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√

2

3
ε̇
∼

p : ε̇
∼
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λ̇ = ṗ = k̇ ; < S>I.#$ *( .$ /( 1,.#2$1($ 2#/,&(#/.#-$ /% -(1&$6 *( 1%*-2&*2.-(%3 λ̇ ($- /,-(312#, &.3 *.'#/2-2'# /( 'B,3(#( $%3 *. &*.$-22-, )%2 $+,32-
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κnl − c∇2κnl = κ K=G  L\ &. )610(0)6 .*# &0$0("- -*' &. +.'0.P&" 6)6 &).&" [
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∼
, κnl, γ) &"-/.$%- ',-*&(.6(- (σ

∼
, κ) [

σ
∼

= σ
∼

(

ε
∼
, κnl, γ

) K=G XL
κ = κ

(

ε
∼
, κnl, γ
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(
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Ω
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Ω
(κnl − κ) δκnldΩ + c
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κ = p =

∫ t

τ=0
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∼
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ωp(κnl) =

{κnl

kc
=

pnl

kc
&* κnl ≤ kc

1 &*+)+ 789 P;J' =)+,*)+ 4/ M'$./ 4/(*/+, '3)$& >
F (σ

∼
, κnl, κ) = σe(σ

∼
)− [1− ωp(κnl)]σy(κ) = σe(σ

∼
)− [1− ωp(pnl)]σy(p) 789:Q;J/& '2,$/& -12',*)+& 42 )6#)$,/6/+, $/&,/+, *+M'+.-/&9 JF-()32,*)+ 4/ 3' ('$*'G3/ 4F-$)2*&A&'./ /&, ,)2R)2$& 4)++-/ #'$ >

σy(κ) = σy0 + hκ = σy0 + hp 789:8;JF-)23/6/+, '&&)*- /&, ,)2R)2$& 4-$*, #'$ >
ε̇
∼

p = λ̇n
∼

789: ;'(/ n
∼
= ∂F

∂σ
∼

3' 4*$/,*)+ +)$6'3/ H 3' &2$='/ 4/ M'$./ )$$/&#)+4'+,/ /, λ̇ = ṗ = κ̇9 N+L+3' $/3',*)+ )+,$'*+,/ 4-=)$6',*)+ -3'&,*12/ /&, ,)2R)2$& >
σ
∼
= C

∼
∼

: ε
∼

e 789::;J/& ('$*'G3/& λ /, σ
∼
&)+, )G,/+2/& /+ *+,-.$'+, 3/& -12',*)+& 42 )6#)$,/6/+, )66/ 4-$*,/+ '++/5/ "9
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)

dΩ−
∫

Ω
δu · bvdΩ −

∫

∂Ωτ

δu · τ bdS = 0

∫

Ω
δP (θ̄ − θ)dΩ = 0 123E@6

∫

Ω
δθ

(

P̄ − P
)

dΩ = 0
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-200 σ11 (MPa) 450 !"# 8988 H I7&0,$ σ11 ,-(. '# 0&2''&6# '# ,'($ 6.-$$2#. &3# 1#$ +'+0#/*$ '&$$24(#$ B 6&(7##* 1#$ +'+0#/*$ 02;*#$ ,G,8,8 B 1.-2*#

-80 σ33 (MPa) 550 !"# 898G H I7&0,$ σ33 ,-(. '# 0&2''&6# '# ,'($ 6.-$$2#. &3# 1#$ +'+0#/*$ '&$$24(#$ B 6&(7##* 1#$ +'+0#/*$ 02;*#$ ,G,8,8 B 1.-2*#
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∼

ε̄
∼
=

(

∇(s)u
)dev

+
1

3
θI
∼

ZD:LE[#( ?01 &-1( U(.# -47.#%(# '># *#+ &7$*'#/#%(+ W
θ = Tr

(

∇(s)u
) ZD:LL[X *# 4'/$ &# $.#++1-% +0$$-+7# P ) ?01 #+( *' $'.(1# +$47.1?0# &0 4'/$ &#+ -%(.'1%(#++0$$-+7#+ σ̄

∼
W

P =
1

3
Tr

(

σ̄
∼

) ZD:L![#( ?01 &-1( (#* ?0# σ̄
∼
>7.1V# W*#+ 7?0'(1-%+ &A7?01*18.# 1%(7.1#0.

∇σ̄
∼
+ bv = 0 ZD:L\[*#+ -%&1(1-%+ '05 *1/1(#+ +0. ∂tΩ σ̄

∼
· n = τ b ZD:L][



 !"! #$%&'($) *$++&), - &), .$/+&%0'($) +(1', )$) %$*0%,  !"#$ &'()*)&'$ (# &'*)'+)*, )'*,-)#+-#$+- Γint [σ̄
∼
· n] = 0 ./0123"4 5-&5-),*, (# $67,*-)# (+ *#'$#+- (#$ &'*-4)'*#$

σ̄
∼
= σ̄

∼

T ./0893: +'# ;4-)4<"# '&' "&4"# κnl (,=')# )75"))*#7#'* > 54-*)- (# "4 ;4-)4<"# "&4"# κ ?
κnl − c∇2κnl = κ ./08/34$$&),# 4+@ &'()*)&'$ ")7)*#$ ?

n · ∇κnl = 0 ./08A3B#$ ,C+4*)&'$ (+ &75&-*#7#'* $&'* 4"&-$ ,-)*#$ &77# (#$ -#"4*)&'$ (&''4'* (σ̄
∼
, κ) #'D&'*)&' (#$ ;4-)4<"#$ )'*#-'#$ (ε̄

∼
, κnl, γ) ?

σ̄
∼

= σ
∼

(

ε̄
∼
, κnl, γ

) (E&F P =
1

3
Tr

(

σ
∼

(

ε̄
∼
, κnl, γ

))

= P̄ ./08 3
κ = κ

(

ε̄
∼
, κnl, γ

) !"!# $%&'()*+,%- .*,/)0G&77# 7&'*-, (4'$ "#$ 54-4H-45I#$ 5-,,(#'*$J "4 D&-7# D4)<"# (#$ ,C+4*)&'$ ./01K3 >./0893 #$* (&'',# 54- "E,C+4*)&' ./01 30 B4 D&-7# D4)<"# (#$ ,C+4*)&'$ ./08/3 #* ./08A3 #$*(&'',# 54- "E,C+4*)&' ./0A!30 G# C+) &'(+)* > ?
∫

Ω
∇(s) (δu) :

(

σ
∼

(

ε̄
∼
, κnl, γ

)dev
+ P I

∼

)

dΩ−
∫

Ω
δu · bvdΩ−

∫

∂Ωτ

δu · τ bdS = 0

∫

Ω
δP (θ̄ − θ)dΩ = 0 ./08K3

∫

Ω
δθ

(

P̄ − P
)

dΩ = 0

∫

Ω
(κnl − κ) δκnldΩ+ c

∫

Ω
∇κnl · ∇δκnldΩ = 0 !"!1 2,3&5+,3*+,%- 36*+,*)0B#$ $&"+*)&'$ #@4*#$ .uexJ P exJ θexJ κex

nl 3 ;,-)=4'* "#$ ,C+4*)&'$ (+ 5-&<"L7# 4+ $#'$ D4)<"#$&'* )'4#$$)<"#$ (4'$ "4 74M&-)*, (#$ 4$0 BE&<M#*)D #$* (E&<*#')- +'# <&''# 455-&@)74*)&'(# #$ $&"+*)&'$ $+- +' $&+$N#$54# (# ()7#'$)&' =')#0 B4 7,*I&(# (#$ ,",7#'*$ =')$ 5#-7#*4)'$) (# *-&+;#- +'# $&"+*)&' 455-&I,# 5&+- "#$ C+4*-# )'&''+#$ .uhJ P hJ θhJ κh
nl3J #' +*)")$4'*+'# <4$# ()$-L*# &7<)',# > +' #'$#7<"# (E)'&''+#$ '&(4"#$0 O)'$) "# (,5"4#7#'* #@4*J

uexJ #' +' 5&)'* M 4554-*#'4'* > +' ,",7#'* ΩEJ 5#+* P*-# 455-&I, 54- ?
uh(M) =

nu
∑

i=1

d
∑

k=1

ukiΦki(M) ./0813&F nu #$* "# '&7<-# (# 'Q+($ (# "E,",7#'* +*)")$, 5&+- ()$-,*)$#- "#$ (,5"4#7#'*$ #* d (,$)H'#"4 ()7#'$)&' (# "E#$54#0 B#$ )'&''+#$ '&(4"#$ uki $&'* "#$ (,5"4#7#'*$ (+ 'Q+( i $+);4'*
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ûT = [u11, u12, ..., unud] 1E;FF2') "', =')'5&, $' "# 6#,' *&&',-*+$#+)' $#+, "# 9#)&%' D

Nu =
[

Φ11,Φ12, ...,Φnud

] 1E;FG2"' $3-"#'9'+) #--&*83 -'5) ,/3&%&' ,*5, H*&9' $/5+ -&*$5%) 9#)&%'7=')'5& D
u(M) = Nu(M) · û 1E;F!2I' )'+,'5& $', -')%)', $3H*&9#)%*+, #,,*%3 ',) #"*&, $*++3 -#& D

εij =
1

2
(ui,j + uj,i) =

1

2

(

[

(Nu · û) · ei

]

,j
+

[

(Nu · û) · ej

]

,i

)

=
1

2

(

∂Nk
u

∂Xj
· ei +

∂Nk
u

∂Xi
· ej

)

ûk 1E;FJ2*K Nk
u ',) "# kL9' *"*++' $' "# 9#)&%' Nu ') ei ',) "' iL9' =')'5& 5+%)#%&' $' "# 6#,'*&)8*4*+#"'; M/*K D

ε
∼
= B

∼
u · û *5 εij = Bu

ij,kûk 1E;GN2#=' B
∼

u "' )'+,'5& $/*&$&' )&*%, )'" :5' D
Bu

ij,k =
1

2

(

∂Nk
u

∂Xj
· ei +

∂Nk
u

∂Xi
· ej

) 1E;GE2M' "# 9>9' 9#+%L&'A "# =#"'5& $', %+*++5', P ') θ '+ 5+ -*%+) M ',) #--&*83' -#& D
P (M) =

np
∑

k=1

NPk(M)P̂k = NP · P̂ 1E;GO2
θ(M) =

nθ
∑

k=1

Nθk(M)θ̂k = Nθ · θ̂ 1E;G 2*K np ') nθ ,*+) "', +*96&', $' +C5$, 5)%"%,3, -*5& $%,&3)%,'& &',-')%='9'+) "# -&',,%*+,5--*,3' ') "# =#&%#)%*+ $' =*"59' ,5--*,3'; NPk #+$ Nθk ,*+) "', H*+)%*+, $' H*&9' &'4&*57-3', &',-')%='9'+) $#+, "', =')'5&, NP ') Nθ; B+@+ P̂ ') θ̂ ,*+) "', =')'5&, &'4&*5-#+)&',-')%='9'+) "', =#"'5&, +*$#"', $' -&',,%*+ ,5--*,3' ') $' =#&%#)%*+ $' =*"59' ,5--*,3';P"5,%'5&, *96%+#%,*+, ,*+) -*,,%6"', *+'&+#+) "/*&$&' $', H*+)%*+, $' 6#,'; Q'-'+$#+)' 8*%0 ',) *+)&#%+) -#& "# *+$%)%*+ $' R#65,S#7R&'TT% 1H UEO℄A UE ℄ ') UWX℄2; Y5%=#+) R'""')U X℄ ') Z%8'"7P*++'""' UEFF℄A 5+ 8*%0 #--&*-&%3 -*5& "', -')%)', $3H*&9#)%*+, *+,%,)' .5)%"%,'& 5+' %+)'&-*"#)%*+ :5#$&#)%:5' -*5& "', $3-"#'9'+), 1PO2 ') 5+' %+)'&-*"#)%*+ "%+3#%&'#=' "', 9>9', +C5$, $/%+)'&-*"#)%*+ 1nP = nθ2 -*5& "', 8#9-, $' -&',,%*+ ,5--*,3' ') $'



 !"! #$%&'($) *$++&), - &), .$/+&%0'($) +(1', )$) %$*0%,  !"#$%#&%'( )* "'+,-* .,//'.0* 12345 6%(.%7 (,+ #,&$* *($%9%..*-*(& 1)* &:/* ;'(&%'( <,++* /#$*=*-/+*4 (>*.& (0*..#%$*5?(@(7 +# "#$%#<+* ('( +'#+* κnl *.& 0A#+*-*(& )%.$0&%.0* B
κnl(M) =

nκ
∑

α=1

Nκα(M)κ̂nlα = Nκ(M) · κ̂nl 135CD4'E nκ *.& +* ('-<$* )* (F,). ,&%+%.0. /',$ +>%(&*$/'+#&%'( )* κnl5 G# ('&#&%'( Nκα )0.%A(* +*.;'(&%'(. )* ;'$-* ,&%+%.0*. /',$ %(&*$/'+*$ κnl5 H*. )*$(%I$*. .'(& $*A$',/0*. )#(. +* "*&*,$
Nκ5 ?(@( κ̂nl *.& +* "*&*,$ )*. "#+*,$. (')#+*. )* κnl5 2',$ #+,+*$ +* A$#)%*(& )* +# "#$%#<+*('( +'#+*7 +>0J,#&%'( .,%"#(&* *.& ,&%+%.0* B

∇κnl = Bκ · κ̂nl ', ∂κnl

∂Xi
= Bκ

ij κ̂nl j #"* Bκ
ij =

∂Nκ j

∂Xi
135CK4L,%"#(& +*. $0.,+&#&. )* 2**$+%(A. M3!!℄7 ,(* %(&*$/'+#&%'( J,#)$#&%J,* )*. )0/+#*-*(&. )'((*)* <'(. $0.,+&#&. #"* ,(* %(&*$/'+#&%'( +%(0#%$* /',$ +# "#$%#<+* ('( +'#+* κnl 1*& )'(0A#+*-*(& /',$ +# "#$%#<+* +'#+* κ45 !"!# $%&()*+, %-%./+(&)0/,O(* #//$'=%-#&%'( 0+0-*(&. @(%. *.& #+'$. '(.&$,%&* /',$ +>*(.*-<+* )>0J,#&%'(. 135PD47*( ,&%+%.#(& +# /$'/$%0&0 )* +%(0#$%&0 )*. %(&0A$#+*. 1Q .#"'%$ J,* +>%(&0A$#+* .,$ +>*(.*-<+* *.&0A#+ Q +# .'--* )*. %(&0A$#+*. .,$ +*. /#$&%*.45 6%(.%7 /#$ *=*-/+*7 +>0J,#&%'( 135PDR34 /*,& .*-*&&$* .',. +# ;'$-* .,%"#(&* B

∑

ΩE

[
∫

ΩE

(

B
∼

u · δû
)

: σ̄
∼
dΩ−

∫

ΩE

(

Nu · δû
)

· bvdΩ−
∫

∂tΩ∩ΩE

(

Nu · δû
)

· τ bdS

]

= 0 135CP4'E ΩE )0.%A(* ,( 0+0-*(& )* Ω5 ?( #//+%J,#(& +# -S-* )0'-/'.%&%'( /',$ &',&*. +*. 0J,#T&%'(. )* 135PD4 +* .:.&I-* .,%"#(& *.& '<&*(, B
∑

ΩE









[

δû, δp̂, δθ̂, δκ̂nl

]

·









Ru − f

Rp

Rθ

Rκ

















= δa · (R (a)− F) = 0 135CC4'E a *.& +* "*&*,$ A+'<#+ '(&*(#(& &',&*. +*. %('((,*. (')#+*.5 G*. $0#&%'(. 0+0-*(&#%$*.
Ru7 Rp7 Rθ *& Rκ .'(& #+'$. )'((0*. /#$ B

Ru =

∫

ΩE

B
∼

T
u : σ̄

∼
dΩ 135CU4

Rp =

∫

ΩE

NT
P

(

θ̄ − θ
)

dΩ 135C!4
Rθ =

∫

ΩE

NT
θ

(

P̄ − P
)

dΩ 135UV4
Rκ =

∫

ΩE

[(

NT
κ ⊗Nκ + cBT

κ · Bκ

)

· κ̂nl −NT
κ κ

]

dΩ 135U34
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R (a)7 8- '(*.&1%*&'( 4240#(*-&.# )% 5#*#%. )#/ 6'.#/ #9*#.(#/ #/*

f =

∫

ΩE

NT
u · bvdΩ+

∫

∂tΩ∩ΩE

NT
u · τ bdS :;7<=># $%& '()%&*+ -,.?/ -//#012-3#+ -% 5#*#%. 32'1-2 )#/ 6'.#/ #9*#.(#/ F7 8#/ ,-.-0?*.#/ )#

δa 4*-(* -.1&*.-&.#/+ .4/'%).# 2# ,.'12?0# 4240#(*/ @(&/ .#5&#(* A *.'%5#. 2#/ '0,'/-(*#/ )#
a 54.&@-(* B

R(a)− F = 0 :;7<C> !"!" #$%&'()*&+ *+-$./+)0'/8# ,.'12?0# 34(4.-2 #/* 6'.0%24 )# 0-(&?.# 2-//&$%# /'%/ 6'.0# &(.40#(*-2# :6 D-,&*.#= )# E=FG℄> B
R

(

a(n+1)
)

− F(n+1) = R
(

a(n) +∆a(n)
)

− F(n+1) = 0 :;7< >'I a(n) )4/&3(# 2- /'2%*&'( '(5#.34# A 2J&(.40#(* ,.44)#(* (n) #* ∆a(n) #/* 2J&(.40#(* *'*-2)#/ )#3.4/ )# 2&1#.*4 (')-%9 #(*.# 2#/ &(.40#(*/ (n) #* (n+1)7 K.'%5#. 2- /'2%*&'( )% /L/*?0#:;7< > (4#//&*# )# .#'%.&. A %( ,.'#//%/ )# .4/'2%*&'( &*4.-*&6 ,'%. D-$%# &(.40#(* )#D-.3#0#(*+ ,%&/$%# 2#/ .#2-*&'(/ /'(* ('( 2&(4-&.#/7 M&(/&+ ,'%. *.'%5#. 2- /'2%*&'( '(5#.34#A 2J&(.40#(* (n+1)+ &2 #/* (4#//-&.# )# ,.'4)#. ,-. &*4.-*&'(/7 N(*.# 2#/ &*4.-*&'(/ i #* i+1+# /L/*?0# #/* 2&(4-.&/4 )# /'.*# A ,#.0#**.# 2J%*&2&/-*&'( )J%(# ,.'4)%.# )# .4/'2%*&'( )#O#P*'(QR-,D/'( B
R

(

a(n+1)
)

− F(n+1) ≈ R(n, i) +
∂R

∂∆a

(n, i)

· δan, i→i+1 − F(n+1) = 0 :;7<F>'I δan, i→i+1 #/* 2- '..#*&'( &*4.-*&5# )# ∆a(n) #(*.# 2J&*4.-*&'( i #* 2J&*4.-*&'( i + 17 N('(/4$%#(#+ 2- )&S4.#(# [

R
(

a(n) +∆a(n)
)

− F(n+1)
] )'&* T*.# 45-2%4# ,'%. D-$%# &*4.-*&'(

i+ -5# ∆a(n) = 0 ,'%. i = 07 8J45-2%-*&'( )# # 5#*#%. (4#//&*# 2# -2%2 )% *#(/#%. )#/'(*.-&(*#/ σ̄
∼
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K(n, i)
g · δan, i→i+1 = F(n+1) −R(n, i) :;7<V>'I Kg =

∂R

∂∆a
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Ke

uu =
∂Ru

∂∆û
=

∫

ΩE

B
∼

T
u : Idev

∼
∼

:
∂σ
∼

∂∆ε̄
∼

: Idev
∼
∼

: B
∼

udΩ 5!6789
Ke

up =
∂Ru

∂∆p̂
=

∫

ΩE

(

B
∼

T
u : I

∼

)

⊗NpdΩ 5!6779
Ke

uθ =
∂Ru

∂∆θ̂
=

∫

ΩE

(

B
∼

T
u : Idev

∼
∼

:
∂σ
∼

∂∆ε̄
∼

:
1

3
I
∼

)

⊗NθdΩ 5!67:9
Ke

uκnl
=

∂Ru

∂∆κ̂nl
=

∫

ΩE

(

B
∼

T
u : Idev

∼
∼

:
∂σ
∼

∂∆κnl

)

⊗NκdΩ 5!6:;9" #$%& '() *+&,-+() #.&/,(''() $&&()#$1*.1/ 2 '. &+./,$1 +'+3(1/.,&( Rp 4
Ke

pu =
∂Rp

∂∆û
=

∫

ΩE

NT
p ⊗

(

I
∼
: B
∼

u

)

dΩ =
∂Ru

∂∆p̂

T 5!6:!9
Ke

pp =
∂Rp

∂∆p̂
= 0 5!6:<9

Ke
pθ =

∂Rp

∂∆θ̂
=

∫

ΩE

−NT
p ⊗NθdΩ 5!6:=9

Ke
pκnl

=
∂Rp

∂∆κ̂ nl
= 0 5!6: 9" #$%& '() *+&,-+() #.&/,(''() $&&()#$1*.1/ 2 '. &+./,$1 +'+3(1/.,&( Rθ 4

Ke
θu =

∂Rθ

∂∆û
=

∫

ΩE

NT
θ ⊗

(

1

3
I
∼
:

∂σ
∼

∂∆ε̄
∼

: Idev
∼
∼

: B
∼

u

)

dΩ =
∂Ru

∂∆θ̂

T 5!6:>9
Ke

θp =
∂Rθ

∂∆p̂
=

∫

ΩE

−NT
θ ⊗NpdΩ =

∂Rp

∂∆θ̂

T  !"#$%
Ke

θθ =
∂Rθ

∂∆θ̂
=

∫

ΩE

NT
θ ⊗

(

1

9
I
∼
:

∂σ
∼

∂∆ε̄
∼

: I
∼

)

NθdΩ  !"#&%
Ke

θκnl
=

∂Rθ

∂∆κ̂nl
=

∫

ΩE

NT
θ

(

1

3
I
∼
:

∂σ
∼

∂∆κnl

)

⊗NκdΩ  !"#'%( )*+, -./ 01,231./ )4,52.--./ *,,./)*70475 8 -4 ,1452*7 1-19.7542,. Rκ :
Ke

κnlu
=

∂Rκ

∂∆û
=

∫

ΩE

−NT
κ ⊗

(

∂κ

∂∆ε̄
∼

: Idev
∼
∼

: B
∼

u

)

dΩ  !"##%
Ke

κnlp
=

∂Rκ

∂∆p̂
= 0  !"!;;%

Ke
κnlθ

=
∂Rκ

∂∆θ̂
=

∫

ΩE

−1
3

(

∂κ

∂∆ε̄
∼

: I
∼

)

NT
κ ⊗NθdΩ  !"!;!%

Ke
κnlκnl

=
∂Rκ

∂∆κ̂nl
=

∫

ΩE

[

NT
κ ⊗Nκ + cBT

κ Bκ −
∂κ

∂∆κnl
NT

κ ⊗Nκ

]

dΩ  !"!;<%=>134-+452*7 0./ 945,2./ 0. ,2?20251 1-19.7542,./ 71.//25. -. 4-+- 0. -4 945,2. 547?.75.*@1,.75. Lc A+2 ).+5 /. 9.55,. /*+/ B*,9. 0. 945,2. )4, C-*/ :
Lc =









∂σ
∼

∂∆ε̄
∼

∂σ
∼

∂∆κnl
∂κ

∂∆ε̄
∼

∂κ

∂∆κnl









 !"!;D%



 !  !"#$%&' () *$+,-"%$./ 0' -1'/0.++"2'+'/% 0, %$-'"# "$# %&#"'(" )%*$ +" ),-'#./*0#-%' +"$ .1(0#-%'$ +( %34%*#"3"'# 56 7''"8" 79: ;,-'*.3"'##%#0) +"$ +"/*.$ +" )-&"*#. 0(8 '<(+$ "$# 0)%*$ 3-$ = >%(* ?
∆a(n) =

∑

i

δan, i→i+1 5@:@A 9+" $%*#" 1(,= %'B"*/"'" ?
a(n+1) = a(n) +∆a(n) 5@:@AC9;" +-0/*033" *.$(30'# )0 4*%.+(*" +" *.$%)(#-%' -'*.3"'#0)" "$# +%''." D/(*" @:@E:

Incrément n → n + 1; itération i → i + 1

a
(n,i) = a

(n) + ∆a
(n)

⇓
Pour chaque élément ΩE

ε
∼

(n) ; ∆ε
∼

(n) = ∇(s)
(

∆u
(n)

)

⇓

ε̄
∼

(n) =
(

ε
∼

(n)
)dev

+
1

3
θ(n)

I
∼

; ∆ε̄
∼

(n) =
(

∆ε
∼

(n)
)dev

+
1

3
∆θ(n)

I
∼

⇓
Pour chaque point de Gauss de ΩE

σ̄
∼

(n,i) = σ
∼

(

ε̄
∼

(n), κ
(n)
nl , ∆ε̄

∼

(n), ∆κ
(n)
nl , γ(n)

)

, Lc

κ(n,i) = κ
(

ε̄
∼

(n), κ
(n)
nl , ∆ε̄

∼

(n), ∆κ
(n)
nl , γ(n)

)

⇓

Réactions élémentaires

Ru =

∫

ΩE

B
∼

T
u : σ̄

∼

(n,i)dΩ

Rp =

∫

ΩE

N
T
P

(

θ̄(n,i) − θ(n,i)
)

dΩ

Rθ =

∫

ΩE

N
T
θ

(

P̄ (n,i) − P (n,i)
)

dΩ

Rκ =

∫

ΩE

[

(

N
T
κ ⊗Nκ + cBT

κ ·Bκ

)

· κ̂(n,i)
nl −N

T
κ κ(n,i)

]

dΩ

⇓

Test de convergence: F
(n+1) −R

(n,i) ≈ 0 ?

ւ ց

Non: correction pour la nouvelle itération Oui: convergence, incrément de chargement

K
(n, i)
g · δan, i→i+1 = F

(n+1) −R
(n, i) ∆a

(n) =
∑

i δa
n, i→i+1

∆a
(n) =

∑

i δa
n, i→i+1

a
(n+1) = a

n + ∆a
(n)

i = i + 1 n = n + 1 !"# @:@E F G*%.+(*" +" *.$%)(#-%' -'*.3"'#0)"



 !"! #$%#&'()$%  ! !"!# $%&'()*)&"#$ %&$'()*)$ +,)#-'$ *.# (#$ &(&0#-)$ -+- (+*'1 *'1 2*%*3%*24#$ 56!67 #) 56 65 $+-) *(+%$+02*%&$ *.# #'1 8'# 9+'%-:$$#-) (#$ &(&0#-)$ 0:1)#$ -+- (+*'1  ! " " " ;2+(<-�0#$ 8'*>?%*):8'#$ 2+'% :-)#%2+(#% (#$ ?&2(*#0#-)$ #) 2+(<-�0#$ (:-&*:%#$ 2+'% (#$ )%+:$ *')%#$ .*%:*,(#$
P @ θ #) κnlA6 "# $4&0* ?B:-)&3%*):+- $2*):*( #$) ,*$& ?# 0*-:C%# (*$$:8'# $'% )%+:$ 2+:-)$ ?#D*'$$ ?*-$ (# *$ ?# )%:*-3(#$ E F -G'?$6 "#$ %&$'()*)$ $+-) 0+-)%&$ *'1 2+:-)$ ?B:-)&3%*>):+- $*-$ *''-# :-)#%2+(*):+- 3%*24:8'#@ 2+'% '- ?&2(*#0#-) :02+$& ?# ub = 7.3×10−σ11 (ε̄, γ)@ σ22 (ε̄, γ) #)
σ12 (ε̄, γ) $+-) 2%&$#-)&#$ *'1 2+:-)$ ?# D*'$$ $'% (#$ M3'%#$ 5657@ 565F #) 565P6 H*-$ (# *$?#$ &(&0#-)$ 0:1)#$ -+- (+*'1@ (#$ +02+$*-)#$ ?' )#-$#'% σ̄

∼
+,)#-'#$ $+-) )%C$ 2%+4#$ ?##((#$ ?# σ

∼
σ12 #) ε̄336 S*:$ #((#$ -#2+$#-) 2*$ 2%+,(C0# ?*-$ (# *?%# ?#$ 2#):)#$ ?&9+%0*):+-$@ 2':$8'# (* 0*3-:)'?# ?' 4*02

ε̄33 #$) :-$:3-:M*-)# ?*-$ # *$@ #) 8'# σ12 -# +-)%:,'# 8'# 2+'% 8'# 2+'% '-# 2*%) 0:-#'%#E (B&-#%3:# ?# (* $)%')'%#6 !" #$%'()*$%N-# -+'.#((# 9+%0'(*):+- 0:1)# -+- (+*(# E 8'*)%# 4*02$ * &)& 2%+2+$&# 2+'% (* 0+>?&(:$*):+- ?# (B#-?+00*3#0#-) ?'):(#6 "#$ %&$'()*)$ 0+-)%#-) 8'# (#$ &(&0#-)$  ! " " "%&?':$#-) +-$:?&%*,(#0#-) (# .#%%+':((*3# .+('0:8'# )+') #- %&3'(*%:$*-) (# 2%+,(C0#6 Q#>2#-?*-)@ (B:-)%+?'):+- ?# )%+:$ -+'.#((#$ .*%:*,(#$ * #-)%*T-& '-# *'30#-)*):+- ?' +U) ?#$*('($6



   !"#$%&' () *$+,-"%$./ 0' -1'/0.++"2'+'/% 0, %$-'

0 ωp 1 !"# !"! # $%&'(()*+(+%, wp )-+ &+/ 010(+%,/ (23,+/ %'% 1')43 5'46 ,6'2/ ()211)*+/&2706+%,/

-375 σ11 (MPa) 870 !"# !"!8 # σ11 5'46 &+/ 010(+%,/ %'% 1')43 9*)4:+; +, (23,+/ %'% 1')43 9&6'2,+;



 !"! #$%#&'()$%  !

-57 σ22 (MPa) 1080 !"# "#"$ % σ22 &'() *+, -.-/+01, 0'0 .'3(4 563(7+8 +1 /941+, 0'0 .'3(4 5*)'91+8

-237 σ12 (MPa) 180 !"# "#": % σ12 &'() *+, -.-/+01, 0'0 .'3(4 563(7+8 +1 /941+, 0'0 .'3(4 5*)'91+8



 !  !"#$%&' () *$+,-"%$./ 0' -1'/0.++"2'+'/% 0, %$-'







 !  !"#$%&' () *#%$+$,"%$*- ./  *+#&*+$, #&0 $,$*-1 *2% !" #$% &'()*+$% +,-+-.(/0/('"# %&'()*# + ,- .(/*# 01 2℄ '&* "&,#/45# #) 6#..# 78*# -9# :799# '*;<#9)&)(79 ,#< =;>)%7,#< ,?&,&')(/(); '*;<#9)#< ,&9< .& .());*&)-*#@ A#))# '&*)(# *#'*#9, ,79 #<<#9)(#..#=#9) .#<,(8;*#9)#< '7<<(:(.();< '*;<#9);#< ,&9< # %&'()*# '7-* #9<-()# 9?#9 *#)#9(* B-?-9# <#-.#@ !"!" #$% &'()*+$% ,*%%-./$%C)-#..#=#9)D (. #E(<)# )*7(< =;)%7,#< '*(9('&.#< ,?&,&')(/(); 799-#< <7-< .#< 97=< ,# !"# $%&'D (!"# $%&' #) )!"# $%&' F'7-* '.-< ,# ,;)&(.< /7(* .#< 7-/*&G#< 0 H℄ #) 01IJ℄K@ !"# $%&'A#))# =;)%7,# #<) &''&*-# ,&9< .#< &99;#< <7(E&9)#>,(E 0+1℄D 0H 2℄℄D 7- ;.&:7*&)(79 ,?&.G7*()%=#<();*&)(P< &,&');< 0J!℄D 01ZJ℄℄D 0HJ℄D 0Z1℄D0J_℄D 01Z+℄D 01!J℄D 0H1+℄@"# '*7:.4=# &/# -9 *&V9#=#9) .7&. #<) .& *;&)(79 ,# 9N-,< `'#9,&9)<a FP RG-*# H@1KB-( 9;#<<()#9) -9 )*&()#=#9) <';(&. '7-* &<<-*#* .& 79)(9-(); ,- %&=' ,;'.&#=#9) 7- ,#=7,(R#* .7&.#=#9) .# =&(..&G# ,# <7*)# M *;)&:.(* ,#< 799#E(79< 7**#)#<D 7='&)(:.#< &/#.& )#%9(B-# ,#< ;.;=#9)< R9(< #9 ,;'.&#=#9)<@



 !"! #$% &'()*+$% +,-+-.(/0/('  !

 !"# "#$ % &'() *+,)-,. !"#$%&''%(# (')*%' !"# %&&% '(&)*+%, -% '!.--!/% %#& %"&.01%'%"& 1%1((2 3% '!.--!/% .".&.!- #%1& 4".54%'%"&+% #466*1& 6*41 +(7".1 -%# &!.--%# +%# (-('%"&# +4 "*48%!4 '!.--!/%23% )91%'!.--!/% /-*:!- ! (&( 4&.-.#( 6-4# &!1+.8%'%"& ;< =>?@℄ 6*41 4" *41& ).#&*1.54%B!1 .- "(%##.&% -C4&.-.#!&.*" +% '!.--%41# !4&*'!&.54%# !6!:-%# +% 1%#6%&%1 *11%&%'%"& +%#*"#./"%# +% &!.--%#2 D&4%--%'%"& 6*41 -%# 61*:-0'%# E , .- #C!/.& +% -! '(&)*+% +C!+!6&.8.&(+% '!.--!/%# -! 6-4# 4&.-.#(% !1 +% "*':1%4F '!.--%41# !4&*'!&.54%# E 1*:4#&%# *"& (&(+(8%-*66(# =>GH℄2 I" +.'%"#.*" J, %&&% '(&)*+% 61(#%"&% 6-4# +% +.K4-&(# 6*41 #! '.#% %"L481%2 M!.# .- %F.#&% !4N*41+C)4. +%# *4&.-# 1*:4#&%# 6%1'%&&!"& +% 1%#6%&%1 4"% !1&% +%&!.--% 6*41 +%# '!.--!/%# *'6*#(# +% &(&1!)0+1%#2 !"#$%&'(3! 698%1#.*" %#& 6-4# 4"% '(&)*+% +C!+!6&.8.&( +4 &O6% +C."&%16*-!&.*" 54C4"% '(&)*+%+C!+!6&.8.&( +4 '!.--!/% !4 #%"# #&1.&2 I" %P%&, %&&% '(&)*+% *"#.#&% Q *"#%18%1 -% '!.--!/%.".&.!- %& Q !4/'%"&%1 +!"# %1&!."%# R*"%# -% +%/1( +% -C."&%16*-!&.*" 4&.-.#(% p ;=ES℄, =E@℄,=>T?℄, =EJS℄, =EJT℄B2 U%&&% '(&)*+% ! +%# !#6%&# &10# #(+4.#!"&#, "*&!''%"& !4 ".8%!4 +%#*V&# +% 1(!-.#!&.*" +4 '!.--!/% 64.#54C4" #%4- '!.--!/% %#& "(%##!.1% %& *'6*1&% #*48%"&6%4 +C(-('%"&#2 I" *'6%"#!&.*", +%# <*"&.*"# +C."&%16*-!&.*" +% +%/1( (-%8( #*"& 4&.-.#(%#!4 '*."# +!"# %1&!."%# R*"%#, % 54. 6%4& ."&1*+4.1% -Q %"*1% +%# "L4+# 6%"+!"&#2 W- <!4&%" *4&1% 61%"+1% /!1+% Q "% 6!# 4&.-.#%1 +C(-('%"&# &1*6 !6-!&.# #. -C*" 8%4& 6*48*.1 4&.-.#%1+%# 8!-%41# (-%8(%# +% p2 I& %" J , 6*41 +%# 6.0%# 4" 6%4 *'6-%F%#, %&&% '(&)*+% 6%4&*"+4.1% Q +%# '!.--!/%# 7"!-%'%"& 6-4# 7"# 54% % 54% -C*" 6*48!.& %#6(1%1 ! 61.*1.2D&4%--%'%"&, %&&% '(&)*+% %#& %"*1% 6%4 4&.-.#(% +!"# -C."+4#&1.% !1, Q -C%F%6&.*" +%54%-54%# *+%# 1(!-.#(# #6(.!-%'%"& 6*41 -! 698%1#.*", 6!1 %F%'6-% =>ET℄, =EJH℄, -%# *+%#."+4#&1.%-# 6*##0+%"& 1!1%'%"& +%# (-('%"&# +% +%/1( #46(1.%41 Q E2 X"% !4&1% +.K4-&( %"*1%1%-!&.8%'%"& '!- 1(#*-4% %#& +% 61(8*.1 -% +%/1( 6 Q 4&.-.#%1 6*41 1%#6%&%1 4"% 54!-.&( +*""(%&*4& %" '.".'.#!"& -%# *V&# +% !-4-2)! !"#$%&'( %# (&4+%# *"& !4##. (&( 1(!-.#(%# 6*41 4&.-.#%1 #.'4-&!"('%"& +%# )!"/%'%"&# +% -! &!.--%+%# (-('%"&# %& +%# )!"/%'%"&# +%# <*"&.*"# +C."&%16*-!&.*" =>?℄, =>S>℄, =>S?℄, =E@?℄2 U%&&%&%)".54%, !66%-(% )9698%1#.*", 6%1'%& +C*:&%".1 +%# &!4F +% *"8%1/%"% &10# (-%8(#2 M!.#*''% 6*41 -! 698%1#.*", -! 61(+.&.*" +%# 6!1!'0&1%# #!&.#<!.#!"&# 6*41 !&&%."+1% 4"% 54!-.&(+*""(% "C%#& 6!# <!.-% Q 1(!-.#%12



��# K.$)5#$#5H -% &'%%$%# .% '/&/- &- 1/$%&-./ &- )$ +-0./- &-)*-//-./ W - 0'%# &-0 &()&+,#-$% ).#$$#-$> A)$005K.-+-%#< &$%0 )- $&/- &-0 +(#;'&-0 ()(+-%#0J%50 -% &(,)$-+-%#0< )- ;$+, &-0 &(,)$-+-%#0 M'.- .% /�)- ,/5?5)(15( -# )*-//-./ -0# &(J%5-'++- )$ &53(/-%- -%#/- )- ;$+, &-0 &(,)$-+-%#0 -:$#0 -# )- ;$+, &-0 &(,)$-+-%#0()(+-%#0 J%50 W
e = uex − u EX>YF



 ! ! "#$%&'$"()# *+"))"() *+',,)-.%&'$%-/  !"#$%&'"&' ()"* +,-. /012,33,*. ,* 2/2-14, -*, ,44,-4 5-4 6,5 8*.491*.,5: +94 ,;,3+6, 29*5 6, 924, 2,6</695.11./ =
σ
∼

ex − σ
∼
= C

∼
∼

: ε
∼
(e℄: O?PS℄: OP℄: O)S℄: O?T)℄: O)PU℄: O)PV℄@ E, 4/5-3/ +4/5,*./ 29*5 , +949I49+C,5<9++-1, *8.933,*. 5-4 6<8-049I, O)PV℄@!9431 6,5 .4K5 *83D4,-5,5 +48+851.18*5 J-1 8*. /./: ,. 58*. ,*84,: L91.,5 29*5 , 28391*,:,66,5 J-1 58*. 6,5 +6-5 -.1615/,5 +,-0,*. W.4, 6955/,5 ,* .4815 9./I841,5 =X 6,5 3,5-4,5 2<,44,-4 L8*2/,5 5-4 6, 8*,+. 2<,44,-4 ,* 4,69.18* 2, 83+84.,3,*. ,. 5-46,5 .,C*1J-,5 929+./,5 2, 8*5.4-.18* 2, C93+5 9231551D6,5: 1*1.1/,5 +94 E92,0KY,O)P?℄ NX 6,5 ,5.139.,-45 2<,44,-4 L8*2/5 5-4 6,5 2/L9-.5 2</J-161D4, 2, 69 586-.18* /6/3,*.5 Z*15:90, *8.933,*. 6,5 .4909-; 2, [9D-\]9 ,. 96@ O)V℄ NX 6,5 1*219.,-45 2<,44,-4 8*5.4-1.5 5-4 6,5 2/L9-.5 2, 4/I-6941./ 2, 69 586-.18* /6/3,*.5Z*15: 2/0,68++/5 +41*1+96,3,*. +94 ^1,*]1,_1Y ,. ^C- O?V)℄@`-,6J-,5 4,394J-,5 I/*/496,5 909*. 2, 2/414, D41K0,3,*. ,5 L93166,5 2<,5.139.,-45 2<,4H4,-4 +8-4 2,5 +48D6K3,5 ,* /695.11./ >+8-4 -*, +4/5,*.9.18* +6-5 2/.9166/, 0814 O)SU℄A@ $8-.,5,5 3/.C82,5 8*. /./ 2/0,68++/,5 +8-4 2,5 +48D6K3,5 8a 6<1*8**-, +41396, ,5. -*1J-,3,*.6, C93+ 2,5 2/+69,3,*.5 u@ E, +41*1+, I/*/496 ,5. 96845 6, 3W3, = 95581,4 F 69 586-.18*/6/3,*.5 Z*15 (u, σ

∼
) -* *8-0,9- 8-+6, (u∗, σ

∼

∗) J-1 ,5. ,*5/ W.4, -* 3,166,-4 4,+4/5,*.9*. 2,69 586-.18* ,;9.,@ E,5 21b/4,*.5 ,5.139.,-45 5, 215.1*I-,*. ,*5-1., +94 6,5 41.K4,5 J-1 08*.2/Z*14 69 8*5.4-.18* 2, , *8-0,9- 8-+6,@ E<,44,-4 ,5. 96845 ,5.13/, F +94.14 2, 6</94. ,*.4,6, 3,166,-4 4,+4/5,*.9*. ,. 69 586-.18* /6/3,*.5 Z*15@c*, +4,31K4, 5/41, 2<,5.139.,-45 2<,44,-4 ,5. 8D.,*-, ,* 13+859*. F (u∗, σ
∼

∗) 2, 0/41Z,42,-; 2,5 .4815 /J-9.18*5 2- +48D6K3, 2, 4/L/4,*, >6</J-9.18* 2</J-161D4, )@)?: 6,5 8*21.18*56131.,5 ,* 2/+69,3,*. )@)T ,. 69 4,69.18* 2, 83+84.,3,*. )@)UA@ E<,5.139.,-4 95581/ ,5. 96845-*, 3,5-4, 2- 4/512- 2, 6</J-9.18* J-1 *<,5.  !&'"&' +95 0/41Z/, @ E,5 ,5.139.,-45 2<,44,-4,* 4,69.18* 2, 83+84.,3,*. ,*.4,*. 29*5 , 924, = <,5. 69 4,69.18* 2, 83+84.,3,*. J-1*<,5.  !&'"&' +95 0/41Z/,@ '6 ,* ,5. 2, 3W3, 2,5 ,5.139.,-45 L8*2/5 5-4 6,5 2/L9-.5 2</J-161D4,2, 69 586-.18* /6/3,*.5 Z*15 = 69 4,69.18* 2, 83+84.,3,*. ,. 6,5 8*.491*.,5 1*/39.1J-,5>9231551D161./ 1*/39.1J-,A 58*. 96845 0/41Z/,5 ,;9.,3,*.@c*, 9-.4, L93166, 2<,5.139.,-45 +,-. W.4, 8D.,*-, ,* 13+859*. F (u∗, σ
∼

∗) 2, 0/41Z,4 ,;9H.,3,*. -*, 5,-6, 2,5 /J-9.18*5 2- +48D6K3, 2, 4/L/4,*,@ E<,5.139.,-4 3,5-4, 96845 69 J-961./2, 0/41Z9.18* 2,5 2,-; 9-.4,5 /J-9.18*5@ E9 +48+851.18* 2, B,D8*I*1, ,. 96@ OUV℄: OU(℄ 5, 51.-,29*5 , 924, N 6</J-9.18* ,;9.,3,*. 0/41Z/, ,5. 6</J-9.18* 2</J-161D4, ,. 6,5 4/512-5 +84.,*.5-4 69 4,69.18* 2, 83+84.,3,*. ,. 6,5 /J-9.18*5 2, 83+9.1D161./@



 !  !"#$%&' () *#%$+$,"%$*- ./  *+#&*+$, #&0 $,$*-1 *2%"# $#%&''( )(* (*+&%#+(,-* /0*+-,&+* *,- '(* )1$#,+* )( -12,'#-&+1 (0+-( )#0* ,0 #)-( /3#,,0( )(* 14,#+&/0* ), 5-/6'7%( )( -1$1-(0( 08(*+ (9#+(%(0+ :1-&;1(<=/,+(* (* )1%#->(* $/,-0&**(0+ ? '8,+&'&*#+(,- ,0( %(*,-(@ 5',* /, %/&0* 5-1&*( *('/0 '(+A5( )( %1+>/)(*@ )( '8(--(,- 2'/6#'( )( )&*-1+&*#+&/0 e (+ ,0( %(*,-( )( '# /0+-&6,+&/0 eE? '8(--(,- 2'/6#'( )( >#4,( 1'1%(0+ ΩE ), %#&''#2( ,+&'&*1< B0( %(*,-( 2'/6#'( /,-#%%(0+,+&'&*1( (*+ '# 0/-%( 10(-21+&4,(@ #- (''( # ,0 *(0* 5>A*&4,( $/-+ C (''( (*+ 14,&:#'(0+( #,90/-%(* *+#0)#-)* )( D/6/'(: (+ 5(,+ $#&'(%(0+ *( -(*+-(&0)-( 5/,- )/00(- )(* 0/-%(* '/#'(*<"8(--(,- )( )&*-1+&*#+&/0 5(,+ 12#'(%(0+ 5/-+(- *,- ,0( #,+-( :#-&#6'( 4,( '(* )15'#(E%(0+*@ (0 5#-+&,'&(- *,- ,0 +(0*(,- )8/-)-( ! /, *,- ,0( :#-&#6'( *#'#&-(< "# 0/+#+&/0 e (*+(5(0)#0+ 2#-)1( 5/,- 5',* )( *&%5'&&+1 (0 /0*&)1-#0+ 4,8,0( 0/+#+&/0 )( F/&2+ (*+ &%5'&&E+(%(0+ ,+&'&*1( 5/,- '( +(0*(,- )8/-)-( ! (+ 4,( '( *#'#&-( 5(,+ G+-( :, /%%( ,0 :(+(,- )(+#&''( ,0< !"#$%&' ()'!&' '*+ ,-&++&*+ %& $/0$+"&/&1""# 0/+&/0 )8(--(,- (0 -('#+&/0 )( /%5/-+(%(0+ # 1+1 5-1*(0+1( 5/,- '# 5-(%&7-( $/&* 5#-"#)(:7H( )#0* IJK!℄< "(* +-#:#,9 -('#+&$* ? (++( 51-&/)( /0+ 1+1 -(2-/,51* )#0* IJKM℄< N'*/0(-0#&(0+ #'/-* '(* 5-/6'7%(* )( +>(-%&4,( (+ )81'#*+&&+1 '&01#&-( (0 !O< P(* %1+>/)(* /0+)(5,&* 1+1 1+(0),(* ? '81'#*+&&+1 &0/%5-(**&6'( 5#- "#)(:7H( (+ #'< IJK ℄ (+ #,9 #* MO 5#-P//-(:&+* (+ #'< IQM℄<P(++( )1%#->( -(5/*( *,- ,0 5#-+&+&/00(%(0+ )(* 14,#+&/0* ), 5-/6'7%( ? -1*/,)-( (0)(,9 2-/,5(* RS '(* /0)&+&/0* )8#)%&**&6&'&+1 R 14,#+&/0* )( '&#&*/0@ 14,#+&/0 )814,&'&6-( (+ /0)&+&/0*&0&+&#'(* C ( 2-/,5( 1+#0+ '( 5',* ;#6'(@ (* 14,#+&/0* )/&:(0+ G+-( :1-&;1(* (9#+(%(0+ CS (+ '# -('#+&/0 )( /%5/-+(%(0+@ 4,& (*+ '# %/&0* ;#6'( )(* 14,#+&/0*<"8&)1( (*+ )( )1+(-%&0(-@ ? 5#-+&- )( '# */',+&/0 #55-/>1( ), 5-/6'7%( )( -1$1-(0( #',E'1(@ ,0( 0/,:(''( */',+&/0 u∗ &01%#+&4,(%(0+ #)%&**&6'( TPUV (+ σ
∼

∗u∗, σ
∼

∗) *81-&:(0+ -(*5(+&:(%(0+ R
‖ e ‖=‖ σ

∼

∗ −C
∼
∼

: ε
∼
(u∗) ‖C

∼
∼

−1,Ω (+ ‖ eE ‖=‖ σ
∼

∗ −C
∼
∼

: ε
∼
(u∗) ‖C

∼
∼

−1,ΩE
T!<MV#:( R

‖ • ‖C
∼
∼

−1,Ω=

[
∫

Ω
(• : C

∼
∼

−1 : •)dΩ
]1/2 (+ ‖ • ‖C

∼
∼

−1,ΩE
=

[
∫

ΩE

(• : C
∼
∼

−1 : •)dΩ
]1/2 T!<KVY 5#-+&- )( (+ (*+&%#+(,- )8(--(,-@ /0 5(,+ /6+(0&- ,0 (0#)-(%(0+ )( '8(--(,- :-#&( )/0'8(--(,- (0 -('#+&/0 )( /%5/-+(%(0+ /0:(-2( /%%( '8(--(,- :-#&( I Z℄< [#&* */0 ,+&'&*#+&/0(*+ -('#+&:(%(0+ /\+(,*(<



σ
∼
< 5726 73+062/64 234 +7*20/73 */++C4 σ

∼

∗< 1730 *4+ 1/KC64304+ 7;57I+-304+ +730 14+ G730/73+ 57*L3�;/-*4+< .*7=-*4;430 730/324+< 14 5*2+ 9-20 14.6C@%3 .C3C6-*< 73 94694 A 20/*/+46 *4+ G730/73+ 14 G76;4 >2/ 730 +46:/ -2 -*2* 14 u 40 >2/546;400430 1,7=043/6 234 -5567B/;-0/73 1,23 14.6C +25C6/4264@ J,4++430/4* 12 06-:-/* 73+/+04173 A 946946 14+ :-*426+ -2B 3?21+ 5726 *,-5567B/;-0/73 */++C4 43 567N40-30 *4 9-;51,76164 /3GC6/426 1CE3/ -2B 57/30+ 14 O-2++< 5-6 1/KC64304+ ;C09714+ FG *,-60/*4 14 P-=2QR-40 &94/3=7*10 STU℄ 72 *4+ 06-:-2B 14 W/43R/4X/Y 40 W92 -:4 *4+ ;C09714+ WWT SZ[T℄ 40 WWZSZ[Z℄<SZ[)℄H@ \,4+0 5726>27/ 73 0672:4 C.-*4;430 4+ ;C09714+ +72+ *4 37; 14 0!"#$%&' 3)+3+$4&"/$1 %& 5*6@J4+ ;C09714+ 14 */++-.4+ +730 23/:46+4**4+ 1-3+ *4 +43+ 7] /* 3,4+0 5-+ 3C4++-/64 14 G-/64/3046:43/6 14+ 6C+/12+ 72 14+ C>2-0/73+ 1/KC6430/4**4+ 5-60/4**4+ 5726 *4+ -55*/>246@J4+ ;4+264+ 14 *,466426 -++7/C4 -2 9-;5 14+ 7306-/304+ σ
∼
.*7=-*4 40 C*C;430-/64 +,C6/:43064+540/:4;430 ^

‖ e ‖=‖ σ
∼

∗ − σ
∼
‖C
∼
∼

−1,Ω 40 ‖ eE ‖=‖ σ
∼

∗ − σ
∼
‖C
∼
∼

−1,ΩE
FZ@(H\4004 ;C09714 G7263/0 5*2+ 23 /31/-0426 1,466426 >2,234 4+0/;-0/73 -:4 =7634 .-6-30/4 _ 4>2/ 4+0 +2`+-30 5726 =73 37;=64 1,-55*/-0/73+ 7;;4 *,-1-50-0/73 14 ;-/**-.4@ !"#$%&' -$1%!&' '*+ ,&' +!'/%*' %7!8*/,/(+&a-3+ *- ;C09714 14+ C*C;430+ E3/+ 43 1C5*-4;430< *,-5567B/;-0/73 56/3/5-*4 57604 +26*4+ C>2-0/73+ 1,C>2/*/=64@ \4 +730 4+ 1CG-20+ 1,C>2/*/=64 >2/ +730 -554*C+ 6C+/12+@ !726 9->24C*C;430 ΩE 12 ;-/**-.4< 73 1CE3/0 -/3+/ *4 6C+/12 /30C6/426 rE 5-6 ^

rE = ∇σ
∼|E + bv , ∀x ∈ ΩE FZ@[HJ4+ 6C+/12+ rE ;4+26430 *- 373 :C6/E-0/73 14 *,C>2-0/73 1,C>2/*/=64 /30C6/426@a4 ;b;4< +26 9->24 G-4 Γ 1,23 C*C;430< 373 /3*2+4 1-3+ ∂uΩ< 73 1CE3/0 *4 6C+/12 tΓ5-6 ^

tΓ = σ
∼|E · nE +ΦE FZ@cH-:4 ^d +/ Γ 3,4+0 5-+ 234 G-4 14 ∂tΩ ^ ΦE = σ
∼|Ẽ ·nẼ< 7] ΩẼ 4+0 *,C*C;430 -1N-430 A *,C*C;430

ΩE +2/:-30 *- G-4 Γ _d +/ Γ 4+0 234 G-4 14 ∂tΩ ^ ΦE = −τ b@J4+ 6C+/12+ tΓ ;4+26430 *- 1/+730/32/0C 12 :40426 7306-/304 1-3+ *- 1/640/73 nE A *,/3046IG-4 43064 142B C*C;430+ 40 *- 373 :C6/E-0/73 14+ 731/0/73+ 1,C>2/*/=64 +26 ∂tΩ@



 !  !"#$%&' () *#%$+$,"%$*- ./  *+#&*+$, #&0 $,$*-1 *2%"#$ #$%&'(%#)*$ +,#**#)*  !"#$%&'"&' -./+0$ $)* 1#$ *0$&+)$ $./% %.)$ ./$%*)&%$ #/ #341.&5%(/% 1# -(&% 6)# 1,#**#)* #/ $.1)%&./ e = uex − u #$% $.1)%&./ +) 4*.718'# +,01($%&&%0 +./% 1#$+.//0#$ #/ #9.*%$ :; 1,&/%0*&#)* #% $)* 1#$ &/%#*-(#$ +) '(&11(<# )%&1&$0= $./% 1#$ *0$&+)$ +#$06)(%&./$ +,06)&1&7*# >
e ∈  0 #% ∀ δU ∈  0, (?#  0 = {δU @*0<)1&#*A #% %#1 6)# > δU|∂uΩ = 0}

∫

Ω
ε
∼
(e) : C

∼
∼

: ε
∼
(δU)]dΩ =

∑

ΩE

∫

ΩE

rE · δUdΩ −
∑

Γ

∫

Γ
tΓ · δUdΓ :BCD=EF0'(%&6)#'#/%G ./ 4#)% +&$%&/<)#* >H 1#$ #$%&'(%#)*$ #341&&%#$ 6)& )%&1&$#/% +&*#%#'#/% 1,06)(%&./ 4*00+#/%# 4.)* .7%#/&*)/# #$%&'(%&./ <1.7(1# +# #*%(&/#$ /.*'#$ +# 1,#**#)* e IH 1#$ #$%&'(%#)*$ &'41&&%#$ 6)& )%&1&$#/% +#$ (44*.3&'(%&./$ +# 1( $.1)%&./ +# #%%# 06)(5%&./G .7%#/)#$ #/ *0$.1?(/% +#$ 4*.718'#$ 1.()3 010'#/% 4(* 010'#/% .) 4(* 4(6)#%+,010'#/%$C J&90*#/%#$ ?#*$&./$ ./% 0%0 4*.4.$0#$ /.%(''#/% 4(* K(7)LM( #% (1C NOP℄GNO ℄G 4)&$ J#'M.R&S T (1 NPP℄C!""#$&' ()*(#'+'J(/$ 1# ./%#3%# +# 1( ./$%*)%&./ +,#$%&'(%#)*$ +,#**#)*G 1,0%)+# +&*#%# +# 1,#**#)* +,(454*.3&'(%&./ ( -(&% 1,.7U#% +# /.'7*#)3 %*(?()3C V(&$ &1 #3&$%# 0<(1#'#/% +#$ (44*.F#$ &/5+&*#%#$G '.&/$ 0%)+&0#$G .''# 1,#$%&'(%&./ +# 1,#**#)* +,&/%#*4.1(%&./ ẽG ,#$%5;5+&*# 1,0(*%#/%*# 1( $.1)%&./ #3(%# uex #% 1,&/%#*4.10 1&/0(&*# +# uex 4(* 010'#/% +) '(&11(<# MG /.%0#

Πh(u) >
ẽ = uex −Πh(u) :BCW=X,#$% )/# '0%F.+# 6)& 4#*'#% /.%(''#/% +# $,(7$%*(&*# +) 4*.718'# 4FY$&6)# :+# 1,.40*(5%#)*=G #% 6)& 4#*'#% +# ./%*�1#* 1,#**#)* +,(44*.3&'(%&./C J# 41)$G +,(4*8$ 1# 1#''# +# X0(G./ $(&% 6)# 1,#**#)* +,(44*.3&'(%&./ #$% +./ '(U.*0# 4(* 1,#**#)* +,&/%#*4.1(%&./ N W℄ >

‖ uex − u ‖≤‖ uex −Πh(u) ‖ :BCO[=.\ 1( /.*'# #'41.Y0# /,#$% 41)$ 1( /.*'# 0/#*<0%&6)# '(&$ 1( /.*'# ($$.&0# () 4*.+)&% $(1(&*#)$)#1 +# R
2C ]*G 1#$ 0%)+#$ -(&%#$ $)* 1,#**#)* +,&/%#*4.1(%&./ './%*#/% :#340*&'#/%(1#'#/%=6)# 1# 1&#/ #/%*# 1,#**#)* +,&/%#*4.1(%&./ #% 1,#**#)* +,(44*.3&'(%&./ #$% 7#().)4 41)$ -.*% 6)#1( '(U.*(%&./ +.//0# 4(* # 1#''#C ^(* ./$06)#/%G 1,#**#)* +,&/%#*4.1(%&./ -.)*/&% )/ 7./#$%&'(%#)* +,#**#)* NO[[℄C ^.)* +#$ #3#'41#$ +,)%&1&$(%&./ ?.&* NO[_℄G N ℄ #% N`℄C,-./(+01 *2-) '1+(3.+'-#^.)* .'4(*#* 1#$ +&90*#/%#$ '0%F.+#$ +&$4./&71#$ +(/$ 1( 1&%%0*(%)*#G ./ +&$4.$# +# 41)5$&#)*$ *&%8*#$ >H *&%8*#$ +# 6)(1&%0 &/%*&/$86)# 4#*'#%%(/% +# .'4(*#* 1,#**#)* '#$)*0# (?# 1,#**#)*@?*(&#A *0#11#'#/% .''&$# IH *&%8*# +# a(7&1&%0 > 1,#**#)* #$%&'0# '(U.*#5%5#11# 1,#**#)* @?*(&#A bH $#/$&7&1&%0 ; +#$ $&%)(%&./$ 4(*%&)1&8*#$ +# '(&11(<#$ > '(&11(<#$ <*.$$&#*$G 010'#/%$ (41(5%&$G 010'#/%$ +&$%.*+)$G #%C IH $#/$&7&1&%0 ; +#$ .'4.*%#'#/% 4(*%&)1&#*$ > (/&$.%*.4&# +#$ '(%0*&()3G #%C I



 ! ! "#$%&'$"()# *+"))"() *+',,)-.%&'$%-/  !"#$%&'"&' (() +,-.+/0 12324,56/0 7 0,489,,-1 :/ 4,0/ /3 ;6<+/= 2>- :?6-,9,0@-,23= /-A B) 1-/3:6/ :6 :24@,3/ :?@889,@-,23AC/0 +,-.+/0 06,<@3-0 023- 9/0 8960 26+@44/3- 6-,9,010A !"#!$!%& '% '("!%&D2-230 ‖ eex ‖ 9@ 4/06+/ :/ 9?/++/6+ <+@,/ E92F@9/= 8@+ 28820,-,23 G 9@ 4/06+/ /0-,41/ :/9?/++/6+ E92F@9/ ‖ e ‖AH3 /0-,4@-/6+ /0- :,- *"#$' 0, 7
‖ eex ‖≤ Cfia ‖ e ‖ +h.o.t.fia IJAKKLH3 /0-,4@-/6+ /0- :,- '("' 0, 7
‖ e ‖≤ Ceff ‖ eex ‖ +h.o.t.eff IJAKJL', Cfia /- Ceff 023- :/0 230-@3-/0 469-,89,@-,</0= ,3:18/3:@3-/0 :/ 9@ -@,99/ :/ 4@,99/= /-

h.o.t. :10,E3/ 9/0 -/+4/0 :/ 8960 M@6- :/E+1A N6 82,3- :/ <6/ :/ 9@ O@F,9,-1= ,9 /0- 1<,:/44/3-,3-1+/00@3- :?6-,9,0/+ :/0 /0-,4@-/6+0 -/90 56/ Cfia = 1A+,-.,/%'-'0% "12-.%,%!34'H3 /0-,4@-/6+ @ 63 2482+-/4/3- @0P48-2-,56/ /Q@- 0?,9 /0- /R@/ /- O@F9/= @</ Cfia =
C−1eff A C?/++/6+ S<+@,/T /- 9?/0-,4@-,23 :?/++/6+ 6-,9,01/ -/3:/3- @92+0 </+0 U1+2 0,469-@314/3-A506!' 67'("!%&C/ +,-.+/ :/ 248@+@,023 9/ 8960 6-,9,01 /0- 9?,3:,/ :?/R@,-1= 56, /0- :1O3, 8@+ 7

γ =
‖ e ‖
‖ eex ‖

IJAKVLH3/ 41-M2:/ :?/0-,4@-,23 :?/++/6+ /0- :?@6-@3- 8960 8/+-,3/3-/ 56/ 9?,3:,/ :?/R@,-1 E92F@90/ +@88+2M/ :/ KA %99/ /0- :/ 8960 230/+<@-,</ 0, /- ,3:,/ +/0-/ 0681+,/6+ G K I/ 56, /0- 6-,9//3 :,4/30,233/4/3-LA !26+ 1<@96/+ γ℄LAN/ 4@3,.+/ @3@92E6/= 23 8/6- :1O3,+ 63 ,3:,/ 92@9 :?/R@,-1 8@+ 1914/3- I26 06+ :/08@56/-0 :?1914/3-0LA



℄ )-. 1,B-#11# 1, &,.$*# )-*0,4$# )(,&&-*# #))#4$*#11#+#4$5 !!"#! $" %&''#()&*M#) .#H#.H#) +#4/#) &,. N*$)H#; OH,$P #$ Q,H17*4 R02*. JSKT℄; JUST℄; JUUV℄ #$ JU S℄W )-.1#) #)$*+,$*24) '(#..#-. % ('#)'# *4'*B-#4$ B-# )-. -4# ./8*24 ω0; 1(#..#-. ',4) 1, 42.+# L22- L∞ &#-$ D$.# 72.4/# &,. 1, )2++# '# '#-E $#.+#) XY 1(-4 '/$#.+*4/ &,. 1#) &.2&.*/$/) '(*4$#.&21,$*24 *)%* ! #$ 1, ./8-1,.*$/ '# 1, )21-$*24&.?) '# ω0; B-# 1(24 ,&&#11#  '' &' *)%* X (#)$ 1, 24$.*7-$*24 &,. /1/+#4$ <2-.4*# &,.1#) *4'*,$#-.) '(#..#-. +#4$*244/) &.//'#++#4$ ZY  " 1(,-$.#; '*$#  '' &' , ()**&"#)-; #)$ '/$#.+*4/# &,. '#) <,$#-.) '(2.*8*4# &1-) 12*4$,*4#2++# 1, ./8-1,.*$/ '# 1, )21-$*24 #4 '#H2.) '# #$$# ./8*24; 1, ./8-1,.*$/ '# 1, <.24$*?.#;#$5; B-# 1#) *4'*,$#-.) '(#..#-.) )24$ *4,&,71#) '# '/$#$#. '(,&.?) '#) $.,0,-E &1-)./#4$) '# [,7-\], #$ ,15 JUS℄; JU^℄5M,4) #.$,*4) ,); *1 #)$ *+&2.$,4$ '# +,C$.*)#. #$$# #..#-. '# &211-$*245Y M,4) -4# &.2/'-.# '# ./,4,1%)# 12,1#; 1# .,=4#+#4$ &#-$ 4# &,) '244#. 1, 240#.8#4#'(#..#-. #4 hq R,0# q -4 2#=*#4$ &2)*$*< '/&#4',4$ '# 1, ./8-1,.*$/ '# 1, )21-$*24#E,$#W )* 1# +,*11,8# 8.2))*#. #4 '#H2.) '# 1, P24# '(*4$/.D$ ,&&2.$# -4# #..#-. '#&211-$*24 *+&2.$,4$#5Y M,4) JUV℄; [,7-\], #$ ,15 +24$.#4$ B-# )* 1(#..#-. '# &211-$*24 4(#)$ &,) 4/81*8#,71#'#0,4$ 1(#..#-. 12,1#; ,12.) 1, &./*)*24 '#) '/.*0/#) 27$#4-#) &,. 1*)),8# &#-$ 4# &,)D$.# +#*11#-.# B-# 1#) '/.*0/#) 27$#4-#) '*.#$#+#4$ @ &,.$*. '# 1, )21-$*24 /1/+#4$) G4*)5M*:/.#4$) ,182.*$H+#) &#.+#$$,4$ '(/0,1-#. % ()!" '#)'# 1(#..#-. '# &211-$*24 )24$ &.2&2)/)',4) 1#) ./</.#4#) JU_℄; JS`_℄ #$ JSU_℄ 42$,++#4$5O*; &2-. '#) ,) '# ./,4,1%)# 12,1# 2> 1(24 )2-H,*$# -4*B-#+#4$ .#+,*11#. 1, P24# '(*4$/.D$;*1 #)$ 4/#)),*.# '# &.#4'.# #4 2+&$# 1(#..#-. '# &211-$*24; (#)$ -4# &./,-$*24 *4-$*1# ',4)'(,-$.#) *.24)$,4#)5 a*4)*; ',4) 1#) ./</.#4#) JUS℄ #$ JUV℄; 1#) ,-$#-.) 24$ +24$./ B-# 1(#:#$'# &211-$*24 #)$ 4/81*8#,71# &2-. 1#) +,*11,8#) 24)$.-*$) 8.b# @ -4# $#H4*B-# '(,',&$,$*248127,1# 7,)/# )-. 1, 42.+# #4 /4#.8*# '# 1(#..#-. )-. 1# '2+,*4# #4$*#.5 61 <,-$ '24 ,',&$#.1(#)$*+,$*24 '(#..#-. @ )#) 7#)2*4) &2-. 27$#4*. '#) 2c$) '# ,1-1 +2*4'.#)5 !!"#! +#! #*" ,#-*()(. $/)*(.!0(d2-. 1# '*+#4)*244#+#4$ '#) )$.-$-.#); 1#) *48/4*#-.) 24#&$#-.) '# 7-.#,- '(/$-'#&#-0#4$ D$.# /8,1#+#4$ ,+#4/) @ 02-12*. 244,C$.# 1(#..#-. )-. -4# B-,4$*$/ 12,1# I *4$/.#)F),4$# 2++# 1, 24$.,*4$#; 1# '/&1,#+#4$; #$5 e(#..#-. &#-$ ,12.) D$.# '/G4*# &,. X
∆I = I(uex)− I(u)
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∼
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∼

∗E ./ >1,- 16672\.;57E 0,7 =1?,5 61-=E =1?,5 2;62013-5 σij 45 /123-71.3-5 1/,/<5E 4+27475 p− 1E 617 ,35 >23-.23 62/S3�;.1/5 σ̃ij 4+27475 pE 27475 4, =1;645 4<6/15;53- 53 /+2,77535J *50 4.@<753-50 2;62013-50 01/1.750 45 /1 02/,-.23 /.00<5023- 1/270 230-7,.-50 2;;5 /5 7<0,/-1- 4, 6724,.- 01/1.75 53-75 ,3 95-5,7 23-5313- 450-57;50 62/S3�;.1,\ 1667267.<0 PE 5- /5 95-5,7 a 450 25c.53-0 27750623413-0 ?,+./ >1,-4<-57;.357 Y
σ̃ij(M) = P(M) · aij TIJFUV
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 !"# "#$ % &'(*&+,- ./(0-1230- 405 +06203(5 .0 aij 7 ,30 1/(*+.0 .05 1+23.-05 '--/5 '80 .05 9+23(5.:/*'3(244+33';0 +9(21',< 05( ,(2425/0 = 02 05( />,28'403( ? 12321250- 4' >,'3(2(/ @
F (aij) =

m
∑

I=1

(σij(xI)−P(xR
I ) · aij)

2 A"#BCD+E m ./52;30 40 3+1F-0 .0 9+23(5 .:/*'3(244+33';0 +9(21',< .'35 40 9'(*7 xI -09-/503(040,-5 ++-.+33/05 0( xR
I 40,-5 ++-.+33/05 -/.,2(05 ./G3205 9'- @

xR
I =

xI − xnc

max1≤J≤m (‖ xJ − xnc ‖)
A"#B D+E 40 80(0,- xnc +--059+3. ',< ++-.+33/05 ., 3H,. 03(-'4 ., 9'(*# I4 J',( .+3 (-+,80-

aij (04 >,0 @
m
∑

I=1

PT (xR
I )⊗P(xR

I )aij =
m
∑

I=1

σij(xI)P
T (xR

I ) A"#BKDL' 5+4,(2+3 .0 0 5M5(N10 90,( '4+-5 5:/-2-0 5+,5 4' J+-10 5,28'3(0 @
aij = A−1 · bij A"#BOD+E A =

m
∑

I=1

PT (xR
I )⊗P(xR

I ) 0( bij =

m
∑

I=1

σij(xI)P
T (xR

I ) A"#BPDQ30 J+25 405 9'-'1N(-05 .0 aij ./(0-123/57 4' J+3(2+3 9+4M3�12'40 σ̃ij 05( +33,0 5,- 40 9'(*70( 03 9'-(2,420- ', 3H,. 03(-'4 >,2 05( 4:+-2;230 ., -09N-0 '55+2/ ',< ++-.+33/05 -/.,2(05#
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 !"# <5D E FC(4-,( (% #/4(%&/!% "%( &"+ #(& .,.4(%*& ,/%.$/+(& !"#$! %! &'!$$!#$G7(++("+ (&* $,!+& #!%%.( -$+ ,$ %!+4( .%(+@.*/1"( #( ,$ #/H.+(%( (%*+( ,( 3$4- #(&!%*+$/%*(& $,",. -$+ ,$ 4.*3!#( #(& .,.4(%*& 0%/& (* &!% $--+!C/4$*/!% ,/&&.( :
‖ e ‖=

[
∫

Ω
(σ
∼

∗ − σ
∼
) : C

∼
∼

−1 : (σ
∼

∗ − σ
∼
)dΩ

]1/2

=





∑

ΩE

‖ eE ‖





1/2 ;<5<I>JK& 1"( (**( (++("+ #.-$&&( "% &("/, 0C. ,( -+!(&&"& #7$#$-*$*/!% #( 4$/,,$@( (&* #.,(%3.5B(-(%#$%* ,7"*/,/&$*("+ %( -("* -$& *!"L!"+& $'!/+ ( )$*+$* #7/#.( &"+ ,7!+#+( #( @+$%#("+1"( (**( (++("+ -("* $**(/%#+( (* #!% &"+ ,$ '$,("+ #" &("/, 2 0C(+5 B7(&* -!"+1"!/ /, (&*%.(&&$/+( #( *+$'$/,,(+ $'( "%( 4(&"+( +(,$*/'( #( ,7(++("+ -(+4(**$%* $/%&/ "%( 1"$,/0$*/!%#( ,$ 1"$,/*. #" $,", (% *(+4(& #( -!"+(%*$@( #7(++("+5 G7(++("+ +(,$*/'( @,!9$,( η (&* $,",.(#( ,$ 4$%/K+( &"/'$%*( :
η =

‖ e ‖
E

× 100 ;<5<<>!? E #.&/@%( ,7.%(+@/( #( ,$ &*+"*"+( $&&!/.( 2 ,$ !%*+$/%*( ,/&&.( :
E =‖ σ

∼

∗ ‖C
∼
∼

−1,Ω=

[∫

Ω
σ
∼

∗ : C
∼
∼

−1 : σ
∼

∗dΩ

]1/2 ;<5<M>
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‖ e ‖=
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∼

∗ − σ
∼
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η =

‖ e ‖
E

× 100 +/% E =

[
∫

Ω
|σ
∼

∗ : ∆ε
∼

∗|dΩ
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[∫

Ω
|(w∗p − wp)× (∆w∗p −∆wp)|dΩ
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∑
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‖ e ‖
E
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∣

∣

∣

∣

∫

Ω
w∗p ×∆w∗pdΩ

∣

∣

∣

∣
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ηE =

‖ eE ‖
E
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‖ eE ‖

√

η2L
E2

E

mes(ΩE)
+ η2A

E2

mes(Ω)





1/q HIAMSKB%))% -)&/).@'% $% &%?/'99/@% 7'-% 8 ,E)%#'& 3# #,37%/3 ?/'99/@% /7% 3#% +&.'-',# 9,/9% $%
ηL %) 3#% %&&%3& /E-,93% 9,/9% EA /--,'.% 8 3#% %&&%3& &%9/)'7% @9,E/9% ηAA T# D/'); 9:%&&%3&/E-,93% EA #:'#)%&7'%#) <3% -' 9/ #,&?% 9,/9% EE %-) )&*- +%)')%A F:'?+,&)/#) %-) $% E'%# -/7,'&L,'-'& 9:'?+,&)/#% &%9/)'7% $%- +/&/?*)&%- ηL %) ηA; -/L/#) <3% 9%- %C+.&'%#%- #3?.&'<3%-+&.-%#).%- $/#- 4 5℄ ?,#)&%#) <3% 9:%&&%3& &%9/)'7% 9,/9% +&%-&')% $,') &%+&.-%#)%& 3#% +93-@&/#$% +/&) HηL ≈ 0.98ε0 %) ηA ≈ 0.02ε0KA



 !"! #$%&'$() *( $(+,%--,.(  ! !"#$&'#!() *!))#+,-) "- ,.!/"/- "- !(0-/1-(-"#$ &'('$ )#$ *#+,#-.$ rE /011)#-.$ 0#/*$#-. .*($ $(0 '# 2&,. 3(# '# .&(4 )# *-5#067#-# )# '8#00#(0 /*(0 (- /0*9':;# ',-1&,0# #$. #- hq *< q℄@ GHK℄>D''# 0#/*$# $(0 '8(.,',$&.,*- )# .&(4 )# *-5#07#-# -*- /&$ (-,2*0;#$@ ;&,$ /&0 1'1;#-.$@ .#'$3(# L
ηE = O(hqE ) MN>HKOE-# 2&P*- $,;/'# )# )1C-,0 #$ *#+,#-.$ '*&(4 *-$,$.# B /0#-)0# LQ qE = α $, '81'1;#-. ΩE #$. *--#.1 B (-# $,-7('&0,.1 )8*0)0# α@Q qE = q /*(0 .*($ '#$ &(.0#$ 1'1;#-.$>"& /0,$# #- *;/.# )# #$ *#+,#-.$ )# *-5#07#-# '*&(4 *-)(,. 15,)#;;#-. B )#$ *6#+,#-.$ )# ;*),C&.,*-$ )# .&,''# ),R10#-.$ )# #(4 /01$#-.1$ /011)#;;#-.> S&0 #4#;/'#@;,-,;,$#0 '# -*;90# )81'1;#-.$ 0#5,#-)0&,. &'*0$ B LT,-,;,$#0 N∗ =

∑

ΩE

1

rd
E

&5# η∗ =
∑

ΩE

(

rqE

E ηE

)2
= ε20 MN>HHO"& $*'(.,*- )# # /0*9':;# #$. )*--1# /&0 L

rE =

[

d

2AqEη2E

]1/(2qE+d) MN>H O*< A #$. '& $*'(.,*- )# '813(&.,*- -*- ',-1&,0# L
∑

ΩE

[

(

d

2AqEη2E

)1/(2qE+d)

η
2d/(2qE+d)
E

]

= ε20  !"#$%&' ()*+ ,-).( -'( /.)012+( q
1/2
E ηE∗

η̄E =

[

mes(Ω)

mes(ΩE)

]1/2

ηE  !"#H%



 !  !"#$%&' () *#%$+$,"%$*- ./  *+#&*+$, #&0 $,$*-1 *2%"#$% &'()*)+ *+ &, %$-.#&,)$/0 *($/ 1/)+ 02,&#0 +- $*+-/$3,-/ &, 2,&+#) *+ &, *+-%$/0 *'0-+).$+ *+&, %(&#/$(- 0&04+-/% 3-$% ,2+ &, 2,&+#) /60()$7#+ ,# 2($%$-,.+ *+ &, %$-.#&,)$/0 89 :;<=℄℄G ?)0$%+-/ 7#+ %$ &'()*)+ *+ (-2+).+-+ +%/ q ?(#) &+%?)(@&H4+% &$-0,$)+%G ?(#) &+% ?)(@&H4+% -(- &$-0,$)+% $& *+2$+-/ L
‖ e ‖= O(hq/2) +O(hq) 8!B MAN+$ 4(*$3+ 0.,&+4+-/ &+ ,&#& *+% r℄ηL/ε0B T+ )$/H)+ )+/+-#%+), *(- +&#$ 7#$ 4$-$4$%+ &+% (D/% *+ ,&#&% +- (-*#$%,-/ S #-+ )0?,)/$/$(- #-$9()4+ *+&'+))+#) ?(#) *+% ?)(@&H4+% &$-0,$)+% %#U%,44+-/ )0.#&$+)% L

rE =
ε
1/q
0

η
2/(2q+d)
E

[

∑

ΩE
η
2d/(2q+d)
E

]1/2q
8!B ;A



℄X &2' +:0<$#'(* -#%&(--&?# +4/(*46 !"!# $%&(& )*+ ,%&*(-+ %(. /0()+O4$#*%('#* .' %&(--&?# 03$(%&- *#>(#'$ +0' Y +4$#*%('#* .'# &*$# +# 0#1(#'$/ +#%0+(2&$(0' +# $&(--# rE &-.-4/ 30.* G&5.# 4-4%#'$ +. %&(--&?# ('($(&- M6 Z0.* 30.>0(*B$*# #@3-0($4# 3&* HIJKLMNK!O9 #$$# &*$# +# $&(--# +# %&(--# +0($ B$*# ;0.*'(# &.@ '[.+/+. %&(--&?#6 "#/ >&-#.*/ '0+&-#/ /0'$ 0<$#'.#/ #' #8#$.&'$9 30.* G&5.# '[.+ i9 -& %0\#''#/.* -#/ nE,i 4-4%#'$/ ΩE,i 5.( 0'$ # '[.+ #' 0%%.' ]
ri =

1

nE,i

nE,i
∑

k=1

rri #$ '# ?&*+#*9 YG&5.# ;0(/9 5.# -& %0+(2&$(0' -& 3-./ *#/$*($(>#9 :#/$LYL+(*# -# 0#1(#'$ -# 3-./ ;&(<-#6 F-/#*&($ &-0*/ 30//(<-# +:0<$#'(* .'# '0.>#--# &*$# +# $&(--# +# %&(--# 5.( 3#*%#$$*&($ +# /:&//.*#*+# -& 5.&-($4 +. &-.- /.(>&'$ 3-./(#.*/ *($)*#/6 !"!6 $-7%234/ )8(/ /4(,*%( 5%3&&%9*I. %0%#'$ 0` -# *#%&(--&?# #/$ +4-#'G49 :#/$LYL+(*# Y -& 2' +. 3&/ +# $#%3/ 30.* -#5.#--:#**#.* *#-&$(># ?-0<&-# +43&//# -& 3*4(/(0' ?-0<&-# 3*#/*($#9 -:&-?0*($G%# +# *#%&(--&?# /.($$*0(/ 4$&3#/ R>0(* STUV℄X6 D0.$ +:&<0*+9 -# %&(--&?# ('($(&- >& B$*# &'&-\/4 #$ /#/ 3*03*(4$4/('$*('/)5.#/ >0'$ B$*# &-.-4#/ #' /# <&/&'$ /.* -& +(/*4$(/&$(0' &$.#--#6 A# 3*0?*&%%# >&



�#<)&/ I@=@1 #$%& ,>(@) ,)%@-J%) <+"*) ,>$*+-.-&"+-$@#$"#)1 #" D("#-+< ,)& <#<.)@+& )&+ ".<#-$%<)/ !"!" #$%&'(% )*+''(,+.,/0

0 ωp 0.026 0 ηE 0.085

 !"# K/L M I?).*#) ,>"**#-"+-$@ *$(% (@ ."-##"B)& ,) +"-##) ,) ."-##) -@-+-"#) N/9..1 ";) O)@ A"(+ #>)@,$.."B).)@+ P B"(A) )+ #>)%%)(% %<,(-+) P ,%$-+) ||ub|| = 0.01..1 )+ )@ E"& #)&@$(;)"(? ."-##"B)& O &"@& #-.-+) ,) +"-##) .-@-.(. P B"(A) )+ )@ #-.-+"@+ #" +"-##) .-@-.(.P N/Q.. P ,%$-+)0$(%&(-;$@& ";) #>)?).*#) K/K/R/ C" *%<-&-$@ &$(A"-+<) )&+ =?<) P ε0 = 0.5%/ S$..) #)&$%,%)& ,) $@;)%B)@) (+-#-&<& &$@+ )(? $%%)&*$@,"@+ "(? &$#(+-$@& ,) *%$E#J.)& #-@<"-%)&



�℄`&'" 5' *'"0') 5' *'-%).2(" %4' -'" 4%*.%7-'" (' "'*2() *+,-+" 9#' 5%(" #("'2(5 )'&0"/ -2*" 56#(' +)%0' 5' *++9#.-.7*%,': !"! +%,'-.*%/ 0*- 01''2*- ,34 '530-E' )*%("<'*) 5'" 52((+'" ")2V+'" %#> (M#5" "' <%.) ,+(+*%-'&'() 0%* .()'*02-%).2( 5'"4%-'#*" ")2V+'" %#> (M#5" 5' -6%(.'( &%.--%,' M: Q- "#$) 5' *'0+*'* 8 9#'- +-+&'() 5'-6%(.'( &%.--%,' M 3%9#' (M#5 5# (2#4'%# &%.--%,' M∗ %00%*).'(5*%.) ') 56#).-."'* -'"<2().2(" 5' <2*&' %""2.+'" 8 ') +-+&'() 02#* 27)'(.* -% 4%-'#* *'3'*3+' %# (2#4'%# (M#5:a( (2)'*% '0'(5%() 9#' _"0.(2"% ') %-: 0*2`5'() 5' &%(.`*' -+,`*'&'() 5.^+*'()' 5%("YKC℄: E'#* )'3(.9#' 5' )*%("<'*) *'02"' "#* -6#).-."%).2( 56#( &%.--%,' %#>.-.%.*' 2&02"+ 5'
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Π =

∑

ω̃
(

σ∗ − σpG
)2

σ∗ = P · a 2c6 K5G-" <),# "# %88()0,4%.,)-# σ∗ %&'&1"# #'( :%*'" 8%.:9 &% $%&"'( (":"(:1" %' -)'$"%'8),-. !" E%'## σ̃ "#. )>."-'" "- %&'&%-. &% 4)D"--" 8)-!1(1" !"# $%&"'(# !"# )-.(%,-."#



 !  !"#$%&' () *#%$+$,"%$*- ./  *+#&*+$, #&0 $,$*-1 *2%"#$$%&$ '$$(#%&$ '*+ ,-*.$ /
σ̃ =

∑N
j=1 ωjσ

∗
j

∑N
j=1 ωj

012 34(5 N .%$#6,& "& ,(789& .& ,-*.$ .& ":',#&, %"%7&,; &; ωj &$; "' <(,;#(, =(#.$ '$$(#%& '*,-*. j 0&""& =&*; >;9& .#?%9&,;& .&$ <(,;#(,$ =(#.$ ω̃ *;#"#$%$ .',$ ":%@*';#(, 012 A42 !"#$%&' )%%*' +,!-".&'/B#""(, &; '"2 =9(=($&,; .',$ C1DE℄ .& ;9',$<%9&9 "&$ G'7=$ '*+ =(#,;$ .& H'*$$ &, $&8'$',; $*9 .&$ ;&G,#@*&$ .:'==9(+#7';#(, .#?*$&2 I&""&$J# =&97&;;&,; .& .%K,#9 *, G'7=7%',#@*& .& (,;#,*#;% 6"(8'"& .:(9.9& @*&"(,@*& @*# '==9(G& K.L"&7&,; "&$ G'7=$ 7%'J,#@*&$ .#$9&;$2 I&;;& 7%;G(.& &$; 7#$& &, -*M9& ='9 N9',G&9#& &; '"2 .',$ C33℄2 O""& (,$#$;&P .%(7=($&9 "('"&7&,;Q '*;(*9 .* =(#,; .& H'*$$ .* ,(*M&'* 7'#""'6& xQ "& G'7= $'J"'#9& P ;9',$<%9&9 snew0(* G'@*& (7=($',;& $'"'#9& .:*, ;&,$&*9 ='9 &+&7="&4 $*9 *,& 8'$&=("R,(7#'"& &,;9%& '* =(#,; x /
snew = PT a 012 D4S' (7=($',;& a &$; '"(9$ (8;&,*& &, 7#,#7#$',; "' @*',;#;% Jx(a) .%K,#& ='9 /

Jx(a) =
1

2

∑

i∈V (x)

W (xi,x) ‖ PT (xi − x)a− sold(xi) ‖2 012 T4(5 V (x) .%$#6,& *, M(#$#,'6& .* =(#,; x (5 &$; 9%'"#$% ":'==9(+#7';#(,2 S&$ ,(;';#(,$ sold &;
snew .%$#6,&,; 9&$=&;#M&7&,; "&$ G'7=$ $*9 ":',#&, &; "& ,(*M&'* 7'#""'6&2 S&$ xi (99&$J=(,.&,; '*+ =(#,;$ .& H'*$$ .& ":',#&, 7'#""'6& (5 sold &$; (,,*2 O,K, "' <(,;#(, W (xi,x)(99&$=(,. P *,& <(,;#(, =(#.$2 U" $:'6#; .:*,& "(G& 7'+#7'"& &, xQ .& $*==(9; V (x) &; @*#9&=9%$&,;& "' (,;9#8*;#(, .* =(#,; xi =(*9 ":'==9(+#7';#(, &, x2 S' $("*;#(, .& & =9(8"L7&.:(=;#7#$';#(, $:%9#; /

a = A−1 · B 012  4'M& A =
∑

i∈V (x)

W (xi,x)P(xi − x)PT (xi − x) &; B =
∑

i∈V (x)

W (xi,x)P
T (xi − x) sold(xi℄ 7(,;9& @*& "& ;9',$<&9; .&$M'"&*9$ $;(\%&$ '*+ =(#,;$ .& H'*$$ *;#"#$',; "&$ ,-*.$ (,.*#; P *,& .#?*$#(, ,*7%9#@*&2I& =G%,(7L,& .& .#?*$#(, .(#; >;9& %M#;% '9 #" =&*; '*$&9 ":%"'96#$$&7&,; .& "' 8',.& (5 $&(,&,;9&,; "&$ .%<(97';#(,$2 O, 9&M',G&Q "&$ 7%;G(.&$ .& ;9',$<&9; .#9&;&$ $:'==*R',; $*9":*;#"#$';#(, .& "' M'"&*9 .* =(#,; .& H'*$$ "& ="*$ =9(G& (* $*9 *, "#$$'6& ='9 7(#,.9& '99%&$




W (s̄) =

2

3
− 4s̄2 + 4s̄3 '+ s̄ ≤ 0.5 JM. !R

W (s̄) =
4

3
− 4s̄+ 4s̄2 − 4

3
s̄3 '+",",X s̄ =

‖xi−x‖
maxi(‖xi−x‖) . !"!" #$%&'(% )*+''(,+.,/0 '/12 (% .2+034%2.

 !"# M.! V Y)+33);# +"+(+)3 = ;)46# #( 2)+33);# )1)$(& = 1%,+(#Z,4%'4+-,"' )-# 37#C#2$3# M.M.O. B#' 6)2$' 1# 37)"+#" 2)+33);# ',"( (%)"'0&%&' '4% 3#",4-#)4 2)+33);# J(,4' 1#4C $%&'#"(&' A;4%# M.!R $)% $%,T#(+," 1+%#(# )$%9' 3+'');# $)%
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0 U2(mm) 0.01

0 σe(MPa) 450 !"# "#$! % &' ()*+ , -./0)12*3. 4* ()67 U2 )0)'+ 326)-11)82 9 8)*(2 2+ )73:. +3)'.;23+ 943/-+2# &' <). , -./0)12*3. 42. /'+3)-'+2. 42 0/' =-.2. σe )0)'+ 326)-11)82 9 8)*(2 2+ )73:.+3)'.;23+ 9 43/-+26/-'432. )33>. 6/<-12. ?12 1-..)82 7)3 6/-'432. )33>. 4/''2 42. 3>.*1+)+. @*).-A-42'+-@*2.B#C)3 /67)3)-./' 2'+32 12 ()67 U2 )1*1> .*3 12 6)-11)82 -'-+-)1 2+ 12 ()67 U2 +3)'.;>3>.*3 12 '/*02)* 6)-11)82D /' 72*+ /'1*32 @*2 1) +2('-@*2 1)..-@*2 42 1E-'+237/1)+-/' 4-32+24/''2 42 </'. 3>.*1+)+. 7/*3 12. 4/''>2. .+/F>2. )*G 'H*4.# C/*3 12. 4/''>2. .+/F>2. )*G7/-'+. 42 I)*..D 1E2G26712 .*3 1) /'+3)-'+2 42 0/' =-.2. J8*32 "#$! 6/'+32 @*2 1E/7>3)+2*3 42+3)'.;23+ 32+2'* 4/''2 42 +3:. </'. 3>.*1+)+. 4)'. 1) K/'2 6)-11>2 J'262'+ 73:. 42. 2'/(2.#



℄*$ %=1::-K$/ %-/ #1 *)()%).+ *- :/.;1)+ :1% *$ &$0:% :.-/ 31)#)&$/ #$ /$&.-/ G #=',-)#)6/$8 E+*=1-&/$% &$/0$%5 #$% $@./&% 1::#),-'% %.+& )0:.%'% 2/1*-$##$0$+&8 W)+%)5 #$ +.-($# )+/'0$+&
(n+1)5 .//$%:.+*1+& G -+ )+/'0$+& *- ($&$-/ 2#.61# *$% 3./$% $I&$/+$% ∆F(n) = F(n+1)−
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 !"! #$%&'#() )* +&%+#(#*,%- .#-/ 0# 0,**1&#*2&)  !"# $%&"#'%(# )*(%' +(,* $-*%*" /0 +*(+010)%(# $" 2'',*"' 3," $0#' /" 0$*" $" /0 &-0#%3,"/%#-0%*" $" /0 *,+),*" 45(%* #()0&&"#) /"' )*050,6 $" 70*)"* ") 0/8 9:;℄ ") 7=%0*,))%#% ") 0/89:>℄℄ ")@*"%0' ") R"/J)'=O( 9>℄ (#) ,)%/%'- ,# )"#'",* /%- 0, )"#'",* $"' $-H(*&0)%(#' +(,* $-)"*&%#"*/C(*%"#)0)%(# $" /0 2'',*"8 7"))" $"*#%F*" "') /%-" S /0 $%*")%(# $0#' /03,"//" /"' $-H(*&0)%(#''(#) &06%&0/"'8 IC0,)*"' *%)F*"' *"+('"#)A ",6A ',* ,# 0/,/ $" &(J"##" +(#$-*-" H0%'0#)%#)"*5"#%* /C,#" $"' 50*%0B/"' $, &($F/" (#)%#, "# *"/0)%(# 05" /0 $-1*0$0)%(# $, &0)-*%0,") /0 +('%)%(# $"' +(%#)' "# 050#) $, H*(#) $" 2'',*" 45(%* +0* "6"&+/" T%&( ") 0/8 9;; ℄?8 L(,*$"' (&+(*)"&"#)' $,)%/"' "#$(&&01"0B/"'A C"') " )J+" $" *%)F*" 3,% "') +*%#%+0/"&"#),)%/%'- 45(%* #()0&&"#) /" *%)F*" $" U"//' ") 0/8 9;:;℄ ") "/,% $" V"$%05%//0 9QW:℄?8 !"#$!% &% '%(() %# *(+U"//' ") 0/8 +*(+('"#) $0#' 9;:;℄ $" 0/,/"* /" 5")",* %#$%3,0#) /0 $%*")%(# $" +*(+010)%(#$" /0 2'',*" +(,* ,# &($F/" 5%'(+/0')%3," $" L"*MJ#0 $" /0 &0#%F*" ',%50#)" X
d =

∑

i∈S

σeff
i Viwi

di

‖ di ‖
4!8Q?(Y σeff

i "') /0 (#)*0%#)" "Z")%5" 0, +(%#) $C%#)-1*0)%(# i X
σeff

i =
√

3/2 ‖ σ
∼

dev ‖ 4!8;?
S $-'%1#" /C"#'"&B/" $"' +(%#)' $C%#)-1*0)%(# i "# 050#) $, H*(#) $" 2'',*"A Vi ") wi '(#)*"'+")%5"&"#) /" 5(/,&" ") /" +(%$' 0''(%-' 0, +(%#) $C%#)-1*0)%(# i ") di $-'%1#" /" 5")",*%#$%3,0#) /0 $%*")%(# $, +(%#) $C%#)-1*0)%(# i8 ["' +(%$' wi '(#) )"/' 3," X

wi =
1

(2π)3/2r3
exp

(

−‖ di ‖2
2r2

) 4!8!?(Y /" *0J(# $C%#)"*0)%(# r "') $",6 S )*(%' H(%' ',+-*%",* S /0 )0%//" $"' -/-&"#)' $0#' /0 M(#"$C%#)-*\)8T%&(#" ") 0/8 (#) 0$0+)- " *%)F*" 0, 0' $C,# &%/%", 3,0'%DH*01%/" *-1,/0*%'- +0* ,#" &-D)=($" S 1*0$%"#) %&+/%%)" $0#' 9;; ℄A "# *"&+/0]0#) /0 (#)*0%#)" "Z")%5" +0* /0 $-H(*&0)%(#-3,%50/"#)" #(# /(0/"8



 !  !"#$%&' () "*+&,"-' '% #&+#"-"%$+. /' 0$112&'1 !"#$!% &% '%&"()"**("#$%&'%((& )*+,℄ & ./&(#0#12 23&%2. (# &5 $671 839:(;0# 3./7(&3%5. 8&3 71# 0.2<9$# =/3&$%#12 %08(%%2#> ?( 839895# $&15 # &5 $# $.2#30%1#3 (& $%3#2%91 θi 933#5891$&12 = (6#1@$900&/#0#12 0&A%0&( #1 71 #32&%1 190:3# $# 89%125 573 $%B.3#125 3&C915 5%27.5 = $%52&1#
di #1 &'&12 $7 D3912 $# E5573#> F& $%3#2%91 $# 8398&/&2%91 $# (& E5573# #52 &(935 $.E1%# 900#(& 0.$%&1# $#5 &1/(#5 0&A%0&7A θi>

Lmax`JF[ 8973 $.2#30%1#3 (693%#12&2%91 $# (& E5573#>F# 83%1%8# /.1.3&( $# #5 $#7A %$.#5 #52 %% 83.5#12.H 57%'% $671# $#53%82%91 $# (6&(/93%2<0#72%(%5&12 #5 972%(5 8973 $.2#30%1#3 5% 71# E5573# $9%2 L23# %15.3.# $&15 (# 0&%((&/# $# (&5237273#> F#5 $.2&%(5 91#31&12 (6%08(&12&2%91 $# (& 523&2./%# 5912 #157%2# $911.5 $&15 (#58&32%#5 83..$&12 (& 0%5# #1 a7'3# $# (& 523&2./%#>



 !"! #$$%&'() $%&$&*+)  ! !"!" #$%'()$%*)$+, %$-./$0(1 23 41-$, 21 0%%3'1 !"#"%&"#$ %& '()&) *& +&(**&,) -.)'( %&/ 0,'(*/ %123 %(/-0$(4*&/ %.$/ *& 0%&  !"#6 *7.*80)('9+& %&%10,-& %1:&*0--1 -.) ;9(.),''($( &' .*< =!>℄
x

y

z

x

yz !"# G<H L C.(**.8& %7,$& *B:)& %& *. #//,)& %.$/ *. /'),',)& F3 8.,9&I &' +.(**.8& /,)A.(@,&.,E(*(.()& 0))&/-0$%.$' F3 %)0('&I'(#)*!+*"(#M& +.(**.8& .,E(*(.()& &/' '0,20,)/ 0$/'),(' /,) *. 4./& %7,$ A)0$'6 .--&*1 $%'"% ()*%#< ;&'.$(&$ A)0$' -&,' K')& ,$& *(8$& %)0('& 0, 0,)4&6 0, ,$& *(8$& A&)+1&< N* &/' %(:(/1 &$ /&8+&$'/.,E@,&*/ /0$' .//0(1/ %&/ -.$$&.,E )&'.$8,*.()&/< ;&/ -.$$&.,E 0$' '0,/ ,$& *0$8,&,) %&
Lmax @,( &/' *. '.(**& +.E(+.*& %& *71*1+&$' .,'0)(/1& -.) *7,'(*(/.'&,) -0,) %1)()& *& 9&+($%& #//,)&< M7(%1& &/' .*0)/ %& -0/('(0$$&) &/ -.$$&.,E ., -*,/ -)B/ %, -)09.($ ($)1+&$'%, 9&+($ %& #//,)& /,) *. %(/'.$& 0$/(%1)1&< O0,) &*.6 (* &/' $1&//.()& %& %(/-0/&) %7,$40$ )('B)& -&)+&''.$' %& %1'&)+($&) *7.$8*& %& )0'.'(0$ %& 9.,$ %& &/ -.$$&.,E .,'0,)%, /&8+&$' .//0(1 F:0() #8,)& G<PI<
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 !  !"#$%&' () "*+&,"-' '% #&+#"-"%$+. /' 0$112&'1" #$ %&'(# )# %*+%','-.+$/ 0# )#*$.#* 1*+$- 23+.* 4,5*# 67!879# 0.#5 ):#$)+;;',#;#$- ;'<.;'0 %#5- '0+*( =-*# *#%>*> %'* 0:'$,0# %+5* 0#?5#0 0# %*+)5.-('0'.*# #$-*# 0# ,*').#$- )# 0:#$)+;;',#;#$- #- 0# 3#-#5* +*-&+*').'0 +**#(%+$)'$- %'((#)5 %+(.-.1 '5 $>,'-.1 23+.* 4,5*# 67A87 B5.3'$- 5$# %*'-.?5# +5*'$-# )'$( 0' 0.-->*'-5*#/ #$%&'(# )# %*+%','-.+$/ 0' 1#$=-*# ):+C(#*3'-.+$ #(- *>)5.-# D 0' E+$# #$ '3'$- )5 1*+$- )# 4((5*#23+.* 4,5*# 67!87
ωp

s !"# 67F " G#%*>(#$-'-.+$ (&>;'-.?5# )# 0' +$#$-*'-.+$ )# 0:#$)+;;',#;#$- (5* 5$# %'*-.#):5$# >%*+53#--# D )+5C0# #$+&#

 !"# 67A " G#%*>(#$-'-.+$ )# ?5#0?5#( 3#-#5*( ,*').#$-( )# 0:#$)+;;',#;#$- 0.((> #- ):5$3#-#5* +*-&+*').'0H$ ).;#$(.+$ -*+.(/ 0# 1*+$- )# 0' 4((5*# $:#(- %05( 5$ %+.$-/ ;'.( .0 %#5- =-*# ;+)>0.(> %'*5$# (5#((.+$ +$-.$5# )# (#,;#$-(7 9# ;=;# %*.$.%# %#5- '0+*( =-*# '%%0.?5> #$ #I#-5'$-0' *#&#*&# )# &'$,#;#$- )# (.,$# )'$( )#( %0'$( +*-&+,+$'5< D #( (#,;#$-( +;;# .005(-*>4,5*# 67 7



 !"! #$$%&'() $%&$&*+)   
 !"# !"# $ %&'()*&+,-,./+ *1)2-,.34& 5& 6- 7&+8,(& 59),45& &+ '1-*& 5& '(/'-:-,./+ ; *&46*6&* '/.+,* &+ -<-+, 5& 6- =**4(& */+, /+*.5)()*

 !"# !" $ %&'()*&+,-,./+ *1)2-,.34& 5&* '6-+* 5& (&1&(1& -**/.)* -4> *&:2&+,* 594+ 7(/+,.+.,.-6 ?@ :-41&A &, 594+ 7(/+, 594+& =**4(& 5)B@ .+*)()& ?@ 5(/.,&AC9.+,)(8, &**&+,.&6 5& & (.,D(& &*, 349.6 '&(2&, 5& (&')(&( *.246,-+)2&+, 6&* 2->.2- 5-+*'64*.&4(* 5.(&,./+* -4,/4( 54 '/.+, /+*.5)()" E&,,& -(-,)(.*,.34& 6& (&+5 '64* '&(7/(2-+,34& 6&* (.,D(&* F-*)* *4( 5&* 2/G&++&* *4( ,/4,& 6- H/+& 59/F*&(<-,./+ 5-+* 5&4> ,G'&* 5&*.,4-,./+* &+ '-(,.46.&( ;$ &+ '1-*& 59-2/(I-:& '/4( 5),&(2.+&( 69/(.&+,-,./+ 54 '(&2.&( .+()2&+, 5& =**4(& J$ &, &+ -* 5& F(-+1&2&+, 5& 6- =**4(&" !""#$% &' )#*+ &,%-&.**#$%*%-/C9&K-.,) 5& & (.,D(& (&'/*& &**&+,.&66&2&+, *4( 6& 7-., 34& 6& 1-2' 59&+5/22-:&2&+,*/., *4K*-22&+, ():46.&(" L+ 2-+34& 5& ():46-(.,) '/4((-., &+,(-M+&( 6- *)6&,./+ 5& '64N*.&4(* 2->.2- 6/-4> @ 6- '6-& 594+ 2->.242 :6/F-6" E9&*, '/4(34/. 6& :(-5.&+, 54 1-2'59&+5/22-:&2&+, 4,.6.*) '/4( 5),&(2.+&( 6- 5.(&,./+ +9&*, '-* 6& :(-5.&+, 54 1-2' -646)'-( )6)2&+,* =+.* ωpO 34. +& *&(-., 34& /+*,-+, '-( )6)2&+, '/4( 4+ 1-2' 5& 5)'6-&2&+,*34-5(-,.34&O 2-.* 6& :(-5.&+, 594+ 1-2' 6.**) '64* ():46.&( ω∗p" P-+* 6& -5(& 5& &,,& ),45&O4+ ,&6 1-2' &*, 5)B@ 5.*'/+.F6& ; .6 *9-:., 5& &64. -646) 5-+* 6- '-(,.& Q"Q"R '-( 6.**-:& 6/-65& ,G'& SSQ" C9/F,&+,./+ 54 1-2' 5& :(-5.&+, /((&*'/+5-+, &*, -6/(* '&4 /T,&4*& &, '-**&'-( 6- 5)(.<-,./+ 5&* 7/+,./+* '/6G+�2.-6&* 4,.6.*)&* '/4( 6& -646 54 1-2' 59&+5/22-:&N2&+, 6.**)"



 !!  !"#$%&' () "*+&,"-' '% #&+#"-"%$+. /' 0$112&'1"##$%&'()% + ,#$# -($' $) -'(.#/0+ 1+ 120+)%2() &'(2% ,3+ $)+ 2)&+'-(#,&2() 4$,1',5&24$+ 1+% 16-#,+0+)&%7 8,)% + ,%9 #:2)&+'-(#,&2() $&2#2%6+ -($' #+ ;,0- 1:+)1(00,<+0+)&#2%%6 ω∗p +%& 6<,#+0+)& 4$,1',&24$+9 ,#('% 4$+ #+ ;,0- 1:+)1(00,<+0+)& ,#$#6 ωp +%&9#$29 1$ 0=0+ ('1'+ 4$+ #+ <',12+)& 1+% 16-#,+0+)&%9 ,$&'+0+)& 12& #2)6,2'+7 >('% 1+ #:6&,-+1:+%&20,&2() 1:+''+$' 16'2&+ 1,)% #, -,'&2+ ?7?7@9 $)+ ,--'(A20,&2() <#(.,#+ 1$ ;,0- 1:+)51(00,<+0+)& , 6&6 ()%&'$2&+ <'B+ ,$ ,#$# 1+ 3,#+$'% )(1,#+%9 (.&+)$+% -,' ,--'(A20,&2()#(,#+ -,' #, 06&;(1+ 1+% 0(2)1'+% ,''6% 1$ ;,0- 1:+)1(00,<+0+)& %$' 1+% -,&;%7 C$';,4$+ -,&; 1:6#60+)&% ,$&($' 1:$) )D$1 +)&',#9 #+ ;,0- ωp , +) +E+& 6&6 ,--'(A206 -,'$)+ F()&2() -(#G)�02,#+9 22 I
ω̃p = a0 + a1x+ a2y + a3z + a4xy + a5xz + a6yz + a7x

2 + a8y
2 + a9z

2 JK7LM+ 4$2 -+$& +)('+ %:6'2'+ I
ω̃p(M) = P(M) · a JK7@M(N P(M) +%& #+ 3+&+$' ()&+),)& #+% &+'0+% -(#G)(02,$A ,--'(-'26% +& a +%& #+ 3+&+$' 1+%(+O2+)&% (''+%-()1,)&%7 P($' 16&+'02)+' +% (+O2+)&%9 $)+ 06&;(1+ 1+% 0(2)1'+% ,''6%(N #+% -(2)&% 1:6;,)&2##()),<+ %()& #+% -(2)&% 1:6;,)&2##()),<+ (-&20,$A , 6&6 $&2#2%6+9 +4$2 %:+%& ',0+)6 Q #, 02)202%,&2() 1+ #, 4$,)&2&6 I

F (a) =
m
∑

I=1

(

ωp(xI)−P(xR
I ) · a

)2 JK7RM(N m 16%2<)+ #+ )(0.'+ 1+ -(2)&% 1+ %$-+'()3+'<+)+ 1,)% #+ -,&;9 xI '+-'6%+)&+ #+$'%(('1())6+% +& xR
I #+$'% (('1())6+% '61$2&+% 16S)2+% -,' ',--('& ,$ )D$1 +)&',# 1$ -,&;1+ (('1())6+% xnc -,' I

xR
I =

xI − xnc

max1≤J≤m (‖ xJ − xnc ‖)
JK7TM>+% (+O2+)&% 1+ a ()& 1() 6&6 ,#$#6% 1,)% #, -,'&2+ ?7?7@ +) '6%(#3,)& #+ %G%&/0+ I

m
∑

I=1

PT (xR
I )⊗P(xR

I )a =

m
∑

i=1

ωp(xI)P
T (xR

I ) JK7UM%(2& I
a = A−1 · b JK7VM(N A =

m
∑

i=1

PT (xR
I )⊗P(xR

I ) +& b =

m
∑

i=1

ωp(xI)P
T (xR

I ) JK7 !M>:,--'(A20,&2() <#(.,#+ 1$ ;,0- 1:+)1(00,<+0+)& ω∗p $&2#2%,)& 1+% F()&2()% 1:2)&+'-(5#,&2() 4$,1',&24$+% , ,#('% 6&6 ()%&'$2&+ +) 63,#$,)& +% ,--'(A20,&2()% ,$A )D$1% +& +)-'+),)& #, 0(G+))+ -($' #+% )D$1% 02#2+$A ($ %$' #, F'()&2/'+ ,--,'&+),)& Q -#$%2+$'% -,&;%7>+% 3,#+$'% )(1,#+% (.&+)$+% ()& 6&6 %&(W6+% 1,)% $) 3+&+$' <#(.,# ω̃∗p ($ 1,)% $) 3+&+$'#(,# ω̃∗p|E %-62S4$+ Q ;,4$+ 6#60+)&7 X2)%29 #, 3,#+$' 1$ ;,0- 1:+)1(00,<+0+)& #2%%6 ω∗p+) $) -(2)& M 1:$) 6#60+)& ΩE %:(.&2+)& -,' %20-#+ -'(1$2& %,#,2'+ +) $&2#2%,)& #+% 0=0+%F()&2()% 1+ F('0+ N∗ 4$+ -($' #+% 16-#,+0+)&% I
ω∗p(M) = N∗(M) · ω̃∗p|E JK7  M



 !"! #$$%&'() $%&$&*+)  ! "#$ %&'()$ *'+,' -*./ (01)+,'*$2 () #$' 1%$$(3)# -4%3'#,(52 1%&5 &, %7' -# +)&) $&11)*80#,'+(5# 0(,(0+)2 &,# 3%,,# +115%9(0+'(%, -& :5+-(#,' -& ;+01 -4#,-%00+:#0#,'< =,#>#'2 )#$ %#?(#,'$ a *'+,' -*./ +)&)*$2 )+ @%,'(%, 1%)A,�0(+)# ω̃p #$' 1+5@+('#0#,' -*8C,(# $&5 )# 1+'; %,$(-*5*< D) $&?' +)%5$ -# -*5(E#5 #''# @%,'(%, 1%)A,�0(+)# -& $#%,--#:5* 1%&5 %3'#,(5 &,# +115%9(0+'(%, )%+)# ∇ω̃p2 )(,*+(5# $&5 )# 1+';2 -& ;+01 :5+-(#,' -#)4#,-%00+:#0#,' ∇ωp2 F&( #$' )&( %,$'+,' 1+5 *)*0#,' G
∇ω̃p =





a1 + a4y + a5z + 2a7x
a2 + a4x+ a6z + 2a8y
a3 + a5x+ a6y + 2a9z



 %& ∇ω̃p(M) = ∇P(M) · a HI< JKL%&5 %,$'5&(5# &,# +115%9(0+'(%, :)%3+)# )(,*+(5# 1+5 *)*0#,' -& :5+-(#,' -# )4#,-%080+:#0#,'2 -#&9 %1'(%,$ $%,' +)%5$ #,E($+:#+3)#$<M N%(' %, -*5(E# )#$ @%,'(%,$ -# @%50# #' %, &'()($# )+ E+)#&5 -& ;+01 -4#,-%00+:#0#,')($$* +&9 ,O&-$< P+ E+)#&5 -& :5+-(#,' -4#,-%00+:#0#,' #, &, 1%(,' M -4&, *)*0#,'
ΩE 1%&55+(' +)%5$ Q'5# +115%;*# 1+5 G

∇ω∗p = ∇N∗(M) ·
(

ω̃∗p|E

) HI< IKM N%(' %, *E+)&# )+ -*5(E*# -# )4+115%9(0+'(%, -& :5+-(#,' ∇ω̃p #, ;+F&# ,O&- $%00#'<R, -*-&(' )+ E+)#&5 -& ;+01 :5+-(#,' +&9 ,O&-$ 0()(#&9 1+5 (,'#51%)+'(%, )(,*+(5# -#$E+)#&5$ +&9 ,O&-$ #9'5*0('*$ -& $#:0#,'< L&($ %, $'%S# #$ E+)#&5$ ,%-+)#$ -+,$ &,E#'#&5 :)%3+) ∇ω̃∗p %& -+,$ &, E#'#&5 )%+) ∇ω̃∗p|E $1*(CF&# / ;+F&# *)*0#,'< =,C,%, &'()($# -(5#'#0#,' )#$ @%,'(%,$ -# @%50# F&+-5+'(F&#$ N∗ H3(#, F&# )4+115%9(0+'(%,$%(' )(,*+(5# 1+5 *)*0#,'K 1%&5 *E+)&#5 )# :5+-(#,' -# )4#,-%00+:#0#,' )($$* G
∇ω∗p = N∗(M) ·

(

∇ω̃∗p|E





` K A& 1*+&'')' %4$,'&*-$+, 15**&B5$335M& &'- 53+*' &,3&,8.7 ')$/$ %4), -*5,'9&*- %& 85B1 5(, %& 1+)/+$* *&1*&,%*& 3& 53)35) 1*+85$, 15' %& -&B1' I.-51& X7 15*-$&' JKUKJ D JKUK[LK
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 !"# #$ % & '()*+,(-./.01- 2(, 203+*(-.(, 41-(, 250-67(-( 9 /7.17* 257-( :,,7*( 2+;< /=1*+(< >/7?( (. 25/7 =10-, 7- )10-. /@/-. /..(0-. A5(-21==/>(=(-. *0.0B7( ωcrit < 2*10.(17 2( =/-0C*( +B70D/A(-.(E 27 D1A7=( < )*(-2*( (- 1=).($ FA G/7. B7( A/ 41-( (-21==/>+(1**(,)1-2/-.( ,10. ,7H,/==(-. )(.0.( )17* *(,.(* )*1?( 27 G*1-.E =/0, ,7H,/==(-. +.(-I27( )17* J.*( *()*+,(-./.0D($ K- )/*.07A0(*E (- 20=(-,01- .*10,E 0A G/7. )17D10* @ 2+:-0* 7-/L( 2+,0>-/-. A51*0(-./.01- )*0D0A+>0+( 257- G*1-. 0-0.0/A 0-0.0/A$M( ?10L /21).+ )17* (..( +.72( (,. 2( /A7A(* A( N/*@(-.*( A1*,B7( A( */))1*. (-.*( A/./0AA( 2( A/ 41-( Ωcrit O1P A5(-21==/>(=(-. / 2+)/,,+ A/ D/A(7* *0.0B7( ωcritQ (. A/ ./0AA( 2(A/ 41-( 25/=1*R/>( Ωmin O2+.(*=0-+( )/* ωminQ / /..(0-. 7- ,(70A 21--+ ηcrit 9
mes (Ωcrit)

mes (Ωmin)
= ηcrit O#$ SQT(7A, A(, )10-., 2/-, Ωcrit ,1-. )*0, (- 1=).($ U17, (, )10-., 1**(,)1-2/-. < 7- (-21==/I>(=(-. .*C, )*1?( 2(  E ,(7A A( D1A7=( /,,10+ < ?/7- 2(, -V72, 0-.(*D0(-. 2/-, A( /A7A27 N/*@(-.*( 9

xI =

∑

k V (k)xk
∑

k V (k)
O#$ "Q1P xk 2+,0>-( A/ )1,0.01- 27 -V72 21-. A5(-21==/>(=(-. / 2+)/,,+ A/ D/A(7* *0.0B7( ωcrit(. V (k) A( D1A7=( /,,10+$M( ?10L 27 ,(70A ηcrit (,. )17* A( =1=(-. :L+ 2( =/-0C*( /*N0.*/0*( 2( ,1*.( < 1N.(-0*2(, *+,7A./., 1).0=/7L$ M/ *(?(*?( 257- =(0AA(7* *0.C*( )17* 2+.(*=0-(* A( =1=(-. 1P A(N/*@(-.*( 210. J.*( /A7A+ (,. ,/-, 217.( A/ )*(=0C*( )0,.( )1,,0NA( )17* *(-2*( A/ ,.*/.+>0()A7, *1N7,.($
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ωp ≥ ωcritI (# 5&') %*$ <)+# %+'$# #( &7%)#?
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℄



 !"  !"#$%&' () "*+&,"-' '% #&+#"-"%$+. /' 0$112&'1
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Amorçage et propagation de fissures dans les milieux ductiles non locaux

Résumé : Cette étude s’inscrit dans le domaine de la conception et du dimensionnement de struc-

tures industrielles. Elle consiste à proposer une méthodologie permettant de simuler l’endommage-

ment ductile de structures métalliques, suivi de l’amorçage et de la propagation de fissures. La dé-

marche s’organise en trois temps.

La première étape consiste à pouvoir décrire correctement l’évolution de l’endommagement jus-

qu’à l’amorçage de la fissure, par un modèle continu. Or, l’utilisation de modèles de comportement

ductiles endommageables classiques avec la méthode des éléments finis conduit à de nombreux

problèmes, tels que la dépendance pathologique à la finesse et à l’orientation du maillage ou le ver-

rouillage volumique. Une nouvelle formulation mixte non locale à quatre champs est proposée dans le

cadre des petites perturbations afin de surmonter ces problèmes.

L’étape suivante vise à améliorer la qualité du calcul. Pour cela, une procédure d’adaptivité de

maillage reposant sur un indicateur d’erreur est mise en place afin de permettre d’atteindre le niveau

de qualité désiré par l’utilisateur, tout en minimisant les coûts de calculs. Associée au lissage des

champs aux anciens points de Gauss avant projection directe aux nouveaux points de Gauss et à

l’ajout de viscosité dans le modèle, elle permet de reprendre les calculs sur le nouveau maillage plus

adapté après quelques divisions du pas de temps.

Enfin, une fois toute la phase d’endommagement décrite avec précision, la dernière partie est

consacrée au développement d’une stratégie d’amorçage et de propagation de fissure utilisant l’adap-

tation de maillage. Pour cela, le chemin de fissure est représenté par un maillage auxiliaire dont le

front est le plus régulier possible. Pour déterminer l’orientation de cette discrétisation, un critère repo-

sant sur le gradient de l’endommagement lissé est formulé. Cette stratégie est mise en œuvre sur un

cas test académique en dimensions deux et trois.

Par la suite, il serait intéressant de pouvoir appliquer cette méthodologie avec des modèles plus

réalistes faisant intervenir le taux de triaxialité, et ce en grandes déformations.

Mots clés : Endommagement ductile, formulation mixte non locale, adaptation de maillage automa-

tique, insertion de fissure.

Crack initiation and propagation in nonlocal ductile media

Abstract: Within the framework of industrial structures design, a novel methodology is presented

which allows to model ductile damage evolution followed by crack initiation and propagation. This

study is divided into three parts.

First, damage evolution should be properly described with a continuous model up to the onset

of fracture. However, solving finite element problems involving elasto-plasticity coupled with damage

softening faces two major difficulties: mesh dependence and volumetric locking. In this work, a four-

field mixed nonlocal formulation is proposed in order to solve simultaneously both problems within the

small strain framework.

Then, accuracy is improved and computational costs are minimized thanks to a mesh adaptivity

procedure based on an error indicator. The strategy combines a direct transfer of the smoothed fields

at the old Gauss points to the new ones with a viscous model, so that computation can continue on

the adapted mesh after reducing the time step.

Finally, once the first stage of damage evolution is described accurately, a new strategy using

remeshing techniques is proposed for crack initiation and propagation. The crack path is represented

by an auxiliary mesh with a regular crack tip. The discontinuity is oriented according to a criterion

depending on the gradient of the smoothed damage field. A numerical application is presented on a

double notched specimen both in 2D and in 3D.

Future work should focus on applying this methodology to more realistic models involving stress

triaxiality within the finite strain framework.

Keywords: Ductile damage, mixed nonlocal formulation, automatic mesh adaptivity, crack initiation

and propagation.


