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1 Introduction

All known interactions except gravity are described at the quantum level by the phe-

nomenological Standard Model of particle physics depending on 18 arbitrary parame-

ters with gauge group

SU(3)C × SU(2)L × U(1)Y (1)

Although from an experimental point of view there is no data in contradiction with the

Standard Model, from a theoretical point of view it is not satisfactory as a fundamental

theory of Nature. Reasons to go beyond the Standard Model include explaining the

values of the 18 free parameters or incorporating gravity as a quantum theory. Such

problems can be addressed in the context of string theory and this provides a strong

motivation for studying it. Additionally there is a correspondence between gauge the-

ories on one side and string theory or gravity on the other side which allows one to

study certain strongly coupled gauge theories by making use of gravity or string theory.

The basic idea of string theory is to replace elementary particles with quantum

relativistic strings. Different modes of vibration of the elementary string will represent

different particles (in the long wavelength limit). In principle one can consider two pos-

sibilities: open and closed strings. In fact there are several consistent string theories

that one can define. The list contains the following: Heterotic with E8×E8 or SO(32)

gauge group, Type I SO(32) and Type II (A and B) theories. The Heterotic theories

are theories with closed strings whereas Type I and Type II contain both closed and

open strings. Let us mention here a few important features of string theory which make

it a good candidate for a theory of all interactions. Closed strings have a spin 2 mass-

less mode which can be identified with the graviton, moreover the string perturbation

theory is UV-finite thus making string theory a consistent theory of quantum gravity.

Standard model-like interactions can arise from string theory. Ideas like grand unifica-

tion and supersymmetry can (naturally) be incorporated in string theory. Indeed, the

low energy effective field theory arising from strings is a supergravity theory. Another

important feature of string theories is that they are well-defined only in ten space-time

dimensions, hence they predict six extra dimensions. In order for string theory to make

sense as a fundamental (or effective) theory of Nature the extra dimensions have to be

small (usually compact). There are indeed solutions which allow for a spacetime of the

form

SpaceTime = R1,3 ×K6 (2)

with R1,3 being the 4d Minkowski space and K6 a compact manifold (orbifold). A
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central problem in string theory is that of compactification. Although the 10d theories

depend only on one scale parameter, namely the elementary string length ls, in connect-

ing with 4d physics one doesn’t have (it is not known) a theoretical guiding principle

to choose a particular compactification. This makes the task of string phenomenology

a very difficult one (at least in the absence of relevant experimental data) and a very

rich one in the same time. On the other hand, compactifications allowed us to find

various connections (dualities) between the five basic 10d string theories pointing to

the existence of a unique theory, called M -theory, which in the low energy limit should

be described by 11d supergravity.

From a historic point of view the Heterotic theory was the first to be extensively

studied due to its phenomenological potential in realizingN = 1 supersymmetric GUTs

(Grand Unified Theories) by compactifying on certain Calabi-Yau manifolds. However

after the discovery of the importance of D-branes [1] there was a lot of activity on the

side of Type I/II theories. Type II theories with D-branes (and hence an open string

sector) can have Standard Model like gauge symmetries since D-branes are connected

to gauge theories. In fact Type II theories are intimately connected to Type I by means

of T -duality and orientifolds.

The present work focuses on compactifications of Type I/II string theory on toroidal

orbifolds/orientifolds. Toroidal orbifolds are interesting compactifications as they can

realize certain singular limits of Calabi-Yau manifolds and on the other hand they

admit an exact CFT description making them a very good arena for testing ideas in

string theory. There are various tools (ingredients) available for building models in

this context, namely D-branes, orientifolds, background magnetic fields (intersecting

branes), fluxes and brane instantons. Of particular phenomenological importance is

the presence of background magnetic fields (or equivalently magnetized/intersecting

branes) because they allow solutions with chiral fermions. This is due to the fact that

the Dirac operator with a non-zero magnetic field can have a non-zero index as well.

The gauge group in this type of models is generically a product of unitary, orthogonal

or symplectic factors. It is in principle possible to build (Minimal Supersymmetric)

Standard Model like solutions from magnetized/intersecting branes. On the other hand

there is no natural way of obtaining unification of coupling constants in such a scenario

since every stack of branes comes with its own gauge bundle and coupling constant and

apriori there is no reason for them to be equal. However this can happen if the volumes

of the cycles wrapped by the branes are equal.
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There has been recently activity in non-perturbative effects generated by brane instan-

tons. These are branes that are entirely localized in the internal compact space K6.

They can realize gauge instanton effects in the context of string theory but also give

rise to qualitatively different effects called stringy instanton effects. Their applications

include moduli stabilization, generation of hierarchically small masses, generation of

some perturbatively forbidden couplings, brane inflation, gauge symmetry breaking or

supersymmetry breaking which can be used for various phenomenological applications.

The organization of this manuscript is as follows. In Chapter 2 we present the ba-

sic (lightcone) quantization of the bosonic and supersymmetric strings followed by an

elementary discussion of D-branes O-planes and one-loop amplitudes for Type I/II the-

ories. Chapter 3 is devoted to orientifold compactifications. We present two examples,

namely T4/Z2 and T6/Z2 × Z2. In Chapter 4 we consider compactifications of Type I

with magnetized branes and the corresponding Type IIA T-dual picture of intersecting

branes. Chapter 5 reviews the computation of Yukawa couplings in (toroidal) mod-

els with magnetized branes and continuous Wilson lines and show how to extract a

holomorphic superpotential. One of the most important problems in both field theory

and string theory is supersymmetry breaking. We describe in Chapter 6 a few mech-

anism known in string theory for breaking supersymmetry. Finally Chapters 7 and 8

are devoted to non-perturbative effects generated by Euclidean brane instantons. We

describe briefly the instanton calculus and ADHM construction in field theory. Brane

instantons which can generate corrections to the superpotential are considered next.

We illustrate how they can generate linear, mass or Yukawa couplings in the super-

potential and the potential for phenomenological applications. The last chapter is

devoted to the study of models with Polonyi like superpotentials which are generated

by stringy instantons. Two appendices collect the definitions of the characters of the

T6/Z2×Z2 orientifold (with discrete torsion) and the corresponding partition functions

in the presence of magnetized D9 branes.
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2 String Theory and D-branes

2.1 The Bosonic String

2.1.1 Classical Theory

The starting point of string theory is the classical action of a relativistic string propa-

gating in Minkowski space-time. The surface spanned by the string is called worldsheet

and we shall denote it Σ. The worldsheet is embedded in a target space M (our space-

time). As a starting point we take M to be D dimensional Minkowski space-time.

Generalizations exist and they go by the name of non-linear sigma models.

Let X : Σ → M be the embedding of the string worldsheet in Minkowski space. In

local coordinates we are given D functions XM(τ, σ), with τ, σ being coordinates on

the worldsheet.The classical action that we start with is the Polyakov action

S = −T
2

∫
Σ

d2σ
√
−γγab∂aXM(τ, σ)∂bX

N(τ, σ)ηMN (3)

where γab is the intrinsic metric on the worldsheet and ηMN is the usual metric in

Minkowski space-time. The constant T is called the string tension. Alternatively, one

can work with the string length ls or the Regge slope α′. The connection between them

is given by the following relation

T =
1

2πα′
=

1

2πl2s
(4)

There exists naturally on Σ an induced metric from M . This is the pullback of the

metric on M .

g = X∗(η) (5)

In local coordinates this reads

gab = ηMN∂aX
M∂bX

N (6)

One can immediately argue that the most natural action for the string worldsheet

would be its area in the target space

Area(X(Σ)) =

∫
d2σ
√
−g (7)

where by g we have denoted the determinant of gab. This action is non-linear in X and

hard to quantize. Notice however that the equation of motion for the intrinsic metric

γ in eq. (3)

∂aX
M∂bX

NηMN −
1

2
γab∂

cXM∂cX
NηMN = 0 (8)
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implies that the intrinsic metric is proportional (with a conformal factor) to the induced

metric (classically) and correspondingly the Polyakov action is proportional to the area.

The condition above is nothing else than the annulation of the energy momentum tensor

Tab = 0 (9)

since the variation of the action with respect to the metric yields the expression of

Tab. We will proceed with the Polyakov action and regard the above equation as a

constraint to be imposed. Now the equation of motion for X is

∂a
(√
−γγab∂bXM(τ, σ)

)
= 0 (10)

The symmetries of the action are

• D-dimensional Poincaré invariance

• 2-dimensional local reparametrization invariance

• 2-dimensional Weyl invariance.

Notice that making use of local reparametrization invariance one can put the metric

into a form such that it is conformally flat.

γab = e2ωηab (11)

The condition above is called the conformal gauge. The conformal factor e2ω cancels

when replaced into the Polyakov action. We obtain

S = −T
2

∫
Σ

d2σ
(
−∂τXM∂τXM + ∂σX

M∂σXM

)
(12)

and the equation of motion for X becomes the usual wave equation(
∂2
τ − ∂2

σ

)
XM(τ, σ) = 0 (13)

We use coordinates τ , σ for the following form of the metric

ds2 = −dτ ⊗ dτ + dσ ⊗ sσ (14)

It is convenient to introduce light-cone coordinates

σ+ = τ + σ

σ− = τ − σ
(15)
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Then the components of the metric in the new coordinates is

ds2 = −2dσ+ ⊗ dσ− (16)

The energy-momentum constraints in the new coordinates are

T++ = ∂+X
M∂+XM = 0

T−− = ∂−X
M∂−XM = 0

T+− = T−+ = 0 (automatically)

(17)

The conservation of the energy-momentum tensor ∂aTab = 0 becomes

∂−T++ = ∂+T−− = 0 (18)

hence

T++ = T++(σ+) T−− = T−−(σ−) (19)

Notice that we have an infinite number of conserved charges. Indeed, let f(σ+) be an

arbitrary function then we obviously have ∂−(f(σ+)T++) = 0 and the corresponding

conserved charge is

Qf =

∫ σ̄

0

dσf(σ+)T++(σ+) (20)

In the light-cone coordinates we have the following equation of motion for the world-

sheet embedding X

∂+∂−X
M(σ+, σ−) = 0 (21)

The general solution to this equation is of the following form

XM(σ+, σ−) = XM
L (σ+) +XM

R (σ−) (22)

where XL and XR are arbitrary functions. Now let us consider possible boundary con-

ditions. At this point of the discussion we have two possibilities

• closed strings corresponding to periodic boundary conditions

XM(τ, σ + 2π) = XM(τ, σ) (23)

For convenience we have reverted to the coordinates τ, σ.

• open strings corresponding to Neumann boundary conditions

∂σX
M(τ, σ = 0, π) = 0 (24)
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These boundary conditions describe open strings with endpoints moving freely in D-

dimensional spacetime. In addition one can consider Dirichlet boundary conditions.

They describe open strings with endpoints that are fixed. They are important for

describing D-branes and we will consider them later on. Let us first consider the case

of closed strings. The periodic boundary conditions above imply that we have the

following mode expansion

XM
L (τ + σ) =

1

2
xM +

1

2
l2sp

M(τ + σ) +
i√
2
ls
∑
n 6=0

α̃Mn
n
e−in(τ+σ)

XM
R (τ − σ) =

1

2
xM +

1

2
l2sp

M(τ − σ) +
i√
2
ls
∑
n6=0

αMn
n
e−in(τ−σ)

(25)

The parameters xM and pM have the interpretation of center of mass coordinate and

momentum respectively. Hence the solution is

XM(τ, σ) = xM + l2sp
Mτ +

i√
2
ls
∑
n6=0

1

n
e−inτ

(
αMn e

inσ + α̃Mn e
−inσ) (26)

For the case of open strings we have two conditions, one for σ = 0 and one for σ = π.

The first one implies that XM
L (τ) = XM

R (τ) up to a constant that we can take to be

zero. The second condition implies that XM
L is a periodic function of its argument up

to a linear polynomial function. Hence one obtains the following expansion

XM(τ, σ) = xM0 + 2l2sp
Mτ + i

√
2ls
∑
n 6=0

αMn
n
e−inτcos(nσ) (27)

Before proceeding to quantization let us write here the hamiltonian of the system.

H =

∫ σ̄

0

dσ(PMẊM − L) (28)

In terms of oscillators we get (σ̄ = 2π for closed strings and σ̄ = π for open strings)

H =
1

2

∑
n∈Z

(α−n · αn + α̃−n · α̃n) closed strings

H =
1

2

∑
n∈Z

α−n · αn open strings
(29)

where we have defined zero mode oscillators by

αM0 = α̃M0 =
ls√
2
pM closed strings

αM0 = ls
√

2pM open strings

(30)
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We define the Virasoro operators for the closed string as the charges at τ = 0 corre-

sponding to the base of functions fm(σ±) = eimσ
±

Lm = 2T

∫ 2π

0

dσeim(τ−σ)T−− =
1

2

∑
n∈Z

αm−n · αn

L̄m = 2T

∫ 2π

0

dσeim(τ+σ)T++ =
1

2

∑
n∈Z

α̃m−n · α̃n
(31)

They generate two copies of the so-called Virasoro algebra. In the case of the open

string one obtains only one set of operators defined as follows

Lm = 2T

∫ π

0

dσ(eim(τ+σ)T++ + eim(τ−σ)T−−) =
1

2

∑
n∈Z

αm−n · αn (32)

Notice that we have the following relation between the hamiltonian and the Virasoro

operators

H = L0 + L̄0 closed strings

H = L0 open strings
(33)

We can implement the constraints T++ = T−− = 0 as

Lm = L̄m = 0 (34)

2.1.2 Quantization

For quantization we use the usual correspondence between Poisson brackets and com-

mutators

[·, ·]P.B. →
1

i
[·, ·] (35)

One obtains

[XM(τ, σ), XN(τ, σ′)] = [ẊM(τ, σ), ẊN(τ, σ′)] = 0

[XM(τ, σ), ẊN(τ, σ′)] =
i

T
δ(σ − σ′)ηMN

(36)

and in terms of the oscillators

[xM , pN ] = iηMN

[αMm , α
N
n ] = [α̃Mm , α̃

N
n ] = mδm+n,0η

MN

[αMm , α̃
N
n ] = 0

(37)
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Notice that for m 6= 0 we can rescale the operators and define aMm = 1√
m
αMm and

a†Mm = 1√
m
αM−m (for m > 0), thus obtaining the usual harmonic oscillator commutation

relations. Hence we can define the ground state as the state that is annihilated by all

lowering operators. Additionally we choose it to be an eigenstate of the center of mass

momentum.

αm |0, pM〉 = 0 m > 0 (38)

and

p̂M |0, pM〉 = pM |0, pM〉 (39)

Notice that due to the Minkowski metric with η00 = −1 we could in principle have

states with negative norm.

Theorem (no-ghost).

Imposing the constraints on the states decouples the ghosts in 26 dimensions (D = 26)

if the normal ordering constant a = −1.

The normal ordering constant appears in the definition of L0 in the quantum theory.

Indeed, we define the Virasoro operators by making use of the normal ordering

Lm =
1

2

∑
n∈Z

: αm−n · αn : +aδm,0 (40)

With this definition and the commutation relations above one obtains the following

Virasoro algebra

[Lm, Ln] = (m− n)Lm+n +
c

12
m(m2 − 1)δm+n,0 (41)

where c = D is called the central charge. Each boson on the worldsheet contributes

with one unit. The constraints Lm = 0 cannot be imposed on all the Hilbert space.

We can only ask them to be satisfied on the physical Hilbert space

Lm|phys〉 = 0 m > 0

L0|phys〉 = 0
(42)

Notice that L†m = L−m implies

〈phys′|Lm|phys〉 = 0 for all m 6= 0 (43)

For the closed string we need to impose similar constraints for L̄m and in addition the

following constraint

(L0 − L̄0)|phys >= 0 (44)
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which is the generator of rigid σ translations. Using the equation pMpM = −m2

together with the constraint for L0 one obtains

m2 =
1

l2s

(
∞∑
m=1

α−n · αn + a

)
(45)

2.1.3 Lightcone Gauge and the String Spectrum

Let us notice that after imposing the condition γab = e2ωηab one is still left with a

residual symmetry, namely reparametrizations

σ+ → f(σ+)

σ− → f̃(σ−)
(46)

In the case of the open string the two functions f and f̃ have to be equal. One can use

this freedom to further impose the following condition

X+(τ, σ) = x+ + l2sp
+τ (47)

where we have defined lightcone coordinates

X+ = X0 +X1

X− = X0 −X1
(48)

This amounts to put α+
m = 0. Then by using the constraints coming form the

energy-momentum tensor one can express α−m in terms of the transverse oscillators

{αim}i=2,...,D−1.

α−m =
1

lsp+
√

2

(∑
n∈Z

: αim−nα
i
n : +2aδm,0

)
(49)

α̃−m =
1

lsp+
√

2

(∑
n∈Z

: α̃im−nα̃
i
n : +2aδm,0

)
(50)

for the closed string and

α−m =
1

2lsp+
√

2

(∑
n∈Z

: αim−nα
i
n : +2aδm,0

)
(51)

for the open strings. Hence in the light cone gauge the physical degrees of freedom are

given by the transverse coordinates.
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Expressing the mass operator in terms of transverse oscillator one obtains

m2 =
2

l2s

∞∑
n=1

(αi−nα
i
n + α̃i−nα̃

i
n + 2a) (closed string)

m2 =
1

l2s

∞∑
n=1

(αi−nα
i
n + a) (open string)

(52)

• Open string spectrum

The ground state is |0, pi〉. It is a tachyonic state since its mass is given by

m2 =
a

l2s
(53)

The first excited state is αi−n|0, pj〉. This is a D−2 dimensional vector. D-dimensional

Lorentz invariance requires physical states to fall into representations of the little group

of SO(1, D − 1) which is SO(D − 2) for massless particles. Hence the state under

discussion has to be massless. Indeed this happens if

a = −1 (54)

as stated by the no-ghost theorem. One can check, level by level that we recover rep-

resentations of the little group. The next excited states will be massive with masses

inversely proportional to ls. The elementary string length is supposedly very small

otherwise we would have seen already strings in the accelerators, therefore the masses

are very large. In the first approximation, when considering the effective low-energy

theory one can work only with the massless states, provided we can find a way to kill

the tachyonic state. We will see that we can find a consistent projection which will kill

the tachyon in the context of superstrings.

• Closed string spectrum

Again the ground state is a tachyon |0, p〉. Recall that in the case of the closed string

we have to impose an additional condition on the physical state (also called level

matching), namely (L0 − L̄0)|phys〉 = 0. The first excited state is

αi−1 ⊗ α̃
j
−1|0, p〉 (55)

This is a reducible representation which decomposes into a symmetric traceless tensor,

an antisymmetric tensor and a scalar (the trace). They are denoted with the following

letters: Gij, Bij,Φ. The symmetric tensor Gij is identified with the graviton. The
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antisymmetric tensor is called B−field and Φ is called the dilaton. They are of course

massless. Notice that due to the level matching condition we cannot consider physical

a state of the form αi−n|0, p〉. Similar selection rules apply at all levels. The next states

are again massive with masses inversely proportional to ls. Let us summarize in the

end the basic features of the bosonic string

- It is well defined only in 26 dimensions

- It contains tachyons

- The closed string contains a state that can be identified with the graviton, hence we

have on our hands a possible theory of quantum gravity

- There are no fermions in the theory.

We will show in the next section how to add fermions to the theory. This will allows

us to project out the tachyon as well.

2.2 Superstrings

In order to get fermions in the theory we will add fermionic coordinates for the world-

sheet.

Ψα : Σ→M (56)

with α being a 2-dimensional spinor index. One is thus led naturally to consider a

supersymmetric version of the Polyakov action.

S = −T
2

∫
Σ

d2σ
√
−γ
[
γab∂aX

M(τ, σ)∂bX
N(τ, σ)ηMN + iψ

M
(τ, σ)ρa∂aψ

N(τ, σ)ηMN

+ iχa ρ
bρaψM

(
∂bX

N − i

4
χbψ

N

)
ηMN

]
(57)

In the formula above we have introduced a gravitino field χa as expected in local

supersymmetric action and the two-dimensional Dirac matrices

ρ0 =

(
0 1

−1 0

)
ρ1 =

(
0 1

1 0

)
(58)

We are going to work in the superconformal gauge

γab = eω(τ,σ)ηab

χa = ρaχ(τ, σ)
(59)
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where χ(τ, σ) is a Weyl fermion that factors out from the action. Indeed, the action in

the superconformal gauge is

S = −T
2

∫
Σ

d2σ
(
ηab∂aX

M∂bXM + 2iψ̄Mρa∂aΨM

)
(60)

The equations of motion following from this action are

(∂2
τ − ∂2

σ)XM(τ, σ) = 0

ρa∂aψ
M(τ, σ) = 0

(61)

In addition to these we have to impose as constraints the equations of motion for the

metric and the gravitino

Tab = ∂aX
M∂bXM −

1

2
ηab∂

cXM∂cXM +
i

2
ψ̄M(ρa∂b + ρb∂a)ψM = 0 (62)

Ja =
1

2
ρbρaψ

M∂bXM = 0 (63)

The conservation of the energy momentum tensor and of the supercurrent, lead as in

the bosonic string to an infinite number of conserved charges. It is again convenient to

make use of lightcone coordinates σ+, σ−. The action becomes

S = T

∫
dσ+dσ−

[
∂+X

M∂−XM + i(ψM+ ∂−ψ+M + ψM− ∂+ψ−M)
]

(64)

with the following equations of motion

∂+∂−X
M = 0 (65)

∂−ψ
M
+ = ∂+ψ

M
− = 0 (66)

The bosonic coordinates are treated in a similar way as for the bosonic string. We will

focus on the fermionic ones. Let us consider first the open string boundary conditions.

Because of dealing with fermions there are two possibilities denoted by (R) and (NS):

(R) ψM+ (τ, 0) = ψM− (τ, 0) ψM+ (τ, π) = ψM− (τ, π)

(NS) ψM+ (τ, 0) = −ψM− (τ, 0) ψM+ (τ, π) = ψM− (τ, π)
(67)

In order to work with periodic and antiperiodic boundary conditions (as it is the case

for the closed strings) we do what is called the “doubling trick”, i.e. we extend the

range of definition of ψ+ from 0 ≤ σ ≤ π to 0 ≤ σ ≤ 2π by defining

ψM+ (τ, σ) = ψM(τ, σ)

ψM− (τ, σ) = ψM(τ, 2π − σ)
(68)
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Then we can work with the same type of boundary conditions both in the open and

closed string. These are

• periodic or Ramond (R) ψ±(τ, σ + 2π) = +ψ±(τ, σ)

• anti-periodic or Neveu-Schwarz (NS) ψ±(τ, σ + 2π) = −ψ±(τ, σ)

The conditions for ψ+ and ψ− can be chosen independently in the case of the closed

string. This leads to four possible sectors: NS-NS, NS-R,R-NS and R-R. In the case of

the open string the left and right moving sectors are identified and we end up with only

two sectors: NS and R respectively. In the lightcone coordinates the energy momentum

and supercurrent become

T++ = ∂+X
M∂+XM + iψM+ ∂+ψ+M

T−− = ∂+X
M∂−XM + iψM− ∂−ψ−M

T+− = T−+ = 0

(69)

J+ = ψM+ ∂+XM

J− = ψM− ∂−XM

(70)

and with the corresponding conservation laws

∂−T++ = ∂+T−− = 0 (71)

∂−J+ = ∂+J− = 0 (72)

Now let us turn to oscillator expansions. For the case of (R) boundary conditions we

have

ψM+ (τ, σ) =
∑
r∈Z

b̄Mr e
−ir(τ+σ)

ψM− (τ, σ) =
∑
r∈Z

bMr e
−ir(τ−σ)

(73)

and for the case of (NS) boundary conditions

ψM+ (τ, σ) =
∑

r∈Z+1/2

b̄Mr e
−ir(τ+σ)

ψM− (τ, σ) =
∑

r∈Z+1/2

bMr e
−ir(τ−σ)

(74)
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In order to impose the energy momentum and supercurrent constraints in the quantum

theory we define super Virasoro operators

Lm = 2T

∫ 2π

0

dσeim(τ−σ)T−−

Gr = T

∫ 2π

0

dσeir(τ−σ)J−

(75)

and similar formulas for L̄m and Ḡr. In terms of oscillators we obtain

Lm =
1

2

∑
n∈Z

αm−n · αn +
1

2

∑
r

(
r − m

2

)
bm−r · br

Gr =
∑
r

αn · br−n
(76)

They generate a supersymmetric extension of the Virasoro algebra.

2.2.1 Quantization

The prescription for quantization of the worldsheet fermions is to replace Dirac brackets

with anticommutators

{·, ·}D.B. →
1

i
{·, ·} (77)

An elementary calculation leads to the following result

{ψM+ (τ, σ), ψN+ (τ, σ′)} = {ψM− (τ, σ), ψN− (τ, σ′)} =
1

2T
ηMNδ(σ − σ′)

{ψM+ (τ, σ), ψN− (τ, σ′)} = 0
(78)

and in terms of the b−oscillators

{bMr , bNs } = ηMNδr+s,0 (79)

We now turn to the super Virasoro operators in the quantum theory. As before we

have a normal ordering constant a.

Lm =
1

2

∑
n∈Z

: αm−n · αn : +
1

2

∑
r

(
r − m

2

)
: bm−r · br : +aδm,0

Gr =
∑
r

αn · br−n
(80)
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With these definitions one show prove that the super Virasoro algebra is

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0

{Lm, Gr} =
(m

2
− r
)
Gm+r

[Gr, Gs] = 2Lr+s +
c

12
(4r2 − 1)δr+s,0

(81)

where now the central charge is given by

c = D +
D

2
(82)

There is again a no-ghost theorem which tells us that D = 10 and a=0 for the (R)

sector and a = −1/2 in the (NS) sector. The physical states in the Hilbert space are

determined by the conditions

Lm|phys〉 = 0 m ≥ 0

Gr|phys〉 = 0 r > 0
(83)

for both the (NS) and (R) sectors. In the case of the closed fermionic string we will

impose the following condition as well

(L0 − L̄0)|phys〉 = 0 (84)

familiar from the case of the bosonic string. Before proceeding to light cone quantiza-

tion let us introduce the level number operator

N =
∞∑
m=1

α−m · αm +
∞∑

r∈N+ϕ

rb−r · br (85)

where ϕ = 0 for the (R) sector and ϕ = −1/2 for the (NS)sector.

2.2.2 Light Cone Gauge and Spectrum

As in the case of the bosonic string one can solve the constraints in the light cone

gauge. In the case of the fermionic superstring this is given by

X+ = x+ + l2sp
+τ

ψ+ = 0
(86)
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or equivalently α+
m = 0 for all m 6= 0 and b+

r = 0 for all r ∈ Z. Then one can solve the

constraints and express α−m and b−r in terms of the transverse oscillators

α−m =
1

2p+

[∑
n∈Z

: αinα
i
m−n : +

∑
r∈Z

(m
2
− r
)

: birb
i
m−r : −2aδm,0

]

b−r =
1

p+

∑
q∈Z

αir−qb
i
q

(87)

Then one can find the physical spectrum by using the transverse oscillators and im-

posing the level matching condition for the closed string. Let us introduce the mass

operator

m2 = m2
L +m2

R (88)

with

m2
R =

2

l2s

(
∞∑
n=1

αi−nα
i
n +

∞∑
r=1

rbi−rb
i
r − a

)
(89)

Then the level matching condition for physical states becomes

m2
L = m2

R (90)

Now let us examine the ground state in the (NS) and (R) sectors for the open string or

equivalently for the left moving sector of the closed string. In both sectors the ground

state is defined by

αim|0, p〉 = bir|0, p〉 = 0 for all m, r > 0 (91)

In the (NS) sector the ground state is unique and is the usual tachyon. In the (R)

sector we still have the bi0 zero modes which satisfy a Clifford algebra

{bM0 , bN0 } = ηMN (92)

hence the ground state in the (R) sector will be a Majorana-Weyl 10 dimensional spinor.

The number of degrees of freedom of such a spinor is indeed 8 and the (R) ground state

is massless. There are however two choices of chirality for the (R) ground state. For

building consistent superstring theories one needs to add an additional projector. We

motivate this at this stage by the need to get rid of the tachyon. Let us introduce the

GSO projector

PGSO =
1− (−1)F

2
(93)

where F is the worldsheet fermion number operator on the left moving sector. In terms

of the oscillator it is given by

F =
∑
r>0

bi−rb
i
r (94)
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Notice that the tachyon belongs to the kernel of the GSO projector

|0, p〉 ∈ KerPGSO (95)

since (−1)F |0, p〉 = +|0, p〉. In the (R) sector we use a generalized chirality operator

instead of (−1)F , that is

(−1)F → Γ9(−1)F (96)

where Γ9 is the chirality operator. There are several 10 dimensional superstring theo-

ries that can be built and we examine their (massless) spectra in the following.

Type I

Type I string theory [2],[3] is a theory with open and closed strings with N = 1

supersymmetry in 10d. We have two sectors (R) and (NS). We have two choices for

the GSO projection depending on the choice of chirality. Notice that the two choices

are equivalent from the point of view of open strings. The massless spectrum (ground

state) consists of

(R) one chiral spinor bi0|0, p〉 with 8 real components

(NS) one vector field bi−1/2|0, p〉 with 8 components

Thus in the low energy effective theory we have a vector multiplet. When we discuss

Chan-Paton labels we will show how one can get non-abelian gauge interactions in

open string theory.

Type II

Type II string theory is a theory of closed and open strings with N = 2 supersymme-

try in 10d. We have two choices, either use the same GSO projection in both the left-

and right- moving sectors or use different projections. The first choice yields Type IIB

theory and the second yields Type IIA theory. We have four different sectors (NS-NS)

and (R-R) with spacetime bosons and (NS-R) and (R-NS) with spacetime fermions.

Type IIA massless spectrum

(NS-NS) We have the following states

bi−1/2 ⊗ b̄
j
−1/2|0〉NS (97)

which decompose into representations of the transverse (little) group SO(8)

• a scalar φ called dilaton with 1 degrees of freedom

• an antisymmetric tensor field Bij = −Bji with 28 degrees of freedom

• a traceless symmetric tensor field Gij = Gji, the graviton, with 35 degrees of freedom
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(NS-R) We have the following states

bi−1/2 ⊗ b̄
j
0|0〉NS (98)

which decompose into

• a Weyl-Majorana spin 1/2 spinor called the dilatino with 8 degrees of freedom

• a spin 3/2 field, the gravitino with 56 degrees of freedom

(R-NS) We have the following states

bi0 ⊗ b̄
j
−1/2|0〉NS (99)

which decompose into

• a Weyl-Majorana spin 1/2 spinor called the dilatino with 8 degrees of freedom

• a spin 3/2 field, the gravitino with 56 degrees of freedom

The chiralities are opposed to the ones in the (NS-R) since in Type IIA we use different

GSO projections in the left-moving and right-moving sectors.

(RR) We have the following states

bi0 ⊗ b̄
j
0|0〉NS (100)

which decompose into • a 1-form (vector) field Ci with 8 components • a 3-form field

(antisymmetric tensor of rank three) Cijk with 56 components

Type IIB massless spectrum

(NS-NS) We have the following states

bi−1/2 ⊗ b̄
j
−1/2|0〉NS (101)

which are the same as for Type IIA.

(NS-R) We have the following states

bi−1/2 ⊗ b̄
j
0|0〉NS (102)

which decompose into

• a Weyl-Majorana spin 1/2 spinor called the dilatino with 8 degrees of freedom

• a spin 3/2 field, the gravitino with 56 degrees of freedom

(R-NS) We have the following states

bi0 ⊗ b̄
j
−1/2|0〉NS (103)

which decompose into

• a Weyl-Majorana spin 1/2 spinor called the dilatino with 8 degrees of freedom
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• a spin 3/2 field, the gravitino with 56 degrees of freedom

The chiralities are the same to the ones in the (NS-R) since in Type IIB we use the

same GSO projections in the left-moving and right-moving sectors.

(RR) We have the following states

bi0 ⊗ b̄
j
0|0〉NS (104)

which decompose into

• a 0-form (scalar) field C0, hence 1 degree of freedom

• a 2-form field (antisymmetric tensor of rank 2) Cij with 28 components

• a self-dual 4-form field (antisymmetric tensor of rank 4) Cijkl with 35 components

Heterotic

Although throughout this thesis we are concerned with Type I and/or Type II string

theory we mention here for completeness the Heterotic string theory [4],[5], which

historically was the first one to be considered with phenomenological potential due to

its gauge symmetry E8 × E8 which allowed the realization of certain supersymmetric

GUT (Grand Unified Theory) scenarios in string theory by compactifying on certain

Calabi-Yau manifolds [6]. The Heterotic string is a hybrid between the 26 dimensional

bosonic string and the 10 dimensional fermionic string. More precisely the left-moving

sector is the 26-dimensional bosonic string compactified on a self-dual 16-torus, thus

yielding 10 physical dimensions. The right-moving sector is the usual fermionic string.

We will distinguish between the oscillators coming from the 16-dimensional lattice and

non-compactified dimensions. We have only two sectors (NS) and (R).

Heterotic massless spectrum

From the 10 non-compact dimensions we have

(NS) We have the following states

αi−1 ⊗ b̄
j
−1/2|0〉 (105)

which again decompose into

• a scalar Φ, an antisymmetric tensor Bij and a traceless symmetric tensor Gij.

(R) We have the following states

α̃i−1b̄
j
0|0〉 (106)

which decompose into

• a Weyl-Majorana 1/2 spinor and a gravitino 3/2 spin field.

The degrees of freedom are the same as in the case of Type II string theories. From the

16-dimensional lattice we get the states responsible for the E8 × E8 or SO(32) gauge
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symmetry of the theory.

(NS) We have the following states

αI−1 ⊗ bi−1/2|0〉
b̄i−1/2|p2

L = 2〉
(107)

where the index I rans over the compactified dimensions. Together they form the 8

components of the gauge field in the adjoint representation 496 of either E8 × E8 or

SO(32).

In the (R) sector one gets the corresponding superpartner, that is the following states

(R)

αI−1 ⊗ b̄i0|0〉
b̄i0|p2

L = 2〉
(108)

With this we end the discussion of the five basic ten dimensional superstring theories.

In the next section we introduce D-branes which will be intimately related to the (RR)

forms in Type I/II string theories and to gauge symmetries by considering Chan-Paton

labels or equivalently coincident D-branes.

2.3 D-branes

Let M be the target space of a string theory which contains open strings. Then a

Dp brane is a p + 1 dimensional submanifold (a divisor) of M such that endpoints of

open strings are restricted to move only in this subspace. Let us take the example

of the open bosonic string, then a Dp brane will mean an open string XM(τ, σ) with

Neumann boundary conditions in p + 1 directions and Dirichlet boundary conditions

for the rest of D− p− 1 directions. In this language the open bosonic gauge sector can

be thought as a D25 branes and the Type I gauge sector as a D9 brane. The boundary

conditions for open strings corresponding to Dp branes are

(DD) ∂τX
I(τ, σ) |σ=0,π= 0 for I = p+ 1, ..., D − 1

(NN) ∂σX
µ(τ, σ) |σ=0,π= 0 for µ = 0, ..., p

(109)

Notice that we have assumed that the Dp brane always wraps the target space time di-

rection X0. In the chapter about instantons we will discuss branes which have Dirichlet

boundary conditions in 4 dimensional spacetime, also dubbed Euclidean branes. They

realize instanton effects in the context of string theory. Notice that (DD) boundary

conditions in non-compact dimensions require the end of the strings to be fixed in those
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directions. Indeed, in the case of (DD) boundary conditions one has the following os-

cillator expansion

XI(τ, σ) = xI + 2l2sp
Iσ − ls

√
2
∑

n∈Z\{0}

αn
n
e−inτ sinnσ (110)

and the endpoints are fixed

XI(τ, 0) = xI XI(τ, π) = xI + 2πl2sp
I (111)

In a theory where Dp-branes of different dimensionality are present one can have also

Neumann-Dirichlet (ND) boundary conditions for open strings stretched between such

branes.

(ND) ∂τX(τ, σ) |σ=0= 0 ∂σX(τ, σ) |σ=π= 0 (112)

One obtains the following oscillator expansion for (ND) strings

X(τ, σ) = x− ls
√

2
∑

n∈Z+1/2

αn
n
e−inτ sinnσ (113)

In this case one end is fixed and the other is free to move.

For the fermionic coordinates the oscillator expansion for (DD) is similar as in the case

of (NN) whereas for (ND) boundary conditions the role of the (R) and (NS) expansions

are inverted.

2.3.1 Toroidal Compactification and T-duality

A very important subject in string theory is compactification of extra dimensions. The

case that we want to analyze is a toroidal compactification. Let us take the simplest

case, that is one dimension compactified on a circle (1 torus) of radius R. Let us denote

the bosonic coordinate in the compactified direction by X, then we have to impose the

following periodicity condition for the closed string coordinates

X(τ, σ + 2π) = X(τ, σ) + 2πwR (114)

The integer w is called winding number and it counts the number of times the string has

wrapped the circle. It is convenient to write the oscillator expansion in the following

way

XL(τ, σ) =
1

2
x+

1

2
l2spL(τ + σ) + ls

i√
2

∑
n∈Z\{0}

1

n
α̃ne

−2in(τ+σ)

XR(τ, σ) =
1

2
x+

1

2
l2spR(τ − σ) + ls

i√
2

∑
n∈Z\{0}

1

n
αne

−2in(τ−σ)

(115)
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Then imposing the periodicity condition (114) one obtains that we must have

1

2
(pL − pR) =

wR

l2s
(116)

Recall that on a compact space one has the usual quantization condition for the total

momentum of the string, that is

pL + pR
2

=
m

R
(117)

where the integer m is called momentum number. Solving for pL and pR one gets

pL =
m

R
+
wR

l2s

pR =
m

R
− wR

l2s

(118)

Thus for the closed string in a compact space one gets the usual Kaluza-Klein states

familiar from field theory indexed by m but in addition there are also new winding

states.

Consider the following coordinate X ′

X ′(τ, σ) = XL(τ, σ)−XR(τ, σ) (119)

By making use of eqs. (115), (118) one immediately sees that it defines again a string

theory on circle of radius

R ′ =
l2s
R

(120)

where the winding and the momenta numbers are interchanged

m↔ w (121)

Such a transformation is called T-duality and it is a symmetry of the bosonic closed

string. This is no longer the case when one considers open strings or superstrings.

We can describe (NN) open strings by starting with the expansion (115) and imposing

pL = pR = 2p αn = α̃n (122)

where p is the center of mass momentum of the open string. Let us make the following

replacement

x→ x+ C for XL and x→ x− C for XR (123)
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which doesn’t affect the solution. The first observation is that because of the condition

pL = pR the winding number has to be zero

w = 0 (124)

thus one only gets Kaluza-Klein states for the zero-mode

X(τ, σ) = x+ 2l2s
m

R
τ + ls

√
2
∑

n∈Z\{0}

αn
n
e−inτ cosnσ (125)

On the other hand, if one considers the T-dual coordinate X ′ = XL −XR, then

X ′(τ, σ) = 2C + 2l2s
m

R
σ + ls

√
2
∑

n∈Z\{0}

1

n
αne

−inτ sinnσ (126)

Notice that the dual open string has now fixed endpoints in the direction of X ′. Thus

T-duality for open strings replaces (NN) boundary conditions with (DD). Using the

T-dual radius R′ = l2s/R and replacing m↔ w one gets

X ′(τ, σ) = x′ + 2wR′σ + ls
√

2
∑

n∈Z\{0}

1

n
αne

−inτ sinnσ (127)

where we have introduced x′ = 2C.

Now let us comment briefly on the case of superstrings. For the fermionic coordinates

T-duality acts like a reversal of chirality in the right-moving sector. Then Type IIA

string theory compactified on a circle of radius R is T-dual to Type IIB string theory

compactified on a circle of radius R′ = l2s/R. A similar duality relates the SO(32) and

E8 × E8 heterotic strings.

T-duality can be extended to more coordinates if one compactifies more than one

dimension. Then we have that an even number of T-dualities takes Type IIA(B) to

itself whereas an odd number of T-dualities takes IIA(B) to IIB(A).

2.3.2 Chan-Paton Labels

In the case of open strings one has the option of adding a non-dynamical quantum

number at string endpoints. These are the so-called Chap-Paton labels. A state |k〉 in

the Hilbert space becomes |k; ij〉. The labels i, j are conserved by definition through

interactions. Let |k; a〉 be a general state, then we have the following decomposition

|k; a〉 =
N∑

i,j=1

λaij|k; ij〉 (128)
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One can easily see that a string diagram with open strings is proportional to the trace

of a product of λa matrices. Performing the following unitary transformation

λa → UλaU † (129)

leaves all string amplitude invariant. Moreover one can show that the vertex operator

on the gauge boson transforms in the adjoint of this unitary symmetry. This is sufficient

to imply that the global symmetry on the worldsheet given by the Chan-Paton labels

translates into a local gauge symmetry into the target space.

2.3.3 Unoriented Strings and CP labels

A parity operator (or involution) Ω is an operator which satisfies

Ω2 = I (130)

We can define such an operator on the string worldsheet by the following action

Ω : (τ, σ)→ (τ, π − σ) open strings

Ω : (τ, σ)→ (τ, 2π − σ) closed strings
(131)

which basically amounts to reversing the orientation of the open string. Such a trans-

formation for the worldsheet embedding coordinates XM can be implemented by the

following action on the oscillators

ΩαMn Ω−1 = ±(−1)nαMn open strings

ΩαMn Ω−1 = α̃Mn closed strings
(132)

where the sign ± in the first equation refers to (NN) and (DD) strings respectively. By

using the oscillator expansion one can easily see that this is indeed compatible with

the action on the worldsheet embeddings XM

ΩXMΩ−1(τ, σ) = XM(τ, π − σ) open strings

ΩXMΩ−1(τ, σ) = XM(τ, 2π − σ) closed strings
(133)

Similarly for the fermionic coordinates one has

Ωψ+(τ, σ)Ω−1 = ψ−(τ, 2π − σ) closed strings

Ωψ+(τ, σ)Ω−1 = ψ−(τ, π − σ) open strings
(134)
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which yields the following action on the oscillators

(R) ΩbMr Ω−1 = b̄Mr

(NS) ΩbMr Ω−1 = −b̄Mr
(135)

for closed strings and

ΩbMr Ω−1 = eiπrbMr (136)

for open strings, where r ∈ Z for the (R) sector and r ∈ Z + 1/2 for the (NS) sector.

By introducing the operator

P (Ω) =
1 + Ω

2
(137)

one can project on the states that are even under Ω. In other words the worldsheet

parity operator is a (global) symmetry of string theory and we can gauge it. The

resulting theory will be a theory where we consider unoriented worldsheets as well. In

the case of the bosonic string without CP labels one projects out the photon at the

massless level. Indeed the vacuum is even under the worldsheet parity Ω|k〉 = |k〉 and

thus for the photon we have

ΩαM−1|k〉 = −αM−1|k〉 (138)

In the case with CP labels we can keep the gauge fields into the theory. The reason is

that the action of the parity can be generalized to

Ωλij|k, ij〉 = λ′ij|k, ji〉 (139)

where in order for this transformation to be a symmetry of the string amplitudes one

must have

λ′ = MλTM−1 (140)

Imposing that Ω2 = 1 we obtain that

MM−1TλMTM−1 = λ (141)

This condition can be rewritten as [MM−1T , λ] = 0. Now using the fact that the

matrices λ form a complete set one obtains that

MM−1T ∼ I (142)

Up to normalization we have two possibilities MM−1T = ±I and the corresponding

solutions are

M = ±MT (143)
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that is M has to be either symmetric or antisymmetric. By a suitable choice of basis

we can restrict to the two cases. The first is

M = I (144)

In order for the state λijα
M
−1|k, ij〉 to survive in the spectrum we must have λ = −λT

and thus in this case the gauge group is SO(N). The second case is

M =

(
0 I

−I 0

)
(145)

Thus for the vector we have the condition λ = MλTM which is the definition of

USp(N).

2.3.4 D-brane Couplings and Tadpole Conditions

Let us consider a Dp-brane, that is a p + 1 dimensional submanifold Σp+1 of the ten

dimensional target space M . We have an embedding of the worldvolume of the Dp-

brane into the target space

X : Σp+1 →M (146)

Let us introduce local coordinates (ξa)a=0,...,p on Σp+1, then locally one works with the

functions XM(ξa) with M = 0, ..., 9. We denote by g the metric tensor of the target

space M . The induced metric on Σp+1 is

X∗(g)ab = ∂aX
M∂bX

NgMN ≡ ĝab (147)

The bosonic degrees of freedom of the Dp-brane are the massless excitations of the

open strings attached to the brane. They consist of a gauge field Aa(ξ) with field

strength Fab and the transverse coordinates X i(ξ). In addition to these we consider

the closed string backgrounds. For Type II theories they consist of the metric g, the

2-form field BMN and the dilaton Φ from the NSNS sector and the q-form fields Cq
from the RR sector. In the case of Type IIA one has q = 1, 3, 5, 7, 9 and for Type IIB

q = 0, 2, 4, 6, 8, 10. For Type I theory, the projection corresponding to Ω leaves only g

and Φ in the NSNS sector and C2, C6, C10 in the RR sector. The RR q-form fields are

not all independent as they are required to satisfy a duality condition. Introducing the

field strength Fq+1 = dCq then we have

Fq+1 = ∗F9−q (148)
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The effective action of a Dp-brane is given by the Dirac-Born-Infeld-Chern-Simons

(DBI-CS) action

SDp =− Tp
∫

Σp+1

dp+1ξe−X
∗(Φ)
√
− det (X∗(g) +X∗(B) + 2πl2sF )

−Qp

∫
Σp+1

ch(2πl2sF ) ∧

√
Â(RT )

Â(RN)
∧
⊕
q

X∗(Cq)

(149)

where ch(2πl2sF ) denotes the Chern character of the bundle associated to the Dp-brane.

The indices T and R on R refer to the curvature from the tangent and normal bundle

of Σp+1. We will not need in our considerations the definition of the A-roof genus so

we will ignore this factor. The formula above is true for one Dp-brane, that is for an

abelian gauge field F . The couplings Tp, Qp represent the tension and the RR charge

respectively. For BPS branes the two are equal Tp = Qp, that is the force due to the

exchange of NSNS modes between two static parallel Dp branes is canceled by the

force due to the exchange of RR fields. From the CS part of the action one can see

that the RR fields present in the theory select what type of Dp-branes one can couple

to a given string theory. Thus one has

IIA : D0, D2, D4, D6, D8

IIB : D(−1), D1, D3, D5, D7, D9

I : D1, D5, D9

(150)

There is a consistency condition that one has to impose, namely the RR charge can-

celation. Consider a (q + 1)-form field with field strength Fq+2 = dCq+1. We can write

the relevant part of the action in the following form

S = −1

4

∫
d10x
√
−g|Fq+2|2 −Qp

∑
a

∫
Cq+1 ∧ πa9−q (151)

where the forms πa9−q are closed. The equations of motion following from the action

above can be written as

d ∗ dCq+1 = 2Qp

∑
a

πa9−q (152)

We will generically consider the target space to be the product of Minkowski 4d space-

time with a 6d internal compact manifold K. The Dp branes that we consider will

wrap 4d spacetime and cycles in the internal space K. One can integrate the equation

of motion over any (9−q)-dimensional compact submanifold of K. The result depends

only on the homology class of the submanifold. Introducing the cohomology class
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[Πa] = [π9−q], one obtains a set of consistency conditions by integrating the equation

of motion above which can be written as∑
a

[Πa] = 0 (153)

which basically expresses the conservation of charge. For example consider Type II A

string theory with intersecting D6 branes (see Chapter 4) that wrap a 3-cycle in the

internal space K. Poincaré duality states that there is an isomorphism H3(K,Z) ∼=
H3(K,Z). Thus to any homology 3-cycle wrapped by the D6 brane a (that we integrate

over) there is a unique cohomology class defined by the 3-form πa3 . Alternatively, one

can consider the T-dual picture of Type IIB with magnetized D9 branes. We consider

the case of a toroidal compact space K = T6 with magnetic fields H
(a)
1 , H

(a)
2 , H

(a)
3 along

each two-torus, then one has a coupling to a 6-form C6 given by∫
10

C6 ∧ πa4 (154)

where now the forms πa4 are given by

πa4 = H
(a)
1 ∧H

(a)
2 +H

(a)
1 ∧H

(a)
3 +H

(a)
2 ∧H

(a)
3 (155)

arising from the expansion of the Chern character with F containing the three magnetic

fields H
(a)
i .

Satisfying the charge neutrality condition in eq. (153) only with D branes, generally

leads to the necessity to introduce both branes and anti-branes which break in principle

supersymmetry. Supersymmetric solutions can be found if one cancels the D-brane

charges by introducing O-planes. They arise in theories which contain the orientifold

projection Ω. O-planes are defined to be the fixed point locus of Ωk, where k is an

element of an orbifold group (see Chapter 3). The effective action for O-planes is

formally the same as for D branes in the limit that the fields living on the branes are

put to zero. Thus they are non-dynamical objects.

SOp = −TOp
∫

Σp+1

dp+1ξe−Φ
√
− det g −QOp

∫
Σp+1

√
L(RT/4)

L(RN/4)
∧
⊕
q

Cq (156)

where L is the Hirzebruch polynomial. We have omitted writing explicitly the pull-

back X∗ for the quantities that are defined on the world-volume of the O-plane. Similar

considerations as in the case of Dp-branes lead us to consider the following coupling

to the RR forms

−QOp

∫
Cq+1 ∧ πOp9−q (157)
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which now changes the neutrality condition to∑
a

[Πa] +QOp[ΠOp] = 0 (158)

where we have introduced the cohomology classes [ΠOp] corresponding to the 9 − q

forms πOp9−q. As we will see later on, in 10d Type I string theory one has an O9 plane

corresponding to the fixed locus of Ω. Its tension and charge are TO9 = QO9 = −32.

Thus charge neutrality condition requires the introduction of 32 D9 branes. The values

of the tension and charge are determined by an explicit calculation of the one-loop string

amplitudes (see Section 2.5.2).

2.4 String Interactions

2.4.1 Vertex Operators

Let us introduce complex coordinates on the worldsheet. We first perform a Wick

rotation τ → −iτ to the Euclidean theory with metric ds2 = dτ ⊗ dτ + dσ⊗ dσ. Then

we introduce the coordinates

z = eτ−iσ z̄ = eτ+iσ (159)

The metric becomes

ds2 =
1

|z|2
dz ⊗ dz̄ (160)

In this system of coordinates the oscillator expansions become

XM(z, z̄) = xM − i ls√
2
αM0 log zz̄ + i

ls√
2

∑
n∈Z\{0}

1

n
αMn (z−n + z̄−n) (161)

in the case of the open string, and

XM(z, z̄) = XM
L (z) +XM

R (z̄)

XM
L (z) =

xM

2
− i ls√

2
αM0 log z + i

ls√
2

∑
n∈Z\{0}

1

n
αMn z

−n

XM
R (z̄) =

xM

2
− i ls√

2
α̃M0 log z̄ + i

ls√
2

∑
n∈Z\{0}

1

n
α̃Mn z̄

−n

(162)

is the case of closed strings. By taking derivatives with respect to z and z̄ respectively

and inverting the resulting relations one obtains

αM−n =

√
2

ls

∮
dz

2π
z−n∂XM(z) α̃M−n =

√
2

ls

∮
dz̄

2π
z̄−n∂̄XM(z̄) (163)
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This suggests that there is an equivalence between a state, let’s say α−1|0, k〉 and

the contour integral around the insertion of a pointlike operator at the point z in

the complex plane. In string perturbation theory, ingoing and outgoing strings will

be represented by vertex operators. The S-matrix is defined through the Polyakov

expansion

An =
∑
χ

g−χs

∫
MΣ

e−SPV1 . . . Vn (164)

where gs is the string coupling constant which is determined by the vacuum expectation

value of the dilaton field gs = e〈φ〉. This arises in perturbation theory by adding to the

Polyakov action an Einstein-Hilbert term

SEH =
〈φ〉
4π

∫
Σ

d2σR (165)

which in two dimensions is a topological invariant equal to the Euler characteristic

of the worldsheet Σ. One can show that the Euler characteristic has the following

expression

χ = 2− 2h− b− c (166)

where h is the number of handles of the surface (also called the genus), b is the number

of boundaries and c is the number of crosscaps. By adding handles, boundaries and/or

crosscaps to the sphere one can build any two-dimensional surface. Notice that each

order in string perturbation theory is determined by χ. At a given order one has to

sum over all surfaces with given Euler characteristic. The integral is over the so-called

moduli space of the surface MΣ. In the expansion above we have assumed a theory

with open and closed strings both oriented and unoriented. If one consider a pure

oriented closed string theory the Euler characteristic becomes

χ = 2− 2h (167)

and one is summing in perturbation theory over the genus of the surface.

2.5 Vacuum Amplitudes

2.5.1 Geometry of the χ = 0 Surfaces

In this section we are interested in the one-loop amplitudes in string theory. They

correspond to world-sheets Σ with zero Euler characteristic. The equation χ = 0 has
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four distinct solutions

Torus h = 1, b = 0, c = 0

Klein bottle h = 0, b = 0, c = 2

Annulus h = 0, b = 2, c = 0

M öbius strip h = 0, b = 1, c = 1

(168)

Let us start with the torus. Topologically the torus is a product of two circles T2 =

S1 × S1. It can be constructed from a parallelogram with its parallel edges identified

in the same sense. Thus one has a description in terms of the quotient of the plane R2

by a lattice Λ2 generated by two vectors a, b which can be taken to be of length 1 and

|τ | respectively. The parameter τ ∈ C, with Imτ > 0 is the Teichmüler parameter of

Figure 1: Fundamental Cell of the Torus

the surface and it describes the complex structure of the torus. Notice however that

not all the upper half-plane describe inequivalent complex structures. Two tori for

which the corresponding Teichmüler parameters τ and τ ′ are related by a PSL(2,Z)

transformation

τ ′ =
aτ + b

cτ + d
with ad− bc = 1 a, b, c, d ∈ Z (169)

have the same complex structure. Transformations of the form above are called modular

transformations. The group of modular transformations is generated by the following
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two transformations

T : τ → τ + 1

S : τ → −1

τ

(170)

In string theory the torus amplitude describes a closed string propagating at one loop.

The world-sheet proper time elapsed while the string goes around the loop is τ2 ≡ Imτ .

From our discussion above it follows that the torus amplitude has to be modular in-

variant in order to be well defined. Due to this property one has actually an infinite

number of choices for the proper time.

Now let us discuss the Klein bottle K. It is an unoriented surface since it contains

two crosscaps. It can be constructed from a right angle parallelogram for which two

edges are identified in the same sense and the other two in the opposite sense. The

Klein bottle has the peculiar property of not being embeddable in R3, so it is difficult

to visualize. There are two canonical choices for proper time which are related by

an S transformation. We will refer to them as direct and transverse channel respec-

tively. The direct channel describes a closed string sweeping the surface, whereas the

transverse channel describes a closed string propagating between two crosscaps. In

string theory the crosscaps will be related to spacetime non-dynamical objects called

O-planes. In describing the Klein bottle we will use the doubly covering torus which

has modular parameter

τ = 2iτ2 (171)

and it is purely imaginary.

The annulus A can be constructed again from a right angle parallelogram with two

parallel edges identified in the same sense (preserving the orientation). In the direct

channel it describes an open string propagating in a loop, whereas in the transverse

channel it describes a closed string propagating between two boundaries which in string

theory are interpreted as D-branes. Its doubly covering torus has purely imaginary

modular parameter

τ =
1

2
iτ2 (172)

Finally, the Möbius strip M is an unoriented surface which can be constructed in a

similar way as the annulus with the difference of identifying the edges in the opposite

sense, thus obtaining an unonriented surface. In the direct channel it describes an

open string sweeping the strip, whereas in the transverse channel it describes a closed

string propagating between a boundary (D-brane) and a crosscap (O-plane). Its doubly

covering torus has a complex modular parameter

τ =
1

2
+ i

τ2

2
(173)
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The transverse channel proper time is no longer related to 1
2

+ i τ2
2

by an S transforma-

tion. For the Möbius one has to use the following transformation

P :
1

2
+ i

τ2

2
→ 1

2
+ i

1

2τ2

(174)

Figure 2: Double Cover Torus of the Klein bottle, Annulus and Möbius strip

2.5.2 Partition Functions

Let us recall the formula from field theory for the one-loop vacuum amplitude that we

denote by Γ.

Γ = − V

2(4π)D/2

∫ ∞
ε

dt

tD/2+1
Str

(
e−tM

2
)

(175)

where t is the Schwinger parameter, M2 is the mass operator and Str denotes the fact

that fermions come with an extra minus sign with respect to the bosons. In the case

of strings t this will be replaced by the modular parameter or Teichmüler parameter

of the corresponding worldsheet. For example a closed oriented string propagating in

a loop generates a torus. The corresponding amplitude will include an integration on

the fundamental region of the torus of the mass operator which we express in terms of

L0 and L̄0. One then has

Γ =
1

(8π2l2s)
D/2

∫
F

d2τ

τ 2
2

1

τ
D/2−1
2

trqL0 q̄L̄0 (176)

We will neglect in what follows the numerical factor in front of the integral. The term

τ
D/2−1
2 comes from the integration over the center of mass momentum of the string pM ,
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actually the transverse part in the light cone gauge

lD−2
s

∫
dD−2p e−πl

2
sτ2p

2

(177)

The parameters q and q̄ are defined as

q = e2πiτ q̄ = e−2πiτ̄ (178)

Let us compute the torus amplitude for the Type II superstring. Introducing the

harmonic oscillators an = αn/
√
n and a†n = α−n/

√
n where n > 0 we have that

Tr q
∑∞
n=1 α−nαn =

∞∏
n=1

Tr qna
†
nan =

∞∏
n=1

∞∑
k=0

qnk =
1∏∞

n=1(1− qn)
(179)

For the fermionic oscillators one has

Tr q
1
2

∑
r∈Z+φ rb−rbr =

∞∏
r=1−φ

Tr qrb−rbr =
∞∏

r=1−φ

∑
k=0,1

qrk =
∞∏
r=1

(1 + qr−φ) (180)

which holds in the (NS) sector for φ = 1/2. In the (R) sector φ = 0 and there is an

additional multiplicity arising from the zero modes bi0. Indeed, computing the trace in

the (R) sector one has

trR (qL0) = 16

∏∞
m=1(1 + qm)8∏∞
m=1(1− qm)8

(181)

The coefficient 16 reflects the degeneracy of the (R) vacuum which carries a represen-

tation of the SO(8) Clifford algebra

{bi0, b
j
0} = δij (182)

By using the above formulas and inserting in the trace the GSO projector one obtains

trNS

(
1− (−1)F

2
qL0

)
=

∏∞
m=1(1 + qm+1/2)8 −

∏∞
m=1(1 + qm)8

q1/2
∏∞

m=1(1− qm)8
(183)

The factor q1/2 in the denominator signals the fact that the vacuum energy in the (NS)

sector is a = −1/2. Let us introduce at this point the Jacobi theta functions. They

are defined by the following series

ϑ

[
α

β

]
(ν, τ) =

∑
n∈Z

qiπτ(n+α)2

e2πi(β+ν)(n+α) (184)
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where α, β ∈ R. One can easily proves the following periodicity properties.

ϑ

[
α + 1

β

]
(ν, τ) = ϑ

[
α

β

]
(ν, τ), ϑ

[
α

β + 1

]
(ν, τ) = e2πiaϑ

[
α

β

]
(ν, τ) (185)

The periodicity properties motivate the following definitions

ϑ1 = ϑ

[
1/2

1/2

]
ϑ2 = ϑ

[
1/2

0

]
ϑ3 = ϑ

[
0

0

]
ϑ4 = ϑ

[
0

1/2

]
(186)

To relate the theta functions to our vacuum amplitude we need the product formulae

ϑ1(ν, τ) = 2q1/8 sin πν
∞∏
n=1

(1− qn)(1− qne2πiν)(1− qne−2πiν)

ϑ2(ν, τ) = 2q1/8 cosπν
∞∏
n=1

(1− qn)(1 + qne2πiν)(1 + qne−2πiν)

ϑ3(ν, τ) =
∞∏
n=1

(1− qn)(1 + qn−1/2e2πiν)(1 + qn−1/2e−2πiν)

ϑ4(ν, τ) =
∞∏
n=1

(1− qn)(1− qn−1/2e2πiν)(1− qn−1/2e−2πiν)

(187)

Introducing also the Dedekind η-function

η(τ) = q1/24

∞∏
n=1

(1− qn) (188)

we can write the vacuum amplitudes in terms of theta functions

trR qL0 =
ϑ4

2(0, τ)

η12(τ)

trNS

(
1− (−1)F

2
qL0

)
=
ϑ4

3(0, τ)− ϑ4
4(0, τ)

η12(τ)

(189)

Using the above results one can then write the torus amplitude of the Type IIB string

theory

T IIB =

∫
F

d2τ

τ 2
2

1

τ 4
2 |η(τ)|16

∣∣∣∣ϑ4
3(0, τ)− ϑ4

4(0, τ)− ϑ4
2(0, τ)− ϑ4

1(0, τ)

η4(τ)

∣∣∣∣2 (190)

A few remarks are in order at this point. The contribution from the 8 transverse bosonic

coordinates to the partition function is 1
τ4
2 η(τ)8η(τ̄)8 thus one real boson contributes

1
√
τ2η(τ)η(τ̄)

(191)
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For one real fermionic coordinate there are four possibilities which can be written as√√√√ϑ
[
α
β

]
η(τ)

α, β = 0, 1/2 (192)

The four terms that we get in the partition function correspond to the four different

spin structures that one can write on the torus. The torus has two non-contractible

cycles. Around each of these cycles a fermion can have either periodic or antiperiodic

boundary conditions. Indeed, let ψ(σ1, σ2) be a spinor defined on a two torus. Then

one can write the following boundary conditions

ψ(σ1 + 1, σ2) = ±ψ(σ1, σ2)

ψ(σ1, σ2 + 1) = ±ψ(σ1, σ2)
(193)

where for simplicity we have taken the periodicities of the torus to be equal to 1.

There are four possibilities in defining a spinor on a torus called spin structures. We

denote them by (+,+), (+,−), (−,+) and (−,−) and they correspond to the signs in

eq. (193). One can write down more general boundary conditions by introducing

complex spinors

ψ(σ1 + 1, σ2) = −e2πiθψ(σ1, σ2)

ψ(σ1, σ2 + 1) = −e2πiφψ(σ1, σ2)
(194)

The contribution to the partition function of a complex fermion with the boundary

conditions given in eq. (194) is

ϑ
[
θ
φ

]
(0, τ)

η(τ)
(195)

In view of this, the four spin structures contributions are

(+,+) θ = 1/2, φ = 1/2 → ϑ4
1

η4

(+,−) θ = 1/2, φ = 0 → ϑ4
2

η4

(−,−) θ = 0, φ = 0 → ϑ4
3

η4

(−,+) θ = 0, φ = 1/2 → ϑ4
4

η4

(196)

By introducing the phases

cαβ = (−1)2(α+β+2αβ) (197)
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we can write the torus amplitude in the following form

T IIB =

∫
F

d2τ

τ 2
2

1

τ 4
2 |η(τ)|16

∣∣∣∣∣∣∣
∑

α,β∈{0,1/2}

(−1)2(α+β+2αβ)
ϑ
[
α
β

]4

(0; τ)

η4(τ)

∣∣∣∣∣∣∣
2

(198)

The relative signs between the contributions from different spin structures, that is

the coefficients cαβ are determined by the requirement of modular invariance of T .

Indeed, one can show that the partition function above is modular invariant by using

the transformation properties of the theta functions

ϑ

[
α

β

]
(ν, τ + 1) = e−iπα(α−1)ϑ

[
α

α + β − 1/2

]
(ν, τ)

ϑ

[
α

β

](
ν

τ
,−1

τ

)
=
√
−iτe2πiαβ+iπ ν

2

τ ϑ

[
β

−α

]
(ν, τ)

(199)

Another important property of the torus amplitude is its ultraviolet finiteness. The

ultraviolet limit corresponds to the region where the modular parameter τ2 approaches

zero. Notice however that by using a modular transformation one can choose the

fundamental domain of the torus F to be the following strip

F = {τ ∈ C, Imτ ≥ 0, −1

2
≤ τ1 ≤

1

2
, |τ | ≥ 1} (200)

which excludes the region around the origin.

A convenient way to encode the one-loop amplitudes is by making use of the characters

of the ŝo(2n) algebra (i.e. the affine extension of the Lie algebra so(2n)).

O2n =
ϑn3 + ϑn4

2ηn
V2n =

ϑn3 − ϑn4
2ηn

S2n =
ϑn2 + i−nϑn1

2ηn
C2n =

ϑn2 − i−nϑn1
2ηn

(201)

The interesting case for 10d superstrings is n = 4, that is the affine algebra ŝo(8).

It has four conjugacy classes of representations and at level one has four integrable

representations. They correspond to four sublattices of the weight lattice and include

the vector, the scalar and two 8-dimensional spinors. In terms of these, the Type IIB

torus amplitude can be written as

T IIB =

∫
F

d2τ

τ 2
2

1

τ 4
2 |η(τ)|16

|V8 − S8|2 (202)
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The massless spectrum can now be easily derived from the partition function above.

Indeed we obtain the four sectors of the Type IIB string theory

(NSNS) V8 × V̄8 → (GMN , BMN ,Φ)

(NSR) V8 × S̄8 →
(

Φ̃α, G̃
α
M

)
1

(RNS) S8 × V̄8 →
(

Φ̃α, G̃
α
M

)
2

(RR) S8 × S̄8 → (C0, C2, C4)

(203)

The massless spectrum is that of gravity with N = 2 supersymmetry. Particularly

useful for checking modular invariance or for passing from the direct to the trans-

verse channel is the representation of the modular transformations S, T on the ŝo(2n)

characters O2n, V2n, S2n, C2n.

T = e−in
π
12 diag

(
1,−1, ein

π
4 , e−in

π
4

)
(204)

S =
1

2


1 1 1 1

1 1 −1 −1

1 −1 i−n −i−n
1 −1 −i−n i−n

 (205)

For ŝo(8), for the characters divided by the contribution of the bosonic coordinates

O8

τ 4
2 η

8

V8

τ 4
2 η

8

S8

τ 4
2 η

8

C8

τ 4
2 η

8
(206)

the transformation T takes the simpler form

T = diag (−1, 1, 1, 1) (207)

Remmber that for the Möbius amplitude in order to pass from the direct channel to

the transverse channel one needs to perfrom a P transformation which in terms of S

and T in eqs. (204),(205) reads

P = T 1/2ST 2ST 1/2 (208)

In terms of the basis (206) P has the same form as T

P = (−1, 1, 1, 1) (209)
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More general, for the ŝo(2n) characters one has the transformation

P =


cos nπ

4
sin nπ

4
0 0

sin nπ
4
− cos nπ

4
0 0

0 0 e−in
π
4 cos nπ

4
ie−in

π
4 sin nπ

4

0 0 ie−in
π
4 sin nπ

4
e−in

π
4 cos nπ

4

 (210)

So far we have discussed in detail the ten dimensional Type IIB theory. Remember

that the difference between Type IIB and Type IIA was the chirality of the gravitinos.

In order to obtain the torus one just has to replace S8 with C8 in let’s say the left

moving part. Thus one has

T IIA =

∫
F

d2τ

τ 2
2

1

τ 4
2 |η(τ)|16

(V8 − C8)(V̄8 − S̄8) (211)

Next we discuss the amplitudes of Type I string theory in ten dimensions (for a review

on open strings see [7]). It contains closed and open strings on both oriented and

unoriented surfaces. There are four vacuum amplitudes at one-loop, namely the torus

T , the Klein bottle K, the annulus A and the Möbius strip M. The torus T will

have the same form as for Type IIB. The Klein bottle amplitude can be computed by

inserting into the trace the world-sheet involution Ω.

K =
1

2

∫ ∞
0

dτ2

τ 2
2

1

τ
D/2−1
2

Tr qL0 q̄L̄0Ω (212)

Then one obtains

K =
1

2

∫ ∞
0

dτ2

τ 6
2

(V8 − S8)(2iτ2)

η8(2iτ2)
(213)

where 2iτ2 is the Teichmüler parameter of the doubly covering torus of the Klein bottle.

Before analyzing the transverse channel let us write down the open string amplitudes

A, M as well. They can be computed starting with the following formulas

A =
N2

2

∫ ∞
0

dτ2

τ 2
2

1

τ
D/2−1
2

Tr qL0

M =
εN

2

∫ ∞
0

dτ2

τ 2
2

1

τ
D/2−1
2

Tr qL0Ω

(214)

The Teichmüler parameters of the doubly covering torii of the two surfaces are iτ2
2

and
iτ2
2

+ 1
2
. The factors N2 and N appearing into the amplitudes above take into account

the multiplicities arising from considering Chan-Paton labels. The sign ε is related to
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the orientifold tension and RR charge. It will be fixed by demanding cancelation of

tadpoles. Computing the amplitudes in the open string sector, one obtains

A =
N2

2

∫ ∞
0

dτ2

τ 6
2

(V8 − S8)(1
2
iτ2)

η8(1
2
iτ2)

M =
εN

2

∫ ∞
0

dτ2

τ 6
2

(V̂8 − Ŝ8)(1
2
iτ2 + 1

2
)

η̂8(1
2
iτ2 + 1

2
)

(215)

For the Möbius amplitude we have introduced hatted characters. In conformal field

theory a character χi encodes the content of a Verma module. In general it is character-

ized by a primary operator of conformal weight hi and the corresponding descendants.

It can be expanded as

χi(q) = qhi−
c
24

∑
k

dkq
k (216)

The hatted characters differ from the definition above by a phase factor e−iπ(hi− c
24

).

Thus one has

χ̂i

(
iτ2 +

1

2

)
= qhi−

c
24

∑
k

(−1)kd(i)kq
k (217)

with q = e−2πτ2 .

With the normalization that we have chosen the total vacuum amplitude is given by

1

2
T +K +A+M (218)

In eq. (215) the sign ε determines whether the vector from the massless open string

spectrum is in the antisymmetric or symmetric representation of the CP gauge group

N(N + ε)

2
(219)

The case ε = 1 yields an USp(N) gauge symmetry, whereas the case ε = −1 yields

SO(32). Only the SO(32) satisfies both the NSNS and RR tadpole conditions. The

tadpoles arise because the amplitudes K, A,M have ultraviolet (τ2 → 0) divergences.

Unlike for the torus, now the integration domain is from 0 to ∞ thus leading to ul-

traviolet divergencies. It is convenient to analyze the divergence in the transverse

channel where they arise from the exchange of massless modes. For the Klein bottle,

the transverse time is

2τ2 → l =
1

2τ2

(220)

and it represents a tube terminating on two crosscaps. In spacetime, crosscaps define

non-dynamical objects called orientifold planes.
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For the annulus the transverse time is

1

2
τ2 → l =

2

τ2

(221)

and in this channel it represents a closed string exchanged by the boundaries. In

spacetime we interpret the boundaries as extended objects called D-branes.

Finally the Möbius amplitude in the transverse channel represents the exchange of a

closed string between a D-brane and an O-plane. The transverse time in this case is

given by the P transformation

1

2
iτ2 +

1

2
→ i

2τ2

+
1

2
= il +

1

2
(222)

Extracting the singular part from the transverse channel amplitudes

K̃ =
25

2

∫ ∞
0

dl
(V8 − S8)(il)

η8(il)

Ã =
2−5N2

2

∫ ∞
0

dl
(V8 − S8)(il)

η8(il)

M̃ = 2
εN

2

∫ ∞
0

dl
(V̂8 − Ŝ8)(il + 1

2
)

η̂8(il + 1
2
)

(223)

one finds the following tadpole condition

25

2
+

2−5N2

2
+ 2

εN

2
=

2−5

2
(N + 32ε)2 = 0 (224)

which determines ε = −1 and thus SO(32) as gauge group. Type I string theory

contains D9 branes and O9 planes. In general Dp-branes and Op-planes have tensions

Tp and charges Qp under the RR potentials Cp+1 or in other words they act as sources

for the RR forms. Dp branes have positive tension and RR charge. One can have

Op-planes with negative tension and negative RR charge that we denote by Op− and

Op-planes with positive tension and RR charge denoted by Op+. In addition one

can define anti-Dp-branes and anti Op-planes which have opposite RR charge. In ten

dimensional Type I string theory we have 32 D9-branes which cancel the charge of the

orientifold plane O9−. In general there are two types of tadpole conditions (NSNS)

and (RR) which are qualitatively different. (NSNS) conditions ensure that there are

no dilaton tadpoles whereas the (RR) is the condition of conservation of charge. In the

case of supersymmetric models they are the same.

46



2.5.3 Compactified Dimensions

The partition functions in the previous section assume ten dimensional Minkowski

spacetime. To connect string theory with four dimensional physics one needs to com-

pactify the extra dimensions. The case that we consider in this section is toroidal

compactification. Later on we will approach the subject of orientifold and magne-

tized/intersecting branes. In section 2.3.1 we have discussed how the oscillator expan-

sions are modified when strings are compactified on a circle (or a torus). Let us consider

the contribution to the torus partition function of a bosonic coordinate compactified

on a circle. The oscillators give the same contribution whereas from the zero modes we

have to sum over the winding and momentum numbers w,m. Thus the contribution

of a compact boson to the torus amplitude is

Λm,w =
∑
m,w

ql
2
s
p2L
4 q̄l

2
s
p2R
4

ηη̄
(225)

where pL,R have been defined in eq. (118). In the case of (NN) open strings one sums

only over momentum numbers. Thus the contribution of one real boson to the annulus

partition function is

Pm =
∑
m

ql
2
s
m2

2R2

η
(226)

It is convenient to introduce the corresponding sum over the winding numbers

Ww =
∑
w

q
w2R2

4l2s

η
(227)

The formulas above can be generalized for higher dimensional tori. Let us consider

a d-dimensional torus Td with metric tensor g then pL,R,m and w are d-dimensional

vectors. One then just needs to do the replacements

p2
L,R → pTL,Rg

−1pL,R

m2 → mTg−1m

w2 → wTg−1w

(228)

Let us consider the particular case of a factorizable six-torus T6 =
⊗3

i=1 T2
i that is we

take spacetime to be of the form R1,3×T6. From a 4d point of view the components of

the metric of the internal space are scalar fields which are called moduli. The metric

in each two-torus T2
i has three independent degrees of freedom which are described in

47



terms of a complex scalar Ui called complex structure (also denoted by τi) and a real

scalar ImTi called Kähler modulus. In terms of these the metric tensor is written as

g
(i)
ab =

ImT

ImU

(
1 ReU

ReU |U |2

)
(229)

The real part of the modulus is given by 2-form field B
(i)
ab from the NSNS sector with

legs on the i-th two-torus

B
(i)
ab =

(
0 ReT

ReT 0

)
(230)

In terms of these moduli fields the 4d effective supergravity is written in standard form.

To conclude this section we write down the partition functions of Type I string theory

compactified on a circle

T =

∫
F

d2τ

τ 2
2

1

τ
7/2
2

1

|η|14
|V8 − S8|2Λm,w

K =
1

2

∫ ∞
0

dτ2

τ
11/2
2

1

η7
(V8 − S8)(2iτ2)Pm

(231)

and for the open string sector

A =
N2

2

∫ ∞
0

dτ2

τ
11/2
2

1

η7
(V8 − S8)(

1

2
iτ2)Pm

M = −N
2

∫ ∞
0

dτ2

τ
11/2
2

1

η̂7
(V̂8 − Ŝ8)(

1

2
iτ2 +

1

2
)Pm

(232)

Notice that the fermions give the same contribution to the partition function and that

the gauge group remains SO(32) as in the ten dimensional case. In the following

chapters we will consider more sophisticated compactifications. Let us mention a few

references in the end. There are of course the classical textbooks on string theory

[8],[9],[10],[11] and the more recent [12]. Particularly useful for the quantization of

strings was [13]. For the section on D-branes we mention [14], [15].
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3 Orientifolds

3.1 Orbifolds

LetM be a differentiable manifold and Γ a finite group endowed with an (left) action

on M

Γ×M →M (233)

Then an orbifold is the space of orbits O ≡ M/Γ, that is we identify any two points

x, y ∈ M if there exists an element g ∈ Γ such that gx = y. Notice that the quotient

space is not in general a smooth manifold. This is due to the fact that there may be

fixed points of the action of Γ, i.e. points in M that satisfy gx = x for all g ∈ Γ.

The orbifold space will have in general singularities corresponding to these points. An

action of an orbifold group Γ is called free if there are no fixed points. In this case one

obtains a smooth manifold (if the parent space was a smooth manifold).

An alternative definition of an orbifold is a space O which is locally diffeomorphic to

Rn (or Cn) except for a finite number of points.

In string theory we will consider target spaces with the geometry of an orbifold. There

will be an induced action on the string coordinates and we will consider the quotient

theory. Even though the target space has singularities the corresponding world-sheet

CFTs [16], [17] are smooth and well defined everywhere. In addition one gets new

twisted sectors of the Hilbert space that we denote by Hh for each h ∈ Γ. This is

true for abelian groups. The states in the twisted sectors are localized at the orbifold

singularities. The reason why this happens is that in the orbifold theory M/Γ there

are new strings that become closed due to the orbifold identifications. Indeed, for the

closed bosonic string coordinates one can write the following periodicity conditions

XM(τ, σ + 2π) = hXM(τ, σ) (234)

where we have denoted by hXM the result of the action of the element h ∈ Γ. In

addition one needs to project each (twisted) sector onto the orbifold invariant states.

This is achieved by the use of the following projector

P (Γ) =
1

|Γ|
∑
g∈Γ

g (235)

where we have denoted by |Γ| the set cardinal (or volume) of the group Γ. The total

partition function of the orbifold theory will be given by

TM/Γ =
1

|Γ|
∑
g,h∈Γ

TrHh

(
qL0 q̄L̄0g

)
(236)
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From the CFT point of view the twisted sectors arise because of modular invariance.

However this requirement doesn’t always fix uniquely the partition function. Indeed

consider the following partition function

T ′M/Γ =
1

|Γ|
∑
g,h∈Γ

ε(g, h)Z(g, h) (237)

where we have denoted by Z(g, h) the trace over the twisted sector Hh projected by

the element g. If the phases ε(g, h) satisfy the following conditions

ε(h1h2, g) = ε(h1, g)ε(h2, g)

ε(h, g) = ε(g, h)−1
(238)

then T ′ is also modular invariant (provided T was modular invariant). One can show

that the inequivalent discrete torsion theories are classified by the second order coho-

mology group of Γ with values in U(1) which is denoted by H2(Γ, U(1)) (see [18]). It

consists of cocycles

c : Γ× Γ→ U(1) (239)

such that

c(g1, g2g3)c(g2, g3) = c(g1g2, g3)c(g1, g2) (240)

for all g1, g2, g3 ∈ Γ. Furthermore, we identify two cocycles that differ by a coboundary

c′(g, h) =
cgch
cgh

c(g, h) (241)

with cg ∈ U(1) for all g ∈ Γ. These conditions imply indeed (are equivalent to) the

conditions for modular invariance of the partition function ([19], [20]). In the theories

with discrete torsion the orbifold projection into the twisted sectors is modified to

P (Γ) |Hh=
1

|Γ|
∑
g∈Γ

ε(g, h)g |Hh (242)

In order to connect string theory with 4d physics one needs to compactify the extra

dimensions. Thus one is lead to consider target spaces of the following form

R1,3 ×K6 (243)

where R1,3 is the usual Minkowski space and K6 is a compact six dimensional manifold

or orbifold. The spaces K6 often encountered in string theory are Calabi-Yau threefolds

and toroidal orbifolds. If one starts with a theory with N = 1 supersymmetry in

ten dimensions, then by dimensional reduction one obtains a theory with N = 4
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supersymmetry in four dimensions. Indeed, let us consider a toroidal compactification.

A massless Majorana-Weyl spinor is an 8 representation of the little group SO(8).

In reducing to four dimensions we have to decompose this representation under the

representation of SO(2)× SO(6).

8 = (2,4) (244)

thus one obtains four supercharges in 4d. By using an orbifold one can project out

some of the supersymmetry generators. The requirement is that the orbifold space to

have SU(3) holonomy in order to obtain N = 1 supersymmetry. If one decomposes

SO(6) further to its SU(3) subgroup then

(2,4) = (2,1) + (2,3) (245)

On a space of SU(3) holonomy only the singlet spinor survives and one obtains a theory

with N = 1 supersymmetry. Calabi-Yau manifolds are spaces with SU(3) holonomy.

We will focus on toroidal orbifolds. Let us take our compact space to be

K6 = T 6/Γ (246)

where Γ is a finite subroup of the group of rotations in six dimensions SO(6) or of its

subgroup SU(3). By introducing complex bosonic coordinates

Z1 =
1√
2

(X4 + iX5) Z2 =
1√
2

(X6 + iX7) Z3 =
1√
2

(X8 + iX9) (247)

we consider the simplified case of an element θ ∈ Γ of the form

θ(Z1, Z2, Z3) =
(
e2πiv1Z1, e2πiv2Z2, e2πiv3Z3

)
(248)

The vector v = (v1, v2, v3) is called the twist vector. Now let us consider the action of

θ on a ten dimensional Majorana-Weyl spinor |s1, s2, s3, s4〉 where si = ±1/2 are the

helicities.

θ|s1, s2, s3, s4〉 = e2πi(v1s2+v2s3+v3s4)|s1, s2, s3, s4〉 = eπi(±v1±v2±v3)|s1, s2, s3, s4〉 (249)

Imposing

v1 ± v2 ± v3 = 0 (250)

for a certain fixed sign choice, and all vi 6= 0 then the holonomy of the orbifold will be

SU(3) and thus one obtains a theory with N = 1 supersymmetry. Extended N = 2

supersymmetry is also possible if, for example v3 = 0 and v1 + v2 = 0. The most
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common examples of orbifold groups in string theory are the ZN and ZN ×ZM . Notice

that ZN is the group generated by one element θ with the constraint θN = 1. Then its

elements are

{1, θ, ..., θN−1} (251)

and the orbifold projector can be written as

P (ZN) =
1

N
(1 + θ + θ2 + ...+ θN−1) (252)

In the discussion above about supersymmetry we have implicitly assumed N = 1 in

ten dimensions which for the Type I or Type II theory involves the Ω projection in

addition to the orbifold projection. The combination of the two is called an orientifold

and it is the subject of a separate section. Before that let us consider the simplest

orbifold of the bosonic string, namely S1/Z2. It consists of two elements o, g where o

is the identity and g satisfies the constraint g2 = o. We consider bosonic string theory

compactified on a circle of radius R. We denote the corresponding coordinate by X25.

The orbifold group acts by

X25 → −X25 (253)

There are two fixed points for the action of this orbifold X25 = 0 and X25 = πR. There

is one twisted sector corresponding to the element g ∈ Z2. Notice that in this case

there is no discrete torsion since H2(Z2, U(1)) = {0}. The unique modular invariant

partition function of the theory is

T =
1

2

[
1

|η(τ)|2
∑
m,n∈Z

ql
2
sp

2
L/4q̄l

2
sp

2
R/4 +

∣∣∣∣2ηϑ2

∣∣∣∣+ 2

∣∣∣∣ ηϑ4

∣∣∣∣+ 2

∣∣∣∣ ηϑ3

∣∣∣∣
]

(254)

where we have written only the contribution from the compact dimension. Notice in

the twisted part of the partition function (the last two terms) there is a factor of 2

counting the number of fixed points of the orbifold.

3.2 Orientifolds

As advertised earlier, more general constructions than orbifolds are possible, namely

orientifolds. In this case aside from projecting by an orbifold group Γ we project also

the orientation reversing parity operator Ω. Thus one introduces the projector P (Ω)

when performing the traces.

P (Ω) =
1

2
(1 + Ω) (255)
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If the orbifold group has elements Γ = {1, θk}k=1,...,|Γ|−1 then the total orientifold group

is

{1,Ω, θk,Ωθk} (256)

3.2.1 The T4/Z2 orientifold

Let us consider a six dimensional compactification. The action of the orbifold generator

g ∈ Z2 on the bosonic coordinates is

g : (X6, X7, X8, X9)→ (−X6,−X7,−X8,−X9) (257)

We place ourselves in the context of Type I string theory. The locus of points invariant

under Ω defines an O9-plane. Its charge under the RR-forms has to be canceled by

introducing the corresponding number of D9 branes. In addition to O9 planes one has

O5 planes which are the locus of fixed points under the orientifold operation Ωg. The

O5 planes are extended in the six non-compact dimemsions and are pointlike in the

compact T4, placed at the fixed points of Ωg. To cancel the corresponding RR charge

one needs to introduce D5 branes.

One needs to provide further the action of g on the fermions. For this, let us decompose

the SO(8) characters under the SO(4)× SO(4)

V8 = V4O4 +O4V4 O8 = O4O4 + V4V4

S8 = S4S4 + C4C4 C8 = S4C4 + C4S4

(258)

One acts in the following way on the internal SO(4) characters

g


O4

V4

S4

C4

 =


O4

−V4

−S4

C4

 (259)

It is convenient to introduce characters that are eigenvectors of the Z2 generator g.

Qo = V4O4 − C4C4 Qv = O4V4 − S4S4

Qs = O4C4 − S4O4 Qc = V4S4 − C4V4

(260)

In terms of these one can write the modular invariant torus amplitude

T =
1

2

∫
F

d2τ

τ 4
2

[
|Qo +Qv|2Λm,n + |Qo −Qv|2

∣∣∣∣2ηϑ2

∣∣∣∣4 + 16|Qs +Qc|2
∣∣∣∣ ηϑ4

∣∣∣∣4 + 16|Qs −Qc|2
∣∣∣∣ ηϑ3

∣∣∣∣4
]

1

|η|8
(261)
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One can extract the massless spectrum from the above partition function. It consists

of the N = (2, 0) gravitational multiplet and 21 tensor multiplets. Recall that the

content of the N = (2, 0) gravitational multiplet contains the metric, five self-dual

two-forms and two left-handed gravitinos. Similarly, the tensor multiplet contains an

antiself-dual two-form, five scalars and two right-handed spinors.

Now let us consider the Ω projected closed string amplitude.

K =
1

4

∫ ∞
0

dτ2

τ 4
2

[
(Qo +Qv)(Pm +Wn) + 2× 16(Qs +Qc)

(
η

ϑ4

)2
]

(262)

The factor 1/4 in front of the Klein bottle amplitude comes from the fact that we are

inserting two projectors in the trace for the total vacuum amplitude

P (Ω) =
1

2
(1 + Ω) P (Z2) =

1

2
(1 + g) (263)

The massless spectrum consists of the N = (1, 0) gravitational multiplet (metric, self-

dual two form and left-handed gravitino), one tensor multiplet (antiself-dual two form,

scalar, right-handed spinor) and 20 hypermultiplets (4 scalars, right-handed spinor). In

order to see explicitly the presence of O5 planes in addition to O9 planes it is instructive

to write the Klein bottle amplitude in the transverse channel. By introducing the

internal volume of the four-torus

v4 =
1

l4s

√
det g (264)

one obtains

K̃ =
25

4

∫ ∞
0

dl

[
(Qo +Qv)

(
v4Wn +

1

v4

Pm

)
+ 2(Qo −Qv)

(
2η

ϑ2

)2
]

1

η4
(265)

The massless tadpole contribution is obtained by considering K̃ at the origin of the

lattice (winding and momenta) sums.

K̃0 ∼
25

4

[
Qo

(
√
v4 +

1
√
v4

)2

+Qv

(
√
v4 −

1
√
v4

)2
]

(266)

From this expression one sees that in addition to O9 planes there are O5− planes with

standard negative tension and RR charge. The corresponding tadpoles require the

presence of D9 and D5 branes. Let us denote the CP multiplicity of the D9 branes by

N and the one of D5 branes by D. There is an action of the orbifold generator g on
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the CP labels which we will denote by RN and RD respectively. With these one can

write the annulus amplitude

A =
1

4

∫ ∞
0

dτ2

τ 4
2

[
(Qo +Qv)(N

2Pm +D2Wn) + (R2
N +R2

D)(Qo −Qv)

(
2η

ϑ2

)2

+ 2ND(Qs +Qc)

(
η

ϑ4

)2

+ 2RNRD(Qs −Qc)

(
η

ϑ3

)2
]

1

η4

(267)

It is instructive to comment on the various contributions to this amplitude. The

overall 1/τ 2
2 η

4 comes from the non-compact bosons which always have (NN) boundary

condition. The termN2Pm comes from compact bosons with (NN) boundary conditions

corresponding to the D9 branes, whereas D2Wn comes from compact bosons with (DD)

boundary conditions corresponding to the D5 branes. The contribution 2ND(η/ϑ4)2

comes from open strings stretched between D9 and D5 branes in the compact four-

torus and thus have (ND) boundary conditions. The contribution from the fermions is

affected accordingly leading to Qs +Qc. The rest of the terms represent the action of

the orbifold generator g. Let us consider the annulus in the transverse channel

Ã =
2−5

4

∫ ∞
0

dl

[
(Qo +Qv)

(
N2v4Wn +

D2

v4

Pm

)
+ 2ND(Q0 −Qv)

(
2η

ϑ2

)2

+ 16(R2
N +R2

D)(Qs +Qc)

(
η

ϑ4

)2

− 2× 4RNRD(Qs −Qc)

(
η

ϑ3

)2
]

1

η4

(268)

The contribution to the tadpoles from the massless part of the spectrum is

Ã0 ∼
2−5

4

[
Qo

(
N
√
v4 +

D
√
v4

)2

+Qv

(
N
√
v4 −

D
√
v4

)2
]

+Qs[15R2
N + (RN − 4RD)2] +Qc[15R2

N + (RN + 4RD)2]

(269)

One can immediately see from the untwisted sector that the CP multiplicities N and D

determine the number of D9 and D5 branes. Their contribution matches the contribu-

tions from the Klein bottle amplitude. The twisted part of the formula above encodes

the distribution of the D-branes. The D9 branes see all 16 fixed points whereas the

D5 branes are all placed at the same fixed point. Now let us write down the Möbius

amplitude as well

M = −1

4

∫ ∞
0

dτ2

τ 4
2

[
(Q̂o + Q̂v)(NP̂m +DŴn)− (N +D)(Q̂o − Q̂v)

(
2η̂

ϑ̂2

)2
]

1

η̂4
(270)
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There is immediately one consequence that can be extracted from the amplitude above.

At the massless level there is no gauge boson propagating in the Möbius. As a general

rule this implies that the gauge group is unitary and the correct parametrization of the

CP multiplicity is

N = p+ p̄ D = d+ d̄ (271)

and thus the gauge group is of the form

U(p)× U(d) (272)

We still have to specify the action of g on the CP factors N,D. This will be determined

by the (twisted) tadpole conditions. In order to obtain the tadpole conditions we write

the transverse channel amplitude

M̃ = −2

4

∫ ∞
0

dl

[
(Q̂o + Q̂v)

(
Nv4Wn +

D

v4

Pm

)
+ (N +D)(Qo −Qv)

(
2η̂

ϑ̂2

)2
]

(273)

which yields the following expression at the massless level

M̃0 ∼ −
2

4

[
(Q̂o

(
N
√
v4 +

D
√
v4

)(
√
v4 +

1
√
v4

)
+ Q̂v

(
N
√
v4 −

D
√
v4

)(
√
v4 −

1
√
v4

)]
(274)

By comparing eqns. (266), (269), (274) one can see that we have the following relation

M̃0 =

√
K̃0

√
Ã0 (275)

which holds state by state, and can be used in principle to determine the Möbius

amplitude from the annulus and the Klein. Imposing the tadpole cancelation condition

K̃0 + Ã0 + M̃0 = 0 (276)

one obtains that the untwisted tadpole conditions are

N = 32 D = 32 (277)

and the twisted ones

RN = RD = 0 (278)

In view of our parametrization of the CP factors in eq. (271) we must have

p = d = 16

RN = i(p− p̄)
RD = i(d− d̄)

(279)
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thus the gauge group of this model is U(16)9 ×U(16)5 and the open string part of the

massless spectrum consists of hypermultiplets in the following representations (120 +

120, 1), (1, 120 + 120) and (16, 16). In addition there are of course the corresponding

gauge multiplets for the two factors of the gauge group.

In the model that we have presented above the D5 branes were all sitting at the same

fixed point. There exists a generalization of this in the sense that one can consider

arbitrary positions for the D5 branes. This is equivalent to saying that we add Wilson

lines to the model. One has to distinguish between two cases. When a D5 brane sits

at a fixed point the gauge group is unitary. On the contrary, when a D5 brane sits

in the bulk the gauge group is symplectic. The parametrization of CP labels for the

model with Wilson lines is

N = p+ p̄ RN = i(p− p̄)
Di = di + d̄i RD = i(di − d̄i) i = 1, ..., 16

Dk = 2dk k = 1, ..., p

(280)

where the index i goes over the orbifold fixed points and the index k goes over the

branes in the bulk. Notice that for a brane in the bulk the action of the orbifold will

create an image brane. This is the reason behind the rescaling of the corresponding

CP factor above. The gauge group will be broken to

U(n)×
16∏
i=1

U(di)×
p∏

k=1

USp(dk) (281)

depending on the distribution of the D5-branes. Any configuration has to satisfy the

untwisted tadpole conditions

n = 16
16∑
i=1

di +

p∑
k=1

dk = 16 (282)

In our construction of the T 4/Z2 orientifold we have introduced standard O5 orientifold

planes with negative tension and RR charge. It is possible to consider a different model

with exotic O5 planes, that is with positive tension and RR charge. In this case one is

forced to introduce anti D5 branes to satisfy tadpoles. Such a scenario leads to brane

supersymmetry breaking which will be discussed in another chapter.
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3.2.2 The T6/Z2 × Z2 orientifold

We start with a factorizable six torus T2
1×T2

2×T2
3 and we introduce complex coordinates

(Z1, Z2, Z3) corresponding to each two-torus

Z1 =
1√
2

(X4 + iX5) Z2 =
1√
2

(X6 + iX7) Z3 =
1√
2

(X8 + iX9) (283)

In terms of these the action of the three generators g, f, h of Z2×Z2 can be written as

g : (+,−,−) f : (−,+,−) h : (−,−,+) (284)

where a sign ± in the i-th position means that Zi is mapped into ±Zi by the orbifold

generator. There is of course an identity element that we denote by o.

The Z2 × Z2 is the simplest orbifold group that has discrete torsion. One can show

that we have

H2(Z2 × Z2, U(1)) = Z2 (285)

thus one has two disconnected modular orbits which can be assembled together with

one of the two signs ε = ε(g, h) = ±1. This is visible if one writes down the torus

amplitude

T =
1

4

∫
F

d2τ

τ 3
2

[
|Too|2Λ1Λ2Λ2 + |Tog|2Λ1

∣∣∣∣2ηϑ2

∣∣∣∣4 + |Tof |2Λ2

∣∣∣∣2ηϑ2

∣∣∣∣4 + |Toh|2Λ3

∣∣∣∣2ηϑ2

∣∣∣∣4
+ |Tgo|2Λ1

∣∣∣∣2ηϑ4

∣∣∣∣4 + |Tgg|2Λ1

∣∣∣∣2ηϑ3

∣∣∣∣4 + |Tfo|2Λ2

∣∣∣∣2ηϑ4

∣∣∣∣4 + |Tff |2Λ2

∣∣∣∣2ηϑ3

∣∣∣∣4
+ |Tho|2Λ3

∣∣∣∣2ηϑ4

∣∣∣∣4 + |Thh|2Λ3

∣∣∣∣2ηϑ3

∣∣∣∣4
+ ε

(
|Tgh|2 + |Tgf |2 + |Tfg|2 + |Tfh|2 + |Thg|2 + |Thf |2

) ∣∣∣∣ 8η3

ϑ2ϑ3ϑ4

∣∣∣∣2
]

1

|η|4

(286)

where we have denoted by Λi the lattice sum Λmi,ni in the i-th torus. Furthermore, Tkl
denotes the contribution to the partition function from the k-twisted sector projected

by the l generator with k, l running over all elements of the orbifold {o, g, f, h}. For ex-

ample Too = V8−S8 is the familiar ten dimensional Type IIB. Using the decomposition

of the characters under

SO(8)→ SO(2)× SO(2)× SO(2)× SO(2) (287)

appropriate for a compactification on a factorizable six-torus and introducing characters

τkl that are eigenvectors of the Z2×Z2 (see eq. (557) in Appendix A for their definition),
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one can write

Tko = τko + τkg + τkh + τkf Tkg = τko + τkg − τkh − τkf
Tkh = τko − τkg + τkh − τkf Tkf = τko − τkg − τkh + τkf (288)

Explicitly, we can write down the induced action of the orbifold generators on the fa-

miliar SO(2) characters in each torus.

Torus T 2
1 T 2

2 T 2
3

Generator/Characters (O2, V2, S2, C2) (O2, V2, S2, C2) (O2, V2, S2, C2)

g (1, 1, 1, 1) (1,−1,−i, i) (1,−1, i,−i)
f (1,−1,−i, i) (1, 1, 1, 1) (1,−1, i,−i)
h (1,−1,−i, i) (1,−1, i,−i) (1, 1, 1, 1)

The massless spectrum is different for the two choices ε = ±1. Thus for the model

with discrete torsion ε = −1 one obtains N = 2 supergravity with 52 hypermultiplets

and 3 vector multiplets whereas for the model without discrete torsion ε = 1 one has

again N = 2 with 4 hypermultiplets and 51 vector multiplets. They describe the

orbifold limits of Calabi-Yau compactifications with Hodge numbers (51, 3) and (3, 51)

respectively. We now implement the Ω projection in the two cases. One introduces

additional signs εg, εf , εh corresponding to the tension and RR charges of the three O5

planes introduced by the orientifold group generators Ωg, Ωf , Ωh. The corresponding

signs have to satisfy the following constraint

εg εf εh = ε (289)

The Klein amplitude is

K =
1

8

∫ ∞
0

dτ2

τ 3
2

[(P1P2P3 + P1W2W3 +W1P2W3 +W1W2P3)Too

+ 2× 16[εg(P1 + εW1)Tgo + εf (P2 + εW2)Tfo + εh(P3 + εW3)Tho]

(
η

ϑ4

)2
]

1

η2

(290)

with Pi = Pmi and Wi = Wni denoting the momentum and winding number sums in the

corresponding tori. By methods that we have illustrated one can write the transverse
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channel amplitude. We reproduce here only the massless part of it

K̃0 ∼
25

8

[(
√
v1v2v3 + εg

v1

v2v3

+ εf
v2

v1v3

+ εh
v3

v1v2

)2

τoo

+

(
√
v1v2v3 + εg

v1

v2v3

− εf
v2

v1v3

− εh
v3

v1v2

)2

τog

+

(
√
v1v2v3 − εg

v1

v2v3

+ εf
v2

v1v3

− εh
v3

v1v2

)2

τof

+

(
√
v1v2v3 − εg

v1

v2v3

− εf
v2

v1v3

+ εh
v3

v1v2

)2

τoh

]
(291)

One can see from the formula above that reversing the sign εk reverses the charge and

tension of the corresponding O5 plane. There are four possibilities consistent with the

condition (289):

(εg, εf , εh) = (+,+,+) gives a model with 48 chiral multiplets from the twisted sectors,

the choice (+,−,−) contains 16 chiral multiplets and 32 vector multiplets from the

twisted sectors. The two choices with discrete torsion (+,+,−) and (−,−,−) yield

the same massless spectra with 48 chiral multiplets from the twisted sectors.

Notice that in the case with discrete torsion one must have at least one exotic orientifold

plane, and thus cancelation of tadpoles will require introduction of anti D5 branes

thus leading to a scenario with brane supersymmetry breaking. An interesting case

is to consider the discrete torsion model with magnetized D9 branes. In this case

it is possible to satisfy tadpoles without introducing D5 branes and thus preserving

supersymmetry in the case (+,+,−). We will discuss this in the next chapter where

we introduce magnetizations on the D-branes.
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4 Internal Magnetic Fields and Intersecting Branes

4.1 Non-linear sigma model

The non-linear sigma model is a generalization of the actions that we have considered

so far for strings. In principle one considers strings in a non-trivial background. For

example let us consider the bosonic string. We have seen that the massless spectrum of

the closed bosonic string consists of three fields: the graviton GMN , the antisymmetric

field BMN and the dilaton Φ. One can write down an action for the bosonic string

using the aforementioned background.

S = −T
2

∫
Σ

d2σ
√
−γ
[
GMN(X)γab∂aX

M∂bX
N +BMN(X)εab∂aX

M∂bX
N + α′ΦR

]
(292)

For general backgrounds it is not known how to quantize this action. Weyl invariance

requires that all beta functions of the theory vanish. At the first order in α′ one obtains

βGMN = α′RMN + 2α′∇M∇NΦ− α′

4
HMPQH

PQ
N +O(α′2)

βBMN = −α
′

2
∇PHPMN + α′∇PΦHPMN +O(α′2)

βΦ =
D − 26

6
− α′

2
∇2Φ + α′∇PΦ∇PΦ− α′

24
HMNPH

MNP +O(α′2)

(293)

where RMN is the target space Ricci tensor and HMNP is the field strength of the

B-field

H = dB (294)

An important observation is that the equation βGMN resembles the Einstein’s equations

with BMN and Φ fields as sources. The second equation βBMN = 0 is generalization of

Maxwell equation determining the divergence of the field strength tensor.

One can add a boundary term to the action of the non-linear sigma model.

Sboundary = −qL
∫
dτAM(X)∂τX

M |σ=0 −qR
∫
dτAM(X)∂τX

M |σ=π (295)

This will be important in the context of magnetized/intersecting branes that we will

discuss later on.
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4.2 Magnetized Branes

Let us consider the open bosonic string in the presence of a constant magnetic field

FMN . The vector potential can then be chosen of the following form

AM = −1

2
FMNX

N (296)

One starts with the following world-sheet action [21]

S = − 1

4πl2s

∫
dτdσ∂aX

M∂aXM − qL
∫
dτAM∂τX

M |σ=0 −qR
∫
dτAM∂τX

M |σ=π

(297)

written in the conformal gauge. Variation of this action leads to the following PDE

(partial differential equations) problem

(∂2
τ − ∂2

σ)XM = 0

1

2πl2s
∂σX

M − qLFM
N∂τX

N = 0, for σ = 0

1

2πl2s
∂σX

M + qRF
M
N∂τX

N = 0, for σ = π
(298)

which is nothing else than the wave equation with general boundary conditions given

by a linear combination of Neumann and Dirchlet. This is a problem that can be

solved exactly for a constant magnetic field. FMN is an antisymmetric matrix of even

dimension (both the bosonic and the superstring live in an even number of dimensions

26, and 10 respectively) and by a change of basis can be put into the following standard

form

FMN =



0 H1 0 . . 0

−H1 0 0 . . 0

0 0 .

. . .

. . 0 HD/2

0 0 −HD/2 0


(299)

thus one can reduce the problem to a plane (X1, X2). Let us denote F12 = H. It is

convenient to introduce complex coordinates

Z =
1√
2

(X1 + iX2) Z̄ =
1√
2

(X1 − iX2) (300)
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In terms of these the action can be written as

S =
1

2πl2s

∫
dτdσ∂aZ̄∂

aZ + iqLH

∫
dτZ̄∂τZ |σ=0 +iqRH

∫
dτZ̄∂τZ |σ=π (301)

By introducing the following quantitites

α = 2πl2sqLH β = 2πl2sqRH (302)

one can write the boundary conditions as

∂σZ + iα∂τZ = 0 σ = 0

∂σZ − iβ∂τZ = 0 σ = π
(303)

One distinguishes two cases depending on the total charge of the string Q = qL + qR.

Case I. Q 6= 0

In this case the frequencies of the oscillator modes are shifted by

ζ =
1

π
(γ + γ′) (304)

where γ = tan−1(α) and γ′ = tan−1(β). The solution can be written as follows

Z(τ, σ) = z + ils
√

2

[
∞∑
n=1

anφn(τ, σ)−
∞∑
m=0

ã†mφ−m(τ, σ)

]
(305)

where the functions ψn are defined as

φn(τ, σ) =
1√
|n− ζ|

cos[(n− ζ)σ + γ]e−i(n−ζ)τ (306)

Quantization of this system leads to the usual commutations relations for the Fourier

coefficients am and b†m.

[an, a
†
m] = [ãn, ã

†
m] = δmn

[an, am] = [a†n, a
†
m] = [ãn, ãm] = [ã†n, ã

†
m] = 0

(307)

For the zero modes one obtains

[z, z̄] =
2πl2s
α + β

(308)

which results in the familiar spectrum of Landau levels.

One can compute the Virasoro operators by the usual methods that we have illustrated.

We reproduce here L0 since this is the one necessary for computing partition functions

L0 =
∞∑
m=1

(m− ζ)a†mam +
∞∑
m=0

(m+ ζ)ã†mãm (309)
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An important consequence of the presence of boundary magnetic fields is the shift of

the masses. Take for example the first excited level

a†1|z〉 and ã†1|z〉 (310)

which was massless in the case of zero magnetic field. Their masses are

M2(a†1|z〉) = −1

2
ζ(1 + ζ)

M2(ã†1|z〉) = +
1

2
ζ(1 + ζ)

(311)

thus one becomes tachyonic and the other becomes massive.

By making use of eq. (309) one can compute the contribution to the partition function

(annulus) of a complex magnetized boson

A ∼ iη

q
1
2
ζ2
ϑ1(ζτ, τ)

(312)

which holds both in the compact (toroidal) and non-compact case. The reason is that

in the expansion in eq. (305) the quantized momentum zero-mode does not appear.

Now let us discuss the case of the neutral strings.

Case II. Q = 0

The frequencies of the oscillators are no longer shifted and the boundary conditions

allow the presence of new zero modes

Z(τ, σ) =
z + p̄[τ − iα(σ − π/2)]√

1 + α2
+ ils
√

2
∞∑
n=1

[anφn(τ, σ)− ã†nφ−n(τ, σ)] (313)

Canonical quantization leads again to the usual commutation relations for the oscilla-

tors am and b†m whereas for the zero modes we have

[xi, xj] = 0 [pi, pj] = 0 [xi, pj] = iδij (314)

The contribution to the annulus of a magnetized neutral string is

A ∼ (1 + (2πl2sqH)2)
1

τ2η2
(315)

where we have introduced q = qL = −qR. Notice that in the compact case the momen-

tum is quantized as

p =
m

R
√

1 + α2
(316)
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We will denote by P̃m the corresponding sum over “boosted” momenta.

A supersymmetric extension of the above construction exists (see [22]). One has to

add the fermionic part

S =
i

4πl2s

∫
dτdσ ψ̄ρa∂aψ +

i

4
qL

∫
dτFMN ψ̄

Mρ0ψN |σ=0 +
i

4
qR

∫
dτFMN ψ̄

Mρ0ψN |σ=π

(317)

Restricting as before to a plane (X1, X2) or a two torus, we introduce the superpartners

of the complex bosonic coordinate Z

ψ =
1√
2

(ψ1 + iψ2) (318)

The variation of the action leads to the following boundary conditions for the fermionic

coordinate

(R) + (NS) (1− iα)ψR = (1 + iα)ψL for σ = 0

(NS) (1 + iβ)ψR = −(1− iβ)ψL for σ = π

(R) (1 + iβ)ψR = +(1− iβ)ψL for σ = π

(319)

The oscillator expansion that we obtain is

ψ =
∞∑
n=1

bnψn,L(τ, σ) +
∞∑
n=0

b̃†nψ−n,R(τ, σ) (R)

ψ =
∞∑

r=1/2

[
brψr,L(τ, σ) + b̃†rψ−r,R(τ, σ)

]
(NS)

(320)

with the functions ψn given by

ψn,L/R(τ, σ) =
1√
2
e−i(n−ζ)(τ∓σ)±iγ (321)

where the sign choices refer to the left-moving and right-moving sectors respectively.

Canonical quantization leads to the usual oscillator algebra

{bn, b†m} = {b̃n, b̃†m} = δmn

{bn, bm} = {b̃n, b̃m} = {b†n, b†m} = {b̃†n, b̃†m} = 0
(322)

There is a neat formula, derived in [23], which encodes the shifts of all the string

excitations due to the boundary magnetic field

δM2 = (2n+ 1)|ζ|+ 2ζΣ12 (323)
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where Σ12 is the spin operator in the directions of the plane or torus (X1, X2). Now

let us discuss the contribution to the partition function of magnetized fermions. Due

to the shift ζ of the oscillator modes one obtains a contributions of the following form

q
1
2
ζ2
ϑ
[
α
β

]
(ζτ, τ)

η(τ)
(324)

valid for both the compact and non-compact case. Notice that the factor q
1
2
ζ2

cancel

between the bosonic and fermionic coordinates as required by world-sheet supersymme-

try and we will ignore it in the following. It is convenient to introduce ŝo(2n) characters

with non-vanishing argument ζ:

O2n(ζ) =
1

2ηn(τ)
[ϑn3 (ζ, τ) + ϑn4 (ζ, τ)]

V2n(ζ) =
1

2ηn(τ)
[ϑn3 (ζ, τ)− ϑn4 (ζ, τ)]

S2n(ζ) =
1

2ηn(τ)

[
ϑn2 (ζ, τ) + i−nϑn1 (ζ, τ)

]
O2n(ζ) =

1

2ηn(τ)

[
ϑn2 (ζ, τ)− i−nϑn1 (ζ, τ)

]
(325)

We will express in terms of these the corresponding partition functions. An impor-

tant property of compactifications with internal magnetic fields is that they allow the

presence of chiral fermions which is a desirable feature from phenomenological point

of view. One can see this by examining eq. (323). Consider the characters S2(ζ)

and C2(ζ) in the corresponding plane (or two-torus) then the mass shift due to the

internal magnetic field is +ζ and −ζ respectively. On the other hand from the bosonic

coordinates contribution, i.e. iη/ϑ1(ζτ), the shift (at the ground level n = 0) is |ζ|.
Hence only one of the two fermions S2(ζτ) or C2(ζτ) will stay massless for non-zero

magnetization. This considerations hold at every mass level.

One can easily generalize the eq. (323) to a factorizable six-torus T6 =
⊗3

i=1 T2
i with

magnetic fields in each factor Hi. Then one has

δM2 =
3∑
i=1

(2ni + 1)|ζi|+ 2ζiΣi (326)
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4.2.1 Toroidal Compactification

Let us consider Type I string theory compactified on a (factorizable) six-torus

M = R1,3 ⊗ T6 (327)

with the T6 decomposable into three 2-tori T2
1⊗T2

2⊗T2
3. For each stack a of D9-branes

we introduce U(1) background gauge fields:

H
(a)
1 , H

(a)
2 , H

(a)
3 (328)

in each of the three 2-tori T2
i . A Dirac quantization condition requires the magnetic

fields to have the following form

H
(a)
i =

ma
i

nai vi
(329)

with ma
i , n

a
i ∈ Z. We define the “angles” ζai by

tan ζai = H
(a)
i (330)

The quantities ζai will indeed have the interpretation of angles in the T-dual picture of

Type IIA theory with intersecting D6 branes that we will discuss later.

The closed string amplitudes are not affected by the magnetic fields. It is convenient to

introduce the notion of an image brane a′ under the orientifold Ω. The corresponding

magnetic field is obtained by the mapping

ma
i → −ma

i (331)

The CP factors will be parametrized as

Na = pa + p̄a (332)

anticipating the fact that the gauge group will be unitary U(pa). The action of Ω on

the CP labels is pa → p̄a.

For the annulus one obtains

A =
1

2

∫ ∞
0

dτ2

τ 3
2

{∑
a

(pap̄a + p̄apa)Too(0)P̃1P̃2P̃3

+
∑
a

Iaa′
[
p2
aToo(2ζ

a
i τ) + p̄2

aToo(−2ζai τ)
] 3∏
i=1

iη

ϑ1(2ζai τ)

+
∑
a<b

Iab
[
pap̄bToo(ζ

ab
i τ) + p̄apbToo(−ζabi τ)

] 3∏
i=1

iη

ϑ1(ζabi τ)

+
∑
a<b

Iab′
[
papbToo(ζ

ab′

i τ) + p̄ap̄bToo(−ζab
′

i τ)
] 3∏
i=1

iη

ϑ1(ζab
′

i τ)

}
1

η2

(333)
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where Too has been defined in eq. (288). The notation Too(2ζ
a
i τ) means that the corre-

sponding so(2) characters have non-vanishing arguments (see eq. (325)) 2ζa1 τ, 2ζ
a
2 τ, 2ζ

a
3 τ

in the corresponding tori. We have introduced the following notations

ζabi = ζai − ζbi

Iab =
3∏
i=1

(ma
i n

b
i − naimb

i) (334)

The numbers Iab will also have a geometrical interpretation in the Type IIA picture as

intersection numbers between the cycles wrapped by the branes a and b. Notice that

Ω also takes ζai into −ζai thus making the combinations appearing in A invariant under

it (as it should be). Now let us write the Möbius amplitude

M = −1

2

∫ ∞
0

dτ2

τ 3
2

∑
a

{
3∏
i=1

(2ma
i )
[
paT̂oo(2ζ

a
i τ) + p̄aT̂oo(−2ζai τ)

] 3∏
i=1

iη̂

ϑ̂1(2ζai τ)

}
1

η̂2

(335)

One important consequence of the above formula is that due to the presence of the

magnetic fields the character corresponding to the vector boson

V2O2(2ζa1 τ)O2(2ζa2 τ)O2(2ζa3 τ) (336)

becomes massive in the Möbius because the contribution from the internal bosons is

3∏
i=1

iη̂

ϑ̂1(2ζai τ)
(337)

The theory is not supersymmetric for any choice of magnetic fields. In order to have

one supersymmetry preserved in 4d one needs the following condition

3∑
i=1

H
(a)
i =

3∏
i=1

H
(a)
i for all a (338)

This ensures that the stack a preserves N = 1 supersymmetry. In terms of the angles

ζai this can be written as
3∑
i=1

ζai = 0 (339)

In order for all stack of branes to preserve the same supersymmetry, the magnetic fields

have to satisfy the following constraint

H
(a)
1 H

(a)
2 +H

(a)
1 H

(a)
3 +H

(a)
2 H

(a)
3 ≤ 1 for all a (340)
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To build consistent models one has to satisfy tadpole conditions, which in this case are∑
a

(pa + p̄a)n
a
1n

a
2n

a
3 = 32 (341)

The gauge group is of the form

GCP =
∏
a

U(pa) (342)

Given that the magnetic fields preserve supersymmetry then the massless spectrum of

the model consists of chiral multiplets with multiplicities and representations given in

Table 1.

Multiplicity Representation Index

3 pap̄a ∀a
1
2

(Iaa′ + IaO) pa(pa−1)
2

∀a
1
2

(Iaa′ − IaO) pa(pa+1)
2

∀a
Iab (pa, p̄b) a < b

Iab′ (pa, pb) a < b

Table 1: Massless spectrum of the magnetized T6 compactification of Type I string

theory

In addition there are the gauge multiplets corresponding to each factor in the gauge

group. An important property from phenomenological point of view of the spectrum

above is chirality and replication of chiral fermions. Thus the number of families

is determined by the intersection numbers Iaa′ , Iab, IaO. In the table above we have

introduced the intersection with the orientifold plane defines as

IaO = 8ma
1m

a
2m

a
3 (343)

In this section we have assumed that all stacks of branes have non-zero magnetizations.

Of course one can have also non-magnetized D9 branes. Their corresponding gauge

group will be orthogonal.

4.3 Branes at Angles

Let us start by considering the boundary conditions in eq. (298) and let us choose a

magnetic field as in eq. (299) such that we can reduce to a plane (or a two-torus) of
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coordinates (X1, X2) with F12 = H. Then the boundary conditions in this plane are

∂σX
1 − 2πl2sqLH∂τX

2 = 0,

∂σX
2 + 2πl2sqLH∂τX

1 = 0
for σ = 0 (344)

and

∂σX
1 + 2πl2sqRH∂τX

2 = 0,

∂σX
2 − 2πl2sqRH∂τX

1 = 0
for σ = π (345)

Let us perform a T-duality in the X2 direction. This amounts to the exchange ∂τ ↔ ∂σ
in the corresponding coordinate

∂τX
2 = ∂σY

2

∂σX
2 = ∂τY

2
(346)

where we have denotes by Y 2 the T-dual coordinate of X2. The equations above can be

written compactly as ∂aX
2 = εab∂

aY 2. In terms of the new coordinate the boundary

conditions become

∂σ(X1 + tan θLY
2) = 0

∂τ (Y
2 − tan θLX

1) = 0
for σ = 0 (347)

and a similar equation for θR at σ = π. The T-dual boundary conditions now describe

a string stretched between branes rotated by θL and θR respectively. The relation

between the angles and the magnetizations is given by the following relation

tan θL,R = 2πl2sqL,RH (348)

If before one had branes that were extended in the whole plane, now one has branes

of one dimension lower thus extended in one direction. Their worldvolume is a 1-cycle

inside T2. The torus T2 can be described as the quotient of the complex plane C by

the two dimensional lattice Λ(2) generated by the vectors ~a,~b. Let Π be an arbitrary

one-cycle, then we denote by [Π] the corresponding homology class, that is

[Π] ∈ H1(T2,Z) (349)

The homology classes of the 1-cycles a, b form a basis for H1(T2,Z), thus any 1-cycle

Πα can be expressed as

[Πα] = mα[a] + nα[b] (350)
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with mα, nα ∈ Z. The integers mα, nα are called the wrapping numbers of the 1-cycle

(brane) Πα. On the space of 1-cycles one can define a pairing ◦ called intersection

number. It is topological invariant and thus is well defined on the homology classes

◦ : H1(T2,Z)×H1(T2,Z)→ Z (351)

In order to take into account the orientation of the 1-cycles the pairing ◦ is antisym-

metric. Hence for the elementary cycles a, b one has

[a] ◦ [b] = −[b] ◦ [a] = 1

[a] ◦ [a] = [b] ◦ [b] = 0
(352)

Let Πα,Πβ be two arbitrary 1-cycles (inside T2) then the corresponding intersection

number can be expressed as

[Πα] ◦ [Πβ] = mαnβ − nαmβ = Iαβ (353)

The 1-cycle wrapped by the image brane α′ can be expressed as

[Πα′ ] = −mα[a] + nα[b] (354)

which is in accord with the action of Ω on the wrapping numbers in eq. (331). Finally,

if we starts with an O-plane extended in the whole two-torus T2, then after T-duality

we are left with a 1-cycle ΠO given by

[ΠO] = 2[b] (355)

Finally, let us denote by R1, R2 the two radii of the circles that generate the T-dual

torus T2. Then the tangent of the angle θ(a) corresponding to a rotated brane a will

obey a similar quantization condition as in eq. (329) where one has to make the

substitution R2 → 1/R2, thus obtaining

tan θ(a) =
maR2

naR1

(356)

Notice that the angles θ(a) are the same quantities as ζa defined in eq. (330). One can

generalize the formulas above for a six-torus T6. We do this in the next section.

4.3.1 Toroidal Compactification with Intersecting Branes

Let us consider a factorizable six-torus T6 =
⊗3

i=1 T2
i . If we start with Type I string

theory with D9 branes and O9 planes, then by performing three T-dualities, one in each

71



two-torus, we obtain an orientifold of Type IIA with D6 branes and O6 planes which

wrap a 3-cycle in the internal six-torus (in addition to 4d spacetime). We introduce

a basis of 1-cycles {ai, bi}i=1,2,3 in each two-torus T2
i . Then a general 3-cycle [Πα]

wrapped by a D6 brane can be expressed as

[Πα] =
3⊗
i=1

(mα
i [ai] + nαi [bi]) (357)

Now the intersection between two D6 branes α and β becomes

[Πα] ◦ [Πβ] =
3∏
i=1

(mα
i n

β
i − nαim

β
i ) =

3∏
i=1

I iαβ ≡ Iαβ (358)

which is exactly the same quantity in the second line of eq. (334). Using this result

and the definition of the 3-cycle wrapped by the O6 planes

[ΠO6] = 8
3⊗
i=1

[bi] (359)

one can express the chiral part of the massless spectrum in Table 1 as (see for example

[24])

Multiplicity Representation Index
1
2

([Πα] ◦ [Πα′ ] + [Πα]◦[ ΠO6]) pα(pα−1)
2

∀α
1
2

([Πα] ◦ [Πα′ ]− [Πα]◦[ ΠO6]) pα(pα+1)
2

∀α
[Πα] ◦ [Πβ] (pα, p̄β) α < β

[Πα] ◦ [Πβ′ ] (pα, pβ) α < β

Table 2: Chiral spectrum of a toroidal compactification with intersecting D6 branes in

Type IIA.

The formulas in Table 2 can be used to compute the chiral massless spectrum in more

general compactifications like Calabi-Yau’s or toroidal orientifolds. Notice that the

intersection numbers determine only the chiral part of the spectrum. They correspond

to the index of a Dirac operator.

index( /D) = n+ − n− = Iαβ (360)

In order to get the full spectrum one needs to make the decomposition

[Πα] ◦ [Πβ] = [Πα ∪ Πβ]+ − [Πα ∪ Πβ]− (361)
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Figure 3: Rotated brane with wrapping numbers (2, 1) ⊗ (1, 1) ⊗ (1, 1) is represented

with a continuous line and the corresponding image with a dashed line

The RR tadpole conditions in eq. (341) can now be written in terms of homology

cycles as ∑
α

pa ([Πα + Πα′ ]) = 4[ΠO6] (362)

One advantage of the intersecting brane picture is the geometric visualization of the

D6 brane cycles and their intersections. For example take a D6 brane with wrapping

numbers α : (2, 1)⊗ (1, 1)⊗ (1, 1) then one has the geometric representation in Figure

3.

4.4 T 4/Z2 with Magnetized/Intersecting Branes

Let us discuss in this section the compactification of Type I string theory on T 4/Z2

where the D9 branes are magnetized [25]. Alternatively, one can talk about intersecting

D7 branes. Because of the Z2 orientifold one has O9/O5 planes. Due to the presence

of magnetizations one can satisfy tadpoles without introducing D5 branes. Only the

open string amplitudes are affected by the presence of the magnetizations

H
(α)
i =

mα
i

nαi vi
i = 1, 2 (363)

With the following parametrization of the CP factors

Nα = pa + p̄a RNa = i(pa − p̄a)
D = d+ d̄ RD = i(d− d̄)

(364)
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where Nα denotes the CP label for magnetized branes and D the one for D5 branes,

one can write down the following amplitudes

A =
1

4

{
(Qo +Qv)(0; 0)

[
2
∑
a

pap̄aP̃1P̃2 + (d+ d̄)2W1W2

]

+
∑
a

Iaa′
[
p2
a(Qo +Qv)(2z

a
1τ ; 2za2τ) + p̄2

a(Qo +Qv)(−2za1τ ;−2za2τ)
] 2∏
i=1

iη

θ1(2zai τ)

+
∑
a<b

2Iab
[
pap̄b(Qo +Qv)(z

ab
1 τ ; zab2 τ) + p̄apb(Qo +Qv)(−zab1 τ ;−zab2 τ)

] 2∏
i=1

iη

θ1(zabi τ)

+
∑
a<b

2Iab′
[
papb(Qo +Qv)(z

ab′

1 τ ; zab
′

2 τ) + p̄ap̄b(Qo +Qv)(−zab
′

1 τ ;−zab′2 τ)
] 2∏
i=1

iη

θ1(zab
′

i τ)

+
∑
a

2Ia5

[
pa(d+ d̄)(Qs +Qc)(z

a
1τ ; za2τ) + p̄a(d+ d̄)(Qs +Qc)(−za1τ ;−za2τ)

] 2∏
i=1

η

θ4(zai τ)

+ (Qo −Qv)(0; 0)

[
2
∑
a

pap̄a − (d− d̄)2

](
2η

θ2(0)

)2

−
[
p2
a(Qo −Qv)(2z

a
1τ ; 2za2τ) + p̄2

a(Qo −Qv)(−2za1τ ;−2za2τ)
] 2∏
i=1

2η

θ2(2zai τ)

+
∑
a<b

2Sab
[
pap̄b(Qo −Qv)(z

ab
1 τ ; zab2 τ) + p̄apb(Qo −Qv)(−zab1 τ ;−zab2 τ)

] 2∏
i=1

η

θ2(zabi τ)

−
∑
a<b

2Sab

[
papb(Qo −Qv)(z

ab′

1 τ ; zab
′

2 τ) + p̄ap̄b(Qo −Qv)(−zab
′

1 τ ;−zab′2 τ)
] 2∏
i=1

η

θ2(zab
′

i τ)

+
∑
a

2Sa5

[
pa(d− d̄)(Qs −Qc)(z

a
1τ ; za2τ) + p̄a(d− d̄)(Qs −Qc)(−za1τ ;−za2τ)

] 2∏
i=1

η

θ3(zai τ)

}
(365)
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M = −1

4

{
(Q̂o + Q̂v)(0; 0)(d+ d̄)W1W2

+
2∏
i=1

(2m
(a)
i )
[
pa(Q̂o + Q̂v)(2z

a
1τ ; 2za2τ) + p̄a(Q̂o + Q̂v)(−2za1τ ;−2za2τ)

] 2∏
i=1

iη̂

θ̂1(2zai τ)

− (d+ d̄)(Q̂o − Q̂v)(0; 0)

(
2η

θ2(0)

)2

−
[
pa(Q̂o − Q̂v)(2z

a
1τ ; 2za2τ) + p̄a(Q̂o − Q̂v)(−2za1τ ;−2za2τ)

] 2∏
i=1

2n
(a)
i η̂

θ̂2(2zai τ)

}
(366)

From the equations above one finds the following untwisted tadpole conditions∑
a

(pa + p̄a)n
a
1n

a
2 = 32∑

a

(pa + p̄a)m
a
1m

a
2 + d+ d̄ = 32

(367)

In addition one has the twisted tadpole conditions

RNa = RD = 0 (368)

The gauge group is a product of unitary factors

GCP =
∏
a

U(pa)× U(d) (369)

The magnetized characters in the vacuum amplitudes have the following expressions

Qo(ν1; ν2) = V4 [O2(ν1)O2(ν2) + V2(ν1)V2(ν2)]− C4 [S2(ν1)C2(ν2) + C2(ν1)S2(ν2)]

Qv(ν1; ν2) = O4 [V2(ν1)O2(ν2) +O2(ν1)V2(ν2)]− S4 [S2(ν1)S2(ν2) + C2(ν1)C2(ν2)]

Qs(ν1; ν2) = O4 [S2(ν1)C2(ν2) + C2(ν1)S2(ν2)]− S4 [O2(ν1)O2(ν2) + V2(ν1)V2(ν2)]

Qc(ν1; ν2) = V4 [S2(ν1)S2(ν2) + C2(ν1)C2(ν2)]− C4 [V2(ν1)O2(ν2) +O2(ν1)V2(ν2)]

(370)

The condition for supersymmetry in this case is

H
(a)
1 = H

(a)
2 or equivalently za1 = za2 (371)

The massless spectrum can be computed by the methods that we have illustrated and

it consists of hypermultiplets with multiplicities and representations given in Table 3.

75



Multiplicity Representation Relevant Indices

1
4
(Iaa′ + IaO + 4)

(
pa(pa−1)

2
, 1
)

∀a
1
4
(Iaa′ − IaO + 4)

(
pa(pa+1)

2
, 1
)

∀a
1
2
(Iab − Sab) (pa, p̄b) a < b

1
2
(Iab′ + Sab) (pa, pb) a < b

1
2
(Ia5 − Sa5) (pa, d) ∀a

1
2
(Ia5 + Sa5) (pa, d̄) ∀a

1
(

1, d(d−1)
2

+ d̄(d̄−1)
2

)

Table 3: Representations and multiplicities of charged hypermultiplets on a T4/Z2

orbifold in the presence of magnetic backgrounds.

The numbers Iab and IaO have the following definitions in the case of T4/Z2

Iab =
2∏
i=1

(ma
i n

b
i − naimb

i)

IaO = 4

(
2∏
i=1

ma
i +

2∏
i=1

nai

) (372)

By performing two T-dualities, one in each two-torus, one is left with intersecting

D7 branes in Type IIB with orientifold Ω′ = ΩI2, where I2 reverses the sign of the

coordinates that have been T-dualized. In order to describe the cycles wrapped by the

branes we introduce the homology basis of the covering space T2
1 × T2

2

[ai], [bi] with i = 1, 2 (373)

such that any factorizable two-cycle of T4 can be written as

ΠT4

a =
2⊗
i=1

(ma
i [ai] + nai [bi]) (374)

Since we are working with an orbifold space T4/Z2 one introduces bulk 2-cycles ΠB
a . In

general for an orbifold group Γ and a covering spaceM one has the following defintion

for the bulk cycles

ΠB
a =

∑
k∈Γ

kΠMa (375)
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The intersection form of two bulk cycles has the following expression [26]

[ΠB
a ] ◦ [ΠB

a ] =
1

|Γ|

[∑
k∈Γ

kΠMa

]
◦

[∑
k∈Γ

kΠMb

]
(376)

where we have denoted by |Γ| the number of elements of the orbifold group Γ. In our

case we have Γ = Z2 and one can identify ΠT4

a with gΠT4

a . Then we write that

[ΠB
a ] = 2[ΠT4

a ] (377)

thus obtaining the following intersections between the bulk 2-cycles

[ΠB
a ] ◦ [ΠB

b ] = 2[ΠT4

a ] ◦ [ΠT4

b ] = 2Iab (378)

In addition to the bulk 2-cycles, for each fixed point l ∈ Fg we introduce a collapsed

2-cycle [e g
l ]. We have denoted by Fg the set of fixed points of the orbifod generator

g ∈ Z2. The intersection numbers of the collapsed cycles are [27]

[e g
l ] ◦ [e g

k ] = −2δlk (379)

Now consider a fractional brane a, that is a brane that passes through fixed points of

Z2 then we can write

ΠF
a =

1

2
ΠB
a +

1

2

∑
l∈Fg

εa,gl e g
l (380)

where the factor 1/2 reflects the fact that one needs two fractional branes in order to

get a brane in the bulk. The quantity ε gl is equal to one if the brane a passes through

the fixed point l and it is equal to zero otherwise. With the formula above one has the

calculation

[ΠF
a ] ◦ [ΠF

b ] =
1

4

(
[ΠB

a ] ◦ [ΠB
b ] +

∑
l,k

εa,gl εb,gk [el] ◦ [ek]

)

=
1

2

(
Iab −

∑
l,k

εa,gl εb,gk δlk

)
=

1

2
(Iab − Sab)

(381)

where now the interpretation of Sab :=
∑

l ε
a,g
l εb,gl is explicit as the number of fixed

points of the Z2 orbifold that both branes a and b intersect. In order to reproduce the

spectrum in Table 3 one needs the 2-cycle of the image brane a′

ΠF
a′ =

1

2
ΠB
a′ −

1

2

∑
l∈Fg

εa,gl e g
l (382)
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and of the orientifold planes corresponding to fixed points of Ω′ and Ω′g

[ΠO7] = 2

(
2⊗
i=1

[bi] +
2⊗
i=1

[ai]

)
(383)

Notice that a D5 brane in the Type I magnetized pictures is described in the T-dual

picture by a D7 brane with the following wrapping numbers

D5→ D7 : (1, 0)⊗ (1, 0) (384)

corresponding to and angle of π/2 or infinite magnetic field. Now one can easily check

that

[ΠF
a ] ◦ [ΠO7] = 2

(
2∏
i=1

ma
i +

2∏
i=1

nai

)
=

1

2
IaO (385)

and put the chiral spectrum in the form displayed in Table 2 with Πa → ΠF
a and

ΠO6 → ΠO7.

4.5 T6/Z2×Z2 with Magnetized/Intersecting Branes and Dis-

crete Torsion

Now let us consider the magnetic deformation of the T6/Z2×Z2 orientifold with discrete

torsion [28] introduced in Section 3.2.2. Our choice of discrete torsion is

(εg, εf , εh) = (+,+,−) (386)

that is we have two standard O5 planes denoted by O51−, O52− corresponding to the

fixed point locus of Ωg and Ωf and one exotic O-plane denoted by O53+ corresponding

to the fixed point locus of Ωh. It is convenient to introduce two “families” of D9 branes

labeled by the CP labels pa, qα and their complex conjugates. The action of the orbifold

generators on these is given by

Na,o = pa + p̄a ,

Na,g = i(pa − p̄a) ,
Na,f = i(pa − p̄a) ,
Na,h = pa + p̄a ,

Nα,o = qα + q̄α ,

Nα,g = i(qα − q̄α) ,

Nα,f = −i(qα − q̄α) ,

Nα,h = −qα − q̄α .

(387)

The gauge group is a product of unitary factors

GCP =
∏
a

U(pa)×
∏
α

U(qα) (388)
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One has solutions with N = 1 supersymmetry in 4d if the conditions in eqs. (551),

(340) are satisfied by the internal magnetic fields. Consistent models have to satisfy

tadpole conditions. They are∑
a

pa n
a
1n

a
2n

a
3 +

∑
α

qα n
α
1n

α
2n

α
3 = 16 ,∑

a

pa n
a
1m

a
2m

a
3 +

∑
α

qα n
α
1m

α
2m

α
3 = −16 εg ,∑

a

pam
a
1n

a
2m

a
3 +

∑
α

qαm
α
1n

α
2m

α
3 = −16 εf ,∑

a

pam
a
1m

a
2n

a
3 +

∑
α

qαm
α
1m

α
2n

α
3 = −16 εh ,

(389)

and from the twisted sectors∑
a

pam
a
1ε
a,g
l +

∑
α

qαm
α
1 ε
α,g
l = 0 ,∑

a

pam
a
2ε
a,f
l −

∑
α

qαm
α
2 ε
α,f
l = 0 ,∑

a

pa n
a
3ε
a,h
l −

∑
α

qα n
α
3 ε
α,h
l = 0 ,

(390)

where εa,kl is equal to one if the brane a passes through the fixed point l of the k-th

orbifold generator. Notice that for each generator of the Z2 × Z2 there are 16 fixed

points, thus l = 1, ..., 16. Due to the presence of the εa,kl the twisted tadpole conditions

are satisfied fixed point per fixed point. The tadpole conditions (389),(390) can be

derived from the one-loop string amplitudes reproduced in Appendix B. See also [28]

and [49]. Notice from the tadpole conditions (or alternatively by making use of the

DBI − CS action) that magnetized D9 branes have induced D5 charges given by

D51 : Q9n
a
1m

a
2m

a
3

D52 : Q9m
a
1n

a
2m

a
3

D53 : Q9m
a
1m

a
2n

a
3

(391)

In order to satisfy the tadpole for an exotic O-plane one needs some of these induced

charges and tensions to be negative. Suppose that nai are positive, then from the

supersymmetry condition it follows that we have two possibilities, either ma
i ,m

a
j >

0,ma
k < 0 or ma

i ,m
a
j < 0,ma

k < 0 with i 6= j 6= k = 1, 2, 3. In both cases one

can see that one of the induced D5 brane charges will be negative thus allowing for
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supersymmetric solutions also in the case when discrete torsion is present. Recall that

in a supersymmetric model the tension and charge of a given D-brane are equal. The

tension of a magnetized D9 brane is given by

T = |n1n2n3|T9

√
(1 +H2

1 )(1 +H2
2 )(1 +H2

3 ) (392)

By making use of the supersymmetry condition H1 +H2 +H3 = H1H2H3 one can show

that the “induced tensions” are

T = |n1n2n3T9 − T5(n1m2m3 +m1n2m3 +m1m2n3)sgn(n1n2n3)| (393)

matching precisely the RR charges in eq. (391). In addition to tadpole conditions

there are K-theory constraints coming from the fact the RR charges are classified by

the K-theory groups [29] (and not the homology groups). The explicit form of these

constraints in our case can be found in [30]. The massless spectrum is given in Table

4.

The intersection numbers for the T6/Z2 × Z2 are defined as

Iab =
3∏
i=1

(ma
i n

b
i − naimb

i)

IaO = 8(ma
1m

a
2m

a
3 − εgma

1n
a
2n

a
3 − εfna1ma

2n
a
3 − εhna1na2ma

3)

(394)

Again one can consider the T-dual picture of intersecting D6 branes in Type IIA. This

is obtained by performing three T-dualities, one in each factor of the three two-tori.

The cycles that can be wrapped by the D6 branes are the bulk cycles inherited from

the covering torus T6

[ΠB
a ] = 4[ΠT6

a ] (395)

with the following intersection

[ΠB
a ] ◦ [ΠB

b ] = 4Iab (396)

In addition to the cycles inherited from the covering space one has extra 32 special

cycles for each element of the orbifold group Z2×Z2, thus a total of 96 cycles. A basis

is given by the 3-cycles

[αkl,m] = 2[e k
l ]⊗ [aik ] [αkl,n] = 2[e k

l ]⊗ [bik ] (397)

where k = g, f, h are the orbifold generators, ik = 1, 2, 3 labels the two-torus T2
ik

on

which the orbifold generator k acts trivially and l ∈ Fk runs over the fixed points under

the action of k. As in the case of the Z2 orbifold we have [e k
l ] ◦ [e p

r ] = −2δlrδ
kp, and
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Multiplicity Representation Relevant Indices

1
8
(Iaa∗ + IaO − 4I1

aa∗ − 4I2
aa∗ + 4I3

aa∗)
(
pa(pa−1)

2
, 1
)

∀a
1
8
(Iαα∗ + IαO − 4I1

αα∗ − 4I2
αα∗ + 4I3

αα∗)
(

1, qα(qα−1)
2

)
∀α

1
8
(Iaa∗ − IaO − 4I1

aa∗ − 4I2
aa∗ + 4I3

aa∗)
(
pa(pa+1)

2
, 1
)

∀a
1
8
(Iαα∗ − IαO − 4I1

αα∗ − 4I2
αα∗ + 4I3

αα∗)
(

1, qα(qα+1)
2

)
∀α

1
4
(Iaα∗ − Saαg I1

aα∗ + Saαf I2
aα∗ − Saαh I3

aα∗) (pa, qα) ∀a,∀α
1
4
(Iaα + Saαg I1

aα − Saαf I2
aα − Saαh I3

aα) (pa, q̄α) ∀a,∀α
1
4
(Iab∗ − Sabg I1

ab∗ − Sabf I2
ab∗ + Sabh I

3
ab∗) (pa, pb) a < b

1
4
(Iab + Sabg I

1
ab + Sabf I

2
ab + Sabh I

3
ab) (pa, p̄b) a < b

1
4
(Iαβ∗ − Sαβg I1

αβ∗ − S
αβ
f I2

αβ∗ + Sαβh I3
αβ∗) (qα, qβ) α < β

1
4
(Iαβ + Sαβg I1

αβ + Sαβf I2
αβ + Sαβh I3

αβ) (qα, q̄β) α < β

1 (pa, q̄α) + (p̄a, qα) if (mi
a, n

i
a) = (mi

α, n
i
α) ∀i

1 (pa, qα) + (p̄a, q̄α) if (mi
a, n

i
a) = (−mi

α, n
i
α) ∀i

Table 4: Representations and multiplicities of charged chiral superfields on a T6/Z2×Z2

orbifold with discrete torsion, in the presence of magnetic backgrounds.

zero intersection with the bulk cycles.

The general 3-cycle that can be wrapped by a fractional D6 brane can be written as

ΠF
a =

1

4
ΠB
a +

1

4

∑
l∈Fg

εa,gl Πg
l,a

+
1

4

∑
l∈Ff

εa,fl Πf
l,a

+
1

4

(∑
l∈Fh

εa,hl Πh
l,a

)
(398)

where we have introduced the 3-cycles Πk
l,a defined as

[Πk
l,a] = ma

ik
[αkl,m] + naik [α

k
l,n] (399)

One can easily show that their intersection is of the following form

[Πk
l,a] ◦ [Πp

r,b] = 4δlrδ
kpI ikab (400)

where I ikab = ma
ik
nbik − naikm

b
ik

is the intersection in the ik-th torus. In the Z2 × Z2

orientifold one has four types of O6 planes corresponding to the fixed point locus of
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the projections Ω, Ωg,Ωf ,Ωh. The 3-cycle wrapped by the O6-planes can be written

as

ΠO6 = 2

(
3⊗
i=1

[bi]− εg[b1]⊗ [a2]⊗ [a3]− εf [a1]⊗ [b2]⊗ [a3]− εh[a1]⊗ [a2]⊗ [b3]

)
(401)

Now let us specify the action of Ω on the collapsed cycles αkl,m, α
k
l,n. It is given by

Ω : αkl,m → −εkαkl,m αkl,n → εkα
k
l,n (402)

By using the formulas in Table 2 one can again reproduce the chiral spectrum of the

magnetized T6/Z2 × Z2 with discrete torsion. Recall that we have introduced two

families of branes pa and qα. The general form of the 3-cycles wrapped by the pa
branes is given in eq. (403) whereas a 3-cycle wrapped by the qα branes can be written

as

ΠF
α =

1

4
ΠB
α +

1

4

∑
l∈Fg

εα,gl Πg
l,α

− 1

4

∑
l∈Ff

εα,fl Πf
l,α

− 1

4

(∑
l∈Fh

εα,hl Πh
l,α

)
(403)
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5 Yukawa Couplings and Wilson Lines in Magne-

tized Branes Models

In this section we want to sketch the results in [31] where an explicit expression for

the Yukawa couplings in models compactified on magnetized tori have been computed.

An alternative calculation is that of T-dual intersecting branes in Type IIA (see [32]).

The strategy of the calculation is to make use of N = 1 Super Yang-Mills theory in

10d and compute the effective 4d Yukawa couplings. The starting point is the D = 10

action

S =

∫
d10x

[
− 1

2g2
Tr FMNF

MN +
i

2g2
Tr λ̄ΓMD

Mλ

]
(404)

where both FMN and λ are in the adjoint representation of the gauge group G.

FMN = ∂MAN − ∂NAM − i[AM , AN ]

DMλ = ∂Mλ− i[AM , λ]
(405)

One compactifies six dimensions such that

Space− Time = R3,1 ×M6 (406)

It is convenient to introduce the following decomposition of the fields

λ(xµ, ym) =
∑
n

χn(xµ)⊗ ψn(ym)

AM(xµ, ym) =
∑
n

ϕn,M(xµ)⊗ φn,M(ym)
(407)

One can choose the internal wavefunctions to be eigenvalues of the corresponding in-

ternal wave equation

iΓmDmψn = mnψn

46φn,M = M2
n,Mφn,M

(408)

We consider magnetized compactifications that is 〈Am(y)〉 6= 0 such that we have a

non-zero flux 〈Fmn〉 6= 0 in the internal manifold. As we have seen in the chapter about

magnetized branes such a theory can have properties like chirality and replication of

chiral fermions, very desirable from the phenomenological point of view. From a field

theory point of view this is due to the fact that in the presence of magnetic fields the

index of the Dirac operator can be non-zero. Indeed, suppose that we have fermions

in the representation Q of the gauge group then the index has the following expression

indexQ /D6 =
1

48(2π)3

∫
M6

[
TrQ(F ∧ F ∧ F )− 1

8
TrQ(F ) ∧ Tr(R ∧R)

]
(409)
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In addition the original gauge group G will be broken to a subgroup H. In order to

obtain a canonical kinetic term in four dimensions one normalizes the internal wave-

functions such that ∫
M6

d6yψj(y)†ψk(y) = δjk (410)

and a similar relation for φn,M . One obtains a Yukawa coupling in 4d from dimensional

reduction of the term A ·λ ·λ. Its expression is obtained by integrating over the internal

manifold M6

Yijk =

∫
M6

d6yψa†i Γmψbjφ
c
k,mfabc (411)

The case that is of interest for us is a toroidal compactification, that is we takeM6 = T6

which for simplicity we take it to be factorizable. We turn on a magnetic flux of the

following form

F =
3∑
r=1

iπ

Imτr

 ma

na
Ipa

mb

nb
Ipb

mc

nc
Ipc

 dzr ∧ z̄r (412)

where, let’s say, Ipa denotes the pa × pa identity matrix and ma, na ∈ Z such that

g.c.d.(ma, na) = 1. We have denoted by τ r the complex structure modulus of the r-th

torus. Complex coordinates are dzr = dxr + τrdy
r. In string theory such a situation

corresponds to three stacks of branes a, b, c with magnetizations

Hα =
mα

nαv
α = a, b, c (413)

and gauge group

U(pa)× U(pb)× U(pc) (414)

In addition we consider configurations of continuous Wilson lines which do not break

the gauge symmetry

AW.L. =
3∑
r=1

iπ

τr

 Im(ξradz̄
r)

Im(ξrbdz̄
r)

Im(ξrcdz̄
r)

 (415)

where ξrα,x, ξ
r
α,y ∈ [0, 1/nrα) are the real Wilson lines along the r-th two torus T2

r and

we define complex Wilson lines by

ξrα = ξrα,x + τrξ
r
α,y (416)

In a T-dual picture with intersecting D6 branes the Wilson lines correspond to positions

of branes in the corresponding two tori. As we have seen in section 4.2.1 one has |Iαβ|
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chiral superfields Φ
~i
αβ transforming in the bifundamental representation pα, p̄β of the

gauge group, where α, β = a, b, c. The multi-index~i = (i1, i2, i3) can have the following

values ir = 0, ..., |Irαβ| − 1. We are interested in the Yukawa coupling corresponding to

the following term in the 4d lagrangian

YijkΦ
~i
abΦ

~j
bcΦ

~k
ca (417)

In the T-dual picture of Type IIA intersecting D6 branes one has the following geo-

metric interpretation of the Yukawa coupling as the area of the triangle formed by the

branes a, b, c (in each two-torus). At the endpoints of the triangle one has the fields

Φab,Φbc,Φca living at the intersection of the D-branes. This is illustrated in Figure 4.

Figure 4: Yukawa couplings in intersecting branes

The calculation in [31] shows that the Yukawa coupling has the following expression
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in the case of a toroidal compactification

Yijk =g
3∏
r=1

(
2Im τr
A2

)1/4

NIrabNIrbcNIrcae
iπ

(
ξrabIm ξrab
Iab

+
ξrbcIm ξrbc
Ibc

+
ξrcaIm ξrca
Ica

)
/Im τr

× ϑ
[
δrijk
0

]
(ξr; τ r|IrabIrbcIrca|)

(418)

where g is the 10d gauge coupling constant, A is the area of the 2-torus and NIαβ are

factors depending on the intersection numbers that will enter the Kähler metric. In

addition we have the following notations

Irαβ ≡
Irαβ

nαr n
β
r

δrijk ≡
ir
Irab

+
jr
Irca

+
kr
Irbc

ξrαβ ≡ ξrα − ξrβ
ξr ≡ Irabn

c
rξ
r
c + Irbcn

a
rξ
r
a + Ircan

b
rξ
r
b

(419)

We restrict ourselves to supersymmetric models and we are interested in computing

the corresponding superpotential. The Yukawa coupling in eq. (542) has to fit in the

general supergravity formula

YijkΦ
~i
abΦ

~j
bcΦ

~k
ca = (KabKbcKca)

−1/2eK/2WijkΦ̂
~i
abΦ̂

~j
bcΦ̂

~k
ca (420)

where Wijk is the coupling appearing in the superpotential, Φ̂
~i
ab represent the chiral

variables in terms of which the superpotential is holomorphic, K is the Kähler potential

and Kab = ∂ab∂̄abK are the kinetic terms in the ab sector. The N = 1 chiral variables

Φ̂
~j
ab are defined as [33]

Φ̂
~j
αβ =

(
W

W

) 1
4

(
3∏
r=1

(Im τr)
1
4 e
iπ
ξrαβ Im ξrαβ
Ir
αβ

Im τr

)
Φ
~j
αβ (421)

Then one can write the following superpotential

W = Φ̂
~i
abΦ̂

~j
bcΦ̂

~k
ca

3∏
r=1

ϑ

[
δrijk
0

]
(ξr; τr|IrabIrbcIrca|) (422)
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6 Supersymmetry Breaking in String Theory

Supersymmetry breaking is an outstanding problem in both particle physics and string

phenomenology. We would like to describe in this chapter a few mechanisms for break-

ing supersymmetry in the context of string theory, namely: magnetic fields [23], brane

supersymmetry breaking [34], [35], [36], [37], Scherk-Scharwz compactification [38],

[39], [40], [41] or [42], [43] on the Heterotic side and closed string fluxes [44], [45].

6.1 Magnetic Fields

The first mechanism for breaking supersymmetry that we consider is through magnetic

fields on the worldvolume of the D-branes. For definiteness we consider Type I string

theory compactified on a factorizable six-torus
⊗3

i=1 T2
i with magnetized D-branes. For

a stack a the magnetic fields are given by

H
(a)
i =

ma
i

nai vi
(423)

We consider three different cases.

I. H
(a)
1 6= 0, H

(a)
2,3 = 0 that is we consider a non-zero magnetic flux only along one

two-torus. The shift in the masses resulted by the introduction of the magnetic field

is given by the formula

δM2 = (2n+ 1)|ζ|+ 2ζΣ1 (424)

We will restrict our analysis to the n = 0 level, that is the massless level before intro-

ducing magnetic fields. Recall that the 10d open string massless spectrum consists of a

vector boson and a Weyl fermion. Dimensional reduction yields an N = 1 vector mul-

tiplet and three chiral multiplets in 4d. This is encoded in the following decomposition

of characters

V8 − S8 = τoo + τog + τof + τoh (425)

where τkl are defined in Appendix A. Let us consider the chiral multiplet contained in

τog. It contains a complex boson with internal helicities in the first torus Σ1 = ±1 and

a Weyl fermion with helicities Σ1 = ±1/2. Thus the shift in the masses due to the

magnetic field is

δM2(bosons) = |ζ| ± 2ζ

δM2(fermion) = |ζ| ± ζ
(426)

From the formula above one can see immediately that for non-zero magnetic fields

ζ 6= 0 supersymmetry is broken as the fermions and bosons in the chiral multiplet have
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different masses. Notice that one has a massless chiral fermion. Moreover one of the

(two real) bosons develops a tachyonic mass leading to a Nielsen-Olesen instability.

II. H
(a)
1 6= 0, H

(a)
2 6= 0, H

(a)
3 = 0 that is we have non-zero magnetic fields along T2

1 and

T2
2. In this case the mass shifts due to the presence of magnetic fields is given by

δM2 =
2∑
i=1

[(2ni + 1)|ζi|+ 2ζiΣi] (427)

Let us consider again the chiral multiplet contained in τog. The corresponding shifts

in masses are given by

δM2(bosons) = |ζ1|+ |ζ2| ± 2ζ1

δM2(fermion) = |ζ1|+ |ζ2| ± ζ1 ∓ ζ2

(428)

For arbitrary magnetic fields one can easily see that supersymmetry is broken. Notice

that if |ζ2| < |ζ1| one of the bosons in τog becomes tachyonic. However if the following

relation is satisfied

ζ1 + ζ2 = 0 (429)

then half of the degrees of freedom in τog remain massless. Including the contribution

from the image through Ω one obtains a full massless chiral multiplet and a massive

one as well. In fact τoo and τoh become massive whereas τog and τof give massless chiral

multiplets. From a six-dimensional point of view they combine into a hypermultiplet.

III. H
(a)
i 6= 0, for all i = 1, 2, 3. The mass formula contains now three terms, one for

each two-torus T2.

δM2 =
3∑
i=1

[(2ni + 1)|ζi|+ 2ζiΣi] (430)

We again consider the effect of the magnetic field on the chiral multiplet contained in

τog. According to the formula above we have

δM2(bosons) = |ζ1|+ |ζ2|+ |ζ3| ± 2ζ1

δM2(fermion) = |ζ1|+ |ζ2|+ |ζ3| ± ζ1 ∓ ζ2 ∓ ζ3

(431)

It is again apparent that for arbitrary values of the magnetic field supersymmetry is

broken. Tachyonic instabilities appear from τog if |ζ2| + |ζ3| < |ζ3|. Similar arguments

apply to the rest of the spectrum. One can still recover a supersymmetric spectrum if

the following condition is satisfied

ζ1 + ζ2 + ζ3 = 0 (432)
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For definiteness consider the case ζ1 > 0, ζ2 < 0, ζ3 < 0 then τog will give rise to a

massless chiral superfield in 4d (after adding the contribution from the image brane)

plus a massive one. The rest of the characters τoo, τof , τoh coming from the dimensional

reduction of V8−S8 will become massive. Notice that in the case of a supersymmetric

spectrum there are no tachyonic instabilities.

6.2 Brane Supersymmetry Breaking

The basic extended objects present in 10d Type I string theory are D9 branes and O9

planes characterized by their tension T and RR charge Q. The complete list of objects

is given in Table 5 below

Type T Q

D9 + +

D9 + -

O9− - -

O9+ + +

O9− - +

O9− + -

Table 5: Tensions and RR charges of D9/O9 branes/planes in Type I string theory

A sign ± means that the tension T or RR charge Q is positive or negative. Let us

denote by N+ the number of D9 branes and by N− the number of D9 branes. The

open string amplitudes involving the objects in Table 5 can be written as

A =
1

2

∫ ∞
0

dτ2

τ 6
2

[
(N2

+ +N2
−)(V8 − S8) + 2N+N−(O8 − C8)

] 1

η8
(433)

M =
1

2

∫ ∞
0

dτ2

τ 6
2

[
εNS(N+ +N−)V̂8 − εR(N+ −N−)Ŝ8

] 1

η̂8
(434)

The amplitudes above yield in general a non-supersymmetric spectrum. The NSNS

and RR tadpole conditions can be extracted from the transverse channel amplitudes

Ã =
2−5

2

∫ ∞
0

dl
[
(N+ +N−)2V8 − (N+ −N−)2S8

] 1

η8
(435)

M̃ =
2

2

∫ ∞
0

dl
[
εNS(N+ +N−)V̂8 − εR(N+ −N−)Ŝ8

] 1

η̂8
(436)
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The sign εNS = ±1 represents the sign of the tension of the O9 planes whereas εR
labels the signs of the RR charges of the O9 planes. Notice that the NSNS and RR

tadpoles are different for non-supersymmetric models. Indeed, in this case we have

NSNS N+ +N− = −εNS32

RR N+ −N− = −εR32
(437)

Notice that the solution N+ = 32, N− = 0 and εNS = εR = −1 yields the usual SO(32)

Type I superstring. Allowing for the existence of a NSNS tadpole one has also the

solutions εNS = εR = −1 and N+ − N− = 32 with gauge group SO(N+) × SO(N−).

Notice that all models with both N+ 6= 0 and N− 6= 0 have tachyonic instabilities that

reflect the attraction between branes and anti-branes.

The simplest example of a model that exhibits (brane) supersymmetry breaking and is

free of tachyons is the so-called Sugimoto model in [46] and corresponds to the following

solution

εNS = εR = +1 N+ = 0 N− = 32 (438)

The model contains N− D9 branes and O9+ planes. The open string massless spectrum

can be extracted from the amplitudes

A0 +M0 ∼
N−(N− + 1)

2
V8 −

N−(N− − 1)

2
S8 (439)

and it consists of a vector boson in the adjoint (symmetric) representation of USp(32)

and a Weyl fermion in the antisymmetric representation. Notice that the presence of

the dilaton tadpole is incompatible with Minkowski space-time. The model admits a

background with SO(1, 8) symmetry with a warping of the ninth dimension (see [47],

[48]).

Another solution with brane supersymmetry breaking is the T4/Z2 orientifold with

(non-magnetized) D9/D5 branes and O9−/O5+ planes. The model is free of tachyons

and the gauge group is

SO(16)2
9 × USp(16)2

5 (440)

The six-dimensional massless spectrum is given in Table 6.

The model admits magnetic deformations which are tachyon free as well if the following

condition is satisfied by the magnetic fields on the D9 branes

H
(a)
1 +H

(a)
2 = 0 (441)

However the spectrum is still non-supersymmetric.

An interesting 4d model with brane supersymmetry breaking is the T6/Z2 × Z2 orien-

tifold with discrete torsion. More precisely we consider the model with (εg, εf , εh) =
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Multiplicity Representation Multiplet/Field

1 (16, 16, 1, 1) Hypermultiplet

1 (1, 1, 120, 1) + (1, 1, 1, 120) Weyl Fermion

1 (1, 1, 16, 16) Weyl Fermion

4 (1, 1, 16, 16) Scalar

2 (16, 1, 1, 16) + (1, 16, 16, 1) Scalar

1 (16, 1, 16, 1) + (1, 16, 1, 16) Symplectic Majorana-Weyl Fermion

Table 6: Spectrum of the non-supersymmetric T4/Z2 orientifold.

(+,+,−). The model contains O9 planes and O5i planes. The index i = 1, 2, 3 labels

the corresponding two-torus that the O5i plane wraps. Our choice of discrete torsion

implies that in the theory we have the following O-planes: O9−, O51−, O52−, O53+.

In order to satisfy tadpoles without introducing magnetizations one needs to intro-

duce D9, D51, D52 and D53 branes. The spectrum of this model is indeed non-

supersymmetric and tachyon free. We don’t reproduce it here (for details see [34]).

The tadpole conditions select the following gauge group

U(8)2
9 × U(8)2

51
× U(8)2

52
× USp(8)2

53
(442)

where by the labels 9, 5i we have emphasized the provenience of the various factors in

the gauge group. As we have seen, if one magnetizes the D9 branes then supersym-

metric solutions to the tadpole conditions exist for particular values of the magnetic

fields.

6.3 Scherk-Schwarz Compactification

We consider in this section a compactification of Type IIB (or Type I) string theory

that breaks supersymmetry. The space that we compactify is an orbifold S1/g where

g = (−1)F δ. F is the (spacetime) fermion number and δ acts on the compact coordinate

X9 in the following way

δ : X9 → X9 + πR (443)
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where R is the radius of the circle S1. Working out the torus amplitude of the model,

one obtains

T =
1

2

∫
F

d2τ

τ
11/2
2

[
|V8 − S8|2Λm,n + |V8 + S8|2(−1)mΛm,n

+|O8 − C8|2Λm,n+1/2 + |O8 + C8|2(−1)mΛm,n+1/2

] 1

|η|14

(444)

The first term in the torus amplitude is the usual Type IIB on a circle in eq. (231).

The second term arises from the action of the orbifold generator g = (−)F δ. Thus

(−1)F is responsible for the flipped sign in front of S8 whereas δ generates the factor

(−1)m. Indeed by labeling with |m,n〉 a state with m,n as momentum and winding

numbers one can easily see that

δ|m,n〉 = (−1)m|m,n〉 (445)

thus leading to the following lattice sum when performing the trace over the zero-modes

(−1)mΛm,n =
1

ηη̄

∑
m,n

(−1)mq
l2s
4

(
m
R

+nR

l2s

)2

q̄
l2s
4

(
m
R
−nR
l2s

)2

(446)

The second line in eq. (444) is obtained by demanding the amplitude to be modular

invariant. It is convenient to rewrite the torus amplitude in the following form

T =
1

2

∫
F

d2τ

τ
11/2
2

[
(V8V̄8 + S8S̄8)Λ2m,n + (O8Ō8 + C8C̄8)Λ2m,n+1/2

−(V8S̄8 + S8V̄8)Λ2m+1,n − (O8C̄8 + C8Ō8)Λ2m+1,n+1/2

] (447)

Let us perform the following rescaling of the radius R → R/2. Then in terms of the

new radius the torus amplitude becomes

T =
1

2

∫
F

d2τ

τ
11/2
2

[
(V8V̄8 + S8S̄8)Λm,2n + (O8Ō8 + C8C̄8)Λm,2n+1

−(V8S̄8 + S8V̄8)Λm+1/2,2n − (O8C̄8 + C8Ō8)Λm+1/2,2n+1

] (448)

In this from it is apparent that the Kaluza-Klein (momentum) modes of the fermions

are shifted by 1/2 with respect to the bosons thus breaking supersymmetry. Notice

that for R < 2ls the closed string spectrum contains a tachyon. In the limit R → ∞
supersymmetry is restored as one recovers the usual 10d Type IIB theory. Now let

us consider the orientifold projection of the closed string model. The Klein bottle
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amplitude is the symmetric part of the torus, since Ω identifies the left and right

sectors. In particular one has pL = pR which implies n = 0. Thus one obtains

K =
1

2

∫ ∞
0

dτ2

τ
11/2
2

1

η7
(V8 − S8)Pm (449)

In the transverse channel one has

K̃ =
25

4

∫ ∞
0

dl
1

η7
v(V8 − S8)W2n (450)

with v = R/ls. Now let us introduce the transverse channel open string amplitudes,

the annulus

Ã =
2−5

4
N2

∫ ∞
0

dl
1

η7
v [(V8 − S8)W2n + (O8 − C8)W2n+1] (451)

and the Möbius strip

M̃ = −N
2

∫ ∞
0

dl
1

η̂7
v
(
V̂8W2n − Ŝ8(−1)nWn

)
(452)

Cancelation of tadpoles requires N = 32 and the gauge group is the usual SO(32).

Finally the open string amplitudes in the direct channel are given by

A =
N2

2

∫ ∞
0

dτ2

τ
11/2
2

1

η7

(
V8Pm − S8Pm+1/2

)
M = −N

2

∫ ∞
0

dτ2

τ
11/2
2

1

η̂7

(
V̂8Pm − Ŝ8Pm+1/2

) (453)

In the open string sector one can see again that the fermions have the momentum

modes shifted by 1/2 with respect to the bosons. One can realize such a mechanism

for breaking supersymmetry in field theory. Consider a D-dimensional field theory

with a scalar field Φ and a fermion field Ψ. We compactify the theory on a circle S1

of radius R. We denote by xµ the coordinates transverse to S1 and by y the compact

dimension. By imposing the following periodicity conditions

Ξ(xµ, y + 2πR) = (−1)FΞ(xµ, y) (454)

where Ξ is either Φ or Ψ, one has the following Kaluza-Klein expansions

Φ(xµ, y) =
∑
n∈Z

e
iny
R Φn(xµ) (455)
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Ψ(xµ, y) =
∑
n∈Z

e
i(n+1/2)y

R Ψn(xµ) (456)

where we see that the Kaluza-Klein modes of the fermion field Ψ are shifted by 1/2 with

respect to the modes of the boson Φ and thus breaking supersymmetry in a similar way

that we have seen in the string model. There are other Scherk-Schwarz type models

than the one that we have considered. For details see [7].

6.4 Closed String Fluxes

We have considered in Chapter 4 compactifications of string theory in the presence of

internal magnetic fields which coupled to the elementary strings through the action in

eq. (295). In the world-sheet non-linear sigma model action (292) on can couple the

2-form field BMN . Moreover in Type II theory the D-branes source the RR p-form

fields Cp. Let us introduce the corresponding field strengths

Fp+1 = dCp (457)

and for the NSNS 2-form field

H3 = dB (458)

In string theory one has the following duality condition for the p+1-form field strengths

∗ Fp+1 = F9−p (459)

The action of a p-form field is given by

S =

∫
Fp+1 ∧ ∗F9−p (460)

Flux compactification implies considering configurations with a non-zero flux of the

field strength ∫
Σp+1

Fp+1 6= 0 (461)

Such a condition requires that the p + 1 homology group of the target space M be

non-trivial

Hp+1(M,R) 6= {0} (462)

In particular this implies that the target space is non-trivial from a topological point

of view. Thus, if one wants to preserve 4d Lorentz invariance then p-form fluxes can

be turned on only in the compact space K.

M = R1,3 ×K (463)
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with Hp+1(K,R) 6= {0}. Introducing a basis of p + 1-cycles σi ∈ Hp+1(K,R) one has

the following quantization condition for the field strength fluxes∫
σi

Fp+1 = ni (464)

where i = i, ..., bp+1 with bp+1 being the p+ 1-th Betti number of the compactification

manifold K, i.e. bp+1 := dim Hp+1(K,R). The components of the metric on K are

moduli fields from the 4d point of view. They enter in the action of a p-form field thus

resulting in a scalar potential for the moduli given by

V =

∫
K

Fp+1 ∧ ∗F5−p (465)

If this potential is generic enough then its minimization can lead to the stabilization

of the metric moduli. Besides stabilization of moduli, turning on fluxes can lead to

spontaneous supersymmetry breaking.
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7 Instantons in String Theory

In this chapter we would like to present the results in [49] where we build some global

models based on the T6/Z2 ×Z2 orientifold with discrete torsion where E1 stringy in-

stantons generate linear terms and mass terms in the non-perturbative superpotential.

One of the models had conformal invariance (at one-loop) which is then broken by non-

perturbative effects (hierarchically small mass terms). Before the results of the paper

we present a general introduction to field theory instantons and stringy instantons.

7.1 Field Theory Instantons

The starting point of our discussion is the SU(N) (pure) Yang-Mills action in 4d

Euclidean space

S[A] = −
∫

TrN(F ∧ ∗F ) + iθ
( g

2π

)2
∫

TrN(F ∧ F ) (466)

where F is the (Lie algebra valued) 2-form field strength which expressed in components

reads F = 1
2
Fµνdx

µ ∧ dxν and ∗ denotes the Hodge dual form ∗Fµν = 1
2
εµνρσF

ρσ. In

terms of the gauge potential 1-form A = Aµdx
µ one has

Fµν = ∂µAν − ∂νAµ + g[Aµ, Aν ] (467)

The following quantity

k = −
( g

2π

)2
∫

TrN(F ∧ F ) ∈ Z (468)

is called the topological charge (of the gauge bundle). In component notation one can

write the action in the following form

S[A] = −1

2

∫
d4xTrN(FµνF

µν) + iθk (469)

Notice that our conventions are such that the gauge field Aµ is anti-Hermitian and so

one has the following inequality∫
d4xTrN [(Fµν ± ∗Fµν)(F µν ± ∗F µν)] ≤ 0 (470)

from which one can write the following bound on the real part of the action

− 1

2

∫
d4xTrN(FµνF

µν) ≥ 8π2

g2
|k| (471)
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We have equality if the gauge field is self-dual or anti-self-dual

∗ Fµν = ±Fµν (472)

In general instantons are defined to be finite action solutions of the classical equations

of motion. In our particular case, instantons are the self-dual solutions with positive

instanton number k > 0 whereas anti-instantons are the anti-self-dual solutions with

negative instanton number k < 0. Then the action of an instanton solution is equal to

S0 =
4πi

g2
+

θ

2π
(473)

First let us consider the explicit solution of an SU(2) gauge theory with k = 1 [50],[51]

Aµ = g−1 2(x−X)νσνµ
(x−X)2 + ρ2

(474)

where the matrices σµν are self-dual

σµν =
1

4
(σµσ̄ν − σν σ̄µ) (475)

with σµ being 2× 2 matrices which are related to the Pauli matrices τ i, i = 1, 2, 3 by

σµ = (i~τ , 12). The instanton solution in eq. (474) depends on five parameters: the

scale size ρ and the four-vector position Xµ. In addition to these there are three extra

parameters corresponding to SU(2) global gauge transformations (which are not fixed

by the usual covariant gauge fixing). In total there are eight free parameters counting

the inequivalent solutions to the self-dual Yang-Mills equations (472). We call these

parameters collective coordinates and they span the moduli space of instanton solutions.

In general, for arbitrary topological charge k, one gets 4kN collective coordinates for a

SU(N) gauge theory. We denote the corresponding moduli space by Mk. An important

notion is that of zero-mode, that is we consider small fluctuations Aµ(x)+δAµ(x) around

a self-dual solution Aµ(x). To linear order the fluctuations have to satisfy

DµδAν −DνδAµ = εµνρσD
ρδAσ (476)

It is convenient to use quaternionic notation for 4d Euclidean spacetime. By making use

of the local isomorphism between SO(4) and SU(2)L × SU(2)R given by the matrices

σµ and σ̄µ = (−i~τ , 12) one can write a four vector xµ as

xαα̇ = xµσ
µ
αα̇ x̄α̇α = xµσ̄α̇αµ (477)

The same definitions apply to any quantity with a four-vector index like ∂µ, Dµ, δAµ an

so on. Notice that since we are working in Euclidean spacetime there is no difference
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between quantities with indices µ, ν, ... up or down since the mertric is equal to δµν . In

quaternionic notation one can rewrite eq. (476) as

~τ α̇
β̇
D̄β̇αδAαα̇ = 0 (478)

In order to implement the fact that two solutions that differ by a local gauge trans-

formations are equivalent one asks that the variations δAµ are orthogonal to gauge

transformations Ω ∫
d4xTrN(DµΩδAµ) = 0 (479)

Integration by parts of the equation above and passing to quaternionic notation one

can write the equivalent orthogonality condition

D̄α̇αδAαα̇ = 0 (480)

One can combine the two conditions in eqs. (478) and (480)

D̄α̇αδAαβ̇ = 0 (481)

The fluctuations δAµ(x) which satisfy the equation above represent physical fluctua-

tions in field space which do not change the value of the action. This is no longer the

case for non-zero mode fluctuations. One can make use of the functional inner product

of zero-modes in order to define a metric in the moduli space Mk

gmn(X) = −2g2

∫
d4xTrN(δmAµ(x,X)δnAν(x,X)) (482)

where we have denoted by X the ensemble of collective coordinates of Mk, and m,n =

1, ..., 4kN = dimMk. The metric above is hyper-Kähler, meaning that the moduli

space as a manifold has reduced holonomy USp(kN) ⊂ SO(4kN).

A natural question that arises is how do the instantons contribute to the functional

integral of field theory (in the semi-classical limit). One can show that∫
[dAµ][db][dc]eS[A,b,c] −→ eS0

g4kN

∫ 4kN∏
m=1

dXm

√
2π

√
det g(X)

det(−D2)

det′∆(+)
(483)

as g → 0. In the equation above b, c are ghost fields implementing the gauge fixing

condition, S0 is the (classical) instanton action in eq. (473). The fluctuation determi-

nant arises from integration over the non-zero mode fluctuations and one can recognize

the volume form ω of the moduli space Mk∫
Mk

ω :=

∫ 4kN∏
m=1

dXm

√
2π

√
det g(X) (484)
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The operator ∆(+) is defined by

∆(+) = −Dαα̇D̄
α̇α = −12DµD

µ − gσµνF µν (485)

Before considering instantons in supersymmetric theories let us show the ADHM con-

struction of instantons [53]. Let ∆(x) be an (N+2k)×2k complex valued matrix which

depends linearly on xµ, that is we can define matrices a, b ∈M(N+2k)×2k(C) such that

∆λiα̇(x) = aλiα̇ + bαλixαα̇ ∆̄α̇λ
i (x) = āα̇λi + x̄α̇αb̄λiα (486)

where ∆̄(x) is the Hermitian conjugate matrix of ∆(x). The indices above can take

the values λ = 1, ..., N + 2k, i = 1, ..., k, with k being the instanton number. Suppose

that ∆(x) : C2k → C2k+N is injective then we have that Ker(∆̄(x)) is N -dimensional.

Let (Uλu(x))u=1,...,N be an orthonormal basis of Ker(∆̄(x)) then one can write

∆̄α̇λ
i Uλu = Ūλ

u∆λiα̇ = 0 (487)

Ūλ
uUλv = δuv (488)

If the following condition is satisfied

∆̄α̇λ
i ∆λjβ̇ = δα̇

β̇
(f−1)ij (489)

with f an arbitrary k × k Hermitian matrix depending on x, then the gauge field

(Aµ)uv = g−1Ūλ
u∂µUλv (490)

yields a self-dual field strength which can be shown to be

Fµν = 4g−1Ūbσµνf b̄U (491)

With this method one can construct all self-dual solutions of the Yang-Mills equations.

The matrices a, b parametrize the moduli space Mk but they are subject to the addi-

tional constraints in eq. (489). Since fij(x) is arbitrary, one can extract the following

x-independent conditions on the matrices a and b

āα̇λi aλjβ̇ =

(
1

2
āa

)
ij

δα̇
β̇

āα̇λi b
β
λj = b̄βλi a

α̇
λj

b̄λαib
β
λj =

(
1

2
b̄b

)
ij

δ β
α

(492)
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The three conditions above are called ADHM constraints. Notice that the ADHM con-

struction is left unaffected if one performs the following x-independent transformations

∆→ Λ∆Υ−1 U → ΛU f → ΥfΥ† (493)

with Λ ∈ U(N+2k) and Υ ∈ Gl(k,C). Making use of this symmetry and decomposing

the index λ = u+ iα one can choose the matrix b to have the following form

bβλj = bβ(u+iα),j =

(
0

δ β
α δij

)
b̄λβj = b̄

(u+iα)
βj = (0 δ α

β δji) (494)

Notice that the form above is left invariant by a U(k) subgroup of U(N+2k)×Gl(k,C)

defined by the transformations of the following form

Λ =

(
1N 0

0 Ξ12

)
Υ = Ξ, Ξ ∈ U(k) (495)

Then the ADHM constraints can be put in the following form

~τ α̇
β̇
(āβ̇aα̇) = 0 (496)

with (a′µ)† = a′µ defined by

aλjα̇ = a(u+iα)jα̇ =

(
wujα̇

(a′αα̇)ij

)
āα̇λj = ā

α̇(u+iα)
j = (wα̇ju (ā′α̇α)ji) (497)

To summarize, the moduli space of instanton solutions Mk is described in the ADHM

construction by the variables aα̇ = {wα̇, a′µ}, with a′µ being Hermitian k × k matrices,

subject to the constraints in eq. (496) and quotiented by the residual symmetry group

U(k) in eq. (495) which acts in the following way on aα̇

wuiα̇ → wα̇Ξ a′µ → Ξ†a′µΞ (498)

One can construct an instanton calculus also in the case of supersymmetric Yang-Mills

theory. Thus consider the following Euclidean space action valid for super Yang-Mills

theory with N = 1, 2, 4 supersymmetry

S[A, λ, λ̄,Φ] =

∫
d4xTrN

{
1

2
FµνF

µν − iθg2

16π2
Fµν ∗ F µν − 2Dµλ̄Aσ̄

µλA +DµΦaD
µΦa

−gλ̄AΣAB
a [Φa, λ̄B]− gλAΣ̄aAB[Φa, λ

B]− 1

2
g2[Φa,Φb]

2

}
(499)
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where the matrices Σ are associated with the R-symmetry for theories with extended

supersymmetry N = 2, 4. We don’t need their explicit form. The fermions λA and λ̄A
are the superpartners (gauginos) of the gauge field and the index A is an R-symmetry

index A = 1, ...,N . In the theories with extended supersymmetry there are additionally

the real scalars Φa with a = 1, ..., 2(N − 1). The equations of motion following from

the action (499) are

DνFµν = 2g[Φa, DµΦa] + 2gσ̄µ{λA, λ̄A}
Dµσ̄µλ

A = gΣAB
a [Φa, λ̄B]

Dµσ
µλ̄A = gΣ̄aAB[Φa, λ

B]

D2Φa = g2[Φb, [Φb,Φa]] + gΣ̄aABλ
AλB + gΣAB

a λ̄Aλ̄B

(500)

In order to find the super-instanton solution of the equations above one proceeds per-

turbatively order by order in the coupling constant. The starting point is the self-dual

solution Aµ(x,X) with all other fields set to zero. Expanding around this solution, to

linear order one has to solve the equations

Dµσ̄µλ
A = 0

Dµσ
µλ̄A = 0

D2Φa = 0

(501)

Notice that this is consistent with the equations of motion because Ker(Dµσ
µ) = {0} in

the instantonic background. Thus we have λ̄A = 0. On the other hand for λA one finds

2kN solutions (zero-modes). Let us denote the corresponding collective coordinates by

ΨiA. For the case of the super-instanton one can define analogous fermionic ADHM

constraints in terms of the Grassmann-valued partnersM = {µ, µ̄,M′
α} of the ADHM

variables aα̇ = {wα̇, a′ν}. The variablesM are (N+2k)×k matrices satisfy the following

constraints

M̄aα̇ + āα̇M = µ̄wα̇ + w̄α̇µ+ [Mα, a′αα̇] = 0 (502)

We don’t go into details here (see [52] for a review).

Let us write the fermionic zero-modes in the form

λα = g−1/2Λα(M) (503)

then the scalar product of fermionic zero-modes defines the inner product of symplectic

tangent vectors on the moduli space Mk

Ω(M,N ) = −4

∫
d4xTrN(Λ(M)Λ(N )) (504)
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Estimating the contribution of the super-instanton to the field theory functional inte-

gral one obtains∫
[dA][dλ][dΦ][db][dc]e−S →

(
µ

g

)kN(4−N )

eS0

∫
Mk

ω(N )e−S̃ (505)

where the N supersymmetric volume form on Mk is∫
Mk

ω(N ) :=

∫
det g(X)

[Pfaff 1
2
Ω(X)]N

4kN∏
m=1

dXm

√
2π

N∏
A=1

2kN∏
i=1

dΨiA (506)

where S̃ is the action of the super-instanton solution at the order g0.

In the end we just want to mention a couple of applications of instantons for spon-

taneous breaking of classical symmetries in QFT through dynamical generation of

condensates. Gaugino condensation induced by fractional gauge instantons in super-

symmetric theories lead to spontaneous breaking of R-symmetry. The ’t Hooft instan-

tons in QCD induce a chiral condensate which leads to spontaneous breaking of chiral

symmetry.

7.2 Euclidean Brane Instantons

In string theory instanton effects are realized by branes with their worldvolume ex-

tended only in the internal space. Since such branes don’t wrap any direction in 4d

spacetime, thus being an instant from 4d point of view, we call them Euclidean brane

instantons. We will denote with Ep a p+ 1-dimensional Euclidean brane. Recall that

in string theory (I and II) the dimensionality of the branes that one can have is deter-

mined by the spectrum of RR forms. In Type I we have C2 and C6 which can couple

to E1 and E5, that is Euclidean branes wrapping a 2-cycle of the internal space K

or the whole internal space respectively. We will always consider orientifold theories.

Thus, Type IIB with the standard orientifold Ω yields Type I with D9/D5 branes and

O9/O5 planes. There is an alternative orientifold projection Ω′ which couples Type

IIB to D3/D7 branes and O3/O7 planes. They are related by six T-dualities in the

internal space which map D9 and D5 branes to D3 and D7 branes respectively (and

similarly for O-planes). For IIB/Ω′ one has E(−1) and E3 instantons. Finally in Type

IIA with intersecting D6 branes we can have E0, E2 and E4 instantons. Relevant for

us will be only the E2 instanons which are BPS with respect to D6 branes.

Euclidean E(p − 4) branes wrapping the same internal cycle in the internal space as

a Dp brane realize gauge instantons for the worldvolume theory of a Dp brane (see
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for example [54],[55]). The massless spectrum of the strings stretched between the in-

stanton brane and itself and of the strings stretched between the instanton brane and

the Dp brane match precisely the zero modes found in field theory. Thus, the massless

modes of the strings involving the instanton brane will be interpreted as the collective

coordinate integral. Qualitatively different effects arise when one considers Euclidean

Eq branes wrapping different cycles in the internal space than the Dp brane. We call

such effects stringy instanton effects.

We will focus on instanton branes in Type I that can generate (directly) corrections

to the holomorphic superpotential. An important feature of Euclidean branes that

can contribute to the superpotential is that they have to wrap rigid cycles. This is

necessary in order for the instanton to have the minimum number of (two) uncharged

fermionic zero modes θα. In the 4d effective supergravity these modes are interpreted

as the coordinates of the N = 1 superspace. In addition to θα, there are four bosonic

modes xµ corresponding to the positions of the instanton brane in 4d spacetime. A

non-perturbative superpotential is generated

SW =

∫
d4xd2θ Wnp (507)

The classical instanton action is given by the volume of the internal cycles wrapped

by the corresponding Euclidean branes. For E1 and E5 instantons in the context of a

factorizable toroidal orientifold compactification the relevant moduli are the complex

axion-dilaton S and the Kähler moduli Tk.

S = C6 + ieΦ/2

3∏
i=1

Volr Tk = C2,k + ie−Φ/2Volk (508)

In the expressions above, Φ is the 10d dilaton, Volr is the volume of the r-th two-

torus, C6 is the component of the RR 6-form along the compact space and C2,k is the

component of the RR 2-form along the k-th two-torus. Then the tree-level actions of

the E1 and E5 instantons are given by

SE5 = S +M0 SE1k = Tk +Mk (509)

where M0 and Mk are linear combinations of complex blow-up moduli with coefficients

which depend on the discrete Wilson lines, position and CP factors of the instanton.

Abelian anomalies in Type I are canceled through a generalized Green-Schwarz mech-

anism involving the RR forms C2 and C6. One can show that under a U(1)a gauge

symmetry with gauge parameter Λa the instanton action transforms as

e−SE → eiQa(E)Λae−SE (510)
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If Qa(E) 6= 0 then there is the interesting possibility to generate couplings which are

perturbatively forbidden by the corresponding U(1)a. The superpotential is of the

following form

Wnp =
∏
i

Φie
−SE (511)

where
∏

i Φi is a product of matter superfields which is charged under U(1)a such that

Wnp is gauge invariant. The rules for the (superpotential) instanton calculus have been

outlined in [56]. The instanton contribution to the superpotential can be expressed in

the following form in terms of disk and one-loop open string amplitudes

〈Φa1b1 ...ΦaM bM 〉E =

∫
d4xd2θ

∑
conf.

∏
a

(∏
i

dηia

)(∏
j

dη̄ja

)
× e−SEe

∑
aA′(E,a)+M′(E,O)〈Φa1,b1〉ηa1 ,η̄b1

...〈ΦaM ,bM 〉ηaM ,η̄bM

(512)

In the formula above one recognizes the integral over the uncharged zero-modes xµ,

θα They correspond to the symmetries broken by the instanton brane, translation

invariance in 4d spacetime and 1/2 of supersymmetry (since the instanton and the

branes that we consider are 1/2 BPS). Additionally one integrates over charged zero-

modes ηia, η̄
j
a coming from strings stretched between the instanton and the various

branes (labeled by the index a) in the compactification. The indices i and j counts the

corresponding multiplicities. SE is the classical instanton action, A′(E, a) is the annulus

amplitude for open strings between the instanton E and the D-brane a, M(E,O) is

the Möbius amplitude of the instanton. The prime denotes the fact that one has to

remove the zero-modes. The one-loop dependence of (512) is related to the 1-loop

Pfaffians/determinants for quantum fluctuations around the instanton background

Pfaff ′(DF)√
det′(DB)

= exp

(∑
a

A′(E, a) +M′(E,O)

)
(513)

Finally, eq. (512) contains disk amplitudes 〈Φak,bk〉ηak ,η̄bk with insertions of the corre-

sponding product Φak,bk of boundary changing vertex operators. The sum over config-

urations goes over all the possible ways of inserting the charged fermionic zero-modes

ηia, η̄
j
a in the disk amplitudes involving matter fields. The considerations above apply

in principle to any instanton brane that have the appropriate structure of uncharged

zero-modes. That’s why we have not specified the dimensionality of the E-branes or

of the 4d spacetime filling D-branes and O-planes. The expression in eq. (512) applies

in the case of one-instanton contributions, that is one Euclidean brane. We will not
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consider here multi-instanton effects corresponding to having multiple coinciding Eu-

clidean branes.

An important remark is in order here. In general there are several instantons in the

internal geometry that can contribute to the superpotential. Thus the superpotential

will be of the following form

W = Wp +
∑
α

W(α) (514)

where Wp is the perturbative superpotential, α labels the various single instantons that

contribute directly and W(α) is the corresponding non-perturbative contribution and in

general it has the form in eq. (511). We will show in the next section a few applications

and concrete examples of Ep- branes.

7.3 Applications

In the recent years there have been some activity in phenomenological applications of

stringy instanton effects in D-brane models. These include neutrino Majorana masses

[56], [57], µ-terms in the MSSM [58], stabilization of moduli fields [59], fermion masses

[60] or supersymmetry breaking [61].

Let us consider a concrete class of models where stringy instantons can generate non-

perturbative superpotentials. We consider the familiar compactification of Type I

string theory with magnetized D9-branes on a factorizable T6/Z2 × Z2 with discrete

torsion. Our choice of discrete torsion is (εg, εf , εh) = (+,+,−). This implies that we

have an exotic (positive tension and RR charge) orientifold plane O53+ wrapping the

third two-torus T2
3. A list of O-planes, D- and E-branes (which are mutually BPS or

1/2 BPS) that one can introduce in such a compactification is reproduced in Table 7.

x z1 z2 z3

O9 × × × ×
O51− × × · ·
O52− × · × ·
O53+ × · · ×

x z1 z2 z3

D9 × × × ×
D51 × × · ·
D52 × · × ·
D53 × · · ×

x z1 z2 z3

E5 · × × ×
E11 · × · ·
E12 · · × ·
E13 · · · ×

Table 7: Extended objects in the T6/Z2×Z2 orientifold with discrete torsion. A cross

(dot) denotes that the object wraps (is localized along) the corresponding directions

(x denotes the spacetime coordinate and zi is the complex coordinate along T2
i ).

We are hunting for instantons that have only two fermionic uncharged zero-modes θα.
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One can show that this is indeed the case for the instanton wrapping the same two-torus

as the exotic O-plane (see [49], [62]). The gauge group of the aforementioned instanton

E13 is orthogonal due to the presence of the exotic O-plane and for the case of a single

E-brane, that is an O(1) instanton, one obtains the desired structure of uncharged zero-

modes in order to generate directly a contribution to the superpotential. We reproduce

in Table 8 the CP gauge group and the minimum number of uncharged fermionic zero-

modes for the E5 and E1k instantons.

number of uncharged

GCP fermionic zero-modes

for a single brane

E5 U(n) 4

E11 U(n) 4

E12 U(n) 4

E13 SO(n) 2

Table 8: CP gauge group and minimum number of uncharged fermionic zero-modes for

the E5 and E1k instantons.

Let us examine more closely the E13 instantons. One can write the following wrapping

(magnetization) numbers for them

(mi, ni) = (1, 0)⊗ (−1, 0)⊗ (0, 1) (515)

The fractional E13 instantons can be positioned at any of the 16 fixed points of h ∈
Z2 × Z2 situated inside T2

1 × T2
2. In addition there are the discrete Wilson lines in

the world-volume of the instanton. We parametrize these by means of three discrete

complex parameters

ξrE1 = εr + τrε
r+3 (516)

where εr = 0, 1/2. Notice that ξrE1 are not physical fields since the instanton action

lacks the corresponding kinetic terms. There are four different choices of CP charges

D1
1;o = k1 ,

D1
1;g = k1 ,

D1
1;f = −k1 ,

D1
1;h = −k1 ,

D2
2;o = k2 ,

D2
2;g = k2 ,

D2
2;f = k2 ,

D2
2;h = k2 ,

D3
3;o = k3 ,

D3
3;g = −k3 ,

D3
3;f = k3 ,

D3
3;h = −k3 ,

D4
4;o = k4 ,

D4
4;g = −k4 ,

D4
4;f = −k4 ,

D4
4;h = k4 .

(517)

In addition to the uncharged zero-modes xµ, θα one has extra zero-modes ηi coming

from strings stretched between the instanton brane and the other spacetime filling
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D-branes. These modes are charged under the corresponding gauge group factors.

Details on the partition functions of the instantons can be found in [49]. Recall that

for magnetized D9 branes we have introduced two families of branes labeled by the

complex CP charges pβ and qβ (see Section 4.5). One can show that the spectrum of

charged zero-modes is of the from presented in Table 9. Let us consider a couple of

CP choice Multiplicity Representation

1 1
4

(
Iab − Sabg Iab1 + Sabf I

ab
2 − Sabh Iab3

)
(k1, p̄b)

1
4

(
Iaβ − Sαβg Iaβ1 − S

αβ
f Iaβ2 + Sαβh Iaβ3

)
(k1, q̄β)

2 1
4

(
Iab − Sabg Iab1 − Sabf Iab2 + Sabh I

ab
3

)
(k2, p̄b)

1
4

(
Iaβ − Sαβg Iaβ1 + Sαβf Iaβ2 − S

αβ
h Iaβ3

)
(k2, q̄β)

3 1
4

(
Iab + Sabg I

ab
1 − Sabf Iab2 − Sabh Iab3

)
(k3, p̄b)

1
4

(
Iaβ + Sαβg Iaβ1 + Sαβf Iaβ2 + Sαβh Iaβ3

)
(k3, q̄β)

4 1
4

(
Iab + Sabg I

ab
1 + Sabf I

ab
2 + Sabh I

ab
3

)
(k4, p̄b)

1
4

(
Iaβ + Sαβg Iaβ1 − S

αβ
f Iaβ2 − S

αβ
h Iaβ3

)
(k4, q̄β)

Table 9: Charged zero modes for E13 branes. The index a in the multiplicities corre-

sponds to the E13 instantons, with wrapping numbers (mi, ni) = (1, 0)⊗(−1, 0)⊗(0, 1).

explicit models (presented in [28], [49]) where stringy instantons generate linear terms

or mass terms in the superpotential. The first model contains four stacks of magnetized

D9 branes labeled with the CP charges p1, p2, q1, q2 and having the following wrapping

numbers

p1, q1 : (1, 1)⊗ (1, 1)⊗ (−1, 1)

p2, q2 : (−1, 1)⊗ (−1, 1)⊗ (1, 1)
(518)

Notice that even though the stacks p1 and q1 have the same magnetizations they differ

by the action of the orbifold group on the corresponding CP factors, hence by the

twisted charges. The gauge group of the model is

GCP = U(4)4 (519)

The massless spectrum contains, among other fields, 8 chiral supermultiplets in the

antisymmetric representation of each U(4) factor of the gauge group. Let us denote
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them with Asij = −Asji where s = 1, 2, 3, 4 labels the four U(4) factors of the total gauge

group. The charged spectrum of the E13 branes for single instanton configurations is

given in Table 10. The U(1) charges of the antisymmetric fields Asij and of the charged

CP choice (k1, k2, k3, k4) Representation Zero mode

1 (1, 0, 0, 0) (4, 1, 1, 1) η1
i

2 (0, 1, 0, 0) (1, 4, 1, 1) η2
i

3 (0, 0, 1, 0) (1, 1, 4̄, 1) η3
i

4 (0, 0, 0, 1) (1, 1, 1, 4̄) η4
i

Table 10: Charged zero-mode structure for O(1) E1-brane instantons in the U(4)4

model. The index i runs over the (anti)fundamental representation of U(4).

instanton zero-modes ηsi are in such a way that the operator

4∑
i,j=1

ηsiA
s
ijη

s
j (520)

is gauge invariant. Schematically, integrating the following expression over the charged

zero-modes ∫ ( 4∏
i=1

dηsi

)
e−SE1−

∑
i,j η

s
iA

s
ijη

s
i (521)

one obtains the non-perturbative superpotential

Wnp = e−SE1

4∑
s=1

4∑
i,j,k,l=1

εijklA
s
ijA

s
kl (522)

Let us comment on the form of the non-perturbative superpotential above. Notice

that the operator As · As is forbidden perturbatively since it is charged under the

corresponding U(1)s ⊂ U(4)s. In general there is a coupling in front of the mass term

in eq. (522) which depends on the open string moduli and of the complex structure

moduli. For an explicit computation of such couplings see [30] or [57] for the case of

(neutrino) Majorana masses. An important comment at this point is that any mass

term like the one in eq. (522) is weighted by a factor e−SE1 containing the classical

instanton action

e−SE1 = e−T3 ' e−Vol (523)
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giving naturally a hierarchically small mass. Actually the model splits into two non-

interacting parts each with low-energy gauge group SU(4)2 having conformal symmetry

at one-loop. This is then broken by the masses generated by stringy instanton effects

[49].

The second explicit example contains four stacks of magnetized D9 branes labeled

by the CP charges p1, p2, q1, q2, one stack of non-magnetized D9 branes labeled by

N = n1 + n2 and one stack of D51 branes labeled by D = d1 + d2. The corresponding

wrapping numbers are

p1, q1 : (2, 1)⊗ (1, 1)⊗ (−1, 1)

p2, q2 : (−2, 1)⊗ (−1, 1)⊗ (1, 1)

n1, n2 : (0, 1)⊗ (0, 1)× (0, 1)

d1, d2 : (0, 1)⊗ (1, 0)⊗ (−1, 0)

(524)

The gauge group of the model is

GCP = U(2)4 × USp(4)4 (525)

We will focus our attention again on the antisymmetric fields coming from the mag-

netized stack of branes. One can see that the model contains 12 antisymmetric fields

Asij with respect to each unitary gauge group factor. The charged zero-mode instanton

spectrum is given in Table 11.

CP choice Representation Zero mode

1 (2, 1, 1, 1, 1, 1, 1, 1) η1
i

2 (1, 2, 1, 1, 1, 1, 1, 1) η2
i

3 (1, 1, 2̄, 1, 1, 1, 1, 1) η3
i

4 (1, 1, 1, 2̄, 1, 1, 1, 1) η4
i

Table 11: Charged zero-mode structure for O(1) E1-brane instantons in the U(2)2 ×
U(2)2×USp(4)2×USp(4)2 model. The index i refers to the (anti)fundamental repre-

sentation of U(2).

As in the previous model the operator
∑2

i,j=1 η
s
iA

s
ijη

s
j is gauge invariant. Performing

the integral over the charged zero-modes of the instanton∫ ( 2∏
i=1

ηsi

)
e−SE1−gs(ξ,τr)

∑
i,j η

s
iA

s
ijη

s
j (526)
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Multiplicity Representation Zero-mode

[Ξ ∩ Πa]
+ (−1E, Na) ηa

[Ξ ∩ Πa]
− (1E, N̄a) η̄a

[Ξ ∩ Πa′ ]
+ (−1E, N̄a) ηa′

[Ξ ∩ Πa′ ]
− (1E, Na) η̄a′

Table 12: Charged instanton zero-modes for E2 branes.

one obtains the following non-perturbative superpotential

Wnp = e−SE1

4∑
s=1

gs(ξ, τr)
2∑

i,j=1

εijA
s
ij (527)

We have introduced explicitly the couplings gs(ξ, τr) which depend on the complex

structure moduli τr and the open string moduli that we have denoted generically with

ξ. In Chapter 8 we will sketch the computation of these couplings. More details

can be found in [30]. A superpotential of the from in eq. (527) containing a linear

term in a charged superfield can have important phenomenological applications like

moduli stabilization and Polonyi-like supersymmetry breaking. Intuitively speaking, a

potential is generated for the moduli ξ and τr appearing in the couplings gs, which is

of the following form

V ' |gs(ξ, τr)|2 (528)

We have shown in [30] that a supersymmetric non-perturbative vacuum exists in the

model under discussion. We postpone the discussion of it to Chapter 8.

With the excuse of showing how stringy instantons can generate Majorana masses let

us discuss the T-dual setting of Type IIA with intersecting D6 branes. We will basically

review the discussion in [56]. The instantons that are relevant for our discussion are

E2 branes. They wrap a 3-cycle Ξ in the internal space K. At the intersection of

Ξ with 3-cycles Πa wrapped by the D6 branes one will have charged instanton zero-

modes. Using the decomposition of the topological intersection number into positive

and negative chirality

[Ξ] ◦ [Πa] = [Ξ ∩ Πa]
+ − [Ξ ∩ Πa]

− (529)

one can write the charged zero-mode spectrum of the E2 instanton in the form pre-

sented in Table 12.

The total charge of the fermionic zero-modes arising at the intersection of Ξ with Πa

and Πa′ is

Qa(E2) = Na[Ξ] ◦ ([Πa]− [Πa′ ]) (530)
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In order to be concrete let us suppose we have an MSSM like model realized on the

D6 branes. One starts with four stacks of branes with the following gauge group [63]

U(3)a × USp(2)b × U(1)c × U(1)d (531)

In the formula above we have labeled the four stacks of branes with a, b, c and d

respectively. The Standard Model matter fields can be realized by bifundamental

reresentations. They are reproduced in Table 13. Notice that the MSSM hypercharge

Intersection Field Representation Hypercharge Y

a− b QL 3× (3, 2)(1,0,0) 1/3

a− c (UR)c 3× (3̄, 1)(−1,1,0) −4/3

a′ − c (DR)c 3× (3̄, 1)(−1,−1,0) 2/3

b− d LL 3× (1, 2)(0,0,−1) −1

c− d (ER)c 3× (1, 1)(0,−1,1) 2

c′ − d (NR)c 3× (1, 1)(0,1,1) 0

Table 13: MSSM from a four stack model.

is the following linear combination of the various U(1)’s present in the model

U(1)Y =
1

3
U(1)a − U(1)c + U(1)d (532)

Notice that due to the extra U(1) symmetries one cannot write perturbatively a Ma-

jorana mass term for the right-handed neutrinos

Wm = Mm(NR)c(NR)c (533)

However such a term can be generated by E2 instanton branes if the following condi-

tions are satisfied

[Ξ] ∩ [Πa] = [Ξ] ∩ [Πa′ ] = [Ξ] ∩ [Πb] = [Ξ] ∩ [Πb′ ] = [Ξ] ∩ [Πc] = [Ξ] ∩ [Πd′ ] = 0

[Ξ ∩ Πc′ ]
+ = 2, [Ξ ∩ Πc′ ]

− = 0, [Ξ ∩ Πd]
− = 2, [Ξ ∩ Πd]

+ = 0
(534)

The mass generated by stringy instantons will have the following form

Mm = xMse
−VolE2 (535)

where x contains the contributions from the Kähler potential and the one-loop deter-

minant and Ms is the stringy mass scale. As we have commented in the case of E1
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instantons the volume factor will naturally create a hierarchy between the string scale

Ms and the Majorana mass of the right-handed neutrinos Mm (assuming that x is of

order O(1)). Of course the discussion about the E2 instanton is valid if it has the

correct structure of uncharged zero-modes in order to contribute to the superpotential.

Another phenomenological application of stringy instantons is generation of some per-

turbatively forbidden Yukawa couplings. This is the case in certain Grand Unified

SU(5) models realized with intersecting/magnetized branes where the top trilinear

Yukawa coupling 10 10 5H is forbidden. Under certain conditions instantons can gen-

erate this coupling non-perturbatively.
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8 Linear Term Instabilities

In this chapter we will discuss the results in [30] where the non-perturbative super-

potential with linear terms in the charged fields is computed in global models. We

identify the correct way of summing over one-instanton contributions (see eq. (544)).

Identification of the correct form of the superpotential relies on the results in [33] where

we derive the holomorphic variables (field redefinitions by the Wilson line moduli) in

models with magnetized branes and continuous Wilson lines.

Stringy instanton effects can induce dynamical condensates and spontaneous break-

ing of symmetries in the effective 4d theory. A situation that we are referring to is two

stacks of fractional branes with opposite twisted charges passing through an orbifold

singularity. The massless spectrum contains chiral multiplets Φab̄ and Φ̃āb transforming

in the

(Fund(Ga),Fund(Gb)) and (Fund(Ga),Fund(Gb)) (536)

representations of the CP gauge group Ga × Gb. Since we have assumed that branes

have oposite twisted charges, then the recombined stack has vanishing total twisted

charge and hence it can move off the singularity. Its position modulus will be related to

the condensate 〈Φab̄Φ̃āb〉 which parametrizes the recombination of the two stacks and

the spontaneous breaking of the gauge group to a diagonal subgroup. Such a non-trivial

condensate can be induced by Euclidean brane instantons. We depict this situation

in Figure 5. We study in this chapter situations where there is a non-perturbatively

generated linear superpotential

Wnp = g(ξ, τr)e
−SEΦ (537)

in the gauge theory. The function g depends on the open string moduli denoted gener-

ically with ξ and the complex structure moduli τr. A non-perturbative superpotential

of the form above is generated if the following conditions are satisfied

• There is an O(1) instanton with θα and xµ as uncharged zero-modes arising from

strings with both ends on the Euclidean brane;

• There is an appropriate number of (two) charged instanton zero-modes ηi arising

from strings stretched between the brane and the instantons;

• There is an U(1) or U(2) gauge theory realized on the D-branes;
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Figure 5: Non-perturbative Higgs mechanism through a dynamical condensate induced

by a stringy Euclidean brane instanton. (a) Two fractional branes with opposite twisted

charge are stuck in a given singularity. An instanton (represented by the wavy line) sits

at a distant singularity. (b) The instanton may induce a condensate 〈Φab̄Φ̃āb〉 whose

VEV parameterizes the position of the recombined brane j and minimizes the area of

the disc amplitude spanned by the branes and the instanton (shaded region).

• There is a gauge invariant Yukawa coupling η1Φη2, with Φ being a matter field

charged under U(1).

The F -term contribution of the field Φ to the vacuum energy is of the form

∆V ' |g(ξ, τr)e
−SE |2 (538)

and thus one can interpret the dependence on the open string moduli as a force acting

on the D-brane by the singularity where the instanton resides.

In globally consistent models there are usually several rigid instantons that can con-

tribute to the superpotential

Wnp =
∑
α

gα(ξ, τr)e
−SEαΦ (539)

The non-perturbative vacuum will be found by minimizing the resulting scalar poten-

tial for the positions of the brane. The functions gα(ξ, τr) contain additional effects

related to the dynamics of the other D-branes present in the model. For instance, if

a spectator brane moves towards the singularities where the instantons reside then it

can change the number of zero-modes ant therefore destroy the original instability.
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We would like to illustrate in the following how one computes the couplings gα in the

case of a toroidal compactification with an orbifold group Γ that contains a Z2 × Z2

with discrete torsion required in order to have instantons that can generate corrections

to the superpotential. Thus we consider Type I string theory on a factorizable T6/Γ

with magnetized D9 branes where E13 Euclidean branes can generate linear terms in

the superpotential. This will apply in particular to the model considered in Section

7.3.

Suppose that we have a chiral field Φab which transforms in the bifundamental represen-

tation of U(1)a ×U(1)b and suppose that we have two instanton fermionic zero-modes

ηa and ηb charged under U(1)a and U(1)b respectively in such a way that the Yukawa

coupling ηaΦabηb is gauge invariant. Integration over the charged instanton zero-modes

yields the non-perturbative superpotential

Wnp = g(ξ, τr)e
−SEΦab (540)

The zeroes of g(ξ, τr) will determine the non-perturbative supersymmetric vacuum.

There are two other situations for which one can get a linear term in the superpotential,

namely for an antisymmetric chiral superfield Aij of a U(2) gauge group and for a

symmetric chiral field S12 of a U(1) gauge group. For the antisymmetric field one

needs one charged fermionic zero-mode in the fundamental of the U(2), and for the

symmetric field two charged instanton zero-modes (with the same U(1) charge). Then

one find non-perturbative superpotentials with linear terms

Wnp = g(ξ, τr)e
−SE

2∑
i,j=1

Aij

Wnp = g(ξ, τr)e
−SES12

(541)

We can make use of the D-brane instanton calculus to compute the function g(ξ, τr),

or equivalently the F -term associated to the field Φab. This can be expressed as
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where the sum in α goes over all possible configurations for the position, discrete Wilson

lines and CP charges of the instanton (see eqs. (516) and (517) for the E13 instanton).

In general the fields Φab come with a given multiplicity, hence there are several F -

terms of the form shown above. In order to compute 〈FΦ〉 one needs to compute

the Yukawa coupling ηaΦabηb and the one-loop amplitudes involving the instanton and

all the branes in the compactification. In Chapter 5 we have sketched how Yukawa

couplings are computed in a toroidal compactification. Making use of the result in eq.

(542) we can write the following expression for the 3-point disk scattering amplitude

involving two magnetized branes and a rigid E1 brane with two fermionic charged

instanton zero-modes

D~iabE1 ∼
3∏
r=1

exp

[
πiξrabE1Im ξrabE1

|Irab|Im τr

]
ϑ

[
ir
Irab

0

]
(ξrabE1 ; τr|Irab|) (542)

We have omitted some normalization factors coming from the Kähler metric and some

(undetermined) Wilson line dependent phases (for a discussion of their importance see

[33]). The dependence on the continuous Wilson line moduli ξra, ξ
r
b of the branes a and

b and the discrete parameters ξrE1 of the instanton is encoded in the quantity

ξrabE1 = Irabξ
r
E1 + IrE1aξ

r
b + IrbE1ξ

r
a (543)

The one-loop amplitudes of the instanton have been computed in [49]. More details

about the calculation of the F -term under consideration can be found in [30]. We

reproduce here the final expression of the non-perturbative superpotential for T6/Z2×
Z2

Wnp = e2πiT̂3Φ̂
~i
ab

[
η(τ1)1+2ND52η(τ2)1+2ND51η(τ3)1+2ND9

]−1 ×

×
3∏
r=1

∑
εr,εr+3=0,1/2

(
e2πi[ND9(ε3+ε3ε6)+ND51

(ε2+ε2ε5)+ND52
(ε1+ε1ε4)]e−iπ|I

r
ab|ε

rεr+3

ϑ

[
ir
Irab

+ εr+3

Irabε
r

]
(IrbE1ξ

r
a + IrE1aξ

r
b ; τ r|Irab|)

×
ND9∏
K=1

ϑ2

[ 1
2

+ ε6

1
2

+ ε3

]
(ξ3
K ; τ3)×

ND51∏
Q=1

ϑ2

[ 1
2

+ ε5

1
2

+ ε2

]
(ξ2
Q; τ2)×

ND52∏
P=1

ϑ2

[ 1
2

+ ε4

1
2

+ ε1

]
(ξ1
P ; τ1)


(544)

This expression is holomorphic and periodic under shifts of the D-brane moduli and

U(1) gauge transformations, and behaves as a holomorphic modular form of weight
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−1 under SL(2,Z) transformations of the complex structure parameters. Of course,

symmetrization with respect to all the orbifold and orientifold operations should be

understood. Let us explain the notation in eq. (544). ND9 is the number of non-

magnetized D9-branes and ND5s is the number of D5-branes wrapping the s-th torus

(s = 1, 2). ξ3
K is the complexified continuous Wilson line modulus of the K-th D9

brane along the third two-torus, ξ1
P (ξ2

Q) is the complexified position modulus of the

P -th D52 brane (the Q-th D51 brane) along the first (second) two-torus. The variables

Φ̂
~i
ab and T̂3 appearing in eq. (544) have been redefined by the continuous Wilson line

moduli of the branes according to eqs. (421) and (546). For a factorizable six-torus

compactification with magnetized branes and continuous Wilson lines the redefinitions

of the axion-dilaton S and of the Kähler moduli Tk were found to be [33]

Ŝ = S +
∑
{I}

3∑
r=1

crI
ξrI Im ξrI
Im τr

(545)

T̂k = Tk −
∑
{I}

[
c0
I

ξkI Im ξkI
Im τk

−
3∑

p 6=q 6=k

cqI
ξpI Im ξpI
Im τp

]
, k = 1, 2, 3 (546)

where crI are the RR charges of D5 brane induced in the worldvolume of D9 brane I

by the magnetization

crI = nIrm
I
jm

I
k r 6= j 6= k = 1, 2, 3 (547)

and c0
I is defined to be

c0
I = nI1n

I
2n

I
3 (548)

Notice that the superpotential in eq. (544) contains a sum over the discrete instanton

parameters (positions and Wilson line moduli) weigthed by generally non-trivial phases.

From a local point of view each term in this sum has two types of zeroes:

• Points in the moduli space for which the one-loop determinant vanishes due to

the appearance of extra fermionic zero modes which run in the loops. From a

target space point of view, the extra fermionic modes arise from strings stretching

between the instanton and the non-magnetized (bulk) D-branes which become

massless when the brane sits on top of the instanton.

• Points in the moduli space for which the area of the 3-point disc scattering

amplitude becomes zero, leading to a vanishing Yukawa coupling between the

two fermionic charged zero-modes of the instanton and the matter field. The

interpretation of this process is that the D-branes move in order to reduce the

area of the disc and thus minimize the vacuum energy.
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The picture illustrated above is complicated by global issues. In a given compact model

there are usually several locations in the internal space where instantons reside and

thus, supersymmetric vacua in global models are generically the result of a combined

cancelation between the different non-vanishing instanton contributions. Let us illus-

trate this with a simple toy model. We consider a toroidal compactification with D53

branes equally distributed and sitting on top of the E1 instantons at the singularities.

In addition there are also ND51 = 4 bulk D51 branes. The induced non-perturbative

superpotential is [33]

Wnp = e2πiT̂3
[
η(τ1)1η(τ2)9η(τ3)1

]−1
∑

ε2,ε5=0,1/2

4∏
q=1

ϑ2

[ 1
2

+ ε5

1
2

+ ε2

]
(ξ2
q ; τ2) (549)

where ξ2
q are the positions of the D51-branes on the second torus. From a local point

of view, when the D51 branes sit on top of the instantons, i.e.

ξ2
1 = 0 , ξ2

2 =
1

2
, ξ2

3 =
τ2

2
, ξ2

4 =
1

2
+
τ2

2
, (550)

each term in the non-perturbative superpotential vanishes. The gauge group is U(1)8.

Outside of this locus one or more instantons give a non-zero contribution to the su-

perpotential. Hence, from a local analysis, one would conclude the (550) is a super-

symmeric minimum of the scalar potential, with no flat directions. However, from the

global point of view, even if each single instanton contribution is non-zero, there can

be cancelations between the different terms leading to new supersymmetric vacua. In

the model at hand there is a one-parameter family of supersymmetric vacua.

ξ2
1 =

ρ

2
+
ρτ2

2
, ξ2

2 =
1− ρ

2
+
ρτ2

2
, ξ2

3 =
ρ

2
+

(1− ρ)τ2

2
, ξ2

4 =
1− ρ

2
+

(1− ρ)τ2

2
(551)

with ρ ∈ [0, 1). We illustrate this in Figure 6. Now let us comment a little bit on the

explicit model in eq. (524) with gauge group U(2)4 ×USp(4)4 and a non-perturbative

linear superpotential for the antisymmetric fields of the unitary factors. The detailed

analysis can be found in [30]. Recall that the model contained bulk non-magnetized

D9 branes and D51 branes. Accordingly, one finds a supersymmetric vacuum in the

following situations

• The discrete Wilson lines of non-magnetized bulk D9-branes in the third 2-torus

are equally distributed among the four possible choices

ξ3
1 = 0 , ξ3

2 =
1

2
, ξ3

3 =
τ3

2
, ξ3

4 =
1

2
+
τ3

2
(552)
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Figure 6: Non-perturbative supersymmetric flat directions for the motion of D51-

branes along the second torus. The branes can only move along the continuous lines,

where gauge group is USp(2)4. Points with special gauge symmetry group have been

also marked: (blue) squares for USp(4)2 points, and (red) rhombus for U(1)8 points.

The four branes can only move in a correlated way, so that they approach an USp(4)2

point all at the same time, each one through a different direction.

• Bulk D5-branes are equally distributed among the four singularities in the second

2-torus

φ2
1 = 0 , φ2

2 =
1

2
, φ2

3 =
τ2

2
, φ2

4 =
1

2
+
τ2

2
(553)

In both cases extra-fermionic zero-modes are generated. The initial gauge symmetry

is spontaneously broken at the non-perturbative supersymmetric vacuum

U(2)2 × U(2)2 × USp(4)2 × USp(4)2 → U(2)2 × U(2)2 × U(1)8 × USp(4)2 (554)

Fluctuations of non-magnetized bulk D9 branes or D5 branes moduli around this

vacuum induce a non-trivial scalar potential also for the Wilson line moduli of the

magnetized D9 branes. We plot this potential for both the bulk non-magnetized and

magnetized branes in Figure 7. The four stacks of fractional magnetized D9 branes

have total twisted charge equal to zero and thus they can recombine and move in the

bulk. The potential for moduli of the recombined brane has a minimum at

ξ2
a =

1

4
+
τ2

4

(
mod

1

2
,
τ2

2

)
(555)

Hence, while φ2
1 is rolling down towards the supersymmetric vacuum at the origin, the

recombination moduli of the fractional magnetized branes feel a potential, inducing
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Figure 7: (a) Non-perturbative scalar potential for the complex field φ2
1, parameter-

izing the position of one of the D5-branes along the second 2-torus. Other D5-branes

are equally distributed over the singularities in the second 2-torus, except for the ori-

gin. (b) Non-perturbative scalar potential for the complex Wilson line modulus of the

recombined D9-brane along the second 2-torus, for an arbitrary VEV of φ2
1.

the spontaneous breaking of the gauge symmetry

U(2)2 × U(2)2 × USp(4)2 × USp(4)2 → U(2)diag. × USp(4)2 × USp(4)2 (556)

Fluctuations around the non-perturbative vacuum in this model will favor a gauge

group U(2)× U(1)16.

We would like to end this section with a few remarks about applications of non-

perturbative linear superpotentials. These range from moduli stabilization to phe-

nomenological applications such as models of D-brane inflation [64], or stringy realiza-

tions of composite Higgs models. In addition, superpotentials of the form eq. (539),

which have an R-symmetry, have also been recently employed to realize supersymme-

try breaking a la Polonyi and gauge mediation in string theory [65]. In this sense, it

is generally accepted that if the number of complex fields on which gα(ξ, τr) depend

is lower than the multiplicity of fields Φ, the superpotential in eq. 539 spontaneously

breaks supersymmetry [66],[67]. This is true when the functions gα(ξ, τ) are generic

enough. However, our results [30] suggest that there are often correlations between

the zeroes of gα(ξ, τr) allowing for supersymmetric vacua even in cases where the non-

perturbative superpotential preserves an R-symmetry. The reason is that due to the

particular dependence on the open string moduli ξ, the superpotential is not generic.
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A Characters of the T 6/Z2 × Z2 orientifold

τoo = V2O2O2O2 +O2V2V2V2 − S2S2S2S2 − C2C2C2C2

τog = O2V2O2O2 + V2O2V2V2 − C2C2S2S2 − S2S2C2C2

τoh = O2O2O2V2 + V2V2V2O2 − C2S2S2C2 − S2C2C2S2

τof = O2O2V2O2 + V2V2O2V2 − C2S2C2S2 − S2C2S2C2

τgo = V2O2S2C2 +O2V2C2S2 − S2S2V2O2 − C2C2O2V2

τgg = O2V2S2C2 + V2O2C2S2 − S2S2O2V2 − C2C2V2O2

τgh = O2O2S2S2 + V2V2C2C2 − C2S2V2V2 − S2C2O2O2

τgf = O2O2C2C2 + V2V2S2S2 − S2C2V2V2 − C2S2O2O2

τho = V2S2C2O2 +O2C2S2V2 − C2O2V2C2 − S2V2O2S2

τhg = O2C2C2O2 + V2S2S2V2 − C2O2O2S2 − S2V2V2C2

τhh = O2S2C2V2 + V2C2S2O2 − S2O2V2S2 − C2V2O2C2

τhf = O2S2S2O2 + V2C2C2V2 − C2V2V2S2 − S2O2O2C2

τfo = V2S2O2C2 +O2C2V2S2 − S2V2S2O2 − C2O2C2V2

τfg = O2C2O2C2 + V2S2V2S2 − C2O2S2O2 − S2V2C2V2

τfh = O2S2O2S2 + V2C2V2C2 − C2V2S2V2 − S2O2C2O2

τff = O2S2V2C2 + V2C2O2S2 − C2V2C2O2 − S2O2S2V2

(557)

B Partition functions of the magnetized T6/Z2 × Z2

with discrete torsion

We reproduce here the general partition function of magnetized D9 branes on a T 6/Z2×
Z2 orbifold with discrete torsion. pa and qα denote different stacks of branes, while the

intersection numbers and SABi are defined in eqs. The magnetic field deformation on

each T 2 is encoded in zAi , while zABi = zAi − zBi and zAB
′

i = zAi + zBi .

The spectrum of open strings stretched between a D9A brane and itself or its image
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D9A
′

is encoded in the annulus amplitude

AA,A(′)
=

1

4

∫ ∞
0

dt

t3

{
pap̄a

[
P̃1P̃2P̃3Too(0) +

(
P̃1Tog(0) + P̃2Tof (0) + P̃3Toh(0)

)(2η

θ2

)2
]

+ Iaa
′
[
p2
a

2
Too(2z

a
i τ) +

p̄2
a

2
Too(−2zai τ)

] 3∏
i=1

iη

θ1(2zai τ)

− 4Iaa
′

1

[
p2
a

2
Tog(2z

a
i τ) +

p̄2
a

2
Tog(−2zai τ)

]
iη

θ1(2za1τ)

∏
i=2,3

η

θ2(2zai τ)

− 4Iaa
′

2

[
p2
a

2
Tof (2z

a
i τ) +

p̄2
a

2
Tof (−2zai τ)

]
iη

θ1(2za2τ)

∏
i=1,3

η

θ2(2zai τ)

+ 4Iaa
′

3

[
p2
a

2
Toh(2z

a
i τ) +

p̄2
a

2
Toh(−2zai τ)

]
iη

θ1(2za3τ)

∏
i=1,2

η

θ2(2zai τ)

+ (a, a′ → α, α′)

}
1

η2

(558)

and in the Möbius-strip amplitude

M = −1

4

∫ ∞
0

dt

t3

{
3∏
i=1

(m
(a)
i )
[
paT̂oo(2z

a
i τ) + p̄aT̂oo(−2zai τ)

] 3∏
i=1

iη̂

θ̂1(2zai τ)

− ε1
[
paT̂og(2z

a
i τ) + p̄aT̂og(−2zai τ)

] im
(a)
1 η̂

θ̂1(2za1τ)

∏
i=2,3

n
(a)
i η̂

θ̂2(2zai τ)

− ε2
[
paT̂of (2z

a
i τ) + p̄aT̂of (−2zai τ)

] im
(a)
2 η̂

θ̂1(2za2τ)

∏
i=1,3

n
(a)
i η̂

θ̂2(2zai τ)

− ε3
[
paT̂oh(2z

a
i τ) + p̄aT̂oh(−2zai τ)

] im
(a)
3 η̂

θ̂1(2za3τ)

∏
i=1,2

n
(a)
i η̂

θ̂2(2zai τ)

+ (a→ α)

}
1

η2
.

(559)

Here P̃i denote “boosted” compactification lattices obtained replacing Kaluza-Klein

momenta ki in the i-th torus by ki → ki/
√
n2
i + (m2

i /v
2
i ).

Oriented open strings, stretched between different stacks of branes, yield the fol-
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lowing contributions to the annulus amplitude

Aa,b(′) =
1

4

∫ ∞
0

dt

t3
1

η2

{
Iab
[
pap̄bToo(z

ab
i τ) + p̄apbToo(−zabi τ)

] 3∏
i=1

iη

θ1(zabi τ)

+ Iab
′
[
papbToo(z

ab′

i τ) + p̄ap̄bToo(−zab
′

i τ)
] 3∏
i=1

iη

θ1(zab
′

i τ)

+ Sabg I
ab
1

[
pap̄bTog(z

ab
i τ) + p̄apbTog(−zabi τ)

] iη

θ1(zab1 τ)

∏
i=2,3

η

θ2(zabi τ)

− Sabg Iab
′

1

[
papbTog(z

ab′

i τ) + p̄ap̄bTog(−zab
′

i τ)
] iη

θ1(zab
′

1 τ)

∏
i=2,3

η

θ2(zab
′

i τ)

+ Sabf I
ab
2

[
pap̄bTof (z

ab
i τ) + p̄apbTof (−zabi τ)

] iη

θ1(zab2 τ)

∏
i=1,3

η

θ2(zabi τ)

− Sabf Iab
′

2

[
papbTof (z

ab′

i τ) + p̄ap̄bTof (−zab
′

i τ)
] iη

θ1(zab
′

2 τ)

∏
i=1,3

η

θ2(zab
′

i τ)

+ Sabh I
ab
3

[
pap̄bToh(z

ab
i τ) + p̄apbToh(−zabi τ)

] iη

θ1(zab3 τ)

∏
i=1,2

η

θ2(zabi τ)

+ Sabh I
ab′

3

[
papbToh(z

ab′

i τ) + p̄ap̄bToh(−zab
′

i τ)
] iη

θ1(zab
′

3 τ)

∏
i=1,2

η

θ2(zab
′

i τ)

}
,

(560)

Aα,β(′)
= Aa,b(′) with a, b, b′ → α, β, β′ , (561)
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and

Aa,α(′)
=

1

4

∫ ∞
0

dt

t3
1

η2

{
Iaα [paq̄αToo(z

aα
i τ) + p̄aqαToo(−zaαi τ)]

3∏
i=1

iη

θ1(zaαi τ)

+ Iaα
′
[
paqαToo(z

aα′

i τ) + p̄aq̄αToo(−zaα
′

i τ)
] 3∏
i=1

iη

θ1(zaα
′

i τ)

+ Saαg Iaα1 [paq̄αTog(z
aα
i τ) + p̄aqαTog(−zaαi τ)]

iη

θ1(zaα1 τ)

∏
i=2,3

η

θ2(zaαi τ)

− Saαg Iaα
′

1

[
paqαTog(z

aα′

i τ) + p̄aq̄αTog(−zaα
′

i τ)
] iη

θ1(zaα
′

1 τ)

∏
i=2,3

η

θ2(zaα
′

i τ)

− Saαf Iaα2 [paq̄αTof (z
aα
i τ) + p̄aqαTof (−zaαi τ)]

iη

θ1(zaα2 τ)

∏
i=1,3

η

θ2(zaαi τ)

+ Saαf Iaα
′

2

[
paqαTof (z

aα′

i τ) + p̄aq̄αTof (−zaα
′

i τ)
] iη

θ1(zaα
′

2 τ)

∏
i=1,3

η

θ2(zaα
′

i τ)

− Saαh Iaα3 [paq̄αToh(z
aα
i τ) + p̄aqαToh(−zaαi τ)]

iη

θ1(zaα3 τ)

∏
i=1,2

η

θ2(zaαi τ)

− Saαh Iaα
′

3

[
paqαToh(z

aα′

i τ) + p̄aq̄αToh(−zaα
′

i τ)
] iη

θ1(zaα
′

3 τ)

∏
i=1,2

η

θ2(zaα
′

i τ)

}
.

(562)
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