
HAL Id: pastel-00004309
https://pastel.hal.science/pastel-00004309

Submitted on 16 Nov 2010

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Capacité à Zéro-Erreur des Canaux Quantiques
Rex-Antonio Da-Costa-Medeiros

To cite this version:
Rex-Antonio Da-Costa-Medeiros. Capacité à Zéro-Erreur des Canaux Quantiques. Informatique.
Télécom ParisTech, 2008. Français. �NNT : �. �pastel-00004309�

https://pastel.hal.science/pastel-00004309
https://hal.archives-ouvertes.fr


TELECOM ParisTech

Universidade Federal de Campina Grande

Thesis

Présentée pour Obtenir le Grande de Docteur de

TELECOM ParisTech et de

l’Universidade Federal de Campina Grande

Spécialité: Informatique et Réseaux

Capacité à Zéro-Erreur des Canaux Quantiques

Rex Antonio da Costa Medeiros

Soutenue le 24 septembre 2008 devant le jury composé de

János Körner, Università di Roma (Rome, Italie) Président

Valdemar Cardoso da Rocha, UFPE (Recife, Brésil) Rapporteurs

Gilles Zémor, U Bordeaux 1 (Bordeaux, France)

Jean-Pierre Tillich, INRIA (Roquencourt, France) Examinateurs

Hugues Randriambololona, TELECOM ParisTech (Paris, France)

Romain Alléaume, TELECOM ParisTech (Paris, France) Invité

Gérard Cohen, TELECOM ParisTech (Paris, France) Directeurs de Thèse

Francisco M. de Assis, UFCG (Campina Grande, Brésil)



ii



TELECOM ParisTech

Universidade Federal de Campina Grande

Thesis

In partial fulfillment of the requirements for the

degree of Doctor of Science from

Universidade Federal de Campina Grande and

TELECOM ParisTech

Specializing: Telecommunications

Zero-Error Capacity of Quantum Channels

Rex Antonio da Costa Medeiros

September 24th 2008

János Körner, Università di Roma (Roma, Italy) President

Valdemar Cardoso da Rocha, UFPE (Recife, Brazil) Examiners

Gilles Zémor, U Bordeaux 1 (Bordeaux, France)

Jean-Pierre Tillich, INRIA (Roquencourt, France) Readers

Hugues Randriambololona, TELECOM ParisTech (Paris, France)

Romain Alléaume, TELECOM ParisTech (Paris, France) Invited

Gérard Cohen, TELECOM ParisTech (Paris, France) Thesis advisors

Francisco M. de Assis, UFCG (Campina Grande, Brazil)



iv



“Quand je marche dans la vallée de l’ombre de la mort,

Je ne crains aucun mal,

car tu es avec moi:

Ta houlette et ton bâton me rassurent.”

Psaumes 23:4

v



vi



À mes parents, ma soeur, mon épouse et à mon fils Mateus.

vii



viii



Remerciements

Je voudrais remercier tout d’abord mon épouse chérie, pour sa présence dans tous

les moments de ma thèse. Je la remercie pour son amour, sa confiance, son soutien et,

surtout, pour avoir renoncé à ses projets au profit des miens. Merci à toute ma famille

pour son inconditionnel soutien.

J’ai un immense plaisir à remercier mes deux directeurs de thèse : Francisco Assis

et Gérard Cohen. Ils m’ont donné l’occasion de faire cette thèse qui est une expérience

extrêmement enrichissante. Je remercie, plus particulièrement, le Professeur Assis pour

son amitié et sa complicité dès le début de mon master, et, le Professeur Cohen pour le

parfait accueil que j’ai reçu à TELECOM ParisTech.

Je remercie l’ensemble des membres de mon jury qui m’ont fait l’honneur de siéger

à ma soutenance. En particulier, je tiens à remercier les deux rapporteurs de ma thèse,

Professeurs Gilles Zémor et Valdemar Rocha. Leur lecture attentive et leurs suggestions

ont contribué à l’amélioration de la qualité de ce rapport.

Je tiens aussi à exprimer ma plus profonde gratitude aux Professeurs Romain Alléaume

et Hugues Randriam qui m’ont beaucoup apporté dans ma recherche. J’ai beaucoup

apprécié les échanges d’idées que nous avons eus, et j’espère que nous pourrons encore

collaborer pour très longtemps.

Je voudrais remercier les institutions qui ont apporté le soutien financier à ma thèse :

le CNPq, le TELECOM ParisTech et l’AlBan Office.

Je remercie aussi le personnel de TELECOM ParisTech, UFCG/Copele et AlBan

Office, qui ont été très efficaces face aux questions administratives. Je remercie plus

spécialement, Sophie Bérenger, Florence Besnard, Ângela et Salete Figueiredo.

Pour finir, je tiens à remercier mes amis qui ont partagé mes désespérances mais aussi

mes joies tout au long de cette thèse : Edmar, Myriam, Alfranque, Xiaoyun, Felipe,

Sandrine, Júnior, Quynh, Marina, Stefano, Bruno, Rodrigo, Gilson.

ix



x



Résumé

Dans cette thèse, nous généralisons la capacité à zéro-erreur de Shannon. Nous proposons

une nouvelle capacité pour la transmission d’information classique à travers les canaux

quantiques. La capacité à zéro-erreur quantique (CZEQ) a été définie comme étant le

supremum des taux dans lesquels l’information classique peut être transmise à travers un

canal quantique avec probabilité d’erreur égale à zéro. Le protocole de communication

restreint les mots de code à des produits tensoriels d’états quantiques d’entrée, tandis que

des mesures collectives entre plusieurs sorties du canal sont permises. Ainsi, le protocole

employé est similaire au protocole d’Holevo-Schumacher-Westmoreland. Le problème de

calculer la CZEQ est formulé en utilisant des outils de la théorie des graphes. Cette dé-

finition équivalente est utilisée pour démontrer des propriétés d’états quantiques et des

mesures qui atteignent la CZEQ. Nous démontrons que la capacité à zéro-erreur d’un

canal quantique dans un espace de Hilbert de dimension d peut toujours être atteinte par

des ensembles d’états quantiques purs. Par rapport aux mesures, nous avons montré que

des mesures de von Neumann collectives sont nécessaires et suffisantes pour atteindre la

capacité. Nous analysons si la CZEQ est une généralisation non-triviale de la capacité à

zéro-erreur de Shannon. Le terme “non-triviale” veut dire qu’il y a des canaux quantiques

pour lesquels la capacité ne peut être atteinte qu’avec deux ou plus utilisations du canal,

et que la capacité ne peut être atteinte que par des ensembles S contenants des états

non-orthogonaux. Nous calculons la CZEQ de plusieurs canaux quantiques. En particu-

lier, nous présentons un canal quantique pour lequel nous conjecturons que la CZEQ ne

peut être atteinte que par un ensemble d’états quantiques non-orthogonaux et par un

code de longueur deux ou plus. Finalement, nous démontrons que la CZEQ est bornée

supérieurement par la capacité d’Holevo-Schumacher-Westmoreland.
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Abstract

In this thesis, we generalise Shannon’s zero-error capacity of discrete memoryless chan-

nels to quantum channels. We propose a new kind of capacity for transmitting classical

information through a quantum channel. The quantum zero-error capacity (QZEC) is

defined as being the maximum amount of classical information per channel use that can

be sent over a noisy quantum channel, with the restriction that the probability of er-

ror must be equal to zero. The communication protocol restricts codewords to tensor

products of input quantum states, whereas collective measurements can be performed

between several channel outputs. Hence, our communication protocol is similar to the

Holevo-Schumacher-Westmoreland protocol. We reformulate the problem of finding the

QZEC in terms of graph theory. This equivalent definition allows us to demonstrate some

properties of ensembles of quantum states and measurements attaining the QZEC. We

show that the capacity of a d-dimensional quantum channel can always be achieved by

using an ensemble pure quantum states, and collective von Neumann measurements are

necessary and sufficient to attain the channel capacity. We discuss whether the QZEC is

a non-trivial generalisation of the classical zero-error capacity. By non-trivial we mean

that there exist quantum channels requiring two or more channel uses in order to reach

the capacity, and the capacity can only be attained by using ensembles of non-orthogonal

quantum states at the channel input. We also calculate the QZEC of some quantum chan-

nels. We show that finding the QZEC of classical-quantum channels is a purely classical

problem. In particular, we exhibit a quantum channel for which we claim the QZEC can

only be reached by a set of non-orthogonal states. If the conjecture holds, it is possible to

give an exact solution for the capacity, and construct an error-free quantum block code

reaching the capacity. Finally, we demonstrate that the QZEC is upper bounded by the

Holevo-Schumacher-Westmoreland capacity.
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Chapter 1

Résumé détaillé en Français

1.1 Introduction

1.1.1 Transmission d’information classique à travers les canaux

quantiques

Une des problématiques les plus étudiées en théorie de l’information quantique est la

capacité des canaux quantiques [1, 2]. La mécanique quantique prévoit divers ressources

lesquelles permettent définir la capacité de plusieurs façons différentes en dépendant : (a)

du type d’information que nous voudrons transmettre − classique ou quantique ; (b) des

ressources externes, à l’exemple de l’intrication ; et (c) du protocole de communication.

Le protocole de communication indique quels sont les procédures d’encodage, mesure et

décodage des états quantiques.

Dans cette thèse, nous allons considérer les capacités des canaux quantiques sans

mémoire pour la transmission d’information classique. Selon le protocole, nous pouvons

grouper ces capacités en trois catégories :

1. les mots de code sont des produits tensoriels, et les mesures sont faites individuel-

lement à la sortie du canal [3, 4, 5, 6] ;

2. les mots de code sont des produits tensoriels, et des mesures collectives à la sortie

du canal sont permises [7, 8, 9, 10] ;

3. les mots de code intriqués sont permis, pareillement pour les mesures collectives à

la sortie du canal [11].

Des exemples de capacité qui emploient le protocole 1 sont la capacité one-shot [3, 4, 5]

et la capacité adaptative de Shor [6]. La principale capacité qui emploie le protocole 2

est la capacité d’Holevo-Schumacher-Westmoreland (HSW) [7, 8], qui est considéré une

généralisation de la capacité ordinaire de Shannon.

1



2 Chapter 1. Résumé détaillé en Français

Les capacités qui emploient le protocole 3 sont directement reliées à l’un des plus

importants problèmes ouverts de la théorie de l’information quantique : la conjecture

d’Holevo [7]. La conjecture affirme que l’utilisation d’états intriqués entre plusieurs utili-

sations du canal n’agrandit pas la capacité des canaux quantiques sans mémoire. Néan-

moins, nous savons que des mots de code intriqués peuvent agrandir la capacité HSW des

canaux quantiques avec mémoire [11].

1.1.2 Capacité à zéro-erreur des canaux classiques

En 1956, huit ans après son premier travail en introduisant la théorie de l’information,

Shannon [12] a démontré que c’était possible de transmettre de l’information sans erreur

à travers un canal discret sans mémoire (DSM), au lieu de permettre une probabilité

d’erreur asymptotiquement petite [13]. La capacité à zéro-erreur a été définie comme

étant le supremum des taux dans lesquels l’information peut être transmise à travers un

canal DSM avec probabilité d’erreur égale à zéro.

Dans son article original, Shannon a suggéré que la capacité à zéro-erreur puisse être

décrite en utilisant des éléments de la théorie des graphes. À travers l’association d’un

graphe avec un canal DSM, Shannon a introduit une nouvelle quantité : la capacité de

Shannon d’un graphe [14, 15, 16]. Différemment de la capacité ordinaire, le calcul de la

capacité à zéro-erreur est un problème combinatoire. Dû à sa nature restrictive − une

probabilité d’erreur égale à zéro est imposée, la théorie de l’information à zéro-erreur

est fréquemment ignorée par les chercheurs en théorie de l’information. Néanmoins, leurs

méthodes possèdent d’importantes applications dans les domaines de la combinatoire et

de la théorie des graphes.

Cette thèse propose une généralisation de la capacité à zéro-erreur pour les canaux

quantiques. Initialement, nous avons défini un code en bloc à zéro-erreur quantique, aussi

bien que les procédures d’encodage et décodage. La capacité à zéro-erreur quantique est

définie comme étant le supremum des taux dans lesquels l’information classique peut être

transmise sans erreur à travers un canal quantique sans mémoire. Le problème de calculer

la capacité à zéro-erreur quantique est reformulé en utilisant des outils de la théorie des

graphes. Nous analysons des propriétés d’états quantiques et des mesures qui atteignent la

capacité à zéro-erreur quantique. À travers un exemple, nous conjecturons que la capacité

à zéro-erreur quantique est une généralisation non-triviale de la capacité à zéro-erreur de

Shannon. Finalement, nous démontrons que la capacité HSW est une borne supérieure de

la capacité à zéro-erreur quantique.



1.2. Principes fondamentaux de la mécanique quantique 3

1.1.3 Organisation de la thèse

Toutes les contributions sont présentées au Chapitre 6. Les lecteurs familiarisés avec

la théorie de l’information quantique et la théorie de l’information à zéro-erreur classique

peuvent lire directement le Chapitre 6. Cette thèse est organisée comme suit :

Le Chapitre 3 contient des éléments de théorie de l’information quantique qui sont

essentiels à la compréhension de cette thèse. Dans le Chapitre 4 nous présentons les

capacités classiques des canaux quantiques déjà existantes. Le Chapitre 5 présent un

résumé des principales définitions et résultats de la théorie de l’information à zéro-erreur

classique.

La capacité à zéro-erreur quantique (CZEQ) est définie dans le Chapitre 6. Dans

la Section 6.2 nous définissons un code en bloc à zéro-erreur quantique, aussi bien que

la CZEQ. Une définition équivalente en termes de la théorie des graphes est dérivée

dans la Section 6.2.1. La Section 6.3 est dédiée à l’étude des états quantiques et des

mesures qui atteignent la capacité. Dans la Section 6.5 nous calculons la capacité à zéro-

erreur quantique de plusieurs canaux quantiques. Nous montrons un exemple d’un canal

quantique pour lequel nous conjecturons que la CZEQ ne peut pas être atteinte que par

un ensemble d’états quantiques non-orthogonaux. Finalement, la Section 6.6 présente une

borne supérieure de la CZEQ : la capacité d’Holevo-Schumacher-Westmoreland [7, 8].

Dans le Chapitre 7 nous faisons un résumé de nos contributions et nous proposons un

survol non exhaustif des travaux futurs et perspectives de recherche à suivre.

1.2 Principes fondamentaux de la mécanique quantique

Cette section introduit la Mécanique Quantique de forme brève et objective. Un abor-

dage plus détaillé peut être trouvé dans des livres spécifiques [17, 2].

1.2.1 Postulats de la mécanique quantique

Nous discutons brièvement les postulats de la mécanique quantique dans les sections

suivantes.

Espace d’états

Postulat 1 Nous associons à chaque système quantique un espace vectoriel complexe avec

un produit scalaire, c.-à-d., un espace de Hilbert, dénommé l’espace d’état du système

quantique. L’état du système quantique est complètement décrit par son vecteur d’état,

qui est un vecteur unitaire dans l’espace d’état du système.
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Le système quantique le plus simple est le qubit, qui est une référence à bit quantique.

Le qubit appartient à l’espace de dimension deux. Alors, on peut l’écrire

|ψ〉 = a|0〉 + b|1〉, (1.1)

où a, b sont des nombres complexes. Une des propriétés les plus intéressantes des systèmes

quantiques est que l’état |0〉 peut coexister avec l’état |1〉 dans un état de superposition :

|ψ〉 = a|0〉 + b|1〉.

Evolution

Postulat 2 L’évolution d’un système quantique isolé est décrite par des transformations

unitaires :

|ψ2〉 = U |ψ1〉, (1.2)

où |ψ1〉 est l’état du système dans le temps t1 et |ψ2〉 est l’état du système dans le temps

t2.

Dans la plus part des livres sur la mécanique quantique, l’évolution est décrite par une

équation différentielle

iℏ
d|ψ〉
dt

= H|ψ〉, (1.3)

où ℏ est la constante de Planck est H est un opérateur hermitien du système isolé qu’on

appelle l’hamiltonien du système.

Mesure

L’évolution d’un système quantique ouvert ne peut plus être décrit par des opérateurs

unitaires. Le postulat suivant décrit le comportement des systèmes quantiques sujets aux

mesures.

Postulat 3 Les mesures dans les systèmes quantiques sont décrites par un ensemble

d’opérateurs {Mm}, qui agissent dans l’espace d’état du système mesuré. Si l’état du

système quantique avant la mesure est |ψ〉, alors la probabilité d’obtenir le résultat m

correspondant à l’opérateur Mm est :

p(m) = 〈ψ|M †
mMm|ψ〉. (1.4)

L’état du système après la mesure sera

|ψ′〉 =
Mm|ψ〉

√

〈ψ|M †
mMm|ψ〉

. (1.5)
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Puisque l’addition des probabilités doit être égale à un, les opérateurs de mesure doivent

satisfaire

∑

m

M †
mMm = 1l. (1.6)

Le postulat ci-dessus décrit des mesures quantiques de forme plus générale. Néanmoins,

il y a deux cas particuliers qui sont d’intérêt à cette thèse : les mesures projectives et les

mesures POVM (Positive Operator-Valued Measurements).

Les mesures projectives (mesures de von Neumann) sont décrites par un ensemble de

projecteurs {Pm}, tels que
∑

m Pm = 1l et PiPj = δijPi. Quand l’état |ψ〉 est mesuré , la

probabilité d’obtenir le résultat m est donnée par p(m) = 〈ψ|Pm|ψ〉. L’état du système

après la mesure sera |ψ′〉 = Pm|ψ〉√
p(m)

.

Les mesures POVM sont décrites par des opérateurs de mesure tels que Em ≡ M †
mMm

(les opérateursMm ne sont généralement pas accessibles). La probabilité d’obtenir le résul-

tatm, étant donné que l’état |ψ〉 est mesuré, est donnée par p(m) = 〈ψ|Em|ψ〉. L’ensemble

{Em} est souvent appelé POVM. L’état obtenu après la mesure n’est pas simplement ex-

primé en fonction des opérateurs Em. Néanmoins, dans la plupart des applications en

théorie de l’information quantique, l’état du système résultant n’est pas important, mais

les probabilités associées à chacun d’eux.

Systèmes quantiques composites

Plusieurs systèmes quantiques peuvent interagir pour former des systèmes composites.

Le postulat suivant décrit leurs l’espaces d’état.

Postulat 4 L’espace d’état d’un système quantique composite de n sous-systèmes est le

produit tensoriel des espaces d’état des systèmes physiques individuels. En plus, si les n

systèmes sont préparés chacun dans l’état |ψi〉, alors l’état du système global est |ψ1〉 ⊗
|ψ2〉 ⊗ · · · ⊗ |ψn〉.

Les notations suivantes sont utilisées pour représenter des systèmes composites : |ψ〉 =

|ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn〉 ≡ |ψ1〉|ψ2〉 . . . |ψn〉 ≡ |ψ1ψ2 . . . ψn〉.

1.2.2 L’opérateur de densité

Nous disons que l’état d’un système quantique est pure s’il peut être représenté par un

vecteur unitaire dans un espace de Hilbert. Néanmoins, il y a des situations où le système

quantique concerné peut être dans l’un des états purs |ψ1〉, |ψ2〉, . . . , avec des probabilités
p1, p2, . . . . Le formalisme utilisé pour traiter cette situation est l’opérateur de densité.
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Définition 1 (Opérateur de densité [2]) Considérons un système quantique dans un

état |ψi〉 avec probabilité pi. Alors, l’opérateur de densité qui décrit l’état du système est

ρ ≡
∑

i

pi|ψi〉〈ψi|. (1.7)

Dans ce cas, le système est dans un état mixte. L’opérateur de densité est aussi appelé

matrice de densité du système. Les opérateurs de densité sont des matrices bien caracté-

risées : le trace de la matrice est égal à un, tr [ρ] = 1, et ils sont des opérateurs positives.

Clairement, la matrice de densité d’un système pur |ψ〉 est ρ = |ψ〉〈ψ|. En plus, un sys-

tème ρ est dans un état pur si et seulement si tr [ρ2] = 1. Autrement, si tr [ρ2] < 1, le

système est dans un état mixte.

Nous pouvons toujours énoncer les postulats de la mécanique quantique en utilisant

le formalisme d’opérateurs de densité.

1.3 Capacités des canaux quantiques

Nous ferons un résumé des principales capacités des canaux quantiques pour la trans-

mission d’information classique. Avant, nous donnerons une définition de l’entropie de

von Neumann. Il est important de souligner que toutes les capacités discutées dans cette

section permettent une probabilité d’erreur de décodage asymptotiquement nulle, c’est-

à-dire, bien que petite elle est différente de zéro.

1.3.1 Entropie de von Neumann

L’entropie de von Neumann [2, pp. 510] est une généralisation de l’entropie de Shannon

pour les états quantiques. L’entropie de von Neumann d’un état ρ est

S(ρ) ≡ −tr [ρ log ρ] , (1.8)

où la base de logarithme est 2. Dans un espace de Hilbert de dimension d, la valeur

maximale de l’entropie est log d, qui correspond à l’état ρ = 1ld/d (l’état complètement

dépolarisé). L’entropie relative est définie de manière analogue à l’entropie de Shannon,

S(ρ||σ) ≡ tr [ρ log ρ] − tr [ρ log σ] . (1.9)

L’entropie relative est non-negative, S(ρ||σ) ≥ 0.

L’entropie de von Neumann possède quelques propriétés intéressantes : (1) l’entropie

est non-negative et zéro si et seulement si ρ est un état pur ; (2) en supposant qu’un

système composite AB est dans un état pur, alors S(A) = S(B) ; et (3) en supposant que
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pi sont des probabilités et ρi possèdent leurs supports dans des sous-espaces orthogonaux,

alors

S

(
∑

i

piρi

)

= H(p) +
∑

i

piS(ρi). (1.10)

Étant donné un système composite AB, l’entropie conjointe S(A,B) de von Neumann

est S(A,B) = −tr
[
ρAB log ρAB

]
, où ρAB est l’opérateur de densité du système AB. L’en-

tropie conditionnelle est l’information mutuelle sont, respectivement,

S(A|B) ≡ S(A,B) − S(B), (1.11)

S(A : B) ≡ S(A) + S(B) − S(A,B) (1.12)

= S(A) − S(A|B) = S(B) − S(B|A). (1.13)

L’entropie de von Neumann est sous-additive [2, pp.515] : S(A,B) ≤ S(A) + S(B), avec

égalité si et seulement si ρAB = ρA⊗ρB. D’autres propriétés de l’entropie de von Neumann

peuvent être trouvées dans Nielsen et Chuang [2].

1.3.2 Canaux quantiques

Supposons qu’un système quantique ρ initialement isolé interagisse avec un système

ouvert, que nos appelons l’environnement et, après l’interaction, le système tourne à son

état isolé. En général, l’état final du système, dénoté par E(ρ), ne peut pas être rapporté

avec l’état ρ par un opérateur unitaire. Le formalisme employé pour décrire cette situation

est appelé l’opération quantique, qui est une application de l’ensemble d’opérateurs de

l’espace d’état d’entrée dans l’ensemble d’opérateurs de l’espace d’état de sortie avec les

propriétés suivantes [2, pp. 367] :

1. tr [E(ρ)] est la probabilité que le processus représenté par E se produise, étant donné

que ρ est l’état initial. Alors, 0 ≤ tr [E(ρ)] ≤ 1 pour un état ρ quelconque.

2. E est une application linéaire et convexe dans l’ensemble des opérateurs de densité,

c’est-à-dire, pour des probabilités pi,

E
(
∑

i

piρi

)

=
∑

i

piE(ρi). (1.14)

3. E est une application complètement positive, tel que E(ρ) est positif pour un opé-

rateur positif ρ quelconque.

La démonstration du théorème ci-dessous peut être trouvée dans Nielsen et Chuang [2,

pp. 368].
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Théorème 1 Une application E satisfait les propriétés 1, 2 et 3 si et seulement si

E(ρ) =
∑

i

EiρE
†
i (1.15)

pour un ensemble d’opérateurs {Ei} tels que
∑

iE
†
iEi ≤ 1l.

Les canaux quantiques sont représentés par des opérations quantiques qui préservent

la trace des opérateurs de densité. C’est-à-dire, les canaux quantiques sont des opérations

(applications) quantiques linéaires, complètement positives et qui préservent la trace. Dans

ce cas, la restriction imposée aux opérateurs {Ei} est la suivante :

∑

i

E†
iEi = 1l. (1.16)

1.3.3 Capacités classiques des canaux quantiques

La capacité one-shot C1,1(E)

Considérons une source quantique qui émet des états ρi avec probabilités pi. Supposons

qu’après chaque émission les états sont mesurés. Soient X et Y des variables aléatoires

associées aux indices des états et aux sorties des mesures, respectivement. L’information

accessible [3, 4, 5] est le maximum de l’information mutuelle I(X;Y ), où le maximum est

pris sur tous les mesures POVM :

Iacc = max
{Mm}

I(X;Y ). (1.17)

Nous définissons en suite la quantité d’Holevo :

χ = S(ρ) −
∑

i

piS(ρi), (1.18)

où ρ =
∑

i piρi. Holevo a démontré que l’information accessible est bornée par la quantité

d’Holevo : Iacc ≤ χ.

La capacité C1,1(E) est l’information accessible d’un ensemble d’états quantiques à la

sortie du canal quantique.

Définition 2 (Capacité C1,1(E) [18, 19]) Soit E(·) un canal quantique. La capacité

C1,1(E) est le maximum de l’information accessible à la sortie du canal, où le maximum

est pris sur tous les ensembles à l’entrée du canal.

C1,1(E) = max
{ρx,px}

Iaccout
, (1.19)

où Iaccout
est l’information accessible de l’ensemble {E(ρx), px}.
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Capacité d’Holevo-Schumacher-Westmoreland

Considérons le problème d’envoyer un message classique choisi aléatoirement d’un

ensemble {1, . . . , 2nR} à travers un canal quantique. Selon le protocole adopté, Alice doit

préparer des mots de code qui sont produits tensoriels et Bob peut réaliser des mesures

collectives à la sortie du canal. La capacité C1,∞(E) est l’analogue quantique de la capacité

ordinaire de Shannon.

Théorème 2 (Holevo-Schumacher-Westmoreland [7, 8]) La capacité HSW d’un ca-

nal quantique E est

C1,∞(E) ≡ max
{pi,ρi}

[

S

(

E
(
∑

i

piρi

))

−
∑

i

piS(E(ρi))

]

. (1.20)

Le maximum est pris sur tous les ensembles {pi, ρi} d’états quantique à l’entrée du canal.

Capacité adaptative

La capacité adaptative d’un canal quantique, définie par Shor [6], est dérivée de la

capacité C1,1 par la variation du protocole de communication. Par rapport aux mesures,

Bob peut réaliser des mesures adaptatives dans les états reçus. Une première mesure

seulement réduit partiellement l’état reçu. En suite, il utilise le résultat mesuré pour

choisir des mesure à faire dans d’autres états. Bob peut retourner ensuite et faire une

deuxième mesure dans l’état partialement réduit, où cette dernière mesure est définie en

fonction des autres.

Le taux d’information pour un encodage donné et une stratégie de mesure est l’infor-

mation mutuelle entre les mots de code préparés par Alice et les résultats des mesures,

divisés par le nombre d’états dans chaque mot du code (nombre d’utilisation du canal).

Définition 3 La capacité adaptative C1,A est le supremum des taux d’information sur

tous les encodages et les stratégies de mesures.

Dans son article, Shor a démontré que la capacité adaptative est une borne supérieure

de C1,1.

Capacité assistée par l’intrication

Le phénomène de l’intrication est une des caractéristiques les plus surprenantes de

la mécanique quantique. Ses applications incluent, par exemple, la téléportation d’états

quantiques et le codage super-dense. Nous pouvons interpréter la téléportation quantique

comme un protocole permettant d’augmenter la capacité quantique d’un canal classique
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sans bruit d’un demi qubit par utilisation du canal (cette capacité est évidement zéro).

Également, le codage super-dense peut doublé la capacité classique d’un canal quantique

parfait [2, pp. 26]. Dans le deux cas, une paire EPR doit être partagée préalablement entre

l’émetteur et le récepteur. Bennett et. al. [9, 10] ont montré que le partage de l’intrication

entre l’émetteur et le récepteur peut augmenter la capacité HSW des canaux quantiques.

La capacité assistée par l’intrication est le maximum taux de transmission d’information

classique dans un scénario dans lequel une quantité arbitraire d’états intriqués est partagée

entre l’émetteur et le récepteur.

Définition 4 (Capacité assistée par l’intrication [9]) La capacité assistée par l’in-

trication d’un canal quantique E est

CE(E) = max
ρ∈Hin

S(ρ) + S(E(ρ)) − S((E ⊗ I)(Φρ)), (1.21)

où ρ ∈ Hin est la matrice de densité sur tous les états d’entrée, Φρ est un état pur parmi

les produits tensoriels des états Hin⊗HR dont trR [Φρ] = ρ. Hin est l’espace d’entrée et HR

est un espace de référence. Le troisième terme de l’équation, S((E⊗I)(Φρ)), est l’entropie

de von Neumann de la purification [2, pp. 109] Φρ de ρ sur le système de référence HR

dont la moitié (Hin) a été envoyée à travers le canal quantique E , tandis qu’autre moitié

a été envoyée à travers le canal identité.

Alice et Bob doivent “consumer de l’intrication” s’il veulent transmettre de l’infor-

mation en utilisant le protocole ci-dessus. En général, S(ρ) qubits d’intrication (c.-à-d.,

paires EPR) par utilisation du canal sont nécessaires pour atteindre la capacité assistée

par l’intrication.

1.4 Théorie de l’information à zéro-érreur

1.4.1 Capacité ordinaire de canaux classiques

Considérons qu’un système A (Alice) veut se communiquer avec un système B (Bob).

Fondamentalement, la communication entre Alice et Bob c’est réussie lorsqu’une signali-

sation de la part d’Alice induit un état physique désiré dans Bob. L’analyse quantitative

d’un système de communication est faite en utilisant une théorie mathématique introduite

par Claude E. Shannon en 1948 [13].

Définition 5 (Canal discret sans mémoire [20]) Considérons un alphabet d’entrée X
et un alphabet de sortie Y. Un canal classique discret sans mémoire (DSM) C : X → Y,

dénoté par (X , p(y|x),Y), est défini par une matrice stochastique dont les lignes sont in-

dexées par les éléments de l’ensemble fini X , et les colonnes sont indexées par les indices
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de Y. Le coefficient (x, y) de la matrice stochastique est la probabilité p(y|x) que y ∈ Y soit

reçu lorsque x ∈ X est transmit. Le canal est sans mémoire si la distribution de probabi-

lité de sortie dépend seulement de l’entrée dans ce temps, et qu’elle est conditionnellement

indépendante d’entrées ou de sorties préalables.

Définition 6 (Capacité des canaux DSM) La capacité d’un canal discret sans mé-

moire est donnée par

C = max
p(x)

I(X, Y ), (1.22)

où le maximum est pris sur toutes les distributions d’entrée p(x). I(X, Y ) est l’information

mutuelle entre les variables aléatoires X et Y , qui représentent l’entrée et la sortie du canal

DSM, respectivement.

Définissons en suite un code en bloc (M,n) pour un canal DSM :

Définition 7 Un code en bloc (M,n) pour un canal DSM (X , p(y|x),Y) est composé de :

1. Un ensemble d’indices {1, . . . ,M}, où chaque indice est associé à un message clas-

sique.

2. Une application d’encodage,

Xn : {1, . . . ,M} → X n,

qui origine des mots de code x1 = Xn(1), . . . ,xM = Xn(M).

3. Une application de décodage,

g : Yn → {1, . . . ,M},

qui associe à chaque mot de code reçu un message appartenant à l’ensemble {1, . . . ,M}.

La probabilité d’erreur du code est Pe = Pr (g(Y n) 6= i|Xn = Xn(i)). Le taux de

transmission d’information est R = 1
n

logM bits par symbole. L’existence des codes qui

atteignent la capacité du canal est garantie par le théorème suivant :

Théorème 3 ([20]) Tous les taux au-dessous de la capacité C sont atteignables, c’est-

à-dire, il existe une séquence de codes tel que la probabilité d’erreur moyenne tend à zéro

quand la dimension du code tend vers l’infini. Réciproquement, le taux d’une séquence de

codes quelconque ayant une probabilité d’erreur asymptotiquement petite est R ≤ C.
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1.4.2 Capacité à zéro-erreur

Le théorème du codage de canal affirme qu’il existe une probabilité d’erreur positive

même pour les meilleures familles de codes. Shannon a montré qu’il était possible de

transmettre des informations sans erreur à travers les canaux DSM. Shannon [12] a défini

un code en bloc (M,n) à zéro-erreur de façon analogue à celle d’un code en bloc (M,n),

sauf que la restriction suivante est appliquée à la probabilité d’erreur :

Pr (g(Y n) 6= i|Xn = Xn(i)) = 0 ∀ i ∈ {1, . . . ,M}. (1.23)

Cette restriction garantit l’inexistence d’erreurs de décodage. Deux symboles d’entrée

xi, xj ∈ S sont adjacents s’il existe au moins un symbole y ∈ Y tel que les probabilités

p(y|xi) et p(y|xj) sont différentes de zéro. Autrement, les symboles sont non-adjacents.

Étant donné qu’une séquence de n symboles est transmise à travers un canal DSM, la

séquence y = y1y2 . . . yn est reçu avec probabilité

pn(y|x) =
n∏

i=1

p(yi|xi). (1.24)

Si deux séquences différentes x′ et x′′ peuvent résulter dans une séquence y avec une

probabilité positive, alors les séquences sont indiscernables ou adjacentes. Les séquences

x′ et x′′ sont distinguable si et seulement si il existe au moins un indice i, 1 ≤ i ≤ n, tel

que x′i et x
′′
i sont non-adjacents. Nous pouvons penser aux distributions p(y|x) et pn(·|x)

en tant que vecteurs de dimensions |X | et |X |n, respectivement. Ainsi, deux séquences

x′,x′′ ∈ X n sont distinguables si les vecteurs correspondants sont orthogonaux.

Définition 8 (Capacité à zéro-erreur) Soit N(n) la cardinalité maximale d’un en-

semble de vecteurs mutuellement orthogonaux parmi pn(·|x), x ∈ X n. La capacité à zéro-

erreur d’un canal (X , p(y|x),Y) est

C0 = lim sup
n→∞

1

n
logN(n). (1.25)

Intuitivement, C0 est le taux maximal de transmission d’information sans erreur à travers

le canal.

Relation avec la théorie des graphes

Le problème de calculer la capacité à zéro-erreur d’un canal DSM peut être reformulé

en utilisant des éléments de la théorie des graphes. Étant donné un canal (X , p(y|x),Y),

il est possible de construire un graphe caractéristique G de façon suivante. Les sommets

seront les symboles dans X et on relie deux sommets si les symboles correspondants
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sont non-adjacents. Définissons le n-ième produit de Shannon de G le graphe tel que

V (Gn) = X×n et {x′,x′′} ∈ E(Gn) si au moins un i, 1 ≤ i ≤ n, les i-ème coordonnées de

x′ et x′′ satisfont {x′i, x′′i } ∈ E(G). On peut vérifier que le nombre maximal de séquences

distinguables de longueur n est la taille maximale d’une clique de Gn, N(n) = ω(Gn).

Ainsi, la capacité à zéro-erreur est

C0 = sup
n

1

n
logω(Gn). (1.26)

1.4.3 Fonction theta de Lovász

La fonction theta de Lovász [21] d’un graphe est une fonctionnelle qui peut être calculée

en temps polynomial. Sa valeur est comprise entre le nombre de clique et le nombre

chromatique d’un graphe [22]. Étant donné un canal DSM (X , p(y|x),Y) et un graphe

d’adjacence G avec des sommets X , la représentation orthonormale de G est un ensemble

composé de |X | vecteurs vxi
dans un espace euclidien tel que si xi, xj ∈ X sont non-

adjacent, alors vxi
et vxj

sont orthogonaux. La valeur d’une représentation est

min
c

max
xi∈X

1

(cTvxi
)2 ,

où le minimum est pris sur tous les vecteurs unitaires c. Le vecteur c qui atteint le

minimum est appelé de handle de la représentation. Le minimum valeur sur toutes les

représentations orthonormales de G est appelé fonction θ(G) de Lovász . La représentation

est optimale si elle atteint la valeur minime. Lovász a prouvé le résultat suivant :

Théorème 4 ([21]) La capacité à zéro-erreur d’un canal DSM (X , p(y|x),Y) est bornée

supérieurement par le logarithme de la fonction θ de son graphe d’adjacence G :

C0 ≤ log θ(G). (1.27)

La définition de la fonction θ a permis le calcul de la capacité à zéro-erreur d’un canal

DSM pour lequel le graphe d’adjacence est le pentagone. Dans son article, Shannon [12] a

montré que la capacité du pentagone était telle que 1
2
log 5 ≤ C0(G5) ≤ log 5

2
. Treize ans

plus tard, Lovász a utilisé la fonction theta pour montrer que la capacité du pentagone

était C0(G5) = 1
2
log 5.

1.5 Capacité à zéro-erreur des canaux quantiques

1.5.1 Capacité à zéro-erreur quantique

Étant donné un canal quantique, nous nous demandons quelle est la quantité maximale

d’information classique par utilisation du canal qu’Alice peut transmettre à Bob avec une
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probabilité d’erreur égale à zéro. La communication est faite en considérant le protocole

suivant : l’alphabet de la source est un ensemble S = {ρ1, . . . , ρl} d’états quantiques de

dimension d, où d est la dimension du canal quantique ; Alice prépare des mots de code

qui sont des produits tensoriels d’états de l’alphabet de la source ; des mesures collectives

sont permises à la sortie du canal. Essentiellement, ce protocole est semblable à celui de la

capacité HSW [7, 8]. Nous pouvons alors définir un code en bloc à zéro-erreur quantique :

Définition 9 Un code en bloc à zéro-erreur quantique (Kn, n) est composé de :

1. un ensemble d’indices {1, . . . , Kn}, où chaque indice est associé à un message clas-

sique ;

2. une fonction d’encodage,

Xn : {1, . . . , Kn} → S⊗n, (1.28)

qui gère des mots de code quantiques ρ1 = Xn(1), . . . , ρKn
= Xn(Kn) ;

3. une fonction de décodage,

g : {1, . . . , m} → {1, . . . , Kn}, (1.29)

qui associe, à chaque sortie y ∈ {1, . . . , m} d’une mesure POVM, un message clas-

sique avec la propriété suivante :

Pr (g(Y = y) 6= i|Xn = Xn(i)) = 0 ∀ i ∈ {1, . . . , Kn}. (1.30)

Le taux du code est Rn = 1
n

logKn (bits par utilisation du canal).

Définition 10 La capacité à zéro-erreur d’un canal quantique E(·), dénotée par C(0)(E),

est le supremum des taux atteignables avec probabilité d’erreur égale à zéro,

C(0)(E) = sup
S

sup
n

1

n
logKn, (1.31)

où Kn est le nombre maximum de messages classiques que le système peut transmettre

sans erreur lorsqu’on utilise un code en bloc à zéro-erreur quantique (Kn, n) avec alphabet

S.

Par définition, deux états quantiques ρi, ρj ∈ S sont non-adjacents en E si E(ρi)

et E(ρj) sont distinguables. Autrement, ils sont adjacents. La notation ρi⊥Eρj signale

que ρi est non-adjacent à ρj . De façon similaire, deux séquences de produits tensoriels

ρ̂i, ρ̂j ∈ S⊗n sont non-adjacentes si elles sont distinguables à la sortie du canal. Sinon,

elles sont adjacentes.
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Proposition 1 Pour un canal quantique donné E et un code en bloc avec alphabet S =

{ρ1, . . . , ρl}, ρ̂i, ρ̂j ∈ S⊗n sont non-adjacentes si et seulement si pour au moins un k,

1 ≤ k ≤ n, ρik est non-adjacent à ρjk .

Proposition 2 La capacité à zéro-erreur quantique d’un canal E est différente de zéro si

et seulement si il existe au moins deux états ρi, ρj ∈ S tels que ρi⊥Eρj.

Relation avec la théorie des graphes

La capacité à zéro-erreur quantique (CZEQ) peut être définie en utilisant des élé-

ments de la théorie des graphes. Étant donné un canal quantique E et un ensemble

S = {ρ1, . . . , ρl} d’états d’entrée, il est possible de construire un graphe caractéristique G
de façon suivante :

V (G) = {1, . . . , l}, (1.32)

E(G) = {(i, j); ρi⊥Eρj ; ρi, ρj ∈ S; i 6= j}. (1.33)

Définissons le n-ième produit de Shannon de G, Gn :

V (Gn) = {1, . . . , l}n, (1.34)

E(Gn) = {(i1 . . . in, j1 . . . jn); ρik⊥Eρjk pour au moins un 1 ≤ k ≤ n;

ρik , ρjk ∈ S}. (1.35)

Avec cette définition, le nombre maximale de messages classiques dont un système peut

transmettre sans erreur et en utilisant un code en bloc quantique avec alphabet S est égal

à la taille d’une clique maximale de Gn, ω(Gn).

Définition 11 La capacité à zéro-erreur d’un canal quantique E est

C(0)(E) = sup
S

sup
n

1

n
logω (Gn) , (1.36)

où le supremum est pris sur tous les ensembles S d’états d’entrée, et ω(Gn) est le nombre

de clique du graphe n-ième produit de Shannon de G, lequel est le graphe caractéristique

associé à l’ensemble S.

1.5.2 États quantiques qui atteignent la CZEQ

Nous savons que la capacité HSW [7, 8] peut être atteinte en utilisant au maximum

d2 états purs [2, pp. 555]. Nous pouvons démontrer que la CZEQ peut être atteinte par

des états purs et nous conjecturons que la taille de cet ensemble peut être toujours égale

a d.
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Proposition 3 Soit E un canal quantique dans un espace de Hilbert de dimension d. La

capacité à zéro-erreur de E peut être toujours atteinte par un ensemble S d’états quantique

purs, c.-à-d., S = {ρi = |vi〉〈vi|}li=1.

Il est important de souligner que pour démontrer le résultat ci-dessus nous avons défini

le concept de graphe k-cloné. Soit G = (V,E) un graphe tel que V = {0, . . . , l − 1} et

E ⊂ {(i, j); i, j ∈ V ; i 6= j}. Pour chaque sommet i ∈ V (G), dénotons par N(i) l’ensemble

de voisins de i,

N(i) = {j ∈ V (G); (i, j) ∈ E(G)}. (1.37)

Définition 12 Le graphe k-cloné de G, dénoté par G′, est un graphe avec l+ 1 sommets

qui est dérivé à partir de G “en clonant” le sommet k de G :

1. V (G′) = {0, . . . , l}, où l est l’indice du sommet cloné ;

2. E(G′) = E(G) ∪ {(l, j); j ∈ N(k)}, c.-à-d., les deux sommets l et k possèdent les

mêmes voisins.

Théorème 5 Pour tous les n, ω(Gn) = ω(G′n).

Corollaire 1 Supposons qu’au lieu de cloner un sommet de G, on clone tout un sous-

graphe induit de G. Si G′ est le graphe résultant, alors ω(G′n) = ω(Gn) pour tous les

n.

Le théorème implique que la capacité à zéro-erreur (classique ou quantique) d’un canal

associé à un graphe G′ est égale à la capacité à zéro-erreur d’un canal associé à G. Une

version moins restrictive du théorème a été prouvée :

Corollaire 2 Dans la définition d’un graphe k-cloné, supposons que l’ensemble de som-

mets du graphe k-cloné est tel que E(G′) = E(G) ∪ {(l, j); j ∈ N(l)}, où N(l) ⊆ N(k).

Alors, ω(G′n) = ω(Gn) pour tous les n.

Conjecture 4 Soit E un canal quantique dans un espace de Hilbert de dimension d. La

capacité à zéro-erreur de E peut être toujours atteinte par un ensemble S qui contient au

maximum d états quantique purs, c.-à-d., S = {ρi = |vi〉〈vi|}di=1.

1.5.3 Mesures qui atteignent la CZEQ

Supposons que la CZEQ soit atteinte par un ensemble S = {ρ1, . . . , ρl} et un n donné.

Alors, l’ensemble S⊗n possède exactement Kn = ω(Gn) mots de code non-adjacents entre
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eux, c.-à-d., les états quantiques

E(ρ1) = E(ρ11) ⊗ E(ρ12) ⊗ · · · ⊗ E(ρ1n
)

︸ ︷︷ ︸

P1

E(ρ2) = E(ρ21) ⊗ E(ρ22) ⊗ · · · ⊗ E(ρ2n
)

︸ ︷︷ ︸

P2

...
... (1.38)

E(ρKn
) = E(ρKn1

) ⊗ E(ρKn2
) ⊗ · · · ⊗ E(ρKnn

)
︸ ︷︷ ︸

PKn

sont deux à deux orthogonaux à la sortie du canal quantique. Définissons Pi le projecteur

sur le sous-espace de Hilbert engendré par les états dans le support de E(ρi). L’ensemble

P = {P1, . . . , PKn
, PKn+1}, (1.39)

PKn+1 = 1l −
∑Kn

i=1 Pi, définit une mesure de von Neumann (projective), permettant dis-

tinguer les Kn séquences d’états quantiques. Ainsi, les mesures projectives sont suffisantes

pour décoder n’importe quel code en bloc à zéro-erreur quantique. En plus, nous avons

montré que telles mesures sont aussi nécessaires pour atteindre la CZEQ.

1.5.4 Exemples

Canal d’inversion de bit

La capacité à zéro-erreur d’un canal d’inversion de bit (bit flip) dans un espace de

Hilbert de dimension deux,

E(ρ) = pρ+ (1 − p)XρX, (1.40)

est égale à C0(E) = 1
1
log(2) = 1 bit par utilisation du canal. La capacité est atteinte par

un ensemble d’états S = {|v1〉, |v2〉} où

|v1〉 =
1√
2
(|0〉 + |1〉)

|v2〉 =
1√
2
(|0〉 − |1〉).

Canal de dépolarisation

La capacité à zéro-erreur du canal de dépolarisation dans un espace de Hilbert de

dimension d,

E(ρ) = p
1

d
1ld + (1 − p)ρ, (1.41)

est égale à zéro dès que 0 < p < 1, car deux états quantiques d’entrée quelconques, ρi, ρj,

ne peuvent pas être distingués à la sortie du canal.
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Capacité à zéro-erreur des canaux classique-quantique

Un canal quantique E pour lequel l’état (1l⊗E)(Γ) est toujours séparé (même si Γ est

intriqué) est appelé canal de rupture d’intrication (entanglement-breaking channel) [23,

24]. Le canal a toujours la forme

E(ρ) =
∑

i

σitr [ρXi] , (1.42)

où {σi} est un ensemble fixe d’états quantiques est {Xi} est une mesure POVM. Le

canal est appelé classique-quantique (c-q) si Xi = |ψi〉〈ψi|, où {|ψi〉} forme une base

orthonormale.

Proposition 5 Soit Ec−q un canal c-q dans un espace de Hilbert de dimension d. Si le

canal est spécifié par {σi} et {Xi = |ψi〉〈ψi|}di=1, où {|ψi〉} est une base orthonormale,

alors la capacité à zéro-erreur peut être toujours atteinte par l’ensemble

S = {|ψ1〉, . . . , |ψd〉}. (1.43)

Le résultat affirme que calculer la CZEQ d’un canal c-q est un problème purement

classique. On doit seulement explicité les relations d’adjacence entre les états de l’ensemble

S. Ensuite, on construit le graphe caractéristique G. La capacité à zéro-erreur du canal

c-q est donc C0(Ec−q) = supn
1
n

logω(Gn).

Un canal classique-quantique particulier

Considérons un canal c-q de dimension cinq défini par

|σi〉 =
|i〉 + |i+ 1 mod 5〉√

2
, σi = |σi〉〈σi| et Xi = |i〉〈i|, 0 ≤ i ≤ 4, (1.44)

où {|0〉, . . . , |4〉} est la base standard de l’espace de Hilbert de dimension cinq.

L’ensemble S qui atteint la capacité est S = {|0〉, . . . , |4〉}. Les états correspondants

à la sortie sont E(|i〉) = σi. Les relations d’adjacence sont

|0〉⊥E |2〉 |0〉⊥E |3〉 |1〉⊥E |3〉 |1〉⊥E |4〉 |2〉⊥E |4〉.

Dans ce cas, le graphe caractéristique est le pentagone. Alors, la CZEQ du canal est

égale à la capacité de Shannon du pentagone, C(0)(E) = C0(G5) = 1
2
log 5 bits/utilisation.

Notez que la capacité est atteinte en utilisant un ensemble d’états quantiques deux à deux

orthogonaux. Par contre, on a besoin de faire deux utilisations du canal pour atteindre la

CZEQ. Un code en bloc à zéro-erreur qui atteint la capacité est

ρ1 = |0〉|0〉, ρ2 = |1〉|2〉, ρ3 = |2〉|4〉
ρ4 = |3〉|1〉, ρ5 = |4〉|3〉. (1.45)
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États quantiques non-orthogonaux qui atteignent la CZEQ

Nous discutons un exemple d’un canal quantique illustrant que CZEQ peut être une

généralisation non-triviale de la capacité à zéro-erreur de Shannon. Le terme “non-triviale”

veut dire : (a) qu’il y a des canaux quantiques pour lesquels la capacité ne peut être atteinte

qu’avec deux ou plus utilisations du canal (n > 1), et (b) la capacité ne peut être atteinte

que par des ensembles S contenants des états non-orthogonaux.

Soit E(·) un canal quantique avec l’ensemble d’opérateurs {E1, E2, E3}, où

E1 =












0.5 0 0 0
√

49902
620

0.5 −0.5 0 0 0

0 0.5 −0.5 0 0

0 0 0.5 −
√

457
50

√
457
50

0 0 0 −0.62 − 289
1550












E2 =












0.5 0 0 0 −
√

49902
620

0.5 0.5 0 0 0

0 0.5 0.5 0 0

0 0 0.5
√

457
50

−
√

457
50

0 0 0 0.5 0.5












E3 = 0.3|4〉〈4|.

Encore, β = {|0〉, . . . , |4〉} est la base standard de l’espace de Hilbert de dimension cinq.

Considérons l’ensemble S d’états d’entrée de E :

S =

{

|v1〉 = |0〉, |v2〉 = |1〉, |v3〉 = |2〉, |v4〉 = |3〉, |v5〉 =
|3〉 + |4〉√

2

}

. (1.46)

Nous construisons le graphe caractéristique associé à S dès que les relations d’adjacence

soient explicitées :

|v1〉⊥E |v3〉, |v1〉⊥E |v4〉, |v2〉⊥E |v4〉, |v2〉⊥E |v5〉 e |v3〉⊥E |v5〉.

On peut facilement voir que le graphe caractéristique associé est le pentagone. Il est

importante de noter que si l’état |v5〉 en S est remplacé par l’état |4〉, avec l’intention de

construire un ensemble S ′ = β d’états deux à deux orthogonaux, la capacité de Shannon

du nouveau graphe caractéristique est égal à 1 bit/utilisation. Ceci signifie qu’il est possible

de transmettre plus d’informations en utilisant des états non-orthogonaux à l’entrée du

canal.

Nous conjecturons donc que la CZEQ du canal ci-dessus ne peut être atteinte que

par un ensemble d’états non-ortogonaux (par exemple, l’ensemble S), étant la capacité

à zéro-erreur quantique une généralisation non-triviale de la capacité à zéro-erreur de

Shannon.

1.5.5 Capacité à zéro-erreur quantique et la capacité HSW

Nous démontrons que la capacité à zéro-erreur quantique, C(0)(E), est bornée supé-

rieurement par la capacité d’Holevo-Schumacher-Westmoreland, C1,∞(E) [7, 8].
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Théorème 6 Soit E un canal quantique dans un espace de Hilbert de dimension d. Alors,

C(0)(E) ≤ C1,∞(E). (1.47)

1.6 Conclusions et perspectives

Nous avons proposé dans cette thèse une nouvelle capacité pour la transmission d’in-

formation classique à travers les canaux quantiques. La capacité à zéro-erreur quantique

(CZEQ) a été définie comme étant le supremum des taux dans lesquels l’information clas-

sique peut être transmise à travers un canal quantique bruyant avec probabilité d’erreur

égale à zéro. La CZEQ est une généralisation de la capactié à zéro-erreur de Shanonn [12].

Les principales contributions de cette thèse ont été :

1. nous avons proposé une nouvelle capacité pour les canaux quantiques ;

– la capacité à zéro-erreur a été généralisée pour des canaux quantiques ;

– un code en bloc à zéro-erreur quantique a été formellement défini ;

2. la capacité à zéro-erreur quantique a été définie en utilisant des éléments de la

théorie des graphes ;

3. nous avons défini le concept de graphe k-cloné ; les résultats obtenus peuvent être

utiles à l’obtention des capacités à zéro-erreur classique et quantique ;

4. en relation aux états quantique qui atteignent la CZEQ

– nous avons montré que la CZEQ peut toujours être atteinte par un ensemble

d’états quantiques purs ;

5. en relation aux mesures qui atteignent la CZEQ

– nous avons démontré que les mesures de von Neumann (projectives) collectives

sont nécessaires et suffisantes pour atteindre la CZEQ ;

6. la capacité à zéro-erreur quantique des canaux classique-quantique a été étudiée ;

nous avons montré que nous pouvons toujours l’atteindre en utilisant une base

orthonormale ;

7. quelques exemples du calcul de la capacité à zéro-erreur quantique ont été montré

– nous avons présenté un canal c-q pour lequel l’ensemble S qui atteint la capacité

occasionne le pentagone comme graphe caractéristique. La CZEQ du canal a pu

ainsi être calculée ;

– nous avons montré un exemple d’un canal quantique pour lequel un pentagone

est obtenu à partir d’un ensemble S d’états non-orthogonaux ;

8. nous avons conjecturé (basé dans l’exemple ci-dessus) que la CZEQ est une généra-

lisation non-triviale de la capacité à zéro-erreur de Shannon ;
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9. finalement, nous avons montré que la CZEQ est bornée supérieurement par la ca-

pacité HSW.

Nous listons ci-dessous quelques propositions pour les travaux futurs :

1. généralisation de la fonction de Lovász pour le cas quantique ;

2. variations du protocole de communication − la présence d’un canal de réalimentation

classique entre l’émetteur et le récepteur, la disponibilité d’une quantité arbitraire

d’intrication partagée entre l’émetteur et le récepteur, le cas ayant des multiples

émetteurs et récepteurs ;

3. investigation des liaisons entre la CZEQ et la théorie des sous-espaces libres de

décohérence et les sous-systèmes sans bruit ;

4. trouver des liens entre la CZEQ et la théorie de la complexité quantique.
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Chapter 2

Introduction

2.1 Classical information over quantum channels

One of the main issues in quantum information theory is the concept of quantum channel

capacity [1, 2]. In a more fundamental way, the capacity of a channel is defined as the

least upper bound of rates at which information can be transmitted through the channel

with arbitrarily high reliability.

Quantum mechanics provides many features allowing of several ways to define quan-

tum channel capacity [1, 2]. For a given quantum channel, the capacity may assume

different values depending on: (a) the kind of information to be carried − although chan-

nel signalling is always performed using quantum states, one may wish to use a quantum

channel to transmit classical messages or quantum systems, e.g., quantum states gener-

ated by a quantum source; (b) external resources, like entanglement of a feedback classical

channel from the receiver (Bob) to the sender (Alice); and (c) the communication proto-

col. The communication protocol determines how information should be encoded at the

transmitter and decoded at the receiver end.

In this work we focus on the capacity of memoryless quantum channels to carry clas-

sical information. Several such capacities have already been defined. According to the

communication protocol, quantum channel capacities can be grouped into three categories:

1. codewords are restricted to tensor products of input quantum states and measure-

ments are performed individually at the channel output [3, 4, 5, 6];

2. codewords are restricted to tensor products of input quantum states, whereas en-

tangled measurements between several channel outputs are allowed [7, 8, 9, 10];

3. entanglement between several channel inputs is allowed, as well as collective mea-

surements at the channel output [11].

23
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Examples of capacities employing the protocol 1 are the one-shot capacity [3, 4, 5] and

the Shor’s adaptive capacity [6]. Suppose that Alice prepares states ρi with probability

pi and gives a prepared state to Bob. Accessible information is the maximum amount of

information about the prepared state that Bob can extract from the received states by

performing only individual measurements. The one-shot capacity is defined as the maxi-

mum over all input ensembles {pi, ρi} of the accessible information of the corresponding

output ensemble. Shor’s protocol is similar to the above, except that Bob can perform

partial measurements on one signal which only partially reduces the quantum state, use

the outcome of this measurement to determine which measurements to make on different

signals, return to redefine the measurement on the first state, and so forth. It was showed

that the adaptive capacity is always greater than or equal to the one-shot capacity.

The main example of quantum channel capacity making use of protocol 2 is the

Holevo-Schumacher-Westmoreland (HSW) capacity [7, 8]. The HSW capacity, denoted

by C1,∞(E), is also known as the classical capacity of quantum channels. The HSW ca-

pacity is the generalisation of the Shannon’s ordinary capacity [13], in the sense that the

Shannon coding theorem can be derived from the HSW coding theorem [25, 23]. The

quantum channel coding theorem asserts that for each rate R ≤ C1,∞ there exists a se-

quence of codes for which the error probability goes asymptotically to zero as the code

length goes to infinity. Conversely, every achievable rate R must be less than or equal to

the capacity C1,∞.

Capacities employing protocol 3 are directly connected with one of the most impor-

tant open issues in quantum information theory, the additivity conjecture of the Holevo

information [7]. The conjecture asserts that entanglement between several channel inputs

does not increase the HSW capacity of memoryless quantum channels. However, it is

known that entangled codewords may increase the HSW capacity of quantum channels

with memory [11].

2.2 Zero-error capacity of classical channels

Information theory was introduced by Claude E. Shannon in 1948 [13]. In his paper,

Shannon defined a number C representing the capacity of a communication channel for

transmitting information reliably. He proved the existence of codes that allow reliable

transmission, provided that the communication rate is less than the channel capacity.

A randomly generated code with large block size has a high probability to be a good

code. By reliable transmission we mean that the error probability can be made as close

to zero as possible, but not actually zero. Most of information theory issues, including
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channel capacity, are based on probability theory and statistics. This asymptotic capacity

is hereafter denoted the ordinary capacity.

In 1956, eight years after his first paper introducing information theory, Shannon

demonstrated how Discrete Memoryless Channels (DMCs) could be used to transmit in-

formation in a scenario where no errors are permitted, instead of allowing an asymptoti-

cally small probability of error. The so-called zero-error capacity was defined as the least

upper bound of rates at which information can be transmitted through a DMC with a

probability of error equal to zero [12]. Körner and Orlitsky [26] pointed out some situa-

tions in which it would be interesting to consider a scenario where no transmission errors

are allowed and ask for the maximum rate at which information can be transmitted:

• Applications where no errors can be tolerated.

• In some models, only a small number of channel uses or a few source instances are

available. Therefore, we cannot appeal to results ensuring that the error probability

decreases as the number of uses or instances increases.

• The zero-error information theory can be used to study the communication com-

plexity of error-free protocols and functions.

• Functionals and methods originally used in zero-error information theory are often

applied in mathematics and computer science.

In the original paper, Shannon gave a graph theoretic approach to the zero-error

capacity. By associating a DMC with a graph, Shannon introduced a new quantity

in graph theory, the Shannon capacity of a graph [14, 15, 16]. Differently from the

ordinary capacity, finding the zero-error capacity of a DMC (or a graph) is a combinatorial

problem. Because of its restrictive nature − a vanishing probability of error is required −
the zero-error information theory is frequently unknown to many information theorists.

Nevertheless, its methods play an important role in areas like combinatorics and graph

theory.

In this work we generalise the zero-error capacity to quantum channels. Initially, we

formally define an error-free quantum code as well as the encoding and decoding proce-

dures. Then, we define the quantum zero-error capacity as the least upper bound of rates

at which classical information can be transmitted without error through a noisy memo-

ryless quantum channel. The problem of finding the zero-error capacity is reformulated

in the language of graph theory and an equivalent definition is given. We also investigate

some properties of quantum states and measurements reaching the quantum zero-error
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capacity. A mathematically motivated example is used to claim that the quantum zero-

error capacity is a non-trivial generalisation of the Shannon zero-error capacity, in the

sense that there exist quantum channels for which the capacity can only be reached by

using an ensemble of non-orthogonal quantum input states, and two or more channel uses

are necessary in order to attain the capacity, i.e., the capacity can only be reached by

using a quantum code of length two or more. We formally relate the quantum zero-error

capacity to the HSW capacity, giving a proof that the former is upper bounded by the

latter.

2.3 Thesis outline

Contributions are entirely presented in Chapter 6. Readers familiarized with quantum

information and classical zero-error information theory can skip Chapters 2 to 5 and go

directly to Chapter 6. This thesis is organized as follows:

Chapters 3 and 4 give an overview of quantum information concepts related to the

thesis. Section 3.2 aims to introduce the Dirac’s notation to the reader, whereas discusses

important tools in quantum information, as unitary operators and tensor products. The

four quantum mechanics postulates are further presented in Section 3.3, followed by a

discussion about the density operator formalism. A brief survey about classical capacities

of quantum channels is given in Chapter 4. Initially, we introduce the von Neumann

entropy and we give a mathematical definition of quantum channels. Sections 4.3 to 4.6

review the one-short capacity C1,1(E), the Holevo-Schumacher-Westmoreland capacity

C1,∞(E), the adaptive capacity C1,A(E), and the entanglement-assisted capacity CE(E),

respectively.

Chapter 5 introduces some definitions and results in classical zero-error information

theory. Section 5.1 presents the ordinary capacity of DMC and some examples are given.

Section 5.2 introduces the zero-error capacity, and a method for calculating the capacity

of simple channels is discussed in Section 5.2.1. Section 5.2.2 presents a graph-theoretic

approach for the zero-error capacity. The representation of a DMC using either an ad-

jacency graph or its complementary graph gives two different but equivalent ways of cal-

culating the zero-error capacity. In Section 5.3 we present the Lovász theta function [21],

a polynomially computable functional which is sandwiched in between the clique and the

chromatic numbers of a graph. This functional was used by Lovász to calculate de zero-

error capacity of the pentagon graph, a five vertices graph for which Shannon was not

able to give an exact value for the capacity. Sections 5.4 and 5.5 illustrate how different

is the behaviour of the zero-error capacity and the ordinary capacity.
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The quantum zero-error capacity is introduced in Chapter 6. In Section 6.2 we define

a zero-error quantum block code and we give a formal definition of the quantum zero-

error capacity. In Section 6.2.1 we present a graph-theoretic approach for the quantum

zero-error capacity and we demonstrate that the two definitions are equivalent. We study

in Section 6.3 some properties of quantum states attaining the quantum zero-error ca-

pacity. We show that the capacity can always be reached using an ensemble of at most

d pure states, where d is the dimension of the quantum channel. We also investigate

in Section 6.4 quantum measurements archiving the capacity. We show that collective

von Neumann measurements are necessary and sufficient in order to reach the channel

capacity. Section 6.5 gives some examples of the quantum zero-error capacity calculation.

We explicit a mathematically motivated quantum channel and we conjecture that its

zero-error capacity cannot be achieved using an ensemble of pairwise orthogonal quantum

states. Moreover, this channel requires two or more channel uses in order to transmit a

given message at higher rates. Finally, we demonstrate in Section 6.6 that the quantum

zero-error capacity is upper bounded by the HSW capacity [7, 8].

In Chapter 7 we summarize our contributions and we give some directions for further

research and perspectives.
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Chapter 3

Fundamentals of Quantum Mechanics

3.1 Introduction

This chapter introduces quantum mechanics in a brief and objective way. However, special

attention was given to ensure that almost all concepts and definitions amongst subsequent

chapters are discussed here. A more detailed approach can be found in specific textbooks

[17, 2].

3.2 Linear algebra and Hilbert spaces

Although linear algebra is a well known topic in engineering, the notation used by physi-

cists to describe quantum mechanics is different to that used in most courses of linear

algebra. As we will see among this chapter, the Dirac’s notation is more convenient to

describe quantum systems and their evolutions. Such notation is widely used by physi-

cists and it is standard in textbooks of quantum information and computation [2]. Dirac’s

notation will be gradually introduced in this chapter,

Definition 1 (Vector space [17]) Let F be a field. A vector space V over F , with

elements (vectors) represented by |v〉, is a structure composed by a set and two binary

operations, (+) : V × V −→ V and (·) : F × V −→ V , such that

1. (|v〉 + |w〉) + |1〉 = |v〉 + (|w〉 + |1〉) for all |v〉, |w〉, |1〉 ∈ V ;

2. |v〉 + |w〉 = |w〉 + |v〉 for all |v〉, |w〉 ∈ V ;

3. ∃0 ∈ V such that |v〉 + 0 = |v〉 for all |v〉 ∈ V ;

4. for any |v〉 ∈ V , there exists an element |w〉 ∈ V such that |v〉 + |w〉 = 0;

5. k1 · (k2 · |v〉) = (k1k2) · |v〉 for all k1, k2 ∈ F and |v〉 ∈ V ;

29
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6. 1 · |v〉 = |v〉 for all |v〉 ∈ V ;

7. k · (|v〉 + |w〉) = (k · |v〉) + (k · |w〉) for all k ∈ F , and |v〉, |w〉 ∈ V ;

8. (k1 + k2) · |v〉 = (k1 · |v〉) + (k2 · |v〉) for all k1, k2 ∈ F and |v〉 ∈ V .

Elements of V are referred as vectors, and 0 ∈ V is the zero vector of V .

In Definition 1, the symbol |v〉 denotes an arbitrary vector in V , where v is its label.

In the Dirac’s notation, the structure |·〉 is called a ket. Note that for the zero vector the

ket is not used.

A vector subspace of a space V is a subset W of V such that W is also a vector space,

i.e., W should satisfy all the conditions of Definition 1.

A set of nonzero vectors |v1〉, . . . , |vn〉, belonging to a vector space V over a field F , is

said to be linearly independent if for any scalars a1, a2, . . . , an ∈ F ,

a1|v1〉 + a2|v2〉 + · · · + an|vn〉 = 0

implies a1 = a2 = · · · = an = 0. Otherwise, the set is called linearly depedent.

A set of vectors β = {|v1〉, . . . , |vn〉} generates the vector space V if any vector |v〉
of V can be written as a linear combination |v〉 =

∑

i ai|vi〉, where ai ∈ F . A linearly

independent set β that generates V is called a basis of V . The dimension of V , dim(V ),

is defined as being the cardinality of a basis β.

3.2.1 Inner product

Let V be a vector space over the field C of complex numbers. This space is particularly

important in quantum mechanics. For such space, an inner product is defined as follows.

Definition 2 (Inner product [17]) An inner product in a vector space V over the field

C of complex numbers is a function ( , ) : V × V −→ C such that, for all k1, k2 ∈ C and

|v1〉, |v2〉, |v〉, |w〉 ∈ V , the properties below are verified:

1. (|w〉, k1|v1〉 + k2|v2〉) = k1(|w〉, |v1〉) + k2(|w〉, |v2〉)1;

2. (|v〉, |w〉) = (|w〉, |v〉)∗, where (∗) denotes complex conjugation;

3. (|v〉, |v〉) ≥ 0, e (|v〉, |v〉) = 0 if and only if |v〉 = 0.

1Some authors impose the linearity condition to the first argument instead of the second.
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The above notation for inner product is not standard in quantum mechanics. Instead,

it is widely used 〈v|w〉 to denote the inner product between |v〉 and |w〉. 〈v| stands for

the dual vector of |v〉, which will be formally defined later in this section.

The vectors |v〉 and |w〉 are said to be orthogonal if the inner product 〈v|w〉 is zero.

The norm of vector |v〉 is defined as

|||v〉|| ≡
√

〈v|v〉. (3.1)

A unitary vector |v〉 is a vector such that |||v〉|| = 1. A unitary vector |v′〉 = |v〉/|||v〉||
is referred as the normalization of |v〉. The set of vectors {|i〉}, with indexes i, is said to

be an orthonormal set if all vector are unitary, and vectors are pairwise orthogonal, i.e.,

〈i|j〉 = δij , where i, j are chosen from the index set. An orthogonal basis for the vector

space of dimension d is a set of d pairwise orthogonal vectors. An orthogonal basis is

orthonormal if all vectors are unitary.

The following definitions are necessary to introduce Hilbert spaces.

Definition 3 (Metric [27]) A metric in a set X is a function d : X × X → ℜ, which

associates each pair of elements x, y ∈ X with a real number d(x, y) satisfying the following

conditions for any x, y, z ∈ X:

1. d(x, x) = 0;

2. If x 6= y then d(x, y) > 0;

3. d(y, x) = d(x, y);

4. d(x, y) ≤ d(x, z) + d(z, y).

Definition 4 (Metric spaces [27]) A metric space , denoted by (X, d), is composed by

two parts: a set X and a metric d(x, y).

Definition 5 (Cauchy sequences [17]) A sequence {xm} in a metric space (X, d) is a

Cauchy sequence if for each ǫ > 0 exists a N such that d(xn, xm) ≤ ǫ for any n,m ≥ N .

As an example, consider the metric space consisting of all points in the interval [0, 1],

X = {x ∈ R : 0 ≤ x ≤ 1}, and the usual metric, d(x, y) = |x − y|. The sequence

{1/n} = {1, 1/2, 1/4, . . .} is a Cauchy sequence. Given ǫ > 0, choose N ≥ 2/ǫ. If

n,m ≥ N , then 1/n ≤ ǫ/2 and 1/m ≤ ǫ/2. Consequently, |1/n− 1/m| ≤ 1/n+ 1/m ≤ ǫ

for all n,m ≥ N . Moreover, the sequence is convergent, since limn→∞ 1/n = 0 ∈ X [27,

pp. 116]. There exist Cauchy sequences that are divergent. Consider, for example, the

same sequence in a metric space consisting of points (0, 1], X = {x ∈ R : 0 < x ≤ 1}, and
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the usual metric. Clearly, such sequence is a Cauchy sequence. However, the sequence is

divergent, since the point 0 does not belong to the metric space.

Definition 6 ([27]) A metric space (X, d) is complete if each Cauchy sequence in (X, d)

is convergent.

By definition, all vector space with inner product have an associated metric, and

therefore they are metric spaces.

Definition 7 (Hilbert space [27]) A Hilbert space is a vector space, together with a

inner product, which are complete with relation to the norm defined by the inner product.

As early mentioned, we are interest here in the vector space of n-tuples of complex

numbers (z1, z2, . . . , zn), denoted by Cn. The notation of column matrix will be used to

refer to such vectors,

|z〉 ≡







z1
...

zn






. (3.2)

The usual inner product in Cn is defined by

〈y|z〉 ≡
[

y∗1 . . . y∗n

]







z1
...

zn






, (3.3)

where (y1, . . . , yn) and (z1, . . . , zn) are, respectively, the vector components of |y〉 and |z〉
with relation to the same orthonormal basis.

One can verify that the vector space Cn, together the inner product defined in Equa-

tion (3.3), is a Hilbert space of dimension n [17]. As we will see later, the state of a give

quantum system can be represented by a unitary vector |v〉 belongs to a Hilbert space

of dimension n. According with this notation, let |v〉 =
∑

i vi|i〉 and |w〉 =
∑

j wj|j〉 be

representations of the vectors |v〉 and |w〉 with relation to an orthonormal basis {|i〉},
respectively. Since 〈i|j〉 = δij ,

〈v|w〉 =

(
∑

i

vi|i〉,
∑

j

wj|j〉
)

=
∑

ij

v∗iwj〈i|j〉 =
∑

i

v∗iwi

=
[

v∗1 . . . v∗n

]







w1

...

wn






. (3.4)

Equation 3.4 shows that the inner product between two vectors is equal to the inner prod-

uct between the corresponding matrix representation with relation to a same orthonormal
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basis. Note that the dual vector 〈v| is as a line vector whose components are complex

conjugates of components of |v〉.
According to definitions above, the vectors

|0〉 ≡
[

1

0

]

and |1〉 ≡
[

0

1

]

(3.5)

form an orthonormal basis for the Hilbert space of dimension 2, i.e., any vector

|v〉 =

[

a0

a1

]

(3.6)

can be written as a linear combination |v〉 = a0|0〉 + a1|1〉 of |0〉 and |1〉.
In quantum mechanics, the basis {|0〉, |1〉} is called the computational basis of the 2-

dimensional Hilbert space. The computational basis for the n-dimensional Hilbert space

is {|0〉, |1〉, . . . , |n− 1〉}, where |k〉 ≡
[

a0 = 0 a1 = 0 . . . ak = 1 . . . an−1 = 0
]T

.

3.2.2 Linear operators

A linear operator between two vector spaces V andW is defined as a function A : V −→W

which is linear with relation to their inputs:

A

(
∑

i

ai|vi〉
)

=
∑

i

aiA|vi〉. (3.7)

It is usual to use the notation A|v〉 instead of A(|v〉). Two important linear operators are

the identity operator 1l and the operator 0, where 1l|v〉 ≡ |v〉 and 0|v〉 ≡ 0, respectively.

The notation 1ld is referred to the identity operator of the d-dimensional vector space.

An interesting representation of a linear operator, known as outer product, is obtained

via inner product. Let |v〉 and |w〉 be two vectors belonging to vector spaces V and W

with inner product, respectively. Define |w〉〈v| as being a linear operator from V to W in

the following way:

(|w〉〈v|)(|v′〉) ≡ |w〉〈v|v′〉 = 〈v|v′〉|w〉. (3.8)

Dirac’s powerful notation suggests two interpretations to Equation (3.8). The first is the

application of the operator |w〉〈v| to the vector |v′〉, and the second is the product of the

complex number 〈v|v′〉 by the vector |w〉.

Theorem 6 (Completeness relation [2]) Let {|ψi〉} be an orthonormal basis for a d-

dimensional vector space V with inner product. Then

∑

i

|ψi〉〈ψi| = 1ld. (3.9)
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3.2.3 Pauli operators

We introduce Pauli operators, which are four 2 by 2 matrices that play a fundamental

hole in quantum mechanics and quantum information [2].

σ0 ≡ I ≡
[

1 0

0 1

]

, σ1 ≡ X ≡
[

0 1

1 0

]

, (3.10)

σ2 ≡ Y ≡
[

0 −i
i 0

]

and σ3 ≡ Z ≡
[

1 0

0 −1

]

. (3.11)

3.2.4 Eigenvectors and eigenvalues

An eigenvector of a linear operator A in a vector space V is a nonzero vector |v〉 such

that A|v〉 = λ|v〉. The number λ is the eigenvalue associated with the eigenvector |v〉.
The eigenspace of λ is the union of the zero vector 0 together the set of all eigenvectors

corresponding to λ.

The diagonal representation of an operator A in a vector space V is defined as being

A =
∑

i λi|ψi〉〈ψi|, where {|ψi〉} is a set of orthonormal eigenvectors of A with corre-

sponding eigenvalues λi. An operator is said to be diagonalizable if it has a diagonal

representation.

3.2.5 Hermitians and unitary operators

We define in this section two important classes of operators in a Hilbert space. Let A be

an operator in V and |v〉, |w〉 ∈ V two vectors that belong to V .

Definition 8 (Hermitian operator.) The unique operator A† ∈ V such that for all

vectors |v〉, |w〉 ∈ V ,

(|v〉, A|w〉) = (A†|v〉, |w〉), (3.12)

is called the adjoint or Hermitian conjugate of A. An operator is said to be Hermitian or

self-adjoint if A† = A.

From the definition, (AB)† = B†A†. By convention |v〉† ≡ 〈v| , and hence (A|v〉)† =

〈v|A†. The Hermitian conjugate of a matrix representation of an operator is the conjugate-

transpose matrix of A, A† ≡ (A∗)T , where (*) indicates complex conjugation and T

indicates transposition.

Let |1〉, . . . , |d〉 be an orthonormal basis for a d-dimension Hilbert subspace W of a

n-dimensional Hilbert space V .



3.2. Linear algebra and Hilbert spaces 35

Definition 9 (Projector over a Hilbert subspace) The Hermitian operator

P ≡
k∑

i=1

|i〉〈i| (3.13)

is a projector onto the subspace W spanned by the vectors |1〉, . . . , |k〉.

It is easy to see that if |w〉 ∈ W then P |w〉 = |w〉. The orthogonal complement of P ,

Q = 1l − P , is a projector over the orthogonal subspace spanned by |k + 1〉, . . . , |n〉.
An operator A is said to be normal if AA† = A†A. Clearly, every Hermitian operator

is also a normal operator. An important result in linear algebra stands that every normal

operator M in a Hilbert space V has a spectral decomposition [2, pp. 72]

M =

d∑

i=1

λi|ψi〉〈ψi|, (3.14)

where |ψi〉 are eigenvectors of M with eigenvalues λi, d is the dimension of V , and the set

of vectors {|ψi〉} forms an orthonormal basis for V .

Unitary operators defined below play an important hole in quantum mechanics, since

they describe the evolution of a closed quantum system.

Definition 10 (Unitary operators [2]) An operator U is unitary if U †U = UU † = 1l.

Geometrically, unitary operators have the property that they preserve the inner prod-

uct between vectors, i.e., if |v〉, |w〉 ∈ V then

(U |v〉, U |w〉) = 〈v|U †U |w〉 = 〈v|1l|w〉 = 〈v|w〉. (3.15)

Definition 11 (Positive operators [2]) A Hermitian operator A in a Hilbert space V

is positive if, for every |v〉 ∈ V , the number 〈v|A|v〉 is positive. If 〈v|A|v〉 is a real greater

than zero for every |v〉 6= 0, then the operator A is said to be positive definite.

Positive operators have a spectral decomposition
∑

i λi|ψi〉〈ψi| with nonnegative eigen-

values λi.

3.2.6 Tensor products

As we will see later in this chapter, the Hilbert space of composite quantum systems is

the tensor product of individual Hilbert spaces. Thus, tensor product is a way of putting

together two or more Hilbert spaces to produce a larger space.

Definition 12 (Tensor product [2]) Let V and W be Hilbert spaces of dimension m

and n, respectively. Then V ⊗W is a Hilbert space of dimension mn. Elements of V ⊗W
are linear combinations of tensor products |vi〉 ⊗ |wi〉 of elements |vi〉 ∈ V and |wi〉 ∈W ,

satisfying the following properties:
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P1. z(|v〉 ⊗ |w〉) = (z|v〉) ⊗ |w〉 = |v〉 ⊗ (z|w〉), z ∈ C, |v〉 ∈ V and |w〉 ∈W ;

P2. (|v1〉 + |v2〉) ⊗ |w〉 = |v1〉 ⊗ |w〉 + |v2〉 ⊗ |w〉, |v1〉, |v2〉 ∈ V and |w〉 ∈W ;

P3. |v〉 ⊗ (|w1〉 + |w2〉) = |v〉 ⊗ |w1〉 + |v〉 ⊗ |w2〉, |v〉 ∈ V , |w1〉, |w2〉 ∈W .

If A and B are linear operators in V and W , respectively, then

(A⊗B)(|v〉 ⊗ |w〉) ≡ A|v〉 ⊗ B|w〉, (3.16)

where |v〉 ∈ V and |w〉 ∈W . Naturally,

(A⊗ B)

(
∑

i

ai|vi〉 ⊗ |wi〉
)

≡
∑

i

aiA|vi〉 ⊗ B|wi〉, (3.17)

for ai ∈ C, |vi〉 ∈ V and |wi〉 ∈W .

Depending on the context, notations to tensor product of operators and vectors can

vary. The following notations will be used in this thesis. If A and B are linear operators

in V and W , respectively, then

A⊗ B ≡ AVBW . (3.18)

We often use the abbreviated form |v〉 ⊗ |w〉 ≡|v〉|w〉 ≡ |v, w〉 ≡ |vw〉. Therefore, if A is

an operator acting in V and B acting in W , the following equations are equivalent:

(A⊗B)(|v〉 ⊗ |w〉) ≡ AVBW |v〉|w〉 ≡ AVBW |vw〉. (3.19)

The inner product in V ⊗W is defined in a natural way, i.e., in terms of inner products

in V and W , respectively.
(
∑

i

ai|vi〉 ⊗ |wi〉,
∑

j

bj |v′j〉 ⊗ |w′
j〉
)

≡
∑

ij

a∗i bj〈vi|v′j〉〈wi|w′
j〉, (3.20)

where ai, bj ∈ C, |vi〉, |v′j〉 ∈ V and |wi〉, |w′
j〉 ∈ W . From the definition of inner product,

one can verify that if |vi〉 and |wi〉 are two orthonormal basis for V and W , respectively,

then the product |vi〉 ⊗ |wi〉 is an orthonormal basis for V ⊗W .

In terms of matrix representation, the tensor product between operators A and B is

equivalent to the Kronecker product between such matrices. Therefore, if the orders of

matrices A and B are m× n and p× q, respectively, then

A⊗ B ≡

nq
︷ ︸︸ ︷








A11B A12B . . . A1nB

A21B A22B . . . A2nB
...

...
...

...

Am1B Am2B . . . AmnB
















mp. (3.21)
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It is easy to verify that transposition and complex conjugation are distributive with

relation to the tensor product. Moreover, the tensor product: (a) of two unitary matrices

is a unitary matrix; (b) of two Hermitian matrices is a Hermitian matrix; (c) of two

positive operators is a positive operator; (d) of two projectors is a projector.

Finally, the notation |ψ〉⊗n is often used to denote the n-tensor product of |ψ〉, e.g.,
|ψ〉⊗3 = |ψ〉 ⊗ |ψ〉 ⊗ |ψ〉 = |ψψψ〉.

3.3 Quantum mechanics postulates

In this section we briefly review the four postulates of quantum mechanics. A more

detailed approach can be found in Nielsen and Chuang [2].

3.3.1 State space

The first postulate establishes the mathematical environment where quantum systems are

defined. Such framework is the already mentioned Hilbert space.

Postulate 1 Associated to any isolated quantum system is a complex vector space with

inner product, i.e., a Hilbert space, called state space of the quantum system. The state of

a quantum system is completely described by their state vector, which is a unitary vector

belonging to the state space of the system.

The simplest quantum system is the qubit, which is a reference to quantum bit. The

qubit belongs to a state space of dimension two. Therefore, any qubit can be written as

|ψ〉 = a|0〉 + b|1〉, (3.22)

where a, b are complex numbers and |0〉, |1〉 are defined in Equation (3.5). The postulate

imposes unitary norm to |ψ〉, 〈ψ|ψ〉 = 1, which means |a|2 + |b|2 = 1.

In quantum information and computation, the states |0〉 and |1〉 are, intuitively, anal-
ogous to classical bits 0 and 1, respectively. The main, fundamental difference is that the

states |0〉 and |1〉 can coexist in a same system |ψ〉. This property is known as superpo-

sition: |ψ〉 = a|0〉 + b|1〉. The linear combination
∑

i αi|ψi〉 is referred to a superposition

of states |ψi〉 with amplitudes αi.

3.3.2 Evolution

The time evolution of a closed quantum system is the subject of the next postulate.
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Postulate 2 The evolution of an isolated quantum system is described by unitary trans-

formations. The system state |ψ1〉 at the time t1 is related to |ψ2〉, the system state at the

time t2, by means of a unitary operator U , which only depends on times t1 and t2,

|ψ2〉 = U |ψ1〉. (3.23)

The Austrian physicist Ervin Schrödinger, in his formulation of quantum mechan-

ics, described the continuos time evolution of a closed quantum system by a differential

equation. The continuos time version of Postulate 2 is presented below.

Postulate 2’ The time evolution of an isolated quantum system |ψ〉 is described by the

Schrödinger equation,

iℏ
d|ψ〉
dt

= H|ψ〉, (3.24)

where ℏ is the Planck constant and H is an Hermitian operator known as the Hamiltonian

of the closed quantum system.

One can readily verify [2] that the two enunciates of Postulate 2 are equivalent.

3.3.3 Measurements

When a quantum system does not interact with the external world, its evolution is com-

pletely described by unitary operations. In order to obtain some information about the

system, the experimentalist should introduce an external device which makes the system

no longer closed, and thus not necessarily subjected to unitary evolution. Postulate 3

explains the behaviour of quantum systems when they are submitted to measurements.

Postulate 3 Measurements in quantum systems are described by a set of measurement

operators {Mm} acting on the state space of the system being measured. If the state of

the quantum system before the measurement is |ψ〉, then the probability that outcome m

occurs is given by

p(m) = 〈ψ|M †
mMm|ψ〉. (3.25)

The state of the system after the measurement will be

|ψ′〉 =
Mm|ψ〉

√

〈ψ|M †
mMm|ψ〉

. (3.26)

Because probabilities sum to one, measurement operators must satisfy the completeness

equation
∑

m

M †
mMm = 1l. (3.27)
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Postulate 3 is the most general description of a quantum measurement. Many physi-

cists are unfamiliar with it, specially the experimentalists. The main reason is because

they do not know how to implement such measurements using physical devices. There are

two special cases of general measurements which are important to our work: projective

and Positive Operator-Valued Measurements (POVM).

Projective measurements. A projective measurement, also called a von Neumann

measurement, is described by an observable M , which is a Hermitian operator on the state

space of the system being measured. The observable has a spectral decomposition

M =
∑

m

λmPm, (3.28)

where Pm is a projector onto the eigenspace of M with eigenvalue λm. Measurement

outcomes correspond to eigenvalue indices m. When a system in a state |ψ〉 is observed,

the probability of get outcome m is given by

p(m) = 〈ψ|Pm|ψ〉. (3.29)

Given that the outcome m occurred, the state of the system immediately after the mea-

surement will be

|ψ′〉 =
Pm|ψ〉
√

p(m)
. (3.30)

Instead of given an observable to describe a von Neumann measurement, one can

simply construct a list of projectors Pm satisfying
∑

m Pm = 1l and PiPj = δijPi, i.e.,

projectors must be pairwise orthogonal. The corresponding observable is then M =
∑

mmPm. We say that a quantum system is “measured in a basis |m〉”, where |m〉 is

an orthonormal basis, when a projective measurement with projectors Pm = |m〉〈m| is
performed.

As an example, let P+1 and P−1 be two projectors such that

P+1 = |+〉〈+| =
1

2

[

1 1

1 1

]

and P−1 = |−〉〈−| =
1

2

[

1 −1

−1 1

]

. (3.31)

Note that because P+1 + P−1 = 1l2, the set P = {P+1, P−1} defines a quantum projective

measurement. Suppose we are measuring the state |0〉 using P. The probability of getting

outcomes +1 and −1 are, respectively,

p(+1) = 〈ψ|+〉〈+|ψ〉 = 1/2 and p(−1) = 〈ψ|−〉〈−|ψ〉 = 1/2. (3.32)
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Given that outcome +1 occurs, the post measurement state will be

P+1|0〉
√

p(+1)
=

1√
2
(|0〉 + |1〉). (3.33)

Instead, if the experimentalist gets outcome −1, the post measurement state will be

P−1|0〉
√

p(−1)
=

1√
2
(|0〉 − |1〉). (3.34)

Alternatively, this is equivalent to perform a measurement of the observable (Pauli oper-

ator) X on the state |0〉, since X = (+1)P+1 + (−1)P−1.

POVM Measurements. Consider a quantum measurement as described in postu-

late 3, with measurement elements {Mm}. Define

Em ≡M †
mMm. (3.35)

POVM measurements are defined by a set of POVM operators {Em}, where Em are pos-

itive operators satisfying
∑

mEm = 1l. The probability of get outcome m given that the

state |ψ〉 is measured is

p(m) = 〈ψ|Em|ψ〉. (3.36)

The set {Em} is often called a POVM.

Differently than general and projective measurements, we are not able to predict

the state of the post measurement quantum system once a POVM measurement is per-

formed. Fortunately, most of the applications in quantum computation and information

theory does not care about post measurement states. Instead, we are often interested in

measurement outcomes and the corresponding associated probabilities. For example, in

quantum error correction theory, the received codeword is subjected to projective mea-

surements - which are a special case of POVM measurements; outcomes correspond to

error syndromes, which are used in order to choose unitary operations, whose application

on the received state can recovery the transmitted state. Figure 3.1 illustrates a POVM

measurement apparatus. When an unknown quantum state ρ is measured, a led turns on

to indicate the outcome.

3.3.4 Composite quantum systems

Individual quantum systems can interact to produce composite quantum systems. The

following postulate determines the state space of the composite system as a tensor product

of individual state spaces.
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1 2 3 i m

ρ (?) ρ′

Figure 3.1: A POVM measurement apparatus. When a quantum state is measured using

a set {E1, . . . , Em}, a led is turned on indicating the outcome.

Postulate 4 The state space of a composite quantum system is the tensor product of the

state spaces of the indivudual physical systems. Moreover, if n systems are prepared in

the state |ψi〉, then the joint system state is |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn〉.

We should use any of the following equivalent notations for representing composite

systems: |ψ〉 = |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn〉 ≡ |ψ1〉|ψ2〉 . . . |ψn〉 ≡ |ψ1ψ2 . . . ψn〉.
Postulate 4 allows the definition of one of the most interesting concepts in quantum

mechanics - entanglement. By definition, a composite systems is said to be entangled if

we can not write the state of the whole system as a tensor product of states in each of

the individual systems. For example, consider the two qubit state

|ψ〉 =
|00〉 + |11〉√

2
. (3.37)

This state is entangled, since there are no single qubit states |a〉 and |b〉 for which |ψ〉 =

|a〉|b〉.
The Bell basis is a set of four entangled states that forms a basis for the 4-dimensional

Hilbert space:

|β00〉 =
|00〉 + |11〉√

2
, (3.38)

|β01〉 =
|01〉 + |10〉√

2
, (3.39)

|β10〉 =
|00〉 − |01〉√

2
, (3.40)

|β11〉 =
|01〉 − |10〉√

2
. (3.41)

The Bell basis plays an important hole in quantum computation and information appli-

cations. States in the Bell basis are also known as Einstein, Podolsky and Rosen (EPR)

pairs.
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3.4 The density operator

Until now the state of a quantum system has been represented by a unitary vector in an

appropriated Hilbert space. Such systems are said to be in a pure state . They suggest a

situation of minimum ignorance, where there is nothing more to be determined but the

system state itself. However, there are situations where such formalism does not apply.

In particular:

• with ensembles F , where the system can be in any of the pure states |ψ1〉, |ψ2〉, . . . ,
with probabilities p1, p2, . . . ;

• in a situation where the system (called A) is part of a larger system AB which is in

a pure, entangled state Ψ.

Quantum systems in any of the states above are said to be in a mixed state. The

mathematical formalist to deal with these situations is the density operator:

Definition 13 (Density operator [2]) Assume that a quantum system is in some state

|ψi〉 with probability pi. The density operator describing the state of the system is defined

as being

ρ ≡
∑

i

pi|ψi〉〈ψi|. (3.42)

The density operator if often called the density matrix of the system. Density operators

are well characterized matrices.

Theorem 7 (Characterization of density operators [2]) An operator ρ is a den-

sity matrix associated with an ensemble {pi, |ψi〉} if and only if the following are true:

1. (Trace condition) tr [ρ] = 1, where tr [ρ] stands for the trace of the operator ρ;

2. (Positivity) ρ is a positive operator.

It is straightforward to see that the density matrix of a pure system is ρ = |ψ〉〈ψ|,
which is cleary a trace one matrix. Given a density operator ρ of an unknown quantum

system, how can we infer whether the system is in a pure or mixed state? It turns out

that the system is in a pure state if and only if tr [ρ2] = 1. In fact, tr [ρ2] ≤ 1 with

equality if and only if ρ is pure. Since this result plays an important role in this work, we

demonstrate it below.

If ρ is a density operator, then ρ =
∑

i λi|ψi〉〈ψi| . Moreover

ρ2 =
∑

i

λ2
i |ψi〉〈ψi|.
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By the trace condition,
∑

i λi = 1. Since 0 ≤ λi ≤ 0 and λ2
i ≤ λi, we have

tr
[
ρ2
]

= tr

[
∑

i

λ2
i |ψi〉〈ψi|

]

=
∑

i

λ2
i tr [|ψi〉〈ψi|]

=
∑

i

λ2
i

≤
∑

i

λi

= 1. (3.43)

If ρ is a pure state, then ρ = |ψ〉〈ψ| and

tr
[
ρ2
]

= tr [|ψ〉〈ψ|]
= 〈ψ|ψ〉
= 1. (3.44)

Conversely, if ρ =
∑

i λi|ψi〉〈ψi| is a state such that tr [ρ2] = 1, then
∑

i

λ2
i = 1.

Such condition is verified if and only if λk = 1 and λi6=k = 0. Therefore,

ρ = |ψk〉〈ψk|

is a pure state.

Vector and density matrix formalisms are equivalent. Hence, one can enunciate the

four postulates of quantum mechanics in terms of density operators.

3.4.1 Quantum mechanics postulates and density operators

We revisit the four postulates of Section 3.3.

Postulate 1: Associated with any quantum system is a complex vector space with inner

product (i.e., a Hilbert space), called state space of the system. The system state is

completely described by its density operator, which is a trace one positive operator

ρ acting on the state space of the system. If the quantum system is in the state ρi
with probability pi, then the density operator of the system is ρ =

∑

i piρi.

Postulate 2: The evolution of a closed quantum system is described by unitary trans-

formations. The state ρ1 of the system at t1 is related to the system state ρ2 at time

t2 by means of a unitary operation U , which depends only on times t1 and t2,

ρ2 = Uρ1U
†. (3.45)



44 Chapter 3. Fundamentals of Quantum Mechanics

Postulate 3: Measurements in quantum systems are defined by a set {Mm} of mea-

surement operators. Operators Mm act on the state space of the system being

measured. Indices m are the measurement outcomes. If the system state rather

before the measurement is ρ, then the probability that the outcome m occurs is

p(m) = tr
[
M †

mMmρ
]
. (3.46)

The state of the system immediately after the measurement is

ρ′ =
MmρM

†
m

tr
[

M †
mMmρ

] . (3.47)

Measurement operators satisfy the completeness relation

∑

m

M †
mMm = 1l. (3.48)

Postulate 4: The state space of a composite quantum system is the tensor product of

the individual state spaces. Moreover, if we have n quantum systems, namely 1 to

n, and the system i is prepared in the state ρi, then the whole state of the composite

system is ρi ⊗ ρ2 ⊗ · · · ⊗ ρn.

As we already pointed out, the formulation in terms of density operators is equivalent

to the formulation in terms of state vectors. For example, assume that the evolution of a

closed quantum system is described by the unitary operator U . If the system i is initially

in the state |ψi〉 with probability pi, then the post evolution state of the system will be

U |ψi〉 with probability pi. Therefore, the evolution of the density operator will be

ρ =
∑

i

pi|ψi〉〈ψi| U−→
∑

i

piU |ψi〉〈ψi|U † = UρU †. (3.49)

3.5 Conclusions

We have given in this chapter an overview of the main aspects of quantum mechanics,

which are important to the best understanding of this thesis. We have started by defining

a Hilbert space and linear operators. Then we defined Hermitian and unitary operators,

as well as tensor products. In the second part of the chapter, we presented the four

postulates of quantum mechanics based on the Heisenberg formulation and using the

Dirac’s notation.

In the next chapter, we introduce some capacities of quantum channels for transmitting

classical information, which is the main subject of this thesis.



Chapter 4

Quantum channel capacities

4.1 Introduction

Given a noisy quantum channel, the maximum amount of classical information per channel

use Alice can transmit to Bob is called the classical capacity of the quantum channel. As

we already discussed in Section 2.1, the capacity depends on the communication protocol

and on available physical resources, such as entanglement.

In this chapter we begin by introducing the von Neumann entropy and the mathemat-

ical framework to describe quantum channels. Then, we present an overview of quantum

channel capacities for transmitting classical information. We emphasize that all capacities

discussed here allow for an asymptotically small probability of error whenever code rates

approach the channel capacity, even if the best coding scheme is used.

4.2 Von Neumann entropy and quantum channels

4.2.1 The von Neumann entropy

The Shannon entropy measures the uncertainty associated with a probability distribu-

tion. Quantum states are described in a similar way, where density operators replace the

distributions. In this section we introduce the von Neumann entropy [2, pp. 510], which

is a generalisation of the Shannon entropy for quantum states.

The von Neumann entropy of a quantum state ρ is defined as

S(ρ) ≡ −tr [ρ log ρ] . (4.1)

In Equation (4.1), the logarithm is taken to base 2. The logarithm of the operator

ρ is calculated by taking its spectral decomposition ρ =
∑

i λi|ψi〉〈ψi|, where log ρ =

45
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∑

i log(λi)|ψi〉〈ψi|. Because λi are eigenvalues of ρ and {|ψi〉} forms an orthonormal set,

the von Neumann entropy can be written as

S(ρ) = −tr

[
∑

i

λi|ψi〉〈ψi|
∑

j

log λj |ψj〉〈ψj |
]

(4.2)

= −tr [λi log λi|ψi〉〈ψi|] (4.3)

= −
∑

i

λi log λi, (4.4)

where 0 log 0 ≡ 0. In a Hilbert space of dimension d, the maximum of the von Neumann

entropy is log d, corresponding to the quantum state ρ = 1ld/d. In this case, we have a

maximum ignorance about the state of the system, which we call of completely depolarized

system.

The relative entropy between two quantum states ρ and σ is defined in a similar fashion

to the relative entropy between two probability distributions,

S(ρ||σ) ≡ tr [ρ log ρ] − tr [ρ log σ] . (4.5)

As in the classical case, the relative entropy can be infinite. In particular, the relative

entropy is +∞ if the kernel of σ (the vector space spanned by eigenvectors of σ with

eigenvalues 0) has a non-trivial intersection with the support of ρ, the vector space spanned

by eigenvectors of ρ with nonzero eigenvalues. Otherwise, the relative entropy is finite.

Moreover, the relative entropy is non-negative, S(ρ||σ) ≥ 0.

The von Neumann entropy has some interesting properties [2]:

(1) The entropy is non-negative. S(ρ) is zero if and only if ρ is a pure state.

(2) In a Hilbert space of dimension d, the entropy takes its maximum value log d. The

state for which S(ρ) = log d is ρ = 1ld/d, and corresponds to the completely depo-

larized state.

(3) Assume that the composite system AB is in a pure state. Then S(A) = S(B).

(4) Suppose that pi are probabilities and ρi have their support on orthogonal subspaces.

Then

S

(
∑

i

piρi

)

= H(p) +
∑

i

piS(ρi). (4.6)

By analogy with the Shannon entropy, it is possible to define the joint and conditional

von Neumann entropies, as well as mutual information for composite systems. The joint

entropy S(A,B) of a composite quantum system AB is defined as

S(A,B) = −tr
[
ρAB log ρAB

]
, (4.7)
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where ρAB is the density operator of the system AB. The conditional entropy and the

mutual information are defined respectively as

S(A|B) ≡ S(A,B) − S(B), (4.8)

S(A : B) ≡ S(A) + S(B) − S(A,B) (4.9)

= S(A) − S(A|B) = S(B) − S(B|A). (4.10)

An useful result is the subadditivity of the entropy [2, pp.515],

S(A,B) ≤ S(A) + S(B), (4.11)

with equality if and only if ρAB = ρA ⊗ ρB. Besides properties already mentioned, the

von Neumann entropy has many others that can be found in texbooks [2].

4.2.2 Quantum channels

The time evolution of a closed quantum system ρ is completely described by unitary

operators. If the system remains closed, it is always possible to return to the initial system

state. Suppose that a closed quantum system interacts in some way with an open system,

here called environment . Additionally, suppose that after the interaction the system

becomes closed again. We denote by E(ρ) the state of the system after interaction. In

general, the final state E(ρ) can not be related by a unitary transformation to the initial

state ρ. The formalism used to deal with such situation is known as quantum operations.

A quantum operation is a map E from the set of operators of the input space H1 to the

set of operators of the output state space H2 with the following properties: (for simplicity

we consider H1 = H2 = H.) [2, pp. 367]

1. tr [E(ρ)] is the probability that the process represented by E occurs, when ρ is the

initial state. Thus, 0 ≤ tr [E(ρ)] ≤ 1 for any state ρ.

2. E is a convex-linear map on the set of density operators, that is, for probabilities pi,

E
(
∑

i

piρi

)

=
∑

i

piE(ρi). (4.12)

3. E is a completely positive map. That is, if E maps density operators of system

H1 to density operators of system H2, then E(A) must be positive for any positive

operator A. Furthermore, (I ⊗ E)(B) must be positive for any positive operator B

on a composite system RH1, where I denotes the identity map on R.

The proof of the next theorem can be found in Nielsen and Chuang [2, pp. 368].
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Theorem 8 A map E satisfies properties 1, 2 and 3 if

E(ρ) =
∑

i

EiρE
†
i , (4.13)

for some set of operators {Ei} from the input Hilbert space to the output Hilbert space,

and
∑

iE
†
iEi ≤ 1l.

Quantum operations for which
∑

iE
†
iEi is strictly less than the identity are non-trace-

preserving maps. This means a map that takes trace one density matrices into operators

such that tr [E(ρ)] < 1. The class of non-trace-preserving maps are particularly useful

to describe process in which extra information about what occurred in the interaction is

obtained by measurement.

To model a quantum channel, it is required that the map E takes a valid density oper-

ator ρ into another valid one E(ρ). Hence, quantum channels form a class of maps called

completely positive trace-preserving quantum operations, which are completely positive

maps that preserve the trace of operators,

1 = tr [ρ] (4.14)

= tr [E(ρ)] (4.15)

= tr

[
∑

i

EiρE
†
i

]

(4.16)

= tr

[
∑

i

E†
iEiρ

]

. (4.17)

Since this relationship is true for all ρ, we must have

∑

i

E†
iEi = 1l. (4.18)

Equation (4.13) is known as the operator-sum representation of the quantum channel

E . Operators in {Ei} are called operation elements.

As an example, consider the depolarizing channel. In a 2-dimensional Hilbert space,

this channel leaves a qubit intact with probability p and replaces the input state by a

completely depolarized state 1
2
1l2 with probability 1 − p:

E(ρ) = pρ+ (1 − p)
1

2
1l2. (4.19)

Cleary, the map above is not in the operator-sum representation. However, for any qubit

ρ,
1l2
2

=
ρ+XρX + Y ρY + ZρZ

4
, (4.20)
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where X, Y and Z are Pauli operators. Therefore, the operator-sum representation of

the depolarizing channel is

E(ρ) =

(
1

4
+

3

4
p)

)

ρ+
1 − p

4
(XρX + Y ρY + ZρZ), (4.21)

with operation elements given by
{√

1

4
+

3p

4
1l2,

√
1 − p

2
X,

√
1 − p

2
Y,

√
1 − p

2
Z

}

. (4.22)

As we have seen, a quantum channel is defined for an input mixed state ρ. However,

we can always represent a pure state |ψ〉 using the density operator formalism, ρ =

|ψ〉〈ψ|. Therefore, the output of the channel for an input pure state will be E(|ψ〉〈ψ|) =
∑

iEi|ψ〉〈ψ|E
†
i . For the sake of brevity, we should write E(|ψ〉) instead of E(|ψ〉〈ψ|).

4.3 Accessible information and the Holevo bound

Consider a classical source emitting symbols X = 1, . . . , n with probabilities p1, . . . , pn.

Suppose that symbols emitted by the source are used by Alice to prepare quantum states

ρ1, . . . , ρn. After preparation, Alice gives the quantum state to Bob, which is allowed to

perform individual measurements aiming to infer the symbol emitted by the source. Define

X and Y as being random variables representing the classical source and measurement

outcomes, respectively. The accessible information [3, 4, 5] is defined as the maximum

of the mutual information I(X;Y ), where the maximum is taken over all measurement

schemes:

Iacc = max
{Mm}

I(X;Y ). (4.23)

In classical information theory, the accessible information is not interesting, since in

principle it is always possible to distinguish between classical states (e.g. two voltage lev-

els). In contrast, quantum mechanics does not allow for perfectly distinguishing arbitrary

quantum states. For example, if Alice prepares two non-orthogonal states |ψ〉 and |ϕ〉
with probabilities p and 1− p, respectively, then the accessible information is strictly less

than Hp, where Hp = p log p− (1 − p) log(1 − p) stands for the binary Shannon entropy.

A very useful result in quantum information theory is the Holevo bound.

Theorem 9 (Holevo bound [18]) Consider a quantum memoryless source and an en-

semble {pi, ρi} of quantum states. Suppose that the source emits ρi with probabilities pi.

Define

χ = S(ρ) −
∑

i

piS(ρi), (4.24)
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where ρ =
∑

i piρi. Then,

Iacc ≤ χ. (4.25)

The real number χ is known as Holevo quantity, and it is an upper bound on the

accessible information. In terms of POVM measurements, the Holevo bound can be

enunciated in the following way:

Theorem 9 (Holevo bound [18]) Suppose that Alice prepares states ρx, where X =

1, . . . , n, with probabilities p1, . . . , pn. Alice gives Bob a particular state to be measured

according to a POVM {EY} = {E1, . . . , Em}. Measurement outcomes are represented by

the random variable Y . The Holevo bound asserts that, for any measurement chosen by

Bob:

I(X;Y ) ≤ S(ρ) −
∑

x

pxS(ρx), (4.26)

where ρ =
∑

x pxρx. The equality holds since all quantum states ρx commutes [2, pp.

77].

The C1,1(E) capacity of a quantum channel, often called one-shot capacity, is defined

below.

Definition 14 ( C1,1(E) capacity [18, 19]) Let E be a quantum channel as stated in

Section 4.2.2. The C1,1 capacity of E is defined as the maximum over all input ensembles

of the accessible information of the corresponding output ensemble,

C1,1(E) = max
{ρx,px}

Iaccout
, (4.27)

where Iaccout
is the accessible information of the ensemble {E(ρx), px}.

The information transmission protocol of the C1,1 capacity has three constrains: en-

tangled states are not allowed between two or more uses of the channel; measurements

at the channel output must be individual; and adaptive measurements are denied, i.e.,

Bob is not allowed to perform a “partial” measurement over the state, use such result to

choose the next measurement and return to complete the first measurement. Adaptive

measurements are proved to improve the C1,1 capacity, as described in Section 4.5. The

first “1” in the index of C1,1 refer to the first restriction on the communication protocol,

whereas the second “1” is due to the second restriction.

4.4 The Holevo-Schumacher-Westmoreland theorem

Consider the problem of sending classical messages randomly chosen from a set {1, . . . , 2nR}
by means of a quantum channel. Differently from the first assumption of the communica-

tion protocol of the C1,1 capacity, Alice is allowed to prepare codewords as tensor products
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of quantum states ρ1⊗ρ2⊗. . . , where each of the states ρ1, ρ2, . . . is chosen from an ensem-

ble {pi, ρi}. The notation C1,∞(E) stands for the classical capacity of a quantum channel

in a scenario where Alice can not use entangled states between two or more uses of the

channel but Bob is allowed to perform collective measurements at the channel output.

This means that Bob can wait for a number of states and measure all the states together

(the “∞” in the second index of C1,∞(E)). The C1,∞(E) capacity is the quantum analogous

of the Shannon ordinary capacity.

The problem of finding the C1,∞(E) capacity was studied simultaneously and indepen-

dently by Holevo [7] and by Schumacher and Westmoreland [8]. The following result is

known as the HSW theorem.

Theorem 10 (Holevo-Schumacher-Westmoreland) The C1,∞(E) capacity of a quan-

tum channel E is

C1,∞(E) ≡ max
{pi,ρi}

[

S

(

E
(
∑

i

piρi

))

−
∑

i

piS(E(ρi))

]

. (4.28)

The maximum is taken over all ensembles {pi, ρi} of input quantum states.

The proof of the theorem makes use of random coding and typical subspaces. A

detailed demonstration can be found in Nielsen e Chuang [2, pp. 555].

As an example, consider the 2-dimensional depolarizing channel already discussed in

Section 4.2.2. Consider an ensemble {pj, |ψj〉}. Then

E(|ψj〉〈ψj |) = p|ψj〉〈ψj| + (1 − p)
1l

2
. (4.29)

The quantum state E(|ψj〉〈ψj |) has eigenvalues (1 + p)/2. Therefore,

S(E(|ψj〉〈ψj|)) = H2

(
1 + p

2

)

, (4.30)

which does not depend on |ψj〉 at all. Hence, maximization of Equation (4.28) can be done

by maximizing the entropy S
(
∑

j E(|ψj〉〈ψj|)
)

. Note that if {|ψi〉} is a set of orthonor-

mal states, then
∑

j E(|ψj〉〈ψj|) = pi(
∑

j |ψi〉〈ψi|) + (1 − p)1l2 = 1l2, which maximizes

S
(
∑

j E(|ψj〉〈ψj |)
)

. Therefore, the HSW capacity of the qubit depolarizing channel is

given by

C1,∞(E) = 1 −H2

(
1 + p

2

)

. (4.31)
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4.5 The adaptive capacity

The adaptive capacity of a quantum channel, defined by Shor [6], is derived from the

C1,1 capacity by varying the communication protocol. In his paper, Shor illustrated the

adaptive capacity using the lifted trine states

T0(α) =
√

1 − α|000〉 +
√
α|001〉, (4.32)

T1(α) = −1

2

√
1 − α|000〉 +

√
3

2

√
1 − α|010〉 +

√
α|001〉, (4.33)

T2(α) = −1

2

√
1 − α|000〉 −

√
3

2

√
1 − α|010〉 +

√
α|001〉. (4.34)

The communication protocol is similar to the C1,1, except that Bob can perform adap-

tive measurements on the received states: he makes a measurement on one state which

only partially reduces the quantum state, uses the outcome of this measurement to make

intervening measurements on other states, and returns to make a further measurement

on the reduced state of the original signal (the last measurement may depend on the

outcomes of intervening measurements).

The information rate for a given encoding and measurement strategies is the mutual

information between Alice’s prepared codewords and Bob’s measurement outcomes at the

channel output, divided by the number of states used (channel uses) in the codeword.

Definition 15 The adaptive capacity C1,A is defined to be the supremum of the informa-

tion rate over all encodings and all measurement strategies that use quantum operations

local to the separate states and classical computation to coordinate them.

In his paper, Shor demonstrated that the adaptive capacity considering the lifted trine

states is strictly greater that the C1,1 capacity and less than the C1,∞ capacity for α > 0.

Moreover, it was shown that for any ensemble of two pure states at the channel input,

the adaptive capacity is equal to the C1,1 capacity.

4.6 Entanglement-assisted capacity

Entanglement is an amazing feature of quantum mechanics. Several protocols and appli-

cations in quantum information and computation use entanglement as a physical resource.

Maybe the most interesting of such applications are teleportation and superdense cod-

ing [2, pp. 26]. In both cases, an maximally bipartite entangled state (EPR pair) is

produced, possibly by a third part, and shared along two participants, Alice and Bob.

Suppose that Alice has an unknown and arbitrary qubit state |ψ〉 she aims to delivery

to Bob. Although Alice owns her part of an EPR pair, Alice and Bob do not have a
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quantum channel in order to communicate the state |ψ〉. The teleporting protocol makes

use of local measurements and a noiseless classical channel among the two participants

to teleport the Alice’s state |ψ〉 to Bob. The only thing Alice should do is perform a

collective measurement in the Bell basis on the state |ψ〉 and her part of the EPR pair.

Then, Alice sends Bob the classical two bits corresponding to measurement outcomes. In

order to get the qubit |ψ〉, Bob only needs to apply one of the four Pauli operators on

his part of the EPR pair depending on the received bits. The counterpart of teleporting

is superdense coding. Given that Alice and Bob have a shared EPR pair, it is shown

that Alice can send Bob two classical bits coded into one qubit state. Straightforward we

conclude that: (a) shared entanglement can increase the quantum capacity of a noiseless

classical channel from zero to half qubit per channel use; and (b) it can duplicate the

classical capacity of a noiseless quantum channel.

Bennett and his collaborators [9, 10] have demonstrated that shared entanglement

can increase the classical capacity (HSW capacity) of noisy quantum channels. The

entanglement-assisted capacity CE(E) of a noisy quantum channel is defined to the asymp-

totical classical information transmission rate in a scenario where an arbitrary amount of

entanglement is shared between the sender and the receiver.

Definition 16 (Entanglement-assistided capacity [9]) The entanglement-assisted ca-

pacity of a quantum channel E is

CE(E) = max
ρ∈Hin

S(ρ) + S(E(ρ)) − S((E ⊗ I)(Φρ)), (4.35)

where ρ ∈ Hin is a density matrix over the input states. In Equation (4.35), Φρ is a pure

state over the tensor product of state spaces Hin ⊗ HR such that trR [Φρ] = ρ. Hin is

the input state space and HR is a space of reference. The third term on the right site of

Equation (4.35), S((E ⊗I)(Φρ)), denotes the von Neumann entropy of the purification [2,

pp. 109] Φρ of ρ over the reference system HR, half of which (Hin) has been sent through

the channel E while the other half (HR) has been sent through the identity channel (this

corresponds to the portion of the entangled state that Bob holds at the start of the protocol).

The quantity being maximized in Equation (4.35) is denoted quantum mutual infor-

mation, which is a generalisation of the Shannon mutual information to quantum sys-

tems [20]. In order to transmit information using the protocol described above, Alice and

Bob “consume” entanglement. In general, S(ρ) qubits of entanglement (i.e., EPR pairs)

per channel use are necessary to reach the entanglement-assisted capacity.
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4.7 Conclusions

We have presented in this chapter a brief overview of classical capacities of quantum chan-

nels. We have first explained the one-shot capacity C1,1. After that, we have discussed

the Holevo-Schumacher-Westmoreland capacity, which is a generalisation of the ordinary

Shannon capacity. Finally, we presented the adaptive and entanglement-assisted capac-

ities. At the beginning of the chapter, we shortly introduced the von Neumann entropy

and quantum operations, which is a formalism to model interactions of closed quantum

system with the environment. The next chapter is devoted to the zero-errro capacity of

classical channels.



Chapter 5

Zero-error information theory

5.1 Ordinary capacity of classical channels

Consider a system A hereafter referred to as Alice, and a system B hereafter referred

to as Bob. We say that Alice communicates with Bob when the physical acts of Alice

have induced a desired physical state in Bob. As this transfer of information is a physical

process, it is subject to the uncontrollable ambient noise and imperfections of the physical

signalling process itself. The communication is successful if the receiver Bob and the

transmitter Alice agree on what was sent.

The quantitative analysis of the above physical signaling system is made using a math-

ematical framework introduced by Claude E. Shannon in 1948 [13]. This framework in-

cludes a mathematical analog of the signaling systems shown in Figure 5.1. The encoder

maps source symbols from some finite alphabet into some sequence of channel symbols,

afterwards called codeword, which is sent through the channel. The channel produces

an output sequence which is random but has a probability distribution that depends on

the input sequence. From the output sequence, we attempt to recover the transmitted

message. Two input sequences are said to be confusable when these sequences may in-

duce the same output sequence in the output. Shannon showed that we can choose a

“non-confusable” subset of input sequences in a manner that with high probability, there

is only one highly likely input that could have caused the particular output. Essentially,

this means that we can reconstruct input sequences at the output with negligible probabil-

ity of error. The maximum rate at which this can be done is called the ordinary capacity

of the channel. It is convenient to define formally a discrete memoryless channel.

Definition 17 (Discrete memoryless channel [20]) Consider an input alphabet X
and an output alphabet Y. A classical discrete memoryless channel (DMC) C : X → Y,

55
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W Y nXn

Encoder Channel
p(y|x) Decoder

Ŵ

Message Estimate
of message

Figure 5.1: A classical communication system.

denoted by (X , p(y|x),Y), is defined by a stochastic matrix whose rows are indexed by the

elements of the finite set X , while the columns are indexed by those of another finite set

Y. The (x, y)th element of the stochastic matrix is the probability p(y|x) that y ∈ Y is

received when x ∈ X is transmitted. The channel is said to be memoryless if the probabil-

ity distribution of the output depends only on the input at that time and is conditionally

independent of previous inputs or outputs.

Definition 18 (Information capacity) The information capacity of a classical discrete

channel is given by

C = max
p(x)

I(X;Y ), (5.1)

where the maximum is taken over all input distributions p(x). I(X;Y ) stands for the

mutual information between random variables X and Y representing the input and output

of the DMC, respectively.

Example 1 (Binary erasure channel) The Binary Erasure Channel (BEC) is illus-

trated in Figure 5.2. When a bit is transmitted through this channel, it is received un-

changed with probability 1 − p or it is lost (erased) with probability p. The BEC has two

inputs X = {0, 1} and three outputs Y = {0,∆, 1}, where the symbol ∆ represents an

erasure. The capacity of the binary erasure channel is calculated as follows:

C = max
p(x)

I(X;Y )

= max
p(x)

[H(Y ) −H(Y |X)]

= max
p(x)

H(Y ) −Hp, (5.2)

where Hp stands for the binary entropy . The output distribution p(y) depends on the

input distribution p(x) for X in the following way: Let Pr (X = 0) = δ. Then Pr (Y =

0) = (1 − p)δ, Pr (Y = ∆) = p and Pr (Y = 1) = (1 − p)(1 − δ). Therefore,

C = max
δ
H((1 − p)δ, p, (1 − p)(1 − δ)) −Hp

= max
δ
Hp + (1 − p)Hδ −Hp

= max
δ

(1 − p)Hδ

= 1 − p, (5.3)
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1 1

0 0

p

p

∆

1 − p

1 − p

Figure 5.2: A binary erasure channel (BEC) with erasure probability p.

where the capacity is reached by δ = 1/2.

Example 2 (The G5 channel) The discrete memoryless channel of Figure 5.3, denoted

by G5, will play an important role in the study of the zero-error capacity of DMC in

Section 5.2. This channel models a situation in which an input symbol i ∈ {0, . . . , 4} is

either received unchanged at the output with probability 1
2

or it is transformed into the next

symbol i+ 1 mod 5 with probability 1
2
. The ordinary capacity of the G5 DMC is given by

C(G5) = max
p(x)

[H(X) −H(X|Y )]

= log 5 − log 2

= log 5/2, (5.4)

where the maximum is achieved by a uniform probability distribution over the input.

0 0

1 1

2 2

3 3

44

Figure 5.3: The G5 channel.

In order to enunciate Shannon’s coding theorem, we need to define an (M,n) code for

the a DMC:

Definition 19 An (M,n) block code for a DMC (X , p(y|x),Y) is composed of the follow-

ing:

1. A set of indexes {1, . . . ,M}, where each index is associated with a classical message.
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2. An encoding function

Xn : {1, . . . ,M} → X n,

yielding codewords x1 = Xn(1), . . . ,xM = Xn(M). A codebook is the set of all

codewords.

3. A decoding function

g : Yn → {1, . . . ,M},

which maps each received codeword on a message in the set {1, . . . ,M}.

The error probability of this code is Pe = Pr (g(Y n) 6= i|Xn = Xn(i)), and its informa-

tion transmission rate is R = 1
n

logM bits per channel use. The channel coding theorem

guarantees the existence of codes attaining the channel capacity with an arbitrary small

probability of error.

Theorem 11 (Channel coding theorem [20]) All rates below capacity C are achiev-

able, namely, there exists a sequence of codes such that the error probability goes asymp-

totically to zero as the code length tends to infinity. Conversely, any sequence of codes

with an asymptotically small probability of error must have a rate R ≤ C.

5.2 The zero-error capacity

The channel coding theorem, presented in Section 5.1, asserts that even the best coding

scheme attaining the ordinary capacity C allows for an asymptotically small but non-

vanishing probability of error. From now, we will be interested in the case where no

transmission errors are permitted.

Consider a classical discrete memoryless channel (X , p(y|x),Y). Symbols in the input

and output alphabets will be hereafter called input and output symbols, respectively.

Shannon [12] defined an error-free code as follows:

Definition 20 An (M,n) error-free code for the DMC (X , p(y|x),Y) in Figure 5.1 is

composed of the following:

1. A set of indexes {1, . . . ,M}, where each index is associated with a classical message.

2. An encoding function

Xn : {1, . . . ,M} → X n,

yielding codewords x1 = Xn(1), . . . ,xM = Xn(M). The set of all codewords is called

a codebook.
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3. A decoding function

g : Yn → {1, . . . ,M},

which deterministically assigns a guess to each possible received codeword with the

following property:

Pr (g(Y n) 6= i|Xn = Xn(i)) = 0 ∀ i ∈ {1, . . . ,M}. (5.5)

The only difference between Definitions 20 and 19 is the Equation (5.5) in Definition 20,

which guarantees the nonexistence of decoding errors. In the zero-error context, we are

particulary interested in symbols that can be fully distinguished at the channel output.

They are called non-adjacent symbols.

Definition 21 (Adjacency) Consider a DMC (X , p(y|x),Y). Two input symbols xi, xj ∈
X are said to be adjacent (or indistinguishable) if there exists an output symbol in Y which

can be caused by either of these two, i.e., there is an y ∈ Y such that both p(y|xi) and

p(y|xj) do not vanish. Otherwise, they are said to be non-adjacent (or distinguishable).

Consider the sequence x = x1x2 . . . xn being transmitted through a DMC. The output

sequence y = y1y2 . . . yn is received with probability

pn(y|x) =

n∏

i=1

p(yi|xi). (5.6)

If two sequences x′ and x′′ can both result in the sequence y with positive probability,

then no decoder can decide with zero probability of error which of the two sequences

has been transmitted by the sender. Such sequences will be called indistinguishable or

adjacent at the receiving end of the DMC. In fact, if all input symbols in X are adjacent

to each other, any code with more than one codeword has a probability of error great

than zero. This is equivalent to say that x′ and x′′ are distinguishable if and only if there

exists at least one i, 1 ≤ i ≤ n, such that x′i and x′′i are non-adjacent, as illustrated in

Figure 5.4.

x′ = x′1x
′
2 . . . x′i . . . x′n−1x

′
n

x′′ = x′′1x
′′
2 . . . x′′i . . . x′′n−1x

′′
n

Figure 5.4: Two distinguishable sequences x′ and x′′: for at least one i, 1 ≤ i ≤ n, the

input symbols x′i and x
′′
i are non-adjacent.

It is useful to think of probability distributions p(y|x) and pn(·|x) as vectors of di-

mension |X | and |X |n, respectively. Using this approach, we can restate the statement
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given earlier by saying that two sequences x′,x′′ ∈ X n are distinguishable at the receiving

end of the DMC channel if and only if the corresponding vectors pn(·|x′) and pn(·|x′′) are

orthogonal.

Definition 22 (Zero-error capacity.) Define N(n) as the maximum cardinality of a

set of mutually orthogonal vectors among the pn(·|x), x ∈ X n. The zero-error capacity of

the channel (X , p(y|x),Y) is given by

C0 = lim sup
n→∞

1

n
logN(n). (5.7)

Intuitively, C0 is the bit-per-symbol error-free information transmission rate capability of

the channel.

The number N(n) in Equation (5.7) is super multiplicative, i.e.,

N(n +m) ≥ N(n) ·N(m). (5.8)

To verify this, let x′ and x′′ be sequences of length n andm, respectively. Then, there exist

at least N(n) ·N(m) non-adjacent sequences of length n+m, obtained by concatenating

sequences of length n with sequences of length m. Hence, we can use the Fekete’s lemma

(see [28, pp. 85]) to demonstrate that the limit superior in Equation (5.7) is a true limit

and actually coincides with the supremum of numbers 1
n

logN(n).

0

0

0

1

11

2

2

3

3

4

(a)

(b)

(c)

Figure 5.5: Some discrete memoryless channels. Since we are interested on adjacency

relations, we omit the transition probabilities.

Shannon pointed out that the zero-error capacity of a DMC (X , p(y|x),Y) depends

only on which symbols in X are adjacent to each other. This is a major difference between

the error-free capacity and the ordinary capacity of Definition 18, since in the latter the

capacity depends on the choice of the probability distribution of the input symbols X . It
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is easy to demonstrate that a DMC (X , p(x|y),Y) has a non-vanishing error-free capacity

if and only if there exist at least two non-adjacent symbols in X . Figure 5.5 shows some

discrete memoryless channels. For the binary symmetric channel with 0 < p < 1, the two

input symbols are adjacent yielding C0 = 0. Both channels in Figures 5.5(b) and 5.5(c)

have at most two pairs of non-adjacent symbols. For example, if we consider codewords

of length one, we can perform error-free communication by choosing to send only symbols

{0, 2} or {1, 3} of the channel in Figure 5.5(b). In this case, the rate of the code is

log 2 = 1 bit per channel use.

One might ask whether we can increase the transmission rate by varying the code

length or whether C0 = logN(1). It turns out that we can. Consider the sequences

{00, 12, 24, 31, 43} of length 2 for the G5 DMC of Figure 5.5(c). Clearly, these sequences

are pairwise distinguishable at the channel output and hence are codewords of an error-

free code of length two. The ordinary capacity of G5 was calculated in the Example 2.

Therefore, the zero-error capacity of G5 is lower and upper bounded by

1

2
log 5 ≤ C0(G5) ≤ log 5/2. (5.9)

These bounds were given by Shannon in 1956, and the problem of finding the capacity

C0(G5) remained open during twenty years until Lovász [21] gave a brilliant solution. He

showed that the Shannon’s lower bound was tight

C0(G5) =
1

2
log 5.

We demonstrate such result in Section 5.3, where we introduce the Lovász θ function.

As we can see, the calculation of the zero-error capacity is a very difficult problem

even for simple channels. Although some methods we discuss in the next sections enable

the computation of the zero-error capacity of particular classes of discrete memoryless

channels, the general problem remains wide open.

5.2.1 The adjacency-reducing mapping

The calculation of the zero-error capacity of simple channels can be done using the notion

of adjacency-reducing mapping. This means a mapping f : X → X with the property

that if xi and xj are not adjacent in the channel, then f(xi) and f(xj) are not adjacent.

Given any error-free code for a channel, we can always apply such a mapping symbol by

symbol to the code in order to obtain another error-free code, since f never produces new

adjacencies. Suppose that for a given DMC the mapping f takes all symbols in X onto

a subset X ′ ⊂ X of the symbols no two of which are adjacent. Clearly, there are at least

|X ′|n n-length distinguishable sequences for this channel. However, any error-free code of
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length n has at most |X ′|n sequences, given that the application of f on this code leads

to a new error-free code whose alphabet contains only |X ′| symbols. These observations

imply the following theorem enunciated by Shannon:

Theorem 12 Let (X , p(y|x),Y) be a discrete memoryless channel. If all symbols in X
can be mapped by an adjacency-reducing mapping f into a subset X ′ ⊂ X of non-adjacent

symbols, then C0 = log |X ′|.

As an example, consider the DMC illustrated in Figure 5.5(b). Let f be a mapping

with f(0) = 0, f(1) = 0, f(2) = 2 and f(3) = 2. It is easy to see that f is an adjacency-

reducing mapping satisfying the condition of Theorem 12, where X ′ = {0, 2}. Therefore,
the zero-error capacity of the channel is C0 = log |X ′| = 1 bit per channel use. It is

easy to see that we cannot construct an adjacency-reducing mapping f for the G5. In his

paper, Shannon used this theorem to find the zero-error capacity of all discrete memoryless

channels up to five input symbols, except for the G5 channel. All DMCs with six input

symbols were analyzed and their zero-error capacity computed, except for four channels

whose capacity can be given in terms of C0(G5).

In the next section, we show how a graph (and its complement) can be associated with

a discrete memoryless channel. Theorem 12 is restated in a graph-based language.

5.2.2 Relation with graph theory

The problem of computing the zero-error capacity of discrete memoryless channels can be

reformulated in terms of graph theory. Given a DMC (X , p(y|x),Y) we can construct a

characteristic graph G as follows. Take as many vertices as the number of input symbols

in X and connect two vertices with an edge if the corresponding input symbols in X are

distinguishable. Shortly, we can say that the vertex set of G is V (G) = X and its set of

edges E(G) is composed of pairs of orthogonal rows in [p(y|x)]. The characteristic graph

of channels in Figure 5.5 are shown in Figure 5.6.

In graph theory, the order of a graph is the cardinality of its vertex set. A clique is

defined as any complete subgraph of G, and the clique number [29] of a graph G, denoted

by ω(G), stands for the maximal order of a clique in G. It is easy to see that the maximum

number of non-adjacent symbols in G is ω(G), Namely N(1) = ω(G). For example, the

pentagon graph G5 of Figure 5.6(c) has the clique number ω(G5) = 2. Note that the

vertex set of any clique corresponds to a set of distinguishable symbols in the channel.

Define the n-product Gn of the graph G as a graph for which V (Gn) = X n and

{x′,x′′} ∈ E(Gn) if for at least one i, 1 ≤ i ≤ n, the ith coordinates of x′ and x′′

satisfy {x′i, x′′i } ∈ E(G). Such product of graphs, often called Shannon’s product, has
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Figure 5.6: Characteristic graphs G of discrete memoryless channels in Figure 5.5. The

vertex set of G is the set of input symbols X and its set of edges corresponds to all pairs

of distinguishable symbols in X .

the following meaning: the vertex set of Gn is composed of all n-length sequences, and

we connect the vertices x′ and x′′ if the corresponding sequences are distinguishable, as

illustrated in Figure 5.4.

It is clear that the number of distinguishable sequences of length n is the clique number

of Gn, i.e, N(n) = ω(Gn). Moreover, the sequences in the vertex set of the corresponding

complete subgraph define a n-length error-free code for the channel. Therefore, the zero-

error capacity of the DMC (X , p(y|x),Y) can be rewritten as

C0 = sup
n

1

n
logω(Gn). (5.10)

In graph theory, the value of C0 in Equation (5.10) refers to the Shannon capacity of the

Graph G, and is denoted by C0(G).

The chromatic number of a graph G, denoted by χ(G), is the smallest number of

colours necessary to colour the vertices of a graph so that no two adjacent vertices have

the same colour. More formally, χ(G) is the smallest cardinality of a set K for which

there exists a function f : V (G) → K with the property that adjacent vertices are

mapped into different elements of K. Let (X , p(y|x),Y) be a DMC for which the clique

and the chromatic numbers of the characteristic graph G are the same, ω(G) = χ(G).

For any colouration of G, if we define the set X ′ in Theorem 12 as being the vertex set of

the maximal clique in G, then we can always construct an adjacency-reducing mapping f

fulfilling the requirement of the theorem: all symbols whose vertices share a given colour

are mapped into the corresponding symbol in X ′ that own such colour. Because different

colours are associated with non-adjacent symbols, such mapping ensures that any two non-

adjacent symbols in X will be mapped into non-adjacent ones in X ′. Moreover, because

symbols in X ′ correspond to the vertex set of the maximal clique, they are mutually

distinguishable. Therefore, Theorem 12 can be entirely reformulated.
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Theorem 12’ Let (X , p(y|x),Y) be a discrete memoryless channel and G the correspond-

ing characteristic graph. If ω(G) = χ(G) then C0 = χ(G).

The best known graphs for which ω(G) = χ(G) are the so-called perfect graphs [29].

A perfect graph is a graph G such that for every induced subgraph of G, the chromatic

number equals the clique number. The class of perfect graphs includes bipartite graphs,

interval graphs and wheel graphs with an odd number of vertices. The smallest vertex

set on which a graph exists with ω(G) 6= χ(G) has five vertices, and corresponds to the

pentagon graph G5 already discussed in the previous section.

Although ω(G) = χ(G) is a sufficient condition for ω(Gn) = [ω(G)]n, Lovász [21]

showed that it is not a necessary condition. An example is the complement of the Petersen

graph, which is isomorphic with the Kneser graphKG5,2. However, it is unknown whether

the equality logω(G′) = C0(G
′) for every induced subgraph G′ ⊆ G implies that G is

perfect.

Originally, Shannon used a different but equivalent approach for relating the zero-error

capacity with elements of graph theory. For a given DMC (X , p(y|x),Y), we can associate

an adjacency matrix [Aij] as follows:

Aij =







1 if xi is adjacent to xj or if i = j

0 otherwise,
(5.11)

where xi, xj ∈ X . If two channels give rise to the same adjacency matrix, then it is obvious

that an error-free code for one will be an error-free code for the other and, hence, the zero-

error capacity C0 for one will also apply to the other [12]. Such approach considers the

adjacency structure of the adjacency matrix to construct a linear graph, called adjacency

graph, which is the complementary of the characteristic graph. Therefore, both graphs

have the same vertex set X and two vertices in the adjacency graph are connected by an

edge if and only if they are not connected in the characteristic graph. Equivalently, an

edge connects two vertices in the adjacency graph if and only if the corresponding input

symbols in X are adjacent. In this case, we say that two vertices in the adjacent graph

are independent if the corresponding symbols are non-adjacent in the channel. Clearly,

there are N(1) independent vertices in G. Figure 5.7 shows the adjacency graphs of the

discrete memoryless channels of Figure 5.5.

Shannon [12] proved the following bounds on the zero-error capacity:

Theorem 13 Let (X , p(y|x),Y) be a DMC. The error-free capacity is bounded by the
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Figure 5.7: Adjacency graphs of discrete memoryless channels corresponding to the chan-

nels of Figure 5.5. These graphs are construct by taking as many vertices as the number

of symbols in X , and connecting two vertices if the corresponding symbols are adjacent

in the channel.

inequalities:

− log min
p(xi)

∑

ij

Aijp(xi)p(xj) ≤ C0 ≤ min
p(y|x)

C, (5.12)

where C is the ordinary capacity of any discrete memoryless channel with stochastic ma-

trix p(y|x) giving rise to the adjacency matrix Aij; p(xi) stands for the input probability

distribution.

The proof of the theorem can be found in [12]. Although the upper bound is fairly obvious,

it has an interesting formulation in graph theory [30] according to which

C0 ≤ logχ∗(G), (5.13)

where χ∗(G) is the fractional chromatic number of the adjacency graph G, a well-studied

concept in polyhedral combinatorics [31] defined as follows. We assign nonnegative weights

p(xi) to the vertices X of G such that

∑

xi∈C
p(xi) ≤ 1

for every complete subgraph C in G. This assignment is called a fractional coloring.

The fractional chromatic number is the maximum of
∑

xi∈X p(xi), where the maximum is

taken over all fractional colorings of G. Actually, the fractional chromatic number is the

solution of the real-valued relaxation of the integer programming problem that defines the

chromatic number of G [26].

Suppose that a DMC (X , p(y|x),Y) gives rise to an adjacency graph G such that G

can be covered by N(1) cliques. By this we mean that there are N(1) cliques in G, namely

C1, . . . , CN(1), in a way that their vertex sets, V (C1), . . . , V (CN(1)), form a partition of

V (G). Theorem 12 can be rewritten as [21].
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Theorem 12” Let G be the adjacency graph of a discrete memoryless channel (X , p(y|x),Y).

If G can be covered by N(1) cliques, then C0 = logN(1).

Figure 5.8 illustrates Theorem 12”. The maximum number of independent vertices in

the adjacency graph of Figure 5.8(a) is N(1) = 2, e.g., 0 and 3. An adjacency-reducing

mapping f for the corresponding DMC takes f(0) = f(1) = f(2) = 0 and f(3) = f(4) = 3.

This mapping can be readily obtained by associating 0 and 3 with vertices of the order-2

and order-3 cliques, respectively. The cube graph has N(1) = 4, and can be covered by

four clique of order 2 as illustrated in Figure 5.8(b). Therefore, the zero-error capacity of

the equivalent DMC is C0 = log 4 = 2 bits per channel use.

0

1 2

3 4

(a) (b)

Figure 5.8: Graphs that can be covered by a number of cliques. (a) An adjacency graph

with two independent vertices. This graph can be covered by two cliques and therefore

there is an adjacency reducing map satisfying the requirement of Theorem 12. (b) The

cube graph can be covered by four cliques of order two.

5.3 Lovász theta function

The redefinition of the zero-error capacity in terms of graph has yielded interesting con-

structions in combinatorics and graph theory. An example of such constructions is the

Lovász theta function θ. The functional θ has many application in computer science

and combinatorics. Particulary, the θ function is a polynomially computable functional

sandwiched in between two NP-complete problems in graph theory: the clique and the

chromatic numbers of a graph [22].

The very nice formulation we present in this section was used to compute the zero-

error capacity of the pentagon graph. Such graph plays a crucial role in our study of the

zero-error capacity of quantum channels. More precisely, we studied a quantum channel

for which its zero-error capacity is given by the capacity of the pentagon graph G. Most

of the following development can be found in [21].
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Given a DMC (X , p(y|x),Y) and the corresponding adjacency graph G with vertex set

X , an orthonormal representation of G is a set of |X | vectors vxi
in an Euclidian space,

such that if xi, xj ∈ X are non-adjacent, then vxi
and vxj

are orthogonal. The value of

an orthonormal representation is defined as

min
c

max
xi∈X

1

(cTvxi
)2 ,

where the minimum is taken over all unitary vectors c. The vector c yielding the minimum

is called the handle of the representation. The Lovász θ(G) function of a graph is defined

as the minimum value over all representations of G, and a representation is called optimal

if it attains this minimum value. Lovász proved the following result:

Theorem 14 ([21]) The zero-error capacity of a DMC (X , p(y|x),Y) is upperbounded

by the logarithm of the θ function of its adjacency graph, G:

C0 ≤ log θ(G). (5.14)

Proof. First, we should note that if G and H are two graphs, and GH is their product

as defined in Section 5.2.2, then θ(GH) ≤ θ(G)θ(H). Let {vx′i} and {ux′′j } be optimal

orthonormal representations of G and H with handles c and d, respectively. It is easy

to see that {vx′i ⊗ ux′′j } is an orthonormal representation of GH and c ⊗ d is a unitary

vector. Therefore,

θ(GH) ≤ max
x′i,x

′′

j

1
(

(c ⊗ d)T (vx′i ⊗ ux′′j )
)2

= max
x′i

1

(cTvxi
)2 max

x′′j

1

(dTux′′j )2

= θ(G)θ(H).

By definition, if G is an adjacency graph and {vxi
} is an optimum representation with

handle c, then there are N(1) vectors {vx1, . . . ,vxN(1)
} pairwise orthogonal in this rep-

resentation, where N(1) is the maximum number of independent vertices in G. Hence,

1 = ||c||2 ≥
N(1)
∑

i=1

(cTvxi
)2 ≥ N(1)

θ(G)
. (5.15)

Equation (5.8) implies N(1)n ≤ N(n). Finally,

C0 = sup
n

1

n
logN(n) ≤ sup

n

1

n
log θ(Gn) ≤ sup

n

1

n
log θ(G)n = log θ(G).
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Figure 5.9: A spherical triangle delimited by the vectors v1, v3 and the handle c. In a

plane normal to the handle, the angle between two consecutive projections v′
i,v

′
i+1 mod 5

of the vectors vi is 2π/5. The spherical angle ∠A is the angle between the vectors v′
1

and v′
3, i.e., ∠A = 4π/5 .

Theorem 14 allows of the calculation of the zero-error of the pentagon graph. Re-

member that Shannon was only able to give lower and upper bounds for the capacity,
1
2
log 5 ≤ C0(G5) ≤ log 5

2
.

Construct an orthonormal representation for the pentagon G5 of Figure (5.7)(c) as fol-

lows. Consider an umbrella whose handle and five ribs have unitary length. Let v0, . . . ,v4

be the ribs and c the handle, as vectors oriented away from their common point. Open

the umbrella to the point where the maximum angle between the ribs is π/2. Note that

the angle between two consecutive ribs must be the same, and that the angle between

alternate ribs must be π/2. It is clear that {v0, . . . ,v4} forms an orthonormal representa-

tion of G5. Figure 5.9 illustrates this scenario, at which we plot the handle c and the two

orthogonal vectors v1 and v3. The extremities of the six vectors are points on a unitary

three-dimensional sphere centered in 0, and the points defined by the handle and any two

alternated vectors delimit a spherical triangle identical to the triangle ABC of Figure 5.9.

We are interested in the value of the representation, i.e.,

min
c

max
0≤i≤4

1

(cTvi)2
.

Note that cTvi stands for the cosine of the angle between the handle and the rib vi,

namely cTvi = cos(α). Let β = π/2 be the angle between v1 and v3. The first spherical

cosine theorem states that

cos(β) = cos2(α) + sin2(α) cos(∠A).
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Because angles α between the ribs and the handle are the same, the spherical angle ∠A

is the angle between the projection of the vectors v1 and v3 on the plane normal to the

handle c, i.e., ∠A = 4π/5. Finally, we can write

0 = cos2(α) + sin2(α) cos(4π/5),

which gives cos2(α) = (cTvi)
2 = 1/

√
5. Hence,

C0(G5) ≤ log θ(G5) ≤ log

(
1

cos2(α)

)

= log
√

5 =
1

2
log 5.

The opposite inequality is known and the Shannon’s lower bound is tight.

The definition of θ(G) is not unique. In his paper [21], Lovász pointed out four

equivalent definitions for θ(G). For example, he showed that θ(G) is the minimum of

the largest eigenvalue of any symmetric matrix (aij)
|X |
i,j=1 such that aij = 1 if i = j or

if xi and xj are non-adjacent. Although the Lovász θ function behaves very beautifully,

the value of log θ(G) is generally different from the capacity. A new bound on the zero-

error capacity was derived by Haemers [15], and it is sometimes better but quite often

much worse than θ(G). A quadratic matrix of order |X | is said to fit the graph G if its

diagonal entries are all nonzero and the element ai,j is zero if and only if the symbols xi
and xj are adjacent in the channel. Haemers proved that the logarithm of the ranking

of those matrices upper-bounds the zero-error capacity of G. This result was illustrated

with some examples for which his bound is better that θ(G). However, this is not true

for the pentagon graph G5.

In the next two sections we present two variants of the original problem: the zero-error

capacity of DMC with feedback and the zero-error capacity of sum and product of discrete

memoryless channels.

5.4 Channels with complete feedback and list codes

A complete feedback is characterized by a noiseless channel from the receiver to the sender,

as illustrated in Figure 5.10. It is assumed that the actual received symbol is sent back

immediately and noiselessly to the transmitter, which can use the feedback information

in order to choose which symbol to transmit next. Although feedback can help in simpli-

fying encoding and decoding processes, it was proved that this additional resource cannot

increase the ordinary capacity of a discrete memoryless channel [20, pp.212]. Surprisedly,

Shannon and Elias [12] showed that feedback may increase the zero-error capacity of such

channels.
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W yi

hi(W, y
i−1)

Encoder Channel
p(y|x) Decoder

Ŵ

Message Estimate
of message

Figure 5.10: A discrete memoryless channel with feedback.

We define an error-free block code as a sequence of mappings hi(W, yi−1), where each

hi is a function only of the message W and the previous received symbols y1, y2, . . . , yi−1,

and a sequence of decoding functions g : Yn → {1, . . . ,M}. We define the probability

of error as P (n)
e = Pr{Ŵ 6= W} and we require P (n)

e = 0. Although the following result

appeared in a Shannon’s paper [12], it is due to Shannon and P. Elias.

Theorem 15 Let (X , p(y|x),Y) be a discrete memoryless channel and define Syj
= {xi ∈

X |p(yj|xi) > 0}, the set of input symbols which cause output yj with positive probability.

Let Π be the set of probability functions P defined on subsets of X . Then, the zero-error

capacity of the DMC with feedback C0F is zero if all input symbols in X are pairwise

adjacent. Otherwise

C0 ≤ C0F = −min
P∈Π

max
yj∈Y

log
∑

xi∈Syj

P (xi). (5.16)

As an example, consider the DMC of Figure 5.5(c). The zero-error capacity of this

channel is C0 = log
√

5 ≃ 1.161 bits per symbol. By symmetry, the minmax distribution

P in Theorem 15 is the uniform with p(xi) = 1/5, i = 0, . . . , 4. Then, the zero-error

capacity of the pentagon with feedback is

C0F = − log 2/5 ≃ 1.322.

The zero-error capacity of discrete memoryless channels with feedback is related to

list decoding, a well-studied topic in information theory [32]. In the zero-error context,

an error-free list code of size L and blocklength n for the DMC (X , p(y|x),Y) is a set

C ⊆ X n such that for every y ∈ Yn

|{x ∈ C : pn(y|x) > 0}| ≤ L.

Intuitively, for every transmitted codeword x, the decoder should decide on a list of at

most L transmitted codewords. For a DMC (X , p(y|x),Y), let N(n, L) be the maximum

cardinality of a list code C ⊆ X n with list size L and blocklength n. The list code capacity

C0,L of list size L of the DMC (X , p(y|x),Y) is

C0,L = lim sup
n→∞

1

n
logN(n, L).
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Then, the list code zero-error capacity of the channel is defined as

C0,∞ = sup
L
C0,L. (5.17)

Note that the problem of finding the zero-error capacity of a DMC is a special case of the

list code zero-error capacity with L = 1. Elias [33] demonstrated that Equations (5.16)

and (5.17) are equivalent. Namely, the zero-error capacity of a DMC with feedback is

equal to the list code zero-error capacity. Essentially, a feedback code can be viewed as a

sequence of list codes with successively reduced list sizes.

5.5 The sum and product of channels

Consider two discrete memoryless channels (X1, p(y1|x1),Y1) and (X2, p(y2|x2),Y2) with

zero-error capacities C01 and C02 , respectively. We are interested in transmitting informa-

tion using the two channels and we ask for the zero-error capacity of the joint system [12].

Basically, there are two natural ways of assembling two channels to form a single channel,

which we call the sum and the product of two channels.

The sum of two channels is a new channel (X1∐X2, p(y1|x1)⊕p(y2|x2),Y1∐Y2) where

the stochastic matrix of the sum channel is the direct sum of the two stochastic matrices,

and the input (output) set is the disjoint union of X1 (Y1) and X2 (Y2), respectively.

Intuitively, the sum channel behaves as (X1, p(y1|x1),Y1) if an input symbol x1i
∈ X1 is

used, otherwise, it behaves as (X2, p(y2|x2),Y2). This corresponds physically to a situation

where either of two channels may be used but not both. Analogously, the product channel

is a new DMC (X1 × X2, p(y1|x1) ⊗ p(y2|x2),Y1 × Y2) where the stochastic matrix is the

direct product of the two matrices, and the input (output) set is the cartesian product

of X1 (Y1) and X2 (Y2), respectively. In this case, we can think of the product DMC

as of a nonstationary memoryless channel over which transmission is governed in strick

alternation by the stochastic matrices p(y1|x1) and p(y2|x2):

p(y1i
, y2i

|x1i
, x2i

) = p(y1i
|x1i

)p(y2i
|x2i

).

Consider two DMCs, (X1, p(y1|x1),Y1), (X2, p(y2|x2),Y2), and let C1, C2 be their corre-

sponding ordinary capacities. It is well known [13] that the ordinary capacity of the sum

channel is C+ = log (expC1 + expC2). For the product channel, the ordinary capacity is

proved to be C× = C1 + C2.

The error-free communication capacity of the sum and product channels was studied

by Shannon [12]. If C0+ and C0× denote the zero-error capacity of the sum and product

channels, respectively, then Shannon demonstrated that

C0+ ≥ log (expC01 + expC02) (5.18)
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and

C0× ≥ C01 + C02 , (5.19)

with equality if and only if the adjacent graph G of either of the two channels can be

coloured using α(G) colours. In an analogy with the ordinary capacity, Shannon conjec-

tured that, in fact, equalities always holds for zero-error capacities. The product channel

conjecture was implicitly disproved in a example of Haemers [15]. More recently, Alon [16]

proved the existence of channels for which C0× > C01 + C02 . Such results, together with

those of Section 5.4, suggest that the zero-error capacity behaves quite different from the

ordinary capacity.

5.6 Conclusions

We have presented in this Chapter a survey of fundamental concepts in zero-error informa-

tion theory. We have started by presenting the ordinary capacity of discrete memoryless

channels, for which a small probability of error is allowed even if we make use of the

best coding scheme to encode information. Next, the zero-error capacity of a DMC was

introduced and a method to calculate the capacity of simple channel has been derived.

The problem of finding the zero-error capacity was reformulated in terms of graph

theory. It was shown how several results in zero-error theory can be restated in a graph

language. The most famous upper bound on the zero-error capacity, the Lovász θ function,

was presented and used to calculate the zero-error capacity of the pentagon graph, a

problem that remained open during more than twenty years. This example is particulary

interesting because we have found a quantum channel for which its zero-error capacity

equals the capacity of the pentagon. Finally, we presented two variations of the original

problem: the zero-error capacity of a DMC with feedback and the zero-error capacity of

sum and products of discrete memoryless channels.



Chapter 6

Zero-error capacity of quantum

channels

6.1 Introduction

As we have already mentioned in Section 2.1, quantum channel capacities to carry classical

information allow for an asymptotically small probability of error, even when the best

quantum coding scheme is used. Such capacities include the one-shot capacity [3, 4, 5], the

HSW capacity [7, 8], the adaptive capacity [6] and the entanglement-assisted capacity [9,

10]. The main reason of having a non-vanishing error probability is the decoding process,

which is based on the concept of typical sequences and typical Hilbert subspaces [2]. More

specifically, a received quantum codeword of a sufficiently long random code always has a

high probability of belonging to a given Hilbert subspace, called typical subspace. An error

is detected when the respective output codeword belongs to the orthogonal subspace, also

called non-typical subspace. Although the probability of a received quantum codeword

does not belong to a typical subspace is small, it is always different from zero. Hence,

ordinary quantum error-correction schemes [34, 35] consist of embedding, in a controlled

way, a given quantum state into another state that belongs to a higher dimensional Hilbert

space. Depending on the encoding strategy, errors due to decoherence in the encoded

stated might be detected and corrected in order to recovery the original quantum state.

Quantum perfect transmission, computing and storage are not a recent subject in

quantum information and computation. In 1997, Zanardi et al. [36, 37] pointed out that

the symmetry between some quantum states and the environment might provide a new

strategy for protecting quantum states from decoherence. Instead of use an active error

detection/correction scheme, the authors showed that in the presence of a “coherent”

environmental noise, where the original state and the environment share some kind of

73
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symmetry, one can design states that are immune to the noise rather than states that can

be easily corrected. Hence, their approach consists in a passive, i.e., a intrinsic stabilization

of quantum information. More recently, Kribs et al. [38, 39] described a mathematical

framework, called operator quantum-error correction, that incorporates the two techniques

of error prevention/correction under a single approach.

An algebraic study of symmetries in the Zanardi model motivated the definition of

the so called decoherence-free subspaces (DFS) [40], which are subspaces of the whole

system’s Hilbert space that are not affected by the noise under certain assumptions about

the symmetry of the noise processes. Bacon et al. [41] developed a general formalism,

called noiseless subsystems, to find Hamiltonians involving one- and two-qubits interac-

tions, which can be used to implement universal quantum gates without leaving a given

decoherence-free (noiseless) subspace. Therefore, when computation is performed in this

manner, the system is never exposed to errors. Such approach leads to a naturally fault

tolerant quantum computation [42, 43, 44].

Although concepts of noiseless quantum codes and fault tolerant quantum computation

are well developed, a number to quantify the maximum amount of classical information

per channel use that can be sent without error through a noisy quantum channel was not

defined until now. In this thesis, we generalise the concept of classical zero-error capacity

to include quantum channels, in a scenario where they are used to transmit classical

information. We define the quantum zero-error capacity as the supremum of rates at

which classical information can be transmitted through a noisy quantum channel with a

probability of error equal to zero.

Since our first paper in 2005 [45], some developments have been made by other re-

searches. In a recent work, Beigi and Shor [46] demonstrated that finding the quantum

zero-error capacity is a QMA-complete problem [47]. An interesting feature of quan-

tum channels concerning the quantum zero-error capacity was pointed out by Duan and

Shi [48]. The authors found a quantum channel allowing of perfect classical information

transmission (i.e., quantum zero-error capacity greater than zero) once the channel is used

two times, whereas no information could be sent in a single use of the channel. In their

work, the communication protocol involves two senders and two receivers, where senders,

as well as receivers, are able to exchange classical information between them.

In the next section, we first describe the zero-error communication protocol, which is

similar to the HSW protocol. Then, a quantum error-free block code is formally defined.

Once we define a protocol and a quantum code, we are able to quantity the maximum

amount of error-free classical information per channel use that a quantum channel can

transmit, i.e, the quantum zero-error capacity.
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6.2 Quantum zero-error capacity

Given a quantum channel, we ask for the maximum amount of classical information per

channel use Alice can transmit to Bob with a zero probability of error. Consider a d-

dimensional quantum channel E ≡ {Ea} modelled by a linear, completely positive trace-

preserving quantum operation. Hereafter, we denote S a subset of input quantum states of

dimension d for E . States ρi ∈ S are referred as input states. Figure 6.1 is a block diagram

of a quantum communication system enabling Alice to transmit classical messages to Bob

with a zero probability of error. Initially, Alice chooses a message from a set {1, . . . , Kn}
of Kn classical messages. Then, the encoder maps such message onto a n-tensor product

of quantum states in S. The dn-dimensional encoded state is called a quantum code-

word. The quantum codeword is transmitted through a noisy quantum channel E . At

the receiver end, Bob performs a Positive Operator-Valued Measurement (POVM) on the

whole received state. Measurement outcomes are arguments of a decoding function. The

decoder should decide which message was sent by Alice with the property that no errors

are allowed.

D
ecoder

E
ncoder

Q
uantum

i ∈ {1, . . . ,Kn}

S = {ρi}

ρ⊗ni

E(·)

POVM

{Mi}mi=1

y ∈ {1, . . . ,m}

ı̃ ∈ {1, . . . ,Kn}

Figure 6.1: General representation of a quantum zero-error communication system.

The error-free communication protocol can be summarized as follows:

• The source alphabet is a set S = {ρ1, . . . , ρl} of d-dimensional input quantum states;

• in order to be transmitted through a quantum channel, classical messages are

mapped onto quantum codewords, which are tensor products of quantum states

in S;

• although input states are not allowed to be entangled between two or more channel

uses, collective POVMmeasurements are authorized at the quantum channel output.
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As we will see, such measurements are necessary and sufficient in order to reach the

quantum zero-error capacity.

Essentially, the proposed protocol is similar to the protocol employed by the Holevo-

Schumacher-Westmoreland [7, 8] capacity. In order to generalise the zero-error capacity

for quantum channels, we should define a quantum error-free block code.

Definition 23 ((Kn, n) error-free quantum block code) An (Kn, n) error-free quan-

tum block code for a quantum channel E is composed of the following:

1. A set of indexes {1, . . . , Kn}, where each index is associated with a classical message.

2. An encoding function

Xn : {1, . . . , Kn} → S⊗n, (6.1)

yielding quantum codewords ρ1 = Xn(1), . . . , ρKn
= Xn(Kn). The set of all quantum

codewords is called a quantum codebook.

3. A decoding function

g : {1, . . . , m} → {1, . . . , Kn}, (6.2)

which deterministically assigns a guess to each possible measurement outcome y ∈
{1, . . . , m} performed by a POVM P = {M1, . . . ,Mm}. The decoding function has

the following property:

Pr (g(Y = y) 6= i|Xn = Xn(i)) = 0 ∀ i ∈ {1, . . . , Kn}. (6.3)

The reason why we put an index n in Kn is to remember that a given error-free

quantum code of length n has exactlyKn codewords. It is easy to see that the transmission

rate of a (Kn, n) error-free quantum block code is

Rn =
1

n
logKn (bits per channel use).

Definition 24 is a generalisation of the zero-error capacity for quantum channels.

Definition 24 (Quantum zero-error capacity (QZEC)) Let E be a linear, completely

positive trace-preserving quantum operation representing a noisy quantum channel. The

zero-error capacity of E(·), denoted by C(0)(E), is the least upper bound of achievable rates

with probability of error equal to zero. That is,

C(0)(E) = sup
S

sup
n

1

n
logKn, (6.4)
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where Kn stands for the maximum number of classical messages that the system can

transmit without error, when a (Kn, n) error-free quantum block code with input alphabet

S is used.

A fundamental property of quantum systems concerns the distinguishibility of two

quantum states [2]. In a given Hilbert space of dimension d, two quantum states ρ1

and ρ2 are perfectly distinguishable if and only if the Hilbert subspaces spanned by the

supports of ρ1 and ρ2 are orthogonal. Equivalently, if ρ1 is non-orthogonal to ρ2 then

such states are indistinguishable. It is clear that in a d-dimensional Hilbert space there

are at most d pairwise distinguishable quantum states. Given a quantum channel E , we
are particularly interested in input quantum states ρi and ρj which are distinguishable at

the channel output.

Definition 25 (Non-adjacent quantum states) Consider a quantum channel E and

a set S of input states. Two quantum states ρi, ρj ∈ S are said to be non-adjacent

with relation to E if E(ρi) and E(ρj) are distinguishable. Otherwise, they are said to be

adjacent. For short, we should use ρi⊥Eρj to denote that ρi is non-adjacent to ρj.

For the classical case, Shannon showed that the zero-error capacity of a discrete memo-

ryless channel depends only on the adjacency relations between input symbols. Moreover,

it was demonstrated that the classical zero-error capacity is greater that zero if and only

if there exist at least two non-adjacent input symbols in X . In order to demonstrate an

analogous result for the quantum zero-error capacity, we need to investigate adjacency

between two tensor product sequences of input states.

Consider a set S = {ρ1, . . . , ρl} of input quantum states for a quantum channel E . The
set of all n-tensor products is denoted by S⊗n. Let ρ̂i = ρi1⊗· · ·⊗ρin and ρ̂j = ρj1⊗· · ·⊗ρjn
be two n-tensor products of quantum states in S. We say that ρ̂i is non-adjacent to ρ̂j
if E(ρ̂i) and E(ρ̂j) are distinguishable, i.e, if E(ρ̂i) and E(ρ̂j) have orthogonal supports.

Otherwise, they are said to be adjacent in E .

Proposition 16 For a given quantum channel E and a set S = {ρ1, . . . , ρl} of input

quantum states, let ρ̂i, ρ̂j ∈ S⊗n be two tensor product sequences of n states. Sequences

ρ̂i and ρ̂j are non-adjacent in E if and only if for at least one k, 1 ≤ k ≤ n, ρik is

non-adjacent to ρjk .

Proof. Because the quantum channel is memoryless, we can write the channel output
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E(ρ̂i) = E(ρi1) ⊗ · · · ⊗ E(ρik) ⊗ · · · ⊗ E(ρin)

E(ρ̂j) = E(ρj1) ⊗ · · · ⊗ E(ρjk) ⊗ · · · ⊗ E(ρjn)

Figure 6.2: Two distinguishable tensor product sequences E(ρ̂i) and E(ρ̂j). The distin-

guishibility of the sequences depends only on the distinguisibility of states E(ρij ). Essen-

tially, this means that a quantum channel has a nonzero error-free capacity if and only if

there exists a set S of input states containing at least two non-adjacent states, ρi⊥Eρj ;

ρi, ρj ∈ S.

as illustrated in Figure 6.2. If ρ̂i⊥E ρ̂j then

tr [E(ρ̂i)E(ρ̂j)] = tr

[(
n⊗

k=1

E(ρik)

)(
n⊗

k=1

E(ρjk)

)]

=

n∏

k=1

tr [E(ρik)E(ρjk)]

= 0,

which means that ρik⊥Eρjk for at least one k, 1 ≤ k ≤ n. The proof of the converse is

trivial.

Proposition 16 guarantees that the distinguishibility of any two n-tensor product se-

quences depends only on adjacency relations of states ρi ∈ S.

Proposition 17 A quantum channel E has a non-vanishing zero-error capacity if and

only if there exists a set S containing at least two non-adjacent states, ρi⊥Eρj, ρi, ρj ∈ S.

Proof. Suppose that C(0)(E) > 0. In this case, it should exist at least two codewords,

ρi and ρj, of a (Kn, n) quantum error-free code with alphabet S such that ρi⊥Eρj . By

Proposition 16, ρik⊥Eρjk for at least one k, 1 ≤ k ≤ n, ρik , ρjk ∈ S. The converse is

trivial.

The previous analysis allows for a comprehensive understanding of the quantum zero-

error capacity. Let E be a d-dimensional quantum channel. Fix a set of input quantum

states S = {ρ1, . . . , ρl} for E . By Definitions 23 and 25, the maximum number of classical

messages Alice can transmit to Bob without error using an (K1, 1) error-free quantum code

with alphabet S is K1, the maximum number of pairwise non-adjacent quantum states in

S. More specifically, if we consider subsets S ′ ⊆ S such that ∀ρi, ρj ∈ S ′; i 6= j; ρi⊥Eρj ,

then

K1 = max
S′⊆S

|S ′| ≤ d. (6.5)
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Analogously, if n-tensor products of states in S are considered, then we have ln possible

sequences, namely, ρ̂1, . . . , ρ̂ln . Clearly, the maximum number of classical messages Alice

can communicate to Bob using a (Kn, n) error-free quantum code with alphabet S will be

the maximum number of pairwise non-adjacent sequences, denoted by Kn. The zero-error

capacity of the quantum channel will be the supremum of the information transmission

rate over all sets S of input states and code length n.

6.2.1 A graph-theoretic approach

Developments in the previous section allow of a nice interpretation of the zero-error ca-

pacity in terms of graph theory. Given a quantum channel E and a set of input states

S = {ρ1, . . . , ρl}, we can construct a characteristic graph G as follows: The vertex set of

G is the index set of S, and two vertices are connected if the corresponding input states

in S are non-adjacent. Mathematically,

V (G) = {1, . . . , l}, (6.6)

E(G) = {(i, j)|ρi⊥Eρj ; ρi, ρj ∈ S; i 6= j}. (6.7)

It is easy to see that quantum states corresponding to vertices in any complete subgraph of

G are mutually non-adjacent. Therefore, the maximum number of pairwise non-adjacent

states in S is the clique number of G, ω(G), which is the maximum cardinality of any

complete subgraph of G. Define a n-product Gn of G as a graph whose vertex set and the

set of edges are given by

V (Gn) = {1, . . . , l}n, (6.8)

E(Gn) = {(i1 . . . in, j1 . . . jn)|ρik⊥Eρjk for at least one k, 1 ≤ k ≤ n;

ρik , ρjk ∈ S}. (6.9)

If we denote S⊗n the set of all n-tensor product sequences of states in S, then the vertex

set of Gn is the index set of S⊗n, whereas the set of edges is composed of pairs of such

indexes whose corresponding sequences are non-adjacent in the channel E . It turns out

that the maximum number of messages we can transmit without error with a (Kn, n)

error-free quantum code with alphabet S is the clique number of Gn, ω(Gn). Moreover,

an error-free codebook is given by sequences of the corresponding vertices in the maximal

clique of Gn. If we consider the supremum over all possible sets of input states S, we
get an alternative and equivalent definition of the zero-error capacity in terms of graph

theory.
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Definition 26 (Equivalent definition of the QZEC) The zero-error capacity of a quan-

tum channel E is given by

C(0)(E) = sup
S

sup
n

1

n
logω (Gn) , (6.10)

where the supremum is taken over all sets S of input states, and ω(Gn) is the clique

number of the n−product of the characteristic graph G associated with S.

The quantum error-free capacity may also be interpreted as the supremum over zero-

error capacities of classical discrete memoryless channels. For each set S = {ρ1, . . . , ρl} of

input states for a given quantum channel E , we can associate an adjacency matrix A(S)

(see Section 5.2.2), which is a l × l matrix defined as follows:

A(S)ij =







1 if ρi is adjacent to ρj or if i = j

0 otherwise.
(6.11)

A given adjacency matrix may correspond to an infinity number of classical DMCs. Shan-

non [12] has showed a procedure to find a DMC (X , p(y|x),S) that gives rise to a particular

adjacency matrix A. Moreover, he demonstrated that discrete memoryless channels giv-

ing rise to a given adjacency matrix have the same zero-error capacity. If we denote

C0(A(S)) the zero-error capacity of any equivalent DMC obtained from the A(S), then a

straightforward consequence of the Equation (6.10) is that

C(0)(E) = sup
S
C0(A(S)). (6.12)

These equivalent definitions of the quantum zero-error capacity are used to prove most

of our results in the next sections.

The next section investigates quantum states and measurements attaining the quan-

tum error-free capacity. It is showed that we only need to consider pure quantum states

at the channel input in order to reach the supremum in Equation (6.10). Moreover,

we demonstrate that the capacity can always be reached by using a set S of at most d

pure states. Concerning the measurements, we prove that collective measurements are

necessary to attain the quantum zero-error capacity in Definition 24.

6.3 Quantum states achieving the QZEC

In this section we discuss some properties of quantum states reaching the quantum zero-

error capacity, namely, quantum states in the set S achieving the supremum in Equa-

tion (6.4). It is well-known that the Holevo-Schumacher-Westmoreland (HSW) capac-

ity [7, 8] can be reached using an ensemble {pi, ρi} of at most d2 pure quantum states [2,
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pp. 555]. We use the equivalent definition of the quantum zero-error capacity to obtain

an analogous result for the quantum case.

Proposition 18 The zero-error capacity of quantum channels E can be achieved by a set

S composed only of pure quantum states, i.e., S = {ρi = |vi〉〈vi|}.

Proof. Consider a quantum channel E with operation elements {Ea}, as defined in

Section 4.2.2. Suppose that the set S = {ρ1, . . . , ρl} achieving the supremum in Equa-

tion (6.4) may contain mixed states. We call G the characteristic graph associated with

S. To demonstrate the proposition, we show that it is always possible to obtain a set

S ′ from S, such that S ′ contains only pure states and S ′ also achieves the supremum in

Equation (6.4).

Let ρi ∈ S, ρi =
∑

r λir |vir〉〈vir |, be an input quantum state. Then, the output of the

channel when ρi is transmitted is given by

E(ρi) =
∑

a

EaρiE
†
a

=
∑

a

Ea

[
∑

r

λir |vir〉〈vir |
]

E†
a

=
∑

a

∑

r

λirEa|vir〉〈vir |E†
a. (6.13)

As we already explained in Section 6.2, the trace tr [E(ρi)E(ρj)] gives the adjacency

relation between ρi and ρj . If ρj =
∑

s λjs|vjs〉〈vjs| then

tr [E(ρi)E(ρj)] = tr

[
∑

a

∑

r

λirEa|vir〉〈vir |E†
a

∑

b

∑

s

λjsEb|vjs〉〈vjs|E†
b

]

= tr

[
∑

a

∑

r

∑

b

∑

s

λirλjsEa|vir〉〈vir |E†
aEb|vjs〉〈vjs|E†

b

]

=
∑

a,r,b,s

λirλjs||〈vir |E†
aEb|vjs〉||2. (6.14)

Without loss of generality (w.l.o.g), define a new set S ′ = {|v11〉, . . . , |vl1〉}, where

|vi1〉 ∈ supp ρi is a pure state in the support of ρi. Call G′ the characteristic graph due to

S ′. Our aim is to demonstrate that replacing ρi with |vi1〉 does not create new adjacencies.

To visualize this, note that

tr [E(|vi1〉)E(|vj1〉)] = tr

[
∑

a

Ea|vi1〉〈vi1 |E†
a

∑

b

Eb|vj1〉〈vj1|E†
b

]

= tr

[
∑

a

∑

b

Ea|vi1〉〈vi1|E†
aEb|vj1〉〈vj1|E†

b

]

=
∑

a,b

||〈vi1|E†
aEb|vj1〉||2. (6.15)
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It is known that if ρi⊥Eρj then tr [E(ρi)E(ρj)] = 0. This means that 〈vir |E†
aEb|vjs〉 = 0 for

all indexes r and s in Equation (6.14). Therefore, tr [E(|vi1〉)E(|vj1〉)] = 0 and |vi1〉⊥E |vj1〉.
It is clear that the characteristic graph G′ can be obtained from G by (probably) adding

a number of edges but never deleting edges. In addition, adding edges never decreases

(and may increase) the clique number of a graph [29], i.e., ω(G) ≤ ω(G′). Therefore,

sup
n

1

n
logω(Gn) ≤ sup

n

1

n
logω(G′n).

Because S attains the supremum in Equation (6.4),

C0(E) = sup
1

n
logω(Gn) ≥ sup

n

1

n
logω(G′n),

which means that S ′ does attain and the result follows.

It is clear that adjacency relations between input states play a crucial role in calculating

the quantum error-free capacity. By definition, if two input states |vi〉, |vj〉 ∈ S are non-

adjacent, then the Hilbert subspaces spanned by the eigenvectors in the support of E(|vi〉)
and E(|vj〉) are orthogonal. Moreover, as we show below, if |vi〉⊥E |vj〉 then |vi〉 and |vj〉 are
essentially orthogonal. To demonstrate this, we make use of the trace distance between

quantum states σ1 and σ2 [2, pp.403],

D(σ1, σ2) =
1

2
tr |σ1 − σ2| .

The trace distance is maximum and equal to one if and only if σ1 and σ2 have orthogonal

supports. Assuming that |v1〉 and |v2〉 are non-adjacent pure states, the trace distance

between their images is D(E(|v1〉), E(|v2〉)) = 1. Because quantum channels are contrac-

tive [2, pp. 406], i.e., D(|v1〉, |v2〉) ≥ D(E(|v1〉), E(|v2〉)),

1 ≥ D(|v1〉, |v2〉) ≥ D(E(|v1〉), E(|v2〉)) = 1, (6.16)

which means that D(|v1〉, |v2〉) = 1 and |v1〉 is orthogonal to |v2〉. Intuitively, this means

that quantum channels can not take confoundable states into non-confoundable ones.

Consider a qubit channel and an orthonormal basis for the 2-dimensional Hilbert space.

Our results allow for the analysis of such channels in a zero-error context: either the zero-

error capacity is equal to one bit per use or to zero. This is because these channels have

at most two pairwise orthogonal input states, |v1〉, |v2〉, and if we take any other state

|v3〉, it will be non-orthogonal to |v1〉 and |v2〉 and therefore adjacent.

The above discussions might give the impression that the quantum error-free capacity

would be a trivial generalisation of the classical zero-error capacity. By trivial, we mean

that

• the capacity is achieved using a error-free quantum block code of length one, and
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• the supremum in Equation (6.10) can always be achieved by a set S of mutually

orthogonal quantum states.

Surprisedly, there are quantum channels for which the number of non-adjacent codewords

behaves unexpectedly when the length of the quantum block code is increased. For a

quantum channel exhibited in Section 6.5.5, we claim that the QZEC can only be reached

by a set of non-orthogonal quantum states.

6.3.1 The cardinality of the set S achieving the QZEC

In this section, we present a conjecture on the number of states in the set S that are

needed to reach the quantum zero-error capacity. In order to support this conjecture, we

derive some preliminary results that can be useful in a further demonstration.

Conjecture 19 The zero-error capacity of a d-dimensional quantum channel can always

be achieved by a set of at most d pure quantum states.

We begin by introducing a k-extended-by-cloning graph, an interesting concept to

both classical and quantum zero-error information theory.

Let G = (V,E) be an undirected graph such that V = {0, . . . , l − 1} and E ⊂
{(i, j); i, j ∈ V ; i 6= j}. As we have already seen, the Shannon’s n-product of G is defined

as follows:

V (Gn) = {0, . . . , l − 1}n

E(Gn) = {(i1 . . . in, j1 . . . jn); (ik, jk) ∈ E(G) for at least one k,

1 ≤ k ≤ n}. (6.17)

For each vertex i ∈ V (G), we denote by N(i) the set of neighbours of i:

N(i) = {j ∈ V (G); (i, j) ∈ E(G)}. (6.18)

Let ω(Gn) be the clique number of Gn , i.e., the size of the largest clique in Gn. We are

interested in determining the clique number of a graph Gk obtained from G in a special

way:

Definition 27 The k-Extended-by-cloning graph (EbC) of G, denoted by Gk, is a graph

with l + 1 vertices which is obtained from G by “cloning” the vertex k of G:

1. V (Gk) = {0, . . . , l}, where l stands for the label of the “cloned” vertex;

2. E(Gk) = E(G) ∪ {(l, j); j ∈ N(k)}, i.e., both vertices l and k have the same neigh-

bours.
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Figure 6.3: (a) A graph G. (b) The 3-extended-by-cloning graph G3

As an example, let G be the graph illustrated in Figure 6.3(a). Note that in the 3-EbC

graph G3 of Figure 6.3(b), the cloned vertex 5 has the same neighbours of the original

vertex 3.

Theorem 20 For any n, ω(Gn) = ω(Gn
k).

The theorem implies that the zero-error capacity of a (classical or quantum) channel

associated with the graph Gk is equal to the zero-error capacity of a channel associated

with G.

Proof. Let S ′ ⊆ {0, . . . , l}n be the vertex set of a maximal order clique in Gn
k . By

definition, vertices in S ′ are n-tuples elements of V (Gk) such that, for any two sequences in

S ′, there exists at least one position where the corresponding vertices inGk are neighbours.

From S ′, we construct a subset of vertices S of Gn as follows. For any sequence in

S ′ containing the vertex l in one or more positions, we replace l by the original vertex k.

An observation shows that all new sequences of S are pairwise distinct, otherwise there

would exist at least two sequences belonging to S ′ for which, in each position, either they

are equal or one has l and the other has k. However, from item 2 of Definition 27, l and

k are not connected in Gk.

To accomplish the proof, we just need to show that S forms a clique in Gn. Any two

sequences in S, say a and b, come from the corresponding sequences a′ and b′ in S ′, whose

corresponding vertices are connected in Gn
k , since S

′ forms a clique. Therefore, there is at

least one index i for which the vertex a′i is connected to b′i in Gk. Moreover, it turns out

that either both a′i and b
′
i are different from l − and hence ai = a′i and bi = b′i so a and b

are connected in S − or w.l.o.g. a′i = l and ai = k from which we conclude that a and b

are connected in S.

Finally, we can write ω(Gn) ≥ ω(Gn
k). Since the inverse inequality is trivial, the

equality holds.
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Given a graph G = (V,E), a vertex-induced subgraph H of G (often called induced

subgraph) is a subset of vertices of G together with all edges whose endpoints are both

in this subset. There are two important results which are immediately consequences of

Theorem 20.

Corollary 21 Suppose that instead of cloning a vertex of G we clone any vertex-induced

subgraph of G to produce a new graph G′. By cloning the subgraph we means that vertices

of the subgraph in the cloned graph has the same corresponding neighbours in the original

graph. Then, ω(G′n) = ω(Gn) for every n.

The proof of Corollary 21 is analogous to the proof of Theorem 22.

Corollary 22 In Definition 27, if we maintain V (Gk∗) = {0, . . . , l} but replace the state-

ment (2.) with

2* E(Gk∗) = E(G) ∪ {(l, j); j ∈ N(l)}, where N(l) ⊆ N(k). i.e., the vertex l in Gk∗ has

the same neighbours of the vertex k in G, but the latter is allowed to have more.

(Note that vertices l and k should never be connected).

Then, ω(Gn
k∗) = ω(Gn) still holds.

Proof. Note that the graph Gk∗ can be obtained from the k-EbC Gk of G by probably

deleting some edges. Then ω(Gn
k∗) ≤ ω(Gn

k) ≤ ω(Gn). The inverse inequality is trivial.

Theorem 20, together with Corollary 22, gives a simple criterion to analyze the zero-

error behavior of a quantum channel when a quantum state is “appended” to the set S,
since adding a state to S is equivalent to add a vertex on the corresponding characteristic

graph. We investigate adjacency relations between states in S given that a particular

state |σ〉 is appended to S.
Let S = {|ψ1〉, . . . , |ψd〉} be a linearly independent set of quantum pure states. Because

S is a basis for the Hilbert space of dimension d, the added state |σ〉 is a superposition of

states in S. W.l.o.g, let

|σ〉 =

k∑

i

ai|ψi〉 (6.19)

be a superposition state of the first k states of S. Consider a quantum state |ψm〉, m > k.

Lemma 23 If |ψm〉⊥E |ψi〉, i = 1, . . . , k, then |σ〉⊥E |ψm〉.

Proof. For all i = 1, . . . , k,

tr [E(|ψi〉〈ψi|)E(|ψm〉〈ψm|)] = 0. (6.20)
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Consider the spectral decomposition E(|ψm〉〈ψm|) =
∑

x λx|x〉〈x|. Then,

tr [E(|ψi〉〈ψi|)E(|ψm〉〈ψm|)] = tr

[

E(|ψi〉〈ψi|)
∑

x

λx|x〉〈x|
]

(6.21)

=
∑

x

λx〈x|E(|ψi〉〈ψi|)|x〉 (6.22)

= 0. (6.23)

Because E(|ψi〉〈ψi|) is positive,

λx〈x|E(|ψi〉〈ψi|)|x〉 = 0 (6.24)

for all x. Moreover, for all a and i = 1, . . . , k,

λx〈x|E(|ψi〉〈ψi|)|x〉 = λx〈x|
∑

a

Ea|ψi〉〈ψi|E†
a)|x〉 (6.25)

=
∑

a

λx〈x|Ea|ψi〉〈ψi|E†
a)|x〉 (6.26)

=
∑

a

λx||〈x|Ea|ψi〉||2 (6.27)

= 0, (6.28)

which means that λx||〈x|Ea|ψi〉|| = 0 for all a, x and i = 1, . . . , k. Finally,

tr [E(σ)E(|ψm〉〈ψm|)] =
∑

x

λx〈x|E(σ)|x〉 (6.29)

=
∑

x

λx〈x|
∑

a

Ea

k∑

i,j=1

aia
∗
j |ψi〉〈ψi|E†

a|x〉 (6.30)

=
∑

x

∑

a

∑

i,j

aia
∗
jλx〈x|Ea|ψi〉〈ψi|E†

a|x〉 (6.31)

= 0, (6.32)

since all (complex) numbers λx〈x|Ea|ψi〉 have real and imaginary parts equal to zero.

6.4 Measurements reaching the capacity

We discuss in this section quantum measurements attaining the quantum zero-error capac-

ity. As it was defined, the quantum error-free capacity is the maximum transmission rate

R = 1
n

logKn of any error-free quantum code of length n and alphabet S = {ρ1, . . . , ρl}.
This implies that, for a given n attaining the supremum in Equation (6.4), there ex-

ists an error-free quantum code whose codebook contains Kn codewords of length n,
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{ρ1, ρ2, . . . , ρKn
}, such that

E(ρ1) = E(ρ11) ⊗ E(ρ12) ⊗ · · · ⊗ E(ρ1n
)

︸ ︷︷ ︸

P1

,

E(ρ2) = E(ρ21) ⊗ E(ρ22) ⊗ · · · ⊗ E(ρ2n
)

︸ ︷︷ ︸

P2

,

...
... (6.33)

E(ρKn
) = E(ρKn1

) ⊗ E(ρKn2
) ⊗ · · · ⊗ E(ρKnn

)
︸ ︷︷ ︸

PKn

are pairwise orthogonal quantum states in the output Hilbert space of dimension dn.

Define Pi the projector onto the Hilbert subspace spanned by quantum states in the

support of E(ρi). It is clear that

P = {P1, . . . , PKn
, PKn+1}, (6.34)

PKn+1 = 1l−
∑Kn

i=1 Pi, is a von Neumann measurement allowing of the distinguishibility of

the Kn classical messages. Therefore, collective measurements are sufficient to decode any

error-free quantum code. It is well-known that measurements performed between several

channel outputs are required in order to achieve the Holevo-Schumacher-Westmoreland

capacity [2]. Essentially, this means that the mutual information between the input and

the output may increase if we make collective measurements instead of individual mea-

surements. A natural question is whether or not individual measurements are sufficient

to decode an error-free quantum code. Equivalently, we ask if Bob can always distinguish

between the Kn orthogonal tensor product sequences E(ρi) =
⊗n

k=1 E(ρik) by means of

individual measurements on each state E(ρik). As we argue below, the answer is not.

Quantum state discrimination is an important branch of quantum information theory.

The general problem consists in determining, with maximum accuracy, the state of a

given quantum system chosen from a finite set of quantum states. A variant on the main

problem consists in distinguishing multipartite orthogonal quantum states, in a scenario

where the compound quantum system, composed of several parts, is held by separated

observers [49, 50]. Participants are only allowed to perform individual measurements but

they can exchange an arbitrary amount of classical information in order to discriminate

the given quantum state. We are interested in the case where global multipartite states

are restricted to be tensor products of each shared state [49, 50].

The individual-measurements based decode scheme for a quantum zero-error block

code can be viewed as a particular case of the discrimination protocol studied in [49, 50],

where all individual measurement on the states E(ρik) should be performed using the same

POVM P(1). Bennett et al. [51] analyzed an example in which two participants, Alice and
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Bob, are each given a three-state particle and their goal is to distinguish which of nine

orthogonal product states in {|ψ1〉, . . . , |ψ9〉}, |ψi〉 = |αi〉 ⊗ |βi〉, the composite quantum

system was prepared in. Because the nine joint quantum states were pairwise orthogonal,

they could be reliably distinguished by a collective measurement on both particles. How-

ever, the nine states were not orthogonal as individually seen by Alice and Bob. Bennett

et al. showed that such joint states could not be reliably distinguished by any sequence of

individual measurements, even allowing an arbitrary amount of classical communication

between Alice and Bob. This example shows that we cannot always distinguish between

states of an orthogonal set of tensor product states using individual measurements. There-

fore, individual measurements are not sufficient to attain the quantum zero-error capacity

of Definition 24.

6.5 Examples

6.5.1 Bit flip channel

The bit flip channel is a 2-dimensional quantum channel which leaves an input state ρ

intact with probability p, and invert the qubit with probability 1 − p.

E(ρ) = pρ+ (1 − p)XρX. (6.35)

This channel has two orthogonal, non-adjacent input states given by

|v1〉 =
1√
2
(|0〉 + |1〉),

|v2〉 =
1√
2
(|0〉 − |1〉).

The zero-error capacity is achieved by S = {|v1〉, |v2〉}, which implies that the zero-error

capacity is trivially calculated: C0(E) = 1
1
log(2) = 1 bits per use.

6.5.2 Depolarizing channel

The depolarizing channel in a d-dimensional Hilbert space models a scenario where an

input state ρ is either carried out intact with probability (1 − p) or it is replaced by the

completely mixed state 1
d
1ld with probability p [2]:

E(ρ) = p
1

d
1ld + (1 − p)ρ, (6.36)
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where 1ld is the identity operator of dimension d. For this channel, any two input states

ρi and ρj are adjacent for a given 0 < p < 1. To demonstrate this, we write

tr [E(ρi)E(ρj)] = tr
[(

pρi + (1 − p)
1

d
1ld

)(

pρj + (1 − p)
1

d
1ld

)]

= p2tr [ρiρj] +
p(1 − p)

d
tr [ρi + ρj ] +

(1 − p)2

d
> 0 (6.37)

since 0 < p < 1. Therefore, the error-free capacity of the d-dimensional depolarizing

channel is zero.

6.5.3 Zero-error capacity of classical-quantum channels

In the literature, a quantum channel E for which the quantum state (1l ⊗ E)(Γ) is always

separable (even for entangled Γ) is called entanglement breaking channel [24]. This im-

portant class of quantum channel was first introduced by Holevo [23]. Horodecki et al. [24]

showed that any entanglement breaking channel can be written in the Holevo form:

E(ρ) =
∑

i

σitr [ρXi] , (6.38)

where {σi} is a fixed family of quantum states and {Xi} defines a POVM measurement.

The channel is called classical-quantum (c-q) if Xi = |ψi〉〈ψi|, where {|ψi〉} is an or-

thonormal basis, i.e., POVM elements are one dimensional projectors. In contrast, if

σi = |ψi〉〈ψi| then it is called a quantum-classical (q-c) channel.

Classical-quantum channels have the property that interference due to superpositions

at the channel input are never destroyed at the channel output. To see this, consider

a c-q channel defined by an ensemble {σi} and a POVM with operators Xi = |ψi〉〈ψi|.
Suppose that a superposition state |v〉 =

∑

i vi|ψi〉 is sent through the channel. The

density operator at the channel input is ρv =
∑

ij viv
∗
j |ψi〉〈ψj|. The output state will be

E(ρv) =
∑

i

σitr [ρv|ψi〉〈ψi|]

=
∑

i

〈ψi|ρv|ψi〉σi

=
∑

i

∑

jk

〈ψi|vjv∗k|ψj〉〈ψk||ψi〉σi

=
∑

i

||vi||2σi. (6.39)

Remember that to find the quantum zero-error capacity, one needs to maximize over

all sets of input states S. We show below that the zero-error capacity of d-dimensional
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classical-quantum channels can be attained by the set

S = {|ψ1〉, . . . , |ψd〉}, (6.40)

where {|ψi〉} is an orthonormal basis whose one-dimensional projectors define the POVM

of the c-q channel.

Given an arbitrary set S of input states for a c-q channel Ecq, we can construct a

characteristic graph G, and the maximum information transmission rate RS using zero-

error quantum codes with alphabet S is given by:

RS = sup
n

1

n
logω(Gn). (6.41)

Straightforwardly, the zero-error capacity of Ecq is given by

C0(E) = sup
S
RS . (6.42)

In order to show that S in Equation (6.40) attains the capacity, we need to show the

following:

Proposition 24 For a d-dimensional c-q channel defined by {σi} and {Xi = |ψi〉〈ψi|}di=1,

sup
S;|S|≤d

RS (6.43)

can always be achieved by the set

S = {|ψ1〉, . . . , |ψd〉}. (6.44)

First of all, note that for any state belongs to S,

E(|ψi〉) = σi, (6.45)

whereas if |v〉 is a linear combination of {|ψi〉}, then the output is given by Equation (6.39).

Second, we remember that two vertices u and v are connected in the characteristic graph

if and only if tr [E(|u〉)E(|v〉)] = 0, i.e., the corresponding output states have orthogonal

supports.

Proof. The result follows by construction. Let k be the maximum number of pairwise

orthogonal states in {σi}, say {σ1, . . . , σk}, k ≤ d. Due to Equation (6.45), the maximum

rate RSk
for any code with |S| ≤ k is achieved by the set Sk = {|ψ1〉, . . . , |ψk〉}, since

the characteristic graph G(k) due to Sk is a complete graph. If k < d, we should append

another pure state |v〉 to Sk until k = d. The state to be added must lead to a graph

G(k+1) with as more connected vertices as possible, i.e, E(|v〉) must have its support

orthogonal to as many supp σi, i ≤ k, as possible. Suppose that |v〉 is a linear combination
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of {|ψi〉}. Then, E(|v〉) =
∑

i piσi. If pi > 0∀i then |v〉 is adjacent to all states in

Sk. Because interference due to superpositions of {|ψi〉} are never destroyed at channel

output, the state |v〉 must be any of the |ψm〉, m > k, belonging to S\Sk such that the

set {j; |ψm〉⊥E |ψj〉; 1 ≤ j ≤ k} has maximum cardinality, since E(G(k+1)) = E(G(k)) ∪
{(i, j); |ψi〉⊥E |ψj〉; 1 ≤ j ≤ k}. The new set will be Sk+1 = {|ψ1〉, . . . , |ψk+1〉}, where
the appended state |ψm〉 has index k + 1 in Sk+1. Clearly, RSk+1

≥ RSk
. Repeating this

process will give Sd = S.
What this means is that finding the quantum zero-error capacity of c-q channels is a

completely classical problem: we just need to explicit adjacency relation between states

in S in order to determine the characteristic graph G. Then, a maximization is taken

over all n: C0(E) = supn
1
n

logω(Gn). Moreover, the zero-error capacity of a c-q channel

can always be reached by a set of pairwise orthogonal states, since S = {|ψ〉} is an

orthonormal basis for the d-dimensional Hilbert space.

6.5.4 A particular classical-quantum channel

Consider the 5-dimensional c-q channel defined by

|σi〉 =
|i〉 + |i+ 1 mod 5〉√

2
, σi = |σi〉〈σi| and Xi = |i〉〈i|, 0 ≤ i ≤ 4, (6.46)

where {|0〉, . . . , |4〉} is the computational basis for the Hilbert space of dimension 5. The

set S that achieves the zero-errro capacity is given by

S = {|0〉, . . . , |4〉}. (6.47)

The corresponding output states are

E(|i〉) =

4∑

j=0

σj ||〈i|j〉||2.

= σi. (6.48)

Now we can write down the adjacency relations between states in S. The state |0〉 is

non-adjacent to states |2〉 and |3〉. To see this note that

E(|0〉) = σ0 =

( |0〉 + |1〉√
2

)(〈0| + 〈1|√
2

)

(6.49)

=
1

2
(|0〉〈0| + |0〉〈1|+ |1〉〈0| + |1〉〈1|) (6.50)

and

E(|2〉) = σ2 =

( |2〉 + |3〉√
2

)(〈2| + 〈3|√
2

)

(6.51)

=
1

2
(|2〉〈2| + |2〉〈3|+ |3〉〈2| + |3〉〈3|) (6.52)
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|0〉

|1〉

|2〉|3〉

|4〉

Figure 6.4: Characteristic graph corresponding to the set S attaining the zero-error ca-

pacity of the c-q channel.

have orthogonal supports, as well as E(|0〉) and E(|3〉). Therefore,

|0〉⊥E |2〉, |0〉⊥E |3〉. (6.53)

Straightforwardly, one can verify that

|1〉⊥E |3〉, |1〉⊥E |4〉 and |2〉⊥E |4〉. (6.54)

The characteristic graph related to S is shown in Figure 6.4(a).

Surprisedly, the S attaining the capacity gives rise to the pentagon as characteristic

graph. Therefore, the capacity of the corresponding c-q channel is

C(0)(E) = C0(G5) =
1

2
log 5 bits/use. (6.55)

Although the capacity is reached by a set of pairwise orthogonal states, it is necessary

two or more uses of the channel in order to attain the zero-error capacity. A quantum

code of length two reaching the capacity is presented below:

ρ1 = |0〉|0〉, ρ2 = |1〉|2〉, ρ3 = |2〉|4〉
ρ4 = |3〉|1〉, ρ5 = |4〉|3〉. (6.56)

The next example presents a mathematically motivated channel that we claim the

capacity can only be attained by a set of non-orthogonal states.

6.5.5 Non-orthogonal states attaining the QZEC

We discuss in this section an example of a quantum channel whose zero-error capacity

is conjectured to be non-trivial. By non-trivial we mean that the supremum in Equa-

tion (6.4) is attained for n > 1 and states in the set S reaching the QZEC contains

non-orthogonal states. The following example is mathematically motivated, and has no

physical meaning. However, it is interesting because the quantum channel we constructed
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gives rise to the pentagon as the characteristic graph for a set S containing non-orthogonal

quantum states. Moreover, if the conjecture holds then the capacity cannot be reached

by using a set of mutually orthogonal quantum states.

Let E be a quantum channel with operation elements {E1, E2, E3} given by

E1 =












0.5 0 0 0
√

49902
620

0.5 −0.5 0 0 0

0 0.5 −0.5 0 0

0 0 0.5 −
√

457
50

√
457
50

0 0 0 −0.62 − 289
1550












, E2 =












0.5 0 0 0 −
√

49902
620

0.5 0.5 0 0 0

0 0.5 0.5 0 0

0 0 0.5
√

457
50

−
√

457
50

0 0 0 0.5 0.5












,

E3 = 0.3|4〉〈4|,

where β = {|0〉, . . . , |4〉} is the computational basis for the Hilbert space of dimension five,

as in the example of Section 6.5.4. It is easy to see that
∑

aE
†
aEa = 1l, which means that

E is a completely positive trace-preserving quantum operation representing a physical

process. The quantum channel was constructed using Matlab®, wherein the .m file is

given at Appendix 6.A.

Consider the following set S of input states for E :

S =

{

|v1〉 = |0〉, |v2〉 = |1〉, |v3〉 = |2〉, |v4〉 = |3〉, |v5〉 =
|3〉 + |4〉√

2

}

. (6.57)

In order to construct the characteristic graph G, we need to explicit all adjacency relations

between states in S. If the channel output E(|vi〉) is calculated for every |vi〉 ∈ S, one
can verify that

|v1〉⊥E |v3〉, |v1〉⊥E |v4〉, |v2〉⊥E |v4〉,
|v2〉⊥E |v5〉, and |v3〉⊥E |v5〉.

Surprisedly, these relations give rise to the pentagon as characteristic graph, as it is

illustrated in Figure 6.5(a).

Note that if we make use of codewords of length one, we can only transmit at most two

error-free classical messages through this quantum channel, e.g., by choosing |v1〉 and |v3〉
or |v2〉 and |v4〉. Moreover, following the initial Shannon construction, we can construct

a quantum error-free codebook of length two containing five non-adjacent codewords:

ρ1 = |v1〉|v1〉, ρ2 = |v2〉|v3〉, ρ3 = |v3〉|v5〉
ρ4 = |v4〉|v2〉, ρ5 = |v5〉|v4〉. (6.58)

The quantum channel discussed above behaves very interestingly because the pentagon

is obtained using a set of non-orthogonal quantum states at the channel input. Suppose



94 Chapter 6. Zero-error capacity of quantum channels

|v1〉

|v3〉

|v5〉|v2〉

|v4〉

|0〉

|2〉

|4〉|1〉

|3〉

(a) (b)

Figure 6.5: (a) Characteristic graph G for the subset S containing non-adjacent input

states. (b) Characteristic graph for a subset S ′ of mutually orthogonal input states. In

this case the transmission rate is less than C(0)(pentagon) for any zero-error quantum

code with alphabet S ′.

that we replace the state |v5〉 in S with the state |4〉 in order to construct a new set

S ′ = β of pairwise orthogonal states. In this case, a calculation shows that the states |2〉
and |4〉 are adjacent and the corresponding characteristic graph is given in Figure 6.5(b).

The Shannon capacity of this graph is already known [12] and equal to 1 bit per use.

Therefore, the maximum rate of any zero-error quantum code with alphabet S ′ is one and

hence less than the capacity of the pentagon. Finally, we conjecture that one can not do

better by taking another set S ′, specially if it is composed of pairwise orthogonal states.

6.6 Zero-error capacity and HSW capacity

Quantum channels have a number of capacities that depends fundamentally on the kind

of information to be carried (classical or quantum) and on the communication protocol.

For example, suppose that Alice and Bob agree on a protocol where codewords are tensor

products of quantum states, and decoding is performed using measurements entangled

across multiple uses of the channel. In this case, the capacity of the quantum channel

for transmitting classical information with a negligible probability of error is given by the

Holevo-Schumacher-Westmoreland theorem [7, 8]. Bennett et al. [9, 10] showed that Alice

and Bob can do better if they make use of an arbitrary amount of shared entanglement.

The so called entanglement-assisted capacity is proved to be an upper bound of the HSW

capacity [9].

We demonstrate below that the error-free capacity of a given quantum channel is upper

bounded by the HSW capacity C1,∞(E), i.e.,

C(0)(E) ≤ C1,∞(E) ≡ max
{pi,ρi}

χ{pi,ρi},
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where

χ{pi,ρi} = S

(

E
(
∑

i

piρi

))

−
∑

i

piS(E(ρi)) (6.59)

stands for the χ quantity.

The HSW protocol states that codewords are composed of signal states ρi, where the

probability of using ρi is pi. Note that the maximum is taken over all ensembles {pi, ρi}
of possible input states ρi to the channel. The coding theorem says that if Alice and Bob

agree on a quantum code with rate less than or equal to the HSW capacity, it is possible

to transmit classical information reliably through a quantum channel with a probability

of error asymptotically zero (not actually zero).

Let R be the rate of any error-free quantum code. We assume that Alice sends to

Bob messages chosen randomly and uniformly from the set {1, . . . , 2nR}, i.e., if we define

X as a random variable representing indexes of classical messages, then X is uniformly

distributed over {1, . . . , 2nR}. As a straightforward consequence we have

H(X) = nR, (6.60)

where H stands for the classical Shannon entropy [20]. Now we take Y as a random

variable representing the output when Bob performs measurements described by a POVM

{Mi}. By the definition of mutual information,

nR = H(X) = H(X|Y) + I(X,Y). (6.61)

Because we are making use of an error-free quantum code, there are no decoding errors.

Then, given an output word y, there is no uncertainty about the classical message actually

sent, i.e., H(X|Y) = 0. Suppose that Alice encodes the message i as ρi = ρi1 ⊗ · · · ⊗ ρin .

Applying the Holevo bound we get

nR = I(X,Y) (6.62)

≤ S





2nR
∑

i=1

1

2nR
E(ρi)



−
2nR
∑

i=1

1

2nR
S(E(ρi)). (6.63)

Remember that E(ρi) = E(ρi1) ⊗ · · · ⊗ E(ρin). Hence, we can apply the subadditivity of

the entropy, S(A,B) ≤ S(A) + S(B) [2, pp. 515]:

nR ≤
n∑

j=1

S





2nR
∑

i=1

1

2nR
E(ρij)



−
2nR
∑

i=1

1

2nR

n∑

j=1

S(E(ρij)) (6.64)

=

n∑

j=1



S





2nR
∑

i=1

1

2nR
E(ρij )



−
2nR
∑

i=1

1

2nR
S(E(ρij ))



 . (6.65)
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Because the capacity in Eq. (6.59) is calculated by taking the ensemble that gives the

maximum, we can conclude that each term on the right side of (6.65) is less than or equal

to C1,∞(E). Then,

nR ≤ nC1,∞(E) (6.66)

and the inequality follows for all zero-error quantum block codes of length n and rate R.

This is an intuitive result, since one would expect to increase the information transmission

rate whenever a small probability of error is allowed.

Example 3 Consider the quantum channel of Section 6.5.5 and the set S of non-orthogonal

states giving rise to the pentagon as characteristic graph. Obviously, we do not know if S
attains the supremum in Equation (6.10). However, if S does attain then the zero-error

capacity of E is 1
2
log 5. In this case, a simple calculation shows that the χ quantity for

the family {S, pi = 1/5} is greater than C0(G5), i.e,

χ{S,1/5} =
1

5

[

S

(

E
(

5∑

i=1

|vi〉〈vi|
))

−
5∑

i=1

S(E(|vi〉〈vi|))
]

= 1.53

≥ C0(G5)

= 1.16. (6.67)

6.7 Conclusions

We have introduced in this chapter a new kind of capacity of quantum channels. The

quantum zero-error capacity was defined as the least upper bound of rates at which clas-

sical information can be transmitted through a noisy quantum channel with a probability

of error equal to zero. The communication protocol is essentially the same protocol of the

Holevo-Schumacher-Westmoreland capacity [7, 8], except that no transmission errors are

allowed. The quantum zero-error capacity is a generalisation of the classical zero-error

capacity defined by Shannon [12].



Appendix

6.A Matlab m-file

The matlab m-file below was used to find the quantum channel of the example in Sec-

tion 6.5.5.

%

% Find a quantum channe l whose zero−error capac i t y i s

% reached by us ing a s e t o f non−or thogona l input s t a t e s .

%

% Clear the workspace

clear a l l ;

% Define v a r i a b l e s

syms a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 zero real ;

syms c2 n real ;

% Computational b a s i s f o r the 5−dimensiona l H i l b e r t space

v1 = [ 1 ; 0 ; 0 ; 0 ; 0 ] ;

v2 = [ 0 ; 1 ; 0 ; 0 ; 0 ] ;

v3 = [ 0 ; 0 ; 1 ; 0 ; 0 ] ;

v4 = [ 0 ; 0 ; 0 ; 1 ; 0 ] ;

v5 = [ 0 ; 0 ; 0 ; 0 ; 1 ] ;

u5 = 1/ sqrt ( 2 ) ∗ [ 0 ; 0 ; 0 ; 1 ; 1 ] ;

% . . . and the correspond ing d en s i t y matr ices

P1=v1∗v1 ’ ;

P2=v2∗v2 ’ ;

97



98 Chapter 6. Zero-error capacity of quantum channels

P3=v3∗v3 ’ ;

P4=v4∗v4 ’ ;

P5=v5∗v5 ’ ;

U5=u5∗u5 ’ ;

% Pro j ec to r s wi th some de s i r e d p r o p e r t i e s

P12 = P1 + P2 ;

P23 = P2 + P3 ;

P34 = P3 + P4 ;

P45 = P4 + P5 ;

P51 = P5 + P1 ;

% Variab l e i n i t i a l i z a t i o n s in order to s imp l i f y system of equat ion

E3 = zeros ( 5 ) ;

E2 = zeros ( 5 ) ;

n = 0 . 5 ;

a5= 0 . 6 2 ;

a3= sqrt ((1−a5^2 − n^2)/2 ) ;

c2 = 0 . 3 ;

zero = 0 ;

% Kraus opera to r s

E1 = [ a1 0 0 0 a2 ; a1 a1 0 0 0 ; 0 a1 a1 0 0 ; . . . ,

0 0 a1 −a3 a3 ; 0 0 0 a4 a1 ] ;

E2 = [ a1 0 0 0 −a2 ; a1 −a1 0 0 0 ; 0 a1 −a1 0 0 ; . . . ,

0 0 a1 a3 −a3 ; 0 0 0 a5 a6 ] ;

E3 = [0 0 0 0 0 ; 0 0 0 0 0 ; 0 0 0 0 0 ; . . . ,

0 0 0 0 0 ; 0 0 0 0 c2 ] ;

% Avoid the channe l to own 3 pa i rw i s e non−ad jacent input s t a t e s

Condicoes ( : , : , 1 ) = E1∗P1∗E1 ’ + E2∗P1∗E2 ’ + E3∗P1∗E3 ’ − . . . ,

P12∗(E1∗P1∗E1 ’ + E2∗P1∗E2 ’ + E3∗P1∗E3 ’ ) ∗P12 ;

Condicoes ( : , : , 2 ) = E1∗P2∗E1 ’ + E2∗P2∗E2 ’ + E3∗P2∗E3 ’ − . . . ,

P23∗(E1∗P2∗E1 ’ + E2∗P2∗E2 ’ + E3∗P2∗E3 ’ ) ∗P23 ;

Condicoes ( : , : , 3 ) = E1∗P3∗E1 ’ + E2∗P3∗E2 ’ + E3∗P3∗E3 ’ − . . . ,

P34∗(E1∗P3∗E1 ’ + E2∗P3∗E2 ’ + E3∗P3∗E3 ’ ) ∗P34 ;
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Condicoes ( : , : , 4 ) = E1∗P4∗E1 ’ + E2∗P4∗E2 ’ + E3∗P4∗E3 ’ − . . . ,

P45∗(E1∗P4∗E1 ’ + E2∗P4∗E2 ’ + E3∗P4∗E3 ’ ) ∗P45 ;

Condicoes ( : , : , 5 ) = E1∗U5∗E1 ’ + E2∗U5∗E2 ’ + E3∗U5∗E3 ’ − . . . ,

P51∗(E1∗U5∗E1 ’ + E2∗U5∗E2 ’ + E3∗U5∗E3 ’ ) ∗P51 ;

% Completude cond i t i on \sum_k E_k’E_k = I

Condicoes ( : , : , 6 ) = E1 ’∗E1 + E2 ’∗E2 + E3 ’∗E3 − eye ( 5 ) ;

% OrdemC −> Order o f matr ices E_i e P_i

% nCondicoes −> Number o f c ond i t i on s

[ i OrdemC nCondicoes ] = s ize ( Condicoes ) ;

% ArgumentoSolve groups a l l nonzero cond i t i on s

ArgumentoSolve = ’ s o l v e ( ’ ;

% Prepare s o l v e argument

for k = 1 : nCondicoes

for i =1:OrdemC

for j =1:OrdemC

i f Condicoes ( i , j , k ) ~= zero

ArgumentoSolve = [ ArgumentoSolve , ’ Condicoes ( ’ , . . . ,

num2str ( i ) , ’ , ’ ,num2str ( j ) , ’ , ’ ,num2str (k ) , ’ ) , ’ ] ;

end

end

end

end

% Replace l a s t comma with a pa r en th e s i s

i = length ( ArgumentoSolve ) ;

ArgumentoSolve (1 , i ) = ’ ) ’ ;

% Now so l v e the system equat ion

Sol = eval ( ArgumentoSolve ) ;

% Format the output
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Var iave i s = f i e ldnames ( Sol ) ;

for i =1: length ( Var i ave i s )

ArgumentoEval = [ char ( Var i ave i s ( i ) ) ’=␣ Sol . ’ , . . . ,

char ( Var i ave i s ( i ) ) , ’ ( 7 ) ; ’ ] ;

eval ( ArgumentoEval ) ;

end



Chapter 7

Conclusions and Perspectives

7.1 Conclusions

In this work we have proposed a new kind of capacity for quantum channel, namely,

the quantum zero-error capacity, which was defined as the least upper bound of rates at

which classical information can be transmitted without error through a noisy quantum

channel. The quantum zero-error capacity is a generalisation of the zero-error capacity

of classical discrete memoryless channels. The error-free capacity can also be viewed as

a particular case of the Holevo-Schumacher-Westmoreland capacity [7, 8], in a scenario

where no transmission errors are allowed.

Initially, we formally defined an error-free quantum code and the concept of non-

adjacent input states. We have established a necessary and sufficient condition for a

quantum channel to have a positive zero-error capacity. We also reformulated the problem

of finding the quantum zero-error capacity in the language of graph theory, and we have

shown that the two definitions are equivalent. This equivalence in the definitions led to

an interpretation of the quantum zero-error capacity in terms of zero-error capacities of

DMCs.

Next, we have studied quantum states and measurements attaining the quantum zero-

error capacity. We have shown that the channel capacity can be reached by using an

ensemble of pure states. In the literature, there exists a similar result about the HSW

capacity [2, pp. 555]. We also defined the concept of k-extended-by-cloning graph and we

have demonstrated that the Shannon capacity of a k-EbC graph is equal to the Shannon

capacity of the original graph. We have conjectured that the quantum zero-error capacity

can always be reached by a set of at most d pure states. The concept of k-EbC graphs

can be useful to demonstrate this conjecture. Concerning measurements, we have shown

that collective von Neumann measurements are sufficient to attain the quantum zero-error

101



102 Chapter 7. Conclusions and Perspectives

capacity. Next, we investigated the error-free capacity of some quantum channels. For

classical-quantum (c-q) channels, which are a class of entanglement-breaking channels, we

have determined the set S achieving the capacity; an example of a particular c-q channel

was given for which we were able to calculate the capacity. We also have exhibited a

quantum channel whose zero-error capacity is claimed to be non-trivial, in the sense that

the quantum zero-error capacity can only be reached by using a set of non-orthogonal

quantum states, and we need to make two or more uses of the channel in order to attain

the capacity. Furthermore, the quantum channel we have exhibited gives rise to the

pentagon as characteristic graph for the ensemble of non-adjacent quantum states.

Finally, we have related the quantum zero-error capacity to the HSW capacity, by

showing that the former is upper bounded by the latter.

7.2 Perspectives

We give below a (non-exhaustive) list of topics that can be investigated in the quantum

zero-error scenario.

7.2.1 A generalisation of the Lovász’s theta function

Lovász’s theta [21] is a polynomially computable functional which is an upper bound

of the zero-error capacity of discrete memoryless channels. It would be interesting to

verify the existence of a generalisation of such functional to quantum information theory.

Classically, Lovász’s theta function is defined as being the value of an orthonormal vector

representation of the adjacency graph associated with a DMC. A non-trivial generalisation

should consider an orthonormal representation obtained (in some way) from quantum

channel operators {Ei}.
Recently, Beigi and Shor [46] studied the complexity of computing the zero-error ca-

pacity of quantum channels. The authors showed that the quantum zero-error capacity

belongs to a class of problems called QMA-complete. QMA is the class of problems that

can be solved by a quantum algorithm in polynomial time given that a quantum witness is

available. Authors restricted themselves to entanglement-breaking channels [24]. A poly-

nomial computable generalisation of the Lovázs theta function would be an interesting

tool to investigate the zero-error capacity of quantum channels.

7.2.2 Variations in the communication protocol

In a recent paper, Duan and Shi [48] have showed an interesting feature of quantum chan-

nels concerning the quantum zero-error capacity. Initially, senders and receivers share an
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arbitrary amount of entanglement. In a scenario where m senders want to transmit infor-

mation to n receivers, authors described a protocol that enable, for a particular quantum

channel, two senders and two receivers to exchange information with zero probability of

error. What is interesting is that senders can only transmit information if they make two

or more uses of the channel, i.e, no information can be transmitted with a single use of the

channel. This behaviour contrasts significantly with the classical case, where information

can be transmitted in a single use if and only if it can be transmitted in multiple uses.

Another possibility is investigate feedback channels as an extra resource. Because

classical feedback can increase the zero-error capacity of classical DMC [12], one may

expect that the same is true in the quantum case. We remember that the Shannon’s

feedback protocol described in Section 5.4 requires the transmission (from the receiver to

the sender) of each actual received symbol, which is used to choose the next symbol to

be transmitted. Nevertheless, this feedback protocol cannot be directly employed in the

quantum case because measurements must be performed collectively on the whole received

quantum codeword. Therefore, a different feedback strategy must be adopted in order to

investigate the quantum zero-error capacity with feedback. We could also investigate the

scenario where an arbitrary amount of shared entanglement among the sender and the

receiver is available.

7.2.3 Decoherence-free subspaces and noiseless subsystems

Apart from studies of quantum error-correction codes, some researches allowed for the de-

velopment of an alternative “passive” error prevention scheme, in which logical qubits are

encoded within subspaces which do not decohere for reasons of symmetry [37, 36]. The ex-

istence of such Decoherence-Free Subspaces (DFS) has been shown by projection onto the

symmetric subspace of multiple copies of a quantum computer [52], and by use of a group-

theoretic argument [36]. Further works suggested that universal quantum computation is

possible within these subspaces [40, 42]. The so-called Noiseless Subsystems (NS) [44] are

a generalisation of DFS, in which quantum information is encoded in a specific sector of

a given quantum system. This sector remains invariant to decoherence. We should study

relations between the theory of noiseless subsystems (including noiseless quantum codes)

and the zero-error capacity of quantum channels.

7.2.4 Graph states

The quantum error-free capacity has a nice formulation in terms of graph. It would be

interesting to investigate whether there exist connections between the zero-error capac-

ity and other areas of quantum information whose properties can be stated in terms of
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graphs, e.g., quantum Fourier transform in a one-way computer [53, 54] and quantum

error correction codes [55]. We should pay a special attention to the theory of graph

states [56, 57, 58]. A graph state is a pure multipartite quantum state of a distributed

quantum system that corresponds to a graph, where vertices take the role of quantum spin

systems (qubits) and edges represent Ising interactions between pairs of such quantum

systems.
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