N

N

Toward a complexity classification of CSP through
kernel width

Florian Richoux

» To cite this version:

Florian Richoux. Toward a complexity classification of CSP through kernel width. Computer Science
[cs]. Ecole Polytechnique X, 2009. English. NNT: . pastel-00005564

HAL 1Id: pastel-00005564
https://pastel.hal.science/pastel-00005564
Submitted on 24 Nov 2009

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://pastel.hal.science/pastel-00005564
https://hal.archives-ouvertes.fr

POLYTECHNIQUE
ParisTech

Toward a complexity classification of
CSP through kernel width

Florian Richoux

Thése de Doctorat
dirigée par Miki Hermann
effectuée au
Laboratoire d’Informatique de ’Ecole Polytechnique

Soutenue publiquement le 12 novembre 2009

Jury

Manuel BODIRSKY

Nadia CREIGNOU Rapporteur
Victor ~ DALMAU Rapporteur
Gilles DOWEK

Arnaud DURAND

Miki HERMANN  Directeur
Jaroslav. NESETRIL Rapporteur
Gustav  NORDH






Remerciements

Les remerciements constituent toujours un passage délicat, car c’est & travers
ces quelques lignes que l'on tente d’exprimer toute notre gratitude aux per-
sonnes qui nous ont entourés, avec qui on a été en contact, qui nous ont
soutenus, parfois méme supportés, durant ces trois années de thése. Délicat
aussi parce que ’on a constamment ’angoisse d’oublier quelqu’un en écrivant
ces lignes.

Tout d’abord, je remercie chaque membre du jury d’avoir bien accepté
d’en faire partie, en particulier les rapporteurs : Jarik, Nadia et Victor. Je
regrette profondément qu’Arnaud n’est pas été retenu comme rapporteur
de mon mémoire, et m’excuse auprés de lui pour le quiproquo que cela a
entrainé. De méme, je remercie Frank Nielsen qui était d’accord pour faire
parti du jury mais qui a eu malheureusement un contre-temps de derniére
minute. Ainsi, je suis redevable & Gilles qui a bien voulu le remplacer, bien
que cette thése s’inscrit dans un domaine différent du sien.

Merci & mes collégues et amis que j’ai fréquentés tous les jours, ou
presque, au laboratoire d’informatique de Polytechnique, et qui donne & ce
laboratoire son coté vivant et convivial. Je n’ai pas connu d’autre labo ou
I’ambiance était aussi sympathique et agréable. En particulier, je pense &
mes collégues doctorants ou anciens doctorants : Alexis, Antoine, Carlos,
David, Ivan, Luca, Nicolas, Olivier, Romain, Sylvain, Thang, Uli, Vincent
et Vivek pour le temps passé ensemble, dans le méme bureau, autour d’un
café, d’une biére, d’un jeu de carte, & discuter science, politique, et tout autre
sujet nous permettant de refaire le monde. Aux membres de mon équipe, Al-
gopt : Christoph, David, Philippe, Vincent et Yann, pour les blagues nulles
mais qui me font rire quand méme, pour 'argent amassé lors des soirées
poker qui m’a permis d’aller faire les courses le lendemain, et bien sir pour
les discutions scientifiques parfois bien animées et leur aide indiscutable du-
rant ces trois années de thése. Merci aux ITA : Corinne, James et Matthieu
pour avoir été toujours la pour m’aider, me renseigner et parfois méme faire
tout ceci en prenant en compte les contraintes pas toujours évidentes que
je leur donnais. Merci au corps enseignant avec lequel j’ai travaillé, notam-
ment Fabrice, Gilles, Jean-Christophe, Olivier et Xavier, et un merci spécial
pour Thomas qui m’a beaucoup soutenu, et bien au dela du simple cadre de
I’enseignement.

Durant cette thése, j’ai eu la chance de travailler avec des chercheurs
dont les connaissances, la rapidité de compréhension des choses et I'intuition
mathématique forcent le respect, et j’ai pu apprendre beaucoup auprés d’eux.
Je pense notamment & Gustav et Manuel avec qui j’ai travaillé sur les su-
jets traités respectivement par les chapitres 4 et 3 de ce mémoire de thése.

1




Participer avec eux & ces projets de recherche a été et continue d’étre une
expérience aussi enrichissante qu’excitante. Bien entendu, je pense aussi a
mon principal collégue et directeur de thése Miki dont I’étendue des con-
naissances scientifiques m’étonnera toujours, et qui a su durant cette thése
me guider vers des questions passionnantes qui aboutissent aujourd’hui a la
constitution de ce mémoire.

Mais qu’aurais-je pu produire sans I'attention et le soutien de mon en-
tourage 7 Ainsi, je remercie mes parents, qui m’ont toujours soutenu dans
mes choix, quels qu’ils soient, et m’ont laissé une grande liberté me permet-
tant de satisfaire ma curiosité et d’arriver 14 ou je suis aujourd’hui. Merci
également & mes sceurs, Sandra et Sophie, pour leur gentillesse et leur atten-
tion, chacune a leur maniére. Je remercie aussi toute ma famille de ne pas
avoir été trop insistant pour que je leur explique mon domaine de recherche,
probléme assez épineux lorsque l'on est informaticien théoricien et qui n’est
pas toujours facile & contourner.

Nous sommes tous également entourés d’amis, piliers indispensables pour
soutenir les épreuves de la vie. Je pense & mes amis d’Orléans, ceux de longue
date, voire de trés longue date comme Sébastien que je connais depuis ’age
de. .. deux ans ! Des amis qui viennent du collége, du lycée, de la fac, des amis
comme on en a pas beaucoup et sur qui vous pouvez toujours compter. Les
plus anciens : Alexandre, ma "petite sceur”" Alice, Charles, Emilie, Olivier
et Flora, les Sébastiens, Virginie et enfin Yves. Les camarades de prépa

JF, John et Manu. Les camarades de fac : Adrien et Laetitia, MC et
Fabien, Seb et Ketty. Shifty l'inclassable ! Les camarades de la Cellule
Orléanaise : Arnaud, Clément et Fouad. Tous ont été 1a, & mes cotés, dans
les périodes difficiles traversées pendant cette thése. C’est quelque chose que
je n’oublierai jamais.

Au dela d’Orléans, je tiens a remercier mes amis que j’al connus sur
Marseille et que j’ai eu la chance de continuer & voir sur Paris. Nicolas et
Sara-Jane dont j'apprécierai toujours le flegme et la vivacité, Vanessa qui
a été et restera quelqu’un d’important pour moi, et bien entendu Laurent,
personne que ’on gagne & connaitre autant sur le plan scientifique qu’amical
et humain. Lui aussi fut présent & des moments cruciaux de ma thése, et je
I’en remercie.

Merci & mes amis parisiens : Gaél pour nos conversations profondes et
enrichissantes sur des sujets bien différents, méme si j’avais parfois du mal a le
suivre, mes adorables voisins Ambre et Loic que j’ai eu le plaisir de connaitre
et fréquenter en dépis de I'anonymat de rigueur a Paris, les membres de mon
club de karate & I'X et de ju-jitsu sur Paris, malheureusement trop nombreux
pour que je les nomme ici.

2




Merci & mes camarades de X’Doc auprés de qui j’ai passé deux années
formidables, et dont le dynamisme et ’enthousiasme étaient communica-
tifs. Merci en particulier & Iéquipe 2007 : Andreea, Cécile, Franck, Gaélle,
Gwenaél, Michel, Liém, Pierre et Pierrick. J’ai passé avec eux des moments
exceptionnels et inoubliables. Merci également & I’équipe 2008 : Anirban,
Antoine, David, Eric, Larbi, Mahsa et Thomas, avec qui j’ai passé ce grand
moment qu’était 'organisation de la venue de Jorge Cham & [’école.

Merci également & Barney Stinson pour étre aussi awesome, et & Jamie
Steven, chercheur astrophysicien & qui je dois le style de présentation de ce
mémoire.

Enfin, merci & ma petite Mari pour étre la, tout simplement, et pour
tout ce qu’elle m’apporte. Elle me rappelle que la science est une chose trés
importante dans ma vie, mais pas un tout. A elle, merci.

Pour terminer, j’aimerais tout particuliérement remercier les professeurs
Siva Anantharaman et Gérard Ferrand de 1’Université d’Orléans qui m’ont
fait découvrir par hasard ce domaine qu’est 'informatique théorique en li-
cence, et qui a entrainé cette passion pour cette science qui ne m’a plus laché
par la suite, et la professeure Nadia Creignou de I’Université de la Méditer-
ranée, & qui je dois beaucoup et sans qui cette thése & Polytechnique n’aurait
pas été possible.




ReERS<




Contents

Introduction 7
1.1 Outline of this thesis . . . . . . . ... ... ... . ... ....... 11
Preliminaries 13
2.1 Computational complexity . . . . . .. .. .. ... ... 13
2.2 Constraint Satisfaction Problem . . . . . . .. .. ... .. ... ... 18
2.3 Universal algebra . . . . . . ... ..o 20
Monotone csp 25
3.1 Finitecase. . . . . . . . . . . e 26
3.2 Infinitecase . . . . . . . . . . . e 31
321 Result . ... ... . .. 32
3.22 Proof . ... ... ... e 33
3.3 Conclusion . . ... ... .. .. e 38
co-Boolean csp 39
4.1 Definitions. . . . . . . . . .. 40
4.2 Generalities about sets of unary functions . . . ... ... ... ... 43
4.2.1 Polynomial-time reductions and equivalences . . . .. .. .. 44
4.2.2 COres . . . . i e e e e e 44
4.3 Homogeneous Case . . . . . « . v v vt vt e 46
4.4 Generalcase. . . . . . . . . e 48
4.5 Conclusion . . .. . . . . . . . e 57
csP(F*) and kernel width 59
5.1 width F =1 implies tractability . . . . .. ... .. ... ... .... 61
5.1.1 Intermediary results . .. ... ... .. .. ... ..., 61
512 Mainresult . . . .. .. . ... 63
5.2 Ternary domains: Dichotomy criterion based on the kernel width . . 65
5.2.1 Intermediary results . . . .. .. ... ... L. 66
5.2.2 Tractablecase . . ... .. .. ... ... e 71
5.2.3 Intractablecase. . . .. .. .. . ... ... . . ... 71
5.2.4 Dichotomy Theorem and meta-problem . . .. ... ... .. 75
5.3 Homogeneous co-Boolean ¢sp, NP-completeness and kernel width . . 77
5.3.1 Non-stability under Max and Min . . . . . . ... ... ... 78
5.3.2 Non-stability under Majority and Minority . . ... ... .. 79
5.3.3 Conjecture . . . . . . . ..o 81
54 Conclusion . .. .. ... . .. e 81







Computer Science is no more
about computers than astron-
omy is about telescopes.

Edsger Dijkstra (1930-2002)

Introduction

It is difficult to determine borders between Theoretical Computer Science
(TCS) and Mathematics. So far no clear separations have been made, and
everybody has its own way to express what TCS is. From my point of view,
this science belongs to Mathematics and could be defined as follow: Theoret-
scal Computer Science is the science which studies and treals mathematical
problems in an automatic way. My opinion is that this science is completely
independent from these machines that we call computers: they are conse-
quences of TCS applications. The computer scientist Edsger Dijkstra said
"Computer Science is no more about computers than astronomy is about tele-
scopes". This sentence is deeply true: computers are just tools for TCS, but
not studied objects.

Can TCS results be always applied to computers or other concrete pur-
poses? Hopefully no. Things which interest me the most in TCS are of theo-
retical aspect. Another sentence I completely agree from a famous scientist is
the following one, from the physicist Richard Feynman: "Physics is like sex:
sure, it may give some practical results, but that’s not why we do 4t". This
is right for all theoretical sciences, like TCS. My vision of Mathematics and
theory in general is close to Hardy’s one. Indeed, the mathematician God-
frey Hardy found that what is beautiful in Mathematics is its "uselessness",
that is, when theories in Mathematics do not find concrete applications in
the material world, by opposition of the "idea world" as he certainly would
call it himself: " The mathematician’s patterns, like the painter’s or the poet’s
must be beautiful; the ideas, like the colours or the words must fit together
in a harmonious way. Beauty is the first test: there is no permanent place
in the world for ugly Mathematics. [...] A science is said to be useful if its
development tends to accentuate the existing inequalities in the distribution
of wealth, or more directly promotes the destruction of human life. [...] I
have never done anything ’'useful’. No discovery of mine has made, or is
likely to make, directly or indirectly, for good or ill, the least difference to
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CHAPTER 1. INTRODUCTION

the amenity of the world... Judged by oll practical standards, the value of
my mathematical life is nil; and outside mathematics it is trivial anyhow. [
have just one chance of escaping a verdict of complete triviality, that I may
be judged to have created something worth creating. And that I have created
something is undeniable: the question is about its value" in "A Mathemati-
cian’s Apology" (1940). However, theory is of course useful in the sense that
it always finds applications somewhere, for theory itself for instance, and
sometimes for some applications. Again, Hardy said "pure Mathematics is
on the whole distinctly more useful than applied. For what is useful above
all 1is technique, and mathematical technique is taught mainly through pure
Mathematics". I think that, unfortunately, every theoretical result finds one
day directly or indirectly a way to be applied concretely.

Theoretical Computer Science contains many branches such as algo-
rithms, combinatorics, logic, proof theory, ... The field for which we have a
special interest in this thesis is computational complexity. Intuitively, what
is it? It is the field where we study intrinsic difficulty of solving mechani-
cally a given problem. Roughly speaking, we distinguish easy problems, also
named tractable problems, from hard ones, named intractable problems. For
instance, imagine a maze for mouses starting by a unique path which meet
an intersection at a certain point: the path is divided in two ways (the left
and right way). Both paths will also be divided in two ways, and so on. We
obtain a maze corresponding to what we call a binary tree. Each path ends
either by an exit or a dead-end. Place a mouse at the beginning of such a
maze: the mouse has no smarter way than to try each path before finding
the exit (if it exists). Thus, to know if there exists an exist in a maze with
n intersections the mouse has to run in 2" different paths in the worth case
(that is, if the mouse is unlucky). This problem of deciding if a given maze
contains an exit or not is consider as a difficult one (for a mouse) since the
number of tries is exponential in the size of the maze. Assume now we have
an overtrained mouse which is able to understand and to follow instructions
like "At the first intersection take left, then left, then right, then left, ...".
If we put this mouse at the starting line of the maze with a valid sequence
of instructions (valid in the sense that the number of given instructions cor-
responds exactly to the number of intersections the mouse will cross), thus
the mouse will be easily able to decide if the given path leads to an exit or
not: the mouse has just to cross logn intersections (that is, the height of
the binary tree). This problem is consider as an easy one (for everybody)
since the number of tries is a polynomial in the size of the maze (here, even
a logarithm).

In this thesis, we focus on complexity of mathematical problems called
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Constraint Satisfaction Problems, or ¢sp for short. Again, we illustrate this
notion with an example. A classical one is the scheduling of classes in a
high school: at the beginning of each academic year, one has to establish
a schedule which takes into account some constraints. For instance, a class
cannot have two lessons at the same moment, as well as a professor cannot
be in two classrooms at the same moment, or two professors in the same
classroom, etc. Finding a coherent scheduling which verifies all constraints
of this type is a Constraint Satisfaction Problem. This scheduling problem,
as well as CSP problems in general, are very difficult problems.

However, we can consider the parametric version of the CSP problem,
denoted CSP(S) where the parameter S is a set of relations which represent
solutions of the constraints we are allowed to use to built an instance of our
problem. There exist some sets of relations which implies the tractability of
csP(S), such as sets of Horn relations for instance. These parameters are
what we call "islands of tractability", lost in an ocean of intractability. One
can wonder if there exists parameters leading to intermediate situations in
between tractability and intractability of the considered problem, that is, if
there exists a parameter S such that ¢sp(.S) is neither in P nor NP-complete,
that is, tractable or intractable. If the answer to this question is "no", then
one can wonder if there exists a way to split the set of all parameters into
two parts, one leading to tractable problems, the other one to intractable
problems, such that the borderline is clear and computable. In the 70’s,
Schaefer answered these questions in [Sch78|, showing the full classification
of the complexity of csp(S) over a Boolean domain thanks to a Dichotomy
Theorem, telling that csp(S) is either in P or NP-complete depending a
simple dichotomy criterion on S.

The goal of research in complexity of CSP is to extend Schaefer’s result to
other cardinalities of a fixed domain, or to prove that such borderline does
not exist. So far, known results in this field exhibit a borderline between
tractable and intractable problems, leading to the conjecture that such a
borderline always exists. Indeed, Feder and Vardi conjectured in [FV98| the
existence of a Dichotomy Theorem for the problem csp(S) for every finite
domains, that is, considered a finite domain D and a set S of relations on
D, the problem csp(S) is either in P or is NP-complete. We will now tell
why an extension of Schaefer’s theorem over higher cardinality of domain is
such a difficult problem.

Schaefer did not realize he could use a very powerful tool to prove his
theorem: "The work presented here is similar in spirit to the classification
by Post [...] but the generation operations are quite different, and to the best
of our knowledge, none of the particulars of Post’s proof carry over to this

9




CHAPTER 1. INTRODUCTION

work" in [Sch78|. Indeed, we know today that the Post lattice is a very useful
tool and elegant way to prove the Schaefer’s Dichotomy Theorem. However,
before introducing the Post lattice, we need to present the connection be-
tween the computational complexity of CSP and universal algebra.

One of the most exploited way to study the complexity of Csp is toward
tools brought by universal algebra. The link between the complexity of csp
and universal algebra has been revealed by Jeavons et al. in papers [JC95],
[JCGI7] and [Jea98]. In their papers, they have shown that if a set S of
relations is closed under functions, named polymorphisms, it always leads
to the tractability or the intractability of ¢sp(S), and this, for every finite
domain. Moreover, Jeavons et al. proved that, given a set S of relations, the
set of polymorphisms of S form an algebraic structure named clone (even if it
is a slight abuse of language, we can denoted it as "the clone of S"). The set
of clones in a Boolean domain ordered by inclusion give us the Post lattice,
which is a countable infinite lattice fully characterized by Post in [Pos4l].
Thanks to this lattice, we can rewrite Schaefer’s Dichotomy Theorem with
a characterization considering only polymorphisms of the parameter S. In-
deed, even if this lattice is (countable) infinite, results from Jeavons et al.
permit us to deduce, for a given set S of relations, if csp(S) is in P, then
for all sets S’ of relations such that the clone of S’ contains the clone of S
we have csp(S’) in P, and if csp(S) is NP-complete, then for all sets S’ of
relations such that the clone of S’ is contained in the clone of S we have
csp(S’) NP-complete. A survey presenting the possibilities offered by the
Post lattice can be found in [CV08].

Nowadays, research in this field strongly rely on universal algebra to char-
acterize the complexity of CSP problem and its extensions or logical problems
in general. The reader can find a collection of survey articles about the study
of the complexity of such problems with the help of universal algebra in
[CKVO08]. Almost thirty years after Schaefer’s Theorem, Bulatov proved in
[Bul06a] a Dichotomy Theorem for the complexity of ¢SP(S) over a ternary
domain. One can wonder why it took so much times to extend Schaefer’s re-
sults. The principal reason is that a powerful tool likes Post lattice does not
exist anymore. Indeed, Yanov and Muchnik proved in [YM59] that the num-
ber of these clones is uncountable for domains of cardinality higher than or
equals to three, leading thus to an uncountable lattice. Techniques presented
in the last paragraph are then no more available.

Since the complexity of cSP(S) over a finite domain (of arbitrary cardi-
nality, or even of cardinality greater than three) are very difficult problems,
one can avoid the difficulty due to the uncountability of the clone lattice
by considering some restriction or extension of the original problem. Hence,
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1.1. OUTLINE OF THIS THESIS

one way to make easier the problem is to consider a sub-problem allowing
a countable lattice. For this, one can choose among others to enrich the
formalism of Csp problems like in [Mar06] and [Mar08|, or to force a certain
structure on the parameter S like in [CCHS08] and [CHKSO08|, or to force a
certain structure on the domain D like in [Sch78]. These two first ideas have
been chosen as starting ideas of this thesis.

1.1 Outline of this thesis

Chapter 2 is the chapter of preliminaries where we formally define each
mathemadtical notion studied or used in several chapter of this thesis. Notions
which are specific to a chapter will be defined in the considered chapter.
Chapter 3 will present results obtained for Monotone Constraint Satisfac-
tion Problems. In this chapter, we have chosen to enrich the formalism of
¢sP with the disjunction, that is, constraints of a formula are not anymore
logically linked by conjunctions only but by a conjunction or a disjunction.
This extension allowed us to have a countable and even finite clone lattice,
which was the original argument to study Monotone ¢SP. Even if the lattice
does not finally help us, we obtain a Dichotomy Theorem for the complexity
of the parametric monotone CSP problem over every finite domains. This
result has also been proved independently by Martin in the CoRR paper
[Mar06]. It has been published in [HR09] and contributes to the study of
model-checking of fragments of the first-order logic (see [Mar(08]). We also
proved a Dichotomy Theorem for Monotone €SP over countable infinite do-
mains. This study has been published in [BHR09] and is in line the study
of constraint problems over infinite domains (see for instance the survey
[Bod08]).

Chapter 4 will present results obtained for co-Boolean csp. We choose
here to force the following structure to the parameter S: Let f be a unary
function on a finite domain D with a co-domain of size two. The graph of
f, denoted f*, is the relation f* = {(x, f(z)) | * € D}. We force in this
chapter the parameter S to be a set of graphs of unary functions. Thus, an
instance of ¢sP(.S) is a conjunction of constraints of the form f(x) = y. This
restriction leads also to a countable (and again even finite) clone lattice.
However, like for Chapter 3, this lattice was again too complicated to be
efficiently used. This difficulty does not forbid us to prove a Dichotomy
Theorem for the complexity of homogeneous co-Boolean CSp where all unary
functions composing our constraints share the same Boolean co-domain. This
theorem holds for every finite domain. We also present the beginning of a
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CHAPTER 1. INTRODUCTION

proof for a conjectured Dichotomy Theorem for the complexity of co-Boolean
CSP in general over a finite domain. These works have been done with Miki
Hermann and Gustav Nordh and should be submitted soon. It is in line with
the study of CSP over unary functions where an instance of this problem is a
conjunction of constraints of the form f(x) =y where f is a unary function
(with no condition on the co-domain). This problem has been proved by
[FMS04] to be as general (and then as difficult) as the general CSP problem,
that is, there exists a satisfiable instance of the general ¢sP problem if and
only if there exists a satisfiable instance of the CSP problem over unary
functions.

Chapter 5 certainly contains the most important contributions in this the-
sis. It is in line with works of Feder et al. since it deals with the complexity
of csp(S) over unary functions. This chapter presents the method of kernel
width, an innovating method which could be very useful to fully characterize
the complexity of such problem or some of its sub-problems. It contains three
main results (not with the same impact and importance). First, we show
that, for the csp(S) problem over unary functions on every finite domain,
the linear kernel width implies the tractability of csp(S). This is the first
result available on every cardinality of finite domain using the kernel width.
Moreover, this result was not known so far. Then, we present a Dichotomy
Theorem of the complexity of the csp(S) problem over unary functions on
a ternary domain via a criterion based on the kernel width. Despite the
fact that this result was already cover by Bulatov’s result, this is the first
Dichotomy Theorem proved via the kernel width method. Finally, we prove
the NP-completeness of a specific homogeneous co-Boolean ¢sp(S) problem
over every finite domain D if the kernel width is higher than or equal to the
cardinality of D. Again, this result is cover by our result on homogeneous co-
Boolean csp in Chapter 4, but it is the first result of NP-completeness with
a criterion based on the kernel width. This result leads us to the conjecture
that, if this criterion is verified, the ¢sp(.S) problem over unary functions is
intractable.

12




Preliminaries

In this chapter, we formally define the most general used and studied notions
in this thesis. Specific notions will be introduced at the beginning of each
chapters.

2.1 Computational complexity

Computational complexity is the study of intrinsic complexity, or difficulty,
of mathematical problems which can be treat automatically. We measure
this difficulty regarding to needed resources. These resources can be time
or space needed by a computational model to solve a given problem. Both
time complexity and space complexity are measured regarding to the input
size of the considered problem. Time complexity of a problem p is measured
with the number of needed operations to answer p.

We introduce in this section usual complexity classes of decision problems
which are L, P and NP. A complexity class is the class of problems which
can be solved within a certain time or space complexity. A decision problem
is a problem where the answer is either "yes" or "no".

Before introducing complexity classes, we need to formalize the notions
of language and Turing machine. We also present the notion of polynomial-
time many-one reduction.

Let p be a decision problem, and A the set of instances of p. We call
positive instance of p, or solution of p, an instance of p which leads to the
answer "yes", and we denote by AT C A the set of positive instances of p.
We say that A™ is the language of the problem p. Thus, an instance = of p
is a solution of p if x € A™.

In this thesis, we deal with decidable languages. A language is decidable
if a Turing machine recognizes it, and a Turing machine is a model of compu-
tation which can be see as a machine with one or more infinite tapes where
moves a read-write head which acts regarding to the current state of the
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CHAPTER 2. PRELIMINARIES

machine and the current read symbol on the tape. The fact that a Turing
machine contains one or more tapes does not change its working or proper-
ties in the sense that a Turing machine with only one tape is as powerful as
a Turing machine with several ones, that is, if a language L is recognized
by a Turing machine with several tapes, then there exists a Turing machine
with one tape which also recognize L. We give here a formal definition of
the Turing machine.

Definition 2.1.1 A Turing Machine is a 6-tuple (Q, %, 0, gs, qa, q-) where
o () is the finite set of states of the machine,

e Y is a finite alphabet which does not contain the special blank character
L,

0 is the transition function defined as

6: Q@ x (BuU{u}) — @ x (ZU{u}) x{L, R},

gs € Q is the start state,

qa € Q 1s the accept state,

e g, € Q is the reject state, with ¢, # qq.

Let’s us explain how a Turing machine works. Let M be a Turing machine
with one tape. M receives an input x which is a finite string composed of
elements from the given alphabet . Usually, we write « := zoz1 ... 2y—1 for
a n-long string with xg, x1, ..., p—1 € X. At the beginning, x is written on
the tape of M, the current state of M is ¢,, and the read-write head of M
is placed on the case containing the first character z¢ of z. All cases of the
tape which are not filled up with the input x contain the blank character L.
Let’s attribute a number to each case of the tape as follow: the start case
containing xg at the beginning will be named ¢y, and next cases to its right
will be denoted by ¢; (containing 1), c2 (containing x), and so on. Cases
to the left of ¢y will be denoted by c_1, ¢_2, and so on. These cases contain
U at the beginning.

Now we can run the machine M. A run of M is a succession of steps,
which is the application of the function § to the couple (g, e) where ¢ is the
current state and e the character reads by the head of M. The function §
output a triple (¢/,¢’,d) where ¢’ is a state in @, not necessarily different
from ¢, ¢’ a character in ¥ U {U} written in the case ¢; where the head is
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positioned, and d the direction toward we move the head. If d = L holds, we
move the head one step to the left, so to the case ¢;_1, and on the opposite if
we have d = R we move it one step to the right, that is to the case ¢;41. The
current state of the machine is now ¢/, and the character reads by the head
is the one contained in the case ¢;—1 or ¢;11, depending where we have move
the head. If the current state is q,, then the machine "accepts", i.e. the
input belongs to the language recognized by M, and if the current state is
gr, then the machine "rejects"”, so the input is not in the language recognized
by the machine. Notice that we can have the situation where a run never
reaches the state g, nor ¢,.. Then we say that the machine M loops, that is,
it never halts. A language recognized by a Turing machine which loops on
certain inputs is called a semi-decidable language, since when the machine
loops, we actually never know if the machine loops or take some times to
finish its computation.

We say that a Turing machine M is deterministic if its transition function
0 is deterministic, that is, for every couple (g,e) in @ x (X U {U}), d(q,e€)
outputs a unique element in Q x (XU{U})x{L, R}. If there exist some couple
(g, e) for which the values of §(g, e) constitute aset V' C @x (XU{U})x{L, R}
which is not a singleton, then we say that M is non-deterministic.

One fundamental notion in TCS which is constantly used in this thesis is
the notion of reduction of problems. We especially use the polynomial-time
many-one reduction (also know as Karp reduction) defined as follow.

Definition 2.1.2 A language A is polynomial-time many-one reducible to
a language B if there exists a polynomial-time computable function f: A — B
such that, for every string w, we have w € A if and only if f(w) € B. This
is denoted by A <, B, and we say that f is a polynomial-time many-one
reduction.

Thus, a polynomial-time many-one reduction from a problem p; to a
problem ps, denoted by p1 <, p2, is a polynomial-time computable function
transforming an instance of p; into an instance of py such that z is a positive
instance of py if and only if f(z) is a positive instance of po. Remark that, for
every instance z of p;, we must have the size of f(z) polynomially bounded
by the size of z.

Moreover, we say that two problems p; and po are polynomial-time equiv-
alent (in this thesis, equivalent for short), denoted by pi =, po, if both
p1 <p p2 and p2 <, p1 hold.

Another reduction used in this thesis is the logspace reduction. Rather
than formally define it, we can modify Definition 2.1.2 as follow: there is a
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logspace reduction from a language A to a language B, denoted by A <o, B,
if the function f is logspace computable, that is, if the Turing machine
which compute f only uses a logarithmic number of cases on its working
tape regarding to the size of the input. Two problems p; and py are logspace
equivalent, denoted by p1 =iog P2, if both p1 <jog P2 and p2 <joe p1 hold.

The reader can find another formal definitions of Turing machine and
polynomial-time many-one reduction in [Sip97] or [Pap94].

Before introducing complexity classes used in this document, we need to
explain the big-O notation, also named asymptotic notation.

Notation 2.1.3 Let f and g be two functions f,g: N — N. We write f(n) =
O(g(n)) if there exist two positive integers ¢ and ng such that for every
n > ng, the equation f(n) < c.g(n) holds. Thus, we say that g(n) is an
asymptotic upper bound of f(n).

Consider a Turing machine M which recognize a language L. Roughly
speaking, there exist two ways to consider the time complexity of M: the
average-case analysis where one consider the average number of steps M
needs to recognize an element x of L, and the worst-case analysis where one
consider the maximal number of steps M needs to recognize an element x
of L, that is, x is an input leading to the longest finite computation of M.
Thus, the goal of the worst-case analysis is to determine an asymptotic upper
bound verified for every input recognized by the machine. This thesis only
deals with worst-case analysis. Similarly, when we will speak about space
complexity, we will consider the worst-case analysis.

Example 2.1.4 Let f: N — N be the function describing the running time
of a Turing machine M, that is, [ takes as its input the size of the input x
of M such that x leads to the longest finite run of M. We denote by n the
size of x, i.e. we have n = |x|.

Assume that f(n) is defined as follow:

f(n) =4n" +5n* +2n3 4+ n 42

Then, we have f(n) = O(n"). Indeed, taking the highest order term of
the polynomial without the constant coefficient 4 is sufficient to obtain an
asymptotic upper bound. Thus, we say that M runs in O(n"). |

Class P is the class of problems which can be solve deterministically in
polynomial-time, i.e., there exists a deterministic Turing machine M where
the maximal number of needed steps to solve it is a polynomial on the input
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size n where n* is the highest term, for some fixed k. Such problems are
decidable in O(n¥). Thus, if we denote by TIME(x) the class of problems
deterministically decidable in O(z), P can be defined as follow:

P = | JTIME(n")
k

Very similarly, the class NP is the class of problems which can be solved
non-deterministically in polynomial-time, i.e., there exists a non-determinis-
tic polynomial-time Turing machine solving the given problem.

Then, if we denote by NTIME(x) the class of problems non-deterministi-
cally decidable in O(z), we can define the class NP from the same way we
have defined P:

NP = | NTIME(n")
k

To give an intuition, the class NP is the class of problems which are
difficult to answer, but for which it is easy to verify if a proposed answer is
a solution or not.

It is clear that, given a problem p, there exists a non-deterministic
polynomial-time Turing machine solving p if there exists a deterministic one.
Therefore we have P C NP. The question to know if NP C P is unknown
and considered to be one of the most difficult problems in TCS!.

A very important notion is the completeness of a complexity class. We
often use this notion for the class NP, telling that a problem is NP-complete.
Intuitively, an NP-complete problem p is a problem considered to be among
the most difficult problems in NP since one can reduce every problem in NP
to the problem p. More formally, a problem p is NP-complete if p € NP and
for every problem p’ € NP we have p’ <, p.

As least, we define the class L which is the class of problem where needed
space to compute a problem for a deterministic Turing machine is within logn
with n being the input size. Denoting by SPACE(x) the class of problems
deterministically decidable in space O(z), the class L can be defined as follow:

L = SPACE(logn)

There exists a lot of computational classes in complexity theory, however
all along this thesis we will only used these three classes, especially classes
P and NP.

!The Clay Mathematics Institute had chosen in 2000 seven problems, that they called
millennium problems, considered to be the most difficult open problems in Mathema-
tics, which are: the Birch and Swinnerton-Dyer conjecture, the Hodge conjecture, the
Nayvier-Stokes conjecture, the Poincaré conjecture (solved by Grisha Perelman in 2006),
the Riemann hypothesis, the Yang-Mills theory and the P versus NP problem.
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2.2 Constraint Satisfaction Problem

Constraint Satisfaction Problems (or csp for short) constitute a common
formalism to describe many algorithmic problems from combinatorics and
graph theory, artificial intelligence, computational molecular biology, etc.
CSP notion appears for the first time in 1974 in Montanari’s article [Mon74],
and is now present in many areas of computer science: CSpPs have attracted
a lot of attention, in particular in combinatorics, artificial intelligence, and
finite model theory; we refer to the recent monograph with survey articles
on this subject [CKV08].

Before introducing what is a CSP instance, we need the notion of con-
straint. A k-ary constraint is a function taking k variables in input and
outputs either "true" of "false" when we assign a value to each variable. In
logic, a constraint is named a predicate.

A CsP instance can be seen as a first-order formula defined inductively
in the following way:

1) TRUE and FALSE, respectively denoted by T and L, are formulas;

)

2) a constraint C(x1,...,zy) is a formula;

3) if 1 and @9 are formulas, then 1 A @9 is a formula;
)

(
(
(
(4) finally if ¢ is a formula containing a free variable x then Jz¢ is a formula.

Notice that in the literature, first-order formulas allowing conjunctions
and existential quantification only are called primitive positive formulas.

We consider a ¢SP problem on a fixed domain D. The valuation of vari-
ables is a function I named interpretation such that we have I: V' — D, with
V the set of variables. Thus, the formula ¢(z1,...,xx) is satisfiable if there
exists an interpretation I such that for each z; € {z1,...,z}}, replacing x;
by I(x;) in ¢ give us a true sentence. We say that I is a valid interpretation
for ¢ and write I(x1),...,I(zr) = (a1, ..., 2L).

Thus, we can formally define the Constraint Satisfaction Problem as
follow:

Problem: csp
Input: A formula ¢(Z).
Question: Is the formula p(Z) satisfiable?

cSps are well-known to be NP-complete in general. However, one can
find some sub-problems which are tractable, that is, in P. These "islands
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of tractability" appear when we restrict the type of allowed constraints to
build a ¢sP instance. It should be noticed that such islands of tractability
also appear with some structural restrictions, like for instance when we force
a structure on the domain: this leads among others to the Dichotomy Theo-
rems of Schaefer on Boolean domains and Bulatov on ternary domains. The
restriction of allowed constraints leads us to the parametric version of CSPs.
Before formally defining parametric cSps, we need to introduce the notion
of relation.

A n-ary relation R on domain D is a subset of D". One can built a
constraint R(z1,...,x,) built upon the relation R, such that R is the set of
valid interpretations for R(x1,...,z,) (see Example 2.2.1). A tuple ¢ of an
n-ary relation R is then an element of D". We denote the i-th coordinate,
or position, in ¢ by t[i].

Example 2.2.1 On the Boolean domain D = {0,1}.
Take for example these three relations:

o 1y ={(0,0);(1,1)}

o Ry ={(0,1);(1,0)}

e R3=1{0,1}3~{(0,0,0);(1,1,1)}

Respectively, the corresponding constraints are the following:
o = (z,y), usually written "z =y,

o £ (x,y), usually written "r # y”,

e and NAE(x,y, z) which correspond to the ternary constraint "not-all-
equal".

Moreover, let the tuple t € Ry such that t = (1,0). We have then t[0] =1
and t[1] = 0. |

Thus, the parametric version of CSP is the problem to decide if there
exists a valid interpretation for a given CSP instance built over a set S of
relations, that is, where solutions of constraints correspond to a relation in S.
We say that S is a template and we denote by ¢sp(S) the parametric version
of csp over S.

Problem: csp(S)
Input: A formula (%) built over relations in S.
Question: Is the formula (Z) satisfiable?
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Example 2.2.2 Let D be the domain {0,1,2,3}, and let S be the set of
relations {=,#,<}. Then, we can have for example the following instance

of csp(9S):
ola,bye,d) :=(a=c)AN(a#b)A(a<d)AN(b<d)A(c#Db)

An example of valid interpretation I for ¢(a,b) can be I(a) =1, 1(b) = 2,
I(c) =1 and I(d) = 3. [ |

We call S-formula a formula where constraints are built upon relations
in S.

From now on, we will focus exclusively on the study of parametric csp(.S)
problems, denoted as csp for short in the following. Our goal is, given a
framework, to detect which templates imply tractability and to prove, if
possible, that all other templates imply intractability.

2.3 Universal algebra

One powerful way to study complexity of Csp goes through algebraic meth-
ods. Links between complexity of CSP and universal algebra are very well pre-
sented in many papers such as in [BCRV03| and [BCRV04|, and in [JCP9§|,
[BKJ00| and [BJKO05]. Advantages of using universal algebra for our study
are multiple: among others, it gives us a unified framework based on a rich
algebraic theory to characterize sets of structures and classes of problems,
links each efficient algorithm to a structural property such as the closure
under certain polymorphisms and allow us to give hardness proof without
reduction.

Let’s denote the arity of a function f by ar f and the arity of a relation
R by ar R.

First, we introduce a notion for functions, which constitute fundamental
mathematical objects in this thesis. Let f be a function of arity k on a fixed
size domain D such that we have f: D¥ — D. The range of f, denoted by
ran f, is the set {f(z) | x € D}. We write f(A) for a subset A C D to
denote the set {f(a) | a € A}.

Let R be an n-ary relation on a domain D. We say that a k-ary function
f: D¥ — D is a polymorphism of R if f applied component-wise to k tuples
in R outputs a tuple in R. Formally, let R be a n-ary relation and let
t1,...,tx be k tuples in R. Let f be a k-ary function such that, applied
component-wise to tuples t1,..., s, it outputs a tuple .
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t1 12 7 t
TR I I
f( al o} ... df )= a
f( ad a2 ... df )= a
f( a) a2 ... d )= a,

If, for every k tuples t1,...,t; in R, f outputs a tuple ¢ which belongs
to R, then we say that f is a polymorphism of R. In this thesis, we will
often write f(t1,...,tx) as a shortcut to express the fact that we apply
f component-wise to tuples t1,...,tx. Reciprocally, we say that R is an
invariant of f. By extension, we say that p is a polymorphism of a set S
of relations if p is a polymorphism of each relation R in S. Reciprocally, we
say that R is an invariant of a set F' of functions if R is an invariant of each
functions f in F. All along this thesis, we will say that a set S of relations
is closed under a function f if f is a polymorphism of S.

The study of constraint satisfaction problems often uses the notion of
clones and co-clones. A clone, or a functional clone, is a set of functions
containing the identity and closed under composition. The smallest clone
containing the functions F' is denoted by [F|. Similarly, a co-clone, or a rela-
tional clone, is a set of relations containing the equality eq = {(d,d) | d € D}
and closed under conjunction, variable identification and existential quan-
tification. The smallest co-clone containing the set of relations S is denoted
by (5).

We introduce now the Galois connection, which is constantly used to
characterize complexity of csp. Let X,Y be two arbitrary sets, and let
m1: X — Y and my: Y — X be two mappings such that we have:

e For all z,y € X such that x <y, mi(y) < mi(z) holds,
e For all z,y € Y such that x <y, ma(y) < ma(z) holds,
e forallze X andy €Y, z <ma(mi(z)) and y < mj(ma(y)) hold.

We say that my and mg present a Galois connection between the ordered
structures (X, <) and (Y, <).

Now; consider a function f. We denote by Inv f the set of invariants by
f. Thus, observe that Inv f is a set of relation. For F' a set of functions, we
write Inv F' the set of invariants by each function in F' such that Inv F' =
N feF Inv f. Similarly, given a relation R, we denote by Pol R the set of
polymorphisms of R. Then, Pol R is a set of functions. For a set S of
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relations, we denote by Pol S the set of polymorphisms of every relation
in . Thus, we have PolS = (z.gPol R. It is well-known in universal
algebra that for every set S of relations and set F' of functions, sets Pol S
and Inv F' form respectively a clone and a co-clone. Moreover, Pol and Inv
present the good properties to form a Galois connection: consider F and S
respectively the set of sets of functions and the set of sets of relations over
a domain D. Thus, Pol: § — F and Inv: F — S form a Galois connection
between structures (F,C) and (S, C). This implies that, the bigger the set
S is, the smaller Pol S is, and vice versa. Thus, if a set .S is closed under a
polymorphism p, then every subset S’ of S is also closed under p. In addition,
following [Gei68] and [BKKR69| we have for every F' and S the equations
[F] = PolInv F' and (S) = Inv Pol S.

For a fixed finite domain D of cardinality n, the set of clones and the
set of co-clones ordered by inclusion, respectively (F,C) and (S, C), form
two lattices. On a Boolean domain, the lattice of clones is called Post lattice
since Emil Post described in his paper [Pos41] the full (infinite) list of Boolean
clones and their inclusions. The reader can find a modern study of Post’s
results in [Lau06]. We can now explain how the universal algebra helps to
determine the complexity of CSP.

The link between universal algebra and complexity of CSP is due to Jeav-
ons et al. in the 90’s (see [JC95], [JCGI7|, [Jea98], [JCPIG| and [JCGI9]).
It is possible to determine the complexity of csp(S) via algebraic properties
thanks to the following propositions:

Proposition 2.3.1 Let Sy and So be two finite sets of relations such that the
inclusion S1 C (S2) holds. Then we have the reduction cSP(S1) <, CSP(S2).

This proposition allows us to conclude that, if ¢sp(Sy) is in P then every
finite subset Sy of (S9) gives a parameter which implies the polynomiality
of ¢sp(S1). On the opposite, if there exists a finite subset Sy of (S2) such
that ¢sp(S7) is NP-complete then we can conclude that csp(S2) is also NP-
complete. From this proposition, we have the following corollary.

Corollary 2.3.2 Let S1 and So be two finite sets of relations such that
(S1) = (S2) holds. Then we have CSP(S1) =, CSP(S2), that is, cSP(S1)
and CSP(Sy) are equivalent.

Thus, this corollary allows us to focus on co-clones to study the complex-
ity of csP, since this complexity does not depend on a set of relations, but
on the co-clone it generates.

22




2.3. UNIVERSAL ALGEBRA

Thanks to the Galois connection between clones and co-clones, we have
the following proposition and corollary which allow us to work not on co-
clones, but on clones to describe the complexity of cSPp.

Proposition 2.3.3 Let S1 and S be two finite sets of relations such that
the inclusion Pol Sy C Pol Sy holds. Then we have the reduction CSP(S1) <,
CSP(S2).

Remark that the direction of the inclusion is Pol Sy C PolS;. This is
easily comprehensive since, due to the Galois connection, the bigger a set S
of relations is, the smaller its set of polymorphisms Pol S is.

Corollary 2.3.4 Let S1 and Sy be two finite sets of relations such that
Pol S = Pol Sy holds. Then we have CSP(S1) =, CSP(S2).

The clone lattice is then helpful in the sense that, if we know the inclusion
structure between clones and if we know the complexity of csp(S) for a given
S, we can conclude that:

e if csp(S) is in P then, for each finite set S’ of relations such that the
clone Pol S” contains Pol S, we have csp(S’) in P,

e and if csp(S) is NP-complete then, for each finite set S’ of relations
such that the clone Pol S’ is included in Pol S, we have csp(S’) NP-
complete.
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| ask the reader to remem-
ber that what is most obvious
may be most worthy of ana-
lysis.  Fertile vistas may open
out when commonplace facts
are examined from a fresh point
of view.

Lancelot Whyte (1896-1972) Monotone CSP

The starting idea of this thesis was to study several aspects of CSP problems
which avoid the uncountable clone lattice problem. Hence, the very first
idea was to enrich the csp formalism with the disjunction, that is, in addi-
tion of the conjunction, we allow the disjunction between constraints. This
gives us problems named Monotone CSPs, or MCSP for short. Considering
the problem MCSP(S) over a template S on a finite domain D, we known by
Poschel [P6s80] and [P6s04] and Krasner [Kra38] that such an extension im-
plies the fact that every polymorphism of S is an endomorphism, that is, an
unary function, allowing us to conclude that the clone lattice is now count-
able, and even finite, for every finite domain. CsPs with disjunction have
been also considered from a different viewpoint using disjunctive constraints
by Cohen, Jeavons, Jonsson and Koubarakis in [CJJKO00], where disjunctive
constraints have the form of the disjunction of two constraints.

Even if the study of the lattice revealed itself to be too complicated,
our study of MCSP problems leads us to two Dichotomy Theorems. The
first one is a Dichotomy Theorem for every finite domain cardinality shown
in Section 3.1 and published in [HR09]. The second one is a Dichotomy
Theorem for countable infinite domains, shown in Section 3.2 and published
in [BHRO09|, which can be seen from two different points of view. Indeed,
these instances of MCSP on a template S are both NP-hard and complete un-
der polynomial-time many-one reduction for the class of reducible problems
to ¢sP(S) under a non-deterministic polynomial-time many-one reduction.

The dichotomy theorem for finite domain cannot really be considered
as something new since the result was implicitly known by the complexity
part of the cSP community. Indeed, proof of this dichotomy has been made
independently in [HR09| and in [Mar06]. However, from this study come
up some new ideas around the kernel width notion which may be helpful to
fully characterize the complexity of some CSP problems, or to give a sufficient
property implying NP-completeness of CSP problems (see Conjecture 5.3.6)
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3.1 Finite case

In this section, we study the complexity of parametric Monotone Constraint
Satisfaction Problems MCSP(S) where MCSP is a generalization of CSP de-
fined as follows: constraints are built upon relations in .S, and we connect
constraints each others by a conjunction or a disjunction. We present a di-
chotomy with simple conditions for the algorithmic problem Mcsp(S) with
S being a set of relations over a finite domain D.

A formula is defined inductively in the following way:

1) TRUE and FALSE, respectively denoted by T and L, are formulas;

)
2) aconstraint C(x1, ..., zy) built upon a k-ary relation R in S is a formula;
3) if g1 and @9 are formulas, then 1 V 9 and @1 A @9 are formulas;

)

(
(
(
(4) finally if ¢ is a formula containing a free variable x then 3z is a formula.

Notice that in this chapter, an S-formula will be a formula obtain as
above and where constraints are built upon relations in S.

Remark 3.1.1 We do not consider negation in our formulas because it
brings us to an obvious generalization of the problem csp(S). Indeed, Pischel
shows in his survey [Pds04] that, for the extension of CSp allowing logical
connectors {V, A, 3, #} and for every set S of relations consider as the
template of this extended problem, Pol S is a set of functions containing per-
mutations only (Theorem 2.3 in [Pis04] combined with results in [Ps80]).
Thus, this generalization leads to NP-complete cases over every finite domain
of cardinality greater than or equal to three, for every template S.

We describe what is an interpretation in our context. Let S be a set of
relations upon which we build our constraints. An interpretation I: V. — D
satisfies the constraint C(z1,...,x) built upon R € S, denoted by I F
C(x1,...,xk), if (I(z1),...,1(zx)) € R. It is extended to formulas in the
following way:

(a) TE C1(Z)V Ca(§) it I F C1(Z) or T E Ca(i),
(b) IE C1(Z) A Ca(if) if I E C1(Z) and I E Ca(3).

We note that for all formulas ¢, we have T F ¢ and L ¥ . Thanks to
the previous definition an of interpretation, now we can formally define the
Monotone Constraint Satisfaction Problem.
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Problem: mMcsp(S)
Input: A formula ¢(Z) built upon relations in S.
Question: Is the formula (&) satisfiable?

Our study of Monotone Constraint Satisfaction Problems is made easier
by the existence of a Galois connection among clones and co-clones. Péschel
showed in [P6s04] that applying disjunction on constraints implies that re-
lations satisfying an instance of a MCSP problem are invariant under unary
functions only. Polymorphisms of these relations are thus endomorphisms
and we denote them by End instead of Pol. Let us denote respectively by
S and F the sets of sets of relations and functions. Pdschel [P6s04| spec-
ifies that the mappings End: § — F and Inv: F — & present a Galois
connection between the ordered structures (S, C) and (F, C). Moreover, for
all sets of relations S and functions F, the identities Inv End S = (S) and
EndInv F' = [F] hold. Poschel points out that the sets (S) and [F] are
respectively a weak Krasner algebra and an endomorphisms monoid; how-
ever in this chapter, we will continue to name these structures co-clone and
clone, respectively. In this scope we can consider the monotone constraint
satisfaction problems as CSP defined upon weak Krasner algebras. The exis-
tence of the aforementioned Galois connection allows us to easily decide the
complexity of monotone constraint satisfaction problems. The complexity
analysis is based on the following result.

Proposition 3.1.2 Let S and S be two finite non-empty sets of relations
over the domain D, such that eq € S1 with eq the equality relation. The
inclusion End S1 € End Sy implies MCSP(S2) <, MCSP(S1).

Proof: From End S; C EndSs follows (S1) = InvEnd S; O InvEnd Sy =
(S2). Thus, every relation in (S2) can be obtained from relations in Si,
that is, every So-formula can be expressed by a Si-formula. Since every co-
clone (equivalent to a weak Krasner algebra) contains the equality relation eq
and is closed under conjunction, disjunction, existential quantification and
identification of variables, we immediately derive reductions

MCSP(S2) <, MCSP(S2 U {eq}) <, MCSP(S1 U{eq})

Since eq € S1, we have McspP(S1 U {eq}) = MCspP(S7) and the result follows.
O

According to Proposition 3.1.2, a complexity result proved for a set of
relations S immediately extends to all relations in the co-clone (S), provided
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that S contains the equality relation eq. Therefore from now on we always
assume that the equality relation eq is included in every set S. Moreover,
the presence of the quaternary relation

J={(z,y,z,w) € D' | (x =y) V (2 = w)}

in the template S of a classical constraint satisfaction problem csp(S) trans-
forms it to a monotone constraint satisfaction problem McCsp(S), that is if
J € S then ¢csp(S) =, McsP(S). We prove this through the next proposi-
tion.

Notice however that we can get rid of the equality relation in S, as
describe in Section 3.2.

Proposition 3.1.3 Let S be a set of relations on the domain D and consider
the relation J = {(x,y,z,w) € D* | (x = y)V (z = w)}. If J € S then
PolS = End S.

Proof: Suppose that there exists a binary function g € Pol S depending on
both arguments, i.e., there exist values ag, a1, as,bg,b1,b2 € D such that
ag # a1, by # by, glag,a2) # glai,az) and g(bo,b1) # g(bo,bs). Clearly,
the vectors j1 = (ao, a1, bo, bp) and jo = (a9, ag, b1, bz) belong to J, but the
vector (g(ag,a2), g(a,az), g(bo,b1), g(bg,b2)) is absent from J. Therefore
the function g cannot be a polymorphism of a set of relations containing J.
From any function f of arity ar(f) > 2 we can always produce a binary
function by variable identification. a

From the description of the Galois connections between weak Krasner
algebras and endomorphisms monoids given above, it follows that a set S
of relations where we have PolS = EndS leads to a co-clone (S) closed
under conjunction, disjunction, existential quantification and identification
of variables. Thus we deduce for this result and Proposition 3.1.3 that
csp(S) =, mcsp(S) holds if we have J € S.

Since the number of endomorphisms over a finite domain is always finite,
we are ensured to obtain a finite complexity characterization for MCSP.

We will exhibit a dichotomy of MCSP(S) complexity characterized by a
simple criterion. It is easier to prove this dichotomy for mcsp(f(S)) where f
is a permutation keeping invariant the set S. We need the following proposi-
tion adapted from Jeavons [Jea98| showing that the problems Mcsp(S) and
MCSP(f(S)) are logspace-equivalent.
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Proposition 3.1.4 (Jeavons [Jea98]) Let S be a set of relations on D
and f be an unary function on D. Let f(S) = {f(R) | R € S}. If each
relation R € S is closed under f then MCSP(f(S)) is logspace-equivalent to
MCSP(S).

Proof: Suppose that each relation R € S is closed under f. Let ¢(Z) be
an instance of MCsp(f(S)). We have a formula ¢(Z) where constraints
C(zx1,...,x) are constructed upon relations R € f(.S). According to the hy-
pothesis, all relations R € S are closed under f, i.e. the inclusion f(R) C R
holds for all R € S. We deduce that ¢(Z) is also an instance of MCSP(.S).
Take a formula ¢(Z) being an instance of MCSP(.S). It can be transformed
by a logspace reduction to an instance ¢'(Z) of MCsP(f(S)) by replacing each
constraint constructed upon a relation R by a constraint constructed upon
f(R). Moreover, because R is closed under f, we have f(R) C R and we
derive that all solutions of ¢/(Z) are also solutions of ¢(Z). Conversely, if
h is a solution of ¢(Z) then f(h) is a solution of ¢'(Z). Thus we have a
logspace-equivalence among MCSP(f(S)) and MCSP(.S). O

We will study monotone constraint satisfaction problems McSpP(.S) through
sets of functions F' satisfying Inv F' = S. The following propositions prove
that Mcsp(S) is polynomial if [F] contains a constant function, and it is
NP-complete otherwise.

Proposition 3.1.5 Let F be a set of unary functions such that End S = [F]
for a set of relations S. If [F| contains a constant function then MCSP(S) is
polynomial.

Proof: 1If the endomorphisms of S contain a constant function fy(z) = d for
all z € D, then for the set of relations (S) invariant under [F], each relation
R € (S) contains a d-vector, i.e. a mapping of each variable to the value d.
Therefore each instance of MCSP(S) is satisfiable by a d-vector. O

Lemma 3.1.6 Let S be a set of relations and F' be a set of unary functions
such that End S = [F] does not contain any constant functions. Let f € [F]
be a function with the smallest cardinality of ran f. Then End f(S) contains
only permutations.

Proof: Suppose there is a function g € End f(.S) not being a permutation.
Necessarily g is not injective, i.e. the inclusion rang C ran f holds. This
is a contradiction with the fact that the cardinality of ran f is the smallest
among all functions in [F]]. O
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Actually, if f € End .S such that ran f is one of the smallest cardinality
among functions in End S ("one" of the smallest because one can have several
different smallest ranges), f(S) is called the core of S, and Lemma 3.1.6 is an
already well-known result. However, we do not use a lot the notion of core
in this chapter, that is why we do not introduce it here but in Chapter 4,
where it reveals to be a fundamental notion.

Proposition 3.1.7 Let F be a set of unary functions such that the clone
[F], equivalent to End S for a set of relations S, does not contain constant
functions. Then MCSP(S) is NP-complete.

Proof: We adapt the proof of Proposition 5.6 from [Jea98]. Let [F)] be with-
out constant functions. Let f € [F] be a function with minimal cardinality
of its range ran f. By Lemma 3.1.6, we know that End f(S) contains only
permutations. Since [F] does not contain constant functions, we also know
that cardinality of ran f satisfies the condition |ran f| > 2. We have to
separate two cases.

If |ran f| = 2, then we assume without loss of generality that ran f =
{0,1}. The set End f(S) contains only permutations on {0,1}. Let Rysg
be the relation {0,1}3 . {(0,0,0);(1,1,1)}. It is clear that relation Ry
is closed under every permutations on {0,1}. Hence we have the inclusion
End f(S) C End Rysz. The relation Ry,g gives rise to the NOT-ALL-EQUAL-
3SAT problem, known to be NP-complete. Indeed, it is well-known that
Csp(S) is NP-complete if Ryap € S (see [BCRV04] for instance). Since every
instance of CSP(S) is obviously also an instance of MCSP(S), we deduce
that MCsP(S) is also NP-complete. By Proposition 3.1.2 we conclude that
MCSP(f(S)) is NP-complete.

Let now |ran f| > 3. The set of relations Inv End(f(.S)) is closed under
permutations on ran f. In particular, it contains the relation Q C D? where
Q = {a1,az,...,a;}% ~ {(a1,a1); (az,az);...;(ax,ar)}, such that we have
ran f = {ai,as,...,a;}. The relation @ corresponds to valid valuations
for all instances of the |ran f|-coloring problem. This problem is known to
be NP-complete since [ran f| > 3. We conclude that MCsp(f(S)) is also
NP-complete in this case.

We have seen in Proposition 3.1.4 that the problem Mcsp(f(S)) is log-
space-equivalent to MCSP(S). Since we have one relation in Inv End(f(5))
leading to a NP-complete problem, we conclude that MCsP(S) is NP-complete.

O

From Propositions 3.1.5 and 3.1.7 we derive the main theorem of this
section.
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Theorem 3.1.8 The monotone constraint satisfaction problem MCSP(S) is
polynomial if the set End S contains a constant function. Otherwise, it s
NP-complete.

We have presented a very simple dichotomy criterion for the problem Mcsp(.S)
on a finite domain D. To decide this condition, it is sufficient to check if the
endomorphisms set End S, which must be finite, contains a constant func-
tion. The endomorphism set End S is always equal to the clone [F] for some
set, of functions F.

3.2 Infinite case

In this section we study the computational complexity of MCSP(S) over
countable infinite domains.

The class of constraint satisfaction problems over infinite domains is a
rich class of problems; it can be shown that for every computational problem
p there exists a set S of relations over a countable infinite domain such
that csp(S) is equivalent to the problem p under polynomial-time Turing
reductions [BGO0S].

In this section, we show that the complexity classification for problems
MCSP(S) over countable infinite domains can be reduced to the complexity
classification for constraint satisfaction problems CSP(S).

As we showed in Section 3.1 for a finite domain D, the polynomial-time
solvable cases of MCSP(S) are precisely those relational structures S where
all relations in S contain the tuple (a, ..., a) composed only from the element
a € D; in this case, MCSP(.S) is called a-valid. Interestingly, this is no longer
true for infinite domains.

Consider a countable infinite domain D and the relation R on D such
that R: := D?> ~ {(d,d) | d € D}. R is clearly not a-valid. However,
MCSP({R+}) can be reduced to the Boolean formula evaluation problem
(which is known to be in the complexity class L) as follows: let ® be an
instance of MCsP(S). Constraints in ® of the form x # y with two different
variables x and y are replaced by #¢rue, and constraints of the form x # = are
replaced by false. The resulting Boolean formula is equivalent to true if and
only if @ is satisfiable.

The mcsp(S) problem over a finite or infinite domain can also be view
as a model-checking problem of the existential positive first-order logic. A
universal-algebraic study of the model-checking problem for finite structures
S and various other syntactic restrictions of first-order logic (for instance
positive first-order logic) can be found in [Mar08§].
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3.2.1 Result

We write L <,,, L' if there exists a deterministic polynomial-time many-one
reduction from L to L'.

Definition 3.2.1 (from [LLS75]) A problem A is non-deterministic poly-
nomial-time many-one reducible to a problem B (A <nxp B) if there is a
non-deterministic polynomial-time Turing machine M such that x € A if
and only if there exists y € B computed by M on input x. We denote by
Anp the smallest class that contains A and is closed under <yp.

Observe that <yp is transitive [LLS75]. To state the complexity classi-
fication for Mcsp(S), we need the following concepts. First, we define the
notion of unsatisfiable constraint.

Definition 3.2.2 A constraint C(x1,...,xx) built upon a relation R is un-
satisfiable if, for every interpretation I of the variables x1,...,x, we have

(I(x1),...,I(x)) ¢ R.

Example 3.2.3 Let R be the relation such that R = D? \ {(a,a) | a € D}.
Then the constraint C(x,x) built upon R is unsatisfiable. [ |

Let ® be an instance of MmCsp(S). We construct a Boolean formula Fg(®)
as follows. We first remove all existential quantifiers from ®. Then we replace
each unsatisfiable constraint in ® of the form C(x1,...,zx) built upon the
k-ary empty relation by false. All other constraints in ® will be replaced by
true. We write Fg(®) for the resulting Boolean formula. Note that if @ is
satisfiable then Fg(®) must be logically equivalent to true.

Definition 3.2.4 We call a set S of relations locally refutable if the fol-
lowing holds: every instance ® of MCSP(S) is satisfiable if and only if the
Boolean formula Fs(®) (as described above) is logically equivalent to true.

In Section 3.2.2, we will show the following result.

Theorem 3.2.5 Let S be a set of relations on a countable infinite domain.
If S is locally refutable then the problem MCSP(S) is in the complezity class L.
Otherwise, MCSP(S) 1is complete for the class csp(S)np under polynomial-
time many-one reductions.
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In particular, Mmcsp(S) is in P or is NP-hard (under deterministic polyno-
mial-time many-one reductions). If S is a set of relations over a finite domain,
then MCspP(S) is in P or NP-complete, because finite domain constraint sat-
isfaction problems are clearly in NP. The observation that MCsp(9S) is in
P or NP-complete has previously been seen in Section 3.1. However, our
proof remains the same for finite domains and is simpler than the proof of
the previous section.

3.2.2 Proof

Before we prove Theorem 3.2.5, we start with the following simpler result.

Theorem 3.2.6 Let S be a set of relations on a countable infinite domain. If
S is locally refutable, then the problem MCsP(S) is in L. Otherwise, MCSP(.S)
is NP-hard (under polynomial-time many-one reductions).

To show Theorem 3.2.6, we first prove the following lemma.

Lemma 3.2.7 Let S be a set of relations on a countable infinite domain.
If S is not locally refutable, then there are S-formulas Yy and Y1 with the
property that

e Yy and Y1 are both satisfiable;

e Yo A Y1 1s not satisfiable.

Proof: Because S is not locally refutable, there is an unsatisfiable instance ®
of MCSP(S) such that the Boolean formula Fg(®) described above is logically
equivalent to true. Among all formulas with this property, let ® be the one
that is of minimal length.

If @ is of the form &1V ®5 then both ®; and ® must be unsatisfiable, and
one of the Boolean formulas Fis(®1) or Fs(®2) must be true; this contradicts
the assumption that ® is minimal.

If @ is of the form ®; A®9, then both Fg(®;) and Fg(®P2) must be true. If
both ®; and ®4 are satisfiable, then we are done, because we have found two
satisfiable S-formulas such that their conjunction is unsatisfiable. If ®; or
&, is unsatisfiable, say ®; is unsatisfiable for i € {1, 2}, then this contradicts
the assumption that ® is minimal, because ®; is smaller than ®, unsatisfiable
and Fg(®;) is true. If @ is of the form Jz.®’ then this contradicts obviously
the assumption that ® is minimal. Note that ® cannot be reduced to a single
constraint, because in this case ® is either unsatisfiable or Fig(®) is true (but
not both). O
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Proof of Theorem 3.2.6: If S is locally refutable, then MCsP(S) can be
reduced to the positive Boolean formula evaluation problem, which is known
to be in L. We only have to construct from an instance ® of MCSP(S) a
Boolean formula F' := Fg(®) as described before Definition 3.2.4. Clearly,
this construction can be performed with logarithmic workspace. We evaluate
F', and reject if F is false, and accept otherwise.

If S is not locally refutable, we show NP-hardness of MCsP(S) by reduc-
tion from 3-SAT. Let I be a 3-SAT instance. We construct an instance ®
of MCsP(S) as follows. Let ¢y and ; be the S-formulas from Lemma 3.2.7
and assume they are d-ary. Let vy, ..., v, be the Boolean variables in I. For
each v; we introduce d new variables ¥; = a:zl, . ,xf-l. Let ® be the instance
of McsP(S) that contains the following conjuncts:

e For each 1 <1i < n, the formula 9o(Z;) V 91 (Z;)

e For each clause [ VIp Vi3 in I, the formula 1;, (&, ) Vi, (Z5,) Vi, (Z55)
where i, = 0 if [, equals —z;, and i, = 1 if [, equals x;,, for all
pe{1,2,3}.

It is clear that ® can be computed in deterministic polynomial time from I,
and that @ is satisfiable if and only if I is satisfiable. O

Note that, applied to finite domain, we obtain again the dichotomy
from [HR09| and [Mar06|, that is, MCSP(S) is in P if S is a-valid for an
element a € D and NP-complete otherwise. We prove in the following
proposition that, over a finite domain, S is locally refutable if and only
if it is a-valid for an element a of the domain D.

Proposition 3.2.8 Let D be a finite domain and S be a set of relations over
D. S is locally refutable if and only if it is a-valid for some element a € D.

Proof: Let S be a-valid for an element a € D. Then S is obviously locally
refutable. Indeed, each relation R; in S is a-valid, thus Fs(C;(%)) must be
true, with C;(Z) being the constraint built upon R;, hence we have Fg(®)
true for every formula ® we can build from S.

Let S be locally refutable and assume that it is not a-valid for any a € D.
We split the proof into two parts.

Assume first that there exist two relations R; and Ry in S, R; be-
ing aj-valid and Ry being as-valid, such that for all elements a in D we
have (a,a,...,a) ¢ Ry N Ry. Clearly, the two elements a; and ay from D
must satisfy the condition a; # ag. Let Cyi(x,x,...,z) be a constraint built
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upon the relation R;, for i = 1,2. Since each formula C;j(z,x,...,x) is a;-
valid, it is therefore locally refutable. However, the formula Ci(z,z,...,z)A
Cy(xz,x,...,x) cannot be locally refutable, since it is not a-valid for any
a € D, leading to a contradiction.

Assume now that there exists a relation R in S, which is not a-valid for
any a € D, i.e. such that for all elements a € D we have (a,a,...,a) ¢ R. Let
C(z1,...,x%) be a constraint built upon the k-ary relation R. Consider D
to be a domain of cardinality n, i.e. |D| = n. Let z1, ..., x, be k.d distinct
variables, and let’s construct the formula ¢ such that ¢ is the conjunction of
the constraint C' over all combinations of k variables between {x1,...,Zgq}.
By the pigeonhole principle, for each interpretation of ¢, we must have at
least k variables interpreted to the same value in D. Thus, the constraint
C over these k variables must be false. This is a contradiction with the
hypothesis that S is locally refutable.

We conclude that a set of relations S is locally refutable if and only if it
is a-valid for some element a € D.

O

Proof of Theorem 3.2.5: If S is locally refutable then the statement has been
shown in Theorem 3.2.6. Suppose that S is not locally refutable. To show
that MCSP(S) is contained in CSP(S)np, we construct a non-deterministic
Turing machine 7" which takes as input an instance ® of mcsp(S), and
which outputs an instance 7'(®) of csp(S) as follows.

On input ® the machine T proceeds recursively as follows:

o if @ is of the form Jz.¢ then return Jx.T'(¢p);
e if ® is of the form 1 A @y then return T'(¢1) A T(p2);

o if ® is of the form ¢ V @2 then non-deterministically return either
T (1) or T(p2);

e if ® is of the form C(x1,...,zx) then return C(zy,...,zk).

The output of T' is an instance of csP(S). It is clear that T has polyno-
mial running time, and that ® is satisfiable if and only if there exists a
computation of 7" on ® that computes a satisfiable instance of CSP(S).

We now show that Mmcsp(.S) is hard for ¢sp(S)np under <,,-reductions.
Let L be a problem with a non-deterministic polynomial-time many-one
reduction to ¢sp(S), and let M be the non-deterministic Turing machine
that computes the reduction. We have to construct a deterministic Turing
machine M’ that computes for any input string s in polynomial time in |s|
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an instance ® of McsP(S) such that ® is satisfiable if and only if there exists
a computation of M on s that computes a satisfiable instance of csp(.S).

Say that the running time of M on s is in O(|s|®) for a constant e. Hence,
there are constants sop and ¢ such that for |s| > so the running time of M
and hence also the number of constraints in the input instance of csp(S)
produced by the reduction is bounded by ¢ := ¢|s|®. The non-deterministic
computation of M can be viewed as a deterministic computation with access
to non-deterministic advice bits as shown in [GJ79]. We also know that for
|s| > so, the machine M can access at most ¢ non-deterministic bits. If w
is a sufficiently long bit-string, we write M, for the deterministic Turing
machine obtained from M by using the bits in w as the non-deterministic
bits, and M, (s) for the instance of ¢Sp(S) computed by M, on input s.

If |s| < sp, then M’ returns 3x.(z = x) if there is an w € {0, 1}* such that
M, (s) is a satisfiable instance of csp(S), and M’ returns 3Z.¢o(Z) A 1(Z)
otherwise (i.e., it returns a false instance of MCSP(S); ¥y and 1; are defined
in Lemma 3.2.7). Since sp is a fixed finite value, M’ can perform these
computations in constant time.

It is convenient to assume that S has just a single relation R. Indeed,
remark we can always find a CSP which is deterministic polynomial-time
equivalent and where the template is of the following form: if S corresponds
to {Ri1,...,R,} where R; has arity r; and is not empty, then csp(S) is
equivalent to csp({R; X --- X R,}) where Ry X --- X R, is the > " | r;
ary relation defined as the Cartesian product of the relations Ry,..., R,.
Similarly, MCsP(S) is equivalent to MCSP({R; X - -+ x Ry, }). Let [ be the arity
of R. Then instances of ¢sp(S) with variables x1,...,x, can be encoded
as sequences of numbers that are represented by binary strings of length
[logt] as follows: The i-th number m in this sequence indicates that the
(((¢ —1) mod 1) + 1)-st variable in the (((i — 1) divl) 4 1)-st constraint is Z,.

For |s| > sg, the sentence ® computed by M’ has the form

t

Hx%,...,:vf.(/\C’(azil,...,:pf)/\\lf).

i=1

where C(z%,...,2}) is the constraint built upon R and ¥ is an S-formula
defined below.

The idea is that any instance of ¢sp(S) computed by the machine M
can be obtained by contracting variables in A, C(2%,...,z}). The way
this is done is controlled by a Boolean formula that can be computed from
the input s of M in polynomial time. The Boolean formula also contains
Boolean variables for the non-deterministic advice bits of M. Each Boolean
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variable v in the formula is simulated by a d-tuple Z, of variables in ¥ that
is forced to satisfy 1o(Zy) V ¢1(Zy) (1o and 9y are defined in Lemma 3.2.7),
similarly as in the proof of Theorem 3.2.6, such that v = 0 corresponds to
the unsatisfiability of 1 (Z,), and v = 1 corresponds to the satisfiability of
11(Zy). The formula ® will be such that there exists a computation of M
that produces a satisfiable instance I of ¢spP(S) if and only if there exists an
assignment to x1,..., 2! that satisfies ¥ and such that A\, , C(z%,...,2!) is
equivalent to 1. B

We now provide the details of the definition of the machine M’ that
computes ®. We use a construction from the proof of Cook’s theorem given
in [GJ79]. In this proof, a computation of a non-deterministic Turing ma-
chine T accepting a language L is encoded by Boolean variables that repre-
sent the state and the position of the read-write head of T at time r, and
the content of the tape at position j at time r. The tape content at time
0 consists of the input z, written at positions 1 through n, and the non-
deterministic advice bit string w, written at positions —1 through — |w]|.
The proof in |GJ79| specifies a deterministic polynomial-time computable
transformation fr, that computes for a given string s a SAT instance f1(s)
such that there is an accepting computation of T on s if and only if there is
a satisfying truth assignment for fr(s).

In our case, the machine M computes a reduction and thus computes
an output string. Recall our binary representation of instances of the Csp:
M writes on the output tape a sequence of numbers represented by binary
strings of length [logt]. It is straightforward to modify the transformation
fr given in the proof of Theorem 2.1 in [GJ79| to obtain for all positive
integers a,a’,b,b, ¢, where a,a’ <t, bt/ <1, ¢, <[logt] a deterministic
polynomial-time transformation g, o pp ¢,v that computes for a given string
s a SAT instance gqq/ b p e (s) with distinguished variables zi,...,z (for
the non-deterministic bits in the computation of M) such that the following
are equivalent:

® Joa' bl cc(s) has asatisfying assignment where z; is set to w; € {0,1}
for1 <i<t

e the c-th bit in the b-th variable of the a-th constraint in M,(s) equals
the ¢-th bit in the b’-th variable of the a’-th constraint in M,(s).

We use the transformations g, o/ pp . to define M’ as follows. The
machine M’ first computes the formulas Ga,a’ b ' (8). For every Boolean
variable v in these formulas we introduce a new conjunct ¢o(Z,) V ©1(Zy)
where T, is a d-tuple of fresh variables. Then, every positive literal [ = z;
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in the original conjuncts of the formula is replaced by ¢1(Z;), and every
negative literal | = —x; by ¢o(Z;). We then existentially quantify over
all variables except for x,,,...,2,,. Let Vg a b1 cc’(s) denote the resulting
existential positive formula. It is clear that the formula

’
a a
Elxzp B /\ (/\ wa,a”b,b”c,c/) — Ty = Ty

a,a’ bt c,c!

can be re-written in existential positive form ¥ without blow-up (we can
replace implications o — (8 by —a V 3, and then move the negation to the
atomic level, where we can remove it by exchanging the role of ¢y and 1),
and hence ¥ can be computed by M’ in polynomial time. The formula ¥
indeed has the properties required for the formula ¥ mentioned in Equa-
tion 3.1. O

3.3 Conclusion

In this chapter, we have present result obtained for Monotone Constraint
Satisfaction Problems. The original idea was to enrich the formalism of csp
with the disjunction in order to allow a countable and even finite clone lat-
tice. The lattice reveals itself to be in definitive not exploitable. However, we
obtained a Dichotomy Theorem for the complexity of the parametric mono-
tone CSP problem over every finite domains. We also proved a Dichotomy
Theorem for Monotone CSP over countable infinite domains.
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This chapters and the next one deal with the complexity of CSP where the
template is a set of graphs of unary functions. Consider f to be a unary
function. We call graph of f the relation defined as follows.

Definition 4.0.1 The graph f* of a unary function f is the binary relation
where each tuple corresponds to the input and the output of f. Formally, we
have

f*=Az, f(z)) |z € D}

By extension, we denote by F'® the set of graphs of functions in F, that
is F'* = {f* | f € F}. In this chapters and the next one, we will denote by
F-formula a formula where constraints are built upon F°.

This chapter deals with co-Boolean csP. A co-Boolean CSP is a problem
CSP(F'*) where F'is a set of unary functions with a co-domain of size at most
two. We have made the distinction between homogeneous co-Boolean CSp
(Section 4.3) where all functions in F' share the same co-domain, and the
general case (Section 4.4) where functions in F' does not necessary share the
same co-domain.

As well as Chapter 3, the starting idea here was to avoid the uncountable
clone lattice problem, and as well as Chapter 3, we did not succeed to study
efficiently the clone lattice of co-Boolean CSPs.

This clone lattice seemed however very convenient at the first look. Burris
and Willard proved in their paper [BW87] that there is a finite number of
clones of polymorphisms over graphs of unary functions. Unfortunately,
even finite, the clone lattice grows exponentially regarding to the domain
cardinality and is very hard to understand.

Nevertheless, it is possible to study the complexity of co-Boolean Csp
problems without the help of the clone lattice. This chapter contains a Di-
chotomy Theorem for the homogeneous co-Boolean Csp problem, and an first
approach for a Dichotomy Theorem for non-homogeneous co-Boolean CSP
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verifying a property of non-duplication of the right hand side of relations. A
dichotomy Theorem for non-homogeneous co-Boolean CSP in general remains
an open question, but we have the intuition that the dichotomy criterion is
the same as the homogeneous case.

It is important to stress that the study of co-Boolean CSP is a first step for
the study of CSP over unary functions, that is, CSPs where each constraint is
on the form f(x) =y with f an unary function. A fundamental result from
Feder, Madelaine and Stewart [FMS04] shows that for every template S,
there exists a set F' of two unary functions such that problems csp(S) and
CSP(F'®) are polynomial-time equivalent, that is, CSP over unary functions
are as powerful as general CSP parametric problems. Graphs of unary func-
tions give us a very structural template which is really convenient to work
with.

4.1 Definitions

When studying the complexity of csp(F'*®) for a set of unary functions F' it is
convenient to represent F'® in a normal form. We define below the H-normal
form.

Definition 4.1.1 The H-normal form of the graphs of a set of unary func-
tions F' = {f1,...,fr} is the (k + 1)-ary relation F' which is the solution

of formula p(x,y1,...,yr) expressed as follow:
()0(‘,1:71/17"’71/14) = /\ fl(m):yl
e{l,....,k}

It is very convenient to present the relation F* as a matrix, where rows
are tuples in F1. Under this form, we intuitively see that the first column
describes every element of the domain D and each other column corresponds
to the description of a function in F. Speaking about F¥ we call the first
column the left hand side and the group of all other columns the right hand
side.

Example 4.1.2 Let F = {f1, f2}, with f1 and fa two unary functions on D
defined as follow:
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Thus, we have

FH = {(0,0,0);(1,1,0);(2,0,1);(3,1,1)} =

w N~ O
— O = O
_ = O O

and the right hand side of FH, denoted ng

H _
Frhs_

_ O = O

Let F' be a set of unary functions on a domain D, and p be a polymor-
phism of Ff,‘;. Let’s denote by D,ps € D the domain of FT,IZS, that is, the
set of elements present in Fths' We say that p/ is an extension of p to FH if:

e p' is a polymorphism of F

e p and p’ have the same arity k, and for every k-vector T € D’ﬁhs, the
equation p/(Z) = p(Z) holds,

e p' has the same properties as p. By property we mean the associativity,
the commutativity, the conservativity and the idempotency, or the fact
to be a constant operation, a majority operation, a minority operation,
a semilattice operation, a 2-semilattice operation, a semi-projection or
an essentially unary operation. For instance, if p is associative then
p’ is also associative; if p is a semi-projection then p’ is also a semi-
projection.

If such a function p’ exists, we say that p is extended to F7.
Another notion we will use all along this chapters and the next one is
the notion of core of a set of relations.

Definition 4.1.3 The core of a set S of relations, denoted S., is the subset
of S such that every endomorphism on S. is an automorphism.

Notice that if a set S is a core, every unary polymorphism f of S is
bijective, that is, f is a permutation on the domain D. Observe that to
compute a core of a set S, you must take f € Pol.S to be one of the unary
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polymorphisms of S with the smallest range and apply it on each relation in
S. Thus, the set f(5) is a core of S.

Now, we define some operations we will use very often in this chapter
and in Chapter 5.

Definition 4.1.4 We say that a n-ary operation f is idempotent if the fol-
lowing holds:
Vd e D, f(d,d,...,d)=d

Definition 4.1.5 A binary operation f is commutative if we have:
Va,be€ D, f(a,b) = f(b,a)

Definition 4.1.6 A n-ary operation f is said to be conservative if we have
the following equation:

Vay,ag,...,an € D, f(ar,ag,...,a,) € {a1,a2,...,a,}
From now on, we call bcc a binary commutative conservative operation.

Definition 4.1.7 A binary operation f is associative if the following holds:
Va,b,c € D, f(a, f(b,c)) = f(f(a,b),c)

A binary associative commutative idempotent operation is called a semi-
lattice operation. Sometimes, this operation is also called an ACI operation
(ACT for Associative Commutative Idempotent).

Definition 4.1.8 A 2-semilattice operation is a binary commutative idem-
potent operation s on a domain D such that we have s(a,s(a,b)) = s(a,b)
for all a,b € D.

Definition 4.1.9 A n-ary operation p on a domain D is a projection if
there exists an index i € [1,n] such that p(ai,...,a;...,ay) = a;, for all
ai,ldots, a, in D.

Definition 4.1.10 A semi-projection s is a n-ary operation, with n > 3,
such that s is not a projection and verifies the following property:

die{l,...,n}, Yai,...,an, € D, s(a1,...,an) =a; if |{a1,...,an}| <n
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Definition 4.1.11 An essentially unary operation e is ¢ n-ary operation
such that there exists an unary operation f and an index i € {1,...,n}
verifying

Vay,...,an € D, e(ay,...,an) = f(a;)

Definition 4.1.12 A majority operation majo and & minority operation
mino are two ternary operations such that we have

Va,b € D, majo(a,a,b) = majo(a,b,a) = majo(b,a,a) = a

and
Va,b € D, mino(a,a,b) = mino(a,b,a) = mino(b,a,a) = b

On three different values, a majority operation and a minority operation can
output any value in D.

Definition 4.1.13 Consider a linear order, thatl is a tolal order, on the
domain D. A maximum operation max and ¢ minimum operation min are
two binary operations such that we have

Va,b e D, if a <b then max(a,b) =b. Otherwise max(a,b) = a
and
Va,b € D, if a <b then min(a,b) = a. Otherwise min(a,b) =b

In order to have shorter notations, we will call majority a majority op-
eration, minority a minority operation, maz a maximum operation and min
a minimum operation.

4.2 Generalities about sets of unary functions

In this section, we introduce some results which hold for every set F' of unary
functions. First, let’s introduce the following well-known and fundamental
result.

Theorem 4.2.1 Let S be a set of relations. If S is closed under a majority,
or a minority, or a max, or a min, or a semilattice operation then CSP(S)
is in P. If S is closed under essentially unary operations only, then CSP(S)
1s NP-complete.

Proof: See for instance [JCGI7|, [Jea98] and [BCRV04]. O
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4.2.1 Polynomial-time reductions and equivalences

This section presents very useful polynomial-time reductions and equiva-
lences between our studied problems.

Let F be a set of unary functions and let Rel F' denote the set of solutions
of every F-formula, that is, the set of solutions of every formula which can
be built upon F*°.

Lemma 4.2.2 Let F' and G be two sets of unary functions such that the
inclusion [F] C [G] holds. Then, csp(F*®) <, csp(G*®).

Proof: Let F and G be two sets of unary functions such that [F] C [G] holds.
Hence, every functions that can be built by compositions with functions from
F' can also be built with functions from G. It means that every F-formula
is also a G-formula, so we have the inclusion Rel ' C Rel G.

By [Her08], we know that Rel F' = Inv Pol F'*, for every set of functions F.
Then, we have the inclusion Inv Pol F'* C Inv Pol G®. Since the application of
Pol reverses the inclusion, we have PolInv Pol F'* O PolInv Pol G*. However
we know that for every set of relations S, the equation Inv Pol S = (S) holds.
Then, we have the equation PolInv Pol S = Pol(S), that is, PolInv Pol S =
Pol S. Hence, we have the inclusion Pol F'* O Pol G°.

By [Jea98] (Cor. 4.11), we immediately conclude that csp(F*®) <,
Ccsp(G®) 0

Proposition 4.2.3 Let F be a set of unary functions. Problems cSP(F'*®)
and csp(FH) are polynomial-time equivalent.

Proof: By definition FH € (F*®). To recover f# from F existentially
quantify all columns of F¥ except for the first and the i 4+ 1’th columns.
Hence, it is clear that (F7) = (F*) and the result follows. O

Lemma 4.2.4 Let F' be a set of unary functions. If CSP(FTI;;S) is NP-
complete then csp(FH) is NP-complete.

e (FH), thus the in-
clusion Pol F# C Pol F holds. Then, following [Jea98|, we know that

rhs
csp(FH ) <, csp(FH) holds. We conclude immediately. O

Proof: This is obvious: by definition, we have FX

4.2.2 Cores

The result obtained in this section is the following: to classify the complexity
of csP(F'*) for any finite set F' of unary functions, it is enough to classify the
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complexity of csp(F'*®) for finite sets of unary functions containing all unary
constant functions.

Given a graph of a unary function f® on a domain D and another
unary function 7: D — D, we denote by m(f*®) the relation {(7(d;), 7(d;)) |
(d;,dj) € f*}. Similarly, given the graphs of a set F' of unary functions we
denote by 7(F*) the set of relations {m(f*®) | f* € F*}. Let F? denote the
core of F'*. We begin by proving that, given a set F' of unary functions, the
core of the graphs of the functions in F' is the graphs of a set G of unary
functions, i.e., we have G* = F?. In other words, the core of the graphs of
unary functions remains a set of graphs of unary functions.

Lemma 4.2.5 Given a set F' of unary functions, then there erists a set G
of unary functions such that we have F? = G*. In other words, the core of a
set of graphs of unary functions remains a set of graphs of unary functions.

Proof: The proof is quite direct: assume F'® is not a core (otherwise we are
done). Taking p € Pol F'* such that p has one of the smallest range among
polymorphisms of Pol F'*, we obtain p(F*®) a core of F®, that is, we have
E? = p(F*). Thus, we must have F? C F'*, which allows us to conclude.

O

Let Conp denote the set of all unary constant functions over a domain D.

Lemma 4.2.6 For every set F' of unary functions on a domain D there
is a set G of unary functions on domain D. C D such that CSP(F*®) is
polynomial-time equivalent to CsP(G® U CO”.DC)' More specifically, G can be
chosen such that G® is the core of F'* and D, the domain of elements in the
core of F'®.

Proof: The proof is direct thanks to Theorems 4.4 and 4.7 from [BJKO05].
Theorem 4.4 shows that csp(F*®) and csp(F?) are polynomial-time equiv-
alent, and Theorem 4.7 shows that, in particular, problems csp(F?) and
CSP(F¢ U Cony, ) are also polynomial-time equivalent.

g

Notice this important fact: if F'is a set of co-Boolean functions and there
exists d € D such that for every function f € F we have f(d) = d, then the
domain of the core of F' collapse to become the singleton {d}. Thus, it is
clear that this case is not interesting to study since it leads immediately to
the tractability of csp(F'®). This case is in fact verified if F'® is closed under
a constant operation, a well-known case implying obviously the tractability.
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Thus, in the Sections 4.3 and 4.4, we will consider that F'® is not closed under
a constant operation, and then the core of F'* will not be simply reduced to a
d-vector on a unary domain. This is also considered is the following remark.

Remark 4.2.7 Let F be a set of unary functions on a domain D such that
F contains ot least two different constant functions f1 and fo on D, such
that f1 always outputs a and fo always outputs b, with a,b € D, a # b. Then
ng cannot be closed under any unary constant functions on D. Indeed, Fﬂs
contains two columns c1 and co corresponding to f1 and fo which are only
composed of a and b, respectively. However, to be closed under a constant
function, ng needs to contain a d-tuple, that is a tuple (d,d,...,d). This is
impossible since each tuple in Fﬁl contains a and b respectively at the cq-th
and co-th positions.

S

4.3 Homogeneous case

In this section we assume F'is a set of homogeneous co-Boolean functions,
i.e., all functions in F' are unary functions and share the same co-domain of
size two, say {0,1}, if they are not constant functions. We recall that we
consider F'® not to be closed under a constant operation since it is a trivial
case of tractability. Thus, if we consider F'® to be a core on a domain D, this
domain cannot be the trivial unary domain. Thanks to Lemma 4.2.6, we can
assume that F'® is a core containing the graph of every constant function on
D.

Lemma 4.3.1 Let F be a set of homogeneous co-Boolean functions such that
F* is a core containing the graphs of every unary constant function on the
domain D. If the right hand side Ffzs of FH | viewed as a relation, is neither
closed under magority, nor minority, nor max, nor min, then CSP(F*®) is
NP-complete.

Proof: Let ¢(x,%) be the formula for which F'¥ described the set of solu-
tions. Recall that ng is just the solutions of Jxp(z,¥). Since F*® is a core
containing the graphs of every unary constant function on the domain D,
Ffz  cannot be closed under any unary constant functions (see Remark 4.2.7).
Now, if Ff,{ . is neither closed under majority, minority, max, nor min, then by
Schaefer’s result in [Sch78], csp(FH ) is NP-complete. We conclude thanks

to Lemma 4.2.4 and Proposition 4.2.3. a

So the cases which have to be analyzed are when ng is closed under
majority, minority, max, or min.
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Lemma 4.3.2 Let F be a set of homogeneous co-Boolean functions. If ng
is closed under a magority or a minority, then csp(F*) is in P.

Proof: We only give the proof for majority since the minority case is com-
pletely analogous. Let Frlzs be of arity k, and be closed under a majority
maj, that is, for every tuples t1,to,t3 € FX maj(t1,ts,t3) outputs a tuple
ty € Ffzs. Recall that maj applied on a,b,¢c € D pairwise different can
output everything, even an element d again different from a,b and c.

Let’s t},t5 and t; corresponds to elements in the first column in F#
respectively at the same rows as t1,fo and t3, as shown in the following
scheme where a bar separates the first column to Fﬂ 5

t | tuple t;
FH = | t, | tuple t

th | tuple t3

Thus, there exists a majority maj’ such that for all elements a, b, c in a
same column of FH | we have maj’(a,b,c) = maj(a,b,c), and for #|,t), ¢}
we have maj'(t],th,t5) = t) with ¢, the element in the first column of F
at the same row as t4. So, F¥ is closed under ma;’.

If FH is closed under a majority or a minority we know by Theorem 4.2.1
that csp(FM) is in P. By Lemma 4.2.4 and Proposition 4.2.3, we conclude
that csp(F®) is in P. O

The remaining cases are when Frlz s is closed under max or min. First, we
would like to define to what corresponds the point-wise order on two tuples.
Let a, b two k-tuples on a binary domain. We have a <; b with <; the point-
wise order if for all 7 € [0, (k — 1)] we have a[i] < b[i]. In other words, a <; b

holds if there is no i € [0, (k — 1)] such that a[i] = 1 and b[i] = 0.

Lemma 4.3.3 Let F be a set of homogeneous co-Boolean functions. If ng
is closed under maz or min and the first two tuples (0,a) and (1,b) of FH
satisfy a <; b where <; is the point-wise order, then cSP(F*) is in P.

Proof: The proof is similar to the proof of Lemma 4.3.2, i.e., we extend
the operation on Fths toward F1| outputting the convenient element in the
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first column. Tt gives us a max or min on a certain linear order on D (not
necessary the canonical order).

By Theorem 4.2.1, we also known that F closed under max or min
implies that csp(F) is in P. By Lemma 4.2.4 and Proposition 4.2.3, we
have cSp(F*®) is in P. 0

Finally we prove that other cases are NP-complete.

Lemma 4.3.4 Let F be a set of homogeneous co-Boolean functions. If Fths
is closed under mazx or min but neither closed under majority nor minority,
and there is no point-wise order <; satisfying a <; b for the first two tuples
(0,a) and (1,b), then CsP(F'*®) is NP-complete.

Proof: Note that ng < is not closed under both min and max since this would
imply the closure of Fffl , under a majority. Note also that if we do not have
a <; b then there must exist a column in Fth , representing a function f; such
that it contains 1 and 0 respectively at the first and second row. Thus, if
we project F'H on the first and the (i + 1)-th column ((i 4 1)-th because the
first column is column zero), we obtain a binary relation containing the two
tuples (0,1) and (1,0). This relation is actually the graph of f;, so it cannot
contain neither the tuple (0,0) nor the tuple (1,1). Then, this relation is
neither closed under max nor min. Fg . is by assumption neither closed under
majority nor minority. Hence, let F' be the set F' = {FH | f*}. It is clear
that we have F' C (FH). Moreover, by Schaefer’s theorem we know that
csp(F’) is NP-complete, then we deduce by Theorem 4.2.1, Lemma 4.2.4
and Proposition 4.2.3 that csp(F), and so csp(F*), are also NP-complete.

(]

Theorem 4.3.5 Let F be a set of homogeneous co-Boolean functions. If F'®
is closed under a constant operation then CSpP(F*®) is obviously in P. If not,
the problem csp(F*®) is in P if Fths 1s closed under a majority operation, or
a minority operation, or either a max or min operation such that the first
two tuples (0,a) and (1,b) of FH satisfy a <; b where <; is the point-wise
order. Otherwise, CSP(F®) is NP-complete.

Proof: The proof is direct by Lemmata 4.3.1, 4.3.2, 4.3.3 and 4.3.4. O

4.4 General case

We consider in this part the problem csp(F*®) where F' is a set of non-
homogeneous co-Boolean functions, that is, where functions in F' do not
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necessary share the same co-domain. Remember that we consider F'® not to
be closed under a constant operation since it is a trivial case of tractability.
Thus, if we consider F* to be a core on a domain D, this domain cannot
be the trivial unary domain. Before calling these function "co-Boolean func-
tions", we denoted them "partition functions" since each function acts like a
partitioning of the domain D. However, the denomination "partition func-
tions" is already used by Bulatov and Grohe for a completely different notion
(see [BGO5]).

Nevertheless, a set of co-Boolean functions over D can be seen as a way
to consider several partitions of D, like it is shown in Example 4.4.1. Thus,
when studying different partitions of D at the same time, one can consider
useless to have two elements a and b in D such that for every partitioning
induced by a co-Boolean function in F', a and b are in the same partition.
If we have this case, one could consider that a and b are similar elements
in D. This case appears if, there are two elements a and b in D such that
for every function f in F, the equation f(a) = f(b) holds. To have a better
representation, this is verified when two rows are identical in Ff,[ls; in the
sequel, we will say that these rows are duplicated.

Example 4.4.1 Let the domain D = {0,1,2,3}, and f and g two co-
Boolean functions defined as follow:

z || f(z) | g(x)

0 0 3

1 1 3

2 0 1

3 1 3
Then one can considered that f and g make a partition of D: function f
splits D into a 0- and a 1-part, respectively {x | f(z) = 0} = {0,2}
and {z | f(z) =1} = {1,3}, and g into a 1- and a 3-part, respectively
{z [ g(x) =1} = {2} and {z | g(x) =3} = {0,1,3}. u

The study of such structure with no duplicated rows is not without in-
terest since it represents the set of different partitions of D such that there
are no similar elements each time in the same partition. Thus, we focus in
this part of the study of the complexity of ¢spP(F*®) such that there is no
duplicated rows in FthS.

So far however, we did not achieve to prove the following conjecture,
whatever the problem CspP(F'®) is such that there is some duplicated rows in
ng or not.
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Conjecture 4.4.2 Let I be a set of co-Boolean functions. If F'® is closed
under a constant operation then this obuviously leads to the tractability of
csp(F*®). If not, the problem csp(F*®) is in P if FH_ s closed under a
binary idempotent operation which is not a projection or under a majority
or minority operation. Otherwise it is NP-complete.

We can also present this conjecture in the same way as the "tractable
algebras conjecture" (Conjecture 7.5 in [BJKO05|), that is, our problem is
NP-complete if Pol F'® contains essentially unary operations only, otherwise
it is polynomial.

To give the beginning of a proof of this conjecture, we will use the Rosen-
berg’s list (Rosenberg’s paper |Ros86| is difficult to find, but this list is pre-
sented in [Jea98| for instance).

Theorem 4.4.3 (Rosenberg’s list, [Ros86]) Let S be an arbitrary set of
relations on a finite domain D. At least one of these conditions must hold:

e Pol S contains a constant operation,

e Pol S contains a binary idempotent operation which is not a projection,

Pol S contains a majority,

Pol S contains a minority,

Pol S contains a semi-projection,

or else Pol S is composed of essentially unary operations only.

Thus, we will follow step by step this list and start to show what are the
possible polymorphisms of Ff,{s.

First, observe that we can easily lighten this list by getting rid of con-
stant operations. Consider a set F' of co-Boolean functions. We know by
Lemma 4.2.6 that adding every constant function over D in F' does not
change the complexity of our problem csp(F*). However, for a set F' con-
taining at least two constant operations, the relation Fths cannot be closed
under any constant operation (see Remark 4.2.7).

From now on, we consider that a set F' of functions will always contain
every possible constant function on the considered domain D. However in
order to keep a light notation, we will omit to explicitly write columns of
FH swhich represent constant functions in F.
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Proposition 4.4.4 Let F' be o set of co-Boolean functions such that ng 18
closed under a magjority (respectively a minority). Then FH is also closed
under a magjority (respectively a minority).

Proof: Let ng be closed under a majority m. It is easy to see that F'¥ is also
closed under m since the first column in F¥ is composed of every element of
the domain D and are present in this column exactly once. Take any three
rows ri, 79 and 73 in ng, and assume that m applied component-wise on
these three rows outputs the row r4. Now, extend m on rows (a,r1), (b,7r2)
and (c,r3) in FH corresponding to our three previous rows, and assume that
m applied on it outputs (d,r4). Since a, b, ¢ are pairwise different, m(a, b, ¢)
can output any elements in D. Then, we choose m(a,b,c) = d.

The proof remains the same for minority. O

Proposition 4.4.5 Let F' be a set of co-Boolean functions. If there exists
a binary idempotent commutative polymorphism of FT},ILS, then there exists a
binary commutative conservative (bce) polymorphism of FTIZS.

Proof: Let F be a set of co-Boolean functions and ¢ be a binary idempotent
commutative operation such that ¢ € Pol Frlz s- Observe that for every func-
tion f in F, with ran f = {a, b}, we must have ¢(a,a) = a and q(b,b) = b
since ¢ is idempotent and ¢(a, b) = q(b,a) € {a, b} since ¢ is a polymorphism
of FX  Then, let ¢’ be the bce operation defined as follow: for all f € F,

rhs*
we have ¢'(z,ys) = q(xy,yy) with z¢,ys € ran f, and ¢/(z,y) € {z,y} for
all sets {x,y} which are not the range of a function f in F. We can see that
¢ is a polymorphism of FI . O

The previous proposition shows we have a bcc in Pol Fg < when we know
that there is a binary idempotent commutative operation in Pol FthS. This
allow us to focus on bcc operation from now. The next proposition proves
that a bee polymorphism of Fths is actually a 2-semilattice operation.

Proposition 4.4.6 Let F be a set of co-Boolean functions. Every bec which
18 a polymorphism of ng must be a 2-semilattice operation.

Proof: Remember that a 2-semilattice operation is a binary commutative
idempotent operation s on the domain D such that we have s(a, s(a,b)) =
s(a,b) for all a,b € D.

Let g be a bee. Assume we have g(a,b) = a for some a,b € D. Thus, we
have ¢(a, q(a,b)) = q(a,a) = a = q(a,b). Assume now that g(a,b) = b holds
for some a,b € D. We have ¢(a,q(a,b)) = q(a,b). Since ¢ is commutative,
we conclude that ¢ is a 2-semilattice operation. O
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In the sequel, we will often use the notion of a domain ordered regarding
to a 2-semilattice operation.

Definition 4.4.7 Let a,b be two elements of o domain D and s be a 2-
semilattice operation on D. We write a <s b if we have s(a,b) = b. Notice
that, since s is commutative, we have also s(b,a) = b. We say that the
domain D is ordered regarding to a 2-semilattice operation s by considering
the order <s, linear or partial, over elements of D. We also say that <g is
the order on D induced by s.

Example 4.4.8 Let D be the domain D = {0,1,2,3} and s1,s2 be two 2-
semilattice operations on D defined as follow:

s1|0 1 23 s[01 2 3
0fo 101 0f[0O0O0 3
11111 1]/0113
210121 20123
3/1 113 3|3333

Thus D is ordered regarding to s1 by the partial order (2 <4, 0 <,, 1;3 <, 1)
and ordered regarding to sa by the linear order 2 <,;, 1 <;, 0 <, 3. |

Assume now that Ff,{s is not closed under a majority or a minority, but
is closed under a 2-semilattice operation which induces a linear or partial
order on domain D.

We make a difference between 2-semilattice operations inducing a linear
or partial order on domain D which verify the property of 2-semilattice
isomorphism (introduced in Definition 4.4.11) and those which do not verify
it.

Definition 4.4.9 We call functional semilattice of a 2-semilattice operation
s the semilattice of elements of the domain D regarding to the order induced
by s.

Definition 4.4.10 Let FH be the H-normal form of a set F of co-Boolean
functions. We call relational semilattice of a 2-semilatiice operation s on
Ff,{s the semilattice for which elements are tuples in ng ordered regarding
to a 2-semilattice operation s.

Definition 4.4.11 Let FH be the H-normal form of a set F of co-Boolean
functions and s be a 2-semilattice operation. Let also h be an isomorphism
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between the functional semilattice F'S of s and the relational semilattice RS
of s on Frlfw, We say that h is a connecting isomorphism between F'S and
RS if h is such that, for every d € D, we have (d, h(d)) € F.

Then, we can study these functional and relational semilattices and de-
termine if there exist such a connecting isomorphism between them.

Example 4.4.12 Let F be the following set of co-Boolean functions on D =
{0,1,2,3}:

Let s1, 50 be two 2-semilattice operations on D defined as follow:

s1/0 1 23 s]01 23
0f[01 01 o0f[0 101
1f1 111 11111
20121 2|0123
3/]1 113 3|1133

Thus, partial orders on D induce respectively by s1 and sg are (2 <0< 1;3 <
1) and (2 < 0,3 < 1). Then, we have the following functional semilattices of
s1 and so, respectively:

Now, if we apply component-wise s1 on each couple of tuples in ng, except
trivial couples (t,t) fort € Fffls, we obtain

$1(010,110) = 110
51(010,022) = 010
$1(010,112) = 110
$1(110,022) = 110
s1(110,112) = 110
$1(022,112) = 112

Observe that we obtain the same results by applying so instead of s1. We

have the following relational semilattice sy (or s2) on FH :
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It is easy to see that there exists a connecting isomorphism between this
relational semilattice and the functional semilattice of so, but not with the
functional semilattice of s1. Actually, one can see there is even no isomor-

phisms between the relational semilattice above and the functional semilattice
of s1. ]

Proposition 4.4.13 Let F' be a set of co-Boolean functions. Let Ff,{s be
closed under a 2-semilattice operation s which induces o linear of partial order
on domain D. The operation s is also a polymorphism of FH if and only
if there exists a connecting isomorphism h between the functional semilattice

F'S of s and the relational semilattice RS of s on FJZS.

Proof:

[<] RS describes which row ¢ in Ff,[l s
a and b. FS describes the same structure but with elements of the first
column in F. Let’s a/, ¥, be elements in D and a, b, ¢ be tuples in ng.
Assume we have s(a,b) = c and s(a’, V') = ¢ with (d,a), (b',b) € F7. If
there exists a connecting isomorphism h between F'S and RS, then we must
have (¢, c) € FH. Thus, s is a polymorphism of F'7.

is output when we apply s on rows

[=] Let s be a polymorphism of FH_ First, assume there exist only iso-
morphisms between F'S and RS which are not connecting. Let h be such
an isomorphism. Thus there must exists /., ¢’,d’ € D and a,b,c,d € Fi
all pairwise different, with (da/,a), (V/,b),(c,c),(d’,d) € F¥ such that we
have s(a’,b') = ¢ and s(a,b) = d. So it is clear that we have the equation
s((a’ya), (Vb)) = (¢, d). However, this is a contradiction with the fact that
FH is an H-normal form of a set F of co-Boolean functions since a different
tuple starting by ¢ already exists in F¥.

Remark that the proof remains exactly the same if we consider that there
exist no isomorphisins between F'S and RS.

Hence, we can extend s to F | that is, if Fths is closed under s and there
exists a connecting isomorphism between F'S and RS, then F'¥ is also closed
under s. a

Proposition 4.4.14 Let F be a set of co-Boolean functions. A semi-projection
which is a polymorphism of FTIZS cannot be extended to F.
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Proof: We recall the assumption that Fg . does not contain any duplicated
rows. Let ng be closed under a semi-projection s. By definition, s should
have an arity greater than or equals to 3, and s(i, j, k) acts like a projection
if and only if [{7, j, k}| < 3, with 4, j, kK € D. However, since ng is composed
by co-Boolean functions only, for each triple (7,7, k) in a column we must
verify the inequality |{4, j, k}| < 3. Then, s is always acting like a projection
on FH . Without loss of generality, assume we have s(i,j,k) = i when
I{i,7,k}| < 3 holds.

Try to extend s to F'H. Take three tuples a, b and ¢ in Fth37 and elements
a’,b' and ¢ pairwise different in the first column of F'¥ such that (a’, a), (¥, b)
and (c/, c) are tuples in FI. Since s(a, b, c) must output the first tuple a, to
extend s to F¥ we must have s(a’,, ') = a’. However, remark that s is no
longer a semi-projection since it is now always acting like a projection. O

It is now time to expose how results above help us to start a characteri-
zation of the complexity of co-Boolean Csp. As always in this chapter, this
beginning of a dichotomy criteria does not consider the case where F'® is
closed under a constant operation since it leads obviously to the tractability
of CSP(F*).

Theorem 4.4.15 Let F' be a set of co-Boolean functions. If the fact that
Pol Fﬁm containing a binary idempotent non-commutative operation or a bi-
nary idempotent commutative operation which is not a 2-semilattice operation
implies the tractability of csP(F™), then Conjecture 4.4.2 holds.

Proof: We try to characterize the complexity of CSP(F'®) via some criteria
around FX_ only. Remember the Rosenberg’s list (Theorem 4.4.3). Let’s
analyze point by point this list.

Let F' be a set of co-Boolean functions on a domain D such that the
matrix FTP}IL s does not contain any duplicated rows. Following Rosenberg’s
list, we know that Pol FthS must contain at least a constant operation, or a
majority, or a minority, or a semi-projection, or a binary idempotent oper-
ation which is not a projection, or else Pol FT’%S is composed of essentially
unary operations only.

However, since we consider that F' contains each constant functions on D
(Lemma 4.2.6), we cannot have a constant operation in Pol 4 (remember
Remark 4.2.7).

If Pol FthS contains a majority or a minority, then by Proposition 4.4.4
we know that Pol F¥ contains also the extension of this majority or minority.
We can conclude by Lemma 4.2.4 and Proposition 4.2.3 that cSp(F*®) is in
P.
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If Pol Fﬁs contains a semi-projection, we know thanks to Proposition 4.4.14
that such a semi-projection cannot be extended to F¥, that is, Pol F¥ can-
not contain a semi-projection. Thus, we are allowed to not consider this case
since by the Rosenberg’s list, Pol ng must contain another operation which
is not a semi-projection.

If Pol FT%S contains essentially unary operations only, then it is well-
known (see [JCG97] for instance) that csp(Ef ) is NP-complete. We deduce
then by Lemma 4.2.4 and Proposition 4.2.3 that ¢sp(F'*) is NP-complete.

Hence, the last case to consider is when Pol Frlzs contains a binary idem-
potent operation which is not a projection. We consider first that this oper-
ation is commutative. If it is, then by Proposition 4.4.5 there exists a binary
commutative conservative operation (bcc for short) which is a polymorphism
of Frgs. Moreover by Proposition 4.4.6, a bce which is a polymorphism of
ngs must be a 2-semilattice operation. Let’s name this operation s. If s
verifies the isomorphism property, that is, if there exists a connecting isomor-
phism between the functional semilattice of s and the relational semilattice
of s on Frfzs, then by Proposition 4.4.13, there exists a way to extend s to
FH_ that is, Pol F also contains a 2-semilattice operation. This allows
us to conclude that csp(F®) is in P, thanks to Lemma 4.2.4 and Proposi-
tion 4.2.3, and to [Bul06b| showing that a problem cSp(S) is in P if the set S
of relations is closed under a 2-semilattice operation. If s does not verify the
isomorphism property, then Proposition 4.4.13 shows that there is no way
to extend s to F'. Thus, as well as the case for semi-projection, Pol Fths
must contains another kind of operation. Remark that this operation can
be for instance a binary idempotent commutative operation f which is not
a 2-semilattice operation.

Finally, if the fact that Pol Ff,]ls containing a binary idempotent non-
commutative operation or a binary idempotent commutative operation which
is not a 2-semilattice operation implies the tractability of CSP(FH), then the
problem csP(F*) isin P if FZ is closed under a binary idempotent operation
which is not a projection, or a majority operation, or a minority operation.
Otherwise, Fths is closed under essentially unary operations only, and then
CsP(F'*) is NP-complete. O

We may have found a polynomial-time algorithm solving csp(F*®) if FT_
is closed under a binary idempotent non-commutative operation, but unfor-
tunately this result is too recent to be written in this thesis since we are not
completely sure of it. Thus, notice that the closure under a binary idempo-
tent non-commutative operation only is the last unknown case forbidding us

to conclude this chapter by a Dichotomy Theorem.
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4.5 Conclusion

Results presented in this chapter are first steps toward the study of the com-
plexity of CSP over unary functions. We have proved a Dichotomy Theorem
for the complexity of homogeneous co-Boolean CsP for every finite domain.
As announced in the introduction of the chapter, the co-Boolean CSp prob-
lem is not definitely closed since we do not have a Dichotomy Theorem for
non-homogeneous co-Boolean €SP with or without duplicated rows in ng.
Indeed, the case where the template is closed under a binary idempotent
non-commutative operation or a binary idempotent commutative operation
which is not a 2-semilattice operation only is not clear.
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When you don't know where a
road leads, it sure as hell will
take you there.

Leo Rosten (1908-1997)

CSP(F'*) and kernel width

This chapter contains the very last results of this thesis. Unfortunately, time
was running out to deepen the kernel width method presented here, how-
ever a first step has been made toward the comprehension of mechanisms of
kernel width, and this tool could be greatly useful to characterize the com-
plexity of some sub-problems of the CcSp problem over unary functions, and
by extension thanks to Feder, Madelaine and Stewart’s result in [FMS04], to
sub-problems of the ¢sSP(S) problems.

Universal algebra often uses the concept of kernel. We define this notion
with the help of equivalence classes. Let f: D — D be a unary function with
range ran f. A d-equivalence class, for d € ran f and denoted by [d]y, is the
set of elements [d]f = {x € D | f(x) = d}. The kernel ker f of a function
f is the set of all equivalence classes with cardinality strictly greater than 1
for all d € ran f, i.e. ker f = {[d]s | d € ran f and |[d]f| > 2}.

Example 5.0.1 Let f, g and h be unary functions on the domain D =
{0,1,2,3} such that

o [ £2) | @) | hia)
0 0 0 1
1 1 1 1
2 2 0 1
3 3 1 1
Then ker f = 0, ker g = {{0,2};{1,3}} and ker h = {{0,1,2,3}}. [ |

From now on, in order to lighten notations we will write

ker f = {(a,b); (¢,d,e)}

instead of ker f = {{a,b};{c,d,e}}.

Notice we have only defined the notion of kernel for unary functions.
Indeed, this notion is quite natural for unary functions, but becomes imme-
diately complicated to extend this notion to k-ary functions. We have not
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developed so far a convenient way to exploit kernels of k-ary functions be-
cause of this difficulty, but also because we are not convinced by the benefit
that such an extension could give us.

Let us introduce the notion of kernel width. We say that a kernel ker f
is a subset of a kernel ker g, denoted by ker f C kerg, if for all a € ran f
there exists b € ran g such that we have [a]f C [b]4, that is, every equivalence
class in ker f is a subset of an equivalence class of ker g. For instance, if we
take Example 5.0.1, we have the inclusions ker f C kerg and kerg C ker h
(and then ker f C ker h since the inclusion of kernels is transitive). Thus,
two kernels ker f and ker g are independent if ker f ¢ ker g and ker g ¢ ker f
hold.

From this notion of inclusion, we derive the notion of kernel width, or
width for short. Let F be a set of unary functions. We denote by width F’
the width of this set, such that width ' is the maximal anti-chain in the
set of non-empty kernels in [F] ordered by the inclusion. In other words,
width F' is the maximal number of non-empty pairwise independent kernels
of functions in [F]. We think that this notion of kernel width may have a
great importance for the characterization of the complexity of CSP, in general
or at least for some sub-problems.

In this chapter, we first prove that a linear kernel width, that is a ker-
nel width equals to 1, implies the tractability of csp(F'*®), with F' a set of
arbitrary unary functions over a fixed domain D. This result holds for ev-
ery cardinality of the domain D. Then, the next section contains the full
characterization of the complexity of ¢sP(F'®), where F' is a set of arbitrary
unary functions over a ternary domain, with a Dichotomy Theorem using the
kernel width method. Finally, the last main result of this chapter deals with
the NP-completeness of the problem csp(F'*®) with F' a set of homogeneous
co-Boolean functions over a fixed domain D if the inequality width F' > |D|
holds. Notice that the first and the last results presented above were al-
ready known since they are covered respectively by the Bulatov’s theorem
in [Bul06a] and Theorem 4.3.5 in Chapter 4. Actually, this first result of
this chapter (that is, the Dichotomy Theorem) has been already found by
Broniek and published [Bro05], but our proof is simpler than Broniek’s one,
using known results in universal algebra, and leads us to a better compre-
hension of interactions between kernel width and complexity. Moreover, we
would like to stress that those results are respectively the first dichotomy
theorem and the first proof of NP-completeness over every cardinality of do-
main via the kernel width method. Besides, the result of tractability in the
second section was not known so far.
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5.1 width F' =1 implies tractability

5.1.1 Intermediary results

This section presents the following results. Let F' be a set of unary functions
on a fixed size domain D such that width F' = 1 holds. We show that for all
f,g9 € F, we have the implication ker fog C ker f = ker fog = ker f. First,
we show the following lemma.

Lemma 5.1.1 Let F be a set of unary functions over a finite domain D,
and let f,g € F. Then the following hold: ran(f o g) C ran f and kerg C

ker(f o g).

Proof: Every unary function f € F' is monotone, i.e., if A C B then f(A4) C
f(B) holds for all subsets A, B of D. Since rang C D and f is monotone, we
have f(rang) C f(D). Moreover, f(rang) is ran(f o g) and f(D) is ran f.
Therefore the inclusion ran(f o g) C ran f holds. Let z,y € kerg. We have

g(x) = g(y), therefore (f o g)(z) = (fog)(y), i.e. x,y € ker(f o g). O

Proposition 5.1.2 Let F' be a set of unary functions on a domain D. For
all f,g € F, the implication ker f o g C ker f = ker f o g = ker f holds.

Proof: Let f and g be two functions in F' such that ker fog C ker f. Then, for

all ,y € D such that fog(x) = fog(y), we have the equation f(z) = f(y).
First, notice that f(x) # f(y) = fog(z) # fog(y) = g(x) # g(y) hold

for all z,y since we know that we have ker g C ker f o g by Lemma 5.1.1.

Suppose that we have ker fog & ker f. Thus, let z1,y1 € D, 1 # y1, such
that the inequality (f o g)(x1) # (f o g)(y1) and the equation f(z1) = f(y1)
hold.

Let x9,y2 € D be such that we have g(x1) = z2 and g(y1) = y2 .
Necessarily, we have xo # yo because of the implication from Lemma 5.1.1
(fog)(@) # (fog)(y) = g(x) # g(y). Then we have f(z2) # f(y2), and we
deduce from ker f o g C ker f that the inequality f o g(z2) # f o g(y2) holds.
We can then defined x3 and y3 such that g(z2) = x3 and g(y2) = ys3, and so
on. (1)

Notice that every x;,y; are obtained from the function g.

Necessarily, there exist ng € N and k € N such that, for every n > ng we
have ¢*(x,) = =, and ¢¥(y,) = yn, with z,, and y,, obtained as previously.
We have then gk_l(wn) = ZTpyk—1 and gk_l(yn) = Yn+k-1-

Let j be the smallest number of iteration of g such that ¢7(z1) = z,,, and
9’ (Y1) = Yno- Then the equations ¢/ (z1) = g" (xn,) and ¢/ (y1) = g* (yn,)
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hold, with &' > j a multiple of k. Thus, we have obviously f o ¢/(z1) =
fog"(xn,) and fogi(y1) = f o g (yn,). Since we have the inclusion
ker f o g C ker f, we deduce the equations f o ¢’ !(x1) = fo gkl*l(xno)
and fo g Yy1) = fog" (yn,). By definition, we have k&’ > j. Then, by
iteration the equations f(z;) = fog" 7 (Tny) and f(y1) = fogk/_j(yno) hold.
Let 2/, € D be two values such that 2/ = ¢¥ 7 (z,,) and ¢/ = ¢" 7 (yn, ).
Notice that 2’ and 3y’ are obtained through some iteration of g, and by our
notation we have in fact 2/ = Tnot((k'—4)[k)) and y = Yno+((K—)k])- BY
hypothesis, we know that f(x1) = f(y1), then we can deduce the equation
f(z") = f(y') which is a contradiction with (i), since 2’ and 3’ are built
through the function ¢ starting from x; and y;. Thus we cannot have the
strict inclusion ker(f o g) & ker f, so we conclude that ker(f o g) = ker f
holds if ker(f o g) is included in ker f. O

We now introduce a notation specifically used in this chapter.

Notation 5.1.3 We write x1,...,x, > ker f if x1,..., 2% are elements con-
tained in the same equivalence class of ker f. On the contrary, we denote by
T1,..., T B ker f if there is at least two elements x; and x; among x1, ...,z
which do not belong to the same equivalence class of ker f.

We recall the Example 5.0.1 given in preliminaries.

Example 5.1.4 Let f, g and h be functions on the domain D = {0,1,2,3}
such that

z | f(x) | g(x) | h(x)
0 0 0 1
1 1 1 1
2 2 0 1
3 3 1 1
Then ker f =0, ker g = {(0,2);(1,3)} and kerh = {(0,1,2,3)}. [ |

Thus, if we consider this example, we have 0,2 > kerg, 1,3 > ker g but
also 0, 1 p# ker g for instance.

Lemma 5.1.5 Let D be a domain of sizen and F' be a set of unary functions
on D such that width F' = 1. Let h be a function in [F|, then for every
x1,x9 € D the following holds: we have h(xz1) = y1 and h(x2) = y2, and
there exists a function f € [F| such thal xi,zo > ker f if and only if there
exists a function g € [F| such that y1,y > ker g.
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Proof:
[<=] Let y1,y2 be such that yi,y2 > kerg, for a function g € [F]|. Then
x1,22 > ker g o h holds.

[= Let 1,22 be such that x1,z2 > ker f, for a function f € [F]. Suppose
that y1,y2 ¢ ker g for every g € [F]. Then, we have the inequality g(y1) #
g(y2), that is equivalent to say g o h(z1) # g o h(z2). In particular, we have
foh(z1) # foh(xs). Since width F' = 1, we have either ker f C ker f o h
or ker f o h C ker f. In the first case we are done, because this implies the
contradiction f o h(z1) = f o h(xz). In the second case, we deduce from
Proposition 5.1.2 that ker(f o h) = ker f and derive the same contradiction.
Then we conclude immediately. O

5.1.2 Main result

Let D be a domain of size n and F' be a set of unary functions on D such
that width F' = 1, that is, for every functions f and g in [F], we have either
ker f C kerg or kerg C ker f. Thus, when we speak about smallest or
largest kernels, this is regarding to the linear order by inclusion. Moreover,
we call a non-trivial kernel a kernel which is neither the empty kernel nor
the kernel containing every elements in D in one equivalence class. More
formally, a kernel ker f is non-trivial if there exists dy,...,dy € D such that
di,...,di > ker f and |dy,...,d,| < |D| hold. In this section, we will see
that width F' = 1 implies the fact that csp(F*®) is in P.

Let M be the majority operation defined as follow: consider M (z,y, z),
with z,y and z pairwise different. If there exists a function f € [F] such
that ker f is the smallest non-trivial kernel containing at least two elements
from {z,y,z} in the same equivalence class (for example, x,z > ker f),
then M(x,y, z) returns the first element in the input that belongs to ker f.
If this last property does not hold, we are in the situation where there is
no non-trivial kernels containing two elements from {z,y,z} in the same
equivalence class (that is, even the largest non-trivial kernel does not contain
two elements belonging to the same equivalence class). Then M(x,y, z)
returns the first element in the input; in this case M acts like a projection
on the first element of the input.

Example 5.1.6 Consider the following matriz composed of functions in a
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set F'={f,g,h,i}:

~
.kaw}aofg
Ne)
AW ooy
N—
>
ww»—w—w—l’g
N—

= w N R O
W W W w w

First, observe that, in this example, the closure [F] does not create other
kernels than ker f, ker g, ker h and ker 1.

The magority M(2,1,0) must output 1 since ker g is the smallest kernel
containing two elements among 0, 1 and 2 in the same equivalence class,
i.e. 0 and 1, and 1 is the first element in the input (2,1,0) among these two
elements.

Similarly, M(2,3,0) must output 2, with this time ker h the smallest ker-
nel verifying our property.

Last example, M(2,3,4) must output 2, since there is no non-trivial ker-
nels containing at least two elements among 2, 3 and 4 in the same equiva-
lence class. ]

Theorem 5.1.7 Let F' be a set of unary functions on a domain D such that
width F' = 1. Then every relation in F'® is invariant by the previous majority
operation M.

Proof: For each relation R in F®, we apply the majority operation M on
three tuples (x1,v1), (z2,y2) and (z3,y3) € R, and we will proof that the
tuple (M (z1, 22, x3), M (y1,y2,y3)) belongs to R.

We can divide the proof into three cases: First, assume that there exist
¢ and j, i # j such that x; = ;. We know that the relation R is the graph
of a function, then for each x € D, there exists only one y € D such that
(z,y) € R. Then, the equation z; = z; implies the fact that we must have
y; = y;. Hence we deduce that (M (x;, xi, k), M (Yi, Yi, yr)) = (x4, ;) since
M is a majority operation (note that this is true for every permutations of
these tuples).

Assume now that x1, 9 and z3 are pairwise different. We have then two
sub-cases: y1,y2 and ys are pairwise different or not.

Assume that there exist ¢ and j, ¢ # j such that y; = y;. Then, we have
x;, x; > ker h, with h the function such that R = h®. Since M is a majority
operation, we have M (y;,yi,yr) = yi- However, as we have defined M, we
must have M (x;, xj,x1) = x; since M outputs the first element belonging
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to a kernel. Note that again, this fact is true for every permutations of
(xi,x,x) and their corresponding tuple (vi, v, yx).

Assume finally that y1, y2 and ys3 are pairwise different. By Lemma 5.1.5,
we know that there exists f € [F] such that z;, z; > ker f if and only if there
exists g € [F] such that y;,y; > ker g, for every i,j € {1,2,3}.

Hence, if at least two elements between x;, x; and xy belong to an equiv-
alence class of a minimal kernel ker f, say z; and xj, we output the first
one in the input, <.e. x;. We have then x;,x; > ker f. By Lemma 5.1.5,
there exists a function g € [F] such that y;,y, > ker g holds, and we know
that x; cannot belongs to the same equivalence class than z; and zj, for any
non-trivial kernel. Then by the same lemma, y; must be the first element
among y;,y; and y, which belongs to an equivalence class of a kernel, and M
must output it. We have then (M (x4, x5, x), M (i, yj, yx)) = (24, y;). Now,
suppose that there are no two elements among x;, x; and x;, which belong to
an equivalence class of a kernel, that is, we have x;, x; ¢ ker h, x;, ¥, ¥ ker h
and z;, ) ¥ kerh, for ker h a maximal non-trivial kernel. We know that
it is also the case for y;,y; and y; by Lemma 5.1.5. Thus, following our
definition, M must acts like a projection on the first element. We have then
(M (x4, x5, ), M(yi,y5,Yk)) = (zi,yi), so the application of M to F** leads
again to a tuple in F'*: M is then a polymorphism of F*°. O

It is a well-know result (Theorem 4.2.1) that csp(S) is in P if the set
S of relations is closed under a majority. We conclude that, for a set F' of
unary relations over a finite domain D, the linear width width F' = 1 implies
the tractability of csp(F'*®).

5.2 Ternary domains: Dichotomy criterion based on
the kernel width

In this section, I’ will be a set of arbitrary unary functions over a ternary
domain. Before introducing our Dichotomy Theorem of the problem csp(F'*®)
through the study of the kernel width, we need to show some intermediary
results. In the sequel we will deal with tractable and intractable cases, and
the last part of this section presents the Dichotomy Theorem and the meta-
problem study. Notice that this Dichotomy Theorem is already cover by
Bulatov’s result in [Bul06a|. However this is the first Dichotomy Theorem
proved via the kernel width method.

We counsider in the sequel that F'® is a core, otherwise the problem be-
comes a problem over a domain of size less than or equals to 2, which is

65




CHAPTER 5. CSP(F*) AND KERNEL WIDTH

a well-know problem covered by Schaefer’s results in [Sch78|. Thus remark
that F'* which is a core over a ternary domain cannot be closed under any
constant operations.

5.2.1 Intermediary results

First, we need the notions of circular and swap permutation on a ternary
domain.

Definition 5.2.1 A circular permutation ¢ on a ternary domain D = {0, 1,2}
is a permutation satisfying the condition ¢(x) = (x+k) mod |D| with k € D,
for allz € D. A swap permutation s on D = {0,1,2} is a permutation satis-
fying the conditions s(z) =y, s(y) = x and s(z) = z, for distinct z,y,z € D.
The set {x,y} is called swap s.

Remark that since we work on a ternary domain, a non-empty kernel
ker f must have exactly one equivalence class. Thus, to lighten the notation
in this section, we will consider kernels as sets of two or three elements. For
instance, ker f = {0,2} and kerg = {0,1,2} = D. Notice also that kernels
of unary functions on a ternary domain are limited to only one equivalence
class. This can be easily verified by the pigeonhole principle. Moreover,
the size of these unique equivalence classes can only be equal to 0, 2 or 3.
Therefore we identify in the sequel the kernel of a unary function over a
ternary domain with its singleton equivalence class.

We need in this section the notion of circular permutation, swap permu-
tation and swap set. The reader can find definitions of all other operations
used in this chapter, like a majority operation or a 2-semilattice operation
for instance, in the Definition section of Chapter 4.

Before introducing our results, we first need the following lemma.

Lemma 5.2.2 Let F' be a set of unary functions over a ternary domain D,
and let f,g € F. The following conditions hold:

(i) if rang € ker f and |ker f| = 2 then ran(f o g) =ran f;

(1) if rang € ker f and |ker g| = 2 then ker g = ker(f o g).

Proof: Let rang ¢ ker f and |ker f| = 2. First, remark that |ker f| = 2
implies |[ran f| = 2. We have to show that ran f C ran(fog). Let y € ran f.
Suppose that for all € ran g, the inequality f(x) # y holds. Let z € ran f,
with z # y. So for all x € rang, we have f(x) = z since |ran f| = 2, which
implies ran g C ker f: contradiction with the assumption.

Let rang ¢ ker f. We have to show that ker(fog) C ker g. Suppose that
there exist =,y € ker(f og) such that g(x) # ¢g(y). Since |ran g| = 2, we have
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{9(x),9(y)} = rang. However the equality (f o g)(x) = (f o g)(y) holds, so
we have the inclusion ran g C ker f, which is a contradiction. Thus, for all

x,y € ker(f og), we have z,y € kerg. O

Proposition 5.2.3 Let D be a ternary domain and F be a set of unary
functions on D. If F does not contain any permutations, then the number
of independent kernels in F' corresponds to the width of F'.

Proof: Let F' be a set of unary functions on a ternary domain D such that
F' does not contain any permutations. Hence, each function f € F has a
kernel such that |ker f| = 2, or |ker f| = 3 if f is a constant function. Then
we show that it is sufficient to compare independent kernels in F' to compute
the kernel width width F', that is, we do not need to compute [F] to know
the width of F.

We know by Lemma 5.1.1 that for all f,g € F, kerg C ker f o g holds.
Moreover, if |ker g| = 3 then |ker f o g| = 3, so fog does not change the width
of F. If |kerg| = 2, so |ker f o g| can only be greater or equal than |ker g|.
If |ker g| = |ker f o g|, then we have necessary the equality ker g = ker f o g,
so f og does not change the width of F. If |ker f o g| is strictly greater than
|ker g|, the only solution is |ker f o g| = 3 and we can deduce that fo g is a
constant function, so it can not change the width of F'

We can conclude there is no functional compositions which implies a
longer anti-chain of kernels of functions in [F] if F' does not contain any
permutations. O

Proposition 5.2.4 Let f be a unary function on a ternary domain D such
that |ker f| = 2 and s be a swap permutation on D. Combinations of f
and s can only produce functions with the same kernel as f if and only if
swap s = ker f.

Proof: Let f be a function on D such that |ker f| = 2 and s be a swap
permutation on D such that swap s = ker f. Let a,b € D such that ker f =
{a,b} = swaps. Then we have fos = f since (f o s)(a) = f(b) and
(fos)(b) = f(a), and for ¢ € D such that a # ¢ # b, we have s(c) = c.

By Lemma 5.1.1, we know that the inclusion ker f C ker(s o f) holds.
Now aiming for a contradiction, suppose that ker(s o f) € ker f. So there
exists ¢ € D such that ¢ € ker(so f) and ¢ ¢ ker f. Thus, we have necessary
|ker(s o f)| = 3 since |ker(so f)| > |ker f|. Then, so f is a constant function.
Since s is a swap permutation, so a permutation, f must be a constant
function. Contradiction with |ker f| = 2. Therefore we must have ker f =
ker(s o f).
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Now, let f and s be such that swap s # ker f. Without loss of generality,
let a,b € D such that swap s = {a, b} and b,c € D such that ker f = {b, c},
with a # ¢. Assume that f(a) = z and f(b) = f(c¢) =y, with z,y € D. So
f(s(a)) = f(b) = =, f(s(b)) = f(a) = y and f(s(c)) = f(c) = x. Then, we
have ker(f o s) = {a,c}.

We conclude that we can only produce by combinations of f and s func-
tions with the same kernel as f if and only if swap s = ker f. O

Proposition 5.2.5 Let f and g be two unary functions on a ternary domain
D with incomparable kernels and s a swap permutation such that ker f N
ker g ¢ swaps. Then ker(f os) =kerg and ker(go s) = ker f.

Proof: Let f, g and s be such functions. Assume that ker f Nker g = a, for
a € D. Then, we have swaps = {b,c}, with b,c € D and a,b, ¢ pairwise
different. Moreover, we must have ker f = {a, b} and ker g = {a, ¢} since we
have ker f Nker g = a and kernels ker f and ker g are incomparable.

Hence, the equations f(a) = f(b) and g(a) = g(c) hold. Then we can
deduce the equations (f o s)(a) = (f os)(c) and (gos)(a) = (g o s)(b) since
s(a) = a, s(b) = c and s(c) = b. We conclude that ker f o s = kerg and
kergos = ker f. a

Corollary 5.2.6 Let f and g be two unary functions on ternary domain D
with incomparable kernels and s a swap permutation such that ker f Nker g ¢
swaps. Let F be the set of functions containing f, g and s only. Then
width F = 2.

Proof: Immediate by Proposition 5.2.5 and Lemmata 5.1.1 and 5.2.2. a

Corollary 5.2.7 Let f be a unary function on o ternary domain D such
that |ker f| = 2 and s be a swap permutation on D such that ker f # swap s.
Let F' be the set of functions containing f and s only. Then width F' = 2.

Proof: Immediate by Proposition 5.2.4 and by Corollary 5.2.6. a

Proposition 5.2.8 Let f and g be two unary functions on a ternary domain
D with incomparable kernels and s a swap permutation such that ker f N
ker g € swap s. Then we can produce a function h such that f, g and h have
patrwise incomparable kernels.

Proof: Let f, g and s be such functions. Assume that ker f Nkerg = a,
for a € D. By the pigeonhole principle, we have necessarily ker f = swap s
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or ker g = swap s. Assume without loss of generality that we have ker f =
swap s = {a, b}, with b € D such that a # b. Hence, we must have kerg =
{a, c}, with a, b, ¢ pairwise different.

The equation g(a) = g(c) holds. Hence, we have (g o s)(b) = (g o s)(c)
since s(a) = b, s(b) = a and s(c¢) = ¢. Then we have a new function h = gos
with an incomparable kernel compared to ker f and ker g. O

Proposition 5.2.9 Let f be a unary function on a ternary domain D such
that |ker f| = 2 and p a permutation on D that is neither a swap permutation
nor the identity. Then we can produce by composition two functions g and
h such that kernel of f, g and h are pairwise incomparable.

Proof: Let f be a function on D such that |ker f| = 2 and p a permutation
on D that is not a swap permutation nor the identity, that is, p is a circular
permutation. Let a,b € D be such that ker f = {a,b}. Assume, without loss
of generality, that p is the permutation (abc). Then ker(f o p) = {a,c} and

ker(f opop) = {b,c}. O

The following lemma is true for a set F' of co-Boolean functions. However,
observe that a set of unary functions over a ternary domain which does not
contain any permutation is also a set of co-Boolean functions. Thus this
lemma is available in this chapter if there is no permutations in F.

Lemma 5.2.10 Let F be a set of co-Boolean functions. The relation Fﬁw 18
not closed under a majority operation (respectively a minority operation) if
and only if we have a sub-matriz of the matriz representing ng presenting
the shape

hf fs
bl as as
al b2 as
ap az b3
and if there is no row r such that r[fi]r[f2]r[fs] = aiazas (respectively

r[f1]r[f2]r(fs] = bibabs) in the matriz representing Fi .

Proof: The "if" direction is obvious; consider the other one. Take:

fi fa Js
ap a2 as
by by b3
1 C2 C3
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with |[{a;,bi,ci}| = 2 for 1 < i < 3. Assume that this sub-matrix is not
closed under a majority operation. Without loss of generality we can assume
a1 = by, then we can rewrite our sub-matrix like this:

J1 fo f3
ap a2 as
ap by b3
cp c2 c3

Remark that we must not have ays = by or ag = b3 otherwise it is clear that
the sub-matrix is closed under a majority operation. Then, we must have
(ag = ¢o and bg = ¢3) or (by = co and as = c¢3). Thus, we obtain:

f1 fo f3
ay ag as
ap by b3
c1 az b3
or
fi fo f3
ap az as
ar by b3
cp by as

that is, the expected shape. Moreover, since Fths is not closed under a
majority, we cannot have a row r in F¥ such that we have r[fi]r[f2]r[f3] =
ajagbs or r[fi]r[fa]r[fs] = aibsas (depending of the sub-matrix we have).
Proof for the minority operation follows exactly the same pattern. O

Let’s call the shape of the matrix in Lemma 5.2.10 an A-shape, that is,
we will say that F'¥ contains an A-shape if we have a sub-matrix of the
matrix representing Ff,ﬁ . of the form

i 2 fs
b1 a2 as
a1 by as
ar az b3
and if there is no row r such that r[fi]r[fe]r[fs] = ai1azas (respectively

r[f1]r[f2]r[fs] = bibabs) in the matrix representing Ff .
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5.2.2 Tractable case

Let us recall some known facts. Let F' be a set of unary functions and f,g € F
be two unary functions. We say that ker f and ker g are incomparable kernels
if ker f ¢ kerg and kerg ¢ ker f hold. Recall also that width F' is the

maximal number of incomparable non-empty kernels in [F].

Proposition 5.2.11 Given a set F' of unary functions over a ternary do-
main D with width F' < 2, we must have F'* closed under a majority opera-
tion.

Proof: First, observe that if we have width F' = 1, we can conclude by
Theorem 5.1.7.

Thus, assume we have width F' = 2. We prove that F'® is closed under
the following conservative majority operation: M(x,y,z) = t, with z, y and
z pairwise different and ¢ such that ¢t = ker f; Nker f holds with fi, fo € [F]
two functions with incomparable kernels.

Let f € [F] such that f® = {(a1,a2); (b1,b2); (c1,c2)}. Assume without
loss of generality that ker fi = {0,1} and ker fo = {1,2} with fi1, fo €
[F] being two functions with incomparable kernels. Hence we must have
M(m(0),7(1),7(2)) = 1 for every permutation 7.

Thus, we have the equation M (a1,b1,c1) = 1. We split the proof into
two sub-cases. Fist, assume that ao, by and co are pairwise different. Then
we must have M (ag,bs,co) = 1. This is the case if and only if f is the
identity operation or a swap permutation such that swap f = {0,2}. The
identity operation is always included in the closure of every set of functions,
and since we have width F' = 2 with ker f; and ker f incomparable, by
Corollary 5.2.6, we know that such a swap permutation will not increase the
width of F. Then the identity operation and such a swap permutation are
allowed.

Second, assume that at least two elements among as, bs and co are equal.
Without loss of generality, assume that as = be. This implies f(a1) = f(b1)
and M (az, ag, c2) = ag. Since 1 belongs to the kernel of any function f € [F],
we can be sure that the tuple (1, ag) belongs to f°.

We conclude that M is a polymorphism of F'°. O

5.2.3 Intractable case

This section presents the result of NP-completeness of csp(F®) where we
have width F' = 3 on a 3-element domain. Recall that, thanks to Lemma 4.2.6,
one can assume that F'® is a core.
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We will show that, for every set F' of unary functions on a ternary domain
such that width F' = 3, F'* cannot be closed under any constant operations,
any majority operations, any affine operations, any binary idempotent op-
erations that are not projections and any semi-projections. Then we deduce
by Rosenberg’s list [Ros86] that the complexity of csp(F'*®) is NP-complete.

Proposition 5.2.12 Let F be a set of unary functions on a ternary domain
D such that width F' = 3. Then F* cannot be closed under any constant
operation.

Proof: We recall we consider F'® to be a core over a ternary domain, and by
Lemma 4.2.6, we can consider that F'® contains the graph of every constant
functions. It is clear that a set of relations containing at least the graph of two
different constant functions cannot be closed under any constant operation.

O

Proposition 5.2.13 Let F be a set of unary functions on a ternary domain
D such that width F' = 3. Then F* cannot be closed under any majority
operation.

Proof: Let f,g,h € F be three functions such that their kernel are pairwise
incomparable. Without loss of generality, we define f, g and h as follows:

with ayr,br,aq,bg, an, by, € D.

Remark that FthS is an A-shape like presented in Lemma 5.2.10. Thus,
this lemma we conclude that F'® cannot be closed under any majority oper-
ation. O

Proposition 5.2.14 Let F be a set of unary functions on a ternary domain
D such that width F' = 2. Then F'® cannot be closed under any minority
operation.

Proof: Let f,g € F be two functions such that their kernel are incomparable.
Without loss of generality, we define f and g as follow:

z || fx) | hx)
0 af bh
1| by | b
2 by anp
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with af,bf,ah,bh eD.

Let m be a minority operation. Then, we must have the equation
m(af,bp,by) = ay, and that implies the equation m(0,1,2) = 0. Thus,
we must have the equation m(bp,bn,an) = by, but this is a contradiction
with the fact that m is a minority operation. O

Proposition 5.2.15 Let F be a set of unary functions on a ternary do-
main D such that width ' = 3. Then F* cannot be closed under any semi-
projection.

Proof: The proof is the same used for Proposition 4.4.14. Let f,g,h € F be
three functions such that their kernel are pairwise incomparable. Without
loss of generality, we define f, g and h as follow:

2| f(2) | o) | h()
0 af bg bh
1 by g by,

with ay,br,ag, by, an, by, € D.

Let s be a semi-projection that is a polymorphism of F®. Let x,y,z € D
be values such that [{z,y,z}| < 3 holds. Without loss of generality, we
consider that s(z,y,z) will project on the last element (here z). Since s
is a polymorphism of F*®, we have s(bg,br,ar) = ay, s(by,by,aq) = agy
and s(bp,bp,ap) = ap. Then we must have s(1,2,0) = s(2,1,0) = 0,
5(2,0,1) = 5(0,2,1) =1 and s(1,0,2) = s(0,1,2) = 2. This implies that s is
a projection, which is a contradiction since by definition, a semi-projection
is not a projection. O

Proposition 5.2.16 Let I be a set of unary functions on a ternary domain
D such that width F = 3. Then F* cannot be closed under any binary
rdempotent operation which is not a projection.

Proof: Let f,g,h € F be three functions such that their kernel are pairwise
incomparable. Without loss of generality, we define f, g and h as follow:

T
0
1
2 by by ap,
D.

with ar, bf,ag, bg, an, by €
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Let ¢ be a binary idempotent operation which is not a projection. Aiming
a contradiction, assume that ¢ is a polymorphism of F'®. Since ¢ is idem-
potent, we must have q(bs,by) = by, q(by,by) = by and q(by,by) = by. We
conclude that we must have the inclusions ¢(1,2) C {1,2}, ¢(0,2) C {0,2}
and ¢(0,1) C {0,1}. In other words, ¢ must be conservative.

Moreover, ¢ must not be commutative on tuples (a,b) € D?, that is to
say, for every tuple (a,b) € D? we have q(a,b) = ¢ and ¢(b,a) = ¢ such
that ¢ = a if and only if ¢ = b and ¢ = b if and only if ¢ = a. In order
to prove it by contradiction, suppose there exists a tuple (ag,by) € D? such
that ¢(ag,by) = q(bg,aq) = d with d € D, then we must have the following
result:

0 ap |2 b |0 bg| 1 ag| 1 by|2 ap
1 bf 0 af 1 Qg 2 bg 2 ap 0 bh
O I T I T I S I S O I
k c |k ¢k d|E d|K' ek e

Suppose that the equation k& = 0 holds. Then, we must have ¢ = ay,
c=bys, k' =2,d=0by, k" =2, €= ay and e = bj. However, we have k' =2
and e = by, but (2,by) ¢ h°.

Suppose now that the equation £ = 1 holds. Then, we must have ¢ = by,
c=ayf, k' =0,d=ay, k" =1, e=by and e = aj,. However, we have k' =0
and e = ap, but (0,a,) ¢ h°.

Remark also that ¢ must not be commutative on a tuple (a,b) € D? such
that the set {a, b} is different to the range of f, g and h. Indeed, suppose we
have af = by =0, by = ag = ap, = 1 and b, = 2, thus ran f = rang = {0,1}
and ran h = {1, 2}, and assume we have {a,b} = {0, 2}, thus ¢(0,2) = ¢(2,0)
holds. Since ¢ is a polymorphism of F**, we must have g(ay,bs) = q(bs,ay),
that is to say, ¢(0,1) = ¢(1,0). But then, we will find the same contradiction
as above when we assumed that g(ag,by) = q(bg, ag) holds.

We see that ¢ must be a binary idempotent conservative operation and
non-commutative on all tuples (a,b) € D?. Hence we must have the following
result:

1 bf 2 bf 1 Qg 1 Qg 1 bh 2 ap,
0 af 0 af 0 bg 2 bg 2 ap, 0 bh
/I I O I A A I A A I A T R
k c |k cl|k d|k d|K €|k e

Suppose that the equation k = 0 holds. Then, we must have ¢ = ay,
k' =0,d=by, k" =2,€=a; and e = by,. Since for every tuple (a,b) € D?,
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we have ¢(a,b) = ¢ and ¢q(b,a) = ¢ such that ¢ = a iff ¢ = b and ¢ = b iff
¢ = a, we see here that ¢ is a projection on the second element.

Suppose now that the equation & = 1 holds. Then, we must have ¢ = by,
k'=2,d=agy k" =1, e=by, and e = aj. Since for every tuple (a,b) € D?,
we have ¢(a,b) = ¢ and ¢q(b,a) = ¢ such that ¢ = a iff ¢ = b and ¢ = b iff
¢ = a, we see here that ¢ is a projection on the first element.

We conclude that if ¢ is a binary idempotent operation which is a poly-
morphism of F'*, then ¢ must be a conservative non commutative operation,
and moreover a projection. Then F'*® cannot be closed under any binary
idempotent operation which is not a projection. O

Proposition 5.2.17 Let D be a ternary domain, and F be a set of unary
functions on D such that width F' = 3. Then CSP(F*®) is NP-complete.

Proof: We know by [JCGI7| that, for every set of relations S, if the set
of polymorphisms Pol.S does not contain a constant operation, a majority
operation, a binary idempotent operation, a minority operation or a semi-
projection, then csp(S) is NP-complete.

Let F' be such a set of functions. By Propositions 5.2.12, 5.2.13, 5.2.14,
5.2.15 and 5.2.16, we know that Pol F'* does not contain such operations.
Indeed, notice that we know by Proposition 5.2.14 that Pol F'* does not
contain any minority operations if we have width F' = 2, so this obviously
holds also for width F' = 3. We conclude that if width F' = 3 holds then we
have csp(F*®) NP-complete. O

5.2.4 Dichotomy Theorem and meta-problem

We can present now the main result of this section.

Theorem 5.2.18 Let D be a ternary domain, and F be a set of unary func-
tions on D. The problem csp(F*®) is in P if width F' < 2 holds. Otherwise,
1t 1s NP-complete.

Proof: The proof is direct thanks to Propositions 5.2.11 and 5.2.17. a

Let’s focus now on the meta-problem, that is, the decision if the di-
chotomy criteria is verified or not. Remark we can go further than Proposi-
tion 5.2.3: we do not need to compute the clone [F] to know the width of F,
whatever the functions contained in F'. Thus, the next proposition allows us
to determine when the Dichotomy Criterion of Theorem 5.2.18 is verified by
just analyzing the kind of functions composing the set F'.
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Proposition 5.2.19 Let D be a ternary domain. Let F be a set of unary
functions on D. Then we have width F' = 3 if at least one of these conditions
holds:

(i) F contains at least three functions with incomparable kernels,

(i) F contains two functions f and g with incomparable kernels and a swap
permutation s such that ker f Nker g € swap s,

(iii) for every f,g € F, we have either ker f C kerg or kerg C ker f and F
contains at least one function f such that |ker f| = 2 and a permutation
p that is neither a swap permutation nor the identity, or two different
swap permutations s1 and So.

If none of these conditions holds, then we have width F' < 2.

Proof:

(i) is obvious.

(ii) is immediate by Proposition 5.2.8.

For (iii), if p is a circular permutation without being the identity, then
we immediately conclude by Proposition 5.2.9. If F' contains two different
swap permutations s; and so, then swaps; # swap s holds, and the com-
bination s; o s leads to a circular permutation. Thus, we also conclude bu
Proposition 5.2.9.

If none of these three conditions holds, then one of the following case is
verified:

(1) width F' = 2 and F' does not contain any permutation,

(2) width F' = 2 and F' contains a swap permutation s such that ker F' N
ker g ¢ swap s, for any ker f and ker g incomparable kernels,

(3) width F' = 2 and there exists f € F such that | ker f| = 2, and F' contains
exactly one swap permutation s such that swap s # ker f holds, but does
not contain any circular permutations.

(4) width F' =1 and there no functions f € F such that |ker f| = 2,

(5) width ' = 1 and there exists f € F such that |ker f| = 2, but F' does
not contain any permutation other than the identity,

(6) width F' = 1 and there exists f € F such that |ker f| = 2, and F contains
exactly one swap permutation s such that swap s = ker f holds, but does
not contain any circular permutations.
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For (1), it is immediate by Proposition 5.2.3.

For (2), we conclude thanks to Corollary 5.2.6.

For (3), we can conclude using Corollary 5.2.7. Indeed, since width F' = 1
then for every functions fi, fo € F such that |ker f;| = 2, we must have
ker fi = ker fs.

For (4), remark that every kernel must be a trivial kernel, that is either
empty a kernel or kernel with one equivalence class containing all elements
in D. Thus, F contains permutations and constant functions only. It is clear
that we cannot increase the width by combining such functions.

For (5), this is again direct by Proposition 5.2.3.

For (6), since swaps = ker f holds, we conclude thanks to Proposi-
tion 5.2.4. O

5.3 Homogeneous co-Boolean csp, NP-completeness
and kernel width

In this section, a set of functions F' is a set of homogeneous co-Boolean
functions such that for every f € F, we have f(0) =0 and f(1) = 1, except
for two functions fo and f; which are respectively the constant functions
outputting 0 and 1 and which will always be included in F. Thus, for every
function f in F' we have ran f C {0,1}.

Notice that in this special configuration, F'®* must be a core. It is easy
to see that [F| = F because for every f;, f; € F with f; ¢ {fo, f1}, the
equation f; o f; = f; holds (thus one can see that if n is the biggest number
of incomparable kernels in F', then width ' = n). Remark also that in this
special configuration, the matrix Ff{zs cannot contain any duplicated rows.
Notice also that F'®* cannot be closed under any constant operations since F'
contains constant functions fy and fi.

The principal result of this section is the following one. Let F' be a set of
functions as presented above, and let D be a fixed domain. If width F' > |D|,
then csp(F®) is NP-complete. Notice that this result does not bring us a
new knowledge on the complexity of such CSp because we already know the
dichotomy on graphs of co-Boolean functions (see Theorem 4.3.5). However,
it is the first known result about width and NP-completeness over every
cardinality of finite domain, and we can hope to extend this to every CSp
over graph of unary functions.

By Lemma 4.3.1, we know that if ng is neither closed under majority,
nor minority, nor max, nor min, then ¢sp(F*) is NP-complete. In the fol-
lowing two subsections, we will demonstrate that if width F' > |D| then Ff,ﬁ s
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is not closed under majority, nor minority, nor max and and min, allowing
us to conclude immediately about the NP-completeness of csp(F'*®).

We would like to thank a lot to Vincent Jost and David Savourey for the
proofs of Propositions 5.3.1 and 5.3.3.

5.3.1 Non-stability under Max and Min

We prove in this subsection that if width F' > |D|, then Ffzs is not closed
under max and min operations.

Proposition 5.3.1 Let F be a set of homogeneous co-Boolean functions
such that for every f € F, equations f(0) =0 and f(1) = 1 hold, except for
the two constant functions fo, f1 € F outputting 0 and 1. If width F' > |D|,
then ng 18 not closed under mazx operation.

Proof: We prove this proposition for width ¥ = |D| = n such that the
extension of the proof for width F' > |D| will be trivial. Thus, assume that
we have width F' = |D| = n.

First, observe that Ff,[w is a n?-Boolean matrix such that the first row
is composed only with 0Os, the second one only with 1s, all row are pairwise
different (otherwise, F'® is not a core) and all columns are different (because
all functions are different). Actually, ng can have more than n columns,
but this does not influence the proof.

To prove this proposition, we will show that it is impossible to built such
a matrix that is closed under a max operation (i.e., rows are not closed under
a max operation).

Let Ff,{s a Boolean matrix with n column such that Fgg is closed under
max, and such that we does not have the first row (i.e. the O-vector) but
we have the second one (the 1-vector). Consider the row r with the largest
number of 1’s, excluding the 1-vector. Let k the number of 1’s in r. We
show that k should be equal to n — 1.

Assume that k < n — 2, then there exist at least two 0 in . Let ¢; and
co two columns were there is a 0 in r. We know that ¢; and ¢y should be
different, then there must exists a row rg that makes the difference between
these two columns putting, for instance, a 0 for ¢; and a 1 for cs. Hence,
mazx(ro, ) gives us a row in the matrix with k& + 1 values 1 inside, that is a
contradiction with r the row with the largest number of 1.

Thus we must have k = n — 1, that is to say a row r with n — 1 values
1 and only one 0 in a column c. It is clear that if we remove r and ¢ from
the matrix, we obtain an (n — 1)%.-matrix verifying the properties of the
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initial matrix, i¢.e. the stability under max, the pairwise difference between
columns, and between rows, where the row with the biggest number of value
1 contains this time n — 2 values 1, and so on.

Hence, it is clear that we need at least n rows to built such a matrix, but
without the 0-vector row. Then we cannot built such a matrix, including the
0-vector, in only n rows.

It is clear that having m > n columns implies the fact that we need m+1
rows. Then, the contradiction still holds. O

Proposition 5.3.2 Let F be a set of homogeneous co-Boolean functions
such that for every f € F, equations f(0) =0 and f(1) =1 hold, except for
the two constant functions fo, f1 € F outputting 0 and 1. If width F' > |D|,
then F,,I}ES is not closed under min operation.

Proof: The proof is the same as the proof of Proposition 5.3.1, with the
difference that we do not take the 1-vector to build a matrix closed under
min, and then we see that we need at least n+1 rows, including the 1-vector,
to have such a matrix. O

5.3.2 Non-stability under Majority and Minority

We prove in this subsection that if width F' > |D|, then FH is not closed
under majority and minority operations. Again, we deal with the case
width F = |D| = n, and the extension of the proof for width ' > |D]| is
trivial.

Recall that the xor operation @ is the binary operation on the Boolean
domain such that = @ y is true (or outputs 1 if you prefer) if and only if z
and y are evaluate to different values, that is, one is evaluate to 1 and the
other to 0.

First, remark that is a matrix is closed under a majority operation, then,
composed with the 0-vector, it is equivalent to say that the matrix is closed
under min operation, and composed with the 1-vector, to the max opera-
tion. Then the non-stability of Fths, such that width F' = |D| = n, under a
majority operation is done by Propositions 5.3.1 and 5.3.2.

If a matrix is closed under a minority operation, then, composed with
the O-vector, it is equivalent to say that the matrix is closed under the xor
operation, and composed with the 1-vector, to the negation of xor. We will
prove in the following proposition that Fths cannot be closed under xor and
the negation of xor if we have width F' = |D| = n.
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Proposition 5.3.3 Let F be a set of homogeneous co-Boolean functions
such that for every f € F, equations f(0) =0 and f(1) = 1 hold, except for
the two constant functions fo, fi € F outputting 0 and 1. If width F' > |D|,
then Fths 18 not closed under the xor operation.

Proof: To prove this proposition, we will show that it is impossible to built
such a matrix that is closed under the xor operation.

Let Fths be a Boolean matrix with n columns such that Ff{m is closed
under xor, and such that we does not have the 1-vector row, but we have the
0-vector row. We remark that the set of rows and the xor operation form
a group G since xor is associative, the O-vector is the identity element, and
each element is its own inverse element, i.e. for every row r, zor(r,r) gives
us the O-vector.

Consider the set S = (r1,...,7) the minimal basis of G, that is, every
element in G can be obtained through a linear combination of elements in S,
and none of elements in S can be obtain through such a linear combination.
Remark that S does not contain the 0-vector.

Recall that rows in ng are pairwise different, otherwise F'® is not a
core. Then, we can produce a row in G with the help of the following linear
combination

T:)\lTl@)\QTQ@...@)\ka

with @ the xor operation. Then, it is clear that we have exactly 2* elements
in G since each rows are pairwise different.

Remark that if there exist two columns ¢; and ¢ in the base S which
are the same, then one can only produce rows in G such that ¢; and cy
remains the same. However, this would be a contradiction with the fact
that columns in G are pairwise different. Then, columns in S must also be
pairwise different.

It is also clear that we need at least log(n) rows to make the difference
between n columns. Then, the basis S contains at least log(n) rows, and
G, that is to say the matrix ng itself, must at least contains 21°9(") rows,
i.e. n rows. Then, if we include the 1-vector, we cannot have such a matrix
closed under xor with n columns and only n rows pairwise different. O

Proposition 5.3.4 Let I be a set of homogeneous co-Boolean functions
such that for every f € F, equations f(0) =0 and f(1) =1 hold, except for
the two constant functions fo, f1 € F outputting 0 and 1. If width F' > |D|,
then ngs 1s not closed under the negation of xor operation.
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Proof: The proof is the same as the proof of Proposition 5.3.3, with the
difference that we do not take the 0-vector to build a matrix closed under
the negation of xor, and then we see that we need at least n+1 rows (actually,
even more), including the 0-vector, to have such a matrix. O

Now, we can introduce the theorem of this section.

Theorem 5.3.5 Let F' be a set of homogeneous co-Boolean functions over a
finite domain D such that for every f € F, equations f(0) =0 and f(1) =1
hold, except for the two constant functions fo, f1 € F outputting 0 and 1. If
the inequality width F' > | D| holds, then cSP(F'*®) is NP-complete.

Proof: Since F' is a set of homogeneous co-Boolean functions, by Schaefer’s
theorem we know that csp(FX ) is NP-complete if F is neither closed
under constant operations which output 0 or 1, nor majority, minority, max-
imum and minimum operations. Lemma 4.2.6 allows us to directly work
with cores. Thus, assuming F' is a core, FTI%S cannot be closed under any
constant operation. Propositions 5.3.1 and 5.3.2 show that, since we have
width F' > |D|, F# = cannot be closed under a maximum or minimum oper-
ation. Finally, Propositions 5.3.3 and 5.3.4 show that, under the condition
width F' > |D|, ng cannot be closed under a majority or minority opera-
tion. We conclude that CSP(FHhS) is NP-complete, and then, by Lemma 4.2.4

T

and Proposition 4.2.3, that csp(F'®) is NP-complete. O

5.3.3 Conjecture

Conjecture 5.3.6 Let F be any set of unary functions. If width F' > |D|,
then csp(F'*®) is NP-complete.

5.4 Conclusion

We have seen in this chapter the very first results on complexity of CSP over
unary functions obtained through the study of kernel width. This chap-
ter contained three main results: we proved that, for the csp(F®) problem
over unary functions on every finite domain, the linear kernel width im-
plies the tractability of csp(F®). Then, we shown a Dichotomy Theorem of
the complexity of the csp(F®) problem over unary functions on a ternary
domain via a criterion based on the kernel width. Finally, we proved the
NP-completeness of homogeneous co-Boolean ¢sp(F'®) problem where every
unary function f € F' is such that f(0) = 0 and f(1) = 1 hold, except
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for the two constant functions fy, fi € F outputting respectively 0 and 1.
This result holds for every finite domain D if the kernel width is higher than
or equals to the cardinality of D. It leads us to the conjecture that, is this
criterion is verified, the csp(F'®) problem over unary functions is intractable.

By a lack of time, we have not yet reproved our Dichotomy Theorem
of csp(F'*) with non-homogeneous co-Boolean functions, as well as we have
not yet study the complexity of other problems on different family of unary
functions, but we place great hopes in this powerful method to develop new
results on the tractability and intractability of some CSP problems on unary
functions.
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