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Rcible = 384 kbits/s, Méthode proposée

Rcible = 384kbits/s, Iterative water−filling

Rcible = 256 kbits/s, Méthode proposée

Rcible = 256 kbits/s, Iterative water−filling
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   !" #"$% &' (")*+,$ !" #$%&'(&'&$& *&' +%,-& ./0+'',&'1 (2' -+'3,$4 52+61 R !"#$% = 64 70,%.8.1 9,49$2,.& 5&-&5 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :; !< =>? 2( ,$%&'@&55 ,$%&'(&'&$& *&' +%,-& ./0+'',&'1 R !"#$% = 64 70,%.8.1 128A5&(%B +$6 224 A',49%B /.&'. *&' &55 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :C ! D&'&$%+4& 2( '&E&%&6 /.&'.1 (2' -+'3,$4 52+61 R !"#$% = 128 70,%.8.1 52F $2,.&5&-&5 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :" !G D&'&$%+4& 2( +%,-& ./0+'',&'.1 (2' -+'3,$4 52+61 R !"#$% = 128 70,%.8.1 52F$2,.& 5&-&5 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :" !H #$%&'(&'&$& *&' +%,-& ./0+'',&'1 (2' -+'3,$4 52+61 R !"#$% = 128 70,%.8.152F $2,.& 5&-&5 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :<G!; n&'( = 21 02/$6. 2$ %9& 2/%+4& *'20+0,5,%3 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ;IIG!C nt = nr = 21 +/'+3 2( %9& +**'2J,K+%,2$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ;I;G!" P)*% = 10−21 -+',2/. $/K0&' 2( +$%&$$+.1 +/'+3 2( %9& +**'2J,K+%,2$. ! ! ;ICG!< ?/55 =L#M1 *&'&$%+4& 2( '&E&%&6 /.&'. 6&*&$6,$4 2$ %9& 52+6 ! ! ! ! ! ! ! ! ! ;I<G! ?/55 =L#M1 *&'&$%+4& 2( +%,-& ./0+'',&'. 6&*&$6,$4 2$ %9& 52+6 ! ! ! ! ! ! ! ;I<G!G ?/55 =L#M1 ,$%&'@&55 ,$%&'(&'&$& *&' +%,-& ./0+'',&'.1 6&*&$6,$4 2$ %9& 52+6 ;I G!H L%+%,.%,+5 =L#M1 *&'&$%+4& 2( '&E&%&6 /.&'. 6&*&$6,$4 2$ %9& 52+6 +$6 2$
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 !"#$&'()*# +&, !"#"$!%& !#$%& '() *'#%+!& '%! )!($#!) ,- ,$.) .!##!%& /!010 X20 3#4!% ($#'#+$('. $(5!(#+$(&'%! &6**'%+7!) '& 8$..$9&:
C

n; R
n <4! &!#& $8 5!#$%& $8 .!(1#4 n; 9+#4 $*=.!> '() %!'. !.!*!(#&0

R
n
+ <4! &!# $8 5!#$%& $8 .!(1#4 n 9+#4 %!'. =$&+#+5! !.!*!(#&0

R
n
++ <4! &!# $8 5!#$%& $8 .!(1#4 n 9+#4 %!'. &#%+#.- =$&+#+5! !.!*!(#&0

C
p×n; R

p×n <4! &!# $8 *'#%+!& 9+#4 p %$9& '() n $.6*(&; 9+#4 $*=.!> '() %!'.!.!*!(#&0
N <4! &!# $8 =$&+#+5! +(#!1!% !.!*!(#&0
log(·) <4! ('#6%'. .$1'%+#4*0
log2(·) <4! ,'&! ? .$1'%+#4*0
L(.) @'1%'(1+'( $8 '( $=#+*+7'#+$( =%$,.!*0
∇f <4! 1%')+!(# $8 86(#+$( f 0
∇2f <4! A!&&+'( *'#%+> $8 86(#+$( f 0
|x| <4! ',&$.6#! 5'.6! $8 ' &'.'%0
⌊x⌋ <4! B$$% $=!%'#$%; +0!0 #4! &*'..!&# +(#!1!% .!&& #4'( >0
[x]

+ *'> {0, x}0
|Ω| <4! '%)+('.+#- $8 #4! &!# Ω; +0!0 #4! (6*,!% $8 !.!*!(#& +( #4! C(+#! &!#

X 0
∩ <4! +(#!%&!#+$( $=!%'#$%0
∪ <4! 6(+$( $=!%'#$%0
E{·} <4! !>=!#'#+$( $=!%'#$%0
CN (x,X) <4! +%6.'%.- &-**!#%+ $*=.!> D'6&&+'( )+&#%+,6#+$( 9+#4 *!'( x'() $5'%+'(! *'#%+> X0
N (µ, σ2) <4! D'6&&+'( )+&#%+,6#+$( 9+#4 *!'( µ '() 5'%+'(! σ20
(·)T <4! #%'(&=$&! $=!%'#$%0
(·)H <4! $*=.!> $(E61'#! /A!%*+#+'(2 #%'(&=$&! $=!%'#$%0
X−1 <4! +(5!%&! $8 *'#%+> X0
(X)k <4! k ! %$9 $8 *'#%+> X0
(X)(k,n) <4! !.!*!(# $%%!&=$()+(1 #$ #4! k ! '() n ! $.6*( $8 *'#%+> X0
In <4! +)!(#+#- *'#%+> $8 &+7! n0
0n <4! &F6'%! 7!%$ *'#%+> $8 &+7! n0
0nr×nt

<4! 7!%$ *'#%+> $8 &+7! nr × nt0)+'1 {x1, ..., xN} <4! )+'1$('. *'#%+> $(#'+(+(1 !.!*!(#& {x1, ..., xN}0<%(X) <4! #%'! $8 *'#%+> X; +0!0 #4! &6* $8 #4! )+'1$('.0
‖X‖ G(- ($%* $8 *'#%+> X0
‖X‖∞ <4! +(C(+#- ($%* $8 *'#%+> X0
‖X‖2F = <%(XXH) <4! H%$,!(+6& ($%* $8 *'#%+> X0
ρ(X) <4! &=!#%'. %')+6& $8 *'#%+> X0



 !"" #$%&'!)*+,& !"#$# %&"$( )*+,+$*-# !" #$%%$&'() %'*+ '* ($+ ",!-.*+'/"0 -(1 $(*'*+* $# +!" 3$*+ 4"%"/-(+ ($+-+'$(* .*"1 '( +!"1'**"4+-+'$(56$+-+'$(* -77%'-8%" '( -%% !-7+"4*9
N :$(*'1"4"1 ("+&$4;5
N ! 6.38"4 $# <=* '( N 5
KN  $+-% (.38"4 $# .*"4* '( N 5
N""# >?@AB ?? *'C"5
L!$  $+-% (.38"4 $# *.8-44'"4* 7"4 <=5
B  $+-% -/-'%-8%" 8-(1&'1+!5
B!$ <-(1&'1+! 7"4 *.8-44'"45
N0 D-4'-(" $# +!" BEF6 ($'*"5
P%&' A-,'3.3 1$&(%'(; +4-(*3'+ 7$&"4 7"4 <=5
P()* >.+-)" -7-'+G5
TX  4-(*3'++"45
RX H""'/"45
nt 6.38"4 $# +4-(*3'+ -(+"((-*5
nr 6.38"4 $# 4""'/" -(+"((-*5
I(x;y|H) A.+.-% '(#$43-+'$( 8"+&""( x -(1 y #$4 - )'/"( !-(("% 4"-%'C-+'$( H 5
yl

k H""'/" /"+$4 #$4 .*"4 k '( *.8-44'"4 l5
xl

k  4-(*3'+ /"+$4 #$4 .*"4 k '( *.8-44'"4 l5
nl

k BFE6 ($'*" /"+$4 #$4 .*"4 k '( *.8-44'"4 l5
Rk =.3 1-+- 4-+" $# .*"4 k5
Rk,*&+,-*  -4)"+ 1-+- 4-+" #$4 H: .*"4 k5
Rl

k @-+- 4-+" $# .*" k '( *.8-44'"4 l5
Cl

k :-7-'+G $# .*"4 k '( *.8-44'"4 l5
Θk ="+ $# *.8-44'"4* -%%$-+"1 +$ .*"4 k5
l!$,k 6.38"4 $# *.8-44'"4* -%%$-+"1 +$ .*"4 k5
γl

k =I6H $# .*"4 k '( *.8-44'"4 l5
I l
k 6$'*" 7%.* '(+"4#"4"(" 4""'/"1 8G .*"4 k '( *.8-44'"4 l5
P l

n ! J$&"4 +4-(*3'++"1 8G <= n ! '( *.8-44'"4 l5
wk F"')!+ $# .*"4 k56$+-+'$(* *7"'K +$ :!-7+"4* L -(1 M9
BSd,k @'4"+ <= #$4 .*"4 k5
BSc,k :$$41'(-+"1 <= #$4 .*"4 k5
P l

d,k J$&"4 +4-(*3'++"1 +$ .*"4 k 8G '+* 1'4"+ <= '( *.8-44'"4 l5
P l

c,k J$&"4 +4-(*3'++"1 +$ .*"4 k 8G '+* $$41'(-+"1 <= '( *.8-44'"4 l5
hl

d,k ?-*+ #-1'() $"N'"(+ 8"+&""( .*"4 k -(1 '+* 1'4"+ <= '( *.8-44'"4 l5
hl

c,k ?-*+ #-1'() $"N'"(+ 8"+&""( .*"4 k -(1 '+* $$41'(-+"1 <= '( *.8-4O4'"4 l5
gc,k J-+! %$** '(%.1'() *!-1$&'() 8"+&""( .*"4 k -(1 '+* 1'4"+ <=5



 !"#$&'()*# +&,,,
gd,k  !"# $%&& '($*+'(, &#!+%-'(, ./"-//( *&/0 k !(+ '"& %%0+'(!"/+ 123
Hl

k 45*'6!$/(" #!((/$ 7!"0'8 9%0 *&/0 k '( &*.!00'/0 l3
Gl

d,k :#!((/$ ,!'( ./"-//( *&/0 k !(+ '"& +'0/" 12 '( &*.!00'/0 l; '($*+'(,<!"# $%&&; &#!+%-'(, !(+ 9!&" 9!+'(,3
Gl

c,k :#!((/$ ,!'( ./"-//( *&/0 k !(+ '"& %%0+'(!"/+ 12 '( &*.!00'/0 l;'($*+'(, <!"# $%&&; &#!+%-'(, !(+ 9!&" 9!+'(,3
Sd 2/" %9 *&/0& &/06/+ %( "#/'0 +'0/" $'(= .> ! ,'6/( 123
Sc 2/" %9 *&/0& %%0+'(!"/+ .> ! ,'6/( 123
S !,d 2/" %9 ?: *&/0& &/06/+ %( "#/'0 +'0/" $'(= .> ! ,'6/( 123
S !,d 2/" %9 ?: *&/0& %%0+'(!"/+ .> ! ,'6/( 123
S"# 2/" %9 14 *&/0& &/06/+ .> ! ,'6/( 123
K @*7./0 %9 *&/0& </0 123
Kd @*7./0 %9 +'0/" *&/0& </0 123
Kc @*7./0 %9 %%0+'(!"/+ *&/0& </0 12 3
P$%&,d A!8'7*7 +%-($'(= "0!(&7'" <%-/0 +/+'!"/+ "% +'0/" *&/0& </0 123
P$%&,c A!8'7*7 +%-($'(= "0!(&7'" <%-/0 +/+'!"/+ "% %%0+'(!"/+ *&/0& </0123@%"!"'%(& &</'B "% :#!<"/0& C; D !(+ EF
P l

k  %-/0 "0!(&7'""/+ "% *&/0 k .> '"& &/06'(, 12 '( &*.!00'/0 l3
gn,k  !"# $%&& '($*+'(, &#!+%-'(, ./"-//( 12 n !(+ *&/0 k3
Gl

n,k :#!((/$ ,!'( ./"-//( 12 n !(+ *&/0 k '( &*.!00'/0 l; '($*+'(, <!"#$%&&; &#!+%-'(, !(+ 9!&" 9!+'(,3
El

k  %-/0 %("0%$ %(6/0,/(/ 0'"/0'%( 9%0 *&/0 k '( &*.!00'/0 l3
τ l
k 4&"'7!"/ %9 "#/ '("/0G/$$ '("/09/0/(/ $/6/$ 9%0 *&/0 k '( &*.!00'/0 l; *&/+"% "0',,/0 "#/ <%-/0 %("0%$ %(6/0,/(/ 0'"/0'%(3
Ωl 2/" %9 *&/0& "#!" !0/ !"'6/ '( &*.!00'/0 l3
ζl
k H("/09/0/(/ '(9%07!"'%( 9%0 *&/0 k '( &*.!00'/0 l3
n$'( A'('7*7 (*7./0 %9 "0!(&7'" !(+ 0//'6/ !("/((!&3
Hl

n,k :#!((/$ 7!"0'8 ./"-//( 12 n !(+ *&/0 k '( &*.!00'/0 l3
ρl

k 2@? %9 *&/0 k '( &*.!00'/0 l3
µl

n,k H@? %00/&<%(+'(, "% "#/ '("/09/0/(/ 0//'6/+ .> *&/0 k 90%7 12 n '(&*.!00'/0 l3
Φl

k :%6!0'!(/ "0!(&7'" 7!"0'8 %9 *&/0 k '( &*.!00'/0 l3
Vl

k I0!(&7'" 7!"0'8 9%0 *&/0 k '( &*.!00'/0 l3
Wl

k ?//'6/ 7!"0'8 9%0 *&/0 k '( &*.!00'/0 l3
Ql

k :%6!0'!(/ 7!"0'8 %9 "#/ '("/09/0/(/ <$*& (%'&/ 9%0 *&/0 k '( &*.!00'/0
l3

dl
k,j @%07!$'J/+ <%-/0 </0 &*.!00'/0 l !(+ </0 &"0/!7 j 9%0 *&/0 k3
γ̃l

k 45*'6!$/(" 2H@? %9 *&/0 k '( &*.!00'/0 l; %6/0 !$$ &"0/!7&3
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 ! "#%&'()*+ #*+ ,(-./#-.(* 0 !"#$% &'() *!+,$!-#,%. $%+/#$% 122/1,!/31%++4 122 #+%$+ +51$% ,5% +16% +%, /7 $1.!/ $%+/#$%+4 13. $%+/#$% 122/1,!/3 !+ $%+8/3+!-2%7/$ .9316!1229 122/1,!3" $%+/#$%+ ,/ ,5% #+%$+4 +/ ,51, ,5%9 $%15 ,5%!$ $%:#!$%. ;/<'=8 ,/ 3/>4 81?%,@-1+%. ,$13+6!++!/3 8$/,//2+ 51A% 61!329 -%%3 .%B3%. 7/$ 3/3@$%12@,!6%+%$A!%+' C5% !++#% /7 71!$3%++ 16/3" #+%$+ 51+ -%%3 !3,$/.#%. >!,5 +5%.#2!3" /-D%,!A%++#5 1+ E$/8/$,!/312  1!$ FG℄℄' I/>@%A%$4 +,1,! 82133!3" !+ 3/, /8,!6!S%.4 13. .9316! 82133!3" -%/6%+ #+%2%++ 1, 5!"5 2/1.'M%+/#$% 122/1,!/3 +5/#2. 1.%:#1,%29 1.18, ,/ ,5% 2/1. 2%A%2) !, +5/#2. 122/> 7#22 #+% /7,5% -13.>!.,5 1, 2/> 2/1.4 >5%3 !3,%$@%22 !3,%$7%$%3% !+ 3/, 13 !++#%4 13. $%61!3 %X!%3,1, 5!"5 2/1.' R 61D/$ $%+,$!,!/3 $%"1$.!3" ,5% A!1-!2!,9 /7 .!+,$!-#,%. 3%,>/$?+ -1+%. /3




• T1!*(!"' "%' <'!)&/&*&". +< ,'"-+#C ++#2&,!"&+, &, 2&)"#&/("'2 ,'"-+#C)6 A'"-+#C++#2&,!"&+, )"(2&') ()(!**. !))(:' "%!" !** H4) )&:(*"!,'+()*. %!1' !')) "+ "%'()'#)W 2!"!5 !,2 "%!" ! ',"#!* +,"#+**'# @+&,"*. !**+!"') #')+(#') &, !** &,1+*1'2H4)6 O' %'#' &,1')"&?!"' ,'"-+#C ++#2&,!"&+, -&"% "-+ +,)"#!&,") "%!" !#' &:0+)'2/. "%' 2&)"#&/("'2 !#%&"'"(#'V ! !()!*&". +,)"#!&," +, H4 "+ H4 "#!,):&))&+,5 !,2! 2&)"#&/("'2 #')+(#' !**+!"&+, +,)"#!&,"6
• L'"'#:&,' ! 2&)"#&/("'2 #')+(#' !**+!"&+, :'"%+2 !00*&!/*' "+ ()'#) -&"% ! "!#?'"2!"! #!"' #'B(&#':',"5 "%!" :!,!?') &,"'#8'** &,"'#<'#',' -&"%+(" !,. ?*+/!* &,<+#8:!"&+,6 I%' :!&, &))(' &) "%' <'!)&/&*&". +< 2!"! #!"')W !**+!"&+,6 I%&) %!) /'',%!#!"'#&X'2 &, 0#'1&+() *&"'#!"(#' <+# "%' )&,?*'8%!,,'* !)' &, 4&,?*'87,0(" 4&,?*'8K("0(" Y474KZ6 K(# !&: &) "+ +/"!&, ! ,'- %!#!"'#&X!"&+, <+# "%' :(*"&8%!,,'*!)'5 &, 474K !) -'** !) &, M(*"&0*'87,0(" M(*"&0*'8K("0(" YM7MKZ6
•



 !" #$$%&'()*+$ , !" #$$%&'()*+$ !"#$%!#$& &!'( )'((*"&+&'#,- .* /+0* (#/* +(($/1&'#,( &!+& +"* )*&+'2*) +,) )'($((*) ',&!'( (*&'#,4
•  !"#$%! '((#')*#+ ,!% --. 5 !* #1&'/'6+&'#, #78*&'9*( +,) &!* 1*":#"/+,* "*($2&( +"* +((*((*) ', &*"/( #: )+&+"+&*( 1*"   ;4 <* +(($/* &!+& &!* !+,,*2 (&+&* "*/+',( $,!+,%*) )$"',% #,*   ;4;&*"+&'9* 1#.*" #,&"#2 .'&!', #,*   ; /+= #,(*>$*,&2= 7* 1*":#"/*) #9*" &!* )':?:*"*,& &'/* (2#&(4
• /!%0!) "1+2%#+*3')*#+5@22 AB( +"* (=,!"#,'6*)- +,) +22 /#7'2* &*"/',+2( "**'9* &!* )+&+ +,) ',&*":*"*,*:"#/ +22 AB( .'&! &!* (+/* &'/* )*2+=4  !$(- &!'( )*2+= '( ,#& #,(')*"*) .'&!', &!*+,+2=('(4
• 4*5+'( #+")!((')*#+5 !* ('%,+2 #,(&*22+&'#, '( +(($/*) C+$(('+,4  !* /#)$2+&'#, 2*9*2 '( !'%! *,#$%!(# &!+&- .'&! &!*(* ',1$& (=/7#2(- &!* /$&$+2 ',:#"/+&'#, +2/#(& "*+!*( &!* !+,,*2+1+'&=4  !* ',D$*,* #: &!* /#)$2+&'#, #$2) 7* ',&"#)$*) ', #$" +,+2=('( +,),$/*"'+2 "*($2&( 7= +))',% &!* B'%,+2?&#?E#'(* F+&'# GBEFH %+1 Γ ',&# &!* +1+'&=:#"/$2+ IJK℄5 C = log2

(

1 +  !"
Γ

)- .!*"* Γ '( + :$,&'#, #: &!* A'& M""#" F+&* +,) #:&!* /#)$2+&'#,4
•
•
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 ! "#$%&'( ! )('*+,+-$(+'. ! !"# $%!&%! $' !"# l ! ($)%* !$+, !" ! $++#.&$/) !$ !"# l ! .%0 ++1#+2 3"# 4553 ($)%*#!+ /.'$+(.  ** .%0.6(0$*. 1/!$ N""# !1(# . (&*#. Xn 71!"8
Xn =

1√
N""# N  !−1

∑

l=0

xle
j2Π nl

N  ! 9:2;<= 6*1 &+#>? $' N$% !1(# . (&*#. 1.  &&#/)#) !$ !"# N""# !1(# . (&*#. 951@2 :2:<2 4!$&1#. !"# N$% * .! . (&*#. $' # " A5BC .6(0$*,  /) 1. 1/.#+!#)  ! !"# 0#@1//1/@ $' !"#.6(0$*2 N$% (%.! 0# @+# !#+ !" / !"# ( ?1(%( (%*!1& !" )#* 6 .&+# )2 4' !"1. $/)1!1$/1. '%*>**#), !"#/ !"# (%*!1& !" )#* 6 $' $/# .6(0$* 71** $/*6  D#! !"# /#?! .6(0$*E. 6*1&+#>?, *# F1/@ !"# %.#'%* ) ! . (&*#. '+## '+$( 4/!#+GH6(0$*G4/!#+'#+#/# 94H4<2=! !"# +##1F#+, !"# 6*1 &+#>? 1. +#($F#),  /) xl 1. +#!+1#F#) 06 5532 3"# +##1F#) .1@/ *0#'$+# !"# 553 1. !"# +#.%*! $'  1+%* + $/F$*%!1$/ 0#!7##/ Xn  /) !"# " //#* +#.&$/.#
H2 3"%. !"# +#.%*! $' !"# 553 1. 8

x̂l = hlxl + nl 9:2:<7"#+# nl 1. !"#  ))1!1F# " //#* /$1.# '$+ .%0 ++1#+ l2 hl 1. !"# $(&*#? " //#* !+ /.'#+' !$+ '$+ .%0 ++1#+ l



nt ($,!'<#( ,!(%!!,' ,!3 nr $%%#1%,!(%!!,'+ '/7?%( () W33#(#1% A.#(% X,/''#,! Y)#'% GWAXYH 7/( !)( () #!(%$=%$%!%4 5.%.,!!%& <)3%& #' ZEE℄D
y = Hx+ n GJ4OH



 ! "#$%&'( ) *('+,-,.$(,'/ !"#" x ∈ C
nt×1 $% &!" &#'(%)$&&"* +"&-#. y ∈ C

nr×1 $% &!" #""$+"* +"&-#. n ∈ C
nr×1$% '( /012 (-$%" +"&-#  $&! +'#$'(" N0. '(* H ∈ C

nr×nt $% &!" !'(("3 )'&#$45
H =











h11 h12 ... h1nt

h21 h22 ... h2nt

...

hnr1 hnr2 ... hnrnt











hij $% &!" !'(("3 6'$( 7"& ""( &!" j8&! &#'(%)$& '(&"((' '(* &!" i8&! #""$+" '(&"(('5 9&-(%$%&% -: ;'&! 3-%%. %!'*- $(6 '(* :'%& :'*$(65 9: &!" !'(("3 $% <"#-8)"'( $5$5*5. &!"(&!" :'*$(6 "3")"(& -: "'! !'(("3 6'$( $% -);-%"* -: $(*";"(*"(& <"#-8)"'( -);3"41'=%%$'(%. "'!  $&! $(*";"(*"(& #"'3 '(* $)'6$('#> ;'#&%  $&! +'#$'(" 1
2 5?!" )=&='3 $(:-#)'&$-( :-# ' 6$+"( !'(("3 #"'3$<'&$-( H $% @AB℄ D

I(x;y|H) = log2

(*"&(Inr
+

1

N0
HQHH

)) EB5FG !"#" Q = E{xxH} $% &!" -+'#$'(" )'&#$4 -: &!" &#'(%)$& +"&-#5 ?!" )=&='3 $(:-#8)'&$-( $% )'4$)$<"*  !"( x $% -);3"4 1'=%%$'(5 ?!" ';'$&> $% &!"( *"H("* '% &!")'4$)=) -: &!" )=&='3 $(:-#)'&$-( 7"& ""( x '(* y 6$+"( ' -(%&#'$(& -( &!" &-&'3 ;- "#&#'(%)$%%$-(. ?#(Q) ≤ P 5 9( &!" :-33- $(6 -: &!" *$%%"#&'&$-(.  $&! '( '7=%" -: (-&'&$-(. " *"(-&" I(x;y|H) '% &!" ';'$&> -: &!" !'(("3. C. "+"( $( &!" '7%"(" -: -;&$)$<'&$-(-( &!" $(;=& %>)7-3%5 C $% "4;#"%%"* $( 7$&% ;"# !'(("3 =%"59: IJ9 $% K(- ( '& &!" &#'(%)$&&"#. &!"( &!" ';'$&> $% )'4$)$<"* 7> =%$(6  '&"#8H33$(6 -+"#&!" %$(6=3'# +'3="% -: &!" !'(("3 '% ' ;- "# '33-'&$-( ;-3$> @AL℄s ∈ C
M×1 $% ' -);3"41'=%%$'( +"&-# -(&'$($(6 &!" M $(;=& %>)7-3%. '(* V ∈ C

nt×M $% &!" 3$("'# ;#"-*"#5?!" &#'(%)$&&"* +"&-# $% &!"( x = Vs5 ?!" #""$+"# '$)% '& #"&#$"+$(6 &!" $(;=& %>)7-3%.*=#$(6 &!" *"&"&$-( %&";5 ?!" )-%& "S$"(& *"&"&$-( &"!($M=" $% N'4$)=) R$K"3$!--*ENRG5 T- "+"#. $&% -);3"4$&> $% -:&"( ;#-!$7$&$+"5 U"#-8V-#$(6 EUVG '(* N$($)=) N"'(JM='#" W##-# ENNJWG "M='3$<"#% '#" %$);3" 3$("'# ;#-"%%$(6 )"&!-*%5 ?!"> '#" '3%- =%"*'% 7'%$% :-# (-(83$("'# X"$%$-( V""*7'K EXVWG &#"'&)"(&% EXVW8UV '(* XVW8NNJWG5?!" 3$("'# #""$+"# '$)% '& -7&'$($(6 s :#-) &!" #""$+"* +"&-# y &!#-=6! ' 3$("'# -;"#'&$-(
ŝ = WHy EB5YG !"#" WH ∈ C

M×nr 5R"& H̃ = HV5 ?!" UV #""$+"# $(+"#&% &!" !'(("3 7> ';;3>$(6 &!" ;%"=*-8$(+"#%" )'&#$4



 !" #$&'()* +),-./0'1 "2 ! H̃"
W =

(

H̃HH̃
)−1

H̃H #$%&'()* +,-. /0 12*+  ! 34 0**-6*0 -7 . -7* ,+/2-8,9- .% ()* ::;< 0**-6*0 +-.-+-=*7 9)*+*,. 7>?,0* *00 0 MSE = E{‖ŝ− s‖2}@ ,.A -7 A*8.*A ,7"
W =

(

H̃HH̃+
N0

P
IM

)−1
H̃H #$%B'C)*0* P = (0(ss



 ! "#$%&'( ) *('+,-,.$(,'/ !"#$% &'() *+,%$-%$%+% /0++%1,/% 020!,3 4- 0 24!+,5,4524!+, 1!+6 7!,/ 89:; +4!<% !<
C = log2 (1 + =;>) ?&'@A7/%$% =;> !< ,/% =!"+015,45;4!<% >0,!4' 9% /%$%#+B%$ $%C!%7 ,/% B!D%$%+, =*=E F#1,!5#<%$/0++%1<'G/% F#1,!50%<< /0++%1 ?H8IA 4$$%<24+B< ,4 <%C%$01 ,$0+<F!,,%$< 0+B 4+13 4+% $%%!C%$? !"' &'JA' G/% 020!,3 $%"!4+ 4- ,/% H8I !< ,/% <%, 4- !+B!C!B#01 B0,0 $0,%< ,/0, 0+ K%L4!+,13 0/!%C%B -4$ 011 ,$0+<F!,,%$<' G/% 4$+%$ 24!+,< 4- ,/% 020!,3 $%"!4+ 0$% $%0/%B K3#<!+" =#%<<!C% *+,%$-%$%+% I0+%110,!4+ ?=*IA MNJ℄' G/% B%4B!+" 4$B%$ B%,%$F!+%< ,/%P+01 B0,0 $0,%<' 9/0,%C%$ ,/% 0+%110,!4+ 4$B%$Q ,/% <0F% <#F 42,!F01 B0,0 $0,% !< 0/!%C%B7!,/ =*I' G/% K$40B0<, /0++%1 4$$%<24+B< ,4 4+% ,$0+<F!,,%$ 0+B <%C%$01 $%%!C%$< ? !"'&'RA' G/% <#F B0,0 $0,% !< F0S!F!T%B K3 <#2%$24<!,!4+ 4B!+" 0, ,/% ,$0+<F!,,%$Q 0+B =*I0, %0/ 4- ,/% $%%!C%$<' U0/ $%%!C%$ F#<, B%4B% ,/% 7%06%$ #<%$< K%-4$% B%4B!+" !,<47+ B0,0Q <4 0< ,4 0/!%C% ,/% F0S!F#F <#F B0,0 $0,%' *+-4$F0,!4+5,/%4$%,! 2$4K1%F< 0$%4-,%+ F4$% %0<!13 <41C%B 4+ ,/% H8I ,/0+ 4+ ,/% K$40B0<, /0++%1' G/% #21!+65B47+1!+6B#01!,3 %+0K1%< #< ,4 <,#B3 ,/% K$40B0<, /0++%1 C!0 ,/% H8IQ 0+B ,/%+ $%C%$<% ,/% $41%<4- ,$0+<F!,,%$< 0+B $%%!C%$< MNR℄'G/% !+,%$-%$%+% /0++%1 ? !"' &'(A !< ,/% F4<, 4F21%S 0<%Q 0< !, !+C41C%< <%C%$01 #+$%10,%B,$0+<F!,,%$< 0+B $%%!C%$< ,/0, 0$% !+,%$-%$!+" %0/ 4,/%$' ;4 L4!+, ,$%0,F%+, <#/ 0< =*I!< 24<<!K1% !+ ,$0+<F!<<!4+ 4$ $%%2,!4+Q 0< +%!,/%$ ,/% <%, 4- ,$0+<F!,,%$< +4$ ,/% <%, 4-$%%!C%$< 0$% 4FF#+!0,!+"' G/% 020!,3 $%"!4+ 4- ,/% !+,%$-%$%+% /0++%1 /0< +4, 3%,K%%+ -#113 /0$0,%$!T%B' *, /0< K%%+ B%,%$F!+%B !+ ,/% <,$4+" !+,%$-%$%+% 0<% MN(℄Q -4$0 10<< 4- B%,%$F!+!<,! !+,%$-%$%+% /0++%1< MNV℄Q 0+B -4$ 0 10<< 4- B%"$0B%B !+,%$-%$%+%/0++%1< MN@℄'  4$ ,/% "%+%$01 0<%Q W0+ 0+B X4K030</! MNY℄ /0C% B%$!C%B 0+ 0/!%C0K1%$0,% $%"!4+Q 7/4<% /0$0,%$!T0,!4+ !< Z#!,% 4F21%S' *, !+C41C%< <21!,,!+" ,/% ,$0+<F!,,%B!+-4$F0,!4+ !+,4 ,74 20$,<) 0 2$!C0,% !+-4$F0,!4+ ,4 K% B%4B%B 4+13 K3 0 <!+"1% $%%!C%$Q0+B 4FF4+ !+-4$F0,!4+ ,4 K% B%4B%B K3 011 $%%!C%$<' G/!< F%,/4B !< 0221!%B K3 U,6!+%, 01' !+ M&[℄ -4$ 0 ,745#<%$< !+,%$-%$%+% /0++%1 7!,/ 89:; +4!<%' \3 #<!+" 0+ 4#,%$K4#+B 4+ ,/% 020!,3 $%"!4+Q !, !< </47+ ,/0, ,/% 0/!%C%B $0,% $%"!4+ !< 7!,/!+ 4+% K!, 4-,/% 020!,3 $%"!4+'>%%+,13Q ,/% +4,!4+ 4- B%"$%%< 4- -$%%B4F 4+ ,/% <3FF%,$! !+,%$-%$%+% /0++%1 /0< K%%+!+,$4B#%B !+ M&[℄ -4$ 0 ,74 #<%$< :0#<<!0+ !+,%$-%$%+% /0++%1Q 0+B %S,%+B%B ,4 ,/% X



 !" #$&'()* +),-./0'1 "2 !"#! $% !!&%' !())"*#& &'*"#,"#"'" -%''"./ 0-"#" %..  !"#! %#" ! 12"* *3 *-" !%)" 456%'7 *-" !%)" 8'*"#,"#"'" *3 53&!" 6%*&3 9856:/ &' ;<=℄? @* -&A- 456/ *-" %B%&*( 3, %B3&'*C*3CB3&'* @D$5 .&'E &! C !"# ≈ log(456)? F"* α = log $%&
log '%& 1" *-" #%*&3 3, *-" 856%'7 456 &' 7G? F"* C()* 1" *-" !())"*#& %B%&*(/ &?"? *-" 1"!* #%*" *-%* %..  !"#! %'!&) .*%'"3 !.( %-&"H"? I-"' *-" A"'"#%.&J"7 7"A#"" 3, ,#""73) &! 7"K'"7 %!L

d()*(α) = .&)('%&,$%&)→∞ C()*(856,456)
C !"#(456) 9<?M:N%,%# %'7 O&!-0%'%*- -%H" !-30' &' ;<=℄ *-%* *-"!" H%. "! %' %* %..( 1" #"%-"7? I-")%&' 3'. !&3' &! *-%* 0-"' α ≥ 2/ d

C = log℄ ;<Z℄? @ #"H&"0 3, *-" #"."H%'* .&*"#%* #" &! B#3H&7"7 &' ;M℄



℄
• X%-(')U *):.-%-7)% '/$-)*./-" '7) $-70? .$ +.1.-%0 -' 0.$-).87-%0 /%-(')U$< (:%)%0'(/+./U )%$'7)% *++'*-.'/ $:'7+0 8% &%)4')1%0 &%) Y@! >:% /%-(')U3(.0% '&-.1.T*3-.'/ &)'8+%1 17$- '/$%K7%/-+? 8% $&+.- ./-' N ! $783&)'8+%1$< '/% &%) Y@!
• F/-%)3%++ ./-%)4%)%/% */0 Z'@ '/$-)*./-$" ./ 0.$-).87-%0 17+-.3%++ /%-(')U$< ./-%)3%++ ./-%)4%)%/% '1&%+$ 7$ -' 7$% .-%)*-.=% )%$'7)% *++'*-.'/ '=%) -:% Y@$! Y%*7$%'4 7$%)$; Z'@ '/$-)*./-$ $7: *$ -*)2%- 0*-* )*-% '/$-)*./-$ 4') JS 7$%)$< ') K7%7%+%/2-: '/$-)*./-$ 4') Y9 7$%)$< *++ -:% $78*)).%)$ *++'*-%0 -' * 2.=%/ 7$%) 17$-8% 6'./-+? '/$.0%)%0! F/-%)3%++ ./-%)4%)%/% 1*/*2%1%/- */ '/$%K7%/-+? /'- 8%./0%&%/0%/-+? &%)4')1%0 ./ %*: $78*)).%)!



 ! "#$%$&'( )* )&,$- ).'/%/01'/)& 23
•℄ :!- !+8%& !#('"'H.('!+@ .+3  9'.+7 NDP℄x f0(x),C(C fi(x) ≤ 0,∀ i ∈ {1, ...,m},C(C hi(x) = 0,∀ i ∈ {1, ..., p} 6DCWWEQ9%-% X"'+V ,(.+3, :!- X"'+'"'H%VC I9% 8%(!- x = [x1, ..., xn]

′ ', (9% !#('"'H.('!+ 8.-'.2$%@
f0 : R

n → R ', (9% !20%('8% :1+('!+@ fi : R
n → R@ ∀i ∈ {1, ...,m} .-% (9% '+%G1.$'()!+,(-.'+( :1+('!+,@ .+3 hi : R

n → R@ ∀i ∈ {1, ..., p} .-% (9% %G1.$'() !+,(-.'+( :1+('!+,C? 8%(!- x∗ ', !#('".$ ': '( 9., (9% ,".$$%,( !20%('8% 8.$1%@ ."!+7 .$$ (9% 8%(!-, (9.(,.(',:) (9% !+,(-.'+(,C



 ! "#$%&'(  )('*+,+-$(+'. !"#$% &$'& !"# S ⊂ R
n $! &'(") $* #+" ,$'" !"-."'# /"#0""' 1'2 #0& 3&$'#! $' S ,$"! $' S4*&5 1'2 (x1,x2) ∈ C2 1'6 1'2 θ 0$#+ 0 ≤ θ ≤ 14

θx1 + (1− θ)x2 ∈ S !"#$% ()"'+!"& *7'#$&' f : Rn → R $! &'(") $* *&5 1,, (x,y) ∈ (Rn
)2 1'6 1,, (α, β) ∈ R

2 0$#+ α+β = 18
α ≥ 08 β ≥ 08

f(αx+ βy) ≤ αf(x) + βf(y) *7'#$&' f $! &'(") &("5 1 -$("' !"# 6&.f $* 1'6 &',2 $* 6&.f $! &'(") 1'6 #+" 9"!!$1'.1#5$) &* f $! !".$6":'$#" 3&!$#$(" *&5 1,, x ∈ 6&.f ; <* f $! 1 *7'#$&' &' R8 #+$! 5"67"! #&
f

′′

(x) ≥ 08 1'6 6&.f $! 1' $'#"5(1,; =+" &33&!$#" &* 1 &'(") *7'#$&' $! 1 &'1(" *7'#$&';=+" &'(")$#2 &* !&." $.3&5#1'# *7'#$&'! #+1# 0$,, /" 7!"6 #+5&7-+&7# #+" 6$!!"5#1#$&' $!6$!7!!"6 +"5"7'6"54
• >$'"15 *7'#$&'! 15" &'(") 1'6 &'1(" &' R;
• ?)3&'"'#$1,4 exp(ax) $! &'(") &' R8 *&5 1'2 a ∈ R;
• @&0"5!4 xa $! &'(") &' R+ 0+"' a ≥ 1 &5 a ≤ 08 1'6 &'1(" *&5 0 < a < 1;
• >&-15$#+.4 log(x) $! &'1(" &' R+;
• A1) *7'#$&'4 f(x) = .1) {x1, ..., xn} $! &'(") &' R

n;
• >&-B!7.B")34 =+" *7'#$&' f(x) = log (expx1 + ...+ expxn) $! &'(") &' R

n;
• C"&."#5$ ."1'4 f(x) = (

∏n
i=1 xi)

1/n $! &'1(" &' R
n
++;

• >&-B6"#"5.$'1'#4 f(X) = log (6"# (X)) $! &'1(" &' #+" !"# &* !2.."#5$ 3&!$#$("6":'$#" .1#5$"!; !"#$% ,+"+,+-.'+!" /0!12$,& &'(") &3#$.$D1#$&' 35&/,". $! 1 .&'&B&/E"#$(" &3#$.$D1#$&' 35&/,". &* #+" *&5. FG;HHI80+"5" #+" &/E"#$(" 1'6 $'"J71,$#2 &'!#51$'# *7'#$&'! 15" &'(")8 1'6 #+" "J71,$#2 &'B!#51$'# *7'#$&'! 15" 1K'"; &'(") &3#$.$D1#$&' 35&/,". $! ")35"!!"6 $' !#1'6156 *&5. 1!4.$'x f0(x)!;#; fi(x) ≤ 0,∀ i ∈ {1, ...,m}!;#; aT
i x = bi,∀ i ∈ {1, ..., p} FG;HGI<* m = 0 1'6 p = 08 #+" .$'$.$D1#$&' 35&/,". $! 7'&'!#51$'"6; <* m = 0 /7# p ≥ 18 $# $!1' "J71,$#2 &'!#51$'"6 .$'$.$D1#$&' 35&/,".; <* m ≥ 1 1'6 p ≥ 18 $# $! 1' $'"J71,$#2 &'B!#51$'"6 .$'$.$D1#$&' 35&/,".; <* p ≥ 1 #+"' #+" "J71,$#2 &'!#51$'#! 1' /" "J7$(1,"'#,26"'&#"6 1! Ax = b8 0+"5" A ∈ R

p×n 0$#+ 51'L A = p < n;



 ! "#$%$&'( )* )&,$- ).'/%/01'/)&  2 !"$%& '$()')*$+)!" ,-!./&'0 !"x f0(x)#$%$ fi(x) ≤ 0,∀ i ∈ {1, ...,m}#$%$ aT
i x = bi,∀ i ∈ {1, ..., p} &'$()*+, %-. /01.%34. ,56%3/6 f0 3# /6!4. !67 36.85!93%: ,56%3/6# !;. /64."< %-.6 =;/09. &'$()* 3# .8534!9.6% %/ ! /64." /=%3 3>!%3/6 =;/09. < ?-.;. %-. /01.%34. 3# %/  363 3>.%-. /64." /01.%34. ,56%3/6 −f0$1$)" ,-!,&-+2 !3 !"%&( !,+)')*$+)!" ,-!./&'0@ /64." /=%3 3>!%3/6 =;/09. -!# /69: /6. A9/0!9 /=%3 5 $ @6: 9/!99: /=%3 !9 =/36% 3#%-.;.,/;. !9#/ A9/0!99: /=%3 !9$B/; !6 56/6#%;!36.7 =;/09. &m = 0 !67 p = 0*< %-. A9/0!9 /=%3 5 3# /0%!36.7 0: 659936A%-. A;!73.6% /, %-. /01.%34. ,56%3/6C
∇f0(x℄$ ! ! "#$%&'( ')*+,( $-. $//%&$'&+-1 2+, +-3*4 +/'&5&6$'&+- /,+78%*5145$/)+2+6 %-3# #.%3/6< ?. /6#37.; A.6.;!9 /=%3 3>!%3/6 =;/09. # /, %-. ,/; &'$((*< ?3%-/5% !6:!##5 =%3/6 /6 %-. /64."3%:$ I.% D 0. %-. 6/6E. =%: 7/ !36 /, &'$((*$ J-. 363%3!9 =;/09. 3# !99.7 %-. =;3 !9 =;/09. $J-. I!A;!6A3!6 L : R

n ×R
m ×R

p → R !##/3!%.7 ?3%- =;/09. &'$((* 3#C
L (x,λ,ν) = f0(x) +

m
∑

i=1

λifi(x) +

p
∑

i=1

νihi(x) &'$(G*?-.;. 4.%/;# λ !67 ν !;. %-. 75!9 4!;3!09.# /; I!A;!6A.  59%3=93.; 4.%/;# !##/3!%.7 ?3%-=;/09. &'$((*$ λi 3# %-. I!A;!6A.  59%3=93.; !##/3!%.7 ?3%- %-. i ! 36.85!93%: /6#%;!36%
fi(x) ≤ 0< !67 νi 3# %-. I!A;!6A.  59%3=93.; !##/3!%.7 ?3%- %-. i ! .85!93%: /6#%;!36%
hi(x) = 0$J-. 75!9 ,56%3/6 g : R

m × R
p → R 3# 7.K6.7 !# %-.  363 5 4!95. /, %-. I!A;!6A3!6/4.; x ∈ DC

g (λ,ν) =  36D L (x,λ,ν) =  36D

(

f0(x) +

m
∑

i=1

λifi(x) +

p
∑

i=1

νihi(x)

) &'$(L*



  !"#$%&'  ('&)*+*,#'*&- !" #$%& '$(*+,( +- *!" .+(+.$. ,' % '%.+&/ ,' %0(" '$(*+,(- ,' (λ,ν)1  !"2"',2"3 +* +-%&4%/- ,(%5"3 "5"( 4!"( *!" 62+.%& 62,7&". 891::; +- (,* ,(5"<1=' 4" -$66,-" *!%* %&& λi ≥ 03 *!"( ',2 %(/ x̃3
g (λ,ν) = .+(D L (x,λ,ν) ≤ L (x̃,λ,ν) ≤ f0(x̃)>,(-"?$"(*&/3 g (λ,ν) ≤ p∗3 4!"2" p∗ +- *!" ,6*+.%& 5%&$" ,' *!" 62+.%& 62,7&".1 !" #$%& '$(*+,( 62,5+#"- % &,4"2 7,$(# ,( *!" ,6*+.%& 5%&$" ,' *!" 62+.%& 62,7&". ',2"%! 6%+2 (λ,ν)3 4+*! λi ≥ 0,∀i ∈ {1, ...,m}1  !" ,6*+.%& 5%&$" ,' *!" 62+.%& 62,7&". %(,(-"?$"(*&/ 7" %662,<+.%*"# 7/ -,&5+(@ *!" A%@2%(@" #$%& 62,7&". B.%<{λ,ν} g (λ,ν)-1*1 λi ≥ 0,∀ i ∈ {1, ...,m} 891:C; !" -,&$*+,(- ,' 62,7&". 891:C;3 (λ∗,ν∗)3 %2" %&&"# #$%& ,6*+.%& ,2 ,6*+.%& A%@2%(@".$&*+6&+"2-1 D- *!" A%@2%(@" #$%& 62,7&". 891:C; +- % ,(5"< ,6*+.+E%*+,( 62,7&".3 (λ∗,ν∗)%2" $(+?$" @&,7%& ,6*+.%& -,&$*+,(-1A"* d∗ = g (λ∗,ν∗) 7" *!" ,6*+.%& 5%&$" ,' *!" A%@2%(@" #$%& 62,7&".1  !" +("?$%&+*/

d∗ ≤ p∗ !,&#- "5"( +' *!" 62+.%& 62,7&". +- (,* ,(5"<1 p∗ − d∗ +- 2"'"22"# *, %- *!",6*+.%& #$%&+*/ @%6 ,' *!" 62+.%& 62,7&".1 =' *!" #$%&+*/ @%6 +- "?$%& *, E"2,3 *!"( *!",6*+.%& -,&$*+,( ,' *!" 62+.%& 62,7&". +- ,7*%+("# 7/ -,&5+(@ *!" #$%& 62,7&".1  !" #$%&+*/@%6 +- "?$%& *, E"2, +' 7,*! ',&&,4+(@ ,(#+*+,(- %2" 5"2+F"#B:1  !" 62+.%& 62,7&". +- ,(5"<191 G&%*"2H- ,(#+*+,( !,&#-B ∃ x -$! *!%* fi(x) < 0,∀ i ∈ {1, ...,m} , %(# Ax = b1=* -!,$&# 7" (,*"# *!%* ',2 "?$%&+*/I,(-*2%+("# ,(5"< 62,7&".-3 G&%*"2H- ,(#+*+,( +- '$&IF&&"# %- -,,( %- *!" '"%-+7&" -"* +- (,* ".6*/ 8+1"13 ∃ x -$! *!%* Ax = b1;1 >,(-"?$"(*&/3-*2,(@ #$%&+*/ !,&#- ',2 %(/ '"%-+7&" ,(5"< 62,7&".1 !"#$%& #%'&(#*+" ,'-./.,'$ !" J%2$-!IJ$!(I $K"2 8JJ ; ,(#+*+,(- %2"B
fi(x

∗) ≤ 0,∀ i ∈ {1, ...,m}
hi(x

∗) = 0,∀ i ∈ {1, ..., p}
λ∗i ≥ 0,∀ i ∈ {1, ...,m}

λ∗i fi(x
∗) = 0,∀ i ∈ {1, ...,m}

∇f0(x∗) +
m
∑

i=1

λ∗i fi(x
∗) +

p
∑

i=1

ν∗i hi(x
∗) = 0 891:L;M,2 %(/ ,6*+.+E%*+,( 62,7&". 4+*! #+N"2"(*+%7&" ,7O"*+5" %(# ,(-*2%+(*- '$(*+,(- ',24!+! -*2,(@ #$%&+*/ !,&#-3 %(/ 6%+2 ,' 62+.%& %(# #$%& ,6*+.%& 6,+(*- (x∗, (λ∗,ν∗)) .$-*5"2+'/ *!" JJ ,(#+*+,(-1P"-+#"-3 +' *!" 62+.%& 62,7&". +- ,(5"<3 *!"( *!" JJ ,(#+*+,(- %2" %&-, -$0+"(* ',2*!" 6,+(*- *, 7" 62+.%& %(# #$%& ,6*+.%&1 >,(-"?$"(*&/3 ',2 % ,(5"< ,6*+.+E%*+,( 62,7&".4+*! #+N"2"(*+%7&" ,7O"*+5" %(# ,(-*2%+(*- '$(*+,(- -%*+-'/+(@ G&%*"2H- ,(#+*+,(3 *!" JJ 



℄{x1,..,xm}

m
∑

i=1

fi(xi)&2%2 m
∑

i=1

hi(xi) ≤ c QG2RST34* L+<(+"<$+" $&P
L(xi,λ) =

m
∑

i=1

fi(xi) + λT

(

m
∑

i=1

hi(xi)− c

)34* #-+1 '(!81*0 0+6$0$7*& %4* 0$"$0-0 !/ L(xi,λ) !)*( λ2 C% +" 8* &!1)*# ;$%4 %;!1*)*1& !/ !'%$0$7+%$!"2 E% %4* 1!;*( 1*)*1= %4* L+<(+"<$+" $& #*!-'1*# $"%! m &-89'(!81*0&!)*( i2 0$"xi
fi(xi) + λThi(xi), ∀i ∈ {1, ...,m} QG2RUTN+4 &-89'(!81*0 $& &!1)*# /!( + >6*# )+1-* !/ %4* L+<(+"<* 0-1%$'1$*( λ2 34* !8%+$"*#&!1-%$!"= /!( *+4 i ∈ {1, ...,m}= $& #*"!%*# +& gi(λ)2 C% $& %4*" -&*# $" %4* 0+&%*( #-+1'(!81*0= %4+% -'#+%*& λ 8, &!1)$"< %4* #-+1 '(!81*0P0+6λ g(λ) =

m
∑

i=1

gi(λ) + λT c&2%2 λ ≥ 0 QG2GVT34* 0+&%*( '(!81*0 +" 8* &!1)*# ;$%4 %4* &-89<(+#$*"% 0*%4!#2 34* %;! &%*'& +(* $%*(+%*#-"%$1 !")*(<*"*2 E& %4* #-+1 '(!81*0 $& !")*6= %4* !8%+$"*# &!1-%$!" $& "**&&+($1,<1!8+11, !'%$0+12 C/ %4* #-+1$%, <+' $& 7*(!= %4*" %4* #-+1 !'%$0-0 $& +1&! *D-+1 %! %4*'($0+1 !'%$0-022/1%034 W($0+1 #*!0'!&$%$!"& +(* +1&! '!&&$81* $" &!0* +&*&2 X!;*)*(= +& ;* ;$11 "!%-&* %4*0 $" %4* %4*&$&= ;* #! "!% #*%+$1 %4*0 $" %4$& &*%$!"2



 ! "#$%&'(  )('*+,+-$(+'. ! !" #$%&'()* +$&,'- !" ## %&'()(%&* +,- &%) ,./,-* .",' )% , *(+0." ,&,.-)(,. *%.1)(%&2 3& )!,) ,*"4 ()(* &""**,5- )% 1*" &1+"5(,. +")!%'* (& %5'"5 )% *%.6" )!" %&6"7 %0)(+(8,)(%& 05%9."+:;2<;=2 >& "?("&) ,&' .,**(,. +")!%' @%5 1&%&*)5,(&"' ,&' "A1,.()-B%&*)5,(&"' %&6"7%0)(+(8,)(%& 05%9."+ (* )!" C"/)%&D* +")!%'2  !(* *")(%& 05%6('"* ,& %6"56("/ %@ )!(*+")!%'2 E"),(."' %&6"5F"&" 05%%@* ,& 9" @%1&' (& G;H℄2 !"!$% &!%'()"J&%&*)5,(&"' %&6"7 %0)(+(8,)(%& 05%9."+* ,5" *%.6"' 9- '"*"&) +")!%'*2  !" *%.1)(%&
x∗ )!,) +(&(+(8"* f(x) (* %9),(&"' ,) ∇f(x∗) = 02 E"*"&) +")!%'* 05%'1" , +(&(+(8(&F*"A1"&" xk *1! )!,)

f(xk+1) < f(xk), ∀k ≥ 0 !" *"A1"&" (* %9),(&"' /()! K
xk+1 = xk + tk∆xk, ∀k ≥ 0/!"5" tk ≥ 0 (* )!" *)"0 *(8"4 ,&' ∆xk (* )!" '"*"&) '(5")(%&2 E1" )% )!" %&6"7()- %@ f 4

∆xk +1*) 6"5(@- ∇f(xk)T∆xk < 02 !" F"&"5,. '"*"&) +")!%' ()"5,)(6".- 10',)"* xk 1&)(. 5",!(&F )!" %0)(+1+ 6,.1"2 3)*),5)* @5%+ ,& (&()(,. 6")%5 x0 ∈ '%+f 2  !"& () 1*"* )!" @%..%/(&F ()"5,)(6" 05%"**K<2 E")"5+(&" , '"*"&) '(5")(%& ∆x2;2 L!%%*" , *)"0 *(8" t > 0 :.(&" *",5!=2M2 J0',)" x = x+ t∆x2 !" 05%"** *)%0* /!"& , F(6"& ,15,- 5()"5(%& %& ∇f(x) = 0 (* @1.N.."'2 O(&" *",5!'")"5+(&"* )!" *)"0 *(8" t 1*"@1. )% 10',)" )!" '(5")(%&2 >& "?("&) .(&" *",5! +")!%' (*9,P)5,P(&F .(&" *",5!2 3) '"0"&'* %& )/% 0,5,+")"5* 0 < α < 0.5 ,&' 0 < β < 14 ,&'%&*(*)* (& '"5",*(&F t ,* .%&F ,* )!" *)%00(&F 5()"5(%& (* &%) @1.N.."'2 Q),5)(&F @5%+ t = 14)!" %&'()(%& f(x+t∆x) ≤ f(x)+αt ∇f(xT∆x) (* !"P"'2 3@ () (* &%) @1.N.."'4 )!"& t = βt2*!+%($," &!%'() -(. /$($"%.01$!) ($2!3 (4%1&150%1($ 4.(67!&" !" %&6"5F"&" %@ )!" ()"5,)(6" 05%"** (* (+05%6"' /!"& )!" '"*"&) '(5")(%& (* , *)""0B"*) '"*"&) '(5")(%&2 R%5 , F(6"& &%5+ ‖.‖4 , &%5+,.(8"' *)""0"*) '"*"&) '(5")(%& F(6"* )!".,5F"*) '"5",*" (& )!" .(&",5 ,005%7(+,)(%& %@ @1&)(%& f K ∆x = ,5F +(& {

∇f(x)T v/ ‖v‖ = 1
}C"/)%&D* +")!%' @%5 1&%&*)5,(&"' %&6"7 %0)(+(8,)(%& 05%9."+* !%%*"* )!" '"*"&) '(B5")(%& ,* )!" *)""0"*) '"*"&) '(5")(%& ,) x4 @%5 )!" A1,'5,)( &%5+ '"N&"' 9- )!" S"**(,&

∇2f(x)K ‖v‖∇2f(x) =
(

vT∇2f(x)v
)1/22 3) (* "A1,. )%K

∆xnt = −∇2f(x)−1∇f(x) :;2;<=>&' )!" *)%00(&F 5()"5(%& @%5 )!" ()"5,)(6" ,.F%5()!+ (*K λ(x)2/2 < ǫ4 /!"5" ǫ > 0 (* )!"),5F") ,15,-4 ,&' λ(x) (* )!" C"/)%& '"5"+"&)K
λ(x)2 = ∇f(x)T∇2f(x)−1∇f(x) :;2;;=



 ! "#$%$&'( )* )&,$- ).'/%/01'/)&  2 !"#$%&' (!#)$* +$, !-./01#2 $%'#,/1%!* $%4!5 $6#1(17/#1$% 6,$80!(' !"#$%&' (!#)$* ,% -! !.#!%*!* #$ !/0,12#34$%'#5,2%!* $%6!. $7#2(28,#2$% 75$-1!('9:"$ ($*2;,#2$%' ,5! 2%10*!*< ;5'#= #)! 2%2#2,1 6!#$5 (0'# -! >!,'2-1! ?2# (0'# 12! 2% *$(f !" # $%#&' $() )*+ ,%$' .!#$/ %!$#0 Ax0 = b12  !" $() 3)4$.! #$)5 6+#$ $ 7) %!$.  .+!$$() )*+ ,%$' .!#$/ %!$8 9() 3)4$.! #$)5 %# ( / $)/%:)" ;'0
(

∇2f(x) AT

A 0

)(

∆xnt

w

)

=

(

−∇f(x)
0

) <=8=>1
(

∇2f(x) AT

A 0

) %#  ,,)" $() ??9 6 $/%@8 A$ 6+#$ ;) %!B)/$%;,)  $ ) ( x8 w %# $() .5$%6 ,"+ , B /% ;,) &./ $() #).!"C./")/ 9 ',./  55/.@%6 $%.! .& $() ./%D%! , 5/.;,)6 !) / x 8E%! ,,'2 3)4$.!F# 6)$(." &./ )*+ ,%$'C.!#$/ %!)" .!B)@ .5$%6%: $%.! 5/.;,)6# %#0G$ /$ &/.6 x0 ∈ ".6f 4%$( Ax0 = b8 H)I!)  !  +/ ' ,)B), ǫ > 08 9()! +#) $() &.,,.4%!D%$)/ $%B) 5/.)##0J8 K.65+$) $() 3)4$.! #$)5 ∆xnt ;' #.,B%!D <=8=>18 H)$)/6%!) $() 3)4$.! ")/)6)!$
λ(x) =

(

∇f(x)T∇2f(x)−1∇f(x)
)1/2=8 L+%$ %& λ(x)2/2 < ǫ8>8 K(..#)  #$)5 #%:) t > 0 ;' ; 7$/ 7%!D ,%!) #) /(8M8 N5" $) x = x+ t∆xnt8 ! !" #$%&$'() +(%,(-&&).,O).6)$/% 5/.D/ 66%!D %#  , ## .& !.!C,%!) / .5$%6%: $%.! 5/.;,)6# $( $  ! ;) $+/!)"%!$. .!B)@ .5$%6%: $%.! 5/.;,)6# $(/.+D(  ,.D /%$(6% ( !D) .& B /% ;,)#8 A$ %# .&$)!+#)" %! 4%/),)##  55,% $%.!#2  # 6 !' .5$%6%: $%.! 5/.;,)6# ;),.!D $. $() , ## .& D).6)$/%5/.D/ 66%!D8P 6.!.6% , %#  &+!$%.! f : Rm

++ → R .& $() &.,,.4%!D &./60
f(x) = dx

a(1)
1 x

a(2)
2 ...xa(n)

n4()/) d ≥ 0 %#  6+,$%5,% $%B) .!#$ !$  !" a(j)  /) )@5.!)!$% , .!#$ !$# %! R2 j ∈
{1, ..., n}8 P 5.#'!.6% , %#  #+6 .& 6.!.6% ,0

f(x) =

K
∑

k=1

dkx
a
(1)
k

1 x
a
(2)
k

2 ...x
a
(n)
k

nP D).6)$/% 5/.D/ 6 %! #$ !" /" &./6 %# ")I!)"  #06%!x f0(x)#8$8 fi(x) ≤ 0,∀ i ∈ {1, ...,m}#8$8 hl(x) = 0,∀ l ∈ {1, ..., p} <=8=M14()/) fi, i ∈ {0, ...,m}  /) 5.#'!.6% ,#0
fi(x) =

Ki
∑

k=1

dikx
a
(1)
ik

1 x
a
(2)
ik

2 ...x
a
(n)
ik

n



 ! "#$%&'(  )('*+,+-$(+'. !" hl, l ∈ {1, ..., p}#  $% &'!'&( )*+
hl(x) = dlx

a1
l

1 x
a2

l

2 ...x
an

l
n,! *- !" $" .'$&#  /%'&%-$( 1$'/$ & (* !'-  '!2%3 '1-(&(4 -('! 1$'5)%&# 5% 6*%1'*7!'&( )*  $% !'- '!2%3 .6!-('!*8 9%- 6* (!-$'"6%  )'/ $(-:&( : !/% '. 2 $( 5)%*+

yi = log(xi)  !" &6)-(1)( -(2% '!*- !-*+ bik = log(dik)  !" bl = log(dl)8 ;%  )*' *%-
aik =

[

a1ik, a
2
ik, ..., a

n
lk

]T 8 <:% '1-(&(4 -('! 1$'5)%& 5%'&%*+&(!y

K0
∑

k=1

exp(aT
0ky + b0k)*8-8 Ki

∑

k=1

exp(aT
iky + bik) ≤ 1,∀ i ∈ {1, ...,m}*8-8 aT

l y + bl = 0, l ∈ {1, ..., p} =>8>?@<:(* '1-(&(4 -('! 1$'5)%& (* %A6(2 )%!- -'+&(!y log

K0
∑

k=1

exp(aT
0ky + b0k)*8-8 log Ki

∑

k=1

exp(aT
iky + bik) ≤ 1,∀ i ∈ {1, ...,m}*8-8 aT

l y + bl = 0,∀ l ∈ {1, ..., p} =>8>B@C$'5)%& =>8>B@ (* '!2%3 5% 6*% -:% )'/D*6&D%31 .6!-('! f(x) = log (expx1 + ...+ expxn)(* '!2%3 '! R
n8E%'&%-$( 1$'/$ &&(!/ (* '.-%! 6*%" (! -:% )(-%$ -6$% -' *')2% $%*'6$%  ))' -('! 1$'5)%&*(! '&&6!( -('!*8 F'$ (!*- !%# 1'G%$ '!-$') G(-: 2 $('6* '5H%-(2%* (* *-6"(%" G(-:/%'&%-$( 1$'/$ &&(!/ (! I>J℄8 ,- *:'6)" 5% !'-%" -: - & !7 '1-(&(4 -('! 1$'5)%&* (!&6)-(D%)) G($%)%** '&&6!( -('!* 5%'&% /%'&%-$( 1$'/$ &* '!)7 G:%!  :(/: L,MN **6&1-('! (* .6)O))%"# (8%8 G:%! -:%  11$'3(& -('! log(1 + L,MN) ≈ log(L,MN) :')"*8
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• 8"$%"# (&+5 '2   ')0("+0 ( 0% 0(+' )$&)6 D.& 1' 1 %&) %.&3& 0% ")"1+&) ! ' )0%>+'04$+&) (&+5 '2% 5.&'& +.& 0(+&'>,- #0(2 3"? ( + "## 5 0(%+"(+"(& $% )"+" +'"(%30%>%0 (6 Q '&% $'& "## "+0 ( %+'"+&/? ! ' +.0%   1&'"+0G& %.&3& 0% +.&( )&+"0#&)6 Q%(&+5 '2   ')0("+0 ( 0%  %+#? 0( +&'3%  ! '&% $'&  (%$31+0 (; 0+ 0% '&%+'0+&) + +.&$%&'% # "+&) "+ +.& 4 ')&'  ! &##%6
• K 5&'  (+' # ! ' +.& 1' 1 %&) "$%"# (&+5 '2   ')0("+0 ( 0% )&+"0#&)6 7+ 0% 4"%&) ( "( 0+&'"+0G& 1' &%%  G&' "## ,-%; "()  ( " %&1"'"+0 (  ! 1 5&' "## "+0 ( 4&+5&&()0'&+ "()   ')0("+&) $%&'%  ! +.& %"3& ,-6
• D.& 1' 1 %&) (&+5 '2   ')0("+0 ( "() 1 5&'  (+' # %+'"+&/? 0% +&%+&) 50+. )0=&'&(+1 5&' "## "+0 (  4F&+0G&%6 D.&  (#$%0 (% "'& +."+ (&+5 '2   ')0("+0 ( 0% G&'?
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 ! "#$%&'(  )$*(+',, *+('$,' &#(./0# 1*,&(*2/&'1 +'&3.(4 ..(1*+$&*.+ !"!" #$%&'() ''(+,-.%,'- !"#$%& $$%()*+")$* $*,),", )* $$%()*+")*- ".! "%+*,/),,)$* $0 ,!1!%+2 34, $0 + !22562+% *!"#$%& "$#+%( ".! ,+/! 5,!%,7 8.! )*1$21!( 34, ,.$52( 9! 2)*&!( 9: + .)-.6,;!!(9+&9$*!7 8.! 34, /+: $$%()*+"! ".!)% "%+*,/),,)$* "$ )*%!+,! ()1!%,)": +*( "$ (!6%!+,! )*"!%0!%!*!7 8.! ")/!69+,!( "%+*,/),,)$* $0 +(<+!*" 34, /+: 9! $$%()*+"!( 1)+$$;!%+")1! ,.!(52)*- =>?℄A ,$ +, "$ ;%!1!*" )*"!%0!%)*- 5,!%, 0%$/ ,)/52"+*!$5,2: "%+*,/)"6")*-7 8.), /!".$( ), +* !B"!*,)$* $0 ".! (:*+/) ;2+**)*- "!.*)C5!, (!,%)9!( )* =D℄ "$")/!69+,!( ,.!(52)*-7 8.! 34, )*1$21!( )* *!"#$%& $$%()*+")$* +" "$-!".!% +, + EFEG"%+*,/)""!%7 F0 ,!1!%+2 5,!%, +%! ,!%1!( 9: ".), ,!" $0 34,A ".! !C5)1+2!*" ($#*2)*& .+**!2 ),+ 9%$+(+," .+**!2A #)". $*! "%+*,/)""!% +*( ,!1!%+2 )*(!;!*(!*" %!!)1!%,7 8.5,A EFEG"%+*,/)" ;%$!,,)*- +* 9! 5,!( $* ".), 1)%"5+2 EFEG .+**!2 )* $%(!% "$ )*%!+,! 2)*&,H+;+)":7 I22 ;%!$()*- /!".$(, +;;2)+92! "$ ".! 9%$+(+," .+**!2 !B"!*( "$ *!"#$%&$$%()*+")$*7 8.! $;")/+2 <$)*" !*$()*- "!.*)C5! ), ()%": ;+;!% $()*- =>J℄7 F" ;%$1)(!,+* 5;;!% 9$5*( $* ".! +.)!1+92! /52")65,!% +;+)":7 K$#!1!%A ()%": ;+;!% $()*- ), 0+%"$$ $/;2!B "$ 9! )/;2!/!*"!( )* %!+2 ;%+")+2 $$%()*+"!( *!"#$%&,7 F* $%(!% "$ (!%)1!/$%! ;%+")+2 /!".$(,A EFEG 2)*!+% ;%!$()*- .+, 9!!* )*1!,")-+"!( 0$% *!"#$%& $$%()6*+")$* =>>℄ =>L℄ =>M℄℄k ), +""+.!( "$ + ,!%1)*-V(!*$"!( +, W()%!"HX 34A BSd,k7 8.), 34 ), %!,;$*,)92! 0$% -!"")*- ".! 5,!%H, (+"+ 0%$/ ".!*!"#$%& 2+:!%A +*( "%+*,/)"")*- )" "$ ".! 5,!%7 F0 BSd,k !,")/+"!, ".+" 5,!% k ), )* 9+( %+()$$*()")$*, +*( $*,!C5!*"2: .+, + .)-. ;%$9+9)2)": $0 +.)!1)*- + 2$# (+"+ %+"!A ".!* BSd,k)(!*")Y!, + *!)-.9$%)*- 34 ".+" /+: $$%()*+"! )", ,59+%%)!% +*( ;$#!% +22$+")$*, ,$ +,"$ ,!%1! 5,!% k !Z)!*"2:7 T!" BSc,k 9! ".! )(!*")Y!( 34 0$% $$%()*+")$*7 BSd,k ,!*(,+ /!,,+-! "$ BSc,k 1)+ ".! )*"!%634 2)*&A $/;$,!( $0 ".! (+"+ "$ 9! "%+*,/)""!( #)".)*!+. ,59+%%)!%A +*( $0 ".! ,59+%%)!%,H )*(!B!,7 3$". ()%!" +*( $$%()*+"!( 34, ,.$52(9! "%+*,/)"")*- $* ".! ,+/! ,!" $0 ,59+%%)!%,A ,$ +, "$ 0$%/ + 1)%"5+2 EFEG +%%+:7 T!" Θk9! ".+" ,!" $0 ,59+%%)!%,7
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∑
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d,k ≥ 0, ∀k ∈ Sd, l ∈ Θk ;<2=>? *+ 7-897#, :-#6 6!4)#,+ -#$" -) %6!@#1#,A )*+ "-$+ 1-)- 6-)+ )! -&& 4"+6". /*#* #" +B4#@9-&+,) )! "+))#,A )*+ "-$+ -%-#)(. -" -&& 4"+6" -6+ -&&!-)+1 )*+ "-$+ ,4$C+6 !' "4C-66#+6"0D = log2(∆ #$)2  *+ %!/+6 -&&!-)#!, $+)*!1 #" !,"+B4+,)&(0=2 D!$%4)+ ∆ #$. "!&4)#!, !'

P !",d + ∑
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(

(

1 +
G̃d,kPd,k

Ik

)2

+
G̃c,kPc,k

Ik
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+
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k ≥ 0,∀(k, l) ∈ {1, ...,K} × {1, ..., L#$} @O7PB:#& ,1"#(/% ,!,-<"$,--< G/(F& "#," "#& %1; +,", /,"& $% ;,A$;$H&+ *#&! &,# %1>,//$&/ $%,%%$8!&+ "( (!& 1%&/ (!-<) "#& 1%&/ *$"# "#& >&%" #,!!&- 8,$! .(/ "#," %1>,//$&/) ,!+ *#&!"#& "/,!%;$" G(*&/ $% +$%"/$>1"&+ (F&/ "#& %1>,//$&/% "#/(18# *,"&/9E--$!87 C(!%&D1&!"-<).(/ QR 1%&/%) 23456 $% (G"$;,-) $7&7 clk $% ,! $!"&8&/ $! {0, 1}7 Q&%$+&%) "#& %(-1"$(! (. "#&J($!" (G"$;$H,"$(! G/(>-&; (F&/ %1>,//$&/ ,!+ G(*&/ ,--(,"$(!% $% &D1,- "( "#& %(-1"$(!(. "#& %&G,/,"&+ (G"$;$H,"$(! G/(>-&;%) *#&/& %1>,//$&/ ,--(,"$(! $% E/%" G&/.(/;&+) ,!+"#&! .(--(*&+ >< G(*&/ ,--(,"$(!76-#! 7&8"#'-18!9 ("!'") 6-#! :9-0#15! -89 ;-'<18 :9-0#15! 0'&,+!2":*( (G"$;$H,"$(! G/(>-&;% ,! >& 1%&+ "( %"1+< /&%(1/& ,--(,"$(! .(/ SC 1%&/%T S,"&6+,G"$F& @S6B ,!+ 5,/8$! 6+,G"$F& @56B7  ! 23456) "#& ,%%$8!;&!" $!+&A clk $% &D1,-"( 1 $. %1>,//$&/ l $% ,--(,"&+ "( 1%&/ k >< $"% %&/F$!8 Q=) ,!+ "( 0 ("#&/*$%&7 :#& %&"(. %1>,//$&/% ,--(,"&+ "( 1%&/ k) Θk =
{

l | clk = 1
}) $% (!%&D1&!"-< (/"#(8(!,- "( "#&%&"% (. %1>,//$&/% ,--(,"&+ "( "#& ("#&/ 1%&/%) ,!+ $" $% &D1$F,-&!" "( (!%$+&/ "#& %&" Θ$!%"&,+ (. c ,% %1>,//$&/ ,--(,"$(!U% (G"$;$H,"$(! F,/$,>-&7 :#& %1; +,", /,"& .(/ 1%&/ k$% Rk =

∑

l∈Θk
Rl

k) ,!+ "#& %1; G(*&/ ,--(,"&+ "( 1%&/ k $% Pk =
∑

l∈Θk
P l

k7:#& S6 (G"$;$H,"$(! G/(>-&; $! +(*!-$!0 23456 #,% >&&! $!"/(+1&+ .(/ "#& %$!8-&9&--,%& $! KLV℄7  "% (>J&"$F& $% "( ;,A$;$H& "#& ;$!$;1; +,", /,"& (F&/ ,-- K 1%&/%) 1!+&/ ,



 ! "#$%&'( ) *+, $-$(' ('.+/(' $11+$&2+3 -2&# 42.&(25/&'4 3'&-+(6 ++(423$&2+3 !"# $ %$ &'()* ',%-*!#,-. !"{P,Θ}  #,k={1,...,K}
∑

l∈Θk

Rl
k%/-/ K

∑

k=1

∑

l∈Θk

P l
k ≤ P !"%/-/ P l

k ≥ 0,∀(k, l) ∈ {1, ...,K} × {1, ..., L#$}%/-/ Θk ∩Θk′ = ∅,∀(k, k′) ∈ {1, ...,K}2 , k 6= k′ 01/2345) 67 !88'!-#', &*'98) :;1℄ !# % !-  #,# #=#,> -5) %$ &'()* $,?)* ! %)- '@ $%)*%A?!-! *!-)% ',%-*!#,-%. #,{P,Θ}

K
∑

k=1

∑

l∈Θk

P l
k%/-/ ∑

l∈Θk

Rl
k ≥ Rk,%!&'(%,∀k ∈ {1, ...,K}%/-/ P l

k ≥ 0,∀(k, l) ∈ {1, ...,K} × {1, ..., L#$}%/-/ Θk ∩Θk′ = ∅,∀(k, k′) ∈ {1, ...,K}2 , k 6= k′ 01/B3C, :;;℄D #- #% %5'(, -5!- #@ !88 $%)*% 5!E) -5) %! ) -!*>)- ?!-! *!-) Rk,%!&'(% = R%!&'(%,∀ kD-5) F7 &*'98) !, 9) E#)()? !% !, #-)*!-#E) 67 &*'98) (5)*) -5) -!*>)- ?!-! *!-)#,*)!%)% $,-#8 -5) -'-!8 &'()* ',%-*!#,- ,' 8',>)* 5'8?%/ !"!" #$%&' ()*$+() -..$-'%$& /$( 01 +*)(*C, GHI67D 67 !,? F7 *)%'$*) !88'!-#', &*'98) % !*) ,'- ',E)" 9)!$%) %$9!**#)*!88'!-#', #% ! ?#%*)-) &*'98) D !% ',8J ',) $%)* !, 9) !%%#>,)? &)* %$9!**#)*/ 45)J !,9) -$*,)? #,-' ',E)" '&-# #=!-#', &*'98) % 9J *)8!"#,> -5) ?#%*)-) ',%-*!#,- #, %$9!*K*#)* !88'!-#', :;2℄ :;1℄D #/)/D !88'(#,> clk ∈ [0, 1] / L'()E)*D #, 9'-5 !%)%D -5) '9-!#,)?%'8$-#',  !J 8)!? -' %' ) %$9!**#)*% 9)#,> %5!*)? 9)-()), %)E)*!8 $%)*%/ M',%)N$),-8JD!, !??#-#',!8 &*')%% #% *)N$#*)? -' *)-*#)E) !, GHI67 %'8$-#',D (5#5  !J -5)*)@'*) 9)%$9K'&-# !8/ O)%#?)%D !% %-!-)? #, :;P℄D -5)  )-5'?% &*'&'%)? #, :;1℄ !,? :;2℄ #,E'8E) 5#>5)*' &$-!-#',!8 8'!? -5!, %'8E#,> -5) 67 !,? F7 E#! C,-)>)* Q*'>*!  #,>/ L'()E)*D )E),(#-5 C,-)>)* Q*'>*!  #,>D -5) ' &8)"#-J #,*)!%)% )"&',),-#!88J #, -5) ,$ 9)* '@ ',K%-*!#,-% !,? E!*#!98)%/ M',%)N$),-8JD  '%- &!&)*% &*'&'%) %$9K'&-# !8 5)$*#%-#% -' *)?$)' &8)"#-J :;P℄ :;R℄/F)),-8JD #- 5!% 9)), %5'(, 9J S)',> )- !8/ #, :;T℄ -5!- -5) U!>*!,>) ?$!8 ?)' &'%#-#', )-5'? !, %'8E) -5) V'#,- *)%'$*) !88'!-#', &*'98) #, GHI67D &*'E#?)? -5!- -5) 5!,K,)8 ',%#%-% '@ !  #,# $ ,$ 9)* '@ %$9!**#)*%/ S)',> )- !8/ $%) !, # &'*-!,- *)%$8-@*' :;W℄ ', ,',K',E)" '&-# #=!-#',/ C, :;W℄



 !" #$%$& '( $)& %*$ '+ *&,'-*& %//'%$0'+ 0+ 12345 67 !"#" $"#%&'# ($" ())&*(,&" '- ./01 (23 '- 45/6 #7#'"8#9 0"-2: "' (&9 ;<=℄℄ )"$M-$8 #%,($$*"$ (&&-('*-2D (##%8*2: '!('"K%(& (8-%2' -M )-I"$ *# (&&-('"3 '- "(! #%,($$*"$D I*'! (2 *'"$('*H" )$-"##9 LM'"$ (2*2*'*(&*A('*-2 )!(#" 3%$*2: I!*! "(! %#"$ *# (&&-('"3 *'# ,"#' #%,($$*"$ BI*'! $":($3 '-'!" !(22"& -"O*"2'CD *2 "(! *'"$('*H" #'")D '!" %#"$ I*'! '!" &-I"#' 3('( $('" *# *3"2'*Q"3D(23 *# (##*:2"3 *'# ,"#' #%,($$*"$D (8-2: '!" &*#' -M #%,($$*"$# '!(' ($" #'*&& (H(*&(,&"9  !"*'"$('*H" )$-"## #'-)# I!"2 (&& #%,($$*"$# ($" (&&-('"39R2 ;ST℄D '!" (%'!-$# (33 )-I"$ -2'$-& *2 #"K%"2" (M'"$ '!" #%,($$*"$ (&&-('*-2 8"'!-3M$-8 ;<P℄9 J-I"$ (&&-('*-2 M-&&-I# ( @L -,G"'*H"9  !" -2#*3"$"3 @L )$-,&"8 8(7*8)-#" )$-)-$'*-2(&*'7 -2#'$(*2'# (8-2: '!" 3('( $('"# -M %#"$#U R1 : R2 : ... : Rk =

α1 : α2 : ... : αkD I!"$" {αk}K
k=1 *# ( #"' -M )-#*'*H" -"O*"2'#9 J-I"$ (&&-('*-2 *# #-&H"3I*'! V"I'-2W# 8"'!-3 I!"2 αk = 1,∀k9 V%8"$*(& $"#%&'# #!-I '!(' '!" )$-)-#"3 )-I"$(&&-('*-2 8"'!-3 &"(3# '- !*:!"$ ()(*'7 '!(2 '!" "K%(& )-I"$ (&&-('*-2 -M ;<P℄9  !"()(*'7 :(*2 *2$"(#"# I*'! '!" 2%8,"$ -M %#"$#D '!(2X# '- 8%&'*F%#"$ 3*H"$#*'79R2 ;<Y℄D '!" 8"'!-3 -M ;ST℄ *# (3()'"3 *2 -$3"$ '- #"$H" 'I- '7)"# -M %#"$# I*'! 3*Z"$"2'[-0 $"K%*$"8"2'#U @N %#"$# (23 \] %#"$#9  !" -)'*8*A('*-2 )$-,&"8 (*8# (' 8(.*8*A*2:'!" 8*2*8%8 3('( $('" M-$ @N %#"$#D I!*&" 8(.*8*A*2: '!" #%8 3('( $('" M-$ \] %#"$#90%,($$*"$ (&&-('*-2 *# Q$#' )"$M-$8"3 M-$ @N %#"$# I*'! '!" 8"'!-3 M$-8 ;<P℄D (23 '!"$"8(*2*2: #%,($$*"$# ($" '!"2 (&&-('"3 '- \] %#"$# *2 ( :$""37 8(22"$9  !" @L )$-,&"8*# #-&H"3 M-$ )-I"$ (&&-('*-2 -M @N %#"$#D %23"$ '!" -2#'$(*2' '!(' '!" #%8 )-I"$ #!-%&3," &-I"$ '!(2 P"!D I!*! *# )$-)-$'*-2(& '- '!" 2%8,"$ -M #%,($$*"$# (&&-('"3 '- @N %#"$#95-$ \] %#"$#D )-I"$ (&&-('*-2 (*8# (' 8(.*8*A*2: '!" #%8 3('( $('" %23"$ '!" #%8 )-I"$-2#'$(*2' 3"'"$8*2"3 ,7 '!" $"8(*2*2: )-I"$D P#$% − P"!9  !" 8(*2 &*8*'('*-2 -M '!*#8"'!-3 *# '!(' '!" #%8 )-I"$ 3"3*('"3 '- @N %#"$#D P"!D *# 2-' 3"'"$8*2"3 (-$3*2: '-(27 -)'*8*A('*-2 $%&"9 !"! 5%*1+(% '331').1/ ./ 7+3).8%33 /%)21(9* - '!" ,"#' -M -%$ X2-I&"3:"D G-*2' #%,($$*"$ (23 )-I"$ (&&-('*-2 !(# 2-' ,""2 '$"('"3 M-$'!" 8%&'*F"&& (#" 7"'9  !" *2'"$"#'*2: $"#%&'# M$-8 ;<=℄ ($" -2&7 ())&*(,&" '- '!" #*2:&"F"&&(#"9@"#-%$" (&&-('*-2 *2 8%&'*F"&& (2 ," )"$M-$8"3 *23")"23"2'&7 *2 "(! \0D -2#*3"$*2:*2'"$F"&& *2'"$M"$"2" (# 2-*#"9  !*# 8"'!-3 *# (&&"3 *'"$('*H" I('"$FQ&&*2: ;SY℄9 RM *2'"$F"&&*2'"$M"$"2" (22-' ," 2":&"'"3D '!"2 *'"$('*H" I('"$FQ&&*2: 8(7 &"(3 '- )-I"$ 3*H"$:"2"#*'%('*-2#9 R2 ;SP℄ ;S^℄D '!" 6L -)'*8*A('*-2 )$-,&"8 *# #'%3*"3 %23"$ '!" #-)" -M :(8"'!"-$79 R'"$('*H" I('"$FQ&&*2: (2 ," H*"I"3 (# ( 2-2F--)"$('*H" :(8" I!"$" "(! )&(7"$B*9"9D "(! \0C (*8# (' 8*2*8*A*2: '!" #%8 )-I"$9  !" (%'!-$# *2 ;SP℄ #%::"#' '- (H-*3)-I"$ 3*H"$:"2" #*'%('*-2# ,7 *2&%3*2: ( "2'$(&*A"3 8"3*('-$D '!(' )$"H"2'# #-8" %#"$#



 ! "#$%&'( ! )*+ $,$(' ('-*.(' $00*$&1*2 ,1&# 31-&(14.&'3 2'&,*(5 **(312$&1*2 !"# $!%&'#($$(&) (& $*+ ',-%!!(+!' /*+!+ $*+(! 0123 (' $"" 4"/5 6$*+! *+,!('$(' *%7+ -++&8!"8"'+9 (& :;<℄ :;>℄5 1& "!9+! $" %",&$  "! (&$+!?+44 (&$+! +!+&+@ $*+'+ *+,!('$(' %!+ +(?$*+! +&$!%4(A+9 8!"+9,!+' :;<℄ "! 9('$!(-,$+9 8!"+9,!+' !+B,(!(&) %& ($+!%$(7+ 8!"+'' :;>℄℄
n ! ('T #(&{P,Θ}

∑

k∈S !,d

∑

l∈Θk

(

P l
d,k + P l

c,k

)'5$5 ∑

l∈Θk

Rl
k ≥ Rk,"#$%&", ∀k ∈ S'(,d#%F ∑

k∈S"#Rk'5$5 L$!
∑

l=1

P l
n"$ ≤ P)#*'5$5 P l

n"$ ≥ 0,∀l ∈ {1, ..., L!(}'5$5 Θk ∩Θk′ = ∅,∀(k, k′) ∈ {S'(,d ∪ S +}2 , k 6= k′ U<5<V
S'(,d (' $*+ '+$ " 9(!+$ 3M ,'+!' '+!7+9 -E D0 n !@ S'(,c (' $*+ '+$ " 3M ,'+!' ""!9(&%$+9-E n !@ %&9 S + (' $*+ '+$ " DN ,'+!' '+!7+9 -E n !5 C*+ '%#+ &"$%$("&' %!+ ,'+9 (& $*('*%8$+! %' (& M*%8$+! R $" *%!%$+!(A+ &+$/"!P ""!9(&%$("&52+$/"!P ""!9(&%$("& (' !+'$!($+9 $" $*+ 3M ,'+!' 4"%$+9 %$ $*+ -"!9+! " +44'5 C*+ 9(!+$D0 !+B,+'$' ""!9(&%$("& $" % &+()*-"!(&) D0  "! 3M ,'+!' $*%$ *%7+ % 8%$* 4"'' 9(W+!+&+" 4+'' $*%& ∆ 9D -+$/++& $*+(! 9(!+$ D0 %&9 $*+ -+'$ &+()*-"!(&) D05



∑

l∈Θk
Rl

k = Rk, !"#$ . I'!%('!0 IJ #!'3!O !#7 (2$2 32$'729%7%@2$%,) 2) 1' 5'36,37'( %)('5')(')$4: %) '2= I*. C=' 5,8'3 244,2$%,) 53,14'7%) I* n%& %! ,)!'A#')$4:K7%){Pd,k,Pc,k}
∑

l∈Θk

(

P l
d,k + P l

c,k

)!.$. ∑

l∈Θk

Rl
k = Rk, !"#$ , ∀k ∈ S'(,dC=') 729 ∑

k∈S !Rk!.$. ∑

k∈S ! ∑

l∈Θk

P l
d,k ≤ P ′8='3' P ′ = P)!* − ∑

k∈S"#,d

∑

l∈Θk

P l
d,k −

∑

k∈S"#,c

∑

l∈Θk

P l
c,k!.$. P l

d,k ≥ 0,∀k ∈ {S'(,d ∪ S%+} , l ∈ Θk!.$. P l
c,k ≥ 0,∀k ∈ S'(,c, l ∈ Θk E-.PGM) '2= I*0 %6 $=' !#7 5,8'3 #!'( 6,3 244 ;< #!'3! $, 3'2= $='%3 $23?'$ (2$2 32$'! %!4'!! $=2) $=' 729%7#7 5,8'3 P)!*0 $=') $=' 3'72%)%)? 5,8'3 %! #!'( 6,3 IJ #!'3!. Q,8'3244,2$%,) 6,3 IJ #!'3! %! 5'36,37'( 8%$= 2 R4,1244: M5$%724 ,1"'$%>'. C=' ('$2%4! ,6 $=',33'!5,)(%)? 82$'3B&44%)? 24?,3%$=7 23' ?%>') %)  55')(%9 -. .M) $=' ,)$323:0 %6 $=' !#7 5,8'3 #!'( 6,3 ;< #!'3! %! 7,3' $=2) $=' 729%7#7 5,8'3



 ! "#$%&'( ) *+, $-$(' ('.+/(' $11+$&2+3 -2&# 42.&(25/&'4 3'&-+(6 ++(423$&2+3


L#$  '(, *5'* %'5 #$%& #(,%&<)%$ *5% $'-%6(*%&@%77 6(*%&=%&%(% 87#$ ()6$% 96*56( '77 $#0'&&6%&$ BĨ
L#$,c = -6( {⌊

Kc

(Kc +Kd)
L#$⌋ , L#$ −Kd

}95%&% Kd 6$ *5% *)*'7 (#-0%& )= ,6&%* #$%&$ 6(7#,6(< ./ '(, !" #$%&$ '(, Kc 6$ *5%(#-0%& )= ))&,6('*%, ./ #$%&$3 I% ,%()*% *5% '88&)J6-'*% ,'*' &'*% )0*'6(%, #(,%&*5% '$$#-8*6)($ )= %>#'7 8)9%& '77)'*6)( '(, '+%&'<% 6(*%&=%&%(% '$ R̃k3 45% '7<)&6*5-,%*'67%, 5%&%#(,%& 6$ &#( =)& ' $%* )= #$%&$ 96*5 *5% $'-% *'&<%* ,'*' &'*% Rk,%!&'(% =
R%!&'(%,∀k3K3 F(6*6'76E'*6)(LB'C A%* R̃k = 0 =)& '77 #$%&$ kB0C M)& %'5 #$%& k N(, *5% $#0'&&6%& l )( *5% ,6&%* 76(H 96*5 56<5%$* 5'((%7)%O6%(* Gl

d,k '(, '$$6<( 6* *) #$%& k3 F= #$%& k 6$ ' ))&,6('*%, #$%& )-8#*%
R̃k 0: *'H6(< 6(*) ')#(* *5% ))&,6('*%, 76(H3P3 F*%&'*6+% 85'$%L '$ 7)(< '$ *5%&% '&% =&%% $#0'&&6%&$ '(, '$ 7)(< '$ '* 7%'$* )(% #$%&,)%$ ()* &%'5 *5% *'&<%* ,'*' &'*% R%!&'(% B'C M6(, *5% #$%& k *5'* 5'$ *5% 7)9%$* ,'*' &'*% R̃k3B0C M)& *5'* #$%& k N(, *5% =&%% $#0'&&6%& l )( *5% ,6&%* 76(H 96*5 *5% 56<5%$*5'((%7 )%O6%(* Gl

d,k '(, '$$6<( 6* *) #$%& k3BC D8,'*% R̃k 96*5 *5% ',,6*6)('7 '88&)J6-'*% ,'*' &'*% )0*'6(%, )( $#0'&&6%& l *'H6(< 6(*) ')#(* *5% ))&,6('*%, 76(H 6= #$%& k 6$ ' ))&,6('*%, #$%&3



k !" $%&'(") *+" ,$'%* (')"* -%( $$)('%-*"( .$!") $.*'/'0-*'$%.)$12"/3 /'%{Pd,k,Pc,k}
∑

l∈Θk

(

P l
d,k + P l

c,k

)&4*4 ∑

l∈Θk

Rl
k = Rk, !"#$ &4*4 P l

c,k ≥ 0 -%( P l
d,k ≥ 0, l ∈ Θk 56478!+")" *+" &9/ (-*- )-*" '& ":9-2 *$

Rk =
B%&
2

∑

l∈Θk

log2





(

1 +
Gl

d,kP
l
d,k

I l
k

)2

+
Gl

c,kP
l
c,k

I l
k



;+'& .)$12"/ '& &$2<"( ,$'%*2= $<") {Pd,k,Pc,k}



 ! "#$%&'( ) *+, $-$(' ('.+/(' $11+$&2+3 -2&# 42.&(25/&'4 3'&-+(6 ++(423$&2+3 ! "#$%&')* &%+#*,+ !" #$%&'"& ("$)*+, -(& $!" #'.%/-$'*( 0-+-."$"+# -+" $!" #-." -# '( 1!-0$"+ 2 3#""4"$'*( 267869%+ ."$!*& '# *.0-+"& )'$! $)* ."$!*&# $!-$ %#" $!" #-." #%:-++'"+ -//*-$'*(; :%$&'<"+"($ 0*)"+ -//*-$'*(#6  !" =+#$ ."$!*& '# >?%-/ @*)"+ A//*-$'*( 3>@A8; )!"+" 0*)"+B-/%" P !"
L#$ '# -//*-$"& $* "-! #%:-++'"+6  !" #"*(& ."$!*& !-# :""( 0+*0*#"& '( C7D℄

96 %#"+# 0"+ "//; -(& -I$"+ $!" #'Y$! +'(M )'$! 192 %#"+# 0"+ "//6  !"+"I*+"; >@A '# "X'"($'( $"+.# *I #%. &-$- +-$"; :%$ '# $*$-//R %(I-'+6 ! !0 #$%&'%()*$ 1234 ,- )*5 67 ./$%/T" (*) *(#'&"+ - #"(-+'* )'$! :*$! J1 -(& K> %#"+#; )!"+" $!" J1 %#"+# &* (*$ +"?%'+"-// $!" 0*)"+; #* $!-$ $!" K> %#"+# .-R -/#* #"+B"&6 9%+ 0+*0*#"& ."$!*& '# *.0-+"&)'$! $!" ."$!*& I+*. C7D℄; )!"+" $!" 0+*0*+$'*( *I 0*)"+ &"&'-$"& $* J1 -(& K> %#"+#'# =Y"& :"I*+" 0*)"+ *($+*/U P ! -(& P"# = P$%& − P !6  !" 0*)"+ I*+ J1 %#"+# '#0+*0*+$'*(-/ $* $!" (%.:"+ *I #%:-++'"+# -//*-$"& $* J1 %#"+#6 Z*)"B"+; *($+-+R $* C7D℄;)" &* (*$ %#" JA *:S"$'B" I*+ J1 %#"+# 0*)"+ -//*-$'*(; :%$ OA *:S"$'B"6 A&.'##'*(*($+*/ +"S"$# $!" %#"+# )'$! !'M!"#$ 0*)"+ B-/%"#; %($'/ $!" #%. 0*)"+ :"*."# /*)"+ $!-(
P !6 Q%."+'-/ +"#%/$# -+" M'B"( I*+ 16 J1 %#"+# 0"+ "// +"?%"#$'(M 64 ,:'$#V#; -(& 16 K>%#"+# 0"+ "//6  !" ."$!*& -&-0$"& I+*. C7D℄ '# &"(*$"& -# NA[4[P6Q"$)*+, **+&'(-$'*(P# *#$ '# "B-/%-$"& $!+*%M! 0*)"+ *(#%.0$'*(6  -:/" G6D #!*)# $!-$
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