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ξ = {(x1, x2) : 0 < x2 <
ξf(x1/ξ)}
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ξ = {x2 > ξf(x1/ξ)}
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µY (y) = µB11B(y) + µ11Y \B(y), εY (y) = εB11B(y) + ε11Y \B(y),
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µB, µ, εB , ε > 0
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µξ(x) = µ+11
D

+
ξ

(x) + µcl11
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ξ
(x) + µY (x/ξ)11D− (x),

εξ(x) = ε+11
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ξ

(x) + εcl11
Dcl

ξ
(x) + εY (x/ξ)11D− (x),
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µ+, ε+ > 0

¸g ¢¥L£=¬�¤¯¸^®¯ ¢¥Q¸�£ U ¥L£g¤¯¸m¤�£^ �
Á¦'&  ¢¥ U�T�W  ¢¦¨ ¢¥ Ø  TVU�W^T  W ¾¨ $¬�¾¨®�¾¿£g�¦¨¤¯¸^®¯ $¤QP
®�¾¨¤�¥O£g¸Z¬ U ¥Q¸
D− � ¤�£

11·
¤¯¸�£b¦ U )÷ ¢¥Q®�£�¾¨ ¢¥Á¾¿¥Q¬�¾¨® U £ W ¾¨®¯¤ »em¥ ¾¿¦¿¦¿¡�°!¾¿¥Q¤S¬ U ¥Q¸Z¦ U�TVU�W £�¾¨¤S¸�¡ T  W ¾¨¤�¡ W ¤d¬�¡ ¬� ¢° U ¾¿¥Q¤ � TVU�W ¡�¥Q¤S ¢¥Q¬�¤ T ¦ U ¥Q¤ uinc(x) = eik+θ̂·x » $â¤�£�£g¤ ¢¥Q¬�¤~¤¯¸�£d¬�¤ T ¡�¦¨¸ U £�¾¨ ¢¥ ω > 0

� ¬�¤
¥Q ¢°§± W ¤ ¬�&  ¢¥Q¬�¤ k+ = ω
√
ε+µ+

� ¬�& U ¥ Ø ¦¨¤~¬�& ¾¿¥Q®�¾¨¬�¤�¥Q®¯¤ θ̂ = (θ̂1, θ̂2)U ´Ó¤¯® θ̂2 < 0
¤�£ ∣∣∣θ̂

∣∣∣ = 1
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∇ · 1

µξ
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∇ · 1
µ∇u + ω2εu = 0
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∫
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εY (y)dy = fBεB + (1 − fB)ε,

ò ¤Q» © ö

 �

fB = |B|

|Y |
¤¯¸�£~¦ U4T�W   T   W £�¾¨ ¢¥;¬�¤ B ¬ U ¥Q¸ Y » O U ° U £ W ¾¨®¯¤ A∗ ¤¯¸�£~¸ · °��£ W ¾¨ÚL¡Q¤ ¬�Q+Q¥�¾¨¤ T  ³¸�¾¿£�¾¿´Ó¤ � ¤�£¬� T ¤�¥Q¬Á¬�¤ χ � ¸g ¢¦¿¡�£�¾¨ ¢¥ ¬�& ¡�¥ T�W  ¢±�¦ % °�¤§®¯¤�¦¿¦¿¡�¦¨¤ » \=¡�°� W ¾¨ÚL¡Q¤�°�¤�¥O£ �  ¢¥ W ¯¸g ¢¡�£m®¯¤�¬�¤ W ¥�¾¨¤ WmTVU�W ¦ U °��£ �  L¬�¤¬�¤¯¸=�¦¨�°�¤�¥O£g¸÷+Q¥�¾¨¸ » em¥ ¸g¤ W ¤ T   W £g¤ WÖU 3S¦'& U ¥�¥Q¤�Î�¤ ¤Q» À T  ¢¡ W ¦ U )ä  W °§¡�¦ U £�¾¨ ¢¥ ´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦¿¦¨¤ »

Ï=Å�Þ�Ð¢ÄG�¯È�Å��(O U )ä ¢¥Q®�£�¾¨ ¢¥ ũ1
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uNRTQ	R]S �#��p��h�h�â�ÛÕN���'���

:�U�W ® �VU ¥ Ø ¤�°�¤�¥O£�¬�& ¯® � ¤�¦¿¦¨¤ y := x/ξ
�  ¢¥/¾¿¥O£ W  $¬�¡�¾¿£S¦ U ± U ¥Q¬�¤

Y = Y+ ∪ Γ1 ∪ Ycl ∪ Γ0 ∪ Y−
�  �


Y+ = {(y1, y2) ∈ (0, 1)×R : y2 > f(y1)}
�
Γ1 = {(y1, f(y1)), y1 ∈ (0, 1)} � Ycl = {(y1, y2) ∈ (0, 1)×R :

0 < y2 < f(y1)}
�
Γ0 = (0, 1) × {0} � ¤�£ Y− = (0, 1) × R∗

−
»

:  ¢¡ W I ¡�¥8¾¿¥O£g¤ W ´ U ¦¿¦¨¤/ ¢¡�´Ó¤ W £ ¥Q ¢¥8´L¾¨¬�¤�¬�¤ R
� T  ³¸Ö ¢¥Q¸

YI := (0, 1) × I
» em¥k¥Q ¢£g¤

C ∞
] (R × I)¦'& ¤�¥Q¸g¤�°d±�¦¨¤�¬�¤¯¸9)ä ¢¥Q®�£�¾¨ ¢¥Q¸v¬�¤

C∞(R × I)
ÚL¡�¾�¸g ¢¥O£

1
� T  W ¾¨ L¬�¾¨ÚL¡Q¤ TVU�W WÖU�T�T   W £d3K¦ UKT�W ¤�°!¾ %�W ¤ T ¦ U ®¯¤ »

C∞
] (YI)

¤¯¸�£S¦ U W ¤¯¸g£ W ¾¨®�£�¾¨ ¢¥53
YI

¬�¤¯¸*)÷ ¢¥Q®�£�¾¨ ¢¥Q¸!¬�¤
C∞

] (R × I)
» O�& ¤¯¸ TVU ®¯¤ L2

] (YI)
¤¯¸�£�¦'& U ¬ �  W ¤�¥Q®¯¤v¬�¤

C∞
] (YI)

¬ U ¥Q¸ L2(YI)
» O�& ¤¯¸ TVU ®¯¤N¬�¤N�$ ¢±� ¢¦¨¤�´ T  W ¾¨ $¬�¾¨ÚO¡Q¤ H1

] (YI)
¤¯¸g£�¦'& U ¬ �  W ¤�¥Q®¯¤ ¬�¤

C∞
] (YI)

¬ U ¥Q¸
H1(YI)

» O�& ¤¯¸ TVU ®¯¤~¬�¤¯¸@)ä ¢¥Q®�£�¾¨ ¢¥Q¸d¦¨ L® U ¦¨¤�°�¤�¥L£ H1
] (Y )

¤¯¸�£
H1

],loc(Y ) =
⋂

h>0H
1
] (Y(−h,h)).

em¥K¬�Q+Q¥�¾¿£
¤�¥�+Q¥�¦¨¤¯¸ ¤¯¸ TVU ®¯¤¯¸ Hs

] (0, 1) =

{
F ∈ L2

] (0, 1) :
∑

k∈Z
(1 + k2)s

∣∣∣F̂k

∣∣∣
2
<∞

} �
s ∈ R

�  �

L2

] (0, 1)
¤¯¸�£

¦'& ¤�¥Q¸g¤�°d±�¦¨¤ ¬�¤¯¸k)÷ ¢¥Q®�£�¾¨ ¢¥Q¸~¬�¤
L2(0, 1) T�W  ¢¦¨ ¢¥ Ø ¯¤¯¸�¸�¡ W R

TVU�W�T  W ¾¨ $¬�¾¨®�¾¿£g � ¤�£ F̂k
¤¯¸�£�¦¨¤Á®¯ $¤QP
®�¾¨¤�¥O£ ¬�¤

Ù  ¢¡ W ¾¨¤ W F̂k = 〈F, exp(i2πk·)〉L2

»
Í U ¥Q¸^¦ U ± U ¥Q¬�¤

Y
�  ¢¥ T  ³¸g¤

AY (y) =
1

µ+
11Y+(y) +

1

µcl
11Ycl

(y) +A∗11Y−(y), εY (y) = ε+11Y+(y) + εcl11Ycl
(y) + ε∗11Y−(y).

O U ¥Q  W ° U ¦¨¤�¡�¥�¾¿£ U ¾ W ¤N3 Γ0
U ¡ T  ¢¾¿¥L£ (y, 0)

ÚL¡Q¤�¦'&  ¢¥-®¯ ¢¥Q¸�¾¨¬ %�W ¤�¤¯¸�£ ν =

(
0
1

) � £ U ¥Q¬�¾¨¸�ÚO¡Q¤~¦ U ¥Q  W ° U ¦¨¤
¡�¥�¾¿£ U ¾ W ¤�3 Γ1

U ¡ T  ¢¾¿¥O£ (y, f(y))
ÚO¡Q¤�¦'&  ¢¥ ®¯ ¢¥Q¸�¾¨¬ %�W ¤�¤¯¸�£ νy = 1√

1+f ′(y)2

(
−f ′(y)

1

) »
- ¥/´$¡Q¤
¬�¤�µý¡Q¸�£�¾,+V¤ W ¦'& ¤�Î$¾¨¸g£g¤�¥Q®¯¤
¤�£§¦'& ¡�¥�¾¨®�¾¿£g�¬�¤F)ä ¢¥Q®�£�¾¨ ¢¥Q¸SÚO¡Q¤
¥Q ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸d¾¿¥O£ W  $¬�¡�¾ W ¤ � ¥Q ¢¡Q¸ U ´Ó ¢¥Q¸±�¤¯¸g ¢¾¿¥K¬�¡¼¦¨¤�°!°�¤�¸�¡�¾¿´ U ¥L£ »�Z ¦n¸H& U�Ø ¾¿£S¬�& ¡�¥Q¤ Ø �¥Q WÖU ¦¿¾¨¸ U £�¾¨ ¢¥7¬�& ¡�¥K¦¨¤�°!°�¤~¬�¤�e ² ¡ f » \Z ¢¡Q¸S¤�¥ U ¬ U�T £g ¢¥Q¸S¦ U

T�W ¤�¡�´Ó¤ U ¡Á® U ¸^¬�& ¡�¥Á°!¾¿¦¿¾¨¤�¡ ¾¿¥�)ä W ¾¨¤�¡ W ¥Q ¢¥v¾¨¸g ¢£ W   T ¤ »
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F ∈ L2
] (Y ) � ÉOã�Æ�Ä�Ô¢Ã�ÌÖÌ�Ð³ß�ÆÖÅ§Å Ý Ñ�Ô¢ß�Å�ßVÇ÷ÃäÅIõ�õ¨Å?��È�Ð¢ß�É�õ¿Ð!ÉOÅ�È Ý ÃûË�Þ
ÅÚô�Ð³ÄÒÃäÐ��Qõ¨Å(ô�Ð � õJ� Ã�ß��xßVÃ����ßNÑ�Ô¢Ì¯Å

λk = 2π|k|
√

det A∗

t

����ß-Ì�È«ÑOÑ�Ô�Ì¯Å���ÈN� Ã�õbÅ Ý ÃIÌ�Ç6Å M > sup f � C+, C− > 0 � δ+ ∈ [0, 2π) � δ− ∈[
0, 2π

√
det A∗
t

) � Å�ÇnÈLß�ÅN�¯Ð¢Þ�Ã�õ�õ¨Å�ÉOÅ��¯Ô¢ß�Æ¯Ç÷ÃäÔ¢ß�Ì�Ägã��¢ÈYõ ÃûË�ÄgÅÒÌ (pk)
ÉOãT�xßQÃûÅÒÌ�ÌÒÈ$Ä {|y2| > M} Ì¯Ð³Ç÷Ã�Ì]�¯Ð¢ÃIÌ¯Ð¢ßVÇ

|pk(y2)| 6 C+eδ+|k|(y2−M), y2 > M,

|pk(y2)| 6 C−eδ−|k|(y2+M), y2 < −M,
Ç6ÅIõ Ìj��ÈQÅ§ÌÒÈ$Ä {|y2| > M} � F ÐÓÉ¢Þ
Å�Ç]õ¿ÅSÉOãIô�ÅQõ¿ÔÒÑÓÑ�Å�Þ
Å�ß�Ç=Å�ßNÌ¯ã�Ä�ÃäÅdÉOÅ�� Ô³ÈLÄ�ÃäÅ�Ä�ÌÒÈ$Ã�ô�Ð¢ßVÇ��

F (y) =
∑

k∈Z∗

F̂k(M)pk(y2)e
−2π|k|(y2−M)ei2πky1 , y2 > M,

F (y) =
∑

k∈Z∗

F̂k(−M)pk(y2)e
(λk−i 2πks

t )(y2+M)ei2πky1 , y2 6 −M.

� Ô¢ÃäÅ�ßVÇ
g0
Å�Ç
g1
ÉOÅ�È Ý ��Ô¢ß�Æ¯Ç÷Ã÷Ô³ß�Ì!ÌÒÈ��7Ì�Ð¢Þ�Þ
Å�ßVÇZÄgã��¢ÈYõ ÃûË�ÄgÅÒÌ ÉOãT�xßVÃäÅÒÌ~Ä�ÅÒÌ6Ñ�Å�Æ¯Ç÷Ã�ô�Å�Þ
Å�ß�Ç�ÌÒÈ$Ä Γ0

Å�Ç
Γ1

Ç6ÅQõ�õ¿ÅÒÌ
�¯È�Å��

∫

YM

F +

∫

Γ0

g0dσ +

∫

Γ1

g1dσ = 0.

  õ Ô¢ÄÒÌ � Ã�õGÅ Ý Ã�Ì�Ç6ÅdÈ$ß È$ßQÃ���ÈQÅ�ÆgÔ¢ÈzÑ�õ¿Å (Ψ, ψ)
Ð²ô�ÅgÆ

Ψ ∈ H1
],loc(Y )

Å�Ç
ψ ∈ R

È$ß�ÅSÆgÔ¢ß�Ì�ÇûÐ¢ßVÇ6Å � Ç6ÅIõ���È�Å




∇ ·AY ∇Ψ = F,
ÉÓÐ³ß�Ì

Y+ ∪ Ycl ∪ Y−,
[Ψ]|Γ1

= 0,
Ì�ÈLÄ

Γ1,

[Ψ]|Γ0
= 0,

Ì�ÈLÄ
Γ0,[

∂νAY
Ψ
]∣∣∣

Γ1

= g1,
Ì�ÈLÄ

Γ1,[
∂νAY

Ψ
]∣∣∣

Γ0

= g0,
Ì�ÈLÄ

Γ0,

y1 7−→ Ψ(y1, ·), 1 ¡ Ñ�ã�Ä�ÃäÔ«É¢Ã���È�Å ,
Ψ −→ 0, y2 → −∞,
Ψ −→ ψ, y2 → +∞.

ÂSÅ�Ñ�õ ÈLÌ@õ¨ÅÒÌdÆgÔ¢ß�ô¢Å�Ä¢�LÅ�ß�ÆÖÅÒÌ
Å�ß
+∞ Å�Ç −∞ Ì�Ô¢ß�ÇâÅ Ý Ñ�Ô¢ß�Å�ßVÇ÷ÃûÅQõ�õ¿Å�Ì£��ó�Æ¯Ã � ∂νAY

Ψ(y) := DyΨ(y)Aνy
�

¤ �����¦¥� �¨§ \Z ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸ W ¤�° T ¦ U ®¯¤ W ¦¨¤ T�W  ¢±�¦ % °�¤�®¯ ¢¥Q¸�¾¨¬� W  TVU�W ¡�¥ T�W  ¢±�¦ % °�¤�£ W  ¢¥QÚO¡Q � ¬ U ¥Q¸�¦¨¤â¬� ¢° U ¾¿¥Q¤±�  W ¥Q
YM = Y ∩ {|y2| < M} � 3N¦'& U ¾¨¬�¤v¬�&   T  WÖU £g¤�¡ W ¸�¬�¤ £ W  ¢¥Q® U £�¡ W ¤ ¸�¡ W ΓM = {y2 = M} ¤�£�¸�¡ W

Γ−M = {y2 = −M} »:�U�W^T  W ¾¨ $¬�¾¨®�¾¿£g � ¡�¥Q¤#ò÷�´Ó¤�¥O£�¡Q¤�¦¿¦¨¤ ö ¸g ¢¦¿¡�£�¾¨ ¢¥ ¸Ö¤�¬�¯®¯ ¢° T  ³¸g¤§¤�¥Á¸g W ¾¨¤�¬�¤ Ù  ¢¡ W ¾¨¤ W ¹

Ψ(y) =
∑

k∈Z

ψ̂k(y2)e
i2πky1 , |y2| > M.

- ¥Á¤�Î T ¦¨ ¢¾¿£ U ¥L£=¦'& -xÍ : � ¦¨¤�®¯ ¢° T   W £g¤�°�¤�¥O£Ú3�¦'& ¾¿¥�+Q¥�¾ U ¾¿¥Q¸�¾ ÚL¡Q¤�¦¨¤¯¸ �L·LT  ¢£ ��% ¸g¤¯¸^¸�¡ W F �  ¢¥ T ¤�¡�£^£ W  ¢¡�´Ó¤ W ¹

ψ̂0(y2) = ψ̂0(M), y2 > M,

ψ̂k(y2) =

(
ψ̂k(M) +

F̂k(M)

4π |k|

∫ +∞

M
pk(τ)e

−4π|k|(τ−M)dτ

− F̂k(M)

4π |k|

∫ y2

M
pk(τ)dτ

)
e−2π|k|(y2−M)

− F̂k(M)

4π |k|

∫ +∞

y2

pk(τ)e
−4π|k|(τ−M)dτe2π|k|(y2−M), y2 > M,k 6= 0,

U ¾¿¥Q¸g¾ ÚO¡Q¤
ψ̂0(y2) = ψ̂0(−M), y2 6 −M,



��ýxk^ý ø÷ÿ � ølù ·Â» ¼ÛþFø · ©�³

ψ̂k(y2) =

(
ψ̂k(−M) +

F̂k(−M)

2λk

∫ −M

−∞
pk(τ)e

2λk(τ+M)dτ

− F̂k(−M)

2λk

∫ −M

y2

pk(τ)dτ

)
e(λk−i 2πks

t )(y2+M)

− F̂k(−M)

2λk

∫ y2

−∞
pk(τ)e

2λk(τ+M)dτe(−λk−i 2πks
t )(y2+M), y2 6 −M,k 6= 0.

Ï^Å�Þ!Ð³ÄG��ÈQÅ�� Õ Wñð ®¯¤F3~¦'& -xÍ : � ¬ U ¥Q¸ {y2 < −M} ¤�£�¬ U ¥Q¸ {y2 > M} � ψ̂k
¸ U £�¾¨¸ï) U ¾¿£�¡�¥Q¤ -xÍ e ¬�¡ ¸Ö¤¯®¯ ¢¥Q¬

  W ¬ W ¤N3 ®¯ L¤QP
®�¾¨¤�¥L£�®¯ ¢¥Q¸g£ U ¥O£ » :  ¢¡ W £ W  ¢¡�´Ó¤ W ®¯¤¯¸�¤�Î T�W ¤¯¸g¸�¾¨ ¢¥Q¸S¬�¤ ψ̂k
� ¥Q ¢¡Q¸ U ´Ó ¢¥Q¸ W ¯¸Ö ¢¦¿¡¼®¯¤¯¸ -xÍ e TVU�W´ U�W ¾ U £�¾¨ ¢¥ ¬�¤¯¸^®¯ ¢¥Q¸g£ U ¥O£g¤¯¸ »

Z ¥L£ W  L¬�¡�¾¨¸g ¢¥Q¸§¦¨¤¯¸§  T  WÖU £g¤�¡ W ¸ Q : H
1/2
] (0, 1) −→ H

−1/2
] (0, 1)

� TM , T−M : H−1
] (0, 1) −→ L2

] (0, 1)¬�Q+Q¥�¾¨¸ TVU�W ¹
∀u ∈ H

1/2
] (0, 1), Qu(y1) = 2π

∑

k∈Z∗

|k| ûke
i2πky1 ,

∀u ∈ H−1
] (0, 1), TMu(y1) = 2π

∑

k∈Z∗

ûk

∫ +∞

M
pk(τ)e

−4π|k|(τ−M)dτei2πky1 ,

∀u ∈ H−1
] (0, 1), T−Mu(y1) = 2π

∑

k∈Z∗

ûk

∫ −M

−∞
pk(τ)e

2λk(τ+M)dτei2πky1 .

À=¦¨  W ¸ � ¤�¥v¥Q ¢£ U ¥L£ ∂νA∗Ψ(y) := DyΨ(y)A∗νy
�  ¢¥ U ¹

(∂y2Ψ)|ΓM
+ Q

(
Ψ|ΓM

)
= −TM

(
F |ΓM

)
,

(∂νA∗Ψ)
∣∣
Γ−M

+
√

detA∗Q
(

Ψ|Γ−M

)
= −tT−M

(
F |Γ−M

)
.

\m ¢£ W ¤ T�W  ¢±�¦ % °�¤d¤¯¸�£^¯ÚO¡�¾¿´ U ¦¨¤�¥O£ U ¡ T�W  ¢±�¦ % °�¤�£ W  ¢¥QÚL¡Q�¸�¡�¾¿´ U ¥O£§¹




∇ ·AY ∇Ψ = F,
¬ U ¥Q¸

YM ∩ (Y+ ∪ Ycl ∪ Y−),
[Ψ]|Γ1

= 0,
¸�¡ W Γ1,

[Ψ]|Γ0
= 0,

¸�¡ W Γ0,[
∂νAY

Ψ
]∣∣∣

Γ1

= g1,
¸�¡ W Γ1,[

∂νAY
Ψ
]∣∣∣

Γ0

= g0,
¸�¡ W Γ0,

(∂y2Ψ)|ΓM
+ Q

(
Ψ|ΓM

)
= −TM

(
F |ΓM

)
,

(∂νA∗Ψ)
∣∣
Γ−M

+
√

detA∗Q
(

Ψ|Γ−M

)
= −tT−M

(
F |Γ−M

)
,

y1 7−→ Ψ(y1, ·), 1
� T  W ¾¨ L¬�¾¨ÚL¡Q¤ .

Ï^Å�Þ!Ð³ÄG��ÈQÅ��ÅO�& ¯ÚO¡�¾¿´ U ¦¨¤�¥Q®¯¤§¬�¤¯¸ T�W  ¢±�¦ % °�¤¯¸=¤¯¸�£g3!®¯ ¢° T�W ¤�¥Q¬ W ¤d¬ U ¥Q¸b¦¨¤�¸g¤�¥Q¸=¸�¡�¾¿´ U ¥L£�¹
• O U^W ¤¯¸�£ W ¾¨®�£�¾¨ ¢¥F3

YM
¬�& ¡�¥Q¤n¸g ¢¦¿¡�£�¾¨ ¢¥�¬�¡ T�W  ¢±�¦ % °�¤â¾¿¥�¾¿£�¾ U ¦$¤¯¸�£�¡�¥Q¤â¸g ¢¦¿¡�£�¾¨ ¢¥d¬�¤â®¯¤ T�W  ¢±�¦ % °�¤n£ W  ¢¥QÚL¡Q »

• ` ¥Q¤v¸g ¢¦¿¡�£�¾¨ ¢¥>¬�¤ ®¯¤ T�W  ¢±�¦ % °�¤v£ W  ¢¥QÚL¡Q T ¤�¡�£F=�£ W ¤ T�W  ¢¦¨ ¢¥ Ø ¯¤Á¬�¤[) U ç¯ ¢¥-¡�¥�¾¨ÚO¡Q¤v¤�¥7¡�¥Q¤v¸g ¢¦¿¡�£�¾¨ ¢¥¬�¡ T�W  ¢±�¦ % °�¤d¾¿¥�¾¿£�¾ U ¦ » O ¤ T�W  ¢¦¨ ¢¥ Ø ¤�°�¤�¥O£�¸H&  ¢±�£�¾¨¤�¥L£m´$¾ U ¦¨¤§¬��´Ó¤�¦¨  T�T ¤�°�¤�¥O£�¤�¥N¸g W ¾¨¤�¬�¤ Ù  ¢¡ W ¾¨¤ W ò÷ÚL¡�¾¥1& ¡�£�¾¿¦¿¾¨¸g¤§ÚL¡Q¤�¦ U £ WÖU ®¯¤�¬�¤ Ψ
¸�¡ W ΓM ∪ Γ−M

ö�»
O U )÷  W °d¡�¦ U £�¾¨ ¢¥ ´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦¿¦¨¤§¬�¤�®¯¤ T�W  ¢±�¦ % °�¤�¤¯¸�£b¦ U ¸�¡�¾¿´ U ¥O£g¤
¹

{ £ W  ¢¡�´Ó¤ W u ∈ H1
] (YM )

£g¤�¦�ÚL¡Q¤
∀v ∈ H1

] (YM ), a(u, v) = L(v),

 �


a(u, v) =

∫

YM

AY ∇u · ∇v +
1

µ+

〈
Q
(
u|ΓM

)
, v|ΓM

〉
+

√
detA∗

〈
Q
(
u|Γ−M

)
, v|Γ−M

〉
,
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L(v) = −
∫

YM

Fv −
∫

Γ0

g0vdσ −
∫

Γ1

g1vdσ

− 1

µ+

〈
TM

(
F |ΓM

)
, v|ΓM

〉
− t
〈
T−M

(
F |Γ−M

)
, v|Γ−M

〉
.

a
¤¯¸�£n±�¾¿¦¿¾¿¥Q U ¾ W ¤�®¯ ¢¥O£�¾¿¥O¡Q¤�¸�¡ W H1

] (YM )×H1
] (YM )

�
L
¤¯¸�£n¦¿¾¿¥Q U ¾ W ¤Z®¯ ¢¥O£�¾¿¥L¡Q¤�¸�¡ W H1

] (YM )
»
a
¤¯¸�£â®¯ L¤ W ®�¾¿´Ó¤

¸g¡ W H1
] (YM )/R TVU�W ¾¿¥Q ØOU ¦¿¾¿£g§¬�¤ :  ¢¾¿¥Q® U�W  »

Ï=Å�Þ�Ð¢ÄG�¯È�Å�� :  ¢¡ W~U ¸Ö¸�¡ W ¤ W ¦ U ®¯ L¤ W ®�¾¿´$¾¿£gv¬�¤ a � ¾¿¦ ) U ¡�£�¾¨¬�¤�¥O£�¾,+V¤ W ¦¨¤¯¸�)÷ ¢¥Q®�£�¾¨ ¢¥Q¸~ ØOU ¦¨¤¯¸#3 ¡�¥Q¤Á®¯ ¢¥Q¸�£ U ¥O£g¤U ¬�¬�¾¿£�¾¿´Ó¤ T�WV% ¸ » Àm¡�£ W ¤�°�¤�¥O£m¬�¾¿£ �  ¢¥ ®¯ ¢¥Q¸�¾¨¬ %�W ¤�¦¨¤ T�W  ¢±�¦ % °�¤�¸g¡�¾¿´ U ¥L£=¬ U ¥Q¸ H1
] (YM )/R

¹
{ £ W  ¢¡�´Ó¤ W u̇ ∈ H1

] (YM )/R
£g¤�¦�ÚL¡Q¤

∀v̇ ∈ H1
] (YM )/R, ȧ(u̇, v̇) = L̇(v̇),

 �

ȧ(u̇, v̇) = a(u, v)

�
L̇(v̇) = L(v)

�
u
¤�£
v
¬�¯¸�¾ Ø ¥ U ¥O£�¡�¥ W ¤ T�W ¯¸Ö¤�¥O£ U ¥O£ W ¤¯¸ T ¤¯®�£�¾,)�¬�¤ u̇ ¤�£ v̇ » $â¤�£�£g¤¬�Q+Q¥�¾¿£�¾¨ ¢¥¼¥Q¤
¬� ¢¾¿£ TVU ¸S¬� T ¤�¥Q¬ W ¤�¬�¤¯¸ W ¤ T�W ¯¸Ö¤�¥O£ U ¥O£g¸!® �  ¢¾¨¸�¾¨¸ � ®¯¤
ÚL¡�¾ W ¤�´$¾¨¤�¥O£F3 U ´Ó ¢¾ W ¦¨¤¯¸S®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸�¬�¤®¯ ¢° TVU £�¾¿±�¾¿¦¿¾¿£gd¸�¡�¾¿´ U ¥O£g¤¯¸§¹ a(u, 1) = a(1, v) = 0
¤�£
L(1) = 0

»
em¥ U a(u, 1) = a(1, v) = 0

¤�£d¬�& U ¡�£ W ¤ TVU�W £ � TVU�W��O·$T  ¢£ ��% ¸Ö¤¯¸d¸�¡ W F � g0
¤�£
g1
�
L(1) = 0

» em¥¼¤�¥
¬�¯¬�¡�¾¿£ TVU�W O U ÎY� º ¾¿¦ Ø³WÖU ° ÚO¡1& ¾¿¦\¤�Î�¾¨¸�£g¤S¡�¥Q¤d¡�¥�¾¨ÚL¡Q¤�¸g ¢¦¿¡�£�¾¨ ¢¥
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µ+

)
ν1

(
Ψ0|Γ1

− ψ0

)
,
¸g¡ W Γ1,[

∂νAY
Ψ

(1)
1

]∣∣∣
Γ0

= s Ψ0|Γ0
−G

(1)
1 ,

¸g¡ W Γ0,

y1 7−→ Ψ
(1)
1 (y1, ·), 1

� T  W ¾¨ $¬�¾¨ÚO¡Q¤ ,
Ψ

(1)
1 −→ 0, y2 → −∞,

Ψ
(1)
1 −→ ψ

(1)
1 , y2 → +∞,



²³² ølù(µLú�¼/´l¾ ·���ýK» ÿ ¸ ½ è�·q·N�	�7· ø÷´l¼ �




∇ · AY ∇Ψ
(2)
1 = 0,

¬ U ¥Q¸
Y+ ∪ Ycl ∪ Y−,[

Ψ
(2)
1

]∣∣∣
Γ1

= 0,
¸�¡ W Γ1,[

Ψ
(2)
1

]∣∣∣
Γ0

= 0,
¸�¡ W Γ0,[

∂νAY
Ψ

(2)
1

]∣∣∣
Γ1

=
(

1
µcl − 1

µ+

)
fν,

¸�¡ W Γ1,[
∂νAY

Ψ
(2)
1

]∣∣∣
Γ0

= −G(2)
1 ,

¸�¡ W Γ0,

y1 7−→ Ψ
(2)
1 (y1, ·), 1

� T  W ¾¨ L¬�¾¨ÚL¡Q¤ ,
Ψ

(2)
1 −→ 0, y2 → −∞,

Ψ
(2)
1 −→ ψ

(2)
1 , y2 → +∞,





∇ · AY ∇Ψ
(3)
1 = 0,

¬ U ¥Q¸
Y+ ∪ Y−,

∇ · AY ∇Ψ
(3)
1 = 1,

¬ U ¥Q¸
Ycl,[

Ψ
(3)
1

]∣∣∣
Γ1

= 0,
¸�¡ W Γ1,[

Ψ
(3)
1

]∣∣∣
Γ0

= 0,
¸�¡ W Γ0,[

∂νAY
Ψ

(3)
1

]∣∣∣
Γ1

= 0,
¸�¡ W Γ1,[

∂νAY
Ψ

(3)
1

]∣∣∣
Γ0

= −G(3)
1 ,

¸�¡ W Γ0,

y1 7−→ Ψ
(3)
1 (y1, ·), 1

� T  W ¾¨ $¬�¾¨ÚL¡Q¤ ,
Ψ

(3)
1 −→ 0, y2 → −∞,

Ψ
(3)
1 −→ ψ

(3)
1 , y2 → +∞.

O�¤�O�¤�°!°�¤ ¤Q» ©S¥Q ¢¡Q¸ U ¸g¸g¡ W ¤§¦'& ¤�Î�¾¨¸�£g¤�¥Q®¯¤!¤�£Z¦'& ¡�¥�¾¨®�¾¿£g!¬�¤d¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥Á3�®¯¤¯¸�¯ÚO¡ U £�¾¨ ¢¥Q¸ � T  ¢¡ W ´$¡ ÚL¡Q¤ G(1)
1

�
G

(2)
1

¤�£
G

(3)
1

¸ U £�¾¨¸ï) U ¸g¸g¤�¥L£b¦¨¤¯¸^®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸m¬�¤�®¯ ¢° TVU £�¾¿±�¾¿¦¿¾¿£gS¬�¤�®¯¤¯¸^¯ÚL¡ U £�¾¨ ¢¥Q¸§¹

−
∫

Y+

DΨ0(y)

( 2
µ+

0

)
dy −

∫

Ycl

DΨ0(y)

( 2
µcl

0

)
dy −

∫

Y−

DΨ0(y)

(
2r
2s

)
dy

+

∫

Γ1

(
1

µcl
− 1

µ+

)
ν1

(
Ψ0|Γ1

− ψ0

)
dσ +

∫

Γ0

(
s Ψ0|Γ0

−G
(1)
1

)
dσ = 0,

∫

Γ1

(
1

µcl
− 1

µ+

)
fνdσ −

∫

Γ0

G
(2)
1 dσ = 0,

∫

Ycl

1dy −
∫

Γ0

G
(3)
1 dσ = 0.

em¥ T ¤�¡�£ � TVU�W ¤�Î�¤�° T ¦¨¤ � ® �  ¢¾¨¸�¾ W ¦¨¤¯¸ G(i)
1

®¯ ¢¥Q¸�£ U ¥O£ » À=¾¿¥Q¸�¾ � U�T�WV% ¸\¸�¾¿° T ¦¿¾,+V® U £�¾¨ ¢¥dò÷¤�¥!¡�£�¾¿¦¿¾¨¸ U ¥L£�¦ U=T  W ¾¨ $¬�¾¨®�¾¿£g¤�£b¦ U )÷  W °d¡�¦¨¤�¬�¤ Õ W ¤¯¤�¥ ö ¹

G
(1)
1 = −s

∫

Γ0

Ψ0|Γ0
dσ +

(
1

µ+
− 1

µcl

)∫

Γ1

ν1 Ψ0|Γ1
dσ

= −s
∫ 1

0
Ψ0(τ, 0)dτ +

(
1

µcl
− 1

µ+

)∫ 1

0
Ψ0(τ, f(τ))f ′(τ)dτ,

G
(2)
1 =

(
1

µcl
− 1

µ+

)
f̄

(
0
1

)
,

G
(3)
1 =

∫ 1

0
f.

em¥Á® �  ¢¾¨¸�¾¿£Å+Q¥ U ¦¨¤�°�¤�¥L£ G1
¬�¤�¦ U ) U ç¯ ¢¥ ¸g¡�¾¿´ U ¥L£g¤�¹

G1 = G
(1)
1 · ∂x1(∇u0|γ+

0
)
∣∣∣
γ0

+G
(2)
1 ·

(
∂2

x2x1
u0|γ+

0

(−k+2 − ∂2
x1

2)u0|γ+
0

)
+ ω2

(
εcl − ε+

µ+

µcl

)
G

(3)
1 u0|γ+

0
.



��ý¬��ýd¹� þF´lùL½ ¹Y· ² ¡

:  ³¸g ¢¥Q¸ U ¦¨  W ¸

ucl,ξ
1 = ξ

{
(
Ψ0

(
x
ξ

)
− ψ0

)
· ∇u1|γ+

0
+
(
Ψ

(1)
1

(
x
ξ

)
− ψ

(1)
1

)
· ∂x1(∇u0|γ+

0
)
∣∣∣
γ0

+
(
Ψ

(2)
1

(
x
ξ

)
− ψ

(2)
1

)
·
(

∂2
x2x1

u0|γ+
0

(−k+2 − ∂2
x1

2)u0|γ+
0

)

+ω2
(
εcl − ε+ µ+

µcl

)(
Ψ

(3)
1

(
x
ξ

)
− ψ

(3)
1

)
u0|γ+

0

}
11D+(x)

+ξ
{

Ψ0

(
x
ξ

)
· ∇u1|γ+

0
+ Ψ

(1)
1

(
x
ξ

)
· ∂x1(∇u0|γ+

0
)
∣∣∣
γ0

+Ψ
(2)
1

(
x
ξ

)
·
(

∂2
x2x1

u0|γ+
0

(−k+2 − ∂2
x1

2)u0|γ+
0

)

+ω2
(
εcl − ε+ µ+

µcl

)
Ψ

(3)
1

(
x
ξ

)
u0|γ+

0

}
11D−(x).

em¥ T ¤�¡�£b´Ó W ¾,+V¤ W=TVU�W ¦¨¤�® U ¦¨®�¡�¦�ÚO¡Q¤ ucl,ξ
1

®¯ ¢¥O´$¾¨¤�¥O£ »
\m ¢¡Q¸ U ´Ó ¢¥Q¸=¬� ¢¥Q®� ¢±�£g¤�¥L¡Á¦¨¤�¬��´Ó¤�¦¨  T�T ¤�°�¤�¥O£�¸�¡�¾¿´ U ¥O£�¹

uξ(x) = u0(x) + ucl,ξ
0 (x) + ξ

(
uξ

1(x) + ucl,ξ
1 (x)

)
+ · · · ,

 �
Á¦¨¤¯¸=®¯  W�W ¤¯®�£g¤�¡ W ¸m¬�¤�®¯ ¢¡Q® � ¤ ucl,ξ
i

¸g ¢¥L£L3!¬�¯® W  ¢¾¨¸g¸ U ¥Q®¯¤§¤�Î T  ¢¥Q¤�¥O£�¾¨¤�¦¿¦¨¤ »
uNRTQ	Rvu w ��Õa�]�Ñ���h��Õ]ÓN�]��������ÕaÓ0�â�ÛÓ0Ó²�h��Õ

\m ¢£ W ¤S�£�¡Q¬�¤§¥Q ¢¡Q¸ T ¤ W °�¤�£�¬�& U ´Ó ¢¾ W ¬�¤¯¸�®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸�¬�¤§£ WÖU ¥Q¸�°!¾¨¸Ö¸�¾¨ ¢¥ W ¤�° T ¦ U ç U ¥L£�¦ U ®¯ ¢¡Q® � ¤ »�Í ¡d) U ¾¿£¬�¤b¦ U ¬�¯® W  ¢¾¨¸g¸ U ¥Q®¯¤^¤�Î T  ¢¥Q¤�¥L£�¾¨¤�¦¿¦¨¤=¬�¤¯¸n®¯  W�W ¤¯®�£g¤�¡ W ¸ ucl,ξ
0

¤�£
ucl,ξ

1

� T  ¢¡ W ´$¡
ÚO¡Q¤�¦'&  ¢¥
¥Q¤^¸g ¢¾¿£ TVU ¸\£ W   T
T�W  L® � ¤¬�¤S¦ U ®¯ ¢¡Q® � ¤ �  ¢¥ T ¤�¡�£ U�T�T�W  L® � ¤ W uξ
TVU�W u0 + ξu1

ÚL¡�¾)÷ ¢¡ W ¥�¾¿£ U ¦¨  W ¸�¬�¤¯¸�®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸�¬�¤S£ WÖU ¥Q¸�°!¾¨¸g¸g¾¨ ¢¥ »- ¥�+Q¥ �  ¢¥ U�T�T�W  L® � ¤ u0 + ξu1
TVU�W ũξ

¸g ¢¦¿¡�£�¾¨ ¢¥ ¬�¡ T�W  ¢±�¦ % °�¤�¹




1
µ+ ∆ũξ + ω2ε+ũξ = 0,

¬ U ¥Q¸
D+,

∇ · A∗∇ũξ + ω2ε∗ũξ = 0,
¬ U ¥Q¸

D−,
[ũξ] = ξψ0 · ∇ũξ|γ+

0
,

¸�¡ W γ0,

1
µ+ ∂x2 ũξ|γ+

0
−
(

0
1

)
·A∗ ∇ũξ|γ−

0
= ξ

(
G

(1)
1 · ∂x1(∇ũξ|γ+

0
)
∣∣∣
γ0

+G
(2)
1 ·

(
∂2

x2x1
ũξ|γ+

0

(−k+2 − ∂2
x1

2)ũξ|γ+
0

)

+ω2
(
εcl − ε+ µ+

µcl

)
G

(3)
1 ũξ|γ+

0

)
,

¸�¡ W γ0,t ®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥ ¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥ »
� > � ®�¯ ]=c���a\f�Y

O U ¸Ö ¢¦¿¡�£�¾¨ ¢¥N¬�¡ T�W  ¢±�¦ % °�¤S°� L¬ % ¦¨¤Kò ¡ » © ö T ¤�¡�£Ú=�£ W ¤ U�T�T�W  L® � ¯¤ TVU�W U ¸g ¢¦¿¡�£�¾¨ ¢¥4¬�& ¡�¥ T�W  ¢±�¦ % °�¤S¬ U ¥Q¸¬�¤�¡�ÎÁ¬�¤�°!¾,�6¤¯¸ TVU ®¯¤¯¸ �  ¢°�  Ø�% ¥Q¤¯¸ � U ´Ó¤¯®�¬�¤¯¸^®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸Z¬�¤�£ WÖU ¥Q¸�°!¾¨¸g¸�¾¨ ¢¥±3!¦'& ¾¿¥O£g¤ W ) U ®¯¤�¹




1
µ+ ∆U + ω2ε+U = 0,

¬ U ¥Q¸
D+,

∇ ·A∗∇U + ω2ε∗U = 0,
¬ U ¥Q¸

D−,
[U ] = ξψ0 · ∇U |γ+

0
,

¸g¡ W γ0,

1
µ+ ∂x2U |γ+

0
−
(

0
1

)
·A∗ ∇U |γ−

0
= ξ

(
G

(1)
1 · ∂x1(∇U |γ+

0
)
∣∣∣
γ0

+G
(2)
1 ·

(
∂2

x2x1
U |γ+

0

(−k+2 − ∂2
x1

2)U |γ+
0

)

+ω2
(
εcl − ε+ µ+

µcl

)
G

(3)
1 U |γ+

0

)
,

¸g¡ W γ0,t ®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥ ¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥ » ò ¤Q» ² ö



² ¤ ølù(µLú�¼/´l¾ ·���ýK» ÿ ¸ ½ è�·q·N�	�7· ø÷´l¼ �
O�¤¯¸ TVU�WÖU ° % £ W ¤¯¸m¤QM ¤¯®�£�¾,)ä¸^¬�¡v°!¾¿¦¿¾¨¤�¡Á¾¿¥�)ä W ¾¨¤�¡ W ¸g ¢¥L£^¬� ¢¥�¥Q¯¸ TVU�W ¹

A∗ =
1

|Y |

∫

Y

1

µY (y)
(I −∇χ(y)) dy, ε∗ =

1

|Y |

∫

Y
εY (y)dy =

|B|
|Y |εB + (1 − |B|

|Y |)ε,
ò ¤Q» ¡ ö

 �

χ
¤¯¸�£b¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥ Y � T  W ¾¨ L¬�¾¨ÚL¡Q¤@3�°�  · ¤�¥�¥Q¤§¥O¡�¦¿¦¨¤�¬�¡ T�W  ¢±�¦ % °�¤Q�6®¯¤�¦¿¦¿¡�¦¨¤~¹

∇y ·
1

µY (y)
∇yχ(y) = ∇y ·

1

µY (y)
I, y ∈ Y.

ò ¤Q» ¤^ö
$â ¢¥Q®¯¤ W ¥ U ¥L£=¦¨¤¯¸^®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸Z¬�¤�£ WÖU ¥Q¸�°!¾¨¸g¸g¾¨ ¢¥ � ¦¨¤¯¸^®¯ $¤QP
®�¾¨¤�¥O£g¸Z¸g ¢¥O£=¬� ¢¥�¥Q¯¸ TVU�W ¹

G
(1)
1 = −s

∫

Γ0

Ψ0|Γ0
dσ +

(
1

µ+
− 1

µcl

)∫

Γ1

ν1 Ψ0|Γ1
dσ

ò ¤Q» ª ö

G
(2)
1 =

(
1

µcl
− 1

µ+

)∫ 1

0
f

(
0
1

)
,

ò ¤Q» Ä ö

G
(3)
1 =

∫ 1

0
f,

ò ¤Q» ³ ö
¤�£^¤�¥�+Q¥

(Ψ0, ψ0)
¤¯¸g£^¸g ¢¦¿¡�£�¾¨ ¢¥ ¬�¡ T�W  ¢±�¦ % °�¤Q�6®¯¤�¦¿¦¿¡�¦¨¤�¹





∇ · AY ∇Ψ0 = 0,
¬ U ¥Q¸

Y+ ∪ Ycl ∪ Y−,
[Ψ0]|Γ1

= 0,
¸�¡ W Γ1,

[Ψ0]|Γ0
= 0,

¸�¡ W Γ0,[
∂νAY

Ψ0

]∣∣∣
Γ1

=
(

1
µcl − 1

µ+

)
ν,

¸g¡ W Γ1,[
∂νAY

Ψ0

]∣∣∣
Γ0

=
(

1
µ+ − 1

µcl

)
ν,

¸g¡ W Γ0,

y1 7−→ Ψ0(y1, ·), 1
� T  W ¾¨ $¬�¾¨ÚO¡Q¤ ,

Ψ0 −→ 0, y2 → −∞,
Ψ0 −→ ψ0, y2 → +∞.

ò ¤Q» « ö

:  ¢¡ W ¸g¾¿° T ¦¿¾,+V¤ W ¦'& ¯® W ¾¿£�¡ W ¤ � ¬ U ¥Q¸^¦ U ¸�¡�¾¿£g¤�¬�¤�®¯¤�£�£g¤ TVU�W £�¾¨¤ �  ¢¥v¥Q ¢£g¤ WÖU!T ¦¿¡�£VW¢£§¹

A := A∗, ε− := ε∗, ψ := ξψ0, ϕ1 := ξG
(1)
1 , ϕ2 := ξG

(2)
1 , ϕ3 := ξω2

(
εcl − ε+

µ+

µcl

)
G

(3)
1 .ò ¤Q»R¢�ö

� > � 0 �\f�BcIg�§c�eJB=] ]��S������eg���dY°CSY\f8aS�8Bc±�IJax��Y\flCSY'�GY[IEIg��IÖY
u�R Ï RVU �cÕ�����D���]�Y���h��Õ

Í ¾¿´Ó¤ W ¸§®¯ L¤QP
®�¾¨¤�¥L£g¸d¬�¡�°� $¬ % ¦¨¤�¤QM ¤¯®�£�¾,)[ò ¤Q» ² ö W ¤ T  ³¸g¤�¥O£§¸g¡ W ¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥K¬�& ¡�¥ T�W  ¢±�¦ % °�¤Q�6®¯¤�¦¿¦¿¡�¦¨¤~ÚL¡1& ¾¿¦¤¯¸g£�¬� ¢¥Q®�¥Q¯¸g¤¯¸g¸ U ¾ W ¤�¬�¤ W ¯¸g ¢¡Q¬ W ¤�¥O¡�°� W ¾¨ÚL¡Q¤�°�¤�¥O£ » \m ¢¡Q¸ T�W ¯¸Ö¤�¥O£g ¢¥Q¸^¡�¥Q¤()ä  W °§¡�¦ U £�¾¨ ¢¥ ´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦¿¦¨¤d¬�¤®¯¤¯¸ T�W  ¢±�¦ % °�¤¯¸=ÚL¡�¾ T ¤ W °�¤�£1_Q¤�¦¿¦¨¤ T ¤ W °�¤�£^¦ USW ¯¸Ö ¢¦¿¡�£�¾¨ ¢¥ TVU�W ¦ U °��£ �  $¬�¤�¬�¤¯¸^�¦¨�°�¤�¥L£g¸Å+Q¥�¾¨¸ »
u�R Ï R]S ² �����1Ð�p�ÕNp��ÛÓs�����h��Õ
³ Ô³ÇûÐ³Ç÷ÃäÔ¢ß8�ºem¥Á¥Q ¢£g¤

ν =:

(
ν1

ν2

) »
³ Ô³ÇûÐ³Ç÷ÃäÔ¢ß8� Z ®�¾ �

H1
] (Y )

¤¯¸g£b¦ U )÷¤ W °�¤�£�¡ W ¤d¬�¤¯¸ W ¤¯¸�£ W ¾¨®�£�¾¨ ¢¥Q¸L3 Y ¬�¤¯¸÷)ä ¢¥Q®�£�¾¨ ¢¥Q¸
C∞(R2) Y

� T  W ¾¨ $¬�¾¨ÚO¡Q¤¯¸ »
χ1
¤¯¸�£b¦'& ¡�¥�¾¨ÚL¡Q¤�¸g ¢¦¿¡�£�¾¨ ¢¥

Y
� T  W ¾¨ $¬�¾¨ÚO¡Q¤*3S°�  · ¤�¥�¥Q¤�¥L¡�¦¿¦¨¤§¬�¤

∇y ·
1

µY (y)
∇yχ1(y) = ∂y1

1

µY (y)
, y ∈ Y.
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O U )÷  W °d¡�¦ U £�¾¨ ¢¥ ´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦¿¦¨¤§¬�¤�®¯¤ T�W  ¢±�¦ % °�¤d¤¯¸�£�¹




£ W  ¢¡�´Ó¤ W χ1 ∈ H1
] (Y )

£g¤�¦ ÚL¡Q¤
∀v ∈ H1

] (Y ),
∫
Y

1
µY

∇χ1 · ∇v = −
(

1
µ − 1

µB

) ∫
∂B ν1vdσ,¤�£ ∫

Y χ1 = 0.

χ2
¤¯¸�£b¦'& ¡�¥�¾¨ÚO¡Q¤§¸g ¢¦¿¡�£�¾¨ ¢¥

Y
� T  W ¾¨ $¬�¾¨ÚO¡Q¤>3S°�  · ¤�¥�¥Q¤�¥L¡�¦¿¦¨¤§¬�¤

∇y ·
1

µY (y)
∇yχ2(y) = ∂y2

1

µY (y)
, y ∈ Y.

O U )÷  W °d¡�¦ U £�¾¨ ¢¥ ´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦¿¦¨¤§¬�¤�®¯¤ T�W  ¢±�¦ % °�¤d¤¯¸�£�¹




£ W  ¢¡�´Ó¤ W χ2 ∈ H1
] (Y )

£g¤�¦ ÚL¡Q¤
∀v ∈ H1

] (Y ),
∫
Y

1
µY

∇χ2 · ∇v = −
(

1
µ − 1

µB

) ∫
∂B ν2vdσ,¤�£ ∫

Y χ2 = 0.

uNR Ï R]Q w ��Õ]�a�Ñ���'��ÕaÓN��� ������Õ]Ó²�â�hÓ²Ó²�'��Õ
O ¤ ® U ¦¨®�¡�¦§¬�¤ (Ψ0, ψ0)

¥Q¯®¯¤¯¸g¸g¾¿£g¤ ¦ U¼W ¯¸g ¢¦¿¡�£�¾¨ ¢¥9¬�¤4¬�¤�¡�Î T�W  ¢±�¦ % °�¤¯¸Á¬�¤ £ ·LT ¤-¹â£ W  ¢¡�´Ó¤ W (Ψ, ψ) ∈
H1

],loc(Y ) × R
£g¤�¦GÚO¡Q¤





∇ · AY ∇Ψ = F,
¬ U ¥Q¸

Y+ ∪ Ycl ∪ Y−,
[Ψ]|Γ1

= 0,
¸�¡ W Γ1,

[Ψ]|Γ0
= 0,

¸�¡ W Γ0,[
∂νAY

Ψ
]∣∣∣

Γ1

= g1,
¸�¡ W Γ1,[

∂νAY
Ψ
]∣∣∣

Γ0

= g0,
¸�¡ W Γ0,

y1 7−→ Ψ(y1, ·), 1
� T  W ¾¨ L¬�¾¨ÚL¡Q¤ ,

Ψ −→ 0, y2 → −∞,
Ψ −→ ψ, y2 → +∞.\Z ¢¡Q¸ W ¯¸g ¢¦¿´Ó ¢¥Q¸o¥O¡�°� W ¾¨ÚL¡Q¤�°�¤�¥O£â¡�¥!£g¤�¦ T�W  ¢±�¦ % °�¤^¬ U ¥Q¸\¦ U ®¯¤�¦¿¦¿¡�¦¨¤^£ W  ¢¥QÚO¡Q¯¤

YM
¤�¥!¾¿° T  ³¸ U ¥O£x¡�¥Q¤=®¯ ¢¥Q¬�¾,�£�¾¨ ¢¥ ¬�¤ Í ¾ W ¾¨® � ¦¨¤�£ �  ¢°�  Ø�% ¥Q¤�¤�¥ Γ−M

¤�£n¡�¥Q¤m®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥v¬�¤g\Z¤�¡�° U ¥�¥ �  ¢°�  Ø�% ¥Q¤m¤�¥ ΓM
» :  ¢¡ W M ® �  ¢¾¨¸�¾¸�¡�P
¸ U °!°�¤�¥O£ Ø³WÖU ¥Q¬ �  ¢¥Á¸H& U £�£g¤�¥Q¬23�®¯¤�ÚO¡Q¤�¦ U ¸Ö ¢¦¿¡�£�¾¨ ¢¥ ΨM ∈ H1

] (YM )
¬�¤�®¯¤ T�W  ¢±�¦ % °�¤�¬ U ¥Q¸b¦ U ®¯¤�¦¿¦¿¡�¦¨¤

YM
¸g ¢¾¿£ T�W  L® � ¤m¬�¤ Ψ

� ¤�£nÚL¡Q¤^¬�& U ¡�£ W ¤ TVU�W £ ΨM |ΓM

¸g ¢¾¿£ T�W  $® � ¤Z¬�¤ ψ » \m¡�°� W ¾¨ÚO¡Q¤�°�¤�¥L£ �  ¢¥ W ¯¸g ¢¡�£ U ¾¿¥Q¸g¾¦¨¤ T�W  ¢±�¦ % °�¤~¹�£ W  ¢¡�´Ó¤ W ΨM ∈ H1
] (YM )

£g¤�¦ ÚL¡Q¤




∇ ·AY ∇ΨM = F,
¬ U ¥Q¸

Y+ ∪ Ycl ∪ Y−,
[ΨM ]|Γ1

= 0,
¸�¡ W Γ1,

[ΨM ]|Γ0
= 0,

¸�¡ W Γ0,[
∂νAY

ΨM

]∣∣∣
Γ1

= g1,
¸�¡ W Γ1,[

∂νAY
ΨM

]∣∣∣
Γ0

= g0,
¸�¡ W Γ0,

ΨM |Γ−M
= 0,

¸�¡ W Γ−M ,

∂νΨM |Γ−M
= 0,

¸�¡ W ΓM .

O U )÷  W °d¡�¦ U £�¾¨ ¢¥ ´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦¿¦¨¤§¬�¤�®¯¤ T�W  ¢±�¦ % °�¤d¤¯¸�£�¹
{ £ W  ¢¡�´Ó¤ W ΨM ∈ H1

],0(YM)
£g¤�¦�ÚL¡Q¤

∀v ∈ H1
],0(YM ),

∫
YM

AY ∇ΨM · ∇v = −
∫
YM

Fv −
∫
Γ1
g1vdσ −

∫
Γ0
g0vdσ,

 �

H1

],0(YM ) = {u ∈ H1
] (YM ) : u|Γ−M

= 0}.
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² Ä ølù(µLú�¼/´l¾ ·���ýK» ÿ ¸ ½ è�·q·N�	�7· ø÷´l¼ �



Chapitre 5
À � nqr½Áà"F� tu� Âßìâîs�����	�

Ã�>A@ C�]mcV�8BDCS�S� c�eEB^]
O�& U ¥ U ¦ · ¸Ö¤ U ¸ · ° T £g ¢£�¾¨ÚL¡Q¤b¬�¡!°� $¬ % ¦¨¤ T  W ¾¨ $¬�¾¨ÚL¡Q¤@ò ¡ » © ö ®¯ ¢¥Q¬�¡�¾¿£a3Z¡�¥ T�W  ¢±�¦ % °�¤^¤QM ¤¯®�£�¾,)Åò ¤Q» ² ö   W ¾ Ø ¾¿¥ U ¦ »O�&   W ¾ Ø ¾¿¥ U ¦¿¾¿£g T�W  z´L¾¨¤�¥L£�¬�¤¯¸â®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸�¬�¤^£ WÖU ¥Q¸�°!¾¨¸Ö¸�¾¨ ¢¥~¬�¤=£ ·$T ¤=¾¿° T ¬�¯¬ U ¥Q®¯¤ Ø �¥Q WÖU ¦¿¾¨¸g¯¤Ú3�¦'& ¾¿¥O£g¤ W ) U ®¯¤�¤�£¬�¤�¦'& U ¥�¾¨¸g ¢£ W   T ¾¨¤§¬�¡v°!¾¿¦¿¾¨¤�¡Á¾¿¥�)÷ W ¾¨¤�¡ W » \m ¢¡Q¸b¸g ¢¡ �VU ¾¿£g ¢¥Q¸=¬�¯¸g  W ° U ¾¨¸=® U ¦¨®�¡�¦¨¤ W ¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥ ¬�¤Z®¯¤ T�W  ¢±�¦ % °�¤ �

U ¾¿¥Q¸�¾GÚO¡Q¤�¦ U )ä ¢¥Q®�£�¾¨ ¢¥ ¬�¤ Õ W ¤¯¤�¥ »
Í & ¡�¥Q¤�° U ¥�¾ %�W ¤ Ø �¥Q WÖU ¦¨¤ � T  ¢¡ W ¡�¥ T�W  ¢±�¦ % °�¤
°§¡�¦¿£�¾,�û± U ¥Q¬�¤K3�± U ¥Q¬�¤¯¸ �  ¢°�  Ø�% ¥Q¤¯¸ � ¥Q ¢¥�±�  W ¥Q
¬ U ¥Q¸® �VU ÚO¡Q¤�¬�¾ W ¤¯®�£�¾¨ ¢¥ � ¦ UdT�W ¤�¡�´Ó¤�¬�& ¤�Î�¾¨¸�£g¤�¥Q®¯¤�¤�£b¬�& ¡�¥�¾¨®�¾¿£g�¬�¤Z¦ U ¸Ö ¢¦¿¡�£�¾¨ ¢¥Á¤¯¸�£b¬�¾,P
®�¾¿¦¨¤ » :  ¢¡ W ÚL¡Q¤Z¦¨¤ T�W  ¢±�¦ % °�¤¸g ¢¾¿£§±�¾¨¤�¥ T  ³¸Ö � ¾¿¦x¤¯¸�£�¥Q¯®¯¤¯¸g¸ U ¾ W ¤�¬�¤
¬�¾¨¸ T  ³¸Ö¤ W ¬�¤�®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸ U�T�T�W   T�W ¾¨¯¤¯¸S¬�¤�®¯ ¢° T   W £g¤�°�¤�¥O£�3v¦'& ¾¿¥�+Q¥�¾�_ ¢¥�¥Q¤ ¦¨¤¯¸�®¯ ¢¥�¥ U ¾¿£ TVU ¸�£g ¢¡¢µ� ¢¡ W ¸23�¦'& U ´ U ¥Q®¯¤ » $â¤¯¸v®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸v¸g�¦¨¤¯®�£�¾¨ ¢¥�¥Q¤�¥L£v¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥ T��L· ¸�¾¨ÚL¡Q¤ ¬�¡

T�W  ¢±�¦ % °�¤ »?Z ¦�¸H& U�Ø ¾¿£Z¤�¥ Ø �¥Q WÖU ¦\¬�¤d®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸�¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥4¬�¤�£ ·LT ¤!�$ ¢°!°�¤ W )÷¤�¦¨¬ ¬�¤¯¸�£�¾¿¥Q¯¤¯¸43�® �  ¢¾¨¸�¾ W ¦¨¤¸g¤�¥Q¸�¬�¤ T�W   TVU�ØOU £�¾¨ ¢¥�¬�¤¯¸� ¢¥Q¬�¤¯¸Uò÷¸Ö  W £ U ¥O£�¦¨¤ T ¦¿¡Q¸Z¸Ö ¢¡�´Ó¤�¥O£ ö�» �L¾�¦'&  ¢¥N¸g ¢¡ �VU ¾¿£g¤��£�¡Q¬�¾¨¤ W ¦¨¤ T�W  ¢±�¦ % °�¤!¬ U ¥Q¸¡�¥�®¯ ¢¥L£g¤�Î$£g¤!´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦ � ¬�¤S±� ¢¥Q¸�¤¯¸ TVU ®¯¤¯¸�¬�¤�£ ·LT ¤��$ ¢±� ¢¦¨¤�´ U ´Ó¤¯® T  ¢¾¨¬�¸�¬� ¢¾¿´Ó¤�¥L£*=�£ W ¤�¾¿¥O£ W  $¬�¡�¾¿£g¸ » O�¤¯¸
T  ¢¾¨¬�¸^¬� ¢¾¿´Ó¤�¥O£(=�£ W ¤�¦'& U ¥ U ¦¨  Ø ¡Q¤§¬�¤¯¸=®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸m¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥ »

:  ¢¡ W ®¯¤m£ ·$T ¤Z¬�¤ T�W  ¢±�¦ % °�¤ � ¦'& U ¥ U ¦ · ¸g¤�¬�¤ Ù  ¢¡ W ¾¨¤ W ®¯ ¢¥Q¸g£�¾¿£�¡Q¤m¡�¥ ® U ¬ W ¤ U�Ø³W  U ±�¦¨¤�¬�¤=£ WÖU ´ U ¾¿¦ � £ U ¥O£ T  ¢¡ W
W ¯¸g ¢¡Q¬ W ¤�¦¨¤ T�W  ¢±�¦ % °�¤�ÚL¡Q¤ T  ¢¡ W ¬�¤�´L¾¿¥Q¤ W ¦¨¤¯¸�±� ¢¥�¥Q¤¯¸â®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸=¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥ � ®¯ ¢°!°�¤�¬ U ¥Q¸De ²�ª � ²�« � ©«ªsf »- ¥S¤QM�¤�£ � ¦ U £ WÖU ¥Q¸ï)÷  W °�¯¤n¬�¤ Ù  ¢¡ W ¾¨¤ W £ U ¥ Ø ¤�¥O£�¾¨¤�¦¿¦¨¤ U ¡�Î�¾¿¥L£g¤ W ) U ®¯¤¯¸��£ U ±�¦¿¾¿£ ¡�¥Q¤x®¯  W�W ¤¯¸ T  ¢¥Q¬ U ¥Q®¯¤â¤�¥O£ W ¤\¦¨¤ T�W  0�±�¦ % °�¤Z¸ TVU £�¾ U ¦V¾¿¥�¾¿£�¾ U ¦ � ¤�£o¦¨¤ T�W  ¢±�¦ % °�¤=£ WÖU ¥Q¸<)÷  W °� � ¬�¾¿£n¸ T ¤¯®�£ WÖU ¦ » O U £ WÖU ¥Q¸ï)ä  W ° U £�¾¨ ¢¥�¤�¥L´Ó ¢¾¨¤=¦¨¤¯¸n¯ÚO¡ U £�¾¨ ¢¥Q¸
U ¡�Î ¬� W ¾¿´Ó¯¤¯¸ TVU�W £�¾¨¤�¦¿¦¨¤¯¸^¬�¤�® �VU ÚL¡Q¤�± U ¥Q¬�¤Z´Ó¤ W ¸�¡�¥Q¤Z¯ÚL¡ U £�¾¨ ¢¥ U ¡�Î�¬� W ¾¿´Ó¯¤¯¸=  W ¬�¾¿¥ U ¾ W ¤¯¸b¸�¡ W ¡�¥�¾¿¥L£g¤ W ´ U ¦¿¦¨¤ »O U ¸g ¢¦¿¡�£�¾¨ ¢¥7¬�¡ T�W  ¢±�¦ % °�¤ ¸ T ¤¯®�£ WÖU ¦�¸H&  ¢±�£�¾¨¤�¥O£�¤�¥ W ¯¸Ö ¢¦¿´ U ¥L£S®¯¤¯¸ -xÍ e � ¤�¥Á)ä ¢¥Q®�£�¾¨ ¢¥¼¬�¤�®¯ ¢¥Q¸�£ U ¥O£g¤¯¸ » O�¤¯¸®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸^¬�¤�£ WÖU ¥Q¸g°!¾¨¸g¸�¾¨ ¢¥v¸�¡ W ¦¨¤¯¸�¾¿¥O£g¤ W ) U ®¯¤¯¸^¬�¤¯¸�± U ¥Q¬�¤¯¸b¸g¤Z£ WÖU ¬�¡�¾¨¸g¤�¥L£ TVU�W ¬�¤¯¸â®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸m¬�¤ WÖU ®¯®¯  W ¬
U ¡�Î!±�  W ¥Q¤¯¸o¬�¤¯¸x¾¿¥L£g¤ W ´ U ¦¿¦¨¤¯¸ » O U ®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥�¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥ ¸g¤b£ WÖU ¬�¡�¾¿£ TVU�W ¬�¤¯¸o®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸â¬�¤=®¯ ¢° T   W £g¤�°�¤�¥O£3�¦'& ¾¿¥�+Q¥�¾�¬�¤�¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥ ¸ T ¤¯®�£ WÖU ¦¨¤ » O�& ¡�¥�¾¨®�¾¿£g§¬�¤�¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥ ¸ TVU £�¾ U ¦¨¤ W ¤�´L¾¨¤�¥L£=¤�¥�+Q¥�3!¡�¥Q¤�¡�¥�¾¨ÚO¡Q¤§¬��£g¤ W �°!¾¿¥ U £�¾¨ ¢¥ ¬�¤¯¸=®¯ ¢¥Q¸�£ U ¥O£g¤¯¸^¬ U ¥Q¸^¦¨¤Z¬� ¢° U ¾¿¥Q¤§¸ T ¤¯®�£ WÖU ¦ » O�¤�£ U ±�¦¨¤ U ¡±ª » ©�¸g® � �° U £�¾¨¸g¤§®¯¤�£�£g¤�®¯  W�W ¤¯¸ T  ¢¥Q¬ U ¥Q®¯¤ »

` ¥Q¤^®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥�¸�¡ W ¦¨¤^®¯ ¢° T   W £g¤�°�¤�¥O£Å3�¦'& ¾¿¥�+Q¥�¾�¬�¤b¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥�¸ T ¤¯®�£ WÖU ¦¨¤=¤¯¸�£x¾¿° T  ³¸g¯¤ TVU�W ¦ U�T��O· ¸�¾¨ÚL¡Q¤¬�¡ T�W  ¢±�¦ % °�¤ � ¸g ¢¾¿£ TVU�W ¦ U ®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥-¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥-¸�¾â¤�¦¿¦¨¤ ¤¯¸�£�®¯ ¢¥�¥O¡Q¤ � ¸Ö ¢¾¿£ TVU�WST�W ¾¿¥Q®�¾ T ¤ ¬�& U ±Q¸g  W�T £�¾¨ ¢¥¦¿¾¿°!¾¿£g¤ » $â¤¯®�¾m¬��£g¤ W °!¾¿¥Q¤N®¯¤ W £ U ¾¿¥Q¤¯¸~¬�¤¯¸�®¯ ¢¥Q¸�£ U ¥L£g¤¯¸ » O�¤¯¸
®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸ ¬�¤ WÖU ®¯®¯  W ¬+¬��£g¤ W °!¾¿¥Q¤�¥O£vÚO¡ U ¥Q¬�3

Í  ¢° U ¾¿¥Q¤�¸ TVU £�¾ U ¦ Í  ¢° U ¾¿¥Q¤§¸ T ¤¯®�£ WÖU ¦
-xÍ :@TVU�W ± U ¥Q¬�¤ -xÍ e TVU�W ¾¿¥O£g¤ W ´ U ¦¿¦¨¤$â ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸Z¬�¤�£ WÖU ¥Q¸�°!¾¨¸g¸g¾¨ ¢¥ $â ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸=¬�¤ WÖU ®¯®¯  W ¬$â ¢¥Q¬�¾¿£�¾¨ ¢¥ ¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥ $â ¢° T   W £g¤�°�¤�¥L£Ú3S¦'& ¾¿¥�+Q¥�¾` ¥�¾¨®�¾¿£g�¬�¤�¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥ Í �£g¤ W °!¾¿¥ U £�¾¨ ¢¥ ¡�¥�¾¨ÚO¡Q¤�¬�¤¯¸=®¯ ¢¥Q¸�£ U ¥O£g¤¯¸em¥Q¬�¤¯¸m¬�¤�¸�¡ W ) U ®¯¤ : W¢¦¨¤¯¸ W ¯¤�¦¨¸

Ä\ÅYÆ } ª » ©³¹�$â  W�W ¤¯¸ T  ¢¥Q¬ U ¥Q®¯¤d¤�¥O£ W ¤ T�W  ¢±�¦ % °�¤§¸ TVU £�¾ U ¦�¤�£=¸ T ¤¯®�£ WÖU ¦
²�³



²�« ølù(µLú]¼I´l¾ ·�Ç^ý µ(þLµ è«]¹Y·Â¸Ú·:� ÿ � ¾L¼ · ¾
¤�¦¿¦¨¤¯¸~¡�¥+¸ · ¸�£ % °�¤ ¦¿¾¿¥Q U ¾ W ¤ � ¬� ¢¥L£~¦¨¤¯¸~¾¿¥Q®¯ ¢¥�¥O¡Q¤¯¸v¸Ö ¢¥O£
¦¨¤¯¸ U ¡�£ W ¤¯¸�®¯ ¢¥Q¸�£ U ¥O£g¤¯¸ » �.& ¾¿¦Z¤¯¸�£
¾¿¥L´Ó¤ W ¸�¾¿±�¦¨¤ � U ¦¨  W ¸¦¨¤¯¸ ®¯ ¢¥Q¸�£ U ¥L£g¤¯¸Á¸g ¢¥L£Á¬��£g¤ W °!¾¿¥Q¯¤¯¸Á¬�¤±) U ç¯ ¢¥�¡�¥�¾¨ÚL¡Q¤ » O U ¸g ¢¦¿¡�£�¾¨ ¢¥9¸ T ¤¯®�£ WÖU ¦¨¤ UKT  ¢¡ W ¬��¥Q ¢°!¾¿¥ U £g¤�¡ W ¦¨¤¬��£g¤ W °!¾¿¥ U ¥L£�¬�¡S¸ · ¸�£ % °�¤D_¯¦ U ¸Ö ¢¦¿¡�£�¾¨ ¢¥d¸ TVU £�¾ U ¦¨¤n¸H&  ¢±�£�¾¨¤�¥O£ TVU�W ¾¿¥O´Ó¤ W ¸g¾¨ ¢¥S¬�¤ Ù  ¢¡ W ¾¨¤ W » �L¾¿¥Q ¢¥ � ¦¨¤o¬��£g¤ W °!¾¿¥ U ¥O£¬�¡8¸ · ¸�£ % °�¤N¸H& U ¥�¥O¡�¦¨¤ � ®¯¤NÚL¡�¾�¸g¤ £ WÖU ¬�¡�¾¿£ TVU�W ¦'& U�T�TVU�W ¾¿£�¾¨ ¢¥ ¬�¤ T W¢¦¨¤¯¸ W ¯¤�¦¨¸v¸�¡ W ¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥9¸ T ¤¯®�£ WÖU ¦¨¤ »Í U ¥Q¸n®¯¤=® U ¸ � ¾¿¦�) U ¡�£o¾¿° T  ³¸g¤ W ¬�& U ¡�£ W ¤¯¸n®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸�¬�¤m®¯ ¢° T   W £g¤�°�¤�¥L£ U ¸ · ° T £g ¢£�¾¨ÚL¡Q¤ T  ¢¡ W ¬��£g¤ W °!¾¿¥Q¤ W ¬�¤) U ç¯ ¢¥ ¡�¥�¾¨ÚL¡Q¤d¦¨¤¯¸Z®¯ ¢¥Q¸g£ U ¥O£g¤¯¸Fò÷¸g ¢¡Q¸ W ¯¸g¤ W ´Ó¤d¬�& ¤�Î�¾¨¸�£g¤�¥Q®¯¤ ö�» $â¤�¦¯3~¸g¤�£ WÖU ¬�¡�¾¿£�¬ U ¥Q¸m¦¨¤d¬� ¢° U ¾¿¥Q¤�¸ TVU £�¾ U ¦ TVU�W¦'& U�T�TVU�W ¾¿£�¾¨ ¢¥v¬�&  ¢¥Q¬�¤¯¸�¬�¤Z¸�¡ W ) U ®¯¤m¬� ¢¥O£�¾¿¦�) U ¡�£n® �  ¢¾¨¸�¾ W ¦¨¤=¸g¤�¥Q¸â¬�¤ T�W   TVU�ØOU £�¾¨ ¢¥ TVU�W ¬�& U ¡�£ W ¤¯¸�®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸b¬�¤
WÖU ¬�¾ U £�¾¨ ¢¥ » O   W ¸gÚL¡Q¤m¦¨¤¯¸n®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸�¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥�¸g ¢¥L£n¾¿¥Q®¯ ¢¥�¥L¡Q¤¯¸ � ¤�¦¿¦¨¤¯¸n¸Ö¤=¬�¯¬�¡�¾¨¸g¤�¥L£ U ¡#+Q¥ U ¦ TVU�WbU ¥ U ¦ · ¸g¤
U ¸ · ° T £g ¢£�¾¨ÚL¡Q¤�¬�¤�¦'& ¤�Î T�W ¤¯¸g¸�¾¨ ¢¥  ¢±�£g¤�¥L¡Q¤ »

\m ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸
¬� ¢¥Q®v¥Q ¢¡Q¸ T ¦ U ®¯¤ W ¬ U ¥Q¸
¦¨¤v® U ¬ W ¤Á¬�¤v¦'& U ¥ U ¦ · ¸g¤v¬�¤ Ù  ¢¡ W ¾¨¤ W�T  ¢¡ W ® U ¦¨®�¡�¦¨¤ W ¦ U ¸Ö ¢¦¿¡�£�¾¨ ¢¥¬�¡ T�W  ¢±�¦ % °�¤ U ¾¿¥Q¸�¾GÚL¡Q¤�¦ U )÷ ¢¥Q®�£�¾¨ ¢¥ ¬�¤ Õ W ¤¯¤�¥ » \Z ¢¡Q¸=¾¿° T  ³¸g¤ W  ¢¥Q¸Z¦¨¤ T�W ¾¿¥Q®�¾ T ¤S¬�& U ±Q¸g  W�T £�¾¨ ¢¥ ¦¿¾¿°!¾¿£g¤ T  ¢¡ W¬��£g¤ W °!¾¿¥Q¤ W ¦ U ¸Ö ¢¦¿¡�£�¾¨ ¢¥ » :�U�WdU ¾¿¦¿¦¨¤�¡ W ¸ � T  ¢¡ W �´$¾¿£g¤ W ¦'& U�T�TVU�W ¾¿£�¾¨ ¢¥/¬�&  ¢¥Q¬�¤¯¸�¬�¤�¸�¡ W ) U ®¯¤ � ¥Q ¢¡Q¸�¸�¡ T�T  ³¸Ö¤ W  ¢¥Q¸ÚL¡Q¤S¦¨¤!¬��£g¤ W °!¾¿¥ U ¥O£S¤�¥�® U ¡Q¸g¤�¥Q¤!¸H& U ¥�¥O¡�¦¨¤ TVU ¸ » :  ¢¡ W ¦'& ¾¿° U�Ø ¤ W ¾¨¤ � ®¯¤ T  ¢¾¿¥L£§¤¯¸�£�¾¿° T   W £ U ¥L£ T  ¢¡ W ¥Q¤ TVU ¸
T ¤ W ¬ W ¤�¬�& �¥Q¤ W�Ø ¾¨¤S¤�£=° U Î�¾¿°!¾¨¸g¤ W ¦'& ¾¿¥�)ä  W ° U £�¾¨ ¢¥ ÚO¡�¾ W ¤�´$¾¨¤�¥O£ U ¡ ¸�¡¢µ�¤�£=¬�¤§¦'& U ¥Q ¢° U ¦¿¾¨¤ » :  ¢¡ W ¦ U )÷ ¢¥Q®�£�¾¨ ¢¥N¬�¤Õ W ¤¯¤�¥ � ¥Q ¢¡Q¸�°� ¢¥L£ W  ¢¥Q¸�ÚL¡Q¤d¦'& �L·LT  ¢£ ��% ¸g¤�¬�¤S¥Q ¢¥�� U ¥�¥O¡�¦ U £�¾¨ ¢¥¼¸�¡ W £g ¢¡�£�¦'& U Î�¤ W ¯¤�¦ T ¤�¡�£4=�£ W ¤S´Ó W ¾,+V¯¤ TVU�W¦ U ¥Q ¢¥�� U ¥�¥O¡�¦ U £�¾¨ ¢¥ ¬�& ¡�¥ W ¯¸g¡�¦¿£ U ¥O£@ò÷¬��£g¤ W °!¾¿¥ U ¥O£ ö ÚL¡Q¤m¥Q ¢¡Q¸b¤�Î T ¦¿¾¨®�¾¿£g ¢¥Q¸ »�Z ¥Q¸ T ¾ W ¯¸ TVU�W ¦ U§T��O· ¸�¾¨ÚL¡Q¤ � ¥Q ¢¡Q¸¬�¯®¯ ¢° T  ³¸g ¢¥Q¸m¦'& ¤�Î T�W ¤¯¸Ö¸�¾¨ ¢¥N¬�¤d¥Q ³¸Z¸g ¢¦¿¡�£�¾¨ ¢¥Q¸ U ´Ó¤¯®d¡�¥ £g¤ W °�¤S¸g ¢¡ W ®¯¤Kò÷¬�& �¥Q¤ W�Ø ¾¨¤ öQ� ¡�¥ £g¤ W °�¤�¬�¤ W Q£V¤�Î�¾¨ ¢¥¤�£o¡�¥�£g¤ W °�¤=¬�¤b£ WÖU ¥Q¸g°!¾¨¸g¸�¾¨ ¢¥~¸g¡ W ¦'& ¾¿¥O£g¤ W ) U ®¯¤ » \Z ¢¡Q¸x ¢±�£g¤�¥Q ¢¥Q¸n¡�¥Q¤=¤�Î T�W ¤¯¸g¸�¾¨ ¢¥
¤�Î T ¦¿¾¨®�¾¿£g¤ T  ¢¡ W ¦ U ¸Ö ¢¦¿¡�£�¾¨ ¢¥ �¤�£b¡�¥Q¤§¤�Î T�W ¤¯¸g¸g¾¨ ¢¥d3�± U ¸g¤�¬�& ¾¿¥O£g Ø³WÖU ¦¨¤¯¸Z¬�¤d�$ ¢°!°�¤ W )ä¤�¦¨¬ T  ¢¡ W ¦ U )÷ ¢¥Q®�£�¾¨ ¢¥ ¬�¤ Õ W ¤¯¤�¥ »

ÃD>ÈF ® BcIg�§c�eJB^]
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1
µ+ ∆U + ω2ε+U = 0,

¬ U ¥Q¸
D+,

∇ · A∇U + ω2ε−U = 0,
¬ U ¥Q¸

D−,
[U ] = ψ · ∇U |γ+

0
,

¸�¡ W γ0,

1
µ+ ∂x2U |γ+

0
−
(

0
1

)
· A ∇U |γ−

0
= ϕ1 · ∂x1(∇U |γ+

0
)
∣∣∣
γ0

+ ϕ2 ·
(

∂2
x2x1

U |γ+
0

(−k+2 − ∂2
x1

2)U |γ+
0

)

+ϕ3 U |γ+
0
,

¸�¡ W γ0,t ®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥ ¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥ »
em¥Á¬�¯®¯ ¢° T  ³¸g¤�®¯¤�£�£g¤§¸g ¢¦¿¡�£�¾¨ ¢¥ ¤�¥

U(x) =

{
uinc(x) + urefl(x), x ∈ D+,

utrans(x), x ∈ D−,

 �

uinc

¤¯¸�£n¦'&  ¢¥Q¬�¤m¾¿¥Q®�¾¨¬�¤�¥O£g¤D_�¦'&  ¢¥Q¬�¤ W Q£V¯® � ¾¨¤ urefl
¤�£n¦'&  ¢¥Q¬�¤Z£ WÖU ¥Q¸�°!¾¨¸g¤ utrans

¸g ¢¥L£â¬�¤¯¸â ¢¥Q¬�¤¯¸�¸g  W £ U ¥O£g¤¯¸ »\Z ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸^® U ¦¨®�¡�¦¨¤ W urefl
¤�£
utrans

TVU�WZU ¥ U ¦ · ¸g¤�¬�¤ Ù  ¢¡ W ¾¨¤ W »
em¥ T  ³¸g¤ [s t

t υ

]
:= A » $â ¢°!°�¤ A ¤¯¸g£�¬�Q+Q¥�¾¨¤ T  ³¸�¾¿£�¾¿´Ó¤ �  ¢¥ U υ > 0

»�7 ¡�¾¿£�£g¤k3~�£�¡Q¬�¾¨¤ W ¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥
Ũ := υU

¬�¡v°k=�°�¤ T�W  ¢±�¦ % °�¤ U ´Ó¤¯®�¦¨¤�µ¶¤�¡Á¬�¤ TVU�WÖU ° % £ W ¤¯¸

(µ+,A, ε+, ε−, ψ, ϕ1, ϕ2, ϕ3) := (υµ+,A/υ, ε+/υ, ε−/υ, ψ, ϕ1/υ, ϕ2/υ, ϕ3/υ),

¥Q ¢¡Q¸=¸�¡ T�T  ³¸Ö¤ W  ¢¥Q¸^¸ U ¥Q¸ T ¤ W £g¤�¬�¤ Ø �¥Q WÖU ¦¿¾¿£g υ = 1
»

O U £ WÖU ¥Q¸ï)ä  W °�¯¤
¬�¤ Ù  ¢¡ W ¾¨¤ W ¤¯¸g£§¥Q ¢£g¯¤
®¯ ¢°!°�¤
¡Q¸�¡Q¤�¦¿¦¨¤�°�¤�¥O£ TVU�W ¡�¥¼® �VU�T ¤ U ¡ » O U £ WÖU ¥Q¸ï)ä  W °�¯¤
ÚL¡Q¤¦'&  ¢¥4®¯ ¢¥Q¸�¾¨¬ %�W ¤!¤¯¸g£ TVU�W £�¾¨¤�¦¿¦¨¤ � ¾¿¦\¸H& U�Ø ¾¿£�¬�¤�®¯¤�¦¿¦¨¤!¤�¥ ¦ U ´ U�W ¾ U ±�¦¨¤S£ U ¥ Ø ¤�¥O£�¾¨¤�¦¿¦¨¤ x1
» em¥4¥Q ¢£g¤ WÖU ζ ¦ U ´ U�W ¾ U ±�¦¨¤¸ T ¤¯®�£ WÖU ¦¨¤ U ¸g¸Ö L®�¾¨¯¤ »

em¥ T  ³¸g¤ k+ := ω
√
ε+µ+

�
d := detA � k− := ω

√
ε−
d

» em¥>¬��£g¤ W °!¾¿¥Q¤ λ+(ζ) :=
√
k+2 − ζ2

¤�£
λ−(ζ) :=

√
d
√
k−2 − ζ2

¬�¤�¦ U ) U ç¯ ¢¥-¸�¡�¾¿´ U ¥L£g¤ » :  ¢¡ W ζ ∈ R
� ¥Q ¢¡Q¸!® �  ¢¾¨¸g¾¨¸g¸g ¢¥Q¸!¦ U ¬��£g¤ W °!¾¿¥ U £�¾¨ ¢¥+¬�¤¦ U~WÖU ®�¾¿¥Q¤!¬ U ¥Q¸�¦¨¤ T�W ¤�°!¾¨¤ W ÚL¡ U ¬ WÖU ¥O£ » : ¡�¾¨¸ �  ¢¥4® �  ¢¾¨¸�¾¿£�¦ U ¬��£g¤ W °!¾¿¥ U £�¾¨ ¢¥/¬�¤�¦ U~WÖU ®�¾¿¥Q¤!ÚL¡�¾ T�W  ¢¦¨ ¢¥ Ø ¤�¬�¤) U ç¯ ¢¥ U ¥ U ¦ · £�¾¨ÚL¡Q¤^¦ U )ä ¢¥Q®�£�¾¨ ¢¥ ¸�¡ W

C
T�W ¾¿´ÓZ¬�¤^± WÖU ¥Q® � ¤¯¸�¬�¤=®¯ ¢¡ T ¤ » \Z ¢¡Q¸o® �  ¢¾¨¸�¾ W  ¢¥Q¸ k+iR+ ¤�£ −k− iR+



Ç^ýÉ9�ýd¹ ÿ è6� ´l¼/ÿºþ ² ¢

α = 0, β > 0α > 0, β = 0α > 0, β = 0α = 0, β > 0
k

α > 0, β = 0

−k

α > 0, β = 0

α > 0, β > 0

α < 0, β > 0 α > 0, β < 0 α > 0, β > 0

α > 0, β < 0 α < 0, β > 0

α := <(
√

k2 − ζ2), β := =(
√

k2 − ζ2)

−k − iR+

k + iR+

� �T|~} ª » ©³¹ Í �£g¤ W °!¾¿¥ U £�¾¨ ¢¥ ¬�¤ √k2 − ζ2 := −√k − ζ −√k + ζ

®¯ ¢°!°�¤�± WÖU ¥Q® � ¤¯¸=¬�¤�®¯ ¢¡ T ¤�¬�¤ √k2 − ζ2
» Àm¾¿¥Q¸�¾ � ¸�¾ T  ¢¡ W z 6= 0

¬�& U�W�Ø ¡�°�¤�¥L£ −π
2 < arg z < 3π

2

�  ¢¥ ¥Q ¢£g¤
−√z :=

√
|z|e i

2
arg z � U ¦¨  W ¸

√
k2 − ζ2 = −

√
k − ζ −

√
k + ζ,

¤�£=¤¯¸g£^¬��£g¤ W °!¾¿¥Q¯¤§®¯ ¢°!°�¤�¸�¡ W ¦ U�Ù ¾ Ø ¡ W ¤*ª » © »- ¥�+Q¥ � T  ³¸g ¢¥Q¸ �

c1 = ψ1ζ + ψ2λ
+, c2 = ϕ11ζ

2 + (ϕ12 + ϕ21)ζλ
+ + ϕ22(k

+2 − ζ2)2 − ϕ3,

c̃1 = ψ1ζ + ψ2k
+θ̂2, c̃2 = ϕ11ζ

2 + (ϕ12 + ϕ21)ζk
+θ̂2 + ϕ22(k

+θ̂2)
2 − ϕ3,

D(ζ) := (1 − ic1)iλ
−µ+ + iλ+ + c2µ

+,
¤�£^¦¨¤¯¸=®¯ L¤QP
®�¾¨¤�¥L£g¸m¬�¤ W Q£V¤�Î�¾¨ ¢¥ � W ¤¯¸ T » ¬�¤�£ WÖU ¥Q¸g°!¾¨¸g¸�¾¨ ¢¥/¹

R(ζ) = (−1+ic̃1)iλ−µ+−ik+θ̂2−c̃2µ+

D(ζ) ,

T (ζ) = −(1−ic1)(ik+θ̂2+c̃2µ+)−(iλ++c2µ+)(−1+ic̃1)
D(ζ) .

å]§^ÊvÊv§�¬_��x òû�$ ¢¦¿¡�£�¾¨ ¢¥ ¸ T ¤¯®�£ WÖU ¦¨¤ ö � ��ß ÌÒÈzÑÓÑ�Ô�Ì«Å��¯È�Å D ß�Å�Ì�� Ð¢ßQßVÈ^õ¨ÅâÑ�Ð�Ì�ÌÒÈ$Ä4õÊ� Ð Ý Å§ÄgãgÅQõv�   õ¿Ô¢ÄÒÌj�

ûrefl(ζ, x2) = 2πReiλ+x2δ(ζ − k+θ̂1), x2 > 0,

ûtrans(ζ, x2) = 2πT e−itζx2e−iλ−(ζ)x2δ(ζ − k+θ̂1), x2 < 0.

¤ �����¦¥� �c§ - ¥ T�W ¤�¥ U ¥O£�¦ U £ WÖU ¥Q¸ï)ä  W °�¯¤S¬�¤ Ù  ¢¡ W ¾¨¤ W ¤�¥ ¦ U ´ U�W ¾ U ±�¦¨¤ x1
¬�¤�¦'& ¯ÚL¡ U £�¾¨ ¢¥4¬�¤§¬�Q+Q¥�¾¿£�¾¨ ¢¥4¬�¤

U
� ¬ U ¥Q¸

D+ � T ¡�¾¨¸=¬ U ¥Q¸ D− �  ¢¥  ¢±�£�¾¨¤�¥O£m¦¨¤¯¸^¯ÚL¡ U £�¾¨ ¢¥Q¸=¬�¾,M¦Ëg¤�¥O£�¾¨¤�¦¿¦¨¤¯¸=  W ¬�¾¿¥ U ¾ W ¤¯¸S¹

∂2
x2

2Û(ζ, x2) + ((k+)2 − ζ2)Û (ζ, x2) = 0, x2 > 0,

∂2
x2

2Û(ζ, x2) + 2itζ∂x2Û(ζ, x2) + (ω2ε− sζ2)Û(ζ, x2) = 0, x2 < 0,
ÚL¡�¾ T  ³¸g¸ % ¬�¤�¥O£^¬�¤¯¸m¸g ¢¦¿¡�£�¾¨ ¢¥Q¸^¬�¤�¦ U )ä  W °�¤�¹

ûrefl(ζ, x2) = α+(ζ)eiλ+(ζ)x2 + β+(ζ)e−iλ+(ζ)x2 , x2 > 0,

ûtrans(ζ, x2) = e−itζx2

(
α−(ζ)eiλ−(ζ)x2 + β−(ζ)e−iλ−(ζ)x2

)
, x2 < 0,

 �

α+(ζ)

�
α−(ζ)

�
β+(ζ)

�
β−(ζ)

¸g ¢¥L£=¬�¤¯¸^®¯ ¢¥Q¸�£ U ¥L£g¤¯¸�ò÷¤�¥ x2
ö�»



¡ ª ølù(µLú]¼I´l¾ ·�Ç^ý µ(þLµ è«]¹Y·Â¸Ú·:� ÿ � ¾L¼ · ¾
�L¾
k+ ¤�£

k− U ´ U ¾¨¤�¥O£�¡�¥Q¤ T ¤�£�¾¿£g¤ TVU�W £�¾¨¤d¾¿° U�Ø ¾¿¥ U ¾ W ¤�¸�£ W ¾¨®�£g¤�°�¤�¥O£ T  ³¸�¾¿£�¾¿´Ó¤ � ¦ U�T��O· ¸�¾¨ÚL¡Q¤§¬�¡ T�W  ¢±�¦ % °�¤¾¿° T  ³¸g¤ WÖU ¾¿£ β+(ζ) = 0
¤�£
α−(ζ) = 0

� T  ¢¡ WmU ¸g¸�¡ W ¤ W ¦ U ¬�¯® W  ¢¾¨¸g¸ U ¥Q®¯¤d¤�Î T  ¢¥Q¤�¥O£�¾¨¤�¦¿¦¨¤U3�¦'& ¾¿¥�+Q¥�¾G¬�¤§¦ U ¸g ¢¦¿¡��£�¾¨ ¢¥ » \Z ¢£ W ¤b® U ¸x¤¯¸�£�¦ U ¦¿¾¿°!¾¿£g¤ � ¦¨  W ¸ÖÚO¡Q¤�¦¨¤¯¸ TVU�W £�¾¨¤¯¸o¾¿° U�Ø ¾¿¥ U ¾ W ¤¯¸x£g¤�¥Q¬�¤�¥O£o´Ó¤ W ¸ 0
» :�U�WxT�W ¾¿¥Q®�¾ T ¤^¬�& U ±Q¸g  W�T £�¾¨ ¢¥¦¿¾¿°!¾¿£g¤ � ¥Q ¢¡Q¸^® �  ¢¾¨¸�¾¨¸Ö¸g ¢¥Q¸=¬� ¢¥Q® β+(ζ) = 0

¤�£
α−(ζ) = 0

»
Í & U ¡�£ W ¤ TVU�W £ � ¦¨¤¯¸!®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸!¬�¤�£ WÖU ¥Q¸�°!¾¨¸g¸�¾¨ ¢¥-¸�¡ W U ¸g¤�£ WÖU ¬�¡�¾¨¸g¤�¥O£�¸Ö ¢¡Q¸>)ä  W °�¤ ¬�¤~®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸
¬�¤

WÖU ®¯®¯  W ¬ ¸�¡ W Û ¹




Û(ζ, 0+) − Û(ζ, 0−) = ψ ·
(

iζÛ(ζ, 0+)

∂x2Û(ζ, 0+)

)
,

1
µ+∂x2Û(ζ, 0+) −

(
t 1

)( iζÛ(ζ, 0−)

∂x2Û(ζ, 0−)

)
= ϕ1 · iζ

(
iζÛ(ζ, 0+)

∂x2Û(ζ, 0+)

)

+ϕ2 ·
(

iζ∂x2Û(ζ, 0+)

(−k+2
+ ζ2)Û(ζ, 0+)

)

+ϕ3Û(ζ, 0+).

- ¥+¾¿¥¢µ�¤¯®�£ U ¥O£�¦¨¤¯¸�¤�Î T�W ¤¯¸g¸g¾¨ ¢¥Q¸� ¢±�£g¤�¥L¡Q¤¯¸ T  ¢¡ W Û ¬ U ¥Q¸~¦¨¤¯¸ ®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸ ¬�¤ WÖU ®¯®¯  W ¬ �  ¢¥; ¢±�£�¾¨¤�¥L£ ¡�¥¸ · ¸�£ % °�¤�¦¿¾¿¥Q U ¾ W ¤ 2 × 2
¹

[
1 − ic1 −1

iλ+ + c2µ
+ iλ−µ+

] [
α+

β−

]
=

[
(−1 + ic̃1)2πδ(ζ − k+θ̂1)

−(ik+θ̂2 + c̃2µ
+)2πδ(ζ − k+θ̂1)

]
.

O�¤Z¬��£g¤ W °!¾¿¥ U ¥L£=¬�¤Z®¯¤Z¸ · ¸�£ % °�¤Z¤¯¸�£ D(ζ)
ÚL¡Q¤Z¦'&  ¢¥ U ¸�¡ T�T  ³¸gZ¥Q ¢¥ ¥O¡�¦ » em¥v ¢±�£�¾¨¤�¥O£ U ¦¨  W ¸ TVU�W ¾¿¥O´Ó¤ W ¸�¾¨ ¢¥�¹

[
α+

β−

]
= 2πδ(ζ − k+θ̂1)

[
R(ζ)
T (ζ)

]
,

¬�&  �
Á® » Ú » ) » ¬ »

Ì Ý��^}�|0¦^Êv§�¬¦�¯� òû�$ ¢¦¿¡�£�¾¨ ¢¥N¸ TVU £�¾ U ¦¨¤ ö � ��ß ÌÒÈzÑÓÑ�Ô�Ì«Å���È�Å D ß�Å�Ì�� Ð¢ßQßVÈ^õ¨ÅâÑ�Ð�Ì�ÌÒÈ$Ä@õJ� Ð Ý Å�ÄgãgÅQõv�   õ¿Ô¢ÄÒÌ��

U(x) =

{
uinc(x) + urefl(x), x ∈ D+,

utrans(x), x ∈ D−,

Ð�ô�Å�Æ

urefl(x) = Reik+θ̂R·x, x2 > 0,
Ô¼Í

R = R(k+θ̂1), θ̂R =

(
θ̂1
−θ̂2

)
,

Å¯Ç

utrans(x) = T eiθT ·x, x2 < 0,
Ô�Í

T = T (k+θ̂1), θT =

(
k+θ̂1

−tk+θ̂1 − λ−(k+θ̂1)

)
,

Ð�ô�Å�Æ
λ−(k+θ̂1) =

√
d

√
k−2 − (k+θ̂1)2 Î ÉÓÐ¢ßQÌÚõ¨Å�Ñ�Ä�Å�ÞSÃûÅ�Ä���È�ÐOÉ¢Ä¶Ð³ßVÇÐÏ¼�

¤ �����¦¥� �¨§ Z ¦V¸g¡�P�£o¬�& U�T�T ¦¿¾¨ÚO¡Q¤ W ¦ U £ WÖU ¥Q¸ï)ä  W °�¯¤=¬�¤ Ù  ¢¡ W ¾¨¤ W ¾¿¥L´Ó¤ W ¸g¤L3�¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥~¸ T ¤¯®�£ WÖU ¦¨¤=¬�¡
¦¨¤�°!°�¤ »

À=¾¿¥Q¸�¾ � ¦'&  ¢¥Q¬�¤ W Q£V¯® � ¾¨¤ urefl
¤¯¸�£�¡�¥Q¤� ¢¥Q¬�¤ T ¦ U ¥Q¤ »�7 ¡ U ¥O£g3d¦'&  ¢¥Q¬�¤�£ WÖU ¥Q¸�°!¾¨¸Ö¤ � utrans

� ¤�¦¿¦¨¤�¤¯¸�£ T ¦ U ¥Q¤�¸�¾
k−2 − (k+θ̂1)

2 > 0
� ¤�£�¬�¯® W  ¢¾¿£�¤�Î T  ¢¥Q¤�¥O£�¾¨¤�¦¿¦¨¤�°�¤�¥L£ U ´Ó¤¯® x2

¸g¾¿¥Q ¢¥ ».Z ¦�¤¯¸�£m¾¿° T   W £ U ¥O£�¬�¤S¥Q ¢£g¤ W ®¯¤ T  ¢¾¿¥L£
T  ¢¡ W ¦¨¤¯¸ U�T�T ¦¿¾¨® U £�¾¨ ¢¥Q¸^¹�¾¿¦^) U ¡�£�´Ó¤�¾¿¦¿¦¨¤ W 3m®¯¤�ÚL¡Q¤â¦'&  ¢¥Q¬�¤n£ WÖU ¥Q¸g°!¾¨¸g¤�¥Q¤�¸g ¢¾¿£ TVU ¸ U °�  W £�¾¨¤ � ¸g¾L¦'&  ¢¥!´Ó¤�¡�£\¤¯¸ T  W ¤ W¾¿° U�Ø ¤ W ¡�¥Á ¢±�µ¶¤�£=¤�¥�)ä ¢¡�¾ »
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\m ¢¡Q¸b¥Q ¢¡Q¸^¾¿¥O£g W ¤¯¸g¸g ¢¥Q¸(3S¦ U )ä ¢¥Q®�£�¾¨ ¢¥ ¬�¤ Õ W ¤¯¤�¥ G ¬�¡ T�W  ¢±�¦ % °�¤d¤QM�¤¯®�£�¾,)*ò ¤Q» ² ö ¹




1
µ+ ∆G(·, y) + ω2ε+G(·, y) = 0,

¬ U ¥Q¸
D+,

∇ · A∇G(·, y) + ω2ε−G(·, y) = δy,
¬ U ¥Q¸

D−,
[G(·, y)] = ψ · ∇G(·, y)|γ+

0
,

¸�¡ W γ0,

1
µ+ ∂x2G(·, y)|γ+

0
−
(

0
1

)
· A ∇G(·, y)|γ−

0
= ϕ1 · ∂x1(∇G(·, y)|γ+

0
)
∣∣∣
γ0

+ϕ2 ·
(

∂2
x2x1

G(·, y)|γ+
0

(−k+2 − ∂2
x1

2)G(·, y)|γ+
0

)
+ ϕ3 G(·, y)|γ+

0
,

¸�¡ W γ0,

t ®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥ ¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥ �

òÑª » © ö

 �

y
¡�¥ T  ¢¾¿¥O£=¸g ¢¡ W ®¯¤(+�Î��¬ U ¥Q¸

D− »
:�U�WmU ¥ U ¦ · ¸g¤�¬�¤ Ù  ¢¡ W ¾¨¤ W � ¥Q ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸m ¢±�£g¤�¥�¾ W ¡�¥Q¤�¬�¯®¯ ¢° T  ³¸�¾¿£�¾¨ ¢¥ ¬�¤ G ¬�¤�¦ U )÷  W °�¤!¹

G(x, y) =

{
Gtrans(x, y), x2 > 0,

Gsour(x, y) +Grefl(x, y), x2 < 0,

 �
 ® �VU ®�¡�¥ ¬�¤¯¸=£g¤ W °�¤¯¸Z¤¯¸�£m¡�¥Q¤§¾¿¥L£g Ø³WÖU ¦¨¤S¬�¤��$ ¢°!°�¤ W )÷¤�¦¨¬ ».Z ¦G¸H& U�Ø ¾¿£Z¬�¤�¦ U °k=�°�¤d£g¤¯® � ¥�¾¨ÚL¡Q¤�ÚO¡Q¤ T  ¢¡ W ¦ U¸g ¢¦¿¡�£�¾¨ ¢¥
U
� ¤�¥v¾¿¥O£ W  $¬�¡�¾¨¸ U ¥L£Z¤�¥ T ¦¿¡Q¸b¡�¥Q¤�¾¿¥O£g¤ W ) U ®¯¤ U�W £�¾,+V®�¾¨¤�¦¿¦¨¤ TVU ¸Ö¸ U ¥O£ TVU�W ¦¨¤ T  ¢¾¿¥L£=¸g ¢¡ W ®¯¤ »

em¥ T  ³¸g¤ [s t
t υ

]
:= A » em¥ U υ > 0

»Y7 ¡�¾¿£�£g¤#3 �£�¡Q¬�¾¨¤ W ¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥ G̃ := uG
¬�¡4°k=�°�¤ T�W  ¢±�¦ % °�¤

U ´Ó¤¯®�¦¨¤âµ�¤�¡Á¬�¤ TVU�WÖU ° % £ W ¤¯¸

(µ+,A, ε+, ε−, ψ, ϕ1, ϕ2, ϕ3) := (υµ+,A/υ, ε+/υ, ε−/υ, ψ, ϕ1/υ, ϕ2/υ, ϕ3/υ),

¥Q ¢¡Q¸m¸�¡ T�T  ³¸Ö¤ W  ¢¥Q¸^¸ U ¥Q¸ T ¤ W £g¤�¬�¤ Ø �¥Q WÖU ¦¿¾¿£g υ = 1
»

O U £ WÖU ¥Q¸ï)ä  W °�¯¤~¬�¤ Ù  ¢¡ W ¾¨¤ W ¤¯¸g£�¥Q ¢£g¯¤~®¯ ¢°!°�¤
¡Q¸�¡Q¤�¦¿¦¨¤�°�¤�¥O£ TVU�W ¡�¥¼® �VU�T ¤ U ¡ » O U £ WÖU ¥Q¸ï)ä  W °�¯¤
ÚL¡Q¤¦'&  ¢¥�®¯ ¢¥Q¸�¾¨¬ %�W ¤�¤¯¸�£ TVU�W £�¾¨¤�¦¿¦¨¤ � ¾¿¦\¸H& U�Ø ¾¿£�¬�¤�®¯¤�¦¿¦¨¤!¤�¥ ¦ U ´ U�W ¾ U ±�¦¨¤S£ U ¥ Ø ¤�¥O£�¾¨¤�¦¿¦¨¤ x1
» em¥ ¥Q ¢£g¤ WÖU ζ ¦ U ´ U�W ¾ U ±�¦¨¤¸ T ¤¯®�£ WÖU ¦¨¤ U ¸g¸Ö L®�¾¨¯¤ »

em¥ T  ³¸g¤ k+ := ω
√
ε+µ+

�
d := detA � k− := ω

√
ε−
d

» em¥>¬��£g¤ W °!¾¿¥Q¤ λ+(ζ) :=
√
k+2 − ζ2

¤�£
λ−(ζ) :=

√
d
√
k−2 − ζ2

®¯ ¢°!°�¤§¸�¡ W ¦ U!Ù ¾ Ø ¡ W ¤>ª » © »- ¥�+Q¥ � T  ³¸g ¢¥Q¸

c1 := ψ1ζ + ψ2λ
+, c2 := ϕ11ζ

2 + (ϕ12 + ϕ21)ζλ
+ + ϕ22(k

+2 − ζ2) − ϕ3,

D := µ+λ− + λ+ − i(µ+λ−c1 + µ+c2), T :=
2µ+λ−

D
, R := (1 − ic1)T − 1.

å]§^ÊvÊv§#¬¦�Þ� ò Ù  ¢¥Q®�£�¾¨ ¢¥�¬�¤ Õ W ¤¯¤�¥!¸ T ¤¯®�£ WÖU ¦¨¤ ö � �âß�ÌÒÈzÑÓÑ�Ô�Ì«Åb�¯È�Å D ß�ÅâÌ�� Ð¢ßQßVÈ^õ¨ÅGÑ�Ð¢ÌâÌ�ÈLÄ õJ� Ð Ý ÅbÄgãgÅQõv�   õ¿Ô¢ÄÒÌ��

Ĝ(ζ, x2, y) = − i

2λ−

{
eitζy2T e−i(λ−y2+y1ζ)eiλ+x2 , x2 > 0,

e−itζ(x2−y2)
(
ei(λ−|x2−y2|−y1ζ) +Re−i(λ−y2+y1ζ)e−iλ−x2

)
, x2 < 0.

¤ �����¦¥� �c§ - ¥ T�W ¤�¥ U ¥O£m¦ U £ WÖU ¥Q¸ï)ä  W °�¯¤§¬�¤ Ù  ¢¡ W ¾¨¤ W ¤�¥Á¦ U ´ U�W ¾ U ±�¦¨¤ x1
¬�¤¯¸=¯ÚL¡ U £�¾¨ ¢¥Q¸=¬�¤�¬�Q+Q¥�¾¿£�¾¨ ¢¥ ¬�¤

G
� ¬ U ¥Q¸

D+ � T ¡�¾¨¸^¬ U ¥Q¸ D− �  ¢¥Á ¢±�£�¾¨¤�¥O£m¦¨¤¯¸^¯ÚO¡ U £�¾¨ ¢¥Q¸m  W ¬�¾¿¥ U ¾ W ¤¯¸d¹

∂2
x2

2Ĝ(ζ, x2, y) + ((k+)2 − ζ2)Ĝ(ζ, x2, y) = 0, x2 > 0,

∂2
x2

2Ĝ(ζ, x2, y) + 2itζ∂x2Ĝ(ζ, x2, y) + (ω2ε− sζ2)Ĝ(ζ, x2, y) = e−iy1ζδy2(x2), x2 < 0,
¤�£=¬� ¢¥Q®
¹

Ĝ(ζ, x2, y) =





α+(ζ, y)eiλ+(ζ)x2 + β+(ζ, y)e−iλ+(ζ)x2 , x2 > 0,

e−itζx2

(
α−>(ζ, y)eiλ−(ζ)x2 + β−>(ζ, y)e−iλ−(ζ)x2

)
, 0 > x2 > y2,

e−itζx2

(
α−<(ζ, y)eiλ−(ζ)x2 + β−<(ζ, y)e−iλ−(ζ)x2

)
, x2 < y2,
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α+(ζ, y)
�
α−>(ζ, y)

�
α−<(ζ, y)

�
β+(ζ, y)

�
β−>(ζ, y)

� ¤�£
β−<(ζ, y)

¸Ö ¢¥O£^¬�¤¯¸=®¯ ¢¥Q¸g£ U ¥O£g¤¯¸*ò÷¤�¥ x2
ö�»

:�U�W ¦¨¤ T�W ¾¿¥Q®�¾ T ¤�¬�& U ±Q¸Ö  W�T £�¾¨ ¢¥ ¦¿¾¿°!¾¿£g¤ �  ¢¥Á ¢±�£�¾¨¤�¥L£ β+(ζ, y) = 0
¤�£
α−<(ζ, y) = 0

»
Í & U ¡�£ W ¤ TVU�W £ � ¦¨¤¯¸!®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸!¬�¤�£ WÖU ¥Q¸�°!¾¨¸g¸�¾¨ ¢¥-¸�¡ W G ¸g¤~£ WÖU ¬�¡�¾¨¸g¤�¥O£
¸Ö ¢¡Q¸>)ä  W °�¤�¬�¤�®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸
¬�¤

WÖU ®¯®¯  W ¬ ¸�¡ W Ĝ ¤�¥
x2 = 0

¹




Ĝ(ζ, 0+, y) − Ĝ(ζ, 0−, y) = ψ ·
(

iζĜ(ζ, 0+, y)

∂x2Ĝ(ζ, 0+, y)

)
,

1
µ+∂x2Ĝ(ζ, 0+, y) −

(
t 1

)( iζĜ(ζ, 0−, y)
∂x2Ĝ(ζ, 0−, y)

)
= ϕ1 · iζ

(
iζĜ(ζ, 0+, y)

∂x2Ĝ(ζ, 0+, y)

)

+ϕ2 ·
(

iζ∂x2Ĝ(ζ, 0+, y)

(−k+2
+ ζ2)Ĝ(ζ, 0+, y)

)

+ϕ3Ĝ(ζ, 0+, y).

Í & U ¡�£ W ¤ TVU�W £ � ¦ U ¬�¾¨¸�£ W ¾¿±�¡�£�¾¨ ¢¥ ¬�¤ Í ¾ WÖU ® U ¡ ¸g¤¯®¯ ¢¥Q¬Á°�¤�°d± W ¤d¬�¤�¦'& ¯ÚL¡ U £�¾¨ ¢¥ ¬�¾,M� W ¤�¥L£�¾¨¤�¦¿¦¨¤d ¢±�£g¤�¥L¡Q¤d¸�¡ W Ĝ¬ U ¥Q¸^¦¨¤�¬� ¢° U ¾¿¥Q¤ x2 < 0
� ®¯ ¢¥Q¬�¡�¾¿£ U ¡�Î ®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸m¬�¤ WÖU ®¯®¯  W ¬Á¸�¡�¾¿´ U ¥O£g¤¯¸m¤�¥ x2 = y2

¹
{
Ĝ(ζ, y2+, y) − Ĝ(ζ, y2−, y) = 0,

∂x2Ĝ(ζ, y2+, y) − ∂x2Ĝ(ζ, y2−, y) = e−iy1ζ .

- ¥
¾¿¥¢µ�¤¯®�£ U ¥O£�¬�¯¸g  W ° U ¾¨¸â¦¨¤¯¸n¤�Î T�W ¤¯¸g¸�¾¨ ¢¥Q¸n ¢±�£g¤�¥O¡Q¤¯¸ T  ¢¡ W Ĝ ¬ U ¥Q¸o¦¨¤¯¸�)÷  W °d¡�¦¨¤¯¸â¬�¤ WÖU ®¯®¯  W ¬ �  ¢¥� ¢±�£�¾¨¤�¥O£¡�¥Á¸ · ¸�£ % °�¤�¦¿¾¿¥Q U ¾ W ¤ 4 × 4
¹




1 − ic1 −1 −1 0
iλ+

µ+ + c2 −iλ− iλ− 0

0 eiλ−y2 e−iλ−y2 −e−iλ−y2

0 i(−tζ + λ−)eiλ−y2 −i(tζ + λ−)e−iλ−y2 i(tζ + λ−)e−iλ−y2







α+

α−>

β−>

β−<


 =




0
0
0

e−i(y1ζ−tζy2)


 .

O�¤�¬��£g¤ W °!¾¿¥ U ¥O£�¬�¤�®¯¤�¸ · ¸�£ % °�¤�¤¯¸�£ D(ζ)
� ¸�¡ T�T  ³¸g�¥Q ¢¥v¥O¡�¦ » em¥Á ¢±�£�¾¨¤�¥O£m¬� ¢¥Q®
¹




α+

α−>

β−>

β−<


 = − i

2λ−




T eitζy2e−i(λ−y2+y1ζ)

eitζy2e−i(λ−y2+y1ζ)

eitζy2Re−i(λ−y2+y1ζ)

eitζy2Re−i(λ−y2+y1ζ) + eitζy2ei(λ−y2−y1ζ)


 ,

¬�&  �
Á® » Ú » ) » ¬ »
Ì Ý��^}�|0¦^Êv§�¬¦�B¥ ò Ù  ¢¥Q®�£�¾¨ ¢¥ ¬�¤ Õ W ¤¯¤�¥ ö � �âß ÌÒÈzÑÓÑ�Ô¢Ì¯Å���ÈQÅ D ß�Å�Ì^� Ð³ßQßQÈYõ¿Å�Ñ�Ð�Ì�Ì�ÈLÄ4õJ� Ð Ý Å§Ä�ãgÅIõÖ�   õ Ô¢ÄÒÌ��

G(x, y) =

{
Gtrans(x, y), x2 > 0,

Gsour(x, y) +Grefl(x, y), x2 < 0,

Ô¼ÍNõ¿ÅÒÌ§Ç6Å�ÄÒÞ
ÅÒÌdÉOÅdÇ÷Ä�Ð¢ß�Ì�ÞSÃ�ÌÖÌ�Ã÷Ô³ß � Ä�ÅÒÌ6Ñ_��Ì�Ô³ÈLÄ�ÆÖÅ � Ä�ÅÒÌ6Ñ_��ÄgãT×^Å Ý ÃäÔ¢ß Ì�Ô¢ß�ÇnÉÓÔ¢ßVß�ãÒÌâÑ�Ð¢Ä��

Gtrans(x, y) := − i

4π

∫

R

1

λ−
eitζy2T e−i(λ−y2+y1ζ)eiλ+x2eix1ζdζ, x2 > 0,

Gsour(x, y) := − i

4π

∫

R

1

λ−
e−itζ(x2−y2)ei(λ−|x2−y2|−y1ζ)eix1ζdζ, x2 < 0,

Grefl(x, y) := − i

4π

∫

R

1

λ−
e−itζ(x2−y2)Re−i(λ−y2+y1ζ)e−iλ−x2eix1ζdζ, x2 < 0.

¤ �����¦¥� �¨§ Z ¦ ¸�¡�P�£b¬�& U�T�T ¦¿¾¨ÚO¡Q¤ W ¦ U £ WÖU ¥Q¸ï)÷  W °�¯¤�¬�¤ Ù  ¢¡ W ¾¨¤ W ¾¿¥O´Ó¤ W ¸g¤>3d¦ U )ä ¢¥Q®�£�¾¨ ¢¥Á¬�¤ Õ W ¤¯¤�¥Á¸ T ¤¯®�£ WÖU ¦¨¤¬�¡v¦¨¤�°!°�¤ »
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ö�»
å]§^ÊvÊv§2¬¦�¯¬¦��Ø ÅÒÌ¨Ù�ã�Ä�Ô�Ì�ÉOÅ

D
Ì�Ô¢ß�Ç�ÆÖÔ¢ßVÇ6Å�ßQÈLÌ�ÉÓÐ¢ß�ÌgõJ� Å�ß�Ì¯Å�ÞÚ�Iõ¿Å�ÉLÅÒÌmÄ�ÐÓÆ�Ã�ß�ÅÒÌZÉY� È$ß�Ñ�Ô²õ æ¢ßÜÛ¢Þ
Å

PD
ÉOÅ�ÉOÅ��³Ä�ã

Ð¢È!Ñ�õ ÈLÌjÝº�
¤ �����¦¥� �c§ em¥ T ¤�¡�£�¯®�¾ W ¤ D ®¯ ¢°!°�¤[)÷ ¢¥Q®�£�¾¨ ¢¥-¬�¤

(ζ, λ−, λ+)
¹
D(ζ) = D(ζ, λ−, λ+)

»Z ¦�¸�¡�P�£!¬�¤
°d¡�¦¿£�¾ T ¦¿¾¨¤ W D TVU�W ¬�¤¯¸=¤�Î T�W ¤¯¸g¸�¾¨ ¢¥Á®¯ ¢¥¢µ¶¡ Ø ¡Q¯¤¯¸=¤�¥ λ+ ¤�£

λ− T  ¢¡ W ) U ¾ W ¤�¬�¾¨¸ TVU�WÖUcb £ W ¤�¦¨¤¯¸ WÖU ®�¾¿¥Q¤¯¸m® U�W�W ¯¤¯¸§¹

PD(ζ) := D(ζ, λ−, λ+)D(ζ,−λ−, λ+)D(ζ, λ−,−λ+)D(ζ,−λ−,−λ+)

¤¯¸�£=¡�¥ T  ¢¦ · ¥�W¢°�¤�¬�¤�¬�¤ Ø³W  U ¡ T ¦¿¡Q¸ 8
ÚO¡�¾ ¸H& U ¥�¥L¡�¦¨¤§¤�¥v¦¨¤¯¸÷A« W  ³¸m¬�¤ D »

Ï^Å�Þ!Ð³ÄG��ÈQÅ��@em¥ WÖU�T�T ¤�¦¿¦¨¤~ÚL¡Q¤~¦¨¤ W ¯¸g¡�¦¿£ U ¥O£!¬�¤¯¸ T  ¢¦ · ¥�W¢°�¤¯¸ W ¯¤�¦¨¸ A =
∑p

i=0 aiX
i ¬�¤ ¬�¤ Ø³W  p ¤�£ B =∑q

j=0 bjX
j ¬�¤�¬�¤ Ø³W  q ¤¯¸�£^¦¨¤�¬��£g¤ W °!¾¿¥ U ¥O£�¬�¤�£ U ¾¿¦¿¦¨¤ p+ q

¹
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ap ap−1 . . . . . . . . . a0 0 . . . 0

0 ap ap−1 . . . . . . . . . a0

» » » »»»»»» » » » » » » » » » » » » » » » » » » » » »
0

0 . . . 0 ap ap−1 . . . . . . . . . a0

bq bq−1 . . . . . . b0 0 . . . . . . 0
0 bq bq−1 . . . . . . b0 0 . . . 0»»» » » » » » » » » » » » » » » » » » » » » » »»»»»» » » » » » » » » » » » » » » » » » » » » »

0
0 . . . . . . 0 bq bq−1 . . . . . . b0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

¤�£=ÚL¡1& ¾¿¦ ¸H& U ¥�¥L¡�¦¨¤§¸�¾ � ¤�£^¸g¤�¡�¦¨¤�°�¤�¥L£m¸�¾ � A ¤�£
B
 ¢¥O£^¡�¥Q¤ WÖU ®�¾¿¥Q¤�¤�¥Á®¯ ¢°!°§¡�¥ ¬ U ¥Q¸

C
»

Ü@|0}�êl|²����{H�â¬_�Þ¿_� ��ß4Ñ�Ô¢Ì¯Å
PD =: P1 + iP2

Ð²ô�Å�Æ
P1

Å�Ç
P2

ÉOÅÒÌSÑ�Ô²õ æ¢ßÜÛ¢Þ
ÅÒÌ � ÆgÔ�ÅT�@Æ�ÃûÅ�ßVÇ�ÌÁÄgãgÅQõ Ì£�zÞ�ß�ÅÆgÔ³ß�É¢Ã÷Ç÷Ã÷Ô¢ßNÌ�ÈA�7Ì¯Ð¢ßVÇ6Å�Ñ�Ô¢È$Ä���ÈQÅ
D
ß_� Ð³Ã�Ç�Ñ�Ð�ÌdÉOÅ�Ùzã�Ä�Ô~Ä�ãÖÅQõ�ÅÒÌ�Ç~�¯È�Å>õ¨Å�ÄgãÒÌ�È^õ ÇûÐ¢ßVÇ�ÉOÅ

P1
Å�Ç
P2

Ì�Ô¢Ã÷Çxß�Ô¢ß ßVÈ^õv�
¤ �����¦¥� �c§ - ¥Á¤QM ¤�£ � ¸�¾�¦¨¤ W ¯¸�¡�¦¿£ U ¥O£^¬�¤ P1

¤�£
P2
¤¯¸�£�¥Q ¢¥�¥L¡�¦ � U ¦¨  W ¸ P1

¤�£
P2
¥1&  ¢¥L£ TVU ¸b¬�¤ WÖU ®�¾¿¥Q¤¯¸^¤�¥®¯ ¢°!°d¡�¥ » e W � ¦'& U ¥�¥L¡�¦ U £�¾¨ ¢¥N¬�¤ D ¤�¥v¡�¥ W ¯¤�¦ ¾¿° T ¦¿¾¨ÚL¡Q¤�¦'& U ¥�¥O¡�¦ U £�¾¨ ¢¥N¬�¤ P1

¤�£
P2
¤�¥ ®¯¤�°k=�°�¤ W ¯¤�¦ »

Ã�> � (�B^]S�ßIg�df�eJB^]
\m ¢£ W ¤ T�W  ¢±�¦ % °�¤��£ U ¥L£�¡�¥ T�W  ¢±�¦ % °�¤ TVU�W ± U ¥Q¬�¤¯¸ � ¥Q ¢¡Q¸ U ´Ó ¢¥Q¸S¤�° T ¦¨  ·  ¦'& U ¥ U ¦ · ¸Ö¤~¬�¤ Ù  ¢¡ W ¾¨¤ W £ U ¥��

Ø ¤�¥L£�¾¨¤�¦¿¦¨¤ T  ¢¡ W ® U ¦¨®�¡�¦¨¤ W ¸ U ¸g ¢¦¿¡�£�¾¨ ¢¥ U ¾¿¥Q¸�¾xÚO¡Q¤
¸ U )÷ ¢¥Q®�£�¾¨ ¢¥/¬�¤ Õ W ¤¯¤�¥ » O ¤ T�W ¾¿¥Q®�¾ T ¤�¬�& U ±Q¸g  W�T £�¾¨ ¢¥K¦¿¾¿°!¾¿£g¤¬ U ¥Q¸§¦¨¤!¬� ¢° U ¾¿¥Q¤�¸ T ¤¯®�£ WÖU ¦\¥Q ¢¡Q¸ U�T ¤ W °!¾¨¸§¬�¤!¸g�¦¨¤¯®�£�¾¨ ¢¥�¥Q¤ W ¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥ T��L· ¸g¾¨ÚO¡Q¤ » \Z ¢¡Q¸ U ´Ó ¢¥Q¸d¸�¡ T�T  ³¸gÚL¡Q¤�¦¨¤d¬��£g¤ W °!¾¿¥ U ¥O£�¬�¡ ¸ · ¸�£ % °�¤�¾¿° T  ³¸g TVU�W ¦¨¤¯¸=®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸�¬�¤ WÖU ®¯®¯  W ¬ ¥Q¤d¸H& U ¥�¥O¡�¦¨¤ TVU ¸m¸�¡ W ¦'& U Î�¤ W ¯¤�¦ »
:  ¢¡ W ¦ U )ä ¢¥Q®�£�¾¨ ¢¥Á¬�¤ Õ W ¤¯¤�¥ � ¥Q ¢¡Q¸ U ´Ó ¢¥Q¸=¬� ¢¥�¥Q�¡�¥Q¤�®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥ ¸�¡�P
¸ U ¥L£g¤ T  ¢¡ W ´Ó W ¾,+V¤ W ) U ®�¾¿¦¨¤�°�¤�¥O£m®¯¤�£�£g¤¥Q ¢¥�� U ¥�¥L¡�¦ U £�¾¨ ¢¥ » O ¤¯¸ W ¯¸�¡�¦¿£ U £g¸\¸g ¢¥O£ T�W ¯¸Ö¤�¥O£g¯¸o¸Ö ¢¡Q¸�¡�¥Q¤b¬�¯®¯ ¢° T  ³¸�¾¿£�¾¨ ¢¥!°�¤�£�£ U ¥L£n¤�¥Zµ�¤�¡S¡�¥!£g¤ W °�¤b¸Ö ¢¡ W ®¯¤¬�& �¥Q¤ W�Ø ¾¨¤ � ¡�¥¼£g¤ W °�¤~¬�¤ W Q£V¤�Î$¾¨ ¢¥7¤�£d¡�¥K£g¤ W °�¤~¬�¤~£ WÖU ¥Q¸�°!¾¨¸g¸g¾¨ ¢¥ » O U ¥Q ¢¥�� U ¥�¥O¡�¦ U £�¾¨ ¢¥>¬�¡¼¬��£g¤ W °!¾¿¥ U ¥O£
W ¤�´$¾¨¤�¥O£ � U ¡>°� ¢¾¿¥Q¸F)ä  W °�¤�¦¿¦¨¤�°�¤�¥O£ � 3N¦'& U ±Q¸g¤�¥Q®¯¤ ¬�¤ T W¢¦¨¤¯¸ W ¯¤�¦¨¸
¸�¡ W ¦¨¤¯¸�®¯ $¤QP
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Chapitre 6
Âßìâ�s�K 9��ì!� tu� à �>�	��� �Ñ� ���K 9�ºá �

â?>A@ C�]mcV�8BDCS�S� c�eEB^]
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® U ®¯¤�°�¤�¥O£�¤�£ WÖU�T ¾¨¬�¤�°�¤�¥O£ ».Z ¦ ¸H& U�Ø ¾¿£^¤�¥ ¤QM�¤�£^¬�& ¾¿¥L£g Ø³WÖU ¦¨¤¯¸ � ¸�¡ W ¡�¥ ¬� ¢° U ¾¿¥Q¤�¥Q ¢¥Á±�  W ¥Q � ¬�¤)ä ¢¥Q®�£�¾¨ ¢¥Q¸=ÚL¡�¾ T�W ¯¸g¤�¥O£g¤�¥L£Z¬�¤¯¸=¸�¾¿¥ Ø ¡�¦ U�W ¾¿£g¯¸ � ¤�£=ÚL¡�¾  ³¸g®�¾¿¦¿¦¨¤�¥L£Å)ä  W £g¤�°�¤�¥O£ »
:�U�W ¡�¥�® �VU ¥ Ø ¤�°�¤�¥O£n¬�¤â´ U�W ¾ U ±�¦¨¤ � ¦¨¤�£g¤ W °�¤b¸g ¢¡ W ®¯¤ T ¤�¡�£�¸�& ¤�Î T�W ¾¿°�¤ W ) U ®�¾¿¦¨¤�°�¤�¥O£a3m¦'& U ¾¨¬�¤b¬�¤�¦ U )ä ¢¥Q®�£�¾¨ ¢¥¬�¤ Õ W ¤¯¤�¥4±�¾¨¤�¥�®¯ ¢¥�¥L¡Q¤�¬�& ¡�¥4°!¾¿¦¿¾¨¤�¡�¾¨¸g ¢£ W   T ¤ » O ¤¯¸�£g¤ W °�¤¯¸�¬�¤ W Q£V¤�Î�¾¨ ¢¥�¤�£�¬�¤�£ WÖU ¥Q¸�°!¾¨¸g¸g¾¨ ¢¥�¸g ¢¥O£�±�¤ U ¡��®¯ ¢¡ TÁT ¦¿¡Q¸m¬��¦¿¾¨® U £g¸ � ¤�£b¥Q¯®¯¤¯¸g¸g¾¿£g¤�¥O£=¡�¥Q¤ U ¥ U ¦ · ¸g¤ TVU�W £�¾¨®�¡�¦¿¾ %�W ¤ »�Í U ¥Q¸?e ² ¤ f � ¬�¤¯¸b¾¿¥L£g Ø³WÖU ¦¨¤¯¸m¬�¤�®¯¤�£ ·LT ¤�¸g ¢¥L£�´ U ¦¿¡Q¯¤¯¸ � ° U ¾¨¸�¬ U ¥Q¸�¦¨¤~® U ¸�®�¦ U ¸g¸�¾¨ÚL¡Q¤N¹�¬�¤�°!¾,�6¤¯¸ TVU ®¯¤¯¸�¾¨¸g ¢£ W   T ¤¯¸ � U ´Ó¤¯® ¦¨¤¯¸S®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸!¬�¤~£ WÖU ¥Q¸�°!¾¨¸g¸g¾¨ ¢¥¡Q¸�¡Q¤�¦¿¦¨¤¯¸m¬�¤�®¯ ¢¥O£�¾¿¥L¡�¾¿£g�3�¦'& ¾¿¥L£g¤ W ) U ®¯¤ »
` ¥Q¤m¬�¤¯¸o°��£ �  $¬�¤¯¸�ÚO¡�¾ · ¤¯¸�£o¡�£�¾¿¦¿¾¨¸g¯¤Z¤¯¸�£â¦ U °��£ �  $¬�¤m®¯ ¢¡ WÖU ¥L£g¤�¬�& �´ U ¦¿¡ U £�¾¨ ¢¥ ¬�¤¯¸â¾¿¥O£g Ø³WÖU ¦¨¤¯¸b¬�¤��$ ¢°U�°�¤ W )ä¤�¦¨¬ ¹O°��£ �  L¬�¤Z¬�¤ T ¦¿¡Q¸])ä  W £g¤=¬�¤¯¸g®¯¤�¥L£g¤�e ²³ª � ¡ ª � ¡�Ä � ² ¢ f »�Z ¦�¸H& U�Ø ¾¿£â¬�& ¡�¥Q¤=°��£ �  $¬�¤ U ¸ · ° T £g ¢£�¾¨ÚL¡Q¤ »^- ¦¿¦¨¤®¯ ¢¥Q¸�¾¨¸g£g¤ T�W ¾¿¥Q®�¾ TVU ¦¨¤�°�¤�¥O£>3
¤QM�¤¯®�£�¡Q¤ W ¡�¥ ® �VU ¥ Ø ¤�°�¤�¥O£�¬�¤�® � ¤�°!¾¿¥ ¬�& ¾¿¥L£g Ø³WÖU £�¾¨ ¢¥4¬ U ¥Q¸=¦¨¤ T ¦ U ¥ ®¯ ¢° T ¦¨¤�Î�¤ �¤�¥Á£�¾ WÖU ¥L£ T�W  0+Q£=¬�¤�¦'& ¤�Î T  ¢¥Q¤�¥L£�¾¨¤�¦¿¦¨¤§¬�¤�¦'& ¾¿¥L£g Ø³WÖU ¥Q¬�¤ » O�& ¾¿¥L£g Ø³WÖU ¦¨¤d¤¯¸g£ U ¦¨  W ¸ U�T�T�W  L® � ¯¤ TVU�W ¦ U ¸g ¢°!°�¤§¬�¤¯¸®¯ ¢¥L£ W ¾¿±�¡�£�¾¨ ¢¥Q¸m¬�¤ T  ¢¾¿¥O£g¸m® W ¾¿£�¾¨ÚO¡Q¤¯¸�¹ T  ¢¾¿¥O£=¸Ö¤�¦¿¦¨¤ � T W¢¦¨¤¯¸ � T  ¢¾¿¥O£g¸=¬�¤�± WÖU ¥Q® � ¤�°�¤�¥O£g¸ » \Z ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸^¤�° T ¦¨  · ¤ W®¯¤�£�£g¤�£g¤¯® � ¥�¾¨ÚO¡Q¤ »
$â¤�® �VU�T ¾¿£ W ¤~¤¯¸�£§  W�ØOU ¥�¾¨¸g�®¯ ¢°!°�¤~¸�¡�¾¿£ » Í U ¥Q¸�¡�¥ T�W ¤�°!¾¨¤ W £g¤�° T ¸ � ¥Q ¢¡Q¸4+�Î� ¢¥Q¸§¦¨¤¯¸�¥Q ¢£ U £�¾¨ ¢¥Q¸d¤�£§¦¨¤¯¸

�L·LT  ¢£ ��% ¸g¤¯¸^¬�¡ T�W  ¢±�¦ % °�¤ »�- ¥Q¸�¡�¾¿£g¤ � ¥Q ¢¡Q¸^¤�Î T�W ¾¿°� ¢¥Q¸b¦¨¤�£g¤ W °�¤�¸Ö ¢¡ W ®¯¤@3S¦'& U ¾¨¬�¤�¬�& ¡�¥Q¤Ú)÷ ¢¥Q®�£�¾¨ ¢¥Á¬�¤ Õ W ¤¯¤�¥¬�& ¡�¥!°!¾¿¦¿¾¨¤�¡�¾¨¸g ¢£ W   T ¤ T ¡�¾¨¸G¥Q ¢¡Q¸�¦'& ¾¨¬�¤�¥L£�¾,+V ¢¥Q¸]3m¦ U )ä ¢¥Q®�£�¾¨ ¢¥�¬�¤ Õ W ¤¯¤�¥!¬�& ¡�¥�¤¯¸ TVU ®¯¤�¬�¤ TVU�WÖU ° % £ W ¤¯¸x®¯¤�¡�Î�¬�¡¬�¤�°!¾,�6¤¯¸ TVU ®¯¤=¾¿¥�)÷ W ¾¨¤�¡ W » : ¡�¾¨¸ � ¥Q ¢¡Q¸ U�T�T ¦¿¾¨ÚL¡Q ¢¥Q¸x¦ U °��£ �  $¬�¤^¬�¤ T ¦¿¡Q¸7)ä  W £g¤b¬�¤¯¸g®¯¤�¥O£g¤ U ¡!£g¤ W °�¤^¬�¤ W Q£V¤�Î�¾¨ ¢¥¬ U ¥Q¸Z¸ U A« ¢¥Q¤d¬�¤�´ U ¦¿¾¨¬�¾¿£gD_Q¥Q ¢¡Q¸Z®¯ ¢° T ¦¨�£g ¢¥Q¸Z¦ U A« ¢¥Q¤§¬�¤§´ U ¦¿¾¨¬�¾¿£g TVU�W ¡�¥Q¤§¥Q ¢¡�´Ó¤�¦¿¦¨¤ U�T�T�W  $® � ¤U3!± U ¸g¤d¬�¤¸ T ¦¿¾¿¥Q¤¯¸ »1- ¥�+Q¥ � ¥Q ¢¡Q¸ U�T�T ¦¿¾¨ÚL¡Q ¢¥Q¸�¦ U T ¦¿¡Q¸@)÷  W £g¤�¬�¤¯¸Ö®¯¤�¥O£g¤ U ¡/£g¤ W °�¤
¬�¤!£ WÖU ¥Q¸�°!¾¨¸Ö¸�¾¨ ¢¥ »�- ¥ U ¥�¥Q¤�Î�¤ � ¥Q ¢¡Q¸
T�W ¯¸g¤�¥L£g ¢¥Q¸
¦'& �£�¡Q¬�¤ ¬�& ¡�¥Q¤K)ä ¢¥Q®�£�¾¨ ¢¥ U ¡�Î�¾¿¦¿¾ U ¾ W ¤ U ±� ¢¥Q¬ U °!°�¤�¥L£�¤�° T ¦¨  · ¯¤ ¬ U ¥Q¸�¦ U T ¦¿¡Q¸F)ä  W £g¤v¬�¤¯¸g®¯¤�¥O£g¤ �
U ¾¿¥Q¸�¾GÚO¡Q¤�ÚL¡Q¤�¦¨ÚO¡Q¤¯¸ W ¤�° U�W ÚO¡Q¤¯¸ U ¡ ¸�¡¢µ�¤�£^¬�¤¯¸ T W¢¦¨¤¯¸=¬�¤¯¸ )÷ ¢¥Q®�£�¾¨ ¢¥Q¸ »

â?>GF :7�¦B�±�IJax��YEa¶B^fV�
\m ¢¡Q¸S¥Q ¢¡Q¸S¾¿¥O£g W ¤¯¸g¸Ö ¢¥Q¸k3 ¦ U )ä ¢¥Q®�£�¾¨ ¢¥7¬�¤ Õ W ¤¯¤�¥ G(x, y)

¬�¡ T�W  ¢±�¦ % °�¤v¤QM ¤¯®�£�¾,)2ò ¤Q» ² öQ�  �
 y ¤¯¸�£�¡�¥T  ¢¾¿¥O£=¸Ö ¢¡ W ®¯¤Ú+�Î��¬ U ¥Q¸
D− »

¡ ª



¡�Ä ølù(µ(ú�¼I´l¾ ·äã�ýÑ� ÿºþFø÷´l¼/ÿºþ ¸Ú· { ¾ ·�· þ ·N�	�7· ø÷´l¼gy ·
× R]S	RVU å �1���.���'�Õ]Ó

em¥ T  ³¸g¤ [s t
t υ

]
:= A » $â ¢°!°�¤ T�W ¯®¯¯¬�¤�°!°�¤�¥O£ � ¥Q ¢¡Q¸Z¸g¡ T�T  ³¸g ¢¥Q¸Z¸ U ¥Q¸ T ¤ W £g¤d¬�¤ Ø �¥Q WÖU ¦¿¾¿£g υ = 1

»
em¥ T  ³¸g¤ k+ := ω

√
ε+µ+

�
d := detA � k− := ω

√
ε−
d

» :  ¢¡ W ζ ∈ R
�  ¢¥�® �  ¢¾¨¸�¾¿£ λ+(ζ) :=

√
k+2 − ζ2

¤�£
λ−(ζ) :=

√
d
√
k−2 − ζ2

¬ U ¥Q¸�¦¨¤ T�W ¤�°!¾¨¤ W ÚO¡ U ¬ WÖU ¥L£ » : ¡�¾¨¸ �  ¢¥ T�W  ¢¦¨ ¢¥ Ø ¤ U ¥ U ¦ · £�¾¨ÚL¡Q¤�°�¤�¥O£�®¯¤¯¸§¬�¤�¡�Î)ä ¢¥Q®�£�¾¨ ¢¥Q¸v¸�¡ W
C
T�W ¾¿´Ó4¬�¤N± WÖU ¥Q® � ¤¯¸Á¬�¤ ®¯ ¢¡ T ¤¯¸1_ TVU�W ¬�Q) U ¡�£ �  ¢¥ T�W  ¢¦¨ ¢¥ Ø ¤4®¯ ¢°!°�¤4¬ U ¥Q¸�¦¨¤ ® �VU�T ¾¿£ W ¤

T�W ¯®¯¯¬�¤�¥L£�ò Ù ¾ Ø ¡ W ¤>ª » © ö�» :  ³¸g ¢¥Q¸
c1 := ψ1ζ + ψ2λ

+, c2 := ϕ11ζ
2 + (ϕ12 + ϕ21)ζλ

+ + ϕ22(k
+2 − ζ2) − ϕ3,

D := µ+λ− + λ+ − i(µ+λ−c1 + µ+c2), T :=
2µ+λ−

D
, R := (1 − ic1)T − 1.

× R]S	R]S �U��Ó²�Ñ���'��Õ ���(ªa���1�a�h�����
em¥K¸�¡ T�T  ³¸g¤�ÚL¡Q¤ D ¥Q¤
¸�& U ¥�¥O¡�¦¨¤ TVU ¸d¸�¡ W

R
» O ¤
£ � ¯  WV% °�¤Nª » ¤ ¬�¤
® U ¦¨®�¡�¦�¬�¤�¦ U )÷ ¢¥Q®�£�¾¨ ¢¥¼¬�¤ Õ W ¤¯¤�¥¾¿¥Q¬�¾¨ÚL¡Q¤ U ¦¨  W ¸=ÚL¡Q¤ G ¸g¤�¬�¯®¯ ¢° T  ³¸g¤>3S¦'& U ¾¨¬�¤§¬�¤¯¸b¾¿¥O£g Ø³WÖU ¦¨¤¯¸S¹

Gsour(x, y) = − i
4π

∫
R

1
λ− e−itζ(x2−y2)ei(λ−|x2−y2|−y1ζ)eix1ζdζ, x2 < 0,

− i
4π I3(x, y) := Grefl(x, y) = − i

4π

∫
R

1
λ− e−itζ(x2−y2)Re−i(λ−y2+y1ζ)e−iλ−x2eix1ζdζ, x2 < 0,

− i
4π I1(x, y) := Gtrans(x, y) = − i

4π

∫
R

1
λ− eitζy2T e−i(λ−y2+y1ζ)eiλ+x2eix1ζdζ, x2 > 0.

Í U ¥Q¸x¦¨¤¯¸x¸g¤¯®�£�¾¨ ¢¥Q¸o¸g¡�¾¿´ U ¥L£g¤¯¸ � ¾¿¦Q¸H& U�Ø ¾¿£o¬�& ¤�Î T�W ¾¿°�¤ W ®¯¤¯¸o¾¿¥O£g Ø³WÖU ¦¨¤¯¸o¸Ö ¢¡Q¸\¡�¥Q¤ )ä  W °�¤ T ¦¿¡Q¸x¤�Î T ¦¿¾¨®�¾¿£g¤ » :  ¢¡ W¬�¤¯¸ WÖU ¾¨¸g ¢¥Q¸m£g¤¯® � ¥�¾¨ÚL¡Q¤¯¸ � ¥Q ¢¡Q¸Z¸�¡ T�T  ³¸g¤ W  ¢¥Q¸ k+ < k−
» O�¤¯¸^£g¤¯® � ¥�¾¨ÚL¡Q¤¯¸�ÚO¡Q¤§¥Q ¢¡Q¸=¬��´Ó¤�¦¨  T�T  ¢¥Q¸ T  ¢¡ W�W  ¢¥L£=�£ W ¤ U ¬ U�T £g¯¤¯¸Z¸�¾ k− < k+ »

âj>V= * Y�� ��Y'f�B^�d����Y
Ì Ý��^}�|0¦^Êv§±¿_��xÜ�bØ Å§Ç6Å�ÄÒÞ
Å

Gsour
Ì�� ã�Æ�Ä�Ã�Ç��
Gsour(x, y) =

1√
d
Gk− (A∗x,A∗y) ,

Ô¼Í
Gk−(x̃, ỹ) = − i

4H
(1)
0 (k− |x̃− ỹ|) ÅÒÌ�Ç.õ ÐY�¯Ô¢ß�Æ¯Ç÷ÃäÔ¢ß!ÉOÅnæ�Ä�ÅÖÅ�ß�Ì�Ô¢Ä�ÇûÐ¢ßVÇ6Å�ÉY� È$ß�ÞSÃ�õ ÃäÅ�ÈSÉOÅoß�Ô¢Þç��ÄgÅ�É�� Ô³ß�ÉOÅ k− �Å¯Ç A∗ ÅÒÌ�Ç�õ¿Ð
Þ�Ð³Ç÷Ä�ÃäÆÖÅ§Ä�ãgÅIõ�õ¨ÅSÇ÷ÄÒÃäÐ¢ßº�³È^õ¿Ð¢Ã�Ä�Å§Ì�È«Ñ�ã�ÄÒÃûÅ�È$Ä�Å � É¢ÃäÐ��ÓÔ¢ß�Ð²õ¿ÅbÑ�Ô¢ÌÒÃ÷Ç÷Ã�ô�Å�Ì¯Ô²õ È�Ç÷ÃäÔ¢ß ÉLÅ A∗TA∗ = dA �

A∗ :=

(
1 −t
0

√
d

)
.

¤ �����¦¥� �¨§ Z ¦ ¤¯¸�£b±�¾¨¤�¥ ®¯ ¢¥�¥L¡-e ¡ fGÚL¡Q¤ T  ¢¡ W £g ¢¡�£ x̃ 6= ỹ
�

− i

4π

∫

R

√
d

λ−(ζ)
ei(x̃1−ỹ1)ζe

iλ−(ζ)√
d

|x̃2−ỹ2|dζ = − i

4
H

(1)
0 (k− |x̃− ỹ|) = Gk−(x̃, ỹ).

- ¥ TVU�W £�¾¨®�¡�¦¿¾¨¤ W � ¸�¾ x 6= y
� U ¦¨  W ¸^¤�¥ T  ³¸ U ¥L£ (x̃, ỹ) = (A∗x,A∗y)

�  ¢¥Á ¢±�£�¾¨¤�¥O£

Gsour(x, y) =
1√
d
Gk− (A∗x,A∗y) .

Î>}�|c}.��������|0§Á¿_�¯�¦�
Gsour

ÅÒÌ�Ç÷õ Ð?��Ô³ß�Æ¯Ç÷ÃäÔ¢ßKÉOÅhæ�Ä�ÅgÅ�ß/Ì¯Ô¢Ä�ÇûÐ³ßVÇ6Å�É�� È$ß/Þ�Ã�õ ÃûÅ�È ÉLÅ�Ç6Å�ßQÌ¯Å�È$Ä
Å�Ç=ÉOÅ�Ñ�Å�Ä�Þ�Ã�ÇäÇ÷Ã�ô«Ã÷Ç6ã
ÆÒÅ�È Ý ÉLÅ

D− �
{

∇ · A∇Gsour(·, y) + ω2ε−Gsour(·, y) = δy,
ÉÓÐ³ß�Ì

R2,è ÆgÔ³ß�É¢Ã÷Ç÷Ã÷Ô¢ß�ÉOÅ�Ä�ÐÓÉ¢ÃäÐ³Ç÷Ã÷Ô³ß
,õ¿Ð�ÆgÔ¢ß�É¢Ã÷Ç÷ÃäÔ¢ß ÉLÅ�Ä�ÐÓÉ¢ÃäÐ³Ç÷ÃäÔ¢ß�ã�ÇûÐ¢ßVÇ��

∇xGsour(x, y) ·
e

|e| − iω

√
ε−

`
Gsour(x, y) = O

(
|x|−3/2

)
,

Ñ�Ô¢ÈLÄdÇûÔ¢È$Ç
(`, e)

ãQõ¨ã�Þ
Å�ßVÇ Ñ�Ä�ÔÒÑ�ÄgÅ�ÉOÅ A �



ã�ý¬��ý ´ · ¾ »�·Â¸Ú· ¾ mN��è1·[é ¼Iÿºþ ¡ ³

¤ �����¦¥� �c§ Z ¦�¸�¡�P�£n¬�& ¾¿¥¢µ�¤¯®�£g¤ W ¦'& ¤�Î T�W ¤¯¸g¸�¾¨ ¢¥� ¢±�£g¤�¥O¡Q¤Z¬ U ¥Q¸o¦¨¤=£ � ¯  WV% °�¤m¬ U ¥Q¸o¦'& ¯ÚO¡ U £�¾¨ ¢¥ � ¤�¥~¤�Î T ¦¨ ¢¾¿£ U ¥O£
{

(∆ + (k−)2)Gk−(·, ỹ) = δỹ,
¬ U ¥Q¸

R2,t ®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥ ¬�¤ WÖU ¬�¾ U £�¾¨ ¢¥ .

â?> � * Y�� ��Y�CdYB���	L�YßK�eJB^]
× RêuNRVU �cÕ�����D���a�Y���h��Õ

�$ ¢¾¿£
x ∈ D− ò

x2 < 0
ö�»�- ¥ ®¯ L  W ¬� ¢¥�¥Q¯¤¯¸ T  ¢¦ U ¾ W ¤¯¸ �

(
−
√
d(x2 + y2)

−t(x2 − y2) + x1 − y1

)
=: ρ

(
cos θ3
sin θ3

)
,
 �


ρ =

∣∣∣∣A∗
(
x−

(
1 −2t
0 −1

)
y

)∣∣∣∣ , θ3 ∈
(
−π

2
,
π

2

)
.

\Z ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸=® U ¦¨®�¡�¦¨¤ WmTVU�W ¦ U °��£ �  $¬�¤�¬�¤ T ¦¿¡Q¸÷)ä  W £g¤�¬�¤¯¸g®¯¤�¥O£g¤§¦'& ¾¿¥O£g Ø³WÖU ¦¨¤d¬�¤ W Q£V¤�Î$¾¨ ¢¥

I3 =

∫

R

f(ζ)dζ,
 �


f := geh, g :=
R

λ−
, h := ρhk−,θ3

,

U ´Ó¤¯® h·,· ¬�Q+Q¥�¾¨¤Z¤�£â�£�¡Q¬�¾¨¯¤�¬ U ¥Q¸n¦'& U ¥�¥Q¤�Î�¤ Ä » À » :  ¢¡ W ¬�¤¯¸ WÖU ¾¨¸g ¢¥Q¸â£g¤¯® � ¥�¾¨ÚO¡Q¤¯¸ � ¥Q ¢¡Q¸�¸�¡ T�T  ³¸g¤ W  ¢¥Q¸�ÚO¡Q¤=¦¨¤¯¸®¯ ¢¡ W ±�¤¯¸n¬�¤ T ¦¿¡Q¸�)ä  W £g¤=¬�¤¯¸Ö®¯¤�¥O£g¤m¥1& ¾¿¥O£g¤ W ¸g¤¯®�£g¤�¥L£ TVU ¸o¦'& ¤�¥Q¸g¤�°d±�¦¨¤m¬�¤¯¸ T W¢¦¨¤¯¸o¬�¤ f � ¤�£n¥Q ¢¡Q¸n¸g¡ T�T  ³¸g¤ W  ¢¥Q¸âÚL¡Q¤¦¨¤¯¸ T W¢¦¨¤¯¸�¬�¤ f ¸Ö ¢¥O£�¸�¾¿° T ¦¨¤¯¸ » O U °��£ �  L¬�¤�¤¯¸g£Z´ U ¦ U ±�¦¨¤ T  ¢¡ W ¡�¥ ¤�¥Q¸Ö¤�°§±�¦¨¤�¬�& U ¥ Ø ¦¨¤¯¸ θ3 �   W ¸�¬�& ¡�¥ T ¤�£�¾¿£¾¿¥L£g¤ W ´ U ¦¿¦¨¤ » :  ¢¡ W ¦ U A« ¢¥Q¤�¬�¤m¥Q ¢¥��û´ U ¦¿¾¨¬�¾¿£g � ¥Q ¢¡Q¸b�£g¤�¥Q¬� ¢¥Q¸b¥Q ³¸ W ¯¸�¡�¦¿£ U £g¸b¬�¤L) U ç¯ ¢¥�¦¿¾¨¸Ö¸g¤ TVU�W ¾¿¥L£g¤ W�T  ¢¦ U £�¾¨ ¢¥¬�¤�£ ·LT ¤�¸ T ¦¿¾¿¥Q¤¯¸ »�- ¥�+Q¥ � ¥Q ³¸ W ¯¸�¡�¦¿£ U £g¸m¸g ¢¥O£ T�W ¯¸g¤�¥O£g¯¸m¬�¤Ú) U ç¯ ¢¥Á¸ · ¥L£ � �£�¾¨ÚO¡Q¤ TVU�Ø ¤ ¤ ¡ »
Ï^Å�Þ!Ð³ÄG��ÈQÅ�� :�U�W ¦¨¤¼® �VU ¥ Ø ¤�°�¤�¥O£K¬�¤K´ U�W ¾ U ±�¦¨¤ ζ := −ζ �  ¢¥ ®¯ ¢¥Q¸g£ U £g¤¼ÚL¡Q¤ I3 ¤¯¸�£N¾¿¥O´ U�W ¾ U ¥O£g¤ TVU�W ¦ U£ WÖU ¥Q¸ï)ä  W ° U £�¾¨ ¢¥�¬�¤ (θ3, ψ1, ϕ12, ϕ21)

¤�¥
(−θ3,−ψ1,−ϕ12,−ϕ21)

»_7 ¡�¾¿£�£g¤F3 T  ³¸Ö¤ W (θ3, ψ1, ϕ12, ϕ21) :=
(−θ3,−ψ1,−ϕ12,−ϕ21)

� ¥Q ¢¡Q¸^¸�¡ T�T  ³¸g¤ W  ¢¥Q¸^¸ U ¥Q¸ T ¤ W £g¤§¬�¤ Ø �¥Q WÖU ¦¿¾¿£g θ3 > 0
»

× RêuNR]S o p���Ò��D�]� �]�ëªa�V�aÓÑìï�1����� ����Ó²����Õ���
Ü(}���z.{H�k��|²��{���Í1��§^�

O ¤¯¸ T  ¢¾¿¥L£g¸o¬�¤�± WÖU ¥Q® � ¤�°�¤�¥O£n¬�¤ f ¸g ¢¥L£x¾¨¸g¸�¡Q¸\¬�¤¯¸ WÖU ®�¾¿¥Q¤¯¸n® U�W�W ¯¤¯¸^¹ −k−, k−,−k+ ¤�£ k+ » O ¤¯¸ T W¢¦¨¤¯¸x¬�¤
f
¸g ¢¥L£o¦¨¤¯¸ T W¢¦¨¤¯¸n¬�¤ R

λ−
� U ´Ó¤¯®^°k=�°�¤Z  W ¬ W ¤=¬�¤=°§¡�¦¿£�¾ T ¦¿¾¨®�¾¿£g » :  ¢¡ W ¬�¤¯¸ WÖU ¾¨¸Ö ¢¥Q¸o£g¤¯® � ¥�¾¨ÚO¡Q¤¯¸ �  ¢¥
¦¨¤¯¸n¸�¡ T�T  ³¸g¤

¸�¾¿° T ¦¨¤¯¸ » O ¤ W ¯¸�¾¨¬�¡/¬�¤ f ¤�¥4¡�¥ T W¢¦¨¤ z ¤¯¸�£ Res (f ; z) = Res
(

R
λ− ; z

)
eh(z) »�- ¥�+Q¥ � TVU�W O ¤�°!°�¤ Ä » ©Hª � ¦¨¤

T  ¢¾¿¥O£=¸Ö¤�¦¿¦¨¤ ζ3 � ¡�¥�¾¨ÚO¡Q¤�¸Ö ¢¦¿¡�£�¾¨ ¢¥ ¬�¤�¦'& ¯ÚL¡ U £�¾¨ ¢¥ h′(ζ) = 0
� ¤¯¸�£

ζ3 = k− sin θ3
»

Î*Ý§^Ê���zÂ~§±êl����F©h}�|�{H§±~§^�H��§^z.{H§
:�U�W O ¤�°!°�¤ Ä » © Ä ¤�£÷O ¤�°!°�¤ Ä » ©�³ � ¦¨¤�® � ¤�°!¾¿¥Á¬�¤ T ¦¿¡Q¸º)ä  W £g¤Z¬�¤¯¸Ö®¯¤�¥O£g¤�¾¨¸g¸�¡ ¬�¡ T  ¢¾¿¥L£^¸g¤�¦¿¦¨¤Z¤¯¸�£ γ(u) :=

u+ iv(u), u ∈ R
� U ´Ó¤¯®

v(u) = − (k− − u sin θ3)(u− k− sin θ3)

[(k− − u sin θ3)2 + (u− k− sin θ3)2 + 2 sin θ3(k− − u sin θ3)(u− k− sin θ3)]
1/2

.

em¥Á¥Q ¢£g¤ WÖU P ¦'& ¤�¥Q¸g¤�°§±�¦¨¤d¬�¤¯¸ T W¢¦¨¤¯¸=¬�¤ f ¸�¾¿£�¡Q¯¸^¤�¥O£ W ¤ γ ¤�£^¦'& U Î�¤ W ¯¤�¦ »
Ì Ý��^}�|0¦^ÊÁ§±~§^�k|0������~7���

O�& ¾¨¬�¯¤ T�W ¾¿¥Q®�¾ TVU ¦�¬�¤Z¦ U °��£ �  $¬�¤�¤¯¸�£b¬�¤�® �VU ¥ Ø ¤ W ¦¨¤�® � ¤�°!¾¿¥Á¬�& ¾¿¥L£g Ø³WÖU £�¾¨ ¢¥ ¬�¤ I3 =
∫

R
f
¤�¥ ¦¨¤�® � ¤�°!¾¿¥¬�¤ T ¦¿¡Q¸Ú)ä  W £g¤!¬�¤¯¸g®¯¤�¥L£g¤ γ » O U µ¶¡Q¸�£�¾,+V® U £�¾¨ ¢¥/¬�¡ T�W  $®¯¯¬�!¸H&   T.%�W ¤ TVU�W £ � ¯  WV% °�¤
¬�¤¯¸ W ¯¸�¾¨¬�¡Q¸Úe ¡ ³gf � ®¯¤!ÚL¡�¾¥Q¯®¯¤¯¸g¸g¾¿£g¤m¬�¤Z®¯ ¢¥O£g ¢¡ W ¥Q¤ W ¦¨¤¯¸â¸�¾¿¥ Ø ¡�¦ U�W ¾¿£g¯¸b¬�¤ f » Àm¡k+Q¥ U ¦ � I3 ¸H& ¤�Î T�W ¾¿°�¤ U ¾¿¥Q¸�¾�¤�¥#)ä ¢¥Q®�£�¾¨ ¢¥�¬�& ¡�¥Q¤m¾¿¥O£g Ø³WÖU ¦¨¤3§± U ¸g¤=¬�¤ γ � ¬�& �´Ó¤�¥O£�¡Q¤�¦¨¸ W ¯¸�¾¨¬�¡Q¸ � ¤�£n¬�& �´Ó¤�¥L£�¡Q¤�¦¿¦¨¤¯¸�¾¿¥O£g Ø³WÖU ¦¨¤¯¸b¸�¡ W ¬�¤¯¸â± WÖU ¥Q® � ¤¯¸�¬�¤m®¯ ¢¡ T ¤ » :  ¢¡ WâT  ¢¡�´Ó ¢¾ W¤QM ¤¯®�£�¡Q¤ W ¡�¥Q¤ U ¥ U ¦ · ¸g¤ Ø �¥Q W ¾¨ÚO¡Q¤ � ¥Q ¢¡Q¸
¸�¡ T�T  ³¸Ö ¢¥Q¸!ÚO¡Q¤ ¦ U ®¯ ¢¡ W ±�¤ γ ¥Q¤ TVU ¸g¸g¤ TVU�W
U ¡Q®�¡�¥ T W¢¦¨¤v¬�¤ f »Í ¾,M  W ¤�¥O£g¤¯¸Z®¯ ¢¥�+ Ø ¡ WÖU £�¾¨ ¢¥Q¸m¸g ¢¥L£ T  ³¸g¸�¾¿±�¦¨¤¯¸1_�®¯¤¯®�¾ ¥Q¯®¯¤¯¸g¸g¾¿£g¤�¬� ¢¥Q®�¦'& �£�¡Q¬�¤�¬�¤�¬�¾,M  W ¤�¥O£g¸m® U ¸ »



¡ « ølù(µ(ú�¼I´l¾ ·äã�ýÑ� ÿºþFø÷´l¼/ÿºþ ¸Ú· { ¾ ·�· þ ·N�	�7· ø÷´l¼gy ·
Ì Ý��^}�|0¦^Êv§±¿_�Þ�«��� È«ÑOÑ�Ô�Ì�Ô³ß�Ì

θ3 > 0
Å�Ç
k− sin θ3 < k+ �   õ¿Ô¢ÄÒÌ��

I3(x, y) =

∫

γ
f + 2πi

∑

z∈P
signe(=z)Res (f ; z) .

¤ �����¦¥� �¨§ em¥
¥Q ¢£g¤
A := {u+iτv(u), u < k− sin θ3, 0 < τ < 1} � B := {u+iτv(u), k− sin θ3 < u <

k−
sin θ3

, 0 < τ < 1} � C := {u+ iτv(u), k−
sin θ3

< u, 0 < τ < 1} »�$ ¢¾¿£=¡�¥ ®¯ ¢¥O£g ¢¡ W ση
ò�Æ¢��� Ù ¾ Ø ¡ W ¤ Ä » © ö ÚO¡�¾Vµ¶ ¢¾¿¥L£m¡�¥Q¤ T   W £�¾¨ ¢¥ ¬�¤ γ ¤�£m¡�¥Q¤ T   W £�¾¨ ¢¥N¬�& U Î�¤ W ¯¤�¦ TVU�W ¡�¥¬�¤�°!¾,�6®¯¤ W ®�¦¨¤�¬�¤ Ø³WÖU ¥Q¬ WÖU¯·  ¢¥ 1

η > 0
»
ση

®¯ ¢¥L£g ¢¡ W ¥Q¤~¬�¤ T ¦¿¡Q¸�¦¨¤¯¸ T  ¢¾¿¥L£g¸§¬�¤�± WÖU ¥Q® � ¤�°�¤�¥O£!¬�¤ f TVU�W ¬�¤¯¸¬�¤�°!¾,�6®¯¤ W ®�¦¨¤d¬�¤ T ¤�£�¾¿£ WÖU¯·  ¢¥ η »

R

γ
A

B

C
ση

1
η

í¼îAïñðÈò
η

k+ k−

−k+−k−

� �]|¨} Ä » ©³¹ ση
¬ U ¥Q¸b¦¨¤�® U ¸ θ3 > 0

�
k− sin θ3 < k+

:�U�Wa�O·$T  ¢£ ��% ¸g¤m¬�¤ W  Ø ¡�¦ U�W ¾¿£gZÚO¡Q¤^¥Q ¢¡Q¸ U ´Ó ¢¥Q¸�) U ¾¿£g¤¯¸ �  ¢¥ T ¤�¡�£ U�T�T ¦¿¾¨ÚO¡Q¤ W ¦¨¤^£ � ¯  WV% °�¤=¬�¤¯¸ W ¯¸�¾¨¬�¡Q¸n¸�¡ W
ση
T ¡�¾¨¸ TVU ¸g¸g¤ W 3d¦ U ¦¿¾¿°!¾¿£g¤Z¦¨  W ¸gÚO¡Q¤ η → 0

» O U ®¯ ¢¥O£ W ¾¿±�¡�£�¾¨ ¢¥N¬�¤¯¸ T   W £�¾¨ ¢¥Q¸b¬�¡v®¯¤ W ®�¦¨¤�¬�¤ WÖU¯·  ¢¥ 1
η

£g¤�¥Q¬ U ¥O£´Ó¤ W ¸ 0 TVU�W ¦¨¤�°!°�¤�¬�¤ Û   W ¬ U ¥ �  ¢¥Á ¢±�£�¾¨¤�¥O£Å+Q¥ U ¦¨¤�°�¤�¥L£S¹
∫

R

f =

∫

γ
f + 2πi

∑

z∈P∩(A∪C)

Res (f ; z) − 2πi
∑

z∈P∩B

Res (f ; z) ,

¬�&  �
Á® » Ú » ) » ¬ »
Ì Ý��^}�|0¦^Êv§±¿_�B¥���� È«ÑOÑ�Ô�Ì�Ô³ß�Ì

θ3 > 0
Å�Ç
k+ < k− sin θ3

�   õ¿Ô¢ÄÒÌ��

I3(x, y) =

∫

γ
f +

∫

γ̃
(f |− − f |+)(ζ)dζ + 2πi

∑

z∈P
signe(=z)Res (f ; z) ,

Ô¼Í
γ̃
Å�Ì�Ç�õ¨ÅSÆ�Ê�Å�Þ�Ã�ß�ÉOÅbÑ�õ ÈLÌ[��Ô³Ä�Ç6ÅSÉOÅÒÌ¯ÆÖÅ�ßVÇ6ÅdÃ�ÌÖÌ�È ÉOÅ

k+ Ì�È«ÑOÑ�Ô�Ì¯ã§ß�ÅbÑ�Ð¢Ì�Ã�ßVÇ6Å�ÄÒÌ¯ÅgÆ¯Ç6Å�Ä P � Å¯Ç
f |− (ζ) = lim

z→ζ
=z<=γ̃(<z)

f(z), f |+ (ζ) = lim
z→ζ

=z>=γ̃(<z)

f(z).

Ï=Å�Þ�Ð¢ÄG�¯È�Å��
f |− (ζ)

� W ¤¯¸ T » f |+ (ζ)
� T ¤�¡�£â¸g¤Z¬�Q+Q¥�¾ WbU ´Ó¤¯®Z¦¨¤¯¸a)÷  W °d¡�¦¨¤¯¸b¬�¤ f(ζ)

¤�¥ W ¤�° T ¦ U ç U ¥L£ λ+(ζ) TVU�W
λ+
−(ζ)

� W ¤¯¸ T » λ+
+(ζ)

� ¬��£g¤ W °!¾¿¥ U £�¾¨ ¢¥K¬�¤ √k+2 − ζ2
3 TVU�W £�¾¨¤ W ¯¤�¦¿¦¨¤ T  ³¸�¾¿£�¾¿´Ó¤ � W ¤¯¸ T » ¥Q¤ ØOU £�¾¿´Ó¤ » em¥ U�TVU�W

U ¾¿¦¿¦¨¤�¡ W ¸ λ+
+(ζ) = −λ+

−(ζ)
»

¤ �����¦¥� �¨§ O�¤�® � ¤�°!¾¿¥¼¬�& ¾¿¥O£g Ø³WÖU £�¾¨ ¢¥ ση
ÚL¡Q¤�¦'&  ¢¥�¾¿¥L£ W  L¬�¡�¾¿£§¬� ¢¾¿£ � ¤�¥ T ¦¿¡Q¸ � ®¯ ¢¥O£g ¢¡ W ¥Q¤ W ¡�¥Q¤�± WÖU ¥Q® � ¤¬�¤ ®¯ ¢¡ T ¤ ¬�¤ λ+ » :  ¢¡ W~T  ¢¡�´Ó ¢¾ W �´ U ¦¿¡Q¤ W ¤QP
® U ®¯¤�°�¤�¥O£ ¦'& ¾¿¥O£g Ø³WÖU ¦¨¤NÚO¡�¾ U�T�TVU�WÖUcb £ WÖU ¸�¡ W ®¯¤�£�£g¤Á± WÖU ¥Q® � ¤ �¥Q ¢¡Q¸�® �  ¢¾¨¸g¾¨¸g¸g ¢¥Q¸ ®¯ ¢°!°�¤ ± WÖU ¥Q® � ¤4¬�¤ ®¯ ¢¡ T ¤ ¡�¥�® � ¤�°!¾¿¥8¬�¤ T ¦¿¡Q¸k)ä  W £g¤N¬�¤¯¸g®¯¤�¥O£g¤ » Z ¥O£ W  $¬�¡�¾¨¸g ¢¥Q¸ U ¾¿¥Q¸�¾

γ̃(u) = u+ iṽ(u), u 6 k+ � ® � ¤�°!¾¿¥N¬�¤ T ¦¿¡Q¸ )ä  W £g¤�¬�¤¯¸g®¯¤�¥O£g¤§¾¨¸g¸�¡Á¬�¤ k+ ¹

ṽ(u) =
(k̃ − u sin θ3)

[
(u− k̃ sin θ3)

2 + (k̃2 − k−2
) cos2 θ3

]1/2

[
(k̃ − u sin θ3)2 + (u− k̃ sin θ3)2 + 2 sin θ3(k̃ − u sin θ3)(u− k̃ sin θ3)

]1/2
,



ã�ý¬��ý ´ · ¾ »�·Â¸Ú· ¾ mN��è1·[é ¼Iÿºþ ¡ ¢

 �

k̃ :=

√
k−2 − k+2 cos θ3 + k+ sin θ3

� TVU�W O�¤�°!°�¤ Ä » © Ä ¤�£ÅO ¤�°!°�¤ Ä » ©�³ »$â ¢°!°�¤^± WÖU ¥Q® � ¤¯¸�¬�¤^®¯ ¢¡ T ¤=¬�¤ λ+ �  ¢¥�® �  ¢¾¨¸�¾¿£n¾¨®�¾ γ̃ ¤�£o¸g ¢¥~¸ · °��£ W ¾¨ÚL¡Q¤>ò TVU�WoWÖU�T�T   W £º3�¦'&   W ¾ Ø ¾¿¥Q¤ ö�» O UÙ ¾ Ø ¡ W ¤ Ä » ²!°� ¢¥O£ W ¤d¦¨¤�¸�¾ Ø ¥Q¤>3!® �  ¢¾¨¸�¾ W^T  ¢¡ W ¦¨¤¯¸ TVU�W £�¾¨¤¯¸ W ¯¤�¦¿¦¨¤§¤�£^¾¿° U�Ø ¾¿¥ U ¾ W ¤S¬�¤ λ+ ¬ U ¥Q¸^¦¨¤�¬�¤�°!¾,�6¤¯¸ TVU ®¯¤¸�¡ T  W ¾¨¤�¡ W » ò�O ¤¯¸m¸�¾ Ø ¥Q¤¯¸^¸H&  ¢±�£�¾¨¤�¥�¥Q¤�¥L£ TVU�W ¸ · °��£ W ¾¨¤�¬ U ¥Q¸^¦¨¤�¬�¤�°!¾,�6¤¯¸ TVU ®¯¤�¾¿¥�)ä W ¾¨¤�¡ W » ö

α = 0, β > 0

α < 0, β > 0
α > 0, β > 0

α > 0, β = 0α > 0, β = 0α = 0, β > 0
k+

α > 0, β < 0

γ̃

α < 0, β < 0

α := <(λ+), β := =(λ+)

α < 0, β = 0

α > 0, β = 0

−k+

� �]|¨} Ä » ²�¹ Í �£g¤ W °!¾¿¥ U £�¾¨ ¢¥N¬�¤ λ+ ¬ U ¥Q¸^¦¨¤�® U ¸ θ3 > 0
�
k+ < k− sin θ3

em¥�¾¿¥O£ W  $¬�¡�¾¿£d¤�¥Q¸�¡�¾¿£g¤�¡�¥K® � ¤�°!¾¿¥ ση
ò�Æ¢�£� Ù ¾ Ø ¡ W ¤ Ä » ¡ ö ¬�¤U) U ç¯ ¢¥K®¯ ¢° TVU�WÖU ±�¦¨¤ U ¡/® U ¸ T�W ¯®¯¯¬�¤�¥O£ � ¤�¥®¯ ¢¥L£g ¢¡ W ¥ U ¥O£�¬�¤ T ¦¿¡Q¸^¦ U ± WÖU ¥Q® � ¤§¬�¤�®¯ ¢¡ T ¤ γ̃ »

−k+−k−
k−

R

γ

A

B

C

óºôgõxö�÷

1

η

k+

ση

γ̃

η

� �]|¨} Ä » ¡ ¹ ση
¬ U ¥Q¸^¦¨¤�® U ¸ θ3 > 0

�
k+ < k− sin θ3

$â ¢°!°�¤m¦ U ®¯ ¢¡ W ±�¤ γ̃ ¤¯¸�£�¸�¡ T�T  ³¸g¯¤=¥Q¤ TVU ¸g¸Ö¤ WnTVU�WbU ¡Q®�¡�¥ T W¢¦¨¤Z¬�¤ f � U ¦¨  W ¸ TVU�W £ � ¯  WV% °�¤�¬�¤¯¸ W ¯¸�¾¨¬�¡Q¸ �T ¡�¾¨¸ TVU ¸g¸ U�Ø ¤@3�¦ U ¦¿¾¿°!¾¿£g¤�¹
∫

R

f =

∫

γ
f +

∫

γ̃
(f |− − f |+)(ζ)dζ + 2πi

∑

z∈P∩(A∪C)

Res (f ; z) − 2πi
∑

z∈P∩B

Res (f ; z) ,

¬�&  �
 ® » Ú » ) » ¬ »
Ì Ý��^}�|0¦^ÊÁ§�¿_�¯¬¦��� È«ÑÓÑ�Ô�Ì�Ô¢ßQÌ

θ3 = 0
�   õ¿Ô¢ÄÒÌj�

I3(x, y) =

∫

γ
f + 2πi

∑

z∈P
signe(=z)Res (f ; z) .

¤ �����¦¥� �c§ λ−
¤�£
λ+ ¸Ö ¢¥O£^¾¨®�¾�® �  ¢¾¨¸�¾¨¸ TVU�W=Ù ¾ Ø ¡ W ¤ Ä » ¤Q»em¥/¾¿¥O£ W  $¬�¡�¾¿£�¡�¥K®¯ ¢¥L£g ¢¡ W ση

ò�Æ¢�£� Ù ¾ Ø ¡ W ¤ Ä » ª ö ÚL¡�¾ TVU ¸g¸Ö¤ TVU�W ¦'& U Î�¤ W ¯¤�¦n¤�£ γ � ¤�£S¤�¥Áµ� ¢¾ Ø ¥ U ¥O£ γ ¤�£¦'& U Î�¤ W ¯¤�¦ TVU�W ¬�¤¯¸ T   W £�¾¨ ¢¥Q¸�¬�¤�®¯¤ W ®�¦¨¤¯¸�¬�¤ WÖU«·  ¢¥ 1
η

» em¥ ¥Q ¢£g¤
A := {u + iτv(u), u < 0, 0 < τ < 1} � ¤�£

B := {u+ iτv(u), u > 0, 0 < τ < 1} »
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α = 0, β > 0α > 0, β = 0α > 0, β = 0α = 0, β > 0
k

α := <(
√

k2 − ζ2), β := =(
√

k2 − ζ2)

α > 0, β = 0

−k

α > 0, β > 0

α > 0, β = 0

α > 0, β < 0α < 0, β > 0

α < 0, β > 0α > 0, β < 0α > 0, β > 0

k − iR+

−k + iR+

� �T|~} Ä » ¤ ¹ Í �£g¤ W °!¾¿¥ U £�¾¨ ¢¥ ¬�¤ √k2 − ζ2 := −
√
k − ζ̄ −

√
k + ζ̄

1
η

γ

øÊù�ú ûvü

B

A

k+ k−−k− −k+

ση

R

η

� �]|¨} Ä » ª�¹ ση
¬ U ¥Q¸b¦¨¤�® U ¸ θ3 = 0

À=¦¨  W ¸ TVU�W £ � ¯  WV% °�¤d¬�¤¯¸ W ¯¸�¾¨¬�¡Q¸ U�T�T ¦¿¾¨ÚO¡Q�¸g¡ W ση
� T ¡�¾¨¸ TVU ¸g¸ U�Ø ¤@3S¦ U ¦¿¾¿°!¾¿£g¤
¹

∫

R

f =

∫

γ
f − 2πi

∑

z∈P∩A

Res (f ; z) + 2πi
∑

z∈P∩B

Res (f ; z) .

[êlê|0}Yä���Êv��{���}�z5~l§±�ÛÇB}�|0~|0§N~l}�Êv��z��z.{
\m ¢¡Q¸ U ´Ó ¢¥Q¸b ¢±�£g¤�¥L¡Q¸b¬ U ¥Q¸�¥Q ¢£ W ¤��£�¡Q¬�¤Z¬�¤¯¸â¾¿¥L£g Ø³WÖU ¦¨¤¯¸^¸�¡ W ¬�¤¯¸â® � ¤�°!¾¿¥Q¸^¬�¤ T ¦¿¡Q¸º)÷  W £g¤Z¬�¤¯¸g®¯¤�¥O£g¤�¾¨¸Ö¸�¡Q¸¬�¤ T  ¢¾¿¥O£g¸~® W ¾¿£�¾¨ÚO¡Q¤¯¸ ¹�¡�¥Q¤v¾¿¥O£g Ø³WÖU ¦¨¤ ¸�¡ W ¦¨¤Á® � ¤�°!¾¿¥+¬�¤ T ¦¿¡Q¸U)ä  W £g¤Á¬�¤¯¸g®¯¤�¥O£g¤ γ ¾¨¸g¸�¡>¬�¡ T  ¢¾¿¥O£~¸g¤�¦¿¦¨¤ ζ3 �U ¾¿¥Q¸g¾VÚO¡1& ¡�¥Q¤=¾¿¥O£g Ø³WÖU ¦¨¤Z¸�¡ W ¦ U ± WÖU ¥Q® � ¤Z¬�¤^®¯ ¢¡ T ¤ γ̃ � ¾¨¸g¸g¡Q¤^¬�¡ T  ¢¾¿¥O£â¬�¤b± WÖU ¥Q® � ¤�°�¤�¥L£ k+ » $ �VU ®�¡�¥Q¤m¬�¤=®¯¤¯¸¾¿¥L£g Ø³WÖU ¦¨¤¯¸x®¯ ¢¥O£�¾¨¤�¥L£x¡�¥Q¤b¤�Î T  ¢¥Q¤�¥L£�¾¨¤�¦¿¦¨¤^¬�¯® W  ¢¾¨¸g¸ U ¥L£g¤�¦¨¤n¦¨ ¢¥ Ø ¬�¡!® � ¤�°!¾¿¥
¬�& ¾¿¥O£g Ø³WÖU £�¾¨ ¢¥ » O�& ¾¨¬�¯¤b¤¯¸�£ U ¦¨  W ¸\¬�¤®¯ ¢¥Q¸g¾¨¬� W ¤ W ÚO¡Q¤§¸g¤�¡�¦ ¡�¥Á´Ó ¢¾¨¸�¾¿¥ U�Ø ¤d¬�¡ T  ¢¾¿¥O£=® W ¾¿£�¾¨ÚL¡Q¤§®¯ ¢¥Q¸�¾¨¬� W  U�T�T   W £g¤§¡�¥Q¤�®¯ ¢¥O£ W ¾¿±�¡�£�¾¨ ¢¥�3�¦'& ¾¿¥O£g Ø³WÖU ¦¨¤ »- ¥
¥Q¤ ØOU�W ¬ U ¥L£b¤�¥Q¸�¡�¾¿£g¤=ÚL¡Q¤^¦'&   W ¬ W ¤Z¬� ¢°!¾¿¥ U ¥O£�¬�¤¯¸n¬��´Ó¤�¦¨  T�T ¤�°�¤�¥O£g¸b¬�¤LJ U«· ¦¨  W ¬�¤¯¸�)ä ¢¥Q®�£�¾¨ ¢¥Q¸ �  ¢¥~ ¢±�£�¾¨¤�¥O£¡�¥Q¤ U�T�T�W  «Î$¾¿° U £�¾¨ ¢¥ ¬�¤�¦'& ¾¿¥L£g Ø³WÖU ¦¨¤ »
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Ì Ý��^}�|0¦^ÊÁ§�¿_�Þ¿ ò'$â ¢¥L£ W ¾¿±�¡�£�¾¨ ¢¥N¬�¡ T  ¢¾¿¥O£m¸g¤�¦¿¦¨¤ ö �nØ Ð ÆgÔ³ßVÇ÷ÄÒÃý��È�Ç÷Ã÷Ô³ß4É³ÈSÑ�Ô¢Ã�ßVÇ\Ì«ÅQõ�õ¨Å�ÅÒÌ�Ç��
∫

γ
f ≈ R(ζ3)

√
π

dk−ρ
(1 − i)eik−ρ.

¤ �����¦¥� �c§oO]& ¾¿¥O£g Ø³WÖU ¦¨¤S¸�¡ W ¦¨¤�® � ¤�°!¾¿¥N¬�¤ T ¦¿¡Q¸ )ä  W £g¤�¬�¤¯¸g®¯¤�¥O£g¤�¾¨¸g¸�¡Á¬�¡ T  ¢¾¿¥O£=¸Ö¤�¦¿¦¨¤�¤¯¸�£
∫

γ
f = eh(ζ3)

∫

R

g(γ(u))eh(γ(u))−h(ζ3 )γ′(u)du.

:�U�W ¬�¯® W  ¢¾¨¸g¸ U ¥Q®¯¤�¬�¤�¦'& ¤�Î T  ¢¥Q¤�¥L£�¾¨¤�¦¿¦¨¤ T ¡�¾¨¸b£ W  ¢¥Q® U £�¡ W ¤d¬�¤¯¸^¬��´Ó¤�¦¨  T�T ¤�°�¤�¥L£g¸�¤�¥Á¸g W ¾¨¤�¹
∫

γ
f ≈ eh(ζ3)

∫ ζ3+a

ζ3−a
g(ζ3)γ

′(ζ3)e
h′′(ζ3)γ′(ζ3)2

(u−ζ3)2

2 du,

 �

a > 0

¤¯¸g£d¡�¥ W ¯¤�¦â¸g¡�P
¸ U °!°�¤�¥O£ T ¤�£�¾¿£ »�Í U ¥Q¸�®¯¤�£�£g¤~¾¿¥O£g Ø³WÖU ¦¨¤ � ¥Q ¢¡Q¸�¤QM ¤¯®�£�¡Q ¢¥Q¸S¦¨¤�® �VU ¥ Ø ¤�°�¤�¥O£
¬�¤
´ U�W ¾ U ±�¦¨¤ s :=

√
−h′′(ζ3)γ′(ζ3)2

2 (u − ζ3)
»D6 ¡�¥ ) U ®�£g¤�¡ W °§¡�¦¿£�¾ T ¦¿¾¨® U £�¾,) T�WV% ¸ �  ¢¥> ¢±�£�¾¨¤�¥O£ U ¦¨  W ¸!¡�¥Q¤v¾¿¥O£gQ�

Ø³WÖU ¦¨¤~¸�¡ W ¡�¥�¾¿¥L£g¤ W ´ U ¦¿¦¨¤�®¯¤�¥O£ W �¤�¥�¦'&   W ¾ Ø ¾¿¥Q¤ � ¤�£d¬� ¢¥L£§¦'& ¾¿¥O£g Ø³WÖU ¥Q¬�¤ ¤¯¸�£ s 7−→ e−s2 » $â¤�£�£g¤
¾¿¥O£g Ø³WÖU ¦¨¤�¤¯¸�£
U�T�T�W  $® � ¯¤ TVU�W ¦'& ¾¿¥L£g Ø³WÖU ¦¨¤�¸�¡ W

R
� ¬� ¢¥L£�¦ U ´ U ¦¨¤�¡ W ¤¯¸�£ √π »«7 ¡ U ¥O£ U ¡�) U ®�£g¤�¡ W °§¡�¦¿£�¾ T ¦¿¾¨® U £�¾,) � ¾¿¦\¸H& U�Ø ¾¿£�¬�¤

eh(ζ3)g(ζ3)γ
′(ζ3)

√
−2

h′′(ζ3)γ′(ζ3)2
»�- ¥Á®¯ ¢¥Q®�¦¿¡Q¸�¾¨ ¢¥ � ¥Q ¢¡Q¸ U ´Ó ¢¥Q¸Z ¢±�£g¤�¥O¡K¹
∫

γ
f ≈ R(ζ3)

√
π

dk−ρ
(1 − i)eik−ρ.

Ï^Å�Þ!Ð³ÄG��ÈQÅ�� O�  W ¸gÚO¡Q¤ k−ρ ¤¯¸g£ Ø³WÖU ¥Q¬ �  ¢¥ T ¤�¡�£ U�T�T�W  $® � ¤ W ¦¨¤�°�¤�°d± W ¤�¬�¤�¬ W  ¢¾¿£g¤@3S¦'& U ¾¨¬�¤�¡�¥Q¤()÷ ¢¥Q®�£�¾¨ ¢¥ ¬�¤½ U ¥�;Ó¤�¦�¤�£ U ¦¨  W ¸�¹ ∫

γ
f ≈ π√

d
R(ζ3)H

(1)
0 (k−ρ).

Ì Ý��^}�|0¦^ÊÁ§	¿_��� ò'$â ¢¥O£ W ¾¿±�¡�£�¾¨ ¢¥ ¬�¡ T  ¢¾¿¥L£=¬�¤�± WÖU ¥Q® � ¤�°�¤�¥O£ ö � Â§Ð³ß�Ì4õ¿Å�ÆgÐ¢Ì θ3 > 0
Å�Ç
k+ < k− sin θ3 � õ¿ÐÆgÔ³ßVÇ÷ÄÒÃý��È�Ç÷Ã÷Ô³ß4É³È�Ñ�Ô¢Ã�ßVÇnÉLÅ���Ä¶Ð¢ß�Æ�Ê�Å�Þ
Å�ßVÇ

k+ ÅÒÌ�ÇâÉOÅ>õ Ðb�¯Ô¢ÄÒÞ
Å��
∫

γ̃
(f |− − f |+) ≈ C

ρ3/2
eik̃ρ

√
π

2
,

Ô�Í
C
Å�Ç
k̃
Ì¯Ô¢ßVÇâÉOÅ�È Ý ÆgÔ¢ß�Ì�ÇûÐ¢ßVÇ6ÅÒÌ��

¤ �����¦¥� �c§ em¥K¤QM ¤¯®�£�¡Q¤
¡�¥¼® �VU ¥ Ø ¤�°�¤�¥L£�¬�¤ TVU�WÖU °��£ WÖU�Ø ¤ T  ¢¡ W ¦¨¤
® � ¤�°!¾¿¥ γ̃ ¹  ¢¥¼¦'& ¯® W ¾¿£d¬�¯¸g  W ° U ¾¨¸®¯ ¢°!°�¤
ζ = ζ(τ)

¬� ¢¥�¥Q TVU�W ¹
h(ζ(τ)) − h(k+) = −τ,

®¯¤ ® �VU ¥ Ø ¤�°�¤�¥L£ �£ U ¥O£ ¦¿¾¨®�¾¿£g¤ T ¡�¾¨¸gÚL¡Q¤ h′ ¥Q¤ ¸H& U ¥�¥L¡�¦¨¤ TVU ¸ ¸�¡ W ¦ U ± WÖU ¥Q® � ¤ ¤�¥8ÚO¡Q¤¯¸g£�¾¨ ¢¥ » $â¤¯®�¾ T ¤ W °�¤�£¬�& ¯® W ¾ W ¤~¹ ∫

γ̃
(f |− − f |+)(ζ)dζ = eh(k+)

∫ +∞

0

[
g|+ (ζ(τ)) − g|− (ζ(τ))

]
e−τ ζ ′(τ)dτ,

U ´Ó¤¯® g|− ¤�£
g|+

¬�Q+Q¥�¾¨¤¯¸m¸�¡�¾¿´ U ¥O£^¦¨¤¯¸b°k=�°�¤¯¸m®¯ ¢¥O´Ó¤�¥L£�¾¨ ¢¥Q¸ZÚL¡Q¤ f |− ¤�£
f |+

»
:�U�W ¬�¤¯¸=¬��´Ó¤�¦¨  T�T ¤�°�¤�¥L£g¸m¦¿¾¿°!¾¿£g¯¸ U ¡Á´Ó ¢¾¨¸�¾¿¥ U�Ø ¤�¬�¤ t = 0

¹
[
g|+ (ζ(τ)) − g|− (ζ(τ))

]
ζ ′(τ) =

C

ρ3/2

√
τ + O

(√
τ
)
,

U ´Ó¤¯®
¹
C :=

−α0

√
k+

(
sin θ3 − cos θ3

k+√
k−2−k+2

)3/2
(1 + i), α0 :=

4

α3

(
−α1α4

α3
+ α2

)
,



¤ ² ølù(µ(ú�¼I´l¾ ·äã�ýÑ� ÿºþFø÷´l¼/ÿºþ ¸Ú· { ¾ ·�· þ ·N�	�7· ø÷´l¼gy ·

α1 := µ+(1 − iψ1k
+), α2 := −iµ+ψ2,

α3 := α1λ
−(k+) − iµ+c2(k

+), α4 := 1 + α2λ
−(k+) − iµ+(ϕ12 + ϕ21)k

+.
- ¥ W ¤�° T ¦ U ç U ¥L£ [g|− (ζ(τ)) − g|+ (ζ(τ))

]
ζ ′(τ) TVU�W ¦¨¤�£g¤ W °�¤¼¬� ¢°!¾¿¥ U ¥O£4¬�¤/¸Ö ¢¥ ¬��´Ó¤�¦¨  T�T ¤�°�¤�¥O£U ¸ · ° T £g ¢£�¾¨ÚL¡Q¤ �  ¢¥Á ¢±�£�¾¨¤�¥O£m¡�¥Q¤�¤¯¸�£�¾¿° U £�¾¨ ¢¥ ¬�¤�¦'& ¾¿¥O£g Ø³WÖU ¦¨¤ � TVU�W ¬�¯® W  ¢¾¨¸g¸ U ¥Q®¯¤�¬�¤�¦'& ¤�Î T  ¢¥Q¤�¥O£�¾¨¤�¦¿¦¨¤ » Àm¾¿¥Q¸�¾ �

∫

γ̃
(f |− − f |+) ≈ eh(k+)

∫ ∞

0

C

ρ3/2

√
τe−τdτ ≈ C

ρ3/2
eik̃ρ

√
π

2
.

× RvuNR]Q �cÕ������ª÷���V�.���h��Õ�������þ[ª÷� � ªa�Û�hÕ��
em¥Á¸�¡ T�T  ³¸Ö¤ZÚL¡Q¤ θ3 ¤¯¸�£b¬ U ¥Q¸b¦ USW  Ø ¾¨ ¢¥ |k+ − k− sin θ3| 6 δζ

� Ãý��Åÿ� |θ3 − θ0| 6 δθ
�  �


δζ > 0
¤¯¸�£b¡�¥

T ¤�£�¾¿£ TVU�WÖU ° % £ W ¤ � k− sin θ0 := k+ ¤�£ δθ = δζ
k− cos θ0

» O ¤ T  ¢¾¿¥O£â¸g¤�¦¿¦¨¤ k− sin θ3
¤�£o¦¨¤ T  ¢¾¿¥L£n¬�¤^± WÖU ¥Q® � ¤�°�¤�¥O£

k+ ¬�¤
g
¸g ¢¥O£ T�W  $® � ¤¯¸1_ ®¯¤�£�£g¤ W  Ø ¾¨ ¢¥4¤¯¸�£�¬� ¢¥Q®!® W ¾¿£�¾¨ÚL¡Q¤�¹�¦ U °��£ �  $¬�¤!¬�¤ T ¦¿¡Q¸()ä  W £g¤�¬�¤¯¸g®¯¤�¥O£g¤�¥1& ¤¯¸g£ TVU ¸´ U ¦ U ±�¦¨¤6e ² ¤ f » :  ¢¡ W £ WÖU ¾¿£g¤ W ®¯¤o® U ¸ � ¾¿¦L¤¯¸�£�¤�° T ¦¨  · �¬ U ¥Q¸~e ² ¤ fL¡�¥Q¤n°��£ �  L¬�¤n¤�Î T  ³¸g¯¤o¬ U ¥Q¸~e ²�©if � ¬�¾¿£g¤x°��£ �  $¬�¤¬�¡ ¬��´Ó¤�¦¨  T�T ¤�°�¤�¥O£ U ¸ · ° T £g ¢£�¾¨ÚL¡Q¤d¡�¥�¾,)ä  W °�¤ » $â¤�£�£g¤S°��£ �  L¬�¤ T ¤ W °�¤�£�¬�& ¯® W ¾ W ¤ I3 3�¦'& U ¾¨¬�¤�¬�¤*)ä ¢¥Q®�£�¾¨ ¢¥Q¸¬�¤ ½ ¤ W °!¾¿£g¤ » \Z ¢¡Q¸ T�W   T  ³¸g ¢¥Q¸^¡�¥Q¤ U ¡�£ W ¤�°��£ �  $¬�¤ � T ¦¿¡Q¸=¸�¾¿° T ¦¨¤>3S°�¤�£�£ W ¤�¤�¥di�¡�´ W ¤ »

I3
T ¤�¡�£(=�£ W ¤�´$¡Q¤�®¯ ¢°!°�¤�¡�¥Q¤@)÷ ¢¥Q®�£�¾¨ ¢¥N¬�¤ (ρ, θ3)

» $â ¢°!°�¤§®¯¤�£�£g¤@)÷ ¢¥Q®�£�¾¨ ¢¥ ¤¯¸�£ W  Ø ¡�¦¿¾ %�W ¤d¤�¥ θ3 =: θ
�

¾¿¦b¤¯¸�£ WÖU ¾¨¸g ¢¥�¥ U ±�¦¨¤Á¬�¤[) U ¾ W ¤�¡�¥Q¤~¾¿¥L£g¤ W�T  ¢¦ U £�¾¨ ¢¥+¬�¤~£ ·LT ¤ ¸ T ¦¿¾¿¥Q¤ � ¤�¥ U�T�T�W  L® �VU ¥O£ θ 7−→ I3(ρ, θ)
TVU�W ¡�¥

T  ¢¦ · ¥�W¢°�¤ P (θ)
¸�¡ W ¦'& ¾¿¥O£g¤ W ´ U ¦¿¦¨¤ θ ∈ [θ0 − δθ, θ0 + δθ]

� U ´Ó¤¯®
®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸�¬�¤ W  Ø ¡�¦ U�W ¾¿£g U ¡/±�  W ¬ » ¥Q ¢¡Q¸® �  ¢¾¨¸�¾ W  ¢¥Q¸ P ®¯ ¢°!°�¤§¬ U ¥Q¸^¦¨¤�£ � ¯  WV% °�¤§¸g¡�¾¿´ U ¥L£ »
Ì Ý��^}�|0¦^Êv§�¿_�ÞË«� ��ßÁÑ�Ô�Ì¯Å

θ± := θ0 ± δθ � Ø Å�Ñ�Ô²õ æ�ß8Û¢Þ
Å
ÉOÅ~ÉOÅ��³Ä�ã Ð¢È�Ñ.õ ÈLÌ 3 � P (θ) = α3θ
3 + α2θ

2 +
α1θ + α0 � Ô�Í




θ−
3 θ−

2 θ− 1

3θ−
2 2θ− 1 0

θ+
3 θ+

2 θ+ 1

3θ+
2 2θ+ 1 0







α3

α2

α1

α0


 =




I3(ρ, θ−)
∂I3
∂θ

∣∣∣
g
(ρ, θ−)

I3(ρ, θ+)
∂I3
∂θ

∣∣∣
d
(ρ, θ+)




Ñ�Ä¶Ô²õ¿Ô¢ßº�LÅ
I3(θ) Î ÆgÐ²õ¿Æ�ÈYõ¿ã�Ñ�Ð¢Ä=Ñ�õ ÈOÌ~��Ô¢Ä�Ç6Å!ÉOÅ�Ì�ÆÖÅ�ß�Ç6Å`ÏvÉOÐ¢ß�Ì*õ¿ÐÚÙ«Ô³ß�Å!Æ�Ä�Ã�Ç÷Ã���ÈQÅ [θ−, θ+]

� Ø Å=Ñ�Ä�Ô²õ¿Ô¢ßº�OÅ�Þ�Å�ßVÇmÅÒÌ�Ç
ÆÖÔ¢ßVÇ÷Ã�ßQÈ Å�Ç � ÉOã�ÄÒÃ�ô�ãgÅ!ÆÖÔ¢ßVÇ÷Ã�ßQÈ�Å�Å�ß θ± ��ó�Æ¯Ã � ∂I3

∂θ

∣∣∣
g,d

ÉOãÒÌ�Ã �¢ß�Å@õ¿Ð ÉOã�Ä�Ã�ô¢ãgÅ � �OÐ¢È�Æ�Ê�Å � ÄgÅÒÌ6Ñ_�\É¢Ä�Ô¢Ã÷Ç6ÅdÉLÅ I3(θ) �
¤ �����¦¥� �¨§ :  ¢¡ W ¡�¥ T  ¢¦ · ¥�W¢°�¤ P (θ) = α3θ

3 +α2θ
2 +α1θ+α0

� ¦ U ®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Á¬�¤�®¯ ¢¥O£�¾¿¥O¡�¾¿£g U ¡ ±�  W ¬¬�¤�¦ U )÷ ¢¥Q®�£�¾¨ ¢¥ ¤�£^¬�¤§¸ U ¬� W ¾¿´Ó¯¤�¸g¤�£ WÖU ¬�¡�¾¨¸g¤�¥L£ TVU�W




P (θ−)=I3(ρ, θ−),

P ′
d(θ−)= ∂I3

∂θ

∣∣∣
g
(ρ, θ−),

P (θ+)=I3(ρ, θ+),

P ′
g(θ+)= ∂I3

∂θ

∣∣∣
d
(ρ, θ+),

Ãý��Åÿ�



θ−
3 θ−

2 θ− 1

3θ−
2 2θ− 1 0

θ+
3 θ+

2 θ+ 1

3θ+
2 2θ+ 1 0







α3

α2

α1

α0


 =




I3(ρ, θ−)
∂I3
∂θ

∣∣∣
g
(ρ, θ−)

I3(ρ, θ+)
∂I3
∂θ

∣∣∣
d
(ρ, θ+)



.

Ï=Å�Þ�Ð¢ÄG�¯È�Å��gO ¤!¸g¤¯®¯ ¢¥Q¬ °�¤�°d± W ¤�¤¯¸�£��´ U ¦¿¡Q TVU�W�T ¦¿¡Q¸()÷  W £g¤!¬�¤¯¸g®¯¤�¥L£g¤ � U�T�WV% ¸ U ´Ó ¢¾ W ¯® W ¾¿£�¡�¥�¸g® � �° UvU ¡�Î¬�¾,M  W ¤�¥Q®¯¤¯¸÷+Q¥�¾¨¤¯¸ T  ¢¡ W ¦¨¤¯¸=¬� W ¾¿´Ó¯¤¯¸ »
× RvuNRvu � þ�Õ��Ò���Ó0�

\m ¢¡Q¸ U ´Ó ¢¥Q¸=® U ¦¨®�¡�¦¨�¦¨¤�£g¤ W °�¤ I3 TVU�W ¦ U °��£ �  $¬�¤�¬�¤ T ¦¿¡Q¸ )ä  W £g¤�¬�¤¯¸g®¯¤�¥L£g¤ � ¤�£ TVU�W ¾¿¥L£g¤ W�T  ¢¦ U £�¾¨ ¢¥N¬ U ¥Q¸¦ U A« ¢¥Q¤m¬�¤b¥Q ¢¥��û´ U ¦¿¾¨¬�¾¿£g=¬�¤^®¯¤�¦¿¦¨¤Q�6®�¾ » O ¤b£g¤ W °�¤=¬�¤ W Q£V¤�Î$¾¨ ¢¥ Grefl
¸�&  ¢±�£�¾¨¤�¥O£ TVU�W ¦ U�W ¤�¦ U £�¾¨ ¢¥ Grefl = − i

4π I3
»

Í U ¥Q¸�¦¨¤kJ U ±�¦¨¤ U ¡ Ä » © � ¥Q ¢¡Q¸ W ¯® U�T ¾¿£�¡�¦¨ ¢¥Q¸§¦¨¤¯¸ W ¯¸�¡�¦¿£ U £g¸�ÚL¡Q¤�¥Q ¢¡Q¸ U ´Ó ¢¥Q¸ U ¾¿¥Q¸�¾x ¢±�£g¤�¥L¡Q¸ »1- ¥/®¯ ¢¥Q®�¦¿¡Q¸g¾¨ ¢¥ �¦ U~W Q£V¤�Î�¾¨ ¢¥�¤¯¸�£�¡�¥Q¤�¸�¡ T ¤ W�T  ³¸�¾¿£�¾¨ ¢¥�¬�&  ¢¥Q¬�¤¯¸ T�W  «´Ó¤�¥ U ¥O£S¬�¤¯¸ T  ¢¾¿¥L£g¸�® W ¾¿£�¾¨ÚL¡Q¤¯¸�¹ T  ¢¾¿¥L£�¸g¤�¦¿¦¨¤ � T W¢¦¨¤¯¸�¸g¾¿£�¡Q¯¸¤�¥L£ W ¤!¦¨¤�® � ¤�°!¾¿¥¼¬�¤ T ¦¿¡Q¸@)÷  W £g¤�¬�¤¯¸Ö®¯¤�¥O£g¤
¤�£§¦'& U Î�¤ W ¯¤�¦ � ¤�£ T  ¢¾¿¥L£g¸§¬�¤!± WÖU ¥Q® � ¤�°�¤�¥O£!¬� ¢¥O£d¦ U ± WÖU ¥Q® � ¤�¬�¤®¯ ¢¡ T ¤�¾¿¥O£g¤ W ¸Ö¤¯®�£g¤�¦¨¤�® � ¤�°!¾¿¥N¬�¤ T ¦¿¡Q¸ )ä  W £g¤�¬�¤¯¸g®¯¤�¥L£g¤ »



ã�ý¬��ý ´· ¾»�·Â¸Ú· ¾mN��è1·[é ¼Iÿºþ
¤¡

θ3 < 0
θ3 > 0

k− sin θ3 < k+

��� �� � �� �
	 � �

k+ < k− sin θ3|k− sin θ3 − k+| < δ

�� � �� � � �

θ3 > 0

� ��� � ���� �� �� �� � � ��� 	 � � � � �! � �
	 � � �

• "	 � � � � # # ζ3 �

− i

4π
R(ζ3)

√
π

dk−ρ
(1 − i)eik−ρ

• "$ # � z % g � ��  & �  � � �  #' �( � & #  � # ) * � � � % + # � ,	 � � % � ) � �  �

1

2

∑

z

signe(=z)

× Res

(
R

λ−
; z

)
e
ρh

k−,θ3

- � �� � . � �0/ � 1 � �
� ��� � ���� �� �� �� � � ��� 	 � � � � �! � �
	 � � �

• "	 � � � � # # ζ3 �
− i

4π
R(ζ3)

√
π

dk−ρ
(1 − i)eik−ρ

• "$ # � z % g � ��  & �  � � �  #' �( � & #  � # ) * � � � % + # � ,	 � � % � ) � �  �

1

2

∑

z

signe(=z)

× Res

(
R

λ−
; z

)
e
ρh

k−,θ3

• "	 � � � % � � �� ) * �  � � k+ �

C̃
eik̃ρ

ρ3/2

23 465 798 : � �<; � � * � � % ) � # ) # % Grefl 8 "	  � # � � &� *	 % % + # � ,	 � �  % % � ) � � >= # � & � #� ��  �� # � �	 � �  % � )	 � � � � �! � �
	 � � % � + 	 � � � � ) � �� ��?   �8 @ �A 	 � % B � # � % �� & % # � + # � ,	 � �  % � ) � �   � � + � 	 #	 � C & + � � � � �  � + 	 # �� �
	 � � + # � �  8



¤�¤ ølù(µ(ú�¼I´l¾ ·äã�ýÑ� ÿºþFø÷´l¼/ÿºþ ¸Ú· { ¾ ·�· þ ·N�	�7· ø÷´l¼gy ·
âj>ÈÃ * Y�� ��Y�CdYEcV��[^]df���egfVf�eJB^]
× R � RVU �cÕ�����D���a�Y���h��Õ

\m ¢¡Q¸�¸g ¢¡ �VU ¾¿£g ¢¥Q¸b® U ¦¨®�¡�¦¨¤ W ¦'& ¾¿¥L£g Ø³WÖU ¦¨¤�¬�¤=£ WÖU ¥Q¸g°!¾¨¸g¸�¾¨ ¢¥ I1(x, y) TVU�W�T ¦¿¡Q¸º)÷  W £g¤�¬�¤¯¸g®¯¤�¥L£g¤ » em¥v¯® W ¾¿£ I1¸Ö ¢¡Q¸b¡�¥Q¤Ú)ä  W °�¤�®¯ ¢° TVU�WÖU ±�¦¨¤*3�¦ U ¦ U )÷  W °�¤�¤�° T ¦¨  · ¯¤ T  ¢¡ W I3 � ®¯¤�ÚL¡�¾ T ¤ W °�¤�£=¬�& U ´Ó ¢¾ W ¡�¥Q¤�¬��° U�W ® � ¤S¤�£¬�¤¯¸ T�W ¤�¡�´Ó¤¯¸ U ¥ U ¦¨  Ø ¡Q¤¯¸ »
�$ ¢¾¿£

x ∈ D+ ò
x2 > 0

ö�»�- ¥ ®¯ L  W ¬� ¢¥�¥Q¯¤¯¸ T  ¢¦ U ¾ W ¤¯¸ � x = |x|
(

cos θ1
sin θ1

) � U ´Ó¤¯® θ1 ∈ (0, π)
» :  ³¸Ö ¢¥Q¸d¹

g(ζ) :=
T (ζ)

λ−(ζ)
ei(ζ(ty2−y1)−λ−(ζ)y2), h(ζ) := hk+,θ1−π

2
(−ζ), f(ζ) := g(ζ)e|x|h(ζ),

U ´Ó¤¯® h·,· ¬�Q+Q¥�¾¨¤§¬ U ¥Q¸^¦'& U ¥�¥Q¤�Î�¤ Ä » À »�Z ¦ ¸H& U�Ø ¾¿£ U ¾¿¥Q¸�¾�¬�¤�® U ¦¨®�¡�¦¨¤ WmTVU�WbT ¦¿¡Q¸÷)ä  W £g¤�¬�¤¯¸g®¯¤�¥O£g¤§¦'& ¾¿¥O£g Ø³WÖU ¦¨¤

I1(x, y) =

∫

R

f(ζ)dζ,

:  ¢¡ W ¬�¤¯¸ WÖU ¾¨¸g ¢¥Q¸�£g¤¯® � ¥�¾¨ÚO¡Q¤¯¸ � ¥Q ¢¡Q¸b¸�¡ T�T  ³¸g¤ W  ¢¥Q¸bÚO¡Q¤�¦¨¤¯¸b®¯ ¢¡ W ±�¤¯¸b¬�¤ T ¦¿¡Q¸º)ä  W £g¤�¬�¤¯¸g®¯¤�¥O£g¤�¥1& ¾¿¥L£g¤ W ¸g¤¯®�£g¤�¥O£
TVU ¸^¦'& ¤�¥Q¸g¤�°§±�¦¨¤d¬�¤¯¸ T W¢¦¨¤¯¸=¬�¤ f � ¤�£=¥Q ¢¡Q¸^¸�¡ T�T  ³¸g¤ W  ¢¥Q¸^ÚL¡Q¤�¦¨¤¯¸ T W¢¦¨¤¯¸^¬�¤ f ¸g ¢¥O£^¸g¾¿° T ¦¨¤¯¸ »Ï=Å�Þ�Ð¢ÄG�¯È�Å�� :�U�W ¦¨¤S® �VU ¥ Ø ¤�°�¤�¥L£�¬�¤§´ U�W ¾ U ±�¦¨¤ ζ := −ζ �  ¢¥N®¯ ¢¥Q¸g£ U £g¤SÚL¡Q¤ I1 ¤¯¸g£=¾¿¥O´ U�W ¾ U ¥O£g¤ TVU�W ¦ U £ WÖU ¥Q¸ï�)ä  W ° U £�¾¨ ¢¥ ¬�¤ (θ1, ψ1, ϕ12, ϕ21, t, y1)

¤�¥
(π − θ1,−ψ1,−ϕ12,−ϕ21,−t,−y1)

»Ü7 ¡�¾¿£�£g¤>3 T  ³¸g¤ W
(θ1, ψ1, ϕ12, ϕ21, t, y1) := (π − θ1,−ψ1,−ϕ12,−ϕ21,−t,−y1),

¥Q ¢¡Q¸=¸�¡ T�T  ³¸Ö¤ W  ¢¥Q¸^¸ U ¥Q¸ T ¤ W £g¤�¬�¤ Ø �¥Q WÖU ¦¿¾¿£g θ1 6
π
2

»

× R � R]S o p���Ò��D�]� �]�ëªa�V�aÓÑìï�1����� ����Ó²����Õ���
Ü(}���z.{H�F��|²��{���Í1��§^�

O ¤¯¸ T  ¢¾¿¥O£g¸x¬�¤�± WÖU ¥Q® � ¤�°�¤�¥O£�¬�¤ f ¸g ¢¥L£\¾¨¸g¸�¡Q¸\¬�¤¯¸ WÖU ®�¾¿¥Q¤¯¸o® U�W�W ¯¤¯¸^¹ −k−, k−,−k+ ¤�£ k+ » O ¤¯¸ T W¢¦¨¤¯¸x¬�¤
f
¸g ¢¥L£o¦¨¤¯¸ T W¢¦¨¤¯¸n¬�¤ T

λ−
� U ´Ó¤¯®^°k=�°�¤Z  W ¬ W ¤=¬�¤=°§¡�¦¿£�¾ T ¦¿¾¨®�¾¿£g » :  ¢¡ W ¬�¤¯¸ WÖU ¾¨¸g ¢¥Q¸x£g¤¯® � ¥�¾¨ÚO¡Q¤¯¸ �  ¢¥
¦¨¤¯¸n¸�¡ T�T  ³¸g¤

¸g¾¿° T ¦¨¤¯¸ » O ¤ W ¯¸�¾¨¬�¡�¬�¤ f ¤�¥4¡�¥ T W¢¦¨¤ z ¤¯¸g£ Res (f ; z) = Res
(

T
λ− ; z

)
ei(z(ty2−y1)−λ−(z)y2)e|x|h(z) »�- ¥�+Q¥ �

TVU�W O�¤�°!°�¤ Ä » ©Hª � ¦¨¤ T  ¢¾¿¥O£=¸Ö¤�¦¿¦¨¤ ζ1 � ¡�¥�¾¨ÚO¡Q¤�¸Ö ¢¦¿¡�£�¾¨ ¢¥ ¬�¤�¦'& ¯ÚL¡ U £�¾¨ ¢¥ h′(ζ) = 0
� ¤¯¸�£

ζ1 = k+ cos θ1
»

Î*Ý§^Ê���z5~§±êl����F©h}�|�{H§±~§^�H��§^z.{H§
Í & U�T�WV% ¸�¦¨¤4O�¤�°!°�¤ Ä » © Ä ¤�£â¦¨¤ÚO ¤�°!°�¤ Ä » ©�³ � ¦¨¤Z® � ¤�°!¾¿¥Á¬�¤ T ¦¿¡Q¸º)÷  W £g¤�¬�¤¯¸g®¯¤�¥L£g¤�¾¨¸g¸�¡ ¬�¡ T  ¢¾¿¥O£^¸g¤�¦¿¦¨¤ ζ1¤¯¸g£
γ(u) = u+ iv(u), u ∈ R

�  �


v(u) = − (k+ − u cos θ1)(u− k+ cos θ1)

[(k+ − u cos θ1)2 + (u− k+ cos θ1)2 + 2 cos θ1(k+ − u cos θ1)(u− k+ cos θ1)]
1/2

.

em¥v¥Q ¢£g¤ WÖU P ¦'& ¤�¥Q¸g¤�°§±�¦¨¤d¬�¤¯¸ T W¢¦¨¤¯¸=¬�¤ f ¸�¾¿£�¡Q¯¸=¤�¥L£ W ¤ γ ¤�£^¦'& U Î�¤ W ¯¤�¦ »
Ì Ý��^}�|0¦^Êv§d~l§��F|0������~7���

\m ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸b® �VU ¥ Ø ¤ W ¦¨¤Z® � ¤�°!¾¿¥Á¬�& ¾¿¥O£g Ø³WÖU £�¾¨ ¢¥Á¬�¤ I1 =
∫

R
f
¤�¥ U�T�T ¦¿¾¨ÚL¡ U ¥O£b¦¨¤m£ � ¯  WV% °�¤Z¬�¤¯¸ W ¯¸�¾¨¬�¡Q¸ �¸g¡ W ¡�¥
® � ¤�°!¾¿¥N3�± U ¸Ö¤^¬�¡~® � ¤�°!¾¿¥�¬�¤ T ¦¿¡Q¸])ä  W £g¤^¬�¤¯¸g®¯¤�¥O£g¤ γ � ¤�¥�®¯ ¢¥O£g ¢¡ W ¥ U ¥L£â¦¨¤¯¸n�´Ó¤�¥O£�¡Q¤�¦¿¦¨¤¯¸�¸�¾¿¥ Ø ¡�¦ U�W ¾¿£g¯¸¬�¤Z¦'& ¾¿¥L£g Ø³WÖU ¥Q¬�¤ � U ¾¿¥Q¸�¾ ÚO¡1& �´Ó¤�¥L£�¡Q¤�¦¿¦¨¤�°�¤�¥O£Z¬�¤¯¸�± WÖU ¥Q® � ¤¯¸^¬�¤�®¯ ¢¡ T ¤�¬�¤¯¸ WÖU ®�¾¿¥Q¤¯¸=® U�W�W ¯¤¯¸ » em¥Á¸�¡ T�T  ³¸Ö¤mÚL¡Q¤

γ
¥Q¤ TVU ¸g¸g¤ TVU�WmU ¡Q®�¡�¥ T W¢¦¨¤�¬�¤ f »

Ì Ý��^}�|0¦^Êv§±¿_�Þ «��� È«ÑOÑ�Ô�Ì�Ô³ß�Ì
θ1 <

π
2

Å¯Ç
k+ > k− cos θ1

�   õ Ô³ÄÖÌ��

I1(x, y) =

∫

γ
f + 2πi

∑

z∈P
signe(=z)Res (f ; z) .



ã�ýxÇ^ý ´ · ¾ »�·Â¸Ú· ´l¾LµLþ ¹Y» ¼ ¹�¹ ¼/ÿºþ ¤ ª

Ì Ý��^}�|0¦^ÊÁ§�¿_��xYÙ«��� ÈzÑÓÑ�Ô�Ì¯Ô¢ß�Ì
θ1 <

π
2

Å�Ç
k+ < k− cos θ1

�   õ¿Ô¢ÄÒÌj�

I1(x, y) =

∫

γ
f +

∫

γ̃
(f |+ − f |−)(ζ)dζ + 2πi

∑

z∈P
signe(=z)Res (f ; z) ,

Ð²ô¢Å�Æ
γ̃(u) := u+ iṽ(u), u > k−

õ¨Å§Æ�Ê�Å�Þ�Ã�ß�ÉOÅbÑ�õ ÈOÌN�¯Ô¢Ä�Ç6Å§ÉLÅÒÌ�ÆÖÅ�ßVÇ6Å^Ñ�Ð�ÌÒÌ�Ð¢ßVÇ Ñ�Ð¢Ä
k−

�

ṽ(u) = −
(k0 − u cos θ1)

[
(u− k0 cos θ1)

2 + (k0
2 − k+2

) sin2 θ1

]1/2

[(k0 − u cos θ1)2 + (u− k0 cos θ1)2 + 2 cos θ1(k0 − u cos θ1)(u− k0 cos θ1)]
1/2

,

Ô�Í
k0 := k− cos θ1 D λ− Ð�Ñ�Ô¢È$Ä���Ä�Ð¢ß�Æ�Ê�ÅÒÌSÉOÅSÆgÔ¢ÈzÑ�Å

γ̃
Å�ÇoÌ�Ô¢ß ÌÒæ¢Þ
ã�Ç÷Ä�Ã¢�¯È�ÅbÑ�Ð¢Ä§Ä¶ÐÒÑOÑ�Ô¢Ä�Ç � õJ� Ô¢Ä�ÃÖ�¢Ã�ß�Å D Å�ß��xß

f |− (ζ) = lim z→ζ
=z>=γ̃(<z)

f(z), f |+ (ζ) = lim z→ζ
=z<=γ̃(<z)

f(z)
�

Ï^Å�Þ!Ð³ÄG��ÈQÅ�� ` ¥ T ¤�¡ T ¦¿¡Q¸�¤�Î T ¦¿¾¨®�¾¿£g¤�°�¤�¥L£ � f |− (ζ)
� W ¤¯¸ T » f |+ (ζ)

� T ¤�¡�£G¸g¤o¬�Q+Q¥�¾ W�U ´Ó¤¯®n¦¨¤¯¸1)÷  W °d¡�¦¨¤¯¸�¬�¤ f(ζ)¤�¥ W ¤�° T ¦ U ç U ¥L£ λ−(ζ) TVU�W λ−−(ζ)
� W ¤¯¸ T » λ−+(ζ)

� ¬��£g¤ W °!¾¿¥ U £�¾¨ ¢¥¼¬�¤ √
d
√
k−2 − ζ2

3 TVU�W £�¾¨¤!¾¿° U�Ø ¾¿¥ U ¾ W ¤¥Q ØOU £�¾¿´Ó¤ � W ¤¯¸ T » T  ³¸�¾¿£�¾¿´Ó¤ » \m×)¹�em¥ U λ−+(ζ) = −λ−−(ζ)
»

Ì Ý��^}�|0¦^ÊÁ§�¿_��x�xÜ��� ÈzÑÓÑ�Ô�Ì¯Ô¢ß�Ì
θ1 = π

2

�   õ¿Ô¢ÄÒÌj�

I1(x, y) =

∫

γ
f + 2πi

∑

z∈P
signe(=z)Res (f ; z) .

[êêl|0}^ä���Êv��{���}.zá~l§±�ÛÇB}�|0~|0§N~l}�Êv��z��z.{
\m ¢¡Q¸v¤QM ¤¯®�£�¡Q ¢¥Q¸Á¡�¥Q¤ U�T�T�W  «Î$¾¿° U £�¾¨ ¢¥ ¬�¤ ¦'&   W ¬ W ¤�¬� ¢°!¾¿¥ U ¥O£ T  ¢¡ W ¦¨¤¯¸v¾¿¥L£g Ø³WÖU ¦¨¤¯¸ ÚL¡Q¤ ¥Q ¢¡Q¸ U ´Ó ¢¥Q¸ ¢±�£g¤�¥L¡Q¤¯¸ »

Ì Ý��^}�|0¦^ÊÁ§�¿_��x�� ò'$â ¢¥O£ W ¾¿±�¡�£�¾¨ ¢¥ ¬�¡ T  ¢¾¿¥L£=¸g¤�¦¿¦¨¤ ö �nØ Ð~ÆÖÔ¢ßVÇ÷Ä�Ã���È�Ç÷ÃäÔ¢ß�É¢È�Ñ�Ô¢Ã�ßVÇxÌ¯ÅQõ�õ¿Å�ÅÒÌ�Ç¨�
∫

γ
f ≈ T (ζ1)k

+ sin θ

λ−(ζ1)
ei(ζ1(ty2−y1)−λ−(ζ1)y2)

√
π

k+ |x|(1 − i)eik+|x|.

¤ �����¦¥� �c§ Z ¦ ¸H& U�Ø ¾¿£=¬�¤!¹
∫

γ
f ≈ e|x|h(ζ1)g(ζ1)γ

′(ζ1)

√
−2

|x| h′′(ζ1)γ′(ζ1)2
√
π.

Ì Ý��^}�|0¦^ÊÁ§ ¿«��xY� ò'$â ¢¥O£ W ¾¿±�¡�£�¾¨ ¢¥8¬�¡ T  ¢¾¿¥O£~¬�¤Á± WÖU ¥Q® � ¤�°�¤�¥O£ ö � á^Ô¢ÈLÄ θ1 < π
2

Å¯Ç
k+ < k− cos θ1 � õ¿ÐÆgÔ³ßVÇ÷ÄÒÃý��È�Ç÷Ã÷Ô³ß4É³È�Ñ�Ô¢Ã�ßVÇnÉLÅ���Ä¶Ð¢ß�Æ�Ê�Å�Þ
Å�ßVÇ

k−
ÅÒÌ�ÇâÉOÅ>õ Ðb�¯Ô¢ÄÒÞ
Å��

∫

γ̃
(f |+ − f |−) ≈

√
π

2
C

(
y2 +

α2

α1

)
eik−(ty2−y1+x1) e

−x2

√
k−2−k+2

|x|3/2
.

Ô�Ídõ¿ÅÒÌdÆÖÔ¢ß�Ì�ÇûÐ³ßVÇ6ÅÒÌ�Ì�Ô³ßVÇnÉOã¯Ç6Å�ÄÒÞ�Ã�ß�ãgÅÒÌ�ÉÓÐ¢ß�Ì4õ¿Ð�Ñ�ÄgÅ�ÈYô�Å��
¤ �����¦¥� �c§ em¥ U

[
g|+ (ζ(τ)) − g|− (ζ(τ))

]
ζ ′(τ) = C

(
y2 +

α2

α1

)
eik−(ty2−y1)

√
τ + O

(√
τ
)
,

U ´Ó¤¯®
¹
α1 := λ+(k−) − iµ+c2(k

−), α2 := µ+(1 − ic1(k
−)),

C :=
4µ+

α1h′(k−)

√
d

√
2

h′(k−)
,
 �
 =

√
2

h′(k−)
> 0.



¤ Ä ølù(µ(ú�¼I´l¾ ·äã�ýÑ� ÿºþFø÷´l¼/ÿºþ ¸Ú· { ¾ ·�· þ ·N�	�7· ø÷´l¼gy ·
× R � R]Q � þ�Õ��Ò���Ó0�

\m ¢¡Q¸ U ´Ó ¢¥Q¸^® U ¦¨®�¡�¦¨�¦¨¤Z£g¤ W °�¤ I1 TVU�W ¦ U °��£ �  $¬�¤�¬�¤ T ¦¿¡Q¸º)÷  W £g¤�¬�¤¯¸g®¯¤�¥L£g¤ » O ¤�£g¤ W °�¤�¬�¤�£ WÖU ¥Q¸�°!¾¨¸Ö¸�¾¨ ¢¥
Gtrans

¸H&  ¢±�£�¾¨¤�¥O£ TVU�W ¦ UdW ¤�¦ U £�¾¨ ¢¥ Gtrans = − i
4π I1

»�Í U ¥Q¸�¦¨¤4J U ±�¦¨¤ U ¡ Ä » ² � ¥Q ¢¡Q¸ W ¯® U�T ¾¿£�¡�¦¨ ¢¥Q¸^¦¨¤¯¸ W ¯¸g¡�¦¿£ U £g¸ÚL¡Q¤\¥Q ¢¡Q¸ U ´Ó ¢¥Q¸ U ¾¿¥Q¸�¾O ¢±�£g¤�¥O¡Q¸ »�- ¥S®¯ ¢¥Q®�¦¿¡Q¸�¾¨ ¢¥ � ¦ U £ WÖU ¥Q¸�°!¾¨¸g¸�¾¨ ¢¥§¤¯¸g£ ¡�¥Q¤o¸�¡ T ¤ W�T  ³¸�¾¿£�¾¨ ¢¥§¬�&  ¢¥Q¬�¤¯¸ T�W  z´Ó¤�¥ U ¥O£¬�¤¯¸ T  ¢¾¿¥L£g¸=® W ¾¿£�¾¨ÚL¡Q¤¯¸§¹ T  ¢¾¿¥O£=¸g¤�¦¿¦¨¤ � T W¢¦¨¤¯¸^¸g¾¿£�¡Q¯¸=¤�¥O£ W ¤�¦¨¤�® � ¤�°!¾¿¥N¬�¤ T ¦¿¡Q¸ )ä  W £g¤�¬�¤¯¸g®¯¤�¥O£g¤d¤�£b¦'& U Î�¤ W ¯¤�¦ � ¤�£
T  ¢¾¿¥O£g¸=¬�¤�± WÖU ¥Q® � ¤�°�¤�¥L£Z¬� ¢¥L£=¦ U ± WÖU ¥Q® � ¤d¬�¤�®¯ ¢¡ T ¤�¾¿¥O£g¤ W ¸g¤¯®�£g¤§¦¨¤�® � ¤�°!¾¿¥ ¬�¤ T ¦¿¡Q¸ )÷  W £g¤§¬�¤¯¸g®¯¤�¥O£g¤ »

âj>Vâ (�B^]S�ßIg�df�eJB^]
\m ¢¡Q¸ U ´Ó ¢¥Q¸�¬�¯®¯ ¢° T  ³¸go¬ U ¥Q¸ ¦¨¤x® �VU�T ¾¿£ W ¤ T�W ¯®¯¯¬�¤�¥O£�¦ U )÷ ¢¥Q®�£�¾¨ ¢¥d¬�¤ Õ W ¤¯¤�¥§¤QM ¤¯®�£�¾¿´Ó¤x¬�¡ T�W  ¢±�¦ % °�¤(ò ¡ » © ö3K¦'& U ¾¨¬�¤�¬�& ¾¿¥L£g Ø³WÖU ¦¨¤¯¸ ¬�¤/�$ ¢°!°�¤ W )ä¤�¦¨¬ »^Í U ¥Q¸ ¦¨¤4¬�¤�°!¾,�6¤¯¸ TVU ®¯¤4¾¿¥�)ä W ¾¨¤�¡ W � ¦ U )÷ ¢¥Q®�£�¾¨ ¢¥ ¬�¤ Õ W ¤¯¤�¥9¤¯¸�£v¦ U¸g¡ T ¤ W�T  ³¸�¾¿£�¾¨ ¢¥ ¬�¤S¬�¤�¡�Î £g¤ W °�¤¯¸�ÚL¡Q¤�¥Q ¢¡Q¸ U ´$¾¨ ¢¥Q¸ U�T�T ¤�¦¨¯¸m£g¤ W °�¤d¸Ö ¢¡ W ®¯¤d¤�£Z£g¤ W °�¤d¬�¤ W Q£V¤�Î�¾¨ ¢¥ »�Í U ¥Q¸Z¦¨¤¬�¤�°!¾,�6¤¯¸ TVU ®¯¤�¸�¡ T  W ¾¨¤�¡ W � ¤�¦¿¦¨¤�®¯ ¢¥Q¸�£�¾¿£�¡Q¤�¡�¥ £g¤ W °�¤�¬�¤�£ WÖU ¥Q¸�°!¾¨¸g¸�¾¨ ¢¥ »\m ¢¡Q¸ U ´Ó ¢¥Q¸ W �¡Q¸g¸�¾a3 ¾¨¬�¤�¥L£�¾,+V¤ W ¦¨¤�£g¤ W °�¤
¸g ¢¡ W ®¯¤ U ´Ó¤¯®�¦ U )÷ ¢¥Q®�£�¾¨ ¢¥¼¬�¤ Õ W ¤¯¤�¥/¬�& ¡�¥¼¤¯¸ TVU ®¯¤
¬�¤ TVU�WÖU �° % £ W ¤¯¸S®¯¤�¡�ÎK¬�¡K°!¾¿¦¿¾¨¤�¡K¾¿¥�)ä W ¾¨¤�¡ W � ¤�¥K¸g¤ WÖU °�¤�¥ U ¥O£ � TVU�W ¡�¥7® �VU ¥ Ø ¤�°�¤�¥L£�¬�¤�´ U�W ¾ U ±�¦¨¤¯¸ � 3v¡�¥Q¤#)÷  W °d¡�¦¨¤¬�¤ W ¤ T�W ¯¸Ö¤�¥O£ U £�¾¨ ¢¥+¬�¤N�$ ¢°!°�¤ W )÷¤�¦¨¬>®¯ ¢¥�¥L¡Q¤ »oÍ & U ¡�£ W ¤ TVU�W £ � ®¯ ¢¥Q®¯¤ W ¥ U ¥L£
¦¨¤¯¸!£g¤ W °�¤¯¸~¬�¤ W Q£V¤�Î$¾¨ ¢¥+¤�£
¬�¤£ WÖU ¥Q¸g°!¾¨¸g¸�¾¨ ¢¥ � ¥Q ¢¡Q¸�¦¨¤¯¸ U ´Ó ¢¥Q¸=® U ¦¨®�¡�¦¨¯¸ TVU�W ¦ U °��£ �  L¬�¤�¬�¤ T ¦¿¡Q¸º)ä  W £g¤�¬�¤¯¸g®¯¤�¥O£g¤ »�` ¥v® �VU ¥ Ø ¤�°�¤�¥L£Z¬�& ¾¿¥L£gQ�

Ø³WÖU £�¾¨ ¢¥ ®¯ ¢¥O£g ¢¡ W ¥ U ¥L£b¦¨¤¯¸n¸g¾¿¥ Ø ¡�¦ U�W ¾¿£g¯¸ � ¤�£ TVU ¸g¸ U ¥L£ TVU�W ¦¨¤ T  ¢¾¿¥O£�¸g¤�¦¿¦¨¤ � U�T ¤ W °!¾¨¸â¬�& ¤�Î T�W ¾¿°�¤ W ®¯¤¯¸n¾¿¥O£g Ø³WÖU ¦¨¤¯¸¤�¥K)ä ¢¥Q®�£�¾¨ ¢¥ ¬�¤�®¯ ¢¥L£ W ¾¿±�¡�£�¾¨ ¢¥Q¸m¬�¤ T  ¢¾¿¥L£g¸^® W ¾¿£�¾¨ÚO¡Q¤¯¸d¹ T  ¢¾¿¥L£=¸g¤�¦¿¦¨¤ � T W¢¦¨¤¯¸^¤�£ T  ¢¾¿¥O£g¸m¬�¤�± WÖU ¥Q® � ¤�°�¤�¥L£ »
Í U ¥Q¸m¦¨¤¯¸ T ¤ W ¸ T ¤¯®�£�¾¿´Ó¤¯¸ �  ¢¥ T  ¢¡ W�WÖU ¾¿£m£g¤�¥L£g¤ W ¬�¤d°�¤�¥Q¤ W ¡�¥Q¤d�£�¡Q¬�¤ T  ¢¡Q¸Ö¸g¯¤§¸�¡ W ¦¨¤¯¸ T W¢¦¨¤¯¸Z¤�¥2)ä ¢¥Q®�£�¾¨ ¢¥¬�¤¯¸ TVU�WÖU ° % £ W ¤¯¸d¬�¡ T�W  ¢±�¦ % °�¤ » $â¤�¦¯3 T  ¢¡ W�WÖU ¾¿£ T ¤ W °�¤�£�£ W ¤
¬�& ¾¨¬�¤�¥L£�¾,+V¤ WdT ¦¿¡Q¸@) U ®�¾¿¦¨¤�°�¤�¥L£§¦¨¤¯¸ T�� �¥Q ¢° % ¥Q¤¯¸ÚL¡�¾ U�T�TVU�WÖU ¾¨¸g¸Ö¤�¥O£ � ¤�£â¸g ¢¡Q¸xÚL¡Q¤�¦¿¦¨¤¯¸ �L·LT  ¢£ ��% ¸g¤¯¸ »�Z ¦ T ¤�¡�£]=�£ W ¤=¥Q ¢£ U °!°�¤�¥O£â¾¿¥O£g W ¤¯¸g¸ U ¥L£â¬�¤m®¯ ¢¥Q¸�¾¨¬� W ¤ W ¦¨¤=® U ¸¬�¤¯¸ T W¢¦¨¤¯¸ W ¯¤�¦¨¸ � ® U ¸oÚL¡Q¤�¥Q ¢¡Q¸ U ´Ó ¢¥Q¸o¤�Î�®�¦¿¡ » O�& ¤�Î T�W ¤¯¸g¸�¾¨ ¢¥ Ø �¥Q WÖU ¦¨¤m¬�¤�¥Q ¢£ W ¤ T�W  ¢±�¦ % °�¤ U ¥�¥Q ¢¥Q®¯¤^£g ¢¡�£g¤Q)ä ¢¾¨¸¦ U £ ð ® � ¤�£ WV% ¸^¬�¾,P
®�¾¿¦¨¤ »

âj> � 5 c���CSY�C 3û�S]SY O£B^]S��c�eJB^] [^�jK�eEIgeg[^e���Y
\m ¢¡Q¸â�£�¡Q¬�¾¨ ¢¥Q¸â¡�¥Q¤Å)ä ¢¥Q®�£�¾¨ ¢¥ U ¡�Î$¾¿¦¿¾ U ¾ W ¤ZÚO¡�¾�¤¯¸�£n¡�£�¾¿¦¿¾¨¸g¯¤ T  ¢¡ W ¦¨¤m® U ¦¨®�¡�¦�¬�¤¯¸â£g¤ W °�¤¯¸â¬�¤ W Q£V¤�Î�¾¨ ¢¥�¤�£�¬�¤£ WÖU ¥Q¸g°!¾¨¸g¸�¾¨ ¢¥ » O ¤¯¸=® U ¦¨®�¡�¦¨¸=¬�¤�®¯¤�£�£g¤ TVU�W £�¾¨¤d¸g ¢¥O£b¾¿¥Q¸ T ¾ W ¯¸m¬�¤ e ² ¤ f »
�$ ¢¾¨¤�¥O£

θ ∈
(
−π

2 ,
π
2

) ¤�£
k > 0

» em¥ T  ³¸Ö¤

hk,θ(ζ) := i
(
ζ sin θ +

√
k2 − ζ2 cos θ

)
, ζ ∈ C,

ò Ä » © ö

 �
 √
k2 − ζ2

¤¯¸�£b¬� ¢¥�¥Q¯¤� ¢¡ ±�¾¨¤�¥ TVU�W ¦ USÙ ¾ Ø ¡ W ¤4ª » © �  ¢¡�±�¾¨¤�¥ TVU�W ¦ USÙ ¾ Ø ¡ W ¤ Ä » ¤Q»�Í U ¥Q¸�®¯¤�£�£g¤�¸g¤¯®�£�¾¨ ¢¥ �  ¢¥¥Q ¢£g¤
h := hk,θ

T  ¢¡ W=U ¦¿¦¨ Ø ¤ W ¦¨¤¯¸b¥Q ¢£ U £�¾¨ ¢¥Q¸ »
å]§^Ê�ÊÁ§±¿«��x^¥«� ��ß4Ð

h′(ζ) = i(sin θ − ζ√
k2 − ζ2

cos θ), h′′(ζ) = −i
k2 cos θ

(k2 − ζ2)
√
k2 − ζ2

.

å]§^Ê�ÊÁ§±¿«��x�¬ ò :  ¢¾¿¥O£Z¸g¤�¦¿¦¨¤ ö �
h′(ζ) = 0 ⇐⇒ ζ = k sin θ.

¤ �����¦¥� �¨§
=⇒ ¹ �L¡ T�T  ³¸Ö ¢¥Q¸ h′(ζ) = 0

» :�U�W ¸�¡ W µ¶¤¯®�£�¾¿´$¾¿£g�¬�¤ sin
ò÷®¯ ¢°!°�¤4)ä ¢¥Q®�£�¾¨ ¢¥ ®¯ ¢° T ¦¨¤�Î�¤ öQ� ¾¿¦�¤�Î�¾¨¸�£g¤ α ∈ C£g¤�¦�ÚL¡Q¤

ζ = k sinα
» Àm¦¨  W ¸ √k2 − ζ2 = ±k cosα

¤�£
h′(ζ) = 0

¯ÚL¡�¾¿´ U ¡�£m¬� ¢¥Q®*3 tanα = ± tan θ
»

em¥ U ¬� ¢¥Q® α ≡ ±θ [π]
»º- ¥ TVU�W £�¾¨®�¡�¦¿¾¨¤ W ζ ∈ R

» O U ¬��£�¤ W °!¾¿¥ U £�¾¨ ¢¥ ® �  ¢¾¨¸�¾¨¤ T  ¢¡ W √k2 − ζ2�£ U ¥O£ U ¦¨  W ¸
¬ U ¥Q¸�¦¨¤ T�W ¤�°!¾¨¤ W ÚL¡ U ¬ WÖU ¥O£ �  ¢¥ U √k2 − ζ2 = k cos θ
»
h′(ζ) = 0

®¯ ¢¥Q¬�¡�¾¿£ U ¦¨  W ¸#3
sinα = sin θ

� ¬�&  �
 ® » Ú » ) » ¬ »
⇐=

¹ T ´$¾¨¬�¤�¥O£ »
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¤ ³

θ1 >
π
2

θ1 6
π
2

k+ > k− cos θ1 k+ < k− cos θ1

�� � �� � � �

θ1 6 π
2

� ��� � ���� �� �� �� � � ��� 	 � � � � �! � �
	 � � �

• "	 � � � � # # ζ1 �

− i

4π

T (ζ1)k
+ sin θ

λ−(ζ1)
ei(ζ1(ty2−y1)−λ−(ζ1)y2)

×
√

π

k+ |x|(1 − i)eik+|x|

• "$ # � z % g � ��  & �  � � �  #' �(  � & #  � # ) * � � �% + # � ,	 � �  % � ) � �  �

1

2

∑

z

signe(=z)Res

(
T

λ−
; z

)

× ei(z(ty2−y1)−λ−(z)y2)e|x|h(z)

� �� � �� � �� �� �� � � ��� 	 � � � � �! � �
	 � � �

• "	 � � � � # # ζ3 �

− i

4π

T (ζ1)k
+ sin θ

λ−(ζ1)
ei(ζ1(ty2−y1)−λ−(ζ1)y2)

×
√

π

k+ |x|(1 − i)eik+|x|

• " $ # � z % g � ��  & �  � � �  #' �(  � & #  � # ) * � � �% + # � ,	 � �  % � ) � �  �

1

2

∑

z

signe(=z)Res

(
T

λ−
; z

)

× ei(z(ty2−y1)−λ−(z)y2)e|x|h(z)

• "	 � � � % � � �� ) * �  � � k− �

√
π

2
C

(
y2 +

α2

α1

)
eik−(ty2−y1+x1)

× e−x2

√
k−2−k+2

|x|3/2
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¤ « ølù(µ(ú�¼I´l¾ ·äã�ýÑ� ÿºþFø÷´l¼/ÿºþ ¸Ú· { ¾ ·�· þ ·N�	�7· ø÷´l¼gy ·
Ï=Å�Þ�Ð¢ÄG�¯È�Å��]O ¤ T  ¢¾¿¥L£n¸g¤�¦¿¦¨¤m¸H& ¾¿¥O£g¤ W�T�WV% £g¤�®¯ ¢°!°�¤m¦¨¤ T  ¢¾¿¥O£�® W ¾¿£�¾¨ÚO¡Q¤Z¬�¤ <(h)

¦¨¤^¦¨ ¢¥ Ø ¬�¤¯¸â®¯ ¢¡ W ±�¤¯¸â¬�¤^¥�¾¿´Ó¤ U ¡¬�¤ =(h)
»

å]§^Ê�ÊÁ§±¿«��xY¿ ò'$â ¢¡ W ±�¤¯¸=¬�¤�¥�¾¿´Ó¤ U ¡ ¬�¤ =h ö � Î ÃxÏ � È«ÑÓÑ�Ô�Ì�Ô¢ßQÌ
=h(ζ) = k0,=h(ζ0).

ò Ä » ² ö
Ô�Í
k0 := =h(ζ0)

Ð�ô�Å�Æ
ζ0
��È�ÅIõ ÆgÔ³ßÜ��ÈQÅ�� ³ Ô³ÇûÔ¢ß�Ì

u := <ζ � v := =ζ � � È«ÑOÑ�Ô�Ì�Ô³ß�Ì uv 6= 0
�   õ¿Ô¢ÄÒÌ

v = ± (k0 − u sin θ)
[
(u− k0 sin θ)2 + (k0

2 − k2) cos2 θ
]1/2

[(k0 − u sin θ)2 + (u− k0 sin θ)2 + 2 sin θ(k0 − u sin θ)(u− k0 sin θ)]1/2
.

ò Ä » ¡ ö

Î Ã�ÃñÏ � Ô¢Ã÷Ç�ÈLß�Å~ÆgÔ¢È$Ä��gÅ#õ Ã�ÌÖÌ«Å γ(u) = u + iv(u), u ∈ R
Ð²ô�Å�Æ

v(u)
ô�ã�Ä�Ã �nÐ¢ßVÇkò Ä » ¡ ö � Ô�Í k0 ∈ R∗ �   õ¿Ô¢ÄÒÌ γÅÒÌ�ÇoÈLß�ÅSÆgÔ³ÈLÄ��gÅ!ÉOÅ§ßQÃ�ô�Å�Ð³ÈNÉOÅ =h � =h(γ(u)) = k0

�
Î Ã�Ã�ÃñÏ � Ã v(u) ô�ã�Ä�Ã ��ÅNò Ä » ¡ ö � Ð²õ¿Ô¢ÄÖÌ

dv

du
=

(u− k0 sin θ)
[
(k0 − u sin θ)2 − v2 cos2 θ

]
v

(k0 − u sin θ)2
[
(u− k0 sin θ)2 + (k0

2 − k2) cos2 θ
] − v sin θ

k0 − u sin θ
.

¤ �����¦¥� �¨§
ò�¾ ö \Z ¢£g ¢¥Q¸

α := <
√
k2 − ζ2

¤�£
β := =

√
k2 − ζ2

» O�&  ØOU ¦¿¾¿£gÁò Ä » ² ö T�W  ¢¡�´Ó¤ α = k0−u sin θ
cos θ

»�Í & U ¡�£ W ¤
TVU�W £ � √k2 − ζ2

2
= k2 − ζ2 ¯ÚL¡�¾¿´ U ¡�£(3 α2 − β2 + 2iαβ = k2 − u2 + v2 − 2iuv

� Ã���Å���¹
αβ = −uv, k2 − u2 + v2 = α2 − β2.

Àm¦¨  W ¸^®¯ ¢°!°�¤ uv 6= 0
�
α 6= 0

� ¬� ¢¥Q®� ¢¥ U β = −uv
α = − u cos θ

k0−u sin θv
� T ¡�¾¨¸

v2
[
(k0 − u sin θ)2 + (u cos θ)2

]
cos2 θ = (u2 − k2) cos2 θ + (k0 − u sin θ)2,

¬�&  �
 ® » Ú » ) » ¬ »
ò�¾¿¾ ö :  ³¸g ¢¥Q¸ β(u) := − u cos θ

k0−u sin θv(u)
� ¤�£

α(u) := −uv(u)
β(u) = k0−u sin θ

cos θ

ò÷ ¢¥ T�W  ¢¦¨ ¢¥ Ø ¤ TVU�W ®¯ ¢¥O£�¾¿¥O¡�¾¿£g β �W ¤¯¸ T » α � ¤�¥ k0 − u sin θ = 0
� W ¤¯¸ T » β(u) = 0

ö�» $â ¢°!°�¤�¹
• (α(u) + iβ(u))2 = k2 − γ(u)2 T  ¢¡ W k0 − u sin θ 6= 0

¤�£
β(u) 6= 0

_
• ¦¨¤¯¸S¸�¾ Ø ¥Q¤¯¸d¬�¤ α(u)

¤�£
β(u)

¸g ¢¥L£d¾¨¬�¤�¥L£�¾¨ÚO¡Q¤¯¸ U ¡�Î�¸�¾ Ø ¥Q¤¯¸S¬�¤¯¸ TVU�W £�¾¨¤¯¸ W ¯¤�¦¿¦¨¤¯¸�¤�£§¾¿° U�Ø ¾¿¥ U ¾ W ¤¯¸�¬�¤
√
k2 − γ(u)2

_
• α+ iβ

¤¯¸�£=®¯ ¢¥L£�¾¿¥O¡Q¤D_
U ¦¨  W ¸ √k2 − γ(u)2 = α(u) + iβ(u)

» Ù ¾¿¥ U ¦¨¤�°�¤�¥O£ �
=h(γ(u)) = u sin θ + α(u) cos θ = k0.

å]§^Ê�ÊÁ§â¿_��x��8� �âß@Ì¯Å ÉÓÔ¢ßQß�Å È$ß�Å ÆÖÔ¢ÈLÄ��gÅ Î ÌÒÈ��7Ì�Ð¢Þ�Þ
Å�ßVÇÚõ ÃIÌÒÌ¯Å`Ï�ÉOÅÁßQÃ�ô�Å�Ð¢È@ÉOÅ =h ÉOÅÁÇ÷æÒÑ�Å�Ñ�Ägã�ÆÖã�ÉLÅ�ßVÇ
γ(u) = u + iv(u)

Ð²ô�Å�Æ
v(u)

ô�ã�Ä�Ã �nÐ³ßVÇ[ò Ä » ¡ ö � Å�Ç k0 ∈ R∗ � � Ã÷õ¿Å�Ñ�Ô³Ã�ßVÇ=Ì¯ÅIõ�õ¨Å k sin θ
ÐÒÑOÑ�Ð¢Ä�Ç÷ÃäÅ�ß�Ç � ÆÖÅ¯ÇäÇ6ÅÆÖÔ¢ÈLÄ��gÅ � Ô³ßÂõ¨Å ß�Ô³Ç6Å ζ0 = u0

� � Ã�ß�Ô¢ß � ζ0 = u0
ÅÒÌ�Ç�È$ß4Ñ�Ô¢Ã�ß�Ç�ÉOÅÁÆÖÅ¯ÇäÇ6Å ÆgÔ³ÈLÄ��gÅ ÌÒÈzÑÓÑ�Ô¢Ì¯ã�Ì�ÈLÄKõJ� Ð Ý Å ÄgãgÅQõn�

v(u0) = 0
�   õ Ô¢ÄÒÌ <h Ð³ÇäÇ6Å�Ã�ßVÇ�ÈLßvÞ�Ð Ý Ã�Þ�È$Þàõ¨Å(õ¿Ô¢ßº��ÉLÅ

γ
Å�ß
ζ0
ÌÒÃ � Å�Ç\Ì¯Å�ÈYõ¿Å�Þ�Å�ßVÇ�ÌÒÃ � v(u) ÅÒÌ�ÇxÆ�Ê$Ô¢Ã�ÌÒÃ�ÉOÐ¢ß�Ì

ò Ä » ¡ ö Ð²ô�ÅgÆ�õ¿Å�ÌÒÃÖ�¢ß�Å�� {+,
ÌÒÃ
u < u0,

−, ÌÒÃ
u > u0.¤ �����¦¥� �¨§ O U )ä ¢¥Q®�£�¾¨ ¢¥�ò W ¯¤�¦¿¦¨¤ ö u 7−→ h(γ(u))−h(ζ0)

¸H& U ¥�¥O¡�¦¨¤Z¤�¥ u = u0
� ¤�£â¸ U ¬� W ¾¿´Ó¯¤=¥Q¤=¸H& U ¥�¥L¡�¦¨¤

TVU ¸�¸�¡ W u < u0
� ¥�¾�¸�¡ W u > u0

» :�U�W ®¯ ¢¥Q¸g¯ÚL¡Q¤�¥O£b®¯¤�£�£g¤L)÷ ¢¥Q®�£�¾¨ ¢¥v¤¯¸�£�¬�¤m¸g¾ Ø ¥Q¤m®¯ ¢¥Q¸�£ U ¥L£^¸�¡ W u < u0
¤�£�¸�¡ W

u > u0
»�Z ¦G¸�¡�P�£ U ¦¨  W ¸�¬�¤ W ¤ ØOU�W ¬�¤ W ¦¨¤S®¯ ¢° T   W £g¤�°�¤�¥L£>3!¦'& ¾¿¥�+Q¥�¾\¬�¤d®¯¤�£�£g¤>)ä ¢¥Q®�£�¾¨ ¢¥ T  ¢¡ W ¤�¥N¬�¯¬�¡�¾ W ¤�¸g ¢¥¸g¾ Ø ¥Q¤ » em¥ T ¤�¡�£^¤�¥�+Q¥ °� ¢¥O£ W ¤ W ÚL¡Q¤

h(γ(u)) − h(ζ0) = −v(u)
[
sin θ − u cos θ

k0 − u sin θ

]

∼ ±Cu, U ´Ó¤¯® C ®¯ ¢¥Q¸�£ U ¥O£g¤ > 0,

¬�&  �
Á® » Ú » ) » ¬ »



ã�ý ¶ ý úGF è�·a¹ ¤�¢

Ï^Å�Þ!Ð³ÄG��ÈQÅ��LO ¤!® U ¸�¯® �  U ¥O£ � γ ¤¯¸�£ U ¦¨  W ¸�¦ U ®¯ ¢¡ W ±�¤!¬�¤S¥�¾¿´Ó¤ U ¡/¬�¤ =(h) TVU ¸g¸ U ¥O£ TVU�W ¦¨¤ T  ¢¾¿¥O£ ζ0 ¤�£�¸�¡ W¦ U ÚL¡Q¤�¦¿¦¨¤ <(h) U £�£g¤�¾¿¥L£ ¡�¥+° U Î�¾¿°§¡�° ¤�¥
ζ0
»]- ¥8® �VU ÚO¡Q¤ T  ¢¾¿¥L£�¬�¤N®¯¤�£�£g¤ ®¯ ¢¡ W ±�¤ � ¦ U ¬�¯® W  ¢¾¨¸g¸ U ¥Q®¯¤N¤¯¸�£° U Î�¾¿° U ¦¨¤ � ¬�&  �
 ¸Ö ¢¥v¥Q ¢°i¬�¤ç3Z® � ¤�°!¾¿¥ ¬�¤ T ¦¿¡Q¸ )÷  W £g¤§¬�¤¯¸g®¯¤�¥O£g¤65 »

å]§^ÊvÊv§±¿«��x�Ë_� ��ß ß�Ô³Ç6Å
ζ0 = k sin θ

õ¨ÅbÑ�Ô¢Ã�ßVÇ\Ì«ÅQõ�õ¨Å��
Î ÃñÏ���ß�Ð

h(ζ0) = ik, h′′(ζ0) =
−i

k cos2 θ
.

Î Ã�ÃñÏ � Ã v ô¢ã�ÄÒÃ �âÅNò Ä » ¡ ö Ð²ô�ÅgÆ k0 = k � Ð²õ¿Ô¢ÄÒÌSÅ�ß u = ζ0 �
dv

du

∣∣∣∣
u=ζ0

= ±1.

â?> ` � � fV�IHQY�c CSY\f�aKJcIgY\f
$â ¢¥O£ WÖU ¾ W ¤�°�¤�¥O£ U ¡ ® U ¸^®�¦ U ¸Ö¸�¾¨ÚO¡Q¤��£�¡Q¬�¾¨§¬ U ¥Q¸je ² ¤ f � ¥Q ³¸^®¯ $¤QP
®�¾¨¤�¥O£g¸Z¬�¤�£ WÖU ¥Q¸�°!¾¨¸g¸g¾¨ ¢¥ ¤�£=¬�¤ W Q£V¤�Î�¾¨ ¢¥ ¢¥L£��´Ó¤�¥L£�¡Q¤�¦¿¦¨¤�°�¤�¥O£
¬�¤¯¸ T W¢¦¨¤¯¸ » \Z ¢¡Q¸ WÖU�T�T ¤�¦¨ ¢¥Q¸�ÚL¡Q¤
¥Q ¢¡Q¸ U ´Ó ¢¥Q¸�¸�¡ T�T  ³¸g~ÚO¡1& ¾¿¦¨¸�¸g ¢¥L£S¸�¾¿° T ¦¨¤¯¸�¤�£d¥Q ¢¥

W ¯¤�¦¨¸ » \m ¢¡Q¸ T�W ¯¸g¤�¥L£g ¢¥Q¸m¾¨®�¾�ÚO¡Q¤�¦¨ÚL¡Q¤¯¸ W ¤�° U�W ÚL¡Q¤¯¸43�¦¨¤�¡ W ¸�¡¢µ¶¤�£d¹V® U ¦¨®�¡�¦�¥L¡�°� W ¾¨ÚO¡Q¤ � ® U ¦¨®�¡�¦�¬�¤�¦¨¤�¡ WZW ¯¸�¾¨¬�¡¤�£^´Ó W ¾,+V® U £�¾¨ ¢¥N¬�¤¯¸ �O·$T  ¢£ ��% ¸g¤¯¸ »
w ���Û���]�(����Ó�ªML��'��Ó

O USW ¤¯® � ¤ W ® � ¤d¬�¤�®¯¤¯¸ T W¢¦¨¤¯¸ TVU ¸Ö¸g¤ TVU�W ¦ USW ¯¸g ¢¦¿¡�£�¾¨ ¢¥ ¬�¤�¦'& ¯ÚO¡ U £�¾¨ ¢¥

D(ζ) = 0.

\m ¢¡Q¸ U ´Ó ¢¥Q¸m´L¡ U ¡N® �VU�T ¾¿£ W ¤Fª � ÚL¡Q¤§®¯¤�£�£g¤d¯ÚO¡ U £�¾¨ ¢¥ T ¤�¡�£Z¸g¤ WÖU °�¤�¥Q¤ W ¦ U!W ¤¯® � ¤ W ® � ¤�¬�¤¯¸ WÖU ®�¾¿¥Q¤¯¸Z¬�& ¡�¥
T  ¢¦ · ¥�W¢°�¤¯¸\¬�¤�¬�¤ Ø³W 4ò U ¡ T ¦¿¡Q¸ ö « »²` ¥ U ¡�£ W ¤â°�  · ¤�¥�¬�¤ T�W  L®¯¯¬�¤ W ¤¯¸�£\¬�¤ W ¤�° U�W ÚO¡Q¤ W ÚL¡Q¤â¸�¾ D(ζ) = 0

� U ¦¨  W ¸¦¨¤Z£ W ¾ T ¦¨¤�£ (X0, Y0, Z0) = (ζ, λ+(ζ), λ−(ζ))
¤¯¸�£�¡�¥Q¤�¸g ¢¦¿¡�£�¾¨ ¢¥Á¬�¡v¸ · ¸g£ % °�¤m¬�& ¯ÚL¡ U £�¾¨ ¢¥Q¸ T  ¢¦ · ¥�W¢°!¾ U ¦¨¤¯¸>ò÷¬�¤¬�¤ Ø³W �¬�¤�¡�ÎÁ¤�£g3�£ W  ¢¾¨¸^´ U�W ¾ U ±�¦¨¤¯¸ ö ¹





(1 − iC1)µ
+Z + Y − iµ+C2 = 0,

Y 2 − (k+2 −X2) = 0,

Z2 − d(k−2 −X2) = 0,

 �
 ¦'&  ¢¥ U�T  ³¸g C1 := ψ1X + ψ2Y
�
C2 := ϕ11X

2 + (ϕ12 + ϕ21)XY + ϕ22Y
2 − ϕ3

»VÍ U ¥Q¸=¥Q ¢£ W ¤d®¯ $¬�¤ �¥Q ¢¡Q¸^¬��£g¤ W °!¾¿¥Q ¢¥Q¸m¥O¡�°� W ¾¨ÚL¡Q¤�°�¤�¥O£Z¦'& ¤�¥Q¸g¤�°d±�¦¨¤ {(Xi, Yi, Zi)}
¬�¤¯¸^¸g ¢¦¿¡�£�¾¨ ¢¥Q¸=¬�¤�®¯¤�¸ · ¸g£ % °�¤�¬�& ¯ÚO¡ U £�¾¨ ¢¥Q¸

T  ¢¦ · ¥�W¢°!¾ U ¦¨¤¯¸ U ´Ó¤¯®ONQPSRQT�¹�¬� ¢¥O£= ¢¥ ¸Ö¤�¸g¤ W £^®¯ ¢°!°�¤�¡�¥Q¤�±�  b £g¤�¥Q ¢¾ W ¤ »O ¤¯¸ T W¢¦¨¤¯¸=¬�¤ T
λ−

¸Ö ¢¥O£=¦¨¤¯¸
Xi

ÚO¡�¾G¥1& U�T�TVU�W £�¾¨¤�¥�¥Q¤�¥O£ TVU ¸ U ¡�ÎÁ± WÖU ¥Q® � ¤¯¸m¬�¤d®¯ ¢¡ T ¤�¬�¤¯¸ WÖU ®�¾¿¥Q¤¯¸m® U�W�W ¯¤¯¸
¤�£=ÚL¡�¾ U ¥�¥O¡�¦¨¤�¥L£ D » :�U�WZU ¾¿¦¿¦¨¤�¡ W ¸ � ¦¨¤¯¸ T W¢¦¨¤¯¸^¬�¤ R

λ−
¸g ¢¥L£^¦¨¤¯¸ T W¢¦¨¤¯¸^¬�¤ T

λ−
ÚO¡�¾ ¥1& U ¥�¥L¡�¦¨¤�¥O£ TVU ¸ 1 − ic1

»
` ¥Q¤L)ä ¢¾¨¸�¦¨¤¯¸ T W¢¦¨¤¯¸b ¢±�£g¤�¥L¡Q¸ �  ¢¥v¬�¾¨¸ T  ³¸g¤�¬�& ¡�¥ U ¡�£ W ¤�°�  · ¤�¥ ¸�¾¿° T ¦¨¤�¬�¤Z´Ó W ¾,+V® U £�¾¨ ¢¥ ÚL¡1& ¾¿¦¨¸^¸g ¢¥L£ W ¯¤�¦¨¸�¹¾¿¦�¸g¡�P�£^¬�¤�£g¤¯¸�£g¤ W ¦ U ¥L¡�¦¿¦¿¾¿£g§¬�¤�¦¨¤�¡ W^TVU�W £�¾¨¤�¾¿° U�Ø ¾¿¥ U ¾ W ¤ »

d p�Ó²�h�\�]Ó
O�& �O·$T  ¢£ ��% ¸Ö¤d¬�¤d°§¡�¦¿£�¾ T ¦¿¾¨®�¾¿£g�¸�¾¿° T ¦¨¤S¸�¾ Ø ¥�¾,+V¤SÚO¡Q¤d¸�¾ z ¤¯¸�£=¡�¥ T W¢¦¨¤§¬�¤ T

λ−
� U ¦¨  W ¸ ζ 7−→ (ζ − z) T (ζ)

λ−(ζ)¤¯¸�£m±�  W ¥Q¯¤ U ¡ ´Ó ¢¾¨¸g¾¿¥ U�Ø ¤d¬�¤ z » �$ ¢¡Q¸Z®¯¤�£�£g¤ �L·LT  ¢£ ��% ¸g¤ � ¦¨¤ W ¯¸�¾¨¬�¡ ¬�¤ T
λ−

¤�¥ ¡�¥ T W¢¦¨¤ z � ¥Q ¢£g Res
(

T
λ− ; z

)
´Ó W ¾,+V¤

(ζ − z)
T (ζ)

λ−(ζ)
−−−→
ζ→z
ζ 6=z

Res

(
T

λ−
; z

)
.

\m¡�°� W ¾¨ÚO¡Q¤�°�¤�¥L£ � T  ¢¡ W ´ U ¦¿¾¨¬�¤ W ®¯¤�£�£g¤ �O·$T  ¢£ ��% ¸g¤ � ¥Q ¢¡Q¸�´Ó W ¾,+V ¢¥Q¸�ÚO¡Q¤ ∣∣∣δ T (z+δ)
λ−(z+δ)

∣∣∣ < M,
 �


M > 0
¤¯¸�£

¡�¥ Ø³WÖU ¥Q¬ TVU�WÖU ° % £ W ¤ � ¤�£ δ ¤¯¸�£b¡�¥Á®¯ ¢° T ¦¨¤�Î�¤§¬�¤ T ¤�£�¾¿£^°� L¬�¡�¦¨¤ » O ¤�® U ¸=¯® �  U ¥O£ � U ¦¨  W ¸=¦¨¤ W ¯¸�¾¨¬�¡ ¤¯¸�£�¹

Res

(
T

λ−
; z

)
≈ δ

2

(
T (z + δ)

λ−(z + δ)
− T (z − δ)

λ−(z − δ)

)
.



ª³ª ølù(µ(ú�¼I´l¾ ·äã�ýÑ� ÿºþFø÷´l¼/ÿºþ ¸Ú· { ¾ ·�· þ ·N�	�7· ø÷´l¼gy ·
- ¥�+Q¥ � ¦¨¤ W ¯¸�¾¨¬�¡Á¬�& ¡�¥ T W¢¦¨¤ z ¬�¤ R

λ−
¤¯¸g£

Res

(
R

λ−
; z

)
= (1 − ic1(z))Res

(
T

λ−
; z

)
.



Chapitre 7
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\m ¢¡Q¸S¥Q ¢¡Q¸S¾¿¥O£g W ¤¯¸g¸Ö ¢¥Q¸k3Á¡�¥ T�W  ¢±�¦ % °�¤ °� $¬ % ¦¨¤�¬�&  ¢±�µ�¤�£!¬�¾¨¸g¸�¾¿°d¡�¦¨ » em¥-�£�¡Q¬�¾¨¤�¦¨¤ T�W  ¢±�¦ % °�¤v¬�& ¡�¥Q¤¾¿¥Q®�¦¿¡Q¸�¾¨ ¢¥N¤�¥�)÷ ¢¡�¾¨¤§¬ U ¥Q¸b¦¨¤�°� L¬ % ¦¨¤4£Q¡Q®�£�¡ U ¥O£Fò ¡ » © ö T�W ¯¸g¤�¥O£g§¬ U ¥Q¸^¦¨¤�® �VU�T ¾¿£ W ¤ ¡ » $â¤ T�W  ¢±�¦ % °�¤§®¯ ¢¥Q¸g£�¾¿£�¡Q¤¡�¥�°� L¬ % ¦¨¤Z¬�¤^£�¡�°�¤�¡ W ¬ U ¥Q¸n¦¨¤m¬�¤ W °�¤Z¬ U ¥Q¸n¦¨¤m®¯ ¢¥L£g¤�Î$£g¤m°�¯¬�¾¨® U ¦ �  ¢¡
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µ+

∆U + ω2ε+U = 0,
¬ U ¥Q¸

D+,

∇ · A∇U + ω2ε∗U = 0,
¬ U ¥Q¸

D−,
[U ] = ξψ0 · ∇U |γ+

0
,
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1
µ+

∂x2U |γ+
0
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0
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)
· A ∇U |γ−

0
= ξ

(
G

(1)
1 · ∂x1(∇U |γ+

0
)
∣∣∣
γ0

+G
(2)
1 ·
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∂2

x2x1
U |γ+

0

(−k+2 − ∂2
x1

2)U |γ+
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)

+ω2
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εcl − ε+
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µcl

)
G

(3)
1 U |γ+

0

)
,
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εD > 0
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µ+

∆u+ ω2ε+u = 0,
¬ U ¥Q¸

D+,

∇ · AD∇u+ ω2ε∗Du = 0,
¬ U ¥Q¸

D−,
[u] = ξψ0 · ∇u|γ+

0
,

¸�¡ W γ0,

1
µ+

∂x2u|γ+
0
−
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0
1

)
· A ∇u|γ−

0
= ξ

(
G

(1)
1 · ∂x1(∇u|γ+

0
)
∣∣∣
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(
∂2
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0
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0

)
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)
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1 u|γ+

0

)
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v¦'&  ¢¥ UST  ³¸g AD(x) := A11
D−\D(x) + 1

µD
11D(x)

¤�£
ε∗D(x) := ε∗11

D−\D(x) + εD11D(x)
»
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G
¦ U )÷ ¢¥Q®�£�¾¨ ¢¥ ¬�¤ Õ W ¤¯¤�¥�¬�¡�°!¾¿¦¿¾¨¤�¡ ¬�¤Å)ä ¢¥Q¬ � ¤�£ GD

¦ U )ä ¢¥Q®�£�¾¨ ¢¥�¬�¤ Õ W ¤¯¤�¥ ¸g  W £ U ¥O£g¤�¬ U ¥Q¸â¡�¥°!¾¿¦¿¾¨¤�¡ ¬�¤�¥Q ¢°§± W ¤§¬�&  ¢¥Q¬�¤ kD := ω
√
εDµD

¹

GD(x, y) := − i

4
H

(1)
0 (kD |x− y|), x, y ∈ R2.

O�¤¯¸ T  ¢£g¤�¥L£�¾¨¤�¦¨¸=¸�¾¿° T ¦¨¤§®¯ ¢¡Q® � ¤ U ¸Ö¸g L®�¾¨¯¸Å3 G ¤�£
GD

� U�T�T ¦¿¾¨ÚL¡Q¯¸^¤�¥Á¦ U )ä ¢¥Q®�£�¾¨ ¢¥ ϕ � ¸g ¢¥O£ W ¤¯¸ T ¤¯®�£�¾¿´Ó¤�°�¤�¥L£d¹

Sϕ(x) :=

∫

∂D
G(x, y)ϕ(y)dσ(y), SDϕ(x) :=

∫

∂D
GD(x, y)ϕ(y)dσ(y).

:  ¢¡ W x ∈ ∂D
�
νx
¬�¯¸�¾ Ø ¥Q¤�¦ U ¥Q  W ° U ¦¨¤§¡�¥�¾¿£ U ¾ W ¤�¤�Î�£g W ¾¨¤�¡ W ¤>3 D ¤�¥

x
� ¤�£= ¢¥ T  ³¸g¤!¹

∂νx ∗ (x, y) := ∇x ∗ (x, y) · νx, ∂ν∗|± (x) := limt→0± ∇ ∗ (x+ tνx) · νx
ò�¦¨  W ¸gÚL¡Q¤�¦ U ¦¿¾¿°!¾¿£g¤�¤�Î�¾¨¸�£g¤ öQ�

∂νA ∗ (x, y) := νT
x A∇x ∗ (x, y), ∂νA∗|± (x) := limt→0± ν

T
x A∇ ∗ (x+ tνx)
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K∗ϕ(x) :=

∫

∂D
∂νAG(x, y)ϕ(y)dσ(y), K∗

Dϕ(x) :=

∫

∂D
∂νxGD(x, y)ϕ(y)dσ(y).
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∂νA(Sϕ)|± = ±1

2
ϕ+ K∗ϕ, ∂ν(SDϕ)|± = ±1

2
ϕ+ K∗

Dϕ.
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u =

{
U + Sϕ ÉOÐ¢ß�Ì

D+ ∪ (D− \D),

SDψ
ÉÓÐ¢ß�Ì

D,

Ô�Ídõ¿ÅSÆgÔ¢ÈzÑ�õ¨Å
(ϕ,ψ) ∈ L2(∂D) × L2(∂D)
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Å§ÉY� ãÊ�¯È�Ð³Ç÷ÃäÔ¢ß�ÌdÃ�ßVÇ6ãý�¢Ä¶Ð�õ¿ÅÒÌ �
[ SD −S

1
µD

(− I
2 + K∗

D) −( I
2 + K∗)

] [
ψ
ϕ

]
=

[
U

∂νAU

]
,
ÌÒÈ$Ä

∂D,

Ô�Í
∂νAU(x) = νT

x A∇U(x)
�

À ·OU ¥O£=¤QM ¤¯®�£�¡Q�¦¨¤�® U ¦¨®�¡�¦�¬�¤ U ¤�£
G
¬ U ¥Q¸^¦¨¤¯¸b® �VU�T ¾¿£ W ¤¯¸Úª�¤�£ Ä � ¾¿¦ ¥Q¤ W ¤¯¸�£g¤�ÚO¡1&R3 W ¯¸Ö ¢¡Q¬ W ¤�¦¨¤�¸ · ¸g£ % °�¤¬�& ¯ÚL¡ U £�¾¨ ¢¥Q¸=¾¿¥L£g Ø³WÖU ¦¨¤¯¸ � ¬� ¢¥L£=¥Q ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸m¬� ¢¥�¥Q¤ W ¡�¥Q¤Ú)ä  W °§¡�¦ U £�¾¨ ¢¥ ´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦¿¦¨¤ T  ¢¡ W ¦¨¤�¥L¡�°� W ¾¨ÚO¡Q¤ »

^ RTQ	R]Q r �1�����]�ý�.���'�Õ!Ö¦�.�^�ý�.���'��ÕaÕ����Û�'�
em¥K¬�Q+Q¥�¾¿£S¦¨¤¯¸§¤¯¸ TVU ®¯¤¯¸S¬�¤��$ ¢±� ¢¦¨¤�´ H1/2(∂D)

¤�£
H−1/2(∂D)

®¯ ¢°!°�¤�®�¦ U ¸g¸�¾¨ÚL¡Q¤�°�¤�¥O£ ¹ H1/2(∂D)¤¯¸�£d¦'& ¤¯¸ TVU ®¯¤
¬�¤¯¸§£ WÖU ®¯¤¯¸d¸g¡ W ∂D ¬�¤¯¸@)÷ ¢¥Q®�£�¾¨ ¢¥Q¸S¬�¤
H1(D)

ò
L2(D)

3 Ø³WÖU ¬�¾¨¤�¥O£ L2 öQ� ¤�£ H−1/2(∂D)
¤¯¸�£

¦¨¤�¬�¡ U ¦G¬�¤ H1/2(∂D)
» O U ´Ó¤ W ¸�¾¨ ¢¥Á´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦¿¦¨¤d¬�¡Á¸ · ¸�£ % °�¤§¬�& ¯ÚO¡ U £�¾¨ ¢¥Q¸=¾¿¥O£g Ø³WÖU ¦¨¤¯¸Z¤¯¸�£^¬� ¢¥�¥Q¯¤ TVU�W ¦¨¤£ � ¯  WV% °�¤d¸�¡�¾¿´ U ¥L£ »

Ì Ý��^}�|0¦^ÊÁ§d�Ü�Þ� ò Ù   W °§¡�¦ U £�¾¨ ¢¥ ´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦¿¦¨¤ ö �bØ Ð~�¯Ô¢Ä�ÞSÈYõ¿Ð³Ç÷Ã÷Ô³ß9ô�Ð¢ÄÒÃäÐ³Ç÷ÃäÔ¢ßQß�ÅIõ�õ¨Å�É¢È~ÌÒæ�Ì�Ç6Ë�Þ
Å�É�� ãÊ��È�Ð³Ç÷ÃäÔ¢ß�ÌÃ�ßVÇ6ã��¢Ä�Ð²õ¨ÅÒÌ�ÅÒÌ�Ç¨��Ç÷Ä�Ô¢ÈYô�Å�Ä
(ϕ,ψ) ∈ H−1/2(∂D) ×H−1/2(∂D)

Ç6ÅQõY��ÈQÅ
Ñ�Ô¢ÈLÄSÇûÔ¢È�Ç

(v, w) ∈ H−1/2(∂D) ×H1/2(∂D)
�

{
〈SDψ, v〉 − 〈Sϕ, v〉 = 〈U, v〉 ,〈

1
µD

(− I
2 + K∗

D)(ψ), w
〉
−
〈
( I
2 + K∗)(ϕ), w

〉
= 〈∂νAU,w〉 .

$â¤�£�£g¤U)÷  W °d¡�¦ U £�¾¨ ¢¥¼¤¯¸g£§®¯¤�¦¿¦¨¤
ÚL¡Q¤!¥Q ¢¡Q¸§¤�° T ¦¨ ¢¾¨¤ W  ¢¥Q¸ T  ¢¡ W ¦¨¤!¥O¡�°� W ¾¨ÚL¡Q¤ � U�T�WV% ¸ U ´Ó ¢¾ W ¬�¾¨¸g® W �£�¾¨¸g�¦¨¤¯¸¤¯¸ TVU ®¯¤¯¸Å)÷ ¢¥Q®�£�¾¨ ¢¥�¥Q¤�¦¨¸ � ¤�£=® �  ¢¾¨¸g¾ ¡�¥Á¤�¥Q¸g¤�°§±�¦¨¤d¬�¤�®¯ ¢¡ T ¦¨¤¯¸=¬�¤()ä ¢¥Q®�£�¾¨ ¢¥Q¸^£g¤¯¸g£g¸ (v, w)
»

Z > � (@[cIÖ�G��IÁ]��S������eg���SY°C�36eg]mc��[Pb��[cIgY\f
^ RêuNRVU �cÕ�����D���a�Y���h��Õ

O U °��£ �  L¬�¤4¬�¤ W ¯¸g ¢¦¿¡�£�¾¨ ¢¥9¬�¤ ¥Q ¢£ W ¤ T�W  ¢±�¦ % °�¤4¥Q¯®¯¤¯¸g¸g¾¿£g¤ ¦'& �´ U ¦¿¡ U £�¾¨ ¢¥k¬�& ¾¿¥L£g Ø³WÖU ¦¨¤¯¸ » \Z ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸¤�Î T ¦¿¾¨®�¾¿£g¤ W ¾¨®�¾ ¦¨¤¯¸b°��£ �  $¬�¤¯¸=¤�° T ¦¨  · ¯¤¯¸ »O ¤¯¸§¾¿¥L£g Ø³WÖU ¦¨¤¯¸!¬�¤¯¸@)ä ¢¥Q®�£�¾¨ ¢¥Q¸d¥Q ¢¥¼¸�¾¿¥ Ø ¡�¦¿¾ %�W ¤¯¸�¸g ¢¥L£d�´ U ¦¿¡Q¯¤¯¸ TVU�W ¬�¤¯¸>)÷  W °d¡�¦¨¤¯¸S¬�¤�ÚL¡ U ¬ WÖU £�¡ W ¤~ÚL¡Q¤¥Q ¢¡Q¸ WÖU�T�T ¤�¦¨ ¢¥Q¸ » O ¤¯¸()÷ ¢¥Q®�£�¾¨ ¢¥Q¸�¬�¤ Õ W ¤¯¤�¥ T�W ¯¸g¤�¥O£ U ¥L£�¬�¤¯¸�¸�¾¿¥ Ø ¡�¦ U�W ¾¿£g¯¸ � ¤�¦¿¦¨¤¯¸Z¥Q¯®¯¤¯¸g¸�¾¿£g¤�¥O£�¡�¥Q¤ U £�£g¤�¥O£�¾¨ ¢¥
TVU�W £�¾¨®�¡�¦¿¾ %�W ¤S¤�£m®¯¤ W £ U ¾¿¥Q¸ W ¯¸�¡�¦¿£ U £g¸=£g¤¯® � ¥�¾¨ÚO¡Q¤¯¸ZÚL¡Q¤�¥Q ¢¡Q¸ T�W ¯¸g¤�¥L£g ¢¥Q¸ ».- ¥�+Q¥ � ¥Q ¢¡Q¸ T�W ¯¸g¤�¥O£g ¢¥Q¸m¡�¥Á°�  · ¤�¥¬�¤�® U ¦¨®�¡�¦G¬�¤�ÚO¡Q¤�¦¨ÚL¡Q¤¯¸b¾¿¥L£g Ø³WÖU ¦¨¤¯¸(3S± U ¸g¤�¬�¤¯¸Å)÷ ¢¥Q®�£�¾¨ ¢¥Q¸=¬�¤ Õ W ¤¯¤�¥ G ¤�£

GD
»



ª ¤ ølùLµ(ú�¼/´l¾ ·\[�ýK» ÿ ¸ ½ è1·�¸Áé ÿº¶M] · ´ ¸ ¼ ¹�¹ ¼ »��Gè�m
^ RvuNR]S r �1�����]�'��ÓN��� q	�N�������.�������

\m ¢¡Q¸ T�W ¯¸g¤�¥O£g ¢¥Q¸ ¾¨®�¾m¦ U ° U ¥�¾ %�W ¤ ¬� ¢¥L£�¥Q ¢¡Q¸�® U ¦¨®�¡�¦¨¤ W  ¢¥Q¸ ¥O¡�°� W ¾¨ÚL¡Q¤�°�¤�¥O£ ¦¨¤¯¸
¾¿¥L£g Ø³WÖU ¦¨¤¯¸v¬�¤2)ä ¢¥Q®Q�£�¾¨ ¢¥Q¸d¥Q ¢¥K¸g¾¿¥ Ø ¡�¦¿¾ %�W ¤¯¸ » : ¦¿¡Q¸ T�W ¯®�¾¨¸Ö�°�¤�¥O£ � ¥Q ¢¡Q¸d¬� ¢¥�¥Q ¢¥Q¸�¬�¤¯¸>)÷  W °d¡�¦¨¤¯¸�¬�¤~ÚL¡ U ¬ WÖU £�¡ W ¤ T  ¢¡ W ®¯¤ W £ U ¾¿¥Q¤¯¸¾¿¥L£g Ø³WÖU ¦¨¤¯¸ � ¤�£b¥Q ¢¡Q¸^¾¿¥Q¬�¾¨ÚO¡Q ¢¥Q¸m®¯ ¢°!°�¤�¥O£=¦¨¤¯¸=¾¿¥O£g Ø³WÖU ¦¨¤¯¸mÚO¡Q¤�¥Q ¢¡Q¸ W ¤�¥Q®¯ ¢¥O£ W ¤ W  ¢¥Q¸�¸H& ·
WÖU ° % ¥Q¤�¥L£ »
\m ¢¡Q¸^® U ¦¨®�¡�¦¨ ¢¥Q¸=¥O¡�°� W ¾¨ÚL¡Q¤�°�¤�¥O£Z¥Q ³¸b¾¿¥O£g Ø³WÖU ¦¨¤¯¸ TVU�W ÚL¡ U ¬ WÖU £�¡ W ¤�¬�¤ Õ U ¡Q¸Ö¸g3�¬�¤�¡�Î T  ¢¾¿¥L£g¸ »

å]§^Ê�ÊÁ§	�8�,¥��n� Ô¢ÃûÅ�ßVÇ
f̃ : [0, 1] −→ C

Å�Ç
g̃ : [0, 1] × [0, 1] −→ C

ß�Ô¢ß ÌÒÃ�ßº�¢ÈYõ ÃûË�ÄgÅÒÌ£� � Ô³ÃäÅ�ß�Ç
x0 :=

1−
√

1/3

2Å¯Ç
x1 :=

1+
√

1/3

2

�   õ¿Ô¢ÄÖÌ
∫ 1

0
f̃(t)dt ≈ 1

2

[
f̃(x0) + f̃(x1)

]
,

∫ 1

0

∫ 1

0
g̃(t, s)dsdt ≈ 1

4
[g̃(x0, x0) + g̃(x0, x1) + g̃(x1, x0) + g̃(x1, x1)] .

å]§^Ê�ÊÁ§��Ü�¯¬¦�?� Ô¢ÃûÅ�ßVÇ
a 6= b

Å�Ç
c 6= d

ÉOÐ¢ß�Ì
R2 � � Ô³ÃäÅ�ß�Ç f : [a, b] −→ C

Å¯Ç
g : [a, b] × [c, d] −→ C

ß�Ô¢ß
Ì�Ã�ß½�¢È^õ ÃûË�Ä�Å�Ì£� � Ô¢Ã÷Ç

f̃(t) := f((1 − t)a + tb)
Å�Ç
g̃(t, s) := g((1 − t)a + tb, (1 − s)c + sd)

�   õ¿Ô¢ÄÒÌ
f̃
Å�Ç
g̃Ì¯Ð³Ç÷Ã�Ì]�¯Ô¢ßVÇDõ¨ÅÒÌ�ÊOæÒÑ�Ô³Ç�Ê�ËÒÌ¯ÅÒÌdÉ³È2õ¿Å�ÞSÞ
ÅKag��b � Å�Ç

1

|b− a|

∫

[a,b]
f(x)dσ(x) =

∫ 1

0
f̃(t)dt,

1

|b− a| |d− c|

∫

[a,b]

∫

[c,d]
g(x, y)dσ(y)dσ(x) =

∫ 1

0

∫ 1

0
g̃(t, s)dsdt.

J� ¢¡�£g¤¯¸^¦¨¤¯¸�¾¿¥L£g Ø³WÖU ¦¨¤¯¸m¬�¤()ä ¢¥Q®�£�¾¨ ¢¥Q¸b¥Q ¢¥ ¸g¾¿¥ Ø ¡�¦¿¾ %�W ¤¯¸^ÚO¡Q¤�¥Q ¢¡Q¸ W ¤�¥Q®¯ ¢¥O£ W ¤ W  ¢¥O£�¸g¤�® U ¦¨®�¡�¦¨¤ W  ¢¥L£=¥O¡�°� W ¾,�ÚL¡Q¤�°�¤�¥O£ TVU�W ¡�£�¾¿¦¿¾¨¸ U £�¾¨ ¢¥Á¸g¡Q®¯®¯¤¯¸g¸�¾¿´Ó¤Z¬�¤¯¸÷O ¤�°!°�¤¯¸L³ » ªS¤�£g³ » ¤Q» O U )ä  W °§¡�¦¨¤�¬�¤�ÚL¡ U ¬ WÖU £�¡ W ¤�¸g¤ WÖUdT�W ¯®�¾¨¸g¤�¤�¥
T�WÖU £�¾¨ÚL¡Q¤ � ® U�W ¦¨¤¯¸m¸g¤ Ø °�¤�¥O£g¸m¬�& ¾¿¥O£g Ø³WÖU £�¾¨ ¢¥ [a, b]

¤�£
[c, d]

¸g¤ W  ¢¥O£=¬�¤ T ¤�£�¾¿£g¤�¦¨ ¢¥ Ø ¡Q¤�¡ W »

^ RvuNR]Q d p�Ó��]�Ñ�¼�.��Ó�ª]��p��h�h�â�ÛÕN���'����Ó
�$ ¢¾¨¤�¥O£

κ > 0
� ¤�£

Gκ(x, y) := − i

4
H

(1)
0 (κ |x− y|), ∇xGκ(x, y) =

iκ

4
H

(1)
1 (κ |x− y|) x− y

|x− y| , x, y ∈ R2.

³ Ô³ÇûÐ³Ç÷ÃäÔ¢ß8�â�L¾
θ ∈ R

� Rθ
¬�¯¸�¾ Ø ¥Q¤�¦ U ° U £ W ¾¨®¯¤�¬�¤ W  ¢£ U £�¾¨ ¢¥ ¬�& U ¥ Ø ¦¨¤ θ ¹ Rθ =

[
cos θ − sin θ
sin θ cos θ

]
.

³ Ô³ÇûÐ³Ç÷ÃäÔ¢ß�Ì����L¾
a 6= b ∈ R2 � τa→b := b−a

|b−a|
¤¯¸�£ ¡�¥�´Ó¤¯®�£g¤�¡ W ¡�¥�¾¿£ U ¾ W ¤ £ U ¥ Ø ¤�¥O£ U ¡8¸g¤ Ø °�¤�¥L£ [a, b]

� ¤�£
νa→b := Rπ/2

(
a−b
|a−b|

) ¤¯¸�£b¡�¥Q¤�¥Q  W ° U ¦¨¤§¡�¥�¾¿£ U ¾ W ¤ U ¡Á¸g¤ Ø °�¤�¥L£ [a, b]
»

³ Ô³ÇûÐ³Ç÷ÃäÔ¢ß�Ì��^�$ ¢¾¨¤�¥O£
a 6= b

¤�£
c 6= d

¬ U ¥Q¸
R2 £g¤�¦¨¸�ÚL¡Q¤!¦¨¤¯¸�¸g¤ Ø °�¤�¥L£g¸ [a, b]

¤�£
[c, d]

¸g ¢¾¨¤�¥L£§¬�¾¨¸÷µ� ¢¾¿¥O£g¸d¸H& ¾¿¦¨¸
¥1&  ¢¥L£ U ¡Q®�¡�¥Q¤�¤�Î�£ W �°!¾¿£g§¤�¥Á®¯ ¢°!°d¡�¥ » �$ ¢¾¿£ ν ∈ R2 » em¥Á¥Q ¢£g¤

Iκ(a, b, c, d) :=
1

|b− a| |d− c|

∫

[a,b]

∫

[c,d]
Gκ(x, y)dσ(y)dσ(x),

Jκ(a, b, c, d, ν) :=
1

|b− a| |d− c|

∫

[a,b]

∫

[c,d]
∂νGκ(x, y)dσ(y)dσ(x),

 �

∂νGκ(x, y) = ∇xGκ(x, y) · ν »³ Ô³ÇûÐ³Ç÷ÃäÔ¢ß8�â�$ ¢¾¨¤�¥O£

x
¤�£
c 6= d

¬ U ¥Q¸
R2 » em¥ T  ³¸g¤

Kκ(x, c, d) :=
1

|d− c|

∫

[c,d]
Gκ(x, y)dσ(y).

\m ¢£ W ¤� ¢±�µ�¤¯®�£�¾,)�¤¯¸�£�¬�¤�® U ¦¨®�¡�¦¨¤ W ¬�¤¯¸�¾¿¥L£g Ø³WÖU ¦¨¤¯¸§¬�¤S£ ·$T ¤ Iκ(a, b, c, d)
�
Jκ(a, b, c, d, ν)

 ¢¡
Kκ(x, c, d)

�
¤�¥Á¬�¾¨¸g£�¾¿¥ Ø ¡ U ¥O£=¥ U £�¡ W ¤�¦¿¦¨¤�°�¤�¥L£m¦¨¤¯¸=® U ¸= �
v¦'& ¾¿¥O£g Ø³WÖU ¥Q¬�¤S¤¯¸�£^¸�¾¿¥ Ø ¡�¦¿¾¨¤ W ¬�¤¯¸^® U ¸^ �
Á¾¿¦ ¤¯¸�£=¥Q ¢¥Á¸�¾¿¥ Ø ¡�¦¿¾¨¤ W »



[�ý¬��ý ølµ è ø ��è þ �» m ¾L¼`_ �l·á¸Áé ¼ÛþF´ m { ¾Lµ è�·a¹ ª�ª

Î>���[|c�^æ��l����§^|
Í U ¥Q¸Z¦¨¤�® U ¸� �
 ¦¨¤¯¸�¸g¤ Ø °�¤�¥O£g¸ [a, b]

¤�£
[c, d]

¸g ¢¥O£�¬�¾¨¸÷µ� ¢¾¿¥O£g¸ �
Iκ(a, b, c, d)

¤�£
Jκ(a, b, c, d, ν)

¸g ¢¥L£�¬�¤¯¸
¾¿¥L£g Ø³WÖU ¦¨¤¯¸=¬�¤L)÷ ¢¥Q®�£�¾¨ ¢¥Q¸^¥Q ¢¥ ¸g¾¿¥ Ø ¡�¦¿¾ %�W ¤¯¸ � ¤�£b¸H& �´ U ¦¿¡Q¤�¥L£^¬� ¢¥Q® TVU�W ÚO¡ U ¬ WÖU £�¡ W ¤ »QÍ ¤Z°k=�°�¤ � ¬ U ¥Q¸�¦¨¤�® U ¸b �

x /∈ [c, d]

�
Kκ(x, c, d)

¤¯¸�£�¡�¥Q¤n¾¿¥O£g Ø³WÖU ¦¨¤b¬�& ¡�¥Q¤])÷ ¢¥Q®�£�¾¨ ¢¥�¥Q ¢¥�¸�¾¿¥ Ø ¡�¦¿¾ %�W ¤ � ¤�£�¸�& �´ U ¦¿¡Q¤â¬� ¢¥Q® TVU�W ÚL¡ U ¬ WÖU £�¡ W ¤ »
Ü@|0}�ê]}�����{���}�z �8�Þ¿_�c� Ô¢ÃäÅ�ßVÇ

a 6= b
Å�Ç
c 6= d

ÉÓÐ³ß�Ì
R2 Ç6ÅQõ Ìb��ÈQÅ(õ¿Å�ÌbÌ¯Å��¢Þ
Å�ß�Ç�Ì [a, b]

Å�Ç
[c, d]

Ì¯Ô¢ÃäÅ�ßVÇ�É³ÃIÌ�å�Ô¢Ã�ßVÇ�Ì��
  õ¿Ô¢ÄÒÌ

Iκ(a, b, c, d)
Å�Ç
Jκ(a, b, c, d, ν)

Ì^� ãIô�Ð²õ È�Å�ß�ÇoÌ«ÅQõ¿Ô¢ß±õ¿Ð
Ì�Ô¢ÈLÌ ¡ Ì¯Å�Æ«Ç÷Ã÷Ô¢ßcag��bÜ�ed½�
Ü@|0}�ê]}�����{���}�z �Ü���8� � Ô¢ÃûÅ�ßVÇ

c 6= d
ÉÓÐ¢ß�Ì

R2 Å�Ç
x /∈ [c, d]

�   õ Ô¢ÄÒÌ
Kκ(x, c, d)

Ì�� ãQô�Ð²õ È�Å Ì«ÅQõ¿Ô¢ßâõ Ð/Ì�Ô³ÈOÌ ¡Ì«Å�Æ¯Ç÷ÃäÔ¢ßcag�0b8�<d½�
Î>���[����z�æ.�����§�|

Í U ¥Q¸â¦¨¤�® U ¸b �
 ¦¨¤¯¸b¸g¤ Ø °�¤�¥O£g¸ [a, b]
¤�£

[c, d]
¸g ¢¥O£ U ¬�µ U ®¯¤�¥O£g¸^ ¢¡v ØOU ¡�Î � Iκ(a, b, c, d)

¤�£
Jκ(a, b, c, d, ν)¸g ¢¥L£o¬�¤¯¸�¾¿¥O£g Ø³WÖU ¦¨¤¯¸â¬�¤º)ä ¢¥Q®�£�¾¨ ¢¥Q¸x¸�¾¿¥ Ø ¡�¦¿¾ %�W ¤¯¸ »ÓÍ ¤â°k=�°�¤ � ¸�¾ x ∈ [c, d]

�
Kκ(x, c, d)

¤¯¸�£�¡�¥Q¤�¾¿¥O£g Ø³WÖU ¦¨¤m¬�& ¡�¥Q¤)ä ¢¥Q®�£�¾¨ ¢¥d¸�¾¿¥ Ø ¡�¦¿¾ %�W ¤ » :  ¢¡ W �´ U ¦¿¡Q¤ W ®¯¤¯¸ ¾¿¥O£g Ø³WÖU ¦¨¤¯¸ �  ¢¥�´ U ¬�¯®¯ ¢° T  ³¸Ö¤ W ¦'& ¾¿¥O£g Ø³WÖU ¥Q¬�¤â¤�¥�¡�¥Q¤ TVU�W £�¾¨¤ W  Ø ¡�¦¿¾ %�W ¤ �¤�£m¡�¥Q¤ TVU�W £�¾¨¤§®¯ ¢¥L£g¤�¥ U ¥O£�¦ U ¸g¾¿¥ Ø ¡�¦ U�W ¾¿£gD_V¦'& ¾¿¥L£g Ø³WÖU ¦¨¤S¬�¤�¦ U!TVU�W £�¾¨¤ W  Ø ¡�¦¿¾ %�W ¤S¤¯¸�£Z�´ U ¦¿¡Q¯¤ TVU�W ÚL¡ U ¬ WÖU £�¡ W ¤ �ÚL¡ U ¥O£±3¼¦ U¼TVU�W £�¾¨¤/¸�¾¿¥ Ø ¡�¦¿¾ %�W ¤ �  ¢¥8¡�£�¾¿¦¿¾¨¸g¤4¡�¥Q¤�)ä  W °§¡�¦¨¤/¤�Î U ®�£g¤ � U ´ U ¥L£ ¬�& ¤QM ¤¯®�£�¡Q¤ W ¡�¥Q¤4ÚO¡ U ¬ WÖU £�¡ W ¤/¸�¾¥Q¯®¯¤¯¸g¸ U ¾ W ¤ »

Gκ
U ¬�°�¤�£^¦ U ¬�¯®¯ ¢° T  ³¸�¾¿£�¾¨ ¢¥ ¸�¡�¾¿´ U ¥O£g¤çe¿©«²sfo¹

å]§^ÊvÊv§��8�BË«� ábÔ¢È$Ä
x
Å�Ç
y
Ñ�Ä¶ÔzÆ�Ê�ÅÒÌ �

Gκ(x, y) ≈ 1

2π
log |x− y| + ϕ(|x− y|),

Ô�Í
ϕ(r) :=

1

2π
(log κ+ γ − log 2) − i

4
− 1

4 · 2π

(
log(κr) − (γ − log 2 − iπ

2
− 1)

)
(κr)2.

Ø Ð�Ñ�Ð¢Ä�Ç÷ÃûÅ�Å�ß 1
2π log

ÅÒÌ�Çaõ¿Ð�Ñ�Ð³Ä�Ç÷ÃûÅ�ÌÒÃ�ßº�¢ÈYõ ÃûË�ÄgÅ � õ¿Ð�Ñ�Ð¢Ä�Ç÷ÃûÅ�Å�ß ϕ ÅÒÌ�Ç]õ¿Ð�Ñ�Ð¢Ä�Ç÷ÃûÅ§ß�Ô¢ß ÌÒÃ�ßº�¢ÈYõ ÃûË�ÄgÅ��
$â ¢°!°�¤N¬ U ¥Q¸ e ²�³gf � ¦ U )÷  W °d¡�¦¨¤4¤�Î U ®�£g¤ ÚL¡Q¤ ¥Q ¢¡Q¸�¡�£�¾¿¦¿¾¨¸g ¢¥Q¸ T  ¢¡ W �´ U ¦¿¡Q¤ W ¦'& ¾¿¥O£g Ø³WÖU ¦¨¤4¬�¤N¦ U/TVU�W £�¾¨¤¸�¾¿¥ Ø ¡�¦¿¾ %�W ¤ T�W  «´$¾¨¤�¥O£Z¬�¤ e¿© Ä fo¹

å]§^ÊvÊv§��8�B «�D� Ô¢ÃûÅ�ßVÇ
x
Å¯Ç
c 6= d

ÉÓÐ¢ßQÌ
R2 �   õ Ô³ÄÖÌ§Ô¢ß4Ð¶�

2πfc,d(x) : =

∫

[c,d]
log |x− y|dσ(y)

= (d− x) · τ log |d− x| − (c− x) · τ log |c− x| − |d− c| + β |(c− x) · n|

Ð²ô¢Å�Æ
τ := d−c

|d−c| � n := Rπ/2(τ) � Å�Ç β(x) := arccos (d−x)·(c−x)
|d−x||c−x| ∈ [0, π] Î Ñ�Ô³ÈLÄ x ∈ {c, d} � Ô¢ß/Å�ÞmÑ�õ¿Ô¢ÃäÅUõ ÐÆgÔ³ß�ô�Å�ßVÇ÷ÃäÔ¢ß

0 log 0 = 0
Å�Ç
β(x) = 0

Ï¼�
fc,d

Ì¯ÅdÆgÐ²õ¿Æ�ÈYõ¿Å�Å Ý Ñ�õ Ã÷Æ�Ã÷Ç6Å�Þ
Å�ßVÇ^Å�ÇbÅÒÌ�Çxß�Ô¢ß ÌÒÃ�ßº�¢ÈYõ ÃäË�ÄgÅ��
` ¥Q¤b®¯ ¢¥Q¸g¯ÚL¡Q¤�¥Q®¯¤=¬�¤¯¸]O ¤�°!°�¤¯¸ ³ » «�¤�£º³ »R¢ ¤¯¸�£\¡�¥�°�  · ¤�¥~¬�¤^® U ¦¨®�¡�¦�¬�¤ Kκ

¤�£
Iκ
¬ U ¥Q¸x¦¨¤b® U ¸o¸g¾¿¥ Ø ¡�¦¿¾¨¤ W �

T  ¢¡ W ´L¡ ÚO¡Q¤�¦¨¤¯¸^¸Ö¤ Ø °�¤�¥O£g¸=¬�& ¾¿¥L£g Ø³WÖU £�¾¨ ¢¥N¸Ö ¢¾¨¤�¥O£=¬�¤ T ¤�£�¾¿£g¤�¦¨ ¢¥ Ø ¡Q¤�¡ W »
Ü@|0}�ê]}�����{���}�z!�Ü��xYÙ«��� Ô¢ÃûÅ�ßVÇ

c, d
ÉÓÐ¢ß�Ì

R2 Ç6ÅQõ Ì���ÈQÅ c 6= d � [c, d]
ÅÒÌ�Ç ÑQÅ�Ç÷Ã�Ç6Å>õ¿Ô¢ßº�¢ÈQÅ�È$Ä�Å�Ç

x ∈ [c, d]
�   õ¿Ô¢ÄÒÌ

Kκ(x, c, d) ≈ 1

|d− c|fc,d(x) +
1

|d− c|

∫

[c,d]
ϕ(|x− y|)dσ(y).

Ø Å�Ñ�Ä�Å�Þ�ÃûÅ�Ä=Ç6Å�Ä�Þ
Å^Ì¯ÅZÆgÐ²õ¿Æ�ÈYõ¿Å�Å Ý Ñ�õ ÃäÆ�Ã÷Ç6Å�Þ
Å�ßVÇ D ��È�Ð³ßVÇ�Ð³È!Ì¯Å�ÆÖÔ¢ß�É � Ã�õ�Ñ�Å�È�Çgf�Ç÷Ä�Å�ãIô�Ð²õ È�ãmßQÈ$Þ
ã�Ä�Ã¢��ÈQÅ�Þ
Å�ßVÇGÌ«ÅQõ Ô³ßõ¿Ð
Ì�Ô¢ÈLÌ ¡ Ì¯Å�Æ¯Ç÷ÃäÔ¢ßcag��bÜ�ed½�



ª Ä ølùLµ(ú�¼/´l¾ ·\[�ýK» ÿ ¸ ½ è1·�¸Áé ÿº¶M] · ´ ¸ ¼ ¹�¹ ¼ »��Gè�m
Ü>|c}�ê�}�����{���}�z	�Ü��x�xÜ��� Ô³ÃäÅ�ß�Ç

a 6= b
Å�Ç
c 6= d

ÉÓÐ³ß�Ì
R2 Ç6ÅQõ Ì���ÈQÅ õ¨ÅÒÌoÌ«Å��¢Þ
Å�ßVÇ�Ì [a, b]

Å�Ç
[c, d]

Ì�Ô³ÃäÅ�ß�Ç�ÐOÉ¶å�ÐOÆÖÅ�ßVÇ�Ì
Ô³È ã��ÓÐ¢È Ý � Å�ÇnÉOÅbÑ�Å¯Ç÷Ã�Ç6Å*õ¿Ô¢ßº�¢ÈQÅ�È$Ä£�   õ Ô¢ÄÒÌ

Iκ(a, b, c, d) ≈ 1

|b− a| |d− c|

∫

[a,b]

∫

[c,d]
ϕ(|x− y|)dσ(y)dσ(x) +

1

|b− a|

∫

[a,b]

1

|d− c|fc,d(x)dσ(x).

Ø ÅÒÌ§ÉOÅ�È Ý Ç6Å�Ä�Þ�Å�Ì�Ì�Ô¢ßVÇ�ãQô�Ð²õ ÈQãÒÌ�Ì¯ÅIõ Ô¢ß�õ¿Ð�Ì¯Ô¢ÈLÌ ¡ Ì«Å�Æ¯Ç÷ÃäÔ¢ßcag��bÜ�<dX�
å]§^Ê�ÊÁ§��8��x��¦��� Ô¢Ã�Ç

a 6= b
ÉOÐ¢ß�Ì

R2 �\��ß4Ð�Ñ�Ô³ÈLÄ x Å�Ç y Ñ�Ä�Ô«Æ�Ê�Å�Ì��

∇xGκ(x, y) ≈ 1

2π |x− y|
x− y

|x− y| + ϕ′(|x− y|) x− y

|x− y|Ð�ô�Å�Æ

ϕ′(|x− y|) x− y

|x− y| = − κ2

4 · 2π

[
1 − 2(γ − log 2 − iπ

2
− 1) + 2 log(κ |x− y|)

]
(x− y).

Ø ÅâÑ�Ä�Å�Þ�ÃûÅ�ÄdÇ6Å�ÄÒÞ
Å�ÅÒÌ�Ç]õ Ð�Ñ�Ð³Ä�Ç÷ÃûÅ�ÌÒÃ�ßº�¢ÈYõ ÃûË�ÄgÅdÉLÅ ∇xGκ(x, y) � õ¨Å�Ì¯Å�ÆgÔ³ß�ÉvÅ�ß/ÅÒÌ�Çaõ Ð�Ñ�Ð¢Ä�Ç÷ÃûÅ�ß�Ô¢ß Ì�Ã�ß½�¢È^õ ÃûË�Ä�Åÿ�
$â ¢°!°�¤d¬ U ¥Q¸�e ²�³gf � ¥Q ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸m¥Q ¢¡Q¸ U ¾¨¬�¤ W ¬�& ¡�¥Q¤>)÷  W °d¡�¦¨¤d¤�Î U ®�£g¤d¾¨¸g¸�¡Q¤§¬�¤ze¿© Ä f T  ¢¡ W ¦'& ¾¿¥L£g Ø³WÖU ¦¨¤!¬�¤¦ USTVU�W £�¾¨¤§¸�¾¿¥ Ø ¡�¦¿¾ %�W ¤§¬�¤ ∂νGκ

¹
å]§^Ê�ÊÁ§��8��xY�_��� Ô¢ÃäÅ�ßVÇ

x
Å�Ç
a 6= b

ÉOÐ¢ß�Ì
R2 �   õ¿Ô¢ÄÒÌ

ga,b(x) : = −
∫

[a,b]

1

2π |x− y|
x− y

|x− y| · νa→bdσ(y)

= −β(x)

2π
signe((a− x) · νa→b)

Ð�ô�Å�Æ
β(x) := arccos (b−x)·(a−x)

|b−x||a−x| ∈ [0, π] Î Ô¢È := 0
Ì�Ã
x ∈ {a, b} Ï¼�

ga,b
Ì¯ÅdÆgÐ²õ¿Æ�ÈYõ¿Å�Å Ý Ñ�õ Ã÷Æ�Ã÷Ç6Å�Þ
Å�ßVÇ^Å�Ç�ÅÒÌ�Çnß�Ô¢ß ÌÒÃ�ßº�¢ÈYõ ÃäË�ÄgÅ��
:�U�WmU ¾¿¦¿¦¨¤�¡ W ¸ � ¡�¥ ¸�¾¿° T ¦¨¤�® U ¦¨®�¡�¦G¬�& ¾¿¥O£g Ø³WÖU ¦¨¤�°� ¢¥L£ W ¤
¹

å]§^Ê�ÊÁ§��8��x^¥«��� Ô¢ÃäÅ�ßVÇ
x, a, b ∈ R2 ÉOÅ�È Ý � ÉLÅ�È Ý É³ÃIÌ�Ç÷Ã�ß�Æ«Ç�Ì£�   õ Ô³ÄÖÌ

ha,b(x) : = −
∫

[a,b]

1

2π |x− y|
x− y

|x− y| · τa→bdσ(y)

= − 1

2π
log

|x− a|
|x− b| .

ha,b
ÅÒÌ�ÇxÌÒÃ�ßº�¢ÈYõ ÃûË�ÄgÅ��

å]§^Ê�ÊÁ§��8��x�¬¦��� Ô¢ÃäÅ�ßVÇ
a 6= b

Å�Ç
c 6= d

ÉOÐ¢ß�Ì
R2 �   õ¿Ô¢ÄÒÌ

∫

[a,b]

∫

[c,d]

1

2π |x− y|
x− y

|x− y| · νa→bdσ(y)dσ(x) =

∫

[c,d]
ga,b(x)dσ(x),

∫

[a,b]

∫

[c,d]

1

2π |x− y|
x− y

|x− y| · τa→bdσ(y)dσ(x) =

∫

[c,d]
ha,b(x)dσ(x) = fc,d(b) − fc,d(a).

em¥Á¬�¯¬�¡�¾¿£m¬�¤¯¸ T�W ¯®¯¯¬�¤�¥L£g¸LO ¤�°!°�¤¯¸=¡�¥Á°�  · ¤�¥ ¬�¤�® U ¦¨®�¡�¦�¬�¤ Jκ
¬ U ¥Q¸b¦¨¤§® U ¸^¸�¾¿¥ Ø ¡�¦¿¾¨¤ W ¹

Ü>|c}�ê�}�����{���}�z	�Ü��xY¿«��� Ô³ÃäÅ�ß�Ç
a 6= b

Å�Ç
c 6= d

ÉÓÐ³ß�Ì
R2 Ç6ÅQõ Ì���ÈQÅ õ¨ÅÒÌoÌ«Å��¢Þ
Å�ßVÇ�Ì [a, b]

Å�Ç
[c, d]

Ì�Ô³ÃäÅ�ß�Ç�ÐOÉ¶å�ÐOÆÖÅ�ßVÇ�Ì
Ô³È ã��ÓÐ¢È Ý � Å�ÇnÉOÅbÑ�Å¯Ç÷Ã�Ç6Å*õ¿Ô¢ßº�¢ÈQÅ�È$Ä£� � Ô¢Ã÷Ç ν = ν1νa→b + ν2τa→b

�   õ¿Ô¢ÄÒÌ

Jκ(a, b, c, d, ν) ≈ 1

|b− a| |d− c|

∫

[a,b]

∫

[c,d]
ϕ′(|x− y|) x− y

|x− y| · νdσ(y)dσ(x)

+ ν1
1

|d− c|

∫

[c,d]

1

|b− a|ga,b(x)dσ(x) + ν2
fc,d(b) − fc,d(a)

|b− a| |d− c| .

Ø ÅÒÌbÃ�ß�Ç6ã��¢Ä�Ð²õ¿Å�Ì^Ì¯ÅmÆgÐ²õ¿Æ�ÈYõ¿Å�ß�Ç�Ì«ÅQõ¿Ô¢ßKõ Ð�Ì�Ô¢ÈLÌ ¡ Ì¯Å�Æ«Ç÷Ã÷Ô¢ßhag��bÜ�ed � fc,d(·)
Ì«Å=ÆgÐ�õ Æ�ÈYõ¨Å�Å Ý Ñ�õ ÃäÆ�Ã�Ç6Å�Þ�Å�ßVÇ�Ñ�Ð¢Ä Ø Å�ÞSÞ
Åiag�kjº�



[�ý¬��ý ølµ è ø ��è þ �» m ¾L¼`_ �l·á¸Áé ¼ÛþF´ m { ¾Lµ è�·a¹ ª�³

^ RêuNRvu r ��Õa�Y���h��Õ����ml	������Õí��� �VÔê�?Õ]�������h�'�
em¥ U GD = GkD

» \m ¢¡Q¸ U ´Ó ¢¥Q¸�¬� ¢¥Q® 3b¥Q ¢£ W ¤o¬�¾¨¸ T  ³¸�¾¿£�¾¨ ¢¥S¡�¥§°�  · ¤�¥S¬�¤â® U ¦¨®�¡�¦¨¸�¬�¤o¬�¾,M¦Ëg¤�¥O£g¤¯¸�¾¿¥O£g Ø³WÖU ¦¨¤¯¸) U ¾¨¸ U ¥O£=¾¿¥O£g¤ W ´Ó¤�¥�¾ W GD
»

^ RêuNR � r ��Õa�Y���h��Õ����ml	������Õí���í�â�Û�h�'�Ü� ���ëìï��Õ]�
:  ¢¡ W y ∈ D− � ¥Q ¢¡Q¸ U ´Ó ¢¥Q¸= ¢±�£g¤�¥O¡ G(·, y) ¸Ö ¢¡Q¸�¦ U )÷  W °�¤
¹

G(x, y) =

{
Gtrans(x, y), x2 > 0,

Gsour(x, y) +Grefl(x, y), x2 < 0.

\m ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸�¬� ¢¥�¥Q¤ W ¡�¥-°�  · ¤�¥@¬�¤v® U ¦¨®�¡�¦^¬�¤v¬�¾,M  W ¤�¥O£g¤¯¸
¾¿¥O£g Ø³WÖU ¦¨¤¯¸F) U ¾¨¸ U ¥L£�¾¿¥O£g¤ W ´Ó¤�¥�¾ W G 3N¦'& U ¾¨¬�¤¬�¤v®¯¤�£�£g¤v¬�¯®¯ ¢° T  ³¸�¾¿£�¾¨ ¢¥ » O ¤¯¸�¾¿¥O£g Ø³WÖU ¦¨¤¯¸�¬�¡-£g¤ W °�¤v¬�¤ £ WÖU ¥Q¸�°!¾¨¸Ö¸�¾¨ ¢¥ Gtrans
¤�£�¬�¡7£g¤ W °�¤v¬�¤ W Q£V¤�Î�¾¨ ¢¥

Grefl
¸g¤ W  ¢¥L£d® U ¦¨®�¡�¦¨¯¤¯¸ TVU�W ÚO¡ U ¬ WÖU £�¡ W ¤ � Gtrans

¤�£
Grefl

U«·OU ¥O£d�£g U�T�T�W  ¯Î�¾¿°�¯¤¯¸ TVU�W ¬�¤¯¸@)÷ ¢¥Q®�£�¾¨ ¢¥Q¸�¥Q ¢¥¸�¾¿¥ Ø ¡�¦¿¾ %�W ¤¯¸ » O ¤¯¸�¾¿¥O£g Ø³WÖU ¦¨¤¯¸�¬�¡7£g¤ W °�¤v¸g ¢¡ W ®¯¤ Gsour(x, y) = 1√
d
Gk−(A∗x,A∗y)

¸g¤ WÖU ° % ¥Q¤�¥L£�ÚO¡ U ¥L£#3
¤�¦¿¦¨¤¯¸(3�¬�¤¯¸b¾¿¥O£g Ø³WÖU ¦¨¤¯¸Z�£�¡Q¬�¾¨¯¤¯¸ T�W ¯®¯¯¬�¤�°!°�¤�¥L£ »
³ Ô³ÇûÐ³Ç÷ÃäÔ¢ß�Ì£�=�$ ¢¾¨¤�¥O£

a 6= b
¤�£
c 6= d

¬ U ¥Q¸
D− £g¤�¦¨¸�ÚL¡Q¤S¦¨¤¯¸�¸g¤ Ø °�¤�¥O£g¸ [a, b]

¤�£
[c, d]

¸g ¢¾¨¤�¥O£�¬�¾¨¸÷µ� ¢¾¿¥O£g¸�¸H& ¾¿¦¨¸
¥1&  ¢¥L£ U ¡Q®�¡�¥Q¤�¤�Î�£ W �°!¾¿£g§¤�¥Á®¯ ¢°!°d¡�¥ » �$ ¢¾¿£ ν ∈ R2 » em¥Á¥Q ¢£g¤

I(a, b, c, d) :=
1

|b− a| |d− c|

∫

[a,b]

∫

[c,d]
G(x, y)dσ(y)dσ(x),

J(a, b, c, d, ν) :=
1

|b− a| |d− c|

∫

[a,b]

∫

[c,d]
∂νG(x, y)dσ(y)dσ(x),

 �

∂νG(x, y) = ∇xG(x, y) · ν »³ Ô³ÇûÐ³Ç÷ÃäÔ¢ß8���$ ¢¾¨¤�¥O£

x ∈ R2 ¤�£ c 6= d
¬ U ¥Q¸

D− » em¥ T  ³¸g¤

K(x, c, d) :=
1

|d− c|

∫

[c,d]
G(x, y)dσ(y).

:�U�W ¡�¥4® �VU ¥ Ø ¤�°�¤�¥L£§¬�¤§´ U�W ¾ U ±�¦¨¤ �  ¢¥N°� ¢¥O£ W ¤�¦ U
T�W   T  ³¸�¾¿£�¾¨ ¢¥�¤�£Z¦¨¤S¦¨¤�°!°�¤�¸�¡�¾¿´ U ¥L£g¸Fò ỹ = A∗y T  ¢¡ W¦ U�T�W   T  ³¸�¾¿£�¾¨ ¢¥ ¤�£ (x̃, ỹ) = (A∗x,A∗y) T  ¢¡ W ¦¨¤�¦¨¤�°!°�¤ ö ¹
Ü@|0}�ê]}�����{���}�z!�Ü��x��8��� Ô¢ÃûÅ�ßVÇ

x ∈ D− Å�Ç
c 6= d

ÉOÐ¢ß�Ì
D− �   õ Ô³ÄÖÌ

K(x, c, d) =
1√
d
Kk−(A∗x,A∗c,A∗d) +

1

|d− c|

∫

[c,d]
Grefl(x, y)dσ(y),

õ¨ÅSÉOÅ�È Ý ÃäË�Þ�ÅSÇ6Å�ÄÒÞ
Å�ã�ÇûÐ¢ßVÇbãQô�Ð�õ ÈQã§Ì¯ÅQõ¿Ô¢ß	õ¿Ð!Ì¯Ô¢ÈOÌ ¡ Ì«Å�Æ¯Ç÷ÃäÔ¢ßnag��bÜ�<dX�
å]§^ÊvÊv§��8��x�Ë_��� Ô³ÃäÅ�ß�Ç

a 6= b
Å�Ç
c 6= d

ÉOÐ¢ß�Ì
D− �   õ¿Ô¢ÄÖÌ��

1

|b− a| |d− c|

∫

[a,b]

∫

[c,d]
Gk−(A∗x,A∗y)dσ(y)dσ(x) = Ik−(A∗a,A∗b,A∗c,A∗d);

1

|b− a| |d− c|

∫

[a,b]

∫

[c,d]
∂νGk−(A∗x,A∗y)dσ(y)dσ(x) = Jk−(A∗a,A∗b,A∗c,A∗d,A∗ν),

Ô�Í
ν ∈ R2 Å¯Ç ∂νGk−(A∗x,A∗y) = (∇xGk−)(A∗x,A∗y) · A∗ν

�
Ü@|0}�ê]}�����{���}�z �8��x� _�ç� Ô¢ÃûÅ�ßVÇ

a 6= b
Å�Ç
c 6= d

ÉÓÐ¢ß�Ì
D− Ç6ÅQõ Ì���ÈQÅ�õ¨ÅÒÌvÌ¯Å��³Þ�Å�ßVÇ�Ì

[a, b]
Å�Ç

[c, d]
Ì¯Ô¢ÃäÅ�ßVÇ

É¢Ã�Ì�å¯Ô¢Ã�ßVÇ�ÌZÌ�� Ã�õ Ì�ß¦� Ô¢ßVÇoÐ¢È�Æ�È$ß�Å!Å Ý Ç÷Ägã�Þ�Ã÷Ç6ã!Å�ß ÆÖÔ¢Þ�ÞSÈ$ß8� � Ô¢Ã�Ç ν ∈ R2 �   õ¿Ô¢ÄÖÌ

I(a, b, c, d) =
1√
d
Ik−(A∗a,A∗b,A∗c,A∗d) +

1

|b− a| |d− c|

∫

[a,b]

∫

[c,d]
Grefl(x, y)dσ(y)dσ(x),

J(a, b, c, d, ν) =
1√
d
Jk−(A∗a,A∗b,A∗c,A∗d,A∗ν)+

1

|b− a| |d− c|

∫

[a,b]

∫

[c,d]
∂νGrefl(x, y)dσ(y)dσ(x),

õ¨ÅÒÌ�Ã�ßVÇ6ã��¢Ä�Ð²õ¨ÅÒÌ�ã�ÇûÐ¢ß�Ç�ãQô�Ð²õ ÈQãÒÌ�Ì«ÅQõ¿Ô¢ß±õ¿Ð
Ì�Ô¢ÈLÌ ¡ Ì¯Å�Æ«Ç÷Ã÷Ô¢ßcag��bÜ�ed½�



ª�« ølùLµ(ú�¼/´l¾ ·\[�ýK» ÿ ¸ ½ è1·�¸Áé ÿº¶M] · ´ ¸ ¼ ¹�¹ ¼ »��Gè�m
Ü>|c}�ê�}�����{���}�zâ�Ü�¯��Ù«��� Ô¢ÃûÅ�ßVÇ

x ∈ D+ Å�Ç
c 6= d

ÉOÐ¢ß�Ì
D− �   õ Ô³ÄÖÌ

K(x, c, d) =
1

|d− c|

∫

[c,d]
Gtrans(x, y)dσ(y),

Å�Ì�ÇâãIô�Ð²õ È�ãdÌ«ÅQõ¿Ô¢ß±õ¿Ð�Ì�Ô¢ÈLÌ ¡ Ì¯Å�Æ¯Ç÷ÃäÔ¢ßnag��bÜ�ed½�

Z >ÈÃ 5 IÖ�x��Y\]=c�fpoS]SegfäCSY�O��8B=]=c�eJa���Y
^ R � RVU �cÕ�����D���a�Y���h��Õ

O U )÷  W °d¡�¦¨¤!¬�¤ W ¤ T�W ¯¸Ö¤�¥O£ U £�¾¨ ¢¥�¾¿¥L£g Ø³WÖU ¦¨¤�®¯ ¢¥Q¬�¡�¾¿£>3�¡�¥4°��£ �  $¬�¤S¥O¡�°� W ¾¨ÚL¡Q¤�¬�¤ W ¯¸g ¢¦¿¡�£�¾¨ ¢¥4¬�¡ T�W  0�±�¦ % °�¤ »?- ¥4¤QM ¤�£ � ¤�¦¿¦¨¤ W ¤ T  ³¸g¤S¸�¡ W ¡�¥4¸ · ¸�£ % °�¤S¬�& ¯ÚO¡ U £�¾¨ ¢¥Q¸�¾¿¥L£g Ø³WÖU ¦¨¤¯¸�ÚO¡Q¤S¥Q ¢¡Q¸ U ´Ó ¢¥Q¸�¯® W ¾¿£�¸g ¢¡Q¸L)ä  W °�¤´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦¿¦¨¤ » $â¤�£�£g¤@)ä  W °§¡�¦ U £�¾¨ ¢¥�¸Ö¤ T�W =�£g¤ U ¡ ¥L¡�°� W ¾¨ÚO¡Q¤ � TVU�W ¦ U °��£ �  $¬�¤d¬�¾¿£g¤S¬�¤¯¸Z�¦¨�°�¤�¥O£g¸(+Q¥�¾¨¸�¬�¤) W  ¢¥O£�¾ %�W ¤ »- ¥�¬�¾¨¸g® W �£�¾¨¸ U ¥L£�¦¨¤�±�  W ¬ ¬�¤�¦'& U ¥Q ¢° U ¦¿¾¨¤�¤�£�¦¨¤¯¸�¤¯¸ TVU ®¯¤¯¸()ä ¢¥Q®�£�¾¨ ¢¥�¥Q¤�¦¨¸ � ¦¨¤�¸ · ¸�£ % °�¤S¾¿¥O£g Ø³WÖU ¦n®¯ ¢¥Q¬�¡�¾¿£*3¡�¥ ¸ · ¸�£ % °�¤�¦¿¾¿¥Q U ¾ W ¤�ÚL¡Q¤§¥Q ¢¡Q¸ U ¦¿¦¨ ¢¥Q¸ T�W ¯¸g¤�¥L£g¤ W ».Z ¦�¤¯¸�£ T ¦¨¤�¾¿¥ � ¤�£Z¦¨¤¯¸Z�¦¨¤�°�¤�¥L£g¸�ÚO¡�¾�¦¨¤S®¯ ¢° T  ³¸g¤�¥L£�¸g ¢¥O£43± U ¸Ö¤�¬�& ¾¿¥O£g Ø³WÖU ¦¨¤¯¸Z¬� ¢¥O£=¥Q ¢¡Q¸ U ´Ó ¢¥Q¸ T�W ¯¸Ö¤�¥O£g¯¤¯¸^¡�¥Q¤�°��£ �  L¬�¤�¬�& �´ U ¦¿¡�£ U £�¾¨ ¢¥ »

^ R � R]S © �hÓ²����p����ÛÓs�����h��Õ
em¥>¸g¤ ¬� ¢¥�¥Q¤v¡�¥>¤�¥O£�¾¨¤ W N ¸�¡�P
¸ U °!°�¤�¥O£ Ø³WÖU ¥Q¬ » em¥ U�T�T�W  L® � ¤v¦ U ) W  ¢¥O£�¾ %�W ¤ ∂D TVU�W ¦¨¤ T  ¢¦ ·LØ  ¢¥Q¤

∂DN := (x0, . . . , xN−1)
�  �


xi := γ(2πi/N)
»

:  ¢¡ W αN ¡�¥Q¤Ú)÷ ¢¥Q®�£�¾¨ ¢¥ ¸�¡ W ¦¨¤�±�  W ¬v¬�¾¨¸g® W �£�¾¨¸g ∂DN �  ¢¥v¥Q ¢£g¤

SNαN (x) :=

∫

∂DN

G(x, y)αN (y)dσ(y), SN
Dα

N (x) :=

∫

∂DN

GD(x, y)αN (y)dσ(y),

K∗NαN (x) :=

∫

∂DN

∂νN
A
G(x, y)αN (y)dσ(y), K∗N

Dα
N (x) :=

∫

∂DN

∂νN
x
GD(x, y)αN (y)dσ(y),

U ´Ó¤¯® νN
x := νxi→xi+1

T  ¢¡ W x ∈]xi, xi+1[
�
∂νN

x
∗ (x, y) := ∇x ∗ (x, y) · νN

x

¤�£
∂νN

A
∗ (x, y) := ∇x ∗ (x, y) ·

ATνN
x

»
\m ¢¡Q¸n¬�¾¨¸g® W �£�¾¨¸g ¢¥Q¸ TVU�W ¾¿¥L£g¤ W�T  ¢¦ U £�¾¨ ¢¥

P0
» em¥
£ WÖU ´ U ¾¿¦¿¦¨¤ U ¾¿¥Q¸�¾�¬ U ¥Q¸n¦'& ¤¯¸ TVU ®¯¤Z¬�¤¯¸�)ä ¢¥Q®�£�¾¨ ¢¥Q¸ v £g¤�¦¿¦¨¤¯¸âÚL¡Q¤T  ¢¡ W £g ¢¡�£ i � v|]xi,xi+1[

¤¯¸�£o®¯ ¢¥Q¸g£ U ¥O£ »Y` ¥Q¤b± U ¸Ö¤^¬�¤=®¯¤�£o¤¯¸ TVU ®¯¤=¤¯¸�£ (Pi := 1
|xi+1−xi|11]xi,xi+1[)06i6N−1

» em¥
U�T�T�W  $® � ¤ U ¾¿¥Q¸�¾ ϕ ¤�£ ψ W ¤¯¸ T ¤¯®�£�¾¿´Ó¤�°�¤�¥O£ TVU�W ϕN ¤�£

ψN � ¯® W ¾¿£g¸^¸g ¢¡Q¸b¦ U )÷  W °�¤!¹

ϕN =

N−1∑

i=0

ϕiPi
¤�£
ψN =

N−1∑

i=0

ψiPi,

 �
v¦¨¤¯¸=®¯ ¢¥Q¸�£ U ¥O£g¤¯¸ ϕi
¤�£
ψi
¸g ¢¥O£=¦¨¤¯¸b¾¿¥Q®¯ ¢¥�¥O¡Q¤¯¸ »

^ R � R]Q � þ�Óc������� �Û�hÕNp��?�h���
O ¤ T�W  ¢±�¦ % °�¤�´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦ � ¯® W ¾¿£=¸g¡ W ¦'& ¤¯¸ TVU ®¯¤�¬�¾¨¸g® W �£�¾¨¸g � ¤¯¸�£b¦¨¤�¸ · ¸�£ % °�¤�¦¿¾¿¥Q U ¾ W ¤�¹

[
♣ ♦
♥ ♠

]
Ξ = F,

ò'³ » ² ö

 �

© » ¦'& ¾¿¥Q®¯ ¢¥�¥O¡Q¤d¤¯¸�£

Ξ =

[
(ϕi)i

(ψi)i

]
;



[�ýxÇ^ýÑmoè«m�»�· þU´ ¹h� ¼Ûþ(¼ ¹ ª ¢

² » ¦ U ° U £ W ¾¨®¯¤ ¬�¡7¸ · ¸g£ % °�¤
¤¯¸�£�®¯ ¢¥Q¸�£�¾¿£�¡Q¯¤�¬�¤
° U £ W ¾¨®¯¤¯¸ N × N
� ♣ � ♦ � ♥ ¤�£ ♠ � ¬� ¢¥L£S¦¨¤¯¸��¦¨�°�¤�¥L£g¸¬�& ¾¿¥Q¬�¾¨®¯¤

(j, i)
ò
j
¤¯¸�£b¦'& ¾¿¥Q¬�¾¨®¯¤d¬�¤�¦¿¾ Ø ¥Q¤ � i ¤¯¸�£b¦'& ¾¿¥Q¬�¾¨®¯¤d¬�¤�®¯ ¢¦¨ ¢¥�¥Q¤ ö ¸g ¢¥L£ W ¤¯¸ T ¤¯®�£�¾¿´Ó¤�°�¤�¥O£d¹

♣ji = −
〈
SNPi, Pj

〉
= −I(xj, xj+1, xi, xi+1),

♦ji =
〈
SN

DPi, Pj

〉
= IkD

(xj , xj+1, xi, xi+1),

♥ji = −
(

1

2
〈Pi, Pj〉 +

〈
K∗NPi, Pj

〉)

= −
(

1

2 |xi+1 − xi|
δij + J(xj , xj+1, xi, xi+1,AT νxj→xj+1)

)
,

♠ji =
1

µD

(
−1

2
〈Pi, Pj〉 +

〈
K∗N

DPi, Pj

〉)

=
1

µD

(
− 1

2 |xi+1 − xi|
δij + JkD

(xj , xj+1, xi, xi+1, νxj→xj+1)

)
,

 �

δij

¤¯¸�£b¦¨¤�¸ · °d±� ¢¦¨¤�¬�¤ f�W  ¢¥Q¤¯®ñ;Ó¤ W _
¡ » ¦¨¤�¸g¤¯®¯ ¢¥Q¬v°�¤�°d± W ¤§¤¯¸�£

F =




(〈U,Pj〉)j(〈
∂AT νxj→xj+1

U,Pj

〉)
j


 ,

 �

∂AT νxj→xj+1

U = ∇U · ATνxj→xj+1

»
O ¤¯¸��¦¨�°�¤�¥O£g¸d¬�¤�¦ U ° U £ W ¾¨®¯¤
¬�¡ ¸ · ¸�£ % °�¤!¸Ö¤S® U ¦¨®�¡�¦¨¤�¥L£§¬� ¢¥Q®k3 TVU�W £�¾ W ¬�¤�®¯¤!ÚO¡Q¤S¦'&  ¢¥ U ) U ¾¿£�¬ U ¥Q¸�¦ U¸g¤¯®�£�¾¨ ¢¥	³ » ¤Q» O ¤�¸g¤¯®¯ ¢¥Q¬Á°�¤�°§± W ¤§¤¯¸g£^ÚO¡ U ¥L£L3S¦¿¡�¾�®¯ ¢¥Q¸�£�¾¿£�¡Q�¬�& ¾¿¥L£g Ø³WÖU ¦¨¤¯¸=¥Q ¢¥ ¸�¾¿¥ Ø ¡�¦¿¾ %�W ¤¯¸§¹

〈U,Pj〉 = 1
|xj+1−xj |

∫
[xj ,xj+1]

U(x)dσ(x),
〈
∂AT νxj→xj+1

U,Pj

〉
= 1

|xj+1−xj |
∫
[xj ,xj+1]

∂AT νxj→xj+1
U(x)dσ(x)

ÚL¡Q¤�¦'&  ¢¥Á® U ¦¨®�¡�¦¨¤§¬� ¢¥Q®§¸g¤�¦¨ ¢¥v¦ U ¸g ¢¡Q¸ï�6¸Ö¤¯®�£�¾¨ ¢¥±³ » ¤Q» ² »
\m ¢¡Q¸ W ¯¸Ö ¢¦¿´Ó ¢¥Q¸ � ®¯¤�¸ · ¸�£ % °�¤�¦¿¾¿¥Q U ¾ W ¤#ò T ¦¨¤�¾¿¥ öQ� TVU�W ¤�Î�¤�° T ¦¨¤ � TVU�W ¦ U °��£ �  L¬�¤§¬�¡ T ¾¿´Ó ¢£=¬�¤ Õ U ¡Q¸g¸ »

^ R � Rvu � ���`�D���'�Õ
O U ¸g ¢¦¿¡�£�¾¨ ¢¥ u ¤¯¸�£^ ¢±�£g¤�¥O¡Q¤ U ¡K+Q¥ U ¦ Ø³Wñð ®¯¤>3�¦ USW ¤ T�W ¯¸g¤�¥L£ U £�¾¨ ¢¥ ¾¿¥L£g Ø³WÖU ¦¨¤
¹

∀x ∈ D
+ ∪ (D− \D), u(x) ≈ U(x) + SNϕN (x)

≈ U(x) +
N−1∑

i=0

ϕiK(x, xi, xi+1),

¤�£

∀x ∈ D, u(x) ≈ SN
Dψ

N (x)

≈
N−1∑

i=0

ψiKkD
(x, xi, xi+1).

O ¤¯¸
ϕi
¤�£b¦¨¤¯¸

ψi
T�W  «´$¾¨¤�¥�¥Q¤�¥O£Z¬�¤Z¦ U§W ¯¸Ö ¢¦¿¡�£�¾¨ ¢¥Á¬�¡Á¸ · ¸g£ % °�¤Uò'³ » ² ö/� ¤�£�¦¨¤¯¸ K ¤�£

KkD

¸g¤Z® U ¦¨®�¡�¦¨¤�¥O£m¸g¤�¦¨ ¢¥v¦ U¸g¤¯®�£�¾¨ ¢¥	³ » ¤Q»
Ï^Å�Þ!Ð³ÄG��ÈQÅ��Å\=¡�°� W ¾¨ÚL¡Q¤�°�¤�¥O£ � ¤�¥Á¾¨¬�¤�¥O£�¾,+ U ¥L£=¦¨¤¯¸ T  ¢¾¿¥O£g¸(3�¬�¤¯¸^®¯ ¢° T ¦¨¤�Î�¤¯¸ � T  ¢¡ W £g¤¯¸g£g¤ W ¸�¾ ¡�¥ T  ¢¾¿¥O£ x ¤¯¸g£3d¦'& ¾¿¥O£g W ¾¨¤�¡ W ¬�¡ T  ¢¦ ·LØ  ¢¥Q¤ (x0, . . . , xN−1)

�  ¢¥ ® U ¦¨®�¡�¦¨¤m¦'& ¾¿¥Q¬�¾¨®¯¤�¬�¤4$ U ¡Q® �L· e ¡ ³ÿf ¬�¡ T  ¢¾¿¥L£ TVU�W�WÖU�T�T   W £ U ¡
T  ¢¦ ·LØ  ¢¥Q¤�¹ ∑N−1

i=0 arg((xi+1 − x)/(xi − x))
�  �
 ¦'& U ¥ Ø ¦¨¤ arg(xi+1 − x)/(xi − x)

¤¯¸g£m¬ U ¥Q¸ (−π, π)
» em¥

£ W  ¢¡�´Ó¤ 0
¸g¾ ¤�£=¸g¤�¡�¦¨¤�°�¤�¥O£Z¸�¾�¦¨¤ T  ¢¾¿¥O£=¤¯¸�£g3S¦'& ¤�Î�£g W ¾¨¤�¡ W ¬�¡ T  ¢¦ ·$Ø  ¢¥Q¤ »
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Z >Vâ (�B^]S�ßIg�df�eJB^]

\m ¢¡Q¸ U ´Ó ¢¥Q¸��£�¡Q¬�¾¨§¡�¥ T�W  ¢±�¦ % °�¤S¬�& ¾¿¥Q®�¦¿¡Q¸�¾¨ ¢¥N¤�¥�)ä ¢¡�¾¨¤S¬ U ¥Q¸=¥Q ¢£ W ¤d°� L¬ % ¦¨¤S¬�¤�°!¾¿¦¿¾¨¤�¡±£Q¡Q®�£�¡ U ¥O£ U ´Ó¤¯®¡�¥Q¤ ®¯ ¢¡Q® � ¤ W ¡ Ø ¡Q¤�¡Q¸g¤ »Å- ¥9¸g¡ T�T  ³¸ U ¥L£ÁÚO¡Q¤N¦'& ¾¿¥Q®�¦¿¡Q¸�¾¨ ¢¥ ¤¯¸�£v¸�¡�P
¸ U °!°�¤�¥O£ Ø³W  ³¸g¸g¤ ¤�£Á¸�¡�P
¸ U °!°�¤�¥L£ ¤�¥
T�W  0)ä ¢¥Q¬�¤�¡ W � ¥Q ¢¡Q¸ U ´Ó ¢¥Q¸ U�T�T�W  L® � N¦¨¤Á°!¾¿¦¿¾¨¤�¡8¬�¤2)ä ¢¥Q¬ TVU�W ¦¨¤ °!¾¿¦¿¾¨¤�¡�¤QM ¤¯®�£�¾,) T�W ¯®¯¯¬�¤�°!°�¤�¥O£2)÷  W °d¡�¦¨¤�£Z�£�¡Q¬�¾¨ » O U ¸g ¢¦¿¡�£�¾¨ ¢¥ ¬�¡ T�W  ¢±�¦ % °�¤ T ¤�¡�£ U ¦¨  W ¸Ú=�£ W ¤4)ä  W °§¡�¦¨¯¤�¸g ¢¡Q¸g)ä  W °�¤§¬�¤ W ¤ T�W ¯¸g¤�¥O£ U £�¾¨ ¢¥ ¾¿¥O£g Ø³WÖU ¦¨¤¸g¾¿° T ¦¨¤â®¯ ¢¡Q® � ¤ � 3 TVU�W £�¾ W ¬�¤n¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥�¤�£\¬�¤â¦ U )÷ ¢¥Q®�£�¾¨ ¢¥!¬�¤ Õ W ¤¯¤�¥!¬�¡ T�W  ¢±�¦ % °�¤b¬�¤a)÷ ¢¥Q¬Nò÷¤QM ¤¯®�£�¾,) ö�» $â¤�£�£g¤)ä  W °§¡�¦¨¤÷) U ¾¿£\¾¿¥L£g¤ W ´Ó¤�¥�¾ W ¡�¥
®¯ ¢¡ T ¦¨¤^¬�¤º)ä ¢¥Q®�£�¾¨ ¢¥Q¸ � ¸Ö ¢¦¿¡�£�¾¨ ¢¥
¬�& ¡�¥�¸ · ¸�£ % °�¤b¬�& ¯ÚO¡ U £�¾¨ ¢¥Q¸o¾¿¥O£g Ø³WÖU ¦¨¤¯¸ » Ù   W °§¡�¦¨´ U�W ¾ U £�¾¨ ¢¥�¥Q¤�¦¿¦¨¤�°�¤�¥O£ � T ¡�¾¨¸\¬�¾¨¸g® W �£�¾¨¸g TVU�W ¦ U °��£ �  L¬�¤b¬�¤¯¸x�¦¨�°�¤�¥L£g¸D+Q¥�¾¨¸x¬�¤º) W  ¢¥O£�¾ %�W ¤ � ®¯¤b¸ · ¸g£ % °�¤b®¯ ¢¥Q¬�¡�¾¿£3â¡�¥d¸ · ¸g£ % °�¤�¦¿¾¿¥Q U ¾ W ¤ T ¦¨¤�¾¿¥ � ¬� ¢¥L£ ¦¨¤¯¸��¦¨�°�¤�¥L£g¸G¸g ¢¥L£�¬�¤¯¸ ¾¿¥L£g Ø³WÖU ¦¨¤¯¸ » :  ¢¡ W ® U ¦¨®�¡�¦¨¤ W ®¯¤\¸ · ¸g£ % °�¤ � ¥Q ¢¡Q¸ U ´Ó ¢¥Q¸
T�W ¯¸Ö¤�¥O£g�¬�¤¯¸@)ä  W °§¡�¦¨¤¯¸�¬�¤�ÚO¡ U ¬ WÖU £�¡ W ¤ T  ¢¡ W �´ U ¦¿¡Q¤ W ¦¨¤¯¸d¾¿¥O£g Ø³WÖU ¦¨¤¯¸ W  Ø ¡�¦¿¾ %�W ¤¯¸1_G¥Q ¢¡Q¸ U ´Ó ¢¥Q¸� ØOU ¦¨¤�°�¤�¥O£¾¨¸Ö ¢¦¨�¦¨¤¯¸�¸�¾¿¥ Ø ¡�¦ U�W ¾¿£g¯¸§¬�¤¯¸Ú)ä ¢¥Q®�£�¾¨ ¢¥Q¸�¬�¤ Õ W ¤¯¤�¥ T  ¢¡ W ¤�¥	)ä ¢¡ W ¥�¾ W ¬�¤¯¸�¾¿¥O£g Ø³WÖU ¦¨¤¯¸S¤�Î U ®�£g¤¯¸ » O�& ¾¿¥O´Ó¤ W ¸�¾¨ ¢¥¼¬�¡¸ · ¸�£ % °�¤�¤�£b¦ U )÷  W °d¡�¦¨¤�¬�¤�¬�¯®¯ ¢° T  ³¸g¾¿£�¾¨ ¢¥ ¾¿¥O£g Ø³WÖU ¦¨¤ T ¤ W °�¤�£�£g¤�¥L£§Ã�ß��oß�Å�¬�¤ W ¤�°� ¢¥L£g¤ W 3S¦ U ¸Ö ¢¦¿¡�£�¾¨ ¢¥ »



Chapitre 8
� <�"kîsr^ Nn� k" �íîs� <����9qíîu��"

r?>A@ C�]mcV�8BDCS�S� c�eEB^]
\m ¢¡Q¸ U ´Ó ¢¥Q¸�¾¿° T ¦¨�°�¤�¥O£g
¦ U�W ¯¸g ¢¦¿¡�£�¾¨ ¢¥�¥L¡�°� W ¾¨ÚO¡Q¤~¬�& ¡�¥ T�W  ¢±�¦ % °�¤!°� $¬ % ¦¨¤�¬�¤ T ¤ U ¡ � ¬ U ¥Q¸�¡�¥ T�W  0�

Ø³WÖU °!°�¤�  W ¾¨¤�¥O£gS ¢±�µ�¤�£ � ¤�¥ts�¿�¿ » \Z ¢¡Q¸ W Q)ä W  ¢¥Q¸Ú3!¦'& U ¥�¥Q¤�Î�¤dÀ T  ¢¡ WmT ¦¿¡Q¸Z¬�¤§¬��£ U ¾¿¦¨¸�¸�¡ W ¦ U ¸�£ W ¡Q®�£�¡ W ¤S¬�¡®¯ $¬�¤ »
` ¥!°!¾¿¦¿¾¨¤�¡
¤QM ¤¯®�£�¾,) ¤¯¸�£x£g ¢¡�£o¬�& U ±�  W ¬� ¢±�£g¤�¥O¡ TVU�WnU ¥ U ¦ · ¸Ö¤ U ¸ · ° T £g ¢£�¾¨ÚO¡Q¤ » O�¤¯¸ T�W  ¢±�¦ % °�¤¯¸n¬�¤b®¯¤�¦¿¦¿¡�¦¨¤m¤�¥µ�¤�¡Á¸g ¢¥O£ W ¯¸Ö ¢¦¿¡Q¸ TVU�W �¦¨�°�¤�¥O£g¸ +Q¥�¾¨¸ � ´$¾ U ¦'& U�T�T ¤�¦�3S¬�¤¯¸ T�W   Ø³WÖU °!°�¤¯¸=¤�Î$£g¤ W ¥Q¤¯¸ � ÚL¡Q¤Z¥Q ¢¡Q¸ U ´Ó ¢¥Q¸=¯® W ¾¿£g¸^¤�¥·�¸X¹�¹�»½¹s¾X¿�¿ » O U ¸g ¢¦¿¡�£�¾¨ ¢¥v¬ U ¥Q¸b®¯¤m°!¾¿¦¿¾¨¤�¡v¤QM ¤¯®�£�¾,)�¤¯¸�£ U ¦¨  W ¸b¤�Î T ¦¿¾¨®�¾¿£g¤ »�7 ¡ U ¥O£g3§¦ U )ä ¢¥Q®�£�¾¨ ¢¥v¬�¤ Õ W ¤¯¤�¥ � ¤�¦¿¦¨¤¤¯¸�£n® U ¦¨®�¡�¦¨¯¤ TVU�W ¦ U °��£ �  $¬�¤^¬�¤ T ¦¿¡Q¸�)÷  W £g¤=¬�¤^¬�¤¯¸g®¯¤�¥O£g¤ » O ¤¯¸ T W¢¦¨¤¯¸x¬�¤b¦ U )÷ ¢¥Q®�£�¾¨ ¢¥�¸ T ¤¯®�£ WÖU ¦¨¤=¸g ¢¥O£o® U ¦¨®�¡�¦¨¯¸

TVU�WGW ¯¸g ¢¦¿¡�£�¾¨ ¢¥S¬�& ¡�¥S¸ · ¸�£ % °�¤ T  ¢¦ · ¥�W¢°!¾ U ¦ � TVU�W ¡�¥ T�W   Ø³WÖU °!°�¤n¤�Î�£g¤ W ¥Q¤gNuPSRvTº¹^ÚL¡Q¤x¥Q ¢¡Q¸ U ´Ó ¢¥Q¸�¬��´Ó¤�¦¨  T�T  »- ¥�+Q¥ � ¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥/¬�¡ T�W  ¢±�¦ % °�¤ U ´Ó¤¯®�¡�¥Q¤ U ¥Q ¢° U ¦¿¾¨¤ � ¤¯¸�£� ¢±�£g¤�¥O¡Q¤ TVU�W�W ¤ T�W ¯¸g¤�¥O£ U £�¾¨ ¢¥K¾¿¥O£g Ø³WÖU ¦¨¤ � U�T�WV% ¸
W ¯¸g ¢¦¿¡�£�¾¨ ¢¥K¬�& ¡�¥�¸ · ¸g£ % °�¤!¬�& ¯ÚO¡ U £�¾¨ ¢¥Q¸�¾¿¥L£g Ø³WÖU ¦¨¤¯¸ TVU�W �¦¨�°�¤�¥L£g¸4+Q¥�¾¨¸�¬�¤�) W  ¢¥O£�¾ %�W ¤ » \Z ¢¡Q¸ U ´Ó ¢¥Q¸�¾¨®�¾\£g ¢¡�£¯® W ¾¿£=¤�¥ws�¿�¿ »

6 £�¾¿£ W ¤�¬�& ¾¿¦¿¦¿¡Q¸�£ WÖU £�¾¨ ¢¥ � ¥Q ¢¡Q¸ T�W ¯¸g¤�¥O£g ¢¥Q¸�ÚL¡Q¤�¦¨ÚO¡Q¤¯¸ W ¯¸�¡�¦¿£ U £g¸�ÚO¡Q¤
¥Q ¢¡Q¸ U ´Ó ¢¥Q¸S ¢±�£g¤�¥L¡Q¸�¸�¡ W ¡�¥K£g¤¯¸�£ »\Z ¢¡Q¸Z°� ¢¥O£ W  ¢¥Q¸�£g ¢¡�£�¬�& U ±�  W ¬ ¦ U ¸g ¢¦¿¡�£�¾¨ ¢¥4¬�¤¯¸ T�W  ¢±�¦ % °�¤¯¸�¬�¤d®¯¤�¦¿¦¿¡�¦¨¤ » : ¡�¾¨¸ � ¥Q ¢¡Q¸Z°� ¢¥L£ W  ¢¥Q¸�¦ U ¸Ö ¢¦¿¡�£�¾¨ ¢¥¤QM ¤¯®�£�¾¿´Ó¤b¬�¡ T�W  ¢±�¦ % °�¤ � U ¾¿¥Q¸�¾�ÚO¡Q¤â¦ U )ä ¢¥Q®�£�¾¨ ¢¥�¬�¤ Õ W ¤¯¤�¥ U ¸Ö¸g L®�¾¨¯¤ »²- ¥�+Q¥ � ¥Q ¢¡Q¸�°� ¢¥L£ W  ¢¥Q¸\¦'&  ¢¥Q¬�¤b¬�¾,M WÖU ®�£g¯¤
U ¾¿¥Q¸�¾GÚO¡Q¤�¦'&  ¢¥Q¬�¤�£g ¢£ U ¦¨¤ � ¬ U ¥Q¸b¦¨¤�® U ¸= �
v¡�¥  ¢±�µ¶¤�£^¤¯¸�£^¤�¥�)ä ¢¡�¾�¬ U ¥Q¸=¦¨¤�°!¾¿¦¿¾¨¤�¡ »

r?>GF * Y\fQc�f

x	RTS	RVU y Õ�����p���Ó
O ¤¯¸ TVU�WÖU ° % £ W ¤¯¸\¸Ö ¢¥O£+�Î�¯¸�®¯ ¢°!°�¤n¸g¡�¾¿£ » :  ¢¡ W ¦¨¤ T�W  ¢±�¦ % °�¤â¬�¤�)ä ¢¥Q¬ � ¦ U^T ¡�¦¨¸ U £�¾¨ ¢¥�¤¯¸�£ ω = 1

� ¦'& U ¥ Ø ¦¨¤â¬�¤¦'&  ¢¥Q¬�¤m¾¿¥Q®�¾¨¬�¤�¥O£g¤�¤¯¸�£
θ = −0.5

»$Í U ¥Q¸o¦¨¤b°!¾¿¦¿¾¨¤�¡ ¸�¡ T  W ¾¨¤�¡ W � ¦ U�T ¤ W °!¾¿£�£�¾¿´$¾¿£gm¤¯¸g£ ε+ = 0.1
� ¦ U�T ¤ W °� U ±�¾¿¦¿¾¿£g¤¯¸�£

µ+ = 0.1
» O U ®¯ ¢¡Q® � ¤ W ¡ Ø ¡Q¤�¡Q¸Ö¤Á¤¯¸�£ {0 < x2 < ξf(x1/ξ)}

� U ´Ó¤¯® f(t) = cos(2πt + 1)/4 + 0.7
�

¤�£
ξ = 5

_G¸ UÁT ¤ W °!¾¿£�£�¾¿´$¾¿£g ¤¯¸�£ εcl = 2
� ¤�£�¸ UvT ¤ W °� U ±�¾¿¦¿¾¿£g ¤¯¸�£ µcl = 1

» :  ¢¡ W ¦¨¤
°!¾¿¦¿¾¨¤�¡7¾¿¥�)ä W ¾¨¤�¡ W � ¦ U®¯¤�¦¿¦¿¡�¦¨¤S¬�¤ W Q)ä W ¤�¥Q®¯¤§¤¯¸�£ Y = (0, 1.2) × (0, 1)
� ¬�¤ T ¤ W °!¾¿£�£�¾¿´$¾¿£g ε = 0.32

� ¤�£ T ¤ W °� U ±�¾¿¦¿¾¿£g µ = 0.32
» O U®¯¤�¦¿¦¿¡�¦¨¤

Y
®¯ ¢¥L£�¾¨¤�¥O£S¡�¥

B
_ ¾¿¦o¸�& U�Ø ¾¿£§¬�& ¡�¥Q¤~¤�¦¿¦¿¾ T ¸Ö¤�¬�& U Î�¤¯¸ a = 0.2

¤�£
b = 0.5

� £g ¢¡ W ¥Q¯¤
¬�¤ θ = 0.8
� ¬�¤

®¯¤�¥L£ W ¤ (0.5, 0.5)
� ¬�¾¨¸g® W �£�¾¨¸g¯¤S¤�¥ 100 T  ¢¾¿¥O£g¸ » � U
T ¤ W °!¾¿£�£�¾¿´$¾¿£gS¤¯¸�£ εB = 2

� ¸ U�T ¤ W °� U ±�¾¿¦¿¾¿£g�¤¯¸�£ µB = 3
»

Í U ¥Q¸b®¯¤Z°� L¬ % ¦¨¤�¬�¤L)ä ¢¥Q¬ T  W ¾¨ L¬�¾¨ÚL¡Q¤ �  ¢¥ U µ¶ ¢¡�£g¤Z¡�¥Q¤��£g ¢¾¿¦¨¤ D 3*ªd± WÖU ¥Q® � ¤¯¸ � ¬�¤ WÖU¯·  ¢¥Á¬�¤Z¦'&   W ¬ W ¤�¬�¤ 40
�

¬�¾¨¸g® W �£�¾¨¸Ö¯¤�¤�¥ N = 50 T  ¢¾¿¥L£g¸ � ¬�¤ T ¤ W °!¾¿£�£�¾¿´L¾¿£g εD = 0.5
� ¤�£^¬�¤ T ¤ W °� U ±�¾¿¦¿¾¿£g µD = 0.5

»
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O ¤¯¸Á¸g ¢¦¿¡�£�¾¨ ¢¥Q¸

χ1
¤�£

χ2
¬�¤¯¸ T�W  ¢±�¦ % °�¤¯¸ ¬�¤4®¯¤�¦¿¦¿¡�¦¨¤�¬�¤ ¦'& �  ¢°�  Ø �¥Q�¾¨¸ U £�¾¨ ¢¥ � U ¾¿¥Q¸�¾�ÚO¡Q¤ ¦ U ¸Ö ¢¦¿¡�£�¾¨ ¢¥

Ψ0 = (Ψ1
0,Ψ

2
0)
¬�¡ T�W  ¢±�¦ % °�¤Z¬�¤^®¯¤�¦¿¦¿¡�¦¨¤Z¬�¤^¦ U ®¯ ¢¡Q® � ¤Z¸g ¢¥O£ W ¤ T�W ¯¸g¤�¥O£g¯¤¯¸�¸�¡ W ¦ U�Ù ¾ Ø ¡ W ¤(« » © » $â¤¯¸n¸g ¢¦¿¡�£�¾¨ ¢¥Q¸

T ¤ W °�¤�£�£g¤�¥O£§¬�¤!® U ¦¨®�¡�¦¨¤ W ¦¨¤¯¸�¬�¾¿´Ó¤ W ¸ TVU�WÖU ° % £ W ¤¯¸�¤QM�¤¯®�£�¾,)ä¸ » Àm¾¿¥Q¸�¾ � ¦'& �  ¢°�  Ø �¥Q�¾¨¸ U £�¾¨ ¢¥K¬�¡ °!¾¿¦¿¾¨¤�¡4¾¿¥�)ä W ¾¨¤�¡ W
Ä ©
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¤�£
χ2
¬�¤¯¸ T�W  ¢±�¦ % °�¤¯¸=¬�¤Z®¯¤�¦¿¦¿¡�¦¨¤�¬�¤Z¦'& �  ¢°�  Ø �¥Q�¾¨¸ U £�¾¨ ¢¥ � T ¡�¾¨¸n¦¨¤¯¸b¸Ö ¢¦¿¡�£�¾¨ ¢¥Q¸

Ψ1
0

¤�£
Ψ2

0

¬�¤¯¸ T�W  ¢±�¦ % °�¤¯¸=¬�¤�®¯¤�¦¿¦¿¡�¦¨¤§¬�¤�¦ U ®¯ ¢¡Q® � ¤ »

®¯ ¢¥Q¬�¡�¾¿£ U ¡�Î TVU�WÖU ° % £ W ¤¯¸Z¤QM�¤¯®�£�¾,)ä¸�¹

A∗ =

[
1.938 −0.2837

−0.2837 1.990

]
, ε∗ = 0.7598,

¤�£b¦¨¤¯¸=®¯ ¢¥Q¬�¾¿£�¾¨ ¢¥Q¸m¬�¤�£ WÖU ¥Q¸�°!¾¨¸Ö¸�¾¨ ¢¥ ¸g ¢¥L£= ¢±�£g¤�¥O¡Q¤¯¸m¤�¥N)÷ ¢¥Q®�£�¾¨ ¢¥ ¬�¤¯¸^®¯ L¤QP
®�¾¨¤�¥L£g¸d¹

ψ0 = (−1.192e − 05, 5.303), G
(1)
1 = (0.9965,−3.402e − 05), G

(2)
1 = (0,−6.300), G

(3)
1 = 0.700.
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���`���`� � ¿´�º± � ª«�S� � �Q�»� ��� ��� ¾¨¸�¾ �`���É� ¾ ���`� ¸�¾ �S�¿´� � �Q�»�º± � � �Ê�¤� � ¾<� ��� ¸ �S� � �e� ¸ �u�S� � �`�<�e� ¸ � � ��¨Ø³u� ¸¸¯�Ä � � �u¨Ø³ ¾ �«»¬� ¨Ø³u�`� ¾ � · �u�G�u�S� ¸M��� �S� ¸ �`���Q�«�Q� ��� �Q� � � ��¾<� ¨��S� ¸«��¾<� �u�`�°�Q�u�G�À�S�Q�u�¢� � � � ��¨�³u� ¯d¸ � ¾<� ���³»¡Ú»± � � � ���¢� � � � ¿
¨�� �«� � �`� �u�Q��¨��S� ¸«��¾<� �u��� � � � � ��¾ �ÑÛ¢�Q���S�Q�e�`���É� ¾ ����¨ �MÜ �v�Ý�Q���S�Q�e�`���K�²± ¾ � �¤£ �`� ¾ ��� �¢¸ �`�¹�²± �Q�Ó�S�vª¶� � � ¾¨¸Ö¸�¾ Ù�i�Q� � »ÞÏg�<�e� Ä �S�Q�«� ¾<� �Q�§���¡�Q�`�e�ß�Q³ Ì�¸�¾e· �u�Ð¿Q� � �º± �`� �u�Q� � � � ���S�u¨Ø³ �§¸ �Q�M�Q�¦¨��¡�Q�ß�Q� � �¯¸ �S�<� ��¾ �S�¦�à�Q� � � ¾e· �u�³»
¬�K���¡�Q�`�e�É�À�`�«��� � �Q�K�À� ¸ �`�¹�e�É�Q���S�Q�e�`���È�²± ¾ � �¤£ �`� ¾ �Ð¿�� � �e�É¨��¡�Q���À�`�«��� � �Q� ¸�¾ �i�Q�e�`�i�e� ¸ �Q�S�Q� � � ¸ ���6Ù· � ¾¨¸ � ¸ �À�S�Q�ß�º± ¾ � �¤£ �`� ¾ �³»´Ïg�Ý� � Ôu� ¾<��¾<� �Ð¿´� � � �¯¸ �S�<� ��¾ �S�Æ�v�Ý�Q���S�Q�e�`���É�²± ¾ � �¤£ �`� ¾ �É�Q�»�º±
�S�vª«� � � ¾¨¸g¸�¾ �i�Q� � ¿²�e�ÛG�Q���S�Q�e�`��� ¾ � � �`� ¸ � Ü ¿Q� ¸«� � �¯¸ �S�«� ��¾¨¸ �`� �$¾¨¸Ø�¤£ � � �Q�e�~»

á¾â
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Chapitre 10
" �$#&%i�('����)#K�9�p�

¬ � � ¾<�$¾+*�¾ �S�-,G� � ���S� ¾e· �u�t�Q�¦� ��* �¡¨ ¾e�`���/. ½10G¬´Ï32 * �S�Q³ ��¾<� �`� ��¾<� ¨`� � �`�È�Q� *�Ì4*«� �`���Ñ�²± ¾ � �¤£ �`� ¾ � � � ¾ Ù
� ¾ ���`� *�¾ �S�Q�u�`�<�e�!5S¬� �×Ì ���µ�²± � �Q�Q� ¾ ¨ �¤��¾ �S� *æ�$¾+*�� � * ¨��S�u¨��`�«�u�`� � �º± ¾ �Q�`� ��¾ ÔÞ¨ �¤��¾ �S���²±
�S�vª¶� �6* ¿ �u� �Ø� �����`� � �e� * Ö ÏµÚ
798;:=<?>A@CBEDGFIHAJLKNM;<?OP@QF;DRBQHTSUHVBEDXW;H;FZY 59¬� *�Ì4*«� �`��� �À� *6* ���Q�`� ��¾<� �Q�Í� �C* �`�Õ�²± �Q�u�O¨��`� �Ø��¾ �u� Ä � ��· �u�`�u¨��ß�Q� *���¾ � �¹¯
¾ �<�<�Q� ¾ �u�`�g�º±
�S�vª«� � ¨ ¾ �Q�e� ¯=¾ � �¤£ �`�Ê¿S�`��¨�³ � �����e� ¾ � �Ø��¾ �[5¾Ú»± � � � ���½� � � � ¿S�e� *«Ì�*«� �`���½�À� *6* ���Q�`� ��¾<� �Q�i� � ¨��`� � �`�Q�· � ¾ ��� * �Q���ß�º± ¾ � � �`� *�¾<��� �Q� �º±
�S�u�Q�ß� �`� ���¡� ¾ Î�� *Ø� � ¯ � �\* � ¾<� �ß�Q� �º± ¾ �<�<�Q� ¾ � �¤��¾ �S�[5Þ¬ �^]�¾<£ �Q���^_E`�5P_ * ¨�³ � � �¤��¾+* ��º±
�6Ãv� � � ¾ �`�u¨��»� �Ê� � ¾+*Ø� �»� � �ß�Q� � �`�g� ¾+* �À� *�¾<��¾ÅÄ ���S�Q� �Q���`�u�v���»�Q�u�»��� * �Q���!5ÀËæ�S�Q�¹�S� � �`� ¾ �O�Q� *�¾ � Ä �S�«� �¤��¾ �S� *

Illumination laser

Mesure de l’amplitude
de l’onde rétrodiffusée

Objet

Dispositif

Onde diffractée

acbRdce[_E`�5P_!fuÚ ¾+* �À� *�¾<��¾ÅÄ �²± ¾ �Q�`� ��¾ ÔÞ¨ �¤��¾ �S�t�²± �Q�Í�S�vª«� � fv�Q� ¾+* �ß�²± �Q�u�O��� * �Q���
* �Q�È�º±
�S�vª«� � ¿I�º± ¾ � � � * �`� ��¾<� �Q� �S� � ¾ �`�È� � �e�¡¨ � � ¾+*Ø�¤��¾ �S�p�v� *«Ì4*�� �`��� � Ôu�p�Q�Ñ¨Ø³ � � £ �`���º± � � £ �e�w�²± � ¨`� ��¾ � �¤£ �!5
¼½��¨ ¾ÇÄ �S�Q�«� ¾ � ��¾<�ß� �e�S� * �Q�Ñ�`� * �`�i�Q�e�i�Q�¹��� * �Q��� *¢¯�� � ��¾<� �`�G� �¤� ³ � � �¤��¾e· �u�`���`� � � � �¥�Q� � � ¾e· �u�`���`� � �À�S�Q�

â _



âCg äæå¢ç¢èµé`êæëGì-h!i¾î§é ð»êæëOïkj�òMäMêæé`ï½ð
����¨��S� *�� �«� ¾ ���ß�º±
�S�vª¶� � 5

l®� � �`� *«Ì�*«� �`�����²± ¾ � �¤£ �`� ¾ �¦� *«� ���S�u� Ä � ��· �u�`� ��¾ �`�Uf��Q�u� * �`�Q�e� Ä � ��· �u�`�u¨���� *«� �6Ã¡�Q�e� ¾<��� �!5µÖ>�M� *«� ���¤Ù
�u� *��Ø�¤��¾e· �u�mf�e� *n* �S�Q��¨�� * �²± ¾ �<�<�Q� ¾ � �¤��¾ �S� * � � �e� * � � ¨��`� � �`�Q� *�* �S� � ¨��S� Ä �S�u�v� * 5¬� * ��� * �Q��� * ¨��S� ��¾ �`�Q�u�`� ��º± ¾ � � �`� *�¾<��� ¿Ð�S�»�Q� Äº�Co �S� ��· � ¾<�Ð� �e�`� � �°�º± � ���Q� ¾<� �u�Q�Ð¿S� ��¾+* �u�°¨��S� ��¾ �`�Q�u�`� � � �C* � � �Q³ �C* �!5SÏg�vÔu�¿Ð�`�¸�Q� �¤��¾e· �u�Ð¿
�e�¹�Q�<� *T* �S� � �`� � ¿�� �É� �u�¸� *«� � � � ��¾ �`�<�e�pfÞ�Q�u�¸� � � ��¾ �i�Q�i�º±
�S�vª¶� � ��� *«� � � �S�Sª¶�S�Q� * � � � * �º±
�S�¹�Q���Ð¿²¨Ð±
� *�� Ù ¯ Ù×� ¾ ���
�±
� *�� ª � � ��¾+*�¾ �<�<�Q� ¾ � � �!5q0 ¾ � *g¾ ¿¥�e� * ��� * �Q��� * �Q�S� � �S�È� ¾+* �À� * � * �S� � � � � � ��� * �`� ¾ � Ä �S�«� �¤��¾ �S�nrQ¨���¨ ¾ ���`�u�È� ��Q³ �C* �ß�Q�ß����¨��S� *«� �«�u¨ ��¾ �S�Í� � � ��¾ ¨`�Q� ¾ �`���`���`� � � ¾ts ¨ ¾ �e�!5

Ú � � * ¨�� �«� ��� � � ��¾ �Ð¿´�u�S� * � �`� �`�e�S�Q�À�S� * �Q� *¹� ��¨�³Q� ¾e· �u� * ���¡�Q�`�e� * �Q������¨��S� *«� �«�u¨ ��¾ �S�Á�²± �Q�Á�S�vª¶� � � � ��Q� � �`�Ç� ¾+* ��� *g¾<��¾ÅÄ 5QÏg�<�e� *=* �`���S� �¢¯»�`� �`�u�v���O�À�S�Q�Õ�Q� * �Q���S�Q�e�`��� * �Q�<� * � �Ê� � ¾+*«� � * 5Q¬µ±
�S�vª«� � � *��®��¾ � *�¾[* �Q�Q�À� *��
u � ���¢� � � * �º±
� * � � ¨��®� ¾ �Q���!5v¬µ± �`� �u�Q� � � ¾ Ù×� ¾ ���`� *�¾ �S�Q�u�`�<�e�ß� *�� � � �v� ¾<� � ¯ �Q�È���à�Q�`�e�G� ¾ Ù×� ¾ ���`� *�¾ �S�Q�u�`�²� �`£³¾ � � ��º± ��· � �¤��¾ �S�É�Q�b½¢�`�<��³u�S� �Av 5à¼½�S�����M�e�°�À� ¾ � �Ø�¤£ �M� � � � �C* �`� * �Q�Q�À� * � ¾ ���Q� ¾ ¨ ¾<� �`���`� � ¨��S�Q�¥�u�Õ�Q�u�M� *���¾ � �¤��¾ �S��Q�µ� � �À� *�¾<��¾ �S�i�Q�g� � ¨ ¾ �Q�e�Ð¿Ê�u�S� *w* �Q�Q�À� * �S� **Ø� � * ��� *«� � ¾ ¨ ��¾ �S� · �u�g�º±
�S�vª«� � � *�� �Q��� * �Q� �º±
�S� ¾<£³¾ �u�!5 Ë � � ��¾ �<�e�`�Q� * ¿�`� � �v��� �«�Ø� � �¹· �u�i�º±
�S�Ý¨��S�Q� ��¾+*6* �¸�e� �×Ì �À�¸�²±
�S�vª«� � ����¨�³u�`��¨Ø³ � ¿�u�S� *T* �Q�Q�À� * �S� * ¨��S�Q�¥� *n* � * � � � � ��� � ��� *� �e��¨ � ���S� �¤£ � �`��¾e· �u� * 5

�G�S� * �Q���S��� * �S� * �Q�u�i� �`� ³u�¡�Q�i� ¾ ����¨ � �»�²± ¾ � � �`� *g¾ �S�t�Q�i��� * �Q��� * �²± � ���Q� ¾<� �u�Q���`� � �u�¹� � � ��¾ �`�<�e�!5�Ïµ�<�e�� *�� � �C*�� � * �Q�®�Q�u� � �Q�Q����Ã ¾ � �¤��¾ �S�t³ � � � �6Ù Ä � ��· �u�`�u¨��¹�Q�¹� � �Q³ Ì�*�¾e· �u�O�v�Í�Q���S�Q�e�`����r9�`�<�e� � �`�u� ¯ ¨�³u�`��¨�³u�`�
�e� * � ¾+*�· �u� *o¾ �vÔu� ¾<���I*�¾ � � �vÃ · � ¾ � �`� ���à� ¾ ÎÀ� * �`� � �Q�u�¢�S�u�Q�®�Q�S� � � � �Q³ �C* �®�À�`�«��� � �Q� � � � � * ���S� � �`�°¨��S� � �`� � Ù
�Q�e�`���`� � �e� * ��� * �Q��� * �²± �Q�u�ß�v��� ¾<� � � �`� * �e� * ��� * �Q��� * �²± �Q�u� � � � ���ß�v��� ¾<� �!5Þ¼½� �«� � ����¨�³u�`��¨Ø³u� * ±
�6Î²��¨ � �u� � � ��e�¸¨ � �e¨`�Q�µ�²± �Q�u�»� � � ¾<�¾� � � �S���S�e� £³¾e· �u� · �u�i�º±
�S� * �S�Q³ ��¾<� � � ��� * � �`£¥�¤��¾<� �!5²¬ � � �`� ³u�à�Q�¸�Q���S�À� *�� �»� *«� �Q�S�u¨
�Q� �>Ì �À� � � � � Ì�* �ß�Q�ß� � � ¾<�¾� � � �S�À�S�e� £³¾e· �u�!5Ú¸± � � � ���i� � � � ¿��u�S� * � �`� �`�e�S�Q�À�S� * �Q�u�i� �`� ³u�à�Q� ¾<��� � �¤��¾<� �»�²± ¾ � � �`� *�¾ �S�h�Q�i��� * �Q��� * �²± � ���Q� ¾<� �u�Q�Ð¿ � ¨6Ù
¨��S��� �¤£ � � � * �S�Í�u�S�Ñ�Q�O� � �Q³ �C* �!59Ö×� * ± �¤£³¾<� �²± �Q�u�O� �`� ³u�¡�Q�¹�Q� �×Ì ���¹�Q� * ¨��`� � �¸�Q� £ � � � ¾ �`� � ¿ ¾ � * � ¾ � � �i�Q� *
� �`� ³u�¡�Q� * �Q� �º±
�S� ��¾ � ¾+*Ø�¤��¾ �S�Ñ�Q� Ä �S�«���!5uÏµ�<�e� ���`��� * � * �Q�½�e�ß¨ � �e¨`�Q�Ç�v� £ � � � ¾ �`� � �²± �Q�u� Ä �S�u¨ ��¾ �S�Í¨��Cx � ¿ · �u��u�S� * �6Ãv�Q� ¾ ���S� *O¯ �º± ��¾ �Q�»�Q�¸� ��Ä �S�u¨ ��¾ �S�Ý�Q��Ò¢�����`�h�v�t� ¾ � ¾ �`� �Ê� ��¨»¨ ¾ �Q�e�!5��¢�S� * �`� �$¾+*Ø�¤£ ���S� *�¾ ¨ ¾ �e� * ¨ �C*�Q� � ��� �u� � � �Ø� �e�O� � �Q�O� �¸� �u�ß� � � ��¾ �`�<�e�!5

¼½� �«� � � � � ��¾ � * ±
�S� £¥� � ¾+* �ß�Q� � �iÄº�Co �S� * � ¾<�Ð� � � �!5uÚ»± � �À�S���²¿v�u�S� *°Ä �S�«�i�Q�e�S� * � �¤� ³ � � �¤��¾e· �u�`���`� � �u� � ���
�Q���S�Q�e�`���i���¡�Q�`�e�¹�Q�O����¨��S� *�� �«�u¨ ��¾ �S�[5�Ëµ� ¾+* ¿Þ�u�S� * �6Ãv��� * �S� * �u� � ���¹� �`� ³u�¡�Q�¹� ¾ ����¨ � �¸�²± ¾ � � �`� *g¾ �S�[5�Ïµ�vÔu�¿�e�ß�Q�`�«� ¾ �`�G¨�³ � � ¾<� ���O�À�S� � � * �Q�M� � � �`� ³u�à�Q� ¾<��� � �¤��¾<� �!5



Chapitre 11
y %�zw�^{h�$#)|�#È�Þ�p� '�� }~%i�$������� { ���$��{�%¹�^{

������� �������\�6�N�����U�A������
�[�[������� �¡ £¢[¤3¥�¦�§©¨�ª�¢«3¬Q¯®N°± £°

,G�t¨��S� *g¾ � � ���»�º±
� * � � ¨��¸� ¾ �Q���
R2 �Ê� ��¨»���`�«� ¾<�«��¾<�$¾<��� ε0 � � �À�`�«� �Ê� � ¾ � ¾<��� µ0

5À¬ � �Q�Q� * �¤��¾ �S�Ý�Q� * �S�u�Q� *¨��S� *�¾ � � � � � * � *«�
ω > 0

ÔQÃ � �!5Þ¬�i�u�S�¹�Q���¸�²±
�S�u�Q� �C*6* �¡¨ ¾e� � *«�
k0 := ω

√
ε0µ0

¿Þ� � � � �e�S� £ �u�`�Q� �²±
�S�u�Q�¸� *«�
λ := 2π

k0

5�,G� � ª«�S� � �¸� � � * ¨��¹� ¾ � ¾ �`�t�Q�u� ¾ �u¨`�<� *�¾ �S�
D
�Q�¹�À�`�«� ¾<�«��¾<�$¾<���

ε∗ > 0
� � ���`�«� �Ê� � ¾ � ¾<���

µ∗ > 0
5¬� �u�S�i�Q���O�²±
�S�u�Q� �C*6* �à¨ ¾e� � *«�

k∗ := ω
√
ε∗µ∗

5�,G� � ¨`� ��¾ ���
D
� � �M�Q�u�ß�S�u�Q� ¾ �u¨ ¾ �Q�`� � �ß�Q� � �u�O�²± � � £ �e�

η
f

uinc(η, x) = eik0η·x 5�,G�Í�S� ��¾ �`� � � �e�S� * �º±
�S�u�Q� u[D](η, x) = u(x)
¿ * �S�<� ��¾ �S�Ñ�Q�^f

{
∇ ·
(

1
µ∗

11D + 1
µ0

11
R2\D

)
∇u+ ω2(ε∗11D + ε011R2\D)u = 0,² ¨��S�u� ¾<��¾ �S�Í�Q�O� � � ¾k�¤��¾ �S� * �S� �Ø� � � �!5

Ú � � *
R2 \ D ¿ u[D](η, x)

� *«� � �³* �Q�À�`�«��� *�¾<��¾ �S�Ó�Q���º±
�S�u�Q� ¾ �u¨ ¾ �Q�`� � �
uinc(η, x)

¿æ� � �Q���º±
�S�u�Q�É� ¾ ÎÀ� � ¨ ��� �
udif [D](η, x) := u[D](η, x) − uinc(η, x)

5

�[�[�����G´ µ&¶�¥�ªq·3¥=®¸¨¹¥9¶º¬Q¢¥¯·�»¼9¢«
,G�Ó�u� � �

Gκ(x, y) := − i
4H

(1)
0 (κ |x− y|) � �ÍÄ �S�u¨ ��¾ �S�Â�Q�§Ò¢�����`� * �S� �Ø� � � ���²± �Q�c� * � � ¨��È�Q�É�u�S�i�Q����²±
�S�u�Q�

κ
5�,G�Í� � Ôu� ¾<�G� �e�S� * �e� * �S� � � �¤� �`�Q� *

SD,κ[ϕ](x) :=

∫

∂D
Gκ(x, z)ϕ(z)dσ(z), K∗

D,κ[ϕ](x) :=

∫

∂D
∂νxGκ(x, z)ϕ(z)dσ(z).

. �S� � ¨��S�����¸� � � * � � �Q���`� ¾ �`���i� � � ��¾ �¸�Q�i� ��� ³u� * �Ð¿9�À�S�Q�G¨ � �e¨`�Q�e�`�
u[D](η, x)

¿À�S�Ñ� �I* �S� � �º± ��· � �¤��¾ �S�� � �»� �`� ³u�¡�Q�È�Q� *»��· � �¤��¾ �S� *�¾ � ���`£ � � �e� * 5
u[D](η, x)

* �K� � ¨��S���À� * � ¯ �º± ��¾ �Q�È�Q� * �S� � � �¤� �`�Q� * �Q� *g¾ ���Q�e�
¨��S�u¨Ø³u�¡f

u[D](η, x) =

{
uinc(η, x) + SD,k0 [ϕD](x), x ∈ R2 \D,
SD,k∗ [ψD](x), x ∈ D.

(ϕD, ψD)
� *«��* �S�<� ��¾ �S�Ñ�²± �Q� *«Ì�*«� �`���O�²± ��· � �¤��¾ �S� *=¾ � ���`£ � � �e� *=* �Q�®�e�ß���S���

∂D
¿u���`�«��� �«�Ø� � � �Q� * �¤��¾+*¶Ä ��¾ ���

�e� * ¨��S�u� ¾<��¾ �S� * �Q� � � � � * � ¾+*6*g¾ �S� * �Q�
∂D

f
[

SD,k0 −SD,k∗
1
µ0

(
I
2 + K∗

D,k0

)
1
µ∗

(
I
2 −K∗

D,k∗

)
][
ϕD

ψD

]
=

[ −uinc(η, ·)
− 1

µ0
∂νuinc(η, ·)

]
.

Ö>� * ± �¤£³¾<�»��¾ � *�¾ �Q�K� � � u ����� � ¨��S���À� *�¾<��¾ �S� · �u�È� � � * � � �Q���`� ¾ �`���È� � � ��¾ �Ð¿ ¯ � �¦Ä �S�u¨ ��¾ �S�Á�Q�§Ò¢�����`�¿�� �
* �S�<� ��¾ �S�{�v�n�Q���S�Q�e�`���w�Q� Ä �S�u�c�Q��� * 5I�G�S� *È��� �S� * �Q�S�u¨ � � � � ��� �e�¦¨��à�Q�Ñ�Q�¦� � �Q���`� ¾ �`���Ñ� � � ��¾ � ¯ ¨��
�Q���S�Q�e�`���ß�À�S�Q�°�e� *�*�¾ �¹�Q� �¤��¾ �S� * �¥�Q� � � ¾e· �u� * 5u�¢�S� * ���`� � � Ì �S� *¢¯ �º± � �Q�u�6Ãv�¾½m���S�Q�°�Q� � � *«� �Q� �Ð� � ¾ � �¤��¾ �S�
�Q�O¨��ß¨��¡�Q�!5

âC¿



âZÀ äæå¢çGèµé�êæë®ìÁh!h¾î§èµëOïkÂ°ñ[ÃNÄwìmé ð¡Å�ìµë ó¡ì
�����ÇÆ �������\�6�N�����6È1É����ËÊ?�
����G´���� Ì~¨�¬C·¸ ¼¨�¬

,G� * �Q�Q��� * � · �u�»�º±
�S�h�À�`� � �S� � �`� ¾ �Ê¿²� � �O� ¾ Î � ���`� � � *�¾ �<�<�Q� ¾ � �¤��¾ �S� * �²± �Q�Ý�S�vª¶� �
D
¿À�Q�Ý�`� * �`�¹�Q�e�É�Q�

��� * �Q��� * ���S� �Ø� � �¸* �Q�g�º±
�S�u�Q�G� ¾ Î�� � ¨ ��� �!5à¼½��¨ ¾ ��� �L¾ �`� �I¯ � � ¨��S�Q� ��¾+*6*Ø� �u¨��®�²± �Q�u� Ä �S�u¨ ��¾ �S�
M [D](η, x)

�À�S�Q��Q�i�`� * �`�¹�Q�e�½�Q�µ¨��S�Q�Q�e� * �²± � � £ �e� �²± ¾ �u¨ ¾ �Q�`�u¨��
η
� � �Q�g��� ¾ � � �Q�g��� * �Q���

x
5 �G�S� *Í* �Q�Q��� * �S� *´· �u�

x
� � ��¨��S�Q� �

�Q�Ñ¨��`� �Ø��¾ �Ñ�`� * �`�i�Q�e�i�Q�ß��� * �Q��� *
Γ
¿Þ� �®· �u�O���S�Q�¢¨�³ �S· �u�

x
¿Þ�S�Í�Q���`�u�¦�Q�u� * �`�Q�e�O��� * �Q��� · � ¾ ���S� � � * �Q�

�º±
�S�u�Q�
udif [D](− x

|x| , x)
¿ ¾+*6* �u�»�Q�»�º± � ¨`� ��¾ � �¤£ �É�²± � � £ �e�

η = − x
|x|
5,G�Ý¨��S�Q� ��¾<� �Q�S�u¨

M [D](x), x ∈ Γ
¿²� ��S�¦� ¾<�G· �u� �º±
�6Ãv� � � ¾ �`�u¨��¹� *«� ���S�u� *«�Ø�¤��¾e· �u�!5

2à� � ¨ ¾ ÔÞ�S� * � �I* �S�«� ��¾+*É· �u�`�<�e�§� *«� ¨�� �«� � Ä �S�u¨ ��¾ �S�
M [D]

���S� �Ø� � �&* �Q���º±
�S�u�Q�§� �`� ���¡� ¾ ÎÀ� *�� �!5g¬� *K� �vÙ�Q� ¾ ¨ �¤��¾ �S� *§· � ¾ �u�S� * ��� ��¾<� �`� � ¨��S�u¨��`�«�u�`� � �e� * ��� * �Q��� * �u�w¨��S� � �`� � � �Í· �u�Ñ�º± � ���Q� ¾<� �u�Q�Ð¿Õ� � Ôu� ¾ � * � � �
M [D](x) = |udif [D](−x/ |x| , x)| =: A[D](x)

5ÞËæ�S�Q�®¨��S���Q���`�u�v���i�º± ¾ ��� � ¨ � �Q�ß�º± � � * �`�u¨��O�Q�O�Q³ �C* �O� � � *
�e� * ��� * �Q��� * ¿À�u�S� * � �`� �`�e�S�Q���`���S� * � � � ��¾ �<�e�`�Q� * �Q� *O� � £ �S� ¾<� ³Q��� * ¨��S��� � � �¤��¾ÅÄX* �À�S�Q�O�Q� * ��� * �Q��� * ¨��S� � �6Ù� � � �¢� ���Q� ¾<� �u�Q�6Ùº�Q³ �C* �)f

M [D](x) = udif [D](−x/ |x| , x) =: B[D](x)
5Þ¬�S� *�· �u�O�º±
�`� * �`�¹�Q�e�¸�Q�O��� * �Q��� *

Γ
¨��S� ��¾ �`� � �Q� * ��� ¾ � �6*ß� �S� �¹� � � �S�Q�¹�Q�»�º±
�S�vª«� � ¿²� � �O�6ÃQ�`���Q�e� *�¾

Γ
� *«� �Q�Ý¨��`��¨`�e�Ð¿�S�Ý� ¾<�O· �u�»� �È� �u���Q��º±
�S�vª«� � � *«�Õ� � �Ø� �e�!5Ë2 ¾ �u�S�¿Q�e�S� *�· �u�

Γ
� *«� �Q�u�O�v��� ¾<� �ß� � �G�6Ãv�`���Q�e�Ð¿u�S�Ñ� ¾<�Õ· �u�ß� �¸� �u�ß� *«� � � � ��¾ �`�<�e�!5

����G´��G´ Î�¢[ Ï§Ð·¸¥�¶?»¼�¢«Á®3·�Ñ¸ ¼¢[¤k¥9¦�§©¨��«ÍÒ¨± Ï¬Z¨
,G� * �Q�Q�À� * � · �± �Q�Í�S�vª¶� �

D∗
� *«��*�¾<� � �i¯ �Q����Ã ¾ � ¾<��� �Q�O�º±
�S� ¾<£³¾ �u�Ð¿ �Ê� ��¨O�À�S�Q�Õ� � � � ��� � ��� *G� �e��¨ � ���S� � Ù£ � �`��¾e· �u� *

ε∗
� �
µ∗
¨��S�Q�¥� * 5�,G� * �Q�Q��� * � · �u�®�º±
�S�È¨��S�Q� ��¾<� �Q� * ��� * �Q��� *

M [D∗]
* �Q�I�Q�K¨��`� �Ø��¾ ���`� * �`�¹�Q�e��Q�½��� * �Q��� *

Γ
5Ð¬�°�Q���S�Q�e�`��� ¾ � � �`� * � · �u�°�º±
�S� * �S�Q³ ��¾<� �°� �I* �S�u�v���Õ¨��S� *�¾+*«� � ¯ ��� � ���S� � �`�µ� �GÄ �S�«���M�Q�°�º±
�S�vª«� �

D∗
¿u�`� ¾ � � �`� *Ø� � �

M [D∗]
� � �

M
¿ D9ÓGHÔÓ �`�¦� �I* �S� �Ð� � � f

M [D] = M [D∗].

Ú � � * �Q�p�Q���`� ¾ �`� � �`��� * ¿°�u�S� *Í� �<�e�S� * �Q���S�À� * �`�¦�Q�u�t� �`� ³u�¡�Q�Ý� ¾ ����¨ � �h�²± ¾ � � �`� *�¾ �S�ø�Q� * ��� * �Q��� *�²± � ���Q� ¾<� �u�Q� 7
M = A

Y �`� � �u� � � � ��¾ �`�<�e�!5ÞËg� ¾+* ¿Q�u�S� * � �`� �`�e�S�Q�À�`���S� * �Q�u� � �`� ³u�¡�Q� ¾<��� � �¤��¾<� �O�²± ¾ � � �`� *�¾ �S�
�Q�»��� * �Q��� * �²± � ���Q� ¾<� �u�Q� 7

M = A
Y ¿²�S�Æ�Q����� * �Q��� *i� ���Q� ¾<� �u�Q�6Ùº�Q³ �C* � 7

M = B
Y ¿²�`� � �u��� � � ��¾ �`�<�e�É�S�� � �Ø� �e�!5
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�3Æ¾��� Ú�È=�����¾�UÛÜ�[�Ë�6��È
�G�S� *[* �S�Q³ ��¾<� �S� * � �`� �`�e�S�Q�À�`�´�Q�u� � �`� ³u�à�Q�I�²± ¾ � � �`� *�¾ �S�¸� ¾ ����¨ � � · � ¾ ��� � ���S� � � �º±
�S�vª«� � �`�i�Q�u� �`�Ø� ��� 7 �`�

�S�Q�À� *�¾<��¾ �S� ��� ��¨G�e� * � �`� ³u�¡�Q� *o¾<��� � �¤��¾<� � * Y 5¡Ïg� £¾� � � � � �º¿¾�Q�u� � �`�<�e�Õ� �`� ³u�¡�Q� � �`� � �®�Q�G¨��S�<�e�`� ¯ � � �Q³ Ì�*�¾e· �u��v�i�Q���S�Q�e�`���=f�� � �´� � ¨��S���Q� � ³u�`� *�¾ �S�»�Q� * �Q³ � �u�S���`�u� * �Q³ Ì�*�¾e· �u� * ¿Ê�`�<�e�I¨�³u�`��¨�³u� ¯ ¨��S�Q� �ZÝe� ��� �º± ¾ � Ä �S�«� �¤��¾ �S�
¨��S� � �`�¥�u�È� � � * �e� * ��� * �Q��� * �À�S�Q�ß���S� � � ¾ �ß�º±
�6Ãv�Q�e� ¾<� �`�E5Ïg�<�e� Ä �S�Q�«� ¾<�ß£¾� � � � � �e�`���`� � �Q�u��� *«��¾ � �¤��¾ �S� � ��� *� � � ¾ �Q�i�Q� �º±
�S�vª¶� � ¿Q�À�S� �Ð� � � �`� * � ¾<� � * �`� �L¾ �Õ�Q�O���S� �`�Ø�¤�^¾ � ¾<��¾k� �´���S�Q�M�Q�u�ß� �`� ³u�¡�Q� ¾<��� � �¤��¾<� �!5

¬� *K� �Q�Q� ¾ ¨ �¤��¾ �S� *È�$¾+*�� � * ¨��S�u¨��`�«�u�`� � �º± ¾ � � �`� *�¾ �S�p�Q�§��� * �Q��� * �²± � ���Q� ¾<� �u�Q�Ñ�`� � �u�§� � � ��¾ �`�<�e�!5½�¢�S� *
* �Q�Q�À� * �S� *¢· �u�¹�u�S� * �Q���`�u�S� * �Q� * ��� * �Q��� * �²± � ���Q� ¾<� �u�Q� * �Q�G�Q�u�¹�v��� ¾<� �!5�,G�Ê¿u�e� * � �`� ³u�à�Q� * �²± ¾ � � �`� *�¾ �S�� ¾ ����¨ � � * � * �u�`�<�e� * 7XÞ lT2¡Ö«¼àß âZá ¿¥� � ¨6â¡�Q���S� �¤£¥�¤��¾ �S�§��� � ³u�à�²¿4ã ¾ ��¨�³Q³u�¤ÎÍ� ¾<£ � �¤��¾ �S� Y ¿v�6Ãv�Q�e� ¾<� �`� � � � ¨��S�Q� ��¾+* Ù
*Ø� �u¨��¹�Q�ß� � �Q³ �C* �!5uÖ>�� *«� �Q�S�u¨ß� � ¨�� *6* ��¾ ���O�Q�ß� �`� �`�e�S�Q���`�G�Q�u� � �`� ³u�à�Q�¹�S� ¾<£³¾ � � �e�!5

ËÇ�S�Q� � ª¶�S� � �`�¢�Q�ß�º± ¾ � Ä �S�«� �¤��¾ �S�¿��Q� Äº�Co �S�¦�u�S�Ñ��� *«� � ¾ ¨ ��¾<� �O� � �G� � �Q���S� � � �vÃ � �Q�Q� ¾ ¨ �¤��¾ �S� * ¿Þ�u�S� *=* �Q�vÙ�À� * �S� *¢· �u�¹�º±
�S�Í�À�`� � �Q���`�u�v���i�e� * ��� * �Q��� *1* �Q�®�Q�u� � � � ���i�v��� ¾<� �Ð¿9� � � � �<�e�`�e� ¯ � � �Q���`� ¾ �`���!5Ë0 ¾ � *�¾ ¿u�À�S�Q�
¨Ø³ �S· �u� � � £ �e�»�²± � ¨`� ��¾ � �¤£ �Ð¿À�u�S� * � ¾+* �À� * �S� * �Q�»�Q�`�vÃÍ��� * �Q��� * �²± � ���Q� ¾<� �u�Q�»�Q� ¾+* � * � � � * � � � u ���»� ¾ ����¨6Ù��¾ �S�[5u¼½� * �Q�`�vÃÉ��� * �Q��� * ¨��S� ��¾ �`�Q�u�`� � �Q�u�¢¨��`� �Ø��¾ �u� �u� ��¾ �S�È�Q�¢�Q³ �C* �!5¡Ïg���6ÎÀ� � ¿v�`� � �Q�Q����Ã ¾ � �¤��¾ �S�§³ � � � �Ä � ��· �u�`�u¨��Ð¿´�e��� �C*6*Ø�¤£ �É�²± �Q�u����� * �Q�����²± � ���Q� ¾<� �u�Q� ¯ �º± � � � ��� * ±
�S� ��¾ �`� � � � �¹�Q�u� ��· � �¤��¾ �S�Ó�Q� � � � � * �À�S� ��Ê� ��¨O�Q�u�O¨��`� �Ø��¾ �u�ß�Q³ �C* ��rQ� � �Q³ �C* �O� *«�®� �e�S� * ¨ � ¨�³ � �O� � � * �e� � � �Q���S� � �`� � ���O�e� * �Q�`�vÃÈ��� * �Q��� * 5¬µ± ¾ � � �I� *�� �Q� � ���S� � �`���e� * ��� ��¾<�6* � ¾+*�· �u� * ¿ · � ¾ ¿ � ¨`� ��¾ � �I* ¿ � �`� ���¡� ¾ Î�� * �`� � �Q�u� �S�u�Q�½�Q�S� � � � �Q³ �C* �µ�À�`�«��� �
�Q�ÓÛ � � � � * �À�S� � �`� Ü �e� * �Q���`� ¾ �`��� * ��� * �Q��� *�� �`� * �e� * �Q�`�vÃ ¾ �`��� * 5½¼½� �«� � ¾ � � �§�À�`�«��� �É��¾ � *�¾ �²±
�6Ãv�Q�e� ¾<� �`�
�º± ¾ � Ä �S�«� �¤��¾ �S�Ñ¨ � ¨Ø³ � � � � * �Sª«� � �Q�ß� � �Q³ �C* �!59¼½� �«� �O� �`� ³u�à�Q�ß�À�`� � u � ��� Ä �S�«�¹�Q� � � ¯ �º± ��¾ �Q�O�²± �Q�Í¨��Cx �®· �u��º±
�S�n¨Ø³u�`��¨�³u� ¯ ���`�u�v�����À� ��¾<� 5g¬ � Û �Ð� � ¾ � ¾<��� Ü �²± �Q�c�À� ¾ � � � *«��� �e�S� *�� � *���� � � ��� �Ñ�Ð� �e�`�Q���Q�È� � � � � ¾<�¾� �� �S�À�S�e� £³¾e· �u�¢�v�K¨��Cx � f¾�Q�K��� ¾ � � � *«� � ¾ �`�É�Q� � ¨ � � � � � � �Q�À�S� �°¯ �º±
�S�vª¶� � ����¨�³u�`��¨Ø³ �1*g¾ ¨�� �«� �®� � � ¾<�¾� �¢� *«�I� ��� *� �`£¥�¤��¾<� �!59Ö×� * ± �¤£³¾<�®��¾ � *g¾ �²± �Q�u� � �Q�Q���à¨Ø³u�O� � � � � � � Ì�* � �C*«Ì ��� � � ��¾e· �u� � �S���S�e� £³¾e· �u�Ð¿u� � � * �e�ß� u ���¹� * �Q� ¾<�· �u�O¨��`�<�e�O¨��S�u�v� ¾<� �O� � � * ßP_ À ¿  Qá 5¼½�K¨Ø³ � � ¾<� ���È� *�� �S� £¥� � ¾+*�� ¨��S����� * � ¾<� 5æ�G�S� *¹Ä �S�«�i�Q�e�S� * � � � * �Q�Ó�Q���`� ¾ �`� � �`��� * � �¤� ³ � � �¤��¾e· �u�6Ù���`� � �e�M�Q���S�Q�e�`���!5¡Ëg� ¾+* ¿¾�u�S� * �Q� �I* �`� � �S� * � � � �I* �S�<� ��¾ �S�È�Q�Õ�º± ��· � �¤��¾ �S�È�Q� � � � � * �À�S� � � � � � � � �`� ³u�à�Q�G�Q� *
¨ � � � ¨ ��� � ¾+*«��¾e· �u� * ¿u�Q�¢� � � ¾ �`��� �C*«Ì ��� � � ��¾e· �u�!5Þ¼½�`�<�e�6Ù×¨ ¾ �u�S� * ���`�«��� �Õ� �e�S� * �Q�ß¨ � �e¨`�Q�e�`�M� � � � � ¾<�¾� � � �S�À�S�e�¤Ù£³¾e· �u� · �u�G�º±
�S�È¨Ø³u�`��¨�³u�!5uÏg�vÔu�¿à�u�S� * �Q� �I* �`� � �S� * �Q� * � �I* �Q� �Ø�¤�6* �à�Q� � � ¾e· �u� *M· � ¾ ��� �«� �`� � �`� �`�$¾ �Q�`�u¨��¢�e� *
�Q���S�Q� ¾e�`���I* �Q� � � ����¨��S� *«� �«�u¨ ��¾ �S� ��¾ � *�¾ �6ÎÀ��¨ � � � �!5
�3Æ¾�ÇÆ äU�����~ÛU��åc�?�6��Èæ��åc�?çÜèN��åc�?�6éTÛÜ�
��´��G´���� Ì~¨�¬C·¸ ¼¨�¬

,G�¦ÔQÃQ�O�Q�`�vÃÍ�v��� ¾<� � * �Q�O��� * �Q��� * � � � � �<�e�`�e� * �`�w¨�³ � ���w�e� ¾ � �Ø��¾ �¹f
Γ0 : x2 = γ0

� �
Γ1 : x2 = γ1

¿9�Cê
�e� * ¨��S� *��Ø� � � � *

γ0, γ1 > 0
* �S� �ß£ � � �u�Q� * � � �ß� � �Q���S� �¹¯ � � �e�S� £ �u�`�Q�i�²±
�S�u�Q�Ð¿ ��� ��¨

γ0 − γ1
� ��¾+* �S�Q� � �Q�e�

7 � ¾�� ���S� £ � � �u�²¿à� ¾�� ���S�K�À� ��¾<� Y 5�,G�È��� * �Q��� � �e�S� * �º± � ���Q� ¾<� �u�Q�¢� �`� ���¡� ¾ Î�� *Ø� �
A[D∗](x) = |udif(x/ |x| , x)|* �Q�O¨Ø³ � ¨`�Q�u���Q��¨�� * �v��� ¾<� � * 5,G�h�u� � �

A0[D∗]
� �
A1[D∗]

�º± � ���Q� ¾<� �u�Q����� * �Q� � ����� * �À��¨ ��¾<� �`���`� ��* �Q�
Γ0� �

Γ1
5

âCë
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�?´��G´��G´ ð�Ñ¸Ñ3 ¼¢?ñ�¯§©¶?»¼�¢«Áò¸¶�·N»!¨�óô ¼°?õw·¸¨�«¸ª�¨

Ïg�O³ � � � � Ä � ��· �u�`�u¨��Ð¿�� � �Q���S� �¤£¥�¤��¾ �S�»�Q� * �S�u�Q� * �À�`� � u � ��� � �Q�Q���¡¨�³ � �I� � ��Q�u� ��· � �¤��¾ �S�i�Q� � � � � * ���S� � f

∇A · ∇ϕ+
1

2
A∆ϕ = 0,

�Cê
A
� *«� �º± � ���Q� ¾<� �u�Q�i�Q� �º±
�S�u�Q�Ð¿Þ� � �Cê

ϕ
¿v� � �Q³ �C* �ß�Q�O�º±
�S�u�Q�Ð¿ *Ø�¤��¾+*¶Äº��¾<� �Q�u� ��· � �¤��¾ �S�Í� ¾ â¾�S� � �e�!5

Ú � � * ß gÐáZá ¿Ð�e�M� �I* �Q� �Ø�¤� �Q�M�º± � �Q�Q����Ã ¾ � �¤��¾ �S��³ � � � ��� Ä � ��· �u�`�u¨��®� *«� �S� � �`�¥�¿¡�`��� � � ��¾ ¨`�Q� ¾ �`�Ê¿à���S�Q� �º±
�S�u�Q�� ¾ ÎÀ� � ¨ ��� ��� � �¹�Q�Æ�À� ��¾<� � ¾+*�· �u�!5Í2 ¾
Dε(z)

� �I*�¾<£ �u���e��� ¾+*Ø· �u���Q�K¨��`� � ���
z
¿� � �Q��� ��Ì �S�

ε > 0
�À� ��¾<� ¿ *�¾�º±
�S� � ¨`� ��¾ ���O¨��O� ¾+*�· �u� � � �Õ�Q�u�O�S�u�Q�ß�Q� � �u�i�Q� £ � � �u�Q� Ä � ��· �u�`�u¨��¹� � �²± � � £ �e�O�²± ¾ �u¨ ¾ �Q�`�u¨��

η
¿ � �e�S� * �º±
�S�u�Q�

� ¾ ÎÀ� � ¨ ��� �¢�`�
x
¿¥� � � � �Q�Q����Ã ¾ � �¤��¾ �S�§�Q�®�º±
�S� ��¾e· �u� £¾� �S� �`� � ¾e· �u�Ð¿¡�Q� ¾+* � �`� ³u�¡�Q�¢�Q�Õ� � �Q³ �C* � *«�Ø�¤��¾ �S�Q� ��¾ ���Ð¿� *�� �Q� � �¸Ä �S�«���^f

udif [Dε(z)](η, x) = Fε(θ, |x− z|)eik0(|x−z|−2ε sin(θ(x)/2)+η·z),

�Cê
θ(x)

� *�� �º± � � £ �e� (
η̂, x−z

|x−z|

) 7 �`� � ���
0
� �

2π
Y 5¤¬ � �Q³ �C* � �Q�½¨�� �«� �½�S�u�Q� � *«����¾ � *�¾ 7 � � Ä � ¨ � �`�Q�æ�¹�Q� ��¾ �Q� ¾ ¨ �¤��¾ÅÄ

k0
�Q��� * Y f

ϕ[Dε(z)](η, x) = |x− z| − 2ε sin(θ(x)/2) + η · z.

�?´��G´��Gö ÷�°�§©¶� £ªÏòN¨
Ë � � � �Q�Q����Ã ¾ � �¤��¾ �S��³ � � � � Ä � ��· �u�`�u¨��Ð¿ �S� � �Q�Q���à¨Ø³u� �º± � ���Q� ¾<� �u�Q�

A1[D∗]
�`� � � � � * ���S� �Ø� � � �º± � ���Q� ¾<� �u�Q�

A0[D∗]
¿ ��� ��¨ß�Q�u�¹¨��`� �Ø��¾ �u�ß�Q³ �C* �

ϕ[D∗]
7 ¾ �u¨��S�Q�à�u� Y f

{
∇A · ∇ϕ[D∗] +

1
2A∆ϕ[D∗] = 0,

A = A0[D∗],
* �Q�

Γ0.

A1[D∗]
� *«� � �e�S� * � ��� � � ¨��»�Q�

A
* �Q�

Γ1
5�Ú»± � � � ���¹� � � � ¿��`� � � � � * ���S� �Ø� � �

A0[D∗]
¿ ��� ��¨i� � �Q³ �C* �¸¨��S�Q�¥�u�

ϕ[Dε(z)]
¾+*6* �u�ß�Q� �º±
�S�u�Q�O� ¾ ÎÀ� � ¨ ��� �O� � �M�Q�Ñ� ¾+*�· �u�

Dε(z)
f

{
∇A · ∇ϕ[Dε(z)] + 1

2A∆ϕ[Dε(z)] = 0,
A = A0[D∗],

* �Q�
Γ0,

�S�¦�S� ��¾ �`� � ¿ * �Q�
Γ1
¿v�Q�u� � ���Q� ¾<� �u�Q�

A1[Dε(z)]
5Þ¬ �^]�¾<£ �Q���L_ g 5P_ � �I* �Q���O¨�� �«� �O� � � � ��¨Ø³u�!5

,G� �n� �e�S� * �º± ¾ � � � ¾<��¾ �S� · �u�
z
� *«� �Q�p��� ¾ � � � ¾ �`� �À� *�¾<��¾ �S�Q� � � � �§� � �Q�À�S� �Ñ¯ �º±
�S�vª«� �

D∗
�e�S� *�· �u�

�º± � ���Q� ¾<� �u�Q� � � � � * ���S� ��� �
A1[Dε(z)]

� *«� �Q���à¨Ø³u�§�Q�È�º± � ���Q� ¾<� �u�Q�§��� * �Q� � �
A1[D∗]

5æ¬ ± ¾ � � �§�S� ¾<£³¾ � � �e�§�Q�����¨��S� *�� �«�u¨ ��¾ �S� · �u�¦�u�S� * �Q���S�À� * �S� * � � � * � ��* � ¾<� �w¨��S� *�¾+*«� � ¯ ¨Ø³u�`��¨�³u�`�§�e� *
z
· � ¾ ���`�u�Q�`� � �À� ��¾<� �Ñ� �· � � � ��¾<��� ‖A1[Dε(z)] −A1[D∗]‖

5ÇÚ � � * �Q�Á�Q���`� ¾ �`� � �`��� * ¿æ�u�S� * �S� � �`�u�S� * �Q�u���6Ãv�Q��� *6*�¾ �S� �C*«Ì ��� � �¤Ù��¾e· �u�»�Q�
A1[Dε(z)]

¿À� � �ß� � � �`� ³u�à�Q���Q� * ¨ � � � ¨ ��� � ¾+*«��¾e· �u� * 5Ëµ� ¾+* �Q�Ý� �`� �`�e�S�Q���`���`� �¸�C*«Ì ��� � � ��¾e· �u���Q�
‖A1[Dε(z)] −A1[D∗]‖

���`�«��� � �²± ¾ �Q�`� ��¾ ÔÞ�`�¢�Q�u�¹� � � ¾<�¾� � � �S�À�S�e� £³¾e· �u� ¯ ���`�u�v��� � ��� * � �`£¥�¤��¾<� �i���S�Q�®� *���¾ Ù
���`�

D∗
5



hEìQîøìQî/ùIï½ë�ÄòÇñ´ç®êæé`ï½ð�ÄÑç®êæå1íNÄwç®êæéVú¸òæì
âÐâ

D∗

A = A0[D∗]

A1[D∗]

û üý þÿ � � �ý ü �� A0[D∗]

þ� � � � þ � � þ �� ϕ[D∗]

� � þ �� ϕ = ϕ[D∗]

A1[Dε(z)] û üý þ ÿ � � �ý ü �� A0[D∗]

þ� � � � þ � � þ �� ϕ[Dε(z)]

A = A0[D∗]

� � þ �� ϕ = ϕ[Dε(z)]

	
 �� �� Dε(z)

A1[Dε(z)] � ü A1[D∗]
� � ÿ ü �ý � � �� � � � �ý z �ý � � �� �� D∗

üý þ ÿ � � �ý ü ∇A · ∇ϕ + 1
2
A∆ϕ = 0

üý þÿ � � �ý ü ∇A · ∇ϕ + 1
2
A∆ϕ = 0

�� ��� �� � ��� ��� ��� � ��� �  � !" ��� # �� $ �&% �  �� � � ' � � (� '� (� $� % � '  � !" ( )� ! � '*  �
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�kÆT�,+ -�é1ÛÜåc�?����È �Ü� ���Ëå�ÈUÊ/.&���?�

�G�S� *ß�`� �u� ¾ �S� * �e� � � � � * �À�S� � �²± �Q�u� � ���Q� ¾<� �u�Q�
A0

�Ê� ��¨»� � �Q³ �C* �
ϕε = ϕ[Dε(z)](η, ·)

¿´�Cê
η
� *«� �Q�� � £ �e�ßÔQÃ � 5QËg�<� * �Q� � ¨ ¾+*�� ���`� � ¿ * � ¾<�

A
*Ø�¤��¾+*¶Äº��¾+*Ø� � � �º± ��· � �¤��¾ �S�Ñ�Q� � � � � * �À�S� � f
{

∇A · ∇ϕε + 1
2A∆ϕε = 0,

A = A0,
* �Q�

Γ0,�Ê� ��¨
A0

�Q�u� Ä �S�u¨ ��¾ �S�hÔQÃ � �É� � ¨��S�Q�¥�u� * �Q�
Γ0
5Ö>� * ± �¤£³¾<� �Q��¨ � �e¨`�Q�e�`�

A
* �Q�

Γ1
¿´¨�� · �u���u�S� *i� �Q�À�`�e�S� *� � � � * ���S� � �`�

A
�Q�

Γ0
� �`� *

Γ1
5M�¢�S� * � �I* �S� � �S� * ¨��t�Q���S�Q�e�`���h� � �§� � � �`� ³u�à�Q�Æ�Q� * ¨ � � � ¨ ��� � ¾+*«��¾e· �u� * ¿�`� Û � � � � * ���S� �Ø� � �®Ü �e���e�S� £ �Q��� � ¨ � � � ¨ ��� � ¾+*«��¾e· �u�§� � � ��¾ ¨`�Q� ¾ �`��� · �±
� *«� �e�È� ��Ì �S� �Q�È� �`� ���S�Q���S� �¤£¥�¤��¾ �S�

(0,−η) 59¬ � ¨��S���Q�e�6Ã ¾<��� �v�Í�Q���S�Q�e�`���i�u�S� * � ���`�u� ¯ ���`�u�`�G�e�¹¨ � �e¨`�Q� �C*«Ì ��� � � ��¾e· �u�`���`� � 7 �`� ε Y 5Þ�¢�S� *�S� � �`�u�S� *i��¾ � *�¾ �Q�u���6Ã¡�Q��� *6*g¾ �S� �C*«Ì ��� � � ��¾e· �u���Q�
A(xη)

¿²�Cê
xη = Γ1 ∩ (0,−η) 5Ú � � * �º± � �Q�u�6Ãv�³_ g 5ø0¸¿�u�S� * � �`�Ø��¾ �<�e�S� * · �u�`� · �u� * ¨ � �e¨`�Q� * ¿À� � �u�S� *¢�`�Ø� �Q� ¾+*�* �S� * �Q�w� �`� �`�e�S�Q�À�`���`� �¹�C*«Ì ��� � � ��¾e· �u�¸�Q�

A
�e�¹�e�S� £�Q�»¨Ø³ �S· �u��¨��S�Q�«�À�»¨ � � � ¨ ��� � ¾+*«��¾e· �u�!5´¬� * � �I* �Q� �Ø�¤�6*ß· � ¾�* � ¾<� �`� � �À�`� � �`� � �Q�S�u¨ u � ��� �`�Ø� �Q� ¾+* � ¾ ����¨ � �`���`� � ¿�S�¦¨��S� *g¾ � � � �I* ¨��S�����O�Q� * ¨ �C* � � � ��¾ ¨`�Q� ¾ �`� * �Q�ß�º± � �Q�u�6ÃQ�!5

0 H :21C>4365qHEÓ87 � ¾<�«� � ¯ �6Î²��¨ � �u�`�Õ�e� ¨�³ � � £ �`���`� � �Q�ß¨��¡�S���Q�S�Q� � � *
x̃ = x− z

¿v�u�S� *�* �Q�Q��� * �S� *
z = 0

� � � *�e� * ¨ � �e¨`�Q� * 5
�?´��Gö���� µ&¢·¸ ¼¤�¨¹ª�¶� ¼¶�ª4»C°� £�¬Z»¼�õ�·N¨�¨q»î ¼¶:9¢«�®N¨� ¼°q»! ¼¢Ñ¸ ¼¢[Ñ3¶<;[¶Ë»!�¢«

¬�ß� ��Ì �S�Ñ�Q�ß� �`� ���S�Q���S� �¤£¥�¤��¾ �S�
(0,−η) ¾ � � �`� * ��¨ � �ß�e� * �v��� ¾<� � * Γ0

� �
Γ1

��� * �À��¨ ��¾<� �`���`� � �`�
pη =

γ0

η2
η, xη :=

γ1

η2
η.

=?>A@CBEDGFHDJIKBMLON<PQL 7 ¼ � � � ¨ ��� � ¾+*«��¾e· �u� Y PSRUT 1 <¼<qH OROPH�W6@V54>6W�H�WX1!>41¼WZY,[ >;DGF\YXD]3�5±H_^9DGF�F`5±H¾J£H
pη a JÏH1Ocb [c3�5d1eYXD @ T JÏHYX>c1 T F�<�@C>�YJfNOg1)W6@e5Ï>ZW6H

xε ∈ R2
FV@COh5iYXD @ T J£Hkj

{
ẋε(t) = ∇ϕε(xε(t)), |t| < T,

xε(0) = pη,1!BQHAW
T > 0

F`5\l�F�1C:\:¡H T YË<±H�YXDJY�Ó
¼½� �«� �O¨��S�Q�«���¹¨ � � � ¨ ��� � ¾+*«��¾e· �u�¹� *«� �`� Äº��¾<� ¨��S� � �`�¥�u�¸� � � * �e�ß� �ÊÌ �S�Í�Q�ß� �`� ���S�Q���S� �¤£¥�¤��¾ �S�

(0,−η) f
mon >pI/qsrptvuwLONxPyN<P

xε
H;F�YNOz1)JC>ô@!DJY�H�DGF�F`5±HUJ£H

pη
JCDG> Dz{A[6H�<O1C>

pη/ |pη| = −η j
xε(t) = pη +

pη

|pη|
t = pη − tη.

|~}x�:�<��� Ó�� Ö×� * � s�� �Q��¨��S� *«�Ø�¤� �`� · �u��¨�� �«� �K�6Ã¡�Q��� *�*�¾ �S�Æ�Q�
xε

¨��S� �L¾ �`� � 7 ∇ϕε = ∇|x| * �Q�O�e��� ��Ì �S�
(0,−η) Ù WQ� � �Q�u�6Ãv� Y 5
=?>A@CBEDGFHDJIKB�LdN<P��xP~� H�Y�HV:�<?FUJ£H�YX>c14�EH�Y[<�@V54>�1COROPHV>�J£H

pη � xη
H T F\5ÏDRB�1 T Y¸O+H¾>c1V�¼@ T

(0,−η) H;F�Y

tη = −γ1 − γ0

η2
,

Oz1LFV@COh5iYXD @ T J£H
xη = xε(tη)

Ó
�?´��Gö��G´ µ&¶�¥�ªq·3¥=¬C·¸ �¥�¨� ¼¶:9¢«(®N¨� ¼°±»C £¢[Ñ¸ ¼¢Ñ¸¶<;[¶Ë»¼9¢«
��upt�twuwLdN<Pz��P�� 5Ï>¾Oz1&W�1C>41£W6Y,[ > D F�YXDQ3�5±H

xε
f¸@ T 1�j

A(xε(t)) = A0(pη) exp

∫ t

0
−1

2
∆ϕε(xε(s))ds.

¬� � � � � * �À�S� � �Q�
A
�Q�

Γ0
� �`� *

Γ1
¿²� � � * � � � ¾ ����¨ ��¾ �S�Æ�Q�¸� �`� ���S�Q���S� �¤£¥�¤��¾ �S�Á� *��ß� �e�S� * �Q�S�Q� � � � �ß�e�� ³ � �S���`��� * � ¾<�S� � � 5
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mon >pI/qsrptwuvLONxP��xPSR�T 1¡O+HUJp[ BQH OP@;<¼<qHV:LH T Y�1QF`�C:=<�@eYXD]3�5±Hkj

A(xη) = A0(pη)

(
γ0

γ1

)1/2 (
1 − ε

tη
4 |xη| |pη|

)
+ O

(
ε2
)
.

|~}x�:�<��� Ó�� Ö×� * � s�� �Q�ß�Q���`�u�v���
t = tη

� � �Q� Äº��¾ ���ß�Q�Í� �`� �`�e�S�Q�À�`���`� � � ¾ � ¾<��� �Q�ß�º±
�6Ãv�À�S�u�`� ��¾ �`�<�e�¸� � � *
�e�ß�e�`�����O�Q� � ¨ � �Q�`� � 5
�3Æ¾�¡  ¢ èw�ËçU�¾�Ü� �Ü�×�Uè����AÉ�è����?�8.p���6��£��6éTÛU�
��´���¤N��� ÷�°± Ï Ò°±¨�»!¢[Ñ�¢¥9¢¥;�õ�·N¨

Ïg�i��� � �`� � � � � �vÃ¹�u� �Ø�¤��¾ �S� * �v�»�Q���S�Q�e�`��� ¾ � ¾<��¾k� � 7 �Ê� ��¨
z
· �u�`�e¨��S� · �u� Y ¿ � �=* ��¨ ��¾ �S�¸�Q� � ¨ � �Q�`� � �Õ¨��S�u�v� ¾<�� � � ³ � �S���`��� * � ¾<�Ð� � � 5ÀÖ>�æ�6Ãv�Q� ¾ ���»�Q� Äº�Co �S� �C*«Ì ��� � � ��¾e· �u�¸� ���Ð� �e�`�Q�ß�Q�¸�º± � ���Q� ¾<� �u�Q�

A
� �w�À� ¾ � �

xη
�Q�

Γ1
�`� Ä �S�u¨ ��¾ �S�Í�Q�O�º± � ���Q� ¾<� �u�Q�

A0
� �§��� ¾ � �

pη
�Q�

Γ0
5

mon >pI/qsrptwu¦LdN<P�§xPk¨ @V54>©Y9@V5OY
p ∈ Γ0

fÜH T <q@QF�1 T Y
η = z−p

|z−p|
OXb 1 T {COPH J¥b [AWVOz1CDR>41H{£H`f\OPH©YX>c1 T F9<q@C>\Y\J£H/Oz1

:¡H;F\5Ï>6H
A0[D∗](p)

BQHV>�F
Γ1
f�O+HTOP@ T {pJ£H¾Og1&JCDG>6HAW6YXD @ T J£Hn>c[�YX>A@;<?>A@;<O1H{ª1eYXD @ T

(z, η)
f«1CBQH6W�<K¬i1QFIH

ϕ[ε, z](η, ·) fW6@ T JV54DJY � Ocb 1C:=<?O DJYQ5qJ£Hkj

A1[Dε(z)](xη) = A0[D∗](p)

(
γ0 − z2
γ1 − z2

)1/2 (
1 − ε

tη
4 |xη − z| |pη − z|

)
+ O

(
ε2
)

@V
xη = z + γ1−z2

η2
η = Γ1 ∩ (z, η)

f�H�Y
tη = −γ1−γ0

η2

H;F�YNO+HoY�H :=<�FUJ£HoYX>41c�IH�Y�Ó
Ë � � � � �`� ���S� * � � �

x = (x1, γ1)
f
η(x) = z−x

|z−x|
¿
p(x) = z + γ0−z2

γ1−z2
(x− z)

¿u� � �À� * �S� *

a0(x, z) := A0[D∗](p(x))

(
γ0 − z2
γ1 − z2

)1/2

, a1(x, z) := −1

4
a0(x, z)

γ1 − γ0

γ0 − z2

1

|x− z| .Ëæ�S�Q�g�Q�¸�Q�S� ��¾ �u�
D
¿ �u� � �S� *

A1[D]
�º± � ���Q� ¾<� �u�Q� ¾+*6* �u�½�v� � � � � * ���S� � �Q�

A0[D∗]
* �Q�

Γ1
¿¤� � � * � � � ¾ ����¨ ��¾ �S��Q�ß� �`� ���S�Q���S� �¤£¥�¤��¾ �S�¿ ��� ��¨¹� � �Q³ �C* �

ϕ[D]
�Q� �º±
�S�u�Q�¹� ¾ Î�� � ¨ ��� �¹� � �

D
5

mon >pI/qsrptwu2LON<PJ® 7 Ú � � ¾<�¾� � � �S�À�S�e� £³¾e· �u� Y P¯� 1TJA[V>;DRBs[6H�Y9@ <�@COP@X{CD]3�5qH�J£H3OXb 1;<£<?O D WX1eYXD @ T
D 7−→ ‖A1[D] −A1[D∗]‖

f[ Bs1CO�5:[6H&H T
z
f3JA1 T F¾Og1)JCDR>6HAW6YXD @ T OPHÜJCDGF�3�5±H�5 T DJY,[`fkH F\Y8j

d(z) =
1

‖a0(·, z) −A1[D∗]‖
〈a0(·, z) −A1[D∗], a1(·, z)〉 .

|~}x�:�<��� Ó�� ¬´� � ³ � �S���`���O�Q� � ¨ � �Q�`� �¢�Zs �«���Lf
A1[Dε(z)](x) = a0(x, z) + εa1(x, z) + O

(
ε2
)
,�²±
�Cê¦�e�O� �I* �Q� �Ø�¤� �`�¦¨��S���À� *Ø� � � � � � ‖· −A1[D∗]‖L2(Γ1)

5
��´���¤N�G´ Ì~°q»¼ò¸¢�®¸¨¹®�° ¯«ÒÍ¨± £¬C9¢«�®¸� ¼¨�ª4»!¨

2 ¾ �e�i��� ��¾<� � ¾+*�· �u�
Dε(z)

� *«� � ¾ �`�t�Q� � ¨ � ¿ D9ÓGHEÓ ÛG�Q��� *°Ü �Q�
D∗

� �e�S� * � � �Q³ �C* �
ϕ[Dε(z)]

� �Q�Q���¡¨�³u�»� ��Q³ �C* �
ϕ[D∗]

¿Ç� � �Q�S�u¨
A1[Dε(z)]

� �Q�Q���¡¨�³u�
A1[D∗]

5æ¬µ± � �Q�Q���à¨Ø³u���S� ¾<£³¾ � � �e� · �u�K�u�S� * �Q���S�À� * �S� * �À�S�Q�����¨��S� *«� �«� ¾ ���Ý� �ÝÄ �S�«���
D∗

¨��S� *�¾+*«� � � �e�S� *Í¯ � ¾ � ¾ � ¾+* �`�
D 7−→ ‖A1[D] −A1[D∗]‖

¿½� � �«� ¾ �e� * ��� ��¾<�6*
� ¾+*�· �u� * 5Q¬�¹� �`� �`�e�S�Q���`���`� � �C*«Ì ��� � � ��¾e· �u�

‖A1[Dε(z)] −A1[D∗]‖ = ‖a0(·, z) −A1[D∗]‖ + εd(z) + O
(
ε2
)
,· �u� �u�S� *®��� �S� * ª � *���¾ Ô � � � � * �e� � ³ � �S���`���Ð¿ * � £Ð£ �`��� · �u� ‖A1[Dε(z)] −A1[D∗]‖

� *«� �À� ��¾<� �e�S� *�· �u�
εd(z)� *«� � �`£¥�¤��¾ÅÄ � � �e�¹�Q�<� *¢£ � � �u�Ñ��� *6*g¾ �Q�e�¹�`� �S� �e�`�Q� � � * �S�<�u��r�¨���¨ ¾w* � � � � �v� ¾<� � � �G�Q�u�i� � � ¾<�¾� � � �S�À�S�e� £³¾e· �u�

d(z)
� �`£¥�¤��¾<� �O� �Õ� ��� *M£ � � �u�Q�i�`� �S� �e�`�Q� � � * �S�<�u�!5
ËÇ�S�Q�»� *«��¾ ���`�

D∗
¿´�S� � � � ¨�� ��¾ � *�¾ �e� * � ¾<£ �u� * �Q�É� ¾<� � � �Á�Q�

z 7−→ d(z)
¿Ç�Q� ¾+* �S�Ó�`�Ó¨Ø³u� ¾+*�¾<� �Q�u�È�Q�� ¾<� � � �

d0
� �«� ¾<� � ��¾ ���!5,G�t� * ���`��� � �Q�Q���¡¨�³u�`� ��¾ � *�¾

D∗
� � � {z : d(z) < d0}

59¬�»¨Ø³u� ¾ Ãw�Q�
d0
� *«� � � � ¾ ¨ �¤�

� � ¨��S�u� ¾<��¾ �S�Q�u� �e�®� �I* �Q� �Ø�¤� �S� � �`�à�[5vÖ×�9� � � �ZÝe�â¾ � ��� ��� *6*Ø� � � �Q�®�e�¢¨�³u� ¾+*�¾ � * �S� * � �OÄ �S�«���
d0 = αmind

¿¡�Cê
α� *«� �Q� * �`� ¾ � ¯ ÔQÃQ�`�E5
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ε0 = 1
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µ0 = 1
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Γ0
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ϕε = ϕ[Dε(z)](η, ·)
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∇A · ∇ϕε + 1

2A∆ϕε = 0,
A = A0,
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x̃ = x− z
¿Q�u�S� *�* �Q�Q��� * �S� *

z = 0
5

ËÇ� * �S� *
f0(x) := ∇|x| ¿Q� � f1 := −2∇ sin(θ/2)

¿u�Q� * �S� � � · �u�
∇ϕε = f0 + εf1, ∆ϕε = divf0 + εdivf1.¬� * � �I* �Q� �Ø�¤�6* ¨ � �e¨`�Q� �¤� � ¾ ��� *=* � ¾<�Ð� � �6*�* �S� � �6Ãv�Q�e� ¾<���I* � � � * �e� * ¨ � �e¨`�Q� * 5
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f0(x) =

x

|x| , Df0(x) =
1

|x|3
(
x2

−x1

)(
x2 −x1

)
, f1 =

1

2 sin(θ/2)
Df0η,
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divf0(x) =
1

|x| , divf1(x) =
|f1(x)|2

2 sin(θ(x)/2)
− x · η

2 sin(θ(x)/2) |x|3
, ∇divf0(x) = − x

|x|3
.

|~}x�:�<��� Ó�� Ö>�9�u� * ± �¤£³¾<�°· �u�¢�Q� · �u�`� · �u� * ¨ � �e¨`�Q� * � ¾ Î � ���`� ��¾ �`� * 5vËÇ�S�Q�
f1
¿ ¾ �²� *«� ª¶�u� ¾ ¨ ¾ �`�vÃK�Q�¢���`� � � · �u�`�� �¦�Q� �Ê� � � �Q�e�&f

1 − 2 sin2(θ(x)/2) =
x− z

|x− z| · η.

��´�� ð��Gö Ì~°q»¼òN¢�®N¨Ð®¸¨�¬mª�¶� ¼¶�ª4»!°± £¯¬Ô»¼¯õw·¸¨�¬
=?>A@CBEDGFHDGI½BÆLON<P�Ç 7 ¼ � � � ¨ ��� � ¾+*«��¾e· �u� Y P�¨ @e5Ï>

p ∈ Γ0
fc@ T 1;<¼<qHVOGO+H^W6@V54>ZW6HLWX1!>41¼WZY,[ >;DGF\YXD]3�5±HÈ^�D F;F`5±H\J£H

p a J£HOXb [X3�5O1ªYXDX@ T JÏH�YX>c1 T F�<�@C>�YJfNOg1)W6@e5Ï>ZW6H
xε(p, ·) ∈ R2

FV@!O�5OYXDX@ T J£Hkj
{
ẋε(p, t) = ∇ϕε(xε(p, t)), |t| < T,

xε(p, 0) = p ∈ Γ0,1CBCHAW
T > 0

F\5`l�F61C:\:¡H T Y�<±H�YXDJY�Ó ¨ @V54>
p É MA[Ü@ T©T @eY�H�1e5£F;F;DË<O1C>�1AW\5ÏF xε(t)

Ó
��uptvtvuwLdN<PQLiÊ�P�� 5Ï>�Og1pWX1C>c1¼W6Y,[ > DGF\YXD]3�5qH

xε
f3@ T 1?j

A(xε(t)) = A0(p) exp

∫ t

0
−1

2
∆ϕε(xε(s))ds.

|~}x�:�<��� Ó��
a(t) := A(xε(t))

*Ø�¤��¾+*¶Äº��¾<� f
{
ȧ+ 1

2a(t)∆ϕε(xε(t)) = 0, |t| < T,
a(0) = A0(p),�²±
�CêÍ¨!5 · 5 Ä 5
��5u�`� ¾ � ���`£ � � � � ¨�� �«� �OÏ Ú¾,Ü5

¬ �T* � ¾<� �M�Q�°�u� � ��� � � �Ê�S��¾ �Þ¨��S� *g¾+*«� �M� *6* �`� ��¾ �`�<�e�`���`� �M¯ �S� � �`� ¾ �
A(xε(t))

¿ ¯ �º± ��¾ �Q�Õ�²± �Q��� �`� �`�e�S�Q���`���`� ��C*«Ì ��� � � ��¾e· �u�O�Q�
xε(t)

5
��´�� ð���¤ ÷�°qÒ¨�¥�¢[Ñ¸Ñ�¨?§ ¨?«»î¶�¬�9N§©ÑN»!¢�»¼�õ�·¸¨�®¸¨�¥�¶ºª�¶� ¼¶�ª4»C°� £�¬Z»¼�õ�·N¨

¬µ± ��· � �¤��¾ �S�Ó� ¾ Î � ���`� ��¾ �`�<�e���S��� ¾ � ��¾ ��� * �Q�
xε
�± �`�Ø� � � � �C*¾*�¾ ���Q�e� ¯ � �I* �S�u�v���Ð¿²�u�S� *¹� �<�e�S� * �Q�S�Q�u�`�O�Q�� �`� �`�e�S�Q�À�`���`� �ß�C*«Ì ��� � � ��¾e· �u�O�Q�

xε
5

��uptvtvuwLdN<PQL/LKP~� 1¡FV@COh5OYXDX@ T
x0 =

(
x

(1)
0 , x

(2)
0

) J£H
{
ẋ0 = f0(x0),
x0(0) = p.

H;F�Y¸Oz1pJC>ô@!DJY�HUDGF�F\5qHUJ£H
p
JCDR> Dg{A[�H�<O1C>

p/ |p| j
x0(t) = p+

p

|p| t.|~}x�:�<��� Ó�� ¬´�ß� � �Q���S� � �Q� * �Q�`�vÃ¦¨��S����� *Ø� � � � * �Q�ß�º±
Ï Ú¾, ���`�«��� � �Q�ß�Q�S�Q�u�`�
dx

(1)
0

x
(1)
0

=
dx

(2)
0

x
(2)
0

� � �Q�S�u¨
x

(1)
0 = Cx

(2)
0

�Ê� ��¨
C
�Q�u�½¨��S� *«�Ø� � � �!5ÐÏg� ¾ �Sª¶��¨ �Ø� � � ¨���¨ ¾ � � � * � � �Q���`� ¾ �`���M¨��S����� *Ø� � � �°�Q�I�º±
Ï Ú¾,¸¿� �e�S� * �S�¦�S� ��¾ �`� � f

x0(t) =

(
βCt+K
βt+K/C

)
,

�Cê
K
� *«� �Q�u�i¨��S� *��Ø� � � �Ð¿²� �

β := 1√
C2+1

59¬´� * ¨��S� *��Ø� � � � *
C
� �
K
* �S� � � �`� �`�«� ¾ � � � * � � �¢� � ¨��S�u� ¾<��¾ �S�

¾ � ¾<��¾k� �e�
x0(0) = p

¿Q� � �Q�S�u¨
K = p1

¿Q� �
C = p1/p2

¿Q�Q� ¾+*
β = p2

|p|
5QÚ»±
�CêÍ¨!5 · 5 Ä 5
��5
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Ö×� � ���à�v� ¾+* �S� *

rε
� �`� · �u�

xε =: x0 +εrε
54,G� �

rε(0) = 0
5¥Ë � � ��¾ �<�e�`�Q� * ¿Ð�º±
ÏµÚn,

ẋε = ∇ϕε(xε)
* ± � ¨`� ¾<� f

ẋ0 + εṙε = f0(x0 + εrε) + εf1(x0 + εrε),

�Q�S�u¨O� � �Õ� �`� �`�e�S�Q���`���`� � � ¾ � ¾<��� f
ṙε = Df0(x0)rε + f1(x0) + O (ε) .

Ëæ�S�Q�i¨��S�«� ¾<£ �`� ¯ �º±
�S���v��� * �Q� � � ¾ �`�Q�¹�º±
�`�«���`�Q�i¨��S� ¾+* �É� � � * �º±
Ï Ú¾, �`� � �Q�Q���¡¨�³ � � �
xε

� � �
x0
¿�S�Á� � Ôu� ¾<�� �e�S� *

x1
¨��S�����O� � � * �e�O�e�`����� * � ¾<�Ð� � � 5

��upt�twuwLdN<PQLONxP�� @CDQY
x1
Og1LFV@!O�5OYXDX@ T JÏH

{
ẋ1 = Px1 + q,
x1(0) = 0,

@e
P (t) := Df0(x0(t)) = Q

( 1
|x0(t)| 0

0 0

)
QT , q := f1(x0) =

1

2 sin(θ0/2)
Pη,

Q :=
1

|p|

(
p2 p1

−p1 p2

)
, θ0 := θ(x0) =

(
p̂

|p| , η
)
, |x0(t)| = |p| + t.

Ë OP@C>;F
x1
H;F�Y¸Oz1pJC>ô@!DJY�Hkj

x1(t) =
t

2 sin(θ0/2)
Df0(p)η = tf1(p).

|~}x�:�<��� Ó�� Ö>�� *«� � ¾ �`�Í¨��S�Q�à� · �u� �º±
ÏµÚn,ú�À� *6* ���Q� �À�S�Q� * �S�<� ��¾ �S��f

x1(t) =

∫ t

0
e

R t

s
P q(s)ds.

Ë � �®�Q� * ¨ � �e¨`�Q� * ¨`� �C*6*�¾e· �u� * ¿Q�S�¦���S� � ���Lf
∫ t

s
P = Q

(
log |p|+t

|p|+s 0

0 0

)
QT , e

R t

s
P = Q

(
|p|+t
|p|+s 0

0 1

)
QT ,

∫ t

0
e

R t
s

P q(s)ds =
|p| + t

2 sin(θ0/2)
Q

∫ t

0

(
1

(|p|+s)2 0

0 0

)
dsQT η,

�²±
�Cê¦¨!5 · 5 Ä 5
��5
Ë � �®� � Ôu� ¾<��¾ �S�Ñ� u ���O�Q�

(x0, x1)
¿u�S�¦�S� ��¾ �`� � ¿ � �¦��� ¾ � *MÄ �S�«���`�<�e�`���`� � ¿Þ�e� � ³ � �S���`��� * � ¾<�Ð� � � 5

mon >pI/qsrptvuwLONxPQLi�xP
xε

1&O+HÜJA[ BQH OP@;<¼<±H :¡H T Y�1QF\�Q:=<½Y9@ªYXDQ3�5±Hkj
xε = x0 + εx1 + O

(
ε2
)
,

1!BQHAW
x0(t) = p+

p

|p| t, x1(t) = tf1(p).

�?´�� ð��GÌ µ&¶�¥�ªq·3¥=¥�¨�¥9¢Í«¯;à®�° ·3«N¨¹ª�¶� ¼¶�ª4»C°� £�¬Z»¼�õ�·N¨
mon >pI/qsrptvuwLONxPQLp��P�� 5Ï>¾Oz1&W�1C>41£W6Y,[ > D F�YXDQ3�5±H

xε
f
A
H;F�Y3J£H�Oz1Í�I@C> :¡Hoj

A(xε(t)) = A(p)

( |p|
|p| + t

)1/2

1 + ε


Cη,p log(|p| + t) +

∑

06i,j62

Ci,j
η,p

ti

(|p| + t)j




+ O

(
ε2
)
,

@e
Cη,p

H�Y
Ci,j

η,p
FI@ T Y3JÏH;F�W6@ T F�Y¡1 T Y�H;FÜH T

t
@AW�Y�H T 5qH FÜJª1 T F¾Oz1T<Ë>AH\54BQHEÓ
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|~}x�:�<��� Ó�� ¼½�S�����

∆ϕε(xε) = divf0(x0) + ε (∇divf0(x0) · x1 + divf1(x0)) + O
(
ε2
)
,

� �e�S� * � � �®¬�`�����L_ g 5P_E`³f

A(xε(t)) = A(p) exp

(
−1

2

∫ t

0
divf0(x0)

)[
1 − ε

2

∫ t

0
(∇divf0(x0) · x1 + divf1(x0))

]
+ O

(
ε2
)
.

Ëg���`� ¾ �`���`���`� � ¿
∫ t

0
divf0(x0) = log

|x0(t)|
|p| .

Ú¸± � � � ���O� � � � ¿u�S� � f
∫ t

0
(∇divf0(x0) · x1 + divf1(x0))

= −1

2
p · η

∫ t

0

1

|x0(s)|3
ds−

(
p · f1(p) +

1

2

p

|p| · η
)∫ t

0

s

|x0(s)|3
ds

− p

|p| · f1(p)

∫ t

0

s2

|x0(s)|3
ds

+
1

(2 sin(θ0/2))3
ηTQ

∫ t

0

(
1

(|p|+s)2
0

0 0

)
dsQTη,

�Ê� ��¨
∫ t

0

1

|x0(s)|3
ds = −1

2

1

|x0(t)|2
+

1

2

1

|p|2
,

∫ t

0

s

|x0(s)|3
ds = −1

2

t

|x0(t)|2
− 1

2

1

|x0(t)|
+

1

2

1

|p| ,
∫ t

0

s2

|x0(s)|3
ds = −1

2

t2

|x0(t)|2
− t

|x0(t)|
+ log

|x0(t)|
|p| ,

1

2 sin(θ0/2)
ηTQ

∫ t

0

(
1

(|p|+s)2 0

0 0

)
dsQTη =

t

|x0(t)|
η · f1(p).

Ú»±
�CêÍ¨!5 · 5 Ä 5
��5
l®�¦¨��S���S�<� ��¾ ���O�v� � ³ � �S���`���O� *«� �e� � � � � * �À�S� � �Q�

A
�Q�

Γ0
� �`� *

Γ1
¿Q� � � * � � � ¾ ����¨ ��¾ �S�Ñ�Q� � �`� ���S�Q���S� � Ù£¥�¤��¾ �S�[5

Î IKq�I½ÏJÏJÐ:DJqsuwLONxPQLO�<PkR�T 1Åj

A(xη) = A0(pη)

(
γ0

γ1

)1/2 (
1 − ε

tη
4 |xη| |pη|

)
+ O

(
ε2
)
.

|~}x�:�<��� Ó�� ,G�h���`� � � · �u� · �u�»���S�Q�
(p, x, t) = (pη, xη, tη)

¿
x = xε(p, t) + O

(
ε2
) ¿²� � �Q�S�u¨

A(x) =
A(xε(p, t)) + O

(
ε2
) 5QÖ>� * � s��G� �e�S� * �²± � �Q�Q� ¾e· �u�`�®�e� . ³ � �S���`���&_ g 5P_ À � � �Q� *�¾ ���Q� ¾ ÔÞ�`�Õ�º±
�6Ãv�Q��� *6*�¾ �S�[5
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Chapitre 13
Õ z³#&Ö �('×{ 'ÙØ �9�$��{�%¹���Þ�p� �4#&z�%^|�#K�4��{

�¯+���� Ú�È=�����¾�UÛÜ�[�Ë�6��È
�G�S� *T* �S�Q³ ��¾<� �S� * � �`� �`�e�S�Q�À�`� �Q�u�i� �`� ³u�¡�Q� ¾<��� � �¤��¾<� ���Q�¹����¨��S� *�� �u¨ ��¾ �S�¿À� � �¢� ¾ � ¾ � ¾ � ¾+* �¤��¾ �S�Ý�²± �Q�u�Ä �S�u¨ ��¾ �S�Q�u�`�<�e�!5æ¼½� �>Ì �À���Q��� �`� ³u�¡�Q�Ð¿ ¾ � * � ¾ � � ���Q�»�º±
�S� ��¾ � ¾+* �¤��¾ �S�Ó�Q� Ä �S�«���Ð¿À�Q� �I* �`� � �É�º± ���Ð� � �Ø�¤£ �K�²± u � ���� ��� *»£¾� � � � � �º¿µ�Q�È�À�S� � � ¾ � * ± � �Q�Q� ¾e· �u�`� ¯ �± ¾ ���À�S� � � · �u�`�°�Q���S�Q�e�`��� ¾ � � �`� * �Ð¿g� � �Q�È���S� � � ¾ � Ä �S�Q�«� ¾ ���Q�

� �I* �Q� �Ø�¤� �Q� � ¨ ¾+* 5QÖ×�²�Q� �I* �`� � �ß�º± ¾ �u¨��S� �¾� � ¾ �`� � �Q�ß�u� � �C* u � ��� � � � � ���n* � � ¨ ¾ Ô · �u�`���`� �G� �¦�Q���S�Q�e�`��� �`� �u� ¾e� ¿� � � *�� ¨��Cx � �`�vÃ§�`� � �`��� * �Q�O¨ � �e¨`�Q�95
l®�u� � �`�<�e�¹� �`� ³u�à�Q�Ð¿ ¾<��� � �¤��¾<� �Ð¿Þ� � ¨�� *�*�¾<� �O�Q� �`�Ø�¤�=¾ � ¾<��¾k� �º¿Þ� � ¨��S� *�¾+*«� �i�`� * � ¾<� � ¯ ¨��S� *�� �«� ¾ ���¹�Q�u� * � ¾<� �

�Q� Ä �S�«��� *O· � ¾ ���`�«��� � � � � � ¨`��� ¾+*6*Ø� �u¨����v�Ó¨��Cx � ¿� � �Q�S�u¨�� � ¨��S� � �`� £ �`�u¨�� � �`� * �Q�h� ¾ � ¾ �i�Q�m5´¬ � �u�S�vÙ¨��S� � �6Ã ¾<��� �Q�Ñ� �hÄ �S�u¨ ��¾ �S�Q�u�`�<�e� ¾ ���Q� ¾e· �u�w� � ¨��S� � �`� £ �`�u¨�� � �`� * �Q� � ¾ � ¾ �¹�Q� · � ¾ �±
� *«� ���`� � Ù u � ��� · �u��e�¡¨ � �95Ð¬µ± �`�Ø�¤�x¾ � ¾<��¾k� �u�Q� ¾<� �Q�S�u¨ u � ���°�e�½�Q�<� * �Q� � ¨ ¾+* �À� *6*�¾ �Q�e�Ð¿ *�¾ �º±
�S� � �`� � � * � � ���`� ��� � ¾ �g�Q�u�°����¨��S� *«� �«�u¨ ��¾ �S�¨��S� � �`� � �Q�e�!5¾¬� * � �`� ³u�¡�Q� * �²± ¾ � � �`� *�¾ �S��� ¾ ����¨ � �M¨��S� *«��¾<� �u�`� � �`� £¾� � � � � �¡�Q�»�À�S���S� ��¾ �¡�À�S�Q�æ�e�½� �`� �`�«� ¾ �u�`�E5
l®�u��� �`� ³u�¡�Q�É¨`� �C*�*�¾e· �u�`���`� � �`���Q�e� Ì¾� �É�À�S�O� �I* �S�u�v���É�Q� � �`�I�Q���S�Q�e�`���É�²±
�S� ��¾ � ¾+*Ø�¤��¾ �S�c� *«� � � � � Ù� ³u�¡�Q���Q�K�Q� * ¨��`� � ���Q� £ � � � ¾ �`� � ß ëZá 5ÇÖ>� * ± �¤£³¾<� �²± �Q�u�È� �`� ³u�¡�Q���²± �`� �S�<� ��¾ �S�n�v�Á¨��S� � �S�Q� * ¿��e�É�e�S� £ �Q�È� �� ¾<£ �u�O�Q�O�Q�<� *M£ � � �u�Q�O�À�`� � �O�v�¦¨��Cx � f * �S� £ � � � ¾ �`� � 5
ËÇ�S�Q�Õ���`�u�`�®�Q�u� �`� �u�Q�O¨��S��� � � �¤��¾<� �Ð¿u�u�S� * ¨��S� *�¾ � � ���S� * �Q�`�vÃ��Q���S�Q�e�`��� *=¾ � � �`� * � * fv�º± �Q�Í�Cê§�e� * ���6Ù

* �Q��� * ¨��S� ��¾ �`�Q�u�`� � �º± � ���Q� ¾<� �u�Q�®� � � � �Q³ �C* �Ð¿S�º± � � � ���Õ�Cê * �`�Q�e�I�º± � ���Q� ¾<� �u�Q�G� *«� ��� * �Q� � �!5¾�¢�S� * �6Ã¡�Q� ¾ ¨ ¾<� �S� * ¿
� � � * ¨Ø³ �S· �u�»¨ �C* ¿9�e�»¨ � �e¨`�Q���v� £ � � � ¾ �`� � �Q�¹� �ÉÄ �S�u¨ ��¾ �S�Q�u�`�<�e�Ð¿²� � �u�S� *O� �Q�Q� ¾e· �u�S� *O� �e�S� * � � � �`� ³u�¡�Q�»�Q��Q� * ¨��`� � ���Q� £ � � � ¾ �`� � 5²Ëæ�S�Q�O¨��S�u¨`�<�Q���Ð¿9�u�S� * �6Ãv�À� * �S� * · �u�`� · �u� * � �I* �Q� �Ø�¤�6* �¥�Q� � � ¾e· �u� * 5�0 ¾ � *g¾ ¿9�u�S� * � Ä ÙÄ ��¨ � �u�S� * �Q� *»� � *«�6* �Q�È� �I* �S�<� ��¾ �S�¿g�Q� *«�Ø� � ¾ � ¾<��� ¿g� � �u�S� *�¾ �<�<� *�� ���S� * � � � � �À�`�u� � �u¨��§�Q�È� � * �S�<� ��¾ �S�Â� � �� � �Q�À�S� �®¯ � ¾<� �`� * � � � � ��� � ��� * fv¨��S� � � �C*�� �Ð¿ �`�Ø�¤�b¾ � ¾<��¾k� �º¿Q¨�³u� ¾ Ã§�v��� �C* �Q�ß�Q� * ¨��`� � �Ð¿u¨��S�Q� ��¾+*�*Ø� �u¨��ß�S���u�S�
�Q�ß� � �Q³ �C* �!5
�¯+��ÇÆ ÑÀ.U�?�����6Ê?åc�?�6��È �Ü�ÓÒI�������
��ö��G´���� ÃZ«Í»! ¼¢�®¸·3ª4»¼9¢«

�G�S� *L* �S�Q³ ��¾<� �S� * � �I* �S�u�v���¦�º± ��· � �¤��¾ �S�
M [D](x) = M [D∗](x), x ∈ Γ

¿g�Cê
Γ
� *�� �Q� �`� * �`�¹�Q�e�Ñ�Q��À� ¾ � �6* �Q����� * �Q��� * ¿ * � ¾<�O� �S� �¸� � � �S�Q�¸�²± �Q�Æ� ¾+*�· �u��¨�� · � ¾ �À�`�«��� � �²± ��� � ¾ �i�Q�u� � �u� � � �Ø� �e�É�Q�

D∗
¿ * � ¾<�

* �Q�§�Q� * � £ ���`� � �Q�h�v��� ¾<� �h¨�� · � ¾ ¨��S�u�v� ¾<�Í¯ �Q�u� � �u� * �`�Q�e�`���`� � � � � ��¾ �`�<�e��r
M [D]

� �I*�¾<£ �u� * � ¾<� �e� *��� * �Q��� * �²± � ���Q� ¾<� �u�Q�h�Q�Ñ�º±
�S�u�Q�w� �`� ���à� ¾ ÎÀ� *�� ��f
M [D](x) = A[D](x) := |udif [D](−x/ |x| , x)| ¿ * � ¾<��º±
�S�u�Q�¹� �`� ���à� ¾ ÎÀ� *�� �ß�`�<�e�6Ùº� u ���¡f

M [D](x) = B[D](x) := udif [D](−x/ |x| , x) 5�G�S� * ��� Ä �S�«�¹�Q�e�S� * �e�ß�Q���S�Q�e�`��� ¾ � � �`� * �¹¨��S�����ß�Q�Q�Í�Q���S�Q�e�`���¹�²±
�S� ��¾ � ¾+*Ø�¤��¾ �S�w�Q� Ä �S�«���Lf

inf
D
JM [D],

��� ��¨
JM [D] :=

1

2
‖M [D] −M [D∗]‖2

L2(Γ) .

0 HV:S1!>43�5±HEÓ Ö ¨ ¾ ¿À� � �u� �Ø�¤��¾ �S� * �Q�Q�À� * � ¾ ���Q� ¾ ¨ ¾<� �`���`� �»· �u�
Γ
� *«� �i�Q� ¾ �É�²± �Q�u����� * �Q��� 7 � � * �`� * � �¤� ³ � Ù� �¤��¾e· �u�i�v� � �`�«��� Y 59Ïµ�Í�Q� �¤��¾e· �u�Ð¿ ¾ � * ± �¤£³¾<� �²± �Q�u�i¨��S�¹� ¾ � ��¾+* �S�wÔu� ¾ �¹�Q�¹� �C*6* � * �Q�¹Ú ¾ � � ¨ ∑N

i=1 δxi

¿9�Cê
�e� *

xi
* �S� �

N
��� ¾ � �6* �Q�ß��� * �Q��� 7 � � * �`� * �Q³ Ì�*�¾e· �u�O�v� � �`�«��� Y ¿u� �¢� �e�S� * 〈f, g〉L2(Γ) =

∑
i f(xi)g(xi)

5
ã¾â
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Ú � � * �Q�Ý�Q���`� ¾ �`� � �`��� * ¿²�u�S� * ¨ � �e¨`�Q�e�S� * �e� £ � � � ¾ �`� � �Q� *ßÄ �S�u¨ ��¾ �S�Q�u�`�<�e� * ¿ ¯ � � � ��¾ �¹�v� £ � � � ¾ �`� � �Q��º±
�S�u�Q�¸� ¾ ÎÀ� � ¨ ��� � · � ¾ � *�� ¨��S�Q�¥�¹ß ãQá 5À¼½��¨ ¾ �À�`�«��� �O� �e�S� * �Q�¸� �`� �`�e�S�Q�À�`�¢�Q�u�i� �`� ³u�¡�Q�i�Q� �×Ì ���¸�Q� * ¨��`� � ��Q� £ � � � ¾ �`� � 5

�?ö��G´��G´ µ&¶�¥�ªq·3¥�¬³®¸¨�¬È;[ £¶�®39¨�«Í»¼¬
ËÇ�S�Q�g� �I* �Q���`�Ê¿S�e� *�£ � � � ¾ �`� �6* �Q� *æÄ �S�u¨ ��¾ �S�Q�u�`�<�e� * �À�`� � �`� �¸* ±
�S� � �`� ¾ � *g¾ ���Q�e�`���`� � ¿Ð� � �g� � � ¾<�Ð�¤��¾ �S��¨��S�»Ù

�À� *�� �Ð¿v� � � � � ¾<�¾� �i�Q� �º±
�S�u�Q�O� ¾ Î�� � ¨ ��� � �`�Ø� � � �Q�Í� �I* �Q� �Ø�¤� ¨��S�Q�¥�[5
¬ �iÄ �S�u¨ ��¾ �S�¦�Q�¹Ò �����`�¦�v�§�Q���S�Q�e�`��� ��� ��¨ � �u�S� � � ¾ �

D
¿Q�`�§�Q�§�À� ¾ � ��* �S�Q��¨��

y
� *«� �u� ��� �

G[D](·, y) f

∇ ·
(

1

µ∗
11D +

1

µ0
11

R2\D

)
∇G[D](·, y) + ω2(ε∗11D + ε011R2\D)G[D](·, y) = −δy,

�Ê� ��¨ß�Q�u�O¨��S�u� ¾<��¾ �S�Í�Q�O� � � ¾k�¤��¾ �S� * �S� �Ø� � � � � �Q�Q���S�Q� ¾e� �!5
0 H :21C>4365qHEÓ Ëæ�S�Q�

y ∈ R2 \D ¿ G[D](·, y) �À�`� �3* �®� � ¨��S���À� * �`� * �S� * �Q�u� Ä �S�«�¹�Q� �¤��¾ �S� ¾ � ���`£ � � �e� � � � �e� £ �u�¯
u[D](η, ·) 5¥¬ �T* �`�Q�e�°�¥� � �u¨��®� *�� �e� � �`�«���Õ�Q��� � �`� � � � �Q�°� �T* �S�<� ��¾ �S���v���Q���S�Q�e�`���®�Q� Ä �S�u��5ÐÖ>� * � s�� ��¾ � *�¾�Q�¹���`���Q� � ¨��`�

uinc
� � � −µ0Gk0(·, y)

¿ Ì ¨��S���Q� ¾+* � � � * �e� *«Ì�*«� �`���¹�²± ��· � �¤��¾ �S� *Z¾ � ���`£ � � �e� * 5²¼½��¨ ¾ ���`�«��� �� ¯ �`�u¨��S���¹�Q�O¨ � �e¨`�Q�e�`�Õ�¥�Q� � � ¾e· �u�`���`� �
G[D]

5
¬ � � � � ¾<�¾� �O�Q� Ä �S�«���O�Q�ß�º±
�S�u�Q�O� ¾ ÎÀ� � ¨ ��� �O� *«� �Q�S�Q� � �i� � � * �e� �e�`����� * � ¾<�S� � � 5

��upt�twuwLO�xPQL/P~� 1&Jp[ >;DRBs[6H\JÏH¯�I@C> :¡HUJÏH
udif [D](η, x)

f�[ B�1COh5:[6H^Jª1 T FTOz1)JCDR>AHAWZYXDX@ T
h
fkH F\Y8j

〈
∂

∂D
udif [D](η, x), h

〉
=

∫

∂D
h(z)

[
MD(z)∇u[D](η, z) · ∇zG[D](x, z)

+ ω2(ε∗ − ε0)µ0u[D](η, z)G[D](x, z)
]
dσ(z),

@e
MD(x) :=

(
µ0

µ∗
− 1

)(
µ0

µ∗
νD(x) ⊗ νD(x) + τD(x) ⊗ τD(x)

)
, x ∈ ∂D.

8VWIDyf
νD(x)

H;F\YnOg1 T @C> :S1!OPH?5 T DQY¡1CDR>AH HAMeY,[V>;D9H\54>AH � ∂D H T
x
fnH�Y

τD(x) := Rπ/2νD(x)
H;F�Y�5 T BQHAW6Y�H�5Ï>5 T DQY¡1CDR>AH�Y¡1 T {£H T YXD HVO � ∂D H T

x
Ó

|~}x�:�<��� Ó�� Ö>� * ± �¤£³¾<� �²± �Q�Ñ� �I* �Q� �Ø�¤� �Q�pß ãZá ¿��S� � �`�¥�h�`�w¨ ¾<�Ø� � � ßP_ âÔá f *�¾
Dh

� *«� �Q�u�¹�À� ��¾<� � �Ð� � ¾k�¤��¾ �S�h�Q�
D
¿ � � * �`� *

∂Dh = (I + hνD)(∂D)
¿ �Ê� ��¨

h ∈ C 1(∂D)
�Q� �u�S�«���¹��� ��¾<� �Ð¿ � �e�S� *

udif [Dh](η, x) = udif [D](η, x) +

∫

∂D
h(z)

[
MD(z)∇u[D](η, z) · ∇zG[D](x, z)

+ ω2(ε∗ − ε0)µ0u[D](η, z)G[D](x, z)
]
dσ(z) + O (‖h‖) ,

�Ê� ��¨
x
�e� ¾ �Í�Q�

D
¿
ω = O

(
‖h‖−1

) 5
,G�§�u� � �`� �

b[D](x)(z) := MD(z)∇u[D](−x/ |x| , z)·∇zG[D](−x/ |x| , z)+ω2(ε∗−ε0)µ0u[D](−x/ |x| , z)G[D](x, z)

�e� £ � � � ¾ �`� � 7 �Q� Ä �S�«��� Y �Q� �º±
�S�u�Q�ß� �`� ���¡� ¾ ÎÀ� *�� �!5
��upt�twuwLO�xPyN<PSR�T 1LO+H;Fn>X[;F`54OgY¡1eYRFUJ£HÜJA[ > DGBs1eYXDX@ T [VOz[ :¡H T Y¡1CDG>6H;FnF\5ÏDRB�1 T YRFIÓ
^�D a�Õ @EJV54OPHÜW6@!:�<ËOPHAMÏH2j 〈 d

dz (|z| − |z0|), h
〉

= <z̄h Ö^9DRD aÀ× 1C>;>X[UJ£H�Og1 T @C> :¡H L2
j 〈 d

df
1
2 ‖f‖

2
L2 , h

〉
= <〈f, h〉L2

Ó
¬ � � � � ¾<�¾� �O�Q� Ä �S�«���O�Q� *°Ä �S�u¨ ��¾ �S�Q�u�`�<�e� *

JA
� �
JB

* ±
�S� ��¾ �`� �¢� �e�S� * � � �G� � � ¾<�S�¤��¾ �S�Í¨��S���À� *�� �!5
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mon >pI/qsrptwuvLi��Pz��P~� 1)JA[ > DRBs[6H\J£H��I@C>;:¡HUJ£H

JB
fU[ B�1!O�5:[6H^Jª1 T F¾Og1)JCDR>AH6W6YXDX@ T

h
fcH;F\Y�j

〈
J ′

B [D], h
〉

=

∫

∂D
h 〈B[D] −B[D∗], b[D]〉L2(Γ) dσ.

R�T <qH\5OYU1!D T F D�DXJ£H T YXD É H > J ′
B [D] � ∇JB[D] := <〈B[D] −B[D∗], b[D]〉L2(Γ)

f3Jª1 T F
L2(∂D)

Ó
|~}x�:�<��� Ó��

JB
� *�� � � ¨��S���À� *�� �M�Q�

D 7−→ udif [D]−B[D∗]
� � �

f 7−→ 1
2 ‖f‖

2
L2

¿S�Q�S�u¨°� � �µ¨��S����� *g¾<��¾ �S�
�Q� * � � � ¾<�¾� � * f

〈
J ′

B [D], h
〉

= <
〈
B[D] −B[D∗], 〈b[D], h〉L2(∂D)

〉
L2(Γ)

,

�²±
�CêÍ¨!5 · 5 Ä 5
��5u�`� � ¨�³ � � £ � � � � �º±
�S���v���i�Q� * �S��� �¤��¾ �S�[5
mon >pI/qsrptwuvLi��Pg�¥P~� 1)JA[ > DRBs[6H\J£H��I@C>;:¡HUJ£H

JA
fU[VB�1COh5d[6HLJª1 T F¾Oz1&JCDR>6HAW6YXD @ T

h
fkH;F�Y�j

〈
J ′

A[D], h
〉

=

∫

∂D
h
〈
A[D] −A[D∗],<udif [D]b[D]

〉
L2(Γ)

dσ.

R�T <qH\5OYU1!D T F D�DXJ£H T YXD É H > J ′
A[D] � ∇JA[D] :=

〈
A[D] −A[D∗],<udif [D]b[D]

〉
L2(Γ)

f3Jª1 T F
L2(∂D)

Ó

|~}x�:�<��� Ó��
JA

� *«� � � ¨��S���À� *�� �»�Q�
D 7−→ udif [D]

� � �
z 7−→ |z| − A[D∗]

¿9�Q� ¾+* � � �
f 7−→ 1

2 ‖f‖
2
L2

5
Ë � �G¨��S���À� *�¾<��¾ �S�Í�Q� * � � � ¾<�¾� � * ¿u�S�Í�S� ��¾ �`� � � �e�S� * f

〈
J ′

A[D], h
〉

=
〈
A[D] −A[D∗],<udif [D] 〈b[D], h〉L2(∂D)

〉
L2(Γ)

,

�²±
�CêÍ¨!5 · 5 Ä 5
��5u�`� � ¨�³ � � £ � � � � �º±
�S���v���i�Q� * �S��� �¤��¾ �S�[5
��ö��G´��Gö ð�¥¡;¢[ £ »¼ò3§ ¨ ®¸¨¹®N¨�¬Cª�¨�«Í»!¨¹®N¨Ø;[ ¼¶�®¸�¨�«Í»

¬ � � �`� ³u�à�Q� �Q� �Q� * ¨��`� � �ß�Q� £ � � � ¾ �`� � � *«� �Q� � � £ �S� ¾<� ³Q���¹¨`� �C*6*�¾e· �u�G�Q�¢� ¾ � ¾ � ¾+*Ø�¤��¾ �S�[5uÏµ�<�e�¢¨��S� *�� �«� ¾<�
¾<��� � �¤��¾<� �`���`� � �Q�u� * � ¾<� � · � ¾ÀÄº��¾<� � � ¨`��� Ýe� ���O�e�ß¨��Cx � ¿Þ�`�¦� � � �Ø� � � �²± �Q� �`�Ø�¤�b¾ � ¾<��¾k� �Ç�Q�S�Q� � 5

¬�ß� �`� �`�e�S�Q���`���`� � �C*�Ì ��� � � ��¾e· �u�

J [DδhD
] = J [D] + δ

〈
J ′[D], hD

〉
+ O (δ) ,

* � £Ð£ �`��� · �u�¢�À�S�Q�M�Q�§� �C*
δ > 0

* � s¡* � �����`� � �À� ��¾<� ¿v� � � ¾ � ¾ �¥� ��¾ �S�w�Q�
J
� *«�®�C*�* �Q� � � *�¾ �S� Ä ��¾<�Õ�`� �S�<�u�`�

D
� � � * �Q�u�¦� ¾ ����¨ ��¾ �S�

hD
� �`�<�e� · �u� 〈J ′[D], hD〉 6 0

5
hD

� *«�É� �e�S� *K� �Q�À�`� � �Í� ¾ ����¨ ��¾ �S� �Q�§�Q� * ¨��`� � �!5¬ � �Q��¨��`� � �É�Q� £ � � � ¾ �`� � � *�� �S� � �`�¥�u�É�`�Ó¨�³u� ¾+*�¾+*6* � � � � � � ¾ ����¨ ��¾ �S�Á�Q���Q� * ¨��`� � ���Q���Q�<� *ß£ � � �u�Q�É���`� � �mf
hD = −J ′[D]

5
Ù ÏJÚ/I/qVDGF n tvuwLO�xPQLÍÚ � * ¨��`� � �¹�Q� £ � � � ¾ �`� �
• Ïg� � � � �¡fu� *���¾ � �¤��¾ �S�

D0
�Q�
D∗
¿ � �S� � � � �u¨��

η > 0
¿v�u�S�¹�Q���¹� � Ã ¾ �i�Q� �²± ¾<��� � �¤��¾ �S� *

n
¿v� �C*

δ > 0
5

• Ö ��� � �¤��¾ �S�
1 6 k + 1 6 n

f
hk := − J ′[Dk]

‖J ′[Dk]‖∞
¿v�Q� ¾+*

∂Dk+1 := (I + δhkνk)(∂Dk)
5

• ¼I� ¾<� �`���i�²± � �«� u � fQ�`�«���`�Q�Õ���`� �¤��¾<� � J [Dk]−J [Dk+1]
J [Dk] < η

�S�
k = n

5
0 HV:S1!>43�5±HEÓ · �º± �`�Ø� ���

k+1
¿ *�¾ �e�G¨��Cx �½� � £ ���`� � �Ð¿ � �e�S� * �S�É� ¾ � ¾ �à�u�

δ
f
δ := δ/10

¿à�Q� ¾+* �S�É����¨��S�����`�u¨��
�º± ¾<��� � �¤��¾ �S�nr *g¾ �u�S�{�S� � � £ ���`� � �

δ
f
δ := 1.3δ

¿M�Q� ¾+* �S� � �C*�* � ¯ �º± ¾<��� � �¤��¾ �S� * � ¾<�S� � � �!5M¼½��¨ ¾ �À�`�«��� ��²± �C*6* �Q���`�Õ� � � � ¨`��� ¾+*6*Ø� �u¨��¹�Q�
J [Dk]

¿Q� �G� � £ ���`� � �O� �¸�$¾<� � *6* �ß�Q�O¨��S� � �`� £ �`�u¨��!5

¬µ± � � £ �S� ¾<� ³Q���&_ ¿ 5P_i�Q�¹�Q� * ¨��`� � �i�Q� £ � � � ¾ �`� � ���`�«��� � Ôu� � �e�`���`� � � � � �I* �S�<� ��¾ �S�¿9�v�Í��� ¾ � * �e�à¨ � �e�Ð¿9�v��Q���S�Q�e�`���i�²±
�S� ��¾ � ¾+*Ø�¤��¾ �S�¿Þ� � �Q�S�u¨¹�v�§�Q���S�Q�e�`��� ¾ � � �`� * �!5
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�G�S� *���� �S� * �Q� �I* �`� ��� �Q�u�Ñ� �`� ³u�¡�Q�w�²± ¾ � � �`� *�¾ �S�{� � �È�Q��¨��`� � �t�Q� £ � � � ¾ �`� � 5M�G�S� *���� �S� *§� ¨`� ¾<� �Q�
¨��¡�Q� · � ¾ �À�`�«��� � �²±
�`� � � *«� �`�ß� �K�S� � ¾ � ¾<���^* �Q�ß� ¾ Î � ���`� �6* �6ÃQ�`���Q�e� * ¿²� � �Q�»��� �«� �����`� �`�L¾ �Q�`�u¨���¨��`� �Ø��¾ �u� *�Q���S�Q� ¾e�`���I* 5²¼½�S�����¸�u�S� * �º± �Ê� �S� *O� �Q�u�S�u¨ � ¿À�u�S� *G� � ��¾<� �S� * �e�»¨ �C* �Q�i��� * �Q��� * �Q³ �C* �6Ù � ���Q� ¾<� �u�Q��� �O� �»Ù
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D∗

� *«� �Q�u� �`� � ¾ �e�K�Q�É� ��Ì �S�Á�Q� ¾ �u¨ ¾ � � �
10.
¿ ¯

f =
3, 5, 8, 9, 10

�Q� � �u¨Ø³u� * �²± � ���Q� ¾<� �u�Q�
α = 0.1

7 ]�¾<£ �Q���U_ ¿ 5 ¿ Y �S�
α = 0.25

7 ]�¾<£ �Q���Ü_ ¿ 5 À Y ¿¾� � � � � �`� � � �¢� � �=f

γ(t) = 10(1 + α cos(ft))

(
cos(t+ 2.5)
sin(t+ 2.5)

)
, 0 6 t 6 2π.
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5

¯ ¨Ø³ �S· �u�O��� * �Q���
Mi

f

<Mi := <Mi(1 + ni),
�Ê� ��¨

ni
�Q�u�ß� �Ê� � ¾+*Ø�¤��¾ �S�Ñ�Q�ß� � �e� ¾ �u�S�«� � �e� N (0, σ2),

=Mi := =Mi(1 + ni),
�Ê� ��¨

ni
�Q�u� 7 � � � ��� Y � �Ê� � ¾+* �¤��¾ �S�Ñ�Q� � � �e� ¾ �u�S�«� � �e� N (0, σ2).

¬�»� �I* �Q� �Ø�¤� � *«�n*«�Ø� �Q�e�!52¡�`�Q�e��� �)* �S�<� ��¾ �S� ��� ��¨��Q³ �C* ���`� � �u� � � �Ø� �e��� *«�n*g¾<£ � ¾ ÔÞ¨ �¤��¾<� �`���`� � �À�`� � �Q�«� � �Ð¿
� ��¾+* � � ���`� � �Q�«� �¤��¾ �S�Ñ��� *«� �ß� ��¾+* �S�Q� � �Q�e�!5
�¯+��¡  ¿º��ÈU�w�6ÛÜÊ��6��È �w�Ý.&����Ê:.p���[�?�6É���Ê

�G�S� *æ��� �S� * � �`� �`�e�S�Q� � �Q�u�µ� �`� ³u�¡�Q� �²± ¾ � � �`� *g¾ �S� ¾<��� � �¤��¾<� �!5¤Ö×� * ± �¤£³¾<� �²± �Q�u� � �`� ³u�à�Q�I�Q� �×Ì �À� �Q� * ¨��`� � ��Q� £ � � � ¾ �`� � ¿ ¾ � * � ¾ � � �O� � �Õ�e� * � �`� ³u�¡�Q� * �Q�ß�º±
�S� ��¾ � ¾+*Ø�¤��¾ �S�Ñ�Q� Ä �S�«���!5u¬ ± ¾ � � � ���`��� �6Ãv�Q�e� ¾<��� �O�À�S�Q�®�Q�`�vÃ�>Ì �À� * �Q�O�Q���S�Q�e�`��� ¾ � � �`� * �pf9�º± �Q� �Ê� ��¨i�Q� * ��� * �Q��� * �Q�O�º±
�S�u�Q�¸� �`� ���¡� ¾ Î�� *�� �Ð¿9�º± � � � ��� ��� ��¨¸�Q� * ��� * �Q��� *�Q�¹�º± � ���Q� ¾<� �u�Q� * �`�Q�e�`���`� � 5�Ú � � * ¨�³ �S· �u�¹¨ �C* ¿u�e� £ � � � ¾ �`� � �É�`��� �S� � �`�à�Ñ� � �¢¨��S����� *�¾<��¾ �S�t�Q� * � � � ¾<�¾� � * ¿¯ � � � ��¾ �G�Q� � � � � � ¾<�¾� �O�Q� Ä �S�«���ß�Q�ß�º±
�S�u�Q�O� ¾ ÎÀ� � ¨ ��� �Ð¿ · � ¾�`�Ø��¾<� ¨��S�Q�¥�u�!5�G�S� *¢��� �S� *G� � *«��� �à�Q� � � ¾e· �u�`���`� � ¨�� �«� �i� �`� ³u�¡�Q�¹�²± ¾ � � �`� *g¾ �S�¿ * �Q�G�Q�Í�S�vª«� �G�`� �`�u�v�[5�¬� * � �I* �Q� �Ø�¤�6*
��� �«� �`� � �`� �`�$¾ �Q�`�u¨��È� � �u�S�vÙ×¨��S� � �6Ã ¾<��� �Q�K� �§Ä �S�u¨ ��¾ �S�Q�u�`�<�e�Ð¿��²±
�CêÂ�º± ¾ �����S� �Ø� �u¨����²± �Q�Â���S� �`�Ø�¤�S¾ � ¾<��¾k� �
� � �²± �Q�Â���S�Â¨�³u� ¾ ÃÓ�Q�K� �C* �Q�K�Q� * ¨��`� � �!5�¬ � ����¨��S� *«� �«�u¨ ��¾ �S�c���S� � � * �Q�¸� �mv �S�u� � ¨`� ��¾ � � ���Q�É�º±
�S�vª«� � ræ� �



_E`!` äæå¢ç¢èµé`êæëGìÁhsÔàî)Ä íGêæå�ïkj¢ì©jmï é>ð&Å�ìµë¢ó¡é�ï½ð é�êwíµë®ç®êæéZÅ�ì
v �S�u�È�²±
�S�¹�Q���È�±
� *«� � �C* � ¾ �`� ¾ � �¤£¾� �!5�¬ � �À�`� � �K�Q�K� � �Q³ �C* �K� � � * �e� * ��� * �Q��� * �`�Q�e� � �É�º±
� * �À� ¾ �»�²± �Q�u�����¨��S� *�� �«�u¨ ��¾ �S� · � ¾ ¨��S�<�e�®� ¾ �`� ��� ��¨G�º±
�S�vª«� � ¿¾� ��¾+* �±
�`��� u ¨Ø³u�G� �C* �²±
�S� � �`� ¾ �I�Q�u�®���S�Q�u� ¾ � � �®�Q�®� � Ä �S�«���!5¬ � ����¨��S� *«� �«�u¨ ��¾ �S��� *«� ¨��S� � �`� � �Q�e�¢�À�S�Q�µ�Q�u� Ä �S�«��� · � ¾ �u�M�Q� �I* �`� � �®� �C* �Q�Õ¨��S�u¨ �Ê�L¾<���I*I� ���S�É�Q���S�u�S�u¨ � � * 5Ëæ�S�Q�µ�Q�u� Ä �S� � �°¨��S�u¨ ���$¾<��� ¿¾� ¾ �`�vÃ �S� � � ¨��S�Q� ��¾<� ���M� � �Q³ �C* �M� � �Ê� � ¾ � �Q� � ��� * �À�S� * � � £ �e� * �²± � ¨`� ��¾ � �¤£ �M�À�S�Q�
� * � � ���`�i� � ��� � ���S� � �`�E5g¬ �Ñ· � � � ¾<��� �Q�K� � ����¨��S� *«� �«�u¨ ��¾ �S� � � £ ���`� � � ��� ��¨È�e�È¨��S� � � �C*«� ���Q�K���`�«� �Ê� � ¾ � ¾<��� 5
Ëæ�S�Q�µ�Q�u� ¾ �u¨`�<� *g¾ �S�K�Q�°�À�`�«� ¾<�«��¾<�L¾<��� ¿à�S�É�S� ��¾ �`� � � � � u ���Õ¨��S�u¨`�<� *�¾ �S�É� ��¾+* �e�S� *�· �u�°� � �Q³ �C* �M� *«� � � � * �e� *��� * �Q��� * r *Ø� � * � � �Q³ �C* �Ð¿Ð�e� * �Ê±
� * �Q� �Ø�¤�6* �u� * �S� � � �C* ���`� ��¾ �u�`� �6* 5¥Ïµ�vÔu�¿¾�º± � ª«�S� � �Q�M�Q�«� ¾<� � � � * �e� * ��� * �Q��� *
���S� � ���`� � � � ���S�Q�u� *��Ø� � ¾ � ¾<��� �Q� � � ����¨��S� *«� �«�u¨ ��¾ �S�[5Ú � � * �e� * ���`� * ����¨ ��¾<� � * ¿��S�w���`� � � ¾ �`� �`�$¾ �Q�`�����`� � ���`��� �«� ���»�`� · �u� *«��¾ �S�w�e�¸¨�³u� ¾ Ãw�Q�i�º± �`�Ø�¤�Z¾ � ¾<��¾k� �º¿
� � �Q��� �/*«� � �¤���`£³¾ �É�Q�K� �C* �Q�K�Q� * ¨��`� � �Ð¿�� � ¨��É�Q�<� *U* � � ¨ ¾ Ô · �u�`���`� � ���S�Q�i�e�É¨ �C* ��� ��¾<�¾� � � �i� �§� ³u� * �îf
��� * �Q��� * �²± � ���Q� ¾<� �u�Q�Ð¿v�`� � �u�Õ� � � ��¾ �`�<�e�!5Þ¼½�S�u¨��`�«� � � � �e� * � � � � ��� � ��� *M� �e��¨ � ���S� �¤£ � �`��¾e· �u� * �Q�®�º±
�S�vª«� � ¿v�S��À�`� � �e� *�* �Q�Q��� * �`� ¾ �u¨��S�Q�à� * ¿¾� ��¾ �u¨��S�«�À�S���`�g�e�`�Q�µ� �`� �`�«� ¾ � �¤��¾ �S�É� � � * �u� * � �`� ³u�à�Q� * ¿ * �S� * ¨��S�u� ¾<��¾ �S���²±
�`��Ê� � ¾ �I� ¯ �`�u¨��S���®�Q�u�G�Q���`� ¾ �`��� � *«��¾ � �¤��¾ �S�[5Q¼½�`� ¯ �± � ª«�S� � � · �± �Q� � �`�«���¢� � � * �º±
�6Ã¡�Q��� *�*�¾ �S�K�Q� *I£ � � � ¾ �`� �6* r
¾ �I¨��S�«��� * ���S�u� ¯ � � � ¾ Î � ���`� ��¾k�¤��¾ �S�Â� � �O� � �Q�À�S� �¸¯ �`�vÃ�5 7 � � � ��¯ � �³v �S�u�K�²±
�S�¹�Q���Ð¿ * �S� ¾ � �¤£ �`� ¾ �K��� *«� �
�Q�u� · �u� *���¾ �S�È�S� � �`� � ��r¡�Q�u�Õ�À�S�u� � � �¤��¾ �S� � �Q�Q���S�Q� ¾e� � �Q� * ��� * �Q��� * �S�K�Q�K��� ¾ �<�e�`�Q�M¨�³u� ¾ ÃÈ�Q�®� ¾ ����¨ ��¾ �S�§�Q��Q� * ¨��`� � � * �S� � ���`� � Ù u � ���¢�Q� * � ¾+*�� � *I¯ �6Ãv�Q�e�S���`�E5¡Ïg�vÔu�¿à¨ ¾<� �S� * �º±
�6Ã � �`� *�¾ �S�È�Q�®�u� � ���®� �`� ³u�¡�Q�®�²± �`� �S�<� ��¾ �S�£¾� �S� �`� � ¾e· �u�¸�Q� * ¨��S� � �S�Q� *ß¯ �Q�u�O� �`� ³u�¡�Q�¹�Q� �>Ì �À�O� ¾<£ �u� * �Q�O� ¾<� � � �¿9���`�«��� �«�Ø� � � �e� * ¨�³ � � £ �`���`� �6* �Q�� �S�À�S�e� £³¾ �Ð¿S� ����¾ � *g¾ � � ����¨��S� *«� �«�u¨ ��¾ �S���Q�I�Q�<� *�¾ �`�Q� * �S�vª¶� �6*�*�¾ �i�Q� �Ø� � � ���`� � ¿ * � � * 1c<?>;D @C> D * �Q�Q�Q� � ���`� �Ø��¾ ���!5
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�G�S� *¸��� �S� *¸�`� �u� ¾e� � � ����¨��S� *�� �«�u¨ ��¾ �S�Á�Q�É� �ÈÄ �S�«���K�²± �Q�Ó�S�vª«� �U*�¾<� � � � � � * �º±
� * � � ¨��É� ¾ �Q���Ð¿� � � ¾ �<�<�vÙ
� ¾ � �¤��¾ �S� � �C* �`�E5 �¢�S� *É�Ê� �S� * � �`� �`�e�S�Q� � �Q�u�¦� �`� ³u�à�Q�Ñ�²± ¾ � � �`� *�¾ �S�{� ¾ ����¨ � �Í�Q� * ��� * �Q��� * �²± � ���Q� ¾<� �u�Q�
�Q� * �S�u�Q� * � �`� ���à� ¾ ÎÀ� *�� � * 5µÖ>� * ± �¤£³¾<� �²± �Q�u��� �`� ³u�¡�Q�¦�Q� �×Ì �À�§� � � ¾<�¾� � � �S���S�e� £³¾e· �u�Ð¿g� �C*�� � * �Q���Q�u� � �vÙ�Q���ÊÃ ¾ � �¤��¾ �S�Á³ � � � � Ä � ��· �u�`�u¨��!5�¼½� �«� ��� �`� ³u�¡�Q�Ð¿´�S� ¾<£³¾ � � �e�Ð¿´¨��S� *���¾<� �u���Q�Ý�Q���`� ¾ �`�i� �C*�¾ ���À�S� �Ø� � � � � � *
�º± ¾ � � �`� *�¾ �S�w�`�Í�º± � � * �`�u¨��¹�Q�¹�Q³ �C* �O� � � * �e� * �Q�S�Q� � � * 5/· � �6Äº� � � �Q�O�Q�S�Q�u�`�G�Q�u�O�À�S�Q�u�O� *«��¾ � �¤��¾ �S�Ñ�Q�¹� �Ä �S�«���Ð¿u�`�<�e�O�`�¦��� � ���S� � �¹� � ��� *g¾<��¾ �S�¿u� � �Q�u�O� ¾ ����¨ ��¾ �S�Ñ�Q� ¾<�L¾ � �`£³¾e� �!5uÚ»± � � � ���¹� � � � ¿Q�u�S� *G�Ê� �S� * � �`� �`�e�S�Q� ��Q�u�»� �`� ³u�¡�Q� ¾<��� � �¤��¾<� ���²± ¾ � � �`� *g¾ �S�Ó�Q�¸��� * �Q��� * �²± � ���Q� ¾<� �u�Q�Ð¿ �Ê� ��¨��Q³ �C* ���S�t�u�S�[5²Ö>� * ± �¤£³¾<� �²± �Q�u�»� � Ù� ³u�¡�Q�G�Q� �×Ì ���G�Q� * ¨��`� � � �Q� £ � � � ¾ �`� � 5±2¡�S� * � � ¨��S�u� ¾<��¾ �S�§�²± ��� � ¾ �°�Q�u� ¾ � � � ¾ � ¾<��¾k� �e�G�Q�®�º±
�S�vª¶� � ¿¡�S�K�S� * �`� � �
�à�Q� � � ¾e· �u�`���`� �¸· �u�»¨�� �«� �»� �`� ³u�à�Q���Q�S�Q�u���Q�u�»� *«��¾ � �¤��¾ �S�Ó�Q�»� �¡v �S�u� � ¨`� ��¾ � � �É�Q�i�º±
�S�vª«� � ¿ Ì ¨��S���Q� ¾+*
�À�S�Q�i�Q� * ��� * �Q��� *�*Ø� � * �Q³ �C* �!5´Ú � � * �e� *i� �Q�Q� ¾ ¨ �¤��¾ �S� *¸· �u���º±
�S� �L¾+* �Ð¿²�e� * �Q�S�Q� � � * �u��¨��S� ��¾ �`�Q�u�`� � � �C*� � �Q³ �C* �!59Ö>�´¨��S� �L¾ �`�u�v� ��¾<� �Q�¹¨��S�i� ¾ �u�`� �u� * �Q�`�vÃ � �Q�Q���¡¨�³u� * ¿9� � � �`� ³u�¡�Q�¹� ¾ ����¨ � � * �`� �Ð� � �ß¯ �Q�S�Q�u�`�¢�Q��`�Ø�¤�n¾ � ¾<��¾k� � ¯ � � � �`� ³u�¡�Q� ¾<��� � �¤��¾<� �!5¡Ëg� � ¨ ¾+* �S� * � �Ê� �Q��� ¾ � *°· �u�M� � �Q���`� ¾ �`���Õ� � � ¾<� �Õ�Q�K���`� Ä ��¨ ��¾ �S�Q�u�`���`� �
* �Q�Q�Q� � ���`� �Ø��¾ ���¹�À�S�Q� Ä �S�Q�«� ¾ �M�Q� �`�Ø�¤�^¾ � ¾<��¾k� � �C*�* � v �Q� � ¨ ¾+* 5

ËÇ�S�Q�O¨��S�u¨`�<�Q���Ð¿²¨�� �«� � �`� �u�Q� Ä �S�Q�«� ¾<� �Q� * � ��¨Ø³Q� ¾e· �u� * ���¡�Q�`�e� * �²± ¾ � � �`� *g¾ �S�[5Ïg�<�e�¸���`�«��� � �²±
�`� �L¾+* �¤£ �`�
�º± ¾ � �¤£ �`� ¾ �»� �C* �`�¢� � � ��� * �Q���¸�²± � ���Q� ¾<� �u�Q���Q� * �S�u�Q� * � �`� ���¡� ¾ ÎÀ� *�� � * ¿��`� � �u�i� � � ��¾ �`�<�e�!5�Ëæ�S�Q� ¾ � �¤£ �`� �Q��S�vª«� � � ¾+*6*�¾ �i�Q� � � � � * �Q�u� � �`�¥�u�¹�Q�ß¨ � ���S�v© �¤£ �Ð¿Þ¨��S����� * �S�Q³ ��¾<� � �e� Äº��¾ ��� . ½10G¬Ïk2�¿ ¾ � Ä � � � � �I* �S�«� ��¾+*
¨��S�i� ¾ �u�`�O�e� * �Q�`�vÃÑ� � � ��¾ � * �Q�¸� �K� ³u� * �!5À¬ � �Q���`� ¾ �`���»� � � ��¾ � Ä �S�Q�«� ¾<� �e�i�Q���S�Q�e�`�����Q³ Ì�*�¾e· �u�¸���¡�Q�`�e�Ð¿À� ��Q�`�vÃ ¾ �`���O�e� * � �`� ³u�¡�Q� * ���¡�Q�`�e� * �²± ¾ � �¤£ �`� ¾ �!5

_E`�_



_E` g äæå¢çGè é`êæëGìÁhH�vîÆäMï½ð�äæñÕògó¡é`ï½ð



� ��� �ïîæ���

_E` ¿





Annexe A
ð �Mñ ���t��{h� 'ÙØEzh�?{h�p#p%i�à� |òñ �×z³#È�u�L� {

�G�S� *®�Ê� �S� * � �`� �`�e�S�Q� � �Q�¦� * �`�u�Q�¤Ùº�e� £³¾ ¨ ¾ �`� * ¨ ¾ �`� ��¾ Ô · �u�¹¨��S� * � ¨`� �¹¯ �º± � �e��¨ � ���S� �¤£ � �`��¾+* ���!5��G�S� * �Q� � Ù
* �`� � �S� *^¾ ¨ ¾* � *°Ä �S�u¨ ��¾ �S� * � � � �\*«� �«�u¨ � �Q���O�v�Í¨��¡�Q�!5

Á~��� ä���ÈÜ��?�6��ÈÜÊ
ó «(¥�¢�;¯ªq9¨�¥�®Í°+°�¥�¨�ª4»! ¼¢§©¶<;«N°q»¼¯¬Q§©¨

¬�®�Q��� £ � � �����ß� �`� �`�e�S�Q� � � *«� �Q�K�e� £³¾ ¨ ¾ �`�¨��S� * � ¨`� � ¯ �º± � �e��¨ � ���S� �¤£ � �`��¾+* ���!5uÖ>��� �I* �S� � �Q� * �Q���S�Q�e�`��� *� ¾ ����¨ �6* ¿¡� � �Q� * �Q���S�Q�e�`��� *�¾ � � �`� * � * 54l®�K� ��¾ � ¾+*Ø�¤� �`�Q�M�`� � ���G�e� * � � � � ��� � ��� *½£¾� �S� �`� � ¾e· �u� * � � �Q³ Ì4*�¾e· �u� * �v�
�Q���S�Q�e�`��� · �± ¾ � * �S�Q³ ��¾<� �¢� �I* �S�u�v���!5Q¬µ±
�6Ã � ¨`� ��¾ �S�¦�v�È�Q��� £ � � ����� Ä �S�Q�«� ¾<�Õ� �e�S� * �`� * �S� ��¾ �G�Q�§�`� * �`�i�Q�e�ß�Q�
ÔÞ¨Ø³ ¾ �`� * ¿Þ¨��S���Q���`� � � � � �\* �S�<� ��¾ �S�Ñ�v�¦�Q���S�Q�e�`���Ð¿ ��¾ � *�¾´· �u�ß� ¾<� �`� * � �I* �Q� �Ø�¤�6*^¾ � � �`�«� � � ¾k��¾ ��� * 5
�& ¼¢[¤3¥�¦�§©¨�¬³®¸� ¼¨�ª4»¼¬
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�G�S� *§��� �S� *Í� ¨`� ¾<� �Q� ¨��à�Q�t�Q�t� �I* �S�<� ��¾ �S� �Q�w�Q���S�Q�e�`��� * � ¾ ����¨ �6* � � �§� � � �`� ³u�¡�Q�h�Q� *§��· � �¤��¾ �S� *

¾ � ���`£ � � �e� * 5uÚ � � * ¨�� �«� � � �Q�u�6ÃQ�Ð¿v�S���Q���S��� * �¢�Q� ¨��S��� � ���`�M� ��* �S�<� ��¾ �S� ��� ��¨ ¨��`�<�e� · �u�¢�º±
�S���S� ��¾ �`� �®� � � � Ì Ù��¾e· �u�`���`� � ¿9� � � * �e�ß¨ �C* �Q�ß� � � ¾ ÎÀ� � ¨ ��¾ �S�Í� � �®�Q�¦� ¾+*�· �u�!5�¼½�`� ¯ ¨��S� *«��¾<� �u�O�Q� � � *«� �Q� �S� � ¾ � ¾<��� �v�Ñ¨��à�Q�!5

 �ÇÆ ���Ë���Ü�6�N�����Ü�A�Ë����
,G� * �½�Q� � ¨��Õ� � � * �e�M¨ �C* �v���Q���S�Q�e�`���®� ¾ ����¨ �\¾ � � �`� � �`� � � � � � � * � � �Q�`�vÃ ¾ �`���°� � � ��¾ �Õ�Q�°� �¢� ³u� * �!5Ð�¢�S� *�e� � � �Q�À�`�e�S� * � � � ¾ �Q�`���`� � �À�S�Q�½�e�ß¨��S� Ä �S� � �v�§�e��¨ � �`�Q�E5?,G�¦¨��S� *g¾ �Q�`��� �º±
� * � � ¨��ß� ¾ �Q���ß�Q� � � � � ��� � ��� *

ε0
� �

µ0
5à¬ � �Q�Q� *Ø�¤��¾ �S��� *«�

ω > 0
ÔQÃ � �!5à¬�G�u�S�¹�Q���¢�²±
�S�u�Q�G� *«�

k0 := ω
√
ε0µ0

5�,G� � ª«�S� � �®� � � * ¨��®� ¾ � ¾ �`�K�Q�u�� �u�S� � � ¾ �
D
�Q�i� � � � ��� � ��� *

ε∗
� �
µ∗
5�¬�¸�u�S�¹�Q�����²±
�S�u�Q��¨��S�«��� * �À�S�u� � � � � *��

k∗ := ω
√
ε∗µ∗

5�,G�t�À� * �
1
µ := 1

µ∗
11D + 1

µ0
11

R2\D
¿¡� �

ε := ε∗11D + ε011R2\D
5±,G� � ¨`� ��¾ ���

D
� � �°�Q�u�ß�S�u�Q� ¾ �u¨ ¾ �Q�`� � �ß�Q� � �u�ß�²± � � £ �e�

η
f
uinc(η, x) = eik0η·x = uinc(x)

5?,G�Í�S� ��¾ �`� �¢� �e�S� * �º±
�S�u�Q�
u[D](η, x) = u(x)

¿ * �S�<� ��¾ �S�Í�Q�^f
{ ∇ · 1

µ∇u+ ω2εu = 0,² ¨��S�u� ¾<��¾ �S�Ñ�Q�O� � � ¾k�¤��¾ �S� * �S� �Ø� � � �!5 7 ½T5P_ Y

Ú � � *
R2 \ D ¿ u[D](η, x)

� *«� � �³* �Q�À�`�«��� *�¾<��¾ �S�Ó�Q���º±
�S�u�Q� ¾ �u¨ ¾ �Q�`� � �
uinc(η, x)

¿æ� � �Q���º±
�S�u�Q�É� ¾ ÎÀ� � ¨ ��� �
udif(x) = udif [D](η, x) := u[D](η, x) − uinc(η, x)

5
�G�S� *½��� �S� *°� ¨`� ¾<� �Q�È¨��à�Q�¢�Q� *½��· � �¤��¾ �S� *n¾ � ���`£ � � �e� * �À�S�Q� � �I* �S�u�v���¢¨��G�Q���S�Q�e�`����r¥�u�S� * ���`� � � Ì �S� * �e�

�e��¨ � �`�Q� � �É¨�³ � � ¾<� ���Ü_!_Õ�À�S�Q�µ� �ßÄ �S�«�i�Q�e�®�Q�Õ���`�Q� �I* �`� �Ø�¤��¾ �S� ¾ � ���`£ � � �e�¢� �I� �K¨Ø³ � � ¾<� ��� â ���S�Q�I�Q�<� * �²± ¾ � Ä �S�¶Ù� �¤��¾ �S� *1* �Q�Õ� � � � � ��¾ �O�¥�Q� � � ¾e· �u�!5²¼¢±
� *«� �Q� � ¨ ¾+*�� ���`� � ¨��i¨��à�Q� · �u�ß�º±
�S� * �S�Q³ ��¾<� � � � *«� �`�Ê¿Þ�`�Ñ¨��S��� � � � � ��Ê� ��¨O�Q�u� * �S�<� ��¾ �S�Ñ�S� � �`�¥�u� � � � � Ì¡��¾e· �u�`���`� � 5

 �,+ � ���&�Ëå���?�6��Èþ.\å�� ÛÜÈ �Ü�6Ê�éTÛÜ�
�G�S� *p*Ø��� �S� * ¨ � �e¨`�Q�e�`��� ��* �S�<� ��¾ �S� �v� �Q���S�Q�e�`��� 7 ½T5P_ Y �Q�Ñ� � � ¾ �`��� � � � � Ìà��¾e· �u�w� � � * �e�w¨ �C* �²± �Q�� ¾+*�· �u�!5½Ë � � *«Ì � �`� � ¾ �Í� � � ¾k� �e�Ð¿ ¾ � * � s�� �`�m�6Î²� � ¿½� � � * ¨��w¨ �C* ¿ �²± � ¨`� ¾ ���Ñ�e�Ñ�Q���S�Q�e�`���Ñ�`�{¨��à�S���Q�S�Q� � � *

�À�S� ��¾ ��� *
(r, θ)

f
x = r(cos θ, sin θ)

5¥Ï *6* �`� ��¾ �`�<�e�`���`� � ¿¡� � � � � � ��¨�³u�¢���`��� * �®�`� * � ¾<� � * �Q�µ�e� * �Q���S�Q� ¾e�`���I* �Q� *Ä �S�u¨ ��¾ �S� * �Q�n½°� *6* �`�Nß ¿!ëZá 5u�G�S� *�* �Q�Q��� * �S� * �Q�S�u¨ ¾ ¨ ¾´· �u�
D
� *«� �e�O� ¾+*Ø· �u� �Q� ¾<��� ¿u� �

η = (0, 1)
5

� >AqVDJuAæïç�u��xIKå�qVDGupq ¬ �¹* �S�<� ��¾ �S�
u
* �h� � ¨��S���À� * �h�`� *Ø� � ¾ �h�Q� ] �S�Q� ¾ �`�Í�Q�t� � � � � ¾ �`��� * � ¾<�Ð� � � �ºf

u(r, θ) =
∑

n ûn(r)einθ 5¾Ë � � ��¾ �<�e�`�Q� * ¿à� � � � ¨��S���À� *�¾<��¾ �S�È�`� *�� � ¾ �®�Q� ] �S�Q� ¾ �`�°�Q� uinc(r, θ) = eik0r sin θ � *«�
uinc(r, θ) =

∑
n Jn(k0r)e

inθ,
�Cê

Jn
� *«� �Q�u� Ä �S�u¨ ��¾ �S�h�Q�\½°� *6* �`�º¿ * �i� � ¨��S���À� *Ø� � �¹¯ � �C* �»�Q� Ä �S�u¨ ��¾ �S� *

�Q��½ � �qâ¾�`�¸f
Jn(k0r) = 1

2

(
H

(1)
n (k0r) +H

(2)
n (k0r)

) 5
_E`  
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� B�ç�uèçCD���qsÐdäeFZ>Au ¼I� �C*6*�¾e· �u�`���`� � ¿µ� � � * {r > 1} ¿ ûn(r)

�¾� � ¾ ÔÞ�¦�Q�u� ��· � �¤��¾ �S�n�Q�³½°� *6* �`�°�Q�S� � �Q�u�
� �C* �¹�Q� * �S�<� ��¾ �S� * � *«�

(H
(1)
n (k0r),H

(2)
n (k0r))

¿�� � �Q�S�u¨
ûn(r) = αnH

(1)
n (k0r) + α̃nH

(2)
n (k0r), r > 1

5
0 ¾ � *�¾ ¿¥�e�®¨��¡� s ¨ ¾ �`� � �Q� ] �S�Q� ¾ �`�

n
�Q�
udif(r, θ)

� *«� f (
αn − 1

2

)
H

(1)
n (k0r)+

(
α̃n − 1

2

)
H

(2)
n (k0r).

¼½�S�����
�e� �Q���`� ¾ �`� � �`�«��� *Ø�¤��¾+*¶Äº��¾<� � � ¨��S�u� ¾<��¾ �S�Ñ�Q� � � � ¾k�¤��¾ �S�¿Þ�e� * ��¨��S�u�¦�Q� ¾<� � �L*Ø�¤��¾+*¶Äº��¾ ���Ð¿ D ÓRHEÓ

α̃n − 1
2 = 0

5
� B�ç�u FZq�Ð:B�æHtvDJæZu Ú»± � � � ���O� � � � ¿9� � � * {0 < r < 1} ¿ ûn(r)

�¾� � ¾ ÔÞ�O�Q�u� ��· � �¤��¾ �S�w�Q��½°� *6* �`�´�Q�S� � �Q�u�
� �C* �G�Q� * �S�<� ��¾ �S� * � *«�

(H
(1)
n (k∗r),H

(2)
n (k∗r))

¿v� � �Q�S�u¨
ûn(r) = βnH

(1)
n (k∗r) + β̃nH

(2)
n (k∗r), 0 < r <

1.
Ë � �®� �`£ �Q� � � ¾<��� �Q�

ûn(r)
� � �v�¦��� *�� �

ûn(r) − (βn − β̃n)2i
π log r

¿
βn − β̃n = 0

5

Î I½B¥çCDGFHDJIKB�æSç�u©FZq�Ð:B�æHt�DGæHæHDJIKB ,G�Ñ��� * �
hn

0 := H
(1)
n (k0)

¿
hn
∗ := H

(1)
n (k∗)

¿
hn

0
′ := dH

(1)
n

dr (k0)
¿
hn
∗
′ :=

dH
(1)
n

dr (k∗)
5I¬ � ¨��S� ��¾ �¥� ¾<��� �Q�

u
� � �Q� 1

µ∂νu
¯w� � �Ê� �`� * � �wÄ ���S� ��¾ �`���

∂D
���S� � ���`� � �`�vÔu� · �u�

(αn, βn)* �¤��¾+*¶Ä ��¾<� �e� *�Ìà� �`��� * � ¾<�Ð� � � f
[
hn

0 −2<hn
∗

k0
µ0
hn

0
′ −2 k∗

µ∗
<hn

∗
′

] [
αn

βn

]
=

[
−1

2h
n
0

−1
2

k0
µ0
hn

0
′

]
,

0 ¾ � *�¾ ¿
αn =

α
det
n
/det

n
, βn =

β

det
n
/det

n
,�Ê� ��¨

det
n

:= −2
k∗

µ∗
hn

0<hn
∗
′ + 2

k0

µ0
hn

0
′<hn

∗ ,
α

det
n

:=
k∗

µ∗
hn

0<hn
∗
′ − k0

µ0
hn

0
′<hn

∗ ,
β

det
n

:= i
k0

µ0
=(hn

0
′hn

0 ).

Î I½B¥äpÏJå�æHDJIKB ]�¾ � � �e�`���`� � f

u(r, θ) =

{
uinc(r, θ) +

∑
n

(
αn − 1

2

)
H

(1)
n (k0r)e

inθ, r > 1,∑
n 2βn<(H

(1)
n (k∗r))einθ, r < 1.

¬´� *�* �S����� *�* �S� �^¾ �u�Q�6Ã � � * � � �
Z
5Q�G�Q� � � ¾e· �u�`���`� � ¿Þ�S� � � � �v� ¾<� �º± ¾ �u�Q�6Ã �¤��¾ �S� ¯ |n| 6 k∗r + 5
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 �¡  ¿º��� .\å��Ëå��6Ê���È �U��Êà��è�Ê�ÛÜ�ô�?åc�ËÊ
�G�S� * ¨��S��� � ���S� * �e� * � �I* �Q� �Ø�¤�6* �¥�Q� � � ¾e· �u� * �S� � �`�à� *K�Ê� ��¨��e�§¨��à�Q�§�Q� *���· � �¤��¾ �S� *!¾ � ���`£ � � �e� * � � � �

* �S�<� ��¾ �S� � � � � Ìà��¾e· �u�Í�Q�Í� ��* ��¨ ��¾ �S�m�Q� � ¨ � �Q�`� � �!5
D
� *«� �Q�S�u¨¦�e�¦� ¾+*�· �u�§�Q� ¾<��� ¿I� �

η = (0, 1)
5�,G�cÔQÃQ�

ω = 0.3
¿
ε0 = 3.14

¿
µ0 = 1

¿
ε∗ = 1

� �
µ∗ = 10

5�Ëæ�S�Q�ß�e� *ß��· � �¤��¾ �S� *�¾ � ���`£ � � �e� * ¿�S�h� ¾+* ¨`� �`��¾+* �¸�`�
100�À� ¾ � �6* 5uËÇ�S�Q�¢� �L* �S�<� ��¾ �S� � � � � Ì¡��¾e· �u�Ð¿9�S�¦� � �v� ¾<� �º± ¾ �u�Q�6Ã �¤��¾ �S�Ñ�Q�¹� �^* �S����� ¯ |n| 6 k∗r + 5

5Ë,G� � ª¶�S� � �
�Q�¦�6Ãv�À� *Ø� � �

a
¯ � �^* �S�<� ��¾ �S�Í�S� � �`�à�u�¹�Q� Äº�Co �S� � � � � Ì¡��¾e· �u�!5u¬ �^]�¾<£ �Q���n½T5P_ß¨��S� ��¾ �`� � �e� * � �I* �Q� �Ø�¤�6* 5¼½�S�u¨��`�«� � � � �e�È���¡�v�Q�e�§�Q�K� � * �S�<� ��¾ �S�

u
¿Ç�º±
�`�«���`�Q�����`� �¤��¾<� �§� *�� �Q�È��� ¾ � * �Q�

2%
5gÏg�Â��� � � � �u¨�³ � � �

�º±
�S�u�Q� ¾ �u¨ ¾ �Q�`� � �Ð¿®�S� �S� ��¾ �`� � �º±
�S�u�Q�h� ¾ ÎÀ� � ¨ ��� �Ý� � �S� � � £ ���`� � �Æ�º±
�`�«���`�Q�E5G¼½��¨ ¾ � *«� �e� £³¾e· �u�¹f°�º±
�S�u�Q�
¾ �u¨ ¾ �Q�`� � �M� *«� �6Ã � ¨ � �°� � � * �e� * �Q�`�vÃi¨ �C* � � � *«� �Q�<� *Ç£ � � �u�Q� · �u�½�º±
�S�u�Q�½� ¾ ÎÀ� � ¨ ��� �!5Ð¬µ±
�`�«���`�Q� � � £ ���`� � � � ��� *�u� �«� �`���`� � � � � * ¨��`� �Ø��¾ �u� * � ¾ ����¨ ��¾ �S� * ¿�ª � *�· �± ¯

16%
�À�S�Q���e�°� � �Q���S� � �Q� * ���¡�v�Q�e� * 5SÖ>� * ± �¤£³¾<� ¨��`� �Ø��¾ �u�`���`� �

�²± ¾ � *��Ø� � ¾ � ¾<���I* �¥�Q� � � ¾e· �u� * �v�Ñ¨ � �e¨`�Q�´�Q� �º±
�`�«���`�Q��fv�º±
�S�u�Q�O� ¾ ÎÀ� � ¨ ��� � * ± � �Q�à�Q�e�ß�Q��� *�· �u�!5Q¬�ß� �I* �Q� �Ø�¤� ��� *«� �� ¨�¨��`� �Ø� �Q�e�!5ÐÏµ�vÔu�¿Ð�`� � � £ �Q���`� � ¿Ð�º±
�S�u�Q�°� ¾ Î�� � ¨ ��� �M¨��Vº �u¨ ¾ �Q�°�À�S�Q�Ç�e� * �Q�`�vÃi� �`� ³u�à�Q� * ¿S�º±
�`�«���`�Q�g� *«�æÄº��¾ �Q�e�!5
 �¶µ ¿º��ÈÜ�Í�6ÛÜÊ�����È

¬ � * �S�<� ��¾ �S� � � � � Ìà��¾e· �u�§� � � * �e��¨ �C* �v�n� ¾+*�· �u��¨��Vº �u¨ ¾ �Q� � ��� * � ¾ �`� ��� ��¨�� � * �S�<� ��¾ �S�n�v�n¨��¡�Q���Q� *� � � ���`� �6* Ôu� ¾+* �Q� Ä ���S� ��¾ �`���Ð¿S¨�� · � ¾ � *«�æ� ��� * � � ¨��S� Ä �S� �Ø� � � 5Ð� �¤� �Q���`�<�e�`���`� � ¿ ¾ � * �`� ��¾<��¾ � ��� ��� *6* � � � �²±
�6Î²��¨ � �u�`��²± � � � ��� *¢� � *«�6* �Q� �Ð� � ¾ � �¤��¾ �S� * fÞ¨��S��� � � ��¾+* �S� �Ê� ��¨¹�e� *¢� � � ���`� �6* Ôu� ¾+*G� �S�<�Q� ¾e· �u� * 7 � �Q��� *ß��� � ¾ � � ���S� · � �
�e�t�Q�S� ��¾ �u� �Ê� ��¨t�Q�u�t���S�Q�u�t¨��S�u� ¾<��¾ �S� � �p�À�S��� Y ¿M¨��S��� � � ��¾+* �S� �Ê� ��¨h�º± � �Q�Q����Ã ¾ � �¤��¾ �S�ø�Q�w�º±
�S� ��¾e· �u�£¾� �S� �`� � ¾e· �u�Ð¿u� � ¨!5
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|u|

����� ˛

˛

u
ua

˛

˛

��� �
|udif |

��!"� ˛

˛

˛

udif

ua

dif

˛

˛

˛

��# �
arg udif

�%$&�
arg udif − arg u

a
dif

acbRdke?½T5P_!f9¼½�S��� � � ��¾+* �S�w�Q�ß� �^* �S�<� ��¾ �S�Ñ�v�Í¨��à�Q�¹�Q� *®��· � �¤��¾ �S� *^¾ � ���`£ � � �e� * ��� ��¨¹� �^* �S�<� ��¾ �S� � � � � Ì¡��¾e· �u�Ð¿�À�S�Q�M�Q�¦� ¾+*�· �u�!5d· £¥� �u¨�³u�Ð¿9�S�§� ¾<� �e� * � �I* �Q� �Ø�¤�6* �v�¦¨��¡�Q�ß�Q� *M��· � �¤��¾ �S� *=¾ � ���`£ � � �e� * r ¯ �v��� ¾<� �Ð¿Q�S�§� ¾<� �e�`�Q�
� � �Q�À�S� �Õ��� ��¨G� ��* �S�<� ��¾ �S� � � � � Ì¡��¾e· �u�!5vÚ¢�É³ � � �½� �`� * �e�®� �C* ¿ * �S� � � �C*6*��I* �`�È��� � �u�Üf¾�e�G���à�v�Q�e�¢�Q�G�º±
�S�u�Q�Ð¿
�e�ß���¡�v�Q�e�O�Q� �º±
�S�u�Q�O� ¾ ÎÀ� � ¨ ��� �Ð¿u�º± � � £ �Q���`� � �Q�ß�º±
�S�u�Q�¹� ¾ Î�� � ¨ ��� �!5



_!_ g ç¢ðGð¢ì¸ü ìÐÂßî�Å¡ç¢ñéÇjÕç®êæé�ï½ð j�òpäMïkj¢ì



' �Ë���9�9�MñÁ%^| }~Ö���{

ßP_ á . 5E0®�Q�À�S�u� � �u��½Ü5E0G��� � � ¾ 5¾Ú ¾ Î�� � ¨ ��¾ �S� �¤�Ç� ¨`�Q� � ��� £ � �¤��¾ � £ f . Þ � �u� . ÏÑ¨ �C* � * ¿�³u�S��� £ �`� ¾Pv �¤��¾ �S�[5
( @V54> T 1COÍ@4� Õ 1ªYJ¬�H :21eYXD WX1CO Ë T 1!O��QF;DGF�1 T J Ë <¼<?O D WX1eYXD @ T F ¿ g ` g f  ! !ë*) _E` gÐá ¿_  ! Ðá 5ß gZá . 5?0G�Q���S�u� � �u�tÖ 5 . �`�«� �C*6* �!5 Þ �à� � � ¾+* �¤��¾ �S�t�Q� * �Q³ � �u�S���`�u� * �Q�i�Q���S� �¤£¥�¤��¾ �S�Ý�²±
�S�u�Q� * 5i¼½�S�Q� * �Q��º± ± ¨��S�e�OËæ�S� Ìà� ��¨Ø³Q� ¾e· �u�Ð¿ g `!` á 5

ß ¿Zá Þ 5?0®�Q� � ���HÞ ¾<�AvÉ� �u�ÑÖ 5?0Ü5Ë2 � � £ �Q�[5,+ 1 T JAW6@E@.-)@c� Õ 1ªYJ¬�H :21eYXD WX1CO0/<5 T W6YXD @ T F 5¢Ú � � �`�ßËg�Q�Q� ¾ ¨ �¤��¾ �S� * ¿
_  Ðá!ë 5

ß ÀCá Ò\5±0G�<� ��¾ ���!5n½¢�S��� £ �`� ¾Pv �¤��¾ �S� � �u� � Þ½�¤Ù * ¨ � �e�i¨��S� � �`� £ �`�u¨��!5�� 8 Ë Õ ( @V5Ï> T 1CO�@ T Õ 1eYJ¬�HV:S1ªYXDXWX1!O Ë T 1"1O��QF;DGF ¿ g!¿ fP_ À¥ã!g*) _ ë _ ã ¿Í_  ! !g 5
ß ëZá Ò\5q0®�<� ��¾ ���!5 × @ T W�H�<<YXDX@ T @;<½YXDR:21CO+HUJÏHTF�YX>`5qW6YQ54>AH;F 5c2à�Q� ¾ � £ �`�Ê¿ g `!` â 5ß áZá Ò\5q0®�<� ��¾ ��� � �u� Þ 5q0®� � �E5k½°�S�Q�u� � � Ì � ��Ì �`� �Ø��¾ � *=¾ �¦�À�`� ¾ �¡� ¾ ¨ß³u�S��� £ �`� ¾Pv �¤��¾ �S�[5 K � Ë 8 Õ j × @ T YX>ô@!O�fR <<YXDG:\DGF�1eYXD @ T 1 T J × 1!OtW�54Oh5£FU@4�32d1!>;D]1eYXD @ T F ¿ À f g `  *)4gQÀ£¿ ¿Í_  ! ! 5
ß âÔá ½U5¼0G��� � � ¾ 5 Ë T 8 T YX>ô@ÔJV5�WZYXDX@ T Y9@ Õ 1eYJ¬�H :21eYXD W F1@c�kKk:¡H >]{CD T {,4�D @C:¡HAJCD WX1CO±8;:21Z{CD T { 5[2à�Q� ¾ � £ �`�Ê¿ g `!` ã 5
ß ãZá ½U5�0G��� � � ¾ ¿65±5IÒ � �«� ¾ �`�Ê¿o½Ü5�ã � � £ ¿ Þ 5g¬ ¾ �¦¿ � �u�Ðã^5k287S�<� � 5 Þ �Q� ��¾+*«�Ø�¤��¾ ¨ ¾ � �¤£³¾ � £ � Ä �6Ã � �`�u�Q����Ø� � £ � �6* 5gËg���`�Q� ¾ � � 5
ß  Zá ½U5k0®��� � � ¾ ¿95±5ÕÒ � �«� ¾ �`�Ê¿b½Ü5kã � � £ ¿�:�5°Ë � �AâÀ¿ � �u�àã^5�287S�<� � 5 Ö×� �¤£³¾ � £¹* ¨Ø³u�`��� *�Ä �S�È�À�`� Ä ��¨ � � Ì¨��S�u�v�u¨ ��¾ � £ ¨`� � ¨6â * 5
ßP_E` á ½U5Í0®��� � � ¾ ¿æÏ�5æÖ � â¾� � �e� �Ð� ¿ � �u�ÁÚ\5´¬� *�* �`� ¾ �`�E5/0 �i� *�¾ ¨ � � £ �S� ¾<� ³Q� Ä �S�i�e�¡¨ �¤��¾ � £�* � � �<� ¾ �u¨`�<� *�¾ �S� *

�Q�Q� ¾ ��� ¾ � � ³ � � Ä Ù * � � ¨�� Ä ���S� � ³u� * ¨ �¤�«� �`� ¾ � £K� ���Q� ¾<� �u�Q� �¤�®� ÔQÃQ��� Ä ��� · �u�`�u¨ Ì 5 Õ 54OhYXDGFVW�1COPH Õ @ÔJ£H O D T {1 T J � DG:k54Og1ªYXDX@ T j Ë � 8 Ë Õ 8 T Y�H >AJCDGFVWVD <?O D T 1!>`� ( @V54> T 1!O ¿ ¿ f ë! ¾â;)¡á!gÐã ¿ g `!` ë 5
ßP_!_ á ½U5Í0®��� � � ¾M� �u�7½U5Íã � � £ 5ö0 H6W6@ T F�YX>`5qW6YXD @ T @4�¡F;:21CORO¸D T ¬4@C:L@X{ÏH T H DQYXD H F~� >ô@C:þWA@V5 T Jª1!>`��:¡Hc1QF\5Ï>6H�1

:LH T YRF 5¸2à�Q� ¾ � £ �`��¼µ�`�«� �¤£ ¿ g `!` À 5
ßP_ gZá ½U5�0G��� � � ¾ ¿Q½U5qã � � £ ¿ � �u�v½U5Q¬���!5�� 1V�£H > ¨ @ªY�H T YXD]1CO�<?H6W\¬ T D]3�5±H;F�D TÈ� <qH6W6YX>41!O Ë T 1COh�QF;DGF 5�0G���`� ¾ ¨ � �

Þ �¤� ³u�`� �¤��¾ ¨ � �w2¡�¡¨ ¾ � �×Ì ¿ g `!`  5
ßP_ ¿Zá>= 5 = 540®�u�Q�`� * �S� � �u�?5±5�0Ü5vË � �«� ¾+* ³[5 . ³u�ß�S� ��¾ ¨ * � Ä ³¥�Q� � � * â ¾ �[5�( @V54> T 1!O�@c��8 T BQH;F\YXDz{ª1eYXDRBQH1SUHV>;:21"1Y9@COt@�{V� ¿ âÐâ 7 _ Y fP_ ¿*) _  ¿[_  Ðã _!5
ßP_ ÀCá ÚÜ5Ï0®�Q���S�vÃ � �u� Þ 5 Þ �C* ���S�u� ¾ 5Ö>� �¤£ �®�Q���¡¨�� *6*�¾ � £ � Ì�� �S�À�S�e� £³¾ ¨ � � �C*�Ì ��� � � ��¾ ¨¢�6Ã¡� � � *g¾ �S�[56( @V54> T 1CO

@4� Õ 1eYJ¬�HV:S1ªYXDXWX1!OË8;:21Z{CD T {_1 T J@2[D F DX@ TÞ¿ ¿!¿ 7 g Y fP_ g!g*) _ ¿QÀ ¿ g `!`  5
ßP_ ëZá 0U5¤�U5C½ �C* ³qâ �¤� � � ¿ÐÏ�5!0Ü5ÐÒß�`� ¾ � � ¿V¼Ü5¤Ö;5CãG�à¨Ø³¥�Q�À� Ì ¿ � �u��¼Ü5s¼\5 . �u¨�³ ¾ �[5�,G� ��¾ ¨ � �u�Q���S�À�`� ��¾ � * � Ä ³¥�Q� � �

* â ¾ �¿ * �Q�À¨`� �Ø� �u���S� *®� �u���¹�u¨��S� *Õ��¾+*6* �u� *�¾ � � ³u��Þ �Ê� �`�e�`� £Ð� ³¦� � � £ � Ä ���S� À `!` � � g `!`!`i�Q�m59( @V54> T 1CO
@4� ¨ ¬A�QF;D W F=S j Ë <£<?O D9HAJ ¨ ¬A�QF DXW F ¿ ¿Ðã f g!ëQÀ£¿*)4g!ë!ë!ë ¿ g `!` ë 5

ßP_ áZá 0U5[½°�`�u� � � ¾°� �u�Á¼15´Ú � �¡Ì4* 5�¼ � �e¨`�Q�½�¥�Q� � � ¾e· �u�K�v�Ó� ��Ì �S�Q�u�`���`� � �Q�É¨��S�«�u� �6*¸� �e��¨ � ���S� �¤£ � �`��¾e· �u� *�Q�S� � �º±
�S� � �`� � �Q���i� *«� � � � ��¾ �`�<�e�`���`� � ���`���Q� ¾ �ß� � �Õ�Q�Í� ¾e� �e��¨ � � ¾e· �u�!5 . ��¨�³Q� ¾ ¨ � �Ç���`���S� � ¿uË � � ¾+* ¿Í_  ! !g 5
ßP_ âÔá Ï�5C½½�`��� �«�Ø�ß� �u�»Ï�5 ] � � �u¨ ¾ � ¾ 5±0 *�Ì ��� � � ��¾ ¨ Ä �S�«�¹�Q� �C*æÄ �S�����`� � �Q�«� �¤��¾ �S� *\¾ � � ³u�°�`�e��¨ � ���S� �¤£ �u� ��¾ ¨ÕÔÞ�`�e� *�v�u� � � � ³u�È�Q��� * �`�u¨��§� Ä®� ³ ¾ � ¾ �Q³u�S��� £ �`�u� ¾<��¾ � * 5ÁÖ>� 8 T BQH >;FIHU<Ë>ô@AWVOPH :ÜF j�YJ¬qHA@C>\�v1 T Jw1;<£<?O D WX1eYXD @ T F ¿� �S�<�Q��� ¿!¿!¿ ¿Q� �¤£ � À£ 5q0G���`� ¾ ¨ � � Þ �¤� ³u�`� �¤��¾ ¨ � ��2¡�¡¨ ¾ � �×Ì ¿ g `!` ¿ 5
ßP_ ãZá Ò\5±½°�`� £³¾ �u¨!5MÖ×� �¤£ �`� ¾ � � ³u�`�«� ¾e· �u�Ð¿9� �C* �`�¢� � ���¡� � � ¾+*Ø�¤��¾ �S�Ñ�`�Ñ� ¾ �S�Q³u� � �S� ¾e· �u�!5ÕÖ>� K � Ë 8 Õ j ¨ >A@EW�H6HA1

JCD T {QF ¿ � �S�<�Q��� gÐá ¿u� �¤£ � * _ ¿!ë*) _ À£ ¿ g `!`  5
_!_ ¿



_!_ À Â°éÇÂ½ñ´é`ï��°ëGçGè åGé ì
ßP_  Zá 0U5q½½� �C*6* �`�<�e�Ð¿O¼\5Þ¼ � � � � v ¿ � �u�³0Ü5 Þ �S� *6*Ø� 5�0ø� ��¾ �¥�À�ZÞ ¾ � � �`� * �O�Q���S�Q�e�`�m5 g `�_E`�5
ß g ` á �U5q½½�e� ¾+*«� � ¾ �[5 Õ 1eYJ¬�H :21eYXD WX1CO[:¡H�YJ¬�@EJQF¯�I@C>CB�1CBQH�</¬�H T @C:¡H T 1 5¸0M¨ � �Q�`� ¾ ¨¹Ëg��� *6* ¿�_  ÐãQÀ 5
ß g _ á �U5q½½�e� ¾+*«� � ¾ � � �u� = 5q0U5�½ � �u�Q�`� * � � �[5 Ë F`�C:=<½Y9@eYXD W1KNM;<O1 T F DX@ T FU@4�=8 T Y�H]{!>41CO F 5 Ú¢� � �`�Ê¿_  ÐãÐá 5
ß g!gZá ÚÜ5¼ ¾ �S� � �u� * ¨`� � �u�hËw5²Ú �S� �¤� �q5 Ë T D T YX>A@EJV5qW6YXD @ T Y9@ + @C:L@X{ÏH T D�DZ1eYXD @ T�5U,®Ã Ä �S��� lG� ¾<� �`� *�¾<�>Ì Ëg��� *�* ¿

_  ! ! 5
ß g!¿Zá Ö;5²¼ ¾ �Q���`��¨ � ¿ Þ 5E5 ��¾ ¿ � �u�Ý¼15ÀËæ� ¾<£ � � ����5�0G�Q�Q����Ã ¾ � �¤� � � � � � * � ¾+*6*�¾ �S�h¨��S�u� ¾<��¾ �S� * � ³Q���S� £ ³ � ���S� £ ³� ³ ¾ �É� ��Ì �`�E5 � ³u�®¨ �C* �Õ� Ä� ³u�Õ�À�`� ¾ �à� ¾ ¨Õ���S� £ ³Q�u� *6* 5 KU54>ô@ <qHc1 T	( @V54> T 1CO�@c� Ë <£<?O D9HAJ Õ 1ªYJ¬�H :21eYXD W F ¿ g `!`  5ß gQÀCá . 5²¼I� ¾µ� �u�F:�5¼I³u��Þn5¹Ï s ¨ ¾ �`� � � �S� �<� �¤��¾ �S�Ó� Ä3* �S�����`� Ä �`�e� ¾ � � � £ � � � *ßÄ �S� � �ùÞ ��� � * ¨ �¤�«� �`� ¾ � £ � Ì

�Q�Q� ¾ ���¦�S�vª¶��¨ �6* 5G( @V54> T 1COÍ@4�=KkO+HAW6YX>A@C:21Z{ T H�YXDXWIH�1CBCH;F�1 T J Ë <£<?O D WX1eYXD @ T F ¿[_ g f á ` â;)¡á!ë¾â ¿_  ! Ðã 5
ß g!ëZá Þ 5¤Ú¢�Q�KJ¤�¿ Ö 5 Þ � £¥� ¿ � �u�L5�5 Ù ¼15¤� � � � �e��¨!5 . ³u��½G�`�<��³u�S� �Av � · � �¤��¾ �S��Þ ¾<� ³ ¾ ���À��� � �u¨�� ¾ � � ³ � � Ä Ù * � � ¨��!5

× @C:=<½Y�H;F 0 H T Je5£F Õ 1ªYJ¬�H :21eYXD]3�5qH ¿ ¿QÀ _ 7  Y f ëÐá _ )4ëÐáÐá ¿ g `!` ë 5ß gÐáZá ÚÜ5�5±5�½ � � * �`� � �u� Þ 5±2Ë5O¼µ� £ �`� ¾ � * 5\½ ¾<£ ³ Ä ��� · �u�`�u¨ Ì �À�`� � �Q�«� �¤��¾ �S� Ä �S�«�i�Q� �C*°Ä �S� � ³u�ß�6ÎÀ��¨ � � Ä�* � � �<�
¾ �Q³u�S��� £ �`�u� ¾<��¾ � * 5»Ö×�M( @e5Ï> T 1CO¸@4� ¨ ¬A�QF DXW F j × @ T �EH >6H T W�H � H > D H F ¿ � �S�<�Q���³_ ¿!ë 5²Ö>� *«��¾<� � � ��� Ä Ëg³ Ì4*g¾ ¨ *Ëg�Q�Q� ¾+* ³ ¾ � £ ¿ g `!` ã 5

ß g¾âÔáN= 5¢½G� ¾ �[5�¼½�S���Q� ��¾ � £ �¥�Q���`� ¾ ¨ � �<� Ì�� ³u� £ �����`�± *gÄ �Q�u¨ ��¾ �S�É� Ä�� ³u�M³ � � Ä Ùº�Q� � �u�°³u�`�<��³u�S� �Av � · � �¤��¾ �S�SÞ ¾<� ³
¾ ������� � �u¨��Í���S�Q�u� � � Ì ¨��S�u� ¾<��¾ �S� * 5 Þ �C*�� �`�Ê± *�� ³u� *�¾+* ¿µËæ�S� ��¾ ÔÞ¨ ¾k� lG� ¾<� �`� *�¾ � � �m¼ �¤� O � ¾ ¨ � Ú¢�w¼I³ ¾ �e�Ð¿Ï * ¨`�u�`� � �Q�ßÖ>� £ �`� ¾ �`��P � ¿ g `!` á 5

ß gÐãZá ¼1585¥�`��� v Ù6½ � �u¨�â¾� *G� �u�?5±5 Ù ¼15Q� � � � �e��¨!5Í0 *«Ì ��� � � ��¾ ¨ *½Ä �S�b½¢�`�<��³u�S� �Av¹� �u� Þ � ÃOÞI�`�<� * �S�<� ��¾ �S� *�¾ � ¿ Ù×Ú�S���`�?Þ ��� � £ � ¾ �Q� * 5 . ��¨Ø³Q� ¾ ¨ � �Ç���`�À�S� � ¿QÏ . ½¸¿EQERQ� ¾ ¨�³¿ g `�_E`�5
ß g! Zá 5±5¾Ï�5 Þ � � * �Q�`� � �u� Þ 5�5�5O½¢�¤Î�� � �[5 4Í1CF;D W¾W6@C:=<?O+HAM21 T 1!O��QF;DGF 5S:�5O½U5 ] �����`� � � � �u�K¼½�S��� � � Ì ¿à�¢��Þ

T �S�Aâ�¿ � ³ ¾ ���¦��� ¾<��¾ �S�¿Í_  ! ! 5
ß ¿ ` á ËÍ5uÚ\5 Þ ¾ �<�e�`�E5 Ë <£<?O D9HAJ Ë F\�C:�<<Y9@eYXDXW Ë T 1COh�QF;DGF 5�0G���`� ¾ ¨ � � Þ �¤� ³u�`� �¤��¾ ¨ � ��2¡�à¨ ¾ � �>Ì ¿ g `!` á 5
ß ¿ _ á Þ 5æÖ;5 Þ ¾+* ³u¨�³u�`�qâ¾�q5 Þ � ÃOÞI�`�<�º± * � · � �¤��¾ �S� * ¿�� � � ¾k�¤��¾<� � � � � � *¶Ä �`�Ê¿ � �u�Â¨��S³u�`���`� � � � ¨�â * ¨ �¤�«� �`� ¾ � £ fÍ0£ �`�u�`� � �Þ�À�`� * ����¨ ��¾<� �!5U( @V54> T 1!OË@4�LVU5d1 T YXDQY¡1eYXDRBQH � <qH6W6YX>ô@CFVW6@;<½�_1 T J 0 1£JCDQ1ªYXDGBQHW<±>c1 T FG�EH > ¿�_E`�_ 7 ¿ Y f ëQÀ ` )

ë!ë!ë ¿ g `!` á 5
ß ¿!gZá 5±5 Ù ¼15u� � � � �e��¨!5 Ë W6@e5£F�YXDXWS1 T JÜKkO+HAW6YX>A@C:21Z{ T H�YXDXWUK83�5d1eYXDX@ T F 532à�Q� ¾ � £ �`�Ê¿ g `!`�_!5
ß ¿!¿Zá ã^5´Ëw5´� ¾ �`� * �`�¿´¬N5XQ9³ � �Q¿æÒ\5Í0U5 = Ì4v ³ ¾ â¾� � ¿ Þ 5w2Ë5[½ ¾ � Ì �Q� ¾ � � ¿ÇÏ�5 = 5Í2¡�S�����`� *�� �`�¿Y5±5Y5±5w2 �Ø� ���u� * ¿

ã^5�2 �Ø� ���u� * ¿ � �u�M5�5 Þ � � �[5 = � � � ¾ � �S� �M� Ä®� ³u���Q³ Ì4*�¾ �S�e� £³¾ ¨ � � *��Ø�¤� �È� Ä ³¥�Q� � � * â ¾ � Ä ���S�Ùl~¼®Ù¡¼ ¾+*
���6©Þ��¨ �Ø� �u¨�� * ����¨ � � � Ù�0 Ä � �C*�¾ � ¾ � ¾<�×ÌÜ*«� �u� Ì 5S( @e5Ï> T 1CO±@4� ¨ ¬4@eY9@ÔW\¬�H :\DGF\YX>\��1 T J ¨ ¬�@eY9@AW D @COP@X{V�Z4ïj[4�D @COt@�{V� ¿
 !¿ 7 _ Y f g!¿*)4¿ _Ð¿ g `!` ã 5

ß ¿QÀCá ã^5ÞËw5�� ¾ �`� * �`�¿9¬N5\Q9³ � �Q¿]5±5]5±5�2 �Ø� ���u� * ¿?ã^5�2 �Ø� ���u� * ¿ � �u�^5�5 Þ � � �[5 . ³u�i�S� ��¾ ¨ * � Ä ³à�Q� � � * â ¾ ��f
0 * �À��¨ �6*�¾ ���À�S� �Ø� � �ÕÄ �S�M³¥�Q� � �Ñ³u� � � � ³[5�� @COz1C> 0 1£JCDQ1ªYXDX@ T 1 T J + 5Ï:21 T_+ Hc1!OhYJ¬ ¿ g `!` ã 5

ß ¿!ëZá 0U5 ] 5æ� ¾ â ¾ÅÄ �S��� �Ó� �u�Ø¼Ü5�½T5Íl �Ð� ��� � 5Ø� <qHAWVD]1CO F��`5 T W6YXD @ T Fp@c�&:21eYJ¬�HV:S1ªYXDXWX1!O<K¬A�QF;D W F 5�½ ¾ �Aâà³S`¤� * �`�Ê¿
_  ÐãÐã 5 . � � �v� ¾<� �v� = � *6* � � � � = � �<�Q³ÍËw5±½°� �C* 5

ß ¿ÐáZá ] 5�,G� � �`�E5 Ë F`�C:=<½Y9@eYXD W F�1 T JLF9<±HAWVD]1COA�\5 T W6YXDX@ T F 5�0M¨ � �Q�`� ¾ ¨iËg��� *6* ¿�_  ¾âZÀ 5
ß ¿¾âÔá :�5 = �u� ¾ �[5 Ë T 1CO��QFEH�>X[6H OROPHUH�Y�W6@C:=<?O+HAM£H 5Ú¢�Q�u�¡�²¿ ¿.a ��� ¾<��¾ �S�¿?_  ! Ðã 5 . � � �v�u¨ ��¾ �S�È�Q�b5¾� � �KÚ¢³u�S�¹�Q��� * 5
ß ¿ÐãZá 0U5±2¡�S�Q�Q��� � 5 S¾D c85ÏF;D @ T JÏH;F¾@ T J£H;Fo[ O+HAW6YX>A@C:21Z{ T [6YXDQ3�5±H;F�<O1C>�J£H;F¾:\DRO D9H\5!M&H�YkJ£H;FTF`54>G�61¼W�H Fo1COz[X1eY9@CDR>AH;F�j[�YQ5�JÏHLJ£H;F¡Hdc=H�YRFLW6@s¬d[ >AH T YRF¡Jª1 T FÜOPH¡W\¬i1C:=<�JCD c85ÏF6[ 5OËµ³uÚ � ³u� *�¾+* ¿?lG� ¾<� �`� *�¾<��� �Q�¸� � Þ � � ¾<� �`�«� � � � �¸Ù

0 ¾ Ã¡Ù Þ � � * � ¾ �<�e�ßÖ�Ö ¿ g `!`�_!5
ß ¿! Zá 0U5�2¡�S�Q�Q��� � � �u�ÑÒ\5±½°�`� £³¾ �u¨!5½Ïg�e��¨ � ���S� �¤£ �u� ��¾ ¨�Þ ��� � * ¨ �¤�«� �`� ¾ � £�Ä ���S� � � � �u�Q�S� � ��Ì �`�ÍÞ ¾<� ³Í���S� £ ³

¾ � � �`� Äº� ¨�� * Ö�Ö=fQÚ ¾ ÎÀ� *�¾<� � ¾ � � �`� *�¾<�×Ì 5 Ë >AMCDRB�<Ë>AH�<Ë>;D T Y[</¬A�QF;D W F ¿ g `!` ¿ 5
ß À ` á ¬N5 .Ç� � �Ø� �E5m¼½�S���À�`� *Ø�¤� ���m¨��S��� � ¨ � �u� *6*K� �u� � �Q�Q� ¾ ¨ �¤��¾ �S� *K� �t� � � ��¾k� �®� ¾ Î²�`���`� ��¾k� �G� · � �¤��¾ �S� * 5cÖ>�

e @ T O D T Hc1C>�1 T 1CO��QF D F�1 T J¡:¡HAW\¬i1 T DXWVF�j + H > DX@ªYf1gHk1eY]YNF\�C:�<q@QF;DJ5Ï: ¿ � �S�<�Q��� À ¿u� �¤£ � * _ ¿Ðá*)4g _ g ¿[_  ¾âC 5
ß À _ á Þ 5h5±5�¼15d¼ � �tÒ �`���`� � ¿Ë2Ë5u¬N5i5 � ¨ · �u� * ¿�½U5�2 � �`���`�à���S� £ ¿ � �u�j:�5 Þ 5�2 �Ø� �E5�2Ïâ ¾ �¦�S� ��¾ ¨ * 5 4�D @C:¡HAJCD WX1CO

K T {CD T H6H > D T {sf�8AKNK¸Kk<±>41 T F�1¼WZYXDX@ T Fn@ TÞ¿ ¿Ðá 7 _ g Y fP_!_ À¥á*) _!_ ëQÀ ¿ g `!` g 5


