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To My Parents

”Depth must be hidden.
Where?
On the surface.”

-János Arany
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I

Abstract

In this thesis we establish some strong asymptotic links between two major classes of stochastic
volatility models, when those refer to the same derivative market. On one hand we consider a
generic version of stochastic instantaneous volatility (SInsV) model, with an SDE system de-
fined formally as an adapted Wiener chaos, and whose state variables are left unspecified. On
the other hand we exploit a sliding stochastic implied volatility (SImpV) class, which is another
market model describing explicitly the joint dynamics of an underlying and of the associated
European option surface.

Each of these connections is achieved by layer, between a group of coefficients defining the SInsV
model, and a differential set of the functionals specifying the shape and dynamics of the implied
volatility surface. The asymptotic approach leads to these cross-differentials being taken at the
zero-expiry, At-The-Money point, and relate the depth of the SinsV chaos to the order of the
SImpV differentiation. We progress from a simple single-underlying and bi-dimensional setup,
first to a multi-dimensional configuration, and then to a term-structure framework. In so doing,
we expose the structural constraints imposed on each model, as well as the natural asymmetry
between the direct problem (transferring information from the SInsV to the SImpV class) and
the inverse one.

We show that this ACE methodology (which stands for Asymptotic Chaos Expansion) is a pow-
erful tool for model design and analysis. Focusing on local volatility models and their extensions,
we compare its output with the literature and thereby exhibit a systematic bias in some popular
heuristics. To illustrate the multi-dimensional context we focus on stochastic-weights baskets,
for which ACE easily provides some intuitive results, underlining their embedded inductive fea-
tures. In the interest rates environment, we derive the first layer of smile descriptors for caplets,
swaptions and bond options, within both a SV-HJM and a SV-LMM framework.

Also, we prove that ACE can be automated for generic models and at any order, without re-
sorting to symbolic calculus. The interest of such algorithmics is demonstrated by computing
manually the second and third layers of smile differentials, in a generic bi-dimensional SInsV
model. In that spirit we expose and advocate the considerable applicative potential of ACE for
calibration, pricing, hedging or relative value purposes, which we illustrate with some numerical
tests on the CEV-SABR model.
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Introduction

I Motivation

The present study initially stemmed from a general interest in incomplete markets, which then
shifted more specifically to the issue of unobservable and/or unrepresented state variables and
dynamics, before settling on the more general notion of model risk. Also, underlying the obvious
academic potential was a more practical focus on how the calibration and the hedging algorithms
should be managed and coordinated, in order to mitigate that model risk.
Our first attempts were exploiting discrete models (essentially trees) which are fine to build up
intuition on a few steps but tend to lose their appeal on longer horizons. We then turned to
the concepts of dynamic utility and of convex risk measures. The latter appeared promising
as it structurally incorporated model uncertainty and also generated bid-ask spreads. But if
the static calibration issue could be reasonably tackled, the dynamic hedging seemed elusive at
best. At that point it became apparent that a central feature of this financial problem was the
existence of a liquid European options market. The latter is represented through an implied
volatility surface but is equivalent to the specification of the underlying’s marginal distributions
(see [BL78]). Focusing therefore on the joint dynamics of the underlying and of that smile,
we decided to consider models incorporating some form of stochastic volatility. Indeed the
latter is by itself a legitimate source of model ambiguity, allowing to distinguishing (artificially)
the endogenous driver of the underlying from the exogenous driver which is specific to the
smile. These choices allowed us not only to define a clear mathematical perimeter for market
incompleteness, permitting in particular to restrict the scope to continuous processes, but also
to provide a natural environment in which to express both the calibration and the hedging
procedures. This is because the vanilla options must clearly be included in the calibration set,
and ideally should be included in the hedging set as well.
The problem could then be reformulated into three more explicit questions. First, how to
fit at least the static shape (and if possible the dynamics) of the implied volatility surface
with an instantaneous volatility model. Second, how to use the corresponding vanilla options
to dynamically hedge a contingent claim, absorbing not only the vega but also the model risk.
Third and conversely, how to extract information about the underlying dynamics from the shape
and dynamics of the smile, information which can then be used for other trading activities than
pure hedging, such as arbitrage strategies. Clearly we had to split the problem in two symmetric
issues : the direct problem consisting in navigating from the underlying’s dynamics to the shape
and dynamics of the smile, and the inverse problem corresponding to the opposite journey.
It seems pertinent to justify the exclusion a priori of discontinuous processes (jump-diffusions,
Levys) despite the substantial evidence supporting their presence in the market. The first
argument is mathematical : our method relies on the assumption that the smile-related processes
admit a finite limit a.s. for asymptotically short expiries. Although this condition is quite strong,
relaxing it would require a workload disproportionate with its payoff, under our chosen angle.
The second justification for excluding jumps is more financial : these cannot be hedged in the
general case. Indeed, usually the probability of jump can be replicated, but not the jump itself.
Since our approach is heavily motivated by improving the hedge strategies, it would seem rather
inconsistent to select a framework that guarantees a tracking error.

1
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II State of the art

One of the characteristics of the present approach that has the most enabled innovation is simply
its positioning. In effect we find ourselves at the intersection of two mathematical domains : on
one hand a set of market model classes, and on the other hand the asymptotic family of analysis
and approximation methods. Indeed, on the modeling side, we wish to exploit and connect
several classes that are capable of describing the afore-mentioned complex joint dynamics. As
discussed before, we restrict ourselves to (continuous) Itô processes and therefore to those classes
exhibiting some form of stochastic volatility. However our ultimate focus is applicative so that
we want these joint dynamics or connections to be explicit. In that respect we are disposed to
accept approximations, as long as the error is known and if possible controllable. Also, we put
a strong emphasis on genericity, both in terms of model coverage and of precision order.

Stochastic volatility market models

The stochastic volatility (SV) modeling framework regroups in fact several very distinct classes.
By far the best-known and most widely used family is of course the stochastic instantaneous
volatility (SInsV) category. In all generality we will include in that class the local volatility (a.k.a.
Dupire) class, so that the reader is referred to seminal works such as [Dup93], [SS91], [HW87],
[Hes93], [HKLW02] or [ABR01], among many others. It is worth noting that most practical
SInsV models (e.g. Heston or SABR) are expressed with a pair of state variables driven by a
bi-dimensional Wiener process. Indeed some rich dynamics can be generated with only a scalar
endogenous driver for the underlying, and another scalar exogenous driver for its volatility. Since
the endogenous driver can be shared by both processes, it is possible to correlate those. More
recently a new breed of market models has emerged, which takes the marginals of the underlying
as model observable input, and then specifies their dynamics. Alternatively, the input process
can be taken as some functional of these marginals, or as the equivalent (Dupire) local volatility.
The term of market model denotes here that this multi-dimensional process is represented (or
parameterised) directly via market observables, such as the implied volatility surface or the term
structure of variance swaps. This approach is analog to the HJM methodology for interest rates
(see [HJM92]) which incorporates the yield curve as a state variable, instead of modeling the
(instantaneous) short rate. We will assume the reader to be familiar with the SInsV framework
and therefore will devote some time to the description of the other market models.

Let us first discuss the Stochastic Implied Volatility (SImpV) models. Their shared concept is
to take as input the shape of the implied volatility, associated to a single underlying, and then
to model the dynamics of that map. Variations on this very general theme include the choice of
the driver dimension (which can be infinite), of the Markovian state variables (if any) or of the
coordinates (the moneyness). However any SImpV model is subjected to a pair of constraint
fields, the first on its static and the second on its dynamic specification.
The static constraint forces all implied marginal distributions, deduced from the price surface by
strike-differentiation, to be individually and collectively valid. Indeed they must be compatible
with some martingale diffusion for the underlying, which imposes both intra- and inter-maturity
conditions. First each marginal must define an acceptable probability measure by itself, which
translates for the implied volatility (IV) into a complex non-linear second-order PDE, rendering
difficult the characterisation of non-arbitrable IV surfaces. Then marginals of a diffusion process
for different maturities must also be compatible with one another, which in particular places
some bounds on the maturity-differentials of the smile.
The dynamic constraint stems from the fact that European options are assets, and that the
smile determines uniquely (through Black’s formula for instance) their rebased price process.
Hence the latter must be martingale under the numeraire measure. As we will see in section 1.2,
this dynamic condition manifests itself as another complex stochastic PDE linking the smile’s
shape to its dynamic coefficients.



CONTENTS 3

Overall this SImpV class has not yet had much success with practitioners, at least as a legitimate
modeling tool, essentially because of the difficulty to satisfy both these arbitrage constraints.
It remains however a rich and interesting framework with much left to offer, and the present
study shows that it can be used with success at least for analysis. In terms of bibliography, we
point the reader first towards [CdF02] and [CdFD02] for a statistical analysis of smile deforma-
tion modes, which justifies and provides some basis to the risk-neutral modeling concept. Then
we must quote [Lyo97], [Sch99] and [BGKW01], then [Bab01], [LSCY02] and [Dav04] as some
of the first studies formalising the SImpV framework and the associated dynamic no-arbitrage
restrictions. Some more technical issues of existence for such complete models (depending on
the choice of measure and filtration) or for the solution of the specified SDE system are tackled
in [Wis07], [SW08b], [SW08a] and [JP10]. Note that certain of these papers also introduce the
notions of forward implied volatility and local implied volatility while generalise the framework
significantly. Also, on the subject of market completeness issues it is worth consulting [DO08].
As for implementation, we suggest [Bal02], [Rou07] and [RT10] for simple and practical con-
siderations on the concept of a dynamic smile model, and then [Haf04], [HS05] and [Fen05] for
more involved instances. We also single out [Zil06] for an interesting way of constructing an
arbitrage-free SImpV model. The SImpV class will be discussed again in section 1.1.3.2 [p.25]
under a different angle, leaving us now to present the next market model.

Another new but very promising class is formed by Stochastic Local Volatility (SLocV) models.
This approach has been pioneered in [DK98] and developed in [AN04a] and [AN04b], but one
of the most complete investigations can be found in [CN08] and [CN09]. Simply put, these
models specify the (possibly exogenous) stochastic evolution of a local volatility surface. At any
given time, its current snapshot is a bi-dimensional function, and taken as the onward diffusion
coefficient for some shadow underlying. In turn, these virtual dynamics uniquely define a vanilla
price surface. As befitted by intuition, this framework is in principle equivalent to a SImpV
model. In practice however it differs in two respects. First and on the upside, the static validity
constraints are much simpler to express, to implement and to verify dynamically. Indeed they
amount to the positivity of the local variance function. Second, on the downside and in the
general case, both the statics and dynamics of the vanilla price surface must a priori now be ob-
tained numerically. The former can typically be achieved by solving a bi-dimensional parabolic
PDE, often through a finite differences (FD) scheme.
Note that this class is not to be confused with so-called Local Stochastic Volatility models (LSV),
which belong to the instantaneous volatility (SInsV) category. Indeed they combine both local
(usually non-parametric) and stochastic volatility in their dynamics, with the first component
specified exogenously, while the second is set numerically in order to fine tune the static cali-
bration (see [RMQ07] for instance).

The last stochastic volatility market model class that we shall mention is concerned with spec-
ifying variance swaps dynamics. Those stochastic variance swaps (SVarS) models are covered
(among others) in [Pot04], in the series [Ber04, Ber05, Ber08, Ber09] and in [Buh06a, Buh06b].
In the case of the continuous payoff definition, a (structurally path-dependent) variance swap is
in fact equivalent to a log-contract European option. Assuming a maturity continuum of such
products, still in the fashion of HJM, it is then possible to specify dynamics for that unidi-
mensional map. Since each marginal is thereby summarised via the log functional, hence losing
some of the information relative to the underlying process, it would seem intuitive to assume this
model class to be a poorer framework than its SImpV or SlocV counterparts. In particular, as it
does not provide any explicit control on the shape (and even less on the dynamics) of the smile.
In fact, in terms of attainable dynamics the model hierarchy is not necessarily what it seems.
mainly because, providing enough regularity, most market models can be made to establish a
bijection with the SInsV class. In the present study we will only present an asymptotic connec-
tion between the latter and the SImpV framework, but some of our associated work on SLocV
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models (edited in the current version) suggests that the same principles apply throughout the
afore-mentioned market models. However it must be noted that this equivalence argument is
conceptual rather than practical : the link with the SInsV class is essentially formal. It suffices
to consider for instance the matters of compatibility between model-specific filtrations, or of
transferring Markovian state variables between model classes. These are indeed crucial model-
ing aspects for numericians and practitioners alike, but are certainly not trivial issues, and to
our knowledge have not been covered comprehensively in the literature.

Overall, there does not seem to be a clear dominance among these stochastic volatility market
classes. Each of them focuses on a specific feature of the state variable process, and/or on a
given product class. Each of them is adapted to a certain modeling concern, and therefore comes
with its pros and cons. For instance SVarS models are the most efficient, economical and sparse
way of modeling the term-structure of log-contracts, but would be an a priori awkward choice
for anything else. Similarly, SLocV models are the easiest (from a validity perspective) but also
the most numerically-intensive way of modeling the shape and dynamics of the smile.
Although these market model classes do allow complex joint dynamics between the underly-
ing and the European options (or equivalently the marginals) they do not usually provide that
information in a fashion which is simultaneously exact, inherently non-arbitrable, explicit and
practical. However if we are to calibrate (statically and/or dynamically) such a rich model, then
price and hedge some contingent claim using the underlying and/or the vanillas, we do need the
joint dynamics to be provided with these four properties. For instance, it is well-known that
the list of SinsV models that provide the smile in closed or semi-closed form is very limited. Ar-
guably, the richest workable instances in that class belong to the affine processes family, such as
Heston’s model (see [Hes93]). Conversely, with stochastic implied volatility models it is difficult
to specify complex dynamics for the underlying while guaranteeing no arbitrage, both statically
and dynamically.

Practical usability and lack of arbitrage opportunity being foremost in our view, we are there-
fore looking a priori for some approximation of the link between the underlying’s dynamics and
the term structure of European options. We require however the precision of that proxy to be
known, and if possible controllable. Put another way, we will accept some partial connection
either way. Several published methods fit part of this mandate, but they usually concern them-
selves with restricted model classes. More generally, they tend to lack the degree of genericity
that we expect, with regard to the modeling framework and to the attainable precision. It is
nonetheless interesting to cover them briefly : not solely as part of the necessary review process,
but also (as we shall discuss later) because our approach can be made to complement those
methods, rather than purely compete with them.
As a demonstrative example, let us mention first the popular Markovian projection technique
(MPT) as described in [Pit05b] and [Pit07]. Although efficient within its mandate, this approach
is limited to finding equivalent time-homogeneous models via efficient parameters. Also, it pro-
vides results not only with a fixed precision, but also according to a criteria which is also quite
rigid. Hence the MPT does not seem to match our demands, as its stands. However and as will
be discussed in Chapter 4, heavy locality and in particular non-stationarity of the underlying’s
dynamics tend to degrade the performance of our approach. Therefore it seems very tempting
to pre-process such inhomogeneous models through the MPT first, before applying a method,
such as the present, that benefits from stationarity.

Among the other available types of approximations susceptible to better fulfill our requirements,
the rich arsenal of asymptotic methods seems to provide the most promising leads (if not the only
realistic alternative). Let us now cover briefly this domain, focusing on financial applications
and filtering these methods w.r.t. our concerns for genericity, applicability and smile dynamics.
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Asymptotic methods

In simple terms, within the general context of European option pricing under given SV underly-
ing dynamics, these methods essentially exploit a deviation from some kind of central reference.
The latter can be a model, a marginal distribution or a pricing formula, and we call it the
baseline. It will usually refer to a normal or a lognormal process, but it can potentially be more
complex (as with Heston for instance).
The majority of these techniques exploit some form of perturbation method, invoking concepts
such as heat kernel expansions, singular perturbations5 or WKB expansions. Most will follow
an analytical approach, the majority working with the backward (Feynamn-Kac) PDE and the
infinitesimal generator of the diffusion, and a few with the forward (Fokker-Planck) formulation
and/or the local time. Alternatively, a few approaches are very probabilistic in nature : they
can focus for instance on the transition probability or on the SDE itself, using techniques related
to Wiener chaos expansions or to Malliavin calculus.
First up, singular perturbation techniques have proven efficient in mathematics, physics or me-
chanics. They are especially standard in fluid dynamics, where the parabolic nature of the
problems presents a strong analogy with mathematical finance. Applied to solve a given pricing
PDE, their general principle is to scale the coefficient of the highest-order differential by an ǫ
factor. Then the solution is identified term-by-term as an ǫ-expansion, which frequently invokes
the WKB method. The singular aspect denotes that setting ǫ at zero changes fundamentally
the nature of the equation : as opposed to regular perturbations, the solution to the limit PDE
is then a priori not the first-order term of the expansion. In a mathematical finance context,
the coefficient of the highest order term (i.e. second order in space) is usually some form of
volatility, which explains why it will usually degenerate at the boundary.
The heat kernel expansion (HKE) approach presents some similarities. It has arguably been
introduced in finance by [Les02] but this mathematical technique is well established and its
application fields are numerous. It consists in a geometric (geodesic) method exploiting the
natural Riemannian metric, is again strongly linked to WKB expansions and can be applied
in either a probabilistic or an analytic setting. The former approach often focus on the transi-
tion probability and tends to be more tolerant of the volatility’s boundary behaviour. Whereas
the latter (PDE) approach is considered more practical (from a computational perspective) for
higher-order extensions.
Most probabilistic methods will start by a scaling of each SDE coefficient by some power of ǫ.
Then it is usually the sensitivity of the scaled process’ marginals (or of some functional (payoff)
of these densities) w.r.t. that parameter which is computed. The output naturally takes the form
of an ǫ power series, centered around the solution provided by the baseline process (ǫ = 0). But
the interpretation and the properties of that series are quite different from the analytical case.
The computations themselves can involve a range of sophisticated and related techniques, whose
coverage falls outside the scope of the present document. These include Malliavin-Watanabe
and Watanabe-Yoshida calculus, Kusuoka-Stroock asymptotic expansion theory, or on a differ-
ent tack the Freidlin-Wentzell theory of large deviations.
Of course the method employed presents a degree of coupling with the class of models on which
it can be applied, and both influence the type and quality of the results that can be obtained.
Given our specific intention to link various market models, we note that asymptotic methods in
finance focus almost exclusively on the SInsV class. Also, they tend to provide their approxi-
mations for the smile shape only, ignoring its volatility structure6.The literature in that domain
is very rich, and difficult to synthetise as each will present a certain combination of method,
model and results. Hence the following list does not claim to be exhaustive but instead (we
hope) representative.

5Regular perturbations can be combined (as in [FPS00a]) but are very rarely found on their own with practical
SInsV models, whose volatility coefficient is usually degenerate at the boundary.

6However [HKLW02] for instance provides a useful analysis of the first-order smile dynamics through the static
formulation.
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Let us focus first on the simplest pure local volatility (LV) model class. In that framework
[BBF02] constitutes an essential reference, as it gathers most of the (rare) exact and closed-form
results produced by asymptotic methods for that class. By transferring Dupire’s formula to the
lognormal implied volatility (LNIV), one obtains a classic PDE which is naturally parabolic, but
also degenerate and quasilinear. However by limiting the argument to the immediate domain
(i.e. zero expiry) an exact closed form expression for the LNIV is reached, as the harmonic mean
of the local volatility. Interestingly this result can be linked to the theory of large deviations
(see [Var08] for instance) and to the Riemannian metric (mentioned earlier) corresponding to
the inverse of the LV diffusion coefficient. In particular the well-known zero-expiry convergence
of the ATM implied volatility, to the current value of the local volatility coefficient, can be es-
tablished this way. Also, using the same starting point but after more involved analytical work
comes an exact formula for the implied variance at extreme strikes (i.e. infinite log-moneyness),
as the time-integral of the local variance taken a that same limit.
Among other classic results we should cite [HW99], where ad hoc singular perturbations methods
are employed to provide proxies for the call price and the LNIV. Note that the model is defined
with separable arguments for the time-inhomogeneous volatility, and the expansion is provided
up to the fourth order. Although this approach misses the genericity that we expect, it is rou-
tinely used by practitioners which shows that - with reasonably well-behaved local volatilities -
this level of precision is often sufficient for applications.
In [BGM08] as well as in [BGM09a] (within a more general setting incorporating stochastic
rates) it is a more general probabilistic approach which is taken. Although the volatility is as
usual proportionally scaled by ǫ, the latter serves there to define the underlying as a parametric
process. Hence following [KUN90] the corresponding tangent (or first variation) process of the
stochastic flow can be defined. Then the ǫ-differential of the European price is expressed from
its (closed-form) greeks under the simple, first-order baseline model, which is proposed either as
normal or as lognormal. The expansion is provided up to third order, but although the proce-
dure is described for higher levels via Malliavin calculus, it does not seem easily implementable.
We note that a rigorous bound on the expansion error is obtained, and also that the considered
European payoff is generic . Also the method can potentially be extended to other model classes,
seen as deviations of the lognormal baseline, and has been applied to the time-inhomogeneous
Heston’s model in [BGM09b].
In [GHL+10], in the case of a time-inhomogeneous LV model and following several HKE ap-
proaches, approximations formulae for the implied volatility are provided at the first and second
order in time-to-maturity. A general pattern for extending to higher-order is given, but it im-
poses limitations on the model, while its implementation does not seem straightforward (it would
rely on a full-blown formal calculus engine). Finally, another interest of this study is that it
provides a useful panorama of the various HKE methods.

Turning now to stochastic instantaneous volatility classes we first evoke the classic [BBF04],
which gives an ambitious and rigorous PDE characterisation of the LNIV, within a very generic
SInsV model defined with a finite number of state variables. Similarly to [BBF02] the article
establishes links with large deviations theory, which it exploits (invoking notions such as the
signed geodesic distance and the effective local volatility) to produce full-domain and asymptotic
(short expiry) results. The latter are of particular interest to us, but unfortunately within such
a rich framework no generic solution can be given. However a couple of low-order examples are
provided, which suggests some potential as a practical tool, in specific cases.
By contrast, [HKLW02] develops one of the best known and most widely used approximations.
That document introduces and analyses the SABR stochastic volatility model class, which we
will cover in sections 4.2 and 4.3. This work is a natural extension of [HW99], which allows for
an insightful comparison of local and stochastic volatility models. It uses a singular perturba-
tion technique which is both involved and customised, providing proxies first for the Call prices,
then for the normal and lognormal implied volatilities. The latter is the most commonly applied
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by practitioners to the CEV instance, often well outside of its asymptotic validity domain, so
that Hagan&al’s approximation has somehow come to stigmatise the limitations of expanding
the implied volatility. However and although that expansion is limited to the second order, its
accuracy is remarkable, especially w.r.t. the space dimension and for reasonable expiries. Since
this study does not fit our purposes (if only for lack of genericity w.r.t model and order) we will
use it instead as a benchmark for our whole-smile extrapolations (see section 4.5). In the same
vein, one should consider closely related work, such as [HLW05] which focuses on the implied
distribution or [Obl08] which brings some exact corrections to Hagan & al’s formula. The latter
in particular demonstrates the collaborative approach that we support, as will be discussed in
section 4.5.3.
In the same methodological family, an important reference can be found with [FPS00a], as well
as with some associated works (see [FPS99] or [FPS00b] for instance) and some forthcoming
extensions. We find that the interest of that line of work lies as much with the modeling motiva-
tion as with the asymptotic technique itself. Indeed the framework is only bi- or tri-dimensional
and based on a lognormal baseline, but the volatility is defined as a rich, mean-reverting and
potentially multi-scale process. Supported by historical market statistics and capable of mimick-
ing some jump-diffusive features, these dynamics present the mean-reversion coefficients as the
natural candidates for the expansion parameters. In other words, the original model incorpo-
rates already and structurally a strong scaling, which enhances the efficiency of the asymptotic
technique. As for the latter, it exploits a perturbation technique on the backward PDE (which
can be both singular and regular in nature) and is presented in a concise, inductive manner ;
furthermore, the authors do provide an estimate for the expansion error. It must be noted that
the same approach can be followed on a different baseline, such as Heston’s dynamics, although
the overall methodology seems to be an unlikely target for automation.

On a distinct tack, the approach of [Med04] and [Med08]7 presents some similarities with our
present methodology. It delivers some powerful results fulfilling several of our criteria, within
a simple bi-dimensional SInsV model framework which covers popular models such as Heston,
SABR and FL-SV. The starting point is the backward PDE expressed on the lognormal implied
volatility (LNIV). Then an intuitive change of variable followed by a classic perturbation method
provide the solution as a power series w.r.t. both time-to-maturity and log-moneyness, whose
coefficients can be computed by induction up to any order. Although these closed forms are quite
involved, they can be handled by a formal calculus engine. Regarding our demands, the main
limitations of this method are first the restricted model framework, and second the exclusive
focus on the statics of the smile. Also, it is therein noted that the expansion’s convergence is
quite slow, exhibiting the usual large-moneyness invalid density issues. With hindsight however,
we know that in practice this convergence depends strongly on the choice of the space variable.
However the latter has been chosen as the log-moneyness, but a classic result (see [Lee04a] for
instance) imposes that sub-square-root growth is necessary to prevent arbitrage. It follows that
in order for any asymptotic method to provide good extrapolation properties, it must offer the
capacity to adapt the expansion variables to the problem at hand. In that perspective, another
limitation of the method is that (as noted in [Med04]) the induction formula is heavily dependent
on the PDE structure, which is itself entirely conditioned by the choice of its variables.
With similar ambitions but using original features, [FLT97] considers a time-homogeneous SInsV
model centered on normal dynamics. That study stands out first by its motivation, as it suggests
to employ the asymptotic expansion result for (Monte-Carlo) importance sampling purposes. In-
deed with most papers in this domain the applicative focus tends to be on calibration, rather
than on pricing and hedging. The second distinction comes from the perturbation methodol-
ogy, which starts classically from the backward PDE, but manages to invoke Feynman-Kac’s
formula with right hand side. It follows that the coefficients of the expansion are expressed as
time integrals, which regularizes the solution artificially but explicitly along the maturity axis.

7See also [MS03] and [MS06] in a jump-diffusion context but at lower orders.
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Finally, these coefficients come as the result of an induction procedure, which is clearly defined
up to any order. Although involved, that algorithm should be programmable within a formal
calculus engine. Despite these qualities, it is clear however that the study misses several of our
criteria. In particular, its generalisation to wider model classes, although theoretically possible,
would require significant ad hoc derivations. All things considered, we shall use this approach
as an important benchmark, essentially for its inductive and integral nature.

Overall, a significant number of the more computation-involved approaches follow the HKE av-
enue. However we find that few cover the subject in a way which is as comprehensive, rigorous
and pedagogic as [HL08b]. The latter presents in a consistent manner many of the fundamental
concepts underlying that approach, in particular the connection between on one hand local and
stochastic volatility models, and on the other hand (hyperbolic) Riemann manifolds. The same
author has applied this methodology to general SInsV classes (including the mean-reverting
λ-SABR) in [HL05] and to the LMM framework in [HL06]. Also, in the same HKE family one
can consult [FJ09] for instance.

In a very different probabilistic vein can be found several approaches that exploit either Wiener
chaos expansions or some form of Malliavin calculus, and which for that reason can be associated
to [BGM08]. Let us first quote [Osa07] which proposes rich but technical expansions for both
the call prices and the implied volatilities, under a generic multi-dimensional diffusion. Also, a
simpler version of these methods, applied to the SABR model, can be found in [Osa06]. Both
these presentations are quite attractive from our perspective, and are only limited by the diffi-
culty involved with obtaining higher orders. Indeed the derivation of an inductive closed-form
solution seems unlikely. Let us also cite [KT03] as a comprehensive review of the authors’ appli-
cation of Malliavin-Watanabe calculus to option pricing. Among the latter we point out [KT01]
which covers interest rates products (a rare occurence) in an HJM framework. Also, for those
readers interested in the cross-currency context, let us mention [JK07] which offers a third-order
expansion, in a limited displaced-lognormal framework and using a simpler presentation.
To conclude this short presentation of asymptotic approaches in finance, we stress that pertur-
bation methods do not guarantee convergence in general. Instead, asymptotic series tend to be
the norm rather than the exception, which explains our interest for error control results. Note
finally that there very strong links exist between most of these approaches, as well as with time
change techniques for instance.

There exist other related and interesting veins of research around this subject. For instance, one
such thread focuses on the tails of the marginals generated by stochastic instantaneous volatility
models. This usually falls under the denomination of asymptotics because it is directly related to
the smile at extreme strikes. Although it belongs to another methodological domain altogether,
these results can be used in conjunction with the short-expiry methods described above, in order
to tame the expansions and anchor the wings of the smile. In that field we should mention at
least [Lee04b], [BF09], [BF08] and the review [BFL08]. To be used in practice however, these
results often require that the characteristic or moment generating function of the underlying’s
marginals be known. Hence they mainly concern affine processes, which explains that a signifi-
cant part of that literature is focused on Heston’s model and its descendance.
Similarly, there is an interest in studying the extreme maturity, or long term (LT) behaviour of
implied volatility. Considering an underlying process with mean-reverting stochastic volatility,
[FPS99] and [FPS00b] characterise in closed-form the LT lognormal implied volatility. Within
a very general setting this time, [Teh09] exploits large deviations principles to proxy the same
limit in probabilistic terms, using in particular the cumulant generating function and providing
a control of the error.
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III Objectives and methodology

At the junction of the two domains described above, i.e. the market model family and the collec-
tion of asymptotic methods, can be found the Asymptotic Chaos Expansions (ACE) approach.
The present study represents an extension and exploitation of this ACE methodology, which has
been pioneered in [Dur03], [Dur06], [DK08] and [Dur10] with a slightly different focus8.
We wish to provide a methodology that is as generic as possible, in several respects. First
we would like the approach to cover most currently active (either academically or in practice)
stochastic volatility (SV) models. In particular we aim at connecting the underlying’s instanta-
neous dynamics with the shape and dynamics of the smile. Then we wish not only to quantify
the error of the approximation, but to be able to control it, at a computational expense. That
means that if we were to use an expansion method, all differentiation orders should be attainable
(provided the convergence radius is sufficient). Also, whichever algorithm we set up should be
reasonably simple and stable, in order to be programmable if necessary, which suggests inductive
approaches.
On a more general level we have elected to explore the full domain of attainable results, at the
expense of conservative assumptions, rather than to secure a smaller set of objectives supported
by looser conditions. We have also focused on interpreting our results, and on anticipating their
practical applications.

IV Outline and main results

The global structure of the document is articulated in two parts. In Part I we focus on a single
underlying, first in a scalar and then in a multi-dimensional (basket) context. Whereas in Part
II we extend the approach to term-structures and in particular to interest rates derivatives. Let
us present both parts sequentially.

Part I

In Chapter 1 we present the basic principles of the methodology. We envisage a market which
includes a martingale underlying and an associated continuum of European options. The mod-
eling framework gathers both a stochastic instantaneous volatility (SInsV) being defined as a
generic Wiener chaos, and a stochastic lognormal implied volatility (SImpV) model which is
parameterised in log-moneyness y and in time-to-maturity θ. We establish the (stochastic) PDE
constraining the SImpV model to be arbitrage-free, this Zero-Drift Condition (ZDC) being the
central object of our methodology. It is indeed the specific structure of that equation that allows
us to reach all precision orders. Differentiating the ZDC and then considering its asymptotics,
first in θ = 0 (the Immediate region) and then in y = 0 (defining the Immediate At-The-Money
point) we obtain structural links between both models. The elements being associated are on
one hand the chaos coefficient of the SInsV model, and on the other hand the IATM differen-
tials of the SImpV framework. These two groups are in fact organised in layers, the first of
which being covered in this chapter. In so doing we deal with the direct and inverse problems,
which consist respectively in transferring information from the SInsV to the SImpV setup and
vice-versa. We then discuss the possible applications of the methodology, and illustrate these
results first with the local volatility (LV) class, comparing our results with several other exact
and approximate approaches. We then extend these computations to the Extended Skew Market
Model which includes popular SInsV classes such as SABR, Heston, FL-SV, etc. and illustrate
the strong decoupling between local and stochastic volatility effects.

In Chapter 2 we discuss the possible extensions of the method, and explore in more detail
several of these. The first natural avenue is to increase the IATM differentiation order of the
SImpV class, which goes in parallel of deeper chaos dynamics for the SInsV framework. We

8See also [Dur07] for an extension to jump processes.
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show (in a bi-dimensional context for simplicity) for the direct problem that any cross-order
can be attained, and expose the procedure as part of the proof. We then investigate the con-
sequences of moving to a higher-dimensional context, in particular the incompleteness of the
inverse approach. We derive nonetheless the direct formulae for the first layer, and apply them
to the notion of basket with fixed or stochastic weights. These results will be very useful in the
chapters of Part II dedicated to interest rates derivatives, since their underlyings can often be
seen as baskets of either rebased bonds or rates. Among the other available extensions, we also
explore the possibility of using an alternative baseline, which is the simple model providing a
closed-form pricing formula and an associated implied parameter : so far we had been using the
lognormal convention. We run quickly through the normal baseline and discuss several other
possibilities, presenting in particular the notion of baseline transfer, a generic numerical proce-
dure allowing to convert the IATM differentials from one convention to another.

In Chapter 3 we apply the generic methodology exposed in Chapter 2 for bi-dimensional
models, providing those static and dynamic smile differentials which have a strong financial
significance. Most of these are the main descriptors of the smile shape, such as the twist or the
flattening. The computations are quite heavy but programmable if necessary, and demonstrate
the ladder effect. Indeed those differentials are organised in layers, which implies that to increase
the θ-order by one, we must first derive the y-differentials by either one or two further orders.
We interpret some of these results, and in particular we discuss the interaction between on one
hand the volatility’s mean-reversion and volatility, and on the other hand the smile flattening.

In Chapter 4 we illustrate the application of the methodology to whole-smile extrapolations.
We first discuss some general principles, such as which variable to use in the expansion. We
then select the SABR and FL-SV classes, for which we compute the necessary chaos coefficients,
stressing the importance of induction and symmetries. We present some numerical examples
on CEV-SABR, exhibiting a performance comparable or superior to the Hagan & al’s bench-
mark. Although it appears thus efficient as a generic method, we suggest however to use the
methodology to complement or correct other approaches, rather than replace them altogether.

Part II

In Chapter 5 we extend the method to term-structures, where the underlyings, numeraires,
martingale measures and options are all indexed by maturity. We find that beyond the multi-
dimensional aspect, new terms do appear in the ZDC and are carried over to the IATM point.
We can therefore contrast such a comprehensive approach, that allows to envisage joint dynamics
of the whole-smile, to a collection of term-by-term, single-underlying derivations. We can then
turn to the natural (but not exclusive) application field of these results, which is the interest
rates environment.

In Chapter 6 we apply the results of Chapter 5 to the most liquid interest rates derivatives -
caplets, swaptions and bond options - within a generic stochastic volatility Heath-Jarrow-Morton
(SV-HJM) framework, where the yield curve dynamics are specified via the Zero-Coupons. First
we cast the options into the generic term-structure framework, so that all we need then to
obtain the smile differentials is to compute the chaos dynamics of the respective underlyings.
We proceed accordingly for three option types, up to the first layer, and analyse the results
when pertinent. Finally, we discuss the (tempting) possibility of casting the assets rather than
the associated rates.

In Chapter 7 we proceed likewise but within a more fashionable and generic stochastic
volatility Libor Market Model (SV-LMM). Again, the considered options are caplets, bond
options and swaptions. The latter product occasioning the most complex computations, we
conclude by discussing the impact of the traditional basket approach for the swap rate.
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V General spirit and edited material

With this thesis our intention has always been to produce a comprehensive, consistent and self-
contained exploration, within the (reasonably) well-defined perimeter mentioned above. The
alternative mandate would have been to foray maybe deeper but in narrower, more varied di-
rections, maybe focusing on some specific model, derivative product or numerical aspect. The
(naively unforeseen) consequence of these methodological choices is that this document is now
looking much more like a book than like the usual PhD thesis. And a rather large book for
that matter, courtesy of the calculus-intensive nature of asymptotic expansions. With this kind
of document it is easy for the reader to lose track of the global picture, and for the essence of
the message to get lost in the maze of computations. Therefore we have attempted, whenever
possible, to provide a very (sometimes overly) structured narrative, incorporating many cross-
references and even overt repeats when necessary. We sincerely hope that these efforts have
been efficient in delivering a comprehensible and usable study.
We would also like to mention that four chapters have been omitted from the final cut of this doc-
ument, for space considerations and/or because they were not deemed to be properly finalised.
The first (and most interesting) of these chapters was dedicated to Stochastic Local Volatility
(SLocV) models, the model class formalised in [AN04b] and [CN09] for instance. There are
indeed very strong links between on one hand local volatility (LV) and on the other hand either
implied volatility or instantaneous volatility. This structural relationship is even made stronger
in practice, as considered SInsV dynamics often include a strong degree of LV.
The second edited chapter concerned itself with two subjects. The first was the static and
dynamic validity of SImpV models, and in particular the consistency between the respective
expansions of the shape and of the dynamic maps. The second subject was large moneyness
asymptotics, i.e. with K ց 0 and K ր +∞. Indeed, due to very strong arbitrage constraints,
both static and dynamic, we can obtain useful information as to how these regions should (not)
be specified, thus complementing the asymptotic information around the money.
Finally two chapters were dedicated to panoramas of stochastic volatility models, first in the sin-
gle underlying context and then in the interest rates environment, with a particular focus on the
LMM framework. Due to the exclusion of these four chapters from the final version, it is possible
that some comments in the document might appear expedited, or lacking in background.
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In this first and fundamental chapter we lay out the core principles of the Asymptotic Chaos
Expansion (ACE) methodology. We investigate the relationship between stochastic instanta-
neous volatility (SInsV) and stochastic implied volatility (SImpV) models, in the simple case of
a single underlying, and when the endogenous driver is scalar. We discuss both the inverse (or
recovery) and the direct problem, limiting initially the asymptotic expansion to its lowest order,
which we call the first layer. We illustrate these asymptotic results first with the local volatility
(LV) class, and then with a comprehensive extension to stochastic volatility (SV) dynamics.

In Section 1.1, we define the market environment : the underlying, the numeraire and the liquid
European options. We define and justify the re-parameterisation of the option price surface via
a sliding implied volatility map. We can then introduce both stochastic volatility models (SinsV
and SImpV) as well as some sufficient regularity assumptions. Finally we state our objectives,
which we split into a direct and and an inverse problem.

In Section 1.2, we establish the fundamental result of this chapter, and of the ACE methodology.
This is the Zero Drift Condition (ZDC), a PDE constraining the shape and dynamics of the
stochastic implied volatility model in the whole strike/expiry domain, in order to respect the
no-arbitrage assumption (NOA). We then specialise that result to the immediate or zero-expiry
sub-domain, which leads us to a pair of Immediate ZDCs. Finally we specialise again these
results to the Immediate At-The-Money (IATM) point, which is our most limited but fertile
asymptotic, and quote the IATM Identity linking the implied and instantaneous volatilities.

In Section 1.3, we solve part of the inverse problem, which is to recover the instantaneous model
from the implied one. First we establish arbitrage constraints between the coefficients of the
SImpV model at the IATM point, which emphasizes the structural over-specification of that
class. Then we show that at a given level of precision (the first layer, which involves a group of
low-order IATM differentials of the smile) the implied model injects itself into the instantaneous
class.

In Section 1.4, we tackle the more popular direct problem, which consists in generating the smile,
and more generally the implied model associated to a given instantaneous class. For the first
layer, we establish the opposite connection from before, which confirms a full correspondence
between the two classes (at that level of precision). We comment, illustrate and contrast these
results against the available literature, within the simple class of local volatility models, thereby
exposings some shortcomings in a popular heuristic.

In Section 1.5 we turn to some practical applications of these results, which we classify as either
pure asymptotic, whole-smile or sensitivity-oriented. In terms of pure asymptotics, we define
a stochastic instantaneous volatility model class, covering most popular SV models, for which
we provide the first layer differentials. In particular we analyse the respective merits and prop-
erties of the lognormal displaced diffusion (LDD) and CEV specifications as skew functions.
We also use the pure asymptotic results to re-parameterise such instantaneous volatility models
into more intuitive versions, based on the smile that they generate. Then we briefly discuss the
caveats involved in extrapolating the whole smile in the naive way, via Taylor expansions.

Eventually, in Section 1.6 we conclude this chapter and open onto the more specialised subjects
covered thereafter. We also provide a diagram gathering the main proofs of this chapter, and
hence capturing the main body of the ACE approach, as a basis and a comparison tool for the
more advanced results coming thereafter.
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1.1 Framework and objectives

1.1.1 Market and underlyings

We consider a market equipped with the usual filtered objective probability space (Ω,F ,P,Ft).
All processes mentioned thereafter will be considered - unless explicitly specified otherwise -
continuous and Ft-adapted.
Although we impose the No-Arbitrage Assumption (NAA), we do not however demand market
completeness. This choice is obviously motivated by the stochastic volatility specification, and
therefore in the sequel the term ”risk-neutral measure” should be understood as ”chosen risk-
neutral measure” with respect to the volatility risk premium. Some considerable literature has
been devoted to the economic significance and modeling of this risk premium. We have chosen
not to dwell into this interesting subject, since it is of less relevance in our ”completed” framework
(which includes vanilla options), and also because it presents less interest in the prospect of pure
hedging (using dynamically those options). Those readers interested in the subjects of market
equilibrium, and market price of volatility risk, can refer to [Lew00] or [Hes93] for instance.

As for our theoretical market, we start by considering a single, scalar asset, with continuous
price process Ŝt. We also select a numeraire asset Nt, so that under the risk-neutral measure Q,
and using lognormal conventions, we have their dynamics as

dŜt/Ŝt = rt dt + σt dW
Q
t and dNt/Nt = rt dt + λt dW

Q
t

with WQ
t a scalar Q-Wiener process, while both σt and λt are undefined but continuous scalar

volatility processes. We then define the deflated underlying St and its martingale measure QN

by writing

St = Ŝt/Nt and dWQN

t = dWQ
t − λt dt

and specifying that WQN

t be a QN -Wiener process. But now the process St is not a priori a
tradeable asset any more. For all intents and purposes, it should be seen as an index, a reference
defining the payoffs of our soon-to-come vanilla options. For that reason, it will then be called
”the underlying”, with dynamics coming driftless as

dSt
St

= σt dW
QN

t(1.1.1)

Nevertheless, as a matter of convention St will often be called the ”spot” process in the sequel.
Also on notations, we will forgo the QN identifier for the relevant Wiener process and simply
denote it with Wt.

1.1.2 Vanilla options market and sliding implied volatility

1.1.2.1 Definitions and notations

On top of the underlying St and numeraireNt, we now assume a market continuum of Call option
prices C(t, St, T,K), written on the underlying St. Their payoff is either defined or equivalent
(using NAA arguments) to the following cashflow, transferred at time T :

C(T, ST , T,K) = NT (ST −K)+(1.1.2)

The continuum is assumed both in maturity (until a finite horizon Tmax) and in strike (for
all K ∈] − ∞,∞[ ). In fact we could consider Puts or Straddles instead of Calls : a smooth
continuum in strike is indeed equivalent to assuming that the full marginal distribution is given.



16CHAPTER 1. VOLATILITY DYNAMICS FOR A SINGLE UNDERLYING : FOUNDATIONS

Providing it is valid1, this surface of option prices is associated to an implied volatility mapping
Σ(t, St,K, T ) via the classic lognormal re-parameterisation :

C(t, St, T,K) = Nt C
BS

(
St,K,Σ(t, St,K, T ).

√
T − t

)
(1.1.3)

where CBS(x, k, v) is the time-normalized Black functional (see [FM73]) which we now define.
Denoting y(x, k) = ln (k/x) the log-strike relative to the spot, a.k.a. ”log-moneyness” , we set

CBS : R+ 2 × R+∗ → R+

CBS(x, k, v) = x N (d1)− k N (d2)(1.1.4)

with d1/2(x, k, v) =
−y
v
± 1

2v and N (z) =
1√
2π

∫ z

−∞
e−

1
2 s

2

ds

Note that, since both the Calls and the numeraire have been chosen as traded assets, their
ratio as per (1.1.3) will naturally be martingale under QN : it is the numeraire Nt that ensures
the necessary link between the underlying and the payofff ( (1.1.1) vs (1.1.2)). The whole
construction (asset, numeraire, payoff) will appear arch-classic to any reader familiar with the
interest rates environment, and might even look restrictive. In practice, however, it covers most
existing vanilla products and market conventions.
Besides, it is possible to extend this simple framework to less classic configurations. For instance,
we could theoretically deal with different drifts between the ”asset”, the numeraire and the calls.
We could also consider different pricing functionals from the Black formula, and/or look at other
payoff definitions than Call options.
Most of these possibilities will be discussed in Chapter 2, which deals with extensions of the
basic framework. Some of these configurations, in particular drift mis-alignment, will be used
out of necessity in Chapter 5, dealing with the term structure framework. But all in all, the
basic setup that we consider here is a good starting point. Simply because, by killing the drift,
it will enable us to derive shortly a clean, simple Zero-Drift Condition (1.2.18), which is the
foundation of our results.

As will be made clearer in section 4.1, the validity of the price mapping itself is reasonably
simple to establish. The static aspect for instance can often be checked visually. However doing
so through the Implied Volatility re-parameterisation is quite technical and can prove counter-
intuitive. Therefore for the moment we will let that issue aside and simply assume that the IV
surface is statically and dynamically valid.

We now associate to these ”absolute” quantities C(·) and Σ(·) their ”sliding” counterparts,
respectively C̃(·) and Σ̃(·). Let us recall that at any given time a sliding quantity can be made
to match an absolute one, but that their dynamics will thereafter diverge and will therefore
provide different insight. These new maps are parameterised w.r.t. a couple of new quantities :

◮ The time-to-maturity2 θ
△
= (T − t).

◮ The log-moneyness y
△
= ln (K/St).

Beware that the log-moneyness is defined here as the opposite of ln(St/K), which itself tends to
be found in many related papers (since it represents a term of the Black call pricing formula).
Formally we write

C(t, St,K, T )
△
= C̃ (t, y, θ) and Σ(t, St,K, T )

△
= Σ̃ (t, y, θ)

1In other words, that the implied marginal densities satisfy the usual criteria, see section 4.1
2”TTM” in shorthand.
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More generally, we will use the superscript ·̃ · · to identify all sliding quantities, in strike and/or
in maturity. However it must be understood as affecting simultaneously both coordinates, if
these are present among the arguments.
Of particular interest in the sliding representation are two regions of the map :

◮ Immediate will refer to θ ≡ 0, while

◮ At-The-Money (ATM) corresponds naturally to y ≡ 0.

In our asymptotic context, the intersection of both domains is pivotal : we denote as IATM
(Immediate ATM) that point (y = 0, θ = 0).

Since a large part of this study will be spent differentiating absolute and sliding functionals with
respect to their arguments, it makes sense to gather in a single place all transition formulae
between the two configurations : this is the object of Appendix B [p.VI].

Figure 1.1: Option price and implied volatility : absolute vs sliding

C (t, St,K, T ) Σ (t, St,K, T )

C̃ (t, y, θ) Σ̃ (t, y, θ)✲

✛

❄

✻

BS−1

BS

y = ln (K/St) θ = T − t

1.1.2.2 Motivation and properties of the Black IV representation

Since the Black formula assumes lognormal dynamics for the underlying asset, re-parameterising
with the normalised BS implied volatility seems appropriate when St is not only martingale (un-
der the measure associated to Nt) but also exhibits ”close to lognormal” dynamics. In some
practical instances, other simple dynamics such as the normal framework 3 can prove efficient,
as will be discussed in Section 2.2.3. But, in most markets, the support of the asset marginal
distribution is constrained (or assumed) to be asymmetric, typically bounded on the left. There-
fore the (displaced) Black-Scholes implied volatility has proven to be a robust4 candidate for
the re-parameterisation of the price map.
In a more general manner, it is in fact the ”implied parameter” approach, which consists in con-
sidering prices through a simple ”baseline” model, which allows us to compare ”raw” prices for
different strikes and/or maturities. The normal and lognormal dynamics are merely instances
of that approach, albeit very common and important ones (more on this in Section 2.2.3).

Another advantage of the IV map over the price map is its regularisation effect, which is ironi-
cally a consequence of its more limited definition domain.
Indeed, the Black Scholes formula (1.1.4) is only specified in the domain θ > 0, since at T = t
the option price naturally equals the intrinsic payoff [ST −K]+. The latter, however, does not
provide C1 regularity at-the-money. This is an issue since our method happens to be of an
asymptotic nature. It uses expansions intensively and therefore requires/provides differentials of

3and therefore the Bachelier formula.
4There are other definitions and sources of robustness for Black and Scholes : see [KaSES98] for instance.
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some transform of the price, taken precisely at that same IATM point (t, y = 0, θ = 0). Alterna-
tively, if we assume that the implied volatility is well behaved for short maturities, typically if
it admits a finite limit in T = t along with a sufficient number of its differentials, we can extend
the IV map by continuity5. The Black-Scholes formula itself becomes valid in the full domain
and allows to fall back effortlessly onto the intrinsic value. This re-parameterisation effectively
contains the irregularity of the price functional to the Black formula itself, allowing the new
functional (the implied volatility) to be infinitely smooth, if required.
In other words, the price always exhibit a singularity (a ”kink”) at the IATM point, while the
implied volatility can be infinitely smooth. It then becomes clear that an additional and major
attraction of re-parameterising with the Implied Volatility is that it enables, at low cost, the
local regularity that our methodology requires.

In the same vein, the expansion method that we use is necessarily less precise for strikes far from
the money. Therefore, since the vega dies out in these regions, using volatility (as opposed to
price) expansions artificially limits the resulting pricing error, which is most important trading-
wise. In other words, in terms of magnitude the IV is usually a more uniform, precise albeit
dangerous (c.f. validity issues) representation than the price itself.
To complement this point, it is also interesting to note that the implied volatility is in practice
strongly linked to the delta, hence to the hedge, and especially so in the FX world.
As a final word of caution, we stress that the argumentation above is valid for vanilla call and
put options, but might not be so for other products, such as binaries : there will be more on
this point in Section 2.2.3.

1.1.2.3 Motivation and properties of the sliding representation

We first put this technique in perspective and comment on its relevant mathematical properties.
We then discuss the financial attractiveness of this simultaneous ”time and strike” slide.

The general concept and the use of relative variables are certainly not new. In the rates envi-
ronment for instance, it is common practice to denote a Libor rate either with fixed maturity or
with fixed accrual6: each notation has its specific pros and cons (see [BGM97] or [Sch05], among
others). In an option framework, sliding strikes are also frequently used in order to account for
”stickiness” : certain smiles are ”strike sticky” while most are ”delta sticky”.
Besides, we emphasize that the nature of the benefit brought by this sliding convention, in our
specific framework, is more style than substance. Indeed it does not lead to fundamental or tech-
nical results which an absolute setting could not reach. Which is a positive feature, since our
choice of a strike representation (log-moneyness) is partly subjective and certainly no panacea.
It is therefore comforting that our results can practically be transferred to another convention :
the practicalities of this transfer are discussed in section 1.1.3.2.
It remains that in principle there are many such ways to define the slide, especially in strike. An
obvious candidate is proportional moneyness (K/St), but any other adequate function of K and
St can be considered : such adequacy obviously requires a bijectivity in K and also a sufficient
regularity, especially at the money. In [Haf04] one can find a general definition for the strike
slide, called simply moneyness. But it is stressed therein that the choice should be made on an
ad hoc basis, an assertion that we support. Indeed, for a given market, a good parameterisation
should provide a smile dynamically as stable and stationary as possible. The overall principle
consists in conditioning the smile w.r.t. our only observable state variables, i.e. t and St. For a
complementary discussion on this subject, refer to section 2.2.1.1 [p.103].

5It is for this reason that, in the sequel, any value of the implied volatility taken in θ = 0, typically in (t, y, 0)
or (t, 0, 0), must be as a notation abuse, in fact a limit.

6L(t, T, U) vs Lδ(t, T )
△
= L(t, T, T + δ)
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We believe however that our specific choice of a sliding convention is justified, for reasons that we
expose now. First of all, and on a mathematical level, we elected to use lognormal dynamics to
define an implied parameter : this is in no way mandatory and simply the most common market
practice. It leads however to Black’s formula, which itself clearly makes of the log-moneyness y
the natural variable to consider.
Also, the results that we present herein are structurally complex, hence any approach that clar-
ifies the interpretation and the role of the various terms is a priori welcome. In particular we
find that the sliding representation usually allows a better understanding of stationarity and
time-homogeneity issues, especially in the second Part devoted to term structure models.
Furthermore, and as will be covered in the various application sections, the practical efficiency
of our methodology depends as much on the pure asymptotic results as on the chosen repre-
sentation of the variables. This is generally true for most extrapolation methods, but also for
numerical reasons as well as for the analysis of model behaviour. For the latter in particular,
when the model and/or smile specification themselves are (pseudo-) sliding or time-shift homo-
geneous, we find that better efficiency is attained by using the sliding versions of our results.

In more formal terms, the main attraction towards sliding versions of the price and implied
volatility mappings lies in the dynamic and stochastic properties brought by this change of
coordinates. Indeed, reducing the number of arguments from an absolute representation (four
arguments : t, St, T and K) to a sliding one (three arguments only : t, y and θ) effectively
”transfers” the underlying St, and therefore the driver Wt into the functional (here Σ̃ or C̃).
Let us quickly illustrate this point with two simple examples.

Example 1.1 (Markovian dimension of the IV for a pure local volatility model)
First let us assume that the smile be generated by a pure local volatility model, as defined by

dSt
St

= f(t, St) dWt with f(s, x) ≥ 0 ∀ (s, x) ∈ R+ 2
(1.1.5)

Then the Markovian state variables are simply t and St, so that both the absolute price surface
C(t, St;K,T ) and the implied volatility surface Σ(t, St;K,T ) are entirely deterministic (although
a priori not explicit) functions of their four arguments. However the sliding implied volatility
surface Σ̃(t, y, θ) is itself a stochastic function of its three arguments : when the log-moneyness
y and time-to-maturity θ are fixed the IV functional becomes parameterised by St.

Such local volatility models provide an easy understanding of the concept, but they cannot
incorporate the notion of unobservable state variables. Let us therefore present a more complex
illustration, involving a multi-dimensional driver.

Example 1.2 (Markovian dimension of the IV with an independent stochastic volatility)
We assume a stochastic instantaneous volatility model with state variables (t, St, σt) and driven
by a bi-dimensional Wiener. Furthermore we take the dynamics of the volatility σt to be purely
exogenous as per





dSt
St

= σt dWt

dσt = f(t, σt) dt +
−→
h (t, σt)

⊥ d
−→
Z t with Wt

∐ −→
Z t

Then the absolute Call prices C(t, St, σt;K,T ) are deterministic functions of their five argu-
ments. In turn, the same is true of the absolute implied volatility Σ(t, St;σt;K,T ). However
that map can also be seen as a deterministic function the four market variables (t, St;K,T )
which has been parameterised by the hidden (or unobservable) process σt. In that case the Σ()
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functional becomes stochastic, is driven purely by the exogenous driver
−→
Z t and is therefore mea-

surable w.r.t. the latter’s filtration. As for the sliding IV surface Σ̃(t, y, θ), it can be seen as a
deterministic function of 3 variables, parameterised by St and σt.
In this example, the orthogonality assumption is only there to reinforce the point that the filtra-
tion w.r.t. which the sliding ”function” Σ̃ is measurable is necessarily much finer that the one
sufficient to measure its absolute counterpart Σ. In other words, we have incorporated the driver
Wt into the sliding quantity.

Having described the relevant mathematical features of the slide, let us now turn to its finan-
cial motivation. It revolves mainly around human factors, in particular our limited ability to
comprehend high-dimensional and noisy patterns. We expose the practicality and interest of
comparing market and model smile dynamics, and how the sliding representation can help in
that process.
In our view, one defining characteristic of a well-chosen model is to minimize re-calibration, in
other words to exhibit stable (or stationary) calibrated parameters. Ideally, we would like to
maintain these constant, and explain all joint movements of the underlying and of the smile
”through” the model and its drivers. After all, if the market was kind enough to follow known
and stationary laws, as is mostly the case in physics or mechanics, that is exactly what would
happen. And there is no argument from practitioners that such a (hypothetical) situation is
rather more palatable than having to frequently re-adjust these parameters, a procedure that
generates additional Mark-To-Market (MTM) and tracking error noise, and therefore hedging
(transaction) costs .
However, in order to even get close to such a stationary behaviour, i.e. to be very ”realistic”,
stochastic instantaneous volatility models generally need to use a significant number of parame-
ters (roughly half a dozen for SABR or for Heston, and even then re-calibration is too frequent).
And those parameters have very distinct individual impacts on the smile, both in quality and
in magnitude. Therefore, attempting to analyse a model’s stationarity by observing a collection
of historical time series (one for each parameter) might be an interesting academic exercise but
a priori not a very practical or useful idea.
A much more intuitive approach, in contrast, is to compare the actual market smile, at each
historical sampling time ti, to the ”prediction” given by the model, itself (statically) calibrated
at the previous time ti−1. Obviously the notion of prediction must be made precise, in the sense
that this smile’s dynamics must be made measurable w.r.t. a given filtration or observable state
variables.
In a two-dimensional model such as Heston, Sabr, or even some multi-scale extensions7, a sim-
ple approach consists in using the spot St and a single, very short expiry At-The-Money option
(CIATM

t ) in order to access the full filtration. Indeed, these market instruments are usually very
good proxies for the actual state variables. Using then a Euler approximation, it is typically
possible to unequivocally associate driver increments [∆Wt,∆Zt] to an historical market move-
ment [∆St,∆C

IATM
t ]. Then one can generate the whole ”conditional” smile at ti, which is to

be compared to the actual market smile observed. Repeating this process, it is even possible to
compute maximum likelihood estimators, and/or to gage the descriptive/predictive quality of
the model.
Such a comparison of smiles, resulting in a surface of differences, is easy to interpret, and can
also be visualised in motion, in order to assess the dynamic properties of the calibrated model.
But in order to facilitate this interpretation, it is important to choose a common representation
(i.e. axis coordinates) that tends to stabilise both smiles, and therefore their difference. In other
words, we are looking at a change of coordinates that will make both the market-observed and
the model-generated smiles as stationary as possible.

7This is not the case, in particular, of ”double mean-reverting” models such as ”Double Heston”, which are
tri-dimensional : see [Gat07] and [Gat08].
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It happens though that most market smiles demonstrate obvious and simple sliding properties,
both in maturity and in strike. The latter is often referred to as ”stickiness” (see [Der99] for
instance for the sticky-strike or sticky-delta rule). And it happens also that this is actually
a property that stochastic volatility models are well suited to capture (refer to [HKLW02] for
instance, which provides a good comparison with local volatility models).

In summary, the choice of the new coordinates is certainly motivated by the Black formula it-
self, and in particular the LOG-moneyness y = ln(K/St) that allows scaling and brings some
symmetry to the strike axis. But this choice is also brought forward by a healthy desire for
stationarity within a realistic modeling framework, and is in way binding.

1.1.2.4 Illustration and limitations

Let us demonstrate how to ”cast” into our framework a simplistic model/smile combination.

Example 1.3 (SV normal model with deterministic rates and carry)
We place ourselves in the arch-classic case where Xt is the price process of a traded asset,
modeled with a normal8volatility (which can be local and/or stochastic), and were the short rate
r(t) and the dividend/carry rate d(t) are considered deterministic :

dXt = [ r(t)− d(t) ] dt + γt dWt

where Wt is a risk-neutral driver, or Q-Wiener process.
We simply select the deterministic function D(t) = exp(

∫ t
0 [r(s)− d(s)] ds) as our numeraire,

which is nothing else than a capitalisation process or money market account. We check that it
is a tradeable asset, simply because it is deterministic and therefore can be replicated with liquid
assets, the zero-coupons.

By denoting St
△
= Xt/D(t) the ”discounted” asset, and σt

△
= γtXt the ”lognormal” volatility, we

indeed obtain the required dynamics (1.1.1). As for the option field, the payments are deemed to
occur at time T , for an amount of

C(K,T ) = (XT −K)+ = D(T )

[
ST −

K

D(T )

]+

It suffices therefore to modify the unit in which we measure the strike, from ”cash” K to ”dis-
counted” K/D(t), to complete the ”cast”. Note that the measure has not changed : it is still the
risk-neutral measure Q.

Beyond this trivial example, the chosen framework can fit a wide range of underlyings and op-
tions. Of course it also exhibits several limitations, which prevent the coverage of more complex
modeling configurations.
A first restriction is that we defined the setup for a scalar driver Wt, which excludes the descrip-
tion of full multi-underlying dynamics. Typical cases of multi-dimensional frameworks occur
naturally in the FX or equity environments, with baskets or indexes for instance.
Its second shortfall is that it is not suitable to deal with a term structure, and in particular the
case of stochastic rates. Indeed, if one wishes to define a whole smile, then it must be the same
numeraire Nt invoked in the payoff (1.1.2), whatever the expiry T . In Example 1.3 we bypassed
this issue by choosing a deterministic numeraire, but in the general case of stochastic rates the
whole setup must be based on a single maturity T , and to be financially meaningful, it can only
deal with the associated implied volatility.

8This is a writing convention, and chosen mainly for demonstration purposes, since it is rather unusual in the
Equity world.
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This can be seen as both a special case and a complexification of the multi-dimensional frame-
work. Indeed, even under a Black-Scholes model, if the short rate is made stochastic then pricing
a call of maturity T2 usually entices to use the forward measure QT2 and the associated Zero
Coupon Bt(T2) as numeraire. Should we be only interested in that single expiry, then the prob-
lem could be treated in the multi-dimensional setup mentioned above. But then for T1 < T2
the considered payoff would be BT1(T2) [ XT1/BT1(T2) − K ]+ which is not a liquid product.
Therefore the setup would loose its consistency and its financial appeal.

We will therefore extend the current simple setup to cover both these cases, respectively in Sec-
tion 2.3 and in Chapter 5. It will turn out that the multi-dimensional case lies actually in the
same conceptual class as the current framework and provides very similar results, and also that
its added difficulty is mainly computational. The term structure extension, however, shares the
same technical difficulty as the former, but is structurally on a very distinct level.

1.1.3 The stochastic volatility models

From now on, we will focus on the Sliding Implied Volatility Surface Σ̃(t, y, θ) associated to a
given model : we are interested in its shape and also in its joint dynamics with the underlying.
In our framework, we specifically want this map to exhibit stochastic dynamics, which should
be driven by two orthogonal Wiener processes :

◮ the endogenous driver of the underlying, denoted Wt. In all generality the dimension of
this driver will noted as nw, but initially it will be taken as mono-dimensional since our
underlying itself has been defined as a scalar. The consequences of relaxing this assumption
will be exposed in Section 2.3.

◮ the exogenous driver
−→
Z t, which enables movements of the implied volatility surface in-

dependently of the underlying dynamics. It is taken as multi-dimensional (with finite
dimension nz) to allow for the complex deformation modes observed in practice.

By convention, we will take Wt and
−→
Z t to be independent, and all multidimensional Brownian

motions (including
−→
Z t) to be uncorrelated (i.e. to exhibit a unit covariance matrix). One might

question why we chose to express our dynamics along two uncorrelated Wiener processes. Indeed
other authors have opted for a single one, unified driver : this is the case for instance in [Dur06].
Clearly this is mathematically insignificant, an purely a matter of presentation. Our view is
that it brings two main advantages, for only one drawback.
The first advantage is technical, and is analog to manipulating independent (as opposed to
correlated) gaussian vectors. The volatility and correlation structures are then combined in
(products of) tensorial coefficients, which simplifies the computation of brackets 〈d·, d·〉.
The second advantage is linked to modeling and interpretation. Indeed, we are attached to the
incompleteness, endogenous/exogenous interpretation detailed above. Also, for option pricing
purposes and certainly in numerical terms, it makes sense to orthogonalise the drivers.
The single shortfall that we see is also interpretational, in that using our convention we somewhat
lose the intuition that drivers’ increments are actually ”representing” variations in ”physical”
quantities, such as asset prices, yields or instrumental processes. For instance, the Heston model
(see [Hes93]) is traditionally defined as

dXt

Xt
= µ dt +

√
Vt dWt(1.1.6)

dVt = κ [ θ − Vt ] dt + ǫ dBt with 〈 dWt , dBt 〉 = ρ dt(1.1.7)
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But it might make more financial sense to write the correlation structure as

〈 dXt

Xt
, dVt 〉 = ρ ǫ

√
Vt dt rather than with dBt = ρ dWt +

√
1− ρ2 dZt

Going back to our framework, it is obvious that one of the obvious roles of
−→
Z t is to introduce

market incompleteness. It can in particular embody model ambiguity, since it underscores a
finer filtration than the σ-field generated by St. As mentioned, it certainly make it possible
for the (sliding) implied volatility surface to move independently of the underlying St (i.e. not
to be purely local) or of its driver Wt (i.e. to exhibit an exogenous component). Such a rich
behaviour of the Σ̃(t, y, θ) map can be generated in several ways. In this Chapter, we consider
only a couple of these distinct model classes : the stochastic instantaneous volatility model, and
the stochastic implied volatility model9.
Formally, the specifications of these two model classes (instantaneous and implied stochastic
volatility) only share the generic dynamics (1.1.1) of the underlying. Indeed, they both describe
the shape and the joint dynamics (with the asset) of the vanilla options, but in very different
ways ; let us now introduce and formalize both these setups.

1.1.3.1 The generic stochastic instantaneous volatility model

In this framework, the shape and dynamics of the smile are generated by specifying ”in depth”
the dynamics of the instantaneous volatility σt, using a Wiener chaos representation. Formally,
we have to assume a system of SDEs, starting with

dSt
St

= σt dWt(1.1.8)

dσt = a1,t dt+ a2,t dWt +−→a ⊥
3,t d
−→
Z t with Wt

∐ −→
Z t(1.1.9)

The stochastic coefficients a1,t, a2,t and −→a 3,t are deemed to be processes, but only imposed
to be Markovian and adapted, hence the ”generic” denomination for the model. Indeed, most
stochastic instantaneous volatility models that are used in practice fall in the parametric diffusion
category. In that case, the ai,t coefficients are actually parametric functions of a finite collection
of state variables, which usually include t, St and σt. Although the Markovian dimension can
get higher than three in that frammework, for instance with multi-scale processes10 , we do
not restrict ourselves to such cases. Instead our framework contains those parametric diffusion
models, and get its ”genericity” also from the fact that the dynamics of a1,t, a2,t and −→a 3,t are
themselves defined by a ”chaos” structure. For instance, we specify the (input) dynamics of a2,t
in the following way :

(1.1.10) da2,t = a21,t dt+ a22,t dWt +−→a ⊥
23,t d

−→
Z t

However the dynamics of a multi-dimensional coefficient, such as −→a 3,t, generate a practical
difficulty. Evidently, its dynamics can be symbolised in much the same way,

d−→a 3,t = −→a 31,t dt+−→a 32,t dWt +
⇒
a 33,t d

−→
Z t

where
⇒

a 33 is unfortunately an nz×nz matrix. But if we were to continue the specification, then
⇛
a 333,t would be a tensor of order three, and so on so forth. Clearly, this is not a promising way
to conduct computations, at least by hand. Nevertheless, we will explore this avenue in section
2.3, but with a view towards (computerised) automation.

9It is also possible to employ stochastic local volatility models, see [AN04b].
10In general, this implies an increase in the dimension of the driver

−→
Z t.
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Note finally that in order to simplify notations, the time dependency will often be omitted in
the sequel (for instance a2,t will become a2).

In this generic SinsV framework, we define the depth of a coefficient simply by the number of
digits of its index : for instance coefficient a2,t has depth one, while a231,t has depth three, etc.
We will also see that the coefficients can be arranged according to another logic, by ”layers”,
which naturally appear in the inductive computation of the smile’s asymptotic differentials. For
example the layer 1 will contain σt, a1,t, a2,t, a3,t and a22,t, and will also be used to designate a
group of smile differentials.
The depth of the model itself is defined as the highest depth reached by all the coefficients
describing its dynamics. For instance the model described by (1.1.8)-(1.1.9)-(1.1.10) would have
a depth of 2. Since t, St, σt and the other ai,t coefficients/processes represent the state variables
of the model, if the latter’s depth is finite then so is its Markovian dimension.

Figure 1.2: Chaos structure of the generic Stochastic Instantaneous Volatility Model

σt

a1, t a2, t −→a 3, t

a11,t a12,t
−→a 13,t a21,t a22,t −→a 23,t

−→a 31,t
−→a 32,t

⇒
a 33,t

dt dWt d
−→
Z t

dt dWt d
−→
Z t dt dWt d

−→
Z t dt dWt d

−→
Z t

Coefficients of the first layer are circled

The framework described above however, is obviously not an actual model per se. Instead, it
consists simply in a cast, into which we can arrange any real stochastic instantaneous volatility
model, such as the afore-mentioned parametric diffusions. In practice, most of real-life models
have a finite and fairly small Markovian dimension (it is 3 for Heston and for SABR) whereas
their generic cast can exhibit an infinite number of state variables (infinite depth). We will see
however that this is not an issue in our asymptotic framework, since - schematically - the highest
the depth of a coefficient, the highest the degree of precision it brings to the smile description
via asymptotic smile differentials.

Therefore, if we consider for instance a SABR model (see [HKLW02] and section 4.2 for a de-
scription of this local-stochastic volatility model) then the call price will be a deterministic

function of the 3 Markovian state variables (t,
−→
St and αt), of the parameter set specifying the

diffusion (correlation, vol of vol) and of the option parameters (K and T ). Unfortunately, that
pricing function is not explicit, as currently only approximations are available (see section 4.2).
On the other hand, when casting SABR into our generic framework, we obtain an infinite depth.
But the specified dynamics also generate a unique option price surface, by applying no-arbitrage
under the chosen measure. That functional cannot a priori be expressed either, but we will see
that instead we can obtain its asymptotic, potentially infinitely precise description ; it simply
comes at the cost of an infinite but artificial Markovian dimension.
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1.1.3.2 The (sliding) stochastic implied volatility model

Modeling the sole dynamics of the implied volatility surface is not a very new idea in itself. A
number of empirical studies has been conducted on real data in order to statistically infer the
deformation modes of this surface, either in a parametric fashion or not. Usually and rather
logically, these empirical investigations have been conducted on very liquid equity indexes, hence
minimising the use and influence of interpolation/extrapolation methods.
In [CdF02] the authors analyse the S&P500 and FTSE100 liquid options, with daily frequency.
They use a Karhunen−Loève decomposition, which is a generalization of the Principal Com-
ponent Analysis to higher dimensional random fields. They uncover, among other interesting
features, a typical level/slope/curvature repartition of the leading eigenmodes, as well as char-
acteristic values for the mean-reversion of these modes.
Another interesting presentation can be found in [Fen05] : it focuses on semi-parametric mod-
eling, but also covers several inference techniques, as well as practical data processing pitfalls
(smoothing in particular).

But modeling the joint dynamics of the underlying with the smile, in particular establishing and
respecting the structural no-arbitrage constraints, represents a more involved exercise. Apart
from stochastic local volatility models11 the main academic attraction has been with stochastic
implied volatility (SImpV) models. A specificity of this class is to define the initial shape of the
smile as an input, and then to model the joint underlying/smile dynamics.
In that respect, there is a strong similitude with the approach that [HJM92] introduced with
a market model for the whole yield curve, a.k.a. the HJM framework. Indeed, one could sum-
marily consider that the role of the short rate rt is now taken by the underlying St and its
volatility σt, while the one-dimensional map of Zero-Coupon prices T → Bt(T ) is replaced by
a bi-dimensional mapping (K,T ) → Σ(K,T ). We will see that the resemblance is even carried
further, in the sense that σt is asymptotically included in the Σ dynamics, in the same way that
rt is embedded in the Bt(T ) term structure. We shall first cover some of the papers dealing with
the general framework and its structural constraints, before moving on to actual models.

The concept of SImpV model has been introduced in stages and rather independently by several
authors, first for a single option and then for whole smiles. Historically, let us first cite [Sch99]
and [LC98] with the latter using a sliding representation. In [BGKW01] the authors present four
different versions of the no-arbitrage condition for smile dynamics : for the implied volatility
or implied variance, and in absolute or sliding coordinates. Then they apply these results in
several practical contexts, including a single Caplet within a BGM model.
Modeling-wise, [Haf04] proposes a factor-based instance of the class. This article provides a
good interpretation for certain equations, makes a deliberate effort to relate the model to other
classes, and contains real-market (DAX) applications. Interestingly, it introduces the notion of
a generalised moneyness, which can be ln (K/St) but is not restricted to that case : in principle
it should be chosen so as to render the stickiness of the smile considered.
Another seminal collection is [Ber04]-[Ber05]-[Ber08]-[Ber09], which focuses not on the smile but
on the variance curve. These articles analyse the intrinsic limitations of SinsV models, such as
Heston. They propose several dynamic models for the forward variance, based on a Markovian
factor representation, using either a continuous or discrete structure.
In [Rou07] one can also find a focus on volatility derivatives, but also the parametrisation of a
specific SImpV model. That class (the Market Model of Implied Volatility) exploits local dy-
namics, i.e. a diffusion involving only the following state variables : t, St and the smile itself.
A particular instance is then proposed (the Skew market Model) which models the smile as a
parabolic function of log-moneyness.

11See [AN04b] : this class is not to be confused with the local stochastic volatility (LSV) models such as those
described in [RMQ07] for instance.



26CHAPTER 1. VOLATILITY DYNAMICS FOR A SINGLE UNDERLYING : FOUNDATIONS

In essence, stochastic implied volatility models represent the next logical step in the natural
evolution of any modeling practice, within a given derivative market. Indeed, as more liquid
derivative products appear, those need to be included in the calibration. The two main avenues
are therefore to complexify the existing models and/or to assume that the new set of products
represents an input.
In the matter at hand this fits rather well the recent modeling history. Starting from a situation
where only ATM options were liquid, Black-Scholes with deterministic volatility was sufficient.
As OTM and ITM options became liquid, the model was complexified, upgraded to instanta-
neous stochastic volatility. First with local volatility (Dupire), then with stochastic volatility
(e.g Heston, hence increasing the Markovian dimension), and currently with a combination of
both (SABR, FL-SV). As the liquidity of the smile increases, so does the need to describe its
dynamics, if only because more and more exotic products depend on it, whether in their defini-
tion (volatility derivatives) or for their hedge. The next logical step therefore seems to be the
incorporation of that smile within the model, along with its dynamics.

The practical difficulty with that model class however, resides in the parametrisation of an im-
plied volatility surface that starts and stays valid. By valid we mean that the associated option
price surface must satisfy the usual non-arbitrage conditions, everywhere in the (K,T ) domain,
at any time and almost surely. Arguably, this has been the strongest hurdle in the practical
introduction of the stochastic implied volatility model class. We believe though, that it is rather
safe to assume that this model class will be ultimately become as successful as once the HJM
and now the LMM12frameworks have become.

As for our version of the SImpV model, it is defined as follows :





dSt
St

= σt dWt(1.1.11)

dΣ̃(t, y, θ) = b̃(t, y, θ) dt+ ν̃(t, y, θ) dWt +
−→̃
n (t, y, θ)⊥d

−→
Z t(1.1.12)

with y
△
= ln ( K / St ) θ

△
= T − t > 0 Wt

∐ −→
Z t

where the drivers Wt and
−→
Z t are independent13 standard Brownian motions under the (chosen)

martingale measure QN . All dynamic coefficients (σt, b̃, ν̃ and
−→̃
n ) are taken as generic stochastic

processes, so that (1.1.12) cannot be considered a priori as an explicit diffusion. Note however
that, should these coefficients be specified as deterministic (i.e. local) functions (and irrespective
of the drivers’ dimensions) then the Markovian dimension of the model would still a priori be
infinite. Again, this situation is analogous to a bi-dimensional version of the HJM framework,
where every point on the yield curve represents a state variable.

At first sight, the fact that no specification is given for σt might seem surprising, as it appears to
make the model under-determined. But in fact that instantaneous volatility is entirely defined
through arbitrage by the implied volatility map Σ̃(t, y, θ), as we will soon establish.
Similarly, note that specify neither the nature nor the dynamics of the other coefficients b̃, ν̃ and−→̃
n . In principle they can be Itô processes also driven by Wt and/or

−→
Z t, or even by entirely new

(and orthogonal) Wiener processes. It happens that, for our intents and purposes, that level
of definition is in fact irrelevant, and the justifications for that simplifying feature will become
apparent along the document. In particular these topics will be discussed in section 1.2.4 and
in Chapter 2 dedicated to more elaborate versions of the methodology. In summary, the SImpV
model (1.1.11)-(1.1.12) is well-defined and self-contained as it is.

12Libor Market Model, see Chapter 7.
13To lift any remaining ambiguity, this implies that the correlation matrix of

−→
Z t is diagonal
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In spirit, moving from an stochastic instantaneous volatility model to a stochastic implied volatil-
ity model is similar to moving from a short-rate model (such as Vasicek) to an HJM model : it
can be seen as a simple matter of number of parameters vs number of constraints. Indeed most
short rate models are only capable of generating a certain functional class of yield curves (YC),
so that calibration to the bond market is already an issue. In order to recover a given yield
curve, one will usually have to add a time-dependent drift. While matching further constraints,
such as some marginal distributions of the YC, will require a substantial complexification of the
model class : the Hull and White Extended Vasicek [HW90] comes to mind, which is nothing
else than an instance of the HJM class.
On the other hand, opting for an HJM model enables the modeler to calibrate to any yield curve,
because this map becomes an integral part of model. The remaining parameters, or degrees of
freedom, are then used to calibrate to the marginal or joint distributions of the YC, to liquid
Interest Rates options such as Caps, Swaptions, Bond options, CMS, etc. But as more and more
products become liquid, the calibration set tends to increase, so that eventually there are too
many constraints and not enough parameters. This is where stochastic implied volatility models
can come into play : because the liquid Call prices become an integral part of the model, new
degrees of freedom become available to calibrate to other (more recent) liquid options.

Although the underlying’s instantaneous volatility σt is apparently a free parameter of the (slid-
ing) implied volatility model, it is actually to be considered as a formal expression ; indeed, we
will see that arbitrage constraints impose that σt be entirely determined by the stochastic map
Σ̃(t, y, θ) (see (1.2.36) p. 35 and Remark 1.4 p. 36). This precision explains why the dynamics
of σt are not explicitly specified in the stochastic implied volatility model, as was the case with
the stochastic instantaneous volatility model : indeed they are already included.

1.1.3.3 Comparison, assumptions and remarks

The two models share the same dynamics for the underlying, and in particular the lognormal
instantaneous volatility. For the SInsV it is the dynamics of σt that are defined in a chaos expan-
sion, while the SImpV specifies the smile dynamics : in other words the SInsV model is defined
”in depth” while the SImpV is specified spatially. The choice of a single-dimensional driver Wt

for the underlying, as specified respectively by (1.1.8) and (1.1.11), is actually benign in both
cases and for similar reasons. The only interest in employing a multi-dimensional endogenous

driver
−→
W t and volatility −→σt is to describe the joint dynamics of the underlying asset St along

with another process. In the SImpV case, that process is the smile shape Σ̃, while for the SInsV
model it will be the coefficients in the Wiener chaos decomposition of σt : in both cases, these
are a priori infinite dimensional processes. But in both instances, any component not driving

can be formally allocated to the independent, exogenous driver
−→
Z t, so that in the end only the

modulus ‖−→σt‖ matters. In essence, this all boils down to the very definition of an exogenous
noise, whose instantaneous covariation with St must be null.

We will however work with a multi-dimensional
−→
W t later on, in Chapter 2 in order to investigate

the basket problem. In that context, we will have to express the joint dynamics of each individ-
ual underlying and of the basket itself, which does warrant a vectorial endogenous driver.

In terms of presentation, the fact that we organised the drivers into orthogonal components is
clearly artificial, but not binding. In purely economic terms, there is no such thing as clearly
identifiable independent factors. It serves several purposes. In mathematical terms, it sim-
plifies the computations and ensures that all correlation-related quantities are represented by
linear algebra products. As for interpretation, it clearly divides the picture between an en-
dogenous/observable/complete component, and the exogenous/non observable/incomplete part.
Obviously there is a cost to pay : in particular the bracket between two processes now comes
as a scalar product. For instance the notion associated to 〈dSt

St
, dσt 〉 is easy to grasp, even to
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graphically chart on historical series, whereas a2,t might initially seem a bit abstract. Neverthe-
less, the logic used throughout this document is to clarify (even artificially) the computation,
and re-formulate the output results for interpretation.

Remark 1.1
The choice of the lognormal convention to write the dynamics of the underlying St (see (1.1.8)
and (1.1.11)), as well as the fact that we are re-parametrising the price surface using a lognor-
mal (Black) convention, might seem subjective and possibly restrictive. In fact, as will be proven
and discussed in section 2.2.3 117, once expansion results are available for a simple model such
as the lognormal dynamics, it is relatively simple to transfer those to most parameterisations,
such as the normal dynamics, or the CEV, etc. In consequence the choice we made is merely
practical, and in practice not binding.

In order to facilitate the following proofs, we add the following technical restrictions :

Assumption 1.1

Almost surely St > 0 ∀t ≥ 0(1.1.13)

Almost surely σt > 0 ∀t ≥ 0(1.1.14)

Almost surely Σ̃(t, y, θ) > 0 ∀(t, y, θ) ∈ R+ × R× R+(1.1.15)

Remark 1.2
In practice, Assumption 1.1.14 is not as restrictive as it might seem. As will become apparent

with Sections 1.3 and 2.3, the positivity of σt is in fact equivalent to the positivity of Σ̃(t, 0, 0),
which in a broader multi-dimensional context, is equivalent to the positivity of the modulus ‖ −→σt ‖.
Therefore, in such a framework, one could see any of the components of −→σt go null : as long as
one component remains either strictly positive or negative, the following computations are valid.
In fact, because our approach is asymptotic, Assumption 1.1.13 needs only hold at the current
time t. We could still express results should it be breached, but they would be trivial and without
financial interest.

1.1.4 The objectives

The objectives of this chapter are to establish the links between the stochastic (sliding) implied
volatility model and the instantaneous volatility model.

◮ The direct problem is to derive the shape and dynamics of the implied volatility surface Σ̃
from the value and dynamics of the instantaneous volatility σt.

◮ The inverse problem is to derive the value and dynamics of the instantaneous volatility σt
from the shape and dynamics of the implied volatility surface Σ̃ .

The (static) calibration procedure is often seen as an inverse problem. Indeed, when a practitioner
exploits one of the many popular stochastic instantaneous volatility models, the implied volatility
Σ̃ must be marked to market in some respect, while σt is intrinsically model-dependent. In
numerical terms however, this inverse problem is usually solved by an optimisation process. The
latter consists in minimising the market error, which itself requires numerous calls to the pricer,
and is thus associated to the direct problem.
Let us start therefore by examining the structural constraints of the SImpV model.
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1.2 Derivation of the Zero-Drift Conditions

The stochastic implied volatility model, as defined by (1.1.11)-(1.1.12), is just an SDE system.
It describes the dynamics of an infinite-dimensional state vector (the underlying St and the smile
Σ̃(t, y, θ)) with no built-in notion of how they relate to each other. hence it does not intrinsically
guarantee no-arbitrage, a condition that must be imposed externally.
We start by establishing the main Zero-Drift Condition, which is valid in the full domain (t, y, θ).
Then we specialise it to the Immediate domain, i.e. θ = 0, which provides a pair of Immediate
ZDCs. And finally we restrict ourselves to the Immediate ATM position, which is the starting
point of our asymptotics.

1.2.1 The main Zero-Drift Condition

Let us first transfer the dynamics of the sliding smile back into absolute coordinates.

Lemma 1.1 (Dynamics of the absolute implied volatility surface)
In our framework, the dynamics of the absolute implied volatility surface are given by

dΣ(t, St,K, T ) = b(t, St,K, T ) dt + ν(t, St,K, T ) dWt + −→n (t, St,K, T )⊥ d
−→
Z t(1.2.16)

denoting (◦) △
= (t, y, θ)

b(t, St,K, T ) = b̃(◦) − Σ̃
′

θ(◦) + 1
2 σ

2
t

[
Σ̃

′′

yy(◦) + Σ̃
′

y(◦)
]
− σt ν̃

′

y(◦)

ν(t, St,K, T ) = ν̃(◦) − σt Σ̃
′

y(◦)(1.2.17)

−→n (t, St,K, T ) =
−→̃
n (◦)

Proof.
We invoke the Itô-Kunita formula as presented in Theorem A.1 : taking −→α t =

(y
θ

)
we see that

dy = − 1

St
dSt +

1

2

1

S2
t

〈dSt〉 =
1

2
σ2t dt − σt dWt and 〈dy〉 = σ2t dt

Therefore the dynamics of the absolute Σ(t, St,K, T ) surface come as

dΣ = b̃(◦) dt + ν̃(◦) dWt +
−→̃
n (◦)⊥d−→Z t + Σ̃

′

y(◦) dy + Σ̃
′

θ(◦) dθ +
1

2
Σ̃

′′

yy(◦) 〈dy〉 − ν̃ ′

y(◦) σt dt

= b̃(◦) dt + ν̃(◦) dWt +
−→̃
n (◦)⊥d−→Z t + Σ̃

′

y(◦)
[

1

2
σ2t dt − σt dWt

]
− Σ̃

′

θ(◦) dt

+
1

2
Σ̃

′′

yy(◦) σ2t dt − ν̃
′

y(◦) σt dt

Finally grouping the finite and non-finite variation terms, we obtain the desired result.

Having now moved to an absolute setup enables us to use the martingale property, and therefore
to express our main result.
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Proposition 1.1 (Zero Drift Condition of the single-underlying framework)
The shape and dynamics functions specifying the sliding implied volatility model (1.1.11)-(1.1.12)
are constrained by arbitrage to fulfill the following Zero-Drift Condition :

In the general domain (◦) = (t, y, θ) ∈ R+ × R× R+∗ we have a.s.

Σ̃3(◦) b̃(◦) = θ D(◦) + E(◦) +
1

θ
F (◦)(1.2.18)

with





D(t, y, θ) =
1

8
Σ̃4(◦)

[ [
ν̃(◦) − σt Σ̃

′

y(◦)
]2

+ ‖−→̃n ‖2(◦)
]

(1.2.19)

E(t, y, θ) = Σ̃3(◦)
[

Σ̃
′

θ(◦) − 1
2 σ

2
t Σ̃

′′

yy(◦) + σt ν̃
′

y(◦) − 1
2 σt ν̃(◦)

]
(1.2.20)

F (t, y, θ) = 1
2 Σ̃4(◦) − 1

2 σ
2
t Σ̃2(◦) − y σt Σ̃(◦)

[
ν̃(◦) − σt Σ̃

′

y(◦)
]

(1.2.21)

− 1
2 y

2

[ [
ν̃(◦) − σt Σ̃

′

y(◦)
]2

+ ‖−→̃n ‖2(◦)
]

Proof.
In order to obtain the call price dynamics, we start by applying Itô’s Lemma to the normalised
Black-Scholes functional (1.1.3). For the sake of clarity, we omit the multiple dependencies of
the implied volatility Σ, of the normalised greeks ∆ (”Delta”), Γ (”Gamma”), V (”Vega”), Λ
(”Volga”), ϑ (”Vanna”) and of the absolute diffusion coefficients b, ν, n. We obtain simply :

dC(t, St, T,K) = −VΣ(2
√
θ)−1 dt + ∆StσtdWt + V

√
θ
[
b dt + ν dWt +−→n ⊥d

−→
Z t

]

+ 1
2ΓS2

t σ
2
t dt + 1

2θϑ
(
ν2 + ‖−→n ‖2

)
dt + Λ

√
θStσtν dt(1.2.22)

with

∆ = ∂CBS

∂x V = ∂CBS

∂v Γ = ∂2CBS

∂x2 Λ = ∂2CBS

∂x∂v ϑ = ∂2CBS

∂v2

The NOA assumption forces Ct into a martingale under QN , so that (1.2.22) leads classically to
the following zero-drift condition :

0 = −VΣ(2
√
θ)−1 + V

√
θb+ 1

2ΓS2
t σ

2
t + 1

2θϑ
(
ν2 + ‖−→n ‖2

)
+ Λ
√
θStσtν(1.2.23)

Computing the normalized greeks V, Γ, ϑ and Λ involved in (1.2.23) presents no difficulty, as
detailed in Appendix C. Factorising with the Vega, the resulting expressions come as

V = St N
′

(d1) ϑ = V




y2
(

Σ
√
θ
)3 −

1

4
Σ
√
θ




Γ =
V

S2
t Σ
√
θ

Λ = S−1
t V

[
1
2 +

y

Σ2 θ

]
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Note that these expressions are well-defined and finite, thanks to the technical assumptions
(1.1.13) and (1.1.15). Note also that, although the normalised Delta and Gamma correspond to
the same expressions as with the classic BS formula, the derivatives in v (namely Vega, Vanna
and Volga) differ slightly from their classic expressions. Note finally that here θ is NOT the
greek associated to time t !
Injecting the greeks, the zero-drift condition becomes

0 = −V Σ

2
√
θ

+ V
√
θ b + 1

2

V
S2
t Σ
√
θ
S2
t σ

2
t

+ 1
2 θ V




y2
(

Σ
√
θ
)3 −

1

4
Σ
√
θ



(
ν2 + ‖−→n ‖2

)
+ S−1

t V
[

1
2 +

y

Σ2θ

] √
θ St σt ν

Hence, after simplification and factorisation :

0 = V
[
− Σ

2
√
θ

+
√
θb + 1

2

1

Σ
√
θ
σ2t + 1

2θ

[
y2

Σ3θ
3
2

− 1

4
Σ
√
θ

] (
ν2 + ‖−→n ‖2

)
+
[
1
2 +

y

Σ2θ

]√
θσtν

]

We use now the strict positivity of V and of θ (since we restricted ourselves to Θ ∈ R+∗) to
divide both sides by the product V

√
θ. We then isolate b(t, y, θ) and end up with

b =
1

2

Σ

θ
− 1

2

1

Σθ
σ2t − 1

2

[
y2

Σ3θ
− 1

4
Σθ

] (
ν2 + ‖−→n ‖2

)
−
[
1
2 +

y

Σ2θ

]
σtν

We can now use Lemma 1.1 and replace the absolute processes with their sliding counterparts.
We get, all processes evaluated in (t, y, θ) :

b̃− Σ̃
′

θ + 1
2σ

2
t

[
Σ̃

′′

yy + Σ̃
′

y

]
− σt ν̃

′

y

=
1

2

Σ̃

θ
− 1

2

1

Σ̃θ
σ2t − 1

2

[
y2

Σ̃3θ
− 1

4
Σ̃θ

] [(
ν̃ − σtΣ̃

′

y

)2
+ ‖−→̃n ‖2

]
−
[
1
2 +

y

Σ̃2θ

]
σt

(
ν̃ − σtΣ̃

′

y

)

Developing this expression and gathering the terms by power of θ, we get the sliding drift as :

b̃ = θ

[
1

8
Σ

[(
ν̃ − σtΣ̃

′

y

)2
+ ‖−→n ‖2

]]
+
[
Σ̃

′

θ − 1
2σ

2
t

(
Σ̃

′′

yy + Σ̃
′

y

)
+ σt ν̃

′

y − 1
2σt

(
ν̃ − σtΣ̃

′

y

)]

+
1

θ

[
1

2
Σ− 1

2

σ2t
Σ
− 1

2

y2

Σ3

[(
ν̃ − σtΣ̃

′

y

)2
+ ‖−→n ‖2

]
− y

Σ2
σt

(
ν̃ − σtΣ̃

′

y

)]

Finally, simplifying the second bracket and multiplying the whole expression by Σ̃3(t, y, θ) pro-
vides the desired expression (1.2.18), which concludes the proof.

The ZDC (1.2.18) links the four parametric processes - all bi-dimensional - describing the sliding

IV : the shape Σ̃ and the dynamic coefficients b̃, ν̃ and
−→̃
n . We emphasize that this relationship

is valid in the full domain (y, θ), as opposed to most of the coming asymptotic results, which
are either Immediate (θ = 0) or IATM (y = 0, θ = 0).
We note the positivity of the highest θ-order term D(t, y, θ), a property which will prove useful.
The recurrence of term [ ν̃ − σt Σ̃

′

y ] is also remarkable, although this term is no stranger to
us. Indeed, through (1.2.17) it is identified as ν(t, St,K, T ) which is the endogenous volatility of
the absolute stochastic IV surface. In other words, the compensation term σt Σ̃

′

y(◦) appears to
neutralise the space slide associated with movements of the underlying St. It would be wrong
however, to assume that it removes all dependency on St, i.e. that it corresponds to some un-
conditional endogenous volatility of the smile. Indeed, the absolute coefficient ν itself can very
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well incorporate a local component. We note then that term [ ν̃ −σt Σ̃
′

y ]2 +‖−→̃n ‖2 - appearing in
D(t, y, θ) and F (t, y, θ) - represents the quadratic variation of the absolute stochastic IV surface
Σ(t, St,K, T ) and can be linked to its sliding counterpart with

ν2 + ‖−→n ‖2 =
[
ν̃ − σt Σ̃

′

y

]2
+ ‖−→̃n ‖2 = ν̃2 + ‖−→̃n ‖2 − σt Σ̃

′

y

[
2 ν̃ − σt Σ̃

′

y

]

where the last term converges a.s. in (y, θ) = (0, 0) to a negative correction (see (1.4.51) [p.45]).
We cannot stress enough that the stochastic PDE (1.2.18) constitutes the actual basis for most
of the subsequent asymptotic expressions : manipulating the ZDC (i.e. differentiating w.r.t.
y and θ) then imposing some regularity assumptions, and finally taking the limits in (t, 0, 0),
forms the backbone of the ACE methodology.

An interesting insight into the ZDC structure can be given by exploiting the concept of lo-
cal volatility (LV) as per [Dup94]. Indeed the LV surface ft,St(K,T ) can be seen as a re-
parametrisation of the absolute IV surface Σt,St(K,T ) via an auxiliary diffusion process. But
its square is also interpreted as the expectation of the instantaneous variance σ2t at a given
future date T , conditional on the underlying’s value (ST = K). In this context we can switch
seamlessly to the sliding coordinates y and θ, defining the equivalent sliding local volatility as

f̃(t, y, θ)
△
= ft,St(K,T ) so that f̃2(t, y, θ) = Et

[
σ2t+θ | St+θ = St e

y
]

which allows to isolate naturally the relative local variance ξt(t, y, θ) with

ξt(t, y, θ)
△
= f̃2(t, y, θ) − σ2t = Et

[∫ t+θ

t
dσ2u | St+θ = St e

y

]

We now get slightly ahead of ourselves, by introducing a topic which will be covered in more
detail later in this Chapter (see p.49). Indeed we invoke the classic re-parametrisation of Dupire’s
formula in terms of Lognormal implied volatility (which can be found in [Lee04a]) :

f̃2(t, y, θ) =
Σ̃4(◦) + 2 θ Σ̃3 Σ̃

′

θ(◦)[
Σ̃(◦) − y Σ̃′

y(◦)
]2
− 1

4 θ
2 Σ̃4 Σ̃′

y

2
(◦) + θ Σ̃3 Σ̃′′

yy(◦)

where (◦) = (t, y, θ) denotes as usual the whole domain. First we rewrite that expression as

Σ̃3 Σ̃
′

θ(◦) = − 1

8
θ f̃2 Σ̃4 Σ̃

′

y

2
(◦) +

1

2
f̃2 Σ̃3 Σ̃

′′

yy(◦) +
1

θ

1

2
f̃2
[

Σ̃ − y Σ̃
′

y

]2
(◦) − 1

θ

1

2
Σ̃4(◦)

We identify the l.h.s. as the first component of term E(t, y, θ) in (1.2.26). Hence injecting the
r.h.s. into the main ZDC (1.2.18) leads by replacement to

Σ̃3(◦) b̃(◦) = θ D∗(◦) + E∗(◦) +
1

θ
F ∗(◦)(1.2.24)

with

D∗(◦) =
1

8
Σ̃4 G⋆(◦)(1.2.25)

E∗(◦) = Σ̃3(◦)
[

1

2
ξt Σ̃

′′

yy(◦) + σt ν̃
′

y(◦) − 1
2 σt ν̃(◦)

]
(1.2.26)

F ∗(◦) =
1

2
ξt Σ̃2(◦) − y Σ̃(◦)

[
σt ν̃(◦) + ξt Σ̃

′

y(◦)
]
− 1

2
y2 G⋆(◦)(1.2.27)

where G⋆(◦) △
= ν̃

[
ν̃ − 2 σt Σ̃

′

y

]
(◦) − ξt Σ̃

′

y

2
(◦) + ‖−→̃n ‖2(◦)

which emphasizes the pivotal role played by the relative local variance ξt(t, y, θ).
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1.2.2 The Immediate Zero Drift Conditions

Let us now focus on the immediate smile, which is the limit process (assuming its existence)
of the implied volatility surface when time-to-maturity θ tends to 0. In other words, or rather
in market terms, the limit of Σ̃(t, y, θ) when θ ց 0 is the implied volatility of a Call option
maturing tomorrow, or even in a few hours.
In this context, the assumption of an option continuum (see section 1.1.2.1 [p.15]) is vital, but
it also brings some practical issues. Indeed, interpolating between existing Call prices (in order
to ”fill” the map) is one thing, but extrapolating from the liquid Call with the shortest expiry,
down to θ = 0, is another modeling and technical problem altogether.
Besides, beyond the continuum and extrapolation hypothesis, we clearly need to assume some
additional regularity, in order to ensure the existence of a limit. Effectively the ZDC has been
established for strictly positive time-to-maturities only, i.e. (t, y, θ) ∈ R+ × R× R+∗. This was
due to the use of Black’s formula within the proof, as a medium between the price functional
(necessarily static in θ = 0, since it identifies with the payoff function) and the implied volatility
(which can a priori afford some dynamics in the ”immediate” area θ = 0). Now we need to
extend somehow the ZDC into this asymptotic area, which is why we introduce the following
sufficient (strong) conditions :

Assumption 1.2 (Immediate regularity)
The processes Σ̃, Σ̃

′

y, Σ̃
′′

yy, Σ̃
′

θ, b̃, ν̃, ν̃
′

y and ñ all admit a finite (stochastic) limit when θ ց 0.
The corresponding limits are (abusively) denoted with the argument (t, y, 0).

If this assumption package might appear blunt in the mathematical sense, this is not the case
in modeling (i.e. financial) terms. It is true that implied and realised volatilities tend to ”pick
up” shortly before expiry, often due to the pinning effect on very liquid maturities/strikes (see
[AL03] for instance). But to our knowledge such behaviour does not warrant any assumption
of instability or of explosion at expiry, as is observed with deltas when a barrier option knocks
in/out. For all intents and purposes, at vanishing maturities all our smiles can realistically be
considered smooth and well-behaved, in their statics and in their dynamics.

Corollary 1.1 (The Immediate Zero-Drift Conditions)
As a consequence of the ZDC (1.2.18), the shape and dynamics functionals of the sliding SImpV
model (1.1.11)-(1.1.12) are constrained by arbitrage to respect the two following and equivalent
Immediate Zero-Drift Conditions (IZDCs) :

In the Immediate domain (•) = (t, y, 0) we have a.s.

◮ The Primary IZDC :

F (t, y, 0) = 0 = Σ̃4(•) − σ2t Σ̃2(•) − y 2σtΣ̃(•)
[
ν̃(•) − σt Σ̃

′

y(•)
]

− y2
[
‖−→̃n (•)‖2 +

[
ν̃(•) − σt Σ̃

′

y(•)
]2 ]

(1.2.28)

◮ The Secondary IZDC :

Σ̃3 b̃(t, y, 0) = E(t, y, 0) + F
′

θ(t, y, 0)(1.2.29)
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Proof.
Clearly Assumption 1.2 applied to the ZDC (1.2.18) implies that both its left and right hand
terms admit a finite limit. Then considering the last term θ−1 F (t, y, θ) alone implies that

lim
θց0

F (t, y, θ) = 0(1.2.30)

which proves the Primary IZDC (1.2.28). Let us now compute the limit of b̃(t, y, θ) when θ ց 0.
Using a small-θ expansion on F (t, y, θ) we get that

F (t, y, θ) = F (t, y, 0) + θ F
′

θ(t, y, 0) + O(θ2)(1.2.31)

In light of the Primary IZDC (1.2.28), and since a priori F
′

θ(t, y, 0) is non null, L’Hopital’s rule
grants us therefore that

lim
θց0

1

θ
F (t, y, θ) = F

′

θ(t, y, 0)(1.2.32)

so that the ZDC (1.2.18) rewrites, still in the general domain (t, y, θ) :

Σ̃3 b̃(t, y, θ) = θ D(t, y, θ) + E(t, y, θ) + F
′

θ(t, y, 0) +O(θ)(1.2.33)

Invoking now the regularity package of Assumption 1.2, we can take the limit of (1.2.33) in
θ = 0, which provides the Secondary IZDC (1.2.29).

Remark 1.3 (The ”true” IZDC)
Note that the Secondary Immediate ZDC (1.2.29) can be considered the legitimate heir of the
main ZDC (1.2.18) in the immediate domain (t, y, 0), whereas what we call the Primary IZDC
(1.2.28) is simply induced by the regularity assumptions.
Nevertheless, for our purposes the latter is simultaneously more practical and more intuitive, as
it involves a smaller group of functionals. Indeed we can observe that in (1.2.28) the processes b̃,
Σ̃

′

θ, Σ̃
′′

yy and ν̃
′

y play no direct role, by opposition to the general ZDC (1.2.18) and the Secondary
Immediate ZDC (1.2.29).
Consequently, in the sequel the denomination IZDC will always refer, unless otherwise specified,
to the Primary version (1.2.28).

Interestingly, the limit result (1.2.30) also provides us with a lower bound for the convergence
speed of F (t, y, θ), which is faster than θ as that time-to-maturity tends to zero. Note however
that this statement is conditional on the regularity Assumption 1.2, which provides the existence
of a finite limit for F (t, y, θ) in the first place.

Looking at the IZDC (1.2.28) we note that, should the sliding smile Σ̃(t, y, θ), in the Immediate
domain, either be static (in y and θ) or exhibit uniform volatilities ν̃(•) and ñ(•), then the IZDC
would be consistent with a parabolic expression for the Immediate Smile. Indeed, (1.2.28) can
be rewritten

Σ̃4(•) =
[
σt Σ̃(•) + y

[
ν̃(•) − σt Σ̃

′

y(•)
] ]2

︸ ︷︷ ︸
Endogenous

+ y2 ‖−→n (•)‖2
︸ ︷︷ ︸
Exogenous

(1.2.34)

In our view, this expression stresses the role of the exogenous volatility
−→̃
n () as a generator of

pure smile convexity. Indeed there is no interaction with a y term, therefore there cannot be any
influence on the skew. Recall also from (1.2.17) that we can simplify the term [ν̃(•) − σtΣ̃′

y(•)]
into the absolute endogenous coefficient ν(t, St,K, T = t).
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Hence (1.2.34) can be seen as a ”Pythagorian” relationship : in the Immediate domain, the
square of the implied ”variance” Σ̃2 is the sum of two squared and orthogonal terms : one
endogenous, the other exogenous. Note also that the log-moneyness y acts as a ”leverage” so
that the endogenous term in (1.2.34) can be interpreted as the endogenous move generated at
y = 0 (the IATM point) plus a ”torque” proportional to y.

But the information provided by the IZDC through (1.2.34) is actually richer. For simplicity’s
sake, let us restrict ourselves to purely endogenous models, which include local volatility models
but are not restricted to that class. Given the regularity of all process involved, and in particular
assuming that (1.1.15) extends to the immediate domain, this implies in turn that the sign of
the bracket above must stay positive as in

Σ̃2(•) = σt Σ̃(•) + y
[
ν̃(•) − σt Σ̃

′

y(•)
]
≥ 0

We can then divide both sides by σt Σ̃2(t, y, 0) to obtain

1

σt
=

[
1

Σ̃(•)
− y

Σ̃
′

y

Σ̃2
(•)
]

+ y
ν̃(•)

σtΣ̃2(•)
=

[
y

Σ̃(•)

]′

y

+ y
ν̃(•)

σt Σ̃2(•)
(1.2.35)

It is interesting to compare that expression with similar results in the pure local volatility (LV)
case. For instance - and again getting ahead of ourselves - [BBF02] provides the Immediate
implied volatility as the harmonic mean of the local volatility, over the [St,K] segment (see
(1.4.61) [p.49]). Hence by integrating (1.2.35) we can interpret the bracket on the r.h.s. as some
local component.

1.2.3 The IATM Identity

Having expressed the ZDC in the general domain, and then specialised that no-arbitrage con-
straint to the Immediate domain, it is time to focus further and quote the well-known relationship
between instantaneous and implied volatility when taken at the IATM point.

Corollary 1.2 (The IATM Identity)
As a consequence of the IZDC (1.2.28) and therefore by arbitrage, we have that

At the Immediate ATM (IATM) point (t, y = 0, θ = 0) we have a.s.

σt = Σ̃(t, 0, 0)(1.2.36)

Proof.
We simply take the Immediate Zero-Drift Condition (1.2.28) at the origin point (t, 0, 0), which
gives us immediately the fundamental identity.

The fundamental identity (1.2.36) in itself is not new, although it has usually been stated in the
case of the absolute implied volatility surface : see [Dur06] for instance. In practice, this feature
of any SInsV model is commonly used in order to ”complete the market”, under the assumption
that the exogenous driver Zt is scalar.
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In more general terms, hedging stochastic instantaneous volatility can be achieved by incorpo-
rating a well-chosen european option in the replication portfolio (refer to [RT97] for instance).
In that respect, selecting a short-dated ATM option often makes sense, for liquidity reasons. In-
deed, the At-The-Money call maturing the soonest tend to be very liquid, if not the most liquid,
within the whole price surface. Trading this Call is the natural proxy for trading Σ̃(t, 0, 0) and
therefore hedging σt.

Another way to comprehend the IATM identity (1.2.36) is to consider the Gamma-Theta trading
of that same option : the implied volatility determines the time decay, a.k.a. Theta, while the
instantaneous volatility conditions the Gamma. Therefore, should we not have (1.2.36), a very
obvious (and exploitable) arbitrage opportunity would arise.

Remark 1.4 (Minimal specification of the SImpV model)
A consequence of the fundamental result (1.2.36) is that the (sliding) implied volatility model
presented in Section 1.1 can be rewritten in a sparser way. Indeed, denoting (◦) = (t, y, θ) the
generic point we have





dSt
St

= Σ̃(t,0,0) dWt

dΣ̃(◦) = Σ̃−3(◦)
[
θ D(◦) + E(◦) +

1

θ
F (◦)

]
dt + ν̃(◦) dWt +

−→̃
n (◦)⊥d−→Z t

In other words, the inclusion of the stochastic instantaneous volatility σt within the definition of
the sliding implied volatility model is redundant. Indeed, the specification of the sole stochastic
map Σ̃(t, y, θ) includes formally its asymptotics, provided that we assume finite limits in θ = 0.
Therefore the statics and dynamics of the V surface determine entirely the SImpV model.
This configuration shows (again) strong similarities with the HJM framework, where the dynam-
ics of the Zero-Coupon curve write

dBt(T )

Bt(T )
= rt dt +

−→
Γ t(T ) d

−→
W t

and where the drift coefficient rt, which is the short rate, is itself already (asymptotically) included
in the curve input :

rt = − lim
Tցt

∂T ln [ Bt(T ) ]

Also, it is worth recalling that the above interest rates result is - likewise - the structural conse-
quence of no-arbitrage constraints, rather than modeling choices.

1.2.4 Synthesis and overture

To summarise, we have so far expressed the ZDC (1.2.18) which, invoking regularity assump-
tions, we have then specialised to increasingly restrictive asymptotic domains : first in θ = 0
with the IZDCs (1.2.28) and (1.2.29), then at the IATM point with the IATM identity (1.2.36).
A natural comment would be to point out that other asymptotic domains could be explored,
in particular extreme strikes (as in y = ±∞), a topic which is covered for instance in [DY02],
[Lee04b] or [BF09]. Although we have investigated this subject, the present document will ad-
dress it only from a numerical perspective, in Chapter 4.

Going back to the ZDC and its asymptotic corollaries, let us recall that our objective is to solve
the direct and/or the inverse problem. In that respect we observe that the ZDC and Immediate
ZDCs, while carrying more information (being valid in wider domains) than the IATM identity,
seem to provide little information w.r.t. either of these problems. By contrast, on the basis of
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the IATM Identity (1.2.36) and of the Remark 1.4 above, it would be tempting to assume that
the SInsV model is actually embedded into the apparently richer SImpV framework. Indeed, the
dynamics of the SImpV smile are specified in every individual point of the (y, θ) map, and can
therefore describe complex deformation modes. If such was the case, then the inverse problem
would become trivial, while the direct one would become definitively ill-posed.
In fact, this unilateral embedding is verified in certain conditions, dependent in particular on
a low dimensionality for the problem. But we shall prove that when it occurs, this inclusion
is part of a wider equivalence (or bijection) which can be established between the two classes.
Furthermore and conversely, it turns out that the direct problem will in general be easier to
solve, so that the embedding is in fact the other way round.

This apparent subordination of the SImpV framework to the SInsV class probably sounds
counter-intuitive. Its main justification is the very different kind of specification that we have
used for each model. Indeed the dynamics of the SInsV class are defined in depth via the chaos,
while those of the SImpV framework are defined in domain by parametric processes. Let us now
detail and contrast the two models in that respect.

Within the apparently simpler SInsV model, the value and the dynamics of the IATM volatility
σt are freely specifiable using the Wiener expansion, to any required depth. So far, this is an
SDE system describing adapted dynamics for only two financial instruments. To build the whole
market model the arbitrage condition must then be invoked (call prices as conditional expecta-
tions) which determines entirely the smile, both in its shape and dynamics.Unfortunately that
information is (in the general case) not available in explicit fashion.

By contrast, within the SImpV model the SDE specification is sparser and concerns the whole
market, but it must be envisaged along its companion ZDC to carry any financial relevance,
which brings a series of questions and remarks.

First, the dynamics of the SImpV coefficients (̃b, ν̃ and
−→̃
n ) have not been provided. So a

generic-depth Wiener chaos expansion of these parametric processes seems a fortiori out of
context. Hence is a match to the SInsV class impossible, making both the direct and inverse
problems non-sensical? The answer is no, as we will see that at the IATM point the chaos
specification of Σ̃ alone can translate into a differential set of all four SImpV functionals.
The second question is the degree of redundancy among these four SImpV functionals, in the
perspective of actual model parametrisation : which are our degrees of freedom ? Indeed the
ZDC is a stochastic PDE invoking multiple processes, so we must select a single dependent
variable. The drift seems the best candidate, which explains why we presented the ZDC with
b̃ on the l.h.s. The endogenous coefficient ν̃ appears both squared and differentiated, while the

exogenous coefficient
−→̃
n only exposes its modulus, so that even in a bi-dimensional framework

both are more difficult to infer. Finally the shape functional Σ̃ seems a non-starter, as having
to solve dynamically a non-linear parabolic PDE is not an encouraging prospect.
The next subject is whether we have overlooked any more SImpV constraints. There are indeed
some well-defined global restrictions, corresponding to the usual validity conditions of the smile
(intra- and inter-expiry) satisfied statically but a.s. and at any time. We have intentionally not
exploited these stochastic partial differential inequalities, because from an asymptotic perspec-
tive they do not bring additional and relevant information. They will however intervene in the
whole-smile extrapolations covered in Chapter 4.

To link these two models and solve both the direct and the inverse problems, we must now
manipulate further the main ZDC, and focus on the IATM point where the SImpV constraints
are maximal. Indeed the core principle of ACE is inductive : it involves cross-differentiating
that stochastic PDE, and then taking its IATM limit under sufficient regularity assumptions.
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1.3 Recovering the instantaneous volatility : the first layer

After establishing some local constraints of the SImpV model, we show how to recover the
associated SInsV model, before commenting and interpreting this rich relationship.

1.3.1 Computing the dynamics of σt

Our ultimate objective in this section is to show how to solve the inverse problem, which is to
recover the value and dynamics of the instantaneous stochastic volatility σt, associated to a given
stochastic implied volatility model. In fact the achievements of this section will be relatively
modest since, although the basics of the methods will be laid down. In effect we will only access
the top level coefficients in the chaos expansion describing the dynamics of σt, which accounts
for the mention of a ”first layer”.
Our first step is to derive a series of IATM arbitrage constraints for the SImpV model class.

Proposition 1.2 (IATM arbitrage constraints of the SImpV model : first layer)
Let us consider a given stochastic sliding implied volatility model, as defined by (1.1.11)-(1.1.12).
Then its dynamic coefficients are locally constrained to satisfy, at the IATM point (t, 0, 0) :

ν̃(⋆) = 2 σt Σ̃
′

y(⋆)(1.3.37)

ν̃
′

y(⋆) = Σ̃
′

y

2
(⋆) + 3

2 σt Σ̃
′′

yy(⋆) − 1
2

‖−→̃n (⋆)‖2
σ2t

(1.3.38)

b̃(⋆) = 2 Σ̃
′

θ(⋆) − 1
2 σ

2
t Σ̃

′′

yy(⋆) + σt ν̃
′

y(⋆) − 1
2 σt ν̃(⋆)(1.3.39)

Proof.
Since we are not interested here in any θ-differential, we can take the limit of the ZDC in θ = 0
first, before applying any y-differentiation. In other words, we can deal directly with the simpler
IZDC instead.

Computation of ν̃(t, 0, 0)
Let us differentiate once w.r.t. y the Immediate Zero-Drift Condition (1.2.28). Omitting the
arguments by assuming that all functionals are taken in (t, y, 0), we have

0 = 4Σ̃3Σ̃
′

y − 2σ2t Σ̃Σ̃
′

y − 2σtΣ̃
[
ν̃ − σtΣ̃

′

y

]
− y 2σtΣ̃

′

y

[
ν̃ − σtΣ̃

′

y

]
− y 2σtΣ̃

[
ν̃

′

y − σtΣ̃
′′

yy

]

−2y

[
‖−→̃n ‖2 +

(
ν̃ − σtΣ̃

′

y

)2]
− 2y2

[−→̃
n ⊥−→̃n ′

y +
(
ν̃ − σtΣ̃

′

y

)(
ν̃

′

y − σtΣ̃
′′

yy

)]

= 4Σ̃3Σ̃
′

y − 2σ2t Σ̃Σ̃
′

y − 2σtΣ̃
[
ν̃ − σtΣ̃

′

y

]

−2y

[
σtΣ̃

′

y

(
ν̃ − σtΣ̃

′

y

)
+ σtΣ̃

(
ν̃

′

y − σtΣ̃
′′

yy

)
+
(
ν̃ − σtΣ̃

′

y

)2
+ ‖−→̃n ‖2

]

−2y2
[(
ν̃ − σtΣ̃

′

y

)(
ν̃

′

y − σtΣ̃
′′

yy

)
+
−→̃
n ⊥−→̃n ′

y

]

Taking this result in (⋆)
△
= (t, 0, 0) and using the IATM identity (1.2.36), we get

0 = 4σ2t Σ̃
′

y(⋆)− 2σ2t Σ̃
′

y(⋆)− 2σt

[
ν̃(⋆)− σtΣ̃

′

y(⋆)
]

which after simplification proves (1.3.37).
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Computation of ν̃
′

y(t, 0, 0)
We differentiate the IZDC (1.2.28) twice w.r.t. y and again take all functionals in (t, y, 0) :

0 = 12Σ̃2 Σ̃
′

y

2
+ 4Σ̃3Σ̃

′′

yy − 2σ2t Σ̃
′

y

2 − 2σ2t Σ̃Σ̃
′′

yy − 2σtΣ̃
′

y

[
ν̃ − σtΣ̃

′

y

]
− 2σtΣ̃

[
ν̃

′

y − σtΣ̃
′′

yy

]

−2

[
σtΣ̃

′

y

(
ν̃ − σtΣ̃

′

y

)
+ σtΣ̃

(
ν̃

′

y − σtΣ̃
′′

yy

)
+
(
ν̃ − σtΣ̃

′

y

)2
+ ‖−→̃n ‖2

]

−2y
[
σtΣ̃

′′

yy

(
ν̃ − σtΣ̃

′

y

)
+ σtΣ̃

′

y

(
ν̃

′

y − σtΣ̃
′′

yy

)
+ σtΣ̃

′

y

(
ν̃

′

y − σtΣ̃
′′

yy

)
+ σtΣ̃

(
ν̃

′′

yy − σtΣ̃
′′′

yyy

)]

−2y
[
2
(
ν̃ − σtΣ̃

′

y

)(
ν̃

′

y − σtΣ̃
′′

yy

)
+ 2
−→̃
n ⊥−→̃n ′

y

]
− 4y

[(
ν̃ − σtΣ̃

′

y

)(
ν̃

′

y − σtΣ̃
′′

yy

)
+
−→̃
n ⊥−→̃n ′

y

]

−2y2
[(
ν̃

′

y − σtΣ̃
′′

yy

)2
+
(
ν̃ − σtΣ̃

′

y

)(
ν̃

′′

yy − σtΣ̃
′′′

yyy

)
+ ‖−→̃n ′

y‖2 +
−→̃
n ⊥−→̃n ′′

yy

]

and after simplification,

0 = 12Σ̃2 Σ̃
′

y

2
+ 4Σ̃3Σ̃

′′

yy − 4σtΣ̃ν̃
′

y + 2σ2t Σ̃Σ̃
′′

yy − 2
(
ν̃2 + ‖−→̃n ‖2

)

−2y
[
σtΣ̃ν̃

′′

yy − 2σtΣ̃
′

yν̃
′

y − 3σtΣ̃
′′

yyν̃ + σ2t Σ̃
′

yΣ̃
′′

yy − σ2t Σ̃Σ̃
′′′

yyy + 4
(
ν̃ν̃

′

y +
−→̃
n ⊥−→̃n ′

y

)]

−2y2
[(
ν̃

′

y − σtΣ̃
′′

yy

)2
+
(
ν̃ − σtΣ̃

′

y

)(
ν̃

′′

yy − σtΣ̃
′′′

yyy

)
+ ‖−→̃n ′

y‖2 +
−→̃
n ⊥−→̃n ′′

yy

]

Taking this result in (⋆) = (t, 0, 0), using (1.2.36) and (1.3.37), we get

0 = 12 σ2t Σ̃
′

y

2
(⋆) + 4 σ3t Σ̃

′′

yy(⋆) − 4 σ2t ν̃
′

y(⋆) + 2 σ3t Σ̃
′′

yy(⋆) − 2
[

4 σ2t Σ̃
′

y

2
(⋆) + ‖−→̃n (⋆)‖2

]

= 4σ2t Σ̃
′

y

2
(⋆) + 6 σ3t Σ̃

′′

yy(⋆) − 4 σ2t ν̃
′

y(⋆) − 2 ‖−→̃n (⋆)‖2

which after simplification provides (1.3.38).

Computation of b̃(t, 0, 0)
Taking the Secondary IZDC (1.2.29) at the IATM point yields simply

Σ̃3 b̃(⋆) = E(⋆) + F
′

θ(⋆)(1.3.40)

Besides, the definition of F (t, y, θ) (1.2.21) leads to the differential

F
′

θ(t, y, θ) = 2 Σ̃3 Σ̃
′

θ(◦) − σ2t Σ̃ Σ̃
′

θ(◦) − y [· · ·] − 1
2 y

2 [· · ·]

In particular at the IATM point we have, using (1.2.36) :

F
′

θ(⋆) = 2 Σ̃3 Σ̃
′

θ(⋆) − Σ̃3 Σ̃
′

θ(⋆) = Σ̃3 Σ̃
′

θ(⋆)(1.3.41)

Injecting (1.3.41) into (1.3.40) we get

b̃(⋆) = Σ̃
′

θ(⋆) − 1
2 σ

2
t Σ̃

′′

yy(⋆) + σt ν̃
′

y(⋆) − 1
2 σt ν̃(⋆) + Σ̃

′

θ(⋆)

= 2 Σ̃
′

θ(⋆) − 1
2 σ

2
t Σ̃

′′

yy(⋆) + σt ν̃
′

y(⋆) − 1
2 σt ν̃(⋆)

which proves (1.3.39) and concludes the proof.

Proposition 1.2 does warrant further interpretation, as it illustrates the (over-) specification of
the sliding stochastic implied volatility model. However those comments will be postponed to
section 1.3.2 in order to give more insight into the recovery results themselves. Let us now move
on to that inverse problem proper.
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Theorem 1.1 (Recovery of the SInsV dynamics : the first layer)
Let us consider a given stochastic sliding implied volatility model, as defined by (1.1.11)-(1.1.12).
Then its local IATM specification is associated to a stochastic instantaneous volatility model, as
defined by (1.1.8)-(1.1.9)-(1.1.10), whose value and dynamics are recovered as follows :

dσt = a1,t dt + a2,t dWt + −→a ⊥
3,t d
−→
Z t(1.3.42)

with





a1,t = 2Σ̃
′

θ(⋆) + σ2t Σ̃
′′

yy(⋆) − σ2t Σ̃
′

y(⋆) + σt Σ̃
′

y

2
(⋆)− ‖

−→̃
n (⋆)‖2
2σt

(1.3.43)

a2,t = 2σtΣ̃
′

y(⋆)(1.3.44)

−→a 3,t =
−→̃
n (⋆)(1.3.45)

a22,t = 2
[

Σ̃
′

y(⋆) ν̃(⋆) + σt ν̃
′

y(⋆)
]

(1.3.46)

Note that we will shortly define the SInsV coefficients invoked here as the σt-(2,0) group (see
Definition 1.1 [p.41]).

Proof.
The fundamental IATM identity (1.2.36) is static but valid a.s. and at any time t, while
parameters y and θ are constant. Therefore it also provides us with the following dynamics :

d σt = d Σ̃(t, y = 0, θ = 0) = b̃(t, 0, 0) dt + ν̃(t, 0, 0) dWt +
−→̃
n (t, 0, 0)⊥d

−→
Z t(1.3.47)

By unicity of the decomposition and invoking Proposition 1.2 we get

◮ The a2,t coefficient through (1.3.37) which provides (1.3.44).

◮ The −→a 3,t coefficient directly which provides (1.3.45).

As for the identification of the drift coefficient a1,t, we wish to express it as a function of

◮ the shape function Σ̃ and its differentials, all taken at the origin point (t, 0, 0).

◮ the exogenous coefficient
−→̃
n (t, 0, 0)

It suffices to replace both ν̃(⋆) and ν̃
′

y(⋆) by their respective expressions (1.3.37) and (1.3.38) in
the IATM drift expression (1.3.39) to obtain

b̃(⋆) = 2Σ̃
′

θ(⋆) − 1
2σ

2
t Σ̃

′′

yy(⋆) + σt


Σ̃

′

y

2
(⋆) + 3

2 σtΣ̃
′′

yy(⋆)− 1
2

(
‖−→̃n (⋆)‖
σt

)2

− 1

2σt2σtΣ̃
′

y(⋆)

= 2Σ̃
′

θ(⋆) − 1
2σ

2
t Σ̃

′′

yy(⋆) + σt Σ̃
′

y

2
(⋆) + 3

2 σ
2
t Σ̃

′′

yy(⋆) − 1
2

‖−→̃n (⋆)‖2
σt

− σ2t Σ̃
′

y(⋆)

which after simplification provides (1.3.43).
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We have now covered all first-depth coefficients involved in the dynamics of the instantaneous
volatility σt, as per (1.3.42). Moving on to the second depth, we then compute the dynamics of
a2,t in order to extract the endogenous a22,t coefficient. From both sides of (1.3.37) and (1.3.44)
it comes that

d a2,t = d ν̃(⋆) = [·] dt + 2 Σ̃
′

y(⋆) ν̃(⋆) dWt + 2 σt ν̃
′

y(⋆) dWt + [·] d−→Z t

and we get the final result

a22,t = 2
[

Σ̃
′

y(⋆) ν̃(⋆) + σt ν̃
′

y(⋆)
]

which concludes the proof.

1.3.2 Interpretation and comments

We shall first examine Proposition 1.2 in the perspective of SImpV model specification, before
focusing on the Recovery Theorem 1.1, which answers to the inverse problem. For practical
reasons that shall become obvious in Chapter 2, we start by gathering the terms invoked by
both results in two natural and consistent groups.

Definition 1.1 (First Layer : the Σ̃-(2,0) and σt-(2,0) groups)
The Σ̃-(2,0) group comprises the following collection of IATM differentials :

Σ̃(⋆) Σ̃
′

y(⋆) Σ̃
′′

yy(⋆) Σ̃
′

θ(⋆)︸ ︷︷ ︸
static coefficients

−→̃
n (⋆) ν̃(⋆) ν̃

′

y(⋆) b̃(⋆)
︸ ︷︷ ︸

dynamic coefficients

The σt-(2,0) group corresponds to the following coefficients of the SinsV model :

σt a1,t a2,t
−→a 3,t a22,t

More generally and as we shall confirm in the next section, the Σ̃-(2,0) and σt-(2,0) collections
constitute together what we will call the first layer. This terminology comes by reference to the
successive differentiation stages of the ZDC, which are necessary to establish the asymptotic
results (whether inverse or direct) as will be demonstrated in Chapter 2. In this case the suffix
(2, 0) indicates that the ZDC had to be differentiated twice w.r.t. y and not at all w.r.t. θ,
which is clear from the proof of Proposition 1.2.

1.3.2.1 Specification of the stochastic implied volatility model

Let us first comment globally on the trio of arbitrage constraints (1.3.37)-(1.3.38)-(1.3.39), before
covering them individually.
First we note that they represent only necessary conditions of no-arbitrage. It is indeed possi-
ble to express more conditions of the same type, invoking further y- and θ- differentials of the

parametric processes Σ̃, b̃, ν̃ and
−→̃
n , also taken at the IATM point (t, 0, 0) : this will indeed

become clearer in the course of Chapter 2.
Remark also that we have presented the three equations in such a way that the IATM drift and
endogenous volatility are expressed as functions of only the local static differentials and of the

exogenous coefficients
−→̃
n . This particular presentation is obviously artificial, and serves mainly

the purpose of avoiding a chaos expansion at higher orders. In reality it consists in a simple,
local manifestation of the ZDC (1.2.18), which itself stresses the growing over-specification of
the SimpV model class, as we close on the IATM point.
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Indeed, the model is defined by the four functionals Σ̃, b̃, ñ and
−→̃
n , and the NAO condition dic-

tates that in the full domain (t, y, θ), one (and only one) of these functionals is redundant. Then
in the Immediate sub-domain (t, y, 0) the IZDC (1.2.28) and/or the Secondary IZDC (1.2.29)
demonstrate that more restrictive conditions apply, involving a larger number of descriptive
functionals : indeed, where θ is null the functionals Σ̃(t, y, 0) and Σ̃

′

θ(t, y, 0), for instance, are
not redundant any more. Finally, at the IATM point (t, 0, 0) the new Theorem 1.1 shows that
the constraints become even stronger, involving a greater number of descriptors/functionals.
Therefore the presentation of Proposition 1.2 and of Theorem 1.1 is not unique, so that al-
ternative expressions exist that will characterise a SImpV model, or at least its Σ̃-(2,0) group
of IATM differentials. Defining entirely the model through these differentials would indeed be
natural, should the surface be designed using Taylor expansions for instance14. We observe that
this group contains eight processes, which are themselves constrained by three no-arbitrage con-
ditions, so that the specification only retains five degrees of freedom. Put simply, the following
IATM differentials are interchangeable by pairs :

ν̃(⋆) vs Σ̃
′

y(⋆) ν̃
′

y(⋆) vs Σ̃
′′

yy(⋆) b̃(⋆) vs Σ̃
′

θ(⋆)

Note that in all three cases, we have equivalence between a static coefficient and a dynamic one,

but the endogenous IATM coefficient
−→̃
n (⋆) is intrinsic and remains unmatched. In summary,

the Σ̃-(2,0) group can be uniquely and equivalently defined (and therefore the SImpV model
characterised) by no less than eight equivalent, ”minimal” configurations.
Following these global considerations, let us comment individually on the three NOA constraints.

Remark 1.5
The IATM arbitrage constraint (1.3.37) shows that in any (sliding) stochastic implied volatility
(SImpV) model, the IATM skew is HALF the lognormal endogenous IATM coefficient.

This is certainly, once again, a strong design constraint for modelers. Equivalently, it means
that if two models exhibit (possibly on purpose) the same IATM level and IATM skew, then
the volatilities of that IATM level will necessary share the same endogenous component. This
feature has clearly strong hedging implications, in particular in terms of delta.

Let us now look at (1.3.38) which provides ν̃
′

y(t, 0, 0). Obviously the latter IATM differential
can be seen in one of two ways : either as describing the variation of (endogenous) volatility
w.r.t. strike, or as the endogenous coefficient in the dynamics of the IATM skew, which we will
adopt. Indeed, assuming enough regularity15 we have

d Σ̃
′

y(⋆) = b̃
′

y(⋆) dt + ν̃
′

y(⋆) dWt +
−→̃
n

′

y(⋆)⊥ d
−→
Z t(1.3.48)

In consequence that term will determine a significant part of the risk for skew-based products
such as ATM binaries, call spreads, risk reversals or collars. Furthermore, with respect to smile
specification and behaviour, we observe that

Remark 1.6
The IATM arbitrage constraint (1.3.38) shows that in any SImpV model, at the IATM point the

endogenous normal volatility of the skew ν̃
′

y(⋆) increases with the curvature Σ̃
′′

yy(⋆) and with the

square of the skew Σ̃
′

y(⋆) itself (all else equal). Note that the notion of curvature depends on the
chosen variable : a smile which is convex in strike K is not necessarily so in log-moneyness y
(see (B.0.3) p. VI).

14In fact, as we shall discuss in section 1.4, this is generally a bad idea as one wishes that surface to be initially
valid, and also to stay so dynamically.

15More on that point in the next Section.
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Finally and in a similar fashion, (1.3.39) shows how the drift of the IATM volatility depends

on the exogenous volatility
−→̃
n (⋆), but also on many static descriptors. In a way, it looks as if

the IATM implied volatility is ”riding the smile”. Indeed, if the slope Σ̃
′

θ(⋆) is positive, then
it brings a positive component to the drift, just as if the IATM point was progressing along a
static copy of the smile. In the same spirit, a convex smile (in y coordinates) will also bring a
positive component : if the IATM point was riding a convex surface, then Ito’s Lemma would
generate a positive drift. However interpreting the influence of the skew and of the exogenous
volatility seems a bit more arduous for now.

1.3.2.2 Recovery of the stochastic instantaneous volatility model

The IATM Identity with (1.2.36) and the Recovery Theorem 1.1 with (1.3.42) provides re-
spectively the value (1.3.42) and the first-depth dynamics of the instantaneous volatility σt.
Therefore they do provide together the first elements of a solution for the inverse problem, as
stated initially in section 1.1.4. It is also comforting to note that these results are perfectly
compatible with those of [Dur06] (see Annex E). Also on the subject of model correspondence,
that recovery brings the following significant result :

Corollary 1.3 (Injectivity from Σ̃-(2,0) to σt-(2,0))
Starting from a given SImpV model and inferring the associated SInsV model, using the notations
of Definition 1.1 we have that

The function Σ̃-(2,0) 7→ σt-(2,0) is a.s. injective.

Note that it is mapping a group of five processes into another group of five processes, that Σ̃-(2,0)
presents equivalent configurations and that the non-nullity of Σ̃(⋆) and σt has been assumed for
convenience.

Proof.
Let us establish that property in a sequential fashion. Starting from any equivalent configuration
of the Σ̃-(2,0) group, Σ̃(⋆) uniquely defines σt through (1.2.36). Then either Σ̃

′

y(⋆) or ν̃(⋆)
provides a2 without ambiguity via respectively (1.3.44) or (1.3.37), while −→a 3 stems directly

from
−→̃
n (⋆) via (1.3.45). Moving to a22, that coefficient is now uniquely defined by ν̃

′

y(⋆), or

alternatively from Σ̃
′′

yy(⋆) by invoking (1.3.38), via result (1.3.44). Finally, a1 identifies to b̃(⋆)

which itself is now uniquely defined by Σ̃
′

θ(⋆) as per (1.3.43) or (1.3.39).
Note that this inductive method is made possible by the a.s. positivity of σt, which is provided
by the previous assumption (1.1.14), but this is an artificial constraint that can be lifted by
considering the instantaneous variance instead of the volatility.

At this point, the natural question to raise is whether we actually face a bijection between
the two groups, which would establish the beginning of an equivalence between the SinsV and
SimpV model classes themselves. We shall see in the coming section 1.4.2 that the bijection
does exist for Layer 1. However and as will be discussed in Chapter 2, if the direct relationship
is indeed injective (irrespective of the dimension) at any order, this is a priori not the case of
the recovery problem.
Among all the minimal combinations for the Σ̃-(2,0) group mentioned in section 1.3.2.1, there

is no escaping the inclusion of the exogenous coefficient
−→̃
n (⋆). However, for reasons that will

be made clear in the sequel, it will prove especially useful to avoid the full specification of
that exogenous coefficient, when possible. This is why we present now the following alternative
expressions for the drifts and for the exogenous coefficients.
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Corollary 1.4 (Alternative expressions within the Recovery Theorem 1.1 )
The recovery of the SInsV drift can be re-expressed without the exogenous coefficient :

a1,t = 2Σ̃
′

θ(⋆) − σ2t

[
Σ̃

′

y(⋆) +
1

2
Σ̃

′′

yy(⋆)

]
+ σt ν̃

′

y(⋆)(1.3.49)

Furthermore, in the particular case of a scalar exogenous driver Zt, where η(ñ) denotes the sign
of ñ(⋆) and of a3,t, we have the exogenous coefficients as

a3,t = η(ñ)
√

2 σt

[
Σ̃

′

y(⋆)
2

+
3

2
σt Σ̃

′′

yy(⋆) − ν̃
′

y(⋆)

]1
2

(1.3.50)

Proof.
Expression (1.3.49) comes trivially from (1.3.39), while isolating the squared modulus ‖−→̃n (⋆)‖2
on the left-hand side of (1.3.38) and then taking the square root on either side gives us (1.3.50).

Turning now to the SInsV dynamics as described by (1.3.42), we find that they provide inter-
esting insight. Indeed, looking first at the drift of σt as per (1.3.43), we observe that a convex
smile with a negative skew will create an increasing trend in volatility. That geometric situa-
tion happens to be extremely common, but the overall drift will depend also on the slope : a
decreasing ATM volatility will counteract the previous effect and vice-versa.
As for the endogenous volatility of volatility, according to (1.3.44) its modulus will increase
with the skew’s, which also has strong trading implications as it relates a dynamic with a static
option strategy.

In spite of, or rather because of the academic relevance of these results, it is important to stress
the possible choices and difficulties one might encounter when confronting them to real-life mar-
kets. In particular, we have seen that it is possible to extract the SInsV coefficients from either
static or dynamic descriptors of the smile : the question is naturally which is better.
In our view, the main criteria is the precision of such IATM market data. We have already
mentioned (see section 1.2.2) the possible difficulty of extrapolating the data in expiry, down
to θ = 0 , which will affect the slope Σ̃

′

θ(⋆). Furthermore, measuring a space differential such

as the skew Σ̃
′

y(⋆) is subject to the liquidity of ITM and/or OTM strikes. Whereas inferring
dynamic coefficients, such as the endogenous vol of vol ν̃(⋆), suffers from sampling error. In gen-
eral the latter error tends to dominate, hence it seems preferable to derive the dynamics of the
SInsV model from the shape descriptors of the (sliding) smile. Unfortunately and as previously

mentioned, we cannot dispense with the exogenous coefficient
−→̃
n (t, 0, 0), which is intrinsic to all

Σ̃-(2,0) configurations.
The second issue is obviously how to deal with conflicting information from both static and
dynamic sources. One has to ponder whether the discrepancy falls within an acceptable noise
range, whether the modeling of the dynamics is inappropriate (e.g. dimension of the drivers) or
whether the market itself might not be arbitrage-free. However most of these questions lie in
the realm of model risk and statistical arbitrage, and are therefore left to further research.

It is naturally possible to interpret and use these results further, in a market-oriented approach.
In particular, should we attempt to specify the shape and dynamics of the smile ex ante, in the
fashion of stochastic implied volatility models, the Recovery Theorem 1.1 would give us strong
guidance. We choose to postpone this discussion until Section 1.5 (p. 57), which is dedicated to
the simultaneous interpretation of both recovery and first layer results.
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1.4 Generating the implied volatility : the first layer

We now turn to the direct problem, by assuming that the input SInsV model specifies the
instantaneous volatility σt as per (1.1.8)-(1.1.9) while the shape and dynamics of the associated
smile - described by (1.1.12) - are unknown. We aim at providing information on the associated
SImpV model, pertaining either to its shape Σ̃(t, y, θ) or to the SDE coefficients b̃(t, y, θ), ν̃(t, y, θ)

and
−→̃
n (t, y, θ). As with the Recovery Theorem 1.1, such information is focused on the IATM

point (t, 0, 0) but involves differentials in the y and θ directions.

Having brushed the subject of multi-dimensionality for the spot process, it seems reasonable to
stick to the scalar case : therefore in the sequel of this chapter let us consider that nw = 1.

1.4.1 Computing the Immediate ATM differentials

Let us assume the dynamics of the stochastic instantaneous volatility model (1.1.8)-(1.1.9)–
(1.1.10), although a21 and −→a 23 will not be needed in this section.

Theorem 1.2 (Generation of the Σ̃-(2,0) group of IATM differentials (first layer))
Under the SInsV model defined by (1.1.8)-(1.1.9)-(1.1.10) we can express the following local

differentials for the shape and dynamics of the sliding implied volatility surface Σ̃(t, y, θ) :

◮ Local differentials of the shape process :

Σ̃
′

y(t, 0, 0) =
1

σt

[
1

2
a2

]
(1.4.51)

Σ̃
′′

yy(t, 0, 0) =
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
1

3
‖−→a 3‖2 −

1

2
a22

]
(1.4.52)

Σ̃
′

θ(t, 0, 0) = σt

[
1

4
a2

]
+

[
1

2
a1 −

1

6
a22

]
+

1

σt

[
1

8
a22 +

1

12
‖−→a 3‖2

]
(1.4.53)

◮ Local differentials of the dynamics processes :

ν̃(t, 0, 0) = a2(1.4.54)

ν̃
′

y(t, 0, 0) =
1

σt

[
1

2
a22

]
+

1

σ2t

[
−1

2
a22

]
(1.4.55)

−→̃
n (t, 0, 0) = −→a 3(1.4.56)

We also found that some readers might find useful to express the static shape differentials w.r.t.
strike K rather than log-moneyness y. Therefore we provide the two relevant expressions (skew
and curvature) which come straight from applying (B.0.2) and (B.0.3) :
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Corollary 1.5 (IATM skew and curvature in absolute coordinates)
At the IATM point (t, St,K = St, T = t), the skew and curvature can be re-expressed as :

Σ
′

K(t, St, St, t) =
a2

2Stσt
(1.4.57)

Σ
′′

KK(t, St, St, t) =
1

S2
t

[
1

σt

[
−a2

2

]
+

1

σ2t

[a22
3

]
+

1

σ3t

[‖−→a 3‖2
3

− a22
2

] ]
(1.4.58)

It is naturally possible to accelerate the proof of Theorem 1.2 by making use of the results within
the Recovery Theorem 1.1. We choose not to do so, for three reasons. The first one is that we
wish to bring into focus the similarities between the direct and inverse problem. Hence it makes
sense to present them in parallel rather than sequentially. The second reason is that we will
prove in the sequel (in particular in Chapter 2) that these two problems are actually equivalent,
within reasonable assumptions. Finally, the extensibility of the ACE methodology to higher
orders will be established using the direct problem, and therefore the coming proof will serve as
the basic sequence for further layers.

Proof. (Theorem 1.2 and Corollary 1.5)
As with the Recovery Theorem 1.1, the first step consists in taking the dynamics on both
sides of the IATM Identity (1.2.36). The identification of the coefficients between (1.1.9) and
(1.1.12) provides, via unicity of the martingale decomposition :

b̃(⋆) = a1,t ν̃(⋆) = a2,t
−→̃
n (⋆) = −→a 3,t

which proves (1.4.54) and (1.4.56) immediately.

The second step is to invoke the IATM arbitrage constraints of the SImpV model (the same
that were necessary to prove the Recovery Theorem 1.1) which are gathered in Proposotion 1.2.
Then

◮ combining first (1.3.37) with (1.4.54) provides the IATM skew as in (1.4.51).

◮ from (1.3.38) we have the IATM curvature Σ̃
′′

yy(⋆) as an explicit function of ν̃
′

y(⋆).

◮ from (1.3.39) comes the IATM slope Σ̃
′

θ(⋆) as an explicit function of Σ̃
′′

yy(⋆) and/or ν̃
′

y(⋆).

which leaves us facing three variables for only two equations.

The third step is to derive new relationships by actually computing some dynamics from
already established results : the strategy is to first express ν̃

′

y(⋆), which will then give us Σ̃
′′

yy(⋆)

and finally Σ̃
′

θ(⋆).

Let us consider the formal dynamics of Σ̃(t, y, θ) within the SImpV model, and assume that
the regularity conditions required by Theorem 3.1.2 of [KUN90] (p. 75) are satisfied. In other
words, let us assume that we can apply the differentiation operator ∂y on either side of (1.1.12)
and express the corresponding flow, as was done with (1.3.48). Recall that we then get

d Σ̃
′

y(t, y, θ) = b̃
′

y(t, y, θ) dt + ν̃
′

y(t, y, θ) dWt +
−→̃
n

′

y(t, y, θ)⊥d
−→
Z t(1.4.59)

We take this expression in (t, 0, 0) and on the left-hand side replace Σ̃
′

y(⋆) by its expression
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(1.4.51) as a function of a2 and σt. The dynamics of a2,t being defined by (1.1.10), those of the
IATM skew come as

dΣ̃
′

y(⋆) = d

[
a2
2σt

]
= [· · ·] dt +

1

2

[
a22
σt
− a22

σ2t

]
dWt + [· · ·] d−→Z t

Then identifying the endogenous coefficients on either side of (1.4.59) we obtain

ν̃
′

y(t, 0, 0) =
1

σt

[
1

2
a22

]
+

1

σ2t

[
−1

2
a22

]

which proves (1.4.55). We can then isolate the curvature Σ̃
′′

yy(⋆) in (1.3.38) and then inject

(1.4.51), (1.4.55) and (1.4.56) respectively in place of Σ̃
′

y(⋆), ν̃
′

y(⋆) and
−→̃
n (⋆) :

Σ̃
′′

yy(⋆) = −2

3

1

σt
Σ̃

′

y

2
(⋆) +

1

3

‖−→̃n (⋆)‖2
σ3t

+
2

3

1

σt
ν̃

′

y(⋆)

= −2

3

1

σt

[
a2
2σt

]2
+

1

3

‖−→a 3‖2
σ3t

+
2

3

1

σt

[
1

σt

[
1

2
a22

]
+

1

σ2t

[
−1

2
a22

] ]

=
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
1

3
‖−→a 3‖2 +

[
−1

6
− 1

3

]
a22

]

which after simplification proves (1.4.52). Finally, isolating the slope Σ̃
′

θ(⋆) in the drift equation

(1.3.39), before replacing Σ̃
′

y(⋆), Σ̃
′′

yy(⋆), ν̃(⋆) and ν̃
′

y(⋆) respectively by (1.4.51), (1.4.52), (1.4.54)
and (1.4.55), we obtain

Σ̃
′

θ(⋆) =
1

2
b̃(⋆) +

1

4
σ2t Σ̃

′′

yy(⋆) − 1

2
σt ν̃

′

y(⋆) +
1

4
σt ν̃(⋆)

=
1

2
a1 +

1

4
σ2t

[
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
1

3
‖−→a 3‖2 −

1

2
a22

]]

− 1

2
σt

[
1

σt

[
1

2
a22

]
+

1

σ2t

[
−1

2
a22

]]
+

1

4
σt a2

=
1

2
a1 +

1

12
a22 +

1

σt

[
1

12
‖−→a 3‖2 −

1

8
a22

]
− 1

4
a22 +

1

σt

1

4
a22 + σt

1

4
a2

which after simplification provides (1.4.53) and concludes the proof of Theorem 1.2.

In order to prove Corollary 1.5 it suffices to use the transition formulae : combining (1.4.51)
and (B.0.2) proves (1.4.57), while apllying (B.0.3) gives

Σ
′′

KK(t, St, St, t) =
1

S2
t

[
Σ̃

′′

yy(⋆) − Σ̃
′

y(⋆)
]

=
1

S2
t

[
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
1

3
‖−→a 3‖2 −

1

2
a22

]
+

1

σt

[
−1

2
a2

] ]

which matches (1.4.58) and concludes the overall proof.
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1.4.2 Interpretation and comments

We now translate and extrapolate the Layer-1 results, i.e. Theorem 1.2 and Corollary 1.5, into
theoretically meaningful and trading pertinent results. Naturally, the latter mainly concern
the influence of each instantaneous coefficient ai,t on the shape and dynamics of the smile, as
far as IATM differentials are concerned. Although these considerations are generally model-
independent, whenever pertinent we compare our results with those available in the literature
(whether exact or heuristic) for the specific class of pure local volatility models.
First we go through some general aspects of those Layer-1 results, before focusing on individual
IATM differentials, in particular the (static) IATM skew and IATM curvature.

1.4.2.1 General considerations on the first layer

Let us first mention a peculiar feature of the Σ̃-(2,0) group of IATM differentials, as presented
by Theorem 1.2. As will be discussed in section 1.5.1.1 [p.57], it has significatively beneficial
properties in terms of whole-smile extrapolation.

Remark 1.7
The first layer as per Theorem 1.2 provides the IATM differential of order 2 in strike, but
only 1 in maturity (and no cross-terms, which will only appear in further layers). This distinct
behaviour of the space and time differentials is clearly a consequence of Itô formula. Not surpris-
ingly, it is also a constant of our study : with higher-order layers, cross-term might appear but
increasing the differentiation order w.r.t. θ by one will always drop the y-order by 2. We named
that feature the ”ladder effect”, which will be formally established and graphically presented in
Chapter 2 (see Figure 2.1 p. 101).

In terms of model correspondence, a noticeable consequence of Theorem 1.2 is the establishment
of the following result.

Corollary 1.6 (Injectivity from σt-(2,0) to Σ̃-(2,0))
Starting from a given SInsV model and inferring the associated SImpV model, using the notations
of Definition 1.1 we have that

The function σt-(2,0) 7→ Σ̃-(2,0) is a.s. injective.

As discussed previously in section 1.3.2.1 [p.41], this statement has to be understood within the
over-specification of the Σ̃-(2,0) group, which effectively possesses only five degrees of freedom.

Proof.
To establish this result, again we proceed sequentially : starting with a given Σ̃-(2,0) con-
figuration, the IATM Identity (1.2.36) [p.35] uniquely sets σt. Then (1.4.51) or equivalently
(1.4.54) provides unambiguously a2,t, while (1.4.56) determines −→a 3,t. The coefficient a22,t is
then uniquely defined by either (1.4.52) or (1.4.55), and finally (1.4.53) unambiguously sets a1,t.

Combining Corollaries 1.3 and 1.6 we can now state directly the following correspondence.

Corollary 1.7 (Bijectivity of σt-(2,0) and Σ̃-(2,0))

The relationship σt-(2,0) ←→ Σ̃-(2,0) is a.s. bijective.
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We consider this result to be fundamental since, if upheld at all order of differentiations (which it
is, as will be proven in section 2.1) it can establish complete correspondence between the SInsV
and SImpV model classes. Indeed, assuming that the smile’s static and dynamic functionals
are analytic along both y and θ coordinates (i.e. that they can be entirely determined by an
infinite series of IATM differentials) then their specification is equivalent to writing ”in depth”
the chaos expansion of a generic stochastic instantaneous volatility model. But even without
that still-to-be-proven extension to higher order, the σt-(2,0) ←→ Σ̃-(2,0) correspondence can
and will be used by itself, no later than in section 1.5.3 which is dedicated to the ”intuitive”
re-parameterisation of SInsV models.

Turning now to more practical matters, as announced we shall now use the local volatility
(LocVol) model class as an important benchmark, due to its simplicity but also to its academic
relevance. Note that one can refer to [AN04b] for an alternative approach of the class, in a
dynamic smile context presenting similarities with our framework.
The class has previously been mentioned in section 1.1.2.3 [p.18] and we will maintain the same
notations for its dynamics, as per (1.1.5). Recall also that although its practical usage is limited
(due to flawed dynamics) its explanatory and demonstrative capacity is very strong. Also it has
been thoroughly investigated in the literature, which provides a good opportunity for critically
assessing our results on a simple case (more complex illustrations will follow).
All these features are mainly due to the minimal Markovian dimension, and to the alternative
interpretation that they offer for the IV surface, as a conditional expectation and via Dupire.
Evidently, since our results are generic and come in closed form, we must look for the same
properties in the literature. However, to our knowledge there is no published result which is
simultaneously generic, exact, explicit, valid in the full domain (or failing that in a neighborhood
of the IATM point) and of a direct nature (i.e. providing Σ̃ (. . .) from f (·, ·)). Hence we have
selected three distinct approaches for their respective strengths.
The first natural candidate is certainly Dupire, which is expressed in price terms in [Dup93] but
can be re-parameterised using (sliding) implied volatility. The equivalent formulation can be
found in [Lee04a]16 (p.6) or adapted from [Gat06] (p.13) or even derived without difficulty from
Dupire’s formula. Using our usual notation (◦) = (t, y, θ) it reads :

f2(T,K) =
Σ̃4(◦) + 2 θ Σ̃3 Σ̃

′

θ(◦)[
Σ̃(◦) − y Σ̃′

y(◦)
]2
− 1

4 θ
2 Σ̃4 Σ̃′

y

2
(◦) + θ Σ̃3 Σ̃′′

yy(◦)
(1.4.60)

Note that this result is verified in the whole domain (t, y, θ), also that it falls in the inverse
category (it provides the SinsV specification from the implied volatility) and finally that it
is exact. Overall, in our context these properties make (1.4.60) better suited for verification
purposes, rather than derivation of the direct results.
Furthermore, since our Layer-1 results are expressed at the IATM point, which is a subset of
the immediate domain θ ≡ 0, it becomes pertinent to bring forward another available result,
provided by [BBF02]. It states that in a local volatility model, the immediate implied volatility
at any strike is the spatial harmonic mean of the local volatility between St and K. Importantly,
this is a direct and exact result, which in our context reads as

Σ̃(t, y, θ = 0) =

[ ∫ 1

0
f−1 ( t , St e

sy ) ds

]−1

(1.4.61)

which means that it provides the pure-y immediate differentials of the implied volatility surface,
in particular at the IATM point.
Finally, we compare our results to an approximation, usually referred to as Gatheral’s formula,
that can be found in [Gat03b] and [Gat06]. It relies on the very definition of local variance as a

16Note that some non-official internet versions incorporate a minor typo at the denominator.
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conditional expectation, and expresses the (stochastic) ”forward implied variance” as a stochastic
integral against dSt, the integrand of which written as an expansion around a particular, ”most
probable” path (MPP). The Black implied variance itself is then taken as a time integral of that
expression, but after selecting order zero for the expansion (refer to [Gat06] p.30). Within our
framework, the formula reads as follows :

Σ2 (t, St;K,T ) ≈ Σ
2

(t, St;K,T ) =
1

T − t

∫ T

t
f2
(
s , St (K/St)

s−t
T−t

)
ds(1.4.62)

The reasons we elected to test and compare Gatheral’s formula against our asymptotic results
are several. Firstly it constitutes an intuitive approach : the MPP is an easy concept, and
the overall expression is linked to the notion of Brownian bridge, which is widely understood.
Furthermore, the formula is popular among practitioners, not the least because it provides an
approximation of the implied volatility in the full domain, a feature which allows us to compute
all IATM differentials of Theorem 1.2.
It is stressing that Gatheral’s formula, unlike (1.4.60) and (1.4.61) and because it stems from a
low-order expansion, is not an exact result. It is evident that it cannot capture with a single path
the whole local volatility function until maturity, which does generate the marginal distribution.
For all intent and purposes, it should therefore be considered in the current section as a heuristic.

In order to derive our asymptotic Layer-1 results, the first step with any model (class) is naturally
to express the cast, i.e. the corresponding SInsV coefficients :

Lemma 1.2 (Instantaneous coefficients of the local volatility model)

In a pure local volatility model, defined by (1.1.5), the SInsV coefficients come as

σt = f(t, St) a2,t = St f(t, St) f
′

2(t, St) a3,t ≡ 0(1.4.63)

a1,t = f
′

1(t, St) +
1

2
S2
t f

2 f
′′

22(t, St)(1.4.64)

a22,t = St f(t, St)
[

(f.f
′

2)(t, St) + St f
′

2

2
(t, St) + St (f.f

′′

22)(t, St)
]

(1.4.65)

Proof.
For pure local volatility models, the cast gives immediately

σt = f(t, St)

Therefore the dynamics of σt become

dσt =

[
f

′

1(t, St) +
1

2
f

′′

22(t, St) 〈dSt〉
]
dt + f

′

2(t, St) dSt

so that

a1,t = f
′

1(t, St) +
1

2
S2
t f

2 f
′′

22(t, St)

and

a2,t = St f(t, St) f
′

2(t, St) ( and obviously a3,t = 0 )

We then get the dynamics of a2,t as

da2 = [· · ·] dt +
[

(f.f
′

2)(t, St) + St f
′

2

2
(t, St) + St (f.f

′′

22)(t, St)
]
dSt

so that

a22 = St f(t, St)
[

(f.f
′

2)(t, St) + St f
′

2

2
(t, St) + St (f.f

′′

22)(t, St)
]
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Note that the exogenous coefficient a3,t is a.s null ; we use this opportunity to underline that,
within our more general framework, we view local volatility models simply as a special instance

of ”purely endogenous” models. Those are characterised by a missing a
−→
Z t driver, which make

of a2 the ”full” volatility of volatility. In that vein, another very simple type of endogenous
model will be presented shortly (see Example 1.5 p. 81).
We can now derive the Σ̃-(2,0) group of IATM differentials. We start with the level by combining
(1.2.36) and (1.4.63) :

Corollary 1.8 (IATM level in a local volatility model)
In a pure local volatility model, defined by (1.1.5), the IATM level is simply given by

Σ (t, St;K = St, T = t) = Σ̃(t, 0, 0) = f(t, St)(1.4.66)

Quite reassuringly, it is easily seen that all above-mentioned literature approaches (respectively
(1.4.60), (1.4.61) and (1.4.62)) agree with the asymptotic result (1.2.36) on the IATM volatility
level. Indeed, with (1.4.61) it suffices to take y = 0, and similarly with (1.4.60) the (assumed)
non-negativity of both f() and Σ̃() provides the desired result in (t, 0, 0).

Finally addressing Gatheral’s heuristic, we start by re-expressing (1.4.62) : denoting u
△
= s−t

T−t
and using sliding coordinates, we get the more practical formulation

Σ
2

(t, St; y, θ) =

∫ 1

0
f2 ( t + u θ , St e

u y ) du(1.4.67)

so that the same non-negativity argument brings (1.4.66).

1.4.2.2 Static skew vs endogenous vol of vol

Let us now examine the surprisingly simple result (1.4.51) which establishes a straightforward
relationship between the IATM skew Σ̃

′

y(⋆) (a static, implied quantity) and the endogenous ”vol
of vol” a2,t (a dynamic, instantaneous coefficient). In simple terms, we observe that

Remark 1.8
The direct result (1.4.51) shows that, in any SInsV model, the IATM skew is HALF the lognormal
endogenous volatility of volatility. The latter is defined by the convention

dσt
σt

=
a1
σt
dt+

a2
σt
dWt +

−→a 3

σt
d
−→
Z t

In qualitative terms, it is relatively easy to build some intuition about why skew is an increasing
function of the endogenous vol of vol, and furthermore shares its sign. Indeed, a2,t can be
written as the quadratic co-variation between the underlying St and its volatility σt, when both
are expressed using lognormal conventions (formally, consider log (St) and log (σt)) :

〈 dSt
St

,
dσt
σt
〉 = σt

a2
σt
dt = a2 dt

That said, let us assume for instance that this instantaneous (effective) correlation a2 be nega-
tive. Then, when the underlying St increases, ”on average” its instantaneous lognormal volatility
will decrease, and vice-versa. For a given option maturity, this phenomenon will amplify down
moves and curb upmoves, compared to an actual lognormal process, tending (again, in law)
to accumulate the marginal distribution17to the left of the money (St). This in turn increases
the cumulative (binary put) value at-the-money : recalling how this cumulative is expressed

17Obviously expressed under the martingale measure.
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as a function of the skew, we do obtain a negative lognormal skew. Note that all volatilities
(instantaneous and implied) must be considered under the same convention (here lognormal) for
that rough reasoning to be valid.
For a small number of specific models, including the pure local volatility class, this result has
been known for some time, albeit usually expressed with differentials w.r.t strike K. In some of
these cases, the coefficient a2,t is referred to as the instantaneous effective correlation between
the underlying and its volatility. This terminology owes to the fact that the co-variation we men-
tioned above can be generated by either correlated drivers and/or by a functional relationship,
of the type σt = f(St). We will see later in section 1.5.2 how local volatility and correlation
can be combined in a general class, and how to apply Theorem 1.2.

Let us now specialise the IATM skew formula (1.4.51) in the pure local volatility (LocVol) frame-
work, and compare to results available in the literature. Our asymptotic results yield

Corollary 1.9 (IATM skew in a local volatility model)
In a pure local volatility model, defined by (1.1.5), the IATM skew is given by

Σ̃
′

y(t, 0, 0) =
1

2
St f

′

2(t, St) or Σ
′

K (t, St;K = St, T = t) =
1

2
f

′

2(t, St)(1.4.68)

Proof.
It suffices to combine respectively (1.4.51) and (1.4.57) with (1.4.63) to obtain the desired result.

In other words we have

Remark 1.9
The direct result (1.4.51) shows that in local volatility models, the IATM skew of the lognormal
smile is HALF the IATM S-differential of the lognormal local volatility function.

This result has been present in the literature for some time, and usually comes as a consequence
of path integral approximations, of which the simplest form is the mid-point method. That
rough proxy consists, for short-term options close to the money, in approximating the implied
volatility at strike K and maturity T by the value of the local volatility, taken at the center of the
[(t, St), (T,K)] segment. Note that the volatility convention is of course identical (lognormal) in
both the implied and local dynamics. Formally, we have that if

K = St + ∆K with ∆K ≪ 1 and T = t+ ∆t with ∆t ≪ 1

then the approximation reads as

Σ(K,T ) ≈ Σ̂(K,T )
△
= f

(
1
2 (t+ T ) , 1

2(St +K)
)

which happens to bring the exact IATM skew :

Σ
′

K(St, t) ≈ Σ̂
′

K(St, t) = 1
2 f

′

2(t, St)

The formula is naturally a very useful hedging tool, and over time has been presented under
different forms and by several authors. In [DKZ95] it is brought as a heuristic, along with a
couple of other ”rules of thumb” ; due to the pedagogic nature of the paper, the justification
is there minimal. It has been made more rigorous in other, related papers (see references) but
tends to rely on an intuitive idea : that the implied volatility for strike K is a path integral of
the local volatility between the spot/forward St and K.
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This is indeed the vein used by [Gat06] to establish (1.4.62), albeit in a more elaborate fashion.
Ir relies on the fact that in a lognormal model, the MPP between (t, St) and (K,T ) is a direct
line in log-space, hence the integrand’s argument in (1.4.62). Then for a short-expiry, close-
to-the-money option, at first order the MPP becomes a direct line in the initial coordinates,
while at zero order it can be approximated by the midpoint. Formally, it suffices to differentiate
(1.4.67) once w.r.t. y and then to apply at the IATM point, obtaining sequentially

2 Σ Σ
′

y (t, St; y, θ) =

∫ 1

0
2 f f

′

2 ( t + u θ , St e
u y ) St u e

u y du(1.4.69)

then 2 Σ Σ
′

y (t, St; 0, 0) = 2 St f ( t , St ) f
′

2 ( t , St )

∫ 1

0
u du

Finally, invoking (1.4.66) and (B.0.2) we get (1.4.68) as announced.
Apart from heuristics, (1.4.68) has also been established rigorously. For instance [HW99] uses a
singular perturbation approach in the case where f(s, x) has separate. The resulting expansion
is indeed taken around the midpoint, and differentiating once w.r.t. K provides the desired
result. In the general context, we can obtain an exact formula from [BBF02], as the skew is a
pure-space differential. We simply differentiate both sides of (1.4.61) once w.r.t. to y to get

Σ̃
′

y(t, y, θ = 0) = −
[ ∫ 1

0
f−1 (t, Ste

sy) ds

]−2 [∫ 1

0
−f−2f

′

2 (t, Ste
sy) Ste

sy s ds

]
(1.4.70)

Taking this expression in (t, 0, 0), we write therefore

Σ̃
′

y(t, 0, 0) = −f2(t, St)
[
−St f−2(t, St) f

′

2(t, St)

∫ 1

0
s ds

]
=

1

2
St f

′

2(t, St)

Note that, in order to check against an exact result, another alternative would be to invoke
(1.4.60), which reassuringly provides the same answer.

1.4.2.3 Static curvature vs exogenous vol of vol

Let us now examine result (1.4.52) providing the curvature. We notice that the exogenous
coefficient −→a 3,t has a systematic and positive effect on Σ̃

′′

yy(t, 0, 0). This feature is not surprising
as it has been established for numerous model classes. In a Black model with an independent,
stochastic volatility, the expression for Volga (C.0.2) combined with Jensen justifies that prices
for ITM and OTM strikes will increase, relatively to the money : in terms of smile, this translates
indeed in a curvature. More formally, following [HW87] it is proven in [RT96] that for a specific
class of bi-dimensional diffusive models, with zero correlation (i.e. when a2 and a22 are null),
the implied volatility is symmetric and increasing with |y = ln (K/St) |. Let us compare these
results to our asymptotic approach, which gives

Corollary 1.10 (IATM curvature in a local volatility model)
Σ̃

′′

yy(t, 0, 0) =
1

3
St f

′

2(t, St) −
1

6
S2
t f

−1 f
′

2

2
(t, St) +

1

3
S2
t f

′′

22(t, St)(1.4.71)

Proof.
Injecting (1.4.63) and (1.4.65) into (1.4.52) yields (dispensing with the argument) :

Σ̃
′′

yy(t, 0, 0) =
1

3f2
St f

[
f f

′

2 + St f
′

2

2
+ St f f

′′

22

]
− 1

2f3
S2
t f

2 f
′

2

2

=
1

3
St f

′

2(t, St) −
1

6
S2
t f

−1 f
′

2

2
(t, St) +

1

3
S2
t f

′′

22(t, St)
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In order to check that result, we now compute the IATM curvature using [BBF02].

Denoting (•) △
= (t, Ste

sy) and differentiating (1.4.70) w.r.t. y gets us
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Taking that expression in (t, 0, 0), we obtain
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which after simplification provides (1.4.71).

Alternatively, we can compare with the IATM curvature produced by Gatheral’s formula (1.4.62).
Using the following notations

(◦) = (t, St; y, θ) and (⋄) = ( t + u θ , St e
u y )

we differentiate (1.4.69) w.r.t. y and obtain :
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Taking this expression at the IATM point, which we denote (⋆) = (t, St; y = 0, θ = 0), we obtain
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then injecting both (1.4.66) and (1.4.68) while omitting argument (t, St) for all differentials of
F () we get
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so that finally the IATM curvature corresponding to Gatheral’s formula comes as
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Comparing (1.4.72) and (1.4.71), shows a discrepancy with the second coefficient (in bold). It
shows that the heuristics of (1.4.62) produce a systematic positive bias in the computation of
the IATM curvature. This discrepancy might be due to the fact that Gatheral’s formula is based
on a zero-order expansion : it is entirely possible that further terms might bring the necessary
correction, but this is left to further research.
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1.4.2.4 Remaining IATM differentials and general remarks

Let us first examine the expression for the IATM slope (1.4.53). The fact that Σ̃
′

θ(⋆) comes
as an affine function of the instantaneous drift a1,t is a relief, as it supports the link between
statics and dynamics. Beyond that property, the most obvious feature is the specific scaling
of that coefficient. Indeed, it seems natural to normalise a1, a2 and a3 by the initial value
of the volatility. Not as a lognormal convention, but simply to distinguish magnitude from
structural issues, i.e. to dissociate scale from shape. Then the IATM skew Σ̃

′

y(⋆) becomes

adimensional, while the next IATM y-differential Σ̃
′′

yy(⋆) comes in 1
σt

: we will see in Chapter 3
that this intuitive property is carried over to further pure space differentials. In this context we
find surprising that the magnitude of the IATM slope should be in σ2t : without a convincing
interpretation to offer, we revert back to the simpler framework of local volatility models.

Corollary 1.11 (IATM slope in a local volatility model)
In a local volatility model defined by (1.1.5) (p.19) we have the IATM slope as
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where all differentials of f (·, ·) are taken in (t, St).

Proof.
Injecting the whole Lemma 1.2 into (1.4.53), with all f -differentials taken in (t, St) we get :

Σ̃
′

θ(t, 0, 0) =
1

4
St f

2f
′

2 +
1

2

[
f

′

1 +
1

2
S2
t f

2 f
′′

22

]
(1.4.74)

− 1

6

[
St f

2f
′

2 + S2
t f f

′

2

2
+ S2

t f
2f

′′

22

]
+

1

8

1

f
S2
t f

2 f
′

2

2

=
1

2
f

′

1 +
1

12
St f

2 f
′

2 −
1

24
S2
t f f

′

2

2
+

1

12
S2
t f

2 f
′′

22

Obviously we cannot verify the validity of that result against the exact result (1.4.61) as the
latter is only defined in the immediate domain. This is where Dupire’s formula (1.4.60) can be
invoked, its explicit nature being overcome by its full validity domain. Differentiating both sides
once w.r.t. T , and omitting argument (t, y, θ) for all Σ̃ differentials, we obtain
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Taking that expression in (T = t,K = St) we get
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Isolating the IATM slope and then injecting both (1.4.66) and (1.4.71) we obtain

Σ̃
′

θ(⋆) =
1

2
f

′

1(t, St) +
1

4
f2(t, St)

[
1

3
St f

′

2(t, St) −
1

6
S2
t f

−1 f
′

2

2
(t, St) +

1

3
S2
t f

′′

22(t, St)

]

which after simplification matches the desired result (1.4.73).
Note the similarity of the first term (12 f

′

1) with the IATM skew (12 f
′

2) and the mid-point method.
Again it seems interesting to compare this exact result against Gatheral’s heuristic formula.
Differentiating (1.4.67) once w.r.t. θ and denoting again (⋄) = ( t + u θ , St e

u y ) we obtain
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This expression clearly misses several terms, and ignores completely the role of the space coor-
dinate in generating the IATM slope. However, we mitigate this structural shortcoming by the
experience that, in practice, the magnitude of the ignored terms tends to be relatively small.

Let us now turn to the endogenous dynamics of the IATM skew, as described by (1.4.55). They

show that ν̃
′

y(⋆) is totally independent from the exogenous specification (i.e. from −→a 3,t or
−→̃
n (⋆))

which was not obvious when considering the recovery result (1.3.38) [p.38]. Note also that ν̃
′

y(⋆)
turns out to be an adimensional quantity : it will remain unchanged if the volatility level σt is
scaled by a constant λ. However, scaling the (endogenous) vol of vol a2,t will have a quadratic
and negative effect on ν̃

′

y(⋆).
Remark that in a LV model, if a proxy formula matches the IATM skew as a process (i.e. dy-
namically) then the latter’s endogenous volatility will also agree, hence ν̃

′

y(t, 0, 0) will match.

Now taking a step back and looking globally at (1.4.68) - (1.4.68) - (1.4.71) we observe a very
natural pattern emerge : indeed these pure-strike differentials seem to be controlled sequentially
by the successive space differentials of the local volatility function f . In order to put that im-
pression into perspective, we bring forward the following remark.

Remark 1.10
The bijectivity established by Theorems 1.1 and 1.2 between the Σ̃-(2,0) and σt-(2,0) groups can
be modified for endogenous models. This is due to the exclusive relationship between −→a 3,t and−→̃
n (⋆), characteristic of the constraints imposed on the SImpV model (see section 1.3.2.1 [p.41]).
Specifically, we underline the following subset of the main bijection :

[ σt , a1,t , a2,t , a22,t ]
−→a 3,t ≡ 0←→

Endog. Models

[
Σ̃(⋆) , Σ̃
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yy(⋆) , Σ̃
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]

where we intentionally use only shape differentials on the right-hand side.
In particular within LV models, Corollaries 1.4.66, 1.4.68, 1.4.71 and 1.4.73 show that the IATM
level, skew and curvature of the smile are sequentially and respectively controlled by the IATM
space differentials of order 0, 1, 2 of the LV function.
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By sequentially we mean that matching f (i)(t, St) is conditional on all f (j)(t, St) having been set,
for 0 ≤ j < i. Likewise, the IATM slope is then controlled by the first time differential of the
LV function.
Although we do not have yet established the results to support this statement, in accordance with
intuition this property is carried over to higher orders. In other words, with LV models the
control over the IATM Σ̃-differentials is established by the corresponding differentials of f .

1.5 Illustrations and applications

In the course of solving the inverse and direct problem, our efforts so far have focused on
establishing the raw asymptotic results, and providing a mathematical interpretation of the
structural relationships between three groups of processes :

◮ The coefficients (in the chaos decomposition) of the stochastic instantaneous volatility
model : σt, a2,t, a3,t, etc.

◮ The smile (IATM) shape descriptors : Σ̃
′

y(⋆), Σ̃
′′

yy(⋆), etc.

◮ The smile (IATM) dynamics descriptors : ν̃(⋆), ñ(⋆), ν̃
′

y(⋆), etc.

We are coming now to a more applicative phase, where our previous results shall be examined
with realistic modeling and trading concerns in mind. So far we have been considering SInsV
and SImpV models ”in parallel”, not giving precedence to one over the other : simply because
the mathematical framework does exhibit such a symmetry between the two classes. But at the
time of writing, stochastic implied volatility models are rarely used in practice. Therefore, the
modeling concern will tend to be focused on the instantaneous model class.
The results we will use and interpret are those of Theorems 1.1 (p.40) and 1.2 (p.45). We will
group these Theorems, their corollaries and the exposed quantities under the overall denomi-
nation of ”First Layer”. Throughout this section, we make a deliberate effort to build some
intuition, and also to continue introducing the topics to be developed in further chapters.

1.5.1 An overview of possible applications

1.5.1.1 General considerations

First of all, Remark 1.7 (p. 48) deserves additional comments, in the perspective of practical
implementations. We observed that the IATM differentials provided by the first layer are of
the second order in space (strike) but only of the first order in time (to maturity). This is
naturally a consequence of Itô’s Lemma, and this discrepancy will present itself at every order
of differentiation, as shown later by the Ladder Effect (in section 2.1). But this is also lucky for
practitioners willing to extrapolate the smile shape. Indeed, most live market smiles do exhibit
a lot more variation and irregularity in the strike dimension than in the expiry one : for instance
curvature is a lot more pronounced18, so that we need Σ̃

′′

yy(⋆) more than Σ̃
′′

θθ(⋆).
Also, one might wonder about the consequences of extrapolating the implied volatility far from
the money, using McLaurin series for instance. Again, in practice we are helped by the fact
that Vega19, the sensitivity of price w.r.t. lognormal implied volatility, vanishes when the strike
goes to zero or to infinity. This might not have been be the case, or maybe not in such an
obvious manner, had we used another implied parameter than lognormal volatility. Beyond this

18One could argue that this is a natural consequence of the higher liquidity of strike-based products (butterflies,
strangles, etc.) compared to maturity spread products. Which itself leads to the question of forward volatilities,
but this is out of our current scope.

19V = St N
′

(d1)
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mathematical argument, let us also recall that liquidity also drops for these far-from-the-money
strikes, and therefore bid/ask spreads increase (at least in relative terms) which tends to miti-
gate the lower attainable precision20.

An attractive feature of this asymptotic approach is its genericity : the fact that our results are
produced for abstract stochastic volatility models, both instantaneous and implied. Also, as will
be proven in Chapter 2, the methodology can be extended to any differential order.
Note also that with a single underlying and a scalar endogenous driver, we can directly apply
our asymptotic results to the most common class of mixtures models, those combining prices
with fixed weights. As a model class as well as a technical tool, mixtures constitute however a
wider family and do offer interesting (but not necessary satisfactory) properties : see [BMR02],
[Ale04] and [Pit05a]), among others. They are also strongly linked to the notion of basket, which
we will cover in Chapter 2, both in the constant and in the stochastic weights configurations
(see Section 2.4 [p.134]).

Despite these positive aspects, the asymptotic nature of the results brings structural limitations.
Indeed the model is ”localised” at the IATM point. If for instance we are dealing with a SinsV
model of the parametric diffusive class (the most common type) then all functional coefficients
of the SDE will be seen through their partial differentials, taken at the initial point. True, if
these functions are analytic, then pushing our method to an infinite order would theoretically
solve the issue. Obviously in practice this is not an option, so that large variations of these maps
w.r.t. time (non-stationarity) and/or space will degrade the output quality, at a given order of
differentiation : ideally, we would like an integral approach as in [FLT97].
There is however, in the modeling community, a strong argument for stationary or time-
homogeneous models (see [Hen06] for instance). We support that view, within reason and
while maintaining some flexibility 21, because in practice stationary models tend to stabilise
the calibration process and the hedge. Indeed, not relying on time-dependency to improve the
calibration forces the modeler to develop deeper, more involved and hopefully more realistic
dynamics. A contrario, heavily using time functions to fudge a good fit means that once the
market has moved, the new calibrated time structure is likely to be very different. Although
the later approach is easy to implement and will effectively provide an efficient calibration of
the benchmark products, it will also create wild swings for the parameters and for most other
products that are not included in the calibration set.
To some extent, the presence of mean-reversion will also require to obtain higher-order differ-
entials, as it distorts the relationship between instantaneous and averaged dynamics. Another
clear limitation of the method is that it does not envisage jumps : this is left for further research,
as it requires a very different technical context.

Overall, when using these results we usually find ourselves within one of two situations :

◮ either we exploit the raw, asymptotic equations linking IATM differentials and instanta-
neous coefficients

◮ or we exploit these equations within extrapolation schemes, usually providing the whole
smile : this usage usually involves a large proportion of ”engineering” skills.

Let us briefly detail these two approaches, before providing some examples.

20Note that the notions of precision and sensitivities must be clearly defined. In particular one might choose
to focus either on absolute or on relative precision.

21In particular in the absence of economic rationale which could distinguish between time periods.)
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1.5.1.2 Pure asymptotic applications : qualitative approaches

Let us first turn to asymptotic applications, starting with what we shall call qualitative model
design & analysis and which clearly refers to the direct problem.
Most practitioners rely on stochastic instantaneous volatility models for pricing and hedging.
It is therefore in their interest to better understand these models’ behaviour, in particular the
influence or cross-interferences of the various parameters (vol of vol, correlation, mean-reversion,
etc.) or of specific functional forms (local volatility, time-dependent parameters, etc.) on the
volatility surface, on the joint dynamics of the underlying with its instantaneous volatility, or
with the smile, etc.
Such a precise understanding enables the agent to deliver a better hedge, and the modeler to
customise an existing model or even design a new one ex nihilo in order to fulfill given trading
needs. However most SInsV models currently used22depend on numerical engines to price,
whether it be Finite Differences or Monte-Carlo schemes, or even (Fast) Fourier Transform.
Hence the difficulty with judging the impact of modeling choices on the smile, both in static
and dynamic terms.

Alternatively, the approach that we advocate consists in focusing on the IATM region and use
a low-level differential approach, by manipulating the usual and meaningful smile descriptors
which are level, skew, curvature, slope, etc. Clearly the Σ̃-(2,0) group generated by Theorem
1.2 provides most of these. We will show in Chapter 2 that, providing simple and realistic
assumptions, all IATM differentials can be expressed. In particular Chapter 3 will give the most
important ones, such as the twist and flattening (refer to the introduction of that Chapter for
a typology of the smile). Very shortly, section 1.5.2 will be dedicated to an illustration of that
approach. It will focus on the use of skew functions within stochastic volatility models, and in
particular on the comparison of the Lognormal Displaced Diffusion and CEV instances.

Still in their pure asymptotic form, we can also use the formulas in an inverse manner. We
can either exploit the recovery formulas provided by the Recovery Theorem 1.1, or try and
invert the direct expressions of Theorem 1.2. The point is usually to re-parameterise, either
totally or partially, a stochastic instantaneous volatility model by using meaningful, market-
related quantities associated to the smile. As for model analysis, the rationale is the difficulty
to appreciate the magnitude or impact of parameters in typical SinsV models, such as mean-
reversion or vol of vol. Therefore that inverse method transforms the original model into an
”intuitive” version, which is parameterised via its most pertinent output, the smile. Section
1.5.3 will illustrate that method on several simple examples.

1.5.1.3 Whole smile extrapolations and the pertinence of polynomials

When considering the direct problem, the temptation is great to extrapolate the IATM differ-
entials that have been computed (in particular those given by Theorem 1.2) to the whole smile,
i.e. for all strikes and all maturities.

The instinctive method to exploit these results is to develop Taylor/MacLaurin series, both in
strike and in maturity. This is indeed the approach taken by [Dur06] to describe the absolute
surface Σ(t, St,K, T ), and we propose now to mimic that effort.
Within our framework, we denote Σ̃∗(t, y, θ) the polynomial approximation of the sliding im-
plied volatility Σ̃(t, y, θ), matched at the IATM point (t, 0, 0). Let us invoke the IATM Identity
(1.2.36) along with the static results of Theorem 1.2 : (1.4.51), (1.4.52) and (1.4.53).
We then write the MacLaurin series as

22With the noticeable exception of SABR.
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As for approximating the static absolute implied volatility surface, we can use Corollary 1.5,
namely (1.2.36), (1.4.57), (1.4.58) and (1.4.53) in order to obtain :
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(1.5.76)

Quite reassuringly, these results are totally compatible with [Dur06], as proven in Annex E. It
is important to note however, that this expression cannot be used confidently for trading the
vanillas. Not necessarily because it constitutes only a low-level approximation23, but because it
cannot a priori be guaranteed as valid, even statically. Besides, this is only part of the story,

as the dynamic coefficients b̃, ν̃ and
−→̃
n also need to ensure the validity of the surface in the

future, as well as satisfy the ZDC everywhere. Finally, as approximations of the dynamics, they
must tally the dynamics of the (static) approximations : in a nutshell, both groups have to be
consistent.

At this stage of the study, we choose not to dwell into the various flavours and difficulties of those
extrapolations. Some basic considerations will later be discussed in section 4.1 and a practical
application will be presented in section 4.5. For now, it suffices to say that Taylor/McLaurin
series on the implied volatility and w.r.t. strike are certainly not the only option, and unfortu-
nately not as straightforward as we might hope. Also, we can already anticipate that the two
hurdles that any approximation will have to tackle are on one hand the validity of the associ-
ated price surface (both statically and dynamically), and on the other hand the precision of that
proxy w.r.t. the real model.

The fact that we are dealing with such approximations argues in itself against pure pricing ap-
plications : the risk of inconsistency and of arbitrage could indeed be significant. But on the
other hand, these extrapolations can provide good initial guesses that can be used in static or
dynamic calibration procedures : indeed, most global calibration procedures use an optimiser,
which itself invokes heavily the actual pricer.
More precisely, having selected a (large) collection of options [K,T ] for which market/target
prices are available, then for a given set of model parameters the market error is defined as
a metric24 between the model option prices and the corresponding targets. The optimisation
engine is tasked with minimising the market error, as a function of the model parameters, which
are our (usually constrained) variables. Any such engine will therefore make numerous calls to
the pricer, which itself for complex models usually consists in another numerical engine : FFT,
PDE solver (finite differences or finite elements) or Monte-Carlo. That pricer will therefore be
much slower than an extrapolation formula based on our asymptotic results, coming in closed
form.

23Higher-orders differentials should be required when far from the money
24Typically weighted squared differences, but some exact bootstrap is often involved.
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However the speed, the stability and possibly the convergence of the method will depend on a
good starting point25. Therefore, by running first the optimisation engine on the approximate
pricer we can attain a very good starting point, in a fraction of the time required by the nominal
procedure. Also, before handing over to the real optimiser, the approximation formulas can
provide good initial approximations of the Jacobian or of the Hessian. This feature becomes
indeed very useful when the optimiser/root-finder relies on Gauss-Newton or Quasi-Newton
algorithms (typically BFGS, Broyden, or Levenberg-Marquardt : see [NW06]). The proxy
enables also to address the possible instability issue, i.e. the existence of local minima : its
speed enables it to be incorporated in dedicated methods, such as genetic algorithms.

In terms of fast calibration, note that the pure asymptotic results can also be used, as will
be discussed in section 1.5.3. Less precise but faster than whole smile extrapolations, those
asymptotic methods can therefore be employed to initialise the procedure described above, thus
solving for the optimal parameters ”in cascade”.

1.5.1.4 Sensitivities and hedge ratios : Delta, Gamma, Vega & co.

In both application fields mentioned above, i.e. pure asymptotics and extrapolations, the IATM
differential results in general, and the first layer in particular, grant access to more than just
the smile’s shape and dynamics. Indeed they also provide hedging and risk information in the
form of many hedge ratios, including Delta, Gamma, Vega, Volga and Vanna (see p. 30 for
definitions).
As will shortly be discussed, in a market completed with options it is ultimately the hedge
strategy that is the real determinant in terms of pricing and overall risk management. And in
the context of unobservable and/or non-tradeable state variables, in particular with SV models
(both instantaneous and implied), the very notion of hedge and its relationship to various price
differentials becomes ambiguous.

Hedging with parametric diffusions
With these features in mind, we start by comparing the SImpV class to the dominant type of
SInsV models, i.e. parametric diffusions. The ultimate purpose of this model class is to describe
the dynamics of the (single) underlying St and a priori of no other financial quantity, especially
not of options on St. To express those dynamics, the model is equipped with a finite number
M of auxiliary state variables (typically some stochastic volatility) gathered under the notation−→
Xt. Restricting ourselves to Itô processes, this dynamic system is then driven by the following
Markovian parametric diffusion :

dSt =
−→
f
(
t , St ,

−→
Xt ;

−→
β
)⊥

d
−→
Bt(1.5.77)

d
−→
Xt = −→g

(
t , St ,

−→
Xt ;

−→
β
)
dt +

−→−→
h
(
t , St ,

−→
Xt ;

−→
β
)
d
−→
Bt(1.5.78)

By convention,
−→
Bt is a standard Wiener process of finite dimension N ≤M + 1, with unit cor-

relation matrix (i.e. with independent components) and which aggregates both the endogenous
and exogenous drivers. The measure is chosen by convention as martingale for the underlying
and for all european options considered. The individual components Xi,t, on the other hand,

are not necessarily driftless and can typically be mean-reverting. Finally, by
−→
β we denote the

finite set of parameters specifying the functional coefficients f(·), g(·) and h(·) which define the
parametric diffusion.

25This is particularly the case for ”scratch” calibration, where the parameters are completely unknown, but
less so for re-calibration which usually starts from the previous parameter set.
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The way in which the underlying St as well as its dynamics (1.5.77)-(1.5.78) are generated
categorises the type of model considered, which usually come in one of two flavours :

◮ In Factor Models, a finite set of processes (often the components of
−→
Xt itself) represent

abstract quantities, which with time t represent the actual state variables of the dynamic
system. Consequently the underlying St is initially absent from the defining SDE system,
which typically misses (1.5.78). The abstract factors are then mapped onto the underlying
via a function. To fall back into our framework, that mapping function must be paramet-
ric26as with some Linear or Quadratic Gaussian models. We will not dwell into this class,
which is sometimes also referred to as Markov Functional.

◮ In Market Models, St is a market instrument and its dynamics (1.5.77) are explicitly

included. Formally, if
−→
Xt is empty then we have a local volatility model (à la Dupire)

whereas in the case where
−→
Xt ≡ σt we may have a stochastic volatility model in the usual

sense, such as with Heston or SABR.

Having defined the underlying’s dynamics, we now turn to the price system of European options.
The latter being uniquely determined by no-arbitrage assumptions under the chosen measure,
European prices27will therefore come as deterministic (but not necessarily explicit) functions of

◮ The Markovian state variables t, St and
−→
Xt (e.g. [t, St, σt]).

◮ The parameter set
−→
β specifying the diffusion (e.g. correlation, mean-reversion, vol of vol).

◮ The option parameters, usually strike K and expiry T .

The role of the auxiliary state variables
−→
Xt is partly to bring additional drivers to the smile. This

is unlike pure local volatility (LV) models for instance, which are strictly contained within purely

endogenous (PE) models. The latter see all components of
−→
Bt affect dSt, which allow the shape

and dynamics of the smile to be functions of the Xi,t components. Since those processes are
a priori non-observable and therefore non-tradeable, PE models imply a priori an incomplete
market, as opposed to their LV subset.
The parametric diffusion family can of course be cast within our SInsV framework, as specified in
section 1.1.3.1 [p.23]. But although this class is noticeably simpler than the SImpV framework,
it already exhibits ambivalent definitions for greeks and hedges. Indeed, those can come either
as partial differentials of the price w.r.t. state variables and parameters, or as individual weights
in some replicating portfolio. Furthermore, although that portfolio value process is here unique,
as an Itô integral it can be alternatively defined against the Brownian drivers, the state variables
or some vanilla options. In the last two cases the weights are generally not unique, which is the
downside of ”hedging the drivers” through proxies.
Within the most generic framework of stochastic implied volatility models now, the picture gets
even more complex as the notion of greek becomes significantly ill-defined. Indeed, the call price
and/or the implied volatility processes are not necessarily deterministic functions of certain state
processes (including t and St) : recall that in the general case we simply dispense with state
variables, apart from t and St (see section 1.1.3.2). Accordingly, it is not a priori possible to
identify a single such state variable that could be pass as a ”volatility” and be used to define
vega, volga and vanna. Also, differentiating price or volatility w.r.t. St becomes non-sensical in
the general case : indeed we are now facing stochastic functionals of St, all driven by a multi-
dimensional Wiener process which we know to be a.s. nowhere differentiable.
In summary, the differential definitions of Delta, Gamma and Vanna disappear, while the concept
of Vega or Volga becomes obscure. As for the definition of those greeks as replication weights

26General Factor models strictly contain this limited setup, e.g. some use a non-parametric mapping.
27And therefore the associated marginal distributions.
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against anything else than the drivers themselves, again there is no unicity. This is always the
case when opting for a finite set of options as hedging instruments, but made even more pregnant
as we are now dealing with a continuum of these. Whereas writing the process as a stochastic
integral against some state variables is now only possible for St, which defines an extended delta.
Let us develop this last point, since delta is by far the most important of the greeks. Recall then
that in the SImpV context, we have the dynamics of the Call as

dC(t, St, T,K) =
[
−VΣ(2

√
θ)−1 + Vb

√
θ + 1

2ΓS2
t σ

2
t + 1

2ϑ
(
ν2 + ‖−→n ‖2

)
θ + ΛStσtν

√
θ
]
dt

[1.2.22 p.30] +
[

∆ St σt + V ν
√
θ
]
dWt + V

√
θ −→n ⊥d

−→
Z t

The endogenous coefficient within brackets can be seen as a form of Delta because, in principle,
it is hedgeable with St only :

[
∆ St σt + V ν

√
θ
]
dWt = S−1

t σ−1
t

[
∆ St σt + V ν

√
θ
]

︸ ︷︷ ︸
Extended Delta

dSt

However this extended delta involves Black’s Vega, which can be confusing. Also, it is a priori
not measurable w.r.t. the filtration generated by the underlying or even the endogenous driver,
but that was already the case with parametric diffusion models.
We conclude that w.r.t hedging and greeks issues, our safest option is to limit ourselves to
the parametric diffusion models (thankfully representing the overwhelming majority of practical
implementations) and to define greeks most simply as differentials w.r.t. the state variables t,

St and
−→
Xt (the hedges) and w.r.t. the parameters

−→
β , K and T (the sensitivities). We still have

to link those greeks to our IATM asymptotic results written on the sliding implied volatility.
Although in principle we have access to the whole smile through extrapolations, we will focus on
exact IATM results. In consequence, it is intuitive to anticipate that the limitations in scope of
the first layer (or rather, the Σ̃-(2,0) group : order 1 in maturity and 2 in strike) will necessarily
have consequences.

Greeks vs the sliding smile
The most liquid options are usually those defined with fixed strike K and fixed expiry T (the
absolute coordinates) and their hedging will (one way or another) invoke their price sensitivities.
In our asymptotic context, some of the natural questions to address are therefore :

◮ whether and how the greeks (delta, gamma, vega, etc.) - defined here merely as price
differentials -are affected by the adoption of the sliding coordinates y and θ.

◮ which and how IATM absolute greeks can be obtained given the results of the first layer,
i.e. with a specific set of IATM differentials for the sliding implied volatility Σ̃.

Our roadmap is the following : the first step will be to relate absolute price differentials to their
sliding implied volatility counterparts. Then in a second phase we will identify which differentials
are affected in the general domain. Finally our third step will focus on the IATM option and
derive the main absolute greeks.
Remaining within the parametric diffusion framework (1.5.77)-(1.5.78) we have both the price
and the implied volatility as deterministic (but not necessarily explicit) functions C and Σ of
the state variables, of the model parameters and of the option :

C
(
t, St,

−→
Xt;
−→
β ;K,T

)
= B

(
St , K ,

√
T − t Σ

(
t, St,

−→
Xt;
−→
β ;K,T

) )

A look at Appendix C confirms that all relevant differentials of the call price w.r.t. its arguments
can be obtained (without singularity issues) by combining the differentials of Black’s formula
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and on those of Σ. We have hence answered the first question, and also we note that the same
approach could be used with a Normal Implied Volatility and Bachelier’s formula.
We now turn to the second question of how to extract the differentials of the absolute implied
volatility Σ from those of its sliding version Σ̃, defined and denoted with the following :

Σ(�)
△
= Σ̃(◦) with (�)

△
=
(
t, St,

−→
Xt;
−→
β ;K,T

)
and (◦) △

=
(
t, St;

−→
Xt;
−→
β ; y, θ

)
(1.5.79)

As discussed in section 1.1.2.3 [p.18] the move to sliding coordinates has embedded the two state
variables t and St into Σ̃, now a parametric process. Clearly (1.5.79) shows that the differentials

w.r.t. the auxiliary state variable
−→
Xt and w.r.t. the model parameter

−→
β are unaffected by that

slide. In particular within a classic SInsV model such as Heston, where the volatility process

σt belongs to
−→
Xt, the vega and volga as well as the sensitivity to correlation and vovol are

unchanged. We are therefore left with four variables which, from the Black formula and from
the definition of y and θ, can be grouped by symmetry in a time pair (time t and maturity T )
and a space pair (underlying St and strike K). We get the relevant greeks as

◮ the theta Σ
′

t(�) = Σ̃
′

t(◦) − Σ̃
′

θ(◦) (the T -differentials are similarly obtained)

◮ the delta Σ
′

St
(�) = Σ̃

′

St
(◦) + Σ̃

′

y(◦) ∂y

∂St

◮ the gamma Σ
′′

StSt
(�) = Σ̃

′′

StSt
(◦) + 2 Σ̃

′′

ySt
(◦) ∂y

∂St
+ Σ̃

′′

yy(◦)
[
∂y

∂St

]2
+ Σ̃

′

y(◦) ∂
2y

∂S2
t

The K-differentials would lead to similar equations, which are valid in the whole (K,T ) domain.
As announced, our third step is now to focus on the IATM point, hence denoting

(�)
△
=
(
t, St,

−→
Xt ;

−→
β ; St, t

)
and (⋆)

△
=
(
t, St ;

−→
Xt ;

−→
β ; 0, 0

)

We take the three differential expressions above at the IATM point and get respectively

IATM theta Σ
′

t(�) = Σ̃
′

t(⋆) − Σ̃
′

θ(⋆)

IATM delta Σ
′

St
(�) = Σ̃

′

St
(⋆) − 1

St
Σ̃

′

y(⋆)(1.5.80)

IATM gamma Σ
′′

StSt
(�) = ∂2StSt

Σ̃(⋆) − 2

St
∂StΣ̃

′

y(⋆) +
1

S2
t

[
Σ̃

′

y(⋆) + Σ̃
′′

yy(⋆)
]

We can now conclude on the second question with the following remark :

Remark 1.11
Given the three functionals Σ̃

′

θ(⋆), Σ̃
′

y(⋆) and Σ̃
′′

yy(⋆) then we have any cross-differential of the
absolute (traded) price, provided one of the following exclusive conditions is verified

◮ The cumulative differential orders of the time (t,T ) and space (St,K) pairs are both null.

◮ The cumulative differential order is 1 for the time pair and null for the space pair.

◮ The cumulative differential order is 1 or 2 for the space pair and null for the time pair.

These greeks include the theta, delta, gamma and by consequence the vanna cross-differential
(since the volatility differentials are available).

Note that the time vs space discrepancy is naturally linked to Itô’s Lemma, and is manifest at
all higher differential orders with the ladder effect (see Figure 2.1 p. 101). Finally, recall that
should we wish to go beyond the differential definition of the greeks and assess the hedge by
transferring the dynamics themselves, we can use (1.2.16) [p.29] and (1.2.22) [p.30].
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1.5.2 First illustration : qualitative analysis of a classic SV model class

Later on, we will dedicate a large part of Chapter 4 to practical applications of the direct
results to current real-life models, such as SABR. Thus showing how Theorem 1.2, along with
the higher-order extensions found in Chapter 3), can be used to produce model-specific IATM
differentials and whole-smile approximations.
In this section, our ambitions are more modest, and also they take a different angle. Indeed, we
show how the first layer (Theorem 1.2) alone can be invoked, not to approach a whole marginal
distribution, but to predict the rough qualitative features of a smile, when it is generated by a
given stochastic instantaneous volatility model. In other words, we emphasize the potential of
the asymptotic results as a rapid analysis toolbox for such SInsV models.
To that intent, we select a rich and very popular SV model class, the Extended Skew Market
Model, which incorporates a local volatility component. We then examine the basic statics and
dynamics of its implied volatility surface, focusing on the close relationship between the skew
and the local volatility function. We will see that we can extend the more academic results of
pure local volatility models, with little additional work.
We then specialise these asymptotic results, and show that they allow fast and easy comparison
of two very popular local volatility instances : the Lognormal Displaced Diffusion (LDD) and
the Constant Elasticity of Variance (CEV). We show that our asymptotic results can provide
fast answers to qualitative questions regarding the respective generated smiles, in particular
the IATM level, skew as well as their dynamics. Overall, we show also that the computations
involved are simple and repetitive, which suggests a possible automation.

1.5.2.1 Properties of local volatility ”skew” functions

So far we have mainly been considering generic formulae, with only a few errands in the local
volatility framework. We have seen for instance with Remark 1.10 (p. 56) that, when designing or
specifying the parameters of a stochastic instantaneous volatility model, the triplet [σt, a2,t, a22,t]
would be sufficient to control simultaneously the IATM level, the skew and the curvature.
Although it has proven efficient to build some useful intuition, that local volatility class is
nevertheless limited as a real-life hedging model. Indeed, in practice such pure local volatility
models allow to match any smooth and valid smile, but exhibit poor, if not downright dangerous,
dynamic properties (see [HKLW02] for instance). Essentially for that reason, both academics and
practitioners have engineered a class extending the local volatility models, and which currently
dominates the modeling approach. These modern market models, such as SABR or FL-SV,
combine both local and stochastic volatility by using a multiplicative perturbation process : we
will call them ”Extended Skew Market Models” for reasons that will be made clear shortly. But
first of all, let us formalise the generic model class :

Definition 1.2 (Extended Skew Market Model)

dSt
St

= αt f(t, St) dWt or dSt = αt ϕ(t, St) dWt(1.5.81)

dαt = h(t, αt) dt + ǫ g(t, αt) dBt with ρ dt = 〈dWt, dBt〉(1.5.82)

This class clearly represents a subset of the generic parametric diffusion model (1.5.77)-(1.5.78).
We chose not to treat the latter here simply because of its (potentially) higher Markovian di-
mension and of its more implicit correlation structure. Those generate formulae which are quite
complex and therefore tend to be counter-productive for our modest purpose of illustration.
The ESMM class includes, among others, Heston ([Hes93]), Lewis ([Lew00]), SABR ([HKLW02]),
FL-SV ([ABR01]) and FL-TSS ([Pit05b]) : they all share its principle of a local volatility model
which is then multiplicatively perturbated by the αt process. Note however that in the literature
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the dynamics specified in lieu of (1.5.82) tend to be those of the ”variance” α2
t rather than αt

proper.
As to why we chose to present both normal and lognormal conventions, it is simply because both
are equally often found in the literature : for instance lognormal with Heston, whereas normal
with SABR or FL-SV . The ”skew model” terminology can now be justified : it comes from
the fact that some of these models only allow zero correlation between the underlying and its
perturbation process : this is the case of FL-SV, by opposition to SABR. When thus restricted
to independent perturbations, they need rely purely on their local volatility function to generate
some IATM skew, hence the name.
Conversely, note that this Extended Skew Model naturally incorporates the case of a determin-
istic perturbation α(t), hence falling back onto the pure local volatility models seen previously.
The desire to present results simultaneously for the normal and lognormal conventions of the
ESMM leads us to establish first a very low-level transition formula. This is also justified by the
fact that, throughout this study, we will frequently be juggling between lognormal and normal
conventions, wherever dynamics are concerned. For instance, our results so far have been ex-
pressed using the Black implied volatility (hence the lognormal ”baseline”) while many models
(including the ESMM class above) use normal conventions instead. In Chapter 4 for example,
high-order IATM differentials for SABR will require many such conversions. Another exam-
ple of conversion between the normal and lognormal models can be found in Chapter 2, where
baseline transfers are examined. For these reasons, establishing the following Lemma is clearly
economical at the scale of the study, if a bit of an overkill for the current section.

Lemma 1.3 (Infinite-order differentiation of the lognormal local volatility function)
Assume two Cn, R→ R functions f and ϕ with f(x) = x−1 ϕ(x). Then for n ≥ 0,

f (n)(x) =
n∑

k=0

(−1)k
n!

(n− k)!
x−(k+1) ϕ(n−k)(x)

Proof.
The result is clearly verified at the initial index n = 0.
Then by induction : we assume the property verified at index n, so that

f (n+1) =

n∑

k=0

(−1)k
n!

(n− k)!

[
(−1)(k + 1)x−(k+2) ϕ(n−k)(x) + x−(k+1) ϕ(n−k+1)(x)

]

=

n∑

k=0

(−1)k+1 n!(k + 1)

(n− k)!
x−(k+2) ϕ(n−k)(x) +

n∑

k=0

(−1)k
n!

(n− k)!
x−(k+1) ϕ(n−k+1)(x)

=

n+1∑

k=1

(−1)k
n! k

(n− (k − 1))!
x−(k+1) ϕ(n−(k−1))(x) +

n∑

k=0

(−1)k
n!

(n− k)!
x−(k+1) ϕ((n+1)−k)(x)

= x−1 ϕ(n+1)(x) + (−1)n+1 (n+ 1)! x−(n+2) ϕ(x)

+
n∑

k=1

(−1)k
[
n! k (n− k)! + n!((n + 1)− k)!

((n+ 1)− k)!(n − k)!

]
x−(k+1) ϕ((n+1)−k)(x)

The bracket on the right-hand side can then be rewritten as
[
n! k (n− k)! + n!((n + 1)− k)(n− k)!

((n+ 1)− k)!(n − k)!

]
=

[
(k + (n + 1)− k) n! (n− k)!

((n+ 1)− k)!(n − k)!

]
=

[
(n+ 1)!

((n+ 1)− k)!

]

and we obtain the desired expression at index n+ 1.
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In order to apply Theorem 1.2 the first step is generally to compute the native expressions for
the coefficients of the SInsV model, as formatted in our framework by (1.1.8)-(1.1.9)-(1.1.10).
Recall that those coefficients invoked in the first layer are only σt, a1,t, a2,t, a3,t and a22,t.

Lemma 1.4 (Instantaneous coefficients of the ESMM)
Let us place ourselves within the Extended Skew Market Model defined by (1.5.81)-(1.5.82). In
the following formulas, we assume the functions to be taken at the immediate point, i.e. at our
current set of Markov variables (t, St, αt). Accordingly, we use the following notations :

(1.5.83) f
△
= f(t, St) ϕ

△
= ϕ(t, St) g

△
= g(t, αt) h

△
= h(t, αt) ρ̇

△
=
√

1− ρ2

The instantaneous coefficients σt, a2, a3 and a22 come as

◮ Using the Lognormal convention for the ESMM :

σt = αt f a2,t = σ2t St
f

′

2

f
+ ρ ǫ σt

g

αt
a3,t = ρ̇ ǫ σt

g

αt
(1.5.84)

a1,t = σt
f

′

1

f
+ 1

2 σ
3
t S

2
t

f
′′

22

f
+ σt

h

αt
+ ρǫ σt g St f

′

2(1.5.85)

a22,t = σ3t St


 f

′

2

f
+ St

[
f

′

2

f

]2
+ St

f
′′

22

f


+ 3 ρ ǫ σt g St f

′

2 + ρ2 ǫ2 σt
g

αt
g
′

2(1.5.86)

◮ Using the Normal convention for the ESMM :

σt = αt S
−1
t ϕ a2,t = σ2t

[
St

ϕ
′

2

ϕ
− 1

]
+ ρ ǫ σt

g

αt
a3,t = ρ̇ ǫ σt

g

αt
(1.5.87)

a1,t = σt
ϕ

′

1

ϕ
+ σ3t

[
1 − St

ϕ
′

2

ϕ
+ 1

2 S
2
t

ϕ
′′

22

ϕ

]
+ σt

h

αt
+ ρǫ σt g

[
ϕ

′

2 − S−1
t ϕ

]

a22,t = σ3t


 2 − 3 St

ϕ
′

2

ϕ
+ S2

t

[
ϕ

′

2

ϕ

]2
+ S2

t

ϕ
′′

22

ϕ




+ 3 ρ ǫ g σt

[
ϕ

′

2 − S−1
t ϕ

]
+ ρ2 ǫ2

g

αt
g
′

2 σt(1.5.88)

Given the obvious filiation of the ESMM, it is natural, easy and reassuring to verify that these
results match those obtained for pure local volatility models : see Lemma 1.2 [p.50].

Proof. (Lemma 1.4)
Using the lognormal convention, the instantaneous volatility comes straight from the cast :

σt = αt f(t, St)(1.5.89)

Then, simply using Itô gives us its dynamics as

dσt =
[
αt f

′

1 + 1
2 αt f

′′

22 〈dSt〉 + f
′

2 〈dSt, dαt〉
]
dt + αt f

′

2 dSt + f dαt

=
[
αt f

′

1 + 1
2 αt f

′′

22 α
2
t S

2
t f

2 + ρǫ αt g St ff
′

2

]
dt

+ αt f
′

2 αt St f dWt + f h dt + f ǫ g
[
ρ dWt +

√
1− ρ2 dZt

]
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Besides, applying Lemma 1.3 for n = 1 and n = 2, we easily get the conversions

f
′

2 = −S−2
t ϕ + S−1

t ϕ
′

2 and f
′′

22 = S−1
t ϕ

′′

22 − 2 S−2
t ϕ

′

2 + 2 S−3
t ϕ(1.5.90)

Therefore, the first three instantaneous coefficients come respectively as

a1,t = αt f
′

1 + 1
2 α

3
t S

2
t f

2f
′′

22 + h f + ρǫ αt g St ff
′

2

= αt S
−1
t ϕ

′

1 + 1
2 α

3
t ϕ

2
[
S−1
t ϕ

′′

22 − 2 S−2
t ϕ

′

2 + 2 S−3
t ϕ

]

+ h S−1
t ϕ + ρǫ αt g ϕ

[
−S−2

t ϕ + S−1
t ϕ

′

2

]

a2,t = α2
t St f(t, St)f

′

2(t, St) + ρ ǫ g(t, αt) f(t, St)

= α2
t ϕ(t, St)

[
−S−2

t ϕ(t, St) + S−1
t ϕ

′

2(t, St)
]

+ ρ ǫ g(t, αt) S
−1
t ϕ(t, St)

and

a3,t = ǫ ρ̇ g f = ǫ ρ̇ g S−1
t ϕ

We can then switch αt and f with σt using (1.5.89), which provides the desired expressions.
Note that we chose to conserve the arguments in the expression of the endogenous coefficient
a2,t, as we now need its dynamics :

da2,t = [· · ·] dt + 2 St ff
′

2 αt dαt + α2
t

[
ff

′

2 + St f
′

2

2
+ St ff

′′

22

]
dSt

+ ρ ǫ
[
g
′

2 f dαt + g f
′

2 dSt

]

=
[
α2
t

[
ff

′

2 + St f
′

2

2
+ St ff

′′

22

]
+ ρ ǫ g f

′

2

]
αt St f dWt

+
[

2 St ff
′

2 αt + ρ ǫ g
′

2 f
]
ρ ǫ g dWt + [· · ·] dt + [· · ·] dZt

where we isolate again the endogenous coefficient

a22,t = α3
t St f

[
ff

′

2 + St f
′

2

2
+ St ff

′′

22

]
+ 3 ρ ǫ αt g St ff

′

2 + ρ2 ǫ2 g g
′

2 f

Using the switch of σt vs αt and f on this expression provides again with the sought formula.
We can also use the conversion formulas to obtain, under the normal convention :

a22,t = α3
tϕ

[
S−1
t ϕ

[
S−1
t ϕ

′

2 − S−2
t ϕ

]
+ St

[
S−1
t ϕ

′

2 − S−2
t ϕ

]2
+ ϕ

[
S−1
t ϕ

′′

22 − 2S−2
t ϕ

′

2 + 2S−3
t ϕ

] ]

+ 3 ρ ǫ αt g ϕ
[
S−1
t ϕ

′

2 − S−2
t ϕ

]
+ ρ2 ǫ2 g g

′

2 S
−1
t ϕ

then developped into

a22,t = α3
t ϕ

[
− S−3

t ϕ2 + S−2
t ϕϕ

′

2 + S−3
t ϕ2 + S−1

t ϕ
′

2

2 − 2S−2
t ϕϕ

′

2 + S−1
t ϕϕ

′′

22

− 2S−2
t ϕϕ

′

2 + 2S−3
t ϕ2

]
+ 3ρǫ αt g

[
−S−2

t ϕ2 + S−1
t ϕϕ

′

2

]
+ ρ2ǫ2 g g

′

2 S
−1
t ϕ

which after simplification and switch provides (1.5.88).
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When performing this type of calculations, we recommend to identify as many recurring, sym-
metric or meaningful quantities as possible, as early as possible. Similarly, it is also a good
idea to allocate ad hoc symbols to these quantities. It might not seem useful at the current
level of the first layer, but when computing deeper coefficients (as needed by higher-order IATM
differentials, see chapter 3) they will come in handy. For examples of that ”technique”, refer for
instance to the treatment of SABR in Chapter 4.

We can now move on to the IATM differentials, both static and dynamic.

Proposition 1.3 (IATM differentials of the ESMM)
Within the ESMM framework,

◮ The IATM skew is expressed as

Σ̃
′

y(t, 0, 0) = Σ̃
′

y,f (t, 0, 0) + Σ̃
′

y,ρ(t, 0, 0)(1.5.91)

where Σ̃
′

y,f (⋆) =
1

2
σt St

f
′

f
=

1

2
σt

[
St

ϕ
′

2

ϕ
− 1

]
is the ”local volatility” term

and Σ̃
′

y,ρ(⋆) =
1

2
ρ ǫ

g

αt
is the ”correlation” term

◮ The IATM curvature is expressed as

Σ̃
′′

yy(t, 0, 0) =
1

3
σt


 St

f
′

2

f
− 1

2
S2
t

[
f

′

2

f

]2
+ S2

t

f
′′

22

f




︸ ︷︷ ︸
Σ̃

′′

yy,f

+
ǫ2

3

1

σt

[
ρ2

g

αt
g
′

+ (1− 5

2
ρ2)

g2

α2
t

]

︸ ︷︷ ︸
Σ̃′′

yy,ρ

where, again, Σ̃
′′

yy,f is the ”local volatility” term, and Σ̃
′′

yy,ρ is the ”correlation” term.
In normal representation, the ”local volatility” term becomes

Σ̃
′′

yy,f (t, 0, 0) =
1

6
σt


 2 S2

t

ϕ
′′

22

ϕ
− S2

t

[
ϕ

′

2

ϕ

]2
+ 1




◮ The IATM slope is expressed as

Σ̃
′

θ(t, 0, 0) = Σ̃
′

θ,f(t, 0, 0) + Σ̃
′

θ,ρ(t, 0, 0) +
σt
4
ρ ǫ g St f

′

where Σ̃
′

θ,f (t, 0, 0) =
σt
2

f
′

1

f
+

σ3t
12


 St

f
′

2

f
− 1

2
S2
t

[
f

′

2

f

]2
+ S2

t

f
′′

22

f




and Σ̃
′

θ,ρ(t, 0, 0) =
σ2t
4
ρ ǫ

g

αt
+

σt
12
ǫ2 (1 + 1

2ρ
2)

[
g

αt

]2
− σt

6
ρ2 ǫ2

g

αt
g
′

+
σt
2

h

αt

are respectively the pure local volatility and pure correlation terms.
The local volatility term rewrite in normal convention :

Σ̃
′

θ,f(⋆) =
σt
2

ϕ
′

1

ϕ
+

σ3t
24


 1 − S2

t

[
ϕ

′

2

ϕ

]2
+ 2 S2

t

ϕ
′′

22

ϕ
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◮ As for the dynamic coefficients, we have the IATM volatility of volatility as





ν̃(⋆) = σ2t St
f

′

2

f
+ ρ ǫ σt

g

αt
= σ2t

[
St

ϕ
′

2

ϕ
− 1

]

︸ ︷︷ ︸
ν̃f (⋆)

+ ρ ǫ σt
g

αt
︸ ︷︷ ︸

ν̃ρ(⋆)
ñ(⋆) = ρ̇ ǫ σt

g

αt

while the endogenous volatility of the skew comes as

ν̃
′

y(t, 0, 0) = ν̃
′

y,f (t, 0, 0) + ν̃
′

y,ρ(t, 0, 0) +
1

2
ρ ǫ g St f

′

2

with ν̃
′

y,f (⋆) =
1

2
σ2t

[
St

f
′

2

f
+ S2

t

f
′′

22

f

]
=

1

2
σ2t

[
1 − St

ϕ
′

2

ϕ
+ S2

t

ϕ
′′

22

ϕ

]

and ν̃
′

y,ρ(⋆) =
1

2
ρ2 ǫ2

g

αt

[
g
′

2 −
g

αt

]

Instead of heading thereupon into the proof (which is very straightforward) let us first comment
and interpret these results ; we start with general considerations, before reviewing some of the
IATM differentials on an individual basis.

First of all, it seems rather intuitive that the formulae describing the ESMM shall prove more
complex when using the Normal convention . Indeed, recall that the generic dynamics for St,
which define σt and therefore a1, a2, a3 and a22, are Lognormal ; likewise, the implied volatility
Σ̃ that we consider is also Lognormal. In other words, we have on one hand a ”simple” (Log-
normal) model used to define that implied volatility - the baseline - and on the other hand,
a ”complex” target model written along Normal lines : this dissimilarity is what complexifies
the results. In Chapter 2, we will see that this also impacts the precision and usefulness of the
asymptotic method. Nevertheless, we will also show that adapting the baseline to the target
model is often possible. In particular the Normal baseline is frequently a natural option, and
this would certainly be the case here.
Still on the presentation of those results, the main reason why we choose to position the differ-
entials of f as numerators is to underline the inherent scaling of the problem. In other words,
it stresses the fact that the IATM differentials correspond to shape factors of the local volatility
function, while only the level depends on its scale.
The relative complexity of the formulas, in conjunction with the scaling aspect, point naturally
to a change of variables. This is indeed no surprise, since the left-hand-sides of these equations
represent (differentials of) functions of log-moneyness ln (K/St), while the right-hand sides are
functions of St. We will use that feature in the sequel, to rewrite some of the quantities in a
more intuitive manner.

Evidently, it is easy to see that by neutralising the perturbation we fall back onto the expressions
for pure local volatility models : refer to (1.4.66) for the level, (1.4.68) for the skew, (1.4.71) for
the curvature and (1.4.73) for the slope. Accordingly we find that, as was the case with pure
local volatility models, once the perturbation process αt is set then the differentials f , f

′

2, f
′′

22

and f
′

1 taken in (t, St) respectively control the IATM level, skew, curvature and slope.
But the fundamental feature to note, in all the IATM differentials expressions for the ESMM,
is their clean decomposition between local volatility and correlation terms. Indeed, cross-terms
only appear in the expressions for Σ̃

′

θ(⋆) and ν̃
′

y(⋆). Moreover, these two terms are very similar
and can easily be interpreted further, as will be discussed shortly. That decomposition implies
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that we can interpret many features of the model by referring to, respectively, pure local volatil-
ity models (Dupire) or pure correlation models (such as Heston). These two classes extreme
instances of the ESMM : the local volatility model is obtained with αt ≡ 1 or σt ≡ f(t, St),
while the pure correlation model correpsonds to f(t, St) ≡ 1 or σt ≡ αt.

Let us now comment individually on the IATM differentials. First, with respect to the skew
Σ̃

′

y(⋆), we remark that the correlation term Σ̃
′

y,ρ is bydefinition unaffected by the presence, and
therefore choice, of the local volatility function f(·). Consequently, when considering skew vs
local volatility issues in this model framework, we will focus purely on Σ̃

′

y,f , which is equivalent
to considering pure local volatility models.
That said, the correlation parameter does provide an additional degree of freedom which helps
control the IATM skew. The Heston model for instance, relies solely on that correlation to
create that descriptor, and can nevertheless be calibrated to fairly extreme market skews.
In fact, we observe it is actually the term ρ ǫ g, i.e. the product of correlation with the lognormal
volatility of the perturbation 28 which will provide that additional skew. In other words, the vol
of vol ”activates” and ”compounds” the correlation, which is not to say that they cannot be
dissociated, as proven by the terms Σ̃

′′

yy,ρ and Σ̃
′

θ,ρ(⋆). Overall, this behaviour should come as
no surprise to any modeler or practitioner with experience of Heston or SABR, for instance.
Conversely, when that correlated perturbation αt is not available (as per FL-SV [ABR01] or
FL-TSS [Pit05b], which both use an independent perturbation), the skew function f(·) might
have to be fairly extreme to match the market skews. It is possible to use a very steep f(·)
around a certain point S∗

t , but not across a whole range of underlying’s values. This means that
the conditional smile will lose its skew, whereas there is no such constraint with Σ̃

′

y,ρ(⋆), which
can consistently create skew for all values of St. Not surprisingly, there is a strong analogy with
the smile curvature issue (local vs stochastic volatility) as discussed in [HKLW02].
In term of calibration capacity, this is a main advantage of the SABR class, for instance. Indeed,
that model can use correlation to control its skew, allowing to specify the LV function to achieve
other aims, such as controlling the backbone.

Turning now to the curvature Σ̃
′′

yy(⋆), we observe the same decomposition between the effects
of local volatility and correlation : this property is very convenient, both in terms of model
design and static calibration. The relative complexity of the Σ̃

′′

yy,f (⋆) term suggests to align the
variables on both sides : indeed, we have a differential w.r.t. log-moneyness y on the left-hand
side, and w.r.t. St on the right-hand side. We elect to define a new local volatility function in
sliding coordinates via

l(t, y)
△
= f(t, St)

Then the transition formulae of Appendix B allow us to rewrite

Σ̃
′′

yy,f (⋆) =
1

3
σt

[
St

1

l

(
− 1

St

)
l
′

2 −
1

2
S2
t

[
1

l

(
− 1

St

)
l
′

2

]2
+ S2

t

1

l

1

S2
t

[
l
′

2 + l
′′

22

] ]

=
1

3
σt


 l

′′

22

l
− 1

2

[
l
′

2

l

]2 


which gains in coherence and compactness, but also lends itself to an easier interpretation. Note
in particular that the second term corresponds to the squared skew, and also that the scaling
property has been maintained. Indeed, the equation links the normalised curvature σ−1

t Σ̃
′′

yy(⋆)
to the shape of l, and not its scale.

28ǫα−1
t g(αt), sometimes abusively called ”vol of vol”
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Looking at the expression for ν̃
′

y, notwithstanding a single cross term we observe a similar
decomposition between local volatility and correlation terms. Focusing first on the local volatility
term, it appears that it corresponds to the endogenous volatility of the LV term of the skew.
In other words, the LV-ρ split extends consistently to the dynamics, just as if we were dealing
with a pure LV model :

dΣ̃
′

y(⋆)
LV≡ dΣ̃

′

y,f (⋆) = [·] dt + 1
2

[
f

′

2 + Stf
′′

22

]
dSt = [·] dt + 1

2 σt

[
Stf

′

2 + S2
t f

′′

22

]

︸ ︷︷ ︸
ν̃
′

y,f
(⋆)

dWt

To reduce the complexity of that ν̃
′

y,f (⋆) term, we can proceed in the same manner as before by
changing to sliding variables. The new expression reads

ν̃
′

y,f (⋆) =
1

2
σ2t

[
St

(
− 1

St

)
l
′

2

l
+ S2

t

1

S2
t

[
l
′

2 + l
′′

22

l

] ]
=

1

2
σ2t

l
′′

22

l

In other words, the convexity of the local volatility function creates positively correlated dy-
namics for the skew (and conversely if concave).
As for the correlation term ν̃

′

y,ρ(⋆), we observe again that the split between LV and ρ is extended
to the dynamics, as if we were dealing with a pure correlation model such as Heston :

dΣ̃
′

y(⋆)
Pure ρ≡ dΣ̃

′

y,ρ(⋆) = [·] dt +
1

2
ρǫ

[
g
′

2

αt
− g

α2
t

]
dαt = [·] dt +

1

2
ρ2ǫ2

g

αt

[
g
′

2 −
g

αt

]

︸ ︷︷ ︸
ν̃′y,ρ(⋆)

dWt

In the ν̃
′

y,ρ(⋆) expression itself, we can interpret the bracket as representing the local ”over-
linearity” of the vol of vol function g. In practice that function g is chosen such that g(0) = 0
in order to maintain the non-negativity of the multiplicative perturbation αt. It is also often
taken as a power : typically g(x) = xβ with β ≤ 1 to ensure sub-linear growth and therefore
existence of the solution for the SDE (1.5.82) (as per Itô’s conditions). This is in particular
the case for Heston (β = −1), SABR (β = 1) and most FL-SV or FL-TSS implementations (if
ψ(V ) = V γ for the variance then β = 2γ − 1). In that case we have the correlation term as

ν̃
′

y,ρ(⋆) =
1

2
ρ2 ǫ2 αβ−1

t [ β − 1 ] αβ−1
t ≤ 0(1.5.92)

That formula tells us that whenever g is a sub-linear power, the contribution of the effective
correlation (i.e. the product ρ ǫ g) on the skew’s endogenous volatility will be negative. In other
words, it will tend to make the skew and the asset negatively correlated.
It would certainly be tempting to assume that an upward movement of the underlying St will
(on average) be associated to a downward move of the IATM skew Σ̃

′

y(⋆). Unfortunately at this
stage of the documentwe do not currently possess the required results to conclude so : contrary
to the underlying, the IATM skew does exhibit a drift coefficient b̃

′

y(⋆), and this finite variation
term has a priori no reason to be null. It would be an easy task to derive the expression for
b̃
′

y(⋆) in the simple Heston Framework for instance, but this falls outside of the scope of this
simple interpretative section. The generic formula, however, will be provided in Chapter 3 : see
(3.2.30) [p.163].
Finally, let us link and interpret the two cross-terms appearing in the expressions of Σ̃

′

θ(⋆) and
ν̃

′

y(⋆). They are indeed almost identical, and can usefully be linked to the local volatility and
correlation terms of the IATM skew, by noticing that

ρ ǫ g(t, αt) St f
′

2(t, St) = 4 Σ̃
′

y,f (⋆) Σ̃
′

y,ρ(⋆)

which explains why we did not deem useful to provide either cross-term with normal conventions.
Having completed this interpretative review, let us now move on to the proof.



1.5. ILLUSTRATIONS AND APPLICATIONS 73

Proof. (Proposition 1.3)
Using the generic result (1.4.51) and the expressions for σt and a2 as per (1.5.84) the skew comes
as

Σ̃
′

y =
1

2
σt St

f
′

2

f
+

1

2
ρ ǫ

g

αt
=

1

2
σt

[
St

ϕ
′

2

ϕ
− 1

]
+

1

2
ρ ǫ

g

αt

For further use, we pre-compute

a22,t =

[
σ2t St

f
′

2

f
+ ρ ǫ σt

g

αt

]2
= σ4t S

2
t

[
f

′

2

f

]2
+ ρ2 ǫ2 σ2t

[
g

αt

]2
+ 2 ρ ǫ σ2t g St f

′

2

Then using the generic curvature formula (1.4.52) along with the specific expressions for a3 and
a22 given respectively by (1.5.84) and (1.5.86), the ESMM curvature comes as

Σ̃
′′

yy(⋆) =
1

3σ2t


σ3t St


 f

′

2

f
+ St

[
f

′

2

f

]2
+ St

f
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f


 + 3 ρ ǫ σt g St f

′

2 + ρ2 ǫ2 σt
g

αt
g
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2




+
1

3σ3t
(1− ρ2) ǫ2 σ2t

[
g

αt

]2
− 1

2σ3t


 σ4t S

2
t

[
f

′

2

f
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+ ρ2 ǫ2 σ2t

[
g
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+ 2 ρ ǫ σ2t g St f

′
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which, after simplification and grouping the terms, provides

Σ̃
′′

yy(t, 0, 0) =
1

3
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f
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f
− 1

2
S2
t
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f

′
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+ S2

t

f
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ǫ2

3

1

σt

[
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g
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′

2 + (1− 5

2
ρ2)
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α2
t

]

where only the first term depends on the local volatility function. With the normal convention,
this term becomes

Σ̃
′′

yy,f (t, 0, 0) =
1
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[
ϕ

′
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ϕ
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=
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Let us now tackle the slope : injecting (1.5.84), (1.5.85) and (1.5.86) into (1.4.53), we get
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′

θ(⋆) =
σt
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f
′

2

f
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1
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3
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g
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1

12σt
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[
g
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After simplification and grouping the terms, we obtain

Σ̃
′

θ(⋆) =
σt
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f
′

1

f
+
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f
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︸ ︷︷ ︸

+
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2

h
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+

σt
4
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Let us convert the first term using the normal convention :
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which after simplification and grouping provides the desired result.
Turning at last to the dynamic coefficients, we inject (1.5.84) and (1.5.86) into (1.4.55) to obtain
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Which, after simplification, provides
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1.5.2.2 Application : comparison of the LDD and CEV skew functions

We have established with Proposition 1.3 the Layer-1 results for the generic ”Extended Skew”
class : we apply them now to the two most popular forms of local volatility functions, the
Lognormal Displaced Diffusion (LDD) and the Constant Elasticity of Variance (CEV). These
two models are commonly and concurrently used in their pure local volatility version (see [SG07]
for a comparison) i.e. with αt as a deterministic function of time. We can easily extend them
by adding a multiplicative perturbation as per (1.5.81)-(1.5.82) so that they fit into the ESMM
framework. Following the normal convention, the models are then specified with :

LDD : ϕd(s, x) = λd(s) ( x + d(s) ) and CEV : ϕβ(s, x) = λβ(s) xβ(s)

Both forms of local volatilities are commonly used, either on a standalone basis or within two-
dimensional local/stochastic volatility models (such as SABR). Their role is essentially to simul-
taneously control the static IATM level and skew, exploiting the fact that each is specified by a
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pair of time functions : λd(·) and d(·) vs λβ(·) and β(·). However either local volatility function
inevitably generates some unwanted and rather distinct side-effects. So that in the literature,
as well as among practitioners, the argument for and against these two respective forms of skew
functions has been a recurring issue of the modeling process. Rather surprisingly, few papers are
available that provide a clean answer to these questions. For a prompt review of CEV properties
(which is more technical than the LDD) a good reference is [AA00], while a comparison of the
two models (based on a small-time expansion) is provided by [SG07].
In this context, we will show that the asymptotic results of Theorem 1.2 are well suited to settle
(almost) effortlessly a large part of that old argument. Our objective is to justify rigorously
how to achieve the joint level and skew fit, and in particular how to match one model onto the
other. Naturally this will lead to expose the limits of such an approach for the smile, both in
static and dynamic terms. In order to ensure comparability, we assume the same multiplicative
perturbation process αt.
We show that once the static level/skew is achieved, the sliding IATM option will have the
same volatility (both endogenous and exogenous coordinates) in both cases, and therefore that
the fixed-strike IATM option will have the same delta. However, we will also see that other
important quantities will necessarily be different, and how to approximate these discrepancies.
Of particular interest for trading are the static smile IATM curvature, the volatility of the skew,
the drift of the sliding IATM option, and the Gamma of the fixed-strike IATM option.

As we have seen with Proposition 1.3, with regard to IATM level and skew the effects of correla-
tion (and thus of the perturbation αt) are dissociated from those of the local volatility. Therefore
it makes sense to recall the structural differences between the two models in their pure LV form.
It is well-known than when d and β are either constant or time functions, both pure local volatil-
ity models provide closed-form solutions for calls and puts, which makes a large part of their
appeal. However the solutions of their respective SDEsexhibit significantly distinct behaviours.
Of particular concern are the existence and unicity of the CEV solution29 and the support of
the distribution for the LDD solution ([−d,+∞[). Also, the (right) tail characteristics can be
very different, affecting several quasi-vanilla products, such as CMS options.
The extension of the two models to a diffusive αt inherits and enhances most of these differences.
Furthermore, the ESMM decomposition between LV and perturbation effects ensures that few
novel features are introduced. For instance, the backbone is controlled mainly by the LV func-
tion30and will therefore produce distinct conditional smiles, although the presence of stochastic
volatility does ensure some delta stickiness. Although the joint local/stochastic volatility con-
text of the ESMM allows for further control of the smile properties, we will (artificially) consider
that the primary role of ϕ(·, ·) is to control the IATM level and skew.
Our first move is obviously to unify the two local functions under the Extended Displaced CEV
denomination, which is discussed for instance (in a time-homogeneous version) within [AA00].

Definition 1.3 (The Extended Displaced CEV model)
Consider the EDCEV model to be specified as follows :

dSt = αt ϕd,β(t, St) dWt with ϕd,β(s, x) = λ(s) ( x + d )β

dαt = h(t, αt) dt + ǫ g(t, αt) dBt with 〈dWt, dBt〉 = ρ dt(1.5.93)

We can then apply directly Proposition 1.3 in order to obtain the relevant IATM differentials.
Again, due to the clear distinction between the correlation and local volatility effects, it is
sufficient to express only the latter.

29For positive β : if β < 1 zero is an attainable boundary, for 1
2
≤ β ≤ 1 it is an absorbing boundary, and for

0 < β < 1
2
there is no unicity of the solution unless a boundary condition is specified (absorption or reflection).

Obviously for β > 1 the sub-linear growth Itô condition ensuring existence is not satisfied.
30Σ̃(⋆) = αt S

−1
t ϕ(St)
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Corollary 1.12 (IATM level and skew of the EDCEV model)
We have the IATM level and skew as

Σ̃(⋆) = αt λ(t) S−1
t (St + d)β and Σ̃

′

y,f (⋆) =
1

2
Σ̃(⋆)

[
β(t)St
St + d(t)

− 1

]
(1.5.94)

Which we can also express in strike units, using Corollary 1.5 :

Σ
′

K,f (LDD) = −1

2

σt
St

d

St + d
Σ

′

K,f (CEV) = −1

2

σt
St

(1− β)

Consider a CEV and LDD models with matching IATM levels and skew.
Ignoring the IATM argument (⋆) = (t, 0, 0) for Σ̃ and Σ̃

′

y,f , we provide the transfer formulas :

λd = λββS
β−1
t =

1

αt

[
2Σ̃

′

y,f + Σ̃
]

and d =
1− β
β

=
−2StΣ̃

′

y,f

2Σ̃
′

y,f + Σ̃

λβ = λd(St + d)S
−

St
St+d

t =
1

αt
Σ̃S

2Σ̃−1Σ̃
′

y,f

t and β =
St

St + d
= 1 + 2Σ̃−1Σ̃

′

y,f

Note that by normalising the displacement with d(t) = c(t) St the equivalence between the two
skew parameters becomes even more obvious. Indeed, we then get the local volatility-induced
IATM skew as

Σ̃
′

y,f (t, 0, 0) =
1

2
Σ̃(⋆)

[
β(t)

1 + c(t)
− 1

]
(1.5.95)

Formulae (1.5.94) and (1.5.95) show that the E-LDD and E-CEV models can a priori be matched
simultaneously in level and in (negative) skew. The latter is clearly bounded, even more so in
the pure LDD and CEV cases, where for positive β(·) and c(·) the value of −1/2 Σ̃(⋆) cannot
be exceeded (see [LWng] (p.5) for instance). However each model achieve these targets with
distinct consequences on the marginal distributions. For example, recall that a CEV with
β = 1/3 demands specification of the boundary conditions, while the equivalent LDD requires
a displacement of d = 2St to achieve the same skew : for most underlying this support be
considered unrealistic. By comparison, the EDCEV model allows to reach the same negative
skews in a healthier way, for instance by taking β = 1/2 and then using the displacement to
complete. Overall, these results expose the limitations of pure local volatility models vs their
(correlated) stochastic volatility extensions. Let us now move on to the proof.

Proof.
In this proof we will omit the arguments of Σ̃ and Σ̃

′

y,f , which will be taken in (t, 0, 0). Within
(1.5.94) the IATM level is given by the cast, while the IATM skew comes directly from (1.5.91).
Let us first consider an Extended LDD model with a given perturbation process αt, and assume
that it is matched to a given IATM level and skew. Then the skew match gives us

Σ̃
′

y,f =
1

2
Σ̃

[
St

St + d
− 1

]
hence

St
St + d

=
2Σ̃

′

y,f + Σ̃

Σ̃
thus d =

−2StΣ̃
′

y,f

2Σ̃
′

y,f + Σ̃

while the level match provides

Σ̃ = αtλdS
−1
t (St + d) hence λd =

1

αt
Σ̃

St
St + d

=
1

αt

[
2Σ̃

′

y,f + Σ̃
]

Let us now assume instead that this Extended LDD is matched to a given Extended CEV model.
Then the skew match followed by the level match give us sequentially

1

St + d
=

β

S
⇒ d =

1− β
β

then λd [St + d] = λβS
β ⇒ λd = βλβS

β−1
t
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Conversely, let us then assume a CEV model, and suppose that it is matched to a given IATM
level and skew. Then matching the skew gives us

Σ̃
′

y,f =
1

2
Σ̃ [β − 1] hence β = 1 + 2Σ̃−1Σ̃

′

y,f

while the level match provides

Σ̃ = αtλβS
β−1
t ⇒ λβ =

1

αt
Σ̃S

2Σ̃−1Σ̃
′

y,f

t(1.5.96)

Suppose now that this Extended CEV is matched to a given Extended LDD model. Inverting
the skew result in (1.5.94) before matching the level provides sequentially

β =
St

St + d
then λβ = λd(St + d)S−β

t = λd(St + d)S
−

St
St+d

t

which concludes the proof.

We have already noted in section 1.3.2 that if two stochastic volatility models (whether SinsV or
SImpV) provide matching IATM level and skew, then their endogenous volatilities a2 (or ν̃(⋆))
are identical. In the general case, it is not true however that the total vol of vol [ a2 ; a3 ] or even
its modulus

√
a22 + a23 will be the same. As shown by the expression for a3 within (1.5.87), this

is however the case for the Extended Skew Market Model, and in particular for the Extended
LDD and CEV. This is important in terms of trading because these dynamics are those of the
sliding IATM implied volatility and will therefore impact the delta of the fixed-strike ATM call.
Indeed, as discussed in section 1.5.1.4 and according in particular to (1.5.80) that delta will be
identical if both models are dynamically matched in level and in skew.

However the lack of additional control parameters means that the above quantities represent the
extent of any rigorous, IATM match between the two models. Indeed, differences will appear as
soon as ϕ

′′

22 of f
′′

22 is invoked. In terms of instantaneous coefficients, that concerns a1 and a22,
while in terms of IATM differentials it regards

◮ the IATM curvature Σ̃
′′

yy(⋆)

◮ the slope Σ̃
′

θ(⋆)

◮ the endogenous volatility of the skew ν̃
′

y(⋆).

◮ the Gamma of the fixed-strike ATM option

Overall, these are IATM results and a natural question to ask is whether the match of the
EDCEV model is also possible for θ > 0. The answer is that in general we can match ATM level
and skew at a given maturity, because we have two targets (level and skew) and also two control
parameters at our disposal. However, mathematically we cannot guarantee that this system of
equations admits a (unique) solution.

1.5.3 Second illustration : smile-specification of instantaneous SV models

In this section, we take the reverse approach from the previous illustration : starting form
a given smile, we show how to build a stochastic instantaneous volatility model that would
(approximatively) generate that surface. Taking that approach further, we make the case for
the re-parameterisation of such models into what we call their ”intuitive” versions. The latter
consist in replacing one, several or all instantaneous parameters by more ”trading-friendly”,
smile-related quantities. First we discuss some generalities relevant to that approach, before
exposing several examples.
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1.5.3.1 Intuitive models : principles

An intuitive modeling approach consists in an output-oriented re-parameterisation of an existing
SinsV model. The idea is to expose that original model to the practitioner (typically a trader)
by using parameters that relate to observable and meaningful quantities. The first qualifier lim-
its us to liquid instruments, whose characteristics are either quoted (e.g. prices, rates, implied
volatilities or correlations) or easily measurable (e.g. realised volatility, historical correlation).
The second qualifier pertains to those quantities which have an actual influence on the agent’s
portfolio : they impact the prices, the hedges and/or the risk. Therefore, in order to link to the
usual pricing, hedging and risk engines, we still need to express internally the native parameters
driving the original SDE system.
Simple illustrations of this approach can already be found in practice-oriented literature. A clas-
sic instance consists in re-expressing volatility mean-reversion, in Heston’s model for instance,
as ”frequencies” or time periods in the one-dimensional dynamics of the volatility. Indeed, it is
difficult to gage the impact of selecting, say, κ = 0.583. And especially so because of the inter-
action of that parameter with the vol of vol and the current level of volatility. It seems more
practical however, and particularly for traders, to consider the associated (i.e. model-implied)
half-life of an after-shock decay : because that quantity can readily be compared to historical
data, simply by looking at a realised chart of ATM implied volatility.

Going back to the general approach, what our asymptotic results allow us is to extend and
generalise that approach to a much larger scale, to very complex models, while keeping some
useful flexibility. The market quantity that we select will of course be the smile, which is indeed
an observable and measurable quantity, with primordial importance w.r.t. to prices, hedges,
sensitivities and risk. In essence, we will replace some or all of the SinsV model native parame-
ters, (such as vol of vol or correlation) by descriptors of the smile, (static and dynamic, such as
curvature or skew) that they generate.
In as sense, this approach can be seen as the ”poor man’s stochastic implied volatility model”.
But, as we observed previously, the correspondence between the two classes (SinsV and SimpV)
is very strong. So that adopting the above modeling strategy consists de facto in opting for a
tradeoff : what we lose in freedom and precision31of the specification for the SimpV model, we
gain in validity, as a SinsV model is intrinsically non-arbitrable.
An added benefit of the intuitive re-parameterisation is that it reduces the complexity of
”extended” vega computations. Those usually consist in computing the sensitivity of the
smile32w.r.t. to the model parameters, and then inverting (when possible) that Jacobian matrix,
in order to evaluate the vega/smile risk contained by exotic products. With the new representa-
tion, the process is simplified because that high-dimensional matrix is reduced or even diagonal.
Indeed, the smile in question is now (a subset of) the parameter set.

Turning to practicalities, we start by characterizing the static shape of the target smile in terms
of several of its first IATM differentials : typically the ATM level, skew, curvature and slope for
short expiry options. Alternatively, we can express or approximate these quantities with simple
options, such as ATM straddles, strangles, call spreads, butterflies, maturity spreads, etc. In
order to compute the native parameters, we can either use the results of the Recovery Theorem
1.1 [p.40]or inverse the formulae of the First Layer Theorem 1.2 [p.45].
In its principle, the intuitive approach belongs firmly to the inverse problem family ; however
we will tend to bring the results via the direct formulas of Theorem 1.2. The reason is that we
demonstrate the method here by focusing on the static properties of the smile, which are the
easiest to measure and comprehend. Obviously the method can also incorporate the dynamic
coefficients : b̃, ν̃, ν̃

′

y and ñ for the first layer, all taken in (t, 0, 0). Also there is a mathematical

31The method is only asymptotic, after all.
32The surface is usually represented either by a selection of points, or by a collection of parameters.
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price to pay, a structural drawback to staying purely with static quantities. Indeed, we have seen
with Corollary 1.7 that a bijectivity existed between the Σ̃-(2,0) and σt-(2,0) groups. We have
also mentioned in section 1.4.2 that assuming bi-dimensionality and some regularity assump-
tions, a full bijection could be expected between, on one hand, some groups of instantaneous
coefficients (ai,t), and on the other hand, collections of IATM differentials. The thing is that
those collections of differentials include both static and dynamic quantities. Granted, we have
seen that some of these are interchangeable , since within the first layer for instance, we have
the following equivalence pairs :ν̃(⋆) vs Σ̃

′

y(⋆), ν̃
′

y(⋆) vs Σ̃
′′

yy(⋆) and b̃(⋆) vs Σ̃
′

θ(⋆). But recall also

that the dynamic coefficients relate either to the drift or to the endogenous driver. Hence
−→̃
n (⋆)

cannot be swapped, so that removing it from the list of ”intuitive” quantities will lose us some
information, which we will have to compensate by making supplementary assumptions.

1.5.3.2 Intuitive models : examples

First, let us note that we have recently encountered such (potential) intuitive models. Indeed,
Corrolary 1.12 (p. 76) presents, respectively for the LDD and CEV models, the two native
parameters as functions of the IATM level and skew. When limited to their pure local volatility
versions, these two quantities define those models entirely. While in their extended (EDCEV)
versions, only the perturbation (1.5.93) remains to be specified. In that case it is possible to use
a mixed representation, with both native and implied (intuitive) parameters.
We now provide two distinct examples : note that these are purely ”toy” models, or demonstra-
tive instruments. As such we are not looking for high precision in a real-life model : this will be
the object of chapter 4.

The following example does not make use of a ”real” SinsV model, but instead uses the generic
formulation, the ”cast” presented in section 1.1.3.1. It demonstrates how easily we can generate
desired surfaces, using sparse, low-dimensional specifications. In this case we have chosen to
illustrate with an unusual, probably unheard of, concave smile shape. Indeed, result (1.4.53)
implies that the smile generated by a SInsV model can theoretically exhibit negative convexity,
at least in the vicinity of the origin (t, 0, 0). In order to verify the validity of this prediction, we
use the following toy model, which does not make use of any exogenous driver.
Besides, we have also seen that when using the asymptotic methodology, the SDE system de-
scribing the model is only accounted for via the values at the initial point. As such, this example
underlines both the efficiency but also the limitations of the asymptotic approach.

Example 1.4 (Endogenous SV model generating of a concave smile)
Assume the following stochastic instantaneous volatility model.

dSt
St

= σt dWt with dσt = a2,t dWt and da2,t = a22 dWt

where we chose the following initial values and parameter :

S0 = 100 σ0 = 0.2 a2,0 = 0 a22 = −1

On a short-term basis, there is nothing drastically unrealistic with those dynamics. The level of
volatility σt is consistent with usual market conditions, the vol of vol a2 is null but very unstable
and negatively correlated with the underlying : all in all, these parameters could economically
correspond to a ”tipping point” in the market. This configuration typically occurs just before an
anticipated and important announcement which could swing either way : a central bank meeting
or the release of a major economic indicator.
However the resulting theoretical short-term smile is very unusual. Indeed Theorem 1.2, in
particular (1.4.57) and (1.4.58), predicts no skew and an IATM negative curvature of

Σ
′′

KK(0, St, St, 0) =
1

3
S−2
t σ−2

t a22,0 =
1

3
100−2 0.2−2 = 8.33 10−4
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which, using a McLaurin expansion for a strike of 95, represents a drop of ≈ 1% lognormal IV.
The actual smile is obtained by Monte-Carlo simulation, with a million paths, for a maturity of
a week (2.10−2 year) and computed for strikes ranging 5 either side of the money : it is shown
in Figure 1.3. Besides the possible economic interpretations, it is clear that the model served its
purpose, as the Monte-Carlo simulation is in accordance with the theoretical prediction33
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Figure 1.3: Implied Volatility : M-C simulation with Euler scheme and ∆t = 10−3

Note that with such a high number of paths the standard error is negligible and therefore was
not represented. For readers wishing to reproduce the test, note the issue of boundary conditions
and the following identity :

a2,t = a22 Wt hence dσt = a22 Wt dWt thus σt = 1
2 a22

(
W 2

t − t
)

Of course, there exists an infinity of SinsV models that will provide the same cast and therefore
the same IATM differentials, at least within Layer 1. This is due to the asymptotic nature of
the method, which brings two restrictions :

◮ the processes/coefficients a2,t, a3,t, etc are only considered at current time t

◮ a given IATM differential will only depend on a finite number of those coefficients

The first restriction implies that, for instance, the method will be blind to a full time-dependency

such as {σ(s)}s≥t : it will only consider the values ∂
(i)

si
σ(s)|s=t until a finite differentiation order.

The second restriction means for instance that if we were interested by Σ̃
′′

yy(t, 0, 0), then that
curvature would be unaffected by an over-specification in depth of the dynamics of a22. That
specification, however, might lead to a significantly different model (in terms of dynamics, long-
term marginal distribution, etc).
As a first illustration of these restrictions, it is of course possible to make the model of Example
1.4 even more realistic, especially for longer-term dynamics. We can for instance make the
volatilities mean-reverting or lognormal, thus avoiding some of the boundary issues. But all
configurations providing the same instantaneous ”cast” will generate very similar smiles, at
least for such a short, one-week maturity. Accordingly, adding mean-reversion to volatility and
vol of vol as per

dσt = κ (θ − σt) dt + a2,t dWt and da2,t = κ2 (θ2 − a2,t) dt + a22 dWt

33Indeed the level, skew and curvature are conform : check the 95 strike.
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would not modify the IATM level, skew, and curvature. This is because, although this speci-
fication creates a (somewhat unusual) multi-scale SV model, it effectively provides an a1 (and
a21) term, which in Layer 1 only affects the slope Σ̃

′

θ(t, 0, 0).
Similarly and as a second illustration, since the toy model is purely endogenous we can obtain
the same instantaneous cast with a pure local volatility model. As before, in order to match the
current values of σt, a2,t and a22,t quoted above, it suffices34 to specify a concave f as per

dSt
St

= f(St) dWt with f(St) = 0.2 f
′

(St) = 0 f
′′

(St) = −2.5 10−3

Clearly these conditions constrain very little the global behaviour of f(·) as a function, which
implies through Dupire that alls sorts of smiles could be generated when far from the immediate
money. Assuming f is smooth and analytical, the only way through Dupire to extend our
control over the smile would be to impose further IATM differentials f (i)(St). In our asymptotic
framework, this would correspond to obtaining more IATM differentials via deeper coefficients
ai,t : this will be the object of Chapters 2 and 3.

Let us now illustrate the intuitive re-parameterisation with another toy model :

Example 1.5 (Lognormal model with normal, correlated stochastic volatility)
Let us consider the following bi-dimensional model :

dSt
St

= σt dWt with dσt = ǫ dBt and 〈dWt, dBt〉 = ρ dt(1.5.97)

with ǫ simply a non-negative constant. Then cast is easily deduced from the original model via

a2 = ρ ǫ and a3 =
√

1− ρ2 ǫ

which justifies that both a2,t and a3,t should be positive.
Let us now assume that the agent is interested purely in the level, skew and curvature of the
smile, and that he/she prefers expressing these differentials w.r.t. strike K, rather than log-
moneyness y35. Also, the agent chooses to ignore the slope Σ

′

T altogether, which justifies the
lack of a drift (e.g. mean-reversion) in the volatility dynamics. The exposed model parameters
are now Σ, Σ

′

K and Σ
′′

KK (all taken IATM). Then applying Corollary 1.5, we get the IATM
differentials as :

Σ
′

K =
a2

2Stσt
and Σ

′′

KK =
1

S2
t

[
1

σt

[
−a2

2

]
+

1

σ3t

[
a23
3
− a22

2

] ]

which we can invert, in order to express the instantaneous coefficients a2,t and a3,t as

a2 = 2 St Σ Σ
′

K and a3 =
√

3
[
S2
t Σ3 Σ

′′

KK + St Σ3 Σ
′

K + 2 S2
t Σ2 Σ

′

K

2
]1
2

Note that we need to check the existence of a solution (i.e. that the quantity under the square root
is positive) for the given set of IATM differentials. Remark also that we could equivalently use
the inverse results (1.3.44) and (1.3.50) (see pp 40 and 44), providing they were first converted
to K-differentials. Finally we can use the cast to re-express the native model parameters as
implied quantities with

ǫ =
√
a22 + a23 and ρ =

a2√
a22 + a23

34The simple proof is left to the reader, refer to Lemma 1.4 p. 67.
35Recall that with static quantities the absolute/sliding distinction is moot.
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Although our toy model (1.5.97) can be compared to Heston’s [Hes93], the dynamics of its
volatility are normal (as opposed to C.I.R.) and therefore no (semi-) closed form is a priori
available. Note however that, were such a closed-form available for the price or even for the
implied volatility, the intuitive approach would still be pertinent.
As mentioned above, the inversion technique is by no means always possible. In the current

case, having excluded the exogenous dynamic coefficient
−→̃
n (⋆) from the ”intuitive” quantities,

we knew that (in the general case) we only had access to the modulus of −→a 3,t. Therefore we
had to rely on a bi-dimensional setup (Zt is here scalar) along with the given, native constraint
that a3,t was positive.
This illustrates the fact that, even with valid inputs (the IATM differentials), the existence
and/or unicity of a solution might have to be enforced by applying supplementary (and possibly
arbitrary) constraints. Formally, we first have to ensure that a bijection exists between the
collection of IATM differentials that we take as input, and a group of instantaneous coefficients
(ai,t). This where further assumptions or constraints might have to be applied, for instance
if only shape differentials come as input, in order to establish the bijection. Then we have
to ascertain that a bijective relationship exists also between that group of coefficients and the
collection of native parameters that we wish to replace.
In practice this process rarely represents an issue, if only because the number of parameters and
the order of differentiation are usually limited (typically within the first layer). This inversion
technique will be illustrated in detail within Chapter 4, for more complex models such as SABR
and FL-SV. We will see that it can also be a quick and powerful tool for the initial calibration,
as it provides a close initial guess.
Remark also that in this example it seems more appropriate to invert the ”direct” results of
Corollary 1.5 than to use the ”inverse” formulas of the Recovery Theorem 1.1.

In our view, the fact that the asymptotic formulas lose pertinence and precision when far from
the IATM point 36does not hamper the relevance of the ”intuitive modeling”. The practitioner
should not expect to parameterise the model by specifying ex ante and with precision any long-
term smile. What he/she controls is the very short-term smile, which is certainly more natural
than, for instance, gaging the magnitude of the vovol in Heston’s model.

Note also that, as with the EDCEV model, a mixed representation using both implicit and
native parameters is certainly conceivable. With model (1.5.97) we could alternatively specify

◮ either the IATM skew Σ
′

K and the volatility of volatility ǫ.

◮ or the IATM curvature Σ
′′

KK and the correlation ρ.

But as always, any such under-specification or excessive degree of freedom would be seen as an
asset for modeling, but as a liability for the calibration process.

1.5.3.3 Intuitive models : practical usage

So far we have mentioned the principles of the approach, and broached the subject by means
of a few simple examples. Beyond the theoretical aspects and all the choices that they offer, we
have not discussed how to fit the methodology to market realities, and in particular which smile
descriptors could or should in practice be taken as input. Nor have we offered a typical way of
resolving the possible inversion issues that might arise from that choice : these are the goals of
the current section. In order to remain as generic as possible, we do not specify an actual SInsV
model, but instead we stay at the cast level. Note however that few of our following assumptions

36See discussion within section 1.5.1.1 p. 57.
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can be seen as universal : those are just fairly common features of advanced markets, at the
time of writing. We also make choices that are officially subjective : the point is to walk the
reader through the thought process and provide general directions, nothing more definitive.

We wish to specify ex ante the most relevant features of the smile, both static and dynamic,
through a stochastic instantaneous volatility model. In a trading context, ”relevant” is often
synonymous with ”liquid” and in most single-underlying markets, the most traded assets will
be the following, in order of frequency :

1. the underlying

2. the short-dated ATM volatility level (calls, puts, straddles)

3. the short-dated ATM skew (binaries, call spreads, risk reversals, collars)

4. the short-dated ATM curvature (butterflies, strangles).

5. the short-dated ATM slope, providing enough liquidity in calendar spreads.

All in all, these products need to be matched at any given time, which gives us five static targets.

Although our presentation and methodology is both probabilistic and asymptotic, it is not
incompatible with some statistical approaches. For practitioners, the modeling and calibration
phases are usually torn between the implied and realised arguments : statistical arbitrage and
hedging of exotics can seem at odds. Our results allow to bridge part of that gap and combine
both approaches, because they link structurally the statics and the dynamics.
Notwithstanding some dedicated, implied products such as volatility derivatives, statistics in
our context means inference of processes, which in turn requires good-quality time series. These
must be observable, financial quantities published at a sufficiently high frequency, which limits us
therefore to the five static quantities quoted above. Incorporating the numeraire and risk premia
defining the measure, it is possible to infer historically their dynamics i.e. the drifts, volatilities
and correlations. We already know, however, that in a SImpV context the drifts are redundant,
and we will as usual consider vectorial volatilities, which incorporate the correlations.
When it comes to inferring those volatilities, the endogenous driver Wt should be extracted
from the the underlying’s time series, which is the most liquid. As for exogenous components,

the first hurdle is to decide on a dimension for the the exogenous driver
−→
Z t. Given the list of

static targets, the maximum useful dimension is 4 ; the actual dimension will usually be chosen
after a Principal Component Analysis of those time series. In most markets though, only the
short-dated level, and possibly the skew, present a liquidity comparable to the underlying’s, and
even then it comes at a lower frequency. Therefore all inference of exogenous volatilities will be
less precise than endogenous ones. In our view, this statistical feature is structural and justifies
not only to use a single-dimensional Zt (in this case), but also to favour endogenous volatility
components over exogenous ones.
In accordance with these observations, and in view of our established asymptotic results, we will
therefore limit ourselves to specifying

6. the (scalar) volatility of the underlying

7. the volatility (both endogenous and exogenous coordinates) of the short-dated ATM level

8. the endogenous volatility component of the short-dated ATM skew

In total, that brings us to nine targets in order to describe the SImpV-via-SInsV model. Obvi-
ously, the underlying is matched by construction, while σt and Σ̃(⋆) are redundant. Furthermore,
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Recovery result (1.3.37) (p. 38) shows that when specifying the IV statics and dynamics, ar-
bitrage constraints preclude the dissociation of the IATM level Σ̃(⋆) and skew Σ̃

′

y(⋆) from the

IATM endogenous volatility ν̃(⋆). Similarly, result (1.3.38) establishes that ν̃
′

y(⋆) is entirely

determined by Σ̃
′

y(⋆), Σ̃
′′

yy(⋆) and
−→̃
n (⋆). Together, these equations take us down to only four

targets, but with also four instantaneous coefficients : a1,t, a2,t, a3,t and a22,t.
As occurred previously with Example 1.5, the associated inverse problem can then be made
well-posed, with the proviso that a3,t be taken scalar and constrained to a given sign37 : it
suffices to invoke (1.3.50) (see Corollary 1.4 p. 44).

So in principle we can infer a cast for the SInsV model ; how this cast will determine the native
parameters is an ad hoc issue, dependent on the chosen SInsV class, and might require the
introduction of further constraints. More generally, the whole process depends on the collection
of IATM differentials that was chosen, along with the parameterisation of the SInsV model.
The problem can easily be ill-posed, for instance if we have more parameters than inputs. This
kind of situation, on the other hand, is an appropriate context to introduce a more advanced
usage of the inverse methodology, namely the dynamics-influenced calibration. Let us consider
for instance the pure (re-)calibration issue of a given SInsV model. On one hand, assuming
the underlying’s path has been observed, the native parameters themselves can also be inferred
(for instance using likelihood estimators). On the other hand, dependent on which static and
dynamic smile descriptors are available, the asymptotic methodology described above provides
at least some of the ai,t coefficients, which determine or constrain the native parameters. We can
then combine (hedging) or confront (arbitrage) both methods within a multi-objective optimi-
sation process. How well the solution fits each objective is a measure of their compatibility, and
therefore provides valuable information to both the arbitrageur and the hedger. The interest
for statistical arbitrage is obvious. As for hedging, let us recall that a better dynamic stability
of the parameters should also narrow down the tracking error and its variability.
In essence the principle is not new, but simply extended and accelerated by the asymptotic
results. Extended because we can now throw in the dynamics of the smile, as opposed to only
its shape. Accelerated because even the static calibration process is made easier and generic. All
in all, we gather these variants of the calibration process under the denomination of dynamics
calibration, which is strongly linked with but mitigates the process of re-calibration.

1.6 Conclusion and overture

We consider that one of the main contributions of this study is to make explicit the high degree
of equivalence between the SInsV and SImpV classes. It is by now apparent that most practical
applications will starting from SInsV models. In these cases the SImpV class becomes a kind of
artefact, not destined to be used per se but simply to approximate the generated smile shape and
dynamics. However we would not discourage a stochastic implied volatility modeling approach.
As mentioned earlier, this model class is rich and potent, although not without implementation
difficulties. Overall we see it as one of the future solutions to deal with liquid option markets,
but none the less we will tend to focus on the direct problem thereafter.
It is also clear that the subject is rich and deserves to be extended in several directions, if at
all possible. A first interrogation relates to higher differentiation orders, and the possibility
of a generic and programmable approach. In particular can we compute some others of the
meaningful differentials that describe the smile shape (and dynamics)? Another question is the
impact of using a multi-dimensional framework, and the way it affects both the direct and inverse
problems. Also, as discussed in section 1.1.2.4 [p.21], is it possible to extend the framework to
term structures, and how does it affect the structure of the problem ?

37Usually positive as in (1.5.97).
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Figure 1.4: Summary sketch of proofs within Chapter 1
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This chapter is dedicated to generalising the methodology and the results established previously,
in a number of directions that offer either some practical and/or some mathematical interest.

In Section 2.1 we extend the results of Chapter 1 concerning the direct problem to higher dif-
ferentiation orders. In fact, we prove that any pure or cross-differential of the smile shape and
dynamic maps, taken at the IATM point, can be computed from the dynamics of a generic
stochastic instantaneous volatility model. Describing the associated Asymptotic Chaos Expan-
sion methodology, we identify the ladder effect which specifies structurally the order of the
computations and organise the differentials into well-defined groups called layers. We present
the generic algorithm in a way that can clearly be automated, and restrict ourselves to the
bi-dimensional case for simplicity.

In Section 2.2 we continue extending the framework but in new directions. We start by de-
composing the overall methodology into independent building blocks, and review how each of
these can be generalised. Above all, we justify and examine the introduction of alternative base-
lines to replace the lognormal model. We illustrate this point by running through the complete
methodology for the normal model, which shows striking similarities with the previous results.
We characterise those baselines in terms of suitability and discuss several ways to make their
implementation easier. In particular we present a generic but numerical method that allows to
transfer the results from one existing baseline to the next.

In Section 2.3 we extend the results of Chapter 1 on the first layer to multi-dimensional underly-
ings, drivers and dynamic coefficients. We discuss the benefits but also the difficulties involved,
in particular with regard to solving the inverse problem, and propose several avenues for further
research.

In Section 2.4 we illustrate the previous multi-dimensional results in the context of baskets,
which is both mathematically rich and financially important. We treat the case of general
stochastic weights as well as of fixed weights, with scalar but also with tensorial individuals.
We show that the computational burden can be significantly reduced by adopting normalised
notations, which in turn create and exploit an inductive structure.

Although we manage to extend the methodology in several directions and to a significant depth,
it is clear that even in this single underlying context a number of questions remain unanswered.
We obviously see these as potential for future research, and therefore as a good thing, which
explains why some sections have been drafted in the shape of a discussion rather than of a
definitive argument.
In terms of scope, and excluding the term structure framework developed in Part II, the current
chapter represents the extent of the generalisations (conclusive or not) that we have officially
considered in this study for the ACE methodology. Indeed Chapters 3 and 4 will will be focused
on applications, with the former a direct instantiation of Section 2.1, and the latter an global
illustration with specific complex models.
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2.1 Higher-order expansions : methodology and automation

In this section, we focus on the direct problem in a bi-dimensional framework, i.e. when both
the endogenous and exogenous drivers Wt and Zt are (orthogonal) scalar Wiener processes. The
extension of the methodology concerns the order of the attainable IATM differentiation, which
is shown to be infinite in both the strike and maturity directions. We prove indeed that the
input of the SInsV model, i.e. of the instantaneous volatility dynamics expressed in a chaos
diffusion fashion, allows to compute the differentials of the SimpV model (the implied volatility
surface) :

◮ taken in the IATM point (t, 0, 0).

◮ both for the shape functional Σ̃ and for its dynamic coefficients b̃, ν̃ and ñ.

◮ for any cross-differential order w.r.t log-moneyness y and time-to-maturity θ.

It follows that, assuming benign convergence conditions, we can approximate the implied volatil-
ity surface at any required level of precision. Given our asymptotic approach, and without going
into the assumption set introduced in Chapter 1, this assertion corresponds to making explicit
the following link :

Definition 2.1 (Direct problem in the generic bi-dimensional case)
Recall that in the generic bi-dimensional case, the SInsV and SImpV models are as usual both
defined by the same underlying’s dynamics

dSt
St

= σt dWt

but differ by the specification of their own volatility, where (◦) △
= (t, y, θ) :

dσt = a1,t dt + a2,t dWt + a3,t dZt

dΣ̃(t, y, θ) = b̃(◦) dt + ν̃(◦) dWt + ñ(◦) dZt

da⋆,t = a⋆1,t dt + a⋆2,t dWt + a⋆3,t dZt

so that in such a context the direct problem writes

∂n∂p

∂yn∂θp
X(t, 0, 0) ∀(n, p) ∈ N2

[ σt , {a⋆,t} ] =⇒
for X ∈

{
Σ̃, b̃, ν̃, ñ

}

where {a⋆,t} must be understood as the current values of all chaos coefficients. Note that we are
effectively dealing with processes on both sides.

It is worth remembering that the proof established for the first layer in Chapter 1 does not
guarantee this generic property. In the literature, other expansion approaches are available but
they are either limited at n = 2, or must be significantly and ad hoc altered to reach any further.
This is typically the case of [Osa06] for instance : differentiating the call payoff twice leads to a
Dirac function, and therefore any further y-order would require to follow a somewhat different
route. By contrast, what we aim for is an ”induction” approach, in the fashion of [FLT97],
but for the completely generic setup presented so far. By contrast, [FLT97] specialises to a
single model class, a specific bi-dimensional Markovian model, but presents the advantage of an
integral rather than differential approach, which is more appropriate for time-inhomogeneous of
even time-discontinuous specifications.
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Another interest of exposing the generic methodology is that it tends to reveal the deeper
structure of the problem, especially its various symmetries. It does so in a fashion which is
complementary to the simpler, low-order and low-depth computations of Chapter 1. It is indeed
a common theme throughout this study that the generic and the specific investigations tend to
feed each other.
But beyond its theoretical and structural importance, another reason to describe such an induc-
tion method is more applicative in nature, as we aim at enabling automation of the procedure.
Indeed the complexity of the computations, along with the mechanical and repetitive aspect of
the process, create the perfect conditions for a computer program to take over. Of course the
latter does require a very simple formal calculus module, but this is not an issue.

The choice of a simple, bi-dimensional framework is justified by two concerns. As we will see
later in section 2.3, if the direct problem is not impaired by the dimensionality of the drivers,
the inverse (or recovery) problem is deeply affected. In a nutshell, the reason for this feature
is the poorer, scalar nature of the implied volatility vs the richer, vectorial structure of the
instantaneous volatility. In other words Σ̃ tends to aggregate the information, which is then
difficult to disentangle back. As will be shown in section 2.3, there are clearly cases where the
vectorial information can be recovered, but of course they require to consume more information
in the form of higher-order differentials of the smile. In summary the question of if and how the
recovery is possible in a generic, multi-dimensional setup has been left for further research.
The second concern is that the multi-dimensionality does not bring much more to the direct
problem, in terms of structure for the output. It does however, render the formulae more com-
plex and tends to clutter the picture.
In our view, these two reasons justify that we should stick to a bi-dimensional framework.

2.1.1 Tools and roadmap

First, for the sake of completeness, let us define formally the functional space that covers the
sliding processes that we will be considering :

Definition 2.2
We consider adapted processes on

(
Ω,F , {Ft}t≥0 ,P

)
where as before the filtration consists in

the σ-algebra generated by the bi-dimensional driver, and parameterised by y and θ as per :

Proc
△
=

{
Xt(y, θ) : Ω× [0, T ∗]× R× R+ → R

}

Clearly this broad class encompasses the individual processes Σ̃(t, y, θ), b̃(t, y, θ), ν̃(t, y, θ) and
ñ(t, y, θ). But it also naturally contains blocks or polynomial combinations of these, which as
sub-products of the ZDC differentiation are going to be our main objects.
Note that, in accordance with the bi-dimensionality condition, the target space is R and not
some Rn. As for the origin space, in the perspective of asymptotics we have included θ = 0,
which should be seen as a limit and therefore an abuse of proper notations.
Remark also that we haven’t imposed any regularity condition : this is because the sets of
necessary and/or sufficient conditions are quite different between the shape process Σ̃ and the
dynamic coefficients b̃, ν̃ and ñ. Indeed Σ̃ and its differentials are destined to see their dynamics
computed, which imposes specific constraint. This is not the case for the dynamics coefficients
which will only be differentiated.
Our rationale is therefore to keep a single process definition for Proc and introduce the various
regularity packs on demand throughout the various proofs.
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We can then introduce the classic differentiation operator

∇(m,p) :





Proc −→ Proc

∇(m,p)Xt(y, θ) =
∂m+p

∂ym ∂θp
X(t, y, θ)

In abridged form, we will thus denote the image of a given process by X(m,p)∇(m,p) △
= Xt(y, θ).

As for specific vocabulary, when X(m,p)(t, 0, 0) will be expressed as a function of a collection of
chaos coefficients {a⋆,t} we will refer to that process as being input specified. Also, the useful
compounding properties of this operator come trivially as

∇(m1+m2,p) = ∇(m1,p)∇(m2,p) and ∇(m,p1+p2) = ∇(m,p1)∇(m,p2)

Concerning for the link between the four target maps, we underline the following basic feature :

Remark 2.1
Once Σ̃(n,p)(t, 0, 0) is input-specified then, assuming enough regularity we can use Theorem 3.1.2
of [KUN90] (p. 75) to formally swap the differentiation and diffusion operators, deriving the
following dynamics :

d
[
∇(n,p)Σ̃(t, 0, 0)

]
= a∗1,t dt + a∗2,t dWt + a∗3,t dZt

= b̃(n,p)(t, 0, 0) dt + ν̃(n,p)(t, 0, 0) dWt + ñ(n,p)(t, 0, 0) dZt

Starting with input expression we obtain through Itô’s Lemma the dynamics on the left-hand
side. Therefore, by unicity of the decomposition we can identify the finite variation term, the
endogenous and exogenous coefficients which gives us b̃(n,p)(t, 0, 0), ν̃(n,p)(t, 0, 0) and ñ(n,p)(t, 0, 0)
as function of the inputs.

We are now ready to start solving the problem set by Definition 2.1. Besides proving that the
direct problem is well-posed, this section will also provide the methodology to be followed to
access these quantities, as well as the first steps towards a computing automation.
Combining these multiple objectives in a compact fashion comes at the price of a rather unortho-
dox presentation. Indeed we will prove various statements on the fly, as part of the methodology
whose logic and progression sets the overall structure. It is interesting to note however, that the
latter revolves around the particular structure of the Zero-Drift Equation.

In light of Remark 2.1, we will focus the algorithm on the shape function Σ̃ rather than on the
dynamics coefficients b̃, ν̃ and ñ. In that spirit, we will consider the differentiation ”matrix” of
Σ̃, i.e. Σ̃(m,p)(t, 0, 0) with the m index for lines and p for columns : see Figure 2.1 [p. 101] for
a graphical representation. It must be made clear that the focus on the shape functional Σ̃ is
in no way an indication that we value static considerations above dynamic ones. As shown by
the IATM arbitrage constraints of the SImpV model, when taken in (t, 0, 0) the links between
the various differentials of Σ̃, b̃, ν̃ and ñ are very strong and it is nonsensical to define a definite
hierarchy among them. But in the perspective of the direct problem the redundancy is maxi-
mum, which explains our choice.
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Accordingly, we divide the proof and therefore the methodology in two parts, in order to cover
the whole matrix :

◮ In the first part (section 2.1.2) we progress along the y axis on the first column. We use
pure y-differentiations of the Immediate Zero-Drift Condition to compute any subset of
that first column. In other words, we access

Σ̃(k,0) for 0 ≤ k ≤ m (with m ∈ N)

◮ In the second part (section 2.1.3) we use cross-differentiations of the main Zero-Drift
Condition to compute a subset of column p, based on the previous computation of a
specific set of associated subcolumns on the left (i.e. of lower θ-order) :

Σ̃(k,l) with 0 ≤ k ≤ m+2(p−l) and 0 ≤ l ≤ p−1 −→ Σ̃(k,p) for 0 ≤ k ≤ m

The peculiar composition of the leftward subcolumn set is known as the ladder effect and
will be discussed later.

2.1.2 Computing the first column of the differentiation matrix

In order to compute Σ̃(m,0)(t, 0, 0) for all m, we must first gather the relevant smile differentials
in a coherent set, which will be the very object on which our inductive process operates.

Definition 2.3 ( Process subset for the (m, 0)-IZDC )
Assume m ≥ 0 and let SIZDC(m, 0) be the following set of Proc-processes :

SIZDC(m, 0)
△
=




Σ̃(k,0)(t, y, θ) 0 ≤ k ≤ m

ν̃(k,0)(t, y, θ) 0 ≤ k ≤ (m− 1) iff m ≥ 1

ñ(k,0)(t, y, θ) 0 ≤ k ≤ (m− 2) iff m ≥ 2




Then we have the following results w.r.t. the first column of the differentiation matrix (i.e. the
pure strike differentials)

Lemma 2.1 (Differentiation of the first column in a bi-dimensional model)
In a generic bi-dimensional framework (as per Definition 2.1) and assuming non-negative indexes

i) Applying Itô to the input-expressions for Σ̃(m−2,0)(t, 0, 0) and Σ̃(m−1,0)(t, 0, 0)
provides these expressions respectively for ν̃(m−2,0)(t, 0, 0) and ñ(m−1,0)(t, 0, 0).

ii) Applying the ∇(m,0) operator to the Immediate ZDC (1.2.28) while assuming the relevant
regularity pack provides a non-linear (stochastic) ordinary differential equation

• linking Σ̃(m,0) to the set SIZDC(m− 1, 0)
• where all processes are taken in the immediate domain (t, y,0)

This equation constitutes further local arbitrage constraints of the implied volatility model.

iii) Combining these two items in an recurrent manner provides the input-specification of

Σ̃(m,0)(t, 0, 0) ∀m ≥ 0
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Also, we prove the part of Remark 1.10 [p.57] pertaining to local volatility models :

Lemma 2.2 (Differentiation of the first column in a local volatility model)
In a local volatility model defined by (1.1.5) [p.19] the set of IATM pure-strike static differentials{

Σ̃
(i)
yi

(⋆)
}
0≤i≤n

is provided by the corresponding set of pure space f -differentials
{
f
(i)

Si
t

(t, St)
}
0≤i≤n

.

Proof of Lemma 2.1 and Lemma 2.2
Recall that the IZDC (1.2.28) can be rewritten as

(2.1.1) (IZDC) F (t, y, 0) = 0

where F (t, y, θ) has been defined by (1.2.21). Applying the ∇(m,0) operator provides the (m, 0)-
IZDC in the form of

(2.1.2) F (m,0)(t, y, 0) = 0 ∀ m ≥ 1, ∀ y

Our strategy is naturally to prove and develop result iii) by induction, establishing the simple
i) and more qualitative ii) as by-products. The local volatility result is run in parallel as it is
closely related.

Initial check : for m = 0.
The fundamental IATM identity (1.2.36) [p.35] and the first-layer result (1.4.54) [p.45] along
with (1.4.63) [p.50] and (1.4.66) [p.51] show that

◮ applying ∇(0,0) to the Immediate ZDC provides Σ̃(0,0)(t, 0, 0) as a function of σt.

◮ Σ̃(t, 0, 0) is determined by f(t, St) only.

Induction check : for m ≥ 1.
The assumption is taken at level m− 1 and states that

The whole SIZDC(m−1, 0) set taken in (t, 0, 0) is input-specified.
H© Each component process of SIZDC(m−1, 0) is expressed

as polynomial in the input coefficients {a⋆,t} and rational in σt.

H©L

{
Σ̃
(i)
yi

(⋆)
}
0≤i≤m−1

is provided by
{
f
(i)
xi (t, St)

}
0≤i≤m−1

We then introduce the following regularity pack.

Assumption 2.1 ( Regularity assumption package for the (m, 0)-layer )
The three parametric processes

Σ̃(m,0)(t, y, θ) ν̃(m−1,0)(t, y, θ) and ñ(m−2,0)(t, y, θ)

admit a (finite) stochastic limit in the immediate domain (t, y, 0).

Recalling Remark 2.1 [p.90], we can now proceed with i) and derive (through a straightforward
application of Itô’s Lemma) the dynamics of the input expressions for both Σ̃(m−2,0)(t, 0, 0) and
Σ̃(m−1,0)(t, 0, 0), which by identification give us respectively

the input expressions for ñ(m−2,0)(t, 0, 0) and ν̃(m−1,0)(t, 0, 0)
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Note that the polynomial/rational property is inherited by the coefficients through Itô.
Recall now from its definition (1.2.21) [p.30] that

F (t, y, θ)
△
= 1

2 Σ̃4(◦) − 1
2 σ

2
t Σ̃2(◦) − y σt Σ̃(◦)

[
ν̃(◦) − σt Σ̃

′

y(◦)
]

− 1
2 y

2

[ [
ν̃(◦) − σt Σ̃

′

y(◦)
]2

+ ‖−→̃n ‖2(◦)
]

Introducing the following basic results for n ≥ 1 and f : R→ R n-derivable :

∂n

∂xn
[x f(x)] = n f (n−1)(x) + x f (n)(x)(2.1.3)

and
∂n

∂xn
[
x2 f(x)

]
= 1{n≥2} n (n− 1) f (n−2)(x) + 2 n x f (n−1)(x) + x2 f (n)(x)(2.1.4)

with convention

f (k)(x) = 0 if k < 0

we can derive in the generic point the process F (m,0)(t, y, θ) as

∇(m,0)F (t, y, θ) = y [ A© ] +
1

2

m∑

k=0

Ck
m Σ̃2 (k,0)

[
Σ̃2 (m−k,0) − σ2t

]

︸ ︷︷ ︸
B©

−m σt

m−1∑

k=0

Ck
m−1Σ̃(m−k−1,0)

[
ν̃(k,0)− σtΣ̃(k+1,0)

]
(2.1.5)

−1{m≥2}
1
2m(m− 1)

m−2∑

k=0

Ck
n−2

[[
ν̃ − σtΣ̃

′

y

](k,0) [
ν̃ − σtΣ̃

′

y

](m−k−2,0)
+ ñ(k,0)ñ(m−k−2,0)

]

where, on the right-hand side of (2.1.5), the first term in brackets B© invokes in a quadratic
fashion all the processes in set SIZDC(m, 0), and these processes only. As for the second term
B© it can be further decomposed in (t, y, θ) as

m∑

k=0

Ck
m Σ̃2 (k,0)

[
Σ̃2 (m−k,0) − σ2t

]

=

m∑

k=0

Ck
m

[
k∑

i=0

Ci
kΣ̃(i,0)Σ̃(k−i,0)

]



m−k∑

j=0

Cj
m−kΣ̃(j,0)Σ̃(m−k−j,0)


− σ2t




=

m∑

i,j,k=0
i≤k,j≤m−k

Ck
m Ci

k C
j
m−k

[
Σ̃(i,0)Σ̃(k−i,0)

] [[
Σ̃(j,0)Σ̃(m−k−j,0)

]
− σ2t

]

We can then combine the formal (m, 0)-IZDC (2.1.2) with the expression for Fm,0 (2.1.5) taken
in (t, y, 0), which produces the explicit ∇(m,0) IZDC, is valid in the Immediate region.
Then an inventory of the processes involved in (2.1.5) shows that we are faced with a functional
of Σ̃(m,0)(t, y, 0) and of the SIZDC(m− 1, 0) set taken at (t, y, 0), and only those processes. The
differential equation is obviously ordinary, since no θ-differential appears, and also quadratic,
which finishes to prove result ii).
Invoking the regularity assumption 2.1 we can take the same explicit ∇(m,0) IZDC now in y = 0.
We end up with an ordinary equation which is affine in the only remaining unknown Σ̃(m,0)(t,0,0).
More precisely, according to (2.1.5)
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◮ the linear coefficient is a polynom of σt = Σ̃(t, 0, 0)

◮ while the constant is polynomial in the {a⋆,t} coefficients and rational in σt.

We conclude that Σ̃(m,0)(t,0,0) is obtained as the required functional of the inputs so that the
induction H© has been proven at the next level m, which proves iii).
In the case of local volatility, still looking at (2.1.5) we recall that all exogenous terms are null
while for 0 ≤ i ≤ m − 1 each ν̃(i,0)(⋆) is the endogenous coefficients of Σ̃(i,0)(⋆). By applying
Itô to the induction assumption H©L it comes that the same population of IATM endogenous

coefficients invokes the pure-space differentials f
(i)
xi for 0 ≤ i ≤m all taken in (t, St). Therefore

solving for Σ̃(m,0)(t,0,0) through the ∇(m,0)-IZDC proves H©L at the next index m and concludes
the proof.

2.1.3 Computing subsequent columns of the differentiation matrix

Here we are interested in Σ̃(m,p)(t, 0, 0) for any m and for p ≥ 1. But before coming to the main
body of this section, we choose to establish a preliminary result, relative to the θ-expansion of
cross-differentials for the functional F (t, y, θ) :

Lemma 2.3 (Small-time expansion for the differentials of the F (t, y, θ) term)
We have, for (m, p) ∈ N2 and y ∈ R,

p∑

i=0

Ci
p (−1)i

i!

θi+1
F (m,p−i)(t, y, θ) =

1

p+ 1
F (m,p+1)(t, y, 0) +O(θ)

Proof.
Let us develop the left-hand side using Taylor θ-expansions, invoking the θ-differentials of
F (t, y, θ) up to order p+ 1 :

p∑

i=0

Ci
p(−1)i

i!

θi+1
F (m,p−i)(◦) =

p∑

i=0

Ci
p (−1)i

i!

θi+1




i+1∑

j=0

θj

j!
F (m,p−i+j)(t, y, 0) +O(θi+2)




=

p∑

i=0

i+1∑

j=0

p!
(−1)i

(p− i)!j! θ
j−i−1 F (m,p−i+j)(t, y, 0) +O(θ)

We now introduce the new variables k = p− i+ j and l = i− p+ k.
Denoting (•) = (t, y, 0), we isolate the terms in F (m,p+1) and use Fubini in order to re-write :

p∑

i=0

Ci
p(−1)i i!

F (m,p−i)(◦)
θi+1

=

p∑

i=0

p∑

k=p−i

p!
(−1)i

(p− i)!(k + i− p)!θ
k−p−1 F (m,k)(•) +

p∑

i=0

p!
(−1)i

(p − i)!(i + 1)!
F (m,p+1)(•) +O(θ)

=

p∑

k=0

p!θk−p−1F (m,k)(•)
p∑

i=p−k

(−1)i

(p− i)!(k + i− p)! −
F (m,p+1)(•)

p+ 1

p∑

i=0

(−1)i+1(p+ 1)!

(p + 1− (i+ 1))!(i + 1)!
+O(θ)

=

p∑

k=0

(−1)p−k p!

k!
θk−p−1F (m,k)(•)

k∑

l=0

k!

(k − l)!l! (−1)l − F (m,p+1)(•)
p+ 1

p+1∑

i=1

(−1)i(p+ 1)!

(p+ 1− (i))!i!
+O(θ)
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Injecting the (m, 0) − IZDC we get F (m,0)(•) ≡ 0 which makes the first sum start from k = 1.
Finally using Cramer formulae, we obtain the desired result :

p∑

i=0

Ci
p(−1)i i!

F (m,p−i)(◦)
θi+1

=

p∑

k=0

(−1)p−k p!

k!
θk−p−1F (m,k)(•)

k∑

l=0

C l
k(−1)l

︸ ︷︷ ︸
=0

− F (m,p+1)(•)
p+ 1

p+1∑

i=1

Ci
p+1(−1)i +O(θ)

=
1

p+ 1
F (m,p+1)(•) +O(θ)

Let us now establish the main results and methodology involved in the computation of the
static IATM differential Σ̃(m,p)(t, 0, 0) for p ≥ 1, in other words for any cell or column of the
differentiation matrix. As before, we start by a qualitative result, that requires to identify
formally a specific group of processes :

Definition 2.4 ( Process subset for the (m,p)-ZDC )
For m ∈ N and p ∈ N∗, let SZDC(m, p) be the following set of Proc-processes :

SZDC(m, p)
△
=




Σ̃(k,l)(t, y, θ) 0 ≤ k ≤ m+ 2 0 ≤ l ≤ p

Σ̃(k,p+1)(t, y, θ) 0 ≤ k ≤ m

b̃(k,l)(t, y, θ) 0 ≤ k ≤ m 0 ≤ l ≤ p

ν̃(k,l)(t, y, θ) 0 ≤ k ≤ m+ 1 0 ≤ l ≤ p

ν̃(k,p+1)(t, y, θ) 0 ≤ k ≤ (m− 1) iff m ≥ 1

ñ(k,l)(t, y, θ) 0 ≤ k ≤ m 0 ≤ l ≤ p− 1 iff p ≥ 1

ñ(k,l)(t, y, θ) 0 ≤ k ≤ (m− 2) p ≤ l ≤ p+ 1 iff m ≥ 2




Which leads us to the qualitative result as

Lemma 2.4 (IATM cross-differentials of the ZDC)
Applying the differentiation operator ∇(m,p) to the Zero-Drift Condition (1.2.18) and then taking
this stochastic PDE in the IATM point (t, 0, 0) provides an equation that

◮ involves all of and only the processes in the SZDC(m, p) subset (all taken in (t, 0, 0)).

◮ is polynomial in those processes

◮ is affine in Σ̃(m,p+1)(t, 0, 0)

In order to keep the proof lighter, we introduce now a series of low-level definitions that it will
require locally.
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Definition 2.5 ( Process subsets for individual components of the (m,p)-ZDC )
Concerning the left-hand side of the (m, p)-ZDC we set

SZDC
L (m, p)

△
=




Σ̃(k,l)(t, y, θ) 0 ≤ k ≤ m 0 ≤ l ≤ p

b̃(k,l)(t, y, θ) 0 ≤ k ≤ m 0 ≤ l ≤ p




With regard to the right-hand side, we start with the D() component

SZDC
D (m, p)

△
=




Σ̃(k,l)(t, y, θ) 0 ≤ k ≤ m+ 1 0 ≤ l ≤ p− 1 iff p ≥ 1

ν̃(k,l)(t, y, θ) 0 ≤ k ≤ m 0 ≤ l ≤ p− 1 iff p ≥ 1

ñ(k,l)(t, y, θ) 0 ≤ k ≤ m 0 ≤ l ≤ p− 1 iff p ≥ 1




before dealing with the E() term

SZDC
E (m, p)

△
=




Σ̃(k,l)(t, y, θ) 0 ≤ k ≤ m+ 2 0 ≤ l ≤ p

Σ̃(k,p+1)(t, y, θ) 0 ≤ k ≤ m

ν̃(k,l)(t, y, θ) 0 ≤ k ≤ m+ 1 0 ≤ l ≤ p




and finally with the F () component

SZDC
F (m, p)

△
=




Σ̃(k,l)(t, y, θ) 0 ≤ k ≤ m 0 ≤ l ≤ p+ 1

ν̃(k,l)(t, y, θ) 0 ≤ k ≤ (m− 1) 0 ≤ l ≤ p+ 1 iffm ≥ 1

ñ(k,l)(t, y, θ) 0 ≤ k ≤ (m− 2) 0 ≤ l ≤ p+ 1 iffm ≥ 2




Proof.
For the sake of clarity we proceed in two steps : let us first differentiate the modified ZDC

(1.2.18) m times w.r.t. y, keeping it in the generic point (◦) △
= (t, y, θ). We end up formally with

m∑

k=0

Ck
m Σ̃3 (m−k,0)

b̃(k,0)(◦) = θD(m,0) (◦) + E(m,0)(◦) +
1

θ
F (m,0)(◦)

Then we differentiate p times w.r.t. θ and obtain

m∑

k=0

Ck
m

[
p∑

l=0

C l
p Σ̃3 (m−k,p−l)

(◦) b̃(k,l)(◦)
]

= pD(m,p−1) (◦) + θD(m,p) (◦) + E(m,p)(◦) +

p∑

i=0

Ci
p(−1)i

i!

θi+1
F (m,p−i)(◦)

︸ ︷︷ ︸
B

(2.1.6)
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Assuming all invoked processes admit a finite stochastic limit in the immediate region (t, y, 0),
we can now take the limit of (2.1.6) when θ ց 0. Invoking the preliminary Lemma 2.3 [p.94]
(with regard to the last term B on the r.h.s.) we obtain that

The (m, p)-ZDC taken in the region (•) △
= (t, y, 0) reads as

m∑

k=0

p∑

l=0

Ck
mC

l
p Σ̃3 (m−k,p−l)

b̃(k,l)(•) = pD(m,p−1)(•) + E(m,p)(•) +
1

p+1
F (m,p+1)(•)(2.1.7)

Let us now take (2.1.7) in the Immediate ATM point (t, 0, 0) and list all the processes involved.

Its left-hand side is a polynomial functional of all processes in the SZDC
L (m, p) subset (see

Definition 2.5) since it is clear that for a generic process X ∈ Proc

Xn (I,J) (t, y, θ) will only invoke X(i,j)(t, y, θ) with 0 ≤ i ≤ I and 0 ≤ j ≤ J

Furthermore, the developed expression is a polynomial functional of order n of these processes.

On the right-hand side of (2.1.7) we now develop and analyse the three terms individually.
First, recall from its definition (1.2.19) [p.30] that

D(t, y, θ)
△
=

1

8
Σ̃4

[(
ν̃ − σtΣ̃

′

y

)2
+ ñ2

]

hence its cross-differential in the generic point (t, y, θ) comes as

D(m,p−1)(t, y, θ) = ∇(0,p−1) 1

8

m∑

k=0

Ck
m Σ̃4 (k,0)

[(
ν̃ − σtΣ̃

′

y

)2
+ ñ2

](m−k,0)

=
1

8

m∑

k=0

p−1∑

l=0

Ck
mC

l
p−1 Σ̃4 (k,l)

[(
ν̃ − σtΣ̃

′

y

)2
+ ñ2

](m−k,p−1−l)

so that D(m,p−1)(t, y, θ) is a polynomial functional of all processes in the SZDC
D (m, p) subset.

Concerning the E term, recall from its definition (1.2.20) that

E(t, y, θ)
△
= Σ̃3

[
Σ̃

′

θ − 1
2σ

2
t Σ̃

′′

yy + σtν̃
′

y − 1
2σtν̃

]

leading to

E(m,p)(t, y, θ) =
m∑

k=0

p∑

l=0

Ck
mC

l
p Σ̃3 (m−k,p−l)

[
Σ̃(k,l+1) − 1

2σ
2
t Σ̃(k+2,l) + σtν̃

(k+1,l) − 1
2σtν̃

(k,l)
]

so that E(m,p)(t, y, θ) is a polynomial functional of all processes in subset SZDC
E (m, p), and of

these processes only. Besides, note that the functional is affine in Σ̃(m,p+1)(t, y, θ).
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Turning to the F term we can θ-differentiate (2.1.5) [p.93] to get, still in (t, y, θ) :

∇(m,p+1)F (t, y, θ) = y [·] + 1
2

m∑

k=0

p+1∑

l=0

Ck
mC

l
p+1 Σ̃2 (k,l)

[
Σ̃2 (m−k,p+1−l) − σ2t

]

−1{m≥1}mσt

m−1∑

k=0

p+1∑

l=0

Ck
m−1C

l
p+1Σ̃

(m−k−1,p+1−l)
[
ν̃(k,l)− σtΣ̃(k+1,l)

]

−1{m≥2}
m(m− 1)

2

m−2∑

k=0

p+1∑

l=0

Ck
n−2C

l
p+1

[[
ν̃ − σtΣ̃

′

y

](k,l) [
ν̃ − σtΣ̃

′

y

](m−k−2,p+1−l)
+ ñ(k,l)ñ(m−k−2,p+1−l)

]

We conclude that F (m,p+1)(t,y, θ) is a polynomial functional of all processes in the SZDC
F (m, p)

subset, and that this expression is affine in Σ̃(m,p+1)(t, y, θ).

Gathering the results above, it comes that the (m, p)-ZDC (2.1.7), when taken in the IATM
point (t, 0, 0), invokes all processes in the set

SZDC = SZDC
L

⋃
SZDC
D

⋃
SZDC
E

⋃
SZDC
F

and only these processes. Furthermore, since only SZDC
F contains Σ̃(m,p+1)(t, 0, 0), that equation

is affine in the latter variable, which concludes the proof.

Definition 2.6 (Layers and ladder constraint)
A layer is a specific set of processes, which are cross-differentials of Σ̃, b̃, ν̃ and ñ taken in
(t, 0, 0). This layer is defined by its order m ≥ 0 so that we denote

L0
△
=

{
Σ̃(⋆) , Σ̃

′

y(⋆) , Σ̃
′′

yy(⋆) , Σ̃
′

θ(⋆) , b̃(⋆) , ν̃(⋆) , ν̃
′

y(⋆) , ñ(⋆)
}

for the first layer and

Lm
△
=




Σ̃(m−2i+2,i)(⋆) 0 ≤ i ≤ m
2 + 1

b̃(m−2i,i)(⋆) 0 ≤ i ≤ m
2

ν̃(m−2i+1,i)(⋆) 0 ≤ i ≤ m+1
2

ñ(m−2i,i)(⋆) 0 ≤ i ≤ m
2




for the subsequent layers.

Note that L0 is a larger set since it serves as a base for the other sets, and that it corresponds
in fact to the Σ̃-(2,0) group of IATM differentials introduced in Definition 1.1 [p.41].
All processes in all layers share the same distinctive geometry, which is easier to illustrate by
focusing on the shape process Σ̃(k,p)(⋆). Indeed as we progress by one order in the θ direction,
we lose two orders in the y direction, until the y differentiation order reaches zero.
This is what we call the ladder constraint, the origin of which is of course Itô’s Lemma, as will
be shown shortly in the proof of Proposition 2.1. The only difference between the four processes
is the height of that ladder : the y-order is highest for Σ̃, then ν̃, then ñ and b̃ together.
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Note that the aggregate of all layers from 0 to m forms a connex set within the differentiation
matrix, a fact that we will rely on as well.

Proposition 2.1 (θ-progression and ladder constraint)
Sequential cross-differentiations of the Zero-Drift Condition (1.2.18) allow to compute (assuming
they are finite) the following processes

Σ̃(k,p)(t, 0, 0) b̃(k,p)(t, 0, 0) ν̃(k,p)(t, 0, 0) ñ(k,p)(t, 0, 0) for all (k, p) ∈ N2

as functions of the SInsV specification [σt, {a⋆,t}] which are

◮ polynomial w.r.t. the {a⋆,t} coefficients.

◮ rational w.r.t. the instantaneous volatility σt.

The methodology is layer-based, in the sense that the establishement of layer Lm requires all Lk

layers with 0 ≤ k ≤ m, and ∪
k
Lk covers the whole differentiation matrix. Furthermore, within a

given layer the higher θ-orders require the lower ones to be established first.

Proof.
We proceed naturally by induction on the order m of the layer.

Initial check : m = 0

Theorem 1.2 [p.45] provides the input-expression of the first layer L0 and satisfies the polyno-
mial/rational property, which validates the result at the initial order.

Induction check : m ≥ 1

We assume that the property is satisfied for all Lj with 0 ≤ j ≤ m− 1.
Let us consider a single process in the layer Lm. From the process hierarchy within the layer
and from Remark 2.1 [p.90] we see that it is sufficient to reason on Σ̃(k,i)(⋆). Indeed if that
static process has the correct polynomial/rational structure, then (by Itô’s Lemma) so will the
dynamic processes b̃(k,i)(⋆), ν̃(k,i)(⋆) and ñ(k,i)(⋆).

Combining this feature with the induction assumption, we conclude that the property is already
satisfied for the dynamic processes b̃(k,p)(t, 0, 0), ν̃(k,p)(t, 0, 0) and ñ(k,p)(t, 0, 0).

Also, we know from Lemma 2.1 [p.91] that the first column is computable in the correct form.
Let us therefore take that single process as

Σ̃(m−2i+2,i)(⋆) for some i such that 1 ≤ i ≤ m
2 + 1

Our objective is to describe the methodology to express that process as the correct function of
the inputs, and to identify the ladder constraint.

Our first observation is that in terms of geometry and with regard to the existing layers, we can
be in only one of two positions, depending on the indices m and i :

◮ either we aim at prolonging an existing column.

◮ or we wish to start a new column.

Accordingly the remainder of the proof is organised along these two configurations.
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Progressing from y-index m to m+ 1 (prolonging an existing subcolumn)

Let us use (2.1.7) to produce the (m− 2i+ 2, i− 1)-ZDC in (t, y, 0), which we then take in the
IATM point (t, 0, 0). Applying Lemma 2.4, we conclude that we have established a polynomial
equation which is affine in the sought process Σ̃(m−2i+2,i) and involves all processes within the
subset

SZDC(m−2i+2, i−1)
△
=




Σ̃(k,l)(⋆) 0 ≤ k ≤ m− 2i+ 4 0 ≤ l ≤ i− 1

Σ̃(k,i)(⋆) 0 ≤ k ≤ m− 2i+ 2

b̃(k,l)(⋆) 0 ≤ k ≤ m− 2i+ 2 0 ≤ l ≤ i− 1

ν̃(k,l)(⋆) 0 ≤ k ≤ m− 2i+ 3 0 ≤ l ≤ i− 1

ν̃(k,i)(⋆) 0 ≤ k ≤ (m− 2i+ 1) iff m ≥ 2i− 1

ñ(k,l)(⋆) 0 ≤ k ≤ m− 2i+ 2 0 ≤ l ≤ i− 2

ñ(k,l)(⋆) 0 ≤ k ≤ (m− 2i) i− 1 ≤ l ≤ i iff m ≥ 2i




and only those processes (see Definition 2.4 [p.95]). Since we can solve for Σ̃(m−2i+2,i)(t, 0, 0) iff
we have input-expressed all the other processes in that subset, and since from Remark 2.1 we
must reason on Σ̃ only, the necessary and sufficient prerequisite is therefore to have

Σ̃(k,l)(⋆) with 0 ≤ k ≤ m− 2i+ 4 and 0 ≤ l ≤ i− 1

specified from the inputs. Since we have all the previous layers already, this comes down to
requiring the single process Σ̃(m−2i+4,i−1) which is one step on the left in the sought layer Lm.
By induction we can work our way back to the first column, which proves that the property is
satisfied.

Progressing from θ-index p to p+ 1 (starting a new column) :

Since we are within the layer Lm that configuration requires m to be even and the process that
we want to input-specified is Σ̃(0,m

2
). Let us denote p = m

2 (clearly p ≥ 1) and consider the
(0, p−1)-ZDC, taken in (t, 0, 0). Applying Lemma 2.4 [p.95] we establish a polynomial equation
which is affine in Σ̃(0,p) (with a coefficient which is a polynom of σt)and involves all the processes
in subset

SZDC(0, p − 1)
△
=




Σ̃(k,l)(⋆) 0 ≤ k ≤ 2 0 ≤ l ≤ (p − 1)

Σ̃(0,p)(⋆)

b̃(0,l)(⋆) 0 ≤ l ≤ (p − 1)

ν̃(k,l)(⋆) 0 ≤ k ≤ 1 0 ≤ l ≤ (p − 1)

ñ(0,l)(⋆) 0 ≤ l ≤ (p − 2)
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and only these processes. Focusing as before on Σ̃, we have that solving for Σ̃(0,p) is now
equivalent to expressing

Σ̃(k,l)(⋆) for 0 ≤ k ≤ 2 and 0 ≤ l ≤ (p− 1)

as functions of the inputs. Because the layers Lk for 0 ≤ k ≤ m− 1 have been provided by the
induction, this means that we only need Σ̃(2,p−1)(t, 0, 0). In turn this places us in the previous
situation of extending a sub-column. This proves that the property is satisfied at the next level
and therefore concludes the proof.

The ladder effect is best described with a graph such as Figure 2.1. It shows that the computation
of Σ̃(m,p)(t, 0, 0) requires the prior specification of Σ̃(m+2,p−1)(t, 0, 0), which needs the expression
of Σ̃(m+4,p−2)(t, 0, 0), and so on. In other words, one sub-column of the differentiation matrix
can only provide a subcolumn for the next θ-order that is two cell shorter.

Figure 2.1: Ladder effect in the differentiation matrix
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2.2 Framework extensions and generalisation

Having established a generic method for higher orders, in this section we take a step back in
order and explore the other extension possibilities for the ACE methodology. We start in section
2.2.1 by decomposing the latter into several independent building blocks or ingredients. We thus
establish a general configuration, of which we have only explored one instance so far.
This breakdown naturally suggests several avenues for extensions, more or less along each block’s
function, and we discuss each of them briefly in sections 2.2.1.1, 2.2.1.2 and 2.2.1.3. However
among these prospects, in our opinion one stands out as quite promising, and we choose to
investigate it further. This extension (or rather replacement) is the selection of a better-suited
”simple” model, which is called the baseline, and which for now has been the geometric Brow-
nian motion. It allows to re-parameterise the price surface via an implied parameter, and the
suitability of that baseline must be understood w.r.t. a given target model.
As a significant example, in section 2.2.2 we run through the complete process again but within
the normal baseline this time, underlining the structural differences and more importantly the
striking similarities with the lognormal case.
Then in section 2.2.3 we describe a series of simple techniques that can be used in order to trans-
form the IATM differentials (both static and dynamic) from one baseline to another, without
having to go through the derivation of some Zero-Drift Condition and the subsequent process.
As a general concept, we have named this approach the baseline transfer but it comes in several
flavours, all with their specific pros and cons.

2.2.1 Building blocks and available extensions

Let us first list the ingredients required by the methodology in order to provide its results for
both the inverse and direct problems. So far we have required

1. Market-wise, an underlying St, a (possibly implicit) numeraire Nt and a continuum of
options for the (K,T ) field, whose payoff is paid at T for a value of

ΦN (XT ;K,T )
△
= NT Φ(X;K,T )

where X is measurable w.r.t GT with Gu
△
= σ(Su). Previously these were Call options :

Φ(XT ;K,T )
△
= [ST −K]+

2. A baseline, i.e. a (simple) instantaneous model whose dynamics involve a parameter ψ.
Typically this model will belong to a local volatility family :

(baseline model) dSt = f(t, St, ψ) dBt(2.2.8)

Furthermore the baseline must satisfy the following two properties :

◮ A closed-form formula is available for the deflated price of these options
(previously the Black formula)

B(t, St;T,K;ψ) = EN [ Φ(XT ;K,T ) | Ft ]

◮ the single parameter ψ (previously the lognormal volatility) ensures a bijection with
the deflated price, enabling an implicit re-parameterisation of the price mapping :

C(t, St;K,T ) ⇐⇒ Ψ(t, St;K,T )

.It follows that the baseline model can use several parameters (e.g. a lognormal
displaced diffusion), but that one of them must be selected for the role of ψ.
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3. A (possibly complex) stochastic instantaneous volatility model M, which can be cast in
a chaos into the baseline by making the ψ parameter stochastic. When the baseline is a
local volatility model for instance then we would write

dSt = f(t, St, ψt) dWt(2.2.9)

(target model) dψt = a1,t dt+ a2,t dWt +−→a ⊥
3,t d
−→
Z t

with the subsequent Wiener expansion on the ai,t coefficients.

4. A moneyness, i.e. a bijective function transforming the native option parameters K and
T into a pair of variables z and ξ, possibly parameterised by the observable state variables
t and St :

(z, ξ) = m[t,St](K,T )

So far we have been using the log-moneyness y = ln(K/St) and time-to-maturity θ = T−t,
since those are supposed or expected to represent the main invariance modes of the smile.
We aim at choosing the coordinates ensuring maximum stability, and in practice we will
often take ξ = θ.

So what are the possible avenues for extending the methodology ? Well, as announced we can
try and modify each of the main ingredients above. However providing new complex models
(typically as input for the direct problem) is a given, since it is the whole point of our generic
approach, which leaves us with three directions.
Modifying the moneyness is certainly a possibility, the principles of which have been discussed
in section 1.1.2.3. We provide however more insight in section 2.2.1.1 and recall that the choice
of moneyness must often be adapted to the baseline in order to simplify the main Zero Drift
Condition.
Alternatively we can use payoffs that are different from European calls, but again this choice
will be closely related to the choice of the baseline. Indeed there must be an available formula
(and it must be simple enough to derive a ZDC) and ψ must define a bijection, so that there
aren’t so many choices. Note that, for extrapolation purposes for instance, we could settle for
an approximate formula. These points will be discussed in section 2.2.1.2.
We observe that the baseline issue seems to be at the center of these choices. Furthermore
we think that there is a significant potential for performance improvement in adapting that
ingredient to the complex modelM at hand. This justifies the closer attention that we brought
to sections 2.2.1.3, 2.2.2 and 2.2.3 where we discuss respectively the topics of baseline choice,
normal baseline and baseline transfer.

2.2.1.1 Extending the moneyness

Recall that, as discussed in section 1.1.2.3 [p.18] we have made the arbitrary choice of re-
parameterising the price and implied volatility surfaces, from the natural K and T variables to
the log-moneyness y = ln (K/St) and the time-to-maturity θ = T − t. Granted, such a change
of coordinates is mainly cosmetic, as it does not affect the nature of our asymptotic results.
However it does have two important consequences :

◮ It allows the modeler to enforce some stationarity in the surface dynamics, if he/she
thinks such a feature representative of historic/anticipated market moves. For instance by
choosing the log-moneyness he/she implicitely assumes that the smile is roughly sticky-
delta. Also, it provides some symmetry in a problem which is structurally one-sided since
St must stay positive.



104CHAPTER 2. VOLATILITY DYNAMICS FOR A SINGLEUNDERLYING : ADVANCEDMETHODS

◮ It modifies the sliding Zero Drift Condition, which is also dependent on the choice of base-
line. Here y and θ happen to fit that specific lognormal model, since they are the natural
variables of the (normalised) Black Scholes formula. In turn this selection contributes to
making of the ZDC a reasonably simple and therefore manageable (stochastic) PDE.

A logical question is therefore whether a different choice of moneyness could improve the sta-
tionarity and/or the ZDC. As previously mentioned (in sections 1.1.2.3 and 2.2.1) the moneyness
must ensure a bijection with the original coordinates (K,T ) and can only use the observable
state variables t and St as parameters in that transformation. Furthermore, on the latter point
note that only St can be absorbed, since t is needed to define a process.
Classically we tend to focus on the strike dimension (with variations such as the proportional
moneyness K/St or the simpler moneyness K −St) while the time-to-maturity (T − t) seems to
remain the usual way of transposing T . There are exceptions to this trend though, in particu-
lar when deterministic volatilities are involved. This subject will be brushed in section 2.2.1.3
dedicated to baseline changes, and will stress the level of ZDC simplification that the choice of
good sliding variables can bring (see (2.2.10) vs (2.2.11) [p.107]).

We underline though that there is a priori no imperative either to absorb St or to split the K
and T transforms. However, in order to ensure a bijection the only practical solution does seem
to be the mapping to another pair of variables, as opposed to a singleton or a triplet. In all
generality we can have either

(t, St,K, T )
m←→ (t, St, z, ξ) or (t, St,K, T )

m←→ (t, z, ξ)

as long as these functions do establish bijections. The term moneyness then refers to the bijection
m() as a whole, not just the strike aspect of it. For instance the mappings

(t, St,K, T )
m←→
(
t, St,K

3,
√
T − t

)
or (t, St,K, T )

m←→
(
t,
K

St

√
T − t, ln(T − t)

)

would be valid choices, albeit probably not very effective ones. It is interesting to note that by
defining the moneyness we establish in particular the fundamentals of how the ATM implied
volatility evolves with St, the extreme case being a constant or deterministic sliding IV. In that
respect the introduction of a structural backbone in the transform can be done without difficulty,
since any well-behaved function of St is appropriate and does not have to be bijective.

In conclusion, a good choice of moneyness is obviously dependent on the baseline model, but
also on the specific real-life dynamics of the vanilla market considered. A healthy starting
point would be to select a linear transformation of the (K,T ) coordinates, running a PCA1-
type inference over the historical dynamics of the smile. Indeed that procedures minimises the
residual variance which is a reasonable measure of stationarity. In that vein, [CdF02] provides
a good idea of what statistical analysis of a liquid smile can entail.

2.2.1.2 Extending the payoff

With respect to the option field, we have so far limited ourselves to European calls, and therefore
we might want to vary the payoff and/or the exercise type.
Focusing on the payoff, it is clear that we could equivalently use puts or straddles, whose Black
prices are monotonic : they increase with volatility at a given a fixed strike. The implied
volatility map would be identical to the one associated with the calls, which can be seen either
through parity or by examining the ZDC.

1Principal Component Analysis
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For the Puts it is demonstrative to follow the latter alternative : we observe that the SDE for
Put dynamics is still (1.2.22) [p.30], but where the greeks are those of a Black put. However
it leads to the Zero-Drift Condition (1.2.23) [p.30] involving only the vega, gamma, volga and
vanna, which all happen to be identical to their call versions.
The same monotonicity argument obviously stands for a strangle, because its payoff involves a
position simultaneously long (or short) a call and a put (albeit of different strikes)2. Conversely,
the bijectivity criteria makes risk reversals, butterflies, call/put spreads or binaries difficult if not
impossible to use, at least with a lognormal baseline, because they combine both long and short
positions on calls and puts. It comes that a sufficient condition to ensure the bijection (of prices
w.r.t. the baseline parameter) is clearly to limit ourselves to cones, i.e. linear combinations of
calls and puts where all the weights share the same sign.

Another avenue is to modify the type of exercise for the option, since our only requirements
were for the random variable X to be measurable w.r.t. the paths of Su between current time
t and payment date T . In consequence it is theoretically possible to envisage american, barrier
or asian options3, depending on the baseline model. Clearly with most baselines, and certainly
for the lognormal one, in the best of cases we would have to rely on an approximation for the
price (as opposed to a true closed form). In the sequel we will discuss this proxy alternative
in more practical terms, so for now it suffices to say that it degrades the performance of the
methodology but not its principles.
The main attraction of this line of work is of course to expand the domain of (quasi-) vanilla
options whose dynamics can be approximated under the complex model M. Because in so
doing, we increase our ability to hedge a specific exotic payoff. However, irrespective of the
mathematical implications, this prospect is currently limited simply by the narrow spectrum of
options which are traded with sufficient liquidity.

2.2.1.3 Extending the baseline

In this section we justify the interest of opening our methodology to new baseline models, and
cover the case of such candidates presenting a closed-form formula, either exact or approximate.
Among the models in the former situation, we stress the important role played by the normal
baseline, which will be treated in section 2.2.2. Conversely, we also introduce the notion of
baseline transfer, which is most appropriate when no simple enough closed-form is available,
and that will be covered in section 2.2.3.

In slight contrast with the payoff and moneyness ingredients, the choice of the baseline model
suggests significant improvements for the methodology. Indeed for most practitioners the main
use of our asymptotics lie in the direct problem. More specifically, the focus will be on whole-
smile static extrapolation as a module of the calibration process, and will therefore rely on the
speed and precision of the method.
The speed is unlikely to be an issue, at least compared to full-blown numerical schemes such
as FD or Monte-Carlo, although obviously the faster the better. As for the precision, defined
either with the absolute or with the relative convention, our opinion is that it should be based
on the price rather than on the implied volatility. In order to justify this claim, we point to the
strong link between the hedging and calibration processes involved in the trading of structured
products. When the agent uses vanilla options in the replicating or hedging portfolio, either
statically or dynamically, he/she must ensure that their initial value is accurately represented
in the model. Indeed the most pertinent dynamics to consider are ultimately those of assets,

2This would be a priori useful in FX markets for instance, where the smile level is quoted w.r.t. straddles,
and the curvatures in terms of strangles.

3Note that mid-curve options are already treatable within our framework, but nowhere near liquid enough :
see page 262.
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rather than re-parameterisations such as rates or volatilities, if only for reasons of martingale
representation. It is therefore the price of the vanillas that will impact the structured product’s
price process, the tracking error and ultimately the P&L. There is also a more numerical aspect
to this issue, which is the impact on the market error functional. Indeed, because of the vega vs
strike profiles provided by most realistic baseline models, using implied volatility will artificially
focus the calibration process on certain parts of the smile. And in doing so, it will distort any
discretionary weighting scheme put in place either for hedging or for risk management purposes.
It comes that the quality of the price approximation depends trivially on two related aspects :

◮ The sensitivity of the price P w.r.t. the implied parameter Ψ.

◮ The quality of that implied parameter’s approximation.

Trivially, let us write the (absolute) pricing error as a function of the parameter error :

∆P (t, St, T,K) = ∂θ B( t, St, T,K,Θ(t, St,K, T ) ) . ∆Ψ(t, St,K, T )

Obviously we would like some criteria to help us choose between several possible baselines,
whenever such an opportunity presents itself. Our view is that it is a priori not obvious to
differentiate between two baselines on the basis of the above price sensitivity, and our reasoning
is again backed by the vega profiles.
Comparing the lognormal and normal cases for instance, it is clear from the respective sensitiv-
ities (C.0.1) [p.VII] and (C.0.4) [p.IX] that not only each model shows significant variation in
strike, but that these profiles are different between the two models. In consequence, the optimal
choice would have to be done on a strike-by-strike basis, which tends to negate the notion of
whole-smile extrapolation and global dynamics, raises the issue of intra-smile compatibility and
probably affects the speed significantly.

The second aspect, which is the implied parameter error, is in our view closely related to the
similarity between the baseline and the complex models. To illustrate this point, let us envisage
as a complex model the following instantaneous volatility specification :

dSt = σt dWt where dσt = σt ν dZt with 〈dWt, dZt〉 = 0

It seems intuitive that, as vol of vol ν increases from 0, this model and therefore its associated
option prices will further and further deviate from their pure normal counterparts. We could
indeed derive an expansion in the perturbation parameter ν, based upon the heat equation,
similarly to the approaches of [Lew00] (chap.3) or [FPS00a].
In this toy case, it is equally clear that using a normal baseline will provide better results, at
a given order, than employing a lognormal baseline. Taking matters to the extreme, if ν = 0
then the normal baseline will provide exact results at expansion order 0. Whereas the lognormal
baseline will require an infinite order to achieve the same result. Even more structurally, it seems
futile to use a lognormal reference in order to approximate a marginal distribution whose support
extends in the negative axis. It appears that there is benefit to be gained from expanding the
collection of available baseline models.

It is possible to significantly improve our baseline specification, while staying within the broad
lognormal framework and recycling some of our existing work. Indeed and as discussed before,
one of the target’s model features that can limit the method’s efficiency is a low level of time-
homogeneity or stationarity.
Although we argue that stationarity is a healthy feature in general, practical models do employ
time-dependent parameters and diffusion coefficients, if only to match the ATM level across
all expiries. The ACE methodology, as exposed so far, will asymptotically predict the future
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behaviour of any deterministic parameter, such as a volatility σ(s). It will do so through its
time-differentials at current time t (σ

′
(t),σ

′′
(t), etc.) which will be invoked by successive IATM

θ-differentials. In consequence we will have to compute higher layers than with a constant
volatility, in order to reach the same precision on a smile extrapolation. For the same reason,
a non-continuous deterministic volatility in general and a piecewise constant specification in
particular, would significantly impair that pure lognormal baseline.
The natural solution to this issue is the deterministic volatility lognormal baseline :

dSt
St

= σ υ(t) dWt

We allocate the implied parameter ψ to the scale factor σ, while υ(t) becomes a shape function.
Call options are priced under that baseline model with the same normalised Black functional
as usual, replacing the constant by the accumulated variance. Anticipating the next steps, we
propose two (trivially equivalent) ways to rewrite (1.1.3) [p.16] :

either C(t, St, T,K) = Nt C
BS

(
St,K,Σ(t, St,K, T ).

√
ξ(t, T )

)

or C(t, St, T,K) = Nt C
BS

(
St,K,Σ(t, St,K, T ).Υ(t, T ).

√
T − t

)

with Υ2(t, T )
△
=

1

T − t ξ(t, T ) and ξ(t, T )
△
=

∫ T

t
υ2(s) ds

Writing the Call dynamics through Itô will generate new terms, compared to (1.2.22) [p.30],
due to the combined presence of the accumulated variance in the BS formula and of υ(t) in the
underlying dynamics. However the apparent complexity of these dynamics will depend on which
maturity re-parameterisation we choose for the sliding IV representation.
For instance if we opt to stick to the time-to-maturity θ then the call dynamics will read as

dC(t, St, T,K) = V Σ(Υ
′

t

√
θ − Υ

2
√
θ

) dt + ∆ Stσtυ(t)dWt + V Υ
√
θ
[
b dt+ ν dWt +−→n ⊥d

−→
Z t

]

+
1

2
Γ S2

t σ
2
t υ

2(t) dt +
1

2
ϑΥ2θ

[
ν2 + ‖−→n ‖2

]
dt + Λ Υ

√
θStσtυ(t)ν dt(2.2.10)

Alternatively, if we choose the sliding maturity variable as ξ then the call dynamics become

dC(t, St, T,K) = −V Σ(2
√
ξ)−1 υ2(t) dt + ∆ Stσtυ(t) dWt + V

√
ξ
[
b dt + ν dWt +−→n ⊥d

−→
Z t

]

+
1

2
Γ S2

t σ
2
t υ

2(t) dt +
1

2
ϑ ξ

[
ν2 + ‖−→n ‖2

]
dt + Λ

√
ξ St σt υ(t) ν dt(2.2.11)

In both cases, those of the new/replacement terms appearing in the drift will modify in turn the
ZDC, which is the starting point of the methodology. But in comparing respectively (2.2.10)
and (2.2.11) with (1.2.22), we observe that choosing ξ instead of θ will conserve much more of
the original ZDC structure. Indeed, apart from the first term, the new expression comes simply
by replacing θ by ξ and scaling the instantaneous volatility by υ(t). This is indeed the technique
employed in [Osa06] and can be interpreted as a time change. Also, it is a good example of how
setting another kind of moneyness function can simplify the ZDC.
Continuing any further with the derivation would fall outside of the scope of this study, but there
is a priori no new structural difficulty involved. Furthermore, it is possible to check the asso-
ciated computations, by downgrading the framework to the constant volatility case. Naturally
the Immediate (and in particular the IATM) smile differentials will still invoke the derivatives of
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υ(·) taken in t, so that the shape function must be differentiable at that point. This is however
a small price to ask and an intrinsic constraint of asymptotic methods.
Overall, this new baseline allows us to manage many more real-life, complex models. In partic-
ular the Extended Skew Market Model class (refer to Definition 1.2 [p.65]) usually employs a
skew function f(·) with separate variables, so that the overall dynamics rewrite

dSt
St

= αt f1(t) f2(St) dWt where f1(·) can be discontinuous

dαt = h(t, αt) dt + ǫ g(t, αt) dBt with ρ dt = 〈dWt, dBt〉

By allocating the baseline’s shape function υ(s) to the deterministic volatility f1(s) of the
complex model, we end up with the cast

σt = αt f2(St)

and can therefore tackle the deterministic/discontinuous volatility specification. Obviously we
have made the baseline clearly specific to the complex model, but the whole process can be
made abstract with regard to the shape function υ(·), hence the approach does correspond to
our objective of genericity. Finally, getting ahead of our narrative, we note a striking similarity
between, on one hand this constant vs deterministic comparison of the single underlying setup,
and on the other hand the term-structure vs term-by-term argument in the maturity-dependent
framework of Chapter 5 (see section 5.4.2.2 [p.297]).

Deviating further from the lognormal case, it is clear that we could work with the displaced
version of that model, i.e. the LDD local volatility model, which we have already mentioned
in section 1.5.2.2. On the other side of the LDD we also find the normal model, which clearly
deserves a particular attention.
Indeed many models used in practice, and in particular those within the stochastic instantaneous
volatility class, are parameterised along the normal convention rather than the log-normal one.
This is due in part to the very steep ATM market skews experienced over the last decade,
but also to a desired/observed behaviour for the ATM delta. In that spirit, the CEV-SABR
model for instance (see section 4.2) can see either its correlation ρ or its power β calibrated
to historical time series data, while the other parameter is selected to match the ATM market
skew. In current markets, this approach can result in a β as low as 0.2, and sometimes lower. It
is clear that such a model is much closer, in its statics and in its dynamics, to a normal baseline
than to a lognormal one.
This observation justifies in itself to investigate the application of the methodology to the normal
baseline, which is the object of section 2.2.2. However we recognise further, more mathematical
reasons to investigate the normal case. In particular we consider that using that convention
tends to align the dynamics of the underlying St with those of its instantaneous volatility σt
and of its subsequent dynamic coefficients a⋆,t. And establishing such a recurring scheme seems
a priori to be a good start if we are to detect inductive structures in the generic expressions for
the IATM differentials.

Let us go back to the general need for more baseline models, and the subject of feasibility in
particular. If we were to run through our full methodology for each of these simple models,
then we would be structurally limited to those associated to closed-form pricing. This is due to
the fact that we need to derive, differentiate and then take to the limits the main Zero Drift
Condition. This ZDC will be jointly determined by each baseline dynamics, by its closed form
pricing formula and by the choice of moneyness. Leaving the latter point aside, it comes that
the feasibility or difficulty to proceed will depend on the simplicity of both the baseline SDE
and closed form.
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In practice, imposing the existence of the closed form would seriously limit the number of usable
baseline models, even more so since the formula might not be simple enough for the ZDC. To
illustrate this point, we consider the most complex (sic) market model4available with closed-
form pricing. This is the Displaced Constant Elasticity of Variance (CEV) local volatility model,
which we have already encountered in Chapter 1 :

dSt = σ ( d + St )β dWt

In terms of closed-form pricing, the displacement d brings no additional difficulty, hence without
loss of generality we will take d = 0 and downgrade to a pure CEV. The call formula comes then
as

0 < β < 1 C(t, St,K, T ) = St
[
1− χ2(a, b+ 2, c)

]
−K χ2(c, b, a)(2.2.12)

with

a =
K2(1−β)

(1− β)2σ2(T − t) b =
1

1− β c =
S
2(1−β)
t

(1− β)2σ2(T − t)

where χ2(x, y, z) denotes the noncentral χ2 cumulative distribution at value x, for non-centrality
parameter y and z degrees of freedom. See [Bec80] or [Sch89] for a rigorous study, while this
parameterisation corresponds to [Hul03] p.457. Notwithstanding the various mathematical reg-
ularity issues presented by this model5 we observe that although the model is quite poor, the
pricing formula involves the χ2 function, which itself involves the Gamma function and its lower
incomplete version (see [PTVF92] Section 6.2 for details on the relevant implementation as-
pects). Therefore, although a priori feasible, establishing the ZDC might prove very involved
and thus not practical.

We are likely to face the situation where a given model might appear particularly well suited as a
baseline (mainly because of its proximity to the target model) without any closed form solution
at hand for the chosen option type. However if an approximation formula were available instead
for that baseline, and if that formula were simple enough to establish the ZDC, then we would
be in a position to deploy the methodology. Of course the overall precision would suffer from the
proxy aspect, but this approach offers the prospect to combine Asymptotic Chaos Expansions
with other approximation techniques, such as singular perturbations ([HKLW02]), Markovian
projection ([Pit07]), etc.
This line of thought offers new perspectives, in particular the possibility of using a stochastic
volatility model for the baseline. Assuming we have a reasonably simple proxy at our disposal
then this price function would be a deterministic function of (t, St,K, T, ψ) but also of the ad-
ditional state variables (including the volatility). It is simple to accommodate these features
within the existing framework, by assimilating the new initial values to superfluous parame-
ters, which are then hidden in the pricing functional B(t, St;T,K;ψ). However this approach
also leads to new mathematical questions, such as the stability of the ZDC with respect to the
closed-form approximation.

It remains that either in exact or approximate form, extending the method to new baselines is
dependent on the availability of some closed-form for that specific model. We introduce there-
fore a default approach that does not rely on establishing each idiosyncratic ZDC. Instead its
principle is to carry over the results for one central baseline to the new ones, and that notion of
baseline transfer will be covered in section 2.2.3.

4We note for future work that there are several other available classes of baselines, in particular in the factor
model class. There is for instance substantial literature on various quadratic gaussian parameterisations, but
transferring our methodology this environment requires a brand new derivation.

5For instance the boundary conditions associated to solution unicity when 0 < β ≤ 1
2
, or the existence/

integrability constraints when β > 1.
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2.2.2 An important example : the normal baseline via its ZDC.

The object of this section is to illustrate the possibility of changing the baseline model and of
rebuilding accordingly our methodology from scratch, which serves two purposes. The first goal
is to gage the level of complexity of such an approach, in the sense that we should be able to
recycle a large part of the results of Chapter 1 established for the lognormal baseline. The second
aim is to compare the actual results obtained (the ZDC, the IZDC, the IATM differentials, etc.)
with those obtained for that lognormal case. In particular, we would like to distiguish the
systemic features of the method from the idiosyncracies of each specific baseline.
In several respects the Gaussian framework is naturally simpler than the lognormal one, and
one could argue that it would have been a better choice for the foundation Chapter 1. However
most of the literature related to local and stochastic volatility, along with the associated pricing
and approximation methods, has been written along the lognormal convention. In consequence
we would have lost a certain degree of comparability.
Without surprise we have the dynamics of the normal baseline as

dSt = σ dWt

And the call pricing solution comes from (C.0.3) as

C(t, St,K, T ) = Bn
(
K − St, σ

√
T − t

)

where Bn is the normalized Bachelier formula :

Bn(z, v) = v G
(z
v

)
− z

[
1−N

(z
v

)]
(2.2.13)

Let us now run through the full methodology, retracing our steps quickly through sections 1.1,
1.2, 1.3 and 1.4.

Framework (parallel of section 1.1 [p.15])
As before, we assume a continuum of call option prices, represented in absolute and sliding
coordinates respectively by C(t, St,K, T ) and C(t, z, θ) where the new moneyness reads :

z = K − St while θ = T − t

Using Bachelier’s formula, we translate these two maps into normal implied volatility surfaces
Σ(t, St,K, T ) and Σ̃(t, y, θ). For good measure, we check easily from (C.0.4) that ∂Bn

∂v ≥ 0 and
therefore the normal implied volatility indeed provides a bijection to the price.
On one hand, the stochastic instantaneous volatility model is defined by the SDE system

(2.2.14)





dSt = σt dWt

dσt = a1,t dt+ a2,t dWt +−→a ⊥
3,t d
−→
Z t

da2,t = a21,t dt + a22,t dWt +−→a ⊥
23,t d

−→
Z t

On the other hand, the stochastic sliding implied volatility model is described by

(2.2.15)





dSt = σt dWt

dΣ̃(t, z, θ) = b̃(t, z, θ) dt + ν̃(t, z, θ) dWt +
−→̃
n (t, z, θ)⊥d

−→
Z t

where as usual Wt and
−→
Z t are orthogonal drivers.
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Derivation of the Zero-Drift Conditions (parallel of section 1.2 [p.29])
Our first task is to derive the dynamics of the absolute volatility, which come as

Lemma 2.5 (Dynamics of the absolute IV surface with a Normal baseline)
In the framework defined by (2.2.15) the dynamics of the absolute IV surface are given by

dΣ(t, St,K, T ) = b(t, St,K, T ) dt + ν(t, St,K, T ) dWt +−→n (t, St,K, T )⊥ d
−→
Z t

with

b(t, St,K, T ) = b̃(t, z, θ)− Σ̃
′

θ(t, z, θ) + 1
2 σ

2
t Σ̃

′′

zz(t, z, θ)− σt ν̃
′

z(t, z, θ)(2.2.16)

ν(t, St,K, T ) = ν̃(t, z, θ)− σt Σ̃
′

z(t, z, θ)(2.2.17)

−→n (t, St,K, T ) =
−→̃
n (t, z, θ)(2.2.18)

Proof.
Invoking Itô-Kunita’s Theorem A.1 with −→α t =

(
K−St

θ

)
we get

dΣ(t, St,K, T ) = b̃(t, z, θ)dt + ν̃(t, z, θ)dWt +
−→̃
n (t, z, θ)⊥d

−→
Z t − Σ̃

′

z(t, z, θ) dSt

+Σ̃
′

θ(t, z, θ) dθ + 1
2 Σ̃

′′

zz(t, z, θ) d〈St〉 − ν̃
′

z(t, z, θ) σtdt

= b̃(t, z, θ)dt + ν̃(t, z, θ)dWt +
−→̃
n (t, z, θ)⊥d

−→
Z t − Σ̃

′

z(t, z, θ) σt dWt

−Σ̃
′

θ(t, z, θ) dt+ 1
2 Σ̃

′′

zz(t, z, θ) σ
2
t dt− ν̃

′

z(t, z, θ)σtdt

And we conclude by grouping the finite and non-finite variation terms.

We are now capable of expressing the dynamics of the actual assets, hence the next step is the
main Zero Drift Condition itself.

Proposition 2.2 (Zero Drift Condition with a Normal baseline)
With a normal baseline the Zero Drift Condition imposed on the SImpV model (2.2.15) in the

general domain (◦) △
= (t, z, θ) reads as

Σ̃3(◦) b̃(◦) = E(◦) +
1

θ
F (◦)

(2.2.19)

with E(◦) = Σ̃3
[

Σ̃
′

θ − 1
2 σ

2
t Σ̃

′′

zz + σt ν̃
′

z

]

and F (◦) = 1
2 Σ̃2

[
Σ̃2 − σ2t

]
− z Σ̃ σt

[
ν̃ − σt Σ̃

′

z

]
− 1

2 z
2

[(
ν̃ − σt Σ̃

′

z

)2
+ ‖−→̃n ‖2

]

Comparing the normal ZDC (2.2.19) to its lognormal equivalent (1.2.18) [p.30] we can make a
first series of observations on this structural result.
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◮ There is no D(◦) term, i.e. no term in θ. This comes from the new expression for the
Volga and will affect some of the higher-order differentials w.r.t θ such as the arch Σ̃

′′

θθ(⋆).
Indeed successive maturity-differentiations of the ZDC will involve term D with no θ in
factor, so that it can remain at the IATM point (see (3.6.66) [p.196

◮ The E(◦) term is almost identical to (1.2.20) [p.30], except for its last subterm which is
missing, and taking into account the change of sliding variable from y to z. This will
quickly impact the IATM differentials as term E is invoked as soon as we differentiate
w.r.t. θ, starting with Σ̃

′

θ.

◮ The F (◦) term is identical (again, replacing y with z) which should lead to a replica of
the Immediate ZDC. In turn, this suggests that all the pure-strike differentials should be
identical to the lognormal case.

It is remarkable that the two terms which are almost unchanged are those which are guaranteed
to give a finite limit in θ = 0, provided the regularity assumptions are valid. This leads to
the conclusion that the two implied volatility maps, corresponding each to a their own nor-
mal/lognormal SInsV model, should have the same Immediate smile but will then start to differ
as maturity increases. However we will need the actual expressions of the IATM differentials in
order to gage with more precision that divergence.

Proof of Proposition 2.2
We now must compute the dynamics of the absolute (rebased) calls. Denoting

(∝)
△
= (t, St,K, T ) and (⋉) =

(
K − St,Σ (t, St,K, T )

√
T − t

)

respectively the absolute and sliding arguments, we can apply Itô’s Lemma to the Bachelier
formula and write

dC(∝) =
∂Bn

∂v
(⋉) Σ(∝)

−1

2
√
T − t dt+

∂Bn

∂z
(⋉) (−1) dSt +

∂Bn

∂v
(⋉)
√
T − t dΣ(∝)

+
∂2Bn

∂z∂v
(⋉)

(
−
√
T − t

)
〈dSt, dΣt〉+ 1

2

∂2Bn

∂z2
(⋉) 〈dSt〉+ 1

2

∂2Bn

∂v2
(T − t) 〈dΣt〉

=
∂Bn

∂v
(⋉) Σ(∝)

−1

2
√
T − t

dt+
∂Bn

∂v
(⋉)
√
T − t b(∝) dt+

∂2Bn

∂z∂v
(⋉)

(
−
√
T − t

)
σtν(∝) dt

+1
2

∂2Bn

∂z2
(⋉) σ2t dt+ 1

2

∂2Bn

∂v2
(T − t)

[
ν2(∝) + ‖−→n ‖2(∝)

]
dt + (· · ·) dWt + (· · ·) d−→Z t

The relevant differentials of the Bachelier formula can be found in section C. The zero-drift
condition therefore reads, omitting the argument :

0 = G
(
K − St

Σ
√
T − t

)[
− Σ

2
√
T − t + b

√
T − t

]
− K − St

Σ2(T − t)G
(
K − St

Σ
√
T − t

)(
−
√
T − t

)
σtν

+1
2

1

Σ
√
T − t

G
(
K − St

Σ
√
T − t

)
σ2t + 1

2

(K − St)2

Σ3(T − t) 3
2

G
(
K − St

Σ
√
T − t

)
(T − t)

[
ν2 + ‖−→n ‖2

]

which after simplification gives

0 = −1
2Σ + b(T − t) +

K − St
Σ2

σtν + 1
2

σ2t
Σ

+ 1
2

(K − St)2
Σ3

[
ν2 + ‖−→n ‖2

]

We replace the absolute coefficients b, ν and −→n with their sliding counterparts b̃, ν̃ and
−→̃
n , taken
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in (t, z, θ) according to (2.2.16)-(2.2.17)-(2.2.18) :

0 = −1
2Σ̃ + 1

2

σ2t

Σ̃
+ θ

[
b̃− Σ̃

′

θ + 1
2 σ

2
t Σ̃

′′

zz − σt ν̃
′

z

]
+

z

Σ̃2
σt

[
ν̃ − σt Σ̃

′

z

]
+ 1

2

z2

Σ̃3

[(
ν̃ − σt Σ̃

′

z

)2
+ ‖−→̃n ‖2

]

Isolating the drift, we get

b̃ =
[
Σ̃

′

θ − 1
2 σ

2
t Σ̃

′′

zz + σt ν̃
′

z

]
+

1

θ

[
1
2Σ̃− 1

2

σ2t

Σ̃
− z

Σ̃2
σt

[
ν̃ − σt Σ̃

′

z

]
− 1

2

z2

Σ̃3

[(
ν̃ − σt Σ̃

′

z

)2
+ ‖−→̃n ‖2

]]

Finally scaling by Σ̃3 and denoting (◦) = (t, z, θ) we get (2.2.19) and conclude the proof.

As a corollary we can express the Immediate Zero Drift Condition. Having previously transposed
the regularity assumptions of the lognormal case, we end up with

F (t, z, 0) = 0

so that the Primary IZDC comes as, denoting (•) = (t, z, 0)

(IZDC) 0 = 1
2 Σ̃2(•)

[
Σ̃2(•)− σ2t

]
− z Σ̃(•) σt

[
ν̃(•)− σt Σ̃

′

z(•)
]

(2.2.20)

− 1
2 z

2

[(
ν̃(•) − σt Σ̃

′

z(•)
)2

+ ‖−→̃n (•)‖2
]

We note that (2.2.20) is naturally ”identical” to its lognormal counterpart (1.2.28) [p.33] and
also that we get the usual lower bound for the convergence speed.

Finally taking z = 0 comes the same IATM identity as

Σ̃(t, 0, 0) = σt(2.2.21)

Recovering the instantaneous volatility (parallel of section 1.3 [p.38])
Our first step is to establish the IATM arbitrage constraints of the SImpV model.

Proposition 2.3 (IATM constraints on the SImpV model with a Normal baseline)
With a normal baseline, the IATM arbitrage constraints of the SImpV model (2.2.15) become





ν̃(⋆) = 2 σtΣ̃
′

z(⋆)(2.2.22)

ν̃
′

z(⋆) = Σ̃
′

z

2
(⋆) + 3

2 σtΣ̃
′′

zz(⋆)− 1
2

‖−→̃n (⋆)‖2
σ2t

(2.2.23)

b̃(⋆) = 2Σ̃
′

θ(⋆) + σt Σ̃
′

z

2
(⋆) + σ2t Σ̃

′′

zz(⋆)− 1
2

‖−→̃n (⋆)‖2
σt

(2.2.24)

Note that the normal IATM drift b̃(t, 0, 0) is different by a single term from its lognormal
counterpart (1.3.39) [p.38]. As will be seen in the proof, this is simply because of a different
expression for the functional E(t, y, θ).
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Proof.
To obtain ν̃(t, 0, 0) and ν̃

′

z(t, 0, 0) we can differentiate the IZDC once and then twice w.r.t. z,
i.e. compute ∇1,0 F (t, z, θ) and ∇2,0 F (t, z, θ). Alternatively we can exploit the similarity of
the normal IZDC with its lognormal equivalent, transposing (1.3.37) and (1.3.38) [p.38]. Either
way we end up with (2.2.22) and (2.2.23). Invoking the IZDC again, we get the IATM drift by
first using L’Hopital’s rule and re-writing the ZDC within a small-θ expansion :

b̃(t, z, θ) = E(t, z, θ) + F
′

θ(t, z, 0) +O(θ)(2.2.25)

We can then compute ∇0,1 F (t, z, θ) or simply use again the similarityto obtain that

F
′

θ(⋆) = Σ̃3 Σ̃
′

θ(⋆)

Taking (2.2.25) in (t, 0, 0), replacing F
′

θ(⋆) by its expression, and simplifying by Σ̃3(⋆), we get

b̃(⋆) = Σ̃−3(⋆)
[
E(⋆) + F

′

θ(⋆)
]

= Σ̃
′

θ(⋆)− 1
2σ

2
t Σ̃

′′

zz(⋆) + σtν̃
′

z(⋆) + Σ̃
′

θ(⋆)

= 2Σ̃
′

θ(⋆)− 1
2σ

2
t Σ̃

′′

zz(⋆) + σtν̃
′

z(⋆)

Finally replacing ν̃
′

z(⋆) with (2.2.23) we have

b̃(⋆) = 2Σ̃
′

θ(⋆) − 1
2σ

2
t Σ̃

′′

zz(⋆) + σt

[
Σ̃

′

z

2
(⋆) + 3

2 σtΣ̃
′′

zz(⋆)− 1
2

‖−→̃n (⋆)‖2
σ2t

]

and after simplification comes (2.2.24) which concludes the proof.

We can now move on to the recovery itself, again invoking the parallel regularity assumptions.

Theorem 2.1 (Recovery with the normal baseline)
A sliding stochastic normal Implied Volatility model defined by (2.2.15) is associated to a stochas-
tic instantaneous normal volatility model (2.2.14) as per

dσt = a1,t dt + a2,t dWt +−→a ⊥
3,td
−→
Z t

with

a1,t = 2 Σ̃
′

θ(⋆) + σt Σ̃
′

z

2
(⋆) + σ2t Σ̃

′′

zz(⋆) −
1

2

‖−→̃n (⋆)‖2
σt

(2.2.26)

a2,t = 2σtΣ̃
′

z(⋆)(2.2.27)

−→a 3,t =
−→̃
n (⋆)(2.2.28)

a22,t = 2
[
Σ̃

′

zν̃(⋆) + σt ν̃
′

z(⋆)
]

(2.2.29)

Comparing respectively (1.3.43) with (2.2.26), (1.3.44) with (2.2.27), (1.3.45) with (2.2.28), and
(1.3.46) with (2.2.29) we observe that the equivalence with the Recovery Theorem (1.3.42) [p.40]
is complete. In other words, the fact that we chose in each case the moneyness corresponding
precisely to the relevant closed form (i.e. y or z along θ) aligns the ZDC sufficiently for the first
layer to be identical. This should actually not come as a surprise, considering that the respective
pricing PDEs for the normal and lognormal models are equivalent, providing the exact same
change of variable.
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Proof.
Taking the dynamics on both sides of (2.2.21) we obtain

d σt = d Σ̃(t, z = 0, θ = 0) = b̃(t, 0, 0) dt + ν̃(t, 0, 0) dWt +
−→̃
n (t, 0, 0)⊥d

−→
Z t

then by identification

◮ The exogenous coefficient (2.2.28) comes straight away.

◮ The endogenous coefficient (2.2.27) comes via (2.2.22).

◮ The drift coefficient (2.2.26) comes through (2.2.24).

Invoking (2.2.27) we get its dynamics by Itô as

da2,t = d
[
2σtΣ̃

′

z(⋆)
]

= [· · ·] dt + 2
[
Σ̃

′

z(⋆) a2 + σt ν̃
′

z(⋆)
]
dWt +

−−→
[· · ·]⊥ dZt

so that injecting (2.2.22) again proves (2.2.29) and concludes the proof.

Generating the implied volatility (parallel of section 1.4 [p.45])
We can now move straight to the direct problem, which tends to make the comparison easier.

Theorem 2.2 (First layer IATM differentials in the normal baseline)
A normal SInsV model (2.2.14) is associated as follows to a sliding normal SImpV model
(2.2.15), at the IATM point (⋆) = (t, z = 0, θ = 0) and for the first layer :

Static differentials :

Σ̃(⋆) = σt(2.2.30)

Σ̃
′

z(⋆) =
a2
2σt

(2.2.31)

Σ̃
′′

zz(⋆) =
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
1

3
‖−→a 3‖2 −

1

2
a22

]
(2.2.32)

Σ̃
′

θ(⋆) =

[
1

2
a1 −

1

6
a22

]
+

1

σt

[
1

8
a22 +

1

12
‖−→a 3‖2

]
(2.2.33)

Dynamic differentials :

ν̃(⋆) = a2(2.2.34)

ν̃
′

z(⋆) =
1

σt

[
1

2
a22

]
− 1

σ2t

[
1

2
a22

]
(2.2.35)

−→̃
n (⋆) = −→a 3(2.2.36)

We note that all expressions except the static IATM slope are the exact z-equivalents of those
in Theorem 1.2 [p.45] established for the lognormal baseline. We had anticipated this feature
for the static pure-strike differentials Σ̃

′

z(⋆) and Σ̃
′′

zz(⋆) but the fact that ν̃
′

z behaves identically
should not come as a surprise. Indeed the primary IZDC is identical and it is that equation
which by further z-differentiation will provide all the pure-strike differentials, for static and
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for dynamic coefficients. We should therefore expect ν̃
′′

zz,
−→̃
n

′

z, etc. to come with the same
expressions as in the lognormal case.
In particular, we observe that σt is still present at the denominator of these expressions, so
that this feature has clearly nothing to do with the convention used for the asset dynamics. It
seems more related to the convention we have taken to write the dynamics of the instantaneous
volatility, rather than the instantaneous variance, and is yet another indicator that improvements
are certainly possible in our parameterisation.
Looking at the IATM slope expression (2.2.33) and comparing to the lognormal version (1.4.53)
[p.45] we note that the first term in σt has disappeared. Again this comes as no surprise, since
we remarked earlier on a missing component in the E term. It is indeed that difference which
has been carried on through the IATM drift b̃. It is interesting to remark as well that the sign
and magnitude of the difference between these two expressions is quite well understood. Indeed
we have

Σ̃
′

θ

LN
(t, y = 0, 0) − Σ̃

′

θ

N
(t, z = 0, 0) =

1

4
σLNt aLN2,t =

1

2
Σ̃LN 2

Σ̃
′

y

LN
(t, y = 0, 0)

Hence (2.2.33) tells us that the difference in slope between the two environments will depend
on the sign of the IATM skew. We must keep in mind however that each coefficient (i.e. σt and
a⋆,t) has a different significance in the two frameworks. In particular we are not looking at the
implied normal and lognormal smiles of the same SinsV model.

Proof of Theorem 2.2
The IATM Identity (2.2.21) proves (2.2.30), while taking its dynamics, then identifying the finite
and non-finite variation terms provides

b̃(⋆) = a1 ν̃(⋆) = a2
−→̃
n (⋆) = −→a 3(2.2.37)

which proves (2.2.34) and (2.2.36). Then combining the former with the IATM SimpV constraint
(2.2.22) leads to (2.2.31). Taking the dynamics of that IATM skew expression we obtain formally

d

[
a2
2σt

]
= d Σ̃

′

z(t, z, θ) = b̃
′

z(t, z, θ) dt + ν̃
′

z(t, z, θ) dWt +
−→̃
n

′

z(t, z, θ)⊥d
−→
Z t

Applying Itô on the l.h.s. and injecting the IATM constraint (2.2.23) on the r.h.s. we get by
identification of the endogenous term

1

2 σt

[
a22 −

a22
σt

]
= ν̃

′

z(⋆) = Σ̃
′

z

2
(⋆) +

3

2
σt Σ̃

′′

zz(⋆) −
1

2

‖−→n (⋆)‖2
σ2t

which proves (2.2.35). Injecting (2.2.31) and (2.2.36) in that expression we get the IATM
curvature (2.2.32). We can now move on to Σ̃

′

θ(⋆) by replacing the IATM drift b̃(⋆) in (2.2.37)
using the SImpV IATM constraint (2.2.24) :

a1 = 2Σ̃
′

θ(⋆) + σt Σ̃
′

z

2
(⋆) + σ2t Σ̃

′′

zz(⋆)− 1
2

‖−→̃n (⋆)‖2
σt

Isolating the slope and then injecting (2.2.31)-(2.2.32)-(2.2.36) we get

Σ̃
′

θ(⋆) =
1

2
a1 −

1

2
σt Σ̃

′

z

2
(⋆) − 1

2
σ2t Σ̃

′′

zz(⋆) +
1

4

‖−→̃n (⋆)‖2
σt

=
1

2
a1 −

1

2
σt

a22
4σ2t
− 1

2
σ2t

[
1

σ2t

[a22
3

]
+

1

σ3t

[‖−→a 3‖2
3

− a22
2

]]
+

1

4

‖−→a 3‖2
σt

=
1

2
a1 −

1

σt

1

8
a22 −

1

6
a22 −

1

σt

1

6
‖−→a 3‖2 +

1

σt

1

4
a22 +

1

σt

1

4
‖−→a 3‖2

which after simplification provides (2.2.33) and concludes the proof.
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2.2.3 The generic baseline transfer

As discussed previously in section 2.2.1.3 it is desirable to increase the number of available
baselines, since a high degree of similarity between that simple model and the complex target
M should improve extrapolation performance. Having now run the full ACE methodology
through both the normal and lognormal baselines, we can gage the level of technicality as well
as the limitations associated to this approach.
In particular, it is clear that few baseline models can be used in practice. And for those that
can, the most involved part of the method is to establish the specific Zero-Drift Condition.
Then, subject to adequate regularity assumptions as well as overall structure of this PDE, we
can proceed with the generic solution to the direct problem, as described in section 2.1. In
algorithmic terms, combining an ad hoc differentiation module for the ZDC with a simple Itô
calculus formal engine allows to automate the computation of all-order IATM (n, p)-differentials
of the smile, both static and dynamic.
The obvious question is therefore whether we can avoid going through the specific ZDC of
each model, either because it is very complex or because it cannot be derived : typically there
might not be any closed-form solution, either exact or approximate. In the sequel we discuss
an alternative possibility, or rather a suite of possibilities, which be available depending on the
baseline choice. These options share the notion of a central baseline from which we can transfer
the final IATM information to other baselines, from one implied parameter map to the next. In
other words, this approach bypasses the need for the ZDC.

2.2.3.1 General considerations and methodology

Having selected an option type (e.g. calls) parameterised by (K,T ), the first step is to select that
single, central baseline (arguably either normal or lognormal) providing either a closed form, a
semi-closed form or an approximation formula. We then focus on developing the required generic
differentials, once and for all, under this master model. By generic we understand expressions
such as those of Theorem 1.2 or of Chapter 3 invoking purely σt and the a⋆,t coefficients, and
whose computation can be automated as per section 2.1. When confronted with a new complex
model, we cast its dynamics in the SInsV chaos framework (1.1.8)-(1.1.9) and populate the a⋆,t
coefficient collection : again, a formal calculus tool might be helpful. Let us now introduce a
different baseline, and the following abstract model notations :

M1 is the central baseline M is the target complex model M2 is the new baseline

For illustration purposes let us take the baselines in the local volatility model class :

(Mi) dSt = fi(t, St, ψi) dWt i ∈ {1, 2}

where ψ1 and ψ2 are the respective parameters ensuring a bijection with the option price.
Accordingly, let us denote the corresponding baseline pricing formulae with B1 and B2 :

Under Mi Pi(K,T ; t, St) = Bi(K,T ; t, St ; ψi) i ∈ {1, 2}

Note that we do not impose either formula to be exact as it does not affect the principle of the
approach. In the sequel and for simplicity’s sake, we will omit the initial conditions arguments,
starting with t and St, for all models M1, M2 andM. Now we can formally re-parameterise the
option price under the complex model, using each baseline formula and implied parameter :

Under M PM(K,T ) = Bi (K,T,Ψi,M(K,T )) i ∈ {1, 2}
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Hence the relationship that we are aiming to make explicit is

∂m+p

∂Km∂T p
Ψ1,M(K = St, T = t) =⇒ ∂m+p

∂Km∂T p
Ψ2,M(K = St, T = t)

for a given set of (m, p)-differentials. Before we can tackle this subject it is worth recalling that

◮ we cannot transfer the IATM information analytically through the price.

◮ the implied parameter transition can be either functional or purely numerical.

The first restriction comes from the irregularity of the price function, in the whole Immediate
domain (T = t) where the distribution is a Dirac, and at the IATM point in particular where
the function is not even C1 w.r.t K. This is valid for any baseline and means that the chain-rule
on the price, which (for instance) at the first order in strike reads

∂K PM(K,T ) = ∂1 Bi (K,T,Ψi,M(K,T )) + ∂3 Bi (K,T,Ψi,M(K,T )) ∂K Ψi,M(K,T )

cannot be used by induction to match the respective differentials of Ψ1 and Ψ2. This boils down
again to the implied volatility having a regularisation effect on the price, which makes it a good
re-parameterisation tool.
The second comment refers to the two (non-exclusive) configurations of the baseline transfer.
The first situation occurs when a functional relationship exists between Ψ1() and Ψ2(), while
the second corresponds to the general case and uses a numerical approach to provide differential
values as opposed to generic expressions.

First case : the parameter-to-parameter functional

Certain pairs of baselines (central and new) provide us with the best-case scenario where we
can represent the smile associated to the central baseline model within the new baseline using a
function Ψ2,1(K,T, ψ1). In other words, if a given value ψ1 specifies the central model then

Under M1 P1(K,T ) = B2 (K,Ψ2,1(K,T, ψ1))

We can then write the price in the complex model M as

Under M PM(K,T ) = B1 (K,T,Ψ1,M(K,T )) = B2 (K,Ψ2,1(K,T,Ψ1,M(K,T )))

and the bijective property now ensures that

(2.2.38) Ψ2,M(K,T ) = Ψ2,1(K,Ψ1,M(K,T ))

It is now possible to differentiate (2.2.38), to take that expression at the IATM point, and then
to inject the generic formulae for the IATM differentials of M’s central smile. Note that in
this ideal case the computational price is mainly concentrated in the initial expansion. Remark
also that Ψ2,1 can be either exact or approximate, the latter case simply degrading the output
expressions.
One textbook example of the exact link is exists between two displaced versions of the same
model family. Starting for instance from a given local volatility class we can extend it as per

dSt = f(t, St, ψ) dWt =⇒ dSt = f(t, St + d, ψ) dWt
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Of course this simplistic technique can be applied to more complex classes, such as local-
stochastic volatility models. The fact is that by re-introducing the underlying in the argument
we can write

Bd2(St;K,T ;ψ) = Bd1(St + d2 − d1;K + d2 − d1, T ;ψ)

hence Ψd2(St;K,T ) = Ψd1(St + d2 − d1;K + d2 − d1, T )

Although it is possible to extend further by applying an affine transform, and/or to apply the
same modifications to the time variable, the interest of this observation is somewhat limited.
Firstly because any space displacement modifies the support of the marginals, and secondly since
the closed-form is likely to be given for the whole displaced family at once. We will convene
that overall, an exact correspondence is quite rarely found for the whole smile, leading us not
to discuss this case any further.
Of more general interest is the case of the Immediate smile of local volatility models. Indeed we
have result (1.4.61) [p.49] from [BBF02] that gives us the lognormal implied volatility for any
member of that class. Therefore if the master baseline is normal or CEV for instance, we can
then move the all pure-strike differentials to the lognormal baseline.

Alternatively, in several classic cases where no exact link is known, a proxy analytical conver-
sion between the two baseline parameterisations is nevertheless available, usually obtained via
expansion techniques. Let us illustrate this interesting situation with the normal/lognormal as
well as the CEV/lognormal configurations :

◮ In the (very likely) case of a lognormal (B) model expressed in a normal (N) baseline we
have from [HKLW02] through some expansions that

σN (K) ≈ σB
√
St K

1 + 1
24 log

2
(
St

K

)
+ 1

1920 log
4
(
St

K

)

1 + 1
24

[
1− 1

120 log
2
(
St

K

)]
σ2B (T − t) + 1

5760 σ
4
B (T − t)2

◮ In the situation of a CEV (C) model (with power coefficient β) expressed in a lognormal
baseline then [HW99] gives us similarly that

σB(K) ≈ σC Sβ−1
av

[
1 +

(1− β)(2 + β)

24

[
St −K
Sav

]2
+

(1− β)2

24
σ2C (T − t) S2β−2

av

]
(2.2.39)

with Sav
△
= 1

2 (St +K)

To summarise this first case, our opinion is that although the functional link is not always
available, when the opportunity presents itself it is worth investigating that route, even in the
approximate case. The rationale being that it does provide generic IATM differential expres-
sions, the usefulness of which does not stop at a given set of parameters or even at a specific
complex (input) model. By contrast, the method that we present now is by nature a proxy, but
presents the advantage of being systematically applicable.

Second case : the finite differences approach

This generic baseline transfer method establishes a relationship between the Ψ1- and Ψ2- IATM
differentials which is both approximate and numerical. However such a summary description
deserves a number of comments :



120CHAPTER 2. VOLATILITY DYNAMICS FOR A SINGLEUNDERLYING : ADVANCEDMETHODS

◮ The fact that it delivers only the differentials is not an issue : after all, this is the necessary
and sufficient information for the transfer to be achieved.

◮ The link being numerical, i.e. value to value as opposed to functional, we cannot obtain
generic formulae for the IATM differentials in the new baseline. Instead, we will have to
run through this module every time the complex model M changes, but also every time
its parameters are altered. On the other hand, the module is generic : it only needs to
know about M1 and M2 (and not M) which can be input in an abstract manner.

◮ The accuracy of the computation is controlled by finite differences (FD) parameters, thus
the highest attainable precision will mainly be limited by platform6 , language7 or imple-
mentation8specifics.

The method is based on a couple of features. The first one is the fact that, although the prices
cannot be used as a media in the Immediate region, a very small time-to-maturity is usually
sufficient to eliminate that issue (notwithstanding the numerical limitations mentioned above).
The second feature is the inherent structure of the layers, as described in section 2.1, which
means that to increase by one the θ-order of any IATM cross-differential, we need either one or
two more layers (see Figure 2.1 [p.101]).
The simplest way to introduce this numerical baseline transfer is to work through an example.
Let us therefore take M1 and M2 respectively as the lognormal and the normal baselines, and
denote the associated implied volatilities with Σ(K,T ) = Ψ1(K,T ) and Γ(K,T ) = Ψ1(K,T ).
For a given set of parameters of the complex model M, we assume that the first, second and
third layers have been computed for the central, lognormal implied volatility Σ. Recall that the
involved (exact) static IATM differentials are

Σ(⋆) Σ
′

K(⋆) Σ
′′

K2(⋆) Σ
′′′

K3(⋆) Σ
(4′)
K4 (⋆) Σ

′

T (⋆) Σ
′′

KT (⋆) Σ
′′′

K2T (⋆) Σ
′′

TT (⋆)

whose generic expressions are provided in Chapter 3. For the benefit of the FD scheme, we then
start by sampling the (K,T ) space locally, in the vicinity of the IATM point. For the sake of
argument we select the K and T variables, but this choice is asymptotically irrelevant. Similarly
we opt for a grid which is regular in each direction and controlled by a single scale parameter ǫ,
i.e. δK = ǫ.∆K and δT = ǫ.∆T . The scheme itself is chosen classically as central in strike, and
of course forward in maturity. Using a Taylor expansion, we then compute the Σ(K,T ) values
associated to the non-immediate part of that grid, and plot their respective precision order.
With a slight abuse of notation we get

Σt(K,T )

t t+ δT t+ 2 δT
St + δK o(ǫ3) o(ǫ3)

St o(ǫ2) o(ǫ2)

St − δK o(ǫ3) o(ǫ3)

We can then convert these volatilities into prices using the Black function, and then back into
normal implied volatilities Γt(K,T ) using a Bachelier inverter. Since each pricing formula use
the square root of its own volatility, the precision orders on the normal Σt(K,T ) and lognormal
Γt(K,T ) grids are identical.
The last phase consists in computing the IATM differentials of the Γ map through the FD
scheme. For demonstrative purposes we artificially break down that phase in two steps and keep
using visual representations rather than writing the associated system of MacLaurin series.

6Typically the machine epsilon and more generally underflow issues.
7For instance float vs double.
8Selecting a good cumulative normal approximation is usually important.
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We first reconstruct the Immediate values for the normal implied volatility, using finite differ-
ences on the rest of the grid :

Γt(K,T )

t t+ δT t + 2 δT
St + δK o(ǫ3) o(ǫ3) o(ǫ3)

St o(ǫ2) o(ǫ2) o(ǫ2)

St − δK o(ǫ3) o(ǫ3) o(ǫ3)

But the actual precision attained can be significantly improved. Indeed we have the IATM level
Γ(⋆) in generic form, so in particular we have its exact value here.
This is true here for the normal baseline, but also for any regular local volatility model : com-
paring (2.2.8) and (2.2.9) it comes that, after cast, the arbitrage argument will lead invariably
to the IATM level expressed as Ψi,M(K = St, T = t) = ψt.
Although we do not provide a formal proof here, it is reasonable to expect the same behaviour
with even more elaborate baselines, outside of the local volatility class. Assuming then that we
do have the IATM level of the implied parameter in the new baseline, it is natural to use that
information in order to apply a further correction to the raw FD method. Using the FD scheme
again we can now approximate the static IATM differentials of the first layer for the normal
implied volatility, with the following respective precisions :

Γ(⋆) : Exact Γ
′

K(⋆) : o(ǫ2) Γ
′′

KK(⋆) : o(ǫ) Γ
′

T (⋆) : o(ǫ)

Irrespective of that level adjustment, and due to the dependency of the method on the ladder
structure, it is clear that the availability of further layers for the central baseline will increase
the overall precision. This is indeed a good thing since, being able to dedicate all our efforts
solely to the central baseline, we should be able to compute once and for all a high number of
these, in generic form.

Applications of the baseline transfer

The systematic capacity to execute a baseline transfer offers a wealth of opportunities. The
FD method in particular can be applied to any pseudo-baseline model whose pricing function
is either semi-closed (usually in integral form) or even fully numerical (Monte-carlo, but more
realistically FD or tree). Clearly we can also employ it with real baselines providing a closed-form
formula, either exact or approximate, in the case where that function is deemed too complex for
establishing a ZDC. Among all these prospects, in our view a few seem to be worthy of future
research, and therefore we describe them briefly now.

Within the baseline models providing closed-form exact pricing, the CEV is an interesting case.
Firstly because it is candidate to several of the baseline extension methods mentioned above :

◮ Through a proper ZDC (see (2.2.12))

◮ By a simpler approximate ZDC (through [HW99] or [HKLW02])

◮ Through an approximate baseline transfer (see (2.2.39) )

◮ By the FD approach

And secondly because it would a priori be a good baseline for the very popular CEV-SABR
model (see Chapter 4). Even more so since the CEV versions using displacement and/or time-
dependent parameters do fall into the same category.
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We continue our prospection with baselines providing semi-closed-form exact pricing, which
is usually done through an integral or transform expression, among which the Heston model
(1.1.6)-(1.1.7) [p.22] stands out as a prime candidate. For instance it could be considered as an
appropriate baseline for the following complex model class





dSt =
√
vt f(t, St) dWt

dvt = κ (v − vt) dt + ǫ
√
vt dBt with 〈dWt, dBt〉 = ρ dt

as an alternative to a pure local volatility baseline. In the same family as Heston, the 3/2 model
is defined in [Lew00] with





dSt

St
=
√
vt dWt

dvt = κ
(
vvt − v2t

)
dt + ǫv

3/2
t dBt with 〈dWt, dBt〉 = ρ(vt) dt

where a semi-closed form solution is provided in the shape of a generalised transform, which
certainly warrants further investigation.

But since we now have the FD alternative for the transfer, it may also be worth examining
baselines that provide pricing through different, fast numerical schemes. For instance, with a
CEV-SABR model whose perturbation αt is independent (ρ = 0), the call price is given by

C(t, St,K, T ) = E


CEV (t, St,K, T ; σ, β) | σ =

√
1

T − t

∫ T

t
α2
s ds




which is also computed in semi-closed form, by numerical integration9 of the CEV formula
(2.2.12) with deterministic volatility, against the density of the functional

∫ T
t α2

s ds. And since
the multiplicative perturbation αt is lognormal, very good approximations can be found for that
marginal. In summary, in the perspective of approximating the smile generated by a full CEV-
SABR (ρ 6= 0) this baseline should a priori give us better results than the pure CEV model,
but at a higher computational cost.
Going even further, it comes by transitivity that we can relate two complex models through the
smiles provided by their respective implied parameters, (provided they each offer such a bijec-
tion). Granted, the overall precision would suffer from the numerical schemes on both sides, but
this is nevertheless an interesting perspective, as it allows to compare both marginal surfaces in
static and dynamic terms.

Overall, an important point to consider when choosing first a baseline, and then an expansion
variable, is the specific support of the marginal distribution. For instance if the complex model
has positive support, then any expansion of the implied normal volatility will require that func-
tional to converge to 0 when the strike does. This point must be kept in mind when dealing
with local volatility coefficients, typically skew functions of stochastic volatility models, since
they will usually determine that support.
On another tack, remark that we have been focusing on transferring the static IATM differen-

tials, but that the dynamic coefficients ∇(m,p)ν̃(⋆) and ∇(m,p)−→̃n (⋆) can also be investigated. In
particular, if we have the generic expression for Σ̃(m,p) in the new baseline then we can apply
Itô and obtain the desired coefficients.
Note finally that this baseline transfer discussion justifies in part the choice of Black’s model as
our initial baseline (see Remark 1.1 p. 28) as it shows that such a choice is not binding, and
that the results obtained can be transferred.

9Obviously single-dimensional, typically using a Gaussian quadrature.
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2.3 Multi-dimensional extensions, or the limitations of recovery

The aim of this section is to extend the previous results to the multi-dimensional case where

both endogenous drivers
−→
W t and

−→
Z t, along with the instantaneous volatilities σt,

−→̃
ν (t, y, θ) and−→̃

n (t, y, θ), are all vectorial processes. In particular we show that in that configuration the re-
covery of the SInsV dynamics, associated to a given SImpV model, quickly gains in complexity.
First let us comment on the modeling pertinence of this extension. As we have discussed before
(see section 1.1.3.3 [p.27]) with only a scalar underlying St in our setup the sole modulus ‖−→σt‖
conveys all the relevant information, so that the multi-dimensional configuration seems futile.
However the situation is different when the underlying itself becomes multi-dimensional, which
can correspond to a number of financial applications, from cross-currency to basket options via
spread options.
First we will rapidly extend the expressions obtained in Chapter 1, namely the Zero drift Con-
ditions, the IATM constraints of the SImpV model, the Recovery theorem and the First Layer
theorem. We shall see that the structural differences are obvious, which is due to the fact that
the implied volatility is a scalar which therefore cannot not convey as easily all the information
contained in vectorial processes. These differences will mainly affect our ability to solve the
inverse problem, but we shall see that such issues are not necessarily unsurmountable.
Later we will apply these new results to a number of practical issues. We shall focus on the rich
case of baskets (see section 2.4) which we will also exploit in the interest rates environment of
Chapters 6 and 7.

The methodology employed and the results obtained being understandably similar to the scalar
case, it seems reasonable to take a shortcut and simply retrace our steps through Sections 1.1
(the framework), 1.2 (the ZDCs), 1.3 (the recovery) and 1.4 (the direct problem).
It is also justified to skip the proofs which are easily derived from the scalar case. We will how-
ever pay particular attention to stressing the changes in both the problem and in the results,
and propose some interpretations when possible.
Another reason for such a rapid coverage is that this section can be seen as simply a ”primer”
for Part II, where the multidimensional setup will again be extended to term structures, and
treated in a comprehensive way. In other words, the results hereafter can be attained quickly
by simply degrading those presented in Chapter 5.

2.3.1 Framework

Let us start by defining our new extended setup. The chaos dynamics of the generic SInsV
model, - down to depth two - come as





dSt
St

= −→σ ⊥
t d
−→
W t(2.3.40)

d−→σ t = −→a 1,tdt +
⇒
a 2,t d

−→
W t +

⇒
a 3,t d

−→
Z t(2.3.41)

d
⇒
a 2,t =

⇒
a 21,tdt +

⇛
a22,t d

−→
W t +

⇛
a23,t d

−→
Z t(2.3.42)

while the SImpV dynamics are now set up as




dSt
St

= −→σ ⊥
t d
−→
W t

dΣ̃(t, y, θ) = b̃ (t, y, θ) dt +
−→̃
ν (t, y, θ)⊥d

−→
W t +

−→̃
n (t, y, θ)⊥d

−→
Z t(2.3.43)

where both drivers are still orthogonal and each with a unit correlation matrix. As in the scalar
case we understate that the underlying is deflated by the numeraire and we have chosen the
corresponding measure to express those dynamics.
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2.3.2 Derivation of the Zero-Drift Conditions

Let us start with the main Zero-Drift Condition, analogous to (1.2.18).

Proposition 2.4 (Zero Drift Condition in the multidimensional case)
Let us consider the vectorial framework established by (2.3.40)-(2.3.41)-(2.3.42)-(2.3.43).
Then we have the following Zero Drift Condition, which is valid in the whole domain :

Σ̃3 b̃(t, y, θ) = θD (t, y, θ) + E(t, y, θ) +
1

θ
F (t, y, θ)(2.3.44)

with





D(t, y, θ) =
1

8
Σ̃4(◦)

[
‖ −→ν − Σ̃

′

y
−→σ t ‖2 + ‖−→n ‖2

]

E(t, y, θ) = Σ̃3(◦)
[

Σ̃
′

θ(◦) − 1
2 ‖
−→σ t‖2 Σ̃

′′

yy(◦) + −→σ ⊥
t

−→̃
ν

′

y(◦) − 1
2
−→σ ⊥

t

−→̃
ν (◦)

]

F (t, y, θ) = 1
2 Σ̃4(◦) − 1

2 ‖−→σ t‖2 Σ̃2(◦) − y Σ̃(◦) −→σ ⊥
t

[ −→̃
ν (◦) − Σ̃

′

y(◦)−→σ t

]

− 1

2
y2
[
‖−→̃ν − Σ̃

′

y
−→σ t‖2 + ‖−→̃n ‖2

]

Proof.
Following closely the scalar case, our first step is to express the dynamics of the absolute implied
volatility Σ through Itô-Kunita. Indeed we have

dy = − 1

St
dSt +

1

2

1

S2
t

〈dSt〉 =
1

2
‖−→σ t‖2 dt − −→σ ⊥

t d
−→
W t and 〈dy〉 = ‖−→σ t‖2 dt

Therefore, taking all sliding quantities in the generic point (◦) △
= (t, y, θ), the dynamics of the

absolute Σ(t, St,K, T ) surface come as

dΣ = b̃ dt +
−→̃
ν ⊥d
−→
W t +

−→̃
n ⊥d
−→
Z t + Σ̃

′

y dy + Σ̃
′

θ dθ +
1

2
Σ̃

′′

yy 〈dy〉 − −→σ ⊥
t

−→̃
ν

′

y dt

which simplifies into

dΣ(t, St,K, T ) =

[
b̃(t, y, θ) − Σ̃

′

θ(t, y, θ) +
1

2
‖−→σ t‖2

[
Σ̃

′

y + Σ̃
′′

yy

]
(t, y, θ) −−→σ ⊥

t

−→̃
ν

′

y(t, y, θ)

]

︸ ︷︷ ︸
b(t,St,K,T )

dt

+
[ −→̃
ν (t, y, θ) − Σ̃

′

y(t, y, θ) −→σ t

]

︸ ︷︷ ︸
−→ν (t,St,K,T )

⊥
d
−→
W t +

−→̃
n (t, y, θ)
︸ ︷︷ ︸
−→n (t,St,K,T )

⊥
d
−→
Z t(2.3.45)

We can now compute the dynamics of Ct/Nt where Ct is the absolute call and Nt the numeraire.

We apply Itô to the normalised Black formula CBS
(
St,K,

√
θΣ
)
, focusing on the finite variation

terms :

d CBS =

[
V
[
−1

2
θ−

1
2 Σ + θ

1
2 b

]
+

1

2
ΓS2

t ‖−→σ t‖2 +
1

2
θΛ
[
‖−→ν ‖2 + ‖−→n ‖2

]
+ ϑθ

1
2St
−→σ ⊥

t
−→ν
]
dt

+
−→
[·]⊥d−→W t +

−→
[·]⊥d−→Z t
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Invoking the martingale argument and injecting the Black greeks (see Appendix C) we get

0 = V
[
−1

2
θ−

1
2Σ + θ

1
2 b

]
+

1

2
θ V

[
y2 Σ−3 θ−

3
2 − 1

4
Σ θ

1
2

] [
‖−→ν ‖2 + ‖−→n ‖2

]

+
1

2
V S−2

t Σ−1 θ−
1
2 S2

t ‖−→σ t‖2 + V S−1
t

[
1

2
+ y Σ−2 θ−1

]
θ
1
2 St

−→σ ⊥
t
−→ν

Considering the strict positivity of V and of θ, we simplify that expression into

b =
1

2
θ−1Σ +

[
1

8
Σθ − 1

2
y2Σ−3θ−1

] [
‖−→ν ‖2 + ‖−→n ‖2

]
− 1

2
Σ−1θ−1‖−→σ t‖2 −

[
1

2
+ yΣ−2θ−1

]
−→σ ⊥

t
−→ν

Invoking (2.3.45), we now replace the absolute functionals by their sliding counterparts :

b̃ = Σ̃
′

θ −
1

2
‖−→σ t‖2

[
Σ̃

′

y + Σ̃
′′

yy

]
+−→σ ⊥

t

−→̃
ν

′

y +
1

2
θ−1Σ̃ +

[
1

8
Σ̃θ − 1

2
y2Σ̃−3θ−1

] [
‖−→̃ν − Σ̃

′

y
−→σ t‖2 + ‖−→̃n ‖2

]

− 1

2
Σ̃−1θ−1‖−→σ t‖2 −

[
1

2
+ yΣ̃−2θ−1

]
−→σ ⊥

t

[−→̃
ν − Σ̃

′

y
−→σ t

]

which after simplification and rescaling by Σ̃3(t, y, θ) proves (2.3.44) and concludes the proof.

Let us now leave the general field (t, y, θ) to focus on the immediate domain (t, y, 0). In order to
establish the following results, we need to ensure the existence of limits when θ ց 0 for several
processes. This is where a regularity package equivalent to Assumption 1.2 [p.33] needs to be
invoked. Since it consists in a simple translation to a vectorial framework for ν̃

′

θ and ν̃
′′

yθ, we
shall dispense with making it explicit.
We can then move on to the Immediate Zero-Drift Condition, which sees the scalar result (1.2.28)
becoming

Corollary 2.1 (Immediate Zero drift Conditions in the multi-dimensional case)
As a consequence of the ZDC (2.3.44), the sliding SImpV model (2.3.40)-(2.3.43) is constrained
by these two equivalent IZDCs :

In the immediate domain (•) = (t, y, 0) we have a.s.:

◮ The Primary IZDC :

0 = Σ̃4(•) − ‖−→σ t‖2 Σ̃2(•) − y 2 Σ̃(•) −→σ ⊥
t

[ −→̃
ν (•) − Σ̃

′

y(•) −→σ t

]
(2.3.46)

− y2
[
‖−→̃n (•)‖2 + ‖−→̃ν (•) − Σ̃

′

y(•) −→σ t‖2
]

◮ The Secondary IZDC :

Σ̃3 b̃(t, y, 0) = E(t, y, 0) + F
′

θ(t, y, 0)(2.3.47)

Proof.
Again we follow very closely the proof for the scalar case, since the dimensionality issue does
not affect its principles. The (multi-dimensional) Immediate Regularity Assumption 1.2 applied
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to the ZDC (2.3.44) implies in particular that

lim
θց0

F (t, y, θ) = 0

which proves the Primary IZDC (2.3.46) and provides a lower bound for the convergence speed.
Using a small-θ expansion on that same term F provides that

lim
θց0

1

θ
F (t, y, θ) = F

′

θ(t, y, 0)

Then injecting that result into the ZDC (2.3.44) and invoking Assumption 1.2 proves the Sec-
ondary IZDC (2.3.47) and concludes the proof.

We observe that all the coefficients corresponding to the non-finite variation are now vectorial,
so that any product involving a pair of these becomes a scalar product, while quadratic terms
now come up as squared moduli. But apart from these points, the structure remains very similar
to the single-dimensional case. Finally we can bring forward the IATM Identity, where (1.2.36)
becomes

Corollary 2.2 (IATM identity in the multi-dimensional case)
Taking y = 0 in (2.3.46) we obtain that

At the Immediate ATM point (t, 0, 0) we have a.s.

‖−→σ t‖ = Σ̃(t, 0, 0)(2.3.48)

This result supports Remark 1.2 [p.28] regarding the modulus of −→σ t and its positivity. It also
highlights the structural loss of information, with regard to the individual components of the
vectorial instantaneous stochastic volatility −→σ t, that comes from using an aggregated, scalar
implied parameter such as a volatility, or even a price for that matter.
Let us illustrate this point in the simple context of a bi-dimensional volatility −→σt . To that end
we assume a pair of underlyings, each with its own scalar volatility, and which can associated
to generate a third scalar underlying :

St = f ( S1,t , S2,t ) with
dS1,t
S1,t

= −→σ1,t⊥d
−→
W t and

dS2,t
S2,t

= −→σ2,t⊥d
−→
W t

This kind of functional setup covers for instance the cross-currency framework of [DK08]. It can
also be generalised in higher dimension in order to include baskets, which will be covered shortly.
Considering the new underlying St, we assume an associated smile Σ̃ and we are interested in its
volatility −→σt . The dimensionality imposes that, should we wish to recover the full information on
−→σt , we will require two independent sources. Using in particular a polar representation instead
of a cartesian one, we can interpret the IATM Identity (2.3.48) as providing only the modulus
of the instantaneous volatility. In other words, we are still missing its angle, which represents
its allocation along each driver : intuitively, that information is conditioned by the instanta-
neous correlation between S1 and S2. At this stage, it also seems natural that the missing data
should come from a further product, and the respective smiles of S1 and S2 are prime candidates.
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2.3.3 Recovering the instantaneous volatility : the first layer

First, let us establish the equivalent of proposition 1.2.

Proposition 2.5 (IATM constraints on the SImpV model in the vectorial case)
A sliding SImpV model defined by (2.3.40)-(2.3.43) has its dynamic coefficients constrained to
satisfy the following, at the IATM point (t, 0, 0) :

−→σ ⊥
t

−→̃
ν (⋆) = 2 Σ̃2(⋆) Σ̃

′

y(⋆)(2.3.49)

−→σ ⊥
t

−→̃
ν

′

y(⋆) =
3

2
Σ̃2(⋆) Σ̃

′′

yy(⋆) + 3 Σ̃(⋆) Σ̃
′

y

2
(⋆) − ‖

−→̃
ν (⋆)‖2 + ‖−→̃n (⋆)‖2

2 Σ̃(⋆)
(2.3.50)

b̃(⋆) = 2 Σ̃
′

θ(⋆) − 1
2 Σ̃2(⋆) Σ̃

′′

yy(⋆) − 1
2
−→σ ⊥

t

−→̃
ν (⋆) + −→σ ⊥

t

−→̃
ν

′

y(⋆)(2.3.51)

Proof.
Differentiating the new IZDC (2.3.46) once w.r.t. y, then taking it in (t, 0, 0) and invoking the
IATM identity (2.3.48) leads to (2.3.49). Similarly, differentiating the new IZDC twice w.r.t. y,
then taking it in (t, 0, 0) and using the IATM identity leads to (2.3.50).
Applying a small-θ-expansion to the ZDC (2.3.44) leads to the same symbolic equation as
(1.2.33), where now

F
′

θ(◦) = 2 Σ̃3 Σ̃
′

θ(◦) − ‖−→σ t‖2 Σ̃ Σ̃
′

θ(◦) − y [. . .] − 1
2 y

2 [. . .]

Taking that expression in (t, 0, 0) and invoking the IATM identity (2.3.48) then yields (2.3.51).

Comparing Proposition 2.5 with its scalar counterpart which is Proposition 1.2 [p.38], it appears
that although the drift expressions (1.3.39) and (2.3.51) are very similar, by contrast in (2.3.49)
and in (2.3.50) no further simplification is possible. In other words we cannot isolate respectively−→̃
ν (t, 0, 0) and

−→̃
ν

′

y(⋆) any more, as was the case with (1.3.37) and (1.3.38). Indeed, we can rewrite
(2.3.49) for instance as

−→σ ⊥
t

[−→̃
ν (⋆)

]
= −→σ ⊥

t

[
2 Σ̃

′

y(⋆) −→σ t

]

but clearly that equation does not ensure that both the l.f.s. and r.h.s. brackets are a.s. equals.
In other words, due to the aggregation of information brought by the scalar implied volatility,

the only constraints applied to
−→̃
ν (⋆) and

−→̃
ν

′

y(⋆) concern their moduli and their angle w.r.t.
the instantaneous volatility −→σ t. In the prospect of recovery however, it is possible to turn this
argument around and extract more information on −→σ t, as illustrated in the following remark.

Remark 2.2
Let us assume that

−→
W t is of dimension two, which means that overall our model is at least tri-

dimensional. We omit arguments t and (t, 0, 0) and use cartesian coordinates for as the following
notations :

−→σ t
△
=

[
σ1
σ2

] −→̃
ν (⋆)

△
=

[
ν1
ν2

] −→̃
ν

′

y(⋆)
△
=

[
ν

′

1

ν
′

2

]
⇒
M

△
=

[
ν1
ν

′

1

ν2
ν

′

2

]



128CHAPTER 2. VOLATILITY DYNAMICS FOR A SINGLEUNDERLYING : ADVANCEDMETHODS

Then combining (2.3.49) with (2.3.50) provides the system :

⇒
M

[
σ1
σ2

]
=

[
I1
I2

]

where I1 and I2 are expressions provided purely by the IATM SImpV model :





I1 = 2 Σ̃2 Σ̃
′

y(⋆)

I2 =
3

2
Σ̃

2
Σ̃

′′

yy(⋆) + 3 Σ̃ Σ̃
′

y

2
(⋆) − 1

2
Σ̃−1

[
‖−→̃ν ‖2 + ‖−→̃n ‖2

]
(⋆)

Therefore, assuming
⇒
M is not singular, in this simple case it is possible to entirely recover −→σ t.

Note that the IATM identity (2.3.48) must also be verified, amounting to

σ21 + σ22 = Σ̃2(⋆)

Note that this equation, combined exclusively with either (2.3.49) or (2.3.50) is a priori not
sufficient to reconstruct the vectorial volatility by solving for σ1 and σ2.
As for higher endogenous dimensions, it seems rather natural to anticipate that each succes-
sive differentiation of the Primary IZDC (2.3.46) should bring another equation of the type of
(2.3.49) and (2.3.50), to be added to the existing system. Indeed, ∇(n) IZDC taken at the IATM

point should involve −→σ ⊥
t

−→̃
ν yn(n)(⋆), which suggests that an n-dimensional instantaneous volatil-

ity −→σ t could be recovered. We leave for further research however, the corresponding formal study,
which should establish the generic shape of the differientated IZDC and of the equation system,
and if possible some partial or complete characterisation of the latter’s solvability.
Note finally that this remark is extended to a more powerful version when working in the interest
rates framework : see Remark 5.5 [p.286].

We will see that notwithstanding the technique presented above in Remark 2.2, the dimension-
ality feature does alter the recovery, into which we move now.

Theorem 2.3 (Recovery of the modulus dynamics in the multi-dimensional case)
A given sliding SImpV model, as defined by (2.3.40)-(2.3.43), is associated to a SInsV model,
defined by (2.3.40)-(2.3.41)-(2.3.42) and for which we have the following modulus dynamics :

d ‖−→σ t‖ =

[
2Σ̃

′

θ(⋆) + ‖−→σ t‖2
[
Σ̃

′′

yy(⋆) − Σ̃
′

y(⋆)
]

+ 3‖−→σ t‖ Σ̃
′

y

2
(⋆) − ‖

−→̃
ν (⋆)‖2 + ‖−→̃n (⋆)‖2

2‖−→σ t‖

]
dt

+
−→̃
ν (⋆)⊥d

−→
W t +

−→̃
n (⋆)⊥d

−→
Z t(2.3.52)

Proof.
Assuming sufficient regularity to do so, we first take the dynamics on both sides of (2.3.48).
Then replacing the last two terms of (2.3.51) respectively by (2.3.49) and (2.3.50) provides :

b̃(⋆) = 2Σ̃
′

θ(⋆)− 1
2Σ̃2Σ̃

′′

yy(⋆)− Σ̃2Σ̃
′

y(⋆) +
3

2
Σ̃2Σ̃

′′

yy(⋆) + 3Σ̃ Σ̃
′

y

2
(⋆) − ‖

−→̃
ν (⋆)‖2 + ‖−→̃n (⋆)‖2

2Σ̃(⋆)
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so that after simplification we get the drift as

(2.3.53) b̃(t, 0, 0) = 2Σ̃
′

θ(⋆) + Σ̃2Σ̃
′′

yy(⋆) − Σ̃2Σ̃
′

y(⋆) + 3Σ̃ Σ̃
′

y

2
(⋆)− ‖

−→̃
ν (⋆)‖2 + ‖−→̃n (⋆)‖2

2Σ̃(⋆)

which after factorisation gives (2.3.52) and concludes the proof.

However the actual dynamics that we seek are not those of the modulus ‖−→σ t‖ but those describ-
ing the vectorial instantaneous volatility −→σ t, which are inherently richer. This explains why the
recovery is only partial, which we formalise with the following corollary.

Corollary 2.3 (Partial recovery of the first layer in the multi-dimensional case)
As a consequence of Theorem 2.3, the dynamics of the SInsV model defined by (2.3.40)-(2.3.41)-
(2.3.42) can be partially recovered from the sliding SImpV model as per :

⇒
a 2,t
−→σ t = Σ̃(⋆)

−→̃
ν (⋆)(2.3.54)

⇒
a 3,t
−→σ t = Σ̃(⋆)

−→̃
n (⋆)(2.3.55)

−→σ ⊥
t
−→a 1,t = −1

2

[
‖⇒a 2,t‖2 + ‖⇒a 3,t‖2

]
(2.3.56)

+ 2 Σ̃Σ̃
′

θ(⋆) + Σ̃3
[

Σ̃
′′

yy(⋆) − Σ̃
′

y(⋆)
]

+ 3 Σ̃2 Σ̃
′

y

2
(⋆)

−−−−−−−−−−→[
a22 ijk σ i σ j

]
t

= − ⇒
a
⊥

2,t

[
⇒
a 2,t +

⇒
a
⊥

2,t

] −→σ t + 2
[
3 Σ̃2 Σ̃

′

y

−→̃
ν (⋆) + Σ̃3 −→̃ν ′

y(⋆)
]

(2.3.57)

Proof.
For ease of computation, let us first take the IATM identity (2.3.48) to the square, before
computing its dynamics. Developing the right-hand side we obtain

dΣ̃2(⋆) = 2Σ̃(⋆)
[
dΣ̃(⋆)

]
+ ‖−→̃ν (⋆)‖2 dt+ ‖−→̃n (⋆)‖2 dt

=
[
2Σ̃(⋆)̃b(⋆) + ‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2

]
dt+ 2Σ̃(⋆)

−→̃
ν (⋆)⊥ d

−→
W t + 2Σ̃(⋆)

−→̃
n (⋆)⊥ d

−→
Z t

In the drift bracket above, replacing the term b̃(t, 0, 0) by its expression (2.3.53) we get :

dΣ̃2(⋆) =
[

4Σ̃Σ̃
′

θ(⋆) + 2 Σ̃3(⋆)
[
Σ̃

′′

yy(⋆) − Σ̃
′

y(⋆)
]

+ 6 Σ̃2 Σ̃
′

y

2
(⋆)
]
dt

+ 2 Σ̃
−→̃
ν (⋆)⊥ d

−→
W t + 2 Σ̃

−→̃
n (⋆)⊥ d

−→
Z t(2.3.58)

In parallel, we can also compute the dynamics of ‖−→σ t‖2 directly from the SInsV specification.
Using (D.0.14) [XIII] and (D.0.13) [XIII] we get

d ‖−→σ t‖2 = 2 −→σ ⊥
t d−→σ t + 〈d−→σ t〉

=
[

2−→σ ⊥
t
−→a 1 + ‖⇒a 2,t‖2 + ‖⇒a 3,t‖2

]
dt + 2 −→σ ⊥

t
⇒
a 2,t d

−→
W t + 2 −→σ ⊥

t
⇒
a 3,t d

−→
Z t(2.3.59)

From the uniqueness of Itô’s decomposition we can identify terms between (2.3.58) and (2.3.59).
We obtain respectively (2.3.54) and (2.3.55) for the non-finite variation terms, while from the
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drift term comes

2 −→σ ⊥
t
−→a 1,t + ‖⇒a 2,t‖2 + ‖⇒a 3,t‖2 = 4Σ̃Σ̃

′

θ(⋆) + 2 Σ̃3
[
Σ̃

′′

yy − Σ̃
′

y

]
(⋆) + 6 Σ̃2 Σ̃

′

y

2
(⋆)(2.3.60)

which after simplification provides (2.3.56).
We now compute the right product of (2.3.54) by −→σ t and inject (2.3.49) to obtain

−→σ ⊥
t
⇒
a 2,t
−→σ t = Σ̃(⋆)

−→̃
ν (⋆)⊥−→σ t = 2 Σ̃3 Σ̃

′

y(⋆)(2.3.61)

Let us derive the dynamics on both sides of (2.3.61), focusing on the endogenous component.

◮ On the r.h.s. we get

d
[
2 Σ̃3Σ̃

′

y(⋆)
]

= 2
[
3 Σ̃2 Σ̃

′

y

−→̃
ν (⋆) + Σ̃3 −→̃ν ′

y(⋆)
]⊥
d
−→
W t + [· · ·] dt +

−−→
[· · ·]⊥d−→Z t

◮ On the l.h.s., using (D.0.17) we obtain

d
[−→σ ⊥

t
⇒
a 2,t
−→σ t

]
= −→σ ⊥

t
⇒
a
⊥

2,t
⇒
a 2,t d

−→
W t + −→σ ⊥

t

[
⇛
a22,t d

−→
W t
−→σ t +

⇒
a 2,t

⇒
a 2,t d

−→
W t

]

+
−−→
[· · ·] d−→Z t + [· · ·] dt

so that, identifying both sides and using modified Einstein’s notations we get

−→σ ⊥
t

[
⇒
a
⊥

2,t +
⇒
a 2,t

]
⇒
a 2,t +

−−−−−−−−−→[
a22 ijk σ i σ j

]
⊥
t = 2

[
3 Σ̃2 Σ̃

′

y

−→̃
ν (⋆) + Σ̃3 −→̃ν ′

y(⋆)
]⊥

which after simplification and transposition gives (2.3.57) which concludes the proof.

In view of the previous Remark 2.2, one can wonder whether the same technique could be applied
in order to recover

⇒
a 2,t for instance. Without a convincing case to present though, we prefer to

leave this argument for further research. It is interesting to note, however, that in this recovery
issues the endogenous direction should be expected to appear first, as it is structurally privileged.

2.3.4 Generating the implied volatility : the first layer

Moving on to the direct problem, it becomes interesting to exploit the angle vs modulus argu-
ments developed above, and to introduce the following scaled coefficients.

Definition 2.7
The normalised instantaneous volatility is represented by

−→u t
△
=
−→σt
σ

where σ
△
= ‖−→σt‖

Similarly, we can scale the relevant tensorial coefficients invoked in the dynamics of −→σt , which
is consistent since the convention used to write those has been chosen as normal :

−→c 1,t
△
=
−→a 1,t

‖−→σt‖
⇒
c 2,t

△
=

⇒
a 2,t

‖−→σt‖
⇒
c 3,t

△
=

⇒
a 3,t

‖−→σt‖
⇛
c 22,t

△
=

⇛
a22,t

‖−→σt‖
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Theorem 2.4 (Generation of the Σ̃-(2,0) group in the multi-dimensional case)
Under the stochastic instantaneous volatility model defined by (2.3.40)-(2.3.41)-(2.3.42), the fol-
lowing IATM differentials of the sliding SImpV model can be expressed :

Local differentials of the shape process :

Σ̃
′

y(⋆) =
1

2
−→u ⊥

t
⇒
c 2,t
−→u t(2.3.62)

Σ̃
′′

yy(⋆) = σ−1

[
− 3

2

[ −→u ⊥⇒
c 2
−→u
]2

+
1

3
−→u ⊥

[
⇒
c
⊥

2
⇒
c 2 +

⇒
c 2

⇒
c 2 +

⇒
c 2

⇒
c
⊥

2

]−→u

+
1

3
−→u ⊥⇒

c 3
⇒
c
⊥

3
−→u +

1

3

[
ui uj uk c22 ijk

] ]
(2.3.63)

Σ̃
′

θ(⋆) = σ2
[

1

4
−→u ⊥⇒

c 2
−→u
]

+ σ

[
1

2
−→u ⊥−→c 1 +

1

4
‖⇒c 2‖2 +

1

4
‖⇒c 3‖2 +

3

8

[−→u ⊥⇒
c 2
−→u
]2

−1

6
−→u ⊥⇒

c 3
⇒
c
⊥

3
−→u − 1

6
−→u ⊥
[
⇒
c
⊥

2
⇒
c 2 +

⇒
c 2

⇒
c 2 +

⇒
c 2

⇒
c
⊥

2

]−→u − 1

6

[
ui uj uk c22 ijk

]]
(2.3.64)

Local differentials of the dynamics processes :

−→̃
ν (⋆) =

⇒
a
⊥

2
−→u(2.3.65)

−→̃
n (⋆) =

⇒
a
⊥

3
−→u(2.3.66)

−→̃
ν

′

y(⋆) = −3

2

[ −→u ⊥⇒
c 2
−→u
]

⇒
c
⊥

2
−→u +

1

2

⇒
c
⊥

2

[
⇒
c 2 +

⇒
c
⊥

2

] −→u +
1

2

−−−−−−−−−−→[
ui c22 ijk uj

]
(2.3.67)

Before going into the proof, let us comment on these results. First, for the benefit of readers
interested in the tensorial aspects of the problem, in particular the numerical and genericity
concerns, we provide the following re-expressions of the terms invoked by Theorem 2.4 :
[ −→u ⊥⇒

c 2
−→u
]

⇒
c
⊥

2
−→u =

−−−−−−−−−−−−→[
uiujuk c2 ij c2 kl

] −→u ⊥⇒
c 2
−→u =

[
uiuj c2 ij

]

⇒
c
⊥

2

[
⇒
c 2 +

⇒
c
⊥

2

] −→u =
−−−−−−−−−−−−−−−→[
ui
(
c2 ij + c2 ji

)
c2 jk

] −→u ⊥⇒
c 3

⇒
c
⊥

3
−→u =

[
uiuj c3 ik c3 jk

]

Besides, we have trivially that ‖⇒c ∗‖2 =
[
c∗

2
ij

]
and also we note the most complex term, that

we shall revisit shortly :

−→u ⊥
[
⇒
c
⊥

2
⇒
c 2 +

⇒
c 2

⇒
c 2 +

⇒
c 2

⇒
c
⊥

2

]−→u =
[
uiuj

(
c2 ki c2 kj + c2 ik c2 kj + c2 ik c2 jk

)]

The natural next move is to check that those expressions fallback onto the scalar ones when
the dimension collapses, which it does. We can then ponder on homogeneity aspects, where the
use of normalised quantities becomes useful. It shows that the three dynamic coefficients are
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adimensional, while the IATM skew and curvature show consistency and suggest the existence
of a pattern for pure-y differentials10. On the other hand, the IATM slope Σ̃

′

θ(⋆) exhibits two
distinct units : beyond the inherent cohabitation of drift terms and squared non-finite-variation
terms which is due to Itô, we see this feature as another hint that a different parametrisation
might provide some structural information.

We now turn to symmetry issues, in which respect any distinct treatment of the endogenous

matrix
⇒
a 2,t and of its transpose

⇒
a
⊥

2,t seems surprising. This occurs for only one term, the most
involved expression mentionned above, but which can be symmetrised by using (D.0.16) :

−→u ⊥
[
⇒
c
⊥

2
⇒
c 2 +

⇒
c 2

⇒
c 2 +

⇒
c 2

⇒
c
⊥

2

]−→u = −→u ⊥

[
1

2

⇒
c 2

⇒
c 2 +

1

2

⇒
c
⊥

2
⇒
c
⊥

2 +
⇒
c 2

⇒
c
⊥

2 +
⇒
c
⊥

2
⇒
c 2

]
−→u

In our view, these remarks confirm that within the ACE methodology, whether scalar or multi-
dimensional, symmetries and induction structures are very common. For the sake of interpre-
tation as well as to simplify the computations, these features should be identified and exploited
as soon as possible in the process, which would probably require the introduction of dedicated
notations.

Proof of Theorem 2.4
The first step is to take the IATM Identity (2.3.48) to the square and then to compute the
dynamics of both sides, as was done for the recovery :

◮ On one hand, the identification of the non-finite variation terms between (2.3.58) and
(2.3.59) combined with the normalised notations of Definition 2.7 provides immediately
the coefficients through (2.3.65) and (2.3.66).

◮ On the other hand, identifying the drifts provides (2.3.60) which will be used later to
obtain the IATM slope.

The second step is to invoke the Immediate ATM arbitrage constraints of the SImpV model.
First we combine (2.3.49) with (2.3.65) and then normalise all coefficients, which provides the
IATM skew through (2.3.62). Then we observe that (2.3.50) gives the IATM curvature Σ̃

′

y(⋆)

as an explicit function of
−→̃
ν

′

y(⋆) while (2.3.51) gives the slope as a an explicit function of Σ̃
′

y(⋆).

In consequence we embark upon expressing
−→̃
ν

′

y(⋆).

To that end, the third step consists in computing the dynamics of the skew expression (2.3.62).
For simplicity we start with the original (scaled) coefficients :

d
[

2 Σ̃3Σ̃
′

y(⋆)
]

= d
[ −→σ ⊥

t
⇒
a 2,t
−→σ t

]

Using (D.0.17) [p.XIII] and omitting both the non-endogenous terms and the arguments we get

2
[

3 Σ̃2Σ̃
′

y

−→̃
ν + Σ̃3−→̃ν ′

y

]⊥
d
−→
W t = −→σ ⊥⇒

a
⊥

2 [d −→σ ] +−→σ ⊥

[[
d

⇒
a 2

]−→σ +
⇒
a 2 [d −→σ ]

]
+ · · ·

Developing that expression, we note that according to (D.0.9) [p.XII] we have

[
d

⇒
a 2

] −→σ =
[

⇛
a22 d

−→
W + · · ·

] −→σ =

−−−−−−−−→−−−−−−−−→[
a22 ijk σj

]
d
−→
W + · · ·

10More precisely that the unit of Σ̃
(n)
yn (⋆) should be ‖−→σ t‖1−n. Certainly in the bi-dimensional setting, as will

be proven in Chapter 3, this property is verified for Σ̃
′′′

yyy(⋆) and Σ̃
′′′

yyy(⋆).
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The uniqueness of Itô’s decomposition allows to identify the endogenous terms and to obtain

2
[

3 Σ̃2Σ̃
′
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−→̃
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y

]⊥
= −→σ ⊥
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⇒
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]
⊥

which after invoking (2.3.65) and (2.3.62) provides
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Eventually the normalisation leads us to
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which after re-ordering proves (2.3.67). We can now rewrite (2.3.50) as
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Injecting expressions (2.3.62)-(2.3.65)-(2.3.66)-(2.3.67) and omitting the arguments we obtain
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Using (D.0.16) we develop that expression into
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which after simplification proves (2.3.63). Finally, in order to get the slope we recall the drift
identity (2.3.60) which rewrites
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Injecting (2.3.62) and (2.3.63) we get
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which after simplification proves (2.3.64) and concludes the proof.
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2.4 Illustration of the vectorial framework : the basket case

Before introducing the notion of maturity-dependent underlying in Part II, we now extend the
previous results by focusing on the basket case11, i.e. considering baskets of underlyings, which
naturally bring forward the multi-dimensional context.
After exposing several motivational arguments, we set a generic framework for all baskets. We
then list the various configurations that can be met in practice, and select the two types that
are most relevant for this study : the coefficient and asset baskets. Afterwards we can state
our objectives, which consist in computing the first layer’s Σ̃-(2,0) IATM differentials associated
to the smile of the asset basket. Given the results of the previous sections, we know that
obtaining those differentials only require deriving the σ-(2,0) dynamic coefficients of the same
asset basket. But since its volatility structure is multi-dimensional, this implies in turn to
compute the dynamics of the coefficient basket. We can then specialise the results to fixed-
weights asset baskets and propose interesting interpretations in both cases.

2.4.1 Motivation

We consider that the motivation for this intermediate step (i.e. before moving on to term
structures) can be broken down into four broad categories :

1. Basket products represent genuine and common features of the financial world, which
come in many forms : indexes, custom underlyings for exotic options, or even spreads.
Furthermore, European options written on those are also frequent and can be very liquid.

2. In the modeling world, the mixture approaches have recently regained in popularity. They
can be schematically split in two categories : either mixtures of prices or mixtures of
underlyings. We will see that the (most common) first case can be treated directly using
our scalar framework. The second case however, a.k.a ”basket of models” is both more
interesting and more involved. If one considers a (single) underlying whose dynamics are
defined by a mixture of SDEs, then applying our asymptotic approach naively can prove
lengthy (the computing cost can be linear in the number of component models). Hence it
is useful to propose generic formulas and some qualitative interpretations for that case.

3. The basket provides a good illustration of the added complexity brought by the multi-
dimensionality, as described previously. Furthermore this is achieved without any maturity
dependency, and we shall see later that in practice it is the former factor that drives the
complexity of the computations (but not of the conceptual framework).

4. Lastly, the generic results obtained in this section will prove very useful to accelerate
several computations, in that coming part of the study dedicated to maturity-dependent
frameworks. Indeed, many term structure instruments, such as swap rates for instance, can
be either written or approximated as baskets (i.e. with either stochastic or fixed weights).

Let us quickly develop on the first point, i.e. the motivation for baskets as existing financial
instruments : the notion is fairly widespread in modern finance, although not always in an
explicit fashion. For instance, we can easily relate to baskets of stocks, whether they define
an equity index (SP500, CAC40, FTSE100, etc.) or the underlying for an equity derivative
product (e.g. ”Moutain Range” options ; those are usually OTC custom baskets mainly used
for correlation trading). Note that in the former case, the weights tend to be fixed, but looking
at cross-currency and quanto products for instance shows that the weights themselves can be
stochastic. But baskets can be generalised and found in various asset classes. They appear with
inflation products, since the CPI12 is by definition a typical ”household” consumption basket.

11Pun intended.
12Consumer Price Index.



2.4. ILLUSTRATION OF THE VECTORIAL FRAMEWORK : THE BASKET CASE 135

They also show up in credit derivatives, which involve baskets of names. And as mentionned,
they intervene with interest rates derivatives such as CMS spreads or swap rates13. This list is
far from exhaustive, and simply illustrates the familiarity of the concept.

It is therefore no surprise that in the literature also, the topic of financial baskets has attracted
some attention. Generally the objective of the authors is to relate the individual dynamics, often
implied from the individual smiles, to those of the basket. The trend is to focus on fixed weights
and naturally to focus on the correlation structure. The methods employed can broadly be
categorised, as usual, between closed-form and numerical, the latter involving the full available
spectrum : Monte-Carlo, trees, PDE schemes, Fourier transforms, etc. Naturally, in the context
of our study we will focus mainly on analytical methods. Note that baskets are often seen as
spatial averages, while arithmetic asian options represent time averages ; for that reason, many
articles treat both subjects, with a definite popularity for blending them into asian baskets. Let
us mention only but a few of the contributions in this domain.
A popular topic consists in the establishment of upper and lower limits for prices of european
basket options. In [dG06] several bounds are computed, in closed and semi-closed forms via
linear programming, but only for specific cases. By contrast, in [LW04] some lower and upper
bounds are computed in a very general case, where little information is available w.r.t. the
individual components, by using duality methods and replication arguments.
Another frequent subject is the use of moment matching techniques. In [BMRS02] the authors
use such methods in order to approximate the basket’s marginal distribution in the sense of
two specific distances, including Kullback-Leibler, and focus on simple dynamics of the shifted
lognormal family. Other moments-based methods, often based on specific classes of parametric
distribution functions, can be found in [PM98] for instance.
An interesting approach can be found in [MDJP02], an equity basket with fixed weights is
considered, where each individual stock admits local volatility dynamics and with constant cor-
relations. The aim is to provide pricing approximations for options on the basket, and the key
ingredient is to rely on the most likely configuration of the individual stock prices corresponding
to a given basket level. In turn the authors link the local volatility of the basket to the individual
local volatilities, before moving on to implied volatilities. One can find many more approaches
in the literature, include for instance expansion techniques, or even geodesics.
Finally let us mention [d’A03] (Chap 3), which in the context of an LMM framework investigates
the freezing approximation, used to proxy the volatility of a basket of lognormal underlyings.
Exploiting an asymptotic expansion approach, it proposes corrective terms to the frozen price
formula : we will discuss these subjects again in section 7.6 [p.358].

Let us now expand on the second point by discussing further the mixture modeling approach.
In mathematical finance, the term applies to several distinct pricing methodologies. The most
common of these fall into the broader category of mixture of prices, or mixture of marginals. In
a nutshell, it consists in considering a (usually finite) number of simple processes, weighting and
adding up their marginal distributions, and then considering those to belong to the underlying.
The second category is sometimes called mixture of assets and is more rarely found. It assumes
the underlying itself to be a mixture of simpler processes, whose dynamics can be correlated.
In terms of establishing the marginal distributions, this second method will evidently be more
complex, as it naturally invokes convolution properties. Let us present in more detail both
approaches and how our methodology can be applied to them.

Concerning the mixture of prices methodology, an easy introduction and insightful comparison
can be found in [Pit05a]. In particular it shows that a naive undertaking can easily bring incon-
sistency, in the form of arbitrage opportunities. We now discuss the most popular approaches

13Indeed, as we will recall in Chapter 7, a par swap rate can be written as a basket of Libor rates, but with
stochastic (albeit relatively stable) weights.
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found in the literature.
The first price mixing method that we present is fully consistent but uses the mixture indirectly,
as a tool to get fast European option prices. Developed in [BMR02] and in several other papers
from the same authors, its final target is actually a pure local volatility model. Its principle
is to fit a whole implied volatility surface14as best as possible, with a finite collection of dis-
placed lognormal processes15 . It uses a fixed-weights, convex combination of the latter, so that
all European prices are obtained in closed form. Given that projection of the marginals onto
the individual displaced Black-Scholes models, a Dupire-like argument then provides the local
volatility model associated to the mixture.
In summary, this corresponds to a parametric local volatility approach, but exhibiting the ad-
ditional property of easily providing vanilla prices. This Dupire model is now calibrated to the
smile, and can be used dynamically to price and hedge exotic, path-dependent options. Note
that the methodology can easily be extended, and the model’s dynamic behaviour improved
(although at a higher numerical cost) by adding a single and independent stochastic volatility
perturbation, shared by all individual components and therefore by the underlying.
Which leads us to the price mixing second approach, whose principle can be tracked back to such
independent, stochastic volatility models (e.g. FL-SV). Let us consider for instance a lognormal
model with an orthogonal, multiplicative volatility perturbation. When pricing a European Call
in that model, we can simply condition the expectancy w.r.t. individual volatility paths, and
then integrate Black’s formula against the latter’s distribution. In that integration, the perti-
nent variable, or functional of the path, is simply the effective variance ζ(t, T ) =

∫ T
t σ2sds, whose

distribution can usually be well approximated by a sparse, discrete measure {(ζi, pi)}1≤i≤N .
Which means that the call is priced by convex combination as

Ct(K,T ) =

N∑

i=1

pi(t, T ) Black(K,σ2 = (T − t)−1ζi(t, T ))

Using this approximation for European options of a given expiry is valid. What is not consistent
however, as pointed in [Pit05a], is to generalise the above pricing approach indiscriminately.
Indeed, several authors propose to use a pricing methodology such as

(2.4.68) V (Φ) =

N∑

i=1

pi Vi(Φ)

where Φ represents the payoff to evaluate and Vi is its price in each simple, individual model.
In [Gat03a] for instance, the author proposes to mix displaced lognormal instances of the Libor
Market Model, in order to capture skew and curvature. Each individual model is therein con-
sidered parameterised by its own term-structure of time-dependent volatilities and of constant
displacements. Since each model produces its own Caplet prices in closed form, it is then pro-
posed to proceed by convex combination of these models.
Unfortunately, that approach presents the drawback of not being consistent with a dynamic
model. Taking our previous perturbated lognormal example, it is clear that the discrete {(ζi, pi)}
distribution will a priori change with the Call’s expiry T , so that (2.4.68) would not be valid
to price another european, let alone an exotic option. Even if we could find a dynamic process
for the volatility that would make that distribution stationary, we would have to start with an
uncertain volatility. Furthermore, provided that solution exists, we have no reason to believe
that it is unique (actually, quite the contrary). This is problematic, since leaving the dynamic
process undetermined does not allow us to price path-dependent options. Finally, even if we
were to forgo any idea of a dynamic process for our underlying, [Pit05a] exhibits a simple ex-
ample of path-dependent payoff (a compound put, or bermudan option) for which the pricing

14Actually, a series of smiles for benchmark expiries and therefore the associated marginal distributions
15All sharing the same initial value as the underlying.
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methodology of (2.4.68) is not self-consistent.

All in all, if the weights are fixed and if we are only interested in the direct problem, i.e. extrap-
olating the smile shape and dynamics from the specification of the model’s dynamics, then our
asymptotic methodology applies seamlessly to all these mixture of prices approaches. Indeed,
it suffices to extrapolate the implied volatility for each individual sub-model, to deduce the cor-
responding Call prices for all strikes and therefore the marginal densities, and then to proceed
with the weighted sum. Clearly, this class of models does not warrant a specific treatment in
comparison with the single-underlying, scalar framework of Chapter 1.

On the other hand, the mixture of underlyings approach does require the multi-dimensional
results, and deserves more attention. This more complex framework builds on the notion of
mixtures of stochastic processes, which is a well-documented field both in the probabilistic and
statistical domains. Simply put, we equip ourselves with a finite collections of N individual
processes, each explicitely defined by its SDE, and then take their weighted sum to obtain our
scalar underlying. For instance we can set :

dSi,t
Si,t

= −→σi,t⊥d
−→
W t for 1 ≤ i ≤ N and then St =

N∑

i=1

λi,tSi,t

where the dynamics of the individual volatilities −→σi,t and of the weights λi,t will have to be
specified, and can involve an exogenous driver. In most practical cases the weights are taken as
constants, and the individual dynamics are such that close forms are available for the pricing
of vanilla options. Typically the Si,t are taken as normals or lognormals, but one can throw in
some local and/or stochastic local volatility, or even jumps.
The bottom line is that St is a legitimate underlying with rich dynamics, so that pricing and
hedging of vanilla and exotic (including path-dependent) options can (theoretically) be achieved
consistently. Note however that the Markovian dimension of the problem will usually stay high
(at N), so that numerical methods will become expensive. We now show how to apply our
asymptotic results in such a context of mixture of underlyings modeling.

2.4.2 Framework and objectives

It serves our purpose well to define a basket in all generality, as

Mt
△
=

N∑

i=1

λi,t Xi,t

where, in all generality, Mt along with all individual λi,t and Xi,t are tensorial continuous Itô
processes of compatible orders and dimensions. In other words, all λi,t Xi,t products are sensical
and they share the same order and dimensions. In practice, the weights come overwhelmingly
as scalar, and this is the convention we will take in the sequel. As a consequence, the basket Mt

and its individual constituents Xi,t will share the same tensorial order and dimensions.

One might wonder why we could possibly be interested in other-than-scalar baskets M, since
the focus of this study is on liquid options surfaces C(K,T ) for single underlyings. The reason is
that when considering a basket of underlyings, its volatility can often also be written as a basket
of the individual volatilities. Because we will require the dynamics of this volatility in order to
apply our methodology, it makes sense to address these two related issues simultaneously.
Still on the structural level, and besides the dimensionality question for these processes, the
basket definition will require to select a further feature : whether the dynamics of the weights

λi,t incorporate an exogenous driver d
−→
Z t. In other words, whether the composition of the
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mixture can be influenced by a source independent of the individuals’ dynamics. In fact such a
framework is closely linked to stochastic volatility issues, as it suffices to consider a lognormal
model with independent stochastic volatility, which indeed can be seen as a mixture (this is
usually referred to as the mixing argument of Hull & White : see [HW87]).
Having now defined the structure of the basket itself, then in order to apply our methodology
and to present our results we also need to specify the conventions, i.e. Normal or LogNormal
(LogN), used to describe the dynamics of the above processes and of their volatilities (diffusion
coefficients). Clearly when the quantities are tensorial, the only sensical representation is normal.
In the scalar case and in our generic framework, where no assumptions are made on the processes,
evidently all representations are equivalent in principle. But in practice, we mainly use as inputs
for Xi,t some bi-dimensional instantaneous stochastic volatility (market) models (such as Heston,
SABR or FL-SV) which are written under specific but limited conventions : classically, they use
either the Normal or LogN, for both the component Xi,t and the perturbation. To a lesser extent,
this tends to be also true for the weights λi,t. Furthermore, the expansions output concerns the
basket Mt, and for the dynamics of the latter to be readily interpretable, they should fall into
one of these two mainstream formats. All in all, selecting one of these conventions does not
affect structurally the results, but is motivated by convenience from the reader’s perspective.
Faced with so many cases and subcases, we need to make some choices and thus restrict our
framework. Therefore we select a pair of configurations, that we will name the ”asset basket”
and the ”coefficient basket”. Before describing and justifying these configurations, we present
Figure 2.2 which demonstrates the variety of the basket population, and which places our two
chosen configurations in context. Note that this table is in no way exhaustive, as for instance it
does not specify conventions for the volatility processes.

X⋆ and M are scalar X⋆ and M
X⋆ ∼ LogN X⋆ ∼ Normal are

M ∼ LogN M ∼ Normal M ∼ LogN tensorial
Fixed Weights

Endogenous LogN ”Asset”
Stochastic dynamics Normal

weights Generic LogN ”Coefficient”
dynamics Normal

Figure 2.2: Main basket configurations

Let us now make precise the notions of ”asset” and ”coefficient” baskets, as well as justify their
choice. Note that together, these two configurations will cover most of our needs in Part II of
this study, which focuses on interest rates and term structures.

1. The asset basket

This configuration is geared towards the situation where the individuals Xi and the basket
M are traded assets, represented as scalars, but of course it can be applied to other
purposes. We treat this all-scalar case simply because its practical importance is highest.
We cover it with stochastic weights (mainly in preparation for dealing with swap rates, as
mentioned above), and then specialise the result to the fixed-weights situation (due to its
preponderance as a market intstrument). Also, the dynamics of these weights are deemed
purely endogenous, in order to preserve the same property for the basket M. As for the
conventions, we elect to write the setup with

◮ The lognormal convention for the basket M and the individual constituents Xi. This
is mainly to simplify comparisons and to be consistent with the single-underlying
framework treated previously in Chapter 1.

◮ The lognormal convention for the weights λi. This is first of all to improve the
applicability of our results, since such weights are often defined as ratios of assets
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(see Part II). Then there are psychological/conventional reasons, since weights tend
to remain positive in most financial baskets. Note that the convention itself does not
prevent the weights to change sign if necessary, as can be the case when they are
defined as spreads.

◮ The normal convention for all volatility processes. Again this is for consistency with
Chapter 1 but also to simplify computations. Finally recall that the LOGnormal
convention becomes useless with vectors and higher-order tensors.

2. The coefficient basket

This configuration is designed primarily for linear combinations of volatility vectors, but
treated with more generality it applies also to other Itô coefficients, of higher tensorial
order, in view of our necessary Wiener chaos expansion. Therefore we deal here with the
case where the basket M and the constituents Xi are tensors, whereas the weights λi
remain scalar.

◮ The dynamics of M and Xi are naturally represented under the Normal convention,
but they now incorporate the exogenous driver.

◮ The dynamics of λi are written in lognormal fashion, but they too involve
−→
Z t.

Our objective is to express the first layer of IATM differentials for the smile of the asset basket.
In view of Theorem 2.4 [p.131], in order to obtain these differentials (both static and dynamic) it
suffices to express the dynamics of the basket Mt within a generic SInsV model, using the usual
chaos expansion. More precisely, all we need is to compute four of the (tensorial) coefficients

invoked by those dynamics : −→σt , −→a 1,t,
⇒
a 2,t,

⇒
a 3,t and

⇛
a22,t, in other words the σ-(2,0) group.

We chose however not to present all the Σ̃-(2,0) differential expressions within the general case.
Indeed, those formulas are very involved and therefore not really subject to interpretation.
Nevertheless, we will provide some qualitative analysis for specific cases, namely for the static
(shape) descriptors in the case of fixed weights asset baskets.

2.4.3 The coefficient basket

This section is intended to deliver a purely technical result, and also to be used again in later
chapter, in particular those in Part II dedicated to interest rates modelling : we chose therefore
to present it as a Lemma.

Lemma 2.6 (Dynamics of the stochastic-weights coefficient basket)
Let Xt be a tensorial Itô process of unspecified order n, with the following dynamics :

dXt = A1,t dt+ A2,t d
−→
W t + A3,t d

−→
Z t

Note that A1,t is of order n, A2,t and A3,t of order n+ 1, and that dimensions must agree.
Let wt be a scalar Itô process with the following dynamics (using a lognormal convention) :

d wt

wt
= c1,t dt +−→c2,t⊥ d

−→
W t +−→c3,t⊥ d

−→
Z t

Then the dynamics of the product [wt Xt] come as :

d [ wt Xt ] = wt [A1,t + c1,tXt + A2,t
−→c2,t + A3,t

−→c3,t] dt
+ wt [A2,t + Xt ⊗−→c2,t] d

−→
W t + wt [A3,t + Xt ⊗−→c3,t] d

−→
Z t(2.4.69)
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where ⊗ denotes the outer product16.
Now let us consider a finite collection of such pairs, defining the tensorial basket :

∃ {(wi,t , Xi,t)}1≤i≤N and Mt
△
=

N∑

i=1

wi,t Xi,t

We then have the basket dynamics as

dMt = C1,t dt + C2,t d
−→
W t + C3,t d

−→
Z t(2.4.70)

with





C1,t
△
=

N∑

i=1

wi,t [Ai,1,t + ci,1,tXi,t + Ai,2,t
−−→ci,2,t + Ai,3,t

−−→ci,3,t]

C2,t
△
=

N∑

i=1

wi,t [Ai,2,t + Xi,t ⊗−−→ci,2,t]

C3,t
△
=

N∑

i=1

wi,t [Ai,3,t + Xi,t ⊗−−→ci,3,t]

Note the natural induction feature, in the sense that the coefficients C1,t, C2,t and C3,t are
themselves written as tensorial baskets on the same collection of weights. Remark also that Mt

and C1,t are naturally of order n, while C2,t and C3,t are of order n+ 1.

Proof.
By a simple application of Itô’s Lemma, coordinate by coordinate, we get that

d [ wt Xt ] = Xt dwt + wt dXt + 〈dwt , Xt〉

= Xt wt

[
c1,t dt+−→c2,t⊥ d

−→
W t +−→c3,t⊥ d

−→
Z t

]
+ wt

[
A1,t dt+ A2,t d

−→
W t + A3,t d

−→
Z t

]

+ wt [A2,t
−→c2,t + A3,t

−→c3,t] dt

which, after grouping finite and non-finite variation terms and introducing the outer product,
proves (2.4.69). We can now move on to the tensorial basket :

dMt =
N∑

i=1

d [wi,t Xi,t]

=

N∑

i=1

wi,t [Ai,1,t + ci,1,tXi,t + Ai,2,t
−−→ci,2,t + Ai,3,t

−−→ci,3,t] dt

+
N∑

i=1

wi,t [Ai,2,t + Xi,t ⊗−−→ci,2,t] d
−→
W t +

N∑

i=1

wi,t [Ai,3,t + Xi,t ⊗−−→ci,3,t] d
−→
Z t

which proves (2.4.70).

16Whereas the tensorial inner product, such as A2,t
−→c2,t, is left implicit.
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2.4.4 The asset basket in the general case

As mentioned above, this type covers a large proportion of the baskets that one meets in practice.
Let us start by formalising the setup and presenting our notations.

Definition 2.8
We consider the asset basket with stochastic weights, assuming its price stays non null a.s. :

Mt =
N∑

i=1

λi,t Si,t and Mu 6= 0 ∀u ≥ t, a.s.(2.4.71)

We assume the existence of a measure Q as Mt- martingale, and consider a Q-Brownian endoge-

nous driver
−→
W t, along with an independent exogenous driver

−→
Z t. We then express the dynamics

of both weights and individuals using the lognormal convention :

dSi,t
Si,t

= µi,t dt + −→σi,t⊥d
−→
W t and

dλi,t
λi,t

= ηi,t dt + −→γi,t⊥d
−→
W t

We specify the chaos dynamics for the two groups of instantaneous volatilities as :

d −→σi,t = −→a i,1,t dt+
⇒
a i,2,t d

−→
W t +

⇒
a i,3,t d

−→
Z t d

⇒
a i,2,t = [·] dt+

⇛
a i,22,t d

−→
W t + [·] d−→Z t

d −→γi,t = −→α i,1,t dt+
⇒
αi,2,t d

−→
W t +

⇒
αi,3,t d

−→
Z t d

⇒
αi,2,t = [·] dt+

⇛
αi,22,t d

−→
W t + [·] d−→Z t

Note that the individual components Si,t and the weights λi,t are not assumed martingale under
the chosen measure, and that we have not specified any dynamics for their respective drifts µi,t
and ηi,t. In fact those coefficients are immaterial for our purposes, as will be shown later. Having
defined our setup, let us establish the expressions for the instantaneous coefficients constituting
the basket’s σ-(2,0) group.

Proposition 2.6 (Chaos diffusion of the asset basket up to the first layer)
Let us place ourselves within the framework of Definition 2.8 for the asset basket. We then
introduce the normalised weight processes, which sum to unity :

ωi,t =
λi,t Si,t
Mt

=
λi,t Si,t∑N

k=1 λk,t Sk,t
and

N∑

i=1

ωi,t = 1(2.4.72)

We can now re-express the basket dynamics with its own volatility :

d Mt

Mt
= −→σt⊥d

−→
W t with −→σt =

N∑

i=1

ωi,t [−→σi,t +−→γi,t](2.4.73)

While the martingale condition reads

0 =

N∑

i=1

ωi,t

[
µi,t + ηi,t +−→σi,t⊥−→γi,t

]
(2.4.74)

Continuing the Wiener chaos, the dynamics of the basket’s instantaneous volatility come as

d −→σt = −→a 1,t dt +
⇒
a 2,t d

−→
W t +

⇒
a 3,t d

−→
Z t d

⇒
a 2,t = [·] dt +

⇛
a22,t d

−→
W t + [·] d−→Z t

where
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−→a 1,t
△
= − ⇒

a 2,t
−→σt +

N∑

i=1

ωi,t

[
[−→a i,1,t +−→α i,1,t] +

[
⇒
a i,2,t +

⇒
αi,2,t

]
[−→σi,t +−→γi,t]

]
(2.4.75)

⇒
a 2,t

△
= −−→σt2⊗ +

N∑

i=1

ωi,t

[ [
⇒
a i,2,t +

⇒
αi,2,t

]
+ [−→σi,t +−→γi,t]2⊗

]
(2.4.76)

⇒
a 3,t

△
=

N∑

i=1

ωi,t

[
⇒
a i,3,t +

⇒
αi,3,t

]
(2.4.77)

and ignoring time-dependency (for compactness)

⇛
a22 = −⇒

a 2

↔
⊗−→σ +

N∑

i=1

wi

(
⇒
a i,2 +

⇒
αi,2

)↔
⊗ (−→σi +−→γi )

+

N∑

i=1

wi

[ (
⇛
a i,22 +

⇛
αi,22

)
+
[
(σi + γi − σ)k (ai,2 + αi,2)jl

] ]
(2.4.78)

+
N∑

i=1

wi

[
(−→σi +−→γi )2⊗ − (−→σi +−→γi )⊗−→σ

]
⊗ (−→σi +−→γi )

where we use modified Einstein notations (see Appendix D), an obvious extension of the external
product (2⊗), as well as the commutative outer product introduced in (D.0.6) [p. XI]

Let us comment on these assumptions and results, before going into the proof.

The fact that all individual components Si,t might not be martingale under Q, or might even
each possess their own private martingale measure, is not a mere matter of overstretched gen-
eralisation : it does happen in practice. This is indeed the case when considering a swap rate
as a basket of Libor rates.
As for the original weights λi,t, there is no reason why they should be assets themselves, but
they are usually built from either assets or underlyings, typically as rational functions. We note
that their dynamics can be quite complex, and intervene in a similar fashion to those of the
true individual underlyings Si,t. Indeed, Mt is simply a sum of pair products, so that we can
anticipate a duality structure between the underlyings and their weigths. What concerns us
directly though, in terms of smile approximation, is the fact that the λi,t family can contribute
significantly to the overall basket’s volatility.

For that reason, we have made the choice of not incorporating the exogenous driver
−→
Z t in the

weights’ dynamics. Note that this restriction is not binding, since the following proofs could
easily be adapted if necessary. For our purposes, however, it would bring unwarranted com-

plexity, and we try to abide by the notion that the endogenous driver
−→
W t concerns assets and

underlyings, while the exogenous driver
−→
Z t is allocated to volatilities and smiles. In fact, all we

ask is for those volatility-related processes to access driver components that are orthogonal to
the the underlyings’ and weights’ dynamics. That point being granted, it is always possible to

redistribute the components between
−→
W t and

−→
Z t and to write the framework as we did.

With respect to the normalised weights now, remark that in the fairly common case where all
individual weights λi,t and components Si,t remain positive, then so does the basket, and the
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normalised weights ωi,t live in the ]0, 1[ range. Note that since the normalised weights are well-
defined at time t if and only if Mt 6= 0. We have asked for this property to be maintained in
the future (Mu 6= 0 ∀u ≥ t) and a.s., but this is purely for consistency. Indeed, since we are
targeting small-time asymptotics, and that these normalised weights are only a tool to express
the IATM differentials, it would suffice to write that at current time Mt 6= 0.

The practical selection of Q as the Mt-martingale measure is not necessarily trivial, mainly
because the weights λi,t do possess dynamics of their own. The technicality of this point will be
discussed further in the course of the proof, but it is important to stress the more fundamental
implications now. First of all, it is safe to say that, in most cases, it proves relatively easy to
assert suitable martingale measures for each of the individual components Si,t. Similarly, let
us assume that the original weights’ dynamics are provided driftless. Now, a common measure
Q can always be chosen, at the cost of defining unequivocally the drifts µi,t and ηi,t. Naively,
it seems reasonable that by ”spanning” the measure Q we should eventually find the one that
satisfies the martingale condition ... but this intuition is no formal guarantee of existence. The
martingale condition is therefore entirely relying on the initial assumption that there exists such
a martingale measure. In practice this point is no issue, as the basket is often delivered from
the start along with its own, dedicated measure : certainly this is the case with the swap rate.
Remark also that the selection of Q would normally be associated with a change of numeraire,
but we choose not to dwell into this aspect in the current section.

Turning to the expressions for the coefficients themselves, we postpone any real interpretation
to section 2.4.6 as we are still missing an important notion. It is already possible however,

by comparing the formulas for
⇒
a 2,t and

⇛
a22,t, to note that the complexification associated to

the depth of the coefficient is magnified by the dimensional issue. This confirms the intuition
that in the case of baskets, obtaining high-order IATM differentials will be significantly more
expensive. Comparing the same two coefficients, we note however that an induction structure
starts to appear, which mitigates somewhat the previous argument.

We have used several tools from linear algebra in order to simplify our expressions, and also
to stress the symmetries and inductive structures. Some readers might ask why we have not
pushed this logic further in order to gain in compacity. Indeed, it is possible to introduce
tensorial quantities such as

−→
S t

△
=




S1,t

S2,t

...
SN,t


 −→

Λ t
△
=




λ1,t

λ2,t

...
λN,t


 ⇒

ξt
△
=




−−→σ1,t
⊥

−−→σ2,t
⊥

...
−−→σN,t

⊥




which allow to define the basket effortlessly via Mt =
−→
Λ⊥

t

−→
S t instead of the classic summation

(2.4.71). The issue is simply dynamics : indeed, if a single collection (e.g. {Si,t}1≤i≤N or
{ωi,t}1≤i≤N ) has its evolution defined through a lognormal convention (which is the case of
both the coefficient and asset baskets), then the methodology becomes awkward. For instance,
writing the dynamics of the individuals involves the introduction of the unit (diagonal) matrix
⇒
I in

d
−→
S t =

⇒
I
−→
S t

⇒
ξt d
−→
W t

Besides, the latter requires the introduction of supplementary notations and concepts linked to
Itô calculus applied to tensorial quantities : although we would gain in compacity, it is unclear
whether clarity would benefit. Furthermore, using explicitly the summation make it easier to
grasp the discrete probability interpretation soon to be introduced (see section 2.4.6).



144CHAPTER 2. VOLATILITY DYNAMICS FOR A SINGLEUNDERLYING : ADVANCEDMETHODS

Proof. of Proposition 2.6
We start by considering the measure Q as unspecified, and destined to be constrained later on.
The dynamics of a weighted individual are simply given by Itô as

d [ λi,t Si,t ] = λi,t dSi,t + Si,t dλi,t + 〈dλi,t , dSi,t〉

= λi,tSi,t

[
µi,t dt + −→σi,t⊥d

−→
W t

]
+ λi,tSi,t

[
ηi,t dt + −→γi,t⊥d

−→
W t

]
+ λi,tSi,t

−→σi,t⊥−→γi,t dt

hence

d [ λi,t Si,t ]

λi,t Si,t
=

[
µi,t + ηi,t +−→σi,t⊥−→γi,t

]
dt + [−→σi,t +−→γi,t]⊥ d

−→
W t

Which provides the lognormal dynamics for the whole basket as

d Mt

Mt
=

N∑

i=1

λi,t Si,t
Mt

[ [
µi,t + ηi,t +−→σi,t⊥−→γi,t

]
dt + [−→σi,t +−→γi,t]⊥ d

−→
W t

]

Using the normalised weights, we re-express the basket dynamics with its own coefficients :

d Mt

Mt
= µt dt + −→σt⊥d

−→
W t

with

µt =

N∑

i=1

ωi,t

[
µi,t + ηi,t +−→σi,t⊥−→γi,t

]
and −→σt =

N∑

i=1

ωi,t [−→σi,t +−→γi,t](2.4.79)

The basket is a priori not martingale under the generic measure Q considered so far. In such
a (classic) situation we basically have two options : either we modify Q by computing through
Girsanov the drift that would exactly compensate for µt, or we recall that Q was left unspecified
in the first place and select it ad hoc. In the latter case, we assume that we have initially chosen
the Mt-martingale measure, and then report all subsequent changes to the specifications of µi,t
and ηi,t. These two alternatives are of course mathematically equivalent, and not surprisingly
we solve this moot argument by choosing the (easier) second option.
Whichever way, we assume now that µt ≡ 0 i.e.

d Mt

Mt
= −→σt⊥d

−→
W t

which proves (2.4.73) and (2.4.74).

From their definition, we have the lognormal dynamics of the normalised weights as

d ωi,t

ωi,t
=

[
µi,t + ηi,t +−→σi,t⊥−→γi,t − µt

]
dt + [−→σi,t +−→γi,t − −→σt ]⊥

[
d
−→
W t − −→σt

]

=
[ [(

µi,t + ηi,t +−→σi,t⊥−→γi,t
)
− µt

]
− [(−→σi,t +−→γi,t)−−→σt ]⊥−→σt

]
dt + [(−→σi,t +−→γi,t)−−→σt ]⊥ d

−→
W t

We note that the basket’s volatility −→σt is itself a basket of volatilities, which falls into the
framework of the ”coefficient basket” covered previously. We can therefore make use of Lemma
2.6, noting that here the weights’ dynamics present no exogenous component (−−→ci,3,t ≡ 0, ∀i,∀t).
Applying the Lemma first to −→σt , we have the dynamics :

d −→σt = −→a 1,t dt +
⇒
a 2,t d

−→
W t +

⇒
a 3,t d

−→
Z t
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Making explicit the non-finite variation coefficients, the Lemma provides

⇒
a 2,t =

N∑

i=1

ωi,t

[ [
⇒
a i,2,t +

⇒
αi,2,t

]
+ [−→σi,t +−→γi,t]⊗ [(−→σi,t +−→γi,t) − −→σt ]

]

=

N∑

i=1

ωi,t

[ [
⇒
a i,2,t +

⇒
αi,2,t

]
+ [−→σi,t +−→γi,t]2⊗

]
− −→σt2⊗

and
⇒
a 3,t =

N∑

i=1

ωi,t

[
⇒
a i,3,t +

⇒
αi,3,t

]

which proves (2.4.76) and (2.4.77). As for the drift coefficient, it comes as

−→a 1,t
△
=

N∑

i=1

ωi,t

[
[−→a i,1,t +−→α i,1,t] +

[
⇒
a i,2,t +

⇒
αi,2,t

]
[(−→σi,t +−→γi,t) − −→σt ]

+

[
µi,t + ηi,t +−→σi,t⊥−→γi,t − µt︸ ︷︷ ︸ − [(−→σi,t +−→γi,t)−−→σt ]⊥−→σt

]
[−→σi,t +−→γi,t]

]

Using the weights property (2.4.72) and the basket martingale condition (2.4.74), we remark
that the underbraced part of this expression vanishes due to the summation :

N∑

i=1

ωi,t

[ (
µi,t + ηi,t +−→σi,t⊥−→γi,t

)
− µt

]
=

N∑

i=1

ωi,t

(
µi,t + ηi,t +−→σi,t⊥−→γi,t

)
− µt

N∑

i=1

ωi,t = 0

Hence we have the drift coefficient as

−→a 1,t = ‖−→σt‖2 −→σt +

N∑

i=1

ωi,t

[
[−→a i,1,t +−→α i,1,t] −

[
(−→σi,t +−→γi,t)⊥−→σt

]
[−→σi,t +−→γi,t]

+
[
⇒
a i,2,t +

⇒
αi,2,t

]
[(−→σi,t +−→γi,t) − −→σt ]

]
(2.4.80)

Invoking some elementary properties of the outer product (see (D.0.4) and (D.0.5) p. XI) we
can extract and re-formulate some of the right-hand side :

‖−→σt‖2 −→σt −
N∑

i=1

ωi,t

[ [
(−→σi,t +−→γi,t)⊥−→σt

]
[−→σi,t +−→γi,t] +

[
⇒
a i,2,t +

⇒
αi,2,t

] −→σt
]

= −→σt2⊗ −→σt −
N∑

i=1

ωi,t

[
(−→σi,t +−→γi,t)2⊗−→σt +

[
⇒
a i,2,t +

⇒
αi,2,t

] −→σt
]

= − ⇒
a 2,t
−→σt

Replacing in (2.4.80) we get

−→a 1,t = − ⇒
a 2,t
−→σt +

N∑

i=1

ωi,t

[
(−→a i,1,t +−→α i,1,t) +

(
⇒
a i,2,t +

⇒
αi,2,t

)
(−→σi,t +−→γi,t)

]

which proves (2.4.75). In order now to obtain the expression for
⇛
a22,t, we need apply Lemma

2.6 again, but this time to the basket

⇒
a 2,t =

N∑

i=1

ωi,t Xi,t with Xi,t =
[
⇒
a i,2,t +

⇒
αi,2,t

]
+ [−→σi,t +−→γi,t]⊗ [(−→σi,t +−→γi,t) − −→σt ]

The Lemma gives us then that

⇛
a22,t =

N∑

i=1

wi,t [Ai,2,t + Xi,t ⊗ [(−→σi,t +−→γi,t) − −→σt ]](2.4.81)
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where Ai,2,t is the endogenous coefficient of Xi,t, which we compute now. To that end, we get
very easily the dynamics of its first term :

d
[
⇒
a i,2,t +

⇒
αi,2,t

]
= [·] dt +

[
⇛
a i,22,t +

⇛
αi,22,t

]
d
−→
W t + [·] d−→Z t

For the second term, Appendix result (D.0.10) gives us immediately

d (−→σi,t +−→γi,t)2⊗ =
[[

(σi,t + γi,t)k (ai,2,t + αi,2,t)jl

]
+ (−→σi,t +−→γi,t)⊗

(
⇒
a i,2,t +

⇒
αi,2,t

)]
d
−→
W t + [·] dt + [·] d−→Z t

and

d [ [−→σi,t +−→γi,t]⊗−→σt ] =
[[
σtk (ai,2,t + αi,2,t)jl

]
+ (−→σi,t +−→γi,t)⊗

⇒
a 2,t

]
d
−→
W t + [·] dt + [·] d−→Z t

So that, overall, the endogenous coefficient comes as

Ai,2,t =
[
⇛
a i,22,t +

⇛
αi,22,t

]
+
[
(σi,t + γi,t − σt)k (ai,2,t + αi,2,t)jl

]
+ (−→σi,t +−→γi,t)⊗

(
⇒
a i,2,t +

⇒
αi,2,t −

⇒
a 2,t

)

Gathering that expression in (2.4.81) and omitting the time argument for readibility, we obtain

⇛
a22 =

N∑

i=1

wi

[ [
⇛
a i,22 +

⇛
αi,22

]
+
[
(σi + γi − σt)k (ai,2 + αi,2)jl

]
+ (−→σi +−→γi )⊗

(
⇒
a i,2 +

⇒
αi,2 −

⇒
a 2

)

+
[
⇒
a i,2 +

⇒
αi,2

]
⊗ [(−→σi +−→γi ) − −→σt ] + [−→σi +−→γi ]⊗ [(−→σi +−→γi ) − −→σt ]2⊗

]

On the first line of this expression, we extract easily from the last term that

N∑

i=1

wi (−→σi +−→γi )⊗
⇒
a 2 = −→σ t ⊗

⇒
a 2

Besides, on the second line of that expression we have
[
⇒
a i,2,t +

⇒
αi,2,t

]
⊗ [(−→σi,t +−→γi,t) − −→σt ] + [−→σi,t +−→γi,t]⊗ [(−→σi,t +−→γi,t) − −→σt ]2⊗

=
[ [

⇒
a i,2,t +

⇒
αi,2,t

]
+ [−→σi,t +−→γi,t]⊗ [(−→σi,t +−→γi,t) − −→σt ]

]
⊗ [(−→σi,t +−→γi,t) − −→σt ]

=
[ [

⇒
a i,2,t +

⇒
αi,2,t

]
+ [−→σi,t +−→γi,t]2⊗ − (−→σi,t +−→γi,t)⊗−→σt

]
⊗ (−→σi,t +−→γi,t)

−
[ [

⇒
a i,2,t +

⇒
αi,2,t

]
+ [−→σi,t +−→γi,t]2⊗ − (−→σi,t +−→γi,t)⊗−→σt

]

︸ ︷︷ ︸
⊗−→σt

We recognise the underbraced term as the individual component of
⇒
a 2,t, so that after summation

⇛
a22 =

N∑

i=1

wi

[ (
⇛
a i,22 +

⇛
αi,22

)
+
[
(σi + γi − σ)k (ai,2 + αi,2)jl

] ]

−
(
⇒
a 2 ⊗−→σ +−→σ ⊗⇒

a 2

)
+

N∑

i=1

wi

[
(−→σi +−→γi )⊗

(
⇒
a i,2 +

⇒
αi,2

)
+
(
⇒
a i,2 +

⇒
αi,2

)
⊗ (−→σi +−→γi )

]

+

N∑

i=1

wi

[
(−→σi +−→γi )2⊗ − (−→σi +−→γi )⊗−→σ

]
⊗ (−→σi +−→γi )

which proves (2.4.78) and concludes the proof.
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2.4.5 The asset basket specialised to fixed weights

We now restrict our asset basket framework, as presented in Definition 2.8, to fixed (constant)
weights λi. The basket could correspond to an index price process, for instance, or to a simple
mixture model. Whichever way, we assume the existence of an option price continuum written on
the basket, itself re-parameterised via lognormal implied volatility. Then we have the following
results for the small-time asymptotics of that smile :

Corollary 2.4 (Chaos dynamics of the fixed-weights asset basket)
Given the framework of Definition 2.8 where the weights λi,t are considered constant ∀(i, t), the
dynamic coefficients of the chaos expansion for the basket’s dynamics (a.k.a the σ-(2,0) group)
come as

−→σt =

N∑

i=1

ωi,t
−→σi,t(2.4.82)

−→a 1,t
△
= − ⇒

a 2,t
−→σt +

N∑

i=1

ωi,t

[ −→a i,1,t +
⇒
a i,2,t

−→σi,t
]

(2.4.83)

⇒
a 2,t

△
= −−→σt2⊗ +

N∑

i=1

ωi,t

[
⇒
a i,2,t +−→σi,t2⊗

]
(2.4.84)

⇒
a 3,t

△
=

N∑

i=1

ωi,t
⇒
a i,3,t(2.4.85)

⇛
a22 = −⇒

a 2

↔
⊗−→σ +

N∑

i=1

wi
⇒
a i,2

↔
⊗−→σi

+

N∑

i=1

wi

[
⇛
a i,22 +

[
(σi − σ)k ai,2 jl

]
+−→σi3⊗ −−→σi ⊗−→σ ⊗−→σi

]
(2.4.86)

Therefore the IATM level and skew are simply given by

Σ̃(t, 0, 0) =

∥∥∥∥∥

N∑

i=1

ωi,t
−→σi,t

∥∥∥∥∥(2.4.87)

Σ̃
′

y(t, 0, 0) =
1

2
‖−→σt‖−3 −→σt⊥

[
N∑

i=1

ωi,t
⇒
a i,2,t +

N∑

i=1

ωi,t

( −→σi,t2⊗ − −→σt2⊗
)
]
−→σt

= −1

2
‖−→σt‖ +

1

2
‖−→σt‖−3 −→σt⊥

[
N∑

i=1

ωi,t

(
⇒
a i,2,t + −→σi,t2⊗

) ]−→σt(2.4.88)

Note that since we are considering lognormal dynamics for the components and for the basket,
although the actual weights (the σ-(2,0) group) are constant, the normalised weights ωi,t them-
selves are still stochastic. Also, since the basket is essentially a finite sum of pair products, our
computations would clearly be easier if all dynamics were taken with the normal convention.
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This is a tempting approach, especially in light of the baseline transfer methods presented in
section 2.2.3 and which ensure seamless navigation between both the normal and lognormal
conventions. However, although feasible this method turns out to be eventually more complex,
at least at the order with which we are concerned here, i.e. the first layer.

Interpreting the IATM level (2.4.82) is very straightforward : indeed we now have the basket’s
instantaneous volatility simply as the (normalised)-weighted sum of the individual volatilities.
In other words, that volatility is itself a tensorial basket, but with stochastic weights. Note also
that the Markovian dimension is not a priori reduced : even with constant individual volatilities
−→σi,t, the state variables would still include each single component Si,t through the normalised
weights ωi,t. Overall, the result seems fairly intuitive and makes expressing the IATM level for
the basket’s smile very easy, as per (2.4.87). Note finally that, had we a contrario considered
normal conventions for the individuals’ and basket’s dynamics17, the weights would have been
identical between the static definition and the dynamic expressions, hence fixed.

The expression for the IATM skew (2.4.89) however is a bit more involved. It can naturally be
broken down in two weighted sums, again with the same normalised weights. The first of these
we identify as the ”natural” component, since it involves the weighted average of the individual
endogenous coefficients

⇒
a i,2,t. The second sum can be interpreted as a dispersion term, which

incorporates both the de-correlation and the differences in modulus between the instantaneous
volatilities σi,t of the individual underlyings Si,t. Note that in the simple but frequent (at least
in the literature) case of constant, deterministic or even independent individual volatilities, the
individual skews and the first term are null, while the basket’s smile itself still exhibits a skew.
In order to improve this first interpretation and to extend beyond this limited configuration, we
will shortly introduce new concepts, in section 2.4.6.

Proof.
The assumption of constant weights λi,t translates into

∀i, t ηi,t ≡ 0 −→γi,t ≡ 0 −→α i,1,t ≡ 0
⇒
αi,2,t ≡ 0

⇒
αi,3,t ≡ 0

⇛
αi,22,t ≡ 0

Injecting that information into (2.4.73), (2.4.75), (2.4.76), (2.4.77) and (2.4.78) respectively
proves the corresponding expressions (2.4.82), (2.4.83), (2.4.84), (2.4.85) and (2.4.86). Having
obtained the instantaneous coefficients, we can now move on to the IAM coefficients. We have
the IATM level from through (2.3.48), hence (2.4.87), and according to (2.3.62) [p.131] the IATM
skew comes as

Σ̃
′

y(t, 0, 0) =
1

2
‖−→σt‖−3 −→σt⊥

⇒
a 2,t
−→σt =

1

2
‖−→σt‖−3 −→σt⊥

[
N∑

i=1

ωi,t

[
⇒
a i,2,t +−→σi,t2⊗

]
−−→σt2⊗

]
−→σt

which proves (2.4.89) and concludes the proof.

2.4.6 Interpretation and applications

We now come back to the general asset basket with stochastic weights, as developed in section
2.4.4. Our intention is to provide more intuitive interpretations for the instantaneous coefficients
of the basket, and therefore for the associated IATM differentials.

17By denoting dSi
t = −→γi,t⊥d

−→
W t and dMt = −→γt⊥d

−→
W t
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2.4.6.1 A discrete measure associated to the basket structure

We first make a reasonably restrictive assumption about the structure of the basket, before
introducing a new, discrete probability measure.

Assumption 2.2
This hypothesis corresponds to the non-negativity of the normalised weights :

ωi,t ≥ 0 ∀i, ∀t

Note that this situation can be enforced by ensuring the non-negativity of the weighted individ-
uals, since by assumption we have Mt > 0 :

λi,t Si,t ≥ 0 ⇒ ωi,t ≥ 0 ∀i, ∀t

which is a natural occurrence in most financial baskets (typically indexes, long portfolios, etc.).
We can now introduce the main interpretative tool.

Definition 2.9 (Discrete measure associated to the asset basket)
Under Assumption 2.2 we have

ωi,t ∈ [0, 1] ∀i and

N∑

i=1

ωi,t = 1

therefore the collection of normalised weights {ωi,t}1≤i≤N defines a discrete probability measure
over any indexed collection of N variables, including any family of tensorial processes X·,t.

2.4.6.2 Interpretation in the general case

We can re-express the basket’s drift µt and volatility −→σt from (2.4.79) into expectancies, under
the discrete measure system :

µt = Eω
[
µ·,t + η·,t +−→σ·,t⊥−→γ·,t

]
and −→σt = Eω [−→σ·,t +−→γ·,t]

This goes to show, through Jensen’s inequality, that any convex functional of instantaneous
volatility will be lower when applied to the basket, as opposed to being averaged over the
individual components. This is satisfied in particular for the norm, which confirms the usual
and intuitive property that the basket’s IATM implied volatility is lower than the weighted
average of individual IATM smile levels : this is a trivial instance of diversification.
The same interpretation stands true for the first depth coefficients, so that we can adapt the
expressions (2.4.76) and (2.4.77) for the non-finite variation coefficients respectively into

⇒
a 2,t

△
= −−→σt2⊗ + Eω

[(
⇒
a ·,2,t +

⇒
α ·,2,t

)
+ [−→σ·,t +−→γ·,t]2⊗

]
and

⇒
a 3,t

△
= Eω

[
⇒
a ·,3,t +

⇒
α ·,3,t

]

It is then interesting to re-organise the the expression for the endogenous coefficient
⇒
a 2,t into

⇒
a 2,t

△
= Eω

[ (
⇒
a ·,2,t +

⇒
α ·,2,t

) ]
+ Eω

[
[−→σ·,t +−→γ·,t]2⊗

]
−−→σt2⊗

︸ ︷︷ ︸
Eω

[
[−→σ·,t+

−→γ·,t]
2⊗

]
− [Eω[ −→σ·,t+

−→γ·,t ]]
2⊗

The second, underbraced term appears naturally as the usual covariance matrix of a random
N -dimensional variable, which we denote Vω

⊗ [· · ·]. Consequently we can write
⇒
a 2,t as

⇒
a 2,t = Eω

[
⇒
a ·,2,t +

⇒
α ·,2,t

]
+ Vω

⊗ [−→σ·,t +−→γ·,t]
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As for the drift coefficient, omitting time-dependency for clarity, (2.4.75) becomes

−→a 1
△
= ‖−→σ ‖2 −→σ + Eω

[
[−→a ·,1 +−→α ·,1]−

[
(−→σ· +−→γ· )⊥−→σ

]
[−→σ· +−→γ· ] +

[
⇒
a ·,2 +

⇒
α ·,2

]
[(−→σ· +−→γ· )−−→σ ]

]

Turning to the expression for
⇛
a22,t, we observe that it is more involved and difficult to decipher.

It exhibits however some reassuring symmetry properties, in particular the appearance of double
products of the type

⇒
a 2 ⊗−→σ +−→σ ⊗⇒

a 2

This is the point at which the dimensionality becomes an issue in terms of interpretation, and
we shall leave it at that for the time being.

2.4.6.3 Interpretation in the case of fixed weights

In order to extend this interpretation to the IATM differentials, we choose first to restrict our
framework to constant weights. Note however that, because of the basket’s zero drift condition
(2.4.74), the drift of the weights disappears from the first layer coefficients. Therefore the follow-
ing results could be obtained if the weights were deterministic functions of time λi(t). Making
use of the discrete measure introduced above, we can re-express the first-depth coefficients given
by Corollary 2.4 :

−→σt = Eω [−→σ·,t]
⇒
a 2,t = Eω

[
⇒
a ·,2,t

]
+ Vω

⊗ [−→σ·,t]

⇒
a 3,t = Eω

[
⇒
a ·,3,t

] −→a 1,t = −
[
Eω
[
⇒
a ·,2,t

]
+ Vω

⊗ [−→σ·,t]
]
Eω [−→σ·,t] + Eω [−→a ·,1,t] + Eω

[
⇒
a ·,2,t

−→σ·,t
]

So presented, they lend themselves to more interpretations, depending on our focus. For instance
in the expression for −→a 1,t we can extract the term

Eω
[
⇒
a ·,2,t

−→σ·,t
]
− Eω

[
⇒
a ·,2,t

]
Eω [−→σ·,t]

which can be seen as another type of covariance, albeit non-commutative. Moving on to the
IATM differentials, we have the IATM skew as

Σ̃
′

y(t, 0, 0) =
1

2
‖−→σt‖−3 −→σt⊥

[
Eω
[
⇒
a ·,2,t

]
+ Vω

⊗ [−→σ·,t]
]−→σt(2.4.89)

It seems difficult to draw any conclusion when the differential is presented in this form. Let
us assume for instance that all individual underlyings exhibit an identical IATM level for their
implied volatility surface. Then the same IATM level for the basket must be lower, due to the
dispersion in individual volatilities, in other words the diversification effect. If we now tried
to compare the basket’s skew with the individual skews, that scaling issue would significantly
complicate the picture. For that reason, our next natural move is to normalise (2.4.89) by using
the notations of Definition 2.7 [p.130]. We end up with

Σ̃
′

y(t, 0, 0) =
1

2
‖−→σt‖−1

[ −→ut⊥Eω
[
⇒
a ·,2,t

]−→ut + −→ut⊥Vω
⊗ [−→σ·,t]−→ut

]

The first term is the most natural, in the sense that it is similar to an individual IATM skew as
per (2.3.62) [p.131]. Note that a priori we cannot normalise inside the expectancy :

‖−→σt‖−1 Eω
[
⇒
a ·,2,t

]
6= Eω

[
⇒
c ·,2,t

]
= Eω

[
‖−→σ·,t‖−1 ⇒

a ·,2,t

]
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and that this first term is different from the weighted average of the individual skews :

1

2
‖−→σt‖−1 −→ut⊥Eω

[
⇒
a ·,2,t

]−→ut 6= Eω

[
1

2
−→u·,t⊥

⇒
c ·,2,t
−→u·,t
]

= Eω
[
Σ̃

′

y,·,t

]

As for the second, corrective term, it is associated to the covariance of the collection of instan-
taneous volatilities σ·,t. As such, it reflects the dispersion of that family, both in direction and
magnitude. Note that, since Vω

⊗ [−→σ·,t] is a genuine covariance matrix, it will stay semi-definite
positive so that the corrective term as a whole will stay non-negative. The influence of disper-
sion, however, is more difficult to assess, as it will have opposite effects on the inverse modulus
‖−→σt‖−1 and on the variance Vω

⊗ [−→σ·,t].

An easy way to bypass this issue is simply to change our variable to the squared implied volatility
(closer to variance) and therefore write that

[
Σ̃2
]′
y

(t, 0, 0) = −→ut⊥Eω
[
⇒
a ·,2,t

]−→ut + −→ut⊥Vω
⊗ [−→σ·,t]−→ut

A specific instance of the fixed-weights basket occurs when all individual components are deemed
independent. This subcase is of particular interest, as it corresponds essentially to a mixture : as
mentionned in section 2.4.1, this configuration can be attained asymptotically (when N → +∞)
via a stochastic volatility model using an independent perturbation, such as FL-SV.

We can even specialise this subcase further, and apply these formulae to an extreme, albeit very
common instance of basket. Let us consider the situation where all individual components Si
are indeed independent, but also iso-weighted and identically distributed18 (i.i.d.). In our case,
we will have to assume an identical initial value of St as well as identical dynamics (at least
asymptotically in t) using independent drivers. Assuming a very large N , as well as enough
regularity and integrability for the processes, we know then from the Central Limit Theorem
(CLT) that the basket’s marginal distribution will tend to a Gaussian. The question is whether
and how our asymptotic formulae reflect this behaviour.
To simplify, let us assume that each individual underlying is lognormal, with identical instan-
taneous volatility σ. Then we have λi = ωi,t = N−1 ∀(i, t) so that (using the canonical base for
RN )the instantaneous volatilities of the individuals and of the basket come respectively as

−→σi,t △
= σ

[
0 0 · · · 1

i
· · · 0

]⊥
and −→σt =

σ

N
[ 1 1 · · · 1 ]⊥

Therefore, according to our asymptotic results, the IATM level of the basket’s smile is

Σ̃(t, 0, 0) = ‖−→σt‖ =
σ√
N

On the other hand, each individual Si,t process generates a lognormal marginal distribution at

time T > t, whose standard deviation is St
√
eσ2T − 1. Therefore and according to the CLT,

the marginal distribution of the basket, for the same date T , converges in law (as N ր +∞)

towards a Gaussian random variable with mean St and standard deviation St
√
eσ2T − 1 N− 1

2 .
As a consequence we have the asymptotic price of the T -expiry ATM call written on the basket,
which we can also expand for short expiries, at the first order :

Patm(T ) −→
Nր+∞

St
√
eσ2T − 1 (2πN)−

1
2 = St σ

√
T (2πN)−

1
2 + o(

√
T )

18We specify this property in the weak sense, but dynamically : in other words all components follow the same
SDE but respond to independent drivers, generating the same, but orthogonal, marginal laws.
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However we can also express that price via the ATM Black implied volatility Σatm(T ), and
proceed with the same expansion :

Patm(T ) = St

[
N
(

1

2
Σatm(T )

√
T

)
− N

(
−1

2
Σatm(T )

√
T

) ]
= StΣatm(T )

√
T (2π)−

1
2 + o(

√
T )

By comparing both expression of Patm for short expiries, and taking the limit in T = t, we
conclude that

Σ̃(t, 0, 0) −→
N→+∞

σ√
N

which does match our asymptotic results.

There is obviously room for some more interpretation in the basket framework. Even on the
pure computational front, tools such as the discrete probability measure help in identifying
symmetries, inductions schemes and simplifications.
In the context of this study, we will see the basket results used again in Part II, which deals with
term structures. Indeed, the archetypal example of a derivative product that can be seen as a
basket is the par swap rate. But the overall application field of basket concepts in the interest
rates world is in fact much, much wider.
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′

θ(⋆) . . . . . . . . . . . . . . . . . . . . . . 177

3.4.2 Expressing the twist Σ̃
′′

yθ(t, 0, 0) . . . . . . . . . . . . . . . . . . . . . . . 179

3.5 Computation of the flattening . . . . . . . . . . . . . . . . . . . . . . 181

3.5.1 Expressing b̃
′′

yθ(⋆), ν̃
′′

yθ(⋆) and ñ
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In this chapter we illustrate the capacity of the ACE1 methodology to link, for a very large
number of popular stochastic volatility models, the instantaneous dynamics to the shape and
dynamics of their associated smile.
Indeed the large majority of these models used in practice are bi-dimensional, in the sense that
both their endogenous and exogenous drivers are scalar. This is the case of Heston, SABR,
FL-SV and many more. Even multi-scale models, which deliver their full potential with a higher
number of factors, are often used with two drivers only for numerical reasons (i.e. the speed of
PDE schemes). For most practitioners the direct problem, i.e. generating the smile from the
instantaneous dynamics, will appear more important than the inverse problem. This is of course
linked to the calibration process, which will usually involve the minimisation of a market error
functional, itself making a high number of calls to a (proxy) vanilla pricing function. We will
therefore focus on this direct problem2 and produce some smile IATM differentials generated
by a generic bi-dimensional SInsV model. Note that in light of the baseline transfer principles
discussed in section 2.2.3, out of simplicity we will stick to the lognormal baseline.
We know formally from section 2.1 how to produce these IATM differentials up to any required
order, so that little theoretical ground is broken by such computations. By walking through
the inductive methodology though, we underline that the complexity of the analysis (hence the
effort it requires...) is roughly exponential. It becomes clear that the sensible alternative to
manual computation is the programming of a simple, dedicated formal calculus engine.
But the main interest of the exercise lies mainly in the selection of relevant IATM differentials
(static and dynamic), and in their financial interpretation. Indeed, we will see that the first
low-level differentials are easily associated to some specific spread products, to their sensitivity
w.r.t. maturity and to their dynamics. These differentials are also the best descriptors of the
smile, purely from a series expansion perspective. Also (as will be discussed in Chapter 4) using
an expensive, high-order expansion is often less efficient than combining a low-level one with
good assumptions for the wings (i.e. the smile behaviour at extreme strikes).
So, which differentials should we try to compute? From a practitioner’s point of view, the knowl-
edge of three IATM static differentials is usually considered sufficient for a decent description of
the liquid smile. They will be used for short expiries and strikes around the money, and when
viewed as finite differences they correspond each to existing liquid options :

◮ The IATM level Σ̃(t, 0, 0) corresponds to straddles.

◮ The IATM skew Σ̃
′

y(t, 0, 0) corresponds to risk-reversals.

◮ The IATM curvature Σ̃
′′

yy(t, 0, 0) corresponds to butterflies.

Since our approach is also dynamic, we will also want to obtain the coefficients driving these
quantities. Given the bi-dimensional context, that means that we expect to get the following
nine IATM dynamic differentials :

b̃(⋆) ν̃(⋆) ñ(⋆) b̃
′

y(⋆) ν̃
′

y(⋆) ñ
′

y(⋆) b̃
′′

yy(⋆) ν̃
′′

yy(⋆) ñ
′′

yy(⋆)

However these approximations lose precision at longer maturities, which require the sensitivity
of these differentials and prices to θ = T − t. This limitation justifies that we should look at

◮ The IATM slope Σ̃
′

θ(t, 0, 0)

◮ The IATM twist Σ̃
′′

yθ(t, 0, 0)

◮ The IATM flattening Σ̃
′′′

yyθ(t, 0, 0)

1
Asymptotic Chaos Expansion.

2We keep in mind, however, that in the bi-dimensional case we also have the capacity to solve the inverse
problem, which certainly holds a strong applicative potential.
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Together, these static differentials allow us to describe and approximate the most liquid part of
the smile with reasonable accuracy. Certain areas of that surface however, can also be actively
traded therefore warrant specific higher orders. These are respectively the Immediate region
(short expiries for all strikes, further ITM or OTM) and the At-The-Money line (for quite long
expiries). The corresponding need for increased accuracy justifies that we should examine

◮ The IATM hyperskew Σ̃
′′′

yyy(t, 0, 0)

◮ The IATM hypercurve Σ̃
(4′)
y4

(t, 0, 0)

◮ The IATM arch Σ̃
′′

θθ(t, 0, 0)

Note tha, beyond market considerations, there are more mathematical (actually numerical)
justifications for selecting the first, second and third layers. Indeed, as we have seen in section
2.2.3 [p.117] the finite differences baseline transfer does follow the ladder effect. Therefore, to
obtain the first layer at an appropriate precision in the new baseline, one must already have the
second and third layers in the central one.
Remark also that the IATM arch is often missing from the ad hoc singular perturbation results
available for some chosen stochastic volatility models. In [HKLW02] for instance, the implied
volatility is provided as a linear function of time-to-maturity. As will be discussed in section 4.2,
Hagan&al ’s closed-form approximation does match the ACE results for the eight other static
differentials quoted above. However, obtaining the arch differential would require to push the
perturbation method to higher orders.
Out of the nine static targets, we have already computed in section 1.4 the first three : Σ̃(⋆),
Σ̃

′

y(⋆) and Σ̃
′′

yy(⋆). Similarly, we already have four of the nine dynamic differentials : b̃(⋆), ν̃(⋆),

ñ(⋆) and ν̃
′

y(⋆). Although the coefficients are important to us, for the sake of clarity we break
down the coming computations in five sections, each based on a static differential. However,
instead of progressing one layer after the other as mentioned in section 2.1, we work column by
by column. The chapter is therefore organised as per Figure 3.

Figure 3.1: Order of computation for Chapter 3

✲ ∂θp
0 1 2

❄
∂ym

0

1

2

3

4

Σ̃(⋆)

Σ̃
′

y(⋆)

Σ̃
′′

yy(⋆)

Σ̃
′′′

yyy(⋆)
Section 3.2

Σ̃(4,0)(⋆)
Section 3.3

Σ̃
′

θ(⋆)

Σ̃
′′

yθ(⋆)
Section 3.4

Σ̃
′′′

yyθ(⋆)
Section 3.5

Σ̃
′′

θθ(⋆)
Section 3.6

(⋆) = (t, 0, 0)

❄✄
✄
✄
✄
✄
✄
✄
✄✗

❄✄
✄
✄
✄
✄
✄✗
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3.1 Some minor but useful results

3.1.1 Dynamics of a recurring ratio

As detailed formally in section 2.1, the procedure is inductive and therefore fairly repetitive. In
these circumstances it usually pays off to provide generic sub-results that will help along the
proof. In our case and because of our choice of parameterisation, we are constantly dealing with
the dynamics of some ratio, at the denominator of which will sit the instantaneous volatility.
The following lemma aims at providing these dynamics once and for all, in a generic manner.

Lemma 3.1 (Dynamics of a generic volatility-power scaling)
Let xt be a scalar Itô process whose dynamics are formally described by :

d xt = c1 dt+ c2 dWt + c3 dZt

then we have, for n ∈ N∗

d

[
xt
σnt

]
=

[
c1
σnt
− n

σn+1
t

(a2c2 + a3c3 + xta1) +
n(n+ 1)

2σn+2
t

xt
(
a22 + a23

)]
dt

+

[
c2
σnt
− nxta2

σn+1
t

]
dWt +

[
c3
σnt
− nxta3

σn+1
t

]
dZt

Proof.
It suffices to apply Itô’s Lemma to the function f(xt, σt) with f(x, y) = x

yn which gives

∂x f =
1

yn
∂2x2 f = 0 ∂2xy f = − n

yn+1
∂2y2 f = n(n+ 1)

x

yn+2
∂y f = −n x

yn+1

3.1.2 Term-by-term differentiation of the ZDC

Other intermediate steps can be pre-computed, in particular we have seen in Section 2.1 that

◮ For the first column in Figure 3, all pure-strike IATM differentials Σ̃(k,0)(t, 0, 0) are ob-
tained by successive y-differentiations of the Immediate ZDC (1.2.28), before taking the
resulting equation at the IATM point in (t, 0, 0). In other words, we need only compute
∇(m,0)F (t, 0, 0).

◮ For the other columns, we need to cross-differentiate the main ZDC, before taking it also
in (t, 0, 0). The resulting IATM (m, p)-ZDC expression will involve ∇(m,p−1)D(t, 0, 0),
∇(m,p)E(t, 0, 0) and ∇(m,p+1)F (t, 0, 0) on its right-hand side. For more details refer to the
ZDC (1.2.18) [p.30] and to section 2.1.

In order to speed up the coming computations we propose therefore to provide the corresponding
differential expressions, pertaining to the E(t, y, θ) and F (t, y, θ) terms.
Note that the macro terms constituting the ZDC, i.e. D(t, y, θ), E(t, y, θ) and F (t, y, θ) can lend
themselves to a mathematical interpretation. In particular F (t, y, 0) gives us the Immediate ZDC
(2.2.20), and we could probably extract more information from the differentials of all these three
terms. However we see the internal computations involved in deriving these differentials (see
terms A, B and C later on) as essentially low-level, with no apparent interpretation potential.
Furthermore, they are naturally easier to carry out sequentially and at once, rather than on
demand throughout the various proofs. In our view, these reasons justify their outsourcing into
the current section.
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Lemma 3.2 (Relevant differentials of the F (t, y, θ) term)
We have in (t, y, θ) the pure strike differentials :

∇(3,0)F (t, y, θ) = 12 Σ̃ Σ̃
′

y

3
(◦) + 18 Σ̃2Σ̃

′

yΣ̃
′′

yy(◦) + 2
[
Σ̃3 + σ2t Σ̃(◦)

]
Σ̃

′′′

yyy(◦)

+ 3 σtΣ̃
′′

yyν̃(◦) − 3 σtΣ̃ν̃
′′

yy(◦) − 6 ν̃ν̃
′

y(◦) − 6 ññ
′

y(◦) + y [·](3.1.1)

∇(4,0)F (t, y, θ) = 12 Σ̃
′

y

4
(◦) + 72 Σ̃ Σ̃

′

y

2
Σ̃

′′

yy(◦) + 24 Σ̃2Σ̃
′

yΣ̃
′′′

yyy(◦)
+ 3

[
6 Σ̃2(◦)− σ2t

]
Σ̃

′′

yy

2
(◦) +

[
2 Σ̃3 + 3 σ2t Σ̃(◦)

]
Σ̃
(4)
y4

(◦)

+ 8 σtν̃Σ̃
′′′

yyy(◦) + 12 σtν̃
′

yΣ̃
′′

yy(◦) − 4 σtν̃
′′

yyyΣ̃(◦)(3.1.2)

− 12 ν̃
′

y

2
(◦) − 12 ν̃ν̃

′′

yy(◦) − 12 ñ
′

y

2
(◦) − 12 ññ

′′

yy(◦) + y [·]

The only relevant maturity differential reads as

F (0,2)(t, y, θ) =
[
6Σ̃2 − σ2t

]
Σ̃

′

θ

2
(◦) +

[
2Σ̃2 − σ2t

]
Σ̃Σ̃

′′

θθ(◦) + y [·](3.1.3)

Finally, in terms of cross-differentials we have

∇(1,1)F (t, y, θ) = 6Σ̃2Σ̃
′

θΣ̃
′

y(◦) + 2Σ̃3Σ̃
′′

yθ(◦)− σt
[
Σ̃

′

θν̃(◦) + Σ̃ν̃
′

θ(◦)
]

+ y [·](3.1.4)

∇(2,1)F (t, y, θ) = 12 Σ̃Σ̃
′

θ Σ̃
′

y

2
(◦) + 12 Σ̃2Σ̃

′

yΣ̃
′′

yθ(◦) +
[
6 Σ̃2(◦) + σ2t

]
Σ̃

′

θΣ̃
′′

yy(◦)

+
[
2 Σ̃3(◦) + σ2t Σ̃(◦)

]
Σ̃

′′′

yyθ(◦) − 2 σtΣ̃
′

θν̃
′

y(◦) − 2 σtΣ̃ν̃
′′

yθ(◦)(3.1.5)

− 2 ν̃ν̃
′

θ(◦) − 2 ññ
′

θ(◦) + y [·]

Note that our ultimate concern is asymptotic, and in particular that we shall focus in y = 0.
This explains why, for simplicity’s sake, we have chosen not to present the blocks that are in
factor of y in all the expressions of Lemma 3.2.

Proof.
We decompose the F term defined by (1.2.21) into three components as per

F (t, y, θ) = A(t, y, θ) − y B(t, y, θ) − 1
2 y

2 C(t, y, θ)(3.1.6)

where

A(t, y, θ) = 1
2 Σ̃4(◦)− 1

2σ
2
t Σ̃2(◦)(3.1.7)

B(t, y, θ) = σtΣ̃(◦)
[
ν̃(◦) − σtΣ̃

′

y(◦)
]

= σtΣ̃ν̃(◦)− σ2t Σ̃Σ̃
′

y(◦)(3.1.8)

C(t, y, θ) =
[
ν̃(◦)− σtΣ̃

′

y(◦)
]2

+ ñ2(◦) = ν̃ 2 (◦) + σ2t Σ̃
′

y

2
(◦) − 2σtν̃Σ̃

′

y(◦) + ñ2(◦)(3.1.9)

Our roadmap is to compute the relevant differentials for the three components A, B and C (in
that order) before aggregating them into F .
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Relevant differentials of the A(t, y, θ) component
Let us first concentrate on the pure-strike differentials, taking the expression in the generic point
(◦) = (t, y, θ). We start from the definition (3.1.7) and differentiate sequentially w.r.t. y. We
obtain first

A
′

y(t, y, θ) = 2Σ̃3Σ̃
′

y(◦)− σ2t Σ̃Σ̃
′

y(◦)(3.1.10)

and then

A
′′

yy(t, y, θ) = 2
[
3Σ̃2 Σ̃

′

y

2
(◦) + Σ̃3Σ̃

′′

yy(◦)
]
− σ2t

[
Σ̃

′

y

2
(◦) + Σ̃Σ̃

′′

yy(◦)
]

= 6Σ̃2 Σ̃
′

y

2
(◦) + 2Σ̃3Σ̃

′′

yy(◦)− σ2t
[

Σ̃
′

y

2
(◦) + Σ̃Σ̃

′′

yy(◦)
]

(3.1.11)

At the third order :

A
(3,0)
y3

(t, y, θ) = 6
[
2Σ̃ Σ̃

′

y

3
(◦) + 2Σ̃2Σ̃

′

yΣ̃
′′

yy(◦)
]

+ 2
[
3Σ̃2Σ̃

′

yΣ̃
′′

yy(◦) + Σ̃3Σ̃
′′′

yyy(◦)
]

− σ2t
[
2Σ̃

′

yΣ̃
′′

yy(◦) + Σ̃
′

yΣ̃
′′

yy(◦) + Σ̃Σ̃
′′′

yyy(◦)
]

= 12Σ̃ Σ̃
′

y

3
(◦) + 18Σ̃2Σ̃

′

yΣ̃
′′

yy(◦) + 2Σ̃3Σ̃
′′′

yyy(◦) − σ2t
[
3Σ̃

′

yΣ̃
′′

yy(◦) + Σ̃Σ̃
′′′

yyy(◦)
]

(3.1.12)

And at the fourth order (omitting the argument) :

A(4,0)(t, y, θ) = 12
[

Σ̃
′

y

4
+ 3Σ̃ Σ̃

′

y

2
Σ̃

′′

yy

]
+ 18

[
2Σ̃ Σ̃

′

y

2
Σ̃

′′

yy + Σ̃2 Σ̃
′′

yy

2
+ Σ̃2Σ̃

′

yΣ̃
′′′

yyy

]

+2
[
3Σ̃2Σ̃

′

yΣ̃
′′′

yyy + Σ̃3Σ̃
(4)
y4

]
− σ2t

[
3 Σ̃

′′

yy

2
+ 3Σ̃

′

yΣ̃
′′′

yyy + Σ̃
′

yΣ̃
′′′

yyy + Σ̃Σ̃
(4)
y4

]

= 12 Σ̃
′

y

4
+ 72Σ̃ Σ̃

′

y

2
Σ̃

′′

yy + 18Σ̃2 Σ̃
′′

yy

2
+ 24Σ̃2Σ̃

′

yΣ̃
′′′

yyy + 2Σ̃3Σ̃
(4)
y4

(3.1.13)

− σ2t
[
3 Σ̃

′′

yy

2
+ 4Σ̃

′

yΣ̃
′′′

yyy + Σ̃Σ̃
(4)
y4

]

As for the relevant maturity differential, we get first

A(0,1)(t, y, θ) = 2Σ̃3Σ̃
′

θ(◦)− σ2t Σ̃Σ̃
′

θ(◦)

so that

A(0,2)(t, y, θ) = 6Σ̃2(◦) Σ̃
′

θ

2
(◦) + 2Σ̃3Σ̃

′′

θθ(◦)− σ2t Σ̃
′

θ

2
(◦)− σ2t Σ̃Σ̃

′′

θθ(◦)

=
[
6Σ̃2 − σ2t

]
Σ̃

′

θ

2
(◦) +

[
2Σ̃2 − σ2t

]
Σ̃Σ̃

′′

θθ(◦)(3.1.14)

We can then turn to cross-differentials, starting with A(1,1)(t, y, θ) which is obtained by differ-
entiating (3.1.10) once w.r.t. θ :

A
′′

yθ(t, y, θ) = 6Σ̃2Σ̃
′

θΣ̃
′

y(◦) + 2Σ̃3Σ̃
′′

yθ(◦)− σ2t
[
Σ̃

′

θΣ̃
′

y(◦) + Σ̃Σ̃
′′

yθ(◦)
]

(3.1.15)

Similarly, A(2,1)(◦) is obtained from (3.1.11) as

A
′′

yy(t, y, θ) = 6Σ̃2(◦) Σ̃
′

y

2
(◦) + 2Σ̃3(◦)Σ̃′′

yy(◦)− σ2t
[

Σ̃
′

y

2
(◦) + Σ̃(◦)Σ̃′′

yy(◦)
]

and therefore

A(2,1)(t, y, θ) = 12Σ̃(◦)Σ̃′

θ(◦) Σ̃
′

y

2
(◦) + 12Σ̃2(◦)Σ̃′

y(◦)Σ̃′′

yθ(◦) + 6Σ̃2(◦)Σ̃′

θ(◦)Σ̃′′

yy(◦) + 2Σ̃3(◦)Σ̃′′′

yyθ(◦)
− σ2t

[
2Σ̃

′

y(◦)Σ̃′′

yθ(◦) + Σ̃
′

θ(◦)Σ̃
′′

yy(◦) + Σ̃(◦)Σ̃′′′

yyθ(◦)
]

(3.1.16)
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Relevant differentials of the B(t, y, θ) component
Again, we start with pure strike differentials, in a sequential fashion. Definition (3.1.8) gives us

B
′

y(t, y, θ) = σt

[
Σ̃

′

yν̃(◦) + Σ̃ν̃
′

y(◦)
]
− σ2t

[
Σ̃

′

y

2
(◦) + Σ̃Σ̃

′′

yy(◦)
]

(3.1.17)

therefore at the second order

B
′′

yy(t, y, θ) = σt

[
Σ̃

′′

yyν̃(◦) + Σ̃
′

yν̃
′

y(◦) + Σ̃
′

yν̃
′

y(◦) + Σ̃ν̃
′′

yy(◦)
]

− σ2t
[
2Σ̃

′

yΣ̃
′′

yy(◦) + Σ̃
′

yΣ̃
′′

yy(◦) + Σ̃Σ̃
′′′

yyy(◦)
]

= σt

[
Σ̃

′′

yyν̃(◦) + 2Σ̃
′

y ν̃
′

y(◦) + Σ̃ν̃
′′

yy(◦)
]
− σ2t

[
3Σ̃

′

yΣ̃
′′

yy(◦) + Σ̃Σ̃
′′′

yyy(◦)
]

(3.1.18)

Differentiating once again we get :

B(3,0)(t, y, θ) = σt

[
Σ̃

′′′

yyyν̃(◦) + Σ̃
′′

yy ν̃
′

y(◦) + 2
[
Σ̃

′′

yyν̃
′

y(◦) + Σ̃
′

yν̃
′′

yy(◦)
]

+ Σ̃
′

y ν̃
′′

yy(◦) + Σ̃ν̃
′′

yyy(◦)
]

− σ2t
[
3
[

Σ̃
′′

yy

2
(◦) + Σ̃

′

yΣ̃
′′′

yyy(◦)
]

+ Σ̃
′

yΣ̃
′′′

yyy(◦) + Σ̃Σ̃
(4)
y4

(◦)
]

= σt

[
Σ̃

′′′

yyyν̃(◦) + 3Σ̃
′′

yy ν̃
′

y(◦) + 3Σ̃
′

yν̃
′′

yy(◦) + Σ̃ν̃
′′

yyy(◦)
]

− σ2t
[
3 Σ̃

′′

yy

2
(◦) + 4Σ̃

′

yΣ̃
′′′

yyy(◦) + Σ̃Σ̃
(4)
y4

(◦)
]

(3.1.19)

Turning now to maturity and cross-differentials, we obtain first B(0,1)(t, y, θ) from differentiating
(3.1.8) with respect to θ into

B(0,1)(◦) = σt

[
Σ̃

′

θν̃(◦) + Σ̃ν̃
′

θ(◦)
]
− σ2t

[
Σ̃

′

θΣ̃
′

y(◦) + Σ̃Σ̃
′′

yθ(◦)
]

(3.1.20)

And then B(1,1)(◦) comes from (3.1.17) as

B
′

y(t, y, θ) = σt

[
Σ̃

′

y(◦)ν̃(◦) + Σ̃(◦)ν̃ ′

y(◦)
]
− σ2t

[
Σ̃

′

y

2
(◦) + Σ̃(◦)Σ̃′′

yy(◦)
]

hence

B(1,1)(t, y, θ) = σt

[
Σ̃

′′

yθ(◦)ν̃(◦) + Σ̃
′

y(◦)ν̃ ′

θ(◦) + Σ̃
′

θ(◦)ν̃
′

y(◦) + Σ̃(◦)ν̃ ′′

yθ(◦)
]

− σ2t
[
2Σ̃

′

y(◦)Σ̃′′

yθ(◦) + Σ̃
′

θ(◦)Σ̃
′′

yy(◦) + Σ̃(◦)Σ̃′′′

yyθ(◦)
]

(3.1.21)

Relevant differentials of the C(t, y, θ) component
We have from the definition (3.1.9) :

C
′

y(t, y, θ) = 2ν̃ν̃
′

y(◦) + 2σ2t Σ̃
′

yΣ̃
′′

yy(◦) − 2σt

[
ν̃

′

yΣ̃
′

y(◦) + ν̃Σ̃
′′

yy(◦)
]

+ 2ññ
′

y(◦)(3.1.22)

Differentiating (3.1.22) again w.r.t. y we get

C(2,0)(t, y, θ) = 2
[
ν̃

′

y

2
(•) + ν̃(•)ν̃ ′′

yy(•)
]

+ 2σ2t

[
Σ̃

′′

yy

2
(•) + Σ̃

′

y(•)Σ̃′′′

yyy(•)
]

− 2σt

[
ν̃

′′

yy(•)Σ̃′

y(•) + 2ν̃
′

y(•)Σ̃′′

yy(•) + ν̃(•)Σ̃′′′

yyy(•)
]

+ 2
[
ñ

′

y

2
(•) + ñ(•)ñ′′

yy(•)
]

(3.1.23)

Turning to cross-differentials, we get C(0,1)(◦) by differentiating (3.1.9) into

C(0,1)(t, y, θ) = 2ν̃ν̃
′

θ(◦) + 2σ2t Σ̃
′

yΣ̃
′′

yθ(◦) − 2σtν̃
′

θΣ̃
′

y(◦) − 2σtν̃Σ̃
′′

yθ(◦) + 2ññ
′

θ(◦)(3.1.24)
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Aggregation into the differentials of F (t, y, θ)
Let us first focus on the pure-strike differentials, establishing a generic result which we can then
instanciate as required. Recalling from (2.1.3) and (2.1.4) the following elementary results :

∂n

∂xn
[xf(x)] = nf (n−1)(x) + xf (n)(x)

and
∂n

∂xn
[
x2f(x)

]
= 1{n≥2}n(n− 1)f (n−2)(x) + 2nxf (n−1)(x) + x2f (n)(x)

with the order n ≥ 1 and employing the usual convention f (k)(x) = 0 if k < 0.
We can then differentiate F (t, y, θ) once w.r.t. y to obtain

∇(m,0)F (t, y, θ) = A(m,0)(◦)−
[
mB(m−1,0)(◦) + yB(m,0)(◦)

]

− 1

2

[
1{m≥2}m(m− 1)C(m−2,0)(◦) + 2myC(m−1,0)(◦) + y2C(m,0)(◦)

]

After simplification we obtain the pure strike-differentials of F , in the generic point (t, y, θ) :

∇(m,0)F (t, y, θ) =

[
A(m,0)(◦) −mB(m−1,0)(◦) − 1

2
1{m≥2}m(m− 1)C(m−2,0)(◦)

]

−y
[
B(m,0)(◦) +mC(m−1,0)(◦)

]
− 1

2
y2C(m,0)(◦)(3.1.25)

It is that equation (3.1.25) that we now apply to the pair of relevant pure-strike differentials.
Starting with ∇(3,0)(t, y, θ) we gather (3.1.12)-(3.1.18)-(3.1.22) pertaining to A, B and C so that

∇(3,0)F (t, y, θ) = A(3,0)(◦) − 3 B(2,0)(◦) − 3 C(1,0)(◦) + y [·]

= 12 Σ̃ Σ̃
′

y

3
(◦) + 18 Σ̃2Σ̃

′

yΣ̃
′′

yy(◦) + 2 Σ̃3Σ̃
′′′

yyy(◦) − σ2t
[
3 Σ̃

′

yΣ̃
′′

yy(◦) + Σ̃Σ̃
′′′

yyy(◦)
]

− 3
[
σt

[
Σ̃

′′

yyν̃(◦) + 2Σ̃
′

yν̃
′

y(◦) + Σ̃ν̃
′′

yy(◦)
]
− σ2t

[
3Σ̃

′

yΣ̃
′′

yy(◦) + Σ̃Σ̃
′′′

yyy(◦)
]]

− 3
[
2ν̃ν̃

′

y(◦) + 2σ2t Σ̃
′

yΣ̃
′′

yy(◦) − 2σt

[
ν̃

′

yΣ̃
′

y(◦) + ν̃Σ̃
′′

yy(◦)
]

+ 2ññ
′

y(◦)
]

+ y [·]

which after simplification provides (3.1.1).
As for F (4,0)(t, y, θ) we apply (3.1.25) with m = 4 and gather (3.1.13)-(3.1.19)-(3.1.23) into

F (4,0)(t, y, θ) = A(4,0)(◦) − 4 B(3,0)(◦) − 6 B(3,0)(◦) + y [· · ·]

= 12 Σ̃
′

y

4
(◦) + 72 Σ̃ Σ̃

′

y

2
Σ̃

′′

yy(◦) + 18 Σ̃2 Σ̃
′′

yy

2
(◦) + 24 Σ̃2Σ̃

′

yΣ̃
′′′

yyy(◦) + 2 Σ̃3Σ̃
(4)
y4

(◦)

− σ2t
[
3 Σ̃

′′

yy

2
(◦) + 4 Σ̃

′

yΣ̃
′′′

yyy(◦) + Σ̃Σ̃
(4)
y4

(◦)
]

− 4
[
σt

[
Σ̃

′′′

yyy ν̃(◦) + 3Σ̃
′′

yy ν̃
′

y(◦) + 3Σ̃
′

y ν̃
′′

yy(◦) + Σ̃ν̃
′′

yyy(◦)
]

−σ2t
[
3 Σ̃

′′

yy

2
(◦) + 4Σ̃

′

yΣ̃
′′′

yyy(◦) + Σ̃Σ̃
(4)
y4

(◦)
] ]

− 6
[

2
[
ν̃

′

y

2
(◦) + ν̃ν̃

′′

yy(◦)
]

+ 2σ2t

[
Σ̃

′′

yy

2
(◦) + Σ̃

′

yΣ̃
′′′

yyy(◦)
]

− 2σt

[
ν̃

′′

yyΣ̃
′

y(◦) + 2ν̃
′

yΣ̃
′′

yy(◦) + ν̃Σ̃
′′′

yyy(◦)
]

+ 2
[
ñ

′

y

2
(◦) + ññ

′′

yy(◦)
] ]

which after simplification provides (3.1.2).
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For the maturity differential, from the decomposed expression of F (3.1.6) we get easily

(3.1.26) F (0,2)(t, y, θ) = A(0,2)(t, y, θ)− y B(0,2)(t, y, θ)− 1
2y

2 C(0,2)(t, y, θ)

and therefore injecting (3.1.14) into (3.1.26) we get (3.1.3).

Let us now turn to cross-differentials, starting with ∇(1,1)F (t, y, θ) where by applying (3.1.25)
with m = 1 we get

∇(1,0)F (t, y, θ) =
[
A(1,0)(◦)−B(◦)

]
+ y [·]

We can then θ-differentiate once to obtain

∇(1,1)F (t, y, θ) =
[
A(1,1)(◦) −B(0,1)(◦)

]
+ y [·]

Injecting the earlier results (3.1.15) and (3.1.20) respectively for A and B we get

∇(1,1)F (t, y, θ) = 6Σ̃2Σ̃
′

θΣ̃
′

y(◦) + 2Σ̃3Σ̃
′′

yθ(◦)− σ2t
[
Σ̃

′

θΣ̃
′

y(◦) + Σ̃Σ̃
′′

yθ(◦)
]

− σt
[
Σ̃

′

θν̃(◦) + Σ̃ν̃
′

θ(◦)
]

+ σ2t

[
Σ̃

′

θΣ̃
′

y(◦) + Σ̃Σ̃
′′

yθ(◦)
]

+ y [·]

and after simplification comes (3.1.4).

Now focusing on ∇(2,1)F (t, y, θ) we apply (3.1.25) with m = 2 to get

∇(2,0)F (t, y, θ) =
[
A(2,0)(◦) − 2B(1,0)(◦)− C(◦)

]
+ y [·]

which we then θ-differentiate once to obtain

∇(2,1)F (t, y, θ) =
[
A(2,1)(◦)− 2B(1,1)(◦) −C(0,1)(◦)

]
+ y [·]

Grouping (3.1.16)-(3.1.21)-(3.1.24) we get

∇(2,1)F (t, y, θ) = 12Σ̃Σ̃
′

θ Σ̃
′

y

2
(◦) + 12Σ̃2Σ̃

′

yΣ̃
′′

yθ(◦) + 6Σ̃2Σ̃
′

θΣ̃
′′

yy(◦) + 2Σ̃3Σ̃
′′′

yyθ(◦)

− σ2t
[
2Σ̃

′

yΣ̃
′′

yθ(◦) + Σ̃
′

θΣ̃
′′

yy(◦) + Σ̃Σ̃
′′′

yyθ(◦)
]

− 2σt

[
Σ̃

′′

yθν̃(◦) + Σ̃
′

yν̃
′

θ(◦) + Σ̃
′

θν̃
′

y(◦) + Σ̃ν̃
′′

yθ(◦)
]

+ 2σ2t

[
2Σ̃

′

yΣ̃
′′

yθ(◦) + Σ̃
′

θΣ̃
′′

yy(◦) + Σ̃Σ̃
′′′

yyθ(◦)
]

−
[
2ν̃ν̃

′

θ(◦) + 2σ2t Σ̃
′

yΣ̃
′′

yθ(◦) − 2σtν̃
′

θΣ̃
′

y(◦) − 2σtν̃Σ̃
′′

yθ(◦) + 2ññ
′

θ(◦)
]

+ y [·]

which after simplification gives (3.1.5) and concludes the proof.
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Let us now examine the E(t, y, θ) term, whose relevant differentials come as

Lemma 3.3 (Relevant differentials of the E(t, y, θ) term)
In the generic point (◦) △

= (t, y, θ) we have the following expressions for the relevant pure strike-
differentials and the first maturity differential :

E(1,0)(t, y, θ) = 3Σ̃2Σ̃
′

y(◦)
[
Σ̃

′

θ(◦)− 1
2σ

2
t Σ̃

′′

yy(◦) + σtν̃
′

y(◦) − 1
2σtν̃(◦)

]

+ Σ̃3(◦)
[
Σ̃

′′

yθ(◦)− 1
2σ

2
t Σ̃

′′′

yyy(◦) + σtν̃
′′

yy(◦)− 1
2σtν̃

′

y(◦)
]

(3.1.27)

E(2,0)(t, y, θ) =
[
6Σ̃ Σ̃

′

y

2
(◦) + 3Σ̃2Σ̃

′′

yy(◦)
] [

Σ̃
′

θ(◦)− 1
2σ

2
t Σ̃

′′

yy(◦)− 1
2σtν̃(◦) + σtν̃

′

y(◦)
]

+ 6Σ̃2Σ̃
′

y(◦)
[
Σ̃

′′

yθ(◦) − 1
2σ

2
t Σ̃

′′′

yyy(◦)− 1
2σtν̃

′

y(◦) + σtν̃
′′

yy(◦)
]

(3.1.28)

+ Σ̃3(◦)
[
Σ̃

′′′

yyθ(◦)− 1
2σ

2
t Σ̃

(4′)
y4

(◦)− 1
2σtν̃

′′

yy(◦) + σtν̃
′′

yyy(◦)
]

E(0,1)(t, y, θ) = 3Σ̃2Σ̃
′

θ(◦)
[
Σ̃

′

θ(◦) − 1
2σ

2
t Σ̃

′′

yy(◦) + σtν̃
′

y(◦) − 1
2σtν̃(◦)

]

+ Σ̃3(◦)
[
Σ̃

′′

θθ(◦) − 1
2σ

2
t Σ̃

′′′

yyθ(◦) + σtν̃
′′

yθ(◦) − 1
2σtν̃

′

θ(◦)
]

(3.1.29)

Proof.
From the definition (1.2.20) [p.30] of E(t, y, θ) we get (3.1.27) by a first y-differentiation. Re-

peating the process gives us, still in the generic point (◦) △
= (t, y, θ)

E(2,0)(t, y, θ) =
[
6Σ̃(◦) Σ̃

′

y

2
(◦) + 3Σ̃2(◦)Σ̃′′

yy(◦)
] [

Σ̃
′

θ(◦) − 1
2σ

2
t Σ̃

′′

yy(◦)− 1
2σtν̃(◦) + σtν̃

′

y(◦)
]

+ 3Σ̃2(◦)Σ̃′

y(◦)
[
Σ̃

′′

yθ(◦)− 1
2σ

2
t Σ̃

′′′

yyy(◦)− 1
2σtν̃

′

y(◦) + σtν̃
′′

yy(◦)
]

+ 3Σ̃2(◦)Σ̃′

y(◦)
[
Σ̃

′′

yθ(◦)− 1
2σ

2
t Σ̃

′′′

yyy(◦)− 1
2σtν̃

′

y(◦) + σtν̃
′′

yy(◦)
]

+ Σ̃3(◦)
[
Σ̃

′′′

yyθ(◦) − 1
2σ

2
t Σ̃

(4′)
y4

(◦)− 1
2σtν̃

′′

yy(◦) + σtν̃
′′

yyy(◦)
]

which after simplification provides (3.1.28). As for the maturity differential, a single derivation
of (1.2.20) w.r.t. θ gives us (3.1.29).



3.2. COMPUTATION OF THE HYPERSKEW 163

3.2 Computation of the hyperskew

Here we are eventually interested in the pure strike differential Σ̃(3,0)(t, 0, 0), so let us start with
the associated dynamic coefficients.

3.2.1 Expressing b̃
′

y(⋆) and ñ
′

y(⋆)

Since we have only expressed ν̃
′

y(⋆) within Theorem 1.2, which focused on the Σ̃-(2,0) group, let
us derive the missing drift and exogenous coefficient. We have

Proposition 3.1 (Expressions of b̃
′

y(⋆) and ñ
′

y(⋆) in the generic bi-dimensional case)

For a generic bi-dimensional model the IATM dynamics involve

b̃
′

y(t, 0, 0) =
1

σt

[
1

2
a21

]
+

1

σ2t

[
−1

2
a1a2 −

1

2
a2a22 −

1

2
a3a23

]
+

1

σ3t

[
1

2
a32 +

1

2
a2a

2
3

]
(3.2.30)

ñ
′

y(t, 0, 0) =
1

σt

[
1

2
a23

]
+

1

σ2t

[
−1

2
a2a3

]
(3.2.31)

Note that we have now gathered the input-expressions of b̃
′

y(t, 0, 0), ν̃
′

y(t, 0, 0) and ñ
′

y(t, 0, 0).
This means that, given as input a generic bi-dimensional stochastic instantaneous volatility
model, we can describe exactly the dynamics of the IATM skew Σ̃

′

y. Which means in turn that
we can reasonably approximate3 the dynamics of several types of very common options whose
prices are essentially defined by the IATM skew, such as long/short strangles, call/put spreads
or call/put binaries.

Proof.
We have from (1.4.51) :

Σ̃
′

y(t, 0, 0) = 1
2

a2
σt

Applying Lemma 3.1 with xt = a2,t and n = 1 gives the dynamics of the IATM skew d Σ̃
′

y(t, 0, 0).
Using the unicity of Itô’s decomposition we then identify term by term to get :

◮ for the finite variation term :

b̃
′

y(t, 0, 0) = 1
2

[
a21
σt
− 1

σ2t
(a2a22 + a3a23 + a2a1) +

2

2σ3t
a2
(
a22 + a23

)]

hence

b̃
′

y(t, 0, 0) =
1

σt

[
1

2
a21

]
+

1

σ2t

[
−1

2
a1a2 −

1

2
a2a22 −

1

2
a3a23

]
+

1

σ3t

[
1

2
a32 +

1

2
a2a

2
3

]

which proves (3.2.30).

◮ for the exogenous coefficient :

ñ
′

y(t, 0, 0) =
a23
2σt
− a2a3

2σ2t

which proves (3.2.31).

3For short maturities, and assuming these options are struck on and/or either side of the money.
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3.2.2 Expressing b̃
′′

yy(⋆), ν̃
′′

yy(⋆) and ñ
′′

yy(⋆)

We can now initiate the induction proper, starting with the full ∇(2,0) dynamics :

Proposition 3.2 (Expressions of b̃
′′

yy(⋆), ν̃
′′

yy(⋆) and ñ
′′

yy(⋆) in the bi-dimensional case)

For a generic bi-dimensional model we have

b̃
′′

yy(t, 0, 0) =
1

σ2t

[
1

3
a221

]

+
1

σ3t

[
−2

3
a1a22 − a2a21 −

2

3
a2a222 +

2

3
a3a31 −

2

3
a3a223 −

1

2
a222 −

1

2
a223 +

1

3
a232 +

1

3
a233

]

+
1

σ4t

[
3

2
a1a

2
2 − a1a23 + 4a22a22 + 3a2a3a23 − 2a2a3a32 + a23a22 − 2a23a33

]
(3.2.32)

+
1

σ5t

[
−3a42 − a22a23 + 2a43

]

for the drift and

ν̃
′′

yy(t, 0, 0) =
1

σ2t

[
1

3
a222

]
+

1

σ3t

[
2

3
a3a32 −

5

3
a2a22

]
+

1

σ4t

[
3

2
a32 − a2a23

]
(3.2.33)

ñ
′′

yy(t, 0, 0) =
a223
3σ2t

+
1

σ3t

[
2

3
a3 (a33 − a22)− a2a23

]
+
a3
σ4t

[
3

2
a22 − a23

]
(3.2.34)

for the endogenous and exogenous coefficients.

In more financial terms, having obtained these three expressions means that, given the same
stochastic volatility input model, we have now access to the exact dynamics of the IATM curva-
ture Σ̃

′′

yy(t, 0, 0). Which in turns implies that we can approximate the dynamics of short-expiry

ATM butterfly options, whose payoff definition is a finite difference approximation for Σ
′′

KK.

Proof.
From 1.4.52 we have

Σ̃
′′

yy(t, 0, 0) =
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
−1

2
a22 +

1

3
a23

]

Let us compute the dynamics of each term, applying Lemma 3.1 respectively

◮ with xt = a22 and n = 2 which leads to

d

[
a22
σ2t

]
=

[
a221
σ2t
− 2

σ3t
(a2a222 + a3a223 + a1a22) +

6

2σ4t
a22
(
a22 + a23

)]
dt

+

[
a222
σ2t
− 2a2a22

σ3t

]
dWt +

[
a223
σ2t
− 2a3a22

σ3t

]
dZt(3.2.35)

◮ with xt = a22 and n = 3 where we start by computing

d a22 = 2a2 da2 +
(
a222 + a223

)
dt =

[
2a2a21 + a222 + a223

]
dt+ 2a2a22 dWt + 2a2a23 dZt
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Then applying Lemma 3.1 we get

d

[
a22
σ3t

]
=

[
2a2a21 + a222 + a223

σ3t
− 3

σ4t

[
a2 (2a2a22) + a3 (2a2a23) + a22a1

]
+

12

2σ5t
a22
(
a22 + a23

)]
dt

+

[
2a2a22
σ3t

− 3a22a2
σ4t

]
dWt +

[
2a2a23
σ3t

− 3a22a3
σ4t

]
dZt

=

[
2a2a21 + a222 + a223

σ3t
− 3

σ4t

[
2a22a22 + 2a2a3a23 + a1a

2
2

]
+

6

σ5t
a22
(
a22 + a23

)]
dt

+

[
2a2a22
σ3t

− 3a32
σ4t

]
dWt +

[
2a2a23
σ3t

− 3a22a3
σ4t

]
dZt(3.2.36)

◮ with xt = a23 and n = 3 where we start by computing

d a23 = 2a3 da3 +
(
a232 + a233

)
dt =

[
2a3a31 + a232 + a233

]
dt+ 2a3a32 dWt + 2a3a33 dZt

So that Lemma 3.1 gives us

d

[
a23
σ3t

]
=

[
2a3a31 + a232 + a233

σ3t
− 3

σ4t

(
a2 (2a3a32) + a3 (2a3a33) + a1a

2
3

)
+

12

2σ5t
a23
(
a22 + a23

)]
dt

+

[
2a3a32
σ3t

− 3a2a
2
3

σ4t

]
dWt +

[
2a3a33
σ3t

− 3a3a
2
3

σ4t

]
dZt

=

[
2a3a31 + a232 + a233

σ3t
− 3

σ4t

[
2a2a3a32 + 2a23a33 + a1a

2
3

]
+

6

σ5t
a23
(
a22 + a23

)]
dt

+

[
2a3a32
σ3t

− 3a2a
2
3

σ4t

]
dWt +

[
2a3a33
σ3t

− 3a33
σ4t

]
dZt(3.2.37)

Gathering (3.2.35),(3.2.36) and (3.2.37) we get :

d Σ̃
′′

yy(t, 0, 0)

=

[
a221
3σ2t
− 2

3σ3t
(a2a222 + a3a223 + a1a22) +

a22
σ4t

(
a22 + a23

)
− 2a2a21 + a222 + a223

2σ3t

+
3

2σ4t

[
2a22a22 + 2a2a3a23 + a1a

2
2

]
− 3

σ5t
a22
(
a22 + a23

)
+

2a3a31 + a232 + a233
3σ3t

− 1

σ4t

[
2a2a3a32 + 2a23a33 + a1a

2
3

]
+

2

σ5t
a23
(
a22 + a23

)]
dt

+

[
a222
3σ2t
− 2a2a22

3σ3t
− a2a22

σ3t
+

3a32
2σ4t

+
2a3a32

3σ3t
− a2a

2
3

σ4t

]
dWt

+

[
a223
3σ2t
− 2a3a22

3σ3t
− a2a23

σ3t
+

3a22a3
2σ4t

+
2a3a33

3σ3t
− a33
σ4t

]
dZt

Hence the drift comes as

b̃
′′

yy(t, 0, 0) =
1

σ2t

[
1

3
a221

]

+
1

σ3t

[
−2

3
(a2a222 + a3a223 + a1a22)− 1

2

(
2a2a21 + a222 + a223

)
+

1

3

(
2a3a31 + a232 + a233

)]

+
1

σ4t

[
a22
(
a22 + a23

)
+

3

2

(
2a22a22 + 2a2a3a23 + a1a

2
2

)
−
(
2a2a3a32 + 2a23a33 + a1a

2
3

)]

+
1

σ5t

[
−3a22

(
a22 + a23

)
+ 2a23

(
a22 + a23

)]
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which simplifies into

b̃
′′

yy(t, 0, 0) =
1

σ2t

[
1

3
a221

]

+
1

σ3t

[
−2

3
a1a22 − a2a21 −

2

3
a2a222 +

2

3
a3a31 −

2

3
a3a223 −

1

2
a222 −

1

2
a223 +

1

3
a232 +

1

3
a233

]

+
1

σ4t

[
3

2
a1a

2
2 − a1a23 + 4a22a22 + 3a2a3a23 − 2a2a3a32 + a23a22 − 2a23a33

]

+
1

σ5t

[
−3a42 − a22a23 + 2a43

]

and proves (3.2.32). As for the endogenous coefficient, it can be decomposed into

ν̃
′′

yy(t, 0, 0) =
1

σ2t

[
1

3
a222

]
+

1

σ3t

[
2

3
a3a32 −

5

3
a2a22

]
+

1

σ4t

[
3

2
a32 − a2a23

]

which proves (3.2.33). And finally the endogenous coefficient comes

ñ
′′

yy(t, 0, 0) =
a223
3σ2t

+
1

σ3t

[
2

3
a3 (a33 − a22)− a2a23

]
+
a3
σ4t

[
3

2
a22 − a23

]

which proves (3.2.34) and concludes the proof.

3.2.3 Expressing the (3, 0)-IZDC and the hyperskew Σ̃
′′′

yyy(⋆)

We are now equipped for our main result, which is the third pure-strike static differential :

Proposition 3.3 (Expression of the hyperskew Σ̃
′′′

yyy(⋆) in the bi-dimensional case)

For a generic bi-dimensional model we have in (⋆)
△
= (t, 0, 0)

Σ̃
′′′

yyy(⋆) =
1

σ3t

[a222
4

]
+

1

σ4t

[
−3

2
a2a22 +

3

4
a3a23 +

1

2
a3a32

]
+

1

σ5t

[
3

2
a32 −

5

2
a2a

2
3

]
(3.2.38)

which we can rewrite with normalised coefficients as

Σ̃
′′′

yyy(⋆) =
1

σ2t

[
c222

4
− 3

2
c2c22 +

3

4
c3c23 +

1

2
c3c32 +

3

2
c32 −

5

2
c2c

2
3

]

Proof.
Applying the pre-computed result (3.1.1) - established for F (t, y, θ) - in (t, 0, 0) we get the
(3, 0)-IZDC4 taken at that same IATM point :

0 = F (3,0)(t, 0, 0) = 12 σt Σ̃
′

y

3
+ 18 σ2t Σ̃

′

yΣ̃
′′

yy(⋆) + 4 σ3t Σ̃
′′′

yyy(⋆) − 3 σ2t ν̃
′′

yy(⋆)

− 6 ν̃ν̃
′

y(⋆) + 3 σt ν̃Σ̃
′′

yy(⋆) − 6 ññ
′

y(⋆)(3.2.39)

4Remark that (3, 0)-IZDC is a formal notation : since the IZDC is expressed in (t, y, 0) it cannot accept any
differential w.r.t. θ. Its only interest is to ensure some consistency with the ZDC differentials. Also recall that
there is a scaling factor between F (t, y, 0) and the IZDC.
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which leads to

Σ̃
′′′

yyy(⋆) = − 3

σ2t
Σ̃

′

y

3
(⋆) − 9

2σt
Σ̃

′

yΣ̃
′′

yy(⋆) +
3

4σt
ν̃

′′

yy(⋆) +
3

2σ3t
ν̃ν̃

′

y(⋆) − 3

4σ2t
ν̃Σ̃

′′

yy(⋆) +
3

2σ3t
ññ

′

y(⋆)

Replacing the terms on the right-hand side by their input-expressions, we get

Σ̃
′′′

yyy(⋆) = − 3

σ2t

(
a2
2σt

)3

− 9

2σt

(
a2
2σt

)(
1

σ2t

[a22
3

]
+

1

σ3t

[
a23
3
− a22

2

])

+
3

4σt

[
a222
3σ2t

+
1

σ3t

(
2

3
a3a32 −

5

3
a2a22

)
+
a2
σ4t

(
3

2
a22 − a23

)]
+

3

2σ3t
a2

(
a22
2σt
− a22

2σ2t

)

− 3

4σ2t
a2

(
1

σ2t

[a22
3

]
+

1

σ3t

[
a23
3
− a22

2

])
+

3

2σ3t
a3

(
a23
2σt
− a2a3

2σ2t

)

= − 3a32
8σ5t
− 3a2a22

4σ4t
− 9a2

4σ5t

[
a23
3
− a22

2

]
+
a222
4σ3t

+
3

4σ4t

(
2

3
a3a32 −

5

3
a2a22

)
+

3a2
4σ5t

(
3

2
a22 − a23

)

+
3a2a22

4σ4t
− 3a32

4σ5t
− a2a22

4σ4t
− 3a2

4σ5t

(
a23
3
− a22

2

)
+

3a3a23
4σ4t

− 3a2a
2
3

4σ5t

Rearranging the terms by power of σt, we get

Σ̃
′′′

yyy(t, 0, 0) =
1

σ3t

[a222
4

]
+

1

σ4t

[
−3a2a22

4
+

3

4

(
2

3
a3a32 −

5

3
a2a22

)
+

3a2a22
4
− a2a22

4
+

3a3a23
4

]

+
1

σ5t

[
−3a32

8
− 9a2

4

[
a23
3
− a22

2

]
+

3a2
4

(
3

2
a22 − a23

)
− 3a32

4
− 3a2

4

(
a23
3
− a22

2

)
− 3a2a

2
3

4

]

and after simplification,

Σ̃
′′′

yyy(t, 0, 0) =
1

σ3t

[a222
4

]
+

1

σ4t

[
a3

(
1
2a32 +

3

4
a23

)
− 3

2
a2a22

]
+

1

σ5t

[
a2

(
3

2
a22 −

5

2
a23

)]

which proves (3.2.38) and concludes the proof.

It is reassuring to note that (3.2.38) is compatible with the results of [Dur06], as proven in
Appendix E : see (E.0.24) [p.XVIII].
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3.3 Computation of the hypercurve

We are now interested in the next pure-strike differential Σ̃(4,0)(t, 0, 0), and again we start by
computing the differentials of the coefficients.

3.3.1 Expressing b̃
′′′

yyy(⋆), ν̃
′′

yyy(⋆) and ñ
′′′

yyy(⋆)

Proposition 3.4 (Expressions of b̃
′′′

yyy(⋆), ν̃
′′

yyy(⋆) and ñ
′′′

yyy(⋆) in the bi-dimensional case)

For a generic bi-dimensional model we have in (⋆)
△
= (t, 0, 0)

b̃
′′′

yyy(t, 0, 0) =
1

σ3t

[
1

4
a2221

]

+
1

σ4t

[
−3

4
a1a222 −

3

2
a2a221 −

3

4
a2a2222 +

1

2
a3a321 +

3

4
a3a231 −

3

4
a3a2223 −

3

2
a22a21 −

3

2
a22a222

+
3

4
a23a31 −

3

2
a23a223 +

1

2
a32a31 +

3

4
a32a232 +

1

2
a32a322 +

3

4
a33a233 +

1

2
a33a323

]

+
1

σ5t

[
6a1a2a22 − 3a1a3a23 − 2a1a3a32 +

9

2
a22a21 +

15

2
a22a222 − 5a2a3a31 + 6a2a3a223 − 3a2a3a232

− 2a2a3a322 +
21

2
a2a

2
22 +

9

2
a2a

2
23 − 3a2a23a32 − 2a2a

2
32 −

5

2
a2a

2
32 −

5

2
a2a

2
33 −

5

2
a23a21(3.3.40)

+
3

2
a23a222 − 3a23a233 − 2a23a323 + 6a3a22a23 − 5a3a22a32 − 8a3a23a33 − 2a3a32a33

]

+
1

σ6t

[
−15

2
a1a

3
2 +

25

2
a1a2a

2
3 −

75

2
a32a22 − 15a22a3a23 + 30a22a3a32

− 5

2
a2a

2
3a22 + 25a2a

2
3a33 + 20a33a23 + 5a33a32

]

+
1

σ7t

[
45

2
a52 − 15a32a

2
3 −

75

2
a2a

4
3

]

for the drift coefficient,

ν̃
′′

yyy(t, 0, 0) =
1

σ3t

[a2222
4

]
+

1

σ4t

[
−9

4
a2a222 + 1

2a3a322 +
3

4
a3a232 −

3

2
a222 +

3

4
a23a32 + 1

2a
2
32

]

+
1

σ5t

[
−7a2a3a32 − 3a2a3a23 +

21

2
a22a22 −

5

2
a23a22

]
+

1

σ6t

[
−15

2
a42 +

25

2
a22a

2
3

]
(3.3.41)

for the endogenous term, while the exogenous coefficient comes as

ñ
′′′

yyy(t, 0, 0) =
1

σ3t

[
1

4
a2223

]

+
1

σ4t

[
−3

2
a2a223 −

3

4
a3a222 +

3

4
a3a233 +

1

2
a3a323 −

3

2
a22a23 +

3

4
a23a33 +

1

2
a32a33

]
(3.3.42)

+
1

σ5t

[
+

9

2
a22a23 + 6a2a3a22 − 5a2a3a33 −

11

2
a23a23 − 2a23a32

]
+

1

σ6t

[
−15

2
a32a3 +

25

2
a2a

3
3

]
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Proof.
It suffices to compute the dynamics of the hyperskew Σ̃

′′′

yyy(⋆), whose expression we recall from
our previous result (3.2.38) [p.166] :

Σ̃
′′′

yyy(t, 0, 0) =
1

σ3t

[a222
4

]
+

1

σ4t

[
a3

(
1
2a32 +

3

4
a23

)
− 3

2
a2a22

]
+

1

σ5t

[
a2

(
3

2
a22 −

5

2
a23

)]

Computing the dynamics of the first term d 1
σ3
t

[
a222
4

]

Applying Lemma 3.1 with xt = a222
4 and n = 3 we get :

d

[
a222
4σ3t

]
=

1

4

[
a2221
σ3t
− 3

σ4t
(a2a2222 + a3a2223 + a1a222) +

12

2σ5t
a222

(
a22 + a23

)]
dt

+
1

4

[
a2222
σ3t
− 3a2a222

σ4t

]
dWt +

1

4

[
a2223
σ3t
− 3a3a222

σ4t

]
dZt(3.3.43)

Computating the dynamics of the second term d 1
σ4
t

[
a3
(
1
2a32 + 3

4a23
)
− 3

2a2a22
]

We split the bracket in three elementary dynamics :

d [a3a32] = a32 [a31dt + a32dWt + a33dZt] + a3 [a321dt + a322dWt + a323dZt] + [a32a322 + a33a323] dt

= [a32a31 + a3a321 + a32a322 + a33a323] dt+
[
a232 + a3a322

]
dWt + [a32a33 + a3a323] dZt

d [a3a23] = a23 [a31dt + a32dWt + a33dZt] + a3 [a231dt + a232dWt + a233dZt] + [a32a232 + a33a233] dt

= [a23a31 + a3a231 + a32a232 + a33a233] dt+ [a23a32 + a3a232] dWt + [a23a33 + a3a233] dZt

d [a2a22] = a22 [a21dt + a22dWt + a23dZt] + a2 [a221dt + a222dWt + a223dZt] + [a22a222 + a23a223] dt

= [a22a21 + a2a221 + a22a222 + a23a223] dt+
[
a222 + a2a222

]
dWt + [a22a23 + a2a223] dZt

so that together they provide

d

[
a3

(
1
2a32 +

3

4
a23

)
− 3

2
a2a22

]

=

[
1
2 (a32a31 + a3a321 + a32a322 + a33a323) +

3

4
(a23a31 + a3a231 + a32a232 + a33a233)

−3

2
(a22a21 + a2a221 + a22a222 + a23a223)

]
dt

+

[
1
2

(
a232 + a3a322

)
+

3

4
(a23a32 + a3a232)− 3

2

(
a222 + a2a222

)]
dWt

+

[
1
2 (a32a33 + a3a323) +

3

4
(a23a33 + a3a233)− 3

2
(a22a23 + a2a223)

]
dZt
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We can then move on to the ratio, by applying Lemma 3.1 with xt =
[
a3
(
1
2a32 + 3

4a23
)
− 3

2a2a22
]

and n = 4, which gives

d

[
1

σ4t

[
a3

(
1
2a32 +

3

4
a23

)
− 3

2
a2a22

]]

=

[
1

σ4t

[
1
2 (a32a31 + a3a321 + a32a322 + a33a323) +

3

4
(a23a31 + a3a231 + a32a232 + a33a233)

− 3

2
(a22a21 + a2a221 + a22a222 + a23a223)

]

− 4

σ5t

[
a2

[
1
2

(
a232 + a3a322

)
+

3

4
(a23a32 + a3a232)− 3

2

(
a222 + a2a222

)]

+ a3

[
1
2 (a32a33 + a3a323) +

3

4
(a23a33 + a3a233)− 3

2
(a22a23 + a2a223)

]

+ a1

[
a3

(
1
2a32 +

3

4
a23

)
− 3

2
a2a22

]]
(3.3.44)

+
10

σ6t

[
a3

(
1
2a32 +

3

4
a23

)
− 3

2
a2a22

] (
a22 + a23

) ]
dt

+

[
1

σ4t

[
1
2

(
a232 + a3a322

)
+

3

4
(a23a32 + a3a232)− 3

2

(
a222 + a2a222

)]

− 4a2
σ5t

[
a3

(
1
2a32 +

3

4
a23

)
− 3

2
a2a22

] ]
dWt

+

[
1

σ4t

[
1
2 (a32a33 + a3a323) +

3

4
(a23a33 + a3a233)− 3

2
(a22a23 + a2a223)

]

− 4a3
σ5t

[
a3

(
1
2a32 +

3

4
a23

)
− 3

2
a2a22

] ]
dZt

Computing the dynamics of the third term d 1
σ5
t

[
a2
(
3
2a

2
2 − 5

2a
2
3

)]

We have the elementary equations

d
[
a32
]

= 3a22 [a21dt + a22dWt + a23dZt] + 3a2
[
a222 + a223

]
dt

=
[
3a22a21 + 3a2

(
a222 + a223

)]
dt+ 3a22a22 dWt + 3a22a23 dZt(3.3.45)

da23 = 2a3 [a31dt+ a32dWt + a33dZt] +
[
a232 + a233

]
dt

=
[
2a3a31 + a232 + a233

]
dt+ 2a3a32 dWt + 2a3a33 dZt

which we can then use to get

d
[
a2a

2
3

]
= a23 [a21dt+ a22dWt + a23dZt] + a2

[(
2a3a31 + a232 + a233

)
dt + 2a3a32 dWt + 2a3a33 dZt

]

+ [a222a3a32 + a232a3a33] dt

=
[
a23a21 + a2

(
2a3a31 + a232 + a233

)
+ 2a3a22a32 + 2a3a23a33

]
dt

+
[
a23a22 + 2a2a3a32

]
dWt +

[
a23a23 + 2a2a3a33

]
dZt(3.3.46)
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Pooling (3.3.45) and (3.3.46) , we have the dynamics of the bracket as

d

[
a2

(
3

2
a22 −

5

2
a23

)]
=

[
3

2

[
3a22a21 + 3a2

(
a222 + a223

)]

− 5

2

[
a23a21 + a2

(
2a3a31 + a232 + a233

)
+ 2a3a22a32 + 2a3a23a33

]]
dt

+

[
3

2

[
3a22a22

]
− 5

2

[
a23a22 + 2a2a3a32

]]
dWt

+

[
3

2

[
3a22a23

]
− 5

2

[
a23a23 + 2a2a3a33

]]
dZt

Applying Lemma 3.1 with xt =
[
a2
(
3
2a

2
2 − 5

2a
2
3

)]
and n = 5 we get the ratio’s dynamics as

d

[
1

σ5t

[
a2

(
3

2
a22 −

5

2
a23

)]]
=

[
1

σ5t

[
3

2

[
3a22a21 + 3a2

(
a222 + a223

)]
− 5

2

[
a23a21 + a2

(
2a3a31 + a232 + a233

)
+ 2a3a22a32 + 2a3a23a33

]]

− 5

σ6t

[
a2

[
3

2

[
3a22a22

]
− 5

2

[
a23a22 + 2a2a3a32

]]

+ a3

[
3

2

[
3a22a23

]
− 5

2

[
a23a23 + 2a2a3a33

]]

+ a1

[
a2

(
3

2
a22 −

5

2
a23

)] ]

+
15

σ7t

[
a2

(
3

2
a22 −

5

2
a23

)] (
a22 + a23

) ]
dt

(3.3.47)

+

[
1

σ5t

[
3

2

[
3a22a22

]
− 5

2

[
a23a22 + 2a2a3a32

]]
− 1

σ6t
5a2

[
a2

(
3

2
a22 −

5

2
a23

)]]
dWt

+

[
1

σ5t

[
3

2

[
3a22a23

]
− 5

2

[
a23a23 + 2a2a3a33

]]
− 1

σ6t
5a3

[
a2

(
3

2
a22 −

5

2
a23

)]]
dZt

Aggregation of the three terms

Combining (3.3.43)-(3.3.44)-(3.3.47), we can write the hyperskew’s dynamics as

d Σ̃
′′′

yyy(t, 0, 0) = b̃
′′′

yyy(t, 0, 0) dt+ ν̃
′′

yyy(t, 0, 0) dWt + ñ
′′′

yyy(t, 0, 0) dZt

where the drift comes as
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b̃
′′′

yyy(t, 0, 0) =
1

σ3t

a2221
4

+
1

σ4t

[
1
2 (a32a31 + a3a321 + a32a322 + a33a323) +

3

4
(a23a31 + a3a231 + a32a232 + a33a233)

− 3

2
(a22a21 + a2a221 + a22a222 + a23a223)− 3

4
(a2a2222 + a3a2223 + a1a222)

]

+
1

σ5t

3

2
a222

(
a22 + a23

)

+
1

σ5t

[
a2
[
−2
(
a232 + a3a322

)
− 3 (a23a32 + a3a232) + 6

(
a222 + a2a222

)]

+ a3 [−2 (a32a33 + a3a323)− 3 (a23a33 + a3a233) + 6 (a22a23 + a2a223)]

+ a1 [a3 (−2a32 − 3a23) + 6a2a22] ]

+
1

σ5t

[
9

2
a22a21 +

9

2
a2
(
a222 + a223

)
− 5

2
a23a21 − 5a2a3a31 −

5

2
a2
(
a232 + a233

)
− 5a3a22a32 − 5a3a23a33

]

+
1

σ6t

[
5

2
a3 (2a32 + 3a23)− 15a2a22

] (
a22 + a23

)

+
1

σ6t

[
−5

2
a2
[
9a22a22 − 5a23a22 − 10a2a3a32

]
− 5

2
a3
[
9a22a23 − 5a23a23 − 10a2a3a33

]
− 5

2
a1a2

(
3a22 − 5a23

)]

+
1

σ7t

[
15

2
a2
(
3a22 − 5a23

) (
a22 + a23

)]

and after simplification

b̃
′′′

yyy(t, 0, 0) =
1

σ3t

[
1

4
a2221

]

+
1

σ4t

[
−3

4
a1a222 −

3

2
a2a221 −

3

4
a2a2222 +

1

2
a3a321 +

3

4
a3a231 −

3

4
a3a2223 −

3

2
a22a21 −

3

2
a22a222

+
3

4
a23a31 −

3

2
a23a223 +

1

2
a32a31 +

3

4
a32a232 +

1

2
a32a322 +

3

4
a33a233 +

1

2
a33a323

]

+
1

σ5t

[
+6a1a2a22 − 3a1a3a23 − 2a1a3a32 +

9

2
a22a21 +

15

2
a22a222 − 5a2a3a31 + 6a2a3a223 − 3a2a3a232

− 2a2a3a322 +
21

2
a2a

2
22 +

9

2
a2a

2
23 − 3a2a23a32 − 2a2a

2
32 −

5

2
a2a

2
32 −

5

2
a2a

2
33 −

5

2
a23a21

+
3

2
a23a222 − 3a23a233 − 2a23a323 + 6a3a22a23 − 5a3a22a32 − 8a3a23a33 − 2a3a32a33

]

+
1

σ6t

[
−15

2
a1a

3
2 +

25

2
a1a2a

2
3 −

75

2
a32a22 − 15a22a3a23 + 30a22a3a32

− 5

2
a2a

2
3a22 + 25a2a

2
3a33 + 20a33a23 + 5a33a32

]

+
1

σ7t

[
45

2
a52 − 15a32a

2
3 −

75

2
a2a

4
3

]

which proves (3.3.40). Also the endogenous coefficient reads as
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ν̃
′′

yyy(t, 0, 0) =
1

σ3t

a2222
4

+
1

σ4t

[
−3

4
a2a222 + 1

2

(
a232 + a3a322

)
+

3

4
(a23a32 + a3a232)− 3

2

(
a222 + a2a222

)]

+
1

σ5t

[
−a2a3 (2a32 + 3a23) + 6a22a22 +

9

2
a22a22 −

5

2
a23a22 − 5a2a3a32

]

+
1

σ6t

[
−5a22

(
3

2
a22 −

5

2
a23

)]

which after simplification comes as

ν̃
′′

yyy(t, 0, 0) =
1

σ3t

[a2222
4

]

+
1

σ4t

[
−9

4
a2a222 + 1

2a3a322 +
3

4
a3a232 −

3

2
a222 +

3

4
a23a32 + 1

2a
2
32

]

+
1

σ5t

[
−7a2a3a32 − 3a2a3a23 +

21

2
a22a22 −

5

2
a23a22

]

+
1

σ6t

[
−15

2
a42 +

25

2
a22a

2
3

]

which proves (3.3.41). Finally the endogenous coefficient is expressed with

ñ
′′′

yyy(t, 0, 0) =
1

4

[
a2223
σ3t
− 3a3a222

σ4t

]

+
1

σ4t

[
1
2 (a32a33 + a3a323) +

3

4
(a23a33 + a3a233)− 3

2
(a22a23 + a2a223)

]

−4a3
σ5t

[
a3

(
1
2a32 +

3

4
a23

)
− 3

2
a2a22

]

+
1

σ5t

[
3

2

[
3a22a23

]
− 5

2

[
a23a23 + 2a2a3a33

]]
− 1

σ6t
5a3

[
a2

(
3

2
a22 −

5

2
a23

)]

and again after simplification comes as

ñ
′′′

yyy(t, 0, 0) = +
1

σ3t

[
1

4
a2223

]

+
1

σ4t

[
−3

2
a2a223 −

3

4
a3a222 +

3

4
a3a233 +

1

2
a3a323 −

3

2
a22a23 +

3

4
a23a33 +

1

2
a32a33

]

+
1

σ5t

[
+

9

2
a22a23 + 6a2a3a22 − 5a2a3a33 −

11

2
a23a23 − 2a23a32

]

+
1

σ6t

[
−15

2
a32a3 +

25

2
a2a

3
3

]

which proves (3.3.42) and concludes the proof.

Note that the expressions for b̃
′′′

yyy(⋆) and ñ
′′′

yyy(⋆) have been computed for the sake of complete-
ness and will be neither used nor interpreted.
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3.3.2 Expressing the (4, 0)-IZDC and the hypercurve Σ̃
(4′)

y4 (⋆)

We are now ready for our main static result.

Proposition 3.5 (Expression of the hypercurve Σ̃
(4′)
y4 (⋆) in the bi-dimensional case)

For a generic bi-dimensional stochastic instantaneous volatility model we have

Σ̃
(4)
y4

(t, 0, 0) =

1

σ4t

[
1

5
a2222

]
+

1

σ5t

[
−2a2a222 +

4

5
a3a223 +

3

5
a3a232 +

2

5
a3a322 −

4

3
a222 +

3

5
a223 +

3

5
a23a32 +

2

5
a232

]

(3.3.48)

+
1

σ6t

[
+10a22a22 − 9a2a3a23 − 6a2a3a32 −

14

3
a23a22 +

8

5
a23a33

]
+

1

σ7t

[
−15

2
a42 + 22a22a

2
3 −

41

15
a43

]

Using normalised coefficients, we rewrite therefore

Σ̃
(4)
y4

(t, 0, 0) =

1

σ3t

[
1

5
c2222 − 2c2c222 +

4

5
c3c223 +

3

5
c3c232 +

2

5
c3c322 −

4

3
c222 +

3

5
c223 +

3

5
c23c32 +

2

5
c232

+ 10c22c22 − 9c2c3c23 − 6c2c3c32 −
14

3
c23c22 +

8

5
c23c33 −

15

2
c42 + 22c22c

2
3 −

41

15
c43

]

Note that these static IATM differentials, as well as the dynamic IATM differentials of Propo-
sition 3.4, are homogeneous. Indeed, once expressed using normalised coefficients, they end up
as a single power of the instantaneous volatility σt.

Proof.
Applying the pre-computed result (3.1.2) in (t, 0, 0) we get

∇(4,0)F (t, 0, 0) = 12 Σ̃
′

y

4
(⋆) + 72 σt Σ̃

′

y

2
Σ̃

′′

yy(⋆) + 15 σ2t Σ̃
′′

yy

2
(⋆) + 24 σ2t Σ̃

′

yΣ̃
′′′

yyy(⋆) + 5 σ3t Σ̃
(4)
y4

(⋆)

(3.3.49)

+ 8 σtν̃Σ̃
′′′

yyy(⋆) + 12 σtν̃
′

yΣ̃
′′

yy(⋆) − 4 σ2t ν̃
′′

yyy(⋆) − 12 ν̃
′

y

2
(⋆) − 12 ν̃ν̃

′′

yy(⋆) − 12 ñ
′

y

2
(⋆) − 12 ññ

′′

yy(⋆)

Besides, we have the (4, 0)-IZDC, which taken in (t, 0, 0) reads

∇(4,0)F (t, 0, 0) = 0

so that combined with (3.3.49) it gives (omitting argument (t, 0, 0)) :

Σ̃
(4)
y4

= − 12

5σ3t
Σ̃

′

y

4 − 12

5σ2t

[
6 Σ̃

′

y

2
+ ν̃

′

y

]
Σ̃

′′

yy −
3

σt
Σ̃

′′

yy

2 −
[

24

5σt
Σ̃

′

y +
8

5σ2t
ν̃

]
Σ̃

′′′

yyy

+
4

5σt
ν̃

′′

yyy +
12

5σ3t
ν̃

′

y

2
+

12

5σ3t
ν̃ν̃

′′

yy +
12

5σ3t
ñ

′

y

2
+

12

5σ3t
ññ

′′

yy
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Replacing the quantities on the right-hand side by their input-specification, we get

Σ̃
(4)
y4

(t, 0, 0)

= − 12

5σ3t

(
a2
2σt

)4

− 12

5σ2t

(
6

(
a2
2σt

)2

+
a22
2σt
− a22

2σ2t

)[
1

σ2t

(a22
3

)
+

1

σ3t

(
a23
3
− a22

2

)]

− 3

σt

[
1

σ2t

(a22
3

)
+

1

σ3t

(
a23
3
− a22

2

)]2

−
(

24

5σt

(
a2
2σt

)
+

8

5σ2t
a2

)[
1

σ3t

(a222
4

)
+

1

σ4t

(
1
2a3a32 +

3

4
a3a23 −

3

2
a2a22

)
+

1

σ5t

(
3

2
a32 −

5

2
a2a

2
3

)]

+
4

5σt

[
1

σ3t

(a2222
4

)
+

1

σ4t

(
−9

4
a2a222 + 1

2a3a322 +
3

4
a3a232 −

3

2
a222 +

3

4
a23a32 + 1

2a
2
32

)

+
1

σ5t

(
−7a2a3a32 − 3a2a3a23 +

21

2
a22a22 −

5

2
a23a22

)
+

1

σ6t

(−15

2
a42 +

25

2
a22a

2
3

)]

+
12

5σ3t

(
a22
2σt
− a22

2σ2t

)2

+
12

5σ3t
a2

[
a222
3σ2t

+
1

σ3t

(
2

3
a3a32 −

5

3
a2a22

)
+
a2
σ4t

(
3

2
a22 − a23

)]

+
12

5σ3t

(
a23
2σt
− a2a3

2σ2t

)2

+
12

5σ3t
a3

[
1

σ2t

a223
3

+
1

σ3t

(
2

3
a3a33 −

2

3
a3a22 − a2a23

)
+

1

σ4t

(
3

2
a22a3 − a33

)]

which we develop into

Σ̃
(4)
y4

(t, 0, 0)

=
1

σ7t

(−3a42
20

)
− 12

5σ2t

[
1

σ2t

(
3a22
2
− a22

2

)
+
a22
2σt

] [
1

σ2t

(a22
3

)
+

1

σ3t

(
a23
3
− a22

2

)]

− 3

σt

[
1

σ4t

(
a222
9

)
+

1

σ6t

(
a43
9

+
a42
4
− 2

a23
3

a22
2

)
+ 2

1

σ2t

(a22
3

) 1

σ3t

(
a23
3
− a22

2

)]

−
(

12

5σ2t
a2 +

8

5σ2t
a2

)[
1

σ3t

(a222
4

)
+

1

σ4t

(
1
2a3a32 +

3

4
a3a23 −

3

2
a2a22

)
+

1

σ5t

(
3

2
a32 −

5

2
a2a

2
3

)]

+
4

5σt

[
1

σ3t

(a2222
4

)
+

1

σ4t

(
−9

4
a2a222 + 1

2a3a322 +
3

4
a3a232 −

3

2
a222 +

3

4
a23a32 + 1

2a
2
32

)

+
1

σ5t

(
−7a2a3a32 − 3a2a3a23 +

21

2
a22a22 −

5

2
a23a22

)
+

1

σ6t

(−15

2
a42 +

25

2
a22a

2
3

)]

+
1

σ5t

3

5

(
a222 +

a42
σ2t
− 1

σt
2a22a22

)

+
1

σ3t

12

5

[
1

σ2t

a2a222
3

+
1

σ3t

(
2

3
a2a3a32 −

5

3
a22a22

)
+

1

σ4t

(
3

2
a42 − a22a23

)
+

1

σ2t

a223
4

+
1

σ4t

a22a
2
3

4

+
1

σ3t

−a2a3a23
2

+
1

σ2t

a3a223
3

+
1

σ3t

(
2

3
a23a33 −

2

3
a23a22 − a2a3a23

)
+

1

σ4t

(
3

2
a22a

2
3 − a43

)]
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so that, grouping the terms according to the power of σt, we get

Σ̃
(4)
y4

(t, 0, 0)

=
1

σ4t

[a2222
5

]

+
1

σ5t

[
− 2a222

5
− a222

3
−
(

3

5
a2a222 +

2

5
a2a222

)

+

(
−9

5
a2a222 +

2

5
a3a322 +

3

5
a3a232 −

6

5
a222 +

3

5
a23a32 +

2

5
a232

)

+
3

5
a222 +

4

5
a2a222 +

3

5
a223 +

4

5
a3a223

]

+
1

σ6t

[
− 2

5
a22
(
3a22 − a22

)
−
(

2a23a22
5
− 3a22a22

5

)
−
(

2a23a22
3
− a22a22

)

−
(
2a2a3a32 + 3a2a3a23 − 6a22a22

)
+

(
−28

5
a2a3a32 −

12

5
a2a3a23 +

42

5
a22a22 − 2a23a22

)

−6

5
a22a22 +

8

5
a2a3a32 − 4a22a22 −

6

5
a2a3a23 +

(
8

5
a23a33 −

8

5
a23a22 −

12

5
a2a3a23

) ]

+
1

σ7t

[−3a42
20
−
(

6a22a
2
3

5
− 2a22a

2
3

5
− 9a42

5
+

3a42
5

)
−
(
a43
3

+
3a42
4
− a22a23

)

−
(
6a42 − 10a22a

2
3

)
+
(
−6a42 + 10a22a

2
3

)
+

3

5
a42

+

(
18

5
a42 −

12

5
a22a

2
3

)
+

3

5
a22a

2
3 +

(
18

5
a22a

2
3 −

12

5
a43

)]

and after simplification :

Σ̃
(4)
y4

(t, 0, 0)

=
1

σ4t

[a2222
5

]

+
1

σ5t

[
−4

3
a222 − 2a2a222 +

2

5
a3a322 +

3

5
a3a232 +

3

5
a23a32 +

2

5
a232 +

3

5
a223 +

4

5
a3a223

]

+
1

σ6t

[
−14

3
a23a22 + 10a22a22 − 6a2a3a32 − 9a2a3a23 +

8

5
a23a33

]

+
1

σ7t

[
−15

2
a42 −

41

15
a43 + 22a22a

2
3

]

which proves (3.3.48) and concludes the proof.
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3.4 Computation of the twist

Here the target quantity is our first cross-differential Σ̃
′′

yθ(t, 0, 0), and as always we must start with
some differentials of the dynamic coefficients, only this time with respect to time-to-maturity θ.

3.4.1 Expressing b̃
′

θ(⋆), ν̃
′

θ(⋆) and ñ
′

θ(⋆)

In this section we derive the three coefficients for further refernce, but it is ν̃
′

θ(t, 0, 0) that we
require in the short term, in order to compute the target static differential (the twist).

Proposition 3.6 (Expressions of b̃
′

θ(⋆), ñ
′

θ(⋆) and ñ
′

θ(⋆) in the bi-dimensional case)

For a generic bi-dimensional stochastic instantaneous volatility model we have

b̃
′

θ(t, 0, 0) = σt

[a21
4

]
+

[
1
2a11 −

1

6
a221 +

1

4
a1a2 +

1

4
a2a22 +

1

4
a3a23

]

+
1

σt

[
1

4
a2a21 +

1

8
a222 +

1

8
a223 +

1

6
a3a31 +

1

12
a232 +

1

12
a233

]

+
1

σ2t

[
−1

4
a22a22 −

1

4
a2a3a23 −

1

8
a1a

2
2 −

1

6
a2a3a32 −

1

6
a23a33 −

1

12
a1a

2
3

]
(3.4.50)

+
1

σ3t

[
1

8
a42 +

5

24
a22a

2
3 +

1

12
a43

]

for the drift,

ν̃
′

θ(t, 0, 0) = σt

[a22
4

]
+

[
1
2a12 −

1

6
a222 +

1

4
a22

]

+
1

σt

[
1

4
a2a22 +

1

6
a3a32

]
+

1

σ2t

[
−1

8
a32 −

1

12
a2a

2
3

]
(3.4.51)

for the endogenous coefficient, and

ñ
′

θ(t, 0, 0) = σt

[a23
4

]
+

[
1
2a13 −

1

6
a223 +

1

4
a2a3

]

+
1

σt

[
1

4
a2a23 +

1

6
a3a33

]
+

1

σ2t

[
−1

8
a22a3 −

1

12
a33

]

for the exogenous coefficient.

Note that these expressions proxy the dynamics of those financial products which are mainly
dependent on the IATM slope of the implied volatility surface. The most common of these
products are calendar spreads, but short-expiry barrier options would also be concerned.
An interesting feature of this θ-differentials is the loss of homogeneity. Indeed, so far with the
pure y-differentials we have observed a common normalisation factor : all static and dynamic
expressions were proportional to a single σt power. As discussed in Chapter 1, this is not the
case for the slope, and this property intuitively extends to its dynamic coefficients.
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Proof.
Recall that the static slope comes expressed via (1.4.53) :

Σ̃
′

θ(t, 0, 0) =
1

4
σta2 + 1

2a1 −
1

6
a22 +

1

8

a22
σt

+
1

12

a23
σt

We split the dynamics in four sub-terms, where the two simplest come as

d

[
1
2a1 −

1

6
a22

]
=

[
1
2a11 −

1

6
a221

]
dt +

[
1
2a12 −

1

6
a222

]
dWt +

[
1
2a13 −

1

6
a223

]
dZt

d

[
1

4
σta2

]
=

1

4
[a1a2 + σta21 + a2a22 + a3a23] dt+

1

4

[
a22 + σta22

]
dWt +

1

4
[a2a3 + σta23] dZt

while for the remaining ones we start with the elementary dynamics

d
[
a22
]

=
[
2a2a21 + a222 + a223

]
dt+ 2a2a22 dWt + 2a2a23 dZt

d
[
a23
]

=
[
2a3a31 + a232 + a233

]
dt+ 2a3a32 dWt + 2a3a33 dZt

before applying Lemma 3.1 to obtain

d

[
1

8

a22
σt

]
=

1

8

[
1

σt

(
2a2a21 + a222 + a223

)
− 1

σ2t

(
2a22a22 + 2a2a3a23 + a1a

2
2

)
+

1

σ3t
a22
(
a22 + a23

)]
dt

+
1

8

[
2a2a22
σt

− a32
σ2t

]
dWt +

1

8

[
2a2a23
σt

− a22a3
σ2t

]
dZt

and

d

[
1

12

a23
σt

]
=

1

12

[
1

σt

(
2a3a31 + a232 + a233

)
− 1

σ2t

(
2a2a3a32 + 2a23a33 + a1a

2
3

)
+

1

σ3t
a23
(
a22 + a23

)]
dt

+
1

12

[
2a3a32
σt

− a2a
2
3

σ2t

]
dWt +

1

12

[
2a3a33
σt

− a33
σ2t

]
dZt

The overall dynamics of the slope come therefore with the following coefficients

b̃
′

θ(t, 0, 0) =

[
1
2a11 −

1

6
a221

]
+

1

4
[a1a2 + σta21 + a2a22 + a3a23]

+
1

8

[
1

σt

(
2a2a21 + a222 + a223

)
− 1

σ2t

(
2a22a22 + 2a2a3a23 + a1a

2
2

)
+

1

σ3t
a22
(
a22 + a23

)]

+
1

12

[
1

σt

(
2a3a31 + a232 + a233

)
− 1

σ2t

(
2a2a3a32 + 2a23a33 + a1a

2
3

)
+

1

σ3t
a23
(
a22 + a23

)]

ν̃
′

θ(t, 0, 0) =

[
1
2a12 −

1

6
a222

]
+

1

4

[
a22 + σta22

]
+

1

8

[
2a2a22
σt

− a32
σ2t

]
+

1

12

[
2a3a32
σt

− a2a
2
3

σ2t

]

ñ
′

θ(t, 0, 0) =

[
1
2a13 −

1

6
a223

]
+

1

4
[a2a3 + σta23] +

1

8

[
2a2a23
σt

− a22a3
σ2t

]
+

1

12

[
2a3a33
σt

− a33
σ2t

]

Reorganising the terms according to the power of σt, we get the desired results.
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3.4.2 Expressing the twist Σ̃
′′

yθ(t, 0, 0)

We can now move on to our main static result :

Proposition 3.7 (Expression of the twist Σ̃
′′

yθ(⋆) in the bi-dimensional case)

For a generic bi-dimensional stochastic instantaneous volatility model the twist is given by

Σ̃
′′

yθ(⋆) =

[
1

6
a22

]
+

1

σt

[
− 1

24
a22 +

1

6
a12 +

1

6
a21 −

1

8
a222

]

+
1

σ2t

[
−1

4
a1a2 +

1

4
a2a22 −

1

24
a3a23 −

1

12
a3a32

]
+

1

σ3t

[
− 7

48
a32 +

1

24
a2a

2
3

]
(3.4.52)

Reassuringly, this is coherent with the formulae of [Dur06] : refer to Appendix section E.

Proof.
Step 1 : differentiation of the ZDC
From (2.1.7) [p.97] we get the (1, 0)-ZDC, taken at the IATM point (⋆) = (t, 0, 0) :

3Σ̃2Σ̃
′

y b̃(⋆) + Σ̃3b̃
′

y(⋆) = E(1,0)(⋆) + F (1,1)(⋆)(3.4.53)

Step 2 : Developing the right-hand side
Taking the pre-computed results (3.1.4) and (3.1.27) in (t, 0, 0) we obtain

E(1,0)(⋆) + F (1,1)(⋆)

= 3σ2t Σ̃
′

yΣ̃
′

θ(⋆)−
3

2
σ4t Σ̃

′

yΣ̃
′′

yy(⋆) + 3σ3t Σ̃
′

yν̃
′

y(⋆)− 3

2
σ3t Σ̃

′

yν̃(⋆) + σ3t Σ̃
′′

yθ(⋆)− 1
2σ

5
t Σ̃

′′′

yyy(⋆) + σ4t ν̃
′′

yy(⋆)

− 1
2σ

4
t ν̃

′

y(⋆) + 6σ2t Σ̃
′

θΣ̃
′

y(⋆) + 2σ3t Σ̃
′′

yθ(⋆) − σtΣ̃
′

θν̃(⋆)− σ2t ν̃
′

θ(⋆)

= −1
2σ

5
t Σ̃

′′′

yyy(⋆) +
[
9σ2t Σ̃

′

y(⋆) − σtν̃(⋆)
]

Σ̃
′

θ + σ4t ν̃
′′

yy(⋆)− 3

2
σ4t Σ̃

′

yΣ̃
′′

yy(⋆)

+
[
3σ3t Σ̃

′

y(⋆)− 1
2σ

4
t

]
ν̃

′

y −
3

2
σ3t Σ̃

′

yν̃(⋆) − σ2t ν̃
′

θ(⋆) + 3σ3t Σ̃
′′

yθ(⋆)

Step 3 : Input expression of the right-hand side
We now replace the right-hand side by its input expressions, after pre-computing the brackets :

9σ2t Σ̃
′

y(⋆)− σtν̃(⋆) = 9σ2t

[
a2
2σt

]
− σta2 = σt

[
7

2
a2

]

−3

2
σ4t Σ̃

′

y(⋆) = −3

2
σ4t

[
a2
2σt

]
= σ3t

[
−3

4
a2

]

Hence

E(1,0)(⋆) + F (1,1)(⋆) = σ2t

[
−1

8
a222

]
+ σt

[
−1

4
a3a32 −

3

8
a3a23 +

3

4
a2a22

]
+

[
−3

4
a32 +

5

4
a2a

2
3

]

+σt

[
7

2
a2

] [
σt

[
1

4
a2

]
+

[
1

2
a1 −

1

6
a22

]
+

1

σt

[
1

8
a22 +

1

12
a23

] ]
+ σ2t

[
1

3
a222

]

+σt

[
2

3
a3a32 −

5

3
a2a22

]
+

[
3

2
a32 − a2a23

]
+ σ3t

[
−3

4
a2

] [
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
1

3
a23 −

1

2
a22

] ]

+

[
σ4t

[
−1

2

]
+ σ2t

[
3

2
a2

] ] [
1

σt

[
1

2
a22

]
+

1

σ2t

[
−1

2
a22

] ]
− 3

2
σ3t

(
a2
2σt

)
a2 + σ3t

[
−1

4
a22

]

+σ2t

[
−1

2
a12 +

1

6
a222 −

1

4
a22

]
+ σt

[
−1

4
a2a22 −

1

6
a3a32

]
+

[
1

8
a32 +

1

12
a2a

2
3

]
+ 3σ3t Σ̃

′′

yθ
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which we develop into

E(1,0)(⋆) + F (1,1)(⋆)

= σ2t

[
−1

8
a222

]
+ σt

[
−1

4
a3a32 −

3

8
a3a23 +

3

4
a2a22

]
+

[
−3

4
a32 +

5

4
a2a

2
3

]

+σ2t

[
7

8
a22

]
+ σt

[
7

4
a1a2 −

7

12
a2a22

]
+

[
7

16
a32 +

7

24
a2a

2
3

]
+ σ2t

[
1

3
a222

]

+σt

[
2

3
a3a32 −

5

3
a2a22

]
+

[
3

2
a32 − a2a23

]
+ σt

[
−1

4
a2a22

]
+

[
−1

4
a2a

2
3 +

3

8
a32

]

+σ3t

[
−1

4
a22

]
+ σ2t

[
+

1

4
a22

]
+ σt

[
3

4
a2a22

]
+

[
−3

4
a32

]
+ σ2t

[
−3

4
a22

]
+ σ3t

[
−1

4
a22

]

+σ2t

[
−1

2
a12 +

1

6
a222 −

1

4
a22

]
+ σt

[
−1

4
a2a22 −

1

6
a3a32

]
+

[
1

8
a32 +

1

12
a2a

2
3

]
+ 3σ3t Σ̃

′′

yθ

After grouping the terms according to the power of σt and simplifying, the r.h.s. comes as

E(1,0)(⋆) + F (1,1)(⋆) = σ3t

[
−1

2
a22

]
+ σ2t

[
1

8
a22 −

1

2
a12 +

3

8
a222

]

+σt

[
7

4
a1a2 −

5

4
a2a22 −

3

8
a3a23 +

3

12
a3a32

]
+

[
15

16
a32 +

3

8
a2a

2
3

]
+ 3σ3t Σ̃

′′

yθ

Step 4 : Input expression of the left-hand side
We replace the IATM differentials by their input expressions to get

3Σ̃2(⋆)Σ̃
′

y(⋆)̃b(⋆) + Σ̃3(⋆)̃b
′

y(⋆)

= 3σ2t

(
a2
2σt

)
a1 + σ3t

[
1

σt

[
1

2
a21

]
+

1

σ2t

[
−1

2
a1a2 −

1

2
a2a22 −

1

2
a3a23

]
+

1

σ3t

[
1

2
a32 +

1

2
a2a

2
3

] ]

= σ2t

[
1

2
a21

]
+ σt

[
a1a2 −

1

2
a2a22 −

1

2
a3a23

]
+

[
1

2
a32 +

1

2
a2a

2
3

]

Step 5 : Solving for Σ̃
′′

yθ(t, 0, 0)
Putting left and right-hand sides together, we get after simplification

3σ3t Σ̃
′′

yθ(⋆) = σ3t

[
1

2
a22

]
+ σ2t

[
−1

8
a22 +

1

2
a12 +

1

2
a21 −

3

8
a222

]

+σt

[
−3

4
a1a2 +

3

4
a2a22 −

1

8
a3a23 −

3

12
a3a32

]
+

[
− 7

16
a32 +

1

8
a2a

2
3

]

and finally we have the ”twist”

Σ̃
′′

yθ(⋆) =

[
1

6
a22

]
+

1

σt

[
− 1

24
a22 +

1

6
a12 +

1

6
a21 −

1

8
a222

]

+
1

σ2t

[
−1

4
a1a2 +

1

4
a2a22 −

1

24
a3a23 −

1

12
a3a32

]
+

1

σ3t

[
− 7

48
a32 +

1

24
a2a

2
3

]

which proves (3.4.52) and concludes the proof.

The twist of the smile is sometimes referred to as the term structure of skew, in particular when
the smile does correspond to a term structure of underlyings. This is the case of the Caplet smile
for instance, which has motivated an extension of the FL-SV model (see section 4.4) capable of
controlling the twist (and applicable to a single underlying framework). As described in [Pit05b]
it does so via a time-dependent skew function and is referred to as the FL-TSS model class.
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3.5 Computation of the flattening

We are now focusing on the next cross-differential Σ̃
′′′

yyθ(t, 0, 0).

3.5.1 Expressing b̃
′′

yθ(⋆), ν̃
′′

yθ(⋆) and ñ
′′

yθ(⋆)

Proposition 3.8 (Expressions of b̃
′′

yθ(⋆), ν̃
′′

yθ(⋆) and ñ
′′

yθ(⋆) in the bi-dimensional case)

For a generic bi-dimensional SInsV model we have

b̃
′′

yθ(t, 0, 0) =
1

6
a221 +

1

σt

[
− 1

12
a2a21 −

1

24
a222 −

1

24
a223 +

1

6
a121 +

1

6
a211 −

1

8
a2221

]

+
1

σ2t

[
1

24
a1a

2
2 −

1

6
a1a12 −

5

12
a1a21 +

1

8
a1a222 +

1

12
a22a22 −

1

4
a2a11 −

1

6
a2a122 −

1

6
a2a212

+
1

4
a2a221 +

1

8
a2a2222 +

1

12
a2a3a23 −

1

6
a3a123 −

1

6
a3a213 −

1

24
a3a231 −

1

12
a3a321

+
1

8
a3a2223 −

1

4
a12a22 −

1

4
a13a23 +

1

4
a22a21 +

1

4
a22a222 +

1

4
a23a223 −

1

24
a23a31

− 1

12
a32a31 −

1

24
a32a232 −

1

12
a32a322 −

1

24
a33a233 −

1

12
a33a323

]

+
1

σ3t

[
1

2
a21a2 +

7

12
a1a3a23 +

1

6
a1a3a32 −

1

24
a42 −

1

24
a22a

2
3 +

2

3
a22a12 −

13

48
a22a21 −

5

8
a22a222

+
1

2
a2a3a13 +

1

12
a2a3a31 −

1

2
a2a3a223 +

1

12
a2a3a232 +

1

6
a2a3a322 −

15

16
a2a

2
22

− 7

16
a2a

2
23 +

1

12
a2a23a32 +

5

24
a2a

2
32 +

1

24
a2a

2
33 +

1

6
a23a12 +

5

24
a23a21 −

1

8
a23a222(3.5.54)

+
1

12
a23a233 +

1

6
a23a323 −

1

2
a3a22a23 +

1

12
a3a22a32 +

1

6
a3a23a33 +

1

6
a3a32a33

]

+
1

σ4t

[
7

16
a1a

3
2 −

3

4
a1a2a

2
2 −

7

8
a1a2a

2
3 +

33

16
a32a22 +

19

16
a22a3a23

− 1

2
a22a3a32 +

5

8
a2a

2
3a22 −

1

4
a2a

2
3a33 −

1

4
a33a23 −

1

4
a33a32

]

+
1

σ5t

[
−7

8
a52 −

5

8
a32a

2
3 +

1

4
a2a

4
3

]

for the drift coefficient, while

ν̃
′′

yθ(t, 0, 0) =
1

6
a222 +

1

σt

[
− 1

12
a2a22 +

1

6
a122 +

1

6
a212 −

1

8
a2222

]

+
1

σ2t

[
−1

4
a1a22 +

1

24
a32 −

5

12
a2a12 −

1

6
a2a21 +

3

8
a2a222

− 1

24
a3a232 −

1

12
a3a322 +

1

4
a222 −

1

24
a23a32 −

1

12
a232

]
(3.5.55)

+
1

σ3t

[
1

2
a1a

2
2 −

15

16
a22a22 +

1

12
a2a3a23 +

1

4
a2a3a32 +

1

24
a23a22

]

+
1

σ4t

[
7

16
a42 −

1

8
a22a

2
3

]
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expresses the endogenous coefficient, and finally

ñ
′′

yθ(t, 0, 0) =
1

6
a223 +

1

σt

[
− 1

12
a2a23 +

1

6
a123 +

1

6
a213 −

1

8
a2223

]

+
1

σ2t

[
−1

4
a1a23 +

1

24
a22a3 −

1

4
a2a13 +

1

4
a2a223 −

1

6
a3a12 −

1

6
a3a21

+
1

8
a3a222 −

1

24
a3a233 −

1

12
a3a323 +

1

4
a22a23 −

1

24
a23a33 −

1

12
a32a33

]
(3.5.56)

+
1

σ3t

[
+

1

2
a1a2a3 −

7

16
a22a23 −

1

2
a2a3a22 +

1

12
a2a3a33 +

1

8
a23a23 +

1

6
a23a32

]

+
1

σ4t

[
+

7

16
a32a3 −

1

8
a2a

3
3

]

reads as the exogenous coefficient.

Proof.
Let us consider each of the four terms of the input expression (3.4.52) for the twist Σ̃

′′

yθ(⋆).

Dynamics of the first term
By definition we have

d

[
1

6
a22

]
=

1

6
a221 dt+

1

6
a222 dWt +

1

6
a223 dZt(3.5.57)

Dynamics of the second term
Recall that

d
[
a22
]

=
[
2a2a21 + a222 + a223

]
dt+ 2a2a22 dWt + 2a2a23 dZt

so that

d

[
− 1

24
a22 +

1

6
a12 +

1

6
a21 −

1

8
a222

]
=

[
− 1

12
a2a21 −

1

24
a222 −

1

24
a223 +

1

6
a121 +

1

6
a211 −

1

8
a2221

]
dt

+

[
− 1

12
a2a22 +

1

6
a122 +

1

6
a212 −

1

8
a2222

]
dWt

+

[
− 1

12
a2a23 +

1

6
a123 +

1

6
a213 −

1

8
a2223

]
dZt

Therefore, using Lemma 3.1 we get the ratio’s dynamics as :

d

[
1

σt

[
− 1

24
a22 +

1

6
a12 +

1

6
a21 −

1

8
a222

]]

=

[
1

σt

[
− 1

12
a2a21 −

1

24
a222 −

1

24
a223 +

1

6
a121 +

1

6
a211 −

1

8
a2221

]

− 1

σ2t

[
a2

(
− 1

12
a2a22 +

1

6
a122 +

1

6
a212 −

1

8
a2222

)
+ a3

(
− 1

12
a2a23 +

1

6
a123 +

1

6
a213 −

1

8
a2223

)

+ a1

(
− 1

24
a22 +

1

6
a12 +

1

6
a21 −

1

8
a222

)]
(3.5.58)

+
1

σ3t

[(
− 1

24
a22 +

1

6
a12 +

1

6
a21 −

1

8
a222

)(
a22 + a23

)] ]
dt

+

[
1

σt

[
− 1

12
a2a22 +

1

6
a122 +

1

6
a212 −

1

8
a2222

]
− 1

σ2t

[
a2

(
− 1

24
a22 +

1

6
a12 +

1

6
a21 −

1

8
a222

)] ]
dWt

+

[
1

σt

[
− 1

12
a2a23 +

1

6
a123 +

1

6
a213 −

1

8
a2223

]
− 1

σ2t

[
a3

(
− 1

24
a22 +

1

6
a12 +

1

6
a21 −

1

8
a222

)] ]
dZt
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Dynamics of the third term
We provide the elementary dynamics

d [a1a2] = [a2a11 + a1a21 + a12a22 + a13a23] dt+ [a2a12 + a1a22] dWt + [a2a13 + a1a23] dZt

d [a2a22] = [a22a21 + a2a221 + a22a222 + a23a223] dt+
[
a222 + a2a222

]
dWt + [a22a23 + a2a223] dZt

d [a3a23] = [a23a31 + a3a231 + a32a232 + a33a233] dt+ [a23a32 + a3a232] dWt + [a23a33 + a3a233] dZt

d [a3a32] = [a32a31 + a3a321 + a32a322 + a33a323] dt+
[
a232 + a3a322

]
dWt + [a32a33 + a3a323] dZt

Hence, by aggregating we obtain

d

[
−1

4
a1a2 +

1

4
a2a22 −

1

24
a3a23 −

1

12
a3a32

]

=

[
−1

4
(a2a11 + a1a21 + a12a22 + a13a23) +

1

4
(a22a21 + a2a221 + a22a222 + a23a223)

− 1

24
(a23a31 + a3a231 + a32a232 + a33a233)− 1

12
(a32a31 + a3a321 + a32a322 + a33a323)

]
dt

+

[
−1

4
(a2a12 + a1a22) +

1

4

(
a222 + a2a222

)
− 1

24
(a23a32 + a3a232)− 1

12

(
a232 + a3a322

)]
dWt

+

[
−1

4
(a2a13 + a1a23) +

1

4
(a22a23 + a2a223)− 1

24
(a23a33 + a3a233)− 1

12
(a32a33 + a3a323)

]
dZt

Therefore, using Lemma 3.1 again we have the dynamics of the ratio as

d

[
1

σ2t

[
−1

4
a1a2 +

1

4
a2a22 −

1

24
a3a23 −

1

12
a3a32

]]

=

[
1

σ2t

[
−1

4
(a2a11 + a1a21 + a12a22 + a13a23) +

1

4
(a22a21 + a2a221 + a22a222 + a23a223)

− 1

24
(a23a31 + a3a231 + a32a232 + a33a233)− 1

12
(a32a31 + a3a321 + a32a322 + a33a323)

]

− 2

σ3t

[
a2

(
−1

4
(a2a12 + a1a22) +

1

4

(
a222 + a2a222

)
− 1

24
(a23a32 + a3a232)− 1

12

(
a232 + a3a322

))

+ a3

(
−1

4
(a2a13 + a1a23) +

1

4
(a22a23 + a2a223)− 1

24
(a23a33 + a3a233)− 1

12
(a32a33 + a3a323)

)

+a1

(
−1

4
a1a2 +

1

4
a2a22 −

1

24
a3a23 −

1

12
a3a32

)]

+
3

σ4t

[(
−1

4
a1a2 +

1

4
a2a22 −

1

24
a3a23 −

1

12
a3a32

)(
a22 + a23

)] ]
dt

(3.5.59)

+

[
1

σ2t

[
−1

4
(a2a12 + a1a22) +

1

4

(
a222 + a2a222

)
− 1

24
(a23a32 + a3a232)− 1

12

(
a232 + a3a322

)]

− 1

σ3t

[
2a2

(
−1

4
a1a2 +

1

4
a2a22 −

1

24
a3a23 −

1

12
a3a32

)] ]
dWt

+

[
1

σ2t

[
−1

4
(a2a13 + a1a23) +

1

4
(a22a23 + a2a223)− 1

24
(a23a33 + a3a233)− 1

12
(a32a33 + a3a323)

]

− 1

σ3t

[
2a3

(
−1

4
a1a2 +

1

4
a2a22 −

1

24
a3a23 −

1

12
a3a32

)] ]
dZt
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Dynamics of the fourth term
Recall the simple dynamics

d
[
a32
]

=
[
3a22a21 + 3a2a

2
22 + 3a2a

2
23

]
dt+ 3a22a22 dWt + 3a22a23 dZt

d
[
a2a

2
3

]
=

[
a23a21 + 2a2a3a31 + a2a

2
32 + a2a

2
33 + 2a3a22a32 + 2a3a23a33

]
dt

+
[
a23a22 + 2a2a3a32

]
dWt +

[
a23a23 + 2a2a3a33

]
dZt

which for the bracket give right away

d

[
− 7

48
a32 +

1

24
a2a

2
3

]

=

[
− 7

48

(
3a22a21 + 3a2a

2
22 + 3a2a

2
23

)
+

1

24

(
a23a21 + 2a2a3a31 + a2a

2
32 + a2a

2
33 + 2a3a22a32 + 2a3a23a33

)]
dt

+

[
− 7

48

(
3a22a22

)
+

1

24

(
a23a22 + 2a2a3a32

)]
dWt +

[
− 7

48

(
3a22a23

)
+

1

24

(
a23a23 + 2a2a3a33

)]
dZt

Therefore, using Lemma 3.1 we have the ratio’s dynamics as

d

[
1

σ3t

[
− 7

48
a32 +

1

24
a2a

2
3

]]

=

[
1

σ3t

[
− 7

48

(
3a22a21 + 3a2a

2
22 + 3a2a

2
23

)
+

1

24

(
a23a21 + 2a2a3a31 + a2a

2
32 + a2a

2
33 + 2a3a22a32 + 2a3a23a33

)]

− 1

σ4t

[
3a2

(
− 7

48

(
3a22a22

)
+

1

24

(
a23a22 + 2a2a3a32

))

+ 3a3

(
− 7

48

(
3a22a23

)
+

1

24

(
a23a23 + 2a2a3a33

))

+ 3a1

(
− 7

48
a32 +

1

24
a2a

2
3

)]

+
1

σ5t

[
6

(
− 7

48
a32 +

1

24
a2a

2
3

)(
a22 + a23

)] ]
dt

(3.5.60)

+

[
1

σ3t

[
− 7

48

(
3a22a22

)
+

1

24

(
a23a22 + 2a2a3a32

)]
− 1

σ4t

[
3a2

(
− 7

48
a32 +

1

24
a2a

2
3

)] ]
dWt

+

[
1

σ3t

[
− 7

48

(
3a22a23

)
+

1

24

(
a23a23 + 2a2a3a33

)]
− 1

σ4t

[
3a3

(
− 7

48
a32 +

1

24
a2a

2
3

)] ]
dZt

We can now aggregate the four dynamics (3.5.57)-(3.5.58)-(3.5.59)-(3.5.60) to obtain those of
the twist formally as
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dΣ̃
′′

yθ(t, 0, 0) = b̃
′′

yθ(t, 0, 0) dt+ ν̃
′′

yθ(t, 0, 0) dWt + ñ
′′

yθ(t, 0, 0) dZt

In that equation the drift comes as

b̃
′′

yθ(t, 0, 0) =

1

6
a221 +

1

σt

[
− 1

12
a2a21 −

1

24
a222 −

1

24
a223 +

1

6
a121 +

1

6
a211 −

1

8
a2221

]

+
1

σ2t

[
1

12
a22a22 −

1

6
a2a122 −

1

6
a2a212 +

1

8
a2a2222 +

1

12
a2a3a23 −

1

6
a3a123 −

1

6
a3a213

+
1

8
a3a2223 +

1

24
a1a

2
2 −

1

6
a1a12 −

1

6
a1a21 +

1

8
a1a222 −

1

4
a2a11 −

1

4
a1a21 −

1

4
a12a22

− 1

4
a13a23 +

1

4
a22a21 +

1

4
a2a221 +

1

4
a22a222 +

1

4
a23a223 −

1

24
a23a31 −

1

24
a3a231

− 1

24
a32a232 −

1

24
a33a233 −

1

12
a32a31 −

1

12
a3a321 −

1

12
a32a322 −

1

12
a33a323

]

+
1

σ3t

[
− 1

24
a42 −

1

24
a22a

2
3 +

1

6
a22a12 +

1

6
a23a12 +

1

6
a22a21 +

1

6
a23a21 −

1

8
a22a222 −

1

8
a23a222

+
1

2
a22a12 +

1

2
a1a2a22 −

1

2
a2a

2
22 −

1

2
a22a222 +

1

12
a2a23a32 +

1

12
a2a3a232

+
1

6
a2a

2
32 +

1

6
a2a3a322 +

1

2
a2a3a13 +

1

2
a1a3a23 −

1

2
a3a22a23 −

1

2
a2a3a223

+
1

12
a3a23a33 +

1

12
a23a233 +

1

6
a3a32a33 +

1

6
a23a323 +

1

2
a21a2 −

1

2
a1a2a22 +

1

12
a1a3a23

+
1

6
a1a3a32 −

7

16
a22a21 −

7

16
a2a

2
22 −

7

16
a2a

2
23 +

1

24
a23a21 +

1

12
a2a3a31

+
1

24
a2a

2
32 +

1

24
a2a

2
33 +

1

12
a3a22a32 +

1

12
a3a23a33

]

+
1

σ4t

[
−3

4
a1a2a

2
2 −

3

4
a1a2a

2
3 +

3

4
a32a22 +

3

4
a2a

2
3a22 −

1

8
a22a3a23 −

1

8
a33a23 −

1

4
a22a3a32 −

1

4
a33a32

+
21

16
a32a22 −

1

8
a2a

2
3a22 −

1

4
a22a3a32 +

21

16
a22a3a23 −

1

8
a33a23 −

1

4
a2a

2
3a33 +

7

16
a1a

3
2 −

1

8
a1a2a

2
3

]

+
1

σ5t

[
−7

8
a52 −

7

8
a32a

2
3 +

1

4
a32a

2
3 +

1

4
a2a

4
3

]

Which we simplify into
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b̃
′′

yθ(t, 0, 0) =

1

6
a221 +

1

σt

[
− 1

12
a2a21 −

1

24
a222 −

1

24
a223 +

1

6
a121 +

1

6
a211 −

1

8
a2221

]

+
1

σ2t

[
1

24
a1a

2
2 −

1

6
a1a12 −

5

12
a1a21 +

1

8
a1a222 +

1

12
a22a22 −

1

4
a2a11 −

1

6
a2a122 −

1

6
a2a212

+
1

4
a2a221 +

1

8
a2a2222 +

1

12
a2a3a23 −

1

6
a3a123 −

1

6
a3a213 −

1

24
a3a231 −

1

12
a3a321

+
1

8
a3a2223 −

1

4
a12a22 −

1

4
a13a23 +

1

4
a22a21 +

1

4
a22a222 +

1

4
a23a223 −

1

24
a23a31

− 1

12
a32a31 −

1

24
a32a232 −

1

12
a32a322 −

1

24
a33a233 −

1

12
a33a323

]

+
1

σ3t

[
1

2
a21a2 +

7

12
a1a3a23 +

1

6
a1a3a32 −

1

24
a42 −

1

24
a22a

2
3 +

2

3
a22a12 −

13

48
a22a21 −

5

8
a22a222

+
1

2
a2a3a13 +

1

12
a2a3a31 −

1

2
a2a3a223 +

1

12
a2a3a232 +

1

6
a2a3a322 −

15

16
a2a

2
22

− 7

16
a2a

2
23 +

1

12
a2a23a32 +

5

24
a2a

2
32 +

1

24
a2a

2
33 +

1

6
a23a12 +

5

24
a23a21 −

1

8
a23a222

+
1

12
a23a233 +

1

6
a23a323 −

1

2
a3a22a23 +

1

12
a3a22a32 +

1

6
a3a23a33 +

1

6
a3a32a33

]

+
1

σ4t

[
7

16
a1a

3
2 −

3

4
a1a2a

2
2 −

7

8
a1a2a

2
3 +

33

16
a32a22 +

19

16
a22a3a23

− 1

2
a22a3a32 +

5

8
a2a

2
3a22 −

1

4
a2a

2
3a33 −

1

4
a33a23 −

1

4
a33a32

]

+
1

σ5t

[
−7

8
a52 −

5

8
a32a

2
3 +

1

4
a2a

4
3

]

which proves (3.5.54).
As for the endogenous coefficient, it comes as

ν̃
′′

yθ(t, 0, 0) =
1

6
a222 +

1

σt

[
− 1

12
a2a22 +

1

6
a122 +

1

6
a212 −

1

8
a2222

]

+
1

σ2t

[
+

1

24
a32 −

1

6
a2a12 −

1

6
a2a21 +

1

8
a2a222 −

1

4
a2a12 −

1

4
a1a22 +

1

4
a222 +

1

4
a2a222

− 1

24
a23a32 −

1

24
a3a232 −

1

12
a232 −

1

12
a3a322

]

+
1

σ3t

[
+

1

2
a1a

2
2 −

1

2
a22a22 +

1

12
a2a3a23 +

1

6
a2a3a32 −

7

16
a22a22 +

1

24
a23a22 +

1

12
a2a3a32

]

+
1

σ4t

[
+

7

16
a42 −

1

8
a22a

2
3

]

so that, after simplification we get
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ν̃
′′

yθ(t, 0, 0) =
1

6
a222 +

1

σt

[
− 1

12
a2a22 +

1

6
a122 +

1

6
a212 −

1

8
a2222

]

+
1

σ2t

[
−1

4
a1a22 +

1

24
a32 −

5

12
a2a12 −

1

6
a2a21 +

3

8
a2a222

− 1

24
a3a232 −

1

12
a3a322 +

1

4
a222 −

1

24
a23a32 −

1

12
a232

]

+
1

σ3t

[
1

2
a1a

2
2 −

15

16
a22a22 +

1

12
a2a3a23 +

1

4
a2a3a32 +

1

24
a23a22

]

+
1

σ4t

[
7

16
a42 −

1

8
a22a

2
3

]

which proves (3.5.55).
Finally the exogenous coefficient comes as

ñ
′′

yθ(t, 0, 0) =
1

6
a223 +

1

σt

[
− 1

12
a2a23 +

1

6
a123 +

1

6
a213 −

1

8
a2223

]

+
1

σ2t

[
+

1

24
a22a3 −

1

6
a3a12 −

1

6
a3a21 +

1

8
a3a222 −

1

4
a2a13 −

1

4
a1a23

+
1

4
a22a23 +

1

4
a2a223 −

1

24
a23a33 −

1

24
a3a233 −

1

12
a32a33 −

1

12
a3a323

]

+
1

σ3t

[
+

1

2
a1a2a3 −

1

2
a2a3a22 +

1

12
a23a23 +

1

6
a23a32 −

7

16
a22a23 +

1

24
a23a23 +

1

12
a2a3a33

]

+
1

σ4t

[
+

7

16
a32a3 −

1

8
a2a

3
3

]

which we simplify into :

ñ
′′

yθ(t, 0, 0) =
1

6
a223 +

1

σt

[
− 1

12
a2a23 +

1

6
a123 +

1

6
a213 −

1

8
a2223

]

+
1

σ2t

[
−1

4
a1a23 +

1

24
a22a3 −

1

4
a2a13 +

1

4
a2a223 −

1

6
a3a12 −

1

6
a3a21

+
1

8
a3a222 −

1

24
a3a233 −

1

12
a3a323 +

1

4
a22a23 −

1

24
a23a33 −

1

12
a32a33

]

+
1

σ3t

[
+

1

2
a1a2a3 −

7

16
a22a23 −

1

2
a2a3a22 +

1

12
a2a3a33 +

1

8
a23a23 +

1

6
a23a32

]

+
1

σ4t

[
+

7

16
a32a3 −

1

8
a2a

3
3

]

which proves (3.5.56) and concludes the proof.

Note that neither (3.5.54) nor (3.5.56) will be used in the sequel, and have been computed
here simply for the sake of completeness. Apart from being available for further expansions,
these expressions confirm the inductive nature of the computation, including for the b̃, ν̃ and ñ
coefficients.
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3.5.2 Expressing the flattening Σ̃
′′′

yyθ(⋆)

We now have the necessary information to derive the targeted static differential.

Proposition 3.9 (Expression of the flattening Σ̃
′′′

yyθ(⋆) in the bi-dimensional case)

For a generic bi-dimensional model we have flattening as :

Σ̃
′′′

yyθ(⋆) =

1

σt

[
1

8
a222

]
+

1

σ2t

[
−1

3
a2a22 +

1

8
a3a23 +

1

12
a3a32 +

1

12
a122 +

1

12
a212 +

1

12
a221 −

1

10
a2222

]

+
1

σ3t

[
−1

3
a1a22 +

5

24
a32 −

1

12
a2a

2
3 −

1

3
a2a12 −

1

3
a2a21 +

3

8
a2a222 +

1

4
a3a13 +

1

6
a3a31

− 3

20
a3a223 −

2

15
a3a232 −

7

60
a3a322 +

2

9
a222 −

1

20
a223 −

2

15
a23a32 −

1

30
a232 +

1

12
a233

]

(3.5.61)

+
1

σ4t

[
3

4
a1a

2
2 −

5

12
a1a

2
3 −

23

24
a22a22 +

13

24
a2a3a23 +

7

12
a2a3a32 +

13

36
a23a22 −

13

60
a23a33

]

+
1

σ5t

[
15

32
a42 −

3

4
a22a

2
3 +

4

45
a43

]

Proof.
Step 1 : Differentiation of the ZDC
We differentiate (3.4.53) [p.179] to obtain the (2, 0)-ZDC, which we then take in (⋆) = (t, 0, 0) :

6Σ̃ Σ̃
′

y

2
b̃(⋆) + 3Σ̃2Σ̃

′′

yy b̃(⋆) + 3Σ̃2Σ̃
′

y b̃
′

y(⋆) + 3Σ̃2Σ̃
′

y b̃
′

y(⋆) + Σ̃3b̃
′′

yy(⋆) = E(2,0)(⋆) + F (2,1)(⋆)

hence after simplification

6Σ̃ Σ̃
′

y

2
b̃(⋆) + 3Σ̃2Σ̃

′′

yy b̃(⋆) + 6Σ̃2Σ̃
′

y b̃
′

y(⋆) + Σ̃3b̃
′′

yy(⋆) = E(2,0)(⋆) + F (2,1)(⋆)(3.5.62)

Step 2 : Developing the right-hand side
Applying the pre-computed expression (3.1.5) for F (2,1)(t, y, θ) in the IATM point (t, 0, 0) gives

F (2,1)(t, 0, 0) = 12σtΣ̃
′

θ Σ̃
′

y

2
(⋆)− 2σtΣ̃

′

θν̃
′

y(⋆) + 12σ2t Σ̃
′

yΣ̃
′′

yθ(⋆) + 7σ2t Σ̃
′

θΣ̃
′′

yy(⋆)

−2σ2t ν̃
′′

yθ(⋆) + 3σ3t Σ̃
′′′

yyθ(⋆)− 2ν̃ν̃
′

θ(⋆)− 2ññ
′

θ(⋆)(3.5.63)

Similarly, we can apply (3.1.28) in (t, 0, 0) to obtain

E(2,0)(⋆) = 6σt Σ̃
′

y

2
Σ̃

′

θ(⋆) − 3σ3t Σ̃
′

y

2
Σ̃

′′

yy(⋆) − 3σ2t Σ̃
′

y

2
ν̃(⋆) + 6σ2t Σ̃

′

y

2
ν̃

′

y(⋆) + 3σ2t Σ̃
′′

yyΣ̃
′

θ(⋆)

− 3

2
σ4t Σ̃

′′

yy

2
(⋆) − 3

2
σ3t Σ̃

′′

yyν̃(⋆) + 3σ3t Σ̃
′′

yyν̃
′

y(⋆) + 6σ2t Σ̃
′

yΣ̃
′′

yθ(⋆) − 3σ4t Σ̃
′

yΣ̃
′′′

yyy(⋆)

(3.5.64)

− 3σ3t Σ̃
′

yν̃
′

y(⋆) + 6σ3t Σ̃
′

yν̃
′′

yy(⋆) + σ3t Σ̃
′′′

yyθ(⋆) − 1
2σ

5
t Σ̃

(4′)
y4

(⋆) − 1
2σ

4
t ν̃

′′

yy(⋆) + σ4t ν̃
′′

yyy(⋆)
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Then combining (3.5.63) with (3.5.64) we have the r.h.s. of (3.5.62) as

E(2,0)(⋆) + F (2,1)(⋆)

= 6σt Σ̃
′

y

2
Σ̃

′

θ(⋆) − 3σ3t Σ̃
′

y

2
Σ̃

′′

yy(⋆) − 3σ2t Σ̃
′

y

2
ν̃(⋆) + 6σ2t Σ̃

′

y

2
ν̃

′

y(⋆) + 3σ2t Σ̃
′′

yyΣ̃
′

θ(⋆) −
3

2
σ4t Σ̃

′′

yy

2
(⋆)

− 3

2
σ3t Σ̃

′′

yy ν̃(⋆) + 3σ3t Σ̃
′′

yy ν̃
′

y(⋆) + 6σ2t Σ̃
′

yΣ̃
′′

yθ(⋆) − 3σ4t Σ̃
′

yΣ̃
′′′

yyy(⋆) − 3σ3t Σ̃
′

yν̃
′

y(⋆) + 6σ3t Σ̃
′

yν̃
′′

yy(⋆)

+ σ3t Σ̃
′′′

yyθ(⋆) − 1
2σ

5
t Σ̃

(4′)
y4

(⋆) − 1
2σ

4
t ν̃

′′

yy(⋆) + σ4t ν̃
′′

yyy(⋆) + 12σtΣ̃
′

θ Σ̃
′

y

2
(⋆) − 2σtΣ̃

′

θν̃
′

y(⋆)

+ 12σ2t Σ̃
′

yΣ̃
′′

yθ(⋆) + 7σ2t Σ̃
′

θΣ̃
′′

yy(⋆) − 2σ2t ν̃
′′

yθ(⋆) + 3σ3t Σ̃
′′′

yyθ(⋆) − 2ν̃ν̃
′

θ(⋆) − 2ññ
′

θ(⋆)

After simplification, and grouping the terms by order of complexity, we get

E(2,0)(⋆) + F (2,1)(⋆)

=

R1︷ ︸︸ ︷
−1

2σ
5
t Σ̃

(4′)
y4

+

R2︷ ︸︸ ︷
18σ2t Σ̃

′

yΣ̃
′′

yθ

R3︷ ︸︸ ︷
−3σ4t Σ̃

′

yΣ̃
′′′

yyy + σ4t ν̃
′′

yyy +

R4︷ ︸︸ ︷
Σ̃

′

θ

[
18σt Σ̃

′

y

2
+ 10σ2t Σ̃

′′

yy − 2σtν̃
′

y

]

−1
2σ

4
t ν̃

′′

yy − 2ν̃ν̃
′

θ − 2ññ
′

θ︸ ︷︷ ︸
R5

+Σ̃
′′

yy

[
−3

2
σ4t Σ̃

′′

yy − 3σ3t Σ̃
′

y

2 − 3

2
σ3t ν̃ + 3σ3t ν̃

′

y

]

︸ ︷︷ ︸
R6

−3σ2t Σ̃
′

y

2
ν̃ + 6σ2t Σ̃

′

y

2
ν̃

′

y − 3σ3t Σ̃
′

yν̃
′

y + 6σ3t Σ̃
′

yν̃
′′

yy︸ ︷︷ ︸
R7

−2σ2t ν̃
′′

yθ︸ ︷︷ ︸
R8

+ 4σ3t Σ̃
′′′

yyθ

where the last term is our target quantity.

Step 3 : Input expression of the right-hand side

Let us take each group of the right-hand term, starting with R1 = −1
2 σ

5
t Σ̃

(4′)
y4

(⋆).
This term converts into

R1 = σt

[
− 1

10
a2222

]

+

[
2

3
a222 + a2a222 −

1

5
a3a322 −

3

10
a3a232 −

3

10
a23a32 −

1

5
a232 −

3

10
a223 −

2

5
a3a223

]

+
1

σt

[
7

3
a23a22 − 5a22a22 + 3a2a3a32 +

9

2
a2a3a23 −

4

5
a23a33

]

+
1

σ2t

[
15

4
a42 +

41

30
a43 − 11a22a

2
3

]

Then let us turn to R2 = 18 σ2t Σ̃
′

y(⋆)Σ̃
′′

yθ(⋆) where we have that

18σ2t Σ̃
′

y(⋆) = 18σ2t
a2
2σt

= σt [9a2]

so that

R2 =

[
1

6
a22

]
σt [9a2] +

1

σt

[
− 1

24
a22 +

1

6
a12 +

1

6
a21 −

1

8
a222

]
σt [9a2]

+
1

σ2t

[
−1

4
a1a2 +

1

4
a2a22 −

1

24
a3a23 −

1

12
a3a32

]
σt [9a2] +

1

σ3t

[
− 7

48
a32 +

1

24
a2a

2
3

]
σt [9a2]

and eventually

R2 = σt

[
3

2
a2a22

]
+

[
−3

8
a32 +

3

2
a2a12 +

3

2
a2a21 −

9

8
a2a222

]

+
1

σt

[
−9

4
a1a

2
2 +

9

4
a22a22 −

3

8
a2a3a23 −

3

4
a2a3a32

]
+

1

σ2t

[
−21

16
a42 +

3

8
a22a

2
3

]
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Now let us tackle R3 = −3σ4t Σ̃
′

y(⋆)Σ̃
′′′

yyy(⋆) + σ4t ν̃
′′

yyy(⋆) where we have that

−3σ4t Σ̃
′

y(⋆) = −3σ4t
a2
2σt

= σ3t

[
−3

2
a2

]

Using (3.2.38) [p.166] and (3.3.41) [p.168] we can write

R3 =

[
−3

8
a2a222

]
+

1

σt

[
−3

4
a2a3a32 −

9

8
a2a3a23 +

9

4
a22a22

]
+

1

σ2t

[
−9

4
a42 +

15

4
a22a

2
3

]

+σt

[
1

4
a2222

]
+

[
−9

4
a2a222 + 1

2a3a322 +
3

4
a3a232 −

3

2
a222 +

3

4
a23a32 + 1

2a
2
32

]

+
1

σt

[
−7a2a3a32 − 3a2a3a23 +

21

2
a22a22 −

5

2
a23a22

]
+

1

σ2t

[
−15

2
a42 +

25

2
a22a

2
3

]

which, after regrouping and simplification, gives

R3 = σt

[
1

4
a2222

]
+

[
−21

8
a2a222 +

3

4
a3a232 + 1

2a3a322 −
3

2
a222 +

3

4
a23a32 + 1

2a
2
32

]

+
1

σt

[
+

51

4
a22a22 −

33

8
a2a3a23 −

3

4
a2a3a32 − 7a2a3a32 −

5

2
a23a22

]
+

1

σ2t

[
−39

4
a42 +

65

4
a22a

2
3

]

We now address R4 = Σ̃
′

θ(⋆)
[
18σt Σ̃

′

y

2
(⋆) + 10σ2t Σ̃

′′

yy(⋆) − 2σtν̃
′

y(⋆)
]

where the bracket reads

18σt Σ̃
′

y

2
(⋆) + 10σ2t Σ̃

′′

yy(⋆) − 2σtν̃
′

y(⋆)

= 18σt

(
a2
2σt

)2

+ 10σ2t

[
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
1

3
a23 −

1

2
a22

]]
− 2σt

[
1

σt

[
1

2
a22

]
+

1

σ2t

[
−1

2
a22

]]

=

[
7

3
a22

]
+

1

σt

[
1

2
a22 +

10

3
a23

]

therefore

R4 =

[
σt

[
1

4
a2

]
+

[
1

2
a1 −

1

6
a22

]
+

1

σt

[
1

8
a22 +

1

12
a23

]] [[
7

3
a22

]
+

1

σt

[
1

2
a22 +

10

3
a23

]]

Developing that expression we get

R4 = σt

[
7

12
a2a22

]
+

[
7

6
a1a22 −

7

18
a222

]
+

1

σt

[
7

24
a22a22 +

7

36
a23a22

]

+

[
1

8
a32 +

5

6
a2a

2
3

]
+

1

σt

[
1

4
a1a

2
2 +

5

3
a1a

2
3 −

1

12
a22a22 −

5

9
a23a22

]

+
1

σ2t

[
1

16
a42 +

5

12
a22a

2
3 +

1

24
a22a

2
3 +

5

18
a43

]

And after simplification comes eventually

R4 = σt

[
7

12
a2a22

]
+

[
7

6
a1a22 +

1

8
a32 +

5

6
a2a

2
3 −

7

18
a222

]

+
1

σt

[
1

4
a1a

2
2 +

5

3
a1a

2
3 +

5

24
a22a22 −

13

36
a23a22

]
+

1

σ2t

[
1

16
a42 +

11

24
a22a

2
3 +

5

18
a43

]
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Let us compute R5 = −1
2σ

4
t ν̃

′′

yy(⋆)− 2ν̃ν̃
′

θ(⋆) − 2ññ
′

θ(⋆) which translates into

R5 = −1

2
σ4t

[
a222
3σ2t

+
1

σ3t

(
2

3
a3a32 −

5

3
a2a22

)
+
a2
σ4t

(
3

2
a22 − a23

)]

−2a2

[
σt

[a22
4

]
+

[
1
2a12 −

1

6
a222 +

1

4
a22

]
+

1

σt

[
1

4
a2a22 +

1

6
a3a32

]
+

1

σ2t

[
−1

8
a32 −

1

12
a2a

2
3

]]

−2a3

[
σt

[a23
4

]
+

[
1
2a13 −

1

6
a223 +

1

4
a2a3

]
+

1

σt

[
1

4
a2a23 +

1

6
a3a33

]
+

1

σ2t

[
−1

8
a22a3 −

1

12
a33

]]

Developing the expression, we get

R5 = σ2t

[
−1

6
a222

]
+ σt

[
−1

3
a3a32 +

5

6
a2a22

]
+

[
−3

4
a32 +

1

2
a2a

2
3

]

−σt
[

1

2
a2a22

]
−
[
a2a12 −

1

3
a2a222 +

1

2
a32

]
− 1

σt

[
1

2
a22a22 +

1

3
a2a3a32

]
− 1

σ2t

[
−1

4
a42 −

1

6
a22a

2
3

]

−σt
[

1

2
a3a23

]
−
[
a3a13 −

1

3
a3a223 +

1

2
a2a

2
3

]
− 1

σt

[
1

2
a2a3a23 +

1

3
a23a33

]
− 1

σ2t

[
−1

4
a22a

2
3 −

1

6
a43

]

so that after simplification we end up with

R5 = σ2t

[
−1

6
a222

]
+ σt

[
1

3
a2a22 −

1

2
a3a23 −

1

3
a3a32

]
+

[
−5

4
a32 +

1

3
a2a222 − a2a12 − a3a13 +

1

3
a3a223

]

+
1

σt

[
−1

2
a22a22 −

1

2
a2a3a23 −

1

3
a2a3a32 −

1

3
a23a33

]
+

1

σ2t

[
+

1

4
a42 +

5

12
a22a

2
3 +

1

6
a43

]

Let us now turn to R6 = Σ̃
′′

yy(⋆)
[
− 3

2σ
4
t Σ̃

′′

yy(⋆) − 3σ3t Σ̃
′

y

2
(⋆) − 3

2σ
3
t ν̃(⋆) + 3σ3t ν̃

′

y(⋆)
]

where

the bracket converts into

−3

2
σ4t Σ̃

′′

yy(⋆)− 3σ3t Σ̃
′

y

2
(⋆)− 3

2
σ3t ν̃(⋆) + 3σ3t ν̃

′

y(⋆)

= −3

2
σ4t

[
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
1

3
a23 −

1

2
a22

]]
− 3σ3t

(
a2
2σt

)2

− 3

2
σ3t a2 + 3σ3t

[
1

σt

[
1

2
a22

]
+

1

σ2t

[
−1

2
a22

]]

= σ2t

[
−1

2
a22

]
+ σt

[
−1

2
a23 +

3

4
a22

]
+ σt

[
−3

4
a22

]
+ σ3t

[
−3

2
a2

]
+ σ2t

[
3

2
a22

]
+ σt

[
−3

2
a22

]

= σ3t

[
−3

2
a2

]
+ σ2t [a22] + σt

[
−3

2
a22 −

1

2
a23

]

therefore

R6 =

[
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
1

3
a23 −

1

2
a22

]] [
σ3t

[
−3

2
a2

]
+ σ2t [a22] + σt

[
−3

2
a22 −

1

2
a23

]]

= σt

[
−1

2
a2a22

]
+

[
1

3
a222

]
+

1

σt

[
−1

2
a22a22 −

1

6
a23a22

]

+

[
−1

2
a2a

2
3 +

3

4
a32

]
+

1

σt

[
1

3
a23a22 −

1

2
a22a22

]
+

1

σ2t

[
−1

2
a22a

2
3 +

3

4
a42 −

1

6
a43 +

1

4
a22a

2
3

]

so that, after simplification,

R6 = σt

[
−1

2
a2a22

]
+

[
3

4
a32 −

1

2
a2a

2
3 +

1

3
a222

]
+

1

σt

[
−a22a22 +

1

6
a23a22

]
+

1

σ2t

[
3

4
a42 −

1

4
a22a

2
3 −

1

6
a43

]
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Now let us compute R7 = − 3σ2t Σ̃
′

y

2
ν̃(⋆) +

[
6σ2t Σ̃

′

y

2
(⋆) − 3σ3t Σ̃

′

y

]
ν̃

′

y(⋆) + 6σ3t Σ̃
′

yν̃
′′

yy(⋆)

which comes as

R7 = −3σ2t

(
a2
2σt

)2

a2 +

[
6σ2t

(
a2
2σt

)2

− 3σ3t
a2
2σt

][
1

σt

[
1

2
a22

]
+

1

σ2t

[
−1

2
a22

]]

+ 6σ3t
a2
2σt

[
1

σ2t

[
1

3
a222

]
+

1

σ3t

[
2

3
a3a32 −

5

3
a2a22

]
+

1

σ4t

[
3

2
a32 − a2a23

]]

= −3

4
a32 +

1

σt

[
3

4
a22a22

]
+

1

σ2t

[
−3

4
a42

]
+ σt

[
−3

4
a2a22

]
+

[
3

4
a32

]

+ [a2a222] +
1

σt

[
2a2a3a32 − 5a22a22

]
+

1

σ2t

[
9

2
a42 − 3a22a

2
3

]

and after simplification

R7 = σt

[
−3

4
a2a22

]
+ [a2a222] +

1

σt

[
−17

4
a22a22 + 2a2a3a32

]
+

1

σ2t

[
15

4
a42 − 3a22a

2
3

]

As for the last term R8 = − 2σ2t ν̃
′′

yθ(⋆) we use (3.5.55) [p.181] to write at once

R8 = σ2t

[
−1

3
a222

]
+ σt

[
+

1

6
a2a22 −

1

3
a122 −

1

3
a212 +

1

4
a2222

]

+

[
1

2
a1a22 −

1

12
a32 +

5

6
a2a12 +

1

3
a2a21 −

3

4
a2a222 +

1

12
a3a232 +

1

6
a3a322

−1

2
a222 +

1

12
a23a32 +

1

6
a232

]

+
1

σt

[
−a1a22 +

15

8
a22a22 −

1

6
a2a3a23 −

1

2
a2a3a32 −

1

12
a23a22

]

+
1

σ2t

[
−7

8
a42 +

1

4
a22a

2
3

]
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Finally, we can aggregate R1 to R8 to obtain the complete right-hand side of (3.5.62) :

E(2,0)(⋆) + F (2,1)(⋆)

= σ2t

[
−1

6
a222 −

1

3
a222

]

+σt

[
− 1

10
a2222 +

3

2
a2a22 +

1

4
a2222 +

7

12
a2a22 +

1

3
a2a22 −

1

2
a3a23

−1

3
a3a32 −

1

2
a2a22 −

3

4
a2a22 +

1

6
a2a22 −

1

3
a122 −

1

3
a212 +

1

4
a2222

]

+

[
2

3
a222 + a2a222 −

1

5
a3a322 −

3

10
a3a232 −

3

10
a23a32 −

1

5
a232 −

3

10
a223 −

2

5
a3a223 −

3

8
a32 +

3

2
a2a12

+
3

2
a2a21 −

9

8
a2a222 −

21

8
a2a222 +

3

4
a3a232 + 1

2a3a322 −
3

2
a222 +

3

4
a23a32 + 1

2a
2
32 +

7

6
a1a22 +

1

8
a32

+
5

6
a2a

2
3 −

7

18
a222 −

5

4
a32 +

1

3
a2a222 − a2a12 − a3a13 +

1

3
a3a223 +

3

4
a32 −

1

2
a2a

2
3 +

1

3
a222 + a2a222

+
1

2
a1a22 −

1

12
a32 +

5

6
a2a12 +

1

3
a2a21 −

3

4
a2a222 +

1

12
a3a232 +

1

6
a3a322 −

1

2
a222 +

1

12
a23a32 +

1

6
a232

]

+
1

σt

[
7

3
a23a22 − 5a22a22 + 3a2a3a32 +

9

2
a2a3a23 −

4

5
a23a33 −

9

4
a1a

2
2 +

9

4
a22a22 −

3

8
a2a3a23

− 3

4
a2a3a32 +

51

4
a22a22 −

33

8
a2a3a23 −

3

4
a2a3a32 − 7a2a3a32 −

5

2
a23a22 +

1

4
a1a

2
2

+
5

3
a1a

2
3 +

5

24
a22a22 −

13

36
a23a22 −

1

2
a22a22 −

1

2
a2a3a23 −

1

3
a2a3a32 −

1

3
a23a33 − a22a22

+
1

6
a23a22 −

17

4
a22a22 + 2a2a3a32 − a1a22 +

15

8
a22a22 −

1

6
a2a3a23 −

1

2
a2a3a32 −

1

12
a23a22

]

+
1

σ2t

[
15

4
a42 +

41

30
a43 − 11a22a

2
3 −

21

16
a42 +

3

8
a22a

2
3 −

39

4
a42 +

65

4
a22a

2
3 +

1

16
a42 +

11

24
a22a

2
3

+
5

18
a43 +

1

4
a42 +

5

12
a22a

2
3 +

1

6
a43 +

3

4
a42 −

1

4
a22a

2
3 −

1

6
a43 +

15

4
a42 − 3a22a

2
3 −

7

8
a42 +

1

4
a22a

2
3

]

+4σ3t Σ̃
′′′

yyθ

After simplification, we find the input-expression of the right-hand side :

E(2,0)(⋆) + F (2,1)(⋆)

= σ2t

[
−1

2
a222

]
+ σt

[
+

4

3
a2a22 −

1

2
a3a23 −

1

3
a3a32 −

1

3
a122 −

1

3
a212 +

2

5
a2222

]

+

[
+

5

3
a1a22 −

5

6
a32 +

1

3
a2a

2
3 +

4

3
a2a12 +

11

6
a2a21 −

13

6
a2a222 − a3a13 −

1

15
a3a223

+
8

15
a3a232 +

7

15
a3a322 −

25

18
a222 −

3

10
a223 +

8

15
a23a32 +

7

15
a232

]

+
1

σt

[
−3a1a

2
2 +

5

3
a1a

2
3 +

19

3
a22a22 −

2

3
a2a3a23 −

13

3
a2a3a32 −

4

9
a23a22 −

17

15
a23a33

]

+
1

σ2t

[
−27

8
a42 +

7

2
a22a

2
3 +

74

45
a43

]
+ 4σ3t Σ̃

′′′

yyθ
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Input expression of the left-hand side

Using (3.2.30) and (3.2.32), we get

L.H.S. = 6Σ̃ Σ̃
′

y

2
b̃(⋆) + 3Σ̃2Σ̃

′′

yy b̃(⋆) + 6Σ̃2Σ̃
′

y b̃
′

y(⋆) + Σ̃3b̃
′′

yy(⋆)

= 6σt

(
a2
2σt

)2

a1 + 3σ2t

[
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
1

3
a23 −

1

2
a22

]]
a1

+ 6σ2t
a2
2σt

[
1

σt

[
1

2
a21

]
+

1

σ2t

[
−1

2
a1a2 −

1

2
a2a22 −

1

2
a3a23

]
+

1

σ3t

[
1

2
a32 +

1

2
a2a

2
3

] ]

+ σ3t

[
1

σ2t

[
1

3
a221

]

+
1

σ3t

[
−2

3
a1a22 − a2a21 −

2

3
a2a222 +

2

3
a3a31 −

2

3
a3a223 −

1

2
a222 −

1

2
a223 +

1

3
a232 +

1

3
a233

]

+
1

σ4t

[
3

2
a1a

2
2 + 4a22a22 + a23 (a22 − 2a33 − a1) + a2a3 (3a23 − 2a32)

]

+
1

σ5t

[
−3a42 − a22a23 + 2a43

] ]

which we can develop into

L.H.S. =
1

σt

[
3

2
a1a

2
2

]
+ [a1a22] +

1

σt

[
a1a

2
3 −

3

2
a1a

2
2

]

+

[
3

2
a2a21

]
+

1

σt

[
−3

2
a1a

2
2 −

3

2
a22a22 −

3

2
a2a3a23

]
+

1

σ2t

[
3

2
a42 +

3

2
a22a

2
3

]
+ σt

[
1

3
a221

]

+

[
−2

3
a1a22 − a2a21 −

2

3
a2a222 +

2

3
a3a31 −

2

3
a3a223 −

1

2
a222 −

1

2
a223 +

1

3
a232 +

1

3
a233

]

+
1

σt

[
3

2
a1a

2
2 + 4a22a22 + a23 (a22 − 2a33 − a1) + a2a3 (3a23 − 2a32)

]

+
1

σ2t

[
−3a42 − a22a23 + 2a43

]

and after simplification comes

L.H.S. = σt

[
1

3
a221

]

+

[
1

3
a1a22 +

1

2
a2a21 −

2

3
a2a222 +

2

3
a3a31 −

2

3
a3a223 −

1

2
a222 −

1

2
a223 +

1

3
a232 +

1

3
a233

]

+
1

σt

[
+

5

2
a22a22 +

3

2
a2a3a23 − 2a2a3a32 + a23a22 − 2a23a33

]

+
1

σ2t

[
−3

2
a42 +

1

2
a22a

2
3 + 2a43

]
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Solving for Σ̃
′′′

yyθ(⋆)

Reuniting the left and right-hand sides, we get

4σ3t Σ̃
′′′

yyθ(⋆)

= σ2t

[
1

2
a222

]
+ σt

[
1

3
a221 −

4

3
a2a22 +

1

2
a3a23 +

1

3
a3a32 +

1

3
a122 +

1

3
a212 −

2

5
a2222

]

+

[
1

3
a1a22 +

1

2
a2a21 −

2

3
a2a222 +

2

3
a3a31 −

2

3
a3a223 −

1

2
a222 −

1

2
a223 +

1

3
a232 +

1

3
a233

− 5

3
a1a22 +

5

6
a32 −

1

3
a2a

2
3 −

4

3
a2a12 −

11

6
a2a21 +

13

6
a2a222 + a3a13 +

1

15
a3a223

− 8

15
a3a232 −

7

15
a3a322 +

25

18
a222 +

3

10
a223 −

8

15
a23a32 −

7

15
a232

]

+
1

σt

[
+

5

2
a22a22 +

3

2
a2a3a23 − 2a2a3a32 + a23a22 − 2a23a33

+3a1a
2
2 −

5

3
a1a

2
3 −

19

3
a22a22 +

2

3
a2a3a23 +

13

3
a2a3a32 +

4

9
a23a22 +

17

15
a23a33

]

+
1

σ2t

[
−3

2
a42 +

1

2
a22a

2
3 + 2a43 +

27

8
a42 −

7

2
a22a

2
3 −

74

45
a43

]

which we simplify into

4σ3t Σ̃
′′′

yyθ(⋆)

= σ2t

[
1

2
a222

]
+ σt

[
−4

3
a2a22 +

1

2
a3a23 +

1

3
a3a32 +

1

3
a122 +

1

3
a212 +

1

3
a221 −

2

5
a2222

]

+

[
−4

3
a1a22 +

5

6
a32 −

1

3
a2a

2
3 −

4

3
a2a12 −

4

3
a2a21 +

3

2
a2a222 + a3a13 +

2

3
a3a31

−3

5
a3a223 −

8

15
a3a232 −

7

15
a3a322 +

8

9
a222 −

1

5
a223 −

8

15
a23a32 −

2

15
a232 +

1

3
a233

]

+
1

σt

[
+3a1a

2
2 −

5

3
a1a

2
3 −

23

6
a22a22 +

13

6
a2a3a23 +

7

3
a2a3a32 +

13

9
a23a22 −

13

15
a23a33

]

+
1

σ2t

[
+

15

8
a42 − 3a22a

2
3 +

16

45
a43

]

Finally multiplying both sides by 1
4 σ

−3
t provides the flattening (3.5.61) and concludes the proof.

The flattening of the smile is a permanent concern of modelers and practitioners because it
stigmatizes both vol of vol and mean-reversion. In section 3.7 we will present a typical example of
how that IATM differential provides information on the respective strengths of both parameters.
In fact the flattening visually observed can be misleading, as it depends on the moneyness
employed, and in some markets it can actually be positive. In that vein, a classic argument is
the inappropriate forward volatility associated to a local volatility (LV) model that has been
calibrated to a flattening smile. Although the sheer concept of forward volatility in an LV model,
which is essentially a static concept, carries little weight. The flattening is also an intuitive
indication of the volatility diffusion through its marginals. Indeed, considering a lognormal
model with an independent volatility for instance, the curvature at a given expiry is controlled
through Jensen, one one hand by the price vs volatility profile at each strike, and on the other
hand by the volatility’s marginal distribution.
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3.6 Computation of the arch

We are now interested in the last static differential, the arch Σ̃
′′

θθ(t, 0, 0). We have already
computed all the necessary dynamic coefficients, therefore we can state the final result :

Proposition 3.10 (Expression of the arch Σ̃
′′

θθ(⋆) in the bi-dimensional case)
For a generic bi-dimensional model we have the arch as :

Σ̃
′′

θθ(⋆) = σ2t

[
1

12
a22

]
+ σt

[
1

12
a22 −

1

12
a23 +

1

6
a12 +

1

6
a21 −

1

8
a222

]

+

[
1

4
a1a2 +

1

6
a2a22 +

5

24
a3a23 +

1

12
a3a32 +

1

3
a11 −

1

12
a122 −

1

12
a212 −

1

12
a221 +

1

20
a2222

]

+
1

σt

[
1

12
a21 +

1

48
a32 −

1

24
a2a

2
3 +

1

6
a2a12 +

1

6
a2a21 −

1

8
a2a222 +

1

12
a3a13 +

1

6
a3a31

− 1

20
a3a223 −

1

60
a3a232 +

1

60
a3a322 +

1

15
a223 −

1

60
a23a32 +

1

10
a232 +

1

12
a233

]
(3.6.65)

+
1

σ2t

[
−1

8
a1a

2
2 −

1

6
a1a

2
3 +

1

8
a22a22 −

1

24
a2a3a23 −

1

12
a2a3a32 +

1

12
a23a22 −

11

60
a23a33

]

+
1

σ3t

[
− 3

64
a42 −

1

48
a22a

2
3 +

7

80
a43

]

Proof.
Step 1 : Differentiation of the ZDC

Let us consider the (0, 1)-ZDC, given by (2.1.7) and taken in (t, 0, 0) :

3Σ̃2Σ̃
′

θb̃(⋆) + Σ̃3b̃
′

θ(⋆) = D(⋆) + E(0,1)(⋆) +
1

2
F (0,2)(⋆)(3.6.66)

Step 2 : Input-expression of the right-hand side

From the definition of term D (see (1.2.19) [p.30]) we get in (t, 0, 0)

D(t, 0, 0) =
1

8
σ4t

[(
ν̃(⋆)− σtΣ̃

′

y(⋆)
)2

+ ñ2(⋆)

]
(3.6.67)

Taking (3.1.29) in (t, 0, 0) gives us

E(0,1)(t, 0, 0) = 3σ2t Σ̃
′

θ(⋆)
[
Σ̃

′

θ(⋆) − 1
2σ

2
t Σ̃

′′

yy(⋆) + σtν̃
′

y(⋆)− 1
2σtν̃(⋆)

]

+σ3t

[
Σ̃

′′

θθ(⋆)− 1
2σ

2
t Σ̃

′′′

yyθ(⋆) + σtν̃
′′

yθ(⋆) − 1
2σtν̃

′

θ(⋆)
]

(3.6.68)

Taking (3.1.3) in (t, 0, 0) we get

F (0,2)(t, 0, 0) = 6σ2t Σ̃
′

θ

2
(⋆) + 2σ3t Σ̃

′′

θθ(⋆)− σ2t Σ̃
′

θ

2
(⋆)− σ3t Σ̃

′′

θθ(⋆)

= 5σ2t Σ̃
′

θ

2
(⋆) + σ3t Σ̃

′′

θθ(⋆)(3.6.69)
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Combining (3.6.67) with (3.6.68) and (3.6.69), the right-hand term of (3.6.66) rewrittes as

D(⋆) + E(0,1)(⋆) +
1

2
F (0,2)(⋆)

=
1

8
σ4t

[(
ν̃(⋆)− σtΣ̃

′

y(⋆)
)2

+ ñ2(⋆)

]
+ 3σ2t Σ̃

′

θ(⋆)
[
Σ̃

′

θ(⋆)− 1
2σ

2
t Σ̃

′′

yy(⋆) + σtν̃
′

y(⋆) − 1
2σtν̃(⋆)

]

+ σ3t

[
Σ̃

′′

θθ(⋆)− 1
2σ

2
t Σ̃

′′′

yyθ(⋆) + σtν̃
′′

yθ(⋆)− 1
2σtν̃

′

θ(⋆)
]

+
1

2

(
5σ2t Σ̃

′

θ

2
+ σ3t Σ̃

′′

θθ

)

=
1

8
σ4t

[(
ν̃(⋆)− σtΣ̃

′

y(⋆)
)2

+ ñ2(⋆)

]

︸ ︷︷ ︸
R1

+ σ2t Σ̃
′

θ(⋆)

[
11

2
Σ̃

′

θ(⋆)−
3

2
σ2t Σ̃

′′

yy(⋆) + 3σtν̃
′

y(⋆) − 3

2
σtν̃(⋆)

]

︸ ︷︷ ︸
R2

−1

2
σ5t Σ̃

′′′

yyθ(⋆)
︸ ︷︷ ︸

R3

+σ4t ν̃
′′

yθ(⋆)−
1

2
σ4t ν̃

′

θ(⋆)
︸ ︷︷ ︸

R4

+
3

2
σ3t Σ̃

′′

θθ(⋆)

Let us express each of the terms R1 to R4 as a function of the inputs.

We start with R1 = 1
8σ

4
t

[(
ν̃(⋆) − σtΣ̃′

y(⋆)
)2

+ ñ2(⋆)

]

which becomes

R1 =
1

8
σ4t

[(
a2 − σt

a2
2σt

)2

+ a23

]
= σ4t

[
1

32
a22 +

1

8
a23

]

We can now turn to R2 = σ2t Σ̃
′

θ(⋆)
[
11
2 Σ̃

′

θ(⋆)− 3
2σ

2
t Σ̃

′′

yy(⋆) + 3σtν̃
′

y(⋆)− 3
2σtν̃(⋆)

]

Invoking (1.4.53), (1.4.52), (1.4.54) and (1.4.55), we express the term in brackets as

11

2
Σ̃

′

θ(⋆)−
3

2
σ2t Σ̃

′′

yy(⋆) + 3σtν̃
′

y(⋆)− 3

2
σtν̃(⋆)

= σt

[
11

8
a2

]
+

[
11

4
a1 −

11

12
a22

]
+

1

σt

[
11

16
a22 +

11

24
a23

]
+

[
−1

2
a22

]
+

1

σt

[
3

4
a22 −

1

2
a23

]

+

[
3

2
a22

]
+

1

σt

[
−3

2
a22

]
+ σt

[
−3

2
a2

]

= σt

[
−1

8
a2

]
+

[
11

4
a1 +

1

12
a22

]
+

1

σt

[
− 1

16
a22 −

1

24
a23

]

so that

R2 =

[
σ3t

[
1

4
a2

]
+ σ2t

[
1

2
a1 −

1

6
a22

]
+ σt

[
1

8
a22 +

1

12
a23

]]
σt

[
−1

8
a2

]

+

[
σ3t

[
1

4
a2

]
+ σ2t

[
1

2
a1 −

1

6
a22

]
+ σt

[
1

8
a22 +

1

12
a23

]] [
11

4
a1 +

1

12
a22

]

+

[
σ3t

[
1

4
a2

]
+ σ2t

[
1

2
a1 −

1

6
a22

]
+ σt

[
1

8
a22 +

1

12
a23

]]
1

σt

[
− 1

16
a22 −

1

24
a23

]
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which we develop into

R2 = σ4t

[
− 1

32
a22

]
+ σ3t

[
− 1

16
a1a2 +

1

48
a2a22

]
+ σ2t

[
− 1

64
a32 −

1

96
a2a

2
3

]
+ σ3t

[
11

16
a1a2 +

1

48
a2a22

]

+σ2t

[
11

8
a21 +

1

24
a1a22 −

11

24
a1a22 −

1

72
a222

]
+ σt

[
11

32
a1a

2
2 +

1

96
a22a22 +

11

48
a1a

2
3 +

1

144
a23a22

]

+σ2t

[
− 1

64
a32 −

1

96
a2a

2
3

]
+ σt

[
− 1

32
a1a

2
2 −

1

48
a1a

2
3 +

1

96
a22a22 +

1

144
a23a22

]

+

[
− 1

128
a42 −

1

192
a22a

2
3 −

1

192
a22a

2
3 −

1

288
a43

]

and after simplification

R2 = σ4t

[
− 1

32
a22

]
+ σ3t

[
+

5

8
a1a2 +

1

24
a2a22

]
+ σ2t

[
+

11

8
a21 −

5

12
a1a22 −

1

32
a32 −

1

48
a2a

2
3 −

1

72
a222

]

+σt

[
+

5

16
a1a

2
2 +

5

24
a1a

2
3 +

1

48
a22a22 +

1

72
a23a22

]
+

[
− 1

128
a42 −

1

96
a22a

2
3 −

1

288
a43

]

Let us now examine R3 = −1
2σ

5
t Σ̃

′′′

yyθ(⋆)

Using (3.5.61) we get trivially

R3 = σ4t

[
− 1

16
a222

]
+ σ3t

[
+

1

6
a2a22 −

1

16
a3a23 −

1

24
a3a32 −

1

24
a122 −

1

24
a212 −

1

24
a221 +

1

20
a2222

]

+ σ2t

[
+

1

6
a1a22 −

5

48
a32 +

1

24
a2a

2
3 +

1

6
a2a12 +

1

6
a2a21 −

3

16
a2a222 −

1

8
a3a13 −

1

12
a3a31

+
3

40
a3a223 +

1

15
a3a232 +

7

120
a3a322 −

1

9
a222 +

1

40
a223 +

1

15
a23a32 +

1

60
a232 −

1

24
a233

]

+ σt

[
−3

8
a1a

2
2 +

5

24
a1a

2
3 +

23

48
a22a22 −

13

48
a2a3a23 −

7

24
a2a3a32 −

13

72
a23a22 +

13

120
a23a33

]

+

[
−15

64
a42 +

3

8
a22a

2
3 −

2

45
a43

]

Finally we turn to R4 = σ4t ν̃
′′

yθ(⋆)− 1
2σ

4
t ν̃

′

θ(⋆)

Using (3.5.55) and (3.4.51), we get

R4 = σ4t

[
1

6
a222

]
+ σ3t

[
− 1

12
a2a22 +

1

6
a122 +

1

6
a212 −

1

8
a2222

]

+σ2t

[
−1

4
a1a22 +

1

24
a32 −

5

12
a2a12 −

1

6
a2a21 +

3

8
a2a222

− 1

24
a3a232 −

1

12
a3a322 +

1

4
a222 −

1

24
a23a32 −

1

12
a232

]

+σt

[
1

2
a1a

2
2 −

15

16
a22a22 +

1

12
a2a3a23 +

1

4
a2a3a32 +

1

24
a23a22

]
+

[
7

16
a42 −

1

8
a22a

2
3

]

+σ5t

[
−1

8
a22

]
+ σ4t

[
−1

4
a12 +

1

12
a222 −

1

8
a22

]
+ σ3t

[
−1

8
a2a22 −

1

12
a3a32

]
+ σ2t

[
1

16
a32 +

1

24
a2a

2
3

]
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and after simplification

R4 = σ5t

[
−1

8
a22

]
+ σ4t

[
−1

8
a22 −

1

4
a12 +

1

4
a222

]

+σ3t

[
− 5

24
a2a22 −

1

12
a3a32 +

1

6
a122 +

1

6
a212 −

1

8
a2222

]

+σ2t

[
−1

4
a1a22 +

5

48
a32 +

1

24
a2a

2
3 −

5

12
a2a12 −

1

6
a2a21 +

3

8
a2a222

− 1

24
a3a232 −

1

12
a3a322 +

1

4
a222 −

1

24
a23a32 −

1

12
a232

]

+σt

[
1

2
a1a

2
2 −

15

16
a22a22 +

1

12
a2a3a23 +

1

4
a2a3a32 +

1

24
a23a22

]
+

[
7

16
a42 −

1

8
a22a

2
3

]

Finally gathering R1 to R4, we express the r.h.s. of (3.6.66) as a function of modeling inputs :

D(⋆) + E(0,1)(⋆) +
1

2
F (0,2)(⋆)

= σ5t

[
−1

8
a22

]
+ σ4t

[
+

1

32
a22 +

1

8
a23 −

1

32
a22 −

1

16
a222 −

1

8
a22 −

1

4
a12 +

1

4
a222

]

+σ3t

[
+

5

8
a1a2 +

1

24
a2a22 +

1

6
a2a22 −

1

16
a3a23 −

1

24
a3a32 −

1

24
a122 −

1

24
a212

− 1

24
a221 +

1

20
a2222 −

5

24
a2a22 −

1

12
a3a32 +

1

6
a122 +

1

6
a212 −

1

8
a2222

]

+σ2t

[
+

11

8
a21 −

5

12
a1a22 −

1

32
a32 −

1

48
a2a

2
3 −

1

72
a222 +

1

6
a1a22 −

5

48
a32 +

1

24
a2a

2
3

+
1

6
a2a12 +

1

6
a2a21 −

3

16
a2a222 −

1

8
a3a13 −

1

12
a3a31 +

3

40
a3a223 +

1

15
a3a232 +

7

120
a3a322

− 1

9
a222 +

1

40
a223 +

1

15
a23a32 +

1

60
a232 −

1

24
a233 −

1

4
a1a22 +

5

48
a32 +

1

24
a2a

2
3

− 5

12
a2a12 −

1

6
a2a21 +

3

8
a2a222 −

1

24
a3a232 −

1

12
a3a322 +

1

4
a222 −

1

24
a23a32 −

1

12
a232

]

+σt

[
+

5

16
a1a

2
2 +

5

24
a1a

2
3 +

1

48
a22a22 +

1

72
a23a22 −

3

8
a1a

2
2 +

5

24
a1a

2
3 +

23

48
a22a22 −

13

48
a2a3a23

− 7

24
a2a3a32 −

13

72
a23a22 +

13

120
a23a33 +

1

2
a1a

2
2 −

15

16
a22a22 +

1

12
a2a3a23 +

1

4
a2a3a32 +

1

24
a23a22

]

+

[
− 1

128
a42 −

1

96
a22a

2
3 −

1

288
a43 −

15

64
a42 +

3

8
a22a

2
3 −

2

45
a43 +

7

16
a42 −

1

8
a22a

2
3

]
+

3

2
σ3t Σ̃

′′

θθ(⋆)

and after simplification comes
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D(⋆) + E(0,1)(⋆) +
1

2
F (0,2)(⋆)

= σ5t

[
−1

8
a22

]
+ σ4t

[
−1

8
a22 +

1

8
a23 −

1

4
a12 +

3

16
a222

]

+ σ3t

[
+

5

8
a1a2 −

1

16
a3a23 −

1

8
a3a32 +

1

8
a122 +

1

8
a212 −

1

24
a221 −

3

40
a2222

]

+ σ2t

[
+

11

8
a21 −

1

2
a1a22 −

1

32
a32 +

1

16
a2a

2
3 −

1

4
a2a12 +

3

16
a2a222 −

1

8
a3a13 −

1

12
a3a31

+
3

40
a3a223 +

1

40
a3a232 −

1

40
a3a322 +

1

8
a222 +

1

40
a223 +

1

40
a23a32 −

1

15
a232 −

1

24
a233

]

+ σt

[
7

16
a1a

2
2 +

5

12
a1a

2
3 −

7

16
a22a22 −

3

16
a2a3a23 −

1

24
a2a3a32 −

1

8
a23a22 +

13

120
a23a33

]

+

[
+

25

128
a42 +

23

96
a22a

2
3 −

23

480
a43

]
+

3

2
σ3t Σ̃

′′

θθ(⋆)

Step 3 : Input expression of the left-hand side

We have, using (1.4.53)(p. 45) and (3.4.50) (p. 177)

3 Σ̃2Σ̃
′

θ b̃(⋆) + Σ̃3b̃
′

θ(⋆)

= 3σ3t a1

[
1

4
a2

]
+ 3σ2t a1

[
1

2
a1 −

1

6
a22

]
+ 3σta1

[
1

8
a22 +

1

12
a23

]

+σ4t

[a21
4

]
+ σ3t

[
1
2a11 −

1

6
a221 +

1

4
a1a2 +

1

4
a2a22 +

1

4
a3a23

]

+σ2t

[
1

4
a2a21 +

1

8
a222 +

1

8
a223 +

1

6
a3a31 +

1

12
a232 +

1

12
a233

]

+σt

[
−1

4
a22a22 −

1

4
a2a3a23 −

1

8
a1a

2
2 −

1

6
a2a3a32 −

1

6
a23a33 −

1

12
a1a

2
3

]

+

[
1

8
a42 +

5

24
a22a

2
3 +

1

12
a43

]

which we can develop and then simplify to express the left-hand side of (3.6.66) as

3Σ̃2(⋆)Σ̃
′

θ(⋆)̃b(⋆) + Σ̃3(⋆)̃b
′

θ(⋆)

= σ4t

[a21
4

]
+ σ3t

[
a1a2 +

1

4
a2a22 +

1

4
a3a23 +

1

2
a11 −

1

6
a221

]

+ σ2t

[
3

2
a21 −

1

2
a1a22 +

1

4
a2a21 +

1

6
a3a31 +

1

8
a222 +

1

8
a223 +

1

12
a232 +

1

12
a233

]

+ σt

[
1

4
a1a

2
2 +

1

6
a1a

2
3 −

1

4
a22a22 −

1

4
a2a3a23 −

1

6
a2a3a32 −

1

6
a23a33

]
+

[
1

8
a42 +

5

24
a22a

2
3 +

1

12
a43

]
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Step 4 : Solving for Σ̃
′′

θθ(t, 0, 0)

Gathering both left and right-hand sides, we get

3

2
σ3t Σ̃

′′

θθ(⋆) = σ5t

[
1

8
a22

]
+ σ4t

[
a21
4

+
1

8
a22 −

1

8
a23 +

1

4
a12 −

3

16
a222

]

+ σ3t

[
a1a2 +

1

4
a2a22 +

1

4
a3a23 +

1

2
a11 −

1

6
a221 −

5

8
a1a2

+
1

16
a3a23 +

1

8
a3a32 −

1

8
a122 −

1

8
a212 +

1

24
a221 +

3

40
a2222

]

+ σ2t

[
3

2
a21 −

1

2
a1a22 +

1

4
a2a21 +

1

6
a3a31 +

1

8
a222 +

1

8
a223 +

1

12
a232 +

1

12
a233

− 11

8
a21 +

1

2
a1a22 +

1

32
a32 −

1

16
a2a

2
3 +

1

4
a2a12 −

3

16
a2a222 +

1

8
a3a13 +

1

12
a3a31

− 3

40
a3a223 −

1

40
a3a232 +

1

40
a3a322 −

1

8
a222 −

1

40
a223 −

1

40
a23a32 +

1

15
a232 +

1

24
a233

]

+ σt

[
1

4
a1a

2
2 +

1

6
a1a

2
3 −

1

4
a22a22 −

1

4
a2a3a23 −

1

6
a2a3a32 −

1

6
a23a33

− 7

16
a1a

2
2 −

5

12
a1a

2
3 +

7

16
a22a22 +

3

16
a2a3a23 +

1

24
a2a3a32 +

1

8
a23a22 −

13

120
a23a33

]

+

[
1

8
a42 +

5

24
a22a

2
3 +

1

12
a43 −

25

128
a42 −

23

96
a22a

2
3 +

23

480
a43

]

and after simplification comes

3

2
σ3t Σ̃

′′

θθ(⋆) = σ5t

[
1

8
a22

]
+ σ4t

[
1

8
a22 −

1

8
a23 +

1

4
a12 +

1

4
a21 −

3

16
a222

]

+ σ3t

[
3

8
a1a2 +

1

4
a2a22 +

5

16
a3a23 +

1

8
a3a32 +

1

2
a11 −

1

8
a122 −

1

8
a212 −

1

8
a221 +

3

40
a2222

]

+ σ2t

[
1

8
a21 +

1

32
a32 −

1

16
a2a

2
3 +

1

4
a2a12 +

1

4
a2a21 −

3

16
a2a222 +

1

8
a3a13 +

1

4
a3a31

− 3

40
a3a223 −

1

40
a3a232 +

1

40
a3a322 +

1

10
a223 −

1

40
a23a32 +

3

20
a232 +

1

8
a233

]

+ σt

[
− 3

16
a1a

2
2 −

1

4
a1a

2
3 +

3

16
a22a22 −

1

16
a2a3a23 −

1

8
a2a3a32 +

1

8
a23a22 −

11

40
a23a33

]

+

[
− 9

128
a42 −

1

32
a22a

2
3 +

21

160
a43

]

Finally, multiplying both sides by 2
3σ

−3
t provides (3.6.65) and concludes the proof.
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3.7 Illustration of the maturity effect

With the previous IATM differentials we have gained quite some insight into the higher-order
maturity differentials. However these results are complex and therefore difficult to interpret,
which suggests that our parameterisation of the problem might not ne optimal. Nevertheless, we
propose to illustrate these new results by applying them to some given, realistic (instantaneous)
local-stochastic volatility model.
To simplify the resulting formulae and thus make easier their interpretation, we forgo any skew
problematic. This implies that the local volatility part of the model must be lognormal, and
also that the correlation must be null (see section 1.5.2 for more details) resulting in a purely
exogenous volatility. We will therefore be interested mainly in the smile level and in its curvature,
with a particular concern for their dependency with respect to maturity θ. In other words, we
will look at

Σ̃(⋆) Σ̃
′′

yy(⋆) Σ̃
′

θ(⋆) Σ̃
′′′

yyθ(⋆) Σ̃
′′

θθ(⋆)

In order to provide more control over the effect of maturity, it is common practice to impose
some mean-reversion either on the instantaneous volatility or on the instantaneous variance (e.g.
Heston). Choosing the former option for simplicity’s sake, and selecting a normal vol of vol for
the same reason, we get the dynamics





dSt
St

= σt dWt(3.7.70)

dσt = κ [σ − σt] dt + ǫ dZt with Wt ∐ Zt(3.7.71)

Proposition 3.11 (IATM static maturity-differentials of a mean-reverting SV model)
The SInsV model defined by (3.7.70)-(3.7.71) generates the following IATM static differentials :

Σ̃(⋆) = σt(3.7.72)

Σ̃
′

θ(⋆) =
1

2
κ(σ − σt) +

1

12

1

σt
ǫ2(3.7.73)

Σ̃
′′

θθ(⋆) = − 1

12
σt ǫ

2 − 1

3
κ2 (σ − σt) +

1

12

1

σt

[
κ2 (σ − σt)2 − κ ǫ2

]
(3.7.74)

− 1

6
κ

1

σ2t
(σ − σt) ǫ2 +

7

80

1

σ3t
ǫ4

in regard of the level, and

Σ̃
′′

yy(⋆) =
1

3

ǫ2

σ3t
(3.7.75)

Σ̃
′′′

yyθ(⋆) = −1

4
κ

1

σ3t
ǫ2 − 5

12
κ

1

σ4t
(σ − σt) ǫ2 +

4

45

1

σ5t
ǫ4(3.7.76)

with respect to the curvature.

We now proceed with the quite straightforward proof, before commenting qualitatively on these
results. We will be interested in particular by the impact of each of the model parameters on
the level, curvature and their maturity evolution.
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Proof.
Casting this model into our generic (bi-dimensional) framework it comes that any coefficient
with a 2 in its tag will be null :

0 = a2 = a12 = a21 = a22 = a23 = a32 = a122 = a212 = a221 = a222 = a223 = a232 = a322 = a2222

while at the first and second depth the relevant drift and/or exogenous coefficients come as

a1 = κ(σ − σt) a3 = ǫ

and
a11 = − κ2(σ − σt) a13 = − κǫ a31 = 0 a33 = 0

Then applying directly (1.2.36) [p.35] and (1.4.52) [p.45] we get respectively

Σ̃(⋆) = σt and Σ̃
′′

yy(⋆) =
ǫ2

3σ3t

which proves (3.7.72) and (3.7.75). Turning to the slope, it is equally fast to apply (1.4.53)
[p.45] which gives

Σ̃
′

θ(⋆) =
1

2
κ(σ − σt) +

1

12

1

σt
ǫ2(3.7.77)

and proves (3.7.73). As for the flattening, starting from (3.5.61) [p.188] we get formally, by
removing all null coefficients :

Σ̃
′′′

yyθ(⋆) =
1

4

1

σ3t
a3 a13 −

5

12

1

σ4t
a1 a

2
3 +

4

45

1

σ5t
a43

By replacing with the model input we get immediately

Σ̃
′′′

yyθ(⋆) = −1

4
κ

1

σ3t
ǫ2 − 5

12
κ

1

σ4t
(σ − σt) ǫ2 +

4

45

1

σ5t
ǫ4

which proves (3.7.76). Finally addressing the arch, applying (3.6.65) [p.196] gives, again by
removing all null coefficients :

Σ̃
′′

θθ(⋆) = − 1

12
σt a

2
3 +

1

3
a11 +

1

σt

[
1

12
a21 +

1

12
a3a13

]
− 1

6

1

σ2t
a1 a

2
3 +

7

80

1

σ3t
a43

Replacing by the model inputs, we get

Σ̃
′′

θθ(⋆) = − 1

12
σt ǫ

2 − 1

3
κ2 (σ − σt) +

1

12

1

σt

[
κ2 (σ − σt)2 − κ ǫ2

]
− 1

6
κ

1

σ2t
(σ − σt) ǫ2 +

7

80

1

σ3t
ǫ4

which proves (3.7.74) and concludes the proof.

The curvature being simpler than the level ones, they lend themselves to an easier interpretation.
Therefore we will comment the former in the general case, before applying a classic simplification
that will allow us to gage both differential sets with some ease.

Using (3.7.75) and (3.7.76) we rescale the maturity-sensitivity of the curvature by itself to get :

Σ̃
′′′

yyθ(⋆) = Σ̃
′′

yy(⋆)

[
4

15

1

σ2t
ǫ2 − 1

4
κ

(
3 +

5

σt
(σ − σt)

) ]
(3.7.78)

In order to simplify matters, it is customary to assume that the initial volatility σt is identical
to its long-term mean σ :
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Assumption 3.1
Within model (3.7.70)-(3.7.71) we assume that

σt = σ

Note that this assumption is quite unrealistic, and that used dynamically it runs contrary to
the desire for a stationary model. Even in a purely static and implicit approach, imposing that
restriction deprives the modeler of an additional degree of freedom, able to control the short-
term evolution of the smile. Nevertheless, in our case it is precisely to mask the latter effect
that we opt for that simplifying assumption.
The combination of (3.7.75) and (3.7.78) rewrites therefore

Σ̃
′′

yy(⋆) =
1

3

ǫ2

σ3t
and Σ̃

′′′

yyθ(⋆) = Σ̃
′′

yy(⋆)

[
4

15

1

σ2t
ǫ2 − 3

4
κ

]
(3.7.79)

In that form, the model is very demonstrative of the fairly intuitive influence of the two main
parameters, i.e. mean-reversion and vol of vol. Indeed κ has no effect on the IATM curvature
but will decrease it as maturity progresses. In opposition, ǫ alone will create a positive IATM
curvature which it will also tend to increase with maturity. Observe there that adopting As-
sumption 3.1 is not equivalent to downgrading the model to non-mean-reverting dynamics for
the volatility, i.e. taking κ = 0. Indeed, this is yet another proof that although the method
is asymptotic and can apprehend any coefficient only at current time t, because its is using a
dynamic approach it will capture some deeper effects.
The overall impact, i.e. whether we will observe either a flattening or a deepening of the smile,
depends on the respective numerical values of κ and ǫ :

Σ̃
′′′

yyθ(⋆) ≥ 0 ⇐⇒ κ ≤ 16

45

[
ǫ

σt

]2

Note that the role played by the IATM level σt in this matters can be seen as scaling the various
quantities. Which is not to say that this influence is trivial to analyse, so that we will not dwell
here much further into this particular issue. It suffices to mention that the comparison of κ
with a term proportional to [ǫ/σt]

2 is coherent with the homogeneity of the problem. Indeed the
mean-reversion is expressed in a log-normal fashion, while the volatility comes with a normal
convention. Therefore, in terms of diffusion coefficients, κ should be compared to ǫ/σt. But
then, in terms of dynamics and quadratic variation (which is all that matters eventually) in
such a diffusion the drift coefficient must come along the square of the volatility.

Still with Assumption 3.1 we can simplify the level formulae (3.7.72)-(3.7.73)-(3.7.74) to obtain

Σ̃(⋆) = σt Σ̃
′

θ(⋆) =
1

12

1

σt
ǫ2 Σ̃

′′

θθ(⋆) =
7

80

ǫ4

σ3t
− 1

12
σt ǫ

2 − 1

12
κ
ǫ2

σt

We observe again a clear opposition between the vol of vol and the mean-reversion, with some
restrictions. Indeed ǫ will clearly increase the IATM slope Σ̃

′

θ(⋆), while the mean-reversion has
no bearing on it. At the next θ-order, clearly κ will tend to tame that slope as maturity increases.
The influence of ǫ however, is more complex in that respect, as we have

Σ̃
′′

θθ(⋆) ≥ 0 ⇐⇒ κ + σ2t ≤ 21

20

[
ǫ

σt

]2

which is difficult to interpret. At last removing the mean-reversion tells us a simpler story, in
that the arch is non-negative if and only if ǫ ≥

√
20/21 σ2t .

Overall, it is interesting to note that a high enough vol of vol will create positive and θ-increasing
curvature and slope, while the mean-reversion will counteract this evolution in maturity.
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In this Chapter we turn to even more practical considerations, by applying our results to some
very popular stochastic (instantaneous) volatility models, namely the SABR and FL-SV classes.

First in section 4.1 we review general considerations, focusing mainly on the direct problem
(due to its importance for practitioners). In particular we discuss the practicality and expected
performance of a Taylor expansion as a smile proxy, destined to be used for calibration and/or
within a numerical scheme1, or even for hedging.

Then in section 4.2 we apply these principles to the generic SABR model, which is presented in
section 4.2.1 both in a trading and mathematical perspective. Then in section 4.2.2 we derive
the coefficients of the chaos diffusion which are required by all IATM differentials exposed in
Chapter 3. In section 4.2.3 we use some of these coefficients to establish bilateral relationships
between the model parameters and the IATM level, skew and curvature.

We then turn in section 4.3 to the more common CEV instance of the SABR class, beginning
naturally in section 4.3.2 by producing the relevant coefficients of the chaos diffusion. Then in
section 4.3.3 we link explicitely the model parameters to the IATM smile, and in section 4.3.4
we show that Hagan’s formula (see [HKLW02]) does verify these IATM differentials.

In section 4.4 we address another rich stochastic instantaneous volatility model, the FL-SV
class. We present the model in section 4.4.1, along with its research background and financial
rationale. We introduce a more generic version of the class, which we surprisingly call Extended
FL-SV, and that will be the basis of our work. Then in section 4.4.2 we compute the chaos
coefficients for the first, second and third layers. We then exploit those coefficients in section
4.4.3 in order to compute the static IATM differentials of the first layer.

Finally in section 4.5 we illustrate these results with a few simulations. In section 4.5.1 we
discuss the various possibilities for the testing phase and justify our choices. We select a model
(CEV-SABR) as well as an expansion type, and adopt a testing protocol focused on assessing
both precision and validity, in absolute terms and compared to Hagan. Then in section 4.5.2 we
graphically present and analyse the results of this testing protocol. In section 4.5.3 we shortly
expose our conclusions as well as avenues for further research and experimentation.

Note that in the sequel we could have used the results of the Extended Skew Market Model
(ESMM) (see section 1.5.2) in order to generate some or all of the chaos coefficients for SABR
and FL-SV. We chose not to do so, essentially because the chaos coefficients computed for the
ESMM in Lemma 1.4 [p.67] were only those of the first layer. Therefore we were faced with
two choices : either continue with the ESMM chaos computation, or transfer only these first
coefficients to each model, and then compute their dynamics on an ad hoc basis.
The first solution is very costly, and the formulae generated by the ESMM for high-depth co-
efficients very involved. To be convinced of this fact, it suffices to have a look at the simpler
Extended FL-SV results exposed later on (see Lemma 4.5 [p.231]). That option is therefore not
adapted to the current applicative chapter, although we do not exclude to investigate the matter
in further research.
The second solution is feasible, and indeed we did apply it initially. However it turned out to
be actually slower than the direct approach. Besides, it made the induction technique (which is
obvious in our notations) more difficult to implement as it lacked the initialisation phase.

Finally, it is worth mentioning that the model classes being examined in this Chapter are fairly
generic, and can be customised by either a single (SABR) or five (FL-SV) functionals.

1In order to improve Monte-Carlo speed or the exercise boundary definition.
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4.1 General considerations on practical applications

In many respects, the current Chapter can be seen as an extension of Section 1.5, which also
focused on the practical illustrations and applications of the theoretical results obtained for the
first layer. Indeed that latter section exploited the Extended Skew Market Model (see Definition
1.2 [p.65]) which as a very wide two-dimensional model class embraced both SABR and FL-SV.
However our scope is now both narrower and deeper than with Section 1.5, for several reasons :

◮ We have now at our disposition the generic method to compute the direct problem, i.e.
both static and dynamic IATM differentials, at any required order (Section 2.1). In partic-
ular we have expressed in Chapter 3 the second and third layers, which provide the most
useful descriptors of the smile. Our intention here is to provide all the information nec-
essary to exploit these higher-order IATM differentials, as opposed to section 1.5.2 [p.65]
which limited itself at the first layer.

◮ In order to remain manageable, the natural tradeoff to computing such involved formulae
is to decrease the complexity of the model itself. Ideally we would have liked to present
all IATM differentials, for the second and third layer, in the ESMM framework. This task
presents no technical difficulty but the resulting formulae are quite imposing, mitigating
or even negating the illustration purpose of the current Chapter. In consequence (and
regrettably) we will specialise our computations to the specific models at hand (SABR
and FL-SV) from the beginning.

◮ Another difference with Section 1.5 is that the latter presented succinctly a quite large array
of possible applications (see section 1.5.1 [p.57]), from pure asymptotics (using both the
direct and inverse approaches) to helping with hedging issues, via full-smile extrapolations.
In contrast the current chapter will focus mainly on pure asymptotics, with an emphasis
on the direct problem, although we will spend some time on reversing the first layer IATM
differentials back into the model parameters. Note that the latter approach is not stricto
sensu equivalent to solving the inverse problem.

Although our focus in the current Chapter will be on pure asymptotics for a trio of models,
we also wish to discuss in more generality the potential and practical use of these formulae,
when applied to other classes of dynamics. These comments should be seen as complementing
or extending those of section 1.5.

One might wonder how our asymptotic and generic formulae actually compare in practice, com-
pared to ad hoc techniques developed for a given model class. There are numerous and rigorous
candidate methods in the latter category, usually approximate in nature and often following
asymptotic approaches2 (see [FPS00a],[Osa06] or [FLT97] for instance) but not always (for ex-
ample [BBF02] or [HL05]). Our take is that these different approaches should not be seen as
exclusive but as complementary, if at all possible. In that spirit, what makes the asymptotic
chaos expansion method3 remarkable is its level of compatibility with most other approaches.
Indeed it provides pure differentials which are raw results, as opposed to a functional approxi-
mation such as [HKLW02]. In that respect its results can be easily used to compare, adjust or
replace all or part of a full-smile approximation for instance. A typical example would be to
correct Gatheral’s heuristic formula at the second order (which is itself rooted in a low-order
asymptotic expansion) with the correction for local volatility models found in section 1.4.2.3
[p.53].

2Often these methods will use singular perturbation and/or expansions on the vol of vol parameter, which
creates the deviation from the normal or lognormal model, which itself provides a manageable infinitesimal
generator or the closed-form formula. Pure chaos as in [Osa06] is less frequently found.

3As described initially in [Dur06] and then in this study.
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An important feature to take into account is the actual stationarity of the (input) SInsV model.
Indeed the asymptotic chaos expansion, because it is differential and not integral in nature, relies
on the assumption that the current dynamics are representative of what they will be throughout
the life of the option. The pertinence of the IATM differentials, or rather the precision of any
functional full-smile extrapolation will depend on the degree of stationarity and time homo-
geneity of the process. Although an instantaneous volatility model with time-dependent (and
even discontinuous) volatility can be managed within our asymptotic methodology (see section
2.2.1.3) the same can not necessarily be said for correlation or vovol. Obviously the method will
cope well with the smooth, deterministic evolution of some parameter µ(s). It will do so in the
same way (and probably even better) that it would if that parameter was actually stochastic.
But the asymptotic algorithm envisages the dynamics of µ(s) only from what it ”knows” at
initial time t. Therefore if s → µ(s) is smooth, then successive orders of the expansion will
approximate this map better and better, by calling in higher and higher derivatives (taken at
the origin) i.e. ∂nµ

∂sn |s=t. Basically this corresponds to approximating the µ(s) function with
polynoms of increasing order in the variable (s− t). This is fine for a smooth function, but obvi-
ously if β(s) were to be piecewise constant for instance, then a priori the associated derivatives
and therefore the long-term smile approximations would necessary be of a lower quality.
This kind of limitation is not to be confused with some other classic configurations, where
the initial dynamics might be misleading and lead the modeler to undue pessimism about the
performance potential of the method. A typical example would be a lognormal process with
mean-reverting multiplicative instantaneous volatility (such as Heston) and where the initial
value of the latter is exactly the long-term mean. Clearly a1, a11, a111 and so on are all null, but
we know from section 3.7 [p.202] that deeper layers will take into account the mean-reversion4.

The choice of a good baseline model is important but usually not difficult, essentially because
there aren’t so many candidate models available. Obviously that baseline must be associated
to a closed-form solution5 but within the few possible choices we should use one that closely
resembles the input SInsV dynamics, or that generates similar smiles. Indeed it is fairly intuitive
that if we start closer to the solution (in terms of statics and perhaps dynamics too) then a lower
number of differentials is needed in order to achieve the same precision. For a CEV-SABR with
low β (or very negative correlation) for instance, which generates large amounts of skew, it would
make sense to use the Gaussian model as a baseline, rather than the lognormal one. Conversely,
in a pseudo-lognormal setup (with high β and small effective correlation ρν) the Black model
would seem more appropriate. This is all very well and intuitive, but what should we do then
with a Heston model, which depending on correlation (and therefore vovol) can exhibit either
a low or high skew? A first answer would be to choose whichever baseline produces the lowest
endogenous vovol a2 for the input SInsV model, once cast. But this matter is still very much
an open subject and will clearly depend on the objective function of the modeler : which part
of the is he/she concentrating on, which static or dynamic properties is he/she looking for ?
For instance if one considers a SABR model and insists on the support of the distribution being
faithful, then a specific displaced diffusion baseline might be chosen, etc.

Selecting an appropriate moneyness or more conventionally a pair of variables in bijection with
strike K and maturity T , can also be both important and difficult. As discussed in Chapters 1
and 2, the main purpose of of that change of variable is to enforce (or benefit from) a given type
of stationarity, in the smile this time. Other methodologies do employ this type of technique
: in [Osa06] for instance the time-to-maturity variable is taken as the accumulated variance∫ T
t σ2s ds, which corresponds both to a sliding parameterisation and to a time change.

4If κ was null then we would have a12 = 0, which is not the case.
5Refer to section 2.2 [p.102] for a more in-depth discussion of the various extensions and alternatives to the

mainstream methodology.
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But these variables (say y and θ for instance) are those of the framework, not necessarily the
best ones to conduct a series expansion on, if one chooses to do so. As discussed in section 1.5.1.3
a straight MacLaurin (or Taylor) series expansion is not necessarily the best option. There are
other functional families on which to project the asymptotic information, one of which will be
discussed shortly. For those readers interested in extrapolation methods and their respective
efficiency in a more general context, we refer to [LIU06]. Nevertheless, for the time being we
will stay with Taylor series as they are fairly demonstrative of the wings issue. Indeed it is the
behaviour of the extrapolation for very low and very high strikes that will be its main quality
criteria. We see two main and related issues for the extrapolated smile : the first is the validity
of the marginal density associated to it, and the second is its precision in regard of the true IV
generated by the input SInsV model.
The validity criteria is very difficult to gage visually for a given smile, as a positive C

′′

KK trans-
lates into a complex, non-linear PDE for the implied volatility. However negative densities tend
to appear on the wings first, and on the left in particular (this is certainly the case with the
lognormal formula of [HKLW02]). There is indeed a symmetric bound on the implied volatility,
imposed by arbitrage constraints, imposing that Σ̃(t, y, θ) should not grow faster than

√
|y| at

a given expiry (see [Lee04b] for instance). It comes that if we can control the wings then we
should improve matters across the whole strike range.
The precision of the method is perfect at the IATM point, hence the question is the speed at
which it degrades as both |y| and θ increase. Again, for many practical models we have good
knowledge of the wing behaviour : this is the case for local volatility models (see [BBF02] for
instance) but for wider classes as well including stochastic volatility (see [Lee04b], [BF09] and
[DY02] for instance). The problem is of course similar for high expiries, as exact or approximate
results can be found in the literature. For large θ asymptotics in mean-reverting models for
instance refer to [FPS99] and [FPS00b]. And when theoretical results are not available, traders
will often express a view for the extreme strike and extreme maturity behaviour.
Since we wish to control the asymptotics in those two directions, the idea of a polynomial in y
and θ is not very palatable. Let us present alternative methods : Since the problem is similar
but more demonstrative in K than in T , we will focus on the strike dimension.

If we stay with Taylor series then higher orders bring more precision and the only degree of
freedom is the choice of the expansion variable. Note that we can apply a transform to either y
or Σ̃, whichever is more convenient (this is mathematically equivalent). Keeping in mind that we
are now touching heuristics, we propose a few solutions that have been successfully tested. The
first method is to adapt the expanded functional according to the chosen order. For instance
with a fourth-order expansion we can expand Σ̃8 on y and then re-scale down, ensuring that
the

√
|y| barrier is not be breached. Another method consists in choosing an expansion variable

z(y) that will provide sub-square root growth when taken at any power : clearly z = ln(1 + |y|)
is a good starting point. Again another choice for z(y) is a variable that itself exhibits a limit
when |y| → +∞, forcing the Taylor to converge to a fixed value in the wings. Ideally that limit
on z(±∞) should be controllable so that the IV limit itself can be set. In that respect, variations
on the theme of decreasing exponentials or of the cumulative normal can be tried, but the delta
should be avoided as it leads to some delicate fixed-point issues.
An important point to note is that we do not have to use the same expansion for positive and
negative y. Indeed, as long as the junction is smoothly established at-the-money there should
be no issue. In particular if the distribution support provides a lower bound (typically for an
a.s. positive underlying) then on the left-hand side we can expand simply on strike K.

An altogether more rigorous and generic approach is to employ Padé approximants, which use
rational functions where Taylor employs polynomials :

f(x) ≃ R(x) =
p0 + p1x+ p2x

2 + ...+ pmx
m

1 + q1x+ q2x2 + ...+ qnxn
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Note that by construction this family contains the polynoms, and in the same manner as Taylor
the pi and qi coefficients are selected to ensure matching of the first differentials at the origin

f (i)(0) = R(i)(0) ∀0 ≤ i ≤ m+ n

Although the matching algorithm is more involved, additional control can be provided to ensure
given asymptotes when x→ ±∞, so that it seems an overall more attractive alternative. For a
detailed description of some numerical implementation aspects, refer to [] (Section 5.12).
However, whether with Padé or Taylor, the classic issues of series expansions do remain, in
particular w.r.t. their actual convergence radius. Consider for instance a Taylor expansion of
f(x) = xn around x = 0 when n is high. Only one differential is non null, at order n, but this is
sufficient to reconstruct the whole function. The question is therefore whether the differentials
will have been computed to the required order. It is of course possible to project the IATM
information onto other functional families than rational and polynomial functions. But the
feasibility of the IATM match, as well as the performance in the high-|y| and/or high-θ regions,
is likely to be ad hoc rather than generic, while genericity is one of the main topics of this study.
Whereas with Padé or Taylor, we know that (within the convergence radius) a high enough
order will give us any required degree of precision, and we know that this order is attainable in
a generic fashion (as illustrated in section 2.1).

With regard to smile validity, it is tempting to re-parameterise the surface back into prices, since
the marginal is much easier to control from the call price surface. At a single expiry for instance
and with S the floor for St, we must simply enforce the following four criteria for C(K) :

C(S) = St C ′
K(S) = − 1 C(K)ց 0 with K ր +∞ C

′′

KK ≥ 0 ∀K

Imposing a valid surface is not much more difficult so that would seem to be the best way to
proceed. Unfortunately our method is asymptotic, and the Black function does not lend itself
well to strike differentiation at the IATM point. Recall indeed that this was one of the main
advantages of using implied volatility : as a regularisation function.
There is another avenue though, which is to work either on the implied cumulative or density,
but these techniques fall outside of the scope of this study. it is worth noting though that an
expansion on Σ̃ can indeed be considered as a mixture of implied volatilities, but that this not
equivalent to a mixture of marginals, processes or underlyings.

Finally let us mention the dynamic coherenc aspect, as we have only reasoned in static terms
so far. We first note that the static validity conditions must to be enforced at current time,

but also dynamically. However in order to apply dynamics (̃b,
−→̃
ν and

−→̃
n ) one can approximate

them statically as well. To simplify matters, we assume a SInsV model with state vector −→xt =
(t, St, αt) driven by two scalar drivers Wt and Zt. We reason with an absolute rather than sliding
representation, and use a Taylor expansion on strike. We note then as follows the relevant static
approximations (b is redundant by arbitrage) at the first order :

Σ ≈ Σ∗ △
= λΣ0 (

−→
Xt) +λΣ1 (

−→
Xt)K ν ≈ ν∗ △

= λν0(
−→
Xt) +λν1(

−→
Xt)K n ≈ n∗ △

= λn0 (
−→
Xt) +λn1 (

−→
Xt)K

The question is then to ensure consistency between on one hand ν∗ and n∗ , and on the other
hands the dynamic coefficients of

dΣ∗ = d
[
λΣ0 (
−→
Xt)
]

+ K d
[
λΣ1 (
−→
Xt)
]

We know that this coherence is established at the IATM point, but we should enforce it through-
out the smile. However this level of concern falls outside the scope of the current study.
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4.2 The generic SABR class

The SABR model class was introduced in [HKLW02], initially for the IR vanilla market, and
became quickly popular due to a combination of several factors. Its first interest was the capacity
to match the traded smile, showing significant skew and curvature, so that its CEV instance
has now become the market standard to mark European Swaptions (and Caplets to a lesser
extent). The second novelty was its capacity to provide adequate and clear dynamics for the
smile, combining both local and correlated stochastic volatility to ensure a good degree of delta
stickiness, along with a controllable backbone. The third feature (noticeably well exposed in
[HKLW02]) was the simple one-on-one role played by each of the parameters and initial values,
on both the statics and dynamics of the smile. Indeed it is not rare today to hear practitioners
mention correlation when they actually mean skew, and so on. Finally, the model was delivered
with a closed-form approximation for vanilla options. The most commonly used is the lognormal
implied volatility approximation for CEV-SABR (see (4.3.68) [p.228]) but [HKLW02] actually
contains three formulae (price, lognormal and normal IV) which are provided for any local
volatility function. Developed using a singular perturbation technique, they can (and will)
unfortunately generate negative implied densities on the left-hand side.

4.2.1 Presentation of the model

The SABR class is often deemed to belong to the ”local-stochastic volatility” family and describes
the dynamics of the single underlying under its associated martingale measure as

(SABR)





dSt = αt f (St) dWt(4.2.1)

dαt = ν αt dBt with 〈dWt, dBt〉 = ρ(4.2.2)

with f(·) a local volatility function satisfying the usual regularity conditions. Note that αt pro-
vides a multiplicative perturbation that scales up and down the backbone6. The latter is almost
entirely determined by the product αtS

−1
t f(St) whereas the smile exhibits a strong dependency

on correlation ρ and vovol ν. Note that the dynamics of the perturbation αt are lognormal, and
this lack of mean-reversion for the instantaneous volatility/variance increase significantly the
terminal variance of ST . Apart from being unrealistic and capable of causing explosions (see
[AP06]) or integrability issues, these dynamics also create difficulties for numerical schemes. To
mitigate this issue some time-dependent parameters can be used, and [HKLW02] caters for those
under the label of dynamic SABR. But other authors have actually extended the model with a
volatility mean-reversion into the λ-SABR class (see [HL05]).
The SABR model has been the object of an active academic research. Several alternative ap-
proximations have therefore been published, ranging from customisation of the existing Hagan &
al’s formulae to radically different approaches : let us name but a few. In [BC07] Hagan’s price
formula is modified using a local time technique. Interestingly, although the resulting approxi-
mation presents issues of the same magnitude as Hagan’s Lognormal IV (LNIV) formula, these
are endemic to different areas of the smile. In consequence a combination of both approaches
can be envisaged. In the short paper [Obl08], the fundamental results of [BBF04] are exploited
to identify some inconsistent behaviour in Hagan’s LNIV formula for the CEV-SABR instance,
but the proposed corrections only mitigate the issue of negative density. In [Osa06] some Wiener
chaos is used but in an integral fashion, and although the method is not presented as generic in
order, it is very clearly laid out and could probably be used on other model classes. Also, the
same author has explored hybrid versions of SABR and the related expansions. Last but not
least, let us mention the hyperbolic geometry approach taken in [HL05].

6The backbone is defined as the function St → Σ(K = St, T ) for a given expiry, but in the absence of T it will
refer to a very short expiration.
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4.2.2 Coefficients of the chaos dynamics

Let us pool all the available input expressions for the static IATM differentials, in other words
Σ̃(m,p) in the first, second and third layers :

Σ̃(⋆) (1.2.36) Σ̃
′

y(⋆) (1.4.51) Σ̃
′′

yy(⋆) (1.4.52) Σ̃
′

θ(⋆) (1.4.53)

Σ̃
′′

yθ(⋆) (3.2.38) Σ̃
′′′

yyθ(⋆) (3.3.48) Σ̃
′′

θθ(⋆) (3.6.65)

A survey of the involved chaos dynamic coefficients gives us the following set :

σt
a1 a2 a3

a11 a12 a13 a21 a22 a23 a31 a32 a33
a122 a212 a221 a222 a223 a232 a322

a2222

We aim at expressing all of these 21 coefficients as functions of the model parameters, however
those involve, on top of the constants (β, ρ, ν) and the initial values (St, αt) the local volatility
function f(·). Without going too much of ourselves, it is clear that with our lognormal baseline

the function of interest will soon become g(x)
△
= x−1f(x), or rather the successive derivatives

g(n)(x) of that new expression. We could express those fully but the formulae are already
quite complex and this is a low-level computation. Besides, Lemma 1.3 [p.66] provides all the
necessary tools, hence we have opted for semi-compact notations that work by induction, and
that we introduce now.

Definition 4.1
With enough regularity for the local volatility f(·) we set the following functional notations :

g(x)
△
= f(x) x−1 g1(x)

△
= f(x) g

′

(x) g2(x)
△
= f2(x) g

′′

(x)

g11(x)
△
= f(x) g

′

1(x) g12(x)
△
= f2(x) g

′′

1 (x) g21(x)
△
= f(x) g

′

2(x)

g22(x)
△
= f2(x) g

′′

2 (x) g111(x)
△
= f(x) g

′

11(x) g112(x)
△
= f2(x) g

′′

11(x)

g121(x)
△
= f(x) g

′

12(x) g211(x)
△
= f(x) g

′

21(x) g1111(x)
△
= f(x) g

′

111(x)

In turn, these allow us to define the G∗
⋆,t processes of the SABR model :

G2
1,t

△
= α2

t g1(St) G3
2,t

△
= α3

t g2(St) G3
11,t

△
= α3

t g11(St)

G4
12,t

△
= α4

t g12(St) G4
21,t

△
= α4

t g21(St) G4
111,t

△
= α4

t g111(St)

G5
22,t

△
= α5

t g22(St) G5
112,t

△
= α5

t g112(St) G5
121,t

△
= α5

t g121(St)

G5
211,t

△
= α5

t g211(St) G5
1111,t

△
= α5

t g1111(St)

where the simple logic of the tagging relies on the following rules :

g⋆1(x)
△
= f(x) g

′

⋆(x) g⋆2(x)
△
= f2(x) g

′′

⋆ (x) Gn
⋆,t

△
= αn

t g⋆(St)

We can now provide the semi-compact expressions of the relevant chaos coefficients as follows.
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Lemma 4.1 (Chaos dynamics up to 3rd layer for the generic SABR model)
In the Generic SABR model defined by (4.2.1)-(4.2.2) the chaos coefficients come as follows.
First-level coefficients :

σt = αt g(St)(4.2.3)

a1,t = ρν G2
1 + 1

2 G
3
2(4.2.4)

a2,t = ρν σt +G2
1(4.2.5)

a3,t = ρ̇ν σt(4.2.6)

Second-level coefficients :

a11,t = ρν3 G2
1 + 2ρ2ν2 G3

11 +
3

2
ν2 G3

2 + 1
2ρν G

4
12 +

3

2
ρν G4

21 +
1

4
G5

22(4.2.7)

a12,t = 2ρ2ν2 G2
1 + ρνG3

11 +
3

2
ρν G3

2 + 1
2G

4
21(4.2.8)

a13,t = 2ρρ̇ν2 G2
1 +

3

2
ρ̇ν G3

2(4.2.9)

a21,t = ρνa1 + ν2 G2
1 + 2ρν G3

11 + 1
2 G

4
12(4.2.10)

a22,t = ρνa2 + 2ρν G2
1 +G3

11(4.2.11)

a23,t = ρνa3 + 2ρ̇ν G2
1(4.2.12)

a31,t = ρ̇ν a1(4.2.13)

a32,t = ρ̇ν a2(4.2.14)

a33,t = ρ̇ν a3(4.2.15)

Third-level coefficients :

a122,t = 4ρ3ν3 G2
1 + 5ρ2ν2G3

11 + ρνG4
111 +

9

2
ρ2ν2 G3

2 +
7

2
ρνG4

21 + 1
2 G

5
211(4.2.16)

a212,t = ρν a12 + ν2
[
2ρν G2

1 +G3
11

]
+ 2ρν

[
3ρν G3

11 +G4
111

]
+ 1

2

[
4ρν G4

12 +G5
121

]
(4.2.17)

a221,t = ρνa21 + 2ρν3 G2
1 + ν2

(
3 + 4ρ2

)
G3

11 + 3ρν G4
111 + ρν G4

12 + 1
2 G

5
112(4.2.18)

a222,t = ρνa22 + 4ρ2ν2 G2
1 + 5ρν G3

11 +G4
111(4.2.19)

a223,t = ρνa23 + 4ρρ̇ν2 G2
1 + 3ρ̇ν G3

11(4.2.20)

a232,t = ρν a32 + 4ρρ̇ν2 G2
1 + 2ρ̇νG3

11(4.2.21)

a322,t = ρ̇ν a22(4.2.22)

And finally the single fourth-level coefficient :

a2222,t = ρν a222 + 8ρ3ν3 G2
1 + 19ρ2ν2 G3

11 + 9ρν G4
111 +G5

1111(4.2.23)

An immediately obvious feature is that the correlation parameter ρ, as well as its counterpart ρ̇
will never be found without the vol of vol ν in factor. This feature is well-known by practioners,
has been been noted before in Chapter 1 and is due to the artificial decomposition imposed by
the model dynamics (4.2.1)-(4.2.2). Indeed, once rewritten with a pair of orthogonal drivers,
both ρ̇ν and ρ̇ν become the diffusion coefficients of alphat, hence by induction they will stay in
such form throughout the chaos.

Instead of going straight into the proof, let us first establish a simple preliminary result :
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Lemma 4.2 (Dynamics of an elementary Hn
t block for the generic SABR model)

Let us consider a C2 function h(·) and a process St driven by the SABR dynamics (4.2.1)-(4.2.2).
We use the following notations :

ρ̇
△
=

√
1− ρ2 h1(x)

△
= f(x) h

′

(x) h2(x)
△
= f2(x) h

′′

(x)

Hn
t

△
= αn

t h(St) Hn
1,t

△
= αn

t h1(St) Hn
2,t

△
= αn

t h2(St)

Note that with the above-defined use of superscripts we will forbid the use of powers.
Then we can express simply the dynamics of Hn

t , with the obvious simplifications of notations :

d Hn
t =

[
1
2n(n− 1)ν2 Hn

t + nρν Hn+1
1,t + 1

2 H
n+2
2,t

]
dt +

[
nρν Hn

t +Hn+1
1,t

]
dWt + [nρ̇ν Hn

t ] dZt

Note that out of the 6 terms above, 3 consist of a constant times the original expression Hn
t .

The remaining ones respect the generic form αn
t h

∗(St) where h∗(·) is a simple transform of h
using its first two differentials along with the local volatility function f . This stable structure
will enable us to speed up and simplify the computations by heavily using induction.

Proof.
By Ito, we get simply :

d [αn
t h(St)] = h(St)

[
n αn−1

t dαt + 1
2n(n− 1)αn−2

t 〈dαt〉
]

+ αn
t

[
h

′

(St) dSt + 1
2 h

′′

(St) 〈dSt〉
]

+ 〈dαn
t , dh(St)〉

=
[
1
2n(n− 1)ν2 αn

t h(St) + nρν αn+1
t h

′

(St)f(St) + 1
2 α

n+2
t h

′′

(St)f
2(St)

]
dt

+
[
nρν αn

t h(St) + αn+1
t h

′

(St)f(St)
]
dWt + [nρ̇ν αn

t h(St)] dZt

Replacing with the given notations, we obtain the desired result.

We are now equipped to prove the main Lemma.

Proof of Lemma 4.1
Using our new notations, the casting into lognormal dynamics gives us immediately

σt = αt g(St) = G1

which proves (4.2.3). Then using Lemma 4.2 we get the dynamics of σt as

d σt =
[
ρν G2

1 + 1
2 G

3
2

]
dt +

[
ρν G1 +G2

1

]
dWt +

[
ρ̇ν G1

]
dZt

so that we have the first-level coefficients as

a1,t = ρν G2
1 + 1

2 G
3
2 a2,t = ρν G1 +G2

1 a3,t = ρ̇ν G1

= ρν σt +G2
1 = ρ̇ν σt

which proves (4.2.4)-(4.2.5)-(4.2.6).
As for second-level coefficients, let us now compute da1,t using the same method. We get

d G2
1 =

[
ν2 G2

1 + 2ρν G3
11 + 1

2 G
4
12

]
dt+

[
2ρν G2

1 +G3
11

]
dWt +

[
2ρ̇ν G2

1

]
dZt
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and

d G3
2 =

[
3ν2 G3

2 + 3ρν G4
21 + 1

2 G
5
22

]
dt+

[
3ρν G3

2 +G4
21

]
dWt +

[
3ρ̇ν G3

2

]
dZt

so that

a11,t = ρν
[
ν2 G2

1 + 2ρν G3
11 + 1

2 G
4
12

]
+ 1

2

[
3ν2 G3

2 + 3ρν G4
21 + 1

2 G
5
22

]

= ρν3 G2
1 + 2ρ2ν2 G3

11 +
3

2
ν2 G3

2 + 1
2ρν G

4
12 +

3

2
ρν G4

21 +
1

4
G5

22

a12,t = ρν
[
2ρν G2

1 +G3
11

]
+ 1

2

[
3ρν G3

2 +G4
21

]
= 2ρ2ν2 G2

1 + ρνG3
11 +

3

2
ρν G3

2 + 1
2G

4
21

a13,t = ρν
[
2ρ̇ν G2

1

]
+ 1

2

[
3ρ̇ν G3

2

]
= 2ρρ̇ν2 G2

1 +
3

2
ρ̇ν G3

2

which proves (4.2.7)-(4.2.8)-(4.2.9). Let us establish the dynamics of a2,t in the same way. All
terms are already computed, hence

a21,t = ρνa1 + ν2 G2
1 + 2ρν G3

11 + 1
2 G

4
12

a22,t = ρνa2 + 2ρν G2
1 +G3

11

a23,t = ρνa3 + 2ρ̇ν G2
1

which proves (4.2.10)-(4.2.11)-(4.2.12). Turning finally to the dynamics of a3,t, we get simply :

a31,t = ρ̇ν a1 a32,t = ρ̇ν a2 a33,t = ρ̇ν a3

which proves (4.2.13)-(4.2.14)-(4.2.15). Let us now tackle now the third-level coefficients, start-
ing with a122. Still using Lemma 4.2 we have both elementary dynamics :

d G3
11 =

[
3ν2 G3

11 + 3ρν G4
111 + 1

2 G
5
112,t

]
dt+

[
3ρν G3

11 +G4
111

]
dWt +

[
3ρ̇ν G3

11

]
dZt

d G4
21 =

[
6ν2 G4

21 + 4ρν G5
211 + 1

2 H
6
212

]
dt+

[
4ρν G4

21 +G5
211

]
dWt +

[
4ρ̇ν G4

21

]
dZt

therefore

a122 = 2ρ2ν2
[
2ρν G2

1 +G3
11

]
+ ρν

[
3ρν G3

11 +G4
111

]
+

3

2
ρν
[
3ρν G3

2 +G4
21

]
+ 1

2

[
4ρν G4

21 +G5
211

]

= 4ρ3ν3 G2
1 + 5ρ2ν2G3

11 + ρνG4
111 +

9

2
ρ2ν2 G3

2 +
7

2
ρνG4

21 + 1
2 G

5
211

which proves (4.2.16). We can now move on to a212 where we start with similar dynamics

d G4
12 =

[
6ν2 G4

12 + 4ρν G5
121,t + 1

2 G
6
122,t

]
dt+

[
4ρν G4

12 +G5
121,t

]
dWt +

[
4ρ̇ν G4

12

]
dZt

leading to

a212 = ρν a12 + ν2
[
2ρν G2

1 +G3
11

]
+ 2ρν

[
3ρν G3

11 +G4
111

]
+ 1

2

[
4ρν G4

12 +G5
121,t

]

which proves (4.2.17). Now let us derive the dynamics of a22,t in order to obtain a221,t, a222,t
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and a223,t. Having already differentiated every single term, we can express straight away :

a221 = ρνa21 + 2ρν
[
ν2 G2

1 + 2ρν G3
11 + 1

2 G
4
12

]
+
[
3ν2 G3

11 + 3ρν G4
111 + 1

2 G
5
112,t

]

= ρνa21 + 2ρν3 G2
1 + ν2

(
3 + 4ρ2

)
G3

11 + 3ρν G4
111 + ρν G4

12 + 1
2 G

5
112

a222 = ρνa22 + 2ρν
[
2ρν G2

1 +G3
11

]
+
[
3ρν G3

11 +G4
111

]

= ρνa22 + 4ρ2ν2 G2
1 + 5ρν G3

11 +G4
111

a223 = ρνa23 + 2ρν
[
2ρ̇ν G2

1

]
+
[
3ρ̇ν G3

11

]
= ρνa23 + 4ρρ̇ν2 G2

1 + 3ρ̇ν G3
11

which proves (4.2.18)-(4.2.19)-(4.2.20). We get a232 in a similar fashion :

a232 = ρν a32 + 2ρ̇ν
[
2ρν G2

1 +G3
11

]
= ρν a32 + 4ρρ̇ν2 G2

1 + 2ρ̇νG3
11

which proves (4.2.21), and the same method applies to a322 :

a322 = ρ̇ν a22

which proves (4.2.22). Finally let us compute the only fourth-level coefficient a2222,t by differ-
entiating G4

111 :

d G4
111 = [· · ·] dt+

[
4ρν G4

111 +G5
1111

]
dWt + [· · ·] dZt

hence we get

a2222 = ρν a222 + 4ρ2ν2
[
2ρν G2

1 +G3
11

]
+ 5ρν

[
3ρν G3

11 +G4
111

]
+
[
4ρν G4

111 +G5
1111

]

= ρν a222 + 8ρ3ν3 G2
1 + 19ρ2ν2 G3

11 + 9ρν G4
111 +G5

1111

which proves (4.2.23) and concludes the proof.

4.2.3 Mapping the model and the smile

As one would expect, it appears that the high-order terms are fairly involved, notwithstanding
a large number of similarities and symmetries. But our first layer or σ-(2,0) coefficients, namely
σt, a1,t, a2,t, a3,t and a22,t, seem reasonably simple. And since these quantities are necessary
and sufficient to describe the IATM level, skew and curvature (along with the slope), which
themselves represent the most important smile descriptors, we should focus on expressing the
latter as a function of all the parameters. We then note that when the local volatility function
f(·) is fixed (e.g fixed β in the CEV-SABR case) there are three main smile quantities that we
can infer or observe, while also three model parameters remains (αt, ρ and ν).
As one would hope and as will be proven shortly, with reasonable assumptions that relationship
happens to be bijective. In other words, given the shape of the smile in the vicinity of the money,
hence a good proxy for the IATM level, skew and curvature, we can find the corresponding three
SABR parameters. This is of significant practical importance, since it provides good initial
guesses on which to base a calibration engine and therefore reduces the computing time while
improving stability. In practice, one would provide three prices (or implied volatilities) typically
and respectively struck at

K = St − dK K = St and K = St + dK with dK ≪ St

It suffices then to proxy the differentials by the finite difference to obtain, through these initial
guesses, a very good fit to the SABR smile. Let us now make more explicit this approach.
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4.2.3.1 Direct problem : from model to smile shape

We are here looking at generating the IATM level, skew and curvature from the model inputs.

Proposition 4.1 (Static first layer strike-differentials of the generic SABR model)
In the generic SABR model (4.2.1)-(4.2.2) the IATM level, skew and curvature can be expressed
as functions of

◮ the initial condition αt and two model parameters ν and ρ.

◮ a collection of differential transforms of the local volatility f , all taken in St.

They come as

Σ̃(t, 0, 0) = αt g(St)(4.2.24)

Σ̃
′

y(t, 0, 0) = 1
2 ρν + 1

2 αt
g1(St)

g(St)
(4.2.25)

Σ̃
′′

yy(t, 0, 0) =
1

αtg(St)

[
1

3
ν2 − 1

2
ρ2ν2 + α2

t

(
1

3

g11(St)

g(St)
− 1

2

g21(St)

g2(St)

)]
(4.2.26)

Note that (4.2.26) implies that the sign of the IATM curvature, in other words whether a smile
is convex for options struck close to the money and with a short expiry, is indeed controlled by
both the correlation ρ and vol of vol ν. The local volatility being fixed, their combined impact
on the curvature will be positive iff

|ρ| ≤
√

2

3
≃ 81.65%

Such a high correlation might be high in the interest rates vanilla world, where SABR has its
roots and a large number of its followers, but in all generality and in particular in other markets
it is possible to obtain a concave contribution.

Proof.
Combining (1.2.36) with (4.2.3) and (1.4.51) with (4.2.3)-(4.2.5) we obtain the IATM level and
skew respectively as

Σ̃(t, 0, 0) = αt g(St)
and

Σ̃
′

y(t, 0, 0) =
a2
2σt

= 1
2 ρν +

α2
t g1(St)

2αtg(St)
= 1

2 ρν + 1
2 αt

g1(St)

g(St)

which proves (4.2.24) and (4.2.25). Similarly, combining (1.4.52) with (4.2.3)-(4.2.5)-(4.2.6)-
(4.2.5) we get the IATM curvature as

Σ̃
′′

yy(t, 0, 0) =
1

σ2t

[
1

3
a22

]
+

1

σ3t

[
1

3
a23 − 1

2 a
2
2

]

=
1

3α2
t g

2(St)

[
ρν (ρναtg(St) + α2

t g1(St)) + 2ρνα2
t g1(St) + α3

t g11(St)
]

+
1

α3
t g

3(St)

[
1

3
ρ̇2ν2 α2

t g
2(St)− 1

2

(
ρν αtg(St) + α2

t g1(St)
)2
]
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which is developed into

Σ̃
′′

yy(t, 0, 0) =
1

3α2
t g

2(St)

[
ρ2ν2αtg(St) + ρνα2

t g1(St) + 2ρνα2
t g1(St) + α3

t g11(St)
]

+
1

α3
t g

3(St)

[
1

3
(1− ρ2)ν2 α2

t g
2(St)− 1

2

(
ρ2ν2α2

t g
2(St) + α4

t g
2
1(St) + 2ρνα3

t g(St) g1(St)
)]

=
1

3αtg(St)

[
ρ2ν2 + 3ρναt

g1(St)

g(St)
+ α2

t

g11(St)

g(St)

]

+
1

αtg(St)

[
1

3
ν2 − 5

6
ρ2ν2 − ρν αt

g1(St)

g(St)
− 1

2α
2
t

g21(St)

g2(St)

]

and after simplification becomes

Σ̃
′′

yy(t, 0, 0) =
1

αtg(St)

[
1

3
ν2 − 1

2
ρ2ν2 + α2

t

(
1

3

g11(St)

g(St)
− 1

2

g21(St)

g2(St)

)]

which proves (4.2.26) and concludes the proof.

We are aware that these results might not appeal to some readers in their current form. Since
the object of the current Chapter is to maximise the applicability potential, we provide the same
formulas using the strike K variable (as opposed to log-moneyness y) and the initial f function
(instead of its g-transforms).

Corollary 4.1 (Static first layer strike-differentials of the CEV-SABR model)
For the generic SABR model (4.2.1)-(4.2.2) the level, skew and curvature of the smile taken in

the point (∝)
△
= (t, St,K = St, T = t) come as

Σ(∝) = αt S
−1
t f(St)(4.2.27)

Σ
′

K(∝) = 1
2 ρν S

−1
t + 1

2 αt

[
S−1
t f

′

(St)− S−2
t f(St)

]
(4.2.28)

Σ
′′

K2(∝) =
1

αt
ν2 S−1

t f−1(St)

[
1

3
− 1

2
ρ2
]
− 1

2
ρ ν S−2

t

+ αt

[
2

3
S−3
t f(St) −

1

2
S−2
t f

′

(St) −
1

6
S−1
t f−1 f

′ 2
(St) +

1

3
S−1
t f

′′

(St)

]
(4.2.29)

Proof.
We have the functional relationships

g = x−1 f

g1 = f g
′

= f
[
−x−2f + x−1f

′
]

= x−1 f
[
f

′ − x−1f
]

g11 = f g
′

1 = f f
′
[
−x−2f + x−1f

′
]

+ f2
[
2x−3f − x−2f

′ − x−2f
′

+ x−1f
′′
]

= f f
′
[
−3x−2f + x−1f

′
]

+ f2
[
2x−3f + x−1f

′′
]

= f x−1
[
2x−2f2 − 3x−1ff

′

+ f
′ 2

+ ff
′′
]
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It comes that

1

3

g11(x)

g(x)
− 1

2

g21(x)

g2(x)
=

1

3

[
2x−2f2 − 3x−1ff

′

+ f
′ 2

+ ff
′′
]
− 1

2

[
f

′ − x−1f
]2

=
2

3
x−2f2 − x−1ff

′

+
1

3
f

′ 2
+

1

3
ff

′′ − 1

2
f

′ 2 − 1

2
x−2f2 + x−1ff

′

=
1

6
x−2f2 − 1

6
f

′ 2
+

1

3
ff

′′

Therefore the IATM level and skew are re-expressed as

Σ̃(t, 0, 0) = αt S
−1
t f(St) and Σ̃

′

y(t, 0, 0) = 1
2 ρ ν + 1

2 αt

[
f

′

(St) − S−1
t f(St)

]

while the IATM curvature comes as

Σ̃
′′

yy(t, 0, 0) =
St

αt f(St)

[
1

3
ν2 − 1

2
ρ2ν2 +

α2
t

6

[
S−2
t f2(St) − f

′ 2
(St) + 2 ff

′′

(St)
] ]

which proves the level result (4.2.27). Note that all three results match those of Proposition 1.3
established for the IATM differentials of the Extended Skew Market Model. Besides, according
to (B.0.2) and (B.0.3) [p.VI] the transition formulae come as

∂Σ

∂K
(t, St,K, T ) =

1

K
Σ̃

′

y(t, y, θ) and
∂2Σ

∂K2
(t, St,K, T ) =

1

K2

(
Σ̃

′′

yy − Σ̃
′

y

)
(t, y, θ)

which gives (4.2.28) straight away, while the curvature comes as

Σ
′′

K2(∝) =
1

S2
t

[
St

αt f(St)

[
1

3
ν2 − 1

2
ρ2ν2

]
+

1

6
αt

[
S−1
t f(St) − Stf−1 f

′ 2
(St) + 2 Stf

′′

(St)
]

− 1
2 ρ ν − 1

2 αt

[
f

′

(St) − S−1
t f(St)

] ]

=
1

αt
S−1
t f−1(St)

[
1

3
ν2 − 1

2
ρ2ν2

]
− 1

2 ρ ν S
−2
t

+ αt S
−2
t

[
1

6
S−1
t f(St) −

1

6
Stf

−1 f
′ 2

(St) +
1

3
Stf

′′

(St) − 1
2 f

′

(St) + 1
2 S

−1
t f(St)

]

which after simplification provides (4.2.29) and concludes the proof.

As was noted with the Extended Skew Market Model, at that low level of differentiation the
dissociation between the effects ofthe stochastic volatility (correlation ρ and vol of vol ν) and of
the local volatility (derivatives of f) is blatant. Recall that in order to remove the f(St) terms
it suffices to invoke the IATM level as per (4.2.27).

4.2.3.2 Inverse problem and initial guesses

trying to revert the smile generation process is a natural endeavour for practitioners : after all,
this is the essence of calibration. However this is not stricto sensu solving the inverse problem,
and this for a couple of reasons.
The first way in which we deviate from the Recovery Theorem 1.1 [p.40] is that on one hand we
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start purely from static differentials7and on the other hand we end up not with SinsV formal
coefficients (such as a2, a3, etc.) but with model parameters (ρ, ν) and initial values (αt).
The second noticeable difference is that the possibility of reconstructing the model parameters
and initial values is quite specific to SABR, and might not be feasible with another stochastic
volatility model. Unlike the Recovery theorem, which guarantees a generic result. In fact the
class of practical models for which some or all of the static first layer IATM differentials can be
mapped is quite large, but clearly the parameterisation must be sparse.

Proposition 4.2 (Inverse parameterisation of the generic SABR model)
In the generic SABR model (4.2.1)-(4.2.2) we can infer the initial condition αt, along with the
two parameters ρ and ν, from the IATM level, skew and curvature. The inversion formulae
come as

αt =
Σ

g
(4.2.30)

ν =

[
3 Σ

(
S2
t Σ

′′

KK + St Σ
′

K

)
+

3

2

(
2StΣ

′

K −
g1
g2

Σ

)2

+
Σ2

g2

(
3

2

g21
g2
− g11

g

)] 1
2

(4.2.31)

ρ =
1

ν

[
2StΣ

′

K −
g1
g2

Σ

]
if ν 6= 0 whereas ρ = 0 otherwise(4.2.32)

where all IATM differentials have been taken in (t, St.K = St, T = t) and the g-functions in St.

Note that the strike differentials have been expressed w.r.t K and not w.r.t. log-moneyness y.

Proof.
By inverting the level equation (4.2.24) we get trivially αt as in (4.2.30).
Then from the skew equation (4.2.24) we extract the effective correlation product

ρν = 2StΣ
′

K −
g1
g2

Σ(4.2.33)

which proves (4.2.32). Besides we can rewrite the curvature equation (4.2.26) as

Σ
[
S2
t Σ

′′

KK + St Σ
′

K

]
=

1

3
ν2 − 1

2
ρ2ν2 +

Σ2

g2

(
1

3

g11
g
− 1

2

g21
g2

)

Injecting (4.2.33) in that equation and isolating ν2 we get

ν2 = 3 Σ
[
S2
t Σ

′′

KK + St Σ
′

K

]
+

3

2

[
2StΣ

′

K −
g1
g2

Σ

]2
− 3

Σ2

g2

[
1

3

g11
g
− 1

2

g21
g2

]
(4.2.34)

Taking the square root finally gives us (4.2.31) and concludes the proof.

Note that (4.2.34) guarantees the non-negative sign of the right-hand side, which is only natural
as that r.h.s. identifies the excess curvature which is not created by the local volatility.

7Although the IATM SImpV constraints ensure a large amount of redundancy between static and dynamics :
see Proposition 1.2 [p.38].
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4.3 The CEV-SABR model

This model and the associated Hagan & al’s formula, along with their various extensions and
customisations, is the workhorse of the interest rates vanilla world. It is obviously used with
other asset classes, such as exchange rates for instance, where it can be competing against
(displaced) Heston or more recent stochastic volatility classes. However this is by all means not
a term-structure model, as it requires a single martingale underlying, so that the issues raised
tend to be similar.

4.3.1 Presentation of the model

The local volatility function f(·) provides an important degree of freedom for the generic SABR
model, but a large proportion of practitioners prefer to use the simple CEV instance, which was
the illustration case of [HKLW02]. The model comes as

(CEV-SABR)





dSt = αt S
β
t dWt(4.3.35)

dαt = ν αt dBt with 〈dWt, dBt〉 = ρ(4.3.36)

Although it might appear simplistic, there are several advantages to this version of SABR. The
first one is that it is based upon an existing, well-understood local volatility model (the Constant
Elasticity of Variance). Since the latter can provide significant skew while maintaining a positive
support for the distribution, it provides a good base for calibration. In that respect and in light
of section 1.5.2.2 [p.74] we recall that the CEV can obviously be displaced, which means that it
contains and supersedes the displaced lognormal diffusion.
Another attractive feature is its simplicity, since the local volatility function is controlled by
the single parameter β. Furthermore, in the liquid strike region of interest the influence of β
is simple (monotonous) on the most important smile descriptors, in particular the level, the
skew and the ATM delta. In a calibration perspective this might appear constraining, but for
hedging such sparsity enhances intuition and therefore efficiency. More globally and from a
trading perspective, the β power parameter influences the following features of the smile :

◮ it determines the support of the distribution, in particular its lower bound (which can be
non-zero). In turn this floor influences the smile : in the rate environment for instance, it
can be slightly negative for long maturities. This means that the Lognormal smile must
structurally go to infinity as K ց 0, while the Normal smile must converge to zero at the
distribution’s floor.

◮ it sets the fundamental static smile shape, the local volatility and sticky-strike part of it.
That basic profile will then be perturbed (skewed and curved) by the stochastic volatility.

◮ it is the almost unique determinant of the backbone, i.e. the ATM level as a function of
the underlying St. In turn, the backbone provides the most important part of the smile
dynamics, and is therefore a vital information for hedging.

In consequence the β power parameter can be chosen to fulfill one of several roles. Some prac-
titioners set it close to zero to provide a near-normal ATM skew and delta, while others select
a high β to generate a high right-hand wing. Indeed, in the interest rates world for instance,
a thick right tail is usually necessary in order to provide the high market prices of Constant
Maturity Swaps.
In our view it is because of its practical importance, and of the simplicity of its local volatil-
ity specification, that the CEV-SABR deserves an almost distinct treatment from the generic
version.
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4.3.2 Coefficients of the chaos dynamics

The specific CEV-SABR case can be treated either as an instance of the more generic SABR
case exposed above, or from scratch by deriving the chaos dynamics ad hoc. It happens that
the relative simplicity of the CEV local volatility function - which is an important part of the
model’s appeal - makes the second option easier than the first. Let us therefore derive the
relevant coefficients for that model.

Lemma 4.3 (Chaos dynamics up to 3rd layer for the CEV-SABR model)
In the CEV-SABR model (4.3.35)-(4.3.36) the coefficients of the chaos dynamics come as follows

- First-level coefficients :

σt = αt S
β−1
t(4.3.37)

a1,t = (β − 1)σ2t
[
ρν + 1

2(β − 2)σt
]

(4.3.38)

a2,t = σt [ρν + (β − 1)σt](4.3.39)

a3,t = σt
√

1− ρ2ν(4.3.40)

- Second-level coefficients :

a11,t = [(β − 1)ρν]
[
2σta1 + a22 + a23

]
+

[
3

2
(β − 2)(β − 1)

] [
σ2t a1 + σt

(
a22 + a23

)]
(4.3.41)

a12,t = [2(β − 1)ρν] σta2 +

[
3

2
(β − 1)(β − 2)

]
σ2t a2(4.3.42)

a13,t = [2(β − 1)ρν] σta3 +

[
3

2
(β − 1)(β − 2)

]
σ2t a3(4.3.43)

a21,t = [ρν + 2(β − 1)σt] a1 + (β − 1)
(
a22 + a23

)
(4.3.44)

a22,t = [ρν + 2(β − 1)σt] a2(4.3.45)

a23,t = [ρν + 2(β − 1)σt] a3(4.3.46)

a31,t =
√

1− ρ2νa1(4.3.47)

a32,t =
√

1− ρ2νa2(4.3.48)

a33,t =
√

1− ρ2νa3(4.3.49)

- Third-level coefficients :

a122 =

[
3

2
(β − 2)(β − 1)

]
σ2t a22 + 3(β − 2)(β − 1)a22σt(4.3.50)

+ [2(β − 1)ρν] a22σt + [2(β − 1)ρν] a22

a212,t = 2(β − 1)a1a2 + [ρν + 2(β − 1)σt] a12 + 2(β − 1)a2 a22 + 2(β − 1)a3 a32(4.3.51)

a221,t = 2(β − 1)(a1a2 + a2a22 + a3a23) + [ρν + 2(β − 1)σt] a21(4.3.52)

a222,t = 2(β − 1)a22 + [ρν + 2(β − 1)σt] a22(4.3.53)

a223,t = 2(β − 1)a2a3 + [ρν + 2(β − 1)σt] a23(4.3.54)

a232,t = 2(β − 1)a2a3 + (ρν + 2(β − 1)σt) a32(4.3.55)

a322,t =
√

1− ρ2νa22(4.3.56)

And finally :

a2222,t = 6(β − 1)a2a22 + [ρν + 2(β − 1)σt] a222(4.3.57)
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Proof.
First, let us rewrite the perturbation specification (4.3.36) as

dαt = ρ ν αt dWt +
√

1− ρ2 ν αt dZt with Wt ∐ Zt

leading to

dSt
St

= σt dWt with σt = αt S
β−1
t

which proves (4.3.37). Then let us turn to the dynamics of σt which come as

dσt = Sβ−1
t dαt + (β − 1)αtS

β−2
t dSt + 1

2(β − 1)(β − 2)αtS
β−3
t 〈dSt〉+ (β − 1)Sβ−2

t 〈dαt, dSt〉

= Sβ−1
t

[
ρ ν αt dWt +

√
1− ρ2 ν αt dZt

]
+ (β − 1)αtS

β−2
t αtS

β
t dWt

+1
2(β − 1)(β − 2)αtS

β−3
t α2

tS
2β
t dt+ (β − 1)Sβ−2

t ρναtαtS
β
t dt

therefore

a1,t = (β − 1)σ2t
[
ρν + 1

2(β − 2)σt
]

a2,t = σt [ρν + (β − 1)σt] a3,t = σt
√

1− ρ2ν

which proves (4.3.38), (4.3.39) and (4.3.39). For later use, let us recall that

dσ2t =
[
2σta1 + a22 + a23

]
dt+ [2σta2] dWt + [2σta3] dZt

We focus now on the dynamics of a1,t. Using (4.3.38) we get

da1 = (β − 1)
[
ρν + 1

2(β − 2)σt
]
dσ2t + 1

2(β − 2)(β − 1)σ2t dσt + 1
2(β − 2)(β − 1)〈dσt, dσ2t 〉

= (β − 1)
[
ρν + 1

2(β − 2)σt
] [ [

2σta1 + a22 + a23
]
dt+ [2σta2] dWt + [2σta3] dZt

]

+1
2(β − 2)(β − 1)σ2t [a1dt+ a2dWt + a3dZt]

+1
2(β − 2)(β − 1)

[
2σta

2
2 + 2σta

2
3

]
dt

so that

a11 = [(β − 1)ρν]
[
2σta1 + a22 + a23

]
+

[
3

2
(β − 2)(β − 1)

] [
σ2t a1 + σt

(
a22 + a23

)]

a12 = [2(β − 1)ρν] σta2 +

[
3

2
(β − 1)(β − 2)

]
σ2t a2

a13 = [2(β − 1)ρν] σta3 +

[
3

2
(β − 1)(β − 2)

]
σ2t a3

which proves (4.3.41)-(4.3.42)-(4.3.43). In similar fashion (4.3.39) gives the dynamics of a2,t :

da2 = [ρν + (β − 1)σt] dσt + (β − 1)σtdσt + (β − 1)〈dσt〉
= [ρν + 2(β − 1)σt] [a1dt+ a2dWt + a3dZt] + (β − 1)

[
a22 + a23

]
dt

giving us

a21 = [ρν + 2(β − 1)σt] a1 + (β − 1)
(
a22 + a23

)

a22 = [ρν + 2(β − 1)σt] a2

a23 = [ρν + 2(β − 1)σt] a3
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From (4.3.40) we obtain the simpler dynamics of a3,t as

a31,t =
√

1− ρ2 ν a1 a32,t =
√

1− ρ2 ν a2 a33,t =
√

1− ρ2 ν a3
which proves (4.3.47), (4.3.48) and (4.3.49). Let us now turn to third-level coefficients, starting
with (4.3.42) for which we write the dynamics of a12,t as

d a12 =
3

2
(β − 2)(β − 1)

[
a2 dσ

2
t + σ2t da2

]
+ 2(β − 1)ρν [a2 dσt + σt da2] + [. . .] dt

=
3

2
(β − 2)(β − 1)

[
a2 (2σta2) + σ2t a22

]
dWt + 2(β − 1)ρν

[
a22 + σta22

]
dWt + [. . .] dt + [. . .] dZt

=

[
3(β−2)(β−1)a22σt +

3

2
(β−2)(β−1)a22σ

2
t + 2(β−1)ρνa22 + 2(β−1)ρνa22σt

]
dWt + [·] dt+ [·] dZt

therefore

a122 =

[
3

2
(β − 2)(β − 1)

]
σ2t a22 + 3(β − 2)(β − 1)a22σt + [2(β − 1)ρν] a22σt + [2(β − 1)ρν] a22

proving (4.3.50). Looking now at a21 as expressed in (4.3.44), its dynamics come as

d a21 = 2(β − 1)a1 dσt + [ρν + 2(β − 1)σt] da1 + 2(β − 1)a2 da2 + 2(β − 1)a3 da3 + [. . .] dt

= 2(β − 1)a1a2dWt + [ρν + 2(β − 1)σt] a12dWt + 2(β − 1)a2 a22dWt + 2(β − 1)a3 a32dWt

+ [·] dt+ [·] dZt

therefore

a212,t = 2(β − 1)a1a2 + [ρν + 2(β − 1)σt] a12 + 2(β − 1)a2 a22 + 2(β − 1)a3 a32

which validates (4.3.51). Similarly, using (4.3.45) we express the dynamics of a22,t as

da22,t = 2(β − 1)a2dσt + [ρν + 2(β − 1)σt] da2 + 2(β − 1)(a2a22 + a3a23)dt

therefore

a221,t = 2(β − 1)(a1a2 + a2a22 + a3a23) + [ρν + 2(β − 1)σt] a21

a222,t = 2(β − 1)a22 + [ρν + 2(β − 1)σt] a22

a223,t = 2(β − 1)a2a3 + [ρν + 2(β − 1)σt] a23

which proves (4.3.52), (4.3.53) and (4.3.54). Turning to a23,t and using (4.3.46), we get

da23,t = 2(β − 1)a3dσt + [ρν + 2(β − 1)σt] da3 + 2(β − 1)(a2a32 + a3a33)dt

therefore

a232,t = 2(β − 1)a2a3 + [ρν + 2(β − 1)σt] a32

which proves (4.3.55). In a simpler way, we can get the dynamics of a32,t and obtain :

a322,t =
√

1− ρ2νa22
giving us (4.3.56). Eventually, we turn to the dynamics of a222,t, i.e.

da222,t = 2(β − 1) [2a2da2] + 2(β − 1)a22dσt + [ρν + 2(β − 1)σt] da22 + (.)dt

= [ 4(β − 1)a2a22 + 2(β − 1)a2a22 + [ρν + 2(β − 1)σt] a222 ] dWt + (.)dt + (.)dZt

which allows us to express

a2222,t = 6(β − 1)a2a22 + [ρν + 2(β − 1)σt] a222

which validates (4.3.57) and concludes the proof.
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4.3.3 Mapping the model and the smile shape

We are now equipped to express any IATM differential of the first, second or third layer as a
function of the model parameters (ρ and ν) and initial values (αt and St).

4.3.3.1 Direct problem : from model to smile shape

We present first a simple result which is usually sufficient to calibrate moderate maturities.

Proposition 4.3 (First layer static IATM differentials of the CEV-SABR model)
In the CEV-SABR model (4.3.35)-(4.3.36) we have the following expressions for the static IATM
differentials of the smile as functions of the model inputs. We provide these results both in sliding
(⋆) = (t, y = 0, θ = 0) and absolute (∝) = (t, St,K = St, T = t) coordinates.

The IATM level :

Σ(∝) = Σ̃(⋆) = αt S
β−1
t(4.3.58)

The IATM skew :

Σ̃
′

y(⋆) =
1

2

[
ρν + (β − 1)αtS

β−1
t

]
Σ

′

K(∝) =
1

2 St

[
ρν + (β − 1)αtS

β−1
t

]
(4.3.59)

The IATM curvature :

Σ̃
′′

yy(⋆) = αtS
β−1
t

[
1

6
(β − 1)2

]
+ α−1

t S1−β
t

[(
1

3
− 1

2
ρ2
)
ν2
]

(4.3.60)

Σ
′′

KK(∝) =
1

S2
t

[(
1

3
− 1

2
ρ2
)
ν2

1

αt
S1−β
t − 1

2
ρν +

1

6
(β2 − 5β + 4) αtS

β−1
t

]
(4.3.61)

The IATM slope :

Σ
′

T (∝) = Σ̃
′

θ(⋆)

= α3
tS

3β−3
t

[
1

24
(β − 1)2

]
+ α2

tS
2β−2
t

[
1

4
ρνβ

]
+ αtS

β−1
t

[(
1

12
− 1

8
ρ2
)
ν2
]

(4.3.62)

These formulae provide us with a clear understanding of each parameter’s influence on the short-
expiry smile, which is one of the positive features of SABR. If we fix β, then in term of control
we can allocate αt to the level of the smile, ρ to the skew and ν to the curvature.
Usually β is chosen to generate a given backbone (IATM level as a function of the underlying
St) and/or to control the smile shape at a characteristic expiry. What Proposition 4.3 shows us
though, is how a certain degree of control could be applied to the IATM slope Σ̃

′

θ(⋆) as well.

Proof.
The IATM level (4.3.58) comes directly from (4.3.37) and (1.2.36). The IATM skew is expressed
by combining (1.4.51) with (4.3.37) and (4.3.39) :

Σ̃
′

y(t, 0, 0) =
a2
2σt

=
1

2σt
σt [ρν + (β − 1)σt] =

1

2

[
ρν + (β − 1)αtS

β−1
t

]

Invoking (B.0.2) we obtain σ
′

K which finishes to prove (4.3.59). Turning to the curvature, we
invoke (4.3.39) and (4.3.40) to write
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a22 = σ2t [ρν + (β − 1)σt]
2 = σ2t

[
ρ2ν2 + (β − 1)2σ2t + 2ρν(β − 1)σt

]

= σ4t (β − 1)2 + σ3t 2ρν(β − 1) + σ2t ρ
2ν2

and a23 = σ2t (1− ρ2)ν2

therefore
1

3
a23 −

1

2
a22 = σ4t

[
−1

2
(β − 1)2

]
+ σ3t [−ρν (β − 1)] + σ2t

[
1

3

(
1− 5

2
ρ2
)
ν2
]

Besides, the second-depth coefficient comes as

a22 = [ρ ν + 2(β − 1) σt] a2 = σt [ρ ν + 2 (β − 1) σt] [ρ ν + (β − 1) σt]

= σ3t
[
2(β − 1)2

]
+ σ2t [3(β − 1)ρν] + σt

[
ρ2 ν2

]

Therefore the IATM curvature formula (1.4.52) becomes

Σ̃
′′

yy(⋆) =
1

3σ2t
a22 +

1

σ3t

[
1

3
a23 −

1

2
a22

]

= σt
2

3
(β − 1)2 + ρν(β − 1) +

1

σt

1

3
ρ2ν2 + σt

[
−1

2
(β − 1)2

]
+ [−ρν (β − 1)] +

1

σt

1

3

(
1− 5

2
ρ2
)
ν2

= σt

[
2

3
(β − 1)2 − 1

2
(β − 1)2

]
+ [ρν(β − 1)− ρν (β − 1)] +

1

σt

[
1

3
ρ2ν2 +

1

3

(
1− 5

2
ρ2
)
ν2
]

= σt

[
1

6
(β − 1)2

]
+

1

σt

[
1

3

(
1− 3

2
ρ2
)
ν2
]

Hence

Σ̃
′′

yy(t, 0, 0) = αtS
β−1
t

[
1

6
(β − 1)2

]
+

1

αt
S1−β
t

[
1

3

(
1− 3

2
ρ2
)
ν2
]

which proves (4.3.60). Then recalling from (B.0.3) that

Σ
′′

KK =
1

K2

[
Σ̃

′′

yy − Σ̃
′

y

]

we get

Σ
′′

KK =
1

K2

[
αtS

β−1
t

[
1

6
(β − 1)2

]
+ α−1

t S1−β
t

(
1

3
− 1

2
ρ2
)
ν2 − 1

2

[
ρν + (β − 1)αtS

β−1
t

]]

=
1

K2

[(
1

3
− 1

2
ρ2
)
ν2 α−1

t S1−β
t − 1

2
ρν +

1

6
(β − 1) (β − 4) αtS

β−1
t

]

which proves (4.3.61). Finally turning to the IATM slope we start also by a basic simplification

1

8
a22 +

1

12
a23 =

1

8
σ2t
[
ρ2ν2 + (β − 1)2σ2t + 2ρν(β − 1)σt

]
+

1

12
σ2t
(
1− ρ2

)
ν2

= σ4t

[
1

8
(β − 1)2

]
+ σ3t

[
1

4
ρν(β − 1)

]
+ σ2t

[
1

12

(
1 +

1

2
ρ2
)
ν2
]

before expressing the IATM differential from (1.4.53) as

Σ̃
′

θ(⋆) = σt

[
1

4
a2

]
+

[
1

2
a1 −

1

6
a22

]
+

1

σt

[
1

8
a22 +

1

12
a23

]

= σt

[
1

4
σt [ρν + (β − 1)σt]

]
+

1

2
(β − 1)σ2t

[
ρν + 1

2(β − 2)σt
]

− 1

6

[
σ3t
[
2(β − 1)2

]
+ σ2t [3(β − 1)ρν] + σt

[
ρ2ν2

]]

+ σ3t

[
1

8
(β − 1)2

]
+ σ2t

[
1

4
ρν(β − 1)

]
+ σt

[
1

12

(
1 +

1

2
ρ2
)
ν2
]
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Gathering the terms according to the power of σt we get

Σ̃
′

θ(⋆) = σ3t

[
1

4
(β − 1) +

1

4
(β − 2)(β − 1)− 1

3
(β − 1)2 +

1

8
(β − 1)2

]

+σ2t

[
1

4
ρν +

1

2
ρν(β − 1)− 1

2
(β − 1)ρν +

1

4
ρν(β − 1)

]

+σt

[
−1

6
ρ2ν2 +

1

12

(
1 +

1

2
ρ2
)
ν2
]

and after simplification the IATM slope comes as

Σ̃
′

θ(t, 0, 0) = σ3t

[
1

24
(β − 1)2

]
+ σ2t

[
1

4
ρνβ

]
+ σt

[
1

12

(
1− 3

2
ρ2
)
ν2
]

which we can re-express as

Σ̃
′

θ(t, 0, 0) = α3
tS

3β−3
t

[
1

24
(β − 1)2

]
+ α2

tS
2β−2
t

[
1

4
ρνβ

]
+ αtS

β−1
t

[
1

12

(
1− 3

2
ρ2
)
ν2
]

which proves (4.3.62) and concludes the proof.

4.3.3.2 Inverse problem and initial guesses

Since CEV-SABR is by far the most popular instance of the SABR class, the capacity to invert
the IATM smile back into the model parameters and initial value is all the more useful. Again,
these formulae benefit from the simplicity of the local volatility function.

Lemma 4.4 (Inverse parameterisation of the CEV-SABR model)
In the CEV-SABR model (4.3.35)-(4.3.36) the parameters of the model ρ and ν, along with
the initial value αt, are deducted from IATM level, skew and curvature as follows. All IATM
differentials are expressed either in sliding (⋆) = (t, y = 0, θ = 0) or absolute (∝) = (t, St,K =
St, T = t) coordinates.

αt = Σ(∝) S1−β
t = Σ̃(⋆) S1−β

t(4.3.63)

ν2 = 6 Σ̃
′

y

2
(⋆) + (β − 1)2Σ̃2(⋆) + Σ̃(⋆)

[
3 Σ̃

′′

yy(⋆) + 6 (1− β) Σ̃
′

y(⋆)
]

(4.3.64)

= (β − 1)2Σ2 + 6 S2
t Σ

′

K(∝)
2

+ (9− 6β) StΣΣ
′

K(∝) + 3 S2
t ΣΣ

′′

KK(∝)(4.3.65)

ρ ν =
[
2Σ̃

′

y + (1− β) Σ̃
]

=
[
2 StΣ

′

K(∝) + (1− β) Σ(∝)
]

(4.3.66)

Proof.
We have from 4.3.58 that

αt = Σ̃(⋆) S
(1−β)
t

which proves (4.3.63). The IATM skew formula 4.3.59 gives us that

ρν = 2Σ̃
′

y + (1− β)αtS
β−1
t
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and (B.0.2) finishes to prove (4.3.66). Besides, from the curvature expression 4.3.60 we have
that

ν2 =
3

2
(ρν)2 + 3αtS

β−1
t

[
Σ̃

′′

yy −
1

6
(β − 1)2αtS

β−1
t

]
(4.3.67)

We solve this system by substituting (4.3.66) into (4.3.67), which gives us

ν2 =
3

2

[
2Σ̃

′

y + (1− β)αtS
β−1
t

]2
+ 3αtS

β−1
t Σ̃

′′

yy −
1

2
(β − 1)2

[
αtS

β−1
t

]2

= 6 Σ̃
′

y

2
+ (β − 1)2Σ̃2 + Σ̃

[
3Σ̃

′′

yy + 6(1 − β)Σ̃
′

y

]

and proves (4.3.64). Now replacing the sliding skew and curvature by their absolute counterparts
through (B.0.2) and (B.0.3) we obtain

ν2 = 6S2
t Σ

′

K

2
+ (β − 1)2Σ2 + Σ

[
3
(
S2
t Σ

′′

KK + StΣ
′

K

)
+ 6(1 − β)KΣ

′

K

]

= (β − 1)2Σ2 + 6S2
t Σ

′

K

2
+ (9− 6β)StΣΣ

′

K + 3S2
t ΣΣ

′′

KK

which proves (4.3.65) and concludes the proof.

4.3.4 Compatibility with Hagan & al.

Since CEV-SABR and the corresponding Hagan & al’s formula are still respectively the most
used by practitioners and the best-known approximation available, it is worth checking whether
the latter provides the correct IATM differentials, at least for the first layer.

Corollary 4.2 (Compatibility of ACE with Hagan’s formula for CEV-SABR)
The singular perturbation formula provided in [HKLW02] for CEV-SABR, e.g.

Σ̃H(t, y, θ) =(4.3.68)

αt

(KSt)
1−β
2

[
1 + (1−β)2

24 y2 + (1−β)4

1920 y4
]
[
z

ξ(z)

][
1 +

[
(1−β)2 α2

t

24 (KSt)
1−β

+
ρβναt

4 (KSt)
1−β
2

+
2−3ρ2

24
ν2

]
θ

]

with z = − ν
α

(KSt)
1−β
2 y and ξ(z) = log

(√
1− 2ρz + z2 + z − ρ

1− ρ

)

provides the same results as our asymptotic chaos expansion methods for the static differentials
of the first layer, i.e. the IATM level Σ̃(⋆), skew Σ̃

′

y(⋆), curvature Σ̃
′′

yy(⋆) and slope Σ̃
′

θ(⋆).

Proof.
The first and second order pure-strike differentials are actually provided by the authors through
the following expansion :

Σ̃H(t, y, θ) =
αt

S1−β
t

[
1 − 1

2
(1− β − ρλ) y +

1

12

[
(1− β)2 + (2− 3ρ2)λ2

]
y2
]

+ o(y2)

with λ =
ν

αt
S1−β
t
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so that

Σ̃H(t, 0, 0) = αt S
β−1
t(4.3.69)

Σ̃
′

y

H
(t, 0, 0) = −1

2
αtS

β−1
t (1− β − ρλ) =

1

2

[
ρλαtS

β−1
t + (β − 1)αtS

β−1
t

]
(4.3.70)

=
1

2

[
ρ ν + (β − 1) αt S

β−1
t

]
(4.3.71)

Σ̃
′′

yy

H
(t, 0, 0) =

1

6
αtS

β−1
t

[
(1− β)2 + (2− 3ρ2)λ2

]

= αtS
β−1
t

[
1

6
(β − 1)2

]
+

1

αt
S1−β
t

[
1

6
(2− 3ρ2)ν2

]
(4.3.72)

Comparing (4.3.69), (4.3.71) and (4.3.72) respectively to (4.3.58), (4.3.59) and (4.3.60), we

conclude for a match. In order to compute Hagan’s ATM slope Σ̃
′

θ

H
(t, 0, 0) we have to work

on the original formula. Note that lim
yց0

z = 0 which make the second bracket in (4.3.68)

undetermined. Therefore we must start with some small-z expansions :

√
1− 2ρz + z2 = 1 +

1

2
(−2ρ)z +O(z2)

√
1− 2ρz + z2 + z − ρ

1− ρ = 1 + z +O(z2)

log

(√
1− 2ρz + z2 + z − ρ

1− ρ

)
= z +O(z2)

which enable us to write the limit of the second bracket simply as

lim
y→0

z

ξ(z)
= 1

and therefore the IATM slope come as

Σ̃
′

θ

H
(t, 0, 0) =

αt

S1−β
t

[
(1−β)2 α2

t

24S2−2β
t

+
ρβναt

4S1−β
t

+
2−3ρ2

24
ν2

]

= α3
tS

3β−3
t

[
1

24
(β−1)2

]
+ α2

tS
2β−2
t

[
1

4
ρβν

]
+ αtS

β−1
t

[
1

12

(
1−3

2
ρ2
)
ν2
]

which matches (4.3.62).
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4.4 The FL-SV class

The FL-SV acronym stands for Forward Libor - Stochastic Volatility which evokes that (like
SABR) this model was initially developed for the interest rates environment. More precisely, it
was targeted at the term structure of caplets and from then on, via several necessary approxi-
mations, to the swaption grid. It was initially introduced in [ABR01] and later complemented
by [AA02], presented as an improvement to the local volatility extensions of the Libor Market
Model. Those have been formalised in [AA00], and allow to control both the term-structure
level and the skew of the smile, by clearly allocating the former to a deterministic volatility and
the latter to a (local volatility) skew function.
The FL-SV extension consists in adding an exogenous, multiplicative perturbation to the volatil-
ity, responsible for producing a convexity in the smile that will stay delta sticky. It is then clear
that one of the main strengths of this model lies in its clear one-on-one parameter vs smile
allocation. But any model must also be calibrated, hence [ABR01] provides two closed-form
approximations of the static smile. These are based on a fairly complex small-time expansion
of a lognormal volatility proxy, using log-moneyness as the variable. The authors observe that
the growth rate of the wings is very high and therefore introduce a heuristic dampening of the
wings. In fact, without that adjustment the usual arbitrage conditions (the growth rate of

√
y)

are typically breached.

4.4.1 Presentation of the model

The bi-dimensional SDE system reads as

(4.4.73) FL-SV





dSt = ϕ(St)
√
Vt γ(t) dWt V0 = 1

with

dVt = κ
(
V − Vt

)
dt+ ǫ ψ(Vt) dZt Wt

∐
Zt

Note that in order to normalise the problem, we can also write ϕ(x) = σ ϕ∗(x) with ϕ∗(St) = 1.
The same convention can evidently be applied to γ(·) and ψ(·). This technique dissociates clearly
scale from shape and simplifies the interpretation. However it does so in an artificial way, as the
parameterisation is not stationary, hence we will maintain the original formulation.
The model has been quite successful with practioners, inasmuch as that when SV-LMM frame-
works are implemented, it tends to be along these lines. But this class has also been well
received by academics, since it is quite intuitive, and has been both extended and modified. In
[Pit05b] a time-dependency is introduced in ϕ(t, St) which allows to generate a term-structure
of skew, hence the FL-TSS denomination. The calibration method focuses on projecting the
model onto a time-homeogeneous Markovian process, a method which is generalised in [Pit07].
In [And05] a low-dimensional, separable volatility HJM model (a stochastic volatility extension
of the Cheyette class) is parameterised to approximate the dynamics of the FL-SV, and again
several ad hoc calibration approaches are discussed.

In order for us to analyse this model via the ACE methodology, we first proceed with a simpli-
fication step. In fact the latter consists in extending the model by considering

(4.4.74) Extended FL-SV





dSt = γ(t) b (Vt) ϕ(St) dWt V0 = 1

dVt = κ c (Vt) dt + ǫ ψ (Vt) dZt Wt ∐ Zt

We will assume any required degree of regularity for the five functions involved in the model, so
that all differentials invoked are sensical. Note that it would not take much to transform this
framework into an extended FL-TSS model, but the added complexity is undesirable here. We
now proceed to the derivation of the chaos dynamics for this Extended FL-SV class.
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4.4.2 Computation of the chaos coefficients

Let us first introduce a few notations that will help in creating a recurring scheme.

Definition 4.2
In the context of the Extended FL-SV framework (4.4.74) we replace ϕ(·) by

(4.4.75) g(x)
△
= ϕ(x) x−1

and define several functions derived from γ(·), b(·) and g(·) by induction :

bn1(x)
△
= b

′

n(x) ψ(x) γm1(x)
△
= γ

′

m(x)

bn2(x)
△
= b

′′

n(x) ψ2(x) γm2(x)
△
= γm(x) γ(x)

bn3(x)
△
= bn(x) b(x) γm3(x)

△
= γm(x) γ2(x) For (m,n, p) ∈ N3

bn4(x)
△
= bn(x) b2(x) gp1(x)

△
= g

′

p(x) ϕ(x)

bn5(x)
△
= b

′

n(x) c(x) gp2(x)
△
= g

′′

p (x) ϕ2(x)

We can now make explicit the chaos dynamics in a reasonably compact fashion.

Lemma 4.5 ([Chaos dynamics up to 3rd layer for the FL-SV model)
]Let us consider the Generic FL-SV framework defined by (4.4.74), then the chaos coefficients
invoked in layers one, two and three come as follows. For the sake of compacity we have omitted
the functions arguments, understating that they are taken in the current position, i.e.

gm denotes gm(t) bn denotes bn(Vt) gp denotes gp(St)

First-level coefficients :

σt = γ b g(4.4.76)

a1,t = γ [
ǫ2

2
b2 + κ b5 ] g + γ1 b g +

1

2
γ3 b4 g2(4.4.77)

a2,t = γ2 b3 g1(4.4.78)

a3,t = ǫ γ b1 g(4.4.79)

Second-level coefficients :

a11,t = γ

[
ǫ4

4
b22 +

κǫ2

2
(b25 + b52) + κ2 b55

]
g + γ1

[
ǫ2 b2 + 2κ b5

]
g(4.4.80)

+ γ3

[
ǫ2

4
( b24 + b42) +

κ

2
(b45 + b54)

]
g2 + γ11 b g

+
1

2
(γ13 + γ31) b4 g2 +

1

4
γ33 b44 g22

a12,t = γ2

[
1

2
ǫ2b23 + κb53

]
g1 + γ12 b3 g1 +

1

2
γ32 b43 g21(4.4.81)

a13,t = γ

[
1

2
ǫ3 b21 + κǫ b51

]
g + ǫ γ1 b1 g + +

1

2
ǫ γ3 b41 g2(4.4.82)

a21,t = γ2 [
1

2
ǫ2 b32 + κ b35] g1 + γ21 b3 g1 +

1

2
γ23 b34 g12(4.4.83)

a22,t = γ22 b33 g11(4.4.84)

a23,t = ǫ γ2 b31 g1(4.4.85)

a31,t = γ [
1

2
ǫ3 b12 + κǫ b15] g + ǫ γ1 b1 g +

1

2
ǫ γ3 b14 g2(4.4.86)

a32,t = ǫ γ2 b13 g1(4.4.87)

a33,t = ǫ2 γ b11 g(4.4.88)
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Third-level coefficients :

a122,t = γ22

[
1

2
ǫ2b233 + κb533

]
g11 + γ122 b33 g11 +

1

2
γ322 b433 g211(4.4.89)

a212,t = γ22 [
1

2
ǫ2 b323 + κ b353] g11 + γ212 b33 g11 +

1

2
γ232 b343 g121(4.4.90)

a221,t = γ22 [
1

2
ǫ2 b332 + κ b335 ] g11 + γ221 b33 g11 +

1

2
γ223 b334 g112(4.4.91)

a222,t = γ222 b333 g111(4.4.92)

a223,t = ǫ γ22 b331 g11(4.4.93)

a232,t = ǫ γ22 b313 g11(4.4.94)

a322,t = ǫ γ22 b133 g11(4.4.95)

And finally :

a2222,t = γ2222 b3333 g1111(4.4.96)

Before going into the proof, we first we prove a preliminary result :

Lemma 4.6 (Dynamics of the elementary αkh block for the FL-SV model)
Let α(·), k(·) and h(·) be respectively C1, C2 and C2 functions.
Let us introduce the following notations for some of their derived functions :

k1(x)
△
= k

′

(x) ψ(x) α1(x)
△
= α

′

(x)

k2(x)
△
= k

′′

(x) ψ2(x) α2(x)
△
= α(x) γ(x)

k3(x)
△
= k(x) b(x) α3(x)

△
= α(x) γ2(x)

k4(x)
△
= k(x) b2(x) h1(x)

△
= h

′

(x) ϕ(x)

k5(x)
△
= k

′

(x) c(x) h2(x)
△
= h

′′

(x) ϕ2(x)

Then we have, for the processes St and Vt of the Extended FL-SV model (4.4.74)

d [ α(t) k(Vt) h(St) ]

=

[
α1(t) k(Vt) h(St) + α(t) [ κ k5 +

1

2
ǫ2 k2] (Vt) h(St) +

1

2
α3(t) k4 (Vt) h2 (St)

]
dt

+ α2(t) k3 (Vt) h1 (St) dWt + ǫ α(t) k1 (Vt) h(St) dZt

Omitting the arguments for clarity, and applying this relation to the functions defining the
generic FL-SV setup, we have in particular that

d [ γm bn gp ] =

[
γm [ κ bn5 +

1

2
ǫ2 bn2] gp + γm1 bn gp +

1

2
γm3 bn4 gp2

]
dt

+ γm2 bn3 gp1 dWt + ǫ γm bn1 gp dZt(4.4.97)

Clearly the above result shows - as is the case for SABR in Section 4.2 - a recurring structure
that will enable us to work efficiently with induction. Also, without surprise it appears that
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the drift terms are significantly more involved that the coefficients of the non-finite variation
terms. Fortunately, these drift terms are the least invoked by the generic formulae developed in
Chapters 1 and 3 for the IATM differentials.

Proof of Lemma 4.6
Exploiting the independence condition, we get by Ito :

d [ α(t) k(Vt) h(St) ] = α
′

(t) k(Vt) h(St) dt + α(t) k
′

(Vt) h(St) dVt + α(t) k(Vt) h
′

(St) dSt

+
1

2
α(t) k

′′

(Vt) h(St) 〈dVt〉 +
1

2
α(t) k(Vt) h

′′

(St) 〈dSt〉

=
[
α

′

(t) k(Vt) h(St) + κ α(t) k
′

(Vt) c (Vt) h(St)

+
1

2
ǫ2 α(t) k

′′

(Vt)ψ
2(Vt) h(St) +

1

2
α(t)γ2(t) k(Vt)b

2 (Vt) h
′′

(St)ϕ
2(St)

]
dt

+ α(t)γ(t) k(Vt)b (Vt) h
′

(St)ϕ(St) dWt + ǫ α(t) k
′

(Vt)ψ(Vt) h(St) dZt

Replacing with the chosen notations, we obtain the desired result.

We can now move on to proving the main result.

Proof of Lemma 4.5.
Using (1.2.36) and (4.4.75), we have the instantaneous volatility as

σt = γ(t) b(Vt) g(St)

which proves (4.4.76). Then applying Lemma 4.6 come the dynamics

dσt =

[
γ1(t) b(Vt) g(St) + γ(t) [ κ b5 +

1

2
ǫ2 b2] (Vt) g(St) +

1

2
γ3(t) b4 (Vt) g2 (St)

]
dt

+ γ2(t) b3 (Vt) g1 (St) dWt + ǫ γ(t) b1 (Vt) g(St) dZt

Omitting the arguments t, Vt, St as advertised, we therefore have





a1 = γ [ 1
2 ǫ

2 b2 + κ b5 ] g + γ1 b g + 1
2 γ3 b4 g2

a2 = γ2 b3 g1

a3 = ǫ γ b1 g

which proves (4.4.77)-(4.4.78)-(4.4.79). Let us first compute d a1 : using (4.4.97) we get the four
elementary dynamics

d [ γ b2 g ] =

[
γ1 b2 g + γ [ κ b25 +

1

2
ǫ2 b22] g +

1

2
γ3 b24 g2

]
dt + γ2 b23 g1 dWt + ǫ γ b21 g dZt

d [ γ b5 g ] =

[
γ1 b5 g + γ [ κ b55 +

1

2
ǫ2 b52] g +

1

2
γ3 b54 g2

]
dt + γ2 b53 g1 dWt + ǫ γ b51 g dZt

d [ γ1 b g ] =

[
γ11 b g + γ1 [ κ b5 +

1

2
ǫ2 b2] g +

1

2
γ13 b4 g2

]
dt + γ12 b3 g1 dWt + ǫ γ1 b1 g dZt
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and

d [ γ3 b4 g2 ] =

[
γ31 b4 g2 + γ3 [ κ b45 +

1

2
ǫ2 b42] g2 +

1

2
γ33 b44 g22

]
dt

+ γ32 b43 g21 dWt + ǫ γ3 b41 g2 dZt

Therefore the drift of a1,t is

a11 =
1

2
ǫ2
[
γ1 b2 g + γ [ κ b25 +

1

2
ǫ2 b22] g +

1

2
γ3 b24 g2

]

+ κ

[
γ1 b5 g + γ [ κ b55 +

1

2
ǫ2 b52] g +

1

2
γ3 b54 g2

]

+

[
γ11 b g + γ1 [ κ b5 +

1

2
ǫ2 b2] g +

1

2
γ13 b4 g2

]

+
1

2

[
γ31 b4 g2 + γ3 [ κ b45 +

1

2
ǫ2 b42] g2 +

1

2
γ33 b44 g22

]

which after simplification provides

a11 = γ

[
1

4
ǫ4 b22 +

1

2
κǫ2 b25 +

1

2
κǫ2 b52 + κ2 b55

]
g + γ1

[
ǫ2 b2 + 2κ b5

]
g

+γ3

[
1

4
ǫ2 b24 +

1

4
ǫ2 b42 +

1

2
κ b45 +

1

2
κ b54

]
g2 + γ11 b g +

1

2
(γ13 + γ31) b4 g2 +

1

4
γ33 b44 g22

and proves (4.4.80). Similarly, we have the two coefficients for the non-finite variation terms :

a12 = γ2

[
1

2
ǫ2b23 + κb53

]
g1 + γ12 b3 g1 +

1

2
γ32 b43 g21

a13 = γ

[
1

2
ǫ3 b21 + κǫ b51

]
g + ǫ γ1 b1 g + +

1

2
ǫ γ3 b41 g2

which proves (4.4.81) and (4.4.82). To compute d a2 we invoke again Lemma 4.6 which leads to

d [ γ2 b3 g1 ] =

[
γ21 b3 g1 + γ2 [ κ b35 +

1

2
ǫ2 b32] g1 +

1

2
γ23 b34 g12

]
dt

+ γ22 b33 g11 dWt + ǫ γ2 b31 g1 dZt

so that we get all 3 coefficients at once :




a21 = γ2 [12 ǫ
2 b32 + κ b35] g1 + γ21 b3 g1 + 1

2 γ23 b34 g12

a22 = γ22 b33 g11

a23 = ǫ γ2 b31 g1

which proves (4.4.83)-(4.4.84)-(4.4.85). As for d a3, we have by similarity :

d [ γ b1 g ] =

[
γ1 b1 g + γ [

1

2
ǫ2 b12 + κ b15] g +

1

2
γ3 b14 g2

]
dt + γ2 b13 g1 dWt + ǫ γ b11 g dZt
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hence the three coefficients




a31 = γ [12 ǫ
3 b12 + κǫ b15] g + ǫ γ1 b1 g + 1

2 ǫ γ3 b14 g2

a32 = ǫ γ2 b13 g1

a33 = ǫ2 γ b11 g

which proves (4.4.86)-(4.4.87)-(4.4.88) so that we can now move on to the third-level coefficients.
The expressions (4.4.81) for a12,t and (4.4.83) for a21,t, used in conjunction with Lemma 4.6,
give us straight away the next two coefficients :

a122 = γ22

[
1

2
ǫ2b233 + κb533

]
g11 + γ122 b33 g11 +

1

2
γ322 b433 g211

a212 = γ22 [
1

2
ǫ2 b323 + κ b353] g11 + γ212 b33 g11 +

1

2
γ232 b343 g121

which proves (4.4.89) and (4.4.90). Then to compute d a22 we apply Lemma 4.6 to (4.4.84) :

d [ γ22 b33 g11 ] =

[
γ22 [

1

2
ǫ2 b332 + κ b335 ] g11 + γ221 b33 g11 +

1

2
γ223 b334 g112

]
dt

+ γ222 b333 g111 dWt + ǫ γ22 b331 g11 dZt

so that




a221 = γ22 [ 1
2 ǫ

2 b332 + κ b335 ] g11 + γ221 b33 g11 + 1
2 γ223 b334 g112

a222 = γ222 b333 g111

a223 = ǫ γ22 b331 g11

which proves (4.4.91)-(4.4.92)-(4.4.93). Again using Lemma 4.6 but with (4.4.85) and (4.4.87)
we get respectively

a232 = ǫ γ22 b313 g11 and a322 = ǫ γ22 b133 g11

which proves (4.4.94) and (4.4.95). Finally, we get from the expression (4.4.92) for a222,t that

a2222 = γ2222 b3333 g1111

which proves (4.4.92) and concludes the proof.

Note that although our notations have been chosen to exploit the natural induction features of
the problem, they can certainly be improved.
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4.4.3 From model to smile shape

We now have all the information to produce the static IATM differentials of the first layer.

Proposition 4.4 (First layer static IATM differentials of the Extended FL-SV model)
In the Extended FL-SV model class (4.4.74) we have the following smile shape differentials :

Σ̃(⋆) = γ(t) b(Vt) g(St)(4.4.98)

Σ̃
′

y(⋆) =
1

2
γ(t) b(Vt) St g

′

(St)(4.4.99)

Σ̃
′′

yy(⋆) = ǫ2
[

1

3

b21
γ b3 g

]
+ γ b

(
1

3

g11
g2
− 1

2

g21
g3

)
(4.4.100)

Σ̃
′

θ(⋆) = ǫ2
[

1

4
γ

(
b2 +

1

3

b21
b

)
g

]
+ κ

[
1

2
γ b5 g

]
(4.4.101)

+ γ3 b3
[

1

4
gg1 +

1

8

g21
g

+
1

4
g2 −

1

6
g11

]
+

1

2
γ1 b g

Note the recurrence of the term g
′
(x)

g(x) = ∂
∂x ln (g(x)) which is due to the lognormal baseline.

Proof.
The IATM level comes simply from combining (1.2.36) with (4.4.76), which proves (4.4.98). We
have the IATM skew from (1.4.51) and (4.4.76)-(4.4.78) as

Σ̃
′

y(t, 0, 0) =
a2
2σt

=
γ2 b3 g1
2 γ b g

=
1

2
γ(t) b(Vt)

g
′

(St)

g(St)
ϕ(St) =

1

2
γ(t) b(Vt) St g

′

(St)

which proves (4.4.99). Then rewriting (1.4.52) with (4.4.76)-(4.4.78)-(4.4.79)-(4.4.84) gives

Σ̃
′′

yy(t, 0, 0) =
1

3

a22
σ2t

+
1

σ3t

[
1

3
a23 −

1

2
a22

]
=

1

3

γ22 b33 g11
γ2 b2 g2

+
1

γ3b3g3

[
1

3
ǫ2γ2b21g

2 − 1

2
γ22b

2
3g

2
1

]

= ǫ2
[

1

3

b21
γ b3 g

]
+

1

3

γ22 b33 g11
γ2 b2 g2

− 1

2

γ22 b
2
3 g

2
1

γ3 b3 g3

which after replacement provides (4.4.100). We turn to the slope, combining (1.4.53) with
(4.4.76)-(4.4.77)-(4.4.78)-(4.4.79)-(4.4.84) :

Σ̃
′

θ(t, 0, 0) = σt

[
1

4
a2

]
+

[
1

2
a1 −

1

6
a22

]
+

1

σt

[
1

8
a22 +

1

12
a23

]

= γbg

[
1

4
γ2b3g1

]
+

[
1

2

[
γ [

ǫ2

2
b2 + κ b5 ] g + γ1 b g +

1

2
γ3 b4 g2

]
− 1

6
γ22b33g11

]

+
1

γbg

[
1

8
[γ2b3g1]2 +

1

12
[ǫγb1g]

2

]

=
1

4
γγ2 bb3 gg1 + ǫ2

[
1

4
γ b2 g

]
+ κ

[
1

2
γ b5 g

]
+

1

2
γ1 b g

+
1

4
γ3 b4 g2 −

1

6
γ22 b33 g11 +

1

8

γ22 b
2
3 g

2
1

γbg
+ ǫ2

[
1

12
γ
b21
b
g

]

and which after simplification and replacement provides (4.4.101).
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4.5 Numerical Implementation

In this section we illustrate part of the considerations and techniques, discussed in section 4.1,
pertaining to whole-smile extrapolations based on ACE results. To do so, we also exploit some
of the results derived in the later sections 4.2, 4.3 and 4.4 dedicated to specific models.

4.5.1 Testing environment and rationale

4.5.1.1 Selecting a model

In order to test our extrapolation techniques, a single model has first to be selected. Indeed,
given the focus and constraints of this study, it seems more appropriate to explore various
configurations and parameter sets for a well-chosen class, rather than cover superficially a number
of different models. Among the three classes covered in this chapter, CEV-SABR appears to
be the best choice, and for several reasons :

◮ The SABR class presents marginal distributions with much more variance that FL-SV, due
to the lack of mean-reversion. Since our extrapolations should be tested w.r.t. the tails
that they generate, and therefore the associated high-order moments, SABR represents a
more demonstrative environment.

◮ SABR offers the benefit of a closed-form approximation formula, which has been obtained
by a singular perturbation technique. Although the latter can be categorised in the same
broad asymptotic family as ACE, the associated extrapolation presents less similarities
with our method than the approach of [ABR01] for FL-SV. Thus it brings even more
contrast, which is a desirable feature in our testing context.

◮ Within the SABR class, and as mentionned before, the CEV instance is by far the most
popular. As such a standard market model, it presents more interest both for practitioners
and academics. This means that the market-calibrated parameter sets are already available
for testing and comparison, and also that several other published approximation methods
can be used instead of Hagan’s formula, if desired.

4.5.1.2 Defining the objectives

For reasons of financial interest as well as practicality, we are interested in the direct problem,
more specifically the static shape of the smile (rather than its dynamic properties). Since we
know the IATM differentials to be exact, we aim at testing the quality of various extrapolation
techniques, following the general principles mentioned in section 4.1.
Our applicative concern is naturally the calibration process, hence our focus will be on significant
expiries but in the liquid range, which is usually one or two standard deviations either side
of the ATM point. In that respect, far-from-the-money regions and especially the left-hand
side should be examined essentially along validity criteria. In other words, in these areas we
should evaluate the implied distribution rather than the volatility. But when we do gage the
IV extrapolation, our measure of quality should be the real CEV-SABR model proxied via a
very precise numerical scheme. Therefore our protocol requires a numerical method providing
a clear error control, while there is no significant constraint for speed. In such a specific testing
& academic environment, as opposed to a pricing and hedging framework, Monte-Carlo seems
more appropriate than a PDE scheme (typically finite differences).

4.5.1.3 Specifying the scheme and the constants

Given the style and space constraints of the current document, our testing strategy is to select a
realistic, given set of model parameters as reference, which will be the central configuration. We
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examine how the model and the approximations behave in these conditions, then observe and
analyse the influence on these features of each relevant parameter. The central configuration is
chosen to satisfy several criteria, but common sense dictates that it should be roughly midway
through each parameter range, as well as representative of the model specificities and of the
benchmark’s artifacts. Furthermore, we elected a configuration which is compatible with recent
and sustainable IR market conditions, in particular the level, skew and curvature of the smile.
Since the CEV model is scalable, we have fixed the underlying’s initial value at St = 100.
Obviously this choice does not fit the interest rates environment, but it is the usual academic
convention as it allows easy comparison.
The central power has been set at β = 0.5 as a compromise between a normal and a lognormal
local volatility/backbone. The initial value αt has been chosen in function of St and β so as to
produce an ATM Lognormal Implied Volatility (LNIV) of approximately 20%. Correlation has
been chosen negative, in accordance with most historical time series analyses. It has been set
at ρ = −50% again as an arbitrary midway point, but also in order to generate realistic ATM
skews given the chosen β power. The last model parameter, the volatility of volatility, has been
set at ν = 30% simply to create a smile curvature that is compatible with current markets, at
the chosen expiry.
The latter Time-To-Maturity has been fixed at T − t = 10Y , which indeed falls well outside of
the common range for short-expiry asymptotics and therefore should exacerbate the limitations
of our extrapolation. Note however that, for lack of an alternative methodology, it is common
for practitioners to rely on this approximation class for their vanilla products. To provide some
perspective on the subject, note that in the interest rates environment for instance, those liquid
products (essentially swaptions, but implicitely caplets also) can be found at up to 30 or 40
years’ expiry.

As for the benchmark Monte-Carlo scheme, we will be using the following :

◮ a Marsaglia’s Ziggurat generator for the Brownian increments, with a period of 262 which
is more than sufficient for our needs.

◮ a common time step ∆t of 10−2 (slightly less than four days in calendar terms).

◮ a log-Euler scheme for both St and αt, justified by a β of 0.5.

◮ a common threshold of 10−3 for both St and αt, with a one-step only absorption rule.

Unless specified otherwise, we will simulate 106 paths and plot the confidence interval at 3
standard deviations. We do not use antithetic variates, but due to the large variance and specific
left-hand-side behaviour of the marginal, we employ ST itself as a control variate. This single
and simple variance reduction technique improves significantly the implied volatility precision
for low strikes, as demonstrated by Figure 4.1.

Combining the model and the scheme parameters, the central configuration is summarised
with the following table

β αt ρ ν T − t NbPath

0.5 2 −50% 30% 10Y 1 000 000

and we will use the same presentation throughout, for each graph. Let us now describe in more
detail the type of ACE approximation used, the sequence of configurations to be tested, as well
as the types of output to be plotted and analysed.
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4.5.1.4 Selecting an expansion type

Our first task is to select an order (keeping in mind the ladder constraint) and a variable for
the expansion, among the several possibilities discussed in section 4.1. Our primary concern is
to employ a variable that at least does not guarantee a breach of validity/arbitrage in either of
the tails. Recalling that it is possible to treat separately (to split) the left and right-hand side
of the expansion, the above concern leaves us therefore with the following choices :

◮ On the left and/or on the right, an expansion of order N ≤ 4 on the log-moneyness
y = ln(K/St) but for the functional Σ̃2N , which we then rescale down in order not to
exceed the

√
y growth rule.

◮ On the left and/or on the right, an expansion of order N ≤ 4 on a variable z that grows
as the logarithm of y :

z =

{
−ln(1− y) for y ≤ 0
ln(1 + y) for y ≥ 0

Indeed and as discussed in section 4.1, this variable satisfies the growth condition at any
order. Note that as a function of the strike or of the underlying, which are the native
space variables, z(K) or z(St) is very close to an iterated logarithm.

◮ On the left only, an expansion on strike K (with any of the above choices on the right).

The first, rescaling alternative provides good results on the left-hand side, albeit quite similar to
the z option. It also creates some unfortunate artefact on the right, in the form of really obvious
inflexion points. As for a left-K/right-z solution, figures 4.3 and 4.4 allow a comparison with
the pure-z approximation. They show that the Monte-Carlo (as well as Hagan’s approximation)
exhibits a specific shape for the LNIV, namely a surge due to a strictly positive asymptote for
the density, which only the z expansion can match. As for the implied density, although the z
and K expansions feature the same qualitative behaviour (a surge as K ց 0) it is significantly
less pronounced for the former.
In consequence we opt for the z variable, the order of which remains to be set. Indeed the
question of whether we should be using the maximum available number of differentials, those
included in layers 1, 2 and 3, is not trivial. It is a well-known feature of polynomial interpolations
and extrapolations, that when limited by a finite order, the performance can be counter-intuitive.
The optimal expansion order will effectively depend on the function considered, on the chosen
range for the variable, and obviously on the specific measure of precision employed.
In the current context, our quality criteria are complex (they concern volatility and density) but
the strike range is well-defined (see below). Hence we compare the results obtained with three
distinct sets of differentials : those involved in layer 1 alone, then those in the union of layers
1 and 2, and finally the whole group (layers 1 to 3). This comparison is plotted in figure 4.2 in
terms of LNIV error w.r.t. the benchmark Monte-Carlo, and fortunately shows that in terms of
precision the highest layer is indeed the most appropriate. Note that in a typical fashion, the
first and second alternatives could not clearly be ranked in that respect. Furhermore and as
a sanity check, Figure 4.7 shows that the density associated to this maximum order expansion
cannot a priori be rejected.

4.5.1.5 Testing plan and rationale

Starting from this realistic central configuration, in all generality we would like to assess the
influence of each available input, i.e. the initial values of the state variable (St and αt), the
model parameters (β, ρ and ν) and the option specifyiers (K and T ). This is how we chose to
proceed :
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◮ We will plot the relevant information (see below) for the selected strike range of [0 , 2 ∗ St],
which makes our focus proportional to the initial value St. Besides, the CEV local volatil-
ity function ensures that a scaling of St by λ is translated into a scaling of αt by λβ−1.
This redundancy implies that there is no point in modifying the initial value St.

◮ The impact of modifying the β power will be examined by switching to a lognormal setup
(β = 1). The change in backbone (ATM LNIV as a function of St) is simple and well
understood (see [HKLW02]) therefore we will not represent it. However the modification
of the smile is significant, especially the increase of the ATM level and the moderation of
the skew. Therefore in order to maintain approximately the same at-the-money implied
volatility, which enhances comparability, we will decrease αt to 0.2.

◮ The influence of the initial perturbation αt will be measured by increasing its value from
2.0 to αt = 3.0, bringing the ATM Lognormal Implied Volatility roughly from 20% to
30%. This is still a realistic configuration, and although both Hagan and ACE provide
formulae which are proportional to αt, it shows how asymptotics on the implied volatility
cope with a fattening of the tails for the marginal distribution.

◮ The effect of correlation ρ will be observed by setting ρ = 0. In this uncorrelated case the
joint dynamics are simpler, the skew and overall smile asymmetry less pronounced, so that
the relative importance of the local volatility and of the vol of vol ν is enhanced.

◮ The impact of the vol of vol ν will be examined similarly, by imposing ν = 0, which
provides the best insight on the sole influence of the β parameter.

◮ Finally the influence of Time-To-Maturity T − t will be measured by adopting T = 5Y for
a first benign case, and then T = 20Y for a more demanding example.

We still need to select the relevant outputs. Since our concern is first the precision and then the
validity of the expansion, we will observe and plot all or some of the following graphs :

◮ The LogNormal implied volatility, by comparison with the two benchmarks which are the
numerical scheme and Hagan’s formula. To that end we will plot the smiles in parallel
and, when pertinent, the difference between the analytic expressions (ACE and Hagan)
and the numerical scheme.

◮ The density, when deemed relevant, since a visual check usually provides a good assessment
of the approximation’s validity. Again, we will graph simultaneously ACE, Hagan and the
Monte-Carlo scheme.

To avoid confusion, we summarise in a table the parameter configuration corresponding to each
figure, with the parameters deviating from the central configuration in bold. Also, whenever
possible we maintain the same scales and graph conventions in order to facilitate comparison.

Note that this protocol aims at providing only a rough idea of the performance of the approxi-
mation methods. In the context of the current study we cannot afford to spend much more time
on the subject. A contrario the same comparison in a production perspective would be more
thorough, and in particular it would involve plotting the sensitivities of the smile to each of the
parameters, in various configurations. A typical requirement would be to graph the correlation
and vol of vol :

K −→ ∂Σ

∂ρ
and K −→ ∂Σ

∂ν

The overall shape of these functionals for the model are simple and well-documented (see
[HKLW02] for instance) so that we will not plot them.
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4.5.2 Tests results

4.5.2.1 Justifying the choice of expansion variable, order and benchmark

β αt ρ ν T − t NbPath

Figure 4.1 0.5 2 −50% 30% 10Y 5 000

Figure 4.2 0.5 2 −50% 30% 10Y 10 000
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Figure 4.1: Lognormal IV by Monte-Carlo : pure (dotted blue) vs controlled (plain black)
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Figure 4.2: Influence of the expansion order on the Lognormal IV error.
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The two following graphs illustrate and justify the choice of expansion variable on the left-hand
side. They compare a pure-z approximation with a left-K/right-z alternative (whose splitting
point is At-The-Money).

β αt ρ ν T − t NbPath

Figure 4.3 0.5 2 −50% 30% 10Y 1 000 000

Figure 4.4 0.5 2 −50% 30% 10Y 1 000 000
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Figure 4.3: Influence of the expansion variable on the LN IV : pure z vs mixed K&z.
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Figure 4.4: Influence of the expansion variable on the density : pure z vs mixed K&z.
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4.5.2.2 Reference configuration

This group illustrates the performance of the extrapolation for the central parameters.

β αt ρ ν T − t NbPath

Figure 4.5 0.5 2 −50% 30% 10Y 1 000 000

Figure 4.6 0.5 2 −50% 30% 10Y 1 000 000
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Figure 4.5: LNIV of the central configuration : layer-3 expansion on z vs Hagan
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Figure 4.6: LNIV Error of the central configuration : layer-3 expansion on z vs Hagan
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β αt ρ ν T − t NbPath

Figure 4.7 0.5 2 −50% 30% 10Y 1 000 000

Figure 4.8 0.5 2 −50% 30% 10Y 1 000 000
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Figure 4.7: Density of the central configuration : layer-3 expansion on z vs Hagan
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Figure 4.8: Cumulative of the central configuration : layer-3 expansion on z vs Hagan
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These four graphs establish succinctly the qualities and shortfalls of the approximation for the
chosen central configuration. Its performance can be assessed by itself, in comparison to the
benchmark Monte-Carlo and to Hagan’s formula.
Figures 4.5 and 4.6 show that within the liquid range and for a significant expiry of 10 years,
Hagan presents a smile shape which is stable and consistent with the model. However it over-
estimates the LogNormal IV across the whole strike range, and increasingly so as K nears zero.
In our view, this is mainly due to a combination of two factors in formula (4.3.68) :

◮ The geometric average (KSt)
1−β
2 in the denominator of the first multiplicative term.

◮ The specific expression for the third and last multiplicative term [ 1 + [· · ·] θ ].

A quick examination of the proof in [HKLW02] shows that alternatives can be used for the
average (typically the arithmetic one) while maintaining the singular perturbation at the same
order of precision. They can mitigate the the left-hand side behaviour, but they also tend to
develop their own specific issues, so that we are not aware of any choice ensuring a systematic
improvement on Hagan8. As for the third, maturity-correction term, its linearity in θ tends to
overestimate the ATM implied volatility. Indeed most SABR configurations exhibit an ATM
vs maturity profile which is concave, a feature that requires the Σ̃

′′

θθ(⋆) IATM differential to
be captured. The fact that Hagan’s formula is linear in term-to-maturity is inherent to the
expansion order at which it has been computed, so that to achieve a better long-maturity fit we
would need to extend the proof in [HKLW02] significantly. Alternatively, we could choose a new
expression for the θ variable that would ensure concavity, such as C(1− e−λ(T−t)) for instance.
Note that this offers the added benefit of capping the volatility in the long term, a feature that
we have so far overlooked. This choice does not have to be a heuristic either, since results on
the long-term implied volatility of some stochastic volatility models are available (see [FPS00b]
and [FPS99] for instance).
In comparison, the layer-3 z expansion exhibits the same bias, but in a much milder fashion,
while exhibiting an unwelcome inversion for very low strikes.
The implied density graph (Figure 4.7) is also interesting, since it shows that, as K ց 0 :

◮ The real Monte-carlo density admits a non-null asymptote.

◮ The z expansion exhibits and infinite asymptote.

◮ Hagan approximation corresponds to a negative density.

It is important to recall that, although the infinite asymptote of the z expansion seems quite
unusual, it does not a priori breach arbitrage conditions and the validity of the marginal distri-
bution. To be convinced of that point, it suffices to examine Figure 4.11 [p.247] which proves
that the empirical Monte-Carlo density can exhibit a surge as well. Alternatively, one can ex-
amine Figure 4.8 which plots the cumulative for both Hagan and the z expansion, again for
the central parameter configuration. It comes that the z-density is indeed integrable, since the
cumulative starts from zero.
By comparison, Hagan’s approximation is clearly invalid and arbitrable below K ≈ 12, as shown
by the density and by the cumulative (which exhibits a strictly positive initial value) and is cer-
tainly problematic as early as K = 40. Placing ourselves for instance in an interest rates context
with St = 5%, this would mean that any binary spread below 50bp would be negative, and this
is actually a (non liquid) traded range9. In fact, and as will be observed later, the z approxima-
tion can produce negative densities on the left, just as Hagan does. Indeed we have chosen the
z variable to prevent a single and specific arbitrage condition, i.e. the convergence of the call
price in K = 0 and K = +∞. Therefore it satisfies no more than a necessary validity criteria,
and does not guarantee a priori the positivity of the density.

8Which is not to say that it has not been published or that this avenue should be abandoned.
9On EUR markets for instance, quotes for zero-strike floors on nominal rates can be obtained from the brokers.
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4.5.2.3 Influence of the power β : the lognormal case

β αt ρ ν T − t NbPath

Figure 4.9 1.0 0.2 −50% 30% 10Y 1 000 000

Figure 4.10 1.0 0.2 −50% 30% 10Y 1 000 000

Figure 4.11 1.0 0.2 −50% 30% 10Y 1 000 000
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Figure 4.9: LNIV with a lognormal beta : layer-3 expansion on z vs Hagan
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Figure 4.10: LNIV error with a lognormal beta : expansion on z vs Hagan
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 Different qualitative behaviour 

Figure 4.11: Density with a lognormal beta : expansion on z vs Hagan

The role of β has been described in some detail in section 4.3.1 [p.221]. With regard to the inter-
pretation of the current graphs, it is worth recalling that this parameter affects the support of
the distribution and determines the basic smile shape. Also, it sets the backbone and therefore
has a very strong influence on the smile dynamics. It is also worth mentioning that a β close to
1 (typically 0.9) is not uncommon with practitioners wishing to set a very thick right-hand tail.

By comparing Figures 4.6 and 4.10 we observe that the precision of Hagan’s formula improves
slightly in the lognormal case. As for the z expansion, it is even more accurate now, at least in
the liquid range : the difference with the benchmark is immaterial between 60% and 140% of
the money. This can be attributed to the fact that the target model (SABR) is now very close
to our chosen lognormal baseline. However the undershooting happens sooner on the left, which
corresponds also to a qualitative modification of the density’s behaviour.
Indeed Figure 4.11 shows that the benchmark’s density is now surging just before St = 0, albeit
with an apparent finite limit. This behaviour is well reproduced by Hagan, but not so by the
z-expansion, which after providing a secondary mode decreases down to zero, as would a log-
normal distribution.

In the light of these results, it seems fair to say that the lognormal environment is quite favorable
to both approximations.
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4.5.2.4 Influence of a higher volatility αt

β αt ρ ν T − t NbPath

Figure 4.12 0.5 3 −50% 30% 10Y 1 000 000

Figure 4.13 0.5 3 −50% 30% 10Y 1 000 000

Figure 4.14 0.5 3 −50% 30% 10Y 1 000 000
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Figure 4.12: LNIV with a higher ATM volatility : layer-3 expansion on z vs Hagan
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Figure 4.13: LNIV error with a higher volatility : expansion on z vs Hagan
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 Both approximations going negative 

Figure 4.14: Density with a higher volatility : expansion on z vs Hagan

There are several factors to consider w.r.t. the modification of the smile an density shape, for
the benchmark as well as for the approximations. First and contrary to intuition, at such a
high expiry the Lognormal implied volatility is not proportional to αt. Note that this property
would also be observed with a normal implied smile. This is due primarily to the effect of the
stochastic volatility dynamics, since we clearly would not have that issue in a pure CEV (local
volatility) setting.
This is a typical situation where our asymptotic results can help with a qualitative analysis. In-
deed by considering the first layer’s IATM static differentials (4.3.58)-(4.3.59)-(4.3.60)-(4.3.62)
we observe that αt is invoked with several different powers. Killing the stochastic volatility with
ρ = ν = 0 does render the Immediate smile proportional to αt (at least up to second order) but
the slope Σ̃

′

θ(⋆) still exhibits a cubic dependency. The consequence is an increased LNIV error
for both Hagan and the z-expansion (see Figure 4.13) but with the same hierarchy a before.

The picture is even more complex for the density, as it is directly linked to the price, which itself
is far from linear w.r.t. the implied volatility. From Figure 4.14 we see that the density is now
fatter (note that the mode is much lower, but that the asymptote in zero is similar) but also
(and quite depressingly) that now both approximations plunge in negative territory, with only a
marginal advantage to the z-expansion.

Overall, it becomes clear that this high volatility environment does not suit well either approx-
imation. However, since we know that in a high-volatility but pure lognormal setting their
precision would be perfect, we can safely conclude that the volatility only exacerbates their
existing shortfalls. This is clear in terms of LNIV precision, but we also start to realise that
the left-hand side density behaviour for Hagan, an even more so for the z-expansion, is quite
extreme and unpredictable.
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4.5.2.5 Influence of ρ : the non-correlated case

β αt ρ ν T − t NbPath

Figure 4.15 0.5 2 0% 30% 10Y 1 000 000

Figure 4.16 0.5 2 0% 30% 10Y 1 000 000

Figure 4.17 0.5 2 0% 30% 10Y 1 000 000
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Figure 4.15: LNIV with no correlation : layer-3 z vs Hagan
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Figure 4.16: LNIV error with no correlation : layer-3 z vs Hagan



4.5. NUMERICAL IMPLEMENTATION 251

0 20 40 60 80 100 120 140 160 180
−5

0

5

10
x 10

−3

STRIKE

D
E

N
S

IT
Y

ImpVol : Mat=10, N=1000000 paths. SABR : beta=0.5, alpha0=2, nu=0.3, rho= 0

 

 

MCcontrol
Hagan
z order 4

 Both approximations are going negative 

Figure 4.17: Density with no correlation : layer-3 z vs Hagan

We observe that the lack of correlation has clearly affected the skew (Figure 4.15) but does
not seem to change much the performance of Hagan’s approximation, either in terms of LNIV
precision (Figure 4.16) or with regard to its density (see Figure 4.17).

By contrast the z-expansion seems to suffer from the uncorrelated environment, as its precision is
now decreased, although its bias is now systematically positive (the inversion has disappeared).
Also, and more importantly, both approximations now have a plunging density, although the z
expansion seems slightly more benign.

This qualitative change in behaviour for the z approximation cannot intuitively be attributed to
the asymptotic results themselves : the model is simpler, closer to the baseline and therefore the
same layers should brings a higher degree of IATM precision. The most probable explanation
is that we are facing an idiosyncracy of the z variable and/or of the lognormal baseline, which
seem to favour a certain asymmetry. Irrespective of the real causes, it is now apparent that the
very-far left-hand side of that z-expansion is difficult to predict.

Having neutralised the correlation and therefore made the volatility purely exogenous, we now
consider an extreme (and in a way inverse) case where the stochastic perturbation is neutralised.
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4.5.2.6 Influence of the vol of vol ν : the pure local volatility case

β αt ρ ν T − t NbPath

Figure 4.18 0.5 2 −50% 0% 10Y 1 000 000

Figure 4.19 0.5 2 −50% 0% 10Y 1 000 000

Figure 4.20 0.5 2 −50% 0% 10Y 1 000 000
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Figure 4.18: LNIV with no stochastic volatility : layer-3 expansion on z vs Hagan
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Figure 4.19: LNIV error with no stochastic volatility : layer-3 expansion on z vs Hagan
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Figure 4.20: Density with no stochastic volatility : layer-3 expansion on z vs Hagan

Recall that the lack of volatility of volatility renders inefficient the correlation, which explains
why this case corresponds indeed to a pure local volatility setting.
We note that both approximations are now very accurate, with a slight advantage to Hagan
below K = 20. This superior accuracy can be observed in the LNIV error graph (Figure 4.19)
but is even more pronounced on the density plot (Figure 4.20). It is not surprising however, con-
sidering that Hagan’s formula is an extension of the pure-CEV results derived earlier in [HW99].
Note also that we could have used the closed-form solution for the price as per (2.2.12) [p.109]
but with the low variance of a pure local volatility model, the use of the forward as control
variate and the high number of paths, this Monte-Carlo scheme is sufficiently precise.

The point to take is that in such a pure local volatility setting, the generic ACE methodology
produces results which are comparable to those of an ad hoc and quite involved method. In
fact, the precision attained is sufficiently high that it would be interesting to compare these
approximations to a finite differences PDE scheme. It is common knowledge that for pricing
in a bi-dimensional model, the PDE alternative outperforms the Monte-Carlo one. But this is
essentially for speed reasons, not for precision. Granted, in a Monte-Carlo framework speed
and precision go hand in hand, but the error produced by a PDE scheme can be difficult to
measure (seesaw effect in particular). Also, the PDE scheme relies on a smart implementation
of boundary conditions which, for instance in a CEV with a low β, are not necessarily trivial
to implement. Finally, results on the marginal density associated to a PDE scheme are rarely
provided, and we are not aware of a comprehensive study for the case of local volatility models.

Coming back to our testing concern, we can summarise by stating that the z-expansion clearly
fares better with a lower vol of vol.
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4.5.2.7 Influence of the expiry T

Low expiry : first we modify the central configuration by taking a more benign T − t = 5Y .

β αt ρ ν T− t NbPath

Figure 4.21 0.5 2 −50% 30% 5Y 1 000 000

Figure 4.22 0.5 2 −50% 30% 5Y 1 000 000

Figure 4.23 0.5 2 −50% 30% 5Y 1 000 000
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Figure 4.21: LNIV with low expiry T = 5Y : layer-3 expansion on z vs Hagan
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Figure 4.22: LNIV Error with low expiry T = 5Y : layer-3 z vs Hagan
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 Hagan converging to zero 

 Monte−Carlo converging to a positive constant

 Z expansion surging

Figure 4.23: Density with low expiry T = 5Y : expansion on z vs Hagan

High expiry : then we examine the adopt a more extreme case with T − t = 20Y .

β αt ρ ν T− t NbPath

Figure 4.24 0.5 2 −50% 30% 20Y 1 000 000

Figure 4.25 0.5 2 −50% 30% 20Y 1 000 000

Figure 4.26 0.5 2 −50% 30% 20Y 1 000 000
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Figure 4.24: LNIV with high expiry T = 20Y : layer-3 z vs Hagan



256 CHAPTER 4. PRACTICAL APPLICATIONS AND TESTING

0 20 40 60 80 100 120 140 160 180
−0.05

0

0.05

0.1

0.15

STRIKE

E
R

R
O

R
 L

N
 IM

P
LI

E
D

 V
O

LA
T

IL
IT

Y
ImpVol : Mat=20, N=1000000 paths. SABR : beta=0.5, alpha0=2, nu=0.3, rho= −0.5

 

 

DiffVolHagan
DiffVolz4

Figure 4.25: LNIV Errorwith high expiry T = 20Y : layer-3 z vs Hagan
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 Both approximations going negative 

Figure 4.26: Density with high expiry T = 20Y : layer-3 z vs Hagan

The lower expiry seems to have the same qualitative effect as the pure local volatility : a signif-
icant increase in performance, for both approximations, with regard to LNIV (Figure 4.22) as
well as to density (Figure 4.23). Note that in the latter case we can observe, for the same param-
eter configuration, the three most common and a priori valid near-zero behaviours. Indeed the
Monte-Carlo exhibits a non-zero asymptote, while hagan converges to zero in lognormal fashion,
and finally the z-expansion surges.
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Conversely, by increasing maturity we seem to make things worse for the approximations, as
shown by the degradation of the precision (Figure 4.25) and by the fact that they both generate
some negative density (see Figure 4.26). In the case of the z expansion this is just an excursion,
whereas Hagan goes and stays negative as early as 35% of St. In fact Hagan’s density is im-
paired across the whole strike range, since the binary spread prices that it gives are significantly
inaccurate immediately to the left of the forward.
On both counts (density and smile) when expiry varies the advantage remains to the z expan-
sion. This is especially obvious in terms of precision, hence for the calibration process. However,
in order to be used for full-smile pricing the excursions in negative territory would need to be
prevented.

4.5.3 Conclusions

Around the chosen central configuration, the z-expansion seems to be systematically more pre-
cise in the liquid range, but its bias can be quite unpredictable for very low strikes. In terms
of validity, the behaviour of the density close to zero also seems volatile, as it can switch easily
between the various asymptotic modes (apparently −∞, 0 and +∞). Although the negative
density areas seem to be more limited than with Hagan, they can still occur within reasonable
parameter sets.
By comparison, although the performance of Hagan is overall lower, it seems to be reasonably
robust and to behave in a more consistent manner across the parameter space. This feature
could be attributed to the singular perturbation approach, where the asymptotic focus is on a
PDE (hence global) rather than on a single point on the smile. This is not to say that both ap-
proaches cannot be made equivalent in certain cases, but that would be on the pure asymptotic
results. In fact Hagan’s formula is in itself an extrapolation, since it comes by taking ǫ = 1.
We observe that both approximations behave better in a low-volatility, low vol of vol environ-
ment. Indeed, distributions with fat tails (and especially a non-zero asymptote on the left) seem
difficult to handle when the implied volatility and the baseline are lognormal.

We believe that the better behaviour of ACE in the liquid domain is essentially due to the use
of the arch differential Σ̃

′′

θθ(⋆) (see Figure 4.2). This belief suggests a new way of using the
ACE results to produce whole-smile extrapolations, by combining them with global results in a
mixed approach. In other words, we could use our pure asymptotic results in order to correct
(as opposed to replace) existing methods, such as Hagan.
There are many options in that line of work, but we would start with correcting Hagan’s level
by introducing the arch, probably with a new, bounded variable θ. Also, since ACE behaves
better when the models considered are stationary, it is clear that piecewise-constant param-
eterisations will degrade its performance of this method. We have shown in Chapter 2 that
time-dependent volatilities could be handled, but a time-dependent correlation or local volatil-
ity would be more problematic. Therefore we could pre-process the model with the Markovian
projection method of [Pit07], hence averaging the parameters into ”efficient” constants, before
launching our asymptotic algorithm.
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As we have seen in the fundamental Chapter 1 (see section 1.1.2.4 [p.21]) the modeling of a
term structure framework in general, and Interest Rate derivatives environment in particular,
cannot fall into the simple context developed in Part I for a single asset. Therefore the tools
we have been developing so far would equally prove insufficient. Evidently, one could consider
each underlying individually (e.g. each forward swap or forward Libor rate) and would then be
facing a term-by-term or ”point-by-point” calibration approach, forfeiting thereby most of the
inter-maturities dependency. Alternatively, what we envisage now is a way to model the shape
and joint dynamics1of the whole caplet or swaption surface2.
To illustrate this point, let us say that although Part I allows us to approximate separately and
under two different measures, the shape and dynamics of two different swaption implied volatil-
ity profiles (say the IVs for the 2Y ×5Y and 5Y ×5Y swaptions, for all strikes), we do not know
however how these profiles move together... And it is clear that in order to price and hedge an
exotic product linked to both these forward swap rates and their volatilities, the determination
of these joint dynamics is indeed a major issue.

In order to circumvene this problem, we start by considering in this chapter a generalised
framework, encompassing the Caplet and Swaptions but potentially applicable to other prod-
ucts. This is made possible simply because these products and the martingale methods used to
price them bear striking similarities. Indeed, all that is needed is to find the correct numeraire
and therefore the correct pricing measure : the payoff definition itself will bring us back to a
similar setup.
The difference with the single asset setting is that we are now dealing with a collection of
underlyings (the forward Libor or forward swap rates), each being martingale under its own
numeraire, and each defining a distinct vanilla option. So that we end up with associated col-
lection of numeraires, measures and options. All these families are parameterized by their
own list of maturities, which we will naturally extend to a common continuum3. We end up
naturally with a term structure (TS) framework, and in solving the direct and indirect problems
we will point to the structural differences with the former single-asset environment.

The architecture of this Chapter has been designed to follow as much as possible the struc-
ture of Chapter 1. This choice enables us to immediately detect the differences between the two
frameworks, in particular the new terms. We have also paid particular attention to describing
and interpreting these new terms, providing an intuitive insight whenever practical.
In Section 5.1, we build the framework by defining the three collections, the implied and instan-
taneous stochastic volatility models, and set the objectives.
In Section 5.2, we express the Main Zero-Drift Condition (ZDC), define our regularity assump-
tions and develop the Immediate ZDC.
In Section 5.3, we establish the Recovery Theorem, which deals with solving the inverse problem.
In Section 5.4, we provide one of the most useful result of this Chapter, from a practical point
of view. Indeed we solve for the direct problem, which is intensively invoked for calibration
purposes. Technically, we express the first layer of Immediate At-The-Money differentials for
the smile.
Finally in Section 5.5 we propose further research and conclude on the applicability of the
method.

1The choice of measure will be discussed later on.
2By swaption surface we usually understate the swaption cube for all strikes and expiries, but for a given fixed

tenor. Whether it be in the caplet or swaption case, the accrual - say 3M, or 6M Libor - also has to be fixed.
3With regard to the association between different maturities, we start by considering a fairly general case,

before restricting ourselves to the practical situation presented by Caplet and Swaptions



5.1. FRAMEWORK AND OBJECTIVES 261

5.1 Framework and objectives

In this section we set the context and the objectives for the term structure study. Although our
aims are similar, the introduction of the maturity dimension requires some more attention as its
implications reach deep into the proofs.

5.1.1 Numeraires, Underlyings and Options

We start by considering the three distinct families of processes defining our term structure
framework : underlyings, numeraires and European call options. We assume that each collection
is indexed (or parameterized) by a shared maturity T ∈ ]0, Tmax] with respect to which it
provides a bijective continuum. Schematically, we denote these families with

Figure 5.1: Shared Maturity Indexation

T

Xt(T ) Nt(T ) Ct(T )

Underlyings Numeraires Call Options

Without surprise, the underlyings will define the reference for the options, and the numeraire
assets will define the discounting and appropriate measure through the usual valuation argument.
Besides the maturity indexation, we now associate functionally all three collections as follows

◮ Underlying dynamics
For each asset there exists a numeraire, and therefore a corresponding measure, under
which it becomes a martingale. Formally, and using a lognormal convention :





dXt(T ) = Xt(T ) −→σ t(T )⊥d
−→
W

N(T )
t(5.1.1)

with

d
−→
W

N(T )
t

△
= d

−→
W t −

−→
λ N

t (T ) dt(5.1.2)

and

dNt(T ) = Nt(T ) rt dt + Nt(T )
−→
λ N

t (T )⊥d
−→
W t(5.1.3)

where
−→
W t is a Wiener process under Q, the risk-neutral measure. Note that specifying the

numeraire and therefore its volatility structure
−→
λ N

t (T ) is entirely equivalent to defining
the term structure of martingale measures through the (same) associated risk premia.

◮ Option specification
For each underlying there exists a strike-continuum4 of European call options, whose cash
payoff sequence is either defined by or equivalent by abritrage to the following

(5.1.4) h (XT (T ) , Nη(T )(T ) , K)
△
= Nη(T )(T ) [XT (T )−K]+ paid at time η(T )

Note that the fixing date for the payoff, i.e. the date at which the underlying’s value
is observed, has been chosen as the index T . The payment date η(T ) however, must
correspond to the argument of the numeraire process as invoked in the payoff definition.

4The continuous nature of any European option family is understood as the permanent availability of a common
bid/ask tradeable price, for every maturity and for every strike.
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With regard to the payoff, a good example of an equivalent cashflow sequence comes with the
case of a plain vanilla physical swaption. Indeed we can take the dates of observation and of
payment (resp. T and η(T )) identical to the same swaption expiry and swap start date (T0).
We would then have to discount the N individual (FT0-measurable) net coupons down to T0
using the annuity in factor, which falls back exactly onto the payoff definition (5.1.4).

This leads us to comment further on the date and maturity implications of these definitions.
The maturity T is used primarily to parameterise and therefore link our three collections : it can
be seen as a way to index the whole framework at once. As such, the bijective property allows
us to use that indexation very formally if required. We can for instance shift T by a constant
in order to map one of our three families onto a real-life object, whose indexation style might
be more conventional. Typically, in the case of a Caplet smile and for a given accrual δ, we use
T → T + δ. In principle we could envisage more complex indexation schemes, such as affine or
functional mappings. Although feasible, they would however complexify the equations without
a priori much of a practical interest.
The fact that the payoff observation date comes specifically as T is simply a matter of convention,
a way to anchor the configuration by allocating the reference maturity T to some physical reality.
This explains the possibly confusing situation where the same symbol T appears both as the
time argument and as a parameter of a process. We could very well define some function ̺(T )
as the fixing date instead.
Which leads us to the payment date η(T ), effectively made redundant by the presence of the
numeraire in the payoff definition. Indeed the coming proofs will simply use the usual valuation
argument, discounting by the same numeraire value. Furthermore, the underlying volatility life
to be considered in order to value an european option is schematically from valuation to fixing,
not to payment. In consequence the η(·) function does not actually provide an additional degree
of freedom, but conversely we could consider mid-curve options within the same framework.
Accordingly we will try and get rid of the η(·) mapping whenever possible, which is made easier
by the given possibility of selecting an alternative, equivalent payoff sequence.
Remark also that since we have imposed the maturity T to be deterministic, our setup excludes
a priori the introduction of a stopping time for instance, as would be necessary for a Bermudean
or an American option.

Finally, note that we do not impose the underlyings Xt(T ) to be tradeable assets, as opposed
to the numeraires Nt(T ). The reason is that - as we will see shortly - the various proofs require
only that the individual vanilla option written on each underlying be tradeable (and therefore
martingale), not the underlying itself. This distinction is important in particular for Interest
Rates (IR) underlyings, such as the Forward Libor rate and the Forward Swap rate. It is
noticeable that in the IR world, one cannot (delta-) hedge itself with the underlying per se,
but instead must do so with the contract that it represents (e.g. the FRA or the swap). Their
numeraire however, respectively the forward zero-coupon and the forward annuity, are proper
tradeable assets. If there is some tradeability issue here, it is actually more a modeling constraint
than anything else : the continuum assumption ignores that liquidity generally gets thinner as
both maturity and tenor increase.

5.1.2 Absolute and Sliding Implied Volatilities

Having selected a volatility risk premium and therefore a martingale measure, these options
admit a non-arbitrage price. The ”dollar” price of these options is denoted Vt(Xt(T ),K, T ), and
this price surface is then mapped or re-parameterised into an implied volatility surface, using :

(5.1.5) Vt(Xt(T ), T,K) = Nt(T ) . CBS
(
Xt(T ), K, Σt(Xt(T ), T,K).

√
T − t

)
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with CBS(f, k, v, b) the deflated price, written with the time-normalized Black-Scholes functional
(which for our purposes is identical to the normalized Black taken with a unit zero-coupon)
defined by

CBS (f, k, v) = f N (d1)− k N (d2)(5.1.6)

with d1/2(f, k, v) =
−y
v
± 1

2v

and y (f, k) = ln ( k / f )

Which is to say that using the classic no-arbitrage and change-of-numeraire arguments (see
[KGR95] for instance) we have

CBS
(
Xt(T ),K,Σt(Xt(T ), T,K).

√
T − t

)
= EQN(T )

[
(XT (T )−K)+

NT (T )
| Ft

]

We now associate to these ”absolute” quantities their ”sliding” counterparts, by defining :

θ
△
= T − t(5.1.7) X̃t(θ)

△
= Xt(T ) y

△
= ln

(
K / X̃t(θ)

)
(5.1.8)

Ṽt (y, θ)
△
= Vt(Xt(T ),K, T ) Σ̃t (y, θ)

△
= Σt(Xt(T ),K, T )

Remark 5.1
Note that a significant difference with the single asset case (see Section 1.1), is that now the asset
also is made sliding in time. Note in particular that the log-moneyness y, still defined with respect
to the asset X̃, is also sliding with time. However, although the numeraire is necessarily sliding
as well, as soon as we use the Black formula this feature is only perceived implicitely through the
deflation. Indeed, as will be recalled p. 272, it is the quantity Vt(Xt(T ), T,K) / Nt(T ) which is
martingale under QN(T ) ([KGR95]). In other words, the numeraire aspect is effectively ”hidden”
by only considering the Black functional re-parameterisation.

5.1.3 The two stochastic volatility models

In a similar fashion to the single underlying setup, we now present independently the stochastic
instantaneous volatility and the stochastic implied volatility, before establishing their connection.
This is again the first step before we can prove that the former specification is indeed included
in the latter. Both models share the same underlying dynamics already defined with the SDE
system (5.1.3)-(5.1.1)-(5.1.2), and differ by definition in the type of volatility dynamics that they
describe.

5.1.3.1 The (term structure) stochastic instantaneous volatility model

Since we are now dealing with a term structure of instantaneous volatility −→σ t(T ), we might
want to specify the dynamics of that field on its own, irrespective of the collection of underly-
ings it is associated to, and therefore using a different measure. This is the case in particular if
the modeler wishes to incorporate information from other sources than just the observed static
vanilla prices. Examples include historical dynamics of these prices, or when available prices of
volatility derivatives products. Such rich market data can clearly be extended to a continuum
and formalised as a term structure, with specific dynamics and maturity-dependent risk premia.

With that important motivation in mind, we elect to use a specific endogenous driver for the
instantaneous volatility, driver whose drift must obviously be maturity- dependent and a priori
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distinct from the one used for the underlying dynamics (5.1.1). In the sequel, we will refer to
that feature as endogenous driver (ED) disalignment.
Therefore, using a chaos expansion specification, similar to the one used in Part I, we adopt the
following notations for our framework :





d−→σ t(T ) = −→a 1,t(T ) dt +
⇒
a 2,t(T ) d

−→
W

σ(T )
t +

⇒
a 3,t(T ) d

−→
Z t(5.1.9)

with

d
−→
W

σ(T )
t

△
= d

−→
W t −

−→
λ σ

t (T ) dt

Similarly, we write the dynamics of the ”endogenous” coefficient matrix
⇒
a 2,t(T ) as

d
⇒
a 2,t(T ) =

⇒
a 21,t(T ) dt+

⇛
a22,t(T ) d

−→
W

σ(T )
t +

⇛
a23,t(T ) d

−→
Z t(5.1.10)

We assume (in the most general case) that all diffusion tensorial coefficients5 to be themselves

fully stochastic and maturity-dependent. Note in particular that
⇒
a 2 and

⇒
a 3, the ”volatility”

coefficients of −→σ t(T ), take their values respectively in Rnw×nw and Rnw×nz . This implies that, at
each step of the stochastic ”chaos” expansion that awaits us (and bears strong similarities with
the single underlying case) we will increase the coefficient tensorial order by one. Fortunately,
exploring the ”first layer” will not require going deeper than depth 2 in the chaos expansion6.
It turns out that, in practice and compared to the single-asset case, this dimensionality issue
can prove more difficult to manage that a reasonably specified term-dependency.

Remark 5.2
Note that we could also define the sliding instantaneous volatility with

(5.1.11)
−→̃
σ t(θ) = −→σ t(t+ θ)

and that its dynamics come then as

(5.1.12) d
−→̃
σ t(θ) =

[ −→σ ′

T (t, t+θ) + −→a 1, t(t+θ)
]
dt +

⇒
a 2, t(t+θ)

⊥d
−→
W

σ(T )
t +

⇒
a 3, t(t+θ)

⊥d
−→
Z t

This volatility would naturally be associated to the sliding underlying, however this new no-
tion would not bring anything to our current focus, and besides we opted for a fully absolute
description of the underlying dynamics, as will be justified later in Section 5.1.3.3.

5.1.3.2 The (term structure) stochastic implied volatility model

All the arguments cited above, establishing the necessity to specify freely the dynamics of the
term structure of instantaneous volatility, under whichever measure we see fit, also apply to
the implied volatility surface. Ultimately, this approach all boils down to considering that
underlyings, volatilities and marginal distributions consist in associated but distinct dynamic
entities. Eventually, the choice of the measure used to describe the dynamics of any of these
should rest with the modeler.
As was the case in the single spot setup, we specify the dynamics of the implied volatility as :





dΣ̃t(y, θ) = b̃t(y, θ) dt+
−→̃
ν t(y, θ)

⊥d
−→
W

Σ̃(θ)
t +

−→̃
n t(T )⊥d

−→
Z t(5.1.13)

with

d
−→
W

Σ̃(θ)
t

△
= d

−→
W t −

−→̃
λ Σ̃

t (θ) dt

where θ and y are respectively defined by (5.1.7) and (5.1.8).

5Meaning −→a 1,t(T ),
⇒
a 2,t(T ),

⇒
a 3,t(T ),

⇛
a22,t(T ) and all subsequent offspring.

6With the tensorial family
⇛
a22,t(T )
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We note that there is little difference with the single-asset case. The term-dependency was
already present then, although its was brought solely by the option definition, and not the
underlying. As for the dimensionality of the drivers, the same remarks as in Section 5.1.3.1
apply when it comes to increasing the expansion order and the associated difficulties.

For further use we also introduce the trivial absolute notations :

−→
λ Σ

t (T )
△
=
−→̃
λ Σ̃

t (T − t) and d
−→
W

Σ(T )
t

△
= d

−→
W t −

−→
λ Σ

t (T ) dt

5.1.3.3 Comments and Comparison of the two models

It is noteworthy that the volatility dynamics under consideration are respectively absolute for
the instantaneous volatility, and sliding for the implied volatility. This feature is in fact non-
binding, and the reason for this choice of presentation is to simplify the task of end-users in
general, and modelers/practitioners in particular. Indeed, practical models (as seen through the
dynamics of the underlying assets) are usually specified in absolute terms, as is the case for the
Libor and Swap Market Models. Whereas implied volatility surfaces are usually observed and
modeled as ”sticky”, meaning that their shape ”moves along” with the underlying and with
time. Consequently these surfaces are usually better represented in sliding terms.
Conversely, one could argue that, on one hand, the quality of re-calibration is better assessed
by observing the stationarity of the parametrization (i.e. in sliding terms for the underlying),
in particular the term-structure of volatility. And that, on the other hand, hedging instruments
are usually available only in absolute terms : the liquid strikes are fixed !
All these different focuses are actually honored throughout this study, since the transitions
between sliding and absolute dynamics are explicitly expressed in the course of the proofs.

Arguably, the level of abstraction and generalisation adopted in this setup is high and subjective,
especially the allowance for endogenous driver disalignment. in consequence it appears desirable
to justify these choices by expressing the rationale that underpins them.
As for selecting a distinct endogenous driver for the volatilities in (5.1.9) and (5.1.13), it is
obviously equivalent to keeping a QN(T )-Wiener process and altering the drifts. For instance,
we could trivially re-express (5.1.9) as

d−→σ t(T ) =
[−→a 1,t(T ) +

⇒
a 2,t(T )

(−→
λ N

t (T )−−→λ σ
t (T )

)]
dt+

⇒
a 2,t(T ) d

−→
W

N(T )
t +

⇒
a 3,t(T ) d

−→
Z t

But modifying the drift coefficient in such a fashion might prove counter-productive in the long
term. Indeed, the nature of the chaos expansion we use implies that, as the expansion order
increases, eventually we will have to compute the dynamics of the finite variation term above.
And unfortunately, we know from Part I that the complexity of the coefficients tend to increase
exponentially with each level.
This remark applies in particular to LMM models, where it might be tempting to express all
dynamics under a single, non-maturity-dependent measure, such as the terminal measure. The
repercussions on the drifts of the remaining FL rates are well-known (see [BM06] for instance)
so that the resulting diffusions are quite involved and difficult to simulate precisely. Although
there is some sense in describing the FL rates dynamics under the measure associated to one of
them, the rationale of using that same measure on the volatility dynamics is far less convincing.
Besides, computing the dynamics of the consequent drifts would prove very tedious indeed, and
increase the compuation risk.
The bottom line is that complexifying either the drift or the measure is - as usual - a matter of
choice. Again, our approach is to allow maximum flexibility to the end users of our study, and
to enable them to match their model to our notations with minimum work on their part (and
therefore a reduced risk of error).
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Beyond such concern for end-user usefulness and practicality, let us remind ourselves that one
objective of the method is to provide (an approximation of) the joint dynamics of all points
on the implied volatility surface. Considering for instance the Caplet smile, the choice of the
(T +δ)-forward neutral measure is a must in order to obtain term-by-term martingale dynamics,
but it is dictated by the very definition of the underlying, the Forward Libor rate. When it comes
to representing the dynamics of the volatilities (either instantaneous or implied), there is no such
unique and obvious choice for a pertinent measure.
This flexibility we allow, however, can not go without consequences. Any endogenous driver
disalignment will a priori generate additional terms in most results thereafter, as will be observed
and discussed in Section 5.3.

Playing the devil’s advocate, the next logical question is therefore : ”could we have gone further,
and chosen another new measure for the endogenous driver of further coefficients, such as

⇒
a 2,t(T )

for instance ?” In principle, the answer is yes, and the added complexity would have been
manageable at this stage (Layer 1). But the interest of doing so would have been moot at best.
Firstly because in practice there is no market (yet !) for the term structure of ”volatility of
volatility”, the dynamics of the skew or the dynamics of the curvature, which are the main
quantities affected by

⇒
a 2,t(T ).

Also because one of the aims of this Chapter is to demonstrate the mechanisms of the method in
the maturity-dependent framework, and to underline the differences with the single underlying
framework of Part I. In that perspective, the effects of endogenous driver disalignment will seem
very clear at this level of generality.
Last but not least, it happens that current published interest rates models are relatively limited
and unambitious when it comes to volatility specification7.
In order to match as closely as possible the configuration of the most popular IR models, in
particular the various local/stochastic volatility versions of the LMM, as well as for the reader’s
convenience, we will provide whenever useful a simplified, ”aligned” version of our results by
taking

−→
λ σ

t (T ) ≡ −→λ N
t (T ) ≡

−→̃
λ Σ̃

t (t + θ)

5.1.3.4 Several technical assumptions

Before proceeding with the proof, we introduce technical, positivity assumptions that will facil-
itate our computations. Respectively,

Assumption 5.1

Almost surely, Xt(T ) > 0 ∀(t, T ) ∈ R+ 2

Assumption 5.2

Almost surely, ‖−→σ t(T )‖ > 0, ∀(t, T ) ∈ R+2

Assumption 5.3

Almost surely, Σ̃(t, y, θ) > 0 ∀(t, y, θ) ∈ R+ ×R× R+ ∗

Note that the same comments as in Remark 1.2 p. 28 still hold, underlining the non-binding
character of these assumptions. They mainly consist in realistic limitations aimed at simplifying
the coming calculus.

7Which is coherent with the illiquidity of the IR volatility market. At the time of writing, ”vol bonds”, ”vol
swaps” or ”vol caps” are certainly not vanilla products and even less advertised as such.



5.2. DERIVATION OF THE ZERO-DRIFT CONDITIONS 267

5.1.4 The objectives

Drawing a parallel with the single underlying case, we aim at relating the value and dynamics
of two distinct volatility processes : on one hand, the (vectorial) instantaneous volatility −→σ t(T )
of the underlying family, and on the other hand the sliding implied volatility surface Σ̃t(y, θ) of
the vanilla options. The parallel with Part I stops here though, for two reasons. Firstly because
−→σ t(T ) is not of scalar nature any more, but a mapping of R+ into Rn. And second because the
signification of Σ̃t(y, θ) - albeit not its dimensionality - has changed : to every maturity is now
associated a different underlying.
Modestly, we do not seek exact relationships valid on the whole field (y, θ). Instead we will be
content with approximations, provided the error can be controlled and asymptotically vanish.
We will see that we attain our goal by linking, on one hand the chaos decomposition of −→σ t

with its T -differentials (all taken in T = t) and on the other hand Σ̃t with its cross y- and
θ-differentials (all taken in (y = 0, θ = 0)).
As for vocabulary, the process of extracting information about the (term structure of) instanta-
neous volatility from the input of the implied volatility will still be called the ”inverse” problem
(the theoretical calibration issue). And reciprocally, infering some information about the implied
volatility given the instantaneous volatility will again be called the ”direct” problem.
But in contrast to the single asset case, we will see that the inverse problem is under-determined
in the general case. Therefore the usual calibration method, which consists of a series of direct
(model to smile) procedures8 seems now to be not another, but the (only) sensible alternative.

5.2 Derivation of the zero-drift conditions

We embark now onto establishing the fundamental element of the method, namely the PDE
linking the shape and dynamics of the implied volatility mapping with the term structure of
instantaneous volatility, across the whole space (y, θ). From this Zero-drift Condition we then
also derive an Immediate version valid in small time (i.e. when θ ց 0).
The mehodology we employ is straightforward and follows in the steps of Section 1.2, with the
exception of the benign Lemma 5.1 that we cover shortly afterwards and which expresses the
dynamics of the sliding underlying.

5.2.1 The main Zero-Drift Condition

For ease of presentation, we will thereafter allocate specific notations to the two relevant argu-
ment sets, used respectively for the implied volatility surface and the Black function :

(†) △
= (Xt(T ), T,K) and (‡) △

=
(
Xt(T ),K,Σt(Xt(T ), T,K).

√
T − t

)

Let us first establish some intermediate results, starting with the above-mentioned dynamics of
the sliding asset and of the absolute implied volatility. For convenience, we elect to express these

SDEs using the risk-neutral driver
−→
W t but this technical detail is irrelevant for the sequel. Our

further aim is indeed to provide an expression (the deflated call dynamics) which happens to
structurally combine several distinct drivers. It makes practical sense, then, to cast all dynamics
beforehand under a single measure, if only to clarify the computations. We arbitrarily chose
this common measure as Q, but again this is completely insignificant in the wider picture.

8Determined via a trial-and-error method or a more complex optimisation routine. These optimisation proce-
dures are typically non-trivial because the ”market error” value function is a priori non-convex w.r.t. the model
parameters.
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Lemma 5.1 (Dynamics of the absolute implied volatility surface in the TS framework)
Using the risk-neutral driver, the dynamics of the sliding underlying come simply as :

dX̃t(θ) =

[
∂X̃t

∂θ
(θ)− X̃t(θ)

−→σ t(t+ θ)T
⊥−→
λ N

t (t + θ)

]
dt+ X̃t(θ)

−→σ t(t + θ)⊥d
−→
W t(5.2.14)

while the dynamics of the absolute implied volatility are expressed as :

dΣt(†) = b(†) dt +−→ν (†)⊥d−→W t +−→n (†)⊥d−→Z t(5.2.15)

with

b(†) = b1(†) + b2(†)(5.2.16)

b1(†) = b̃(◦)− Σ̃
′

θ(◦)− Σ̃
′

y(◦) X̃
′

θ

X̃
(t, θ)−−→̃ν ′

y(◦)⊥−→σ t(t + θ)(5.2.17)

+ 1
2

[
Σ̃

′

y(◦) + Σ̃
′′

yy(◦)
]
‖−→σ t(t+ θ)‖2

b2(†) = −−→̃ν (◦)⊥
−→̃
λ Σ̃

t (θ) + Σ̃
′

y(◦) −→σ t(t+ θ)⊥
−→
λ N

t (t+ θ)(5.2.18)

−→ν (†) =
−→̃
ν (◦)− Σ̃

′

y(◦) −→σ t(t + θ)(5.2.19)

−→n (†) =
−→̃
n (◦)(5.2.20)

We remark straight away that our simple change of coordinates, from absolute to sliding, has
already generated several new and interesting terms. Comparing (5.2.15) above with its coun-
terpart (1.2.16) [p.29] in the single-underlying case, we note that concerning the drift

◮ In (5.2.17) all terms are the natural equivalents of the scalar case, with the exception of

Σ̃
′

y(◦) X̃
′

θ

X̃
(t, θ)

which accounts for the change in implied volatility due to a switch in the actual underlying,
itself caused by a move along the θ axis. This quantity is called the slope compensation
term and will be discusses in more detail p. 271.

◮ In (5.2.18) all the terms are new, since the numeraire and measure aspect is now not only
explicit but maturity-dependent. Also, should we align the endogenous measures for the
underlying and the implied volatility, we would then have

b2(†) ⇒
−→

λ̃
Σ̃
t ≡−→

λ
N
t

−
[−→̃
ν (◦)− Σ̃

′

y(◦) −→σ t(t+ θ)
]⊥−→

λ N
t (t+ θ) = −−→ν (†)⊥−→λ N

t (t + θ)

and therefore the dynamics of the absolute implied volatility would simply be written as

dΣt(†) = b1(†) dt + −→ν (†)⊥d−→WN(T )
t + −→n (†)⊥d−→Z t
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Proof.
Let us start with dynamics of the sliding underlying X̃t(θ). Having defined the dynamics of the
absolute underlying as

dXt(T ) = Xt(T ) −→σ t(T )⊥
[
d
−→
W t −

−→
λ N

t (T ) dt
]

those of the sliding version come as

dX̃t(θ) = dXt(t + θ)

=

[
∂Xt

∂T
(t + θ)−Xt(t+ θ) −→σ t(t+ θ)⊥

−→
λ N

t (t+ θ)

]
dt+Xt(t+ θ) −→σ t(t+ θ)⊥d

−→
W t

Therefore re-expressing with the sliding underlying yields :

dX̃t(θ) =

[
∂X̃t

∂θ
(θ)− X̃t(θ)

−→σ t(t + θ)⊥
−→
λ N

t (t + θ)

]
dt+ X̃t(θ)

−→σ t(t + θ)⊥d
−→
W t

which proves (5.2.14). We can now move on to the dynamics of the absolute implied volatility.
Starting with the dynamics of the sliding implied volatility function Σ̃, we can use the Itô-Kunita
formula (Theorem A.1) by selecting

−→α t ←−
[
L̃δ(t, θ)

θ

]

We obtain, denoting again (◦) △
= (t, y, θ) :

dΣt (Xt(T ), T,K) = dΣ̃
(
t, ln

(
K / X̃t(θ)

)
, θ
)

= b̃(◦)dt +
−→̃
ν (◦)⊥

[
d
−→
W t −

−→̃
λ Σ̃

t (θ) dt

]
+
−→̃
n (◦)⊥d−→Z t −

Σ̃
′

y(◦)
X̃t(θ)

dX̃t(θ) + Σ̃
′

θ(◦)dθ

+
1

2 X̃t
2

(θ)

[
Σ̃

′

y(◦) + Σ̃
′′

yy(◦)
]
d〈X̃t(θ)〉 −

1

X̃t(θ)

−→̃
ν

′

y(◦)⊥
[
X̃t(θ)

−→σ t(t + θ)
]
dt

= b̃(◦) dt −−→̃ν (◦)⊥
−→̃
λ Σ̃

t (θ) dt +
−→̃
ν (◦)⊥d−→W t +

−→̃
n (◦)⊥d−→Z t

−
Σ̃

′

y(◦)
X̃t(θ)

[
∂X̃t

∂θ
(θ) − X̃t(θ)

−→σ t(t + θ)⊥
−→
λ N

t (T )

]
dt − Σ̃

′

y(◦) −→σ t(t+ θ)⊥d
−→
W t

−Σ̃
′

θ(◦)dt + 1
2

[
Σ̃

′

y(◦) + Σ̃
′′

yy(◦)
]
‖−→σ t(t + θ)‖2dt −−→̃ν ′

y(◦)⊥−→σ t(t+ θ)dt

Finally regrouping the finite and non-finite variation terms provides (5.2.15)-(5.2.16)-(5.2.19)-
(5.2.20) and concludes the proof.

Having expressed the dynamics of the absolute implied volatility Σt (Xt(T ), T,K) now allows us
to develop our main result, the Main Zero-Drift Condition.
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Proposition 5.1 (Zero Drift Condition in the generic Term Structure framework)
The shape and dynamics functionals specifying the sliding implied volatility model (5.1.3)-(5.1.1)-
(5.1.2)-(5.1.13) are constrained by arbitrage. Specifically, in the generic point (◦) = (t, y, θ) ∈
R+ × R× R+ ∗

the drift must satisfy the following Main Zero-Drift Condition :

Σ̃3(◦) b̃(◦) = θ D(◦) + E(◦) +
1

θ
F (◦)(5.2.21)

with

D(◦) =
1

8
Σ̃4(◦)

[
‖−→̃ν (◦) − Σ̃

′

y(◦)−→σ t(t+θ)‖2 + ‖−→̃n (◦)‖2
]

Σ̃−3E(◦) = Σ̃
′

θ(◦)− 1
2Σ̃

′′

yy(◦)‖−→σ t(t+θ)‖2 − 1
2

−→̃
ν (◦)⊥−→σ t(t+θ) +

−→̃
ν

′

y(◦)
⊥−→σ t(t+θ)

+Σ̃
′

y(◦)X̃
′

θ

X̃
(t, θ)

︸ ︷︷ ︸
I(◦)

+
−→̃
ν (◦)⊥

[−→̃
λ Σ̃

t (θ)−−→λN
t (t + θ)

]

︸ ︷︷ ︸
K(◦)

(5.2.22)

F (◦) =
1

2
Σ̃4(◦) − 1

2
Σ̃2(◦) ‖−→σ t(t+θ)‖2 − y Σ̃(◦) −→σ t(t+θ)

⊥
[−→̃
ν (◦)− Σ̃

′

y(◦)−→σ t(t+θ)
]

− 1

2
y2
[
‖−→̃ν (◦)− Σ̃

′

y(◦)−→σ t(t+θ)‖2 + ‖−→̃n (◦)‖2
]

(5.2.23)

Remark that this term-structure, multi-dimensional expression matches the single-underlying
formulae, whether scalar (1.2.18) [p.30] or multi-dimensional (2.3.44) [p.124], except for terms
I(◦) and K(◦) appearing in expression (5.2.22) for E(◦). Note also that the self-consistency of
term I(◦) is ensured by using the sliding ratio X̃

′

θX̃
−1(t, θ), which is simply equal to the absolute

quantity X
′

TX
−1(t, T ).

The first natural step is clearly to compare this new ZDC (5.2.21) established in the term
structure framework, to its equivalents (1.2.18) and (2.3.44) in the single underlying environment.

Similitudes with the single-underlying case

First of all, is this new result consistent with the previous, simpler formulas? Indeed, the
single asset case can easily be seen as a subset of the current framework : it suffices to ignore
all dimensionality (only for the scalar case) and maturity-dependence (in both cases) in the
underlying and in its instantaneous volatility, and then to align all endogenous drivers. Applying
these reductions produces, thankfully, precisely the single-underlying ZDCs.
Drawing a parallel with Part I, we can identify and interpret easily some quantities of interest.

We draw first the now familiar term
−→̃
ν (◦) − Σ̃

′

y(◦)−→σ t(t+θ) which is present in D and F , and
nothing else than −→ν , the endogenous coefficient of the absolute smile Σ. Again, it is easy to see
that its second part is compensating the change in log-moneyness induced by the underlying’s
movement.
It comes immediately that the term ‖−→̃ν (◦)− Σ̃

′

y(◦)−→σ t(t+θ)‖2 +‖−→̃n (◦)‖2 which constitutes most
of the D(t, y, θ) expression, and is also present in F (t, y, θ), represents exactly the quadratic
variation of the absolute implied volatility Σ : again this property is transferred seamlessly from
the single underlying case.
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Analysis of the new terms

It seems therefore that the real novelty about this equation resides in the underlined terms
I(◦) and K(◦) in (5.2.22), which account respectively for the term structure of the underlying
collection, and for the specification of measures used in the dynamics of the different volatility
maps.

Starting with term K(◦), we realize that it could have been already present in the single-asset
case, albeit without the maturity dependence. This is where we observe the impact of the
simplification choices we made in Part I, in order then to match closely the specification of
popular single-asset stochastic volatility models. Specifically, the fact that we elected to express
the dynamics of the volatility with the same endogenous driver as the asset were effectively
”hiding” the possible misalignment. Again, mathematically the expressions are just as valid and
general, since the volatility drift a1,t can be made to contain that information. But in terms of
modeling, in particular when it comes to specifying the volatility risk premiums, the spirit is
noticeably different.

Let us now turn to the more structural term I(t, y, θ), which was introduced into the implied
volatility dynamics by the change from absolute to sliding coordinates, as described by (5.2.15)
and in particular (5.2.17) [p.268]. This brand new quantity within the parametric process E(◦)
can in fact be re-expressed in several ways, each leading to a distinct interpretation :

◮ As a first attempt, we can change all quantities to their absolute counterparts by using
(B.0.1) and hence obtain

I(t, y, θ) = Σ̃
′

y(t, y, θ)
X̃

′

θ

X̃
(t, θ) = −Xt(T ) ∂XΣt (Xt(T ), T,K)

∂TXt(T )

Xt(T )

= −∂XΣt (Xt(T ), T,K) ∂TXt(T )

Then, noticing that the slope Σ̃
′

θ(◦) also appears in the same term E(◦), we can legitimately

group them together and argue that their sum Σ̃
′

θ(◦)+I(◦) represents the total variation in
implied volatility due to an infinitesimal step in time-to-maturity θ (or maturity T , which
are both parameters), but compensated for the associated ”slide” of the underlying. In
other words, it represents the slope as if the underlying were static as opposed to maturity-
dependent.
The fact that we are in fact changing asset will at the first order generate a change in
the level of the implied volatility, in proportion to the local ”delta” Σ

′

X of the implied
volatility surface. This situation is somewhat similar to what we have already observed
above for the coefficient −→ν and in the single underlying environment : the movements
in the absolute implied volatility Σ, for a given strike/expiry, were a combination of the
dynamics of Σ̃, the sliding implied volatility, and of the movements of both time and the
underlying St. Simply because a movement of the underlying automatically reposition a
given strike somewhere else on the y axis.
In other words, this corrective or compensation term can be interpreted as the deterministic
change in the sliding implied volatility, generated by the asset ”riding down” the maturity
curve. Besides, we happen to know that the local ”delta” of the implied volatility Σ

′

X

is strongly linked to its local skew Σ
′

K . This is easily spotted, in particular for at-the-
money options within pure local volatility models, as discussed for instance in [HKLW02].
Therefore, in the case of a Caplet smile for instance, the combination of a skewed implied
volatility surface with a non-flat forward rate curve will meachanically generate by itself
some deterministic dynamics in the smile.
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◮ On a different tack, we can also re-express term I(t, y, θ), for any positive constant λ, as :

I (t, y, θ) = Σ̃
′

y(t, y, θ)
X̃

′

θ

X̃
(t, θ) = Σ̃

′

y(t, y, θ) ∂θ ln
[
λ X̃ (t, θ)

]
(5.2.24)

= Σ̃
′

y(t, y, θ) ∂T ln [ λ X (t, T ) ]

Therefore, if by any chance X (t, T ) were to represent Bt(T, T + δ), denoting as usual the
t-value of the forward zero-coupon for the priod [T, T + δ], then with λ = 1 we would have

I (t, y, θ) = −Σ̃
′

y(t, y, θ) ∂T [(T − t) Lt(T, T + δ)] = − Σ̃
′

y(t, y, θ) ∂T

[∫ T+δ

T
ft(s)ds

]

= −Σ̃
′

y(t, y, θ) [ ft(T + δ)− ft(T ) ]

where Lt(T, T + δ) denotes the linear (Libor) forward rate, and ft(T ) the instantaneous
forward rate. Recall that in this configuration Σ̃ represents the (hypothetical) δ-period
ZC option (sliding) smile, which we can effectively link to Bond options with the same
frequency. In summary, we can consider that we have roughly expressed term Iθ as a
product of the Bond options skew and the slope of the yield curve.

In light of the two interpretations above, we shall call Iθ the ”slope compensation” term.

Proof. of Proposition 5.1
We know that

Vt(Xt(T ), T,K)

Nt(T )
= CBS

(
Xt(T ),K,Σt(Xt(T ), T,K).

√
T − t

)
(5.2.25)

is martingale under QN(T ), since both numerator and denominator are traded assets. We can
therefore apply Itô’s Lemma to the functional on the right-hand side in order to obtain :

d

[
Vt(Xt(T ), T,K)

Nt(T )

]
= CBS′

f (‡) dXt(T ) + 1
2C

BS′′

vv (‡)θ〈dΣt(†)〉+ 1
2C

BS′′

ff (‡)〈dXt(T )〉

+CBS′

v (‡)
[√

θdΣt(†)−
Σt(†)
2
√
θ
dt

]
+ CBS′′

fv (‡)
√
θ〈dXt(T ), dΣt(†)〉(5.2.26)

Using the Black function differentials specified in Appendix C, this result becomes :

d

[
Vt(Xt(T ), T,K)

Nt(T )

]
= N (d1)

[
−Xt(T ) −→σ t(T )

⊥−→
λ N

t (T ) dt+Xt(T ) −→σ t(T )
⊥
d
−→
W t

]

+1
2

√
θXt(T )Σ(†)N ′

(d1)

[
1

Σ(†) 4 θ2
ln2
(

K

Xt(T )

)
− 1

4

]
θ
[
‖−→ν (†)‖2 + ‖−→n (†)‖2

]
dt

+1
2

N ′
(d1)

Xt(T )Σ(†)
√
θ
Xt(T )2 ‖−→σ t(T )‖2 dt

+Xt(T )N ′

(d1)

[√
θ
(
b(†) dt + −→ν (†)⊥ d−→W t + −→n (†)⊥ d−→Z t

)
− Σ(†)

2
√
θ
dt

]

+N ′

(d1)

[
1

Σ(†)2 θ
ln

(
K

Xt(T )

)
+ 1

2

]√
θ Xt(T )−→σ t(T )⊥−→ν (†) dt

with

d1 =
1√
θΣ(†)

ln

(
Xt(T )

K

)
+ 1

2

√
θΣ(†) =

−y√
θ Σ(†)

+ 1
2

√
θ Σ(†)
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Note that this expression is well-defined since we are considering θ > 0 and also making
Assumption 5.3. We can re-write after Itô decomposition :

d

[
Vt(†)
Nt(T )

]
= A(†) dt+

−→
B (†)⊥d−→W t +

−→
C (†)⊥d−→Z t

with




A(†) = −N (d1)Xt(T ) −→σ t(T )
⊥−→
λ N

t (T ) + 1
2N

′

(d1)θ
3
2Xt(T )Σ(†)

[
y2

Σ(†) 4 θ2
− 1

4

] [
‖−→ν (†)‖2 + ‖−→n (†)‖2

]

+N ′

(d1)
Xt(T )‖−→σ t(T )‖2

2Σ(†)
√
θ

+N ′

(d1)
√
θXt(T )b(†) −N ′

(d1)
Xt(T )Σ(†)

2
√
θ

+N ′

(d1)
√
θXt(T )

[
y

Σ(†) 2 θ
+ 1

2

]
−→σ t(T )⊥−→ν (†)

−→
B (†) = N (d1)Xt(T )−→σ t(T ) +N ′

(d1)
√
θXt(T )−→ν (†)

−→
C (†) = N ′

(d1)
√
θXt(T )−→n (†)

which becomes, after changing the reference measure to QN(T ) :

(5.2.27) d

[
Vt(†)
Nt(T )

]
= A(†) dt+

−→
B (†)⊥

[
d
−→
W

N(T )
t +

−→
λ N

t (T ) dt
]

+
−→
C (†)⊥d−→Z t

The martingale property (5.2.25) is therefore expressed as :

0 = A(†) +
−→
B (†)⊥−→λ N

t (T )

which we develop into :

0 = −N (d1)Xt(T ) −→σ t(T )
⊥−→
λ N

t (T ) + 1
2N

′

(d1)θ
3
2Xt(T )Σ(†)

[
y2

Σ4 (†)θ2 −
1

4

] [
‖−→ν ‖2(†) + ‖−→n ‖2(†)

]

+N ′

(d1)
Xt(T )‖−→σ t(T )‖2

2Σ(†)
√
θ

+N ′

(d1)
√
θXt(T )b(†) −N ′

(d1)
Xt(T )Σ(†)

2
√
θ

+N ′

(d1)
√
θXt(T )

(
y

Σ2 (†)θ + 1
2

)
−→σ t(T )⊥−→ν (†) +N (d1)Xt(T )−→σ t(T )⊥

−→
λ N

t (T )

+N ′

(d1)
√
θXt(T )−→ν (†)⊥−→λ N

t (T )

Observing that (trivially) N ′
(d1) > 0, using Assumption 5.1 and remembering that we are

only considering strictly positive θ, we can divide both sides by
√
θ Xt(T ) N ′

(d1) > 0 and thus
simplify into :

0 = 1
2θΣ(†)

[
y2

Σ4 (†)θ2 −
1

4

] [
‖−→ν (†)‖2 + ‖−→n (†)‖2

]
+
‖−→σ t(T )‖2

2Σ(†)θ + b(†)

−Σ(†)
2θ

+

(
y

Σ2 (†)θ + 1
2

)
−→σ t(T )⊥−→ν (†) +−→ν (†)⊥−→λ N

t (T )
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We can now replace absolute quantities with their sliding counterparts according to (5.2.16),
(5.2.19) and (5.2.20). Omitting the argument (t, y, θ) for clarity, we get

0 = 1
2θΣ̃

[
y2

Σ̃
4
θ2
− 1

4

] [
‖−→̃ν − Σ̃

′

y
−→σ t(t+ θ)‖2 + ‖−→̃n ‖2

]
+
‖−→σ t(t+ θ)‖2

2Σ̃θ
+ b̃− Σ̃

′

θ −
−→̃
ν ⊥
−→̃
λ Σ̃

t (θ)

+Σ̃
′

y

[
−→σ t(t+ θ)⊥

−→
λ N

t (t+ θ)− X̃
′

θ

X̃
(t, θ)

]
+ 1

2

[
Σ̃

′′

yy + Σ̃
′

y

]
‖−→σ t(t+ θ)‖2 − −→̃ν ′

y

⊥−→σ t(t+ θ)− Σ̃

2 θ

+

(
y

Σ̃
2
θ

+ 1
2

)
−→σ t(t + θ)⊥

(−→̃
ν − Σ̃

′

y
−→σ t(t + θ)

)
+
(−→̃
ν − Σ̃

′

y
−→σ t(t+ θ)

)⊥−→
λ N

t (t+ θ)

which after simplification leads to :

0 = 1
2Σ̃

[
y2

Σ̃
4
θ
− θ

4

] [
‖−→̃ν − Σ̃

′

y
−→σ t(t+ θ)‖2 + ‖−→̃n ‖2

]
+
‖−→σ t(t+ θ)‖2

2Σ̃θ
+ b̃− Σ̃

′

θ − Σ̃
′

y

X̃
′

θ

X̃
(t, θ)

+1
2

[
Σ̃

′′

yy + Σ̃
′

y

]
‖−→σ t(t + θ)‖2 − −→̃ν ′

y

⊥−→σ t(t+ θ)− Σ̃

2 θ
+
−→̃
ν ⊥

[−→
λ N

t (t+ θ)−
−→̃
λ Σ̃

t (θ)

]

+

(
y

Σ̃
2
θ

+ 1
2

)
−→σ t(t+ θ)⊥

(−→̃
ν − Σ̃

′

y
−→σ t(t+ θ)

)

Finally, arranging the terms according to the power of θ, we get, still in (◦) = (t, y, θ) :

b̃(◦) = θ D∗(◦) + E∗(◦) +
1

θ
F ∗(◦)

with

D∗(◦) =
Σ̃(◦)

8

[
‖−→̃ν (◦)− Σ̃

′

y(◦)−→σ t(t+θ)‖2 + ‖−→̃n (◦)‖2
]

and E∗(◦) = Σ̃
′

θ(◦) + Σ̃
′

y(◦)X̃
′

θ

X̃
(t, θ)− 1

2

[
Σ̃

′′

yy(◦) + Σ̃
′

y(◦)
]
‖−→σ t(t+θ)‖2 +

−→̃
ν

′

y(◦)
⊥−→σ t(t+θ)

− 1
2
−→σ t(t+θ)

⊥
(−→̃
ν (◦)− Σ̃

′

y(◦)−→σ t(t+θ)
)

+
−→̃
ν ⊥

[−→̃
λ Σ̃

t (θ)−−→λ N
t (t + θ)

]

= Σ̃
′

θ(◦)− 1
2Σ̃

′′

yy(◦)‖−→σ t(t+θ)‖2 − 1
2

−→̃
ν (◦)⊥−→σ t(t+θ) +

−→̃
ν

′

y(◦)
⊥−→σ t(t+θ)

+ Σ̃
′

y

X̃
′

θ

X̃
(t, θ) +

−→̃
ν ⊥

[−→̃
λ Σ̃

t (θ)−−→λ N
t (t + θ)

]

and F ∗(◦) = −‖
−→σ t(t+θ)‖2

2Σ̃
+ 1

2 Σ̃−
[

y

Σ̃
2

(◦)

]
−→σ t(t+θ)

⊥
[−→̃
ν (◦) − Σ̃

′

y(◦)−→σ t(t+θ)
]

− y2

2 Σ̃(◦) 3
[
‖−→̃ν (◦)− Σ̃

′

y(◦)−→σ t(t+θ)‖2 + ‖−→̃n (◦)‖2
]

which, after rescaling by Σ̃3(t, y, θ), concludes the proof.
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5.2.2 The Immediate Zero Drift Condition

Let us now focus on the immediate smile. An important point to observe is that in doing so, we
are effectively considering a single asset, the immediate underlying X̃(0). If θ represented the
maturity of a forward quantity, for instance if X̃(θ) were a forward rate of a given period/tenor,
then X̃(0) would simply be the spot rate for that same period/tenor.
As previously done in Part I, we now introduce some sufficient regularity assumptions :

Assumption 5.4 (Immediate regularity)
The following processes

i) Σ̃ Σ̃
′

θ Σ̃
′

y Σ̃
′′

yy b̃
−→̃
ν
−→̃
ν

′

y

−→̃
n

ii) X̃ X̃
′

θ

iii) −→σ −→
λ N

−→̃
λ Σ̃

admit a finite (stochastic) limit when θ ց 0, respectively in (t, y, θ) for group i), (t, θ) for pair ii)
and (t, t+ θ) for group iii). Moreover, we denote these limits by using the extended arguments,
respectively (t, y, 0), (t, 0) and (t, t).

Note that for simplicity reasons these assumptions have been chosen strong, sufficient but not

all necessary. For instance the existence of individual limits for
−→
λ N and

−→̃
λ Σ̃ is not needed : in

practice the proof only requires their difference
−→
λ N −

−→̃
λ Σ̃ to admit a limit in θ = 0. We can

now move on to the result, the Immediate Zero-Drift Condition :

Corollary 5.1 (Immediate Zero Drift Conditions in the Term Structure framework)
In the generic immediate domain (•) △

= (t, y, 0), we can link the local shape and dynamics of the
implied volatility to the immediate instantaneous volatility with the two following and equivalent
Immediate Zero Drift Conditions (IZDCs) :

◮ The Primary IZDC :

F (•) = 0 = Σ̃2(•)
[
‖−→σ t(t)‖2 − Σ̃2(•)

]
+ 2 y Σ̃(•) −→σ t(t)

⊥
[−→̃
ν (•)− Σ̃

′

y(•)−→σ t(t)
]

+ y2
[
‖−→̃ν (•)− Σ̃

′

y(•)−→σ t(t)‖2 + ‖−→̃n (•)‖2
]

(5.2.28)

◮ The Secondary IZDC :

Σ̃3(t, y, 0) b̃(t, y, 0) = E(t, y, 0) + F
′

θ(t, y, 0)(5.2.29)

Remark 5.3
Note that, similarly to what was observed in the single-asset case with remark 1.3 p. 275, it is
the Secondary IZDC which corresponds to the ZDC taken into the immediate domain (t, y, 0),
and which represents its true asymptotics. From that angle, the Primary IZDC consists rather
in a useful and compact consequence of the structural result.
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Proof.
As done in Part I, let us denote the immediate argument (•) = (t, y, 0). The Assumption set 5.4
implies that the processes D, E, and F all admit, pointwise in y and a.s. in w, individual finite
limits in (•). In light of the general zero-drift condition (5.1), this means that term 1

θF (t, y, θ)
converges to a finite limit. In turn, this implies that necessarily

lim
θց0

F (t, y, θ) = 0

and imposes a lower bound on the convergence speed (”faster than θ”). Then invoking (5.2.23)
which defines term F (t, y, θ), we get

0 =
1

2
‖−→σ t(t)‖2 Σ̃2(•) − 1

2
Σ̃4(•) + y Σ̃(•) −→σ t(t)

⊥
[−→̃
ν (•)− Σ̃

′

y(•)−→σ t(t)
]

(5.2.30)

+
1

2
y2
[
‖−→̃ν (•)− Σ̃

′

y(•)−→σ t(t)‖2 + ‖−→̃n (•)‖2
]

which provides immediately the Primary IZDC (5.2.28). In turn, using a simple Taylor expansion
we obtain

F (t, y, θ) = F (t, y, 0) + θ F
′

θ(t, y, 0) + O(θ2) = θ F
′

θ(t, y, 0) + O(θ2)(5.2.31)

alternatively, using L’Hopital’s rule :

lim
θց0

1

θ
F (t, y, θ) = F

′

θ(t, y, 0)(5.2.32)

The main ZDC (5.1) can therefore be rewritten in the general domain as

Σ̃3(◦) b(◦) = θ D(t, y, θ) + E(t, y, θ) + F
′

θ(t, y, 0) + O(θ)

It suffices then to invoke the regularity conditions of Assumption 5.4 to take the limit of that
expression in θ = 0 : we obtain the Secondary IZDC (5.2.29) which concludes the proof.

Again, our first natural move is to check the consistency of this equation with its counterpart
in the single underlying case.

Remark 5.4
This time round the comparison with the non-TS framework is straightforward. By removing
only the maturity dependency in the volatility structure we get the multifactor version (2.3.46)
p. 125, and by further ignoring the dimensionality we fall back onto our original IZDC (1.2.28)
p. 33. Note however that the instantaneous volatility being invoked is also ”immediate”, as
its maturity argument is t. Similarly, the log-moneyness y incorporates the immediate sliding
underlying X̃t(t).
But this time around, we do not have to contend with the slope compensation term Iθ or any
driver dis-alignment issue such as term Kθ. This is due to the fact that the IZDC only calls on
term F , and not on process E. In particular, the immediate numeraire Nt(t), associated to the
dynamics of the immediate sliding underlying X̃t(0), does not appear in the new IZDC.

In conclusion, looking at small-time quantities and dynamics tends to neutralize significantly the
term-structure aspect, at least without further differentiation. As we will see later, this property
will disappear at higher orders of precision (i.e.when further θ-differentiating the ZDC in order
to generate immediate ATM differentials of the smile).
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Still on the matter of interpreting and building our intuition, we present here a subjective
re-writing of the Primary Immediate Zero Drift Condition. The purpose of this syntax is to
underline the strong links between

◮ on one hand : the skew, the endogenous coefficient
−→̃
ν and the exogenous coefficient

−→̃
n

◮ and on the other hand the polynomial decomposition of the Immediate smile shape.

Let us reformulate the immediate (or small-time) zero-drift condition (5.2.28). First let us
recall that the endogenous coefficient of the absolute implied volatility appears in two instances,
according to (5.2.19) (268). We then modify the convention used to describe the dynamics of the
latter, and adopt a log-normal convention. We can then introduce the two log-normal absolute
coefficients :

−−→
ν LN =

−→ν
Σ

and
−−→
n LN =

−→n
Σ

The IZDC (5.2.28) can then be re-written as

0 = Σ̃2(•)
[
‖−→σ t(t)‖2 − Σ̃2(•)

]
+ 2 y Σ̃2(•) −→σ t(t)

⊥
−−→
ν LN (t,Xt(t),K)

+ y2 Σ̃2(•)
[
‖
−−→
ν LN
t (Xt(t), t,K)‖2 + ‖

−−→
n LN
t (Xt(t), t,K)‖2

]

Simplifying and reorganizing the expression we get eventually

Σ̃2(•) = ‖ −→σ t(t) + y .
−−→
ν LN (t,Xt(t),K) ‖2 + ‖ y .

−−→
n LN
t (Xt(t), t,K) ‖2

Reduced in such a way, the IZDC lends itself easily to interpretation. The static shape of the
immediate smile, hence a function of log-moneyness y (or equivalently of strike K), is the combi-
nation of two dynamic and orthogonal components, respectively purely endogenous and purely

exogenous. Furthermore, we observe that the log-normal dynamic coefficients
−→
νln and

−→
nlnt are

accounted for via their lognormal torque9, i.e. with a leverage of y = ln (K/Xt(t)). Besides, it
appears that on the right-hand side the y coordinate is only taken into account in conjunction
with the dynamics. In other words, both the endogenous and exogenous coefficient maps act as
relative volatilities compared to the IATM dynamics.

Besides the decomposition, it is interesting to note that the implied volatility appears through
its squared modulus. This is of course another way to present the aggregation of the directional
information into a scalar quantity. But this triviality underlines that, in a generic point (t, y, θ)
and when it comes to marginal distributions, the term of interest is usually more the total vari-
ance Σ̃2(t, y, θ) (T − t) than the ”baseline model” implied parameter Σ̃. However, having placed
ourselves in the immediate domain, we can ignore the time-to-maturity altogether.

Finally, although this re-expression is focused on the immediate smile, there is every reason to
believe that its principle extend to the rest of the (y, θ) field.

9a.k.a. ”moment” or ”couple”.
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5.2.3 The IATM Identity

Having been through the same progression in both the scalar and multi-dimensional single-
underlying cases, we can state the result without further ado.

Corollary 5.2 (The IATM Identity in a Term Structure Framework)

Let us consider the sliding implied volatility model defined by (5.1.1)-(5.1.2)-(5.1.3) and (5.1.13).
Then the static modulus of the (absolute) zero-expiry instantaneous stochastic volatility, defined
by (5.1.1)-(5.1.2)-(5.1.3) and (5.1.9), can be recovered from the implied volatility surface :

At the Immediate ATM (IATM) point (⋆) = (t, 0, 0) we have a.s.

‖ −→σ t(t) ‖ = Σ̃ (t, 0, 0)(5.2.33)

Proof.
Selecting y = 0 in the IZDC (5.2.30), we indeed recover from the Immediate ATM implied
volatility smile the modulus of the instantaneous volatility of the immediate asset Xt(t), which
proves the fundamental identity (5.2.33).

It is clear that the ”static” result (5.2.33) concerning the recovery of the instantaneous volatility
is entirely consistent with its single underlying counterpart (1.2.36) p. 35 and even more so
with its multi-dimensional version (2.3.48) p. 126. We underline two slight differences, however,
which arise from the very structure of the instantaneous volatility −→σ t(T ) :

◮ the multi-dimensionality implies that we can not recover the full information (meaning
each individual coordinate) on the volatility of the immediate underlying −→σ t(t), from the
Immediate ATM implied volatility Σ̃(t, y, 0). Indeed, the implied volatility is obviously
scalar, which in a sense ”aggregates” the directional information contained in the multi-
dimensional−→σ t(t). Hence the implied volatility appear to be blind to any sort of correlation
structure within our current underlying family or between the latter (or more precisely,

the immediate underlying) and any other process (even partially) driven by
−→
W t and

−→
Z t.

However this statement has to be mitigated by the knowledge of scalar products (5.3.34)
and (5.3.35), as will be discussed shortly.

◮ the dependence of the instantaneous volatility −→σ t(t+ θ) on the time-to-maturity θ means
that the information recovered only concerns the ”initial value” or ”level” of the map
θ → −→σ t(t + θ). In other terms, we are looking purely at the volatilities of the immedi-
ate underlying. How much this information tells us about the rest of the instantaneous
volatility structure is a matter of modeling. It remains that the objective of recovering
the whole map T → −→σ t(T ) is not attainable using only Theorem 5.1. As will be discussed
later on, it is possible to access all T -differentials of −→σ t(T ) taken in T = t, using inductive
θ-differentiation of the main ZDC (5.2.21). But in order for that information to provide
the whole of −→σ t(T ), we obviously need the later to be an analytic function of maturity
T , which excludes piecewise affine specifications. In conclusion, the limitations we had
w.r.t. the stationarity of smooth time-dependency of the model extend to the maturity
dependency.
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5.3 Recovering the instantaneous volatility

Our aim in this section is to tackle the inverse problem, which is to infer or recover information
about the stochastic instantaneous volatilities (seen as model parametric inputs) from the shape

Σ̃(t, y, θ) and from the dynamics
−→̃
ν (t, y, θ) and

−→̃
n (t, y, θ) of the implied volatility surface. By

”volatilities” we refer obviously to the underlyings’−→σ t(T ), but also possibly to the term structure

of volatility for the numeraire collection
−→
λ N

t (T ), as well as other risk premia used to define the
relevant measures.
In the end, it is only a matter of defining which elements of the model are given as inputs, and
which ones need to be solved for. We will see that, depending on the configuration, the problem
might be (partially) solvable or downright ill-defined.

Let us start by stating the main result, before commenting it and then presenting the proof.

5.3.1 Establishing the main result

Following the outline of Sections 1.3 and 2.3.3, let us first focus on the information inherent
to the Stochastic Implied Volatility model, without any connection yet to the Instantaneous
framework.

Proposition 5.2 (IATM arbitrage constraints of the SImpV model : first layer)
Let us consider a given stochastic sliding implied volatility model, as defined by (5.1.1)-(5.1.2)-
(5.1.3) and (5.1.13). Then its dynamic coefficients are locally constrained to satisfy, at the IATM
point (t, 0, 0) :

−→̃
ν (⋆)⊥−→σ t(t) = 2 Σ̃2 Σ̃

′

y(⋆)(5.3.34)

−→̃
ν

′

y(⋆)⊥−→σ t(t) =
3

2
Σ̃2 Σ̃

′′

yy(⋆) + 3 Σ̃(⋆) Σ̃
′

y

2
(⋆) −

[
‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2

]

2 Σ̃(⋆)
(5.3.35)

b̃(⋆) = 2 Σ̃
′

θ(⋆) − 1
2 Σ̃2Σ̃

′′

yy(⋆) − 1
2

−→̃
ν (⋆)⊥−→σ t(t) +

−→̃
ν

′

y(⋆)
⊥−→σ t(t)(5.3.36)

+I0 + J0 + K0︸ ︷︷ ︸
new TS terms

where the new terms, specific to the Term-Structure framework, come as

I0 = Σ̃
′

y(⋆)
X̃

′

θ

X̃
(t, 0) J0 = −

−→σ t(t)
⊥ −→σ ′

T (t, t)

‖−→σ t(t)‖
K0 =

−→̃
ν (⋆)⊥

[−→̃
λ Σ̃

t (0) −−→λ N
t (t)

]

Note that, similarly to the remark made in Proposition 5.1, the sliding ratio X̃
′

θX̃
−1(t, 0) is

equal to the absolute quantity X
′

TX
−1(t, t). Remark also that two of the new terms have been

introduced earlier through (5.2.22) [p.270] : I0 = I(⋆) and K0 = K(⋆).
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Proof.
Step 1/3 : computation of the first product

−→̃
ν (⋆)⊥−→σ t(t)

Let us differentiate the Primary IZDC (5.2.28) once w.r.t. y ; we obtain

0 =

︷ ︸︸ ︷
2 ‖−→σ t(t)‖2 Σ̃ Σ̃

′

y(•) − 4 Σ̃3 Σ̃
′

y(•) + 2 Σ̃(•) −→σ t(t)
⊥
[−→̃
ν (•)− Σ̃

′

y(•)−→σ t(t)
]

+ 2 y Σ̃
′

y(•) −→σ t(t)
⊥
[−→̃
ν (•)− Σ̃

′

y(•)−→σ t(t)
]

+ 2 y Σ̃(•) −→σ t(t)
⊥
[−→̃
ν

′

y(•)− Σ̃
′′

yy(•)−→σ t(t)
]

(5.3.37)

+ 2y
[
‖−→̃ν (•)− Σ̃

′

y(•)−→σ t(t)‖2 + ‖−→̃n (•)‖2
]

+ 2 y2
[ [ −→̃

ν (•)− Σ̃
′

y(•)−→σ t(t)
]⊥ [−→̃

ν
′

y(•)− Σ̃
′′

yy(•)−→σ t(t)
]

+
−→̃
n (•)⊥−→̃n ′

y(•)
]

where the first (overbraced) term simplifies into

2‖−→σ t(t)‖2Σ̃Σ̃
′

y(•) − 4Σ̃3Σ̃
′

y(•) + 2Σ̃(•)−→σ t(t)
⊥
[−→̃
ν (•) − Σ̃

′

y(•)−→σ t(t)
]

= 2 Σ̃(•) −→σ t(t)
⊥−→̃ν (•) − 4 Σ̃3 Σ̃

′

y(•)

Taking (5.3.37) in y = 0 yields, in view of the IATM identity (5.2.33) :

0 = 2 Σ̃(⋆) −→σ t(t)
⊥−→̃ν (⋆)− 4 Σ̃3 Σ̃

′

y(⋆)

which proves (5.3.34).

Step 2/3 : computation of the second product
−→̃
ν

′

y(⋆)
⊥−→σ t(t)

We differentiate the IZDC (5.2.30) twice w.r.t. y and obtain :

0 = 2 Σ̃
′

y(•) −→σ t(t)
⊥−→̃ν (•) + 2 Σ̃(•) −→σ t(t)

⊥−→̃ν ′

y(•) − 4
[
3Σ̃2 Σ̃

′

y

2
+ Σ̃3Σ̃

′′

yy

]
(•)

+ 2 Σ̃
′

y(•) −→σ t(t)
⊥
[−→̃
ν (•) − Σ̃

′

y(•)−→σ t(t)
]

+ 2 Σ̃(•) −→σ t(t)
⊥
[−→̃
ν

′

y(•)− Σ̃
′′

yy(•)−→σ t(t)
]

+ 2
[
‖−→̃ν (•)− Σ̃

′

y(•)−→σ t(t)‖2 + ‖−→̃n (•)‖2
]

+ y [· · ·]

Taking this equation in y = 0, using (5.2.33) and (5.3.34) yields :

0 = 4 Σ̃2 Σ̃
′

y

2
(⋆) + 2 Σ̃(⋆) −→σ t(t)

⊥−→̃ν ′

y(⋆) − 12 Σ̃2 Σ̃
′

y

2
(⋆) − 4 Σ̃3Σ̃

′′

yy(⋆)

+ 4 Σ̃2 Σ̃
′

y

2
(⋆) − 2 Σ̃2 Σ̃

′

y

2
(⋆) + 2 Σ̃(⋆) −→σ t(t)

⊥−→̃ν ′

y(⋆) − 2 Σ̃3(⋆) Σ̃
′′

yy(⋆)

+ 2
[
‖−→̃ν (⋆)‖2 + Σ̃2 Σ̃

′

y

2
(⋆) − 4 Σ̃2 Σ̃

′

y

2
(⋆) + ‖−→̃n (⋆)‖2

]

which after simplification gives

0 = −12 Σ̃2 Σ̃
′

y

2
(⋆) + 4 Σ̃(⋆) −→σ t(t)

⊥−→̃ν ′

y(⋆) − 6 Σ̃3Σ̃
′′

yy(⋆) + 2
[
‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2

]

which proves (5.3.35).

Step 3/3 : computation of the IATM drift b̃(t, 0, 0)

Recall the Secondary IZDC (5.2.29) p. 275 :

Σ̃3(t, y, 0) b̃(t, y, 0) = E(t, y, 0) + F
′

θ(t, y, 0)
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In the above expression, the very definition of F (5.2.23) leads to

F
′

θ(t, y, θ) = 1
2 Σ̃

′

θ(◦) −
∂

∂θ

[
‖−→σ t(t+θ)‖2

2Σ̃(◦)

]
+ y [·]

which is a priori non null and where we express

∂

∂θ

[
‖−→σ t(t+θ)‖2

Σ̃(◦)

]
=

∂

∂θ

[−→σ t(t+θ)
⊥−→σ t(t+θ)

Σ̃(◦)

]

=
1

Σ̃2(◦)

[
2−→σ t(t+θ)

⊥ −→σ ′

T (t, t+θ) Σ̃(◦)− ‖−→σ t(t+θ)‖2 Σ̃
′

θ(◦)
]

so that

F
′

θ(t, y, θ) = 1
2 Σ̃

′

θ(◦) −
1

Σ̃ (◦)
−→σ t(t+ θ)⊥ −→σ ′

T (t, t + θ) +
‖−→σ t(t + θ)‖2

2 Σ̃
2

(◦)
Σ̃

′

θ(◦) + y [·]

= 1
2

[
1 +
‖−→σ t(t + θ)‖2

Σ̃
2

(◦)

]
Σ̃

′

θ(◦)−
1

Σ̃ (◦)
−→σ t(t + θ)⊥ −→σ ′

T (t, t+ θ) + y [·]

Taking this expression in (t, 0, 0), then in view of fundamental identity (5.2.33) we get

F
′

θ(⋆) = 1
2

[
1 +
‖−→σ t(t)‖2
‖−→σ t(t)‖2

]
Σ̃

′

θ(⋆)−
1

‖−→σ t(t)‖
−→σ t(t)

⊥ −→σ ′

T (t, t) = Σ̃
′

θ(⋆)−
−→σ t(t)

⊥ −→σ ′

T (t, t)

‖−→σ t(t)‖

Therefore, taking the Secondary IZDC (5.2.29) in the immediate ATM point (t, 0, 0), we obtain

b̃(t, 0, 0) = Σ̃−3(⋆)
[
E(⋆) + F

′

θ(⋆)
]

= Σ̃
′

θ(⋆)− 1
2Σ̃

′′

yy(⋆)‖−→σ t(t)‖2 − 1
2

−→̃
ν (⋆)⊥−→σ t(t) +

−→̃
ν

′

y(⋆)
⊥−→σ t(t)

+ Σ̃
′

y(⋆)
X̃

′

θ

X̃
(t, 0) +

−→̃
ν (⋆)⊥

[−→̃
λ Σ̃

t (0) −−→λ N
t (t)

]
+ Σ̃

′

θ(⋆) −
−→σ t(t)

⊥ −→σ ′

T (t, t)

‖−→σ t(t)‖
which finally, after simplifying and invoking (5.2.33), provides (5.3.36) and concludes the proof.

Theorem 5.1 (Recovery of the modulus dynamics in a Term Structure framework)
We denote with (⋆) = (t, 0, 0) the immediate ATM sliding argument and consider the sliding
implied volatility model defined by (5.1.1)-(5.1.2)-(5.1.3) and (5.1.13). Then the dynamics of the
(absolute) zero-expiry instantaneous stochastic volatility, defined by (5.1.1)-(5.1.2)-(5.1.3) and
(5.1.9), can be partially recovered. They can be expressed as a function of the IATM shape, of the

IATM driving coefficients (
−→̃
ν and

−→̃
n ) and of the Immediate term structure for the underlying

and for its instantaneous volatility.

d ‖ −→σ t(t) ‖ a.s.
=


2Σ̃

′

θ(⋆) + Σ̃2
[
Σ̃

′′

yy − Σ̃
′

y

]
(⋆) + 3Σ̃ Σ̃

′

y

2
(⋆)−

[
‖−→̃ν ‖2 + ‖−→̃n ‖2

]
(⋆)

2Σ̃(⋆)


 dt

+
[
I0 + J0 + K

′

0

]
dt +

−→̃
ν (⋆)⊥d

−→
W

σ(t)

t +
−→̃
n (⋆)⊥d

−→
Z t(5.3.38)

where K
′

0 =
−→̃
ν (⋆)⊥

[−→
λ σ

t (t)−−→λ N
t (t)

]
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Proof.
The IATM identity (5.2.33) remaining true a.s. for any time t, we can take the dynamics of
both its sides to write

(5.3.39) d ‖ −→σ t(t) ‖ = d Σ̃ (t, 0, 0)

which implies, according to our stochastic implied volatility framework (5.1.13) :

d ‖ −→σ t(t) ‖ = b̃(⋆) dt+
−→̃
ν (⋆)⊥d

−→
W

Σ̃(0)

t +
−→̃
n (⋆)⊥d

−→
Z t

= b̃(⋆) dt+
−→̃
ν (⋆)⊥

[
d
−→
W

σ(t)

t +
−→
λ σ

t (t) dt−
−→̃
λ Σ̃

t (0) dt

]
+
−→̃
n (⋆)⊥d

−→
Z t

=

[
b̃(⋆) +

−→̃
ν (⋆)⊥

[−→
λ σ

t (t)−
−→̃
λ Σ̃

t (0)

]]
dt+

−→̃
ν (⋆)⊥d

−→
W

σ(t)

t +
−→̃
n (⋆)⊥d

−→
Z t(5.3.40)

In the drift term, we invoke the expression for b̃(⋆) given by the SImpV constraint (5.3.36), where

we replace ‖−→σ t(t)‖ along with the products
−→̃
ν (⋆)⊥−→σ t(t) and

−→̃
ν

′

y(⋆)⊥−→σ t(t) by their respective
expressions (5.2.33), (5.3.34) and (5.3.35) to obtain :

b̃(t, 0, 0) = 2Σ̃
′

θ(⋆) − 1

2
Σ̃2Σ̃

′′

yy(⋆) − Σ̃
2

Σ̃
′

y(⋆) +
3

2
Σ̃

2
Σ̃

′′

yy(⋆) + 3Σ̃ Σ̃
′

y

2
(⋆)

−

[
‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2

]

2Σ̃(⋆)
+ Σ̃

′

y

X̃
′

θ

X̃
(t, 0) −

−→σ t(t)
⊥ −→σ ′

T (t, t)

Σ̃(⋆)
+
−→̃
ν (⋆)⊥

[−→̃
λ Σ̃

t (0) −−→λ N
t (t)

]

After simplification the Immediate ATM drift comes as

b̃(t, 0, 0) = 2Σ̃
′

θ(⋆) + Σ̃2(⋆)
[
Σ̃

′′

yy(⋆)− Σ̃
′

y(⋆)
]

+ 3Σ̃(⋆) Σ̃
′

y

2
(⋆) −

[
‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2

]

2Σ̃(⋆)

+ I0 + J0 +
−→̃
ν (⋆)⊥

[−→̃
λ Σ̃

t (0) −−→λ N
t (t)

]
(5.3.41)

Note that this equation is simply a direct consequence of the arbitrage constraints of the SImpV
model, as per Proposition 5.2. Injecting that expression into (5.3.40) and invoking the unique-
ness of Ito’s decomposition (in order to identify finite and non-finite variation terms) we prove
(5.3.38) and conclude the proof.

Obviously, the ideal recovery would have meant obtaining the full map of the instantaneous
volatility, i.e. T → −→σ t(T ). Clearly the asymptotic nature of the method seems to impose that
our information be restricted to the Immediate point T = t. However we can reasonably expect
(by analogy with the single-asset case, especially the ladder effect) that successive differenti-
ations of the ZDC should involve the T -derivatives of the map, still taken in the Immediate

point. If that approach gave us −→σ ′

T (t, T = t), then −→σ ′′

TT (t, T = t), etc. then provided that the
map itself is analytic we could theoretically extrapolate : in other words, we would recover an
approximation of the full map, up to any desired degree of precision.
The issue however, is that the dynamics that we recover through Theorem 5.1 pertain to the
modulus ‖−→σ t‖, when those that we ideally seek describe the vectorial instantaneous volatility
−→σ t, and are inherently richer. Consequently the recovery is only partial, which we shall formalise
with the following Corollary.
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Corollary 5.3 (Partial recovery of the first layer in the Term-Structure case)
As a consequence of Theorem 5.1, the dynamics of the SInsV model defined by (5.1.1)-(5.1.9)-
(5.1.10) can be partially recovered from the sliding SImpV model as per :

⇒
a 2,t(t)

−→σ t(t) = Σ̃(⋆)
−→̃
ν (⋆)(5.3.42)

⇒
a 3,t(t)

−→σ t(t) = Σ̃(⋆)
−→̃
n (⋆)(5.3.43)

−→σ t(t)
⊥−→a 1,t(t) = −1

2

[
‖⇒a 2,t‖2 + ‖⇒a 3,t‖2

]
(t) + 2 Σ̃Σ̃

′

θ(⋆) + 3 Σ̃2 Σ̃
′

y

2
(⋆)(5.3.44)

+ Σ̃3
[

Σ̃
′′

yy − Σ̃
′

y

]
(⋆) + 2Σ̃(⋆)

[
I0 + J0 +K

′

0

]

−−−−−−−−−→[
a22 ijk σ i σ j

]
(t) = −⇒

a 2,t(t)
⊥
[
⇒
a 2,t +

⇒
a
⊥

2,t

]
(t)−→σ t(t) + 2

[
3 Σ̃2Σ̃

′

y

−→̃
ν + Σ̃3 −→̃ν ′

y

]
(⋆)(5.3.45)

Proof.
Let us take the IATM Identity (5.2) to the square and take its dynamics on both sides.
The r.h.s. develops into

d Σ̃2(⋆) =
[
2Σ̃(⋆)̃b(⋆) + ‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2

]
dt+ 2Σ̃(⋆)

−→̃
ν (⋆)⊥ d

−→
W

Σ̃(0)

t + 2Σ̃(⋆)
−→̃
n (⋆)⊥ d

−→
Z t

We replace b̃(t, 0, 0), in the drift bracket above, with its expression (5.3.41) which is induced
purely by the arbitrage constraints on the SImpV model :

d Σ̃2(⋆) =
[

4Σ̃Σ̃
′

θ(⋆) + 2Σ̃3
[
Σ̃

′′

yy − Σ̃
′

y

]
(⋆) + 6Σ̃2 Σ̃

′

y

2
(⋆) + 2Σ̃(⋆) [I0 + J0 + K0]

]
dt

+2Σ̃(⋆)
−→̃
ν (⋆)⊥ d

−→
W

Σ̃(0)

t + 2Σ̃(⋆)
−→̃
n (⋆)⊥ d

−→
Z t(5.3.46)

Independently, on the l.h.s. we can compute the dynamics of ‖−→σ t(t)‖2 directly from the SInsV
specification. According to (D.0.13) and (D.0.14) (see Appendix D p.X ) we have

d ‖−→σ t(t)‖2 = 2 −→σ t(t)
⊥ d−→σ t(t) + 〈d−→σ t(t)〉

=
[

2−→σ t(t)
⊥−→a 1,t(t) + ‖⇒a 2,t(t)‖2 + ‖⇒a 3,t(t)‖2

]
dt(5.3.47)

+ 2 −→σ t(t)
⊥ ⇒
a 2,t(t) d

−→
W

σ(t)

t + 2 −→σ t(t)
⊥ ⇒
a 3,t(t) d

−→
Z t

From the uniqueness of Itô’s decomposition we can identify terms between (5.3.46) and (5.3.47).
First we recall that

d
−→
W

σ(t)

t = d
−→
W t −

−→
λ σ

t (t)dt = d
−→
W

Σ̃(0)

t +
−→̃
λ Σ̃

t (0)dt−−→λ σ
t (t)dt

Then for the non-finite variation terms, we obtain respectively (5.3.42) w.r.t. the endogenous
component, and (5.3.43) w.r.t. the exogenous driver. As for the drift term, it comes that

2 −→σ ⊥
t
−→a 1 + ‖⇒a 2‖2 + ‖⇒a 3‖2 + 2 −→σ t(t)

⊥ ⇒
a 2,t(t)

[−→̃
λ Σ̃

t (0)−−→λ σ
t (t)

]
=(5.3.48)

4Σ̃Σ̃
′

θ(⋆) + 2Σ̃3
[
Σ̃

′′

yy − Σ̃
′

y

]
(⋆) + 6Σ̃2 Σ̃

′

y

2
(⋆) + 2Σ̃(⋆) [I0 + J0 + K0]



284 CHAPTER 5. VOLATILITY DYNAMICS IN A TERM STRUCTURE

which after simplification provides (5.3.44).
We now compute the scalar product of (5.3.42) by −→σ t(t) and inject again (2.3.49) -which comes
from the SimPV intrinsic constraints - to obtain

−→σ t(t)
⊥⇒
a 2,t(t)

−→σ t(t) = Σ̃(⋆)
−→̃
ν (⋆)⊥−→σ t(t) = 2 Σ̃3 Σ̃

′

y(⋆)(5.3.49)

Let us derive the dynamics on both sides of (2.3.61), focusing on the endogenous component.

◮ On the r.h.s. we get

d
[
2 Σ̃3Σ̃

′

y(⋆)
]

= 2
[
3 Σ̃2 Σ̃

′

y

−→̃
ν (⋆) + Σ̃3 −→̃ν ′

y(⋆)
]⊥
d
−→
W

Σ̃(0)

t + [· · ·] dt +
−−→
[· · ·]⊥d−→Z t

◮ On the l.h.s., using (D.0.17) we obtain

d
[−→σ t(t)

⊥⇒
a 2,t(t)

−→σ t(t)
]

= [· · ·] dt +
−−→
[· · ·] d−→Z t + −→σ t(t)

⊥⇒
a 2,t(t)

⊥⇒
a 2,t(t) d

−→
W

σ(t)

t

+ −→σ t(t)
⊥

[
⇛
a22,t(t) d

−→
W

σ(t)

t
−→σ t(t) +

⇒
a 2,t(t)

⇒
a 2,t(t) d

−→
W

σ(t)

t

]

so that, identifying both sides and using modified Einstein’s notations we get

−→σ t(t)
⊥
[
⇒
a 2,t(t)

⊥ +
⇒
a 2,t(t)

]
⇒
a 2,t(t) +

−−−−−−−−−−→[
a22 ijk σ i σ j

]
t

⊥

(t) = 2
[
3 Σ̃2 Σ̃

′

y

−→̃
ν (⋆) + Σ̃3 −→̃ν ′

y(⋆)
]⊥

which after simplification and transposition gives (5.3.45)and therefore concludes the proof.

Obviously, the same technique as demonstrated in Remark 2.2 [p.127] might be considered, in

order to recover a better directional information on −→σ t(t) or
⇒
a 2,t for instance. However, the

formal study of such a more complete and/or higher-order recovery is left for further research.

5.3.2 Interpretation and comments

First let us contrast the arbitrage constraints imposed on the SImpV model in the Term Structure
framework, as per Proposition 5.2 [p.279], to those established in the simpler multidimensional
case with Proposition 2.5 [p.127].

We note immediately that the scalar products pertaining to the endogenous coefficient
−→̃
ν ex-

hibit almost similar expressions : compare (5.3.34) and (5.3.35) respectively (2.3.49) and (2.3.50).
Naturally, the instantaneous volatility invoked in those expressions now belongs to the Imme-
diate asset, but this represents a relatively minor evolution, compared to the changes in the
drift (more on this point shortly). Following the argument of Remark 2.2 [p.127] (which ap-
plied to a single asset) it becomes clear that, in a recovery logic, these two equations provide
additional information on that Immediate volatility −→σ t(t). Indeed, let us assume sufficient indi-

vidual modulus and relative angle for the endogenous coefficient
−→̃
ν (⋆) and its strike- differential−→̃

ν
′

y(⋆), both taken IATM. Then the input of the two products does improve our knowledge of
the direction of −→σ t(t), and therefore mitigate the structural caveat of the new IATM identity
(5.2.33). Whether this is sufficient to complete the picture is (again) dependent on modeling, in
particular on the dimension of the map −→σ t(t + θ). Again, we refer to Remark 2.2 [p.127] for a
more detailed example of when the full immediate information can be recovered, which entails
inductive y-differentiations of the ZDC.

Turning to the IATM drift expression (5.3.36) we observe again that its structure starts identi-
cally to (2.3.51), but that three additional terms have appeared : namely I0, J0 and K0. This
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distinction comes as a consequence of the Term-Structure framework, and is carried over to the
dynamic recovery formula : as (5.3.38) replaces (2.3.52), the first two TS terms are also present
and the third is replaced by K

′

0. It makes sense, therefore, to study all four terms together ;
it is initially apparent that terms I0 and J0 are both generated by the maturity-dependency
of the asset family Xt(T ), whereas term K

′

0 is induced by the very definition of −→σ t(T ) and its
structural association to the numeraire family.
The first term I0 is simply the slope compensation term I(t, y, θ) defined in (5.2.22) [p.270],
taken in the immediate ATM point. The nature and effects of this term have already been
discussed within Section 5.2.1, which dealt with the ZDC. As mentioned in Remark 5.4, it can
been seen as reporting the combination of a non-flat underlying curve and a skewed smile. Also,
it stems entirely from the adoption of sliding coordinates for the SImpV model.
The second term J0 is similar in nature to I0, inasmuch as it is linked to the maturity-slope

of the instantaneous volatility map −→σ ′

T (t, t + θ) taken at the origin (Immediate) point θ = 0.
Let us illustrate this point : the slope in question can be proxied by the difference, observed
at current time t, between the instantaneous volatility of the spot 3Month-Libor rate, and the
instantaneous volatility of a forward 3M-Libor rate starting shortly, typically one day or one
week after t.
Of course this variation is multi-dimensional and enables the points of the underlying curve
T → Xt(T ) to respond differently to various driver components, or ”shocks”. Think for in-
stance of a yield curve within an HJM framework, where only two factors would define the curve
movements : one for the short term and the other for the long term. In this simple framework,
as T increases the respective weights allocated to each component of −→σ t(T ) would slowly shift
from one coordinate to the other. This individual shift would be precisely the component-wise

maturity-slope symbolized by −→σ ′

T (t, t + θ).
Looking back at the whole of J0, we can therefore interpret this term as the part in the variation
of the instantaneous volatility modulus (for the immediate underlying) which is due purely to
the underlying riding down the maturity curve.
Also, we observe that this term is normalised, and possesses therefore the same physical ”unit”
as the modulus itself. This is actually better seen by rewriting term J0 as

J0 = −∂θ ‖
−→σ t(t + θ)‖

‖−→σ (t, t + θ)‖ |θ=0 = −∂θ ln ( ‖−→σ t(t+ θ)‖ ) |θ=0

Finally let us comment simultaneously on terms K0 and K
′

0. We observe that these are the

only terms in both expressions (5.3.36) and (5.3.38)invoking the numeraire volatility
−→
λ N or

risk premia
−→̃
λ Σ̃ and

−→
λ σ. Let us then recall that these parametric processes are simply ad-

justers defining the measures chosen at the modeling stage, respectively for the dynamics of the
underlying, implied volatility and instantaneous volatility families. Having opted for distinct
measures, it comes as no surprise that some compensation term should appear.
Looking at term K0, we realize that its origin can be traced back to Proposition 5.1 and its
proof : refer in particular to equation (5.2.27) [p.273]. We expressed the dynamics of the deflated
option price10by employing Ito on the Black functional. This required to write simultaneously
the dynamics of the underlying and of its implied volatility, which created the corrective term.

As for term K
′

0 the same principle applies, but what is more surprising is the fact that
−→̃
λ Σ̃ does

not appear eventually. After all, we are expressing the dynamics of the instantaneous volatility
from those of the implied volatility. Therefore we could expect any drift adjustment to invoke

the difference
−→
λ σ −

−→̃
λ Σ̃. It is not so, and it suggests that as far as the inverse problem and

recovery is concerned, the choice of measure for the dynamics of Σ̃ does not matter.

This last remark provides the ideal transition to commenting on the Recovery Theorem 5.1

10 Vt(Xt(T ),T,K)
Nt(T )

= CBS
(
Xt(T ),K,Σt(Xt(T ), T,K).

√
T − t

)
(see p. 272)
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proper, comparing expression (5.3.38) to its single asset counterparts : (1.3.42) [p.40] from The-
orem 1.1 in the scalar case, and (2.3.52) [p.128] from Theorem 2.3 in the multi-dimensional
setup. We observe that, without surprise, the multi-dimensionality appears again to lessen the
extent of the dynamic result. Indeed, as in (2.3.52) and contrary to (1.3.42), the dynamics of

the modulus still rely on the endogenous coefficient
−→̃
ν . Let us therefore focus on the more

specific influence of the new TS terms.
Despite their similarities, we note however a major difference between terms I0 and J0 when
it comes to calibration and therefore solving the inverse problem. Indeed, in a market model
such as HJM or LMM the initial yield curve and therefore the slope compensation I0 represent
model inputs, simply because they stem from the map T → Xt(T ) observed at time t. Whereas
term J0 is determined by the term structure of instantaneous volatility T → −→σ t(T ), which is
precisely the target of the calibration procedure.
In terms of calibration again, it becomes necessary to decide upfront whether the numeraire

volatility
−→
λ N and the premium

−→
λ σ also belong to the target quantities. If they do, then it

seems to add to the complexity of the dynamics recovery (5.3.38). In fact, barring some drastic
simplification in the modeling, this choice would render the inverse problem totally ill-defined.
However, we will see later that in some cases (caplets in an LMM framework for instance) the

numeraire volatility
−→
λ N can be expressed as a function of the assets Xt(T ) and of their instan-

taneous volatility −→σ t(T ). This features then links term K0 to the product
−→̃
ν (⋆)⊥−→σ t(t) which

is given through (5.3.34), and therefore does not add to the number of unknown variables of the
inverse problem.
To summarise, in all generality the reconstruction of d ‖ −→σ L(t) ‖ from purely the shape and
dynamics of the sliding implied volatility Σ̃ is structurally incomplete. Even if the drift issue
presented by term K

′

0 was removed, the dimensionality issue, along with term J0, prevent the
inverse problem to be well-defined.

Remark 5.5
The incompleteness of the recovery is true is the general case, but within a well-chosen parametric
framework it is possible to solve the inverse problem. To illustrate this point, we show how one
can reduce the above-mentioned ”incompleteness” by selecting a dedicated but realistic parametric
families for −→σ t(T ). Let us consider an HJM framework with two factors (nw = 2). We have
already noticed (see Remark 2.2 [p.127]) that in this case, assuming the matrix

[ −→̃
ν (⋆) | −→̃ν ′

y(⋆)
]

is non-degenerate, then the static inverse problem is well-posed. For illustration purposes only,
we now briefly present a ”natural” stochastic implied volatility model (our input in the inverse
problem) which satisfies this full-rank condition, before turning to the dynamic recovery.
We consider a smile market model driven by only 3 (independent) Wiener processes and defined
by 3 dedicated scalar parametric processes : at(θ) for the smile (ATM) level, bt(θ) for its skew
and ct(θ) for the curvature. Specifying these 3 defining processes is irrelevant for our purposes,
except that we impose at > 0 and bt < 0 a.s.. Then the sliding smile is defined via

Σ̃(t, y, θ) = Σ̃(0, y, θ) +

∫ t

0
as(θ) dB

1
s + y

∫ t

0
bs(θ) dB

2
s + 1

2 y
2

∫ t

0
cs(θ) dB

3
s

This specification entails that the only permitted smile dynamics consist of ”heave”, ”roll” and
”flapping” 11. Note that in practice this model can be calibrated12to the dynamics of an observed

11These are dynamic features, not to be confused with maturity-wise shapes such as ”twist” or ”flattening”.
The heave is a uniform vertical movement of the smile, analog to a parallel movement of the yield curve in an
HJM model. The roll is a uniform motion around the ATM axis. And flapping refers to the dynamics of the
curvature.

12Assuming enough liquidity.



5.3. RECOVERING THE INSTANTANEOUS VOLATILITY 287

market smile, by analysis of 4 time series : the price processes of the underlying, an ATM, OTM
and ITM option.13.
In order to cast this model within our framework, we now make an important choice : we allocate
the ”level” driver B1

t to the first component of our endogenous driver, W 1
t , while we distribute

(using a correlation ρ 6= 0) the ”skew” and ”curvature” drivers B2
t and B3

t between the two
remaining components, W 2

t and Zt. In financial terms, this is still a fairly realistic and flexible
model. Indeed the allocation does not constrain, for instance, that the ”backbone” (the ATM level
as a function of the asset price) be deterministic, thanks to the fact that at is still unspecified
and could very well be driven by more factors. The allocation just states that both the asset price
and the ATM level respond to the same market shocks.
In this model, the endogenous coefficient and its y-differential write respectively

−→̃
ν (t, y, θ) =

[
at(θ)

y.ρ.bt(θ) + 1
2y

2.
√

1− ρ2.ct(θ)

]
and

−→̃
ν

′

y(t, y, θ) =

[
0

ρ.bt(θ) + y.
√

1− ρ2.ct

]

It comes from our assumptions that
−→̃
ν (t, 0, 0) and

−→̃
ν

′

y(t, 0, 0) are non-null and orthogonal, which
satisfies the non-degeneracy condition, and therefore allows full recovery of the immediate ATM
volatility −→σ t(T ).

Let us now turn to the dynamic inverse problem. First we choose to model the instantaneous
volatility dynamics using the same driver as the underlying collection T → Bt(T ). This is
practically the norm with current published models, and allows us to dispense with term K

′

0. As
we mentioned above, term I0 is an input, so that leaves us only with term J0. We adopt the
following parametric form for the instantaneous volatility vector :

−→σ t(T ) =

[
σ1 e−µ1(T−t)2 f1(t)

σ2
(
1− e−µ2(T−t)

)
f2(t)

]

Again, this is a very classic setup, and corresponds to the short-term/long-term example men-

tioned above to illustrate the significance of −→σ ′

T (t, t + θ). Within this framework, σ1 and
σ2 are respectively the short and long term volatility levels. Parameters µ1 and µ2 control the
weight shift between the two coordinates and allow to generate various maturity profiles for the
Black volatility. As for the latter, it is possible in particular to opt for a ”humped” function
which seems to be both a market invariant and (consequently) a popular parametrisation. Also,
the rationale for a parabolic decay on the short term component (as opposed to linear for the long
term) is that shocks on the short term usually stem from sudden moves in central banks base
rates, and die very quickly along the yield curve.14Whereas moves on the long end are usually
instigated by economic forecast, the influence of which tends to be more progressive and gradual
in maturity. As for functions f1(·) and f2(·), they establish that we are using separate variables
(time and time-to-maturity) which in turns ensures a Markovian property.
Having defined and justified the model, we easily compute the volatility maturity-slope

−→σ ′

T (t, θ) =

[
σ1 −2 µ1 θ e

−µ1θ2 f1(t)
σ2 µ2e

−µ2θ f2(t)

]

observe that in θ = 0 the two vectors are orthogonal, and therefore conclude that J0 = 0.
In consequence the dynamic recovery specified by (5.3.38) is now complete, at least at the origin
point (t, 0, 0).

13This inference obviously has to be conducted maturity-by-maturity. The respective moneyness of the options
should be roughly 90-95%, 100% and 105-110% to expect a decent precision from the finite difference approxima-
tions.

14The ECB for instance uses standing facilities (marginal lending and deposit) which refer to the overnight rate,
as well as open market operations (main refinancing, longer-term refinancing, fine-tuning and structural) which
are mainly associated to maturities ranging from 1 week to 6 months.
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5.4 Generating the SIV surface : the first layer

In this section we deal now with the direct problem, which is to infer (in practice, to approx-
imate) the shape and dynamics of the sliding implied volatility Σ̃(t, y, θ), given the input of
the (absolute) instantaneous volatility −→σ t(T ) defining the dynamics of the maturity-dependent
underlying Xt(T ).
As can be expected from the discussions on the inverse problem, we will see that the input of
the full map (the ”volatility profile”) T → −→σ t(T ) is not needed as such. Indeed, it will have to
be approximated from its local shape (value and differentials w.r.t. the maturity T ) taken at
the origin (T = t, i.e. θ = 0). Which is to say that in practice we will rely on a functional
approximation, typically polynomial in a well-chosen variable.

5.4.1 Computing the differentials

The previous identity result (5.2.33) provides the value of Σ̃ in (t, 0, 0), in other words the ”level”
of the functional approximation. Let us now focus on the local (immediate ATM) shape and
dynamics. Beforehand, we introduce some normalised quantities and new notations :

Definition 5.1
We normalise the instantaneous volatility and its maturity-differentials, leading in particular to
the following representations :

−→u t(T )
△
=

−→σ t(T )

‖−→σ t(T )‖ and −→u ′

T (t, T )
△
=
−→σ ′

T (t, T )

‖−→σ t(T )‖
Similarly, we normalise the relevant tensorial coefficients invoked in the dynamics of −→σ t(T ),
which is consistent since these are written using a normal convention :

−→c 1,t(T )
△
=
−→a 1,t(T )

‖−→σ t(T )‖
⇒
c 2,t(T )

△
=

⇒
a 2,t(T )

‖−→σ t(T )‖

⇒
c 3,t(T )

△
=

⇒
a 3,t(T )

‖−→σ t(T )‖
⇛
c 22,t(T )

△
=

⇛
a22,t(T )

‖−→σ t(T )‖

Since the asymptotic expansions will call only on the initial value of these maps, i.e. only T = t,
we introduce dedicated simplifying notations : omitting the arguments will imply that the tensor
is evaluated at the immediate point (t, T = t) :

−→σ t(t) ↔ −→σ −→u t(t) ↔ −→u ‖−→σ t(t)‖ ↔ σ −→σ ′

T (t, t) ↔ −→σ ′

T
−→a 1,t(t) ↔ −→a 1

⇒
a 2,t(t) ↔

⇒
a 2

⇒
a 3,t(t) ↔

⇒
a 3

⇛
a22,t(t) ↔

⇛
a22

As in Physics, there are several reasons for such a normalisation. The first obvious objective is
to simplify the expressions : as we have observed so far, because of the log-normal nature of our
baseline model (Black’s model for the underlyings), most quantities come indeed as fractions
with a power of ‖−→σ t(t)‖ in the denominator. The second reason is to exhibit units and check
homogeneity, which is always a healthy concern, and often a powerful tool when comes the time
for interpretation and generalisation. We note that this normalisation is not fully equivalent to
running the method with the instantaneous volatility dynamics written in a lognormal fashion.
However, this convention emphasizes the directional information of the instantaneous volatility,
over its norm. And we happen to think that this feature is actually a pivotal point of the current
term-structure framework.
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Still on the matter of notations, and due again to the dimensionality of our setup, it will appear
that one of our strongest practical constraints is simply to manage the heavy linear algebra

involved. Indeed, the coming Theorem 5.2 invokes for instance
⇛
a22, which is a tensor of order

3, but also some fairly involved products15. The conventions used so far have proved efficient
for clarity purposes, but seem less adapted to the sequel. Indeed, one of their shortfalls is to
complicate unnecessarily the elementary products present in most coming expressions. As a
consequence, some simplifications do not appear naturally and therefore, in a vicious circle,
each Wiener chaos expression tend to conserve many redundant terms. Finally, although vector
or matrix representations are intuitive, they tend to mask the true nature of the tensors, for
which only indices matter.

Bearing in mind that all these observations will ring even more true for higher-order expansions,
we believe that an effective and economical solution is to use ”Modified Einstein” notations.
These are inspired by conventions used intensively in Mechanics, with a few added features, and
should appear familiar and intuitive to most readers. Apart from simplicity and compacity, a
significant advantage of these notations is that they can be programmed easily, which fits the
announced need for a programmable induction method. In a nutshell, the summed indexes are
denoted in bold, while the remaining active coordinates are not, and are ordered alphabetically.
Furthermore, the overall order of the tensor is recalled for convenience with the previous ”arrow”
conventions. For more detailed explanations and specific identities, we refer to Appendix D.

Theorem 5.2 (Generation of the Σ̃-(2,0) group in the Term Structure framework)
Let us consider the stochastic instantaneous volatility model framework, whose dynamics are
defined by (5.1.1)-(5.1.2)-(5.1.3) for the underlying and (5.1.9)-(5.1.10) for the volatility. Then
we can express the first layer of Immediate ATM differentials for the sliding implied volatility
Σ̃(t, y, θ), using the notations and conventions specified in Definition 5.1 and Appendix D.

Denoting (⋆)
△
= (t, 0, 0), the IATM local differentials of the shape process are given by

Σ̃
′

y(⋆) =
1

2

[
uiuj c2 ij

]
(5.4.50)

Σ̃
′′

yy(⋆) = σ−1

[
1

3

[
uiuk

(
c2 ij c2 jk + c2 ji c2 jk + c2 ij c2 kj

)]
− 3

2

[
uiuj c2 ij

]2

+
1

3

[
uiuk c3 ij c3 kj

]
+

1

3

[
uiujuk c22 ijk

] ]
(5.4.51)

Σ̃
′

θ(⋆) =
1

2
σ

[
1

2

[
c2

2
ij

]
− 1

3

[
uiuk

(
c2 ij c2 jk + c2 ji c2 jk + c2 ij c2 kj

)]
+

1

2

[
c3

2
ij

]

+
3

4

[
uiuj c2 ij

]2 − 1

3

[
uiuk c3 ij c3 kj

]
− 1

3

[
uiujuk c22 ijk

] ]

+
1

2
σ −→u ⊥

[ −→uθ
′

+ −→c 1

]
− 1

4

[
uiuj c2 ij

]
[
X̃

′

θ

X̃
(t, 0) − σ2

]
(5.4.52)

+
1

2
σ
−−−−−→[
c2 ij ui

]
⊥
[ −→
λ N

t (t) − −→λ σ
t (t)

]

15Such as ‖−→σ t(t)‖−3−→σ t(t)
⊥
[
⇒
a 2,t(t) +

⇒
a 2,t(t)

⊥
]

⇒
a 2,t(t)

−→σ t(t) for instance.
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The local differentials of the dynamics processes come as :

−→̃
ν (t, 0, 0) =

⇒
a
⊥

2
−→u(5.4.53)

−→̃
ν

′

y(t, 0, 0) =
1

2

−−−−−−−−−−−−−−−→[
ui
(
c2 ij + c2 ji

)
c2 jk

]
+

1

2

−−−−−−−−→[
uiuj c22 ijk

]
− 3

2

−−−−−−−−−−−−→[
uiujuk c2 ij c2 kl

]
(5.4.54)

−→̃
n (t, 0, 0) =

⇒
a
⊥

3
−→u(5.4.55)

Note again that we have X̃−1X̃
′

θ(t, 0) = X−1X
′

T (t, t)

Proof.
Step 1/3 : Computing the coefficients

−→̃
ν (t, 0, 0) and

−→̃
n (t, 0, 0) and the skew Σ̃

′

y(t, 0, 0)

We start with the static IATM identity (5.2.33) which we take to the square. The resulting
equation being valid a.s. and for all t, we have the following dynamics

d ‖ −→σ t(t) ‖2 = d Σ̃
2

(t, 0, 0)

which we re-write, according to notation (D.0.2) and result (D.0.14) :

2−→σ t(t)
⊥d−→σ t(t) + 〈 d−→σ t(t) 〉︸ ︷︷ ︸

L

= 2Σ̃(⋆) dΣ̃(⋆) + 〈 dΣ̃(⋆) 〉︸ ︷︷ ︸
R

(5.4.56)

Let us develop each side separately.

◮ For the right-hand term, we get

R = 2Σ̃(⋆)
[
b̃(⋆)dt +

−→̃
ν (⋆)⊥d

−→
W

Σ̃(0)
t +

−→̃
n (⋆)⊥d

−→
Z t

]
+
[
‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2

]
dt

=
[

2Σ̃(⋆)̃b(⋆) + ‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2
]
dt+ 2Σ̃(⋆)

−→̃
ν (⋆)⊥d

−→
W

Σ̃(0)
t + 2Σ̃(⋆)

−→̃
n (⋆)⊥d

−→
Z t

=

[
2Σ̃(⋆)̃b(⋆) + ‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2 − 2Σ̃(⋆)

−→̃
ν (⋆)⊥

−→̃
λ Σ̃

t (0)

]
dt

+ 2Σ̃(⋆)
−→̃
ν (⋆)⊥d

−→
W t + 2Σ̃(⋆)

−→̃
n (⋆)⊥d

−→
Z t(5.4.57)

◮ As for the left-hand term, we invoke the input dynamics of −→σ t(T ) as specified by (5.1.9),
so that L becomes

L = 2−→σ t(t)
⊥
[−→a 1,t(t) dt+

⇒
a 2,t(t) d

−→
W

σ(t)
t +

⇒
a 3,t(t) d

−→
Z t

]
+
[
‖⇒a 2,t‖2 + ‖⇒a 3,t‖2

]
dt

=
[
2−→σ t(t)

⊥−→a 1,t(t) + ‖⇒a 2,t‖2 + ‖⇒a 3,t‖2
]
dt+ 2−→σ t(t)

⊥⇒
a 2,t(t) d

−→
W

σ(t)
t + 2−→σ t(t)

⊥⇒
a 3,t(t) d

−→
Z t

=
[
2−→σ t(t)

⊥−→a 1,t(t) + ‖⇒a 2,t‖2 + ‖⇒a 3,t‖2 − 2−→σ t(t)
⊥⇒
a 2,t(t)

−→
λ σ

t (t)
]
dt

+ 2−→σ t(t)
⊥⇒
a 2,t(t) d

−→
W t + 2−→σ t(t)

⊥⇒
a 3,t(t) d

−→
Z t(5.4.58)
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Note that the use of the risk-neutral driver
−→
W is made on purpose. Although this will not

affect the computation of the first quantities (they only identify the driving coefficients, and are
therefore insensitive to the choice of driver), later on the computation of the slope Σ̃

′

θ(t, 0, 0)

will require to match the drifts of different SDEs. In short,
−→
W will serve again as a common

driver, in order to harmonise these dynamics.
We can now identify the non-finite variation terms in both sides of (5.4.56), which gives :

◮ with respect to
−→
W t :

‖−→σ t(t)‖
−→̃
ν (t, 0, 0)⊥ = −→σ t(t)

⊥⇒
a 2,t(t) thus

−→̃
ν (t, 0, 0) =

⇒
a 2,t(t)

⊥−→σ t(t)

‖−→σ t(t)‖

which after re-notation proves (5.4.53).

◮ with respect to
−→
Z t :

‖−→σ t(t)‖
−→̃
n (t, 0, 0)⊥ = −→σ t(t)

⊥⇒
a 3,t(t) hence

−→̃
n (t, 0, 0) =

⇒
a 3,t(t)

⊥−→σ t(t)

‖−→σ t(t)‖

which after re-notation proves (5.4.55).

We now have expressed both the endogenous and exogenous coefficients. In order to produce the
IATM skew Σ̃

′

y(⋆), we exploit the SImpV model’s arbitrage constraints, from which we borrow

the static expression of the product
−→̃
ν (t, 0, 0)⊥−→σ t(t) as per (5.3.34) [p.279]. In that product we

inject the expression for
−→̃
ν (⋆) (5.4.53) obtained above and get :

[
⇒
a 2,t(t)

⊥−→σ t(t)

‖−→σ t(t)‖

]⊥
−→σ t(t) = 2 Σ̃

2
(⋆)Σ̃

′

y(⋆)

from which we isolate the Immediate ATM sliding skew as

Σ̃
′

y(t, 0, 0) =
−→σ t(t)

⊥ ⇒
a 2,t(t)

−→σ t(t)

2‖−→σ t(t)‖3

which after simplification, and conversion to our ”Mofified Einstein” notations, proves (5.4.50).

Step 2/3 : Computation of the curvature Σ̃
′′

yy(⋆)

The strategy is to express the quantity
−→̃
ν

′

y(t, 0, 0) as a function of the inputs, and then to invoke
again the arbitrage constraints imposed on the SImpV model. More specifically, we shall use

expression (5.3.35) which provides the scalar product −→σ t(t)
⊥−→̃ν ′

y(t, 0, 0), in order to isolate the
curvature.

We start by differentiating once w.r.t. y the input SDE (5.1.13) driving the Sliding IV Σ̃ :

dΣ̃
′

y(t, y, θ) = b̃
′

y(t, y, θ)dt +
−→̃
ν

′

y(t, y, θ)⊥d
−→
W

Σ̃(θ)
t +

−→̃
n

′

y(t, y, θ)⊥d
−→
Z t

On one hand, if we take this expression in the immediate ATM point (t, 0, 0), the endogenous

coefficient will be
−→̃
ν

′

y(t, 0, 0). On the other hand, if we now compute the same dynamics of

Σ̃
′

y(t, 0, 0) using the expression (5.4.50) just obtained for Σ̃
′

y(⋆), we can then identify the endoge-

nous coefficient in both expressions, and therefore obtain
−→̃
ν

′

y(t, 0, 0) as a function of our inputs.
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So let us embark on computing the following bracket :

〈
d

[−→σ t(t)
⊥ ⇒
a 2,t(t)

−→σ t(t)

2‖−→σ t(t)‖3

]
, d
−→
W t

〉

Using Itô and simplified notations, we have the dynamics of the skew as

d

[−→σ ⊥ ⇒
a 2
−→σ

2 σ3

]
=

σ3 d
[−→σ ⊥ ⇒

a 2
−→σ
]
−
[−→σ ⊥ ⇒

a 2
−→σ
]
dσ3

2 σ6
+ [· · · ]dt

=
1

2
σ−3 d

[−→σ ⊥ ⇒
a 2
−→σ
]

︸ ︷︷ ︸
− 1

2

[−→σ ⊥ ⇒
a 2
−→σ
]
σ−6 dσ3

︸︷︷︸
+ [· · · ]dt(5.4.59)

Let us compute the two elementary dynamics underbraced above.

◮ Applying generic result (D.0.15) with p = 3, we obtain at once that

dσ3 = 3 σ −→σ ⊥⇒
a 2 d
−→
W

σ(t)
t + [· · · ]dt + [· · · ]d−→Z t

◮ While applying (D.0.17) provides at once

d
[ −→σ ⊥ ⇒

a 2
−→σ
]

= −→σ ⊥⇒
a
⊥

2
⇒
a 2 d
−→
W

σ(t)
t +−→σ ⊥

[
⇛
a22 d

−→
W

σ(t)
t

]−→σ +−→σ ⊥⇒
a 2

⇒
a 2d
−→
W

σ(t)
t + (·)dt + (·)d−→Z t

= −→σ ⊥
(
⇒
a 2 +

⇒
a
⊥

2

)
⇒
a 2 d
−→
W

σ(t)
t +−→σ ⊥

[
⇛
a22 d

−→
W

σ(t)
t

]−→σ + [· · · ]dt + [· · · ]d−→Z t

We can now re-inject both elementary dynamics in (5.4.59) and get :

d

[−→σ ⊥ ⇒
a 2
−→σ

2 σ3

]
=

1

2
σ−3 −→σ ⊥

(
⇒
a 2 +

⇒
a
⊥

2

)
⇒
a 2 d
−→
W

σ(t)
t +

1

2
σ−3 −→σ ⊥

[
⇛
a22 d

−→
W

σ(t)
t

]−→σ
︸ ︷︷ ︸

− 3

2
σ−5

[−→σ ⊥ ⇒
a 2
−→σ
]−→σ ⊥⇒

a 2 d
−→
W

σ(t)
t + [· · · ]dt + [· · · ]d−→Z t

This expression looks fine, except for the underbraced term, which we can identify as a quadratic
form but whose current form does not suit our purposes. We can however re-express it using
modified Einstein conventions as

−→σ ⊥
[
⇛
a22 d

−→
W

σ(t)
t

]−→σ =

Nw∑

i,j,k=1

σiσj a22 ijk d
−→
W

σ(t)
k =

−−−−−−−−−−−−→
∑

i,j

σiσj a22 ijk




⊥

d
−→
W

σ(t)
t

=
−−−−−−−−→[
σiσj a22 ijk

]⊥
d
−→
W

σ(t)
t

Note that our conventions allow to re-express other terms in a more compact manner :

[−→σ ⊥ ⇒
a 2
−→σ
]−→σ ⊥⇒

a 2 =
[
σiσja2ij

] −−−−−→
[σka2kl ]

⊥ =
−−−−−−−−−−−→[
σiσjσka2ija2kl

]
⊥

and
−→σ ⊥

(
⇒
a 2 +

⇒
a
⊥

2

)
⇒
a 2 =

−−−−−−−−−−−→[
σi
(
a2ij + a2ji

)]
⊥ ⇒
a 2 =

−−−−−−−−−−−−−−→[
σi
(
a2ij + a2ji

)
a2jk

]
⊥

Finally we are able to identify the endogenous coefficients and get :

−→̃
ν

′

y(t, 0, 0)⊥ = 1
2 σ

−3

[ −−−−−−−−−−−−−−→[
σi
(
a2ij + a2ji

)
a2jk

]⊥
+
−−−−−−−−→[
σiσj a22 ijk

]⊥ ]
− 3

2
σ−5

−−−−−−−−−−−→[
σiσjσka2ija2kl

]⊥
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which after conjugation, normalisation and reverting to full notations proves (5.4.54).

Following the announced strategy, we now invoke the arbitrage constraint (5.3.35) [p.279] pro-

viding the product
−→̃
ν

′

y(⋆)⊥−→σ t(t). In this expression, all terms are now expressed in function of

the inputs, except for our target quantity which is the curvature Σ̃
′′

yy(⋆). Let us recall

[5.3.35]
−→̃
ν

′

y(⋆)⊥−→σ t(t) =
3

2
Σ̃

2
(⋆)Σ̃

′′

yy(⋆) + 3Σ̃(⋆) Σ̃
′

y

2
(⋆)−

[
‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2

]

2Σ̃(⋆)

which leads to

Σ̃
′′

yy(⋆) =
2

3
σ−2 −→̃ν ′

y(⋆)⊥−→σ t(t) − 2 σ−1 Σ̃
′

y

2
(⋆) +

1

3
σ−3

[
‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2

]

We can now develop this expression in function of the inputs :

Σ̃
′′

yy(⋆) =
2

3
σ−2

[
1

2

−−−−−−−−−−−−−−−→[
ui
(
c2 ij + c2 ji

)
c2 jk

]
+

1

2

−−−−−−−−→[
uiuj c22 ijk

]
− 3

2

−−−−−−−−−−−−→[
uiujuk c2 ij c2 kl

] ]⊥−→σ t(t)

− 2 σ−1

[
1

2

[
uiujc2ij

]]2
+

1

3
σ−3

[
‖⇒a⊥

2
−→u ‖2 + ‖⇒a⊥

3
−→u ‖2

]

Noticing identities

[
uiujc2ij

]2
=

[
uiujc2ij

]
[ukulc2kl ] =

[
uiujukulc2ijc2kl

]

and

‖⇒a⊥

2
−→u ‖2 = ‖

−−−−−→[
uia2ij

]
‖2 =

∑

j

[
uia2ij

]2
=

∑

j

[
uiuka2ija2kj

]
=

[
uiuka2ija2kj

]

we can rewrite

Σ̃
′′

yy(⋆) = σ−1

[
1

3

[
uiuk

(
c2ij + c2ji

)
c2jk
]

+
1

3

[
uiujuk c22 ijk

]
−
[
uiujc2ij

]2
]

− 1

2
σ−1

[
uiujc2ij

]2
+

1

3
σ−3

[ [
uiuka2ija2kj

]
+
[
uiuka3ija3kj

] ]

Simplifying this expression, we get eventually

Σ̃
′′

yy(⋆) =

σ−1

[
1

3

[
uiujuk c22 ijk

]
+

1

3

[
uiuk

(
c2ijc2jk + c2jic2jk + c2ijc2kj

)]
− 3

2

[
uiujc2ij

]2
+

1

3

[
uiukc3ijc3kj

]]

which proves (5.4.51).

Step 3/3 : Computation of the slope Σ̃
′

θ(t, 0, 0)

Now identifying the drift terms in both sides of (5.4.56) brings :

2−→σ t(t)
⊥−→a 1,t(t) + ‖⇒a 2,t‖2 + ‖⇒a 3,t‖2 − 2−→σ t(t)

⊥⇒
a 2,t(t)

−→
λ σ

t (t)

= 2Σ̃(⋆)̃b(⋆) + ‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2 − 2Σ̃(⋆)
−→̃
ν (⋆)⊥

−→̃
λ Σ̃

t (0)(5.4.60)
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We now combine all three arbitrage constraints by injecting (5.3.34) and (5.3.35) into (5.3.36)
in order to obtain the following expression for the IATM drift :

b̃(⋆) = 2Σ̃
′

θ(⋆) + Σ̃2(⋆)
[
Σ̃

′′

yy(⋆) − Σ̃
′

y(⋆)
]

+ 3Σ̃(⋆) Σ̃
′

y

2
(⋆)−

[
‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2

]

2Σ̃(⋆)

+ Σ̃
′

y

X̃
′

θ

X̃
(t, 0)−

−→σ t(t)
⊥ −→σ ′

T (t, t)

Σ̃(⋆)
+
−→̃
ν (⋆)⊥

[−→̃
λ Σ̃

t (0)−−→λ N
t (t)

]

Injecting the above expression into the right-hand side of (5.4.60) we obtain

2Σ̃(⋆)̃b(⋆) + ‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2 − 2Σ̃(⋆)
−→̃
ν (⋆)⊥

−→̃
λ Σ̃

t (0)

= 2Σ̃(⋆)


2Σ̃

′

θ(⋆) + Σ̃2(⋆)
[
Σ̃

′′

yy(⋆)− Σ̃
′

y(⋆)
]

+ 3Σ̃(⋆) Σ̃
′

y

2
(⋆) −

[
‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2

]

2Σ̃(⋆)

+ Σ̃
′

y(⋆)
X̃

′

θ

X̃
(t, 0)−

−→σ t(t)
⊥ −→σ ′

T (t, t)

Σ̃(⋆)
+
−→̃
ν (⋆)⊥

[−→̃
λ Σ̃

t (0) −−→λ N
t (t)

] ]

+ ‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2 − 2Σ̃(⋆)
−→̃
ν (⋆)⊥

−→̃
λ Σ̃

t (0)

= 2σ

[
2Σ̃

′

θ(⋆) + σ2
[
Σ̃

′′

yy(⋆)− Σ̃
′

y(⋆)
]

+ 3σ Σ̃
′

y

2
(⋆)

+ Σ̃
′

y(⋆)
X̃

′

θ

X̃
(t, 0)−

−→σ t(t)
⊥ −→σ ′

T (t, t)

σ
−−→̃ν (⋆)⊥

−→
λ N

t (t)

]

Note that this expression is now devoid of any direct reference to the IV drift adjustment
−→̃
λ Σ̃.

Injecting (5.4.50) - which establishes the IATM sliding skew Σ̃
′

y(⋆) - the expression evolves into

2Σ̃(⋆)̃b(⋆) + ‖−→̃ν (⋆)‖2 + ‖−→̃n (⋆)‖2 − 2Σ̃(⋆)
−→̃
ν (⋆)⊥

−→̃
λ Σ̃

t (0)

= 2 σ

[
2Σ̃

′

θ(⋆) + σ2Σ̃
′′

yy(⋆) +
1

2

[
uiujc2ij

]
[
X̃

′

θ

X̃
(t, 0) − σ2

]
+ 3 σ

1

4

[
uiujc2ij

]2

−
−→σ t(t)

⊥ −→σ ′

T (t, t)

σ
−−→̃ν (⋆)⊥

−→
λ N

t (t)

]

so that the full drift equalisation (5.4.60) becomes :

0 = 4σΣ̃
′

θ(⋆) + 2σ3Σ̃
′′

yy(⋆) + σ
[
uiujc2ij

]
[
X̃

′

θ

X̃
(t, 0) − σ2

]
+

3

2
σ2

[
uiujc2ij

]2 − 2 −→σ t(t)
⊥ −→σ ′

T (t, t)

− 2 σ
−→̃
ν (⋆)⊥

−→
λ N

t (t)− 2−→σ t(t)
⊥−→a 1,t(t) − ‖

⇒
a 2,t‖2 − ‖

⇒
a 3,t‖2 + 2 −→σ t(t)

⊥⇒
a 2,t(t)

−→
λ σ

t (t)

At this stage, only the incidence or slope Σ̃
′

θ(t, 0, 0) remains undetermined, since all other terms
can be expressed from the input SInsV model : the local16shape of the asset 17 map T → Xt(T ),
the local shape and dynamics of its instantaneous volatility −→σ t(T ), and the immediate values

of the model-dependent risk premia T → −→λ σ(T ) and T → −→λ N (T ).

16In (t, 0, 0).
17Equivalent to the sliding asset map θ → X̃t(θ).
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Isolating Σ̃
′

θ(⋆) and using (5.4.53), we can simplify the above expression into

Σ̃
′

θ(⋆) = −1

2
σ2Σ̃

′′

yy(⋆)− 1

2

[
uiujc2ij

]
[
X̃

′

θ

X̃
(t, 0) − σ2

]
− 3

8
σ
[
uiujc2ij

]2
+

1

2
−→u ⊥

[ −→σ ′

T (t, t) + −→a 1,t(t)
]

+
1

2
σ
−−−−−→[
c2 ij ui

]
⊥
[ −→
λ N

t (t) − −→λ σ
t (t)

]
+

1

4
σ ‖⇒c 2,t‖2 +

1

4
σ ‖⇒c 3,t‖2

We can now replace Σ̃
′′

yy(t, 0, 0) with its expression (5.4.51) to obtain :

Σ̃
′

θ(⋆) = σ

[
−1

6

[
uiujuk c22 ijk

]
− 1

6

[
uiuk

(
c2ijc2jk + c2jic2jk + c2ijc2kj

)]
+

3

4

[
uiujc2ij

]2 − 1

6

[
uiukc3ijc3kj

]]

− 1

2

[
uiujc2ij

]
[
X̃

′

θ

X̃
(t, 0) − σ2

]
− 3

8
σ
[
uiujc2ij

]2
+

1

2
−→u ⊥

[ −→σ ′

T (t, t) + −→a 1,t(t)
]

+
1

2
σ
−−−−−→[
c2 ij ui

]
⊥
[ −→
λ N

t (t) − −→λ σ
t (t)

]
+

1

4
σ ‖⇒c 2,t‖2 +

1

4
σ ‖⇒c 3,t‖2

After simplification and re-arrangement, we eventually get the slope/incidence as

Σ̃
′

θ(⋆) =
1

2
σ

[
1

2

[
c22ij

]
− 1

3

[
uiuk

(
c2ijc2jk + c2jic2jk + c2ijc2kj

)]
+

3

4

[
uiujc2ij

]2

+
1

2

[
c23ij

]
− 1

3

[
uiukc3ijc3kj

]
− 1

3

[
uiujuk c22 ijk

] ]

+
1

2
σ −→u ⊥

[ −→uθ
′

+ −→c 1

]
− 1

2

[
uiujc2ij

]
[
X̃

′

θ

X̃
(t, 0) − σ2

]
+

1

2
σ
−−−−−→[
c2 ij ui

]
⊥
[ −→
λ N

t (t) − −→λ σ
t (t)

]

which proves (5.4.52) and concludes the proof.

5.4.2 Interpretation and comments

5.4.2.1 Comparison with the single-underlying case

It is interesting to note that the normalisation effort we made did bear fruit. Indeed, one can
observe that each expression in Theorem 5.2 - excepted a single term in (5.4.52) - is homogeneous
in the modulus ‖−→σ t(t)‖.
Naturally our first task is to ensure that these results in the term structure framework do match
their simpler equivalent in the single asset setup. Downgrading the Term-Structure equations
is done in two steps. The first step consists in ignoring maturity-dependency (in particular by
killing any maturity-differential) and aligning all endogenous drivers : we can then compare
with the results of Theorem 2.4 [p.131] in the multi-dimensional but single-underlying case. The
second step corresponds to reducing all tensors to order and dimension 1, hence checking against
the simples case of Theorem 1.2 [p.45].
Among the six equations involved, some are simple and can therefore be compared at once.
Indeed it is immediately obvious that

◮ The skew result (5.4.50) matches its single-asset equivalents, both multi-dimensional (2.3.62)
and scalar (1.4.51).

◮ The equation (5.4.53) providing the endogenous coefficient is close to and clearly compat-
ible with (2.3.65) and (1.4.54).

◮ The same is true of (5.4.55) giving the exogenous coefficient, which is consistent with
(2.3.66) and (1.4.56).
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As for the three remaining equations, it is preferable to downgrade the expressions in order to
be convinced of the match :

◮ The term-structure curvature expression (5.4.51) becomes exactly (2.3.63) by removing
the T -dependency on all tensors. Then by reducing to the scalar case we get

Σ̃
′′

yy(⋆) = σ−1

[
1

3

[
3 c22

]
− 3

2
c22

]
+

1

3
σ−1 c23 +

1

3
σ−1 c22

=
1

σ2t

[a22
3

]
+

1

σ3t

[
a23
3
− a22

2

]

which matches (1.4.52).

◮ Coming to the incidence expression (5.4.52), we first exclude terms I0, J0 and K
′

0. In the
same manner, we then ignore the T -dependency which brings us exactly to (2.3.64). Then
by reducing to a scalar framework we get

Σ̃
′

θ(t, 0, 0) =
1

2
σ

[
1

2
c22 −

1

3

[
3 c22

]
+

3

4
c22 +

1

2
c23 −

1

3
c23 −

1

3
c22

]
+

1

2
σ c1 +

1

4
σ2 c2

= σ

[
1

8
c22 +

1

12
c23 −

1

6
c22 +

1

2
c1

]
+

1

4
σ2 c2

= σt

[
1

4
a2

]
+

[
1

2
a1 −

1

6
a22

]
+

1

σt

[
1

8
a22 +

1

12
a23

]

which is identical to (1.4.53).

◮ Finally (5.4.54), which describes the skew endogenous coefficient, can easily be downgraded
into the non-TS expression (2.3.67). Then reducing to the simplest case we get

ν̃
′

y(t, 0, 0) =
1

2
[ (c2 + c2) c2 ] +

1

2
c22 −

3

2
c22 =

1

σt

[
1

2
a22

]
+

1

σ2t

[
−1

2
a22

]

which matches (1.4.55).

We conclude therefore that this Theorem is compatible with previous results. Among all the
new terms, in our view the most interesting are those invoked in the incidence/slope expression
(5.4.52) :

◮ The term −→u ⊥
[ −→uθ

′
+ −→c 1

]
comes from J0, which has been introduced in Section 5.3.1 and

studied in Section 5.3.2. The group in brackets underline that any drift written on the
dynamics of the underlying is equivalent to the volatility slide effect.

◮ Term I0 is present again with
[
uiuj c2 ij

] [ X̃′

θ

X̃
(t, 0) − σ2

]
and we gage that the interpreta-

tion we gave in Section 5.3.2 is still valid. However the term σ2 seems out-of-place, mainly
because it breaks the homogeneity of Σ̃

′

θ(t, 0, 0) (in σ).

◮ Finally the drift correction term
[ −→
λ N

t (t) − −→λ σ
t (t)

]
comes from K

′

0 but can be surprising,

because it ignores the alignment of the sliding implied volatility process, namely
−→̃
λ Σ̃. It

is also apparent that this drift correction only appears in the incidence term Σ̃
′

θ(t, 0, 0),
which reminds us of the single-asset study, where the drift expansion terms (coefficients
indexed with at least a 1) would only appear in θ-differentials.
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5.4.2.2 Inconsistency of the term-by-term single asset method

An important question that remains is the degree of compatibility between smile approximations
(both in shape and dynamics) developed on one hand in this generic term-structure framework,
and on the other hand by a term-by-term (fixing the maturity and therefore the numeraire)
approach, using the results described in Part I for a single asset.

The first aspect to take into account is that the term-structure approximation is globally coher-
ent, whereas the individual term approximations cannot be. Let us illustrate this point : by
fixing a maturity T , we also fix the underlying and the numeraire. Hence a single-asset approach
on this underlying Xt(T ) will generate an implied volatility map, for all maturities until T . But
this ”smile” has only financial significance in maturity T 18simply because there is no liquid
option on Xt(T ) with maturity T ∗ 6= T . Whereas the maturity-dependent approach provides in
all its (K,T )-domain an approximation for the actual target smile.
Apart from this fundamental caveat, what can we anticipate about the relative speed vs preci-
sion of the two methods ? Let us start by considering the static smile.
Intuitively, in terms of precision the advantage is clearly on the side of the single asset method.
The reason is that for a given maturity T , the term-structure method will ”estimate” the asso-

ciated instantaneous volatility −→σ t(T ) from the immediate data −→σ t(t) and −→σ ′

T (t, t), as well as
the following differentials if we push the chaos expansion higher. The same stands true for the
asset Xt(T ) itself. The TS method is therefore at a loss compared to the single asset approach,
which will take in the exact values through σt ≡ −→σ t(T ) and St ≡ Xt(T ). Evidently, should we
pursue the computation to higher orders in θ with the TS method, more maturity-differentials
would appear, providing a better prediction of −→σ t(T ), and consequently the gap between the two
methods should close. The actual difference in precision will depend mainly on the regularity of
the underlying and volatility profiles T → Xt(T ) and T → −→σ t(T ). In particular a very rough
profile, such as a piecewise constant function, will significantly deteriorate the performance of
the term-structure method, whereas it will not affect the term-by-term method whatsoever.
In terms of speed, and at a given expansion order, the term-by-term method will require to
compute as many sets of differentials as the number of maturities to be considered, whereas
the TS method only requires one set. But, as we have seen, the single-asset case will be scalar
by construction, while the calculations in the multi-dimensional case can be significantly more
involved and compensate somewhat. We can therefore anticipate the same order of magnitude
for the speed of the two methods.
In conclusion, for a given computing time, the precision advantage is probably with the single-
asset method. And increasing the level of differentiation will asymptotically make the two
approximations tally, but only in T .

This superior performance, however, comes with a price. Because the term-by-term method
treats each maturity independently, we have to take extra care in order to establish some co-
herence throughout the smile. A doubtful choice, for instance, would be to use approximations
of a different order for adjacent maturities : this would be guaranteed to generate inconsisten-
cies, and possibly arbitrage opportunities. Such a mistake is clearly impossible within the term
structure framework, which brings us back to the afore-mentioned global consistency.

So far we only mentioned the approximation of the shape, but what about dynamics ? It is
by now clear that considering smile deformation modes along the maturity axis will put the
term-by-term method in a difficult position. Indeed, this method structurally ignores that the
different maturities are related, and in particular it cannot incorporate the fact that the asset
will ”slide” with time.

18At least in our framework, see the discussion on midcurves.
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5.5 Extensions, further questions and conclusion

We have extended the single-asset framework into a term-structure one. Keeping in this exten-
sion spirit, could we consider families in higher dimension ? For instance, could we incorporate
another maturity to the option field and consider Xt(T1, T2) ? Apart from a pure mathematical
interest, the financial motivation is real, as it would enable us to represent more products.
The first type of underlyings/options that spring to mind are swap rates and swaptions. Since
these are defined by both expiry and tenor, the current methodology is a priori limited to fixed-
expiry or fixed-tenor data sets.
The second kind of product are so-called ”mid-curve” options, which are usually defined by two
points on a curve representation. A typical example would be CMS19 spread options. This
extension would get us closer to non-conform cases where the maturity of the underlying and
that of the option do not match, and which are usually dealt with using convexity adjustments.

Having compared the term-structure and term-by-term approaches, it becomes clear that they
are opposed in almost every aspect. The tentation is great, therefore, to combine them into
a more powerful method. The idea would be to use the single-asset approach to correct the
maturity-dependency of the full term-structure method. However, ”interpolating” both meth-
ods between maturities is likely to give us ”the worst of both worlds”, and combine the pitfalls
of each approach.

In the maturity-dependent framework, we have mentioned that the layer-1 approximation is

determined by −→σ ′

T (t, t) and X
′

T (t, t),ignoring the higher order differentials of these maps. A
direct corollary is that if these maps cannot be reasonably approximated (with an affine function
for instance), then the quality of our functional approximations is bound to suffer.
This leads to two trivial conclusions. The first is that in the term-structure framework, where
both the asset and its instantaneous volatility are mapped, obtaining higher order approxima-
tions in time-to-maturity θ is more important than in the single spot case. The second conclusion
is that, model-wise, if we wish this method to work well we should promote the smoothest pos-
sible parametrisation in T .

In the same spirit, and unless the method is automated, it makes sense to choose a model frame-
work that simplifies the dimensionality issue. In particular, choosing a volatility structure that

generates a simple form for the tensor
⇛
a22(t) would be sensible. In that respect, using separate

variates (t and T − t) is usually a good technical start, as well as a realistic modeling approach.
Indeed the healthy desire to ensure time-shift homogeneity of the model by relying purely on
Time-To-Maturity T − t (see [Sch05] in the LMM case for instance) has to be balanced against
the necessity to provide a good fit to the current smile (in particular ATM options) which is made
much easier by using functions of time t. An interesting example of this approach can be found
in [Pit05b] (Section 7) also for the LMM, where a compromise is found by minimising the ampli-
tude of the t-perturbation over the T−t specification, using an intuitive penalisation function. In
general terms, relying heavily on time functions for the fit tends to create trader-induced hedg-
ing noise, and this is one of the reasons why we lean towards stationary and time-homogeneous
models. In a sense, this discussion illustrates the notion of calibration to both statics and dy-
namics of the market, which we support since in principle it provides a reasonable and stable fit.

19Constant Maturity Swap
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In this Chapter we apply the asymptotic chaos expansion methodology, as developed for the
generic term structure framework covered in Chapter 5, to some of the most liquid interest rates
derivatives products, and within a Stochastic-Volatility (SV) Heath-Jarrow-Morton (HJM) mod-
eling setup. Our aim is still to link the instantaneous (stochastic volatility) dynamics to those
of the implied volatility surface, with a natural emphasis on the direct problem and up to the
first σ-(2,0) layer.
Thanks to the results provided in the general context, we can proceed in only two applicative
steps, the first rather conceptual and the second more computational. The first step is to cast
the specific products (bond options, caplets, swaptions) into the generic framework, which in-
volves the allocation of several term structures (the underlying, the numeraire, the measure, the
payoff). The second step consists in the computation of the chaos dynamics for the underlying
term structure defined above, but within the chosen SV-HJM parameterisation.

In Section 6.1 we set the input SV-HJM modeling framework in a generic, chaos diffusion style.
In preparation for the intensive usage of tenor structures, we also introduce some dedicated nota-
tions. We define and justify our objectives in terms of the specific derivative products targeted,
as well as the required precision of the output smile shapes and dynamics. We then impose
some realistic simplifications to the interest rates environment, which will help in the modeling
phase. Finally we discuss briefly the close relationship and common potential of the SV-HJM
and SV-LMM classes.

In Section 6.2 we expose some useful intermediate results, pertaining to the dynamics of rebased
bonds, first single Zero-Coupons and then full-blown fixed structures.These results allow to de-
scribe the chaos diffusion of a driftless process, which is a necessary element of our approach,
and will simplify our computations later on.

In Section 6.3 we cover the first type of derivative product, the European call options on fixed-
coupon bonds. As mentioned above, we first immerse the problem into the generic setup, and
then compute accordingly the chaos dynamics for the chosen underlying. The presence of the
tenor structure generates complex results, which unfortunately lend themselves to only a basic
interpretation.

In Section 6.4 we proceed along the same path for Caplets, expressing all the σ-(2,0) coeffi-
cients necessary to formulate the Σ̃-(2,0) group of IATM differentials (both static dynamics).
We exploit the relative simplicity of the Libor rate dynamics to provide an interpretation for
them. Specifically we proceed with a semi-numerical analysis of the various terms, focusing on
their sign and relative magnitudes, by introducing sequentially some realistic simplifications and
assumptions.

Last but not least, in Section 6.5 we similarly cover the European payer Swaptions, which with-
out surprise turns out to be the most involved case with regard to computation. In an even
more pronounced manner that with bond options, we exploit as much as possible our earlier
results pertaining to basket dynamics.

Finally in Section 6.6 we discuss the (tempting) possibility of obtaining the same price surface
information through an indirect approach, by considering options on assets rather than on the
corresponding rates. Naturally this approach only concerns Caplets and Swaptions, which we
treat separately.
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6.1 Definitions, notations and objectives

6.1.1 The HJM framework in a chaos context

An HJM framework can be defined equivalently by specifying the dynamics of either the forward
instantaneous rate ft(T ) or the Zero-Coupon (ZC) Bond Bt(T ). Due to the market model
approach that we have chosen to take throughout this study, we shall use the latter.
Consequently, let us denote the no-arbitrage dynamics of the ZC family Bt(T ) as

dBt(T )

Bt(T )
= rt dt +

−→
Γ t(T )⊥ d

−→
W t(6.1.1)

where rt is the short rate and
−→
W t is a Wiener process under the risk-neutral measure Q.

We then specify the dynamics of the family of instantaneous volatilities with




d
−→
Γ t(T ) = −→α 1,t(T ) dt +

⇒
α2,t(T ) d

−→
W t +

⇒
α3,t(T ) d

−→
Z t(6.1.2)

d
⇒
α2,t(T ) =

=⇒

[· · ·] dt +
⇛
α22,t(T ) d

−→
W t +

⇛

[· · ·] d−→Z t(6.1.3)

Again,
−→
W t and

−→
Z t are independent Wiener processes with each a unit covariance matrix, while

the instantaneous coefficients defining the volatility structure,
−→
Γ t(T ), −→α 1,t(T ),

⇒
α2,t(T ), etc. are

simply imposed to be adapted Itô processes. In particular they can be driven by the exogenous

Wiener process
−→
Z t, which justifies that this framework covers the SV-HJM model class in a

very generic fashion, since the model state variables have not been defined.
Remark that the reference measure has been arbitrarily chosen as the risk-neutral one, but that
this choice relates mainly to convention and the desire to exhibit the short rate rt. Indeed, in
many cases a forward or terminal measure QT∗ is actually more pertinent and/or usual. Note
that in that instance the associated numeraire becomes Bt(T∗) so that all ZCs are martingale.
Nevertheless, it is noticeable that whichever measure is selected, it has the potential to com-

plexify the ZC dynamics further down the line, so that the chaos volatility structure (
−→
Γ t(T ),

⇒
α2,t(T ), etc.) might come with complex drifts.

6.1.2 Tenor structures and simplified notations

The HJM framework (6.1.1)-(6.1.2)-(6.1.3) relates to the yield curve and is therefore structurally
continuous w.r.t. maturity T . In the sequel however, we will be often be dealing not with a
full and continuous term structure, but with discrete and finite tenor structures or schedules
{Ti}0≤i≤N which can be trivially re-parameterised using accruals {δi}1≤i≤N

[ T0 , T1 , · · · , TN ] ⇐⇒ [ T0 , δ1 , · · · , δN ] with δi
△
= Ti − Ti−1

These tenor structures are associated essentially to bond and swap trades, which we will identify
through their start date T0, leaving the accruals to complete the specification of the schedule.
This choice is obviously motivated by our generic term-structure approach, and justifies the

following definitions (
△
=) and compact notations (

.
=) :

Bi
.
= Bi,t

.
= Bi,t(T0)

△
= Bt(Ti)

−→
Γ i

.
=

−→
Γ i,t

.
=

−→
Γ i,t(T0)

△
=
−→
Γ t(Ti)

−→α i,1
.
= −→α i,1,t

.
= −→α i,1,t(T0)

△
= −→α 1,t(Ti)

⇒
αi,2

.
=

⇒
αi,2,t

.
=

⇒
αi,2,t(T0)

△
=

⇒
α2,t(Ti)

⇒
αi,3

.
=

⇒
αi,3,t

.
=

⇒
αi,3,t(T0)

△
=

⇒
α3,t(Ti)

⇛
αi,22

.
=

⇛
αi,22,t

.
=

⇛
αi,22,t(T0)

△
=

⇛
α22,t(Ti)

Let us now move on and define formally the aims of this Chapter.
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6.1.3 Objectives and assumptions

Our objectives are to establish the links between the SInsV and SimpV model classes, in an
interest rates environment and within an SV-HJM modeling framework. More precisely, the
dynamics of the Zero Coupons will be given by (6.1.1)-(6.1.2)-(6.1.3) and we will consider the
option price surfaces corresponding to the three following product types : bond options, caplets
and physical swaptions. We justify this choice by the fact that, at the time of writing, these are
the most liquid vanilla1smiles.
The connection between the two stochastic volatility model classes will be demonstrated re-
spectively for the σ-(2,0) group of instantaneous coefficients and the Σ̃-(2,0) group of IATM
differentials (refer to Definition 1.1 [p.41]).
In order to apply the results of Chapter 5, we will have to immerse the product (underlying,
numeraire, measure and option payoff), along with the HJM chaos dynamics (again, only up to
the σ-(2,0) group of coefficients), into the former generic maturity-dependent framework.

In order either to simplify our results (without altering their structure) or to give them more
range, we either adopt or ignore certain approximations and assumptions that are commonly
found in the interest rates literature :

Assumption 6.1 (Simplification of the IR underlying market)
Unless specified otherwise,

◮ In all tenor structures considered, the rate frequencies are not necessarily perfectly regular.
In other words we do NOT have δi ≡ δ ∀i which would imply Ti = Ti−1 + δ ∀1 ≤ i ≤ N .

◮ With all Libor rates envisaged, the fixing and value dates will be identical. Similarly, in all
tenor structures considered, the calendar, fixing, accrual and payment dates do coincide.
Finally, the associated Libor rates will be ”spanning”, meaning that the maturity date of
one Libor is the fixing date of the next one.

◮ Any basis (e.g. tenor basis, currency basis, credit spreads) will be ignored, so that only one
yield curve will be sufficient. In particular funding and projection curves will be identical.
Note that some of this restriction could be lifted without much technical difficulty, but at
the expense of readibility.

◮ In all swaps considered, the fixed and floating legs are not necessarily synchronous. In all
generality we could have two completely distinct schedules, which would just increase the
size of the date population to be considered. However, according to the previous assump-
tions, we can value the floating at par with

Vt (floating leg) = Bt(T0)−Bt(TN )

Therefore, for simplification purposes we will consider that the first and last dates (T0 and
TN ) do coincide on both legs.

◮ The swaptions under consideration have an expiry date that coincides with the start date
of the underlying swap.

◮ The swaptions under consideration are physically settled, as opposed to cash-settled.

1In fact, on Euro markets for instance, cash-settled swaptions are more liquid than physical ones. Similarly,
CMS options can be considered as very liquid. But these are deemed quasi-vanilla products, since their valuation
does not rely on a pure martingale argument. Indeed they require a further curve assumption to be made in order
to infer the annuity vs swap rate relationship.
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6.1.4 On the relative pertinence of the SV-HJM and SV-LMM classes

Note also that a further interest of this Chapter is that a large proportion of the results it estab-
lishes will later be recycled for the Stochastic Volatility-LMM framework (see Chapter 7). This
can be seen as a convenient computational trick, but in fact the link between the two model
classes is strong and fruitful.

It is true that very few instances of an SV-HJM model have been published, and even less are
used in practice. The popular IR model which is closest to that class is the low-dimensional
Markovian family developed in [Che92] and [RS95]. Compared to the rather large number of
SV-LMM discussed in the literature (see [AA02] or [Pit05b] for instance) this seems a bit odd.
However one of the main reasons for this situation is actually historical. Indeed the HJM frame-
work has been used since the early 90s in a downgraded, low-dimensional Markovian form,
focusing on the availability of closed-form solutions for vanillas, and the pricing on lattices of
callable products. The LMM on the other hand, became fashionable with the practitioners ten
years afterwards. It was focusing on the relevant state variables for the option world, and it was
understood from the start that the model’s potential lay in high dimension, so that pricing of
exotics would have to go though Monte-Carlo.

The fact remains that not one framework is richer than the other, as these are just two distinct
parameterisations of the same class. With local and early stochastic volatility extensions, there
were indeed differences in performance, as for instance the Caplet smile was trading very log-
normally (which is very difficult to represent in an HJM setup).
But with newer, full-blown stochastic volatility models, the overlap is much stronger. Indeed, an
LMM framework can be re-expressed with dynamics of the rebased bonds for instance. Clearly
in our generic SInsV setup the two frameworks are identical, since we can have a bijection be-
tween the underlying maps, and that the state variables for volatility are ignored. Furthermore,
we will see in the course of Chapters 6 and 7 that the HJM framework makes computations
easier for the group of three liquid options considered as a whole.

In our view, these reasons alone justify that we should deal with the SV-HJM model class on
par with the SV-LMM, and advocates that both classes present an equally impressive potential
in terms of calibrating and hedging for complex structured products.

Having now set the bakground and framework of our study, let us establish some intermediate
results pertaining to the dynamics of rebased bonds, which will provide the driftless dynamics
required by our asymptotic methodology.
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6.2 Dynamics of rebased bonds

In the perspective of our generic framework, an obvious issue of the HJM parameterisation
(6.1.1)-(6.1.2)-(6.1.3) is the presence of a drift in the asset dynamics (6.1.1), in the form of the
short rate rt. The classic answer is to choose a new numeraire, and an associated measure,
making the Zero-Coupons martingale. We present such a re-basing in all its generality, and
express the new chaos dynamics, as required, up to the σ-(2,0) level. Bearing in mind the target
products (i.e. swaps and bons) we then compute those same dynamics but for a fixed-weights
basket of such re-based Zero Coupons.

6.2.1 Dynamics of the rebased Zero Coupons

Let us consider a given but generic traded asset, whose a.s. non-null price process is denoted by
{πt}t≥0. We specify its chaos dynamics under the risk-neutral measure and up to σ-(2,0) level
as

dπt
πt

= rt dt + −→γt⊥ d
−→
W t where rt is still the short rate

d−→γt = −→c 1,t dt +
⇒
c 2,t d

−→
W t +

⇒
c 3,t d

−→
Z t d

⇒
c 2,t =

−→
[·] dt +

⇛
c 22,t d

−→
W t +

⇛

[·] d−→Z t

Note that in all generality we could make the numeraire πt maturity-dependent, i.e. we could
have πt(T ), but this additional complexity would bring no added value to the matter at hand.
More specifically, although later in this chapter πt will be chosen as the price of a bond, it
happens that in the current generic section its financial nature is rather irrelevant. Indeed πt
and its dynamics unambiguously define, as usual, an associated measure Qπ and a Wiener driver−→
W π

t . We then use this new numeraire to deflate2 the whole HJM Zero-Coupon map :

d
−→
W π

t = d
−→
W t − −→γt dt and ∀ T ≥ t Bπ

t (T )
△
=

Bt(T )

πt

We then have under Qπ some drift-less dynamics for the new deflated Zero Coupon map Bπ
t (T ).

Due to the additive nature of the new volatility map T → −→Γ π
t (T ) it is also easy to present

its associated chaos structure under the new measure, at least at the σ-(2,0) level. Formally we
present the following utilitarian result :

Lemma 6.1 (Dynamics of the rebased Zeros)
The rebased Zero Coupons prices satisfy the following SDE system

∀ T ≥ t dBπ
t (T )

Bπ
t (T )

=
−→
Γ π

t d
−→
W π

t with
−→
Γ π

t (T )
△
=
−→
Γt(T ) − −→γt(6.2.4)

with the chaos dynamics continuing as




d
−→
Γ π

t (T ) = −→α π
1,t(T ) dt +

⇒
α
π

2,t(T ) d
−→
W π

t +
⇒
α
π

3,t(T ) d
−→
Z t

d
⇒
α
π

2,t(T ) =
=⇒

[· · ·] dt +
⇛
α
π

22,t(T ) d
−→
W π

t +
⇛

[· · ·] d−→Z t

and where the coefficient correspondence is given by

⇒
α
π

2,t(T ) =
⇒
α2,t(T ) − ⇒

c 2,t(6.2.5)

−→α π
1,t(T ) = −→α 1,t(T ) −−→c 1,t +

⇒
α
π

2,t(T )−→γt(6.2.6)

⇒
α
π

3,t(T ) =
⇒
α3,t(T ) −⇒

c 3,t(6.2.7)

⇒
α
π

22,t(T ) =
⇛
α22,t(T ) − ⇛

c 22,t(6.2.8)

2 This technique is also commonly called rescaling or rebasing in the literature
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In the sequel we shall of course adapt the simplified notations of section 6.1.2 to this new rebased
environment, for instance

−→
Γ π

i
.
=
−→
Γ π

i,t
.
=
−→
Γ π

i,t(T0)
△
=
−→
Γ π

t (Ti)

6.2.2 Dynamics of a rebased ZC basket with fixed weights

Now let P π
t be a fixed-weights basket of such Zero Coupons, with a current deflated price of

P π
t =

Pt

πt
=

N∑

i=1

βi B
π
t (Ti)(6.2.9)

This basket can of course be seen as a rebased bond with fixed (possibly unequal albeit deter-
ministic) coupons, but its use will be further-reaching. For the moment we wish to compute the
σ-(2,0) coefficients of its chaos dynamics. We naturally apply straight the results of Corollary
2.4 [p.147] relating to fixed-weights baskets, to obtain :

Corollary 6.1 (Chaos dynamics of a bond basket under a generic martingale measure)
Following the definition presented in (6.2.9), we get the basket dynamics as





dP π
t

P π
t

= −→σ p,π
t

⊥
d
−→
W π

t

d −→σt p,π = −→a p,π
1,t dt +

⇒
a
p,π

2,t d
−→
W π

t +
⇒
a
p,π

3,t d
−→
Z t

d
⇒
a
p,π

2,t =
⇒

[·] dt +
⇛
a
p,π

22,t d
−→
W π

t +
⇛

[·] d−→Z t

These σ-(2,0) coefficients are expressed as follows, both in the re-based and native forms. First
the instantaneous volatility comes as

−→σ p,π
t =

N∑

i=1

ωi,t
−→
Γ π

i,t = −−→γt +

N∑

i=1

ωi,t
−→
Γ i,t(6.2.10)

where

ωi,t
△
=

βi B
π
t (Ti)

P π
t

=
βi Bt(Ti)

Pt
(6.2.11)

Using simplified notations, the first-depth coefficients are expressed as

−→a p,π
1,t

△
= −⇒

a
p,π

2,t
−→σ p,π

t +

N∑

i=1

ωi,t

[ −→α π
i,1,t +

⇒
α
π

i,2,t

−→
Γ π

i,t

]
(6.2.12)

= −⇒
a
p,π

2,t
−→σ p,π

t −−→c 1,t −
⇒
c 2,t

N∑

i=1

ωi,t
−→
Γ i,t +

N∑

i=1

ωi,t

(−→α i,1,t +
⇒
αi,2,t

−→
Γ i,t

)
(6.2.13)

for the drift, then the endogenous term comes as



306 CHAPTER 6. IMPLIED DYNAMICS IN THE SV-HJM FRAMEWORK

⇒
a
p,π

2,t
△
= − −→σ p,π

t
2⊗

+

N∑

i=1

ωi,t

[
⇒
α
π

i,2,t +
−→
Γ π

i,t

2⊗ ]
(6.2.14)

= −⇒
c 2,t +

N∑

i=1

ωi,t

(
⇒
αi,2,t +

−→
Γ i,t

2⊗) −
[

N∑

i=1

ωi,t
−→
Γ i,t

]2⊗
(6.2.15)

while the exogenous component is more simply expressed with

⇒
a
p,π

3,t
△
=

N∑

i=1

ωi,t
⇒
α
π

i,3,t = −⇒
c 3,t +

N∑

i=1

ωi,t
⇒
αi,3,t(6.2.16)

Finally the single, second-depth coefficient comes as

⇛
a
p,π

22,t = −⇒
a
p,π

2

↔
⊗−→σ p,π +

N∑

i=1

ωi
⇒
α
π

i,2

↔
⊗−→Γ π

i

+

N∑

i=1

wi

[
⇛
α
π

i,22 +
[
(Γπ

i − σp,π)k α
π
i,2 jl

]
+
−→
Γ π

i

3⊗ −−→Γ π
i ⊗−→σ p,π ⊗−→Γ π

i

]
(6.2.17)

which with the native HIM parameterisation gives

⇛
a
p,π

22,t = −⇛
c 22 +

[
wi

⇛
αi,22

]
+
[
ωi

⇒
αi,2

↔
⊗−→Γ i

]
−
[
ωi

⇒
αi,2

]↔
⊗
[
ωi
−→
Γ i

]

+
[
wi
−→
Γ 3⊗

i

]
−
[
ωi
−→
Γ i

2⊗]↔
⊗
[
ωi
−→
Γ i

]
+ 2

[
ωi
−→
Γ i

]3⊗
(6.2.18)

−
[
wiwj

−→
Γ i ⊗

−→
Γ j ⊗

−→
Γ i

]
+
[
wi (Γi − [wjΓj])n αi,2mp

]

Proof.
These results come as a direct application of Corollary 2.4 [p.147] and Lemma 6.1 [p. 304],
where the population of N underlyings corresponds to the basket of Zero Coupons.
First the volatility expression (6.2.10) comes simply as a combination of (2.4.82) and (6.2.4).
Similarly, the exogenous expressions (2.4.85) and (6.2.5) yields (6.2.16).
Then the first endogenous expression (6.2.14) is a direct application of (2.4.84), which we can
re-formulate in function of the original inputs using (6.2.4), (6.2.5) and (6.2.10) :

⇒
a
p,π

2,t = −
[

N∑

i=1

ωi,t
−→
Γ i,t −−→γt

]2⊗
+

N∑

i=1

ωi,t

[
⇒
αi,2,t −

⇒
c 2,t +

[−→
Γ i,t −−→γt

]2⊗ ]

= −
[

N∑

i=1

ωi,t
−→
Γ i,t

]2⊗
+−→γt

↔
⊗
[

N∑

i=1

ωi,t
−→
Γ i,t

]
−−→γt2⊗ −

⇒
c 2,t +

N∑

i=1

ωi,t
⇒
αi,2,t

+
N∑

i=1

ωi,t
−→
Γ 2⊗

i,t −−→γt
↔
⊗
[

N∑

i=1

ωi,t
−→
Γ i,t

]
+−→γt 2⊗

which after simplification proves (6.2.15).
Turning to the drift coefficient, we apply the Corollary result (2.4.83) which provides (6.2.14).
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Then recalling the native volatility map, we get

−→a p,π
1,t

△
= −⇒

a
p,π

2,t
−→σ p,π

t +

N∑

i=1

ωi,t

[−→α i,1,t −−→c 1,t +
(
⇒
αi,2,t −

⇒
c 2,t

)−→γt
]

+

N∑

i=1

ωi,t

[
⇒
αi,2,t −

⇒
c 2,t

] [−→
Γ i,t −−→γt

]

which by using (6.2.4)-(6.2.5)-(6.2.6) we simplify into (6.2.13).
Finally the direct application of (2.4.86) provides the second-depth coefficient as per (6.2.17).
Noting that

−→
Γ π

i

3⊗ −−→Γ π
i ⊗−→σ p,π ⊗−→Γ π

i =
−→
Γ π

i ⊗
[−→

Γ π
i −−→σ p,π

]
⊗−→Γ π

i

we get by substituting the rebased coefficients with the native ones

⇛
a
p,π

22,t =


⇒
c 2 −

N∑

i=1

ωi

(
⇒
αi,2 +

−→
Γ i

2⊗)
+

[
N∑

i=1

ωi
−→
Γ i

]2⊗
↔
⊗
[

N∑

i=1

ωi
−→
Γ i −−→γ

]

+

N∑

i=1

ωi

[
⇒
αi,2 −

⇒
c 2

]↔
⊗
[−→

Γ i −−→γ
]

+

N∑

i=1

wi

[
⇛
αi,22 −

⇛
c 22

]
+

N∑

i=1

wi




Γi −

N∑

j=1

wjΓj




n

(αi,2 − c2)mp




+
N∑

i=1

wi

[−→
Γ i −−→γ

]
⊗


−→Γ i −

N∑

j=1

wj
−→
Γ j


⊗

[−→
Γ i −−→γ

]

We identify three terms on the right-hand side, which we develop and simplify individually :

Term 1

⇒
c 2 −

N∑

i=1

ωi

[
⇒
αi,2 +

−→
Γ i

2⊗]
+

[
N∑

i=1

ωi
−→
Γ i

]2⊗
↔
⊗
[

N∑

i=1

ωi
−→
Γ i −−→γ

]
+

N∑

i=1

ωi

[
⇒
αi,2 −

⇒
c 2

]↔
⊗
[−→

Γ i −−→γ
]

=



[

N∑

i=1

ωi
−→
Γ i

]2⊗
−

N∑

i=1

ωi
−→
Γ i

2⊗ −
N∑

i=1

ωi
⇒
αi,2


↔
⊗
[

N∑

i=1

ωi
−→
Γ i −−→γ

]
+

N∑

i=1

ωi
⇒
αi,2

↔
⊗
[−→

Γ i −−→γ
]

= 2

[
N∑

i=1

ωi
−→
Γ i

]3⊗
−
[

N∑

i=1

ωi
−→
Γ i

2⊗

]
↔
⊗
[

N∑

i=1

ωi
−→
Γ i

]
−
[

N∑

i=1

ωi
⇒
αi,2

]
↔
⊗
[

N∑

i=1

ωi
−→
Γ i

]

+
N∑

i=1

ωi

[
⇒
αi,2

↔
⊗−→Γ i

]
−−→γ

↔
⊗
[

N∑

i=1

ωi
−→
Γ i

]2⊗
+−→γ

↔
⊗
[

N∑

i=1

ωi
−→
Γ i

2⊗

]

Term 2

N∑

i=1

wi

[
⇛
αi,22 −

⇛
c 22

]
+

N∑

i=1

wi




Γi −

N∑

j=1

wjΓj




n

(αi,2 − c2)mp




= −⇛
c 22 +

N∑

i=1

wi
⇛
αi,22 +

N∑

i=1

wi




Γi −

N∑

j=1

wjΓj




n

αi,2mp


 since

N∑

i=1

wi


−→Γ i −

N∑

j=1

wj
−→
Γ j


 =

−→
0
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Term 3

N∑

i=1

wi

[−→
Γ i −−→γ

]
⊗


−→Γ i −

N∑

j=1

wj
−→
Γ j


⊗

[−→
Γ i −−→γ

]

=

[
N∑

i=1

wi
−→
Γ 3⊗

i

]
−
[

N∑

i=1

wi
−→
Γ 2⊗

i

]
⊗−→γ −

N∑

i=1

wi


−→Γ i ⊗




N∑

j=1

wj
−→
Γ j


⊗−→Γ i


+

[
N∑

i=1

wi
−→
Γ i

]2⊗
⊗−→γ

−−→γ ⊗
[

N∑

i=1

wi
−→
Γ 2⊗

i

]
+−→γ ⊗

[
N∑

i=1

wi
−→
Γ i

]
⊗−→γ +−→γ ⊗

[
N∑

i=1

wi
−→
Γ i

]2⊗
−−→γ ⊗

[
N∑

i=1

wi
−→
Γ i

]
⊗−→γ

=

[
N∑

i=1

wi
−→
Γ 3⊗

i

]
+−→γ

↔
⊗
[

N∑

i=1

wi
−→
Γ i

]2⊗
−−→γ

↔
⊗
[

N∑

i=1

wi
−→
Γ 2⊗

i

]
−

N∑

i=1

N∑

j=1

wiwj

[−→
Γ i ⊗

−→
Γ j ⊗

−→
Γ i

]

Gathering all three terms we get

⇛
α
p,π

22,t = 2

[
N∑

i=1

ωi
−→
Γ i

]3⊗
−
[

N∑

i=1

ωi
−→
Γ i

2⊗

]
↔
⊗
[

N∑

i=1

ωi
−→
Γ i

]
−
[

N∑

i=1

ωi
⇒
αi,2

]
↔
⊗
[

N∑

i=1

ωi
−→
Γ i

]

+

N∑

i=1

ωi

[
⇒
αi,2

↔
⊗−→Γ i

]
−−→γ

↔
⊗
[

N∑

i=1

ωi
−→
Γ i

]2⊗
+−→γ

↔
⊗
[

N∑

i=1

ωi
−→
Γ i

2⊗

]

−⇛
c 22 +

N∑

i=1

wi
⇛
αi,22 +

N∑

i=1

wi




Γi −

N∑

j=1

wjΓj




n

αi,2mp




+

[
N∑

i=1

wi
−→
Γ 3⊗

i

]
+−→γ

↔
⊗
[

N∑

i=1

wi
−→
Γ i

]2⊗
−−→γ

↔
⊗
[

N∑

i=1

wi
−→
Γ 2⊗

i

]
−

N∑

i=1

N∑

j=1

wiwj

[−→
Γ i ⊗

−→
Γ j ⊗

−→
Γ i

]

This equation simplifies into

⇛
α
p,π

22,t = −⇛
c 22 +

N∑

i=1

wi
⇛
αi,22 +

N∑

i=1

ωi

[
⇒
αi,2

↔
⊗−→Γ i

]
−
[

N∑

i=1

ωi
⇒
αi,2

]
↔
⊗
[

N∑

i=1

ωi
−→
Γ i

]

+

[
N∑

i=1

wi
−→
Γ 3⊗

i

]
−
[

N∑

i=1

ωi
−→
Γ i

2⊗

]
↔
⊗
[

N∑

i=1

ωi
−→
Γ i

]
+ 2

[
N∑

i=1

ωi
−→
Γ i

]3⊗

−
N∑

i=1

N∑

j=1

wiwj

[−→
Γ i ⊗

−→
Γ j ⊗

−→
Γ i

]
+

N∑

i=1

wi




Γi −

N∑

j=1

wjΓj




n

αi,2mp




which by introducing the modified Einstein notations provides (6.2.18) and concludes the proof.

With the rebasing of bonds sorted in terms of dynamics, we are now ready to proceed with our
asymptotic approach. Out of the three product families we choose to start by the oldest, the
bond options, which is also the one demonstrating with the most clarity the benefits of that
rebasing :
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6.3 Bond Options

In this section we provide the input required by the asymptotic chaos expansion methodology, up
to the first layer, for a term structure of bond options and within an HJM modeling framework.
It seems that a European call written on a vanilla bond, when using an HJM parameterisation,
is a very natural instrument to consider. Indeed, the underlying consists in a fixed-weight basket
of Zero-Coupons, which are themselves the native state variables for the yield curve.

6.3.1 Casting the bond options into the generic framework

For simplification purposes, we will avoid accrued coupon issues by imposing that the option
maturity T must coincide with an anniversary date T0 of the underlying bond. In terms of ma-
turities, tenor structures are bi-dimensional in nature. Therefore in order to build the necessary
option/underlying term structure we fix the tenor and allocate the framework maturity to the
start date T0, effectively making the bond sliding w.r.t. that date. In summary

T = T0 is the option expiry

∀i / 1 ≤ i ≤ N Ti = Ti−1 + δi are the coupon dates

The underlying sliding bond is then defined by three elements : by its maturity T , by the sliding

tenor structure δ
△
= {δi}1≤i≤N and by the fixed coupon c. In consequence we shall denote its

price process by P δ
t (T ; c) and we will employ the schedule notations of section 6.1.2. As for the

option payoff, it will assume a cash exchange3 at time T for a value of

Φ(T )
△
=
[
P δ
T (T ; c) −K

]+

Our choice of mapping w.r.t. an anniversary date and with a fixed tenor is not the sole alterna-
tive, but in our view both the simplest and the most useful choice. However it cannot be used
to represent all european options (all strikes and expiries) written on an existing, running bond.
Although (conceptually) feasible, designing a framework to support the later case is significantly
more complex. Indeed it must cope with the embedded discontinuity of the underlying and of
the option settlements, which does not fare well in our asymptotic perspective.
Having defined the underlying and option continuum, let us move on to the SDE system. In
order to make the bond’s dynamics martingale, we shall use the usual method of re-basing via
a given asset. In light of the simple payment sequence, that numeraire should naturally be the
Zero Coupon Bt(T ) for the same maturity4 . Adapting the notations of section 6.2, we write
the rebased Zeros and define the underlying Term Structure as per

BT
t (U)

△
=

Bt(U)

Bt(T )
and Xt(T )←− P δ,T

t (T ; c)
△
=

P δ
t (T ; c)

Bt(T )
= c

N∑

i=1

δiB
T
t (Ti)

The numeraire being selected, we have the martingale measure as the T -forward measure. In
summary, the immersion continues with the following allocations :

Nt(T ) ← Bt(T ) QN(T ) ← QT −→
W

N(T )
t ← −→

W T
t with d

−→
W T

t = d
−→
W t −

−→
Γ t(T ) dt

Finally, we verify that the actual payoff is coherent with the framework, which is true since

BT (T ) ≡ 1 =⇒
[
P δ
T (T ; c) −K

]+
= BT (T )

[
P δ,T
T (T ; c)−K

]+

At this point, the Black formula and the corresponding re-parameterisation via the lognormal
implied volatility presents then no difficulty, which completes the formal cast.

3As opposed to a physical settlement, but unlike the swaption case here the valuations are identical.
4Note that, since for all considered indexes i we have T ≤ Ti, the re-based ZC defined by

BT
i,t(T )

△
= BT

t (Ti)
△
= Bt(Ti)/Bt(T ) is nothing else than the Forward Zero Coupon Bf

t (T, Ti).
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6.3.2 Dynamics of the underlying rebased bond

It remains however to compute the first layer, i.e. the chaos dynamics under QT of the underlying
term structure of rebased bonds, Since the scaling by the coupon c does not affect the lognormal
dynamics, we shall dispense with that parameter.

Lemma 6.2 (Bond chaos dynamics in an HJM framework)
The underlying bond, rebased by the maturity Zero, presents the following dynamics :

dP δ,T
t (T )

P δ,T
t (T )

= −→σ p
t (T )⊥d

−→
W T

t

d −→σ p
t (T ) = −→a p

1,t(T ) dt +
⇒
a
p

2,t(T ) d
−→
W T

t +
⇒
a
p

3,t(T ) d
−→
Z t

d
⇒
a
p

2,t(T ) =

(2)−−→
[· · ·] dt +

⇛
a
p

22,t(T ) d
−→
W T

t +

(3)−−→
[· · ·] d−→Z t

where
−→
WT

t is the T -forward driver. The instantaneous volatility comes as

−→σ p
t (T ) = −−→Γ0,t(T ) +

N∑

i=1

ωi,t(T )
−→
Γi,t(T ) where ωi,t

△
=

δi Bi,t∑N
k=1 δkBk,t

(6.3.19)

We thereafter use simplified notations, understating that each quoted quantity is a process pa-
rameterised by the maturity T , and that modified Einstein notations sum from indexes 1 to N .
We get

−→a p
1,t(T )

△
= −⇒

a
p

2,t
−→σ p

t −−→α 0,1 −
⇒
α0,2

[
ωi
−→
Γi

]
+
[
ωi

(−→α i,1 +
⇒
α i,2
−→
Γi

)]
(6.3.20)

⇒
a
p

2,t(T )
△
= −⇒

α0,2 +
[
ωi

(
⇒
αi,2 +

−→
Γ

2⊗

i

)]
−
[
ωi
−→
Γ i

]2⊗
(6.3.21)

⇒
a
p

3,t(T )
△
= −⇒

α0,3 +
[
ωi

⇒
αi,3

]
(6.3.22)

And finally the most complex expression - for the single second-depth coefficient - comes as

⇛
a
p

22,t(T ) = −⇛
α0,22 +

[
wi

⇛
αi,22

]
+
[
ωi

⇒
α i,2

↔
⊗−→Γ i

]
−
[
ωi

⇒
αi,2

]↔
⊗
[
ωi
−→
Γ i

]

+
[
wi
−→
Γ 3⊗

i

]
−
[
ωi
−→
Γ i

2⊗]↔
⊗
[
ωi
−→
Γ i

]
+ 2

[
ωi
−→
Γ i

]3⊗
(6.3.23)

−
[
wiwj

−→
Γ i ⊗

−→
Γ j ⊗

−→
Γ i

]
+
[
wi (Γi − [wjΓj])n αi,2mp

]

Proof.
The case is obviously ripe to apply Corollary 6.1 [p.305] dealing with fixed-weights baskets of
Zero Coupons. Indeed the basket is here defined without ambiguity, and the numeraire πt will
naturally be the Zero-Coupon Bt(T ), which gives us the result immediately.
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Armed with these results, we can now for instance invoke Theorem 5.2 [p.289] in order to
compute the IATM differentials of the smile.

6.3.3 Interpretation

Due to their complexity, interpreting the dynamics of the rebased (T -forward) bond, as exposed
by Lemma 6.2, is not really straightforward. Logically, the IATM differentials that they imply
- through the direct results of Chapter 5 - are also quite involved. Nevertheless, it is possible to
make a few initial observations.
A very noticeable feature is the important role played in the dynamics by the omnipresent
numeraire, here Bt(T ). Indeed, in terms of overall magnitude impact, the numeraire’s volatility
(along with its further chaos-generated coefficients) seems to have roughly the same importance
as the N Zero Coupons constituting the bond, all put together. The impact of the numeraire on
the IATM differentials itself is more difficult to gage. But as far as the IATM level is concerned,
we can build some intuition. Indeed we have

Σ̃p(t, 0, 0)2 = ‖−→σ p
t (t)‖2 = ‖−→Γ0,t(t)‖2 + ‖

N∑

i=1

ωi,t(t)
−→
Γi,t(t)‖2 − 2

−→
Γ0,t(t)

⊥

[
N∑

i=1

ωi,t(t)
−→
Γi,t(t)

]

However, since
−→
Γ t(t) is the instantaneous lognormal volatility of the immediate Zero Bt(t), it

must stay null almost surely. In other words, the IATM level of the smile is unaffected by the
numeraire, which is reassuring since the immediate forward bond is nothing else than the spot
bond.
An easy mistake to do would be to assume that all further IATM differentials are also immune to
the numeraire specification. Looking at Theorem 5.2 [289]and in particular at the slope specifi-
cation (5.4.52), it is clear that the immediate shape of both the yield curve and its volatility map

(i.e. ∂TBt(T ) and ∂T
−→
Γ t(T ) taken in T = t) will have an impact on the maturity differentials of

the smile, at the IATM point.
Another tempting mistake would be to consider that Bt(T ) has no impact on the IATM price :
indeed the pricing argument (5.1.5) requires the multiplicative discounting by Bt(T ) in order to
obtain the dollar price. From this operation, we deduce naturally that any positive correlation
between the zero Bt(T ) and the bond Pt(T ) will have a positive effect on the price.

Of some interest to us is the repeated presence of the mixed volatility term
∑N

i=1 ωi,t(T )
−→
Γ i,t(T )

which suggests that we should again exploit the basket analogy further.
It is clear that in traditional market circumstances, discount factors should decrease with expiry,
so that the normalised weights ωi,t will decrease with the index i. However in practice, and in
particular if the start date T0 is far enough in the future, their magnitude will be similar. In con-
sequence the norm of that mixed volatility term will essentially report the level of instantaneous
correlation within the yield curve segment [T1, TN ]. Indeed, a high de-correlation translates by

a large directional dispersion of the
−→
Γ t(Ti) vectors.

Looking now at the skew as expressed by (5.4.50), we do note that the numeraire volatility coeffi-
cients are starting to interfere more deeply, in particular we observe the apparition of cross-terms
which are difficult to gage. But since those terms will also affect the IATM level, it makes sense
to ignore them at the first order, as part of the normalisation issue. We then see that the IATM
skew exhibits the typical sensitivity to dispersion that was observed with baskets, only this time
the dispersion in question relates to the instantaneous correlation of the yield curve.

Let us now turn to the second of the three derivative families, the Caplets, which by its relative
simplicity will allow us to be more interpretative than with the bond options.
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6.4 Caplets

In this section we demonstrate the most straightforward approach allowing to apply the asymp-
totic chaos expansion methodology to a Caplet smile, up to the first layer and in a stochastic
instantaneous volatility HJM (SInsV HJM a.k.a. SV-HJM) framework.
This approach consists in formally defining a continuum in maturity (and strike) for the Caplet
smile, and then in immersing the problem within the generic framework of Chapter 5. In turn,
Proposition 5.2 [p.279], Theorem 5.1 [p.281] or Theorem 5.2 [p.289] for instance can then be
invoked in order to link the SInsV and SimpV model classes through either the direct or the
inverse problem.
In particular, these results allow to compute the at-the-money short-expiry smile level, skew,
curvature and slope, which are the main static descriptors of that surface. But the benefits go
far beyond the pure calibration aspects, as in this interest rates context we can now approximate
the joint dynamics of a term structure of marginal distributions.

6.4.1 Casting the caplets into the generic framework

We consider a fixed accrual period δ (by convention less than a year, typically 1M, 3M, 6M, 1Y)
and for a given fixing date T we denote Lδ

t (T ) the Forward Libor rate process corresponding to
the forward Zero Coupon B(t, T, T + δ). Market conventions prescribe that we should express
this rate in linear fashion, in other words that it comes as a function of the HJM native state
variables with

1 + δLδ
t (T ) = B(t, T, T + δ)−1 or equivalently Lδ

t (T ) =
Bt(T )−Bt(T+δ)

δBt(T+δ)

For modeling purposes, we then assume a continuum of such rates w.r.t. their fixing T , and
most naturally we cast the underlying map process Xt(T ) to these Libors. Let us stress a
couple of practical points regarding these assumptions. First we point that in real markets the
accrual period δ is not necessarily constant, as it can vary by a few days depending on day count
conventions, etc. In order to simplify matters and in particular to maintain the continuity of the
framework (a day jump is discontinuous) we nevertheless impose a common accrual δ(T ) ≡ δ, but
underlining that this is not a blocking choice. Second, we note that building such a continuum
within a coherent pricing system will require subjective choices, in particular w.r.t. interpolation
benchmarks and methodology. Indeed the Forward Libors are only available (traditionally by
bootstrapping) for a discrete (rolling) set of dates, and their liquidity dwindles as their fixing
increases.
Accordingly, the term structure of numeraires Nt(T ) becomes the Zero Coupon map Bt(T + δ)
so that the associated term structure of martingale measures is simply the collection of (T+δ)-

forward measures, under which the parametric process
−→
WT+δ

t defined by

d
−→
W T+δ

t
△
= d
−→
W t −

−→
Γ t(T + δ) dt

is a Brownian motion. In summary, we have simply instanciated the underlyings’ part of the
generic framework, specified by (5.1.1)-(5.1.2)-(5.1.3), with

Xt(T ) ←− Lδ
t (T ) Nt(T ) ←− Bt(T + δ)

−→
W

N(T )
t ←− −→W T+δ

t

−→
λ N

t (T ) ←− −→Γ t(T + δ)

Now let us move on to the option continuum, and again fix the (same) accrual period δ. The most

liquid Caplets being those paid in arrears, we will assume their cash payoff of δ
(
Lδ
t (T )−K

)+
to be transferred at time T + δ.
Accordingly we consider a continuum of Caplet prices Cδ

t (Lδ
t (T ),K, T ) both in strike K and in

T . Note that, in conformity with the generic term structure framework defined in section 5.1,
each option is written on its own, private underlying. This case is a good example of the In
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terms of vocabulary, the date T being now both the underlying’s fixing and the option expiry,
we may use both terms.
Now we must check that providing the underlying’s instanciation that we have chosen, the
corresponding generic payoff definition (5.1.4) [p.261] does match the actual, real-life Caplet.
Thankfully the two contexts can indeed be made consistent, and furthermore in two equivalent
ways. Indeed the Caplet payoff can be discounted back to time T so that

η(T )
△
= T =⇒ δ−1 Φ(T ) = BT (T + δ)

[
Lδ
T (T ) −K

]+

η(T )
△
= T + δ =⇒ δ−1 Φ(T + δ) = BT+δ(T + δ)︸ ︷︷ ︸

1

[
Lδ
T (T ) −K

]+

where we will opt subjectively for the first one, in order to get rid of the η(·) function.
Following section 5.1.2, this surface of option prices is then associated to the implied volatility
mapping via the usual normalized Black functional, with (5.1.5) instanciated as

δ−1 Cδ
t (Lδ

t (T ),K, T ) = Bt(T + δ) CBS
(
Lδ
t (T ),K,Σδ

t (Lδ
t (T ), T,K).

√
T − t

)
(6.4.24)

Note that the scaling of the payoff by the accrual does not affect the nature of the problem. We
can then associate to these ”absolute” variates their ”sliding” counterparts :

θ
△
= T − t L̃δ(t, θ)

△
= Lδ(t, T ) y

△
= ln

(
K/L̃δ(t, θ)

)

C̃δ (t, y, θ)
△
= Cδ

(
t, Lδ(t, T ),K, T

)
Σ̃δ (t, y, θ)

△
= Σδ(t, Lδ(t, T ),K, T )

We can then define the dynamics of the Caplet stochastic implied volatility model in a formal
manner, through (5.1.13) [p.264]. But in this chapter we are start from a generic HJM stochastic
instantaneous volatility model, so that we will specify the underlying (i.e. the Forward Libor)
chaos dynamics with the following SDE system





dLδ
t (T )

Lδ
t (T )

= −→σ L
t (T ) d

−→
WT+δ

t(6.4.25)

d−→σ L
t (T ) = −→a L

1,t(T ) dt +
⇒
a
L

2,t(T ) d
−→
W T+δ

t +
⇒
a
L

3,t(T ) d
−→
Z t(6.4.26)

d
⇒
a
L

2,t(T ) =

(2)−−→
[· · ·] dt +

⇛
a
L

22,t(T ) d
−→
W T+δ

t +

(3)−−→
[· · ·] d−→Z t(6.4.27)

In conclusion, all we need now in order to apply the generic results of Chapter 5 is to transfer the
dynamics from the original HJM parameterisation to the generic maturity-dependent framework.
In other words, we must compute the chaos dynamics of the Libor rates, knowing that all the
modeling input come from the Zero Coupon map and its associated volatility structure, i.e.

invoking only Bt(T ),
−→
Γ t(T ),

⇒
α2,t(T ), etc.

In a sense (and as advertised within our objectives in section 6.1) this method can be seen as the
brute force approach. Indeed it seems that reasoning on the assets (the bonds) directly, rather
than on the corresponding rates, should be easier. Unfortunately, as will be discussed in section
6.6, this straight approach is still the simplest way if one wishes to capitalise on the results of
Chapter 5.
Let us therefore compute the five coefficient maps constituting the σ-(2,0) group :

−→σ L
t (T ) −→a L

1,t(T )
⇒
a
L

2,t(T )
⇒
a
L

3,t(T ) and
⇛
a
L

22,t(T )

Note that in the sequel, to enhance clarity, we will omit the superscript δ wherever possible.
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6.4.2 Dynamics of the underlying Libor rate

Lemma 6.3 (Libor rate chaos dynamics in an HJM framework)
In a generic SV-HJM framework defined in chaos by the SDE system (6.1.1)-(6.1.2)-(6.1.3) the
σ-(2,0) group of maturity-dependent coefficients describing the Libor rate dynamics are given by
(6.4.25)-(6.4.26)-(6.4.27) where

−→σ L
t (T ) =

Bt(T )

Bt(T )−Bt(T+δ)

[ −→
Γ t(T )−−→Γ t(T+δ)

]
(6.4.28)

−→a L
1,t(T ) =

[
Bt(T+δ)

Bt(T )

]
‖−→σ L

t (T )‖2 −→σ L
t (T ) +

[
Bt(T )

Bt(T )−Bt(T+δ)

]
[−→α 1,t(T )−−→α 1,t(T+δ)]

−
[

Bt(T+δ)

Bt(T )−Bt(T+δ)

] [
⇒
α2,t(T )−⇒

α2,t(T+δ)
]−→σ L

t (T )(6.4.29)

⇒
a
L

2,t(T ) =

[
Bt(T )

Bt(T )−Bt(T+δ)

] [
⇒
α2,t(T )−⇒

α2,t(T+δ)
]
−
[
Bt(T+δ)

Bt(T )

]
−→σ L

t (T )2⊗(6.4.30)

⇒
a
L

3,t(T ) =

[
Bt(T )

Bt(T )−Bt(T+δ)

] [
⇒
α3,t(T ) −⇒

α3,t(T + δ)
]

(6.4.31)

⇛
a
L

22,t(T ) =

[
Bt(T )

Bt(T )−Bt(T+δ)

] [
⇛
α22,t(T )− ⇛

α22,t(T+δ)
]

+

[
Bt(T+δ)

Bt(T )

(
1− Bt(T+δ)

Bt(T )

)]
−→σ L

t (T )3⊗(6.4.32)

−
[
Bt(T+δ)

Bt(T )

]


(3)−−−−−−−−−−→
[a2(T )ik σj(T )] +

⇒
a 2,t(T )

↔
⊗−→σ L

t (T )




where we use the linear algebra notations of Appendix D and omit the δ suffix, as no change in
accrual period is required, and therefore no ambiguity exists.

Although simpler than for bond options, those dynamics do not really lend themselves to a
straightforward, fully analytical interpretation, thus the same is true of the associated IATM
differentials. The main reason for this apparent complexity is that the LMM setup is in essence
a maturity differential of the HJM framework. This can also be seen asymptotically by linking
the map of Zero Coupons to the term structure of the instantaneous forward rate :

Bt(T ) = exp

(
−
∫ T

t
ft(s) ds

)
⇐⇒ ft(T ) = − ∂T ln (Bt(T ))

At a macro rate/asset level, this feature explains the ever-present spreads and ratios between
T - and (T+δ)- indexed quantities. Nevertheless, instead of some analytical interpretation, it is
interesting to build our intuition about these dynamics by gaging the sign and relative magni-
tudes of the terms that they involve. This is the object of section 6.4.3 where a step-by-step
analysis is conducted for this simplest of the three products.
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Proof.
Let us first provide some useful conversion formulae between the HJM and LMM state variables,
i.e. the Zero Coupons and the Libor rates. We have

Lt(T ) = δ−1

[
Bt(T )

Bt(T+δ)
− 1

]
and

1 + δLt(T )

δLt(T )
= 1 + δ−1L−1

t (T ) =
Bt(T )

Bt(T )−Bt(T+δ)

Firs up, the expression for the Libor volatility (6.4.28) is very well known and also quick to
establish. Rewriting the rate with the ZCs as above and employing the usual change of numeraire
technique, we have its dynamics as

dLt(T )

Lt(T )
=

d [Bt(T )/Bt(T+δ)]

Bt(T )/Bt(T+δ)− 1
=

Bt(T )/Bt(T+δ)

Bt(T )/Bt(T+δ)− 1

d [Bt(T )/Bt(T+δ)]

Bt(T )/Bt(T+δ)

=
1 + δLt(T )

δLt(T )

[−→
Γ t(T )−−→Γ t(T+δ)

] [
d
−→
W t −

−→
Γ t(T+δ)

]
(6.4.33)

On the r.h.s. we recognise the dynamics of the forward-neutral driver
−→
WT+δ

t , and by changing
back to the HJM state variables (6.4.33) provides (6.4.28). In order to compute the remaining
coefficients, we could take the long route and apply Itô blindly on the above expression for
the instantaneous volatility. However, noticing that −→σ L

t (T ) is itself expressed as a very simple
two-elements tensorial basket, we prefer to invoke the dedicated Lemma 2.6 [p.139]. Our first
step is therefore to obtain the dynamics of the two weights, which are

ω1,t
△
= 1 + δ−1L−1

t and ω2,t
△
= − ω1,t

Using Itô we have simply that

dω1,t

ω1,t
=

dω2,t

ω2,t
=

Lt

1+δLt

[
−L−2

t dLt + L−3
t 〈dLt〉

]
=

1

1+δLt

[
‖ −→σ L

t (T )‖2dt −−→σ L
t (T )⊥d

−→
W T+δ

t

]

Noting that these dynamics incorporate no exogenous component, we can apply a simplified
version of the Lemma’s basket result (2.4.70) in order to get the first-depth coefficients.
First the exogenous vol of vol comes as

⇒
a 3,t(T ) =

[
1 + δLt

δLt

] [
⇒
α3,t(T ) −⇒

α3,t(T + δ)
]

which after changing variables from forward Libor rates to Zero Coupons gives (6.4.31).
As for the endogenous vol of vol, it is translated into

⇒
a 2,t(T ) =

[
1 + δLt

δLt

] [
⇒
α2,t(T ) +

−→
Γ t(T )⊗

[ −1

1 + δLt

]
−→σ L

t (T )

−⇒
α2,t(T + δ) −−→Γ t(T + δ)⊗

[ −1

1 + δLt

]
−→σ L

t (T )

]

=

[
1 + δLt

δLt

] [
⇒
α2,t(T )−⇒

α2,t(T + δ)
]
− 1

δLt

[−→
Γ t(T )−−→Γ t(T + δ)

]
⊗−→σ L

t (T )

=

[
1 + δLt

δLt

] [
⇒
α2,t(T )−⇒

α2,t(T+δ)
]
− 1

1 + δLt

−→σ L
t (T )2⊗(6.4.34)

which after substitution gives (6.4.30).
Finally the drift comes as

−→a 1,t(T ) =

[
1 + δLt

δLt

] [
−→α 1,t(T ) +

[
1

1 + δLt

]
‖−→σ L

t (T )‖2 −→Γ t(T ) +
⇒
α2,t(T )

[ −1

1 + δLt

]
−→σ L

t (T )
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−−→α 1,t(T + δ) −
[

1

1 + δLt

]
‖−→σ L

t (T )‖2 −→Γ t(T + δ) −⇒
α2,t(T + δ)

[ −1

1 + δLt

]
−→σ L

t (T )

]

=

[
1 + δLt

δLt

]
[−→α 1,t(T )−−→α 1,t(T + δ)] +

1

δLt
‖−→σ L

t (T )‖2
[−→

Γ t(T )−−→Γ t(T + δ)
]

− 1

δLt

[
⇒
α2,t(T )−⇒

α2,t(T + δ)
]−→σ L

t (T )

which after substitution by the volatility and the native HJM state variables provides (6.4.29).

The last step is slightly more involved as we now need to compute the (endogneous) dynamics

of
⇒
a 2,t(T ) in order to obtain the second-depth coefficient

⇛
a22,t(T ). To that end we shall

exploit the fact that the former coefficient is naturally broken down into two distinct terms, the
first pertaining to the vol of vol map, and the second to the volatility itself :

◮ The first term
[
1+δLt

δLt

] [
⇒
α2,t(T )−⇒

α2,t(T+δ)
]

is very similar in structure to the volatility −→σ L
t (T ), as a basket using the same weighting scheme.

We can therefore apply again Lemma 2.6, still with no exogenous component, to obtain its
endogenous dynamics as

d

[ [
1 + δLt

δLt

] [
⇒
α2,t(T )−⇒

α2,t(T+δ)
] ]

+
⇒

[·] dt +
⇛

[·] d−→Z t

=

[
1+δLt

δLt

] [
⇛
α22,t(T ) +

⇒
α2,t(T )⊗ −

−→σ L
t (T )

1 + δLt
− ⇛
α22,t(T+δ) −⇒

α2,t(T+δ)⊗ −
−→σ L

t (T )

1 + δLt

]
d
−→
W T+δ

t

=

[
1 + δLt

δLt

[
⇛
α22,t(T )− ⇛

α22,t(T+δ)
]
− 1

δLt

[
⇒
α2,t(T )−⇒

α2,t(T+δ)
]
⊗−→σ L

t (T )

]
d
−→
W T+δ

t

=

[
1 + δLt

δLt

[
⇛
α22,t(T )− ⇛

α22,t(T+δ)
]
− 1

1 + δLt

⇒
a 2,t(T )⊗−→σ L

t (T ) − 1

(1 + δLt)2
−→σ L

t (T )3⊗
]
d
−→
W T+δ

t

◮ The second term
[

1
1+δL

] −→σ L(T )2⊗

is more involved due to the external product, in consequence its dynamics are more complex.
Fortunately we are only interested in the endogenous coefficient, and the dynamics of −→σ L

t (T )2⊗

come from (D.0.10) [p.XII] as

d
[ −→σ L(T )2⊗

]
=




(3)−−−−−−−−−−→
[a2(T )ik σj(T )] + −→σ L(T )⊗⇒

a 2(T )


 d−→W T+δ

t +
⇒

[·] dt +
⇛

[·] d−→Z t

while the endogenous dynamics of (1 + δL)−1 are simply expressed as

d (1 + δL)−1 +
⇒

[·] dt +
⇛

[·] d−→Z t = −(1 + δL)−2δ dL = − δL

(1 + δL)2
−→σ L

t (T )⊥d
−→
W T+δ

t

Therefore the combined dynamics of the product come as

d
[

(1 + δL)−1 −→σ L(T )2⊗
]

+
⇒

[·] dt +
⇛

[·] d−→Z t =


 −δL

(1 + δL)2
−→σ L(T )3⊗ +

1

1 + δL

(3)−−−−−−−−−−→
[a2(T )ik σj(T )] +

1

1 + δL
−→σ L(T )⊗⇒

a 2(T )


 d
−→
W T+δ

t
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So that eventually gathering both terms’ dynamics the
⇛
a22,t(T ) coefficient comes as

⇛
a22,t(T ) =

1 + δLt

δLt

[
⇛
α22,t(T )− ⇛

α22,t(T+δ)
]
− 1

1 + δLt

⇒
a 2,t(T )⊗−→σ L

t (T ) − 1

(1 + δLt)2
−→σ L

t (T )3⊗

+
δL

(1 + δL)2
−→σ L(T )3⊗ − 1

1 + δL

(3)−−−−−−−−−−→
[a2(T )ik σj(T )] − 1

1 + δL
−→σ L(T )⊗⇒

a 2(T )

which after simplification becomes

⇛
a22,t(T ) =

1 + δLt

δLt

[
⇛
α22,t(T )− ⇛

α22,t(T+δ)
]
− 1

1 + δL

(3)−−−−−−−−−−→
[a2(T )ik σj(T )]

− 1

1 + δLt

[
⇒
a 2,t(T )⊗−→σ L

t (T ) +−→σ L(T )⊗⇒
a 2(T )

]
− 1− δLt

(1 + δLt)2
−→σ L

t (T )3⊗

Finally substituting in that expression with the HJM native state variables, we obtain (6.4.32)
which concludes the proof.

6.4.3 Interpretation of the Libor rate HJM dynamics

Our intention is to proceed with a semi-numerical analysis of the Libor rate dynamics. We
wish to gage the sign and relative magnitude of all terms involved in its chaos coefficients, as
described by Lemma 6.3. We choose to focus on the available endogenous coefficients :

−→σ L
t (T )

⇒
a
L

2,t(T ) and
⇛
a
L

22,t(T )

since they provide a good comparison base, by spanning three consecutive depths in the chaos
expansion with increasingly rich expressions. Obviously this exercise requires a few simplifying
assumptions in order to be demonstrative, but we will introduce them one by one, in order to
observe their respective contributions.

Introducing a low-dimensionality assumption
We start by breaking down the dimensionality issue by considering that the various tensors are
uniform, which we formalise with

−→
Γ t(T )

△
= Γt(T )

−→
1 −→α 2,t(T )

△
= α2,t(T )

⇒
1

⇛
α22,t(T )

△
= α22,t(T )

⇛

1

Agreed, this is indeed a very poor modeling environment, as it corresponds more or less to a one
factor curve model. To put this statement in perspective however, let us recall that historical
PCA5 usually indicates that around 80% of the yield curve variance comes from parallel moves,
i.e. from this first factor. Irrespective of its realism, this simplification definitely help in giving
us some idea of the respective signs and magnitudes. We then exploit the ever-present spread
aspect by dedicating the following definitions and notations :

B
.
= Bt(T ) Γ

.
=
−→
Γ t(T ) α2

.
= α2,t(T ) α22

△
= α22,t(T )

∆B
△
= Bt(T )−Bt(T+δ) ∆Γ

△
= Γt(T )− Γ(T+δ)

∆α2
△
= α2,t(T )− α2,t(T+δ) ∆α22

△
= α22,t(T )− α22,t(T+δ)

5Principal Component Analysis.
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Introducing also the ratio Λ
△
= B/∆B we can then rewrite all the endogenous coefficients as

−→σ L
t (T ) = Λ ∆Γ

−→
1(6.4.35)

⇒
a
L

2,t(T ) =
B

∆B
∆α2

⇒
1 −

[
1− ∆B

B

] [
B

∆B
∆Γ

]2 ⇒
1 = Λ

[
∆α2 − [Λ− 1] (∆Γ)2

] ⇒
1(6.4.36)

for the volatility and the endogenous vol of vol, while the second-depth coefficient comes as

⇛
a
L

22,t(T ) =
B

∆B
∆α22

⇛

1 +

[
1− ∆B

B

]
∆B

B

[
B

∆B
∆Γ

]3 ⇛

1

−
[
1− ∆B

B

]
3
B

∆B

[
∆α2 −

[
B

∆B
− 1

]
(∆Γ)2

]
B

∆B
∆Γ

⇒
1

= Λ ∆α22

⇛

1 + Λ [Λ− 1] (∆Γ)3
⇛

1 − 3Λ [Λ− 1] ∆α2 ∆Γ
⇒
1 + 3Λ [Λ− 1]2 (∆Γ)3

⇒
1

and so after simplification

⇛
a
L

22,t(T ) = Λ
[
∆α22 − 3 (Λ− 1) ∆α2 ∆Γ + (Λ− 1) (3Λ− 2) (∆Γ)3

] ⇒
1(6.4.37)

It appears that the respective magnitudes of all the quoted terms depend on two types of
specifications :

◮ The first model impact lies with the term structure of volatilities/coefficients, and in
particular the relative sizes of their spread (between T and T+δ).

◮ The second influential specification is the structure of the underlying zero-coupon map
itself, but interestingly it only appears through the ratio Λ.

Note that in terms of modeling, in an HJM context the yield curve is a given input. As for the
coefficient maps, the calibration process will see the the modeler enjoy more and more freedom

as their depth increases :
−→
Γ t(T ) is very constrained by the ATM level,

⇒
a 2,t(T ) presents a little

more flexibility as it influences mainly the skew, while
⇛
a22,t(T ) should be the least restricted.

We stress that so far no assumption has been made, apart from the dimensionality simplification.
Therefore let us examine the respective influences of these two items by imposing on them some
realistic conditions

Introducing some yield curve assumptions
Let us examine first the impact of the yield curve on these three coefficient expressions (6.4.35),
(6.4.36) and (6.4.37). Our priority is to gage the magnitude of the ratio Λ in different realistic
market situations. Obviously this will depend on the shape of the curve, on the fixing date T
and on the accrual δ. Since the market imposes δ ≤ 1Y we can reasonably assume a flat curve
between T and T+δ. Taking a continuous rate convention6 the ratio comes as

Λ =
Bt(T )

Bt(T )−Bt(T + δ)
=

e−R(T−t)

e−R(T−t) − e−R(T+δ−t)
=

1

1− e−Rδ

and is therefore not only independent from the maturity T , but also only affected by the product
R δ : at the first order, Λ is inversely proportional to R δ. This means also that, for these matters,

6A continuous rate convention is defined by Bt(T ) = exp(−(T − t)Rt(T )).
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our focus on the short term (which is associated to the asymptotic concern) will have no impact.
Plotting the ratio Λ in realistic ranges for the rate R and for the accrual δ7we get

δ / R 1% 2% 5% 10%

1M 1201 601 241 121

3M 401 201 81 41

6M 201 101 41 21

1Y 101 51 21 11

It is clear that in all configurations we can safely make the simplifying assumption of Λ ≫ 1.
The endogenous coefficients can then be approximated by

−→σ L
t (T ) = Λ ∆Γ

−→
1

⇒
a
L

2,t(T ) ≈ Λ
[
∆α2 − Λ (∆Γ)2

] ⇒
1

⇛
a
L

22,t(T ) ≈ Λ
[
∆α22 − 3 Λ ∆α2 ∆Γ + 3 Λ2 (∆Γ)3

] ⇒
1

At this point we need to introduce a further assumption in order to continue the comparison, to
relate the respective magnitudes of the 3 endogenous volatility spreads : ∆Γ, ∆α2 and ∆α22.

Introducing some term structure assumptions for the coefficients
We propose two examples of such a hypothesis, based on the two most common market con-
ventions when it comes to dynamics. Recall that our instantaneous chaos dynamics, as defined
in the generic framework by the SDE system(5.1.1)-(5.1.9)-(5.1.10) and in our currrent HJM
context by (6.1.1)-(6.1.2)-(6.1.3), are of a hybrid nature from a convention point of view. They
describe the underlying’s volatility in lognormal terms, while the two endogenous coefficients
further down are expressed in normal fashion. Our take is therefore to use the same convention
throughout in order to make numerical values comparable, which is fairly intuitive and usually
preferred by practitioners.

First case : homogeneous lognormal dynamics
A first possibility is to consider that the chaos dynamics are uniformly written in lognormal
fashion, with all lognormal volatilities quoted by such a system exhibit roughly the same level.
In that case we get

Γ ≈ α2

Γ
≈ α22

α2
hence α2 ≈ Γ2 and α22 ≈ Γ3(6.4.38)

Since we are interested in the spreads, we approximate those at the first order in the accrual δ :

Γt(T+δ) ≈ Γt(T ) (1+λ δ) α2,t(T+δ) ≈ α2,t(T ) (1+λ2 δ) α22,t(T+δ) ≈ α22,t(T ) (1+λ22 δ)

It is easy to show that for these approximations to hold in conjunction with (6.4.38) we need

λ2 = 2 λ and λ22 = 3 λ

so that the endogenous coefficients become

−→σ L
t (T ) = Λ λ δ Γ

−→
1

⇒
a
L

2,t(T ) ≈ Λ
[
2 λ δ Γ2 − Λ λ2 δ2 Γ2

] ⇒
1 = Λ Γ2 λ δ [ 2 − Λ λ δ ]

⇒
1

7We use simplified business days conventions, i.e. 250 Days per Year.
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⇛
a
L

22,t(T ) ≈ Λ
[
3 λ δ Γ3 − 3 Λ 2 λ2 δ2 Γ3 + 3 Λ2 λ3 δ3 Γ3

] ⇒
1

≈ 3 Λ λ δ Γ3
[
1 − 2 Λ λ δ + Λ2 λ2 δ2

] ⇒
1

≈ 3 Λ λ δ Γ3 [1 − Λ λ δ]2
⇒
1

In consequence the question of which is the leading term is answered by the magnitude of Λ λ δ.
Recall that λ is essentially the proportional rate at which the ZC volatility structure evolves
with maturity, taken locally in T . Assuming that this value is reasonably stable and uniform
across all maturities, it seems realistic to impose that the volatility coefficients should decrease
from their maximum at the short end to almost a standstill at the long end. Given a horizon of
50 years, that gives us λ ≈ 1

50 = 2.10−2. Recall also that we have Λ ≈ (δR)−1 therefore

Λ λ δ ≈ 2.10−2

R

In summary, with such a set of reasonable assumptions we have shown that all terms are of
similar magnitude and therefore cannot be discarded at leading order. Note that we have made
no assumption on the level of the volatility itself.

Going back to the original expression (6.4.32) for
⇛
a
L

22,t(T ), a careful examination would show

that only the second term on the r.h.s., the only one explicitly in −→σ L
t (T )3⊗, has disappeared.

Second case : homogeneous normal dynamics
A second, alternative possibility is to consider that all maps exhibit approximately the same
level of instantaneous normal volatility. Then we obtain

Bt(T ) Γ ≈ α2 ≈ α22

We shall take the magnitude of the Zero Coupon as unit, as a concession to short maturities.
Using again the first-order expansion in δ, we show that must have λ = λ2 = λ22. The
endogenous coefficients become

−→σ L
t (T ) = Λ λ δ Γ

−→
1

⇒
a
L

2,t(T ) ≈ Λ λ δ Γ [1 − Λ λ δ Γ]
⇒
1

⇛
a
L

22,t(T ) ≈ Λ λ δ Γ
[
1 − 3 Λ λ δ Γ + 3 (Λ λ δ Γ )2

] ⇒
1

This time the term whose magnitude will drive the dominance is Λ λ δ Γ. The assumptions
made earlier w.r.t. λ remain valid so that with rates in the region of 2% the relevant magnitude
will be that of Γt(T ). To infer that value, let us assume a typical lognormal volatility of 20%
for the Zeros. Then with same short expiry assumption, we end up with a normal volatility of
the same order. It then become clear that the lowest powers of Λ λ δ Γ will dominate.

Conclusion
We observe that when using common conventions and magnitudes it seems difficult to identify
any clearly leading term within the Libor rate dynamics. In other words, all terms must be
taken into account, which does not help with building our modeling intuition. Which is not to
say that this kind of rough qualitative analysis is pointless, since we can gage with precision the
impact of the HJM specification on each coefficient of the Libor rate chaos diffusion. Also, it
is worth remembering that we have presented a theoretical, generic framework, where all terms
are a priori important since we hold no information on them. In practical models however
(typically a combined local and stochastic volatility), the structure of endogenous coefficients is
often simple and shows some redundancy, making the above analysis easier.

Leaving the Caplets for now, we turn to the most complex but also the most liquid vanilla
interest rate products, i.e. the European payer swaptions.
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6.5 Swaptions

The goal of this section is to provide all the information necessary to link the SImpV specification
of the swaption smile (in practice its Σ̃-(2,0) IATM differentials) to the SInsV model class defined
by the Stochastic Volatility HJM dynamics (again, up to σ-(2,0) order).

6.5.1 Casting the swaptions into the generic framework

Following the market simplifications of Assumption 6.1 we will consider a plain vanilla swap,
whose floating and fixed legs share the first and last dates, and also whose start date coin-
cides8with the option expiry T . As for frequencies and as discussed in Assumption 6.1 they can
be different on both legs, but in our limited context this point will be irrelevant. With these
simplifications, the tenor structure now has two main degrees of freedom : the expiry/maturity
date and the tenor. In order to build the option- and underlying- term structure defining the
generic framework of section 5.1.1, we choose to fix the tenor and therefore we allocate the
generic maturity T to the start date T0. Subsequently, both legs and therefore the swap itself
have been made sliding with regard to that single date. In summary we have

T = T0 and Ti = Ti−1 + δi ∀i / 1 ≤ i ≤ N
option expiry/swap start date relevant coupon dates

The underlying swap is then defined by its maturity T and the tenor structure δ
△
= {δi}1≤i≤N

hence we can employ the notations defined specifically in section 6.1.2 for sliding schedules. Mov-
ing from the asset to the corresponding rate, we recall that the absence of arbitrage opportunity
between the fixed and floating legs prescribes, within the simplified context of Assumption 6.1,
that the forward par swap rate comes as

Sδ
t (T )

△
=

B0,t(T )−BN,t(T )
∑N

i=1 δiBi,t(T )

Our modeling approach then assumes a continuum of such rates w.r.t. their fixing T , which
we cast into the underlying map process Xt(T ). We note that the denominator, the embedded
annuity or level, has also been made sliding :

Aδ
t (T )

△
=

N∑

i=1

δiBi,t(T )

and we make it the maturity-dependent numeraire Nt(T ). The triplet of SDEs defining the first
layer dynamics, i.e. (5.1.1), (5.1.9) and (5.1.10) are respectively instantiated as

dSδ
t (T )

Sδ
t (T )

= −→σ s
t (T )⊥d

−→
W

A(T )
t(6.5.39)

d−→σ s
t (T ) = −→a s

1,t(T ) dt+
⇒
a
s

2,t(T ) d
−→
W

A(T )
t +

⇒
a
s

3,t(T ) d
−→
Z t(6.5.40)

d
⇒
a
s

2,t(T ) =

(2)−−→
[· · ·] dt +

⇛
a
s

22,t(T ) d
−→
W

A(T )
t +

(3)−−→
[· · ·] d−→Z t(6.5.41)

The Annuity driver is naturally chosen to express those dynamics, as (5.1.2) is replaced by

d
−→
W

A(T )
t

△
= d

−→
W t −−→σ a

t (T ) dt(6.5.42)

8Note that, as discussed in section 5.1 we could deal with mid-curve options, but this is beyond the scope of
the current document.
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where
−→
W t is the R-N driver and −→σ a

t (T ) is defined by the numeraire dynamics replacing (5.1.3) :

dAt(T )

At(T )
= rt dt + −→σ a

t (T )⊥d
−→
W t(6.5.43)

Having defined the term structure of underlyings, numeraires and martingale measures, let us
now move on to the option field. We must check that the term structure of payoffs associated to
our choices for the generic framework does correspond to a continuum of actual physically settled
European payer swaptions. Which is the case, since by discounting all the physical swaption
cashflows down to date T , we get reassuringly

Φ(T )
△
=

N∑

i=1

δi Bi,T (T )
[
Sδ
T (T )−K

]+
= AT (T )

[
Sδ
T (T )−K

]+

= Nη(T )(T ) [XT (T )−K]+ with η(x) ≡ x

Note that in terms of modeling scope we face the same limitations that with bond options, in
the sense that we chose not to cover a continuum of swaptions written on an existing, running
swap. It is also worth remembering the remarks made in section 6.4.1 with regard to the
issues involved in practice when building such a continuum (Day Count Conventions, liquidity,
benchmark definition, interpolation, etc.).
Assuming a continuum in strike K for these options as per section 5.1.2, we can then associate
this surface of prices to the implied volatility mapping via the normalized Black functional.
Then the generic equation (5.1.5) becomes

Cδ
t (Sδ

t (T ),K, T ) = Aδ
t (T ) CBS

(
Sδ
t (T ),K,Σδ

t (S
δ
t (T ), T,K).

√
T − t

)
(6.5.44)

These absolute quantities are then re-parameterised into their sliding counterparts via

θ
△
= T − t S̃δ(t, θ)

△
= Sδ(t, T ) y

△
= ln

(
K/S̃δ(t, θ)

)

C̃δ (t, y, θ)
△
= Cδ

(
t, Sδ(t, T ),K, T

)
Σ̃δ (t, y, θ)

△
= Σδ(t, Sδ(t, T ),K, T )

In the sequel, since the tenor structure is fixed throughout, we will often omit the δ superscript.
The dynamics of the swaption (sliding) stochastic implied volatility (SImpV) model are then
envisaged formally as per (5.1.13) [p.264], which completes the formal cast.

From that point, in order to apply the generic results of Chapter 5 we need ”only” express the
SinsV dynamics in the original SV-HJM parameterisation. More precisely, we must compute

◮ the σ-(2,0) chaos dynamics of the term structure of par swap rates :

−→σ s
t(T ) −→a s

1,t(T )
⇒
a
s

2,t(T )
⇒
a
s

3,t(T ) and
⇛
a
s

22,t(T )

◮ under the relevant, maturity-dependent annuity measure

◮ taking as input the Bt(T ) map and its associated volatility structure :

−→
Γ t(T ) −→α 1,t(T )

⇒
α2,t(T )

⇒
α3,t(T ) and

⇛
α22,t(T )

These relatively heavy computations are the object of the next section 6.5.2.
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6.5.2 Dynamics of the underlying swap rate

Let us provide the only missing information that enables us to exploit the generic framework
results, in other words the underlying dynamics within the native HJM SInsV model class.

Lemma 6.4 (Swap rate chaos dynamics in an HJM framework)
In an SV-HJM framework defined in chaos by the system (6.1.1)-(6.1.2)-(6.1.3) the σ-(2,0) group
of coefficients describing the par swap rate dynamics are given by
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]
(6.5.45)
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(6.5.46)
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(6.5.47)
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(6.5.48)

for the volatility and the first-depth coefficients, and by

⇛
a
s

22,t(T )
△
=
[(
ωf
i − ωa

i

)
⇛
αi,22

]

+
[(
ωf
i − ωa

i

)
⇒
α i,2

↔
⊗−→Γi

]
−
[
ωf
i

⇒
αi,2

]↔
⊗
[
ωf
i

−→
Γ i

]
+
[
ωa
i
⇒
αi,2

]↔
⊗
[
ωa
i

−→
Γ i

]

−
[
ωf
i

−→
Γi

2⊗]↔
⊗
[
ωf
i

−→
Γ i

]
+
[
ωa
i

−→
Γi

2⊗]↔
⊗
[
ωa
i

−→
Γ i

]
+
[
(ωf

i − ωa
i )
−→
Γi

3⊗]
(6.5.49)
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for the second-depth coefficient, with the weighting scheme defined as

ωf
0,t

△
=

B0,t

B0,t −BN,t
ωf
i,t

△
= 0 ∀i 6∈ {0, N} ωf

N,t
△
=

−BN,t

B0,t −BN,t

ωa
0,t

△
= 0 ωa

i,t
△
=

δi Bi,t∑N
k=1 δkBk,t

∀i ∈ [1, N ]

and where we use simplified notations. Indeed, since all quantities involved are processes param-
eterised by the maturity, we can omit arguments t and T . Also, the modified Einstein notations
refer to summations from indices 0 to N .
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Proof.
Our approach is to make use of Corollary 6.1 [p. 305] that gives the dynamics of a single,
rebased, fixed-coupon bond. Indeed, for a generic traded asset πt we can re-express the par
swap rate as

Sδ
t (T0) =

F δ,π
t (T0)

Aδ,π
t (T0)

(6.5.50) where





F δ,π
t (T0)

△
= Bπ

t (T0)−Bπ
t (TN )

Aδ,π
t (T0)

△
=

N∑

i=1

δi B
π
t (Ti)

.

The numerator FM
t represents the rebased floating leg, while the denominator AM

t corresponds
to the rebased annuity associated to the fixed leg. In this instance we will take as numeraire πt
the Money Market Account (MMA) process κt :

πt ← κt
△
= exp

(∫ t

0
rsds

)

In order to fall back into our generic framework, we need only the par swap rate Sδ
t (T0) to

be martingale under some measure : there is no such explicit requirement w.r.t. either the
numerator (floating leg) or denominator (annuity). So why re-base Ft and At, why by the same
numeraire, and why use specifically the money-market account ?
The rationale is purely technical and aims at simplifying our computations. Rebasing both
numerator and denominator kills their drift when using the risk-neutral driver, and we take the
same numeraire on both sides to avoid rebasing the swap rate itself. The choice of the MMA

maintains the original HJM volatility structure
−→
Γ t(T ), a property that extends to its chaos

dynamics and will prove useful to express those of the rebased annuity. In summary we have
−→
Γt

κ(T ) ≡ −→
Γt(T ) d

−→
W κ

t ≡ d
−→
W t

−→α κ
1,t(T ) ≡ −→α 1,t(T )

∀T
⇒
α
κ

2,t(T ) ≡ ⇒
α2,t(T )

⇒
α
κ

3,t(T ) ≡ ⇒
α2,t(T )

⇛
α
κ

22,t(T ) ≡ ⇛
α22,t(T )

The first consequence of these choices is that each leg F δ,π
t and Aδ,π

t has driftless dynamics
when using the associated MMA driver, which is the risk-neutral driver itself. Therefore both
numeraire and martingale measure are here unrelated to the maturity T considered.
The second consequence is that the par swap rate is now martingale under the measure associated
to the rebased annuity, which is nothing else than the annuity measure proper.
We now need to compute the dynamics of both numerator FM

t and denominator AM
t , before

combining them to obtain the ratio’s. To that end, we capitalise on previous results pertaining
to fixed-weights baskets of Zero-Coupons.

Dynamics of the MMA-rebased floating leg F κ
t

We shall denote the chaos dynamics of that basket as




dF κ
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(2)−−→
[· · ·] dt +

⇛
a
f,κ

22,t(T ) d
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W t +

(3)−−→
[· · ·] d−→Z t

Let us express the σ-(2,0) coefficients invoked above, as given by Corollary 6.1 [p.305].
First the instantaneous volatility comes as

−→σ f,κ
t (T ) = ωf

0,t(T )
−→
Γ0,t(T ) + ωf

N,t(T )
−−→
ΓN,t(T ) i.e. ωf

i,t(T ) ≡ 0 ∀ i 6∈ {0, N}(6.5.51)
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where ωf
0,t(T )

△
=
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B0,t(T )−BN,t(T )
and ωf

N,t(T )
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Then the first-depth coefficients are expressed as
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And finally the last, second-depth coefficient comes as
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Dynamics of the MMA-rebased annuity Aκ
t

We denote the dynamics of this denominator rebased basket with the following SDE system
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where, again from Corollary 6.1 [p.305], we have the instantaneous volatility as
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The first-depth coefficients come as
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]
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Dynamics of the par swap rate Sδ
t (T )

Considering the expression for the par swap rate (6.5.50), Because both numerator and denom-
inator have been simultaneously scaled by the same numeraire, it is clear that the choice of the
later will have no impact on the dynamics of the ratio itself. Having chosen the Money Mar-
ket Account guarantees to maintain the ZC volatility structure. In particular the martingale
measure is still the risk-neutral one and therefore by construction

−→σ a
t (T ) ≡ −→σ a,κ

t (T )

However the dynamics of the par swap rate are martingale under the measure associated to its
denominator Aδ

t , so that using the usual change of numeraire technique under the lognormal
convention, we get (6.5.39)-(6.5.40)-(6.5.41) with

−→σ s
t(T )

△
= −→σ f,κ

t (T ) −−→σ a,κ
t (T )(6.5.53)

Since the volatility presents an additive structure, the dynamic chaos structure can be split in
two distinct parts, each pertaining either to the numerator or to the denominator. Gathering
the previous results for both the floating leg and the annuity, and taking into account the change
of driver, we have therefore the following expressions for the dynamic coefficients :
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In order to develop these expressions, we use the afore-mentioned notations with regard to the
arguments (t and T ) and to the Einstein summation indices. We get immediately the simplest
expressions (6.5.45), (6.5.47) and (6.5.48). As for the two remaining coefficients, by replacement
only the drift comes as
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which provides (6.5.46) after some re-ordering of the terms, whose aim is to underline the discrete
covariance structures. Finally the second-depth coefficient comes as
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and by re-ordering the terms we get (6.5.49), which concludes the proof.
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Given their complexity, the swap rate dynamics are not ideally suited for an intuitive interpreta-
tion. There are, however, a few remarks to be made regarding the proof itself and the associated
techniques.

First, note that moving to the Annuity driver can be done at alternative steps during the com-
putation. For instance, one could start from (6.5.53) and treat separately −→σtD(A) by computing
its dynamics under Qδ,T . Indeed, this is a basket with stochastic weights ωi = δi/At, but those
are martingale under the annuity measure, which simplifies significantly the computations.
The choice of driver will influence (only) the drift term, which is measure-specific. Statically,
that drift value can be recovered easily : ignoring the tensorial aspect, it is simple to get a···1
from a···2 (and possibly a···3) when the driver is modified. However, as soon as the drift dynamics
are involved we need to start from the correct measure. Granted, within the σ-(2,0) group we
do not have to compute the dynamics of −→a 1,t(T ), so the moment at which we adopt the annuity
measure makes no difference. However we have to assume that one might want, in the future,
to continue these derivations to higher orders.

Still on the matter of the proof, note that we could obtain the swap rate chaos dynamics by
alternative means. Still using our Corollaries, we could for instance write the swap rate as a
whole in the form of a bi-dimensional, stochastic weights basket :

Sδ
t (T ) = ω0,t B

κ
t (T0) + ωN,t B

κ
t (TN ) with ω0,t

△
= −ωN,t

△
=

[
Aδ,κ

t

]−1
(6.5.54)

It is also tempting to try and interpret these complex formulas by exploiting further the basket
technique/analogy and invoking the discrete probability scheme. For a more detailed description
of this subject, we refer to sections 2.4.6.1 [p.149], 2.4.6.2 [p.149] and 2.4.6.3 [p.150]. Indeed
the discrete insight is often able to formulate complex tensorial blocks in terms of variance-
covariance, or if required as higher ”moments” of the population of Zero-Coupons. The simplest
application would involve rewriting terms that are recurring in (6.5.45)-(6.5.46)-(6.5.47)-(6.5.48)-
(6.5.49), such as

∑

i

ω∗
i,t(T )

−→
Γi,t

2⊗(T ) −
[
∑

i

ω·
i,t(T )

−→
Γi,t(T )

]2⊗
= Vω

⊗

[−→
Γ·,t(T )

]

The issue however is that we would need two discrete probability measures, one for the floating
leg and one for the fixed leg. Otherwise we would end up with a non-unit mass, in a similar
manner than (6.5.54) would present a null mass.
To summarise, the discrete probabilistic interpretation would certainly be possible but a lot less
appealing, which is why we choose not to present it. Instead we postpone this kind of analysis
to the LMM parametrisation in Chapter 7, which offers a more appropriate decomposition of
the swap rate as a basket of Libors. It is indeed that basket analogy which is commonly used
by practitioners, usually with a freezing of the weights.

Having covered the three families of vanilla options, to conclude this SV-HJM chapter we discuss
a less obvious, parallel approach. Indeed, among the three products two are officially written on
a rate, which is a re-parameterisation of a given asset. In terms of hedging and of underlying it
is therefore possible, at least in principle, to use the latter.
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6.6 Indirect approaches : assets vs rates

In this Section we discuss the general principle and the technical feasibility (or rather, lack
thereof) of applying our asymptotic chaos expansions to caplets and swaptions, but in an indirect
fashion, by matching the underlyings not to the rates (as was previously done) but instead to
the associated assets themselves.

6.6.1 Applying the asymptotic approach to the Caplets

This indirect approach stems directly from a classic property of the interest rates world (see
[Kar09] for instance) that allows to define the same Caplet as one of two equivalent products :

Remark 6.1 (Equivalence between rate and asset options for a Caplet)
An in-advance Caplet written on the Forward Libor rate Lt(T, T+δ), with notional M and strike
K, presents the same payoff and therefore the same price as a Put written on the Zero-Coupon
bond Bt(T+δ), with notional (1 + δK), strike (1 + δK)−1 and maturity T :

Underlying S Option Notional Strike X Expiry Payment

Lt(T, T + δ) Call : [S −X]+ M K T T + δ

Bt(T + δ) Put : [X − S]+ M (1 + δK) 1
1+δK T T

This standard identity is easily proven by using a no-arbitrage argument. Indeed, discounting
the Caplet payoff from date T + δ down to T , it comes that

Φ(T ) = BT (T + δ) δ [ LT (T, T + δ) −K ]+ = BT (T+δ) δ
[
δ−1

(
B−1

T (T+δ) − 1
)
−K

]+

= (1 + δK)
[
(1 + δK)−1 −BT (T+δ)

]+

We observe right away that three distinctive features deviate from the generic framework :

◮ The first difference is that we are now dealing with a European put, instead of a call.

◮ The second novelty is that the strike is now defined as KB
△
= (1 + δK)−1. Note that

this value is indeed homogeneous to a Zero Coupon and does correspond to the forward
Bt(T, T + δ) if Lδ

t (T ) = K.

◮ The third difference is that we now have a strike-dependent notional

The pivotal item of the asymptotic methodology is to establish some Zero Drift Condition,
therefore let us see how we could proceed in order to reach a similar situation. Thereafter we
follow through the steps of sections 5.1 and 5.2, discussing if and how the generic methodology
can be either instanciated or adapted to produce a workable ZDC.

Defining the underlyings, numeraires, measures and payoffs
First of all, we need to define the underlying Xt(T ) and the numeraire Nt(T ), the latter’s volatil-

ity
−→
λ N

t (T ) defining a risk premium, which itself defines the driver
−→
W

N(T )
t and the martingale

measure. The usual method to obtain driftless dynamics for an asset is to rebase the option
underlying by a given asset, typically another Zero-Coupon. Given the payment sequence, we
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choose Bt(T ) as that numeraire 9. We denote BT
t (T + δ) the new underlying, which is nothing

else than the forward zero-coupon. Schematically for Caplets we have

Xt(T ) ←− BT
t (T + δ)

△
=

Bt(T + δ)

Bt(T )
= Bt(T, T + δ)

Nt(T ) ←− Bt(T )
−→
λ N

t (T ) ←− −→Γ t(T ) d
−→
W

N(T )
t ←− d

−→
W T

t
△
= d
−→
W t −

−→
Γ t(T )dt

In summary, at this stage we have managed to instanciate the generic dynamics (5.1.1)-(5.1.2)-
(5.1.3). But in order to match the actual product, we must adapt the previous generic payoff
definition (5.1.4) into

(6.6.55) h (XT (T ) , NT (T ) , KB)
△
=

1

KB
NT (T )︸ ︷︷ ︸

1

[KB −XT (T )]+ paid at time T

where the novelty consists in the strike factor 1/KB . In itself, since K −→ (1 + δK)−1 is a
monotonous function, this modification is not an issue. It can be interpreted as a change of
strike unit and/or therefore as a different definition of moneyness.

Defining the implied volatility surface
First of all we need to decide on using either an absolute or a sliding representation for the
implied volatility surface. As mentioned before, this is more of a cosmetic decision but it will
affect significantly the resulting equations, in particular the ZDC. With a concern for consistency
and therefore comparability, we choose to maintain a sliding SImpV parameterisation.
In order to define the sliding quantities we keep the usual time-to-maturity θ, but we logically
define the new moneyness as

y
△
= ln

(
KB

Xt(T )

)

The next step is to re-parameterise via the implied volatility, but we elect to replace (5.1.5) by

(6.6.56) Vt(Xt(T ), T,KB) = Nt(T )
1

KB
PBS

(
Xt(T ), KB , Σt(Xt(T ), T,KB).

√
T − t

)

where PBS(·, ·, ·) is the normalised Black put function :

PBS (f, k, v) = k [ 1−N (d2) ] − f [ 1−N (d1) ](6.6.57)

with d1/2(f, k, v) = −y/v ± 1
2v and y (f, k) = ln ( k / f )

We then take the same formal dynamics for the SImpV model as per (5.1.13). The question is
therefore if and how this modification will affect the ZDC. In particular we want to be dealing
with sliding quantities only, so that the new (absolute) strike factor in (6.6.55) and in (6.6.56)
seems inconvenient.

Deriving the Zero drift Condition
Following section 5.2.1, there is nothing stopping us from defining the sliding underlying, and
then deriving its dynamics along with those of the absolute implied volatility surface. It is
important to note that these computations ignore the nature of these two parametric processes,
instead they represent purely a change of variable and rely on Itô-Kunita. Therefore, as long as
we take KB as our reference strike, we obtain precisely the same SDEs as in Lemma 5.1 [p.268].
Consequently we have the dynamics of the absolute implied volatility surface expressed from

9Note that at maturity we have XT (U) = BT
T (U) = BT (U) and also NT (T ) = 1.
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those of the sliding one.
We can now continue through the proof establishing the ZDC (see p.272). From (6.6.56) we get
that the fixed-strike, rebased Put

Vt(Xt(T ), T,KB)

Nt(T )
=

1

KB
PBS

(
Xt(T ), KB , Σt(Xt(T ), T,KB).

√
T − t

)

is a martingale under QN(T ). We can write its dynamics, isolate the drift and write that the
latter is null a.s. and for ∀t : clearly the presence of the strike factor 1/KB has no bearing on
the corresponding PDE. Besides, and as discussed in section 2.2.1.2 [p.104], since the Greeks
involved are the same, that Zero Drift Condition is be identical for a Calls and for a Put.

In conclusion we end up with exactly the same ZDC as in the generic case, only the relationship
between the implied volatility and the price surface has changed. Indeed the strike unit has
changed, and the Black formula must be used with a scaling strike factor as per (6.6.56).
Note that beyond the fact that its price interpretation is different, the ZDC will be numerically
different from the one obtained through the classic Libor rate approach (exposed in section 6.4).
This is because both the risk premium and the instantaneous volatility correspond to distinct
processes.

6.6.2 Applying the asymptotic approach to the Swaptions

In the same spirit, we can re-express a European payer physical Swaption as a Put on an in fine
fixed-coupon bond. Indeed that structure bundles together the fixed and the floating legs :

Remark 6.2 (Equivalence between rate and asset option for a Swaption)
For a given tenor structure [T0, T1, · · · , TN ], the payoff and price of a payer physical swaption
with notional M and strike K are identical to those of a Put written on an in fine bond with
same tenor structure and a fixed coupon of K, with notional δM , unit strike and expiry T0 :

Underlying Option Notional Strike Expiry Payment

Sδ
t (T0) Call M K T0 Physical

P
δ,fine
t (T0;K) Put M δ 1 T0 T0

Again, this identity is proven by comparing the value of both products at time T0 :

Φ = Aδ
T0

δ
[
Sδ
T0
− K

]+
= Aδ

T0
δ

[
1−BT0(TN )

Aδ
T0

− K

]+

= δ

[
1 −

(
N−1∑

i=1

K BT0(Ti) + (1 +K) BT0(TN )

) ]+

Let us now discuss how this asset vs rate equivalence would translate in terms of smile asymp-
totics. Again we observe three main differences with the generic framework :

◮ The first novelty is that we are again facing a put, as opposed to a call.

◮ The second difference is that the strike is now fixed as unit : K = 1.

◮ The third distinctive feature is that the underlying is now strike-dependent.
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Note that the scaling of the principal M by the accrual δ is not an issue at all and will not
be discussed. We are facing a completely new setup, where the strike specification has been
transferred from the option down to the underlying. Re-basing again by the maturity Zero
Bt(T ), we can formally define our underlying map as

Xt(T ;K) ←− P δ,fine,T
t (T ) =

N−1∑

i=1

K Bt(T, Ti) + (1 +K) Bt(T, TN )

and consequently take the martingale measure to be the T -forward. We would have dynamics
for both the numeraire and the underlying all right, but then the payoff definition would deviate
completely from the generic framework.
In a sense, one could be forgiven to consider this context to be a logical extension of our modeling
momentum. Indeed in the single-underlying case of Chapter 1, both strike K and maturity T
belonged solely to the option. Then in the generic term-structure framework of Chapter 5 each
maturity had its own underlying. Now every point (K,T ) on the smile corresponds to a different
underlying. But in fact we have not really made the framework any richer, since the option has
lost one degree of freedom.

Another consequence of these changes is that the notion of moneyness has been altered. Indeed
it is now the underlying bond whose strike makes it at par which becomes our reference. With
all these modifications, it may be possible to apply an asymptotic approach to the problem.
It would however be so removed from the mainstream methodology exposed so far that little
recycling would be possible. In short, we would have to re-develop the computation process
from scratch, and in terms of concept such an ad hoc approach sits precisely at the opposite
corner of our methodology, which is focused on genericity. For that reason, we leave that avenue
to further research and will not explore that direction any further in the current study.
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In this chapter we apply the generic term structure (TS) framework defined in Chapter 5 to
the particular case of interest rates options within a Stochastic Volatility Libor Market Model
(SV-LMM). Indeed the academic and practical interest for the LMM model class is intense : this
model, in its various forms, has become the market reference for high-dimensional IR modeling.
In its theoretical and continuous version, the LMM is a re-parameterisation of the HJM class,
and hence offers a very rich framework. In its practical and discretised form, it describes the
dynamics of a finite number of Libor rates (usually on a given tenor structure). Thus using
observable, liquid market instruments as state variables it gains in tractability while retaining
most of its capacity to deliver a complex correlation structure between maturitites.
The class has evolved significantly, from the first lognormal version of [BGM97], up to the
stochastic volatility instances of [ABR01], [JR01], [AA02] or [Pit05b], and the jump-diffusion
version of [GK99], via the local volatility extension of [AA00]. More recent SV versions exhibit
even better compatibility with the vanilla smiles (both statically and dynamically) by incorpo-
rating dynamics close to SABR, the standard for European options (see section 4.2). On that
topic one can refer to [HL08a], [HL06] and [HL08b] (Chap. 8), [RW07], [Reb07b] and [RMW09],
[Reb07a] and finally [Naw09]. The class will certainly continue to improve, since research threads
such as [STY10] announce ever more precise SV extensions.
The difficulty however lies not so much to in specifying complex dynamics, but in providing fast
and accurate approximations for European option pricing, required by the calibration and pos-
sibly the hedging algorithms. Deriving such approximations for a single Caplet in a Libor rate
model relates to the single-underlying, multi-dimensional problem. However deriving swaption
price proxies involves the dynamics of a collection, in a term-structure context where measure
issues are preponderant. One approach is to model the swap rates themselves, hence the swap
market model (SMM) but this tends to displace the issue rather than solve it.
In consequence, adapting our ACE results to provide good whole-smile extrapolations, for the
most liquid options, does present a strong practical interest. It should help in using these -
theoretically interesting - SV-LMM families for day-today trading and risk management.

In Section 7.1 we present the generic LMM modeling framework, including its specific chaos
dynamics. We also provide specialised notations for the dominant context of sliding tenor struc-
tures, and recall some simplifying assumptions with regard to the I.R. market. Finally we state
our objectives, which are still to link the SInsV model specification to three SImpV frameworks,
each corresponding to one of the most liquid interest rates derivatives.
In Section 7.2 we proceed with an intermediate step, by expressing the dynamics of the rebased
Zero Coupons with the LMM parameterisation. We explain the rationale for this transform,
which is both theoretical and practical. In the latter respect, these new chaos dynamics will be
used extensively to simplify the computations in Sections 7.3 and 7.5.
In Section 7.3 we cover the first liquid product defining an implied volatility surfaces, the bond
option. Capitalising on the work of Chapter 5 we need only define a continuum, immerse the
problem into the generic term structure framework, and then derive the chaos dynamics.
In Section 7.4 we deal with the simplest case, which is the Caplet smile. Indeed this is the nat-
ural instrument in an LMM parameterisation, since the state variable matches the underlying.
Since the chaos dynamics are both given and simple, we exploit the situation to provide some
interpretation w.r.t. the IATM level, skew and maturity slope.
In Section 7.5 we treat the physical swaptions, which is entices the most complex computation of
the three products. This is where the previous work done both on baskets (in section 2.4[p.134])
and on rebased bonds (section 7.2) can be called upon, providing faster and in a relatively com-
pact way the sigma-(2,0) coefficients.
Finally in Section 7.6 we discuss the usual (”Jamshidian”) approximation for swaptions’ volatil-
ity, which employs a fixed-weight basket of Libor rates as a proxy underlying. We express the
exact and multi-dimensional error generated on the weighting scheme, then specialise this result
to an idealised affine Libor curve setting, and provide a numerical example.
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7.1 Definitions, notations and objectives

The presentation of the LMM context is quite a regular - and thereofore frustrating - feature
of the interest rates literature. It remains however that our notations must be established, but
more importantly we must describe the chaos inherent to the SInsV framework.

7.1.1 The LMM framework in a chaos context

In the context of stochastic interest rates, we assume a full yield curve, in other words a con-
tinuum of Zero Coupon bond processes (or discount factors) Bt(T ) for all1 maturities T . For a
fixed accrual, this spot curve equivalently2 defines a continuum of forward Zero-Coupon processes
Bt(T, T + δ) which can be re-parameterised through the linear Libor rate process Lt(T, T + δ)
via the definition

Lδ
t (T ) =

B(t, T )−B(t, T + δ)

δ B(t, T + δ)
(7.1.1)

The role of this rather long introduction is to stress the fact that the LMM framework structurally
carries the same information as the HJM framework. Accordingly many of our approaches will
re-use some of the results and recycle some of the discussions conducted in Chapter 6. Again,
we will opt for the market model approach and represent the dynamics of the Libor rate itself,
rather than those of the instantaneous forward rate ft(T ). This requires to fix the accrual period
δ so that we can set

dLδ
t (T )

Lδ
t (T )

= −→σ L,δ
t (T )

⊥
d
−→
W T+δ

t(7.1.2)

where the endogenous driver
−→
WT+δ

t is a Wiener process under the T+δ-forward measure QT+δ

associated to the numeraire Bt(T + δ). We can then continue to specify the chaos dynamics of
the term structure of instantaneous volatility, up to the σ-(2,0) order :





d−→σ L,δ
t (T ) = −→a L,δ

1,t (T ) dt +
⇒
a
L,δ

2,t (T ) d
−→
W T+δ

t +
⇒
a
L,δ

3,t (T ) d
−→
Z t(7.1.3)

d
⇒
a
L,δ

2,t (T ) =

(2)−−→
[· · ·] dt +

⇛
a22,t(T ) d

−→
W T+δ

t +

(3)−−→
[· · ·] d−→Z t(7.1.4)

The exogenous driver
−→
Z t is assumed to be a Brownian motion orthogonal to

−→
WT+δ

t and also
with unit covariance matrix. In accordance with the generic framework of Chapter 5, the
instantaneous coefficient maps constituting the σ-(2,0) group, i.e.

−→σ L,δ
t (T ) −→a L,δ

1,t (T )
⇒
a
L,δ

2,t (T )
⇒
a
L,δ

3,t (T ) and
⇛
a
L,δ

22,t(T )

are simply assumed to be adapted (parametric and tensorial) processes. In particular there is no
mention of any state variable, which justifies for this framework the status of generic Stochastic
Volatility Libor Market Model (SV-LMM), as an instance of the term structure SInsV model
class (see Section 5.1.3.1 [p.263]). Naturally, most published SV-LMM models can be cast
into our generic framework, with the noticeable exception of those specifications exploiting an
infinite-dimensional driver : see [Fil01] (Chap. 4), [CT06] or [Con04] for instance.

1In practice we could restrict to a finite horizon, but this is a moot point.
2With the proviso that the instantaneous forward rates ft(s) for t ≤ s < δ are also given.
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7.1.2 Tenor structures and simplified notations

The LMM framework defined by (7.1.2)-(7.1.3)-(7.1.4) is structurally continuous with regard to
the maturity parameter T . However the most liquid derivatives products, in particular bond
options and swaptions, exhibit payoffs that depend exclusively on a given, finite collection of
Libor rates. In other words they involve discrete tenor structures or schedules {Ti}0≤i≤N which
are usually regular. Since our generic term structure is defined for a single expiry continuum,
we will re-parameterise these tenor structures, using a combination of their start date T0 and of
the accrual sequence {δi}1≤i≤N . Formally we define the equivalent representation as per

[ T0 , T1 , · · · , TN ] ⇐⇒ [ T0 , δ1 , · · · , δN ] with δi
△
= Ti − Ti−1

Transferring this sliding parameterisation to the underlyings, we introduce the following defini-

tions (
△
=) and compact notations (

.
=) for the Libor rates and their dynamics :

Li
.
= Li,t

.
= Li,t(T0)

△
= Lt(Ti)

−→σ L
i

.
= −→σ L

i,t
.
= −→σ L

i,t(T0)
△
= −→σ L

t (Ti)

−→a L
i,1

.
= −→a L

i,1,t
.
= −→a L

i,1,t(T0)
△
= −→a L

1,t(Ti)
⇒
a
L

i,2
.
=

⇒
a
L

i,2,t
.
=

⇒
a
L

i,2,t(T0)
△
=

⇒
a
L

2,t(Ti)

⇒
a
L

i,3
.
=

⇒
a
L

i,3,t
.
=

⇒
a
L

i,3,t(T0)
△
=

⇒
a
L

3,t(Ti)
⇛
a
L

i,22
.
=

⇛
a
L

i,22,t
.
=

⇛
a
L

i,22,t(T0)
△
=

⇛
a
L

22,t(Ti)

where the reference to the individual Libor rate’s accrual period Lδ has been omitted. Indeed
we will only consider spanning rates, in the sense that

Lt(Ti)
.
= Lt(Ti, Ti + δi+1)

When considering tenor structures, we will denote δ the entire accrual sequence defining the

swap rate or the bond : δ
△
= {δi}1≤i≤N . Let us now define the assumptions and goals of the

present Chapter.

7.1.3 Objectives and assumptions

First we must simplify the modeling context, hence for simplicity and consistency reasons we
adopt the same conventions as laid out in Chapter 6 with Assumption 6.1. Those can be briefly
summarised with the following principles :

◮ The tenor structures considered are not necessarily regular, neither are the fixed and
floating legs synchronous, but their first and last dates (T0 and TN ) do coincide. Also, all
Libor fixing and value dates are identical, while in all schedules we have matching calendar,
fixing, accrual and payment dates.

◮ Any basis is ignored so that a single yield curve is sufficient.

◮ The swaptions under consideration are physically settled, and their expiry date matches
the underlying swap’s start date.

Our aims are to link the SinsV model class provided by the SV-LMM framework, to the SImpV
class associated to the three most liquid smiles. More precisely, the instantaneous dynamics will
be given by (7.1.2)-(7.1.3)-(7.1.4) and the products will be bond options, in-arrears caplets and
physical swaptions.
Our obvious strategy is to immerse the SInsV and the different smile dynamics in the generic
framework of Section 5.1, respectively up to the σ-(2,0) and the Σ̃-(2,0) levels. In so doing we
can then inherit all the generic results of Chapter 5, in particular those of Section 5.3 dealing
with the recovery, and those of Section 5.4 providing the solution to the direct problem.



336 CHAPTER 7. IMPLIED DYNAMICS IN THE SV-LMM FRAMEWORK

7.2 Chaos dynamics of the Zeros in an LMM framework

In this section we provide some intermediate results, that will be used in section 7.3 (dedicated
to bond options) and section 7.5 (dealing with swaptions). They express the (rebased) Zero
Coupons, both statically and dynamically, using an LMM parameterisation. This transfer of
dynamics will allow us to recycle the HJM results of Chapter 6.

7.2.1 State variables and rationale for rebasing

Transferring the LMM dynamics onto rebased bonds is an efficient re-parameterisation. One of
its most noticeable advantages is that it enforces martingale dynamics for the new state vari-
ables. This is especially beneficial for numerical simulation, as the LMM drift is one of the main
issues of the Monte-Carlo discretisation : refer to [GZ00] and [GW01].
Expressing these ZC dynamics will be done within the context of a tenor structure [T0, T1, · · · , TN ]
where the Libor rates are defined by (7.1.1) and the notations are those of section 7.1.2. The
Zeros considered will be both the standard map Bt(T ) and the T0-rebased term structure B0

t (T )
defined by

B0
t (T )

△
=

Bt(T )

Bt(T0)
(7.2.5)

For all three state variables maps, the dynamics will be described up to the first layer, a.k.a.
the σ-(2,0) group of coefficients in the chaos diffusion. The LMM is naturally described by the
SDEs (7.1.2)-(7.1.3)-(7.1.4) introduced in the current chapter. As for the zeros, the standard
version had their dynamics introduced in section 6.1 [p.301] with (6.1.1)-(6.1.2)-(6.1.3). From
there, the SDEs driving the rebased version comes easily with a change of measure and is given
by specialising Lemma 6.1 [p.304]. Formally we denote

dBt(T )

Bt(T )
= rt dt +

−→
Γ t(T )⊥ d

−→
W t

dB0
t (T )

B0
t (T )

=
−→
Γ 0

t (T )⊥ d
−→
W 0

t

with the chaos continuing as

d
−→
Γ t(T ) = −→α 1,t(T ) dt+

⇒
α2,t(T ) d

−→
W t +

⇒
α3,t(T ) d

−→
Z t d

⇒
α2,t(T ) =

=⇒

[·] dt+
⇛
α22,t(T ) d

−→
W t +

⇛

[·] d−→Z t

d
−→
Γ 0

t (T ) = −→α 0
1,t(T ) dt+

⇒
α
0

2,t(T ) d
−→
W 0

t +
⇒
α
0

3,t(T ) d
−→
Z t d

⇒
α
0

2,t(T ) =
=⇒

[·] dt+
⇛
α
0

22,t(T ) d
−→
W 0

t +
⇛

[·] d−→Z t

where
−→
W t and

−→
W 0

t are respectively the risk-neutral and T0-forward drivers, and where the stan-
dard and rebased processes are linked by the following simple relationships :

d
−→
W 0

t = d
−→
W t −

−→
Γ t(T0) dt

−→
Γ 0

t (T ) =
−→
Γ t(T )−−→Γ t(T0)

−→α 0
1,t(T ) = −→α 1,t(T )−−→α 1,t(T0) +

⇒
α
0

2,t(T )
−→
Γ t(T0)

⇒
α
0

2,t(T ) =
⇒
α2,t(T )−⇒

α2,t(T0)

⇒
α
0

3,t(T ) =
⇒
α3,t(T )−⇒

α3,t(T0)
⇛
α
0

22,t(T ) =
⇛
α22,t(T )− ⇛

α22,t(T0)

Our first step is to relate the state variables in both environments. Inverting the forward Libor
rate definition (7.1.1) provides the Zeros in an LMM parameterisation : for 1 ≤ i ≤ N

Bi,t(T ) =
B0,t(T )

i−1∏
k=0

[1 + δkLk,t(T )]

hence B0
i,t(T ) =

i−1∏

k=0

1

[1 + δkLk,t(T )]
(7.2.6)
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Moving on to the dynamics of these Zero Coupons, we recall that the SDE driving the Libor
rates is expressed in the HJM specification by (6.4.33) [P315] as :

dLδ
t (T )

Lδ
t (T )

=
1 + δLδ

t (T )

δLδ
t (T )

[−→
Γ t(T )−−→Γ t(T+δ)

]
d
−→
W T+δ

t

Note that this relationship alone justifies that in a given model, only one of the two specifications
(LMM and HJM) can exhibit a deterministic volatility : at best, the other one will be local.
In our generic stochastic instantaneous volatility (SInsV) context however, the coefficient maps
are simply taken as adapted processes. No information is provided w.r.t. other state variables,
such as a volatility process, so that both specifications are theoretically equivalent3.
Our first objective is to invert that relationship, in a tenor structure context defined in section

7.1.2. In other words we wish to express the Zero Coupon volatilities
−→
Γ t(Ti) from the Libor

rates  Lt(Ti) and from their volatilities −→σ δ,L
t (Ti). Inverting (6.4.33) within the tenor structure

we get

∀k ∈ [0, N − 1]
−→
Γ t(Tk)−−→Γ t(Tk+1) =

δkLt(Tk)

1 + δkLt(Tk)
−→σ L

t (Tk)

hence

∀i ∈ [1, N ]

i−1∑

k=0

−→
Γ t(Tk)−−→Γ t(Tk+1) =

i−1∑

k=0

δkLt(Tk)

1 + δkLt(Tk)
−→σ L

t (Tk)

By referencing the schedule w.r.t. T0 and δ and by introducing the following notation

Mi,t(T )
.
= Mt(Ti)

△
=

δiLt(Ti)

1 + δiLt(Ti)
= 1−Bt(Ti, Ti+1)(7.2.7)

we will eventually read that equation for the Zeros volatility as

−→
Γ i,t =

−→
Γ 0,t −

i−1∑

k=0

Mk,t
−→σ L

k,t

−→
Γ0
i,t = −

i−1∑

k=0

Mk,t
−→σ L

k,t ∀i ∈ [1, N ](7.2.8)

We observe in (7.2.8) a classic feature of this change of yield curve representation. Indeed, after
changing to an LMM representation and without rebasing, some of the native HJM specification

is still present through a single Zero volatility
−→
Γ t(T0). This is similar to the change in state

variable change (7.2.6), where a single Zero remained. This restriction is sometimes referred to
as the Libor representation of the yield curve presenting a blind spot for maturities between t and
t+δ. It appears then that, unless the current date t belongs to the schedule (i.e. ∃k/t = Tk) the

simplest way to remove that dependency to the initial Zero Bt(T0) and to its volatility
−→
Γ t(T0)

is to rebase the HJM structure with respect to the same Zero. It is this assessment that justifies
most of our interest in the rebased map.
Remark that in (7.2.8) the minus sign in front of he sum makes perfect sense : on the left-hand
side we are dealing with the volatility of an asset, while on the right-hand side the dynamics are
those of rates, which by construction move in opposite directions.

3However some specific parameterisations might perform better in one framework than in the other.
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7.2.2 Computing the chaos dynamics

We are now intent on computing the chaos dynamics of
−−−−→
Γi,t(T ) and

−→
Γ0
i,t(T ). Because of the

additive structure of the former volatility, we choose to work on the latter, which presents itself
as a tensor basket with stochastic weights.
Note that in principle (and we will follow that route) the derivation of these dynamics must be

achieved by using consistently throughout the
−→
W 0

t driver invoked in their definition. Indeed,
changing the driver modifies the drift coefficients, which is fine in a static perspective. But in
a chaos perspective it makes it difficult to derive the dynamics for these coefficients. However,
given the specific depth of the dynamics computed here, i.e. the σ-(2,0) group, we could get away
with selecting any driver for the computation on the basis of convenience, and then switching
at the last moment. We present these dynamics with the following lemma :

Lemma 7.1 (First layer chaos dynamics of rebased ZCs in an SV-LMM framework)
In a generic SV-LMM framework whose chaos dynamics are defined up to the first layer by
(7.1.2)-(7.1.3)-(7.1.4) the dynamics of the T0-rebased Zero Coupons defined in section 7.2.1 are
given by (7.2.8) for the volatility, and by

−→α 0
i,1

△
= −

i−1∑

k=0

Mk,t

[ −→a L
k,1,t +

⇒
a
L

k,2,t
−→σ L

k,t

]

−
i−1∑

k=0

Mk,t

[
⇒
a
L

k,2,t +
1

1 + δkLk,t

−→σ L
k,t

2⊗
]

k−1∑

j=0

Mj,t
−→σ L

j,t


(7.2.9)

⇒
α
0

i,2,t
△
= −

i−1∑

k=0

Mk,t

[
⇒
a
L

k,2,t +
1

1 + δkLk,t

−→σ L
k,t

2⊗
]

(7.2.10)

⇒
α
0

i,3,t
△
= −

i−1∑

k=0

Mk,t
⇒
a
L

k,3,t(7.2.11)

⇛
α
0

i,22,t = −
i−1∑

k=0

Mk

1 + δkLk

[
1− δkLk

1 + δkLk

−→σ L
k
3⊗

+
⇒
a
L

k,2

↔
⊗−→σ L

k +
[
σLk n a

L
k,2mp

]]
(7.2.12)

Note that all processes listed above are parameterised by the same date T0 anchoring the tenor
structure. Also, by convention a sum with incompatible bounds (e.g.

∑−1
k=0) is taken as null.

Proof.
The dynamics of those weights Mi,t against the T0-driver come as

dMi,t = d

[
δiLi,t

1 + δiLi,t

]
= δi (1 + δiLi,t)

−2 dLi,t − δ2i (1 + δiLi,t)
−3 〈dLi,t〉

hence the lognormal dynamics

dMi,t

Mi,t
= − δiLi,t

(1 + δiLi,t)
2 ‖
−→σ L

i,t‖2 dt +
1

1 + δiLi,t

−→σ L
i,t

⊥
d
−→
W i+1

t

= − δiLi,t

(1 + δiLi,t)
2 ‖
−→σ L

i,t‖2 dt +
1

1 + δiLi,t

−→σ L
i,t

⊥
[
d
−→
W 0

t −
−−−→
Γ0
i+1,t dt

]

= − 1

1 + δiLi,t

[
δiLi,t

1 + δiLi,t
‖−→σ L

i,t‖2 + −→σ L
i,t

⊥−→
Γ 0

i+1,t

]
dt +

1

1 + δiLi,t

−→σ L
i,t

⊥
d
−→
W 0

t
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Similarly, the dynamics of the individual Libor volatilities come under the same T0-driver as

d−→σ L
i,t =

[−→a L
i,1,t −

⇒
a
L

i,2,t

−→
Γ 0

i+1,t

]
dt +

⇒
a
L

i,2,t d
−→
W 0

t +
⇒
a
L

i,3,t d
−→
Z t

Noting that the weights dynamics involve no exogenous component, we can now use Lemma 2.6
[p.139] to obtain the basket dynamics as

d
−→
Γ0
i,t = −→α 0

i,1,t dt +
⇒
α
0

i,2,t d
−→
W 0

t +
⇒
α
0

i,3,t d
−→
Z t

where, omitting the time argument, the coefficients come as




−→α 0
i,1

△
= −

i−1∑
k=0

Mk

[ −→a L
k,1 −

⇒
a
L

k,2

−→
Γ 0

k+1 + 1
1+δkLk

⇒
a
L

k,2
−→σ L

k

− 1
1+δkLk

[
δkLk

1+δkLk

−→σ L
k
⊥−→σ L

k + −→σ L
k
⊥−→

Γ 0
k+1

]−→σ L
k

]

⇒
α
0

i,2
△
= −

i−1∑
k=0

Mk

[
⇒
a
L

k,2 + 1
1+δkLk,t

−→σ L
k ⊗−→σ L

k

]

⇒
α
0

i,3
△
= −

i−1∑
k=0

Mk
⇒
a
L

k,3

which provides immediately (7.2.10) and (7.2.11). Then rewriting the drift equation as

−→α 0
i,1

△
= −

i−1∑

k=0

Mk


 −→a L

k,1 +
⇒
a
L

k,2


 1

1 + δkLk

−→σ L
k +

k∑

j=0

Mj,t
−→σ L

j,t






+

i−1∑

k=0

Mk
1

1 + δkLk

−→σ L
k
2⊗


 δkLk

1 + δkLk

−→σ L
k −

k∑

j=0

Mj,t
−→σ L

j,t




we obtain (7.2.9) after simplification. The dynamics of
⇛
α
0

i,2,t come by applying to (7.2.10) the
same process, moreover with the same weights. The individuals’ endogenous dynamics are

d

[
⇒
a
L

k,2 +
1

1 + δiLk,t

−→σ L
k
2⊗
]

=

(2)−−→
[· · ·] dt +

(3)−−→
[· · ·] d−→Z t +

⇛
a
L

k,2

− δkLk

(1 + δkLk)2
−→σ L

k
3⊗

+
1

1 + δkLk

−→σ L
k ⊗

⇒
a
L

k,2 +
1

1 + δkLk

[
σLk n a

L
k,2mp

]

We can therefore apply Lemma 2.6 again to obtain

d
⇒
α
0

i,2,t =

(2)−−→
[· · ·] dt +

⇛
α
0

i,22,t

−→
W 0

t +

(3)−−→
[· · ·] d−→Z t

where the relevant coefficient comes as

⇛
α
0

i,22,t = −
i−1∑

k=0

Mk

[
− δkLk

(1 + δkLk)2
−→σ L

k
3⊗

+
1

1 + δkLk

−→σ L
k ⊗

⇒
a
L

k,2

+
1

1 + δkLk

[
σLk n a

L
k,2mp

]
+

1

1 + δkLk,t

[
⇒
a
L

k,2 +
1

1 + δiLk,t

−→σ L
k
2⊗
]
⊗−→σ L

k

]

which after simplification provides (7.2.12) and concludes the proof.
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7.3 Bond options

In this section we apply our generic term-structure asymptotic methodology to the case of bond
options and within a general Stochastic Volatility Libor Market Model parameterisation.
In order to exploit the results of Chapter 5 we start by immersing this specific option field into
the generic framework, by selecting appropriate maps for the underlying, the numeraire, the
martingale measure and the option payoff. We then express the dynamic coefficients for the
underlying, in a chaos diffusion at the σ-(2,0) group level. To do so, several approaches are now
possible given the available intermediate results (in particular the basket results of section 2.4).
We choose the easiest method by transferring the equivalent results of section 6.3 established in
the HJM context, therefore invoking the technical Lemma 7.2 of section 7.1.
With these coefficients we will then have sufficient information to link the σ-(2,0) SInsV group
to its Σ̃-(2,0) SImpV equivalent, in other words to relate the LMM stochastic instantaneous
volatility model class to the statics and dynamics of its associated implied volatility surface.

7.3.1 Casting the bond options into the generic framework

This short section represents essentially a summary of its HJM equivalent 6.3, to which the
reader should refer for more details, with the exception of the fixed-coupons structure. We
assume that the option maturity T matches an anniversary date T0 of the underlying bond,
thus avoiding accrued coupons. We fix the tenor component of the bond’s tenor structure and
allocate the option/underlying maturity of the generic framework’s to the start date T0 :

T = T0 is the option expiry

Ti = Ti−1 + δi is the payment date for coupon ci with 1 ≤ i ≤ N

We end up with a sliding bond4 defined by its maturity T , by its sliding tenor structure δ
△
= {δi}

for 1 ≤ i ≤ N and by its fixed coupon structure c
△
= {ci}. We denote its price process by

P δ
t (T ; c) and employ the schedule notations of section 6.1.2. As for the actual option payoff, it

consists in a cash exchange at time T for a value of

Φ(T )
△
=
[
P δ
T (T ; c) −K

]+

Moving on from the underlying and option continuum to their driving SDE system, we re-base
all bonds by the Zero Coupon Bt(T ) and define the underlying term structure as per

BT
t (U)

△
=

Bt(U)

Bt(T )
and Xt(T )←− P δ,T

t (T ; c)
△
=

P δ
t (T ; c)

Bt(T )
=

N∑

i=1

ci δi B
T
t (Ti)

Hence the martingale measure is the T -forward QT and the immersion corresponds to :

Nt(T ) ← Bt(T ) QN(T ) ← QT −→
W

N(T )
t ← −→

W T
t with d

−→
W T

t = d
−→
W t −

−→
Γ t(T ) dt

It comes that the associated payoff does match the actual bond option :

BT (T ) ≡ 1 =⇒
[
P δ
T (T ; c) −K

]+
= BT (T )

[
P δ,T
T (T ; c)−K

]+

Following section 5.1.2 exactly, we then re-parameterise the absolute price mapping into the ab-
solute lognormal implied volatility surface via the normalised Black formula. We then introduce
the sliding quantities and thus define the term-structure, sliding stochastic implied volatility
(SImpV) model whose dynamics are only formally given through (5.1.13).
We have now completed the formal cast and it remains to express the first layer coefficients in
the chaos dynamics of the rebased bond, within the LMM parameterisation.

4Recall that these choices imply that we cannot represent all european options written on a running bond.
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7.3.2 Dynamics of the underlying rebased bond

Our first task is to express the static underlying as a function of the Libor rates. We get from
the immersion section 7.3.1 and from the intermediate result 7.2.6 that

P δ,T
t (T ; c) =

N∑

i=1

ci δi B
0
i,t(T ) =

N∑

i=1

ci δi

i−1∏

k=0

1

[1 + δkLk,t(T )]
(7.3.13)

Our strategy to express the underlying’s chaos dynamics under QT is to capitalise on the re-
sults established for a fixed-coupon bond in a rebased HJM framework in section 6.2.2. Thus
exploiting Corollary 6.1 [p.305] and incorporating the coupon structure c we get

Corollary 7.1 (Bond chaos dynamics in an LMM framework)
In an LMM framework defined by (7.1.2)-(7.1.3)-(7.1.4) the dynamics of the T -rebased bond
defined by (7.3.13) come as follows :

dP δ,T
t (T )

P δ,T
t (T )

= −→σ p
t (T )⊥d

−→
W T

t

d −→σ p
t (T ) = −→a p

1,t(T ) dt +
⇒
a
p

2,t(T ) d
−→
W T

t +
⇒
a
p

3,t(T ) d
−→
Z t

d
⇒
a
p

2,t(T ) =

(2)−−→
[· · ·] dt +

⇛
a
p

22,t(T ) d
−→
W T

t +

(3)−−→
[· · ·] d−→Z t

where
−→
W T

t is the T -forward driver. Apart from the coupons ci and accruals δi all quantities
invoked are maturity-indexed processes, hence we omit arguments t and T whenever possible.
Using modified Einstein notations to sum indexes from 0 to N − 1, we get the instantaneous
volatility as

−→σ p
t (T ) = −

[
Mi Ωi

−→σ L
i

]
(7.3.14)

with Mi(T ) defined from (7.2.7) and where the weighting scheme is defined by

ωi,t(T )
1≤i≤N

△
=

ci δi
i−1∏
k=0

[1 + δkLk,t(T )]−1

N∑
j=1

cj δj
j−1∏
k=0

[1 + δkLk,t(T )]−1

and Ωi,t(T )
0≤i≤N−1

△
=

N∑

j=i+1

ωj,t(T )(7.3.15)

At first depth we get the drift as

−→a p
1,t(T ) = −⇒

a
p

2,t
−→σ p

t −
[
Mi Ωi

−→a L
i,1

]
−
[
Mi Ωi

⇒
a
L

i,2
−→σ L

i

]

+

N−1∑

i=0

N−1∑

j=i

Ωj Mi Mj

[
⇒
a
L

i,2 +
1

1 + δiLi

−→σ L
i
2⊗
]
−→σ L

j(7.3.16)
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while the endogenous and exogenous coefficients read as

⇒
a
p

2,t(T )
△
= − −→σ p

t
2⊗ −

[
Mi Ωi

⇒
a
L

i,2

]
(7.3.17)

+
[
Ωmax(i,j)MiMj

−→σ L
i ⊗−→σ L

j

]
−
[
Mi Ωi

1 + δiLi

−→σ L
i
2⊗
]

⇒
a
p

3,t(T )
△
= −

[
Mi Ωi

⇒
a
L

i,3

]
(7.3.18)

Finally we get the single second-depth coefficient as

⇛
a
p

22,t = −⇒
a
p

2

↔
⊗−→σ p +

[
Ωmax(i,j) Mi Mj

⇒
a
L

i,2

↔
⊗−→σ L

j

]
−
[

Ωi Mi

1 + δiLi

⇒
a
L

i,2

↔
⊗−→σ L

i

]

+

[
Ωmax(i,j)

Mi Mj

1 + δiLi

−→σ L
i
2⊗ ↔
⊗−→σ L

j

]
−
[
Ωi

δiLi(1− δiLi)

(1 + δiLi)3
−→σ L

i
3⊗
]

−
[
Ωmax(i,j)MiMj

−→σ L
i ⊗−→σ p ⊗−→σ L

j

]
−
[
Ωmax(i,j,k)MiMjMk

−→σ L
i ⊗−→σ L

j ⊗−→σ L
k

]

(7.3.19)

−
[

Ωi Mi

1 + δiLi

[
σLi n a

L
i,2mp

]]
+
[
Ωmax(i,j) Mi Mj

[
σLi n

⇒
a
L

j,2mp

]]

+

[
Ωmax(i,j)

Mi Mj

1 + δjLj

[
σLjm σLi n σ

L
j p

]]

+
[
Ωi Mi

[
σp

n
aLi,2mp

]]
+

[
Ωi

Mi

1 + δiLi

[
σLi m σp

n
σLi p

]]

We note that the volatility of the re-based bond does come as a basket of Libor rates volatilities,
but that contrary to the HJM specification the weights are not normalised. Consequently the
first Libors have more impact on the dynamics than those located at the long end of the tenor
structure. Note also that the discrete covariance structure of the endogenous vol of vol renders

it insensitive to the addition of any vector (such as
−→
Γ 0,t(T )) to the volatility structure.

Proof.
Note that we can use either two sets of results, based on convenience. The first set is Corollary
6.1 [p.305] which pertains to the dynamics of a fixed-coupon bond, but in a generically rebased
context with the associated volatility structure. The second set of results is Lemma 6.2 [p.310]
which expresses the dynamics of a specifically T0-rebased fixed-coupon bond, and this time in
the native HJM parameterisation.
We start with either (6.2.10) [p.305] or (6.3.19) [p.310] which gives

−→σ p
t (T ) =

N∑

i=1

ωi,t
−→
Γ 0

i,t(T )



7.3. BOND OPTIONS 343

where the normalised weights are re-expressed from the LMM state variables as

ωi,t(T )
△
=

ci δi Bi,t(T )
∑N

j=1 δjBj,t(T )
=

ci δi
i−1∏
k=0

1

[1+δkLk,t(T )]

∑N
j=1 δj

j−1∏
k=0

1

[1+δkLk,t(T )]

and where we can substitute the individual rebased ZC volatilities with (7.2.8), giving

−→σ p
t (T ) = −

N∑

i=1

ωi,t

i−1∑

j=0

Mj,t
−→σ L

j,t = −
N−1∑

i=0

Mi,t




N∑

j=i+1

ωj,t


 −→σ L

i,t

which proves (7.3.14). The exogenous coefficient is also easy to translate, since injecting (7.2.11)
[p.338] into either (6.2.16) [p.306] or (6.3.22) [p.310] gives us

⇒
a
p

3,t(T ) =

N∑

i=1

ωi,t
⇒
α
0

i,3,t = −
N∑

i=1

ωi,t

i−1∑

j=0

Mj,t
⇒
a
L

j,3,t = −
N−1∑

i=0

Mi,t




N∑

j=i+1

ωj,t


 ⇒
a
L

i,3,t

which proves (7.3.18). The computation for the endogenous vol of vol is only marginally more
involved, using (6.2.14) [p.306] instead of (6.3.21) [p.310]. After injecting the LMM parameter-
isation (7.2.8) and (7.2.10) and omitting arguments t and T we get :

⇒
a
p

2,t
△
= − −→σ p 2⊗

+
N∑

i=1

ωi

[
i−1∑

k=0

Mk
−→σ L

k

]2⊗
−

N∑

i=1

ωi

[
i−1∑

k=0

Mk

[
⇒
a
L

k,2 +
1

1 + δkLk

−→σ L
k
2⊗
]]

= − −→σ p
t
2⊗ −

N∑

i=1

ωi

[
i−1∑

k=0

Mk
⇒
a
L

k,2

]

+
N∑

i=1

ωi




i−1∑

j=0

i−1∑

k=0

Mj Mk
−→σ L

j ⊗−→σ L
k


 −

N∑

i=1

ωi

[
i−1∑

k=0

Mk

1 + δkLk

−→σ L
k
2⊗

]

Using Fubini to re-organise the sums we get finally

⇒
a
p

2,t = − −→σ p
t
2⊗ −

N−1∑

i=0

Ωi Mi
⇒
a
L

i,2 +
N−1∑

i=0

N−1∑

j=0

Ωmax(i,j) Mi Mj
−→σ L

i ⊗−→σ L
j −

N−1∑

i=0

Ωi Mi

1 + δiLi

−→σ L
i
2⊗

which provides (7.3.17). Coming to the drift, we adapt (6.2.12) [p.305] into (again, omitting the
arguments)

−→a p
1,t(T ) = −⇒

a
p

2
−→σ p +

N∑

i=1

ωi
⇒
α
0

i,2

−→
Γ0
i +

N∑

i=1

ωi
−→α 0

i,1

which after injecting the LMM parameterisation (7.2.8)-(7.2.9)-(7.2.10) becomes

−→a p
1,t(T ) = −⇒

a
p

2
−→σ p +

N∑

i=1

ωi

[
i−1∑

k=0

Mk

[
⇒
a
L

k,2 +
1

1 + δkLk

−→σ L
k
2⊗
]] 


i−1∑

j=0

Mj
−→σ L

j




−
N∑

i=1

ωi

i−1∑

k=0

Mk


−→a L

k,1 +
⇒
a
L

k,2
−→σ L

k +

[
⇒
a
L

k,2 +
1

1 + δkLk

−→σ L
k
2⊗
]

k−1∑

j=0

Mj
−→σ L

j
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We split and factorise this expression into

−→a p
1,t(T ) = −⇒

a
p

2,t
−→σ p

t −
N∑

i=1

ωi

i−1∑

k=0

Mk
−→a L

k,1 −
N∑

i=1

ωi

i−1∑

k=0

Mk
⇒
a
L

k,2
−→σ L

k

+
N∑

i=1

ωi

i−1∑

k=0

Mk

[
⇒
a
L

k,2 +
1

1 + δkLk

−→σ L
k
2⊗
]


i−1∑

j=k

Mj
−→σ L

j




where re-organising the indices gives us

−→a p
1,t(T ) = −⇒

a
p

2,t
−→σ p

t −
N−1∑

i=0

Mi Ωi
−→a L

i,1 −
N−1∑

i=0

Mi Ωi
⇒
a
L

i,2
−→σ L

i

+

N−1∑

i=0

N−1∑

j=i

Ωj Mi Mj

[
⇒
a
L

i,2 +
1

1 + δiLi

−→σ L
i
2⊗
]
−→σ L

j

which proves (7.3.16). Finally, in order to obtain the second level coefficient we adapt the
rebased bond basket result (6.2.17) (as opposed to the native HJM formula (6.3.23)) into

⇛
a
p

22,t = −⇒
a
p

2

↔
⊗−→σ p +

N∑

i=1

ωi
⇒
α
0

i,2

↔
⊗−→Γ 0
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⇛
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+
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−→
Γ 0

i

3⊗ −
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i

Injecting the LMM parameterisation (7.2.8)-(7.2.10)-(7.2.12) we get
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which we develop using (D.0.11) into

⇛
a
p

22,t = −⇒
a
p
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Re-organising the sums we get
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which proves (7.3.18) and concludes the proof.
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7.4 Caplets

In this section we apply the asymptotic chaos expansion methodology, up to the first layer, to
a term structure of Caplets and within an LMM framework. Obviously a Caplet, by nature a
European call written on a Libor rate, is the simplest option to consider when modeling with
the LMM parameterisation. In effect, the (term structure of) option underlyings are precisely
the native state variables describing the yield curve.
This asymptotic approach involves the modeling of the Caplet smile as a continuum in maturity
and strike, and then the immersion of that context into the generic framework of Chapter 5. The
results of that chapter5 can then be invoked in order to connect the SInsV and SimpV model
classes. This work provides therefore useful information, for the static calibration problem as
well as for the analysis of joint marginal dynamics within an LMM term structure model.

7.4.1 Casting the caplets into the generic framework

We will move quickly on this immersion, as it is similar to the HJM Caplet treatment of section
6.4.1 [p.312]. Our first task is to define an underlying continuum, which involves the numeraire
map and the term structure of martingale measures (see section 5.1). We consider a fixed
accrual period δ. Recall that by definition of this linear rate, it is expressed from the Zeros with
(7.1.1) so that its dynamics will be driftless under the T + δ forward measure, associated to its
numeraire Bt(T + δ). Assuming a continuum in T of such rates, we cast the generic equations
(5.1.1)-(5.1.3)-(5.1.2) with the following :

Xt(T ) ←− Lδ
t (T ) Nt(T ) ←− Bt(T + δ)

−→
W

N(T )
t ←− −→W T+δ

t

−→
λ N

t (T ) ←− −→Γ t(T + δ)

To specify the option surface, we assume that the in-arrears Caplet prices Cδ(t, Lδ
t (T ), T,K)

provide a market continuum both in K and in T . We consider δ still fixed and their individual
payoff of δ[Lδ

t (T )−K]+ to be transferred at time T +δ. We check that the payoff now associated

to the generic framework corresponds to a real Caplet, by choosing η(T )
△
= T and discounting

down to time T :

δ−1 Φ(T ) = BT (T + δ)
[
Lδ
T (T ) −K

]+

This surface of option prices is then re-parameterised via the lognormal implied volatility map :

δ−1 Cδ
t (Lδ

t (T ),K, T ) = Bt(T + δ) CBS
(
Lδ
t (T ),K,Σδ

t (L
δ
t (T ), T,K).

√
T − t

)
(7.4.20)

with CBK(f, k, v) the time-normalized Black functional, in accordance with Section 5.1.2.
We then derive these absolute quantities into their sliding counterparts, with :

θ
△
= T − t L̃δ(t, θ)

△
= Lδ(t, T ) y

△
= ln

(
K/L̃δ(t, θ)

)

C̃δ (t, y, θ)
△
= Cδ

(
t, Lδ

t (T ),K, T
)

Σ̃δ (t, y, θ)
△
= Σδ(t, Lδ(t, T ),K, T )

To complete the generic framework, we consider the same generic SImpV model as in (5.1.13).
Contrary to the HJM case, the native LMM model provides the SInsV dynamics in the right
format, hence we can immediately apply the results of Chapter 5 linking both model classes.
Note that the dynamics chosen as input are respectively absolute for the forward Libor Lδ

t (T )
and relative for the implied volatility map Σ̃δ

t (y, θ). This configuration has been selected for
the reader’s convenience, since it is rare that a Libor Market Model be defined from the sliding
forward Libor L̃δ

t (θ). In any case, the dynamics of both counterparts quantities are made explicit
in the course of the proofs within Chapter 5.

5Proposition 5.2 [p.279], Theorem 5.1 [p.281] or Theorem 5.2 [p.289] for instance.
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7.4.2 IATM differentials of the Caplet smile

As discussed above, the fact that the option underlying framework is so close to the native term
structure of state variables makes for straightforward post-immersion SInsV dynamics. This is
therefore the ideal situation in which to instantiate the generic results for the direct problem,
in other words to express some of the interesting IATM differentials for the Caplet smile.

First things first, the IATM level is given by Corollary 5.2 [p.278] where adapting (5.2.33) gives

Corollary 7.2 (IATM level of the LMM Caplet smile)
In a Stochastic Volatiity - Libor Market Model framework described in all generality by the chaos
dynamics (7.1.2)-(7.1.3)-(7.1.4), the IATM level of the sliding Caplet smile comes as

Σ̃ (t, 0, 0) = ‖ −→σ δ,L
t (t) ‖(7.4.21)

On the right-hand side of (7.4.21), the modulus belongs to the spot Libor rate Lδ
t (0) for the

considered accrual period δ, which has significant implications in terms of predictive power of the
methodology. On that subject, it is worth running through the various levels of approximation
affecting the generation of the implied volatility surface.
The first level is inherent to the asymptotic approach, and in (7.4.21) it imposes the current

time t as the argument of the instantaneous volatility −→σ δ,L
t (T ). As we know from Part I, the

level of precision in that respect is usually good and can be controlled at the cost of higher-order
differentiation.
The second level of approximation is due to the dimensionality, i.e. modulus vs full vectorial
information, but we have covered this subject (in particular for the baskets) and we know that
this is only an issue for the inverse problem.
The last and newest level comes with the presence of the immediate maturity (T = t) on the r.h.s.
of (7.4.21). This implies that if we aim at approximating the ATM level of implied volatility
for a 10Y-maturity 3M Caplet, our first order will be the instantaneous/implied volatility of the
spot 3M Libor rate. In comparison, a term-by-term single-underlying approach for the same
Caplet, as was developed in Part I, would also aggregate the current instantaneous volatility
but for the exact maturity, in other words

With a single-underlying approach Σ̃ (t, 0, 0) = ‖ −→σ δ,L
t (T) ‖(7.4.22)

Balancing these two approaches, we see pros and cons on either side. First it must be stressed
that in (7.4.22) this IATM level corresponds to an option that is out-of-context and certainly
not liquid. Indeed we are looking at a sort of mid-curve option, whose expiry is asymptotically
short but whose underlying is the forward Libor rate fixing in 10 years. By contrast, the
term-structure result (7.4.21) is perfectly coherent, as is the whole smile that it relates to. As
has been discussed before, the two smiles considered (irrespective of the approximation) are a
priori different everywhere, except at the single maturity T which the unique point where they
correspond to the same underlying, numeraire and product.
In our view, an important point to take home is that - with regard to precision now - the term-
structure approach is likely to require more higher-order differentials in the maturity direction,
starting with the slope Σ̃

′

θ(t, 0, 0). It does present the advantage, however, to represent all
maturities at once, so that all individual marginals are proxied jointly, in a consistent manner,
statically and dynamically. In contrast, the term-by-term approach cannot guarantee such
homogeneity.

Let us therefore move on to applying the generic IATM differential results of Theorem 5.2 [p.289].
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Still on the static side, we have the IATM skew as

Corollary 7.3 (IATM skew of the LMM Caplet smile)
In an LMM framework described by the chaos dynamics (7.1.2)-(7.1.3)-(7.1.4), the IATM skew
of the sliding Caplet smile comes as

Σ̃
′

y (t, 0, 0) = Σ̃−3(t, 0, 0)
[ −→σ δ,L

t (t)⊥
⇒
a
δ,L

2,t (t) −→σ δ,L
t (t)

]
(7.4.23)

which leads us to anticipate the same type of structural differences between the single-underlying
and the term-structure approaches. Note however that to improve the precision of the skew w.r.t.
maturity we would have to fetch the twist Σ̃

′′

yθ(t, 0, 0). However that differential comes as an
output of the more involved second layer (see Chapter 3).
Anticipating the same kind of conclusions from the IATM curvature Σ̃

′′

yy(t, 0, 0), we prefer to

move on directly to the more interesting slope Σ̃
′

θ(⋆). We express it in a symbolic, simplified
version in order to stress the importance of the maturity specification.

Corollary 7.4 (IATM slope of the LMM Caplet smile)
In an LMM framework described by (7.1.2)-(7.1.3)-(7.1.4), and where we suppose the SInsV and
SImpV drivers to be aligned, the IATM slope of the sliding Caplet smile comes symbolically as

Σ̃
′

θ(⋆) = [· · ·]t (t)

+
1

2
Σ̃2Σ̃

′

y(⋆)

︸ ︷︷ ︸
1©

−1

2
Σ̃

′

y(⋆)
∂TL

δ
t (t)

Lδ
t (t)︸ ︷︷ ︸

2©

+
1

2
Σ̃−1(⋆) −→σ δ,L

t (t)⊥
[
∂T
−→σ δ,L

t (t)
]

︸ ︷︷ ︸
3©

(7.4.24)

where the symbolic term [· · ·]t (t) is homogeneous to the IATM level Σ̃(⋆) and is a scalar function
purely of the endogenous and exogenous coefficients6 all taken in (T = t).

On the r.h.s. we observe several features which are specific to this static IATM differential :

◮ Term 1© is familiar, as it matches the single-underlying, multi-dimensional expression
(2.3.64) [p.131]. It confirms an idiosyncracy of the maturity slope, among the IATM
differentials of the first layer : its inhomogeneity w.r.t. the modulus Σ̃(⋆). Indeed the skew
is adimensional, so that term 1© comes in Σ̃2(⋆). Drawing a parallel with the underlying
dynamics, what we observe is a typical feature of drift terms, simply as a consequence of
the quadratic variation coming into play.

◮ Term 2© is a consequence of the individual Libor rate switching as θ increases. This has
nothing to do with the subjective choice of a sliding implied volatility, but rather comes
from the very existence of a term structure for the underlying.

◮ Term 3© is a consequence of the volatility switching as θ increases. This is due again to
the underlying term structure, but also to the TS of numeraires. Indeed, the volatility is
implicitly defined by (5.1.1) or (7.1.2) in regard of a specific numeraire.

Overall, the maturity slope seems to be the IATM differential which concentrates most of the
term-structure novelty.

6These coefficients are −→σ δ,L
t (T ),

⇒
a

δ,L

2,t (T ),
⇒
a

δ,L

3,t (T ) and
⇛
a
δ,L

22,t(T )
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7.5 Swaptions

The goal of this section is to link the SInsV specification of the generic Stochastic Volatility
Libor Market Model class to the statics and dynamics of the swaption implied volatility surface
(the SImpV specification). In particular, we are interested in the Immediate ATM differentials
of that smile, which corresponds to the most liquid options in the interest rates market.
Note that given the afore-mentioned higher liquidity of the swaption market, several versions of
the associated market model have been published. Those flavours of the Swap Market Model
include the co-terminal, co-initial and co-sliding families (see [MR04]). Indeed, since a curve
model offers only one dimension in terms of maturity, the modeled swap rates must share some
common feature : either and respectively their end date, start date, tenor, etc. In particular the
finite collection of state variables allows the bootstrapping of Libor rates or discount factors.
So in essence the SMM is not a richer framework that the Libor Market Model, simply a re-
parameterised version of a discretised LMM or HJM model.
However parameterisation does matter, so that it is generally easier to match the swaption
smile with an SMM that with any of the two other frameworks. Indeed, to get a perfect
static fit it would theoretically suffice to use a local volatility diffusion for the swap rates.
However the issue would then be to price Caplets, and to a lesser extent bond options. There
is no perfect alternative, and if only for cultural reasons the Libor market model remains the
reference framework to price complex IR exotics, and hence must be calibrated to all (pertinent)
liquid products. This explains why a large part of the LMM literature concerns itself with the
calibration to the swaption smile, hence the motivation for the current section.
In that respect our asymptotic approach distinguishes itself by a new feature, from the other
available approximations. Not only is it generic (it can handle most SV-LMM models) and
does it provide control on the proxy error (the attainable differentiation order is in principle
infinite) but it exploits the real dynamics of the swap rate. Indeed most available methods start
by approximation the SDE driving the par swap rate (see [Pit05b] on that matter). Basket as
well as functional approximations are common, so that often the methods are specific to certain
LMM dynamics. It remains that this step inevitably degrades the quality of the approximation,
and in manner which is not always measurable and even less controllable. By contrast, using
the exact dynamics in a chaos context leads us to quite complex expressions :see (7.5.33) for
instance, and this is just a dynamic coefficient, not an IATM differential. There is of course the
argument that, once programmed, the complexity of the method looses its hindrance. However
for analysis and intuition-building, simplicity is necessary. This is why we will later examine (in
section 7.6) the most common simplification method for the swap rate dynamics, which is the
basket approach.

7.5.1 Casting the swaptions into the generic framework

As per Assumption 6.1 we shall consider a plain vanilla swap. The first fixing occurs at the start
date T0, which matches the option expiry. The first fixed coupon payment is in T1 and the last
netted payment in TN . Besides, the floating and fixed legs share T0 and TN .
With the accrual sequence δ = {δi}1≤i≤N defined by

∀i / 1 ≤ i ≤ N Ti = Ti−1 + δi

the tenor structure is completely specified by T0 and by δ. The generic framework (see section
5.1.1) requiring a single term structure, we allocate that generic maturity T to the start date T0.
The underlying swap is now sliding and we can employ the specific notations of section 6.1.2.
As for the forward par swap rate, recall that by arbitrage and within Assumption 6.1 it comes
as

Sδ
t (T )

△
=

B0,t(T )−BN,t(T )

Aδ
t (T )

where Aδ
t (T )

△
=

N∑

i=1

δiBi,t(T ) is the sliding annuity
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We assume continua w.r.t. T for the par swap rate and for the annuity, which become respectively
the term structure processes for the underlying Xt(T ) and for the numeraire Nt(T ).
The dynamics (5.1.1)-(5.1.9)-(5.1.10) are then instantiated as

dSδ
t (T )

Sδ
t (T )

= −→σ s
t (T )⊥d

−→
W

A(T )
t(7.5.25)

d−→σ s
t (T ) = −→a s

1,t(T ) dt+
⇒
a
s

2,t(T ) d
−→
W

A(T )
t +

⇒
a
s

3,t(T ) d
−→
Z t(7.5.26)

d
⇒
a
s

2,t(T ) =

(2)−−→
[· · ·] dt +

⇛
a
s

22,t(T ) d
−→
W

A(T )
t +

(3)−−→
[· · ·] d−→Z t(7.5.27)

where the maturity-dependent annuity’s driver
−→
W

A(T )
t and volatility −→σ a

t (T ) are defined from

the risk-neutral
−→
W t by

d
−→
W

A(T )
t = d

−→
W t −−→σ a

t (T ) dt and
dAt(T )

At(T )
= rt dt + −→σ a

t (T )⊥d
−→
W t

Having thereby instantiated respectively (5.1.2) and (5.1.3) the specification of term structure
of underlyings, numeraires and martingale measures is complete.
As for the option field, we check that the payoff associated to our choices corresponds indeed to
a real physically settled European payer swaption :

Φ(T )
△
=

N∑

i=1

δi Bi,T (T )
[
Sδ
T (T )−K

]+
= AT (T )

[
Sδ
T (T )−K

]+

We define the price surface by assuming a continuum in strike K for these options. Note that
on actual markets and with a free tenor, this product class is specified in three dimensions
(expiry/tenor/strike) which justifies the vocable of swaption grid or swaption cube. In fact, due
to further refinements in the collateral agreements and in the funding conventions for instance,
further dimensions can be added to that field (at least internally to an institution). Nevertheless,
in our simplified setup we can re-parameterise the bi-dimensional price surface into the implied
volatility map, using the normalized Black functional :

Cδ
t (Sδ

t (T ),K, T ) = Aδ
t (T ) CBS

(
Sδ
t (T ),K,Σδ

t (S
δ
t (T ), T,K).

√
T − t

)
(7.5.28)

Moving on to sliding quantities we define as usual

θ
△
= T − t S̃δ(t, θ)

△
= Sδ(t, T ) y

△
= ln

(
K/S̃δ(t, θ)

)

C̃δ (t, y, θ)
△
= Cδ

(
t, Sδ(t, T ),K, T

)
Σ̃δ (t, y, θ)

△
= Σδ(t, Sδ(t, T ),K, T )

The instantiation is then completed by the formal SImpV dynamics of (5.1.13) [p.264].
Now we must compute the SInsV dynamics of the term structure of par swap rates, under the
annuity measures, using the Stochastic Volatility - LMM specification. Limiting ourselves to the
first layer, this means that we need express

Sδ
t (T ) −→σ s

t(T ) −→a s
1,t(T )

⇒
a
s

2,t(T )
⇒
a
s

3,t(T ) and
⇛
a
s

22,t(T )

from

Lt(T ) −→σ L
t (T ) −→a L

1,t(T )
⇒
a
L

2,t(T )
⇒
a
L

3,t(T ) and
⇛
a
L

22,t(T )

which is the topic of section 7.5.2.
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7.5.2 Dynamics of the underlying par swap rate

Let us now provide the remaining information necessary to exploit the generic framework results,
which is the underlying chaos dynamics within the native SV-LMM SInsV model class.

Lemma 7.2 (Swap rate chaos dynamics in an LMM framework)
In an SV-LMM framework defined in chaos by the system (7.1.2)-(7.1.3)-(7.1.4) the σ-(2,0)
group of coefficients describing the par swap rate dynamics are given by

−→σ s
t (T )

△
= −

[
Mi ΩS

i
−→σ L

i

]
(7.5.29)

−→a s
1,t(T )

△
= −⇒

a
F,0

2,t
−→σ S

t −
[
ΩS
i Mi

−→a L
i,1

]
−
[
ΩS
i Mi

⇒
a
L

i,2
−→σ L

i

]

+

N−1∑

i=0

N−1∑

j=i

ΩS
j Mi Mj

[
⇒
a
L

i,2 +
1

1 + δiLi

−→σ L
i
2⊗
]
−→σ L

j(7.5.30)

⇒
a
s

2,t(T )
△
= −→σ A,0

t

2⊗ − −→σ F,0
t

2⊗ −
[
Mi ΩS

i
⇒
a
L

i,2

]

+
[
ΩS
max(i,j)MiMj

−→σ L
i ⊗−→σ L

j

]
−
[
Mi ΩS

i

1 + δiLi

−→σ L
i
2⊗
]

(7.5.31)

⇒
a
s

3,t(T )
△
= −

[
Mi,t ΩS

i,t
⇒
a
L

i,3,t

]
(7.5.32)

⇛
a
S

22,t(T )
△
=

⇒
a
A,0

2

↔
⊗−→σ A,0 −⇒

a
F,0

2

↔
⊗−→σ F,0 +

[
ΩS
max(i,j) Mi Mj

⇒
a
L

i,2

↔
⊗−→σ L

j

]

−
[

ΩS
i Mi

1 + δiLi

⇒
a
L

i,2

↔
⊗−→σ L

i

]
+

[
ΩS
max(i,j)

Mi Mj

1 + δiLi

−→σ L
i
2⊗ ↔
⊗−→σ L

j

]

−
[
ΩS
i

δiLi(1− δiLi)

(1 + δiLi)3
−→σ L

i
3⊗
]
−
[
ΩS
max(i,j)MiMj

−→σ L
i ⊗−→σ p ⊗−→σ L

j

]

(7.5.33)

−
[
ΩS
max(i,j,k)MiMjMk

−→σ L
i ⊗−→σ L

j ⊗−→σ L
k

]
−
[

ΩS
i Mi

1 + δiLi

[
σLi n a

L
i,2mp

]]

+
[
ΩS
max(i,j) MiMj

[
σLi n a

L
j,2mp

]]
+

[
ΩS
max(i,j)

Mi Mj

1 + δjLj

[
σLj m σLi n σ

L
j p

]]

+
[
ΩS
i Mi

[
σp

n
aLi,2mp

]]
+

[
ΩS
i

Mi

1 + δiLi

[
σLi m σp

n
σLi p

]]

where the invoked subterms come as, with • ∈ {A,F} :

−→σ •,0
t = −

[
Mi Ω•

i
−→σ L

i

]

⇒
a
•,0

2,t (T )
△
= − −→σ •,0

t

2⊗ −
[
Mi Ω•

i
⇒
a
L

i,2

]
+
[
Ω•
max(i,j)MiMj

−→σ L
i ⊗−→σ L

j

]
−
[
Mi Ω•

i

1 + δiLi

−→σ L
i
2⊗
]
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The Mi(T ) term structure is defined by (see (7.2.7))

Mi,t(T )
△
=

δiLt(Ti)

1 + δiLt(Ti)

and the weighting scheme is specified by

ωF
i,t

1≤i≤N−1

△
= 0 ωF

N
△
=

[
1−

N−1∏

k=0

[1 + δkLk]

]−1

ΩF
i

0≤i≤N−1

△
= ωF

N(7.5.34)

ωA
i

1≤i≤N

△
=

δi
i−1∏
k=0

[1 + δkLk,t(T )]−1

N∑
j=1

δj
j−1∏
k=0

[1 + δkLk,t(T )]−1

ΩA
i

0≤i≤N−1
=

N∑

j=i+1

ωA
j(7.5.35)

ωS
i

1≤i≤N
= ωF

i − ωA
i ΩS

i
0≤i≤N−1

=

N∑

j=i+1

ωS
j = ΩF

i − ΩA
i(7.5.36)

In these expressions we use simplified notations, in the sense that apart from the accrual δi all
quantities involved are processes, parameterised by the maturity. Hence we can omit arguments t
and T without ambiguity. Also, the modified Einstein notations [· · ·] refer to summations from

indices 0 to N − 1, which means that they involve all Libor rates in the tenor structure.

Note that in (7.5.33) the first couple of terms can be rewritten as

⇒
a
A,0

2

↔
⊗−→σ A,0 −⇒

a
F,0

2

↔
⊗−→σ F,0 =

[
⇒
a
F,0

2 −⇒
a
S,0

2

]↔
⊗−→σ A,0 −⇒

a
F,0

2

↔
⊗−→σ F,0

=
⇒
a
F,0

2

↔
⊗
[−→σ A,0 −−→σ F,0

]
−⇒
a
S,0

2

↔
⊗−→σ A,0

= −⇒
a
F,0

2

↔
⊗−→σ S,0 −⇒

a
S,0

2

↔
⊗−→σ A,0

but apart from reducing the number of sub-terms involved in the expressions of the chaos
coefficients, this type of simplification presents no tangible interest. Instead we have elected to
stress the symmetry of the roles played by the floating and fixed legs. Overall, there are many
ways to present these expressions, and we have settled both for compactness and for an inductive
basket structure on the Libors’ volatilies and dynamic coefficients.

In that respect, it is interesting to note that the weighting scheme does relay the dual way of
considering the trade : either as an exchange of legs or as an option on a bond. Indeed, recall
from Remark 6.2 [p.330] that the payoff of our swaption (with notional M and strike K) matches
the payoff for a Put written on an in fine bond with same tenor structure. The latter must have
a fixed coupon of K, a notional of δM , a strike of 1 and T0 for expiry. It is therefore conceivable
to interpret the ΩA structure as accounting for the coupons of that fictional bond, while the ΩF

scheme corresponds to the principal repayment.
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Proof.
As in the HJM context, our strategy is to decompose the swap rate as a fraction of floating
leg and annuity, seen as fixed-coupon bonds. We deflate both by a common Zero, so that we
can use Corollary 7.1 [p.341] to obtain their dynamics. Formally, recall from (6.5.50) that for a
generic traded asset πt we can re-express the par swap rate as

Sδ
t (T0) =

F δ,π
t (T0)

Aδ,π
t (T0)

where





F δ,π
t (T0)

△
= Bπ

t (T0)−Bπ
t (TN )

Aδ,π
t (T0)

△
=

N∑

i=1

δi B
π
t (Ti)

.

In the sequel we will omit the δ superscript whenever there is no ambiguity on the tenor structure.
In this instance we take for numeraire πt the initial Zero Coupon B0,t(T ) :

dF 0
t (T )

F 0
t (T )

= −→σ F,0
t (T )⊥d

−→
W 0

t

dA0
t (T )

A0
t (T )

= −→σ A,0
t (T )⊥d

−→
W 0

t

so that, using the classic change of numeraire tool, the swap rate dynamics write

dSδ
t (T )

Sδ
t (T )

=
[−→σ F,0

t −−→σ A,0
t

]
(T )

[
d
−→
W 0

t −−→σ A,0
t dt

]

But since by definition the right bracket comes as

d
−→
W 0

t −−→σ A,0
t dt = d

−→
W t −

−→
Γ 0,t(T ) dt −

[−→σ A
t (T )−−→Γ 0,t(T )

]
dt = d

−→
W t −−→σ A

t (T ) = d
−→
WA

t

which is the annuity driver, we have formally the swap rate volatility as

−→σ s
t (T ) = −→σ F,0

t −−→σ A,0
t(7.5.37)

We note - as expected - that the choice of the numeraire does not affect the result. The rationale
for selecting Bt(T0) is clearly the simplification that it brings, when transferring the rebased bond
dynamics into the LMM parameterisation. Recalling that in (7.5.37) the dynamics of the r.h.s.
are defined w.r.t. the T0-driver, we have

d−→σ s
t(T ) = d−→σ F,0

t − d−→σ A,0
t

=
[−→a F,0

1,t −−→a A,0
1,t

]
dt +

[
⇒
a
F,0

2,t −
⇒
a
A,0

2,t

]
d
−→
W 0

t +
[
⇒
a
F,0

3,t −
⇒
a
A,0

3,t

]
d
−→
Z t

=
[−→a F,0

1,t −−→a
A,0
1,t

]
dt +

[
⇒
a
F,0

2,t −
⇒
a
A,0

2,t

] [
d
−→
WA

t +−→σ A,0
t dt

]
+
[
⇒
a
F,0

3,t −
⇒
a
A,0

3,t

]
d
−→
Z t

so that the first-depth coefficients in the swap rate dynamics come formally as

−→a S
1,t(T ) = −→a F,0

1,t (T ) −−→a A,0
1,t (T ) +

⇒
a
S

2,t(T ) −→σ A,0
t (T )(7.5.38)

⇒
a
S

2,t(T ) =
⇒
a
F,0

2,t (T ) −⇒
a
A,0

2,t (T )(7.5.39)

⇒
a
S

3,t(T ) =
⇒
a
F,0

3,t (T ) −⇒
a
A,0

3,t (T )(7.5.40)

Then from the endogenous coefficient (7.5.39) we get

d
⇒
a
S

2,t(T ) =

(2)−−→
[· · ·] dt +

[
⇛
a
F,0

22,t(T ) − ⇛
a
A,0

22,t(T )

]
d
−→
W 0

t +

(3)−−→
[· · ·] d−→Z t
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Changing driver from
−→
W 0

t to
−→
WA

t naturally does not modify the bracket in front of it, hence the
second-depth coefficient comes formally as

⇛
a
S

22,t(T ) =
⇛
a
F,0

22,t(T ) − ⇛
a
A,0

22,t(T )(7.5.41)

It remains only therefore to express, in the LMM parameterisation, the first-layer coefficients of
the rebased, fixed-coupons bonds F 0

t and A0
t .

Dynamics of the T0-rebased floating leg F 0
t

In the fashion of Corollary 7.1 [p.341] dedicated to Bond chaos dynamics in an LMM framework,
following (7.3.13) we rewrite the floating leg somewhat artificially as a fixed-weights basket, but
on the whole rebased ZC population, i.e. for maturities spanning T0 to TN :

F 0
t = B0

0,t(T ) −B0
N,t(T ) = 1 −B0

N,t(T ) =

N∑

i=0

cFi B0
i,t(T )

where we formally consider a common, unit accrual (δi = 1 ∀i) and where the fixed weights are
non-zero only for the first and last Zeros :

cF0 = 1 cFi = 0 if 1 ≤ i ≤ N − 1 cFN = −1(7.5.42)

However the inclusion in the basket population of the first Zero B0,t(T ), which is precisely our
rebasing numeraire, places us outside of Corollary 7.1’s framework. But since the additional
element is actually a constant (B0

0,t(T ) ≡ 1 a.s. ∀t ∀T ) we have several simple ways to fall back
in line. We can start by considering our current basket as a limit case of the classic framework.
Indeed we can make the first accrual vanish, while maintaining the first effective coupon :

δ1 ց 0 with c1 δ1 ≡ 1

This shows that we can integrate B0
0,t(T ) as the first zero within the exact framework of Corollary

7.1 (with N + 1 elements) and under the same fixed weighting scheme (7.5.42). But since
the volatility structure of B0

0,t(T ) is immaterial, when deriving the chaos we can simplify that

weighting convention by taking ωF
0,t ←− 0 without affecting results.

Eventually, we assume therefore that the basket spans only the same N elements as the annuity,
from B0

1,t to B0
N,t so that only the terminal weight remains :

ωF
i,t

1≤i≤N−1

△
= 0 ωF

N
△
=

[
1−

N−1∏

k=0

[1 + δkLk]

]−1

(7.5.43)

Note that the total mass is not unit any more but this is not problematic here. It comes that
the aggregated weights are all equal to the last weight :

for 0 ≤ i ≤ N − 1 ΩF
i,t

△
=

N∑

j=i+1

ωF
j,t = ωF

N,t(7.5.44)

so that combining (7.5.43) and (7.5.44) establishes the whole normalised weighting scheme
(7.5.34). Using the notation Mi,t(T ) defined as in (7.2.7) and ignoring arguments t and T when-
ever possible, we use modified Einstein notations to sum indexes 0 to N − 1. Then applying
Corollary 7.1 we get first the instantaneous volatility from (7.3.14) as

−→σ F,0
t (T ) = −

[
Mi ΩF

i
−→σ L

i

]
(7.5.45)
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From (7.3.16) we get the drift as :

−→a F,0
1,t (T ) = −⇒

a
F,0

2,t
−→σ F,0

t −
[
Mi ΩF

i
−→a L

i,1

]
−
[
Mi ΩF

i
⇒
a
L

i,2
−→σ L

i

]

(7.5.46)

+
N−1∑

i=0

N−1∑

j=i

ΩF
j Mi Mj

[
⇒
a
L

i,2 +
1

1 + δiLi

−→σ L
i
2⊗
]
−→σ L

j

Then from (7.3.17) and (7.3.18) the endogenous and exogenous coefficients come respectively as

⇒
a
F,0

2,t (T )
△
= − −→σ F,0

t

2⊗ −
[
Mi Ωi

⇒
a
L

i,2

]

+
[
Ωmax(i,j)MiMj

−→σ L
i ⊗−→σ L

j

]
−
[
Mi Ωi

1 + δiLi

−→σ L
i
2⊗
]

(7.5.47)

⇒
a
p

3,t(T )
△
= −

[
Mi Ωi

⇒
a
L

i,3

]
(7.5.48)

And finally from (7.3.19) we get the second-depth coefficient as

⇛
a
F,0

22,t = −⇒
a
p

2

↔
⊗−→σ p +

[
Ωmax(i,j) Mi Mj

⇒
a
L

i,2

↔
⊗−→σ L

j

]
−
[

Ωi Mi

1 + δiLi

⇒
a
L

i,2

↔
⊗−→σ L

i

]

+

[
Ωmax(i,j)

Mi Mj

1 + δiLi

−→σ L
i
2⊗ ↔
⊗−→σ L

j

]
−
[
Ωi

δiLi(1− δiLi)

(1 + δiLi)3
−→σ L

i
3⊗
]

−
[
Ωmax(i,j)MiMj

−→σ L
i ⊗−→σ p ⊗−→σ L

j

]
−
[
Ωmax(i,j,k)MiMjMk

−→σ L
i ⊗−→σ L

j ⊗−→σ L
k

]

(7.5.49)

−
[

Ωi Mi

1 + δiLi

[
σLi n a

L
i,2mp

]]
+
[
Ωmax(i,j) Mi Mj

[
σLi n

⇒
a
L

j,2mp

]]

+

[
Ωmax(i,j)

Mi Mj

1 + δjLj

[
σLj m σLi n σ

L
j p

]]

+
[
Ωi Mi

[
σp

n
aLi,2mp

]]
+

[
Ωi

Mi

1 + δiLi

[
σLi m σp

n
σLi p

]]

Dynamics of the T0-rebased annuity leg A0
t

We exploit the natural basket structure of the rebased annuity by writing

Aδ,0
t (T ) =

N∑

i=1

ci δi B
0
i,t(T ) which matches (7.3.13) [p.341] with ci = 1 ∀i

With modified Einstein notations summing indexes 0 to N−1 the instantaneous volatility comes
from (7.3.14) as

−→σ A,0
t (T ) = −

[
Mi ΩA

i
−→σ L

i

]
(7.5.50)

where Mi(T ) is still defined by (7.2.7) and the weighs are specified by (7.3.15) as

ωA
i,t(T )

1≤i≤N

△
=

δi
i−1∏
k=0

[1 + δkLk,t(T )]−1

N∑
j=1

δj
j−1∏
k=0

[1 + δkLk,t(T )]−1

and ΩA
i,t(T )

0≤i≤N−1

=

N∑

j=i+1

ωA
j,t(T )
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which establishes (7.5.35). The drift, endogenous and exogenous coefficients come respectively
from (7.3.16), (7.3.17) and (7.3.18) as

−→a A,0
1,t (T ) = −⇒

a
A,0

2,t
−→σ A,0

t −
[
Mi ΩA

i
−→a L

i,1

]
−
[
Mi ΩA

i
⇒
a
L

i,2
−→σ L

i

]

+

N−1∑

i=0

N−1∑

j=i

ΩA
j Mi Mj

[
⇒
a
L

i,2 +
1

1 + δiLi

−→σ L
i
2⊗
]
−→σ L

j(7.5.51)

⇒
a
A,0

2,t (T )
△
= − −→σ A,0

t

2⊗ −
[
Mi ΩA

i
⇒
a
L

i,2

]

+
[
ΩA
max(i,j)MiMj

−→σ L
i ⊗−→σ L

j

]
−
[
Mi ΩA

i

1 + δiLi

−→σ L
i
2⊗
]

(7.5.52)

⇒
a
A,0

3,t (T )
△
= −

[
Mi ΩA

i
⇒
a
L

i,3

]
(7.5.53)

We get the single second-depth coefficient from (7.3.19) as

⇛
a
A,0

22,t = −⇒
a
A,0

2

↔
⊗−→σ A,0 +

[
ΩA
max(i,j) Mi Mj

⇒
a
L

i,2

↔
⊗−→σ L

j

]
−
[

ΩA
i Mi

1 + δiLi

⇒
a
L

i,2

↔
⊗−→σ L

i

]

−
[
ΩA
max(i,j)MiMj

−→σ L
i ⊗−→σ p ⊗−→σ L

j

]
−
[
ΩA
max(i,j,k)MiMjMk

−→σ L
i ⊗−→σ L

j ⊗−→σ L
k

]

+

[
ΩA
max(i,j)

Mi Mj

1 + δiLi

−→σ L
i
2⊗ ↔
⊗−→σ L

j

]
−
[
ΩA
i

δiLi(1− δiLi)

(1 + δiLi)3
−→σ L

i
3⊗
]
−
[

ΩA
i Mi

1 + δiLi

[
σLi n a

L
i,2mp

]]

+
[
ΩA
max(i,j) Mi Mj

[
σLi n

⇒
a
L

j,2mp

]]
+

[
ΩA
max(i,j)

Mi Mj

1 + δjLj

[
σLj m σLi n σ

L
j p

]]

(7.5.54)

+
[
ΩA
i Mi

[
σp

n

⇒
a
L

i,2mp

]]
+

[
ΩA
i

Mi

1 + δiLi

[
σLi m σp

n
σLi p

]]

Aggregation into the dynamics of the par swap rate

Let us note first that the expressions for −→σ F,0
t (T ), −→σ A,0

t (T ),
⇒
a
F,0

22,t(T ) and
⇒
a
A,0

22,t(T ) quoted in the
lemma have already been established, respectively by (7.5.45), (7.5.50), (7.5.47) and (7.5.52).
Now we combine the two weighting schemes as per (7.5.36) by defining

ωS
i,t(T )

1≤i≤N

= ωF
i,t(T )− ωA

i,t(T ) and ΩS
i,t(T )

0≤i≤N−1

=
N∑

j=i+1

ωS
j,t(T ) = ΩF

i,t(T )− ΩA
i,t(T )

Injecting (7.5.45) and (7.5.50) into (7.5.37) we then get the swap rate volatility as

−→σ s
t (T ) = −

[
Mi ΩS

i
−→σ L

i

]

which proves (7.5.29). The drift comes by injecting (7.5.46) and (7.5.51) into (7.5.38) :

−→a S
1,t(T ) =

⇒
a
A,0

2,t
−→σ A,0

t −⇒
a
F,0

2,t
−→σ F,0

t +
⇒
a
S

2,t
−→σ A,0

t −
[
ΩS
i Mi

−→a L
i,1

]
−
[
ΩS
i Mi

⇒
a
L

i,2
−→σ L

i

]

+

N−1∑

i=0

N−1∑

j=i

ΩS
j,t Mi,t Mj,t

[
⇒
a
L

i,2,t +
1

1 + δiLi,t

−→σ L
i,t

2⊗
]
−→σ L

j,t
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where the first three terms simplify into

⇒
a
A,0

2,t
−→σ A,0

t −⇒
a
F,0

2,t
−→σ F,0

t +
⇒
a
S

2,t
−→σ A,0

t =
⇒
a
F,0

2,t
−→σ A,0

t −⇒
a
F,0

2,t
−→σ F,0

t = −⇒
a
F,0

2,t
−→σ S

t

so that eventually the coefficient rewrites

−→a S
1,t(T ) = −⇒

a
F,0

2,t
−→σ S

t −
[
ΩS
i Mi

−→a L
i,1

]
−
[
ΩS
i Mi

⇒
a
L

i,2
−→σ L

i

]

+

N−1∑

i=0

N−1∑

j=i

ΩS
j,t Mi,t Mj,t

[
⇒
a
L

i,2,t +
1

1 + δiLi,t

−→σ L
i,t

2⊗
]
−→σ L

j,t

which proves (7.5.30). To obtain
⇒
a
S

2,t(T ) we inject (7.5.47) and (7.5.52) into (7.5.39) which gives

⇒
a
S

2,t(T ) = −→σ A,0
t

2⊗ − −→σ F,0
t

2⊗ −
[
Mi ΩS

i
⇒
a
L

i,2

]

+
[
ΩS
max(i,j)MiMj

−→σ L
i ⊗−→σ L

j

]
−
[
Mi ΩS

i

1 + δiLi

−→σ L
i
2⊗
]

and proves (7.5.31). Then injecting (7.5.48) and (7.5.53) into (7.5.40) we obtain

⇒
a
S

3,t(T ) = −
[
Mi ΩS

i
⇒
a
L

i,3

]

which proves (7.5.32). Finally, injecting (7.5.49) and (7.5.54) into (7.5.41) we get

⇛
a
S

22,t(T ) =
⇒
a
A,0

2

↔
⊗−→σ A,0 −⇒

a
F,0

2

↔
⊗−→σ F,0

+
[

ΩS
max(i,j) Mi Mj

⇒
a
L

i,2

↔
⊗−→σ L

j

]
−
[

ΩS
i Mi

1 + δiLi

⇒
a
L

i,2

↔
⊗−→σ L

i

]

+

[
ΩS
max(i,j)

Mi Mj

1 + δiLi

−→σ L
i
2⊗ ↔
⊗−→σ L

j

]
−
[
ΩS
i

δiLi(1− δiLi)

(1 + δiLi)3
−→σ L

i
3⊗
]

−
[
ΩS
max(i,j)MiMj

−→σ L
i ⊗−→σ p ⊗−→σ L

j

]
−
[
ΩS
max(i,j,k)MiMjMk

−→σ L
i ⊗−→σ L

j ⊗−→σ L
k

]

−
[

ΩS
i Mi

1 + δiLi

[
σLi n a

L
i,2mp

]]
+
[
ΩS
max(i,j) Mi Mj

[
σLi n

⇒
a
L

j,2mp

]]

+

[
ΩS
max(i,j)

Mi Mj

1 + δjLj

[
σLj m σLi n σ

L
j p

]]
+
[
ΩS
i Mi

[
σp

n

⇒
a
L

i,2mp

]]

+

[
ΩS
i

Mi

1 + δiLi

[
σLi m σp

n
σLi p

]]

which proves (7.5.33) and concludes the proof.
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7.6 Approximating the swap rate volatility

It seems clear from the swaption section 7.5 that, within an LMM framework, the swap rate
dynamics become quite complex. This feature suggests the use of some kind of proxy, usually
achieved by a fixed-weight basket of Libor rates, and the most common of these is called the
freezing approximation. Our aim in this section is to measure the impact of that proxy, in the
general case and then in a simplified situation.

7.6.1 The basket approximation for swap rates

First of all, let us rewrite the swap rate as a basket of Libor rates :

Sδ(T0) =
Bt(T0)−Bt(TN )
∑N

k=1 δkBt(Tk)
=

∑N−1
i=0 [Bt(Ti)−Bt(Ti+1)]∑N

k=1 δkBt(Tk)
=

N−1∑

i=0

δi+1 Bt(Ti+1) Lt(Ti)∑N
k=1 δkBt(Tk)

We are therefore facing an asset basket with stochastic weights, as defined by (2.4.71) [p.141] :

Sδ
t (T ) =

N−1∑

i=0

λi,t Li,t(T ) with λi,t
△
=

δi+1 Bt(Ti+1)
∑N

k=1 δkBt(Tk)

For future reference, we note that the absolute weights λi,t are actually normalised :

N−1∑

i=0

λi,t =

∑N−1
i=0 δi+1 Bt(Ti+1)
∑N

k=1 δkBt(Tk)
= 1(7.6.55)

Then the weight freezing approximation corresponds to defining a swap rate proxy with

S⋆
t (T )

△
=

N−1∑

i=0

λi,0 Li,t(T ) for t ≥ 0(7.6.56)

If by construction the initial value S⋆
0(T ) of the proxy does match the actual swap rate S0(T ),

the same cannot be said of its dynamics, and therefore of future values. Especially, the frozen-
weights proxy swap rate is not a martingale under the natural annuity measure7.

Lemma 7.3 (Dynamics of the frozen swap rate)
The proxy swap rate (7.6.56) exhibits the following dynamics under the annuity measure QA :

dS⋆
t (T )

S⋆
t (T )

= µS
⋆,A

t dt +−→σ S⋆

t (T )⊥d
−→
W

A(T )
t(7.6.57)

with µS
⋆,A

t (T )
△
=

N−1∑

i=0

ω∗
i,t(T ) µL,Ai,t (T ) and −→σ S⋆

t (T )
△
=

N−1∑

i=0

ω∗
i,t(T ) −→σ L

i,t(T )

where µL,Ai,t is the the individual Libor’s drift under QA, and the weighting scheme is defined by

ω∗
i,t(T )

△
=

λi,0 L
δ
i,t(T )

∑N−1
k=0 λk,0 Lk,t(T )

(7.6.58)

Besides, the overall drift resultant can be rewritten as (omitting the maturity argument T )

µS
⋆,A

t
△
=

[
N−1∑

i=0

ω∗
i,t
−→σ L

i,t

]⊥ [N−1∑

i=0

λi,t
−→
Γ i+1,t

]
−

N−1∑

i=0

ω∗
i,t

[−→σ L
i,t

⊥−→
Γ i+1,t

]
(7.6.59)

which features a pseudo-covariance structure and is a priori a.s. non null.

7 To make the proxy dynamics (7.6.58) martingale, we would have to consider the following numeraire :

Nt
△
=

∏N

i=1 δi Bt(Ti) . However this process is not a recognised asset.
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Again for future reference, we define the following collection of maturity-dependent processes :

−→γi,t(T )
△
=
−→
Γ i+1,t(T ) −−→σ A

t (T )(7.6.60)

Proof.
Let us recall the instantaneous volatility of the annuity process, characterising QA :

dAδ
t (T )

Aδ
t (T )

= rt dt +−→σ A
t (T )⊥d

−→
W t and d

−→
W

A(T )
t

△
= d
−→
W t −−→σ A

t (T ) dt

The dynamics of the individual Libor rates come as

dLδ
i,t(T )

Lδ
i,t(T )

= −→σ L
i,t(T )⊥d

−→
W

Ti+1

t = −→σ L
i,t(T )⊥

[
d
−→
W

A(T )
t +−→σ A

t (T ) dt −−→Γ t(Ti+1) dt
]

= µL,Ai,t dt +−→σ L
i,t(T )⊥d

−→
W

A(T )
t with µLi,t

△
= −−→σ L

t (T )⊥−→γi,t(T )(7.6.61)

We can now express the proxy swap rate’s dynamics, under the same annuity measure :

dS⋆
t (T ) =

N−1∑

i=0

λi,0 dLi,t(T ) =
N−1∑

i=0

λi,0

[
Lδ
i,t(T ) µLi,t dt + Lδ

i,t(T ) −→σ L
i,t(T )⊥d

−→
W

A(T )
t

]

Introducing the stochastic weights (7.6.58) we then rewrite in lognormal fashion, proving (7.6.57).
Now focusing on the drift and omitting the maturity argument, we inject (7.6.60) and develop
as

µS
⋆,A

t =
N−1∑

i=0

ω∗
i,t
−→σ L

i,t
⊥
[−→σ A

t −
−→
Γ i+1,t

]
=

[
N−1∑

i=0

ω∗
i,t
−→σ L

i,t

]⊥
−→σ A

t −
N−1∑

i=0

ω∗
i,t

[−→σ L
i,t

⊥−→
Γ i+1,t

]

However, in the above equation the instantaneous volatility of the annuity comes as

−→σ A
t (T ) =

∑N
i=1 δi Bi,t(T )

−→
Γ i,t(T )

∑N
i=1 δi Bi,t(T )

=

N−1∑

i=0

λi,t
−→
Γ i+1,t(T )

which after replacement provides (7.6.59) and concludes the proof.

It seems clear that, as it exhibits a drift, this S⋆ frozen proxy is not really adapted for simulating
the swap rate. This is not to say that the principle of approximating the latter with a Libor
basket is fundamentally flawed, but just that the specific choice of these frozen weights would
not be optimal for dynamic purposes. Instead, it is actually possible to design different fixed
weighting schemes, specifically to provide a better dynamic fit. Such weights can be chosen
for instance by matching some of the coefficients in the swap rate’s theoretical Wiener chaos.
In that respect, our IATM results can prove useful as they identify the influence of each such
coefficient on the smile, allowing to optimise the weighting scheme w.r.t. a clear market-related
objective function. Alternatively, empirical fitting of the weights can be achieved, for example
by moment matching on a given set of Monte-Carlo paths.
In practice however, the proxy is not used for such a close dynamic match. Instead, practitioners
working in the LMM framework use only the volatility expression in (7.6.57) i.e.

−→σ S⋆

t (T ) =

N−1∑

i=0

ω∗
i,t(T ) −→σ L

i,t(T )(7.6.62)

in order to estimate the liquid part of the smile for European swaptions (some of the most
traded IR derivatives). Hence the question that we address therafter is the accuracy of this
volatility proxy. The priority is obviously to assess the precision of the ATM level, but we could
also examine other smile descriptors, such as the ATM skew. In summary, it is the discrepancy
generated by (7.6.62) as a vectorial basket of Libor volatilities that we wish to compute.



360 CHAPTER 7. IMPLIED DYNAMICS IN THE SV-LMM FRAMEWORK

7.6.2 Exact swap rate dynamics in the basket representation

We have already computed in section 7.5.2 the exact swap rate dynamics within an LMM
representation. However, besides being quite complex and therefore difficult to interpret, the
form of the resulting expression is not really adapted to a comparison with the freezing proxy
(7.6.62). Let us therefore provide an alternative formulation.

Lemma 7.4 (Exact dynamics of the swap rate in an LMM basket representation)
In an LMM parameterisation, the exact swap rate dynamics can be written as

dSδ
t (T )

Sδ
t (T )

= −→σtS(T )⊥d
−→
WA

t with −→σtS =
N−1∑

i=0

ωi,t
−→σ L

i,t +
N−1∑

i=0

ωi,t
−→γi,t(7.6.63)

where the normalised weights are specified by

ωi,t(T )
△
=

λi,t(T ) Li,t(T )

Sδ
t (T )

and where −→γi,t is defined by (7.6.60). Besides, the second volatility component rewrites

N−1∑

i=0

ωi,t
−→γi,t =

N−1∑

i=0

[
ΩA
i − Ωγ

i

]
Mi
−→σ L

i(7.6.64)

where the Annuity aggregated weights
{

ΩA
i

}
are defined by (7.5.35) [p.352] while

Ωγ
i (T )

△
=

N−1∑

j=i

ωi,t(T )(7.6.65)

defines a new aggregated scheme, associated to the stochastic weights.

Proof.
In order to compute the swap rate’s exact chaos dynamics, and in particular its instantaneous
volatility, we apply Proposition 2.6 [p.141] dedicated to generic asset baskets. Since the swap
rate is martingale under QA(T ), we need the chaos dynamics of both the Libor population
{Li,t(T )} and the associated weights {λi,t} under that same Annuity measure. However the
absolute weights λi,t are by construction martingale under QA(T ). Indeed, exploiting the usual
change of numeraire argument and injecting the notation (7.6.60) provides their dynamics as

dλi,t
λi,t

=
[−→

Γ i+1,t(T ) −−→σ A
t (T )

]⊥
d
−→
W

A(T )
t = −→γi,t(T )⊥d

−→
W

A(T )
t

Following Definition 2.8 [p.141] the normalised weight processes are introduced as per (2.4.72) :

ωi,t
△
=

λi,t Li,t

Sδ
t

=

[
δi+1Bi+1,t/A

δ
t

]
Li,t

N−1∑
k=0

[
δk+1Bk+1,t/A

δ
t

]
Lk,t

=
Bi,t −Bi+1,t

N−1∑
k=0

[Bk,t −Bk+1,t]

=
Bi,t −Bi+1,t

B0,t −BN,t

hence we verify - as we should - that these normalised weights do sum to unity :
∑N

i=1 ωi,t = 1.
Applying (2.4.73) and (2.4.74) [p.141] the basket’s dynamics rewrite formally as

dSδ
t (T )

Sδ
t (T )

= µSt (T ) dt +−→σtS(T )⊥d
−→
WA

t
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where by invoking (7.6.61) the drift reassuringly vanishes :

µSt =

N−1∑

i=0

ωi,t

[
µLi,t +−→σ L

i,t(T )⊥−→γi,t
]

︸ ︷︷ ︸
=0

= 0

As for the volatility of the exact swap rate, it comes from the Proposition as

−→σtS(T ) =
N−1∑

i=0

ωi,t

[−→σ L
i,t(T ) +−→γi,t(T )

]

which proves (7.6.63). Now let us rewrite the volatility of the absolute weights as a function of
the HJM volatility structure, adopting simplified notations :

−→γi,t △
=
−→
Γ i+1,t −−→σ A

t =
−→
Γ 0

i+1,t −−→σ A,0
t =

−→
Γ 0

i+1,t −
N−1∑

j=0

λj,t
−→
Γ 0

j+1,t

Injecting (7.2.8) to recover the LMM parameterisation, and then applying Fubini, we get

−→γi = −
i∑

k=0

Mk
−→σ L

k +

N−1∑

j=0

j∑

k=0

λj Mk
−→σ L

k = −
i∑

k=0

Mk
−→σ L

k +

N−1∑

k=0



N−1∑

j=k

λj


 Mk

−→σ L
k

From (7.5.35) [p.352] we identity the absolute scheme as an offset of the Annuity’s : λj ≡ ωA
j+1

Then we can re-express the aggregated absolute weights as

N−1∑

j=k

λj =

N∑

j=k+1

ωA
j = ΩA

k for 0 ≤ k ≤ N − 1

Eventually each indivual −→γi rewrites as

−→γi =
N−1∑

j=0

ΩA
j Mk

−→σ L
k −

i∑

k=0

Mk
−→σ L

k

It comes that the weight-induced part of the swap rate volatility is expressed as

N−1∑

i=0

ωi,t
−→γi,t(T ) =

N−1∑

i=0

ΩA
i Mi

−→σ L
i −

N∑

i=1

ωi,t

i∑

k=0

Mk
−→σ L

k

Invoking Fubini again as well as notation (7.6.65) we get

N−1∑

i=0

ωi,t
−→γi,t(T ) =

N−1∑

i=0

ΩA
i Mi

−→σ L
i −

N−1∑

i=0



N−1∑

j=i

ωj,t


 Mi

−→σ L
i

=

N−1∑

i=0

ΩA
i Mi

−→σ L
i −

N−1∑

i=0

Ωγ
i Mi

−→σ L
i =

N−1∑

i=0

[
ΩA
i − Ωγ

i

]
Mi
−→σ L

i

which proves (7.6.64) and concludes the proof.

We find noteworthy that if the absolute weights λi,t can be interpreted as a relative level of
the yield curve - the ratio of the local zero Bt(Ti+1) over some average zero - the normalised
weights ωi,t can be seen as relative slope of that same curve. Hence the swap rate itself can be
understood as the ratio of the average slope over the average level. And as we shall see shortly,
it is the dispersion of the individual levels (among the Libor rate population) that deteriorates
the quality of the frozen weights proxy.
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7.6.3 Impact of the freezing approximation in the general case

Considering Lemma 7.4 it seems only natural to split the exact swap rate volatility (7.6.63) as
the sum of the Libors’ and of their stochastic weights’ contributions :

−→σtS(T ) = −→σtS,L(T ) +−→σtS,ω(T )

where we define

−→σtS,L(T )
△
=

N−1∑

i=0

ωi,t
−→σ L

i,t(T ) and −→σtS,ω(T )
△
=

N−1∑

i=0

ωi,t
−→γi,t(T )

We investigate first the precision of the proxy volatility (7.6.62) taken at the initial time t = 0.
Indeed this is the freezing time of the weights, and should correspond to the maximum accuracy.
But since the definition (7.6.58) ensures that

ω∗
i,0 = ωi,0 ∀i 0 ≤ i ≤ N − 1

we can therefore identify the initial proxy volatility to the initial pure Libors’ contribution :

−→σ S⋆

0 (T ) = −→σ S,L
0 (T )(7.6.66)

This result is well-known and quite intuitive, but all it allows us to state at this point is that
the proxy exhibits some a priori discrepancy at the initial time. As for predicting the ATM
level of a T -expiry European swaption (which is the usual goal) we observe that the multi-
dimensional LMM term-structure of volatility complicates significantly the picture. Indeed,
expressing instead the corresponding ATM implied variance we have :

Σ̃2
0(ATM,T ) ≈

↓
‖−→σ0S(T )‖2

IATM identity

= ‖−→σ0S
⋆

(T )‖2︸ ︷︷ ︸
proxy contrib.

+ ‖−→σ0S,ω(T )‖2︸ ︷︷ ︸
weights’ contrib.

+ 2 −→σ0
⋆

(T )⊥−→σ0S,ω(T )︸ ︷︷ ︸
interference term

The usual rationale for freezing the weights is that their volatilities are an order of magnitude
smaller than the Libor’s. This heuristic is empirically verified, as it has been repeatedly tested
with market-calibrated models (see [d’A03] for instance). But it relies on considering only the
ATM implied volatility, for short to medium expiries, which as we know represents a rough and
scalar aggregate of the full volatility information. In particular, our knowledge of the quantitative
impact of the interference term is limited at this stage. We can only bound its modulus, and
conjecture its sign by noting that the weights are related to the Zeros, so that they should be
negatively correlated to the Libors. Our position therefore is that the freezing approximation
does not reflect accurately the complexity of the problem :

◮ The initial error should be considered in regard of the multi-dimensional volatility −→σ0S
⋆
(T )

rather than simply the modulus of that vector.

◮ This vectorial discrepancy will deteriorate at future times, hence we need to envisage it as
a process and gage its dynamics.

Although the formal impact of the freezing approximation has (surprisingly) not motivated
many studies, [d’A03] represents one of the best references. In particular, that thesis proposes a
corrective term for the proxy’s call price, when the underlying is a generic basket of lognormal
assets. To that end, it uses a classic asymptotic expansion technique on the price itself, an ap-
proach presenting similarities with [FLT97] for instance. Also, restricting the LMM framework
to some manageable LN dynamics, and using the L2 norm (i.e. the modulus) as a measure of
precision, it provides an upper bound for the discrepancy of the swap rate volatility.
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Instead and in compliance with our above-stated position, we would rather adopt a finer reso-
lution for this problem, by focusing on the individual weighting error for each Libor’s volatility.
Also, we wish to measure the influence of any dynamic assumption directly on the smile, which
tends to make interpretation easier. Now, the question that we would like to address is how
our previous ACE results can complement those of [d’A03]. For that purpose, let us first review
some general considerations, as well as the several avenues that seem open to us.
First, we note that as our approach exploits the chaos dynamics of the swap rate process, and
since we know that the basket structure is propagated along that chaos (see Lemma 2.6 [p.139])
we can implement the freezing approximation at different levels of that chaos. In other words,
we do have the tools to examine the impact of locking the weights in the asset definition, which
is the usual and afore-described freezing approximation. But potentially we can also freeze the
weights in the volatility expression (7.6.62), or in the endogenous coefficient expression that
would follow in the chaos, etc. Furthermore, these different levels of coefficient freeze can be
combined, which gives us a high number of possible combinations, depending on the depth of
the chaos expansion. Overall, this flexibility allows us an additional degree of freedom. And the
latter offers new configurations in the necessary tradeoff of simplicity vs precision, associated
to any sort of approximation. However, for reasons of interpretation and therefore of simplicity,
we will limit ourselves to freezing at the first level only.
Also, the chaos coefficients affected by the above freezing will generate the IATM smile differ-
entials, in a way that is known to us. Hence we can now measure the freezing error in more
intuitive terms : in the form of an uncertainty on the smile level, and/or skew, and/or curvature,
etc. But again, as will shortly be obvious, even in a simplified case the associated formulae are
quite involved, so that we shall limit ourselves to examining the ATM level.

In order to justify and introduce the simplified case of section 7.6.4, let us now state a few
elementary facts about the problem at hand. First, it is clear that the absolute weights λj are
decreasing, but as mentioned before they sum to unity. Therefore if all Libors rates were to be
(initially) identical, then we would have λi = ωi ∀i. This observation that a flat Libor curve
maximises the precision of the freezing formula is a well-known feature. But even in that case,
the curve cannot stay flat for ever, so that a degradation will occur for longer maturities.
Turning to the individual error on each Libor’s volatility, as provided by (7.6.64), we observe
that the aggregated weights Ω⋆

· also live in [0, 1]. Indeed they start at their maximum value of
1 and then keep decreasing. In turn this gives us a blunt upper bound, or worst case scenario,
in terms of absolute and individual volatility error :

|
[
ΩA
i − Ωγ

i

]
Mi | ≤ Mi =

δi Li

1 + δi Li
≤ δi Li

which seems small since the accrual δi lies by market convention in [0, 1], while Li is typically of
the order of a few percent. However this error has no real interpretation until we can compare
it to the actual or frozen weight of that individual Libor volatility. In other words, the relative
error defined by

[
ΩA
i − Ωγ

i

]
Mi

ωi

seems more pertinent to evaluate the impact of using the freezing approximation.
Also, we remark that the simplification effect brought by a flat Libor curve assumption is not
limited to the swap rate’s freezing proxy. Indeed, the maturity-differential ∂TL

δ
t (T ) intervenes in

the term-Structure ZDC (5.2.21) [p.270] as the slope compensation term I(t, y, θ) : see (5.2.22).
And as a consequence, it influences significantly the term structure of implied volatility for both
Caplets and Swaptions.
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7.6.4 Impact of the freezing approximation in a simplified case

We have seen that a flat Libor curve provides the highest precision for the swap rate’s proxy
volatility (7.6.62) [p.359]. Hence it makes sense to compute the sensitivity of that discrepancy
when the curve deviates from the flat shape. Since the first deformation mode of the curve is
usually horizontal, while the second corresponds to the slope, we will consider a first-order affine
perturbation. Let us formalise this simplified case :

Assumption 7.1 (Idealised affine Libor curve)
We consider a simplistic tenor structure and yield curve where

◮ All accruals are identical :

∀i / 0 ≤ i ≤ N − 1 δi = δ or equivalently Ti+1 = Ti + δ

◮ The Libor rate structure is currently affine in maturity :

∀i / 0 ≤ i ≤ N − 1 Lt(Ti, Ti+1) = Lt(T0, T1) [ 1 + i ǫ ]

The ǫ parameter should be considered small

ǫ N ≪ 1

as it denotes a deviation from a flat term structure of Libor rates, for which we know that the
(value of the) swap rate’s instantaneous volatility is exactly matched by the fixed-weights basket.

Then we can compute the error on the swap rate volatility as a first-order expansion on ǫ.

Lemma 7.5 (Weighting discrepancies under the affine Libor assumption)
Under Assumption 7.1 the weight discrepancy for each individual Libor rate volatility −→σ L

i as a
component of the swap rate instantaneous volatility is, as a function of the slope ǫ :

In absolute terms :

[ (
ΩA
i − Ωγ

i

)
Mi

]
(ǫ) =

1−B
1−BN

[
NBN

1−BN
− iBi − NBN

1−BN
Bi

]
ǫ + o(ǫ2)(7.6.67)

In relative terms :[(
ΩA
i − Ωγ

i

)
Mi

ωi

]
(ǫ) =

1

Bi

[
NBN

1−BN
− iBi − NBN

1−BN
Bi

]
ǫ + o(ǫ2)(7.6.68)

where the initial Zero is defined by

B
△
=

1

1 + δ Lt(T0, T1)

By rewriting the bracket shared by (7.6.67) and (7.6.68) as a ratio and observing its numerator,
it is clear that (in non-pathological cases) both the absolute and relative weighting errors will
be negative. This does not mean however that the overall modulus of the swap rate’s volatility
will be systematically underestimated. To gage the contribution of each Libor’s volatility to the
overall error (and in particular to the directional information) we choose to use an example. We
select a tenor structure which is typical of the center grid : 10Y expiry, 20Y tenor, semi-annual
Libor rate. As for market data, we used a stylised configuration where the 10Y Zero rate is set
at 5%, the first (10Y ) forward Libor rate also at 5% and the last (29Y 6M) forward Libor rate
at 10%. The result of this test is shown in Figure 7.1 and leads us to two main observations,
pertaining respectively to shape and scale.
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Figure 7.1: Freezing proxy for the swap rate : relative weighting Libor error.

First of all, the inverted bell-curve shape, combined with the almost-linear decreasing weight
structure, means that the center of the tenor structure will bear the bulk of the error. Then the
magnitude of the individual error, for these central Libor rates, is not negligible : a 12% error on
a 20% lognormal volatility represents a discrepancy of more than 200 bpvol. Before going into
the simple but lengthy proof of Lemma 7.5, let us recall some elementary but useful identities :

Lemma 7.6 (Elementary notations for derivatives of geometric series)
For argument q ∈]0, 1[ and with bounds 0 ≤ j < k we have

Gk
j (q)

△
=

k−1∑

i=j

qi =
qk − qj
q − 1

(7.6.69)

Gk
j

′

(q) =

k−1∑

i=j

i qi−1 =
(kqk−1 − jqj−1)(q − 1) − (qk − qj)

(q − 1)2
(7.6.70)

Gk
j

′′

(q) =

k−1∑

i=j

i(i − 1) qi−2(7.6.71)

Proof.
The basic result on geometric series provides trivially (7.6.69), which we reformulate as :

k−1∑

i=j

qi =
qk − qj
q − 1

△
=

A(q)

B(q)
where B

′

(q) ≡ 1

Differentiating once w.r.t. q we get

k−1∑

i=j

i qi−1 = ∂q

k−1∑

i=j

qi = ∂q
A(q)

B(q)
=

A
′
B −A
B2

=
(kqk−1 − jqj−1)(q − 1) − (qk − qj)

(q − 1)2

which proves (7.6.70), which with the obvious (7.6.71) concludes this very simple proof.
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We can now move on to the main proof.

Proof of Lemma 7.5
Let us work with a slightly more general formulation than Assumption 7.1 by taking some
constant c and setting

Li = L0 + i c ǫ

Our strategy is obviously to compute the first-order ǫ-expansions of all relevant quantities, at the
initial (flat curve) position corresponding to ǫ = 0. To simplify notations and unless otherwise
specified, we will consider all G functions and their derivatives to be taken in q = B :

Gk
j
(p) ≡ Gk

j
p

(B)

Step 1 : expanding the rebased zeros and the annuity
First the T0-rebased Zero Coupons come without surprise as

B0
i (ǫ) =




i−1∏

j=0

[1 + δ Lj(ǫ)]



−1

=




i−1∏

j=0

[1 + δ L0 + δ j c ǫ]



−1

From now on we will consider all assets to be rebased by Bt(T0). Hence denoting

B
.
= B(δ, L0)

△
=

1

1 + δ L0
or equivalently L0 =

1 −B
δ B

we then have the Zeros’ initial value as

B0
i (ǫ = 0) = Bi(7.6.72)

As for the first-order ǫ-derivative we get

∂ǫBi(ǫ) = −




i−1∏

j=0

[1 + δ L0 + δ j c ǫ]



−2

i−1∑

j=0

i−1∏

k=0
k 6=j

[1 + δ L0 + δ k c ǫ] δ j c

= −B2
i (ǫ)

i−1∑

j=0

δ j c

Bi(ǫ) [1 + δL0 + δjcǫ]
= − δ c Bi(ǫ)

i−1∑

j=0

j

[1 + δL0 + δjǫ]

Taking that expression in ǫ = 0 we obtain

∂ǫBi(0) = −δ c Bi+1
i−1∑

j=0

j = −1

2
δ c i (i− 1) Bi+1(7.6.73)

Turning to the annuity

A(ǫ) = δ

N∑

i=1

Bi(ǫ)

we get its initial value in ǫ = 0 it comes as

A(0) = δ

N∑

i=1

Bi(0) = δ

N∑

i=1

Bi = δ B

N−1∑

i=0

Bi = δ B GN
0(7.6.74)

and from (7.6.73) we get its generic ǫ-differential as

∂ǫA(ǫ = 0) = δ

N∑

i=1

∂ǫBi(0) = −1

2
δ2 c

N∑

i=1

i (i− 1) Bi+1 = −1

2
δ2 c B3

N∑

i=1

i (i− 1) Bi−2
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Applying (7.6.71) with summation bounds j = 1 and k = N + 1 we get

∂ǫA(ǫ = 0) = −1

2
δ2 c B3 G

(N+1)
1

′′

(7.6.75)

Step 2 : expanding the individual Libor weights and the swap rate
We can now turn to absolute weights of the Libor basket, which in our context come as

λi(ǫ) =
Bi+1∑N
j=1Bj

=
δBi+1(ǫ)

A(ǫ)

In ǫ = 0 we can inject (7.6.72) and (7.6.74) so that these weights become

λi(0) =
Bi+1

B GN
0

=
Bi

GN
0

(7.6.76)

Hence their ǫ-differential comes as

∂ǫλi(ǫ) =
A(ǫ) ∂ǫBi+1(ǫ) −Bi+1(ǫ) ∂ǫA(ǫ)

A2(ǫ)

Not bothering to develop that expression, instead we take it directly in ǫ = 0 and inject the
previous expressions (7.6.72) - (7.6.73) - (7.6.74) - (7.6.75) to obtain the ǫ-differential of the
absolute weights as :

∂ǫλi(0) =
c

δ2 B2 GN
0

2

[
δ B GN

0

[
−1

2
δ i (i+ 1) Bi+2

]
−Bi+1

[
−1

2
δ2 B3 G

(N+1)
1

′′
] ]

= − c
2

Bi+1

GN
0


i (i+ 1) −B G

(N+1)
1

′′

GN
0


(7.6.77)

We can now express the ǫ-differential of the individual product in the basket as

∂ǫ [λi Li] (ǫ) = Li ∂ǫλi(ǫ) + λi ∂ǫLi(ǫ)

which, by taking ǫ = 0 and injecting (7.6.77) gives

∂ǫ [λi Li] (0) = − c
2

B

GN
0

L0 B
i


i (i+ 1) −B G

(N+1)
1

′′

GN
0


 +

Bi

GN
0

i c(7.6.78)

= c
Bi

GN
0


 1

2
B L0


B G

(N+1)
1

′′

GN
0

− i (i+ 1)


 + i


(7.6.79)

Moving on to the basket, we have the swap rate as

S(ǫ) =
N−1∑

i=0

λi(ǫ) (L0 + i δ ǫ)

Hence using the absolute weights property (7.6.55) its value in ǫ = 0 comes as

S(0) =

N−1∑

i=0

λi(0) L0 = L0

N−1∑

i=0

λi(0) = L0 =
1−B
δ B
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The ǫ-differential of the swap rate in ǫ = 0 comes from (7.6.78) as

∂ǫS(0) =

N−1∑

i=0

∂ǫ [λi Li] (0) = − c
2

B

GN
0

L0

N−1∑

i=0

Bi


i (i+ 1) −B G

(N+1)
1

′′

GN
0


 +

c

GN
0

N−1∑

i=0

i Bi

Then identities (7.6.69) and (7.6.71) make the first sum simply vanish :

N−1∑

i=0

Bi


i(i+ 1)−B G

(N+1)
1

′′

GN
0


 = B

N∑

i=1

i(i− 1)Bi−2 −B G
(N+1)
1

′′

GN
0

N−1∑

i=0

Bi = B G
(N+1)
1

′′

−B G
(N+1)
1

′′

= 0

For the second term we use (7.6.70) so that the swap rate initial differential comes as

∂ǫS(0) = c
B

GN
0

N−1∑

i=0

i Bi−1 = c B
GN

0

′

GN
0

(7.6.80)

We turn now to the normalised weights, which come expressed as

ωi(ǫ) =
λiLi(ǫ)∑N−1

k=0 λk(ǫ)Lk(ǫ)
=

λiLi(ǫ)

S(ǫ)

and in ǫ = 0 we see that absolute and normalised weigths are identical :

ωi(0) =
λi(0)L0

L0
= λi(0) =

Bi

GN
0

(7.6.81)

Their generic differential comes as

∂ǫωi(ǫ) =
1

S2(ǫ)
[ S(ǫ) ∂ǫ[λiLi](ǫ) − λiLi(ǫ) ∂ǫS(ǫ) ]

Taking that expression in ǫ = 0 and injecting (7.6.76)-(7.6.79)(7.6.80) gives

∂ǫωi(0) =
1

S2(0)
[S(0) ∂ǫ[λiLi](0) − λi(0) L0 ∂ǫS(0)]

=
c

L0


 Bi

GN
0


1

2
B L0


B G

(N+1)
1

′′

GN
0

− i (i+ 1)


 + i


 − Bi

GN
0

B
GN

0

′

GN
0




=
c

L0

Bi

GN
0


 1

2
B L0


B G

(N+1)
1

′′

GN
0

− i (i+ 1)


 + i −B GN

0

′

GN
0


(7.6.82)

Step 3 : expanding the absolute and normalised aggregate weights
Let us turn to the cumulated weights, starting with the fixed-weight basket :

ΩA
i (ǫ) =

N−1∑

j=i

λj(ǫ)

which, taken in ǫ = 0 and invoking (7.6.69) gives

ΩA
i (0) =

N−1∑

j=i

Bi

gN0
=

GN
i

GN
0

(7.6.83)
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Using (7.6.77), the ǫ-differential of ΩA
i (ǫ) taken in ǫ = 0 writes

∂ǫΩ
A
i (0) =

N−1∑

j=i

∂ǫλj(0) = − c
2

B

GN
0

N−1∑

j=i

Bj


j(j + 1) −B G

(N+1)
1

′′

GN
0


(7.6.84)

Then for the weights contribution we get

Ωγ
i (ǫ) =

N−1∑

j=i

ωj(ǫ)

Hence invoking (7.6.81) we have the initial value of the subsums for free :

Ωγ
i (0) = ΩA

i (0)(7.6.85)

Invoking (7.6.82), the ǫ-differential of Ωγ
i taken in ǫ = 0 is

∂ǫΩ
γ
i (0) =

c

L0

1

GN
0

N−1∑

j=i

Bj


 1

2
B L0


B G

(N+1)
1

′′

GN
0

− j (j + 1)


 + j −B GN

0

′

GN
0




=
c

2

B

GN
0

N−1∑

j=i

Bj


B G

(N+1)
1

′′

GN
0

− j (j + 1)


 +

c

L0
B
GN

i

′

GN
0

− c

L0
B
GN

i

GN
0

GN
0

′

GN
0

(7.6.86)

Step 3 : expanding the individual discrepancy
The discrepancy in weight for each individual Libor volatility is therefore

[
ΩA
i − Ωγ

i

]
(ǫ) =

[
ΩA
i −Ωγ

i

]
(0) + ∂ǫ

[
ΩA
i − Ωγ

i

]
(0) + o(ǫ2)

Invoking (7.6.83) and (7.6.85) we have indeed the initial discrepancy value as

[
ΩA
i − Ωγ

i

]
(0) = 0

which was the starting point of the present first-order expansion. Looking now at the actual
individual discrepancy of each Libor volatility, we write

∂ǫ
[ [

ΩA
i − Ωγ

i

]
Mi

]
(0) = Mi(0) ∂ǫ

[
ΩA
i − Ωγ

i

]
(0) +

[
ΩA
i − Ωγ

i

]
(0) ∂ǫMi(0)︸ ︷︷ ︸

=0

= (1−B) ∂ǫ
[
ΩA
i − Ωγ

i

]
(0)

Besides, the relative discrepancy in weight for each Libor is by expansion

[
ΩA
i − Ωγ

i

]
Mi

ωi
(ǫ) =

ΩA
i − Ωγ

i

ωi
(0) + ∂ǫ

[
ΩA
i − Ωγ

i

ωi

]
(0) + o(ǫ2)

and the ǫ-differential of the ratio comes as

∂ǫ

[
ΩA
i − Ωγ

i

ωi

]
(ǫ) =

[
∂ǫΩ

A
i − ∂ǫΩγ

i

]
ωi −

[
ΩA
i − Ωγ

i

]
∂ǫωi

ωi
2

(ǫ)

Taking that expression in ǫ = 0 we get more simply

∂ǫ

[
ΩA
i − Ωγ

i

ωi

]
(0) =

∂ǫ
[
ΩA
i − Ωγ

i

]

ωi
(0)(7.6.87)
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Going back to the initial absolute discrepancy differential we use (7.6.84) and (7.6.86) to get

∂ǫ
[
ΩA
i − Ωγ

i

]
(0) = − c

2

B

GN
0

N−1∑

j=i

Bj


j(j + 1) −B G

(N+1)
1

′′

GN
0


 − c

2

B

GN
0

N−1∑

j=i

Bj


B G

(N+1)
1

′′

GN
0

− j(j + 1)




− c

L0
B
GN

i

′

GN
0

+
c

L0
B
GN

i

GN
0

GN
0

′

GN
0

The first two terms cancel out, so that invoking (7.6.70) we get

∂ǫ
[
ΩA
i − Ωγ

i

]
(0) =

c

L0

B

GN
0

2

[
GN

i GN
0

′

−GN
0 GN

i

′ ]

where using (7.6.70) the bracket develops and then simplifies into

[
GN

i GN
0

′

−GN
0 GN

i

′ ]

=
BN −Bi

B − 1

NBN−1(B − 1) − (BN − 1)

(B − 1)2
− BN − 1

B − 1

(NBN−1 − iBi−1)(B − 1) − (BN −Bi)

(B − 1)2

=
1

(B − 1)2
[
NBN−1 (BN −Bi) − (BN − 1) (NBN−1 − iBi−1)

]

=
1

(B − 1)2
[
NBN−1 + i (BN − 1) Bi−1 −NBN−1Bi

]

Going back to the discrepancy term and injecting (7.6.69) we get

∂ǫ
[
ΩA
i − Ωγ

i

]
(0) =

c

L0

1

(BN − 1)2
[
NBN + i (BN − 1) Bi −NBNBi

]

Hence finally we present the absolute error as

∂ǫ
[ [

ΩA
i − Ωγ

i

]
Mi

]
(0) =

c

L0

1−B
1−BN

[
NBN

1−BN
− iBi − NBN

1−BN
Bi

]

which by taking c ← L0 proves (7.6.67). As for the relative error, it comes from (7.6.81) and
(7.6.87) that

∂ǫ

[
ΩA
i − Ωγ

i

ωi

]
(0) =

c

L0

1

Bi

[
NBN

1−BN
− iBi − NBN

1−BN
Bi

]

which again with c← L0 proves (7.6.68) and concludes the proof.



Conclusion

As the time now comes to summarise and assess the present study, let us first recall our original
mandate. Our intention was to establish an explicit and non-arbitrable connection between some
of the SV model classes, which are capable of describing the joint dynamics of an underlying
and of its associated European options. That connection could be approximate, provided that
its precision was known and if possible controllable. We demanded genericity also in terms of
covered models, and were aiming for some practical, efficient algorithm. We now offer our views
on which of these objectives have been attained, and on which still remain open subjects.
Starting with the down side, the correspondence presented herein concerns only a pair of SV
classes : on one hand the stochastic instantaneous volatility (SinsV) models and on the other
hand the stochastic implied volatility (SImpV) framework. Also, this connection is more devel-
oped in one direction (from SinsV to SimpV, the direct problem) than in the other (the inverse
problem). In fact, the SImpV framework has throughout been considered as a formal object,
rather than as an actual modeling tool. Besides, this connection is also a partial link, in the
sense that it connects subsets of sinsV chaos coefficients to groups of IATM differentials of the
SImpV surfaces, both static and dynamic : the link is performed layer-wise.
Then on the upside, connecting the SInsV class to static and dynamic differentials of the smile is
the most productive link between all market models (MM). First, because it suits well current ap-
plications, i.e. the sensitivity-based calibration and hedging algorithms within popular instances
of the SInsV class. Also, because the latter plays a central role among the MM family, seemingly
linking (through their asymptotics) the SImpV, SVarS and SLocV frameworks. Therefore the
method employed for the SImpV class should be transferrable to the two remaining frameworks.
Another positive outcome is the actual genericity of the connection, both in model coverage and
in differential order, meaning that - assuming holomorphic smile functionals - the direct link is
complete. Furthermore the (unforeseen) extensions, first to a multi-dimensional and then to a
term structure setup, illustrate the versatility of the approach.
Overall, we have extended the work of [Dur03] and of its sequels in several directions, which we
now cover in more detail, by categorising them artificially as either theoretical or applicative.

Summary of achievements

Let us first review the most significant theoretical derivations performed as part of this study.
First of all, we have formalised the approach of [Dur03] (mainly in Chapter 1 and Section 2.1 ) by
organising the ACE methodology around the Zero-Drift Condition (1.2.18) in a sliding context.
That choice has enabled us to expose in a new light the structural links - both static and dynamic
- existing between the SinsV and sliding SImpV classes. More specifically, we have established
the connection between on one hand the chaos coefficients of the SInsV representation, and on
the other hand the Immediate ATM differentials of the SImpV framework. We have shown
that these elements can be organised in coherent groups called layers, along which the inductive
derivation sequence of ACE is built, according to the ladder constraint. By making explicit
the correspondence between these subsets of the SInsV and SImpV models, we have also shown
the natural asymmetry between instantaneous and implied volatility (especially in the multi-
dimensional case) which is due to the latter aggregating the dynamic information.
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The same effort towards formalising our approach has contributed to decomposing the ACE pro-
cedure into a programmable algorithm, which does not require a genuine formal calculus engine.
In particular we have shown how the direct problem can be solved up to any order, which proves
especially simple in the local volatility case, and illustrated this algorithm by manually com-
puting two additional layers within a generic bi-dimensional model. We have thereby provided
universal expressions for the main IATM differentials (or descriptors) of the smile, which so far
were only available for a handful of SV models. With these expressions we have demonstrated
the analytic power of ACE by measuring the impact of ubiquitous model features, such as vol
of vol or mean-reversion, on market observables (typically the flattening of the IV surface).
Still in the single-underlying context, we have either discussed or investigated multiple avenues
for extension and generalisation. In particular we have described several methods for transfer-
ring ACE results to different baseline models, with special emphasis on Normal dynamics.
Then we have extended ACE to the multi-dimensional framework. Observing the inverse prob-
lem becoming ill-posed from the first layer up, we have identified some sufficient conditions for
a partial recovery. By contrast, we have shown the limited additional complexity of the direct
problem, for which the dimensionality proves cumbersome but not materially detrimental.
We have then taken a significant structural step, by extending the setup to a term-structure
context, detailing in particular the associated numeraire and measure aspects. We have iden-
tified the origin (sliding representation, multi-dimensionality or term structure) and discussed
the interpretation of each new, additive term. Indeed the latter start appearing as early as the
Zero Drift Condition, filtering through the differentiation and the asymptotics into the IATM
expressions, and provide the main contrast between a term-by-term and a global approach.

Let us now mention some of the main applicative subjects covered within the present document.
We have first employed the fundamental and the first layer results on the concept of local volatil-
ity, seen both as a dynamic interpretation of the marginals (or of the smile, see [Dup94]) and as
a class of instantaneous volatility models. Incidentally, we feel that there is still much to learn
from that notion, which is deceivingly simple but very demonstrative. We have then compared
the exact differentials provided by the ACE approach to the main published results, thereby
identifying structural discrepancies in Gatheral’s most probable path heuristic formula.
Afterwards we have moved on to combined local-stochastic volatility models, specifically the
Extended Skew Market Model (ESMM), a container class covering most bi-dimensional SinsV
models in production (such as SABR or Heston). We have provided and analysed the first layer
results for this ESMM, demonstrating the structural, clean decoupling of local and stochastic
volatility effects. In particular and as the name suggests, we have generalised the LV slope vs
correlation effect on the skew that was clearly exposed in [HKLW02] for the SABR model.
Turning to specific model classes to perform the computations at higher orders, we have then
illustrated the generic second and third layers for the FL-SV and SABR classes. As part of these
computations, we have demonstrated the use of induction, of symmetry and of other simplifica-
tion techniques to expedite the derivation of chaos dynamics within most model classes. Then
for the CEV-SABR model we have investigated the numerical aspects of whole-smile extrapola-
tions, concluding that a standalone ACE approach does outperform Hagan’s formula, but that
it is also well suited to complement other methods.
We have applied the multi-dimensional framework to tensorial and stochastic weights baskets,
hence providing the IATM differentials of the first layer for a wide range of more complex,
multi-asset financial products. This instance has confirmed that the multi-dimensionality is in
practice no issue for the direct problem, and that the basket structure allows to define artificial
and discrete probability structures, which help with interpretation.
Finally, in the interest rates environment we have provided the first layer formulae for three
liquid smiles, corresponding to bond options, to caplets and to swaptions. We have done so
under both a Stochastic Volatility (SV) Heath-Jarrow-Morton and a SV Libor Market Model
framework, illustrating the interests and difficulties of the full-smile (vs term-by-term) approach.
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Advantages of the methodology

In this section our aim is to assess the approach itself, independently of our own efforts or merit
in developing it. We consider ACE in its current form only, and in comparison with published
alternatives.

Regarding approximate vanilla pricing within local and stochastic volatility models, the state of
the art is mostly asymptotic (see Introduction or Chapter 4). But from singular perturbations
to Wiener chaos expansions, and as far as practical algorithms are concerned, these approaches
are restricted to specific model classes and/or to a given expansion order.
By contrast, Asymptotic Chaos Expansions are as generic as can be expected : they view
stochastic instantaneous volatility only as a formal, adapted process defined in a chaos (either
scalar, tensorial or maturity-dependent) and can provide the smile expansions at any required
order. This means that within a trading system, the static calibration of (regular) SInsV models
onto European options can be integrated in an abstract fashion. Likewise, within a Monte-Carlo
pricing architecture the same information can be used to design systematic control variates or
to employ importance sampling (see [FLT97]). As for hedging, fast vega (through the internal
model parameters and the Jacobian) or even pathwise vega is made more practical and precise.
Besides, although the methodology can be programmed in an imperative and functional way, it
can also be implemented in a rule-based logic. In other words, combining ACE with symbolic
calculus is not necessary, but brings its genericity to the next level.

In more practical terms, the choice of the order providing the optimal precision/complexity
tradeoff depends on the model, the option specifics and the user’s preferences. However in that
choice ACE offers another advantage : the alignment of the method’s precision with the market’s
bid-ask spread. Indeed the latter is usually an increasing function of liquidity, itself a decreasing
function of time-to-maturity θ and (absolute) log-moneyness |y|.
This property is in contrast with the more traditional asymptotic methods, where the deviation
from the base case usually concerns the model itself. Using thereafter an expansion on the SDE,
on the backward/forward PDE or on the infinitesimal generator, their solutions tend to be global
with regard to the smile. But in mathematical terms, all these asymptotic methods provide exact
information only in ǫ = 0. Hence they differ in their embedded extrapolation method from ACE,
which itself focuses exclusively on the IATM point. This distinction suggests a strong potential
in combining various global approaches with ACE, hence exploiting their respective qualities.
For instance, pre-processing a non-stationary model with the Markovian projection approach of
[Pit07] provides efficient parameters that can then be fed to ACE. Conversely, one can correct
the IATM differentials of a whole-smile extrapolation using high-order, exact results.
Because of this versatility, ACE is well suited for the design and the performance analysis of
new models. It can also be included in abstract fashion within generic trading systems, to help
with calibration, with pricing and with hedging. Typically, it allows to modify the functional
form of a diffusion coefficient without requiring the derivation of a complete new proxy.

We consider its dynamic focus to be another main attraction of the ACE methodology, as it
provides a proxy of the (underlying and smile) joint diffusion at no additional cost. Indeed the
structure of the ZDC allocates the same status to the dynamic coefficients as to the static ones.
This property transpires through all the layers of IATM arbitrage constraints for the SImpV
class (see Proposition 1.2 [p.38] for instance) so that eventually the dynamic differentials come as
part of the overall IATM information. In other words, the generic-order ACE methodology (see
Chapter 2.1) offers information relative to the smile’s drift and volatility, as a by-product of a
computation which is traditionally focused on the shape. Also, this additional knowledge enables
us to link more efficiently the various kind of SV models allowing autonomous movements of the
smile (the SInsV, sImpV and SLocV classes).
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By comparison, the other available approximations do not offer similar information within SInsV
models (see p.5). This is unfortunate, since backbone and skew behaviour (for instance) repre-
sent a major interest of that class. Although some of these methods could possibly be extended
to provide dynamics’ proxies, we are not aware of any publication in that spirit. Hence by
default we would have to introduce the SDEs driving their static approximations. In practical
terms, this means that ACE yields a significant competitive advantage when the hedge strategy
uses such vanilla options in a dynamic fashion. This feature is interesting for callable options
and for some volatility derivatives, but also for dynamic calibration purposes or to assess relative
value.

Another attractive feature of Asymptotic Chaos Expansions is that, as a methodology, they offer
many degrees of freedom which are either non-existent or unpractical with other approaches.
Let us review the most important of these controls.

As we have mentioned early on (see section 1.1.2.3 [p.18]) from a mathematical perspective the
role of the moneyness (sliding) re-parametrisation is more cosmetic than fundamental. It can
however contribute to a simplification of the ZDC (and therefore of the asymptotic expressions)
and - from a modeling perspective - to a more stationary representation of the smile. It is
therefore beneficial that switching the log-moneyness for another functional presents a priori no
fundamental difficulty within ACE, as discussed in section 2.2.1.1 [p.103]8.
Similarly, we have shown in sections 2.2.1.3 and 2.2.2 [p.110] that transferring the existing frame-
work and derivations to another baseline was not only possible, but in some cases surprisingly
effortless (as with the Normal instance). Such a capability is especially important for applicative
concerns, in particular for the quality of whole-smile extrapolations, which is dependent on the
similarity between the baseline and target models.
Another control is offered by the type of output for the direct problem, which comes as a set
of pure IATM differentials, as opposed to some global or whole-smile solution. Indeed such
localisation of the asymptotics leaves the user free to specify better variables for the expansion
itself, on an ad hoc basis. For instance, as we have discussed in section 4.1 [p.207] and observed
in section 4.5 [p.237], the choice of the space variable conditions significantly the precision and
validity of the extreme strike regions.

By contrast, most other asymptotic approaches will be hooked on a given representation for
the price functional (i.e. the baseline and its implied parameter) as well as for the time and
space coordinates (including the option parameters). For example, most methods based on the
backward PDE will be heavily dependent on the representation of the state variables. Typi-
cally, changing from log(St) back to St for space modifies first the structure of the mathematical
problem, then inevitably the properties of the solution and of a potential induction feature.

This type of flexibility issue seems to be more pregnant with the analytical than with the prob-
abilistic approaches, following the typology of the Introduction. However, in that respect ACE
presents the interesting feature of being as much SDE- than PDE-based. Indeed the generic
algorithm - as exposed in section 2.1 [p.88] - alternates constantly between differentiating the
ZDC (i.e a stochastic PDE constraining the SImpV model) than applying Itô calculus to formal
expressions (involving the chaos coefficients of the SInsV model). Such a combination is quite
unique among asymptotic approaches, and seems to confer to ACE a large part of its versatility.
Overall, this methodology does not only extend and diversify the practitioner’s toolbox, it also
introduces brand new capabilities for the modeler.

8See also [Haf04] on this subject.
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Limitations of the methodology

Some of the shortfalls of the ACE approach stem from its very foundations. For instance the
quoted, sufficient regularity assumptions are not constructive : in practice it is difficult to prove
a priori the existence of short-expiry limits for the smile’s shape and dynamics. This also means
that the model cannot be modified a posteriori in order to fulfil these criteria, although we have
not yet met a case where such manipulation would prove necessary.
This is not to say that designing a model specifically to fail the ACE methodology is impossible.
For instance, employing dynamics which are strongly non-stationary, explosive (see [AP06]) or
more generally non-integrable, i.e. features that the approach cannot capture, would probably
succeed in that enterprise.
Other limitations can be established in comparison to the state of the art, even according to our
criteria. In our view, some of the best benchmarks would be [FLT97], [KT03], [Med04], [Osa07]
or [BGM08], against which ACE does not necessarily represent a systematic improvement. It is
especially noticeable (but not surprising) that by limiting the modeling framework, especially by
using a finite number of explicit state variables, it becomes possible to derive powerful methods.
Some of these algorithms are not only extendable to any differential order, but they can also
be (at least partially) integral in nature. This last property in particular appears interesting,
in order to handle time- and space-inhomogeneous parametrisations. By contrast and due to
its differential nature, the ACE approach can only manage some limited non-stationarity, such
as time-dependent volatility for instance. In particular its performance is degraded when the
SInsV diffusion incorporate non-parametric, irregular of time-dependent coefficients.
However it is important to note that ACE does not have to be pitched against other approaches
in the perspective of replacing them. Indeed it can easily be used for corrective measures instead,
as discussed in section 4.5.3 [p.257]) for instance.

Extensions and further work

A natural follow-up would be to mature some of the topics edited from the final cut (see p.11).
Among these, the extreme strikes focus (see [Lee04b]) is certainly interesting from a practical
perspective. We also anticipate powerful theoretical and applied results from the SLocV context
(see [CN08, CN09]) since most of the ACE methodology - developed for the SImpV framework
- can be transferred to its sister class. It has already allowed us to derive the foundations of an
asymptotic description for the stochastic (or dynamic) local volatility. But we think that the
potential benefits of developing these results further are significant, for instance for the analysis
of local-stochastic SInsV models, or by exploiting the simplicity of the validity constraints.
Following on the regularity issue evoked above, there is clearly ample academic interest in de-
termining some necessary and/or tighter sufficient regularity conditions. As mentioned in the
Introduction, this study was geared at the onset towards exploring a wide envelope of attainable
results, including their interpretation and their applicability, rather than towards determining
a minimum assumption set. This new vein would clearly constitute a technical and difficult
subject. However in the process of exploring the boundaries of ACE, even finding some demon-
strative counter-examples would be beneficial.
Another ambitious endeavour would be to try and derive an integral version of our (differen-
tial) method. In that respect, a good starting point would be the asymptotic methods of a
probabilistic nature, such as those presented in the Introduction. However this new tack would
realistically involve a significant deviation from the existing ACE structure. Hence it would
probably represent another difficult project, albeit with a significant payoff.
At a lesser complexity level, it would be worth experimenting with alternative parametrisations
of the SinsV dynamics. One possible benefit would be to provide more compact results, especially
in the multi-dimensional case. The same rationale is of course valid for the SImpV framework,
since the free specification of the moneyness - for instance - has not been fully exploited.
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Appendix A

Itô-Kunita formula

Theorem A.1 (Itô-Kunita formula)

Let
−→
W t be an n-dimensional Wiener process.

Let X(t, a) be a 1-dimensional Itô process with values in R, satisfying the following SDE :

dX(t,
−→
β ) = a(t,

−→
β )dt +−→σ (t,

−→
β )⊥d

−→
W t

and where X is twice differentiable w.r.t. its parameter
−→
β , which lives in Rm.

Let −→α t be an m-dimensional real-valued process, satisfying the SDE :

d−→α t =
−→
b t dt+

−→−→ν t · d
−→
W t

with
−→−→ν t a volatility process with values in Rm×n.

Now let us provide a dynamic for the fixed parameter
−→
β by replacing it with the process −→α t.

Then we have the resulting new dynamics for the process X :

dX(t,−→α t) = a(t,−→α t) dt + −→σ (t,−→α t)
⊥d
−→
W t

+
m∑

i=1

∂X

∂βi
(t,−→α t) dα

i
t + 1

2

m∑

i,j=1

∂2X

∂βi ∂βj
(t,−→α t) 〈 dαi

t | dαj
t 〉

+
m∑

i=1

〈 ∂
−→σ
∂βi
· d−→W t | dαi

t 〉

with 〈 dαi
t | dαj

t 〉 =

n∑

k=1

νi,kt νj,kt dt

and 〈 ∂
−→σ
∂βi
· d−→W t | dαi

t 〉 =

[
∂−→σ
∂βi

(t,−→α t)
⊥ −→ν i

t

]
dt =

n∑

k=1

∂σk

∂βi
(t,−→α t) ν

i,k
t dt

V



Appendix B

Transition formulae

In this section we make explicit some transfers between the sliding and absolute coordinates,
for a series of relevant differentials. The functional under consideration is taken as generic and
denoted X(t, St,K, T ) in its absolute form, while X̃(t, y, θ) indicates its sliding counterpart. As
usual, we use compact argument notations with

(◦) △
= (t, y, θ) and (∝)

△
= (t, St,K, T )

Then we have easily the following differentials w.r.t. the underlying St :

∂X

∂St
(∝) = − 1

St
X̃

′

y(◦)(B.0.1)
∂2X

∂S2
t

(∝) =
1

S2
t

[
X̃

′′

yy + X̃
′

y

]
(◦)

As for the maturity differential, it comes simply as

∂X

∂T
(∝) = X̃

′

θ(◦)

And the first four differentials w.r.t. strike K (omitting argument (◦) for compacity) come as

∂X

∂K
(∝) =

1

K
X̃

′

y(◦)(B.0.2)

∂2X

∂K2
(∝) =

∂

∂K

(
X̃

′

y

K

)
=

X̃
′′

yy

K2
−
X̃

′

y

K2
=

1

K2

[
X̃

′′

yy − X̃
′

y

]
(◦)(B.0.3)

∂3X

∂K3
(∝) =

∂

∂K

[
1

K2

(
X̃

′′

yy − X̃
′

y

)]
=
−2

K3

[
X̃

′′

yy − X̃
′

y

]
+

1

K2

[
X̃

′′′

yyy

K
−
X̃

′′

yy

K

]

=
1

K3

[
X̃

′′′

yyy − 3X̃
′′

yy + 2X̃
′

y

]
(◦)

∂4X

∂K4
(∝) =

∂

∂K

[
1

K3

(
X̃

′′′

yyy − 3X̃
′′

yy + 2X̃
′

y

)]
(◦)

=
−3

K4

[
X̃

′′′

yyy − 3X̃
′′

yy + 2X̃
′

y

]
+

1

K3

[
X̃4′

y4

K
− 3

X̃
′′′

yyy

K
+ 2

X̃
′′

yy

K

]

=
1

K4

[
X̃4′

y4 − 6X̃
′′′

yyy + 11X̃
′′

yy − 6X̃
′

y

]
(◦)

VI



Appendix C

Black and Bachelier differentials

In this Appendix we compute and gather a number of differential expressions for the normalised
Black-Scholes and Bachelier formulae. Most of these formula are invoked in the derivation of
the main Zero Drift Conditions.

Normalized Black-Scholes

Let us first recall the definition of this functional :

CBS(x, k, v)
△
= x N (d1)− k N (d2) with d1/2(x, k, v) =

−y
v
± 1

2v

where N (z) =

∫ z

−∞

1√
2π

e−
1
2 s

2

ds and y(x, k) = ln

(
k

x

)

We first note some useful properties of the Normal cumulative :

N ′′

(x) = −x N ′

(x) x N ′

(d1) = k N ′

(d2) e−yN ′(d1) = N ′

(d2)

and then start by computing the first-order differentials for the elementary d1 and d2 terms :

∂d1/2

∂x
=

1

xv

∂d1/2

∂v
=

y

v2
± 1

2
=
−d2/1
v

∂d1/2

∂k
= −1

v

∂y

∂k
= − 1

kv

We can then derive the three first-order differentials, including delta and vega :

CBS
x

′

= N (d1) + x N ′

(d1)
1

xv
− k N ′

(d2)
1

xv
= N (d1)

CBS
v

′

= x N ′

(d1)

[
1

v2
y +

1

2

]
− k N ′

(d2)

[
1

v2
y − 1

2

]
=

1

2

[
x N ′

(d1) + k N ′

(d2)
]

= x N ′

(d1) = k N ′

(d2)(C.0.1)

CBS
k

′

= x N ′

(d1)
∂d1
∂k
−N (d2) − k N ′(d2)

∂d2
∂k

= −N (d2) +

[
1

v
N ′

(d2) − x

kv
N ′

(d1)

]

= −N (d2)

VII
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Progressing to second-order differentials, we get in particular the gamma, volga and vanna as

BBS
xx

′′

=
1

xv
N ′

(d1)

CBS
vv

′′

= xN ′′

(d1)

[
y

v2
+

1

2

]
= x(−d1)N ′

(d1)

[
y

v2
+

1

2

]
= xN ′

(d1)
[y
v
− v

2

] [ y
v2

+
1

2

]

= x v N ′

(d1)

[
y2

v4
− 1

4

]
= k v N ′

(d2)

[
y2

v4
− 1

4

]
(C.0.2)

CBS
kk

′′

= −N ′

(d2)

(−1

kv

)
=

1

kv
N ′

(d2)

CBS
xv

′′

= N ′

(d1)

[
y

v2
+

1

2

]

CBSkv
′′

=
d1
v
N ′

(d2)

Normalized Bachelier

For pricing calls in a Normal model the normalized Bachelier functional can be defined with

Bn(z, v) = v G
(z
v

)
− z

[
1−N

(z
v

)]
(C.0.3)

where G and N denote respectively the standard Gaussian density and cumulative functions.

Proof.
The model dynamics and their solution are simply

dSt = σ dWt and ST = St + σ (WT −Wt)
law∼ N

(
St, σ
√
T − t

)

To compute call prices, we remark first that if X ∼ N (µ, σ) is a Normal random variate, then
we have its first two conditional moments as

P (X ≥ K) =

∫ +∞

K
Gµ,σ(x) dx =

∫ +∞

K−µ
σ

G0,1(y) dy = 1−N
(
K − µ
σ

)

E [X | X ≥ K] =

∫ +∞

K
x Gµ,σ(x) dx =

∫ +∞

K−µ
σ

(µ+ σy) G0,1(y) dy

= µ

[
1−N

(
K − µ
σ

)]
+ σ G

(
K − µ
σ

)

In consequence the call price comes as

C(t, St,K, T ) = E [X | X ≥ K] −K P (X ≥ K)

= σ
√
T − t G

(
K − St
σ
√
T − t

)
− (K − St)

[
1 −N

(
K − St
σ
√
T − t

)]

= Bn
(
K − St , σ

√
T − t

)

which concludes the proof.
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Therefore we have the volatility differentials as

Bn
v

′

= G
(z
v

)
+ v

(
−z
v

)
G
(z
v

)(
− z

v2

)
+ z G

(z
v

)(
− z

v2

)
= G

(z
v

)
(C.0.4)

Bn
vv

′′

=
(
−z
v

)
G
(z
v

)(
− z

v2

)
=

z2

v3
G
(z
v

)

And similarly we get the first-order space differential as

Bn
z

′

= v
(
−z
v

)
G
(z
v

) 1

v
−
[
1−N

(z
v

)]
+ z G

(z
v

) 1

v
= N

(z
v

)
− 1(C.0.5)

so that the second order comes with

Bn
zz

′′

=
1

v
G
(z
v

)
(C.0.6) Bn

zv

′′

= − z

v2
G
(z
v

)



Appendix D

Linear algebra toolbox

In this Appendix we define some notations and we gather several useful results, all pertaining
to Itô calculus with tensor processes. We focus on some specific types of products (e.g. outer,
entwinned) and on their dynamics. These results, for instance those related to modified Einstein
notations, contribute to simplifying our computations in the multi-dimensional framework.

Token processes and dynamics

The overhead array system (
−→
[·] ,

⇒

[·],
⇛

[·],
(n)−→
[·] ) denotes tensor processes of order 1, 2, 3 and higher.

Their time argument is generally omitted, and a quantity in bold denotes a generic-order tensor.
Whenever left unspecified, the dimensions are assumed to ensure compatibility for all operations.

Throughout this Appendix we will consider the generic (token) vectorial processes
−→
X t and

−→
Y t.

Their dynamics write, for instance for the former, with

d
−→
X t =

−→
DX

t dt +
⇒
ΣX

t d
−→
W t + [· · ·] d−→Z t(D.0.1)

where
−→
W t and

−→
Z t are as usual standard and orthogonal Wiener processes with unit covariance.

Often we omit the suffixes (e.g.
⇒
ΣX

t becoming
⇒
Σ) and limit ourselves to endogenous dynamics.

Also, for any tensor (e.g. a matrix) we denote the Frobenius norm with ‖
⇒
B‖2 △

=
∑n

i=1

∑m
j=1 b

2
ij .

Brackets of tensor dynamics

We employ the following notations for these finite variation terms

〈d−→X⊥| d−→Y 〉 △
=

∑

i

〈dxi, dyi〉 and 〈d−→X 〉 △
= 〈d−→X⊥|d−→X 〉 =

∑

i

〈dxi〉(D.0.2)

〈d
⇒
A| d−→X 〉 △

=
−→
Y with Yi =

∑

j

〈daij , dxi〉

Setting endogenous dynamics for
−→
X and

−→
Y from (D.0.1) we define a specific covariation with

〈d−→X |d−→Y ⊥〉 =
⇒
A dt with ai,j = 〈dxi|dyj〉 =

−→
ΣX

i,·

⊥−→
Σ Y

j,· dt i.e.
⇒
A =

⇒
ΣX

⇒
ΣY

⊥

X
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The outer product ⊗ and commutative outer product
↔
⊗

If A is a tensor of order N , while
−→
X et

−→
Y are two vectors of compatible dimensions, we define

classically the tensor B of order N + 1 as :

B = A⊗−→X ⇐⇒ Bijk = AijXk

This outer product exhibits notably the following static property :

A
−→
X⊥−→Y =

[
A⊗−→X

]−→
Y =

[
A⊗−→Y

]−→
X =

−→
X⊥−→Y A(D.0.3)

In particular if A is itself a vector and/or if
−→
X is identical to either

−→
Y or A then

[−→
X⊥−→Y

] −→
Z =

[−→
Z ⊗−→Y

] −→
X =

[−→
Z ⊗−→X

] −→
Y

[
A⊗−→X

]−→
X =

∥∥∥−→X
∥∥∥
2
A(D.0.4)

[−→
X⊥−→Y

] −→
X =

−→
X 2⊗ −→Y(D.0.5)

We can then introduce the concept and notation for the commutative outer product with

A
↔
⊗B

△
= A⊗B + B⊗A(D.0.6)

This symmetrical operator will appear naturally in the dynamics of some outer products, in-
volved in multidimensional chaos dynamics, which it will therefore help keep reasonably compact.

Entwined outer product and modified Einstein notations

To introduce both concepts at once, we start by assuming generic dynamics for two vectorial

processes
−→
X and

−→
Y as per (D.0.1), and then write the dynamics of their outer product as

d[
−→
X ⊗−→Y ] = d[

−→
X
−→
Y ⊥] = [d

−→
X ]
−→
Y ⊥ +

−→
X [d

−→
Y ⊥] + 〈d−→X | d−→Y ⊥〉

= [
−→
DX dt +

⇒
ΣX d

−→
W t]
−→
Y ⊥ +

−→
X [
−→
DY ⊥

dt + d
−→
W⊥

t

⇒
ΣY

⊥

] +
⇒
ΣX

⇒
ΣY

⊥

dt +
⇒

[·] d−→Z t(D.0.7)

Simplifying notations, we see matrices
⇒
Σ
−→
W
−→
Y ⊥ and

−→
X
−→
W⊥

⇒
Σ⊥ coming as

[
⇒
Σ
−→
W
−→
Y ⊥]ij =

∑

k

σik[
−→
W
−→
Y ⊥]kj =

∑

k

σik yj wk i.e.
⇒
Σ
−→
W
−→
Y ⊥ =

−−−−→−−−−→−−−−→
[σik yj]

−→
W

[
−→
X
−→
W⊥

⇒
Σ⊥]ij =

∑

k

[
−→
X
−→
W⊥]ik[

⇒
Σ⊥]kj =

∑

k

σjk xi wk i.e.
−→
X
−→
W⊥

⇒
Σ⊥ =

[−→
X ⊗

⇒
Σ

] −→
W

Finally injecting these two expressions into (D.0.7) we obtain

d[
−→
X ⊗−→Y ] =

[−→
DX−→Y ⊥ +

−→
X
−→
DY ⊥

+
⇒
ΣX

⇒
ΣY

⊥
]
dt +

[
[σXik yj] +

−→
X ⊗

⇒
ΣY

]
d
−→
W t +

⇒

[·] d−→Z t(D.0.8)
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Modified Einstein (ME) notations can help making such computations easier and more compact.
Indeed these simple expressions allow to define a product not only involving several tensors, but
also defined along one or several chosen coordinates. This feature is most useful when such
a product cannot be simply represented in a classic form (such as inner, outer, or even using
transposition) and is then referred to as entwined.

As for writing conventions, let us consider a typical instance of ME notation, such as
−−−−−−−→−−−−−−−→
[xm aik zk].

In that expression, the bracket [· · · ] serves only to delimit the tensor itself, and can be capped
by an overhead array to indicate its order. The bold index(es), such as k in this example,
are those which are summed within a specified range or set. Contrary to the classic Einstein
notations, these indexes are not necessarily repeated. Indeed, ME notations can be exploited in
order to compact standard sums, an application which we do exploit in the present document.
The allocation of the remaining coordinates then follows the relative alphabetical order : in this
instance index i goes to the first and m to the second order.
More involved but useful examples include the following static relationships :

⇛

C
−→
X
−→
Y =

(2)−−−−−→
[cijk xk]

−→
Y =

−−−−−−−→
[cijk xk yj] =

(2)−−−−→
[cijk yj]

−→
X(D.0.9)

and
−→
X⊥

⇛

C
−→
X = [xi xj

−→cijk]

Going back to the outer product’s dynamics, using instead ME notations we can easily compute

d
[−→
X ⊗−→Y

]
= d [xi yj] = [yj dxi + xi dyj ] + [· · ·] dt

=
[
yj σ

X
ik dWk + xi σ

Y
jk dWk

]
+ [· · ·] dt + [· · ·] d−→Z t

=

[ [
yj σ

X
ik

]
+
−→
X ⊗

⇒
ΣY

]
d
−→
W t + [· · ·] dt+ [· · ·] d−→Z t(D.0.10)

Also, let us mention a basic property of the entwined product. Indeed we have by definition

(3)−→
Z =

[
[
−→
X ]n[

⇒
Y ]mp

]
△⇐⇒ znmp = xn ymp

so that

(3)−→
Z =

[
[
−→
X1 +

−→
X2]n[

⇒
Y1 +

⇒
Y2]mp

]
⇐⇒ znmp = (x1,n + x2,n) (y1,mp + y2.mp)

which shows that the entwined product is conveniently distributive :
[
[
−→
X1 +

−→
X2]n[

⇒
Y1 +

⇒
Y2]mp

]
=

[
[
−→
X1]n[

⇒
Y1]mp

]
+

[
[
−→
X1]n[

⇒
Y2]mp

]

+

[
[
−→
X2]n[

⇒
Y1]mp

]
+

[
[
−→
X2]n[

⇒
Y2]mp

]
(D.0.11)

Furthermore, let us offer a more compact but more limited alternative to the entwined product,
with the dual-argument and component-wise operator ⊗

·
, which allows to define a matrix with

⇛

C ⊗
j

−→
X

△
=
−−−−−→−−−−−→
[ xj cijk]
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Dynamics of a scalar-vectorial product

Specifying the dynamics of a vectorial process
−→
X with (D.0.1), and of a scalar process St with

dSt = µ dt +−→γ ⊥d
−→
W t

we then get for their product

d
[
St
−→
Xt

]
= d [StX1,t , StX2,t , . . . , StXN,t]

⊥ =

−−−−−−−−−−−−−−−−−−−−−−−−−−−→


...
Xi,t dSt + St dXi,t + 〈dSt, dXi,t〉

...




= µ
−→
Xt dt + [

−→
Xt ⊗−→γ ] d

−→
W t + St d

−→
Xt + [

⇒
ΣX −→γ ] dt(D.0.12)

Dynamics of inner products and quadratic forms

Let us first recall that dynamics and transposition are trivially exchangeable : d[
−→
X⊥] = [d

−→
X ]⊥

Then combining an endogenous (D.0.1) with (D.0.2) we express a vector’s bracket dynamics as

〈d−→X 〉 =
∑

i

〈
∑

j

σij dW
j
t |
∑

k

σik dW
j
t 〉 =

∑

i

∑

j

σ2ij dt = ‖
⇒
Σ‖2 dt(D.0.13)

Turning to the dynamics of the squared modulus, we then have

d
[
‖−→X‖2

]
= d

[
∑

i

x2i

]
=
∑

i

[2 xi dxi + 〈dxi〉] = 2
−→
X⊥d

−→
X + 〈d−→X 〉(D.0.14)

which is generalised to any higher power with

d
[
‖−→X‖p

]
= d

[(
‖−→X‖2

) p
2

]
=

p

2
‖−→X‖p−2 d

[
‖−→X‖2

]
+ [·]dt

= p ‖−→X‖p−2
[
d
−→
X⊥−→X

]
+ [·] dt(D.0.15)

We can now move on to a quadratic form, which we define with

Q⇒

A
(
−→
X )

△
=
−→
X⊥

⇒
A
−→
X =

−→
X⊥

⇒
A⊥ −→X(D.0.16)

Establishing first that

d[
⇒
A
−→
X ] =

−→
Y with Yi = d [aijxj] = [xj d aij + aij d xj + 〈 d aij, d xj 〉]

thus d[
⇒
A
−→
X ] = [d

⇒
A]
−→
X +

⇒
A[d
−→
X ] + 〈d

⇒
A|d−→X 〉

we then get the dynamics of the quadratic process as

d Q⇒

A
(
−→
X ) = d[

−→
X⊥

⇒
A
−→
X ] = [d

−→
X ]⊥

⇒
A
−→
X +

−→
X⊥d[

⇒
A
−→
X ] + 〈dX⊥| d[

⇒
A
−→
X ]〉

=
−→
X⊥

⇒
A

⊥

d
−→
X +

−→
X⊥

[
[d

⇒
A]
−→
X +

⇒
A[d
−→
X ] + 〈d

⇒
A, d
−→
X 〉
]

+ 〈dX⊥ | [d
⇒
A]
−→
X +

⇒
A[d
−→
X ]〉(D.0.17)



Appendix E

Consistency with [Dur06]

In this appendix we verify that our results are compatible with those of [Dur06], which have been
obtained via a slightly different route, but more importantly with a different parametrisation.
In particular the parametric process of reference is in there the implied variance X, as opposed
to the (sliding) implied volatility Σ̃.

Checking the inverse problem (see Section 1.3)

Recall that applying Itô to the recovered dynamics 1.3.42 yields :

dσ2t = 2 σt dσt + d < σ >t

=
[
4σtΣ̃

′

θ(⋆) + 2σ3t Σ̃
′′

yy(⋆) − 2σ3t Σ̃
′

y(⋆) + 2σ2t Σ̃
′

y

2
(⋆)− ñ2(⋆) + 4σ2t Σ̃

′

y

2
+ ñ2(⋆)

]
dt

+ 4 σ2t Σ̃
′

y(⋆) dWt + 2 σtñ(⋆) dZt

=
[
4σtΣ̃

′

θ(t, 0, 0) + 2σ3t Σ̃
′′

yy(t, 0, 0) − 2σ3t Σ̃
′

y(t, 0, 0) + 6σ2t Σ̃
′

y

2
(t, 0, 0)

]
dt

+ 4 σ2t Σ̃
′

y(t, 0, 0) dWt + 2 σtñ(t, 0, 0) dZt(E.0.1)

In [Dur06] the quantity ln (St/K) defines log-moneyness, so that to minimize confusion we
denote

z = ln

(
St
K

)
= − y.

The dynamics of σ2t (in a comparable bi-dimensional setting) are given in [Dur06] as :

dσ2t =
[
X

′′

θθ(t, 0, 0) + X
′′

θz

2
(t, 0, 0) + σ2t

[
X

′′

θz(t, 0, 0) +X
′′′

θzz(t, 0, 0)
]]

dt

−2σt

[
X

′′

θz(t, 0, 0)−→e − σ2t
−→̃
η (t, 0, 0)

]⊥
d
−→
B t(E.0.2)

To read that expression in our framework we need first convert the differentials of X into their
Σ̃ counterparts. Let both quantities be formally taken in the generic point

(◦) △
= (t, y, θ) = (t,−z, θ)

.
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Then we have

X(t, y, θ) = θ Σ̃2(t, y, θ)

X
′

θ(◦) = Σ̃2(◦) + 2 θ Σ̃Σ̃
′

θ(◦)

X
′′

θθ(◦) = 2
[

Σ̃Σ̃
′

θ + θ
[

Σ̃
′

θ

2
+ Σ̃Σ̃

′′

θθ

] ]
(◦) + 2 Σ̃Σ̃

′

θ(◦)

= 2
[

2 Σ̃Σ̃
′

θ + θ
[

Σ̃
′

θ

2
+ Σ̃Σ̃

′′

θθ

] ]
(◦)(E.0.3)

X
′′

θz(◦) = −2 θ
[

Σ̃
′

yΣ̃
′

θ + Σ̃Σ̃
′′

yθ

]
(◦) − 2 Σ̃Σ̃

′

y(◦)

X
′′′

θzz(◦) = 2 θ
[
Σ̃

′′

yyΣ̃
′

θ + 2 Σ̃
′

yΣ̃
′′

yθ + Σ̃ Σ̃
′′′

yyθ

3
]

(◦) + 2
[

Σ̃
′

y

2
+ Σ̃Σ̃

′′

yy

]
(◦)(E.0.4)

Therefore in the IATM point (⋆)
△
= (t, 0, 0) we have

X
′

θ(⋆) = Σ̃2(⋆) X
′′

θθ(⋆) = 4 σt Σ̃
′

θ(⋆)

X
′′

θz(⋆) = −2 σt Σ̃
′

y(⋆) X
′′′

θzz(⋆) = 2
[

Σ̃
′

y

2
+ σt Σ̃

′′

yy

]
(⋆)

The remaining terms in E.0.2 are :

◮
−→
B t which in our setting becomes

[
Wt

Zt

]

◮
−→e which is to be read as

[1
0

]

◮
−→̃
η (t, y, θ) which is defined as

−→̃
η (t, y, θ) =

[
Σ̃(t, y, θ)

√
θN ′

(d1)σtSt

]−1 [
0
h2

]
(t, y, θ)

where h2(t, y, θ) is the coefficient of dZt in the dynamics (1.2.22) of call prices :

h2(t, y, θ) = St N ′
(d1)
√
θ ñ and eventually

−→̃
η (t, y, θ) = ñ

σt Σ̃(t,y,θ)

[0
1

]

Then result (E.0.2) of [Dur06] rewrites :

dσ2t =

[
4 σtΣ̃

′

θ(⋆) +
[
−2 σtΣ̃

′

y(⋆)
]2

+ σ2t

[
−2 σtΣ̃

′

y(⋆) + 2
[

Σ̃
′

y

2
+ σtΣ̃

′′

yy

]
(⋆)
]]

dt

− 2 σt

[
−2 σt Σ̃

′

y(⋆) dWt − σ2t
ñ

σt Σ̃(⋆)
dZt

]
(E.0.5)

=
[
4 σt Σ̃

′

θ(t, 0, 0) − 2 σ3t Σ̃
′

y(t, 0, 0) + 6 σ2t Σ̃
′

y

2
(t, 0, 0) + 2 σ3t Σ̃

′′

yy(t, 0, 0)
]
dt

+4 σ2t Σ̃
′

y(t, 0, 0) dWt + 2 σt ñ(t, 0, 0) dZt

And we conclude therefore that the two results are coherent.
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Checking the first layer IATM differentials (see Section 1.4)

The input dynamics defining the instantaneous volatility are expressed in [Dur06] as :

dσ2t =
[
bt + a2t + σ2t (at + ct)

]
dt − 2 σt [ atdWt + ãtdZt](E.0.6)

dat = [· · ·] dt − σt
[

3

2
ct +

3

4

a2t
σ2t
− ã2t
σ2t

]
dWt + [· · ·] dZt(E.0.7)

while the output coefficients of the polynomial approximations are given as :

X
′′

θz(t, 0, 0) = at(E.0.8) X
′′

θθ(t, 0, 0) = bt(E.0.9) X
′′′

θzz(t, 0, 0) = ct(E.0.10)

Let us translate these 3 results in our framework, converting first the l.h.s. and then the r.h.s.
The left-hand quantities have already been computed above, so that injecting our own results
(1.4.53), (1.4.51) and (1.4.52) yields respectively

X
′′

θθ(⋆) = 4 σt Σ̃
′

θ(t, 0, 0) = 4 σt

[
1

2
a1 +

1

4
σta2 +

1

8

a22
σt

+
1

12

a23
σt
− 1

6
a22

]

= 2 σt a1 + σ2t a2 +
1

2
a22 +

1

3
a23 −

2

3
σt a22(E.0.11)

X
′′

θz(⋆) = −2 σt Σ̃
′

y(⋆) = − 2 σt
a2
2σt

= − a2(E.0.12)

X
′′′

θzz(⋆) = 2
[

Σ̃
′

y

2
+ σtΣ̃

′′

yy

]
(⋆) = 2

[ [
a2
2σt

]2
+ σt

[
1

σ3t

[
1

3
σta22 − 1

2a
2
2 +

1

3
a23

]] ]

= −1

2

a22
σ2t

+
2

3

a23
σ2t

+
2

3

a22
σt

(E.0.13)

As for the right-hand quantities, let us establish the correspondence between our set of notations
(a1, a2, a3, a22) and the quantities at, ãt, bt, ct. From (1.1.9) we get by Itô :

(E.0.14) dσ2t =
[
2 σt a1 + a22 + a23

]
dt + 2 σt a2 dWt + 2 σt a3 dZt

Then identifying (E.0.14) with (E.0.6) yields :

at = −a2(E.0.15) ãt = −a3 bt + a2t + σ2t [at + ct] = 2σta1 + a22 + a23(E.0.16)

Therefore dat = −da2,t and the identification of (1.1.10) and (E.0.7) leads to :

− σt
[

3

2
ct +

3

4

a2t
σ2t
− ã2t
σ2t

]
= −a22(E.0.17)

Let us solve for bt and ct with the system (E.0.16)-(E.0.17) by substitution :

ct =
2

3

a22
σt
− 1

2

a22
σ2t

+
2

3

a23
σ2t

(E.0.18)

bt = 2 σt a1 + a23 − σ2t
[

2

3

a22
σt
− 1

2

a22
σ2t

+
2

3

a23
σ2t
− a2

]

= 2 σta1 + σ2t a2 +
1

2
a22 +

1

3
a23 −

2

3
σt a22(E.0.19)

Comparing pairs (E.0.11)-(E.0.19) then (E.0.12)-(E.0.15) and (E.0.13)-(E.0.18) we conclude that
our results for the first layer are coherent with [Dur06].
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Checking the higher-order IATM differentials (see Section 2.1)

In Theorem 6.2 of [Dur06], the input dynamics of the instantaneous volatility come as :

dσ2t = µt dt − 2 σt [at dWt + ãt dZt] dµt = [·] dt + wt dWt + [·] dZt

dat = mt dt + ut dWt + ũt dZt dãt = [·] dt + vt dWt + [·] dZt

dut = [·] dt + xt dWt + [·] dZt

while the output coefficients of the polynomial approximations are given as :

X
′′

θθz(⋆) =
2 mt

3
− wt

3 σt
− xt

2
− at µt

3 σ2t
+
ãt ũt
6 σt

+
ãt vt
σt

+
2 at ã

2
t

3 σ2t
+

2 ut σt
3
− a2t

3
(E.0.20)

X
′′′

θzzz(⋆) =
xt

2 σ2t
+

2 at ut
σ3t

− 3 ãt ũt
2 σ3t

− ãt vt
σ3t

+
3 a3t
2 σ4t

− 4 at ã
2
t

σ4t
(E.0.21)

Let us translate these two results in our framework. Taking all processes in the full domain

argument (◦) △
= (t, y, θ) and recalling that y = −z we get from (E.0.3) and (E.0.4) respectively :

X
′′′

θθz = −2
[
2
[
Σ̃

′

yΣ̃
′

θ + Σ̃Σ̃
′′

yθ

]
+ θ

[
2 Σ̃

′

θΣ̃
′′

yθ + Σ̃
′

yΣ̃
′′

θθ + Σ̃Σ̃
′′′

yθθ

]]

X
′′′′

θzzz = −2 θ
[
Σ̃

′′′

yyyΣ̃
′

θ + Σ̃
′′

yyΣ̃
′′

yθ + 2 Σ̃
′′

yyΣ̃
′′

yθ + 2 Σ̃
′

yΣ̃
′′′

yyθ + Σ̃
′

y Σ̃
′′′

yyθ

3
+ 3 Σ̃ Σ̃

′′′

yyθ

2
Σ̃

′′′

yyyθ

]

− 2
[
2 Σ̃

′

yΣ̃
′′

yy + Σ̃
′

yΣ̃
′′

yy + Σ̃Σ̃
′′′

yyy

]

= −2 θ
[
Σ̃

′′′

yyyΣ̃
′

θ + 3 Σ̃
′′

yyΣ̃
′′

yθ + 2 Σ̃
′

yΣ̃
′′′

yyθ + Σ̃
′

y Σ̃
′′′

yyθ

3
+ 3 Σ̃ Σ̃

′′′

yyθ

2
Σ̃

′′′

yyyθ

]

− 2
[
3 Σ̃

′

yΣ̃
′′

yy + Σ̃Σ̃
′′′

yyy

]

Therefore

X
′′′

θθz(⋆) = −4
[
Σ̃

′

yΣ̃
′

θ + σt Σ̃
′′

yθ

]
(⋆) X

′′′′

θzzz(⋆) = −2
[
3 Σ̃

′

yΣ̃
′′

yy + σt Σ̃
′′′

yyy

]
(⋆)

Let us establish the correspondence of the r.h.s. of (E.0.20) and (E.0.21). First (E.0.14) gives

at ≡ −a2,t ãt ≡ −a3,t µt ≡ 2 σta1,t + a22,t + a23,t

Also we have

dµt = 2 [a1 dσt + σt da1] + 2 a2 da2 + 2 a3 da3 + (·) dt(E.0.22)

therefore 〈dµt, dWt〉 = 2 a1 a2 + 2 σt a12 + 2 a2 a22 + 2 a3 a32

while dat = − [a21 dt + a22 dWt + a23 dZt]

and dãt = − [a31 dt + a32 dWt + a33 dZt]

so that the correspondence continues as

wt ≡ 2 [a1,ta2,t + σta12,t + a2,ta22,t + a3,ta32,t] mt ≡ −a21,t ut ≡ −a22,t

ũt ≡ −a23,t vt ≡ −a32,t xt ≡ −a222,t
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Then (E.0.20) becomes :

−4

[
a2
2σt

[
1

2
a1 +

1

4
σta2 +

1

8

a22
σt

+
1

12

a23
σt
− 1

6
a22

]
+ σt Σ̃

′′

yθ(⋆)

]

=
−2

3
a21 −

2

3σt
[a1a2 + σta12 + a2a22 + a3a32] +

1

2
a222 +

a2
3σ2t

(
2σta1 + a22 + a23

)

+
1

6σt
(−a3)(−a23) +

1

σt
(−a3)(−a32) +

2

3σ2t
(−a2)(−a3)2 +

2

3
σt(−a22)−

1

3
a22

Hence

−4 σt Σ̃
′′

yθ(⋆)

=
a1a2
σt

+
1

2
a22 +

a32
4σ2t

+
a2a

2
3

6σ2t
− a2a22

3σt
− 2

3
a21 −

2

3σt
[a1a2 + a2a22 + a3a32]− 2

3
a12

+
1

2
a222 +

2a1a2
3σt

+
a2

3σ2t

[
a22 + a23

]
+
a3a23
6σt

+
a3a32
σt
− 2a2a

2
3

3σ2t
− 2

3
σta22 −

1

3
a22

= −2

3
σt a22 +

[
1

2
a22 −

2

3
a21 −

2

3
a12 +

1

2
a222 −

1

3
a22

]

+
1

σt

[
a1a2 −

a2a22
3

− 2

3
[a1a2 + a2a22 + a3a32] +

2a1a2
3

+
a3a23

6
+ a3a32

]

+
1

σ2t

[
a32
4

+
a2 a

2
3

6
+
a2
3

[
a22 + a23

]
− 2 a2a

2
3

3

]

and finally

Σ̃
′′

yθ(⋆) =
1

6
a22 −

1

4 σt

[
1

6
a22 −

2

3
a21 −

2

3
a12 + 1

2a222

]

− 1

4 σ2t

[
a1a2 − a2a22 +

1

3
a3a32 +

1

6
a3a23

]
− 1

4 σ3t

[
7

12
a32 −

1

6
a2a

2
3

]
(E.0.23)

In the same spirit, (E.0.21) gives :

−2

[
3

[
a2

2 σt

]
1

σ3t

[
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leading to
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]

and eventually

Σ̃
′′′

yyy(⋆) =
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4 σ3t

− 1
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[
3 a2 a22 −

3

2
a3 a23 − a3 a32

]
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2 σ5t

[
−3 a32 + 5 a2 a

2
3

]
(E.0.24)

Comparing (3.2.38) and (E.0.24), as well as (3.4.52) and (E.0.23), we conclude that our results
for the hyperskew Σ̃

′′′

yyy(⋆) and for the twist Σ̃
′′

yθ(⋆) are compatible with [Dur06].
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′′′

yyy(⋆) in the bi-dimensional case . . 168

Proposition 3.5 Expression of the hypercurve Σ̃
(4′)
y4

(⋆) in the bi-dimensional case . . . . . 174

Proposition 3.6 Expressions of b̃
′

θ(⋆), ñ
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