous, inonveniene is that thefuntion γ depends strongly on ‖ρxxx‖∞, roughly speaking :
γ

′ ≃ −‖ρxxx‖∞γ, (1.16)where ‖ρxxx‖∞ does not have, a priori, a good ontrol independent of γ. Herewhere a logarithmi estimate interferes (see setion 2, Theorem 2.16) to obtainan upper bound of ‖ρxxx‖∞ of the form
‖ρxxx‖∞ ≤ E

(
1 + log+ E

γm

)
,where E is an exponential funtion in time, and m ∈ N. This allows, with (1.16),to have a good lower bound on γ independent of ‖ρxxx‖∞. After that, due to somea priori estimates, we will move to show the global time existene. One key pointhere is that ∣∣∣ ρxκx ∣∣∣ ≤ 1 whih somehow linearizes the �rst equation of (1.1), andthen allows the global existene.1.5 Organization of the paperThis paper is organized as follows : In setion 2, we present the tools neededthroughout this work ; this inludes a brief reall on the Lp, Cα and the BMOtheory for paraboli equations. In setion 3, we show a omparison prinipleassoiated to (1.1) that will play a ruial rule in the long time existene of thesolution as well as the positivity of κx. In setion 4, we present a result of shorttime existene, uniqueness and regularity of a solution (ρ, κ) of an arti�iallymodi�ed system of (1.1). setion 5 is devoted to give some exponential bounds ofthe solution given in setion 4. In setion 6, we show a ontrol of theW 2,1

2 norm of
ρxxx. In a similar way, we show a ontrol of the BMO norm of ρxxx in setion 7. Insetion 8, we use a Kozono-Taniuhi paraboli type inequality to ontrol the L∞norm of ρxxx. Thanks to this L∞ ontrol, we will improve the omparison prinipleof setion 3. In setion 9, we prove our main result : Theorem 1.1. Finally, setions10, 11 are appendies where we present the proofs of some standard results.108



2. Tools : theory of paraboli equations2 Tools : theory of paraboli equationsWe start with some basi notations and terminology.Abridged notation.
• IT is the ylinder I × (0, T ) ; Ī is the losure of I ; IT is the losure of IT ; ∂I isthe boundary of I.
• ‖.‖Lp(X) = ‖.‖p,X, X is a Banah spae, p ≥ 1.
• ST is the lateral boundary of IT , or more preisely, ST = ∂I × (0, T ).
• ∂pIT is the paraboli boundary of IT , i.e. ∂pIT = ST ∪ (I × {t = 0}).
• Ds

yu = ∂su
∂ys

, u is a funtion depending on the parameter y, s ∈ N.

• [l] is the �oor part of l ∈ R.
• Qr = Qr(x0, t0) is the lower paraboli ylinder given by :

Qr = {(x, t); |x− x0| < r, t0 − r2 < t < t0}, r > 0, (x0, t0) ∈ IT .

• |Ω| is the n-dimensional Lebesgue measure of the open set Ω ⊂ R
n.

• mΩ(u) = 1
|Ω|

∫
Ω
u is the average integral of the u ∈ L1(Ω) over Ω ⊂ R

n.2.1 Lp and Cα theory of paraboli equationsA major part of this work deals with the following typial problem in parabolitheory : 



ut = εuxx + f on IT

u(x, 0) = φ on I

u = Φ on ∂I × (0, T ),

(2.17)where T > 0 and ε > 0. A wide literature on the existene and uniqueness of solu-tions of (2.17) in di�erent funtion spaes ould be found for instane in [65℄, [41℄and [68℄. We will deal mainly with two types of spaes :1. The Sobolev spae W 2,1
p (IT ), 1 < p < ∞ whih is the Banah spaeonsisting of the elements in Lp(IT ) having generalized derivatives of the109



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)form Dr
tD

s
xu, with r and s two non-negative integers satisfying the inequa-lity 2r + s ≤ 2, also in Lp(IT ). The norm in this spae is de�ned by theequality

‖u‖W 2,1
p (IT ) =

2∑

i=0

∑

2r+s=i

‖Dr
tD

s
xu‖p,IT .2. The Hölder spaes Cℓ(Ī) and Cℓ,ℓ/2(IT ), ℓ > 0 a nonintegral positivenumber. The Hölder spae Cℓ(Ī) is the Banah spae of all funtions v(x)that are ontinuous in Ī , together with all derivatives up to order [ℓ], andhave a �nite norm

|v|(ℓ)I = 〈v〉(ℓ)I +

[ℓ]∑

j=0

〈v〉(j)I , (2.18)where
〈v〉(0)I = |v|(0)I = ‖v‖∞,I,

〈v〉(j)I = |Dj
xv|(0)I , 〈v〉(ℓ)I = 〈D[ℓ]

x v〉(ℓ−[ℓ])
I ,with

〈v〉(α)
I = inf{c; |v(x) − v(x′)| ≤ c|x− x′|α, x, x′ ∈ Ī}, 0 < α < 1. (2.19)The Hölder spae Cℓ,ℓ/2(IT ) is the Banah spae of funtions v(x, t) thatare ontinuous in IT , together with all derivatives of the form Dr

tD
s
xv for

2r + s < ℓ, and have a �nite norm
|v|(ℓ)IT = 〈v〉(ℓ)IT +

[ℓ]∑

j=0

〈v〉(j)IT , (2.20)where
〈v〉(0)IT = |v|(0)IT = ‖v‖∞,IT ,

〈v〉(j)IT =
∑

2r+s=j

|Dr
tD

s
xv|(0)IT ,

〈v〉(ℓ)IT = 〈v〉(ℓ)x,IT + 〈v〉(ℓ/2)t,IT
,and

〈v〉(ℓ)x,IT =
∑

2r+s=[ℓ]

〈Dr
tD

s
xv〉(ℓ−[ℓ])

x,IT
, (2.21)

〈v〉(ℓ/2)t,IT
=

∑

0<ℓ−2r−s<2

〈Dr
tD

s
xv〉

( ℓ−2r−s
2 )

t,IT
(2.22)110



2. Tools : theory of paraboli equationswith
〈v〉(α)

x,IT
= inf{c; |v(x, t) − v(x′, t)| ≤ c|x− x′|α, (x, t), (x′, t) ∈ IT}, 0 < α < 1,(2.23)

〈v〉(α)
t,IT

= inf{c; |v(x, t) − v(x, t′)| ≤ c|t− t′|α, (x, t), (x, t′) ∈ IT}, 0 < α < 1.(2.24)The above de�nitions ould be found in [65, setion 1℄. Now, we write down theompatibility onditions of order 0 and 1. These ompatibility onditions onernthe given data φ, Φ and f of problem (2.17).Compatibility ondition of order 0. Let φ ∈ C(Ī) and Φ ∈ C(ST ). We saythat the ompatibility ondition of order 0 is satis�ed if
φ
∣∣
∂I

= Φ
∣∣
t=0
. (2.25)Compatibility ondition of order 1. Let φ ∈ C2(Ī), Φ ∈ C1(ST ) and f ∈

C(IT ). We say that the ompatibility ondition of order 1 is satis�ed if (2.25) issatis�ed and in addition we have :
(εφxx + f)

∣∣
∂I

=
∂Φ

∂t

∣∣∣
t=0
. (2.26)We state two results of existene and uniqueness adapted to our speial problem.We begin by presenting the solvability of paraboli equations in Hölder spaes.Theorem 2.1 (Solvability in Hölder spaes, [65, Theorem 5.2℄)Suppose 0 < α < 2, a non-integral number. Then for any f ∈ Cα,α/2(IT ),

φ ∈ C2+α(Ī) and Φ ∈ C1+α/2(ST ),satisfying the ompatibility ondition of order 1 (see (2.25) and (2.26)), problem(2.17) has a unique solution u ∈ C2+α,1+α/2(IT ) satisfying the following inequa-lity :
|u|(2+α)

IT
≤ cH

(
|f |(α)

IT
+ |φ|(2+α)

I + |Φ|(1+α/2)ST

)
, (2.27)for some cH = cH(ε, α, T ) > 0.Remark 2.2 (Estimating cH(ε, α, T ))The onstant appearing in the above Hölder estimate (2.27) an be estimated asfollows :

cH(ε, α, T ) ≤ (T + 1)2ec(T+1), (2.28)where c = c(ε, α) > 0 is a positive onstant. In order to obtain (2.28), we onsiderthree ases for the time T . 111



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Case 1, T = 1. In this ase, we obtain cH(ε, α, T ) = c(ε, α) > 1.Case 2, T < 1. We linearly extend the funtion Φ from [0, T ] to [0, 1], and weextend the funtion f from IT to I1 by f(x, t) = f(x, T ) for T ≤ t ≤ 1. In thisase, We have the same result of Case T = 1.Case 3, T > 1. Take n ∈ N suh that n ≤ T ≤ n + 1. We obtain the estimate(2.28) on cH by iteration. Let F = |f |(α)
IT

+ |Φ|(1+α/2)ST
. We know that :

|u|(2+α)
IT

≤
n∑

k=1

|u|(2+α)
I×(k−1,k) + |u|(2+α)

I×(n,T ). (2.29)We use the fat that |u(., j)|(2+α)
I ≤ |u|(2+α)

I×(j−1,j), j ∈ N, and 1 ≤ j ≤ n, we �rstompute for c = c(ε, α) given in Case 1 :
|u|(2+α)

I×(n,T ) ≤
n+1∑

i=1

ciF + cn+1|φ|(2+α)
I

≤ (n+ 1)cn+1
(
F + |φ|(2+α)

I

)
,where for the last line, we have used the fat that c > 1. The other terms of (2.29)an be estimated in a similar way. Sine n+1 ≤ T+1, the estimate (2.28) diretlyfollows.We now present the solvability in Sobolev spaes. Reall the norm of frationalSobolev spaes. If f ∈W s

p (a, b), s > 0 and 1 < p <∞, then
‖f‖W s

p (a,b) = ‖f‖
W

[s]
p (a,b)

+

(∫ b

a

∫ b

a

|f ([s])(x) − f ([s])(y)|p
|x− y|1+(s−[s])p

)1/p

. (2.30)Theorem 2.3 (Solvability in Sobolev spaes, [65, Theorem 9.1℄)Let p > 1, ε > 0 and T > 0. For any f ∈ Lp(IT ),
φ ∈W 2−2/p

p (I) and Φ ∈W 1−1/2p
p (ST ), (2.31)with p 6= 3/2 (p = 3/2 is alled the singular index) satisfying in the ase p > 3/2the ompatibility ondition of order zero (see (2.25)), there exists a unique solution

u ∈W 2,1
p (IT ) of (2.17) satisfying the following estimate :
‖u‖W 2,1

p (IT ) ≤ c
(
‖f‖p,IT + ‖φ‖

W
2−2/p
p (I)

+ ‖Φ‖
W

1−1/2p
p (ST )

)
, (2.32)for some c = c(ε, p, T ) > 0.112



2. Tools : theory of paraboli equationsRemark 2.4 (Neumann onditions)An analogous theorem of Theorem 2.3 is valid for problem (2.17), but with Neu-mann boundary onditions
ux = 0 on ST .The singular index in this ase will be p = 3, see [65, Chapter 4, setion 10℄.Remark 2.5 We reall that there exists a onstant c = c(p, T ) > 0 suh that if

ϕ ∈W 2,1
p (IT ), ϕ|I×{0}

= φ and ϕ|ST
= Φ, then

‖φ‖
W

2−2/p
p (I×{0})

+ ‖Φ‖
W

1−1/2p
p (ST )

≤ c‖ϕ‖W 2,1
p (IT ).Remark 2.6 (The sense of the ompatibility ondition stated in Theo-rem 2.3)Remark that in the ase p > 3/2, the two funtions φ and Φ presented in (2.31)are ontinuous up to the boundary, i.e. φ ∈ C(Ī) and Φ ∈ C(ST ). This is due tothe fat that we have

s = 1 − 1/2p > 2/3 and s′ = 2 − 2/p > 2/3,hene
sp > n and s′p > n,where n = 1 is the spae dimension. In this ase the frational Sobolev embedding[1℄ gives the result, and a sense of the ompatibility ondition stated in Theorem2.3 is then given.For a better understanding of the spaes stated in the above two theorems, espe-ially frational Sobolev spaes, we send the reader to [1℄ or [65℄. The dependeneof the onstant c of Theorem 2.3 on the variable T will be of notable importaneand this what is emphasized by the next lemma.Lemma 2.7 (The onstant c given by (2.32) : ase φ = 0 and Φ = 0)Under the same hypothesis of Theorem 2.3, with
φ = 0 and Φ = 0,the estimate (2.32) an be written as :

‖u‖p,IT
T

+
‖ux‖p,IT√

T
+ ‖uxx‖p,IT + ‖ut‖p,IT ≤ c‖f‖p,IT , (2.33)where c = c(ε, p) > 0 is a positive onstant depending only on p and ε.The proof of this lemma will be done in Appendix A. Moreover, We will frequentlymake use of the following two lemmas also depited from [65℄. 113



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Lemma 2.8 (Sobolev embedding in Hölder spaes, [65, Lemma 3.3℄)(i) (Case p > 3). For any funtion u ∈ W 2,1
p (IT ), if α = 1 − 3/p > 0, i.e. p > 3,then

u ∈ C1+α, 1+α
2 (IT ), and |u|(1+α)

IT
≤ c‖u‖W 2,1

p (IT ), c = c(p, T ) > 0. (2.34)However, in terms of ux, we have that ux ∈ Cα,α/2(IT ) satisfying the followingestimates :
‖ux‖∞,IT ≤ c

{
δα(‖ut‖p,IT + ‖uxx‖p,IT ) + δα−2‖u‖p,IT

}
, c = c(p) > 0, (2.35)and

〈ux〉(α)
IT

≤ c

{
‖ut‖p,IT + ‖uxx‖p,IT +

1

δ2
‖u‖p,IT

}
, c = c(p) > 0. (2.36)(ii) (Case p > 3/2). If u ∈ W 2,1

p (IT ) with p > 3/2, then u ∈ C(IT ), and we havethe following estimate :
‖u‖∞,IT ≤ c

{
δ2−3/p(‖ut‖p,IT + ‖uxx‖p,IT ) + δ−3/p‖u‖p,IT

}
, c = c(p) > 0.(2.37)In both ases δ = min{1/2,

√
T}.Lemma 2.9 (Trae of funtions in W 2,1

p (IT ), [65, Lemma 3.4℄)If u ∈W 2,1
p (IT ), p > 1, then for 2r + s < 2 − 2/p, we have

Dr
tD

s
xu
∣∣
t=0

∈W 2−2r−s−2/p
p (I) (2.38)and

‖u‖
W

2−2r−s−2/p
p (I)

≤ c(T )‖u‖W 2,1
p (IT ). (2.39)In addition, for 2r + s < 2 − 1/p, we have

Dr
tD

s
xu
∣∣
ST

∈W 1−r−s/2−1/2p
p (ST ) (2.40)and

‖u‖
W

1−r−s/2−1/2p
p (ST )

≤ c(T )‖u‖W 2,1
p (IT ). (2.41)A useful tehnial lemma will now be presented. The proof of this lemma will bedone in Appendix A.Lemma 2.10 (L∞ ontrol of the spatial derivative)Let p > 3 and let 0 < T ≤ 1/4 (this ondition is taken for simpli�ation). Thenfor every u ∈W 2,1

p (IT ) with
u = 0 on ∂p(IT )114



2. Tools : theory of paraboli equationsin the trae sense (see Lemma (2.9)), there exists a onstant c(T, p) > 0 suh that
‖ux‖∞,IT ≤ c(T, p)‖u‖W 2,1

p (IT ), (2.42)with
c(T, p) = c(p)T

p−3
2p → 0 as T → 0. (2.43)2.2 BMO theory for paraboli equationA very useful tool in this paper is the limit ase of the Lp theory, 1 < p <

∞, for paraboli equations, whih is the BMO theory. Roughly speaking, if thefuntion f appearing in (2.17) is in Lp for some 1 < p < ∞, then we expet oursolution u to have ut and uxx also in Lp. This is no longer valid in the limit ase,i.e. when p = ∞. In this ase, it is shown that the solution u of the paraboliequation have ut and uxx in the paraboli/anisotropi BMO spae (boundedmean osillation) that is onvenient to give its de�nition here.De�nition 2.11 (Paraboli/Anisotropi BMO spaes)A funtion u ∈ L1
loc(IT ) is said to be of bounded mean osillation, u ∈ BMO(IT ),if the quantity

sup
Qr⊂IT

(
1

|Qr|

∫

Qr

|u−mQr(u)|
)is �nite. Here the supremum is taken over all paraboli lower ylinders Qr (seethe beginning of setion 2 for the notation).Remark 2.12 The funtions in the BMO(IT ) spae are de�ned up to an additiveonstant. Moreover, the paraboli spae BMO(IT ), whih will be refereed, forsimpliity, as the BMO(IT ) spae, and sometimes, where there is no onfusion,as BMO spae, is a Banah spae equipped with the norm,

‖u‖BMO(IT ) = sup
Qr⊂IT

(
1

|Qr|

∫

Qr

|u−mQr(u)|
)
. (2.44)We move now to the two main theorems of this subsetion ; the BMO theory forparaboli equations, and the Kozono-Taniuhi paraboli type inequality. To bemore preise, we have the following :Theorem 2.13 (BMO theory for paraboli equations)Take 0 < T1 ≤ T . Consider the following Cauhy problem :

{
ut = εuxx + f on R × (0, T ),

u(x, 0) = 0.
(2.45)115



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)If f ∈ L∞(R × (0, T )) and f is a 2I-periodi funtion in spae, i.e.
f(x+ 2, t) = f(x, t),then there exists a unique solution u ∈ BMO(R × (0, T )) of (2.45) with

ut, uxx ∈ BMO(R × (0, T )).Moreover, there exists c > 0 that may depend on T1 but independent of T suhthat :
‖ut‖BMO(R×(0,T )) + ‖uxx‖BMO(R×(0,T )) ≤ c

[
‖f‖BMO(R×(0,T )) +m2I×(0,T )(|f |)

]
.(2.46)The proof of this theorem will be presented in Appendix B. The next theoremshows an estimate onerning paraboli BMO spaes. This estimate, whih willplay an essential role in our later analysis, is a sort of ontrol of the L∞ norm ofa given funtion by its BMO norm and the logarithm of its norm in a ertainSobolev spae. It an also be onsidered as the paraboli version on a boundeddomain IT of the Kozono-Taniuhi inequality (see [61℄) that we reall here.Theorem 2.14 (The Kozono-Taniuhi inequality in the ellipti ase,[61, Theorem 1℄)Let 1 < p <∞ and let s > n/p. There is a onstant C = C(n, p, s) suh that theestimate

‖f‖∞,Rn ≤ C
(
1 + ‖f‖BMO(Rn)

(
1 + log+ ‖f‖W s

p (Rn)

)) (2.47)holds for all f ∈W s
p (R

n).Remark 2.15 It is worth mentioning that the BMO norm appearing in (2.47) isthe ellipti BMO norm, i.e. the one where the supremum is taken over ordinaryballs
Br(X0) = {X ∈ R

n; |X −X0| < r}.The original type of the logarithmi Sobolev inequality was found in [8, 9℄ (seealso [33℄), where the authors investigated the relation between L∞, W k
r and W s

pand proved that there holds the embedding
‖u‖L∞(Rn) ≤ C

(
1 + log

r−1
r

(
1 + ‖u‖W s

p (Rn)

))
, sp > nprovided ‖u‖W k

r
≤ 1 for kr = n. This estimate was applied to prove existeneof global solutions to the nonlinear Shrödinger equation (see [8, 48℄). Similarembedding for vetor funtions u with div u = 0 was investigated in [4℄,

‖∇u‖L∞(Rn) ≤ C
(
1 + ‖rot u‖L∞(Rn)

(
1 + log+ ‖u‖W s+1

p (Rn)

)
+ ‖rot u‖L2(Rn)

)
,(2.48)116



3. A omparison priniplewith sp > n, where they made use of this estimate to give a blow-up riterionof solutions to the Euler equations. Estimate (2.47) is an improvement of (2.48)where a sharp version of (2.47) an be found in [77℄.In our work, we need to have an estimate similar to (2.47), but for the paraboli
BMO spae and on the bounded domain IT . This will be essential, on one hand,to show a suitable positive lower bound of κx (κ given by Theorem 1.1), and onthe other hand, to show the long time existene of our solution. Indeed, there isa similar inequality and this is what will be illustrated by the next theorem.Theorem 2.16 (A Kozono-Taniuhi paraboli type inequality)Let v ∈ L∞(IT ) ∩W 2,1

2 (IT ), then there exists a onstant c = c(T ) > 0 suh thatthe estimate
‖v‖∞,IT ≤ c‖v‖BMO(IT )

(
1 + log+ ‖v‖W 2,1

2 (IT ) + log+ ‖v‖BMO(IT )

)
, (2.49)holds, with

‖v‖BMO(IT ) = ‖v‖BMO(IT ) + ‖v‖1,IT .This inequality is �rst shown over Rx×Rt, then it is dedued over IT (for a skethof the proof, see Appendix B).3 A omparison prinipleProposition 3.1 (A omparison priniple for system (1.1))Let
(ρ, κ) ∈

(
C3+α, 3+α

2

(
IT
) )2

, for some 0 < α < 1,be a solution of (1.1), (1.2) and (1.3) with κx > 0. Suppose that
|ρxxx| ≤ c̃ on IT , (3.50)for some onstant c̃ > 0. Suppose furthermore that :

α0 = min
I

(κ0
x − |ρ0

x|) > 0. (3.51)Then there exists a ontinuous non-inreasing funtion γ(t) > 0 suh that :
κx(x, t) ≥

√
γ2(t) + ρ2

x(x, t) over IT . (3.52)Moreover γ satis�es γ(t) ≥ γ(0)e−(ec+c)t for some onstants (independent of T ) :
γ(0) > 0 only depending on α0, and c > 0 only depending on ε and τ . 117



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Proof. Throughout the proof, we will extensively use the following notation :
Ga(y) =

√
a2 + y2 a, y ∈ R. (3.53)Without loss of generality (up to a hange of variables in (x, t) and a re-de�nitionof τ), assume in the proof that

I = (−1, 1).De�ne the quantity M by :
M(x, t) = κx(x, t) −Gγ(t)(ρx(x, t)), (x, t) ∈ IT , (3.54)

γ(t) > 0 is a funtion to be determined. The proof ould be divided into �ve steps.Step 1. (Partial di�erential inequality satis�ed by M)We do the following omputations in IT :
Mt = κxt −G

′

γ(ρx)ρxt −
γγ

′

√
γ2 + ρ2

x

, (3.55)
Mx = κxx −G

′

γ(ρx)ρxx, Mxx = κxxx −G
′′

γ(ρx)ρ
2
xx −G

′

γ(ρx)ρxxx, (3.56)and from (1.1) we dedue that




κxt = εκxxx +

ρ2
xx

κx
+
ρxρxxx
κx

− ρxρxxκxx
κ2
x

− τρxx,

ρxt = (1 + ε)ρxxx − τκxx.

(3.57)We set
Γ =

γγ
′

√
γ2 + ρ2

x

.From (3.55), (3.56) and (3.57), we get :
Mt = ε(κxxx −G

′

γ(ρx)ρxxx) +

(
ρ2
xx

κx
− ρxρxxκxx

κ2
x

)

+

(
ρxρxxx
κx

−G
′

γ(ρx)ρxxx

)
− τ(ρxx −G

′

γ(ρx)κxx) − Γ

= ε(Mxx +G
′′

γ(ρx)ρ
2
xx) +

(
ρ2
xx

κx
− ρxρxx

κ2
x

Mx −
ρxρ

2
xxG

′

γ(ρx)

κ2
x

)

−ρxxxG
′

γ(ρx)

κx
M − τ(ρxx −G

′

γ(ρx)κxx) − Γ,118



3. A omparison priniplewhere we have used in the last line that G′

γ(y)Gγ(y) = y. De�ne the funtion Fγby :
Fγ(y) = y − γ arctan(y/γ),we note that F ′

γ = (G
′

γ)
2 and hene we have :

Mt = εMxx + εG
′′

γ(ρx)ρ
2
xx −

ρxρxx
κ2
x

Mx +
ρ2
xx

κ2
x

[M +Gγ(ρx) −G
′

γ(ρx)ρx]

−
ρxxxG

′

γ(ρx)

κx
M − τ [F

′

γ(ρx)ρxx + (1 − F
′

γ(ρx))ρxx −G
′

γ(ρx)κxx] − Γ

= εMxx + εG
′′

γ(ρx)ρ
2
xx −

ρxρxx
κ2
x

Mx +
ρ2
xx

κ2
x

M +
ρ2
xx

κ2
x

(Gγ(ρx) −G
′

γ(ρx)ρx)

−ρxxxG
′

γ(ρx)

κx
M + τG

′

γ(ρx)Mx − τ(1 − F
′

γ(ρx))ρxx − Γ,therefore
Mt = εMxx +

(
τG

′

γ(ρx) −
ρxρxx
κ2
x

)
Mx +

(
ρ2
xx

κ2
x

− ρxxxG
′

γ(ρx)

κx

)
M

+ εG
′′

γ(ρx)ρ
2
xx +

ρ2
xx

κ2
x

[Gγ(ρx) −G
′

γ(ρx)ρx] − τ(1 − F
′

γ(ρx))ρxx − Γ.

(3.58)We notie that
G

′′

γ(y) =
γ2

(γ2 + y2)3/2
and 1 − F

′

γ(y) =
γ2

γ2 + y2
.Using Young's inequality 2ab ≤ a2 + b2, we have :

τγ2|ρxx|
γ2 + ρ2

x

≤ εγ2ρ2
xx

(γ2 + ρ2
x)

3/2
+

γ2τ 2

4ε
√
γ2 + ρ2

x

. (3.59)Plugging (3.59) into (3.58), we get :
Mt ≥ εMxx +

(
τG

′

γ(ρx) −
ρxρxx
κ2
x

)
Mx

+

(
ρ2
xx

κ2
x

− ρxxxG
′

γ(ρx)

κx

)
M − γ2τ 2

4ε
√
γ2 + ρ2

x

− γγ
′

√
γ2 + ρ2

x

.

(3.60)Step 2. (The boundary onditions for M) 119



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)The boundary onditions (1.3), and the PDEs of system (1.1) imply the follo-wing equalities on the boundary (using the smoothness of the solution up to theboundary), 



εκxx +

ρxρxx
κx

− τρx = 0 on ∂I × [0, T ]

(1 + ε)ρxx − τκx = 0 on ∂I × [0, T ].
(3.61)In partiular (3.61) implies

Mx = − τ

1 + ε
G

′

γ(ρx)M on ∂I × [0, T ]. (3.62)To deal with the boundary ondition (3.62), we now introdue the followinghange of unknown funtion :
M(x, t) = cosh(βx)M(x, t), (x, t) ∈ IT . (3.63)We alulate M on the boundary of I to get :

Mx =

(
β tanh(βx) − τ

1 + ε
G

′

γ(ρx)

)
M on ∂I × [0, T ]. (3.64)We laim that it is impossible forM to have a positive minimum at the boundaryof I. Indeed we have

M has a positive minimum at x = 1 ⇒ Mx ≤ 0;

M has a positive minimum at x = −1 ⇒ Mx ≥ 0.Both ases violate the equation (3.64) in the ase of the hoie of β satisfying :
β tanh β ≥ τ

1 + ε
, (3.65)and hene the minimum of M is attained inside the interval I. We make thefollowing alulation inside IT .

Mt =
M t

cosh(βx)
, Mx =

1

cosh(βx)
Mx −

β tanh(βx)

cosh(βx)
M,

Mxx =
1

cosh(βx)
Mxx −

2β tanh(βx)

cosh(βx)
Mx +

β2(2 tanh2(βx) − 1)

cosh(βx)
M.Using the previous identities into (3.60), we obtain :

M t ≥ εMxx +

[
τG

′

γ(ρx) −
ρxρxx
κ2
x

− 2βε tanh(βx)

]
Mx −

cosh(βx)γ2τ 2

4ε
√
γ2 + ρ2

x

− cosh(βx)γγ
′

√
γ2 + ρ2

x

+

[
ρ2
xx

κ2
x

− ρxxxG
′

γ(ρx)

κx
− β tanh(βx)

(
τG

′

γ(ρx) −
ρxρxx
κ2
x

)
+ εβ2(2 tanh2(βx) − 1)

]
M.(3.66)120



3. A omparison prinipleStep 3. (The inequality satis�ed by the minimum of M)Let
m(t) = min

x∈I
M(x, t).Sine the minimum is attained inside I, and sine M is regular, there exists

x0(t) ∈ I suh that m(t) = M(x0(t), t). We remark that we have :
Mx(x0(t), t) = 0, and Mxx(x0(t), t) ≥ 0,and hene we write down the equation satis�ed by m, we get (indeed in thevisosity sense) :

mt ≥

R︷ ︸︸ ︷(
ρ2
xx

κ2
x

− ρxxxG
′

γ(ρx)

κx
− β tanh(βx)

(
τG

′

γ(ρx) −
ρxρxx
κ2
x

)
+ εβ2(2 tanh2(βx) − 1)

)
m

− cosh(βx)γ2τ 2

4ε
√
γ2 + ρ2

x

− cosh(βx)γγ
′

√
γ2 + ρ2

x

at (x0(t), t). (3.67)For the de�nition of visosity sub-/super-solutions, see [3℄. In order to prove(3.67), we �rst note that the inequality satis�ed by M at the point (x0(t), t) ∈
I × (0, T ) reads (see (3.66)) :

M t(x0(t), t) ≥ R(x0(t), t)M(x0(t), t) + S(x0(t), t), (3.68)with
S(x, t) = − τ 2 cosh(βx)γ2(t)

4ε
√
γ2(t) + ρ2

x(x, t)
− cosh(βx)γ(t)γ

′
(t)√

γ2(t) + ρ2
x(x, t)

.Let φ ∈ C1(0, T ) be a funtion suh that m − φ has a loal minimum at t.Sine m(.) ≤ M(x0(t), .) in (0, T ), we dedue that M(x0(t), .) − φ(.) has a loalminimum at t and therefore M t(x0(t), t) = φt(t). Hene using (3.68), we obtain :
φt(t) ≥ R(x0(t), t)m(t) + S(x0(t), t),whih implies that m satis�es (3.67) in the visosity sense.Step 4. (Estimate of the term R)We turn our attention now to the term R from (3.67). By Young's inequality

2ab ≤ a2 + b2, we have :
βτ tanh(βx)G

′

γ(ρx) ≤ 2εβ2 tanh2(βx) +
τ 2

8ε
(G

′

γ(ρx))
2, (3.69)121



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)therefore the term R satis�es :
R ≥ ρ2

xx

κ2
x

+ β tanh(βx)
ρxρxx
κ2
x

− ρxxxG
′

γ(ρx)

κx
− τ 2

8ε
(G

′

γ(ρx))
2 − εβ2. (3.70)Moreover, using again the identity ab ≥ −a2

2
− b2

2
, we get

β tanh(βx)
ρxρxx
κ2
x

=

(√
2ρxx
κx

)(
β tanh(βx)√

2

ρx
κx

)
≥ −ρ

2
xx

κ2
x

− β2 tanh2(βx)

4

ρ2
x

κ2
x

,and hene (3.70) implies
R ≥ −ρxxxG

′

γ(ρx)

κx
− β2 tanh2(βx)

4

ρ2
x

κ2
x

− τ 2

8ε
(G

′

γ(ρx))
2 − εβ2. (3.71)By the hypothesis (3.51), for all β ∈ R, there exists a unique η = η(β) > 0satisfying :

η2 = min
x∈I

[cosh(βx)(κ0
x(x) −

√
(ρ0
x(x))

2 + η2)]. (3.72)De�ne
α1 = γ(0) = η(β), where β satis�es (3.65). (3.73)From (3.72), we know that

m(0) = α2
1 > 0,and the ontinuity of m preserves its positivity at least for short time. Then, aslong as m is positive, we have

κx ≥
√
γ2 + ρ2

x. (3.74)By using (3.74), (3.50), and the basi identities
| tanh(x)| ≤ 1 and |G′

γ| ≤ 1,inequality (3.71) implies :
R ≥ − |ρxxx|√

γ2 + ρ2
x

− β2

4
− τ 2

8ε
− εβ2

≥ − c̃√
γ2 + ρ2

x

− β2

4
− τ 2

8ε
− εβ2

≥ − c̃√
γ2 + ρ2

x

− c1, (3.75)122



3. A omparison priniplewhere
c1 =

β2

4
+
τ 2

8ε
+ εβ2.Step 5. (The hoie of γ and onlusion)When γ′ ≤ 0, from (3.67), (3.75) and the fat that :

cosh βx ≤ cosh β, x ∈ (−1, 1),

cosh βx ≥ 1, x ∈ R,we get
mt ≥ −

(
c̃√

γ2 + ρ2
x

+ c1

)
m−

(
τ 2 cosh β

4ε

)
γ2

√
γ2 + ρ2

x

− γγ
′

√
γ2 + ρ2

x

. (3.76)We remind the reader that ρx appearing in the previous inequality have thefollowing form :
ρx = ρx(x0(t), t),where

m(t) = M(x0(t), t), x0(t) ∈ I. (3.77)Two ases an be onsidered :Case A : m = γ2 smooth.Assume �rst that γ is C1 (whih is not the ase in general). Then we plug thefuntion m = γ2 in (3.76) to dedue when γ′ ≤ 0 :
(

2 +
1√

γ2 + ρ2
x

)
γγ

′ ≥ −
(

c̃√
γ2 + ρ2

x

+ c1

)
γ2 − c2

γ2

√
γ2 + ρ2

x

(3.78)with
c2 =

τ 2 cosh β

4ε
.Let

c∗ = max(c1, c2), (3.79)inequality (3.78) implies :
γγ

′ ≥ −
[
c̃+ c∗(1 +

√
γ2 + ρ2

x)

1 + 2
√
γ2 + ρ2

x

]
γ2, 123



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)hene
γγ

′ ≥ −(c̃ + c∗)γ2. (3.80)In other terms
mt ≥ −2(c̃+ c∗)m.This diretly implies that m(t) ≥ m(0)e−2(ec+c∗)t.Case B : the general ase.Simply hoose
γ(t) = α1e

−(ec+c∗)t, (3.81)where c∗ is given by (3.79), and α1 is given by (3.73). We laim that γ2 is a sub-solution of (3.76). Indeed, the funtion γ given by (3.81) is onstruted in suh away that γ2 is a sub-solution of (3.76). To see this, we remark that γ solves theequality that orresponds to the inequality (3.80) and then it solves (3.80) withthe reverse inequality. Hene, oming bak from (3.80), we an see that γ2 is asub-solution of (3.76). Sine
γ2(0) = α2

1 = m(0),we dedue that
m(t) ≥ γ2(t). (3.82)The fat that m > 0 implies that m ≥ γ2 diretly gives that :

m(t) > 0, ∀t ∈ [0, T ],therefore
κx(x, t) ≥

√
γ2(t) + ρ2

x(x, t), (x, t) ∈ IT .Finally, remark that
α2

1 ≥ min(κ0
x −

√
(ρ0
x)

2 + α2
1) ≥ min(κ0

x − ρ0
x − α1) ≥ α0 − α1,i.e. α2

1 + α1 ≥ α0. If α1 ≤ 1, then 2α2
1 ≥ α0, therefore in general

α1 ≥ min

(
1,

√
α0

2

)
=: α2. (3.83)Inequality (3.82) implies in partiular that we have

κx ≥
√
ρ2
x + γ2(t).Finally, this result is still true with γ(0) = α1 = α2. 2124



4. Short time existene, uniqueness, and regularity4 Short time existene, uniqueness, and regularityIn this setion, we will prove a result of short time existene, uniqueness andregularity of a solution of problem (1.1), (1.2) and (1.3). This ould be done intwo steps. At the �rst step, we show a short time existene and uniqueness resultof a trunated system of equations that will be spei�ed later. At the seond step,we show an improved regularity of this solution by a bootstrap argument.4.1 Short-time existene and uniqueness of a trunated sys-temFix a time T0 > 0. Consider the following system de�ned on I × (T0, T0 + T )by :



κt = εκxx +

ρxxT2M0(ρx)

(γ0/2) + (κx − γ0/2)+
− τρx in I × (T0, T0 + T )

ρt = (1 + ε)ρxx − τκx in I × (T0, T0 + T ),

(4.84)with M0 > 0 and γ0 > 0 are two positive onstants. Here, the funtion Ta(x),
x ∈ R and a > 0, is alled a trunation funtion and is given by :

Ta(x) =





a if x ≥ a

x if |x| < a

− a if x ≤ −a.
(4.85)The initial onditions are :

{
ρ(x, T0) = ρT0(x) in I × {t = T0}
κ(x, T0) = κT0(x) in I × {t = T0},

(4.86)and the boundary onditions :
{
ρ(0, t) = ρ(1, t) = 0 for T0 ≤ t ≤ T0 + T

κ(0, t) = 0 and κ(1, t) = 1 for T0 ≤ t ≤ T0 + T.
(4.87)Remark 4.1 (The terms p and α)In all what follows, and unless otherwise preised, the term p is a �xed positivereal number suh that

p > 3,and the term 0 < α < 1 is a �xed real number that is related to p by the followingrelation
α = 1 − 3/p. 125



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)We write down our next proposition :Proposition 4.2 (Short time existene and uniqueness)Let p > 3, and T0 ≥ 0. Let
ρT0 , κT0 ∈ C∞(Ī × {T0}), α = 1 − 3/p, (4.88)be two given funtions suh that :

{
ρT0(0) = ρT0(1) = 0

κT0(0) = 0 and κT0(1) = 1,
(4.89)

κT0
x ≥ γ0 in I × {t = T0}, (4.90)and

|ρT0
x | ≤M0 in I × {t = T0}, (4.91)where γ0 > 0 and M0 > 0 are two given positive real numbers. Suppose that forsome η, β > 0, we have

‖ρT0
xx‖∞,I ≤ η and ‖Ds

xκ
T0‖∞,I ≤ β, s = 1, 2. (4.92)Then there exists

T = T (η, β,M0, γ0, ε, τ, p) > 0,suh that the system (4.84), (4.86) and (4.87) admits a unique solution
(ρ, κ) ∈ (W 2,1

p (I × (T0, T0 + T )))2.Moreover, this solution satis�es
κx ≥ γ0/2 in Ī × [T0, T0 + T ], (4.93)and
|ρx| ≤ 2M0 in Ī × [T0, T0 + T ]. (4.94)Remark 4.3 Remark that the regularity (4.88) of the initial onditions that wehave onsidered is somehow strange and not natural for a result of existene in theSobolev spae W 2,1

p . In fat, the regularity (4.88), whih is natural in onnetionwith the main theorem of this paper (see Theorem 1.1), was just taken for thesimpli�ation of the forthoming announements of our results.Remark 4.4 It is worth notiing that (4.89) justi�es the ompatibility of zeroorder with the boundary onditions (4.87) (see (2.25)).126



4. Short time existene, uniqueness, and regularityProof of Proposition (4.2). Let
IT0,T = I × (T0, T0 + T ) and Y = W 2,1

p (IT0,T ).We will prove the existene and uniqueness for T small enough using a �xed pointargument. De�ne the appliation Ψ by :
Ψ : Y 2 7−→ Y 2

(ρ̂, κ̂) 7−→ Ψ(ρ̂, κ̂) = (ρ, κ),
(4.95)where (ρ, κ) is a solution of the following system :




κt = εκxx +

ρxxT2M0(ρ̂x)

(γ0/2) + (κ̂x − γ0/2)+
− τ ρ̂x in IT0,T ,

ρt = (1 + ε)ρxx − τ κ̂x in IT0,T ,

(4.96)with the same initial and boundary onditions given by (4.86) and (4.87) respe-tively. Reall that ρT0 and κT0 verify (4.89). Hene we dedue from Theorem 2.3(using on one hand, the fat that the soure terms of both equations of (4.96) arein Lp(IT0,T ) ; the fat that ρT0 , κT0 ∈W
2−2/p
p (I×{T0}) �this is a diret onsequeneof (4.88)�, and on the other hand, the ompatibility of the boundary onditions(see Remark 4.4)), the existene and uniqueness of the solution (ρ, κ) ∈ Y 2 of(4.96), (4.86) and (4.87). We laim that Ψ is a ontration map over some suitablelosed subset of Y 2 for T small enough. Let us larify that the onstant c thatwill frequently appear in the proof may vary from line to line but always has theform :

c = c(ε, p, τ) > 0.Assume we are searhing for some T > 0 suh that
0 < T < 1/4.The proof is divided into three steps.Step 1. (De�ning the map Ψ over a suitable subset)Let λ be any �xed onstant. De�ne Dρ

λ and Dκ
λ as the two losed subsets of Ygiven by :

Dρ
λ = {u ∈ Y ; ‖ux‖p,IT0,T ≤ λ, u = ρT0 on ∂pIT0,T} (4.97)and

Dκ
λ = {v ∈ Y ; ‖vx‖p,IT0,T ≤ λ, v = κT0 on ∂pIT0,T}. (4.98)127



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)We will prove that Ψ is a well de�ned map over Dρ
λ ×Dκ

λ into itself, at least forsu�iently small time T . Let (ρ̂, κ̂) ∈ Dρ
λ ×Dκ

λ and let
Ψ(ρ̂, κ̂) = (ρ, κ).We use system (4.96) to write down some estimates. Take

ρ̄(x, t) = ρ(x, t) − ρT0(x) and κ̄(x, t) = κ(x, t) − κT0(x). (4.99)From (4.96), the equations satis�ed by ρ̄ and κ̄ are :
{
ρ̄t = (1 + ε)ρ̄xx + (1 + ε)ρT0

xx − τ κ̂x on IT0,T ,

ρ̄ = 0 on ∂pIT0,T ,
(4.100)and





κ̄t = εκ̄xx +

(ρ̄xx + ρT0
xx)T2M0(ρ̂x)

(γ0/2) + (κ̂x − γ0/2)+
+ εκT0

xx − τ ρ̂x on IT0,T ,

κ̄ = 0 on ∂pIT0,T ,

(4.101)respetively. We use equation (4.100) together with the estimate (2.33), we obtain
‖ρ̄x‖p,IT0,T ≤ c

√
T
(
‖ρT0

xx‖p,IT0,T + ‖κ̂x‖p,IT0,T
)

≤ c
√
T
(
T 1/p‖ρT0

xx‖p,I + λ
)

≤ cT 1/p (η + λ) ,and from (4.99), we dedue that
‖ρx‖p,IT0,T ≤ cT 1/p(η + λ+M0). (4.102)Therefore, hoosing T satisfying :

T ≤
(

λ

c(η + λ+M0)

)p (4.103)ensures that ‖ρx‖p,IT0,T ≤ λ and hene
ρ ∈ Dρ

λ.In the same way, we use equation (4.101) with the estimate (2.33) to obtain
‖κ̄x‖p,IT0,T ≤ c

√
T

[
4M0

γ0

‖ρxx‖p,IT0,T + T 1/p‖κT0
xx‖p,I + ‖ρ̂x‖p,IT0,T

]

≤ c
√
T

[
4M0

γ0

(
T 1/pη + λ

)
+ T 1/pβ + λ

]

≤ cT 1/p

[
4M0

γ0
(η + λ) + β + λ

]
, (4.104)128



4. Short time existene, uniqueness, and regularitywhere we have used again, passing from the �rst to the seond line, the equation(4.100) together with the estimate (2.33). Preisely, we have used that :
‖ρ̄xx‖p,IT0,T ≤ c

(
T 1/pη + λ

)
.From (4.104) and (4.99), we dedue that

‖κx‖p,IT0,T ≤ cT 1/p

[
4M0

γ0
(η + λ) + β + λ

]
. (4.105)In this ase, hoosing

T ≤


 λ

c
(

4M0

γ0
(η + λ) + β + λ

)



p (4.106)ensures that ‖κx‖p,IT0,T ≤ λ and hene

κ ∈ Dκ
λ.From (4.103) and (4.106), we dedue that for su�iently small time T , the map

Ψ is a well de�ned map from Dρ
λ ×Dκ

λ into itself.Step 2. (Ψ is a ontration map)Let
Ψ(ρ̂, κ̂) = (ρ, κ) and Ψ(ρ̂′, κ̂′) = (ρ′, κ′).The ouple (ρ− ρ′, κ− κ′) is the solution of the following system :





(κ− κ′)t = ε(κ− κ′)xx +
ρxxT2M0(ρ̂x)

(γ0/2) + (κ̂x − γ0/2)+

− ρ′xxT2M0(ρ̂
′
x)

(γ0/2) + (κ̂′x − γ0/2)+
− τ(ρ̂− ρ̂′)x in IT0,T

(ρ− ρ′)t = (1 + ε)(ρ− ρ′)xx − τ(κ̂− κ̂′)x in IT0,T ,

(4.107)with
(ρ− ρ′, κ− κ′) = (0, 0) on ∂pIT0,T . (4.108)Step 2.1. From the seond equation of (4.107), and (2.33), we have :

‖ρ− ρ′‖Y ≤ c‖(κ̂− κ̂′)x‖p,IT0,T . (4.109)By the boundary onditions (4.108) and the Lp paraboli estimate (2.33), wededue that for some c > 0, we have :
‖(κ̂− κ̂′)x‖p,IT0,T ≤ c

√
T‖(κ̂− κ̂′)t − (κ̂− κ̂′)xx‖p,IT0,T ≤ c

√
T‖κ̂− κ̂′‖Y . (4.110)129



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Therefore from (4.109),
‖ρ− ρ′‖Y ≤ c

√
T‖κ̂− κ̂′‖Y , (4.111)Step 2.2. Let F be the funtion given by :

F =
ρxxT2M0(ρ̂x)

(γ0/2) + (κ̂x − γ0/2)+
− ρ′xxT2M0(ρ̂

′
x)

(γ0/2) + (κ̂′x − γ0/2)+
− τ(ρ̂− ρ̂′)x. (4.112)From the �rst equation of (4.107) and using (2.33), we get

‖κ− κ′‖Y ≤ c‖F‖p,IT0,T , (4.113)The funtion F an be rewritten as follows :
F + τ(ρ̂− ρ̂′)x =

A1︷ ︸︸ ︷
T2M0(ρ̂x)

(γ0/2) + (κ̂x − γ0/2)+
(ρxx − ρ′xx) +

A2︷ ︸︸ ︷
ρ′xx(T2M0(ρ̂x) − T2M0(ρ̂

′
x))

(γ0/2) + (κ̂x − γ0/2)+

+

A3︷ ︸︸ ︷
ρ′xxT2M0(ρ̂

′
x)

(
1

(γ0/2) + (κ̂x − γ0/2)+
− 1

(γ0/2) + (κ̂′x − γ0/2)+

)
. (4.114)We are going to use the system (4.107), (4.108) together with the inequality (2.33)in order to estimate eah term of (4.114). First, from (4.111), we have :

‖A1‖p,IT0,T ≤ 4
M0

γ0

‖(ρ− ρ′)xx‖p,IT0,T

≤ c
M0

γ0

√
T‖κ̂− κ̂′‖Y . (4.115)For the term A2, we proeed as follows. We apply the L∞ ontrol of the spatialderivative (see Lemma 2.10) to the funtion ρ̂− ρ̂′, we get :

‖(ρ̂− ρ̂′)x‖∞,IT0,T
≤ cT

p−3
2p ‖ρ̂− ρ̂′‖Y . (4.116)For the term ρ′xx, we �rst remark that if we let ρ̄′ = ρ′−ρT0 , this funtion satis�es(4.100) with κ̂x replaed by κ̂′x, and hene we dedue that

‖ρ′xx‖p,IT0,T ≤ c(η + λ). (4.117)From (4.116) and (4.117), we dedue that
‖A2‖p,IT0,T ≤ c

(η + λ)

γ0
T
p−3
2p ‖ρ̂− ρ̂′‖Y . (4.118)130



4. Short time existene, uniqueness, and regularityThe term A3 ould be treated in a similar way as the term A2, and we obtain thefollowing estimate :
‖A3‖p,IT0,T ≤ c

M0(η + λ)

γ2
0

T
p−3
2p ‖κ̂− κ̂′‖Y . (4.119)Also we have

‖(ρ̂− ρ̂′)x‖p,IT0,T ≤ c
√
T‖(ρ̂− ρ̂′)t − (ρ̂− ρ̂′)xx‖p,IT0,T ≤ c

√
T‖ρ̂− ρ̂′‖Y .Step 2.3. From (4.111) in Step 2.1, and (4.113) in step 2.2, we �nally get :

‖Ψ(ρ̂, κ̂) − Ψ(ρ̂′, κ̂′)‖Y 2 ≤ cT
p−3
2p

[
1 +

M0

γ0

+
η + λ

γ0

(
1 +

M0

γ0

)]
‖(ρ̂, κ̂) − (ρ̂′, κ̂′)‖Y 2 ,and therefore, taking T satisfying :

T <


 1

c
(
1 + M0

γ0
+ η+λ

γ0

(
1 + M0

γ0

))




2p
p−3

, (4.120)(4.103) and (4.106), we dedue that Ψ is a ontration from Dρ
λ ×Dκ

λ into itself.Step 3. (Conlusion)In order to terminate the proof, it remains to show (4.93) and (4.94), again forsu�iently small time T . In fat, this will be done by ontrolling the modulus ofontinuity in time of ρx and κx uniformly with respet to T . The time T thatwe will use in Step 3 is that determined by (4.103), (4.106) and (4.120), ensuringexistene and uniqueness. However, additional onditions will be imposed on Tso that the inequalities (4.93) and (4.94) are valid on Q̄T .Step 3.1. (Controlling the quantity ρx)Indeed, from estimate (2.36), we dedue that
〈ρ̄x〉(α)

IT0,T
≤ c

(
‖ρ̄t‖p,IT0,T + ‖ρ̄xx‖p,IT0,T +

1

T
‖ρ̄‖p,IT0,T

)

≤ c(η + λ),where for the last line we have used estimate (2.33) for equation (4.100). Henewe have
〈ρ̄x〉(α/2)t,IT0,T

≤ c(η + λ). 131



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Call m1 = c(η + λ), and reall that ρ̄ = ρ− ρT0 , we therefore obtain
〈ρx〉(α/2)t,IT0,T

≤ m1. (4.121)From (2.24), (4.91), and (4.121), we dedue that for any (x, t) ∈ Q̄T , we have
|ρx(x, t)| ≤ m1T

α/2 +M0,and then for
T ≤

(
M0

m1

)2/α

, (4.122)we obtain
|ρx| ≤ 2M0, ∀(x, t) ∈ Q̄T .Step 3.2. (Controlling the quantity κx)We argue in a similar manner in order to ontrol 〈κx〉(α/2)t,IT0,T

. Again, using (4.101),(2.36) and (2.33), we dedue that
〈κx〉(α/2)t,IT0,T

≤ m2, (4.123)with
m2 = c

(
4M0

γ0
(η + λ) + β + λ

)
.Following the same arguments as above, we obtain that for

T ≤
(
γ0

2m2

)2/α

, (4.124)we have
κx ≥ γ0/2, ∀(x, t) ∈ Q̄T .By hoosing T verifying (4.103), (4.106), (4.120), (4.122) and (4.124), we reahthe end of the proof. 24.2 Regularity of the solutionThis subsetion is devoted to show that the solution of (4.84), (4.86) and(4.87) enjoys more regularity than the one indiated in Proposition 4.2. This willbe done using a speial bootstrap argument, together with the Hölder regularityof solutions of paraboli equations.132



4. Short time existene, uniqueness, and regularityRemark 4.5 (The omputations of Proposition 3.1)The following proposition shows that the solution of (4.84), (4.86) and (4.87)has the su�ient regularity so that the alulation of the proof of the omparisonpriniple (Proposition 3.1) an be done.Proposition 4.6 (Regularity of the solution : bootstrap argument)Under the same hypothesis of Proposition 4.2, let ρT0 and κT0 satisfy :
(1 + ε)ρT0

xx = τκT0
x at ∂I, (4.125)and

(1 + ε)κT0
xx = τρT0

x at ∂I. (4.126)Then the unique solution (ρ, κ) ∈ Y 2 given by Proposition 4.2, satisfying (4.93)and (4.94), is in fat more regular. To be more preise, it satis�es :
ρ ∈ C3+α, 3+α

2 (Ī × [T0, T0 + T ]), α = 1 − 3/p, (4.127)and
κ ∈ C3+α, 3+α

2 (Ī × [T0, T0 + T ]), α = 1 − 3/p, (4.128)where T is the time given by Proposition 4.2. Moreover, we have :
(ρ, κ) ∈

(
C∞(I × (T0, T0 + T ))

)2

, (4.129)preisely,
(ρ, κ) ∈

(
C∞[Ī × [T0 + δ, T0 + T ])

)2

, ∀ 0 < δ < T. (4.130)Proof. Let us �rst indiate that sine, from (4.93) and (4.94), κx ≥ γ0/2 and
|ρx| ≤ 2M0, then

T2M0(ρx) = ρx and (γ0/2) + (κx − γ0/2)+ = κx,therefore the system (4.84) an be rewritten as :



κt = εκxx +

ρxρxx
κx

− τρx on I × (T0, T0 + T )

ρt = (1 + ε)ρxx − τκx on I × (T0, T0 + T ).
(4.131)For the sake of simpliity, let us suppose that T0 = 0. We �rst write system(4.131) as a two �separate� equations :





ρt = (1 + ε)ρxx − τκx on IT = I × (0, T )

ρ(x, 0) = ρ0(x) on I

ρ(x, t) = 0 x ∈ ∂I, t ∈ [0, T ].

(4.132)133



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)and 




κt = εκxx +
ρxρxx
κx

− τρx on IT

κ(x, 0) = κ0(x) on I

κ(0, t) = 0 and κ(1, t) = 1, t ∈ [0, T ],

(4.133)where we set ρ0 = ρT0 and κ0 = κT0 . The proof ould be divided into three steps.Step 1. (The Hölder regularity of the solution)Sine κ ∈ W 2,1
p (IT ), we use Lemma 2.8 to dedue that κx ∈ Cα,α/2(IT ). Fromthe boundary onditions of system (4.132) and form (4.125) we dedue the om-patibility of order 1 for the equation (4.132). Also, we have ρ0 ∈ C2+α(Ī). Thisaltogether permits using the solvability of (4.132) in Hölder spaes (see Theorem2.1) to dedue that

ρ ∈ C2+α,1+α/2(IT ), α = 1 − 3/p, (4.134)in partiular, we have
ρ, ρt,ρx, ρxx ∈ Cα,α/2(IT ). (4.135)From (4.135) and the fat that κx ≥ γ0/2, we dedue that the soure term

ρxρxx
κx

−τρx of system (4.133) lies in Cα,α/2(IT ). We also have, from (4.93), (4.125)and (4.126), that :
εκ0

xx +
ρ0
xρ

0
xx

κ0
x

− τρ0
x

∣∣
∂I

= εκ0
xx +

τρ0
xκ

0
x

(1 + ε)κ0
x

− τρ0
x

∣∣
∂I

=
ε

1 + ε

(
(1 + ε)κ0

xx − τρ0
x

) ∣∣
∂I

= 0.This, together with the onstant boundary ondition of system (4.133), ensuresthe ompatibility of order 1, and hene we reuse Theorem 2.1 to dedue that
κ ∈ C2+α,1+α/2(IT ), α = 1 − 3/p. (4.136)Step 2. (The inrement of the Hölder regularity)From (4.136), we see that the regularity of the soure term of system (4.132) isinreased. In fat, now
κx ∈ C1+α, 1+α

2 (IT ), α = 1 − 3/p. (4.137)However, in order to use the Hölder solvability for the system (4.132), in partiularTheorem 2.1, with this new obtained regularity of the soure term (4.137), we just134



4. Short time existene, uniqueness, and regularityneed to hek that the ompatibility of the boundary onditions is not altered.Indeed, this is the ase sine
0 < 1 + α < 2.We also remark from (4.88) that ρ0 ∈ C2+(1+α)(Ī), and therefore, we an useTheorem 2.1 to dedue that

ρ ∈ C3+α, 3+α
2 (IT ), (4.138)hene (4.127) is satis�ed. Similarly, as in Step 1, (4.138) inreases the regularityof the soure term of system (4.133) hene

ρxρxx
κx

− τρx ∈ C1+α, 1+α
2 (IT ).Again the ompatibility between the boundary onditions of system (4.133) isunhanged, and (4.88), we know that κ0 ∈ C2+(1+α)(Ī). Therefore, upon reusingTheorem 2.1, we dedue that

κ ∈ C3+α, 3+α
2 (IT ), (4.139)hene (4.128) is satis�ed and the proof is done.Step 3. (The C∞ regularity)At this point, we will show how to obtain more regularity of the solution (ρ, κ)away from the initial data. Remark that if we want to follow similar argumentsof what was done in the previous two steps, we might think of inreasing theregularity of ρ by using the Hölder solvability, Theorem 2.1, and the fat that κx ∈

C2+α, 2+α
2 (IT ) (see (4.139) above). In fat, this requires higher order ompatibilityonditions that are not satis�ed having only (4.125) and (4.126). We send thereader to [65, Chapter 4, setion 5, page 319℄ for the details of these ompatibilityonditions. To overome this di�ulty, we introdue the following funtion. Let

0 < δ < T , de�ne the test funtion ϕδ ∈ C∞[0, T ] by :
ϕδ(t) =






0 if 0 ≤ t ≤ δ/3

ϕδ(t) ∈ (0, 1) if δ/3 < t < 2δ/3

1 if 2δ/3 ≤ t ≤ T.

(4.140)We introdue the quantities
ρ = ρϕδ and κ = κϕδ. (4.141)135



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)We an easily hek that these quantities satisfy two paraboli equations with thehigher order ompatibility of the initial data are all satis�ed. By the bootstrapargument (see Steps 1, 2 above), we get :
(ρ, κ) ∈ C∞(IT ).From (4.140) and (4.141), we dedue that

(ρ, κ) = (ρ, κ) on [2δ/3, T ],hene the C∞ regularity (4.129) and (4.130) are both satis�ed. 25 Exponential boundsIn this setion, we will give some exponential bounds of the solution given byProposition (4.2) and having the regularity shown by Proposition (4.6).It is very important, throughout all this setion, to preise our notation oner-ning the onstants that may ertainly vary from line to line. Let us mention thata onstant depending on time will be denoted by c(T ). Those who do not dependon T will be simply denoted by c. In all other ases, we will follow the hangingof the onstants in a preise manner.Proposition 5.1 (Exponential bound in time for ‖(ρx(., t), κx(., t))‖∞,I)Let
(ρ, κ) ∈ C3+α, 3+α

2 (Ī × [0,∞)) ∩ C∞(I × (0,∞)) ∩ C∞(Ī × [δ,∞)), ∀δ > 0,be a long time solution of the following system :



κt = εκxx +

ρxρxx
κx

− τρx on I × (0,∞)

ρt = (1 + ε)ρxx − τκx on I × (0,∞),
(5.142)with ρ(x, 0) = ρ0(x), κ(x, 0) = κ0(x), and the boundary onditions

ρ(0, .) = ρ(1, .) = 0 on ∂I × [0,∞), (5.143)
κ(0, .) = 0, κ(1, .) = 1 on ∂I × [0,∞). (5.144)Suppose furthermore that

B =
ρx
κx

satis�es ‖B‖∞ < 1.136



5. Exponential boundsThen we have
‖(ρx(., t), κx(., t))‖∞,I ≤ cect, (5.145)where

c = c
(
‖ρ0‖

W
2−2/p
p (I)

, ‖κ0‖
W

2−2/p
p (I)

)
≥ 1, p > 3.Remark 5.2 (Improved exponential bound)Conerning the exponential bound (5.145), we an even get

‖(ρx(., t), κx(., t))‖∞,I ≤ caect,where a =
(
1 + ‖ρ0‖

W
2−2/p
p (I)

+ ‖κ0‖
W

2−2/p
p (I)

), and c > 0 is a �xed onstantindependent of ‖ρ0‖
W

2−2/p
p (I)

and ‖κ0‖
W

2−2/p
p (I)

(see the �nal step of the followingproof). However, this result will not be used in that re�ned form.Proof of Proposition 5.1. We use the speial oupling of the system (5.142)to �nd our a priori estimate. Roughly speaking, the fat that κx appears as asoure term in the seond equation of system (5.142) permits, by the Lp theoryfor paraboli equations, to have Lp bounds, in terms of ‖κx‖p,IT , on ρx and ρxxwhih in their turn appear in the soure terms of the �rst equation of (5.142)satis�ed by κ. All this permits to dedue our estimates. To be more preise, let
T > 0 an arbitrarily �xed time.Step 1. (estimating κx in the Lp norm)Let κ′ be the solution of the following equation :

{
κ′t = κ′xx on IT

κ′ = κ on ∂pIT .
(5.146)As a solution of a paraboli equation, we use the Lp paraboli estimate (2.32) tothe funtion κ′ to dedue that :

‖κ′‖W 2,1
p (IT ) ≤ c(T )

(
‖κ0‖

W
2−2/p
p (I)

+ 1
)
, (5.147)where the term 1 omes from the value of κ′ = κ on ST . Take

κ̄ = κ− κ
′

, (5.148)then the system satis�ed by κ̄ reads :




κ̄t = κ̄xx − (κ

′

t − εκ
′

xx) +
ρxρxx
κx

− τρx on IT

κ̄ = 0 on ∂pIT .
(5.149)137



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Using the speial version (2.33) of the paraboli Lp estimate to the funtion κ̄,we obtain :
‖κ̄x‖p,IT ≤ c

√
T
(
‖κ′

t‖p,IT + ‖κ′

xx‖p,IT + ‖ρxx‖p,IT + ‖ρx‖p,IT
)
, (5.150)where we have plugged into the onstant c the terms ε, τ , p and ‖B‖∞. Combining(5.147), (5.148) and (5.150), we get :

‖κx‖p,IT ≤ c(T )
(
‖κ0‖

W
2−2/p
p (I)

+ 1
)

+ c
√
T‖ρ‖W 2,1

p (IT ). (5.151)The term ‖ρ‖W 2,1
p (IT ) appearing in the previous inequality is going to be estimatedin the next step.Step 2. (estimating ρ in the W 2,1

p norm)As in Step 1, let ρ′, ρ̄ be the two funtion de�ned similarly as κ′, κ̄ respetively(see (5.146) and (5.148)). ρ′ satis�es an inequality similar to (5.147) that reads :
‖ρ′‖W 2,1

p (IT ) ≤ c(T )‖ρ0‖
W

2−2/p
p (I)

. (5.152)The term 1 has disappeared beause ρ′ = ρ = 0 on ST . We write the systemsatis�ed by ρ̄, we obtain :
{
ρ̄t = (1 + ε)ρ̄xx + ((1 + ε)ρ

′

xx − ρ
′

t) − τκx on IT

ρ̄(x, 0) = 0 on ∂pIT ,
(5.153)hene the following estimate on ρ̄, due to the speial Lp interior estimate (2.33),holds :

‖ρ̄‖W 2,1
p (IT ) ≤ c (‖ρ′t‖p,IT + ‖ρ′xx‖p,IT + ‖κx‖p,IT ) . (5.154)Again, we have plugged ε, τ and p into the onstant c, and we have assumed that

T ≤ 1. Combining (5.152) and (5.154), we get in terms of ρ :
‖ρ‖W 2,1

p (IT ) ≤ c(T )‖ρ0‖
W

2−2/p
p (I)

+ c‖κx‖p,IT . (5.155)We will use this estimate in order to have a ontrol on ‖κx‖p,IT for su�ientlysmall time.Step 3. (Estimate on a small time interval)From (5.151) and (5.155), we dedue that :
‖κx‖p,IT ≤ c(T )

(
‖κ0‖

W
2−2/p
p (I)

+ ‖ρ0‖
W

2−2/p
p (I)

+ 1
)

+ c
√
T‖κx‖p,IT . (5.156)138



5. Exponential boundsLet us remind the reader that all onstants c and c(T ) have been hanging fromline to line. In fat, the important thing is whether they depend on T or not. Let
T ∗ =

1

2c2
, c is the onstant appearing in (5.156),we dedue, from (5.156), that

‖κx‖p,IT∗ ≤ c3

(
‖κ0‖

W
2−2/p
p (I)

+ ‖ρ0‖
W

2−2/p
p (I)

+ 1
)
,where c3 = c3(T

∗) > 0 is a positive onstant whih depends on T ∗. From thespeial oupling of system (5.142), and the above estimate, we an dedue that :
‖(ρ, κ)‖W 2,1

p (IT∗ ) ≤ c4

(
‖κ0‖

W
2−2/p
p (I)

+ ‖ρ0‖
W

2−2/p
p (I)

+ 1
)
, (5.157)with c4 = c4(T

∗) > 0 also a positive onstant depending on T ∗ but independentof the initial data.Step 4. (The exponential estimate by iteration)Now we move to show the exponential bound. Set
f(t) = ‖(ρ, κ)‖W 2,1

p (I×(t,t+T ∗)), h(t) = ‖(ρx, κx)‖∞,I×(t,t+T ∗),and
g(t) = ‖κ(·, t)‖

W
2−2/p
p (I)

+ ‖ρ(·, t)‖
W

2−2/p
p (I)

. (5.158)We have proved in Step 3, estimate (5.157), that
f(0) ≤ c4[g(0) + 1],and we know, from the Lemma 2.9 �trae ofW 2,1

p funtions�, estimate (2.39), that
g(T ∗) ≤ c5f(0), c5 = c5(T

∗) > 0,hene for λ = 1 + c4c5 > 1, we get :
g(T ∗) + 1 ≤ λ[g(0) + 1].Therefore, for n ∈ N, n ≥ 1, by iteration we have :
g(nT ∗) + 1 ≤ λn[g(0) + 1],and hene
f(nT ∗) ≤ c4λ

n[g(0) + 1]. (5.159)139



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)From the Sobolev embedding in Hölder spaes, Lemma 2.8, estimate (2.35), weknow that
h(nT ∗) ≤ c6f(nT ∗), c6 = c6(T

∗) > 0. (5.160)Combining (5.159) and (5.160), we obtain
h(nT ∗) ≤ c7λ

n[g(0) + 1], c7 = c4c6. (5.161)Using the fat that
h(t) ≤ h(nT ∗) + h((n + 1)T ∗), if nT ∗ ≤ t ≤ (n + 1)T ∗,we dedue, from (5.161), that :

h(t) ≤ c8[g(0) + 1]ec9t,where
c8 = (1 + λ)c7, c9 =

µ

T ∗
with µ = log λ.Sine

‖(ρx(., t), κx(., t))‖∞,I ≤ h(t),the result easily follows. 2Remark 5.3 (Exponential bound for |ρx|(α)
I×(t,t+T ∗) and |κx|(α)

I×(t,t+T ∗))We remark that from the Sobolev embedding in Hölder spaes (see Lemma 2.8) :
W 2,1
p (IT ) →֒ C1+α, 1+α

2 (IT ), p > 3,the previous result ould be improved to an exponential bound of |ρx|(α)
I×(t,t+T ∗) and

|κx|(α)
I×(t,t+T ∗), namely :

|ρx|(α)
I×(t,t+T ∗) ≤ cect and |κx|(α)

I×(t,t+T ∗) ≤ cect, (5.162)where c > 0 is a positive onstant only depending on the initial onditions.Proposition 5.4 (Exponential bound in time for ‖ρxx(., t)‖∞,I)Under the same hypothesis of Proposition 5.1, we have
‖ρxx(., t)‖∞,I ≤ cAect, t ≥ 0, (5.163)where

A = 1 + ‖ρ0‖
W

2−2/p
p (I)

+ ‖κ0‖
W

2−2/p
p (I)

+ |ρ0|(2+α)
I ,and c > 0 is a �xed positive onstant independent of the initial data.140



5. Exponential boundsProof. Throughout the proof, we will omit, without loss of generality, the de-pendene on ‖B‖∞. The ideas of the proof are somehow ontained in the proofof the previous proposition. In fat, we will not only show the exponential boundfor the L∞ norm of ρxx, but also for the Cα norm. The proof is done in two steps.Step 1. (Estimating ρ in the C2+α, 2+α
2 norm)We start by writing down the Hölder estimate (2.27) for the seond equation of(5.142). Indeed, sine κx ∈ Cα,α/2(IT ), and sine the ompatibility onditions oforder 1 are satis�ed, we have that :

|ρ|(2+α)
IT

≤ c(T )
(
|κx|(α)

IT
+ |ρ0|(2+α)

I

)
. (5.164)We aim to ontrol |κx|(α)

IT
for an arbitrarily �xed small time. Following the samearguments of Steps 1 and 2 of Proposition 5.1, we get (for a su�iently smalltime T ) an estimate of ‖κ̄‖W 2,1

p (IT ), similar to (5.156), that reads :
‖κ̄‖W 2,1

p (IT ) ≤ c(T )
(
1 + ‖ρ0‖

W
2−2/p
p (I)

+ ‖κ0‖
W

2−2/p
p (I)

)
+ c‖κx‖p,IT , (5.165)where κ̄ is given by (5.148). Using the Sobolev embedding in Hölder spaes,namely estimates (2.35) and (2.36), together with the fat that κ̄ = 0 on theparaboli boundary ∂pIT , we get :

‖κ̄x‖∞,IT ≤ c
{
T α/2(‖κ̄t‖p,IT + ‖κ̄xx‖p,IT ) + T

α
2
−1‖κ̄‖p,IT

}
≤ cT

p−3
2p ‖κ̄‖W 2,1

p (IT ),(5.166)and
〈κ̄x〉(α)

IT
≤ c

{
‖κ̄t‖p,IT + ‖κ̄xx‖p,IT +

1

T
‖κ̄‖p,IT

}
≤ c‖κ̄‖W 2,1

p (IT ), (5.167)where p and α are always given by Remark 4.1. We notie that for the �rstequation (5.166), we have used Lemma 2.10 (the ideas are ontained in the proofof this lemma, see Appendix A), while for the seond one (5.167), we have appliedestimate (2.33) for the term ‖κ̄‖p,IT . Combining (5.166) and (5.167), we dedue(for T small enough) that :
|κ̄x|(α)

IT
≤ c‖κ̄‖W 2,1

p (IT ), c > 0 independent of T,and hene, from (5.165) and the de�nition (5.148) of κ̄, we obtain :
|κx|(α)

IT
≤ c(T )

(
1 + ‖ρ0‖

W
2−2/p
p (I)

+ ‖κ0‖
W

2−2/p
p (I)

)
+ c‖κx‖p,IT . (5.168)141



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)For the term where it interferes the κ′, we have used the following :
|κ′x|(α)

IT
≤ c(T )‖κ′‖W 2,1

p (IT ) ≤ c(T )
(
‖κ0‖

W
2−2/p
p (I)

+ 1
)
.Having in mind that the term ‖κx‖p,IT satis�es :

‖κx‖p,IT ≤ T 1/p|κx|(α)
IT
,inequality (5.168) an be written :

(
1 − cT 1/p

)
|κx|(α)

IT
≤ c(T )

(
1 + ‖ρ0‖

W
2−2/p
p (I)

+ ‖κ0‖
W

2−2/p
p (I)

)
,and hene for T ∗ small enough, namely

T ∗ =
1

2cp
,we get

|κx|(α)
IT∗

≤ c10

(
1 + ‖ρ0‖

W
2−2/p
p (I)

+ ‖κ0‖
W

2−2/p
p (I)

)
, c10 = c10(T

∗) > 0. (5.169)Plugging (5.169) into (5.164), we dedue that :
|ρ|(2+α)

IT∗
≤ c11

(
1 + ‖ρ0‖

W
2−2/p
p (I)

+ ‖κ0‖
W

2−2/p
p (I)

+ |ρ0|(2+α)
I

)
, c11 = c11(T

∗) ≥ 1.(5.170)Here we onsider c11 ≥ 1 for tehnial reasons.Step 2. (The exponential estimate by iteration)This is similar to Step 4 of Proposition 5.1. We �rst notie that the argumentspresented in that step an be adapted to get an exponential bound on the funtion
g given by (5.158). Indeed, we use (5.159) and the estimate of the traes offuntions in Sobolev spaes (see Lemma 2.9, estimate (2.39)), to dedue that, forevery t ≥ 0 :

g(t) ≤ c12[1 + g(0)]ec12t, (5.171)with c12 ≥ 1 is a �xed positive onstant independent of the initial onditions.Also here c12 ≥ 1 is taken for tehnial reasons. Let
f̄(t) = |ρ|(2+α)

I×(t,t+T ∗), T ∗ is given in Step 1.From (5.170) and (5.171), we know that
f̄(0) ≤ c11

(
1 + g(0) + |ρ0|(2+α)

I

)

≤ c11 + c11c12[1 + g(0)] + c11|ρ0|(2+α)
I .142



6. An upper bound for the W 2,1
2 norm of ρxxxIn a similar way, knowing that c11 ≥ 1 and c12 ≥ 1, we obtain :

f̄(T ∗) ≤ c11
(
1 + g(T ∗) + f̄(0)

)

≤ 2c211 + 2c211c12[1 + g(0)]ec12T
∗

+ c211|ρ0|(2+α)
I ,and hene, by iteration, we get for every n ∈ N :

f̄(nT ∗) ≤ (n+ 1)cn+1
11 + (n + 1)cn+1

11 c12[1 + g(0)]enc12T
∗

+ cn+1
11 |ρ0|(2+α)

I .From this inequality, and the fat that for nT ∗ ≤ t ≤ (n + 1)T ∗, we have f̄(t) ≤
f̄(nT ∗) + f̄((n + 1)T ∗), we easily arrive to the result (see the onlusion of Step4 of Proposition 5.1). 2Remark 5.5 (Exponential bound for |ρ|(2+α)

I×(t,t+T ∗))Proposition 5.4, as it appears in the proof, gives an exponential bound, not onlyfor ‖ρ(., t)‖∞,I, but also for |ρ|(2+α)
I×(t,t+T ∗).6 An upper bound for the W 2,1

2 norm of ρxxxThis setion is devoted to give a suitable upper bound for the W 2,1
2 norm of

ρxxx. This result will be a onsequene of the ontrol of the W 2,1
2 norm of κt and

κxx. The goal is to use this upper bound in the Kozono-Taniuhi inequality (seeinequality (2.49) of Theorem 2.16) in order to ontrol the L∞ norm of ρxxx. Letus onsider the following hypothesis.(H1). The term T is a �xed time that satis�es :
0 < T1 ≤ T , (6.172)where T1 is an arbitrarily small �xed number.(H2). The funtion κx satis�es :

κx(x, t) ≥ γ(t) > 0, t ∈ [0, T ], (6.173)where γ(t) is a positive dereasing funtion with γ(0) < 1.Let
D = IT , (6.174)we start with the �rst lemma. 143



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Lemma 6.1 (W 2,1
2 bound for κt and κxx)Under hypothesis (H1)-(H2), and under the same hypothesis of Proposition 5.1,we have :

‖κt, κxx‖W 2,1
2 (D) ≤

E

γ4
,where

γ := γ(T ),and
E = dedT ,where d ≥ 1 is a positive onstant depending on the initial onditions but inde-pendent of T , and will be given at the end of the proof.Remark 6.2 (The onstant E depending on time)Let us stress on the fat that, throughout the proof, the term E = dedT of Lemma6.1 might vary from line to line. In other words, the term d in the expressionof E might ertainly vary from line to line, but always satisfying the fat of justbeing dependent on the initial data of the problem. The di�erent E's appearing indi�erent estimates an be made the same by simply taking the maximum betweenthem. Therefore they will all be denoted by the same letter E.Proof. De�ne the funtions u and v by :

u(x, t) = ρt(x, t) and v(x, t) = κt(x, t).We write down the equations satis�ed by u and v respetively :




ut = (1 + ε)uxx − τvx on D,
u|ST = 0,

u|t=0 = u0 := (1 + ε)ρ0
xx − τκ0

x on I,

(6.175)and with B = ρx
κx

:




vt = εvxx +
ρxx
κx

ux +Buxx −B
ρxx
κx
vx − τux on D,

v|ST = 0,

v|t=0 = v0 := εκ0
xx +

ρ0
xρ

0
xx

κ0
x

− τρ0
x on I.

(6.176)The proof ould be divided into three steps. As a �rst step, we will estimate the
L∞(D) norm of the term vx = κtx. In the seond step, we will ontrol theW 2,1

2 (D)norm of v = κt. Finally, in the third step, we will show how to dedue a similar144



6. An upper bound for the W 2,1
2 norm of ρxxxontrol on the W 2,1

2 (D) norm of κxx.Step 1. (Estimating ‖vx‖∞,D)Sine vx = κtx, it is worth realling the equation satis�ed by κ :
κt = εκxx +

ρxρxx
κx

− τρx. (6.177)In Step 3 of Proposition 4.6, we have shown that κ ∈ C3+α, 3+α
2 . Therefore, writingthe paraboli Hölder estimate (see (2.27)), we obtain :

‖κtx‖∞,D ≤ |κ|(3+α)
D ≤ cH

(
1 +

∣∣∣∣
ρxρxx
κx

∣∣∣∣
(1+α)

D

+ |ρx|(1+α)
D

)
, (6.178)where the term 1 omes from the boundary onditions, and cH > 0 is the positiveonstant given by (2.28) that an be estimated as cH ≤ E. We use the elementaryidentity

|fg|(1+α)
D ≤ ‖f‖∞,D|g|(1+α)

D + ‖g‖∞,D|f |(1+α)
D + ‖fx‖∞,D|g|(α)

D + ‖gx‖∞,D|f |(α)
D ,to the term ∣∣∣ρxρxxκx

∣∣∣
(1+α)

D
with f = ρx

κx
and g = ρxx, we get :

∣∣∣∣
ρxρxx
κx

∣∣∣∣
(1+α)

D

≤ 3|ρ|(3+α)
D + ‖ρxx‖∞,D

〈
ρx
κx

〉(1+α)

D

+ ‖ρxxx‖∞,D

〈
ρx
κx

〉(α)

D

+
2|ρ|(2+α)

D

γ
(‖ρxx‖∞,D + ‖κxx‖∞,D), (6.179)where we have used the fat that κx ≥ γ and κx ≥ |ρx|. We plug (6.179) in(6.178), we obtain :

‖κtx‖∞,D ≤ E

(
1 + |ρ|(3+α)

D +

〈
ρx
κx

〉(1+α)

D

+ |ρ|(3+α)
D

〈
ρx
κx

〉(α)

D

+
1

γ

(
1 + |κ|(2+α)

D

))
,(6.180)where we have used used the fat that the term |ρ|(2+α)

D has an exponential bound(see Remark 5.5) of the form |ρ|(2+α)
D ≤ E. It is worth notiing that the term Eappearing in (6.180) is the maximum between di�erent E's that might exist asdi�erent bounds. This will be frequently used for the sake of simpliity.Step 1.1. (Estimating〈 ρx

κx

〉(1+α)

D

)

145



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)From the de�nition of the Hölder norm (see (2.20) and the notation therein), wesee that in order to ontrol 〈 ρx
κx

〉(1+α)

D
, it su�es to ontrol the three quantities :

〈
ρx
κx

〉( 1+α
2 )

t,D

,

〈(
ρx
κx

)

x

〉(α)

x,D

, and 〈(
ρx
κx

)

x

〉(α2 )

t,D

.We use the the following identity :
〈
f

g

〉(α)

t,D

≤
∥∥∥∥
f

g

∥∥∥∥
∞,D

∥∥∥∥
1

g

∥∥∥∥
∞,D

〈g〉(α)
t,D +

∥∥∥∥
1

g

∥∥∥∥
∞,D

〈f〉(α)
t,D ,with f = ρx and g = κx, we get

〈
ρx
κx

〉( 1+α
2 )

t,D

≤ 1

γ

(
〈ρx〉(

1+α
2 )

t,D + 〈κx〉(
1+α

2 )
t,D

)
. (6.181)Similarly, we obtain :

〈
ρxx
κx

〉(α)

x,D

≤ ‖ρxx‖∞,D

γ2
〈κx〉(α)

x,D +
〈ρxx〉(α)

x,D

γ
. (6.182)We also use the inequality :

〈fg〉(α)
x,D ≤ ‖f‖∞,D〈g〉(α)

x,D + ‖g‖∞,D〈f〉(α)
x,D,with f = κxx

κx
and g = ρx

κx
, we get :

〈
κxxρx
κ2
x

〉(α)

x,D

≤
〈κxx〉(α)

x,D

γ
+

‖κxx‖∞,D

γ2
〈ρx〉(α)

x,D +
‖κxx‖∞,D

γ2
〈κx〉(α)

x,D. (6.183)Similarly, we get
〈
ρxx
κx

〉(α2 )

t,D

≤ ‖ρxx‖∞,D

γ2
〈κx〉(

α
2 )

t,D +
〈ρxx〉(

α
2 )

t,D

γ
, (6.184)and

〈
κxxρx
κ2
x

〉(α2 )

t,D

≤
〈κxx〉(

α
2 )

t,D

γ
+

‖κxx‖∞,D

γ2
〈ρx〉(

α
2 )

t,D +
‖κxx‖∞,D

γ2
〈κx〉(

α
2 )

t,D . (6.185)Colleting the above inequalities (6.181), (6.182), (6.183), (6.184), and (6.185)yield : 〈
ρx
κx

〉(1+α)

D

≤ E

γ2

(
1 + |κ|(2+α)

D + ‖κxx‖∞,D〈κx〉(α)
D

)
, (6.186)146



6. An upper bound for the W 2,1
2 norm of ρxxxwhere we have used the fat that 1 ≤ E

γ
, γ ≤ 1 and |ρ|(2+α)

D ≤ E (see Remark 5.5).Step 1.2. (Estimating |ρ|(3+α)
D and |κ|(2+α)

D

)We reall the equation satis�ed by ρ :
ρt = (1 + ε)ρxx − τκx. (6.187)As for the term κ at the beginning of this Step 1, we have the following estimatefor ρ :

|ρ|(3+α)
D ≤ E

(
1 + |κ|(2+α)

D

)
. (6.188)Having a seond look at the equation (6.177) of κ, we an use again the paraboliHölder estimate but for a lower order. In fat, we have :

|κ|(2+α)
D ≤ E

(
1 +

∣∣∣∣
ρxρxx
κx

∣∣∣∣
(α)

D

+ |ρx|(α)
D

)
.Similar omputations to those in Step 1.1 yield :

|κ|(2+α)
D ≤ E

γ

(
1 + |κx|(α)

D

)
, (6.189)and hene from (6.188), we also get a similar estimate for |ρ|(3+α)

D :
|ρ|(3+α)

D ≤ E

γ

(
1 + |κx|(α)

D

)
. (6.190)Step 1.3. (The estimate for ‖κtx‖∞,D)By ombining (6.180), (6.186), (6.189) , (6.190), and by using the fat that |κx|(α)

Dhas an exponential estimate (see estimate (5.162) of Remark 5.3), we dedue that :
‖κtx‖∞,D ≤ E

γ3
, (6.191)where we have frequently used that γ ≤ 1, and we have always taken the maxi-mum of all the exponential bounds of the E = dedT form.Step 2. (Estimating ‖v‖W 2,1

2 (D))We turn our attention to the equation (6.175) satis�ed by u. We will show thatwe are in the good framework for applying the L2 theory of paraboli equations.In fat, note �rst that u = ρt ∈ C(D̄), and hene the ompatibility ondition of147



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)order 0 is satis�ed. Moreover, sine vx = κtx ∈ C(D̄) then vx ∈ L2(D). Finally,the initial data satis�es u0 ∈ C1+α(Ī), hene u0 ∈ W 1
2 (I). The above argumentsshow that the L2 theory for paraboli equations (see Theorem 2.3) an be appliedto the funtion u, therefore we get :

u ∈W 2,1
2 (D) =⇒ ρt, ρtt, ρtx, ρtxx ∈ L2(D),with the following estimate :
‖u‖W 2,1

2 (D) ≤ E(1 + ‖vx‖2,D). (6.192)Here the term E of the previous inequality hides in it all the onstant c of theSobolev estimate (see (2.32) and (2.33)), where this onstant c behaves like T or√
T . Also the term 1 in (6.192) omes from the initial data. Sine vx = κtx, weplug the estimate (6.191) obtained in Step 1.3 into (6.192), we get

‖u‖W 2,1
2 (D) ≤ E

(
1 +

√
T
E

γ3

)
.Using some elementary identities, we �nally obtain :

‖u‖W 2,1
2 (D) ≤

E

γ3
. (6.193)Let us remind the reader that the term E is hanging from line to line. We nowonsider equation (6.176) satis�ed by v. In fat, for the same reasons as abovewith the new fat that u ∈W 2,1

2 (D), we an easily dedue that we are in the goodframework for the L2 theory applied to v. Indeed, we have :
v ∈W 2,1

2 (D) =⇒ κt, κtt, κtx, κtxx ∈ L2(D),with the following estimate :
‖v‖W 2,1

2 (D) ≤ E

(
1 +

∥∥∥ρxxκx
∥∥∥
∞,D

‖ux‖2,D + ‖B‖∞,D‖uxx‖2,D

+‖B‖∞,D

∥∥∥ρxxκx
∥∥∥
∞,D

‖vx‖2,D + ‖ux‖2,D

)
, (6.194)hene from (6.191), (6.193), and some repeated omputations, we dedue from(6.194) that :

‖κt‖W 2,1
2 (D) ≤

E

γ4
. (6.195)As a byprodut of this last inequality, we an also get, using the Sobolev embed-ding Lemma (see Lemma 2.8-(ii)), that :

‖κt‖∞,D ≤ E

γ4
.148



6. An upper bound for the W 2,1
2 norm of ρxxxRemark that we an even get a better ontrol by simply integrating (6.191) withrespet to x, hene we obtain :

‖κt‖∞,D ≤ E

γ3
. (6.196)Step 3. (Estimating ‖κxx‖W 2,1

2 (D))The estimate of ‖κxx‖W 2,1
2 (D) requires a speial attention. We will mainly use theequations (6.187) and (6.177) satis�ed by ρ and κ respetively. The four parts

‖κxx‖2,D, ‖κxxt‖2,D, ‖κxxx‖2,D and ‖κxxxx‖2,D of the above norm will be estimatedseparately.Step 3.1. (Estimate of ‖κxx‖2,D)This an be easily dedued from the equation (6.177) of κ. Indeed, this equationgives :
‖κxx‖2,D ≤ E

(
‖κt‖2,D +

√
T‖ρxx‖∞,D +

√
T‖ρx‖∞,D

)
,

≤ E

γ3
, (6.197)where for the last line, we have used estimate (6.196), and the exponential boundson ‖ρx‖∞,D and ‖ρxx‖∞,D. Indeed, by the same way, we an even get, from the

L∞ bound (6.196) on κt, that
‖κxx‖∞,D ≤ E

γ3
. (6.198)Step 3.2. (Estimate of ‖κxxt‖2,D)As an immediate onsequene of (6.195), we get

‖κxxt‖2,D ≤ E

γ4
.Step 3.3. (Estimate of ‖κxxx‖2,D)Using (6.190), we dedue that

‖ρxxx‖∞,D ≤ E

γ

(
1 + |κx|(α)

D

)
, 149



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)therefore, the fat that |κx|(α)
D ≤ E (see Remark 5.3) gives :

‖ρxxx‖2,D ≤ E

γ
, (6.199)and hene (6.189) implies that :

‖κxx‖∞,D ≤ E

γ
.This will be used in estimating ‖κxxt‖2,D. In fat, we derive the equation (6.177)satis�ed by κ, with respet to x, we obtain :

κtx = εκxxx +
ρ2
xx

κx
+
ρxρxxx
κx

− ρxκxxρxx
κ2
x

− τρxx, (6.200)and hene, using (6.199), we get :
‖κxxx‖2,D ≤ E

γ3
. (6.201)Step 3.4. (Estimate of ‖κxxxx‖2,D)We �rst derive (6.187) two times in x, we dedue (using (6.193)) that ‖ρxxxx‖2,Dhas the same upper bound as ‖κxxx‖2,D, i.e.

‖ρxxxx‖2,D ≤ E

γ3
. (6.202)We derive the equation (6.200) one more with respet to x :

κtxx = εκxxxx +
2ρxxρxxx

κx
− κxxρ

2
xx

κ2
x

+
ρxρxxxx
κx

− ρxρxxxκxx
κ2
x

− ρ2
xxκxx
κ2
x

− ρxρxxκxxx
κ2
x

− ρxκxxρxxx
κ2
x

+
2κ2

xxρxρxx
κ3
x

− τρxxx,and we use (6.202) and our ontrols obtained in the previous steps, in order todedue that :
‖κxxxx‖2,D ≤ E

γ4
. (6.203)In fat, the highest power omes from estimating the following term :

∥∥∥∥
κ2
xxρxρxx
κ3
x

∥∥∥∥
2,D

≤
∥∥∥∥
κ2
xxρxx
κ2
x

∥∥∥∥
∞,D

√
T ≤ E

(
1

γ

)2(
1

γ2

)
=
E

γ4
,150



6. An upper bound for the W 2,1
2 norm of ρxxxwhere we have used the L∞ estimate of ‖κxx‖∞,D. All other estimates are ea-sily dedued. Let us just state how to estimate the other term were ‖κxx‖∞,Dinterferes. In fat, we have :

∥∥∥∥
ρxρxxxκxx

κ2
x

∥∥∥∥
2,D

≤
∥∥∥∥
κxx
κx

∥∥∥∥
∞,D

‖ρxxx‖2,D ≤ E

(
1

γ

)(
1

γ

)(
1

γ

)
.Step 3.4. (Conlusion)From the above estimates (6.197), (6.201) and (6.203), we �nally dedue that :

‖κxx‖W 2,1
2 (D) ≤

E

γ4
. (6.204)This terminates the proof. 2We move now to the main result of this setion.Lemma 6.3 (W 2,1

2 bound for ρxxx )Under the same hypothesis of Lemma 6.1, we have :
‖ρxxx‖W 2,1

2 (D) ≤
E

γ4
.Proof. From Step 3 of Proposition 4.6, we know that

(ρ, κ) ∈ C∞(Ī × [δ, T ]), ∀ 0 < δ < T .Therefore, we do the following omputations over D̄ \ (Ī × {t = 0}). Indeed, wederive twie the equation of ρ with respet to x, we get
ρxxt = (1 + ε)ρxxxx − τκxxx,where on ST , we have :

(1 + ε)ρxx = τκx =⇒ ρxxt =
τκxt
1 + ε

.Combining the above two equations, we obtain :
ρxxxx = ∂x

(
τ

(1 + ε)2
κt +

τ

1 + ε
κxx

) on ST . (6.205)Set
κ̄ =

τ

(1 + ε)2
κt +

τ

1 + ε
κxx and w = ρxxx 151



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)and
w̄ = w − κ̄.We write down, after doing some omputations, the equation satis�ed by w̄ :






w̄t = (1 + ε)w̄xx −
τ

(1 + ε)2
κtt on D

w̄x|ST = 0 on ST

w̄|t=0 := w̄0 = ρ0
xxx −

τ(1 + 2ε)

(1 + ε)2
κ0
xx −

τ

(1 + ε)2

ρ0
xρ

0
xx

κ0
x

+
τ 2

(1 + ε)2
ρ0
x.

(6.206)Let us show that the framework of the L2 theory for paraboli equations withNeumann boundary onditions (see Theorem 2.3 and Remark 2.4 that follows)is well satis�ed. First, from Step 2 of Lemma 6.1, we know that κtt ∈ L2(D).Moreover, sine we have supposed (ρ0, κ0) ∈ (C∞(Ī))2, then we eventually have
w̄0 ∈W 1

2 (I). We note that the ompatibility onditions are not neessary in thisase beause the singular index in the Neumann framework is 3 (see Remark2.4). These arguments permit to use the L2 theory of paraboli equations withNeumann boundary onditions, hene we get :
w̄ ∈W 2,1

2 (D),and
‖w̄‖W 2,1

2 (D) ≤ E(1 + ‖κtt‖2,D). (6.207)Sine w̄ = w − κ̄, we dedue, from (6.207), that :
‖ρxxx‖W 2,1

2 (D) ≤ E
(
1 + ‖κtt‖2,D + ‖κt‖W 2,1

2 (D) + ‖κxx‖W 2,1
2 (D)

)
, (6.208)and eventually (6.208) with Lemma 6.1 gives immediately the result. 27 An upper bound for the BMO norm of ρxxxThis setion is devoted to give a suitable upper bound for the BMO normof ρxxx. This result will be a onsequene of the ontrol of the BMO norm of asuitable extension of κxx. As in the previous setion, the goal is to use this upperbound in the Kozono-Taniuhi inequality (see inequality (2.49) of Theorem 2.16)in order to ontrol the L∞ norm of ρxxx. We �rst give some useful de�nitions.De�nition 7.1 (The �symmetri and periodi� extension of a funtion)Let f ∈ C(IT ) be a ontinuous funtion, we de�ne f sym as the funtion onstru-ted out of f , �rst by symmetry with respet to the line x = 0 over the interval

(−1, 0), i.e.
f(−x, t) = f(x, t),152



7. An upper bound for the BMO norm of ρxxxand then by spatial periodiity with
f(x+ 2, t) = f(x, t).De�nition 7.2 (The �antisymmetri and periodi� extension of a fun-tion)Let f ∈ C(IT ) be a ontinuous funtion, we de�ne the funtion fasym over

R × (0, T ), �rst by the antisymmetry of f with respet to the line x = 0 overthe interval (−1, 0), i.e.
f(−x, t) = −f(x, t),and then by spatial periodiity with
f(x+ 2, t) = f(x, t).We start with the following lemma that re�ets a useful relation between the

BMO norm of f sym and fasym.Lemma 7.3 (A relation between f sym and fasym)Let f ∈ C(IT ), then :
‖f sym‖BMO(R×(0,T )) ≤ c

(
‖fasym‖BMO(R×(0,T )) +m2I×(0,T ) (|f sym|)

)
.The proof of this lemma will be presented in Appendix B. The next lemma givesa ontrol of the BMO norm of (κxx)

asym.Lemma 7.4 (BMO bound for (κxx)
asym)Under hypothesis (H1), and under the same hypothesis of Proposition 5.1, wehave :

‖(κxx)asym‖BMO(R×(0,T )) ≤ cecT , (7.209)where c > 0 is a onstant depending on the initial onditions (but independent of
T ). The funtion (κxx)

asym is given via De�nition 7.2.Proof. Let κ̄(x, t) = κ(x, t) − κ0(x). We notie that κ̄|ST = 0, therefore κ̄asymsatis�es :




κ̄asymt = εκ̄asymxx +

(ρx)
asymρasymxx

(κx)asym
− τ(ρx)

asym + ε(κ0
xx)

asym on R × (0, T )

κ̄asym(x, 0) = 0. (7.210)where, from Propositions 5.1 and 5.4, and the fat that
∥∥∥∥

(ρx)
asym

(κx)asym

∥∥∥∥
∞,R×(0,T )

< 1, 153



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)we have :
∥∥∥∥

(ρx)
asymρasymxx

(κx)asym
− τ(ρx)

asym + ε(κ0
xx)

asym

∥∥∥∥
∞,R×(0,T )

≤ cecT , (7.211)
c > 0 is a onstant depending on the initial onditions. From (7.211), we usethe BMO theory for paraboli equations (Theorem 2.13), partiularly (2.46), todedue that :

‖κ̄asymxx ‖BMO(R×(0,T )) ≤ cecT ,and hene the result follows. 2We now present the prinipal result of this setion.Lemma 7.5 (BMO bound for ρxxx)Under hypothesis (H1)-(H2), and under the same hypothesis of Proposition 5.1,we have :
‖ρxxx‖BMO(D) ≤ E, (7.212)where E is the same as in Remark 6.2.Proof. The proof is based on the following simple observation on the boundary

ST . In fat, reall that the Hölder regularity C3+α, 3+α
2 , up to the boundary, forthe solution (ρ, κ) permits using to onlude that :

{
(1 + ε)ρxx = τκx on ST

(1 + ε)κxx = τρx on ST .hene a simple omputation yields that :
ρxx = ∂x

(
τκ

1 + ε

)
. (7.213)Let

κ̄ =
τκ

1 + ε
,we write down the equation satis�ed by κ̄ :






κ̄t = εκ̄xx +
τ

1 + ε

ρxρxx
κx

− τ 2

1 + ε
ρx on D

κ̄|t=0 := κ̄0 =
τκ0

1 + ε
on I

κ̄|ST =
τκ

1 + ε

∣∣∣
ST

κ̄x|ST = ρxx.

(7.214)
154



7. An upper bound for the BMO norm of ρxxxLet
v = ρx,we also write the equation satis�ed by v :





vt = (1 + ε)vxx − τκxx on D
v|t=0 = v0 := ρ0

x on I

v|ST = ρx

vx|ST = ρxx.

(7.215)Take
v̄ = v − κ̄,the equation satis�ed by v̄ reads :





v̄t = (1 + ε)v̄xx −
ετ

1 + ε
κxx −

τ

1 + ε

ρxρxx
κx

+
τ 2

1 + ε
ρx on D

v̄|t=0 = v̄0 := ρ0
x −

τ

1 + ε
κ0 on I

v̄x|ST = 0.

(7.216)We an assume, without loss of generality, that the initial ondition v̄0 = 0. Thisis beause being non-zero just adds a onstant depending on the initial onditionsin the �nal estimate that we are looking for. From the fat that v̄x|ST = 0, wean easily dedue that the funtion v̄sym satis�es :




v̄symt = (1 + ε)v̄symxx +

g︷ ︸︸ ︷
τ 2

1 + ε
(ρx)

sym − τ

1 + ε

(ρx)
sym(ρxx)

sym

(κx)sym
− ετ

1 + ε
(κxx)

symon R × (0, T )

v̄sym(x, 0) = 0 on R,therefore, using the BMO estimate (2.46) for paraboli equations, to the funtion
v̄, one gets :

‖v̄symxx ‖BMO(R×(0,T )) ≤ c
[
‖g‖BMO(R×(0,T )) +m2I×(0,T )(|g|)

]
. (7.217)From Propositions 5.1, 5.4, we dedue that

‖g‖BMO(R×(0,T )) ≤ E + ‖(κxx)sym‖BMO(R×(0,T )), (7.218)and
m2I×(0,T )(|g|) ≤ E +m2I×(0,T )(|(κxx)sym|). (7.219)155



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Reall the de�nition of the term E from Remark 6.2. At this stage, we write thefollowing estimate :
‖(κxx)sym‖BMO(R×(0,T )) ≤ c

[
‖(κxx)asym‖BMO(R×(0,T )) +m2I×(0,T )(|(κxx)sym|)

]
,(7.220)whih an be dedued using Lemma 7.3. The onstant c > 0 appearing in (7.220)is independent of T . Finally, we dedue that :

‖v̄symxx ‖BMO(R×(0,T )) ≤ c
[
E + ‖(κxx)asym‖BMO(R×(0,T )) +m2I×(0,T )(|(κxx)sym|)

]

≤ c
[
E +m2I×(0,T )(|(κxx)sym|)

]

≤ c
[
E + (1/T )‖κxx‖1,D

]

≤ c
[
E + T

−1/p‖κxx‖p,D
]
,where we have used (7.217), (7.218), (7.219) and (7.220) for the �rst line, andLemma 7.4 for the seond line. For the last line, we have used that p > 3. From(H1) and (5.157), we know that :

T
−1/p‖κxx‖p,D ≤ T

−1/p
1 E.From the above two inequalities, and sine v̄xx = ρxxx − τκxx

1+ε
, we easily arrive toour result. 28 L∞ bound for ρxxx and revisited resultsIn this setion, we use the results of setions 5, 6 and 7, in order to give an L∞bound for ρxxx via the Kozono-Taniuhi inequality. The next step is to improvesome previously obtained results.Proposition 8.1 (L∞ bound for ρxxx)Under hypothesis (H1)-(H2), and under the same hypothesis of Proposition 5.1,we have :

‖ρxxx‖∞,D ≤ E

(
1 + log+ E

γ4

)
. (8.221)Proof. Applying estimate (2.49) to the funtion ρxxx over D, we get :

‖ρxxx‖∞,D ≤ c‖ρxxx‖BMO(D)

(
1 + log+ ‖ρxxx‖W 2,1

2 (D) + log+ ‖ρxxx‖BMO(D)

)
,(8.222)where we remind the reader that

‖ρxxx‖BMO(D) = ‖ρxxx‖BMO(D) + ‖ρxxx‖1,D.156



8. L∞ bound for ρxxx and revisited resultsUsing (8.222) together with Lemmas 7.5 and 6.3, lead to the result. The onlyterm left to ontrol is ‖ρxxx‖1,D. In fat, we know that :
‖ρxxx‖1,D ≤ T

1− 1
p‖ρxxx‖p,D, (8.223)and sine, by repeating the same arguments of the proof of Lemma 7.5, and ofLemma 2.7 (see Appendix A), using the Lp estimates for paraboli equationsinstead of the BMO ones, we an onlude that :

‖ρxxx‖p,D ≤ c(1 + ‖κxx‖p,D),where from (5.157), we �nally get :
‖ρxxx‖p,D ≤ cecT .This inequality together with (8.223) terminates the proof. 2Remark 8.2 (Improving the omparison priniple)The L∞ bound on ρxxx given by Proposition 8.1 shows that we an improve ourhoie of the funtion γ of Proposition 3.1. Although the funtion γ was essen-tially used, on one hand, to ensure the positivity of κx for all time t ≥ 0, andon the other hand, for the boundedness of the ratio ρx

κx
, it was insu�ient forshowing the long time existene of (ρ, κ) given by Propositions 4.2 and 4.6 ; thislies from the fat that γ strongly depends, and in a dangerous way, on ρxxx (seeinequality (3.80)). The remedy of this inonveniene is to revisit the omparisonpriniple �Proposition 3.1� with the new information given by Proposition 8.1,namely estimate (8.221).Now, we show that we an even improve estimate (8.221) by eliminating therestritive hypothesis (H1) and hanging somehow the onstant E appearing in(8.221). To be more preise, we write down our next orollary.Corollary 8.3 (Proposition 8.1, revisited)Under hypothesis (H2), and under the same hypothesis of Proposition 5.1. Let

T > 0,be any �xed time. Then we have :
‖ρxxx‖∞,IT ≤ E

(
1 + log+ E

γ4

)
. (8.224)157



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Proof. We know, from Propositions 4.2, 4.6, used for T0 = 0, that there existssome small δ1 > 0 only depending on the initial onditions, with :
‖ρxxx‖∞,Iδ1

≤ c13, (8.225)where c13 > 0 is a onstant only depending on the initial onditions. We nowapply Proposition 8.1 with
T1 := δ1,we get

‖ρxxx‖∞,IT ≤ E

(
1 + log+ E

γ4

) if T ≥ δ1, (8.226)where it is important to indiate that the term E = E(δ1) appearing in (8.226)depends on T1 = δ1 (see for instane the end of the proof of Lemma 7.5). Com-bining (8.225) and (8.226), we dedue that ∀T > 0 :
‖ρxxx‖∞,IT ≤ c13 + E

(
1 + log+ E

γ4

)
,and hene the result follows. 2The following proposition re�ets how to improve Proposition 3.1.Proposition 8.4 (The omparison priniple, revisited)Under the same hypothesis of Corollary 8.3, and under the ondition (3.51), wehave :

κx(x, t) ≥
√
γ2(t) + ρ2

x(x, t), ∀t ≥ 0 (8.227)where γ > 0 is a positive dereasing funtion depending on the initial onditions,and will be given in the proof.Proof. In Proposition 3.1, we have that c̃ (reall (3.50)) is a bound on ‖ρxxx‖∞,IT .From the a priori estimate (8.224) we an hoose
c̃ = E(T )

(
1 + log+ E(T )

γ4(T )

)
, (8.228)for any T > 0. We assume that γ(t) is a ontinuous dereasing funtion, and thatthe solution (ρ, κ) satis�es :

κx(x, t) ≥ γ(t) > 0, t ∈ [0, T ].Therefore, from the proof of Proposition 3.1, we have that
m = inf

x∈I

(
cosh(βx)

(
κx −

√
γ2 + ρ2

x

))
,158



8. L∞ bound for ρxxx and revisited resultssatis�es (3.76) on (0, T ). Here β satis�es (3.65) with I = (−1, 1). Therefore, using(8.228), we obtain
mt ≥ −



E(T )

(
1 + log+ E(T )

γ4(T )

)

√
γ2 + ρ2

x

+ c1


m− c2γ

2

√
γ2 + ρ2

x

− γγ
′

√
γ2 + ρ2

x

, t ∈ (0, T ),(8.229)with c1 = β2

4
+ τ2

8ε
+ εβ2, and c2 = τ2 coshβ

4ε
. Sine (8.229) is true for any T > 0, wededue that :

mt(t) ≥ −



E(t)

(
1 + log+ E(t)

γ4(t)

)

√
γ2(t) + ρ2

x(x0(t), t)
+ c1


m(t) − c2γ

2(t)√
γ2(t) + ρ2

x(x0(t), t)

− γ(t)γ
′
(t)√

γ2(t) + ρ2
x(x0(t), t)

, t ∈ (0, T ), (8.230)(reall the de�nition of x0 by (3.77)). Following the same reasoning of the proofof Proposition 3.1, in partiular Step 5, Case A, we know that, as long as m = γ2is a solution of (8.230) with γ ∈ C1, γ′
< 0 (whih is not the ase in general), wehave (see (3.80)) :

γ
′

(t) ≥ −
(
c∗ + E(t)

(
1 + log+ E(t)

γ4(t)

))
γ(t), c∗ given by (3.79), t ∈ (0, T ).(8.231)Inequality (8.231) gives inspiration to the hoie of γ as a solution of the followingODE :





γ

′

(t) = −
(
c∗ + E(t)

(
1 + log+ E(t)

γ4(t)

))
γ(t), t ∈ (0, T )

γ(0) = α2,

(8.232)where α2 is given by (3.83). It is easy to hek that γ2 is a subsolution of (8.230),hene
m ≥ γ2 > 0,with

m(t) = inf
x∈I

(
cosh(βx)

(
κx(x, t) −

√
γ2(t) + ρ2

x(x, t)

))
.As a summary we an write, as long as

m > 0 on [0, T ], (8.233)we have
m ≥ γ2 on [0, T ]. (8.234)159



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Finally, from (8.233), (8.234) and the short-time existene result, we easily deduethat m > 0 for all time and
κx(x, t) ≥

√
γ2(t) + ρ2

x(x, t),then the result follows. 2In fat, Proposition 8.4, an be used to improve our L∞ exponential boundsfound in Propositions 5.1 and 5.4. This will be the result of the next proposition.Proposition 8.5 Under the same hypothesis of Proposition 8.4. Let α2 given by(3.83) satis�es :
0 < α2 < 1,then the solution (ρ, κ) ∈ C3+α, 3+α

2 (IT ), ∀T > 0, satis�es :
κx(., t) ≥ e−e

eb(t+1)

, ∀t ≥ 0, (8.235)
|ρ(., t)|(3+α)

I ≤ ee
eb(t+1)

, ∀t ≥ 0, (8.236)and
|κ(., t)|(3+α)

I ≤ ee
eb(t+1)

, ∀t ≥ 0. (8.237)Here b > 0 is a positive onstant depending on the initial onditions and the �xedterms of the problem, but independent of time.Proof. The proof of this proposition ould be divided into three steps.Step 1. (Minoration of γ by γ)From the ODE (8.232) satis�ed by γ, and after doing some omputations usingthe fat that E(t) = dedt is an inreasing funtion over (0, T ), we get ∀t ∈ (0, T ) :
γ

′

(t) = −
[
c∗ + E(t)

(
1 + log+ E(t)

γ4(t)

)]
γ(t)

≥ −
[
c∗ + E(T )

(
1 + | log d| + E(T ) + 4| log γ(t)|

)]
γ(t)

≥ −dedT
(
1 + | log γ(t)|

)
γ(t),where

d = max(4a, 2d), and a = max
(
c∗, 4d, d| log d|, d2

)
.Let

E(t) = dedt.160



9. Long time existene and uniquenessDe�ne γ as the solution of the following ODE :




γ

′

(t) = −E(T )
(
1 + | log γ(t)|

)
γ(t), t ∈ (0, T )

γ(0) = α2.
(8.238)From (8.238) and the above inequalities, we dedue that

γ(t) ≥ γ(t), ∀t ∈ (0, T ).Step 2. (Expliit minoration of γ)It is lear that the dereasing funtion
γ
T
(t) = e1−(1−log α2)e(E(T ))t

< 1 (8.239)is the solution of (8.238), and hene
γ(t) ≥ e1−(1−log α2)e(E(T ))t

, t ∈ (0, T ),then we get (by the ontinuity of γ at t = T ) :
γ(t) ≥ e1−(1−log α2)edte

dt

≥ e−e
eb(t+1)

, ∀t ≥ 0, (8.240)for some onstant b > 0 depending on the initial onditions and some other �xedterms, but independent of t. Inequality (8.235) diretly follows from (8.227) and(8.240).Step 3. (Estimate of |κ|(3+α)
IT

, |ρ|(3+α)
IT

and onlusion)From the proof of Lemma 6.1, we an easily dedue that the estimate of ‖κtx‖∞,D(see (6.191)) is also true replaing ‖κtx‖∞,D by |κ|(3+α)
D . Therefore, from (6.190),(6.191) and (8.240), we dedue the result. 29 Long time existene and uniquenessNow we are ready to show the main result of this paper, namely Theorem 1.1.Proof of Theorem 1.1. De�ne the set B by :

B =

{
T > 0; ∃ ! solution (ρ, κ) ∈ C3+α, 3+α

2 (IT ) of
(1.1), (1.2) and (1.3), satisfying (1.11)

}
. (9.241)161



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)The proof ould be divided into two steps.Step 1. (B is a non-empty set)The inequality (1.8) ensures the existene of γ(0) = α2 > 0 given by (3.73), suhthat
κ0
x ≥ γ(0) on Ī , (9.242)whih together with (1.6) permits to apply the short-time existene result (Pro-position 4.2). Hene there is some T1 > 0 and a unique solution (ρ, κ) ∈W 2,1

p (IT1),of (1.1), (1.2) and (1.3), with
κx ≥

γ(0)

2
> 0 on IT1 . (9.243)From the boundary onditions of the initial data (1.7), we dedue, using Propo-sition 4.6, that this solution from W 2,1

p (IT1) is in fat C3+α, 3+α
2 (IT1) and therefore

|ρxxx| ≤ c̃1 on IT1 , (9.244)for some c̃1 > 0. From (9.243), (9.244) and (1.8), we an use Proposition 3.1where it follows that ∣∣∣∣
ρx
κx

∣∣∣∣ < 1. (9.245)The above identities (9.243) and (9.245) show that
T1 ∈ B,and hene
B 6= ∅.Set

T∞ = supB,our next step is to prove that T∞ = ∞.Step 2. (T∞ = ∞)We will argue by ontradition. Suppose T1 ≤ T∞ <∞. In this ase, let δ > 0 bean arbitrary small positive onstant, then there exist some T ∈ B suh that
T∞ − δ < T < T∞.Sine T ∈ B, we reall from (8.235) that :

κx(., t) ≥ e−e
eb(t+1)

, ∀0 ≤ t ≤ T,162



9. Long time existene and uniquenessand we reall from (8.236)-(8.237) that :
|ρ(., t)|(3+α)

I ≤ ee
eb(t+1) and |κ(., t)|(3+α)

I ≤ ee
eb(t+1)

, 0 ≤ t ≤ T. (9.246)We are going to apply Proposition 4.2 with T0 = T∞−δ. In fat, as a onsequeneof (8.235), we have :
κx(., T∞ − δ) ≥ e−e

eb(T∞−δ+1)

≥ e−e
eb(T∞+1)

=: γ1 > 0. (9.247)Moreover, from (9.246), we dedue that
|ρx(., T∞ − δ)| ≤ ee

eb(T∞+1)

=: M1, (9.248)
‖ρxx(., T∞−δ)‖∞,I ≤ η1 := M1 and ‖Ds

xκ(., T∞−δ)‖∞,I ≤ β1 := M1, (9.249)for s = 1, 2. From (9.247), (9.248) and (9.249), we use Proposition 4.2 to obtainsome
T ∗ = T ∗(η1, β1,M1, γ1, ε, τ, p) > 0 (9.250)suh that there exists a unique solution (ρ, κ) ∈W 2,1

p (I× (T0, T0 +T ∗)), p = 3
1−α

,of (1.1), (4.86) and (4.87) with T0 = T∞ − δ and
κx ≥

γ1

2
> 0 on Ī × [T∞ − δ, T∞ − δ + T ∗]. (9.251)Again by (9.247), (9.248) and (9.249), we an easily hek that the quantities

γ1, M1, η1 and β1 are independent of δ, and then T ∗ given by (9.250) is alsoindependent of δ. However, we have by Propositions 3.1 and 8.4 that :
κx(., T∞ − δ) ≥

√
γ2(T∞ − δ) + ρ2

x(., T∞ − δ),then
min
I

(
κx(., T∞ − δ) − |ρx(., T∞ − δ)|

)
> 0. (9.252)The ompatibility onditions (4.125) and (4.126) are valid for T0 = T∞−δ and thisis due to the fat that the equation is satis�ed in a strong sense up to the boundarywhere ρ and κ are onstants. This argument together with (9.252) permit, using�rst, Proposition 4.6 on the regularity C3+α, 3+α

2 , and then Proposition 8.4 on theminoration of κx, to inrease the regularity of this solution and then show that
κx > 0 and ∣∣∣∣

ρx
κx

∣∣∣∣ < 1 on Ī × [T∞ − δ, T∞ − δ + T ∗]. (9.253)From (9.253) and the above arguments, we �nd that
T∞ − δ + T ∗ ∈ B, 163



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)with T ∗ > 0 independent of δ. By hoosing
0 < δ < T ∗,we dedue that

T∞ − δ + T ∗ > T∞,whih ontradits the de�nition of T∞ = supB. Therefore T∞ = ∞. To ompletethe proof, we have to indiate that the C∞ regularity (1.10) is automatiallysatis�ed (see Step 3 of Proposition 4.6). 210 Appendix A : misellaneous paraboli estimatesA1. Proof of Lemma 2.7 (Lp estimate for paraboli equations)As a �rst step, we will prove the result in the ase where ε = 1, and in a seondstep, we will move to the ase ε > 0. It is worth notiing that the term c maytake several values only depending on p.Step 1. (The estimate : ase ε = 1)Suppose ε = 1. Reall that u ∈ W 2,1
p (IT ), p > 1 is the unique solution of (2.17)with f ∈ Lp(IT ) and φ = Φ = 0. Let ũ be a speial extension of the funtion ude�ned over R × (0, T ) by :





ũ(x, t) = u(x, t) if 0 ≤ x ≤ 1

ũ(x, t) = −u(2 − x, t) if 1 ≤ x ≤ 2

ũ(x+ 2, t) = ũ(x, t) otherwise. (10.254)In exatly the same way, we an de�ne f̃ out of the funtion f . It is easy to verifythat ũ satis�es :





ũt = ũxx + f̃ on R × (0, T )

ũ(x, 0) = 0, on R.

ũ(x, t) = 0, x ∈ Z.

(10.255)Take a test funtion φn(x), n ∈ N de�ned on R by :
{
φn(x) = 1 if x ∈ (0, 2n)

φn(x) = 0 if x ≥ 2n+ 1 or x ≤ −1.
(10.256)and set

JT = 2I × (0, T ).164



10. Appendix A : misellaneous paraboli estimatesDe�ne ū by
ū = ũφn, (10.257)this funtion satis�es :

{
ūt = ūxx + f̄ , on R × (0, T )

ū(x, 0) = 0, on R,
(10.258)with

f̄ = f̃φn − ũφnxx − 2ũxφ
n
x. (10.259)The paraboli Calderon-Zygmund estimates (see [68, Proposition 7.11, page 168℄)ensures the existene of a onstant c = c(p) > 0 suh that

‖ūt‖p,R×(0,T ) + ‖ūxx‖p,R×(0,T ) ≤ c‖f̄‖p,R×(0,T ), (10.260)where from (10.256), (10.257), (10.259) and (10.260), we dedue that
n(‖ũt‖p,JT + ‖ũxx‖p,JT ) +O(1) ≤ cn‖f̃‖p,JT (10.261)with O(1) remains bounded as n → ∞. Dividing (10.261) by n and taking thelimit as n→ ∞, we dedue that

‖ũt‖p,JT + ‖ũxx‖p,JT ≤ c‖f̃‖p,JT ,hene by (10.254), we obtain
‖ut‖p,IT + ‖uxx‖p,IT ≤ c‖f‖p,IT , c = c(p) > 0. (10.262)Sine u ∈W 2,1

p (IT ) with u|t=0 = 0, we use [65, Lemma 4.5, page 305℄ to get
‖u‖p,IT ≤ cT (‖ut‖p,IT + ‖uxx‖p,IT ) (10.263)and

‖ux‖p,IT ≤ c
√
T (‖ut‖p,IT + ‖uxx‖p,IT ). (10.264)Combining (10.262), (10.263) and (10.264), we dedue that

1

T
‖u‖p,IT +

1√
T
‖ux‖p,IT + ‖uxx‖p,IT + ‖ut‖p,IT ≤ c‖f‖p,IT . (10.265)Step 2. (The estimate : general ase ε > 0)To get the general inequality, we onsider the following resaling of the funtion

u :
û(x, t) = u(x, t/ε), (x, t) ∈ IεT , (10.266)165



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)whih allows to get the desired result. 2A2. Proof of Lemma 2.10 (L∞ ontrol of the spatial derivative)Sine u ∈W 2,1
p (IT ) for p > 3, we know from Lemma 2.8 that ux ∈ Cα,α/2(IT ) for

α = 1 − 3
p
. In this ase, we use the estimate (2.35) with δ =

√
T , we obtain

‖ux‖∞,IT ≤ c(p){T α
2 (‖ut‖p,IT + ‖uxx‖p,IT ) + T

α
2
−1‖u‖p,IT}. (10.267)Remark that the fat that u = 0 on the paraboli boundary ∂pIT , and that itsatis�es the simple equation :

{
ut = uxx + f, f = ut − uxx

u = 0 on ∂pIT ,
(10.268)permits to apply estimate (2.33) to the funtion u. Hene (10.267) beomes (witha di�erent nature of c(p)) :

‖ux‖∞,IT ≤ c(p){T α
2 ‖ut − uxx‖p,IT + T

α
2
−1T‖ut − uxx‖p,IT}

≤ c(p)T
α
2 ‖u‖W 2,1

p (IT )

≤ c(p)T
p−3
2p ‖u‖W 2,1

p (IT ),and the result follows. 211 Appendix B : paraboli BMO theoryB0. Proof of Lemma 7.3. We divide the proof into two steps.Step 1. (treatment of small paraboli ubes)Let us onsider paraboli ubes Q = Qr(x0, t0) ⊂ R × (0, T ) with 0 < r ≤ 1
2
.Assume, without loss of generality, that 1 < x0 < 2 (the other ases an betreated similarly). De�ne the left and the right neighbor ubes of Qr(x0, t0) by :

Q− = Q−
r (1 − r, t0),and

Q+ = Q+
r (1 + r, t0),respetively. Sine 2r ≤ 1, then

Q− ⊂ (0, 1) × (0, T ) and Q+ ⊂ (1, 2) × (0, T ).166



11. Appendix B : paraboli BMO theoryUsing the fat that for any funtion g ∈ L1(Ω) :
∫

Ω

|g −mΩ(g)| ≤ 2

∫

Ω

|g − c|, ∀c ∈ R,We ompute :
1

|Q|

∫

Q

|f sym −mQ(f sym)| ≤ 2

|Q|

∫

Q

|f sym +mQ+(fasym)|

≤ 2

|Q−|

∫

Q−

|f sym +mQ+(fasym)|

+
2

|Q+|

∫

Q+

|f sym +mQ+(fasym)|. (11.269)We know that from the properties of f sym and fasym that :
mQ+(fasym) = −mQ−(f sym),and

f sym = −fasym on Q+, and f sym = fasym on Q−.Using the above two inequalities in (11.269), we get :
1

|Q|

∫

Q

|f sym −mQ(f sym)| ≤ 2

|Q−|

∫

Q−

|f sym −mQ−(f sym)|

+
2

|Q+|

∫

Q+

|fasym −mQ+(fasym)|

≤ 2

|Q−|

∫

Q−

|fasym −mQ−(fasym)|

+
2

|Q+|

∫

Q+

|fasym −mQ+(fasym)|

≤ 4‖fasym‖BMO(R×(0,T )).Step 2. (treatment of big paraboli ubes)Consider paraboli ubes Q = Qr ⊂ R × (0, T ) suh that r > 1
2
. In this ase, weompute :

1

|Q|

∫

Q

|f sym −mQ(f sym)| ≤ 2

|Q|

∫

Q

|f sym|

≤ 2N

|Q|

∫

2I×(0,T )

|f sym|, 167



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)with
|Q| ∼ N × |2I × (0, T )|,therefore

1

|Q|

∫

Q

|f sym −mQ(f sym)| ≤ cm2I×(0,T )(|f sym|).Steps 1 and 2 diretly implies the result. 2B1. Proof of Theorem 2.13 (BMO estimate for paraboli equations)Let f be a bounded funtion de�ned on R× (0, T ) satisfying f(x+2, t) = f(x, t).We extend the funtion f to R × R+, �rst by symmetry with respet to the line
{t = T} and after that by time periodiity of period 2T ; all this funtion f̃ . Set
ū as the solution of the following equation :

{
ūt = εūxx + f̃ on R × R+

ū(x, 0) = 0.
(11.270)We apply the standard result of BMO theory for paraboli equations. Sine

f ∈ L∞(R × (0, T )), then f̃ ∈ BMO(R × R+), and hene we obtain that
ūt, ūxx ∈ BMO(R × R+),with the following estimate :

‖ūt‖BMO(R×R+) + ‖ūxx‖BMO(R×R+) ≤ c‖f̃‖BMO(R×R+), (11.271)and hene (from the de�nition of the BMO spae),
‖ūt‖BMO(R×(0,T ) + ‖ūxx‖BMO(R×(0,T )) ≤ c‖f̃‖BMO(R×R+). (11.272)The BMO theory for paraboli equations, partiularly estimate (11.271) is ratherlassial. This is due to the fat that the solution of (11.270) an be expressed interms of the heat kernel Γ de�ned by :

Γ(x, t) =

{
(4πεt)−1/2e−

x2

4εt , for t > 0

0 for t ≤ 0,in the following way :
ū(x, t) =

∫

R×R+

Γ(x− ξ, t− s)f̃(ξ, s) dξ ds.168



11. Appendix B : paraboli BMO theoryAs a matter of fat, it is shown in [38℄ that Γxx is a paraboli Calderon-Zygmundkernel (here we are working in nonhomogeneous metri spaes in whih the va-riable t aounts for twie the variable x). Therefore Γxx : BMO → BMO isa bounded linear operator. This result is quite tehnial and an be adaptedfrom its ellipti version (see [6, Theorem 3.4℄). It is less di�ult to show that
Γxx : L∞ → BMO, a bounded linear operator (see for instane [49, Lemma 3.3℄).Having (11.272) in hands, it remains to show that

‖f̃‖BMO(R×R+) ≤ c
(
‖f‖BMO(R×(0,T )) +m2I×(0,T )(|f |)

)
, (11.273)with c > 0 independent of T . This an be divided into three steps :Step 1. (treatment of small paraboli ubes)We onsider paraboli ubes Qr = Qr(x0, t0), (x0, t0) ∈ R × R+, with

r ≤
√
T .Let us estimate the term

1

|Qr|

∫

Qr

|f̃ −mQr f̃ |.Assume, without loss of generality, that
T ≤ t0 < 2T.In fat, any other ase an be done in a similar way beause of the time symmetryof the funtion f̃ . Two ases an be onsidered. If r2 < t0 − T then the ube Qrlies in the strip R × (T, 2T ) and in this ase

1

|Qr|

∫

Qr

|f̃ −mQr f̃ | ≤ ‖f‖BMO(R×(0,T )).The other ase is when
r2 ≥ t0 − T.In this ase, de�ne Qa

r and Qb
r, the above and the below paraboli ubes, asfollows :

Qa
r = Qr(x0, T + r2) and Qb

r = Qr(x0, T ).Sine
T − r2 < t0 − r2 ≤ T < t0 ≤ T + r2,then

Qr ⊂ (Qa
r ∪Qb

r). 169



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Moreover, we have :
|Qr| = |Qa

r | = |Qb
r|.We ompute :

1

|Qr|

∫

Qr

|f̃ −mQr f̃ | ≤ 2

|Qr|

∫

Qr

|f̃ − 2mQbr
f̃ +mQar f̃ |

≤ 4

|Qr|

∫

Qr

|f̃ −mQbr
f̃ | + 2

|Qr|

∫

Qr

|f̃ −mQar f̃ |

≤ 4

|Qr|

∫

Qar

|f̃ −mQbr
f̃ | + 4

|Qr|

∫

Qbr

|f̃ −mQbr
f̃ | +

2

|Qr|

∫

Qar

|f̃ −mQar f̃ | +
2

|Qr|

∫

Qbr

|f̃ −mQar f̃ |.We remark (from the symmetry-in-time of the funtion f̃) that :
mQar f̃ = mQbr

f,and ∫

Qar

|f̃ − c| =

∫

Qbr

|f − c|, ∀c ∈ R.Therefore the above inequalities give that :
1

|Qr|

∫

Qr

|f̃ −mQr f̃ | ≤ 16‖f‖BMO(R×(0,T )). (11.274)Step 2. (treatment of big paraboli ubes)Consider now paraboli ubes Qr ⊂ R × R+, r > √
T . Suppose �rst that r > 1.Beause of the symmetry-in-time of the funtion f̃ , and its spatial periodiity, weompute :

1

|Qr|

∫

Qr

|f̃ −mQr f̃ | ≤ 2

|Qr|

∫

Qr

|f̃ |

≤ 2N

|Qr|

∫

2I×(0,T )

|f |,where N is the minimum number of domains D of the form D = (k, k + 2) ×
(nT, (n + 1)T ), k ∈ Z and n ∈ N , that over Qr. Here

|Qr| ∼ N × |2I × (0, T )|, N > 1.170



11. Appendix B : paraboli BMO theoryTherefore, the above inequalities give :
1

|Qr|

∫

Qr

|f̃ −mQr f̃ | ≤ cm2I×(0,T )(|f |). (11.275)Now suppose that √T < r ≤ 1. In this ase we use the fat that 0 < T1 ≤ T , weompute :
1

|Qr|

∫

Qr

|f̃ −mQr f̃ | ≤ 2

|Qr|

∫

Qr

|f̃ |

≤ 2N

|Qr|

∫

2I×(0,T )

|f |

≤ N

T
3/2
1

∫

2I×(0,T )

|f |.Here N ∼ 1
T
> 1, and hene

1

|Qr|

∫

Qr

|f̃ −mQr f̃ | ≤ c(T1)m2I×(0,T )(|f |). (11.276)Step 3. (onlusion)Combining (11.274), (11.275) and (11.276), we obtain our result. 2B2. Sketh of the proof of Theorem 2.16 (a Kozono-Taniuhi parabolitype inequality)The proof of the Kozono-Taniuhi paraboli type inequality will be a onsequeneof the following theorem where we give an analogue estimate over Rx×Rt. Morepreisely, we have :Theorem 11.1 (A Kozono-Taniuhi spae-time paraboli type inequa-lity)Let u ∈ C∞
0 (R2), supp u ∈ QR. Then we have

‖u‖∞,R2 ≤ c‖u‖BMO(R2)

(
1 + log+ ‖u‖BMO(R2) + log+ ‖u‖W 2,1

2 (R2)

)
, (11.277)where

‖u‖BMO = ‖u‖BMO + ‖u‖L1,and c = c(R) > 0 is a positive onstant. 171



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)Sketh of the Proof of Theorem 11.1. First, we need to de�ne some notationsand spaes. Let X = (x, t) ∈ R
2, we de�ne the paraboli distane of X from theorigin by :

|X|p = (x4 + t2)1/2 ∼ x2 + |t|. (11.278)We write the paraboli version of the Littlewood-Paley dyadi deomposition. Let
φj(X) be the inverse Fourier transform of the j-th omponent of the parabolidyadi deomposition φ̂ = {φ̂j(ξ)}∞j=0 ⊂ S(R2), S(R2) is the Shwartz spae, withsupp φ̂0 ⊂ {ξ; |ξ|p ≤ 2},supp φ̂j ⊂ {ξ; 2j−1 ≤ |ξ|p ≤ 2j+1} if j ∈ N, j ≥ 1.

(11.279)Here ξ = (ξx, ξt) ∈ R
2, and we have :

∞∑

0

φ̂j(ξ) = 1.The Lizorkin-Triebel spae Ḟ γ
p,ρLet γ ≥ 0. Let 1 ≤ p < ∞, 1 ≤ ρ ≤ ∞ (or p = ∞, 1 ≤ ρ < ∞). We de�ne theparaboli Lizorkin-Triebel spae by

Ḟ γ
p,ρ = {u ∈ S

′

(R2); ‖u‖Ḟ γp,ρ <∞}, (11.280)where
‖u‖Ḟ γp,ρ =

∥∥∥∥∥∥

(
∞∑

j=0

2jγρ|φj ∗ u|ρ
)1/ρ

∥∥∥∥∥∥
p,R2

. (11.281)The ideas of the proof ould be separated into several steps.Step 1. Let γ > 0. We ompute :
‖u‖∞ ≤ ‖u‖Ḟ 0

∞,1

≤
∥∥∥∥∥
∑

0≤j≤N

|φj ∗ u|
∥∥∥∥∥
∞

+

∥∥∥∥∥
∑

j>N

2−jγ2jγ|φj ∗ u|
∥∥∥∥∥
∞

≤

∥∥∥∥∥∥
N1/2

(
∑

0≤j<N

|φj ∗ u|2
)1/2

∥∥∥∥∥∥
∞

+ cγ2
−γN

∥∥∥∥∥∥

(
∑

j≥N

(
2jγ|φj ∗ u|

)2
)1/2

∥∥∥∥∥∥
∞

≤ N1/2‖u‖Ḟ 0
∞,2

+ cγ2
−γN‖u‖Ḟ γ∞,2

, (11.282)172



11. Appendix B : paraboli BMO theorywhere cγ ≃ 1
γ
. Now we optimize (11.282) in N . For eah u, we set

N ≃ log2γ

(
cγ
‖u‖Ḟ γ∞,2

‖u‖Ḟ 0
∞,2

)
,we �nally obtain

‖u‖∞ ≤ ‖u‖Ḟ 0
∞,1

≤ c‖u‖Ḟ 0
∞,2



1 +

(
1

γ
log+

‖u‖Ḟ γ∞,2

‖u‖Ḟ 0
∞,2

)1/2


 . (11.283)Step 2. Using the fat that u ∈ C∞
0 (R2), we get :

|φ0 ∗ u| ≤ c‖u‖L1and
|φj ∗ u| ≤ c‖u‖BMO, ∀j ≥ 1,and then we obtain :
‖u‖Ḟ 0

∞,2
≤ ‖u‖1/2

BMO
‖u‖1/2

Ḟ 0
∞,1

. (11.284)Using (11.283) with (11.284), we dedue that :
‖u‖Ḟ 0

∞,1

‖u‖BMO

≤ c

(
1 + log+ ‖u‖Ḟ γ∞,2

+ log+ ‖u‖BMO + log+
‖u‖Ḟ 0

∞,1

‖u‖BMO

)
,hene

‖u‖∞ ≤ ‖u‖Ḟ 0
∞,1

≤ c‖u‖BMO

(
1 + log+ ‖u‖Ḟ γ∞,2

+ log+ ‖u‖BMO

)
. (11.285)Step 3. (‖u‖Ḟ γ∞,2

≤ c‖u‖W 2,1
2

, with 0 < γ < 1
2
)Reall that

‖u‖Ḟ γ∞,2
=

∥∥∥∥∥∥

(
∑

j≥0

(
2γj|φj ∗ u|

)2
)1/2

∥∥∥∥∥∥
∞

.We alulate
2γj(φj ∗ u)(0) = 2γj

∫
φ̂∗
j · ˆ̌u

= 2γj
∫

φ̂∗
j

ξ2
x + |ξt|

· ˆ̌u · (ξ2
x + |ξt|), 173



Chapitre 4 : Disloation dynamis : non-zero stresses (part I)where φ∗
j is the omplex onjugate of φj, and ǔ(x) = u(−x). Therefore, fromCauhy-Shwartz inequality and the fat that

φ̂j = 0 if (ξ2
x + |ξt|)1/2 < 2j−1,we obtain :

2γj|φj ∗ u| ≤ 2γj

(∫
φ̂2
j

(ξ2
x + |ξt|)2

)1/2(∫
|û|2(ξ2

x + |ξt|)2

)1/2

≤ c

2j(
1
2
−γ)

‖u‖W 2,1
2
.Finally, we get

‖u‖Ḟ γ∞,2
≤ c‖u‖W 2,1

2

(
∑

j≥0

1

22j( 1
2
−γ)

)1/2

, (11.286)where the above series onverges sine γ < 1
2
.Step 4. (Conlusion)Combining (11.285) form Step 2, and (11.286) from Step 3, we get the requiredresult. 2Bak to the sketh of the proof of Theorem 2.16. Let v de�ned on I×(0, T ).Take ṽ as the speial extension of the funtion v de�ned as follows :

ṽ(x, t) = −3v(−x, t) + 4v(−x/2, t) ∀ − 1 < x < 0.The ontinuation to R × (0, T ) is made by spatial periodiity. The extension intime will be done, �rst by symmetry with respet to {t = 0}, and after that bytime periodiity of period 2T . De�ne the two zones Z1 and Z2 as follows :
Z1 = {(x, t); −1/3 < x < 4/3, −T/3 < t < 4T/3},and
Z2 = {(x, t); −2/3 < x < 5/3, −2T/3 < t < 5T/3}.Take ψ a ut-o� funtion suh that

ψ = 1 on Z1, and ψ = 0 on R
2 \ Z2.Let

u = ṽψ,174



11. Appendix B : paraboli BMO theorywe apply Theorem 11.1 to the funtion u, we get
‖v‖∞,IT ≤ c‖ṽψ‖BMO(R2)

(
1 + log+ ‖ṽψ‖BMO(R2) + log+ ‖ṽψ‖W 2,1

2 (R2)

)
.(11.287)The speial extension of the funtion v permits to write :

‖ṽψ‖W 2,1
2 (R2) ≤ c‖v‖W 2,1

1 (IT ). (11.288)Moreover, repeating similar arguments as in the proof of Theorem 2.13, Steps 1and 2, we an treat relatively small ubes Qs or relatively big ubes Qb for the
BMO norm of ‖ṽψ‖BMO(R2). As a �nal onsequene, we get

1

|Qi|

∫
|ṽψ −mQi(ṽψ)| ≤ ‖v‖BMO(IT ), i ∈ {s, b}.The only new ase that we need to take are about is when the ube intersetsthe zone Z2 \ Z1 where ψ 6= 0, 1. In this ase we use the fat that
‖ṽψ‖BMO ≤ c‖v‖BMO + ‖ṽψ‖L1 ,whih return us to one of the above two ases onsidered above. Therefore, weobtain
‖ṽψ‖BMO(R2) ≤ c‖v‖BMO(IT ). (11.289)From (11.287), (11.288) and (11.289), the result follows. 2
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Chapitre 4 : Disloation dynamis : non-zero stresses (part I)
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Chapitre 5Dynamis of disloation densities ina bounded hannel. Part II :existene of weak solutions to asingular Hamilton-Jaobi/parabolistrongly oupled systemCe hapitre est issu d'un travail en ollaboration ave M. Jazar et R. Monneau[55℄.
Nous étudions un système 1D ouplant une équation parabolique et une équationd'Hamilton-Jaobi singulière. Ce système dérit la dynamique de densités de dis-loations dans un matériau soumis à une ontrainte extérieure appliquée. Notresystème est une extension naturel de elui étudié dans [53℄ où la ontrainte a étémise à zéro. Les équations sont érites sur un intervalle borné et demandent uneattention partiulière sur le bord. Pour e système, nous montrons un résultatd'existene d'une solution. L'ideé de la preuve onsiste à onsidérer d'abord unerégularisation parabolique, et ensuite de passer à la limite. Pour le système ré-gularisé, un resultat d'existene et d'uniité globale a été montré dans [54℄. Nousmontrons quelques bornes uniformes sur ette solution en utilisant en partiulierune estimation entropique pour les densités.
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Chapitre 5 : Disloation dynamis : non-zero stresses (part II)
Dynamis of disloation densities in a bounded han-nel. Part II : existene of weak solutions to a sin-gular Hamilton-Jaobi/paraboli strongly oupledsystem H. Ibrahim∗, M. Jazar†, R. Monneau∗

∗CERMICS, Éole Nationale des Ponts et Chaussées6 & 8, avenue Blaise Pasal, Cité Desartes,Champs sur Marne, 77455 Marne-La-Vallée Cedex 2, FRANCE
†Lebanese University, Mathematis department,P.O. Box 826, Kobbeh Tripoli, LibanAbstratWe study a strongly oupled system of a paraboli equation and a singular Hamilton-Jaobiequation in one spae dimension. This system desribes the dynamis of disloation densitiesin a material submitted to an exterior applied stress. Our system is a natural extension ofthat studied in [53℄ where the applied stress was set to be zero. The equations are written ona bounded interval and require speial attention to the boundary layer. For this system, weprove a result of existene of a solution. The method of the proof onsists in onsidering �rst aparaboli regularization of the full system, and then passing to the limit. For this regularizedsystem, a result of global existene and uniqueness of a solution has been given in [54℄. Weshow some uniform bounds on this solution whih uses in partiular an entropy estimate forthe densities.AMS Classi�ation : 70H20, 49L25, 54C70, 46E30, 74H25.Key words : Hamilton-Jaobi equations, visosity solutions, entropy, Orliz spaes,dynamis of disloation densities.1 Introdution1.1 Physial motivation and setting of the problemIn [46℄, Groma, Czikor and Zaiser have proposed a model desribing the dyna-mis of disloation densities. Disloations are defets in rystals that move when178



1. Introdutiona stress �eld is applied on the material. These defets are one of the main ex-planations of the elastovisoplastiity behavior of metals (see [39℄ and [40℄ forvarious models relating disloations and elastovisoplasti properties of metals).This model has been introdued to desribe the possible aumulation of dislo-ations on the boundary layer of a bounded hannel. More preisely, let us all
θ+ and θ−, the densities of the positive and negative disloations respetively. Infat, disloations are distinguished by the sign of their Burgers vetor ~b (see [51℄for a desription of the Burgers vetor). The non-negative densities θ+(x, t) and
θ−(x, t) are governed by the following system :





θ+
t =

[(
θ+
x − θ−x
θ+ + θ−

− τ

)
θ+

]

x

in I × (0, T ),

θ−t =

[
−
(
θ+
x − θ−x
θ+ + θ−

− τ

)
θ−
]

x

in I × (0, T ),

(1.1)where τ is the stress �eld, T > 0, and I := (0, 1) ⊂ R. The hannel is bounded bywalls that are impenetrable by disloations (i.e., the plasti deformation in thewalls is zero). In this ase the boundary onditions are represented by the zero�ux ondition, i.e.
θ+
x − θ−x
θ+ + θ−

− τ = 0, at x = 0 and x = 1. (1.2)The original model in [46℄ is written in two spae dimensions (x, y). Here, sys-tem (1.1) orresponds to a situation where the problem is assumed invariant bytranslation in the y diretion. In that ase τ appears to be the applied stress �eldand will be assumed to be a onstant. However, the term θ+x −θ−x
θ++θ−

is alled the bakstress and an be interpreted as the ontribution to the stress of the short-rangeinterations between disloations. This term was, for instane, negleted in theGroma-Balogh model [45℄. Moreover, for the model desribed in [45℄, we refer thereader to [31, 32℄ for a one-dimensional mathematial and numerial study, andto [10℄ for a two-dimensional existene result. The speial ase τ = 0 for system(1.1) has been studied in [53℄ where a result of existene and uniqueness has beenproved. In the present paper we study the ase where τ 6= 0.1.2 Setting of the problemWe onsider an integrated form of (1.1) and we let
ρ±x = θ±, ρ = ρ+ − ρ− and κ = ρ+ + ρ−, 179



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)to obtain (at least formally), for speial values of the onstants of integration, thefollowing system in terms of ρ and κ :
{
κtκx = ρtρx on I × (0, T )

ρt = ρxx − τκx on I × (0, T ),
(1.3)with the initial onditions :

κ(x, 0) = κ0(x) and ρ(x, 0) = ρ0(x). (1.4)To formulate heuristially the boundary onditions at the walls loated at x = 0and x = 1, we suppose that κx 6= 0 at x = 0 and x = 1. We note that thedisloation �uxes at the walls must be zero, whih require (see 1.2) that :
Φ︷ ︸︸ ︷

(θ+
x − θ−x ) − τ(θ+ + θ−) = 0, at x = 0 and x = 1. (1.5)Rewriting system (1.3) in terms of ρ, κ and Φ, we get

{
κt = (ρx/κx)Φ,

ρt = Φ.
(1.6)From (1.5) and (1.6), we dedue that

ρt(0, .) = ρt(1, .) = 0. (1.7)Also, from (1.5) and (1.6), and if κx 6= 0 at x = 0 and x = 1, we dedue that
κt(0, .) = κt(1, .) = 0. (1.8)Using (1.7) and (1.8), we an formally reformulate the boundary onditions asfollows : {

κ(0, .) = 0 and κ(1, .) = 1,

ρ(0, .) = ρ(1, .) = 0,
(1.9)where we have taken the zero normalization for ρ on the boundary of the interval.The positivity of θ+ and θ− redues in terms of ρ and κ to the followingondition :

κx ≥ |ρx|, (1.10)and hene a natural assumption to be onsidered onerning the initial onditions
ρ0 and κ0 is to satisfy

κ0
x ≥ |ρ0

x| on I. (1.11)Problem (1.3), (1.4) and (1.9), in the ase τ = 0, has been studied in [53℄ wherea result of existene and uniqueness is given using the visosity/entropy solu-tion framework. Let us just mention that in this situation, system (1.3) beomesdeoupled and easier to be handled.180



1. Introdution1.3 Statement of the main resultIn this paper, we assume that τ is a real onstant,
τ 6= 0and we examine the existene of solutions of (1.3), (1.4) and (1.9). To be morepreise, our main result is :Theorem 1.1 (Existene of a solution)Let ρ0, κ0 ∈ C∞(Ī) satisfying (1.11),

κ0(0) = ρ0(0) = ρ0(1) = 0, κ0(1) = 1 (1.12)and the additional onditions :
Ds
xρ

0(x) = Ds
xκ

0(x) = 0, s = 1, 2, x = 0, 1. (1.13)Then there exists (ρ, κ) suh that for every T > 0 :
(ρ, κ) ∈ (C(Ī × [0, T ]))2 and ρ ∈ C1(I × (0, T )),solution of (1.3), (1.4) and (1.9). Moreover, this solution satis�es (1.10) in thedistributional sense, i.e.

κx ≥ |ρx| in D′(I × (0, T )). (1.14)However, the solution has to be interpreted in the following sense :1. κ is a visosity solution of κtκx = ρtρx in IT := I × (0, T ),2. ρ is a distributional solution of ρt = ρxx − τκx in IT ,3. the initial and boundary onditions are satis�ed pointwisely.Remark 1.2 (Compatibility of the approximated solution)The method of the proof of Theorem 1.1 onsists in onsidering a paraboli re-gularization of (1.3), and then passing to the limit. This method is alled the�vanishing visosity� method. We use a result of global existene and uniquenessof the regularized system from [54℄, whih requires some ompatibility onditionson the initial data of the problem. The above boundary onditions (1.13) was takenfor ahieving the ompatibility at the regularized level.Remark 1.3 The C∞ regularity of ρ0 and κ0, together with the additional ondi-tions (1.13) seems to be essentially tehnial. 181



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)Vanishing visosity method is ommon in order to approah visosity solutionsfor a Hamilton-Jaobi equation. It onsists to add ε∆ to the Hamilton-Jaobiequation H(x, u,Du) = 0 and then obtain a more standard paraboli equation,after that we need to pass to the limit ε → 0. The literature is very rih and onean ite for instane [3℄ and the referenes therein, see also [52, 87℄.In our ase, we are interested in a singular Hamilton-Jaobi equation, stron-gly oupled with a paraboli equation. The singularity omes from the followingformal formulation of the �rst equation of (1.3) :
κt =

ρtρx
κx

,that beomes a singular paraboli equation after adding the ε∆ term :
κt =

ρtρx
κx

+ εκxx.For a mathematial treatment of the above equation and various singular para-boli equations, see [54℄ and the referenes therein.1.4 Organization of the paperThis paper is organized as follows : in setion 2, we present the strategy ofthe proof. In setion 3, we present the tools needed throughout this work. Thisinludes some misellaneous results for paraboli equations ; a brief reall to thede�nition and the stability result of visosity solutions ; and a brief reall to Orlizspaes. In setion 4, we show how to hoose the regularized solution. An entropyinequality used to determine some uniform bounds on the regularized solution ispresented in setion 5. Further uniform bounds and onvergene arguments aredone in setion 6. Finally, setion 7 is devoted to the proof of our main result :Theorem 1.1. Finally, setion 8 is an appendix where we show the proofs of somestandard results.2 Strategy of the proofThe main di�ulty we have to fae is to work with the equation
κtκx = ρtρx. (2.15)Sine ρ solves itself a paraboli equation (see (1.3)), we expet enough regularityon ρ (indeed ρ is C1), and then we need a framework where the equation on κ isstable under approximation. This property is naturally satis�ed in the framework182



2. Strategy of the proofof visosity solutions. Then, assuming κx ≥ 0, we interpret κ as the visositysolution of (2.15). Assuming (1.11), we will indeed show that
M := κx − |ρx| ≥ 0.This is formally true beause M formally satis�es :
Mt = bMx + cM,with

b = τ sgn(ρx) −
ρxρxx
κ2
x

,and
c =

ρ2
xx

κ2
x

− ρxxx sgn(ρx)

κx
.By a maximum priniple argument, we see that in order to guarantee thatM ≥ 0is true for every time, we have somehow to ontrol the L∞-norm of ρxxx/κx. Thisseems hopeless, beause we would need to ontrol moreover κx > 0 from below.The idea is then to replae system (1.3) by a suitable regularized system, whihis the following for ε > 0 :





κεt = εκεxx +

ρεxρ
ε
xx

κεx
− τρεx in I × (0,∞)

ρεt = (1 + ε)ρεxx − τκεx in I × (0,∞),

(2.16)with the initial onditions :
κε(x, .) = κ0,ε(x), ρε(x, .) = ρ0,ε(x), (2.17)and the boundary onditions :
{
κε(0, .) = κ0,ε(0), κε(1, .) = κ0,ε(1)

ρε(0, .) = ρ0,ε(0), ρε(1, .) = ρ0,ε(1),
(2.18)This system formally redues to (1.3) for ε = 0, with initial onditions (1.4) andboundary onditions (1.9). In fat, system (2.16), (2.17) and (2.18) has (undersome onditions on the initial and boundary data) a unique smooth global solution(see [54, Theorem 1.1℄) for α ∈ (0, 1) :

(ρε, κε) ∈ C3+α, 3+α
2 (Ī × [0,∞)) ∩ C∞(I × (0,∞)).This result will be learly presented in the tools (see Theorem 3.1, Setion 3).The next step is to �nd some uniform bounds (independent of ε) on this solution ;183



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)this is done via :
(1) an entropy inequality shown to be valid for our speial approximated model(2.16) ;
(2) a bound on κεt − εκεxx uniformly in ε.In fat, (1) guarantees the global uniform-in-time ontrol of the modulus ofontinuity in spae of our approximated solution, while (2) guarantees the lo-al uniform-in-spae ontrol of the modulus of ontinuity in time. The entropyinequality an be easily understood. For instane, for ε = 0 and τ = 0, we anformally hek that the entropy of the disloation densities

θ± =
κx ± ρx

2
,de�ned by :

S(t) =

∫

I

∑

±

θ±(., t) log(θ±(., t)),satis�es :
dS(t)

dt
= −

∫

I

(θ+
x − θ−x )2

θ+ + θ−
≤ 0.Therefore we get S(t) ≤ S(0) whih ontrols the entropy uniformly in time.Finally, we need to pass to the limit ε → 0 in the approximated solution af-ter multiplying the �rst equation of (2.16) by κεx. Having enough ontrol on theapproximated solutions, we an �nd a solution of the limit equation using inpartiular the stability of visosity solutions of Hamilton-Jaobi equations. Ho-wever, the passage to the limit in the seond equation of (2.16) is done in thedistributional sense.3 Tools : misellaneous paraboli results, visositysolution, and Orliz spaes3.1 Misellaneous paraboli resultsWe �rst �x some notations. Denote

IT := I × (0, T ), IT := Ī × [0, T ] and ∂pIT := I ∪ (∂I × [0, T ]).De�ne the Sobolev spae W 2,1
p (IT ) , 1 < p <∞ by :

W 2,1
p (IT ) :=

{
u ∈ Lp(IT ); (ut, ux, uxx) ∈ (Lp(IT ))3} .184



3. Tools : misellaneous paraboli results, visosity solution, and OrlizspaesWe start with a result of global existene and uniqueness of smooth solutionsof the regularized system (2.16), with the initial and boundary onditions (2.17)and (2.18).Theorem 3.1 (Global existene for the regularized system, [54, Theo-rem 1.1℄)Let 0 < α < 1 and 0 < ε < 1. Let ρ0,ε, κ0,ε satisfying :
ρ0,ε, κ0,ε ∈ C∞(Ī), ρ0,ε(0) = ρ0,ε(1) = κ0,ε(0) = 0, κ0,ε(1) = 1, (3.19)

{
(1 + ε)ρ0,ε

xx = τκ0,ε
x on ∂I

(1 + ε)κ0,ε
xx = τρ0,ε

x on ∂I,
(3.20)and

min
x∈I

(
κ0,ε
x (x) − |ρ0,ε

x (x)|
)
> 0. (3.21)Then there exists a unique global solution

(ρε, κε) ∈ C3+α, 3+α
2 (Ī × [0,∞)) ∩ C∞(I × (0,∞)), (3.22)of the system (2.16), (2.17) and (2.18). Moreover, this solution satis�es :

κεx > |ρεx| on Ī × [0,∞). (3.23)Remark 3.2 Conditions (3.20) are natural here. Indeed, the regularity (3.22) ofthe solution of equation (2.16) with boundary onditions (2.17) and (2.18) implyin partiular ondition (3.20).Remark 3.3 (Uniform L∞ bound on ρε and κε)We remark, from (2.18), (3.19) and the inequality (3.23), that :
‖ρε‖L∞(Ī×[0,∞)) ≤ 1 and ‖κε‖L∞(Ī×[0,∞)) ≤ 1. (3.24)We now present two tehnial lemmas that will be used in the proof of Theorem1.1. The proofs of these lemmas will be given in the Appendix.Lemma 3.4 (Control of the modulus of ontinuity in time uniformly in

ε)Let p > 3, and
uε ∈W 2,1

p (IT ). (3.25)Suppose furthermore that the sequenes
(uε)ε and (f ε)ε = (uεt − εuεxx)ε, (3.26)185



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)are loally bounded in IT uniformly for ε ∈ (0, 1). Then for every V ⊂⊂ IT , thereexist two onstants c > 0, ε0 > 0 depending on V , and 0 < β < 1 suh that forall 0 < ε < ε0 :
|uε(x, t+ h) − uε(x, t)|

hβ
≤ c, ∀(x, t), (x, t+ h) ∈ V. (3.27)Lemma 3.5 (An interior estimate for the heat equation)let a ∈ C∞(IT ) ∩ L1(IT ) satisfying :

at = axx on IT , (3.28)then for any V ⊂⊂ IT , an open set, we have :
‖a‖p,V ≤ c‖a‖1,IT , ∀ 1 < p <∞, (3.29)with c = c(p, V ) > 0 is a positive onstant.3.2 Visosity solution : de�nition and stability resultLet Ω ⊂ R

n be an open domain, and onsider the following Hamilton-Jaobiequation :
F (x, u(x), Du(x), D2u(x)) = 0, ∀x ∈ Ω, (3.30)where F : Ω × R × R
n ×Mn×n

sym 7→ R is a ontinuous mapping.De�nition 3.6 (Visosity solution of Hamilton-Jaobi equations)A ontinuous funtion u : Ω 7→ R is a visosity sub-solution of (3.30) if for any
φ ∈ C2(Ω; R) and any loal maximum x0 ∈ Ω of u− φ, one has

F (x0, u(x0), Dφ(x0), D
2φ(x0)) ≤ 0.Similarly, u is a visosity super-solution of (3.30), if at any loal minimum point

x0 ∈ Ω of u− φ, one has
F (x0, u(x0), Dφ(x0), D

2φ(x0)) ≥ 0.Finally, if u is both a visosity sub-solution and a visosity super-solution, then
u is alled a visosity solution.To get a "non-empty" and useful de�nition, it is usually assumed that F is ellipti(see [3℄). This notion of elliptiity will be indiretly used in Setion 7. In fat,this de�nition is used for interpreting solutions of the �rst equation of (1.3) inthe visosity sense. This will be shown in Setion 5. To be more preise, in thease where Ω = IT , we say that u is a visosity solution of the Dirihlet problem(3.30) with u = ζ ∈ C(∂pIT ) if :186



3. Tools : misellaneous paraboli results, visosity solution, and Orlizspaes(1) u ∈ C(IT ),(2) u is a visosity solution of (3.30) in IT ,(3) u = ζ on ∂pIT .For a better understanding of the visosity interpretation of boundary onditionsof Hamilton-Jaobi equations, we refer the reader to [3, Setion 4.2℄. We nowstate the stability result for visosity solutions of Hamilton-Jaobi equations.An important result onerning visosity solutions is presented by the followingtheorem :Theorem 3.7 (Stability of visosity solutions, [3, Lemma 2.3℄)Suppose that, for ε > 0, uε ∈ C(Ω) is a visosity sub-solution (resp. super-solution) of the equation
Hε(x, uε, Duε, D2uε) = 0 in Ω, (3.31)where (Hε)ε is a sequene of ontinuous funtions. If uε → u loally uniformly in

Ω and if Hε → H loally uniformly in Ω× R × R
n ×Mn×n

sym , then u is a visositysub-solution (resp. super-solution) of the equation :
H(x, u,Du,D2u) = 0 in Ω. (3.32)3.3 Orliz spaes : de�nition and propertiesWe reall the de�nition of an Orliz spae and some of its properties (fordetails see [1℄). A real valued funtion Ψ : [0,∞) → R is alled a Young funtionif

Ψ(t) =

∫ t

0

ψ(s)ds,where ψ : [0,∞) → [0,∞) satisfying :� ψ(0) = 0, ψ > 0 on (0,∞), ψ(t) → ∞ as t→ ∞ ;� ψ is non-dereasing and right ontinuous at any point s ≥ 0.Let Ψ be a Young funtion. The Orliz lassKΨ(I) is the set of equivalene lassesof real-valued measurable funtions u on I satisfying
∫

I

Ψ(|u(x)|)dx < +∞.De�nition 3.8 (Orliz spaes)The Orliz spae LΨ(I) is the linear span of KΨ(I) supplemented with the Luxem-burg norm
‖u‖LΨ(I) = inf

{
k > 0;

∫

I

Ψ

( |u(x)|
k

)
≤ 1

}
, (3.33)and with this norm, the Orliz spae is a Banah spae. 187



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)The funtion
Φ(t) =

∫ t

0

φ(s)ds, φ(s) = sup
ψ(t)≤s

t,is alled the omplementary Young funtion of Ψ. An example of suh pair ofomplementary Young funtions is the following :
Ψ(s) = (1 + s) log(1 + s) − s and Φ(s) = es − s− 1. (3.34)We now state a lemma giving two useful properties of Orliz spaes that will beused in the proof of Lemma 5.4.Lemma 3.9 (Norm ontrol and Hölder inequality, [64℄)If u ∈ LΨ(I) for some Young funtion Ψ, then we have :

‖u‖LΨ(I) ≤ 1 +

∫

I

Ψ(|u(x)|)dx. (3.35)Moreover, if v ∈ LΦ(I), Φ being the omplementary Young funtion of Ψ, thenwe have the following Hölder inequality :
∣∣∣∣
∫

I

uvdx

∣∣∣∣ ≤ 2‖u‖LΨ(I)‖v‖LΦ(I). (3.36)4 The regularized problemAs we have already mentioned, we will use a paraboli regularization of (1.3),and a result of global existene of this regularized system from [54℄ (see Theo-rem 3.1). In order to use this result, we need to give a speial attention to theonditions on the initial data of the approximated system ρ0,ε and κ0,ε (see (3.19),(3.20) and (3.21)). This setion aims to show how to hoose the suitable initialdata ρ0,ε and κ0,ε in order to bene�t Theorem 3.1.Let ρ0 and κ0 be the funtions given in Theorem 1.1. Set
ρ0,ε =

ρ0 + ετφ

(1 + ε)2
, (4.37)and

κ0,ε =
κ0 + εx

1 + ε
, (4.38)with the funtion φ de�ned by :

φ(x) =
1

τ 2
[1 − cos τ(x2 − x)]. (4.39)The funtion φ enjoys some properties that are shown in the following lemma.188



4. The regularized problemLemma 4.1 (Properties of φ)The funtion φ given by (4.39) satis�es the following properties :(P1) φ, φ′|∂I = 0 ;(P2) φ′′
∣∣
∂I

= 1 ;(P3) |φ′

(x)| < 1/|τ | for x ∈ Ī.Proof. (P1) and (P2) diretly follows by simple omputations. For (P3), wealulate on Ī :
|φ′

(x)| = (1/|τ |)|2x− 1|| sin τ(x2 − x)|
≤ 1/|τ |.In order to obtain the strit inequality, we remark that

|2x− 1|| sin τ(x2 − x)| 6= 1 on Ī ,hene |φ′
(x)| < 1/|τ |. 2Form the above lemma, and from the onstrution of ρ0,ε and κ0,ε (see (4.37)and (4.38)) together with the properties enjoyed by ρ0 and κ0 (see (1.12) and(1.13)), we write down some properties of ρ0,ε and κ0,ε.Lemma 4.2 (Properties of ρ0,ε and κ0,ε)The funtions ρ0,ε and κ0,ε given respetively by (4.37) and (4.38), satisfy thefollowing properties :(P4) ρ0,ε(0) = ρ0,ε(1) = κ0,ε(0) = 0 and κ0,ε(1) = 1 ;(P5) (1 + ε)κ0,ε

xx

∣∣
∂I

= τρ0,ε
x

∣∣
∂I

and (1 + ε)ρ0,ε
xx

∣∣
∂I

= τκ0,ε
x

∣∣
∂I
;(P6) κ0,ε

x ≥ |ρ0,ε
x | + ε(1 − |τ ||φ′|)

1 + ε
> |ρ0,ε

x |.Proof. We only show (P5) and (P6). For (P5), we alulate :
ρ0,ε
x =

ρ0
x + ετφ

′

(1 + ε)2
, ρ0,ε

xx =
ρ0
xx + ετφ

′′

(1 + ε)2
, (4.40)and

κ0,ε
x =

κ0
x + ε

1 + ε
, κ0,ε

xx =
κ0
xx

1 + ε
. 189



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)Therefore, on ∂I, we have :
(1 + ε)ρ0,ε

xx = τ

(
ε

1 + ε

)
= τκ0,ε

x ,and
(1 + ε)κ0,ε

xx = τρ0,ε
x = 0,where we have used (P1) and (P2) from Lemma 4.1, and the properties (1.12),(1.13) of ρ0 and κ0 on ∂I. For (P6), we proeed as follows. We �rst use theinequality (1.11) between ρ0

x and κ0
x, to dedue that :

κ0,ε
x =

κ0
x + ε

1 + ε
≥ |ρ0

x| + ε

1 + ε
,and then from the left identity of (4.40), we dedue that :

ρ0
x = (1 + ε)2ρ0,ε

x − ετφ
′

,therefore
κ0,ε
x ≥ (1 + ε)|ρ0,ε

x | + ε(1 − |τ ||φ′|)
1 + ε

.The inequality (P6) then diretly follows. 2Remark 4.3 (The regularized solution (ρε, κε))Properties (P4)-(P5)-(P6) of Lemma 4.2 implies ondition (3.19)-(3.20)-(3.21)of Theorem 3.1. In this ase, all
(ρε, κε), (4.41)the solution of (2.16), (2.17) and (2.18), given in Theorem 3.1, with the initialonditions

ρ(x, 0) = ρ0,ε and κ(x, 0) = κ0,ε,that are given by (4.37) and (4.38) respetively.5 Entropy inequalityProposition 5.1 (Entropy inequality)Let (ρε, κε) be the regular solution given by (4.41). De�ne θ±,ε by :
θ±,ε =

κεx ± ρεx
2

, (5.42)190



5. Entropy inequalitythen the quantity S(t) given by :
S(t) =

∫

I

∑

±

θ±,ε(x, t) log θ±,ε(x, t)dx, (5.43)satis�es for every t ≥ 0 :
S(t) ≤ S(0) +

τ 2t

4
. (5.44)Proof. From (3.23), we know that

κεx > |ρεx|,hene
θ±,ε > 0,and the term log(θ±,ε) is well de�ned. Also from the regularity (3.22) of thesolution (ρε, κε), we know that

θ±,ε(., t) ∈ C(Ī), ∀t ≥ 0,hene the term S(t) is well de�ned. We derive system (2.16) with respet to x,and we write it in terms of θ±,ε, we get :




θ+,ε
t =

[(
(θ+,ε − θ−,ε)x
θ+,ε + θ−,ε

− τ

)
θ+,ε + εθ+,ε

x

]

x

θ−,εt =

[
−
(

(θ+,ε − θ−,ε)x
θ+,ε + θ−,ε

− τ

)
θ−,ε + εθ−,εx

]

x

.

(5.45)We �rst remark that :
(

(θ+,ε − θ−,ε)x
θ+,ε + θ−,ε

− τ

)
θ+,ε + εθ+,ε

x =
κt + ρt

2and
−
(

(θ+,ε − θ−,ε)x
θ+,ε + θ−,ε

− τ

)
θ−,ε + εθ−,εx =

κt − ρt
2

.Sine κεt and ρεt are zeros on ∂I × [0,∞), then
(

(θ+,ε − θ−,ε)x
θ+,ε + θ−,ε

− τ

)
θ+,ε+εθ+,ε

x = −
(

(θ+,ε − θ−,ε)x
θ+,ε + θ−,ε

− τ

)
θ−,ε+εθ−,εx = 0 on ∂I×[0,∞).(5.46)191



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)Using (5.46), we ompute for t ≥ 0 :
S

′

(t) =
∑

±

∫

I

θ±,εt log(θ±,ε) + θ±,εt ,

=
∑

±

∫

I

∓
(

(θ+,ε − θ−,ε)x
θ+,ε + θ−,ε

− τ

)
θ±,εx − ε

(
θ±,εx

)2

θ±,ε
,

=

∫

I

−
(
θ+,ε
x − θ−,εx

)2

θ+,ε + θ−,ε
+ τ(θ+,ε

x − θ−,εx ) − ε

((
θ+,ε
x

)2

θ+,ε
+

(
θ−,εx

)2

θ−,ε

)
.By Young's Inequality, we have :

∣∣θ+,ε
x − θ−,εx

∣∣ ≤ 1

τ

(
θ+,ε
x − θ−,εx

)2

θ+,ε + θ−,ε
+
τ

4
(θ+,ε + θ−,ε),and hene

S
′

(t) ≤
∫

I

τ 2

4
(θ+,ε + θ−,ε) − ε

((
θ+,ε
x

)2

θ+,ε
+

(
θ−,εx

)2

θ−,ε

)

≤ τ 2

4

∫

I

(θ+,ε + θ−,ε).Moreover, we have from (2.18), that
∫

I

(θ+,ε(., t) + θ−,ε(., t)) =

∫

I

κεx(., t) = κε(1, t) − κε(0, t) = 1,and therefore
S

′

(t) ≤ τ 2

4
.Integrating the previous inequality from 0 to t, we get (5.44). 2An immediate orollary of Proposition 5.1 is the following :Corollary 5.2 (Speial ontrol of κεx)For all t ≥ 0, we have :

∫

I

κεx(x, t) log(κεx(x, t))dx ≤ S(0) +
τ 2t

4
+ 1, (5.47)where S is given by (5.43).The proof of Corollary 5.2 depends on the inequality shown by the next lemma.192



5. Entropy inequalityLemma 5.3 For every x, y > 0, we have :
(x+ y) log(x+ y) ≤ x log(x) + y log(y) + x log(2) + y. (5.48)Proof. Fix y > 0. onsider the funtion f de�ned by :

f(x) = (x+ y) log(x+ y) − x log(x) − y log(y) − x log(2) − y, x > 0. (5.49)We laim that f(x) ≤ 0 for every x > 0. Indeed, we have limx→0+ f(x) = −y < 0.We ompute
f ′(x) = log(x+ y) − log(x) − log(2), (5.50)and we remark that this is always a dereasing funtion with

lim
x→0+

f ′(x) = +∞ and lim
x→+∞

f ′(x) = − log(2),hene the funtion f(x) an only be positive if f(x0) > 0 where x0 satis�es
f ′(x0) = 0.A simple omputation shows that x0 = y, then

f(y) = 2y log(2y) − 2y log(y) − y log(2) − y

= 2y log(2) + 2y log(y) − 2y log(y) − y log(2) − y

= y log(2) − y < 0,and therefore f(x) ≤ 0, ∀x > 0, whih ends the proof. 2Proof of Corollary 5.2. From (5.42), it follows that
κεx = θ+,ε + θ−,ε > 0.Then we have for t ≥ 0 :

∫

I

κεx log κεx =

∫

I

(θ+,ε + θ−,ε) log(θ+,ε + θ−,ε)

≤
∫

I

θ+,ε log(θ+,ε) + θ−,ε log(θ−,ε) + θ+,ε log 2 + θ−,ε

≤
∫

I

θ+,ε log(θ+,ε) + θ−,ε log(θ−,ε) +
1

2
(log 2 + 1)

≤ S(t) + 1.Here we have used Lemma 5.3 with x = θ+,ε and y = θ−,ε for the seond line,and we have used for the third line, the fat that
∫

I

θ±,ε =
1

2

∫

I

κx ± ρx =
1

2
[κ(1, .) − κ(0, .)] = 1/2.Using (5.44), the result follows. 2193



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)Lemma 5.4 (Control of the modulus of ontinuity in spae)Let u ∈ C1(I), ux > 0, satisfying
∫

I

ux log(ux) ≤ c1, (5.51)then we have for any x, x+ h ∈ I :
|u(x+ h) − u(x)| ≤ c2(1 + c1)

| log h| , (5.52)where c2 > 0 is a universal onstant.Proof. Let x, x+ h ∈ I.Step 1. (ux ∈ LΨ(x, x+ h) with Ψ given in (3.34))We ompute
∫ x+h

x

Ψ(ux) =

∫ x+h

x

(1 + ux) log(1 + ux) − ux

≤
∫

I

(1 + ux) log(1 + ux) − ux

≤
∫

I

ux log(ux) + log 2

≤ c1 + log 2,where we have used (5.48) in the third line, and (5.51) in the last line. Henefrom (3.35), we get
‖ux‖LΨ(x,x+h) ≤ c1 + 1 + log 2,and hene ux ∈ LΨ(x, x+ h).Step 2. (Estimating the modulus of ontinuity)It is easy to hek that the funtion 1 lies in LΦ(x, x + h), Φ is also given by(3.34). Therefore, by Hölder inequality (3.36), we obtain :

|u(x+ h) − u(x)| =

∣∣∣∣
∫ x+h

x

ux · 1
∣∣∣∣

≤ 2‖ux‖Lψ(x,x+h)‖1‖LΦ(x,x+h)

≤ 2(c1 + 1 + log 2)‖1‖LΦ(x,x+h). (5.53)194



6. An interior estimateWe turn our attention now to the term ‖1‖LΦ(x,x+h). We have
‖1‖LΦ(x,x+h) = inf

{
k > 0;

∫ x+h

x

Φ

(
1

k

)
≤ 1

}

= inf

{
k > 0;

∫ x+h

x

(e1/k − 1/k − 1) ≤ 1

}

= inf
{
k > 0; h(e1/k − 1/k − 1) ≤ 1

}

≤ − 1

log(h)
,where we have used in the last line the fat that for 0 < h < 1 and k = − 1

log(h)
,the following inequality holds :

h(e1/k − 1/k − 1) ≤ 1.Hene, (5.53) implies
|u(x+ h) − u(x)| ≤ 2(c1 + 1 + log 2)

1

| logh| ,and then (5.52) follows. 2Remark 5.5 As mentioned to us by Jér�me Droniou, it is possible to estimatediretly the quantity |u(x+ h)− u(x)| ≤ A
| logh|

by splitting the integral ∫ x+h
x

ux onthe set where ux is bigger and lower than λ, and then optimizing on the parameter
λ.6 An interior estimateIn this setion, we give an interior estimate for the term

Aε = ρεx − τκε. (6.54)that will be used in the passage to the limit as ε goes to zero in the regularizedsystem. We start by deriving an equation satis�ed by Aε.Lemma 6.1 The quantity Aε given by (6.54) satis�es for any T > 0 :
Aεt = (1 + ε)Aεxx −

τρεx
κεx

Aεx. (6.55)195



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)Proof. From (2.16), we alulate :
Aεt = ρεtx − τκεt

= (1 + ε)ρεxxx − τκεxx − τ

(
εκεxx +

ρεxρ
ε
xx

κεx
− τρεx

)

= (1 + ε)(ρεxxx − τκεxx) −
τρεx
κεx

(ρεxx − τκεx)

= (1 + ε)Aεxx −
τρεx
κεx

Aεx,hene (6.55) is satis�ed. 2We now show an interior Lp estimate onerning the term Aε. This estimate givesa ontrol on the loal Lp norm of Aε by its global L1 norm over IT , and it will beused in the following setion. More preisely, we have the following lemma.Lemma 6.2 (Interior Lp estimate)Let 0 < ε < 1 and 1 < p <∞. Then the quantity Aε given by (6.54) satis�es :
‖Aε‖p,V ≤ c (‖Aε‖1,IT + 1) , (6.56)where V is an open subset of IT suh that V ⊂⊂ IT , and c = c(p, V ) > 0 is aonstant independent of ε.Proof. Throughout the proof, the term c = c(p, V ) > 0 is a positive onstantindependent of ε, and it may vary from line to line. A simple omputation gives :

−τ ρ
ε
x

κεx
Aεx = −τ ρ

ε
x

κεx
(ρεxx − τκεx)

= −τ ρ
ε
xρ

ε
xx

κεx
+ τ 2ρεx

= −τ(κεt − εκεxx). (6.57)De�ne κ̄ε as the unique solution of
{
κ̄εt = (1 + ε)κ̄εxx + κε on IT ,

κ̄ε = 0 on ∂pIT ,
(6.58)where the existene and uniqueness of this equation is a diret onsequene ofthe Lp theory for paraboli equations (see for instane [65, Theorem 9.1℄) usingin partiular the fat that κε ∈ C1(IT ). Moreover, from the regularity (3.22) of

κε, we an dedue that κ̄ε ∈ C∞(IT ). Let Āε be given by :
Āε = −τ(κ̄εt − εκ̄εxx), (6.59)196



6. An interior estimateand
aε = Aε − Āε. (6.60)We alulate :

Āεt = −τ [κ̄εtt − εκ̄εxxt]

= −τ [(1 + ε)κ̄εxxt + κεt − ε((1 + ε)κ̄εxxxx + κεxx)]

= −τ(1 + ε)(κ̄εxxt − εκ̄εxxxx) − τ(κεt − εκεxx)

= (1 + ε)Āxx −
τρεx
κεx

Aεx,where for the �rst two line, we have used (6.58), and for the last line, we haveused (6.57). In this ase, we obtain :
aεt = Aεt − Āεt

= (1 + ε)Aεxx −
τρεx
κεx

Aεx − (1 + ε)Āxx +
τρεx
κεx

Aεx

= (1 + ε)(Aεxx − Āεxx)

= (1 + ε)aεxx,where for the �rst line, we have used the equation (6.55). We apply Lemma 3.5 tothe funtion aε, after doing paraboli resaling of the form ãε(x, t) = aε
(
x, t

1+ε

),we get :
‖aε‖p,V ≤ c(1 + ε)1− 1

p‖aε‖1,IT ,and sine 0 < ε < 1, we �nally obtain
‖aε‖p,V ≤ c‖aε‖1,IT . (6.61)From the de�nition of aε (see (6.60) above), and the above inequality (6.61), we�nally dedue that :

‖Aε‖p,V ≤ c(‖Aε‖1,IT + ‖Āε‖p,IT ). (6.62)In order to omplete the proof, we need to ontrol the term ‖Āε‖p,IT in (6.62).We use the equation (6.58) satis�ed by κ̄ε to obtain :
‖Āε‖p,IT = τ‖κ̄εt − εκ̄εxx‖p,IT

= τ‖κ̄εxx + κε‖p,IT
≤ c(‖κ̄εxx‖p,IT + ‖κε‖p,IT ). (6.63)The Lp estimates for paraboli equations (see [54, Lemma 2.7℄) applied to (6.58)gives :

‖κ̄εxx‖p,IT ≤ c

1 + ε
‖κε‖p,IT , 197



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)then (6.63), together with the fat that 0 ≤ κε ≤ 1 implies :
‖Āε‖p,IT ≤ c‖κε‖p,IT ≤ cT 1/p,hene the result follows. 27 Proof of the main theoremAt this stage, we are ready to present the proof of our main result (Theorem1.1). This depends essentially on the passage to the limit in the family of solutions

(ρε, κε) of system (2.16). Sine κεx 6= 0, we multiply the �rst equation of (2.16) by
κεx and we rewrite system (2.16) in terms of Aε, we obtain :

{
κεtκ

ε
x = εκεxκ

ε
xx + ρεxA

ε
x on IT

ρεt = ερεxx + Aεx on IT .
(7.64)We will pass to the limit in the framework of visosity solutions for the �rstequation of (7.64), and in the distributional sense for the seond equation. Westart with the following proposition.Proposition 7.1 (Loal uniform onvergene)The sequenes (ρε)ε, (ρεx)ε, (κε)ε, (Aε)ε and (Aεx)ε onverge (up to extration of asubsequene) loally uniformly in IT as ε goes to zero.Proof. Let V be an open ompatly ontained subset of IT . The onstants thatwill appear in the proof are all independent of ε. However, they may dependon other �xed parameters inluding V . The idea is to give an ε-uniform ontrolof the modulus of ontinuity in spae and in time of the quantities mentioned inProposition 7.1, whih gives the loal uniform onvergene. The ε-uniform ontrolon the spae modulus of ontinuity will be derived from the Corollary 5.2 andLemma 5.4, while the ε-uniform ontrol on the time modulus of ontinuity willbe derived from Lemma 3.4. The proof is divided into �ve steps.Step 1. (Convergene of Aε and Aεx)From (3.23), we know that ∥∥∥ ρεxκεx∥∥∥∞ ≤ 1. We apply the interior Lp, p > 1, estimatesfor paraboli equations (see for instane [68, Theorem 7.13, page 172℄) to the term

Aε satisfying (6.55), we obtain :
‖Aε‖W 2,1

p (V ) ≤ c3‖Aε‖p,V ′, (7.65)where V ′ is any open subset of IT satisfying V ⊂⊂ V ′ ⊂⊂ IT . The onstant
c3 = c3(p, τ, V, V

′) an be hosen independent of ε �rst by applying a paraboli198



7. Proof of the main theoremresaling of (6.55), and then using the fat that the fator multiplied by Aεxx in(6.55) satis�es 1 ≤ 1 + ε ≤ 2. At this point, we apply Lemma 6.2 for Aε on V ′,we get :
‖Aε‖p,V ′ ≤ c4(‖Aε‖1,IT + 1), (7.66)and hene the above two equations (7.65) and (7.66) give :

‖Aε‖W 2,1
p (V ) ≤ c5(‖Aε‖1,IT + 1). (7.67)We estimate the right hand side of (7.67) in the following way :

‖Aε‖1,IT =

∫

IT

|ρεx − τκε|

≤
∫

IT

κεx + τ |κε|

≤ (1 + τ)T,where we have used the fat that |ρεx| < κεx (see (3.23) of Theorem 3.1) in theseond line, and the fat that 0 ≤ κε ≤ 1 (see Remark 3.3) in the last line.Therefore, inequality (7.67) implies :
‖Aε‖W 2,1

p (V ) ≤ c6, 1 < p <∞. (7.68)We use the above inequality for p > 3. In this ase, the Sobolev embedding inHölder spaes (see [54, Lemma 2.8℄) gives :
W 2,1
p (V ) →֒ C1+α, 1+α

2 (V ), α = 1 − 3/pand hene (7.68) implies :
‖Aε‖

C1+α, 1+α2 (V )
≤ c7, (7.69)whih guarantees the equiontinuity and the equiboundedness of (Aε)ε and (Aεx)ε.By the Arzela-Asoli Theorem (see for instane [7℄), we �nally obtain

Aε −→ A and Aεx −→ Ax, (7.70)up to a subsequene, uniformly on V as ε → 0.Step 2. (Convergene of κε)We ontrol the modulus of ontinuity of κε in spae and in time, loally uniformlywith respet to ε. 199



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)Step 2.1. (Control of the modulus of ontinuity in time)The �rst equation of (7.64) gives :
κεt = εκεxx +

ρεx
κεx
Aεx,and hene, using the fat that ∥∥∥ ρεxκεx∥∥∥∞ ≤ 1, together with (7.69), we get :

‖κεt − εκεxx‖∞,V ≤
∥∥∥∥
ρεx
κεx

∥∥∥∥
∞,V

‖Ax‖∞,V ≤ c7. (7.71)Also, by (3.24), we have :
‖κε‖∞,V ≤ 1.This uniform bound on κε together with (7.71) permit to use Lemma 3.4 toonlude that

|κε(x, t) − κε(x, t+ h)| ≤ c8h
β , (x, t), (x, t+ h) ∈ V, 0 < β < 1, (7.72)whih ontrols the modulus of ontinuity of κε with respet to t uniformly in ε.We now move to ontrol the modulus of ontinuity in spae.Step 2.2 (An ε-uniform bound on S(0))Reall the de�nition (5.43) of S(t) :

S(t) =

∫

I

∑

±

θ±,ε(x, t) log θ±,ε(x, t)dx,with
θ±,ε =

κεx ± ρεx
2

.Hene
S(0) =

∫

I

κ0,ε
x + ρ0,ε

x

2
log

(
κ0,ε
x + ρ0,ε

x

2

)
+

∫

I

κ0,ε
x − ρ0,ε

x

2
log

(
κ0,ε
x − ρ0,ε

x

2

)
.Using the elementary identity x log x ≤ x2 and (x±y)2 ≤ 2(x2+y2), we ompute :

S(0) ≤
∫

I

(
κ0,ε
x + ρ0,ε

x

2

)2

+

∫

I

(
κ0,ε
x − ρ0,ε

x

2

)2

≤ ‖ρ0,ε
x ‖2

2,I + ‖κ0,ε
x ‖2

2,I . (7.73)200



7. Proof of the main theoremFrom (4.37) and (4.38), we know that :
|ρ0,ε
x | =

∣∣∣∣
ρ0
x + ετφ

′

(1 + ε)2

∣∣∣∣ ≤
|ρ0
x| + ε

(1 + ε)2
≤ |ρ0

x| + 1,and
|κ0,ε
x | =

∣∣∣∣
κ0
x + ε

1 + ε

∣∣∣∣ ≤ |κ0
x| + 1.Using the above two inequalities into (7.73), we dedue that :

S(0) ≤ 2(‖ρ0
x‖2

2,I + ‖κ0
x‖2

2,I + 2).Step 2.3. (Control of the modulus of ontinuity in spae and onlusion)We use the uniform bound obtained for S(0) in Step 2.1, together with the speialontrol (5.47) of κεx given in Corollary 5.2, we get for all 0 ≤ t ≤ T :
∫

I

κεx(x, t) log(κεx(x, t))dx ≤ 2(‖ρ0
x‖2

2,I + ‖κ0
x‖2

2,I + 2) +
τ 2T

4
+ 1,therefore ∫

I

κεx(x, t) log(κεx(x, t))dx ≤ c9, ∀ 0 ≤ t ≤ T. (7.74)Inequality (7.74) permit to use Lemma 5.4, hene we obtain :
|κε(x+ h, t) − κε(x, t)| ≤ c10

| log h| , (x, t), (x+ h, t) ∈ IT , (7.75)Inequalities (7.72) and (7.75) give the equiontinuity of the sequene (κε)ε on V ,and again by the Arzela-Asoli Theorem, we get :
κε → κ, (7.76)up to a subsequene, uniformly on V as ε → 0.Step 3. (Convergene of ρε)As in step 2, we ontrol the modulus of ontinuity of ρε in spae and in time,loally uniformly with respet to ε.Step 3.1. (Control of the modulus of ontinuity in time)The seond equation of (7.64) gives :

ρεt − ερεxx = Aεx, 201



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)hene, from (7.69), we dedue that :
‖ρεt − ερεxx‖∞,V ≤ c7,and from (3.24), we have :

‖ρε‖∞,V ≤ 1.The above two inequalities permit to use Lemma 3.4, we �nally get :
|ρε(x, t) − ρε(x, t+ h)| ≤ c8h

β, (x, t), (x, t+ h) ∈ V, 0 < β < 1, (7.77)whih ontrols the modulus of ontinuity of ρε with respet to t uniformly in ε.Step 3.2. (Control of the modulus of ontinuity in spae and onlusion)The ontrol of the spae modulus of ontinuity is based on the following obser-vation. From (3.23), we know that |ρεx| ≤ κεx on IT . Using this inequality, we get,for every (x, t), (x+ h, t) ∈ IT :
|ρε(x+h, t)−ρε(x, t)| ≤

∫ x+h

x

|ρεx(y, t)|dy ≤
∫ x+h

x

κεx(y, t)dy ≤ |κε(x+h, t)−κε(x, t)|.Inequality (7.75) gives immediately that :
|ρε(x+ h, t) − ρε(x, t)| ≤ c10

| log h| , (x, t), (x+ h, t) ∈ IT . (7.78)From (7.77) and (7.78), we dedue that :
ρε → ρ, (7.79)up to a subsequene, uniformly on V as ε → 0.Step 4. (Convergene of ρεx and onlusion)In fat, this follows from Step 1, Step 2, and the fat that

ρεx = Aε + τκε → ρx, (7.80)uniformly on V as ε→ 0. In this ase, we also dedue that
A = ρx − τκ.The proof of Proposition 7.1 is done. 2202



7. Proof of the main theoremWe now move to the proof of the main result.Proof of Theorem 1.1. We �rst remark that κε is a visosity solution of the�rst equation of (7.64) :
κεtκ

ε
x − εκεxκ

ε
xx − ρεxA

ε
x = 0 on IT . (7.81)Indeed, let φ ∈ C2(IT ) suh that κε − φ has a loal maximum at some point

(x0, t0) ∈ IT . Then Dκε = Dφ and D2κε ≤ D2φ. From this and the fat that
κεx > 0, we alulate at (x0, t0) :

φtφx − εφxφxx − ρεxA
ε
x = κεtκ

ε
x − εκεxφxx − ρεxA

ε
x

≤ κεtκ
ε
x − εκεxκ

ε
xx − ρεxA

ε
x

≤ 0.On the other hand, if κε − φ has a loal minimum at (x0, t0), we similarly get :
φtφx − εφxφxx − ρεxA

ε
x ≥ 0,and hene κε is a visosity solution.Remark 7.2 The equation (7.81) an be viewed as the following Hamilton-Jaobiequation of seond order :

Hε(X,Dκε, D2κε) = 0, X = (x, t) ∈ IT (7.82)with
Dκε = (κεx, κ

ε
t ) and D2κε =

(
κεxx κεxt
κεtx κεtt

)
,where Hε is the Hamiltonian funtion given by :

Hε : IT × R
2 ×M2×2sym −→ R

(X, p,M) 7−→ Hε(X, p,M) = p1p2 − εp1M11 − ρεx(X)Aεx(X),(7.83)
p = (p1, p2) and M = (Mij)i,j=1,2.From (7.70) and (7.80), we dedue that (Hε)ε onverges loally uniformly in
IT × R

2 ×M2×2
sym to the funtion H given by :

H : IT × R
2 ×M2×2sym −→ R

(X, p,M) 7−→ H(X, p,M) = p1p2 − ρx(X)Ax(X).
(7.84)203



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)This, together with the loal uniform onvergene of κε to κ (see 7.76), and thefat that κε is a visosity solution of (7.81), permit to use the stability of visositysolutions (see Theorem 3.7), whih proves that κ is a visosity solution of
H(X,Dκ,D2κ) = κtκx − ρxAx = 0 in IT . (7.85)We now pass to the limit ε→ 0 in the seond equation of (7.64), we obtain

ρt = Ax in D′(IT ). (7.86)From (7.85) and (7.86), we get :1. κ is a visosity solution of κtκx = ρtρx in IT ;2. ρ is a distributional solution of ρt = ρxx − τκx in IT .Let us now prove inequality (1.14). Let φ ∈ C∞
0 (IT ) be a non-negative test fun-tion. From (3.23), we know that

κεx > |ρεx| in IT ,and hene
κεx > ρεx and κεx > −ρεx in IT .Multiplying these inequalities by a test funtion φ ∈ D(IT ), φ ≥ 0 ; integratingby parts over IT , and passing to the limit as ε→ 0, we obtain

κx ≥ ρx and κx ≥ −ρx in D′(IT ),therefore
κx ≥ |ρx| in D′(IT ).Finally, let us show that the two solutions ρ and κ an be extended by ontinuityto the paraboli boundary of IT , in order to retrieve the initial and boundaryonditions. Indeed, the loal uniform onvergene (ρε, κε) → (ρ, κ), together withthe uniform ontrol of the modulus of ontinuity of these solutions :� with respet to x near ∂I × [0, T ] by (7.75) and (7.78) ;� with respet to t near I×{t = 0}, away from 0 and 1 by (7.72) and (7.77),and the fat that κ0,ε → κ0, ρ0,ε → ρ0 uniformly in Ī,

κε(0, .) → 0, κε(1, .) = 1, ρε = 0 on ∂I × [0, T ],show that (ρ, κ) ∈ (C(IT ))2, so the initial and boundary onditions are satis�edpointwisely, and the proof of the main result is done. 2204



8. Appendix8 AppendixA1. Proof of Lemma 3.4 (ontrol of the modulus of ontinuity in time)Let V be a ompatly ontained subset of IT . Throughout the proof, the onstant
c may take several values but only depending on V . Sine V ⊂⊂ IT , then thereis a retangular ube of the form

Q = (x1, x2) × (t1, t2),suh that V ⊂⊂ Q ⊂⊂ IT . In this ase, there exists a onstant ε0, also dependingon V suh that for any
0 < ε < ε0,and any (x, t) ∈ V , we have :

(x− 2
√
ε, x+ 2

√
ε) × {t} ⊂ Q.Moreover, for any (x, t), (x, t+ h) ∈ V , we an always �nd two intervals I and Jsuh that

(t, t+ h) ⊂ I ⊂⊂ J ,with
{x} × I ⊂ Q and {x} × J ⊂ Q.Let us indiate that these intervals might have di�erent lengths depending on hand V but we always have

|J |, |I| ≤ |t2 − t1|.Consider the following resaling of the funtion uε de�ned by :
ũε(x, t) = uε(

√
εx, t). (8.87)This funtion satis�es

ũεt = ũεxx + f̃ ε, (x, t) ∈ (0, 1/
√
ε) × (0, T ),where f̃ ε(x, t) = f ε(

√
εx, t). Take (x0, t0), (x0, t0 + h) in V , and let

Q1 = (x0 −
√
ε, x0 +

√
ε) × I and Q2 = (x0 − 2

√
ε, x0 + 2

√
ε) × J .These two ylinders are transformed by the above resaling into

Q̃1 =

(
x0√
ε
− 1,

x0√
ε

+ 1

)
× I and Q̃2 =

(
x0√
ε
− 2,

x0√
ε

+ 2

)
×J . 205



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)We apply the interior Lp, p > 3, estimates for paraboli equations (see for instane[68, Theorem 7.13, page 172℄) to the funtion ũε over the domains Q̃1 ⊂⊂ Q̃2, weget
‖ũε‖W 2,1

p (Q̃1)
≤ c(‖ũε‖p,Q̃2

+ ‖f̃ ε‖p,Q̃2
). (8.88)We ompute :

‖ũε‖p
Lp(Q̃2)

=

∫

Q̃2

|ũε(x, t)|pdxdt

=

∫

Q̃2

|uε(
√
εx, t)|pdxdt

=
1√
ε

∫

Q2

|uε(y, t)|pdydt

≤ c, (8.89)where for the last line, we have used the loal uniform boundedness of (uε)ε, andin exatly the same way (from the loal uniform boundedness of and (f ε)ε) weobtain :
‖f̃ ε‖p

Lp(Q̃2)
≤ c. (8.90)Therefore, from (8.89), (8.90), inequality (8.88) implies :

‖ũε‖W 2,1
p (Q̃1)

≤ c. (8.91)We use the Sobolev embedding in Hölder spaes (see for instane Lemma [54,Lemma 2.8℄) :
W 2,1
p (Q̃1) →֒ C1+α, 1+α

2 (Q̃1), p > 3, α = 1 − 3/p,to obtain, from (8.91), that :
‖ũε‖

C1+α, 1+α2 (Q̃1)
≤ c,and hene

|ũε(x0/
√
ε, t0 + h) − ũε(x0/

√
ε, t0)|

h
1+α

2

≤ c,then from (8.87),
|uε(x0, t0 + h) − uε(x0, t0)|

h
1+α

2

≤ c.Choosing β = 1+α
2

we get the desired result. 2A2. Proof of Lemma 3.5 (An interior estimate for the heat equation)206



8. AppendixReall that a is a solution of the heat equation on IT ,
at = axx.The proof of lemma 3.5 depends mainly on a mean value formula for solutions ofthe heat equations. Usually, basi mean value formulae of the solution of the heatequation are expressed through unbounded kernels (see for example [37, Theorem1℄), where a an be expressed as :

a(x0, t0) = (4πr2)−1/2

∫

Ωr(x0,t0)

a(x, t)
(x0 − x)2

4(t0 − t)2
dxdt. (8.92)Here, (x0, t0) ∈ IT , (x, t) ∈ Ωr(X0), and r > 0 small enough in order to ensurethat the paraboli ball of radius r :

Ωr(x0, t0) =

{
(x, t); t0 − r2 < t < t0, (x− x0)

2 < 2(t0 − t) log

(
r2

t0 − t

)}
⊂ IT .(8.93)In our ase, we need a mean value formula similar to (8.92) but with a boundedkernel on Ωr(x0, t0). In [42℄, the authors have given suh a representation formulafor the solution of the heat equation. We present their result in a simpli�edversion.Theorem 8.1 (Mean value formula with bounded kernels, [42, Theorem3.1℄)Let u ∈ C2(D) be a solution of the heat equation :

ut = uxx on D,where D is an open subset of R
2 ontaining the modi�ed unit paraboli ball

Ω′
1(0, 0), with

Ω′
1(0, 0) =

{
(x, t); −1 < t < 0, x2 < 8t log(−t)

}
.Then we have :

u(0, 0) =

∫

Ω′
1(0,0)

u(x, t)E(x, t)dxdt, (8.94)where the kernel E satis�es :
‖E(x, t)‖∞,Ω′

1(0,0)
≤ c, (8.95)and c > 0 is a �xed positive onstant. 207



Chapitre 5 : Disloation dynamis : non-zero stresses (part II)Remark 8.2 The above Theorem is an appliation of [42, Theorem 3.1℄ in thease m = 3. In this ase, an expliit expression of E is given by :
E(x, t) =

ω3

16π2

(
−x2 + 8t log(−t)

)3/2
[
x2

4t2
+

3(−x2 + 8t log(−t))
20t2

]
,where ω3 is the volume of the unit ball in R

3. For a more general expression of
E, we send the reader to [42, Equality (3.6) of Theorem 3.1℄.Using the paraboli resaling, we an obtain a similar mean value representationat any (x0, t0) ∈ R

2. More preisely, we have :Corollary 8.3 (Mean value formula at any point (x0, t0) ∈ R
2)Let u ∈ C2(D) be a solution of the heat equation :

ut = uxx on D,where D is an open subset of R
2 ontaining the modi�ed unit paraboli ball

Ω′
r(x0, t0), r > 0, with
Ω′
r(x0, t0) =

{
(x, t); t0 − r2 < t < t0, |x− x0|2 < 8(t0 − t) log

(
r2

t0 − t

)}
.Then we have :

u(x0, t0) =
c̄

|Ω′
r(x0, t0)|

∫

Ω′
r(x0,t0)

u(x, t)E

(
x− x0

r
,
t− t0
r2

)
dxdt, (8.96)where c̄ > 0 and |Ω′

r(x0, t0)| = c̄r3.Bak to the proof of Lemma 3.5. Sine V ⊂⊂ IT , then there exists a �xed
r0 = r0(dist(V, ∂pIT )),suh that :

Ω′
r0(x0, t0) ⊂ IT , ∀ (x0, t0) ∈ V.We use the mean value formula (8.96) at the point (x0, t0), we obtain :

a(x0, t0) = r−3
0

∫

Ω′
r0

(x0,t0)

a(x, t)E

(
x− x0

r0
,
t− t0
r2
0

)
dxdt,and hene from the L∞ bound (8.95)of E on Ω′

1(0, 0), we dedue that :
‖a‖∞,V ≤ cr−3

0 ‖a‖1,IT ,where the onstant c is given by (8.95). Finally, we obtain :
‖a‖p,V ≤ cr−3

0 |V |1/p‖a‖1,IT ,and the result follows. 2208



Chapitre 6Résultats préliminaires sur quelquesalgorithmes pour les equations detransport
Ce hapitre présente quelques résultats numériques préliminaires obtenus dansle adre d'un ontrat CEA/CERMICS portant sur les méthodes Fast Marhingappliquées aux équations de type transport. Ont partiipé à es disussions : O.Bokanowski, A. Briani, A. El Hajj, N. Foradel, A. Ghorbel, P. Hoh, H. Ibra-him, C. Imbert et R. Monneau. L'objetif est d'explorer les idées de la méthodeFast Marhing lassique [86℄ et de les appliquer pour les équations de transport.Cette methode repose sur l'équation level set pour l'évolution d'un front ave unevitesses normale. Dans ette diretion, nous disutons plusieurs algorithmes, etnous présentons quelques tests numériques d'un algorithme basé sur le splitting.
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Chapitre 6 : Résultats préliminaires sur quelques algorithmes
Résultats préliminaires sur quelques algorithmes pourles equations de transportCERMICS - Equipe EDP et materiaux&CEAToutes les simulations numériques ont été e�etuées par :H. IbrahimRésuméNous rassemblons ii quelques résultats préliminaires obtenus dans le adre d'un ontratCEA/CERMICS-ENPC portant sur les méthodes Fast Marhing appliquées aux équa-tions de type transport.1 Introdution : rappel au as d'une équation ei-konale non onvexeDans le as d'une équation eikonale non-onvexe, la méthode �Fast Marhing�permet de propager un domaine Ω suivant le veteur c.~n où c(x, t) est une fon-tion donnée et ~n le veteur normal à Ω.Dans e qui suit, on va donner l'idée générale de la démarhe de l'algorithme.On le déompose en plusieurs étapes et dans haque étape on l'applique au aspartiulier où

Ω = {(x, y) ∈ R
2; y > x}, c > 0. (⋆)Prenons Ω un ouvert dans R

2. Nous disrétisons l'espae omme suit :
xI = (xi1 , xi2) = (i1∆x, i2∆x),où I = (i1, i2) ∈ Z

2, et ∆x > 0 est un pas de l'espae. Les voisinages d'un point
I ∈ Z

2 sont les quatre premiers points à gauhe, droite, haut et bas (voir Figure6.1).210



1. Introdution : rappel au as d'une équation eikonale non onvexe
I DG

H

BFig. 6.1 � Voisinages d'un pointÉtape 0.À l'étape n = 0, on a :
Ω0 = Ωet θ0

I est une fontion représentant Ω0, dé�nie par :
θ0
I =

{
+ 1, si xI ∈ Ω0,

− 1, sinon,
F 0
± = ∂{I, θ0

I = ∓1},et
F 0 = F 0

+ ∪ F 0
−.Dans notre as partiulier (⋆), voir Figure 6.2 pour une représentation géomé-trique.
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c > 0

F+

F−

θ = 1 θ = −1

Ω

F =Fig. 6.2 � Représentation géométrique pour (⋆). 211



Chapitre 6 : Résultats préliminaires sur quelques algorithmesMaintenant, on ommene à expliquer l'algorithme pour n = 1.Étape 1.On initialise le temps dans F 0 :
u0
I = 0 sur F 0Étape 2.On initialise ûn−1 sur tout le maillage :

ûn−1
±,J =

{
un−1
J pour J ∈ F n−1

±

∞ sinon.Étape 3.Cette étape va être intéressante pour trouver les points qui ont une hane debouger. On alule ũn−1 sur F n−1 omme suit :pour I ∈ F n−1
± , on a(a) si ±cn−1

I ≥ 0, ũn−1
I = ∞,(b) si ±cn−1

I < 0, on alule ũn−1
I omme solution de l'équation suivante :

2∑

k=1

(
max
±

(
0, ũn−1

I − ûn−1
+,Ik,±

))2

=
(∆x)2

|cn−1
I |2 si I ∈ F n−1

− ,

2∑

k=1

(
max
±

(
0, ũn−1

I − ûn−1
−,Ik,±

))2

=
(∆x)2

|cn−1
I |2 si I ∈ F n−1

+ ,où
I1,± = (i1 ± 1, i2), I

2,± = (i1, i2 ± 1).En remarquant que (a) représente le as des points qui ne bougent pas. Ce quiorrespond à F+ dans (⋆). En outre, dans (b) on alule le temps aux points quiont une hane de bouger en passant par la disrétisation de l'équation |∇u| = c.Ce qui orrespond à F− dans (⋆).Étape 4.Pour trouver les points indiqués dans l'Étape 3, il su�t de dé�nir
t̃n = min{ũn−1

I , I ∈ F n−1};e minimum est atteint aux points qui vont bouger. Si t̃n est assez grand, onle modi�e pour bien ontr�ler la propagation (voir les étapes 7, 8 et 9, page 6dans [11℄). Sinon, on aepte es points où le minimum est atteint et on note par
NAn± = {I ∈ F n−1

± , ũn−1
I = t̃n}, NAn = NAn− ∪NAn+212



2. Une première approhe basée sur les frontsl'ensemble des points "new aepted". On peut véri�er failement que NA = F−dans (⋆). Pour terminer, on réinitialise θnI :
θnI =






− 1 si I ∈ NAn+
+ 1 si I ∈ NAn−
θn−1
I sinonOn redé�nit F n de la même façon que dans l'Étape 0 et on réinitialise un sur F n(voir étape 12, page 6 dans [11℄).On remarque que dans notre exemple (⋆), les points de F− vont hanger leursigne de − en +. Ce qui montre que le domaine Ω dé�ni dans (⋆) bouge bienomme il faut.2 Une première approhe basée sur les fronts2.1 Un algorithme basé sur les fronts + et −Nous nous mettons dans la situation d'un hamp de veteur a onstant (enespae et surtout en temps) pour simpli�er.Mise en plae.Nous supposons donné au temps initial :





θ0
I ∈ {+1,−1} , ∀ I ∈ Z

2

A0 un sous-ensemble de F 0 ⊂ Z
2

θ̃0
I = θ0

I , ∀ I ∈ F 0.Ii le front F 0 sera dé�ni i-dessous. L'ensemble A0 est un peu arti�iel au tempsinitial, mais peut dérire l'ensemble des points réemment aeptés (hypothéti-quement dans le passé).Nous allons onstruire par réurrene une suite de temps tn, et θnI ∈ {+1,−1}et d'ensembles An. Nous allons aussi onstruire des valeurs θ̃nI sur le front (dé�niesi-dessous).Notons les fronts
F n

+ = ∂ {θn = −1} , F n
− = ∂ {θn = +1} , F n = F n

+ ∪ F n
−. 213



Chapitre 6 : Résultats préliminaires sur quelques algorithmesIi on rappelle que ∂E = V (E)\E ave V le voisinage disret. Nous supposonsdonné au temps tn, les quantités :




θnI ∈ {+1,−1} , ∀ I ∈ Z
2

An ⊂ F n

θ̃nI ∈ R, ∀ I ∈ F n

θ̃nI = θnI , ∀I ∈ Ansi I ∈ F n\An, alors { θ̃nI < 1 si θnI = −1

θ̃nI > −1 si θnI = 1

(2.1)
Constrution de l'étape n+ 1.Nous allons onstruire un temps tn+1 > tn et les quantités θn+1

I , F n+1, An+1, θ̃n+1
I .Pour I ∈ F n, on pose

θ̃nI (tn) = θ̃nI ,et pour t > tn,
1

2
˙̃
θnI (t) =






∑

α=1,2

|aα| θnIεα,α 1{Iεα,α∈Z2\(Fn±\An)} si I ∈ F n
±\An

0 si I ∈ An,ave εα = −sgn(aα), et où pour I = (i1, i2), on note
I±,1 = (i1 ± 1, i2), I±,2 = (i1, i2 ± 1).On dé�nit alors

tn+1 = sup
{
t > tn, −θnI θ̃nI (t) < 1, ∀ I ∈ F n

}
.On dé�nit alors les nouveaux points aeptés, par

NAn+1 =
{
I ∈ F n, −θnI θ̃nI (tn+1) = 1

}
,et on pose

θn+1
I =

{
−θnI si I ∈ NAn+1

θnI si I ∈ Z
2\NAn+1

An+1 = NAn+1 ∪ Ãnoù̃
An :=




I ∈ An ∩ F n+1

∣∣∣∣∣∣

il n'existe pas de points J ∈ (V (I)\ {I}) ∩NAn+1tels que θn+1
J 6= θn+1

I
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2. Une première approhe basée sur les frontset pour I ∈ F n+1 :
θ̃n+1
I =





θ̃nI (tn+1) si I ∈ F n ∩ F n+1

θn+1
I si I ∈ F n+1\F n.Il est alors faile de voir que −θn+1
I θ̃n+1

I < 1 pour I ∈ F n+1, e qui prouve enpartiulier les propriétés de (2.1) sont véri�ées à l'étape n + 1.Remarque 1 : il faudrait véri�er que tn+1 < +∞ !Remarque 2 : Attention, ii θ̃ peut sortir de l'intervalle [−1, 1]. Par exemple,partant de −1, il peut desendre sous la valeur −1 avant de remonter à la valeur 1.Question : Le shéma est-il monotone ? Quel r�le joue l'ensemble An dans ettemonotonie ?2.2 Quelques éléments sur la disrétisation des droitesNous rassemblons ii quelques remarques (fondamentales, mais relativementélémentaires) sur la bonne disrétisation des droites sur un réseau Z
2.Pour �xer les idées onsidérons le demi-plan

Π =

{
X = (x1, x2) ∈ R

2, x2 ≥
P

Q
x1

}ave
P,Q ∈ N, 1 ≤ P ≤ Q, P et Q premiers entre eux.Nous allons identi�er Π∩Z

2, pour ela, nous avons besoin d'une petite onstru-tion arithmétique.Constrution arithmétique.Pour j = 1, ..., P , e�etuons la division eulidienne
jQ = kjP + rj, 0 ≤ rj < Pave des entiers naturels kj, rj. Remarquons en partiulier que par onstrution,on a kj+1 ≥ kj + 1. On pose alors

X0 = (0, 0), Xj = (kj, j) pour j = 1, ..., P 215



Chapitre 6 : Résultats préliminaires sur quelques algorithmeset
B0 = {X0} ∪

(
P−1⋃

j=0

{Xj + (r, 1), r = 1, .., kj+1 − kj}
)
,

D0 =
⋃

k∈Z

{kXP +B0} ,

Π0 = D0 + N · (0, 1).On peut alors véri�er (ave un peu de travail) le résultat suivant :Proposition 2.1 (Identi�ation d'un demi-espae sur un réseau)On a Π ∩ Z
2 = Π0.On note

f(X) = Qx2 − Px1.Ave du travail, il est possible de voir qu'on a le résultat suivant :Proposition 2.2 (Complément arithmétique)Il existe Y ∗ = (y∗1, y
∗
2) tel que f(Y ∗) = −1, et

{
0 ≤ y∗1 < Q, 0 ≤ y∗2 < P
Y ∗ ∈ D0 + (0,−1).De plus 





{X ∈ Z
2, f(X) ≥ 0} = Π0

{X ∈ Z
2, f(X) = 0} =

⋃
k∈Z

{kXP}
{X ∈ Z

2, 0 > f(X) > −1} = ∅
{X ∈ Z

2, f(X) = −1} =
⋃
k∈Z

{Y ∗ + kXP} .Ce résultat s'interprète en disant qu'à haque avanée disrète de la droite (ladroite desend dans le plan), on aepte un seul nouveau point par tranhe de Qases horizontales. Par ailleurs la struture de la droite disrétisée est la même àtranslation près suivant Y ∗.Par exemple pour la droite D0 les derniers points sont (0, 0) mod(XP ). Pourla droite suivante, les derniers points aeptés sont les Y ∗ mod(XP ), et le nou-veau front ompte alors un nouveau point, préisement Y ∗+(0,−1) mod(XP ). Cenouveau point du front va ouper suessivement les Q ases relatives possiblessur le front au fur et à mesure de l'avanée de la droite.- Préisément, il va rester d'abord Q− P étapes ave ses voisins de gauhe et dedroite hors de la région atteinte par la droite.216



2. Une première approhe basée sur les fronts- Puis, il va rester P étapes ave son voisin de gauhe atteint par la droite.- En�n, à la dernière étape, e point sera atteint par la droite.2.3 Appliations au alul de la vitesse e�etive de la droite,prédite par l'algorithme basé sur les fronts + et −.On dé�nit la normale à la droite ν = 1√
P 2+Q2

(P,−Q). On s'intéresse au asoù le hamp de vitesse a = (a1, a2) véri�e
a · ν > 0.Pour la droite D0 le dernier point aepté est l'origine X0. Le nouveau point dufront est Z = (0,−1). On pose don θ̃0
Z = −1.I : Calul dans le as : a1, a2 > 0 sur le front −.Pendant Q − P étapes, les voisins upwind de Z ont un θ egal à −1. Seulement,le voisin upwind horizontal fait partie du front −, et par onséquent ne peut pasontribuer au alul de ˙̃

θ. Par périodiité disrète, on peut supposer que haqueétape a lieu sur un intervalle de temps ∆t > 0 identique. On tire don
θ̃Q−P
Z = θ̃0

Z − 2(Q− P )∆t a2 < −1.Puis au ours des P étapes suivantes, le voisin Z + (−1, 0) a un θ égal à 1 (et estun point aépté faisant partie des An pour Q− P ≤ n ≤ Q− 1). Ainsi, on a
1 = θ̃QZ = θ̃Q−P

Z + 2P∆t (−a2 + a1)e qui donne
2 = θ̃QZ − θ̃0

Z = 2∆t (−Qa2 + Pa1) .D'où
∆t = 1/(a · ν

√
P 2 +Q2).Remarquons maintenant que la distane e�etive parourue par la droite durantes Q étapes, est Y ∗ · ν = 1/

√
P 2 +Q2. La vitesse normale e�etive est don(distane divisée par le temps)

Y ∗ · ν/(∆t) = a · νe qui est e�etivement le résulat voulu.Sur le front +.Remarquons que le dernier point aepté, par exemple l'origine (0, 0) (au temps217



Chapitre 6 : Résultats préliminaires sur quelques algorithmesinitial) fait alors partie du front +. Il pourrait a priori évoluer. Si on ne se rap-pellait pas qu'il s'agit d'un point de A0, on aurait (si on oubliait aussi qu'on aéventuellement (−1, 0) ∈ F 0
+)

1

2
˙̃
θ = a1 − a2 ≥ 0e qui est parfait. En revanhe si on se rappelle (et si on est dans e as-là) que

(−1, 0) ∈ F 0
+, alors on obtient seulement :

1

2
˙̃θ = −a2 < 0e qui aurait tendane à faire disparaitre le point (0, 0) juste aepté, par exempleen un intervalle de temps ∆t′ = 1/a2 qui peut être inférieur à ∆t, si a2 véri�e

P

Q+ 1
a1 < a2 <

P

Q
a1.Ce n'est pas raisonnable, et ela justi�e don l'utilisation des ensembles An.II : Calul dans le as : a1 > 0, a2 < 0 sur le front −.Ii, le voisin upwind vertial de Z a un θ toujours egal à 1. Par ailleurs, pendant

Q−P étapes, le voisin upwind horizontal de Z a un θ egal à −1. Comme dans leas préédent, le voisin upwind horizontal fait partie du front −, et par onséquentne peut pas ontribuer au alul de ˙̃θ. En supposant toujours que haque étape alieu sur un intervalle de temps ∆t > 0 identique, on tire don
θ̃Q−P
Z = θ̃0

Z − 2(Q− P )∆t a2 > −1.Puis au ours des P étapes suivantes, le voisin Z + (−1, 0) a un θ égal à 1 (et estun point aépté faisant partie des An pour Q− P ≤ n ≤ Q− 1). Ainsi, on a
1 = θ̃QZ = θ̃Q−P

Z + 2P∆t (−a2 + a1)e qui donne
2 = θ̃QZ − θ̃0

Z = 2∆t (−Qa2 + Pa1)et a nouveau le ∆t est le même qu'au as préédent, et don la vitesse e�etiveest la bonne.Sur le front +.Si on ne se rappellait pas que (0, 0) est un point de A0, on aurait (si on oubliaitaussi qu'on a éventuellement (−1, 0) ∈ F 0
+)

1

2
˙̃θ = a1 − a2 ≥ 0218



2. Une première approhe basée sur les frontse qui est parfait. De même, si on se rappelle (et si on est dans e as-là) que
(−1, 0) ∈ F 0

+, alors on obtient :
1

2
˙̃
θ = −a2 > 0e qui est tout aussi bon. Dans e as-là, l'utilisation des ensembles An ne semblepas néessaire.III : Calul dans le as : a1, a2 < 0 sur le front −.Ii enore, le voisin upwind vertial de Z a un θ toujours egal à 1. Tant que lepoint (1, 0) n'a pas été aepté, le voisin upwind horizontal de Z (ad Z + (1, 0))ne fait pas partie du front −, et par onséquent il ontribue au alul de ˙̃θ. Celaa lieu durant P etapes. La raison est que f((1, 0)) = −P , et don que le point

(1, 0) est aepté exatement après P étapes.En supposant toujours que haque étape a lieu sur un intervalle de temps
∆t > 0 identique, on tire don

θ̃PZ = θ̃0
Z + 2P∆t (a1 − a2)(qui est inférieur à −1 si a1 < a2, et supérieur sinon). Puis au ours des Q − Pétapes suivantes, le voisin Z+(1, 0) fait alors partie du front −, et par onséquentne peut pas ontribuer au alul de ˙̃
θ. Ainsi, on a

1 = θ̃QZ = θ̃PZ − 2(Q− P )∆t a2e qui donne
2 = θ̃QZ − θ̃0

Z = 2∆t (−Qa2 + Pa1)et a nouveau le ∆t est le même qu'au as préédent, et don la vitesse e�etiveest enore la bonne.Sur le front +.Si on ne se rappellait pas que (0, 0) est un point de A0, on aurait (et ii (1, 0) ∈ F 0
−)

1

2
˙̃
θ = a1 − a2(qui est positif si a1 > a2 (bon as) et négatif si a1 < a2 (mauvais as). Ainsi onpourrait avoir ∆t′ = 1/(a2 − a1) < ∆t si

P

Q
(−a1) < −a2 <

P + 1

Q+ 1
(−a1). 219



Chapitre 6 : Résultats préliminaires sur quelques algorithmesIi il n'y a pas d'autre as, ar on ne peut pas avoir (1, 0) ∈ F 0
+, dès la premièreitération. Ii enore, l'utilisation des ensembles An semble néessaire.Remarque : Il faudrait eventuellement voir dans le menu détail, e qui se passesur les points du front +, pour les autres points que le dernier aepté, dans lasituation préédente inhangée.2.4 Inonvénients de l'algorithme préédentL'algorithme préédent n'est pas monotone, omme le montre l'exemplesuivant.Exemple 1On onsidère l'évolution ave donnée initiale

θ0
I = 1 si et seulement si I = (I1, I2) ave I1 ≥ 1 ou (I1 = 1 et I2 ≤ 0)et θ0 égal à −1 dans le omplémentaire, ave l'initialisation θ̃0 = θ0. On supposeque

a = (a1, a2) ave a1, a2 < 0,le veteur a étant su�sament prohe de la vertiale. On peut omparer à l'évo-lution ayant pour donnée initiale
θ0
I = 1 si et seulement si I = (I1, I2) ave I1 ≥ 1ave l'initialisation θ̃0

= θ0. On trouve après quelques étapes que le prinipe d'in-lusion n'est pas respeté.Par ailleurs l'algorithme peut réer des osillations sur le front pour desdroites qui se propagent. Cela vient du fait qu'il n'y a pas uniité des solutionspériodiques en temps qui permettent de propager les droites ave et algorithme.La propagation des droites à la bonne vitesse, omme véri�é dans la setion pré-édente supposait ertaines valeurs partiulières de θ̃ sur le front au temps initial.Comme le montre l'exemple suivant, on obtient d'autre modes de propagationpossible, qui exhibent des osillations du front (non-onvexité du front).Exemple 2On onsidère la donnée initiale
θ0
I = 1 si et seulement si I = (I1, I2) ave I2 ≤ 3I1ave l'initialisation θ̃0 = θ0. On suppose que

a = (a1, a2) ave a1, a2 < 0,220



2. Une première approhe basée sur les frontsle veteur a étant su�sament prohe de la vertiale. Après quelques étapes, ontombe sur une solution périodique en temps, exhibant un front qui peut prendredeux formes (une étape sur deux) : la forme lassique approximant une droite, etune forme non onvexe présentant des osillations.L'inspetion des exemples préédents montre que le shéma est partiulière-ment non monotone dans les as qui orrespondent au as I de la setion pré-édente ou bien au as III si |a1| > |a2|. Ces deux as sont les as à problème,qu'il va falloir orriger dans la setion suivante.2.5 Ce que pouvait être un bon algorithme ?Préisons d'abord qu'on ne herhe pas un algorithme qui soit omplètementmonotone. On demande seulement les deux propriétés suivantes :1. Consistane : il existe une évolution des droites qui les propage à la bonnevitesse (en préservant le fait que le front est un graphe monotone dans un repèreadapté parallèle aux axes du maillage).2. Monotonie : les évolutions préédentes des droites fournissent des fontionsbarrières (dont on ne peut briser le prinipe d'inlusion).En d'autres termes, on ne demande l'existene d'un prinipe de omparai-son uniquement lorsqu'on ompare aux droites (mais pas aux ensemblesen général).En préambule, on remarque que dans ertains as, faire évoluer les θ̃ en haquepoint du front, est équivalent à faire évoluer les �parties onnexes� du front. Cesparties onnexes sont des barres, et on peut les faire évoluer en regardant l'évo-lution du �blo� et non pas elle de ses onstituants individuels. Il y a plusieursinterêts à faire ela :1. on retrouve l'interprêtation réservoir, qui était le point de départ.2. on retrouve la monotonie sur es blos dans les as II et III (mais pas dans leas I, sans rien faire d'autre).3. on n'a pas à dé�nir l'ensemble An, ar pour savoir si 'est le front + ou − quiest ativé, il su�t de aluler le ˙̃θ du blo. C'est le signe de ˙̃θ qui va indiquerquelle zone est en train de grandir, et don quel front il faut ativer. 221



Chapitre 6 : Résultats préliminaires sur quelques algorithmes3 Un algorithme de splitting3.1 PréambuleNous avons renoné à l'algorithme de la sous-setion 2.1, base sur les fronts
+ et −, ar il ne propage pas orretement les oins. Nous allons introduire unnouveau algorithme de type splitting.3.2 Un algorithme basé sur le splittingOn suppose (si néessaire pour simpli�er) que la donnée initiale ne ontientque des blos de ases 2 × 2 (ela évite d'avoir deux ases noires qui se touhentsur la diagonale, le tout sur fond blan). On travaille ave aα ≥ 0 pour α = 1, 2.On dé�nit F n,α omme d'habitude, àd

F n,α =
{
I ∈ Z

2, θnIα,− 6= θnI
}
, F n,α

± = F n,α ∩ {θn = ±1} ,et on onsidère en plus les oins supérieurs droits
Cn =

{
I, I1,− ∈ F n,2, I2,− ∈ F n,1, et θnI = θnI1,− = θnI2,−

}
.On va dé�nir θ̃n,α partout sur

F
n,α

= F n,α ∪ Cnvéri�ant l'évolution suivante pour I ∈ F
n,α :

θ̃n,αI (tn) = θ̃n,αI ,
˙̃
θn,αI (t) = |aα|et on pose

F
n

=
⋃

α=1,2

F
n,α
.On dé�nit alors l'ensemble des points aeptés (du premier oup) :

An+1,α =
{
I 6∈ Cn, θ̃n,αI (tn+1) = 1

}
,

An+1 =
⋃

α=1,2

{
I ∈ An+1,α et Iα,− 6∈ An+1,ᾱ

}
,où

ᾱ =






2 si α = 1

1 si α = 2.222



3. Un algorithme de splittingOn dé�nit aussi l'ensemble omplémentaire des points aeptés (les oins supé-rieurs droits aeptés)
Ân+1 =

{
I, I1,− ∈ An+1,2, I2,− ∈ An+1,1

}et l'ensemble omplet des points aeptes
A
n+1

= Ân+1 ∪ An+1.On remet alors à jour les θ :
θn+1
I =





−θnI si I ∈ A
n+1

θnI sinon.Maintenant on proède ainsi pour tous les points I ∈ F
n+1.1. (Premier passage). Pour haque α = 1, 2 et pour tout I ∈ F

n+1,α ∩ F
n,α, ondé�nit

θ̃n+1,α
I := θ̃n,αI (tn+1).Si I ∈ Cn ∩ Fn+1,α et Iα,− ∈ An+1,α ∪ Ân+1 alors on pose

θ̃n+1,α
I := 0.Si I ∈ F

n+1,α\Fn,α, alors on pose aussi
θ̃n+1,α
I := 0.2. (Points aeptés). Si I ∈ An+1,α\An+1,ᾱ, on pose

θ̃n+1,ᾱ
I =





θ̃n,ᾱIα,−(tn+1) si Iα,− ∈ F n,ᾱ

0 si Iα,− 6∈ F n,ᾱ.Si I ∈ An+1,1 ∩ An+1,2, on pose
θ̃n+1,α
I = 0 pour α = 1, 2.3. (Nouveaux oins). Si I ∈ Cn+1\Cn, alors J := (I1,−)2,− ∈ A

n+1 etsi J ∈ Ân+1 ∪
(
An+1,1 ∩An+1,2

)
, θ̃n+1,α

I := 0 pour α = 1, 2 223



Chapitre 6 : Résultats préliminaires sur quelques algorithmeset si
J ∈ An+1,α\An+1,ᾱ,





θ̃n+1,α
I = 0

θ̃n+1,ᾱ
I =





θ̃n,ᾱIα,−(tn+1) si Iα,− ∈ F
n,ᾱ

0 sinon.4. (Nettoyage �nal). On pose pour tout I ∈ Z
2

θ̃n+1,α
I := 0 si I 6∈ F

n+1,α
.De plus si θ̃n+1,α

I = 1, alors on posẽ
θn+1,α
I = 0.4 Simulations numériques pour l'algorithme de split-tingNous présentons quelques simulations numériques assoiées à l'algorithme desplitting présenté dans la sous-setion 3.2.4.1 Simulation 1 : Cas d'un erle ave une vitesse onstante

~a = (1, 2)

Fig. 6.3 � Image 0, ~a = (1, 2)

224



4. Simulations numériques pour l'algorithme de splitting

Fig. 6.4 � Image 10, ~a = (1, 2)

Fig. 6.5 � Image 18, ~a = (1, 2)

Fig. 6.6 � Image 23, ~a = (1, 2)
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Chapitre 6 : Résultats préliminaires sur quelques algorithmes4.2 Simulation 2 : Cas d'un arré qui tourne, ~a = (−y, x)

Fig. 6.7 � Image 0, ~a = (−y, x)

Fig. 6.8 � Image 38, ~a = (−y, x)

Fig. 6.9 � Image 149, ~a = (−y, x)226



5. Conlusion

Fig. 6.10 � Image 241, ~a = (−y, x)

Fig. 6.11 � Image 373, ~a = (−y, x)5 ConlusionL'algorithme de splitting, donné en sous-setion 3.2, est exat sur les droites sepropageant suivant un hamp de veteur onstant. Cependant, il n'est pas mono-tone, e qui rée des instabilités (voir Figure 6.11). Nous reherhons atuellementun algorithme monotone (éventuellement un peu non loal).
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Appendix : remarks on the model ofGroma-Csikor-ZaiserIn what follows, we give some heuristi physial and mehanial interpreta-tions of the model of Groma, Csikor and Zaiser [46℄. This model desribes theevolution of disloations densities in a bounded rystal of length L (we take
L = 2), and it takes into onsideration the short range disloation-disloationinterations (see Figure 6.12). We reall that the original model in terms of thepositive disloation densities θ+ and θ− is expressed by the following system ofequations :






θ+
t =

[(
θ+
x − θ−x
θ+ + θ−

− τ

)
θ+

]

x

on (−1, 1) × R × (0, T ),

θ−t =

[
−
(
θ+
x − θ−x
θ+ + θ−

− τ

)
θ−
]

x

on (−1, 1) × R × (0, T ),

(5.2)where τ is the applied stress, and the non-loal di�usion-like term
τb =

θ+
x − θ−x
θ+ + θ−

(5.3)is alled the loal bak stress whih is a onsequene of the in�uene of the inter-ations at a short distane between disloations.Letting
ρ±x = θ±, ρ = ρ+ − ρ− and κ = ρ+ + ρ−, (5.4)the onnetion with plastiity theory is established through the shear strain γthat is related to the disloation densities by the following relation :

γ(x) =

∫ x

(θ+ − θ−)dx,hene
γ = ρ, (5.5)229



Heuristi remarks
PSfrag replaements ττ

e1

e2

1−1Fig. 6.12 � Geometry of the studied onstrained hannel.where ρ represents the plasti deformation in the material.Looking at the distribution of disloation densities and strains within thehannel, we �nd that at high stresses two boundary layers emerge near the walls.At equilibrium (after a long time), the struture of these boundary layers an beanalyzed by noting that at high stresses all disloations are lose to the walls,with only negative disloations at the left wall (ρx = −κx) and only positivedisloations at the right one (ρx = κx).1. Coarse derivation of the bak stress τb. For the sake of simpliity, we willput ourselves in the framework where we have N number of positive disloationsin an in�nite material situated on (−∞, 0]. Let xi, i = 1...N be the position ofthe i-th disloation after applying a high stress τ . Denote
θ = θ+,the density of the positive disloations. The goal here is to give a oarse alulationin order to see how the di�usion term

θ+
x − θ−x = θ+

x = θ
′in the bak stress τb (see 5.3) ould be derived. The total stress σ applied at a230



Heuristi remarksgiven disloation at the position xi an be given by :
σ ≃

(
∑

j 6=i

σ0(xi − xj) −
∑

(mean-�eld stress))+ τ

=

(
σ0 ∗

∑

i

δxi −
∑

(mean-�eld stress))+ τ. (5.6)Here
τb =

(
σ0 ∗

∑

i

δxi −
∑

(mean-�eld stress)) ,and σ0(xi − xj) is the shear stress reated at xi by a positive disloation loatedat xj , while the mean-�eld stress is due to the uniform distribution of the dislo-ations in the vertial diretion (see Figure 2.3 of Chapter 2).Derivation from statistial mehanis. The idea of the derivation of the bakstress as it appears in the work of Groma, Csikor and Zaiser [46℄, relies on passingform the disrete disloation system, i.e. the equations of motion of individualdisloations, to the ontinuum one by averaging over an ensemble of statistiallyequivalent disloation systems (for details of the averaging proedure see [44,45℄).It is worth mentioning that the disrete density of positive disloations is givenby :
θD(x) =

N∑

i=1

δ(x− xi).The dynamis of θ due to the ontinuum desription is given by :
θt = −

(
τθ +

∫
θ++(x, y, t)σ0(x− y)dy

)

x

,where the two-partile density funtion appearing in the integral may be inter-preted as follows : θ++(x, y, t)dxdy is the joint probability to �nd at some time t apositive disloation in an element of length dx at the point x and another positivedisloation in an element of length dy at y. The simplest possible assumption isthat the two partile density funtion is a produt of the single partile ones, i.e.
θ++(x, y, t) = θ(x, t)θ(y, t).This assumption was onsidered by Groma and Balogh [45℄ in order to desribethe dynamis of the disloation densities without any short-range interations(the disloation arrangement are mirosopially random). 231



Heuristi remarksOn the other hand it has been demonstrated that the disloation-disloationorrelations may introdue an internal length sale into the disloation dynamisand into assoiated plastiity theories. In [46℄, the short range orrelation e�etswas taken into aount by assuming that
θ++(x, y, t) = θ(x, t)θ(y, t) (1 + d++(x− y)) ,where d++ orresponds to the orrelation funtion in a homogeneous disloationsystem. Finally, this gives rise to the di�usion-like loal bak stress that we aregoing to give another non-rigorous derivation of it.Non-rigorous derivation. We return our attention to (5.6). The mean-�eldstress an be expressed in terms of σ0 as follows :

∑
(mean-�eld stress) = Nσ0 ∗ θ.Let li be a number related to xi by the following relation :

li =
(xi − xi+1)

2
,and let

N =
1

ε
.Using the above identities and (5.6), we obtain :

τb ≃ −1

ε
σ0 ∗ θ + σ0 ∗

∑

i

δxi

≃ −1

ε
σ0 ∗

(
θ − ε

∑

i

δxi

)
.We ompute for a test funtion φ :

〈θ − ε
∑

i

δxi, φ〉 =

∫
θφ− ε

∑

i

φ(xi)

≃
∑

i

∫ xi

xi+1

θφ− ε
∑

i

φ(xi).We apply Taylor's expansion of the funtion φ up to order 2, and we use the fatthat :
li =

(xi − xi+1)

2
≃ ε

2θ(xi)
,232



Heuristi remarkswe �nally obtain :
〈θ − ε

∑

i

δxi ;φ〉 ≃
∫
φ

′′ l2

6
+ higher order terms

≃
∫
φ

′′ ε2

24θ2
+ h.o.t

≃ ε2

24

∫
φ

(
1

θ2

)′′

+ h.o.t,hene
1

ε

(
θ − ε

∑

i

δxi

)
≃ ε

24

(
1

θ2

)′′

+ h.o.t,therefore
τb ≃ −σ0 ∗

(
1

ε
(θ − ε

∑

i

δxi)

)

≃ − ε

24
σ0 ∗

(
1

θ2

)′′

≃ − ε

24
σ

′

0 ∗
(
−2θ

′

θ3

)

≃ C
θ
′

θ3
, C is a onstant,whih shows, in an approximate way, the presene of θ

′

θ3
instead of θ

′

θ
in (5.3). Atleast we reover the presene of θ′ .2. Calulation of the displaement u inside the material. We write downthe equations of the displaement vetor u inside the material when this is appliedto a onstant exterior shear stress τ on the boundary walls. We onsider a 2-dimensional rystal with the displaement vetor :

u = (u1, u2) : R
2 7−→ R

2.For x = (x1, x2) and an orthonormal basis (e1, e2), we de�ne the total strain by :
ε(u) =

1

2
(∇u+ t∇u), (5.7)i.e.

εij(u) =
1

2
(∂jui + ∂iuj) 233



Heuristi remarkswith
∂jui =

∂ui
∂xj

, i, j = 1, 2.This total strain an be deomposed into two parts as follows :
ε(u) = εe(u) + εp, (5.8)where εe(u) is the elasti strain and εp is the plasti strain whih is given by :

εp = γε0, (5.9)with
ε0 =

1

2
(e1 ⊗ e2 + e2 ⊗ e1) =

1

2

(
0 1
1 0

)
,in the speial ase of a single slip system where disloations move following theBurgers vetor ~b = e1 (for the details of our partiular framework, see Setion1.2 of Chapter 2). Here γ is the resolved plasti strain that an be expressed interms of the disloation densities (see (5.4)) as :

γ = ρ+ − ρ− = ρ,therefore (5.9) implies that
εp = ρε0.The stress �eld σ inside the rystal is given by :

σ = Λ : εe(u),where for i, j = 1, 2,

σij = (Λ : εe(u))ij = 2µεeij(u) + λδijtr(ε
e(u)), (5.10)with λ, µ > 0 are the onstants of Lamé oe�ients of the rystal that are assumed(for simpli�ation) to be isotropi, and δij is the Kroneker delta symbol. Thisstress �eld σ has to satisfy the equation of elastiity :divσ = 0,that an be reformulated as :div (2µε(u) + λtr(ε(u))Id) = div (2µεp + λtr(εp)Id),whih implies that :

µ∆u+ (λ+ µ)∇(divu) = µ

(
∂2ρ
∂1ρ

)
= µ

(
0
∂1ρ

)
. (5.11)234



Heuristi remarksHere ∂2ρ = 0 is due to the homogeneity of the distribution of disloations in the
e2-diretion (see Figure 2.3 of Chapter 2).Calulation of u. We �rst alulate the value of the displaement u on theboundary walls. Remark �rst that sine we are applying a onstant shear stress�eld on the walls, the stress �eld σ there an be evaluated as : σ · n = ±τe2,
n = ±e1,

σb =

(
0 τ
τ 0

)
, on ∂I. (5.12)Using (5.12) and (5.10), we an derive the following equations on the boundary :

{
∂1u1 = 0 on x1 = −1, 1,

µ(∂1u2 − ρ) = τ on x1 = −1, 1.
(5.13)Equation (5.11) leads to the following two equations inside I = (−1, 1) :

{
∂1[(λ+ 2µ)∂1u1] = 0 on I

∂1(∂1u2 − ρ) = 0 on I.
(5.14)Combining (5.13) and (5.14) we dedue that :






∂1u1 = 0 on I

∂1u2 − ρ =
τ

µ
on I.

(5.15)By the antisymmetry of our partiular on�guration with respet to the line
x1 = 0, and the fat that we are applying a shear stress on the walls, we eventuallyhave :

u1(0, x2) = u2(0, x2) = 0,whih together with (5.15) �nally lead :





u1(x1, x2) = 0, (x1, x2) ∈ I × R

u2(x1, x2) =
τ

µ
x1 +

∫ x1

0

ρ(x)dx, (x1, x2) ∈ I × R,
(5.16)where ρ an be omputed from the following oupled system derived (see 5.4)from (5.2) :

{
ρt = ρxx − τκx (x1, x2, t) ∈ I × R × (0, T ), T > 0,

κtκx = ρtρx (x1, x2, t) ∈ I × R × (0, T ).
(5.17)235



Heuristi remarksAs an elastovisoplasti material of small size, the double-ended pile-up distribu-tion of disloations a�ets the internal ontribution (displaement) of the materialnear the boundary (see Figures 6.13, 6.14 and 6.15). It appears that the rystalis perfetly elasti at a very small time t = 0+, while the plasti ontributionstarts to take plae at t > 0 with two boundary layers reated at the walls (seeFigure 6.15). The following �gures are numerially omputed after alulating thedisplaement u2 (see (5.16)) by disretizing (5.17) in order to alulate ρ. Ournumerial sheme will be given later.

Fig. 6.13 � The material at t = 0.

Fig. 6.14 � The elasti deformation at t = 0+.
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Fig. 6.15 � The total deformation at t = +∞.It is worth notiing that equations (5.15) enables us to �nd expliit formulasfor the elasti and the plasti strain εe(u) and εp. In fat, using (5.7) and (5.15),we dedue that :
ε(u) = εe(u) + εp =

1

2

(
0 τ

µ
+ ρ

τ
µ

+ ρ 0

)
= εe(u) +

1

2

(
0 ρ
ρ 0

)
,hene

εe(u) =
1

2

(
0 τ

µ
τ
µ

0

)
=
τ

µ
ε0,whih is independent of ρ in this partiular framework.3. A proposed numerial sheme. We want to approximate the funtion u2given by (5.16) by proposing a numerial sheme to the system (5.17). Sine theproblem is invariant in the e2-diretion, we will only make a disretization of theinterval I = (−1, 1). Given a mesh size ∆x, ∆t, we de�ne

Ξ = {i∆x, i ∈ Z, i ∈ [−N,N ]} , N = 1/∆x ∈ N,as a disretization of I, and
ΞT = Ξ × {0, ..., (∆t)NT} ,as the whole grid mesh. Here NT is the integer part of T/∆t. The disrete runningpoint is (xi, tn), n ∈ N, with xi = i(∆x) and tn = n(∆t). The approximationof the funtions ρ and κ at the node (xi, tn) will be represented by ρni and κnirespetively. We hoose the initial disretized funtion ρ0

i and κ0
i as follows :

ρ0
i = 0 and κ0

i = xi. (5.18)237



Heuristi remarksLet
(ρx)

n
i =

ρni+1 − ρni−1

2∆x
, (ρxx)

n
i =

ρni+1 + ρni−1 − 2ρni
(∆x)2

,and
(κx)

+n
i =

κni+1 − κni
∆x

, (κx)
−n
i =

κni − κni−1

∆x
.De�ne

(κx)
n
i =

{
[(κx)

+n
i ]+ if (ρx)

n
i (ρxx)

n
i ≤ 0,

[(κx)
−n
i ]+ if (ρx)

n
i (ρxx)

n
i ≥ 0,where a+ = max(a, 0). We onsider for |i| < N , 0 ≤ n ≤ (∆t)NT , the followingsheme :





κn+1
i − κni

∆t
=





(ρx)
n
i (ρxx)

n
i

(κx)ni
− τ(ρx)

n
i if (κx)

n
i 6= 0

− τ(ρx)
n
i if (κx)

n
i = 0

ρn+1
i − ρni

∆t
= (ρxx)

n
i − τ(κx)

n
i

κn−N = −1 and κnN = 1

ρn−N = ρnN = 0

}Dirihlet boundary onditions. (5.19)
We also assume the following CFL ondition :

∆t ≤






1

|(ρx)ni (ρxx)ni |

(
κni+1 − κni

∆x

)
(κni+1 − κni ) if (ρx)

n
i (ρxx)

n
i ≤ 0

1

|(ρx)ni (ρxx)ni |

(
κni − κni−1

∆x

)
(κni − κni−1) if (ρx)

n
i (ρxx)

n
i ≥ 0.

(5.20)Disretization of u2. The previous sheme, together with (5.16) permit to makethe following disretization of u2 :
(u2)

n
i =

τ

µ
i(∆x) +





i∑

j=1

ρnj∆x if i > 0,

−
−1∑

j=i

ρnj∆x if i < 0,

0 if i = 0.

(5.21)
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Heuristi remarks4. Numerial simulations for (5.18)-(5.19), τ = 1.8.4.1. Evolution of ρ.
−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Fig. 6.16 � ρ at t = 0.
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Fig. 6.17 � ρ at t = 0.002.
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Fig. 6.18 � ρ at t = 0.551. 239



Heuristi remarks4.2. Evolution of κ.
−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Fig. 6.19 � κ at t = 0.
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Fig. 6.20 � κ at t = 0.002.
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Fig. 6.21 � κ at t = 0.551.
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Heuristi remarks4.3. Evolution of the positive disloation density θ+.
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Fig. 6.22 � θ+ at t = 0.
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Fig. 6.23 � θ+ at t = 0.002.
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Fig. 6.24 � θ+ at t = 0.551.
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Heuristi remarks4.4. Evolution of the negative disloation density θ−.
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Fig. 6.25 � θ− at t = 0.
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Fig. 6.26 � θ− at t = 0.002.
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Fig. 6.27 � θ− at t = 0.551.
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