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Transport expenditures composition
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Non durable consumption expenditures: shares
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Prices Indexes for housing, transport and the composite good.
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��ÂN�vÎ {4| �î��Â { �iÂ }��N�$� �NÄ { �N�§��� { � � � } �(� { � ��} � � �A� ~s��| � � � } � } �iÂ {)~ ����Â?� ��{ �i� � � { � �N��î�� �L�ù � | � ��} � ò � �?� é�ì �5 þ ÂN� � � |L� � ~ � � �������N� ��� { ��� ��ÂN�Ë�V� ��� ���A� | � } ÎC�i�A� ��� � { �N� � Â } �$�Ï���A�$� ~^{ � ��{ � ��} � ��} ÎCÂ }4�N��� �NÄ{ �?�p��� { � � � } �(� { � ��} ���N� ��| � � ÅK��Â?�Ë�N� ��| � } Î���� { � � � } �(� � �L� ~s��| � �LÉ Î } � � � � � { � | � ÉO|L� � { � � � � Â } # �
Â ��� � ��{ � ����� �NÄ�Î�� } � ��ÂN� ��{ ��Ä4� � # � �NÄ �2} Î<�A�N�L��Ä4���N� ��| � �AÉ � � ��� |L��{4��� �*��ÂN� � � | ��� {4� � � ���4� { � 1974

É
{ �?�Ì��ÂN���N� | ��� {4� � � ����� { � 1985 � þ ÂN� � �*� ~�}���� � ��} � � # � �N�L�N�A�Ñ��ÂN�ÏÄ { ��¿K��� # �L�A��Â }��?��� �?Ä { �N�
��� { � � � } �$� � �A� ~���| � � �N� ��| � �LÉ9{ �?� � �i� {4| ���A�Ú��ÂN�Ñ¿��AÂ {6~s��} � } Î |L} � �$� ���L� �î{ �?�e��ÂN� � ��¿ � �NÄ����� Â { ��� � �?õ } �S��� � ¿ � � � �NÄ � } ��Â?� � �?�N�A� � � { �N� � �?Ä } ÎH��ÂN� � �M��ÈO� | � �F} � |L} � �$� ����� ��} ���N� |A������} � �C���AÉ
��ÂN�A�$�LÎ } �$� É<{ � � �i� } �$� { �S� {4� ��� | � } Îo��Â ��� � { �K�L�A�

ÒvÓ�Ò { ¸�½lØv¶V³
½
ð � # ���i�A�S� ��} �N�L� � � ù � | � ��} � ò �I� É � # }�{4� ���A�$� { � ��~ � {4���$� ����� ��} � ��|){ �i¿���� { �?� |A} � | �A�$� � �NÄ ��Â?�� � |A���?����} � } Î2�L�N�A�$Ä4���������A� � � � ��� ��{ ���L�v� } Â }��N�$� �NÄ î � {4� � � �iÂN� { � � �NÄ ì Å
' ����ÂN� � ���L�N�A�$Ä4�v�������A� � � �M{ ��� � � |A��� �N�A� � �v��ÂN� Â }��N�$� �NÄî¿ � �?Ä��L�A�
é ����ÂN� � �d�L�N�A�$Ä4� �����K�L� � � �Q{ �$�d�V� |A��� �N�A� Î�� } � ��ÂN�ÚÂ }��N�$� �NÄö¿ � �NÄ4�L� É�{ �?� � � |A��� �N�A� � �ç��Â?�|L} ��� }��$� ���MÄ }�} ��¿ � �NÄ4�L�)�
, � } � { � ��| � } � |A} � } � ��| � }�� �S� } Î ~s� � # É?{4���$� �i�?� ��} � (1)

��� ��ÂN�Ï� }�� �F��� � � ~^{ �S�F� } ��ÂN� { � {^� � �����} Î |A} � �$� �i�A� � �N� |L���$��} � � Å # ÂN�L�Ñ� { � ��} � {4� � |L} � } � ��|�{ Ä4�A�S� �u| Â }s}�� ����ÂN� � � |A} � ��� �i�?� ��} � } ÎHÂ }4�N��� �NÄ� �L� ~s��| � �LÉ ��ÂN�L�§� {^� � � �S� }d{4|A|L}�� �S� {4��� ��� ��{ ���A�Z�����K�L� � � � � ð ���$� �i�?� ��} � (2)
É Â } # � ~ �A� É�{4����} # � � }

� � ÈO�L���A�S� ��{ ���p�N�$� |A��� � � �ö��ÂN�Ã��ÈO� | � �v} � ���A�S� � � ~ � ��� Î�� } � } ��Â?�A�Ñ�$� ��{ ���A� �V���K�L� � � � ��áâ� {4����} # � � }
� {4� � ��� �$�M��Â { � | Â { �?Ä�� �Ê� �ÌÂ }4�N��� �NÄ � �L� ~s��| � � �V���K�L� � � � � } � } �·���L��� � � |A} � ����� � � � { � { �bã �N� �����L�S�} ÎoÂ }��N�$� �NÄ Í ��� ��{ ���A�v�L�N�A�$Ä4� |A} � ��� �i�?� ��} �H�,�} � |L��{ � � ��� Æ �·��{4� � É # �Ï��� � ����Â?�M� # }i{4�$��� �i�?� ��} � �F} �Ñ��Â?� # Â }�� � � ��� } Îl� { � {?ÉN{ �?�v�N��� � �A�S����Â?�
��� ���N� � � ��� � �K� | � ��~ � � � � � þo{ ¿ � � ò � é�{ �?� ò � �?� þ ÂN� � ��� { ¿ � � � �N� }6~�� �N����ÂN��� ��{4� � ��|A� ��� � � ~ � ��� ¿ {^� �A� } �
��Â?���L�S� � �$� 1960 − 2005 �K�L� ��} �H�

�4ò
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þ2{ ¿ � � ò � éî� Â } # � ��ÂN���$� �$�N� � �M} Î�¿ } ��ÂÀõ·Â {4� Î { �S� { �?� ð ��� � } �p�i�L��Â } � � �N�N�L� {4�$��� �i�?� ��} � (1) �þ ÂN�Ñõ·Â {4� Î { �m���i�L��Â } � ��� � {^��� �L��� }p�N� ��Î } �*��ÂN� |L} �i� � � { � ��} � } Î·� ��{4� � ��|A� � � � �AÉ ¿ � ����ÂN�L��� { ���i� }
Ä��$� { ��� � ÈO�L���A� | � ��� ����ÂN����� ���N� � � Ä ��~ �A�Y¿m����ÂN��� # } �i�L��Â } � � � ð ��� � ��{4� � ��|A� � � � ��{ �$� �$� Ä�� �\è�|){ �m��¿ � �
��Â?�v� ��{^� � ��|A� ��� } Î |L} ��� }��$� ���ÌÄ }�} � |A} � ��� �i�?� ��} �à� } ��ÂN�v�N� ��| � } Î���� { � � � } �$� { � ��} � � �L� ~s��| � �LÉF{ �N�
��Â?��� ��{4� � ��|L� ��� } Îo��� { � � � } �(� { � ��} � � �L� ~s��| � �M|L} � �$� ����� ��} ��� } ��ÂN���N� ��| � } Î |L} �i� }��$� ����Ä }�} �H� þ ÂN� � �
� ��{4� � ��|L� � � � �M{ ���Ë� } � � �Q��ÂN� ��|L} �K� } Îu��Â ��� { �$� ��|A� �4� ! � { � # Â ��� � É ��ÂN� } ��ÂN�L� 10 �N� ��| � Í�{ �N� � � |A} ��� Í
� ��{4� � ��|L� � � � ��{ �$� �$� Ä�� ��è�|A{ �S� É<{ �N��¿ } ��ÂY������Â } � � Ä ��~ � ~ �A�$� �$� � ����{ �Ê��� ���N� � �AÉ<�$} ��Â { � # � |A{ ��Î }s|A�?�} �Ñ��ÂN��õ·Â {4� Î { �S�Ê� � � � � { ��� � �?áâ� ��� � } ��� # } �$��Âm�Ì��Â { � É �$�AÄ { �$� � �?Ä���� { � � � } �(� { � ��} � � �A� ~s��| � � �N�A� { �N� É
��Â?� � �î��� � � � �N� }6~�� �N�i� � � � � { ��� �*} ÎÊ�?� ��| �î� ��{^� � ��|A� � � � � ��Â { � { ��� |A��}�� �q� }Y|L��{4�$����|){4�9~^{4��� � � Î }�� �?� � �
��Â?� ��� �$���A� { � � ���MÎ } � ��} �NÄ Í � � �v� ��{4� � ��|A� � � � � ê ñ }s} � # � �v�L� {4� � î[é4ê�ê4òSì ï �þ ÂN�q� ��{4� � ��|L� ��� } ÎuÂ }��?��� �?Ä |A} � ��� �i�?� ��} �p� } ��� { � � � } �(� { � ��} � � �A� ~s��| � � �N� ��| � ���M�$� Ä�� �\è�|){ �m�A�Káâ� �~^{4��� � ��� � � � � � { ���A� { � −0.95 � þ Â ��� � ��{^� � ��|A� ��� ���M��} # �L�M��Â { � É ¿ � � |A��}�� ��� } 1
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T��N�?�A� {4�$��� �i�?� ��} � (2)

É·{ Ä {4� � É õ·Â {4� Î { �m� { �N� ð ��� � } �Z������Â } � � Ä ��~ � ~ �L�$� ��� � ����{ �Ë�$� ���?� � � �,�} � ��} �i�Ì� ��{4� � ��|A� � � � �AÉ Â } # � ~ �A� É ��ÂN�i� # }Q{4���$� ����� ��} � � Ä ��~ �i� � � � � { � ��} � � ��Â { � { ��� ��� Ä�� �\è�|){ �S� � �
� � ÈO�L���A�S�A�2T��N�N�A� {4���$� ����� ��} � î('6ì�É Î } � � � � � { � | � Éo{4��� �N� ��| � Í � ��{4� � ��|A� � � � � { ����¿K��� # �L�A� 0

{ �?� −1
É

# Â ��| Â � �N� ��|A{ ��� � ��Â { � { � � � | ��� {4� � � �à��ÂN���N� ��| � } Î { Ä }s} � � �N� �N| � �i{ � � � | ��� {4� � � � � � � ¿ � �NÄ����� Â { ���^� þ Â ���C��� � } ����� � � � �N�N�L� {^����� ���?� ��} � î[é�ì Î } �9��Â?����� { � � � } �$� { � ��} � � �L� ~s��| � É # Â }�� � } # ���N� ��| � Í
� ��{4� � ��|L� ��� ��� �AÝ ��{^� � } −1.11

É # � ��ÂQõ·Â {4� Î { �S���i�L��Â } � É�{ �N� −1.16
# � ��Â ð ��� � } ��������Â } �H�þ ÂN� ��� | Â { � ��� � # � { � {^� � ñ � É Â } # � ~ �L� É Â {4� ��ÂN� ��{ �i� } �$�N�A� } Î
� { Ä�� � � � �?� # � ��Â {4���$� ����� ��} �

(2) ��Â { � # � ��Â {^����� ���?� ��} � (1) Å � Î<��� { � � � } �(� { � ��} � |L}�� � ��� � | ��� {4� ��¿S� 10 Ð É ��Â?�A�i�N�A� { �N�ËÎ } �2Â }���Í��� �NÄ � �L� ~s��| � � �N� | ��� {4� � � ¿S� 8.4 ÐÑ� þ Â?��� � ÈK�A���L� | ��¿��L� # �A�L�Ì��� ���N� � �u{4|L|A} �$� � �NÄÏ� } � {4| Â {4���$� �i�?� ��} ����LÉ ��Â?�A����Î } ��� ÉN~ �L�$� � � {4��� Å { ���L�m��Â } Î
��Â?� � } � {^� �LÈK� | �)�
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þ ÂN��Â }��N�$� �NÄ � � | � } ��� ��{ � ��{î| � �?|A��{^� � }�� � � �v��ÂN� Î � � | � ��} � � �?Ä } Î9� } �N�L����� |L} � } � � � � Å {i��{ ��Ä��� Â { ��� } ÎCÂ }��N� �AÂ }4� � � ¿ � �NÄ���� ��� �N� ~�} ���A�Q� }Ñ� �"û � ���$�A�N�$� � �A�S� � { � � �i� } �(� { �S��� { �(� } Î�Â }��N� �AÂ }4� � �LÆ{4�$� �L� � û { �N� Â }��N�$� �NÄ � ��Î�� {4� ��� �?| � � ��� �Y{ �$� {§� �L� |A} ��� } �N�L�m� } Î � �$¿ { � � � � ���A� � � , � } � { � �\Í| � } � |A} � } � ��| ���A� � ��� | � ��~ � É ��ÂN� � � ~ � ����} Î�Â }��N�$� �NÄ����L�m� �î{ �N�à�?� ��| � �Ë|A{ �àÂ {)~ � ��� Ä4� ��è�|A{ �S� �$}�|L��}^Í
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� R



Explained variables Housing Transport Composite

Chalfant income-elasticities 1.31 1.57 0.71

T-STAT 18.67 11.03 26.2

Chalfant price-elasticities Housing Transport Composite

Housing -0.20 -0.20 -0.83

Transport -0.95 -0.97 0.18

Composite -0.22 -0.02 -0.51

T-STAT -2.11 -3.36 -9.77

T-STAT -4.51 -8.22 1.50

T-STAT -6.82 -0.78 -16.48

Housing Transport Composite

Alston income-elasticities 1.30 1.56 0.71

T-STAT 10.22 4.90 14.45

Alston price-elasticities Housing Transport Composite

Housing -0.21 -0.21 -0.81

Transport -0.96 -1.00 0.22

Composite -0.21 0.00 -0.53

T-STAT -2.40 -3.74 -8.77

T-STAT -3.16 -6.45 0.77

T-STAT -6.08 -0.06 -18.11

Energy included in housing 

expenditures (assumption 1)

oMprqtsÊò � éÃ5 J � � � � { � ��} �ö��� �$�N� � �AÉ�{^����� ���?� ��} � (1) � ô�} � ��� Ä�� �\è�|){ �S�Ì� ��{^� � ��|A� � � � �Ì{ ��� � � � Â { �N�A�{ �$� {4� �
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Explained variables Housing Transport Composite

Chalfant income-elasticities 1.00 1.84 0.84

T-STAT 20.34 20.65 46.93

Chalfant price-elasticities Housing Transport Composite

Housing -0.16 -0.16 -0.60

Transport -0.84 -1.11 -0.12

Composite -0.17 -0.03 -0.67

T-STAT -2.48 -2.83 -7.50

T-STAT -8.74 -14.42 -1.28

T-STAT -11.36 -1.57 -24.23

Housing Transport Composite

Alston income-elasticities 1.00 1.84 0.84

T-STAT 11.20 10.44 33.06

Alston price-elasticities Housing Transport Composite

Housing -0.16 -0.16 -0.60

Transport -0.85 -1.16 -0.08

Composite -0.16 -0.02 -0.68

T-STAT -2.70 -2.83 -7.58

T-STAT -4.50 -10.22 -0.39

T-STAT -9.51 -1.22 -28.93

Energy included in composite 

good expenditures (assumption 

2)

oMprqtsÊò � � 5 J � � � � { � ��} �ö��� �$�N� � �AÉ�{^����� ���?� ��} � (2) � ô�} � ��� Ä�� �\è�|){ �S�Ì� ��{^� � ��|A� � � � �Ì{ ��� � � � Â { �N�A�{ �$� {4� �
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þ Â ��� � { �K�L� � Â } # � ��Â { �q��� { � � � } �(� { � ��} � |A}�� � �q� ��Á � �A� | �Ñ��Â?�vÂ }��N�$� �NÄ � � | � } �vÅ # �vÂ {)~ � � ���{ � ë ý ì æ9ö�þÏc�ûsÿ å4ý hËÿ ì å�� û 0 W9ö�þ�ÿ ì ¿ {^� �A� } �ª��� { � � � } �(� { � ��} � � �L� ~s��| � �AÉ Â }��N�$� �NÄ � �A� ~s��| � �AÉ�{ �N�|A} ��� }���� ����Ä }s} �O�2:e����Â?�A��Â {)~ �p� � � � � { ���A�g��Â ��� �N�A� { �N� � � � ���A� É·{ �N� |L} ��� � ���L� | � }�����Í �N� ��| �
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Levels First differences Second differences

Variable ADF stat DT lag P-value ADF stat DT lag P-value ADF stat DT lag P-value

Housing share -3.21 ct 1 0,08 -3.23 c 0 0,02 * * * *

Transport share -1.74 ct 0 0,4 -6.02 c 0 <0.01 * * * *

Composite share -2.59 ct 1 0,28 -3.60 c 0 0,01 * * * *

ln real expenses -2.63 ct 1 0,26 -3.99 ct 0 0,02 * * * *

ln real income -2.66 ct 1 0,25 -1.93 nc 2 0,05 * * * *

ln housing price -0.92 ct 1 0,95 -1.46 c 0 0,54 -3.41 nc 4 <0.01

ln transport price -2.27 ct 5 0,44 -2.57 c 1 0,09 -7.51 nc 1 <0.01

lnomposite price -1.55 ct 1 0,81 -1.59 c 0 0,57 -6.63 nc 0 <0.01
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Y

� � |A} ���*���A� |){ � � � { rf
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π = θ
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T (r) = Ta(r)(1 + θ)
Y = Ya + π/N
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1 − σ
[RH(r)F (L,K) − ρK]
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RH(r) =

{
maxq≥0

Y −T (r)−Z(q,u)
q

Î } � r ≤ rf

0 Î } � r ≥ rf

n(r) =

{
H(r)/q(r, u) Î } � r ≤ rf

0 Î } � r ≥ rf

N =

∫ rf

0

n(r)dr

RH(rf , u) ≥ 0

î ð Í�øSì
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x∗(r) = arg maxx [RH(r)f(x) − ρx]
rf = max[r, RH(r)f(x∗(r)) − ρx∗(r) ≥ Ra]

H(r) =

{
Land(r) · f(x∗(r)) Î } � r ≤ rf

0 Î } � r ≥ rf

RH(rf )H(rf) − ρK∗(r) = RaLand(rf)

î ð Í(ë�ì
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¾ RA
¾ θ ¾·å�� û��)æ£íú�ô$ü4ÿ � �:÷ � ��þjô/æ � ö H(r) ¾�å�� û Ta(r)

¾ æ � ÿi� å�� Î � ûq� å í å ì ÿ�þ�ÿ�íaö å�� û*�:÷ � ��þjô/æ � ö u ¾ Y ¾ π ¾ rf
¾ n(r) ¾

T (r) ¾ RH(r) ¾·å�� û z(r) ü4ÿ�í:ô �VW�ô � úgùÊ��ö � º¿ë ø r » ¾ º¿ë ø _ » å�� û º¿ë ø 1 »4�
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�KwP�`�B~��(� º æ£í @ 0 ù � þ » ô�ö�í�ÿ å ����ÿ2ûhô � þÛ��ÿi��ôÛþ[Wv.2��ÿ �R¾ �)æ£í å ú�ô$ü4ÿ � ö6ÿ�þMæ���� å í å ì ÿ�þ�ÿ�íaö N ¾ Ya

¾ RA
¾

θ ¾�å�� û��)æ£í®ú�ô$ü4ÿ � �:÷ � ��þjô/æ � ö Land(r) å�� û Ta(r)
å�� û F (L,K) ¾ æ � ÿÃ� å�� Î � û�� å í å ì ÿ�þ�ÿ�íaö å�� û�:÷ � ��þÇô/æ � ö u ¾ Y ¾ π ¾ rf

¾ n(r) ¾ T (r) ¾ RH(r) ¾ z(r) å�� û H(r)
ü4ÿ�í:ô �VW£ô � úgùÊ��ö � º¿ë ø r » ¾ º¿ë ø _ » ¾ º¿ë ø 1 »å�� û º¿ë ø � »4�
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U(z, q) = zαqβ # ÂN�L��� α, β > 0
{ �?� α + β = 1

F (s, k) = Asakb # ÂN�L��� a, b, A > 0
{ �N� a + b = 1

T (r) = p.r
Land(r) = l.r
Ra = 0

î ð Í � ì
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ALI =
NYa(1 + θ)

(γ + 3) + θ(γ + 1)

î ð Í��Sì
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uγ+1 (γ + 2)N

lB
=
Y γ+2

p2
(1 + θ)γ

( γ + 3

(γ + 3) + θ(γ + 1)

)γ+2 î ð Í�'6êSì
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θ∗ = −
1

γ + 1
= −aβ

î ð Í�'4'xì
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áâÎ {M~4{^��� � θi > 0

��� ¿��A�?� è�|L��{4� Î } � WU
C
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m T +y0B+P't-Y#Z0aM,R�-�M,'*RØ�Qâ¢- T #äãg0 X +c%�nL¨KR�-Y#&!
ù �L�$� � �NÄ γ = 1

aβ
− 1

{ �N� B =
(
Ab

)1/a
(ααββ)1/aβ a

bρb/a

É ��ÂN� ��}���� � ��} � �q} Î���ÂN�Y�AÝ �N����� ¿N� ��� �
�N� } ¿ � �L� ��{ � ��� ÎÛ�ÃÅ

s(r, u) = uγ+1

B(γ+1)
[Y − p(1 + θ)r]−γ

RH(r, u) =
(
ααββ Y −p(1+θ)r

u

)1/β
î ð Í�' � ì

å , � } �ç��ÂN� |L} � � ��� {4� �S� } � N Å RH(r, u) = Wpa(γ+3)
(
[V (θ)Ya

p
−r]

)1/β(
(1+θ)[YaV (θ)]−(γ+2)

)a

# ÂN�A�$� V (θ) = γ+3
(γ+3)+θ(γ+1)

É<{ �N� W = (ααββ)1/β(N(γ+2
lB

)a �
ãN-�M,)�M§-F¨�);#Z¯"#&)
Ç"�L� �N��è � � � {4�$��� �i�Ì��Â { ����ÂN�A�$� ��� � } ��� { � � � } �(� { � ��} �À� { � � �L�q¿S�Ú��ÂN��Ä }6~ �A�$�N�i�A�S�)�9á��d��Â ���|){^� � É J�Ý<� î ð Í�øSì·} �v��ÂN� |A� ���Ñ� } � �N��{ � ��} � � �i� ��� � � Å
N =

∫ rf

0

L(r)

s(r, u)
dr =

∫ rf

0

lrB(γ + 1)[Y − pr]γu−(γ+1)drþ Â ��� �LÝ �N{ � ��} ��Ä ��~ � ���N� ��ÂN� �$� ��{ � ��} �ÃÅ
p2N

lB
= −Y

RA

B
+ u

(RA

B

) γ+1
γ+2 γ + 1

γ + 2
+ u−(γ+1) Y

γ+2

γ + 2

î ð Í�')òmì

S +yqle(0B�pV\/('t-
:e� |A} � ��� �N�A��� } # ��Â { � { � { � pθ ���A� � � } Î |L} �i� � � � �NÄ ����� � ~s� �L�Y��ÂN� }�� Ä�Â }�� ����ÂN� |L� ��� É ��Â �N�

T (r) = p(1 + θ)r � þ Â �N�LÉ�î ð Í�' � ìF� ��� ��� � � Å
π(u) = pθ

∫ rf

0
n(r, u)r dr = pθlB(γ+1)

uγ+1

∫ rf

0
r2[Y + π/N − p(1 + θ)r]γ dr

rf (π, u) = 1
p(1+θ)

[Y + π/N − (RA

B
)

1
γ+1u]

î ð Í�' R ì

á�� { �N� � � ��} � ÉÁî ð Í�')òSìF|){ �Y¿����$� # � � �����A�ÚÅ
N
lB
p2(1 + θ)2 = −

RA

B
(Y + π/N) + γ+1

γ+2

(
RA

B

) γ+2
γ+1u+ u−(γ+1)

γ+2
(Y + π/N)−(γ+1)

Ç"�L� �N��{4���$� �i� Î } � ��� �i� ����|A� ��� Æ �Ê��{4� �*��Â { � RA = 0 � þ ÂN�A����Â?���?��� ~s��}��N��{ � {4� � ����� Ä ��~ � � Å
π(u) = 2pθlB

p3(1+θ)3uγ+1

(Y +π/N)γ+3

(γ+2)(γ+3)
p2(1+θ)2N

lB
= u−(γ+1) (Y +π/N)γ+2

γ+2å , � } � ��ÂN� � ���$� ��{ � ��} � � Â � � �LÉ # ���N�L� �\~ �îÅ
π

N
=

2θY

(γ + 3) + θ(γ + 1)

î ð Í�'6øSì
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æ �"/(R�M,%(O$R�-Y0B/\'t-Y/(0�#
þ ÂN� |A} � � ��� �N| � ��} �v��Â?� }�� Ä4Â }�� ����Â?� |L� ��� ��� Ä �\~ �A�Y¿S�Ñ��Â?� Î � � | � ��} �ÀÅ
H(r) = n(r, θ)q(r, θ) = lrF (1, k(r, θ)/s(r, θ)) �
T �$� �NÄ î ð Í�' � ì�É # ��Â {6~ �*��ÂN�L�eÅ

H(r) = A′r
(
(1 + θ)

( Y (γ + 3)

(γ + 3) + θ(γ + 1)

)−(γ+2)( Y (γ + 3)

p(γ + 3) + pθ(γ + 1)
− r

)γ+1
)b î ð Í�'xë�ì

# ÂN�A�$� A′
����{q|A} � � � { �m���N�L�K�L�N� � �?Ä } �Y��ÂN� � { � { �������A� ��} Î
��ÂN� �N� } ¿ � �L���

©5/\!$e`ç2R�/\! 0�#&V\M,R�-Y0BM X /`-�M;�L%��Qâ
ALI

áâÎ���ÂN�Ñ�?� } � �N| � } Î���ÂN�ÌÂ }��N�$� �NÄ � �N� �N� ���(� ��� � } ¿K� ��� �i� Í��$� �ü���A� ��� ��� � ¿ � ���L�e� } ��ÂN� |L� ��� � � Í
Â { ¿ � � { �m� �AÉ ��ÂN�A�dJ�Ý � � î ð Í�'xì�É î ð Í R ìÏ{ �N� î ð Í�'Aòmì �N�����A�$� � �N� ALI É π { �N� u � ð ��{ �$� ���?� � É ��ÂN� � �~^{ � ��{ ¿ � � �Ê��{ � ��� ÎÛ� { ���V�����A�N�?�A� ~ �A� �$��} � } Î2J�Ý�� î ð Í�' R ì Å

π = 2pθlB
p3(1+θ)3uγ+1

(Ya+π/N+ALI/N)γ+3

(γ+2)(γ+3)
p2(1+θ)2N

lB
= u−(γ+1) (Ya+π/N+ALI/N)γ+2

γ+2

ALI = Bl
uγ+1

Y γ+3

p2(1+θ)2(γ+2)(γ+3)

î ð Í�' � ì

ð ��{î|A} � � �AÝ � �L� | ��Å
π = N 2θ

1+θ
Y

γ+3

ALI = N Y
γ+3

Y = (γ+3)(1+θ)
(γ+2)+θγ

Ya

T �$� �NÄÌ��Â ����~^{4��� � } Î Y � �QJ�Ý<� î ð Í�'6êSì Å uγ+1 (γ+2)N
lB

= Y γ+2
a

p2 (1 + θ)γ
(

γ+3
(γ+2)+θγ

)γ+2 É # Â ��| Â ���
� { � � � � � Î } � θ = 0 �
� 	J��	�� Ó��%$:8~476:�V;�27��6SN�2�6:;�47�#��� �%!�6�P#��Z¡47�iU½� �`è
P�6:$�6Sk�UC6:P��]?é�¸6�47���>zf�<Q<�@Z

;#�<P�2[���<P#2m6�;�Q 2(4mURP#AÍ47P
UC�
� #*] T �"/(RU# T �"),V\R°V(#&%(R�M§-�¨
áâÎ���ÂN�iÄ }6~ �L���N�i�A�S� � �L� �Ë{ ��� { � � � } �$� { � ��} �Ú� { � pθm � � � � �NÄ � � |A} �N�g���A� ��} � É Â }��?��� �?Ä � �L� ~s��| �|A} � ��� �i�?� ��} � ��� � } # Å
q(um, r) = u

1/β
m

(
α[Y + πm/N − pm(1 + θm)r]

)−α/β

á�� { �N� � � ��} � É # � � � } # ��Â { � πm

{ �?� um � �N� � ~ �L� � ÎÛ�ÃÅ
πm = pmθm

∫ rfm

0

nm(um, r)rdr

N =

∫ rfm

0

nm(um, r)dr# ÂN�A�$� rfm = Y +πm/N
pm(1+θm)

�
' � ò



á�� } ���N�L��� }î��� �i� ��� ÎÛ� }�� ��� } � { � ��} � �LÉ # � # � � ���qÅ
1

q(um,r)
= J.(K − r)k É # Â?�A��� J ���·{ � � �Ë¿��A�F�N�A���A�N� � �NÄ } � um

{ �?� θm

É # Â ��� � K �N�A���A�N� ��} �
θm

{ �N� πm

É<{ �N� k = α/β ��ÜÏ�N� � � Ä�ÂS��� } � ��| �Ï��Â { � K = rfm �
IêqKM,R�-Y#&%('J# +P%\Vë/(%\M,®p/K#.%K#&R�Ro�"â¢- T #[!$#&V(M�/(!ìç	-Y#Z0B! #&®p/\M,),M X 0BM�/(!

ð õ ù J2��� É<� Î � ���V� ��� � �AÉ�|){ ��¿�� | Â { � {^| ���L� ��ñ �A�Y¿S�v� # } ��� ��{ � ��} � � Â � � � Å
πm = pθmCJ

∫ K

0

(D − r)d(K − r)kr2dr

N = CJ

∫ K

0

(D − r)d(K − r)krdr

î ð Í�'6�Sì

# ÂN�A�$� J ���*{ � � �Ë¿��A�*�?�A���A�N� � �NÄ } � um

{ �N� pθm û K = Y +πm/N
p(1+θm)

û k = α/β û # � � �L� C É D{ �N� d ��}�{4� � } �$�LÎ } �$� �N��{ ��� î ð Í�'6ë�ì Å H(r) = C(D− r)d � ù � � �?� � �NÄ { ���L� ��� � Í ���A�$�¥�AÝ �N����� ¿N� ��� ���� ��ÂN�L�ö�LÝ �N��~^{4� �A�S�Ë� }p� � � �?� � �NÄ {Q��}4��� � ��} �e� } ��ÂN� � � � ���A� î ð Í�')�Sì�É # ÂN�A�$� C É D É d { �N� k { ���
��� } Ä4�A� }��?�M{ �?�Y� }��$� � �\~ � É # Â ��� � J { �N� K ~ �A� � ÎÛ�ÃÅ

J = J ′u
−1/β
m

É
J ′ ¿�� � �NÄî��� } Ä��L� }��N�LÉ

0 < K = Y +πm/N
pm(1+θm)

≤ Dþ Â ��� �N� } ¿ � �A� ���M{Ì� � � ���L� } Î�� # } �AÝ ��{ � ��} � � # � ��Âp� # }v� � � � } # � ~^{ � ��{ ¿ � � �AÉ πm/N
{ �N� um �:d� � ��� x = πm/N

É^{ �N���N�A� ��~ �F��Â?�·��� ��{ ���A���AÝ ��{ � ��} � î�� � Î {4| �o��ÂN�·� { � ��}�} Î���ÂN�u� # } ��� ��{ � ��} � � Â � � ��ì Å

x

∫ K(x)

0

(D − r)d(K(x) − r)krdr = pθm

∫ K(x)

0

(D − r)d(K(x) − r)kr2dr
î ð Í(é4ê�ì

ÜÏ�N�Ì� � Ä�ÂS��� } ������Â { � � ÎÊ��ÂN�A�$� ����{�|L}�� � � � (x∗, u∗m)
~ �L� � ÎÛ� � �NÄ�JCÝ<� î ð Í�'6�SìVÉ ��ÂN�L� |A� � { � � � x∗

� �N� � ��{ � ��� ÎÛ�ÑJ�Ý<� î ð Í�é4êSì �?õ } � ~ �L� � � � � É���� �?� }�� �Ï��ÂN�L��� ���Ê{ x∗ ~ �L� � ÎÛ� � �NÄqJ�Ý<� î ð Í(é4ê�ì�É ��ÂN�L� � �L�$� � �NÄ
u∗m =

(
pθm

Nx∗
CJ ′

∫ K∗

0

(D − r)d(K∗
− r)kr2dr

)β É ��ÂN�A� (x∗, u∗m)
��{ � ���$è � � J�Ý<� î ð Í�'6��ì �� } ��Â��V� ��� ���A� | � { �?� � � � Ý � �L�N� �$�F} Î { ��}���� � ��} ��� } J�Ý<� î ð Í�'6�Sì2{ �����AÝ �N�\~4{^� �A�S��� } �V� ��� ���A� | � { �N�� � � Ý � �A�N� ����} Î {q�$}���� � ��} �Ñ� } JCÝ<� î ð Í(é^êSì�ÉN} �Ê� } Å

θm

∫ K(x)

0

(D − r)d(K(x) − r)kr(Y − pr)dr = 0þ Â ��� �V�?�?��� �$����} � ���q|A} �S� � � �N}��N�LÉ �?�AÄ { � ��~ ��Î } � x = 0
ÉC{ �N� � ��� ��| � � �à� }���� � ��~ �ÑÎ } � x = θmY �ð ��{v|A} � � �LÝ � �A� | � É ��ÂN�A�$� ��� { � � � {4� � } �N� x Î } � # Â ��| ÂdJCÝ<� î ð Í(é4ê�ì Â }�� � �AÉl{ �?�À��ÂN�î��� ��� ���L� | � } Î{ �§�AÝ �N����� ¿N� ��� �ü� � � � �NÄÃ��ÂN�v�i�A� ��� � Í � � � ��� �N� }6~ �A�O� ,<� �$��Â?�A��� } �$� É Î } � { Ä �\~ �L� θm

É ��ÂN� ��{ �$���A�
�����N�$� �$����} � ~^{ � � � �*� ��� ��| � � � � � } �N� � �L� � � } � � � É # Â ��| Âd�N� }6~ � � ��Â?� � � � Ý � �L�N� �$��} Îu��ÂN� �$}���� � ��} �Q� }
J�Ý<� î ð Í�é4êSì �
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ïêþ�ÿ�� �������
	�� þ 	
��	�� Æ 	�� |��4| ��� ó É 	�����	 Î�� ��� � ����� þ�� ��	������
��� |�� ��	 þ�� ����	 ¿ ��	�� Í ¯ � � 	 � Ä ��óAÄ4ó � É� � �
� � � � � þ"!$#%� ��� � 	���� ÝZþ Æ ���&	��'� ÿ(� ����� ¿ ��	)��	 | Â � � Ä 	 � ��	����*������	�� ÿ��Jþ���� 	���� � 	 | 	�����	�� Í�| � #%� ������ þ ��� ó�� � ¿ ��	�� � þ"! | Â
� | �+	 !"��Än« �
	���,.-+��	/� � ! 	 |�� ��¿�� ��	 � 	����0� � �1� �	þ | � þ�� 	 þ��$¿ � ���
	 ÿ � þ � | �2#°ÿ �4| ��	 É	��0��� ¿Í«�� 	 þ ��	 # � ��Ä 	3��	 # � � ¹ þ � � 	 ÝZþ � ÿ 	 �'# 	��
� Æ4� #�� � ��� � ��	�� | Â�� | �
� #^ÿ��2� � � ������, Ç Æ5� � � ��6*�'	
ó | � � �2# � ÝZþ 	7��	/� � þ
� � �8� ÿ��Jþ�� � � ���9��	 | � ����	��:��	 � � Æ þ ��	 � � � ��6*�'	/��	&� Æ 	�� |��4| �8� ó �*� � þ ��	/	��1��� # � ��� � �� Ä2�$óAÄ�ó 	 É ÝZþ � ��������� Æ5� Ä ���;� Æ þ ��	 # 	�� þ�� 	 ÝZþ �<� �Jþ | Â 	 ° � Æ óLÝ&þ ����� ¿�� 	=� Æ þ �>�'6*�1� «�# 	7� � | � � Í ó | � � �2# � ÝZþ 	� þ �'��� | � ������� ó�� � ¿ ��	 ÝZþ 	?� � �*������	@,
ðA� 	��
� � 	B	�� | �2#°ÿ ��	C��	��0� #^ÿ �^| ��� � 	��
���'� � � ¿Pþ ��� Î ����	�� ÿ�� ���8��� Ý&þ 	�� þ��$¿ � ����	��
� ó | 	������8��	 | 	 ÿ 	�� Í� � ���D��	E� �tþ �2	 � þ"!F�Jþ ������� ó | � � �2# � ÝZþ 	���, Ç 	�� | Â � ÿ ��� � 	�� éHGJILK:M�NsæPORQËÿ�þAS å4ýÛý ÿUT å þ�þ�ÿ:V[é4ê�êSë ��ìXW 	��

øYGJILK�M�NsæPO�QËÿ�þAS å4ýÛý ÿUT å þ[þ�ÿ:V[é4ê�êSë ¿ ìXW ÿ��'�Jÿ(� ��	���� þ ��	)�����'����� | ��� � �Z	��[��	 þ*! |�� � óLÄ2�2� ��	�����	 ÿ��JÿPþ � �bÍ��� � � Í ÿ��'�Jÿ�� � ó � � � � 	��&	��?� � |�� � � � � 	�� Í�É �����'����� | ��� � �C� #^ÿ��2� � � ����	 # � ���7� ���Jÿ � � #�# � � � 	 ÿ��Jþ��/� 	���� � 	| � #^ÿ ��	/��	?� � ���8�2	 � ���8� ó ��	��\�16"�1� «�# 	�� þ��$¿ � ������,

] ÓAÔ � ¸�½³Ñ�´L¶�¶L¸�½���¶�´L¸�Ø × ± ´LÕ�½
µu±2´�^v³l´�_�Õ ×v¸�½ ´LÕ
`9a�¾ ¶L´V³b`�½í×�¾�Õ�½ ¶ ± ¸�½dc
^Y¾�µ·¸

Ç 	 ÿNÂNó � �2#�« ��	\��	��e��� óLÄ � ����� ó �A	�� # ������	 þªþ���¿ � ��� É 	��1� # � ��ÝZþ � �:� ÿ � � � � � � #°ÿ ��	 þ�� | �2#%# 	 ÿ � �� �î| � #^ÿ ��	 ! ��� ó , á � � ÿPÿ � � �­¬ �L	�� Î � ��� | �2#%# 	 þ �f� �Jþ �2	�� ó � ó�# 	��:�+��	 Î�� � Ä ������� ó ��	��+�*������	���,

Ç 	��L�*������	�� É � ó�� ��� � ¿ ��	�� | 	���� � 	��9��	�� ó | � � �2# ��	�� #�� ��	 � ��	�� É ��	 ÿ 	 þ �2	���� # � � ÝZþ 	 � � Æ ¯ � � 	&� � � � 	 � Í� ó 	�� ÿ � � ��	��A����� ÿ � � ��� ó �g� � | � � Í ó | � � �2# � ÝZþ 	�� ÝZþ � |�� � �4| � ó�� ���'	���� | 	��A� � | � ó � ó ��, ð � � ��	 þ��h�2��Ä � ����� � ��� � � É	�����	��i��� Ácþ 	�� | 	����h	�� � 	�� �Jþ
� | 	��h�
��� ÿ � � �8� ó � É 	��i��	��j��� óAÄ � ���8� ó � � 	 Ô � ��� 	����g� � ���i� � �*������	 þ ��	k� � � � þ | ��� � �� ÿ � ��� � ��	 ÝZþ � ã'�tþ 	?� �Jþ � 	���� þ � �_Ê ��	 | � �8��� ÝZþ 	/� � ���l��	 þ���Â ���1� � � � 	 Å
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� ,+¡l	 ÿ��  ��'	�����	 � ��	�� |�� � �4| ��  � ���'����� þ 	�����	�� | �2#°ÿ(� � ��	 # 	������>�
	�� #  �� � � 	���� þ �7� � �:����������� ÿ 	�� ¦� � � ��	��häl�U�� �� � � þ ��� � �x� þ �'6*�1��à # 	 þ�� �<� ����� | 	�����	��b� þ �*��	��b��� | �8��	����jäl��  #  �� � � 	 � �@äl� � � 	 | ª�	 � | ª�	��	/��	�� �Jþ ��	�����6 ÿ 	x��	?� �2� 	 # 	�����,
� , ¨   | � � � 	>��	�������� þ � ��� � ������	��� ��� �� þ ����� � � 	�����	 #^ÿ��2� � � � 	���� ÿ 	 ��# 	��'� � �����
	 � 	���� � 	 | �2#°ÿ ��	���	

�©�4	�¿d	��l��	���á�� þ��	ÿ�� ����	��7â
� þ�� ��	/�16*�'��à # 	 þ�� �<� ����,¢ ,l²���� �'� � þ � � 	)��	�� #   |�� ����� # 	�� # �4| ��� ¦   | � � �2# ��� þ 	��%��	�� ÿ � þ �>�'� #°ÿ ��	����d�4 ��"� | ��� � �Z��	��������2	�� ¦
�������'	 # 	�������,g¶=	 ÿ(� ����� ÿ 	 ��# 	���� � � ��	 | �2#°ÿ�� 	���� � 	 | � #�# 	����x	���äÂ� þ 	�� � 6:��ª # 	%��� �Jÿ à � 	>��	
� 	�� �Jþ �2	�����	 # 	��:�e��	��=���"� � � �1� �@þ | � þ
� 	�� þ�� �<� ���
	��;� �Jþ �e�U��	�¿(	��e��	�� | ª � � ! ���4�����2	��1��������	 # 	������L��	��
� � 	�������,� � �����'� � � � 	�ä | 	��/� ��� ���7	 ! � � 	�� | 	��?� �Jþ � ÿ 	 �'# 	���� � � ��	���  | � � � 	��©�4ª
���'� � � � 	��d� þ �
	��*������	�� #°ÿ �4| �� �	

ÿ � ��þ � | ª � | �Jþoÿ � ��þ �
	 ÿ�� ��������� þ 	 ÿPþ � ����� þ 	@,2�7� �2� ���2��	�� �  �� þ ��� � ���A�� �� � ������ ��g	�� # � ����à � 	L��	h· þ �'��� | 	
� 	������1� � � � þ ����� 	 ÿ(�Jþ
����� �:�læ�� � 	 � � ��	�� þ ��,
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Gº¹&¬�¼�¯�}�­PKbV ���2�2¢ � W?ÿ 	�� � � �tþ �;¡x,8��� � ��� ��� � � � � �d| ����6$� � � |�� ��� � ���h	�� þ |�� ��� � ��� � �
� ÿ��'� � þ | ��� � ���� K
¯ O�°�¬�Ow®���Ç<­PK*O�¼�¯ ®i­XQ��+qn­P¼d­ z sUqnM �
	���
2� �
�r���"��½2� � �r�2�2¢ ,
Gº¹lOwK.¬nqn»P¼d¬�O�¬�°k�g¬�¼d­PKbV �@£2£2¢ � Wxÿ �@þ 	 | � ��	 � �dñ
,���,8�<	��LÆ�,.�d	�� �Jþ ��� ÿ �^| 	 � ��� þ ��	 #^ÿ � � 6 # 	��:�?�
ó9ª�	

� �@� �2� ¦ # � ��� 	��>	�¿(	 | ��� � ��� ÿ � ��� � � # ��� # � � | ª�� Ç<­PK"Ow¼�¯ ®?­XQÂm�¯�}�­PO��lqn­P¼d­ z sUqnM ����	 � �@�:���
�@�2� �
� £2£ ¢ ,

GJ¸e­PK"®5Mr­P¼t¬�°=¯ ® � V �@£2£
� � W ¶ �Jþ ��� � ���e¥�,;�9,8� ¨ , �b� ��� � �A	�� À ,�� � � � �e� ÿ � ��� � � # ��� # � � | ª§���Z��	 � � | ª	�� þ ����� � � � þ�# � Ç<­PK"Ow¼�¯ ®h­XQ7m�¯�}�­PO��lqn­P¼d­ z sUqnM ��	�� � �@�����"��Å � � � £ £
� ,
Gº�ksR°X­PK�MnM�se¬�°=¯ ® � V � £ £ � � W �j��� �tþ ���'�U�dñ
, ¦ À ,8���9, �b� þ�� 	������d	��xñ
,�õ � þ�� � | 	@�³�"  �2�   � � ��� � � þ
� �<� ����	�	��/��� ¦

��  �2� � ��� � �f� � | � � ��	 ��� ­rq�K z ¬�¼<°eN*¬?°JO'¯ v ¯ sR® ,
GJIl¯ ®5M�°X¬�O
V � £ £
� � W��?� ���'��	 � � � ,����êª
����	ë±<� � ª��D� ���2# � �4| � � ���86 ���:��	 �2� � ��	��ü�
	�� � ª � �2� ª �"� ���D��� ��ª
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��ª�	�¶=��	��2	�� � �
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� ,
GJIL®8¯*¬nMr¬�O�¬�°=¯ ® � V ���2�2� � W � � � 	��'	 � �b�l, � ,8� ÿ ,j� �4| 	 � � � ��	@�i	���ñ
,³��,j� | ª�	���� �:# � ���i¶ � � # 	 � �
�t� � | � � �������	 � �^| ��� � ����� � K�¯ Ow°�¬�Ow®���Ç<­PK"Ow¼�¯ ®j­XQ��lqn­P¼d­ z sUqnM �
	�	�	 � ½ £�Å��"½@��� � �r�2�2� ,
GJILK:M�N*­PORQ�¬�°AS?¯ ®R®�¬UT�¯ °J°X¬�V �@£2£�Å � � W�� þ ��� �2� �X�d�e,��.	��/�(,"! � ����	 � � ����	 � ÿ 	�ª � �"� �2� � � ���3ª �Jþ ����� � ����	 � ��� �� � 	 � 	�6x� �4| � �2� ���x��	���	 ��# ���
��� � ��ª
	 | � ����	�� þ 	�� | 	�� � � � �'ª � | � ���x� � � ��� ÿ(� � � � ��� � � | � �'����� �e¼d¬�OUT#�$l­P®�sUq%� �'&)( � ¢ ���2¢��*¢ ����½ � � £2£�Å � ,
GJILK:M�N*­PORQ�¬�°AS?¯ ®R®�¬UT�¯ °J°X¬�V �@£2£�Å � � W�� þ ��� �2� �X�<�=,8�
	��\�(,�! � ����	 � � �'��	@��¶ �2#°ÿ �4| � �2� � ÿ�� 	 � � ¦ �Jþ � | ������	��&�

- � �<� � ÿ � � �
����� � ��� � ! � ��� � ��� � ���?��ª�	A� þ ����	 � � � ��������6\� � � � � ��� ÿ��2� � � ��� � �?��ª � | � ��� �e¼d¬�O©T#�*$l­P®�sUq%� �&)( � �����@���*���2¢ � � �@£2£�Å � ,
GºS?¯ Ow°JçAsUqn»
¬�°L¯ ® � V �r��Å � � W ! � � � ÷ � | � �jñ
,8�b-�,i� | ª ÷ 	���Á�	 � �i	�� À , �;� � � ��6 � �b¶ �2#°ÿ � � � ���8�2	��'� � ��� | � � � �

� 	�������	������ � �&	 | � � � # 6 ÷ ����ª$��	��2	 � � � | � � ���'	���� Ç<­PK*Ow¼�¯ ®x­XQ��lqn­P¼d­ z sUq,+�µ<¬n­PO-� �.	/&2� ¢2�2���*�
�r¢ �
�r��Å@� ,

G4ènµ*®8¯ ¼�Q�¬�®8N °L¬�°;�ré�­�y�K*s�M�°�V �r� �2£ � W ²�ª
� � �
��	����
������,:¡x,8��	�� ¨ , � ,"�r· � � þ ���'���*ñ � �>�^|A| 	����'� � ��������6 � ��� � �4| � � ����8¿d	 � 	�� | 	��9���>6 �tþ ��ª0	 #°ÿ�� ��6 # 	���� � � ��	�����0 z ¬�OwsUq�¯ ¼1�lqn­P¼d­ z sUq*2l¬ v sU¬�ç �"
3�P� � �2Å��
�2Å � � ���2�2£ ,
G�Ç�¯*q�y�K<¬nMnMr­P¼hV � £2£ � � W ñ �^| � þ 	��'� � �d�g�=,8� � 	��xÁ � ��	�� þ�� �<� ����	��x��	������ � ��	��x� � � � | ������	�����	����b��	�� �   � ���8�� ��� � à�������� 	 � �'	����*� ­rq�K z ¬�¼<°�N*¬Â°JO'¯ v ¯ sR® �;²��
�'���8� þ �>¥ � ��� � � � �9��	Â� � �*� � �����1����� þ 	f	�����	��
�g� þ ��	��� | � � �2# ��� þ 	���� � £2£2� ,G���qnµ<¬�®R®�sR¼*T�V �r� �2� � W � | ª�	�������� � �ró/,8��õ � ��	���� � �.��	 �2� 	 � � ��� � ����0 z ¬�OwsUq�¯ ¼4�+qn­P¼d­ z sUq52l¬ v sU¬�ç ��(�� � ���2�2� ,
G'ô�µ<¬�¯ °�­P¼gV �r��Å@� � W �êª�	 � � � �d��� ,
¶7,��*� | �2#°ÿ � � � ����� 	l�'� � ��� |\� � � ��6*����� � � þ�� �<� ��� ÿ � ��� � ���1� �	þ | � þ�� 	@�Ç<­PK"Ow¼�¯ ®h­XQ��lqn­P¼d­ z sUq6+�µ<¬n­PO-� �'� � �2� ¢��
� ¢�Å � �r��Å@� ,
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G��g¬�¼d­PKbV � £ £2£ � W �d	�� �Jþ �=Æ�,�� �b¼d¬ z o�®�­7� z ¬�¼<°�sR¼ ¸gsR°©sU¬nM � | ª � ÿ , �r£ � ÿPÿ , ¢ �2¢8�$¢2�2� �+¶ � # � � ��� � 	-\�
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L ÒÂÌ�Î³Ïh×�ï;Î
ó � � � � ��6*Á�	���ª
	 � 	�� ÿ(� �
��	 � � | ������	��&� � þ
� �<� � ÿ�� ��� | ��	�� �2� � � � ��� ÿ(� � � � ��� � �C��ª � | � ���b��	�� | � � � ��� �� � þ |A| 	��'��� � � � �9�'� � ��� � � � � 6C�'� � ��	�������� � ��	�� �Jþ�� ªd� � �
� þ�� �<� ���
6*� � # � | �x��ª �Jþ ��� � 	�� � � 	�������� ��4|L| �Jþ ����,
ó � � � � � �*��ª�	 þ
� �<� �>	 | � � �2# � | � #�� ��	��(¥\� ¨ -&õ ��� ÿ��'�Jÿ(� ��	��d,"ó9ª���� #%� �
	�� � 	 ÿ
��� � þ | 	����ª
	�	�� � � þ ��� � � � � � #%� � � | 	��:� � � |�| ����60��� | � ������� �Jþ �\��� # 	 � ��� |�� ÿ � þ�� 	��7��ª
	����:��	 � �4| ��� � � � 	�� ÷ 	�	��ª �Jþ ��	�ª � ��� #%� � 	���� | ª � � � 	��%���ë± � ������Á�	���� � 	�������	�� 	������ � ���E��	������8��6 � �+ª �Jþ �'��� � �'	 � �*� | 	0� þPÿyÿ ��6 ,¥7� ¨ -7õ � ��� �r÷ ���"��ª
	 � 	�� �2� 	@�
� �2� � ��	 #°ÿ(�2� � � � ���
� ÿ � ��� � ����Á�	�� � � � ��6*�'��� � � þ�� �<� �
� � � �����8��� � ����,*� ÿ ¦

ÿ ����	���� � | ��� # � ��	 ÿ�� ��� | ��	����r��ª���� #%� ��	��*� þ�� � 	��1���g��ª � �g��ª
	9� #°ÿ ��	 # 	��:� � ��� � � � � � � � � ��� ÿ(�2� � � ��� � ��� � !|�� þ ��	�� � � � �'� 	 �9÷ 	��8� � � 	�� � ���l��ª � � |�� � � 	����
��	 ��� 	��)� ��� # � � � �
����� � � � � #%� ��	�����,(õ �2� 	 � �2	 � ��� þ | ª �
� � ! ��� | � 	 � �'	��A��� � ���8¤ |�� ������6x����	�� þ � ���8����	��i���.�����h� #^ÿ ��	 # 	���� � ��� � �����h� � � � ����� | � ÿ � ��	���	�� �Jþ
� ª�,2� |L| �2� ¦����� � � � ��ª�	���	 � 	�� þ �8�����d��ª�	 � 	�� �2� 	@�d� #%�*� ��ª � ���C	 � � ��6f� #°ÿ ��	 # 	���� � ��� � � ÿ � ��ª�� � � | ��� # � ��	 ÿ�� ��� | ��	����ª �Jþ ��� � 	/� � � �2� 	�� � � 	 � ��	�� � 6 	�� � ��� � �2�2� 	��'����� 	 �4| ��� � ��,

R ÉTS M�Û�Î³Ï _ Ð0Ó0ïeÎbÑ _ Û
�7� #%� � �����8��6���	�	����&����� þ | 	 � � � �'� 	 � ���3��� | � 	 � ����� � �'ª � � 	 � � �2� 	�	���ª �Jþ �'	 � � �\	 # ���'��� � �����.���+����2	 � 6)��� � 	��86f��ª � �\� � � ��� ÿ��2� � � ��� � �)�16*�'��	 # � ÷ �����bª � �2	�� � | ª � � � 	���� �Jþ
� � � | ��	�����	�� � � 	�� ��� 	�� ÿ 	 | � �

|�� � � � � | � ���1� � � ������,�- � �<� �0� � � ��� ÿ��2� � � ��� � �0�'6*�1��	 # � ÷ �����©�"��ª
	 � 	�� �2� 	@�.ª � �2	�� ��� � ��ª ���tþ�� ª)�'� � �
��¤ ¦|�� ����� 	�	�� � � þ ��� � ����� � ��� � # � �8��� �tþ � þ�� �<� � ÿ�� ��� | ��	�� � � 	?�����
	�	�� � �
	 | 	���� � � 6Â�'��	 ÿ � � � �+� � �4| ª
��	�� 	
�&6 � � � ¦ ��� � 	 � � ·'	 | ���8�2	�� G � � ������� � � V � £ £2£ � W ,� | � � � # � | 	�� � � þ � ��� � ��� � � | ��� # � ��	 ÿ�� ��� | ��	�� � �R��	�� | � ���'���1�����Ã��ª�	 � �'��	���� # 	���� � � � � �2� 	 � � ��	���?¨ À � � ����	�� G ó þ � � 	���� � ���0ó þ � � 	���� V � £2£ � � W ,ró9ª�	 � � � ��6*Á���� � � þ�� ��� � ÿ�� ��� | ��	�����ª �r÷ 	��2	 � �P��ª � ���2� �4| � ��	� #°ÿ �4| ���?��ª � � � � 	 ÷ ����	���6B���8¿d	 � 	������ � ��	�������� ÿ �^| 	 ,jó9ª�	
	�¿(	 | ��� � � � ����� | � 	 � ��	>��� � ��� ÿ�� � | 	�� � �
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� þ � þ�� ��� �Yª �tþ ��	�ª � ���
����ª � � � � 	
ª�	 � �*���86ë��	 ÿ 	��
� � ��� � � ÿ
� ��� � ��	��2	�ª�� | ��	����A� �2� �����1� � � | 	 �A�'ª �Jþ ���� 	>�����'����� �Jþ ����ª�	��t� �'�2# ��ª�	�	�¿(	 | ��� � � | 	���� � � � | ����6B����ª � � �8� � ������,j¶=������	���� #%�2� 	 � �2	 � � � � 	���� �r÷ �86 ¦	�� � ���*��� � �16"�1��	 # �&� � �'��	��'����� � ��ª
	 | � �1� � � ��| ª � � � 	&���%� � � ��� ÿ��2� � � ��� � �%�'6*�'��	 # �L� � � � ���86 � 	�� þ � � 	��
� � �r÷ ��	�� � 	 � � �tþ �
��ª�	 ÿ�� 	��'	���� � �
�Ä� þ � þ�� 	D	�� þ ����� � � � þ�# � � �x��ª�	B�'6*�1��	 #VU ��� � ��� �ë� 	�� þ � � 	�� � �
� � � ��6*����� � �=��ª
	%� � � ���'����� � � ÿ � ��ª�� � 	�� ÷ 	�	�����ª
	���	�	�� þ ����� � � � þ
# ��� � ��� � � ÿ 	 | �8¤ | �����2	��1��� � � ��� � � � ���ª
	x� #^ÿ��2� � � ���9� þ 	��'��� � � � �g����	 � ��� ��G ¡ � � # � �
�9	�� � �U, V ���2� � � Wb� ÿyÿ ����	��
� �oþ�� �<� �f�
6*� � # � | ��,

ó9ª���� ÿ � ÿ 	 � � � # � � � ÿ
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� 	 � �nª)��ª�	�� � # 	 þ �������8��6���	��2	�� � �\��ª�	�	�� þ ����� � � � þ�# �
	�� 	��3��ª �Jþ�� ªÂ��ª�	�6Â����� 	 � �7���8¿d	 � 	��:�7� � � � ��� � �
��,! �tþ ��	�ª � ��� � 	�ª � �*� �2� ����� � ���2	�� � 6Ã��ª
	 # � ! � # ��Á � ��� � � � � � þ ����������6C� þ ������� � � U(z, q)
��	���� � � � ��� �

ÿ�� 	���	 � 	�����	��+� �2� ��ª�	.� � ��� þ
#^ÿ ��� � � � �]� � #^ÿ�� ���8��	 � �"� ��� z � ���fª �Jþ �'��� � ��	 � �*����	 q �

max
r,z,q

U(z, q)
V � ¦ � �

��,«��,
z +RH(r)q ≤ c− T (r)

V � ¦ � �
�A� þ � ��� � � V � ¦ � �h���g��ª�	 � þ � � 	���� � ���1� � � ����� � �(��ª�	lª �Jþ ��	�ª � ����� � ���%��ª�	�� �2#°ÿ�� ���8��	 �2�*� �
�A�����nª � �'	��� �k��ª�	\� þ�# 	 � � � � 	@,�ó9ª�	\� � � � � � ��	 RH(r)

���;��ª�	 � 	����=��	�� 	�� ÿ 	 �¹þ ����� � �dª �Jþ �'��� � ��	 � �*����	 � �e�����1� � ����	
r
� �'�2# ��ª�	�¶ ÿL¨ ,

���:Å



¶ ÿL¨ ¶=	���� � � � ÿ þ ������	��'� ¨ ���'� � ������� ÷ ª
	 � 	/¤ �'# � � � 	/� � � � ��	�� r
�����1� � �p��	/� ���2# ¶ ÿL¨

q
ª �Jþ ����� � ��	 � �*����	 ÿ 	 � ª �Jþ ��	�ª � ��� h(r)

ª �Jþ ����� � �'	 � �*����	?��	��
������6
z

� �2#°ÿ(� �'����	 �2�"� ��� kH
ª �Jþ �'��� � � � ÿ ��� � �d��	������8��6

Land(r)
� � ���0� þ�� � � ��	 � �+�����'� � ����	

r KH
ª �Jþ �'��� � � � ÿ ��� � �d�1� � � �

n(r)
��	����'����6 � �jª �Jþ ��	�ª � ����� � �l�
���'� � ����	 r T (r)

� � � ��� ÿ(� � � � ��� � �1� � �1���
c

� � ��� þ�#^ÿ ��� � � ÿ 	 � � � ÿ ��� � rf
���8��6 � � �
� þ �

RH(r) þ �����lª �Jþ ����� � ��	 � �*����	 � 	���� Ra
� �2� ��� þ ��� þ
� � �(� � ��� � 	����

H(r)
ª �Jþ �'��� � ��	 � �*����	 � �l�����1� � ����	

r N
� þ�# � 	 �l� �jª �Jþ ��	�ª � �����

U(z, q) þ �������8��6�� þ �p����� � � � � � ª �Jþ ��	�ª � ��� u þ ����������6���	�� 	��
x∗(r) �Jÿ ��� # � �u� � ÿ ��� � �d� � � � ��� � � ��� � ρ

������	 � 	��'� � � ��	
F (K,L)

ª �Jþ �'��� � ��	 � �*����	 ÿ
��� � þ ����� � �
� þ �p����� � �
�5�t ]¡ � , ��� ¥ �2# 	������ � � þ�� 	7� � � ��ª�	/� � � ���8��� � � � � � � �fó9ª þ 	���	�� #�� ��	��©,

�Ã	 þ ��	 � ÿ���� � þ ����� � ��� þ ������� � � � �.ª �Jþ ����� � ��	 � �*����	 F (K,L)
Y ®8¯%G õ þ ��ª V ���2�2� � W �P��ª����j� þ ������� � �

F
� � � 	��[� � ÿ �8� � � K � ���È� � ���

L
� �f��� ÿPþ ����� � ��� ���Â������	 � � ,��Ã	B� ÿ 	T�����R6$��ª
	Ãª �Jþ ����� � �'	 � �*����	��	������8��6

h(r) = H(r)/Land(r) = f(x∗(r))
� ÷ ª�	 � 	 x = K/L

,Aó9ª�	
� þ ������� � � f
�����
	�¤<��	�� � 6

f(x) = F (1, x)
� � ���f��ª�	?� þPÿ 	 � ��� � � ÿ �Z¢ ∗ ö?�
	�� � ��	��l	�� þ ����� � � � þ�# � � � þ 	���,� 	���	 � � ����Á�	��Ã� � � ��� ÿ��2� � � ��� � �£� � �1��� � � 	 � 	 ÿ�� 	���	�����	�� � 6B��ª
	>� þ ������� � � T (r)

�b��ª � ��� � � 	������:� �� ��� �Jþ ���l��ª
	�� � �1� � �i� � � �
� ÿ��2� � � ��� � �
������	��8� � � ÷ 	���� � �l��ª�	�� � �'� � �b��ª�	/��� # 	7� ÿ 	����\���1� �2#�#�þ ����� � �
÷ ª����nª � ��ª�	 �1÷ ���'	 � �Jþ ���fª � � 	 � 	�	��Â�
	�� � ��	��f� ��÷e�2��� ,ó �@� ��	 � , � ÿ�� 	���	������L��ª�	&�1� � �
� � � �
� �2# 	������ � � þ
� 	 ÷ 	 þ ��	 � ÷ ª�����	7�A�:��, V � ¦ � �A� � V � ¦ Å �A��	���� � � � 	��ª
	 ��� ����� � 	�� � ��� � ���'ª�� ÿ � � �j��ª�	.��� � ���'��� � � þ�� ��� � #%� ��	������ � � � � # 	 ÷e�2��� ,

max
KH

RH(r)F (L,KH) − ρKH

V � ¦ ¢ �

kH(r) =
KH

L
(r) = argmax [RH(r)F (1, x) − ρx]

V � ¦ � �

H(r) = Land(r) · F
(
1, kH(r)

) V � ¦ ½ �

RH(r) = 0 ÿ(�Jþ
� r ≥ rf

V � ¦ � �

N =

∫ rf

0

H(r)/q(r)dr
V � ¦ Å �

�¤��� � ���'��� � 	�� þ ��� � � þ�� �<� � # ��� ��� 	T� � � �2# ����� G � þ ·'��� �<V �r� �2� � W ���\��ª � �&�8� � � � ��� � � ��	/� � ���
Land(r)���Z� � ������� þ
�Jþ � � ��� ÿ(� �'�������2	&� � � � ��� r > 0

� � �
�Â�8�i��ª�	 � � ��� þ�#°ÿ ��� � � ÿ 	 � � � ÿ �8� � c ����ª�	?� þ�# � 	 �l� ����
ª � � �8� � �����
N
��� � � �
� ÿ��2� � � ��� � ��� � �'��� T (r)

� ���f��ª�	�������	 � 	��'� � � ��	 ρ � � 	 � ���2	����<��ª�	��C�A�:��, V � ¦ � �
� � V � ¦ Å �=��	�¤<�
	 � þ ����� þ 	 þ ����������6�	�� þ ����� � � � þ�# ��	�� 	��

u∗
�<ª � #��2� 	�� �Jþ �9���
��ª�	 ÷ ª � ��	����8��62,²��3�*	T����� � � � , ¢ �
��ª����L� � � # 	 ÷=� ��� ��� � � � ÿ ��	��0� � � �9� ��� 	 ÿ�� 	���	���� � 	 � �����'����� þ
� �<� �f�
6*� � # ������,

�����
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Ã � ÃjÔ3Å�µ#¯�³6Àp±�¬T¶W¬T¯�°º¶�°�ª�¬*¯�¬ ÷ Æ�µ#±�²�µ#·�´�¬T¶�°�ª�µ7°
÷ ¬T±�¬ ¯�®#°�²�¯1°�ª�¬�°º±�µ#³�²¼°º²�®#¯�µ#´�­¹®/¯p®3��¬T¯�°º±W²���­e®3³�¬�´hÃ

Õ�Ör×�ÖxØ ÙÛÚ~Ü�Ý�Þ�ß�Ú~àlá�Ýãâ�Þ�ß�ä'åZælÚ�ç
�8¬ µ#¶W¶�½�­e¬�°�ª�µ7°\ªp®/½�¶�¬�ª�®/´�³�¶�±�¬T¶WÀ"®#¯�³�°�®eµzÂ#²�Æ/¬�¯�±W¬T¯�°*�T½�±xÆ/¬

RH(r)
²�¯1° ÷ ® ÷ µ�»�¶ Ç� !*®/½�¶�¬�ª�®/´�³�¶�´�²�Æ�²�¯pÂ�µ7°�´�®3�Tµ�°º²�®/¯
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¶W®6µ#¶*°º®�²�¯��T±W¬�µ#¶W¬ °�ª�¬T²�±�½3°º²�´�²�°a»�´�¬�Æ#¬T´
u(r)

Ç�°ºµ � ²�¯�Â¹±�¬�¯)°�´�¬%Æ/¬T´ RH(r)
µ�¶�Â/²¼Æ/¬�¯
Å.ª�®/½�¶W¬�ª�®/´�³�¶
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ó9ª�²�¶�´�¬Tµ#³�½�¶�°�®1µ#¯[²�¯�Æ/¬T¶x°º­e¬T¯�°�±�µ�°º¬

s = 19
¾ í�³�µ7°|µ ÿ ½�±�¬Tµ#½¾®#Á�Ï~��®/¯�®/­e²��8��¯�µ#´�»�¶�²�¶�Ô:9�9�;<�-Ã��£¬

��µ�±�±�²�¬T³.®/½p°'¶x»�¶W°º¬�­�µ7°º²��~¶W¬T¯�¶W²�°º²¼Æ�²�°a»�µ�¯�µ#´�»�¶W²�¶
®/¯.°�ªp¬T¶�¬~À�µ�±ºµ#­e¬�°�¬T±�¶�Å�µ#¯�³�Án®/½�¯p³ °�ª�µ�°�°�ªp¬=�)½�µ�´�²�°ºµ�°º²¼Æ/¬
±�¬�¶�½�´¼°º¶�À�±W¬T¶�¬�¯�°º¬T³[²�¯6°�ªp¬ ±W¬T­¹µ#²�¯p³�¬T±Z®#ÁÈ°�ªp²�¶ZÀ�µ#À�¬T±*µ#±W¬>�)½�²�°�¬ ±W®/·�½�¶x°�Ã
� �P¼�¯�+5$@?BA Ç]��µ#´�²�·�±�µ�°º²�®/¯Î®#Á�À�µ#±�µ#­¹¬%°º¬�±�¶

τn
Å
τR
µ#¯p³

τq
²�¶JÀ�µ#±W°�²��T½p´Íµ#±W´�»¸³�²DCe�T½�´¼°�Ã��8¬¹Án®/½�¯�³
ÅE ® ÷ ¬�Æ/¬�±TÅÈ° E µ�° ° E ¬T²�±�Æ�µ#´�½�¬T¶�Å]µ�¶ ´�®/¯�Â�µ#¶.° E ¬%»£±W¬T­¹µ#²�¯Î²�¯8µ�±�¬Tµ#¶�®/¯�µ#·�´�¬e±ºµ�¯�Â/¬e®#ÁÉÆ�µ#´�½�¬T¶�Å�³�®[¯�®�°­e®3³�²¼Ác»z° E ¬F�)½�µ#´�²�°|µ7°º²�Æ#¬�±W¬T¶�½p´�°º¶�¯�®#±�° E ¬�®/±W³�¬T±W¶�®#ÁÈ­�µ#Â#¯�²�°�½�³�¬�®#ÁÈ° E ¬>��½�µ#¯�°º²�°ºµ�°º²¼Æ/¬�±W¬T¶�½p´�°º¶�®#ÁÈ®/½p±

À�µ#À�¬T±�Ã�ó~»3Àp²���µ�´tÆ�µ#´�½�¬�¶.µ#±�¬J¬%¿3À�´�®#±�¬T³ÌÇ ÷ ¬z�T®/¯p¶�²�³p¬T± τn = τR = τq = τ = 10
»/¬�µ�±�¶TÃ³ó E ¬T¶�¬z´�®/¯�Â

±�¬�¶�À�®/¯�¶W¬[°º²�­¹¬�¶¹µ��T�T®#½�¯�°�Án®/±Ä° E ¬[¯�¬%°�±�® ÷ ¶6²�¯õ° E ¬[��²�°a»#Å�µ�¯�³ë¯�®�°¹Án®/±¹µ#´�´Z²�¯�³�²¼Æ�²�³�½�µ�´�­¹®�Æ#¬T¶�®#±� E µ#¯pÂ/¬T¶�ÃG�Û¶x»�¶W°º¬�­�µ7°º²���¶�¬�¯�¶�²¼°º²�Æ�²¼°a»�µ�¯�µ#´�»�¶W²�¶ ÷ µ#¶���µ#±W±�²�¬T³6®/½3° ÷ ²¼° E τ �T®/­eÀ�±�²�¶�¬�³�·�¬�° ÷ ¬T¬T¯ 3
»/¬�µ�±�¶

µ#¯�³
20
»/¬Tµ#±�¶�Ã��£¬ ¶ E ® ÷ ¶�®#­¹¬.®#Á]° E ¬�¶�¬J¶W¬T¯�¶W²�°�²�Æ�²�°a»�µ�¯�µ#´�»�¶W²�¶�·"¬�´�® ÷ Ã<ó E ¬�±�¬T¶W½�´�°�¶�µ�±�¬ µ#´�¶W®¹±W®/·�½�¶x°

÷ ²�° E ±�¬T¶WÀ"¬���°�°º®z� E µ�¯�Â/¬T¶�²�¯ τk µ#¯�³ τh Åp° E µ�°���µ#¯�·�¬ µ#À�À�±W®�¿3²�­�µ�°�¬T³1²�¯�µ#¯�¬�µ#¶W²�¬T± ÷ µ�»/Å�¶�²�¯��T¬�° E ¬�»�T®#±�±�¬�¶�À�®/¯�³�°º®z° E ¬���®/¯�¶x°º±�½p��°º²�®/¯�³�½�±ºµ7°º²�®#¯�®�ÁtÀ�±W®3³p½���°�²�®/¯1½�¯p²�°º¶*µ#¯p³�·p½�²�´�³�²�¯�Â#¶TÃ
R É
H § Ü�Û0×xÙ Ñ�ïþ×xÛ0×xØwÜ�Ì³Ñ�ÌHª�Ô[× Ì � ª%ïJI ª�Û Î³Ïh×xÛfÌ/K¸ª?ÏjÎi×/ÎbÑ%ª�Û ïÉª�Ì³ÎiÌ

L ¯Ê° E ²�¶4¶�¬���°º²�®/¯
Å ÷ ¬�¬%¿3À�´�®/±�¬¹° E ¬1¬�¿u¬���°º¶Ä®�Á�µ¾¶ E ®�� � ®/¯ã°�±ºµ#¯�¶WÀ"®#±W°|µ7°º²�®#¯ãÀ�±�²��T¬�¶TÃt�£¬1µ#¶W¶�½�­e¬° E µ�°�° E ¬¾²�¯p²�°º²�µ#´Z¶W°ºµ�°º¬[®#Á�° E ¬[�T²�°a»Ûíc°º²�­e¬
t = 0

�e²�¶¹° E ¬¾¶W°ºµ�°º²�®/¯�µ#±x»,¬ �)½�²�´�²�·�±W²�½�­ ³p¬T¶���±�²�·"¬�³ ²�¯��ÀpÀ"¬�¯�³�²¼¿ ÿ ÃM�5µ#±W²Íµ#·p´�¬T¶�²�¯�° E ¬J²�¯p²�°º²�µ#´~ín±�¬T¶WÀ
ÃON�¯�µ#´P��¶x°|µ�°�¬Jµ#±W¬J¯�®�°º¬T³ ÷ ²�° E µ¹¶W½�·�¶���±�²�Àp°*¢ i ö¹í�±W¬T¶�ÀuÃ¢
f
öQ�%Ã��£¬�µ#¶W¶�½�­e¬�° E µ�°É²�¯z° E ±W¬T¬�»#¬�µ#±W¶TÅ�¶W°|µ�±W°º²�¯�Â4µ7°�°�²�­e¬
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pi
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Ã�ó E ²�¶���®/¯�Æ/¬�±�Â/¬�¯��T¬�Åpµ#¶�²�¶�¶ E ® ÷ ¯¹·"¬�´�® ÷ Å/²�¶�Æ#¬T±x»Ä¶�´�® ÷ Å)µ�¯�³²�°�¶�¶�´�® ÷ ¯�¬�¶�¶*²�¶*µz±�®/·�½p¶W°�Án¬�µ�°�½�±�¬.®#Át®/½�±�¯)½�­e¬T±�²���µ#´u¶�²�­J½�´Íµ�°�²�®/¯p¶TÃ<õ�®/¶W°�²�­eÀ"®#±W°|µ�¯)°�´�»#Å3®/½p±*¶W²�­4½p´ÍµWV°º²�®/¯�¶�µ#´�´�® ÷ °º®¹³�²YX"¬T±W¬T¯�°º²�µ�°º¬ ° E ¬�¶�²�°�½�µ�°�²�®/¯�¶ ÷ ²�° E ±W¬T¶�À�¬T�%°�°º®�¶�À�µ#��¬#ÃZ��°�¬�µ�� E ´�®���µ�°�²�®/¯
Å ÷ ¬4¶x°º½�³p»° E ¬JÀ�µ�° E Án®/´�´�® ÷ ¬�³[µ7Ác°º¬T±*° E ¬�¶ E ®�� � ·�»�° E ¬J¬��T®/¯�®#­¹²�� ¶x»�¶W°º¬�­�Å�Án±�®/­ ®#¯�¬J¶x°|µ�°�²�®/¯�µ�±W»�¬��)½�²�´�²�·�±�²�½�­°º®eµ#¯p®#° E ¬�±TÃ
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å~Þ�à
ó E ¬Z¶W°ºµ�°º²�®/¯�µ#±x»J¬ �)½�²�´�²�·�±W²�½�­ö®#Á�®#½�±�­e®3³�¬�´�Æ#¬T±W²YN�¬�¶�° E ¬Z��´Íµ#¶W¶�²��Tµ#´�±�¬T¶W½�´�°�¶�®#Á��T®#­¹À�µ�±ºµ�°�²�Æ/¬�¶W°ºµ�°º²��

µ#¯�µ�´�»�¶�²�¶�²�¯[½�±�·�µ�¯Ë¬��T®/¯p®/­¹²��T¶Jÿ � E ¬Tµ�°º®#¯'í î�ï�]:^ ���rÃ�_�®/´�´�® ÷ ²�¯pÂe° E ¬4¶ E ®3� � ²�¯[°�±ºµ#¯�¶WÀ"®#±W°|µ7°º²�®#¯¾�T®/¶x°º¶�ÅE ¬�¯��T¬�Å/° E ¬Z��²�°a»��T®/¯���¬T¯�°º±�µ�°º¬�¶�°º® ÷ µ�±�³�¶�° E ¬a` ÿ TJÃcb�¬T¯�°º¶�²�¯��T±W¬�µ#¶W¬Z¯�¬�µ�±�° E ¬a` ÿ TJÅ)µ#¯�³Ä³�¬��T±W¬�µ#¶W¬�µ7°
° E ¬J®/½p°�¶ � ²�±x°º¶�Ã L ¯�° E ¬�´�®/¯pÂ¹±W½�¯
Å��T®/¯p¶�½�­e¬T±W¶Tê�½p°º²�´�²�°a»6³�¬T��±�¬�µ�¶�¬T¶JÇ"µ7Ác°º¬T± 150

»#¬�µ#±W¶TÅuµ�Æ#¬T±�µ#Â/¬J½3°º²�´�²�°a»
´�¬%Æ/¬�´

u150
²�¶

16 d ´�® ÷ ¬T±~° E µ#¯¹²�¯�²�°�²Íµ#´3½p°º²�´�²¼°a» ui e ¶�¬T¬f_t²�Â�Ã � Ã î �%Ã<��°5° E ²�¶�³�µ�°º¬�Å)° E ¬aN�¯�µ#´�¬��)½�²�´�²�·�±�²�½�­E µ#¶*µ#´�­¹®#¶W°Z·�¬T¬�¯�±W¬�µ#� E ¬�³
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g6h*iZ¡ � Ã î5� ó E ¬Z¬%Æ/®/´�½p°º²�®/¯J®�Á
u ÷ ²¼° E ±W¬T¶�À�¬T�%°�°º®�°�²�­e¬#Ã7Ï~µ#� E �T½�±xÆ/¬Z��®/±�±W¬T¶�À�®/¯�³p¶�°º®�³�²DXu¬�±�¬�¯)°tÆ#µ�´�½�¬�¶®#ÁÈ° E ¬�°�²�­e¬T¶��Tµ#´�¬�¶

τn
Å
τR
µ#¯�³

τq e ²�¯�³�¬-¿ u = 1
µ�°�°º²�­e¬

t = 0
�-Ã

T�½�±W²�¯�Â¾° E ¬6°º±�µ#¯�¶�²¼°º²�®/¯ãÀ�¬T±�²�®3³uÅ E ®#½�¶�²�¯�Â¸²�¶4¯p®#°zµ#³�µ�Àp°º¬�³Ì°�®¾° E ¬1¯p¬ ÷ ¬T�T®#¯�®/­e²��6��®/¯�³�²¼°º²�®#¯�¶TÅ
µ#¯�³¾° E ¬Ä¶�²¼°º½�µ7°º²�®#¯¾®#Á�° E ¬Ä�T²�°a»�²�¯ E µ#·�²¼°|µ#¯�°º¶�²�¶�¶W²�Â/¯p²YN��Tµ#¯�°º´�» ÷ ®/±�¶W¬T¯�¬�³
Å��T®#­¹À�µ�±�¬T³ ÷ ²¼° E ° E ¬jN�¯�µ#´
¶W°ºµ�°º²�®/¯�µ#±x»z¬��)½�²�´�²�·p±�²�½p­�Ã<_]²�Â/½�±W¬ � Ã î ¶ E ® ÷ ¶�° E µ7°�ÅpÔ � »#¬�µ#±W¶Zµ�Ác°º¬�±�° E ¬�¶ E ®3� � Å3° E ¬�µ#Â#Â/±�¬�Â�µ�°º¬*½p°�²�´�²¼°a»´�¬%Æ/¬�´�²�¯J° E ¬���²�°a»�±�¬�µ�� E ¬T¶5µ�´�¬�Æ/¬�´ ÷ E ²�� E ²�¶~Ô ] d ´�® ÷ ¬T±]° E µ#¯4° E ¬�²�¯�²�°�²Íµ#´�½p°�²�´�²�°a»/Å7µ#¯p³ î Ô d ´�® ÷ ¬�±t° E µ#¯° E ¬fN�¯�µ�´"®/¯p¬#Ã:ó E ¬�®/±W³�¬T±5®#Á'­¹µ#Â/¯�²¼°º½�³p¬*®�Á
°º±�µ#¯�¶�²¼°º²�®/¯z²�­eÀ�µ#��°�¶Éµ�¯�³�° E ¬�´�¬T¯�Â#° E ®#Áu° E ²�¶ÉÀ�¬T±�²�®3³¹µ#±W¬�)½�²�°�¬4±�®#·�½�¶W°�°�®1� E µ#¯�Â#¬T¶.²�¯[° E ¬4°º²�­¹¬�¶��Tµ#´�¬�¶

τn
µ#¯�³

τq
Å ÷ E ²�� E µ#±�¬Ä¶W½��T��¬T¶W¶�²�Æ#¬T´¼»¸³�²�Æ�²�³�¬T³¸·�»
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²�¯_t²�Â�Ã � Ã î Ç�²�¯�µ#´�´u��µ#¶W¬T¶TÅ�° E ¬�µ�Æ#¬T±ºµ�Â/¬�½3°º²�´�²�°a»¹´�¬%Æ/¬T´'²�¯�° E ¬.�T²¼°a»1¶W°ºµ�»�¶�½�¯�³�¬�±

80 d ®#Át²�°�¶Z²�¯�²¼°º²Íµ�´"´�¬�Æ/¬�´
Án®/±Zµ�À�À�±�®�¿3²�­¹µ�°�¬T´�»

60
»/¬Tµ#±�¶�Ãk�ö³�²�Æ�²�¶�²�®#¯�·�»
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®�ÁÈ° E ¬�°�²�­e¬T¶��Tµ#´�¬

τR
E µ�¶�µJ¶�´�²�Â E ´¼°a»e³�²YX"¬T±W¬T¯�°Z¬ X"¬T�%°

®/¯Î° E ¬z³p»�¯�µ�­¹²��T¶.®#Á5° E ¬z¶W»�¶x°º¬T­ Ç
° E ¬�µ�Æ#¬T±ºµ�Â/¬z½p°º²�´�²�°a»�´�¬%Æ/¬�´5Â#®3¬�¶.Á�µ�¶W°º¬�± µ#·"®�Æ#¬z° E ¬
80 d Æ#µ�´�½�¬�Å

° E ®/½�Â E ° E ¬�´�¬T¯�Â�° E ®#Át° E ¬�°º±�µ#¯�¶�²¼°º²�®/¯6²�¶Z±W®/½�Â E ´�»�° E ¬.¶ºµ#­e¬#Ã
ó E ¬�µ�Â/Â/±�¬�Â�µ�°�¬�¬ X"¬T��°�¶t®#Á�µ*¶ E ®�� � ®#¯ °�±ºµ#¯�¶WÀ"®#±W°|µ7°º²�®#¯ ��®/¶W°�¶TÅ7²�¯�³p¬T¬T³uÅ7¶x°º¬�­ Án±�®/­Û° E ¬5²�¯�°º¬�±ºµ#�%°º²�®#¯®#Á�­e²���±�®�¬T��®/¯�®/­e²���·�¬ E µ�Æ�²�®/±�¶�Ç�Á�µ��T²�¯pÂ¹¯�¬ ÷ Å E ²�Â E ¬�±�°�±ºµ#¯p¶�À�®/±W°ºµ�°º²�®/¯���®/¶W°�¶TÅ"À"¬�®/À�´�¬ ÷ µ#¯�°�°º®¹­¹®�Æ#¬�T´�®/¶�¬�±t°º®�° E ¬7` ÿ T�Ã ÿ ¬�Án®#±�¬É° E ¬�­e®�Æ#¬T¶~µ#�%°º½�µ�´�´�» ®��T��½�±TÅ�±�¬T¯�°�´�¬�Æ#¬T´�¶�µ#¯�³jl�µ�°�¶Tê/¶W²nm�¬T¶ E µ�Æ#¬�°�®�� E µ#¯pÂ/¬

°º®J�T±�¬Tµ�°º¬�±�®�®/­ Án®/±É²�¯ E µ#·�²¼°|µ#¯�°�¶ ÷ ²�´�´�²�¯�Â�°º®4­e®�Æ/¬�Ã�\�Æ/¬�±É° E ¬�´�®/¯�Â#¬T±~°º¬T±W­�Å)° E ¬�³�¬T¯p¶�²�°a»¹®#Á E ®#½�¶�²�¯�Â¶�¬�±WÆ�²���¬�¶�½�ÀpÀ�´�» e ®#Á ÷ E ²�� E ° E ¬ E ¬�²�Â E °Z®#Á'° E ¬�·�½�²�´�³�²�¯�Â/¶�²�¶Zµ4Â/®�®�³6À�±�®�¿�»G� ÷ ²�´�´"µ#´�¶�®4·�¬.µ#³�µ#À3°º¬T³6°�®° E ¬ ¯p¬ ÷ ��®/¯�³�²¼°º²�®/¯�¶TÃ
î�� Ô
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µ#¯�°º²��T²�À�µ�°º²�¯�ÂJÁn±�µ#­¹¬ ÷ ®#± � Å�µ#��°�®/±�¶Z¯p¬T¬T³[µÄ¶�²�Â#¯�µ#´
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Æ�µ#´�½�¬�¶TÃ�~ L ¯�®#½�±É¶W²�­4½�´�µ�°º²�®/¯
Å/³p½�±�²�¯�Â ° E ¬�°�±ºµ#¯p¶�²�°�²�®/¯eÀ�¬T±�²�®3³uÅ)° E ¬ � ²�¯p²�²�¯�³�¬-¿¹³�¬T��±�¬�µ�¶�¬T¶�µ�¶
° E ¬4µ#³�µ�Àp°|µ�°�²�®/¯�­e¬T� E µ#¯p²�¶�­e¶ e ­e®�Æ#¬T¶�Å"� E µ�¯�Â/¬T¶�²�¯�° E ¬J¶W²nm�¬T¶�®�ÁJl�µ�°�¶TÅ�� E µ#¯�Â#¬T¶�²�¯�° E ¬J±�¬�¯�°�´�¬%Æ/¬�´�¶TÅ
�T®#¯�¶W°�±�½��%°º²�®#¯O�.¬�¯�°º¬T±�²�¯�°º®�µ#�%°º²�®#¯,Ç ÷ ²�° E ®#½�±��Tµ#´�²�·�±ºµ7°º²�®#¯
Åu²¼°�¶x°|µ�»�¶4µ#·�®�Æ/¬ 0.02
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Å
° E ¬�³p¬T�T±W¬�µ#¶W¬6®#Á�° E ¬ � ²�¯p²�²�¯�³�¬-¿£·�µ#� � °º®tm�¬T±W®[²�¶ ¶�´�® ÷ ¬�±TÅ]Án®#± ° E ¬�±W¬�µ#¶W®/¯µ#´�±�¬�µ�³p»6­e¬T¯�°º²�®/¯�¬�³ e $�è(�Tè ° E ¬�Án®/±�­ ®#ÁÈ° E ¬ ÷ ¬T²�Â E °�²�¯�ÂÄÁn½�¯p��°º²�®/¯�¶��%Ã

���Èk��x�%��f�}ri%m�stgXb7g)gXb�v�ilw�iW}È�x{-b�d#i�k¼{-f�q�g��%q�iWfW���uf�{��WgX�n� }�stgjb�g)gjb7v�ixw/m�kÓ�%f�gjb7}no�{-b7�xi%m�fhiW{���q�iW}
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° E ±�®/½�Â E ��±�® ÷ ³�²�¯�Â:Va®#½p°�¬ X"¬T�%°º¶�Ç�µ#¶�±W¬T¯�°º¶���´�®/¶W¬�°º®�° E ¬7` ÿ T ²�¯���±�¬�µ�¶�¬#Å E ®/½�¶�²�¯�Â�¶�¬�±WÆ�²���¬�À�±�®�³�½��%°º²�®#¯
Â/¬%°º¶5­¹®/±W¬ZÀ�±�®:N�°|µ#·p´�¬#Å)µ�¯�³�²�¯)Æ#¬T¶x°º­e¬T¯�°º¶Éµ#±�¬�³�²�±�¬T�%°º¬�³¹°º® ÷ µ#±�³p¶5° E ¬�Àp±�®�³�½���°�²�®/¯z®#Á E ®/½�¶W²�¯�Â ¶�¬�±WÆ�²���¬µ�°6° E ®/¶W¬¾´�®���µ�°�²�®/¯p¶TÃ=��¶1µã��®/¯�¶�¬ �)½�¬T¯���¬#Å���µ�À�²�°ºµ#´�²�¶�­e®/±�¬¾¶W®/½�Â E °�µ7Ác°º¬T±�·)»ë²�¯�Æ/¬�¶W°�®/±�¶�ÅZµ#¯�³ ° E ¬
²�¯�°�¬T±�¬�¶W°�±ºµ�°�¬z²�¯���±�¬�µ�¶�¬T¶ ·�»Ëµ#´�­e®/¶x°
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±�½p¯
Å E ® ÷ ¬%Æ/¬T±�Åp° E ¬�±�µ�°º¬*®#Á
²�¯�°º¬T±W¬T¶x°Zµ#¶x»3­eÀp°�®#°º²���µ#´�´�»�±�¬�°�½�±�¯p¶�°º®�²�°�¶5²�¯�²�°�²Íµ#´3´�¬%Æ/¬T´rÃ"õ�¬�µ#¯ ÷ E ²�´�¬�Å)° E ¬T±W¬
²�¶�µ.��±�® ÷ ³�²�¯�Â:Va®#½p°�¬ X"¬T�%°5®#ÁuÀp±�®�³�½���°�²�Æ#¬Z²�¯�Æ/¬�¶W°º­e¬T¯�°�¶�·�» E ®/½�¶�²�¯�Â.²�¯�Æ/¬�¶W°�­¹¬�¯)°�¶TÅ�µ#¯�³
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° E ¬Ä¶ E ®�� � Å'° E ¬ÄÀ�±W®3³�½p��°º²�®/¯¸®#Á��T®/­eÀ�®/¶�²¼°º¬JÂ#®3®�³�¶ E µ#¶�³p¬T�T±W¬�µ#¶W¬T³£·)»
1.2 d e ¶�¬T¬Ä° E ¬Ä´�¬%Ác°�À�µ#¯�¬�´�®#Á_t²�Â�Ã � Ã � �%Ã � ²�Æ#¬T¯�²¼°º¶�°º²�­¹²�¯�Â�Å�µ�¯�³�¬%Æ/¬T¯¹° E ®/½pÂ E ° E ¬�µ#Â#Â/±�¬�Â�µ�°º¬�À�±W®3³p½���°�±�¬%°º½�±W¯�¶�°�®J²�°�¶~²�¯�²¼°º²Íµ�´p´�¬%Æ/¬�´

²�¯¸° E ¬¹´�®/¯�Â�±�½p¯
Å
° E ²�¶.¬ X"¬T��°�²�¶.²�­¹À�®/±W°ºµ#¯�°ÄÇ E ®/½p¶�¬ E ®/´�³£²�¯���®/­¹¬Ä³p¬T�T±W¬�µ#¶W¬T¶�²�¯¸° E ¬e¶ºµ�­¹¬Ä°º²�­¹¬zµ�¶
° E ¬�»6Á�µ#��¬ µz¶ E ®�� � ®/¯�°�±ºµ#¯p¶�À�®/±W°ºµ�°º²�®/¯1�T®/¶x°º¶�ÃL °�²�¶�¯�®#°º¬ ÷ ®#±W° E »¾° E µ�°TÅ"²�¯¾° E ¬4±W¬�µ#´ ÷ ®#±�´�³uÅ"° E ¬Ä¶ºµ#­e¬J­e¬T� E µ�¯�²�¶W­ ° E µ�°�²�¯p�T±�¬Tµ#¶�¬�¶�° E ¬Ä�T®/¶x°�®#Á
��µ�À�²�°ºµ#´�¶ E ®#½�´�³Jµ#´�¶W®�µ#ÀpÀ�´�»�°�®�´�µ#·"®#±TÃ�_�®/´�´�® ÷ ²�¯�ÂZ²�¯��T±W¬�µ#¶W¬T³JÀp±�®�N�°ºµ#·�²�´�²�°a»�®#Á E ®#½�¶�²�¯�Â�¶W¬T±xÆ3²��T¬�À�±�®�³�½���V°º²�®/¯
Å ÷ µ#Â#¬T¶5Â/®.½�Àz²�¯Ä° E ²�¶�¶�¬���°º®#±TÅ�²�¯p³�½��T²�¯�Â�° E ¬ ÷ ®/± � ¬T±W¶�°�® ¶ ÷ ²�°�� E Án±W®/­G° E ¬ZÀ�±�®�³�½��%°º²¼Æ/¬�¶�¬���°º®#±~°�®° E ¬*��®/¯�¶x°º±�½p��°º²�®/¯e¶�¬T�%°º®/±�Ã%`É®/­¹À�µ#±ºµ#·p´�¬Z­e¬T� E µ#¯p²�¶�­e¶~®3���T½�±5µ�Ác°�¬T±5µ�³�²�¶�µ#¶W°�¬T±�Å ÷ E ¬T¯�±W¬T��®/¯�¶W°�±�½��%°º²�®/¯
¯�¬�¬T³�¶ ­�µ � ¬4° E ¬ ÷ µ#Â#¬e®�Á0�)½�µ#´�²YN�¬�³ ÷ ®#± � ¬�±�¶ ²�¯���±�¬Tµ#¶�¬z·�»¸½�À¸°º® ^ 9 d Ãdó E ²�¶.À E ¬�¯�®/­e¬T¯�®#¯ ÷ ®/½�´�³¬T¯ E µ#¯���¬6° E ¬6��®/¶W°4®#Á��T±W® ÷ ³p²�¯�Â:V�®/½p°J¬ X"¬T��°�¶TÃu_�®/±�¶�²�­¹À�´�²���²�°a»�êX¶.¶�µ � ¬�Å E ® ÷ ¬%Æ/¬�±TÅ ÷ ¬�µ#¶�¶W½�­¹¬�³ã° E µ7°
÷ µ#Â/¬T¶ ÷ ¬T±�¬>Np¿3¬�³
Å�µ#¯�³�° E µ�°*µ�´�´ ÷ ®/± � ¬T±W¶ ÷ ¬T±W¬�¬�­¹À�´�®�»/¬T³�²�¯6° E ¬.À�±�®�³�½��%°º²¼Æ/¬.¶�¬���°º®#±TÃ
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g6h*iZ¡ � Ã ��� Ï�Æ/®/´�½p°º²�®/¯¹®�Á
° E ¬�¬T��®/¯�®/­e²��*®/½p°�À�½p° ÷ ²�° E ±�¬�¶�À�¬T��°É°º®�°�²�­e¬ e ²�¯p³�¬%¿ Y = 100
·�¬�Án®#±�¬�° E ¬

¶ E ®3� � �%Å�µ#¯p³�®�Á]° E ¬.±ºµ�°�¬ ®�Át²�¯)°�¬T±W¬T¶W° ρ Ã

R���� �e«lÛ2�1��Û1� × �/�|��Û0×?Ø��G�1�p��ïÉ« �2� � «lÛ Ø�×F�'«������'ªeª Ø�×>�'«
L ¯Ë° E ²�¶�¶W¬T�%°º²�®#¯
Å ÷ ¬¹µ�¶�¶�½p­¹¬Ä° E µ�°�° E ¬ÄÂ#®�Æ#¬T±W¯�­¹¬�¯�° E µ�¶�³�¬T��²�³�¬�³Ë°�®�¶W¬�°�µ1Â/²�Æ#¬T¯¸°|µ�¿¸´�¬%Æ/¬�´�®/¯

°º±�µ#¯�¶WÀ"®/±x°|µ�°�²�®/¯ ²�¯�»/¬�µ�±
2050

Ãpó E ²�¶t¶�²¼°º½�µ7°º²�®#¯J­¹µ�» µ�±�²�¶W¬�Án®/±È²�¯p¶W°|µ�¯��T¬�²�¯J° E ¬�Án±�µ#­¹¬ ÷ ®#± � ®#Á���´�²�­¹µ�°�¬¯�¬�Â/®#°º²�µ�°º²�®/¯
Å7²�Á�²�¯)°�¬T±W¯�µ�°º²�®/¯�µ#´pµ#Â/±W¬T¬T­e¬T¯�°�¶~µ#±�¬Z±W¬�µ#� E ¬�³¹®#¯z° E ¬Z­¹µ#±�Â/²�¯�µ#´��T®/¶x°~®#Á���µ#±W·"®#¯e¬�­¹²�¶�¶W²�®/¯�¶
î�� ;



µ#¯�³[²�°º¶*²�¯�°�¬T±�¯�µ#´�²Ym�µ�°�²�®/¯1° E ±�®/½�Â E µ��Tµ#±�·�®/¯�°ºµ7¿"Ã��£¬J��®/¯�¶W²�³�¬�±�»/¬Tµ#±
2050

·"¬���µ#½p¶�¬4²¼°�­¹µ�»�·�¬�° E ¬
��µ�¶�¬�° E µ�°¹­¹µ#±�Â/²�¯�µ#´���µ#±W·"®/¯õÀ�±W²��T¬�¶¹±W¬�µ#� E�E ²�Â E ´�¬�Æ/¬�´�·)»Ì° E ¬T¯
Å5µ#¯p³ë·�¬T��µ�½�¶�¬�²�°e²�¶ÄÁ�µ#±eµ ÷ µ�»õ²�¯°º²�­¹¬�Ã L °eµ#´�´�® ÷ ¶TÅÈ° E ¬�±�¬%Án®/±�¬�Å�°º®Ëµ#¯�µ#´¼»,mT¬6° E ¬�²�­¹À�®/±x°|µ#¯���¬6®#Á�° E ¬�²�­¹Àp´�¬T­e¬T¯�°ºµ�°º²�®/¯8±x»�° E ­ ®#Á*° E ¬
¶�²�Â/¯�µ#´�VaÀ�±W²���¬�®�Æ/¬�±�´�®/¯�ÂÄÀ�¬T±�²�®3³p¶Z®#Á]°�²�­e¬#Ã

Õ�Ö¡ �ÖxØ ¢�ä�çpàl÷ùå~Þ
ç�Ý�Ü�ÝÌá�Þ�àlä'÷~Þ�á ä~ô�ó3ælÚ~ò
�8¬ µ#¶W¶�½�­e¬�° E µ7°*° E ¬.À"®#´�²��%» ÷ ®/± � ¶�µ#¶�Án®/´�´�® ÷ ¶�Ç� ÷ E ¬�¯õµ¸°�±ºµ#¯p¶�À�®/±W°ºµ�°º²�®/¯8°|µ�¿ã²�¶4²�­eÀ�´�¬�­¹¬�¯�°º¬T³uÅ ÷ ®/± � ¬T±W¶ E µ�Æ#¬6°º®ÎÀ�µ�»Êµ#¯Ê²�¯��T±W¬�µ#¶W¬T³Ê°º±�µ#¯�¶�V
À�®/±W°ºµ�°º²�®/¯��T®/¶x°

T (r) = (p + τ)r
Ã�ó E ¬4Àp±�®�³�½���°�®#Á�° E ¬�°|µ�¿uÅ�¯�µ#­e¬T´¼»

π = τ
∫ rf

0
n(r)rdr

Å�²�¶
´�½�­¹À,Va¶�½p­ù±�¬�³�²�¶x°º±W²�·�½p°�¬T³1°º®Ä° E ¬ ÷ ®/± � ¬�±�¶TÅ ÷ E ®z½�¶W¬�²¼°�Án®/±Z�T®#¯�¶�½�­eÀp°�²�®/¯
Ã

� ó E ¬�Â/®�Æ/¬�±�¯�­e¬T¯�°6� E ®3®/¶W¬T¶e°º®8²�¯��T±W¬�µ#¶W¬�´�²�¯�¬Tµ#±�´¼»8° E ¬�°ºµ7¿õ´�¬%Æ/¬T´
τ(t)

Án±�®/­N²¼°º¶z²�¯�²¼°º²�µ#´É´�¬�Æ/¬�´
τi = 0

°�®�²�°º¶4N�¯�µ#´�´�¬%Æ/¬�´
τf = p/2

Ã�ó E ¬e¶W´�®/À�¬z®#Á5° E ²�¶�²�¯���±�¬�µ�¶�¬z³�¬TÀ�¬T¯p³�¶�®#¯Î° E ¬Ä»/¬Tµ#± ° E ¬
Â/®�Æ#¬T±�¯p­¹¬�¯)°*� E ®�®/¶W¬T¶�°º®z¶W°ºµ#±W°�° E ¬ ²�­¹Àp´�¬T­e¬T¯�°ºµ�°º²�®/¯�®#ÁÈ°º±�µ#¯�¶WÀ"®/±x°�°|µ7¿pµ�°�²�®/¯
Ã

�8¬�¶W°º½p³p»ã²�­¹À�´�¬T­e¬T¯�°|µ7°º²�®#¯ËÀ�¬T±W²�®�³�¶�° E µ�°Ä±W½�¯8Án±W®/­
60
»/¬Tµ#±�¶Ä³p® ÷ ¯ã°�® 0

Ãjó E ½�¶TÅ�´�µ�°º¬�¶W°J²�­5V
À�´�¬T­e¬T¯�°|µ�°�²�®/¯Ê·�¬TÂ#²�¯�¶z²�¯Ì»/¬Tµ#±

2050
Å ÷ E ²�´�¬1¬�µ�±�´�²�¬T¶x°z²�­eÀ�´�¬�­¹¬�¯)°ºµ�°º²�®/¯ã·�¬TÂ/²�¯�¶z²�¯Ê»/¬Tµ#±
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Ã��8¬

�T®#¯�¶�²�³�¬T±�¶W½�� E µ�¯Ë¬Tµ#±�´¼»¾µ�¯)°�²���²�À�µ�°�²�®/¯uÅ"¶W²�¯���¬ E ²�Â E ´�¬�Æ#¬T´�¶�®�Á5°�±ºµ#¯p¶�À�®/±W°�°ºµ7¿pµ�°º²�®/¯¸µ#´�±�¬�µ�³p»¾¬-¿p²�¶W°.²�¯
¶�®#­¹¬���®/½�¯�°º±W²�¬�¶TÅ#¬%Æ/¬�¯z° E ®/½�Â E ²�¯J»#¬�µ#±

1990
° E ®/¶W¬É°|µ7¿J´�¬%Æ/¬�´�¶ ÷ ¬T±W¬Z¯�®#°�±W¬T´�µ�°º¬�³4°º®���´�²�­¹µ�°�¬�À�®/´�²��T²�¬T¶TÃ
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g6h*iZ¡ � Ã�; � .�¬�Ác° Ç�µ�Æ/¬T±�µ#Â/¬.½p°�²�´�²¼°a»�´�¬�Æ#¬T´ ÷ ²�° E ±W¬T¶WÀ"¬���°*°º®z°º²�­e¬#Å�Án®/±ZÀ�®/´�²��T²�¬�¶�¶W°ºµ#±W°�²�¯�Âz²�¯�»#¬�µ#± 2000µ#¯�³z»/¬Tµ#±
2040 e ²�¯p³�¬%¿ u = 1

²�¯Ä»#¬�µ#±
1990

�-Ã<b*²�Â E °�Ç � ²�¯�²p²�¯�³�¬-¿ ÷ ²�° E ±W¬T¶WÀ"¬���°5°º®�°º²�­¹¬�Án®/±�À�®/´�²��T²�¬T¶¶W°ºµ#±W°�²�¯�Âz²�¯6»/¬�µ�±
2000

µ#¯p³�»#¬�µ#±
2040

Ã

�8¬J¬T¶W°�²�­¹µ�°º¬.° E ¬T¶�¬�Æ#µ�±�²�®#½�¶�À�®/´�²��T²�¬T¶�®�Æ/¬�±�° E ¬J´�®/¯�Âe±�½p¯
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Ã.ó E ²�¶*Æ/¬�±W»
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³p²YX"¬T±�¬�¯�°�À�µ�° E ¶ E µ�Æ/¬z´�¬Tµ#³[°�®�µ#´�­e®/¶W°�²�³�¬�¯�°º²��Tµ#´È¶�²�°�½�µ�°�²�®/¯�¶�Å
µ#¯p³¾° E µ�°�° E ¬Ä¶W²�°º½�µ�°º²�®/¯¾®#Á~° E ¬
½�±W·�µ#¯�¶W»�¶W°�¬T­ ²�¶�µ�´�­e®/¶W°Z²�¯�³�¬�À"¬�¯�³�µ#¯�°*®#ÁÈ° E ¬.²�­eÀ�´�¬T­e¬T¯�°|µ�°�²�®/¯¹À"®#´�²��%» e ¶�¬T¬8_t²�Â�Ã � Ã�;<�-Ã
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·�½p°4³�®3¬�¶Ä¯�®#°J¶�½�À�Àp±�¬T¶W¶¹��®/­eÀ�´�¬%°º¬T´¼»Î²�°�¶4¬ X"¬T�%°º¶TÃ�Ï5µ�±�´�»£²�­eÀ�´�¬T­e¬T¯�°|µ�°�²�®/¯Î²�¯�³�½���¬T¶4° E ¬6¶W»�¶W°�¬T­ °�®
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÷ ²�±x°º¶W� E µ�Ác°*½�¯�³oS�µ�°�²�®/¯�µ#´�®�¬ � ®/¯�®/­e²�¬�Ã%qÈ¬T±x° E ¬�¶TÃÿ �ãµ�° � ²�¯�¶�¬�°*µ�´hÃ e Ô�9�9�;<�����8µ�° � ²�¯�¶TÅ��zÃ¼Å�`�µ#±xÆ�µ�R�µ#´hÅ�.�Ã�ÅW`É®/ÀpÀ�µ#±�³uÅÊTJÃ¼Å�_�½p¬T¯�°º¬�¶TÅ�b.Ã�Å � E ®/¶ E ÅÊ�JÃ¼Å � ²Íµ#­5V
·�¬T±ºµ�±�³�²�¯�²hÅk`�Ã�Å.ñ#® E µ#¯�¶W¶�®/¯
År`�Ã¼Å þ ¬�� � ÅZqÈÃ�Å Ð Â�µ�m�ÅO`�Ã¼Å%Ò�µ��)½�·
Å þ Ã¼Å�Ô�9�9�;pÃ�!*½�­¹µ#¯2T�¬�Æ#¬T´�®/À�­e¬T¯�°b�¬TÀ�®/±W° Ç�Ô�9�9�;pÃ�óÈ¬T� E Ã�±W¬TÀ
Ã¼Å Ð ¯�²¼°º¬�³oS�µ�°º²�®/¯�¶aT�¬%Æ/¬�´�®/À�­e¬T¯�°�q�±�®/Â/±�µ#­e­¹¬�Ã

ÿ �8¬%»�µ#¯�°�¬�°�µ#´hÃ e Ô:9�9�;<�
���£¬�»�µ�¯)°TÅ�ñpÃMq]Ã¼Åp³p¬�´Íµ5` E ¬�¶�¯�µ�»#¬#ÅZ_ÉÃM`�Ã¼ÅMÅÉ´�µ#¯pÁn®/±W³
Å � Ã<ñpÃ¼Å�Ô:9�9�;pÃ�\�Æ#¬T±xÆ3²�¬ ÷®#ÁÉ¬T­zÁPVxÔ î Çiõ�½�´¼°º²�Â�µ#¶�­e²�°º²�Â�µ�°�²�®/¯[µ#¯�³Ë�T´�²�­�µ7°º¬4À�®/´�²���»#Ã�ó E ¬¹Ï~¯p¬T±�Â�»tñ#®/½�±�¯�µ#´ þ À�¬T�T²�µ#´ L ¶�¶W½�¬
¯kÈfÉ w Ã

ÿ � E ¬�µ�°�®/¯ e î�ï<]:^ �
��� E ¬�µ7°º®/¯
ÅZ��Ã7`�Ã¼Å î�ï<]:^ Ã"�Ñ�T®/­eÀ�µ#±�µ�°º²¼Æ/¬¸¶W°ºµ�°º²��Ëµ#¯�µ#´¼»3¶W²�¶1®#ÁJ½�±�·�µ#¯V¶WÀ�µ�°�²Íµ#´
¶W°�±�½��%°º½�±W¬#Ã(ñ#®/½�±W¯�µ#´�®#ÁtÏ��T®/¯p®/­¹²��/ó E ¬T®#±W» ï Å�Ô#Ô w�� Ô w�] Ã

L L �2�¸«aÓ2�1��Ô � ��� « ¥ ªvÓ ¦�Õ�Ö1�|× �|Ø1�p� Ö2Ù §ÛÚ±Ó2ÜvÙ ��ï@© ª°�1«¦×
ó E ²�¶'µ�À�À"¬�¯�³�²Ó¿�¶�¬%°º¶�° E ¬�Án®/±�­¹µ#´7±�¬TÀp±�¬T¶W¬T¯�°|µ7°º²�®#¯�®#Á)° E ¬�­¹¬�� E µ#¯�²�¶�­e¶ ÷ ¬�³p¬T¶���±�²�·"¬~²�¯ þ ¬T��°�²�®/¯ � Ã w Ã

ó]µ#·�´�¬ � ÃjÔ ¶W½�­¹­¹µ#±W²nmT¬�¶5° E ¬*¯�®/­e¬T¯���´Íµ�°�½�±�¬�Án®/±~° E ¬�¯�¬ ÷ Æ�µ#±W²Íµ#·�´�¬T¶�° E µ�° ÷ ¬T±W¬�¯�®#°�À�±W¬T¶�¬�¯�°º¬T³�²�¯¹° E ¬°º±�µ#³�²¼°º²�®#¯�µ#´O�~®/¯Âó E ½�¬�¯�¬T¯�­¹®�³�¬�´hÃ

Y (K,N)
�T®/­eÀ�®/¶�²¼°º¬�Â/®�®3³p¶�À�±�®�³�½��%°º²�®/¯1Án½�¯���°�²�®/¯

ĨfH
N�¯�µ#¯��T²�µ#´
²�¯)Æ#¬T¶x°º­e¬T¯�°*²�¯ E ®/½�¶W²�¯�Âz�Tµ#À�²�°ºµ#´

δK
³�²�¶W�T®/½�¯�°�Á�µ#�%°º®/±Z®#ÁÈ° E ¬ Àp±�®�³�½���°�²�Æ#¬ �Tµ#À�²¼°|µ#´

ĨfK
N�¯�µ#¯��T²�µ#´
²�¯)Æ#¬T¶x°º­e¬T¯�°*²�¯�À�±�®�³�½��%°º²¼Æ/¬.��µ#Àp²�°|µ�´

δH
³�²�¶W�T®/½�¯�°�Á�µ#�%°º®/±Z®#ÁÈ° E ¬ E ®/½�¶�²�¯�Âz��µ#Àp²�°|µ�´

SH
¶x°º®�� � ®#Á]À"¬�¯�³�²�¯pÂe²�¯�Æ/¬T¶x°º­e¬T¯�°º¶

ρ
��µ#Àp²�°|µ�´
À�±�²��T¬ ²�¯ E ®/½�¶W²�¯�Âe��µ�À�²�°ºµ#´

θ
°|µ7¿�´�¬�Æ#¬T´

SK
¶x°º®�� � ®#Á]À"¬�¯�³�²�¯pÂe²�¯�Æ/¬T¶x°º­e¬T¯�°º¶

π
°|µ7¿�Àp±�®�³�½���° ²�¯1À�±�®�³�½��%°º²�Æ#¬.��µ#À�²¼°|µ#´

LI
.'µ#¯�³ L ¯��T®/­e¬

IH
À E »�¶�²���µ#´�²�¯�Æ/¬T¶x°º­e¬T¯�°�²�¯ E ®/½p¶�²�¯pÂ¹�Tµ#À�²�°ºµ#´

τR
°º²�­e¬T¶W��µ#´�¬�®#Á]±�¬�¯)°�¬�Æ#®/´�½3°º²�®#¯

IK
À E »�¶�²���µ#´�²�¯�Æ/¬T¶x°º­e¬T¯�°�²�¯1À�±W®3³�½p��°º²¼Æ/¬.��µ�À�²�°ºµ#´

τq
°º²�­e¬T¶W��µ#´�¬�®#ÁÈ° E ¬.¬%Æ/®/´�½p°º²�®/¯�®#Á

τh
°�²�­e¬T¶��Tµ#´�¬�®#Á]° E ¬.¬�Æ#®/´�½p°�²�®/¯�®#ÁE ®/½�¶W²�¯�Âz¶�¬�±WÆ�²���¬�À�¬T±Z�Tµ#À�²¼°|µ À�¬T¯�³p²�¯�Â E ®/½p¶�²�¯pÂe²�¯�Æ/¬T¶x°º­e¬T¯�°º¶

τk
°º²�­e¬T¶W��µ#´�¬�®#ÁÈ° E ¬.¬%Æ/®/´�½p°º²�®/¯�®#Á

τn
°�²�­e¬T¶��Tµ#´�¬�®#Át­e®�Æ/¬�¶

À"¬�¯�³�²�¯pÂeÀp±�®�³�½���°�²�Æ#¬ ²�¯�Æ/¬T¶x°º­e¬T¯�°º¶
�5�t ]¡ � ÃjÔ � S�®/­e¬T¯���´Íµ�°�½�±�¬ÄÇp¯�¬ ÷ Æ�µ#±W²Íµ#·p´�¬T¶É²�¯�°º±W®3³�½p�T¬T³�²�¯2S�ÏUT Ð õ£Ã
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[öÖxØ ûËä�ü�æaó3ä~à|Ý�ä5ò�á ælòÉå~Þ�Ý�ópø¤Þ�ò�ó,á�çpælå~Þ
çpÝ
Þ8ßWà�áxâ©ã�ä�å�àZæèçMæ©áéã�àZæ©êQâ©ëíì�ä�å(àræ
� E ²�´�¬ ° E ¬J²�¯��T®#­¹¬.²�¯ þ ¬T�%°º²�®/¯ � ÃjÔe²�¶�¬-¿3®/Â/¬T¯p®/½�¶TÅ ÷ ¬J¶�À�¬T�T²¼Ác» E ¬T±W¬Äµ¹Àp±�®�³�½���°�²�®/¯�Án½�¯��%°º²�®#¯

Y
Å

° E ¬ ²�¯�À�½p°�¶�®#Á ÷ E ²�� E µ#±�¬�´�µ#·"®#±
N
Å�µ�¯�³�Àp±�®�³�½���°�²�Æ#¬ �Tµ#À�²¼°|µ#´

K
Ç

Y = Y
(
K,N

) e �aV î �
� �T®/¯�¶x°|µ#¯�°eÀ�µ#±x°z®#Á�° E ¬1À�±W®3³�½p��°e²�¶Ä¶�µ�Æ#¬T³ëµ#¯�³õ¶ E µ#±W¬T³õ·"¬%° ÷ ¬�¬T¯�N�¯�µ#¯���²Íµ#´�Àp±�®�³�½���°�²�Æ#¬�µ�¯�³E ®/½p¶�²�¯pÂ4²�¯�Æ/¬�¶W°�­¹¬�¯)° e ±�¬�¶�À�¬T��°�²�Æ#¬T´�» ĨfK

µ#¯p³
ĨfH

�-Å ÷ E ²�´�¬*° E ¬�®�° E ¬�±�À�µ#±x°
c
²�¶É½�¶W¬T³�·�» E ®/½�¶�¬ E ®/´�³�¶

Án®/±]�T®/¯�¶W½�­eÀp°º²�®/¯
Ã�_�®/±]¶�²�­¹À�´�²���²�°a»�±W¬�µ#¶W®/¯
Å ÷ ¬�µ#¶W¶�½�­e¬�° E µ7°�´Íµ�¯�³4²�¶tÀ�½�·�´�²��T´¼».® ÷ ¯�¬T³�Ç#´�µ#¯�³Ä²�¯��T®/­e¬T¶
LI

µ#±�¬Ä��®/´�´�¬T��°�¬T³¾·�»�° E ¬ÄÂ/®�Æ#¬T±�¯p­¹¬�¯)°TÅ�µ#¯�³¸´�½�­eÀ%Va¶W½�­ ±�¬T³p²�¶W°�±�²�·�½p°º¬�³¾°º®1��®/¯�¶�½p­¹¬�±�¶TÅ ÷ E ®�½�¶�¬Ä²¼°
Án®/±Z��®/¯�¶�½p­¹Àp°�²�®/¯uÃ

s · Y = ĨfH + ĨfK

c = (1 − s) · Y
N

+ LI
N

e �aVxÔ��
Ïu��½p²�´�²�·�±�²�½�­ý²�¯îN�¯�µ#¯���²Íµ#´t­�µ#± � ¬%°º¶ ²�¶�¬T¯p¶�½�±W¬T³ã·�»¸° E ¬¹µ�³WRW½�¶W°�­¹¬�¯�°�®�ÁÉ° E ¬e�Tµ#À�²¼°|µ#´�À�±W²���¬#Å
° E ¬²�¯�°�¬T±�¬�¶W°*±ºµ7°º¬

ρ
Ã

Þ8ßWà�áxâ©ã�ä�å*ïZðoå(æZïrð%ê|ä�ëíð,æZä�ê
ó E ¬JÆ�µ#±W²Íµ#·�´�¬

K
²�¶�° E ¬���µ#Àp²�°|µ�´È¶x°º®�� � ²�¯�° E ¬JÀ�±W®3³p½���°�²�Æ/¬�¶�¬���°º®#±TÅ"µ#¯�³ δK ²�¶�° E ¬J³�¬�À�±�¬��T²Íµ7°º²�®#¯

±ºµ7°º¬�®#Á��Tµ#À�²¼°|µ#´rÃJ_t²�±�­e¶Ä¶�¬T¬ � °º®Ë­�µ�¿p²�­¹²YmT¬�° E ¬T²�±ÄÀ�±�®:N�°º¶�Å�µ�¯�³ E µ�Æ#¬[µÎ­J»#®/À�²���·�¬ E µ�Æ�²�®#±�Ç�° E ¬�»
­¹µ � ¬e²�¯�Æ/¬�¶W°�­¹¬�¯)°4³�¬T��²�¶�²�®/¯�¶�µ#¶J²¼ÁÉ° E ¬�» ÷ ¬T±�¬�²�¯£µ�¶W°ºµ�°º²�®/¯�µ#±x»Î¶W°ºµ�°º¬e¬��)½�²�´�²�·p±�²�½p­�Ã�ó E ²�¶ ´�¬�µ�³�¶ °�®
° E ¬FN�¯�µ#¯���²Íµ#´
²�¯�Æ/¬T¶x°º­e¬T¯�°

ĨfK
²�¯1° E ¬.À�±W®3³p½���°�²�Æ/¬�¶W¬T�%°º®/± Ç

ĨfK = δK · arg max
K

[Y
(
N,K

)
− (ρ + δK) ·K] e �aV w �

q E »�¶W²���µ�´���®/¯�¶x°º±�½p��°º²�®/¯e±�¬��)½�²�±�¬�¶~°�²�­e¬�ÿ���»�³�´�µ#¯�³�µ#¯�³Äq�±�¬�¶��T®�°�° e î�ï�� Ô���� U ° E ½�¶TÅ<N�¯�µ�¯��T²�µ#´�²�¯�Æ#¬T¶W°¤V­e¬T¯�°º¶~µ#±W¬É°º±�µ#¯�¶xÁn®/±�­e¬T³Ä²�¯)°�®�À�±W®3³�½p��°º²¼Æ/¬��Tµ#À�²¼°|µ#´ ÷ ²�° E µ*°º²�­e¬É´�µ#Â�Å7�T®/±W±�¬�¶�À�®/¯�³�²�¯�Â�°º®���®/¯�¶W°�±�½��%°º²�®/¯³�½�±�µ�°º²�®/¯
Ã��8¬Ä¶W¬�°
SK

µ�¶�° E ¬Ä±W¬T¶W½�´�°�²�¯�Â6¶x°º®�� � ®#Át¢aÀ"¬�¯�³�²�¯�Â1²�¯�Æ/¬�¶W°�­¹¬�¯)°�¶rö4²�¯[À�±�®�³�½��%°º²�Æ#¬Ä��µ#Àp²�°|µ�´hÃ¯�³
IK
²�¶�° E ¬.±�¬Tµ#´
À E »�¶�²���µ#´'²�¯�Æ#¬T¶W°�­¹¬�¯�°�Å ÷ E ²�� E ¬�Æ#®/´�Æ#¬T¶�µ#�T��®/±�³p²�¯�Â4°�®e° E ¬�Án®/´�´�® ÷ ²�¯�ÂJ¬ �)½�µ�°º²�®/¯�¶.Ç

dSK

dt
= −IK + ĨfK

IK = 1
τk

· SK

dK

dt
= −δKK + IK

e �aV ^ �
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�T®#­¹À�´�²��Tµ�°º²�®/¯�²�¶�µ#³�³�¬�³
Å E ® ÷ ¬�Æ#¬T±�Å�³�½�¬�°�®¹° E ¬JÁ�µ#�%°�° E µ�°�° E ¬J´�®3�Tµ�°º²�®/¯�®#Á E ®/½p¶�²�¯pÂ�²�¯�Æ#¬T¶W°�­¹¬�¯�°º¶�²�¶³�±W²�Æ/¬�¯¸¯�®#°�®/¯�´�»�·�»�²�¯�°º¬�±�¬T¶x°�±ºµ7°º¬#Å�·�½p°�µ#´�¶W®6·�»[±W¬T¯�°�´�¬%Æ/¬�´�¶TÅ ÷ E ²�� E Æ#µ�±W» ÷ ²�° E ´�®���µ�°�²�®/¯ e ¶W¬T¬ E ® ÷° E ¬ ³p¬T¯�¶W²�°a»1®#Á�µ�Æ#µ�²�´Íµ�·�´�¬ E ®/½�¶W²�¯�Âe¶�¬�±WÆ�²���¬.²�¶Z´�²�¯ � ¬�³1°º® E ®/½�¶W²�¯�Âz��µ�À�²�°ºµ#´u¶x°º®�� � ²�¯�Ïu��Ã e �7V � �{�-ÃL ¯�Æ/¬T¶x°º®/±W¶É® ÷ ¯�²�¯�Â�´�µ#¯�³eµ�°~´�®3�Tµ�°º²�®/¯ r µ#±W¬*Àp±�²���¬|Vh°|µ � ¬T±�¶�Án®/±�±W¬T¯�°�´�¬�Æ#¬T´�¶�µ�¯�³z²�¯�°º¬�±�¬T¶x°É±�µ�°º¬�Ã�ó E ¬�»
²�¯�Æ#¬T¶W°

IfH(r)
Â/²¼Æ/¬T¯�·�»¸Ç

IfH(r) = δH · arg maxKH(r)[RH(r) · F (KH(r), Land(r)) − (ρ+ δH) ·KH(r)] e �aV � �
ó E ²�¶*·�¬ E µ�Æ�²�®/±Z´�¬Tµ#³�¶�°º®Ä° E ¬ µ#Â/Â/±W¬TÂ�µ�°�¬�³�¬T­¹µ#¯�³�Án®/± E ®#½�¶�²�¯�Âz²�¯�Æ/¬�¶W°º­e¬T¯�°

ĨfH
Ç

ĨfH =

∫ rf

0

IfH(r)dr e �7V
;<�
��¶zÁn®/±ÄÀ�±W®3³�½p��°º²¼Æ/¬���µ#Àp²�°|µ�´hÅ]° E ¬T±W¬�²�¶zµË´�µ#Â¸·�¬�° ÷ ¬T¬T¯ùN�¯�µ#¯���²Íµ#´Z�Tµ#À�²¼°|µ#´

ĨfH
Å~µ#¯p³ëÀ E »�¶�²���µ#´�´�»

²�¯�Æ#¬T¶W°�¬T³V��µ#À�²¼°|µ#´
IH
ÅZµÊ´Íµ#ÂÊÂ/²¼Æ/¬�¯V·�»

τh
° E µ�°��T®#±�±�¬�¶�À�®/¯�³�¶1°�®Ì° E ¬¸°º²�­¹¬¾±W¬��)½�²�±�¬T³ì°º®õµ#� E ²�¬�Æ#¬

�T®#¯�¶W°�±�½��%°º²�®#¯�®#Á]·�½�²�´�³�²�¯�Â/¶�Ç
dSH

dt
(r) = −IH(r) + IfH(r)

IH(r) =
1

τh
SH(r)

dKH(r)

dt
= −δHKH(r) + IH(r)

e �aV ] �
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�8¬Ëµ#¶W¶�½�­e¬¾° E µ�° E ®/½�¶W¬ E ®#´�³�¶�À�¬T±�­¹µ#¯�¬�¯�°º´�»ëµ#³�µ�Àp°1° E ¬�²�± E ®#½�¶�²�¯�Â:Va¶W¬T±xÆ3²��T¬¸��®/¯�¶�½p­¹Àp°�²�®/¯E°�®

À�±W²��T¬�¶ZÆ#µ�±�²Íµ7°º²�®#¯
Ã��£¬ ¶�¬�°
ũ(q, r)

° E ¬ ½p°º²�´�²�°a»e´�¬�Æ/¬�´'±�¬�µ�� E ¬T³�·)» E ®/½�¶�¬ E ®/´�³�¶�´�²�Æ�²�¯�ÂÄµ�°�µÄ³�²�¶x°|µ#¯p�T¬
rÁn±�®#­ ° E ¬8`"Å"TJÅ�µ�¶�µJÁn½�¯���°�²�®/¯1®�Á E ®/½�¶�²�¯�ÂÄ¶�¬�±WÆ�²���¬��T®/¯p¶�½�­eÀp°º²�®/¯

q U µ�°Z³�²�¶W°ºµ#¯��T¬ r ° E ¬.µ#­¹®#½�¯�°�®#Á�T®#­¹À�®/¶�²¼°º¬ZÂ/®�®�³�¶~�T®/¯�¶W½�­e¬T³�²�¶~¶W°º±W²��%°º´�»4³�¬TÀ�¬T¯�³�µ#¯�°�®/¯ E ®/½�¶W²�¯�Â � E ®/²��T¬�¶�Ç
z = c−T (r)−RH(r)q

Ã
�£¬ E µ�Æ/¬�Åp° E ¬T±�¬%Án®/±�¬�Å

ũ(q, r) = U
(
[c− T (r)−RH(r)q], q

) ÃGÅ�»¹½�¶W²�¯�ÂJ° E ²�¶~Án½�¯��%°º²�®/¯
Å ÷ ¬���®/¯�¶W²�³�¬�±° E µ�° E ®#½�¶�¬ E ®/´�³p¶Z��µ#¯1µ�³WRW½�¶W°É° E ¬�²�±É´�¬�Æ#¬T´
®#Á E ®/½�¶�²�¯�Â4¶W¬T±WÆ�²��T¬��T®#¯�¶�½�­eÀp°�²�®/¯¹¶�®zµ#¶É°�®4²�­eÀ�±W®�Æ#¬�° E ¬T²�±
½p°�²�´�²¼°a»/ÃÅ�µ#¶W¬T³�®/¯1° E ²�¶Z±�¬T´�µ�°º²�®/¯�¶ E ²�À
Å3µ�°*µÄÂ/²¼Æ/¬T¯�´�®3�Tµ�°º²�®/¯
Å3µz� E µ#¯�Â/¬.²�¯ E ®/½�¶�²�¯�Âz¶�¬�±WÆ�²���¬ ��®/¯�¶W½�­¹À3°º²�®#¯
À�¬T±���µ�À�²�°ºµ

δq
²�¯�³�½���¬T¶5µ�� E µ#¯�Â#¬*²�¯Ä½p°º²�´�²¼°a»¹Ç

dũ =
(∂ũ
∂q

)
dq
Ã L Áuµ�°~´�®3�Tµ�°º²�®/¯

r
Å ∂ũ
∂q

> 0
Å/²¼°�²�¶�²�¯�³�¬�¬T³

±ºµ7°º²�®#¯�µ#´�Án®/±�° E ®#¶�¬ ÷ E ®z´�²¼Æ/¬�µ7°Z° E ²�¶�´�®���µ�°�²�®/¯¹°º®Ä²�¯p�T±�¬Tµ#¶�¬�° E ¬T²�±��T®/¯p¶�½�­eÀp°º²�®/¯1®#Á E ®/½p¶�²�¯pÂe¶W¬T±xÆ3²��T¬�Ã
\�ÁÉ��®/½�±W¶�¬#Å'µ�¯£²�¯��T±W¬�µ#¶W¬Ä²�¯ E ®/½�¶W²�¯�Â���®/¯�¶�½p­¹Àp°�²�®/¯¸À�¬T±.�Tµ#À�²�°ºµ6²�¶.µ#½3° E ®/±W²nm�¬T³Î²�Á�µ#¯�³Ë®/¯�´¼»[²¼ÁÉ¶W½�� E
µ#¯Ë²�¯���±�¬Tµ#¶�¬z²�¶.À E »�¶�²���µ#´�´�»[À"®/¶W¶�²�·�´�¬�Å $�è(�Tè ²¼Á�° E ¬T±W¬¹²�¶.µ�Æ�µ#²�´Íµ#·p´�¬ E ®/½�¶�²�¯�Â�µ�° ´�®���µ�°�²�®/¯

r
Ã³ó E ½�¶TÅ'° E ¬

³p»�¯�µ#­e²���¶Z®#Á
q(r)

²�¶ZÂ/²�Æ#¬T¯�·�»¸Ç

dq

dt
(r) =





1

τq
g
(∂ũ
∂q

)
if ψ(r) > 0

0 if ψ(r) = 0
e �aV � �

î ;�;



÷ E ¬T±W¬
g(x)

E µ#¶�° E ¬~¶�µ#­¹¬~¶W²�Â/¯�µ#¶'²�°�¶'µ#±�Â/½p­¹¬�¯)°
x
Å�µ#¯p³�²�¯��T±W¬�µ#¶W¬T¶ ÷ ²�° E ±W¬T¶�À�¬T�%°]°�® x U ­e®/±�¬�®�Æ#¬T±�Å

ψ(r)
±�¬�À�±�¬�¶�¬T¯�°�¶�° E ¬ ¯)½�­J·"¬�±*®�Át½�¯p®3���T½�À�²�¬T³2l�µ�°�¶�µ7°�´�®���µ�°�²�®/¯

r
Å��Tµ#´���½�´Íµ7°º¬T³�µ#¶.Ç

ψ(r) =
H(r)

q(r)
− n(r) e �7V ï �

üýà%ïrð,ê
äÊú©ß�àrâ©òrú�àrâ�ä
ä�ú�ðËã<å*ä|þ
`É®/¯�¶W½�­¹¬�±�¶ E µ�Æ#¬�° E ¬6À"®#¶�¶�²�·�²�´�²�°a»¾°�®[­e®�Æ/¬6µ�¯�³ã� E µ#¯pÂ/¬6´�®���µ7°º²�®#¯8µ#��±�®/¶W¶�° E ¬6�T²¼°a»/Ãió E ¬�»8µ#±W¬

³�±W²�Æ/¬�¯¸·�»�° E ¬4½p°�²�´�²¼°a»1´�¬%Æ/¬�´�¶
u(r)

° E µ7°�� E µ#±�µ#��°�¬T±W²nmT¬J´�®���µ�°�²�®/¯�¶�Ã��8¬�¶�¬�°
u
µ�¶�° E ¬4µ�Æ#¬T±�µ#Â/¬4½p°�²�´�²�°a»

´�¬%Æ/¬�´"®#Á
�T®/¯�¶W½�­e¬T±�¶�° E ±W®/½�Â E ®#½p°�° E ¬���²�°a»#Ã%��°ÉµJÂ/²¼Æ/¬T¯¹´�®���µ�°�²�®/¯
r
Å�° ÷ ®4�Tµ#¶�¬�¶���µ#¯6µ#±�²�¶�¬#Å)³�¬�À"¬�¯�³�²�¯�Â®/¯1° E ¬ ½3°º²�´�²�°a»¹´�¬%Æ/¬T´

u(r)
Ã

� L Á
u(r) < u

Å E ®/½p¶�¬ E ®/´�³�¶5´�²¼Æ�²�¯�Â.µ�°~´�®3�Tµ�°º²�®/¯
r
µ#±W¬ ÷ ²�´�´�²�¯�Â�°�®�´�¬�µ�Æ/¬Z°�® ÷ µ#±W³�¶É®#° E ¬T±~´�®3�Tµ�°º²�®/¯�¶TÃ�£¬.¶�¬�°

m−(r)
µ#¶Z° E ¬.¯)½�­4·�¬T±�®#Á E ®/½�¶W¬ E ®#´�³�¶Z° E µ�°�µ#±�¬ ÷ ²�´�´�²�¯�Â�°�®¹­e®�Æ/¬.®/½p°.Ç

m−(r) = n(r)w−(u(r), u) e �7V î 9<�
L ¯�ÏU��Ã e �aV î 9��%Å/° E ¬ ÷ ²�´�´�²�¯�Â/¯�¬�¶�¶�°�®�­e®�Æ/¬�Án±�®/­ µ ´�®���µ�°�²�®/¯Ä²�¶~´Íµ#±WÂ/¬T±~²�Á�° E ¬�Â�µ�À¹·�¬�° ÷ ¬T¬�¯ u(r)µ#¯p³

u
²�¶]´�µ#±�Â/¬�Å�µ#¯�³

w−
²�¶ÈµZ¢ ÷ ¬�²�Â E °pö�Án½�¯��%°º²�®/¯J³�¬�À"¬�¯�³�²�¯�Â�®/¯ ° E ²�¶'Â�µ#À�Ç w−(u(r), u) ∈]0, 1[

Å
µ#¯p³

w−
²�¶*µ4Án½�¯���°�²�®/¯1° E µ�°�²�¯p�T±�¬Tµ#¶�¬�¶ ÷ ²¼° E ±�¬�¶�À�¬T�%°*°�® ∣∣∣u−u(r)

u

∣∣∣ Ã� L Á
u(r) > u

Å'° E ¬T¯ E ®#½�¶�¬ E ®/´�³p¶4´�®���µ�°�¬T³8µ�°4®#° E ¬T±�´�®���µ�°�²�®/¯p¶Jµ#±W¬ ÷ ²�´�´�²�¯�Â1°º®�­¹®�Æ/¬¹°º® ÷ µ�±�³�¶´�®3�Tµ�°º²�®/¯
r
Ã��£¬�¶W¬�°

m+(r)
µ#¶e° E ¬�¯�½p­4·"¬�±�®#Á�½�¯�®��T��½�À�²�¬�³ùl�µ7°º¶6µ7°¹´�®3�Tµ�°º²�®/¯

r
° E µ7°6µ#±W¬

µ�°W°º±�µ#��°�²�¯�Â E ®/½�¶W¬ E ®/´�³�¶J´�²�Æ�²�¯pÂ[µ�°4µ#¯ã®#° E ¬T±�´�®���µ�°�²�®/¯uÃ³ó E ²�¶Jµ�°�°�±ºµ#�%°º²�Æ#¬T¯�¬�¶�¶4²�¶J´�µ#±�Â/¬�±�²¼Á�° E ¬
Â�µ�À�·�¬�° ÷ ¬T¬�¯ u(r) µ#¯p³ u ²�¶Z´Íµ�±�Â/¬4Ç

m+(r) = ψ(r)w+(u(r), u) e �7V î#î �
L ¯�Ïu��Ã e �7V î/î �%Å

w+(u(r), u) ∈]0, 1[
Å�µ�¯�³

w+ ²�¯��T±W¬�µ#¶W¬T¶ ÷ ²�° E ±W¬T¶�À�¬T�%°�°º® ∣∣∣u(r)−u
u

∣∣∣ ÃÅ�µ#¶W¬T³Ê®/¯ÊÏu�)¶TÃ e �7V î 9<�.µ#¯�³ e �7V î/î �%Å�° E ¬6µ#Â#Â/±�¬�Â�µ�°º¬¹³�¬T­¹µ#¯�³£Án®/±�­e®�Æ/¬�¶Äµ#¯�³8° E ¬1µ#Â#Â/±�¬�Â�µ�°º¬
¶�½pÀ�À�´�»6®#Á�µ7°�°º±�µ#��°�²�Æ#¬#Å�½�¯�®��T��½�À�²�¬T³2l�µ�°º¶�Å�µ#±W¬ Â#²�Æ/¬�¯�±W¬T¶WÀ"¬���°º²¼Æ/¬�´�»1·�»ÎÇ

D̃ =

∫

u(r)<u

m−(r)dr =

∫

u(r)<u

n(r) · w−(u(r), u)dr e �7V î Ô��

S̃ =

∫

u(r)>u

m+(r)dr =

∫

u(r)>u

ψ(r) · w+(u(r), u)dr e �7V îQw �
!�®/½p¶�¬ E ®/´�³�¶e­e®�Æ#¬�®#¯�´�»8²�Á*° E ¬%»Ì��µ#¯,²�¯���±�¬�µ�¶�¬1° E ¬�²�±z½p°�²�´�²¼°a»8´�¬�Æ#¬T´hÅ~µ�¯�³,²¼Á�° E ¬T±W¬�²�¶eµ�Æ�µ#²�´Íµ#·p´�¬E ®/½p¶�²�¯pÂ1µ�°�° E ¬T²�±�³�¬�¶�²�±�¬T³¸³p¬T¶W°�²�¯�µ7°º²�®#¯
Ãu!*® ÷ ¬%Æ/¬T±�Å
° E ¬�±�¬4²�¶5¥j§ )|$@¨W)�$ ¯�®�±�¬�µ�¶�®/¯ ÷ E »[° E ¬4³�¬�­�µ�¯�³

Án®/±*­¹®�Æ#¬T¶�¶ E ®/½�´�³¾¬��)½�µ#´'° E ¬4¶�½�ÀpÀ�´�»�®#Á5µ�Æ�µ#²�´�µ#·�´�¬ E ®/½�¶W²�¯�Â�Ã.ó E ¬J±�¬T´�µ�°º²�®/¯�¶ E ²�À�¶*Â/²¼Æ3²�¯�Âz° E ¬�­¹®�Æ/¬�¶
µ(r)

­e¬T¬%°Z° E ¬�¶�¬ À E »�¶�²��Tµ#´��T®#¯�¶W°�±ºµ#²�¯)°�¶.Ç

µ(r) =





m+(r) · min
(
1,
D̃

S̃

)
if u(r) > u

−m−(r) · min
(
1,
S̃

D̃

)
if u(r) < u

e �aV îQ^ �

î ; ]



ó E ¬�Æ�µ#±W²Íµ#·p´�¬
d(r)

±�¬�À�±�¬�¶�¬T¯�°�¶�° E ¬ ¯)½�­4·�¬T±*®#Á E ®/½p¶�¬ E ®/´�³�¶�° E µ�°�µ�±�¬�µ�°�°�±ºµ#�%°º¬T³�·�»�´�®���µ�°�²�®/¯
r
ÃL °*��µ#¯�·"¬ Â/±W¬�µ�°�¬T±Z° E µ�¯�° E ¬ ¯)½�­J·"¬�±�®#Át­¹®�Æ#¬T¶

µ(r)
Å�¶W²�¯���¬ ° E ¬ ³�¬T­¹µ#¯�³�­�µ�»1¬-¿3�T¬T¬�³¾° E ¬.¶W½�À�À�´¼»

®#Á]½�¯�®��T��½�À�²�¬�³Äl�µ�°º¶.Ç
d(r) = m+(r) ·

D̃

S̃
e �aV î�� �

L ¯ËÏU��Ã e �7V îÊ� �%Å�° E ¬Ä��®3¬|C¹��²�¬�¯)° D̃
S̃

±W¬TÀ�±W¬T¶W¬T¯�°º¶.° E ¬Ä¯)½�­J·"¬�±�®#Á~¢a��µ#¯p³�²�³�µ7°º¬T¶�öJÀ"¬�±�½�¯�®��T��½�À�²�¬T³
l�µ�°TÃ L Á*µ#Â#Â/±�¬�Â�µ�°º¬¹³�¬T­¹µ#¯�³8²�¶4¶W­�µ#´�´�¬�±.° E µ#¯Ìµ#Â#Â/±�¬�Â�µ�°º¬¹¶�½�ÀpÀ�´�»#Åt¯�®#°4µ#´�´�µ�Æ�µ#²�´�µ#·�´�¬ E ®#½�¶�²�¯�Â/¶ ÷ ²�´�´N�¯�³�µ#¯�®3���T½�À�²�¬T±�Ã L Á]µ#Â/Â/±W¬TÂ�µ7°º¬�³�¬�­�µ�¯�³1²�¶�Â/±�¬Tµ�°º¬�±É° E µ�¯�µ#Â/Â/±W¬TÂ�µ�°�¬�¶�½pÀ�À�´�»#Å3° E ¬T¯1° E ¬T±�¬.µ�±�¬�­e®/±�¬
À�®#°º¬�¯)°�²Íµ#´]­¹®�Æ#¬T¶�° E µ�¯£µ�Æ�µ#²�´Íµ#·�´�¬ E ®/½�¶�²�¯�Â/¶�Å�µ#¯�³Î¯�®#° µ�´�´t��®/¯�¶W½�­¹¬�±�¶ ÷ ²�´�´�²�¯�Âe°�®�­¹®�Æ/¬ ÷ ²�´�´©N�¯�³Ëµ¯�¬ ÷ E ®/½p¶�²�¯pÂ�Ã

ó E ¬ ¯�½p­4·"¬�±�®#Á E ®/½�¶�¬ E ®/´�³�¶�´�²�Æ�²�¯�ÂÄµ�°�´�®3�Tµ�°º²�®/¯
r
¬�Æ#®/´�Æ#¬T¶�µ#�T��®/±�³p²�¯�ÂÄ°º®Ä° E ¬.­¹®�Æ/¬�¶.Ç

∂n

∂t
(r) =

1

τn
µ(r) e �aV î ;��

[öÖ�× ñ,Þ�ò�óõôuÜ*çpå~Þöá*÷Zò�ä5ø¤ælôuÝ
L ¯1° E ¬���´Íµ#¶W¶�²��Tµ#´O�~®/¯
ó E ½�¬T¯�¬�¯�Án±�µ#­¹¬ ÷ ®#± � Å E ®#½�¶�²�¯�ÂÄ­�µ�± � ¬%°Z²�¶�µ�°�¬ ��½p²�´�²�·�±�²�½�­ ° E µ�¯ � ¶�°º®4° E ¬±�¬�¯�°��T½�±xÆ/¬ e �%ÁlÃ þ ¬���°º²�®/¯ � ÃjÔ��-Ã L °Z²�¶�¯�®#°Z¯p¬T�T¬�¶�¶�µ#±�²�´�»e° E ¬��Tµ#¶�¬�³�½p±�²�¯pÂJ°º±�µ#¯�¶�²¼°º²�®/¯�¶TÃ L ¯�±�¬Tµ#´u´�²�Án¬#Å)±W¬T¯�°

´�¬%Æ/¬�´�¶�µ�±�¬�¶x°º²�� � »eÁn®/±�²�¯�¶x°º²�°�½p°º²�®/¯�µ#´�µ#¯�³6À�±�µ#��°�²��Tµ#´"±W¬�µ#¶W®/¯�¶�Ã
ó E ½�¶TÅ ÷ ¬�³p¬ N�¯�¬�µJ³p»�¯�µ#­e²���¶5Án®/±�±�¬�¯)°�¶° E ±�®/½�Â E ®/½p°�° E ¬��T²¼°a»/Å�³p²�±�¬���°�¬T³1·�»1¶�½pÀ�À�´�»6µ#¯�³1³�¬�­�µ�¯�³1Án®/± E ®/½p¶�²�¯pÂÄ¶�¬T±xÆ�²��T¬.µ7°Z¬�µ#� E ´�®���µ7°º²�®#¯[Çp²¼Á
° E ¬ ¯)½�­J·"¬�±

d(r)
®#Á E ®/½�¶�¬ E ®/´�³�¶ ÷ ²�´�´�²�¯�Â °º®z­e®�Æ#¬.²�¯1²�¶ZÂ#±�¬�µ7°º¬T±Z° E µ#¯1° E ¬.¯)½�­4·�¬T±�®#ÁÈ½p¯�®3���T½�Àp²�¬T³l�µ�°�¶TÅ�° E ¬�¯[° E ¬J±�¬�¯�°�´�¬%Æ/¬�´]²�¯��T±W¬�µ#¶W¬T¶TÃ L ÁlÅ E ® ÷ ¬%Æ/¬T±�Å
³�¬�­�µ#¯p³�Án®/± E ®/½�¶W²�¯�Â¹²�¶�Á�µ#´�´�²�¯�ÂpÅ3° E ¬T¯[° E ¬J±W¬T¯�°´�¬%Æ/¬�´'µ�°Z° E ²�¶�´�®���µ�°�²�®/¯6³p¬T�T±W¬�µ#¶W¬T¶�Ã

ó ÷ ®��Tµ#¶�¬�¶�¯p¬T¬T³�°º®z·�¬.³�²�¶x°º²�¯pÂ/½�²�¶ E ¬T³ÎÇ� L Á
u(r) < u

Å�° E ¬�¯ E ®#½�¶�¬ E ®/´�³p¶�µ#±�¬ ÷ ²�´�´�²�¯�Â�°�®Ä­¹®�Æ#¬ ®#½p°Z®#Á]´�®���µ�°�²�®/¯ r Ã L °�­�µ�»6·�¬�° E ¬���µ#¶W¬#ÅE ® ÷ ¬�Æ#¬T±TÅ�° E µ�°Z° E ¬�»6�Tµ#¯�¯�®�°�­¹®�Æ/¬.²¼Á�° E ¬�±�¬.²�¶�¯p®e¶W½�À�À�´¼»6®#Átµ�Æ�µ#²�´�µ#·�´�¬ E ®/½p¶�²�¯pÂzµ�°Z° E ¬�®�° E ¬�±´�®3�Tµ�°º²�®/¯�¶TÃ L ¯Ë° E ²�¶.�Tµ#¶�¬�Å
° E ¬�±�¬e²�¶�¯�®�±�¬Tµ#¶�®/¯ÎÁn®/±�±W¬T¯�°J´�¬�Æ#¬T´�¶�°�®�³p¬T�T±W¬�µ#¶W¬#Ãx_�®/±�° E ²�¶�±�¬Tµ#¶�®/¯uÅ
³�¬��T±W¬�µ#¶W²�¯�Âe±�¬�¯)°�¶*µ#±�¬�Án½�¯��%°º²�®/¯�®#Á]° E ¬.À�±�®#À"®/±x°º²�®/¯1®#Á]½�¯�®��T�T½pÀ�²�¬�³Äl�µ7°º¶.Ç

dRH

dt
(r) =

RH(r)

τR
· φ

(n(r)q(r) −H(r)

n(r)q(r)

)
if u(r) < u e �7V îÊ] �

� L Á
u(r) > u

Å�° E ¬�¯ E ®#½�¶�¬ E ®/´�³p¶�µ#±W¬ ÷ ²�´�´�²�¯�Â�°�®�­e®�Æ/¬5²�¯ ·�½�²�´�³�²�¯pÂ/¶TÅ�µ�¯�³J±W¬T¯�°t´�¬�Æ#¬T´ ÷ ²�´�´�²�¯���±�¬�µ�¶�¬²�¯�±W¬�µ#�%°º²�®/¯¸Ç
dRH

dt
(r) =

RH(r)

τR
· φ

(n(r) + d(r) − µ(r)

n(r)
−

H(r)

n(r)q(r)

)
if u(r) > u e �7V îQ� �

L ¯ Ïu��Ã e �7V îÊ� �-Å�° E ¬ÎÁn½�¯��%°º²�®#¯
φ
²�¶�Â/±W® ÷ ²�¯�Â ÷ ²�° E ±W¬T¶WÀ"¬���°[°�®,²¼°º¶�µ#±WÂ/½�­e¬T¯�°�Å�µ#¯p³ E µ#¶�° E ¬

¶ºµ�­¹¬e¶�²�Â/¯ãµ#¶�²�°�¶Jµ#±WÂ/½�­e¬T¯�° e φ(0) = 0
�-Ãx_�½�±x° E ¬�±�­e®/±�¬�Å ÷ ¬�Æ#¬T±W²�Ác»ù¥�§ ¨ÊA|ÿ��|)�$@¨W)�$ ²�¯8®/½�± ¯)½�­e¬T±�²�V

��µ�´É¬%¿3À�¬T±W²�­e¬T¯�°º¶J° E µ�°Ä¯p® E ®/½�¶W²�¯�Â¾¶W¬T±xÆ3²��T¬1²�¶JÀ�±W®�Æ�²�³�¬T³Ê·�¬�»#®/¯�³ÌÀ�±�®�³�½��%°º²�®/¯ã��µ�À�µ#�T²¼°a»/ÅÈ° E µ�°4²�¶�Ç
n(r)q(r) ≤ H(r)

²�¶�µ#´ ÷ µ�»�¶�Æ#¬T±W²YN�¬�³[µ�°*µ�´�´u°�²�­e¬T¶Zµ#¯p³[µ#´�´u´�®3�Tµ�°º²�®/¯�¶TÃ
î ; �



[öÖ�� �ÉüJÞ�ô"æ
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L ¯e° E ²�¶~¶W¬T��°�²�®/¯uÅ ÷ ¬*³�¬|N�¯�¬�° E ¬�¶�À�¬T��²YN��ZÁn½�¯p��°º²�®/¯�µ#´3Án®/±�­e¶ ÷ ¬ ÷ ²�´�´p½�¶W¬�²�¯Ä° E ¬�±�¬�¶W°5®#Á�° E ¬�µ#±x°º²���´�¬²�¯�®/±W³�¬T±�°�®¹¬-¿3À�´�®/±W¬�° E ¬.À�±W®/À�¬T±W°�²�¬�¶*®�Át®/½p±Z­¹®�³�¬T´rÃ

�jçMêQå(ã��
âxæ©ã�ä�å�àræxê
`É®/¯���¬T±�¯p²�¯�Â4° E ¬�½p°�²�´�²¼°a»ÄÁn½�¯��%°º²�®#¯
Å�° E ¬�°�±ºµ#¯�¶WÀ"®#±W°|µ7°º²�®#¯��T®#¶W°º¶�Å3° E ¬ E ®/½p¶�²�¯pÂ4¶�¬�±WÆ�²���¬�À�±�®�³�½��%°º²�®#¯

Án½�¯��%°º²�®/¯
Å�µ#¯p³Ì° E ¬1�T®#­¹À�®/¶�²¼°º¬6Â#®3®�³�¶4À�±W®3³p½���°�²�®/¯ãÁn½�¯p��°º²�®/¯
Å ÷ ¬�½�¶�¬1Án½�¯p��°º²�®/¯�µ#´5Án®/±�­e¶J° E µ�°eµ#±W¬�T®#¯�¶�²�³�¬T±W¬T³eµ#¶tÆ#¬T±W»J�T´�µ#¶�¶W²���µ�´3²�¯4½�±�·�µ#¯Ä­¹²��T±W®3¬��T®/¯�®#­¹²��T¶���Ç�° E ½p¶TÅ#° E ¬�½p°�²�´�²¼°a»�Án½�¯��%°º²�®#¯
Å7° E ¬ E ®#½�¶�²�¯�Â
¶�¬�±WÆ�²���¬�À�±W®3³p½���°�²�®/¯ÎÁn½�¯��%°º²�®#¯
Å'µ#¯�³Ë° E ¬eÂ/¬T¯p¬T±ºµ�´5Àp±�®�³�½���°�²�®/¯ÎÁn½�¯��%°º²�®/¯8µ�±�¬±`É®/·�·%V
T�®/½�Â/´�µ#¶TÅ ÷ E ²�´�¬
° E ¬.°�±ºµ#¯p¶�À�®/±W°ºµ�°º²�®/¯1�T®/¶x°�Án½�¯���°�²�®/¯�²�¶Z´�²�¯p¬�µ#± ÷ ²¼° E ±�¬�¶�À�¬T�%°�°�®z° E ¬.³�²�¶x°|µ#¯p�T¬�Án±�®/­ `"Å"TJÃ

U(z, q) = zαqβ ÷ E ¬�±�¬
α, β > 0

µ�¯�³
α + β = 1

T (r) = p · r ÷ E ¬T±W¬
p > 0

F (S,K) = A · Sa ·Kb ÷ E ¬T±�¬
a, b, A > 0

µ#¯�³
a+ b = 1

Y (N,K) = G ·Nx ·Ky ÷ E ¬T±�¬
x, y, G > 0

µ�¯�³
x+ y = 1

Land(r) = l · r ÷ E ¬�±�¬
l > 0

e �aV î�ï �

L ¯£° E ²�¶ ±�¬�´Íµ�°�²�®/¯�¶ E ²�ÀuÅ
p
²�¶�° E ¬e�T®#¯�¶W°ºµ#¯�°J­¹µ#±�Â#²�¯�µ#´]°º±ºµ�¯�¶�À�®/±W°ºµ�°º²�®/¯Î�T®/¶x°���Ãbó E ¬zÆ#µ�±�²Íµ�·�´�¬

G
²�¶

° E ¬ � ¬T¯�¬�±ºµ#´Z_�µ#��°�®/±0q�±W®3³�½p��°º²¼Æ�²�°a»/Å ÷ E ²�´�¬
A
²�¶�° E ¬�À�±W®3³�½p��°º²¼Æ�²�°a»eµ#¶W¶�®��T²Íµ7°º¬T³¹°º® ° E ¬�À�±�®�³�½��%°º²�®#¯�®#ÁE ®/½p¶�²�¯pÂe¶W¬T±xÆ3²��T¬	�7Ã


 þ�æ�çMë å(ã2ð<ïràrû­â/ä�å�àræxê
!�µ�Æ�²�¯�Âe³�¬|N�¯�¬T³�° E ¬.Án½�¯��%°º²�®#¯�µ#´
Án®/±W­¹¶Z³�¬�¶���±�²�·p²�¯�ÂeÀ�±�¬%Án¬T±W¬T¯���¬T¶TÅ"À�±�®�³�½��%°º²�®/¯
Å�µ#¯p³�°º±�µ#¯�¶WÀ"®/±x°|µWV

°º²�®/¯1�T®#¶W°º¶�Å ÷ ¬ ¯�® ÷ °�½�±�¯�°º®Ä° E ¬ ³3»3¯�µ#­¹²���±�¬�´Íµ�°�²�®/¯�¶ E ²�Àp¶É° E µ7°�¯�¬T¬�³�°�®¹·�¬�¶�À�¬T��²YN�¬�³
Ã�v¨W#<A|$
��éË?B¨��GA|#,+ § ÿ($@¨�� § �|)
? ¥|§ $*ÿ ¥ - ÷ ¬J¶�À�¬T�T²¼Ác» E ¬T±�¬�° E ¬4¬-¿3À�±�¬�¶�¶�²�®/¯Î®#Á ∂ũ
∂q

Å"½�¶W¬T³Î²�¯[Ïu��Ã e �aV
� �-Ã
�ì²�° E ° E ¬eÁn½p¯���°�²�®/¯�µ�´tÁn®/±�­e¶ ÷ ¬e�T®#¯�¶�²�³�¬T±W¬T³8²�¯ËÏU��Ã e �aV î�ï �%Å ÷ ¬ E µ�Æ#¬[Ç δũ

ũ
=

(
β
q
−

α
z
RH

)
δq
Ã_�½�±W° E ¬T±W­¹®#±�¬#Å ÷ ¬.� E ®�®/¶�¬.° E ¬ ¶W²�­eÀ�´�¬�¶W°Z¶WÀ"¬��T²DN���µ�°�²�®/¯1Án®/± g Åp° E µ�°*²�¶ g(x) = x

Ã<ó E ½�¶�Ç

∂q(r)

∂t
=





1

τq

( β

q(r)
−

α

z(r)
RH(r)

)
· q(r)2 if ψ(r) > 0

1

τq

(H(r)

n(r)
− q(r)

)
if ψ(r) ≤ 0

e �aVxÔ�9<�

�ó¨����BAz- ÷ ¬.¶WÀ"¬��T²�Ác»�° E ¬ ÷ ¬T²�Â E °�Án½�¯p��°º²�®/¯�¶ ÷ ¬ ½p¶�¬ ²�¯�Ïu�)¶TÃ e �aV î 9<��µ�¯�³ e �7V î/î ��Ç
w−(u, u) = w+(u, u) =

2

π
arctan

[
w ·

∣∣∣u− u

u

∣∣∣
] e �aVxÔ î �
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q���}ritkÓ��b7�lorgj�%b7{%��kÓ�%fh�Z}�{-fhit��g v�iW�3ö��7}�i�v*gjb���fhd7{-b�iW�x�%b����Ég �x}ukÓ��f�ilwÊ���j�%f�{|oh�%f@ö0�7��f­�#��}ri%m7d��%orq�d�i��x{%�7}�itohq�i¤ö{-�j�j�|�e{%v�y|{%b7�li�v5�x{%�j�x��� {|orgj�%b�}xm|{-b�v5d#iW�W{-�7}ri�ohq�i¤ö5fri���fr��v����liufri�{-�jgj}�org ��kÓi�{|oh��fri�}p�-k#{|�%iWb�o�}¤����fhilkÓiWfriWb7�li�}3{%b7v��-k:������v7}��fh��v��7�aohgX��b)�� ÷
q��7}xm�b7�4�x�%b���iW}�orgj�%b¹gj}�o�{�´�ixbegjbTor�Ä{%�W�l����bToWm�ixy�ixb¹orq������%q�gXo�g }�{%b¹gj�"����f�o�{-bTo�kÓiW{|oh��fhi��%k]ohfh{%b7}(�#�%froh{-orgj�%b}­ö�}�oriW�Z}x����"�%b7�xixfhb�gjb��Éorq�i~}�oh{-org �]i��T��gX�jgjd�frgj���ë{-b7v*orq�i~�W{-� �l��� {|ohgX��b7}Wm�}rixi��©���#ixb7v�gXw��
î ; ï



ó E ¬�Án½�¯��%°º²�®#¯
arctan(x)

²�¶�²�¯��T±W¬�µ#¶W²�¯�Â ÷ ²¼° E ±�¬�¶�À�¬T�%°*°�® x Å�µ#¯�³��T®#¯)Æ#¬T±WÂ/¬T¶*°º® ÷ µ�±�³�¶ π/2 e ±�¬�¶�À
Ã
−π/2

� ÷ E ¬�¯
x
Â/®3¬�¶]°�® ÷ µ#±W³�¶ +∞ e ±W¬T¶WÀ
Ã −∞

�%Å ÷ E ²�� E ¬T¯�¶W½�±�¬�¶�° E µ7°
w+ µ#¯�³ w−

E µ�Æ#¬É° E ¬�³�¬T¶W²�±W¬T³
À�±W®/À"¬�±W°�²�¬T¶�Ãdó E ¬J�T®�¬ Ce�T²�¬T¯�°

w
²�¯¸Ïu��Ã e �7VlÔ î �Z­¹®�³�½�´�µ�°º¬�¶�° E ¬4¶W°�±�¬�¯�Â#° E ®#Á�° E ¬JÁn®/±W�T¬4³p±�²�Æ�²�¯�Â�° E ¬

­e®�Æ#¬T¶�Ã
2a���Mÿ7����¨��&#,ÿ­$@¨��GAz- ²�¯�ÏU��Ã e �aV îÊ� �%Å ÷ ¬J� E ®�®/¶W¬ ° E ¬�¶W²�­eÀ�´�¬�¶W°ZÁn®/±W­ùÁn®/±�° E ¬ Án½p¯���°�²�®/¯ φ Å�¯�µ�­¹¬�´�»

φ(x) = x
Ã

� L �Ä�¸«aÓ2�1�BÔ �2� � «����©Ü>����ïÑ«aÕ�Ö1�|× �|Ø1�p� Ö2Ù ª�� ¥ ¦ § ¨ ©
� ÖxØ �Éó3ä�ópælôVÞ/y�Ü�ælàlæaâ�ç�ælÜ�ø ��Þ �ZæxÝ�ó3Þ�ò�ô"Þöä5ò�á Ü�ò�ælôuæ�ó�÷

L ¯Ê° E ²�¶Ä¶�¬T�%°º²�®/¯
Å ÷ ¬�¶ E ® ÷ ·"®#° E ¬%¿3²�¶x°º¬T¯p�T¬�µ#¯�³Ì½�¯�²��T²¼°a»8®#Á�µ¾¶W°ºµ�°º²��6¬��)½�²�´�²�·�±�²�½�­Ñ³�¬ N�¯p¬T³õ·)»
Ïu�)¶TÃ e �aV î ��°�® e �7V ^ �%Ã!"�M$@?|$*ÿ�� Ç)´�¬�°�½�¶Éµ#¶�¶W½�­¹¬*° E µ7°É¶W½�� E µ#¯6¬ ��½p²�´�²�·�±�²�½�­>¬-¿3²�¶W°�¶TÅ3µ#¯�³ ÷ ±W²�°�¬�µ#´�´�° E ¬*Æ�µ#±�²�µ#·�´�¬�¶�Æ#µ�´�½�¬�¶µ�°Z° E ²�¶Z¬ ��½p²�´�²�·�±�²�½�­ ÷ ²�° E µÄ¶�½pÀ"¬�±�¶���±�²�Àp°�¢ ∗ ö7Ã`É®/¯���¬T±�¯p²�¯�ÂeÀ�±�®�³�½��%°º²¼Æ/¬.��µ#Àp²�°|µ�´hÅ�Ïu��Ã e �aV ^ �É²�­¹Àp´�²�¬�¶�Ç

I∗K = ĨfK

∗

= δK ·K∗ e Å=V î �
õ�¬�µ�¯ ÷ E ²�´�¬�Å�Án±�®/­ùÏu��Ã e �7V w � ÷ ¬ ³�¬�±�²�Æ#¬�° E µ�° Ç

δK + ρ∗ =
∂Y

∂K
(N,K∗) e Å=VxÔ��

`É®/¯���¬T±�¯p²�¯�Â E ®/½�¶W²�¯�Âz�Tµ#À�²�°ºµ#´hÅ�Án±�®/­ùÏu��Ã e �7V ] �%Å ÷ ¬ Â/¬�°�µ�°*µ#¯�»1´�®3�Tµ�°º²�®/¯ r Ç
I∗fH(r) = I∗H(r) = δH ·K∗

H(r) e Å=V w �
_�±�®/­ùÏU��Ã e �aV � �-Å ÷ ¬�µ�´�¶�® E µ�Æ#¬¹Ç

δH + ρ∗ = R∗
H(r)

∂F

∂K
(K∗

H(r), Land(r)) e ÅUV ^ �

ó E ¬�°|µ � ²�¯�Â�²�¯)°�®�µ#���T®/½�¯�°~®#Á�° E ¬�¬��)½�²�´�²�·�±�²�½�­ö½p°º²�´�²¼°a».´�¬�Æ#¬T´ u∗ Å/µ#³�³p¬T³Ä°º®�Ïu�)¶TÃ e �7V
;<�]µ#¯p³ e Å=V ^ �%Å
´�¬Tµ#³1°º®eµÄ½�¯�²Y��½p¬ ±W¬T´�µ�°º²�®/¯�¶ E ²�À¸Ç

ĨH = j(ρ,K) e Å=V � �
÷ E ¬�±�¬

j
²�¶Z³p¬T�T±W¬�µ#¶W²�¯�Âe²�¯

ρ
µ#¯�³�²�¯p�T±�¬Tµ#¶�²�¯�Âz²�¯

K
Ã

�8¬*¯�® ÷ �T®#¯�¶�²�³�¬T±~° E ¬*¶W»�¶x°º¬T­Ò®#ÁuÁn®/½�±�Æ�µ#±�²�µ#·�´�¬�¶ ρ∗ Å I∗K Å ĨH∗ µ#¯�³
K∗
Å)µ�¯�³¹Án®/½p±�¬ ��½�µ�°º²�®/¯�¶ e �aV

Ô��-Å e Å=V î �%Å e Å=VlÔ��%Åtµ#¯�³ e Å=V � �%Ã3_t²�±W¶W°TÅtÏu�)¶TÃ e �aVxÔ��4µ�¯�³ e Å=VlÔ��J²�­eÀ�´�»Î° E µ�°
ĨH

∗ ²�¶Ä²�¯p�T±�¬Tµ#¶�²�¯�Â ÷ ²�° E±�¬�¶�À�¬T�%°�°�®
K∗
Ã³ó E ²�¶�±W¬T´Íµ7°º²�®#¯�¶ E ²�À
Å"µ#³�³�¬�³Ë°�®�Ïu��Ã e Å=V î �%Å"­¹¬Tµ#¯�¶�° E µ�°.° E ¬Ä³p¬T±�²¼Æ�µ�°º²¼Æ/¬Ä®#Á0.'! þ ®#Á

Ïu��Ã e ÅUV � � ÷ ²�° E ±�¬�¶�À�¬T��°É°º® K∗
²�¶�Â#±�¬�µ7°º¬T±5° E µ�¯

δK
Ã
õ�¬Tµ#¯ ÷ E ²�´�¬#Å ÷ ¬�µ�¶�¶�½p­¹¬�° E µ�°5° E ¬�À�±�®�³�½��%°º²�®#¯

î�] 9



Án½�¯��%°º²�®/¯
Y (N,K)

E µ#¶�³�¬T��±�¬�µ�¶�²�¯pÂ,­¹µ#±�Â#²�¯�µ#´�±�¬�°�½�±�¯p¶�®/¯V��µ#Àp²�°|µ�´hÅ�° E µ�°�Â/®Ì°º® ÷ µ�±�³�¶ 0
µ�¶

K∗²�¯p�T±�¬Tµ#¶�¬�¶TÃO��¶*µÄ�T®#¯��T´�½�¶�²�®/¯
Åp° E ¬T±W¬ ²�¶�µ�°�­e®/¶W°�®/¯p¬ À�®/¶W¶�²�·p´�¬�¬��)½�²�´�²�·�±�²�½�­ Æ#µ�´�½�¬�Án®/±
K∗
Ã

�$#�$nA|ÿ�����?B� Ç/²�Á�®/¯p¬Zµ#¶�¶W½�­e¬T¶�° E µ�°�Å�²�Á
K∗ = 0

Å7° E ¬Z³�¬�±�²¼Æ#µ7°º²�Æ#¬�®#Ár.'! þ ®#Á�Ïu��Ã e ÅUV � � ÷ ²�° E ±W¬T¶WÀ"¬���°°º®
K∗

²�¶�²�¯pÁn¬T±W²�®/±�°º®¹° E ¬4³p¬T±�²¼Æ�µ�°º²¼Æ/¬J®�Á
RHS

®#Á5Ïu��Ã e ÅUV � �-Å�° E ¬T¯ ÷ ¬Äµ#´�¶�® E µ�Æ#¬4° E ¬�¬%¿3²�¶x°º¬T¯p�T¬Ä®#Á
° E ¬ ¶W®/´�½3°º²�®#¯
Ã
þ ²�¯p�T¬Z° E ¬�±�¬*²�¶�®/¯p¬�µ#¯p³¹®/¯p´�»4®#¯�¬�´�¬�Æ#¬T´�®#Á

K∗
µ7°�¬ �)½�²�´�²�·�±W²�½�­�Å7° E ¬T¯z° E ¬T±�¬*²�¶~µ�´�¶�®.®/¯p¬�µ�¯�³¹®#¯�´�»

®/¯�¬�´�¬�Æ#¬T´
®#Á]�T®#±�±�¬�¶�À�®/¯�³�²�¯�ÂÄ�T®#¯�¶�½�­eÀp°�²�®/¯1´�¬�Æ/¬�´
c
Ãk��°�²�°�¶�¶W°ºµ�°º²�®/¯�µ#±x»�¬ ��½p²�´�²�·�±�²�½�­�Å�­e®/±W¬T®�Æ/¬�±TÅ�®/½p±

­e®3³�¬�´
±�¬�À�±�®�³�½���¬T¶�° E ¬�Án¬Tµ�°º½�±W¬T¶�®#Á]�T´�µ#¶�¶W²���½�±W·�µ#¯�­¹²��T±�®�¬T��®/¯�®/­e²���¶É­e®3³p¬T´�¶�ÿ3_�½WRW²¼°|µ e î�ï��/ï �@�rÃ
� Öhð [Eò�ä~àa÷Éó3ælôuä~à¹ô"ä~àxô"Ü�àlä�ó3æxÚ~ò�Ý��|Ú�çõó3ß�Þ Ý)ó3ä�ó3ælôVÞ/y�Ü�ælàxæaâ�ç�ælÜ�ø

L ¯¾° E ²�¶�¶W¬T��°�²�®/¯uÅ ÷ ¬4� E µ#±�µ#��°�¬T±�²YmT¬J° E ¬4¶x°|µ�°�²��J¬ �)½�²�´�²�·�±W²�½�­ ÷ ²¼° E ° E ¬JÁn½�¯p��°º²�®/¯�µ#´'Án®/±W­¹¶�³�¬ N�¯p¬T³·�»ÊÏu��Ã e �aV î�ï �%Ã'�8¬1³�¬�¯�®#°�¬6° E ¬6¬ �)½�²�´�²�·�±W²�½�­@´�¬�Æ/¬�´�®#ÁZ° E ¬6Æ�µ#±�²�µ#·�´�¬�¶ ÷ ²¼° E µ¾¶W½�À"¬�±�¶W�T±�²�Àp° ∗
ÃJ_�®/±

²�¯p¶W°|µ�¯��T¬�ÏU�)¶�Ã e �aV � �~µ#¯�³ e Å=V w �~Â#²�Æ/¬�½�¶�Án®#±5° E ¬�¬ ��½p²�´�²�·�±�²�½�­ E ®#½�¶�²�¯�ÂJ�Tµ#À�²�°ºµ#´�³�¬T¯p¶�²�°a»�µ�°�´�®���µ�°�²�®/¯
r
Ç

K∗
H(r) =

b

a

Np2(γ + 2)

c∗ γ+2

1

ρ∗ + δH
(c∗ − p · r)γ+1

· r e Å=V�;<�
ó E ²�¶�±W¬T´Íµ7°º²�®#¯�¶ E ²�À
Å�µ�³�³�¬T³�°º®eÏu��Ã e �aV�;<�-Å�²�­eÀ�´�²�¬T¶5° E µ�°�Ïu��Ã e Å=V � ��°º±�µ#¯�¶W´Íµ�°�¬T¶Z²�¯�°�®�Ç

ĨH =
δH

δH + ρ∗
b

a

Nc∗

γ + 3
e Å=V ] �

õ�¬�µ�¯ ÷ E ²�´�¬�ÅÉÏu��Ã e Å=VlÔ��%Å ÷ E ²�� E ´�²�¯ � ¶z° E ¬�²�¯�°º¬�±�¬�¶W°6±�µ�°º¬�µ#¯�³õ° E ¬�À�±W®3³�½p��°º²¼Æ/¬���µ#À�²¼°|µ#´Z¶x°º®�� � Å·�¬T�T®#­¹¬�¶ Ç
δK + ρ∗ = yG

( N

K∗

)x e Å=V � �
Ð ¶W²�¯�ÂÄ° E ²�¶�±�¬�´Íµ�°�²�®/¯�¶ E ²�À6µ#¯�³�ÏU��Ã e Å=V î �-Å ÷ ¬�³�¬�±�²¼Æ/¬zÇ

I∗K = y
δK

ρ∗ + δK
e Å=V ï �

�8¬���µ#¯6¯p® ÷ ��®/¯�¶�²�³�¬T±�ÏU�)¶�Ã e �aVxÔ��-Å e Å=V ] �5µ#¯p³ e Å=V ï �%Å ÷ E ²�� E ²�­eÀ�´�»J° E µ�°�° E ¬�¬��)½�²�´�²�·�±W²�½�­>±ºµ�°�¬
®#Á]²�¯�°º¬�±�¬�¶W°*²�¶�° E ¬.½�¯�²n�)½�¬.¶W®/´�½p°�²�®/¯1®�ÁÉÇ

s =
δH

ρ∗ + δH

b

a

1 − s

γ + 2
+ y

δK
ρ∗ + δK

e ÅUV î 9<�
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