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f(x− u(x)) 3+1 1+33210 8 &* $()*+" %# 1.:.1#*# f(x)

g(x) = f(x− u(x)) + b(x) @A,AB2C b(x) #$0 "# ?1&(0 +".+02(1# %# "6(4+)# %.:214.#< u #$0 "62332$. %& %.3"+#4#*01.(3125&# @%# "6(4+)# %.:214.# D#1$ "6(4+)# (*(0(+"#B, -# 7+43 %# %.3"+#4#*03#&0 >01# %.0#14(*. #* &0("($+*0 %#$ 0#7*(5&#$ %6(*0#1211."+0(2* 5&( 2*$($0#*0 84+'(4($#1 "+ :2*0(2* h(τ) EAA ℄
h(τ) = (g ⋆ f)(τ) =

∫

Ω

g(x)f(x− τ)dx @A,GB2C ⋆ #$0 "623.1+0#&1 %6(*0#1211."+0(2*,-# +"&" %& 312%&(0 %# 211."+0(2* 3#&0 >01# #H#0&. $2(0 %+*$ "6#$3+# 1.#"< $2(0%+*$ "6#$3+# %# I2&1(#1 #* &0("($+*0 "+ 01+*$:214.# %# I2&1(#1 1+3(%# @I+$0 I2&1(#1J1+*$:214 K IIJB< %6+31L$ "+ 312.%&1# %.1(0# %+*$ EMN℄, -# %.3"+#4#*0 1#7#17.
u
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℄
J(P ) =

1

2

Npts∑

i=1

(M(P )i −M i)
2 CG6NKOP ML$'3 M *3' 2* )%#4&* /* $%")'3 /* #*3,&*6

P M +*'*,& $(&(#5'&*3 @ "/*)'"1*&6
M(P )i M =&()/*,& (2,2.* *) 9%)'"%) /*3 $(&(#5'&*3 @ "/*)'"1*& P ? (, $%")' i6
M i M =&()/*,& #*3,&.* (, $%")' i6A%&3<,* 2* $&%425#* *3' #(2 $%3.? *''* 9%)'"%) %48*'"9 J(P ) $*,' Q'&* &.=,2(;&"3.* /* 2( 9(R%) 3,"+()'* M
J(P ) =

1

2

Npts∑

i=1

((M(P )i −M i)
TV (M(P )i −M i)) + (P0 − P )TW (P0 − P ) CG6 K
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E(u,σ,C) =

1

2

∫

Ω

(ε(u) : C : ε(u))dΩ +
1

2

∫

Ω

(σ : C−1 : σ)dΩ−
∫

∂Ω

(u.σ.n)ds :();<=- +,.>5'-' 1'5 60&'5 1' ?0+%3'@ '/ '- /'-.-/ 034/' 1'5 0-1#/#0-5 .%A +#3#/'5@+. 60-/#0- E(u,σ,C) 4'%/ B/&' &77&#/' 40%& 1'5 C.345 1' 0-/&.#-/'5 σ 5/./#D%'E3'-/ .13#55#>+'5 '/ 1'5 C.345 1' 174+.'3'-/5 u #-73./#D%'3'-/ .13#55#>+'5 1'6.F0- G 6.#&' .44.&.H/&' +,7.&/ '- &'+./#0- 1' 0340&/'3'-/ 033' 5%#/ 9
E(u,σ,C) =

1

2

∫

Ω

(σ − C : ε(u)) : C−1 : (σ − C : ε(u))dΩ :()I<J'5 1#?'&5'5 $&.-1'%&5 #-/&01%#/'5 1.-5 +. 60-/#0- 50-/ 178-#'5 033' 5%#/) J'C.34 1' 1760&3./#0- ε(u) '5/ 3'5%&7 4.& %-' /'C-#D%' 1' 3'5%&' 1' C.34 #E-73./#D%'@ 0% .+%+7 G 4.&/#& 1,%- C.34 1' 174+.'3'-/ 3'5%&7 u) J' C.34 1'0-/&.#-/' σ '5/ .+%+7 G 4.&/#& 1,%- 01' 7+73'-/5 8-#5 40%& %- /'-5'%& 1,7+.5/##/7
C 10--7) J' /'&3' G #1'-/#8'& '5/ +' /'-5'%& 1,7+.5/##/7 C)K-' 0-57D%'-' >#'- 0--%' 1'5 4&#-#4'5 ?.&#./#0--'+5 1' +,7+.5/##/7 30-/&'D%' +,0- . 40%& %- /'-5'%& 1,7+.5/##/7 C 10--7 9

min
uCA,σSA

E(u,σ,C) = 0 :()L<
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−

∫

Ω

σε(u∗)dΩ =

∫

dΩf

Tu∗dS 89:;<4'& σ &0. (& =4*> 6& #?.$4+?.&01 u∗ =4*> 6& 6/>(4&*&?. '+$.)&( +?/*4.+,)&@*&?. 46*+00+3(&1 ε(u∗) (& =4*> 6& 6/"#$*4.+#? 400#+/ A &()+ 6&0 6/>(4&*&?.0'+$.)&(01 T (& =4$5&*&?. 0)$"4+,)& 0)$ (4 0)$"4& &-.&$+&)$& dΩf :B& >$+?+>& 6& (4 */.=#6& $&>#0& 0)$ (2/$+.)$& 6) .&?0&)$ 6& #?.$4+?.& σ &?"#?.+#? 6) .&?0&)$ 6& 6/"#$*4.+#? ε1 #??4+004?. (4 (#+ 6& #*>#$.&*&?.: B&0 6/@"#$*4.+#?0 0#?. 4()(/&0 A >4$.+$ 62)? =4*> 6& 6/>(4&*&?. #3.&?) >4$ )?& .&=@?+,)& 6& *&0)$& 6& =4*> +?/*4.+,)& .&((& ,)& (4 #$$/(4.+#? 62+*45&01 &?0)+.& +(0245+. 6& =#+0+$ (&0 3#?0 =4*>0 6& 6/>(4&*&?. '+$.)&( u∗1 2&0. A 6+$& 6&0 =4*>0"4+04?. .$4'4+((&$ (&0 >4$4*C.$&0 6& (4 $&(4.+#? 6& #*>#$.&*&?. ,)& (2#? 0#)=4+.&+6&?.+D&$: B& >$#3(C*& 6& (2+6&?.+D4.+#? &0. $/0#() &? /$+'4?. (2/,)4.+#? 6) >$+?@+>& 6&0 .$4'4)- '+$.)&(0 8&,)4.+#? 9:;< 4'& (&0 =4*>0 '+$.)&(0 =#+0+01 & ,)+ *C?&A )? 0E0.C*& 62/,)4.+#?0 (+?/4+$&0 6/>&?64?. 6&0 >4$4*C.$&0 6& #*>#$.&*&?. A+6&?.+D&$ >#)'4?. F.$& $/0#()0 G! ℄:I?& */.=#6& &0. >$#>#0/& >#)$ #?0.$)+$& 6&0 =4*>0 '+$.)&(0 >4$ *#$&4)-1&((& #?0+0.& A "4+$& 4>>&( A 6&0 =4*>0 +?6/>&?64?.01 J)6++&)0&*&?. =#+0+0 4D? 6&"4+$& 4>>4$4K.$& (&0 >4$4*C.$&0 A +6&?.+D&$ 64?0 (& 0E0.C*& 62/,)4.+#?0 6/#)(4?. 6&(2/,)4.+#? 89:;< G!LM! ℄: I?& 4).$& */.=#6& >&$*&. 6& #?0.$)+$& (& =4*> '+$.)&( A>4$.+$ 62)?& "4*+((& 6& >#(E?�*&0: O$/6+4 &.  !" G!P℄ #?. 6/'&(#>>/ )?& >$/4).+#?0)>>(/*&?.4+$& #?&$?4?. (& =#+- 6& & =4*> '+$.)&(: Q'$+( &.  !" G!℄ #?. 4J#)./62)?& "4R#? 4>>$#"#?6+& (4 0&?0+3+(+./ 6& (4 */.=#6&:O$/6+4 &.  !" G!L℄1 Q'$+( &.  !" G!℄ #?. 4>>(+,)/ (4 */.=#6& 6&0 =4*>0 '+$.)&(04'& 6&0 =4*>0 '+$.)&(0 0>/+4)- >#)$ (2+6&?.+D4.+#? 62)?& (#+ 6& #*>#$.&*&?./(40.+,)& #$.=#.$#>&: S)4.$& >4$4*C.$&0 0#?. +6&?.+D/0 A >4$.+$ 62)? &004+ 6& T&-+#?6& .E>& U#0+>&0):B&0 .$4'4)- 6& V=4(4( &.  !" G9W1 9;℄
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∑

n

Rn
klḟ
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lijkl = Cijkl −
∑

n,m

Cijrsε
n
rs(Ĥ
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C '/. +' .'%/'1* "9#+)/.&&.# "' +) /.*1.1*'7;) *'+).&0% "' 05(0*.'5'%. ) '% ','. 1% /.).1. ()*.&1+&'* ")%/ +) (*).&=1'@ '++''/. /01D'%. +) 50&%/ $)3+' "'/ #=1).&0%/ "1 (*03+45'7 C1//&@ &+ '/. %).1*'+ "9&/0+'*'..' #=1).&0% '. "' <)&*' '% /0*.' =191%' /0+1.&0% )((*06#' "#(+)'5'%.E0%.*)&%.'D#*&$' '2).'5'%. +' :*01(' "9#=1).&0%/ +' (+1/ $)3+'@ 9'/.EFE"&*' '+1& "'/ 0%"&E.&0%/ "9)"5&//&3&+&.# GHI℄7K91% (0&%. "' D1' 5#)%&=1'@  !"#%#&'#"(#) *+,(-. "' '..' "#5)*6' '/. "'0%/&"#*'* 055' )((*02&5).&0% "1 01(+' '2). 1% 01(+' )((*06# "0%. +) ()*.&'0%.*)&%.' %' D#*&$' ()/ +'/ #=1).&0%/ "9#=1&+&3*'@ #=1).&0%/ =1& 0%/.&.1'%. (01*.)%.1% "'/ <0%"'5'%./ "' +9#"&$'7 L'..' *'5)*=1' '/. F +) 3)/' "' +9&%.*0"1.&0% "' +)%0.&0% "9'**'1* '% *'+).&0% "' 05(0*.'5'%. (*#/'%.#' (01* +) (*'5&4*' <0&/ ()*;)"'D4M' GH!℄



  !  !"#$%&' ( ) *+',%$-"%$/, #"& 0" 12%!/+' +' 03'&&'4& ', &'0"%$/, +' /1#/&%'1',% !"#$%$&#"# $%&#'( )* ,-.)* (uCA, σSA) /*./%0*#(1#( /*0.*('2*3*#( )* 413. $* $%.)15*3*#( '#%31('6-*3*#( 1$3'00'7)* 89:; *( )* 413. $* ,#(/1'#(* 0(1('6-*3*#(1$3'00'7)* 8<:;= 9* ,-.)* *0( )1 0,)-(',# *>1(* $- ./,7)?3* 3%1#'6-* 0' *( 0*-)*53*#( 0'@ ') .*/3*( $* 01('0A1'/* )1 /*)1(',# $* ,3.,/(*3*#( 8B= ; C σSA = C : ε(uCA)@0,'( uCA = uex *( σSA = σex=D1#0 )* 10 ,E *((* %F1)'(% #G*0( .10 01('0A1'(*@ G*0(5H5$'/* σSA−C : ε(uCA) 6= 0@)* ,-.)* (uCA, σSA) *0( -#* 0,)-(',# 1../,>'31('2* $- ./,7)?3* 3%1#'6-*= "#1..*))* 1),/0 *//*-/ *# /*)1(',# $* ,3.,/(*3*#( eRDC @ 100,'%* 1- ,-.)* 1$3'00'7)*
(uCA, σSA) IJK℄@ )1 6-1#('(% $%&#'* *# 416-* .,'#( $* )1 0(/-(-/* Ω .1/ C

eRDC = σSA − C : ε(uCA) 8B=M;N1 6-1#('(% σSA − C : ε(uCA) *0( $,# -#* F/1#$*-/ $,#( )1 $'3*#0',# *0(4,3,F?#* H -#* ,#(/1'#(*= O))* *0( 4,'0'* .,-/ %21)-*/ )1 .*/('#*#* $- ,-.)*
(uCA, σSA) *( .*/3*( $* 6-1#('&*/ )G%1/( H )1 0,)-(',# *>1(* *# (*/3* $* /*)1(',# $*,3.,/(*3*#(= NG*//*-/ *# /*)1(',# $* ,3.,/(*3*#( (eRDC) ./%0*#(* -# 121#(1F*./'#'.1) C *))* A1'( .,/(*/ )* $,-(* 0-/ )1 /*)1(',# $* ,3.,/(*3*#( ,#0'$%/%* ,33*%(1#( )1 3,'#0 &17)* *# /%0,)21#( )* ./,7)?3* 3%1#'6-* 8B= ;= 9)100'6-*3*#(@ ,#3*0-/* )G*//*-/ *# /*)1(',# $* ,3.,/(*3*#( $1#0 -# ./,7)?3* )'#%1'/*@ *# -(')'01#()1 #,/3* *# %#*/F'* 0-/ )1 0(/-(-/* ,#0'$%/%*= NG*//*-/ 170,)-* F),71)* *0( $%&#'*1'#0' .1/ C

eRDC = ‖σSA − C : ε(uCA)‖Ω 8B=P;:2* C
(‖ • ‖Ω)2 =

∫

Ω

(• : C−1 : •)dΩ 8B=B;Q .1/('/ $* *((* *//*-/ F),71)*@ )G*//*-/ /*)1('2* *0( $%&#'* .1/ C
ǫ =

‖σSA − C : ε(uCA)‖Ω

‖σSA + C : ε(uCA)‖Ω

8B=!;
ǫ (/1$-'( 1'#0' -#* ./%'0',# .*/3*((1#( $G*0('3*/ )1 .*/('#*#* $* )G1../,>'315(',# (uCA,σSA) 0-/ )1 F),71)'(% $* )1 0(/-(-/* Ω=R) *0( %F1)*3*#( A1')* $* $%&#'/ )1 ,#(/'7-(',# H )1 ./%'0',# F),71)* $G-#* .1/('*

E $* )1 0(/-(-/* Ω 8*# ./1('6-* E 0*/1 -# %)%3*#( 6-*),#6-* $- 31'))1F*; .1/ C
ǫE =

‖σSA − C : ε(uCA)‖E

‖σSA + C : ε(uCA)‖Ω

8B=K;



  !  !"#$%&' ( ) *+',%$-"%$/, #"& 0" 12%!/+' +' 03'&&'4& ', &'0"%$/, +' /1#/&%'1',% !"#$%&!"#$%%$&% $' %$()*+,' -$ ,/0,%*$/$'* $*1 0(&2 0%3+23/$'* () ',%/$ $' 3'$%4+$ -$$**$ $%%$&%1 $2* &' ,&*+( *%52 ,//,-$ 0,&% +'*%,-&+%$ ($2 *63,%5/$2 ()22+7&$2 -$(#3'$%4+$ 0,*$'*+$(($ $* -$ (#3'$%4+$ ,/0(3/$'*)+%$8 9)'2 () 2$*+,' 2&+:)'*$1 ',&2-3*)+((,'2 () %$()*+,' $'*%$ ($2 -+;3%$'*2 *$%/$28 !" #$%&'()+'(,& -+. /(&(/(0+'(,& $% 12%..%3. %&.%1+'(,& $% ,/-,.'%/%&' %& 41+0'(('4<,+* &'$ 2*%&*&%$ Ω1 ,'2*+*&3$ -#&' /)*3%+)& (+'3)+%$/$'* 3()2*+7&$1 6,/,45'$,& ','1 $* -,'* ,' 6$%6$ = +-$'*+>$% ($2 )%)*3%+2*+7&$2 3()2*+7&$28 "#+-$'*+>)*+,'2$ ?)+* 2&% () /+'+/+2)*+,' -#&'$ ?,'*+,' ,@A$*+? ,'2*%&+*$ 2&% () @)2$ -$ (#$%%$&% $'%$()*+,' -& ,/0,%*$/$'*8 B,'2+-3%,'2 () 2,//$ -$2 3'$%4+$2 0,*$'*+$(($ $* ,/C0(3/$'*)+%$1 0,&% &' ,&0($ -$ -30()$/$'* $* -$ ,'*%)+'*$ (ε(u),σ)1 $' %34+/$3()2*+7&$ D
ψ(u,σ,C) =

1

2

∫

Ω

(ε(u) : C : ε(u))dΩ +
1

2

∫

Ω

(σ : C−1 : σ)dΩ−
∫

∂Ω

(u.σ.n)ds EF8GHI'$ ,'237&$'$ @+$' ,''&$ -$2 0%+'+0$2 :)%+)*+,''$(2 -$ (#3()2*++*3 /,'*%$7&$ (#,' ) 0,&% &' *$'2$&% -#3()2*++*3 C -,''3 J K℄ D
min

C,uCA,σSA

ψ(u,σ,C) = 0 EF8MHN' (#)@2$'$ -$2 ?,%$2 -$ :,(&/$1 $* $' *$')'* ,/0*$ -$2 ,'-+*+,'2 )&O (+C/+*$21 () ?,'*+,' ψ(u,σ,C) 0$&* P*%$ %33%+*$ 0,&% -$2 6)/02 -$ ,'*%)+'*$2 σ2*)*+7&$/$'* )-/+22+@($2 E<QH $* -$2 6)/02 -$ -30()$/$'*2 u +'3/)*+7&$/$'*)-/+22+@($2 EBQH -$ ?)R,' = ?)+%$ )00)%)S*%$ (#3)%* $' %$()*+,' -$ ,/0,%*$/$'*,//$ 2&+* D
ψ(uCA,σSA,C) =

1

2

∫

Ω

(σSA − C : ε(uCA)) : C−1 : (σSA − C : ε(uCA))dΩ EF8TH !"#$%&!U 0)%*+% -$2 37&)*+,'2 EF8VH1 EF8FH $* EF8GH1 () ?,'*+,' ψ(u,σ,C) 0$&* P*%$ $O0%+C/3$ 0)% D
ψ(uCA,σSA,C) =

1

2
e2RDC EF8 KHB$* )20$* /$* $' 3:+-$'$ () 0,2+*+:+*3 -$ ψ(uCA,σSA,C)8 B$() 2&445%$ 0,&% ($0%,@(5/$ -#+-$'*+>)*+,' -& *$'2$&% -$ %+4+-+*3 C -$ -3>'+% () ?,'*+,' -#$%%$&% $'



  !  !"#$%&' ( ) *+',%$-"%$/, #"& 0" 12%!/+' +' 03'&&'4& ', &'0"%$/, +' /1#/&%'1',%"#$%&'() *# (,-("&#,#)& ψ(uCA,σSA,C) %..('/# %01 *())/#. (uCA, σSA) *0 -"(23$4,# *# $% .&"0&0"# Ω56) *0%$'.%)& $#. ()*'&'(). *7%*,'..'3'$'&/8 '$ #.& %'./ *# */,()&"#" 90# $% :(",#*# $% :()&'() *# $7#""#0" #) "#$%&'() *# (,-("&#,#)& .7#1-"',# *# &"('. ,%)'4"#.*';/"#)&#.8 /90'<%$#)&#.5 6) &#",#. *#. =%,-. uCA, uSA > ?℄ A
ψ(C) =

1

2

∫

Ω

(σ(uSA)− σ(uCA)) : C−1 : (σ(uSA)− σ(uCA))dΩ BC5  D
ψ(C) =

1

2

∫

Ω

(ε(uSA)− ε(uCA)) : C : (ε(uSA)− ε(uCA))dΩ BC5 ED
ψ(C) =

1

2

∫

∂Ω

(σ(uCA).n− ϕ)(ξ − uSA)dS BC5 FD(G ξ #.& $# */-$%#,#)& ())0 .0" Ω "/.0$&%)& *# $7%--$'%&'() *# $7#;("& .0"2:%'90# ϕ /H%$#,#)& ())0 .0" &(0& ∂Ω B.#$() $# -(')& *# <0# ().'*/"/8 $# =%,-,#.0"/ #.& *()8 .('& ξ .('& ϕD5 I#. *';/"#)&#. (,-(.%)&#. *# #. &"('. :(",#. .()&*/J)'#. (,,# .0'& A
uCA = ξ .0" Ω

[C : ε(uSA)] .n = ϕ .0" ∂Ω

ε(uSA) = C−1 : σSA8 σ(uCA) = C : ε(uCA)I#. -%"%,4&"#.8 */J)'..%)& $# (,-("&#,#)& /$%.&'90# *0 ,%&/"'%08 -#0<#)& %$(".K&"# '*#)&'J/. <'% $% ,')','.%&'() *# $% :()&'() *# $7#""#0" #) "#$%&'() *# (,-("&#2,#)& ψ



  !  !"#$%&' ( ) *+',%$-"%$/, #"& 0" 12%!/+' +' 03'&&'4& ', &'0"%$/, +' /1#/&%'1',%#$%#&'($()'* +(''( #$%,'-.-/-'0 1-2)-3( 45( /(1 60%/,($()'1 -$%#101 #&7&(1%#)6()' ,58 60%/,($()'1 #.'()51 %,& /, &01#/5'-#) 65 %&#./9$( #: )( 1#)'#)1(&;01 45( /(1 (<#&'1 15& 5)( %,&'-( 6( /, =&#)'-9&( >?@℄*B CD,.1()( 6( #)6-'-#)1 ,58 /-$-'(1 15& 5)( %,&'-( 6( /, =&#)'-9&( %(5' ,$()(& E/, )#)75)--'0 6( /, 1#/5'-#)* F5-145( '#5'( #)6-'-#) ,58 /-$-'(1 () (<#&' #5 ()60%/,($()' -$%#10 #$%/9'( /( %&#./9$( () 5) %&#./9$( .-() %#10 ,6$('',)'5)( 1#/5'-#) 5)-45(G /D,.1()( 6( #)6-'-#)1 ,58 /-$-'(1 15& 5)( %,&'-( 6( /,=&#)'-9&( %(5' H'&( &(1%#)1,./( 6( /, )#)75)--'0 6( /, 1#/5'-#)* C, %&-1( ()#$%'( 6( (''( %,&'-( 6( /, =&#)'-9&( (1' 6#) 5) %&#./9$( 60/-,' >?@℄�/( 6( &025/,&-1,'-#)* +(1 '(&$(1 1#)' '&91 -$7%#&',)'1 15&'#5' 6,)1 /( ,1 6( $(15&(1 =#&'($()' %(&'5&.0(1* R,)1 /( ,6&( 20)0&,/6( /D-6()'-3,'-#) 6(1 %,&,$9'&(1 $,'0&-,5 () 0/,1'--'0G /, =#&$5/,'-#) 65 %&#./9$((1' #$$( 15-' N




Trouver C minimisant la fonction :

Φ(C) = ψ(C) + A

(∫

∂Ωu

du(u,ũm)ds

)
+B

(∫

∂Ωf

df (σ,f̃m)ds

)

sous les conditions :

u ∈  CA(um),σ ∈ σSA(fm)

ST* TUC(1 (1%,(1 -)'&#65-'1 1#)' 603)-1 #$$( 15-' NB  CA(ũm) N +J,$% 6( 60%/,($()' +-)0$,'-45($()' P6$-11-./( S+PU*



  !  !"#$%&' ( ) *+',%$-"%$/, #"& 0" 12%!/+' +' 03'&&'4& ', &'0"%$/, +' /1#/&%'1',%" σSA(f̃m) # $%&'( )* ,-./&0-.*1 2.&.034*'*-. 5)'011067* 8259:
ψ(C) *1. 7& ;,-.0,- *//*4/ *- /*7&.0,- )* ,'(,/.*'*-.:

df /*(/<1*-.* 7=*//*4/ *- *>,/. *-./* f̃m '*14/<* *. 7*1 ,-)0.0,-1 &4? 70'0.*1 )4&747: @A(034*'*-. #
df (σ,f̃m) = (σ.n− f̃m)2

du *1. 7=*//*4/ *- )<(7&*'*-.B )<C-0* )* ;&D,- &-&7,E4* #
du(u,ũm) = (u− ũm)2F*1 (&/&'G./*1 5 *. HB ,'(/01 *-./* I J  B K,4*-. 4- /�℄: ! "##$%'(%)* + $,%-.*(%/'(%)* -,0* )1#)2(.1.*()2(3)(2)#. 4$'5(%60. ! !" #$%&'()*+$, -' .%$/(0&1 -2+-1,*+3)*+$,X&-1 *..* 1*.0,-B 7& (/,<)4/* )=0)*-.0C&.0,- 6&1<* 14/ 7=*//*4/ *- /*7&.0,- )*,'(,/.*'*-. *1. &((7034<* (,4/ 0)*-.0C*/ 7* ,'(,/.*'*-. <7&1.034* )=4- '&.</0&4,/.%,./,(* *- ,-./&0-.*1 (7&-*1: F* (/,67G'* E<-</&7 UX *1. )<)40. (&/ 7=*?./&(,Q7&.0,- )* 7& ;,/'47&.0,-:Y.0701&-. 7& -,.&.0,- ,-N*-.0,--*77* (,4/ 7*1 0-)0*1 ,-./&.<1 8xx → xB

yy → yB xy → s9B 7* ,'(,/.*'*-. ,/.%,./,(* *- ,-./&0-.*1 (7&-*1 )4 '&.</0&4*1. ),--< )&-1 1,- /*(G/* )=,/.%,./,(0* (&/ 7& /*7&.0,- 140N&-.* #



 !"  !"#$%&' ( ) *+',%$-"%$/, #"& 0" 12%!/+' +' 03'&&'4& ', &'0"%$/, +' /1#/&%'1',%



σx

σy

σs


 =




Qxx Qxy 0

Qxy Qyy 0

0 0 Qss







εx

εy

εs


 #$% &'()*+,-/01 -2/ 3)03-4/05-6 7-2 89:/6- ;:6:<=/6-2 3)>7:2/00/> 39 <:/>60:9 ? Qxx@

Qyy@ Qxy -/ Qss ;:6 :4:7A2- 04B-62- C ;:6/06 3- <-296-2 3-2 D:<;2 3- 3>1*6<:E/0*42 εexp% F-2 D:<;2 3- 3>1*6<:/0*42 2*4/ <-296>2 ;:6 94- /-D4089- *;/089- C7: 2961:- 3- 7)>D:4/077*4 /-2/>-% ():;;6*D- 04B-62- -2/ 2*9B-4/ *4203>6>- *<<-94- ;6*>396- 3)*;/0<02:/0*4 B02:4/ C 6>3906- 94 >:6/ 89:36:/089- -4/6- 7-2 B:7-962-G;>60<-4/:7-2 -/ 7-2 H6:43-962 :797>-2% F-//- :;;6*D- 4>-220/- 3- *44:I/6- -4D:89- ;*04/ 3- 7: J*4- >/930>- -/ C D:89- 046><-4/ 3- D:6H-<-4/ 7-2 D:<;2 3-3>1*6<:/0*4 <-296>2 #εexp' -/ 7-2 D:<;2 3- 3>1*6<:/0*4 :797>2 ;:6 7: <>/D*3-3-2 >7><-4/2 5402 #εnum' ;:6 -G-<;7-%K:42 -//- :;;70:/0*4 7- ;6*+7=<- 3- +:2- -2/ 3>540 ;:6 94 3>;7:-<-4/ 0<E;*2>@ )-2/ 3*4 7)-L*6/ 890 -2/ <-296> C 7: 16*4/0=6-% (- /-6<- <97/0;70> ;:6 A 3:427)>89:/0*4 #$% $' -2/ 497@ ;90289- 7- <M<- 3>;7:-<-4/ -2/ :;;7089> :9 :797@ 7:1*4/0*4 *+,-/01 2)>60/ ?
Φ( ) =

1

2

(∫

Ω

(ε !"(C)− εexp)TC(ε !"(C)− εexp)dΩ

)
+B

(∫

∂Ωf

df (σ,f̃m)ds

)#$% N'F-//- 1*4/0*4 -2/ 2>;:6><-4/ *4B-G- -/ /*9,*962 3>540- ;*20/0B-%K-2 /-2/2 2*4/ 6>:702>2 :54 3)>/930-6 7)04O9-4- 39 D*0G 39 ;:6:<=/6- P 296 7:89:70/> 39 6>297/:/ 3- <040<02:/0*4 3- 7: 1*4/0*4 *+,-/01% K:42 -//- :;;70:/0*4@7- 1:0/ 3- D*0206 P Q "@& 3*44- 94- <*0436- 2-420+070/> 3- 7: 1*4/0*4 *+,-/01 :9G;-6/96+:/0*42 3-2 ;:6:<=/6-2 C 03-4/05-6%
εexp =




εx

εy

εs




exp 6-;6>2-4/- 7- D:<; 3- 3>1*6<:/0*42 <-296> -G;>60<-4/:7-E<-4/ 296 7: 2961:- 3- 7)>;6*9B-//-@
εnum =




εx

εy

εs




num 6-;6>2-4/- 7- D:<; 3- 3>1*6<:/0*42 :797> ;:6 7: <>/D*3-



 !  !"#$%&' ( ) *+',%$-"%$/, #"& 0" 12%!/+' +' 03'&&'4& ', &'0"%$/, +' /1#/&%'1',%"#$ %&%'#()$ *(+$ ,-./ .( )#($#./ "0%&1$)++)% "-((%3
C =




Qxx Qxy 0

Qxy Qyy 0

0 0 Qss


 /#,/%$#()# &# )#($#./ "0%&1$)++)% #( -()/1+()#$ ,&1(#$4

Ω #$) &# 5-&.'# -($+"%/% &-/$ "# &0%/+)./# "# &0#//#./ #( /#&1)+-( "# -',-/)#6'#()4
∂Ωf #$) &1 7/-()+8/# -9 &0#:-/) #$) '#$./%4;#$ ,1/1'8)/#$ "%*(+$$1() &1 &-+ "# -',-/)#'#() ,#.5#() 1&-/$ <)/# +"#()+*%$5+1 &1 '+(+'+$1)+-( "# &1 7-()+-( "# &0#//#./ #( /#&1)+-( "# -',-/)#'#() /%=.&1/+$%#

Φ( )3 %>.1)+-( ?@4 AB4;# ,/-C&8'# "0+"#()+*1)+-( #$) "%*(+ -''# $.+) D+& 71.) )/-.5#/ &# )#($#./ "0%&1$)++)% C E ,1/)+/ "#$ F1',$ "# "%7-/'1)+-( εexp#) "# f̃m '#$./%$3 )#& >.# D




Copt = 1/= minΦ(C)

Φ(C) =
1

2

(∫

Ω

‖L(ε !"(C)− εexp)‖2dΩ

)
+B

(∫

∂Ωf

‖(σ.n− f̃m)‖2ds

)

C = LTL

 !"#$%&' ()+,-+./0/+1 (2 C 21 31 -4+(3/0 LTL  ()+,-+./0/+1 (2 56+72.89% ('1.7:);3'0/+1  !"#$% -24,20 (:',)7/+424 72 +1(/0/+112,210 (3 -4+<7=,2 1+0',,210 7','04/2 >2../2112"&' ,'04/2 L .:)4/0 (2 7' ?'@+1 .3/A'102 B
L =




L11 0 0

L21 L22 0

L31 L32 L33


  !"#C%&2. (/D)4210. 024,2. .+10 (+11). 21 ?+10/+1 (2. -'4',=042. E /(210/F24 B



 !!  !"#$%&' ( ) *+',%$-"%$/, #"& 0" 12%!/+' +' 03'&&'4& ', &'0"%$/, +' /1#/&%'1',%




L11 =
√
Qxx

L22 =
√
Qyy − Q2

xy

Qxx

L33 =
√
Qss

L21 = Qxy√
Qxx

L31 = 0

L32 = 0

"#$ %& ! !" #$%&'()*&+ ,( -.&/'012 *+32.%2'( *+,- .( /0 123*+.( .( 425+/63,+7 5( 80,3 (7 8+73,+7 .6 39:( .( 1+.;/( .60/6/< .6 .(=42 .( +1:/(-,32 .( /0 /+, .( +1:+43(1(73< .6 7+1>4( .( :0401;34(5? ,.(73,@(4 (3 .( /A(-,53(7( .( :/65,(645 1,7,10 /+06- (7 :425(7( .( :0/,(45$ B+6467 +1:+43(1(73 7+7C/,720,4( ,/ (53 :428240>/( .A63,/,5(4 /(5 123*+.(5 ,32403,D(5 .(39:( =40.,(73 E#F℄$H075 ( 340D0,/< /0 123*+.( .( I0655CJ(K3+7 (53 63,/,52( :+64 425+6.4( /( :4+C>/;1( .( 1,7,1,503,+7< 2L603,+7 "#$ M&$ N7 80,3< /0 1034,( .( I0655CJ(K3+7 (5367( 0::4+-,103,+7 .( /0 1034,( O(55,(77( .( /0 8+73,+7 +>P(3,8 .075 67 D+,5,70=(.( /A+:3,161 5, /A+7 +75,.;4( L6( /A2043 (734( /( 1+.;/( (3 /(5 1(564(5 (53 56Q501C1(73 80,>/($ H075 ( 05< /0 1034,( .( I0655 C J(K3+7 4(:425(73( /0 +64>64( .( /08+73,+7 +>P(3,8$ '+45L6( /0 1034,( .( I0655CJ(K3+7 .2=27;4(< /0 8+73,+7 +>P(3,8:425(73( /+0/(1(73 67( D0//2($ R/ (53 .+7 :+55,>/( .A055+,(4 /0 7+7C,.(73,@0>,/,32.A67 :4+>/;1( ,7D(45( ? /0 :425(7( .A67( D0//2( .075 67 D+,5,70=( .6 P(6 .( :040C1;34(5 +:3,10/$ 'A63,/,503,+7 .( /0 123*+.( .( I0655CJ(K3+7 72(55,3( .( 0/6/(4/0 .,4(3,+7 (3 /A01:/,36.( .( .(5(73( (7 63,/,5073 /0 D0/(64 .6 =40.,(73 (G) (3 /01034,( *(55,(77( (H)$ 'A2D0/603,+7 .( (5 =407.(645 (53 +>3(76( :04 67 5*2105(1, 070/93,L6($ R/ 56Q3 0/+45 .( .23(41,7(4 /(5 .24,D2(5 :4(1,;4(5 L6, .2@7,55(73 /01034,( .( 5(75,>,/,32 S ? *0L6( ,32403,+7 T
M =

dε(p)

dP
"#$!U&+V (P ) (53 67 D(3(64 .+73 /(5 +1:+5073(5 5+73 /(5 :0401;34(5 ,7+7765 .6 3(75(64.( /0 1034,( .A2/053,,32 ? ,.(73,@(4 T Qij$'A63,/,503,+7 .( /A0/=+4,3*1( .( I0655CJ(K3+7 (53 /,1,32( :04 /( 80,3 L6( .(5,7530>,/,325 :(6D(73 0::040W34( :+64 /(5 :4+>/;1(5 10/ +7.,3,+7725$ B+64 (/0< /0123*+.( .( 42=6/04,503,+7 0 :+64 >63 .( >+47(4 /0 X+7( 0.1,55,>/( .( 4(*(4*( .6



 !"  !"#$%&' ( ) *+',%$-"%$/, #"& 0" 12%!/+' +' 03'&&'4& ', &'0"%$/, +' /1#/&%'1',%#$% &$ '()(*+,)$- .',/*(01 2(3- $ ,)(5(/0 0( *6,7.&$ &$ 8$5$39$):;<()=%()&, (6,6 %,/0/-6$ (>3 &$ )6:%0()/-$) 0$ ').90+*$ &?.',/*/-(,/.31 @0 -?(:/, &$ )(#.%,$) %3$*(,)/$ &/(:.3(0$ &.3, 0$- ,$)*$- &/(:.3(%A -.3, 6:(%A B %3$ 5(0$%) λC $,,$ &$);3/+)$ 6,(3, .*')/-$ $3,)$ D $,  1 E.%,$ 0( &/F%0,6 &$ 0( *6,7.&$ )6-/&$ &(3- 0(&6,$)*/3(,/.3 &% '()(*+,)$ λ .',/*(0 B 7(=%$ /,6)(,/.3 k1 G/ λk $-, ,).' /*'.),(3,C0( *6,7.&$ &$ 8$5$39$):;<()=%()&, &6:63+)$ 5$)- %3$ *6,7.&$ &$ '0%- H.),$ '$3,$1G/ λk $-, ,).' H(/90$C 0( *6,7.&$ -$ )('').7$ &$ 0( *6,7.&$ &$ I(%--; J$K,.3 $,'$%, L,)$ /3-,(90$12(3- 0$ (&)$ &$ $ ,)(5(/0C 0?(0:.)/,7*$ &$ */3/*/-(,/.3 &% ').90+*$ /35$)-$ $-,0$ -%/5(3, M
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P 0 : &.336 NO$% &$ '()(*+,)$- /3/,/(%APE(3, =%$ (‖∆P‖ < ξ)avec‖∆P‖2 = ∆P.∆P T

g(C) = σ.n− f̃m

J1 =
dL

dP
[ε !"(C)− εexp] + LM , J2 =

dg(C)

dP
, M =

dε

dP

G =
1

2

∫

Ω

(JT
1 L(ε !"(C)− εexp))dΩ + 2B

∫

∂Ωf

JT
2 g(C)ds

H =
1

2

∫

Ω

JT
1 J1dΩ + 2B

∫

∂Ωf

JT
2 J2ds

∆P = − (H + λI)−1G

P k+1 = P k + ∆P

NQ1! PRS M
J1,2 0$- *(,)/$- #(.9/$33$- '.%) 7(=%$ ,$)*$C
M 0( *(,)/$ &$ -$3-/9/0/,6C
G 0$ :)(&/$3, &$ 0( H.3,/.3 ψ(C)C
H 0( *(,)/$ 7$--/$33$ N0( *(,)/$ &$ I(%--;J$K,.3PC
I 0( *(,)/$ /&$3,/,6C
ξ $-, %3 -$%/0 >A6 B %3$ H(/90$ 5(0$%) (10−5) C
λ $-, 0$ '()(*+,)$ &$ )6:%0()/-(,/.3 &$ 8$5$39$):;<()=%()&,1T3 ,$-, &$ .35$):$3$ $-, */- $3 '0($ (>3 &?())L,$) 0?(0:.)/,7*$ &$ )$7$)7$1 @0.3-/-,$ B >A$) %3$ 5(0$%) -$%/0 ξ $, B 56)/>$) -/ 0( .3&/,/.3 ‖∆P‖ < ξ $-, -(,/-H(/,$18( *6,7.&$ &$ I(%--;J$K,.3 .35$):$ B 0( .3&/,/.3 =%$ 0( *(,)/$ &$ -$3-/9/0/,6-./, /3#$,/5$1 U%,)$*$3, &/,C 0$- &6)/56$- &$ 0( :)(3&$%) *$-%)6$ '() )(''.), (%A



 !"  !"#$%&' ( ) *+',%$-"%$/, #"& 0" 12%!/+' +' 03'&&'4& ', &'0"%$/, +' /1#/&%'1',%#$%$&'(%)* +,-.)/( 0(%) 1-/2$-%)&)/( -/+2#)/+$/()*3 4$/* 1) $* ,/(%$-%)6 -1 )*( -&7#,**-81) +) +-*%-&-/)% 1)* )9)(* +)* #$%$&'(%)* : -+)/(-;)% *<% 1) *=*('&) #>=*-?<)3@/) -/()%#%2($(-,/ +) 1A-/()%$(-,/ +)* +-92%)/(* #$%$&'(%)* )/(%) )<B )*( +,//2),&&) *<-( C
Rij =

Hij√
HiiHjj

D"3!!EF- Rij )*( #%,>) +)  ,< +) 7 6 Hij )*( 1$ &$(%-) G)**-)//)6 $1,%* 1) #%,81'&)%-*?<) +A0(%) &$1 ,/+-(-,//2 $% 1)* )9)(* +)* #$%$&'(%)* Pi )( +) Pj *<% 1$ H,/(-,/,8I)(-H /) *,/( #$* +-*%-&-/2* JKL6 L ℄3 4$/* ) $*6 -1 )*( +-N-1) +) +,//)% </)-/()%#%2($(-,/ #>=*-?<) $<B #$%$&'(%)* -+)/(-;2*3 O$ &$(%-) +) P$<**7Q)R(,/ D1$&$(%-) >)**-)//)E ,/(-)/( +,/ </) -/H,%&$(-,/ H,/+$&)/($1) *<% 1)* )9)(* %,-*2*)/(%) 1)* #$%$&'(%)*3 ! !" #$%&'() *) ()$(+,+&+-.O$ &-/-&-*$(-,/ +) 1$ H,/(-,/ ,8I)(-H6 2?<$(-,/ D"3 SE *)1,/ 1A$1T,%-(>&) +)O).)/8)%T7U$%?<$%+( /2)**-() 1) $1<1 +) 1$ &$(%-) +) *)/*-8-1-(2 M #$% %$##,%($<B #$%$&'(%)* %)>)%>2*3 V)(() &$(%-) )*( +2()%&-/2) #$% 1) $1<1 +< T%$+-)/()( +) 1$ &$(%-) G)**-)//) +) 1$ H,/(-,/ ,8I)(-H3 O$ &$(%-) +) *)/*-8-1-(2 M )*(+2;/-) ,&&) *<-(6 #,<% </) +2%-.2) : +%,-() DδP > 0E ,< : T$<>) DδP < 0E6
Mij =

εi(C + δPjej)− εi(C)

δPj

D"3!KE,W δPj )*( </) #)%(<%8$(-,/ +< #$%$&'(%) : -+)/(-;)% Pj6 )( ej </ .)()<% </-($-%)3O$ &$(%-) M 6 +,//2) #$% 1A2?<$(-,/ D"3!KE6 (%$+<-( 1$ *)/*-8-1-(2 +)* (%,-* ,&7#,*$/()* +) +2H,%&$(-,/ (ε) #$% %$##,%( $<B #$%$&'(%)* -/,//<* (P ) #,<% >$?<)#,-/( +) P$<**3 O)* ,&#,*$/()* +) 1$ &$(%-) M *,/( $1<12)* : >$?<) -(2%$(-,/DXE +) 1A$1T,%-(>&) #$% 1$ &2(>,+) +)* +-92%)/)* ;/-)*34< #,-/( +) .<) /<&2%-?<)6 -1 H$<( >,-*-% 1) /-.)$< +) #)%(<%8$(-,/ +) &$/-'%): ) ?<) 1$ #%2-*-,/ *,-( 1$ #1<* T%$/+) #,**-81)3 P2/2%$1)&)/(6 1) >,-B +) )#$%$&'(%) )*( +,//2 #$% C 10−5Pj ≤ δPj ≤ 10−3Pj JLY6L ℄3 4$/* ) (%$.$-16 1$ .$1)<%+) 1$ #)%(<%8$(-,/ $ 2(2 >,-*-) 2T$1) : Y6 % +< #$%$&'(%) (P (k)) : 1A-(2%$(-,/ (k)3 ! ! /%&+*%-+0$ $12.3+41) *) &% 530.*13) *7+*)$-+8%-+0$4$/* 1) $+%) +) ) (%$.$-16 +)* *-&<1$(-,/* /<&2%-?<)* #$% 212&)/(* ;/-* *<% </&$(2%-$< $< ,&#,%()&)/( 21$*(-?<) ,%(>,(%,#) ,/( 2(2 %2$1-*2)* *<% +)* 2#%,<.)(()*
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? ?#$%$&$'()$*% +, -( .*%)$*% +, -0,11,21 ,% 1,-()$*%+, *&3*1),&,%) Φ(C)3(1 -0(-4*1$)5&, +, 6,7,%8,14 9 #(1:2(1+)
• (-2- +, -( &()1$, +, ',%'$8$-$); M

• (-2- +2 41(+$,%) G
• (-2- +, -( &()1$, 5,''$,%%, H

P k+1 = P k + ∆P
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eRDC = ‖σSA −

(
FCcF T

)
ε(uCA)‖Ω FG9 HI(&&+.$)' ;0+/ : 17'5<)+ .( %(*-5+ 1+ &(''(<+ 1+ .( %(*-5+ 127.('*55*7 Cc 1()'.( A('+ -5'*(..5)+ 6+-' .( A('+ <.$A(.+ FJ))+@+H9$K uCA +* σSA -+&-7'+)*+)* -+'&+*56+%+)* .+ ,(%& 1+ 17&.(+%+)* 5)7%(*5>;0+%+)* (1%5''5A.+ FLJH +* .+ ,(%& 1+ $)*-(5)*+ '*(*5;0+%+)* FMJH (1%5''5A.+1()' .+ -+&4-+ <.$A(. R9 Ω +'* .+ 6$.0%+ $)'517-7 .$-' 1+ .27-5*0-+ 1+ .2+--+0- +)-+.(*5$) 1+ $%&$-*+%+)*9N-75'$)' ;0+ (uCA, σSA) +'* 0)+ '$.0*5$) (&&-$,7+ 10 &-$A.4%+ +* )+ 67-58+&(' .( .$5 1+ $%&$-*+%+)*9O$*$)' .+' '5%5.5*01+' +)*-+ .27;0(*5$) FG9 H 6(.(A.+ &$0- .+ (' P?/ +* .2+;0(>*5$) F!9PH 10 ,(&5*-+ &-771+)* 176+.$&&7+ &$0- .+ (' Q?9 C( %(*-5+ 127.('*55*7

C 1()' .27;0(*5$) F!9PH +'* -+%&.(7+ &(- FFCcF T H 1()' .27;0(*5$) FG9 H9C( B$)*5$) $AD+*5B '2+@&-5%+ 1+ .( %R%+ B(S$) ;0+ 1()' .+ (' Q? *-(5*7 1()'.+ ,(&5*-+ &-771+)* F!9 QH +* $) ( E
ψ(Cc) =

1

2

∫

Ω

(ε(uSA)− ε(uCA))
(
FCcF T

)
(ε(uSA)− ε(uCA))dΩ FG9QH
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Trouver Cc minimisant la fonction :

Φ(Cc) = ψ(Cc) + A

(∫

∂Ωu

‖u− ũm‖2ds

)
+B

(∫

∂Ωf

‖σ.n− f̃m‖2ds

)

sous les contraintes :

u ∈  CA, σ ∈ σSA

9:;<=>? 8
ũm &$%&56$/0$ )$ ,5%)3$+$/0 $0 f̃m )-$@'&0 +$67&56 4 )3 A&'/0.*&$; !" #$%&'()+'(,& $%- .+/+01'/%- $234+-'(('3 $% 42+5-6'3&('% !"!# $%&' '( )*+' -' *+ )./0-1.' -2%-'(3%4+3%/(B'.0 7/$ 60&707&$ Ωc ,'//5$ %3& 8

Cc =




C11 C12 C12 0 0 0

C12 C11 C12 0 0 0

C12 C12 C11 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C44




9:;!=



 !"  !"#$%&' ( ) *+',%$-"%$/, +'0 /,0%",%'0 12"0%$34'0 +' 25"40%1,$%'#$ C11% C12 &' C44 (#)' *&( +,-,./'-&( 0 12&)'13&- 0 +,-'1- 2&( .&(4-&( 2& 6,.+(2& 278#-.,'1#) εexp9:;12&)'13,'1#) 2& &( +,-,./'-&( -&<1&)' 2#) 0 .1)1.1(&- *, 8#)'1#) #=>&?'18 @A9BC9 :& 6,.+ ε(uCA) &(' *& 6,.+ 2& 278#-.,'1#)( .&(4-7&( (εexp)% *& 6,.+@εnumC &(' ,*4*7 +,- *, (1.4*,'1#) +,- DE @F,G4(rC9H,)( &''& ,++*1,'1#)% *& +-#=*/.& &(' 273)1 +,- 4) 27+*,&.&)' 1.+#(7% ',)21(G4& *;&I#-' &(' .&(4-7 0 *, 8-#)'1/-& 2& *, ('-4'4-&9 F1)(1% *& '&-.& .4*'1+*17 +,- A2,)( *;7G4,'1#) @A9BC &(' )4* &' *, 8#)'1#) #=>&'18 (;7-1' ,*#-( #..& (41' J
Φ(Cc) =

1

2

(∫

Ω

(ε !"(Cc)− εexp)T
(
FCcF T

)
(ε !"(Cc)− εexp)dΩ

)

+B

(∫

∂Ωf

‖σ.n− f̃m‖2ds

) @A9AC:& +-#=*/.& 2;12&)'13,'1#) 2&<1&)' ,*#-( J




Trouver Cc minimisant la fonction :

Φ(Cc) =
1

2

(∫

Ω

‖LF T (ε !"(Cc)− εexp)‖2dΩ

)
+B

(∫

∂Ωf

‖(σ.n− f̃m)‖2ds

)

Cc = LTL @A9KCH,)( & +-#=*/.& 2;12&)'13,'1#)% 1* &(' )7&((,1-& 2& #)),L'-& '#4'&( *&( #.?+#(,)'&( 24 '&)(&4- 2&( 278#-.,'1#)( &M+7-1.&)',*% #- )#4( );,<#)( ,/(% #.+'&'&)4 2& *, '&6)1G4& &M+7-1.&)',*& 4'1*1(7&% G4;,4M #.+#(,)'&( @ε11% ε22% ε12C .&?(4-7&( 2,)( *& +*,) 2;#=(&-<,'1#) @(4-8,& *1=-& 2& *;7+-#4<&''&C9 N &' &I&'% )#4(,2#+'#)( *;6O+#'6/(& 2& #)'-,1)'&( +*,)&( @PQC ,3) 2;7<,*4&- *&( #.+#(,)'&( 6#-(+*,) 24 '&)(&4- 2&( 278#-.,'1#)(9 P&''& 6O+#'6/(& (& >4('13& +,- *, ',1**& 2& *;7+,1(?(&4- #.+,-7& 0 *, ',1**& 2& *;7+-#4<&''& &' 7R,*&.&)' +,- *, +-7(&)& 2;4) (&4* R-,1)(41<,)' *;7+,1((&4-9 D) &I&'% 2,)( & ,( @σ33 = σ23 = σ13 = 0C% 0 +,-'1- 2& *;7G4,'1#)24 #.+#-'&.&)' 2,)( *& -&+/-& R*#=,* @7G4,'1#)  S 2,)( *;,))&M&C 1* &(' +#((1=*&2;&('1.&- @ε33, ε23, ε13C J



ε33

ε23

ε13


 = [X]




ε11

ε22

ε12




exp @A9SC



 !"  !"#$%&' ( ) *+',%$-"%$/, +'0 /,0%",%'0 12"0%$34'0 +' 25"40%1,$%'#$ [X] %&' ()% *+',-% (3× 3) /-0% 1 /+ *+',-% 230/+&'--'0 Cc %' 1 /3#,-%)'+'-#),-&'+//#4,+56-7(% 2( 4,+-) #)&-20,0 1 ',+8%,& /3%95,%&&-#) 2% /+ *+',-% 2% 5+&&+4%
P : ;) &% 5,#5#&% 2% 80,-<%, /+ 8+/-2-'0 2% /36=5#'6>&% #)',+-)'%& 5/+)%& 1 5+,?'-, 23()% &-*(/+'-#) )(*0,-7(% +8% /% #2% 230/0*%)'& <)-& @+7(&r: ;) #)&-2>,%7(% /%& 20A#,*+'-#)& *%&(,0%& 2+)& /% 5/+) &#)' &-*(/0%&B %)&(-'%B /%& #*5#&+)'%&Cε33B ε23B ε13D &#)' +/(/0%& %) ('-/-&+)' /+ ,%/+'-#) E:F: G+ 40#*0',-%B /%& #)2-'-#)&+(9 /-*-'%& %' /%& 2#))0%& 2( 5,#H/>*% &#)' -2%)'-7(%& 1 %//%& ('-/-&0%& 2+)& /% 6+?5-',% I /#,& 2( +/(/ )(*0,-7(% 2( #*5#,'%*%)' 2( *(/'-,-&'+/:J(, /+ K-4(,% E: B #) ,%5>,% F 4,+-)&: L+)& 6+7(% 4,+-)B #) &0/%'-#))% ()% M#)%&-'(0% &(N&+**%)' /#-) 2( O#-)' 2% 4,+-)B ,%50,0% %) ,#(4% &(, /+ K-4(,% E: : ;)#*5+,% %)&(-'% /%& 20A#,*+'-#)&B *#=%))0%& 2+)& /%& M#)%& &0/%'-#))0%&B +/(/0%&23()% 5+,' +8% /+ &-*(/+'-#) IL Cε33B ε23B ε13D %' 23+(',% 5+,' 1 5+,'-, 2% /36=5#'6>&%2% #)',+-)'%& 5/+)%& C,%/+'-#) E:FD )#'0%& Cεcp

33B εcp
23B εcp

13D: G% +/(/ + 0'0 %P%'(0 15+,'-, 2% 5+,+*>',%& 2% /+ /-''0,+'(,% QR℄: G%& ,0&(/'+'& &#)' ,%5,0&%)'0& 2+)& /% T+?H/%+( E: : K-4(,% E: U  !"#%&'( )#* +,-&(*;) ,%*+,7(% 7(% /%& 8+/%(,& ,%&'%)' ',>& 5,#6%&B 7(%/ 7(% &#-' /% 4,+-) %' 7(%//%7(% &#-' /+ 20A#,*+'-#) #)&-20,0%: ;) )#'% 7(% /+ 2-P0,%)% *+9-*+/% %&' 2% /3#,2,%2%  V % %' #,,%&5#)2 1 /+ #*5#&+)'% ε13 5#(, /% 4,+-) 19:G%& K-4(,%& E:WB E:I %' E:! 5,0&%)'%)' ()% #*5+,+-&#) %)',% /%& 20A#,*+'-#)&Cε33, ε23, ε13D ,0&(/'+)' 2% /+ &-*(/+'-#) )(*0,-7(% ILB %' %//%& 202(-'%& 2% Cε11, ε22, ε12D5+, /36=5#'6>&% 2% #)',+-)'%& 5/+)%& C,%/+'-#) E:FD 5#(, ()% 20A#,*+'-#) 4/#H+/%
E11 = 0,4%:



 !"  !"#$%&' ( ) *+',%$-"%$/, +'0 /,0%",%'0 12"0%$34'0 +' 25"40%1,$%'#$%&' ε33 εcp
33 (%$* $+,%*&-.%/ | ε33−ε

cp
33

ε33

| 0 1"2""0  !3" 1"2""0 43"" 5253 6 "2"""7 !3! "2"""47780  286 7 1"2""508! " 1"2""507!0" "24!56 1"2"""60556 1"2"""66033 523654 1"2""5 0 4" 1"2""5 0! " "2 36 1"2"" 7855" 1"2"" 78! " "2 !68 1"2"" 434"" 1"2"" 4357" "258#$%&' ε23 εcp
23 (%$* $+,%*&-.%/ | ε23−ε

cp
23

ε23

| 0 "2""0048!" "2""0!0"8" 6250 6 "2""5!344" "2""5!!"5" "280 7 "2""6 !67" "2""60" 6" 02!056 1"2"""846!5 1"2"""4557" 627"54 "2""07 84" "2""073"6"  2"76 "2"""83004 "2"""808 ! 026668 "2""5637!" "2""53400! 8233#$%&' ε13 εcp
13 (%$* $+,%*&-.%/ | ε13−ε

cp
13

ε13

| 0 "2"""4 !6" "2"""47360 7276 6 1"2""53077" 1"2""54654" 8237 7 "2"""7 675 "2"""77378 427856 "2"" 0370" "2"" 6507" 69""54 "2"""7547! "2"""47"78 62"76 "2"" 0 78" "2"" 0707" !23568 "2""68!07" "2""6843 " "233:%;,+%< !9 =  !"#$%$&'!( )* +$ "!,*((* )*' )-.!%"$/&!(' $+1+-*'2 $3* +$ '&4"1+$/&!( 56 */ 7 #$%/&% )* +89,#!/9:'* )* !(/%$&(/*' #+$(*' #!1% 1(* )-.!%"$/&!(;+!<$+* E11 = 0,4%



 !  !"#$%&' ( ) *+',%$-"%$/, +'0 /,0%",%'0 12"0%$34'0 +' 25"40%1,$%' !" ε33 #" ε
cp

33"#$%&' !() *  !"#$%$&'!( )*' )+,!%"$-&!(' .εcp
33/0 $1* 3$ '&"43$-&!( 56 *- 3789#!:-8;'* )* !(-%$&(-*' #3$(*' #!4% 4(* )+,!%"$-&!( <3!=$3* E11 = 0,4%



 !"  !"#$%&' ( ) *+',%$-"%$/, +'0 /,0%",%'0 12"0%$34'0 +' 25"40%1,$%' !" ε23 #" ε
cp

23#$%&'( !)* +  !"#$%$&'!( )*' )+,!%"$-&!(' .εcp
23/0 $1* 3$ '&"43$-&!( 56 *- 3789#!:-8;'* )* !(-%$&(-*' #3$(*' #!4% 4(* )+,!%"$-&!( <3!=$3* E11 = 0,4%



 !"  !"#$%&' ( ) *+',%$-"%$/, +'0 /,0%",%'0 12"0%$34'0 +' 25"40%1,$%' !" ε13 #" ε
cp

13#$%&'( !)* +  !"#$%$&'!( )*' )+,!%"$-&!(' .εcp
13/0 $1* 3$ '&"43$-&!( 56 *- 3789#!:-8;'* )* !(-%$&(-*' #3$(*' #!4% 4(* )+,!%"$-&!( <3!=$3* E11 = 0,4%



 !"  !"#$%&' ( ) *+',%$-"%$/, +'0 /,0%",%'0 12"0%$34'0 +' 25"40%1,$%'#$% &' ()*$%+ !,-. /0 %+1'%2$+ 2$+ &+3 5'163 7+ 789/%1':)/0 3/0: :%;3 3)1)<&')%+3. 0/:'11+0: 7'03 &+3 *%')03 7+ :')&&+ )16/%:'0:+. ')03) 2$+ 7'03 7+3 =/0+33$>3'11+0: &/)0 7+3 ?/)0:3 7+ *%')03, @+) 6+$: 3A+B6&)2$+% 6'% &+ 9'): 2$+ &+3 ?/)0:37+ *%')03 3/0: &' '$3+ 7+ 9/%:+3 58:8%/*808):83 6/$C'0: 6+%:$%D+% &+3 789/%1':)/03,EA'$:%+ 6'%:. /0 %+1'%2$+ 8*'&+1+0:. 2$+ 3) &+ *%')0 +3: D)+0 /%)+0:8 F&+ 9':+$% 7+#51)7 +3: )16/%:'0: 7'03 &' 7)%+:)/0 7$ 5'%*+1+0:G. &+3 %83$&:':3 3/0: 6+%:$%D83,H0 %+C'05+. &/%32$+ &+ *%')0 +3: 1/)03 D)+0 /%)+0:8. /0 /D3+%C+ $0+ D/00+ 3)1)&):$7++0:%+ &+3 %83$&:':3, I+3 1J1+3 %+1'%2$+3 3A'66&)2$+0: 3$% &+3 ()*$%+3 !,K +: !,",L)03). &A5M6/:5;3+ 7+ /0:%')0:+3 6&'0+3 +3: C'&)78+ 6/$% &+3 *%')03 7+ :')&&+ )1<6/%:'0:+ +: 1'& /%)+0:83, E'03 +::+ 8:$7+ &' 6%/87$%+ 7A)7+0:)N':)/0 3+%' '&/%3'66&)2$8+ 7'03 $0+ =/0+ 3$>3'11+0: 8&/)*08+ 7+ ?/)0:3 7+ *%')03. +: 3):$8+ O &A)0<:8%)+$% 7A$0 *%')0 7+ :')&&+ )16/%:'0:+ +: 1'& /%)+0:8, !"!# $%&'( '( )* +(,+-.-)-%/ *&0 1*)(&2+ -,-%-*)(+E'03 $0 6%+1)+% :+163. 0/$3 5+%5/03 O )7+0:)N+% &+3 /03:'0:+3 8&'3:)2$+3 7+&A'$3:80):+ O 6'%:)% 7A$0 '&$& 7+ %898%+0+ /D:+0$ O &A')7+ 7A$0 ?+$ 7+ 6'%'1;:%+37+ %898%+0+ )33$ 7+ &' &)::8%':$%+ PQ℄, @+::+ 781'%5+ 0/$3 6+%1+::%' 7+ C+%)N+%+: 7+ C'&)7+% &A'&*/%):51+ 7A)7+0:)N':)/0, I+ '&$& 0$18%)2$+ +3: +S+:$8 'C+ &+3/07):)/03 '$B &)1):+3 1+3$%8+3 +B68%)1+0:'&+1+0: 6'% &' :+50)2$+ 7+ /%%8&':)/07A)1'*+3 6/$% $0 786&'+1+0: )16/38 7+ T.  K mmεexp
11 . εexp

22 . εexp
12 G 3/0: 78:+%1)083 O 6'%:)% 7+3 5'1637+ 786&'+1+0:3 1+3$%83 6/$% $0 786&'+1+0: 1'%/3/6)2$+ )16/38 7+ T.  K mm3$% &+3 D/%73 7+ &A85'0:)&&/0, W%8)3/03 2$+. O + 0)C+'$ 7+ 5'%*+1+0:. &A86%/$C+::+%+3:+  TT % '$3:80):)2$+, I+3 /16/3'0:+3 7+ 789/%1':)/03 5/%3 6&'0 3/0: /D:+0$+3
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c1 = cosϕ1 , s1 = sinϕ1

c = cosφ , s = sinφ

c2 = cosϕ2 , s2 = sinϕ2
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IDENTIFICATION EXPÉRIMENTALE ET MODÉLISATION 
MICROMECANIQUE DU COMPORTEMENT D'UN MULTICRISTAL 

EN ALLIAGE A MÉMOIRE DE FORME 

RESUME: Le présent travail de thèse est une contribution à l’analyse et à la modélisation du 

comportement micromécanique d’un multicristal en AMF. Il est fondé sur l'exploitation de la 
richesse des mesures de champs cinématiques locaux dans le multicristal en vue de l'investigation 
des mécanismes gouvernant le comportement mécanique à l'échelle microscopique : 
transformation de phases, .... L’analyse et la modélisation de ces micromécanismes ont contribué, 
d’une part, à la mise en place du modèle à fort contenu physique reliant les causes et les effets 
des phénomènes mécaniques étudiés et d’autre part, à l’identification des paramètres régissant le 
modèle rhéologique. Le travail de thèse présente trois objectifs : le premier est le développement 
d’une approche expérimentale dédiée à la mesure de champs cinématiques à l’échelle 
microscopique sur un multicristal en alliage à mémoire de forme de type Cu-Al-Be. La mesure 
cinématique est réalisée par la technique de corrélation d’images numériques. Les champs de 
déplacement puis de déformation sont ensuite extraits par un traitement numérique à l’aide du 
logiciel de corrélation d'images CORRELI-Q4. Le deuxième objectif est la mise en place d’une 
méthodologie de couplage entre simulations numériques du comportement du multicristal et la 
mesure des champs cinématiques à l'échelle de la microstructure. Le troisième but visé dans ce 
travail est la mise en œuvre d’une méthode d'identification basée sur la minimisation d'une norme 
énergétique formulée par l'erreur en relation de comportement. La méthode d’identification est 
appliquée à l’échelle de la microstructure afin d’estimer les paramètres du comportement 
mécanique du multicristal à partir du champ cinématique mesuré.

Mots-clés: Corrélation d’images, alliages à mémoire de forme, calcul éléments finis, erreur en 
relation de comportement, principes variationnels, problème inverse, minimisation 

EXPERIMENTAL IDENTIFICATION AND MICROMECHANICAL 
MODELING OF THE BEHAVIOR OF A MULTICRYSTAL IN SHAPE 

MEMORY ALLOY  
ABSTRACT: This work of thesis is a contribution to the analysis and the modeling of the 

micromechanical behavior of a multicrystal in SMA. It is founded on the goodness of local 
measured kinematic fields in the multicrystal for the investigation of the mechanisms controlling the 
mechanical behavior on a microscopic scale: transformation of phases… The analysis and the 
modeling of these micromechanisms contributed, on one hand, to the installation of the model with 
strong physical contents relating the causes and the effects of studied mechanical phenomena, 
and on the other hand, to the identification of the parameters governing the rheological model. This 
work presents three aims: the first is the development of an experimental approach for 
measurement of the kinematic fields on a microscopic scale on a multicrystal Cu-Al-Be shape 
memory alloy. The kinematic measurement is obtained by digital image correlation. The 
displacement fields and the strain fields are extracted by a digital processing using the image 
correlation software CORRELI-Q4. The second aim is the installation of a methodology for coupling 
between numerical simulation of the multicrystal behavior and kinematic field measurements at the 
microscopic scale. The third is to implement an identification method based on the minimization of 
an energy norm formulated by the error in constitutive relation. The identification method is applied 
at the microscopic scale in order to estimate the multicrystal mechanical behavior parameters from 
the measured kinematic fields.  

Keywords: Digital image correlation, shape memory alloy, finite element calculation, error in 

constitutive relation, variational principle, inverse problem, minimisation 


