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Résumé : Cette thése porte sur I’étude théorique d’'un modéle mathématique
provenant de I'’étude de la dynamique de densités de dislocations dans les cris-
taux de petite taille. Cette dynamique est modélisée par un systéme non linéaire
couplé parabolique/Hamilton-Jacobi. Les dislocations sont des lignes de défauts
qui se déplacent dans les cristaux lorsque ceux-ci sont soumis a des contraintes
extérieures. De facon independente, tout a la fin de la thése, nous présentons une
méthode numérique pour le transport de fronts.

Dans le cceur de la thése, trois types d’équations sont considérées : équations
de Hamilton-Jacobi non linéaires, lois de conservation scalaires, et équations pa-
raboliques singuliéres.

Nous traitons un systéme parabolique/Hamilton-Jacobi singulier otu la singu-
larité apparait par la présence de l'inverse du gradient. Notre systéme prend en
considération l'effet & courte distance entre dislocations, ainsi que la formation
des couches limites. Nous étudions l'existence, I'unicité et la régularité des solu-
tions du systéme. Cette étude repose en grande partie sur la théorie des solutions
de viscosité; des solutions entropique et des solutions classiques. Deux cas prin-
cipaux sont considérés : le cas ol les contraintes extérieures sont nulles, et le cas
ou elles sont constantes (non nécessairement nulles).

Abstract : This thesis is concerned with the theoretical study of a mathe-
matical model arising from the study of the dynamics of dislocation densities in
crystals of small size. This dynamics is modelized by parabolic/Hamilton-Jacobi
nonlinear coupled system. Dislocations are linear defects which move in crystals
when those are subjected to exterior stresses. Independently, at the end of the the-
sis, we present, in a short chapter, a numerical method for the transport of fronts.

In this thesis, three types of equations are considered : non-linear first or-
der Hamilton-Jacobi equations, scalar conservations laws, and singular parabolic
equations.

We treat a singular parabolic/Hamilton-Jacobi system where the singularity
appears from the presence of the inverse of the gradient. Our system takes into
consideration the short range dislocation-dislocation interactions, as well as the
formation of boundary layers. We study the existence, uniqueness and the regu-
larity of the solutions of this system. This study relies essentially on the theory
of viscosity solutions; the theory of entropy and classical solutions. Two main
cases are considered : the case of zero exterior stresses, and the case of constant
exterior stresses (not necessarily zero).
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Chapitre 1

Introduction générale

Cette thése porte sur I’étude théorique d’'un modéle mathématique provenant
de I’étude de la dynamique de densités de dislocations dans les cristaux. Cette dy-
namique est modélisée par un systéme non linéaire couplé parabolique/Hamilton-
Jacobi, et 'on s’intéresse a l'existence et 'unicité des solutions du systéme. Les
dislocations sont des lignes de défauts qui se déplacent dans les cristaux lorsque
ceux-ci sont soumis a des contraintes extérieures.

De facon independente, tout a la fin de la thése, est presentée dans un court
chapitre, une méthode numérique pour le transport de fronts. Dans le cceur de la
thése, trois types d’équations sont considérées :

1. Equations de Hamilton-Jacobi non linéaires du premier ordre.
2. Les lois de conservation scalaires.
3. Equations paraboliques singuliéres.

Pour toutes ces équations, le but principal de I'étude étant l'existence, 'unicité
et la régularité des solutions. Cette introduction a pour but de donner un apergu
des résultats obtenus. Dans la premiére section, on donne une bréve descrip-
tion physique de la dynamique de densités de dislocations dans les cristaux. Une
motivation physique du modéle spécial auquel on s’intéresse est donnée aussi.
Dans les sections 2, 3 et 4, on présente les résultats mathématiques concernant
notre modéle décrivant la dynamique de densités de dislocations. La section 5 est
consacrée a la présentation d'une méthode numérique pour le transport de fronts.

Afin de mettre en relief les nouvelles idées et ne pas se perdre dans les détails
techniques, on a donné des énoncés simplifiés dans cette introduction générale.
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Pour les énoncés précis, on renvoie le lecteur aux chapitres suivants.

1 Motivation physique

1.1 Dislocations : une bréve introduction

Les dislocations sont des lignes de défaut, ou bien irrégularité dans une struc-
ture cristalline. Schématiquement, ce sont des zones dans lesquelles les atomes
sont mal placés dans le réseau atomique cristallin parfait. La théorie a été mathé-
matiquement développée par V. Volterra(!). Les dislocations sont des phénoménes
non stationnaires et leur mouvement est ’explication principale de la déforma-
tion plastique dans les cristaux métalliques (voir Nabarro [76], et Hirth, Lothe [51]
pour une présentation physique récente).

F1G. 1.1  Les dislocations dans I’acier inoxydable.

Les dislocations ont une longueur typique de I’ordre de 107 %m et une épais-
seur de lordre 107 %m. Ils ont été introduits par Orowan [78], Polanyi [83] et
Taylor [90] en 1934 comme 'une des principales explications au niveau micro-
scopique de la déformation plastique macroscopique des cristaux. Ces concepts
ont été confirmés en 1956 par la premiére observation directe des dislocations
par Hirsch, Horne et Whelan |50|, et par Bollmann [5], grace aux microscopes
électroniques. Sous l'effet du champ de contrainte, ces dislocations peuvent se
déplacer dans un plan cristallographique bien défini appelé “plan de glissement”.
Une dislocation est caractérisée par deux vecteurs : le vecteur gqui est paralléle a

'L’article original [92] de Vito Volterra date de 1907.
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la ligne de dislocation, et le vecteur de Burgers b décrivant le déplacement associé.
En utilisant ces termes & et b, deux types de dislocations peuvent étre présentées :

1. Dislocation coin : le vecteur de Burgers b est perpendiculaire a 5
2. Dislocation vis : le vecteur de Burgers b est paralléle a 5

En fait, ces deux types de dislocations sont seulement les formes extrémes de
I’éventuelle structure de dislocations qui peuvent arriver. La plupart des disloca-
tions sont des formes hybrides de ces deux formes.

Dans cette thése, on étudie la dynamique de lignes de dislocations coins dans
un matériau borné. La quantité de dislocations dans un cristal est représentée
par sa densité qui est définie comme étant le nombre des lignes de dislocations
traversant une section unitaire.

Comprendre le comportement des dislocations est la clé pour la compréhen-
sion d’une partie essentielle de la microstructure des cristaux solides. En effet, le
comportement et les propriétés des dislocations affectent directement la force et
la dureté des matériaux structuraux. Cependant, dans cette thése, on se concentre
seulement sur I’analyse mathématique d’un modéle particulier décrivant la dyna-
mique de densités de dislocation dans un domaine de petite taille.

1.2 Le modéle de Groma, Czikor et Zaiser

Dans [46], Groma, Czikor et Zaiser ont proposé un modéle 2-dimensionnel dé-
crivant la dynamique de densités de dislocations coins paralléles dans un cristal
3-dimensionnel borné. Le terme “densités de dislocations” surgit du fait que les
dislocations coins peuvent étre classifiées comme étant positives ou négatives
selon la direction de leurs vecteurs de Burgers. Ce modéle a été introduit pour
décrire I'accumulation possible des dislocations sur la frontiére du matériau. Il
met en valeur I’évolution de ces deux types de densités en prenant en compte les
interactions a courte distance entre dislocations.

Rentrons plus en profondeur dans le modéle. Supposons 'existence d’'un cer-
tain nombre de dislocations coins dans un canal de largeur finie dans la direction
x et ayant une extension infinie dans la direction y (voir la Figure 1.2). Le canal
est borné par des murs qui sont impénétrables par les dislocations (i.e., la défor-
mation plastique dans les murs est zéro). Les lignes de dislocations sont supposées
étre perpendiculaire au plan x-y, et se mouvant dans la direction z, i.e.
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1. La ligne de dislocation 5est perpendiculaire a x et y.

2. Le vecteur de Burgers b est paralléle a I'axe des z.

ligne de dislocation

fffffffffffff éL%w .
T 7

X

F1G. 1.2 — Le modéle de Groma, Czikor et Zaiser.

Tout I’assemblage est plongé dans un cristal infini o les dislocations peuvent bou-
ger sous l'action d’un certain champ de contrainte exterieure constante 7 # 0,
et/ou sous l'action du champ de contrainte créé par les dislocations elles méme.
Les forces internes créées par les dislocations sont conséquence directe des inter-
actions a courtes et longues distance entre elles dans le matériau méme.

On s’intéresse a un modéle simplifié ot 'on suppose une configuration parti-
culiére de lignes de dislocation.

Un modéle unidimensionnel simplifié.

On suppose que le probléme est invariant par translation dans la direction
y. En d’autres termes, on suppose que, si (S) est une section perpendiculaire
aux lignes de dislocations, alors I'arrangement des points de dislocation dans (S)
est invariant par translation dans la direction y. La distribution de points de
dislocations dans (S) est montrée dans la Figure 1.3. Suite aux hypothéses faites
sur 'arrangement des dislocations (voir Figure 1.3), on peut déduire que 1'étude
de la dynamique des points de dislocation sur la ligne (£) donne I'information
compléte de la dynamique des lignes de dislocation dans le canal. En conclusion,
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G

dislocation négative

1T
1T

[ T

“dislocation positive

— -
—

ligne (L)

%*
}*

b

X

Fi1G. 1.3 — Points de dislocation dans une section.

on peut écrire que :
dynamique dans (£) = dynamique dans (§) = dynamique dans un canal borné.

Groma, Csikor et Zaiser [46] ont formulé, a partir du mouvement des disloca-
tions individuelles, une description continue en termes de densités de dislocation.
Il a été expliqué par Groma et Balogh [44,45], pour un systéme de dislocations
paralléles, qu’une description continue peut étre dérivée des équations de mou-
vement des dislocations individuelles. En utilisant une approche différente, une
description continue d’un systéme de dislocations courbées en 3-D a été formulée
(voir El-Azab [30], et Monneau [74] et leurs références). Cependant, un inconvé-
nient majeur de ces premiéres investigations est que, afin d’obtenir un ensemble
fermé d’équations, les interactions a courte distance entre dislocations ont été
négligées et les interactions entre dislocations ont été décrites seulement par leur
contribution longue distance. Cette description n’a pas permis de formuler ma-
thématiquement ce qui se passe a la frontiére du matériau.

Remark 1.1 Dans notre cadre particulier, voir Figure 1.3, les dislocations sont
relativement proche les unes des autres. Ceci est di a leur présence dans une petite
zone borné par des murs. Dans ce cas, les interactions a longue distance entre
dislocations sont nulles et donc le modéle présenté dans Groma, Balogh [45] n’est
plus approprié pour décrire ’évolution de densités de dislocations. Cependant,
pour le modéle décrit dans Groma, Balogh [45], on renvoie le lecteur a El Hagj [31],
et El Hajj, Forcadel [32] pour une étude mathématique et numérique 1-D, et a
Cannone, El Hajj, Monneau et Ribaud [10] pour un résultat d’existence 2-D.
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Dans [46], Groma, Csikor et Zaiser ont réussi a modéliser I'effet des interactions
a courte distance entre dislocations par une contrainte locale de type gradient.
La formulation mathématique exacte va étre présentée maintenant.

La formulation mathématique du modéle unidimensionnel.

Soient 67 et 6~ les densités positives et négatives de dislocations respective-
ment. En suivant la derniére discussion, les dislocations sont bornées par des murs
séparés par une distance finie de longueur ¢ (prendre ¢ = 1). Typiquement, les dis-
locations positives/négatives sont celles qui se déplacent vers le mur droit/gauche.
Dans le cas ot le champ de contrainte constant appliqué 7 est différent de zéro,
notre systéme est un systéme de “pile-up” double ou les dislocations positives
s’accumulent au mur droit, tandis que les dislocations négative s’accumulent au
mur gauche (voir Figure 1.4). Pour une étude mathématique de plusieurs modéles

e s

0 1
Fi1G. 1.4  Un systéme de “pile-up” double.

de “pile-ups” de dislocations, on renvoie le lecteur au Voskoboinikov, Chapman,
Ockendon, Allwright [93|, Carpio, Chapman, Velazquez [12|, Wood, Head [95], et
Hirth, Lothe [51].

Le systéme couplé décrivant I’évolution de densités de dislocations 6% et 6~
s’écrit (voir Groma, Csikor et Zaiser [46]) :

o0t + 0~

_ 0r — 6, _
et = |:— <m — ’7') 0 :| sur (0, ].) X (O,T),

o — [(9; — 0. —T) 9+L sur (0,1) x (0,7), -

avec les conditions initiales :
0" (x,0) =04 (z) et 6 (x,0) =0, ().

Ici T > 0 est un réel positif fixé et 7 est le champ de contrainte extérieure sup-
posé constant. Le terme Z%‘t;zg qui apparait dans (1.1) représente le champ de
contrainte locale décrivant les interactions a courte distance entre dislocations.
Dans les modéles présentés dans la Remarque 1.1, ce terme a été mis a zéro.

Dans ce cas, le systéme (1.1) décrit la translation des dislocations en suivant la
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vitesse 7, sans prendre en considération la formation des couches limites. Pour
cette raison, des conditions au bord périodiques ont été considérées dans lI'étude
mathématique de ces systémes. En fait, 'utilisation des conditions au bord pé-
riodiques est une facon de voir ce qui se passe a 'intérieur du matériau loin de
sa frontiére.

L’objectif essentiel de cette thése est d’examiner l'existence et 'unicité des
solutions de (1.1) sous des conditions au bord appropriées qui vont étre clarifiées
ci-aprés. Soit

I:=(0,1), et Ip:=1x(0,T).

On considére une forme intégrée de (1.1) et on pose
pr=0% p=pt—p et w=p'+p, (1.2)

pour obtenir (au moins formellement), pour des valeurs spéciales des constantes
d’intégration, le systéme suivant en terme de p et x :

{ Ktkz = PPz sur Iy (1.3)

Pt = Pz — TKy sur Ip,
avec les conditions initiales :
k(z,0) = k°(z) et p(z,0) = p°(z).

On va donner maintenant les deux conditions essentielles concernant p et k.
Conditions physiquement consistantes.

Condition 1. Les deux termes T et 6~ représentent deux densités positives.

Puisque par (1.2),
Ke £ pa

2 Y
Le fait que 6 > 0 est traduit dans le langage de p et x par la condition suivante :

6* =

Kz 2 | pel. (1.4)

Cette condition doit étre satisfaite afin de pouvoir donner sens au systéme (1.1).

Condition 2. La deuxiéme condition est
p(1,t) = p(0,t), Vt>0. (1.5)

Cette condition est nécessaire pour 1’équilibre du modéle physique qui commence
avec le méme nombre de dislocations positives et négatives. Pour étre plus précis,
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soit nt et n~ le nombre total des dilocations positives et négatives respectivement
en t = 0. On suppose qu’il n’existe ni annihilation ni création de dislocations dans
le matériau. Il y a donc conservation des n* et n~ au cours du temps. Cela peut
étre formulé mathématiquement par (voir (1.2) ci-dessus) :

p(1.t) — p(0,1) = / pu( 1) da,

_ /0 (0% (2,1) — 0~ (2, 1)) d,

= nt—n"=0.

Ainsi, on retrouve (1.5).
Les conditions au bord.

Pour formuler heuristiquement les conditions aux bords (en x = 0 et z = 1),
on suppose d’abord que K, # 0 en z = 0,1. On rappelle que puisque les murs
sont impénétrables par les dislocations, alors le flux de dislocations a la frontiére
doit étre zéro, ce qui exige :

P

A

~

OF—0)—7(0"+67)=0, en xze€{0,1}. (1.6)

T

En écrivant le systéme (1.3) en terme de p, x et ®, on obtient

{ Kt = (pz/Fz)®,

e (1.7)

A partir de (1.6) et (1.7), et si kK, # 0 en z = 0 et = 1, on peut formellement
déduire que p et k sont constants le long des murs frontiéres. Cela suggere de
mettre des conditions de Dirichlet au bord pour p et k. Ecrivons maintenant le
systéme complet d’une fagon précise.

Le systéme complet.

De tout ce qui précéde, le systéme complet est exprimé par le systéme couplé
suivant :

RiRy = PtPx; sur Ir,
K(z,0) = K°(z), sur I (1.8)
k(0,t) = k°(0) et w(1,t)=r"(1), Vte[0,T],
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et
Pt = Prw — TKa, sur Ir,
p(z,0) = p°(z), sur I (1.9)
p(0,t) = p(1,t) =0, vVt € [0,T7.

Ces équations sont le coeur de notre analyse mathématique ou I'on étudie 'exis-
tence et I'unicité des solutions dans deux cas différents.

Les deux cas.

Pour I’étude du systéme (1.8)-(1.9), on commence par le cas ou 7 = 0. Dans
ce cas, le systéme devient faiblement couplé dans le sens que I'on peut résoudre
d’abord I’équation en p, puis ’équation en k. Le deuxiéme cas est un cas général
ot 7 # 0. Notre systéme devient donc fortement couplé et plus compliqué. Ecri-
vons donc les deux cas :

Cas A. La contrainte extérieure 7 appliqué au matériau est zéro.

Cas B. La contrainte extérieure 7 appliqué au matériau est constante différente
de zéro.

2 Systéme non-linéaire parabolique/Hamilton-Jacobi

Cette section est un assemblage des résultats du Chapitre 3, ou I'on étudie
le systéme (1.8)-(1.9) dans le cas 7 = 0. Dans cette section, on présente nos
théorémes principaux; on montre les difficultés majeures, et on discute des idées
clés qui nous ont permis de surmonter ces difficultés.

2.1 Situation du probléme

On étudie I'existence et 1'unicité des solutions du systéme parabolique /Hamilton-
Jacobi (1.8) et (1.9) dans le Cas A. Cette étude est faite dans le cadre des solu-
tions de viscosité (pour la définition des solutions de viscosité pour les équations
de Hamilton-Jacobi, on renvoie le lecteur aux Définitions 2.3, 2.5 du Chapitre
3). La notion de solutions de viscosité a été introduite par Crandall et Lions [22]
pour résoudre les équations de Hamilton-Jacobi du premier ordre. La théorie a
été ensuite étendue pour les équations du second ordre et a connu un grand dé-
veloppement apreés les travaux de Jensen [58] et de Ishii [57].
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On réécrit le systéme (1.8)-(1.9) dans le cas ou 7 = 0, on arrive au systéme
de Dirichlet suivant :

RiRy = PtPx sur Ir,
K(z,0) = K°(z), sur I, (2.10)
k(0,t) = k%(0) et w(1,t)=r"(1), Vte[0,T],

et
Pt = Pxx, sur [Ta
p(,0) = (x),  sur I, (2.11)
p(0,t) = p(1,t) =0, vVt € [0,T7.

Rappelons que k, et p, doivent satisfaire “dans un certain sens” la condition (1.4),
i.e.
Ky > |pe| sur  Ip.

Il est utile de noter que le systéme ci-dessus (2.10)-(2.11) est maintenant un
systéme faiblement couplé. Plus précisément, on peut résoudre ’équation de la
chaleur (2.11), et puis insérer sa solution p dans (2.10), transformant le probléme
en la résolution d’une seule équation de type Hamilton-Jacobi qui peut étre for-
mulée comme suivant :

k(x,0) :1‘ x%(x) € Lip(I), (2.12)
k(0,t) = k°(0) et k(1,t)=x"1),  Vtel0,T],

Kt = F(x,t, k) sur Ip,

avec
KO > P2 sur 1. (2.13)

2.2 Reésultats de viscosité sur ’intervalle borné I = (0,1)

La premiére difficulté apparait en résolvant (2.12) lorsqu’on divise par k.
Cela donne lieu a une singularité aux points o k, = 0, et qui peut arriver méme
en t = 0 (voir la condition (2.13) ci-dessus). On surmonte cette difficulté en
prenant une approximation spéciale de (2.13), ot 'on empéche £ de s’annuler.
Le théoréme suivant est ainsi prouvé.

Théoréme 2.1 (Existence et unicité d’une solution de viscosité, ¢ > ()
Soient T > 0 et € > 0 deux constantes. Soient k° € Lip(I), et p° € C§°(I)
vérifiant :

KO > G.(p2), Go(z) = Va2 +e2 (2.14)

10
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Etant donné la solution p de l’équation de la chaleur (2.11), il existe une solution
de viscosité k € Lip(I7) de (2.10), unique parmi celles vérifiant :

Ky > Ge(pz) p.p. dans Ir. (2.15)

La difficulté principale en prouvant ce résultat est de démontrer la minoration
(2.15) de k.. L’argument formel pour surmonter cette difficulté est d’observer
d’abord que &, est une solution de 'équation dérivée de (2.12) :

wy = (F(z,t,w))y, (2.16)

tandis que, par simple calculs, on peut montrer (voir Lemme 3.4 de Chapitre 3)
que G.(p,) satisfait :

(Ge(p2))e < (F(,t,G=(p2)))as (2.17)

et donc G.(p,) est une sous-solution de (2.16). En utilisant un principe de com-
paraison, avec (2.14), on arrive facilement au résultat. Ces arguments formels
peuvent étre formulés rigoureusement en utilisant une relation entre les solutions
de viscosité des équations de Hamilton-Jacobi et les solutions entropiques des lois
de conservation scalaires. Cette relation montre que, sous certains hypothéses de
régularités, si k est une solution de viscosité de 1’équation de Hamilton-Jacobi
suivante sur tout ’espace :

Ry

K(z,0) = K(z), sur R,

Kt = F(x,t, k), sur R x(0,7),

ol p est la solution de I’équation de la chaleur :

{pt = Puxs sur R x (0,7),

p(x,0) = p°(x), sur R, (2.18)

alors w = k, est une solution entropique de la loi de conservation scalaire suivant :

{wt = (F(z,t,w)), sur R (0,7), (2.19)

w(r,0) = w'(z) = K2(x), sur R.

De plus, la régularité de la fonction G.(p,) permet d’avoir I'inégalité (2.17) p.p.
dans R x (0,7, alors G.(p,) est une sous-solution entropique de (2.19). En uti-
lisant I'inégalité entre la donnée initiale (2.14), et le principe de comparaison de
Kruzkov (voir Théoréme 2.16 du Chapitre 3), on obtient que :

Ky > Ge(pg).

11
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Rappelons que les solutions entropiques on été d’abord introduites par Kruz-
kov [63] comme étant la seule solution “physiquement” admissible parmi toutes
les solutions faibles (distributionnelles) aux lois de conservation scalaires. La théo-
rie des solutions entropiques a été ensuite largement développée. Des définitions
équivalentes aux solutions entropiques pour les lois de conservation scalaires avec
données initiales simplement essentiellement bornées L> sont données via des so-
lutions entropiques processus (voir Eymard, Gallouét et Herbin [35,36]), ou bien
via la formulation cinétique (voir Lions, Perthame, Tadmor [70], Perthame [81],
et Perthame, Tadmor [82]). Une notion de solution entropique faible via le couple
entropie-flux est donnée dans Otto |80]. Pour la définition des solutions entro-
piques que l'on va utiliser dans notre travail, on renvoie le lecteur a la Définition
2.12 du Chapitre 3.

Il est utile de noter que I'on doit faire attention a deux points importants lors
des preuves rigoureuses. Le premier point est que la relation ci-dessus entre les
solutions de viscosité et les solutions entropiques est valide sur R. Ceci exige, a
un certain moment, de faire un prolongement approprié du probléme a partir de
I'intervalle borné I dans I’espace entier R ; pour se servir de cette relation, et puis
retourner de nouveau a I. Le deuxiéme point est que le Principe de Comparaison
original de Kruzkov [63] a été prouvé sous certaines conditions de régularité de
la fonction F' que 'on n’a pas. Cela nécessite de suivre les idées de Kruzkov [63],
et Eymard, Gallouét, Herbin [35] et d’adapter leurs preuves a notre cas avec une
régularité moindre (voir Théoréme 2.16 et sa preuve dans 1’Appendice du Cha-
pitre 3).

Une autre voie envisageable pour prouver la minoration (2.15) du gradient &,
aurait été de rester dans le cadre des solutions de viscosité. En effet, il y a quelques
résultats sur la minoration du gradient des solutions de viscosité des équations de
Hamilton-Jacobi. Un résultat intéressant a ce sujet peut étre trouvé dans Ley [67].
Dans cet article, 'auteur donne une borne inférieure pour le gradient spatial de
la solution de viscosité des équations de Hamilton-Jacobi du premier ordre :

w + F(x,t,u,) =0,

sous certaines conditions sur le Hamiltonien F'(z, ¢, p) incluant sa convexité en la
variable p. Malheureusement, ce n’est pas notre cas (voir équation (2.12)) avec

€T 7t Trxr 7t
F(x,t,p):p(x )Paa(,1)

b

et cela ne nous permet pas d’utiliser directement le cadre solutions de viscosité
pour établir la minoration sur k.

12
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Le résultat suivant est un résultat d’existence de (2.10) sous la condition
originale (2.13) sur le gradient 2.

Théoréme 2.2 (Ezxistence d’une solution de viscosité, ¢ =0)

Soient T > 0, k° € Lip(I) et p° € C3°(I). Si la condition (2.13) est satisfaite p.p.
dans I, et si p est la solution de (2.11), alors il existe une solution de viscosité
k € Lip(Ir) de (2.10) satisfaisant :

Kz > |pe|, p.p. dans Ip.

La preuve de ce théoréme vient directement du passage a la limite £ — 0 dans la
famille des solutions données par le Théoréme 2.1.

2.3 Reésultat entropique sur tout ’espace R

Dans la preuve du Théoréme 2.1, la fonction x, est en fait une solution en-
tropique de (2.19). En effet, cela peut étre considéré comme un résultat en soit.

Théoréme 2.3 (Ezistence et unicité d’une solution entropique, € > 0)
Soit T > 0. Prenons w® € L™(R) et p° € C*(R) tels que, w° > G.(p°) p.p. dans
R, pour une certaine constante € > 0. Alors, étant donné p, l'unique solution de
léquation de la chaleur (2.18), il existe une solution entropie w € L*®°(Qr) de
(2.19), unique parmi les solutions entropiques satisfaisants :

w>G(py) p-p. dans R x (0,T).

3 Systéme parabolique singulier fortement couplé

Dans cette section on présente le résultat principal du Chapitre 4, qui peut
étre considéré comme le point de départ pour la résolution du systéme (1.8)-(1.9)
dans le Cas B (le cas ou 7 # 0). On étudie 'existence, 'unicité et la régularité
des solutions d’un systéme parabolique singulier fortement couplé.

3.1 Situation du probléme

Soit T" > 0. On considére le systéme parabolique couplé suivant :

Kt = ERgy + PaPaz _ TPy sur Ip
K (3.20)
o = (L+¢8)ppe — Ty sur  Ip,

13
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avec les conditions initiales :

k(x,0) = 00(:1:) sur [ (3.21)
p(x,0)=p'(x)  sur I,
et les conditions au bord :
k(0,t) = k°(0) et w(1,t)=rx"(1), Vtel0,T], (3.22)
p(0,t) = p(1,t) =0, vt € (0,71, '

ou € > 0, 7 # 0 sont des réels fixés. Ce systéme est un systéme parabolique
fortement couplé avec une singularité qui provient de la division par k, dans la
premiére équation de (3.20). Dans le but d’empécher une telle singularité, on
impose I'inégalité stricte suivante sur la donnée initiale :

KO > P2 sur T (3.23)

On s’intéresse a 'existence et 'unicité des solutions réguliéres (p, k) de (3.20)-
(3.21)-(3.22), sous la condition (3.23).

Le choix du systéme (3.20). La premiére question que 1'on peut se demander
est a propos du choix spécial du systéme (3.20). Rappelons au lecteur que notre
but final est de résoudre (1.8)-(1.9) dans le cas général ou 7 # 0. Pour cette raison,
on a pris (3.20) comme une approximation régularisée de (1.8)-(1.9). D’autres
choix de systémes approchés sont aussi possible. Par exemple, le systéme suivant :

Kt = ERgy + PaPos _ TPy sur Ip
Kz (3.24)
Pt = Prz — Thy sur Ir,

peut étre aussi consideré comme une approximation de (1.8)-(1.9). Cependant,
ce qui risque d’arriver est la perte de I'inégalité

HZC > |pIE|7

qui est cruciale dans notre étude. En effet, on n’est pas capable de prouver cette
inégalité pour (3.24), et méme pour beaucoup d’autres systémes approchés que
I'on a essayé. Au contraire, le systéme (3.20) est particuliérement construit dans
le but de vérifier un principe de comparaison (voir Proposition 3.1 du Cha-
pitre 4) qui implique I'inégalité ci-dessus.

Bref rappel de la littérature. On n’a pas trouvé dans la littérature des travaux
portants sur des systémes paraboliques singuliers proche de (3.20). Cependant,

14
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plusieurs systémes paraboliques impliquant des termes singuliers ont été large-
ment étudiés dans divers aspects. Des équations paraboliques dégénérées et sin-
guliéres ont été intensivement étudiées par DiBenedetto et al. (voir par exemple
DiBenedetto et al. [17,24-27| et les références citées). Les auteurs considérent les
solutions d’équations paraboliques singuliéres ou dégénérées avec les coefficients
mesurables dont le prototype est une équation de la chaleur avec p-Laplacien :

up — div (|[VulP?Vu) =0, p>2 oul<p<2.

[’étude inclut la continuité locale de type Holder des solutions faibles bornées,
bornitude locale et globale des solutions faibles, estimations intrinséques et es-
timations globales de Harnack. D’autres équations paraboliques du type milieu
poreux :

u—Au" =0, 0<m<l,

sont examinées dans Quirds, Vazquez (84|, et DiBenedetto et al. [28,29]. Ces équa-
tions sont singuliéres aux points ot u = 0. Dans DiBenedetto, Kwong, Vespri |28|,
les auteurs étudient, pour des valeurs particuliéres de m, le comportement de la
solution au voisinage des points de singularité. En particulier, ils prouvent que les
solutions positives sont analytiques en espace et au moins Lipschitz en temps. Ce-
pendant, dans DiBenedetto, Kwong |29|, une estimation intrinséque de Harnack
pour les solutions faibles positives est établie pour un certain interval optimal
du paramétre m. Dans Quirts, Vazquez [84], les auteurs étudient le comporte-
ment asymptotique des solutions faibles en domaine extérieur avec des valeurs
au bord qui sont constantes en temps. Une autre classe d’équations paraboliques
singuliéres est la suivante :

b
Up = Ugy + — Uy, (3.25)
T

b étant une constante. Une telle équation est liée aux problémes a symétrie axiale
ainsi qu’aux problémes issus de la théorie de la probabilité. De nombreux travaux
sont faits sur (3.25), y compris des théorémes d’existence, d’unicité et de représen-
tation pour la solution (avec conditions au bord de type Dirichlet ou Neumann).
En outre, la différentiabilité et les propriétés de régularité sont étudiées (pour les
références, voir Colton [20], Speranza [89], Alexiades [2], et Chan, Wong [16]).
Une forme plus générale de (3.25), y compris des équations semi linéaires, est
traitée dans Mooney |75|, Chan, Kaper |14], Chan, Chen |15], et Maugeri |71].

Un type important d’équations qui peuvent étre indirectement liées a notre
systéme sont les équations paraboliques semi-linéaires :
g = Au+ [ufPru, p> 1. (3.26)

Plusieurs auteurs ont étudiés les phénomeénes d’explosion pour les solutions de
I'équation ci-dessus (voir par exemple Zaag 96|, Merle, Zaag |72, 73|, Souplet et
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al. [47,85,88]). Cela inclut des estimations uniformes au temps d’explosion, ainsi
que la recherche concernant le taux initial d’explosion. L’équation (3.26) peut étre
lite d’une fagon ou d’une autre a la premiére équation de (3.20), mais avec une
singularité de la forme 1/k. Ceci peut étre formellement vu si I’'on suppose d’abord
que u > 0, et puis on applique le changement suivant des variables v = 1/v. Dans
ce cas-ci, I’équation (3.26) devient :

2|Vul|?
'Ut:A/U_ﬂ_’U2_p’
v

et alors si p = 3, on obtient :
1 2
v = Av — —(142|Vo|). (3.27)
v

Puisque la solution u de (3.26) peut exploser en temps fini t = T, alors v peut
s’annuler a ¢t = T', et donc I’équation (3.27) peut avoir des singularités semblables
a ceux de la premiére équation (3.20), mais avec un terme en 1/v dans I’équation
et non pas un terme en 1/v,.

3.2 Un résultat d’existence et d’unicité

Le Théoréme principal concernant le systéme (3.20)-(3.21)-(3.22) est le sui-
vant :

Théoréme 3.1 (Ezxistence et unicité des solutions réguliéres)
Soit p°, k° € C(I) satisfaisant la condition (3.23) et

sur Ol

3.28
sur OI. ( )

Alors, il existe une unique solution globale (p, k) du systéme (3.20)-(3.21)-(3.22)
satisfaisant :

p,k € C (I x [0,00)) NC®(I x (0,00)), Ve € (0,1),

avec
Ke > |pe| sur I x[0,00). (3.29)

Les conditions au bord (3.28) que I'on a imposé sur la donnée initiale sont na-
turelles ici. En effet, supposons p et x sont des solutions suffisamment réguliéres
de (3.20)-(3.21)-(3.22). A partir de (3.22), on sait que p et k sont constantes sur
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0l x [0,T1], et alors p, = k¢ = 0 sur I x [0,7]. En utilisant cette information
avec le systéme (3.20) satisfaite par p et x, on obtient :

p.ﬁBpr"E

0= (14€)pps — Thy sur 0l x (0,7,

0=ckpy + — TPs sur 01 x [0,T]

Ce qui implique immédiatement (3.28).

La régularité C3+"5* de la solution est la régularité maximale que nous pou-
vons obtenir “jusqu’a la frontiére”. Ceci est di au fait que nous augmentons la
régularité, d’'une maniére itérative, en utilisant chaque fois, la théorie de Hélder
pour les équations paraboliques (voir Théoréme 2.1 du Chapitre 4). Cependant,
la théorie de Holder pour les équations paraboliques exige un certain ordre de
compatibilité entre les données initiales, et, grosso modo : plus que nous augmen-
tons l'ordre de compatibilité, plus nous augmentons la régularité. Dans notre cas,
les conditions au bord (3.22) et (3.28) augmentent 'ordre de compatibilité jus-
qu’a 1, et par conséquent nous obtenons la régularité O3+a 25 jusqu’a la frontiére.

L’effet de la division par k,. La maniére classique de prouver ’existence d’une
solution globale en temps d'un probléme parabolique, est de montrer 1’existence
d’une solution locale en temps en appliquant un argument de point fixe sur un
espace approprié, et de réitérer ensuite aprés avoir obtenu quelques bonnes esti-
mations a priori. Nous emploierons cette méthode pour trouver notre solution.
Mentionnons qu’en temps court T° > 0, nous pouvons facilement trouver une
solution réguliére de (3.20)-(3.21)-(3.22) qui satisfait :

Ky > |pz|, sur  Ip,

ce qui linéarise en quelque sorte la premiére équation (3.20) satisfaite par k. Dans
ce cas-ci, les estimations bien connues pour les équations paraboliques linéaires
donnent quelques bonnes estimations a priori, mais pas une minoration appro-
priée dans la norme L de k, afin d’éviter la division par 0. Par conséquent, en
réitérant, il peut se produire que k, = 0 et donc que le procédé s’arréte.

Dans les prochains arguments, beaucoup de constantes qui peuvent dépendre
du temps sont remplacées par 0 ou 1. Ceci est fait afin d’éviter des confusions
techniques, et de faire une présentation plus claire des idées essentielles.

Premiére minoration de k,. On va essayer de surmonter le probléme de la
division de la k, en trouvant une borne inférieure via un principe de com-
paraison qui est prouvé pour (3.20)-(3.21)-(3.22). Ce principe de comparaison
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permet de prouver l'inégalité suivante sur Iy := I x [0,7] :

R (2, t) 2 /72 (t) + p2(a, 1), (3.30)

ou ~ est une fonction décroissante satisfaisant 1’équation différentielle ordinaire
simple suivante :

v > — (14 || praell Lo(py) v sur (0, 7). (3.31)

Le terme || pypz || oo (7)) qui apparait dans (3.31) vient en dérivant le systéme (3.20)
par rapport a x. Nous pouvons facilement remarquer que la solution ~ de (3.31)
pourrait s’annuler si ||pzee|| Lo (1) devient infiniment grand. Par conséquent, I'in-
égalité (3.30) n’est pas une bonne minoration de £, & moins que ||pzazlLoo(17) 501t
bien controlée, et cela sera la prochaine étape.

Une inégalité parabolique de type Kozono-Taniuchi. Les estimations C'*
pour les équations paraboliques donne un controle de || pzaz|zo(15) de la forme :

1
| Pl oo (i) < 7 (3.32)
rrT (IT) ’7( )7
qui, utilisée dans (3.31), n’empéche pas k, de s’annuler. Il est utile de mentionner
que les estimations LP habituelles pour les équations paraboliques sont valides
pour 1 < p < 00, et pas pour p = 0.

Une théorie “intermédiaire” des équations paraboliques est la théorie BMO(?)
(Bounded Mean Oscillation). Les estimations BMO donnent un controle de la
norme BMO de p,,, indépendant de 7 :

| pzae || BMOG) < 1. (3.33)

Dans notre travail, on prouve une inégalité parabolique de type Kozono-Taniuchi
qui controle la norme L*™ d’une fonction par sa norme BMO et par le logarithme
de sa norme dans un certain espace de Sobolev. Cette inégalité s’écrit formelle-
ment :

HpmmmHLOO(IT) S HpmmmHBMO(IT) (1 + 10g+ ||pmcacHBMO(IT) + 10g+ ||pmcchW22)1([T)> .
(3.34)
Par ailleurs, une estimation utile qui peut étre obtenue a partir de la théorie
LP? est une estimation de la forme :

1
<

2L’espace BMO a été présenté par John et Nirenberg, voir [59].
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4. Systéme non linéaire parabolique/Hamilton-Jacobi fortement couplé

En utilisant (3.33), (3.34) et (3.35), on obtient finalement :

1
Pz || Lo <4log <—) , 3.36
|| ||L (IT) ’y(T) ( )

qui est meilleur de (3.32).

L’original de 'inégalité de Sobolev logarithmique (3.34) a été trouvé dans
Brézis, Gallouét [8|, et Brézis, Wainger [9]| (voir également Engler [33]), ou les
auteurs ont étudié, dans un cadre elliptique et non pas parabolique, la relation
entre L>°, WF et W3, si ||ullx < 1 pour kr = n. Cette estimation a été appli-
quée pour prouver l'existence des solutions globales de I’équation de Schrédinger
non-linéaire (voir Brézis, Gallouét |8|, et Hayashi, von Wahl [48]). L’inégalité ori-
ginale de Kozono-Taniuchi |61, Theorem 1| est prouvée dans le cas elliptique. Les
idées de la preuve de la version parabolique de cette inégalité sont données en
Appendice B du Chapitre 4.

En utilisant I'inégalité (3.36) dans I'inéquation différentielle ordinaire (3.31)
sur -y, et en suivant tous les termes cachés, on obtient

ko(ot) = y(t) > e avec =,

et on obtient alors, les estimations a prior: suivantes :

et

(. Dllesy < e et k(L )|esy < €

L’existence globale de la solution découle par itération en temps.

4 Systéme non linéaire parabolique /Hamilton-Jacobi
fortement couplé
Cette section présente le résultat principal du Chapitre 5 o I'on étudie 1’exis-
tence d’une solution mixte viscosité-distribution du systéme (1.8)-(1.9) dans le

Cas B. Ce résultat peut étre considéré comme la limite du Théoréme 3.1 lors-
qu’on fait € = 0.

4.1 Situation du probléme

On s’intéresse a l'existence des solutions du systéme (1.8)-(1.9) dans le cas
T # 0, et sous la condition (1.4). On rappelle le systéme couplé :

{mmm = PiPa sur I x (0,7)

4.37
Pt = Pow — Tha sur I x (0,7), ( )
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avec les conditions initiales sur [ :
K(z,0) = k'(z),  plx,0) = p’(z), (4.38)

et les conditions au bord

k(0,t) = k°(0) et w(1,t) =rx"(1), Vtel0,T], (4.39)
p(0,) = p(1,£) = 0, vt e [0,7], |
Les conditions initiales sont maintenant soumises a la condition suivante :
KO > p% sur 1. (4.40)

Le systéme (4.37) peut étre vu comme limite du systéme (3.20) ou nous avons
ajouté le terme —eA. Par conséquent, I'idée naturelle est de passer a la limite
lorsque ¢ — 0. Cette méthode s’appelle “viscosité évanescente” qui est usuelle afin
d’approcher les solutions de viscosité pour une équation de Hamilton-Jacobi. La
littérature sur cette méthode est trés riche et on peut citer par exemple le livre
de Barles [3], Sinai [87|, et Huang, Wang, et Teo [52].

4.2 Existence des solutions de viscosité

Le théoréme principal concernant le systéme (4.37), (4.38), (4.39) et (4.40)
est le suivant :

Théoréme 4.1 (Ezistence globale d’une solution mixte)
Soient p° et k° deux fonctions suffisamment réguliéres satisfaisants (4.40). Alors
il eziste

(p,k) € (C(I x [0,00)))%,  p € CHI x (0,00)),
solution de (4.37), (4.38) et (4.39) satisfaisant :

Ke > |pe| dans D'(I x (0,T)). (4.41)

Cependant, cette solution doit étre interprétée au sens suivant :
1. Kk est une solution de viscosité de Kiky, = pip, dans I =1 x (0,T),
2. p est une solution distributionnelle de py = pyy — Ty dans I,

3. Les conditions initiales et au bord sont satisfaites ponctuellement.

Remark 4.2 Par souci de non confusion, on appelle (p°, k%), la solution obtenue
par le Théoreme 3.1.
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4. Systéme non linéaire parabolique/Hamilton-Jacobi fortement couplé

La difficulté majeure est que 1'on doit travailler avec 1’équation

Kty = PtpPu- (4.42)

L’idée est de passer a la limite lorsque ¢ — 0 dans la famille des solutions ré-
guliéres k° obtenues par le Théoréme 3.1. Pour cette raison, nous avons besoin
d’un cadre ou I'équation (4.42), satisfaite par k, est stable par passage a la limite.
La régularité O de p est prévisible puisqu’il satisfait une équation parabolique
(la deuxiéme équation de (4.37)). Dans ce cas-ci p; et p, sont continues et par
conséquent le Hamiltonien de (4.42) est également continu. Puis, en supposant
ke > 0, on peut interpréter x comme solution de viscosité de (4.42). Ceci nous
rammeéne naturellement vers le cadre des solutions de viscosité ot la propriété de
stabilité est satisfaite (voir Barles |3, Lemma 2.3]).

La convergence de x° vers une fonction continue s est faite par 'intermédiaire
du controle local, uniformément par rapport a £, du module de continuité de x°
en espace et en temps(®). Ceci laisse déduire la convergence uniforme locale de x°.

Le controle uniforme du module de continuité en espace est fait en utilisant
une inégalité entropique qui s’avére valide pour le systéme approché (3.20) (voir
Proposition 5.1 du Chapitre 5). Cette inégalité entropique peut étre facilement
comprise. Par exemple, si 'on met ¢ = 0 et 7 = 0, nous pouvons formellement
vérifier que 'entropie des densités de dislocation

Ke £ pa
g = £ — =2
2 Y

définie par
S(t) = /Zei(.,t) log 0% (., t)
I 4
satisfait

dt 0t +0- —

et alors on obtient S(t) < S(0) ce qui controle 'entropie uniformément en temps.

ﬂ(t):_/(@;f—@zf<0

Le controle uniforme du module de continuité en temps est fait par I'intermé-
diaire d'une borne sur xj — e, uniformément en ¢.

Finalement, la condition (4.41) découle directement en passant a la limite en
utilisant (3.29), i.e. kS > [pZ].

3Ceci est une conséquence directe du Théoréme d’Arzela-Ascoli.
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4.3 Simulations

En utilisant les équations de ’élasticité (voir I’Appendice de la thése), en-
semble avec le systéme (1.3) en termes de p et k, on peut calculer le déplace-
ment dans le matériau. On considére le cas d'un cristal avec un contrainte de
cisaillement 7 appliquée sur les murs frontiéres (voir Figure 1.5). Dans la Figure

€2

TlTlTT

-1 1 €1

FiG. 1.5 — Géomeétrie du matériau.

1.6, on montre successivement 1’état initial du cristal au temps ¢ = 0 sans au-
cune contrainte appliquée, puis la déformation (élastique) instantanée du cristal
lorsqu’on applique la contrainte de cisaillement 7 > 0 au temps ¢t = 07. La dé-
formation du cristal évolue en temps et finalement converge numériquement vers
une déformation particuliére qui est montrée a la derniére figure aprés un temps
vraiment long. Ce type de comportement est appelé élasto-visco-plasticité en mé-
canique car le matériau met du temps pour réagir a la contrainte appliquée. De

plus, sur la derniére figure, on remarque la présence de couches limites. Cet effet
04 —05
0+t+0—

est directement relié & 'introduction du “back stress” 7, = dans le modéle

(1.1).

|
I

IV

AW

A
\

a)t=0" b) t =0* ¢) t =+o0

Fi1G. 1.6 Déformation d’un cristal pour le modéle (1.3).
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5. Test numériques préliminaires

5 Compléments numériques pour un probléme in-
dépendant de type transport

On s’intéresse au calcul numérique des solutions des équations aux dérivées
partielles partielles de type transport :

u(x,0) = uO(ZL') e {+1,-1} sur R2, (5.43)

{ut:of-Vu sur R? x (0,7)
ou d(x,t) = (ay(z,t),as(x,t)) est le champ de vecteur vitesse. On considére une
discrétisation de 1'espace R? :

Ty = (Iil,IiQ) = (ilAl’,igAI‘),
avec I = (i1,19) € Z?, et Az est le pas en espace. La fonction u° est donnée par :

+1 si z;€Qy, Qo CR?est un ouvert,
UO(LL’[) =

— 1 sinon.

Ici ©° permet de représenter une courbe 9€)y dans R2. En effet, on peut formelle-
ment écrire : 0Qy = 0{x; ug(x;) = +1}. Alors I'évolution en temps de la fonction
ug représente le transport de la courbe 0€)y suivant le champ de vecteurs a. Le
but est d’écrire un algorithme pour calculer la solution de (5.43).

Vu

] I’équation (5.43) est dite équation

Dans le cas spécial ou @ = c(x,t)
eikonale :

up = c(z,t)|Vul sur R? x (0,7)
u(z,0) = u’(z) € {+1,-1}  sur R?

qui modélise I’évolution de fronts dans la direction normale. Dans ce cas, un algo-
rithme basé sur la méthode “Fast Marching” (voir Sethian [86] et Tsitsiklis [91]),
est présenté dans Carlini, Falcone, Forcadel et Monneau |11|. Cet algorithme est
une extension de la méthode Fast Marching classique puisque ce nouveau schéma
peut traiter une vitesse c(z,t) qui dépend du temps sans aucune restriction sur
son signe.

On a essayé d’explorer les idées de Carlini, Falcone, Forcadel et Monneau |11],
et de les adapter pour I’équation de transport (5.43). Dans cette direction, on a
proposé plusieurs algorithmes qui semblent, aprés avoir effectué des tests numeé-
riques, ne pas translater les fronts a la bonne vitesse, méme dans le cas ou @ est
constant.
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Un algorithme du type splitting est alors introduit. L’idée du splitting est de
séparer la translation de z;, suivant la vitesse a;, et la translation de x;, suivant
la vitesse ay. L’avantage de cet algorithme est qu’il translate exactement les coins
et les lignes droites d'un front donné, si le vecteur vitesse @ est constant (nous
renvoyons a la Section 3 du Chapitre 6 pour le détails de I'algorithme).

Test numérique : cas d’un carré en rotation. Un test numérique est effectué
avec un carré évoluant suivant un champ de vecteur @ qui dépend seulement de
la variable d’espace. On prend le cas d’un carré en rotation, i.e. @ = (—z4,, ;).
Les simulations suivantes sont alors obtenues :

e
L]

FiGc. 1.7 Images 0, 38

T N
S

Fi1G. 1.8 Images 149, 241
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5. Test numériques préliminaires

N
N

Fic. 1.9 Image 373

Ce test numérique montre que notre algorithme proposé de type splitting peut
crée donc des instabilités (voir Figure 1.9). L'étape suivante serait d’améliorer cet
algorithme afin de pallier cet inconvénient.
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Chapitre 2

General introduction (")

This thesis is concerned with the theoretical study of a mathematical model
arising from the study of the dynamics of dislocation densities in crystals. This
dynamics is modelized through a non-linear coupled system of a parabolic and a
Hamilton-Jacobi equation, and we are interested in the existence and uniqueness
of solutions of this system. Dislocations are linear defects which move in crystals
when those are subjected to exterior stresses.

Independently, at the end of the thesis, we present, in a short chapter, a nu-
merical method for the transport of fronts. In this thesis, three main types of
equations are considered :

1. Non-linear first order Hamilton-Jacobi equations.
2. Scalar conservations laws.
3. Singular parabolic equations.

For all situations, the main goal of the study is the existence, uniqueness and
regularity of the solutions of the above equations. This introduction aims to give
an overview of the results that we have obtained. In the first section, we start
by giving a brief physical description of dislocations and dislocation densities in
crystals. A physical motivation of the special model of our interest is given as
well. In sections 2, 3 and 4, we present the mathematical results concerning our
model describing the dynamics of dislocation densities. Section 5 is devoted to
present a numerical method for fronts transport.

In order to shed light on the important ideas and to ensure that they are not

! This chapter is the english translation of the general introduction presented in Chapter 1.
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Chapitre 2 : General introduction

lost in the technic, we have given simplified announcements of the results in this
general introduction. For the precise announcements, we send the reader to the
chapters that follow.

1 Physical motivation

1.1 Dislocations : brief introduction

Dislocations are line defects, or irregularity within a crystal structure. Sche-
matically, they are areas where the atoms are out of position in the perfect ato-
mic crystal lattice. The theory was mathematically developed by V. Volterra(?).
Dislocations are a non-stationary phenomena and their motion is the main expla-
nation of the plastic deformation in metallic crystals (see Nabarro [76] and Hirth,
Lothe [51] for a recent physical presentation).

Fi1a. 2.1 — Dislocations in stainless steel.

Dislocations have a typical length of order 10~%m and a thickness of order
1072m. They have been introduced by Orowan |78|, Polanyi [83] and Taylor [90]
in 1934 as one of the principal explanations at the microscopic scale of the ma-
croscopic plastic deformations of crystals. This concept was confirmed in 1956
by the first direct observation of dislocations by Hirsch, Horne and Whelan [50|,
and by Bollmann [5], thanks to the electron microscopy. Under the effect of stress
fields, these dislocations can move in a well defined crystallographic planes called
“slip planes”. A dislocation is characterized by two vectors : the dislocation line
gdescribing its line direction and the Burgers vector gdescribing the associated

2The original paper [92] of Vito Volterra goes back to 1907.

28



1. Physical motivation

displacement. Using these terms gand (;, two basic types of dislocations can be
presented :

1. Edge dislocations : the Burgers vector b is perpendicular to 5
2. Screw dislocations : the Burgers vector b is parallel to 5

Actually, edge and screw dislocations are just extreme forms of the possible dis-
location structure that can occur. Most dislocations are a hybrid of the edge and
the screw forms.

In this thesis, we study the dynamics of straight parallel edge dislocations in
a bounded material. The quantity of dislocations in a crystal is represented by
its density which is defined as the number of dislocation lines traversing a unit
section.

Understanding the behavior of dislocations is a key to understanding an essen-
tial part of the microstructure of crystalline solids. In fact, the behavior and the
properties of dislocations directly affect the strength and toughness of structural
materials. However, in this thesis, we will only concentrate on the mathematical
analysis of a particular model describing the dynamics of dislocation densities in
a small domain.

1.2 The model of Groma, Czikor and Zaiser

In |46], Groma, Czikor and Zaiser have proposed a 2-dimensional model des-
cribing the dynamics of parallel edge dislocations densities in a bounded 3-
dimensional crystal. The term “dislocations densities” arises from the fact that
edge dislocations could be classified as being positive or negative according to
the direction of their Burgers vector. This model has been introduced to describe
the possible accumulation of dislocations on the boundary layer of the material. It
sheds light on the evolution of the “two type” densities taking into consideration
the short range dislocation-dislocation interactions.

Let us go deeper into the model. Assume the existence of a certain number of
parallel edge dislocations in a bounded channel of a finite width in the z-direction
and an infinite extension in the y-direction (see Figure 2.2). The channel is boun-
ded by walls that are impenetrable by dislocations (i.e., the plastic deformation
in the walls is zero). The dislocation lines are supposed to be perpendicular to
the xy-plane, and moving in the z-direction, i.e.

29



Chapitre 2 : General introduction

1. The dislocation line 5is perpendicular to z and y.

2. The Burgers vector b is parallel to z.

dislocation line

fffffffffffff éL%w .
T 7

X

F1G. 2.2 — The model of Groma, Czikor and Caiser.

The whole assembly is embedded in an infinite crystal where dislocations can
move under the action of some constant exterior stress field 7 # 0, and/or un-
der the action of the stress field created by dislocations themselves. The internal
stresses created by dislocations are the direct consequence of the short and the
long range dislocation-dislocation interactions inside the material.

We are interested in a simplified model where we suppose a particular confi-
guration of the dislocation lines.

A simplified 1-dimensional model.

We assume that the problem is invariant by translation in the y-direction.
In other words, we suppose that, if (S) is a cross-sectional surface perpendicular to
the dislocation lines, then the arrangement of dislocation points in (S) is invariant
by translation in the y-direction (see Figure 2.3). In this case, we can deduce that
studying the dynamics of dislocation points on the line (L) (see Figure 2.3) gives
the complete information of the dynamics of dislocation lines in the channel. As
a summary, we can write that :

dynamics in (£) = dynamics in (§) = dynamics in the bounded channel.
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G

negative dislocation”

1T
1T

[ T

\\\positive dislocation

— -
—

line (L)

%*
}*

b

X

F1G. 2.3 — Dislocation points in a cross-sectional surface.

Groma, Csikor and Zaiser [46] have formulated, starting from the motion of indi-
vidual dislocations, a continuum description in terms of the dislocations densities.
It has been explained by Groma and Balogh [44,45] that for a system of straight
parallel dislocations a continuum description can be derived from the equations
of motion of individual dislocations. Using a different approach, a continuum des-
cription of a system of curved dislocations in three dimensions was also formu-
lated (see El-Azab [30], and Monneau [74| and the references therein). However,
a major drawback of these earlier investigations is that in order to get a closed
set of equations, short range dislocation-dislocation correlations have been ne-
glected and dislocation-dislocation interactions were only described by the long
range contribution. This description does not permit to mathematically formulate
what is really happening near the boundary of a given material.

Remark 1.1 In our particular framework, see Figure 2.3, dislocations are rela-
tively close to each other. This is due to their presence in a small length that
1s bounded by walls. In this case, long range dislocation-dislocation interactions
are zero and hence the models presented in Groma and Balogh [45] is no longer
suitable to describe the evolution of the dislocations densities. However, for the
model described in Groma, Balogh [45], we send the reader to El Hajj [31], El
Hajj, Forcadel [32] for a one-dimensional mathematical and numerical study, and
to Cannone, El Hajj, Monneau, and Ribaud [10] for a two-dimensional existence
result.

In [46], Groma, Csikor and Zaiser have succeeded to modelize the effect of the
short range dislocation-dislocation correlations by a local stress which scales like
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a gradient term. The exact mathematical formulation of their model will now be
presented.

The mathematical formulation of the 1-dimensional model.

Let 6 and 0~ represent the density of the positive and negative dislocations
respectively. According to our previous discussion, dislocations are bounded by
walls that are separated by a distance of a finite length [ (take { = 1). Typically,
positive /negative dislocations are those moving to the right /left wall. In the case
where the constant applied stress field 7 is different from zero, our system is a
double pile-up system where positive dislocations accumulate at the right wall,
while negative dislocations accumulate at the left wall (see Figure 2.4). For a

%T_T—Tﬁr—‘l;%%m

0 1
FiG. 2.4 A double pile-up system.

mathematical study of various models of dislocation pile-ups, we send the reader
to Voskoboinikov, Chapman, Ockendon, Allwright [93|, Carpio, Chapman, Velaz-
quez [12], Wood, Head [95], and Hirth, Lothe [51].

The coupled system describing the evolution of the non-negative dislocations
densities 07 and 6~ reads (see Groma, Csikor and Zaiser |46]) :

0; — 0,
o = KW _ T) 9+} on (0,1) x (0,7),

= [_ (Z-t%z: _T) H_L on (0,1) x (0,7), -y

with the initial conditions :
0" (2,0) =05 () and 6 (z,0) =0, (z).

Here T' > 0 is a fixed positive real number and 7 is the exterior stress field which
is supposed to be constant. The term g%g{ appearing in (1.1) stands for the
local stress field describing the short range interactions between dislocations. In
the models presented in Remark 1.1, this term was set to be zero. In this case,
system (1.1) describes the translation of dislocations following the velocity T,
without taking into account the formation of the boundary layer. For this rea-

son, periodic boundary conditions were naturally considered in the mathematical
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study of those systems. In fact, the use of periodic boundary conditions is a way
of regarding what is going on in the interior of a material away from its boundary.

The main objective of this thesis is to examine the existence and uniqueness
of solutions of (1.1) under suitable boundary conditions that will be clarified in
the forthcoming arguments. Let

I:=(0,1), and Ir:=1x(0,T).
We consider an integrated form of (1.1) and we let
pr =0, p=p"—p  and k=pt+p, (1.2)

to obtain (at least formally), for special values of the constants of integration, the
following system in terms of p and & :

{ KKy = PtPx on Ir (1.3)

Pt = Pzz — Thy  on g,
with the initial conditions :
k(z,0) = k%(z) and p(x,0) = p°(z).
We move now to give two essential conditions concerning p and k.

Physically relevant conditions.

Condition 1. The two terms 6% and 6~ represent two non-negative densities.
Since by (1.2),
Ka £ pa

5
the fact that 6* > 0 is translated in the language of p and x to the following
condition :

6* =

Kz > |pal- (1.4)

This condition has to be satisfied in order to give sense to the system (1.1).
Condition 2. The second condition is
p(1,t) = p(0,t), Vt>D0. (1.5)

This condition has to do with the balance of the physical model that starts with
the same number of positive and negative dislocations. To be more precise, let n*
and n~ be the total number of positive and negative dislocations respectively at
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t = 0. We assume that there is neither annihilation nor creation of dislocations
inside the material. Hence there is a conservation of nt and n~ with respect to
time. This could be mathematically formulated as follows (see (1.2) above) :

p(1.t) — p(0.1) = / ool 1) da,

- /0 (07 (2,8) — 0™ (x, 1)) dx,

= nt—n"=0.

Therefore we obtain (1.5).
The boundary conditions.

To formulate heuristically the boundary conditions at the walls located at
x =0 and x = 1, we first suppose that x, # 0 at x = 0,1. We recall that since
the walls of the channel are impenetrable by dislocations, then the dislocation
fluxes at the boundary must be zero, which requires that :

P

-

\

OFr—0-)—7(0"+60)=0, at ze€{0,1}. (1.6)

T

Rewriting system (1.3) in terms of p, k and ®, we get

(12 o

Using (1.6), (1.7), and the fact that k, # 0 at = = 0, 1, we can formally deduce
that
pt:l{t:O on OI x [O,T],

hence p and k are constants along the boundary walls. This gives inspiration that
the convenient boundary conditions of system (1.3) are the Dirichlet boundary
conditions. We now move to write down precisely the complete system.

The complete system.

From all what precedes, the complete system is expressed by the following
coupled Dirichlet boundary value problems :

Ktkg = PtPa on I,
rk(z,0) = &%(z), on I, (1.8)
k(0,t) = k°(0) and k(1,t) =x°(1), Vte€l0,T],
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2. Nonlinear parabolic/Hamilton-Jacobi system

and
Pt = Pzz — Tha, on Ir,
p(x,0) = p°(z), on I (1.9)
p(0,t) = p(1,t) =0, vVt € [0,T].

These equations are the core of our mathematical analysis where we study the
existence and uniqueness of solutions in two different cases.

The two cases.

In studying system (1.8)-(1.9), we first start with the case where 7 = 0. In
this case, the system becomes weakly coupled in the sense that we can first solve
the equation of p, and then the equation of x. The second case is the general case
where 7 £ 0. Our system thus becomes strongly coupled and more complicated.
As a summary, we write down the two cases :

Case A. The exterior stress 7 applied to the material is zero.

Case B. The exterior stress 7 is a constant different from zero.

2 Nonlinear parabolic/Hamilton-Jacobi system

This section is an assembly of the results of Chapter 3, where we study the
system (1.8)-(1.9) in the case 7 = 0. In this section, we present our main theorems;
we point out the main difficulties, and we discuss the key ideas that permit to
overcome them.

2.1 Setting of the problem

We study the existence and uniqueness of solutions of the parabolic/Hamilton-
Jacobi system (1.8)-(1.9) in Case A, the case of zero applied exterior stresses.
This study is done in the framework of viscosity solutions (for the definition of
viscosity solutions for Hamilton-Jacobi equations, we send the reader to Defini-
tions 2.3, 2.5 of Chapter 3). Viscosity solutions have been introduced by Crandall
and Lions |22| for solving Hamilton-Jacobi equations of first order. The theory
was then extended to second order equations where it has known a wide develop-
ment after the works of Jensen [58] and of Ishii [57].

We rewrite system (1.8)-(1.9) in the case where 7 = 0, we arrive to the follo-
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wing system of Dirichlet boundary value problems :

Kike = PP on g,
K(z,0) = K°(z), on I (2.10)
k(0,t) = k°(0) and k(1,t) =x°(1), Vte€l0,T],
and
Pt = Paz; on Iy,
p(x,0) = p°(z), on I (2.11)
p(0,t) = p(1,t) =0, vVt € [0,T].

Recall that s, and p, have to satisfy “in some sense” the condition (1.4), i.e.
Ky > |pe| on  Ip.

It is worth noticing that the above system (2.10)-(2.11) is now a weakly coupled
system. More precisely, one can solve the heat equation (2.11) by itself, and
then plug its solution p into (2.10), transforming the problem to solving a single
Hamilton-Jacobi equation that can be reformulated as follows :

k(z,0) - K(z) € Lip(I), (2.12)
k(0,1) = k°(0) and k(1,t) = k°(1), vt € (0,77,

Kt = F(z,t,k;) on Ip,

with
K> 1o on I (2.13)

2.2 Viscosity results on the bounded interval 7 = (0, 1)

The first apparent problem in solving (2.12) is that we divide by k.. This
creates a singularity at the points where x, = 0, that can even be true at t = 0
(see the above condition (2.13)). We overcome this problem by taking a special
approximation of (2.13), where we prevent 2 from having 0 values. The following
theorem is thus proved.

Theorem 2.1 (Ezistence and uniqueness of a viscosity solution, ¢ >0)
Let T > 0 and € > 0 be two constants. Take k° € Lip(I), and p° € C§°(I)
satisfying :

KO > Go(p?), Go(z) = Va2 +e2 (2.14)
Given the solution p of the heat equation (2.11), there exists a viscosity solution
k € Lip(I7) of (2.10), unique among those satisfying :

Ky > Ge(pz)  a.e.in I (2.15)
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The principal difficulty in proving this result is to show the minoration (2.15) of
kz. The formal argument to overcome this difficulty is to remark first that «, is
a solution of the derived equation of (2.12) :

wy = (F(x, t,w))y, (2.16)

while, by simple computations, we can show (see Lemma 3.4 of Chapter 3) that
G.(p,) satisfies :

(Ga(px))t S (F(ZL’,t, Ga(px)))m (2'17)

and hence G.(p,) is a sub-solution of (2.16). Using a comparison principle, to-
gether with (2.14), we easily arrive to the result. These formal arguments can
be made rigorous by using a relation between viscosity solutions of Hamilton-
Jacobi equations and entropy solutions of scalar conservation laws. This relation
asserts that, under some regularity assumptions, if s is a viscosity solution of the
following Hamilton-Jacobi equation in the whole space :

= Poler _ p(et k),  on Rx(0,T),
Ka (2.18)
K(z,0) = K°(z), on R,

R

where p is the solution of the heat equation :

{ Pt = Pxa, on R x (07 T)v (2 19)

p(x,0) = p°(x), on R,

then w = K, is an entropy solution of the following scalar conservation laws :

{wt = (F(z,t,w)), on Rx(0,7), (2.20)

w(z,0) = w’(z) = k2(x), on R.

Moreover, the regularity of the function G.(p,) permits to have inequality (2.17)
a.e. in R x (0,7T), therefore G.(p,) is an entropy sub-solution of (2.20). By using
the inequality between the initial data (2.14), and Kruzkov Comparison Principle
(see Theorem 2.16 of Chapter 3), we obtain that :

Ko > Ge(pr)-

Let us recall that entropy solutions were first introduced by Kruzkov |63| as the
only physically admissible solutions among all weak (distributional) solutions to
scalar conservation laws. The theory of entropy solutions was then widely develo-
ped. Equivalent definitions of entropy solutions for scalar conservation laws with
merely essentially bounded L data are given via the entropy process solutions
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(see Eymard, Gallouét and Herbin [35,36]), or via the kinetic formulation (see
Lions, Perthame, Tadmor [70], Perthame [81] and Perthame, Tadmor [82]). A
notion of a weak entropy solution via the entropy-flux pairs is given in Otto [80].
For the definition of entropy solutions that will be used in our work, we send the
reader to Definition 2.12 of Chapter 3.

It is worth mentioning that we need to give a special attention on two im-
portant points while making the rigorous proof. The first point is that the above
relation between viscosity and entropy solutions is valid on R. This requires, at
some stage, to make a suitable extension of the problem from the bounded inter-
val I into the whole space R ; to make use of this relation, and then to return back
to I. The second point is that the original Kruzkov Comparison Principle [63] was
proved under certain regularity on the function £’ that we do not have. This ne-
cessitates to follow the ideas of Kruzkov [63| and Eymard, Gallouét, Herbin [35],
to adapt their proofs for our case of less regularity (see Theorem 2.16 and its
proof in the Appendix of Chapter 3).

Another possibility to prove the minoration (2.15) of the gradient x, was to
stay in the viscosity solutions framework. In fact, there are few results on the
minoration of the gradient of viscosity solutions for Hamilton-Jacobi equations.
An interesting result on this subject could be found in Ley [67]. In that paper,
the author gives a lower bound for the spatial gradient of the viscosity solution
of first order Hamilton-jacobi equations :

w + F(x,t,u,) =0,
under some conditions on the Hamiltonian F'(z,¢,p) including its convexity in
the p-variable. Unfortunately, this is not our case (see equation (2.12)) with

xT 7t Tx 7t
F(x’tjp):p(x )Paz(,t)

p

and that does not permit us to use directly the viscosity solutions framework for
establishing the minoration on &,.

The next result is an existence result of (2.10) under the original condition
(2.13) on the gradient x°.

Theorem 2.2 (Ezistence of a viscosity solution, ¢ =0)

Let T > 0, k% € Lip(I) and p° € C§°(I). If the condition (2.13) is satisfied
a.e. in I, and if p is the solution of (2.11), then there exists a viscosity solution
k € Lip(I7) of (2.10) satisfying :

Ke > |pel, a.ein Ip.
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The proof of this theorem comes directly from the passage to the limit ¢ — 0 in
the family of solutions given by Theorem 2.1.

2.3 An entropy result on the whole space R

In the proof of Theorem 2.1, the function x, was found to be an entropy
solution of (2.20). In fact, this can be a byproduct result by itself.

Theorem 2.3 (Ezistence and uniqueness of an entropy solution, ¢ > 0)
Let T > 0. Take w® € L*(R) and p° € C(R) such that, w® > G.(p2) a.e. in R,

for some constant € > 0. Then, given p; the unique solution of the heat equation
(2.19), there exists an entropy solution w € L>®(Qr) of (2.20), unique among the
entropy solutions satisfying :

w>G(py) ae in Rx(0,T).

3 Strongly coupled singular parabolic system

This section presents the principal result of Chapter 4, that can be considered
as the starting point for solving the system (1.8)-(1.9) in Case B (the case where
T # 0). We study the existence, uniqueness and regularity of smooth solutions of
a strongly coupled singular parabolic system.

3.1 Setting of the problem

Let T" > 0. We consider the following coupled parabolic system :

Kt = ERgy + PaPaz _ TPz on Ip
Ka (3.21)
pr = (14 €)pee — TRy on Ip,

with the initial conditions :

k(x,0) = ff;)(:c) on [ (3.22)
p(z,0) = p'(z)  on I,
and the boundary conditions :
k(0,t) = k°(0) and r(1,t) = x°(1), Vt€]0,T], (3.23)
p(0,t) = p(1,t) =0, vt € [0, T, '

where ¢ > 0, 7 # 0 are fixed real numbers. This system is a strongly coupled
parabolic system with a singularity that arises from the division by x, in the first
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equation of (3.21). In order to avoid such singularity, we impose the following
strict inequality on the initial data :

KO > % on I (3.24)

We are interested in the existence and uniqueness of smooth solutions (p, k) of
(3.21)-(3.22)-(3.23), under the condition (3.24).

The choice of system (3.21). The first question that could be asked is about
the special choice of system (3.21). Let us remind the reader that the final goal is
to solve (1.8)-(1.9) in the general case T # 0. For this reason, we have taken (3.21)
as a regularized approximation of (1.8)-(1.9). Other choices of other approximate
systems was also possible. For example, an approximation of (1.8)-(1.9) includes
as a particular case the choice of the following system :

Kt = ERgy + PapPas _ TPz on Ip
K (3.25)
Pt = Prz — TRz on Ir.

However, the dangerous situation that may happen is to lose the inequality

Ko > |pel,

which is crucial in our study. In fact, we are not able to show this inequality for
(3.25), and even for many other approximate systems that we have tried. On the
contrary, system (3.21) is particularly constructed in order to satisfy a compari-
son principle (see Proposition 3.1 of Chapter 4) that gives the above inequality.

Brief review of the literature. We have not found singular parabolic systems
that are closely related to (3.21). However, many different parabolic problems
involving singular terms have been widely studied in various aspects. Degenerate
and singular parabolic equations have been extensively studied by DiBenedetto et
al. (see for instance DiBenedetto et al. [17,24 27| and the references therein). The
authors regard the solutions of singular or degenerate parabolic equations with
measurable coefficients whose prototype is a heat equation with p-Laplacian :

uy — div (|Vu\p_2Vu) =0, p>2orl<p<2.

The study includes local Hélder continuity of bounded weak solutions, local and
global boundedness of weak solutions and local intrinsic and global Harnack es-
timates. Other parabolic equations of the porous medium type :

u—Au" =0, 0<m<l,
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are examined in Quirds, Vazquez [84], DiBenedetto et al. [28,29]. These equations
are singular at points where u = 0. In DiBenedetto, Kwong, Vespri [28], the
authors investigate, for special range of m, the behavior of the solution near
the points of singularity. In particular, they show that nonnegative solutions are
analytic in the space variables and at least Lipschitz continuous in time. However,
in DiBenedetto, Kwong [29], an intrinsic Harnack estimate for nonnegative weak
solutions is established for some optimal range of the parameter m. In Quiro6s,
Véazquez [84], the authors study the asymptotic behavior of weak solutions in
exterior domains with boundary data that are constant in time. Other class of
singular parabolic equations are of the form :

b
Up = Upg + —Ug, (3.26)
T

b is a certain constant. Such an equation is related to axially symmetric problems
and also occurs in probability theory. A wide study of (3.26) is done. This in-
cludes the existence, uniqueness and the representation theorems for the solution
(Dirichlet and Neumann boundary conditions are treated as well). In addition,
differentiability and regularity properties are investigated (for the references, see
Colton |20, Speranza |89|, Alexiades [2|, and Chan, Wong [16]). A more general
form of (3.26), including semilinear equations, is treated in Mooney [75], Chan,
Kaper [14], Chan, Chen [15], and Maugeri [71].

An important type of equations that can be indirectly related to our system
is semilinear parabolic equations :

up = Au+ [ufPlu, p> 1. (3.27)

Many authors have studied the blow-up phenomena for solutions of the above
equation (see for instance Zaag [96], Merle, Zaag |72, 73|, Souplet et al. [47, 85,
88|). This study includes uniform estimates at the blow-up time, as well as the
investigation of upper bounds for the initial blow-up rate. Equation (3.27) can be
somehow related to the first equation of (3.21), but with a singularity of the form
1/k. This can be formally seen if we first suppose that « > 0, and then we apply
the following change of variables u = 1/v. In this case, equation (3.27) becomes :

2 2
vy = Av — [Vl —v?P,
v
and hence if p = 3, we obtain :
1
v, = Av — —(1 +2|Vv[?). (3.28)
v

Since the solution u of (3.27) may blow-up at a finite time ¢ = 7', then v may
vanishes at ¢ = T, and therefore equation (3.28) faces similar singularity to that
of the first equation of (3.21), but in terms of 1/v and not of 1/v,.
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3.2 Existence and uniqueness result

The main theorem concerning system (3.21)-(3.22)-(3.23) is the following :

Theorem 3.1 (Ezistence and uniqueness of smooth solutions)
Let p°, k0 € C>(I) satisfying condition (3.24) and

(1+e)pl, =7k
(1+e)rg, =

on Ol

2
on OI. (3.29)

Then, there exists a unique global solution (p, k) of system (3.21)-(3.22)-(3.23)
satisfying :

p, K € C3O™ (I x [0, 00)) NC®(I x (0,00)), Ve € (0,1), (3.30)

with B
Ky > |pz| on I x|0,00). (3.31)

The boundary conditions (3.29) that we have imposed on the initial data are
natural here. In fact, suppose p and k are sufficiently regular solutions of (3.21)-
(3.22)-(3.23). From (3.23), we know that p and s are constants on 91 x [0, 7],
and therefore p, = k; = 0 on 0/ x [0,7]. Using this information together with
system (3.21) satisfied by p and k, we get :

0=chyy + Papus _ TP on 0I x[0,T]
KRy (3.32)
0= (14¢)pez — TKs on Ol x 0,7,

that immediately implies (3.29).

The regularity O3+e%5% of the solution is the maximal regularity that we are
able to obtain “up to the boundary”. This is due to the fact that we are increa-
sing the regularity, in an iterative way, by using, each time, the Holder theory of
parabolic equations (see Theorem 2.1 of Chapter 4). However, the Holder theory
of parabolic equations requires a certain order of compatibility between the given
data, and, roughly speaking : the more we increase the compatibility order, the
more we increase the regularity. In our case, the boundary conditions (3.23) and
(3.29) raise the compatibility order up to 1, and hence we obtain the O3+
regularity up to the boundary.

The effect of the division by «,. The classical way to prove the existence of
a long-time solution of a parabolic problem, is to show the existence of a short-
time solution by applying a fixed point argument on suitable spaces, and then to
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iterate after having good a prior: estimates. We will use this method to find our
solution. Let us mention that at a short time 7" > 0, we can easily find a smooth
solution of (3.21)-(3.22)-(3.23) that satisfies :

Ky > |pz|, on  Ip, (3.33)

which somehow linearizes the first equation of (3.21) satisfied by «. In this case,
the well-known estimates for linear parabolic equations give some good a priori
estimates, but not a suitable minoration in the L* norm of k, in order to avoid
dividing by 0. Hence, while iterating, it may happen that x, = 0 and therefore
the procedure stops.

In the forthcoming arguments, many constants that may depend on time are
set to be 0 or 1. This is done in order to avoid technical confusions, and to clearly
present the essential ideas.

First minoration of x,. We will try to overcome the problem of dividing by
k. by finding a lower bound via a comparison principle that is shown to be
satisfied for (3.21)-(3.22)-(3.23). This comparison principle leads to the following
inequality on Iz := 1 x [0,T] :

fo(,t) 2 V/2() + p2(a,8), (3.34)

where v is a decreasing function satisfying the simple ordinary differential equa-
tion :

The term || pzazllzoo(1y) appearing in (3.35) comes from deriving system (3.21)
with respect to x while doing the computations. We can easily remark that the
solution ~y of (3.35) could vanish if || pzz||£oo (1) becomes infinitely large. There-
fore, inequality (3.34) is not a good minoration of k, unless ||pzza Lo 1y is well
controlled, and this what will be illustrated in the next step.

A Kozono-Taniuchi parabolic inequality. The C'“ estimates for parabolic
equations give a control of ||pzzz/zoe(1,) of the form :

1
H/)mMHLC’O(IT) < — (3.36)

1T)
which, if plugged in (3.35), does not prevent k, from vanishing. It is worth mentio-
ning that the usual L? estimates for parabolic equations are valid for 1 < p < o0,
and not for p = co.

43



Chapitre 2 : General introduction

An “intermediate” theory of parabolic equations is the BMO(*) (bounded
mean oscillation) theory. The BMO estimates give a control of the BMO norm
of prze (see Lemma 7.5 of Chapter 4) independent of v :

In our work we prove a Kozono-Taniuchi parabolic type inequality that controls
the L® norm of a given function by its BMO norm and by the logarithm of its
norm in some Sobolev space. This inequality formally reads :

|peaallzoe () < [l paeall BrIO(IT) (1 +10g™ || puzall Bro(rr) +1og™ IIPMIIWQQJ(IT)) :
(3.38)
Also, a useful estimate that can be obtained from the L theory (see Lemma
6.3 of Chapter 4) is an estimate of the form :

T — (3.39)
Przx W;’l(IT) > ’)/4(T)' .
Using (3.37), (3.38) and (3.39),we finally get :
1
”p:c:c:cHLOO 1) < 410g <—) , (340)
. NT)

which is better than (3.36).

The original type of the logarithmic Sobolev inequality (3.38) was found in
Brézis, Gallouét [8|, and Brézis, Wainger |9] (see also Engler [33]), where the
authors investigated, in the elliptic framework and not in the parabolic one, the
relation between L, WF and W}, provided ||ul|y» < 1 for kr = n. This estimate
was applied to prove existence of global solutions to the nonlinear Schrédin-
ger equation (see Brézis, Gallouét |8|, and Hayashi, von Wahl [48]). The original
Kozono-Taniuchi inequality |61, Theorem 1] is proved in the elliptic case. A sketch
of the proof of the parabolic version of this inequality is given in Appendix B of
Chapter 4.

By using the inequality (3.40) into the ordinary differential inequality (3.35),
and by following all the hidden terms, we obtain
ko(, 1) > y(t) > e with ¢=¢,
and hence we get the following a prior: estimates :
Et eet
loC)llesy < e and  |[k(.,t)|lespy < e -

The existence of the long-time solution then follows by time iteration.

3The BMO space was introduced by John and Nirenberg, see [59].
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4 Strongly coupled nonlinear parabolic/Hamilton-
Jacobi system

This section presents the principal result of Chapter 5 where we study the
existence of a viscosity-distribution mixed solution of system (1.8)-(1.9) in the
Case B. This result can be considered as the limit of Theorem 3.1 as we set
e =0.

4.1 Setting of the problem

We are interested in the existence of solutions of system (1.8)-(1.9) in the case
7 # 0, and under the condition (1.4). We recall the coupled system :

{/{t/@x = PtPr on [ x(0,T) (4.41)
Pt = Pox — Tha on I x(0,7T),
with the initial conditions on I :
k(2,0) = (z),  plx,0) = p’(z), (4.42)
and the boundary conditions
{ k(0,1) = k°(0) and k(1,¢) = k°(1), Vte€0,T], (4.43)
p(0,t) = p(1,t) =0, vt € [0, T,
The initial conditions are now submitted to the following condition :
KO > p% on I (4.44)

System (4.41) can be viewed as the limit of system (3.21) where we added the
—eA term. Therefore, the natural idea is to pass to the limit as ¢ — 0. This
method is called the vanishing viscosity method which is common in order to
approach viscosity solutions for a Hamilton-Jacobi equation. The literature on
this topic is very rich and one can cite for instance the book of Barles [3| and the
references therein, see also Sinai [87], Huang, Wang, and Teo [52].

4.2 Existence of viscosity solutions

The main theorem concerning system (4.41), (4.42), (4.43) and (4.44) is the
following :
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Theorem 4.1 (Ezistence of a long-time mized type solution)
Let p° and k° be two sufficiently reqular functions satisfying (4.44). Then there
ex1sts

(p, k) € (C(I x [0,00)))?, pecCHI x (0,00)), (4.45)
solution of (4.41), (4.42) and (4.43) satisfying :
Ke > |pe| in D'(I x(0,7T)). (4.46)

However, this solution has to be interpreted in the following sense :
1. Kk is a viscosity solution of Kyky = pipe in Ip =1 x (0,T),
2. p is a distributional solution of p; = pee — The in I7,

3. the initial and boundary conditions are satisfied pointwisely.

Remark 4.2 For the sake of distinction, we call (p°, k%), the solution obtained
by Theorem 5.1.

The main difficulty we have to face is to work with the equation

Kty = PtpPu- (4.47)

The idea is to pass to the limit as ¢ — 0 in the family of smooth solutions x°
obtained by Theorem 3.1. For this reason, we need a framework where the equa-
tion (4.47) is stable under approximation. Roughly speaking, the regularity C*
of p is expected since it satisfies a parabolic equation (the second equation of
(4.41)). In this case p; and p, are both continuous and hence the Hamiltonian of
(4.47) is also continuous. Then, assuming k, > 0, we can interpret x as a viscosity
solution of (4.47). This takes us in a natural way to the framework of viscosity
solutions where the stability property is well satisfied (see Barles [3, Lemma 2.3]).

The convergence of k° to a continuous function x is made via the local control,
uniformly in ¢, of the modulus of continuity of x° in space and in time(*). This
permits to deduce the local uniform convergence of x°.

The uniform control of the space modulus of continuity is done using an en-
tropy inequality that is shown to be valid for the approximated system (3.21) (see
Proposition 5.1 of Chapter 5). This entropy inequality can be easily understood.
For instance, if we set € = 0 and 7 = 0, we can formally check that the entropy

of the dislocation densities
Ky £ P2

o+ =
2 Y

4This is a direct consequence of the Arzela-Ascoli Theorem.
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defined by
S(t) = /Zei(.,t) log 6% (., 1)
Iy

satisfies N o
I

dt 0t +0- —

and hence we get S(¢) < S(0) which controls the entropy uniformly in time.

The uniform control of the entropy leads to an e-uniform control of the space
modulus of continuity of x° (see Proposition 5.4 of Chapter 5).

On the other hand, the uniform control of the time modulus of continuity is
done via a bound on & — ekS, uniformly in € (see Lemma 3.4 of Chapter 5).

Finally, the condition (4.46) comes directly by passing to the limit in the
sequence of inequalities k5 > |p5| (see (3.31)).

4.3 Simulations

Using the equations of elasticity (see the Appendix of the thesis), together
with the system (1.3) in terms of p and k, we can calculate the displacement
inside the material. We consider the case of a crystal with a shear stress 7 applied
on the boundary walls (see Figure 2.5). In Figure 2.6, we show successively the

€2

kI .

-1 1 €1

FiG. 2.5 - Geometry of the material.

initial state of the crystal at time ¢ = 0 without any applied stress, then the
instantaneous (elastic) deformation of the crystal when we apply the shear stress
7 > 0 at time ¢ = 07. The deformation of the crystal evolves in time and finally
converges numerically to some particular deformation which is shown on the
last picture after a very long time. This kind of behaviour is called elasto-visco-
plasticity in mechanics because the material takes time to respond to the applied
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stress. Moreover, on the last picture, we observe the presence of boundary layer
deformations. This effect is directly related to the introduction of the back stress

Ty = g?tfzg in the model (1.1).

AT

IWAWAWAN

AN

a)t=0" b) t =07 ¢) t =+o0

F1G. 2.6  Deformation of a crystal for model (1.3).

5 Numerical complement for an independent pro-
blem of transport type

We are interested in the numerical calculus of the solutions of partial diffe-
rental equations of transport type :

{ut:o?-Vu on R2x(0,7) (5.48

u’(z) € {+1,-1}  on R?

2

8

=
I

where d(z,t) = (ai(x,t),as(z,t)) is the velocity vector field. We consider a dis-
cretization of the space R? :

Ty = (Iil,IiQ) = (ilAl’,igAI‘),
with I = (iy,iy) € Z*, and Az is a space step. The function «° is given by :

(21) +1 if z;€Q, Q C R%is an open set,
ug(xy) =
OV — 1 otherwise.

Here, the function ug permits to represent a curve 9§} in R2. In fact, we can
formally write : 0Qy = 0{xr; uo(x;) = +1}. Then the evolution of the function
up with respect to time represents the transport of the curve 0y following the
vector field @. The goal is to write an algorithm in order to calculate the solution
of (5.48).
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Vu

e €quation (5.48) is now called the

In the special case where @ = c¢(z,t)
eikonal equation :

up = c(x,t)|Vul on R?x (0,7)
u(z,0) = u’(z) € {+1,-1}  on R?

that modelizes front evolutions in the normal direction. In this case, an algorithm
based on the “Fast Marching” Method (see Sethian [86], and Tsitsiklis |91]), is
presented in Carlini, Falcone, Forcadel, and Monneau [11]. This algorithm is an
extension of the classical Fast Marching Method since the new scheme can deal
with a time-dependent velocity ¢(z,t) without any restriction on its sign.

We have been trying to explore the ideas of Carlini, Falcone, Forcadel, and
Monneau |11], and to adapt them for transport equations (5.48). In this direction,
we have proposed several algorithms that seem, after doing numerical tests, not
translating the fronts at the good speed, even in the case where @ is constant.

An algorithm of the splitting type is then introduced (for the details, see Sub-
section 3.2 of Chapter 6). The idea of splitting is to separate the translation of
x;, following the velocity a;, and the translation of z;, following the velocity as.
The advantage of this algorithm is that it translates (in an exact manner) the
corners and the straight lines of a given front at the good speed, if the velocity
vector @ is constant.

Numerical test : case of a rotating square. A numerical test is done for a
moving square following a vector field @ that depends only on space. We consi-
der the case of a rotating square, i.e. @ = (—x4,,2; ). The following numerical
simulations are thus obtained :

HE
]

Fi1G. 2.7 — Images 0, 38

49



Chapitre 2 : General introduction

—

-\

T\

\

—

Fig. 2.8

=

Images 149, 241

AN

Fig. 2.9

L~

Image 373

This numerical test shows that our proposed algorithm of the splitting type can
create some instabilities (see Figure 2.9). The following step will be to improve
this algorithm in order to overcome such inconvenience.
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Chapitre 3

Existence et unicité pour un
systéme couplé

parabolique /Hamilton-Jacobi
non-linéaire décrivant la dynamique
des densités des dislocations

Ce chapitre est une version longue et détaillé d’un article a paraitre dans Annales
de UInstitute Henri Poincaré, Non Linear Analysis.

Nous étudions un modéle mathématique décrivant la dynamique de densités de
dislocations dans les cristaux. Ce modéle s’écrit comme un systéme 1D couplant
une équation parabolique et une équation d’Hamilton-Jacobi du premier ordre.
On montre 'existence et 1'unicité d'une solution de viscosité dans la classe des
fonctions ayant un gradient minoré pour tout temps ainsi qu’au temps initial. De
plus, on montre I'existence d’une solution de viscosité sans cette condition sur la
donnée initiale. On présente également un résultat d’existence et d’unicité pour
une solution entropique d’un systéme obtenu par dérivation spatiale. L’unicité
de cette solution entropique a lieu dans la classe des solutions minorées. Pour
montrer ces résultats, on utilise une relation entre les lois de conservation scalaire
et les équations de Hamilton-Jacobi, principalement pour obtenir des contréles du

aux bords appropriées.
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Existence and uniqueness for a nonlinear
parabolic/Hamilton-Jacobi coupled system descri-
bing the dynamics of dislocation densities

H. Ibrahim

CERMICS, Ecole Nationale des Ponts et Chaussées
6 ¢ 8, avenue Blaise Pascal, Cité Descartes,
Champs sur Marne, 77,55 Marne-La-Vallée Cedex 2, FRANCE

Abstract
We study a mathematical model describing the dynamics of dislocation densities in crystals.
This model is expressed as a one-dimensional system of a parabolic equation and a first order
Hamilton-Jacobi equation that are coupled together. We show the existence and uniqueness of a
viscosity solution among those assuming a lower-bound on their gradient for all time including
the initial data. Moreover, we show the existence of a viscosity solution when we have no such
restriction on the initial data. We also state a result of existence and uniqueness of an entropy
solution of the system obtained by spatial derivation. The uniqueness of this entropy solution
holds in the class of “bounded from below” solutions. In order to prove these results, we use a
relation between scalar conservation laws and Hamilton-Jacobi equations, mainly to get some
gradient estimates. This study will take place in R, and on a bounded domain with suitable
boundary conditions.
AMS Classification : 70H20, 35L65, 49125, 54C70, 74H20, 7T4H25.
Key words : Hamilton-Jacobi equations, scalar conservation laws, viscosity solutions,
entropy solutions, dynamics of dislocation densities.

1 Introduction

1.1 Physical motivation

A dislocation is a defect, or irregularity within a crystal structure that can
be observed by electron microscopy. The theory was originally developed by Vito
Volterra in 1905. Dislocations are a non-stationary phenomena and their motion
is the main explanation of the plastic deformation in metallic crystals (see [51,76]
for a recent physical presentation).
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1. Introduction

Geometrically, each dislocation is characterized by a physical quantity called
the Burgers vector, which is responsible for its orientation and magnitude. Dis-
locations are classified as being positive or negative due to the orientation of its
Burgers vector, and they can move in certain crystallographic directions.

Starting from the motion of individual dislocations, a continuum description
can be derived by adopting a formulation of dislocation dynamics in terms of
appropriately defined dislocation densities, namely the density of positive and
negative dislocations. In this paper we are interested in the model described by
Groma, Csikor and Zaiser [46], that sheds light on the evolution of the dynamics
of the “two type” densities of a system of straight parallel dislocations, taking into
consideration the influence of the short range dislocation-dislocation interactions.
The model was originally presented in R? x (0,7") as follows :

o0+ 0 b 0

9 +b- r l9+ {(Tsc+Teff) — AD7(9+ 6 . I (9+ —9_)}} =0,

00~ 0 b 0

W —b- a [9_ {(Tsc+Teff) — ADW . a (9+ — 9_)}:| = 0.

Where T' > 0, r = (z,y) represents the spatial variable, b is the burger’s vector,
0 (r,t) and 6~ (r,t) denote the densities of the positive and negative dislocations
respectively. The quantity A is defined by the formula A = p/[27(1—v)], where u
is the shear modulus and v is the Poisson ratio. D is a non-dimensional constant.
Stress fields are represented through the self-consistent stress 74.(r, %), and the
effective stress 7.7¢(r,t). % denotes the gradient with respect to the coordinate
vector r. An earlier investigation of the continuum description of the dynamics
of dislocation densities has been done in [45]. However, a major drawback of
these investigations is that the short range dislocation-dislocation correlations
have been neglected and dislocation-dislocation interactions were described only
by the long-range term which is the self-consistent stress field. Moreover, for the
model described in [45], we refer the reader to |31, 32| for a one-dimensional ma-
thematical and numerical study, and to |[10] for a two-dimensional existence result.

(1.1)

In our work, we are interested in a particular setting of (1.1) where we make
the following assumptions :

(al) the quantities in equations (1.1) are independent of y,
(a2) b =(1,0), and the constants A and D are set to be 1,

(a3) the effective stress is assumed to be zero.
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Remark 1.1 (al) gives that the self-consistent stress Ty, is null; this is a conse-
quence of the definition of Ts. (see [46]).

Assumptions (al)-(a2)-(a3) permit rewriting the original model as a 1D problem
inRx (0,7) :

Of(x,t) — 0, (x,1)
+ (ot z \ L z & _
Ht (l’,t) (9 (Jf,t) (‘9+(I,t) 4 9_(l’,t) N 07
O (1) + (-G p) (2D =B DN) -
n NG @)+ t))),
We consider an integrated form of (1.2) and we let :
pr =0, 0=0"+0", p=p"—p~ and k=p"+p,  (13)

in order to obtain, for special values of the constants of integration, the following
system of PDEs in terms of p and & :

Kike = PtPa in Qr:=Rx(0,7), (1.4)

k(z,0) = k%(z) in R, '
and

Pt = Pz . %Il QT> (15)

p(xz,0)=p°(x) in R,

where T" > 0 is a fixed constant. Enough regularity on the initial data will be
given in order to impose the physically relevant condition,

Ky > |pal - (1.6)

This condition is natural : it indicates nothing but the positivity of the dislocation
densities 6*(x,0) at the initial time (see (1.3)).

1.2 Main results

In this paper, we show the existence and uniqueness of a viscosity solution
of (1.4) in the class of all Lipschitz continuous viscosity solutions having special
“bounded from below” spatial gradients. However, we show the existence of a
Lipschitz continuous viscosity solution of (1.4) when this restriction is relaxed.
A relation between scalar conservation laws and Hamilton-Jacobi equations will
be exploited to get almost all our gradient controls of k. This relation, that will
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1. Introduction

be made precise later, will also lead to a result of existence and uniqueness of a
bounded entropy solution of the following equation :

Qt:<pmgm)x O

0(x,0)=60"(x) in R,

(1.7)

which is deduced formally by taking a spatial derivation of (1.4). The uniqueness
of this entropy solution is always restricted to the class of bounded entropy solu-
tions with a special lower-bound.

Let Lip(R) denotes :
Lip(R) ={f:R—R; fis a Lipschitz continuous function}.
We prove the following theorems :

Theorem 1.2 (Ezistence and uniqueness of a viscosity solution)
Let T > 0. Take k° € Lip(R) and p° € C3°(R) as initial data that satisfy :

K>\ (p0)2+€e2 ae in R, (1.8)

for some constant € > 0. Then, given the solution p of (1.5), there exists a
viscosity solution k € Lip(Qr) of (1.4), unique among the viscosity solutions

satisfying :
Ke > /P2 +e2  ae in  Qr.

Theorem 1.3 (Existence and uniqueness of an entropy solution)
Let T > 0. Take 6° € L>°(R) and p° € C*(R) such that,

0° >\ (p2)2+e2  ae in R,

for some constant € > 0. Then, there exists an entropy solution § € L>(Qr) of
(1.7), unique among the entropy solutions satisfying :

0>\p:+e ae in Qr.

Moreover, we have 0 = k., where k is the solution given by Theorem 1.2.

The notion of viscosity solutions and entropy solutions will be recalled in section
2. We now relate these results to our one-dimensional problem (1.2). Remarking
that p, =607 — 60~ and k, = 07 + 6~, we have as a consequence :
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Corollary 1.4 (Ezxistence and uniqueness for problem (1.2))
Let T > 0. Let 0 and 65 be two given functions representing the initial positive

and negative dislocation densities respectively. If the following conditions are sa-
tisfied :

(1) 05 — by € C°(R),
(2) 05, b € L¥(R),

together with,

05 + 60y > \/(95{—90_)2—#62 a.e. in R,

then there exists a solution (07,07) € (L=(Qr))? to the system (1.2), in the sense
of Theorems 1.2 and 1.3, unique among those satisfying :

0F +607>\/(0+r—0-)2+e ae in Q.

Remark 1.5 Conditions (1) and (2) are sufficient requirements for the compa-
tibility with the regularity of p° and k° previously stated.

Theorem 1.6 (Ezistence of a viscosity solution, case ¢ =0)
Let T >0, x° € Lip(R) and p° € C3°(R). If the condition (1.6) is satisfied a.e.
in R, then there ezists a viscosity solution k € Lip(Qr) of (1.4) satisfying :

Ke > |pe|  aein Qr. (1.9)

Remark 1.7 In the limit case where € = 0, we remark that having (1.9) was
intuitively expected due to the positivity of the dislocation densities 07 and 6.
This reflects in some way the well-posedness of the model (1.2) of the dynamics
of dislocation densities. We also remark that our result of existence of a solution
of (1.4) under (1.9) still holds if we start with % = p° = 0 on some interval of
the real line. In other words, we can imagine that we start with the probability of
the formation of no dislocation zones.

Problem with boundary conditions.

We consider once again problem (1.4), similar results to that announced above
will be shown on a bounded interval of the real line with Dirichlet boundary
conditions (see section 5). This problem corresponds physically to the study of
the dynamics of dislocation densities in a part of a material with the geometry
of a slab (see |46]).
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2. Notations and Preliminaries

1.3 Organization of the paper

The paper is organized as follows. In section 2, we start by stating the defini-
tion of viscosity and entropy solutions with some of their properties. In section 3,
we prove the existence and uniqueness of a viscosity solution to an approximated
problem of (1.4), namely Proposition 3.1, and we move on, giving additional pro-
perties of our approximated solution (Proposition 3.2) and consequently proving
Theorems 1.2 and 1.3. In section 4, we present the proof of Theorem 1.6. section
5 is devoted to the study of problem (1.4) on a bounded domain with suitable
boundary conditions. Finally, section 6 is an appendix containing a sketch of the
proof to the classical comparison principle of scalar conservation laws adapted to
our equation with low regularity.

2 Notations and Preliminaries

We first fix some notations. If €2 is an open subset of R™, k is a positive
integer, we denote by C*(Q) the space of all real valued k times continuously
differentiable functions. C§(€2) is the subspace of C*(Q) consisting of function
of compact support in Q, and C¥(Q) = C*(Q) N WH>(Q) where WH>(Q) is
defined below. Furthermore, let UC(2) and Lip(€2) denote the spaces of uniformly
continuous functions and Lipschitz continuous functions on ) respectively. The
Sobolev space W™P() with m > 1 an integer and p : 1 < p < oo a real, is
defined by

Va with |a] <n 3f, € LP(2) such that

WP (Q) = Ju € L(Q) /QuDa¢= (—1>""/Qfa¢ voe @) |

where we denote D“u = f,. This space equipped with the norm

lullwnr =Y 1D%ul|1s

0<al<n
is a Banach space. In what follows, T > 0. A map m : [0, 00) + [0, 00) that satisfy
e m is continuous and non-decreasing ;
. Ili)rél+ m(x) =0;

e m(a+b) <m(a)+m(b) for a,b > 0;
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is said to be “a modulus”, and UC,(2 x [0,T]) denotes the space of those u €
C(2 x [0, 7)) for which there is a modulus m and r > 0 such that

(2, ) — uly, B)] < m(|z — y|) for 2,y € Q, [z —y| < r and ¢ € [0,T].
We will deal with two types of equations :

1. Hamilton-Jacobi equation :

F(x,t,u,) =0 i ,
wt Fig, ’Ou ) o Qr (2.10)
u(z,0) =u (x) in R,
2. Scalar conservation laws :
v + (F(z, 1;, V))e =0 %n Qr, (2.11)
v(x,0) = v (x) in R,

where
F:Rx[0,T]xR — R

(x,t, u) —  F(x,t,u)

is called the Hamiltonian in the Hamilton-Jacobi equations and the flux function
in the scalar conservation laws. We will agree on the continuity of this function,
while additional and specific regularity will be given when it is needed.

Remark 2.1 We will use the function F' as a notation for the Hamiltonian/fluzx
function. Although F might differ from one equation to another, it will be clarified
i all what follows.

Remark 2.2 The major part of this work concerns a Hamiltonian /fluz function
of a special form, namely :

F(x,t,u) = g(z,t)f(u), (2.12)

where such forms often arise in problems of physical interest including traffic
flow [94] and two-phase flow in porous media [43].

We start by defining the notion of viscosity solution to Hamilton-Jacobi equa-
tions (2.10), and entropy solution to scalar conservation laws (2.11) with a flux
function given by Remark 2.2, as well as some results about existence, uniqueness,
and regularity properties of these solutions. We will end by a classical relation
between these two problems. These results will be needed throughout this paper,
precise references for the proofs will be mentioned later on.
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2.1 Viscosity solution : definition and properties

Definition 2.3 ( [22], Viscosity solution : non-stationary case)
1) A function u € C(Qr;R) is a viscosity sub-solution of

ug+ F(z,t,u,) =0 in Qr, (2.13)

if for every ¢ € CY(Qr), whenever u— ¢ attains a local mazimum at (zo,ty) € Qr,
then

be(wo, to) + F(0, to, pu(wo, o)) < 0.

2) A function u € C(Qr;R) is a viscosity super-solution of (2.13) if for every
¢ € CHQr), whenever u — ¢ attains a local minimum at (zo,ty) € Qr, then

be(wo, to) + F(x0, to, o0, t0)) > 0.

3) A function u € C(Qr;R) is a viscosity solution of (2.13) if it is both a viscosity
sub- and super-solution of (2.13).

4) A function u € C(Qr;R) is a viscosity solution of the initial value problem
(2.10) if w is a viscosity solution of (2.13) and u(x,0) = u°(x) in R.

It is worth mentioning here that if a viscosity solution of a Hamilton-Jacobi
equation is differentiable at a certain point, then it solves the equation there
(see |22, Corollary 1.6]). An equivalent definition depending on the sub- and
super-differential of a continuous function is now presented. This definition will
be used for the demonstration of Proposition 2.10. Let us recall that the sub-
and the super-differential of a continuous function v € C(R™ x (0,7)), at a point
(x,t) € R" x (0,T), are defined as the closed convex sets :

DV u(z,t) = {(p, a) eR" xR

(y,8)—(z,t) |y — l’| + |S — t| - ’
and
DY fu(z,t) = {(p, a) ER" X R:
(y.5)—(@,0) ly — x|+ [s — 1]
respectively.
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Definition 2.4 (Equivalent definition of viscosity solution)
1) A function v € C(R™ x (0,7T)) is a viscosity super-solution of (2.10) if and
only if, for every (z,t) € R" x (0,T) :

Y(p,a) € DY u(z,t), a+ F(z,t,p) > 0. (2.14)

2) A function uw € C(R™ x (0,T)) is a viscosity sub-solution of (2.10) if and only
if, for every (x,t) € R x (0,T) :

Y(p,a) € DYz, t), a+ F(x,t,p) <O0. (2.15)

This definition is more local, for it permits verification that a given explicit func-
tion is a viscosity solution in a more classical way, i.e. using the derivative calculus.
A similar definition, that will be used later, could be given in the stationary case.
Let Q2 C R™ be an open domain, and consider the PDE

F(z,u(x),Vu(z)) =0, VreQ, (2.16)
where F': {2 x R x R" — R is a continuous mapping.

Definition 2.5 (Viscosity solution : stationary case)

A continuous function u : Q +— R is a viscosity sub-solution of the PDE (2.16) if
for any continuously differentiable function ¢ : Q +— R and any local mazimum
xo € Q of u— ¢, one has

F(SL’(], U(QE()), V(ﬁ(l’o)) S 0.
Similarly, if at any local minimum point xo € ) of u — ¢, one has
F(zo,u(z0), Vo(xo)) = 0,

then w s a wviscosity super-solution. Finally, if u is both a viscosity sub-solution
and a viscosity super-solution, then u s called a viscosity solution.

In fact, this definition is used for interpreting solutions of (1.4) in the viscosity
sense. Furthermore, we say that u is a viscosity solution of the Dirichlet problem
(2.16) with u = ¢ € C(09) if :

(1) u e C(Q),

(2) w is a viscosity solution of (2.16) in €,

(3) u= ¢ on ON.
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For a better understanding of the viscosity interpretation of boundary conditions
of Hamilton-Jacobi equations, we refer the reader to |3, section 4.2].

Now, we will proceed by giving the main results concerning viscosity solutions
of (2.10). In order to have existence and uniqueness, the Hamiltonian F' will be
restricted by the following conditions :

(FO) Fe C(Rx[0,T] xR);

(F1) for each R > 0 there is a constant Cr such that for all (z,t,p), (y,t,q) €
R x [0,T] x [-R, R,

| F(z,t,p) = F(y,t,9) | < Cr(lp — gl + |z — yl);
(F2) there is a constant C such that for all (¢,p) € [0,7] x R and all z, y € R,
| F(z,t,p) = Fy,t,p) | < Crplz —y[(1+[p]).
We use these conditions to write down some results on viscosity solutions.

Theorem 2.6 (Comparison, [23, Theorem 1])
Let F satisfy (F0O)-(F1)-(F2). If u, u € UC,(Qr) are two viscosity sub- and
super-solution of the Hamilton-Jacobi equation (2.10) respectively, with

u(x,0) < u(x,0) in R,
then w < in Q.

Theorem 2.7 (Ezistence, [23, Theorem 1])
Let F' satisfy (F0)-(F1)-(F2). Ifu® € UC(R), then (2.10) has a viscosity solution
u € UCm(QT)

Remark 2.8 The “comparison” theorem stated above gives the uniqueness of the
viscosity solution.

Remark 2.9 In the case where the Hamiltonian has the form

F(:L’,t,u) = g(x,t)f(u),

the following conditions :
(VO) f € Cy(R;R),

(V1) g € Co(Qr; R),
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(VZ) 9z € Loo(@T);

imply (FO)-(F1)-(F2) together with the boundedness of the Hamiltonian.

The next proposition reflects the behavior of viscosity solutions under additional

regularity assumptions on u® and F.

Proposition 2.10 (Additional regularity of the viscosity solution)

Let F = gf satisfy (V0)-(V1)-(V2). If u® € Lip(R) and u € UC.(Qr) is the

unique viscosity solution of (2.10), then u € Lip(Qr).
Proof. Consider the function u¢ defined on R x [0, 7] by :

z —ul?
u(x,t) = sup {u(y,t) — ekt@} :
yeR 26

By |56, Theorem 3|, the function wu satisfies,

lu(z,t)] < c*(|x] +1) for (x,t) € R x [0,T],

where ¢* is a positive constant. Therefore, u is a sublinear function for every time
t € [0,T). The function u is defined via a supremum which is attained because
of the sublinearity of the function u (a quadratic function always control a linear
one) ; the supremum can be achieved at several points; let . be one of them, so

we can write )
_ l’€|

2e
We are going to prove that for (p, ) € R x R, we have :

u(z,t) = u(ze, t) — M i

2
(p,a) € DY ul(z,t) = (p, o+ kektw) € D" u(x,, t).
€

Since (p, ) € DV Tuf(x,t), then we can write for (y,s) ~ (x,t) that,

L=u(y,s) <u(z,t)+a(s—t)+ply —x)+o(ls—t| + |y —z|) = R,

where the left side L of (2.18) satisfies,

eks‘z - y|2

; € R,
2¢ :

L>u(zs)—

and the right side R of (2.18) satisfies,

_ okt |z — ]

R < wu(z.,t) 5e

+a(s—t)+ply—z)+olls—t|+ |y — x|).

(2.17)

(2.18)

(2.19)

(2.20)
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Choose z such that z —y = z. — x, then
z2=2x.+ (y —x) ~ x, since y ~ z. (2.21)
Combining (2.18), (2.19), (2.20) and (2.21) together, we get

u(ze + (y — x),8) — ek <
2¢

2
T —
w(ze, t) — ektg +a(s—t)+plz —z)+o(ls —t|+ |z — x|),

2e
and hence,
2
u(z,s) < u(we, t) + (¥ — ekt)%
€
+a(s —1) +p(z — ) + ol|s —t| + [z — z]). (2.22)

We have ) )
|I—:L’E| :kekt|x_x5|
2¢ 2¢

then using inequality (2.22), we get

(e —e*) (s =) +ofls — ),

2
u(z, s) < u(ae, t) + (a + kekt%) (s —1)

+p(z — ) +o(ls —t| + |z — z]),
which proves that

(a + l{:ektL — "

5 ,p) € D" u(x,, t),

and hence statement (2.17) is true. Since u is a viscosity sub-solution of (2.10),

we have

o+ kektL — zl”

F(z,,t,p) <0.
5t (ze,t,p)

We use (V0)-(V1)-(V2) to get

kt|x—xe\2

k
a+ ke e

IA

+F(.f1}',t,p) F(,’L’,t,p) _F(xeutvp)u

< Clr — x|,

where
C =l fllze@llgzll=(@):
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and therefore,
gt [ — x|
a+ F(z,t,p) < Clx—z | — ke™ ———,

2¢
2
< Cr,— kr—e,
€
k‘ 2
< sup (Cr — L) ,
r>0 2e

. — 7 . 2
where 7. = |z — z|. At the maximum 7, we have C' = *. By choosing k = <&

we get

Y

a+ F(x,t,p) <e

This inequality shows that v¢ = u® — et is a viscosity sub-solution of (2.10) with
v(z,0) = uf(z,0). By the comparison principle, we have
'Ue(x> t) - U(ZL’, t) < SU_p(UE(ZL', 0) - uO(l,))’
zeR

< sup(u(z,0) = u(x)),

2
sup (SUP {uo(y) - M} - uo(fﬁ)) :
zeR \yeR 2¢
2
T —y
< sup (le—y\— 7~y )

IA

z,yeR 2¢
2 2
r Ve
< su r—— | =-—=,
= 050 (7 26) 2
where ~ is the Lipschitz constant of the function v, and r = |z — y|. This

altogether shows the following inequality for z,y € R :

—yl? 2
el =Y e ) <) + et + 25 (2.23)

t) —

Remark here that £ is a fixed, previously chosen constant. Inequality (2.23) yields :

u(y.t) — uw.ty < U (t ; %) e=Clet e (224)

where ¢ = ekt% and § = (t + l;) We minimize inequality (2.24) over € to
obtain,

u(y, t) —u(z,t) < 24/CB,

: 2
€724/t + %\x—y\.

IA
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Since this inequality holds Vz,y € R, exchanging x with y yields,
lu(z,t) — u(y, t)| < C(F,up)|x —y| Ve,y €R and t € [0,T].

This shows that the function u is Lipschitz continuous in x, uniformly in time . To
prove the Lipschitz continuity in time, we mainly use the result of [56, Theorem 3]
with the fact that vy = —F(z,t,u,), and the boundedness of the Hamiltonian. O

Remark 2.11 [t is worth mentioning that the space Lipschitz constant of the
function u depends on C, where C appears in (F1) for p = q, and on the Lipschitz
constant v of the function uy. While the time Lipschitz constant depends on the
bound of the Hamiltonian.

2.2 Entropy solution : definition and properties

Definition 2.12 (Entropy sub-/super-solution)

Let F(x,t,v) = g(x,t) f(v) with g, g, € L2(Q7;R) and f € C*(R;R). A function
v € L™®(Qr;R) is an entropy sub-solution of (2.11) with bounded initial data
00 € L>®(R) if it satisfies :

| [mete)oe 1) + @0t 0)g(r. 0.z, 61+

T (2.25)
(o (e, 0)gs (e, )6z, ) | dedt + / (@) (. 0)dz > 0,

Vo € CHR x [0,T);R,), for any non-decreasing convex function n; € C1(R;R),
® € CY(R;R) such that :
® =fn, and h=o— fn,. (2.26)

An entropy super-solution of (2.11) is defined by replacing in (2.25) n; with ng ;
a non-increasing convex function. An entropy solution is defined as being both

entropy sub- and super-solution. In other words, it verifies (2.25) for any convex
function n € C1(R; R).

A well know characterization of the entropy solution is that :

Proposition 2.13 A function v € L>®(Qr) is an entropy sub-solution of (2.11)
if and only if Vk € R, ¢ € CH(R x [0,T);R,), one has :

/Q [(v(fa t) = k)" ou(x, 1) + sgn® (v(z, 1) — k) (f (v(x, 1)) — f(k)g(z, ) ¢u(w, 1)~

sgn™ (v(z,t) — l{:)f(k)gm(x,tw(x,t)}dxdt + /R(vo(x) —k)To(z,0)dz >0, (2.27)
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Where a* = 1(|a| + a) and sgn*(z) =
of (2.11) is defined replacing in (2.27)

%(sgn(:c) +1). An entropy super-solution
()" sgn® by (1)7, sgn”.

This characterization can be deduced from (2.25), by using regularizations of the
function (- —k)™. Also (2.25) may be obtained from (2.27) by approximating any
non-decreasing convex function 7; € C'(R;R) by a sequence of functions of the

form : ™ () = Yo7 (- = k)", with 5" > 0.

Entropy solution was first introduced by Kruzkov [63] as the only physically
admissible solution among all weak (distributional) solutions to scalar conser-
vation laws. These weak solutions lack the fact of being unique for it is easy to
construct multiple weak solutions to Cauchy problems (2.11), see |66]. The theory
of entropy solutions was then widely developed in [35,36,70,80-82|. Equivalent
definitions of entropy solutions for scalar conservation laws with merely essen-
tially bounded L data are given via the entropy process solutions (see [35,36]),
or via the kinetic formulation (see [70,81,82]). A notion of a weak entropy solu-
tion via the entropy-flux pairs is given in [80].

Our next definition concerns classical sub-/super-solution to scalar conserva-
tion laws. This kind of solutions are shown to be entropy solutions, for the details
see Lemma 3.3.

Definition 2.14 (Classical solution to scalar conservation laws)
Let F(x,t,v) = g(x,t) f(v) with g, g, € L2(Q7;R) and f € C*(R;R). A function
v € W(Qr) is said to be a classical sub-solution of (2.11) with v°(x) = v(z,0)
if it satisfies

v(z,t) + (F(z, t,v(x, 1)) <0 acein Qr. (2.28)

Classical super-solutions are defined by replacing “<” with “>” in (2.28), and
classical solutions are defined to be both classical sub- and super-solutions.

We move now to some results on entropy solutions depicted from [63].

Theorem 2.15 (Kruzkov’s Existence Theorem)
Let ', v° be given by Definition 2.12, and the following conditions hold :

(E0) f € Gy(R),
(E]-) g, gz € Cb(QT)>
(E2> Jaz € C(QT>;

then there exists an entropy solution v € L=(Qr) of (2.11).
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In fact, Kruzkov’s conditions for existence were given for a general flux function
[63, section 4]. However, in subsection 5.4 of the same paper, a weak version of
these conditions, that can be easily checked in the case F'(x,t,v) = g(z,t) f(v) and
(E0)-(E1)-(E2), is presented. Furthermore, uniqueness follows from the following
comparison principle.

Theorem 2.16 (Comparison Principle)
Let F be given by Definition 2.12 with f satisfying (EOQ), and g satisfies,

(E3) g € Wh(Qr).

Let u(x,t), v(x,t) € L>®(Qr) be two entropy sub-/super-solutions of (2.11) with
initial data u®, v° € L®(R). Suppose that,

u’(z) <°(z) ae in R,

then
u(z,t) <wv(z,t) ae in Qr.

Proof. See section 6, Appendix. O

It is worth noticing that in |63|, the proof of the existence of entropy solutions
of (2.11) is made through a parabolic regularization of (2.11) and passing to the
limit, with respect to the L' convergence on compacts, in a convenient space.

At this stage, we are ready to present a relation that sometimes holds between
scalar conservation laws and Hamilton-Jacobi equations in one-dimensional space.

2.3 Entropy-Viscosity relation

Formally, by differentiating (2.10) with respect to = and defining v = u,, we
see that (2.10) is equivalent to the scalar conservation law (2.11) with v° =
and the same F'. This equivalence of the two problems has been exploited in
order to translate some numerical methods for hyperbolic conservation laws to
methods for Hamilton-Jacobi equations. Moreover, several proofs were given in
the one dimensional case. The usual proof of this relation depends strongly on
the known results about existence and uniqueness of the solutions of the two
problems together with the convergence of the viscosity method (see [21,62,69]).
Another proof of this relation could be found in |13] via the definition of visco-
sity /entropy inequalities, while a direct proof could also be found in [60]| using
the front tracking method. The case of a Hamiltonian of the form (2.12) is also
treated even when g(z,t) is allowed to be discontinuous in the (z,t) plane along
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a finite number of (possibly intersected) curves, see [79].

In our work, the above stated relation will be successfully used to get some
gradient estimates of k. Although several approaches were given to establish this
connection, we will present for the reader’s convenience, a proof similar to that
given in |21, Theorem 2.2|. For every Hamiltionian/flux function F' = g¢f and
every u’ € Lip(R), let

EV = {(V0)> (V1)> (V2), (E0)> (El)v (E2)> (E3)}v
in other words,

The set of all conditions on f and g ensuring the

existence and uniqueness of a Lipschitz continuous viscosity
solution u € Lip(Qr) of (2.10), and of an entropy

solution v € L>®(Qr) of (2.11), with v° = u? € L*(R).

Theorem 2.17 (A link between viscosity and entropy solutions)
Let F = gf with g € C*(Qr), u° € Lip(R) and EV satisfied. Then,

v=1u, ae in Qr.

Sketch of the proof. Let ¢ > 0 and § > 0. We start the proof by making a
parabolic regularization of equation (2.10) and a smooth regularization of ug and
we solve the following parabolic equation :

€,0 €,0 €,0 ;
u” + F(x,t,u)’) = eus) in Rx(0,7),

u?(2,0) = u®(2) in R.

For the sake of simplicity, we will denote u* by w and u%° by w®. Note that the
first equation of (2.29) can be viewed as the heat equation with a source term F.
Thus, we have :

(2.30)

Wy — EWgy = Flw](z,t) in Qr,
w(z,0) = w’ in R,

with Flw|(z,t) = F(z,t,w,(z,t)). From the classical theory of heat equations,
since Flw] € LY, (Qr) and w® € WP(R), there exists a unique solution w of
(2.30) such that

weWX(Q) VQCCQr and 1<p < oo

Here the space W2'(Q), p > 1 is the Banach space consisting of all functions
w € LP(Q)) having generalized derivatives of the form w; and w,, in L?(2). For
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more details, see [65, Theorem 9.1]. We also notice that the space W>'(Q) is
continuously injected in the Hélder space C*®/2(Q) for o = 2 — % and p > %,
see [65]. We use now a bootstrap argument to increase the regularity of w, taking
in each stage, the new regularity of F'[w] and the regularity of w°. Finally, we get
that w € C3Y(R x [0,7T)) (three times continuously differentiable in space and
one time continuously differentiable in time). From the maximum principle and
the LP-estimates of the heat equation, see |7,65|, it follows the uniform bound of

u®? in VV[ "(Qr), for p > 2. Therefore, we get as § — 0 and £ — 0 that :

ue,é

—u in C[Rx[0,T)),

with u(x,0) = u°. We now make use of the stability theorem, |3, Théoréme 2.3,
twice on the equation (2.29) to get that the limit w is the unique viscosity solution
of (2.10). Hence, we have for any ¢ € C§°(Qr)

T T
lim / / ulpdedt = — lim / / w0, dr dt
e—0,—0 0 R e—0,5—0 0 R
T T
= —/ /ugbmdxdt:/ /ux¢dxdt.
0 R 0 R

The appearance of u, follows since u € Lip(QT). Moreover, as a regular solution,
the function v = u2? solves the derived problem

{ v 4 (F(x,t,0%°)), = evS?  in R x(0,7), (2.31)

0¥ (x,0) = ud’(z) in R,

and, according to [63, Theorem 4], the sequence v¥° converge in Li .(Qr), as

e — 0 and 0 — 0, to the entropy solution v of (2.11). Then, for any ¢ € C§°(Qr),

: £,0
6_!(1)%1_@/ /v ¢dxdt = / /vgbd:rdt
T T
/ /uxgbdxdt:/ /vgbd:xdt,
0 JR o JR

and u, = v a.e. in Q7. O

Consequently,

Remark 2.18 The converse of the previous theorem holds under certain assump-

tions (see [19, 60]).

Remark 2.19 In the multidimensional case this one-to-one correspondence no
longer exists, instead the gradient v = Vu satisfies formally a non-strict hyperbolic
system of conservation laws (see [62, 69]).
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Throughout sections 3 and 4, p will always be the solution of the heat equation
(1.5). The properties of the solution of the heat equation with such a regular
initial data will be frequently used, we refer the reader to |7,34] for details.

3 The approximate problem

In this section, we approximate (1.4) and we pose a more restrictive condition
(see condition (1.8)) on the gradient of the initial data than of the physically rele-
vant one (1.6). We prove a result of existence and uniqueness of this approximate
problem, namely Theorem 1.2, and the reader will notice at the end of this section
that this restrictive condition is satisfied for all time, and this what cancels the
approximation in the structure of (1.4) and returns it to its original one. Finally
we present the proof of Theorem 1.3.

For every a > 0, we build up an approximation function f, € C}(R) of the
function % defined by :

1 )
— if x> a,
x
falx) = % — 1 (3.32)
otherwise.
a?+ a*(x — a)?

Proposition 3.1 For any a > 0, let f, be defined by (3.32) and H € C*(R) be
a scalar-valued function. If

Fo(z,t,u) = —H(ps(2,1)) paa(, 1) fa(u) (3.33)

and k° € Lip(R), then the Hamilton-Jacobi equation

{ Kt + Fo(z,t,6,) =0 in Qr, (3.34)

K(x,0) = K°(z) in R,
has a unique viscosity solution r € Lip(Qr).

Proof. The proof is easily concluded from Theorems 2.6, 2.7 and Proposition
2.10, after checking that the conditions (V0)-(V1)-(V2) are satisfied with

g(x,t) = —H(po(,1)) poa(, 1). (3.35)

The condition (VO) is trivial, while for (V1), we just use the fact that H is
bounded on compacts and the fact that |p..(x,t)| < |2 ||L=®) in Q7. For the

70



3. The approximate problem

condition (V2), the regularity of p and H permits to compute the spatial deriva-
tive of g in @, thus we have :

The uniform bound of the spatial derivatives, up to the third order, of the solution
of the heat equation, and the boundedness of H on compacts gives immediately

(V2). 0

In the following proposition, we show a lower-bound estimate for the gradient
of k obtained in Proposition 3.1. It is worth mentioning that a result of lower-
bound gradient estimates for first-order Hamilton-Jacobi equations could be found
in |67, Theorem 4.2|. However, this result holds for Hamiltonians F'(x,t,u) that
are convex in the u-variable, using only the viscosity theory techniques. This is
not the case here, and in order to obtain our lower-bound estimates, we need to
use the viscosity /entropy theory techniques. In particular, we have the following :

Proposition 3.2 Let G € C3(R;R) satisfying the following conditions :
(G1) G(z) > G(0) > 0,
(G2) G" > 0.

Moreover, let

H=GG and 0<a<G(0).
If K0 satisfies :

k2(z) > G(p(7)), a.e in R,

then the solution k obtained from Proposition 3.1 satisfies :
ke(m,t) > G(pe(x,t))  ae in  Qr. (3.36)

In order to prove Proposition 3.2, we first show that G(p,) is an entropy sub-
solution of

{wt +(F(n,t,w)e =0 in Qr, (3.37)

w(z,0) = w’(z) in R,

with w® = G(p2) and F = F, is the same as in (3.33) (we remove the index a for
simplicity). Before going further, we will pause to prove a lemma which makes it
easier to reach our goal.

Lemma 3.3 (Classical sub-solutions are entropy sub-solutions)
Let v € W(Qr) be a classical sub-solution of (2.11) with v°(x) = v(x,0), then
v 18 an entropy sub-solution.
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Proof. Let n;, &, h and ¢ be given by Definition 2.12. Multiplying inequality
(2.28) by n,(v)¢ does not change its sign. Hence, after developing, we have :

1 (V) v + 0 (V) g f (V)6 + m; (V) g f (V)ve0 <0, ae. in Qr, (3.38)

and since v is Lipschitz continuous, we use the chain-rule formula together with
(2.26) to rewrite (3.38) as :

(1:(0))e ¢ + 9o f (V)0 (V)6 + g(@(0)); ¢ <0, ae. in Qr. (3.39)

Upon integrating (3.39) over Q7 and transferring derivatives with respect to t
and z to the test function, we obtain :

| [mteta,)oude.t) + @i, 0)g(w. 06,6+

h(v(x,t))g.(z,t)o(z, t)]d:zsdt + / 1:(v°(z))é(z,0)dx > 0, (3.40)
R
which ends the proof. O

Following the same arguments, classical super-solutions are shown to be entropy
super-solutions. We return now to the function G(p,) and we are ready to show
that it is indeed an entropy sub-solution of (3.37). In particular, we have the
following :

Lemma 3.4 The function G(p,) defined on Qr is a classical sub-solution of
(3.37) with initial data G(p2), hence an entropy sub-solution.

Proof of Lemma 3.4. First, it is easily seen that G(p,) € W1>°(Qr). Define
the scalar valued quantity B on Q1 by :

B(x,t) = 0/(G(pa(,1))) + Ou(F (2,1, Glpa(2,1)))).

Since 0 < a < G(0), we use (G1) to get f,(G(p.)) = 1/G(p,) and we observe
that,

B = G/(px)pxt — Oy <%)
= G (0)pane — (G(px)[H (pu)p3s + H (gz)(/zgm] — (G (pa)p3 H (px)))

G(p2) Paaa(Gp2) G (p) — H(pa)) — p2.(H (p2)G(pa) — H(pa)G (pz))
G*(p.)

= —p2.G (pa)-
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The condition (G2) gives immediately that B < 0. This proves that G(p,) is a
classical sub-solution of equation (3.37) and hence an entropy sub-solution. O

Proof of Proposition 3.2. From the definition of H and the properties of p,
it is easy to check that g € C%(Qr) and that £V is fully satisfied. Hence, we are
in the framework of Theorem 2.17 with u® = x°. This theorem gives that &, is
the unique entropy solution of (3.37) with w® = x2. Moreover, by the previous
lemma, G(p,) is an entropy sub-solution of (3.37). Since

KO > G(pl), ae. in R,
we can apply the Comparison Theorem 2.16 to get the desired result. O

It is worth notable here that we do not know how to obtain the lower-bound on
the spatial gradient k, using the viscosity framework directly. However, for the
case of the upper-bound, we can do so (see Remark 4.1). At this stage, fix some
€ >0, and let

G(x)=vVa?2+e and a=G(0)=¢
It is clear that G(x) satisfies the conditions (G1)-(G2) with
H(z) =z,
and the Hamiltonian F' from (3.33) takes now the following shape :

Fe($7t7u) = _px($vt)pxx(x>t)fe(u)- (3'41)

Moreover, we have the following corollary which is an immediate consequence of
Propositions 3.1 and 3.2.

Corollary 3.5 There ezists a unique viscosity solution k € Lip(Qr) of

+ Fe xvta xz) = 0 . )
Kt ( 0“ ) . m Qr (3.42)
k(z,0)=r" € Lip(R) in R,
with k2 satisfies :
KO >V (00)2 4+ €2 ae in R (3.43)

Moreover, this solution k satisfies :

Ke > \/P2+e  ae in Q. (3.44)

The following lemma will be used in the proof of Theorem 1.2.

73



Chapitre 3 : Dislocations with null stresses

Lemma 3.6 Let ¢ be an arbitrary real constant and take v € Lip(R;R) satis-
fying :
Y >c¢ a.ein R

If ¢ € CYHR;R) is such that ¢ — ¢ has a local mazimum or local minimum at
some point xg € R, then

Cx(l’o) Z C.

Proof. Suppose that ¢ — ¢ has a local minimum at the point xg; this ensures the
existence of a certain r > 0 such that

(¥ = Q@) = (¥ = lwo) Va; [ — x| <7

We argue by contradiction. Assuming (,(x¢) < ¢ leads, from the continuity of (,,
to the existence of 7 € (0,7) such that

Colz) < Vay |z — x| <7 (3.45)

Let gy be a point such that |yy — 29| < r" and yy < 2. Reexpressing (3.45), we
get
(( —cx)(x) <0 V€ (yo,T0),

and hence

/ "l = en)a(@) — (¢ — en)u(@)ldz > 0,

which implies that
(¢ = Q) (@o) > (¥ — ¢)(wo),

and hence a contradiction. We remark that the case of a local maximum can be
treated in a similar way. O

Now, we are ready to present the proofs of the first two theorems announced
in section 1.

Proof of Theorem 1.2. Let k € Lip(Qr) be the solution of (3.42) obtained
in Corollary 3.5. Let us show that it is the unique viscosity solution of (1.4)
among those verifying (3.44). To do this, we consider a test function ¢ € C'(Q7)
such that k — ¢ has a local minimum at some point (zg,%y) € Q7. Proposition
2.10, together with inequality (3.44) gives that

k(. to) € Lip(R) and k.(.,t) > € a.e.in R.
We make use of Lemma 3.6 with ¥(.) = k(.,%9) and {(.) = ¢(.,to) to get

¢z (0, t0) > €. (3.46)
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Since k is a viscosity super-solution of

Ky — fe(/{x)pxpxx =0 in QT>

we have
Gi(w0,t0) — fe(Da(0,20))pz(T0, t0) Paa(T0, t0) = 0.
However, from (3.46), we get

(o, to) Pz (0, to) — pu(To, to) pus (o, to) > 0,

and hence k is a viscosity super-solution of

RitRg = PzPrx in QT .

In the same way, we can show that x is a viscosity sub-solution of the above
equation and hence a viscosity solution. The uniqueness of this solution comes
from the uniqueness of the viscosity solution of (3.42) by reversing the above
reasoning. O

Remark 3.7 Notice that the first equation of (1.4) can be viewed as a Hamilton-
Jacobi equation of the type

F(X,Vk)=0 in Qr,
where F: Qp x R? — R defined by :
F(X,p) = pip2 — pu(X)pua(X),

with X = (x,t) and p = (p1,p2).

Proof of Theorem 1.3. Let 6§ = x,. By Theorem 2.17, 0 is the unique entropy
solution of

Ht = (pxpxwfe(9)>m in QTv
0(x,0) = 6°(x) in R,

with
0°(z) = K2(x) > /(p2)2 + €2, ae.in R.

Moreover, from Corollary 3.5, we have

0>+\/p2+e aein Qr,

from which we deduce that f.(0) = % and hence our theorem holds. a
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4 Proof of Theorem 1.6

We turn our attention now to Theorem 1.6. Let 0 < € < 1 be a fixed constant
and take
K% (x) = K2(x) + ex. (4.47)

It is easy to check that the function k%€ belongs to Lip(R), and by condition (1.6)
we get for a.e. x € R,

Ky“(z) = ra(@)+e

> V(P2(2))? + €.

From Theorem 1.2, there exists a family of viscosity solutions k¢ € Lip(Qr) to
the initial value problem (1.4) that satisfy :

KE>\/p2+e ae in  Qr.

We will try to extract a subsequence of k¢ that converges, in a suitable space, to
the desired solution

4.1 Gradient estimates.

Uniform bounds for the space-time gradients of k¢ will play an essential role
in the determination of our subsequence.

I. e-uniform upper-bound for xj.
Starting with the time gradient, we have for a.e. (z,t) € Qr :

Ry (2, )k (2,8) = po(2, 1) pan (2, 1), (4.48)

and B
Ky(z,t) > \/pi(x,t) +€2 >0 ae in Qr. (4.49)

If p.(z,t) = 0 for some Lebesgue point (x,t) of k¢ and kS, it follows from (4.48)
and (4.49) that k{(x,t) = 0. Otherwise, and since by (4.49) ¢ > |p.|, we conclude
that :

k5l < NP2l L@ ae.in Qr, (4.50)

and hence we obtain an e-uniform bound of .

For the space gradient, we argue in a slightly different way. The key point for
obtaining the uniform bound of k{ was the minoration of k¢ by |p.| so, roughly
speaking, if we want to follow the same previous steps using the symmetry of
(4.48) in k§ and kS, one should also have an appropriate minoration of |§| by a

x?
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well controlled function which no longer exists.

I1. Formal calculus and best candidate.

We seek to find the best candidate to be an upper-bound of ¢. For this reason,
we regard formally what is happening at the maximum of %. Dividing both sides
of (4.48) by x¢ and differentiating with respect to the spatial variable, we get :

2 €
€, = — : 4.51
'%xt H; (K§c>2 ( )

Notice that ¢, = 0 at the maximum of x¢. Multiplying equality (4.51) by ¢ and
integrating between 0 and ¢, we obtain :

td 1 ) t )
— | = (K dr = xwxwdu
[ (02 ) ar = [t pupiata

(r5(x, )" = (k" (2))* + 2 /0 (P (@, 1) + pu (@, 1) prwa (w0, 1))dT,

and hence,

then

ke < V2t + ¢y,

where
c1 = [[(p20) | o=@y + 102l 2o () | P2 | L= )
and
e = (gl + 1)%

0,¢e
T

The reason of taking cy as above easily follows since k2¢ = k2 + €, by taking €

small enough, namely less than 1.

ITI. e-uniform upper-bound for «.
Define the function S by :

S(z,t) = V2c1t + co.

Let us show that S is an entropy super-solution of (3.37) with F' given by (3.41)
and w°(z) = S(x,0). Indeed, we remark that S € WH*(Q7), and we know that
for every (x,t) € Qr we have,

S(x,t) = ez = |[mpllem +1 > ¢,

then

fe(S(x,t) = V(z,t) € Qr. (4.52)
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The regularity of the function S permits to inject it directly into the first equation
of (3.37). Therefore, using (4.52), we have

! S T \/201154‘02 \/201t+02 7
C1 — (piw + pxpxxx)

vV cht + C

Z 07

which proves, by Lemma 3.3, that S is an entropy super-solution of (3.37). From
the discussion of the proof of Proposition 3.2, we know that xf is an entropy
solution of (3.37) hence an entropy sub-solution. Since for € < 1 and a.e. x € R,
we have,

Ry (2) = () +e
Ikl @) + 1,

Ver = 5(z,0),

then we can use the Comparison Theorem 2.16 of scalar conservation laws to

obtain :
kS (z,t) < Vet +c < Vel +c aein Qr, (4.53)

and hence we get an e-uniform bound for .

<
<

Remark 4.1 We were able to obtain this e-uniform upper-bound of kS, by using
the wiscosity theory techniques. In fact, we claim that ((x,y,t) = K (x,t) —
k(y,t) and C*(x,y,t) = (x — y)S(t) are two viscosity sub-/super-solutions of the
following Hamilton-Jacobi equation :

ow

E :F(x>tawx)_F(yvt>_wy) in D:{(l’,y,t), x>y and t>0}

with initial data ¢Y<(z,y,0) = k%(2) — k"(y) and *(z,y,0) = (z — y)S(0)
respectively. Here F is given by (3.41). The claim is easy for 2, and we refer
to [23] when Kk is a continuous viscosity solution of (3.42). We also notice that :
CLE(xvy:O) < C2(l’,y,0) V(m,y,O) € D, and Cl’e(x7y7t) = C2($L’,y,t) = 0 for
x =1y, t > 0. Moreover, since (¢ and (* are continuous functions, we use the
comparison principle of viscosity solutions (see [3]) to obtain :

e, t) — w5y, 1) < (x —y)S(t) V(z,y,t) €D,

hence, the estimate (4.53) holds.
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4.2 Local boundedness in W1,

We now show that the family (k)g<c<; is locally bounded in W1 (Qr). Let
K CC Qr be a compactly contained subset of Qr, and (x,t) € K. Since k¢ is
Lipschitz continuous, we can write,

[5°(, 1) = £74(0)] < iy |(, 1)),

where C7;, is the Lipschitz constant of x° which is independent of € from the
previous estimates, namely (4.50) and (4.53). Call this constant C. From the
definition of x%¢(0) given by (4.47), it follows that,

55z, )] < C:Y|(I7t)|+|f€0(0)|,
< C max |(y,7)] +[£°(0)],
(y,m)EK

which is finite since K is bounded and hence, (k)p<c<1 is uniformly bounded
in C(K). This, together with the uniform gradient estimates, gives the local
boundedness of ¢ in WH(Q7).

4.3 Proof of theorem 1.6

At this point, we have the necessary tools to give the proof of Theorem 1.6.
We first recall that k€ is a viscosity solution of an equation of the type (4.48), with
a Hamiltonian independent of € (see Remark 3.7) and k%€ — x° locally uniformly
in R. By Ascoli’s Theorem, there is a subsequence, called again k¢, that converges
to k € Lip(Qr) locally uniformly, and by the stability theorem (see |3, Theorem
2.3]), x is a viscosity solution of the initial value problem

(4.54)

Kitky = PzPzx in  Qr,
k(z,0) = () in R

To end the proof, we still have to show the inequality
Ke > |p] a.e.in Qr.
Again by Theorem 1.2, our € verifies for a.e. (z,t) € Qr,

K (2, 1) > /2@, 1) 1 & > |pu(a, )], (4.55)

Passing to the limit ¢ — 0 in (4.55) in the sense of distributions, and since & is
Lipschitz continuous, we imediatly get :

Ke > |p] ae.in Qr.

and the required inequality follows. O
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5 Problem with boundary conditions

In this part of the paper, we deal with the same problem structure but with
boundary conditions of the Dirichlet type. This sort of boundary conditions arises
naturally in a special model of dislocation dynamics and will be explained in the
following subsection. Our notations are kept untouched ; the terms 6%, =, p and
r still have the same physical meaning, while the domain is changed into the open
and bounded interval

I:=(0,1),

of the real line. Although this problem seems to be an independent one, we will try
to benefit the results of the previous sections by considering a trick of extension
and restriction, in order to apply some of the previous results of the whole space
problem.

5.1 Brief physical motivation

To illustrate some physical motivations of the boundary value problem, we
consider a constrained channel deforming in simple shear (see [46]). A channel
of width 1 in the x-direction and infinite extension in the y-direction is bounded
by walls that are impenetrable for dislocations (see Figure 3.1). The motion of
the positive and negative dislocations corresponds to the z-direction. This is a

T I

L=1

FiG. 3.1 — Geometry of a constrained channel

simplified version of a system studied by Van der Giessen and coworkers [18],
where the simplifications stem from the fact that :
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5. Problem with boundary conditions

e only a single slip system is assumed to be active, such that reactions between
dislocations of different type need not be considered ;

e the boundary conditions reduce to "no flux" conditions for the dislocation
fluxes at the boundary walls.

The mathematical formulation of this model, as expressed in |46], is the system
(1.2) posed on I x (0,7T) :

t) -0, <9+(N) <Z{g 2 T z{gg)) -0 (5.56)
w+@(w@w(§821§83)):

To formulate heuristically the boundary conditions at the walls located at x =0
and x = 1, we note that the dislocation fluxes at the walls must be zero, which

requires that

P

———

9,(07 —67) =0,

at =z e {0,1}. (5.57)

Rewriting system (5.56) in a special integrated form in terms of p, k and &, we

get

ke = (po/ )P,

5.58
pr = P. ( )

{

Using (5.57) into the system (5.58), we can formally deduce that p and x are
constants along the boundary walls. Therefore, the remaining of this paper focuses

attention on the study

and

RiRy = PPz,

rk(z,0) = £%(x),
k(0,t) = k(0,0)

Denote I by :

of the following coupled Dirichlet boundary problems :

Pt = Pzx; in I x (07 00)7
p(x,0) = p° (), in I, (5.59)
p(0,t) = p(1,t) =0, Vt € [0, 00),
in I x(0,7),
in I, (5.60)
and rk(1,t) = k(1,0), Vtel0,T].
Ir =1 (0,7).
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There are two natural assumptions concerning p® and x°, the first one is again
the positivity of the dislocation densities #* and 6~ at the initial time, which
yields to the following condition :

Ry > [, (5.61)

and the second one has to do with the balance of the physical model that starts
with the same number of positive and negative dislocations. In other words, if n™
and n~ are the total number of positive and negative dislocations respectively at
t =0 then :

P(1) = p(0) =

= n" —n =0,

this shows that p°(1) = p°(0) and this is what appears in (5.59). Up to now, formal
relations between the initial conditions are only expressed. Whereas, required
regularity, together with the announcement of the main results will be stated in
the next subsection.

5.2 Statement of the main results on a bounded interval

From now on, the reader should not be confused with the term p that will
always be the unique solution of the classical heat equation (5.59). The two main
theorems that we are going to prove are :

Theorem 5.1 (Ezistence and uniqueness of a viscosity solution)
Let T > 0 and € > 0 be two constants. Take

x® € Lip(I) (5.62)
and p° € C°(I) satisfying :
K> G(p%) ae in I,

where
G(z) = Va2 + €,
then there exists a viscosity solution r € Lip(Ir) of (5.60), unique among those
satisfying : B
Ky > G(pz) a.e.in Ip. (5.63)
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5. Problem with boundary conditions

Theorem 5.2 (Ezistence of a viscosity solution)
Let T > 0 and ° € Lip(I). Under the condition (5.61) satisfied a.e. in I, there
exists a viscosity solution k € Lip(I) of (5.60) satisfying :

Ke > |pe],  a.ein Ip.

5.3 Preliminary results

Before proceeding with the proof of our theorems, we have to introduce some
essential tools that are the core of the "extension and restriction" method that
we are going to use. We start by extending the function x° given by (5.62) to
kY € Lip(R) in the following way :

K (z) if xe€l0,1],
#(x) = (ke + €)@= 1) +£°(1)  if 2 >1, (5.64)
(12l ) + )z + °(0) it <0,

Extension of p over R x [0,7].
Consider the function p defined on [0,2] x [0, T] by

Se.t) = {p(:c,t) if (z,t) € Ir,

5.65
— p(2 —x,t) otherwise, (5.65)
this is just a C'* antisymmetry of p with respect to the line = 1. The continuation

of p to R x [0, 7] is made by spatial periodicity of period 2. A simple computation
yields, for (z,t) € (1,2) x (0,7) :

pr(x,t) = —p(2—z,t) and  pPup(,t) = —pee(2 — 2, 1),

and hence it is easy to verify that p |;; 2xo,r) solves (5.59) with I replaced with
the interval (1,2) and p° replaced with its symmetry with respect to the point
x = 1; the boundary conditions are unchanged and the regularity of the initial
condition is conserved. To be more precise, we write down some useful properties
of p.

Regularity properties of p.
Let r and s are two positive integers such that s < 2. From the construction of p
and the above discussion, we get the following :

i) py and p, are in C'(R x [0,7]),

i) p=00n Zx[0,T],

i) fr = prs o0 (R Z) % (0,T),

i) 10£ 0200 ey < C Vi € 0,7,

(5.66)
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Chapitre 3 : Dislocations with null stresses

where C' is a certain constant and the limitation s < 2 comes from the spatial
antisymmetry. These conditions are valid thanks to the way of construction of
the function p and to the maximum principle of the solution of the heat equation
on bounded domains (see |7,34]).

Let
g(x,t) = —p(,t) pu(, t). (5.67)
From the above discussion, it is worth noticing that this function is a Lipschitz

continuous function in the z-variable. Consider the initial value problem defined
by :
ur + gfe(uy) =0 in ,
¢+ gfe( Ao) ' Qr (5.68)
u(z,0) =k (x) in R.
This is a Hamilton-Jacobi equation with a Hamiltonian F' € C(Qr x R) defined
by :
F(z,t,u) = gz, t) f-(u).
From the regularity of p and f., we can directly see that (V0)-(V1)-(V2) are
all satisfied. Moreover, since & is a Lipschitz continuous function, we get the

following proposition as a direct consequence of Theorems 2.6, 2.7 and Proposition
2.10.

Proposition 5.3 There exists a unique viscosity solution & € Lip(Qr) of (5.68).

The following three lemmas will be used in the proof of Theorem 5.1.

Lemma 5.4 (Entropy sub-solution)
The function G(p,) is an entropy sub-solution of

w(x,0) = w(x) in R, '
where f. is given by (3.32), and w°(z) = G(p,(x,0)).
Proof. Similar to Lemma 3.4. a

Lemma 5.5 (Differentiability property)
Let u(x,t) be a differentiable function with respect to (x,t) a.e. in Qr. Define the
set M by :

M = {z € R; w is differentiable a.e. in {x} x (0,T)},

then M is dense in R.
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5. Problem with boundary conditions

Proof. Define £, n € N to be the Lebesgue n-dimensional measure. Let N C Qr
be the set defined by :

N ={(z,t) € Qr; wis not differentiable on (x,t)},

and let Ty be the characteristic function of the set N. Since £?(N) = 0, we can
write,

/ Ty (x, t)dzdt = 0.

T

Using Fubini’s theorem we get

/Rg(:c)d:c =0, with g(z)= </OT HN(x,t)dt) >0,

g=0 ae in R

then

and consequently
J={x; g(x) #0} verifies L£'(J)=0.
In other words,
Ve € R\ J, u(x,-) is differentiable with respect to t a.e. in (0,7,

hence R\ J C M which implies our lemma. O

In the next lemma, we show a lower-bound estimate for the gradient of &
analogue to (5.63). This was previously done for k, in the case where g is a twice
continuously differentiable function using mainly Theorems 2.17 and 2.16. Here,
the way of extending the function p over Qr makes § loose some of the regularity
stated in Theorem 2.17. However, the following lemma shows that a similar result
holds in the case g € Wh>(Qr).

Lemma 5.6 (Existence of an entropy solution)
The function i, € L®(Qr) (k is given by Proposition 5.3) is an entropy solution
of (5.69) with initial data w® = &% € L>=(R).

Proof of Lemma 5.6. Let § be an extension of the function § on R? defined

by :
9(z, 1) if (z,t) € Qr,
g(z,t) =< g(z,T) it t>T, (5.70)
g(z,0) if t<O0.
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Consider a sequence of mollifiers " in R? and let §" = §* £". Remark that, from
the standard properties of the mollifier sequence, we have g" € C*°(R?) and :

§" — ¢ uniformly on compacts in Qr, (5.71)

and
gr = G0 in L},(Qr), 1<p<oo, (5.72)

together with the following estimates :
107039™ | Loe(@p) < 1107039 Lo (@py for 7,8 €N, 745 < 1. (5.73)

Now, take again the Hamilton-Jacobi equation (5.68) with ¢ replaced with g™ :

{m+§mm@:0 in Rx(0,7), (574

u(z,0) = &%(z) in R,

and notice that the above properties of the function g™ enters us into the frame-
work of Theorem 2.17. Thus, we have a unique viscosity solution " € Lip(Qr)
of (5.74) with initial condition &° whose spatial derivative & € L>®(Qr) is an
entropy solution of the corresponding derived equation with initial data 42. From
Remark 2.11 and (5.73), we deduce that the sequence (K"),>1 is locally uniformly
bounded in W1(Q7) and that :

1R 2o @r) < IRl o) + Tl Gall Loo (@ | fell oo ) - (5.75)

Moreover, from (5.71), we use again the Stability Theorem of viscosity solutions
[3, Theorem 2.3], and we obtain :

i" — & locally uniformly in Q7. (5.76)

Back to the entropy solution, we write down the entropy inequality (see Definition
2.12) satisfied by R} :

| (nlon+ ®)g" o, + 120 Ydude + [ n(i)o(e,0)dz 2 0, (577)
Qr R

where 7, @, h and ¢ are given by Definition 2.12. Taking (5.75) into consideration,
we use a property of bounded sequences in L>(Qr) (see |35, Proposition 3|) that
guarantees the existence of a subsequence (call it again K!) so that, for any
function ¢ € C(R;R),

P(Ry) — Uy weak—* in L®(Qr). (5.78)
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5. Problem with boundary conditions

Furthermore, there exists y € L>*(Qr x (0,1)) such that :

/0 Y(p(x, t, a))da = Uy(z,t), forae (z,t) € Qr. (5.79)

Applying (5.78) with ¢ replaced with 7, ® and h respectively, and using (5.79),
we get :

0 0) = [ au)da weakos in 1¥(Qu),

(I)(I%Z())—>/O O(p(.,a))da  weak—x in L¥(Qr), (5.80)

\h(/%;‘())—>/o h(p(.,))da  weak—«  in  L™(Qr).

This, together with (5.71), (5.72) permits to pass to the limit in (5.77) in the
distributional sense, hence we get :

/ /1 (n(u(., @)y + B(u(., a))ges + hiu(., a))gm) dedtda+
o (5.81)

/Rn(f%?c)as@, 0)dz > 0.

In |35, Theorem 3|, the function u satisfying (5.81) is called an entropy process
solution. It has been proved to be unique and independent of «. Although this
result in [35] was for a divergence-free function § € C'(Qr), we remark that
it can be adapted to the case of any function § € W1h*(Qr) (see for instance
Remark 6.2 and the proof of |35, Theorem 3|). Using this, we infer the existence
of a function z € L*(Qr) such that :

2(z,t) = p(x,t, @), forae. (x,t,a)€ Qr x (0,1), (5.82)

hence, z is an entropy solution of (5.69). We now make use of (5.82) and we apply
equality (5.79) for ¥ (z) = x to obtain,

z = weak—* lim &7 in L™(Qr). (5.83)

From (5.83) and (5.76) we deduce that,
z2(x,t) = Re(z,t) ae. in Qp,

which completes the proof of Lemma 5.6. O
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5.4 Proofs of Theorems 5.1, 5.2
Proof of Theorem 5.1.

We claim that k = &[z,. is the required solution.
Boundary conditions. In order to recover the boundary conditions given by

(5.60) on OI x [0,T], we proceed as follows. Let M be the set defined by Lemma
5.5 and let x € M. For every ¢ € [0,T], we write :

|/%(:)3,t)—/%(55,0)|§/0 |/%8(:E,s)|ds§/0 |F(x, s, ke(x,8))|ds
< [ P05l )]+ Clal) s

In these inequalities we have used the fact that & is a Lipschitz continuous vis-
cosity solution of (5.68) and hence it verifies the equation in Q1 at the points
where it is differentiable (see for instance [3]). Also, we have used the condition
(F1) with p = ¢ and Cg = C, a constant independent of R. Now from (5.66)-(ii),
we deduce that :

|F(0, 8, Re(,5))| = |p2(0,8)pe(0, ) fe(Re(z,5))| =0, forae. se(0,t),

and hence we get

I4(z, 1) — &(z,0)| < Clz|t. (5.84)

Since M is a dense subset of R, we pass to the limit in (5.84) as x — 0 and the
equality
#(0,t) = #(0,0) = k°(0) Vt € [0,T]

)
holds. Similarly, we can verify that #(1,¢) = #(1,0) = x°(1) for all ¢t € [0,T].

Inequality (5.63) and existence of a solution. The extension #° of k" out-

side the interval [ is a linear extension of slope ||p2|| ) + €, therefore we have,

() 2 VIO + & = G()), ae inR. (5.85)

From Lemma 5.6, we know that &, is an entropy solution of equation (5.69) and
from Lemma 5.4, we know that G(p,) is an entropy sub-solution of (5.69). Since
(5.85) holds, we use the Comparison Theorem 2.16 to get,

fo(z,t) > \/P2(x,t) + €2 >€>0, forae. (x,t) € Qr. (5.86)

and hence B
ke > G(pg) ae.in Ip.
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Take s to be the restriction of 4 on Iy where A% and p have their automatic
replacements x° and p respectively on this subdomain. It is clear that x € Lip(I7)
is a viscosity solution of :

"{t—‘_g.fs("{':c) =0 in IT>
k(x,0) = K°(z) in I, (5.87)
k(0,t) = k°(0) and k(1,t)=x"1) VO<t<T,
where g(z,t) = —pi(z,t)pe(x,t) and k. (x,t) > G(p.(x,1)) for a.e. (x,t) € Ir. We
also notice that  is a viscosity solution of (5.60), for it suffices to follow the same

steps of the passage from the viscosity solution of (3.42) to the viscosity solution
of (1.4) (see the proof of Theorem 1.2 for details).

Uniqueness among solutions satisfying (5.63). Since the function

H(z,t,u) = g(z,t)f(u) € C(Ir x R)

satisfies for a fixed ¢ :

[H (2, t,u) = H(y, t,u)| < Cle = y|(1+ |ul)),

for every x, y € (0,1) and u € R, we use [3, Theorem 2.8| to show that x is
the unique viscosity solution of (5.87). We claim that x is the unique viscosity
solution of (5.60). Indeed, we can also follow the same mechanism as in the proof
of Theorem 1.2. a

We now move towards the proof of Theorem 5.2 that has the same flavor of
what was done in section 4. We just need to care about the change in the structure
of our problem and the boundary conditions. Our first step will be the following
lemma.

Lemma 5.7 Let ¢; and ¢y be two positive constants defined respectively by :

1 = 1(092) ooy + 102 oo (1) | P2 | oo )
and
¢y = ([[K3 ]| ooy + 1)
Then the function S defined on Qr by :
S(z,t) = V2cit + ¢y

is an entropy super-solution of (5.69) with

w(x) = S(2,0) = [[kpllLe(ry + 1.
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Proof. See subsection 4.1-111, together with the regularity properties of the func-
tion p given in subsection 5.3. O

Proof of Theorem 5.2. Let € > 0 be a fixed constant. Define #%¢ € Lip(R) by :

KO(z) + ex if x€(0,1],
() = < (K2l zony +€)(x — 1) + (°(1) +¢)  if x>1, (5.88)
(|162]] oo (ry + €)x + £°(0) if z<0.

Since 2 > |p%] a.e. in I, it is clear that for a.e. x € R we have
~0 A0
Rz 2 G(py),

and hence, from the discussion of the proof of Theorem 5.1, there exists a unique
viscosity solution & € Lip(Qr) of

RGRS = pups in Qr, (5.29)
i(x,0) = &"(x) € Lip(R)  in R, '
unique among those satisfying :
kS > G(pe) ae in Qr. (5.90)

Assume without loss of generality that e < 1. The e-uniform bound for &j is
trivial, it suffices to use directly the equation satisfied by #¢ together with (5.90).
And the e-uniform bound for & follows from Lemma 5.7 and Theorem 2.16 since

R(2,0) < 6y + € < 6wy +1 = vz = (2, 0).

Following exactly the same technic of section 4, namely the proof of Theorem
1.6, we get that the sequence A¢ converges locally uniformly to & in Qp with
ik € Lip(Qr) satisfies,

ke > |pe] ae in Qr (5.91)

and
R(z,0) = ko(x) in R, (5.92)

where £ is the uniform limit of the sequence #%€¢ in R. Theorem 5.1 guarantees
that
£°(0,t) = &%(0) = £°(0), (5.93)

and
RE(1,t) = R%(1) = k(1) + ¢, (5.94)
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16

for all ¢ € [0,T]. From (5.93), (5.94) and the pointwise convergence, up to a
subsequence, of £° to &, we deduce that

/%(O,t):lirroll%ﬁ(o,t):/-ﬁo(()), vt € [0, 7], (5.95)
and
R(1,t) = lim (1, ) = lir%(mo(l) +¢) =r"(1) Vte[0,T). (5.96)

Take & to be the restriction of & over Ip; p and &g have their automatic replace-
ments p and x° respectively on this restricted domain. From (5.91), (5.92), (5.95)
and (5.96), we deduce that & is the required solution. O

6 Appendix : Proof of Theorem 2.16

We will work on the entropy inequality (2.27) satisfied by u and its analogue
satisfied by v, using the dedoubling variable technique of Kruzkov (see |63]) and
following the same steps of [35, Theorem 3|, taking into consideration the new
modifications arising from the fact that we are dealing with sub-/super-entropy
solutions and the fact that g € W1°°(Q7) is not a gradient-free function.

The proof can be divided into three steps. Denote B, by B, = {x € R; |z| <r}
for any r > 0, F*(u,v) = sgn*(u —v)(f(u) — f(v)),

y>* = |lyllze(@p forevery ye L>(Qr) (6.97)
and
M; = e m?x )|f/(l’)| (6.98)

0

In step 1, we prove that the initial conditions u°, v° satisfy for any a > 0 :

o1
lim —
T—0 T

/0 ' / (e 1)~ (0))dad =0 (6.99)

. 1 T 0 _ .
llir(l);/o /a(v(a:,t) —v°(x)) " dxdt =0, (6.100)

respectively.

In step 2, The following relation between w and v is shown :

/ [(u(z,t) —v(z, 0) ey + FF(u(z,t),v(z, t)g(z, t)¢,] dedt >0, (6.101)

T
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for every v € C3(R x (0,T);R,).
After that, we define A(¢) for 0 < ¢t < min(7, 2) and w = g*°Mjy, by :

A(t) = /B (u(z,t) —v(x, )" de. (6.102)

In step 3, we show that A is non-increasing a.e. in (0, min(7’, £)) and we deduce

that
u(z,t) <wv(z,t) ae. in Qr.

Step 1 : Proof of (6.99), (6.100).

Let £" be a sequence of mollifiers in R with &' = £. Recall that the function
¢ € C§°(R) satisfies the following properties :

supp(§) = {z € R, {(z) # 0} C By;
§>0, &(—x)=E(x);

6.103
E(a)dr = 1 (0:109)
By
§"(x) = n&(nx).
Let 7 € R such that 0 < 7 < T and define the function ~ by :

o0 o<t<r

vty =4 T (6.104)
0 it t>r7.

Take a > 0 and a test function ¢ € C§°(R;R;) such that,
(x)=1 for x € B,.

Let y € R be a Lebesgue point of u° and we make use of inequality (2.27) with
k = u(y) and the test function ¢(x,t) = ¥(z)y(t)E"(z — y). Integrating the
resulting inequality with respect to y over R yields :

Ty(n,7) + Tao(n, 7) + Ts(n, 7) + T4(n) > 0, (6.105)

with

Tnr) =7 [ [ (wle.t) =@ 6@ o — ) dudyar, (6100

Ty(n,7) = / ' / F e 0,0 () g o 019 (1) (W@ — )y, (6107
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Taln.r) == [ [ son*(ule.) =) 0)

Go(w, )y ()Y (2)§" (2 — y)dxdydt (6.108)
and

L) = [ (@) =) @ @~ p)dady. (6.109)

’
Yy

Using the change of variables : x = 2, y = 2’ — % in (6.106), and denoting again

by (z,y) the new variables (z',y) yields :

Ty(n, ) :—%ATAIA(u(x,t)—uo (v = D))" w)et) dedydr, (6110

Using that,
(u—v)" = (u—w)" <(w—-v)" Yu,v,weR, (6.111)
we infer that :
T(

T)
Ty(n, ) +% /0 ' /R (u(z, £) — u(2)) (@) dadt <

=l

where Ky is the support of 1. Same upper-bound, independent of 7, could be
obtained for T4(n). Furthermore, since u® € L>(R), and is thus integrable over
K, we use the Lebesgue differentiation Theorem to show that the right side of
(6.112) tends to 0 when n becomes large. Now, let € > 0, Ingy such that

u’ (1’ - %) — uo(x)’ ¢(y)dydz, (6.112)

Ty (no, 7) + T*(7) < i and  Ty(ng) < i, ) (6.113)

We also remark that the integrands of the right hand sides of (6.107) and (6.108)
are bounded and hence, for this particular ng we can choose some 7y such that
V0<7 <79, we have :

ITy(no, 7)| < i and  |Ty(n, 7)| < i (6.114)
From (6.113), (6.114) and (6.105), we infer that,
0<T(1)<e, YO<T<T.

Since ¥(z) = 1 over By, (6.99) is proven. Arguing in the same way, we can prove
(6.100). The slight difference is using a similar inequality of (6.111) with (-)*
replaced with ().
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Step 2 : Proof of (6.101).

It suffices to prove (6.101) for any function ¢ € C{°(Qr;Ry). We may also as-
sume, without loss of generality, that there is some ¢ > 0 such that ¢ (z,t) =0
for t € (0,¢) U(T —¢,T). For n > 1, let £&" be the usual mollifier sequence in R
and consider the function ¢(z,t,y, s) defined for (z,t) € Qr and (y,s) € Qr by,

ot = (5L ) e - e - o).

The function ¢ hence satisfies

O(yy,8) €CR(Qr;Ry) and  ¢(x,t,.,.) € C3°(Qr; Ry).

Fix some (y, s) € Qr for which the function v is well defined (this is valid almost
everywhere). Since u is an entropy sub-solution of (2.11), we consider the relation
(2.27) satisfied by u with & = v(y,s) and the test function ¢(.,.,y,s). Upon
integrating this inequality with respect to (y, s) over Qr, we get :

. {(u(z,t) = v(y, 9)) (@, .y, s) + FF (ul@, 1), v(y, 5))g(2, )a(w, by, )

—sgn* (u(z,t) — v(y, ) f(v(y, $))g(x, t)p(x, t,y, s) } dedtdyds > 0. (6.115)

Similar inequality could be obtained since v is an entropy super-solution of (2.11).
We just swap +, u and (x,t) with —, v and (y, s) respectively, hence :

. {(v(y. 5) —u(z, 1)) sz, t,y,5) + F(v(y, 5), ul@,1)g(y, )dy(x. 1.y, )

—sgn” (v(y, s) — u(z, 1)) f(u(x, 1) g2y, 5)¢(x, t, y, 5) } dedtdyds > 0. (6.116)
Summing (6.115) and (6.116) and using the elementary identities :

- =(—2)" and sgn (r) = —sgnt(—x), VzeR,
we get, for u = u(z,t) and v = v(y, s),
2+ Zy+ 25 >0, (6.117)

with :
Z = / (uw—v)" (¢ + ¢s)(z,y,t, s)dxdtdyds, (6.118)
Q

2
T
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2= /2 F¥(u,v)[g(z, 1) ¢u(x,y,t,8) + gy, 8)dy (2, y, 1, s)|dvdtdyds, (6.119)

Zy = /Q2 sgnt(u — v)[f(u)g.(y, s) — f(v)ga(x, t)]P(x,y,t, s)dxdtdyds. (6.120)

We now compute the first partial derivatives of the function ¢. For (x,t,y,s) €
Q1 X Qr, we have :

oont.9) = (o —) (o (FL ) e -9

+¢(x;yf;s>§n@_80 (6.121)

ot t.5) = o =) (3 (SHL 2 ) erte -

2
r+y t+s\ ./
(L) ele-9), (6.122)

outatons) = €= ) (30 (L) -

+w(z+yt;8)£(x_y0’ (6.123)

ofots) == (30 (L5 ) -

2
_¢($+ytgs)g(x—w). (6.124)

Using these relations in (6.117) and performing the following change of variables,

=(z+vy)/2, n =n(r —y), t = (t+s)/2, s =n(t —s);

denote the new variables z', t', y', s by z, t, y, s and Q4 = Qp x B?. Also, for
the simplicity of expressions, denote

+ Yy S - y - s
—ot L =t S o =a— L =t
Tt o To T T Ty m
This altogether yields :
X+ X+ A5+ Xy > 0, (6125)
with :
X, = / (u(z®,th) —v(x™,t7) Tz, t)E(y)E(s)dadtdyds, (6.126)
(on

95



Chapitre 3 : Dislocations with null stresses

Xy = %/Q Fr(u(xt t%),0(z™, 1)) (9@t 1) + g(z7,t7)) (6.127)
Vo (2, 1)E(y)E (s)dzdldyds,
Xy = /Q4 Fr(u(at7),0(z™, 7)) (g(a™,t7) — g(a™,17)) % (6.128)
U (x, t)ne (y)E(s)dxdtdyds,
X, = /94 sgn* (u(a™, %) —v(a™, 7)) [flu(a 1)) g (a7, t7) - (6.129)

Fo(a™,t7))gu (2™, )] Y (2, )€ (y)E (s)dudtdyds.

At this point, it is worth mentioning that we will frequently use the following
Lemma from [62].

Lemma 6.1 If " € Lip(R) satisfies |I'(u) —T'(v)| < Colu — v|, then the function
H(u,v) = sgn™ (u = v)(I(u) — T'(v))
satisfies |H(u,v) — H(u',v")| < Co(lu —u'| + [v —V'|) (see [68, Lemma 3]).

Consider now (6.126). Since (u—v)" = sgnt(u—v)(u—v), we make use of Lemma
6.1 to obtain :

P /Q (ule) = vtz ) @bt(z,t)dxdt' <
{/K Nl 1) —ule, )] ()€ (W) (s)dodtdyds
n /K [ o) = ot t>|<wt>°os<y>f<s>dxdtdyds} ,

where, by the Lebesgue Differentiation/Dominated Theorems, the right hand side
of this inequality tends to 0 as n — oo, and hence :

Xy — | (u(z,t) —v(x,t) T (z, t)dodt  as n — oc. (6.130)
Qr

Let us now turn to (6.127); using the fact that g € W*°(Qr) and hence Lip-
schitz continuous over the compact K, and the fact that F*(u,v) is Lipschitz
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continuous in u and v (see Lemma 6.1), we get :

‘2‘@ — /QT F+(u(:c,t),v(x,t))g(:c,t)wm(x,t)dxdt‘ <

g Mpy? { / u(@® #7) = ulz, )€ (y)E(s)dudtdyds
R T BL (6.131)

[ [ ) - v(x,mf(y)f(s)} dudtdyds

1
+ gc((gx)oo’ (gt)ooa (wx)ooa Mfa uooa Uoo) T)a

and also, by the Lebesgue Differentiation/Dominated Theorems, the left hand
side of this inequality tends to 0 as n — oo, hence :

Xy — Fr(u(z,t),v(x, t)g(x, t).(z, t)dadt  as n — oo. (6.132)
Qr

We now study the two terms X and XJ'. From the fact that g € W1°(Qr), we
remark that for a.e. (x,t,y,s) € Qr X Qr, we have :

gla™ t7) = g(@" t7) = go(a™ ") (—y/n) + g™, t7)(=s/n) + L" (.1, y, 5).

where

T

LMz, t,y,5) = / (gulam, ) — gulam, ))dz + / (gaw, 1) — gu(a* ) du

+ ot
and for a.e. (z,t,y,s) € Q4, we have :
nl" — 0, as n — oo.

This is obtained via the Lebesgue Differentiation Theorem. We also remark that
the term g, (x~,¢7) in X} could be replaced with g, (z™,¢"), since this adds a term
that approaches 0 as n becomes large. This term will be omitted throughout what
follows and we denote the new X7 by XJ". From these two remarks, we rewrite
XJ and XJ to get :

Xé‘:/ sgn (u(z™, ") —v(z™, 7)) (f(u(a™,t7)) = flv(z™,t7)))
Q4

£(n)
(ygala™, ) + sgila, 7)), € (y)&(s)da dt dy ds + /Q nL’(x,t,y, s)da dt dy ds,
4

(6.133)
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where £(n) — 0 as n — oo (Lebesgue Dominated Theorem), and

Ay = / sgn* (u(a*, 1) — o(@, ) (Flulat, 1) — Fola, )
Qu
Go(zt )Y (x, )E(y)E(s)da dt dy ds.

We denote the new X3' by /'\?gl Let A3y = /'\?gl + ?\?f, hence :

(6.134)

1n
X34
A

3 = /Q Fr(u(a®, t7), v(a™, 7)) g (x+, tH)0(x, ) (Y€ (y)E(s))yda dt dy ds

2n
X34
.

~

+ /Q F(u(z ™, t7),0(z™, 7)) ge(a™, £7) (2, ) (sE(y)S(5))yda di dy ds .

(6.135)
In XJ7, the term (z,t) could be replaced with ¢(x™ ¢T), for this also adds a
term getting small when n — oco. We keep the same notations for X3y Since
y&(y)E(s) is a compactly supported smooth function in Qy4, we have :

/Q F* (uat, 1), (e, ) gala, )t 1) (g ()& (s)) e dt dy ds = 0.

(6.136)
Moreover, since F*(u,v) is Lipschitz continuous, we obtain :

‘X?’lf ‘/Q FH(u(a, ), ofa®, ) ga (o, 1) (@™, 1) (y&(y)E(s))yda dt dy ds

< Mf(gx)oowoo/ lo(z™,t%) —v(x™,t7)|dw dt dy ds,
Ky J B}

(6.137)
where K is the support of 1. Therefore, by the Lebesgue Differentiation /Dominated
Theorems, we deduce that the right hand side of (6.137) tends to 0 as n — oo,
hence we have :

X' —0 as n— oo (6.138)

In a similar way we can show that
X' —0 as n — oo. (6.139)

From (6.130), (6.132), (6.138) and (6.139), passing to the limit in (6.125) yields
(6.101), which concludes the proof of step 2.

Step 3 : u(z,t) <wv(z,t) a.e. in Q7.
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16

Let us first show that the function A(¢) defined in (6.102) is non-increasing a.e. in
(0, min(7', 2)). Take a > 0 and recall that w = g® My ;let 0 < ¢; <ty < min(T, %),
0 < € < min(ty, min(7, £—t5), and § > 0. Consider the function ¢ € Cj(Ry, [0, 1])
such that ¢(r) = 1 Vo € [0,a], ¢(x) = 0 Vx € [a+ 6,00), and ¢ < 0. Define 7,
by :

(0 if 0<t<t —e
@ if th—e<t<t
r(t) =4 1 it <t<t (6.140)
(t2+:)_t i ty<t<tyte
L 0 if to+e<t<oo.

One can take in (6.101) the test function
(1) = o(|z] + wt)re(t).
This yields :

E1(6,¢)

— .

- (u(z,t) —v(z, )T o(|z| + wt)dwdt —

‘ /t‘/R (6.141)
EgJ(i,e)

%/t Cu(m,t) — v(, ) o(a] + wh)dadt > B, €),

with
E(5,¢e v(x,t sgn™ ((u(z,t) — v(z, t
(6.¢) // : b () e
u(w,t)) — f(v(x, t)))|z|9($ )¢ (|| + wt)re(t)dzdt.

We claim that E(J,€) > 0. Indeed, since ¢ < 0 and r, > 0, it suffices to show

that
(u(z,t) —v(z,t)))x

z,t) >0 ae. in Q.

wlu(z,t) — vz, t))" + Sgn+
(f (u(z, ) = f(o(z, )))‘ |

Two cases can be considered, either u(z,t) < wv(z,t); in this case it is easy to
verify (6.143), or u(x,t) > v(x,t); in this case we use, from the definition of w,
the fact that

(f(u(z, 1)) — f(o(x, t>>>|§‘

(
o (6.143)

g(l’,t) > —w(u(x,t) - U(Ivt))>
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hence our claim holds. Relation (6.141) now holds with E(d,€) replaced with
0. We regard the integrand term of E;(d,€) in (6.141) and we notice that for
t —e <t <ty, we have :
(u(@,t) —v(@, 1) (|2 + wt) = (u(z,t) — v(@, 1)) o(|2] + W)Ly,

where HA; is the characteristic function of the set A defined by :

Ay ={(z,t); 1 —e <t <ty, 0 <|z|+wt <a+d}.
Remark that the set A; shrinks, as 0 becomes small, to

A ={(z,t); i —e<t<ty, 0<|z|+wt<a}
with ¢(|z| +wt) = 1 over A'. It is easy now to see that as § — 0
(u(z,t) —v(z,t)) é(|x] + wt)]IA; — (u(z,t) — v(z,t))"I, ae. in Q.

However, since (u(z,t) — v(z,t))T € L>®(Qr), we use the Lebesgue Dominated
Theorem to get :

I
Ei(6,€) — —/ / (u(x,t) —v(w,t)) dadt as § — 0, (6.144)
€ t1—e J Bog_wt
in other words,
I
By(5,€) — © / A(#)dt as 6 — 0, (6.145)
€ t1—e
with A(t) given by (6.102). Similar arguments shows that :
1 to—e
Ex(6,€) — —/ A(t)dt as 6 — 0. (6.146)
€ Js,

Note that A € L'(0,7T); let t; and t, be Lebesgue points of the function A such
that 0 < ¢; <ty < min(7,2), one can easily deduce from (6.145) and (6.141)
letting € tends to 0 that

A(tr) = Alta),

hence A is a.e. non-increasing. We use this property enjoyed by A to get the
comparison principle. In fact, using the elementary identities :

(u—v)" <(u—w)"+ w-—w)"

u—v) < (u—w) 4+ (v—w)"
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YV u,v,w € R, we calculate for a.e. (z,t) € Qr :
(u(z,t) —v(@, )" < (u(e, ) —u’(@)" + (v(z,8) — 0" (@) + (u(z) — v"(2))".
Since u’(z) < v%(z) a.e. in R, we get for a.e. (z,t) € Qr :

(u(z,t) — v(z, )" < (u(z,t) — u'(2))" + (v(z,t) —°(x)) " (6.147)

Using (6.147), for 7 € (0, T), we calculate :
%/OTA(t)dtg %/0/ (u(z, ) — v(z, £)Fdudt <
%/OT/a(u(x,t)—uo(:c))+dxdt+%/OT/a(v(x,t)—vo(x))_dxdt.

From (6.99), (6.100) and the passage to the limit as 7 — 0 in (6.148), we deduce
that,

(6.148)

1 T
—/ At)dt -0 as 7—0. (6.149)
T Jo

Thus, since A is a.e. non-increasing on (0, 7), and A(t) > O fora.e. t € (0, min(T, %)),
one then has

A(t)=0 forae. te <O, min (T, g)) :
Since a is arbitrary, we deduce that,
u(z,t) <wv(z,t) ae. in Qr,
and the result follows. O

Remark 6.2 In [35], the entropy process solution p(x,t,«) was proved to be
independent of o for a divergence-free function g € CY(Qr). However, for the
case of a general non divergence-free function g € WH*(Qr), same result can be
shown by adapting the same proof as in [35, Theorem 3] taking into account the
slight modifications that could be deduced from the proof of Theorem (2.16). More
precisely, the treatment of the two terms X3 and Xj' in Step 2.
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Chapitre 4

Dynamics of dislocation densities in
a bounded channel. Part 1 : smooth
solutions to a singular parabolic
system

Ce chapitre est issu d’un travail en collaboration avec M. Jazar et R. Monneau

I54].

Dans ce travail, nous étudions un probléme de Dirichlet pour un systéme parabo-
lique couplé et singulier. La singularité vient de la présence de 'inverse du gra-
dient de la solution. Ce systéme décrit un modéle approximatif de la dynamique
des densités de dislocations dans un domaine borné et soumis a une contrainte
extérieure. Le systéme d’équations est écrit sur un intervalle borné et exige une
attention spéciale au bord. Nous montrons l'existence et 'unicité de solutions
réguliéres, en utilisant deux outils principaux : un principe de comparaison sur
le gradient qui améne la singularité, et une inégalité du type Kozono-Taniuchi
parabolique.
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Dynamics of dislocation densities in a bounded chan-

nel. Part I : smooth solutions to a singular parabolic
system
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Abstract

We study a coupled system of two parabolic equations in one space dimension. This system is
singular because of the presence of one term with the inverse of the gradient of the solution. Our
system describes an approximate model of the dynamics of dislocation densities in a bounded
channel submitted to an exterior applied stress. The system of equations is written on a bounded
interval and requires a special attention to the boundary layer. The proof of existence and
uniqueness is done under the use of two main tools : a certain comparison principle on the
gradient of the solution, and a Kozono-Taniuchi parabolic type inequality.

AMS Classification : 35K50, 35K40, 35K55, 42B35, 42B99.

Key words : Boundary value problems for parabolic systems, nonlinear PDE of pa-
rabolic type, BM O spaces, logarithmic Sobolev inequality.

1 Introduction

1.1 Setting of the problem

In this paper, we are concerned in the study of the following singular parabolic
system :

Kt = €Ky + Pabus _ TP on I x(0,00)
Ka (1.1)
pe = (L+¢8)pee — TRy on [ x (0,00),
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with the initial conditions :
k(z,0) = k() and p(z,0) = p°(z), (1.2)

and the boundary conditions :

k(0,.) = k%(0) and k(1,.) = k"(1), (1.3)
p(0,.) = p(1,.) =0, '
where
e>0, 71#0,
are fixed constants, and
I:=(0,1)

is the open and bounded interval of R.

The goal is to show the long-time existence and uniqueness of a smooth solu-
tion of (1.1), (1.2) and (1.3). Our motivation comes from a problem of studying
the dynamics of dislocation densities in a constrained channel submitted to an
exterior applied stress. In fact, system (1.1) can be seen as an approximate mo-
del of an integrated form of the model described in |46]. This model |46], that
describes the evolution of the dislocation densities inside a crystal, reads :

0; -0,
0 = {(m —7') 6+] on [ x(0,7),

_ 0r —0; _
Qt :[—(W—T)e}w on [X(O,T),

with 7 representing the exterior stress field. The integrated form of system (1.4)
can be deduced from (1.1), by letting £ = 0; spatially differentiating the resulting
system ; and by considering

(1.4)

py =0, p=p"—p, K=p"+p. (1.5)

Here 67 and 6~ represent the densities of the positive and negative dislocations
respectively (see [51,76| for a physical study of dislocations).

The next challenge (that will be the motivation of another work by the au-
thors) is to show some kind of convergence of the solution (p°, x%) of (1.1) to the
solution of the integrated form of (1.4) as ¢ — 0.
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1.2 Statement of the main result

The main result of this paper is :

Theorem 1.1 (Existence and uniqueness of a solution)
Let 0 < a < 1. Let p°, K0 satisfying :

Pkt e C(I),  p°(0) = p"(1) =£°(0) =0, «°(1)=1, (1.6)
1 0 = THY oI
5),0:81, 7'/{3, on )
l+e)k,, =Tp, on 0I,
and
min (k) (z) — |p2(z)]) > 0. (1.8)

xel
Then there exists a unique global solution (p, k) of system (1.1), (1.2) and (1.3)
satisfying
(p, k) € C¥*™ (I x [0,T)) for any T >0, (1.9)

and

(p,k) € C=(I x [¢,0)), V(>0. (1.10)

Moreover, this solution also satisfies :
Ko > |pe| on I x[0,00). (1.11)

Remark 1.2 Conditions (1.7) are natural here. Indeed, the reqularity (1.9) of the
solution of (1.1) with the boundary conditions (1.2) and (1.3) imply in particular
condition.

Remark 1.3 Remark that the choice k°(0) = 0 and k°(1) = 1 does not reduce
the generality of the problem, because the problem is linear and equation (1.1)
does not see the constants.

1.3 Brief review of the literature

Parabolic problems involving singular terms have been widely studied in va-
rious aspects. Degenerate and singular parabolic equations have been extensively
studied by DiBenedetto et al. (see for instance [17,24-27| and the references
therein). The authors regard the solutions of singular or degenerate parabolic
equations with measurable coefficients whose prototype is :

up — div (|[VulP?Vu) =0, p>2 orl<p<2.
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The study includes local Holder continuity of bounded weak solutions, local and
global boundedness of weak solutions and local intrinsic and global Harnack es-
timates. Other parabolic equations of the type

u—Au™" =0, 0<m<l,

are examined in [24,28,29]. These equations are singular at points where u = 0.
In [28], the authors investigate, for special range of m, the behavior of the solution
near the points of singularity. In particular, they show that nonnegative solutions
are analytic in the space variables and at least Lipschitz continuous in time.
However, in [29], an intrinsic Harnack estimate for nonnegative weak solutions is
established for some optimal range of the parameter m. Other class of singular
parabolic equations are of the form :

b
Up = Ugy + — Uy, (1.12)
x

b is a certain constant. Such an equation is related to axially symmetric pro-
blems and also occurs in probability theory. A wide study of (1.12), including
existence, uniqueness and representation theorems for the solution are proved
(Dirichlet and Neumann boundary conditions are treated as well). In addition,
differentiability and regularity properties are investigated (for the references,
see [2,16,20,89|). A more general form of (1.12), including semilinear equations,
is treated in [14,15,71,75|.

An important type of equations that can be indirectly related to our system
are semilinear parabolic equations :

uy = Au A+ JulPru, p> 1. (1.13)

Many authors have studied the blow-up phenomena for solutions of the above
equation (see for instance [47,72,73,85,88,96]). This study includes uniform
estimates at the blow-up time, as well as the investigation of upper bounds for
the initial blow-up rate. Equation (1.13) can be somehow related to the first
equation of (1.1), but with a singularity of the form 1/x. This can be formally
seen if we first suppose that v > 0, and then we apply the following change of
variables u = 1/v. In this case, equation (1.13) becomes :

2 2
vy = Av — Vel —v¥P,
v
and hence if p = 3, we obtain :
1
vy = Av — —(1 + 2|Vv[?). (1.14)
v

Since the solution u of (1.13) may blow-up at a finite time ¢ = 7', then v may
vanishes at ¢ = T, and therefore equation (1.14) faces similar singularity to that
of the first equation of (1.1), but in terms of the solution itself.
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1.4 Strategy of the proof

The existence and uniqueness is made by using a fixed point argument after
a slight artificial modification in the denominator «, of the first equation of (1.1)
in order to avoid dividing by zero. We will first show the short time existence,
proving in particular that

o (2,8) 2 /72 (t) + p2(2, 1) > 0, (1.15)
for initial conditions satisfying :
(2, 0) = /72(0) + p2(x, 0)

with some suitable (¢) > 0. The only, but dangerous, inconvenience is that the
function v depends strongly on ||pzez/|s0, roughly speaking :

7/ = _prxxHoo% (1.16)

where ||przz]lco does not have, a priori, a good control independent of ~. Here
where a logarithmic estimate interferes (see section 2, Theorem 2.16) to obtain
an upper bound of ||pzzz||co Of the form

E

where E is an exponential function in time, and m € N. This allows, with (1.16),
to have a good lower bound on 7 independent of ||p,zz||c0- After that, due to some
a priori estimates, we will move to show the global time existence. One key point

here is that ‘g—’”’ < 1 which somehow linearizes the first equation of (1.1), and

then allows the global existence.

1.5 Organization of the paper

This paper is organized as follows : In section 2, we present the tools needed
throughout this work; this includes a brief recall on the L?, C* and the BMO
theory for parabolic equations. In section 3, we show a comparison principle
associated to (1.1) that will play a crucial rule in the long time existence of the
solution as well as the positivity of k.. In section 4, we present a result of short
time existence, uniqueness and regularity of a solution (p,x) of an artificially
modified system of (1.1). section 5 is devoted to give some exponential bounds of
the solution given in section 4. In section 6, we show a control of the VV22’1 norm of
Pzrz- 10 & similar way, we show a control of the BMO norm of p,,, in section 7. In
section 8, we use a Kozono-Taniuchi parabolic type inequality to control the L*°
norm of p,.,. Thanks to this L> control, we will improve the comparison principle
of section 3. In section 9, we prove our main result : Theorem 1.1. Finally, sections
10, 11 are appendices where we present the proofs of some standard results.
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2 Tools : theory of parabolic equations

We start with some basic notations and terminology.

Abridged notation.

e I7 is the cylinder I x (0,7T); I is the closure of I; I7 is the closure of I; OI is
the boundary of I.

o |[.|lzr(x) = [|-llp,x, X is a Banach space, p > 1.
e Sr is the lateral boundary of I, or more precisely, Sy =9I x (0,T).

e OPI7 is the parabolic boundary of I, i.e. 9?1y = Sy U (I x {t = 0}).

e Dju= g;@, u is a function depending on the parameter y, s € N.

e [[] is the floor part of I € R.
o (). = Q,(x,1p) is the lower parabolic cylinder given by :

Qr = {(z,t); |z —x0| <7, to—1* <t <ty}, r>0, (xg,t) € Ir.
e || is the n-dimensional Lebesgue measure of the open set 2 C R".

o mq(u) = ﬁ Jq, u is the average integral of the u € L'(2) over Q C R™.

2.1 L?P and C*® theory of parabolic equations

A major part of this work deals with the following typical problem in parabolic
theory :
Up = EUgy + [ on Ir
u(z,0) = ¢ on [ (2.17)
u=>ao on 0l x (0,7T),
where T' > 0 and € > 0. A wide literature on the existence and uniqueness of solu-

tions of (2.17) in different function spaces could be found for instance in [65], [41]
and [68]. We will deal mainly with two types of spaces :

1. The Sobolev space W2>'(Ir), 1 < p < oo which is the Banach space
consisting of the elements in LP(Ir) having generalized derivatives of the
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form Dj D;u, with r and s two non-negative integers satisfying the inequa-
lity 2r + s < 2, also in LP(I7). The norm in this space is defined by the

equality
2
lulwzagm =D D 1D;Diullyry

=0 2r+s=i

2. The Hélder spaces C‘(I) and C%“/%(Ir), £ > 0 a nonintegral positive
number. The Holder space C*(I) is the Banach space of all functions v(x)
that are continuous in I , together with all derivatives up to order [], and
have a finite norm

[€]
o = () +> (), (2.18)
j=0
where
W) = [l = [v]loo.,
()7 = Do), (v)) = (D)7,
with

)\ =inf{c; [v(z) —v(@)| < clz—2|%, z,2' €I}, 0<a<1. (2.19)

The Hélder space C%*/2(Ir) is the Banach space of functions v(x,t) that
are continuous in Ir, together with all derivatives of the form DjD3v for
2r + s < £, and have a finite norm

[4]
l / ]
o] = () +> (), (2.20)
j=0
where
0 0
@) = [0l = [|v]| oo, 1z
j T S 0
)= > |D;Dw|?,
2r+s=j
l Y4 l/2
) = (W), + ()2,
and
VA r S ¢
W, = > (DD, (2.21)
2r+s=[]
{—2r—s
W= S i) (2.22)
0<l—2r—s<2
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with

() =int{e; [u(@,t) —v(a',t)] < ez — 2| (2,t),(2,t) € Ir}, 0<a<l,
(2.23)
(v>§o})T = inf{c; |v(x,t) —v(z, )| <ct —t|* (z,1),(z,t)€lr}, 0<a<l.
(2.24)
The above definitions could be found in [65, section 1]. Now, we write down the
compatibility conditions of order 0 and 1. These compatibility conditions concern
the given data ¢, ® and f of problem (2.17).

Compatibility condition of order 0. Let ¢ € C(I) and ® € C(Sy). We say
that the compatibility condition of order 0 is satisfied if

¢l =P|,_,- (2.25)

Compatibility condition of order 1. Let ¢ € C*(I), ® € C'(Sr) and [ €
C(Ir). We say that the compatibility condition of order 1 is satisfied if (2.25) is
satisfied and in addition we have :

0P
ot
We state two results of existence and uniqueness adapted to our special problem.
We begin by presenting the solvability of parabolic equations in Holder spaces.

(eGae + f)|,; =

(2.26)

=0

Theorem 2.1 (Solvability in Hélder spaces, [65, Theorem 5.2])
Suppose 0 < a < 2, a non-integral number. Then for any f € C/2(Iry),

peCHYI) and @ e CH2(Sy),

satisfying the compatibility condition of order 1 (see (2.25) and (2.26)), problem
(2.17) has a unique solution v € C?T1+/2([1) satisfying the following inequa-
lity :
2+« « 2+« 1+a/2
[l & < e (115 + 107 + @l (2.27)

for some ¢! = cH (e, a,T) > 0.

Remark 2.2 (Estimating c(¢,a,T))
The constant appearing in the above Hélder estimate (2.27) can be estimated as
follows :

(e, 0, T) < (T 4 1)2THD), (2.28)

where ¢ = c(e, ) > 0 is a positive constant. In order to obtain (2.28), we consider
three cases for the time T
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Case 1, T = 1. In this case, we obtain (s, a,T) = c(e,a) > 1.

Case 2, T < 1. We linearly extend the function ® from [0,T] to [0,1], and we
extend the function f from Iy to I by f(x,t) = f(z,T) for T <t < 1. In this
case, We have the same result of Case T’ = 1.

Case 8, T > 1. Take n € N such that n < T <n+1. We obtain the estimate
(2.28) on ct by iteration. Let F = \f| + |<I>|(1+a/2 We know that :

2 a) 2+a) 2+4a)
< Z|u|§x e+ Ll (2.29)

We use the fact that |u(.,j)|; () < |u|§2x+(; 1 J €N and 1 < j < n, we first

compute for ¢ = c(e, ) given in Case 1 :

n+1
ul{ory < D EF+ ol
=1

< (n+ Dt (FrlolP),

where for the last line, we have used the fact that ¢ > 1. The other terms of (2.29)
can be estimated in a similar way. Since n+1 < T+1, the estimate (2.28) directly
follows.

We now present the solvability in Sobolev spaces. Recall the norm of fractional
Sobolev spaces. If f € W3(a,b), s >0 and 1 < p < oo, then

(Is) 1/
s =g+ ([ [ IS L7 2a)

Theorem 2.3 (Solvability in Sobolev spaces, [65, Theorem 9.1])
Let p>1,e>0 and T > 0. For any f € LP(Ir),

¢ € W2P(I) and ® € W} V*(Sy), (2.31)

with p # 3/2 (p = 3/2 is called the singular indez) satisfying in the case p > 3/2
the compatibility condition of order zero (see (2.25)), there exists a unique solution
u € Wg’l(IT) of (2.17) satisfying the following estimate :

||u||W§’1(IT) <c <||f||P,IT + HQSHW,?*WP(I) + ||¢||WI}71/2P(ST)> ) (2'32)

for some ¢ = c(e,p,T) > 0.
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Remark 2.4 (Neumann conditions)
An analogous theorem of Theorem 2.3 is valid for problem (2.17), but with Neu-
mann boundary conditions

u, =0 on Sr.

The singular index in this case will be p = 3, see [65, Chapter 4, section 10)].

Remark 2.5 We recall that there exists a constant ¢ = c¢(p,T) > 0 such that if
P e WI?’I(IT>’ Plrcioy — ¢ and Pls, = ®, then

H‘bHWE*Q/P(IX{O}) + H(I)HWI}*VQP(ST) < C||¢||W§'1(IT)'

Remark 2.6 (The sense of the compatibility condition stated in Theo-
rem 2.3)

Remark that in the case p > 3/2, the two functions ¢ and ® presented in (2.31)
are continuous up to the boundary, i.e. ¢ € C(I) and ® € C(Sr). This is due to
the fact that we have

s=1-1/2p>2/3 and s =2-2/p>2/3,
hence
sp>n and sp>n,

where n = 1 1s the space dimension. In this case the fractional Sobolev embedding
[1] gives the result, and a sense of the compatibility condition stated in Theorem
2.3 1is then given.

For a better understanding of the spaces stated in the above two theorems, espe-
cially fractional Sobolev spaces, we send the reader to [1]| or [65]. The dependence
of the constant ¢ of Theorem 2.3 on the variable T" will be of notable importance
and this what is emphasized by the next lemma.

Lemma 2.7 (The constant ¢ given by (2.32) : case ¢ =0 and & =0)
Under the same hypothesis of Theorem 2.3, with

=0 and & =0,
the estimate (2.32) can be written as :

lllprr , tellp.rr

T VT

where ¢ = ¢(e,p) > 0 is a positive constant depending only on p and ¢.

F s llp, i + Nwellp e < el fllp,rs (2.33)

The proof of this lemma will be done in Appendix A. Moreover, We will frequently
make use of the following two lemmas also depicted from [65].
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Lemma 2.8 (Sobolev embedding in Hdélder spaces, [65, Lemma 3.3])
(i) (Case p > 3). For any function u € Wg’l(IT), ifa=1-=3/p>0,ie p>3,
then

1+a ——
2

we O (Ty),  and Julf < cllullwzr gy ¢ =clp,T)>0.  (2.34)

However, in terms of u,, we have that u, € C**2(Iy) satisfying the following
estimates :

lualloorr < {0 (Nutellp.rr + 1taallp.rr) + 6 lullpzr . e=c(p) >0, (2.35)

and

o 1
(05 < Wl + sl + il o c=cl) >0, (230

(it) (Case p > 3/2). If u € W2 (Ir) with p > 3/2, then u € C(Ir), and we have

the following estimate :

lulloo,r < € {0* P (uallp,tr + Ntaallprr) + 8~ llullysr } . ¢ = c(p) > 0.

(2.37)
In both cases 6 = min{1/2,V/T}.
Lemma 2.9 (Trace of functions in W>'(Ir), [65, Lemma 3.4])
Ifue W2'(Ir), p > 1, then for 2r +s <2 —2/p, we have
DiDjul,_, € Wrr—==2/n(I) (2.38)
and
||u||W572r'7372/p(1) < c(T)||u||W§,1(IT). (2.39)
In addition, for 2r + s < 2 —1/p, we have
D; Djulg- € W, ™" =*/271/20(Sp) (2.40)
and
||u||Wplf'rfs/27l/2p(§> S C(T)HUHW]?J(IT). (2.41)

A useful technical lemma will now be presented. The proof of this lemma will be
done in Appendix A.

Lemma 2.10 (L* control of the spatial derivative)
Let p > 3 and let 0 < T < 1/4 (this condition is taken for simplification). Then
for every uw € W2 (Ir) with

u=0 on O°(Ir)
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in the trace sense (see Lemma (2.9)), there exists a constant ¢(T,p) > 0 such that

e oo,rr < C(T>p)||u||wg»1(1T)a (2.42)

with s
co(T,p)=c(p)T» —0 as T —0. (2.43)

2.2 BMO theory for parabolic equation

A very useful tool in this paper is the limit case of the LP theory, 1 < p <
0o, for parabolic equations, which is the BMO theory. Roughly speaking, if the
function f appearing in (2.17) is in L? for some 1 < p < oo, then we expect our
solution u to have u; and u,, also in LP. This is no longer valid in the limit case,
i.e. when p = oo. In this case, it is shown that the solution u of the parabolic
equation have u; and w,, in the parabolic/anisotropic BMO space (bounded
mean oscillation) that is convenient to give its definition here.

Definition 2.11 (Parabolic/Anisotropic BMO spaces)
A function u € L}, (Ir) is said to be of bounded mean oscillation, w € BMO(Ir),

loc
iof the quantity
1
sup |u —mq, (u)|
QT'CIT |QT| Qr

is finite. Here the supremum is taken over all parabolic lower cylinders Q, (see
the beginning of section 2 for the notation).

Remark 2.12 The functions in the BMO(Ir) space are defined up to an additive
constant. Moreover, the parabolic space BMO(Ir), which will be refereed, for
simplicity, as the BMO(Ir) space, and sometimes, where there is no confusion,
as BMO space, is a Banach space equipped with the norm,

1
TP p— ( |u—mQr<u>\). (2.44)
arcir \|@Qr| Jo.

We move now to the two main theorems of this subsection ; the BMO theory for
parabolic equations, and the Kozono-Taniuchi parabolic type inequality. To be
more precise, we have the following :

Theorem 2.13 (BMO theory for parabolic equations)
Take O <'T7 <T'. Consider the following Cauchy problem :

{ Uy = EUgy + f on R x(0,7), (2.45)

u(z,0) = 0.
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If fe L*(R x (0,T)) and f is a 2I-periodic function in space, i.e.
fx+2,1) = f(z,1),
then there exists a unique solution uw € BMO(R x (0,T)) of (2.45) with
Uy, Uz € BMO(R x (0,7)).

Moreover, there exists ¢ > 0 that may depend on Ty but independent of T' such
that :

||Ut||BMO(Rx(0,T)) + ||uxx||BMO(]R><(O,T)) < C[||f||BMO(Rx(0,T)) + m2I><(O,T)(|f|)}'
(2.46)

The proof of this theorem will be presented in Appendix B. The next theorem
shows an estimate concerning parabolic BMO spaces. This estimate, which will
play an essential role in our later analysis, is a sort of control of the L*> norm of
a given function by its BMO norm and the logarithm of its norm in a certain
Sobolev space. It can also be considered as the parabolic version on a bounded
domain Ir of the Kozono-Taniuchi inequality (see [61]) that we recall here.

Theorem 2.14 (The Kozono-Taniuchi inequality in the elliptic case,
[61, Theorem 1])

Let 1 < p < oo and let s > n/p. There is a constant C' = C(n,p, s) such that the
estimate

1 llooer < € (14 I fllmrioe) (1+10g" Ifllwgen ) (247)
holds for all f € W3 (R").

Remark 2.15 It is worth mentioning that the BMO norm appearing in (2.47) is
the elliptic BMO norm, i.e. the one where the supremum is taken over ordinary
balls

B,(Xo) = {X € RY; |X — X,| <1},

The original type of the logarithmic Sobolev inequality was found in [8,9| (see
also [33]), where the authors investigated the relation between L>, W} and W}
and proved that there holds the embedding

r—1
||u||ch>(]Rn) S C (1 + log r (1 + H’U,HWps(Rn)>> , Sp >n

provided |u|ws < 1 for kr = n. This estimate was applied to prove existence
of global solutions to the nonlinear Schréodinger equation (see |8, 48]). Similar
embedding for vector functions v with div u = 0 was investigated in |4],

V]| o gy < C (1 + [|rot. ]| g (1 + log* ||u||W§+1(Rn)) + [rot u||L2(Rn)) ,
(2.48)
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with sp > n, where they made use of this estimate to give a blow-up criterion
of solutions to the Euler equations. Estimate (2.47) is an improvement of (2.48)
where a sharp version of (2.47) can be found in [77].

In our work, we need to have an estimate similar to (2.47), but for the parabolic
BMO space and on the bounded domain I7. This will be essential, on one hand,
to show a suitable positive lower bound of x, (k given by Theorem 1.1), and on
the other hand, to show the long time existence of our solution. Indeed, there is
a similar inequality and this is what will be illustrated by the next theorem.

Theorem 2.16 (A Kozono-Taniuchi parabolic type inequality)
Let v € L®(Ip) N Wy (Ip), then there exists a constant ¢ = ¢(T) > 0 such that
the estimate

[V][0,77 < cllvllmrr0072) <1 +log™ HU||W22’1(IT) +log" ||UHBMO(IT)) ; (2.49)

holds, with
vl Brrour) = vl Braour) + vl

This inequality is first shown over R, x Ry, then it is deduced over I (for a sketch
of the proof, see Appendix B).

3 A comparison principle

Proposition 3.1 (A comparison principle for system (1.1))
Let
3ta ,—
(p, k) € (C3+°"% (Ir) )2, for some 0 < a < 1,

be a solution of (1.1), (1.2) and (1.8) with k, > 0. Suppose that
|preel <€ on Ip, (3.50)
for some constant ¢ > 0. Suppose furthermore that :

ap = mIin(/ﬁg —10%]) > 0. (3.51)

Then there exists a continuous non-increasing function v(t) > 0 such that :

ko(x, 1) > \/V2(t) + p2(2,t) over Ip. (3.52)

Moreover v satisfies y(t) > v(0)e= 9 for some constants (independent of T) :
~v(0) > 0 only depending on g, and ¢ > 0 only depending on € and 7.
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Proof. Throughout the proof, we will extensively use the following notation :

Guly) =+va*>+y?> a,yeR. (3.53)

Without loss of generality (up to a change of variables in (z,t) and a re-definition
of 7), assume in the proof that

I=(-1,1).
Define the quantity M by :
M(z,t) = kp(z,t) — Gy (pu(, 1), (x,t) € Ir, (3.54)

v(t) > 0 is a function to be determined. The proof could be divided into five steps.
Step 1. (Partial differential inequality satisfied by M)

We do the following computations in I :

!

Y

and from (1.1) we deduce that

M, = Ko — G (pa)pur — (3.55)

2
Kgt = ERgzr + = + - 2
Ko Ko K2

Pxt = (1 + 5)pmmm — TRgg-

— TPzxx

(3.57)

We set

i

i

From (3.55), (3.56) and (3.57), we get :

I'=

2
/ Pzz  PxPzrzFzx
Mt - E(Kxxx - GV(Px)me) + ( - )

Kz K2

+ (M — Giy(px)pmcx) B T(pﬂcw - G;(pw)’imc> I

Kz
2 2 Y
= (Mg, + G'y(pm)pszcx) + < - M, — !

Ko K2 K2

. pSUSCSCG’y(pZ')

K M — T(pxz - G;(px)/{xa‘) - Pa
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where we have used in the last line that G_,(y)G,(y) = y. Define the function F,
by :
Fy(y) = y — varctan(y/7),

we note that F., = (G,)? and hence we have :

2
" PzPxx /)m /
My = eMy + gG'y(pIE)pch‘:c T2 M, + —Q[M + G’Y(pw) - Gy(/)m)pw]

x HZB
PazaG(pz) , : ,
_HiﬂyM - T[ny(pm)pm +(1— Fy(ﬂﬂﬂ))pm - Gy(pw)’im] —I
2 2
" Pz Pz Pzx Pz !
= &My, + EG«/(px)pim T T2 M + ﬁM + ﬁ(Gv(px) — G (pz)pa)
"E"E"EG/ xr ! !/
—pKiMM + 717G (pe) My — 7(1 = F, (p2)) pae — T,
therefore
2 !
My = <M (761 ) = P ) b+ <— )M
) 2 2 | | (3.58)
+ 5G~/(pfv)pm + ﬁ[G’Y(pw) - Gy(/)m)pm] -7(1- Fy(pw))pm —I.
We notice that
2 2
1 f}/ ! f}/
) = Grpr T B =y

Using Young’s inequality 2ab < a® + b%, we have :

2 2 2 2,2
7| pas] « e YT (3.59)
Vi T (PP a2t 2
Plugging (3.59) into (3.58), we get :
/ PxPrx
M, > eM,, + (TGW(px) -2 ) M,
, : , 3.60
(P PGl P (3.60)
K Ka 4\ 02 PR

Step 2. (The boundary conditions for M)
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The boundary conditions (1.3), and the PDEs of system (1.1) imply the follo-
wing equalities on the boundary (using the smoothness of the solution up to the
boundary),

Chigy + 220 15 =0 on AT x [0,T]
Ka (3.61)
(14 ¢€)pge — Thz =0 on 0 x[0,7].
In particular (3.61) implies
T /
M, = 17 gGV(pw)M on 0 x[0,7]. (3.62)

To deal with the boundary condition (3.62), we now introduce the following
change of unknown function :

M (z,t) = cosh(Bz)M(x,t), (x,t) € Ir. (3.63)
We calculate M on the boundary of I to get :
M, = (ﬁtanh(ﬁx) — %%G;(px)) M on 9I x[0,7). (3.64)
We claim that it is impossible for M to have a positive minimum at the boundary
of I. Indeed we have
M has a positive minimum at x =1 = M, <O0;

M has a positive minimum at x = -1 = M, > 0.

Both cases violate the equation (3.64) in the case of the choice of [ satisfying :
T
1+¢’

ftanh § > (3.65)

and hence the minimum of M is attained inside the interval I. We make the
following calculation inside Ir.

_ M 1 —  Btanh(fa)—
M; = cosh(Bz)’ M, = cosh(Bz) ° W ’
VoL 2Btanh(Br)o.  FP(2tank?(Br) — 1)
7 cosh(Bx) T cosh(Bz) O ° cosh(Bz)

Using the previous identities into (3.60), we obtain :

2
T

Ewi T / xMxx Ewi h 272 h /
M, >eM,, + |:7’G,Y(px) — p: — 20e tanh(ﬁx)} M, — cosh(f)y’7 _ o8 (Br)ry

de/7* + p3 oG

) _
Pra _ Prer i) Btanh(a) <7G;(px) _L f{p ) +e0*(2tanh®(Bz) — 1) | M.

2 2
K’CE /{:x xr

+

(3.66)

120



3. A comparison principle

Step 3. (The inequality satisfied by the minimum of M)

Let

m(t) = min M (z,t).

Since the minimum is attained inside I, and since M is regular, there exists

xo(t) € I such that m(t) = M(xo(t),t). We remark that we have :
M, (xo(t),t) =0, and M. (20(t),t) >0,

and hence we write down the equation satisfied by m, we get (indeed in the
viscosity sense) :

R

-
la N
/

i, > (i Lo ) () (TGM) L H”) + £62(2 tanh®(fx) — 1)) m

KJCL‘ l‘im xr

cosh(Bz)y?r?  cosh(Bz)yy'
dey/v 07 VPR
(3.67)
For the definition of viscosity sub-/super-solutions, see [3]. In order to prove

(3.67), we first note that the inequality satisfied by M at the point (z(t),t) €
I x (0,T) reads (see (3.66)) :

at  (zo(t),t).

Mt ($O(t)> t) > R($O(t)> t)M($0(t)> t) + S(xO (t)a t)> (368)
with ,
S(ot) = TSI cosh(Br) (1) (1)
RO A VO A )
Let ¢ € C'(0,T) be a function such that m — ¢ has a local minimum at t.
Since m(.) < M(xo(t),.) in (0,T), we deduce that M (zo(t),.) — ¢(.) has a local
minimum at ¢ and therefore M (z((t),t) = ¢:(t). Hence using (3.68), we obtain :

Gu(t) = R(zo(t), t)m(t) + S(2o(t), 1),

which implies that 7 satisfies (3.67) in the viscosity sense.

Step 4. (Estimate of the term R)

We turn our attention now to the term R from (3.67). By Young’s inequality
2ab < a?® + b, we have :

’7'2 /

BT tanh(ﬂx)G;(pm) < 2¢4* tanh?(Bz) + g(Gv(pr)ﬂ (3.69)
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therefore the term R satisfies :

rMPrx pIIIG/ (p:c) 7'2 ’
Polan _ Leve 2o dlel T (G () =B (3.70)

2
R> p_x; + [ tanh(fx)

K2 K2 K 8¢
Moreover, using again the identity ab > —% — %, we get
Sanh(or)22Les - (Y20 ) (Btoth(Bu) e o oy [ tanki(Br) gy
2 Ko V2 o Ky K2 4 K2
and hence (3.70) implies
PazG(pz)  FPtanh?(Bz) p2 72
Ry LehlPe) TN T 2 —et )

K 4 K2 8¢

By the hypothesis (3.51), for all § € R, there exists a unique n = n(g8) > 0
satisfying :

1 = minfoosh (0) (<) — /(AP + ). (5.72)
Define
a; =v(0) = n(B), where [ satisfies (3.65). (3.73)

From (3.72), we know that
m(0) = a? > 0,

and the continuity of M preserves its positivity at least for short time. Then, as
long as m is positive, we have

Ke > /72 + p2. (3.74)
By using (3.74), (3.50), and the basic identities
|tanh(z)] <1 and |G;| <1,

inequality (3.71) implies :

R > ezl P T _ 2
N V4o 4 8¢ +
> ¢ F_r ef?
N VY, 4 8
c
—W — Cq, (375)
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where
2 2

+7’
c=—+—
7T g

Step 5. (The choice of v and conclusion)

+ 32

When ~" < 0, from (3.67), (3.75) and the fact that :
cosh fx < cosh 3, x € (—1,1),

coshpr >1, z€R,

we get

~ 2 h 2 /
- (= e m—(T 5) T (37)
V7t S RN A

We remind the reader that p, appearing in the previous inequality have the
following form :

Pz = px(xO(t)? t)>

where
m(t) = M(zo(t),t), x0(t) € L. (3.77)

Two cases can be considered :

Case A : m = 72 smooth.

Assume first that v is C' (which is not the case in general). Then we plug the
function ™ = 2 in (3.76) to deduce when v <0 :

1 ) [ 2
(2 + W) vy 2 - (W + cl) - CQ\/%T&% (3.78)
with
_ 7?cosh 3
2= —F
Let
¢ = max(cy, ¢2), (3.79)

inequality (3.78) implies :

> cH+c(1+ v+ p2) .2
- 1+ 2/~ 4+ p2
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hence

vy > —(E+ )Y (3.80)
In other terms

my > —2(¢c+ ) m.

This directly implies that mi(t) > m(0)e 2+,

Case B : the general case.

Simply choose -
v(t) = age” Gt (3.81)

where ¢* is given by (3.79), and «; is given by (3.73). We claim that +? is a sub-
solution of (3.76). Indeed, the function 7 given by (3.81) is constructed in such a
way that 42 is a sub-solution of (3.76). To see this, we remark that ~ solves the
equality that corresponds to the inequality (3.80) and then it solves (3.80) with
the reverse inequality. Hence, coming back from (3.80), we can see that v* is a
sub-solution of (3.76). Since

7*(0) = of =m(0),

we deduce that
m(t) > 72(t). (3.82)

The fact that m > 0 implies that m > ~? directly gives that :
m(t) >0, Vtel0,T],

therefore

ko (2, 1) > \/V2(t) 4+ p2(x,t),  (x,t) € Ip.
Finally, remark that

ai > min(rky — 4/ (p8)? + of) > min(ky — gy — ) > ag — a,

ie. a? +a; > ap. If @y <1, then 2a? > ayp, therefore in general

ap > min (1, \/ %) = (g. (3.83)

Inequality (3.82) implies in particular that we have

Ke > /P2 +72(1).

Finally, this result is still true with v(0) = a3 = as. 0
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4 Short time existence, uniqueness, and regularity

In this section, we will prove a result of short time existence, uniqueness and
regularity of a solution of problem (1.1), (1.2) and (1.3). This could be done in
two steps. At the first step, we show a short time existence and uniqueness result
of a truncated system of equations that will be specified later. At the second step,
we show an improved regularity of this solution by a bootstrap argument.

4.1 Short-time existence and uniqueness of a truncated sys-
tem

Fix a time Ty > 0. Consider the following system defined on I x (Ty, Ty + 1))
by :

/)mT2M0(Px) .
Kt = ERgg + — TPs in Ix(Ty,To+T
' (30/2) + (ke —0/2)* " To Lot ) g
pr = (14 8)pes — TRy in I x(Ty, Ty+1T),

with My > 0 and 79 > 0 are two positive constants. Here, the function 7, (),
x € R and a > 0, is called a truncation function and is given by :

a if z>a
To(x) =< x if |z]<a (4.85)

—a if < —a.

The initial conditions are :

z,Ty) = p™(x in I x{t="1T
p(z, Tp) T( ) . { o} (4.86)
k(z,To) = k' °(x) in I x {t =Ty},
and the boundary conditions :
p(0,8) = p(1,£) = 0 for B<t<HET
k(0,t) =0 and w(1,t)=1 for Ty <t<Ty+T. '

Remark 4.1 (The terms p and o)
In all what follows, and unless otherwise precised, the term p is a fized positive
real number such that

p >3,

and the term 0 < a < 1 1s a fized real number that is related to p by the following
relation

a=1-3/p.
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We write down our next proposition :

Proposition 4.2 (Short time existence and uniqueness)
Let p >3, and Ty > 0. Let

po kT e C(I x {Ty}), a=1-3/p, (4.88)

be two given functions such that :

p10) = (1) =
. . (4.89)
k°(0)=0 and k°(1)=1,
kIO >Ny in I x {t=T}, (4.90)
and
Iplo| < My in I x {t=Ty}, (4.91)

where v9 > 0 and My > 0 are two given positive real numbers. Suppose that for
some n, 3 > 0, we have

lpsslloer < and || D3R" [l < B, s =1,2. (4.92)

Then there exists
T = T(nv 57 M07 Yo, €, Tup) > 07

such that the system (4.84), (4.86) and (4.87) admits a unique solution
(p.r) € (W2 x (T, To + T)))>.
Moreover, this solution satisfies
Ke > 70/2 in I x [Ty, Ty + TV, (4.93)

and
pe] <2My in I x [Ty, Ty + T). (4.94)

Remark 4.3 Remark that the regularity (4.88) of the initial conditions that we
have considered is somehow strange and not natural for a result of existence in the
Sobolev space Wi’l. In fact, the regularity (4.88), which is natural in connection
with the main theorem of this paper (see Theorem 1.1), was just taken for the
sitmplification of the forthcoming announcements of our results.

Remark 4.4 It is worth noticing that (4.89) justifies the compatibility of zero
order with the boundary conditions (4.87) (see (2.25)).
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Proof of Proposition (4.2). Let
[TO,T =1Ix (Tg, T(] + T) and Y = sz’l([To,T)-

We will prove the existence and uniqueness for 7' small enough using a fixed point
argument. Define the application ¥ by :

U:Y?— Y? (4.95)
(. R) — W(p,k) = (p, k), '
where (p, k) is a solution of the following system :
pxxT2Mo (15:0) ~ .
Kt = €ERKgy + - — TPy in Ip T,
’f (0/2) + (e —20/27 " o (4.96)
Pt = (]- + g)px:{: - T/%x n ]TO7T’

with the same initial and boundary conditions given by (4.86) and (4.87) respec-
tively. Recall that p™ and k0 verify (4.89). Hence we deduce from Theorem 2.3
(using on one hand, the fact that the source terms of both equations of (4.96) are
in LP(Iz, 1) ; the fact that p®, k70 € W2 */P(Ix {Ty}) “this is a direct consequence
of (4.88)”, and on the other hand, the compatibility of the boundary conditions
(see Remark 4.4)), the existence and uniqueness of the solution (p,x) € Y2 of
(4.96), (4.86) and (4.87). We claim that ¥ is a contraction map over some suitable
closed subset of Y2 for T' small enough. Let us clarify that the constant ¢ that
will frequently appear in the proof may vary from line to line but always has the
form :

c=c(e,p,T)>0.

Assume we are searching for some 7" > 0 such that
0<T<1/4.

The proof is divided into three steps.

Step 1. (Defining the map W over a suitable subset)

Let A be any fixed constant. Define Df and D§ as the two closed subsets of YV’
given by :
<A\, u=p®on Iy} (4.97)

T —

DY ={ueY; ||u:c||pJT0,

and
DY ={veY; |lvllpin» <A v= kT on 0PIz, }. (4.98)
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We will prove that ¥ is a well defined map over DY x D¥ into itself, at least for
sufficiently small time T Let (p, &) € Df x D% and let

U(p, ) = (p, ).
We use system (4.96) to write down some estimates. Take
ﬁ(l’,t) = p(xu t) o pTO(x) and FL(I, t) = ’%(Iu t) o K}To(x)' (499)

From (4.96), the equations satisfied by p and & are :

=146+ (14+e)p — 7k, on Ig (4.100)
ﬁ =0 on 8p[T07T, .
and
= — (ﬁ:csc + pTO)T2Mo (ﬁx) T ~
Ry = ERgy + s + R — TP, on Ip 7,
t (70/2) + (Re —70/2)* P o 4a01)

k=0 on Plr, r,
respectively. We use equation (4.100) together with the estimate (2.33), we obtain
C\/T (prngJTO,T + ||"%1'||P7]TO,T)

NT (T2l + A)
TP (n+ ),

||ﬁx ||p,IT0,T

IN A IA

and from (4.99), we deduce that
|pellpz, + < ¢TVP(n + A + M). (4.102)

Therefore, choosing T satisfying :

T < (c(n+;+ MO))p (4.103)

ensures that ||p; |15, » < A and hence

p € Df.

In the same way, we use equation (4.101) with the estimate (2.33) to obtain

_ 4 M .
||'L€x||P,IT0,T < C\/T {THPmeJTO,T + Tl/p”“f%”p,l + ||p$||p7]TO,T:|

IN

T {%MO (TP +X) + 73 + A}
0

4 M,
0
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where we have used again, passing from the first to the second line, the equation
(4.100) together with the estimate (2.33). Precisely, we have used that :

1Bocllpiry e < € (TP + ).
From (4.104) and (4.99), we deduce that

4 M,
5 llpzry o < TP {—7 S+ N+ B+ A] : (4.105)
0
In this case, choosing
p
A
T< (4.106)

c(%(n+>\)+ﬂ+A>
ensures that ||k, » < A and hence
k€ Dy.

From (4.103) and (4.106), we deduce that for sufficiently small time 7, the map
U is a well defined map from Df x D% into itself.

Step 2. (¥ is a contraction map)

Let
U(p, k)= (p,k) and (' &)= (p,K).
The couple (p — p', k — k') is the solution of the following system :

( pmmT2M (ﬁm)
k—K) =ce(k— K ) + =0
e = e e+ By (e — 072
0 Torty (7,) NV (4.107)
— = —T7(p—=p) in I,
(o) + (% —o2)r (P TP)e i I
L(p=P)e=(1+e)(p—p)aw —T(k = /)s in I,
with
(p—p,k—rK)=1(0,0) on "Iy 1. (4.108)
Step 2.1. From the second equation of (4.107), and (2.33), we have :
1o = Fllv < el = &)l - (1109)

By the boundary conditions (4.108) and the LP parabolic estimate (2.33), we
deduce that for some ¢ > 0, we have :

(R = &)allp iy < VTN (R = &) = (B = & )aallpin, » < VTR =&y (4.110)
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Therefore from (4.109),
o - #lly < VTl - &1y, (4111)

Step 2.2. Let F' be the function given by :

pmmT2M ﬁx p;;pT2M /3; A N
= - o (Pe) - - A/O( ) ——7(p — e (4.112)
(0/2) + (R —7/2)"  (10/2) + (K, —70/2)
From the first equation of (4.107) and using (2.33), we get
15— &y < el Fllp1g s (4.113)
The function F' can be rewritten as follows :
A1 A2
. Toasy (px) © L P (Toasy () — Tonsy (4))
F—G—T(p—pl)x = > +(pm _p;m)“’ — . T
(70/2) + (e —70/2) (70/2) + (e —0/2)
Az
ol B0 ! - A )
eI\ G2 ¥ o =20/ ol T (R — o2

(4.114)
We are going to use the system (4.107), (4.108) together with the inequality (2.33)
in order to estimate each term of (4.114). First, from (4.111), we have :

M,
||A1H10JTO,T < 47;’|(p_pl)ww||p,1TO,T

M,
< cv—oﬁng—fyny. (4.115)
0

For the term Ay, we proceed as follows. We apply the L control of the spatial
derivative (see Lemma 2.10) to the function p — g/, we get :

. I
1P = A )alloo,myr < T |lp = §lly (4.116)

For the term p/,, we first remark that if we let o’ = p’ — p°, this function satisfies
(4.100) with &, replaced by &, and hence we deduce that

x?

1Pzl 1, - < (14 A)- (4.117)
From (4.116) and (4.117), we deduce that

+A) o8
||A2||p71To,T < C(n’yo )TPQP ||P—P,||Y- (4-118)

130



4. Short time existence, uniqueness, and regularity

The term As could be treated in a similar way as the term A,, and we obtain the
following estimate :

My(n+ A
C#T % ||k — &|y (4.119)
0

[ As]l,

Also we have

16 = D)allptryr < NVTND =) = (b= D aollptny » < VT Ip— @y

Step 2.3. From (4.111) in Step 2.1, and (4.113) in step 2.2, we finally get :

o o M, + A o
195 7) = U R lye < T [1 Mo n ) (1 ; —)] 16,%) = (7 &)y,
Yo Yo
and therefore, taking 7' satisfying :
2p
1 p—3
T < , (4.120)

Mo | 1A Mo

{1+ (14 20))

(4.103) and (4.106), we deduce that ¥ is a contraction from Df x D¥ into itself.
Step 3. (Conclusion)

In order to terminate the proof, it remains to show (4.93) and (4.94), again for
sufficiently small time T'. In fact, this will be done by controlling the modulus of
continuity in time of p, and s, uniformly with respect to 7. The time 71" that
we will use in Step 3 is that determined by (4.103), (4.106) and (4.120), ensuring
existence and uniqueness. However, additional conditions will be imposed on T’
so that the inequalities (4.93) and (4.94) are valid on Q.

Step 3.1. (Controlling the quantity p,)

Indeed, from estimate (2.36), we deduce that

@) < e (18lln r + 1Becllota x + =171
z ITQ,T — pt pvlTo,T pZUiU p,ITO,T T p ;DJTO,T
< c(n+N),

where for the last line we have used estimate (2.33) for equation (4.100). Hence
we have

(Ba)\? < e(n+N).

tITT—
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Call m; = c(n + \), and recall that p = p — p’®, we therefore obtain

(a2, <y (4.121)

t7IT()vT —
From (2.24), (4.91), and (4.121), we deduce that for any (x,t) € Qr, we have
|pm(l', t>| < mlTa/2 + Mo,

and then for )
M 2/a
T < <—°> : (4.122)

my
we obtain

2| <2Mo,  Y(z,t) € Qr.

Step 3.2. (Controlling the quantity k)

We argue in a similar manner in order to control <'{~’0>§O}/T?T Again, using (4.101),
(2.36) and (2.33), we deduce that

(Ra)\ T, < o, (4.123)

tiry,r —
with
4 M,
ms :c<70(n+A)+ﬁ+A) .

0

Following the same arguments as above, we obtain that for

2/«
T < (i) : (4.124)
2m2

we have
Ry Z 70/27 V(LU, t) € QT-

By choosing T verifying (4.103), (4.106), (4.120), (4.122) and (4.124), we reach
the end of the proof. O

4.2 Regularity of the solution

This subsection is devoted to show that the solution of (4.84), (4.86) and
(4.87) enjoys more regularity than the one indicated in Proposition 4.2. This will
be done using a special bootstrap argument, together with the Hélder regularity
of solutions of parabolic equations.
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Remark 4.5 (The computations of Proposition 3.1)

The following proposition shows that the solution of (4.84), (4.86) and (4.87)
has the sufficient regqularity so that the calculation of the proof of the comparison
principle (Proposition 3.1) can be done.

Proposition 4.6 (Regularity of the solution : bootstrap argument)
Under the same hypothesis of Proposition 4.2, let p™ and k™ satisfy :

(1+e)ple =7kl at 0I, (4.125)
and
(1+¢e)kl =71pl0 at OI. (4.126)

Then the unique solution (p, k) € Y? given by Proposition 4.2, satisfying (4.93)
and (4.94), is in fact more regular. To be more precise, it satisfies :

peCH (I x [Ty, Ty+T)), a=1-23/p, (4.127)
and e
ke CHYNI x [Ty, Ty+T)), a=1-3/p, (4.128)
where T is the time given by Proposition 4.2. Moreover, we have :
2
(p, k) € (000(1 x (Ty, Ty + T))) , (4.129)
precisely,
_ 2
(o) € (CX[ x [Ty +8,Ty+ 7)), Y0<5<T. (4.130)

Proof. Let us first indicate that since, from (4.93) and (4.94), kK, > /2 and
|pIE| < 2M07 then

Tonto(pa) = pe and  (70/2) + (Ko — Y0/2)" = Ka,

therefore the system (4.84) can be rewritten as :

Kt = EKpy + Pabez _ TP on Ix(Ty, Toy+T)
i (4.131)
pr = (L+8)pee — T, on I x (Ty, To+T).

For the sake of simplicity, let us suppose that T, = 0. We first write system
(4.131) as a two “separate” equations :

pr = (14 €)pee — TRy on Ir=1x(0,T)

p(x,0) = p°(z) on [ (4.132)
plx,t)=0 ze€dl, tel0,T].
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and
pSCpCCCC

Kt = €ERKgy + —7Tp; on Ip

k(z,0) = /ﬁo(:v)x on [ (4.133)
k(0,t) =0 and k(1,t)=1, te]l0,T],

where we set p° = p?® and k° = k70, The proof could be divided into three steps.
Step 1. (The Holder regularity of the solution)

Since k € W2 (Ir), we use Lemma 2.8 to deduce that x, € C**/?(I7). From
the boundary conditions of system (4.132) and form (4.125) we deduce the com-
patibility of order 1 for the equation (4.132). Also, we have p° € C?*(I). This
altogether permits using the solvability of (4.132) in Hélder spaces (see Theorem
2.1) to deduce that

pe CHte (I o =1-3/p, (4.134)
in particular, we have

Dy Pr.Pas Paz € C42(T1). (4.135)

From (4.135) and the fact that r, > /2, we deduce that the source term
bebes —7p, of system (4.133) lies in C*/2(I). We also have, from (4.93), (4.125)
and (4.126), that :

0.0 0,.0
0 PzPzz 0 _ 0 TPy Ry 0
ERzy + Kg _pr}aj = ERgy + (1 _‘_E)%g _pr}aj
_ € 0 0
- 1+¢ ((1 +€)"€x:c - Tp:c) ‘81
= 0.

This, together with the constant boundary condition of system (4.133), ensures
the compatibility of order 1, and hence we reuse Theorem 2.1 to deduce that

k€ CFrel+al2(T o =1 3/p. (4.136)

Step 2. (The increment of the Holder regularity)

From (4.136), we see that the regularity of the source term of system (4.132) is
increased. In fact, now

ke € CYTOSN(T), a=1-3/p. (4.137)

However, in order to use the Holder solvability for the system (4.132), in particular
Theorem 2.1, with this new obtained regularity of the source term (4.137), we just
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need to check that the compatibility of the boundary conditions is not altered.
Indeed, this is the case since

0<l4+a<?2

We also remark from (4.88) that p° € C?**(+)(]), and therefore, we can use
Theorem 2.1 to deduce that

p € O (T), (4.138)

hence (4.127) is satisfied. Similarly, as in Step 1, (4.138) increases the regularity
of the source term of system (4.133) hence

Pubre  1p, € OV 5" (Ip).

T

Again the compatibility between the boundary conditions of system (4.133) is
unchanged, and (4.88), we know that x° € C?+(+9)(). Therefore, upon reusing
Theorem 2.1, we deduce that

3+a

K € O (Ir), (4.139)

hence (4.128) is satisfied and the proof is done.
Step 3. (The C* regularity)

At this point, we will show how to obtain more regularity of the solution (p, )
away from the initial data. Remark that if we want to follow similar arguments
of what was done in the previous two steps, we might think of increasing the
regularity of p by using the Holder solvability, Theorem 2.1, and the fact that s, €
C2re 5% (T1) (see (4.139) above). In fact, this requires higher order compatibility
conditions that are not satisfied having only (4.125) and (4.126). We send the
reader to |65, Chapter 4, section 5, page 319| for the details of these compatibility
conditions. To overcome this difficulty, we introduce the following function. Let
0 <0 < T, define the test function gz € C*[0,T] by :

0 if 0<t<4/3
Ps(t) =< Bs(t) € (0,1) if §/3 <t <26/3 (4.140)
1 if 26/3<t<T.
We introduce the quantities
p=pps and R = Kp;. (4.141)
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We can easily check that these quantities satisfy two parabolic equations with the
higher order compatibility of the initial data are all satisfied. By the bootstrap
argument (see Steps 1, 2 above), we get :

(7, %) € C*(Ir).
From (4.140) and (4.141), we deduce that
(0.7) = (p,5) on [20/3,T],

hence the C* regularity (4.129) and (4.130) are both satisfied. 0

5 Exponential bounds

In this section, we will give some exponential bounds of the solution given by
Proposition (4.2) and having the regularity shown by Proposition (4.6).

It is very important, throughout all this section, to precise our notation concer-
ning the constants that may certainly vary from line to line. Let us mention that
a constant depending on time will be denoted by ¢(T"). Those who do not depend
on T" will be simply denoted by c. In all other cases, we will follow the changing
of the constants in a precise manner.

Proposition 5.1 (Ezponential bound in time for ||(p.(.,t), £z(.,1))]lco.r)
Let

(p, k) € C¥"2* (I x [0, 00)) N C(I x (0,00)) N C™(I x [8,00)), V5 > 0,

be a long time solution of the following system :

pmpmm
—7p; on I x (0,00
Kz ( ) (5.142)

pr = (14 €)pae — Tha on I x (0,00),

Kt = ERgy +

with p(x,0) = p°(z), k(z,0) = (), and the boundary conditions

p(0,.)=p(1,.) =0 on 0OI x[0,00), (5.143)
k(0,.)=0, k(1,.)=1 on OI x|0,00). (5.144)
Suppose furthermore that
p=" satisfies || Bllco < 1.
Ry
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5. Exponential bounds

Then we have
(02 (1), £ (s 8)[[ow,r < e, (5.145)
where
c=c (HpOHngg/pm, H,gonwgﬁ/p([)) >1, p>3.

Remark 5.2 (Improved exponential bound)
Concerning the exponential bound (5.145), we can even get

(oo (- 8), (1)) lloor < cae™,

where a = <1—|— ||pOHW372/p(I) + ]|/€0||W372/p(1)>, and ¢ > 0 is a fivzed constant

independent of ||pOHW272/p ) and ||H0]|W272/p(1) (see the final step of the following
p p

(1
proof ). However, this result will not be used in that refined form.

Proof of Proposition 5.1. We use the special coupling of the system (5.142)
to find our a priori estimate. Roughly speaking, the fact that , appears as a
source term in the second equation of system (5.142) permits, by the LP theory
for parabolic equations, to have LP bounds, in terms of ||ky||p.z,, on p, and py,
which in their turn appear in the source terms of the first equation of (5.142)
satisfied by k. All this permits to deduce our estimates. To be more precise, let
T > 0 an arbitrarily fixed time.

Step 1. (estimating k, in the L? norm)

Let ' be the solution of the following equation :

!/ /
Kt =K zo on Ip
5.146
{ K =k on OPIr. ( )

As a solution of a parabolic equation, we use the LP parabolic estimate (2.32) to
the function ' to deduce that :

15 2t crpy < eT) (IR0l 2-2rmry + 1) (5.147)

where the term 1 comes from the value of ¥ = xk on Sp. Take

’

R=K—K, (5.148)
then the system satisfied by K reads :

—pmpm—rpm on Ip

Kt = Kgg — ml—aﬂ;x +
' (5 ) (5.149)

k=0 on 8”[T
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Using the special version (2.33) of the parabolic LP estimate to the function &,
we obtain :

IFellir < VT (il e + Woallpie + sl + loallpre ) (5150)

where we have plugged into the constant ¢ the terms e, 7, p and || B||». Combining
(5.147), (5.148) and (5.150), we get :

el < eT) (180 -2y + 1) + VT lpllgzr (5.151)

The term ||p||W§,1(IT) appearing in the previous inequality is going to be estimated
in the next step.

Step 2. (estimating p in the W' norm)

As in Step 1, let p/, p be the two function defined similarly as ’, & respectively
(see (5.146) and (5.148)). p' satisfies an inequality similar to (5.147) that reads :

1P w22y < D lyy2-2rm - (5.152)

The term 1 has disappeared because p' = p = 0 on Sp. We write the system
satisfied by p, we obtain :

{ pr= (14 &)pre + (L +)ppe = p) = TRy on Ip (5.153)

p(z,0) =0 on O"Ir,

hence the following estimate on p, due to the special L interior estimate (2.33),
holds :

1Pl w21 1p) < € WPllpar + 11050 lpzr + l5llp.rr) (5.154)

Again, we have plugged ¢, 7 and p into the constant ¢, and we have assumed that
T < 1. Combining (5.152) and (5.154), we get in terms of p :

Pl crgy < TP Nyz-20ngy + eliiallnr (5.155)

We will use this estimate in order to have a control on | k.||, r,. for sufficiently
small time.

Step 3. (Estimate on a small time interval)
From (5.151) and (5.155), we deduce that :

allprr < eT) (1 gy + 1%l ya-2in gy + 1) + VT allpry (5:156)
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5. Exponential bounds

Let us remind the reader that all constants ¢ and ¢(7") have been changing from
line to line. In fact, the important thing is whether they depend on T or not. Let

*

92

we deduce, from (5.156), that

¢ is the constant appearing in (5.156),

allprre < €5 (1R g2y + 1% gy + 1)

where ¢35 = ¢3(T*) > 0 is a positive constant which depends on 7*. From the
special coupling of system (5.142), and the above estimate, we can deduce that :

1.l < e (10w + 18Ny + 1), (5157

with ¢4 = ¢4(T%) > 0 also a positive constant depending on 7™ but independent
of the initial data.

Step 4. (The exponential estimate by iteration)

Now we move to show the exponential bound. Set

f(@&) = 1l(p, “)||W§vl(fx(t,t+T*))a h(t) = [[(pz; K)o, 15 (t4+T4),

and
9() = I8 Dllyz-gy + 100, ) Ly-2rnr (5.158)

We have proved in Step 3, estimate (5.157), that

F(0) < eslg(0) + 1],
and we know, from the Lemma 2.9 “trace of Wg’l functions”, estimate (2.39), that

g(T*) <5 f(0), 5 =c5(T") >0,
hence for A = 1+ ¢4c5 > 1, we get :
g9(T") +1 < A[g(0) + 1.
Therefore, for n € N, n > 1, by iteration we have :
g(nT") +1 < A*[g(0) + 1],

and hence
f(nT™) < ey A"[g(0) + 1). (5.159)
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From the Sobolev embedding in Holder spaces, Lemma 2.8, estimate (2.35), we
know that
h(nT*) < cgf(nT™), 6= ce(T") > 0. (5.160)

Combining (5.159) and (5.160), we obtain
h(nT*) < czA"g(0) + 1],  ¢7 = cucs. (5.161)
Using the fact that
h(t) < h(nT*) + h((n+1)T7), if nT" <t <(n+1)T",
we deduce, from (5.161), that :

h(t) < eslg(0) + 1Je*,

where
cs =14+ Ncy, co= % with = log \.
Since
[(pa (5 £), (5 ) lloo,r < A(E),
the result easily follows. a

Remark 5.3 (Ezrponential bound for \px\ﬁ)(t rir) and \f@x\ﬁ)(t ey,
We remark that from the Sobolev embedding in Hélder spaces (see Lemma 2.8) :

W2Y(Ip) — CWo 3% (Ir), p >3,

(a)

the previous result could be improved to an exponential bound of |p, I (44T and
|’€m|§o;)(t,t+T*)’ namely :

2 ﬁi)(t,w*) <ce” and \M\ﬁ‘i’(mm < ce, (5.162)
where ¢ > 0 15 a positive constant only depending on the initial conditions.
Proposition 5.4 (Ezxponential bound in time for ||p..(.,t)|c.s)

Under the same hypothesis of Proposition 5.1, we have
1922 (s t)lloos < cAe, ¢ >0, (5.163)

where

24«
A= 1410 lyyaaroyy + 16 | yya—ars gy + 16157,

and ¢ > 0 is a fized positive constant independent of the initial data.
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5. Exponential bounds

Proof. Throughout the proof, we will omit, without loss of generality, the de-
pendence on || B||o. The ideas of the proof are somehow contained in the proof
of the previous proposition. In fact, we will not only show the exponential bound
for the L*° norm of p,,, but also for the C'* norm. The proof is done in two steps.

Step 1. (Estimating p in the C2***2* norm)

We start by writing down the Holder estimate (2.27) for the second equation of
(5.142). Indeed, since k, € C**/2(I7), and since the compatibility conditions of
order 1 are satisfied, we have that :

24« a 24+«
o5 < o(T) (Mg + [0 )). (5.164)

We aim to control |/~cx|§z) for an arbitrarily fixed small time. Following the same
arguments of Steps 1 and 2 of Proposition 5.1, we get (for a sufficiently small
time T') an estimate of ||%|y21;,), similar to (5.156), that reads :

V&l gy < T (14 16%ya2mggy + 160 g2y ) + ellellprr, (5:165)

where & is given by (5.148). Using the Sobolev embedding in Holder spaces,
namely estimates (2.35) and (2.36), together with the fact that & = 0 on the
parabolic boundary 0PI, we get :

_ o _ _ a_ 1 - p=3  _
|Falloo,tr < AT 2(|Rtllp iy + Faallprr) + T R lpar } < T [|Rllyp2 1y
(5.166)
and

(e N _ 1. ,
(525 < Wl + el + 8l b < Al (G107

where p and « are always given by Remark 4.1. We notice that for the first
equation (5.166), we have used Lemma 2.10 (the ideas are contained in the proof
of this lemma, see Appendix A), while for the second one (5.167), we have applied
estimate (2.33) for the term ||R|, 7. Combining (5.166) and (5.167), we deduce
(for T small enough) that :

\Rﬂg) < cllFllwz1(s,). ¢ > 0 independent of T,

and hence, from (5.165) and the definition (5.148) of &, we obtain :

alfs) < o) (14 1 Mya-2im gy + 16 gy ) + Cllallprre (5:168)
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For the term where it interferes the ', we have used the following :

W15 < o)W 2 gy < oT) (16l ya-2rnry + 1)

Having in mind that the term ||k.||, s, satisfies :
I#iallp e < THP1ral 7

inequality (5.168) can be written :

(1= eT) el < e(T) (14 1%z + 16 -2y )

and hence for T small enough, namely

we get
el < exo (L1 oy + 16002y ) - 10 = a0(T) > 0. (5.169)

Plugging (5.169) into (5.164), we deduce that :

(2+a)
11y

< ear (L4 16 2-2rmpy + 1 g2y + 10°185)  en = en(T) > 1.
(5.170)
Here we consider ¢;; > 1 for technical reasons.

Step 2. (The exponential estimate by iteration)

This is similar to Step 4 of Proposition 5.1. We first notice that the arguments
presented in that step can be adapted to get an exponential bound on the function
g given by (5.158). Indeed, we use (5.159) and the estimate of the traces of
functions in Sobolev spaces (see Lemma 2.9, estimate (2.39)), to deduce that, for
every t > 0 :

g(t) < cafl + g(0)]e, (5.171)
with c¢;9 > 1 is a fixed positive constant independent of the initial conditions.

Also here ¢ > 1 is taken for technical reasons. Let

ft) = |p|§2x+f‘t+T*) T* is given in Step 1.

From (5.170) and (5.171), we know that

F0) < e (1+900) +10°17*)

< e +ene[l+ g(0)] + cnld’);

(2+a)
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6. An upper bound for the I/V22’1 norm of p,.,

In a similar way, knowing that c¢;; > 1 and ¢;2 > 1, we obtain :

f(T) < en (1 +g(T™) + f(O))
< 2¢}; + 2} ci2[1 + g(0)]e" + ¢ | p° ‘ (2o ;

and hence, by iteration, we get for every n € N :
F(T*) < (n+ 1)t + (n + 1eif el + g(0)]em =™ + i |o°| 7.

From this inequality, and the fact that for nT* <t < (n+1)T*, we have f(t) <
f(nT*) 4+ f((n+ 1)T*), we easily arrive to the result (see the conclusion of Step
4 of Proposition 5.1). O

Remark 5.5 (Ezxponential bound for \p\f;(?HT*))

Proposition 5.4, as it appears in the proof, gives an exponential bound, not only
for lp(.; )lloo,1, but also for |p|I>< (tt+T*)"

6 An upper bound for the W22 ! norm of pu.

This section is devoted to give a suitable upper bound for the VV;’1 norm of
Pzez- Lhis result will be a consequence of the control of the VV22’1 norm of k; and
Kzz- The goal is to use this upper bound in the Kozono-Taniuchi inequality (see
inequality (2.49) of Theorem 2.16) in order to control the L norm of p,.,. Let
us consider the following hypothesis.

(H1). The term T is a fixed time that satisfies :
where T} is an arbitrarily small fixed number.

(H2). The function k, satisfies :

ko(z,t) > ~y(t) >0, tel0,T] (6.173)

where ~(t) is a positive decreasing function with v(0) < 1.

Let
D = I+, (6.174)

we start with the first lemma.
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Lemma 6.1 (W' bound for k, and r,,)
Under hypothesis (H1)-(H2), and under the same hypothesis of Proposition 5.1,
we have :

I, Feallyzip) < =
b Feellwp i) = D1
where
v :=(T),
and
E= dedT,

where d > 1 is a positive constant depending on the initial conditions but inde-
pendent of T', and will be given at the end of the proof.

Remark 6.2 (The constant E depending on time)

Let us stress on the fact that, throughout the proof, the term E = de?” of Lemma
6.1 might vary from line to line. In other words, the term d in the expression
of E might certainly vary from line to line, but always satisfying the fact of just
being dependent on the initial data of the problem. The different E’s appearing in
different estimates can be made the same by simply taking the mazimum between
them. Therefore they will all be denoted by the same letter E.

Proof. Define the functions v and v by :
u(z,t) = p(x,t) and ov(z,t) = k().
We write down the equations satisfied by v and v respectively :

up = (1 4+ &)ugy — T, on D,
uls, =0, (6.175)

uljmg = u® = (1+¢)pd, — 762 on I,
and with B = 2=

pSCSC pSCSC

Vg = EVpyp + — Uy + By, — B—v, — Tu, on D,
Rg Ky
U|ST = 0, (6.176)
P20
V]mo = 00 1= Rl + - o on I.
K

T

The proof could be divided into three steps. As a first step, we will estimate the
L>°(D) norm of the term v, = fy,. In the second step, we will control the W3 (D)
norm of v = k;. Finally, in the third step, we will show how to deduce a similar
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6. An upper bound for the I/V22’1 norm of p,.,

control on the W5 (D) norm of k.
Step 1. (Estimating ||v.||co.p)

Since v, = Ky, it is worth recalling the equation satisfied by & :

pSCpSCCC

T

Kt = ERgy + — TPs- (6.177)

In Step 3 of Proposition 4.6, we have shown that x € O3+ 5, Therefore, writing
the parabolic Holder estimate (see (2.27)), we obtain :

pSCpSCCC

T

Mmu9<mW”55HG+

(1+a) 1
+lpal ST (6.178)
D

where the term 1 comes from the boundary conditions, and ¢ > 0 is the positive
constant given by (2.28) that can be estimated as ¢7 < E. We use the elementary
identity

la la la a «
179197 < [ flloonlgl % + 11glloonl FIS T + 1| Flloop] 915 + Nl galloon| £15,

(1+«)

to the term |£efes with f = £2 and g = p,,, we get :
(1+a) (14a) (@)
Pz Prx 3+a) Pz Pz
< 3+ sl () el (2)
Ke |p ke / p Kz / p
2| |(2+a
e (pzelloo,p + [z lloo,D), (6.179)

where we have used the fact that x, > v and k, > |p.|. We plug (6.179) in
(6.178), we obtain :

3 P () 3 P @ 1 2
el < B (14185 + (2) 1l (2 "2 (1413 ).
Ry Ry D Y

D
(6.180)
where we have used used the fact that the term |p|(,§+°‘) has an exponential bound
(see Remark 5.5) of the form |p|(2+°‘ < E. Tt is worth noticing that the term E
appearing in (6.180) is the maximum between different E’s that might exist as
different bounds. This will be frequently used for the sake of simplicity.

(1+a)
Step 1.1. <Estimating<£i> )
=/ D
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From the definition of the Holder norm (see (2.20) and the notation therein), we
(1+a)
see that in order to control <Z—z> , it suffices to control the three quantities :
*/D

(1o

5) a (%)
() () = ().

We use the the following identity :
1

A W IR W
- S - - g + ||= f )
<9 +D 9lleop 119 oo,D< i g oo,D< )i
with f = p, and g = k,, we get
p N L) ()
() < (el + ). (6.181)
Kz /D 7
Similarly, we obtain :
(o) a)
Pzxx ||pxx||ooD (a) <p$$>wD
Poo o < Melle Dyl oy D (6.182)
< Fis >w 72 Py

We also use the inequality :

DD < 1 lloon (@)D + gl ()LD,

with f = 2 and g = £2, we get :

(@) @)
Rz Px <K'1‘1‘>xD ||K':c:c||ooD (a) ||K':c:c||ooD (a)
< L L (p,)0) 4 NlaallooD 1y y(@) 6.183
(Fege) st Mg el i, oamy

Similarly, we get

<@>(%) < M@%ﬁgi) _‘_M’ (6.184)

)y Mselloom 0(5) - (6185)

—
>

8

g
o~
3 mle

Collecting the above inequalities (6.181), (6.182), (6.183), (6.184), and (6.185)
yield :

(1+a) E
<&> < = (118 + aellon(s)) . (6186)
Kz [/ p Y
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6. An upper bound for the I/V22’1 norm of p,.,

where we have used the fact that 1 < E ,7 < 1and |p| @te) < | (see Remark 5.5).
Step 1.2. (Estimating 10|37 and |x| 2+a>

We recall the equation satisfied by p :

pr = (1 +€)ppy — Thy. (6.187)

As for the term x at the beginning of this Step 1, we have the following estimate
for p :

P& < B (1 + |k 2 ) . (6.188)

Having a second look at the equation (6.177) of k, we can use again the parabolic
Holder estimate but for a lower order. In fact, we have :

()
2 a o
ks <1+ +|px|§;’)-
D

Similar computations to those in Step 1.1 yield :

pl‘pl‘l‘

T

(0% E [0
WS < 2 (14 k) (6.189)
v
and hence from (6.188), we also get a similar estimate for |p|(3+a :
E
p| ) < <> (1+ |/<;m\§§“>). (6.190)

Step 1.3. (The estimate for ||k¢y||co.p)
By combining (6.180), (6.186), (6.189) , (6.190), and by using the fact that ||
has an exponential estimate (see estimate (5.162) of Remark 5.3), we deduce that :

E
[ Ktz co.p < o (6.191)

where we have frequently used that v < 1, and we have always taken the maxi-
mum of all the exponential bounds of the E = de? form.

Step 2. (Estimating ||v||W22,1(D))
We turn our attention to the equation (6.175) satisfied by u. We will show that

we are in the good framework for applying the L? theory of parabolic equations.
In fact, note first that u = p; € C'(D), and hence the compatibility condition of
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order 0 is satisfied. Moreover, since v, = iy, € C(D) then v, € L?(D). Finally,
the initial data satisfies u® € C'**(I), hence u® € W} (I). The above arguments
show that the L? theory for parabolic equations (see Theorem 2.3) can be applied
to the function u, therefore we get :

u € W22’1(D) = Pty Pits Pros Praw € LP(D),
with the following estimate :
[ullyy22p) < E(L+ [|vzll2,p). (6.192)

Here the term E of the previous inequality hides in it all the constant c Of_the
Sobolev estimate (see (2.32) and (2.33)), where this constant ¢ behaves like 7" or

VT. Also the term 1 in (6.192) comes from the initial data. Since v, = Ky, we
plug the estimate (6.191) obtained in Step 1.3 into (6.192), we get

—F

Using some elementary identities, we finally obtain :

E
HUHWQQ’I(’D) < $ (6.193)
Let us remind the reader that the term E is changing from line to line. We now
consider equation (6.176) satisfied by v. In fact, for the same reasons as above
with the new fact that « € W5 (D), we can easily deduce that we are in the good

framework for the L? theory applied to v. Indeed, we have :
CAS W22’1(D) = Rty Rty Rtz Rize € L2(D),

with the following estimate :

otz < £ (1 2] sl + 180 pluna o
1Bl 8] Ionlo + luelln) . (6199

hence from (6.191), (6.193), and some repeated computations, we deduce from

(6.194) that :

1)
H'%tHWQQ’l(D) < ? (6.195)

As a byproduct of this last inequality, we can also get, using the Sobolev embed-
ding Lemma (see Lemma 2.8-(ii)), that :
E

[Ktl[co,p < i
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6. An upper bound for the I/V22’1 norm of p,.,

Remark that we can even get a better control by simply integrating (6.191) with
respect to x, hence we obtain :

E
|6t]|cop < 7 (6.196)

Step 3. (Estimating ”’{mHle(D))

The estimate of ||f£m]|W22,1(,D) requires a special attention. We will mainly use the
equations (6.187) and (6.177) satisfied by p and k respectively. The four parts
|tz ll2D, [|Kaatll2Ds ||Fazzll2,p and ||Kzzas 2,0 of the above norm will be estimated
separately.

Step 3.1. (Estimate of ||k |2.p)

This can be easily deduced from the equation (6.177) of . Indeed, this equation
gives :

Iallzo < B (ko + VTllpwellco + VT lioslloen )
E

< “a
,}/3

(6.197)

where for the last line, we have used estimate (6.196), and the exponential bounds
on ||pz]lcop and ||puz|/co,p. Indeed, by the same way, we can even get, from the
L* bound (6.196) on k;, that

E

Step 3.2. (Estimate of ||Kyzt]|2.0)

As an immediate consequence of (6.195), we get

E
||/€xxt||2,D S 1

Step 3.3. (Estimate of ||Kyzz|2.D)

Using (6.190), we deduce that

E .
losasllcm < = (14 Irclfs)
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therefore, the fact that |k, f(Da) < E (see Remark 5.3) gives :

E
| prazll2p < > (6.199)

and hence (6.189) implies that :

E

||’£xw||oo,D S -

This will be used in estimating ||k,.¢||2p. In fact, we derive the equation (6.177)
satisfied by k, with respect to x, we obtain :

2
Kiz = ERggy + + - D)
Ky Ky K2

— TPz (6.200)

and hence, using (6.199), we get :

E
H’%mmmHZD S $ (6201)

Step 3.4. (Estimate of ||k;p02]/2.D)

We first derive (6.187) two times in x, we deduce (using (6.193)) that || przee|l2.
has the same upper bound as ||k |20, 1.

E

We derive the equation (6.200) once more with respect to x :

Kizw = ERgzer T 2 + 2
K K2 K K2
2 2
Pralzz PzPralzas PzRazPrax 2/<0m/7m/7m
2 2 o 2 3 — TPzax;
K% K% Ky Kz

and we use (6.202) and our controls obtained in the previous steps, in order to

deduce that :
FE
||'L{':c:c:cx||2,’D S ? (6203)

In fact, the highest power comes from estimating the following term :
K2y PuPrs = 1\°/1\ E
00,D Y Y 7

2
K’:L‘:cpl‘l‘
3 2
'%x

Kz

2,D
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6. An upper bound for the I/V22’1 norm of p,.,

where we have used the L™ estimate of ||Kyu|lcop- All other estimates are ea-
sily deduced. Let us just state how to estimate the other term were ||k.z]|c0p

interferes. In fact, we have :
1 1 1
00,D Y Y v

' PaPrzalios
From the above estimates (6.197), (6.201) and (6.203), we finally deduce that :

2
Kz

2,D

Step 3.4. (Conclusion)

E
||/-€xx||W§,1(D) < ﬁ. (6.204)
This terminates the proof. O

We move now to the main result of this section.

Lemma 6.3 (W221 bound for p.. )
Under the same hypothesis of Lemma 6.1, we have :

E
< —.

||pmeW22’1(D) 4
Proof. From Step 3 of Proposition 4.6, we know that
(p,k) € C*(I x [5,T]), Y0<d<T.

Therefore, we do the following computations over D\ (I x {t = 0}). Indeed, we
derive twice the equation of p with respect to =, we get

Prat = (1 + 5)pmmmm — TRgza,

where on S, we have :

TRyt
1 E)Prx = z — Pgxt — T
( + )p TR Pzt 11e
Combining the above two equations, we obtain :
T T
rrrr — am K¢ + Ryx on S+ 6.205
P ((1 +e)2 " T 1+ ) T ( )
Set
R — + U and w=p
(1 + €>2 t 1 + c fted TxrT
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and
W =w — K.

We write down, after doing some computations, the equation satisfied by w :

B ~ T

Wy = (1 + €)Wy — m/{tt on D

Gals. =0 on Sy (6.206)
_ _oo_ o _T(1+42) 4 7 Pl L

Wli=p 1= W~ = Py, (1+e) Rz (14¢)2 KO * (1+ 6)2/)1“

Let us show that the framework of the L? theory for parabolic equations with
Neumann boundary conditions (see Theorem 2.3 and Remark 2.4 that follows)
is well satisfied. First, from Step 2 of Lemma 6.1, we know that xy; € L*(D).
Moreover, since we have supposed (p°, k%) € (C*°(I))?, then we eventually have
w® € W4 (I). We note that the compatibility conditions are not necessary in this
case because the singular index in the Neumann framework is 3 (see Remark
2.4). These arguments permit to use the L? theory of parabolic equations with
Neumann boundary conditions, hence we get :

w € W' (D),
and
l0llwz1py < E(L+ [|£ull2p). (6.207)
Since w = w — R, we deduce, from (6.207), that :
peaellzio) < B (1+ Ialln + Isillwz oy + Deelwsoy ), (6:208)
and eventually (6.208) with Lemma 6.1 gives immediately the result. O

7 An upper bound for the BMO norm of p,,,

This section is devoted to give a suitable upper bound for the BMO norm
of pgze. This result will be a consequence of the control of the BMO norm of a
suitable extension of k,,. As in the previous section, the goal is to use this upper
bound in the Kozono-Taniuchi inequality (see inequality (2.49) of Theorem 2.16)
in order to control the L* norm of p,,.. We first give some useful definitions.

Definition 7.1 (The “symmetric and periodic” extension of a function)
Let f € C(I7) be a continuous function, we define f¥™ as the function construc-
ted out of f, first by symmetry with respect to the line x = 0 over the interval
(—1,0), i.e.

f(_Ivt) = f(!L',t),
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and then by spatial periodicity with

flz+2,t) = f(z,t).

Definition 7.2 (The “antisymmetric and periodic” extension of a func-
tion)
Let f € C(Iz) be a continuous function, we define the function f*¥™ over
R x (0,T), first by the antisymmetry of f with respect to the line x = 0 over
the interval (—1,0), i.e.

f(—l’,t) = —f(SL’,t),

and then by spatial periodicity with

flx+2,t) = f(x,t).

We start with the following lemma that reflects a useful relation between the

BMO norm of f*¥™ and f*v™.

Lemma 7.3 (A relation between f*V™ and f*V™)
Let f € C(I7), then :

1/ | Baro@x o) < € (IF*™ | Browx .y + marxo,r) (™)) -

The proof of this lemma will be presented in Appendix B. The next lemma gives
a control of the BMO norm of (k,,)*Y™.

Lemma 7.4 (BMO bound for (k..)*Y")
Under hypothesis (H1), and under the same hypothesis of Proposition 5.1, we
have :

||("fxx)asymHBMO(Rx(o,T)) < et (7.209)
where ¢ > 0 is a constant depending on the initial conditions (but independent of
T). The function (K..)*Y™ is given via Definition 7.2.

Proof. Let &(z,t) = k(z,t) — £°(x). We notice that &|s_ = 0, therefore F*¥™
satisfies :

(px)asym asym

Rgsym — Eggiym + ( ) y:c:c _ T(Px)asym + 5(/‘€gm)a8ym on R x (O,T)
I{'{,C asym
R¥@Y™M(2,0) = 0.
(7.210)
where, from Propositions 5.1 and 5.4, and the fact that
asym
(pw)as - < 1’
()25 00,Rx(0,T))
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we have :

< ceT, (7.211)

00,Rx(0,T)

Tx _ T(px)asym + E(Kgx)asym

e

¢ > 0 is a constant depending on the initial conditions. From (7.211), we use
the BMO theory for parabolic equations (Theorem 2.13), particularly (2.46), to
deduce that :

1R | Brro®x 0.7) < ceT,

and hence the result follows. O

We now present the principal result of this section.

Lemma 7.5 (BMO bound for p...)
Under hypothesis (H1)-(H2), and under the same hypothesis of Proposition 5.1,
we have :

|zl BMIOD) < E, (7.212)

where E 1s the same as in Remark 6.2.

Proof. The proof is based on the following simple observation on the boundary
. 3+a

S7. In fact, recall that the Holder regularity C3+°"+T, up to the boundary, for

the solution (p, k) permits using to conclude that :

{ (14 €)puz = Thy on

SR

(1+ €)kpe = TPs on

hence a simple computation yields that :

Pz = Oy ( ™ ) . (7.213)

1+¢

Let

we write down the equation satisfied by & :

( 2
_ _ T  PzPzx T
= ERgg - z O D
it Rz + 14+¢e kg 14 5p "
0
o TR
Rli=o == R = 1Tz on I (7.214)
7| TR
Rl =
T 1+¢ S
L Rm|57 = Pzz-
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Let
U= Pz,

we also write the equation satisfied by v :

vy = (14€)Vypp — TRy on D

_ . 0._ 0
Vpmo =v" :==p, on [

7.215
U‘Sf = Pz ( )
'UI|ST = Pxx-
Take
U =10 — K,
the equation satisfied by v reads :
2
v v °T T PzPzx T
— 1+ EVpy — ———Rgx — » 0 D
vy = ( )o 1+€H I 1+8p n
T
)img = 07 1= p — - +€,<L0 on I (7.216)

We can assume, without loss of generality, that the initial condition 2° = 0. This
is because being non-zero just adds a constant depending on the initial conditions
in the final estimate that we are looking for. From the fact that v,|s. = 0, we
can easily deduce that the function v°¥" satisfies :

( g
e (P (o) eT .
F5Ym. 1 —sym sym z e _ sym
Ut (1+e)v" + 1+ 6<pm) T4+e  (kg)sym 1+ 5(Km>
on R x (0,7)
[ 0" (2,0) =0 on R,

therefore, using the BMO estimate (2.46) for parabolic equations, to the function
v, one gets :

1025 | saro@x o) < ¢ |19l Bpo®x 7)) + Marxor (9] | - (7.217)
From Propositions 5.1, 5.4, we deduce that

HQHBMO(Rx(o,T)) < E+ H(’%Ir)symHBMO(]Rx(O,T))u (7-218)

and
Moy 07 (191) < B+ My o7 (| (Faw) ™). (7.219)
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Recall the definition of the term E from Remark 6.2. At this stage, we write the
following estimate :

sym‘) ,

(7.220)
which can be deduced using Lemma 7.3. The constant ¢ > 0 appearing in (7.220)
is independent of 7T'. Finally, we deduce that :

||(H$$>sym||BMo(Rx(0,T)) <c [H(KJEI)asymHBMO(RX(O,T)) + mzm(oi)(‘(“m)

IA

¢ | £+ [[(kaa) ™™ | sarogex o) + mzmom(\(ﬁm)sym\)]

¢ | B+ mapom (1(50) ™)
c [E + (1/T)||'%xx||l,D}

¢ [E+T " |ually]

1025 | Baro@x 0.7

VARRPVAN

IN

where we have used (7.217), (7.218), (7.219) and (7.220) for the first line, and
Lemma 7.4 for the second line. For the last line, we have used that p > 3. From
(H1) and (5.157), we know that :

T ke llpp < TTPE.

TRzx

From the above two inequalities, and since Uy, = pPrpr — Loz,
our result. 0

we easily arrive to

8 L bound for p,,, and revisited results

In this section, we use the results of sections 5, 6 and 7, in order to give an L*°
bound for p,., via the Kozono-Taniuchi inequality. The next step is to improve
some previously obtained results.

Proposition 8.1 (L bound for p.,..)
Under hypothesis (H1)-(H2), and under the same hypothesis of Proposition 5.1,
we have :

E
|pzazllocn < E (1 +log* ?) : (8.221)

Proof. Applying estimate (2.49) to the function p,., over D, we get :

HpmmmHOO,D < CHpmmmHm(’D) (1 + 10g+ ||pﬂcﬂcwHW221(D) + 10g+ H/hm”%(@) )
(8.222)
where we remind the reader that

Hp:c:c:cHBMO(D) = ||pazzllBMO®) + || Pz ||1,D-
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Using (8.222) together with Lemmas 7.5 and 6.3, lead to the result. The only
term left to control is ||pyzz /|1 p- In fact, we know that :

_—1-1
p2eall10 ST 7| pawallp.p, (8.223)

and since, by repeating the same arguments of the proof of Lemma 7.5, and of
Lemma 2.7 (see Appendix A), using the LP estimates for parabolic equations
instead of the BMO ones, we can conclude that :

pzazllpp < (14 [lKaallpp),

where from (5.157), we finally get :

||p:c:c:c ||p,D S C€CT'

This inequality together with (8.223) terminates the proof. O

Remark 8.2 (Improving the comparison principle)

The L* bound on pi.. given by Proposition 8.1 shows that we can improve our
choice of the function v of Proposition 3.1. Although the function v was essen-
tially used, on one hand, to ensure the positivity of k, for all time t > 0, and
on the other hand, for the boundedness of the ratio g—z, it was insufficient for
showing the long time ezistence of (p, k) given by Propositions 4.2 and 4.6 ; this
lies from the fact that v strongly depends, and in a dangerous way, on pPy.. (see
inequality (3.80)). The remedy of this inconvenience is to revisit the comparison
principle “Proposition 3.17 with the new information given by Proposition 8.1,
namely estimate (8.221).

Now, we show that we can even improve estimate (8.221) by eliminating the
restrictive hypothesis (H1) and changing somehow the constant E appearing in
(8.221). To be more precise, we write down our next corollary.

Corollary 8.3 (Proposition 8.1, revisited)
Under hypothesis (H2), and under the same hypothesis of Proposition 5.1. Let

T >0,

be any fized time. Then we have :

E
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Proof. We know, from Propositions 4.2, 4.6, used for 15 = 0, that there exists
some small §; > 0 only depending on the initial conditions, with :

||p:csc:c||00,151 < 13, (8.225)

where c;3 > 0 is a constant only depending on the initial conditions. We now
apply Proposition 8.1 with
Tl = 51,

we get

E
| pezallooty < E (1 +log™ ?) if T > 6, (8.226)

where it is important to indicate that the term F = E(d,) appearing in (8.226)
depends on T} = 4; (see for instance the end of the proof of Lemma 7.5). Com-
bining (8.225) and (8.226), we deduce that ¥I' > 0 :

E
||pxxx||oo,IT S C13 + E <1 + 10g+ _4) 9
8

and hence the result follows. O

The following proposition reflects how to improve Proposition 3.1.

Proposition 8.4 (The comparison principle, revisited)
Under the same hypothesis of Corollary 8.3, and under the condition (3.51), we
have :

Ky(z,t) \/7 t)+ p2(z,t), V>0 (8.227)

where 7 > 0 is a positive decreasing function depending on the initial conditions,
and will be given in the proof.

Proof. In Proposition 3.1, we have that ¢ (recall (3.50)) is a bound on ||pzzz|co.z7-
From the a priori estimate (8.224) we can choose

¢=E(T) (1 + log™ i((?)) , (8.228)

for any 7' > 0. We assume that () is a continuous decreasing function, and that
the solution (p, k) satisfies :

Ke(z,t) > () >0, te]l0,T].

Therefore, from the proof of Proposition 3.1, we have that

- i) (s~ V5757
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satisfies (3.76) on (0, 7). Here 3 satisfies (3.65) with [ = (—1, 1). Therefore, using
(8.228), we obtain

+ E(T) N
my > P <1 s i T)) +c|m " 0,77,
t — = 1 -
V7 NCET \/7 +px
(8.229)

with ¢; = ﬁ + & —i—&tﬁ and cg = T COShﬁ . Since (8.229) is true for any 7' > 0, we
deduce that

() = - EW@+bgw ) | en’(t)
=T\ VRO 2w VPR + 2(o(D), D)
ity (1) te(0,7), (8.230)

VAR + 20, 1)
(recall the definition of zq by (3.77)). Following the same reasoning of the proof
of Proposition 3.1, in particular Step 5, Case A, we know that, as long as m = ~?
is a solution of (8.230) with v € C', 4" < 0 (which is not the case in general), we
have (see (3.80)) :

@)) v(t), ¢ given by (3.79), t € (0,7).

74(t)
(8.231)
Inequality (8.231) gives inspiration to the choice of 7 as a solution of the following
ODE :

(02 = (4 50 (14108

F(t) =— (c* + E(t) (1 + log™ i(t> )) (), te(0,7T)

7(t) (8.232)

7(0) = (g,

where ay is given by (3.83). It is easy to check that 72 is a subsolution of (8.230),
hence

m>75 >0,
with

m(t) = ing (cosh(ﬁx) </{x(:c, t) — \/72(15) + p2(x, t))) .
re
As a summary we can write, as long as
m>0 on [0,7], (8.233)

we have
m>%5 on [0,7]. (8.234)
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Finally, from (8.233), (8.234) and the short-time existence result, we easily deduce
that m > 0 for all time and

R 1) > /T + 2 t),

then the result follows. O

In fact, Proposition 8.4, can be used to improve our L*° exponential bounds
found in Propositions 5.1 and 5.4. This will be the result of the next proposition.

Proposition 8.5 Under the same hypothesis of Proposition 8.4. Let ay given by
(5.83) satisfies :
O<ag <1,
3to

then the solution (p, k) € C3T*75" (Ir), VT > 0, satisfies :

ICED

Ke( 1) > € , YVt >0, (8.235)

Sb(t+1)
(LB < e >0, (8.236)

and )
k(L O|PT < e, V>0 (8.237)

Here b > 0 s a positive constant depending on the initial conditions and the fized
terms of the problem, but independent of time.

Proof. The proof of this proposition could be divided into three steps.
Step 1. (Minoration of 7 by 7)

From the ODE (8.232) satisfied by 7, and after doing some computations using
the fact that E(t) = de? is an increasing function over (0,7, we get Vt € (0,7) :

7 (1) = —{c*+E(t) (1+1og+ i((?))]i(t)

— [e+ B@) (1+ [1ogd] + B(T) + 410g 7)1 )| 71

> —de (1+ | log (1) )7(0),

A%

where
d = max(4a,2d), and a = max (c*, 4d, d| log d|, d2) )

Let
E(t) = de™.
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9. Long time existence and uniqueness

Define v as the solution of the following ODE :

/

(1) = —E()(1+ [log 50 )2(t), ¢ € (0,T)

=2

(8.238)
7(0) = as.
From (8.238) and the above inequalities, we deduce that
F(t) > y(t), Vte(0,T).
Step 2. (Explicit minoration of 7)
It is clear that the decreasing function
() = et (s g (8.239)
is the solution of (8.238), and hence
3(t) 2 -0y ¢ (0.7,
then we get (by the continuity of 7 at t =T) :
() > el‘(l—logaz)e@edt
> " v, (8.240)

for some constant b > 0 depending on the initial conditions and some other fixed
terms, but independent of ¢. Inequality (8.235) directly follows from (8.227) and
(8.240).

Step 3. (Estimate of \m\g‘?a), \p\g‘?a) and conclusion)

From the proof of Lemma 6.1, we can easily deduce that the estimate of ||k 00D

(see (6.191)) is also true replacing ||k ||oo,p by |/€|g’+a). Therefore, from (6.190),

(6.191) and (8.240), we deduce the result. O

9 Long time existence and uniqueness

Now we are ready to show the main result of this paper, namely Theorem 1.1.

Proof of Theorem 1.1. Define the set B by :

3+«

) T>0; 3! solution (p, k) € C*** 72" (Ir) of (9.241)
(1.1),(1.2) and (1.3), satisfying (1.11) ' '
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The proof could be divided into two steps.
Step 1. (B is a non-empty set)

The inequality (1.8) ensures the existence of 7(0) = as > 0 given by (3.73), such
that B
k2 >75(0) on I, (9.242)

which together with (1.6) permits to apply the short-time existence result (Pro-
position 4.2). Hence there is some 77 > 0 and a unique solution (p, k) € W2'(Ir,),
of (1.1), (1.2) and (1.3), with

=0 o
Ky > y >0 on Ip. (9.243)

From the boundary conditions of the initial data (1.7), we deduce, using Propo-
sition 4.6, that this solution from W2!(Ir,) is in fact 3+ %5 (Tr,) and therefore

|prae] <€ on  Ip, (9.244)

for some ¢; > 0. From (9.243), (9.244) and (1.8), we can use Proposition 3.1

where it follows that
Pz
Ry

The above identities (9.243) and (9.245) show that

<1 (9.245)

T, € B,
and hence
B # .
Set
T, =supbB,

our next step is to prove that T, = oo.
Step 2. (T = )

We will argue by contradiction. Suppose T} < T,, < oco. In this case, let § > 0 be
an arbitrary small positive constant, then there exist some T" € B such that

T —0<T<T,.

Since T' € B, we recall from (8.235) that :
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and we recall from (8.236)-(8.237) that :

eeb(tjtl)

eb(t+1)
Ip(, 1)) < e and  |r(,8)]"T < e 0<t<T.  (9.246)

Y

We are going to apply Proposition 4.2 with Ty = T,,, — 9. In fact, as a consequence
of (8.235), we have :

(eb(Too=6+1) B(Too+1)

Kl Too —0) > € >e ¢ =y > 0. (9.247)

Moreover, from (9.246), we deduce that

eeb(Too+1)

lpe(, Too —0)| < e =: M, (9.248)

| pzz (s Too =) |Joog < mp =My and || Dik(., Too—0)|lcos < Fr:= My, (9.249)

for s = 1,2. From (9.247), (9.248) and (9.249), we use Proposition 4.2 to obtain
some

T :T*(’Ul,ﬁl,Ml,’yl,&“,’T,p) >0 (9250)
such that there exists a unique solution (p, k) € W2H(I x (To, Ty +T7)), p = 2,
of (1.1), (4.86) and (4.87) with 75 = T, — 0 and

mwz%>o on I x[To—8Te—08+T (9.251)
Again by (9.247), (9.248) and (9.249), we can easily check that the quantities

v, My, m1 and (; are independent of ¢, and then T* given by (9.250) is also
independent of §. However, we have by Propositions 3.1 and 8.4 that :

Kol Tow = 8) 2 /72 (To = 0) 4 2( T = 0),

then
r@no%@Tg—é)—mAWTw—5ﬂ>>O. (9.252)

The compatibility conditions (4.125) and (4.126) are valid for T = T, —9 and this
is due to the fact that the equation is satisfied in a strong sense up to the boundary

where p and k are constants. This argument together with (9.252) permit, using
3ta

first, Proposition 4.6 on the regularity C*** ™2 | and then Proposition 8.4 on the
minoration of k., to increase the regularity of this solution and then show that

P

<1 on Ix[Tw—6Te—5+T (9.253)
Ry

ke >0 and

From (9.253) and the above arguments, we find that

T.,—0+T"€B,

163



Chapitre 4 : Dislocation dynamics : non-zero stresses (part I)

with 7" > 0 independent of §. By choosing
0<o<T,

we deduce that
To —0+T">T,,

which contradicts the definition of T, = sup B. Therefore T, = oo. To complete
the proof, we have to indicate that the C°° regularity (1.10) is automatically
satisfied (see Step 3 of Proposition 4.6). O

10 Appendix A : miscellaneous parabolic estimates

A1l. Proof of Lemma 2.7 (L? estimate for parabolic equations)

As a first step, we will prove the result in the case where ¢ = 1, and in a second
step, we will move to the case ¢ > 0. It is worth noticing that the term ¢ may
take several values only depending on p.

Step 1. (The estimate : case ¢ = 1)
Suppose ¢ = 1. Recall that u € W2>'(Ir),p > 1 is the unique solution of (2.17)

with f € LP(Ir) and ¢ = & = 0. Let @ be a special extension of the function u
defined over R x (0,7") by :

w(z,t) = u(z,t) if 0<z<1
i(z,t) = —u(2 — z,t) if 1<z<2 (10.254)
w(x + 2,t) = u(x, t) otherwise.

In exactly the same way, we can define f out of the function f. It is easy to verify
that u satisfies :

Uy = Gigy + f on R x(0,7)
a(z,0) =0, on R. (10.255)
u(z,t) =0, x € 7.

Take a test function ¢"(z),n € N defined on R by :

¢
o"(x)=1 if z € (0,2n)
¢

10.256
"(z)=0 if z>2n+1orz<—1. ( )

and set
JT =2 x (O,T)

164



10. Appendix A : miscellaneous parabolic estimates

Define u by
u = ug", (10.257)

this function satisfies :

Uy = Uy + f, R x (0,T
=t + f, - on Rx(0.T) (10.258)
u(z,0) =0, on R,
with o
F=fo" —ag", — 20" (10.259)

The parabolic Calderon-Zygmund estimates (see [68, Proposition 7.11, page 168])
ensures the existence of a constant ¢ = ¢(p) > 0 such that

lellpzx 0.1) + [tz llpexor) < cllfllprxom), (10.260)
where from (10.256), (10.257), (10.259) and (10.260), we deduce that
n(llacllp.sr + [tallp.rr) + O) < enl| fllp.s (10.261)

with O(1) remains bounded as n — oo. Dividing (10.261) by n and taking the
limit as n — oo, we deduce that

[illp,7r + N[teallp. e < €l fllp.rs
hence by (10.254), we obtain
[illp i + [[taallprr < el fllpirs ¢ =clp) > 0. (10.262)
Since u € W2 (Ir) with uli—g = 0, we use [65, Lemma 4.5, page 305] to get
[ellpzr < T(l[wllp i + luallp.ir) (10.263)

and
uallp.rr < VT (uellprr + Ntzellprr)- (10.264)

Combining (10.262), (10.263) and (10.264), we deduce that

1 1

pllullp.rr + ﬁ“umnp,ﬁr + teallp,rr + llutllprr < llfllp,zr- (10.265)
Step 2. (The estimate : general case € > 0)
To get the general inequality, we consider the following rescaling of the function

o w(x,t) = u(z,t/e), (z,t) € L, (10.266)
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which allows to get the desired result. a
A2. Proof of Lemma 2.10 (L™ control of the spatial derivative)

Since u € W2'(Ip) for p > 3, we know from Lemma 2.8 that u, € Co/2(Ir) for
a=1- %. In this case, we use the estimate (2.35) with § = /T, we obtain

et lloc,rr < T2 (ltellp,rr + Nt llp,rr) + T2 el 12 }- (10.267)

Remark that the fact that « = 0 on the parabolic boundary 0”17, and that it
satisfies the simple equation :

{ut:umm+f7 f:ut_umm

10.268
u=0 on I, ( )

permits to apply estimate (2.33) to the function u. Hence (10.267) becomes (with
a different nature of ¢(p)) :

ltelloorr < AT |t — waellprr + T2 Tt — gl }
< )T [ully2 gy,
p—3
< c(p)T> HuHngl([Ty
and the result follows. O

11 Appendix B : parabolic BMO theory

BO. Proof of Lemma 7.3. We divide the proof into two steps.
Step 1. (treatment of small parabolic cubes)

Let us consider parabolic cubes Q@ = Q, (g, ) C R x (0,T) with 0 < r < 1
Assume, without loss of generality, that 1 < xg < 2 (the other cases can be
treated similarly). Define the left and the right neighbor cubes of Q,(x¢,to) by :

Q_ = Q;(l - tO)a

and
Q+ = Q:—(l + T, t(]),
respectively. Since 2r < 1, then

Q= C(0,1) % (0,7) and Q* C (1,2) x (0,T).
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Using the fact that for any function g € L*(Q) :

/Ig—mn(g)|§2/|g—6|, Ve € R,
Q Q

We compute :

SYM __ sym i sym L ( fasym
|Q‘/|f o™ < ‘Q|/Q|f - mge (f40m)
2 sym L (fasym
< o L ey
2 sym asym
* o Q+|fy + mo+ (F%¥™)]. (11.269)

We know that from the properties of f*¥™ and f*¥™ that :

mo+(f*") = —mq- ("),

and
fsym — _fasym on Q+7 and fsym — fasym on Q_-

Using the above two inequalities in (11.269), we get :

sym sym i sym. __ _( fsym
L= matrml < o [ = (rom)

RIS

* e L mae e
< o | 1 man gy
b = mae ()

< A ™| Bro@x 0,1)-

Step 2. (treatment of big parabolic cubes)

Consider parabolic cubes Q@ = @, C R x (0,7T) such that r > % In this case, we
compute :

o [ = matr < ﬁ [

|Q‘ 2Ix(0,T)

IA

£,
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with
|Q ~ N x 21 x (0, T)],
therefore )
o o1 = ma ) < emarcm (£,
Steps 1 and 2 directly implies the result. O

B1. Proof of Theorem 2.13 (BMO estimate for parabolic equations)

Let f be a bounded function defined on R x (0, T") satisfying f(z+2,t) = f(z,1).
We extend the function f to R x R, first by symmetry with respect to the line
{t = T} and after that by time periodicity of period 27; call this function f. Set
« as the solution of the following equation :

{“t:w:‘fﬁf on RxRy (11.270)

u(zx,0) = 0.

We apply the standard result of BMO theory for parabolic equations. Since
feL*Rx(0,7)), then f € BMO(R x R, ), and hence we obtain that

Ty, e € BMO(R x R,),
with the following estimate :
|te|| Brro®xry) + || Uaz|| BMO®RKR,) < C||f||BMO(R><R+)> (11.271)
and hence (from the definition of the BMO space),
||| Brro@®x (0,1) + |Tazl| BMO®RR(0,1) < C||f||BMO(RxR+)- (11.272)
The BMO theory for parabolic equations, particularly estimate (11.271) is rather

classical. This is due to the fact that the solution of (11.270) can be expressed in
terms of the heat kernel I' defined by :

1,2
(2, t) = (dmet)V2e7 3=, for t>0
’ 0 for t <0,

in the following way :

(&, s)dE ds.

=l
8
=
I
o
X
=
+
4
8
|
A
~
|
w
S~—
~
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11. Appendix B : parabolic BMO theory

As a matter of fact, it is shown in [38] that I',, is a parabolic Calderon-Zygmund
kernel (here we are working in nonhomogeneous metric spaces in which the va-
riable ¢ accounts for twice the variable z). Therefore I'y, : BMO — BMO is
a bounded linear operator. This result is quite technical and can be adapted
from its elliptic version (see |6, Theorem 3.4|). It is less difficult to show that
Iy 0 L% — BMO, a bounded linear operator (see for instance [49, Lemma 3.3]).

Having (11.272) in hands, it remains to show that

|l Bro@xr,) < ¢ (||l Bro@xor) + marxo.n (1)) (11.273)

with ¢ > 0 independent of T'. This can be divided into three steps :
Step 1. (treatment of small parabolic cubes)

We consider parabolic cubes Q, = Q. (o, to), (xo,t0) € R x Ry, with
r < \/T .

Let us estimate the term )
|Q7”| Qr

Assume, without loss of generality, that

|f = mq, f.

T <ty <?2T.

In fact, any other case can be done in a similar way because of the time symmetry
of the function f. Two cases can be considered. If 2 < t; — T then the cube Q,
lies in the strip R x (7,27") and in this case

1
|Qx

The other case is when

/ 1F = mo, F1 < I1f lsaroxory.
Qr

T2Zt0—T.

In this case, define Q¢ and Q%, the above and the below parabolic cubes, as
follows :

Q= Qp(xo, T + 7’2) and Qi’ = Q. (x,T).
Since
T—r?<ty—1r’<T<ty<T+r%

then
Qr C(QrUQY).
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Moreover, we have :

Q. = Q5| = Q2.
We compute :
[ Fmofl < S 1 2mauf +me:f
|Qr‘ o, Qr = ‘Qr| 0. QP Qe
4 . - -
< ‘Qr| ‘f Qrf‘_'_ ‘Qr| |f_ngf|
4 s
S m Qa|f mef|+|Qr‘ o |.f_ler’f|+
) - -
m Qa|f mQ¢f|+ |Qr| |f_mQ?-f|

We remark (from the symmetry-in-time of the function f) that :

mqaf =mq.f,
and
/ f—c= [ If—¢d, VceR
Qs QP
Therefore the above inequalities give that :

1 ~ -
|f —mq, f| < 16| fllBrromx(o,r))-
Q[ Jo,

Step 2. (treatment of big parabolic cubes)

(11.274)

Consider now parabolic cubes @, C R X Ry, r > VT. Suppose first that r > 1.
Because of the symmetry-in-time of the function f, and its spatial periodicity, we

compute :
1 ~ ~ 2 -
|f =mq. fl < /]
|QT’| Qr |Qr| Qr
2N
< /1,
Q] Ja 2Ix(0,T)

where NN is the minimum number of domains D of the form D =

(nT,(n+ 1)T), k € Z and n € N, that cover (),. Here

Q.| ~ N x |21 x (0,T)|, N >1.

(k,k + 2) x
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11. Appendix B : parabolic BMO theory

Therefore, the above inequalities give :

1

|f —mq, f| < cmarcomy (| f])- (11.275)
‘Qr| Qr

Now suppose that /T < r < 1. In this case we use the fact that 0 < T} < T, we
compute :

1 ~ ~ 2 ~
= | f=mqo.fl < == [ If
‘QT| Qr |Qr‘ Qr
2N
< |f]
1Qr| Jorxo,m)
<

N
!
T 2I%(0,T)

Here N ~ % > 1, and hence

1 ~ -
|f —mq, f| < e(Th) marx o) (1) (11.276)
Q[ Ja,
Step 3. (conclusion)
Combining (11.274), (11.275) and (11.276), we obtain our result. 0

B2. Sketch of the proof of Theorem 2.16 (a Kozono-Taniuchi parabolic
type inequality)

The proof of the Kozono-Taniuchi parabolic type inequality will be a consequence
of the following theorem where we give an analogue estimate over R, x R;. More
precisely, we have :

Theorem 11.1 (A Kozono-Taniuchi space-time parabolic type inequa-

lity)
Let u € C°(R?), supp u € Qr. Then we have

lulloez2 < ellull o) (1+ 10" lulsroge +1og" lullyzie) . (11:277)

where
|ullzare = llullBaro + llull L1,

and ¢ = ¢(R) > 0 is a positive constant.
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Sketch of the Proof of Theorem 11.1. First, we need to define some notations
and spaces. Let X = (z,t) € R?, we define the parabolic distance of X from the
origin by :

X, = (z* +tH)Y2 ~ 2 4|t (11.278)

We write the parabolic version of the Littlewood-Paley dyadic decomposition. Let
¢j(X) be the inverse Fourier transform of the j-th component of the parabolic

dyadic decomposition ¢ = {qgj(f)}]o’;o C S(R?), S(R?) is the Schwartz space, with

supp ¢o C {&; [¢], < 2},

- | | (11.279)
supp ¢; C {¢; 2i—1 < €], < 2”1} if jeN, j>1

Here £ = (&, &) € R?, and we have :
D (6 =1.
0

The Lizorkin-Triebel space F;p

Let v >0.Let 1 <p<oo, 1 <p<oo(orp=o0,1<p<oo). We define the
parabolic Lizorkin-Triebel space by

B, ={ue S ®; [lull s < oo}, (11.280)

where

oo 1/p
lull gy, = <Z 277%|¢; *UV’) . (11.281)
7=0

p,R2

The ideas of the proof could be separated into several steps.
Step 1. Let v > 0. We compute :

lullse < o |

< Z @5 *ul|| + Z 277727 x
0<j<N 0 >N 0
1/2 1/2
0<j<N ~ jzN oo
—yN
< NYPullp , + 2Vl (11.282)
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where ¢, ~ % Now we optimize (11.282) in N. For each u, we set
[l
N ~logy, | =2,
el

1/2

[ulloe < flull o < cllull Ty Pl /
U S U0 S CllU| o — log :
o Sl < cllellg, | 1| 58"

we finally obtain

Step 2. Using the fact that u € C$°(R?), we get :
G0 * u| < clluf| L
and
|¢; * u| < cllullpmo, Yi>1,
and then we obtain :

1/2
BMO

1/2

Jullg, < lullarlallfs

Using (11.283) with (11.284), we deduce that :

[ull po | . N T
T <c| L4+log” flullp | +log™ ||ullgare + log
|ull 5770 -

hence
oo < ullzo, < cllullzas (1+log* Jull,, +log" lullzro) -
Step 3. (Jullsy, < clullyza. with 0 <y < 1)

Recall that

1/2
lullin , = (Z (27 * U|)2>

i>
Jj=0 .

We calculate
296 u)0) = 29 [ 6

. ot
= 7 T (L2

Jull o

vl 5775

(11.283)

(11.284)

)

(11.285)
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where ¢7 is the complex conjugate of ¢;, and u(x) = u(—x). Therefore, from
Cauchy-Schwartz inequality and the fact that

gy =0 if (&+|&)* <27,

we obtain :

/2
2W|¢j*u| < 27j</(§2+|€t ) </|| §2+|§t )

C

=l

Finally, we get

1/2
1
HUHF;)2 < C||U||W221 (Z m) , (11.286)

Jj=0

where the above series converges since 7 < %
Step 4. (Conclusion)

Combining (11.285) form Step 2, and (11.286) from Step 3, we get the required
result. O

Back to the sketch of the proof of Theorem 2.16. Let v defined on 1 x (0, 7).
Take v as the special extension of the function v defined as follows :

O(x,t) = =3v(—z,t) + dv(—x/2,t) V—1<z<O.

The continuation to R x (0,7) is made by spatial periodicity. The extension in
time will be done, first by symmetry with respect to {t = 0}, and after that by
time periodicity of period 27'. Define the two zones Z; and Z, as follows :

Zy =A{(z,t); —1/3<x<4/3, =T/3 <t <4T/3},

and
Zy =A{(z,1); —2/3 <z <5/3, —=2T/3 <t < 5T/3}.

Take 1 a cut-off function such that
Yv=1on Z, and ¥ =0 on R?\ Z,.

Let
u =0y,

174



11. Appendix B : parabolic BMO theory

we apply Theorem 11.1 to the function u, we get

[0]loo,r < el 0¥l BrroR2) <1 +log™ ([0 || 5rrome) + log" ||17¢||w§’1(11£2)> :
(11.287)
The special extension of the function v permits to write :

HﬁwHle(R?) < CHUHWf’l(IT)' (11.288)

Moreover, repeating similar arguments as in the proof of Theorem 2.13, Steps 1
and 2, we can treat relatively small cubes Q* or relatively big cubes Q° for the
BMO norm of [|0¢|| grr5(ge)- As a final consequence, we get

1
Q']

The only new case that we need to take care about is when the cube intersects
the zone Z5 \ Z; where ¢ # 0, 1. In this case we use the fact that

/ 5 — mos ()] < [olmmou. i€ (5.0

|09 Brro < cl|lvlBao + [|090]| 1,

which return us to one of the above two cases considered above. Therefore, we
obtain

||7~M/}||BMO(R2) < C||U||BMO(1T)- (11.289)
From (11.287), (11.288) and (11.289), the result follows. O
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Chapitre 5

Dynamics of dislocation densities in
a bounded channel. Part 11 :
existence of weak solutions to a
singular Hamilton-Jacobi/parabolic
strongly coupled system

Ce chapitre est issu d’un travail en collaboration avec M. Jazar et R. Monneau
[55].

Nous étudions un systéme 1D couplant une équation parabolique et une équation
d’Hamilton-Jacobi singuliére. Ce systéme décrit la dynamique de densités de dis-
locations dans un matériau soumis a une contrainte extérieure appliquée. Notre
systéme est une extension naturel de celui étudié dans [53] ot la contrainte a été
mise a zéro. Les équations sont écrites sur un intervalle borné et demandent une
attention particuliére sur le bord. Pour ce systéme, nous montrons un résultat
d’existence d’une solution. L’ideé de la preuve consiste a considérer d’abord une
régularisation parabolique, et ensuite de passer a la limite. Pour le systéme ré-
gularisé, un resultat d’existence et d’unicité globale a été montré dans [54|. Nous
montrons quelques bornes uniformes sur cette solution en utilisant en particulier
une estimation entropique pour les densités.
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Dynamics of dislocation densities in a bounded chan-
nel. Part II : existence of weak solutions to a sin-
gular Hamilton-Jacobi/parabolic strongly coupled
system

H. Ibrahim*, M. Jazar’, R. Monneau*

*CERMICS, Ecole Nationale des Ponts et Chaussées
6 ¢ 8, avenue Blaise Pascal, Cité Descartes,
Champs sur Marne, 77,55 Marne-La-Vallée Cedex 2, FRANCE

T Lebanese University, Mathematics department,
P.O. Box 826, Kobbeh Tripoli, Liban

Abstract
We study a strongly coupled system of a parabolic equation and a singular Hamilton-Jacobi
equation in one space dimension. This system describes the dynamics of dislocation densities
in a material submitted to an exterior applied stress. OQur system is a natural extension of
that studied in [53] where the applied stress was set to be zero. The equations are written on
a bounded interval and require special attention to the boundary layer. For this system, we
prove a result of existence of a solution. The method of the proof consists in considering first a
parabolic regularization of the full system, and then passing to the limit. For this regularized
system, a result of global existence and uniqueness of a solution has been given in [54]. We
show some uniform bounds on this solution which uses in particular an entropy estimate for
the densities.
AMS Classification : 70H20, 49L25, 54C70, 46E30, 74H25.
Key words : Hamilton-Jacobi equations, viscosity solutions, entropy, Orlicz spaces,
dynamics of dislocation densities.

1 Introduction

1.1 Physical motivation and setting of the problem

In [46], Groma, Czikor and Zaiser have proposed a model describing the dyna-
mics of dislocation densities. Dislocations are defects in crystals that move when
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a stress field is applied on the material. These defects are one of the main ex-
planations of the elastoviscoplasticity behavior of metals (see [39] and [40] for
various models relating dislocations and elastoviscoplastic properties of metals).
This model has been introduced to describe the possible accumulation of dislo-
cations on the boundary layer of a bounded channel. More precisely, let us call
0* and 0, the densities of the positive and negative dislocations respectively. In
fact, dislocations are distinguished by the sign of their Burgers vector b (see [51]
for a description of the Burgers vector). The non-negative densities 6 (z,¢) and
0~ (x,t) are governed by the following system :

+ —
N (TP [

_ or —0; _ )
et :[—<m—7)9 :|x 1n [X(O,T),

where 7 is the stress field, "> 0, and I := (0,1) C R. The channel is bounded by
walls that are impenetrable by dislocations (i.e., the plastic deformation in the
walls is zero). In this case the boundary conditions are represented by the zero
flux condition, i.e.

(1.1)

7_7-:(), at =0 and z = 1. (1.2)

The original model in [46| is written in two space dimensions (z,y). Here, sys-
tem (1.1) corresponds to a situation where the problem is assumed invariant by
translation in the y direction. In that case 7 appears to be the applied stress field
and will be assumed to be a constant. However, the term zﬂrg’i is called the back
stress and can be interpreted as the contribution to the stress of the short-range
interactions between dislocations. This term was, for instance, neglected in the
Groma-Balogh model [45]. Moreover, for the model described in [45], we refer the
reader to [31,32| for a one-dimensional mathematical and numerical study, and
to [10] for a two-dimensional existence result. The special case 7 = 0 for system
(1.1) has been studied in |53| where a result of existence and uniqueness has been
proved. In the present paper we study the case where 7 # 0.

1.2 Setting of the problem

We consider an integrated form of (1.1) and we let

pr =0, p=p"—p  and k=pt+p,
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to obtain (at least formally), for special values of the constants of integration, the
following system in terms of p and & :

Kike = PtPx on [ x(0,T) (1.3)
Pt = Pox — Tha on I x(0,7), '
with the initial conditions :
k(z,0) = &%(z) and p(x,0) = p°(z). (1.4)

To formulate heuristically the boundary conditions at the walls located at x =0
and x = 1, we suppose that k, # 0 at x = 0 and z = 1. We note that the
dislocation fluxes at the walls must be zero, which require (see 1.2) that :

P

A
< ~N

OF—0)—7(0T+67)=0, at z=0 and z= 1. (1.5)

Rewriting system (1.3) in terms of p, k and ®, we get

= \Pz/ e @,
Kt (p /K' ) (16)
Pt = d.
From (1.5) and (1.6), we deduce that
00, = pi(1,) = 0. (1.7
Also, from (1.5) and (1.6), and if , # 0 at x = 0 and = = 1, we deduce that
Kt(o, ) = /ﬁt(]., ) = 0. (18)

Using (1.7) and (1.8), we can formally reformulate the boundary conditions as

follows :
k(0,.) =0 and k(1,.) =1,
p(0,.) =p(1,.) =0,

where we have taken the zero normalization for p on the boundary of the interval.

(1.9)

The positivity of # and 6~ reduces in terms of p and k to the following
condition :
Fa 2 |pal, (1.10)

and hence a natural assumption to be considered concerning the initial conditions
pY and k¥ is to satisfy

KO >0 on I (1.11)
Problem (1.3), (1.4) and (1.9), in the case 7 = 0, has been studied in [53| where
a result of existence and uniqueness is given using the viscosity/entropy solu-
tion framework. Let us just mention that in this situation, system (1.3) becomes
decoupled and easier to be handled.

180



1. Introduction

1.3 Statement of the main result

In this paper, we assume that 7 is a real constant,

T#0

and we examine the existence of solutions of (1.3), (1.4) and (1.9). To be more
precise, our main result is :

Theorem 1.1 (Ezistence of a solution)
Let p°, k% € C(I) satisfying (1.11),

0(0) = p°(0) = p°(1) =0, (1) =1 (1.12)
and the additional conditions :
Dip’(x) = Dik’(z) =0, s=1,2, x=0,1. (1.13)
Then there exists (p, k) such that for every T > 0 :
(p, k) € (C(I x [0,T)))* and peCYIx(0,T)),

solution of (1.3), (1.4) and (1.9). Moreover, this solution satisfies (1.10) in the
distributional sense, 1i.e.

Ke > |pz| in D'(I x(0,7T)). (1.14)

However, the solution has to be interpreted in the following sense :
1. K is a viscosity solution of kiky = pipe in I =1 x (0,T),
2. p is a distributional solution of p; = pee — The in I7,

3. the initial and boundary conditions are satisfied pointwisely.

Remark 1.2 (Compatibility of the approximated solution)

The method of the proof of Theorem 1.1 consists in considering a parabolic re-
gularization of (1.3), and then passing to the limit. This method is called the
“vanishing viscosity” method. We use a result of global existence and uniqueness
of the regularized system from [54], which requires some compatibility conditions
on the initial data of the problem. The above boundary conditions (1.13) was taken
for achieving the compatibility at the reqularized level.

Remark 1.3 The C™ regularity of p° and k°, together with the additional condi-
tions (1.13) seems to be essentially technical.
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Vanishing viscosity method is common in order to approach viscosity solutions
for a Hamilton-Jacobi equation. It consists to add A to the Hamilton-Jacobi
equation H(z,u, Du) = 0 and then obtain a more standard parabolic equation,
after that we need to pass to the limit ¢ — 0. The literature is very rich and one
can cite for instance |3]| and the references therein, see also |52,87|.

In our case, we are interested in a singular Hamilton-Jacobi equation, stron-
gly coupled with a parabolic equation. The singularity comes from the following
formal formulation of the first equation of (1.3) :

o PtPzx

R )
KRz

that becomes a singular parabolic equation after adding the A term :

_ PtPx
Kz

Kt + ERgq.
For a mathematical treatment of the above equation and various singular para-
bolic equations, see [54] and the references therein.

1.4 Organization of the paper

This paper is organized as follows : in section 2, we present the strategy of
the proof. In section 3, we present the tools needed throughout this work. This
includes some miscellaneous results for parabolic equations; a brief recall to the
definition and the stability result of viscosity solutions ; and a brief recall to Orlicz
spaces. In section 4, we show how to choose the regularized solution. An entropy
inequality used to determine some uniform bounds on the regularized solution is
presented in section 5. Further uniform bounds and convergence arguments are
done in section 6. Finally, section 7 is devoted to the proof of our main result :
Theorem 1.1. Finally, section 8 is an appendix where we show the proofs of some
standard results.

2 Strategy of the proof
The main difficulty we have to face is to work with the equation
Ktke = PtpPu- (2.15)

Since p solves itself a parabolic equation (see (1.3)), we expect enough regularity
on p (indeed p is C1), and then we need a framework where the equation on & is
stable under approximation. This property is naturally satisfied in the framework
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of viscosity solutions. Then, assuming x, > 0, we interpret s as the viscosity
solution of (2.15). Assuming (1.11), we will indeed show that

M =Ky — |pe| > 0.

This is formally true because M formally satisfies :

M, = bM, + cM,
with o
b= sen(os) - e
and

o Pro  Pazas8n(pa)
K2 Ko

By a maximum principle argument, we see that in order to guarantee that M > 0

is true for every time, we have somehow to control the L>®-norm of p,.,/k,. This

seems hopeless, because we would need to control moreover k, > 0 from below.

The idea is then to replace system (1.3) by a suitable regularized system, which

is the following for ¢ > 0 :

5P
Ky = €R,, + —= —T1p, in I x (0,00

t p P ( ) (2.16)
= (o), — ke in I (0,00),

with the initial conditions :

K(x,.) = 6"%(x),  pf(x,.) = p"(a), (2.17)

{/{E(O, )=r"(0),  w°(1,.) =K"(1) (2.18)

) = p"%(0),  po(1,.) = p”(1),

This system formally reduces to (1.3) for ¢ = 0, with initial conditions (1.4) and
boundary conditions (1.9). In fact, system (2.16), (2.17) and (2.18) has (under
some conditions on the initial and boundary data) a unique smooth global solution
(see [54, Theorem 1.1]) for a € (0,1) :

(p°, k) € C¥F"2* (I x [0, 00)) N C(I x (0, 00)).

This result will be clearly presented in the tools (see Theorem 3.1, Section 3).
The next step is to find some uniform bounds (independent of ) on this solution ;
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this is done via :

(1) an entropy inequality shown to be valid for our special approximated model
(2.16) ;

(2) a bound on kf — exZ, uniformly in €.

In fact, (1) guarantees the global uniform-in-time control of the modulus of
continuity in space of our approximated solution, while (2) guarantees the lo-
cal uniform-in-space control of the modulus of continuity in time. The entropy
inequality can be easily understood. For instance, for ¢ = 0 and 7 = 0, we can
formally check that the entropy of the dislocation densities

o+ =

Ke £ ps
2 )

defined by :

/Zei Vog(6+(. 1)),

+ _p—)\2
dS(t):_/(Hx 7 _ 0
dt ;06

Therefore we get S(t) < S(0) which controls the entropy uniformly in time.
Finally, we need to pass to the limit ¢ — 0 in the approximated solution af-
ter multiplying the first equation of (2.16) by k. Having enough control on the
approximated solutions, we can find a solution of the limit equation using in
particular the stability of viscosity solutions of Hamilton-Jacobi equations. Ho-
wever, the passage to the limit in the second equation of (2.16) is done in the
distributional sense.

satisfies :

3 Tools : miscellaneous parabolic results, viscosity
solution, and Orlicz spaces

3.1 Miscellaneous parabolic results

We first fix some notations. Denote
Ip:=1x(0,T), Ir:=1x1[0,T] and "Iy :=1U(dI x [0,T)).
Define the Sobolev space W' (I) , 1 < p < oo by :

VV2 ! = {u € LP(Ir); (ug, ug, Ugy) € (LP(IT))?’}.
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spaces

We start with a result of global existence and uniqueness of smooth solutions
of the regularized system (2.16), with the initial and boundary conditions (2.17)
and (2.18).

Theorem 3.1 (Global existence for the regularized system, [54, Theo-
rem 1.1))
Let 0 <a<1and0<e < 1. Let p°°, k% satisfying :

p%e k% € (D), p"(0) = p®(1) = k25(0) =0, K"5(1) =1, (3.19)

Lt )l = 7ale o1

( )po 7'/{0 on (3.20)

(14 ¢e)kyy = Tp,° on OI,
and

: 0,e | A0,

min (1" (2) = [py"(2)]) > 0. (3.21)

Then there exists a unique global solution
(0%, k) € O3+ (I x [0,00)) N C®(I x (0,00)), (3.22)

of the system (2.16), (2.17) and (2.18). Moreover, this solution satisfies :

kS > |pS| om I x[0,00). (3.23)

Remark 3.2 Conditions (3.20) are natural here. Indeed, the regularity (3.22) of
the solution of equation (2.16) with boundary conditions (2.17) and (2.18) imply
in particular condition (3.20).

Remark 3.3 (Uniform L>* bound on p° and k°)
We remark, from (2.18), (3.19) and the inequality (3.23), that :

10%[| oo (x0,00)) S 1 and  ||K%[| oo (7x[0,00)) < 1. (3.24)

We now present two technical lemmas that will be used in the proof of Theorem
1.1. The proofs of these lemmas will be given in the Appendix.

Lemma 3.4 (Control of the modulus of continuity in time uniformly in

€)
Let p > 3, and
u® € W2 (Ir). (3.25)

Suppose furthermore that the sequences

(u®). and (f%): = (u; — eul,)e, (3.26)

Tx
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are locally bounded in It uniformly for € € (0,1). Then for every V CC Ir, there
exist two constants ¢ > 0, g > 0 depending on V, and 0 < 3 < 1 such that for
all0 < e < o -

U (a,t + h) = w(a, )]
hB

Lemma 3.5 (An interior estimate for the heat equation)
let a € C*°(I7) N LY(Ir) satisfying :

<e¢, VY(z,t),(x,t+h)eV. (3.27)

a;y = Qgy on  Ip, (3.28)
then for any V CC I, an open set, we have :
lallpy < cllallvm,  V1<p<oo, (3.29)

with ¢ = ¢(p, V') > 0 is a positive constant.

3.2 Viscosity solution : definition and stability result

Let Q C R™ be an open domain, and consider the following Hamilton-Jacobi
equation :

F(z,u(x), Du(x), D*u(z)) =0, VY €, (3.30)
where F': 0 X R x R™ x Mg " — R is a continuous mapping.

Definition 3.6 (Viscosity solution of Hamilton-Jacobi equations)
A continuous function u : Q — R is a viscosity sub-solution of (3.30) if for any
¢ € C?*(Q;R) and any local mazimum xq € Q of u — ¢, one has

F(zo,u(z0), Dp(x0), D*¢(20)) < 0.

Similarly, u is a viscosity super-solution of (3.30), if at any local minimum point
o € Q of u— ¢, one has

F(xo, u(zo), D(x0), D2(x0)) > 0.

Finally, iof u is both a viscosity sub-solution and a viscosity super-solution, then
u s called a viscosity solution.

To get a "non-empty" and useful definition, it is usually assumed that F'is elliptic
(see [3]|). This notion of ellipticity will be indirectly used in Section 7. In fact,
this definition is used for interpreting solutions of the first equation of (1.3) in
the viscosity sense. This will be shown in Section 5. To be more precise, in the
case where ) = I, we say that u is a viscosity solution of the Dirichlet problem
(3.30) with u = ¢ € C(0P17) if :
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(1) uw e C(I7),

(2) w is a viscosity solution of (3.30) in I,

(3) u= ¢ on OPI7.
For a better understanding of the viscosity interpretation of boundary conditions
of Hamilton-Jacobi equations, we refer the reader to [3, Section 4.2|. We now
state the stability result for viscosity solutions of Hamilton-Jacobi equations.

An important result concerning viscosity solutions is presented by the following
theorem :

Theorem 3.7 (Stability of viscosity solutions, [3, Lemma 2.3])
Suppose that, for ¢ > 0, u* € C(Q) is a viscosity sub-solution (resp. super-
solution) of the equation

He(x,u®, Duf, D*uf) =0 in €, (3.31)

where (H®). is a sequence of continuous functions. If u® — w locally uniformly in
Q and if H* — H locally uniformly in Q x R x R" x Mg=t, then u is a viscosity
sub-solution (resp. super-solution) of the equation :

H(z,u, Du, D*u) =0 in €. (3.32)

3.3 Orlicz spaces : definition and properties

We recall the definition of an Orlicz space and some of its properties (for
details see |1]). A real valued function ¥ : [0, 00) — R is called a Young function
if

v = [ visas

where 1 : [0, 00) — [0, 00) satisfying :
- (0)=0,% >0o0n (0,00), ¥(t) = coas t — o0}
1 is non-decreasing and right continuous at any point s > 0.
Let ¥ be a Young function. The Orlicz class Ky(I) is the set of equivalence classes
of real-valued measurable functions uw on I satisfying

/\I/(|u(x)\)dx < +o00.

1

Definition 3.8 (Orlicz spaces)
The Orlicz space Ly (1) is the linear span of Ky (I) supplemented with the Luzem-

burg norm
|w||Ly (1) = inf {/{: > 0; /‘I’ <|u(k$)‘) < 1} , (3.33)
I

and with this norm, the Orlicz space is a Banach space.
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The function

wwzl?@@,¢@=swu

Y(t)<s
is called the complementary Young function of W. An example of such pair of
complementary Young functions is the following :

U(s)=(14+s)log(l+s)—s and &O(s)=e®—s—1. (3.34)

We now state a lemma giving two useful properties of Orlicz spaces that will be
used in the proof of Lemma 5.4.

Lemma 3.9 (Norm control and Hélder inequality, [64])
If u € Ly(I) for some Young function ¥V, then we have :

nwwms1+1wmumm. (3.35)

Moreover, if v € Lg(I), ® being the complementary Young function of W, then
we have the following Hélder inequality :

/ uvdx
I

4 The regularized problem

< 2|ull Ly 1Vl Lo (n)- (3.36)

As we have already mentioned, we will use a parabolic regularization of (1.3),
and a result of global existence of this regularized system from [54] (see Theo-
rem 3.1). In order to use this result, we need to give a special attention to the
conditions on the initial data of the approximated system p®¢ and k%€ (see (3.19),
(3.20) and (3.21)). This section aims to show how to choose the suitable initial
data p®¢ and k%¢ in order to benefit Theorem 3.1.

Let p° and x° be the functions given in Theorem 1.1. Set

0
0, P +5T¢
= 4.37
(14¢)2’ (4.37)
and o
0e K Fex
14+e¢e’ (4.38)
with the function ¢ defined by :
1
d(z) = =[1 — cosT(2* — z)]. (4.39)

72

The function ¢ enjoys some properties that are shown in the following lemma.
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Lemma 4.1 (Properties of ¢)
The function ¢ given by (4.39) satisfies the following properties :

(Pl) ¢a ¢/|8I = 0;'
(P2) ¢"

(P3) |¢ (x)| <1/|7| for xel.

o1 = 15

Proof. (P1) and (P2) directly follows by simple computations. For (P3), we
calculate on I :

0 (@) = (1/I7)[2z — 1|]sin7(2* — 2)]
< 1/|7].

In order to obtain the strict inequality, we remark that
|22 — 1||sinT(2® — )| #1 on I,
hence |¢'(z)| < 1/|7]. 0

Form the above lemma, and from the construction of p% and k"¢ (see (4.37)
and (4.38)) together with the properties enjoyed by p° and k° (see (1.12) and
(1.13)), we write down some properties of p*¢ and k<.

Lemma 4.2 (Properties of p°¢ and x°°)
The functions p°¢ and k% given respectively by (4.87) and (4.38), satisfy the
following properties :

(P4) P7(0) = P2(1) = £5(0) =0 and  #"5(1) =1
(P5) (1+ )|, = 70|, and (14 €)pl],, = T,

e(L—1r]l¢'])
P6 0,e > 0,e _'_—
(po) s > e+ S0

Proof. We only show (P5) and (P6). For (P5), we calculate :

> |p2e].

0 ! 0 "
0,e __ Pz + 6T¢ 0, __ Prx + €T¢

e -7 =z -7 4.40
Pr = ez P T (e (4.40)
and o o
/<LO’€ — Ry +e /<LO’€ — Ko )
* 1+’ ™ 14¢
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Therefore, on 91, we have :

(et =7 (o) = et

and
(L4 &)k =7p° =0,

where we have used (P1) and (P2) from Lemma 4.1, and the properties (1.12),
(1.13) of p° and " on AI. For (P6), we proceed as follows. We first use the
inequality (1.11) between pC and 2, to deduce that :

0e_ fate_ lmlte

K
“ I1+e = 1+4¢

Y

and then from the left identity of (4.40), we deduce that :
= (1+e)p® —erd,

therefore

1—|7]l¢])
0,e > 1_'_ 0,e + 5( )
K5 > (L) 0] +

The inequality (P6) then directly follows. O

Remark 4.3 (The regularized solution (p°,k°))
Properties (P4)-(P5)-(P6) of Lemma 4.2 implies condition (3.19)-(3.20)-(5.21)
of Theorem 3.1. In this case, call

(p°, K%, (4.41)

the solution of (2.16), (2.17) and (2.18), given in Theorem 3.1, with the initial
conditions

p(x,0) = p*  and k(z,0) = ",

that are given by (4.37) and (4.38) respectively.

5 Entropy inequality

Proposition 5.1 (Entropy inequality)
Let (p°, k%) be the reqular solution given by (4.41). Define 05 by :

K. £ P
H:I:,s _ "z T
2 Y

(5.42)

190



5. Entropy inequality

then the quantity S(t) given by :

S(t) = / > 0 (x, 1) log 05 (2, t)da,
L

satisfies for everyt >0 :

Proof. From (3.23), we know that
rz > oG,

hence
6% >0,

and the term log(0*°) is well defined. Also from
solution (p°, k%), we know that

0=<(.,t) € O(I), Vt>

(5.43)

(5.44)

the regularity (3.22) of the

0,

hence the term S(t) is well defined. We derive system (2.16) with respect to z,

and we write it in terms of 6%¢, we get :

+,& _ O—,E
0, = 07767 _ T )07 +elfhF
b0 = 5.45
e [ (0 Ny -4
t - 94_’6 + 9_75 x N
We first remark that :
(94—,5 _ 9_75)w te e K¢ + Pt
( E—— T)OT +eb° = 5
and
(6)—1-,6 _ 9_’6)95 . e Ki — Py
< T T)OF +el, " = 5
Since x7 and pf are zeros on 9 x [0,00), then
(9—1—’6 — 9_7€>$ +,e +,e (9—'—’6 B 9_76)3? —,E —€
(W — T 9 +€9:C = — W — T 9 +€9:C = 0 on 8IX[O, OO)
(5.46)
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Using (5.46), we compute for ¢t > 0 :

S = 3 [0 0805+ 0
_ (07 —6), te (9::56)2
o Z/ ( Q-i-a_l_g— _7—)9m - ¢ AR ’
(037 =02 | e g (0:9)°  (0:7)°
- /I g 00 >_5< o o |

By Young’s Inequality, we have :

0= — 9-¢)°
07 — 07| < %—( e ;_,5) + 2O +07),

and hence

S0 < [Tweee- <(99> +(99)>

< —/9*%9

Moreover, we have from (2.18), that

/I(9+’5(.,t) L0 1) = /Imi(.,t) = k5(1,1) — K5(0,8) = 1,

and therefore

!

S'(t) <

O "h|ﬂw

Integrating the previous inequality from 0 to t, we get (5.44). O
An immediate corollary of Proposition 5.1 is the following :

Corollary 5.2 (Special control of k)
For allt > 0, we have :

/1 w5, 1) log 5 (, 1)) < S(0) + T 41, (5.47)

where S is given by (5.43).

The proof of Corollary 5.2 depends on the inequality shown by the next lemma.
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5. Entropy inequality

Lemma 5.3 For every x,y > 0, we have :
(x +y)log(x + y) < zlog(z) + ylog(y) + xlog(2) + y. (5.48)
Proof. Fix y > 0. consider the function f defined by :
f(z) = (x +y)log(zx +y) — xlog(z) — ylog(y) — xlog(2) —y, x>0. (5.49)

We claim that f(z) < 0 for every > 0. Indeed, we have lim, ¢+ f(z) = —y < 0.
We compute

f'(x) =log(z +y) — log(x) — log(2), (5.50)

and we remark that this is always a decreasing function with
lim f(z) =+oo and  lim f(z) = —log(2),
hence the function f(z) can only be positive if f(z9) > 0 where z satisfies
f'(x9) =0.
A simple computation shows that xy = y, then
fly) = 2ylog(2y) — 2ylog(y) —ylog(2) —y

= 2ylog(2) + 2ylog(y) — 2ylog(y) — ylog(2) —y

= ylog(2) —y <0,
and therefore f(z) <0, Yz > 0, which ends the proof. O

Proof of Corollary 5.2. From (5.42), it follows that
Ko =07+ 67> 0.

Then we have for ¢t > 0 :

/ni logk, = /(HJ“E +607%) log(0° 4+ 677)
I

I

< /9+’€ log(67°) + 0 log(0~°) + 0" log2 + 60~°
I

IN

/9+’5 log(07°) + 6% log(6~°) + %(logQ +1)
I

< S(t)+1.

Here we have used Lemma 5.3 with 2 = 67° and y = 0~ for the second line,
and we have used for the third line, the fact that

/Ieivf = %/l@ +p, = %[I{(l, ) —x(0,.)] =1/2.

Using (5.44), the result follows. O
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Lemma 5.4 (Control of the modulus of continuity in space)
Let w e CH(I), u, > 0, satisfying

/um log(u,) < ¢, (5.51)

1

then we have for any x, r+h € I :

u(z + h) — u(z)] < 2L

_ 5.52
~ |logh| ’ ( )

where co > 0 is a universal constant.

Proof. Let z,2+ h € 1.
Step 1. (u; € Ly(z,x + h) with U given in (3.34))

We compute

z+h z+h
/ U(u,) = / (14 uy)log(1 + uy) — uy

/1(1 + ug) log(1 + uy,) — uy

IN

IN

/ux log(u,) + log 2
I

< ¢ +log2,

where we have used (5.48) in the third line, and (5.51) in the last line. Hence
from (3.35), we get

||ux||Lq,(x,x+h) <c+ 1+ log 2,
and hence u, € Ly(x,z + h).

Step 2. (Estimating the modulus of continuity)

It is easy to check that the function 1 lies in Lg(z,x + h), ® is also given by
(3.34). Therefore, by Hélder inequality (3.36), we obtain :

z+h
/ Uy - 1
xr

2zl Ly wtm U Lo @etn)
2(c1 + 1 + 108 2) | 1| £y (w041 - (5.53)

u(z +h) —u(z)] =
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We turn our attention now to the term ||1||1,(zz+r). We have

z+h 1
H1||Lq>(x,x+h) = inf{/{: > 0; / ) <E) < 1}
x:c—i—h
= inf{k>0;/ (61/k—1/k—1)§1}
= inf {k>0; h(e'/* —1/k—1) <1}

1
< —
~ log(h)’
where we have used in the last line the fact that for 0 < h < 1 and k = —@,
the following inequality holds :
het —1/k—1) < 1.
Hence, (5.53) implies
a4+ 1) — u(e)| < 2er +1 -+ log2)
u(x —u(x c 0
~ 1 g | ].Og h| )
and then (5.52) follows. O

Remark 5.5 As mentioned to us by Jérome Droniou, it is possible to estimate

directly the quantity |u(x +h) —u(z)| < “0—‘2;}” by splitting the integral f;Jrh Uy ON

the set where u, is bigger and lower than X, and then optimizing on the parameter
A
6 An interior estimate
In this section, we give an interior estimate for the term
A® = pE — TR (6.54)

that will be used in the passage to the limit as € goes to zero in the regularized
system. We start by deriving an equation satisfied by A°.

Lemma 6.1 The quantity A given by (6.54) satisfies for any T > 0 :

A= (1 4e)As, — Loa, (6.55)
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Proof. From (2.16), we calculate :
R

€ €
= (1 + E)pfwvx - T'%fvx -7 <€"€§x + p:ﬁIx - Tp;)
€

= (L4 &) (Pl — THE,) —

= (P2e = THG)
e
= (L+e)ds — — 4,

hence (6.55) is satisfied. O

We now show an interior LP estimate concerning the term A°. This estimate gives
a control on the local L? norm of A€ by its global L! norm over I7, and it will be
used in the following section. More precisely, we have the following lemma.

Lemma 6.2 (Interior LP estimate)
Let 0 <e <1 and 1 < p < oo. Then the quantity A® given by (6.54) satisfies :

1A% v < c (A% + 1), (6.56)

where V' is an open subset of Iy such that V. CC Ip, and ¢ = ¢(p,V) > 0 is a
constant independent of .

Proof. Throughout the proof, the term ¢ = ¢(p,V) > 0 is a positive constant
independent of €, and it may vary from line to line. A simple computation gives :

Pz Pz
K;{Ai = _7'—%; (Pix - T"ffc)
p;p;x 2
Tli—‘; + :
= —7(K — ek ). 6.57
t xx

Define k¢ as the unique solution of

;= (1+¢e)r., +K° on Irp,
{Ht ( ) TT n T (658)

k=0 on Plr,
where the existence and uniqueness of this equation is a direct consequence of
the LP theory for parabolic equations (see for instance |65, Theorem 9.1|) using

in particular the fact that x° € C*(Ir). Moreover, from the regularity (3.22) of
k%, we can deduce that &° € C*°(Ir). Let A be given by :

A® = —7(R; — eR%,), (6.59)
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and B
af = A° — A°. (6.60)

We calculate :

Ry — €Rg
(1 + g)Rixt + ’%i - 8((1 + g)Rixmﬁ + ’%?cx)]

= _7—(1 + E)(Rixt - 5,7{,;:0:6:0) - T(I{i - E'%;x)
€
= (14 e)A, — Loae,

[
T

_—
A = —1

where for the first two line, we have used (6.58), and for the last line, we have
used (6.57). In this case, we obtain :

a; = A5 - AS
— (+0)A, - LA (1494, + T:fAi
- (1 + g)afc:cv

where for the first line, we have used the equation (6.55). We apply Lemma 3.5 to
the function a®, after doing parabolic rescaling of the form a*(z,t) = a® (x, 1%5),
we get :
_1
la®llpy < e(1+e) 77 [0,z

and since 0 < € < 1, we finally obtain
la*llpv < clla® [z (6.61)

From the definition of a® (see (6.60) above), and the above inequality (6.61), we
finally deduce that :

1A% v < e(1A% .z + 1A% [lp.1)- (6.62)

In order to complete the proof, we need to control the term || A, ;. in (6.62).
We use the equation (6.58) satisfied by &° to obtain :

1A .z = TIRT = RZ,llpar
= TlR%e + K llpr
< clllRzellpar + 165 lp.rr)- (6.63)

The L? estimates for parabolic equations (see [54, Lemma 2.7]) applied to (6.58)
gives :

ol < T2 Wl
TT 1T — 1 + € 4T

Iz
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then (6.63), together with the fact that 0 < x° < 1 implies :
1A% p 1 < el lpar < TP,

hence the result follows. O

7 Proof of the main theorem

At this stage, we are ready to present the proof of our main result (Theorem
1.1). This depends essentially on the passage to the limit in the family of solutions
(p°, k%) of system (2.16). Since xZ # 0, we multiply the first equation of (2.16) by
kS and we rewrite system (2.16) in terms of A°, we obtain :

7.64
o = ety + AC on In. (7.64)

{Hjﬁ; = erikS, +pLAS  on Ip
We will pass to the limit in the framework of viscosity solutions for the first
equation of (7.64), and in the distributional sense for the second equation. We

start with the following proposition.

Proposition 7.1 (Local uniform convergence)
The sequences (p°)e, (p)e, (K%)e, (A%)e and (AS). converge (up to extraction of a
subsequence) locally uniformly in It as € goes to zero.

Proof. Let V' be an open compactly contained subset of I. The constants that
will appear in the proof are all independent of €. However, they may depend
on other fixed parameters including V. The idea is to give an e-uniform control
of the modulus of continuity in space and in time of the quantities mentioned in
Proposition 7.1, which gives the local uniform convergence. The e-uniform control
on the space modulus of continuity will be derived from the Corollary 5.2 and
Lemma 5.4, while the e-uniform control on the time modulus of continuity will
be derived from Lemma 3.4. The proof is divided into five steps.

Step 1. (Convergence of A° and AS)

From (3.23), we know that

Z—i < 1. We apply the interior LP, p > 1, estimates

x

for parabolic equations (see for instance |68, Theorem 7.13, page 172|) to the term
A® satisfying (6.55), we obtain :

1A 2y < esll A% llpvr, (7.65)

where V' is any open subset of I satisfying V' cC V' cC Ir. The constant
c3 = c3(p,7,V, V') can be chosen independent of ¢ first by applying a parabolic
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rescaling of (6.55), and then using the fact that the factor multiplied by AS, in
(6.55) satisfies 1 < 1+ & < 2. At this point, we apply Lemma 6.2 for A° on V',
we get :

1A lp < call A0 + 1), (7.66)

and hence the above two equations (7.65) and (7.66) give :
1A w210y < sl A%z + 1) (7.67)

We estimate the right hand side of (7.67) in the following way :

A%, = |pz — T
It
< /miﬂ\rﬂ
It
< (1+7)T,

where we have used the fact that [pS| < k5 (see (3.23) of Theorem 3.1) in the
second line, and the fact that 0 < k° < 1 (see Remark 3.3) in the last line.
Therefore, inequality (7.67) implies :

|| A® ||W21 <c, 1<p<oo. (7.68)

We use the above inequality for p > 3. In this case, the Sobolev embedding in
Holder spaces (see |54, Lemma 2.8]) gives :

[e3

1
WP V) = PR V), a=1-3/p
and hence (7.68) implies :

1A g 2 < (7.69)

Cl+a

which guarantees the equicontinuity and the equiboundedness of (A%). and (A%)..
By the Arzela-Ascoli Theorem (see for instance [7]), we finally obtain

A" — A and A — A, (7.70)

up to a subsequence, uniformly on V as ¢ — 0.
Step 2. (Convergence of k°)

We control the modulus of continuity of x° in space and in time, locally uniformly
with respect to .
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Step 2.1. (Control of the modulus of continuity in time)

The first equation of (7.64) gives :

p€
g __ € xr £
Ky = ERgy + —— AL,
K
x

and hence, using the fact that

£
Pz

£
HI

< 1, together with (7.69), we get :

£
P

3

x

[Aello,v < c7. (7.71)

[ = erE oy < \
00,V

Also, by (3.24), we have :
16 oo, < 1.

This uniform bound on k° together with (7.71) permit to use Lemma 3.4 to
conclude that

|k5(x,t) — K5 (z, t + h)| < csh®, (2,t),(x,t+h) €V, 0<pB<1, (7.72)

which controls the modulus of continuity of k* with respect to ¢ uniformly in €.
We now move to control the modulus of continuity in space.

Step 2.2 (An e-uniform bound on S(0))

Recall the definition (5.43) of S(¢) :
S(t) = / > 0% (x, 1) log 05 (2, t)da,
I 4

with

K 5
=

/{076 + pO,e /{076 + pO,e K,O,s _ pO,s K,O,s _ pO,s
0= [ (S5 ) ¢ [ e ()

Using the elementary identity rlogz < 22 and (z+y)? < 2(2?+y?), we compute :

K,O,s + pO,s 2 K,O,s _ pO,s 2
S(0 < T T T T
o = [(55) ()

< N5+ lsacll5 (7.73)

H:I:,s _

N
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7. Proof of the main theorem

From (4.37) and (4.38), we know that :

P+erd | |0 +e

0,8 — < 0 1
1p;°| a7 |SaseEs Pl + 1,
and o
527 = |5 < w2+ 1
1+¢

Using the above two inequalities into (7.73), we deduce that :
S(0) < 2(llpzlla. s + llsallz.; + 2)-

Step 2.3. (Control of the modulus of continuity in space and conclusion)

We use the uniform bound obtained for S(0) in Step 2.1, together with the special
control (5.47) of k5 given in Corollary 5.2, we get for all 0 <t < T :

2
T
| et og(ic e 0)dn < 21N+ 21 +2) + T 1
I

therefore

//@fc(:v, t)log(ki(z,t))dr < cg, VO<t<T. (7.74)
I
Inequality (7.74) permit to use Lemma 5.4, hence we obtain :

5+ B t) = (1) < 4 1§1g°h| , (2,t), (x + h,t) € Ip, (7.75)

Inequalities (7.72) and (7.75) give the equicontinuity of the sequence (k%). on V,
and again by the Arzela-Ascoli Theorem, we get :

K® — K, (7.76)

up to a subsequence, uniformly on V as ¢ — 0.
Step 3. (Convergence of p°)

As in step 2, we control the modulus of continuity of p° in space and in time,
locally uniformly with respect to €.

Step 3.1. (Control of the modulus of continuity in time)

The second equation of (7.64) gives :

5 e _ A€
Pt — EPxx _Am>

201
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hence, from (7.69), we deduce that :

0] — epiellonv < cr,

and from (3.24), we have :
1% oo v < 1.

The above two inequalities permit to use Lemma 3.4, we finally get :
|p°(x,t) — p°(z,t + h)| < csh®, (x,t),(z,t+h) €V, 0<pB<1, (7.77)
which controls the modulus of continuity of p* with respect to ¢ uniformly in ¢.

Step 3.2. (Control of the modulus of continuity in space and conclusion)

The control of the space modulus of continuity is based on the following obser-
vation. From (3.23), we know that |p5| < k5 on Ir. Using this inequality, we get,
for every (x,t),(x + h,t) € Iy :

z+h

z+h
0" (z+h, 1) —p"(z, )| S/ 105 (y, ) |dy S/ ke (y, t)dy < |r*(z+h, 1) =K (2,1)].

Inequality (7.75) gives immediately that :

C10

© —p° < Ir. .
|p ($+hat) p (l’,t)| = |logh|’ (l’vt%(l’_‘_hat) Sy (7 78)
From (7.77) and (7.78), we deduce that :
p° = p, (7.79)

up to a subsequence, uniformly on V as ¢ — 0.
Step 4. (Convergence of p and conclusion)
In fact, this follows from Step 1, Step 2, and the fact that
py = A+ TK" — pg, (7.80)
uniformly on V' as ¢ — 0. In this case, we also deduce that
A=p, —TK.

The proof of Proposition 7.1 is done. O
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7. Proof of the main theorem

We now move to the proof of the main result.

Proof of Theorem 1.1. We first remark that x° is a viscosity solution of the
first equation of (7.64) :

Kik, —eRrLKL, — poAS =0 on  Ir. (7.81)

Indeed, let ¢ € C?*(Ir) such that k° — ¢ has a local maximum at some point
(x9,t9) € Ip. Then Dk® = D¢ and D?*k® < D?*@. From this and the fact that
kS > 0, we calculate at (o, ) :

Oibr = EGutar — PLAT = KRS — ERSOme — PLAS

€ € € € c pe
KiRy = ERpRpe — p:ch
0.

IA A

On the other hand, if kK — ¢ has a local minimum at (zg, ty), we similarly get :
¢t¢m - 5¢w¢wx - piAZ Z 07
and hence k° is a viscosity solution.

Remark 7.2 The equation (7.81) can be viewed as the following Hamilton-Jacobi
equation of second order :

H*(X,Dr?,D*:5) =0, X = (z,t) € Ip (7.82)
with
DI{,E = (/{];’Ki) and D2/€8 _ < l‘iﬁx K}:gt ) ’
Kig KRy

where HE is the Hamiltonian function given by :

H®: Ip x R* x Mgy, — R
(X,p, M) — H(X,p, M) = pips — ep1 M1y — p5(X)AS(X),
(7.83)
p = (p1,p2) and M = (M;j); j=1,2-

From (7.70) and (7.80), we deduce that (H¢). converges locally uniformly in
It x R? x M2*2 to the function H given by :

sym

H:Ip xR®x M3, — R

(7.84)
(X7p7M) — H(X7p7M>:p1p2_px(X)Am(X>‘
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This, together with the local uniform convergence of k° to x (see 7.76), and the
fact that x° is a viscosity solution of (7.81), permit to use the stability of viscosity
solutions (see Theorem 3.7), which proves that x is a viscosity solution of

H(X, Dk, D*k) = KRy — peAe =0 in  Ip. (7.85)
We now pass to the limit € — 0 in the second equation of (7.64), we obtain
pr=A, in D'(Ir). (7.86)

From (7.85) and (7.86), we get :
1. K is a viscosity solution of Kk, = pyp, in I ;
2. pis a distributional solution of p; = p,, — 7K, in I7.

Let us now prove inequality (1.14). Let ¢ € C§°(Ir) be a non-negative test func-
tion. From (3.23), we know that

AR
and hence
Kk, >pS and kK, > —pS in Ip.
Multiplying these inequalities by a test function ¢ € D(Ir), ¢ > 0; integrating
by parts over I, and passing to the limit as € — 0, we obtain
Ke > pr and Kk, > —p, in D'(I7),
therefore
Ky > |pe| in D'(Ir).

Finally, let us show that the two solutions p and k can be extended by continuity
to the parabolic boundary of Ir, in order to retrieve the initial and boundary
conditions. Indeed, the local uniform convergence (p°, k%) — (p, k), together with
the uniform control of the modulus of continuity of these solutions :

— with respect to x near 9 x [0,7] by (7.75) and (7.78);
with respect to t near I x {t = 0}, away from 0 and 1 by (7.72) and (7.77),

and the fact that K% — %, p®¢ — p° uniformly in I,
k°(0,.) — 0, k°(1,.)=1, p°=0 on Ol x[0,7],

show that (p, k) € (C(Ir))?, so the initial and boundary conditions are satisfied
pointwisely, and the proof of the main result is done. O
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8. Appendix

8 Appendix

A1l. Proof of Lemma 3.4 (control of the modulus of continuity in time)

Let V be a compactly contained subset of I7. Throughout the proof, the constant
¢ may take several values but only depending on V. Since V' CC Iy, then there
is a rectangular cube of the form

Q = (71, 2) X (t1,t2),

such that V' CC Q CC Ir. In this case, there exists a constant ¢, also depending
on V such that for any
0<e<eg,

and any (z,t) € V, we have :

(x —2v/e, o+ 2V/e) x {t} C Q.

Moreover, for any (z,t), (z,t+ h) € V, we can always find two intervals Z and J
such that
(t,t+h)CcZcCJ,

with
{z} xZT CcQ and {z}xJ CQ.

Let us indicate that these intervals might have different lengths depending on A
and V but we always have

T, 1Z] < [t — ta].
Consider the following rescaling of the function u® defined by :
u°(z,t) = u®(vVex, ). (8.87)
This function satisfies
=g, + [% (v,1) € (0,1/vE) x (0,T),
where fe(x,t) = f¢(v/ex,t). Take (zo,t0), (o, to + h) in V, and let
Q1= (o — Ve, w0+ vVe)x I and Qy = (xg—2Ve, xo +2VE) x J.

These two cylinders are transformed by the above rescaling into

Zo Zo

_ (&0 _ 4 To 3. — (o5 to
Q1—<\/E 1,ﬁ+1)x2 and Q2—<ﬁ 2,\/E+2)xj.
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We apply the interior L?, p > 3, estimates for parabolic equations (se~e for instance
[68, Theorem 7.13, page 172]) to the function u° over the domains Q; CC Qy, we
get R
10 [y21 g,y < clllall, e, + 1/°1,6,)- (8.88)
p(Q1)

We compute :

]I}

_ e P
Lp(0n) = /Q2 |a®(x, t)[Pdzdt
= / |u® (vex, t)|Pdxdt
Qs

1
= — |u(y, t)|Pdydt
\/g Qo
< ¢ (8.89)

where for the last line, we have used the local uniform boundedness of (u°)., and
in exactly the same way (from the local uniform boundedness of and (f¢).) we
obtain :

I 5,y < (8.90)
Therefore, from (8.89), (8.90), inequality (8.88) implies :

1@ [lyy21(5,) < c (8.91)

We use the Sobolev embedding in Holder spaces (see for instance Lemma [54,
Lemma 2.8]) :

W;?’l(él) — Ot 1+Q(Ql) p>3, a=1-3/p,
to obtain, from (8.91), that :
“Il

1+a ~ <C

||u Cl+a (Ql) — 9

and hence

|[0°(w0/ /8, to + h) — 0 (z0/ /€, t0)| <

h—=2
then from (8.87),

€ t h) —u® t
|u®(zo, to + 1)+_a u® (o, to)| <

h—=2
Choosing 8 = H—O‘ we get the desired result. a

A2. Proof of Lemma 3.5 (An interior estimate for the heat equation)
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Recall that a is a solution of the heat equation on I,
A = Ay

The proof of lemma 3.5 depends mainly on a mean value formula for solutions of
the heat equations. Usually, basic mean value formulae of the solution of the heat
equation are expressed through unbounded kernels (see for example [37, Theorem
1]), where a can be expressed as :

a(zo, to) = (dmr?)~Y/? / alx t)dedt. (8.92)
’ Qr(xmto) ’ 4<t0 - t)2

Here, (xg,t0) € I7, (x,t) € Q.(Xo), and r > 0 small enough in order to ensure
that the parabolic ball of radius r :

2
Q. (0, t0) = {(:):,t); to—1% <t <ty (v—m)?<2ty—1) log( r )} c Ir.

to—1
(8.93)
In our case, we need a mean value formula similar to (8.92) but with a bounded
kernel on §2,.(zg, tp). In [42], the authors have given such a representation formula
for the solution of the heat equation. We present their result in a simplified
version.

Theorem 8.1 (Mean value formula with bounded kernels, [{2, Theorem

3.1])

Let u € C*(D) be a solution of the heat equation :
Up = Ugy 0N D,

where D is an open subset of R? containing the modified unit parabolic ball

1(0,0), with
1(0,0) = {(z,1); =1 <t <0, 2* <8tlog(—t)}.
Then we have :
u(0,0) :/ u(z, t)E(x, t)dzdt, (8.94)
Q1(0,0)
where the kernel E satisfies :

1E(z,t)]|c0.0,00) < € (8.95)

and ¢ > 0 is a fized positive constant.
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Remark 8.2 The above Theorem is an application of [42, Theorem 3.1] in the
case m = 3. In this case, an explicit expression of E is given by :

ws 32 [ 22 3(—2% + 8tlog(—t))

E(x,t) = —2% + 8tlog(—t -
(#,8) = g5 (—a" + 8tlog(—)™" | 75 2012 ’

where ws is the volume of the unit ball in R®. For a more general expression of
E, we send the reader to [42, Equality (3.6) of Theorem 3.1].

Using the parabolic rescaling, we can obtain a similar mean value representation
at any (g, t9) € R?. More precisely, we have :

Corollary 8.3 (Mean value formula at any point (xy,t,) € R?)
Let uw € C*(D) be a solution of the heat equation :

U = Uy on D,

where D is an open subset of R? containing the modified unit parabolic ball
Q;«(l’o,to), r >0, with

2
Q;(Zlfo,to) = {(l’,t); t() — 7’2 <t < t(), |£L’ — l’0|2 < 8(t0 — t) log (t " T,) } .
0 —
Then we have :
c r — 2o t—to)
u(xg, tp) = ———— u(z,t)E , dxdt, 8.96
(w0, o) €2, (o, to)| Q! (zo,t0) (z1) ( r r? ( )

where ¢ > 0 and | (g, ty)| = crd.
Back to the proof of Lemma 3.5. Since V' CC Iy, then there exists a fixed
ro = ro(dist(V, " I7)),

such that :
Q;O(Jfo,to) C ]T, v (xo,to) eV.

We use the mean value formula (8.96) at the point (xg, %), we obtain :

— oz t—t
a(z, to) = 7"0_3/ a(z, t)E (I o - 0) dudt,
Q. (zo,to)

and hence from the L bound (8.95)of E on €}(0,0), we deduce that :

“lallzr,

lallco,v < crg
where the constant ¢ is given by (8.95). Finally, we obtain :
lallpyv < erg®VIYPllal 15,

and the result follows. O
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Chapitre 6

Résultats préliminaires sur quelques
algorithmes pour les equations de
transport

Ce chapitre présente quelques résultats numériques préliminaires obtenus dans
le cadre d’un contrat CEA/CERMICS portant sur les méthodes Fast Marching
appliquées aux équations de type transport. Ont participé a ces discussions : O.
Bokanowski, A. Briani, A. El Hajj, N. Forcadel, A. Ghorbel, P. Hoch, H. Ibra-
him, C. Imbert et R. Monneau. L’objectif est d’explorer les idées de la méthode
Fast Marching classique [86] et de les appliquer pour les équations de transport.
Cette methode repose sur I’équation level set pour I’évolution d’un front avec une
vitesses normale. Dans cette direction, nous discutons plusieurs algorithmes, et
nous présentons quelques tests numériques d’un algorithme basé sur le splitting.
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Résultats préliminaires sur quelques algorithmes pour
les equations de transport

CERMICS - Equipe EDP et materiaux
&)
CEA

Toutes les simulations numériques ont été effectuées par :

H. Ibrahim

Résumé
Nous rassemblons ici quelques résultats préliminaires obtenus dans le cadre d’un contrat
CEA/CERMICS-ENPC portant sur les méthodes Fast Marching appliquées aux équa-
tions de type transport.

1 Introduction : rappel au cas d’une équation ei-
konale non convexe

Dans le cas d'une équation eikonale non-convexe, la méthode “Fast Marching”
permet de propager un domaine ) suivant le vecteur c.ii ou ¢(x,t) est une fonc-
tion donnée et 7 le vecteur normal a €.

Dans ce qui suit, on va donner l'idée générale de la démarche de I'algorithme.
On le décompose en plusieurs étapes et dans chaque étape on I'applique au cas
particulier ou

Q={(z,y) eR%y >z}, ¢>0. (%)
Prenons € un ouvert dans R?. Nous discrétisons ’espace comme suit :
xr = (xy,, 1) = (1Ax, i Ax),

ot I = (iy,i3) € Z%, et Ax > 0 est un pas de I'espace. Les voisinages d’un point
I € Z? sont les quatre premiers points a gauche, droite, haut et bas (voir Figure
6.1).
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1. Introduction : rappel au cas d’une équation eikonale non convexe

Fi1G. 6.1 Voisinages d’un point

Etape 0.
A l'étape n =0, on a :
Qo=

et 69 est une fonction représentant g, définie par :
0 +1, si x5 €,
— 1, sinon,
FY = 0{1,6) = F1},

et
FO=F)UF°.

Dans notre cas particulier (%), voir Figure 6.2 pour une représentation géomé-
trique.

c>0
o iEHE
e L o
=1 |+ +F - 06=-1
,,,,,,, A A

F1G. 6.2 Représentation géométrique pour (*).
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Maintenant, on commence a expliquer 1’algorithme pour n = 1.

Etape 1.
On initialise le temps dans F© :

uy =0 sur F°
Etape 2.

On initialise 4! sur tout le maillage :

n—1 n—1
R 1 pour J € I}
Uyp g =

00 sinon.

Etape 3.

Cette étape va étre intéressante pour trouver les points qui ont une chance de
bouger. On calcule @"~! sur F"~! comme suit :

pour I € F! on a

(a) si £c}71 >0, af ! = o0,

(b) si &}~ < 0, on calcule @}~ comme solution de I'équation suivante :

2 2
A 2
Z (max (0 uy = Ilki)) = |(c :?:1)|2 sileFnt,

n
k=1 I
2 2
~n— ~n—1 ( ) n— 1
max 0,u1 — U = =i sileFY
k=1 + |CI |

ou
[l’i:(il:l:l,Zé) I2i (Zl,Zg:l:l)

En remarquant que (a) représente le cas des points qui ne bougent pas. Ce qui
correspond & F dans (x). En outre, dans (b) on calcule le temps aux points qui
ont une chance de bouger en passant par la discrétisation de I'équation |Vu| = c.
Ce qui correspond a F_ dans (*).

Etape 4.
Pour trouver les points indiqués dans I’'Etape 3, il suffit de définir

t, =min{a? !, I € F* '},

ce minimum est atteint aux points qui vont bouger. Si t, est assez grand, on
le modifie pour bien controler la propagation (voir les étapes 7, 8 et 9, page 6
dans [11]). Sinon, on accepte ces points oul le minimum est atteint et on note par

NAY, ={I e F{"" a} ' =t,}, NA" = NA" UNA"
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2. Une premiére approche basée sur les fronts

I’ensemble des points "new accepted". On peut vérifier facilement que NA = F_
dans (%). Pour terminer, on réinitialise 67 :

—1sile NAY
=49 +1sile NA"

9?‘1 sinon

On redéfinit F™ de la méme facon que dans I'Etape 0 et on réinitialise u” sur F”
(voir étape 12, page 6 dans [11]).

On remarque que dans notre exemple (x), les points de F'~ vont changer leur
signe de — en +. Ce qui montre que le domaine €2 défini dans (x) bouge bien
comme il faut.

2 Une premiére approche basée sur les fronts

2.1 Un algorithme basé sur les fronts + et —

Nous nous mettons dans la situation d'un champ de vecteur a constant (en
espace et surtout en temps) pour simplifier.

Mise en place.
Nous supposons donné au temps initial :

e {+1,-1},VIeZ?
AY un sous-ensemble de F° C Z?

09=69 VIeF°
Ici le front F° sera défini ci-dessous. L’ensemble A° est un peu artificiel au temps

initial, mais peut décrire I’ensemble des points récemment acceptés (hypothéti-
quement dans le passé).

Nous allons construire par récurrence une suite de temps t,,, et 7 € {41, —1}
et d’ensembles A™. Nous allons aussi construire des valeurs 67 sur le front (définies

ci-dessous).

Notons les fronts

Fr=0{0"=—1}, Fr=0{0"=+1}, F'=F'UF"
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Ici on rappelle que OF = V(E)\E avec V le voisinage discret. Nous supposons
donné au temps t,, les quantités :

(07 € {+1,-1}, VI eZ?
A" C F"

0r eR, VIeFn
=07, VIe A"

si] e F™\A", alors {

(2.1)

0y <1 si 0y =—1
0y >—1 si 0} =

\

Construction de I’étape n + 1. 3
Nous allons construire un temps t,,41 > t, et les quantités g7, Frtl Antl gntl,
Pour I € F™, on pose

et pour ¢ > t,,
1 “n Z |a0l| 9?&170& l{jsa,aez2\(F£\An)} si € FLL\An
591 (t) = a=1,2
0 si. [ e A™,
avec £, = —sgn(a, ), et ot pour I = (iy,143), on note

IV = (iy £ 1,4y), I7?% = (iy, 49 £ 1).
On définit alors
T—— {t >ty —OM0(t) <1,V € F"} .
On définit alors les nouveaux points acceptés, par

NA™ = {J P, —0M00(tsy) = 1},

et on pose
gl — -0} si 1€ NAm+!
T e osi [eZP\NA
A = NAM Y AT
ou

i il n’existe pas de points J € (V(I)\ {I}) N NA"*!
A" =T e Avn it
tels que 071 #£ 07!
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2. Une premiére approche basée sur les fronts

et pour I € Ft:

i 07 (tprr) si I e Frn Frtt
9?—1—1 —

gyt si [ € P\ Fm.

Il est alors facile de voir que —9}”15}”1 < 1 pour I € F"! ce qui prouve en
particulier les propriétés de (2.1) sont vérifiées a ’étape n + 1.

Remarque 1 : il faudrait vérifier que ¢, < 400!

Remarque 2 : Attention, ici § peut sortir de Uintervalle [—1,1]. Par exemple,
partant de —1, il peut descendre sous la valeur —1 avant de remonter a la valeur 1.

Question : Le schéma est-il monotone 7 Quel role joue 'ensemble A™ dans cette
monotonie 7

2.2  Quelques éléments sur la discrétisation des droites

Nous rassemblons ici quelques remarques (fondamentales, mais relativement
élémentaires) sur la bonne discrétisation des droites sur un réseau Z2.

Pour fixer les idées considérons le demi-plan

P
II = {X = (1’1,1’2) € R2, Ty > @l’l}

avec
PQeN, 1<P<(@Q, Pet(Q premiersentre eux.

Nous allons identifier IINZ?, pour cela, nous avons besoin d'une petite construc-
tion arithmétique.

Construction arithmétique.
Pour j =1, ..., P, effectuons la division euclidienne

jQ:k’jP—l—’l"j, 0§’f’j<P

avec des entiers naturels kj,rj. Remarquons en particulier que par construction,
on a kjy1 > kj+ 1. On pose alors

Xo=1(0,0), X;=1(kj,j) pour j=1,..,P
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et

P-1
BOZ{X()}U <U {Xj+(T,1), Tzl,..,]fj+1—]€j}) y
7=0

Do = | J {kXp + Bo},

keZ
Iy = Dy +N- (0,1).

On peut alors vérifier (avec un peu de travail) le résultat suivant :

Proposition 2.1 (Identification d’un demi-espace sur un réseau)
On a IINZ? = 1l,.

On note
f(X) = QZIZ’Q - PZL’l.

Avec du travail, il est possible de voir qu’on a le résultat suivant :

Proposition 2.2 (Complément arithmétique)
Il existe Y* = (y5,ys) tel que f(Y*) = —1, et

0<y;<Q, 0<y; <P
Y* e Dy+ (0,—1).

De plus
’ [X €22 f(X) >0} =TI,
{(XeZ? f(X)=0} = Ukez 1k XP}
{(XeZ0> f(X)>—-1}=0
(XeZ f(X)=—-1}= Upez Y+ EXp}.

Ce résultat s’interpréte en disant qu’a chaque avancée discréte de la droite (la
droite descend dans le plan), on accepte un seul nouveau point par tranche de @
cases horizontales. Par ailleurs la structure de la droite discrétisée est la méme a
translation prés suivant Y*.

Par exemple pour la droite Dy les derniers points sont (0,0) mod(Xp). Pour
la droite suivante, les derniers points acceptés sont les Y* mod(Xp), et le nou-
veau front compte alors un nouveau point, précisement Y*+ (0, —1) mod(Xp). Ce
nouveau point du front va occuper successivement les () cases relatives possibles
sur le front au fur et & mesure de I'avancée de la droite.

- Précisément, il va rester d’abord () — P étapes avec ses voisins de gauche et de
droite hors de la région atteinte par la droite.
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2. Une premiére approche basée sur les fronts

- Puis, il va rester P étapes avec son voisin de gauche atteint par la droite.

- Enfin, a la derniére étape, ce point sera atteint par la droite.

2.3 Applications au calcul de la vitesse effective de la droite,
prédite par I’algorithme basé sur les fronts + et —.

On définit la normale a la droite v = ——— (P, —Q). On s’intéresse au cas
/P22 )

ou le champ de vitesse a = (ay, ay) vérifie
a-v>0.

Pour la droite Dy le dernier point accepté est 'origine Xo. Le nouveau point du
front est Z = (0, —1). On pose donc 6% = —1.

I : Calcul dans le cas : ay,as > 0 sur le front —.
Pendant () — P étapes, les voisins upwind de Z ont un 6 egal a —1. Seulement,
le voisin upwind horizontal fait partie du front —, et par conséquent ne peut pas

contribuer au calcul de 6. Par périodicité discréte, on peut supposer que chaque
étape a lieu sur un intervalle de temps At > 0 identique. On tire donc

09" =6 — 2(Q — P)At ay < —1.

Puis au cours des P étapes suivantes, le voisin Z + (—1,0) a un 0 égal a 1 (et est
un point accépté faisant partie des A” pour Q — P <n < @ — 1). Ainsi, on a

1= ég = ég_P + 2P At (—ag + 0,1)

ce qui donne

2=0% — 0% = 2At (—Quay + Pay).

At=1/(a-v \/P?+ Q?).
Remarquons maintenant que la distance effective parcourue par la droite durant

ces ) étapes, est Y* - v = 1/4/P? + Q2. La vitesse normale effective est donc
(distance divisée par le temps)

D’ou

Y*-v/(At) =a-v

ce qui est effectivement le résulat voulu.

Sur le front +.
Remarquons que le dernier point accepté, par exemple l'origine (0,0) (au temps
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initial) fait alors partie du front +. Il pourrait a priori évoluer. Si on ne se rap-
pellait pas qu’il s’agit d’un point de A° on aurait (si on oubliait aussi qu’on a
éventuellement (—1,0) € F?)

1=
5‘9:@1—@220

ce qui est parfait. En revanche si on se rappelle (et si on est dans ce cas-1a) que
(—1,0) € F?, alors on obtient seulement :

ce qui aurait tendance a faire disparaitre le point (0, 0) juste accepté, par exemple
en un intervalle de temps At' = 1/ay qui peut étre inférieur a At, si ay vérifie

P P
a; < ag < —aj.

Q+1 Q

Ce n’est pas raisonnable, et cela justifie donc 'utilisation des ensembles A™.

IT : Calcul dans le cas : a; > 0,ay < 0 sur le front —.

Ici, le voisin upwind vertical de Z a un 6 toujours egal a 1. Par ailleurs, pendant
) — P étapes, le voisin upwind horizontal de Z a un 6 egal & —1. Comme dans le
cas précédent, le voisin upwind horizontal fait partie du front —, et par conséquent

ne peut pas contribuer au calcul de 6. En supposant toujours que chaque étape a
lieu sur un intervalle de temps At > 0 identique, on tire donc

09" =6 —2(Q — P)At ay > —1.

Puis au cours des P étapes suivantes, le voisin Z + (—1,0) a un 0 égal a 1 (et est
un point accépté faisant partie des A” pour Q — P <n < @ — 1). Ainsi, on a

1= ég = ég_P + 2P At (—ag + 0,1)

ce qui donne

2 =0% — ) = 2At (—Qay + Pay)

et a nouveau le At est le méme qu’au cas précédent, et donc la vitesse effective
est la bonne.

Sur le front +.
Si on ne se rappellait pas que (0,0) est un point de A%, on aurait (si on oubliait
aussi qu'on a éventuellement (—1,0) € FY)

1=
5‘9:@1—@220
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2. Une premiére approche basée sur les fronts

ce qui est parfait. De méme, si on se rappelle (et si on est dans ce cas-1a) que
(=1,0) € F?, alors on obtient :

1=
59:—a2>0

ce qui est tout aussi bon. Dans ce cas-1a, 'utilisation des ensembles A™ ne semble
pas nécessaire.

III : Calcul dans le cas : a;,as < 0 sur le front —.

Ici encore, le voisin upwind vertical de Z a un 6 toujours egal a 1. Tant que le
point (1,0) n’a pas été accepté, le voisin upwind horizontal de Z (cad Z + (1,0))
ne fait pas partie du front —, et par conséquent il contribue au calcul de 6. Cela
a lieu durant P etapes. La raison est que f((1,0)) = —P, et donc que le point
(1,0) est accepté exactement aprés P étapes.

En supposant toujours que chaque étape a lieu sur un intervalle de temps
At > 0 identique, on tire donc

éP = éOZ + 2P At (CL1 — CLQ)
(qui est inférieur & —1 si a1 < ag, et supérieur sinon). Puis au cours des @) — P

étapes suivantes, le voisin Z+ (1, 0) fait alors partie du front —, et par conséquent

ne peut pas contribuer au calcul de 6. Ainsi, on a
1=60% =0 —2(Q — P)At ay
ce qui donne . .
2 =09 — 0% = 2At (—Quay + Pay)

et a nouveau le At est le méme qu’au cas précédent, et donc la vitesse effective
est encore la bonne.

Sur le front +.
Si on ne se rappellait pas que (0,0) est un point de A%, on aurait (et ici (1,0) € F?)

1=

—0=a,—a

5 1 — Qg
(qui est positif si a; > as (bon cas) et négatif si a; < ay (mauvais cas). Ainsi on
pourrait avoir At' = 1/(as — a1) < At si

P P+1

—(—0,1) < —ag <

Q
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Chapitre 6 : Résultats préliminaires sur quelques algorithmes

Ici il n’y a pas d’autre cas, car on ne peut pas avoir (1,0) € F?, dés la premiére
itération. Ici encore, 'utilisation des ensembles A™ semble nécessaire.

Remarque : Il faudrait eventuellement voir dans le menu détail, ce qui se passe
sur les points du front +, pour les autres points que le dernier accepté, dans la
situation précédente inchangée.

2.4 Inconvénients de 'algorithme précédent

L’algorithme précédent n’est pas monotone, comme le montre ’exemple
suivant.

Exemple 1
On considére I’évolution avec donnée initiale

07 =1 sietseulement si [ = (I;,I,) avec I, >1 ou (=1 et I[,<0)

et 60 égal A —1 dans le complémentaire, avec I'initialisation 69 = #°. On suppose
que
a = (a,az) avec aj,as <0,

le vecteur a étant suffisament proche de la verticale. On peut comparer a I’évo-
lution ayant pour donnée initiale

09 =1 sietseulementsi I= (I, ;) avec I} >1

e e 1. . ~0 N , .. .
avec l'initialisation § = 6°. On trouve aprés quelques étapes que le principe d'in-
clusion n’est pas respecté.

Par ailleurs I'algorithme peut créer des oscillations sur le front pour des
droites qui se propagent. Cela vient du fait qu’il n'y a pas unicité des solutions
périodiques en temps qui permettent de propager les droites avec cet algorithme.
La propagation des droites a la bonne vitesse, comme vérifié dans la section pré-
cédente supposait certaines valeurs particuliéres de 6 sur le front au temps initial.
Comme le montre 'exemple suivant, on obtient d’autre modes de propagation
possible, qui exhibent des oscillations du front (non-convexité du front).

Exemple 2
On considére la donnée initiale

09 =1 sietseulement si [ = (I1,I,) avec I, <3
avec Dinitialisation 8° = 6°. On suppose que

a=(ay,as) avec ag,as <D0,
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2. Une premiére approche basée sur les fronts

le vecteur a étant suffisament proche de la verticale. Aprés quelques étapes, on
tombe sur une solution périodique en temps, exhibant un front qui peut prendre
deux formes (une étape sur deux) : la forme classique approximant une droite, et
une forme non convexe présentant des oscillations.

L’inspection des exemples précédents montre que le schéma est particuliére-
ment non monotone dans les cas qui correspondent au cas I de la section pré-
cédente ou bien au cas IIT si |a;| > |az|. Ces deux cas sont les cas & probléme,
qu’il va falloir corriger dans la section suivante.

2.5 Ce que pouvait étre un bon algorithme ?

Précisons d’abord qu’on ne cherche pas un algorithme qui soit complétement
monotone. On demande seulement les deux propriétés suivantes :

1. Consistance : il existe une évolution des droites qui les propage a la bonne
vitesse (en préservant le fait que le front est un graphe monotone dans un repére
adapté paralléle aux axes du maillage).

2. Monotonie : les évolutions précédentes des droites fournissent des fonctions
barriéres (dont on ne peut briser le principe d’inclusion).

En d’autres termes, on ne demande I'existence d'un principe de comparai-
son uniquement lorsqu’on compare aux droites (mais pas aux ensembles
en général).

En préambule, on remarque que dans certains cas, faire évoluer les 6 en chaque
point du front, est équivalent a faire évoluer les “parties connexes” du front. Ces
parties connexes sont des barres, et on peut les faire évoluer en regardant 1’évo-
lution du “bloc” et non pas celle de ses constituants individuels. Il y a plusieurs
interéts a faire cela :

1. on retrouve l'interprétation réservoir, qui était le point de départ.

2. on retrouve la monotonie sur ces blocs dans les cas 1T et 11T (mais pas dans le
cas I, sans rien faire d’autre).

3. on n’a pas a définir I'ensemble A", car pour savoir si ¢’est le front + ou — qui

est activé, il suffit de calculer le 8 du bloc. Clest le signe de 6 qui va indiquer
quelle zone est en train de grandir, et donc quel front il faut activer.
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3 Un algorithme de splitting

3.1 Préambule

Nous avons renoncé a I’algorithme de la sous-section 2.1, base sur les fronts
+ et —, car il ne propage pas correctement les coins. Nous allons introduire un
nouveau algorithme de type splitting.

3.2 Un algorithme basé sur le splitting

On suppose (si nécessaire pour simplifier) que la donnée initiale ne contient
que des blocs de cases 2 x 2 (cela évite d’avoir deux cases noires qui se touchent
sur la diagonale, le tout sur fond blanc). On travaille avec a, > 0 pour oo = 1, 2.

On définit F™* comme d’habitude, cad
Fro={IeZ 6} #0607}, FP*"=F"n{0"==1},
et on considére en plus les coins supérieurs droits
o" = {]’ [1,— c Fn72’ 12,— c le’ et ? — 9}37 = 9?27} .
On va définir #™* partout sur
F = Freucn
vérifiant I'évolution suivante pour I € F%
07 (tn) = 07, 07°() = |aal
et on pose
o
a=1,2
On définit alors I'ensemble des points acceptés (du premier coup) :

artte L1 g e i (te) =1},

An+1 _ U {[ c An—l—l,a ot %™ g An—l—l,o‘z}’

a=1,2

ol
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3. Un algorithme de splitting

On définit aussi I'ensemble complémentaire des points acceptés (les coins supé-
rieurs droits acceptés)

An—l—l — {]’ [1,— c 14n—|—1,27 [2,— c An+1,1}

et 'ensemble complet des points acceptes

AT = Aty Antt
On remet alors a jour les 6 :
. —n+1
-0} si e AT
9?+1 —
07  sinon.

. . o . —n+1
Maintenant on procéde ainsi pour tous les points I € F'

1. (Premier passage). Pour chaque o = 1,2 et pour tout [ € e N Fn’a, on
définit

én—l—l,a L én,a

1 =0 ().

SiTeCcrnF " et 9 € Avhe U A"+ alors on pose
é?“’a = 0.

Sile Fnﬂ’a\Fn’a, alors on pose aussi
é?“’a = 0.

2. (Points acceptés). Si I € A"THa\ A"T1e on pose

0 (tpyr) i I € @

én—i—l,& .
I —
0 [ g Fre
Si [ € Avthin A2 on pose

07 =0 pour a=1,2.

3. (Nouveaux coins). Si I € C"™\C", alors J := (I'7)%>~ € A et

si Je Ay (AmHh N A2 é?“’a =0 pour a=1,2

223



Chapitre 6 : Résultats préliminaires sur quelques algorithmes

et si

nn+1
07 =0

seasmarna, gy G e e
9? LS

0 sinon.
4. (Nettoyage final). On pose pour tout I € Z?
grite =0 si TgFTH

. Gt
De plus si §77% = 1, alors on pose

nn+1
07 = 0.

4 Simulations numériques pour I’algorithme de split-
ting
Nous présentons quelques simulations numériques associées a l'algorithme de

splitting présenté dans la sous-section 3.2.

4.1 Simulation 1 : Cas d’un cercle avec une vitesse constante
a=(1,2)

i
NI

Fi1G. 6.3 TImage 0, @ = (1,2)
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4. Simulations numériques pour 1’algorithme de splitting

S

F1G. 6.4 — Image 10, @ = (1, 2)
-\_f-"-.-.

FiGc. 6.5 TImage 18, @ = (1,2)

Fi1G. 6.6 Image 23, @ = (1,2)
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4.2 Simulation 2 : Cas d’un carré qui tourne, @ = (—y, )

Fi1G. 6.7 TImage 0, @ = (—y, )

HE
L]

F1G. 6.8 — Image 38, @ = (—y, x)

T
|

Fi1G. 6.9 TImage 149, @ = (—y, z)
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5. Conclusion

-

-

F1G. 6.10 — Image 241, @ = (—y, x)

-
N

Fi1G. 6.11 TImage 373, @ = (—y, z)

5 Conclusion

L’algorithme de splitting, donné en sous-section 3.2, est exact sur les droites se
propageant suivant un champ de vecteur constant. Cependant, il n’est pas mono-
tone, ce qui crée des instabilités (voir Figure 6.11). Nous recherchons actuellement
un algorithme monotone (éventuellement un peu non local).
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Appendix : remarks on the model of
Groma-Csikor-Zaiser

In what follows, we give some heuristic physical and mechanical interpreta-
tions of the model of Groma, Csikor and Zaiser [46]. This model describes the
evolution of dislocations densities in a bounded crystal of length L (we take
L = 2), and it takes into consideration the short range dislocation-dislocation
interactions (see Figure 6.12). We recall that the original model in terms of the
positive dislocation densities 67 and 6~ is expressed by the following system of
equations :

+ 0F —0; +
0" = T)6 on (—1,1) xR x (0,7,

o+ +6-
A (5.2)
0, = [— <Hi+9i —7') H_L on (—1,1) xR x (0,7,
where 7 is the applied stress, and the non-local diffusion-like term
0 — 0
== . 5.3
[ (5:3)

is called the local back stress which is a consequence of the influence of the inter-
actions at a short distance between dislocations.

Letting
pr =05, p=pt—p  and k=p"+p, (5.4)

the connection with plasticity theory is established through the shear strain
that is related to the dislocation densities by the following relation :

hence
v =p (5.5)
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F1G. 6.12 — Geometry of the studied constrained channel.

where p represents the plastic deformation in the material.

Looking at the distribution of dislocation densities and strains within the
channel, we find that at high stresses two boundary layers emerge near the walls.
At equilibrium (after a long time), the structure of these boundary layers can be
analyzed by noting that at high stresses all dislocations are close to the walls,
with only negative dislocations at the left wall (p, = —k,) and only positive
dislocations at the right one (p, = k).

1. Coarse derivation of the back stress 7,. For the sake of simplicity, we will
put ourselves in the framework where we have N number of positive dislocations
in an infinite material situated on (—o0,0]. Let z;, i = 1...N be the position of
the i-th dislocation after applying a high stress 7. Denote

6=06",

the density of the positive dislocations. The goal here is to give a coarse calculation
in order to see how the diffusion term

0Ff —60- =0 =0

T

in the back stress 7, (see 5.3) could be derived. The total stress o applied at a
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given dislocation at the position x; can be given by :

o~ (Z oo(z; — x;) — Z(mean—ﬁeld stress)) +7

JF
= (ao * Z O, — Z(mean—ﬁeld stress)) + 7. (5.6)
Here

Ty = (O’O * Z O, — Z(mean—ﬁeld stress)) ,

and og(x; — x;) is the shear stress created at x; by a positive dislocation located
at z;, while the mean-field stress is due to the uniform distribution of the dislo-
cations in the vertical direction (see Figure 2.3 of Chapter 2).

Derivation from statistical mechanics. The idea of the derivation of the back
stress as it appears in the work of Groma, Csikor and Zaiser [46], relies on passing
form the discrete dislocation system, i.e. the equations of motion of individual
dislocations, to the continuum one by averaging over an ensemble of statistically
equivalent dislocation systems (for details of the averaging procedure see |44,45]).

It is worth mentioning that the discrete density of positive dislocations is given

by :
N

0° () = Z 5(x — ).

The dynamics of € due to the continuum description is given by :

6, = — (79 + /9++(x>y,t)<fo(x - y)dy) :

T

where the two-particle density function appearing in the integral may be inter-
preted as follows : 0, (z,y, t)dzdy is the joint probability to find at some time ¢ a
positive dislocation in an element of length dz at the point x and another positive
dislocation in an element of length dy at y. The simplest possible assumption is
that the two particle density function is a product of the single particle ones, i.e.

‘9++ (fL’, Y, t) = ‘9(5(7, t)e(ya t)

This assumption was considered by Groma and Balogh [45] in order to describe
the dynamics of the dislocation densities without any short-range interactions
(the dislocation arrangement are microscopically random).
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On the other hand it has been demonstrated that the dislocation-dislocation
correlations may introduce an internal length scale into the dislocation dynamics
and into associated plasticity theories. In [46], the short range correlation effects
was taken into account by assuming that

Orr(z,y,1) = 0(z, 1)0(y, 1) (1 + dyi(z — y)),

where d,, corresponds to the correlation function in a homogeneous dislocation
system. Finally, this gives rise to the diffusion-like local back stress that we are
going to give another non-rigorous derivation of it.

Non-rigorous derivation. We return our attention to (5.6). The mean-field
stress can be expressed in terms of oy as follows :

Z(mean—ﬁeld stress) = Nog * 0.

Let [; be a number related to x; by the following relation :

[ — (xz - $i+1)
(3 2 bl
and let
1
N = —.
€

Using the above identities and (5.6), we obtain :

1
T, ~ ——0g%*0+ 0gx* O,
b 270 0 ; i

_20’0 * (9 — 825%) .
We compute for a test function ¢ :

<9_5Z(s:ci>¢> = /9¢_5Z¢(xz)
Z/ 06— 3 olw).

Ti+1 i

12

12

We apply Taylor’s expansion of the function ¢ up to order 2, and we use the fact
that :
(25 — @i41) ~ ¢

I =
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we finally obtain :

0—e> 0a;0)

hence

therefore

which shows, in an approximate Way, the presence of 3 0 instead of ‘9 in (5.3). At

Th

12

" l
/qb — + higher order terms
1" E
2462

1
24 Cb (ﬁ) + h.O.t,

12

12

12

|
Q
o
*

|
B

|
™
(%)
&8

~

12
|
o

Q

o

*
A/~
N
~

e 20'
~ —51% x| — 7
~ 09_3’ C' is a constant,

least we recover the presence of 6.

2. Calculation of the displacement u inside the material. We write down
the equations of the displacement vector u inside the material when this is applied
to a constant exterior shear stress 7 on the boundary walls. We consider a 2-
dimensional crystal with the displacement vector :

u = (uy,up) : R? — R?,

For x = (x1,z5) and an orthonormal basis (ej, e2), we define the total strain by :

i.e.

() = 5 (Vu+ V),

1
Eij(u) = 5 (@ul -+ &uj)

(5.7)

233



Heuristic remarks

with

- )
81’]'

This total strain can be decomposed into two parts as follows :

d;u; iji=1,2.

e(u) = e%(u) + €7, (5.8)
where £°(u) is the elastic strain and e? is the plastic strain which is given by :
P = e, (5.9)
with

1 1701
50:§(el®62+62®61):§(1 0),

in the special case of a single slip system where dislocations move following the
Burgers vector b = e1 (for the details of our particular framework, see Section
1.2 of Chapter 2). Here + is the resolved plastic strain that can be expressed in
terms of the dislocation densities (see (5.4)) as :

y=p"—p =p

therefore (5.9) implies that
e? = pe’.

The stress field ¢ inside the crystal is given by :
o=A:e%(u),
where for 7,7 =1, 2,
oij = (A :e(u))y; = 2,u€fj(u) + Aiitr(ef(u)), (5.10)

with A, i > 0 are the constants of Lamé coefficients of the crystal that are assumed
(for simplification) to be isotropic, and d;; is the Kronecker delta symbol. This
stress field o has to satisfy the equation of elasticity :

dive = 0,
that can be reformulated as :
div (2ue(u) + Mr(e(u))ly) = div (2ue? + Mtr(eP) 1),

which implies that :

AU+ O+ )V (dive) = p < gjz ) — ( 8(1]p ) . (5.11)
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Here O;p = 0 is due to the homogeneity of the distribution of dislocations in the
eo-direction (see Figure 2.3 of Chapter 2).

Calculation of u. We first calculate the value of the displacement u on the
boundary walls. Remark first that since we are applying a constant shear stress
field on the walls, the stress field o there can be evaluated as : o - n = *£re,,
n = *teq,

0 7
b _
o —(T 0), on OI. (5.12)
Using (5.12) and (5.10), we can derive the following equations on the boundary :
O1up =0 on =z =-1,1,
. ! (5.13)
p(Oyug —p) =71 on x;=—1,1.
Equation (5.11) leads to the following two equations inside I = (—1,1) :
O1[(A+21)01uq] =0 I
1 [( )01 on (5.14)
81(81”2 — p) =0 on [.
Combining (5.13) and (5.14) we deduce that :
01u1 =0 on [
(5.15)

81u2—p:z on 1.
1

By the antisymmetry of our particular configuration with respect to the line
x1 = 0, and the fact that we are applying a shear stress on the walls, we eventually
have :

u1(0, 72) = uz(0,72) = 0,

which together with (5.15) finally lead :

ul(l’l,flfg) =0, (Il,l’g) el xR

T (5.16)

T1
ug(xy, 29) = ;ZEl +/ p(x)dz, (r1,29) € I X R,
0

where p can be computed from the following coupled system derived (see 5.4)
from (5.2) :

(5.17)

Pt = Prz — Thy (x1,29,t) € I x Rx (0,T), T >0,
Kty = PiPa (x1,29,t) € I xR x (0,T).
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As an elastoviscoplastic material of small size, the double-ended pile-up distribu-
tion of dislocations affects the internal contribution (displacement) of the material
near the boundary (see Figures 6.13, 6.14 and 6.15). It appears that the crystal
is perfectly elastic at a very small time ¢ = 07, while the plastic contribution
starts to take place at ¢ > 0 with two boundary layers created at the walls (see
Figure 6.15). The following figures are numerically computed after calculating the
displacement wus (see (5.16)) by discretizing (5.17) in order to calculate p. Our
numerical scheme will be given later.

FiG. 6.13 — The material at ¢t = 0.

Fi1G. 6.14 — The elastic deformation at t = 0.
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F1G. 6.15 — The total deformation at ¢t = +o0.

It is worth noticing that equations (5.15) enables us to find explicit formulas
for the elastic and the plastic strain £°(u) and €P. In fact, using (5.7) and (5.15),
we deduce that :

€(u):€e(u)+55”:1< 0 ﬁg_p>:86(u)+1<0 p>7

2 ;—l—p 2\p 0

170 L
ge(u) —— < - 6 ) = 150’
2\ 4 W
which is independent of p in this particular framework.

hence

3. A proposed numerical scheme. We want to approximate the function us
given by (5.16) by proposing a numerical scheme to the system (5.17). Since the
problem is invariant in the es-direction, we will only make a discretization of the
interval I = (—1,1). Given a mesh size Az, At, we define

=={iAz, i€ Z,ie[-N,N|}, N=1/AxzeN,
as a discretization of I, and
Zr =2 X {O, ceny (At)NT},

as the whole grid mesh. Here N7 is the integer part of T'/At. The discrete running
point is (x;,t,), n € N, with z; = i(Az) and t, = n(At). The approximation
of the functions p and k at the node (x;,t,) will be represented by p! and x?
respectively. We choose the initial discretized function p? and kY as follows :

Pl =0 and &)=z, (5.18)
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n__ Piv1 — Pi—1 n_ Piv1 T Pic1 T 4P
(pl‘)z - QAZIZ' ) (pl‘l‘)z (A[L’)2 ’
and
K — g K — g
(K':c):—n = H_IA - ) ('%x)z_n = — A — :
T T
Define

ey = LT (i (pea)i <0,
T (02 ()i 2 0,

where a™ = max(a,0). We consider for |i| < N, 0 < n < (At)Nr, the following
scheme :

( n n
it = [ e ey 0
ZTtZ — (fix)?
— (p.); it (k)] =0
n+1 n
Ll 1
PP ()t — () :19)
K'y=-—1 and ky =1
;N . N Dirichlet boundary conditions.
[ Pin=pn=0

We also assume the following CFL condition :

H? - H? n n 1 S z
| < HAx ) (Fipr = &7) i (pa)i (pza)i <0

(5.20)

Ki = Kig _
n n ki —Kioq) b (p2)i (paz)i 2 0.

Discretization of u,. The previous scheme, together with (5.16) permit to make
the following discretization of s :

(i
Zp?Ax if ¢>0,
j=1

-1 (5.21)
— Zp?Ax if <0,
j=i

0 it +=0.

\
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4. Numerical simulations for (5.18)-(5.19), 7 = 1.8.

4.1. Evolution of p.

1

0.8
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-0.4

-0.6

-0.8

= L L L L L L L L L
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

F1G. 6.16 —p at t = 0.

1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

FiG. 6.17 p at t = 0.002.

0

-0.1

-0.2

-03

-04

-0.5

-0.6

-0.7,
-1 -08 -06 -04 -02 0 02 04 06 08 1

FiG. 6.18 pat t = 0.551.
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4.2. Evolution of k.

-1 -08 -06 -04 -02 0 02 04 06 08 1

FiGg. 6.19 — x at t = 0.

1
-1 -08 -06 -04 -02 0 02 04 06 08 1

FiG. 6.20 — sk at t = 0.002.

-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

FiGg. 6.21 — x at t = 0.551.
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4.3. Evolution of the positive dislocation density 6.

0.5
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0.5

0.5
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0.5

05 L L L L L L L L L
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

Fi1G. 6.22 - 0% at t = 0.
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FiG. 6.23 61 at t = 0.002.

1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

Fi1G. 6.24 61 at t = 0.551.
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4.4. Evolution of the negative dislocation density 6.

0.5
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0.5
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05

0.5

05 L L L L L L L L L
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FiG. 6.26 6~ at ¢t = 0.002.
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