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❋✐rst ♦❢ ❛❧❧ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② ❣r❛t✐t✉❞❡ t♦ Pr♦❢❡ss♦r ❆❧❛✐♥ ▲❡r❛t✱ ❝❤❛✐r ♦❢ t❤❡ ❉②♥❋❧✉✐❞ ❧❛❜♦r❛t♦r②
❛t ❆rts ❡t ▼ét✐❡rs P❛r✐s❚❡❝❤✱ ❛♥❞ t♦ Pr♦❢❡ss♦r ▲❛✉r❡♥t ❏❛❝q✉✐♥✱ ❞✐r❡❝t♦r ♦❢ t❤❡ ❉❆❋❊ ❛t ❖◆❊❘❆✱ ❢♦r
♠❛❦✐♥❣ ♣♦ss✐❜❧❡ t❤❡ ❝♦♦♣❡r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❧❛❜♦r❛t♦r✐❡s ✐♥ ✇❤✐❝❤ t❤❡ t❤❡s✐s ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t✳
■ ❛❧s♦ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② ❣r❛t✐t✉❞❡ t♦ t❤❡ ♠❡♠❜❡rs ♦❢ ♠② ❥✉r②✱ Pr♦❢❡ss♦rs ❯✇❡ ❊❤r❡♥st❡✐♥✱ ❇❡r♥❞
◆♦❛❝❦✱ ❏♦sé ❊❞✉❛r❞♦ ❲❡s❢r❡✐❞✱ P❡t❡r ❙❝❤♠✐❞ ❛♥❞ ❉♦❝t♦r ❏érô♠❡ ❍♦❡♣✛♥❡r ❢♦r ❤❛✈✐♥❣ ❛❝❝❡♣t❡❞ t♦ st✉❞②
♠② ♠❛♥✉s❝r✐♣t ❛♥❞ ❢♦r t❤❡✐r ✈❛❧✉❛❜❧❡ s✉❣❣❡st✐♦♥s ❛♥❞ ❝♦♥str✉❝t✐✈❡ ❝r✐t✐❝✐s♠s✳

▼② ♠♦st s✐♥❝❡r❡ ❛♣♣r❡❝✐❛t✐♦♥ t♦ ❏❡❛♥✲❈❤r✐st♦♣❤❡ ❘♦❜✐♥❡t✱ ♠② s✉♣❡r✈✐s♦r ❛t ❉②♥❋❧✉✐❞✱ ✇❤♦s❡ ❧♦♥❣ ❛♥❞
❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s ❤❛✈❡ ♣r♦✈✐❞❡❞ ♠❡ ✈❛❧✉❛❜❧❡ s✉❣❣❡st✐♦♥s✱ ❝♦♥str✉❝t✐✈❡ ❛❞✈✐❝❡s✱ ♠♦t✐✈❛t✐♦♥ t♦ ♣✉rs✉❡
♠② r❡s❡❛r❝❤✱ ❛♥❞ ♠♦st❧② ❢♦r ❤❛✈✐♥❣ s✉♣♣♦rt❡❞ ♠❡ ❛❧❧ ❛❧♦♥❣ t❤❡ t❤❡s✐s✳ ❙♣❡❝✐❛❧ t❤❛♥❦s t♦ ❉❡♥✐s ❙✐♣♣✱
♠② s✉♣❡r✈✐s♦r ❛t ❖◆❊❘❆✱ ✇❤♦ ❝❧♦s❡❧② ❢♦❧❧♦✇❡❞ ♠② t❤❡s✐s ✇♦r❦ ❛t ❉❆❋❊✱ ❣✐✈✐♥❣ ♠❡ ♠❛♥② ❤❡❧♣❢✉❧
s✉❣❣❡st✐♦♥s✱ ✐♠♣♦rt❛♥t ❛❞✈✐❝❡s ❛♥❞ ❝♦♥st❛♥t ❡♥❝♦✉r❛❣❡♠❡♥t ❞✉r✐♥❣ t❤❡ ❝♦✉rs❡ ♦❢ t❤✐s ✇♦r❦✳ ❲✐t❤♦✉t
②♦✉r ❝♦♠♠♦♥ ❛❣r❡❡♠❡♥t✱ ❏❡❛♥✲❈❤r✐st♦♣❤❡ ❛♥❞ ❉❡♥✐s✱ t❤❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❜❡t✇❡❡♥ ❉②♥✢✉✐❞ ❛♥❞ ❉❆❋❊
✇♦✉❧❞ ♥♦t ❤❛✈❡ ❜❡❡♥ ♣♦ss✐❜❧❡✱ ❛♥❞ ❢♦r t❤❛t ■ ❛♠ s♦ ❣r❛t❡❢✉❧ t♦ ②♦✉✳
■ ❛❧s♦ t❤❛♥❦ ❏♦sé ❊❞✉❛r❞♦ ❲❡s❢r❡✐❞✱ ❏❡❛♥✲▲✉❝ ❆✐❞❡r ❛♥❞ ❚❤♦♠❛s ❉✉r✐❡③ ❢♦r t❤❡ ❡①❝❤❛♥❣❡ ♦❢ s♦ ♠✉❝❤
❢r✉✐t❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡✐r ❡①♣❡r✐♠❡♥t❛❧ ✇♦r❦s ❛t t❤❡ P▼▼❍ ❧❛❜♦r❛t♦r② ❛t ❊❙P❈■✳ ❙✐♥❝❡r❡ ❣r❛t✐t✉❞❡
✐s ❞✉❡ t♦ ❱✐♥❝❡♥t ❇r✐♦♥✱ ❖❧✐✈✐❡r ♠❛rq✉❡t ❛♥❞ ❆❧❡①❛♥❞r❡ ❇❛r❜❛❣❛❧❧♦ ❢♦r t❛❦✐♥❣ ✐♥t❡♥s❡ ❛❝❛❞❡♠✐❝ ✐♥t❡r❡st
✐♥ t❤✐s st✉❞② ❛s ✇❡❧❧ ❛s ♣r♦✈✐❞✐♥❣ ✈❛❧✉❛❜❧❡ s✉❣❣❡st✐♦♥s t❤❛t ✐♠♣r♦✈❡❞ t❤❡ q✉❛❧✐t② ♦❢ t❤✐s t❤❡s✐s✳

■ ❡①♣r❡ss ♠② s✐♥❝❡r❡ t❤❛♥❦s t♦ ❛❧❧ t❤❡ ♠❡♠❜❡rs ❛t ❉②♥❋❧✉✐❞ ❛♥❞ ❉❆❋❊ ✇❤♦ ✇❡❧❝♦♠❡❞ ♠❡ ✐♥ t❤❡ ❦✐♥❞❡st
✇❛②✳ ▼♦st ♦❢ ❛❧❧✱ s♣❡❝✐❛❧ t❤❛♥❦s ❣♦ t♦ ●✉✐❧❧❛✉♠❡✱ ❏❡❛♥✲❨✈❡s✱ ❏érè♠✐❡✱ ❖❧✐✈✐❡r ❛♥❞ ❆❧❡①❛♥❞r❡ ❢♦r t❤❡
♠❛♥② ❢✉♥ t✐♠❡s✱ ❡♥❞❧❡ss ❞✐s❝✉ss✐♦♥s ♦♥ ❧✐❢❡✱ ✇❤♦ ❝♦♥tr✐❜✉t❡❞ t♦ ❦❡❡♣ ♠❡ ✐♥ ❛ ❣♦♦❞ ♠♦♦❞ ✇✐t❤ ♠② t❤❡s✐s
✇♦r❦✳ ■ ❛❧s♦ t❤❛♥❦ ♠② ✇♦r❦♠❛t❡s ❘♦❝✐♦✱ ❱❛❧ér✐❡✱ ▲❛✉r❡♥❝❡ ❛♥❞ ❈❧é♠❡♥t ❢♦r t❤❡✐r s✉♣♣♦rt ❞✉r✐♥❣ t❤❡
♣❛✐♥❢✉❧ ♠♦♠❡♥ts✱ ❡s♣❡❝✐❛❧❧② ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t ✇r✐t✐♥❣✳
▼♦st❧②✱ ■ ❛♠ ❣r❛t❡❢✉❧ t♦ ❛❧❧ ♠② ❢❛♠✐❧② ❛♥❞ ❢r✐❡♥❞s ✇❤♦ ❛❧✇❛②s ❡♥❝♦✉r❛❣❡❞ ♠❡✱ ❢♦r ❛❧❧ t❤❡ ❣♦♦❞ t✐♠❡s ✇❡
s♣❡♥t t♦❣❡t❤❡r✳ ❲✐t❤♦✉t t❤❡ ❝♦♥t✐♥✉♦✉s ❤❡❧♣ ❛♥❞ ❡♥❝♦✉r❛❣❡♠❡♥t ②♦✉ ♦✛❡r❡❞ ♠❡ ❞✉r✐♥❣ t❤❡s❡ ②❡❛rs✱ t❤✐s
t❤❡s✐s ✇♦✉❧❞ ♥♦t ❤❛✈❡ ❜❡❡♥ t❤❡ s❛♠❡✳
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■♥tr♦❞✉❝t✐♦♥

▼♦t✐✈❛t✐♦♥✿ s❡♣❛r❛t❡❞ ✢♦✇s ✐♥ ❛❡r♦❞②♥❛♠✐❝s

❙❡♣❛r❛t❡❞ ✢♦✇s ❛r❡ ❝♦♠♠♦♥❧② ❡♥❝♦✉♥t❡r❡❞ ✐♥ ❛❡r♦❞②♥❛♠✐❝s ❛s s♦♦♥ ❛s t❤❡ ✢♦✇ ♦✈❡r ❛♥ ♦❜st❛❝❧❡ r❡❛❝❤❡s
❛ s✉✣❝✐❡♥t❧② ❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ❋❧♦✇ s❡♣❛r❛t✐♦♥ ♦❝❝✉rs ✇❤❡♥ ❛ ❜♦✉♥❞❛r② ❧❛②❡r ✐s s✉❜❥❡❝t❡❞ t♦
❡✐t❤❡r ❛ ❞r❛st✐❝ ❝❤❛♥❣❡ ♦❢ t❤❡ ✇❛❧❧ ❝✉r✈❛t✉r❡ ♦r ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t✳ ■♥ s✉❝❤ ❝❛s❡s✱ t❤❡
s❤❡❛r str❡ss ✐s r❡❞✉❝❡❞ t♦ ③❡r♦ ✇❤❡r❡ s❡♣❛r❛t✐♦♥ ♦❝❝✉rs❀ t❤❡ ✢♦✇ ❜❡❝♦♠❡s ❞❡t❛❝❤❡❞ ❛♥❞ ❡①❤✐❜✐ts ❡❞❞✐❡s
♦r ✈♦rt✐❝❡s✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐♥t❡r✈❡♥❡s ✐♥ ❛ ♠❛❥♦r✐t② ♦❢ ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ✐s ✇❡❧❧✲❦♥♦✇♥ t♦
✐♥❞✉❝❡ ❧❛r❣❡ ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❛❡r♦❞②♥❛♠✐❝ ❢♦r❝❡s ❛❝t✐♥❣ ♦♥ ✈❡❤✐❝❧❡s ♦✇✐♥❣ t♦ t❤❡ ❧♦✇✲♣r❡ss✉r❡ ❧❡✈❡❧s
✇✐t❤✐♥ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❛✉t♦♠♦❜✐❧❡ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ♠❛ss✐✈❡ r❡❝✐r❝✉❧❛t✐♦♥ r❡❣✐♦♥ ❛t
t❤❡ r❡❛r ♦❢ ❛ ✈❡❤✐❝❧❡ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ♣r❡❞♦♠✐♥❛♥t ♣❛rt ♦❢ ✐ts ❞r❛❣✱ s❡❡ ✜❣✉r❡ ✶ ✭t♦♣✮✳ ❆♥♦t❤❡r ✐♥t❡r✲
❡st✐♥❣ ❡①❛♠♣❧❡ ❝♦♥❝❡r♥s t❤❡ ✢♦✇s ❛r♦✉♥❞ s♣❛❝❡ ❧❛✉♥❝❤❡rs ✇❤✐❝❤ ❡①❤✐❜✐t ❛ ♠❛ss✐✈❡ s❡♣❛r❛t✐♦♥ ♦❝❝✉rr✐♥❣
❛t t❤❡ ❛❜r✉♣t ❝❤❛♥❣❡ ✐♥ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡✐r ✜rst st❛❣❡✳ ■♥ ❜♦t❤ t❤❡s❡ ❝❛s❡s✱ ✢♦✇ s❡♣❛r❛t✐♦♥ ❧❡❛❞s t♦
❛ ❞r❛♠❛t✐❝ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❜❛s❡ ❞r❛❣ ❛♥❞ ♠❛② r❡♣r❡s❡♥t ✉♣ t♦ 70% ♦❢ t❤❡ t♦t❛❧ ❞r❛❣✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡
r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡s ♦❜s❡r✈❡❞ ♦✈❡r ❛✐r❢♦✐❧s ❛t ❤✐❣❤ ❛♥❣❧❡s ♦❢ ❛tt❛❝❦ r❡s✉❧t ✐♥ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♣r❡ss✉r❡
❞r❛❣ ❛♥❞ ✐♥ t❤❡ ✇♦rst ❝❛s❡ ✐♥ ❛ s✉❞❞❡♥ ❧♦ss ♦❢ ❧✐❢t ❛♥❞ st❛❧❧✱ ❛❧❧ ♦❢ ✇❤✐❝❤ ❜❡✐♥❣ ✉♥❞❡s✐r❛❜❧❡✱ s❡❡ ✜❣✉r❡ ✶
✭❜♦tt♦♠✮✳ ❆s ❛ r❡s✉❧t✱ ♠✉❝❤ ❡✛♦rt ❛♥❞ r❡s❡❛r❝❤ ♦♥ ❛❡r♦❞②♥❛♠✐❝s ❤❛s ❣♦♥❡ ✐♥t♦ t❤❡ ❞❡s✐❣♥ ♦❢ s✉r❢❛❝❡s
✇❤✐❝❤ ❦❡❡♣ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❛tt❛❝❤❡❞ ❛s ❧♦♥❣ ❛s ♣♦ss✐❜❧❡ ❛♥❞ ❞❡❧❛② ✐ts s❡♣❛r❛t✐♦♥✳

❆♥♦t❤❡r ❡ss❡♥t✐❛❧ ❢❡❛t✉r❡ ♦❢ s❡♣❛r❛t❡❞ ✢♦✇s ✐s t❤❡✐r ❛❜✐❧✐t② t♦ s❤❡❞ ❧❛r❣❡ ✈♦rt✐❝❡s✳ ■♥ ❢❛❝t✱ s❡♣❛r❛t❡❞
❜♦✉♥❞❛r② ❧❛②❡rs ❛r❡ ♦❢t❡♥ ♣r♦♥❡ t♦ ❤②❞r♦❞②♥❛♠✐❝ ✐♥st❛❜✐❧✐t✐❡s t❤❛t ❛♠♣❧✐❢② ♣❡rt✉r❜❛t✐♦♥s✱ ❧❡❛❞✐♥❣ t♦
✉♥st❡❛❞✐♥❡ss ❛♥❞ s♦♠❡t✐♠❡s t♦ t✉r❜✉❧❡♥❝❡✳ ❲❤❛t ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡sts ✉s ✐♥ t❤✐s t❤❡s✐s ✐s t❤❡ ❧♦✇✲
❢r❡q✉❡♥❝② s❤❡❞❞✐♥❣ ♦❢ ❧❛r❣❡✲s❝❛❧❡ ✈♦rt✐❝❡s✳ ❯♥st❡❛❞② ✢♦✇ str✉❝t✉r❡s ❝❤❛r❛❝t❡r✐③❡❞ ❜② s♣❛t✐❛❧ s❝❛❧❡s ♦❢
t❤❡ ♦r❞❡r ♦❢ t❤♦s❡ ♦❢ t❤❡ st✉❞✐❡❞ ♦❜❥❡❝t ❛r❡ ❝♦♠♠♦♥❧② ❡♥❝♦✉♥t❡r❡❞ ✐♥ ❛❡r♦❞②♥❛♠✐❝s✳ ❋♦r t✉r❜✉❧❡♥t ✢♦✇s✱
s✉❝❤ ❞②♥❛♠✐❝s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧❛r❣❡st ✢♦✇ s❝❛❧❡s ✇✐t❤✐♥ t❤❡ ❑♦❧♠♦❣♦r♦✈ ❡♥❡r❣② ❝❛s❝❛❞❡ ❛♥❞
❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣r♦❞✉❝t✐♦♥ ♠❡❝❤❛♥✐s♠ ♦❢ t❤❡ t✉r❜✉❧❡♥t ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ▼❡❛♥✇❤✐❧❡✱ s✐♠✐❧❛r ❧♦✇✲
❢r❡q✉❡♥❝② ✉♥st❡❛❞✐♥❡ss ❛r❡ ❡q✉❛❧❧② ♦❜s❡r✈❡❞ ✐♥ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛♥❞ ❧❛♠✐♥❛r ✢♦✇s✱ ✇❤✐❝❤ ♠❛❦❡s
t❤❡♠ r❛t❤❡r ♣❡rs✐st❡♥t ♣❤❡♥♦♠❡♥❛ ✐♥ ❛❡r♦❞②♥❛♠✐❝s✱ s❡❡ ✜❣✉r❡ ✷✳ ❚❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡s❡ ✉♥st❡❛❞✐♥❡ss
❛♣♣❡❛rs ✐♥ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❛r❡ ✉s✉❛❧❧② ❞❡tr✐♠❡♥t❛❧ t♦ ❛ s❛t✐s❢❛❝t♦r② ♦♣❡r❛t✐♦♥✱
✇❤✐❝❤ ❝❛♥ ❜❡ ✐❧❧✉str❛t❡❞ ❜② s♦♠❡ ❢❛♠♦✉s ❡①❛♠♣❧❡s✿
❚❤❡ s❡♣❛r❛t❡❞ ✢♦✇ ♦✈❡r ❛ ❝✐r❝✉❧❛r ❝②❧✐♥❞❡r ✐s ❛ s✐♠♣❧❡ ♣r♦t♦t②♣❡ ♦❢ ❜❧✉✛ ❜♦❞② ✢♦✇ ✇❤✐❝❤ ♠❛② ❛❝❝♦✉♥t
❢♦r t❤❡ ✢♦✇ ♣❛st ❛ ❜r✐❞❣❡✱ ❛♥ ✉♥❞❡r❝❛rr✐❛❣❡ ♦r ❛ s✉❜♠❛r✐♥❡ ♣✐♣❡✳ ❚❤✐s ✢♦✇ ✐s t②♣✐❝❛❧❧② ♦❜s❡r✈❡❞ t♦
s❡❧❢✲s✉st❛✐♥s ❛ ❇é♥❛r❞✲✈♦♥ ❑ár♠á♥ ✈♦rt❡① str❡❡t✱ s❡❡ ✜❣✉r❡ ✸ ✭❧❡❢t✮✳ ❚❤❡ s❤❡❞❞✐♥❣ ♦❢ t❤❡s❡ ❧❛r❣❡ ✈♦rt✐❝❡s
✐s ♦❢t❡♥ ✉♥❞❡s✐r❛❜❧❡ ❛s ✐t r❡s✉❧ts ✐♥ ❛ s✐❣♥✐✜❝❛♥t ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♠❡❛♥ ❞r❛❣ ❛♥❞ ✐♥ ✉♥st❡❛❞② ❧❛t❡r❛❧
❧♦❛❞s✱ s❡❡ ❈❤♦✐ ❡t ❛❧✳ ✭✷✵✵✽✮✳ ❲♦rst✱ ✐❢ t❤❡ ✈♦rt❡① s❤❡❞❞✐♥❣ r❡❛❝❤❡s t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡
str✉❝t✉r❡✱ ✐t ❝♦✉❧❞ ❝❛✉s❡ s❡✈❡r❡ str✉❝t✉r❛❧ ❢❛✐❧✉r❡s✳ ■♥t❡r❡st✐♥❣❧②✱ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ♠❛② ❛❧s♦ ❜❡ ♦❜s❡r✈❡❞
✐♥ ✈❡r② ❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛t♠♦s♣❤❡r✐❝ ✢♦✇s s✉❝❤ ❛s t❤❡ ✢♦✇ ♦✈❡r ❛♥ ✐s❧❛♥❞ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸
✭r✐❣❤t✮✳ ❆①✐s②♠♠❡tr✐❝ ❛❢t❡r❜♦❞② ✢♦✇s ❛❧s♦ st❛♥❞ ❢♦r ❛♥ ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡✳ ❲❤❡♥ ♣❛ss✐♥❣ t♦ t❤❡
tr❛♥s♦♥✐❝ r❡❣✐♠❡✱ s♣❛❝❡ ❧❛✉♥❝❤❡rs s✉❝❤ ❛s ❆r✐❛♥❡ ❱ ❛r❡ s✉❜❥❡❝t❡❞ t♦ str♦♥❣ ✈✐❜r❛t✐♦♥s✳ ❙✉❝❤ ✈✐❜r❛t✐♦♥s
❛r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ♣❡r✐♦❞✐❝ s❤❡❞❞✐♥❣ ♦❢ ❧❛r❣❡✲s❝❛❧❡ ✈♦rt✐❝❡s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ s❡❧❢✲
✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ❛①✐s②♠♠❡tr✐❝ s❡♣❛r❛t❡❞ s❤❡❛r✲❧❛②❡r✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ♠❛ss✐✈❡ s❡♣❛r❛t❡❞ ❛r❡❛ ❣❡♥❡r❛t❡s

✶
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❋✐❣✉r❡ ✶✿ ❚♦♣✿ s❡♣❛r❛t❡❞ ✢♦✇ ❜❡❤✐♥❞ ❛ ❧❛♥❞ ✈❡❤✐❝❧❡ ♦♥ ❛ ✇✐♥❞ t✉♥♥❡❧✳ ❚❛❦❡♥ ❢r♦♠ ❆✐❞❡r ✭✷✵✵✽✮✳ ❇♦tt♦♠✿
s❡♣❛r❛t❡❞ ✢♦✇ ♦✈❡r ❛♥ ✐♥❝❧✐♥❡❞ ❛✐r❢♦✐❧✳ ❖◆❊❘❆ ♣✐❝t✉r❡✱ ❍✳ ❲❡r❧é✳

❤✐❣❤ ✢✉❝t✉❛t✐♥❣ ❧❛t❡r❛❧ ❧♦❛❞s ✇❤✐❝❤ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ❤❛r♠❢✉❧ ❢♦r t❤❡ ♣❛②❧♦❛❞✱ s❡❡ ❉❡♣rés ❡t ❛❧✳ ✭✷✵✵✹✮✳
❚❤❡ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ♦r ❛ ❝❛✈✐t② ❞✐s♣❧❛②s ❛♥ ❡❧♦♥❣❛t❡❞ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡ ✇❤✐❝❤ ✐s
❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ s✐♥❣❧❡ s❤❡❛r ❧❛②❡r✳ ❚❤✐s ❧❛tt❡r ♠❛② ❜❡ ✉♥st❛❜❧❡ t♦ ♦♥❡ ♦❢ t❤❡ ♠♦st ❢❛♠♦✉s s❤❡❛r
✐♥st❛❜✐❧✐t②✿ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t②✳ ■♥ s✉❝❤ ❝❛s❡s✱ t❤❡ r♦❧❧✐♥❣✲✉♣ ♦❢ t❤❡ ✈♦rt✐❝✐t② s❤❡❡t ✐♥t♦
✇❡❧❧✲❞❡✜♥❡❞ ♣❡r✐♦❞✐❝ ✈♦rt✐❝❡s ✐s ♦❜s❡r✈❡❞✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❧❛r❣❡✲s❝❛❧❡ ✢♦✇ str✉❝t✉r❡s ✐♥ t❤❡ ❞♦✇♥str❡❛♠
♦❢ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ③♦♥❡✱ s❡❡ ✜❣✉r❡ ✹✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s t②♣✐❝❛❧❧② ❡♥❝♦✉♥t❡r❡❞ ✐♥ ❞✐✛✉s❡r ✢♦✇s ♦r
❛❧s♦ ✐♥ t❤❡ ❝✉r✈❡❞ ❛✐r ✐♥t❛❦❡s ♦❢ ♠♦❞❡r♥ ♠✐❧✐t❛r② ❛✐r♣❧❛♥❡s ✇❤❡r❡ t❤❡ ✈♦rt✐❝❛❧ str✉❝t✉r❡s ❛r❡ ❦♥♦✇♥ t♦
✐♠♣❛❝t t❤❡ ❝♦♠♣r❡ss♦r ❛♥❞ ❞❡❝r❡❛s❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❡♥❣✐♥❡✳ ❆s ✇❡❧❧✱ ❝❛✈✐t② ✢♦✇s ❛r❡ ❢❛♠♦✉s ❢♦r
❜❡✐♥❣ t❤❡ s✐t❡ ♦❢ ✈✐♦❧❡♥t ✉♥st❡❛❞✐♥❡ss✳ ❚❤❡ ❧❛r❣❡ ✈♦rt✐❝❛❧ str✉❝t✉r❡s ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ❧✐♣ ♦❢ t❤❡ ❝❛✈✐t②
tr❛✈❡❧ ❛❧♦♥❣ t❤❡ s❤❡❛r ❧❛②❡r ❛♥❞ ❤✐t t❤❡ ❞♦✇♥str❡❛♠ ❡❞❣❡ ♦❢ t❤❡ ❝❛✈✐t②✱ ❣❡♥❡r❛t✐♥❣ ♣♦✇❡r❢✉❧ ♣r❡ss✉r❡
✇❛✈❡s✱ s❡❡ ❘♦✇❧❡② ❡t ❛❧✳ ✭✷✵✵✷✮✳ ❋♦r ✐♥st❛♥❝❡✱ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ✇❡❧❧✲❦♥♦✇♥ t♦ ♦❝❝✉r ♦♥ ✢♦✇s ♦✈❡r
❜♦♠❜ ❜❛②s✱ ♦♣❡♥ s✉♥r♦♦❢s ♦r ♠✉❧t✐✲❡❧❡♠❡♥t ✇✐♥❣s✳ ■♥ t❤❡ ✇♦rst ❝❛s❡s✱ ❝❛✈✐t② ✢♦✇ ✐♥st❛❜✐❧✐t✐❡s ♠❛② ❝❛✉s❡
s❡✈❡r❡ str✉❝t✉r❛❧ ✈✐❜r❛t✐♦♥s ✇❤✐❝❤ ✐♥❝r❡❛s❡ t❤❡ ❝♦st ♦❢ ✈❡❤✐❝❧❡s ♠❛✐♥t❡♥❛♥❝❡✱ ♦r ❞❡❝r❡❛s❡ t❤❡✐r ❧✐❢❡t✐♠❡✱
❛♥❞ ♣r♦♣❛❣❛t❡ ❡①t❡♥s✐✈❡ ♥♦✐s❡ ♣♦❧❧✉t✐♦♥ ♦✈❡r ❧♦♥❣ ❞✐st❛♥❝❡s✳
❆ ❧❛st ❡①❛♠♣❧❡ ❝♦♥❝❡r♥s t❤❡ tr❛♥s♦♥✐❝ ✢♦✇ ♦✈❡r ❛♥ ❛✐r❢♦✐❧✳ ❆t t❤❡ ❝r✉✐s❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❛♥ ❛✐r♣❧❛♥❡✱ t❤❡
✢♦✇ ❛❝❝❡❧❡r❛t✐♦♥ ♦♥ t❤❡ s✉❝t✐♦♥ s✐❞❡ ♦❢ t❤❡ ✇✐♥❣ ❝r❡❛t❡s ❛ st❛t✐♦♥❛r② s❤♦❝❦ ✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡ ❜♦✉♥❞❛r②
❧❛②❡r s❡♣❛r❛t✐♦♥✳ ❚❤❡♥✱ ❢♦r s♦♠❡ ▼❛❝❤ ♥✉♠❜❡rs ❛♥❞ ❛♥❣❧❡s ♦❢ ❛tt❛❝❦✱ t❤❡ s❤♦❝❦ ❛♥❞ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥
❜✉❜❜❧❡ ♠❛② ♦s❝✐❧❧❛t❡ ❛t ❛ ❧♦✇✲❢r❡q✉❡♥❝②✱ s❡❡ ❏❛❝q✉✐♥ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ❝❛❧❧❡❞ ❜✉✛❡t✐♥❣ ✐s
❞❛♥❣❡r♦✉s ❢♦r t❤❡ ❛✐r♣❧❛♥❡ s❛❢❡t② ❛♥❞ r❡❞✉❝❡s t❤❡ ✢✐❣❤t ❡♥✈❡❧♦♣❡ ♦❢ ❝♦♠♠❡r❝✐❛❧ ❛✐r♣❧❛♥❡s✳

❋♦r ❛❧❧ t❤❡s❡ r❡❛s♦♥s✱ t❤❡ ✐♥❞✉str✐❛❧ st❛❦❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ s❡♣❛r❛t❡❞ ✢♦✇s ❛r❡ ❝♦♥s✐❞❡r❛❜❧② ❤✐❣❤✳ ◆♦✲
t❛❜❧②✱ ✐t ✐s ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡ t♦ ✉♥❞❡rst❛♥❞✱ ♣r❡❞✐❝t ❛♥❞ ❝♦♥tr♦❧ t❤❡ ♦♥s❡t ♦❢ t❤❡s❡ ❧♦✇✲❢r❡q✉❡♥❝②
✉♥st❡❛❞✐♥❡ss ✐♥ ✢♦✇s✳ ▼❡❛♥✇❤✐❧❡✱ ❛s s♦♦♥ ❛s ❝♦♠♣❧❡① ✢♦✇s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ❛ ♣❛r❛♠❡tr✐❝ ❛♥❛❧②s✐s t♦
❞❡s✐❣♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❞❡✈✐❝❡s ♦r t♦ ♦♣t✐♠✐③❡ s♦♠❡ ♣❛r❛♠❡t❡rs q✉✐❝❦❧② ❜❡❝♦♠❡s ♥♦t tr❛❝t❛❜❧❡ ✇✐t❤ t❤❡
❝✉rr❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❛♣❛❜✐❧✐t✐❡s✳ ■t ✐s t❤✉s ♣✐✈♦t❛❧ t♦ ❜❡ ❛❜❧❡ t♦ ♠♦❞❡❧ t❤❡✐r ❞②♥❛♠✐❝s ✇✐t❤ t❤❡ ❧❡❛st
♣♦ss✐❜❧❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ s♦ ❛s t♦ ❢❛✐t❤❢✉❧❧② r❡♣r♦❞✉❝❡ t❤❡✐r ❡ss❡♥t✐❛❧ ❢❡❛t✉r❡s✳ ❚❤✐s t❛s❦✱
❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s ▼♦❞❡❧ ❘❡❞✉❝t✐♦♥✱ ♣r❡❝✐s❡❧② ♠♦t✐✈❛t❡❞ t❤❡ ♣r❡s❡♥t r❡s❡❛r❝❤✳

❖r✐❣✐♥ ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦

❚❤✐s t❤❡s✐s r❡s✉❧ts ❢r♦♠ ❛ ❝♦❧❧❛❜♦r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❉②♥❋❧✉✐❞ ❧❛❜♦r❛t♦r② ♦❢ ❆rts ❡t ▼ét✐❡rs P❛r✐s❚❡❝❤
❛♥❞ t❤❡ ❋✉♥❞❛♠❡♥t❛❧ ❛♥❞ ❊①♣❡r✐♠❡♥t❛❧ ❆❡r♦❞②♥❛♠✐❝s ❉❡♣❛rt♠❡♥t ✭❉❆❋❊✮ ♦❢ ❖◆❊❘❆✳ ❚❤✐s r❡s❡❛r❝❤
t❛❦❡s ♣❧❛❝❡ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛ ❝♦♠♠♦♥ ♣r♦❥❡❝t ♦❢ t❤❡s❡ ❧❛❜♦r❛t♦r✐❡s ❛✐♠✐♥❣ ❛t ♠♦❞❡❧✐♥❣ t❤❡

✷



■◆❚❘❖❉❯❈❚■❖◆

❋✐❣✉r❡ ✷✿ ❱✐s✉❛❧✐③❛t✐♦♥ ♦❢ ♣❧❛♥❛r s❤❡❛r ❧❛②❡rs ✐♥ ❛ ❧❛♠✐♥❛r r❡❣✐♠❡ ✭t♦♣✮ ❛♥❞ ❛ t✉r❜✉❧❡♥t r❡❣✐♠❡ ✭❜♦tt♦♠✮✳
❆❢t❡r ❇r♦✇♥ ✫ ❘♦s❤❦♦ ✭✶✾✼✹✮✳

❞②♥❛♠✐❝s ♦❢ s❡♣❛r❛t❡❞ ✢♦✇s ✐♥ ✈✐❡✇ ♦❢ t❤❡✐r ♦♣t✐♠❛❧ ❝♦♥tr♦❧✳ ■t ❤❛s ❜❡❡♥ ✜♥❛♥❝❡❞ ❢♦r t❤r❡❡ ②❡❛rs ❜② t❤❡
❋r❡♥❝❤ ❉é❧é❣❛t✐♦♥ ●é♥ér❛❧❡ ♣♦✉r ❧✬❆r♠❡♠❡♥t ✭❉●❆✮✳

❖r✐❣✐♥❛❧❧②✱ t❤❡ ❉②♥❋❧✉✐❞ ❧❛❜♦r❛t♦r② ❛♥❞ t❤❡ ❉❆❋❊ ❤❛✈❡ s♣❡♥t s❡✈❡r❛❧ ②❡❛rs ✐♥ st✉❞②✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢
✢✉✐❞ ✢♦✇s✳ ❇♦t❤ ❛❞♦♣t❡❞ t❤❡ ❤②❞r♦❞②♥❛♠✐❝s st❛❜✐❧✐t② t❤❡♦r② t♦ ✐♥✈❡st✐❣❛t❡✱ ❡①♣❧❛✐♥ ❛♥❞ ♣r❡❞✐❝t s♦♠❡
❢❡❛t✉r❡s ♦❢ ❛❡r♦❞②♥❛♠✐❝ ✢♦✇s s✉❝❤ ❛s t❤❡ ♦♥s❡t ♦❢ ✉♥st❡❛❞✐♥❡ss ❛s ✇❡❧❧ ❛s t❤❡ ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❧❡♥❣t❤
s❝❛❧❡s s❡❧❡❝t❡❞ ❜② t❤❡ ✢♦✇s✳ ❚♦ ❞♦ s♦✱ ❛ t②♣✐❝❛❧ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ♦❢ st✉❞②✐♥❣ t❤❡ ❧✐♥❡❛r ❞❡✈❡❧♦♣♠❡♥t
♦❢ ♣❡rt✉r❜❛t✐♦♥s ❛❜♦✉t ❛ ❣✐✈❡♥ ❜❛s❡ ✢♦✇✳ ❚❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s t❤❡♥ st❛♥❞s ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ t✐♠❡
❡✈♦❧✉t✐♦♥ ♦❢ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s✱ ✇❤♦s❡ ❞②♥❛♠✐❝s ❛r❡ ❧✐♥❡❛r✱ t♦ ❛ss❡ss ✇❤❡t❤❡r t❤❡② ❛r❡ ❛♠♣❧✐✜❡❞ ♦r
❞❛♠♣❡❞✳ ❙✉❝❤ st❛❜✐❧✐t② ❛♥❛❧②s❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ❧♦❝❛❧ ✇❤❡♥ t❤❡ ❜❛s❡ ✢♦✇s ♦❢ ✐♥t❡r❡st ❤❛✈❡ ♦♥❧② ♦♥❡
♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ❞✐r❡❝t✐♦♥ ✐♥ s♣❛❝❡✳ ▲♦❝❛❧ st❛❜✐❧✐t② ❛♥❛❧②s❡s ❛r❡ ✉s✉❛❧❧② ❜❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛
✇❡❛❦ ♥♦♥✲♣❛r❛❧❧❡❧✐s♠ ♦❢ t❤❡ ❜❛s❡ ✢♦✇s✳ ❋♦r ✐♥st❛♥❝❡✱ s✉❝❤ ❛♥❛❧②s❡s ♣r♦✈❡❞ t♦ s✉❝❝❡ss❢✉❧❧② ♣r❡❞✐❝t s♦♠❡
❢❡❛t✉r❡s ♦❢ t❤❡ ❧❛♠✐♥❛r✲t✉r❜✉❧❡♥t tr❛♥s✐t✐♦♥ ✐♥ ❜♦✉♥❞❛r② ❧❛②❡r ✢♦✇s✱ s❤❡❛r ❧❛②❡r ✢♦✇s ♦r ❥❡ts✱ s❡❡ ❙❝❤♠✐❞
✫ ❍❡♥♥✐♥❣s♦♥ ✭✷✵✵✶✮✳ ◆♦✇✱ ❛s s♦♦♥ ❛s t❤❡ ❜❛s❡ ✢♦✇ ♦❢ ✐♥t❡r❡st ❤❛s t✇♦ ♦r t❤r❡❡ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s s♣❛✲
t✐❛❧ ❞✐r❡❝t✐♦♥s✱ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ s❡♣❛r❛t❡❞ ✢♦✇s✱ ♦♥❡ ♠❛② r❡s♦rt t♦ ❛ s♦✲❝❛❧❧❡❞ ❣❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s✱
s❡❡ ❩❡❜✐❜ ✭✶✾✽✼✮❀ ❏❛❝❦s♦♥ ✭✶✾✽✼✮❀ ❚❤❡♦✜❧✐s ✭✷✵✵✵✮✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❜♦t❤ t❤❡ ❉②♥❋❧✉✐❞ ❧❛❜♦r❛t♦r② ❛♥❞
t❤❡ ❉❆❋❊ ❤❛✈❡ ❛❝q✉✐r❡❞ ✈❛❧✉❛❜❧❡ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ❧✐♥❡❛r ❣❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ✢✉✐❞ ✢♦✇s t❤r♦✉❣❤
s❡✈❡r❛❧ ✐♥t❡r♥s❤✐♣s ❛♥❞ t❤❡s❡s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❣❧♦❜❛❧ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ ❛ ❧❛♠✐♥❛r ✐♥❝♦♠♣r❡ss✐❜❧❡
❛tt❛❝❤❡❞ ❛♥❞ s❡♣❛r❛t❡❞ ❜♦✉♥❞❛r② ❧❛②❡r ✇❛s ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ t❤❡s❡s ❜② ❆❧✐③❛r❞ ✭✷✵✵✼✮ ❛♥❞ ❈❤❡r✉❜✐♥✐
✭✷✵✶✵✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❛ ♣❛rt✐❝✉❧❛r ❡♠♣❤❛s✐s ✇❛s ❣✐✈❡♥ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ s♦❧✈❡ ❧❛r❣❡ ❧✐♥❡❛r
❣❧♦❜❛❧ st❛❜✐❧✐t② ♣r♦❜❧❡♠s ❢♦r ❧❛♠✐♥❛r ✐♥❝♦♠♣r❡ss✐❜❧❡ ❛♥❞ ❝♦♠♣r❡ss✐❜❧❡ ✢♦✇s ✐♥ t❤❡ t❤❡s✐s ❜② ▼❡r❧❡ ✭✷✵✵✾✮✳

❖♥❡ ♦❢ t❤❡ ♣r✐♠❛r② ♠✐ss✐♦♥s ♦❢ t❤❡ ❉❆❋❊ ✐♥ t❤❡ ♥❡①t ②❡❛rs ✐s t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♦r✐❣✐♥ ❛♥❞ ❝♦♥tr♦❧
t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ✉♥st❡❛❞✐♥❡ss ♦❜s❡r✈❡❞ ✐♥ s❡✈❡r❛❧ ✇❡❧❧✲❦♥♦✇♥ ✢♦✇ ♣r♦t♦t②♣❡s✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡ tr❛♥✲
s♦♥✐❝ ❜✉✛❡t✐♥❣ ✢♦✇s ♦✈❡r ❛✐r❢♦✐❧s✱ ❝❛✈✐t✐❡s ♦r ❛❢t❡r❜♦❞✐❡s✱ t❤❡ tr❛✐❧✐♥❣ ✇❛❦❡ ✈♦rt✐❝❡s ❛♥❞ t❤❡ ✢♦✇s ♦✈❡r
❝✉r✈❡❞ ❛✐r ✐♥t❛❦❡s✱ s❡❡ ✜❣✉r❡ ✺ ✭❧❡❢t✮✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♥♦✐s❡ ♦❢ ❛ tr❛♥s♦♥✐❝ ❝❛✈✐t② ✢♦✇ ✇❛s s✉❝❝❡ss❢✉❧❧②
❝♦♥tr♦❧❧❡❞ ❜② ■❧❧② ✭✷✵✵✺✮ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ s♠❛❧❧ ❝♦♥tr♦❧ ❝②❧✐♥❞❡r ❛t t❤❡ ✉♣str❡❛♠ ❡❞❣❡ ♦❢ t❤❡ ❝❛✈✐t②✳
❆❧t❡r♥❛t✐✈❡❧②✱ ❛ s✉❜s♦♥✐❝ s❡♣❛r❛t❡❞ ✢♦✇ ✇❛s ❝♦♥tr♦❧❧❡❞ ❜② ♠❡❛♥s ♦❢ ✈♦rt❡① ❣❡♥❡r❛t♦rs ✐♥ t❤❡ t❤❡s✐s ❜②
●❛r❞❛r✐♥ ✭✷✵✵✾✮ ✐♥ t❤❡ ❙19❈❤ ✇✐♥❞ t✉♥♥❡❧ ♦❢ ❖◆❊❘❆✱ s❡❡ ✜❣✉r❡ ✺ ✭r✐❣❤t✮✳ ■♥ ❛❧❧ t❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥s✱
t❤❡ ✢♦✇s ❛r❡ t✉r❜✉❧❡♥t✳ ❨❡t✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ t❤❡ ❉❆❋❊ ❤❛✈❡ ♠❛✐♥❧② ❝♦♥❝❡r♥❡❞ t❤❡
❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❧❛♠✐♥❛r✲t✉r❜✉❧❡♥t tr❛♥s✐t✐♦♥ ♦❢ t❤❡s❡ ✢♦✇s✳ ❚❤✐s ❝❤♦✐❝❡ ✇❛s ♠♦t✐✈❛t❡❞ ❜②✿ ✭✐✮
t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❛♥❛❧②③❡ ♠♦r❡ ❡❛s✐❧② t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ✉♥st❡❛❞✐♥❡ss ✐♥ t❤❡s❡ ✢♦✇s t♦ ❡①tr❛❝t ♣❤②s✐❝❛❧
✐♥❢♦r♠❛t✐♦♥✱ ✭✐✐✮ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ t♦♦❧s ✇❤✐❝❤ ❞♦ ♥♦t r❡q✉✐r❡ t♦ ♠✉❝❤ ❤❡❛✈② ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ✭✐✐✐✮ t❤❡
♣♦ss✐❜✐❧✐t② t♦ ❡①t❡♥❞ t❤❡ ❝♦♥s✐❞❡r❡❞ ♠❡t❤♦❞♦❧♦❣✐❡s ❢r♦♠ ❧❛♠✐♥❛r t♦ ❢✉❧❧② t✉r❜✉❧❡♥t ✢♦✇s ❜② ❛✉❣♠❡♥t✐♥❣
t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ♦♥❡ ♦r ♠♦r❡ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧ ❡q✉❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥s✐❞❡r✐♥❣
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❋✐❣✉r❡ ✸✿ ▲❡❢t✿ P❡r✐♦❞✐❝ ✈♦rt❡① s❤❡❞❞✐♥❣ ♣❛tt❡r♥ ❜❡❤✐♥❞ ❛ ❝✐r❝✉❧❛r ❝②❧✐♥❞❡r ✐♥ ✇❛t❡r ❛t ❘❡②♥♦❧❞s ♥✉♠❜❡r
♦❢ 168✳ ❚❤❡ ✈✐s✉❛❧✐③❛t✐♦♥ ✇❛s ❞♦♥❡ ✉s✐♥❣ ❤②❞r♦❣❡♥ ❜✉❜❜❧❡ t❡❝❤♥✐q✉❡✳ ❆❢t❡r ❙❛♥❥❛② ❑✉♠❛r ❛♥❞ ●❡♦r❣❡
▲❛✉❣❤❧✐♥❀ ❉❡♣❛rt♠❡♥t ♦❢ ❊♥❣✐♥❡❡r✐♥❣✱ ❚❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❚❡①❛s ❛t ❇r♦✇♥s✈✐❧❧❡✳ ❘✐❣❤t✿ ❱♦♥ ❑ár♠á♥
✈♦rt✐❝❡s ♦✛ ❘✐s❤✐r✐ ■s❧❛♥❞✱ ❏❛♣❛♥✳ ❙❛t❡❧❧✐t❡ ♣✐❝t✉r❡ ❢r♦♠ ◆❆❙❆✳

❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥s ♦✛❡rs t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❛♣♣❧② s♦♠❡ ♦❢ t❤❡ ♠♦❞❡r♥ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s s✉❝❤ ❛s t❤❡
❧✐♥❡❛r st❛t❡ s♣❛❝❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✱ s❡❡ ❇❡✇❧❡② ✫ ▲✐✉ ✭✶✾✾✽✮❀ ❇❡✇❧❡② ✭✷✵✵✶✮❀ ❑✐♠ ✭✷✵✵✸✮❀ ❑✐♠ ✫ ❇❡✇❧❡②
✭✷✵✵✼✮✳ ■♥ ❛ ❣❡♥❡r❛❧ ♠❛♥♥❡r✱ ❝♦♥tr♦❧ str❛t❡❣✐❡s ♠❛② ❜❡ ❝❧❛ss✐✜❡❞ ✐♥t♦ t✇♦ ❝❛t❡❣♦r✐❡s✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱
♦♥❡ r❡❢❡rs ♦♣❡♥✲❧♦♦♣ ♦r ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ✇❤❡r❡ t❤❡ ❛❝t✉❛t♦rs r❡❛❝t ✐♥ ❛ ♣r❡❞❡✜♥❡❞ ✇❛② t♦ t❤❡ ✢♦✇
s②st❡♠ ❛♥❞ t♦ t❤❡ ❛❝t✉❛t✐♦♥ ✐ts❡❧❢✳ ◆♦t✐❝❡❛❜❧②✱ t❤❡s❡ t②♣❡s ♦❢ ❝♦♥tr♦❧ ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ ❛t t❤❡ ❉❆❋❊
✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ❜② ▼❛rq✉❡t ✭✷✵✵✼✮❀ ▼❡❧✐❣❛ ✭✷✵✵✽✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❝❧♦s❡❞✲❧♦♦♣ ♦r
❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ r❡❢❡rs t♦ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ✇❤❡r❡ t❤❡ ❛❝t✉❛t✐♦♥ ✐s ✉♣❞❛t❡❞ ✐♥ r❡❛❧✲t✐♠❡ ❢r♦♠ s♦♠❡
✢♦✇ ♠❡❛s✉r❡♠❡♥t s♦ ❛s t♦ r❡❛❝❤ ❛ ❣✐✈❡♥ ♦❜❥❡❝t✐✈❡✳ ❙✉❝❤ ❛ str❛t❡❣② ✇❛s ❛❞♦♣t❡❞ ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞
♥✉♠❡r✐❝❛❧ t❤❡s✐s ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❝♦♥tr♦❧ ✇❛s ♠❡❛♥t t♦ s✉♣♣r❡ss ♦r ❛t ❧❡❛st
r❡❞✉❝❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ✇❤♦s❡ ❞②♥❛♠✐❝s ✇❡r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❧✐♥❡❛r✳

❲✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡s❡ ♣r♦❥❡❝ts✱ t❤❡ ♣r❡s❡♥t t❤❡s✐s ❛✐♠s ❛t ✜♥❞✐♥❣ ❡✣❝✐❡♥t ❘❡❞✉❝❡❞ ❖r❞❡r ▼♦❞❡❧s
✭❘❖▼s✮ t❤❛t ❢❛✐t❤❢✉❧❧② ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ✢♦✇s✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ♣r♦✈✐❞❡ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ st✉❞②
❜❛s❡❞ ♦♥ t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ✢♦✇s t♦ ❞❡r✐✈❡ t❤❡ ❘❖▼s✳ ■♥❞❡❡❞✱ t❤❡s❡ ♠♦❞❡❧s ❛r❡ ♠❡❛♥t t♦ ♣r❡s❡r✈❡ t❤❡
♦r✐❣✐♥❛❧ ❤②❞r♦❞②♥❛♠✐❝ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✢♦✇s ✐♥ ✈✐❡✇ ♦❢ ❛♣♣❧②✐♥❣ s♦♠❡ ♦♣t✐♠❛❧ ✢♦✇ ❝♦♥tr♦❧
str❛t❡❣✐❡s✳
■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❞✐st✐♥❝t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ❍✉❡rr❡ ✫ ❘♦ss✐ ✭✶✾✾✽✮ ❜❡t✇❡❡♥ ♦s❝✐❧❧❛t♦r ❛♥❞ ♥♦✐s❡✲
❛♠♣❧✐✜❡r ✢♦✇s ❞❡s❡r✈❡s ❛ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥✳ ❖s❝✐❧❧❛t♦r ✢♦✇s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ s❡❧❢✲s✉st❛✐♥❡❞
❜❡❛t✐♥❣ ❛t ❛ ✈❡r② s♣❡❝✐✜❝ ❢r❡q✉❡♥❝②✳ ❚❤✐s ♠❡❝❤❛♥✐s♠ ✐s s❛✐❞ t♦ ❜❡ ✐♥tr✐♥s✐❝ s✐♥❝❡ ♥♦ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s
❛r❡ ♥❡❝❡ss❛r② t♦ ❦❡❡♣ ❛❧✐✈❡ t❤❡ ♦s❝✐❧❧❛t♦r② ♠♦t✐♦♥ ♦❢ t❤❡ ✢♦✇✳ ❚❤❡ ♦♥s❡t ♦❢ ❛♥ ♦s❝✐❧❧❛t♦r ♠❡❝❤❛♥✐s♠ ✐s
✉s✉❛❧❧② ✇❡❧❧ ♣r❡❞✐❝t❡❞ ❜② ❛ ❣❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s t❤r♦✉❣❤ t❤❡ ♦♥s❡t ♦❢ ❛♥ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡✳
❚②♣✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ♦s❝✐❧❧❛t♦r ♠❡❝❤❛♥✐s♠s ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ❝②❧✐♥❞❡r ✢♦✇s ✭◆♦❛❝❦ ✫ ❊❝❦❡❧♠❛♥♥
✭✶✾✾✹✮✮✱ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇s ✭❇❛r❦❧❡② ❡t ❛❧✳ ✭✷✵✵✷✮❀ ▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✾✮✮✱ t❤❡ ✢♦✇ ♦✈❡r ❛ ❜✉♠♣
✭●❛❧❧❛✐r❡ ❡t ❛❧✳ ✭✷✵✵✼✮❀ ❊❤r❡♥st❡✐♥ ✫ ●❛❧❧❛✐r❡ ✭✷✵✵✽❜✮✮ ❛♥❞ ❝❛✈✐t② ✢♦✇s ✭❙✐♣♣ ✫ ▲❡❜❡❞❡✈ ✭✷✵✵✼✮❀ ❇r❡s ✫
❈♦❧♦♥✐✉s ✭✷✵✵✽✮❀ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✽✮✮✳ ❆❧t❡r♥❛t✐✈❡❧②✱ s♦♠❡ ✢♦✇s ❜❡❤❛✈❡ ❛s ❛ ♥♦✐s❡✲❛♠♣❧✐✜❡r ✇❤✐❝❤
s❡❧❡❝t✐✈❡❧② ❛♠♣❧✐✜❡s ✐♥ t❤❡ ❞♦✇♥str❡❛♠ ❞✐r❡❝t✐♦♥ ❡①✐st✐♥❣ ✉♣str❡❛♠ ♥♦✐s❡✳ ■♥ t❤❡s❡ ✢♦✇s✱ t❤❡ ❡♠❡r❣❡♥❝❡
♦❢ ❝♦❤❡r❡♥❝❡ str✉❝t✉r❡s ✐s ❡①tr✐♥s✐❝ ❛♥❞ ♦❢t❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❜r♦❛❞ r❛♥❣❡ ♦❢ s❝❛❧❡s ❛♥❞ ❢r❡q✉❡♥❝✐❡s✳
❙♦♠❡ ♦❢ t❤❡ ♠♦st ❢❛♠♦✉s ❛♠♣❧✐✜❡r ✢♦✇s ❛r❡ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡rs ✭❊❤r❡♥st❡✐♥ ✫ ●❛❧❧❛✐r❡ ✭✷✵✵✺✮❀ ❆❧✐③❛r❞
✫ ❘♦❜✐♥❡t ✭✷✵✵✼✮❀ ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✽✮✮✱ t❤❡ ❥❡ts ❛♥❞ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇s ✭▼❛rq✉❡t ❡t ❛❧✳
✭✷✵✵✽✮❀ ❇❧❛❝❦❜✉r♥ ❡t ❛❧✳ ✭✷✵✵✽✮✮✳
■♥ ❢❛❝t✱ t❤❡ ♣r❡❞✐❝t✐♦♥ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ♦❢ ❛♠♣❧✐✜❡r ✢♦✇s ❛♣♣❡❛rs ❛s ❛ ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦ s✐♥❝❡ t❤❡✐r
❞②♥❛♠✐❝s r❡✢❡❝t ❜♦t❤ t❤❡ ❛♠♣❧✐✜❡r ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✢♦✇ ❛♥❞ t❤❡ ❜r♦❛❞❜❛♥❞ ♥❛t✉r❡ ♦❢ t❤❡ ✉♣str❡❛♠ ♥♦✐s❡✳
❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ♣❤②s✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ ♥♦✐s❡ ❛♠♣❧✐✜❡r ✢♦✇s ❤❛✈❡ ❜❡❡♥ ♣r✐✈✐❧❡❣❡❞
✐♥ t❤✐s t❤❡s✐s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ s❡♣❛r❛t❡❞ ✢♦✇ ♦✈❡r t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ❞❡♣✐❝t❡❞

✹



■◆❚❘❖❉❯❈❚■❖◆

❋✐❣✉r❡ ✹✿ ▲❡❢t✿ ❝❛✈✐t② ✢♦✇ ♦❜s❡r✈❡❞ ❛t t❤❡ ❙8❈❤ ✇✐♥❞ t✉♥♥❡❧ ♦❢ ❖◆❊❘❆ ❜② str✐♦s❝♦♣②✳ ❆❢t❡r ■❧❧② ✭✷✵✵✺✮✳
❘✐❣❤t✿ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ✈✐s✉❛❧✐③❡❞ ❜② str✐♦s❝♦♣②✳

✐♥ ✜❣✉r❡ ✻✳ ❚❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ✇❛s ❝❤♦s❡♥ s✐♥❝❡ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❛❝❝♦✉♥ts ❢♦r ❛ ✇❡❧❧✲❦♥♦✇♥
♣r♦t♦t②♣❡ ♦❢ ❛♠♣❧✐✜❡r ✢♦✇ ✇❤❡r❡ ❛ s✉❜st❛♥t✐❛❧ ❜♦❞② ♦❢ ❧✐t❡r❛t✉r❡ ❡①✐sts✱ s✉❝❤ ❛s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✇♦r❦s
❜② ❆r♠❛❧② ❡t ❛❧✳ ✭✶✾✽✸✮❀ ❚✐❤♦♥ ❡t ❛❧✳ ✭✷✵✵✶✮❀ ❇❡❛✉❞♦✐♥ ❡t ❛❧✳ ✭✷✵✵✹✮❀ ▲❡❡ ❡t ❛❧✳ ✭✷✵✵✹✮ ♦r t❤❡ ♥✉♠❡r✐❝❛❧
✐♥✈❡st✐❣❛t✐♦♥s ❜② ❑✐♠ ✫ ▼♦✐♥ ✭✶✾✽✺✮❀ ❑❛✐❦ts✐s ❡t ❛❧✳ ✭✶✾✾✻✮❀ ▲❡ ❡t ❛❧✳ ✭✶✾✾✼✮❀ ❑❛✐❦ts✐s ✫ ▼♦♥❦❡✇✐t③
✭✷✵✵✸✮❀ ▲❡s✐❡✉r ❡t ❛❧✳ ✭✷✵✵✸✮❀ ❆✐❞❡r ❡t ❛❧✳ ✭✷✵✵✼✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✢♦✇ ♦✈❡r
t❤✐s ♣❛rt✐❝✉❧❛r st❡♣ ❣❡♦♠❡tr② ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ t❤❡s✐s ❜② ❉✉r✐❡③ ✭✷✵✵✾✮ ❛t t❤❡
P▼▼❍ ❧❛❜♦r❛t♦r②✳ ■♥ t❤✐s ❧❛tt❡r ✇♦r❦✱ t❤❡ st❡♣ s❤❛♣❡ ✇❛s ❝❤♦s❡♥ ❝✐r❝✉❧❛r t♦ ❛❧❧♦✇ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢
t❤❡ s❡♣❛r❛t✐♦♥ ♣♦✐♥t ❛♥❞ ♠✐♠✐❝ s♦♠❡ r❡❛❧✐st✐❝ ❝♦♥✜❣✉r❛t✐♦♥s s✉❝❤ ❛s t❤❡ ✢♦✇ ♦✈❡r ❛ ❝✉r✈❡❞ ❛✐r❢♦✐❧✱ t❤❡
❡①♣❛♥s✐♦♥ ♦❢ ❛ ❞✐✛✉s❡r ♦r t❤❡ r❡❛r ♣❛rt ♦❢ ❛ ❧❛♥❞ ✈❡❤✐❝❧❡✳ ◆♦t❛❜❧②✱ t❤❡ ♦r✐❣✐♥❛❧✐t② ♦❢ t❤✐s ❡①♣❡r✐♠❡♥t❛❧
✇♦r❦ ✇❛s t♦ st✉❞② t❤❡ ❞②♥❛♠✐❝s ❛♥❞ t♦ ❝♦♥tr♦❧ t❤❡ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❧❛♠✐♥❛r✲t✉r❜✉❧❡♥t tr❛♥s✐t✐♦♥
❜② ♠❡❛♥s ♦❢ ✈♦rt❡① ❣❡♥❡r❛t♦rs✳ ■t ✐s ❤♦♣❡❞ t❤❛t t❤❡ ♣r❡s❡♥t r❡s❡❛r❝❤ ✇✐❧❧ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❢✉t✉r❡
❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ♦♥ t❤✐s s❡t✉♣ t❤❛t st✐❧❧ ❡①✐sts ❛t t❤❡ P▼▼❍ ❧❛❜♦r❛t♦r②✳

❖❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡s✐s

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ❞❡s✐❣♥ ❡✣❝✐❡♥t r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s t❤❛t ❛❝❝♦✉♥t ❢♦r t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s
♦❢ ❧❛r❣❡ ✢✉✐❞ s②st❡♠s✳ ❖✉r ♣r♦❝❡❞✉r❡s ❛r❡ ❞❡r✐✈❡❞ ♦♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇ ♦✈❡r
t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ✇♦r❦ ❜② ❉✉r✐❡③ ✭✷✵✵✾✮✳ ▼❡❛♥✇❤✐❧❡✱ t❤❡ ♠❡t❤♦❞♦❧♦❣✐❡s
✐♥✈❡st✐❣❛t❡❞ ❤❡r❡ ❛r❡ ♠❡❛♥t t♦ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛♥② ♦t❤❡r ✐♥❝♦♠♣r❡ss✐❜❧❡ ♦♣❡♥ ✢♦✇ s✉❝❤ ❛s✱ ❢♦r ✐♥st❛♥❝❡✱
♦t❤❡r s❡♣❛r❛t❡❞ ✢♦✇s✱ ✇❛❦❡ ✢♦✇s✱ ❜♦✉♥❞❛r② ❧❛②❡rs ♦r ✈♦rt❡① ✢♦✇s✳ ❚❤❡ ✜rst ❣♦❛❧ ✐s t♦ ✜♥❞ ❡✣❝✐❡♥t ♠♦❞❡❧
r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s✳ ◆❡①t✱ ❛ s❡❝♦♥❞ ♦❜❥❡❝t✐✈❡ ✐s t♦ ✐❧❧✉str❛t❡ ❤♦✇ t❤❡ ✉s❡ ♦❢ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❛❧❧♦✇s
t♦ ❞❡s✐❣♥ ❛♥ ♦♣t✐♠❛❧ ✢♦✇ ❝♦♥tr♦❧ s❡t✉♣✳

❇r✐❡❢ r❡✈✐❡✇ ♦♥ ♠♦❞❡❧ r❡❞✉❝t✐♦♥

▼♦❞❡❧ r❡❞✉❝t✐♦♥ ❛♣♣❡❛rs ❛s t❤❡ ❡ss❡♥t✐❛❧ ❡❧❡♠❡♥t ♦❢ t❤✐s ✇♦r❦ ❛♥❞ s♦♠❡ ♦❢ ✐ts ❝♦♥❝❡♣ts ❛r❡ ✐♥tr♦❞✉❝❡❞
❤❡r❡✳ ❚❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ❝♦♠♣❧❡① ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❜② ♠❡❛♥s ♦❢ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢t❡♥ r❡q✉✐r❡s t♦
s♦❧✈❡ ❧❛r❣❡✲s❝❛❧❡ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ▼♦❞❡❧ r❡❞✉❝t✐♦♥ ❝♦♥s✐sts ♦❢ ❝♦♥str✉❝t✐♥❣ ❛ s✐♠♣❧❡r ♠♦❞❡❧ ❤❛✈✐♥❣
❛ ♠✉❝❤ ❧♦✇❡r ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✇❤✐❝❤ ♣r❡s❡r✈❡s s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠✳
▼♦❞❡❧ r❡❞✉❝t✐♦♥ ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r ❛ ❧♦♥❣ t✐♠❡❀ ♦♥❡ s❤♦✉❧❞ r❡♠❡♠❜❡r t❤❡ ❢❛♠♦✉s ❞②♥❛♠✐❝❛❧ s②st❡♠
✐♥tr♦❞✉❝❡❞ ❜② ▲♦r❡♥③ ✭✶✾✻✸✮ t♦ ❞❡s❝r✐❜❡ t❤❡ ♦❝❡❛♥✲❛t♠♦s♣❤❡r❡ ✐♥t❡r❛❝t✐♦♥s ❜② ❛ s②st❡♠ ❤❛✈✐♥❣ t❤r❡❡
❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❙✐♥❝❡ t❤❡♥ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ❛ ✇✐❞❡ ❛r❡❛ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ✐♥❝❧✉❞✐♥❣
♦❝❡❛♥♦❣r❛♣❤②✱ ♣s②❝❤♦❧♦❣②✱ ❜✐♦❧♦❣②✱ ♣r♦❜❛❜✐❧✐t②✱ st❛t✐st✐❝s ♦r ♠❡❝❤❛♥✐❝s✳
■♥ t❤✐s t❤❡s✐s✱ ♦✉r ♣✉r♣♦s❡ ✐s t♦ ❞❡s✐❣♥ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❢♦r ❛❡r♦❞②♥❛♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s✳ Pr❡❞✐❝t✐♥❣
t❤❡ r❡s♣♦♥s❡ ♦❢ ✢✉✐❞ s②st❡♠s s✉❜❥❡❝t t♦ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦♥❞✐t✐♦♥s ♦r ❡①❝✐t❛t✐♦♥s ✐s ♦❢t❡♥ ♥♦t tr❛❝t❛❜❧❡
♦✇✐♥❣ t♦ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈❡❞✳ ❍❡♥❝❡✱ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❤❛s ♠♦r❡
r❡❝❡♥t❧② ❛♣♣❡❛r❡❞ ❛s ❛ ♣r♦❧✐✜❝ ❛♥❞ ♣r♦♠✐s✐♥❣ s✉❜❥❡❝t ✐♥ t❤❡ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ❝♦♠♠✉♥✐t②✳

❚❤❡r❡ ❛r❡ ♣❧❡♥t② ♦❢ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✉s✐♥❣ t❤❡ ❞✐✛❡r❡♥t ♣r♦♣❡rt✐❡s ♦❢ t❤❡
♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠✳ ❙♦♠❡ ♦❢ t❤❡ ♠♦st ❢❛♠♦✉s ♦♥❡s ❞❡s❡r✈❡ t♦ ❜❡ ♠❡♥t✐♦♥❡❞ ❤❡r❡✳

✺



■◆❚❘❖❉❯❈❚■❖◆

❋✐❣✉r❡ ✺✿ ▲❡❢t✿ ❧❛♠✐♥❛r s❡♣❛r❛t✐♦♥ ❢r♦♠ ❛ ❝✉r✈❡❞ ✇❛❧❧ ✐♥ ❛ ✇❛t❡r t✉♥♥❡❧✳ ❚❤❡ ✢♦✇ ✐s ✈✐s✉❛❧✐③❡❞ ❜② ❛✐r
❜✉❜❜❧❡s ❛♥❞ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❜❛s❡❞ ♦♥ t❤❡ ❧❡❛❞✐♥❣ ❡❞❣❡ ✭♥♦t s❤♦✇♥✮ ✐s 20 000✳ ❖◆❊❘❆ ♣✐❝t✉r❡✱ ❍✳
❲❡r❧é (1974)✳ ❘✐❣❤t✿ ❙❡♣❛r❛t❡❞ ✢♦✇ ♦❜s❡r✈❡❞ ❛t t❤❡ ❙19❈❤ ✇✐♥❞ t✉♥♥❡❧ ♦❢ ❖◆❊❘❆ (2005)✳ ❚❤❡ ✢♦✇
✐s ✈✐s✉❛❧✐③❡❞ ❜② ❧❛s❡r t♦♠♦s❝♦♣②✳

❋♦r ❧✐♥❡❛r s②st❡♠s✱ ❘❖▼s ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ♦♥t♦ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✲
♠♦❞❡s ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r ✭❉♦✇❡❧❧ ❡t ❛❧✳ ✭✶✾✾✼✮❀ ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✮✮✳ ❙✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ✐s ❛❧s♦
r❡❢❡rr❡❞ t♦ ❛s ▼♦❞❛❧ ❚r✉♥❝❛t✐♦♥✳ ❋♦r st❛❜❧❡ ❧✐♥❡❛r s②st❡♠s✱ s❡✈❡r❛❧ t❡❝❤♥✐q✉❡s ❜❛s❡❞ ♦♥ ❛♥ ✐♥♣✉t✲♦✉t♣✉t
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ♣r♦❝❡❞✉r❡
✭▼♦♦r❡ ✭✶✾✽✶✮✮✱ t❤❡ ❑r②❧♦✈ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞s ✇❤✐❝❤ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♠♦♠❡♥t ♠❛t❝❤✐♥❣ ♦❢ t❤❡
✐♠♣✉❧s❡ r❡s♣♦♥s❡ ✭❆♥t♦✉❧❛s ✫ ❙♦r❡♥s❡♥ ✭✷✵✵✶✮❀ ❆♥t♦✉❧❛s ✭✷✵✵✺✮✮ ❛♥❞ ❝♦♠♣r✐s❡ t❤❡ ▲❛♥❝③♦s ✭▲❛♥❝③♦s
✭✶✾✺✵✮✮ ❛♥❞ t❤❡ ❆r♥♦❧❞✐ ♣r♦❝❡❞✉r❡s ✭❆r♥♦❧❞✐ ✭✶✾✺✶✮✮✳ ❖♥❡ ♠❛② ❛❧s♦ r❡❢❡r t♦ t❤❡ s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥
t❡❝❤♥✐q✉❡s ✭▲❥✉♥❣ ✭✶✾✾✾✮✮ ✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❘❖▼s ❛r❡ ✐❞❡♥t✐✜❡❞ ❢r♦♠ s♦♠❡ ♠❡❛s✉r❡♠❡♥ts✳
❙♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥ ♠❛② ❜❡ ❢♦✉♥❞ ♦♥ ❛♥ ♦s❝✐❧❧❛t✐♥❣ 3D ❞❡❧t❛ ✇✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥
✭❚❛♥❣ ❡t ❛❧✳ ✭✷✵✵✶✮✮ ♦r ♦♥ ❛ ❝❛✈✐t② ✢♦✇✱ s❡❡ ❘♦✇❧❡② ✫ ❲✐❧❧✐❛♠s ✭✷✵✵✻✮✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝♦❡❢✲
✜❝✐❡♥ts ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❆✉t♦❘❡❣r❡ss✐✈❡ ✇✐t❤ ❡❳♦❣❡♥♦✉s ✐♥♣✉t t❡❝❤♥✐q✉❡ ✭❆❘❳✮✱ s❡❡ ❍✉❛♥❣
✫ ❑✐♠ ✭✷✵✵✽✮✱ ♦r ❛❧s♦ t❤❡ ❊✐❣❡♥s②st❡♠ ❘❡❛❧✐③❛t✐♦♥ ❆❧❣♦r✐t❤♠ ✭❊❘❆✮✱ s❡❡ ▼❛ ❡t ❛❧✳ ✭✷✵✶✵✮✳
❆s ❢❛r ❛s ♥♦♥❧✐♥❡❛r s②st❡♠s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ t❤❡ Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ✭P❖❉✮ ❛♣♣❡❛rs ❛s ❛
❢❛♠♦✉s ❝❛♥❞✐❞❛t❡✳ ■t ❝♦♥s✐sts ✐♥ ♣r♦❥❡❝t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ♦♥t♦ ❛ r❡❞✉❝❡❞ s❡t ♦❢ ❞♦♠✐♥❛♥t✱ ✐♥ t❤❡
❡♥❡r❣② s❡♥s❡✱ s♣❛t✐❛❧ ♠♦❞❡s ✭❆✉❜r② ❡t ❛❧✳ ✭✶✾✽✽✮❀ ❇❡r❦♦♦③ ❡t ❛❧✳ ✭✶✾✾✸✮✮✳ ❆♥ ❡①t❡♥s✐♦♥ ✇❛s ♣r♦♣♦s❡❞ t♦
❛❝❝♦✉♥t ❢♦r ❜♦t❤ t❤❡ s♣❛t✐❛❧ ♠♦❞❡s ❛♥❞ t❤❡✐r t✐♠❡ ❝♦❡✣❝✐❡♥ts ✐♥ ❛♥ ♦♣t✐♠❛❧ ✇❛②✳ ❚❤❡ ♠♦❞❡s r❡s✉❧t✐♥❣
❢r♦♠ t❤✐s t❡❝❤♥✐q✉❡ ❛r❡ ❝❛❧❧❡❞ Pr✐♥❝✐♣❛❧ ■♥t❡r❛❝t✐♦♥ P❛tt❡r♥s ✭P■Ps✮ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❛♥❞ Pr✐♥❝✐♣❛❧ ❖s✲
❝✐❧❧❛t✐♦♥ P❛tt❡r♥s ✭P❖Ps✮ ❢♦r ❧✐♥❡❛r s②st❡♠s✱ s❡❡ ❍❛ss❡❧♠❛♥♥ ✭✶✾✽✽✮✳ ❙✉❝❤ ❛ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❛♣♣r♦❛❝❤
✇❛s ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣❡❞ t♦ st✉❞② ❝❧✐♠❛t✐❝ ♣❤❡♥♦♠❡♥❛✱ s❡❡ ❙t♦r❝❤ ❡t ❛❧✳ ✭✶✾✾✺✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ s②st❡♠s
❝❤❛r❛❝t❡r✐③❡❞ ❜② ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦rs✱ t❤❡ ❤❛r♠♦♥✐❝ ❜❛❧❛♥❝❡ t❡❝❤♥✐q✉❡ ✭❍❛❧❧ ❡t ❛❧✳ ✭✷✵✵✷✮✮ ♣r♦✈✐❞❡s ❛ ✈❡r②
✐♥t❡r❡st✐♥❣ ❛♣♣r♦❛❝❤ s✐♥❝❡ ✐t ✐s ❜❛s❡❞ ♦♥ ❛ ❋♦✉r✐❡r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s✳ ▲❛st❧②✱ ♦♥❡ ♠❛② ❛❧s♦
r❡❢❡r t❤❡ ❆ Pr✐♦r✐ ❍②♣❡r✲❘❡❞✉❝t✐♦♥ ♠❡t❤♦❞ ✭❘②❝❦❡❧②♥❝❦ ✭✷✵✵✷✱ ✷✵✵✺✮✮ ✇❤❡r❡ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ❛r❡
♣r♦❥❡❝t❡❞ ♦♥t♦ ❛ s❡t ♦❢ ♠♦❞❡s ✇❤✐❝❤ ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss✳

❖❜✈✐♦✉s❧②✱ t❤❡r❡ ❡①✐st ♠❛♥② ❛❞❞✐t✐♦♥❛❧ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❖✇✐♥❣ t♦ t❤❡ s✉❜st❛♥t✐❛❧ ❜♦❞② ♦❢
❧✐t❡r❛t✉r❡ ♦♥ t❤❡ s✉❜❥❡❝t✱ ❛❧❧ ♦❢ t❤❡♠ ✇✐❧❧ ♥♦t ❜❡ t❤♦r♦✉❣❤❧② ❞❡t❛✐❧❡❞ ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t✳ ❲❡ r❡❢❡r ✐♥t❡r✲
❡st❡❞ r❡❛❞❡rs t♦ t❤❡ t❤❡s✐s ❜② P❧❛❝③❡❦ ✭✷✵✵✾✮ ✇❤❡r❡ s♦♠❡ ♦❢ t❤❡ ♠♦st r❡❝❡♥t ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡s
✉s❡❞ ✐♥ ❛❡r♦❞②♥❛♠✐❝s ❛r❡ r❡♣♦rt❡❞ ✐♥ ❞❡t❛✐❧✳

❲❡ ♥♦✇ ❣✐✈❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❡♠♣❤❛s✐s t♦ t❤❡ ♠❡t❤♦❞s ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡s❡ ❛r❡
t❤❡ ▼♦❞❛❧ ❚r✉♥❝❛t✐♦♥✱ t❤❡ Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥✳ ❆❧❧ t❤r❡❡
❜❡❧♦♥❣ t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ♣r♦❥❡❝t✐♦♥ t❡❝❤♥✐q✉❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❘❖▼s ❛r❡ ♦❜t❛✐♥❡❞
❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡
❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ t❤❡ ✢✉✐❞ ♠♦t✐♦♥ ♦♥t♦ ❛ r❡❞✉❝❡❞ s❡t ♦❢ ✈❡❝t♦rs✳ ❙✉❝❤ ❛ s❡t ❝♦♠♣r✐s❡s ✢♦✇ str✉❝t✉r❡s
❝❛❧❧❡❞ ♠♦❞❡s ✇❤✐❝❤ s♣❛♥ t❤❡ s✉❜s♣❛❝❡ ♦♥t♦ ✇❤✐❝❤ t❤❡ ❞②♥❛♠✐❝s ❛r❡ ♣r♦❥❡❝t❡❞✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✐s ❝❛❧❧❡❞
t❤❡ ●❛❧❡r❦✐♥ ♣r♦❥❡❝t✐♦♥ ✇❤❡♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s✐s ✐s ♦rt❤♦❣♦♥❛❧ ❛♥❞ t❤❡ P❡tr♦✈✲●❛❧❡r❦✐♥ ♣r♦❥❡❝t✐♦♥
✐♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛ ❜✐✲♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ✜♥❛❧❧② r❡s✉❧ts ✐♥ ❛ ❧♦✇✲♦r❞❡r

✻



■◆❚❘❖❉❯❈❚■❖◆

❋✐❣✉r❡ ✻✿ ❘♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ✐♥✈❡st✐❣❛t❡❞ ❤❡r❡✳ ❚♦♣✿ s❦❡t❝❤ ♦❢ t❤❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥✳
❇♦tt♦♠✿ s❡♣❛r❛t❡❞ ✢♦✇ ♦❜t❛✐♥❡❞ ❜② ❉✉r✐❡③ ✭✷✵✵✾✮ ✐♥ ❛ ✇❛t❡r t✉♥♥❡❧ ❛t ❊❙P❈■ ✭➱❝♦❧❡ ❙✉♣ér✐❡✉r❡ ❞❡
P❤②s✐q✉❡ ❡t ❞❡ ❈❤✐♠✐❡ ■♥❞✉str✐❡❧❧❡s✮✳ ❚❤❡ ✢♦✇ ✐s ✈✐s✉❛❧✐③❡❞ ❜② ❧❛s❡r ✐♥❞✉❝❡❞ ✢✉♦r❡s❝❡♥❝❡ ❛t t❤❡ ❘❡②♥♦❧❞s
♥✉♠❜❡r ♦❢ 2800✳

❞②♥❛♠✐❝❛❧ s②st❡♠ ✇❤♦s❡ ❞✐♠❡♥s✐♦♥ ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♠♦❞❡s ✐♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s✐s✳ Pr♦❥❡❝t✐♦♥
♠❡t❤♦❞s ♠❛② ❜❡ ❛♣♣❧✐❡❞ t♦ ❜♦t❤ ❧✐♥❡❛r ♦r ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❨❡t✱ ❛s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱
t❤❡ ❞②♥❛♠✐❝s ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s t❤❡s✐s ❛r❡ ❧✐♥❡❛r✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❜♦t❤ t❤❡ ♦r✐❣✐♥❛❧ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣
❧♦✇✲♦r❞❡r ❞②♥❛♠✐❝❛❧ s②st❡♠s ❛r❡ ❧✐♥❡❛r✳ ◆❛t✉r❛❧❧②✱ t❤❡ ♣r♦❥❡❝t✐♦♥ s✉❜s♣❛❝❡ ❤❛s ❛ ❝❡♥tr❛❧ ✐♥✢✉❡♥❝❡ ♦♥
t❤❡ ❞②♥❛♠✐❝s r❡t✉r♥❡❞ ❜② t❤❡ ❧♦✇✲♦r❞❡r ♠♦❞❡❧✳ ■♥ ❢❛❝t✱ t❤❡ ❘❖▼s ❛r❡ ❝♦♥❝❡♣t✉❛❧❧② ♠❡❛♥t t♦ r❡❝♦✈❡r t❤❡
❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ str✉❝t✉r❡s ✉s❡❞ ✐♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡✐r ❝❤♦✐❝❡ ✐s t❤✉s ♦❢ ♣✐✈♦t❛❧ ✐♠♣♦rt❛♥❝❡
t♦ ❛❝❝✉r❛t❡❧② ❝❛♣t✉r❡ t❤❡ ♦r✐❣✐♥❛❧ ✢♦✇ ❞②♥❛♠✐❝s✳ ❚❤❡ t❤r❡❡ ❞✐✛❡r❡♥t ♣r♦❥❡❝t✐♦♥ ❜❛s❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s
✇♦r❦ ❛r❡ ❡①♣♦s❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ❜❡❧♦✇✳

▼♦❞❛❧ ❚r✉♥❝❛t✐♦♥

❚❤❡ ♠♦❞❛❧ tr✉♥❝❛t✐♦♥ ❝♦♥s✐sts ♦❢ ♣r♦❥❡❝t✐♥❣ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r ♦♥t♦ ❛ r❡❞✉❝❡❞
s❡t ♦❢ ✐ts ❡✐❣❡♥♠♦❞❡s ♦r ❣❧♦❜❛❧ ♠♦❞❡s✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡s❡ ❡✐❣❡♥♠♦❞❡s ✐s ♦♥❧② ♣♦ss✐❜❧❡
❢♦r ❧✐♥❡❛r ❛♥❞ ❞❡t❡r♠✐♥✐st✐❝ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ■♥t❡r❡st✐♥❣❧②✱ ❡❛❝❤ ❡✐❣❡♥✈❡❝t♦r ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥
❡✐❣❡♥✈❛❧✉❡✱ ✇❤✐❝❤ ✐s ❝♦♠♣❧❡① ✐♥ ❣❡♥❡r❛❧✱ ✇❤♦s❡ r❡❛❧ ♣❛rt ❞❡♥♦t❡s t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ♠♦❞❡ ❛♥❞ ✇❤♦s❡
✐♠❛❣✐♥❛r② ♣❛rt ❞❡♥♦t❡s ✐ts ♦s❝✐❧❧❛t✐♥❣ ❢r❡q✉❡♥❝②✳ ◆♦t❛❜❧②✱ t❤❡ ♠♦❞❡s ❤❛✈✐♥❣ ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♣❛rt ❛r❡
✉♥st❛❜❧❡ ❛♥❞ ❧❡❛❞ t♦ ❛ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s✳ ❚❤❡ ❣❧♦❜❛❧ ♠♦❞❡s st❛♥❞ ❢♦r t❤❡ ♠♦st ♥❛t✉r❛❧
s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡② ♠❛② ❜❡ r❛♥❦❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❢r❡q✉❡♥❝② ❛♥❞ ❣r♦✇t❤
r❛t❡✱ ✇❤✐❝❤ ♠❛❦❡ t❤❡♠ ❛ ✈❛❧✉❛❜❧❡ ❝❛♥❞✐❞❛t❡ t♦ ❝♦♥str✉❝t ❘❖▼s✳ ❚❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜②
❡①♣r❡ss✐♥❣ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ✐♥t♦ t❤❡ ♠♦❞❛❧ ❜❛s✐s ❛♥❞ tr✉♥❝❛t✐♥❣ t❤❡ ✉♥❞❡s✐r❡❞ ♠♦❞❡s✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡
♠♦st st❛❜❧❡ ♠♦❞❡s✱ ✇❤✐❝❤ ♦♥❧② ❝♦♥tr✐❜✉t❡ t♦ t❤❡ s❤♦rt✲t✐♠❡ ❞②♥❛♠✐❝s✱ ❛r❡ t❤❡ ♦♥❡s t♦ ❜❡ tr✉♥❝❛t❡❞✳
❇② t❤✐s ✇❛②✱ ▼♦❞❛❧ ❚r✉♥❝❛t✐♦♥ ♣r❡s❡r✈❡s t❤❡ ♠♦st ✉♥st❛❜❧❡ ♣❛rt ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r
❡✐❣❡♥s♣❡❝tr✉♠✱ ❛♥❞ t❤✉s ✐ts ♦r✐❣✐♥❛❧ st❛❜✐❧✐t②✳
■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r ✐s ♥♦r♠❛❧✱ ♥❛♠❡❧② ✇❤❡r❡ ✐ts ❡✐❣❡♥♠♦❞❡s ❛r❡ ♦rt❤♦❣♦♥❛❧✱ ▼♦❞❛❧
❚r✉♥❝❛t✐♦♥ ❛♣♣❡❛rs ❛s ❛♥ ♦♣t✐♠❛❧ ♠❡t❤♦❞s t♦ ♠♦❞❡❧ t❤❡ ❞②♥❛♠✐❝s✱ s❡❡ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❛✮✳ ❋♦r
t❤✐s r❡❛s♦♥ ✐t ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ str✉❝t✉r❡ ♠❡❝❤❛♥✐❝s ♦✇✐♥❣ t♦ t❤❡ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣
❡q✉❛t✐♦♥s✳ ◆♦✇✱ r❡❣❛r❞✐♥❣ ✢✉✐❞ ♠❡❝❤❛♥✐❝s✱ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ ♥♦♥✲♥♦r♠❛❧ ❛♥❞ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s
♠❛② ♣r♦✈✐❞❡ ❛ ✈❡r② ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ❜❛s✐s✱ s❡❡ ❈♦ss✉ ✫ ❈❤♦♠❛③ ✭✶✾✾✼✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡✐r ❡✣❝✐❡♥❝② t♦
❝♦♥str✉❝t ❘❖▼s ✐s ♠♦r❡ q✉❡st✐♦♥❛❜❧❡❀ ✐t ✐s ❛t ❧❡❛st s✉❜✲♦♣t✐♠❛❧✱ s❡❡ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❛✮✳ ❍♦✇❡✈❡r✱
r❡❝❡♥t ❛rt✐❝❧❡s ❤❛✈❡ r❡♣♦rt❡❞ ❤♦✇ t❤❡ ✉s❡ ♦❢ ❛ r❡❞✉❝❡❞ s❡t ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s ❛❧❧♦✇s t♦ ❡✣❝✐❡♥t❧② ♠♦❞❡❧
t❤❡ tr❛♥s✐❡♥t ❞②♥❛♠✐❝s ♦❢ ❛ ❜♦✉♥❞❛r② ❧❛②❡r ✭➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✽✮✮✱ ♦❢ t❤❡ ✢♦✇ ♣❛st ❛ ❜✉♠♣ ✭❊❤r❡♥st❡✐♥

✼
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✫ ●❛❧❧❛✐r❡ ✭✷✵✵✽❜✮✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ ❛ ❝❛✈✐t② ✢♦✇ ❤❛s ❛❧s♦ ❜❡❡♥
r❡♣♦rt❡❞ ❜② ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✮✳

Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥

❚❤❡ Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥✱ ❛❧s♦ ❝❛❧❧❡❞ P❖❉✱ ✐s ❦♥♦✇♥ ❛s ♦♥❡ ♦❢ t❤❡ ♠♦st ♣♦♣✉❧❛r ♠♦❞❡❧
r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ ✢✉✐❞ ♠❡❝❤❛♥✐❝s✳ ■t ❝♦♥s✐sts ♦❢ ✐❞❡♥t✐❢②✐♥❣ t❤❡ s❡t ♦❢ ♠♦❞❡s ✭t❤❡ P❖❉ ♠♦❞❡s✮
✇❤✐❝❤ ♦♣t✐♠❛❧❧② r❡❝♦♥str✉❝t ❛ ❣✐✈❡♥ ❞❛t❛s❡t ♦❢ ✢♦✇ s♥❛♣s❤♦ts✳ ◆❛♠❡❧②✱ t❤❡ ❡♥❡r❣②✲♥♦r♠ ❜❛s❡❞ ❡rr♦r
❜❡t✇❡❡♥ t❤❡ ❞❛t❛s❡t ♣r♦❥❡❝t❡❞ ♦♥t♦ t❤❡ P❖❉ ♠♦❞❡s ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛s❡t ✐s ♠✐♥✐♠❛❧✳ ❘❡❞✉❝❡❞✲♦r❞❡r
♠♦❞❡❧s ❛r❡ t❤❡♥ ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠ ♦♥t♦ ❛ r❡❞✉❝❡❞ s❡t ♦❢
P❖❉ ♠♦❞❡s✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❞❛t❛s❡t ♠❛② ❜❡ t❛❦❡♥ ❢r♦♠ ❡✐t❤❡r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦r ❡①♣❡r✐♠❡♥ts
✇❤✐❝❤ t❤✉s ❝♦♠♣r✐s❡s ❜♦t❤ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ✢♦✇ ❞②♥❛♠✐❝s✳
❚❤❡ P❖❉ ♠♦❞❡s ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❛s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ t❡♠♣♦r❛❧ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❜❡t✇❡❡♥ t❤❡
❞✐✛❡r❡♥t ✢♦✇ s♥❛♣s❤♦ts✳ ❚❤❡② r❡s✉❧t ✐♥ ❛♥ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s ✇❤✐❝❤ ♠♦st ❡✛❡❝t✐✈❡❧② ❛❝❝♦✉♥ts ❢♦r t❤❡
s✉❜s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ❞❛t❛s❡t ♦❢ ✐♥t❡r❡st✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ P❖❉ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ r❛♥❦❡❞
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❡♥❡r❣② ❝❛♣t✉r❡❞ ❜② t❤❡ ❛ss♦❝✐❛t❡❞ ♠♦❞❡s✳ ❆s s❤♦✇♥ ❜② ❍♦❧♠❡s ❡t ❛❧✳ ✭✶✾✾✼✮✱
♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦ P❖❉ ❡✐❣❡♥✈❛❧✉❡s ❡①✐sts✳ ▼♦st❧②✱ t❤❡ P❖❉ ❡✐❣❡♥s♣❡❝tr✉♠ ♦❢t❡♥ ❢❛❧❧ ♦✛
q✉✐t❡ r❛♣✐❞❧②✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ❧❡❛❞✐♥❣ P❖❉ ♠♦❞❡s ❝❛♣t✉r❡ t❤❡ ♣r✐♥❝✐♣❛❧ ✢♦✇ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s❡t
♦❢ s♥❛♣s❤♦ts✳ ❖✇✐♥❣ t♦ t❤✐s ✈❛❧✉❛❜❧❡ ♣r♦♣❡rt②✱ t❤❡ P❖❉ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ t❤❡ ✢✉✐❞ ♠❡❝❤❛♥✐❝s
❝♦♠♠✉♥✐t②✳ ❖r✐❣✐♥❛❧❧②✱ P❖❉ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ✐❞❡♥t✐❢② t❤❡ ❝♦❤❡r❡♥t str✉❝t✉r❡s ✐♥ t✉r❜✉❧❡♥t ✢♦✇s✱ s❡❡
▲✉♠❧❡② ✭✶✾✼✵✮❀ ❙✐r♦✈✐❝❤ ✭✶✾✽✼✮❀ ❇❡r❦♦♦③ ❡t ❛❧✳ ✭✶✾✾✸✮✳ ▲❛t❡r✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝♦❤❡r❡♥t str✉❝t✉r❡s ✐♥ t❤❡
✇❛❧❧ r❡❣✐♦♥ ♦❢ ❛ t✉r❜✉❧❡♥t ❜♦✉♥❞❛r② ❧❛②❡r ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❜② ❆✉❜r② ❡t ❛❧✳ ✭✶✾✽✽✮ t❤r♦✉❣❤ ❛ r❡❞✉❝❡❞✲
♦r❞❡r ♠♦❞❡❧ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ♦❜t❛✐♥❡❞ ❜② P❖❉✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❜❛s❡❞
♦♥ P❖❉ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ♣r❡s❡r✈❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭▼❛ ✫ ❑❛r♥✐❛❞❛❦✐s
✭✷✵✵✷✮✮✳ ❋♦r t❤✐s r❡❛s♦♥✱ ❛ ❝♦♥s✐❞❡r❛❜❧❡ ❡✛♦rt ❤❛s ❜❡❡♥ ❞❡✈♦t❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ P❖❉
❧♦✇✲♦r❞❡r ♠♦❞❡❧s✳ ❚❤✐s ✐♥❝❧✉❞❡s ❢♦r ✐♥st❛♥❝❡ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❝♦❡✣❝✐❡♥ts ✭●❛❧❧❡tt✐ ❡t ❛❧✳
✭✷✵✵✹✮✮ ❜✉t ❛❧s♦ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛ s❤✐❢t ♠♦❞❡ ✭◆♦❛❝❦ ❡t ❛❧✳ ✭✷✵✵✸✮✮✱ ❛ ♣r❡ss✉r❡ t❡r♠ ✭◆♦❛❝❦ ❡t ❛❧✳ ✭✷✵✵✺✮✮
♦r ❛ s♣❡❝tr❛❧ ✈✐s❝♦s✐t② ✭❙✐r✐s✉♣ ✫ ❑❛r♥✐❛❞❛❦✐s ✭✷✵✵✹✮✮✳ ❘❡❣❛r❞✐♥❣ ✢♦✇ ❝♦♥tr♦❧✱ r❡❝❡♥t ❛❞✈❛♥❝❡s ❤❛✈❡
❜❡❡♥ ♠❛❞❡ t♦ ✐♥❝❧✉❞❡ t❤❡ ❡✛❡❝ts ♦❢ ❛♥ ❛❝t✐♦♥ ♦♥ t❤❡ P❖❉ ♠♦❞❡❧s✱ ✇❡ r❡❢❡r ✐♥t❡r❡st❡❞ r❡❛❞❡rs t♦ t❤❡
✇♦r❦s ❜② ●❛❧❧❡tt✐ ❡t ❛❧✳ ✭✷✵✵✼✮❀ ❲❡❧❧❡r ❡t ❛❧✳ ✭✷✵✵✾❜✮❀ ▲✉❝❤t❡♥❜✉r❣ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s✉❝❝❡ss❢✉❧
✢♦✇ ❝♦♥tr♦❧s ❜❛s❡❞ ♦♥ P❖❉ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ✇♦r❦s ❜② ❇❡r❣♠❛♥♥ ❡t ❛❧✳
✭✷✵✵✺✮❀ ❇❡r❣♠❛♥♥ ✫ ❈♦r❞✐❡r ✭✷✵✵✽✮❀ ❲❡❧❧❡r ❡t ❛❧✳ ✭✷✵✵✾❛✮ ♦♥ ❝②❧✐♥❞❡r ✢♦✇s✳ ❖♥❡ ♠❛② ❛❧s♦ ♠❡♥t✐♦♥ t❤❡
❡①♣❡r✐♠❡♥t❛❧ ❝♦♥tr♦❧ ♦❢ ❛ s✉❜s♦♥✐❝ ❝❛✈✐t② ✢♦✇ ❜② ❙❛♠✐♠② ❡t ❛❧✳ ✭✷✵✵✼✮ ✇❤❡r❡ ❛ P❖❉ ♠♦❞❡❧ ✇❛s ♦❜t❛✐♥❡❞
❢r♦♠ P❛rt✐❝❧❡ ■♠❛❣❡ ❱❡❧♦❝✐♠❡tr② ✭P■❱✮ ❞❛t❛✳

❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥

❚❤❡ ❧❛st t❡❝❤♥✐q✉❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s ❝❛❧❧❡❞ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥✳ ■t ❤❛s ❜❡❡♥ ♦r✐❣✐♥❛❧❧② ✐♥tr♦✲
❞✉❝❡❞ ❜② ▼♦♦r❡ ✭✶✾✽✶✮ ❛s ❛ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r st❛❜❧❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t s②st❡♠s✳ ❇❛❧❛♥❝❡❞
❚r✉♥❝❛t✐♦♥ ✐s ♠❡❛♥t t♦ ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ❜❡t✇❡❡♥ s♦♠❡ ✐♥♣✉ts✱ s✉❝❤ ❛s ❛❝t✉❛t♦rs✱ t♦ s♦♠❡ ♦✉t♣✉ts✱
s✉❝❤ ❛s s❡♥s♦rs✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ♠❡t❤♦❞ ❞✐s♣❧❛②s ✈❡r② ❛ttr❛❝t✐✈❡ ❢❡❛t✉r❡s✳ ❋✐rst✱ ✐t ♦✛❡rs ❡rr♦r ❜♦✉♥❞s
♦♥ t❤❡ ✐♥♣✉t✲♦✉t♣✉t tr❛♥s❢❡r ❢✉♥❝t✐♦♥ t❤❛t ❛r❡ ❝❧♦s❡ t♦ t❤❡ ❧♦✇❡st ❡rr♦r ♣♦ss✐❜❧❡ ❢r♦♠ ❛♥② r❡❞✉❝❡❞✲♦r❞❡r
♠♦❞❡❧ ✭❉✉❧❧❡r✉❞ ✫ P❛❣❛♥✐♥✐ ✭✷✵✵✵✮✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ✐s s❤♦✇♥ t♦ ♣r❡s❡r✈❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♦r✐❣✐✲
♥❛❧ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝❛❧ s②st❡♠✳ ❋♦r t❤❡s❡ r❡❛s♦♥s✱ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ❝❧❡❛r❧② ❛♣♣❡❛rs ❛s ❛ ✈❡r②
♣♦✇❡r❢✉❧ t❡❝❤♥✐q✉❡ ✐♥ t❤❡ ❝♦♥tr♦❧ t❤❡♦r② ❝♦♠♠✉♥✐t②✳
❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❝❡♣ts ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t②✳ ❇② ❞❡✜♥✐t✐♦♥✱ ❝♦♥✲
tr♦❧❧❛❜✐❧✐t② r❡❢❡rs t♦ t❤❡ ❛❜✐❧✐t② ♦❢ ❛ st❛t❡ t♦ ❜❡ ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ✐♥♣✉ts ✇❤✐❧❡ ♦❜s❡r✈❛❜✐❧✐t② r❡❢❡rs t♦ t❤❡
❝❛♣❛❝✐t② ♦❢ ❛ st❛t❡ t♦ ❜❡ ♠❡❛s✉r❡❞ ❜② t❤❡ ♦✉t♣✉ts✳ ❚❤❡ ❦❡② ✐❞❡❛ ♦❢ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ✐s t❤❡♥ ✐s r❡t❛✐♥
t❤❡ ♠♦❞❡s ✇❤✐❝❤ ❛r❡ ❜♦t❤ ❤✐❣❤❧② ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡✱ ❝❛❧❧❡❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✱ ❛♥❞ ✉s❡ t❤❡♠ ❛s ❛
♣r♦❥❡❝t✐♦♥ ❜❛s✐s✳ ❚❡❝❤♥✐❝❛❧❧②✱ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ♦❢ ❣✐✈❡♥ st❛t❡s ♠❛② ❜❡ ♠❡❛s✉r❡❞ ❢r♦♠
t✇♦ ❜✐❧✐♥❡❛r ♦♣❡r❛t♦rs✿ t❤❡ s♦✲❝❛❧❧❡❞ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s✳ ❚❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s

✽
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t❤❡♥ r❡❞✉❝❡ t♦ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t✇♦ ●r❛♠✐❛♥s✱ s❡❡ ▼♦♦r❡ ✭✶✾✽✶✮❀ ❆♥t♦✉❧❛s
✭✷✵✵✺✮✳ ❊❛❝❤ ●r❛♠✐❛♥ ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ ❛ ▲②❛♣✉♥♦✈ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s ✉♥❢♦rt✉♥❛t❡❧② ♥♦t
tr❛❝t❛❜❧❡ ❢♦r ❧❛r❣❡ s②st❡♠s✳ ❚❤✐s ❧✐♠✐t❛t✐♦♥ ❤❛s ✜rst r❡str✐❝t❡❞ t❤❡ r❛♥❣❡ ♦❢ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ t♦
r❛t❤❡r s✐♠♣❧❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s✱ s❡❡ ❏♦s❤✐ ❡t ❛❧✳ ✭✶✾✾✼✮❀ ❈♦rt❡❧❡③③✐ ✫ ❙♣❡②❡r ✭✶✾✾✽✮❀ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉
✭✷✵✵✶❛✮❀ ❍ö❣❜❡r❣ ❡t ❛❧✳ ✭✷✵✵✸✮✳ ❨❡t✱ ❛ r❡❝❡♥t ❜r❡❛❦t❤r♦✉❣❤ ✭❲✐❧❧❝♦① ✫ P❡r❛✐r❡ ✭✷✵✵✷✮❀ ❘♦✇❧❡② ✭✷✵✵✺✮✮
❛❧❧♦✇❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ❢♦r ❧❛r❣❡ s②st❡♠s✳ ■t ❝♦♥s✐sts ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❜❛❧❛♥❝❡❞
♠♦❞❡s ❜② ✉s✐♥❣ ❛ s♥❛♣s❤♦t t❡❝❤♥✐q✉❡✱ s✐♠✐❧❛r❧② t♦ ❛ P❖❉ ♣r♦❝❡❞✉r❡✳ ■♥ ❢❛❝t✱ ✐t ✐s s❤♦✇♥ ❜② ❘♦✇❧❡②
✭✷✵✵✺✮ t❤❛t ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ r❡❞✉❝❡s t♦ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ P❖❉ ✇❤✐❝❤ ✉s❡s ❛ ♣❛rt✐❝✉❧❛r ❞❛t❛s❡t ✭t❤❡
✐♠♣✉❧s❡ r❡s♣♦♥s❡s ❢r♦♠ t❤❡ ✐♥♣✉ts✮ ❛♥❞ ❛ ♣❛rt✐❝✉❧❛r ✐♥♥❡r ♣r♦❞✉❝t ✭t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥✮✳ ❆❝❝♦r❞✲
✐♥❣❧②✱ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❝❡❞✉r❡ ❞❡r✐✈❡❞ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮ ❤❛s ❜❡❡♥ ❝❛❧❧❡❞ ❇❛❧❛♥❝❡❞ Pr♦♣❡r ❖rt❤♦❣♦♥❛❧
❉❡❝♦♠♣♦s✐t✐♦♥ ✭❇P❖❉✮✳ ❚❤✐s ❧❛tt❡r ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t♦ ♠♦❞❡❧ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s
♦❢ ✈❛r✐♦✉s ✢✉✐❞ ✢♦✇s✱ s❡❡ ■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮❀ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮❀ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮❀ ❆❤✉❥❛
✫ ❘♦✇❧❡② ✭✷✵✶✵✮✳

❆♣♣r♦❛❝❤

❚❤✐s t❤❡s✐s ✐s ❜❛s❡❞ ♦♥ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥s✳ ❖✉r ♣r♦❝❡❞✉r❡s ❛r❡ ❞❡r✐✈❡❞ ♦♥ t❤❡
✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇ ♦✈❡r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✭2D✮ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✻✳ ■♥st❡❛❞ ♦❢
✐♥✈❡st✐❣❛t✐♥❣ t✉r❜✉❧❡♥t ✢♦✇s✱ ✇❤✐❝❤ ✇♦✉❧❞ ❤❛✈❡ r❡q✉✐r❡❞ ♠✉❝❤ ❤❡❛✈✐❡r ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r❡❞
❧❛♠✐♥❛r ✢♦✇s✳ ❚❤✐s ❝❤♦✐❝❡ ✐s ❛❧s♦ ❛♣♣❡❛❧✐♥❣ s✐♥❝❡ ❧❛♠✐♥❛r ✢♦✇s ❛r❡ ❧❡ss ❝♦♠♣❧❡① ❛♥❞ ❜❡tt❡r ✉♥❞❡rst♦♦❞
t❤❛♥ t✉r❜✉❧❡♥t ✢♦✇s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✢✉✐❞ ♠♦t✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❣♦✈❡r♥❡❞ ❜② t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳

❆s ❛ ✜rst st❡♣✱ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❛r❡ ✐♥✈❡st✐❣❛t❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡
✐♥✈❡st✐❣❛t❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✭3D✮ ♣❡rt✉r❜❛t✐♦♥s ❧✐♥❡❛r✐③❡❞ ❛❜♦✉t ❛ 2D st❡❛❞② s♦❧✉t✐♦♥
❝❛❧❧❡❞ t❤❡ ❜❛s❡ ✢♦✇✳ ❆ ❣❧♦❜❛❧ ❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s✐s ✐s ❞❡r✐✈❡❞ t♦ ❛ss❡ss ❜♦t❤ t❤❡ ❧♦♥❣ ❛♥❞ s❤♦rt t✐♠❡
❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇✳ ◆❡①t✱ t❤❡s❡ r❡s✉❧ts ❛r❡ ✉s❡❞ t♦ ♣r♦✈✐❞❡ t❤❡ ♥♦♥✲r❡❞✉❝❡❞ ❧✐♥❡❛r ❞②♥❛♠✐❝s✳

❆s ❛ s❡❝♦♥❞ st❡♣ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ 2D ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ t❤r❡❡
♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞ ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞s ❛r❡ ❝♦♥s✐❞❡r❡❞✿ ▼♦❞❛❧ ❚r✉♥❝❛t✐♦♥✱ P❖❉ ❛♥❞ ❇❛❧❛♥❝❡❞ ❚r✉♥✲
❝❛t✐♦♥✳ ❲❡ ✜rst st✉❞② t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❧❡❛st st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s t♦ r❡❝♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ tr❛♥s✐❡♥t
❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇✳ ◆❡①t✱ ❛♥ ✐♥♣✉t✲♦✉t♣✉t ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s ✐s ❛❞♦♣t❡❞ t♦ ❞❡r✐✈❡ ❧♦✇✲♦r❞❡r
♠♦❞❡❧s ❜❛s❡❞ ♦♥ P❖❉ ❛♥❞ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❇P❖❉ ♣r♦❝❡❞✉r❡ ❡①♣♦s❡❞ ❜② ❲✐❧❧❝♦① ✫
P❡r❛✐r❡ ✭✷✵✵✷✮❀ ❘♦✇❧❡② ✭✷✵✵✺✮✱ ❛ s♥❛♣s❤♦t ♠❡t❤♦❞ ✐s ❞❡r✐✈❡❞ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡
❧❡❛❞✐♥❣ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✳ ❆ s✐♠✐❧❛r s♥❛♣s❤♦t ♠❡t❤♦❞ ✐s ❛❧s♦ ✉s❡❞ t♦ ❝♦♠♣✉t❡ ❜♦t❤ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡
❛♥❞ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❜② ❛ P❖❉ ♣r♦❝❡❞✉r❡✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ❜♦t❤ P❖❉ ❛♥❞ ❇P❖❉ ♠♦❞❡❧s
✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ❛r❡ ❡✈❛❧✉❛t❡❞ ❛♥❞ ❝♦♠♣❛r❡❞✳ ❲✐t❤✐♥ t❤✐s ♣❛rt ♦❢ t❤❡ t❤❡s✐s✱
❛♥ ✐♠♣♦rt❛♥t ❣✉✐❞❡❧✐♥❡ ✐s t♦ s✉❝❝❡ss✐✈❡❧② ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts✳ ❆s ❛ ✜rst st❡♣✱
t❤❡ ❘❖▼s ❛r❡ ❝♦♥str✉❝t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ s✐♥❣❧❡ ✐♥♣✉t ✭❛❝t✉❛t♦r✮ ❛♥❞ ❛ s✐♥❣❧❡ ♦✉t♣✉t ✭s❡♥s♦r✮✳ ◆❡①t✱
✇❡ ❝♦♥s✐❞❡r t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ✐♥♣✉ts ✭✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✮ t♦ t❤❡ s❛♠❡
♦✉t♣✉t ✭s❡♥s♦r✮✳ ▲❛st❧②✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❡①t❡♥s✐♦♥ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❤❛♥❞❧❡ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❧❛r❣❡ s②st❡♠s
✇❤❡r❡ ❜♦t❤ t❤❡ ✐♥♣✉ts ❛♥❞ t❤❡ ♦✉t♣✉ts r❡❞✉❝❡ t♦ t❤❡ ❢✉❧❧ st❛t❡ s♣❛❝❡✳ ■♥ t❤✐s ❧❛tt❡r ❝❛s❡✱ t❤❡ P❖❉ ❛♥❞
❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② tr✉♥❝❛t✐♥❣ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t ♦♣✲
❡r❛t♦r✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❛r❡ s❤♦✇♥ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ s♦✲❝❛❧❧❡❞
❊♠♣✐r✐❝❛❧ ❖rt❤♦❣♦♥❛❧ ❋✉♥❝t✐♦♥s ✭❊❖❋s✮ ❛♥❞ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s ✭❙❖s✮ ♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡
❛♥❛❧②s✐s ♦❢ s②♥♦♣t✐❝ ♠❡t❡♦r♦❧♦❣✐❝❛❧ ❞❛t❛ ✭▲♦r❡♥③ ✭✶✾✺✻✮❀ ◆♦rt❤ ✭✶✾✽✹✮✮ ❛♥❞ ❛❧s♦ ✐♥ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✐♥❣
✭▲✉♠❧❡② ✭✶✾✻✼✱ ✶✾✼✵✮✮✳ ❆ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ✐s ❣✐✈❡♥ t♦ t❤❡ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s
❛♥❞ ❙❖s ❛s t❤❡ ♣r❡❞♦♠✐♥❛♥t ❝♦❤❡r❡♥t ❛♥❞ ✉♥❝♦rr❡❧❛t❡❞ ♣r♦❝❡ss ♦❢ t❤❡ ✉♥❝❡rt❛✐♥ ✢♦✇ r❡s✉❧t✐♥❣ ❢r♦♠ ❛
♣❡r♠❛♥❡♥t st♦❝❤❛st✐❝ ❡①❝✐t❛t✐♦♥✳ ❚❤❡ ❧❡❛❞✐♥❣ ❊❖❋s✱ ❙❖s ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ ❛❧s♦ s❤♦✇♥ t♦ ❝❛♣t✉r❡
t❤❡ ❡♥t✐r❡ ✢♦✇ r❡s♣♦♥s❡ ❢r♦♠ ❛❧❧ ♣♦ss✐❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ♥❛♠❡❧② t❤❡ ❡♥t✐r❡ ✢♦✇ ❞②♥❛♠✐❝s✳

✾
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❋✐♥❛❧❧②✱ t❤❡ t❤✐r❞ ♣❛rt ♦❢ t❤❡ t❤❡s✐s ♣r♦✈✐❞❡s ❛ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✇❤❡r❡ ❛ ❘❖▼ ❜❛s❡❞ ♦♥ P❖❉ ❛❧❧♦✇s
t♦ ♣❡r❢♦r♠ ❛♥ ♦♣t✐♠❛❧ ✢♦✇ ❝♦♥tr♦❧✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❛❞♦♣t❡❞ t❤❡ ▲◗● ✭▲✐♥❡❛r ◗✉❛❞r❛t✐❝ ●❛✉ss✐❛♥✮
❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳

❖r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t

❚❤❡ ❜♦❞② ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ 5 ❝❤❛♣t❡rs✳ ■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❤❡s✐s✱ ❝❤❛♣t❡r ✶ ♣r❡s❡♥ts
❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❜❛❝❦✇❛r❞ ❢❛❝✐♥❣ st❡♣ ✢♦✇ ❧✐♥❡❛r ❞②♥❛♠✐❝s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥♦♥✲r❡❞✉❝❡❞ tr❛♥✲
s✐❡♥t ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ❛r❡ ❡①♣♦s❡❞✳ ❚❤❡ ❛♥❛❧②s✐s ❛♥❞ ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s
t♦ ♠♦❞❡❧ t❤❡ 2D tr❛♥s✐❡♥t ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ✐s r❡♣♦rt❡❞ ✐♥ ❛♣♣❡♥❞✐① ❇ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ 2D ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❡❛r
❞②♥❛♠✐❝s ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❜② ♠❡❛♥s ♦❢ P❖❉ ❛♥❞ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥✳ ■ts ❝♦♠♣r✐s❡s
t❤r❡❡ ❝❤❛♣t❡rs✳ ❈❤❛♣t❡r ✷ ✜rst ✐♥tr♦❞✉❝❡s t❤❡ s♥❛♣s❤♦t t❡❝❤♥✐q✉❡ ❞❡r✐✈❡❞ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ✇❤✐❝❤
❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ t❤❡ ♠♦❞❡s✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡❧s ❞❡r✐✈❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ✐♥♣✉t ❛♥❞ ❛ s✐♥❣❧❡
♦✉t♣✉t ❛r❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡❞✳ ❈❤❛♣t❡r ✸ ♣r♦✈✐❞❡s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s s♥❛♣s❤♦t t❡❝❤♥✐q✉❡ t♦
❝♦♥✜❣✉r❛t✐♦♥s ❤❛✈✐♥❣ ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts✳ ▲❛st❧②✱ ❝❤❛♣t❡r ✹ ❞❡❛❧s ✇✐t❤ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡
❞②♥❛♠✐❝s ❢r♦♠ ❛❧❧ ♣♦ss✐❜❧❡ ✐♥♣✉ts t♦ ❛❧❧ ♣♦ss✐❜❧❡ ♦✉t♣✉ts✳ ■t ✐♥❝❧✉❞❡s ❛ r❡❝❡♣t✐✈✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ✢♦✇
❜❛s❡❞ ♦♥ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ❛s ✇❡❧❧ ❛s ❛ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥
♦❢ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s ❛♥❞ ❙❖s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡❧s ❛r❡ ❛❧s♦ ❡①♣♦s❡❞
❛♥❞ ❛ss❡ss❡❞✳

❚❤❡ q✉❡st✐♦♥ ♦❢ ✢♦✇ ❝♦♥tr♦❧ ✐s ✉❧t✐♠❛t❡❧② ❛❞❞r❡ss❡❞ ✐♥ ❝❤❛♣t❡r ✺ ✇❤❡r❡ t❤❡ ▲◗● ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧
♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❜② ♠❡❛♥s ♦❢ ❛ r❡❞✉❝❡❞ ❝♦♠♣❡♥s❛t♦r ✐s ✐♥✈❡st✐❣❛t❡❞✳ ❙✐♥❝❡ t❤✐s ✇♦r❦
✇❛s ❞♦♥❡ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❉r✳ ❆❧❡①❛♥❞r❡ ❇❛r❜❛❣❛❧❧♦ ❛♥❞ Pr✳ P❡t❡r ❏✳ ❙❝❤♠✐❞✱ ♦♥❧② ❛ ♣r❡s❡♥t❛t✐♦♥
♦❢ t❤❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ❛ s✉♠♠❛r② ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts ❛r❡ ❡①♣♦s❡❞ ✐♥ t❤❡ ❝❤❛♣t❡r✳ ❨❡t✱ t❤❡ ❢✉❧❧
❛rt✐❝❧❡ r❡s✉❧t✐♥❣ ❢r♦♠ t❤✐s ❝♦❧❧❛❜♦r❛t✐♦♥ ✐s ❡①♣♦s❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① s❡❝t✐♦♥✳

◆❡①t✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❣❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ ♦♥ t❤❡ r❡s❡❛r❝❤ ❡①♣♦s❡❞ ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t✳ ■t ✐♥❝❧✉❞❡s ❛ s✉♠♠❛r②
♦❢ t❤❡ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♦♥s✱ ❛ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ❛s ✇❡❧❧ ❛s r❡❝♦♠♠❡♥❞❛t✐♦♥s ❢♦r ❢✉t✉r❡ ✐♥✈❡st✐❣❛✲
t✐♦♥s✳ ▲❛st❧②✱ ✐t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t ♦♥❧② ❢❡✇ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ✐s ❡①♣♦s❡❞
✐♥ t❤❡ ❜♦❞② ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t✳ ❍♦✇❡✈❡r✱ ❛ r❡✈✐❡✇ ♦❢ ❛❧❧ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛♥❞ t♦♦❧s ❤❛s ❜❡❡♥
✐♥❝❧✉❞❡❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳

✶✵



■◆❚❘❖❉❯❈❚■❖◆

❈♦♥❢❡r❡♥❝❡s ❛♥❞ ❥♦✉r♥❛❧ ❛rt✐❝❧❡s

✶✳ ●✳ ❉❡r❣❤❛♠✱ ❱✳ ❇r✐♦♥✱ ❏✳✲❈✳ ❘♦❜✐♥❡t ❛♥❞ ❉✳ ❙✐♣♣
❚❤❡ ✉s❡ ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s t♦ ❝♦♠♣✉t❡ ♦♣t✐♠❛❧ tr❛♥s✐❡♥t ❣r♦✇t❤
7th ❊❯❘❖▼❊❈❍ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s ❈♦♥❢❡r❡♥❝❡✱ ❙❡♣t❡♠❜❡r ✷✵✵✽✱ ▼❛♥❝❤❡st❡r

✷✳ ●✳ ❉❡r❣❤❛♠✱ ❉✳ ❙✐♣♣ ❛♥❞ ❏✳✲❈✳ ❘♦❜✐♥❡t
▼♦❞❡❧ r❡❞✉❝t✐♦♥ ✉s✐♥❣ ❇❛❧❛♥❝❡❞ P❖❉ ✇✐t❤ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts
■❯❚❆▼ ❙②♠♣♦s✐✉♠ ♦♥ ▲❛♠✐♥❛r✲❚✉r❜✉❧❡♥t ❚r❛♥s✐t✐♦♥✱ ❏✉♥❡ ✷✵✵✾✱ ❙t♦❝❦❤♦❧♠

✸✳ ●✳ ❉❡r❣❤❛♠✱ ❉✳ ❙✐♣♣ ❛♥❞ ❏✳✲❈✳ ❘♦❜✐♥❡t
❊t✉❞❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ tr❛♥s✐t♦✐r❡ ❞✬✉♥ é❝♦✉❧❡♠❡♥t ❞❡ r❛♠♣❡ ♣❛r ♠♦❞è❧❡ ré❞✉✐t
❈♦♥❣rès ❋r❛♥ç❛✐s ❞❡ ▼é❝❛♥✐q✉❡✱ ❆✉❣✉st ✷✵✵✾✱ ▼❛rs❡✐❧❧❡

✹✳ ●✳ ❉❡r❣❤❛♠✱ ❆✳ ❇❛r❜❛❣❛❧❧♦✱ ❉✳ ❙✐♣♣✱ ❏✳✲❈✳ ❘♦❜✐♥❡t ❛♥❞ P✳ ❏✳ ❙❝❤♠✐❞
▼♦❞❡❧ r❡❞✉❝t✐♦♥ ❛♥❞ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ♦❢ ❛ ❝♦♥✈❡❝t✐✈❡❧② ✉♥st❛❜❧❡ ✢♦✇
8th ❊❯❘❖▼❊❈❍ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s ❈♦♥❢❡r❡♥❝❡✱ ❙❡♣t❡♠❜❡r ✷✵✶✵✱ ❇❛❞ ❘❡✐❝❤❡♥❤❛❧❧

✺✳ ●✳ ❉❡r❣❤❛♠✱ ❉✳ ❙✐♣♣✱ ❏✳✲❈✳ ❘♦❜✐♥❡t ❛♥❞ ❆✳ ❇❛r❜❛❣❛❧❧♦
▼♦❞❡❧ r❡❞✉❝t✐♦♥ ❢♦r ✢✉✐❞s ✉s✐♥❣ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts
❆❝❝❡♣t❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥ ✐♥ P❤②s✳ ❋❧✉✐❞s ✭✷✵✶✶✮

✻✳ ●✳ ❉❡r❣❤❛♠✱ ❉✳ ❙✐♣♣ ❛♥❞ ❏✳✲❈✳ ❘♦❜✐♥❡t
❆❝❝✉r❛t❡ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s ❢♦r ❞❡t❡r♠✐♥✐st✐❝ ✢✉✐❞ s②st❡♠s ❞r✐✈❡♥ ❜② ✉♥❝❡rt❛✐♥
❢♦r❝✐♥❣
❆❝❝❡♣t❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥ ✐♥ P❤②s✳ ❋❧✉✐❞s ✭✷✵✶✶✮

✼✳ ●✳ ❉❡r❣❤❛♠✱ ❏✳✲❈✳ ❘♦❜✐♥❡t ❛♥❞ ❉✳ ❙✐♣♣
❘❡❝❡♣t✐✈✐t② ♦❢ ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ t♦ st♦❝❤❛st✐❝ ♣❡rt✉r❜❛t✐♦♥s✿ ❞②♥❛♠✐❝s ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ❛♥❞ ♠♦❞❡❧ r❡❞✉❝t✐♦♥
❙✉❜♠✐tt❡❞ t♦ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✭✷✵✶✶✮

✽✳ ❆✳ ❇❛r❜❛❣❛❧❧♦✱ ●✳ ❉❡r❣❤❛♠✱ ❉✳ ❙✐♣♣✱ P✳❏✳ ❙❝❤♠✐❞ ❛♥❞ ❏✳✲❈✳ ❘♦❜✐♥❡t
❈❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ♦❢ ✉♥st❡❛❞✐♥❡ss ♦✈❡r ❛ r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣
❙✉❜♠✐tt❡❞ t♦ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✭✷✵✶✶✮

✶✶



✶✷



❈❤❛♣t❡r ✶

●❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡

❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ st❛♥❞s ❢♦r ❛♥ ✐♠♣♦rt❛♥t ♣r♦t♦t②♣❡ ❢♦r st✉❞②✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ✢♦✇
s❡♣❛r❛t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ ❛♥ ❛❜r✉♣t ❝❤❛♥❣❡ ♦❢ ❣❡♦♠❡tr②✳ ◆♦t❛❜❧②✱ ♥✉♠❡r♦✉s st✉❞✐❡s ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ✐ts
❞②♥❛♠✐❝s s✐♥❝❡ t❤❡ t❤✐rt✐❡s✱ s❡❡ ●♦❧❞st❡✐♥ ❡t ❛❧✳ ✭✶✾✼✵✮❀ ❉❡♥❤❛♠ ✫ P❛tr✐❝❦ ✭✶✾✼✹✮❀ ❆r♠❛❧② ❡t ❛❧✳ ✭✶✾✽✸✮❀
❆❞❛♠s ✫ ❏♦❤♥st♦♥ ✭✶✾✽✽✮✳ ■t ✐s ✐♥❞❡❡❞ ❜♦t❤ ❝♦♠♠♦♥❧② ❡♥❝♦✉♥t❡r❡❞ ✐♥ ♠❛♥② ❡♥❣✐♥❡❡r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s
✇❤✐❝❤ ❡①❤✐❜✐t str♦♥❣ ✢♦✇ s❡♣❛r❛t✐♦♥s ❛♥❞ ✉s❡❞ ❛s ❛ r❡❢❡r❡♥❝❡ ♦♣❡♥ ✢♦✇ t♦ ♣❡r❢♦r♠ ❢✉♥❞❛♠❡♥t❛❧ st✉❞✐❡s
❢♦r ✢♦✇ ❝♦♥tr♦❧✱ s❡❡ ❈❤✉♥ ✫ ❙✉♥❣ ✭✶✾✾✻✮✳ ❊✈❡♥ ✐❢ ✐t ♠❛② ❜❡ s❡❡♥ ❛s ❛ ✈❡r② s✐♠♣❧❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥✱
t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✐ts tr❛♥s✐t✐♦♥ t♦ t✉r❜✉❧❡♥❝❡ ✐s ❢❛r ❢r♦♠ ❜❡✐♥❣ ✉♥❞❡rst♦♦❞✳ ❖♥❡ ♠❛② r❡❢❡r t♦ t❤❡
t✉r❜✉❧❡♥❝❡ ❛♥❛❧②s✐s ♦✈❡r s❡♣❛r❛t❡❞ ✢♦✇s ❜② ▲❡ ❡t ❛❧✳ ✭✶✾✾✼✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❛❧s♦ st❛♥❞s ❢♦r ❛ t②♣✐❝❛❧
s❡tt✐♥❣ ✐♥ ✇❤✐❝❤ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❤②❞r♦❞②♥❛♠✐❝ ✐♥st❛❜✐❧✐t✐❡s ✐♥ s❡♣❛r❛t❡❞ ✢♦✇s✳ ❖♥❡ ♠❛② r❡❢❡r t♦
♥✉♠❡r♦✉s ✇♦r❦s s✉❝❤ ❛s t❤♦s❡ ❜② ❑❛✐❦ts✐s ❡t ❛❧✳ ✭✶✾✾✶✮❀ ❑❛✐❦ts✐s ✭✶✾✾✺✮❀ ❑❛✐❦ts✐s ❡t ❛❧✳ ✭✶✾✾✻✮❀ ❑❛✐❦ts✐s
✫ ▼♦♥❦❡✇✐t③ ✭✷✵✵✸✮❀ ●r❡s❤♦ ❡t ❛❧✳ ✭✶✾✾✸✮❀ ❋♦rt✐♥ ❡t ❛❧✳ ✭✶✾✾✼✮❀ ❇❛r❦❧❡② ❡t ❛❧✳ ✭✷✵✵✷✮❀ ❚②❧❧✐ ✭✷✵✵✸✮❀
❇❡❛✉❞♦✐♥ ❡t ❛❧✳ ✭✷✵✵✹✮✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ✐♥ t❤✐s ❝❤❛♣t❡r t❤❡ tr❛♥s✐t✐♦♥ t♦ t✉r❜✉❧❡♥❝❡ ♦❢ ❛
2D ❧❛♠✐♥❛r ❜❛❝❦✇❛r❞ ❢❛❝✐♥❣ st❡♣ ✢♦✇ ❜② ♥✉♠❡r✐❝❛❧ ♠❡❛♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥❞ ❛♥❛❧②③❡
t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ t❤r♦✉❣❤♦✉t t❤❡ r❡st ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t✳ ❲❡
♣r♦❝❡❡❞ ❜② ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ❛❜♦✉t ❛ ❜❛s❡ ✢♦✇ ✐♥ ♦r❞❡r t♦ ♦✉t❧✐♥❡ s♦♠❡
♦❢ ✐ts ♣r❡❞♦♠✐♥❛♥t ✐♥st❛❜✐❧✐t② ♠❡❝❤❛♥✐s♠s ❛♥❞ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ s❝❡♥❛r✐♦s✳
▲❡t ✉s ❣✐✈❡ s♦♠❡ ✐♥s✐❣❤ts ♦♥ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❞②♥❛♠✐❝s✳ ❲❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡
✶✳✶ ❛ s❦❡t❝❤ ♦❢ t❤❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ■t ❝♦♠♣r✐s❡s ❛♥ ✐♥❝♦♠✐♥❣ ❜♦✉♥❞❛r② ❧❛②❡r ♦❢

❋✐❣✉r❡ ✶✳✶✿ ❙❦❡t❝❤ ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ✐♥✈❡st✐❣❛t❡❞ ❤❡r❡✳

✶✸
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t❤✐❝❦♥❡ss δ ❛♥❞ ❛ st❡♣ ♦❢ ❤❡✐❣❤t h✳ ❚❤❡ ✢♦✇ s❡♣❛r❛t❡s ❞✉❡ t♦ t❤❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t ✐♥❞✉❝❡❞ ❜② t❤❡ ✇❛❧❧
❝✉r✈❛t✉r❡ ❛♥❞ r❡❛tt❛❝❤❡s ❢❛rt❤❡r ❞♦✇♥str❡❛♠✳ ❚❤❡ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❞②♥❛♠✐❝s ❛r❡ ♠❛✐♥❧② ❞r✐✈❡♥
❜② s❡✈❡r❛❧ ❤②❞r♦❞②♥❛♠✐❝ ✐♥st❛❜✐❧✐t✐❡s✳ ❆♥ ✐♠♣♦rt❛♥t ♦r✐❣✐♥ ♦❢ ✉♥st❡❛❞✐♥❡ss r❡❞✉❝❡ t♦ t❤❡ ✐♥✢❡❝t✐♦♥❛❧
✈❡❧♦❝✐t② ♣r♦✜❧❡ ✐♥ t❤❡ s❤❡❛r ❧❛②❡r r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❑❡❧✈✐♥ ❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t② ✇❤✐❝❤
♦❢t❡♥ ❧❡❛❞s t♦ t❤❡ tr❛♥s✐t✐♦♥ t♦ t✉r❜✉❧❡♥❝❡✳ ❚❤✐s ❧♦❝❛❧ ✐♥st❛❜✐❧✐t② ❤❛✈❡ ❛ ❝♦♥✈❡❝t✐✈❡ ♥❛t✉r❡ ❛♥❞ ❧❡❛❞s
t♦ s♠❛❧❧✲s❝❛❧❡ str✉❝t✉r❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t ②✐❡❧❞s ❛ t②♣✐❝❛❧ ❙tr♦✉❤❛❧ ♥✉♠❜❡r✱ ❜❛s❡❞ ♦♥ t❤❡ s❤❡❛r ❧❛②❡r
t❤✐❝❦♥❡ss δω ❛♥❞ t❤❡ ✉♣str❡❛♠ ✈❡❧♦❝✐t② U∞ ♦❢ ❙tδω = 0.2 ✭❉r✐✈❡r ❡t ❛❧✳ ✭✶✾✽✼✮✮✳ ❆ s❡❝♦♥❞ ♠❡❝❤❛♥✐s♠✱
❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ st❛t✐♦♥❛r② str✉❝t✉r❡ ✭❲✐❧❧✐❛♠s ✫ ❇❛❦❡r ✭✶✾✾✼✮✮✱ ❤❛s ❜❡❡♥
✐❞❡♥t✐✜❡❞ ❛s ❛♥ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡ ♦❢ t❤❡ ✢♦✇✱ s❡❡ ❇❡❛✉❞♦✐♥ ❡t ❛❧✳ ✭✷✵✵✹✮❀ ❇❛r❦❧❡② ❡t ❛❧✳ ✭✷✵✵✷✮❀
❈❤❡r✉❜✐♥✐ ❡t ❛❧✳ ✭✷✵✶✵❜✮✳ ❚❤✐s ❧❛t❡r s❡❡♠s t♦ ❜❡ r❡❧❛t❡❞ t♦ ❛ ❝❡♥tr✐❢✉❣❛❧ ✐♥st❛❜✐❧✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
r❡❛tt❛❝❤✐♥❣ str❡❛♠❧✐♥❡s ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ✢♦✇✳ ❚❤✐r❞❧②✱ ❛ ❧♦✇✲❢r❡q✉❡♥❝② ✉♥st❡❛❞✐♥❡ss ❝❤❛r❛❝t❡r✐③❡❞ ❜②
♠✉❝❤ ❧❛r❣❡r ✢♦✇ str✉❝t✉r❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ r❡♣♦rt❡❞✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ❝❛❧❧❡❞ ❛s ✧✢❛♣♣✐♥❣✧ r❡s✉❧ts ✐♥ ❛♥
❤❛r♠♦♥✐❝ ❧♦✇✲❢r❡q✉❡♥❝② ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ r❡❛tt❛❝❤✐♥❣ ♣♦✐♥t ❉♦❣✈❛❧ ❡t ❛❧✳ ✭✶✾✾✹✮❀ ❊❤r❡♥st❡✐♥ ✫ ●❛❧❧❛✐r❡
✭✷✵✵✽❛✮❀ ❈❤❡r✉❜✐♥✐ ✭✷✵✶✵✮✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ s❡❡♠s t♦ ❜❡ ❞r✐✈❡♥ ❜② ❛ ♠♦r❡ ❣❧♦❜❛❧ ❧❡♥❣t❤ s❝❛❧❡ s✉❝❤ ❛s
t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❤❡✐❣❤t ♦r ❧❡♥❣t❤✳ ❚❤❡ t②♣✐❝❛❧ ❛ss♦❝✐❛t❡❞ ❙tr♦✉❤❛❧ ♥✉♠❜❡rs r❡♣♦rt❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
❛r❡ ♦❜s❡r✈❡❞ t♦ ❜❡ ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❜❡❧♦✇ t❤♦s❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t②✳
❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❙tr♦✉❤❛❧ ♥✉♠❜❡r ❙tδω = 0.05 ❤❛s ❜❡❡♥ r❡♣♦rt❡❞ ❜② ❉r✐✈❡r ❡t ❛❧✳ ✭✶✾✽✼✮✳ ❋✐♥❛❧❧②✱ ✇❤❡♥
✐♥❝r❡❛s✐♥❣ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ ♦♥❡ ♠❛② ♦❜s❡r✈❡ ♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ ♥♦♥✲❧✐♥❡❛r ♠❡❝❤❛♥✐s♠s ♠✐①✐♥❣
❛❧❧ t❤❡s❡ ❞✐✛❡r❡♥t ❞②♥❛♠✐❝s ✭❉✉r✐❡③ ✭✷✵✵✾✮✮✳ ◆♦t✐❝❡❛❜❧②✱ ♦♥❡ ♦❢ t❤❡♠ ✐s t❤❡ ✈♦rt❡① ♠❡r❣✐♥❣ ✇❤✐❝❤ ✐s
❝❤❛r❛❝t❡r✐③❡❞ ❜② ❤❛❧❢ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t②✳ ❆s t❤❡ ✢♦✇ ❜❡❝♦♠❡s t✉r❜✉❧❡♥t✱
t❤❡ ❛❝❝✉r❛t❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❛❧❧ t❤❡ ❞✐st✐♥❝t ♣❤②s✐❝❛❧ ♠❡❝❤❛♥✐s♠s ✐s st✐❧❧ ❝❤❛❧❧❡♥❣✐♥❣✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡
r❡str✐❝t ♦✉r ❛♥❛❧②s✐s t♦ ❛ ❧❛♠✐♥❛r ❛♥❞ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✢♦✇ ❛♥❞ ❡①♣❡❝t t♦ r❡❝♦✈❡r s♦♠❡ ♦❢ t❤❡s❡
✢♦✇ ✐♥st❛❜✐❧✐t✐❡s✳
❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ st❡♣✱ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✱ ❝♦♠❡s ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✇♦r❦ ❜② ❉✉r✐❡③ ✭✷✵✵✾✮✳
❚❤✐s ❧❛t❡r st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ ❝♦♥tr♦❧ ♦❢ t❤❡ ✢♦✇ ✐♥ ❜♦t❤ ✇✐♥❞ ❛♥❞ ✇❛t❡r t✉♥♥❡❧ ❡①♣❡r✐♠❡♥ts✳ ■♥
♦✉r ❝❛s❡✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ❛ 2D st❡♣ ✭✐♥✜♥✐t❡ ✐♥ t❤❡ s♣❛♥✇✐s❡ ❞✐r❡❝t✐♦♥✮ ❛♥❞ ✇✐t❤♦✉t ❛ t♦♣ ✇❛❧❧ s♦ ❛s t♦
❛✈♦✐❞ ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s✳ ❨❡t✱ ❞✉❡ t♦ t❤❡ ❝♦♥✜♥❡♠❡♥t ❡✛❡❝ts ✐♥❞✉❝❡❞ ❜② t❤❡ ❧❛t❡r❛❧ ❛♥❞ t♦♣ ✇❛❧❧s✱
♦✉r ❣♦❛❧ ✐s ♥♦t t♦ ❣❡t ❛♥ ❛❝❝✉r❛t❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ r❡s✉❧ts ❜② ❉✉r✐❡③ ✭✷✵✵✾✮✳ ■♥st❡❛❞✱ ✇❡ ❡①♣❡❝t
t♦ ②✐❡❧❞ ❛ ❝♦♠♣❧❡t❡ st✉❞② ♦❢ t❤❡ ❧✐♥❡❛r ✢♦✇ ❞②♥❛♠✐❝s ❜② ✉s✐♥❣ s♦♠❡ ♦❢ t❤❡ ♠♦st r❡❝❡♥t ❤②❞r♦❞②♥❛♠✐❝
st❛❜✐❧✐t② t♦♦❧s✳ ❚❤♦✉❣❤✱ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ ✇✐❧❧ ❜❡ s❤♦✇♥ t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❝♦♠♠♦♥❧② ❦♥♦✇♥
❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r❡s❡♥t ❛ t❤♦r♦✉❣❤ ✈✐❡✇ ♦❢ t❤❡ ❧✐♥❡❛r ♠❡❝❤❛♥✐s♠s
♦❢ t❤❡ ✢♦✇ ❞②♥❛♠✐❝s ✐♥ ✈✐❡✇ ♦❢ ✐ts ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧✱ ✇❤✐❝❤ ✐s ❛ss❡ss❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡rs✳
❚❤❡ r❡st ♦❢ t❤❡ ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇✿ ■♥ s❡❝t✐♦♥ ✶✳✷ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥ ♦✈❡r
t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛♥❞ ♠♦❞❡❧✐♥❣ ❛ss✉♠♣t✐♦♥s✳ ◆❡①t✱ t❤❡ ❜❛s❡
✢♦✇ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ✐s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✸✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐ts ❞❡♣❡♥❞❡♥❝❡ ✇✐t❤
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ s✐③❡ ❛♥❞ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ❡①❛♠✐♥❡❞✳ ❚❤❡♥✱ ✇❡ st✉❞② ✐♥ s❡❝t✐♦♥ ✶✳✹ t❤❡
❧♦♥❣ t✐♠❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❜❛s❡ ✢♦✇ t❤r♦✉❣❤ ❛ ♠♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❛❧②s✐s✳ ❙❡❝t✐♦♥ ✶✳✺ st❛♥❞s
❢♦r t❤❡ s❤♦rt t✐♠❡ ❛♥❛❧②s✐s ✇❤❡r❡ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ✢♦✇ t♦ tr❛♥s✐❡♥t❧② ❛♠♣❧✐❢② ♣❡rt✉r❜❛t✐♦♥s ✐s ❛ss❡ss❡❞✳
❋✐♥❛❧❧②✱ s❡❝t✐♦♥ ✶✳✻ ♣r♦✈✐❞❡s ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ✐♥st❛❜✐❧✐t② ♠❡❝❤❛♥✐s♠s ❛♥❞ ❝♦♥❝❧✉❞✐♥❣
r❡♠❛r❦s✳

✶✳✷ ❋❧♦✇ ❝♦♥✜❣✉r❛t✐♦♥

✶✳✷✳✶ ●❡♦♠❡tr②

❚❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ❝♦♥s✐sts ♦❢ ❛ ❢r❛❝t✐♦♥ ♦❢ ❛ ❝✐r❝✉❧❛r ❝②❧✐♥❞❡r ❧✐♥❦❡❞ ✇✐t❤ t✇♦
✢❛t ♣❧❛t❡s✳ ❚❤✐s ❣❡♦♠❡tr② ❤❛s ✜rst ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ t❤❡s✐s ❜② ❉✉r✐❡③ ✭✷✵✵✾✮ ❜② ❡①♣❡r✐♠❡♥t❛❧
♠❡❛♥s✳ ❋✐❣✉r❡ ✶✳✷✭❛✮ r❡♣r❡s❡♥ts ❛ s❦❡t❝❤ ♦❢ t❤❡ ❝✐r❝✉❧❛r st❡♣✳ ❉❡♥♦t✐♥❣ t❤❡ st❡♣ ❤❡✐❣❤t ❜② h✱ t❤❡ r❛❞✐✉s
♦❢ ❝✉r✈❛t✉r❡ ✐s ❣✐✈❡♥ ❜② R = 5

2h ❛♥❞ t❤❡ st❡♣ ❧❡♥❣t❤ ✐s ❡q✉❛❧ t♦ L = 2h✳ ❚❤❡ ❣❡♦♠❡tr② ✐s ❞❡✜♥❡❞ ✐♥ ❛
❝❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠ (x, y, z)✱ ✇❤❡r❡ ❝♦♦r❞✐♥❛t❡ x✱ y ❛♥❞ z ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧✱

✶✹
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❋✐❣✉r❡ ✶✳✷✿ ✭❛✮ ❇❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ❣❡♦♠❡tr② ✭t❛❦❡♥ ❢r♦♠ ❉✉r✐❡③ ✭✷✵✵✾✮✮✳ ❆ s❦❡t❝❤ ♦❢ t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❜♦① ❛♥❞ ✐ts ❞✐♠❡♥s✐♦♥s ✐s ♣r♦✈✐❞❡❞ ✐♥ ✭❜✮✳

✈❡rt✐❝❛❧ ❛♥❞ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥s✳ ❚❤❡ str❡❛♠✇✐s❡ ❞✐r❡❝t✐♦♥ ✐s ❞❡♥♦t❡❞ ❜② x ❛♥❞ t❤❡ ✢♦✇ ❝♦♠❡s ❢r♦♠
t❤❡ ❧❡❢t✱ s❡❡ ✜❣✉r❡ ✶✳✷✭❜✮✳ ❚❤❡ st❡♣ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ✐♥✜♥✐t❡ ✐♥ t❤❡ s♣❛♥✇✐s❡ ❞✐r❡❝t✐♦♥ z ❛♥❞ ✇✐t❤♦✉t ❛♥②
✇❛❧❧ ❛t t❤❡ t♦♣✱ ✐✳❡✳ ✐♥ t❤❡ ❢r❡❡✲str❡❛♠✳
❚❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ st❡♣ ✐s ❛t (x = 0; y = h)
❛♥❞ ✐ts ❡♥❞✐♥❣ ❛t (x = L; y = 0)✳ ❚❤❡♥✱ ❛s r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✭❜✮✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣❛r❛♠❡t❡rs
Li✱ Lo ❛♥❞ H t♦ ❞❡✜♥❡ t❤❡ s✐③❡ ♦❢ t❤❡ ✢✉✐❞ ❞♦♠❛✐♥✳ ❋✉rt❤❡r♠♦r❡✱ ❛s ❛ ✢✉✐❞ ✢♦✇s ❢r♦♠ t❤❡ ✉♣str❡❛♠✱
❛♥ ✐♥❝♦♠✐♥❣ ❜♦✉♥❞❛r② ❧❛②❡r ❞❡✈❡❧♦♣s ❜❡❢♦r❡ r❡❛❝❤✐♥❣ t❤❡ st❡♣✳ ■♥ t❤❡ ✉♣♣❡r ✢❛t✲♣❧❛t❡ ✭❛t y = 1✮✱ ❛
❢r❡❡✲s❧✐♣ ❝♦♥❞✐t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ❢♦r (x < −Lb)✱ ✇❤❡r❡❛s t❤❡ ♥♦✲s❧✐♣ ❜♦✉♥❞❛r② st❛rts ❢♦r (x > −Lb)✳ ❚❤❡
✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ♣❛r❛♠❡t❡r ❡♥❛❜❧❡s t♦ ❡♥❢♦r❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❜♦✉♥❞❛r②❀ ✐t ❤❛s ❜❡❡♥ ✜①❡❞ t♦
Lb = 2h ❢♦r ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♥✈❡♥✐❡♥❝❡✳

✶✳✷✳✷ ●♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s

❆ ✢✉✐❞ ♦❢ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t② ν ✐s s✉♣♣♦s❡❞ t♦ ❡♥t❡rs t❤❡ ❞♦♠❛✐♥ ❢r♦♠ t❤❡ ❧❡❢t ❛t (x = −Li) ✇✐t❤ ❛
✉♥✐❢♦r♠ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② U∞✳ ❚❤❡ r❡❢❡r❡♥❝❡ ❧❡♥❣t❤ ❛♥❞ ✈❡❧♦❝✐t② s❝❛❧❡s ❛r❡ ❝❤♦s❡♥ ❛s h = 1 ❛♥❞
U∞ = 1 ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ✢✉✐❞ ♠♦t✐♦♥ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥s ✶✳✶ ❣✐✈❡♥ ❜②

{
∂tu + (u ·∇)u = −∇p+ ❘❡−1 ∇2u

∇·u = 0
✭✶✳✶✮

❲❤❡r❡ t❤❡ ✈❡❝t♦r u = (u, v, w) st❛♥❞s ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥ t❤❡ ❝❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ p ✐s t❤❡
♣r❡ss✉r❡ ✜❡❧❞✱ ❛♥❞ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ❞❡✜♥❡❞ ❛s ❘❡ = U∞h/ν✳

❘❡❣❛r❞✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ ✉♥✐❢♦r♠ ✈❡❧♦❝✐t② (u = 1; v = 0) ✐s ♣r❡s❝r✐❜❡❞ ❛t t❤❡ ✐♥❧❡t
❜♦✉♥❞❛r② x = −Li✳ ❚❤❡ ❢r❡❡✲s❧✐♣ ❝♦♥❞✐t✐♦♥ ✇✐t❤ ③❡r♦ t❛♥❣❡♥t✐❛❧ str❡ss (∂yu = 0; v = 0) ✐s ♣r❡s❝r✐❜❡❞
♦♥ t❤❡ ❜♦✉♥❞❛r② (−Li ≤ x ≤ −Lb; y = 1)✳ ❚❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♥♦✲s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛t
(x = −Lb; y = 1) ❣❡♥❡r❛t❡s ❛ ❞❡✈❡❧♦♣✐♥❣ ❧❛♠✐♥❛r ❜♦✉♥❞❛r② ❧❛②❡r ❛♥❞ t❤❡ ♥♦✲s❧✐♣ ❝♦♥❞✐t✐♦♥ (u = 0)
✐s ✐♠♣♦s❡❞ ♦♥ ❛❧❧ t❤❡ r❡♠❛✐♥✐♥❣ (x > −Lb) ❧♦✇❡r ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✳ ❆t t❤❡ ✉♣♣❡r ❜♦✉♥❞❛r②

✶✺
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❋✐❣✉r❡ ✶✳✸✿ ❙tr✉❝t✉r❡ ♦❢ t❤❡ ♠❡s❤ ❝♦♥s✐❞❡r❡❞ t♦ ❞✐s❝r❡t✐③❡ t❤❡ ✢✉✐❞ ❞♦♠❛✐♥✳

y = H✱ ✇❡ ❡♥❢♦r❝❡ ❛ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥ (∂yu = 0; v = 0)✱ ✇❤✐❝❤ ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ✉♥✐❢♦r♠
❢r❡❡✲str❡❛♠ ❝♦♥❞✐t✐♦♥✳ ❋✐♥❛❧❧②✱ ❛ ❢r❡❡ ♦✉t✢♦✇ ❝♦♥❞✐t✐♦♥ pn−❘❡−1(∇u) ·n = 0 ✐s ♣r❡s❝r✐❜❡❞ ❛t t❤❡ ♦✉t❧❡t
❜♦✉♥❞❛r② x = Lo✱ ✇❤❡r❡ n st❛♥❞s ❢♦r t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧ ✉♥✐t❛r② ✈❡❝t♦r ♦❢ t❤❡ ❜♦✉♥❞❛r②✳

✶✳✷✳✸ ▲✐♥❡❛r ❞②♥❛♠✐❝s

❚❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ■t
❝♦♥s✐sts ✐♥ st✉❞②✐♥❣ t❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s t❤❛t ❞❡✈❡❧♦♣ ♦♥ ❛ ❣✐✈❡♥ ❜❛s❡ ✢♦✇✳
❘❡♠✐♥❞✐♥❣ t❤❛t ✇❡ st✉❞② t❤❡ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✢✉✐❞ ♠❡❝❤❛♥✐❝s ♦✈❡r ❛ tr❛♥s✐t✐♦♥❛❧ s❡♣❛r❛t❡❞ ✢♦✇✱ ✐t
✐s ♥❛t✉r❛❧ t♦ ❝♦♥s✐❞❡r ❛ ❜❛s❡ ✢♦✇ ❣✐✈❡♥ ❜② ❛ st❡❛❞② s♦❧✉t✐♦♥ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ s❡❡ ❙❝❤♠✐❞ ✫
❍❡♥♥✐♥❣s♦♥ ✭✷✵✵✶✮✳ ◆❡①t✱ ❣✐✈❡♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ st❡♣✱ ✇❡ ❧♦♦❦ ❢♦r ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✭✷❉✮
❜❛s❡ ✢♦✇ ✭✇✐t❤ w = 0✮✳ ❊✈❡♥ ✐❢ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ st❡❛❞② s♦❧✉t✐♦♥ ♠❛② ❡①✐st ❢♦r ♣❛rt✐❝✉❧❛r ❘❡②♥♦❧❞s
♥✉♠❜❡rs ✭t❤✐s ✇✐❧❧ ❜❡ s❤♦✇♥ ♥❡①t✮✱ t❤✐s ❝❤♦✐❝❡ ✐s ♠♦t✐✈❛t❡❞ s✐♥❝❡ ❛ ✷❉ st❡❛❞② ✢♦✇ ②✐❡❧❞s t❤❡ s♦❧✉t✐♦♥
❤❛✈✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✳ ▼♦st❧②✱
❛ ✷❉ ❜❛s❡ ✢♦✇ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❛ ♠✉❝❤ s✐♠♣❧❡r ✇❛② ♦♥ ❛ ✷❉ ♠❡s❤✳ ❚❤❡ st❛t❡ ✢♦✇ (u, v, w, p) ✐s
❞❡❝♦♠♣♦s❡❞ ❛s t❤❡ s✉♠ ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ❛♥❞ ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥✿

(u, v, w, p) = (U, V, 0, P ) + ǫ(u′, v′, w′, p′) ✭✶✳✷✮

❚❤❡ ♣❛r❛♠❡t❡r ε ♣♦✐♥ts ♦✉t t❤❛t t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ❧♦✇ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❜❛s❡ ✢♦✇✳ ❇② ✐♥tr♦❞✉❝✐♥❣ t❤✐s
❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✶✳✶✱ ❛♥❞ ♥❡❣❧❡❝t✐♥❣ t❤❡ ǫ2 t❡r♠s✱ ✇❡ ❣❡t ❛t ✜rst ♦r❞❡r
t❤❡ ❡q✉❛t✐♦♥ ❣♦✈❡r♥✐♥❣ t❤❡ ❜❛s❡ ✢♦✇✿

{
(U ·∇)U = −∇P + ❘❡−1 ∇2U

∇·U = 0
✭✶✳✸✮

✇❤✐❝❤ ❞❡✜♥❡s ❛ ✷❉ st❡❛❞② ✢♦✇ s♦❧✉t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ ✈❡❝t♦r U = (U, V ) st❛♥❞ ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞
♦❢ t❤❡ ❜❛s❡ ✢♦✇✳ ◆❡①t✱ ❛t ♦r❞❡r ǫ✱ ✇❡ r❡❝♦✈❡r t❤❡ ❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ t❤❡
♣❡rt✉r❜❛t✐♦♥ ❞❡✈❡❧♦♣✐♥❣ ♦✈❡r t❤❡ ❜❛s❡ ✢♦✇✱ ♥❛♠❡❧② t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✿

{
∂tu + U ·∇u + u ·∇U = −∇p+ ❘❡−1∇2u

∇·u = 0
✭✶✳✹✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ♦♠✐tt❡❞ t❤❡ ♣r✐♠❡s ♦✈❡r t❤❡ ❞✐st✉r❜❛♥❝❡ t❡r♠s ❢♦r s✐♠♣❧✐❝✐t②✳ ■♥ ❢❛❝t✱ ✇❡ ♥♦✇ ❞❡♥♦t❡
❜② u = (u, v) ❛♥❞ p t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡ ✜❡❧❞s ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐♥ t❤❡ r❡st ♦❢ t❤✐s ❝❤❛♣t❡r✳
❚❤❡ q✉❡st✐♦♥ t♦ ❦♥♦✇♥ ✇❤❛t ❛r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ s✉❝❤ ♣❡rt✉r❜❛t✐♦♥s ❛❜♦✉t t❤❡ ❜❛s❡ ✢♦✇ st❛♥❞s ❢♦r
t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❨❡t✱ ❜❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣ ✇✐t❤ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s✱ t❤❡ ❜❛s❡ ✢♦✇ ✐s ✜rst
♣r❡s❡♥t❡❞ ❛♥❞ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✶✻



✶✳✸✳ ❇❆❙❊ ❋▲❖❲

❋✐❣✉r❡ ✶✳✹✿ ❇❛s❡ ✢♦✇ s♦❧✉t✐♦♥ ❛t ❘❡ = 600✳ ❚❤❡ ✢♦✇ ✐s ❞❡♣✐❝t❡❞ ❜② ❜♦t❤ ✐ts ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ❛♥❞
str❡❛♠❧✐♥❡s✳

✶✳✸ ❇❛s❡ ✢♦✇

✶✳✸✳✶ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛♥❞ ♣r♦❜❧❡♠ ❞✐s❝r❡t✐③❛t✐♦♥

❚❤❡ ✷❉ st❡❛❞② st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✶✳✸ ❛r❡ s♦❧✈❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♣r❡s❡♥t❡❞
✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ◆✉♠❡r✐❝❛❧❧②✱ t❤✐s ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❜② ❛ ✜♥✐t❡✲❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ✉s✐♥❣ P✷✲P✶
❍♦♦❞✲❚❛②❧♦r ❡❧❡♠❡♥ts✿ s✐①✲♥♦❞❡ q✉❛❞r❛t✐❝ tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ✇✐t❤ q✉❛❞r❛t✐❝ ✐♥t❡r♣♦❧❛t✐♦♥ ❢♦r ✈❡❧♦❝✐t✐❡s
✭P✷✮ ❛♥❞ t❤r❡❡✲♥♦❞❡ ❧✐♥❡❛r tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ❢♦r ♣r❡ss✉r❡ ✭P✶✮✱ s❡❡ ❉✐♥❣ ✫ ❑❛✇❛❤❛r❛ ✭✶✾✾✾✮ ❢♦r ♠♦r❡
❞❡t❛✐❧s✳ ❚❤❡ ♠❡s❤❡s ❛♥❞ ❞✐s❝r❡t❡ ♠❛tr✐❝❡s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ✶✳✸ ❛r❡
❣❡♥❡r❛t❡❞ ✇✐t❤ t❤❡ s♦❢t✇❛r❡ ❋r❡❡❋❡♠✰✰ ✭❤tt♣ ✿✴✴✇✇✇✳❢r❡❡❢❡♠✳♦r❣✮✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠❡s❤ ❛❞♦♣t❡❞
❤❡r❡❛❢t❡r ❤❛s ❜❡❡♥ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✸✳ ■t ✐s ❝♦♠♣♦s❡❞ ❜② ✜✈❡ ③♦♥❡s ❞❡✜♥❡❞ ❜② ❛ ❝♦♥st❛♥t tr✐❛♥❣❧❡s
❞❡♥s✐t②✳ ❚❤❡ ✜rst ③♦♥❡✱ ❤❛✈✐♥❣ t❤❡ ❤✐❣❤❡st ❞❡♥s✐t②✱ ✐s ❝❤♦s❡♥ ❛t t❤❡ ✉♣str❡❛♠ ✐♥ ♦r❞❡r t♦ ✐♥❝❧✉❞❡ t❤❡
❞❡✈❡❧♦♣✐♥❣ ❜♦✉♥❞❛r② ❧❛②❡r ❛♥❞ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s❤❡❛r ❧❛②❡r✳ ❚❤✐s ❝❤♦✐❝❡ ✐s ♠♦t✐✈❛t❡❞ ❜② ❛♥t✐❝✐♣❛t✐♥❣
t❤❛t t❤✐s r❡❣✐♦♥ ✇✐❧❧ ❝♦♠♣r✐s❡ ✭✐✮ t❤❡ ❤✐❣❤❡st ❜❛s❡ ✢♦✇ s❤❡❛r ❛♥❞ ✭✐✐✮ t❤❡ s♠❛❧❧❡st ♣❡rt✉r❜❛t✐♦♥ str✉❝✲
t✉r❡s✳ ❚❤❡ s❡❝♦♥❞ ③♦♥❡ ✐s ❝❤♦s❡♥ t♦ ✐♥❝❧✉❞❡ t❤❡ ✇❤♦❧❡ r❡❝✐r❝✉❧❛t✐♦♥ r❡❣✐♦♥✳ ❚❤❡ t❤✐r❞ ③♦♥❡ ❡①t❡♥❞s ♦♥
t❤❡ r❡♠❛✐♥✐♥❣ ✉♣str❡❛♠ ❛♥❞ ❞♦✇♥str❡❛♠ ♣❛rt ♦❢ t❤❡ ❞♦♠❛✐♥✳ ❋✐♥❛❧❧②✱ t❤❡ ❢♦✉rt❤ ❛♥❞ ✜❢t❤ ③♦♥❡ st❛♥❞
❢♦r t❤❡ ❢r❡❡✲str❡❛♠ r❡❣✐♦♥s✳

Pr❛❝t✐❝❛❧❧②✱ t♦ ❝♦♠♣✉t❡ t❤❡ ❜❛s❡ ✢♦✇✱ ✇❡ ♣r♦❝❡❡❞ ❛s ✐♥ ❇❛r❦❧❡② ❡t ❛❧✳ ✭✷✵✵✷✮ ✇❤❡r❡ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t
s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✐s ✜rst ✉s❡❞ t♦ ❣❡t ❛♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ❜❛s❡ ✢♦✇✳ ◆❡①t✱ ❛ ◆❡✇t♦♥ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ st❡❛❞② s♦❧✉t✐♦♥
✶✳✸✱ st❛rt✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ✇✐t❤ t❤❡ ❛♣♣r♦①✐♠❛t❡ st❡❛❞② s♦❧✉t✐♦♥ ❛s ❛ ❣✉❡ss✳ ❚❤✐s ❛❧❣♦r✐t❤♠ r❡q✉✐r❡s
t❤❡ ✐♥✈❡rs✐♦♥ ♦❢ ♥♦♥✲s②♠♠❡tr✐❝❛❧ s♣❛rs❡ ♠❛tr✐❝❡s✱ ✇❤✐❝❤ ✐s ❝❛rr✐❡❞ ♦✉t ✇✐t❤ ❜② ❞✐r❡❝t ♠✉❧t✐❢r♦♥t❛❧ s♣❛rs❡
▲❯ s♦❧✈❡r ✭▼❯▼P❙ ❆♠❡st♦② ❡t ❛❧✳ ✭✷✵✵✶✮✮✳ ❙♦❧✉t✐♦♥ ❛t ❧❛r❣❡r ❘❡②♥♦❧❞s ♥✉♠❜❡r ♠❛② ❜❡ ❡❛s✐❧② ❢♦❧❧♦✇❡❞
❜② ❝♦♥t✐♥✉✐t②❀ t❤❡ s♦❧✉t✐♦♥ ❛t ❛ s♠❛❧❧❡r ❘❡②♥♦❧❞s ♥✉♠❜❡r ②✐❡❧❞s t❤❡ ♥❡✇ ❣✉❡ss t♦ ❛♣♣❧② t❤❡ ◆❡✇t♦♥
❛❧❣♦r✐t❤♠✳ ◆♦t❡ t❤❛t t❤✐s ◆❡✇t♦♥ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ s❛♠❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦❛❝❤
✐♥ t❤❡ ✇♦r❦ ♦❢ ❙✐♣♣ ✫ ▲❡❜❡❞❡✈ ✭✷✵✵✼✮✳

✶✳✸✳✷ ❙t❡❛❞② s♦❧✉t✐♦♥ ❛t ❘❡ = 600

❲❡ ♣r❡s❡♥t ❤❡r❡ t❤❡ ❜❛s❡ ✢♦✇ s♦❧✉t✐♦♥ ❛t ❘❡ = 600 ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ◆❡✇t♦♥ ♠❡t❤♦❞✳ ❋✐❣✉r❡ ✶✳✹ ❞❡♣✐❝ts
t❤❡ str❡❛♠❧✐♥❡s ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ r❡s✉❧t✐♥❣ st❡❛❞② ✢♦✇✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r
st❛rt t♦ ❞❡✈❡❧♦♣ ❢r♦♠ x = −2 ✉♥t✐❧ ✐t s❡♣❛r❛t❡s ❞✉❡ t♦ t❤❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t ❡✛❡❝t ✐♥❞✉❝❡❞ ❜② t❤❡ ❣❡♦♠❡tr②
❝✉r✈❛t✉r❡✳ ❇❡②♦♥❞ s❡♣❛r❛t✐♦♥✱ ❛♥ ❡❧♦♥❣❛t❡❞ r❡❝✐r❝✉❧❛t✐♦♥ r❡❣✐♦♥ ✐s ❣❡♥❡r❛t❡❞✳ ❋❛rt❤❡r ❞♦✇♥str❡❛♠✱ t❤❡
❜♦✉♥❞❛r② ❧❛②❡r r❡❛tt❛❝❤❡s t❤❡ ✇❛❧❧ ❛♥❞ ❞❡✈❡❧♦♣s ✉♥t✐❧ t❤❡ ❡♥❞ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳
❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✶✱ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❞②♥❛♠✐❝s ♠❛② ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t✇♦ ❞✐❢✲
❢❡r❡♥t t②♣❡s ♦❢ ❧❡♥❣t❤ s❝❛❧❡s✳ ❚❤❡ ✜rst ♦♥❡s✱ s✉❝❤ ❛s t❤❡ st❡♣ ❤❡✐❣❤t ♦r t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ❛r❡ ❝❛❧❧❡❞
✧❣❧♦❜❛❧✧ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ♦♥❡s s✉❝❤ ❛s t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ♦r s❤❡❛r ❧❛②❡r t❤✐❝❦♥❡ss ❛r❡ s❛✐❞ ✧❧♦❝❛❧✧✳
❇♦t❤ ❞❡♣❡♥❞ ♦♥ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛♥❞ t❤❡ st❛rt✐♥❣ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✉♣str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r ✭✜①❡❞
t♦ x = −2 ❤❡r❡✮✳ ❚❤❡s❡ q✉❛♥t✐t✐❡s✱ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❜❛s❡ ✢♦✇s✱ ❛r❡ ❜r✐❡✢② ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✶✼
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▼❡s❤ d1 d2 d3 d4 d5 ntr✐ n✈❡rt xs ys xr Lr

M1 ✺✵ ✷✺ ✾ ✸ ✶ ✽✽ ✶✽✶ ✹✹ ✽✽✸ ✵✳✼✹✹ ✵✳✽✽✼ ✶✵✳✼✼✽ ✶✵✳✵✸✹
M2 ✼✺ ✹✵ ✶✺ ✹ ✷ ✷✷✾ ✽✸✻ ✶✶✻ ✷✹✵ ✵✳✼✸✺ ✵✳✽✽✾ ✶✵✳✽✵✻ ✶✵✳✵✼✶

❚❛❜❧❡ ✶✳✶✿ ❈❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ t✇♦ ♠❡s❤❡s ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ st✉❞② ❛t ❘❡ = 600✳

✶✳✸✳✷✳✶ ❘❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤

❆ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ✐s ♣❛✐❞ t♦ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤✱ ✇❤✐❝❤ ✐s ✉s❡❞ t♦ ❝❤❡❝❦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤
r❡s♣❡❝t t♦ ❣r✐❞ r❡s♦❧✉t✐♦♥✳ ❚❤✐s ❝❤♦✐❝❡ ✐s ♠♦t✐✈❛t❡❞ s✐♥❝❡ t❤❡ r❡❛tt❛❝❤♠❡♥t ❧❡♥❣t❤ ✐s ❦♥♦✇♥ t♦ ❜❡
♣❛rt✐❝✉❧❛r❧② s❡♥s✐t✐✈❡ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥✳ ❍♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ✐s ✐❧❧✉str❛t❡❞
✐♥ ✜❣✉r❡ ✶✳✺✳ ❇② ❝♦♠♣✉t✐♥❣ t❤❡ s❦✐♥ ❢r✐❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦♥ t❤❡ ✇❛❧❧✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②

Cf (x) = − 2

❘❡
t ·(∇U + ∇U t) ·n ✭✶✳✺✮

✇❤❡r❡ t ❞❡♥♦t❡s t❤❡ ✉♥✐t t❛♥❣❡♥t ✈❡❝t♦r ♦r✐❡♥t❡❞ ❞♦✇♥str❡❛♠ t♦ t❤❡ ✇❛❧❧✳ ❚❤❡ s❡t ♦❢ x ♣♦s✐t✐♦♥s ✇❤❡r❡
t❤❡ s❦✐♥ ❢r✐❝t✐♦♥ ✐s ♥❡❣❛t✐✈❡ ❞❡✜♥❡s t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❛r❡❛✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ✜rst ❝♦♦r❞✐♥❛t❡ ✇❤❡r❡ t❤❡
s❦✐♥ ❢r✐❝t✐♦♥ ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡ ✐❞❡♥t✐✜❡s t❤❡ s❡♣❛r❛t✐♦♥ ♣♦✐♥t ❛t (xs; ys)✳ ❙✐♠✐❧❛r❧②✱ t❤❡ r❡❛tt❛❝❤♠❡♥t
♣♦✐♥t (xr; yr) ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣♦s✐t✐♦♥ ✇❤❡r❡ Cf ❝♦♠❡s ❜❛❝❦ t♦ ♣♦s✐t✐✈❡ ✈❛❧✉❡s✳ ❚❤❡ r❡❝✐r❝✉❧❛t✐♦♥
❜✉❜❜❧❡ ❧❡♥❣t❤ Lr ✐s t❤❡♥ s✐♠♣❧② ❞❡✜♥❡❞ ❜②

Lr = xr − xs ✭✶✳✻✮

❋♦r t❤❡ ❜❛s❡ ✢♦✇ ❛t ❘❡ = 600✱ ✜❣✉r❡ ✶✳✺✭❛✮ ❞❡♣✐❝ts t❤❡ s❡♣❛r❛t✐♦♥ ❛♥❞ r❡❛tt❛❝❤♠❡♥t ♣♦✐♥ts ❢r♦♠ t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✇❛❧❧ s❦✐♥ ❢r✐❝t✐♦♥✱ r❡♣r❡s❡♥t❡❞ ✐♥ ✶✳✺✭❜✮✳ ❚❤❡ ❜♦✉♥❞❛r② ❧❛②❡r s❡♣❛r❛t❡s ❛t x ≈ 0.7
❛♥❞ r❡❛tt❛❝❤❡s ❛t x ≈ 10.8✱ s♦ t❤❛t Lr ≈ 10.1✳
❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❣r✐❞ r❡s♦❧✉t✐♦♥ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ♠❡s❤❡s ❞❡♥♦t❡❞ ❜② M1 ❛♥❞
M2 ✐♥ t❛❜❧❡ ✶✳✶✳ ◆♦t❡ t❤❛t t❤❡ ✜✈❡ tr✐❛♥❣❧❡s ❞❡♥s✐t✐❡s ✭❞❡✜♥❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♣♦s❡❞ tr✐❛♥❣❧❡ ❡❞❣❡s
♣❡r ✉♥✐t ❧❡♥❣t❤✮ ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ t❤❡ ❝♦❧✉♠♥s d1, d2, d3, d4 ❛♥❞ d5✳ ■t ✐s ♥♦t❡✇♦rt❤② t❤❛t t❤❡s❡
t✇♦ ♠❡s❤❡s ❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞ ✐♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ s✉❝❤ t❤❛t Li = −20✱ Lo = 100 ❛♥❞ H = 20✱
✇❤✐❝❤ ✇✐❧❧ ❜❡ s❤♦✇♥✱ ❢❛rt❤❡r ✐♥ t❤✐s s❡❝t✐♦♥✱ t♦ ❜❡ s✉✣❝✐❡♥t t♦ ❛✈♦✐❞ ❛♥② ❝♦♥✜♥❡♠❡♥t ❡✛❡❝t✳
❚❤❡s❡ r❡s✉❧ts ❤✐❣❤❧✐❣❤t t❤❛t ❛ ♠✉❝❤ ✜♥❡r ♠❡s❤ t❤❛♥ M1 r❡❝♦✈❡r t❤❡ s❛♠❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ✇✐t❤ ❛ 3
❞✐❣✐ts ❛❝❝✉r❛❝②✳ ❚❤❡ ♠❡s❤ M1 ✐s t❤✉s ❝♦♥s✐❞❡r❡❞ ❛s s✉✣❝✐❡♥t❧② r❡✜♥❡❞ t♦ ②✐❡❧❞ ❛ ❝♦♥✈❡r❣❡❞ ❜❛s❡ ✢♦✇ ❛t
❘❡ = 600✳

✶✳✸✳✷✳✷ ❇♦✉♥❞❛r② ❧❛②❡r t❤✐❝❦♥❡ss

❆s ❛ st❛♥❞❛r❞ ✇❛② ♦❢ q✉❛♥t✐❢②✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r t❤✐❝❦♥❡ss✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ♠♦♠❡♥t✉♠ t❤✐❝❦✲
♥❡ss❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss δ∗(x) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❞✐st❛♥❝❡ t❤❛t t❤❡ s✉r❢❛❝❡ ✇♦✉❧❞
❤❛✈❡ t♦ ❞✐s♣❧❛❝❡ ♦✉t✇❛r❞s ✐♥ ❛♥ ✐♥✈✐s❝✐❞ ✢♦✇ s♦ ❛s t♦ ②✐❡❧❞ t❤❡ s❛♠❡ ♠❛ss ✢♦✇ r❛t❡ ❞❡✜❝✐t ❛s t❤❛t ❡①✐st✐♥❣
✐♥ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r✳ ■t ✐s ❡①♣r❡ss❡❞ ❜②

δ∗(x) =

∫ yt

yw

(1 − u

u0
)dy ✭✶✳✼✮

✇❤❡r❡ yw ❞❡♥♦t❡s t❤❡ ❧♦✇❡r ✇❛❧❧ ♣♦s✐t✐♦♥✱ yt st❛♥❞s ❢r♦♠ ❛ ❤❡✐❣❤t s♦ t❤❛t u0 = u(yt) ❞❡♥♦t❡s ❛ ❢r❡❡✲
str❡❛♠ r❡❢❡r❡♥❝❡ ✈❡❧♦❝✐t②✳ ❯s✉❛❧❧②✱ yt ✐s ❝❤♦s❡♥ ❛t t❤❡ ♠❛①✐♠✉♠ ❛✈❛✐❧❛❜❧❡ y ♣♦s✐t✐♦♥ s♦ t❤❛t u0 = U∞ = 1✳
❍♦✇❡✈❡r✱ ✐♥ ♦✉r ❝❛s❡✱ t❤❡ ✈❡❧♦❝✐t② ♣r♦✜❧❡ ♠❛② ❡①❝❡❡❞ 1 ✐♥ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❞✉❡ t♦ t❤❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t
❡✛❡❝ts✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐s ✐t ♠♦r❡ r❡❧❡✈❛♥t t♦ ❝❤♦♦s❡ yt s✉❝❤ t❤❛t u(yt) ✐s ♠❛①✐♠✉♠✳ ❙✐♥❝❡ t❤✐s ♠❛①✐♠✉♠
♠❛② ♥♦t ❡①✐sts ❢♦r ♣❛rt✐❝✉❧❛r x ♣♦s✐t✐♦♥s✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝r✐t❡r✐♦♥✿ ❢♦r ❛ ✜①❡❞ x ♣♦s✐t✐♦♥✱
yt ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t

✶✽
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❋✐❣✉r❡ ✶✳✺✿ ✭❛✮ ❇❛s❡ ✢♦✇ str❡❛♠❧✐♥❡s ❛t ❘❡ = 600 t♦❣❡t❤❡r ✇✐t❤ t❤❡ s❡♣❛r❛t✐♦♥ ❛♥❞ r❡❛tt❛❝❤♠❡♥t ♣♦✐♥ts✳
✭❜✮ ❙❦✐♥ ❢r✐❝t✐♦♥ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ✇❛❧❧✳

∂yu(yt) =
1

100
max

y
∂yu ✭✶✳✽✮

■♥ ❢❛❝t✱ t❤❡ ✐❞❡❛ ✐s t♦ ✜♥❞ t❤❡ y ♣♦s✐t✐♦♥ ❛t ✇❤✐❝❤ ∂yu ≈ 0✳ ❚❤❡ ❢❛❝t♦r 1
100 ✐s t❤✉s ❛r❜✐tr❛r②✱ ✐♥❞❡❡❞✱

❝❤♦♦s✐♥❣ ❛♥♦t❤❡r r❡❧❡✈❛♥t ❢❛❝t♦r s✉❝❤ ❛s 1
1000 ❞♦❡s ♥♦t ♠♦❞✐❢② t❤❡ r❡s✉❧ts ✐♥ ♦✉r ❝❛s❡✳

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠♦♠❡♥t✉♠ t❤✐❝❦♥❡ss θ(x) ❜② t❤❡ ❞✐st❛♥❝❡ t❤❛t t❤❡ ✇❛❧❧ ✇♦✉❧❞ ❤❛✈❡ t♦ ❞✐s♣❧❛❝❡
♦✉t✇❛r❞s✱ ✐♥ ❛♥ ✐♥✈✐s❝✐❞ ✢♦✇✱ s♦ ❛s t♦ r❡❝♦✈❡r t❤❡ ❡q✉❛❧ ♠♦♠❡♥t✉♠ ❞❡✜❝✐t ♦❢ t❤❡ ♠❛ss ✢♦✇ r❛t❡✳ ■t ✐s
❝♦♠♣✉t❡❞ ❜② ❛ s✐♠✐❧❛r ❢♦r♠✉❧❛ ❛s

θ(x) =

∫ yt

yw

u

u0
(1 − u

u0
)dy ✭✶✳✾✮

▲❛st❧②✱ ✐t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣✉t❡ t❤❡ s❤❛♣❡ ❢❛❝t♦r H(x) = δ∗(x)/θ(x)✳ ❚❤❡ s❤❛♣❡ ❢❛❝t♦r ✐s ❝♦♠✲
♠♦♥❧② ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♥❛t✉r❡ ♦❢ ❜♦✉♥❞❛r② ❧❛②❡rs✳ ❚❤❡ ❤✐❣❤❡r t❤❡ ✈❛❧✉❡ ♦❢ H✱ t❤❡ str♦♥❣❡r t❤❡
❧♦❝❛❧ ❛❞✈❡rs❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ Pr❛❝t✐❝❛❧❧②✱ t❤❡ st❛♥❞❛r❞ ❧❛♠✐♥❛r ❜♦✉♥❞❛r② ❧❛②❡r ✇✐t❤♦✉t
♣r❡ss✉r❡ ❣r❛❞✐❡♥t✱ ❛❧s♦ ❝❛❧❧❡❞ ❇❧❛s✐✉s ❜♦✉♥❞❛r② ❧❛②❡r✱ ✐s ❦♥♦✇♥ t♦ ❞✐s♣❧❛② t❤❡ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ H = 2.59
✇❤✐❧❡ t✉r❜✉❧❡♥t ✢♦✇s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♠✉❝❤ ❧♦✇❡r ✈❛❧✉❡s ✭t②♣✐❝❛❧❧② H ≈ 1.3✮✳

❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✻✭❛✮ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❤r❡❡ q✉❛♥t✐t✐❡s δ∗(x)✱ θ(x)✱ ❛♥❞ H(x) ❢♦r
t❤❡ ✉♣str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r (−2 ≤ x ≤ 0) ❛♥❞ ✐♥ ✜❣✉r❡ ✶✳✻✭❜✮ ❢♦r t❤❡ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r
(−20 ≤ x ≤ 100)✳ ❚❤❡ ✉♣str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r ❞❡✈❡❧♦♣s ❢r♦♠ x = −2 ✉♥t✐❧ ✐t r❡❛❝❤❡s ❛ ✈❛❧✉❡ δ∗ = 0.082
❛t x = 0✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r t❤❡ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r ✇❤✐❝❤ ✐s ♠✉❝❤ t❤✐❝❦❡r ❞✉❡ t♦ ✈❡r② ❧♦♥❣
❝♦♠♣✉t❛t✐♦♥❛❧ s✐③❡ ❛♥❞ t❤❡ ❤✐❣❤ ❞✐✛✉s✐♦♥ ✭❞✉❡ t♦ t❤❡ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r✮✳ ❆t t❤❡ ♦✉t❧❡t ♣♦s✐t✐♦♥
x = 100✱ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r r❡❛❝❤❡s ❛ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss ♦❢ δ∗ = 0.686✳ ■t s❤♦✉❧❞ ❜❡ r❡♠✐♥❞❡❞
t❤❛t s♣❛t✐❛❧❧② ❞❡✈❡❧♦♣✐♥❣ ❜♦✉♥❞❛r② ❧❛②❡rs ♠❛② ❜❡ s✉❜❥❡❝t❡❞ t♦ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t✐❡s ✇❤❡♥ t❤❡② r❡❛❝❤
❛ s✉✣❝✐❡♥t t❤✐❝❦♥❡ss ❛♥❞ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ t❤❡♥ s♣❛t✐❛❧❧② ❛♠♣❧✐✜❡❞ ✇❤✐❧❡ ❜❡✐♥❣ ❝♦♥✈❡❝t❡❞ ❞♦✇♥str❡❛♠✳
❆❝❝♦r❞✐♥❣ t♦ ❧♦❝❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s✱ ❜♦✉♥❞❛r② ❧❛②❡r ♠❛② ❡①❤✐❜✐t t❤✐s ✐♥st❛❜✐❧✐t② ❜② ❛♠♣❧✐❢②✐♥❣ ❚♦❧❧♠✐❡♥✲
❙❝❤❧✐❝❤t✐♥❣ ✇❛✈❡s ✇❤❡♥ t❤❡ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❜❛s❡❞ ♦♥ t❤❡ ❧♦❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss ❘❡δ∗ ✐s
❧❛r❣❡r t❤❛♥ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ≈ 520✳ ■♥ ♦✉r ❝❛s❡✱ ❘❡δ∗ = 49.2 ❛t x = 0 ❛♥❞ ❘❡δ∗ = 411.8 ❛t x = 100✳
❈♦♥s❡q✉❡♥t❧②✱ ♦✉r s❡t ♦❢ ♣❛r❛♠❡t❡rs r✉❧❡s ♦✉t t❤❡ ♣♦t❡♥t✐❛❧ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t✐❡s ✐♥ ❜♦t❤ t❤❡ ✉♣str❡❛♠
❛♥❞ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r✳
◆♦✇✱ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ s❤❛♣❡ ❢❛❝t♦r H(x)✳ ■♥ t❤❡ ✉♣str❡❛♠ r❡❣✐♦♥✱ ✐t ❞✐s♣❧❛②s ❛ tr❛♥s✐❡♥t
❡✈♦❧✉t✐♦♥ ♥❡❛r t❤❡ st❛rt✐♥❣ ♣♦s✐t✐♦♥ x = −2 ❛♥❞ t❤❡♥ ❛♣♣r♦❛❝❤❡s t❤❡ ❇❧❛s✐✉s r❡❢❡r❡♥❝❡ ✈❛❧✉❡ 2.59
❡♠♣❤❛s✐③❡❞ ❜② ❛ ❞❛s❤❡❞ ❧✐♥❡✳ ❚❤❡ s❤❛♣❡ ❢❛❝t♦r s❧♦✇❧② ❞❡❝r❡❛s❡ ❢r♦♠ x = −1.5 t♦ x = 0 ✇❤✐❝❤ ✐s
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❋✐❣✉r❡ ✶✳✻✿ ✭❛✱❜✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss✱ t❤❡ ♠♦♠❡♥t✉♠ t❤✐❝❦♥❡ss ❛♥❞ s❤❛♣❡ ❢❛❝t♦r ✐♥
t❤❡ str❡❛♠✇✐s❡ ❞✐r❡❝t✐♦♥✳ ✭❛✮ st❛♥❞s ❢♦r t❤❡ ✉♣str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r ✇❤✐❧❡ ✭❜✮ st❛♥❞s ❢♦r t❤❡ ❞♦✇♥str❡❛♠
♦♥❡✳ ✭❝✮ ❞✐s♣❧❛②s t❤❡ ♣r❡ss✉r❡ ✜❡❧❞ ♦❢ t❤❡ ❜❛s❡ ✢♦✇✳ ✭❞✮ ✐❧❧✉str❛t❡s t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ♣r♦✜❧❡s ❛t s♦♠❡
str❡❛♠✇✐s❡ ♣♦s✐t✐♦♥s✳ ❚❤❡s❡ r❡s✉❧ts ❝♦♠❡ ❢r♦♠ t❤❡ ❜❛s❡ ✢♦✇ ❛t ❘❡ = 600

❛ttr✐❜✉t❡❞ t♦ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t ❡✛❡❝t✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✶✳✻✭❝✮ ✇❤❡r❡ ✇❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ t❤❡
♣r❡ss✉r❡ ✜❡❧❞ ♦❢ t❤❡ ❜❛s❡ ✢♦✇✳ ■t ✐s ✐♥❞❡❡❞ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ✉♣str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r ✐s s✉❜❥❡❝t❡❞ t♦ ❛
♣♦s✐t✐✈❡ ✭♦r ❢❛✈♦r❛❜❧❡✮ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t ♦♥ (−2 ≤ x ≤ 0)✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r✱
✐ts s❤❛♣❡ ❢❛❝t♦r ✐s ♠✉❝❤ ❝❧♦s❡r t♦ t❤❡ ❇❧❛s✐✉s r❡❢❡r❡♥❝❡ ✈❛❧✉❡ H(x) = 2.59✱ s❡❡ ✜❣✉r❡ ✶✳✻✭❜✮✳ ❚❤✐s r❡s✉❧t
✐s ♥❛t✉r❛❧ ❛♥❞ ❡①♣❡❝t❡❞ s✐♥❝❡ t❤❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ♠✉❝❤ ✇❡❛❦❡r ✐♥ t❤✐s r❡❣✐♦♥✱ s❡❡
✜❣✉r❡ ✶✳✻✭❝✮✳
❇❡②♦♥❞ t❤❡ str❡❛♠✇✐s❡ ♣♦s✐t✐♦♥ x = 0✱ t❤❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t ❜❡❝♦♠❡ str♦♥❣❧② ♥❡❣❛t✐✈❡ ✭❛❞✈❡rs❡✮ ❞✉❡
t♦ t❤❡ ✇❛❧❧ ❝✉r✈❛t✉r❡ ✐♥❞✉❝❡❞ ❜② t❤❡ ❣❡♦♠❡tr②✳ ❚❤✐s ♥❛t✉r❛❧❧② ❧❡❛❞s t♦ t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r②
❧❛②❡r ❛♥❞✱ ❢❛rt❤❡r✱ t♦ ❛ ❧♦♥❣ ❞❡✈❡❧♦♣✐♥❣ s❤❡❛r ❧❛②❡r✳ ❋♦r ✐❧❧✉str❛t✐♦♥✱ s♦♠❡ ❜♦✉♥❞❛r② ❧❛②❡r ♣r♦✜❧❡s U(y)
❤❛✈❡ ❜❡❡♥ ❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡ ✶✳✻✭❞✮✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡ ✉♣str❡❛♠ ♣r♦✜❧❡s ❛t x = 0✱ x = 0.7✱ t❤❡ s❡♣❛r❛t❡❞
♣r♦✜❧❡s ❛t x = 4✱ x = 8 ❛♥❞ t❤❡ r❡❛tt❛❝❤❡❞ ♣r♦✜❧❡s ❛t x = 10.8 ❛♥❞ x = 15✳

✶✳✸✳✷✳✸ ❱♦rt✐❝✐t②

❙✐♥❝❡ t❤❡ ❜❛s❡ ✢♦✇ ✐s t✇♦✲❞✐♠❡♥s✐♦♥❛❧✱ t❤❡ ✈♦rt✐❝✐t② ✜❡❧❞ ❤❛s ♦♥❧② ♦♥❡ ♥♦♥✲♥✉❧❧ ❝♦♠♣♦♥❡♥t✳ ❉❡♥♦t✐♥❣
t❤❡ x✱ y ❛♥❞ z ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈♦rt✐❝✐t② ✜❡❧❞ ❜② Ωx✱ Ωy ❛♥❞ Ωz r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❤❛✈❡✿

Ωx = Ωy = 0 ❛♥❞ Ωz = ∂xV − ∂yU ✭✶✳✶✵✮
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❋✐❣✉r❡ ✶✳✼✿ ✭❛✮ ❚r❛♥s✈❡rs❡ ✈♦rt✐❝✐t② ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ❛t ❘❡ = 600 ❣✐✈❡♥ ❜② Ωz = ∂xV − ∂yU ✳ ✭❜✱❝✮ st❛♥❞
❢♦r ✐ts ❞❡r✐✈❛t✐✈❡ ❝♦♠♣♦♥❡♥ts ∂yU ❛♥❞ ∂xV r❡s♣❡❝t✐✈❡❧②✳

❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✼✭❛✮ t❤❡ tr❛♥s✈❡rs❡ ❝♦♠♣♦♥❡♥t Ωz ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ✈♦rt✐❝✐t② ❛t ❘❡ = 600✳
❆s ❡①♣❡❝t❡❞✱ t❤❡ ✈♦rt✐❝✐t② ✐s ♣r❡❞♦♠✐♥❛♥t❧② ❧♦❝❛❧✐③❡❞ ✐♥ t❤❡ ✉♣str❡❛♠ ❛♥❞ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡rs✱
❜✉t ♠♦st❧② ✐♥ t❤❡ s❡♣❛r❛t❡❞ s❤❡❛r ❧❛②❡r✳ ❆❝t✉❛❧❧②✱ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✈♦rt✐❝✐t② s❤❡❡t ❡♠❡r❣❡s ❢r♦♠ t❤❡
♥♦✲s❧✐♣ ✇❛❧❧ ❝♦♥❞✐t✐♦♥ ❛♥❞ s♣r❡❛❞s ✐♥ t❤❡ ❞♦✇♥str❡❛♠ ❞✐r❡❝t✐♦♥ ❞✉❡ t♦ ❞✐✛✉s✐♦♥✳ ◆♦t✐❝❡❛❜❧②✱ t❤❡ t✇♦
❞❡r✐✈❛t✐✈❡ ❝♦♠♣♦♥❡♥ts ∂yU ❛♥❞ ∂xV ❤❛✈❡ ❜❡❡♥ s❤♦✇♥ t♦ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢
♣❡rt✉r❜❛t✐♦♥s ❙❝❤♠✐❞ ✫ ❍❡♥♥✐♥❣s♦♥ ✭✷✵✵✶✮✳ ■t ✐s ✐♥❞❡❡❞ t❤❡ ❜❛s❡ ✢♦✇ ❣r❛❞✐❡♥t t❡r♠ ✐♥ t❤❡ ❧✐♥❡❛r✐③❡❞
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ♣❡rt✉r❜❛t✐♦♥s✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞
t❤❡s❡ t✇♦ ❞❡r✐✈❛t✐✈❡s ✐♥ ✜❣✉r❡ ✶✳✼✭❜✮ ❛♥❞ ✭✶✳✼✭❝✮ r❡s♣❡❝t✐✈❡❧②✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ t❡r♠ ∂yU ✐s ✇✐❞❡❧② ❧❛r❣❡r
t❤❛♥ ∂xV ✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❣❧♦❜❛❧ ✢♦✇ ✈♦rt✐❝✐t② ❛♥❞ s❤❡❛r ❛r❡ ♣r❡❞♦♠✐♥❛♥t❧② ❣✐✈❡♥ ❜② t❤❡ ❝r♦ss✲str❡❛♠
✈❛r✐❛t✐♦♥ ♦❢ t❤❡ str❡❛♠✇✐s❡ ✈❡❧♦❝✐t②✱ ❛♥❛❧♦❣♦✉s❧② t♦ ❛ st❛♥❞❛r❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s❤❡❛r ❧❛②❡r✳ ❆s ✇❡ ✇✐❧❧
s❡❡ ✐♥ s❡❝t✐♦♥ ✶✳✺✱ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t✐❡s ♠❛② ✐♥❞❡❡❞ ❛r✐s❡ ❢r♦♠ t❤❡ r♦❧❧✐♥❣ ✉♣ ♦❢ t❤❡ ✈♦rt✐❝✐t② s❤❡❡t ❜②
t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ♠❡❝❤❛♥✐s♠✳

✶✳✸✳✸ ❉❡♣❡♥❞❡♥❝❡ ✇✐t❤ t❤❡ ❞♦♠❛✐♥ s✐③❡

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦♥ t❤❡ ❜❛s❡ ✢♦✇ r❡❝✐r❝✉✲
❧❛t✐♦♥ ❧❡♥❣t❤ Lr✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ❢♦r t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❘❡ = 600 ✇❤❡r❡ ✇❡ ❝❤♦♦s❡ t❤❡ r❡✜♥❡♠❡♥t
❞❡♥s✐t② ♦❢ t❤❡ ♠❡s❤ M1 ✭s❡❡ t❛❜❧❡ ✶✳✶✮ ✇❤✐❝❤ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ s✉✣❝✐❡♥t t♦ ②✐❡❧❞ ❝♦♥✈❡r❣❡❞ r❡s✉❧ts✳
❚❤❡ ❡✛❡❝t ♦❢ t❤❡ t❤r❡❡ ♣❛r❛♠❡t❡rs Li✱ Lo ❛♥❞ H ❛r❡ ❡①❛♠✐♥❡❞ ❤❡r❡✳ ◆♦t❡ t❤❛t t❤❡s❡ q✉❛♥t✐t✐❡s ❤❛✈❡
❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ✜❣✉r❡ ✶✳✷ ❛s t❤❡ s♣❛❝❡ ❜❡t✇❡❡♥ t❤❡ ✐♥✢♦✇✱ ♦✉t✢♦✇ ❛♥❞ t♦♣ ❜♦✉♥❞❛r✐❡s ❛♥❞ t❤❡ ♦r✐❣✐♥
♣♦s✐t✐♦♥ (x = 0; y = 0)✳ ▼♦r❡ ♣❛rt✐❝✉❧❛r❧②✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞ s❡t Li = −20✱
Lo = 100 ❛♥❞ H = 20 ✐s s✉✣❝✐❡♥t t♦ ❛✈♦✐❞ ❛♥② ❝♦♥✜♥❡♠❡♥t ❡✛❡❝t✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ♣r♦❝❡❡❞ ❜② ✜①✐♥❣ t✇♦
♦❢ t❤❡s❡ ✈❛❧✉❡s ❛♥❞ ✈❛r②✐♥❣ t❤❡ r❡♠❛✐♥✐♥❣ ♦♥❡✱ ✇❤✐❧❡ ❝♦♠♣✉t✐♥❣ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ♦❢ t❤❡ r❡s✉❧t✐♥❣
❜❛s❡ ✢♦✇s✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✶✳✽✭❛✱❜✮ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ Li ❛♥❞ Lo r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ♦❜s❡r✈❡ t❤❛t✱ ❢♦r t❤❡ r❛♥❣❡ ♦❢ ♣❛r❛♠❡t❡rs Li = [3; 20] ❛♥❞ Lo = [20; 100]
✐♥✈❡st✐❣❛t❡❞✱ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ✐s ❛❧♠♦st ❝♦♥st❛♥t✳ ■♥ t❤❡s❡ ❝❛s❡s✱ ♥♦ ❝♦♥✜♥❡♠❡♥t ❡✛❡❝ts ❝♦✉❧❞ ❜❡
♦❜s❡r✈❡❞ ❜② ✈❛r②✐♥❣ t❤❡ ✉♣str❡❛♠ ❛♥❞ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ♣♦s✐t✐♦♥s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ r❡❝✐r❝✉❧❛✲
t✐♦♥ ❧❡♥❣t❤ ❝❧❡❛r❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❤❡✐❣❤t H ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❆s ❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡ ✶✳✽✭❝✮✱
t❤❡ ❧❡♥❣t❤ Lr q✉✐❝❦❧② r✐s❡s ✇❤❡♥ ❞❡❝r❡❛s✐♥❣ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜♦①✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ♠❛②
❜❡ s✐♠♣❧② ✐♥t❡r♣r❡t❡❞ ❜② t❤❡ ✢♦✇ r❛t❡ ❝♦♥s❡r✈❛t✐♦♥✳ ❋♦r ❧♦✇ ✈❛❧✉❡s ♦❢ H✱ t❤❡ ❢r❡❡✲str❡❛♠ ❛♥❞ ❞♦✇♥✲
str❡❛♠ ✢♦✇ ✈❡❧♦❝✐t✐❡s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❧♦✇❡r t❤❛♥ t❤❡ ♣r❡s❝r✐❜❡❞ ✐♥✢♦✇ ✈❡❧♦❝✐t② U∞ s♦ t❤❛t ❧❡ss ✐♥❡rt✐❛❧
❡♥❡r❣② ✐s ❜r♦✉❣❤t t♦ t❤❡ ❞❡t❛❝❤❡❞ ❜♦✉♥❞❛r② ❧❛②❡r✱ ✇❤✐❝❤ r❡❛tt❛❝❤❡s ♠✉❝❤ ❢❛rt❤❡r ❞♦✇♥str❡❛♠✳ ❍♦✇❡✈❡r✱
❢♦r H > 10✱ t❤✐s ❞❡♣❡♥❞❡♥❝❡ r❡♠❛✐♥s ✇❡❛❦ ✇❤✐❝❤ ❝♦♥✜r♠s ♦✉r ♣r❡✈✐♦✉s ❝♦♥✈❡r❣❡♥❝❡ st❛t❡♠❡♥t✳ ❆s ❛

✷✶
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❋✐❣✉r❡ ✶✳✽✿ ✭❛✱❜✱❝✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ Lr ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ❛t ❘❡ = 600 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
Li✱ Lo ❛♥❞ H r❡s♣❡❝t✐✈❡❧②✳

❋✐❣✉r❡ ✶✳✾✿ ✭❛✱❜✮ ▲♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❜❛s❡ ✢♦✇s ❛t ❘❡ = 200 ❛♥❞ ❘❡ = 1000 r❡s♣❡❝t✐✈❡❧②✳

r❡s✉❧t ♦❢ t❤✐s st✉❞②✱ ✇❡ ❝❤♦♦s❡ ❤❡r❡❛❢t❡r t❤❡ s❡t ♦❢ ✈❛❧✉❡s Li = −20✱ Lo = 100 ❛♥❞ H = 20 ❢♦r ❛❧❧ t❤❡
❝♦♥s✐❞❡r❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s✳ ❚❤✐s ❝❤♦✐❝❡ ✐s ✐♥❞❡❡❞ s✉✣❝✐❡♥t t♦ ②✐❡❧❞ ❝♦♥✈❡r❣❡❞ r❡s✉❧ts✱ ✇❤✐❝❤ ❛❧s♦
❤♦❧❞s ✭♥♦t s❤♦✇♥✮ ❢♦r t❤❡ ✈❛r✐♦✉s ❘❡②♥♦❧❞s ♥✉♠❜❡rs ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤✐s ❝❤❛♣t❡r✳

✶✳✸✳✹ ❉❡♣❡♥❞❡♥❝❡ ✇✐t❤ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ❜② ❡①♣♦s✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ♦♥ t❤❡ ❜❛s❡ ✢♦✇s✳ ❲❡ ❤❛✈❡
r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✾✭❛✱❜✮ t❤❡ ❜❛s❡ ✢♦✇s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs 200 ❛♥❞ 1000 r❡s♣❡❝✲
t✐✈❡❧②✳ ❚✇♦ ✐♠♣♦rt❛♥t ♦❜s❡r✈❛t✐♦♥s ❛r❡✿ ✭✐✮ t❤❡ t❤✐♥♥✐♥❣ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❛♥❞ ✭✐✐✮ t❤❡ ❧❛r❣❡ ✐♥❝r❡❛s❡
♦❢ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ❚❤❡s❡ t✇♦ ♣♦✐♥ts ❛r❡ q✉❛♥t✐✜❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣✳

❲❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✵✭❛✮ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss ❛t x = 0 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ■t ✐s ♥❛t✉r❛❧❧② ♦❜s❡r✈❡❞ t♦ ❢❛❧❧ ♦✛ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ ❘❡✳ ❚❤✐s ✐s ❡❛s✐❧② ❡①♣❧❛✐♥❡❞ ❜②
t❤❡ ✇❡❛❦❡r ✈✐s❝♦s✐t②✱ ❛♥❞ t❤❡r❡❢♦r❡✱ ❜② t❤❡ ✇❡❛❦❡r ❞✐✛✉s✐♦♥✳ ❆s ❛ r❡s✉❧t✱ t❤❡ s❡♣❛r❛t❡❞ s❤❡❛r ❧❛②❡r ❛❧s♦
❞✐s♣❧❛②s t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r✳ ❚♦ ❣✐✈❡ ❛♥ ✐❞❡❛✱ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ t❤❡ s❤❡❛r ❧❛②❡r t❤✐❝❦♥❡ss δω(x) ✭❛❧s♦
❦♥♦✇♥ ❛s t❤❡ ✈♦rt✐❝✐t② t❤✐❝❦♥❡ss✮ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

δω(x) =
maxy u(x, y) − miny u(x, y)

maxy ∂yu(x, y)
✭✶✳✶✶✮

❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✵✭❜✮ ✐ts ❡✈♦❧✉t✐♦♥ ❛t t❤❡ ♣♦s✐t✐♦♥ x = 2 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❘❡②♥♦❧❞s
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❋✐❣✉r❡ ✶✳✶✵✿ ✭❛✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss ❛t ✭①❂✵✮✳ ❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡
s❤❡❛r ❧❛②❡r t❤✐❝❦♥❡ss ❛t ✭①❂✷✮ ✐s ❞✐s♣❧❛②❡❞ ✐♥ ✭❜✮✳

♥✉♠❜❡r✳ ■t ✐♥❞❡❡❞ ❞✐s♣❧❛②s ❛ ✈❡r② s✐♠✐❧❛r ❢❛❧❧ ♦✛✳ ●✐✈❡♥ t❤❡ r❡s✉❧ts ♦♥ t❤❡ st❛❜✐❧✐t② ♦❢ s❤❡❛r ✢♦✇s✱ s❡❡
❙❝❤♠✐❞ ✫ ❍❡♥♥✐♥❣s♦♥ ✭✷✵✵✶✮✱ ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ❡①♣❡❝t ❛♥ ✐♥❝r❡❛s✐♥❣ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ✢♦✇ t♦ s♣❛t✐❛❧❧②
❛♠♣❧✐❢② ♣❡rt✉r❜❛t✐♦♥s ❢♦r ❤✐❣❤❡r ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ❚❤✐s ❧❛tt❡r st❛t❡♠❡♥t ✇✐❧❧ ❜❡ ❢✉rt❤❡r ❤✐❣❤❧✐❣❤t❡❞ ✐♥
s❡❝t✐♦♥ ✶✳✺✳

◆♦✇✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡ ❧❡♥❣t❤ Lr ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❘❡✱ ✐ts ❡✈♦❧✉t✐♦♥
✐s r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✶✭❛✮✳ ❲❡ r❡♠✐♥❞ t❤❛t t❤❡ ❜❛s❡ ✢♦✇ ✐s st❡❛❞② ✐♥ t✐♠❡ ❛♥❞ t❤❛t t❤❡ ♥❛t✉r❛❧
✈✐s❝♦s✐t② ✐s t❤❡ ♦♥❧② ❡✛❡❝t ✇❤✐❝❤ ❝❛♥ ❢❛✈♦r❛❜❧② ❜❛❧❛♥❝❡ t❤❡ ❛❞✈❡rs❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t ✐♥ t❤❡ ❜♦✉♥❞❛r②
❧❛②❡r✳ ❲❤❡♥ ❞❡❝r❡❛s✐♥❣ t❤❡ ✈✐s❝♦✉s ❡✛❡❝ts ❜② ✐♥❝r❡❛s✐♥❣ ❘❡✱ s❡♣❛r❛t✐♦♥ ♦❝❝✉rs ❡❛r❧✐❡r ❛♥❞ t❤❡ ✢♦✇
r❡❛tt❛❝❤❡s ♠✉❝❤ ❢❛rt❤❡r ❞♦✇♥str❡❛♠✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✶✭❜✮ ✇❤❡r❡ t❤❡ ❝♦♦r❞✐♥❛t❡s xs

❛♥❞ ys ♦❢ t❤❡ s❡♣❛r❛t✐♦♥ ♣♦✐♥t ❛r❡ ❞✐s♣❧❛②❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ❆s ❡①♣❡❝t❡❞ ✇❡
♥♦t✐❝❡ t❤❛t xs ❞❡❝r❡❛s❡s ✇❤✐❧❡ ys ✐♥❝r❡❛s❡s ❢♦r ❤✐❣❤❡r ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ◆♦t❡ t❤❛t t❤❡ r❡❝✐r❝✉❧❛t✐♦♥
❧❡♥❣t❤ r❡❛❝❤❡s q✉✐t❡ ❤✐❣❤ ✈❛❧✉❡s ❛♥❞ ❡①❝❡❡❞s 12 ✇❤❡♥ ❘❡ > 1000✳ ■♥ r❡❛❧✐t②✱ t❤❡s❡ ❜❛s❡ ✢♦✇s ♠❛②
❡①❤✐❜✐t ✈❛r✐♦✉s ✐♥st❛❜✐❧✐t✐❡s ✇❤✐❝❤ r❡s✉❧t ✐♥ ✢♦✇ ✉♥st❡❛❞✐♥❡ss✳ ❚❤❡ ♠❡❛♥ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡ ♠❛② t❤❡♥
❜❡ s❤♦rt❡♥❡❞✳ ❆s ❛♥ ✐❧❧✉str❛t✐♦♥✱ ✇❡ ❤❛✈❡ r❡♣♦rt❡❞ s♦♠❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ✐♥
✜❣✉r❡s ✶✳✶✷✭❛✮ ❛♥❞ ✶✳✶✷✭❜✮✳ ◆♦t❡ t❤❛t t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤s r❡♣♦rt❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t ❛✉t❤♦rs ❤❛✈❡
❜❡❡♥ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ♠❡❛♥ ✢♦✇s ♦♥ t❤❡ ♠✐❞ ♣❧❛♥s ✭z = constant✮✳ ❚♦ ❣✐✈❡ ❛♥ ✐❞❡❛✱ ✇❡ ❤❛✈❡ ❛❧s♦
❞✐s♣❧❛②❡❞ ♦✉r ❝♦♠♣✉t❛t✐♦♥❛❧ s♦❧✉t✐♦♥ ♦♥ t❤❡ s❛♠❡ ✜❣✉r❡s ❜② ❛ ❜♦❧❞ ❜❧❛❝❦ ❧✐♥❡✳ ❖✉r r❡s✉❧ts s❤♦✉❧❞ ♥♦t
❜❡ q✉❛♥t✐t❛t✐✈❡❧② ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♣❡r✐♠❡♥ts s✐♥❝❡ ♠❛♥② ❢❛❝t♦rs s✉❝❤ ❛s t❤❡ st❡♣ s❤❛♣❡✱ t❤❡ ✐♥❝♦♠✐♥❣
❜♦✉♥❞❛r② ❧❛②❡r t❤✐❝❦♥❡ss✱ t❤❡ ❛s♣❡❝t r❛t✐♦ ♦r t❤❡ ✜♥✐t❡ tr❛♥s✈❡rs❡ ❧❡♥❣t❤✱ ♠❛② ❧❛r❣❡❧② ❞✐✛❡r ❢r♦♠ ♦✉rs✳
❍♦✇❡✈❡r✱ ✇❡ r♦✉❣❤❧② r❡❝♦✈❡r s✐♠✐❧❛r r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤s ✐♥ t❤❡ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r r❡❣✐♠❡✳ ❋♦r ❤✐❣❤❡r
❘❡②♥♦❧❞s ♥✉♠❜❡rs✱ t❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ♦❜s❡r✈❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✷✭❛✮ ❝♦♠❡s ❢r♦♠ t❤❡
✉♥st❡❛❞✐♥❡ss ♦❢ t❤❡ ✢♦✇ ✇❤✐❝❤ ❛❝ts ❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ ✈✐s❝♦s✐t②✳ ❚❤❡ ❛♥❛❧②s✐s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s
✇✐❧❧ ✐♥❞❡❡❞ ❝♦♥✜r♠ t❤❛t t❤❡ ❜❛s❡ ✢♦✇s ♠❛② ❜❡ s✉❜❥❡❝t❡❞ t♦ ❤②❞r♦❞②♥❛♠✐❝ ✐♥st❛❜✐❧✐t✐❡s ❢♦r s✉✣❝✐❡♥t❧②
❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ❚❤❡ ❤✐❣❤❡st ✈❛❧✉❡s ♦❢ Lr ❝♦♠♣✉t❡❞ ❤❡r❡ ♠❛② t❤✉s ❜❡ ♦r ♠✐♥♦r ♣❤②s✐❝❛❧ ♦r
♣r❛❝t✐❝❛❧ r❡❧❡✈❛♥❝❡✳

✶✳✹ ▲♦♥❣✲t✐♠❡ ❧✐♥❡❛r st❛❜✐❧✐t②✿ ❛ ♠♦❞❛❧ ❛♥❛❧②s✐s

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❧✐♥❡❛r st❛❜✐❧✐t② ♦❢ t❤❡ ❜❛s❡ ✢♦✇s ✐s ❛ss❡ss❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢
t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❡rt✉r❜❛t✐♦♥s ❛❜♦✉t t❤❡ 2D ❜❛s❡ ✢♦✇s ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ❢♦r ❧♦♥❣ t✐♠❡s✳ ❚♦ ❞♦ s♦✱ ✇❡
❝❧❛ss✐❝❛❧❧② ♣r♦❝❡❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r✳ ❚❤❡♥✱
t❤❡ ♣♦t❡♥t✐❛❧ ♦❝❝✉rr❡♥❝❡ ♦❢ ✉♥st❛❜❧❡ ❡✐❣❡♥✈❛❧✉❡s ❛❧❧♦✇s t♦ s♣❡❝✐❢② t❤❡ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ♦❢ t❤❡ ✢♦✇s✳
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❋✐❣✉r❡ ✶✳✶✶✿ ✭❛✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ❚❤❡
✈❛r✐❛t✐♦♥s ♦❢ t❤❡ s❡♣❛r❛t✐♦♥ ♣♦✐♥t ❝♦♦r❞✐♥❛t❡s xs ❛♥❞ ys ❛r❡ s❤♦✇♥ ✐♥ ✭❜✮✳

✶✳✹✳✶ Pr♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✭✶✳✹✮✱ ✇❤✐❝❤ ②✐❡❧❞ t❤❡ ❞②♥❛♠✐❝s ♦❢
t❤❡ 3D ♣❡rt✉r❜❛t✐♦♥s (u, v, w, p) ❛❜♦✉t t❤❡ ❜❛s❡ ✢♦✇ (U, V,W,P )✳ ❲❡ ❞❡♥♦t❡ t❤❡ 3D t❤❡ ♣❡rt✉r❜❛t✐♦♥
✜❡❧❞ ❜② q(x, y, z, t) = (u, v, iw, p) ✇❤❡r❡ t❤❡ tr❛♥s✈❡rs❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t ❤❛s ❜❡❡♥ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡
❝♦♠♣❧❡① i✳ ❚❤✐s ❧✐tt❧❡ tr✐❝❦ ✇✐❧❧ ❜❡ s❤♦✇♥ t♦ ❧❡❛❞ t♦ ♣✉r❡❧② r❡❛❧ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✜♥❛❧ s②st❡♠ ❢♦r♠✉❧❛t✐♦♥✱
s❡❡ ❚❤❡♦✜❧✐s ✭✷✵✵✵✮✳ ❙✐♥❝❡ t❤❡ ❜❛s❡ ✢♦✇ ✐s 2D✱ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♠❛② ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢
tr❛♥s✈❡rs❡ ✇❛✈❡s✳

q(x, y, z, t) =
1

2
[ q̃(x, y, t) eikz + ❝✳❝✳ ] ✭✶✳✶✷✮

✇❤❡r❡ q̃(x, y, t) ✐s t❤❡ 2D ❝♦♠♣♦♥❡♥t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ tr❛♥s✈❡rs❡ ✇❛✈❡ ♥✉♠❜❡r k✱ ❛♥❞ ❝✳❝✳ ❞❡♥♦t❡s
t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ q̃(x, y, t) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s q̃(x, y, t) = (ũ, ṽ, iw̃, p̃) ✇❤❡r❡
❛❧❧ t❤❡ t❡r♠ ✇✐t❤ ❛ s✉♣❡rs❝r✐♣t ❞❡♥♦t❡ t❤❡ 2D ❝♦♠♣♦♥❡♥t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✇❛✈❡ ♥✉♠❜❡r k✳ ◆♦✇✱ ✐t
✐s ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✐♥ ❛ ♠❛tr✐❝❛❧ ❛♥❞ ♠♦r❡ ❝♦♠♣❛❝t ❢♦r♠ ❜②

B ∂tq̃ = A q̃ ✭✶✳✶✸✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ t✇♦ ♦♣❡r❛t♦rs A ❛♥❞ B ✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ ❜②

A =







D − C − ∂xU −∂yU 0 −∂x

−∂xV D − C − ∂yV 0 −∂y

0 0 D − C k
∂x ∂y k 0






, B =







1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0







✭✶✳✶✹✮

✇❤❡r❡ D = ❘❡−1
(
∂2

x + ∂2
y − k2

)
❛❝❝♦✉♥ts ❢♦r t❤❡ ✈✐s❝♦✉s ❞✐✛✉s✐♦♥ ❛♥❞ C = U∂x + V ∂y ❢♦r t❤❡ ❛❞✈❡❝t✐♦♥

❜② t❤❡ ❜❛s❡✲✢♦✇✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡② ❛r❡ ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣❧② ✇✐t❤ t❤♦s❡ ✐♥tr♦❞✉❝❡❞
✐♥ ✶✳✷✳✷✳ ❉❡♥♦t✐♥❣ ũ = (ũ, ṽ, w̃)✱ ✇❡ ❡♥❢♦r❝❡✿ ✭✐✮ ❛ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ũ = 0 ♦♥ t❤❡ ✐♥❧❡t
❛♥❞ ✇❛❧❧ ❜♦✉♥❞❛r✐❡s✱ ✭✐✐✮ ❛ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥ ∂yũ = 0 ❛♥❞ ṽ = 0 ♦♥ t❤❡ t♦♣ ❜♦✉♥❞❛r② ❛♥❞ ♦♥ t❤❡
✉♣str❡❛♠ ❧♦✇❡r ❜♦✉♥❞❛r② ❧♦❝❛❧✐③❡❞ ❛t (x < Lb)✱ ✭✐✐✐✮ t❤❡ ♦✉t✢♦✇ ❝♦♥❞✐t✐♦♥ p̃n − ❘❡−1(∇ũ) · n = 0 ❛t
t❤❡ ♦✉t❧❡t✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ♣❛rt✐❝✉❧❛r ❢♦r♠ ♦❢ q̃ ✇✐t❤ t❤❡ w̃ ❝♦♠♣♦♥❡♥t ✐♥ q✉❛❞r❛t✉r❡ ✇✐t❤ t❤❡ t❤r❡❡
♦t❤❡rs ❛❧❧♦✇s ♦♥❡ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✶✳✶✸✮ ✇✐t❤ r❡❛❧ ♠❛tr✐❝❡s A ❛♥❞ B✳

◆♦✇ ✇❡ ✇❛♥t t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐♥t♦ ❣❧♦❜❛❧ ♠♦❞❡s✳ ❚♦ ❞♦ s♦✱ t❤❡ ❝♦♠♠♦♥ ❛ss✉♠♣t✐♦♥ ♦❢
❛♥ ❡①♣♦♥❡♥t✐❛❧ t✐♠❡✲❞❡♣❡♥❞❡♥❝❡ ❡♥❛❜❧❡s t♦ ❡①♣r❡ss t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛s

q(x, y, z, t) =
1

2
[ q̂(x, y) eσt+ikz + ❝✳❝✳ ] ✭✶✳✶✺✮

✷✹
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❋✐❣✉r❡ ✶✳✶✷✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❡❛♥ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❢♦r
✈❛r✐♦✉s ❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s ❢r♦♠✿ ❉✉r✐❡③ ✭✷✵✵✾✮❀ ❇❡❛✉❞♦✐♥ ❡t ❛❧✳ ✭✷✵✵✹✮❀ ❆r♠❛❧② ❡t ❛❧✳ ✭✶✾✽✸✮❀ ❱❛❧❡♥❝✐❛
✫ ❍✐♥♦❥♦s❛ ✭✶✾✾✼✮❀ ❚❤❛♥❣❛♠ ✫ ❑♥✐❣❤t ✭✶✾✽✾✮✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❛s♣❡❝t r❛t✐♦s AR = h/H ❤❛✈❡ ❛❧s♦
❜❡❡♥ r❡♣♦rt❡❞✳ ❖✉r r❡s✉❧ts✱ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❜❛s❡ ✢♦✇s✱ ❤❛✈❡ ❜❡❡♥ ❞❡♣✐❝t❡❞ ❜② ❛ ❜♦❧❞ ❜❧❛❝❦ ❧✐♥❡✳
■♠♣♦rt❛♥t❧②✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡s❡ ❡①♣❡r✐♠❡♥ts ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥s
✭❜♦✉♥❞❛r② ❧❛②❡r t❤✐❝❦♥❡ss✱ ♥♦✐s❡ ❧❡✈❡❧✱ s♣❛♥✇✐s❡ ❝♦♥✜♥❡♠❡♥t✮ s♦ t❤❛t ❛♥ ❛❝❝✉r❛t❡ ❝♦♠♣❛r✐s♦♥ ✐s ♥♦t
r❡❧❡✈❛♥t✳ ❲✐t❤ ♦✉r ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡r Lb = −2✱ ♦✉r ❜♦✉♥❞❛r② ❧❛②❡r t❤✐❝❦♥❡ss ❛t x = 0 ♠❛t❝❤❡s ✇✐t❤
t❤❛t ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t ❜② ❉✉r✐❡③ ✭✷✵✵✾✮ ❛t ❘❡ = 600✳ ❍♦✇❡✈❡r✱ ♦✉r r❡❝✐r✉❝❧❛t✐♦♥ ❧❡♥❣t❤ ✐s
❢♦✉♥❞ ❜✐❣❣❡r t❤❛♥ ❤✐s ❛t t❤✐s ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ ✇❤✐❝❤ ✐s ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❝♦♥✜♥❡♠❡♥t ❡✛❡❝ts ✐♥❞✉❝❡❞ ❜②
❜♦t❤ t❤❡ s✐❞❡ ❛♥❞ t♦♣ ✇❛❧❧s✳ ■♥t❡r❡st✐♥❣❧②✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ✐s ♦❜s❡r✈❡❞ ❢♦r ❤✐❣❤❡r
❛s♣❡❝t r❛t✐♦s ✐♥ ❜♦t❤ t❤❡ ❡①♣❡r✐♠❡♥ts ❜② ❱❛❧❡♥❝✐❛ ✫ ❍✐♥♦❥♦s❛ ✭✶✾✾✼✮ ❛♥❞ ❚❤❛♥❣❛♠ ✫ ❑♥✐❣❤t ✭✶✾✽✾✮✳
❚❤✐s ❧❛tt❡r ♦❜s❡r✈❛t✐♦♥ ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ♦✉r r❡s✉❧ts ❡①♣♦s❡❞ ✐♥ ✜❣✉r❡ ✶✳✽✭❝✮✳

✷✺
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s♦ t❤❛t

q̃(x, y, t) = q̂(x, y) eσt ✭✶✳✶✻✮

✇❤❡r❡ σ ✐s t❤❡ ❝♦♠♣❧❡① ❡✐❣❡♥♠♦❞❡ ❛♥❞ q̂ ✐ts ❛ss♦❝✐❛t❡❞ ❝♦♠♣❧❡① ❡✐❣❡♥✈❡❝t♦r✳ ❲✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥✱ t❤❡
r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ σ = α+ iω ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❣r♦✇t❤ r❛t❡ ❛♥❞ t❤❡ ♣✉❧s❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡✳
■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ α < 0✱ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡ ✐s st❛❜❧❡ ✇❤❡r❡❛s ✐❢ α > 0 t❤❡ ♠♦❞❡ ✐s ✉♥st❛❜❧❡✳ ❘❡♣❧❛❝✐♥❣ t❤✐s
❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✶✳✶✸✮ t❤❡♥ ❞❡✜♥❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

A q̂ = σBq̂ ✭✶✳✶✼✮

❚❤❡ ♠♦❞❛❧ ❛♥❛❧②s✐s ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡s ✭t❤♦s❡ ✇✐t❤ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡ ♦❢ α✮✳
■❢ t❤❡r❡ ✐s ❛s ❧❡❛st ♦♥❡ ✉♥st❛❜❧❡ ♠♦❞❡✱ ✐✳❡✳ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ❣r♦✇t❤ r❛t❡ α✱ t❤❡♥ t❤❡ ✢♦✇ ✐s s❛✐❞ ❣❧♦❜❛❧❧②
✉♥st❛❜❧❡✳ ❆♥② ❞✐st✉r❜❛♥❝❡ ✇♦✉❧❞ t❤❡♥ ❧❡❛❞ t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❡♥❡r❣② ❢♦r
❧♦♥❣ t✐♠❡s✳ ■♥ r❡❛❧✐t②✱ t❤❡ ❡♥❡r❣② ✇♦✉❧❞ ♦❜✈✐♦✉s❧② ♥♦t r❡❛❝❤ ✐♥✜♥✐t❡ ✈❛❧✉❡s s✐♥❝❡ ♥♦♥✲❧✐♥❡❛r s❛t✉r❛t✐♦♥
✇♦✉❧❞ ✜rst ✐♥t❡r✈❡♥❡ ❛♥❞ st❛❜✐❧✐③❡ t❤❡ s②st❡♠✳ ◆♦✇✱ ✐❢ t❤❡r❡ ❛r❡ ♥♦ ✉♥st❛❜❧❡ ♠♦❞❡s✱ t❤❡ ✢♦✇ ✐s s❛✐❞ t♦
❜❡ ❣❧♦❜❛❧❧② st❛❜❧❡❀ t❤✐s ❝❛s❡ ✐s ❞❡❛❧t ✇✐t❤ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❜r✐❡✢② ♣r❡s❡♥t t❤❡
♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✉s❡❞ t♦ s♦❧✈❡ ❡q✉❛t✐♦♥ ✭✶✳✶✼✮ ❛♥❞ ✇❡ t❤❡♥ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♠♦❞❛❧ st❛❜✐❧✐t②
❛♥❛❧②s✐s✳

✶✳✹✳✷ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s

◆✉♠❡r✐❝❛❧❧②✱ t❤❡ ❞✐s❝r❡t❡ ♠❛tr✐❝❡s A ❛♥❞ B r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✶✹✮✱ ❛r❡ ❣❡♥❡r❛t❡❞ ✇✐t❤ t❤❡ ❋r❡❡❋❡♠✰✰ s♦❢t✇❛r❡ t❤r♦✉❣❤
t❤❡ s❛♠❡ ✜♥✐t❡✲❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✶✳✶✼✮✱ ✐✳❡✳ t❤❡ s✐③❡ ♦❢ t❤❡ ♠❛tr✐❝❡s
A ❛♥❞ B✱ ✐s t②♣✐❝❛❧❧② ♦❢ ♦r❞❡r O(105) ❛s s♦♦♥ ❛s t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜❛s❡ ✢♦✇s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚♦ ❣✐✈❡
❛♥ ✐❞❡❛✱ ❢♦r t❤❡ ♠❡s❤ ♣r❡✈✐♦✉s❧② ❞❡♥♦t❡❞ ❛s M1✱ t❤❡r❡ ❛r❡ ≈ 360 000 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❆s ❛ r❡s✉❧t✱
❡q✉❛t✐♦♥ ✭✶✳✶✼✮ ❝❛♥♥♦t ❜❡ ❞✐r❡❝t❧② s♦❧✈❡❞ ❜② ❝❧❛ss✐❝❛❧ QR ❛❧❣♦r✐t❤♠s✳ ■♥st❡❛❞✱ ✇❡ ♠❛② ♦♥❧② ❧♦♦❦ ❢♦r t❤❡
♠♦st ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡s ❜② ✉s✐♥❣ ✐t❡r❛t✐✈❡ ❆r♥♦❧❞✐ ♠❡t❤♦❞s✳ ❚❤❡ ✉s❡ ♦❢ ❛ s❤✐❢t ❛♥❞ ✐♥✈❡rt str❛t❡❣②
❡♥❛❜❧❡s t♦ ♦❜t❛✐♥ ❡✐❣❡♥✈❛❧✉❡s ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ s♦♠❡ ❣✐✈❡♥ ❝♦♠♣❧❡① s❤✐❢t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✉s❡ ♦❢ ❛ ♣✉r❡❧②
✐♠❛❣✐♥❛r② s❤✐❢t ❡♥❛❜❧❡s t♦ tr❛❝❦ t❤❡ ❧❡❛❞✐♥❣ ❣❧♦❜❛❧ ♠♦❞❡ ✭✇✐t❤ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡s ♦❢ α✮✳ ❚❤❡ ♦r✐❣✐♥❛❧
❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠ ✐s ❝♦♥✈❡rt❡❞ ✐♥t♦✿

(A − βB)−1
Bq̂ = ζq̂ ✇✐t❤ ζ =

1

σ − β
✭✶✳✶✽✮

✇❤❡r❡ β ✐s t❤❡ s❤✐❢t ♣❛r❛♠❡t❡r✳ ❇② ✉s✐♥❣ t❤❡ ❆❘P❆❈❑ r♦✉t✐♥❡s✱ ❛ ❑r②❧♦✈ s✉❜s♣❛❝❡ ✐s ❣❡♥❡r❛t❡❞ ❜②
s♣❛♥{Ck

V}0≤k≤m−1 ✇✐t❤ C = (A−βB)−1B✱ V ❜❡✐♥❣ ❛♥ ✐♥✐t✐❛❧ ✈❡❝t♦r ❛♥❞ m ❞❡♥♦t✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢
t❤❡ s✉❜s♣❛❝❡✳ ❆ ▲❯ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ (A−βB) ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❛❧❧♦✇s ❛ ❢❛st ❣❡♥❡r❛t✐♦♥
♦❢ t❤❡ ❑r②❧♦✈ s✉❜s♣❛❝❡ t❤❛♥❦s t♦ ❛ s✉❝❝❡ss✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (A− βB)✳
❆ ♣❛rt ♦❢ t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥s♣❡❝tr✉♠ ❝❛♥ t❤❡♥ ❜❡ ❝♦♥st✐t✉t❡❞ ❜② t❤❡ ❛♣♣❧②✐♥❣ ♠✉❧t✐♣❧❡ ❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠s
❛♥❞ ♠♦✈✐♥❣ t❤❡ s❤✐❢t ♣♦s✐t✐♦♥ ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥✳ ■t❡r❛t✐♦♥s ♦♥ ❑r②❧♦✈ s✉❜s♣❛❝❡s ♦❢ ❞✐♠❡♥s✐♦♥ 300
❛❧❧♦✇❡❞ t♦ r❡❝♦✈❡r ❛ s❡t ♦❢ 150 ❡✐❣❡♥✈❛❧✉❡s ✇✐t❤ s✉✣❝✐❡♥t ❛❝❝✉r❛❝②✳

✶✳✹✳✸ ❙t❛❜✐❧✐t② ❛♥❛❧②s✐s

❚❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ✐s ♣❡r❢♦r♠❡❞ ❜② ❡①❛♠✐♥✐♥❣ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠s ♦❜t❛✐♥❡❞ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡
tr❛♥s✈❡rs❡ ✇❛✈❡ ♥✉♠❜❡r k ❛♥❞ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❘❡✳ ❆ t②♣✐❝❛❧ ❡✐❣❡♥s♣❡❝tr✉♠✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❡t
♦❢ ♣❛r❛♠❡t❡rs k = 0 ❛♥❞ ❘❡ = 600✱ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✸✳ ❚❤✐s ♦♥❡ ❞✐s♣❧❛②s s♦♠❡ ❜r❛♥❝❤❡s ❛♥❞ t❤❡
❧❡❛st st❛❜❧❡ ♠♦❞❡ ❤❛s ❛ ♥✉❧❧ ♣✉❧s❛t✐♦♥ ω✳ ◆♦t❡ t❤❛t t❤❡ s♣❡❝tr✉♠ ✐s s②♠♠❡tr✐❝ s✐♥❝❡ t❤❡ ❝♦♠♣❧❡① ❝♦♥✲
❥✉❣❛t❡ ♦❢ ❛♥② ❣❧♦❜❛❧ ♠♦❞❡ ✐s ❛❧s♦ ❛ ❣❧♦❜❛❧ ♠♦❞❡✳ ❆ ❧❛r❣❡ r❡❣✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ ❧♦❝❛❧✐③❡❞ ❛t α < −0.09
❡①❤✐❜✐ts ❛ ❤✐❣❤ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♠♦❞❡s✳ ❚❤✐s ♣❛rt ♠❛② ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❞✐s❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
t❤❡ ❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠✳ ❙✉❝❤ ❝♦♥s✐❞❡r❛t✐♦♥s ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❜♦♦❦ ❜② ❙❝❤♠✐❞

✷✻
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❋✐❣✉r❡ ✶✳✶✸✿ P❛rt ♦❢ t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥s♣❡❝tr✉♠ ❝♦♠♣✉t❡❞ ❢♦r t❤❡ ♣❛r❛♠❡t❡rs k = 0 ❛♥❞ ❘❡ = 600✳

✫ ❍❡♥♥✐♥❣s♦♥ ✭✷✵✵✶✮ ✇❤❡r❡ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ❝♦♥✈❡❝t✐♦♥ ✐♥ ♦♣❡♥ ✢♦✇s
✐♥❞✉❝❡s ❝♦♥t✐♥✉♦✉s ❜r❛♥❝❤❡s ✐♥ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠✳ ■t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ ❤❡r❡ t❤❛t ✇❡ ❞✐❞ ♥♦t ✜♥❞
❛♥② t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✭k = 0✮ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s ❢♦r ❘❡②♥♦❧❞s ♥✉♠❜❡rs ✉♣ t♦ 2500✳

◆♦✇✱ ✇❡ ♣❛② ❛tt❡♥t✐♦♥ t♦ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡✳ ❲❤❡♥ ✈❛r②✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ r❛♥❣❡
k = [0; 10] ❛♥❞ ❘❡ = [100; 2000]✱ ✇❡ ♦❜s❡r✈❡❞ ❡✐❣❡♥s♣❡❝tr✉♠s ✇❤✐❝❤ ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ❞❡♣✐❝t❡❞
✐♥ ✜❣✉r❡ ✶✳✶✸✳ ▼♦r❡ ♣❛rt✐❝✉❧❛r❧②✱ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡ r❡♠❛✐♥s ♥♦t ♦s❝✐❧❧❛t✐♥❣ ✭✇✐t❤ ω = 0✮✳
❍♦✇❡✈❡r✱ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ ✐t ✐s ♦❜s❡r✈❡❞ t♦ ♣♦ss✐❜❧② ❜❡❝♦♠❡ ✉♥st❛❜❧❡ ❢♦r ❛♥ ✐♥t❡r✈❛❧
♦❢ ✇❛✈❡ ♥✉♠❜❡rs✳ ❲❡ ❤❛✈❡ r❡♣♦rt❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✹✭❛✮ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ♠♦st ✉♥st❛❜❧❡
❡✐❣❡♥♠♦❞❡ αmax ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ♥✉♠❜❡r k ❢♦r ❞✐✛❡r❡♥t ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ❋♦r ❘❡ < 400 t❤❡
✢♦✇ ✐s ❣❧♦❜❛❧❧② st❛❜❧❡ ✇❤❡r❡❛s ❛ ❜❛♥❞ ♦❢ ✉♥st❛❜❧❡ ✇❛✈❡ ♥✉♠❜❡rs ❛r✐s❡s ❢♦r ❘❡ > 600✳ ❚❤✐s ❜❛♥❞ ❤❛s ❜❡❡♥
❡♠♣❤❛s✐③❡❞ ❢♦r ❘❡ = 600 ❜② ❞❛s❤❡❞ ❧✐♥❡s ❛♥❞ ✐s t❤❡♥ ❢✉rt❤❡r ❜r♦❛❞❡♥❡❞ ❢♦r ❧❛r❣❡r ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳
❚❤❡ t❤r❡s❤♦❧❞ ❛t ✇❤✐❝❤ αmax = 0 ✐s ♦❢ ♣r✐♠❛r② ✐♥t❡r❡st ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ ❡♠❡r❣❡♥❝❡ ♦❢ t❤❡ ❣❧♦❜❛❧
✐♥st❛❜✐❧✐t②✳ ❆ 2D r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ αmax ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k ❛♥❞ ❘❡ ❤❛s ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ✜❣✉r❡ 1.14(b)
❛♥❞ t❤❡ t❤r❡s❤♦❧❞ ❛t ✇❤✐❝❤ αmax = 0 ❤❛s ❜❡❡♥ ❡♠♣❤❛s✐③❡❞✳ ❚❤❡ ❝r✐t✐❝❛❧ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛❜♦✈❡ ✇❤✐❝❤
❣❧♦❜❛❧ ✐♥st❛❜✐❧✐t② ❛♣♣❡❛rs ✐s ✐❞❡♥t✐✜❡❞ ❛s ❘❡c = 526✳ ❆t t❤✐s ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ t❤❡ ♦♥❧② ✉♥st❛❜❧❡ ✇❛✈❡
♥✉♠❜❡r ✐s ❢♦✉♥❞ t♦ ❜❡ k = 1.125✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ tr❛♥s✈❡rs❡ ✇❛✈❡ ❧❡♥❣t❤ lz = 2π

k = 5.59✳
❆t t❤✐s st❛❣❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❧❡❛❞s t♦ ❣❧♦❜❛❧ ✐♥st❛❜✐❧✐t② t❤r♦✉❣❤ t❤❡
r✐s✐♥❣ ♦❢ ❛ st❛t✐♦♥❛r② ❛♥❞ tr❛♥s✈❡rs❛❧❧② ♣❡r✐♦❞✐❝ ❣❧♦❜❛❧ ♠♦❞❡✳ ❚❤✐s ♦♥❡ ✐s ❢✉rt❤❡r ♣r❡s❡♥t❡❞ ❜❡❧♦✇✳

✶✳✹✳✹ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡

❚♦ ✐❧❧✉str❛t❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❡✐❣❡♥♠♦❞❡✱ ✇❡ ❝❤♦♦s❡ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❘❡ = 600✳ ❚❤❡ ♠♦st
✉♥st❛❜❧❡ ✇❛✈❡ ♥✉♠❜❡r ✐s t❤❡♥ ❣✐✈❡♥ ❜② k = 1.08✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r ♥♦t❛t✐♦♥s✱ t❤❡ ❡✐❣❡♥♠♦❞❡ ♠❛②
❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ q̂(x, y) = (û, v̂, iŵ, p̂)✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡
✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡ ✜❡❧❞s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡✳ ●✐✈❡♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥
✐♥tr♦❞✉❝❡❞ ✐♥ ✭✶✳✶✺✮✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜②

q(x, y, z, t) =
1

2
[ q̂(x, y) eikz + ❝✳❝✳ ]eαmaxt ✭✶✳✶✾✮

♦r✱ ❜② ♠❛❦✐♥❣ ❡①♣❧✐❝✐t t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❝♦♠♣❧❡① q✉❛♥t✐t②✿

q(x, y, z, t) = [q̂r(x, y) cos(kz) − q̂i(x, y) sin(kz)]eαmaxt ✭✶✳✷✵✮

✷✼
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❋✐❣✉r❡ ✶✳✶✹✿ ✭❛✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❣r♦✇t❤ r❛t❡ αmax ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ♥✉♠❜❡r k✳
❆t ❘❡ = 600 t❤❡ ✉♥st❛❜❧❡ ✇❛✈❡ ❧❡♥❣t❤s ❛r❡ k = [0.675; 1.676] ❛♥❞ t❤❡ ♠♦st ✉♥st❛❜❧❡ ♦♥❡ ✐s k = 1.08✳
❋✐❣✉r❡ ✭❜✮ ❞✐s♣❧❛②s t❤❡ s❛♠❡ q✉❛♥t✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k ❛♥❞ ❘❡ ✐♥ ❛ 2D ♣❧♦t✳

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡ r❡❛❧ ♣❛rt q̂r ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rt q̂i ♦❢ t❤❡ ❡✐❣❡♥♠♦❞❡ q̂✳ ◆♦t❡ t❤❛t t❤✐s ❡q✉❛t✐♦♥
②✐❡❧❞s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ st❛t❡ ✇❤❡♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s t❤❡ ❣❧♦❜❛❧ ♠♦❞❡ ✐ts❡❧❢✳ ❚❤❡
❣❧♦❜❛❧ ♠♦❞❡ ✐s t❤❡♥ ♦❜s❡r✈❡❞ t♦ ❛♠♣❧✐❢② ❡①♣♦♥❡♥t✐❛❧❧② ✐♥ t✐♠❡ ❛t t❤❡ ❣r♦✇t❤ r❛t❡ αmax✳ ❲❡ ❤❛✈❡ ❞❡♣✐❝t❡❞
✐♥ ✜❣✉r❡ ✶✳✶✺✭❛✱❜✱❝✮ t❤❡ t❤r❡❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts û✱ v̂ ❛♥❞ ŵ ♦❢ t❤❡ ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡✳ ❲❡ ♦❜s❡r✈❡
t❤❛t t❤❡② r❡♠❛✐♥ ❧♦❝❛❧✐③❡❞ ✐♥ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡ ❛♥❞ t❤❛t t❤❡ str❡❛♠✇✐s❡ ❝♦♠♣♦♥❡♥t ✐s s✐❣♥✐✜❝❛♥t❧②
❧❛r❣❡r t❤❛♥ t❤❡ t✇♦ ♦t❤❡rs✳ ❚❤❡ s♣❛t✐❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡ ❞✐s♣❧❛②s ❛ ❧♦♥❣ str❡❛♠✇✐s❡ ✇❛✈❡ ❧❡♥❣t❤✱
❛s ❝♦♠♠♦♥❧② ♦❜s❡r✈❡❞ ❢♦r st❛t✐♦♥❛r② ✭♦r ❧♦✇✲❢r❡q✉❡♥❝②✮ str✉❝t✉r❡s✳ ❚❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ s✉❝❤ ❛ st❛t✐♦♥❛r②
❣r♦✇✐♥❣ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ str✉❝t✉r❡ ❤❛s ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛s ❛ ❝♦♠♠♦♥ ❢❡❛t✉r❡ ♦❢ ♠❛♥②
❧♦✇✲❘❡②♥♦❧❞s ♥✉♠❜❡r ✐♥❝♦♠♣r❡ss✐❜❧❡ s❡♣❛r❛t❡❞ ✢♦✇s✱ s❡❡ ❚❤❡♦✜❧✐s ❡t ❛❧✳ ✭✷✵✵✵✮❀ ❇❛r❦❧❡② ❡t ❛❧✳ ✭✷✵✵✷✮❀
▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✾✮❀ ❈❤❡r✉❜✐♥✐ ❡t ❛❧✳ ✭✷✵✶✵❜✮✱ ❜✉t ❛❧s♦ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ s❤♦❝❦✲✇❛✈❡✴❧❛♠✐♥❛r✲❜♦✉♥❞❛r②✲
❧❛②❡r ✐♥t❡r❛❝t✐♦♥✱ s❡❡ ❘♦❜✐♥❡t ✭✷✵✵✼❛✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣r❡s❡♥t 3D ❡✐❣❡♥♠♦❞❡ ✐s ✈❡r②
s✐♠✐❧❛r t♦ t❤♦s❡ ❡♥❝♦✉♥t❡r❡❞ ✐♥ t❤❡s❡ st✉❞✐❡s✳

❆ 3D ✈✐❡✇ ♦❢ t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❜② ❝♦♠♣✉t✐♥❣ q̂r cos(kz) − q̂i sin(kz) ❛♥❞ ✐ts
❛♠♣❧✐t✉❞❡ ✐s ❛r❜✐tr❛r② s✐♥❝❡ ✐t ❡①♣♦♥❡♥t✐❛❧❧② ✐♥❝r❡❛s❡s ✐♥ t✐♠❡✳ ❲❡ ❤❛✈❡ ❞✐s♣❧❛②❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✻✭❛✮ t❤r❡❡
✐s♦✲✈♦rt✐❝✐t② s❤❡❡ts ♦❢ t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡✳ ❆s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s❧② ❝✐t❡❞ r❡❢❡r❡♥❝❡s✱ t❤❡ ♠♦❞❡
str✉❝t✉r❡ ❞✐s♣❧❛②s r♦❧❧s ❡①t❡♥❞✐♥❣ t❤r♦✉❣❤ t❤❡ str❡❛♠❧✐♥❡s ❝✉r✈❛t✉r❡s ✇✐t❤✐♥ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡✳
❋✐❣✉r❡ ✶✳✶✻✭❜✮ ❞✐s♣❧❛②s t❤❡ s❛♠❡ q✉❛♥t✐t② ❢r♦♠ ❛ t♦♣ ✈✐❡✇ ✇❤❡r❡ ✇❡ ❤❛✈❡ r❡♣♦rt❡❞ ❜② ✈❡rt✐❝❛❧ ❧✐♥❡s t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ st❡♣ ❛♥❞ t❤❡ r❡❛tt❛❝❤♠❡♥t ❧✐♥❡ ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ❛t x = 10.8✳ ❚❤✐s ✜❣✉r❡ ❢✉rt❤❡r ❤✐❣❤❧✐❣❤ts
t❤❡ ✈♦rt✐❝✐t② r♦❧❧s ✐♥❞✉❝❡❞ ❜② t❤❡ ❣❧♦❜❛❧ ♠♦❞❡ ❛♥❞ ✐ts ❝♦♥✜♥❡❞ s♣❛t✐❛❧ ❧♦❝❛t✐♦♥ ✇✐t❤✐♥ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥
r❡❣✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ tr❛♥s✈❡rs❡ ✇❛✈❡ ❧❡♥❣t❤ ♦❢ t❤✐s ♠♦❞❡ ✐s lz = 5.82
✇❤✐❝❤ st❛♥❞s ❢♦r ❛ r❛t❤❡r ❧❛r❣❡ ✈❛❧✉❡ ✭t❤❡ st❡♣ ❤❡✐❣❤t ✐s ❡q✉❛❧ t♦ h = 1✮✳

❘❡❝❡♥t ✇♦r❦s ♦♥ ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❜② ❇❛r❦❧❡② ❡t ❛❧✳ ✭✷✵✵✷✮ ♦r ♦♥ t❤❡ ✢♦✇ ❜❡❤✐♥❞ ❛ ❜✉♠♣
❜② ●❛❧❧❛✐r❡ ❡t ❛❧✳ ✭✷✵✵✼✮ s✉❣❣❡st❡❞ t❤❛t t❤✐s ❣❧♦❜❛❧ ♠♦❞❡ r❡s✉❧ts ❢r♦♠ ❛♥ ✐♥✈✐s❝✐❞ ❝❡♥tr✐❢✉❣❛❧ ✐♥st❛❜✐❧✐t②
❧✐♥❦❡❞ ✇✐t❤ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❝❧♦s❡❞ str❡❛♠❧✐♥❡s ✐♥ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ r❡❣✐♦♥✳ ❚❤✐s st❛t❡♠❡♥t ✇❛s
❛r❣✉❡❞ ❢r♦♠ t❤❡ ❤✐❣❤ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡ ❣r♦✇t❤ r❛t❡ ❛♥❞ t❤❡ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ ✉♥st❛❜❧❡
tr❛♥s✈❡rs❡ ✇❛✈❡❧❡♥❣t❤s ❜❛♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤✳ ▼♦st❧②✱ t❤❡② ❝♦♠♣❛r❡❞ ❢❛✈♦r❛❜❧②
t❤❡✐r ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts t♦ t❤❡ ❘❛②❧❡✐❣❤ ❝r✐t❡r✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ❇❛②❧② ✭✶✾✽✽✮ ❛♥❞ ♠♦r❡ r❡❝❡♥t❧② ❜②
❙✐♣♣ ✫ ❏❛❝q✉✐♥ ✭✷✵✵✵✮✳ ❙✉❝❤ ❛ ❝♦♠♣❛r✐s♦♥ ✇❛s ❛❧s♦ ♣❡r❢♦r♠❡❞ s✉❝❝❡ss❢✉❧❧② ✐♥ t❤❡ ✇♦r❦ ❜② ❈❤❡r✉❜✐♥✐
❡t ❛❧✳ ✭✷✵✶✵❜✮ ❜② ✉s✐♥❣ ❜♦t❤ ❛ ❧♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❘❛②❧❡✐❣❤ ❝r✐t❡r✐♦♥✳ ❉✉❡ t♦ t❤❡s❡ ♣r❡✈✐♦✉s
✇♦r❦✱ ✇❡ ❞✐❞ ♥♦t ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡❞ t❤✐s ❛s♣❡❝t ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡ ❞②♥❛♠✐❝s✳

❲❡ ♥♦✇ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ ❛♥ ✐♥t❡r❡st✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡✳ ❲❡ ♦❜s❡r✈❡❞ ✐♥ ✜❣✉r❡
✶✳✶✺ t❤❛t t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ t✇♦ ♦t❤❡rs✳

✷✽



✶✳✺✳ ❙❍❖❘❚✲❚■▼❊ ▲■◆❊❆❘ ❙❚❆❇■▲■❚❨✿ ❆ ◆❖◆✲▼❖❉❆▲ ❆◆❆▲❨❙■❙

❋✐❣✉r❡ ✶✳✶✺✿ ✭❛✱❜✱❝✮ ❈♦♠♣♦♥❡♥ts û✱ v̂ ❛♥❞ ŵ ♦❢ t❤❡ ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡ ❛t ❘❡ = 600 ❛♥❞ ❢♦r k = 1.08✳

❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ❧✐❢t✲✉♣ ♠❡❝❤❛♥✐s♠ ✇❤✐❝❤ tr❛♥s❢❡r ❡♥❡r❣② ❢r♦♠ t❤❡ ♣❡rt✉r❜❛t✐♦♥
str❡❛♠✇✐s❡ ✈♦rt✐❝✐t② t♦ ✐ts str❡❛♠✇✐s❡ ✈❡❧♦❝✐t②✱ s❡❡ ▲❛♥❞❛❤❧ ✭✶✾✽✵✮✳ ◆♦t❛❜❧②✱ ❛ r❡❝❡♥t ✇♦r❦ ❜② ▼❛rq✉❡t
❡t ❛❧✳ ✭✷✵✵✾✮ ❝♦♥✜r♠❡❞ t❤❛t t❤❡ ❧✐❢t✲✉♣ ♠❡❝❤❛♥✐s♠ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ♣❤②s✐❝❛❧ ♠❡❝❤❛♥✐s♠
❡♥❤❛♥❝✐♥❣ t❤❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡ ♦❢ ❛ ❙✲s❤❛♣❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ■♥t❡r❡st✐♥❣❧②✱ t❤✐s r❡s✉❧t
❤♦❧❞s ✐♥ ♦✉r ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚♦ ❤✐❣❤❧✐❣❤t ✐t✱ ✇❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✼✭❛✮ t❤❡ ♣❡rt✉r❜❛t✐♦♥
❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ■t ✐s ♦❜s❡r✈❡❞ t♦ ❞✐s♣❧❛② ❛❧t❡r♥❛t❡ ❤✐❣❤ s♣❡❡❞ ❛♥❞ ❧♦✇ s♣❡❡❞ r❡❣✐♦♥s ✐♥s✐❞❡ t❤❡
r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡✳ ❚❤❡s❡ ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ✧❤✐❣❤ s♣❡❡❞ ❛♥❞ ❧♦✇ s♣❡❡❞ str❡❛❦s✧ ✐♥ t❤❡ ✇♦r❦ ❜②
▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✾✮ ❞✉❡ t♦ ✐ts str✉❝t✉r❛❧ ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r str❡❛❦s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡
❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✽ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈♦rt✐❝✐t② ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐♥ t❤❡ ❝r♦ss ♣❧❛♥ x = 8
s✉♣❡r✐♠♣♦s❡❞ ♦♥ t❤❡ s✉♠ ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ❛♥❞ ♣❡rt✉r❜❛t✐♦♥ str❡❛♠✇✐s❡ ✈❡❧♦❝✐t✐❡s✳ ❲❡ ♦❜s❡r✈❡ t❤❛t
s❡❧❢✲s✉st❛✐♥❡❞ str❡❛♠✇✐s❡ ✈♦rt✐❝❡s ♦❢ ♦♣♣♦s✐t❡ s✐❣♥ ❛r❡ ❣❡♥❡r❛t❡❞ ✐♥s✐❞❡ t❤❡ s❤❡❛r ❧❛②❡r✳ ❚❤❡s❡ ✈♦rt✐❝❡s
t❤❡♥ ✐♥❞✉❝❡ ❛❧t❡r♥❛t❡❞ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ♣❡rt✉r❜❛t✐♦♥s ✭s❤♦✇♥ ❜② ❛rr♦✇s✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ✐s ❛♥
❛❧t❡r♥❛t❡❞ tr❛♥s♣♦rt ♦❢ ❧♦✇ s♣❡❡❞ ✢✉✐❞ t♦✇❛r❞s r❡❣✐♦♥s ♦❢ ❤✐❣❤❡r s♣❡❡❞ ❛♥❞ ✐♥✈❡rs❡❧② ✇✐t❤✐♥ t❤❡ s❤❡❛r
❧❛②❡r ♦❢ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡✳ ❚❤✐s ❧✐❢t✲✉♣ ♠❡❝❤❛♥✐s♠ ✐s t❤✉s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❛❧t❡r♥❛t❡❞ ❤✐❣❤ ❛♥❞
❧♦✇ s♣❡❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② r❡❣✐♦♥s ♦❜s❡r✈❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✼✭❛✮✳ ❚❤❡ s✉♠ ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ❛♥❞ t❤❡
♣❡rt✉r❜❛t✐♦♥ ❤❛s ❜❡❡♥ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✼✭❜✮ ❜② ✐ts ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ❲❡ ❝❤♦♦s❡ t❤❡ ❛♠♣❧✐t✉❞❡
♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛r❜✐tr❛r② s♦ ❛s t♦ ❝❧❡❛r❧② ♦❜s❡r✈❡ ✐ts ❡✛❡❝ts ♦♥ t❤❡ ❜❛s❡ ✢♦✇✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡
❞✐s♣❧❛②❡❞ ✐s♦✲❝♦♥t♦✉r✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② −0.001✱ ❝❧❡❛r❧② ❡♠♣❤❛s✐③❡s t❤❡ r❡s✉❧t✐♥❣
r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡✳ ❚❤✐s ♦♥❡ ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ❞❡❢♦r♠❡❞ ❜② t❤❡ ❣❧♦❜❛❧ ♠♦❞❡ ✇❤✐❝❤ ❞✐s♣❧❛❝❡s ✉♣str❡❛♠
❛♥❞ ❞♦✇♥str❡❛♠ t❤❡ r❡❛tt❛❝❤♠❡♥t ❧✐♥❡✳ ❖✉r r❡s✉❧ts ❛r❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤♦s❡ ❡①♣♦s❡❞ ❜② ▼❛rq✉❡t
❡t ❛❧✳ ✭✷✵✵✾✮ ❛♥❞ ❝♦♥✜r♠ t❤❡ r♦❧❡ ♦❢ t❤❡ ❧✐❢t✲✉♣ ♠❡❝❤❛♥✐s♠ ✐♥ t❤❡ ❣❧♦❜❛❧ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ✢♦✇✳ ❲❡
r❡❢❡r ✐♥t❡r❡st❡❞ r❡❛❞❡rs t♦ ❛ r❡❝❡♥t ❛rt✐❝❧❡ ❜② ❘♦❞rí❣✉❡③ ✫ ❚❤❡♦✜❧✐s ✭✷✵✶✵✮ ✇❤❡r❡ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡
s❡♣❛r❛t❡❞ ✢♦✇s r❡❝♦♥str✉❝t❡❞ ❜② ❧✐♥❡❛r s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ❛ 2D ❜❛s❡ ✢♦✇ ❛♥❞ ✐ts 3D ❣❧♦❜❛❧ ♠♦❞❡s ❛r❡
✐♥✈❡st✐❣❛t❡❞✳

✶✳✺ ❙❤♦rt✲t✐♠❡ ❧✐♥❡❛r st❛❜✐❧✐t②✿ ❛ ♥♦♥✲♠♦❞❛❧ ❛♥❛❧②s✐s

❲❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛♥ ✉♥st❛❜❧❡ ♥♦♥ ♦s❝✐❧❧❛t✐♥❣ ❛♥❞ 3D ❣❧♦❜❛❧ ♠♦❞❡
✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛❧❧ ♦t❤❡r ❣❧♦❜❛❧ ♠♦❞❡s ✈❛♥✐s❤ ❢♦r
❧❛r❣❡ t✐♠❡s❀ t❤❡ ✢♦✇ ✐s t❤❡♥ ♦♥❧② ❞r✐✈❡♥ ❜② t❤❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡✳ ❍♦✇❡✈❡r✱ s♦♠❡ ♣❡rt✉r❜❛t✐♦♥s ♠❛②
❜❡ tr❛♥s✐❡♥t❧② ❛♠♣❧✐✜❡❞ ✐♥ t✐♠❡ ❜❡❢♦r❡ r❡❛❝❤✐♥❣ s✉❝❤ ❛♥ ❛s②♠♣t♦t✐❝ ❞②♥❛♠✐❝s✳ ❚❤✐s ❝♦♠♠♦♥ ❢❡❛t✉r❡
♦❢ ♦♣❡♥ ✢♦✇s ❤❛s ❜❡❡♥ ✐♥t❡r♣r❡t❡❞ ❜② t❤❡ ♥♦♥✲♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ ❜❛s✐s ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s ❙❝❤♠✐❞ ✫
❍❡♥♥✐♥❣s♦♥ ✭✷✵✵✶✮❀ ❙❝❤♠✐❞ ✭✷✵✵✼✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s s❤♦✇♥ t❤❛t✱ ❡✈❡♥ ✐❢ ❛❧❧ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ st❛❜❧❡✱
t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♠❛② r❡❛❝❤ ✈❡r② ❧❛r❣❡ tr❛♥s✐❡♥t ✈❛❧✉❡s✳ ■♥ r❡❛❧✐t②✱ t❤❡s❡ tr❛♥s✐❡♥t ❡♥❡r❣②
❣r♦✇t❤s ♠❛② ❜❡ s✉✣❝✐❡♥t❧② str♦♥❣ t♦ tr✐❣❣❡r ♥♦♥✲❧✐♥❡❛r ❡✛❡❝ts ✇❤✐❝❤ ♦❢t❡♥ ❧❡❛❞ t♦ t❤❡ tr❛♥s✐t✐♦♥ t♦
t✉r❜✉❧❡♥❝❡✳ ■t ✐s t❤✉s ♦❢ ♣r✐♠❛r② ✐♥t❡r❡st t♦ ❛ss❡ss ❤♦✇ t❤❡ ✢♦✇ ♠❛② ✉♥❞❡r❣♦ s✉❝❤ tr❛♥s✐❡♥t ❣r♦✇t❤s ❛♥❞
❜② ✇❤❛t ♣❤②s✐❝❛❧ ♠❡❝❤❛♥✐s♠s✳ ❚❤✐s st❛♥❞s ❢♦r t❤❡ ❝♦♥❝❡r♥ ♦❢ t❤✐s s❡❝t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ♦✉r ❣♦❛❧ ✐s t♦

✷✾
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❋✐❣✉r❡ ✶✳✶✻✿ ✭❛✮ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✈✐❡✇ ♦❢ t❤❡ ✐s♦✲✈♦rt✐❝✐t② ✜❡❧❞ ♦❢ t❤❡ ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡✳ ❆ t♦♣ ✈✐❡✇
✐s ♣r♦✈✐❞❡❞ ✐♥ ✭❜✮✳ ❚❤❡ ✜rst t✇♦ ✈❡rt✐❝❛❧ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ❜❡❣✐♥♥✐♥❣ x = 0 ❛♥❞ ❡♥❞✐♥❣ x = 2 ♦❢ t❤❡
st❡♣ ✇❤✐❧❡ t❤❡ ❧❛st ♦♥❡ st❛♥❞s ❢♦r t❤❡ r❡❛tt❛❝❤♠❡♥t ❧✐♥❡ ♦❢ t❤❡ ❜❛s❡ ✢♦✇ x = 10.8✳

✐❞❡♥t✐❢② t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s✱ ✐✳❡✳ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ❧❡❛❞✐♥❣ t♦ ❛ ♠❛①✐♠✉♠ ❡♥❡r❣② ❛♠♣❧✐✜❝❛t✐♦♥✳
❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡s❡ ♣❡rt✉r❜❛t✐♦♥s ❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ ❡♥❡r❣② ❣❛✐♥s t❤❡♥ ❛❧❧♦✇s t♦ ❛ss❡ss t❤❡ ❞✐✛❡r❡♥t
tr❛♥s✐t✐♦♥ s❝❡♥❛r✐♦s ✐♥ t❤❡ ✢♦✇✳ ❘❡s♦rt✐♥❣ t♦ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ s❤♦✇♥ t♦ ❜❡ ❛ ♥❡❝❡ss❛r② st❡♣ t♦
s♦❧✈❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❲❡ ❜❡❣✐♥ t❤✐s s❡❝t✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡s❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥s✳
❚❤❡ ✐❞❡❛ ✐s t♦ ❞❡✜♥❡ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ❛♥❞ t♦ ❞❡r✐✈❡ t❤❡ r❡s✉❧t✐♥❣ ❛❞❥♦✐♥t ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ■♥ t❤❡
r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ s❡❝t✐♦♥✱ ❛❞❥♦✐♥t q✉❛♥t✐t✐❡s ❛r❡ ✉s❡❞ ❛s ❦❡② ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s t♦ ✐❞❡♥t✐❢② t❤❡ ♦♣t✐♠❛❧
♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ✢♦✇✳

✶✳✺✳✶ ❆❞❥♦✐♥t ❡q✉❛t✐♦♥s

❚❤❡ ♣r❡s❡♥t ❢♦r♠✉❧❛t✐♦♥ ❢♦❧❧♦✇ t❤r♦✉❣❤ t❤❡ ✧♣r♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥✧ ♦❢ s❡❝t✐♦♥ ✶✳✹✳✶✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡
❞❡❛❧ ✇✐t❤ 3D tr❛♥s✈❡rs❛❧❧② ♣❡r✐♦❞✐❝ ♣❡rt✉r❜❛t✐♦♥s ❞❡✈❡❧♦♣✐♥❣ ♦♥ t❤❡ 2D ❜❛s❡ ✢♦✇✳ ❲❡ st❛rt ❜② ❞❡✜♥✐♥❣
t❤❡ ✐♥♥❡r ♣r♦❞✉❝t 〈 〉 ❞❡✜♥❡❞ ❢♦r ❛♥② 2D ✜❡❧❞ q̂1(x, y) ❛♥❞ q̂2(x, y) ❜②

〈q̂1, q̂2〉 =

∫

Ω
q̂∗

1 q̂2 dΩ ✭✶✳✷✶✮

✇❤❡r❡ Ω ❞❡♥♦t❡s t❤❡ ❡♥t✐r❡ 2D ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛♥❞ ∗ ✐s t❤❡ tr❛♥s❝♦♥❥✉❣❛t❡✳ ❚❤❡♥✱ ✇❡ ✐♥tr♦❞✉❝❡
t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r A† ❞❡✜♥❡❞ ❢♦r ❛♥② 2D ✜❡❧❞ q̂(x, y) ❢✉❧✜❧❧✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❞❡✜♥❡❞ ❡❛r❧✐❡r
✐♥ s❡❝t✐♦♥ ✶✳✹✳✶ ❛♥❞ q̂†(x, y) s❛t✐s❢②✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✱

〈A q̂, q̂†〉 = 〈q̂,A† q̂†〉 ✭✶✳✷✷✮

✇❤❡r❡ q̂† = (û†, v̂†, iŵ†, p̂†) ✐s t❤❡ ❛❞❥♦✐♥t st❛t❡ ♦❢ q̂✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s s❝❛❧❛r
♣r♦❞✉❝t ✐s ❧✐♥❦❡❞ t♦ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ■♥❞❡❡❞✱ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❡♥❡r❣② ❞❡♥s✐t② ♦❢ ❛ 3D
tr❛♥s✈❡rs❛❧❧② ♣❡r✐♦❞✐❝ ♣❡rt✉r❜❛t✐♦♥ q(x, y, z) ✐s ❣✐✈❡♥ ❜②

E(q) =
1

lzΩ

∫ +lz/2

−lz/2

∫

Ω
(u2 + v2 + w2) dxdydz ✭✶✳✷✸✮

✸✵
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❋✐❣✉r❡ ✶✳✶✼✿ ✭❛✮ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✈✐❡✇ ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡✳ ❚❤❡ s✉♠
♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✭✇✐t❤ ❛♥ ❛r❜✐tr❛r② ❛♠♣❧✐t✉❞❡✮ ❛♥❞ ❜❛s❡ ✢♦✇ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ✐s ❞❡♣✐❝t❡❞ ♦♥ ✭❜✮✳

❋✐❣✉r❡ ✶✳✶✽✿ ❈♦♥t♦✉r ♦❢ t❤❡ str❡❛♠✇✐s❡ ✈♦rt✐❝✐t② ✭❞♦tt❡❞ ❧✐♥❡s st❛♥❞✐♥❣ ❢♦r ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✮ ✇✐t❤ s✉♣❡r✲
✐♠♣♦s❡❞ str❡❛♠✇✐s❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ t♦t❛❧ ✢♦✇ ✜❡❧❞ ✐♥ t❤❡ ❝r♦ss ♣❧❛♥ x = 8✳ ❚❤❡ t♦t❛❧ ✢♦✇ ✜❡❧❞ ✐s t❤❡
s❛♠❡ ❛s t❤❛t ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✼✱ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡ ✐s ❛r❜✐tr❛r② ❛♥❞ ❤❛s ❜❡❡♥ ❝❤♦s❡♥
s✉❝❤ ❛s t♦ ❝❧❡❛r❧② ♦❜s❡r✈❡ ✐ts ❡✛❡❝t ♦♥ t❤❡ ❜❛s❡ ✢♦✇✳ ❚❤❡ ❛rr♦✇s s②♠❜♦❧✐③❡ t❤❡ ✈❡rt✐❝❛❧ ♠♦♠❡♥t✉♠
✐♥❞✉❝❡❞ ❜② t❤❡ ❛❧t❡r♥❛t❡ str❡❛♠✇✐s❡ ✈♦rt✐❝❡s✳

✇❤❡r❡ lz ❞❡♥♦t❡s t❤❡ s♣❛♥✇✐s❡ ✇❛✈❡❧❡♥❣t❤✳ ❇② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦r♠❛❧ ♠♦❞❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✶✺✮✱ t❤❡
❡♥❡r❣② ❝❛♥ ❢✉rt❤❡r ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s

E(q) =
1

2
E(q̂)e2αt s♦ t❤❛t E(q̂) = 〈q̂,Bq̂〉 ✭✶✳✷✹✮

✇❤❡r❡ t❤❡ 1
2 t❡r♠ ❝♦♠❡s ❢r♦♠ ✐♥t❡❣r❛❧ ♦❢ ❛ ♣❡r✐♦❞✐❝ q✉❛♥t✐t② ✐♥ t❤❡ z ❞✐r❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡♥❡r❣②

♦❢ ❛♥② tr❛♥s✈❡rs❛❧❧② ♣❡r✐♦❞✐❝ ♣❡rt✉r❜❛t✐♦♥ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t 〈q̂,Bq̂〉 ✇❤✐❝❤ ②✐❡❧❞s t❤❡
2D ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ♠♦❞❡ q̂✳

❚♦ ❞❡r✐✈❡ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥s✱ ✇❡ ✜rst ❡①♣r❡ss t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ A ❛♥❞ B✳ ❲❡
♣r♦❝❡❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✷✷✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ❛❞❥♦✐♥t ♦♣❡r❛t♦r A† ✐s ❣✐✈❡♥
❜②

✸✶
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A† =







D + C − ∂xU −∂xV 0 −∂x

−∂yU D + C − ∂yV 0 −∂y

0 0 D + C k
∂x ∂y k 0







✭✶✳✷✺✮

■t ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r ❣✐✈❡♥ ✐♥ ✭✶✳✶✹✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡
❞✐✛❡r❡♥❝❡ ❝♦♠❡s ❢r♦♠ t✇♦ ❞✐st✐♥❝t t❡r♠s✿ ✭✐✮ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠s C ❤❛✈❡ ❛♥ ♦♣♣♦s✐t❡ s✐❣♥ ❛♥❞ ✭✐✐✮ t❤❡ ♦✛✲
❞✐❛❣♦♥❛❧ t❡r♠s ∂xV ❛♥❞ ∂yU ❛r❡ s✇✐t❝❤❡❞✳ ❆ ❝♦♠♠♦♥ ❢❡❛t✉r❡ ♦❢ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠
✭✐✮ ✐s t❤❡ ❛❞✈❡❝t✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐♥ t❤❡ ✉♣str❡❛♠ ❞✐r❡❝t✐♦♥ ✭r❛t❤❡r t❤❛♥ ❞♦✇♥str❡❛♠✮✳ ■♥❝✐❞❡♥t❛❧❧②✱
t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ❝❤♦s❡♥ s♦ ❛s t♦ ❝❛♥❝❡❧ ❛❧❧ t❤❡ ❜♦✉♥❞❛r②
t❡r♠s✱ ❛r❡ r❡✈❡rs❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ✐♥✢♦✇ ❝♦♥❞✐t✐♦♥✱ ♥♦✇ ❛t x = Lo✱ ✐s ❣✐✈❡♥ ❜② t❤❡ ❤♦♠♦❣❡♥❡♦✉s
❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ (û†, v̂†, ŵ†) = 0 ✇❤❡r❡❛s t❤❡ ♦✉t✢♦✇ ❝♦♥❞✐t✐♦♥ ❛t x = −Li ✐s ❣✐✈❡♥ ❜②

p̂†n + ❘❡−1(∇û†) · n + û†(U · n) = 0 ✭✶✳✷✻✮

✇❤❡r❡ û† = (û†, v̂†, ŵ†) ❞❡♥♦t❡s t❤❡ ❛❞❥♦✐♥t ✈❡❧♦❝✐t② ✈❡❝t♦r ❛♥❞ · st❛♥❞s ❢♦r t❤❡ st❛♥❞❛r❞ s❝❛❧❛r ♣r♦❞✉❝t
❜❡t✇❡❡♥ t✇♦ ✈❡❝t♦rs✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞❛r② ❛♥❞ t❤❡ ✉♣str❡❛♠ ❧♦✇❡r ❜♦✉♥❞❛r② ❛t (−Li ≤
x ≤ −Lb; y = 1) ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥ ❣✐✈❡♥ ❜②

❘❡−1∂yû
† + û†V = 0 ❛♥❞ v̂† = 0 ✭✶✳✷✼✮

▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ ❛❞❥♦✐♥t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✶✳✶✼✮✳ ❙✐♥❝❡ B ✐s s❡❧❢✲❛❞❥♦✐♥t ✐t
r❡❞✉❝❡s t♦

A† q̂† = σ† Bq̂† ✭✶✳✷✽✮

✇❤❡r❡ σ† ❛♥❞ q̂† st❛♥❞ ❢♦r t❤❡ ❛❞❥♦✐♥t ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡s r❡s♣❡❝t✐✈❡❧②✳ ■t ❝❛♥ ❜❡
s❤♦✇♥✱ s❡❡ ❙❝❤♠✐❞ ✫ ❍❡♥♥✐♥❣s♦♥ ✭✷✵✵✶✮✱ t❤❛t ❛❧❧ t❤❡ ❛❞❥♦✐♥t ❡✐❣❡♥✈❛❧✉❡s ❛r❡ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢
t❤❡ ❞✐r❡❝t ♦♥❡s✿ σ† = σ∗ ❛♥❞ t❤❛t t❤❡ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡s ❛r❡ ❜✐✲♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❞✐r❡❝t ❣❧♦❜❛❧ ♠♦❞❡s✿

〈q̂i,Bq̂
†
j〉 = 0 ✇❤❡♥ i 6= j ✭✶✳✷✾✮

❚❤❡ ♦♣❡r❛t♦r A ✐s s❛✐❞ t♦ ❜❡ ♥♦♥✲♥♦r♠❛❧ s✐♥❝❡ ✐t ❞♦❡s ♥♦t ❝♦♠♠✉t❡ ✇✐t❤ ✐ts ❛❞❥♦✐♥t A†✳ ❚❤❡r❡❢♦r❡✱ ✐ts
❡✐❣❡♥✈❡❝t♦rs q̂ ❞✐✛❡rs ❢r♦♠ t❤♦s❡ q̂† ♦❢ A†✱ ♥❛♠❡❧②

〈q̂j ,Bq̂
†
j〉 6= 1 ❢♦r ❛❧❧ j ✭✶✳✸✵✮

❆❞❞✐t✐♦♥❛❧❧②✱ ✐t ✐s ♥♦✇ ♣♦ss✐❜❧❡ t♦ ❛ss♦❝✐❛t❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥s t♦ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s
✭✶✳✶✸✮✳ ❚❤❡② r❡❞✉❝❡ t♦

B ∂tq̃
† = A† q̃† ✭✶✳✸✶✮

❛♥❞ ②✐❡❧❞ t❤❡ t❡♠♣♦r❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ 2D ❛❞❥♦✐♥t st❛t❡ q̃(x, y, t)✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥✱ q̃

st❛♥❞s ❢♦r t❤❡ ♠♦❞❛❧ ❝♦♠♣♦♥❡♥t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✇❛✈❡ ♥✉♠❜❡r k ♦❢ t❤❡ 3D ❛❞❥♦✐♥t st❛t❡ q†(x, y, z, t)
s♦ t❤❛t

q†(x, y, z, t) =
1

2
[ q̃†(x, y, t) eikz + ❝✳❝✳ ] ✭✶✳✸✷✮

✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❛❞❥♦✐♥t st❛t❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ 3D ♣❡rt✉r❜❛t✐♦♥ q(x, y, z, t)✳
❆♥ ✐♥t❡r❡st✐♥❣ ♣♦✐♥t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ ❤❡r❡✳ ❲❡ s❛✐❞ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ A ❛♥❞ A† ❝♦♠❡s
❢r♦♠ ✭✐✮ t❤❡ ✉♣str❡❛♠ ❛❞✈❡❝t✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛♥❞ ✭✐✐✮ t❤❡ s✇✐t❝❤ ✐♥ t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ t❡r♠s✳ ■♥
❢❛❝t✱ ✭✐✮ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ s♦✲❝❛❧❧❡❞ ✧❝♦♥✈❡❝t✐✈❡ ♥♦♥✲♥♦r♠❛❧✐t②✧ ✇❤❡r❡❛s ✭✐✐✮ ✐♥❞✉❝❡s t❤❡ ✧❧✐❢t✲✉♣ ♥♦♥✲
♥♦r♠❛❧✐t②✧✱ s❡❡ ❈♦ss✉ ✫ ❈❤♦♠❛③ ✭✶✾✾✼✮❀ ▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❚❤❡s❡ t✇♦ ❞✐✛❡r❡♥t ♥♦♥✲♥♦r♠❛❧✐t✐❡s ✇✐❧❧
❜❡ s❤♦✇♥ t♦ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❛❞❥♦✐♥t s♦❧✉t✐♦♥s ♦❢ ❜♦t❤ ✭✶✳✷✽✮ ❛♥❞ ✭✶✳✸✶✮✳

✸✷
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✶✳✺✳✷ ❖♣t✐♠❛❧ t❡♠♣♦r❛❧ ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s

✶✳✺✳✷✳✶ Pr♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s

❚❤❡ ✜rst ❛♥❛❧②s✐s ♣r❡s❡♥t❡❞ ❤❡r❡ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ ❛t t✐♠❡ t = 0 ✇❤✐❝❤ ❧❡❛❞s
t♦ ❛♥ ♦♣t✐♠❛❧ ❡♥❡r❣② ❛♠♣❧✐✜❝❛t✐♦♥ ❛t t✐♠❡ T ✳ ❚❤❡ t✐♠❡ T ✐s ❝❛❧❧❡❞ t❤❡ ❤♦r✐③♦♥ t✐♠❡ ❛♥❞ ✐s ❛ ❝r✐t✐❝❛❧
♣❛r❛♠❡t❡r ♦❢ t❤❡ st✉❞②✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r ♣r❡✈✐♦✉s ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ 3D ♣❡rt✉r❜❛t✐♦♥s ❛r❡
✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✶✷✮ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐♥t♦ tr❛♥s✈❡rs❡ ✇❛✈❡s ❛❧❧♦✇s t♦ ♣❡r❢♦r♠ t❤❡
st✉❞② ✇❛✈❡ ♥✉♠❜❡r ❜② ✇❛✈❡ ♥✉♠❜❡r✳ ❚❤❡ ♣❛r❛♠❡t❡r k t❤✉s st❛♥❞s ❢♦r ❛ s❡❝♦♥❞ ❝r✐t✐❝❛❧ q✉❛♥t✐t②✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ T ❛♥❞ k ❛♥❞ ❛ tr❛♥s✈❡rs❛❧❧② ♣❡r✐♦❞✐❝ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ q(x, y, z, t) =
1
2 [ q̃(x, y, t) eikz + ❝✳❝✳ ]✳ ❲❡ ❧♦♦❦ ❢♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ q̃(0) ✇❤✐❝❤ ♦♣t✐♠✐③❡s t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❣❛✐♥

E(q(T ))

E(q(0))
✇❤✐❝❤ ✐s ❛❧s♦ ❡q✉❛❧ t♦

E(q̃(T ))

E(q̃(0))
✭✶✳✸✸✮

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ t✐♠❡ ♣r♦♣❛❣❛t♦r Φ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ s♦ ❛s t♦ ❛❞✈❛♥❝❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐♥ t✐♠❡ ❜②
q̃(T ) = Φ q̃(0)✳ ❚❤❡♥ t❤❡ ❡♥❡r❣② ❣❛✐♥ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s

E(q̃(T ))

E(q̃(0))
=

〈Φ q̃(0),BΦ q̃(0)〉
〈q̃(0),Bq̃(0)〉 =

〈q̃(0),Φ†
BΦ q̃(0)〉

〈q̃(0),Bq̃(0)〉 ✭✶✳✸✹✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❛❞❥♦✐♥t t✐♠❡ ♣r♦♣❛❣❛t♦r Φ
†✳ ◆♦✇✱ ✐t ♠❛② ❜❡ ❡❛s✐❧② s❤♦✇♥ t❤❛t t❤❡

♦♣t✐♠❛❧ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❡❝t♦r
❛♥❞ ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

Φ
†
BΦ q̃(0) = γBq̃(0) ✭✶✳✸✺✮

❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ♣r♦❝❡❡❞ s✐♠✐❧❛r❧② t♦ t❤❡ ✇♦r❦ ❜② ❇❧❛❝❦❜✉r♥ ❡t ❛❧✳ ✭✷✵✵✽✮❀ ▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✽✮✳
❲❡ st❛rt ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ r❛♥❞♦♠ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ q̃1(0) ✇❤✐❝❤ ✐s ❡✈♦❧✈❡❞ ❢♦r✇❛r❞ ✐♥ t✐♠❡ t❤r♦✉❣❤ t❤❡
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✭✶✳✶✸✮ t♦ t❤❡ t✐♠❡ T s✉❝❤ t❤❛t q̃1(T ) = Φ q̃1(0)✳ ◆❡①t✱ t❤✐s ✐s ✐♠♠❡❞✐❛t❡❧②
❢♦❧❧♦✇❡❞ ❜② ❡✈♦❧✈✐♥❣ t❤❡ r❡s✉❧t✐♥❣ st❛t❡ q̃1(T ) ❜❛❝❦✇❛r❞ ✉♥❞❡r t❤❡ ❛❞❥♦✐♥t ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s
❡q✉❛t✐♦♥s ✭✶✳✸✶✮ ❜② T t✐♠❡ ✉♥✐ts✳ ❚❤❡ ♥❡✇ st❛t❡ ❞❡♥♦t❡❞ ❜② q̃2(0) ✐s ❧♦❝❛❧✐③❡❞ ✉♣str❡❛♠ ❞✉❡ t♦ t❤❡
❛❝t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥s ❛♥❞ ✐s s✉❝❤ t❤❛t

Φ
†
B q̃1(T ) = Bq̃2(0) ✭✶✳✸✻✮

✇❤✐❝❤ ♠❛② ❜❡ ❞❡♠♦♥str❛t❡❞ ❜② ❞❡✈❡❧♦♣✐♥❣ t❤❡ ❛❞❥♦✐♥t ◆❛✈✐❡r ❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ▼♦st❧②✱ t❤✐s ❡q✉❛t✐♦♥
❧❡❛❞s t♦

Φ
†
BΦ q̃1(0) = Bq̃2(0) ✭✶✳✸✼✮

❈♦♥s❡q✉❡♥t❧②✱ ❜② ❛♣♣❧②✐♥❣ s✉❝❝❡ss✐✈❡❧② t❤✐s ♣r♦❝❡❞✉r❡✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s q̃j(0) ❡✈❡♥t✉❛❧❧② ❝♦♥✈❡r❣❡s
t♦ t❤❡ ❤✐❣❤❡st ❡✐❣❡♥✈❡❝t♦r ♦❢ ✭✶✳✸✺✮✳ ❚❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ♠❛② t❤❡♥ ❜❡ ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡ ❧❛st
❞✐r❡❝t t✐♠❡ ✐♥t❡❣r❛t✐♦♥✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❝❤♦♦s❡ ❛ r❡❛❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ q̃1(0) s♦ t❤❛t ❛❧❧ t❤❡ st❛t❡s q̃j(0)
❛r❡ r❡❛❧✳ ❆s ❛ r❡s✉❧t✱ t❤❡ 3D ❛ss♦❝✐❛t❡❞ ✢♦✇ st❛t❡s (u, v, w, p) ❞❡✜♥❡❞ ❜② ✭✶✳✶✷✮ ♠❛② ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠

u = ũ cos(kz)
v = ṽ cos(kz)
w = w̃ sin(kz)
p = p̃ cos(kz)

✭✶✳✸✽✮
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❋✐❣✉r❡ ✶✳✶✾✿ ✭❛✮ ❖♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ γopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ T ❛♥❞ k ✐♥ ❛ 2D ♣❧♦t✳ ✭❜✮ ❞❡♣✐❝ts t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ γopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ T ❢♦r k = 0 ❛♥❞ k = 0.6✳ ✭❝✮ st❛♥❞s ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ γopt

♦✈❡r T ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k✳ ❚❤❡s❡ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ ❢♦r ❘❡ = 600✳ ❚❤❡ ❜❛♥❞ ♦❢ ✉♥st❛❜❧❡ ✇❛✈❡
♥✉♠❜❡rs ❤❛s ❜❡❡♥ ❡♠♣❤❛s✐③❡❞ ❜② ❞❛s❤❡❞ ❧✐♥❡s✳

✶✳✺✳✷✳✷ ❘❡s✉❧ts

❲❡ ❛♣♣❧② t❤❡ ✐t❡r❛t✐✈❡ ❞✐r❡❝t✲❛❞❥♦✐♥t ♣r♦❝❡❞✉r❡ t♦ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ♦♥ t❤❡ ❜❛s❡ ✢♦✇
s♦❧✉t✐♦♥ ❛t ❘❡ = 600✳ ❚❤❡ ♠❡s❤ M1 ✐s ❝❤♦s❡♥ t♦ ♣❡r❢♦r♠ t❤✐s ❛♥❛❧②s✐s❀ ✐t ✐s ♦❜s❡r✈❡❞ t♦ ②✐❡❧❞ ✇✐❞❡❧②
❝♦♥✈❡r❣❡❞ r❡s✉❧ts ✐♥ t❡r♠s ♦❢ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t ✭✶✳✶✸✮ ❛♥❞ ❛❞❥♦✐♥t ✭✶✳✸✶✮
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ❜② t✐♠❡✲st❡♣♣✐♥❣ s✐♠✉❧❛t✐♦♥s ❜❛s❡❞ ♦♥ ❛ s❡❝♦♥❞✲♦r❞❡r ❛❝❝✉r❛t❡
t✐♠❡ ♠❛r❝❤✐♥❣ s❝❤❡♠❡ ❛♥❞ ❛ t✐♠❡ st❡♣ δt = 0.002✳ ❲❡ ✉s❡❞ t❤❡ ❯③❛✇❛ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ♣r♦❝❡❡❞s ❜②
❝♦♠♣✉t✐♥❣ ✐t❡r❛t✐✈❡❧② t❤❡ ♣r❡ss✉r❡ ✜❡❧❞ s✉❝❤ t❤❛t t❤❡ ✈❡❧♦❝✐t② ✐s ❞✐✈❡r❣❡♥t ❢r❡❡ ❜❡❢♦r❡ ❛❞✈❛♥❝✐♥❣ t❤❡
✈❡❧♦❝✐t② ✜❡❧❞ t♦ t❤❡ ♥❡①t t✐♠❡ st❡♣✳ ❆t ❡❛❝❤ t✐♠❡ st❡♣✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♥❡✇ ♣r❡ss✉r❡ ✐s ♣❡r❢♦r♠❡❞
❜② ❛ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞ ✇❤✐❝❤ ✐s ❛❝❝❡❧❡r❛t❡❞ ❜② ✉s✐♥❣ t❤❡ ❈❛❤♦✉❡t✲❈❤❛❜❛rt ♣r❡❝♦♥❞✐t✐♦♥❡r✳

❚❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ γopt ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ♥❡①t✳ ❲❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ ✐♥
✜❣✉r❡ ✶✳✶✾✭❛✮ ❛ 2D ♣❧♦t ♦❢ t❤❡ ♦♣t✐♠❛❧ ❣❛✐♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ T ❛♥❞ k✳ ❚❤✐s ♦♥❡ ❤✐❣❤❧✐❣❤ts ♣♦t❡♥t✐❛❧❧②
❤✐❣❤ tr❛♥s✐❡♥t ❣r♦✇t❤s ❢♦r t❤❡ ❧♦✇❡st ✇❛✈❡ ♥✉♠❜❡rs k✳ ❊s♣❡❝✐❛❧❧②✱ t❤❡ ♠❛①✐♠✉♠ ❣❛✐♥ ✐s r❡❛❝❤❡❞ ❢♦r
T = 20 ❛♥❞ k = 0.6✱ ✇❤✐❝❤ st❛♥❞s ❢♦r t❤❡ tr❛♥s✈❡rs❡ ✇❛✈❡ ❧❡♥❣t❤ lz = 10.47✳ ◆♦t❡ t❤❛t t❤❡ ✉♥st❛❜❧❡
✇❛✈❡ ♥✉♠❜❡r ✐♥t❡r✈❛❧ ❤❛s ❜❡❡♥ ❞❡♥♦t❡❞ ❜② ❞❛s❤❡❞ ❧✐♥❡s✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ t❡♥❞s t♦
✐♥✜♥✐t② ❢♦r ❧❛r❣❡ t✐♠❡s T ✐♥ t❤✐s ✐♥t❡r✈❛❧ ❞✉❡ t♦ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❈♦♥❝❡r♥✐♥❣
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣❡rt✉r❜❛t✐♦♥s ✭k = 0✮✱ ❛♥ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ✐s r❡❛❝❤❡❞ ❢♦r T = 18✳ ❋♦r ❛ ❝❧❡❛r❡r
r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✾✭❜✮ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ γopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ T ❢♦r t✇♦ ♣❛rt✐❝✉❧❛r
✇❛✈❡ ♥✉♠❜❡rs✿ t❤❡ ✜rst ♦♥❡ k = 0 st❛♥❞s ❢♦r 2D ♣❡rt✉r❜❛t✐♦♥s ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ k = 0.6 ✐s t❤❡ ✇❛✈❡
♥✉♠❜❡r ❛t ✇❤✐❝❤ t❤❡ ♠❛①✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ♣❛r❛♠❡t❡rs ✐s ❢♦✉♥❞✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ t✇♦
❛r❡ ❛❧♠♦st ✐❞❡♥t✐❝❛❧ ❢♦r s❤♦rt t✐♠❡s ✭T < 15✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡✐r ♠❛①✐♠✉♠ ❡♥❡r❣② ❣❛✐♥s ❛r❡ q✉✐t❡ ❝❧♦s❡❀
t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ γopt r❡❞✉❝❡ t♦ 15 874 ❢♦r k = 0 ❛♥❞ 17 916 ❢♦r k = 0.6✳ ❋♦r ❤✐❣❤❡r ✇❛✈❡ ♥✉♠❜❡rs✱
t❤❡ ♦♣t✐♠❛❧ ❣❛✐♥s ✈❛♥✐s❤ q✉✐t❡ q✉✐❝❦❧②✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✶✳✶✾✭❝✮ ✇❤❡r❡ ✇❡ ❤❛✈❡ r❡♣♦rt❡❞ t❤❡
✈❛❧✉❡ maxT [γopt(k, T )] ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k✱ ✇❤✐❝❤ ✐s ♦❜s❡r✈❡❞ t♦ ❢❛❧❧ ♦✛ ❢♦r k > 1 ✭✐✳❡✳ lz < 6.28✮✳ ❲❡
t❤✉s ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ tr❛♥s✐❡♥t ❣r♦✇t❤s ❛r❡ r❡❧❛t❡❞ t♦ ♣❡rt✉r❜❛t✐♦♥s ❤❛✈✐♥❣ ✈❡r② ❧❛r❣❡
tr❛♥s✈❡rs❡ ✇❛✈❡❧❡♥❣t❤s ❛♥❞ 2D ♣❡rt✉r❜❛t✐♦♥s✳
▲❡t ✉s ✜rst ❞❡s❝r✐❜❡ t❤❡ 2D ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ✭k = 0✮✳ ❲❡ ❤❛✈❡ ❞✐s♣❧❛②❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✵✭❛✮ t❤❡
♦♣t✐♠❛❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❜② ✐ts ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ❋✐❣✉r❡s ✶✳✷✵✭❜✲❞✮ st❛♥❞ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤✐s
♣❡rt✉r❜❛t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✭✶✳✶✸✮✳ ❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s ♦❜s❡r✈❡❞
t♦ ❜❡ ❧♦❝❛❧✐③❡❞ ✐♥ t❤❡ ✉♣str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r✱ ♥❡❛r s❡♣❛r❛t✐♦♥✱ ❛♥❞ ✐s ❝♦♥✈❡❝t❡❞ ❞♦✇♥str❡❛♠ ✇❤✐❧❡
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❋✐❣✉r❡ ✶✳✷✵✿ ✭❛✮ ❖♣t✐♠❛❧ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ ❝♦♠♣✉t❡❞ ❢♦r T = 18 ❛♥❞ k = 0✳ ✭❜✱❝✱❞✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤✐s
♣❡rt✉r❜❛t✐♦♥ ❛t t✐♠❡s t = 6, 18 ❛♥❞ 30 r❡s♣❡❝t✐✈❡❧②✳ ❋❧♦✇ str✉❝t✉r❡s ❛r❡ ❞✐s♣❧❛②❡❞ ❜② t❤❡✐r ❧♦♥❣✐t✉❞✐♥❛❧
✈❡❧♦❝✐t②✳

❜❡✐♥❣ ❛♠♣❧✐✜❡❞ ✐♥ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡✳ ❇❡s✐❞❡s✱ t❤❡ ❡♥❡r❣② ❣r♦✇t❤ ✐s ♠❛①✐♠✉♠ ❛t t = 18 ❛♥❞ st❛rts
t♦ ❞❡❝r❡❛s❡ ❛s s♦♦♥ ❛s t❤❡ ❞✐st✉r❜❛♥❝❡ ❧❡❛✈❡s t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡
✐♥❝❧✐♥❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛❣❛✐♥st t❤❡ s❤❡❛r ✐s r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ❖rr ♠❡❝❤❛♥✐s♠✱ s❡❡ ❖rr ✭✶✾✵✼✮❀
❇✉t❧❡r ✫ ❋❛rr❡❧❧ ✭✶✾✾✷✮✱ ✇❤❡r❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❡①tr❛❝ts ❡♥❡r❣② ❢r♦♠ t❤❡ ♠❡❛♥ s❤❡❛r ❜② tr❛♥s♣♦rt✐♥❣
♠♦♠❡♥t✉♠ ❞♦✇♥ t❤❡ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥t✳ ❚❤❡ s❤❡❛r ❧❛②❡r r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ✢♦✇ s❡♣❛r❛t✐♦♥ ✐s r❡s♣♦♥s✐❜❧❡
❢♦r t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❞✉❡ t♦ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t②✳ ❚❤✐s
✐♥st❛❜✐❧✐t② s❡❧❡❝t✐✈❡❧② ❛♠♣❧✐✜❡s ❞✐st✉r❜❛♥❝❡s✱ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ t❤✐♥♥❡r t❤❡ s❤❡❛r ❧❛②❡r t❤❡ s♠❛❧❧❡r t❤❡
str❡❛♠✇✐s❡ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ ♠♦st ❛♠♣❧✐✜❡❞ ❞✐st✉r❜❛♥❝❡✳ ■♥ ♦✉r ❝❛s❡✱ t❤❡ s❤❡❛r ❧❛②❡r t❤✐❝❦❡♥s ❞✉❡
t♦ ✈✐s❝♦s✐t② ❛♥❞ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s t❤✉s ♦❜s❡r✈❡❞ t♦ ❞✐s♣❧❛② ✐♥❝r❡❛s✐♥❣ str❡❛♠✇✐s❡ ✇❛✈❡❧❡♥❣t❤s ✇❤✐❧❡
❜❡✐♥❣ ❝♦♥✈❡❝t❡❞ ❞♦✇♥str❡❛♠✳ ❚❤✐s ❧❛tt❡r ♣♦✐♥t ✐s ♦❜✈✐♦✉s❧② ♣❛rt❧② ❛ttr✐❜✉t❡❞ t♦ t❤❡ ✈✐s❝♦✉s ❡✛❡❝ts ♦♥
t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐ts❡❧❢✳ ■t s❤♦✉❧❞ ❜❡ r❡❝❛❧❧❡❞ ❤❡r❡ t❤❛t t❤❡ ❣❧♦❜❛❧ ❛♠♣❧✐✜❡r ❜❡❤❛✈✐♦r ♦❢ ♦♣❡♥ ✢♦✇s ❤❛✈❡
❜❡❡♥ r❡❝♦❣♥✐③❡❞ t♦ ❞❡r✐✈❡ ❢r♦♠ t❤❡ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ✢♦✇✱ s❡❡ ❈♦ss✉ ✫ ❈❤♦♠❛③
✭✶✾✾✼✮❀ ❈❤♦♠❛③ ✭✷✵✵✺✮✳ ■♥ ❛ ❣❧♦❜❛❧ ❢r❛♠❡✇♦r❦✱ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t✐❡s ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥
❜✉❜❜❧❡ ✇❤❡r❡ t❤❡ ✢♦✇ ♠❛② ❜❡ ❢♦✉♥❞ ❝♦♥✈❡❝t✐✈❡❧② ✉♥st❛❜❧❡ ❢r♦♠ ❛ ❧♦❝❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s✳ ❙✉❝❤ ❧♦❝❛❧
❛♥❛❧②s✐s ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❘♦❜✐♥❡t ✭✷✵✵✼❜✮ ✇❤❡r❡ t❤❡ ♠♦st ❛♠♣❧✐✜❡❞ ❢r❡q✉❡♥❝✐❡s ❛t ❡❛❝❤
x ♣♦s✐t✐♦♥s ♠❛② ❜❡ ❢♦✉♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ✇♦r❦ ❜② ❈❤♦♠❛③ ❡t ❛❧✳ ✭✶✾✾✶✮✳

❚♦ ❤✐❣❤❧✐❣❤t t❤❡ ✇❛✈❡ ♣❛❝❦❡t ♣r♦♣❛❣❛t✐♦♥✱ ✇❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✶✭❛✮ ✐ts ❦✐♥❡t✐❝ ❡♥❡r❣② ❡♥✲
✈❡❧♦♣❡ t❤r♦✉❣❤ t❤❡ q✉❛♥t✐t② Ey(x, t) =

∫

y[u(x, y, t)
2 + v(x, y, t)2 + w(x, y, t)2]dy ❡✈❡r② ∆t = 0.5✳ ❚❤❡

♣❡rt✉r❜❛t✐♦♥s ❛t t✐♠❡s 10✱ 16.5 ❛♥❞ 30 ❛r❡ ❢✉rt❤❡r♠♦r❡ ❡♠♣❤❛s✐③❡❞ t♦ ♣♦✐♥t ♦✉t t❤❡ s♣r❡❛❞✐♥❣ ♦❢ t❤❡
str❡❛♠✇✐s❡ s♣❛t✐❛❧ s✉♣♣♦rt ♦❢ t❤❡ ✇❛✈❡ ♣❛❝❦❡t ✐♥ t✐♠❡✳ ❋✐❣✉r❡ ✶✳✷✶✭❜✮ st❛♥❞s ❢♦r ❛ 2D s♣❛❝❡✲t✐♠❡ r❡♣✲
r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ♣❛❝❦❡t t❤r♦✉❣❤ t❤❡ q✉❛♥t✐t② u(x, t) ❡①tr❛❝t❡❞ ❛t y = 1.05✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡
♥♦♥✲♣❛r❛❧❧❡❧✐s♠ ♦❢ t❤❡ ❜❛s❡ ✢♦✇✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡ ✐s ♥♦t✐❝❡❛❜❧❡ ❜② t❤❡ ❝✉r✈❛t✉r❡
♦❢ t❤❡ ❜♦r❞❡rs ♦❢ t❤❡ ✇❛✈❡ ♣❛❝❦❡t✳ ❚❤✐s ✐s ❢✉rt❤❡r ❡♠♣❤❛s✐③❡❞ ❜② t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ x/t r❛② ✈❛❧✉❡s ✇❤✐❝❤
❛r❡ ❡♠♣❤❛s✐③❡❞ ❜② ❞❛s❤❡❞ ❧✐♥❡s✳ ❚❤❡ ✇❛✈❡❢r♦♥ts ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♣❤❛s❡ s♣❡❡❞s υφ = ∆x

∆t ❡q✉❛❧ t♦
0.26 ❛♥❞ 0.9✳ ❇❡❤✐♥❞ r❡❛tt❛❝❤♠❡♥t✱ ❛t x ≈ 11✱ t❤❡ ✇❛✈❡ ♣❛❝❦❡t ❡✈♦❧✈❡s ❛❧♦♥❣ ❝♦♥st❛♥t x/t r❛②s ❛♥❞ t❤❡
❛ss♦❝✐❛t❡❞ ♣❤❛s❡ s♣❡❡❞ r❡❞✉❝❡s t♦ 0.55✳ ❚❤✐s ❧❛tt❡r ♣♦✐♥t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞♦✇♥str❡❛♠ r❡❧❛①❛t✐♦♥
♦❢ t❤❡ ❜❛s❡ ✢♦✇ t♦✇❛r❞ ❛ ❜♦✉♥❞❛r② ❧❛②❡r✳

❲❡ ♥♦✇ r❡♣r❡s❡♥t t❤❡ 3D ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ♦❜t❛✐♥❡❞ ❢♦r T = 20 ❛♥❞ k = 0.6✳ ◆♦t❡ t❤❛t ✐t ✐s
r❡❝♦✈❡r❡❞ ❢r♦♠ ❡q✉❛t✐♦♥s ✭✶✳✸✽✮✳ ❲❡ ❤❛✈❡ r❡♣♦rt❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✷ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧

✸✺
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❋✐❣✉r❡ ✶✳✷✶✿ ❙♣❛t✐❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ♣❛❝❦❡t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ 2D ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥✳ ✭❛✮ ❚❤❡
q✉❛♥t✐t② Ey(x, t) ✐s ❞❡♣✐❝t❡❞ ❢♦r ❡✈❡r② t✐♠❡ st❡♣ ∆t = 0.5 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ x✳ ✭❜✮ ❞❡♣✐❝ts t❤❡ s♣❛❝❡✲t✐♠❡
x− t ❞✐❛❣r❛♠ ♦❢ t❤❡ q✉❛♥t✐t② u(x, y = 1.05, t)✳

♣❡rt✉r❜❛t✐♦♥ ❛❧♦♥❣ ✇✐t❤ ✐ts ❡✈♦❧✈❡❞ ♦♣t✐♠❛❧ st❛t❡ ❛t t = 20✳ ❋✐❣✉r❡s ✶✳✷✷✭❛✱❜✮ st❛♥❞ ❢♦r ❛ s✐❞❡ ✈✐❡✇
✇❤❡r❡❛s ✜❣✉r❡s ✶✳✷✷✭❝✱❞✮ ❢♦r ❛ t♦♣ ✈✐❡✇✳ ❇❛s✐❝❛❧❧②✱ ✇❡ ❣❡t ✈❡r② s✐♠✐❧❛r ✇❛✈❡ ♣❛❝❦❡ts ❡①❝❡♣t t❤❛t t❤❡②
❛r❡✱ ❜② ❝♦♥str✉❝t✐♦♥✱ s✐♥✉s♦✐❞❛❧ ✐♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥✳ ❖♥❝❡ ♠♦r❡✱ t❤❡ s♣❛t✐❛❧ str❡❛♠✇✐s❡ s❡♣❛r❛t✐♦♥
❜❡t✇❡❡♥ t❤❡ ♦♣t✐♠❛❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛♥❞ ✐ts ♦♣t✐♠❛❧ ❡✈♦❧✈❡❞ st❛t❡ ✐s ❤✐❣❤❧✐❣❤t❡❞✳ ❚❤❡ ♦♣t✐♠❛❧ ❝♦♥❞✐t✐♦♥
✐s ❛❧s♦ ✐♥❝❧✐♥❡❞ ❛❣❛✐♥ t❤❡ s❤❡❛r ❛♥❞ ❛♠♣❧✐✜❡❞ ❜② ❜♦t❤ t❤❡ ❖rr ❛♥❞ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t✐❡s✳
❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ 3D ♣❡rt✉r❜❛t✐♦♥ s❡❡♠s r❛t❤❡r ❛♥❛❧♦❣♦✉s t♦ t❤❡ ♦♣t✐♠❛❧ 2D ♦♥❡✳ ❚♦ ✐♥✈❡st✐❣❛t❡ t❤❡
r♦❧❡ ♦❢ t❤❡ tr❛♥s✈❡rs❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t✱ ✇❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✸ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣②
❣❛✐♥ γ(t) ♦❢ t❤❡ 3D ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ ✐ts
t❤r❡❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts✳ ❋♦r ✐♥st❛♥❝❡ ✐ts ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ❝♦♥tr✐❜✉t✐♦♥ ✐s ❡q✉❛❧ t♦

γu(t) =

∫

Ω ũ
2(t)dxdy

∫

Ω[ũ2(0) + ṽ2(0) + w̃2(0)]dxdy
✭✶✳✸✾✮

❛♥❞ s♦ ♦♥ ❢♦r t❤❡ ♦t❤❡r t✇♦✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ w ❝♦♥tr✐❜✉t✐♦♥ ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ♦t❤❡r t✇♦ ❢♦r
s❤♦rt t✐♠❡s❀ ✐t ✐s ❡✈❡♥ ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❜❡❧♦✇ ❢♦r t < 2✳ ❇② t❤❡ ✇❛②✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡
v ❝♦♥tr✐❜✉t✐♦♥✱ ✐♥✐t✐❛❧❧② ❢❛r ❜❡❧♦✇ t❤❡ u ♦♥❡✱ ✐♥❝r❡❛s❡s ✈❡r② q✉✐❝❦❧② ❞✉❡ t❤❡ t❤❡ ❖rr ♠❡❝❤❛♥✐s♠ ❛♥❞ t❤❡
r♦❧❧✐♥❣ ✉♣ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥✳ ❋♦r ❧❛t❡r t✐♠❡s✱ t❤❡ w ❝♦♠♣♦♥❡♥t r✐s❡s ❛♥❞ ❡✈❡♥ ❜❡❝♦♠❡s ♣r❡❞♦♠✐♥❛♥t ❛t
t ≈ 17✳ ❋✐♥❛❧❧②✱ ✐t ❜❡❝♦♠❡s s✐♠✐❧❛r t♦ t❤❡ u ♦♥❡ ❢♦r ❧❛r❣❡r t✐♠❡s ✭t > 35✮✳ ❚❤❡ ❡①❛❝t ✉♥❞❡r❧②✐♥❣ ♣❤②s✐❝❛❧
♦r✐❣✐♥ ♦❢ t❤✐s 3D ❛♠♣❧✐✜❡r ♠❡❝❤❛♥✐s♠ ❤❛s ♥♦t ❜❡❡♥ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡❞✳ ❨❡t✱ ❞✉❡ t♦ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡
w ❝♦♠♣♦♥❡♥t ✐♥ t❤❡ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r✱ t❤❡ ♦♣t✐♠❛❧ ✜♥❛❧ ♣❡rt✉r❜❛t✐♦♥ ✐s r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡
♦❜❧✐q✉❡ ✇❛✈❡s ♣♦ss✐❜❧② s✉st❛✐♥❡❞ ✐♥ tr❛♥s✐t✐♦♥❛❧ ❜♦✉♥❞❛r② ❧❛②❡rs✱ s❡❡ ▼♦♥♦❦r♦✉s♦s ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❖♥❡
♠❛② t❤✉s ❛ttr✐❜✉t❡ t❤❡ ❞②♥❛♠✐❝s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s 3D ♣❡rt✉r❜❛t✐♦♥ t♦ ❛♥ ❛♥❛❧♦❣♦✉s ♠❡❝❤❛♥✐s♠✳

✶✳✺✳✷✳✸ ❙❤♦rt t✐♠❡ ♦♣t✐♠❛❧ ❞②♥❛♠✐❝s

❲❡ ❞❡❛❧ ❤❡r❡ ✇✐t❤ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ✈❡r② s❤♦rt t✐♠❡ ❤♦r✐③♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r
t❤❡ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ t❤❛t ♦♣t✐♠✐③❡s t❤❡ ✐♥✐t✐❛❧ ❡♥❡r❣② ❣❛✐♥ ❣r♦✇t❤ r❛t❡ ✭♦r ❣r❛❞✐❡♥t✮✳ ❚❤✐s ❛♥❛❧②s✐s ✐s
❡q✉❛❧❧② ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ ❘❡ = 600✳ ❉❡♥♦t✐♥❣ t❤❡ ❡♥❡r❣② ❣❛✐♥ ❛t t✐♠❡ t ❜② γ(t) = E(q̃(t))

E(q̃(0)) ✱ t❤❡ r❡❧❛t✐✈❡

✐♥st❛♥t❛♥❡♦✉s ❡♥❡r❣② ❣r♦✇t❤ r❛t❡ 1
γ(t)

∂γ(t)
∂t ♠❛② ❜❡ ❡❛s✐❧② ❞❡r✐✈❡❞ ✐♥t♦

1

γ(t)

∂γ(t)

∂t
=

〈q̃(t), (A + A†)q̃(t)〉
〈q̃(t),Bq̃(t)〉 ✭✶✳✹✵✮

✇❤✐❝❤ ♠❛② ❛❧s♦ ❜❡ s♦❧✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (A + A†)
❛♥❞ B✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤✐s r❛t✐♦ ✇❤✐❝❤ ❛❧s♦ st❛♥❞s ❢♦r t❤❡ ❧❛r❣❡st ♣♦ss✐❜❧❡

✸✻
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❋✐❣✉r❡ ✶✳✷✷✿ ❖♣t✐♠❛❧ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ ❝♦♠♣✉t❡❞ ❢♦r T = 20 ❛♥❞ k = 0.6✳ ✭❛✮ ❙✐❞❡ ✈✐❡✇ ♦❢ t❤❡
♣❡rt✉r❜❛t✐♦♥ ❛♥❞ ✭❜✮ ♦❢ ✐ts ❡✈♦❧✈❡❞ st❛t❡ ❛t t✐♠❡ t = 20✳ ✭❝✱❞✮ ❙❛♠❡ st❛t❡s ❞✐s♣❧❛②❡❞ ✇✐t❤ ❛ t♦♣ ✈✐❡✇✳
❋❧♦✇ str✉❝t✉r❡s ❛r❡ ❞✐s♣❧❛②❡❞ ❜② t❤❡✐r ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳

❋✐❣✉r❡ ✶✳✷✸✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❣❛✐♥ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ 3D ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❛❧♦♥❣ ✇✐t❤ ✐ts u✱
v ❛♥❞ w ❝♦♥tr✐❜✉t✐♦♥s✳

✸✼
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❋✐❣✉r❡ ✶✳✷✹✿ ✭❛✮ ❊✈♦❧✉t✐♦♥ ♦❢ µopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k✳ ✭❜✮ ❊♥❡r❣② ❣❛✐♥ γ(t) ♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t❡❞
♦♣t✐♠❛❧❧② ❣r♦✇✐♥❣ ♣❡rt✉r❜❛t✐♦♥ ✭s♦❧✐❞ ❧✐♥❡✮ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ 2D ♣❡rt✉r❜❛t✐♦♥ ♦❜t❛✐♥❡❞ ❢♦r T = 18 ❛♥❞
k = 0 ✭❞❛s❤❡❞ ❧✐♥❡✮✳

✐♥st❛♥t❛♥❡♦✉s ❡♥❡r❣② ❣r♦✇t❤ r❛t❡ ♦✈❡r ❛❧❧ ♣❡rt✉r❜❛t✐♦♥s✳ ❚❤✐s ♠❛② ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❧❛r❣❡st
❡✐❣❡♥✈❛❧✉❡ µopt ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

(A + A†)q̃ = µBq̃ ✭✶✳✹✶✮

❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦r q̃ r❡❞✉❝❡s t♦ t❤❡ ♦♣t✐♠❛❧❧② ❣r♦✇✐♥❣ ♣❡rt✉r❜❛t✐♦♥ ✇❤♦s❡ ❡♥❡r❣②
♠❛② ❣r♦✇ ❧✐♥❡❛r❧② s✉❝❤ t❤❛t γ(t) = 1 + µoptt ❛t ✜rst ♦r❞❡r✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✹✭❛✮ t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ µopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k✳ ■t ❤✐❣❤❧✐❣❤ts t❤❛t t❤❡ ♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ❣r♦✇t❤ r❛t❡ ✐s ❛❝❤✐❡✈❡❞
❢♦r k = 0✱ t❤❛t ✐s ❢♦r 2D ♣❡rt✉r❜❛t✐♦♥s✳ ❋✐❣✉r❡ ✶✳✷✹✭❜✮ ❞❡♣✐❝ts t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❣❛✐♥ r❡s✉❧t✐♥❣ ❢r♦♠
t❤✐s 2D ♣❡rt✉r❜❛t✐♦♥ ❜② ❛ s♦❧✐❞ ❧✐♥❡✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱ ✇❡ ❤❛✈❡ r❡♣♦rt❡❞ ❜② ❛ ❞❛s❤❡❞ ❧✐♥❡ t❤❡ ❣❛✐♥ ♦❢ t❤❡
♦♣t✐♠❛❧ 2D ♣❡rt✉r❜❛t✐♦♥ ❝♦♠♣✉t❡❞ ❢♦r T = 18 ❛♥❞ k = 0✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ♦♣t✐♠❛❧❧② ❣r♦✇✐♥❣ s♦❧✉t✐♦♥
✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ✈❡r② q✉✐❝❦❧② ❛♠♣❧✐✜❡❞ ✐♥ s❤♦rt t✐♠❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ♦t❤❡r ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ q✉✐❝❦❧②
❜❡❝♦♠❡s ♠♦r❡ ❡♥❡r❣❡t✐❝✳
❚♦ ✐❧❧✉str❛t❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♦♣t✐♠❛❧❧② ❣r♦✇✐♥❣ ♣❡rt✉r❜❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✺✭❛✮ ✐ts
❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ❆❞❞✐t✐♦♥❛❧❧② ✜❣✉r❡ ✶✳✷✺✭❜✮ r❡♣r❡s❡♥ts ✐ts ❡✈♦❧✈❡❞ str✉❝t✉r❡ ❛t t✐♠❡ t = 15 ✇❤❡r❡ ✐t
✐s ♦♣t✐♠❛❧✱ s❡❡ ✜❣✉r❡ ✶✳✷✹✭❜✮✳ ■t ✐s ✐♥t❡r❡st✐♥❣❧② ♥♦t✐❝❡❞ t❤❛t t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❞✐s♣❧❛②s ❛ s✐♠✐❧❛r ♣❛tt❡r♥
t♦ t❤❛t ♦❢ t❤❡ ♦♣t✐♠❛❧ 2D ♣❡rt✉r❜❛t✐♦♥✱ ❡①❝❡♣t t❤❛t ✐t ❤❛s ❛ s❧✐❣❤t❧② s♠❛❧❧❡r str❡❛♠✇✐s❡ ✇❛✈❡❧❡♥❣t❤ ❛♥❞
❛ ❞✐✛❡r❡♥t ✐♥❝❧✐♥❛t✐♦♥ ❛❣❛✐♥st t❤❡ s❤❡❛r✳ ❚❤✐s ✐♥✐t✐❛❧ ❞✐st✉r❜❛♥❝❡ t❤❡♥ ✐s t❤❡♥ ❝♦♥✈❡❝t❡❞ ❛♥❞ ❛♠♣❧✐✜❡❞
❞♦✇♥str❡❛♠ ❛s ❛ s✐♠✐❧❛r ✇❛✈❡ ♣❛❝❦❡t✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♦♣t✐♠❛❧❧② ❣r♦✇✐♥❣ ♣❡rt✉r❜❛t✐♦♥ ❡①tr❛❝ts
❡♥❡r❣② ❢r♦♠ t❤❡ ❜❛s❡ ✢♦✇ ❜② t❤❡ s❛♠❡ ♣❤②s✐❝❛❧ ♠❡❝❤❛♥✐s♠s✱ ✐✳❡✳ t❤❡ ❖rr ❛♥❞ ❑❡❧✈✐♥ ❍❡❧♠❤♦❧t③ ✐♥st❛✲
❜✐❧✐t✐❡s✱ ❜✉t ✇✐t❤ ❛ ❞✐✛❡r❡♥t ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ ❜♦t❤✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ♣r❡❢❡r❡♥t✐❛❧❧② ♣r♦♠♦t❡s t❤❡ ❖rr
✐♥st❛❜✐❧✐t②✱ ✐♥❞❡❡❞ ❦♥♦✇♥ ❛s ❛ s❤♦rt t✐♠❡ ♠❡❝❤❛♥✐s♠✳

✶✳✺✳✷✳✹ ▲♦♥❣ t✐♠❡ ♦♣t✐♠❛❧ ❞②♥❛♠✐❝s

❲❡ ♥♦✇ ♣❛② ❛tt❡♥t✐♦♥ t♦ ✈❡r② ❧♦♥❣ t✐♠❡ ❤♦r✐③♦♥s✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✢♦✇ ✐s ❣❧♦❜❛❧❧② st❛❜❧❡✱ t❤❡ ❡♥❡r❣②
❣❛✐♥ ♦❢ ❛♥② ♣❡rt✉r❜❛t✐♦♥ ✈❛♥✐s❤❡s ❢♦r ❧♦♥❣ t✐♠❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ✢♦✇ ✐s ❣❧♦❜❛❧❧② ✉♥st❛❜❧❡✱
❛♥② ❞✐st✉r❜❛♥❝❡ ✇✐❧❧ ❧❡❛❞ t♦ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡✳ ❲❡ ♣♦s❡ t❤❡ q✉❡st✐♦♥ ♦❢
✇❤✐❝❤ ♣❡rt✉r❜❛t✐♦♥ ❧❡❛❞s t♦ ♠❛①✐♠✉♠ ❡♥❡r❣② ❣❛✐♥ ❢♦r ❧♦♥❣ t✐♠❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤✐s st❛♥❞ ❢♦r ✜♥❞✐♥❣
t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ♦♣t✐♠❛❧❧② ♣r♦♠♦t❡s t❤❡ ♠♦st ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ✢♦✇ ❛t
❘❡ = 600 ✇❤✐❝❤ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❞✐s♣❧❛② ❛ ❜❛♥❞ ♦❢ ✉♥st❛❜❧❡ tr❛♥s✈❡rs❡ ✇❛✈❡ ♥✉♠❜❡rs✳ ❋✉rt❤❡r♠♦r❡✱
✇❡ ❝❤♦♦s❡ t❤❡ tr❛♥s✈❡rs❡ ✇❛✈❡ ♥✉♠❜❡r k = 1.08 ✇❤✐❝❤ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ t❤❡ ♠♦st ✉♥st❛❜❧❡ ♦♥❡✳ ❋♦r
t❤✐s s❡t ♦❢ ♣❛r❛♠❡t❡rs✱ t❤❡✐r ✐s ♦♥❧② ♦♥❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡✱ ✇❤✐❝❤ ✐s t❤❡ ♦♥❡ st✉❞✐❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✹✳✹✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ q0 = q̂0 e

ikz ✇❤✐❝❤ ✐s ❢✉rt❤❡r ❞❡❝♦♠♣♦s❡❞ ✐♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❣❧♦❜❛❧
❡✐❣❡♥♠♦❞❡s✿
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❋✐❣✉r❡ ✶✳✷✺✿ ✭❛✮ ❖♣t✐♠❛❧❧② ❣r♦✇✐♥❣ ♣❡rt✉r❜❛t✐♦♥ ❝♦♠♣✉t❡❞ ❢♦r k = 0✳ ✭❜✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤✐s ♣❡rt✉r❜❛t✐♦♥
t♦ t❤❡ t✐♠❡ t = 15✳

q̂0 =
∑

j

κj q̂j ✭✶✳✹✷✮

✇❤❡r❡ q̂j ❞❡♥♦t❡s t❤❡ j
th ❡✐❣❡♥♠♦❞❡ ❛♥❞ κj ❛r❡ r❡❛❧ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡s❡ ❝♦❡✣❝✐❡♥ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠

t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ❛❞❥♦✐♥t ❡✐❣❡♥♠♦❞❡s q̂
†
j ❜② 〈q̂0,Bq̂

†
j〉 = κj ✳ ❈♦♥s❡q✉❡♥t❧②✱

t❤❡ ♣❡rt✉r❜❛t✐♦♥ st❛t❡ q(t) r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ q̂0 ♠❛② ❜❡ ✇r✐tt❡♥ ❛s

q(t) =
∑

j

〈q̂0,Bq̂
†
j〉q̂j e

σjt+ikz ✭✶✳✹✸✮

❋♦r s✉✣❝✐❡♥t❧② ❧♦♥❣ t✐♠❡s✱ ♦♥❧② t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡ q̂max ✐s ♥♦♥✲♥✉❧❧ s♦ t❤❛t t❤❡
♣❡rt✉r❜❛t✐♦♥ ❞②♥❛♠✐❝s ❛r❡ ❣✐✈❡♥ ❜② q(t) = 〈q̂0,Bq̂†

max〉q̂max e
αmaxt+ikz✳ ◆❡①t✱ t❤❡ ❡♥❡r❣② ❣❛✐♥ ♦❢ t❤✐s

♣❡rt✉r❜❛t✐♦♥ r❡❞✉❝❡s t♦

γ(t) =
〈q̂0,Bq̂†

max〉
〈q̂0,Bq̂0〉

e2αmaxt ✭✶✳✹✹✮

✇❤✐❝❤ ✐s ♠❛①✐♠✉♠ ✇❤❡♥ q̂0 = q̂†
max✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❛❞❥♦✐♥t ❡✐❣❡♥♠♦❞❡ ♦♣t✐♠❛❧❧② ❡♥❤❛♥❝❡s t❤❡

❡♥❡r❣② ♦❢ ✐ts ❞✐r❡❝t ❡✐❣❡♥♠♦❞❡ ❢♦r ❧♦♥❣ t✐♠❡s✳
❚❤❡ ❛❞❥♦✐♥t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✶✳✷✽✮ ✐s s♦❧✈❡❞ ❜② t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛s ❢♦r t❤❡ ❞✐r❡❝t ♦♥❡✳
❚❤❡ ❛❝❝✉r❛t❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ♠♦❞❡s ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❜② t❤❡ ❜✐✲♦rt❤♦❣♦♥❛❧ r❡❧❛t✐♦♥ ✭✶✳✷✾✮
❛♥❞ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ r❡❧❛t✐♦♥ σ†j = σ∗j ✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♠♦st ✉♥st❛❜❧❡
❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡✱ ✇❤✐❝❤ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ 3D ♣❡r✐♦❞✐❝ ✉♥st❛❜❧❡ ♠♦❞❡ ♣r❡✈✐♦✉s❧② ♣r❡s❡♥t❡❞✳
❋✐❣✉r❡s ✶✳✷✻✭❛✱❜✱❝✮ r❡♣r❡s❡♥t t❤❡ t❤r❡❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts û†✱ v̂† ❛♥❞ ŵ† r❡s♣❡❝t✐✈❡❧② ♦❢ t❤❡ ✉♥st❛❜❧❡
❛❞❥♦✐♥t ❡✐❣❡♥♠♦❞❡✳ ❚❤❡② ❧♦♦❦ q✉✐t❡ s✐♠✐❧❛r t♦ t❤♦s❡ ♦❢ t❤❡ ❞✐r❡❝t ❡✐❣❡♥♠♦❞❡✱ s❡❡ ✜❣✉r❡ ✶✳✶✺✱ ❡①❝❡♣t t❤❛t
t❤❡② ❛r❡ ❧♦❝❛❧✐③❡❞ ✉♣str❡❛♠ ♥❡❛r s❡♣❛r❛t✐♦♥✳ ❚❤✐s ❝♦♠♠♦♥ ❢❡❛t✉r❡ ♦❢ ❛❞❥♦✐♥t ♠♦❞❡s ❤❛✈❡ ❜❡❡♥ r❡❧❛t❡❞
t♦ t❤❡ ❝♦♥✈❡❝t✐✈❡ ♥♦♥✲♥♦r♠❛❧✐t② ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r✱ s❡❡ ▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✾✮✳
❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ str❡❛♠✇✐s❡ ❝♦♠♣♦♥❡♥t ✐s ♥♦t ❛s ♣r❡❞♦♠✐♥❛♥t ❛s ❢♦r t❤❡ ❞✐r❡❝t ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡✳ ❚❤✐s
✐s ❢✉rt❤❡r q✉❛♥t✐✜❡❞ ✐♥ t❛❜❧❡ ✶✳✷ ✇❤❡r❡ ✇❡ ❤❛✈❡ r❡♣♦rt❡❞ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ❞✐r❡❝t
❛♥❞ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡s r❡❧❛t✐✈❡ t♦ t❤❡ t❤r❡❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts✳ ❙✉❝❤ ❛ ❝❧❡❛r s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t ♠♦❞❡s ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ❤❛✈❡ ❛❧s♦ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛s ❛♥ ❡✛❡❝t ♦❢
t❤❡ ❧✐❢t✲✉♣ ♥♦♥✲♥♦r♠❛❧✐t②✱ s❡❡ ▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❚❤❡ ♣r❡s❡♥t tr❛♥s❢❡r ♦❢ ❡♥❡r❣② ❢r♦♠ t❤❡ v ❛♥❞ w
❝♦♠♣♦♥❡♥ts ✐♥t♦ t❤❡ u ♦♥❡ ✐s ✐♥❞❡❡❞ r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ❧✐❢t✲✉♣ ♠❡❝❤❛♥✐s♠✳
◆♦✇✱ ✇❡ ♣❛② ❛tt❡♥t✐♦♥ t♦ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡ ♦♥t♦ t❤❡ ❜❛s❡ ✢♦✇✳ ❋✐❣✉r❡ ✶✳✷✻✭❛✮
s❤♦✇s t❤❛t ✐ts u ❝♦♠♣♦♥❡♥t ✐s ♠❛①✐♠✉♠ ♥❡❛r s❡♣❛r❛t✐♦♥ ✇❤✐❧❡ ✜❣✉r❡ ✶✳✷✻✭❜✮ ❛❧s♦ ❧❡❛❞s t♦ t❤❡ s❛♠❡
❝♦♥❝❧✉s✐♦♥ ❢♦r t❤❡ v ❝♦♠♣♦♥❡♥t✱ ❡①❝❡♣t t❤❛t ✐s ❤❛s ❛♥ ♦♣♣♦s✐t❡ s✐❣♥✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡
♦♣t✐♠❛❧ ♠❡❝❤❛♥✐s♠ ♣r♦♠♦t✐♥❣ t❤❡ ❞✐r❡❝t ❣❧♦❜❛❧ ♠♦❞❡ ♣❛rt❧② r❡❧✐❡s ♦♥ t❤❡ str❡❛♠✇✐s❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢
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❋✐❣✉r❡ ✶✳✷✻✿ ✭❛✱❜✱❝✮ ❈♦♠♣♦♥❡♥ts û†✱ v̂† ❛♥❞ ŵ† ♦❢ t❤❡ ✉♥st❛❜❧❡ ❛❞❥♦✐♥t ❡✐❣❡♥♠♦❞❡ ❛t ❘❡ = 600 ❛♥❞ ❢♦r
k = 1.08✳

% ♦❢ ❡♥❡r❣② ✐♥ u v w

❉✐r❡❝t ❣❧♦❜❛❧ ♠♦❞❡ ✾✺✳✵✽ ✵✳✼✺ ✹✳✶✼
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❚❛❜❧❡ ✶✳✷✿ P❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ u✱ v ❛♥❞ w
❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❧♦❝✐t②✳

t❤❡ s❡♣❛r❛t✐♦♥ ♣♦✐♥t ✈❛r②✐♥❣ s✐♥✉s♦✐❞❛❧❧② ❛❧♦♥❣ t❤❡ s♣❛♥✳ ❚❤❡ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡ ❛❝ts ♦♥ t❤❡ ❜❛s❡ ✢♦✇
s♦ ❛s t♦ ❞✐s♣❧❛❝❡ t❤❡ s❡♣❛r❛t✐♦♥ ♣♦✐♥t ✉♣str❡❛♠ ❛♥❞ ❞♦✇♥str❡❛♠ s♦ t❤❛t t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ r❡❣✐♦♥ ❞❡✢❛t❡s
❛♥❞ ✐♥✢❛t❡s ❛s ✇❡ ♠♦✈❡ ❛❧♦♥❣ t❤❡ z ❛①✐s✳ ◆♦t✐❝❡❛❜❧②✱ s✐♠✐❧❛r ❝♦♥❝❧✉s✐♦♥s ✇❡r❡ ❢♦✉♥❞ ✐♥ t❤❡ ✇♦r❦ ❜②
▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❋♦r ✐❧❧✉str❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❞✐s♣❧❛②❡❞ ❛ 3D ✈✐❡✇ ♦❢ t❤❡ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡ ✐♥ ✜❣✉r❡
✶✳✷✼✭❛✮ ❜② ✐ts ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ❛❧s♦ ❞✐s♣❧❛②❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✼✭❜✮ t❤❡ s✉♠ ♦❢ t❤❡
❜❛s❡ ✢♦✇ ❛♥❞ ❛❞❥♦✐♥t ♠♦❞❡ ✭✇✐t❤ ❛r❜✐tr❛r② ❛♠♣❧✐t✉❞❡✮ ✐s♦ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❞✐r❡❝t
❣❧♦❜❛❧ ♠♦❞❡✱ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❛❞❥♦✐♥t ♠♦❞❡ ✐s ❝❤♦s❡♥ s✉❝❤ ❛s t♦ ♦❜s❡r✈❡ ✐ts ❡✛❡❝ts ♦♥ t❤❡ ❜❛s❡ ✢♦✇✳
❚❤❡ ✐s♦ ✈❛❧✉❡ −0.001 ❛❧❧♦✇s t♦ ❝❧❡❛r❧② ❡♠♣❤❛s✐③❡s t❤❡ ❞✐st♦rt✐♦♥ ♦❢ t❤❡ s❡♣❛r❛t✐♦♥ ❧✐♥❡ ✐♥ t❤❡ s♣❛♥✇✐s❡
❞✐r❡❝t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ 3D ✢♦✇ ✜❡❧❞ ✐s r❡❝♦✈❡r❡❞ ❜② q̂†

r cos(kz) − q̂
†
i sin(kz) ❢r♦♠ t❤❡ r❡❛❧ ♣❛rt q̂†

r ❛♥❞
✐♠❛❣✐♥❛r② ♣❛rt q̂

†
i ♦❢ t❤❡ ♠♦❞❡✳

▲❛st❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡♥❡r❣② ❣❛✐♥ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡✳ ❚❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s
❡q✉❛t✐♦♥s ✭✶✳✶✸✮ ❛r❡ s♦❧✈❡❞ ✇✐t❤ t❤❡ ❛❞❥♦✐♥t ♠♦❞❡ ❛s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ r❡s✉❧t✐♥❣ ❡♥❡r❣② ❣❛✐♥
γ(t) ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✽ ❜② ❛ s♦❧✐❞ ❧✐♥❡✳ ❆❢t❡r ❛ tr❛♥s✐❡♥t ❣r♦✇t❤ ♣❡r✐♦❞ ❢♦r t < 100✱ t❤❡ ❡♥❡r❣②
✐s ♦❜s❡r✈❡❞ t♦ r✐s❡ ❡①♣♦♥❡♥t✐❛❧❧② ✐♥ t✐♠❡✳ ■♥❞❡❡❞✱ ✇❡ s❤♦✇❡❞ t❤❛t t❤❡ ❡♥❡r❣② ✐♥❝r❡❛s❡s ✐♥ t✐♠❡ ✇✐t❤ ❛
❢❛❝t♦r e2αmaxt ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❧✐♥❡❛r ✐♥❝r❡❛s❡ ✐♥ ♦✉r ❧♦❣✲s❝❛❧❡ ♣❧♦t ✇✐t❤ ❛ s❧♦♣❡ 2αmax✳ ❚❤❡ ❡♥❡r❣②
❣❛✐♥ ♦❢ t❤❡ ❞✐r❡❝t ❣❧♦❜❛❧ ♠♦❞❡ ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞ ❛♥❛❧②t✐❝❛❧❧② ❜② γ(t) = e2αmaxt ❛♥❞ r❡♣r❡s❡♥t❡❞ ❜② ❛
❞❛s❤❡❞ ❧✐♥❡✳ ❋♦r ❧❛r❣❡ t✐♠❡s✱ t❤❡ ♣❛r❛❧❧❡❧✐s♠ ♦❢ t❤❡ t✇♦ ❧✐♥❡s ❤✐❣❤❧✐❣❤ts t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥❝r❡❛s❡ ✐♥ t✐♠❡
♦❢ ❜♦t❤ t❤❡ ❛❞❥♦✐♥t ❛♥❞ ❞✐r❡❝t ❣❧♦❜❛❧ ♠♦❞❡✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡ ✐s t❤❡ ♣❡rt✉r❜❛t✐♦♥
♠❛①✐♠✐③✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ∆γ ✭r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✽✮ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❧❛r❣❡ t✐♠❡ ❡♥❡r❣② ❣❛✐♥s✳

✶✳✺✳✸ ❘❡❝❡♣t✐✈✐t② t♦ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣

✶✳✺✳✸✳✶ Pr♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s

❯♥t✐❧ ♥♦✇✱ ✇❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s s♦ ❛s t♦ ♦♣t✐♠✐③❡ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ✢♦✇ ❛t ❛ ❣✐✈❡♥
t✐♠❡ ❤♦r✐③♦♥✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ✇❛② ♦❢ ❛♥❛❧②③✐♥❣ t❤❡ ✢♦✇ ❛♠♣❧✐✜❡r ❜❡❤❛✈✐♦r ✐♥ t❤❡ ❢r❡q✉❡♥❝②
❞♦♠❛✐♥✳ ■t ❝♦♥s✐sts ✐♥ st✉❞②✐♥❣ ❛♥❞ q✉❛♥t✐❢②✐♥❣ t❤❡ ✢♦✇ r❡s♣♦♥s❡ r❡s✉❧t✐♥❣ ❢r♦♠ ❛ ♣❡r♠❛♥❡♥t ❤❛r♠♦♥✐❝
❢♦r❝✐♥❣✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇❤✐❝❤ t♦ ❦♥♦✇♥ ✇❤❛t ✐s t❤❡ ❢♦r❝✐♥❣ ✜❡❧❞✱ ❢♦r ❛ ❢r❡q✉❡♥❝② ❡①❝✐t❛t✐♦♥ ω✱ ✇❤✐❝❤
❧❡❛❞s t♦ ❛ ♠❛①✐♠✉♠ ✢♦✇ r❡s♣♦♥s❡ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❙✉❝❤ ❛ st✉❞② ✐s ❝♦♠♠♦♥❧② r❡❢❡rr❡❞ t♦ ❛s ❛ r❡❝❡♣t✐✈✐t②
❛♥❛❧②s✐s✳ ❚❤❡ ❢r❡q✉❡♥❝② ω st❛♥❞s ❢♦r ❛ ❝r✐t✐❝❛❧ ♣❛r❛♠❡t❡r ♦❢ t❤❡ st✉❞②✱ ❥✉st ❧✐❦❡ T ✐♥ t❤❡ ♣r❡✈✐♦✉s t❡♠✲

✹✵
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❋✐❣✉r❡ ✶✳✷✼✿ ✭❛✮ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✈✐❡✇ ♦❢ t❤❡ ✉♥st❛❜❧❡ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ✭❜✮
❙✉♠ ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ❛♥❞ t❤❡ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡ ✭✇✐t❤ ❛r❜✐tr❛r② ❛♠♣❧✐t✉❞❡✮ ✈✐s✉❛❧✐③❡❞ ❜② t❤❡ ✐s♦
❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② −0.001✳

♣♦r❛❧ ❛♥❛❧②s✐s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s✐♠✐❧❛r❧② ❞❡❝♦♠♣♦s❡ t❤❡ 3D ♣❡rt✉r❜❛t✐♦♥ ✐♥t♦ tr❛♥s✈❡rs❡ ✇❛✈❡s✱ ❛s ✐♥
❡q✉❛t✐♦♥ ✭✶✳✶✷✮ s♦ t❤❛t t❤❡ ✇❛✈❡ ♥✉♠❜❡r k ✐s ❛❧s♦ ❛ ♣❛r❛♠❡t❡r ♦❢ t❤❡ st✉❞②✳

❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ q(x, y, z, t) = (u, v, iw, p) ✐s ♥♦✇ s✉♣♣♦s❡❞ t♦ ❜❡ ❞r✐✈❡♥ ❛♥ ❛❞❞✐t✐♦♥❛❧
❡①❝✐t❛t✐♦♥✳ ❚❤❡ t❤r❡❡ ♠♦♠❡♥t✉♠ ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥s ❛r❡ ❢♦r❝❡❞ ❜② t❤❡ ❝♦♠♣♦♥❡♥ts fu✱ fv ❛♥❞ fw ♦❢
t❤❡ 3D ❢♦r❝✐♥❣ t❡r♠ f(x, y, z, t) = (fu, fv, ifw, 0)✳ ◆♦t❡ t❤❛t t❤❡ ❢♦r❝✐♥❣ ♦❢ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ❣♦✈❡r♥✐♥❣
t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❤❛s ♥♦t ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❢♦r s✐♠♣❧✐❝✐t②✳ ❲❡ s✐♠✐❧❛r❧② r❡s♦rt t♦ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥
✐♥t♦ tr❛♥s✈❡rs❡ ✇❛✈❡s t♦ ❡①♣r❡ss t❤❡ ❢♦r❝✐♥❣ ❛s

f(x, y, z, t) =
1

2
[ f̃(x, y, t) eikz + ❝✳❝✳ ] ✭✶✳✹✺✮

✇❤❡r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ 2D ❝♦♠♣♦♥❡♥t f̃(x, y, t) = (f̃u, f̃v, if̃w, 0) ♦❢ t❤❡ ❢♦r❝✐♥❣ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✇❛✈❡
♥✉♠❜❡r k✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ q̃(x, y, t) ❛r❡ t❤❡♥ ❣♦✈❡r♥❡❞ ❜② t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s
❡q✉❛t✐♦♥s ✇✐t❤ ❛♥ ❛❞❞❡❞ ❢♦r❝✐♥❣ t❡r♠✿

B ∂tq̃ = A q̃ + Bf̃(t) ✭✶✳✹✻✮

■♠♣♦rt❛♥t❧②✱ ✐t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ ❛t t❤✐s st❛❣❡ t❤❛t t❤❡ ❢♦r❝✐♥❣ t❡r♠ ❛♥❞ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛r❡ s✉♣♣♦s❡❞
t♦ ❤❛✈❡ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r t❤✐s ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡
❤②♣♦t❤❡s✐s ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✷✳✸✱ t❤❡ ❢♦r❝✐♥❣ ❛♠♣❧✐t✉❞❡ ✐s t❤✉s s✉♣♣♦s❡❞ t♦ ❜❡ ❧♦✇ ❝♦♠♣❛r❡❞ t♦
t❤❡ ❜❛s❡ ✢♦✇✳ ❉✉❡ t♦ t❤❡ ❧✐♥❡❛r ♥❛t✉r❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥✱ ✇❡ ❝❛♥ ❢✉rt❤❡r ❞❡❝♦♠♣♦s❡ ❜♦t❤ t❤❡ ❢♦r❝✐♥❣ ❛♥❞
t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐♥t♦ t✐♠❡ ❤❛r♠♦♥✐❝ ❝♦♠♣♦♥❡♥ts ❜② q̃(x, y, t) = q̂(x, y) eiωt ❛♥❞ f̃(x, y, t) = f̂(x, y) eiωt

✇❤❡r❡ ω st❛♥❞s ❢♦r ❛ r❡❛❧ ❢r❡q✉❡♥❝② ✇❤✐❧❡ q̂ ❛♥❞ f̂ ♠❛② ❜❡ ❝♦♠♣❧❡①✳ ❆s ❛ r❡s✉❧t✱ t❤❡ r❡s♣♦♥s❡ q̂ ♠❛② ❜❡
♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❢♦r❝✐♥❣ f̂ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥

(iωB − A)q̂ = Bf̂ ✭✶✳✹✼✮

♦r ❛❧s♦✱ ♣r♦✈✐❞❡❞ t❤❛t t❤✐s s②st❡♠ ✐s ✐♥✈❡rt✐❜❧❡✱ ❜② q̂ = (iωB − A)−1Bf̂ ✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✱ ✇❡
✐♥tr♦❞✉❝❡ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❜② R(ω) = (iωB − A)−1B ✇❤✐❝❤ ❞✐r❡❝t❧② ❧✐♥❦s t❤❡ ❤❛r♠♦♥✐❝
❢♦r❝✐♥❣ t♦ ✐ts ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡ ❜②

✹✶
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❋✐❣✉r❡ ✶✳✷✽✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❣❛✐♥ γ(t) ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❛❞❥♦✐♥t ✭s♦❧✐❞ ❧✐♥❡✮
❛♥❞ ❞✐r❡❝t ✭❞❛s❤❡❞ ❧✐♥❡✮ ❣❧♦❜❛❧ ♠♦❞❡s✳

q̂ = R f̂ ✭✶✳✹✽✮

◆♦✇✱ ♦✉r ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s r❡❛❞s✿ ✇❤❛t ✐s t❤❡ ❢♦r❝✐♥❣ f̂ ✇❤✐❝❤ ♦♣t✐♠✐③❡s t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②
♦❢ t❤❡ r❡s♣♦♥s❡ q̂ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ✈❛❧✉❡s ♦❢ ω ❛♥❞ k✳ ❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ t❤❡ ❡♥❡r❣② ❣❛✐♥ ✐s ❡①♣r❡ss❡❞
✐♥ t❤❡ ❢♦r♠

E(q̂)

E(f̂)
=

〈R f̂ ,BR f̂〉
〈f̂ ,Bf̂〉

=
〈f̂ ,R†

BR f̂〉
〈f̂ ,Bf̂〉

✭✶✳✹✾✮

✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❛❞❥♦✐♥t ♦❢ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r R
†✳ ◆❡①t✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♦♣t✐♠❛❧

❢♦r❝✐♥❣ ❛♥❞ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ♠❛② ❜❡ ❢♦✉♥❞ ❛s t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❡❝t♦r ❛♥❞ ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

R
†
BR f̂ = λBf̂ ✭✶✳✺✵✮

t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡✱ ❞❡♥♦t❡❞ ❜② λopt✱ ❛❧♦♥❣ ✇✐t❤ ✐ts ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❛r❡ ❝♦♠♣✉t❡❞ ❜② ✉s✐♥❣
t❤❡ s❤✐❢t ❛♥❞ ✐♥✈❡rt ❆r♥♦❧❞✐ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✹✳✷✳ ❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t t❤❡ 3D t✐♠❡ ❞❡♣❡♥❞❡♥t
♣❡rt✉r❜❛t✐♦♥ ♠❛② ❜❡ r❡❝♦✈❡r❡❞ ✐♥ t❤❡ ❡♥❞ ❜②

q(x, y, z, t) = [q̂r cos(kz) − q̂i sin(kz)] cos(ωt) − [q̂i cos(kz) + q̂r sin(kz)] sin(ωt) ✭✶✳✺✶✮

✇❤❡r❡ q̂r ❛♥❞ q̂i ❞❡♥♦t❡s t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ q̂✳ ❆❧s♦✱ t❤❡ 3D t✐♠❡ ❞❡♣❡♥❞❡♥t ❢♦r❝✐♥❣ f ❝❛♥
❜❡ r❡❝♦✈❡r❡❞ ❜② t❤❡ ❡q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥✳

✶✳✺✳✸✳✷ ❘❡s✉❧ts

❆s ♣r❡✈✐♦✉s❧② ❞♦♥❡✱ ✇❡ ❡①♣♦s❡ ♦✉r r❡s✉❧ts ❛t ❘❡ = 600✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✶✳✺✵✮ ❤❛s ❜❡❡♥ s♦❧✈❡❞
❢♦r t❤❡ ♣❛r❛♠❡t❡rs k = [0; 8] ❛♥❞ ω = [0; 8]✳ ❆ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ s❤♦✉❧❞ ❜❡ ♣❛✐❞ t♦ t❤❡ ✇❛✈❡ ♥✉♠❜❡r
k s✐♥❝❡ t❤❡ ♦♣❡r❛t♦r A ✐s ✉♥st❛❜❧❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ k = [0.675; 1.676]✳ ❋♦r ✉♥st❛❜❧❡ ✇❛✈❡ ♥✉♠❜❡rs✱ t❤❡
♣❡rt✉r❜❛t✐♦♥ q̂ ♠❛② ♥♦t ❜❡ ♣❤②s✐❝❛❧❧② ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❧♦♥❣ t✐♠❡ r❡s♣♦♥s❡ ♦❢ t❤❡ ✢♦✇ t♦ t❤❡ ❢♦r❝✐♥❣ f̂ ✱
❡✈❡♥ t❤♦✉❣❤ t❤❡ ♠❛tr✐① (iωB − A) ✐s ✐♥✈❡rt✐❜❧❡✳
❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✾✭❛✮ ❛ 2D ♣❧♦t ♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ λopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k ❛♥❞ ω✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ❡♠♣❤❛s✐③❡❞ t❤❡ ✉♥st❛❜❧❡ ✇❛✈❡ ♥✉♠❜❡r ✐♥t❡r✈❛❧ ❜② t✇♦ ❞❛s❤❡❞ ❧✐♥❡s✳ ❚❤✐s ♣❧♦t ♦♥❝❡ ♠♦r❡
❤✐❣❤❧✐❣❤ts t❤❡ str♦♥❣ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ✢♦✇ t♦ ❛♠♣❧✐❢② ❧♦✇ ✇❛✈❡ ♥✉♠❜❡r ♣❡rt✉r❜❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡
♠❛①✐♠✉♠ ❣❛✐♥ r❡❛❝❤❡❞ ❜② ❛ 2D ❢♦r❝✐♥❣ ✭✇✐t❤ k = 0✮ ✐s r❡❛❝❤❡❞ ❢♦r ω = 0.75 ❛♥❞ ❡q✉❛❧s λopt = 2.24 106✳
❍✐❣❤❡r ✈❛❧✉❡s ♦❢ t❤❡ ❣❛✐♥ ♠❛② ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r 3D ❢♦r❝✐♥❣✳ ❚❤❡ ❤✐❣❤❡st ✈❛❧✉❡ λopt = 3.05 106 ✐s

✹✷
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❋✐❣✉r❡ ✶✳✷✾✿ ✭❛✮ ❖♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ λopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ω ❛♥❞ k ✐♥ ❛ 2D ♣❧♦t✳ ✭❜✮ ❞❡♣✐❝ts t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ λopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ω ❢♦r k = 0 ❛♥❞ k = 0.7✳ ✭❝✮ st❛♥❞s ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢
λopt ♦✈❡r ω ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k✳ ❚❤❡s❡ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ ❢♦r ❘❡ = 600✳ ❚❤❡ ❜❛♥❞ ♦❢ ✉♥st❛❜❧❡
✇❛✈❡ ♥✉♠❜❡rs ❤❛s ❜❡❡♥ ❡♠♣❤❛s✐③❡❞ ❜② ❞❛s❤❡❞ ❧✐♥❡s✳

♦❜t❛✐♥❡❞ ❢♦r ω = 0.6 ❛♥❞ k = 0.7✳ ❋♦r ❛ ♠♦r❡ q✉❛♥t✐t❛t✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❡ s❤♦✇ ✐♥ ✜❣✉r❡ ✶✳✷✾✭❜✮
t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ λopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ω ❢♦r t❤❡ ✜①❡❞ ✈❛❧✉❡s k = 0 ❛♥❞ k = 0.7✳ ❇♦t❤ ❡①❤✐❜✐t ❛ s✐♠✐❧❛r
❜r♦❛❞ ❜❛♥❞ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡✱ ♥♦t✐❝❡❛❜❧② ❜♦t❤ ❛r❡ ❡q✉❛❧ ❢♦r t❤❡ ❤✐❣❤❡st ❢r❡q✉❡♥❝✐❡s✳ ❨❡t✱ t❤❡ ❡♥❡r❣②
❣❛✐♥ ❢♦r k = 0.7 t❡♥❞s t♦ ✐♥✜♥✐t② ❛s ω t❡♥❞s t♦ 0✱ ✇❤✐❝❤ ❝♦♠❡s ❢r♦♠ t❤❡ ✐♥st❛❜✐❧✐t② ♦❢ A ✭s✐♥❝❡ k = 0.7
✐s ❛♥ ✉♥st❛❜❧❡ ✇❛✈❡ ♥✉♠❜❡r✮✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✇❛✈❡ ♥✉♠❜❡r ♦♥ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ✐s ❢✉rt❤❡r
✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✶✳✷✾✭❝✮ ✇❤❡r❡ ✇❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ maxω[λopt(k, ω)] ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ k✳ ◆♦t❡ t❤❛t t❤❡ ✉♥st❛❜❧❡ ❜❛♥❞ ♦❢ ✇❛✈❡ ♥✉♠❜❡rs ❤❛s ❛❧s♦ ❜❡❡♥ ❡♠♣❤❛s✐③❡❞ ❜② ❞❛s❤❡❞ ❧✐♥❡s✳
■♥t❡r❡st✐♥❣❧②✱ ✐t ❧❡❛❞s t♦ s✐♠✐❧❛r ❝♦♥❝❧✉s✐♦♥s t♦ t❤♦s❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ t❡♠♣♦r❛❧ ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s✿ ✭✐✮
t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ q✉✐❝❦❧② ✈❛♥✐s❤❡s ❢♦r s♠❛❧❧ tr❛♥s✈❡rs❡ ✇❛✈❡ ❧❡♥❣t❤s✱ ✭✐✐✮ ✐ts ♠❛①✐♠✉♠ ✐s ❢♦✉♥❞
❢♦r t❤❡ ❧❛r❣❡st ✇❛✈❡ ❧❡♥❣t❤s ❛♥❞ ✭✐✐✐✮ t❤❡ ♦♣t✐♠❛❧ ❣❛✐♥ ✇❡❛❦❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ✇❛✈❡ ♥✉♠❜❡r ❢♦r k < 1✳

❚♦ ✐❧❧✉str❛t❡ t❤❡ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❞✐str✐❜✉t✐♦♥s ❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ r❡s♣♦♥s❡s✱ ✇❡ st❛rt ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡
s♦❧✉t✐♦♥s ♦❜t❛✐♥❡❞ ❢♦r k = 0✳ ❋✐❣✉r❡ ✶✳✸✵ ❞✐s♣❧❛②s t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❛♥❞
r❡s♣♦♥s❡ ❝♦♠♣✉t❡❞ ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✜❣✉r❡s ✶✳✸✵✭❛✱❜✮ r❡♣r❡s❡♥t t❤❡ s♦❧✉t✐♦♥s
❢♦r ω = 0.25✱ ✜❣✉r❡s ✶✳✸✵✭❝✱❞✮ ❢♦r ω = 0.75 ❛♥❞ ✜❣✉r❡s ✶✳✸✵✭❡✱❢✮ ❢♦r ω = 2✳ ■♥ ❛❧❧ t❤❡ ❝❛s❡s t❤❡ ♦♣t✐♠❛❧
❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ✐s ❧♦❝❛❧✐③❡❞ ✉♣str❡❛♠ ♥❡❛r s❡♣❛r❛t✐♦♥ ❛♥❞ ❞✐s♣❧❛②s ❛♥ ✐♥❝❧✐♥❡❞ str✉❝t✉r❡ ❛❧♦♥❣ t❤❡ s❤❡❛r
s♦ ❛s t♦ ❡①♣❧♦✐t t❤❡ ❖rr ♠❡❝❤❛♥✐s♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s ❡①t❡♥❞ ❢❛rt❤❡r
❞♦✇♥str❡❛♠ ❛♥❞ ❞✐s♣❧❛② s✉st❛✐♥❡❞ ❛♠♣❧✐✜❡❞ ✇❛✈❡ ♣❛❝❦❡ts✳ ◆♦t❡ t❤❛t t❤❡ s♣❛t✐❛❧ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥
t❤❡ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❞✐str✐❜✉t✐♦♥s ❛♥❞ t❤❡✐r ♦♣t✐♠❛❧ r❡s♣♦♥s❡ ✐s ❦♥♦✇♥ ❛s ❝♦♠♠♦♥ ❢❡❛t✉r❡ ♦❢ ♥♦♥✲♥♦r♠❛❧
✢✉✐❞ s②st❡♠s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❝♦♥✈❡❝t✐✈❡ ♥♦♥✲♥♦r♠❛❧✐t②✳ ❇♦t❤ t❤❡ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣s ❛♥❞ r❡s♣♦♥s❡s
♦✉t❧✐♥❡ s♠❛❧❧❡r ✢♦✇ str✉❝t✉r❡s ❢♦r ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s✳ ❙✐♠✐❧❛r❧②✱ t❤❡② ❞✐s♣❧❛② ♠✉❝❤ ❜✐❣❣❡r str✉❝t✉r❡s ❢♦r
❧♦✇❡r ❢r❡q✉❡♥❝✐❡s t❤❛t s♣❛t✐❛❧❧② ❡①t❡♥❞ ♠✉❝❤ ❢❛rt❤❡r ✉♣str❡❛♠ ✭❢♦r t❤❡ ❢♦r❝✐♥❣✮ ❛♥❞ ❞♦✇♥str❡❛♠ ✭❢♦r t❤❡
r❡s♣♦♥s❡✮✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t② ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
t❡♠♣♦r❛❧ ❛♥❛❧②s✐s s✐♥❝❡ ❤✐❣❤✲❢r❡q✉❡♥❝② ✐♥st❛❜✐❧✐t✐❡s ❛r❡ ♦❜s❡r✈❡❞ ✇❤❡r❡ t❤❡ s❤❡❛r ❧❛②❡r ✐s t❤❡ t❤✐♥♥❡st
✇❤❡r❡❛s t❤❡ ❧♦✇❡r ♦♥❡s ❛r❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r ✇❤❡r❡ t❤❡ s❤❡❛r ✐s t❤❡ t❤✐❝❦❡st✳

❲❡ ♥♦✇ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ 3D ♦♣t✐♠❛❧ ❢♦r❝✐♥❣s ❛♥❞ r❡s♣♦♥s❡s✳ ■♥ t❤❡ r❛♥❣❡ ♦❢ ✇❛✈❡ ♥✉♠❜❡rs
❝♦♥s✐❞❡r❡❞✱ t❤❡ r❡❛❧ ♣❛rt q̂r ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rt q̂i ♦❢ t❤❡ ✢♦✇ r❡s♣♦♥s❡s ❛r❡ ♦❜s❡r✈❡❞ t♦ ❞✐s♣❧❛② ✈❡r②
s✐♠✐❧❛r ✇❛✈❡ ♣❛❝❦❡ts✱ ❡①❝❡♣t t❤❛t t❤❡② ❛r❡ ♦✉t ♦❢ ♣❤❛s❡ ✐♥ t❤❡ str❡❛♠✇✐s❡ ❞✐r❡❝t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s
❛❧s♦ ❤♦❧❞s ❢♦r t❤❡ r❡❛❧ ♣❛rt f̂ r ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rt f̂ i ♦❢ t❤❡ ❢♦r❝✐♥❣s✳ ❚❤✐s s♣❛t✐❛❧ s❤✐❢t ✐s s✉❝❤ t❤❛t✱ ❜②
❝♦♠♣✉t✐♥❣ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❡rt✉r❜❛t✐♦♥ ❜② ❡q✉❛t✐♦♥ ✭✶✳✺✶✮✱ ✇❡ ❣❡t tr❛♥s✈❡rs❡ ✇❛✈❡ ♣❛❝❦❡ts✳ ❚❤✐s
✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✶✳✸✶ ✇❤❡r❡ ✇❡ s❤♦✇ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ ❛ 3D ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣
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❋✐❣✉r❡ ✶✳✸✵✿ ✭❛✱❜✱❝✮ ❚✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❞✐str✐❜✉t✐♦♥s f̂ ❝♦♠♣✉t❡❞ ❢♦r ω = 0.25✱ ω = 0.75
❛♥❞ ω = 2 r❡s♣❡❝t✐✈❡❧②✳ ✭❞✱❡✱❢✮ ❖♣t✐♠❛❧ ❛ss♦❝✐❛t❡❞ r❡s♣♦♥s❡s q̂ ❝♦♠♣✉t❡❞ ❢♦r t❤❡ s❛♠❡ ❢r❡q✉❡♥❝✐❡s✳ ❋❧♦✇
str✉❝t✉r❡s ❛r❡ ❞✐s♣❧❛②❡❞ ❜② t❤❡✐r ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳

❛❧♦♥❣ ✇✐t❤ ✐ts ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ r❡s♣♦♥s❡✳ ❆ s✐❞❡ ✈✐❡✇ ✐s ♣r♦✈✐❞❡❞ ✐♥ ✜❣✉r❡s ✶✳✸✶✭❛✱❜✮ ❛♥❞ ❛ t♦♣ ✈✐❡✇
✐♥ ✜❣✉r❡s ✶✳✸✶✭❝✱❞✮✳ ❚❤✐s ♣❛rt✐❝✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞ ❢♦r t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs ω = 0.6
❛♥❞ k = 0.7✳ ❲❡ ✐♥t❡r❡st✐♥❣ ♦❜s❡r✈❡ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ tr❛♥s✈❡rs❡ ✇❛✈❡s t❤❛t ❢♦r♠ ♦❜❧✐q✉❡ ✇❛✈❡ ♣❛❝❦❡ts✳
◆♦t❡ t❤❛t t❤✐s ❧❛tt❡r r❡s✉❧t ✐s ♠✉❝❤ ♠♦r❡ ♥♦t✐❝❡❛❜❧❡ ❢♦r t❤❡ r❡s♣♦♥s❡ t❤❛♥ ❢♦r t❤❡ ❢♦r❝✐♥❣✳ ❚❤✐s ❝♦♥✜r♠s
♦✉r ♣r❡✈✐♦✉s st❛t❡♠❡♥t ❛❜♦✉t t❤❡ ♣♦ss✐❜❧❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ ♦❜❧✐q✉❡ ✇❛✈❡s ✐♥ t❤❡ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r②
❧❛②❡r✳ ◆♦t❡ t❤❛t ❛ s✐♠✐❧❛r ❛♥❛❧②s✐s ❤❛s ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ t❤❡ ✇♦r❦ ❜② ▼♦♥♦❦r♦✉s♦s ❡t ❛❧✳ ✭✷✵✶✵✮ ♦♥ ❛ ♣❧❛t
♣❧❛t❡ ❜♦✉♥❞❛r② ❧❛②❡r✳ ■t s❤♦✉❧❞ ❜❡ r❡❝❛❧❧❡❞ t❤❛t t❤❡ ✢♦✇ ✐s ❣❧♦❜❛❧❧② ✉♥st❛❜❧❡ ❢♦r t❤❡ ✇❛✈❡ ♥✉♠❜❡r k = 0.7
❛t ❘❡ = 600✳ ❍♦✇❡✈❡r✱ t❤❡ 3D ✢♦✇ str✉❝t✉r❡s ❝♦♠♣✉t❡❞ ❢♦r ♦t❤❡r st❛❜❧❡ ✇❛✈❡ ♥✉♠❜❡rs✱ ♦r ❢♦r ❧♦✇❡r
❘❡②♥♦❧❞s ♥✉♠❜❡r s✉❝❤ t❤❛t t❤❡ ✢♦✇ ✐s st❛❜❧❡✱ ❛r❡ ❢♦✉♥❞ t♦ ❞✐s♣❧❛② s✐♠✐❧❛r ♦❜❧✐q✉❡ ✇❛✈❡ ♣❛❝❦❡ts✳ ❱❛r②✐♥❣
t❤❡ ♣❛r❛♠❡t❡rs k ❛♥❞ ω ♦♥❧② ❛❧t❡rs t❤❡✐r tr❛♥s✈❡rs❡ ✇❛✈❡ ❧❡♥❣t❤ lz = 2π/k ❛♥❞ t❤❡✐r str❡❛♠✇✐s❡ ✇❛✈❡
❧❡♥❣t❤ lx = 2πυφ/ω ✭✇❤❡r❡ υφ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❛s t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ✐♥ t❤❡ str❡❛♠✇✐s❡ ❞✐r❡❝t✐♦♥✮✳
❚❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♦❜❧✐q✉❡ ✇❛✈❡ ♠❛② t❤❡♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❛♥❣❧❡ φ = arctan(lx/lz)
❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✶✳✸✶✭❞✮✳

✶✳✺✳✸✳✸ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r

❚♦ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ♦♥ t❤❡ ❛♠♣❧✐✜❡r ❜❡❤❛✈✐♦r ♦❢ t❤❡
✢♦✇✳ ❚♦ ❞♦ s♦✱ ✇❡ ♣❡r❢♦r♠ t❤❡ ♣r❡✈✐♦✉s r❡❝❡♣t✐✈✐t② ❛♥❛❧②s✐s ❢♦r k = 0 ✇❤✐❧❡ ✈❛r②✐♥❣ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳
❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✸✷✭❛✮ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ λopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❢r❡q✉❡♥❝② ω ❢♦r ❘❡ = 200✱ 400✱ 600✱ 800 ❛♥❞ 1000✳ ❚❤❡s❡ r❡s✉❧ts ❡♠♣❤❛s✐③❡ t✇♦ ✐♥t❡r❡st✐♥❣ ♣♦✐♥ts✿ ✭✐✮
t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✇❤❛t❡✈❡r t❤❡ ❢r❡q✉❡♥❝② ❛♥❞ ✭✐✐✮ t❤❡ ♣❡❛❦ ♦❢
t❤❡ ♠❛①✐♠✉♠ ❡♥❡r❣② ❣❛✐♥ ✐s s❤✐❢t❡❞ t♦ ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s ❢♦r ❤✐❣❤❡r ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ❚❤❡s❡ t✇♦ ♣♦✐♥ts
❛r❡ ❢✉rt❤❡r q✉❛♥t✐✜❡❞ ✐♥ ✜❣✉r❡s ✶✳✸✷✭❜✱❝✮✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ t❤❡ ♣❡❛❦ ✈❛❧✉❡ maxω[λopt(k = 0, ω)] ♦❢
t❤❡ ♦♣t✐♠❛❧ ❣❛✐♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐♥ ✜❣✉r❡ ✶✳✸✷✭❜✮✳ ■t ❤✐❣❤❧✐❣❤ts ❛♥ ❡①♣♦♥❡♥t✐❛❧
✐♥❝r❡❛s❡ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❡♥❡r❣② ❣❛✐♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❘❡ ✇❤✐❝❤ ✐s ❡♠♣❤❛s✐③❡❞ ❜② t❤❡ ❧♦❣✲s❝❛❧❡ ♣❧♦t✳
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❋✐❣✉r❡ ✶✳✸✶✿ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✈✐❡✇ ♦❢ ❛ 3D ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ✭❛✱❝✮ ❛❧♦♥❣ ✇✐t❤ ✐ts ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧
r❡s♣♦♥s❡ ✭❜✱❞✮✳ ❋✐❣✉r❡s ✭❛✱❜✮ ❞✐s♣❧❛② ❛ s✐❞❡ ✈✐❡✇ ❛♥❞ ✭❝✱❞✮ ❛ t♦♣ ✈✐❡✇✳ ❚❤❡s❡ ✢♦✇ str✉❝t✉r❡s ❤❛✈❡ ❜❡❡♥
❝♦♠♣✉t❡❞ ❢♦r t❤❡ ♣❛r❛♠❡t❡rs ω = 0.6✱ k = 0.7 ❛♥❞ ❛r❡ ❞✐s♣❧❛②❡❞ ❜② t❤❡✐r ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳

❙✉❝❤ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ✢♦✇ ❛♠♣❧✐✜❡r ❜❡❤❛✈✐♦r ✐s ❛ ❝♦♠♠♦♥ ❢❡❛t✉r❡ ♦❢ ♦♣❡♥ s❤❡❛r ✢♦✇s✱
s❡❡ ❙❝❤♠✐❞ ✫ ❍❡♥♥✐♥❣s♦♥ ✭✷✵✵✶✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t r❡✈❡❛❧s t❤❡ str♦♥❣ r❡❝❡♣t✐✈✐t② ♦❢ t❤❡ ✢♦✇ ❛♥❞ ✐ts
♣♦t❡♥t✐❛❧ t♦ s✉❜st❛♥t✐❛❧❧② ❛♠♣❧✐❢② ♣❡rt✉r❜❛t✐♦♥s✱ ❡✈❡♥ ❢♦r ♠♦❞❡r❛t❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ◆♦✇ ✇❡ ❧♦♦❦ ❢♦r
t❤❡ ❢r❡q✉❡♥❝② ωopt ❛t ✇❤✐❝❤ t❤❡ ♠❛①✐♠✉♠ ❡♥❡r❣② ❣❛✐♥ ✐s r❡❛❝❤❡❞✳ ❚❤✐s q✉❛♥t✐t② ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡
✶✳✸✷✭❝✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ❆s ♣r❡✈✐♦✉s❧② ♥♦t✐❝❡❞✱ t❤❡ ♦♣t✐♠❛❧ ❢r❡q✉❡♥❝② ✐♥❝r❡❛s❡s
❢♦r ❤✐❣❤❡r ❘❡②♥♦❧❞s ♥✉♠❜❡rs ✇❤✐❝❤ ✐s ♥❛t✉r❛❧❧② ❛ttr✐❜✉t❡❞ t♦ t❤❡ t❤✐♥♥✐♥❣ ♦❢ t❤❡ ❜❛s❡ ✢♦✇ s❤❡❛r ❧❛②❡r✳
❚❤✐s r❡s✉❧t ✐s t❤✉s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ♠❡❝❤❛♥✐s♠✳ ❋♦r ✐♥❢♦r♠❛t✐♦♥✱ t❤❡ s❝❛❧❡ ♦❢ t❤❡
❛ss♦❝✐❛t❡❞ ❙tr♦✉❤❛❧ ♥✉♠❜❡rs ❙th =

ωopth
2πU∞

❤❛✈❡ ❜❡❡♥ ❞✐s♣❧❛②❡❞ ✐♥ ❛ s❡❝♦♥❞ ❛①✐s ♦❢ t❤❡ ♣❧♦t✳

✶✳✻ ❖✈❡r❛❧❧ ❛ss❡ss♠❡♥t ❛♥❞ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❲❡ st✉❞✐❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r t❤❡ ❣❧♦❜❛❧ st❛❜✐❧✐t② ♦❢ 3D ♣❡rt✉r❜❛t✐♦♥s ❛❜♦✉t t❤❡ 2D ❜❛s❡ ✢♦✇ ♦✈❡r ❛
❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳ ❆♥ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ❛♥❛❧②s✐s ❤❛s r❡✈❡❛❧❡❞ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ tr❛♥s✈❡rs❛❧❧②
♣❡r✐♦❞✐❝ ❛♥❞ st❛t✐♦♥❛r② ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡ ❛t t❤❡ ❝r✐t✐❝❛❧ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❘❡c = 526✳ ❖✇✐♥❣ t♦
t❤❡ ❧✐t❡r❛t✉r❡ t❤✐s ♠♦❞❡ ✐s ❦♥♦✇♥ t♦ ❝♦♠❡s ❢r♦♠ ❛ ❝❡♥tr✐❢✉❣❛❧ ✐♥st❛❜✐❧✐t② ❛♥❞ ❤❛s ❛❧s♦ ❜❡❡♥ ❧✐♥❦❡❞ t♦ ❛
❧✐❢t✲✉♣ ♠❡❝❤❛♥✐s♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ s❤♦rt t✐♠❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s s❤♦✇❡❞ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ✢♦✇ t♦
s✉❜st❛♥t✐❛❧❧② ❛♠♣❧✐❢② ♣❡rt✉r❜❛t✐♦♥ ❜② tr❛♥s✐❡♥t ❣r♦✇t❤s✳ ❚❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❡①♣♦s❡❞
❛s ❛♠♣❧✐❢②✐♥❣ ✇❛✈❡ ♣❛❝❦❡ts ❝♦♠✐♥❣ ❢r♦♠ ❛ ❝♦✉♣❧❡❞ ❖rr ❛♥❞ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t②✳ ❚❤❡ t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠❛❧ ❣r♦✇t❤ ♠❡❝❤❛♥✐s♠ ❤❛s ❢✉rt❤❡r♠♦r❡ ❜❡❡♥ ❛ttr✐❜✉t❡❞ t♦ ❛♥ ✐♥❝❧✐♥❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡
♣❛❝❦❡ts ✐♥ t❤❡ z ❞✐r❡❝t✐♦♥ ✐♥t♦ ♦❜❧✐q✉❡ ✇❛✈❡s✳
❆s ❛ s✉♠♠❛r② ♦❢ t❤❡s❡ ❞✐✛❡r❡♥t tr❛♥s✐t✐♦♥ s❝❡♥❛r✐♦s✱ ✇❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✶✳✸✸ t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t❡❞ ❡♥❡r❣② ❣❛✐♥ γ(t) ❢♦r s♦♠❡ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s✳ ■t ✐♥❝❧✉❞❡s✿
✭✐✮ t❤❡ ❛❞❥♦✐♥t ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡✱ ✭✐✐✮ t❤❡ ♦♣t✐♠❛❧ ❣r♦✇t❤ r❛t❡ ♣❡rt✉r❜❛t✐♦♥✱ ✭✐✐✐✮ t❤❡ 2D ♦♣t✐♠❛❧
♣❡rt✉r❜❛t✐♦♥ ❛♥❞ ✭✐✈✮ t❤❡ 3D ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛❧❧ t❤❡s❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s
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❋✐❣✉r❡ ✶✳✸✷✿ ✭❛✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ λopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ω ❢♦r k = 0 ❛♥❞ ❘❡ = 200✱
400✱ 600✱ 800 ❛♥❞ 1000✳ ✭❜✮ r❡♣r❡s❡♥ts t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ♣❡❛❦ maxω[λopt(k = 0, ω)] ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳ ✭❝✮ ❞❡♣✐❝ts t❤❡ ♦♣t✐♠❛❧ ❢r❡q✉❡♥❝② ωopt ❛♥❞ ❛ss♦❝✐❛t❡❞ ❙tr♦✉❤❛❧ ♥✉♠❜❡r ❙th ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✳

❝❧❡❛r❧② ❛❧❧♦✇s t♦ ❝♦♠♣❛r❡ t❤❡✐r ❡♥❡r❣② ❛♠♣❧✐✜❝❛t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♦♣t✐♠❛❧❧② ❣r♦✇✐♥❣ ♣❡rt✉r❜❛t✐♦♥
✐s ♦❜s❡r✈❡❞ t♦ ❜❡ t❤❡ ❧❡ss ❡♥❡r❣❡t✐❝ ♦♥❡✳ ❘❡❣❛r❞✐♥❣ t❤❡ ✉♥st❛❜❧❡ ❛❞❥♦✐♥t ♠♦❞❡✱ ✐t ②✐❡❧❞s t❤❡ ♠❛①✐♠✉♠
❡♥❡r❣② ❣r♦✇t❤ ❢♦r t❤❡ ❧❛r❣❡st t✐♠❡s ❜✉t ✐s s✉❜♦♣t✐♠❛❧ ❢♦r s❤♦rt t✐♠❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ 2D ❛♥❞
3D ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❧❡❛❞ t♦ ❛ ♠✉❝❤ ❧❛r❣❡r ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ❢♦r s❤♦rt t✐♠❡s ✇❤✐❝❤ ❡①❝❡❡❞s t❤♦s❡
♦❢ t❤❡ ♦t❤❡r ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❜② s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s
♦❢ t❤❡ 2D ❛♥❞ 3D ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ✐s ♦♥❧② ♥♦t✐❝❡❛❜❧❡ ❢♦r ❧❛r❣❡r t✐♠❡s✳ ❚❤✐s ♣❧♦t ❡♠♣❤❛s✐③❡s t❤❡
♦♣t✐♠❛❧ tr❛♥s✐t✐♦♥ s❝❡♥❛r✐♦ ♦❢ t❤❡ ✢♦✇ ❛s ❛ q✉❛s✐ 2D ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ ✇❛✈❡ ♣❛❝❦❡ts ✐♥ t❤❡ s❤❡❛r ❧❛②❡r✱
s❡❡ s❡❝t✐♦♥ ✶✳✺✳✷✳✷✳ ❚❤❡ ♠♦st ✉♥st❛❜❧❡ ♣❤②s✐❝❛❧ ♠❡❝❤❛♥✐s♠ ✐s t❤✉s ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③
✐♥st❛❜✐❧✐t② ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡✳

❖✉r r❡s✉❧ts s❤♦✉❧❞ ❜❡ ❝❛r❡❢✉❧❧② ❝♦♠♣❛r❡❞ t♦ ❡①♣❡r✐♠❡♥ts s✐♥❝❡ t❤❡② ❛r❡ ❜❛s❡❞ ♦♥ ❛ ♥✉♠❜❡r ♦❢ ✐♠♣♦rt❛♥t
❛ss✉♠♣t✐♦♥s s✉❝❤ ❛s✿ ✭✐✮ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ❛♥❞ ♠♦st❧② ✭✐✐✮ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s
♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s✳ ❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤ ✐s ♦❜✈✐♦✉s❧② ♥♦t ♠❡❛♥t t♦ r✐s❡
✐♥❞❡✜♥✐t❡❧② ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✶✳✶✶✭❛✮ ❛♥❞ ✜❣✉r❡ ✶✳✶✷✳ ❖✇✐♥❣ t♦ t❤❡ s✉❜st❛♥t✐❛❧ ❛❜✐❧✐t② ♦❢ t❤❡ ✢♦✇ t♦
❛♠♣❧✐❢② ♣❡rt✉r❜❛t✐♦♥s✱ ♥♦♥✲❧✐♥❡❛r ❞②♥❛♠✐❝s ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ ♦❜s❡r✈❡❞✳ ■♥ ❢❛❝t✱ t❤❡ ❧✐♠✐t ❛t ✇❤✐❝❤
✉♥st❡❛❞✐♥❡ss ✜rst ❛♣♣❡❛r ✐s ♥♦t ♣r❡❞✐❝t❛❜❧❡ s✐♥❝❡ ✐t ♦♥❧② ❞❡♣❡♥❞s ♦♥ ❡①t❡r♥❛❧ ❢❛❝t♦rs s✉❝❤ ❛s t❤❡ ❧❡✈❡❧
♦❢ ❜❛❝❦❣r♦✉♥❞ ♥♦✐s❡✱ r❡s✐❞✉❛❧ t✉r❜✉❧❡♥❝❡✱ s✉r❢❛❝❡ r♦✉❣❤♥❡ss✱ ❡t❝✳ ■t s❤♦✉❧❞ ❛❧s♦ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t✱
❛❝❝♦r❞✐♥❣ t♦ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✱ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✜♥❡♠❡♥t ✐♥❞✉❝❡❞ ❜② ❧❛t❡r❛❧ ✇❛❧❧s s❡❡♠s t♦
❤❛✈❡ ❛ ❧❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ✢♦✇✳ ■♥❞❡❡❞✱ t❤❡ ✇❛❧❧s ❝r❡❛t❡s ❛ ❞r❛❣ ❢♦r❝❡ t❤❛t t❡♥❞s t♦
❞❡❝r❡❛s❡ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❧❡♥❣t❤✱ ✇❤✐❝❤ st❛❜✐❧✐③❡s t❤❡ ✢♦✇✳ P❡r❢♦r♠✐♥❣ ❛ ❣❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ❛
3D ❜❛s❡ ✢♦✇✱ ✇✐t❤ ❧❛t❡r❛❧ ✇❛❧❧s✱ ✇♦✉❧❞ st❛♥❞ ❢♦r t❤❡ ♥❛t✉r❛❧ ♥❡①t st❡♣ t♦ ✐♥✈❡st✐❣❛t❡ t❤✐s ❛s♣❡❝t ♦❢ t❤❡
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❋✐❣✉r❡ ✶✳✸✸✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ t✐♠❡ ✐♥t❡❣r❛t❡❞ ❡♥❡r❣② ❣❛✐♥ γ(t) ❢♦r ✈❛r✐♦✉s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❜❧❛❝❦
❞❛s❤❡❞ ❧✐♥❡ st❛♥❞ ❢♦r t❤❡ ❛❞❥♦✐♥t ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡✳ ❚❤❡ ❜❧✉❡ ❞❛s❤✲❞♦tt❡❞ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ♣❡rt✉r✲
❜❛t✐♦♥ ❧❡❛❞✐♥❣ t♦ t❤❡ ♠❛①✐♠✉♠ ✐♥✐t✐❛❧ ❣r♦✇t❤ r❛t❡ ✭✇❤✐❝❤ ✐s 2D ❛❝❝♦r❞✐♥❣ t♦ ♦✉r st✉❞②✮✳ ❋✐♥❛❧❧②✱ t❤❡
❣r❡❡♥ ❛♥❞ r❡❞ s♦❧✐❞ ❧✐♥❡s st❛♥❞ ❢♦r t❤❡ 2D ❛♥❞ 3D ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s✱ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞
❢♦r ✭k = 0 ❀T = 18✮ ❛♥❞ ✭k = 0.6 ❀T = 20✮ r❡s♣❡❝t✐✈❡❧②✮✳

❞②♥❛♠✐❝s✳ ■♥t❡r❡st✐♥❣❧②✱ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ st❛t✐♦♥❛r② str✉❝t✉r❡ r❡♠✐♥✐s❝❡♥t ♦❢ ♦✉r ✉♥st❛❜❧❡ ❣❧♦❜❛❧
♠♦❞❡ ❤❛s ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✇♦r❦ ❜② ❇❡❛✉❞♦✐♥ ❡t ❛❧✳ ✭✷✵✵✹✮ ♦♥ ❛ ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡r
❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❨❡t✱ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛❜✐❧✐t✐❡s ❢♦✉♥❞ ✐♥ ♦✉r ✇♦r❦✱ ✇❤✐❝❤ ❤❛✈❡ ✈❡r②
❧❛r❣❡ tr❛♥s✈❡rs❡ ✇❛✈❡ ❧❡♥❣t❤s✱ ♠❛② ❤❛r❞❧② ❜❡ ♦❜s❡r✈❡❞ ❢♦r tr❛♥s✈❡rs❛❧❧② ❝♦♥✜♥❡❞ s❡t✉♣s✳
❖✉r ❛♥❛❧②s✐s r❡❝♦✈❡rs t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t② ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❢r❡q✉❡♥❝✐❡s ❤❛✈❡ ❝♦♥s✐st❡♥t
♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♦♣t✐♠❛❧ ❢r❡q✉❡♥❝✐❡s ❢r♦♠ ♦✉r r❡❝❡♣t✐✈✐t② ❛♥❛❧②s✐s ❛r❡ ❢♦✉♥❞ t♦
✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛♥❞ r❡❛❝❤ ❙th = 0.185 ❛t ❘❡ = 1000✳ ❚♦ ❣✐✈❡ ❛♥ ✐❞❡❛✱ ❛ ❑❡❧✈✐♥
❍❡❧♠❤♦❧t③ ❢r❡q✉❡♥❝② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❙th ≈ 0.22 ❤❛s ❜❡❡♥ ❢♦✉♥❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ❜② ❉✉r✐❡③ ✭✷✵✵✾✮ ❛t
❘❡ = 1314✳ ■♥t❡r❡st✐♥❣❧②✱ ✇❡ r❡❝♦✈❡r t❤❡ ✇❛✈❡ ♣❛❝❦❡t ♣❤❛s❡ s♣❡❡❞ υφ = 55 ✇❤✐❝❤ ❤❛s ❛❧s♦ ❜❡❡♥ ♦❜s❡r✈❡❞
✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ❜② ❉✉r✐❡③ ✭✷✵✵✾✮ ✐♥ t❤❡ r❛♥❣❡ ❘❡ = [1000; 5500]✳
■t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❢r❡q✉❡♥❝✐❡s ωopt ❝♦♠♣✉t❡❞ ❤❡r❡ ♠❛② ♥♦t ❜❡ ❞✐r❡❝t❧② ❝♦♠♣❛r❡❞ t♦
t❤♦s❡ ♦❢ ❡①♣❡r✐♠❡♥ts ❞✉❡ t♦ t❤❡ ♥♦♥✲❧✐♥❡❛r ❡✛❡❝ts✳ ■♥ ♦✉r ❝❛s❡✱ t❤❡ ♦♣t✐♠❛❧ ❢r❡q✉❡♥❝② ✇♦✉❧❞ ♦♥❧② ❜❡
♦❜s❡r✈❡❞ ❛t t❤❡ ❡❛r❧② ❞❡✈❡❧♦♣♠❡♥t ♦❢ ✉♥st❡❛❞✐♥❡ss ✐♥ ❛ ❧❛♠✐♥❛r ✢♦✇✳ ❚❤❡ ♦♣t✐♠❛❧ ❧✐♥❡❛r r❡s♣♦♥s❡s ♦❢
t❤❡ ✢♦✇ ❛r❡ ❢♦✉♥❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ r❡❛tt❛❝❤❡❞ ❜♦✉♥❞❛r② ❧❛②❡r✱ ✇❤❡r❡ t❤❡ s❤❡❛r ❧❛②❡r ✐s r❡❧❛t✐✈❡❧②
t❤✐❝❦✳ ◆♦✇✱ ✐♥ ❛ ♠♦r❡ ❝♦♠♣❧❡① ✭❛♥❞ ♠♦r❡ ♥♦♥✲❧✐♥❡❛r s✐t✉❛t✐♦♥✮ t❤❡ ✉♥st❡❛❞✐♥❡ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t② ✇♦✉❧❞ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❤✐❣❤❡r ❙tr♦✉❤❛❧ ♥✉♠❜❡rs ❛♥❞ str✉❝t✉r❡s ❧♦❝❛❧✐③❡❞
✐♥ t❤❡ ✈❡r② ✈✐❝✐♥✐t② ♦❢ t❤❡ s❡♣❛r❛t✐♦♥ ♣♦✐♥t✱ ✇❤❡r❡ t❤❡ s❤❡❛r ❧❛②❡r ✐s ♠✉❝❤ t❤✐♥♥❡r✳ ❲❤❛t ❝♦✉❧❞ ❜❡ ❞♦♥❡
t♦ ♣❛rt✐❛❧❧② ❛❧❧❡✈✐❛t❡ t❤✐s ❧✐♠✐t❛t✐♦♥ ✐s t♦ r❡str✐❝t t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ t❤❡ ✉♣str❡❛♠ ♣❛rt ♦❢
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✱ ✇❤❡r❡ t❤❡ ❧✐♥❡❛r ❛ss✉♠♣t✐♦♥ ✐s ✈❛❧✐❞✳ ❚❤✐s ✇♦✉❧❞ ♣♦ss✐❜❧② ②✐❡❧❞ t❤❡ ♦♣t✐♠❛❧
❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ❢r❡q✉❡♥❝②✱ ❡✈❡♥ ✐❢ t❤❡ ❞♦✇♥str❡❛♠ ❞②♥❛♠✐❝s ❛r❡ str♦♥❣❧② ♥♦♥ ❧✐♥❡❛r ✭❛s ✐♥ ❛ ♠❛❥♦r✐t②
♦❢ ❡①♣❡r✐♠❡♥ts✮✳
❲❡ ❞✐❞ ♥♦t ♦❜s❡r✈❡ ✐♥ ♦✉r ❛♥❛❧②s✐s ❛♥② ❧♦✇✲❢r❡q✉❡♥❝② ✉♥st❡❛❞✐♥❡ss ♦r ✧✢❛♣♣✐♥❣✧ ♦❢ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥
❜✉❜❜❧❡✳ ❨❡t✱ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ❤❛s ❜❡❡♥ ❧✐♥❦❡❞ r❡❝❡♥t❧② ✭❊❤r❡♥st❡✐♥ ✫ ●❛❧❧❛✐r❡ ✭✷✵✵✽❛✮❀ ❈❤❡r✉❜✐♥✐
✭✷✵✶✵✮✮ t♦ ❛ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s ✇❤✐❝❤ ❣✐✈❡s r✐s❡ t♦ ❛ ❧♦✇ ❢r❡q✉❡♥❝② ❜❡❛t✐♥❣ ❞✉❡
t♦ ❛❧t❡r♥❛t❡ ♠♦❞❡ ❝❛♥❝❡❧❛t✐♦♥s✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ ❞✐❞ ♥♦t ✜♥❞ ❛♥② ✉♥st❡❛❞② ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s
❡✈❡♥ ❢♦r ♠✉❝❤ ❤✐❣❤❡r ❘❡②♥♦❧❞s ♥✉♠❜❡rs ✭✉♣ t♦ 2500✮✳ ❲❡ t❤✐♥❦ t❤❛t ✉♥st❡❛❞② ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s
❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ♦❜s❡r✈❡❞ ✭❛t ❧♦✇❡r ❘❡②♥♦❧❞s ♥✉♠❜❡rs✮ ✐♥ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇s ✇❤❡♥ t❤❡
✐♥❝♦♠✐♥❣ ❜♦✉♥❞❛r② ❧❛②❡r t❤✐❝❦♥❡ss ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ st❡♣ ❤❡✐❣❤t ✭❛s ✐♥ ➴❦❡r✈✐❦ ❡t ❛❧✳
✭✷✵✵✼✮❀ ❊❤r❡♥st❡✐♥ ✫ ●❛❧❧❛✐r❡ ✭✷✵✵✽❛✮❀ ❈❤❡r✉❜✐♥✐ ✭✷✵✶✵✮✮✳ ❆ ♠♦r❡ ❛❝❝✉r❛t❡ ❛ss❡ss♠❡♥t ♦♥ t❤✐s ♣♦✐♥t
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✇♦✉❧❞ st❛♥❞ ❢♦r ❛♥ ✐♥t❡r❡st✐♥❣ ♣❡rs♣❡❝t✐✈❡✳ ❋✐♥❛❧❧②✱ ♦✉r ❧✐♥❡❛r ❛♥❛❧②s✐s ❝❧❡❛r❧② ❝❛♥♥♦t ♣r❡❞✐❝t ♥♦♥ ❧✐♥❡❛r
♠❡❝❤❛♥✐s♠s s✉❝❤ ❛s t❤❡ ✈♦rt❡① ♠❡r❣✐♥❣✳ ❚♦ ❛❧❧❡✈✐❛t❡ t❤✐s ❧✐♠✐t❛t✐♦♥✱ ❛ ♣♦ss✐❜❧❡ ✇❛② t♦ ❡①t❡♥❞ ♦✉r ✇♦r❦
✇♦✉❧❞ ❜❡ t♦ ✐♥❝❧✉❞❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♥♦♥ ❧✐♥❡❛r t❡r♠ u ·∇u ✐♥ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s
✭✶✳✹✮✳ ■♥❞❡❡❞✱ s✉❝❤ ❛♥ ❡①t❡♥s✐♦♥ st✐❧❧ ❛❧❧♦✇s t♦ ♣❡r❢♦r♠ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s✱ ❛s r❡❝❡♥t❧② ❞♦♥❡
❜② ❩✉❝❝❤❡r ❡t ❛❧✳ ✭✷✵✵✻✮❀ ❈❤❡r✉❜✐♥✐ ❡t ❛❧✳ ✭✷✵✶✵❛✮✳ ❆♥♦t❤❡r ♣♦ss✐❜❧❡ ✇❛② ✇♦✉❧❞ ❜❡ t♦ ❝♦♠♣✉t❡ ❉✐r❡❝t
◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s ✭❉◆❙✮ t♦ r❡❝♦✈❡r t❤❡ ❢✉❧❧② 3D ♥♦♥✲❧✐♥❡❛r ✢♦✇ ❞②♥❛♠✐❝s✱ s❡❡ ❈❤❡r✉❜✐♥✐ ❡t ❛❧✳
✭✷✵✶✵❜✮❀ ❈❤❡r✉❜✐♥✐ ✭✷✵✶✵✮✳
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■♥t❡r❧✉❞❡

■♥ ❝❤❛♣t❡r ✶ ✇❡ ❛♥❛❧②③❡❞ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❚✇♦ ♠❛❥♦r
✐♥st❛❜✐❧✐t② ♠❡❝❤❛♥✐s♠s ❤❛✈❡ ❜❡❡♥ ❤✐❣❤❧✐❣❤t❡❞✿ ✭✐✮ t❤❡ ❣r♦✇t❤ ♦❢ ❛ st❛t✐♦♥❛r② ❛♥❞ tr❛♥s✈❡rs❛❧❧② ♣❡r✐♦❞✐❝
✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡ ❛♥❞ ✭✐✐✮ t❤❡ tr❛♥s✐❡♥t ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ ✉♣str❡❛♠ ♣❡rt✉r❜❛t✐♦♥s✱ ✐♥ t❤❡ ❢♦r♠ ♦❢ ✇❛✈❡
♣❛❝❦❡ts✱ ✐♥ t❤❡ s❤❡❛r ❧❛②❡r✳ ❚❤❡ ✜rst ♠❡❝❤❛♥✐s♠ ✇❛s ♦❜s❡r✈❡❞ t♦ ❤❛✈❡ t♦ ❛ ✈❡r② s❧♦✇ ❡♥❡r❣② ❣r♦✇t❤
r❛t❡s✳ ❍♦✇❡✈❡r✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❢♦✉♥❞ t♦ r❡❛❝❤ s✉❜st❛♥t✐❛❧❧② ❤✐❣❤ ❡♥❡r❣② ❣❛✐♥ ✈❛❧✉❡s ❢♦r s❤♦rt t✐♠❡s✳
❚❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❤❛s ❜❡❡♥ ❢♦✉♥❞ t♦ ❡①♣❧♦✐t ❜♦t❤ t❤❡ ❖rr ❛♥❞ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t✐❡s✳
■t s❡❡♠s t❤❛t t❤❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡ ✐s q✉✐t❡ ❞✐✣❝✉❧t t♦ ♦❜s❡r✈❡ ✐♥ ❡①♣❡r✐♠❡♥ts✱ s❡❡ ❇❡❛✉❞♦✐♥ ❡t ❛❧✳
✭✷✵✵✹✮✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❛ q✉❛s✐ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✢♦✇✱ ❛t ❛ s✉♣❡r❝r✐t✐❝❛❧ ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ ✐t ✇♦✉❧❞ ❜❡
r❛t❤❡r ❧♦♥❣ t♦ ♦❜s❡r✈❡ t❤❡ ✉♥st❛❜❧❡ ♠♦❞❡ ♦✇✐♥❣ t♦ ✐ts ❧♦✇ ❡♥❡r❣② ❣r♦✇t❤ r❛t❡✳ ■♥st❡❛❞✱ ✐♥ ❛ ♠❛❥♦r✐t② ♦❢
t❤❡ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t② ✐s ♠♦r❡ ❡❛s✐❧② ✭❛♥❞ ♦❢t❡♥✮ ♦❜s❡r✈❡❞ ❛s t❤❡ ✜rst st❡♣
♦❢ t❤❡ tr❛♥s✐t✐♦♥ t♦ t✉r❜✉❧❡♥❝❡✳ ❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡r ✶ ❛r❡ ✐♥ q✉❛❧✐t❛t✐✈❡ ❛❣r❡❡♠❡♥t ✇✐t❤
❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳ ❨❡t✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♥♦♥✲❧✐♥❡❛r ❡✛❡❝ts ❛♥❞ st✉❞②✐♥❣ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❜❛s❡ ✢♦✇s ❛r❡
♦❜✈✐♦✉s❧② t❤❡ ♥❡①t st❡♣s t♦✇❛r❞ ❛ ♠♦r❡ q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥✳ ❙✐♥❝❡ ✇❡ ❞✐❞ ♥♦t ❤❛✈❡ t❤❡ ♥❡❝❡ss❛r②
♥✉♠❡r✐❝❛❧ t♦♦❧s t♦ ♣❡r❢♦r♠ s✉❝❤ ❛ st✉❞②✱ t❤✐s ✐ss✉❡ ❤❛s ♥♦t ❜❡❡♥ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡❞✳

◆♦✇ t❤❛t t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ❤❛✈❡ ❜❡❡♥ t❤♦r♦✉❣❤❧② st✉❞✐❡❞✱ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ ✐ts
♠♦❞❡❧✐♥❣✳ ❖✇✐♥❣ t♦ ♦✉r ♣r❡✈✐♦✉s r❡s✉❧ts✱ t❤❡ ♠♦st ❝r✐t✐❝❛❧ ❞②♥❛♠✐❝s ❛r❡ ❛ttr✐❜✉t❡❞ t❤❡ tr❛♥s✐❡♥t ❛♠✲
♣❧✐✜❝❛t✐♦♥ ♦❢ ♣❡rt✉r❜❛t✐♦♥s ❛❧♦♥❣ t❤❡ s❤❡❛r ❧❛②❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇❡❞ t❤❛t t❤❡ ♠♦st ❡♥❡r❣❡t✐❝
♣❡rt✉r❜❛t✐♦♥s ✇❡r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✈❡r② ❧❛r❣❡ tr❛♥s✈❡rs❡ ✇❛✈❡ ❧❡♥❣t❤s✳ ❆s ❛ r❡s✉❧t ✇❡ ❝❤♦♦s❡✱ ❢♦r s✐♠✲
♣❧✐❝✐t②✱ t♦ r❡str✐❝t ♦✉r ❛♥❛❧②s✐s t♦ t❤❡ ❝❛s❡ ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣❡rt✉r❜❛t✐♦♥s✳ ❚❤❡ ♣✉r♣♦s❡ ❜❡❤✐♥❞ t❤❡
♥❡①t t❤r❡❡ ❝❤❛♣t❡rs ✐s t♦ ❞❡s✐❣♥ ❡✣❝✐❡♥t ❘❡❞✉❝❡❞ ❖r❞❡r ▼♦❞❡❧s ✭❘❖▼s✮ t❤❛t ❝❛♣t✉r❡ t❤❡ ♣r❡❞♦♠✐♥❛♥t
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ✇✐s❤ t♦ ✜♥❞ ❧♦✇ r❛♥❦ ♦♣❡r❛t♦rs t❤❛t
❛♣♣r♦①✐♠❛t❡ t❤❡ ♦r✐❣✐♥❛❧ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r✳ ❚♦ ❞♦ s♦ ✇❡ ❝❤♦♦s❡ t♦ ✉s❡ t❤❡ s♦✲❝❛❧❧❡❞
✧♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞s✧✳ ■t ❝♦♥s✐sts ✐♥ ♣r♦❥❡❝t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r ♦♥t♦ ❛ r❡❞✉❝❡❞ s❡t ♦❢
✢♦✇ str✉❝t✉r❡s t♦ ♦❜t❛✐♥ t❤❡ ❘❖▼s✳ ◆❛t✉r❛❧❧②✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s✐s ✐s ❢✉♥❞❛♠❡♥t❛❧ ✇❤❡♥
♦♥❡ ❛tt❡♠♣ts t♦ ❝♦♥str✉❝t ❡✣❝✐❡♥t ❘❖▼s✳ ▼♦st❧②✱ ❞✐✛❡r❡♥t ♣r♦❥❡❝t✐♦♥ ❜❛s❡s ♠❛② ❜❡ ✉s❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥
✇❤❛t ✢♦✇ ♣r♦♣❡rt✐❡s ♥❡❡❞ t♦ ❜❡ ❝❛♣t✉r❡❞✳

❆s ❛ ✜rst ❝❛♥❞✐❞❛t❡✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ s❡t ♦❢ t❤❡ ❧❡❛st ❞❛♠♣❡❞ ❣❧♦❜❛❧ ♠♦❞❡s✳ ■♥❞❡❡❞✱ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ t❤❡ t❤❡s✐s✱ t❤✐s ❝❤♦✐❝❡ s❡❡♠❡❞ t♦ ❜❡ ♥❛t✉r❛❧ ❢♦r s❡✈❡r❛❧ r❡❛s♦♥s✳ ❋✐rst✱ ❣❧♦❜❛❧ ♠♦❞❡s ❛r❡ ♣❤②s✐❝❛❧❧②
s✐❣♥✐✜❝❛♥t s✐♥❝❡ t❤❡② ❛r❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡② ❛r❡
❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣r♦✇t❤ r❛t❡ ❛♥❞ ❛ ❢r❡q✉❡♥❝② ✇❤✐❝❤ ❛r❡ ♣❤②s✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❛♥❞ ❝♦♥❝r❡t❡ q✉❛♥t✐t✐❡s✳
❚❤❡ ♣❛rt ♦❢ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧❡❛st ❞❛♠♣❡❞ ♠♦❞❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ t❤r♦✉❣❤
t❤❡ ✐t❡r❛t✐✈❡ ❆r♥♦❧❞✐ t❡❝❤♥✐q✉❡✳ ❚❤❡♥✱ t❤❡ ✐❞❡❛ ✐s t♦ s❡❧❡❝t t❤❡ ♠♦st ✉♥st❛❜❧❡ ♠♦❞❡s ❛♥❞ tr✉♥❝❛t❡
t❤♦s❡ ✇✐t❤ t❤❡ ❧♦✇❡st ❣r♦✇t❤ r❛t❡s✳ ■t ✐s t❤❡♥ r❡❛s♦♥❛❜❧❡ t♦ ❡①♣❡❝t t❤❛t t❤❡ ♠♦st st❛❜❧❡ ♠♦❞❡s✱ ✇❤♦s❡
❛♠♣❧✐t✉❞❡ ❞❡❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛❧❧② ✐♥ t✐♠❡✱ ✇✐❧❧ ♦♥❧② ❝♦♥tr✐❜✉t❡ t♦ ❛ ♠✐♥♦r ♣❛rt ♦❢ t❤❡ ❞②♥❛♠✐❝s✳ ❆ s❡❝♦♥❞
♠♦t✐✈❛t✐♦♥ ❢♦r ✉s✐♥❣ ❣❧♦❜❛❧ ♠♦❞❡s r❡❧✐❡s ♦♥ s♦♠❡ r❡s✉❧ts ❡①♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ❤❛s
❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ✐♥ t❤❡ ✇♦r❦ ❜② ❊❤r❡♥st❡✐♥ ✫ ●❛❧❧❛✐r❡ ✭✷✵✵✺✮ t❤❛t ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧
❣❧♦❜❛❧ ♠♦❞❡s ✐s ❛❜❧❡ t♦ ❝❛♣t✉r❡ t❤❡ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t② ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✢❛t✲♣❧❛t❡ ❜♦✉♥❞❛r② ❧❛②❡r✳ ▲❛t❡r✱
✐t ❤❛s ❜❡❡♥ s❤♦✇♥ ❜② ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✮ t❤❛t t❤❡ s✉♠ ♦❢ s♦♠❡ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s ✐s ❛❜❧❡ t♦ ❞❡s❝r✐❜❡

✹✾
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t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ❧♦❝❛❧✐③❡❞ ❞✐st✉r❜❛♥❝❡ ✐♥ ❛ ❤✐❣❤✲❛s♣❡❝t✲r❛t✐♦ s♠♦♦t❤ ❝❛✈✐t② ✢♦✇✳ ❇② ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡
❧❡❛st st❛❜❧❡ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s✱ ❛ ❧♦✇✲♦r❞❡r ♠♦❞❡❧ ♦❢ t❤❡ ✢♦✇ ✐s ♦❜t❛✐♥❡❞ ❛♥❞ ✉s❡❞ t♦ ❞❡s✐❣♥ ❛ ❧✐♥❡❛r✲
q✉❛❞r❛t✐❝✲●❛✉ss✐❛♥ ❝♦♥tr♦❧❧❡r✳ ❚❤✐s ❝♦♥tr♦❧❧❡r ✐s ❛❧s♦ s❤♦✇♥ t♦ ❡✣❝✐❡♥t❧② ❞❛♠♣ ♦✉t t❤❡ ✢♦✇ ❣❧♦❜❛❧
♦s❝✐❧❧❛t✐♦♥s✳ ■t ✐s ❛❧s♦ ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❡ r❡✈✐❡✇ ❛rt✐❝❧❡ ❜② ❍❡♥♥✐♥❣s♦♥ ✫ ➴❦❡r✈✐❦ ✭✷✵✵✽✮ ❛♥❞ t❤❡
❛♥❛❧②s✐s ❜② ❊❤r❡♥st❡✐♥ ✫ ●❛❧❧❛✐r❡ ✭✷✵✵✽❜✮ ♦❢ t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ✉♥st❡❛❞✐♥❡ss ❝❛❧❧❡❞ ✧✢❛♣♣✐♥❣✧ ❜② ♠❡❛♥s
♦❢ ❛ ❣❧♦❜❛❧ ♠♦❞❡s ❞❡❝♦♠♣♦s✐t✐♦♥✳
❚❤❡r❡ ✐s ❤❡♥❝❡ s♦♠❡ ❡✈✐❞❡♥❝❡ t❤❛t ❛ ♠♦❞❡r❛t❡ ♥✉♠❜❡r ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❣❧♦❜❛❧ ♠♦❞❡s ❝❛♥ ♣♦t❡♥t✐❛❧❧②
❝❛♣t✉r❡ t❤❡ tr❛♥s✐❡♥t ❞②♥❛♠✐❝s ♦❢ ✇❛❧❧✲❜♦✉♥❞❡❞ ♦♣❡♥ ✢♦✇s✳ ❚❤✐s s✉♣♣♦rts t❤❡ ✐❞❡❛ t❤❛t ❣❧♦❜❛❧ ♠♦❞❡s
♠❛② ♣r♦✈✐❞❡ ♥❡✇ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ✇✐t❤ ✢♦✇✲❝♦♥tr♦❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r t❤❡s❡ r❡❛s♦♥s✱ ✇❡
❛tt❡♠♣t❡❞ t♦ ♠♦❞❡❧ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♦✉r ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❜② ♠❡❛♥s ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s✳ ❯♥❢♦rt✉✲
♥❛t❡❧②✱ ✇❡ ❢♦✉♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❛t t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ✇❡r❡ ✉♥❛❜❧❡ t♦ r❡❝♦✈❡r t❤❡ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t② ♦❢
t❤❡ ✢♦✇✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤✐s ❢❛✐❧✉r❡✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ♦t❤❡r ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s s✉❝❤ ❛s t❤❡ s♠♦♦t❤ ❝❛✈✐t②
st✉❞✐❡❞ ❜② ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✮✱ ❛ sq✉❛r❡ ❝❛✈✐t② ✢♦✇ ❛♥❞ ❛ ❧✐❞✲❞r✐✈❡♥ ❝❛✈✐t②✳ ❲❡ ❞✐❞ ♥♦t ❤❛✈❡ t❤❡ t✐♠❡
t♦ ♠❛❦❡ ❛ ❝♦♠♣❧❡t❡ st✉❞② ❛♥❞ ❣♦ ✐♥t♦ ♠✉❝❤ ❞❡t❛✐❧ ❜✉t ✇❡ ❤❛✈❡ r❡♣♦rt❡❞ ♦✉r ✜♥❞✐♥❣s ✐♥ ❛♣♣❡♥❞✐① ❇✳ ❚❤✐s
❛♣♣❡♥❞✐① s❤♦✉❧❞ ❜❡ r❡❛❞ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❝❤❛♣t❡r ✶ ❛♥❞ ❛s ❛ ❧✐♥❦ ♠♦t✐✈❛t✐♥❣ t❤❡ ♥❡①t ❝❤❛♣t❡rs✳ ❚♦
s✉♠♠❛r✐③❡✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s t♦ ♠♦❞❡❧ t❤❡ ❞②♥❛♠✐❝s str♦♥❣❧② ❞❡♣❡♥❞s
♦♥ t❤❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r t❤✐s ❢❛✐❧✉r❡ ✐s ❛ttr✐❜✉t❡❞ t♦ t❤❡ ✈❡r② ❤✐❣❤ ♥♦♥✲♥♦r♠❛❧✐t②
♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s✳ ❆s s❤♦✇♥ ❜② ❚r❡❢❡t❤❡♥ ✫ ❊♠❜r❡❡ ✭✷✵✵✺✮✱ t❤❡ ♠♦st st❛❜❧❡ ♠♦❞❡s ❛r❡ ❡①tr❡♠❡❧② ✐❧❧✲
❝♦♥❞✐t✐♦♥❡❞ ❛♥❞ t❤✉s ❝❛♥ ❜❛r❡❧② ❜❡ ❝♦♠♣✉t❡❞✳ ❖♥❡ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥✱
t❤❡ ♠♦st st❛❜❧❡ ♠♦❞❡s ❛r❡ ♦❢t❡♥ s❡❡♥ t♦ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ tr❛♥s✐❡♥t ❞②♥❛♠✐❝s✳ ❋♦r ✐♥st❛♥❝❡✱
❛ r❡❝❡♥t ✇♦r❦ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ❞❡❛❧✐♥❣ ✇✐t❤ ❧✐♥❡❛r st❛t❡✲s♣❛❝❡ ✢♦✇ ❝♦♥tr♦❧✱ ✐♥❞✐❝❛t❡❞ t❤❛t
t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❣❧♦❜❛❧ ♠♦❞❡s t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❛♥ ❡✣❝✐❡♥t ❧♦✇✲♦r❞❡r ❝♦♥tr♦❧❧❡r ❛r❡ ♥♦t t❤❡
♠♦st ✉♥st❛❜❧❡ ♦♥❡s✳ ❲❡ r❡❢❡r ✐♥t❡r❡st❡❞ r❡❛❞❡rs t♦ t❤❡ r❡❝❡♥t r❡✈✐❡✇ ❛rt✐❝❧❡s ❜② ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❝✮
❛♥❞ ❙✐♣♣ ❡t ❛❧✳ ✭✷✵✶✵✮✳

❆s ❛ r❡s✉❧t ♦❢ t❤✐s ❢❛✐❧✉r❡✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ❛♥♦t❤❡r ❛♣♣r♦❛❝❤✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❞❡✜♥❡ s♦♠❡ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts
♦♥ t❤❡ s②st❡♠ ❛♥❞ ❧♦♦❦ ❢♦r ♠♦❞❡❧s t❤❛t ❝❛♣t✉r❡ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ❆ ♣♦✇❡r❢✉❧ t❡❝❤♥✐q✉❡✱ ❦♥♦✇♥
❛s ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ▼♦♦r❡ ✭✶✾✽✶✮ ❛♥❞ ❡♥❛❜❧❡s t♦ r❡❛❝❤ s✉❝❤ ❛ ❣♦❛❧✳ ■t ✐s
❝♦♥❝❡♣t✉❛❧❧② ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❝❡♣ts ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❝♦♥tr♦❧❧❛❜❧❡
✢♦✇ st❛t❡s ♠❛② ❜❡ ❡❛s✐❧② tr✐❣❣❡r❡❞ ❜② t❤❡ ✐♥♣✉ts ✇❤❡r❡❛s ♦❜s❡r✈❛❜❧❡ ✢♦✇ st❛t❡s ②✐❡❧❞ ❛♥ ✐♠♣♦rt❛♥t
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♦✉t♣✉ts✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ st❛rt ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ s✐♥❣❧❡ ✐♥♣✉t ❛♥❞ ❛ s✐♥❣❧❡ ♦✉t♣✉t ♦♥
t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❚❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s ❛♥❞ ♦❢ t❤❡ ♠♦st ❛♥❞ ❡q✉❛❧❧②
❝♦♥tr♦❧❧❛❜❧❡✴♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ✭❛❧s♦ ❝❛❧❧❡❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✮ t♦ ❝❛♣t✉r❡ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ✐s
✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳ ❆ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ✐s ♣❛✐❞ t♦ t❤❡ t❡❝❤♥✐q✉❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡s❡
♠♦❞❡s✳ ❲❡ s❤♦✇ ❤♦✇ t❤❡ ✉s❡ ❤❛r♠♦♥✐❝ ✢♦✇ r❡s♣♦♥s❡s✱ ❞❡r✐✈❡❞ ❢r♦♠ ❤❛r♠♦♥✐❝ ❡①❝✐t❛t✐♦♥s ❛t t❤❡ ✐♥♣✉t
♦r ❛t t❤❡ ♦✉t♣✉t✱ ❛❧❧♦✇s t♦ ❞❡s✐❣♥ ❡✣❝✐❡♥t ❘❖▼s✳ ■t s❤♦✉❧❞ ❛❧s♦ ❜❡ ♠❡♥t✐♦♥❡❞ ❛t t❤✐s st❛❣❡ t❤❛t t❤❡
✉♥st❛❜❧❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ ❛ sq✉❛r❡ ❝❛✈✐t② ✢♦✇ ❛r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r t♦ ✐❧❧✉str❛t❡ t❤❡
❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ t♦ ❤❛♥❞❧❡ ✉♥st❛❜❧❡ ✢✉✐❞ s②st❡♠s✳ ❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ❤❛✈❡
❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ❛♥ ❛rt✐❝❧❡ t❤❛t ❤❛✈❡ ❜❡❡♥ s✉❜♠✐tt❡❞ t♦ P❤②s✐❝s ♦❢ ❋❧✉✐❞s✳

✺✵



❈❤❛♣t❡r ✷

▼♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t✲♦✉t♣✉t

❞②♥❛♠✐❝s ❜② ♠❡❛♥s ♦❢ ❢r❡q✉❡♥t✐❛❧

s♥❛♣s❤♦ts

❚❤✐s ❝❤❛♣t❡r ❞❡❛❧s ✇✐t❤ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ ❤✐❣❤✲♦r❞❡r ❧✐♥❡❛r s②st❡♠s✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞ t♦ ❛♣♣r♦①✐✲
♠❛t❡ Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ✐s ❡①♣♦s❡❞ ❤❡r❡ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦
♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ s♥❛♣s❤♦ts ✉s❡❞ t♦ ♦❜t❛✐♥ ❧♦✇✲r❛♥❦ ❛♣♣r♦①✲
✐♠❛t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s ✐s ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✳
▼♦❞❡❧ r❡❞✉❝t✐♦♥ ✐s t❤✉s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ✢♦✇ st❛t❡s t❤❛t ❛r❡ ❧♦♥❣✲t✐♠❡ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s ♦❢ t❤❡ ✢♦✇ t♦
❣✐✈❡♥ ❢♦r❝✐♥❣s✱ ✇❡ ❝❛❧❧ t❤❡♠ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts✳ ■♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ r❡❝❡♥t ✇♦r❦s ✉s✐♥❣ t✐♠❡✲st❡♣♣✐♥❣
❛♣♣r♦❛❝❤✱ r❡str✐❝t❡❞ t♦ st❛❜❧❡ s②st❡♠s✱ t❤✐s ♦♥❡ ❝❛♥ ❛❧✇❛②s ❜❡ ❝♦♠♣✉t❡❞ ❢♦r s②st❡♠s ✇✐t❤♦✉t ♠❛r❣✐♥❛❧
♠♦❞❡s ✇❤✐❧❡ ✐t r❡❞✉❝❡s t♦ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❢♦r st❛❜❧❡ s②st❡♠s✳ ❲❡ s❤♦✇ t❤❛t t❤✐s ♠❡t❤♦❞ ✐s ❡✣❝✐❡♥t
t♦ ♣❡r❢♦r♠ P❖❉ ❛♥❞ ❇P❖❉ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ✐♥ ❜♦t❤ ❣❧♦❜❛❧❧② st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ✢♦✇s t❤r♦✉❣❤
t✇♦ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✿ t❤❡ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ❛♥❞ t❤❡ ✢♦✇ ♦✈❡r ❛ sq✉❛r❡ ❝❛✈✐t②✳ ❚❤❡
✜rst ♦♥❡ ✐s ❛ ❣❧♦❜❛❧❧② st❛❜❧❡ ✢♦✇ ❡①❤✐❜✐t✐♥❣ str♦♥❣ tr❛♥s✐❡♥t ❣r♦✇t❤s ❛s ❛ t②♣✐❝❛❧ ♥♦✐s❡ ❛♠♣❧✐✜❡r s②st❡♠
✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ✐s ❛ ❣❧♦❜❛❧❧② ✉♥st❛❜❧❡ ✢♦✇ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛♥ ♦s❝✐❧❧❛t♦r s②st❡♠✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ✐t ✐s
s❤♦✇♥ t❤❛t t❤❡ ❢r❡q✉❡♥❝②✲❜❛s❡❞ s♥❛♣s❤♦t ♠❡t❤♦❞ ②✐❡❧❞s r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s t❤❛t ❡✣❝✐❡♥t❧② ❝❛♣t✉r❡
t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ r❡❣❛r❞✐♥❣ t❤❡ ✉♥st❛❜❧❡ ❝❛✈✐t② ✢♦✇✱ ♦✉r r❡s✉❧t✐♥❣
✉♥st❛❜❧❡ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ♣♦ss❡ss t❤❡ s❛♠❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s ❛♥❞ st❛❜❧❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ❛s
t❤♦s❡ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠✳

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❉✉r✐♥❣ t❤❡ ❧❛st ❞❡❝❛❞❡✱ ❧✐♥❡❛r st❛t❡ s♣❛❝❡ ✢♦✇ ❝♦♥tr♦❧ ❤❛s ❜❡❝♦♠❡ ❛ ♥❡✇ ❛♥❞ ♣r♦♠✐s✐♥❣ r❡s❡❛r❝❤ s✉❜❥❡❝t✱
s❡❡ ❑✐♠ ✫ ❇❡✇❧❡② ✭✷✵✵✼✮❀ ❙✐♣♣ ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❖r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ❢♦r ✢♦✇s ❣♦✈❡r♥❡❞ ❜② ❧✐♥❡❛r ✐♥st❛❜✐❧✐t②
♠❡❝❤❛♥✐s♠s ✭❇❡✇❧❡② ✫ ▲✐✉ ✭✶✾✾✽✮❀ ❇❡✇❧❡② ✭✷✵✵✶✮✮✱ ✐t ❜r♦✉❣❤t ❝♦♥tr♦❧ t❤❡♦r❡t✐❝❛❧ t♦♦❧s ✭❇✉r❧ ✭✶✾✾✾✮❀
❩❤♦✉ ❡t ❛❧✳ ✭✷✵✵✷✮✮ s✉❝❤ ❛s ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ✇✐t❤✐♥ t❤❡ r❡❛❝❤ ♦❢ t❤❡ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ❝♦♠♠✉♥✐t②✳ ❖♣t✐♠❛❧
✢♦✇ ❝♦♥tr♦❧ ♦❜✈✐♦✉s❧② ❞✐s♣❧❛②s ❛ttr❛❝t✐✈❡ ❢❡❛t✉r❡s✳ ❖♥❡ ♠❛② r❡❢❡r t♦ ♣r❡✈✐♦✉s ✇♦r❦s s✉❝❤ ❛s t❤❡ ❝♦♥tr♦❧
♦❢ ❛ tr❛♥s✐t✐♦♥❛❧ ❜♦✉♥❞❛r② ❧❛②❡r ✭❍ö❣❜❡r❣ ✫ ❍❡♥♥✐♥❣s♦♥ ✭✷✵✵✷✮❀ ❈❤❡✈❛❧✐❡r ❡t ❛❧✳ ✭✷✵✵✼✮✮✱ ❛ tr❛♥s✐t✐♦♥❛❧
❝❤❛♥♥❡❧ ✢♦✇ ✭❍ö❣❜❡r❣ ❡t ❛❧✳ ✭✷✵✵✸✮✮ ♦r ❛❧s♦ t✉r❜✉❧❡♥t ❝❤❛♥♥❡❧ ✢♦✇s ✭▼♦✐♥ ✫ ❇❡✇❧❡② ✭✶✾✾✹✮❀ ❏♦s❤✐ ❡t ❛❧✳
✭✶✾✾✼✮✮✳ ❨❡t✱ ❛s s♦♦♥ ❛s ❝♦♠♣❧❡① ♦r ♠♦r❡ r❡❛❧✐st✐❝ ✢♦✇s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ t❤❡ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♠❛♥②
♦♣t✐♠❛❧ ✢♦✇ ❝♦♥tr♦❧ t♦♦❧s ✐s ♥♦ ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② tr❛❝t❛❜❧❡✳ ❖♥❡ ♠❛② t❤❡♥ r❡s♦rt t♦ ❛ ♠♦❞❡❧✐♥❣ ♦❢
t❤❡ ❞②♥❛♠✐❝s ❜② r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ✭❘❖▼s✮ t♦ ❛❧❧❡✈✐❛t❡ t❤✐s ♣r♦❜❧❡♠✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ♠♦❞❡❧✐♥❣ t❤❡
❞②♥❛♠✐❝s ❜❡t✇❡❡♥ s♦♠❡ ♣❛rt✐❝✉❧❛r ✐♥♣✉ts✱ s✉❝❤ ❛s t❤❡ ❛❝t✉❛t♦rs✱ ❛♥❞ s♦♠❡ ♣❛rt✐❝✉❧❛r ♦✉t♣✉ts✱ s✉❝❤ ❛s
t❤❡ s❡♥s♦rs✱ ♠❛② ❜❡ s✉✣❝✐❡♥t t♦ ♣❡r❢♦r♠ ❡✛❡❝t✐✈❡ ♦♣t✐♠❛❧ ✢♦✇ ❝♦♥tr♦❧✳ ❋♦r ✐♥st❛♥❝❡✱ ❧❡t ✉s ♠❡♥t✐♦♥ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲◗● ❝❧♦s❡❞✲❧♦♦♣ ✢♦✇ ❝♦♥tr♦❧ t♦ ♠♦r❡ ❝♦♠♣❧❡① ✢♦✇s✱ s❡❡ ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✮❀ ❇❛❣❤❡r✐
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❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

❡t ❛❧✳ ✭✷✵✵✾❜✮❀ ❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✶✵✮❀ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❡①♣❧♦r❡
❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② ♦❢ ♣❡r❢♦r♠✐♥❣ s✉❝❤ ❘❖▼s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ tr❛♥s✐t✐♦♥❛❧ s❡♣❛r❛t❡❞ ✢♦✇s✳
❚❤❡ Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ✭P❖❉✮ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✉s❡❞ ❡①t❡♥s✐✈❡❧② ❢♦r r❡❞✉❝❡❞✲♦r❞❡r
♠♦❞❡❧✐♥❣ ♦❢ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ♣r♦❜❧❡♠s✳ ■t ✇❛s ♣r♦♣♦s❡❞ ❜② ▲✉♠❧❡② ✭✶✾✼✵✮ ❛s ❛♥ ✉♥❜✐❛s❡❞ t❡❝❤♥✐q✉❡ ❢♦r
✐❞❡♥t✐❢②✐♥❣ t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ♣❛tt❡r♥s ✭♦r str✉❝t✉r❡s✮ ✐♥ ❛ ✢♦✇✳ ■♥ ♣❛rt✐❝✉❧❛r✱ P❖❉ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦
②✐❡❧❞ ❛ ✈❛❧✉❛❜❧❡ ❛♥❛❧②s✐s t♦♦❧ t♦ ❞✐s❝r✐♠✐♥❛t❡ ❝♦❤❡r❡♥t str✉❝t✉r❡s ✐♥ t✉r❜✉❧❡♥t ✢♦✇s✱ s❡❡ ❙✐r♦✈✐❝❤ ✭✶✾✽✼✮❀
❇❡r❦♦♦③ ❡t ❛❧✳ ✭✶✾✾✸✮✳ ❚❤✉s✱ P❖❉ ♠♦❞❡s st❛♥❞ ❢♦r ♥❛t✉r❛❧ ❝❛♥❞✐❞❛t❡s t♦ ❞❡s✐❣♥ ❘❖▼s✳ ❚❤✐s ♠❛② ❜❡
❛❝❤✐❡✈❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ✭❡✐t❤❡r ❧✐♥❡❛r ♦r ♥♦t✮ ♦♥t♦ t❤❡ P❖❉ ♠♦❞❡s✳ ❙✉❝❤ ❛ r❡❞✉❝❡❞
♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇❛s ✜rst ♣❡r❢♦r♠❡❞ ❜② ❆✉❜r② ❡t ❛❧✳ ✭✶✾✽✽✮✳ ◆♦t✐❝❡❛❜❧②✱ ❛ t✐♠❡✲
s♣❛❝❡ ❞❡t❡r♠✐♥✐st✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ P❖❉ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❆✉❜r② ❡t ❛❧✳ ✭✶✾✾✶✮ ❛s ❛ s②st❡♠❛t✐❝ t♦♦❧ ❢♦r
❝♦♠♣❧❡① s②st❡♠ ❛♥❛❧②s✐s✳ ❚❤✐s ❧❛tt❡r ❝♦♥s✐sts ♦❢ ❛ ❜✐✲♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ s♣❛t✐❛❧ ♦rt❤♦❣♦♥❛❧
♠♦❞❡s ✭s✐♠✐❧❛r t♦ t❤❡ P❖❉ ♠♦❞❡s✮ ❛♥❞ t❡♠♣♦r❛❧ ♦rt❤♦❣♦♥❛❧ ♠♦❞❡s ✭st❛♥❞✐♥❣ ❢♦r t❤❡ ❞❡t❡r♠✐♥✐st✐❝
t✐♠❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♠♦❞❡s✮✳ ❙✐♥❝❡ t❤❡♥✱ P❖❉ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❤❛s s♣❛✇♥❡❞ ❛ s✉❜st❛♥t✐❛❧ ❜♦❞② ♦❢
❧✐t❡r❛t✉r❡ ♦♥ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s ❢♦r ✢♦✇s✱ s❡❡ ◆♦❛❝❦ ❡t ❛❧✳ ✭✷✵✵✸✮❀ ❇✉✛♦♥✐ ❡t ❛❧✳ ✭✷✵✵✻✮❀ ●❛❧❧❡tt✐
❡t ❛❧✳ ✭✷✵✵✼✮✳ ❘❡❝❡♥t❧②✱ P❖❉ ❜❛s❡❞ ❘❖▼s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ ✢♦✇ ❝♦♥tr♦❧ str❛t❡❣✐❡s ❢♦r
t❤❡ ✢♦✇ ❛r♦✉♥❞ ❛ ❝②❧✐♥❞❡r ✭❉❡❧✈✐❧❧❡ ❡t ❛❧✳ ✭✶✾✾✽✮❀ ❚❛❞♠♦r ❡t ❛❧✳ ✭✷✵✵✹✮❀ ❇❡r❣♠❛♥♥ ❡t ❛❧✳ ✭✷✵✵✺✮✮ ♦r t❤❡
✢♦✇ ♦✈❡r ❛♥ ♦♣❡♥ ❝❛✈✐t②✱ s❡❡ ❙❛♠✐♠② ❡t ❛❧✳ ✭✷✵✵✼✮✳ ❆❧t❤♦✉❣❤ t❤✐s ♠♦❞❡❧ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡ ✐s tr❛❝t❛❜❧❡
❢♦r ✈❡r② ❧❛r❣❡ ❞❛t❛ s❡ts ❛♥❞ ❛♣♣❧✐❝❛❜❧❡ t♦ ❝♦♠♣❧❡① ✢♦✇s✱ P❖❉ ♠♦❞❡s ♠❛② ♥♦t ❜❡ t❤❡ ❜❡st str✉❝t✉r❡s ❢♦r
❞❡s❝r✐❜✐♥❣ t❤❡ ❞②♥❛♠✐❝s✱ ❡✈❡♥ ✐♥ ❛ ❧✐♥❡❛r✐③❡❞ ❝❛s❡✳ ■♥❞❡❡❞✱ t❤❡ tr✉♥❝❛t❡❞ ❧♦✇✲❡♥❡r❣② ❢❡❛t✉r❡s ♦❢ ❛ ✢♦✇
♠❛② ❝♦♥tr✐❜✉t❡ t♦ ❛ s✐❣♥✐✜❝❛♥t ♣❛rt ♦❢ t❤❡ ❣❧♦❜❛❧ ❞②♥❛♠✐❝s✱ ❛s ✐♥ t❤❡ t②♣✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ❛❝♦✉st✐❝ ♠♦❞❡s
✐♥ ❝❛✈✐t② ♦s❝✐❧❧❛t✐♦♥s✱ s❡❡ ❘♦✇❧❡② ❡t ❛❧✳ ✭✷✵✵✹✮✳
❲✐t❤✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠♦❞❡❧ r❡❞✉❝t✐♦♥✱ ❜♦t❤ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ ✐✳❡✳✱ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❛♣♣❧✐❡❞ ❢♦r❝✐♥❣
t♦ r❡❛❝❤ ✢♦✇ st❛t❡s✱ ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t②✱ ✐✳❡✳✱ t❤❡ ❛❜✐❧✐t② ♦❢ ✢♦✇ st❛t❡s t♦ r❡❣✐st❡r ❛t t❤❡ s❡♥s♦r ❧♦❝❛t✐♦♥s✱
❛r❡ ❡q✉❛❧❧② ✐♠♣♦rt❛♥t✳ ❆♥ ❡①♣❛♥s✐♦♥ ❜❛s✐s t❤❛t ❜❛❧❛♥❝❡s t❤❡s❡ t✇♦ ❝♦♥❝❡♣ts ✇❛s ✐♥tr♦❞✉❝❡❞ ♠♦r❡
t❤❛♥ t✇♦ ❞❡❝❛❞❡s ❛❣♦ ❢♦r st❛❜❧❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t s②st❡♠s ❜② ▼♦♦r❡ ✭✶✾✽✶✮✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡
❜❛❧❛♥❝❡❞ ❜❛s✐s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞
♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s ✭✇❤✐❝❤ ♠❡❛s✉r❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② r❡s♣❡❝t✐✈❡❧②✮✳ ▼♦❞❡❧ r❡❞✉❝t✐♦♥
✐s t❤❡♥ ♣❡r❢♦r♠❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❜❛s✐s ✇❤❡r❡ t❤❡ st❛t❡s t❤❛t r❡s♣♦♥❞ ♠♦st str♦♥❣❧② t♦ ✐♥♣✉ts ✭♠♦st
❝♦♥tr♦❧❧❛❜❧❡ st❛t❡s✮ ❛r❡ ❛❧s♦ st❛t❡s t❤❛t ❤❛✈❡ t❤❡ ♠♦st ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♦✉t♣✉ts ✭♠♦st ♦❜s❡r✈❛❜❧❡ st❛t❡s✮✳
❚❤✐s ♣♦✇❡r❢✉❧ t❡❝❤♥✐q✉❡✱ ❝♦♠♠♦♥❧② ❛♣♣❧✐❡❞ ✐♥ ❝♦♥tr♦❧ t❤❡♦r②✱ ✐s ❦♥♦✇♥ ❛s ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ❛♥❞
❝♦♥st✐t✉t❡s ❛ q✉❛s✐✲♦♣t✐♠❛❧ ❜❛s✐s ✐♥ t❡r♠s ♦❢ ♠♦❞❡❧✐♥❣ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ❋✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥t
♦❢ t❤❡ ♠❡t❤♦❞ ❡①t❡♥❞❡❞ ✐ts r❛♥❣❡ t♦ ♥♦♥❧✐♥❡❛r ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✱ s❡❡ ❙❝❤❡r♣❡♥ ✭✶✾✾✸✮ ❛♥❞ ▲❛❧❧ ❡t ❛❧✳
✭✷✵✵✷✮✳ ❆♥ ♦♣t✐♠❛❧ ❛♥❞ ❛❝❝✉r❛t❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤✐s ❜❛s✐s ❤❛s ❜❡❡♥ ❢♦✉♥❞ ❜② ▲❛✉❜
❡t ❛❧✳ ✭✶✾✽✼✮ ❛♥❞ ❤❛s ❜❡❡♥ ✉s❡❞ ♦♥ s♦♠❡ ✢✉✐❞ ♣r♦❜❧❡♠s ♦❢ s♠❛❧❧ s✐③❡ ✭❈♦rt❡❧❡③③✐ ✫ ❙♣❡②❡r ✭✶✾✾✽✮✮ ❜✉t
✐ts ❛ss♦❝✐❛t❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ✐s r❛t❤❡r ❤✐❣❤ ❢♦r s②st❡♠s ♦❢ ♠♦❞❡r❛t❡ s✐③❡ ❛♥❞ q✉✐❝❦❧② ❜❡❝♦♠❡s
✉♥❛✛♦r❞❛❜❧❡ ❢♦r s②st❡♠s ♦❢ ❧❛r❣❡ s✐③❡ ❛♥❞ r❡❛❧✐st✐❝ ❝♦♠♣❧❡①✐t② ✭❛❜♦✉t 5 000 st❛t❡s ♦r ♠♦r❡✮✳
❍♦✇❡✈❡r✱ r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ❜② ❲✐❧❧❝♦① ✫ P❡r❛✐r❡ ✭✷✵✵✷✮ ❛♥❞ ❘♦✇❧❡② ✭✷✵✵✺✮ ❝♦♠❜✐♥✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧
♠❡t❤♦❞♦❧♦❣② ❢r♦♠ P❖❉ ♠♦❞❡s ✇✐t❤ ❛ ❜❛❧❛♥❝✐♥❣ ♣r♦❝❡❞✉r❡ ❤❛s ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t② ❛♥❞ ❤❛s ❜r♦✉❣❤t
t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ ❧❛r❣❡✲s❝❛❧❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✇✐t❤✐♥ r❡❛❝❤ ♦❢ ❝✉rr❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥♦❧♦❣②✳
■t ✇❛s s❤♦✇♥ t❤❛t t❤❡ ●r❛♠✐❛♥s ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✉s✐♥❣ t✇♦ s❡r✐❡s ♦❢ s♥❛♣s❤♦ts r❡s✉❧t✐♥❣ ❢r♦♠
t✇♦ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛♥❞ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡❞ ❜② ▲❛✉❜ ❡t ❛❧✳ ✭✶✾✽✼✮ ❝❛♥ ❜❡
❣❡♥❡r❛❧✐③❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡s❡ ❛♣♣r♦①✐♠❛t❡ ●r❛♠✐❛♥s✳ ❚❤✐s ♥❡✇ ♠❡t❤♦❞ ✐s r❡❢❡rr❡❞ ❛s ❇❛❧❛♥❝❡❞
Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ✭❇P❖❉✮ ❞✉❡ t♦ t❤❡ ✉s❡ ♦❢ ✢♦✇ s♥❛♣s❤♦ts ❛♥❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ P❖❉
❡st❛❜❧✐s❤❡❞ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮✳ ❚❤✐s ♥❡✇ t❡❝❤♥✐q✉❡ ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ s❡✈❡r❛❧ ❧✐♥❡❛r✐③❡❞ st❛❜❧❡ ✢♦✇s✿
t❤❡ ❝❛s❡ ♦❢ ❛ ❝❤❛♥♥❡❧ ✢♦✇ ✭■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✻✱ ✷✵✵✽✮✮✱ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ❡q✉❛t✐♦♥ ♠✐♠✐❝❦✐♥❣
❛♥ ♦♣❡♥ ✢♦✇ ✭❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❝✮✮ ❛♥❞ ❛ ❜♦✉♥❞❛r②✲❧❛②❡r ✢♦✇ ✭❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮✮✳
❘❡❣❛r❞✐♥❣ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❧✐♥❡❛r✐③❡❞ ✉♥st❛❜❧❡ s②st❡♠s✱ t❤❡ ♦r✐❣✐♥❛❧ ♠❡t❤♦❞ ❜② ▼♦♦r❡ ✭✶✾✽✶✮ ✐s ♥♦ ❧♦♥❣❡r
❛♣♣❧✐❝❛❜❧❡✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ❧✐♠✐t❛t✐♦♥✱ ❛♥ ❡①t❡♥s✐♦♥ ✇❛s ♣r♦♣♦s❡❞ ❜② ❩❤♦✉ ❡t ❛❧✳ ✭✶✾✾✾✮ ❜② ✐♥tr♦❞✉❝✐♥❣
❢r❡q✉❡♥❝②✲❞♦♠❛✐♥ ❞❡✜♥✐t✐♦♥s ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s✳ ■♥ ❝♦♥tr❛st t♦ ●r❛♠✐❛♥s
❞❡✜♥❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r st❛❜❧❡ s②st❡♠s✱ t❤❡s❡ ●r❛♠✐❛♥s ❝❛♥ ❛❧✇❛②s ❜❡ ❝♦♠♣✉t❡❞ ❢♦r s②st❡♠s ✇✐t❤♦✉t
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♠❛r❣✐♥❛❧ ♠♦❞❡s ❛♥❞ t❤❡② r❡❞✉❝❡ t♦ t❤❡ st❛♥❞❛r❞ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s ✇❤❡♥ t❤❡
s②st❡♠s ❛r❡ st❛❜❧❡✱ s❡❡ ❑✐♠ ✭✶✾✾✽✮❀ ❆♥t♦✉❧❛s ✭✷✵✵✺✮✳ ❚❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ❜② ❩❤♦✉ ❡t ❛❧✳
✭✶✾✾✾✮ ❡ss❡♥t✐❛❧❧② ❞❡❝♦✉♣❧❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ♦♥ t❤❡ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ s✉❜s♣❛❝❡s✱ ❛♥❞ t❤❡♥
tr✉♥❝❛t❡s t❤❡ r❡❧❛t✐✈❡❧② ✉♥❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ✉♥♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ♦❢ ❡❛❝❤ ♦❢ t❤❡ t✇♦ s✉❜s♣❛❝❡s✳ ❋♦❧❧♦✇✐♥❣
t❤✐s ✐❞❡❛✱ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ✉♥st❛❜❧❡ ❧✐♥❡❛r✐③❡❞ ✢♦✇ ♦✈❡r ❛♥ ✐♥❝❧✐♥❡❞ ✢❛t ♣❧❛t❡ ✇❛s ♣❡r❢♦r♠❡❞
❜② ❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✵✽✱ ✷✵✶✵✮ ❜② ♣❛rt✐t✐♦♥✐♥❣ t❤❡ s②st❡♠ ❜❡❤❛✈✐♦r ✐♥t♦ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ❞②♥❛♠✐❝s✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ st❛❜❧❡ s✉❜s♣❛❝❡ ✇❛s ♠♦❞❡❧❡❞ ❜② t❤❡ st❛♥❞❛r❞ ❇P❖❉ ❛❧❣♦r✐t❤♠ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮ ✇❤✐❧❡
t❤❡ ✉♥st❛❜❧❡ ❞②♥❛♠✐❝s ✇❡r❡ tr❡❛t❡❞ s✐♠✐❧❛r❧② t♦ t❤❡ ✇♦r❦ ❜② ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✮ ❜② ❛ ♣r♦❥❡❝t✐♦♥ ♦♥t♦
❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s✳ ❚❤❡ s❛♠❡ ♣❛rt✐t✐♦♥✐♥❣ ❤❛s ❛❧s♦ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮ ✐♥ t❤❡
❝❛s❡ ♦❢ t❤❡ ✉♥st❛❜❧❡ ❞②♥❛♠✐❝s ♦✈❡r ❛ sq✉❛r❡ ❝❛✈✐t② ✢♦✇✳ ■♥ ❜♦t❤ st✉❞✐❡s✱ t❤❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s
❛r❡ ✜rst ❝♦♠♣✉t❡❞ ✈✐❛ ❛ s❤✐❢t✲✐♥✈❡rt ❆r♥♦❧❞✐ t❡❝❤♥✐q✉❡✱ ❛♥❞ t❤❡♥ ✉s❡❞ t♦ ♣r♦❥❡❝t t❤❡ s❡r✐❡s ♦❢ s♥❛♣s❤♦ts
r❡q✉✐r❡❞ ❜② t❤❡ ❇P❖❉ ♣r♦❝❡ss ♦♥t♦ t❤❡ st❛❜❧❡ s✉❜s♣❛❝❡✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❛♥♦t❤❡r ♠❡t❤♦❞ ❢♦r t❤❡ ❜❛❧❛♥❝✐♥❣ ❛♥❞ r❡❞✉❝t✐♦♥ ♦❢ ♣♦ss✐❜❧② ✉♥st❛❜❧❡
s②st❡♠s✳ ■t ❝♦♥s✐sts ♦❢ ✉s✐♥❣ t❤❡ ❢r❡q✉❡♥❝②✲❞♦♠❛✐♥ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t②
●r❛♠✐❛♥s ♣r♦♣♦s❡❞ ❜② ❩❤♦✉ ❡t ❛❧✳ ✭✶✾✾✾✮ ❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡s❡ ●r❛♠✐❛♥s ✇✐t❤ ❢r❡q✉❡♥t✐❛❧
s♥❛♣s❤♦ts✳ ❚❤✐s ✇❛②✱ t❤❡ ●r❛♠✐❛♥s ❛r❡ ♥♦ ❧♦♥❣❡r ❛♣♣r♦①✐♠❛t❡❞ ❜② ✉s✐♥❣ t✇♦ s❡r✐❡s ♦❢ s♥❛♣s❤♦ts ❛r✐s✐♥❣
❢r♦♠ t✐♠❡✲st❡♣♣✐♥❣ s✐♠✉❧❛t✐♦♥s✱ ❜✉t r❛t❤❡r ❜② ✉s✐♥❣ ✢♦✇ st❛t❡ r❡s♣♦♥s❡s t♦ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣s✳ ❚❤❡s❡
✢♦✇ st❛t❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦❝❡ss ❛r❡ ❝❛❧❧❡❞ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦ ❞✉❡ t♦ t❤❡✐r
♥❛t✉r❛❧ ❧✐♥❦ ✇✐t❤ t❤❡ ❝✉rr❡♥t t✐♠❡✲❜❛s❡❞ s♥❛♣s❤♦t ♠❡t❤♦❞✳ ❚❤❡ ✐❞❡❛ t♦ ✉s❡ ❢r❡q✉❡♥t✐❛❧ ❡①♣r❡ss✐♦♥s
♦❢ t❤❡ ●r❛♠✐❛♥s ❛♥❞ t♦ ❝♦♠♣✉t❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts t♦ ♣❡r❢♦r♠ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❤❛s ❛❧r❡❛❞②
❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❲✐❧❧❝♦① ✫ P❡r❛✐r❡ ✭✷✵✵✷✮✱ ❛❧t❤♦✉❣❤ ✐t ❤❛s ♥❡✈❡r ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s
❝❤❛♣t❡r ✐s t♦ s❤♦✇ t❤❛t t❤❡ ✉s❡ ♦❢ t❤❡s❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts ❛r❡ ❛❜❧❡ t♦ ❜✉✐❧❞ ❡✣❝✐❡♥t r❡❞✉❝❡❞✲♦r❞❡r
♠♦❞❡❧s ❢♦r ❧✐♥❡❛r✐③❡❞ ❛♥❞ ♣♦ss✐❜❧② ✉♥st❛❜❧❡ ✢✉✐❞ s②st❡♠s ✐♥ ❛ ❣❧♦❜❛❧ ❢r❛♠❡✇♦r❦✳ ❚❤✐s ✐ss✉❡ ✐s st✉❞✐❡❞
t❤r♦✉❣❤ t✇♦ ❡①❛♠♣❧❡s✿ ❛ ❣❧♦❜❛❧❧② st❛❜❧❡ ❜✉t ❝♦♥✈❡❝t✐✈❡❧② ✉♥st❛❜❧❡ ✢♦✇ ♦✈❡r ❛ r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣
st❡♣ ❛♥❞ ❛ ❣❧♦❜❛❧❧② ✉♥st❛❜❧❡ ✢♦✇ ♦✈❡r ❛ sq✉❛r❡ ❝❛✈✐t②✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ❛ s✐♥❣❧❡ ❛❝t✉❛t♦r ✭✐♥♣✉t✮ ❛♥❞
❛ s✐♥❣❧❡ s❡♥s♦r ✭♦✉t♣✉t✮ ❛r❡ ♣❧❛❝❡❞ ♥❡❛r s❡♣❛r❛t✐♦♥ ❛♥❞ r❡❛tt❛❝❤♠❡♥t r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❛♣♣r♦①✐♠❛t❡
❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s t❤❡♥ ❞❡r✐✈❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤✐s ✐♥♣✉t ❛♥❞ t❤✐s ♦✉t♣✉t ✉s✐♥❣ t❤❡ s♥❛♣s❤♦t
♠❡t❤♦❞ ✐♥ t❤❡ ❢r❡q✉❡♥t✐❛❧ ❢r❛♠❡✇♦r❦✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ P❖❉ ♠♦❞❡s ❝♦♥str✉❝t❡❞ ❢r♦♠ ❛♥ ✐♠♣✉❧s❡
r❡❧❡❛s❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t✱ ✐✳❡✳ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s✱ ❛r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❛♥❞ ❝♦♠♣✉t❡❞ t❤r♦✉❣❤ t❤❡
s❛♠❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts✳ ❇♦t❤ ❇P❖❉ ❛♥❞ P❖❉ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❛r❡ ❡✈❡♥t✉❛❧❧② ❡✈❛❧✉❛t❡❞ ❜②
❝♦♠♣❛r✐♥❣ t❤❡✐r ✐♠♣✉❧s❡ ❛♥❞ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s t♦ t❤❛t ♦❢ t❤❡✐r ❛ss♦❝✐❛t❡❞ ❢✉❧❧ s②st❡♠✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡
✉♥st❛❜❧❡ ✢♦✇ ♦✈❡r t❤❡ sq✉❛r❡ ❝❛✈✐t②✱ ♣❛rt✐❝✉❧❛r ❝❛r❡ ✐s ❣✐✈❡♥ t♦ t❤❡ r❡❞✉❝t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ st❛❜❧❡
❛♥❞ ✉♥st❛❜❧❡ s✉❜s♣❛❝❡s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ♦✉r r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❡❞ t♦ ❛ ♣r❡✈✐♦✉s st✉❞② ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳
✭✷✵✵✾✮ ♦♥ t❤❡ s❛♠❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥ ✇❤❡r❡ ♣❛rt✐t✐♦♥✐♥❣ ♦❢ t❤❡ t✇♦ s✉❜s♣❛❝❡s ❛♥❞ s❡♣❛r❛t❡ r❡❞✉❝t✐♦♥
✇❛s ♣❡r❢♦r♠❡❞✳ ❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ✇♦r❦ ❝♦♠♣r✐s❡ ✭✐✮ ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❛❜✐❧✐t② ♦❢ ❤❛r♠♦♥✐❝
✢♦✇ st❛t❡s r❡s♣♦♥s❡s ✭❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts✮ t♦ ❜✉✐❧❞ ❡✣❝✐❡♥t ❇P❖❉✴P❖❉ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s✱ ❛♥❞
✭✐✐✮ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ t♦ ♣❡r❢♦r♠ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❢♦r ✉♥st❛❜❧❡ ❧✐♥❡❛r s②st❡♠s ✇✐t❤♦✉t ♣❛rt✐t✐♦♥✐♥❣ t❤❡
st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ s✉❜s♣❛❝❡✱ ❛♥❞ t❤✉s✱ ✇✐t❤♦✉t ❝♦♠♣✉t✐♥❣ ❛♥② ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s✳

❚❤❡ ❝❤❛♣t❡r ♣r♦❝❡❡❞s ❛❧♦♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦✉t❧✐♥❡✿ ✐♥ s❡❝t✐♦♥ ✷✳✷✱ ✇❡ ✜rst ❜r✐❡✢② ❞❡s❝r✐❜❡ t❤❡ ❇P❖❉
❛♥❞ P❖❉ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ✉s✐♥❣ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ❛❝t✉❛t✐♦♥ ❛♥❞ s❡♥s✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦sts ♦❢ t❤❡ t❡♠♣♦r❛❧ ❛♥❞ ❢r❡q✉❡♥t✐❛❧ ❞♦♠❛✐♥ ❜❛s❡❞ s♥❛♣s❤♦t ♠❡t❤♦❞ ✐s ❛ss❡ss❡❞✳ ■♥ s❡❝t✐♦♥ ✷✳✸✱ ✇❡
♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ ❘❖▼s ✉s✐♥❣ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❣❧♦❜❛❧❧② st❛❜❧❡ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣
st❡♣✳ ■♥ s❡❝t✐♦♥ ✷✳✹✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝❛s❡ ♦❢ ❛ ❣❧♦❜❛❧❧② ✉♥st❛❜❧❡ ✢♦✇ ♦✈❡r ❛ sq✉❛r❡ ❝❛✈✐t② ❛♥❞ ❝♦♠♣❛r❡
t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦✉r ❘❖▼s ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ✇♦r❦ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡
✇✐t❤ ❛ ❜r✐❡❢ ❞✐s❝✉ss✐♦♥ ✐♥ s❡❝t✐♦♥ ✷✳✺✳

✺✸
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❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

✷✳✷ ▼♦❞❡❧ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞♦❧♦❣②

✷✳✷✳✶ Pr♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥

✷✳✷✳✶✳✶ ●♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s

❲❡ ❝♦♥s✐❞❡r t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ✇✐t❤ ❛ s♠❛❧❧ ❛❝t✉❛t✐♦♥ ❛♥❞ ❛ s❡♥s✐♥❣✱ ❣♦✈❡r♥✐♥❣
t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✈❡❧♦❝✐t② u ❛♥❞ ♣r❡ss✉r❡ p ✜❡❧❞s✿







∂tu + (u ·∇)u = −∇p+ ❘❡−1 ∇2u + εBc(t)
∇·u = 0
m(t) = Cu

✭✷✳✶✮

✇❤❡r❡ t❤❡ ♦♥❧② ♣❛r❛♠❡t❡r r❡❞✉❝❡s t♦ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❘❡✳ ❚❤❡ ❛❝t✉❛t✐♦♥ ✐s ❞❡♥♦t❡❞ ❜② t❤❡ t❡r♠
εBc(t) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♠♦♠❡♥t✉♠ ❢♦r❝✐♥❣✳ ❚❤❡ ♣❛r❛♠❡t❡r ε ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❢♦r❝✐♥❣ ✐s s♠❛❧❧
❝♦♠♣❛r❡❞ t♦ t❤❡ ♦t❤❡r t❡r♠s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❛♥❞ c(t) ✐s t❤❡ t❡♠♣♦r❛❧ ❧❛✇ ♦❢ t❤❡ ❛❝t✉❛t✐♦♥ ❛❧s♦ r❡❢❡rr❡❞
t♦ ❛s t❤❡ ✐♥♣✉t ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡ q✉❛♥t✐t② m(t) ♠❡❛s✉r❡❞ ❜② t❤❡ s❡♥s♦r st❛♥❞s ❢♦r t❤❡ ♦✉t♣✉t ♦❢ t❤❡
s②st❡♠✱ ✐t ✐s ❡①♣r❡ss❡❞ ❛s t❤❡ r❡s✉❧t ♦❢ ❛ ♠❡❛s✉r❡ ♦♣❡r❛t♦r C ❛♣♣❧✐❡❞ ♦♥ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ u✳ ◆♦t❡ t❤❛t ✇❡
❤❛✈❡ ❛ss✉♠❡❞ ❛♥ ❛❝t✉❛t✐♦♥ ❛♥❞ s❡♥s✐♥❣ ❜❛s❡❞ ♦♥ t❤❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ♦♥❧② ❢♦r s✐♠♣❧✐❝✐t②✳ ❈♦♥s✐❞❡r✐♥❣
t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ✇❤✐❝❤ t♦ ❞❡s✐❣♥ ❛ r❡❞✉❝❡❞ ♦r❞❡r ♠♦❞❡❧ ❛❜❧❡ t♦ ❝❛♣t✉r❡ t❤❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s
♦❢ t❤✐s s②st❡♠✳
❇❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣ ✇✐t❤ ♠♦❞❡❧ r❡❞✉❝t✐♦♥✱ ✇❡ ✜rst ❡①♣r❡ss t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ✐♥ ❛ ❧✐♥❡❛r st❛t❡✲s♣❛❝❡
❢♦r♠✳ ❚♦ t❤✐s ❡♥❞✱ ❛ ❜❛s❡ ✢♦✇ (U , P ) t♦ ❧✐♥❡❛r✐③❡ ❛❜♦✉t ❤❛s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚❤✐s ✐s ❛❝❝♦♠♣❧✐s❤❡❞ ❜②
s❡tt✐♥❣ t❤❡ ✉♥st❡❛❞② t❡r♠s ♦❢ ❡q✉❛t✐♦♥s ✭✷✳✶✮ t♦ ③❡r♦ ❛♥❞ s♦❧✈✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥s✿







(U ·∇)U = −∇P + ❘❡−1 ∇2U

∇·U = 0
ms = CU

✭✷✳✷✮

✇❤❡r❡ ms st❛♥❞s ❢♦r t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ ❜❛s❡ ✢♦✇✳ ❚❤❡ ✢♦✇ st❛t❡ ❝❛♥ t❤❡♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s t❤❡ s✉♠
♦❢ t❤❡ ❜❛s❡ ✢♦✇ ❛♥❞ ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ❜② (u, p) = (U , P ) + ε(u′, p′)✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ♠❡❛s✉r❡ m(t)
❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s t❤❡ s✉♠ ♦❢ t❤❡ st❡❛❞② ♣❛rt ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❜❛s❡ ✢♦✇ ❛♥❞ t❤❡ s♠❛❧❧ ❝♦♥tr✐❜✉t✐♦♥
❢r♦♠ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛s m(t) = ms + εm′(t) ✇❤❡r❡ m′(t) = Cu′✳ ❙✉❜st✐t✉t✐♦♥ ♦❢ t❤❡s❡ ❞❡❝♦♠♣♦s✐t✐♦♥s
✐♥t♦ ❡q✉❛t✐♦♥s ✭✷✳✶✮✱ ♥❡❣❧❡❝t✐♥❣ t❤❡ ε2 t❡r♠ ❛♥❞ ♦♠✐tt✐♥❣ ♣r✐♠❡s ②✐❡❧❞s t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s
❡q✉❛t✐♦♥s✿







∂tu + U ·∇u + u ·∇U = −∇p+ ❘❡−1∇2u + Bc(t)
∇·u = 0
m(t) = Cu

✭✷✳✸✮

✇❤✐❝❤ ❣♦✈❡r♥ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ❛❜♦✉t t❤❡ ❝♦♥s✐❞❡r❡❞ ❜❛s❡ ✢♦✇✳ ■t ✐s ❢✉rt❤❡r♠♦r❡ ❛ss✉♠❡❞ t❤❛t t❤❡
❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ r❡♠❛✐♥s ✇❡❛❦ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❜❛s❡ ✢♦✇ s♦ t❤❛t t❤❡ ✈❛❧✐❞✐t② ♦❢ ❡q✉❛t✐♦♥s
✭✷✳✸✮ ✐s ❣✉❛r❛♥t❡❡❞✳
❯s✐♥❣ ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤✱ ♦♥❡ t❤❡♥ ♣r♦❝❡❡❞s ❜② ❞✐s❝r❡t✐③✐♥❣ t❤❡ ♣r♦❜❧❡♠ ♦♥ ❛ ♠❡s❤ ✭♦✉rs ✐s ❜❛s❡❞ ♦♥
❛ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✮✳ ■❢ ✇❡ ✇r✐t❡ t❤❡ ❞✐s❝r❡t✐③❡❞ ❡q✉❛t✐♦♥s ✭✷✳✸✮
✐♥ ♠❛tr✐① ❢♦r♠✱ ✇❡ ♦❜t❛✐♥

(
Q1 0
0 0

)
d

dt

(
X1

X2

)

=

(
A1 A∗

2

A2 0

)(
X1

X2

)

+

(
Q1 0
0 0

)(
B1

0

)

c(t) ✭✷✳✹❛✮

m(t) =
(

C1 0
)
(

X1

X2

)

✭✷✳✹❜✮

✇❤❡r❡ X1 ❞❡♥♦t❡s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞s ❛♥❞ X2 st❛♥❞s ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r❡ss✉r❡ ✜❡❧❞✳ (B1, 0) ❛♥❞ (C1, 0)
❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✈❡❝t♦rs ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ ❛❝t✉❛t✐♦♥ B ❛♥❞ s❡♥s✐♥❣ C ♦♣❡r❛t♦rs✳ ❚❤❡ ❧✐♥❡❛r✐③❡❞

✺✹
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◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r ❤❛s ❜❡❡♥ ❞❡❝♦♠♣♦s❡❞ s♦ t❤❛t A1 st❛♥❞s ❢♦r ❝♦♥✈❡❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ✇❤✐❧❡ A2 ❛♥❞
A∗

2 ❛r❡ t❤❡ ♣❛rts r❡❧❛t✐✈❡ t♦ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❛♥❞ ♣r❡ss✉r❡ ❡✛❡❝t r❡s♣❡❝t✐✈❡❧②✱ t❤❡ s✉♣❡rs❝r✐♣t ∗ ❞❡♥♦t✐♥❣
t❤❡ tr❛♥s❝♦♥❥✉❣❛t❡✳ ❋♦r t❤❡ ❞❡s✐❣♥ ♦❢ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ✇❡ ♥❡❡❞ t♦ r❡❢♦r♠✉❧❛t❡ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s
✐♥t♦ ❛ st❛♥❞❛r❞ st❛t❡✲s♣❛❝❡ ❢♦r♠✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② r❡str✐❝t✐♥❣ t❤❡ s②st❡♠ st❛t❡ t♦ ✐ts ❞✐✈❡r❣❡♥❝❡✲❢r❡❡
✈❡❧♦❝✐t② ✜❡❧❞✳ ❆ ❢❡✇ ❝❛❧❝✉❧❛t✐♦♥s ❡①♣♦s❡❞ ✐♥ ❛♣♣❡♥❞✐① ✷✳❆ ❞❡♠♦♥str❛t❡ t❤❛t ❡q✉❛t✐♦♥s ✭✷✳✹✮ ❝❛♥ ❜❡
❢♦r♠✉❧❛t❡❞ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t s②st❡♠

dX1

dt
= AX1 + Bc(t) ✭✷✳✺❛✮

m(t) = CX1 ✭✷✳✺❜✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ A = P1A1✱ B = P1Q1B1 ❛♥❞ C = C1 s♦ t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛tr✐① ♦♥t♦
t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ s♣❛❝❡ r❡❞✉❝❡s t♦ P1Q1✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ✐s ❝❛❧❧❡❞ ❤❡r❡❛❢t❡r n1 ❛♥❞
❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✺✮ ♦r ❛❧t❡r♥❛t✐✈❡❧② t❤❡ s✐③❡ ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞
st❛t❡ ✈❡❧♦❝✐t② ✈❡❝t♦r X1✳ ❖♥❝❡ ❞❡✜♥❡❞✱ ♦✉r ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t st❛t❡ s♣❛❝❡ s②st❡♠ ❤❛s t♦ ❜❡ ❛ss♦❝✐❛t❡❞
✇✐t❤ s❝❛❧❛r ♣r♦❞✉❝ts ❢♦r t❤❡ ✐♥♣✉t✱ t❤❡ ♦✉t♣✉t ❛♥❞ t❤❡ st❛t❡ s♣❛❝❡✳ ❙✐♥❝❡ t❤❡ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❛r❡
s❝❛❧❛rs✱ t❤❡✐r ❛ss♦❝✐❛t❡❞ ✐♥♥❡r ♣r♦❞✉❝t ❛r❡ ♥❛t✉r❛❧❧② ❝❤♦s❡♥ ❛s t❤❡ st❛♥❞❛r❞ ❤❡r♠✐t✐❛♥ ♣r♦❞✉❝t s♦ t❤❛t
t❤❡✐r ❛ss♦❝✐❛t❡❞ ❡♥❡r❣② ❛r❡ r❡s♣❡❝t✐✈❡❧② |c|2 ❛♥❞ |m|2✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✇♦r❦ ❜② ■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮✱
t❤❡ ❝❤♦✐❝❡ ♦❢ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ t❤❡ st❛t❡ s♣❛❝❡ ❞♦❡s ♥♦t ✐♥t❡r✈❡♥❡ ✐♥ ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥✱ ❛❧t❤♦✉❣❤ ✐t
❞♦❡s ❢♦r P❖❉✳ ❲❡ ❝❤♦♦s❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t Q1 t❤❛t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❜②
❛❞❞✐♥❣ ❛ ✇❡✐❣❤t ♠❛tr✐① t♦ t❤❡ st❛♥❞❛r❞ ✐♥♥❡r ♣r♦❞✉❝t✳ ■ts ❛ss♦❝✐❛t❡❞ ❡♥❡r❣② ✐s X∗

1Q1X1✱ ✐✳❡✳ t❤❡ ❦✐♥❡t✐❝
❡♥❡r❣② ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥✳ ❚❤✐s ❝❤♦✐❝❡ ✐s t❤✉s ✐♥t✉✐t✐✈❡❧② ❛♣♣❡❛❧✐♥❣✱ s✐♥❝❡ P❖❉ ✇✐❧❧ ❝❛♣t✉r❡ t❤❡ tr✉❡
❡♥❡r❣② ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s✳
❆s r❡❝♦❣♥✐③❡❞ ✐♥ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ ✭❩❤♦✉ ❡t ❛❧✳ ✭✷✵✵✷✮❀ ❆♥t♦✉❧❛s ✭✷✵✵✺✮❀ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❝✮✮✱ t❤❡
✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ✐s t❤❡ ❝r✐t✐❝❛❧ q✉❛♥t✐t② t❤❛t ❤❛s t♦ ❜❡ ❝❛r❡❢✉❧❧② t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ✇✐t❤✐♥
t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t s②st❡♠ ❞②♥❛♠✐❝s ❛♥❞ ♠♦r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥ ❝♦♥tr♦❧ t❤❡♦r②✳ ▼❛t❤❡✲
♠❛t✐❝❛❧❧②✱ t❤❡ r❡❧❡✈❛♥t q✉❛♥t✐t✐❡s t♦ ❛ss❡ss t❤✐s ♣❡r❢♦r♠❛♥❝❡ ❛r❡ t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ❛♥❞✴♦r t❤❡ tr❛♥s❢❡r
❢✉♥❝t✐♦♥✳ ❆s ❛ r❡s✉❧t✱ t❤❡s❡ ❛r❡ t❤❡ ❝r✐t❡r✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s t♦ q✉❛♥t✐❢② t❤❡ ♣❡r✲
❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❘❖▼s✳

✷✳✷✳✶✳✷ ▼♦❞❡❧ r❡❞✉❝t✐♦♥ ♣❤❡♥♦♠❡♥♦❧♦❣②

❇❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣ ✇✐t❤ ❛ ♣r❡❝✐s❡ ❛♥❞ ♠♦r❡ t❡❝❤♥✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✇❡
❜r✐❡✢② ✐♥tr♦❞✉❝❡ ✐ts ❝♦♥❝❡♣t ❤❡r❡✳ ❋♦r ❛♥ ❡❛s✐❡r ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡✱ ✇❡ ✜rst ❛ss✉♠❡
t❤❛t t❤❡ ✢✉✐❞ s②st❡♠ ✐s ❧✐♥❡❛r❧② st❛❜❧❡❀ t❤❡ ❝❛s❡ ♦❢ ✉♥st❛❜❧❡ s②st❡♠s ✐s ❞✐s❝✉ss❡❞ ❛❢t❡r✇❛r❞s✳

❚❤❡ ❛❝t✉❛t♦r ✭✐♥♣✉t✮ ❡①❝✐t❡s t❤❡ ✢♦✇ ❞②♥❛♠✐❝s ✇❤✐❧❡ t❤❡ s❡♥s♦r ②✐❡❧❞s ❛ ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
♦✉t♣✉t✳ ❚❤❡ ♣r❡s❡♥t ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ❝♦♥s✐sts ✐♥ ♣r♦❥❡❝t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ✭✷✳✺✮ ♦♥t♦ ❛
❧♦✇ ♥✉♠❜❡r ♦❢ ✢♦✇ str✉❝t✉r❡s✳ ■❢ ✇❡ ❞❡♥♦t❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s✐s ❜② t❤❡ ♠❛tr✐① T1 ❛♥❞ ✐ts ❜✐✲♦rt❤♦❣♦♥❛❧
s❡t ❜② S1✱ t❤❡♥ t❤❡ P❡tr♦✈✲●❛❧❡r❦✐♥ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ♣r♦✈✐❞❡❞ ❜② ❡q✉❛t✐♦♥s ✭✷✳✺✮ ❧❡❛❞s
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❞✉❝❡❞ s②st❡♠

dX1r

dt
= ArX1r + Brc(t) ✭✷✳✻❛✮

mr(t) = CrX1r ✭✷✳✻❜✮

✇❤✐❝❤ ❣♦✈❡r♥s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ r❡❞✉❝❡❞ ♦✉t♣✉t s✐❣♥❛❧ mr(t) ❛♥❞ t❤❡ r❡❞✉❝❡❞ st❛t❡ X1r ✐s s✉❝❤ t❤❛t
X1 = T1X1r ❛♥❞ X1r = S∗

1Q1X1✳ ❲❡ ❤❛✈❡ ❛❧s♦ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s t❤❡ r❡❞✉❝❡❞ ❞②♥❛♠✐❝❛❧
♦♣❡r❛t♦r✱ ❛❝t✉❛t✐♦♥ ❛♥❞ s❡♥s✐♥❣ ❞❡♥♦t❡❞ ❜② Ar✱ Br ❛♥❞ Cr r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡② ❛r❡ ❣✐✈❡♥ ❜②

Ar = S∗
1Q1AT1 Br = S∗

1Q1B Cr = CT1 ✭✷✳✼✮

✺✺
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❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ s✉❝❤ ❘❖▼s ✐s t❤❡♥ ❛ss❡ss❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡✐r ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r t♦ t❤❡ ♦r✐❣✲
✐♥❛❧ ♦♥❡✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s✐s ✐s ♦❜✈✐♦✉s❧② ♦❢ ♣r✐♠❛r② ✐♠♣♦rt❛♥❝❡ ✐❢ ♦♥❡ ♣❧❛♥s t♦ ❞❡s✐❣♥
❡✣❝✐❡♥t ❘❖▼s✳ ❋♦r st❛❜❧❡ ❧✐♥❡❛r s②st❡♠s✱ ✐t ✇❛s s❤♦✇♥ ❜② ▼♦♦r❡ ✭✶✾✽✶✮ t❤❛t t❤❡✐r ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞
♦❜s❡r✈❛❜✐❧✐t② st❛♥❞ ❢♦r ❝r✐t✐❝❛❧ q✉❛♥t✐t✐❡s✳ ❇② ❞❡✜♥✐t✐♦♥✱ ❛ ✢♦✇ str✉❝t✉r❡ ✐s s❛✐❞ ❝♦♥tr♦❧❧❛❜❧❡ ✐❢ ✐t ♠❛② ❜❡
❢♦r❝❡❞ ❜② ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ ❡♥❡r❣② ❢r♦♠ t❤❡ ✐♥♣✉t✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❛ ✢♦✇ str✉❝t✉r❡ ✐s s❛✐❞ ♦❜s❡r✈❛❜❧❡ ✐❢ ✐ts
❞②♥❛♠✐❝s ②✐❡❧❞ ❛ ❤✐❣❤ ❡♥❡r❣② ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♦✉t♣✉t✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ t✇♦ ❝❛♥❞✐❞❛t❡s ❡①❛♠✐♥❡❞
❤❡r❡ t♦ ♣r♦❥❡❝t t❤❡ ❞②♥❛♠✐❝s ❛r❡✿ ✭✐✮ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s✱ ❞❡♥♦t❡❞ ❛s P❖❉ ♠♦❞❡s ❛♥❞ ✭✐✐✮ t❤❡
s❡t ♦❢ ❡q✉❛❧❧② ✭❛♥❞ ♠♦st✮ ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✱ ❦♥♦✇♥ ❛s ❜❛❧❛♥❝❡❞ ♠♦❞❡s✳

❉✉❡ t♦ t❤❡ ❧✐♥❡❛r ♥❛t✉r❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s✱ ❛♥② ❤❛r♠♦♥✐❝ ❡①❝✐t❛t✐♦♥ ✇✐❧❧ ❧❡❛❞ t♦ ❛ ❤❛r♠♦♥✐❝ ✢♦✇ r❡s♣♦♥s❡
❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ t♦ ❛ ❤❛r♠♦♥✐❝ ♠❡❛s✉r❡♠❡♥t✳ ■t ✐s t❤✉s ♥❛t✉r❛❧ t♦ r❡s♦rt t♦ ❛ ❢r❡q✉❡♥❝② ❢r❛♠❡✇♦r❦
✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ s✉❝❤ s②st❡♠s✳ ■♥❝✐❞❡♥t❛❧❧②✱ t❤❡ ♣❛rt✐❝✉❧❛r✐t② ♦❢ ♦✉r ✇♦r❦ ✐s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢
❤❛r♠♦♥✐❝ ✢♦✇ st❛t❡s ♠❡❛♥t t♦ ❞❡s✐❣♥ ❡✣❝✐❡♥t ❘❖▼s✳ ▲❡t ✉s ✜rst ❞❡s❝r✐❜❡ t❤❡ ♣r♦❝❡❞✉r❡ t♦ ❞❡s✐❣♥ t❤❡
P❖❉ ♠♦❞❡s✳ ❲❡ ❝♦♥s✐❞❡r ❤❛r♠♦♥✐❝ ❡①❝✐t❛t✐♦♥s ❢r♦♠ t❤❡ ✐♥♣✉t s♦ ❛s t♦ ❣❡t ❤❛r♠♦♥✐❝ ✢♦✇ r❡s♣♦♥s❡s✳
❇② ❝♦✈❡r✐♥❣ ❛ s✉✣❝✐❡♥t❧② ✇✐❞❡ ❢r❡q✉❡♥❝② r❛♥❣❡✱ ✇❡ ❡①♣❡❝t t♦ ❝❛♣t✉r❡ t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ r❡s♣♦♥s❡s ❢r♦♠
❛❧❧ ♣♦ss✐❜❧❡ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣s✳ ◆❡①t✱ ❜❛s❡❞ ♦♥ t❤❡s❡ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ s❡t ♦❢ ♠♦st
❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s ♦♥ t❤❛t ❢r❡q✉❡♥❝② r❛♥❣❡✳ ❚❤❡ r❡s✉❧t✐♥❣ s♦✲❝❛❧❧❡❞ P❖❉ ♠♦❞❡s ❛r❡ t❤✉s ❝♦♥❝❡♣t✉❛❧❧②
❞❡s✐❣♥❡❞ t♦ ♦♣t✐♠❛❧❧② ❝❛♣t✉r❡ t❤❡ ❡♥❡r❣② tr✐❣❣❡r❡❞ ❜② t❤❡ ✐♥♣✉t ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧ ♦❢
✐♥t❡r❡st✳ ◆♦✇✱ r❡❣❛r❞✐♥❣ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✱ ✇❡ ❞♦ ♥♦t ♦♥❧② ❧♦♦❦ ❢♦r str✉❝t✉r❡s ✇❤✐❝❤ ❛r❡ ❝♦♥tr♦❧❧❛❜❧❡
✭❜② t❤❡ ❛❝t✉❛t♦r✮ ❜✉t ❛❧s♦ ♦❜s❡r✈❛❜❧❡ ❜② t❤❡ s❡♥s♦r✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ♥♦t ♦♥❧② ✐♥❝❧✉❞❡
✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ✐♥♣✉t ❜✉t ❛❧s♦ ❢r♦♠ t❤❡ ♦✉t♣✉t✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✱ ✐t ✐s
♣♦ss✐❜❧❡ t♦ ✐❞❡♥t✐❢② t❤❡ ✢♦✇ str✉❝t✉r❡s t♦ ✇❤✐❝❤ t❤❡ s❡♥s♦r ✐s ♠♦st s❡♥s✐t✐✈❡ t❤r♦✉❣❤ t❤❡ ❛❞❥♦✐♥t ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❚❤✐s ✐s ♣❡r❢♦r♠❡❞ ❛♥❛❧♦❣♦✉s❧② ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❤❛r♠♦♥✐❝
✢♦✇ st❛t❡s ✇❤✐❝❤ ②✐❡❧❞ t❤❡ ♠❛①✐♠✉♠ ❡♥❡r❣② ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ s❡♥s♦r ❡♥❡r❣②✳ ❙✉❝❤ ❤❛r♠♦♥✐❝ ✢♦✇
str✉❝t✉r❡s✱ ♦♥❝❡ ❝♦♠♣✉t❡❞ ♦♥ ❛ ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧ ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥
♦r❞❡r t♦ ✜♥❞ ❡q✉❛❧❧② ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧✳
■♥ t❤❡ ❡♥❞✱ t❤❡ P❖❉ ♠♦❞❡s ♦♥❧② ✐♥❝❧✉❞❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ❛❝t✉❛t♦r ❛♥❞ t❤❡ ✢♦✇ ❞②♥❛♠✐❝s❀ t❤❡②
❞❡♣❡♥❞ ♦♥ t❤❡ ♦♣❡r❛t♦rs A ❛♥❞ B✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛❧s♦ r❡❧② ♦♥ t❤❡ s❡♥s♦r
❛♥❞ ❞❡♣❡♥❞ ♦♥ ❛❧❧ t❤r❡❡ ♦♣❡r❛t♦rs✿ A✱ B ❛♥❞ C✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ ❡①♣❡❝t❡❞
t♦ ❜❡ s✉♣❡r✐♦r t♦ t❤❡ P❖❉ ♠♦❞❡s ✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r s✐♥❝❡ t❤❡② ✐♥❝❧✉❞❡ ❛❞❞✐t✐♦♥❛❧
✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ✐♥♣✉t✲♦✉t♣✉t s②st❡♠✳ ❈♦♥❝❡r♥✐♥❣ ❧✐♥❡❛r ✉♥st❛❜❧❡ s②st❡♠s✱ t❤❡ ❝♦♥❝❡♣ts
♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ❛r❡ ♥♦ ❧♦♥❣❡r ❞❡✜♥❡❞✱ ♥❡✐t❤❡r ❛r❡ t❤❡ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s ♦❢ t❤❡ s②s✲
t❡♠ t♦ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣s✳ ❍♦✇❡✈❡r✱ t❤❡ ♦✈❡r❛❧❧ ♣r♦❝❡❞✉r❡ ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡ ✇✐❧❧ ❜❡ s❤♦✇♥ t♦ r❡♠❛✐♥
tr❛❝t❛❜❧❡✱ ❛s ✐❧❧✉str❛t❡❞ ❧❛t❡r ✐♥ s❡❝t✐♦♥ ✷✳✹✳

❍♦✇ t♦ ♦❜t❛✐♥ t❤❡ P❖❉ ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s st❛♥❞s ❢♦r ♦✉r ♥❡①t ❝♦♥❝❡r♥✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ❜❛❧❛♥❝❡❞
♠♦❞❡s✱ ✇❤✐❝❤ r❡❧② ♦♥ ❜♦t❤ t❤❡ ❝♦♥❝❡♣ts ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t②✱ ❛r❡ ✜rst ✐♥tr♦❞✉❝❡❞✳ ❚❤❡
♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ P❖❉ ♠♦❞❡s ✭♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s✮ ✐s t❤❡♥ ❣✐✈❡♥ ✐♥ ❛ s❡❝♦♥❞ st❡♣✳

✷✳✷✳✷ ❇❛❧❛♥❝❡❞ ♠♦❞❡❧ r❡❞✉❝t✐♦♥

✷✳✷✳✷✳✶ ❈♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s

❇❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ♦r✐❣✐♥❛❧❧② ❡♠❡r❣❡❞ ❢r♦♠ t❤❡ ❝♦♥tr♦❧ t❤❡♦r② ❧✐t❡r❛t✉r❡ ✭▼♦♦r❡ ✭✶✾✽✶✮✮ ❛s ❛ ✇❛②
t♦ r❡❞✉❝❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t s②st❡♠s s✉❝❤ ❛s ✭✷✳✺✮ ✇❤✐❧❡ q✉❛s✐✲♦♣t✐♠❛❧❧② ♣r❡s❡r✈✐♥❣ ✐ts ✐♥♣✉t✲♦✉t♣✉t
❜❡❤❛✈✐♦r✳ ■♥❞❡❡❞✱ ❛ ✉s❡❢✉❧ ♣r♦♣❡rt② ♦❢ ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ✐s t❤❛t ✐t ②✐❡❧❞s ❛ ♣r✐♦r✐ ❡rr♦r ❜♦✉♥❞s ♦♥
t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ t❤❛t ❛r❡ ❝❧♦s❡ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛❝❤✐❡✈❛❜❧❡ ❜② ❛♥② r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧✳ ■t
✐s ❝♦♥❝❡♣t✉❛❧❧② ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥ ♦❜s❡r✈❛❜✐❧✐t② ♦❢ t❤❡ ♠♦❞❡s ✉s❡❞ ✐♥ t❤❡ ♠♦❞❡❧
r❡❞✉❝t✐♦♥ ♣r♦❝❡ss✳ ❆ s♣❡❝✐✜❝ st❛t❡ ✐s ❞❡❡♠❡❞ ❝♦♥tr♦❧❧❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr♦❧ ❧❛✇ c(t) ✇❤✐❝❤ ✐s
❛❜❧❡ t♦ ♠♦❞✐❢② t❤❡ ✢♦✇ ❢r♦♠ ❛♥② st❛t❡ t♦✇❛r❞ t❤✐s s♣❡❝✐✜❝ st❛t❡✳ ❋♦r ❝♦♥tr♦❧❧❛❜❧❡ st❛t❡s✱ t❤❡ ♥♦t✐♦♥ ♦❢
❝♦♥tr♦❧❧❛❜✐❧✐t② t❤❡♥ q✉❛♥t✐✜❡s ❤♦✇ ❡❛s② ✭♦r ❞✐✣❝✉❧t✮ t❤❡ st❛t❡ ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❢r♦♠ ❛♥② st❛t❡✳ ❙✐♠✐❧❛r❧②✱

✺✻
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♦❜s❡r✈❛❜✐❧✐t② ♠❡❛s✉r❡s ❤♦✇ ❡❛s② ✭♦r ❞✐✣❝✉❧t✮ ❛ ❣✐✈❡♥ ✢♦✇ st❛t❡ ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❜② t❤❡ s❡♥s♦rs✳ ❆t t❤❡
s❡♥s♦r ❧♦❝❛t✐♦♥ ❛❧♠♦st ✉♥♦❜s❡r✈❛❜❧❡ ✢♦✇ st❛t❡s ❧❡❛✈❡ ❤❛r❞❧② ❛♥② ❢♦♦t♣r✐♥t ❜❡❤✐♥❞ ❛♥❞ ❛r❡ t❤✉s ♥❡❛r❧②
✐♥✈✐s✐❜❧❡ t♦ t❤❡ ♠❡❛s✉r❡♠❡♥t ❡✛♦rts✳ ❚❤❡ ❦❡② ✐❞❡❛ ♦❢ ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ✐s t♦ ❝♦♠♣✉t❡✱ r❛♥❦ ❛♥❞ s❡❧❡❝t
♠♦❞❡s t❤❛t ❛r❡ ❡q✉❛❧❧② ♦❜s❡r✈❛❜❧❡ ❛♥❞ ❝♦♥tr♦❧❧❛❜❧❡ ✐♥ ♦r❞❡r t♦ ♣r♦❥❡❝t t❤❡ ❢✉❧❧ ♦r✐❣✐♥❛❧ s②st❡♠ ♦♥t♦ t❤❡♠✳
❋♦r ❛ ❣✐✈❡♥ ✢♦✇ st❛t❡✱ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ q✉❛♥t✐t✐❡s t❤❛t ❡♥❛❜❧❡ ♠❡❛s✉r✐♥❣ t❤❡s❡ t✇♦ ♣r♦♣❡rt✐❡s ❛r❡ t❤❡
❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s Gc ❛♥❞ Go✳ ❈♦♥s✐❞❡r✐♥❣ ♦✉r ✐♥♣✉t✲♦✉t♣✉t s②st❡♠ ✭✷✳✺✮ ✇✐t❤
❛ st❛❜❧❡ ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r A✱ t❤❡s❡ ●r❛♠✐❛♥s ❛r❡ ❞❡✜♥❡❞ ❜②✿

{
Gc =

∫ +∞

0 eAtBB∗eA
∗tdt

Go =
∫ +∞

0 eA
∗tC∗CeAtdt

✭✷✳✽✮

❋♦r ✉♥st❛❜❧❡ s②st❡♠s✱ t❤✐s ❞❡✜♥✐t✐♦♥ ❞♦❡s ♥♦t ❤♦❧❞ s✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧s ❛r❡ ♥♦t ❝♦♥✈❡r❣❡♥t ❛♥②♠♦r❡ ❛s
t → ∞✳ ❨❡t✱ ♦♥❡ ♠❛② ✉s❡ ❛ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ●r❛♠✐❛♥s✱ ❛s ♣r♦♣♦s❡❞ ❜② ❩❤♦✉ ❡t ❛❧✳
✭✶✾✾✾✮✱ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤✐s ♣r♦❜❧❡♠✿

{

Gc = 1
2π

∫ +∞

−∞
(jωI − A)−1BB∗(−jωI − A∗)−1dω

Go = 1
2π

∫ +∞

−∞
(−jωI − A∗)−1C∗C(jωI − A)−1dω

✭✷✳✾✮

■t ❝❛♥ ❜❡ s❤♦✇♥ ❜② ✉s✐♥❣ P❛rs❡✈❛❧✬s t❤❡♦r❡♠ t❤❛t t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r st❛❜❧❡ s②st❡♠s✱
s❡❡ ❩❤♦✉ ❡t ❛❧✳ ✭✶✾✾✾✮❀ ❆♥t♦✉❧❛s ✭✷✵✵✺✮✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❤❛s ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ❜② ❩❤♦✉ ❡t ❛❧✳ ✭✶✾✾✾✮
t❤❛t t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❞❡✜♥✐t✐♦♥ ✭✷✳✾✮ st✐❧❧ ✇♦r❦s ❢♦r ✉♥st❛❜❧❡ s②st❡♠s ❛s ❢❛r ❛s t❤❡r❡ ❛r❡ ♥♦ ♠❛r❣✐♥❛❧
♠♦❞❡s ❛♥❞ t❤❛t ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ✐s t❤❡♥ ❡q✉✐✈❛❧❡♥t t♦ s❡♣❛r❛t✐♥❣ t❤❡ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ♣❛rts ♦❢
t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❛♥❞ ❞♦✐♥❣ t❤❡ ❜❛❧❛♥❝❡❞ r❡❛❧✐③❛t✐♦♥ ❢♦r ❜♦t❤ ♣❛rts s❡♣❛r❛t❡❧②✳
❆ t❡❝❤♥✐q✉❡ r❡❢❡rr❡❞ t♦ ❛s ❜❛❧❛♥❝✐♥❣✱ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ ✢♦✇ ✜❡❧❞s ✇✐t❤ ❡q✉❛❧ ❡♠♣❤❛s✐s ♦♥ ❡✐t❤❡r ❝♦♥tr♦❧✲
❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ♣r♦♣❡rt②✳ ❚❤✐s ❧❛tt❡r ✐s ♠❛t❤❡♠❛t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞✐♥❣ ❛ tr❛♥s❢♦r♠❛t✐♦♥
❜❛s✐s ✐♥ ✇❤✐❝❤ t❤❡ ●r❛♠✐❛♥s Gc ❛♥❞ Go ❛♣♣❡❛r ❞✐❛❣♦♥❛❧ ❛♥❞ ❡q✉❛❧✱ s❡❡ ❩❤♦✉ ❡t ❛❧✳ ✭✷✵✵✷✮✳ ❖t❤❡r✇✐s❡✱
t❤❡s❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❝❛♥ ❛❧s♦ ❜❡ ❞✐r❡❝t❧② ❝♦♠♣✉t❡❞ ❛s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t✇♦ ♣r❡✲
✈✐♦✉s❧② ❞❡✜♥❡❞ ●r❛♠✐❛♥s✱ s❡❡ ▼♦♦r❡ ✭✶✾✽✶✮✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t ❝♦♠♣✉t❛t✐♦♥❛❧❧② tr❛❝t❛❜❧❡ ❢♦r t❤❡
❝♦♠♣❧❡① ✢♦✇s ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐s ♦❢ ♦r❞❡r O(105−6)✳ ❋♦r s②st❡♠s
♦❢ ❧❛r❣❡ ❞✐♠❡♥s✐♦♥ s✉❝❤ ❛s t❤♦s❡ ❡♥❝♦✉♥t❡r❡❞ ❤❡r❡✱ t❤❡ ●r❛♠✐❛♥s ❛r❡ ❤✉❣❡ ♠❛tr✐❝❡s ✇❤✐❝❤ ❝❛♥♥♦t ❜❡
❡❛s✐❧② ❝♦♠♣✉t❡❞ ♦r st♦r❡❞✳ ■♥st❡❛❞✱ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡❞ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮ ❛♥❞ r❡❢❡rr❡❞ t♦ ❛s ❇P❖❉
❛♣♣r♦①✐♠❛t❡s ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ✇❤✐❧❡ r❡♠❛✐♥✐♥❣ tr❛❝t❛❜❧❡ ❡✈❡♥ ❢♦r ✈❡r② ❧❛r❣❡ s②st❡♠s ❛♥❞ r❡❧✐❡s ♦♥
t❤❡ ✉s❡ ♦❢ ✢♦✇ st❛t❡ s♥❛♣s❤♦ts✳

✷✳✷✳✷✳✷ ■♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts

❚♦ ❝♦♠♣✉t❡ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❜② ❛ ❧♦✇✲❝♦st ❛❧❣♦r✐t❤♠✱ ❛ t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮
❝♦♥s✐sts ♦❢ ❢❛❝t♦r✐♥❣ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s ✉s✐♥❣ ✢♦✇ st❛t❡ s♥❛♣s❤♦ts✳ ❯♥t✐❧
♥♦✇✱ t❤❡ s♥❛♣s❤♦t t❡❝❤♥✐q✉❡ ✇❛s ❛❝❤✐❡✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ t❡♠♣♦r❛❧ ❡①♣r❡ss✐♦♥s ✭✷✳✽✮ ♦❢ t❤❡ ●r❛♠✐❛♥s✱
❛s ✐♥ t❤❡ ✇♦r❦s ❜② ❘♦✇❧❡② ✭✷✵✵✺✮❀ ■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮❀ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮❀ ❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✶✵✮❀
❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♥♦t ❛❞♦♣t❡❞ ✐♥ ♦✉r ✇♦r❦✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ❢r❡q✉❡♥t✐❛❧
❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ●r❛♠✐❛♥s ✭✷✳✾✮ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥st❡❛❞✳ ❚❤✉s✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ✢♦✇ st❛t❡s X̂1(ω) ❛♥❞
Ŷ1(ω) ❞❡✜♥❡❞ ❜②✿

X̂1(ω) = (jωI − A)−1B ✭✷✳✶✵❛✮

Q1Ŷ1(ω) = (−jωI − A∗)−1C∗ ✭✷✳✶✵❜✮

t❤❡ ❢r❡q✉❡♥t✐❛❧ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ●r❛♠✐❛♥s ✭✷✳✾✮ r❡❞✉❝❡ t♦✿

✺✼
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❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

Gc =
1

2π

∫ ∞

−∞

X̂1X̂
∗
1(ω)dω ≈ 1

2π

∑

i∈Z

X̂1X̂
∗
1(ωi)δi ✭✷✳✶✶❛✮

Go = Q1

(
1

2π

∫ ∞

−∞

Ŷ1Ŷ
∗
1(ω)dω

)

Q1 ≈ Q1

(

1

2π

∑

i∈Z

Ŷ1Ŷ
∗
1(ωi)δi

)

Q1 ✭✷✳✶✶❜✮

✇❤❡r❡ ④ωi✱i ∈ Z⑥ ✐s ❛ ❣✐✈❡♥ s❡t ♦❢ ❞✐s❝r❡t❡ ♣✉❧s❛t✐♦♥s ❛♥❞ δi ❞❡♥♦t❡s ❛♣♣r♦♣r✐❛t❡ q✉❛❞r❛t✉r❡ ❝♦❡✣❝✐❡♥t✳
◆♦t❡ t❤❛t X̂1 ❛♥❞ Ŷ1 ❛r❡ ❝♦♠♣❧❡① ✈❡❝t♦r ✜❡❧❞s s✉❝❤ t❤❛t

X̂1(ωi) = X̂1(−ωi) ✭✷✳✶✷❛✮

Ŷ1(ωi) = Ŷ1(−ωi) ✭✷✳✶✷❜✮

✇❤❡r❡ ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ s♦ t❤❛t ✇❡ ❝❛♥ ❢✉rt❤❡r ❡①♣❛♥❞ ❡q✉❛t✐♦♥s ✭✷✳✶✶✮ t♦

Gc ≈ 1

π

∑

i∈N

[X̂1rX̂
∗
1r(ωi) + X̂1iX̂

∗
1i(ωi)]δi ✭✷✳✶✸❛✮

Go ≈ Q1

(

1

π

∑

i∈N

[Ŷ1rŶ
∗
1r(ωi) + Ŷ1iŶ

∗
1i(ωi)]δi

)

Q1 ✭✷✳✶✸❜✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡✐r r❡❛❧ ♣❛rts X̂1r✱ Ŷ1r ❛♥❞ t❤❡✐r ✐♠❛❣✐♥❛r② ♣❛rts X̂1i✱ Ŷ1i✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡
s❡t ♦❢ ❢r❡q✉❡♥❝✐❡s ④ωi⑥ ✐s ✜♥✐t❡ s♦ t❤❛t ♦♥❧② ❛ ✜♥✐t❡ ✐♥t❡r✈❛❧ ♦❢ ❢r❡q✉❡♥❝✐❡s ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ♥✉♠❜❡rs
♦❢ r❡❛❧ ❞✐r❡❝t (X̂1r, X̂1i) ❛♥❞ ❛❞❥♦✐♥t (Ŷ1r, Ŷ1i) ✢♦✇ st❛t❡s ✉s❡❞ ✐♥ t❤❡ ♣r♦❝❡ss ❛r❡ ❞❡♥♦t❡❞ r❡s♣❡❝t✐✈❡❧② ❜②
nd ❛♥❞ na ✭❜♦t❤ ❛r❡ ❡✈❡♥✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s ♠❛② ❜❡ ❢❛❝t♦r❡❞
❛s

Gc ≈ X1X
∗
1 ✭✷✳✶✹❛✮

Go ≈ Q1Y1Y
∗
1Q1 ✭✷✳✶✹❜✮

❜② st❛❝❦✐♥❣ t❤❡s❡ st❛t❡s ❛s ❝♦❧✉♠♥s ♦❢ t❤❡ ♠❛tr✐❝❡s X1 ❛♥❞ Y1 ❛s ❢♦❧❧♦✇s✿

X1 =
1√
π

[

X̂1r(ω0)
√
δ0 X̂1i(ω0)

√
δ0 X̂1r(ω1)

√
δ1 X̂1i(ω1)

√
δ1 . . .

]
✭✷✳✶✺❛✮

Y1 =
1√
π

[

Ŷ1r(ω0)
√
δ0 Ŷ1i(ω0)

√
δ0 Ŷ1r(ω1)

√
δ1 Ŷ1i(ω1)

√
δ1 . . .

]
✭✷✳✶✺❜✮

✇❤❡r❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ X1 ✐s n1 × nd ❛♥❞ t❤❛t ♦❢ Y1 ✐s n1 × na✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ✢♦✇ st❛t❡ X̂1(ω) ✐s
s♦❧✉t✐♦♥ ✭s❡❡ ❛♣♣❡♥❞✐① ✷✳❇✳✶✮ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐r❡❝t ♣r♦❜❧❡♠✿

[

jω

(
Q1 0
0 0

)

−
(

A1 A∗
2

A2 0

)](
X̂1

X̂2

)

=

(
Q1 0
0 0

)(
B1

0

)

✭✷✳✶✻❛✮

❡♠♣❤❛s✐③✐♥❣ t❤❛t t❤✐s st❛t❡ r❡❞✉❝❡s t♦ t❤❡ ❤❛r♠♦♥✐❝ ✢♦✇ r❡s♣♦♥s❡ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❢♦r❝✐♥❣ ♦❢ t❤❡ ❧✐♥❡❛r
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ❛♥ ❤❛r♠♦♥✐❝ ♠♦♠❡♥t✉♠ ❛❝t✉❛t✐♦♥ (B1, 0) ♦❢ ♣✉❧s❛t✐♦♥ ω✳ ❆♥❛❧♦❣♦✉s❧②✱ ✐t
✐s s❤♦✇♥ ✐♥ ❛♣♣❡♥❞✐① ✷✳❇✳✷ t❤❛t Ŷ1(ω) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❥♦✐♥t ♣r♦❜❧❡♠✿

✺✽
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[

−jω
(

Q1 0
0 0

)

−
(

A∗
1 A∗

2

A2 0

)](
Ŷ1

Ŷ2

)

=

(
Q1 0
0 0

)(
Q−1

1 C∗
1

0

)

✭✷✳✶✼❛✮

♣♦✐♥t✐♥❣ ♦✉t t❤❛t t❤✐s ❛❞❥♦✐♥t st❛t❡ st❛♥❞s ❢♦r t❤❡ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡ ✢♦✇ st❛t❡ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡
❢♦r❝✐♥❣ ♦❢ t❤❡ ❛❞❥♦✐♥t ❧✐♥❡❛r ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ❛ ❤❛r♠♦♥✐❝ ♠♦♠❡♥t✉♠ ❛❝t✉❛t✐♦♥ (Q−1

1 C∗
1, 0)

♦❢ ♣✉❧s❛t✐♦♥ ω✳ ❍❡r❡❛❢t❡r✱ t❤❡s❡ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t ✢♦✇ st❛t❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts ✐♥
♦r❞❡r t♦ ❞r❛✇ ❛ ♣❛r❛❧❧❡❧ ✇✐t❤ ❡①✐st✐♥❣ t✐♠❡✲❞♦♠❛✐♥ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ●r❛♠✐❛♥s ❛♥❞ ❛ss♦❝✐❛t❡❞ t❡♠♣♦r❛❧
s♥❛♣s❤♦ts✳

✷✳✷✳✷✳✸ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ❜❛s✐s

❚❤❡ ❛♣♣r♦①✐♠❛t❡ ●r❛♠✐❛♥s ✭✷✳✶✹✮ ❛r❡ ♥♦t ❛❝t✉❛❧❧② ❝♦♠♣✉t❡❞ ❞✉❡ t♦ t❤❡ ❧❛r❣❡ st♦r❛❣❡ ❝♦st✱ ❜✉t t❤❡
❧❡❛❞✐♥❣ ♠♦❞❡s ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t ❜❛❧❛♥❝❡s t❤❡s❡ ●r❛♠✐❛♥s ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛ ❝♦st✲❡✣❝✐❡♥t
❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡❞ ❜② ▲❛✉❜ ❡t ❛❧✳ ✭✶✾✽✼✮ ❛♥❞ ❞❡t❛✐❧❡❞ ❜❡❧♦✇✳ ■t ✐♥✈♦❧✈❡s ❝♦♠♣✉t✐♥❣ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t X1 ❛♥❞ ❛❞❥♦✐♥t Y1 s♥❛♣s❤♦ts ❝r♦ss ♣r♦❞✉❝t Y∗

1Q1X1✱ ✇❤✐❝❤ ✐s ♦❢ s✐③❡ na×nd✿

Y∗
1Q1X1 = MΣN∗ ✭✷✳✶✽✮

✇❤❡r❡ M ❛♥❞ N ❛r❡ ♦rt❤♦❣♦♥❛❧ ♠❛tr✐❝❡s ✭M∗M = I✱ N∗N = I✮ ♦❢ ❞✐♠❡♥s✐♦♥ na×na ❛♥❞ nd×nd ✇❤✐❧❡ Σ ✐s
❞✐❛❣♦♥❛❧ ❛♥❞ ♦❢ s✐③❡ na ×nd✳ ❋♦r t❤❡ ✢✉✐❞ s②st❡♠s ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✱ t❤❡ t②♣✐❝❛❧ ♥✉♠❜❡r ♦❢ s♥❛♣s❤♦ts
✐s ♦❢ ♦r❞❡r O(102−4)✱ t❤✉s r❡s✉❧t✐♥❣ ✐♥ ❛ r❡❛s♦♥❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ ■♥ ❛ ✜♥❛❧ st❡♣✱ ❞❡♥♦t✐♥❣ t❤❡
❜❛❧❛♥❝❡❞ ❜❛s✐s ❜② t❤❡ ♠❛tr✐① T1 ❛♥❞ ✐ts ❜✐✲♦rt❤♦❣♦♥❛❧ s❡t ❜② S1✱ ✇❡ ❤❛✈❡

T1 = X1NΣ−1/2 ✭✷✳✶✾❛✮

S1 = Y1MΣ−1/2 ✭✷✳✶✾❜✮

■t ✐s ❡❛s✐❧② ❝♦♥✜r♠❡❞ t❤❛t t❤❡ ❜✐✲♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ S∗
1Q1T1 = I ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❛t✱ ♦♥❝❡ tr❛♥s✲

❢♦r♠❡❞ ✐♥t♦ t❤❡s❡ ❜❛s❡s✱ t❤❡ ●r❛♠✐❛♥s Gc ❛♥❞ Go ❛♣♣❡❛r ❞✐❛❣♦♥❛❧ ❛♥❞ ❡q✉❛❧ t♦ Σ✿

(Q1S1)
∗Gc(Q1S1) = Σ ✭✷✳✷✵❛✮

T∗
1GoT1 = Σ ✭✷✳✷✵❜✮

❛♥❞ ❛❧s♦ t❤❛t t❤❡② ❛r❡ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡✐r ♣r♦❞✉❝t✿

GcGoT1 = T1Σ
2 ✭✷✳✷✶❛✮

GoGc(Q1S1) = (Q1S1)Σ
2 ✭✷✳✷✶❜✮

❚❤❡ ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s ♦❢ t❤❡ tr❛♥s❢♦r♠❡❞ ●r❛♠✐❛♥s Σ✱ ❝❛❧❧❡❞ ❍❛♥❦❡❧ s✐♥❣✉❧❛r ✈❛❧✉❡s ✭❍❙❱s✮✱ ❞❡❝r❡❛s❡
♠♦♥♦t♦♥✐❝❛❧❧② ❛♥❞ ❛r❡ ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
st❛t❡s✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ ✭❘♦✇❧❡② ✭✷✵✵✺✮✮ t❤❛t t❤❡ ❝♦❧✉♠♥s ♦❢ T1 ❢♦r♠ t❤❡ ✜rst ❝♦❧✉♠♥s ♦❢ t❤❡ ❜❛❧❛♥❝✐♥❣
tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞ t❤❡ ❝♦❧✉♠♥s ♦❢ Q1S1 ❝♦♥st✐t✉t❡ t❤❡ ✜rst ❝♦❧✉♠♥s ♦❢ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥✳

✷✳✷✳✸ P❖❉ ♠♦❞❡❧ r❡❞✉❝t✐♦♥

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ P❖❉ ♠♦❞❡s ❛r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s st✉❞② ❛♥❞ t❤❡✐r ❛❜✐❧✐t② t♦ ❝❛♣t✉r❡
t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ✐s ❡✈❛❧✉❛t❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ t♦ t❤❛t ♦❢ ❇P❖❉ ♠♦❞❡❧s✳ ❋♦r st❛❜❧❡ s②st❡♠s✱
✇❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞ t❤❡ P❖❉ ♠♦❞❡s ❛s t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s r❡❧❛t✐✈❡ t♦ t❤❡ ❛❝t✉❛t♦r✳
❚❤✐s ♠❡❛♥s t❤❛t t❤❡② st❛♥❞ ❢♦r t❤❡ str✉❝t✉r❡s t❤❡ ♠♦st ❡❛s✐❧② tr✐❣❣❡r❡❞ ❜② t❤❡ ❛❝t✉❛t✐♦♥✳ ❚❤❡ P❖❉

✺✾
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♠♦❞❡s✱ ❞❡♥♦t❡❞ ❜② t❤❡ ♠❛tr✐① R1✱ ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ♣r♦❞✉❝t GcQ1 ✭❘♦✇❧❡② ✭✷✵✵✺✮❀
❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✮ t❤❛t ✐s

GcQ1R1 = R1Λ ✭✷✳✷✷✮

✇❤❡r❡ t❤❡ ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s ♦❢ t❤❡ ♠❛tr✐① Λ ❛r❡ ❝❛❧❧❡❞ t❤❡ P❖❉ ❡✐❣❡♥✈❛❧✉❡s✳ ❚❤❡ P❖❉ ❡✐❣❡♥✈❛❧✉❡s
❞❡❝r❡❛s❡ ♠♦♥♦t♦♥✐❝❛❧❧② ❛♥❞ ❛r❡ ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦❞❡s✳ ❚❤❡✐r
❝♦♠♣✉t❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❜② ✉s✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ s♥❛♣s❤♦t ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ❜② ❙✐r♦✈✐❝❤ ✭✶✾✽✼✮✳ ❲❡
❤❛✈❡ ♣r❡✈✐♦✉s❧② s❤♦✇♥ t❤❛t Gc = X1X

∗
1 ✇❤❡r❡ t❤❡ ❝♦❧❧❡❝t❡❞ ❞❛t❛s❡t X1 st❛♥❞s ❢♦r t❤❡ ❞✐r❡❝t ❢r❡q✉❡♥t✐❛❧

s♥❛♣s❤♦ts✳ ❲❡ ♣r♦❝❡❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t X∗
1Q1X1✱ ✇❤✐❝❤ ✐s

♦❢ s✐③❡ nd × nd✱ ❜② X∗
1Q1X1 = LΛL∗ ✇❤❡r❡ L ✐s ♦rt❤♦❣♦♥❛❧ ✭L∗L = I✮✳ ❚❤❡ P❖❉ ♠♦❞❡s ❝❛♥ t❤❡♥ ❜❡

❝♦♠♣✉t❡❞ ❜②

R1 = X1LΛ−1/2 ✭✷✳✷✸✮

◆♦t❡ t❤❛t✱ ❛s ❡①♣❡❝t❡❞✱ t❤❡ P❖❉ ♠♦❞❡s ❛r❡ ♦rt❤♦❣♦♥❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ✐♥♥❡r ♣r♦❞✉❝t✱
t❤❛t ✐s R∗

1Q1R1 = I✳ ■t s❤♦✉❧❞ ❜❡ ❡♠♣❤❛s✐③❡❞ ❛t t❤✐s st❛❣❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ P❖❉ ♠♦❞❡s ✐s ♥♦t
❣❡♥❡r❛❧ s✐♥❝❡ t❤❡ ❝♦♥s✐❞❡r❡❞ ❞❛t❛s❡t X1 ✐s ❞✐r❡❝t❧② ❧✐♥❦❡❞ t♦ t❤❡ ✐♥♣✉t (B1, 0) ❧♦❝❛t✐♦♥✳ ❘❡❞✉❝❡❞✲♦r❞❡r
♠♦❞❡❧s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛ ●❛❧❡r❦✐♥ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❢✉❧❧ s②st❡♠ ♦♥t♦ t❤❡ ♠♦❞❡s ✇✐t❤ t❤❡ ❤✐❣❤❡st
P❖❉ ❡✐❣❡♥✈❛❧✉❡s✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✐s s✐♠✐❧❛r t♦ t❤❛t ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✶✳✷ ✇❤❡r❡ ✇❡ s✉❜st✐t✉t❡ T1

❛♥❞ S1 ❜② R1 ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✼✮✳

✷✳✷✳✹ ❉✐s❝✉ss✐♦♥

✷✳✷✳✹✳✶ Pr❛❝t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s

❋r❡q✉❡♥❝② ✐♥❢♦r♠❛t✐♦♥ ♠❛② ❜❡ t❤❡ ♠♦st ❛❝❝❡ss✐❜❧❡ q✉❛♥t✐t② ❢r♦♠ ♠❛♥② ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s✳ ■♥ ✢✉✐❞
♠❡❝❤❛♥✐❝s✱ ❛ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ✢♦✇ ❜❡❤❛✈✐♦r ♦❢t❡♥ r❡❧✐❡s ♦♥ t❤❡ ❢r❡q✉❡♥❝② ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
✐ts r❡s♣♦♥s❡ t♦ ❞✐✛❡r❡♥t ❢♦r❝✐♥❣s✳ ❋♦r ✐♥st❛♥❝❡✱ s♦♠❡ ✢♦✇s ♠❛② ❜❡❤❛✈❡ ❛s ✧♦s❝✐❧❧❛t♦rs✧ ✇❤✐❝❤ ✐♠♣♦s❡
t❤❡✐r ♦✇♥ ❢r❡q✉❡♥❝② ♦♥ t❤❡ ✐♥tr✐♥s✐❝ ❞②♥❛♠✐❝s✱ ✐♥s❡♥s✐t✐✈❡❧② t♦ ❡①t❡r♥❛❧ ♥♦✐s❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s♦♠❡
✢♦✇s ❦♥♦✇♥ ❛s ✧♥♦✐s❡✲❛♠♣❧✐✜❡rs✧ s❡❧❡❝t✐✈❡❧② ❛♠♣❧✐❢② ✉♣str❡❛♠ ♥♦✐s❡✱ ✇❤✐❝❤ ♦❢t❡♥ ❧❡❛❞s t♦ ❛ ❜r♦❛❞✲❜❛♥❞
❧♦✇✲❢r❡q✉❡♥❝② s♣❡❝tr✉♠ ♦❢ t❤❡ ❞♦✇♥str❡❛♠ ✢♦✇ r❡s♣♦♥s❡✳ ❉✉❡ t♦ t❤✐s ♥❛t✉r❛❧ ✇❛② t♦ ❞❡s❝r✐❜❡ ✉♥st❡❛❞②
✢♦✇s✱ ❢r❡q✉❡♥❝②✲❜❛s❡❞ ♠❡t❤♦❞s ♣❧❛② ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❧♦✇✲♦r❞❡r ♠♦❞❡❧s✳ ▲❡t ✉s ♠❡♥t✐♦♥
s♦♠❡ ❡①❛♠♣❧❡s s✉❝❤ ❛s t❤❡ ❉②♥❛♠✐❝ ▼♦❞❡ ❉❡❝♦♠♣♦s✐t✐♦♥ ✭❉▼❉✮✱ s❡❡ ❘♦✇❧❡② ❡t ❛❧✳ ✭✷✵✵✾✮❀ ❙❝❤♠✐❞
✭✷✵✶✵✮✱ ✇❤✐❝❤ ❞❡❝♦♠♣♦s❡s ❞②♥❛♠✐❝❛❧ ♠♦❞❡s ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ♦r ❛❧s♦ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ♦❢ ♠♦❞❡s
✐♥t♦ ❧♦✇✱ ❞♦♠✐♥❛♥t ❛♥❞ ❤✐❣❤ ❢r❡q✉❡♥❝② ✐♥ ✈✐❡✇ ♦❢ ❞❡s✐❣♥✐♥❣ r♦❜✉st ❘❖▼s✱ s❡❡ ❆✉❜r② ❡t ❛❧✳ ✭✶✾✽✽✮❀ ◆♦❛❝❦
❡t ❛❧✳ ✭✷✵✵✸✱ ✷✵✵✺✮✳

❈♦♥❝❡r♥✐♥❣ ♦✉r ❧✐♥❡❛r st❛t❡ s♣❛❝❡ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ❡①❝✐t❛t✐♦♥ ❜② t❤❡ ❛❝t✉❛t♦r ♦✈❡r ❛ ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧
✐s ❛ ✇❛② ♦❢ ❡①tr❛❝t✐♥❣ r❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✢♦✇ ❞②♥❛♠✐❝s✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❛❞❥♦✐♥t ❢r❡q✉❡♥❝②
s♥❛♣s❤♦ts ❛r❡ ✐♥tr♦❞✉❝❡❞ ❛s ❛ ✇❛② t♦ ❡①tr❛❝t s❡♥s✐t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ s❡♥s♦r ♦✈❡r t❤❡ s❛♠❡ r❛♥❣❡
♦❢ ❢r❡q✉❡♥❝②✳ ❋r♦♠ ❛♥ ❡①♣❡r✐♠❡♥t❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❞✐r❡❝t s♥❛♣s❤♦ts ♠❛② ❜❡ ♥❛t✉r❛❧❧② ♦❜t❛✐♥❡❞ ❢r♦♠
❤❛r♠♦♥✐❝ ❡①❝✐t❛t✐♦♥s ❢r♦♠ t❤❡ ❛❝t✉❛t♦r✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❛❝t✉❛t✐♦♥ ❧❛✇ ✐s ❣✐✈❡♥ ❜② B cos(ωt)✱ t❤❡♥ t❤❡
❛ss♦❝✐❛t❡❞ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡ ♦❢ t❤❡ ✢♦✇ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜② X̂1r(ω) cos(ωt) − X̂1i(ω) sin(ωt)✳ ❆❝❝♦r❞✐♥❣❧②✱
t❤❡ ❞✐r❡❝t s♥❛♣s❤♦ts X̂1r ❛♥❞ X̂1i ♠❛② ❜❡ s✐♠♣❧② r❡❝♦✈❡r❡❞ ❜② ❡①tr❛❝t✐♥❣ t❤❡ ✢♦✇ st❛t❡s ❛t s✉❝❝❡ss✐✈❡
t✐♠❡s t ❛♥❞ t + T/4✱ ✇❤❡r❡ T = 2π/ω ✐s t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ ✢♦✇✳ ❚❤❡ ♣r♦❝❡❞✉r❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡
❜❛❧❛♥❝❡❞ ♠♦❞❡s r❡q✉✐r❡s t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛❞❥♦✐♥t st❛t❡s ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❞✐r❡❝t❧② ❡①tr❛❝t❡❞ ❢r♦♠ ❡①✲
♣❡r✐♠❡♥ts✳ ❍♦✇❡✈❡r✱ ✇❡ r❡❢❡r ✐♥t❡r❡st❡❞ r❡❛❞❡rs t♦ t❤❡ r❡❝❡♥t ❛tt❡♠♣ts t♦ ❞❡t❡r♠✐♥❡ ❜❛❧❛♥❝❡❞ ❘❖▼s
✇✐t❤♦✉t ❤❛✈✐♥❣ t♦ r❡s♦rt t♦ ❛❞❥♦✐♥t ✐♥❢♦r♠❛t✐♦♥ r❡♣♦rt❡❞ ❜② ❖r ✫ ❙♣❡②❡r ✭✷✵✵✽✮ ❛♥❞ ▼❛ ❡t ❛❧✳ ✭✷✵✶✵✮✳

❆♥ ✐♠♣♦rt❛♥t ♣♦✐♥t s❤♦✉❧❞ ❛❧s♦ ❜❡ ♥♦t✐❝❡❞ ❛t t❤✐s st❛❣❡✿ s❡❝t✐♦♥s ✷✳✸ ❛♥❞ ✷✳✹ ✐♥❝❧✉❞❡ ❝♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥
P❖❉ ❛♥❞ ❇P❖❉ ♠♦❞❡❧s ✐♥ t❡r♠s ♦❢ ♠♦❞❡❧✐♥❣ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱

✻✵
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t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ s✉♣❡r✐♦r t♦ t❤❡ P❖❉ ♠♦❞❡s t♦ r❡❛❝❤ t❤✐s ❣♦❛❧ s✐♥❝❡ t❤❡② ❛r❡ ❝♦♥❝❡♣t✉❛❧❧②
❞❡s✐❣♥❡❞ t♦ ❞♦ s♦✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ✐❢ ❇P❖❉ ♠♦❞❡❧s ♠❛② ②✐❡❧❞ t❤❡ ❝♦rr❡❝t ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✱ t❤❡r❡
✐s ♥♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ✢♦✇ st❛t❡ ♠❛② ❜❡ ❝❛♣t✉r❡❞✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ P❖❉ ♠♦❞❡s ❛r❡ ♠❡❛♥t
t♦ ❣r❛❞✉❛❧❧② ❝❛♣t✉r❡ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ✢♦✇ r❡s♣♦♥s❡ ✐♥ ♦r❞❡r t♦ ❛❝❝✉r❛t❡❧② r❡❝♦✈❡r ✐ts ❛ss♦❝✐❛t❡❞ ✢♦✇
✜❡❧❞✱ ♦r ❛t ❧❡❛st ✐ts ♣r❡❞♦♠✐♥❛♥t ❡♥❡r❣❡t✐❝ ♣❛tt❡r♥s✳ ■♥ ❢❛❝t✱ t❤❡ s✉♣❡r✐♦r✐t② ♦❢ t❤❡ ❇P❖❉ ♠♦❞❡❧s ❝♦♠❡s
❢r♦♠ t❤❡✐r ♣♦t❡♥t✐❛❧ t♦ r❡♣r❡s❡♥t ♥♦♥✲♣❤②s✐❝❛❧ ✢♦✇ st❛t❡s ✇❤✐❝❤ ②✐❡❧❞ t❤❡ ❝♦rr❡❝t ✐♥♣✉t✲♦✉t♣✉t s✐❣♥❛❧✳

✷✳✷✳✹✳✷ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s♥❛♣s❤♦ts

❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ t❤❡ s♥❛♣s❤♦t ♠❡t❤♦❞ ✇❛s ❛❝❤✐❡✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ t❡♠♣♦r❛❧ ❡①♣r❡ss✐♦♥s
♦❢ t❤❡ ●r❛♠✐❛♥s✳ ❚❡❝❤♥✐❝❛❧❧②✱ t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ r❡q✉✐r❡❞ t♦ ❝♦♠♣✉t❡ t❤❡s❡ t❡♠♣♦r❛❧ s♥❛♣s❤♦ts ❛r❡
❝♦♠♣✉t❡❞ ❜② ❛ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t ❞✐r❡❝t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳
❚❤✐s t✐♠❡✲st❡♣♣✐♥❣ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ s♦ ❢❛r ✐♥ ♣r❡✈✐♦✉s ✇♦r❦s ♦♥ ❇P❖❉ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ t♦ ②✐❡❧❞
t❤❡ t❡r♠s eAtB ❛♥❞ eA

∗tC∗✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐♥ ❛ ❢r❡q✉❡♥t✐❛❧ ❢r❛♠❡✇♦r❦✱ t❤❡ s♥❛♣s❤♦ts ❝♦rr❡s♣♦♥❞ t♦
❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s t♦ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣s✳ ■♥ t❤✐s ❝❛s❡✱ ♦♥❡ ❤❛s t♦ ✐♥✈❡rt ❛ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t s②st❡♠
t♦ ❣❡t t❤❡ t❡r♠s (jωI − A)−1B ❛♥❞ (−jωI − A∗)−1C∗ ❢♦r ❡❛❝❤ s❡❧❡❝t❡❞ ❢r❡q✉❡♥❝② ω✳ ❚❤❡ ❧❛r❣❡✲s❝❛❧❡
♠❛tr✐❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡s❡ s②st❡♠s✱ ✇❤✐❝❤ ❛r❡ ♦❢ s✐③❡ n1 × n1 ❤❡r❡✱ ❛r❡ ♦❢t❡♥ s♣❛rs❡ ✭❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✉s❡❞✮✳ ❚❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ❡✣❝✐❡♥t ♠❡t❤♦❞s t♦ ✐♥✈❡rs❡ t❤❡s❡ ❤✉❣❡ s②st❡♠s
✐s t❤✉s ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡ ✐❢ ♦♥❡ ♣❧❛♥s t♦ ❛❞♦♣t t❤✐s str❛t❡❣②✳ Pr❛❝t✐❝❛❧❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s
t♦ ❛❝❤✐❡✈❡ t❤❡s❡ ✐♥✈❡rs✐♦♥s ❝❛♥ ❜❡ ❡✐t❤❡r ❞✐r❡❝t ✭▼❛rq✉❡t ✫ ❙✐♣♣ ✭✷✵✵✾✮❀ ❆♠❡st♦② ❡t ❛❧✳ ✭✷✵✵✶✮✮ ♦r
✐t❡r❛t✐✈❡ ✭▼♦♥♦❦r♦✉s♦s ❡t ❛❧✳ ✭✷✵✶✵✮✮✳ ❆ ✈❛❧✉❛❜❧❡ ❛ss❡t ❢♦r ♣r♦❝❡❡❞✐♥❣ ✐♥ t❤❡ ❢r❡q✉❡♥t✐❛❧ ❢r❛♠❡✇♦r❦ ✐s
t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❝♦♠♣✉t❡ s❡♣❛r❛t❡❧② ❡❛❝❤ s♥❛♣s❤♦t✱ ❝♦♥tr❛r② t♦ t❤❡ t✐♠❡✲st❡♣♣✐♥❣ ❛♣♣r♦❛❝❤ ✇❤❡r❡ t❤❡
♣r❡✈✐♦✉s s♥❛♣s❤♦ts ❛r❡ r❡q✉✐r❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♥❡①t ♦♥❡✳ ❚❤✐s ❧❛tt❡r ♦❜s❡r✈❛t✐♦♥ ♠❛❦❡s t❤❡ ❢r❡q✉❡♥t✐❛❧
❛♣♣r♦❛❝❤ ✐♥tr✐♥s✐❝❛❧❧② ✜tt❡❞ t♦ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s♥❛♣s❤♦ts✳

✷✳✷✳✹✳✸ ❋❛❧❧✲♦✛ ♦❢ t❤❡ s♥❛♣s❤♦ts ♥♦r♠

❚❤❡ s♥❛♣s❤♦t ♠❡t❤♦❞ ②✐❡❧❞s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ t❡♠♣♦r❛❧ ✷✳✽ ❛♥❞ ❢r❡q✉❡♥t✐❛❧ ✷✳✾ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡
●r❛♠✐❛♥s ❜② ❞✐s❝r❡t✐③✐♥❣ ❛♥❞ tr✉♥❝❛t✐♥❣ t❤❡ ✉♥❜♦✉♥❞❡❞ ✐♥t❡❣r❛❧s t♦ ❛ ♠❛①✐♠✉♠ t✐♠❡ ❛♥❞ ❛ ♠❛①✐♠✉♠
❢r❡q✉❡♥❝② r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s t❤✉s ♦❢ ♣r✐♠❛r② ✐♥t❡r❡st t♦ ❦♥♦✇ ❤♦✇ q✉✐❝❦❧② ❞♦❡s t❤❡ ♥♦r♠ ♦❢ t❤❡ s♥❛♣s❤♦ts
❝r♦ss✲♣r♦❞✉❝t ✇✐t❤✐♥ t❤❡s❡ ✐♥t❡❣r❛❧s ❞❡❝r❡❛s❡ ❛t ❧♦♥❣ t✐♠❡s ❛♥❞ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✳ ■t ❝❛♥ ❡❛s✐❧② ❜❡ s❤♦✇♥
t❤❛t t❤❡ t❡♠♣♦r❛❧ s♥❛♣s❤♦ts ♥♦r♠ ❞❡❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛❧❧② ❛s O(e−at) ❢♦r ❧♦♥❣ t✐♠❡ ✇❤❡r❡ a ✐s t❤❡
❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❧❡❛st ❞❛♠♣❡❞ ♠♦❞❡✱ ✇❤❡r❡❛s t❤❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts ❤❛✈❡ ❛♥ ❛❧❣❡❜r❛✐❝ ❢❛❧❧✲♦✛ ♥♦r♠
❛s O(1/ωn) ❢♦r ❤✐❣❤ ♣✉❧s❛t✐♦♥ ✭n = 2 ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❞✉❡ t♦ ✈✐s❝♦✉s t❡r♠s✮✳
❚❤✐s ♣♦✐♥t ❧❡❛❞s t♦ t❤❡ ✜rst ❝♦♥❝❧✉s✐♦♥ t❤❛t✱ ❢♦r ❛♥② st❛❜❧❡ s②st❡♠ ✭a < 0✮✱ t❤❡ t❡♠♣♦r❛❧ s♥❛♣s❤♦ts ♥♦r♠
❢❛❧❧✲♦✛ ✐♥ t✐♠❡ ❛❧✇❛②s ❜❡❝♦♠❡ ❢❛st❡r✱ ❢♦r s✉✣❝✐❡♥t❧② ❧♦♥❣ t✐♠❡✱ t❤❛♥ t❤❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts ♥♦r♠ ❢❛❧❧✲
♦✛ ✐♥ ❢r❡q✉❡♥❝②✳ ■♥ s♣✐t❡ ♦❢ t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ s❛② ✐♥ ❣❡♥❡r❛❧ ✐❢ ♦♥❡ ❛♣♣r♦❛❝❤ ✇♦✉❧❞
r❡q✉✐r❡ ❧❡ss s♥❛♣s❤♦ts t❤❛♥ t❤❡ ♦t❤❡r ♦♥❡✳ ❆❧❧ t❤❡ s❛♠❡✱ ✐t s❤♦✉❧❞ ❜❡ ❡♠♣❤❛s✐③❡❞ t❤❛t✱ ✐♥ ❛ ♠❛❥♦r✐t② ♦❢
✢✉✐❞ ♠❡❝❤❛♥✐❝s ♣r♦❜❧❡♠s✱ t❤❡ ❢r❡q✉❡♥t✐❛❧ r❡s♣♦♥s❡s ♥♦r♠ r❡♠❛✐♥s ❝❡♥t❡r❡❞ ❛♥❞ ♣❡❛❦❡❞ ❛t ❛ ✇❡❧❧ s♣❡❝✐✜❡❞
❢r❡q✉❡♥❝② ❝♦rr❡s♣♦♥❞✐♥❣ ♣❤②s✐❝❛❧❧② t♦ t❤❡ ♣r♦♠♦t✐♥❣ ♦❢ ♥❛t✉r❛❧ ❤②❞r♦❞②♥❛♠✐❝ ✐♥st❛❜✐❧✐t✐❡s✳ ❚❤✐s r♦❜✉st
♦❜s❡r✈❛t✐♦♥ ❝❛♥ ❜❡ s✉♣♣♦rt❡❞ ❜② ♠❡♥t✐♦♥✐♥❣ t❤❡ ❝❛s❡s ♦❢ ❜♦✉♥❞❛r② ❧❛②❡rs✱ s❡♣❛r❛t❡❞ ✢♦✇s ♦r ✇❛❦❡ ✢♦✇s
t❤❛t ❛r❡ s✉❜❥❡❝t r❡s♣❡❝t✐✈❡❧② t♦ t❤❡ ❚♦❧❧♠✐❡♥✲❙❝❤❧✐❝❤t✐♥❣✱ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ❛♥❞ t❤❡ ❇❡♥❛r❞✲✈♦♥
❑àr♠à♥ ✐♥st❛❜✐❧✐t✐❡s✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡ ❢r❡q✉❡♥t✐❛❧ ❛♣♣r♦❛❝❤ ♠❛② ❜❡ ✈❡r② ❛♣♣r❡❝✐❛t✐✈❡ ❢♦r ✇❡❛❦❧②
st❛❜❧❡ s②st❡♠s✱ ✐✳❡✳ ❢♦r s②st❡♠s ✇❤❡r❡ a ✐s ❝❧♦s❡ t♦ 0✳ ■♥ t❤❡s❡ ❝❛s❡s✱ t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ r❡❧❛①❛t✐♦♥
t✐♠❡ ✐s ✈❡r② ❤✐❣❤ s♦ t❤❛t t❤❡ t❡♠♣♦r❛❧ ❛♣♣r♦❛❝❤ ✇♦✉❧❞ r❡q✉✐r❡ ✈❡r② ❧♦♥❣ t✐♠❡ st❡♣♣✐♥❣ s✐♠✉❧❛t✐♦♥s t♦
❝♦♠♣✉t❡ t❤❡ s♥❛♣s❤♦ts ✇❤✐❧❡ t❤❡ ❢r❡q✉❡♥t✐❛❧ r❡s♣♦♥s❡s ✇♦✉❧❞ r❡♠❛✐♥ ♣❡❛❦❡❞ ❛t ❛ ❣✐✈❡♥ ❧♦✇ ❢r❡q✉❡♥❝②✳

✷✳✷✳✺ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s

❖✉r ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❆❧❧ t❤❡ ❡q✉❛t✐♦♥s ❛r❡ ✜rst r❡✇r✐tt❡♥ ✐♥ ❛
✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ t❤❡♥ s♣❛t✐❛❧❧② ❞✐s❝r❡t✐③❡❞ ✉s✐♥❣ ❛ ♠❡s❤ ❝♦♠♣♦s❡❞ ♦❢ tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts✳ ■♥

✻✶



❈❍❆P❚❊❘ ✷✳ ▼❖❉❊▲ ❘❊❉❯❈❚■❖◆ ❖❋ ❚❍❊ ■◆P❯❚✲❖❯❚P❯❚ ❉❨◆❆▼■❈❙ ❇❨ ▼❊❆◆❙ ❖❋

❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

❋✐❣✉r❡ ✷✳✶✿ ❙tr❡❛♠❧✐♥❡s ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ❛t ❘❡ = 600✳ ❚❤❡ ❛❝t✉❛t♦r ❛♥❞ s❡♥s♦r ❧♦❝❛t✐♦♥s ❛r❡ ❛❧s♦
❞❡♣✐❝t❡❞✳

♣❛rt✐❝✉❧❛r✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞s ❛r❡ ♣r♦❥❡❝t❡❞ ♦♥t♦ s✐①✲♥♦❞❡ q✉❛❞r❛t✐❝ tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ✇✐t❤ q✉❛❞r❛t✐❝
✐♥t❡r♣♦❧❛t✐♦♥ ✭P✷✲❡❧❡♠❡♥ts✮ ✇❤❡r❡❛s t❤❡ ♣r❡ss✉r❡ ✜❡❧❞ ✐s ❞✐s❝r❡t✐③❡❞ ✉s✐♥❣ t❤r❡❡✲♥♦❞❡ ❧✐♥❡❛r tr✐❛♥❣✉❧❛r
❡❧❡♠❡♥ts ✭P✶✲❡❧❡♠❡♥ts✮✳ ❆❧❧ t❤❡ ❞✐s❝r❡t❡ ♠❛tr✐❝❡s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r✲
♠✉❧❛t✐♦♥s ♦♥t♦ t❤❡ ❜❛s✐s ♦❢ ✜♥✐t❡ ❡❧❡♠❡♥ts ❛r❡ s♣❛rs❡✱ t❤❡② ❛r❡ ❜✉✐❧t ✇✐t❤ t❤❡ ❋r❡❡❋❡♠✰✰ s♦❢t✇❛r❡
✭❤tt♣✿✴✴✇✇✇✳❢r❡❡❢❡♠✳♦r❣✮✳
❚❤❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts X̂1(ωi) ❛♥❞ Ŷ1(ωi) ❛t ❞✐s❝r❡t❡ ♣✉❧s❛t✐♦♥s ωi ❛r❡ ♦❜t❛✐♥❡❞ ❜② ✐♥✈❡rt✐♥❣ t❤❡ ❧✐♥❡❛r
s②st❡♠s ✭✷✳✶✻✮ ❛♥❞ ✭✷✳✶✼✮✳ ❚❤❡s❡ s♥❛♣s❤♦ts ❛r❡ t❤❡♥ r❡❝♦♠❜✐♥❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♠❛tr✐❝❡s X1 ❛♥❞ Y1 ❜②
✉s✐♥❣ ❛♥ ❡q✉✐❞✐st❛♥t s♣❛❝✐♥❣ ∆ω ❜❡t✇❡❡♥ t❤❡ s♥❛♣s❤♦ts ❛♥❞ q✉❛❞r❛t✉r❡ ❝♦❡✣❝✐❡♥ts δi ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ 4th✲♦r❞❡r ❙✐♠♣s♦♥ ♠❡t❤♦❞✳ ❚❤❡ ♠❛tr✐① ✐♥✈❡rs✐♦♥ r❡q✉✐r❡❞ t♦ ❝♦♠♣✉t❡ t❤❡s❡ s♥❛♣s❤♦ts ❛r❡ ❤❛♥❞❧❡❞
t❤r♦✉❣❤ ❛ ❞✐r❡❝t ♠✉❧t✐❢r♦♥t❛❧ s♣❛rs❡ ▲❯ s♦❧✈❡r ✭▼❯▼P❙✮✱ s❡❡ ❆♠❡st♦② ❡t ❛❧✳ ✭✷✵✵✶✮✳ ❍❡♥❝❡✱ t❤❡ ❝♦st
♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❣✐✈❡♥ ❜② t❤❡ ❝♦st ♦❢ t❤❡ ▲❯ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❧❛r❣❡ s♣❛rs❡ ❝♦♠♣❧❡①
♠❛tr✐① s✐♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❝❝❡ss✐✈❡ ✐♥✈❡rs❡s ❛r❡ ❝❤❡❛♣✳

✷✳✸ ●❧♦❜❛❧❧② st❛❜❧❡ ❝❛s❡✿ t❤❡ r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇

❍❡r❡ ✇❡ ♣r♦✈✐❞❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❇P❖❉✴P❖❉ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ✉s✐♥❣ t❤❡ s♥❛♣s❤♦t ♠❡t❤♦❞ ✐♥ t❤❡ ❢r❡q✉❡♥❝②
❞♦♠❛✐♥ ❛s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✳ ❚❤❡ ❝❛s❡ ♦❢ ❛ ❣❧♦❜❛❧❧② st❛❜❧❡ ✢♦✇ ✐s ✜rst st✉❞✐❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❜②
❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳

✷✳✸✳✶ ❋❧♦✇ ❝♦♥✜❣✉r❛t✐♦♥

❲❡ ❝♦♥s✐❞❡r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡ ✷✳✶✳ ■t ❝♦♥s✐sts ♦❢ ❛
❝✐r❝✉❧❛r ♣❛rt ❞❡s✐❣♥❡❞ s♦ t❤❛t ✐ts ❧❡♥❣t❤ ✐s t✇✐❝❡ ✐ts ❤❡✐❣❤t ✭t❤✐s ❣❡♦♠❡tr② st❡♠s ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥t❛❧
✇♦r❦ ❜② ❉✉r✐❡③ ✭✷✵✵✾✮✮✳ ❚❤❡ ✉♣str❡❛♠ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ st❡♣ ❤❡✐❣❤t ❛r❡ ✉s❡❞ t♦ ♠❛❦❡ ❛❧❧ q✉❛♥t✐t✐❡s ♥♦♥✲
❞✐♠❡♥s✐♦♥❛❧✳ ❚❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❡♥❞✐♥❣ ♦❢ t❤❡ st❡♣ ❛r❡ ❧♦❝❛t❡❞ ❛t (x = 0, y = 1) ❛♥❞ (x = 2, y = 0)✳ ❚❤❡
✉♣str❡❛♠✱ ❞♦✇♥str❡❛♠ ❛♥❞ ✉♣♣❡r ❜♦✉♥❞❛r✐❡s ❛r❡ r❡s♣❡❝t✐✈❡❧② ❧♦❝❛t❡❞ ❛t x = −20✱ x = 100 ❛♥❞ y = 20✳
❆ ✉♥✐❢♦r♠ ❛♥❞ ✉♥✐t❛r② ✈❡❧♦❝✐t② ✜❡❧❞ (u = 1, v = 0) ✐s ♣r❡s❝r✐❜❡❞ ❛t t❤❡ ✐♥❧❡t ❜♦✉♥❞❛r② ✭x = −20✮ ❛♥❞ ❛
❧❛♠✐♥❛r ❜♦✉♥❞❛r② ❧❛②❡r st❛rts ❞❡✈❡❧♦♣✐♥❣ ♦♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞❛r② ❛t (x = −2, y = 1)✳ ❆ ❢r❡❡✲s❧✐♣ ❝♦♥❞✐t✐♦♥
✇✐t❤ ③❡r♦ t❛♥❣❡♥t✐❛❧ str❡ss (∂yu = 0, v = 0) ✐s ♣r❡s❝r✐❜❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② (−20 ≤ x ≤ −2, y = 1)✳ ◆♦✲
s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s (u = 0) ❛r❡ ✐♠♣♦s❡❞ ♦♥ (−2 ≤ x ≤ 0, y = 1)✱ ♦♥ t❤❡ st❡♣ ✇❛❧❧ ❛♥❞ ♦♥ t❤❡
❞♦✇♥str❡❛♠ ✇❛❧❧ (2 ≤ x ≤ 100, y = 0)✳ ❙②♠♠❡tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ✉s❡❞ ❛t t❤❡ ✉♣♣❡r ❜♦✉♥❞❛r②
❛♥❞ ❛ ❢r❡❡ ♦✉t✢♦✇ ❝♦♥❞✐t✐♦♥ pn − ❘❡−1(∇u) · n = 0 ✐s ✉s❡❞ ❛t t❤❡ ♦✉t❧❡t ✭n ❜❡✐♥❣ t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧
✉♥✐t❛r② ✈❡❝t♦r ♦❢ t❤❡ ❜♦✉♥❞❛r②✮✳
❚❤❡ r❡s✉❧t✐♥❣ ❜❛s❡ ✢♦✇ ✐s ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ ❛ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ♠❡t❤♦❞✱ ❛s ✐♥ t❤❡ ✇♦r❦ ❜② ❙✐♣♣ ✫
▲❡❜❡❞❡✈ ✭✷✵✵✼✮✳ ❲❡ ❝❤♦♦s❡ ❛ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❘❡ = 600 ✇❤❡r❡ t❤❡ ✢♦✇ ✐s ❣❧♦❜❛❧❧② st❛❜❧❡ t♦ t✇♦✲
❞✐♠❡♥s✐♦♥❛❧ ♣❡rt✉r❜❛t✐♦♥s✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❜❛s❡ ✢♦✇ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✷✳✶✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t
t❤✐❝❦♥❡ss ❛t x = 0 ✐s δ∗ ≈ 0.082✱ ❧❡❛❞✐♥❣ t♦ ❛ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❜❛s❡❞ ♦♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss ♦❢
❘❡δ∗ ≈ 49.2✳ ❚❤✐s ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs r✉❧❡s ♦✉t ✐♥st❛❜✐❧✐t✐❡s r❡❧❛t❡❞ t♦ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❞②♥❛♠✐❝s✳
❚❤❡ ❜♦✉♥❞❛r② ❧❛②❡r s❡♣❛r❛t❡s ❛t x ≈ 0.6 ❛♥❞ r❡❛tt❛❝❤❡s ❛t x ≈ 11 ❡①❤✐❜✐t✐♥❣ ❛ ❧♦♥❣ s❤❡❛r ❧❛②❡r r❡s♣♦♥s✐❜❧❡
❢♦r str♦♥❣ tr❛♥s✐❡♥t ❣r♦✇t❤s✳ ❚❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ✐s ✐♥✈❡st✐❣❛t❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ♦♥❡ ❛❝t✉❛t♦r ❛♥❞

✻✷



✷✳✸✳ ●▲❖❇❆▲▲❨ ❙❚❆❇▲❊ ❈❆❙❊✿ ❚❍❊ ❘❖❯◆❉❊❉ ❇❆❈❑❲❆❘❉✲❋❆❈■◆● ❙❚❊P ❋▲❖❲

❋✐❣✉r❡ ✷✳✷✿ ❚❤❡ ❧❡❢t ♣❧♦t ✭❛✮ s❤♦✇s t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❞✐r❡❝t s♥❛♣s❤♦ts X̂1 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ω✳ ❋✐❣✉r❡s
✭❜✮✱✭❝✮✱✭❞✮ ❛♥❞ ✭❡✮ r❡♣r❡s❡♥t t❤❡ r❡❛❧ ♣❛rts ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❞✐r❡❝t s♥❛♣s❤♦ts ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❢r❡q✉❡♥❝✐❡s ωi = 0.2✱ 0.72✱ 2 ❛♥❞ 3 r❡s♣❡❝t✐✈❡❧②✳

♦♥❡ s❡♥s♦r ❛s s❦❡t❝❤❡❞ ✐♥ ✜❣✉r❡ ✷✳✶✳ ❚❤❡ ❛❝t✉❛t♦r ✐s ❧♦❝❛t❡❞ ♦♥ t❤❡ st❡♣✱ ❥✉st ❜❡❢♦r❡ t❤❡ ❜♦✉♥❞❛r②
❧❛②❡r s❡♣❛r❛t✐♦♥✱ s♦ ❛s t♦ tr✐❣❣❡r t❤❡ ♠♦st ❡✣❝✐❡♥t r❡s♣♦♥s❡ ❛♥❞ t❤❡ s❡♥s♦r ✐s ♣❧❛❝❡❞ ❞♦✇♥str❡❛♠✱ ✐♥
t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ r❡❛tt❛❝❤♠❡♥t ♣♦✐♥t✳ ❖♥❝❡ ❞✐s❝r❡t✐③❡❞✱ t❤❡ ❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢
s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ✇✐t❤ ❛❝t✉❛t✐♦♥ ❛♥❞ s❡♥s✐♥❣ ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t s②st❡♠ ♣r❡✈✐♦✉s❧②
✐♥tr♦❞✉❝❡❞ ✐♥ ❡q✉❛t✐♦♥s ✭✷✳✺✮✳ ❚❤❡ ❛❝t✉❛t♦r B st❛♥❞s ❢♦r ❛ ✈♦❧✉♠❡ ❢♦r❝✐♥❣ ♦❢ ●❛✉ss✐❛♥ s❤❛♣❡ ♦♥ t❤❡
✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t ❝❡♥t❡r❡❞ ♦♥ t❤❡ st❡♣ ✇❛❧❧ ❛t x = 0.6✱ ✇✐t❤ ❛ ✇✐❞t❤ ♦❢ 0.6 ❛♥❞ ❛ ❤❡✐❣❤t ♦❢ 1✳
❆s t❤❡ ♠❡❛s✉r❡❞ q✉❛♥t✐t②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✇❛❧❧✲♥♦r♠❛❧ s❤❡❛r str❡ss ❡✈❛❧✉❛t❡❞ ❛t ❛♥❞ ✐♥t❡❣r❛t❡❞ ♦✈❡r ❛
❧♦❝❛❧✐③❡❞ r❡❣✐♦♥ ♦❢ t❤❡ ✇❛❧❧ ✭t❤❡ s❡♥s♦r ❧♦❝❛t✐♦♥✮ s♦ t❤❛t m(t) =

∫ x=11.6
x=11 ∂yu dx✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ✈❡❝t♦r

C✳
❚♦ ❣✐✈❡ ❛♥ ✐❞❡❛✱ ❛ t②♣✐❝❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ②✐❡❧❞s n1 ≈ 360 000 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ st❡♠♠✐♥❣ ❢r♦♠ ❛❜♦✉t
90 000 tr✐❛♥❣❧❡s✳

✷✳✸✳✷ ❋r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts

❚❤❡ ❢r❡q✉❡♥t✐❛❧ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t s♥❛♣s❤♦ts r❡q✉✐r❡❞ ❢♦r t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❛r❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣
❡q✉❛t✐♦♥s ✭✷✳✶✻✮ ❛♥❞ ✭✷✳✶✼✮✳ ❲❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ 399 ❡q✉✐s♣❛❝❡❞ ❝♦♠♣❧❡① ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts X̂1 ❛♥❞
Ŷ1 ❢r♦♠ ω = 0 t♦ ω = 4 ✭r❡s✉❧t✐♥❣ ✐♥ nd = na = 798✮✳
❆s ❡①♣r❡ss❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✱ t❤❡ ❞✐r❡❝t s♥❛♣s❤♦ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❧♦♥❣ t✐♠❡ r❡s♣♦♥s❡s ♦❢ t❤❡ s②st❡♠
t♦ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣s ♦❢ ♣✉❧s❛t✐♦♥ ω ❢r♦♠ t❤❡ ✐♥♣✉t ❧♦❝❛t✐♦♥✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✷✳✷✭❛✮ t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ❞✐r❡❝t s♥❛♣s❤♦ts ‖X̂1‖2 = X̂∗

1Q1X̂1 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ω t♦ ❤✐❣❤❧✐❣❤t
t❤❡ ♥♦✐s❡ ❛♠♣❧✐✜❡r ❜❡❤❛✈✐♦r ♦❢ t❤✐s ✢♦✇✳ ❚❤❡ ♠♦st ❛♠♣❧✐✜❡❞ ❢r❡q✉❡♥❝② ω ≈ 0.72 ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s❡♣❛r❛t❡❞ s❤❡❛r ❧❛②❡r✳ ❋✐❣✉r❡s ✷✳✷✭❜✲❡✮ ❞❡♣✐❝t t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡
❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❞✐r❡❝t s♥❛♣s❤♦ts X̂1 ❢♦r ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♣❛tt❡r♥s ❡①t❡♥❞ ❞♦✇♥str❡❛♠ ❢r♦♠ t❤❡ ❛❝t✉❛t♦r t❤r♦✉❣❤ t❤❡ s❤❡❛r ❧❛②❡r✳ ❚❤❡ tr✐❣❣❡r❡❞ ✇❛✈❡♣❛❝❦❡ts
s❤♦✇♥ ♦♥ t❤❡s❡ ✜❣✉r❡s ❡①❤✐❜✐t ❛ s♣❛t✐❛❧ s✉♣♣♦rt t❤❛t str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ ω✳ ❊①❝✐t❛t✐♦♥ t♦ ❤✐❣❤❡r
❢r❡q✉❡♥❝✐❡s ❧❡❛❞s t♦ s♠❛❧❧❡r ✢♦✇ str✉❝t✉r❡s ❛♥❞ t♦ ❛ ❢❛st❡r ❞✐✛✉s✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❤✐❣❤❡st ❢r❡q✉❡♥❝②
r❡s♣♦♥s❡s r❡♠❛✐♥ s♣❛t✐❛❧❧② ❧♦❝❛❧✐③❡❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❛❝t✉❛t♦r ✇❤✐❧❡ t❤❡ s♠❛❧❧❡st ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s
❛r❡ ✇✐❞❡❧② ❡①t❡♥❞❡❞ ❞♦✇♥str❡❛♠✳
❋✐❣✉r❡ ✷✳✸ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ s❛♠❡ ♣✉r♣♦s❡ ❢♦r t❤❡ ❛❞❥♦✐♥t s♥❛♣s❤♦ts✳ ■♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r✱ t❤❡ ❛❞❥♦✐♥t

✻✸



❈❍❆P❚❊❘ ✷✳ ▼❖❉❊▲ ❘❊❉❯❈❚■❖◆ ❖❋ ❚❍❊ ■◆P❯❚✲❖❯❚P❯❚ ❉❨◆❆▼■❈❙ ❇❨ ▼❊❆◆❙ ❖❋

❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

❋✐❣✉r❡ ✷✳✸✿ ❚❤❡ ❧❡❢t ♣❧♦t ✭❛✮ s❤♦✇s t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❛❞❥♦✐♥t s♥❛♣s❤♦ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ω✳ ◆♦t❡ t❤❛t✱
♦✇✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✷✳✶✵✮ ♦❢ t❤❡ s♥❛♣s❤♦ts✱ t❤❡ r❡❧❡✈❛♥t q✉❛♥t✐t② t♦ ❜❡ ♠❡❛s✉r❡❞ ✐s Q1Ŷ1✳ ❋✐❣✉r❡s
✭❜✮✱✭❝✮✱✭❞✮ ❛♥❞ ✭❡✮ r❡♣r❡s❡♥t t❤❡ r❡❛❧ ♣❛rts ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❛❞❥♦✐♥t s♥❛♣s❤♦ts ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❢r❡q✉❡♥❝✐❡s ωi = 0.2✱ 0.64✱ 2 ❛♥❞ 3 r❡s♣❡❝t✐✈❡❧②✳

s♥❛♣s❤♦ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❧♦♥❣ t✐♠❡ r❡s♣♦♥s❡s ♦❢ t❤❡ ❛❞❥♦✐♥t s②st❡♠ t♦ ❛ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ♦❢ ♣✉❧s❛t✐♦♥
ω ❢r♦♠ t❤❡ s❡♥s♦r✳ ❚❤❡ ❡♥❡r❣② ‖Q1Ŷ1‖2 ❞✐s♣❧❛②s ❛ ♣❡❛❦ ❛t ❛ ♥❡❛r❜② ❢r❡q✉❡♥❝② ♦❢ ω ≈ 0.64 ❛♥❞✱
❛♥❛❧♦❣♦✉s❧②✱ t❤❡ ❛❞❥♦✐♥t ✢♦✇ ♣❛tt❡r♥s ❛r❡ ❝♦♥✈❡❝t❡❞ ❜❛❝❦✇❛r❞ ✐♥ t✐♠❡ ❢r♦♠ t❤❡ s❡♥s♦r t♦ t❤❡ ✉♣str❡❛♠
✢♦✇✳ ❆ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t s♥❛♣s❤♦ts ♠❛② ❛r✐s❡ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥
♦❢ t❤❡ s②st❡♠ ✭✷✳✺✮✳ ❚❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ Ĝ(ω) ❧✐♥❦s t❤❡ ❢♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ✐♥♣✉t û(ω) t♦ t❤❛t ♦❢
t❤❡ ♦✉t♣✉t m̂(ω) ❜②

m̂(ω) = Ĝ(ω)û(ω) ✭✷✳✷✹✮

❛♥❞ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② Ĝ(ω) = C(jωI − A)−1B ♦r✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❛❞❥♦✐♥t s♥❛♣s❤♦t Ŷ1(ω)✱ ❜②

Ĝ(ω) = Ŷ∗
1(ω)Q1B ✭✷✳✷✺✮

❚❤✐s ♠❡❛♥s t❤❛t✱ ❣✐✈❡♥ ❛ ❢r❡q✉❡♥❝② ω0✱ t❤❡ ❝♦♠♣♦♥❡♥t m̂(ω0) ♦❢ t❤❡ ♠❡❛s✉r❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ Ŷ∗
1(ω0)Q1B✱

✐✳❡✳ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ ❛❝t✉❛t♦r B ❛♥❞ t❤❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦t Ŷ1(ω0)✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡
✢♦✇ str✉❝t✉r❡s ❡①❝✐t❡❞ ❜② t❤❡ ♦✉t♣✉t ❛♥❞ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✸✭❜✲❡✮ ❛r❡ ❛❧s♦ t❤❡ st❛t❡s t♦ ✇❤✐❝❤ t❤❡ s❡♥✲
s♦r ✐s t❤❡ ♠♦st s❡♥s✐t✐✈❡ ❛t t❤✐s ❣✐✈❡♥ ❢r❡q✉❡♥❝② ❡①❝✐t❛t✐♦♥✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡s❡ ❢♦r❝✐♥❣
str✉❝t✉r❡s ❧❡❛❞✐♥❣ t♦ ♠❛①✐♠✉♠ ♠❡❛s✉r❡♠❡♥ts ❛t t❤❡ s❡♥s♦r ❛r❡ ✉♣str❡❛♠✲t✐❧t❡❞ ♣❛tt❡r♥s ❧♦❝❛t❡❞ ❛❧♦♥❣
t❤❡ s❤❡❛r ❧❛②❡r✳ ❚❤❡② ❛r❡ ❧❡❛♥t ❛❣❛✐♥st t❤❡ s❤❡❛r s♦ ❛s t♦ ♦♣t✐♠❛❧❧② tr✐❣❣❡r t❤❡ ❖rr ♠❡❝❤❛♥✐s♠ ❛♥❞ ❛r❡
t❤❡♥ ❛♠♣❧✐✜❡❞ t❤r♦✉❣❤ t❤❡ s❤❡❛r ❧❛②❡r✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❞✐r❡❝t s♥❛♣s❤♦ts✱ t❤❡ s♣❛t✐❛❧ s✉♣♣♦rt ♦❢ t❤❡
❛❞❥♦✐♥t st❛t❡s str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ ω✳ ❋♦r ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s✱ s♠❛❧❧❡r ✢♦✇ str✉❝t✉r❡s ❛r❡ ❧♦❝❛❧✐③❡❞ ✐♥ t❤❡
✈✐❝✐♥✐t② ♦❢ t❤❡ s❡♥s♦r ❞✉❡ t♦ ❛ ❤✐❣❤❡r ❞✐✛✉s✐♦♥ ✇❤✐❧❡ s♠❛❧❧❡st ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s ❛r❡ ❧❛r❣❡❧② ❡①t❡♥❞❡❞
✉♣str❡❛♠✳

✷✳✸✳✸ ❘❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s

❚❤❡ ♣r❡✈✐♦✉s❧② ❝♦♠♣✉t❡❞ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts ❛r❡ ✉s❡❞ ✇✐t❤✐♥ t❤❡ ♣r♦❝❡❞✉r❡ ♦✉t❧✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷ t♦
❜✉✐❧❞ ❇P❖❉✴P❖❉ ❜❛s❡❞ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✷✳✹✭❛✮ t❤❡ ✜rst 14 ❍❙❱s
σj ✳ ❆s ❡①♣r❡ss❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✱ t❤❡ ❍❙❱s ♣r♦✈✐❞❡ ❛ ✇❛② t♦ ❛ss❡ss t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t②
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✷✳✸✳ ●▲❖❇❆▲▲❨ ❙❚❆❇▲❊ ❈❆❙❊✿ ❚❍❊ ❘❖❯◆❉❊❉ ❇❆❈❑❲❆❘❉✲❋❆❈■◆● ❙❚❊P ❋▲❖❲

❋✐❣✉r❡ ✷✳✹✿ ✭❛✮ ❋✐rst 14 ❍❙❱s σj ❛♥❞ ✭❞✮ ✜rst 140 P❖❉ ❡✐❣❡♥✈❛❧✉❡s λj ✳ ✭❜✮ ❛♥❞ ✭❝✮ st❛♥❞ ❢♦r t❤❡
str❡❛♠✇✐s❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✜rst ❛♥❞ t❤✐r❞ ❇P❖❉ ♠♦❞❡s✳ ❆♥❛❧♦❣♦✉s❧②✱ ✭❡✮ ❛♥❞ ✭❢✮ st❛♥❞ ❢♦r
t❤❡ ✜rst ❛♥❞ t❤✐r❞ P❖❉ ♠♦❞❡s✳

♦❢ ✐ts ❛ss♦❝✐❛t❡❞ ♠♦❞❡s✳ ❚❤✐s q✉❛♥t✐t② ✐s ♥❛t✉r❛❧❧② ✉s❡❞ t♦ ❞❡❝✐❞❡ ♦♥ ❛ tr✉♥❝❛t✐♦♥ ♣♦✐♥t ❛♥❞ t❤✉s ♦♥ t❤❡
s✐③❡ ♦❢ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s✳ ❆ s✐❣♥✐✜❝❛♥t ❞r♦♣ ✐♥ t❤❡ ❍❙❱s ✐s ♦❜s❡r✈❡❞ ❛♥❞ ❥✉st✐✜❡s t❤❡ tr✉♥❝❛t✐♦♥
♦❢ t❤❡ ❜❛❧❛♥❝✐♥❣ ❜❛s✐s✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✷✳✹✭❞✮ t❤❡ ✜rst 140 P❖❉ ❡✐❣❡♥✈❛❧✉❡s
λj ✳ ◆♦t❡ t❤❛t t❤❡② r❛♥❦ t❤❡ ❛ss♦❝✐❛t❡❞ P❖❉ ♠♦❞❡s ❛❝❝♦r❞✐♥❣ t♦ ❤♦✇ ❡❛s✐❧② t❤❡② ❝❛♥ ❜❡ ✐♥✢✉❡♥❝❡❞ ❜②
t❤❡ ✐♥♣✉t✱ ✐✳❡✳ t❤❡✐r ❝♦♥tr♦❧❧❛❜✐❧✐t②✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✷✳✹✭❜✱❝✮ t❤❡ ✜rst ❛♥❞ t❤✐r❞ ❇P❖❉
♠♦❞❡s✱ ✈✐s✉❛❧✐③❡❞ ❜② t❤❡✐r str❡❛♠✇✐s❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t✳ ❚❤❡② ❝♦♥s✐st ♦❢ ✇❛✈❡♣❛❝❦❡ts r❡s✉❧t✐♥❣ ❢r♦♠
t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ ✈♦rt✐❝❡s ❛❧♦♥❣ t❤❡ s❤❡❛r ❧❛②❡r ❛♥❞ s♣❛t✐❛❧❧② ❧♦❝❛❧✐③❡❞ ❜❡t✇❡❡♥ t❤❡ ❛❝t✉❛t♦r ❛♥❞ t❤❡
s❡♥s♦r✳ ❋✐❣✉r❡s ✷✳✹✭❡✱❢✮ ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ s❛♠❡ ♣✉r♣♦s❡ ❢♦r t❤❡ ✜rst ❛♥❞ t❤✐r❞ P❖❉ ♠♦❞❡s✳ ■t s❤♦✉❧❞
❜❡ ♥♦t❡❞ t❤❛t t❤❡② r❡❞✉❝❡ t♦ t❤❡ str✉❝t✉r❡s t❤❛t ❛r❡ t❤❡ ♠♦st ❡❛s✐❧② ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ✐♥♣✉t✳ ■♥ ♦t❤❡r
✇♦r❞s✱ ❧♦✇ ❡♥❡r❣② ✐s ♥❡❡❞❡❞ t♦ ❢♦r❝❡ t❤❡s❡ ❧❛r❣❡✲s❝❛❧❡ str✉❝t✉r❡s ❞♦✇♥str❡❛♠ ♦✇✐♥❣ t♦ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥
♣r♦✈✐❞❡❞ ❜② t❤❡ ✐♥tr✐♥s✐❝ ✢♦✇ ❞②♥❛♠✐❝s✳ ❚❤❡② ❛❧s♦ ❛♣♣❡❛r ❛s ✇❛✈❡♣❛❝❦❡ts ❜✉t ❛r❡ s♦♠❡✇❤❛t ♠♦r❡
s♣❛t✐❛❧❧② ❡①t❡♥❞❡❞ ❞♦✇♥str❡❛♠ ✇❤❡r❡ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ r❡s♣♦♥s❡ t♦ ❢♦r❝✐♥❣ ✐s t❤❡ ❧❛r❣❡st✳ ❚❤✐s ❧❛tt❡r
♦❜s❡r✈❛t✐♦♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦t❤❡r r❡❝❡♥t ✇♦r❦s✱ s❡❡ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❝✱❜✮✳

■♥t❡r❡st✐♥❣❧② ✇❡ ♥♦t✐❝❡ ❛ ♣❛✐r✇✐s❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✳ ▲♦♦❦✐♥❣ ❛t ✜❣✉r❡ ✷✳✹✭❛✮✱ t❤❡ ✜rst 6 ❍❙❱s
❝♦♠❡ ✐♥ ♣❛✐rs ✇❤✐❧❡ ✐t ✐s ❡✈❡♥ ♠♦r❡ ♦❜✈✐♦✉s ♦♥ ✜❣✉r❡ ✷✳✹✭❞✮ ❢♦r t❤❡ ✜rst 30 P❖❉ ❡✐❣❡♥✈❛❧✉❡s✳ ❆❝❝♦r❞✐♥❣ t♦
t❤❡ ✇♦r❦s ❜② ❆✉❜r② ❡t ❛❧✳ ✭✶✾✾✶✱ ✶✾✾✷✮ ❜❛s❡❞ ♦♥ t❤❡ t✐♠❡✲s♣❛❝❡ ❜✐✲♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦♠♣❧❡①
s✐❣♥❛❧s✱ t❤❡ P❖❉ ♠♦❞❡s ♦❢ ❛ tr❛✈❡❧✐♥❣ ✇❛✈❡ ❝♦♥s✐st ♦❢ ❞❡❣❡♥❡r❛t❡❞ ♣❛✐rs ♦❢ ♠♦❞❡s✱ ❤❛✈✐♥❣ t❤❡ s❛♠❡
❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❤❛✈✐♥❣ s❤✐❢t❡❞ s♣❛t✐❛❧ str✉❝t✉r❡s ♦❢ ♦♥❡ ❛♥♦t❤❡r✳ ■♥ ♦✉r ❝❛s❡✱ ✐t ✐s ✐♥❞❡❡❞ r❡❝♦✈❡r❡❞ t❤❛t
t❤❡ ❡✐❣❡♥♠♦❞❡s ♦❢ ❛ ❣✐✈❡♥ ♣❛✐r ❛r❡ ❛ q✉❛rt❡r ♣❡r✐♦❞ ♦✉t ♦❢ ♣❤❛s❡✳ ❚❤✐s r❡s✉❧t ❤♦❧❞s ❢♦r ❜♦t❤ ❇P❖❉ ❛♥❞
P❖❉ ♠♦❞❡s✳ ❚❤✐s ❝♦♥✜r♠s t❤❛t ♦✉r ♠♦❞❡❧s ❛r❡ ♣r❡❞♦♠✐♥❛♥t❧② ❣♦✈❡r♥❡❞ ❜② t❤❡ ❞②♥❛♠✐❝s ♦❢ tr❛✈❡❧✐♥❣
✇❛✈❡s✳ ❘❡❝❛❧❧✐♥❣ t❤❛t P❖❉ ♠♦❞❡❧s ❛r❡ ♠❡❛♥t t♦ r❡❝♦✈❡r t❤❡ ❡①❛❝t ✢♦✇ ✜❡❧❞ r❡s♣♦♥s❡✱ ❝♦♥tr❛r② t♦ ❇P❖❉
♠♦❞❡❧s ✭s❡❡ s❡❝t✐♦♥ ✷✳✷✳✹✳✶✮✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ♦❜s❡r✈❡ ❛ ❝❧❡❛r❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ tr❛✈❡❧✐♥❣ ✇❛✈❡
♣❛❝❦❡t ✐♥ t❤❡ ❝❛s❡ ♦❢ P❖❉ ♠♦❞❡s✳ ❋♦r ❤✐❣❤❡r ❇P❖❉ ♦r P❖❉ ♠♦❞❡s✱ t❤❡ ♣❛✐r✇✐s❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡
❡✐❣❡♥✈❛❧✉❡s ❣r❛❞✉❛❧❧② ✈❛♥✐s❤❡s✳ ❖♥❡ ♠❛② ❛ttr✐❜✉t❡ t❤✐s r❡s✉❧t t♦ ❛ ❞❡✈✐❛t✐♦♥ ❢r♦♠ tr❛✈❡❧✐♥❣ ✇❛✈❡s ❞✉❡ t♦
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❈❍❆P❚❊❘ ✷✳ ▼❖❉❊▲ ❘❊❉❯❈❚■❖◆ ❖❋ ❚❍❊ ■◆P❯❚✲❖❯❚P❯❚ ❉❨◆❆▼■❈❙ ❇❨ ▼❊❆◆❙ ❖❋

❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

❋✐❣✉r❡ ✷✳✺✿ ✭❛✮ ■♠♣✉❧s❡ r❡s♣♦♥s❡ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ G(t) ❛♥❞ ♦❢ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s Gr(t) ❢♦r ✭❛✮
❇P❖❉ ♠♦❞❡❧s ❛♥❞ ✭❜✮ P❖❉ ♠♦❞❡❧s✳

t❤❡ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ♣❛❝❦❡t ✐♥ t❤❡ str❡❛♠✇✐s❡ ❞✐r❡❝t✐♦♥✱ s❡❡ ❆✉❜r② ✫ ▲✐♠❛ ✭✶✾✾✺✮❀ ❆✉❜r② ❡t ❛❧✳
✭✷✵✵✸✮✳
■t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ ❛t t❤✐s st❛❣❡ t❤❛t ♦✉r 399 ❝♦♠♣❧❡① ❛♥❞ ❡q✉❛❧❧② s♣❛❝❡❞ s♥❛♣s❤♦ts ❛r❡ s✉✣❝✐❡♥t
❢♦r ❛❝❝✉r❛t❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❇P❖❉ ❛♥❞ P❖❉ ♠♦❞❡s✱ s✐♥❝❡ ❢♦r ❛ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ s♥❛♣s❤♦ts✱ ✇✐t❤
✜♥❡r s♣❛❝✐♥❣ ♦r ❧❛r❣❡r ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧✱ t❤❡r❡ ✐s ♥♦ ❝♦♥s✐❞❡r❛❜❧❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡ s♣❡❝tr✉♠✳

✷✳✸✳✹ ■♠♣✉❧s❡ r❡s♣♦♥s❡ ❛♥❞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥

❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ❧✐♥❦s t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛❝t✉❛t♦r ♦♥ t❤❡ ✢♦✇ t♦ t❤❡ ✐♥❢♦r♠❛t✐♦♥
❡①tr❛❝t❡❞ ❜② t❤❡ s❡♥s♦r✳ ■t ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ❜② t❤❡ tr❛♥s❢❡r
❢✉♥❝t✐♦♥✳ ❚❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ✐s ✐♠♣♦rt❛♥t✱ s✐♥❝❡ t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ s②st❡♠ t♦ ❛♥②
✐♥♣✉t ❝❛♥ ❜❡ ❢♦✉♥❞ ❢r♦♠ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ✇✐t❤ t❤❡ ✐♥♣✉t✳ ❚❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡
G(t) ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ✐s ♦❜t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ❢r♦♠ ❛ t✐♠❡✲st❡♣♣❡r s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥s ✭✷✳✹✮ ❢♦r t❤❡ ❝♦♥tr♦❧ ❧❛✇ c(t) = δ(t)✱ δ(t) ❜❡✐♥❣ t❤❡ ❞✐r❛❝ ❢✉♥❝t✐♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡
✐♠♣✉❧s❡ r❡s♣♦♥s❡ ✐s G(t) = CX1(t) ✇❤❡r❡ X1(t) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧✲✈❛❧✉❡ ♣r♦❜❧❡♠

dX1

dt
= AX1 ✭✷✳✷✻❛✮

X1(t = 0) = B ✭✷✳✷✻❜✮

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✐♠✉❧❛t✐♦♥ ✐s ✐♥t❡❣r❛t❡❞ ✐♥ t✐♠❡ ✉s✐♥❣ ❛ s❡❝♦♥❞✲♦r❞❡r ❛❝❝✉r❛t❡ s❝❤❡♠❡✳ ❚❤❡ ✐♠♣✉❧s❡
r❡s♣♦♥s❡s ♦❢ t❤❡ ❘❖▼s Gr(t) ❛r❡ ❝♦♠♣✉t❡❞ ❞✐r❡❝t❧② ❜② Gr(t) = Cre

ArtBr ✇❤❡r❡ Ar✱ Br ❛♥❞ Cr st❛♥❞ ❢♦r
t❤❡ ♠❛tr✐❝❡s A✱ B ❛♥❞ C ♣r♦❥❡❝t❡❞ ♦♥t♦ r ♠♦❞❡s✳ ❋✐❣✉r❡s ✷✳✺✭❛✱❜✮ ❞✐s♣❧❛② t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ♦❢ t❤❡
❢✉❧❧ s②st❡♠ ❛♥❞ t❤♦s❡ ♦❢ t❤❡ ❇P❖❉ ❛♥❞ P❖❉ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡
♦❢ ❇P❖❉ ♠♦❞❡❧s ✇✐t❤ r = 6✱ r = 10 ❛♥❞ r = 14 ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✷✳✺✭❛✮ ❛♥❞ t❤♦s❡ ♦❢ P❖❉
♠♦❞❡❧s ✇✐t❤ r = 40✱ r = 60 ❛♥❞ r = 100 ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✷✳✺✭❜✮✳ ❲✐t❤ r = 14 ❇P❖❉ ♠♦❞❡s ♦r
r = 100 P❖❉ ♠♦❞❡s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t r❡❞✉❝❡❞ ♠♦❞❡❧s r❡❣✐st❡r t❤❡ s❛♠❡ s✐❣♥❛❧ ❛s t❤❡ ❢✉❧❧ ♠♦❞❡❧✳ ❚❤❡
✐♠♣✉❧s❡ ❛t t❤❡ ❛❝t✉❛t♦r B ❣❡♥❡r❛t❡ ❛ ✇❛✈❡♣❛❝❦❡t t❤❛t tr❛✈❡❧s ❛❧♦♥❣ t❤❡ s❤❡❛r ❧❛②❡r ✉♥t✐❧ ✐t r❡❛❝❤❡s t❤❡
s❡♥s♦r ❛t t ≈ 10✳ ❚❤❡ ❡✛❡❝t ♦❢ t❤✐s ✇❛✈❡♣❛❝❦❡t ✐s ♠❡❛s✉r❡❞ ❜② t❤❡ s❡♥s♦r ✉♥t✐❧ t ≈ 35 ❛♥❞ ✐s t❤❡♥ ❢✉rt❤❡r
❝♦♥✈❡❝t❡❞ ❞♦✇♥str❡❛♠ t♦ ❡✈❡♥t✉❛❧❧② ❧❡❛✈❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳
❙✐♥❝❡ ❛❧❧ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❡q✉❛❧❧② ❡①❝✐t❡❞ ❜② ❛♥ ✐♥✐t✐❛❧ ✐♠♣✉❧s❡✱ ❛ ❝♦♥✈❡♥✐❡♥t ❛♥❞ ❛❧t❡r♥❛t✐✈❡ ✇❛② ♦❢
❡①♣r❡ss✐♥❣ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ✐s t♦ s✇✐t❝❤ t♦ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✳ ❚❤❡
❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ❛♥❞ t❤❡ ❘❖▼s ❛r❡ ❝♦♠♣❛r❡❞ ♥❡①t✳ ❚❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❢✉❧❧ s②st❡♠ ✐s s✐♠♣❧② ❣✐✈❡♥ ❜② Ĝ(ω) =

∫∞

0 e−jωtG(t)dt ✇❤✐❧❡ t❤♦s❡ ♦❢ t❤❡ ❘❖▼s ❛r❡ ♦❜t❛✐♥❡❞✱ ✉s✐♥❣
❡q✉✐✈❛❧❡♥t ♥♦t❛t✐♦♥s✱ ❜② Ĝr(ω) = Cr(jωIr − Ar)

−1Br ✇❤❡r❡ Ir st❛♥❞ ❢♦r t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦❢ s✐③❡ r✳
◆♦t❡ t❤❛t t❤❡ ❡①❛❝t tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✐s ❡❛s✐❧② ❝♦♠♣✉t❡❞ ❜② ♠❡❛s✉r✐♥❣ ✭♠✉❧t✐♣❧②✐♥❣ ❜② C✮ ❡❛❝❤ ❛❧r❡❛❞②

✻✻
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❋✐❣✉r❡ ✷✳✻✿ ❚r❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ Ĝ(ω) ❛♥❞ ♦❢ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s Ĝr(ω) ❢♦r ✭❛✮
❇P❖❉ ♠♦❞❡❧s ❛♥❞ ✭❜✮ P❖❉ ♠♦❞❡❧s✳

❝♦♠♣✉t❡❞ ❞✐r❡❝t s♥❛♣s❤♦ts X̂∗
1(ωi) = (jωiI − A)−1B✳ ❋✐❣✉r❡s ✷✳✻✭❛✱❜✮ ❞❡♣✐❝t t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡

tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ t♦❣❡t❤❡r ✇✐t❤ t❤♦s❡ ♦❢ ❇P❖❉ ❛♥❞ P❖❉ ♠♦❞❡❧s r❡s♣❡❝t✐✈❡❧②✳ ❲❡
r❡❝♦✈❡r ❛ ♣r❡❢❡rr❡❞ ❢r❡q✉❡♥❝② ❛r♦✉♥❞ ω = 0.78 ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣s❡✉❞♦✲♣✉❧s❛t✐♦♥ ♦❜s❡r✈❡❞ ✐♥
✜❣✉r❡ ✷✳✺✳ ◆♦t❡ t❤❛t t❤✐s ♣✉❧s❛t✐♦♥ ✐s ❛❧s♦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✐♠♣✉❧s❡ ♣❡rt✉r❜❛t✐♦♥
t❤r♦✉❣❤ t❤❡ s❤❡❛r ❧❛②❡r ❞✉❡ t♦ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t②✳ ■♥ t❡r♠s ♦❢ ♠♦❞❡❧s ❡✣❝✐❡♥❝②✱ t❤❡ s❛♠❡
❝♦♥❝❧✉s✐♦♥ ❛r✐s❡s s✐♥❝❡ 14 ❇P❖❉ ❛♥❞ 100 P❖❉ ♠♦❞❡s ❛r❡ r❡s♣❡❝t✐✈❡❧② s✉✣❝✐❡♥t t♦ ❝❛♣t✉r❡ t❤❡ ♠♦st
✐♠♣♦rt❛♥t tr❡♥❞s ♦❢ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r✳
❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❛❧s♦ q✉❛♥t✐❢② t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠♦❞❡❧s ✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ✐♥♣✉t✲
♦✉t♣✉t ❜❡❤❛✈✐♦r ❜② ❝♦♠♣✉t✐♥❣ t❤❡ H∞ r❡❧❛t✐✈❡ ♥♦r♠ ♦❢ t❤❡ ❡rr♦r✳ ❋♦r ❛ ♠♦❞❡❧ ✐❢ s✐③❡ r✱ t❤✐s ❡rr♦r✱
❞❡♥♦t❡❞ ❜② e∞(r) ✐s ❣✐✈❡♥ ❜②

e∞(r) =
maxω∈R |Ĝ(ω) − Ĝr(ω)|

maxω∈R |Ĝ(ω)|
✭✷✳✷✼✮

❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s ♥♦r♠ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ♦♥ t❤❡ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥
t❤❡ ❛♣♣r♦①✐♠❛t❡ ❛♥❞ ❡①❛❝t tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ❢♦r ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥✳ ■♥ ✜❣✉r❡ ✷✳✼✭❛✮ ❛♥❞ ✷✳✼✭❜✮✱ ✇❡
❤❛✈❡ r❡♣r❡s❡♥t❡❞ t❤❡ ❡rr♦r e∞(r) ❢♦r t❤❡ ❇P❖❉ ❛♥❞ P❖❉ ♠♦❞❡❧s r❡s♣❡❝t✐✈❡❧②✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ❡rr♦r
❢❛❧❧s ♦✛ ✐♥ ❜♦t❤ ❝❛s❡s✱ ❛ss❡ss✐♥❣ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡s❡ ♠♦❞❡❧s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♥✉♠❜❡r
♦❢ r❡q✉✐r❡❞ P❖❉ ♠♦❞❡s t♦ r❡❛❝❤ ❛ ❣✐✈❡♥ ❡rr♦r e∞ ✐s s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ r❡q✉✐r❡❞
❇P❖❉ ♠♦❞❡s✳ ■♥❞❡❡❞✱ t❤❡ ❇P❖❉ ❡rr♦r ❢❛❧❧s q✉✐t❡ r❛♣✐❞❧② ❛♥❞ r❡♠❛✐♥s ❜♦✉♥❞❡❞ ❜❡t✇❡❡♥ t❤❡ ❧♦✇❡r
✭✈❛❧✐❞ ❢♦r ❛♥② ❘❖▼✮ ❛♥❞ t❤❡ ✉♣♣❡r ✭✈❛❧✐❞ ❢♦r ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ♠♦❞❡❧s✮ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ✭❆♥t♦✉❧❛s
✭✷✵✵✺✮❀ ❘♦✇❧❡② ✭✷✵✵✺✮✮ ❣✐✈❡♥ ❜②✿

σr+1 < ||Ĝ(ω) − Ĝr(ω)||∞ ≤ 2

n1∑

j=r+1

σj ✭✷✳✷✽✮

✇❤❡r❡ n1 ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ❜♦t❤ ♠♦❞❡❧s s✉❝❝❡❡❞ ✐♥ ❝❛♣t✉r✐♥❣ t❤❡
❢✉❧❧ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ✇✐t❤ ❛ s✉♣❡r✐♦r✐t② ♦❢ ❇P❖❉ ♠♦❞❡❧s ♦✈❡r P❖❉ ♦♥❡s✳ ❚❤✐s ❧❛tt❡r
♣♦✐♥t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✱ s❡❡ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✳

✷✳✹ ●❧♦❜❛❧❧② ✉♥st❛❜❧❡ ❝❛s❡✿ t❤❡ sq✉❛r❡ ❝❛✈✐t② ✢♦✇

❍❡r❡ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ sq✉❛r❡ ❝❛✈✐t② ✢♦✇✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ❝♦♥✜❣✉r❛t✐♦♥✱
✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❛s t❤♦s❡ ✉s❡❞ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮ ✇❤♦s❡ ❜❛s❡ ✢♦✇ ❡①❤✐❜✐t 8 ✉♥st❛❜❧❡ ❣❧♦❜❛❧
♠♦❞❡s✳ ❉✉❡ t♦ t❤❡ ✉♥st❛❜❧❡ ♥❛t✉r❡ ♦❢ t❤❡ ✢♦✇✱ ❛♥② ✐♥✐t✐❛❧ ❞✐st✉r❜❛♥❝❡ ✐s ❛♠♣❧✐✜❡❞✱ ❧❡❛❞✐♥❣ t♦ ❧❛r❣❡✲
❛♠♣❧✐t✉❞❡ ♣❡rt✉r❜❛t✐♦♥s ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ t✐♠❡s✳ ❘❡❝❛❧❧✐♥❣ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ❛ss✉♠♣t✐♦♥ ✐♥tr♦❞✉❝❡❞
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❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

❋✐❣✉r❡ ✷✳✼✿ H∞ r❡❧❛t✐✈❡ ♥♦r♠ ♦❢ t❤❡ ❡rr♦r e∞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✐③❡ r ♦❢ t❤❡ r❡❞✉❝❡❞ ♦r❞❡r ♠♦❞❡❧s ❢♦r
✭❛✮ t❤❡ ❇P❖❉ ❛♥❞ ✭❜✮ t❤❡ P❖❉ ♠♦❞❡s✳ ◆♦t❡ t❤❛t t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ❡rr♦r✱ ❝♦♠♣✉t❡❞
❜② ❡q✉❛t✐♦♥ ✭✷✳✷✽✮✱ ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ✭❛✮ ❜② s♦❧✐❞ ❧✐♥❡s✳

✐♥ s❡❝t✐♦♥ ✷✳✷✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ❤❡r❡ ✇✐t❤ t❤❡ ❡❛r❧② ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s✱ ✐✳❡✳ t❤❡ st❛❣❡
✇❤❡r❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛♠♣❧✐t✉❞❡ r❡♠❛✐♥s ✇❡❛❦✳ ■♥ t❤❡ r❡❢❡r❡♥❝❡ ✇♦r❦ ✭❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✮✱ t❤❡
❛✉t❤♦rs ❤❛✈❡ ❞❡s✐❣♥❡❞ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❢♦r ✢♦✇ ❝♦♥tr♦❧ ♣✉r♣♦s❡✳ P❛rt✐❝✉❧❛r❧②✱ t❤❡② s❤♦✇❡❞ t❤❛t
❇P❖❉ ❛♥❞ P❖❉ ♠♦❞❡s ✇❡r❡ s✉❝❝❡ss❢✉❧ ✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ♦❢ t❤❡✐r ✢♦✇✳ ❚❤❡② ✉s❡❞
❛ s♥❛♣s❤♦t ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ❛ t❡♠♣♦r❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ●r❛♠✐❛♥s✱ r❡str✐❝t✐♥❣ t❤❡✐r ❛♣♣r♦❛❝❤ t♦ t❤❡
st❛❜❧❡ s✉❜s♣❛❝❡ ❞②♥❛♠✐❝s✳ ❈♦♥s❡q✉❡♥t❧② t❤❡② ❤❛❞ t♦ ♠♦❞❡❧ t❤❡ ✉♥st❛❜❧❡ ❞②♥❛♠✐❝s s❡♣❛r❛t❡❧②✱ ✉s✐♥❣
t❤❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s✳ ❚❤❡ s❡❝♦♥❞ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ♣r❡s❡♥t❡❞ ❤❡r❡ ✐s ✉s❡❞ ❛s ❛ r❡❢❡r❡♥❝❡ ❝❛s❡
t♦ s❤♦✇ t❤❛t ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts ❡♥❛❜❧❡ t♦ r❡❞✉❝❡ t❤❡ s②st❡♠ ✇✐t❤♦✉t s❡♣❛r❛t✐♥❣ t❤❡ ✉♥st❛❜❧❡ ❛♥❞
st❛❜❧❡ s✉❜s♣❛❝❡s ❛♥❞ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❘❖▼s ②✐❡❧❞ t❤❡ ❝♦rr❡❝t ❢✉❧❧ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ✭♠❡❛♥✐♥❣
❜♦t❤ t❤❡ ❝♦rr❡❝t st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦rs✮✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ r❡❞✉❝❡ t❤❡ s②st❡♠ ✉s✐♥❣
❇P❖❉ ❛♥❞ P❖❉ ♠♦❞❡s✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛♥❞ ✇❡ ♥❡①t ❝♦♠♣❛r❡ ♦✉r r❡s✉❧ts t♦ t❤♦s❡ ♦❜t❛✐♥❡❞
❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✳

✷✳✹✳✶ ❋❧♦✇ ❝♦♥✜❣✉r❛t✐♦♥

❲❡ ❜r✐❡✢② ❞❡s❝r✐❜❡ t❤❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥ st✉❞✐❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚❤❡ sq✉❛r❡ ❝❛✈✐t② ✢♦✇ ♦❢ ✐♥t❡r❡st
❤❛s ✜rst ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙✐♣♣ ✫ ▲❡❜❡❞❡✈ ✭✷✵✵✼✮ ✇❤❡r❡ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr②
❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s ❛✈❛✐❧❛❜❧❡✳ ■t ❝♦♥s✐sts ♦❢ ❛ ✉♥✐❢♦r♠ ✐♥❝♦♠✐♥❣ ✢♦✇ ♦✈❡r ❛ sq✉❛r❡ ❝❛✈✐t②✳ ❚❤❡
❘❡②♥♦❧❞s ♥✉♠❜❡r ❜❛s❡❞ ♦♥ t❤❡ ✉♥✐❢♦r♠ ✉♣str❡❛♠ ✈❡❧♦❝✐t② ❛♥❞ ❝❛✈✐t② ❞❡♣t❤ ✐s ✜①❡❞ t♦ ❘❡ = 7500✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❜❛s❡ ✢♦✇✱ ❞❡✜♥❡❞ ❛s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ st❡❛❞② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ✐s ❞✐s♣❧❛②❡❞ ♦♥
✜❣✉r❡ ✷✳✽ ❜② ✐ts str❡❛♠❧✐♥❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛❝t✉❛t♦r ❛♥❞ s❡♥s♦r ❧♦❝❛t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ ❜♦✉♥❞❛r②
❧❛②❡r st❛rts ❞❡✈❡❧♦♣✐♥❣ ❛t x = −0.4 ✭t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ t♦♣ ❧❡❢t ❝♦r♥❡r
♦❢ t❤❡ sq✉❛r❡ ❝❛✈✐t②✮✳

❋♦❧❧♦✇✐♥❣ t❤❡ ✇♦r❦ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ✇❡ ❝❤♦♦s❡ ❛♥ ❛❝t✉❛t♦r ❝♦♥s✐st✐♥❣ ♦❢ ❛ ♣❛r❛❜♦❧✐❝ ♥♦r♠❛❧
✈❡❧♦❝✐t② ❜❧♦✇✐♥❣ ♥❡❛r t❤❡ ✉♣str❡❛♠ ❡❞❣❡ ♦❢ t❤❡ ❝❛✈✐t②✱ ♦✈❡r t❤❡ str❡❛♠✇✐s❡ ❡①t❡♥t (−7/20 ≤ x ≤ 0, y = 0)✳
❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡② ❛❞♦♣t❡❞ ❛ tr❛♥s❢♦r♠❛t✐♦♥ r❡❢❡rr❡❞ t♦ ❛s ❧✐❢t✐♥❣ ✐♥ ♦r❞❡r t♦ ❢♦r♠✉❧❛t❡ t❤❡ ♣r♦❜❧❡♠ ❛s
❛ ❞r✐✈❡♥ ❤♦♠♦❣❡♥❡♦✉s st❛t❡ s♣❛❝❡ s②st❡♠✳ ❲❡ ✇✐❧❧ ♥♦t ❣♦ ✐♥t♦ ❢✉rt❤❡r ❞❡t❛✐❧s ❛❜♦✉t t❤✐s ♠❛tt❡r ❛s ✐t ✐s
♥♦t ♦✉r ♣♦✐♥t✳ ❨❡t✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡✐r ✐♥♣✉t B ✉s❡❞ t♦ ♣❡r❢♦r♠ ❇P❖❉ ♦r P❖❉ ❘❖▼s ✐s
s♦❧✉t✐♦♥ ♦❢ t❤❡ st❡❛❞② ❜✉t ✐♥❤♦♠♦❣❡♥❡♦✉s ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❣✐✈❡♥ ❢♦r
(−7/20 ≤ x ≤ 0, y = 0) ❜② t❤❡ ✈❡❧♦❝✐t② ♣r♦✜❧❡
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❋✐❣✉r❡ ✷✳✽✿ ❙tr❡❛♠❧✐♥❡s ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ❛t ❘❡ = 7500✳ ❚❤❡ ❛❝t✉❛t♦r ❛♥❞ s❡♥s♦r ❧♦❝❛t✐♦♥s ❛r❡ ❛❧s♦
❞❡♣✐❝t❡❞✳

u(x, y = 0, t) = 0 ✭✷✳✷✾✮

v(x, y = 0, t) = −x(1600x+ 560)

147
✭✷✳✸✵✮

❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s st❡❛❞② ♣r♦❜❧❡♠ ❛♥❞ ❛ss♦❝✐❛t❡❞ ✐♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝♦♥st✐t✉t❡s t❤❡
❛❝t✉❛t✐♦♥ ✇❤✐❝❤ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✐♥♣✉t B ♦♥ t❤❡ ✜♥✐t❡ ✐♥♣✉t✲♦✉t♣✉t s②st❡♠ ✭✷✳✺✮✳ ❚❤❡ s❡♥s♦r ✐s
❧♦❝❛t❡❞ ♥❡❛r t❤❡ ❞♦✇♥str❡❛♠ ❡❞❣❡ ♦❢ t❤❡ ❝❛✈✐t②✱ ♦♥ t❤❡ s❡❣♠❡♥t (1 ≤ x ≤ 1.1, y = 0)✳ ❚❤❡ ♦✉t♣✉t ✐s t❤❡
✇❛❧❧✲♥♦r♠❛❧ s❤❡❛r str❡ss ❡✈❛❧✉❛t❡❞ ❛t ❛♥❞ ✐♥t❡❣r❛t❡❞ ♦✈❡r ❛ ❧♦❝❛❧✐③❡❞ r❡❣✐♦♥ ♦❢ t❤❡ ✇❛❧❧✿

m(t) =

∫ x=1.1

x=1

∂u

∂y

∣
∣
∣
∣
y=0

(t) dx ✭✷✳✸✶✮

❙✐♠✐❧❛r❧②✱ t❤✐s ♠❡❛s✉r❡♠❡♥t ✐s ❡①♣r❡ss❡❞ ❜② t❤❡ ♠❛tr✐① C ♦♥ t❤❡ ✜♥✐t❡ s②st❡♠ ✭✷✳✺✮ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡
❞✐s❝r❡t✐③❛t✐♦♥ ♦♥ ❛ ❣✐✈❡♥ ♠❡s❤✳ ◆♦t❡ t❤❛t ✇❡ ❝❤♦♦s❡ t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦❛❝❤ ❜❛s❡❞
♦♥ t❤❡ s❛♠❡ ♥♦♥✲str✉❝t✉r❡❞ tr✐❛♥❣✉❧❛r ♠❡s❤ ❛s t❤❛t ✉s❡❞ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞
❛♥② ♥✉♠❡r✐❝❛❧ ❡✛❡❝t✳ ❚❤✐s ♦♥❡ r❡s✉❧ts ✐♥ n1 ≈ 780 000 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ st❡♠♠✐♥❣ ❢r♦♠ ❛❜♦✉t 200 000
tr✐❛♥❣❧❡s✳

❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ t❤❡ ❜❛s❡ ✢♦✇ ✐s ❣❧♦❜❛❧❧② ✉♥st❛❜❧❡ ❛t ❘❡ = 7500✳ ❆ ❣❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢
t❤❡ ✢♦✇ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ✇❡ ❜r✐❡✢② s✉♠♠❛r✐③❡ t❤❡✐r r❡s✉❧ts ❤❡r❡✳ ❚❤❡ s②st❡♠
♦❢ ❡q✉❛t✐♦♥s ✭✷✳✺✮ ❛❧❧♦✇s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ ❣❧♦❜❛❧ s♣❡❝tr✉♠ ❛♥❞ ❛ss♦❝✐❛t❡❞ ♠♦❞❡s ✈✐❛ t❤❡
❝♦♠♠♦♥ ❛ss✉♠♣t✐♦♥ ♦❢ ❛♥ ❡①♣♦♥❡♥t✐❛❧ t✐♠❡✲❞❡♣❡♥❞❡♥❝❡ ❡①♣r❡ss❡❞ ❛s X1(x, y, t) = X̃1(x, y)e

γt ✇❤❡r❡
γ ∈ C ✐s t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ X̃1 t❤❡ ❡✐❣❡♥✈❡❝t♦r ❣✐✈❡♥ ❜②

AX̃1 = γX̃1 ✭✷✳✸✷✮

❊✐❣❡♥✈❛❧✉❡s ❛r❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ γ = α+jω ✇❤❡r❡ α ✐s t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ r❛t❡ ❛♥❞ ω t❤❡ ♣✉❧s❛t✐♦♥ s♦ t❤❛t
✉♥st❛❜❧❡ ♠♦❞❡s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② α > 0✳ ❚❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ♣❛rt ♦❢ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠✱ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s✱ ❤❛s ❜❡❡♥ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✷✳✾✳ ❚❤✐s st❛❜✐❧✐t② ❛♥❛❧②s✐s ❞✐s♣❧❛②s
4 ✉♥st❛❜❧❡ ✧♣❤②s✐❝❛❧✧ ❣❧♦❜❛❧ ♠♦❞❡s✱ ✐✳❡✳ 8 ✐❢ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡s ❛r❡ ❝♦✉♥t❡❞✳ ❚❤❡s❡ ❢♦✉r ✉♥st❛❜❧❡
♠♦❞❡s ❛r❡ ❞❡♥♦t❡❞ ❜② E−3✱ E−2✱ E−1 ❛♥❞ E0 ❛s ✐♥ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡
❛❧s♦ ❤✐❣❤❧✐❣❤t❡❞ ❛ st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡✱ ❞❡♥♦t❡❞ ❜② E2✱ ✇❤✐❝❤ ❞✐s♣❧❛②s ❛ ♣r♦♠✐♥❡♥t ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡
✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✱ s❡❡ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❚❤❡ r♦❧❡ ♦❢ t❤✐s ♣❛rt✐❝✉❧❛r ♠♦❞❡ ✐s ✐❧❧✉str❛t❡❞
❜❡❧♦✇✳

✻✾
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❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

❋✐❣✉r❡ ✷✳✾✿ P❛rt ♦❢ t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥s♣❡❝tr✉♠ ♦❢ t❤❡ sq✉❛r❡ ❝❛✈✐t② ✢♦✇ ❛t ❘❡ = 7500 ✭t❛❦❡♥ ❢r♦♠
❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✮✳

✷✳✹✳✷ ❋r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts

❙✐♠✐❧❛r❧② t♦ t❤❡ ✢♦✇ ♦✈❡r t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✱ t❤❡ ❢r❡q✉❡♥t✐❛❧ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t s♥❛♣s❤♦ts r❡q✉✐r❡❞
❢♦r t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❛r❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✶✻✮ ❛♥❞ ✭✷✳✶✼✮✳ ❲❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ 499
❡q✉✐s♣❛❝❡❞ ❝♦♠♣❧❡① ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts X̂1 ❛♥❞ Ŷ1 ❢r♦♠ ω = 0 t♦ ω = 35✱ r❡s✉❧t✐♥❣ ✐♥ nd = na = 998✳
❙✐♥❝❡ t❤❡ ❢✉❧❧ s②st❡♠ ✐s ✉♥st❛❜❧❡✱ t❤❡s❡ ❝♦♠♣❧❡① ✢♦✇ st❛t❡s ❝❛♥ ♥♦ ❧♦♥❣❡r ❜❡ ✐♥t❡r♣r❡t❡❞ ♣❤②s✐❝❛❧❧② ❛s
❧♦♥❣ t✐♠❡ r❡s♣♦♥s❡s t♦ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣s✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥✈❡rs✐♦♥ r❡q✉✐r❡❞ t♦ s♦❧✈❡ ❡q✉❛t✐♦♥s ✭✷✳✶✻✮
❛♥❞ ✭✷✳✶✼✮ r❡♠❛✐♥ tr❛❝t❛❜❧❡ ❛s ❢❛r ❛s t❤❡r❡ ❛r❡ ♥♦ ♠❛r❣✐♥❛❧ ♠♦❞❡s✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ❤❡r❡✳ ❲❡ ❤❛✈❡
r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✷✳✶✵ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♥❛♣s❤♦ts ❦✐♥❡t✐❝ ❡♥❡r❣② ‖X̂1‖2 ❛♥❞ ‖Q1Ŷ1‖2 ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ ω✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❜♦t❤ q✉❛♥t✐t✐❡s ❞✐s♣❧❛② 5 ♣❡❛❦s ❛♥❞ ❡✈❡♥t✉❛❧❧② ❞❡❝r❡❛s❡ q✉✐t❡ ❛❜r✉♣t❧② ❢♦r ❤✐❣❤❡r
❢r❡q✉❡♥❝✐❡s✳ ❚❤❡s❡ ♣❡❛❦s ❛r❡ ❛❝t✉❛❧❧② r❡s✉❧t✐♥❣ ❢r♦♠ ❛ ♣s❡✉❞♦✲r❡s♦♥❛♥❝❡ ✇✐t❤ ♥❡❛r❜② ❣❧♦❜❛❧ ♠♦❞❡s✳
❚❤✐s st❛t❡♠❡♥t ✐s ❛r❣✉❡❞ ❜② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❧♦❜❛❧ ♠♦❞❡s ❜②
❞❛s❤❡❞ ❧✐♥❡s✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ t❤❡ ❢♦✉r ❤✐❣❤❡st ❢r❡q✉❡♥❝✐❡s ❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡ ✷✳✶✵ ❝♦rr❡s♣♦♥❞ t♦ t❤❡
❢♦✉r ✐s♦❧❛t❡❞ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s ❧❛❜❡❧❡❞ E−3✱ E−2✱ E−1 ❛♥❞ E0✳ ❲✐t❤✐♥ t❤✐s s❡t✱ ✇❡ ♦❜s❡r✈❡ t❤❛t
t❤❡ ♠♦❞❡s ❤❛✈✐♥❣ t❤❡ s♠❛❧❧❡st ❣r♦✇t❤ r❛t❡ ❧❡❛❞ t♦ t❤❡ ❤✐❣❤❡st ❡♥❡r❣② ♣❡❛❦✱ ❡♠♣❤❛s✐③✐♥❣ t❤❡ ♣s❡✉❞♦✲
r❡s♦♥❛♥❝❡ ♣❤❡♥♦♠❡♥♦♥✳ ❆s ❢♦r t❤❡ ✜rst ❧♦✇✲❢r❡q✉❡♥❝② ♣❡❛❦ ❛t ω ≈ 4.54✱ ✐t ✐s r❡❧❛t❡❞ t♦ t❤❡ st❛❜❧❡
❣❧♦❜❛❧ ♠♦❞❡ E2✳ ❚❤✐s ♣❛rt✐❝✉❧❛r ♠♦❞❡ ❤❛s ❜❡❡♥ s❤♦✇♥ ✭❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✮ t♦ ❤❛✈❡ ❛♥ ✐♠♣♦rt❛♥t
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ✐s ❜♦t❤ str♦♥❣❧② ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡✳
■♥t❡r❡st✐♥❣❧②✱ ✇❡ r❡❝♦✈❡r ❛ ♣❡❛❦ ♦❢ ❡♥❡r❣② ❢♦r ❜♦t❤ t❤❡ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t s♥❛♣s❤♦ts ❛t ✐ts ❢r❡q✉❡♥❝②✳

✷✳✹✳✸ ❘❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s

❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✱ t❤❡ s♥❛♣s❤♦ts ❛r❡ ✉s❡❞ t♦ ❜✉✐❧❞ ❇P❖❉ ❛♥❞ P❖❉
❜❛s❡❞ ❘❖▼s ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❚❤❡ ✜rst 40 ❍❙❱s σj ❛♥❞ ✜rst 200 P❖❉
❡✐❣❡♥✈❛❧✉❡s λj ❝♦♠♣✉t❡❞ ❢♦r t❤❡ sq✉❛r❡ ❝❛✈✐t② ✢♦✇ ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡s ✷✳✶✶✭❛✮ ❛♥❞ ✭❜✮ r❡s♣❡❝t✐✈❡❧②✳
❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸✱ ❛ s✐❣♥✐✜❝❛♥t ❞r♦♣ ✐♥ t❤❡ ❍❙❱s ✐s ♦❜s❡r✈❡❞ ❛♥❞ t❤❡
✜rst ♦♥❡s ❛r❡ s❡❡♥ t♦ ❝♦♠❡ ✐♥ ♣❛✐rs ❞✉❡ t♦ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ tr❛✈❡❧✐♥❣ str✉❝t✉r❡s ❜② t❤❡ s✉♣❡r♣♦s✐t✐♦♥
♦❢ ♠♦❞❡s t❤❛t ❛r❡ 90◦ ♦✉t ♦❢ ♣❤❛s❡✳ ▼♦r❡♦✈❡r✱ t❤❡ s❛♠❡ ♦❜s❡r✈❛t✐♦♥s ❤♦❧❞ ❢♦r t❤❡ P❖❉ ❡✐❣❡♥✈❛❧✉❡s✳
❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r❡✈✐♦✉s ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡✱ ✐t ✇❛s ❢♦✉♥❞ t❤❛t t❤❡ 499 ❝♦♠♣✉t❡❞ s♥❛♣s❤♦ts ❛r❡ s✉✣❝✐❡♥t
❢♦r ❛♥ ❛❝❝✉r❛t❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❇P❖❉✴P❖❉ ♠♦❞❡s ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s✳
❚❤❡ r❡s✉❧t✐♥❣ ❘❖▼s ❞❡✜♥❡❞ ❜② ❡q✉❛t✐♦♥ ✭✷✳✻✮ ❛r❡ ❢♦✉♥❞ t♦ ❜❡ ✉♥st❛❜❧❡ ✇✐t❤ ❜♦t❤ ❇P❖❉ ❛♥❞ P❖❉
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✷✳✹✳ ●▲❖❇❆▲▲❨ ❯◆❙❚❆❇▲❊ ❈❆❙❊✿ ❚❍❊ ❙◗❯❆❘❊ ❈❆❱■❚❨ ❋▲❖❲

❋✐❣✉r❡ ✷✳✶✵✿ ❊♥❡r❣② ♦❢ t❤❡ ❞✐r❡❝t X̂1 ❛♥❞ ❛❞❥♦✐♥t Q1Ŷ1 s♥❛♣s❤♦ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ω✳ ❚❤❡ ❧✐♥❡s ✐♥❞✐❝❛t❡
t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ ♥❡❛r❜② ❣❧♦❜❛❧ ♠♦❞❡s E2✱ E−1✱ E−3✱ E−2 ❛♥❞ E0 ✭♦r❞❡r❡❞ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✮✳

❋✐❣✉r❡ ✷✳✶✶✿ ✭❛✮ ❋✐rst 40 ❍❙❱s σj ❛♥❞ ✭❜✮ ✜rst 200 P❖❉ ❡✐❣❡♥✈❛❧✉❡s λj ✳

♠♦❞❡❧s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ r❡❞✉❝❡❞ ♠❛tr✐❝❡s Ar ♥♦✇ ♣♦ss❡ss ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡s✱ ✇❤✐❝❤ ✐s ♥♦t s✉r✲
♣r✐s✐♥❣ s✐♥❝❡ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ✐s ✉♥st❛❜❧❡✳ ❋♦r ✉♥st❛❜❧❡ s②st❡♠s✱ t❤❡ ✉s✉❛❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ❛r❡
♥♦ ♠♦r❡ ❞❡✜♥❡❞✳ ❨❡t✱ ♦♥❡ ❝❛♥ st✐❧❧ ❝♦♠♣✉t❡ t❤❡ ✧❢r❡q✉❡♥❝② r❡s♣♦♥s❡✧ ♦❢ t❤❡ ❢✉❧❧ ✉♥st❛❜❧❡ s②st❡♠
Ĝ(ω) = C(jωI − A)−1B ❛♥❞ ♦❢ t❤❡ ❘❖▼s Ĝr(ω) = Cr(jωIr − Ar)

−1Br ❛s ❧♦♥❣ ❛s t❤❡r❡ ❛r❡ ♥♦ ♠❛r❣✐♥❛❧
♠♦❞❡s✳ ❚❤✐s ❧❛tt❡r q✉❛♥t✐t② ♠❛② ❜❡ ✉s❡❢✉❧ t♦ ❛ss❡ss t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❘❖▼s ✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ❢✉❧❧
✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✱ ❛❧❧ t❤❡ ♠♦r❡ s♦ ❛s ❩❤♦✉ ❡t ❛❧✳ ✭✶✾✾✾✮ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ✉♣♣❡r t❤❡♦r❡t✐❝❛❧
❜♦✉♥❞ ♦♥ t❤❡ H∞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❡rr♦r e∞(r)✱ ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✷✽✮✱ st✐❧❧ ❤♦❧❞s ❢♦r t❤❡ ❜❛❧❛♥❝❡❞
tr✉♥❝❛t✐♦♥ ♦❢ ♣♦ss✐❜❧② ✉♥st❛❜❧❡ s②st❡♠s✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✷✳✶✷ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r e∞(r)
❞❡✜♥❡❞ ❜② ❡q✉❛t✐♦♥ ✭✷✳✷✼✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❝❛✈✐t② ✢♦✇ t♦❣❡t❤❡r ✇✐t❤ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ❣✐✈❡♥ ❜② ✭✷✳✷✽✮✳
❚❤❡ ❡rr♦r ✐s ✐♥❞❡❡❞ ♦❜s❡r✈❡❞ t♦ ❧✐❡ ❜❡t✇❡❡♥ t❤❡s❡ ❜♦✉♥❞s ❛♥❞ ❞❡❝r❡❛s❡ ✇❤✐❧❡ ✐♥❝r❡❛s✐♥❣ t❤❡ s✐③❡ r ♦❢ t❤❡
❘❖▼s✱ ❧✐♥❦✐♥❣ ❢❛✈♦r❛❜❧② ♦✉r r❡s✉❧ts t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ❜② ❩❤♦✉ ❡t ❛❧✳ ✭✶✾✾✾✮✳ ❚❤✐s ✜rst r❡s✉❧t
✐❧❧✉str❛t❡s t❤❡ r❡❧❡✈❛♥❝② ❛♥❞ ❛❜✐❧✐t② ♦❢ ❇P❖❉ ♠♦❞❡❧s t♦ ❝❛♣t✉r❡ t❤❡ ♦✈❡r✲❛❧❧ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ♦❢
♦✉r ✉♥st❛❜❧❡ s②st❡♠✳ ❍♦✇❡✈❡r✱ ✇❡ ♥❡①t ♣r♦✈✐❞❡ ❛ ❞❡❡♣❡r ✐♥s✐❣❤t ✐♥t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❇P❖❉ ❛♥❞
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❈❍❆P❚❊❘ ✷✳ ▼❖❉❊▲ ❘❊❉❯❈❚■❖◆ ❖❋ ❚❍❊ ■◆P❯❚✲❖❯❚P❯❚ ❉❨◆❆▼■❈❙ ❇❨ ▼❊❆◆❙ ❖❋

❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

❋✐❣✉r❡ ✷✳✶✷✿ ❘❡❧❛t✐✈❡ ❡rr♦r e∞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✐③❡ r ♦❢ t❤❡ ❘❖▼s ❢♦r t❤❡ ❇P❖❉ ♠♦❞❡❧s✳ ❚❤❡ ✉♣♣❡r
❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ❡rr♦r✱ ❝♦♠♣✉t❡❞ ❜② ❡q✉❛t✐♦♥ ✭✷✳✷✽✮✱ ❛r❡ ❛❧s♦ ❞✐s♣❧❛②❡❞ ❜② t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r
s♦❧✐❞ ❧✐♥❡s✳

P❖❉ ♠♦❞❡❧s ✐♥ ♠♦❞❡❧✐♥❣ t❤❡ ✉♥st❛❜❧❡ ❛♥❞ st❛❜❧❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r✳ ❚❤✐s ✐ss✉❡ ❤❛s ❜❡❡♥ ❧❛r❣❡❧②
✐♥✈❡st✐❣❛t❡❞ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮ ❛s t❤❡② s❤♦✇❡❞ t❤❛t t❤❡ ❛❝❝✉r❛t❡ ♠♦❞❡❧✐♥❣ ♦❢ ❡❛❝❤ s✉❜s♣❛❝❡ ✐s
❡ss❡♥t✐❛❧ ✇❤❡♥ ✐t ❝♦♠❡s t♦ ❡✛❡❝t✐✈❡ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ❞❡s✐❣♥✳ ❆s ❛ r❡s✉❧t✱ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ✐s ❣✐✈❡♥
t♦ t❤❡♠ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥✳

✷✳✹✳✸✳✶ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✉♥st❛❜❧❡ s✉❜s♣❛❝❡s

❇❡❝❛✉s❡ ♦❢ t❤❡✐r ❛❜✐❧✐t② t♦ ♠♦❞❡❧ t❤❡ ✐♥❤❡r❡♥t ✐♥st❛❜✐❧✐t✐❡s ❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧✐t②✱
t❤❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s ❝♦♠❡ ♦✉t ❛s t❤❡ ♠♦st ♥❛t✉r❛❧ ❜❛s✐s ♦❢ t❤❡ ✉♥st❛❜❧❡ s✉❜s♣❛❝❡✳ ❇❡s✐❞❡s✱
❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✶✵✮ ❛♥❞ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮ ❞✐r❡❝t❧② ✉s❡❞ t❤❡♠ t♦ r❡♣r❡s❡♥t t❤❡ ❞②♥❛♠✐❝s ♦❢
t❤❡✐r ✉♥st❛❜❧❡ s✉❜s♣❛❝❡✱ ❧❡❛❞✐♥❣ t♦ ❛♥ ✧❡①❛❝t✧ ♠♦❞❡❧ s✐♥❝❡ ♥♦ ♠♦❞❡❧✐♥❣ ❛ss✉♠♣t✐♦♥s ❛r❡ ✐♥✈♦❦❡❞✳ ❚❤❡
✉♥st❛❜❧❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❘❖▼s ✐s t❤✉s ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡ t❤r♦✉❣❤ t❤❡✐r ✉♥st❛❜❧❡ ♠♦❞❡s✳
❚❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ❛♥❞ ❣❧♦❜❛❧ ♠♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❘❖▼s ✐s ♦❜t❛✐♥❡❞ ❜② ❞✐r❡❝t❧② ❝♦♠♣✉t✐♥❣ t❤❡
❡✐❣❡♥✈❛❧✉❡s✴❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ r❡❞✉❝❡❞ ♠❛tr✐① Ar✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✷✳✶✸✭❛✮ t❤❡ ♥✉♠❜❡r
♦❢ ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✐③❡ r ♦❢ t❤❡ ❇P❖❉ ♠♦❞❡❧s✳ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t ♠♦❞❡❧s ♦❢
s✉✣❝✐❡♥t❧② ❤✐❣❤ s✐③❡ ❡✈❡♥t✉❛❧❧② ❡①❤✐❜✐t 8 ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s ❥✉st ❧✐❦❡ t❤❡ ❢✉❧❧ s②st❡♠✳ ❚❤❡ ♥✉♠❜❡r ♦❢
✉♥st❛❜❧❡ ♠♦❞❡s r✐s❡ q✉✐❝❦❧② t♦ r❡❛❝❤ 8 ❢♦r ❛ ♠♦❞❡❧ ♦❢ s✐③❡ r = 15 ✇❤✐❝❤ ✐s ❤✐❣❤❧✐❣❤t❡❞ ♦♥ t❤❡ ✜❣✉r❡ ❜② ❛
❞❛s❤❡❞ ❧✐♥❡✳ ❲❡ ♥♦t❡ t❤❛t ❇P❖❉ ♠♦❞❡❧s ♦❢ s✐③❡ 24 ❛♥❞ 32 ♣♦ss❡ss 9 ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s✱ ✇❤✐❝❤ ♠❛②
❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ t♦ ♥✉♠❡r✐❝❛❧ ✐ss✉❡s✳ ❋✐❣✉r❡ ✷✳✶✸✭❜✮ r❡♣r❡s❡♥ts t❤❡ s❛♠❡
✐♥❢♦r♠❛t✐♦♥ ❢♦r P❖❉ ♠♦❞❡❧s✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥st❛❜❧❡ ♠♦❞❡s r✐s❡s ✉♥t✐❧ t❤❡ ✈❛❧✉❡ ♦❢ 8 ❜✉t t❤✐s
✐♥❝r❡❛s❡ ✐s ♠✉❝❤ ♠♦r❡ ❡rr❛t✐❝ t❤❛♥ ❢♦r ❇P❖❉ ♠♦❞❡❧s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ♠♦❞❡❧ s✐③❡ r❡q✉✐r❡❞ t♦ ❣❡t t❤❡
8 ✉♥st❛❜❧❡ ♠♦❞❡s ✐s r = 82 ✭❞❡♣✐❝t❡❞ ❜② ❛ ❞❛s❤❡❞ ❧✐♥❡ ♦♥ t❤❡ ✜❣✉r❡✮ ✇❤✐❝❤ ✐s ❢❛r ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥
❢♦r ❇P❖❉ ♠♦❞❡❧s✳
❚❤❡ ✉♥st❛❜❧❡ ♣❛rt (α > 0) ♦❢ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ❛♥❞ t❤♦s❡ ♦❢ s❡✈❡r❛❧ ❇P❖❉ ❛♥❞ P❖❉
♠♦❞❡❧s ❛r❡ ❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡ ✷✳✶✹✭❛✮ ❛♥❞ ✷✳✶✹✭❜✮ r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❝❡ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ✐s s②♠♠❡tr✐❝
❛❜♦✉t t❤❡ ❛①✐s ✭ω = 0✮✱ ♦♥❧② t❤❡ ✉♣♣❡r ❝♦♠♣❧❡① ❤❛❧❢✲♣❧❛♥ ✭ω > 0✮ ✐s r❡♣r❡s❡♥t❡❞✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
t❤❡ ❢✉❧❧ s②st❡♠ ❡✐❣❡♥s♣❡❝tr✉♠ ✭❛♥❞ ❡✐❣❡♥✈❡❝t♦rs✮ ✐s ❜❛s❡❞ ♦♥ ❛ ❝❧❛ss✐❝❛❧ s❤✐❢t ❛♥❞ ✐♥✈❡rt ✐t❡r❛t✐✈❡ ❆r♥♦❧❞✐
❛❧❣♦r✐t❤♠✳ ❚❤❡ r❡s✉❧ts ♦♥ ❇P❖❉ ♠♦❞❡❧s✱ ❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡ ✷✳✶✹✭❛✮✱ s❤♦✇ t❤❛t t❤❡ ✉♥st❛❜❧❡ ❡✐❣❡♥✈❛❧✉❡s
♦❢ t❤❡ ❘❖▼s q✉✐❝❦❧② t❡♥❞ t♦ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮ ♦♥ t❤❡ ❢✉❧❧ s②st❡♠ ❛s t❤❡ ♠♦❞❡❧
s✐③❡ r ✐s ✐♥❝r❡❛s❡❞✳ ❆s ❢♦r P❖❉ ♠♦❞❡❧s✱ ❛ s✐♠✐❧❛r ❜❡❤❛✈✐♦r ✐s ♦❜s❡r✈❡❞ ♦♥ ✜❣✉r❡ ✷✳✶✹✭❜✮ t❤♦✉❣❤ ♠✉❝❤
♠♦r❡ ♠♦❞❡s ❛r❡ r❡q✉✐r❡❞ t♦ r❡❝♦✈❡r t❤❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s ♦❢ t❤❡ ❢✉❧❧ s②st❡♠✳
❚❤✐s ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✉♥st❛❜❧❡ ❡✐❣❡♥♠♦❞❡s ✐s ❢✉rt❤❡r ♦✉t❧✐♥❡❞ ✐♥ t❛❜❧❡ ✷✳✶ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❧✐st❡❞ t❤❡
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❋✐❣✉r❡ ✷✳✶✸✿ ◆✉♠❜❡r ♦❢ ✉♥st❛❜❧❡ ♠♦❞❡s ❢♦r ✭❛✮ t❤❡ ❇P❖❉ ♠♦❞❡❧s ❛♥❞ ✭❜✮ t❤❡ P❖❉ ♠♦❞❡❧s✳ ❇♦t❤ ❘❖▼s
❡①❤✐❜✐ts 8 ✉♥st❛❜❧❡ ♠♦❞❡s ❢r♦♠ t❤❡ ❞❛s❤❡❞ ❧✐♥❡s st❛♥❞✐♥❣ ❢♦r r = 15 ❛♥❞ r = 82 r❡s♣❡❝t✐✈❡❧②✳

E−3 E−2 E−1 E0

❙✐③❡ α ω α ω α ω α ω

❇P❖❉

15 0.874806 10.77852 0.723728 13.8188 0.464693 7.884405 0.032403 16.73146
20 0.889216 10.8997 0.728018 13.8042 0.465734 7.88121 0.0324203 16.7315
30 0.890282 10.9011 0.728619 13.8037 0.465488 7.88134 0.0324236 16.7315
40 0.890204 10.9004 0.728317 13.8039 0.465577 7.88133 0.0324238 16.7315

P❖❉

82 0.540170 10.93990 0.417714 14.20645 0.401845 7.842179 0.020019 16.74988
120 0.915394 10.8931 0.748506 13.7754 0.47076 7.88286 0.0303051 16.7293
160 0.88925 10.9022 0.722727 13.8058 0.466002 7.88255 0.0215329 16.7345
200 0.891552 10.9028 0.727882 13.8094 0.466655 7.88173 0.0275948 16.7415

❋✉❧❧ ❙②st❡♠ 778 410 0.890451 10.9008 0.728513 13.8037 0.465557 7.88173 0.032426 16.7315

❚❛❜❧❡ ✷✳✶✿ ●r♦✇t❤ r❛t❡s α ❛♥❞ ♣✉❧s❛t✐♦♥ ω ♦❢ t❤❡ ✉♥st❛❜❧❡ ♠♦❞❡s ❧❛❜❡❧❡❞ E−3✱ E−2✱ E−1 ❛♥❞ E0 ♦❢ t❤❡
❢✉❧❧ s②st❡♠ ❛♥❞ t❤♦s❡ ♦❢ s❡✈❡r❛❧ ❘❖▼s✳ ❚❤❡ s✐③❡ ❝♦❧✉♠♥ st❛♥❞ ❢♦r t❤❡ s✐③❡ r ♦❢ t❤❡ ❘❖▼s ❛♥❞ ✐s ❡q✉❛❧
t♦ n1 ❢♦r t❤❡ ❢✉❧❧ s②st❡♠✳

❣r♦✇t❤ r❛t❡ α ❛♥❞ ♣✉❧s❛t✐♦♥ ω ♦❢ t❤❡ ✉♥st❛❜❧❡ ♠♦❞❡s ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ❛♥❞ t❤♦s❡ ♦❢ s❡✈❡r❛❧ ❘❖▼s✳ ◆♦t❡
t❤❛t t❤❡ ❝♦❧✉♠♥ t✐t❧❡❞ ✧❙✐③❡✧ st❛♥❞s ❢♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ s✐③❡✱ t❤❛t ✐s r ❢♦r t❤❡ ❘❖▼s ❛♥❞ n1 ❢♦r
t❤❡ ❢✉❧❧ s②st❡♠✳ ❲❡ ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡ ✉♥st❛❜❧❡ ♠♦❞❡s ❧❛❜❡❧❡❞ E−3✱ E−2✱ E−1 ❛♥❞ E0 ❝♦✉❧❞ ❜❡ ❝❧❡❛r❧②
✐❞❡♥t✐✜❡❞ ❢♦r ❇P❖❉ ♠♦❞❡❧s ✇✐t❤ r ≥ 15 ❛♥❞ P❖❉ ♠♦❞❡❧s ✇✐t❤ r ≥ 82 ❛s t❤❡✐r ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s
❢r❡q✉❡♥❝② ❛♣♣r♦①✐♠❛t❡s ❝♦rr❡❝t❧② t❤♦s❡ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ✇✐t❤ ❛ 2 ❞✐❣✐ts ❛❝❝✉r❛❝②✳ ❚❤❡ s✉♣❡r✐♦r✐t② ♦❢
❇P❖❉ ♠♦❞❡❧s ♦✈❡r P❖❉ ♦♥❡s ✐s ♠♦r❡ q✉❛♥t✐t❛t✐✈❡❧② ✐❧❧✉str❛t❡❞ ❜② t❤❡s❡ r❡s✉❧ts✳ ◆♦t❡ t❤❛t s♦♠❡ ❢✉rt❤❡r
✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ♦❢ P❖❉ ♠♦❞❡❧s ✐s ♣r♦✈✐❞❡❞ ✐♥ ❛♣♣❡♥❞✐① ✷✳❈✳
❲❡ ♥♦✇ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ✉♥st❛❜❧❡ s✉❜s♣❛❝❡s✳ ■♥ ♦✉r ❝❛s❡✱ t❤❡② ❛r❡ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ ✭8 ✐♥
t❤❡ ❝❛s❡ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠✮ ❛♥❞ t❤❡✐r ♠♦st ♥❛t✉r❛❧ ❜❛s✐s ✐s s✐♠♣❧② ❣✐✈❡♥ ❜② t❤❡ ✉♥st❛❜❧❡ ❡✐❣❡♥✈❡❝t♦rs✳
❇② ❝♦♠♣✉t✐♥❣ t❤❡ ✉♥st❛❜❧❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❘❖▼s✱ ✇❡ ❝♦♠❡ t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t✱ ❢♦r ♠♦❞❡❧s ♦❢
s✉✣❝✐❡♥t s✐③❡✱ t❤❡② ♠❛t❝❤ t❤♦s❡ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ♦♥❝❡ r❡❜✉✐❧t ✐♥ t❤❡✐r ♦r✐❣✐♥❛❧ ❜❛s✐s✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞
✐♥ ✜❣✉r❡ ✷✳✶✺✭❛✱❜✮ ✇❤❡r❡ ✇❡ ❞❡♣✐❝t t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❣❧♦❜❛❧
♠♦❞❡ E−3 ❛ss♦❝✐❛t❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ t❤❡ ❢✉❧❧ s②st❡♠ ❛♥❞ ❛ P❖❉ ♠♦❞❡❧ ♦❢ s✐③❡ 150✳ ◆♦t❡ t❤❛t t❤❡
♠♦❞❡ ❜✉✐❧t ❢r♦♠ t❤❡ P❖❉ ❘❖▼ ✐s ❝♦♠♣✉t❡❞ ❜② R1X̃1r ✇❤❡r❡ X̃1r ✐s t❤❡ r❡❞✉❝❡❞ ✉♥st❛❜❧❡ ❡✐❣❡♥✈❡❝t♦r✳
❚❤❡ t✇♦ r❡s✉❧t✐♥❣ ✢♦✇ str✉❝t✉r❡s ❛r❡ ♦❜s❡r✈❡❞ t♦ ❜❡ ❛❧♠♦st ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ❧❛tt❡r
♦❜s❡r✈❛t✐♦♥ ❤♦❧❞s ✭♥♦t s❤♦✇♥ ❤❡r❡✮ ❢♦r t❤❡ 3 ♦t❤❡r ✉♥st❛❜❧❡ ♠♦❞❡s ❛♥❞ ❢♦r ❇P❖❉ ❘❖▼s ✭❝♦♠♣✉t❡❞
❜② T1X̃1r✮✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ t❤✉s ❞❡♠♦♥str❛t❡❞ t❤❛t ❜♦t❤ t❤❡ ❇P❖❉ ❛♥❞ P❖❉ ♣r♦❝❡❞✉r❡s
✭❢♦r ♠♦❞❡❧s ♦❢ s✉✣❝✐❡♥t s✐③❡✮ ❛r❡ s✉❝❝❡ss❢✉❧ ✐♥ ♠♦❞❡❧✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ✉♥st❛❜❧❡ s✉❜s♣❛❝❡ ✐♥s♦❢❛r ❛s t❤❡
✉♥st❛❜❧❡ s✉❜s♣❛❝❡ ♦❢ t❤❡ ❘❖▼s ♣♦ss❡ss❡s t❤❡ s❛♠❡ ♥❛t✉r❛❧ ❜❛s✐s✳

✷✳✹✳✸✳✷ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ st❛❜❧❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s

❚❤❡ st❛❜❧❡ s✉❜s♣❛❝❡ ✐s✱ ❛s ♦❢t❡♥✱ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ t❤❡ ♠❛✐♥ ❡✛♦rt ✐♥ r❡❞✉❝✐♥❣ t❤❡ s②st❡♠✬s ❞✐♠❡♥s✐♦♥
✐s ❡①♣❡♥❞❡❞ r❡❞✉❝✐♥❣ t❤❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ st❛❜❧❡ s✉❜s♣❛❝❡✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❝♦♥t❛✐♥s s✉❜st❛♥t✐❛❧ ♣❤②s✐❝❛❧
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❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

✭❛✮ ❊✐❣❡♥s♣❡❝tr✉♠ ♦❢ ❇P❖❉ ♠♦❞❡❧s✳ ✭❜✮ ❊✐❣❡♥s♣❡❝tr✉♠ ♦❢ P❖❉ ♠♦❞❡❧s✳

❋✐❣✉r❡ ✷✳✶✹✿ ❯♥st❛❜❧❡ ❡✐❣❡♥s♣❡❝tr✉♠ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ✈❡rs✉s t❤♦s❡ ♦❢ ❇P❖❉✴P❖❉ r❡❞✉❝❡❞ ♠♦❞❡❧s✳

✭❛✮ ❙♦❧✉t✐♦♥ ♦❢ ❛ s❤✐❢t ❛♥❞ ✐♥✈❡rt ❆r♥♦❧❞✐ ❛❧❣♦✲
r✐t❤♠✳

✭❜✮ ❙♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧ ❜✉✐❧t ✇✐t❤
150 P❖❉ ♠♦❞❡s✳

❋✐❣✉r❡ ✷✳✶✺✿ ❘❡❛❧ ♣❛rt ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❡✐❣❡♥✈❡❝t♦r E−3✳

✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✳ ❙✐♠✐❧❛r❧② t♦ ♣r❡✈✐♦✉s st✉❞✐❡s ✭❆❤✉❥❛
✫ ❘♦✇❧❡② ✭✷✵✶✵✮❀ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✮✱ ✇❡ ❛ss❡ss t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❘❖▼s ✐♥ ♠♦❞❡❧✐♥❣ t❤❡ ❡①❛❝t
st❛❜❧❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ❜② ❝♦♠♣✉t✐♥❣ t❤❡✐r st❛❜❧❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳
❚❤❡ st❛❜❧❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❡✐t❤❡r ❜② Ĝs(ω) = C(jωI−As)

−1B✱ ✇❤❡r❡
As ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ A ♦♥ ✐ts st❛❜❧❡ s✉❜s♣❛❝❡✱ ♦r ❜② t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ st❛❜❧❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡
❞❡✜♥❡❞ ❜② Gs(t) = CeAstB✳ ❍❡r❡✱ t❤❡ ❡①❛❝t tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✐s t❛❦❡♥ ❢r♦♠ t❤❡ ✇♦r❦ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳
✭✷✵✵✾✮ ✇❤❡r❡ t❤❡② ❛❞♦♣t❡❞ t❤❡ s❡❝♦♥❞ s♦❧✉t✐♦♥✳ ❆s ❢♦r t❤❡ ❘❖▼s✱ t❤❡ st❛❜❧❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s Ĝrs(ω)
❛r❡ ❞✐r❡❝t❧② ❝♦♠♣✉t❡❞ ❜② Ĝrs(ω) = Cr(jωIr − Ars)

−1Br ✇❤❡r❡ Ars ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ Ar ♦♥ ✐ts st❛❜❧❡
s✉❜s♣❛❝❡✳ ❋✐❣✉r❡ ✷✳✶✻✭❛✱❜✮ ❞❡♣✐❝ts t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ s✉♣❡r✐♠♣♦s❡❞ ♦♥ t❤♦s❡ ♦❢
s❡✈❡r❛❧ ❇P❖❉ ❛♥❞ P❖❉ ♠♦❞❡❧s r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ✈❡r② ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ✐♥ ❜♦t❤ ❝❛s❡s
❢♦r ❘❖▼s ♦❢ s✉✣❝✐❡♥t❧② ❤✐❣❤ s✐③❡✳ ❲❡ r❡❝♦✈❡r ❛ ♣r❡❢❡rr❡❞ ❢r❡q✉❡♥❝② ❛r♦✉♥❞ ω = 4.6✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ st❛❜❧❡ ♠♦❞❡ E2 ❛♥❞ t♦ t❤❡ ✜rst ♣❡❛❦ ♦❜s❡r✈❡❞ ✐♥ ✜❣✉r❡ ✷✳✶✵✳ ❋♦r ❛ ♠♦❞❡❧ ♦❢ s✐③❡
r✱ t❤✐s ♣❡r❢♦r♠❛♥❝❡ ✐s q✉❛♥t✐✜❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ H∞ r❡❧❛t✐✈❡ ♥♦r♠ ♦❢ t❤❡ ❡rr♦r e∞s(r) ❞❡✜♥❡❞ ❜②✿

e∞s(r) =
maxω∈R |Ĝs(ω) − Ĝrs(ω)|

maxω∈R |Ĝs(ω)|
✭✷✳✸✸✮

❚❤✐s ❡rr♦r ✐s ♣❧♦tt❡❞ ♦♥ ✜❣✉r❡ ✷✳✶✼✭❛✮ ❛♥❞ ✷✳✶✼✭❜✮ ❢♦r ❇P❖❉ ❛♥❞ P❖❉ ❘❖▼s r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ♠❡❛♥t
t♦ ❝♦♥✈❡② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❘❖▼s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✐③❡ r ♦❢
t❤❡ ♠♦❞❡❧s✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❝❛s❡✱ t❤❡ ❡rr♦r ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛s t❤❡ ♥✉♠❜❡r
♦❢ ♠♦❞❡s ✐♥❝r❡❛s❡s ❛♥❞ ❛ ❢❛st❡r ❡rr♦r ❞❡❝r❡❛s❡ ✐s ♦❜s❡r✈❡❞ ❢♦r ❇P❖❉ ♠♦❞❡❧s ❝♦♠♣❛r❡❞ t♦ P❖❉ ♦♥❡s✳
❈♦♠♣❛r✐♥❣ t❤❡s❡ ❡rr♦r ❝♦♥✈❡r❣❡♥❝❡s t♦ t❤♦s❡ ♦❜s❡r✈❡❞ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ✇❡ ♥♦t✐❝❡ t❤❛t ❜♦t❤
♦✉r ❇P❖❉✴P❖❉ ♠♦❞❡❧s r❡q✉✐r❡ ♠♦r❡ ♠♦❞❡s t♦ r❡❛❝❤ ❛ ❣✐✈❡♥ ❡rr♦r e∞s✳ ❚❤✐s ✐s ♥♦t s✉r♣r✐s✐♥❣ ❛s ♦✉r

✼✹
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❋✐❣✉r❡ ✷✳✶✻✿ ❚r❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ st❛❜❧❡ ♣❛rt ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ♦❢ ✭❛✮ ❇P❖❉ ❛♥❞ ✭❜✮
P❖❉ ♠♦❞❡❧s✳

❋✐❣✉r❡ ✷✳✶✼✿ ❘❡❧❛t✐✈❡ ♥♦r♠ ♦❢ t❤❡ ❡rr♦r e∞s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✐③❡ r ♦❢ t❤❡ ❘❖▼s ❢♦r ✭❛✮ t❤❡ ❇P❖❉
❛♥❞ ✭❜✮ t❤❡ P❖❉ ♠♦❞❡❧s✳ ❚❤❡ ❧✐♠✐ts ❢r♦♠ ✇❤✐❝❤ t❤❡ ❘❖▼s ❡①❤✐❜✐t 8 ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s ❛r❡ ❞❡♣✐❝t❡❞
❜② ❞❛s❤❡❞ ❧✐♥❡s st❛♥❞✐♥❣ ❢♦r r = 15 ❛♥❞ r = 82 r❡s♣❡❝t✐✈❡❧②✳

♣r♦❝❡❞✉r❡s ♣❡r❢♦r♠ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❜♦t❤ t❤❡ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ❞②♥❛♠✐❝s ❛t t❤❡ s❛♠❡ t✐♠❡ ✇❤✐❧❡ t❤❡✐rs
❛r❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ st❛❜❧❡ ❞②♥❛♠✐❝s✳ ●✐✈❡♥ t❤✐s ❢❛❝t✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦✉r ♠♦❞❡❧s ✐♥ ❝❛♣t✉r✐♥❣ t❤❡
❝♦rr❡❝t st❛❜❧❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ✐s ❞❡❧❛②❡❞ ❝♦♠♣❛r❡❞ t♦ t❤❡✐rs ❞✉❡ t♦ t❤❡ ❝♦♥str❛✐♥t ♦❢ ♠♦❞❡❧✐♥❣ t❤❡
✉♥st❛❜❧❡ s✉❜s♣❛❝❡ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❚❤✐s ❛ss❡rt✐♦♥ ✐s ❢✉rt❤❡r ❛r❣✉❡❞ ♦♥ ✜❣✉r❡ ✷✳✶✼✭❛✱❜✮ ✇❤❡r❡ ✇❡ ❤❛✈❡
❞r❛✇♥ ❜② ❞❛s❤❡❞ ❧✐♥❡s t❤❡ ❧✐♠✐ts r = 15 ❛♥❞ r = 82 ❢r♦♠ ✇❤✐❝❤ t❤❡ ♠♦❞❡❧s ♣♦ss❡ss 8 ✉♥st❛❜❧❡ ❣❧♦❜❛❧
♠♦❞❡s✳ ❲❡ ❝❧❡❛r❧② ♥♦t✐❝❡ ❛ s✉❞❞❡♥ ❢❛❧❧✲♦✛ ♦♥ t❤❡ ❡rr♦r st❛rt✐♥❣ ❢r♦♠ t❤❡s❡ ❧✐♠✐ts✱ t❤❛t ✐s✱ ❛ s✉❞❞❡♥
✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♠♦❞❡❧s ✐♥ ❝❛♣t✉r✐♥❣ t❤❡ st❛❜❧❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳

✷✳✹✳✸✳✸ ❆ss❡ss♠❡♥t

❲❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ t❤✐s s❡❝t✐♦♥ t❤❛t ❜♦t❤ ❘❖▼s ♥♦t ♦♥❧② s✉❝❝❡❡❞ ✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ❢✉❧❧ ✉♥st❛❜❧❡ s✉❜✲
s♣❛❝❡✱ ❜✉t ❛❧s♦ t❤❡ st❛❜❧❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ❋✉rt❤❡r♠♦r❡✱ ❇P❖❉ ♠♦❞❡❧s ♣r♦✈❡❞ t♦ ❝❛♣t✉r❡ t❤❡s❡
❞②♥❛♠✐❝s ✇✐t❤ ❧❡ss ♠♦❞❡s✱ ✇❤✐❝❤ ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ♦✉r ♣r❡✈✐♦✉s r❡s✉❧ts ♦♥ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣
✢♦✇✳
■t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ ❤❡r❡ t❤❛t t❤❡ ♣r❡s❡♥t ❇P❖❉ ♣r♦❝❡❞✉r❡ ❜❛s❡❞ ♦♥ ❢r❡q✉❡♥t✐❛❧ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡
●r❛♠✐❛♥s r❡❞✉❝❡s t❤❡ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ s✉❜s♣❛❝❡s s✐♠✉❧t❛♥❡♦✉s❧②✱ s❡❡ ❩❤♦✉ ❡t ❛❧✳ ✭✶✾✾✾✮✳ ■♥ ♦t❤❡r
✇♦r❞s✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ s❡♣❛r❛t✐♥❣ t❤❡ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ♣❛rts ♦❢ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❛♥❞ ♣❡r❢♦r♠✐♥❣
t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❢♦r ❜♦t❤ ♣❛rts s❡♣❛r❛t❡❧②✳ ❚❤✐s ♠❛② ❡①♣❧❛✐♥ t❤❡ q✉✐❝❦ ❛❜✐❧✐t② ♦❢ ❇P❖❉ ❘❖▼s t♦
❝❛♣t✉r❡ s✐♠✉❧t❛♥❡♦✉s❧② ❛♥❞ ❣r❛❞✉❛❧❧② t❤❡ ✉♥st❛❜❧❡ ✭s❡❡ ✜❣✉r❡ ✷✳✶✸✭❛✮ ❛♥❞ ✷✳✶✹✭❛✮✮ ❛s ✇❡❧❧ ❛s t❤❡ st❛❜❧❡
✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ✭s❡❡ ✜❣✉r❡ ✷✳✶✼✭❛✮✮✳
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❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

❈♦♥❝❡r♥✐♥❣ P❖❉ ♠♦❞❡❧s✱ t❤❡ s❛♠❡ ✐❞❡❛ ❞♦❡s ♥♦t ❤♦❧❞ ❛♥❞✱ ❛s ❛ r❡s✉❧t✱ t❤❡✐r ❛❜✐❧✐t② t♦ ♠♦❞❡❧ ❜♦t❤
❞②♥❛♠✐❝s ✐s ♥♦t ❛s ♣r♦❣r❡ss✐✈❡✳ ■♥❞❡❡❞✱ ♦❜s❡r✈✐♥❣ ✜❣✉r❡ ✷✳✶✸✭❜✮✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡
✉♥st❛❜❧❡ s✉❜s♣❛❝❡ ✐s ♥♦t ❣r❛❞✉❛❧ ❛♥❞✱ ♠♦st ✐♠♣♦rt❛♥t❧②✱ ✇❡ s❤♦✇ ♦♥ ✜❣✉r❡ ✷✳✶✼✭❜✮ t❤❛t t❤❡ P❖❉ ❘❖▼s
❛r❡ ❝♦♠♣❧❡t❡❧② ✉♥❛❜❧❡ t♦ ♠♦❞❡❧ t❤❡ ❝♦rr❡❝t st❛❜❧❡ ❞②♥❛♠✐❝s ✉♥t✐❧ t❤❡ ✉♥st❛❜❧❡ s✉❜s♣❛❝❡ ✐s ✇❡❧❧ ❝❛♣t✉r❡❞
❢r♦♠ r ≈ 82✳ ❚❤✐s ❧❛tt❡r ♣♦✐♥t ♠❛② ✐♥❞✐❝❛t❡ t❤❛t ❛ ❜❛❞ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ✉♥st❛❜❧❡ s✉❜s♣❛❝❡ ✐♥✈♦❧✈❡s t❤❡
✐♥❝❛♣❛❜✐❧✐t② ♦❢ P❖❉ ❘❖▼s t♦ ❝♦rr❡❝t❧② ♠♦❞❡❧ t❤❡ st❛❜❧❡ ❞②♥❛♠✐❝s✳
❋✐♥❛❧❧②✱ ✐t s❤♦✉❧❞ ❜❡ ❡♠♣❤❛s✐③❡❞ t❤❛t ♦✉r ❢r❡q✉❡♥t✐❛❧ ❛♣♣r♦❛❝❤ t♦ ♣❡r❢♦r♠ ❇P❖❉ ❛♥❞ P❖❉ ♠♦❞❡❧
r❡❞✉❝t✐♦♥ ✐s ♥♦t ❜❛s❡❞ ♦♥ ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ✉♥st❛❜❧❡ ❛♥❞ st❛❜❧❡ s✉❜s♣❛❝❡s ❝♦♥tr❛r② t♦ t❤❡ ♣r❡✈✐♦✉s
✇♦r❦s ❜② ❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✶✵✮❀ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ■♥ t❤❡✐r ❝❛s❡✱ t❤❡② ❤❛❞ t♦✿ ✭✐✮ ❝♦♠♣✉t❡
t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s ❜② ❛ s❤✐❢t ❛♥❞ ✐♥✈❡rt ❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠✱ ✭✐✐✮ ♣❡r❢♦r♠ ❛ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t t✐♠❡✲
st❡♣♣✐♥❣ s✐♠✉❧❛t✐♦♥ ✇❤✐❧❡ ♣r♦❥❡❝t✐♥❣ ❛t ❡❛❝❤ t✐♠❡ st❡♣ ✭✇✐t❤ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s✮ t❤❡ r❡s✉❧t✐♥❣ st❛t❡s ♦♥t♦
t❤❡ st❛❜❧❡ s✉❜s♣❛❝❡✳ ❚❤❡✐r ✉♥st❛❜❧❡ ❞②♥❛♠✐❝s ❛r❡ t❤❡♥ ♠♦❞❡❧❡❞ ❜② t❤❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s ✇❤✐❧❡
t❤❡✐r s♥❛♣s❤♦ts ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t s✐♠✉❧❛t✐♦♥s ❛r❡ ✉s❡❞ t♦ ❜✉✐❧❞ ❇P❖❉ ♠♦❞❡❧s ✭❆❤✉❥❛
✫ ❘♦✇❧❡② ✭✷✵✶✵✮❀ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✮ ❛♥❞ P❖❉ ♠♦❞❡❧s ✭❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✮ ♦❢ t❤❡ st❛❜❧❡
✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ❚❤❡ sq✉❛r❡ ❝❛✈✐t② ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥ st✉❞✐❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❤❛s t❤✉s ✐❧❧✉str❛t❡❞
t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts t♦ ❜✉✐❧❞ ❇P❖❉ ❛♥❞ P❖❉ ❘❖▼s ♦❢ ❛♥ ✉♥st❛❜❧❡ ✢♦✇ s②st❡♠
✇✐t❤♦✉t s❡♣❛r❛t✐♥❣ t❤❡ ✉♥st❛❜❧❡ ❛♥❞ st❛❜❧❡ s✉❜s♣❛❝❡s✳ ❚❤✐s ♣r♦✈❡ t♦ ❜❡ ❛ ✈❛❧✉❛❜❧❡ ❛ss❡t ✐♥s♦❢❛r ❛s ✇❡
♥❡✐t❤❡r ❤❛❞ t♦ ❝♦♠♣✉t❡ ❛♥② ❣❧♦❜❛❧ ♠♦❞❡s ♥♦r t♦ ♣❡r❢♦r♠ ❛♥② ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ st❛❜❧❡ s✉❜s♣❛❝❡✳

✷✳✺ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ❤♦✇ t❤❡ ✉s❡ ♦❢ ❢r❡q✉❡♥t✐❛❧ r❡s♣♦♥s❡s ♦❢ ❛ ✢♦✇ t♦ ❛ ❣✐✈❡♥ ❛❝t✉❛t♦r
❡♥❛❜❧❡s t♦ ❝♦♠♣✉t❡ t❤❡ ❜❛s✐s ♦❢ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s ✭P❖❉ ♠♦❞❡s✮✳ ❆♥❛❧♦❣♦✉s❧②✱ t❤❡ ❤❛r♠♦♥✐❝
✢♦✇ st❛t❡s ②✐❡❧❞✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ s❡♥s♦r ❡♥❡r❣② ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ t♦ ❝♦♠♣✉t❡
t❤❡ ♠♦st ❛♥❞ ❡q✉❛❧❧② ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✿ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ✭❇P❖❉ ♠♦❞❡s✮✳ ❘❖▼s
❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ♦r✐❣✐♥❛❧ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ♦♥t♦ ❇P❖❉✴P❖❉ ♠♦❞❡s
❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ s♦✲❝❛❧❧❡❞ ❢r❡q✉❡♥❝② s♥❛♣s❤♦ts✳
❆s ❛ ✜rst st❡♣✱ t❤❡ ✇❤♦❧❡ ♣r♦❝❡❞✉r❡ ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ♦♥ ❛ st❛❜❧❡ ❧✐♥❡❛r s②st❡♠✿ t❤❡ ✢♦✇ ♦✈❡r ❛
r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳ ❚❤❡ ✜rst ❡①❛♠♣❧❡ st❛♥❞s ❢♦r ❛ ✇❡❧❧✲❦♥♦✇♥ ♥♦✐s❡ ❛♠♣❧✐✜❡r ✢♦✇ ✐♥ t❤❡
s❡♥s❡ t❤❛t s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ❝❛♥ ❜❡ str♦♥❣❧② ❛♠♣❧✐✜❡❞ t❤r♦✉❣❤ t❤❡ s❤❡❛r ❧❛②❡r✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
t❤❡ ❢r❡q✉❡♥❝② s♥❛♣s❤♦ts ❤✐❣❤❧✐❣❤t❡❞ t❤❡ ❢r❡q✉❡♥❝② s❡❧❡❝t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ ✢♦✇✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥ ❡♥❡r❣②
♣❡❛❦ ♦❢ t❤❡ ✢♦✇ r❡s♣♦♥s❡ t♦ ❤❛r♠♦♥✐❝ ❛❝t✉❛t✐♦♥ ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ♥❡❛r❜② t❤❡ ❢r❡q✉❡♥❝② ❛ss♦❝✐❛t❡❞ ✇✐t❤
t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t②✳ ❚❤❡s❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts ❤❛✈❡ t❤❡♥ ❜❡❡♥ ✉s❡❞ t♦ ❜✉✐❧❞ t❤❡ ❇P❖❉
❛♥❞ P❖❉ ♠♦❞❡❧s t❤❛t ♣r♦✈❡❞ t♦ ❜❡ ❡✛❡❝t✐✈❡ ✐♥ ♠♦❞❡❧✐♥❣ t❤❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✢♦✇✳
❇♦t❤ t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ❛♥❞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❛r❡ r❡❝♦✈❡r❡❞ ❜② t❤❡ ❘❖▼s ❛♥❞ ❛ ❜❡tt❡r ❡✣❝✐❡♥❝② ♦❢
❇P❖❉ ♠♦❞❡❧s t♦ ❞♦ s♦ ✇❛s ♦❜s❡r✈❡❞ ❛s ❡①♣❡❝t❡❞ ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡✳
❆s ❛ s❡❝♦♥❞ st❡♣✱ ✇❡ ♠♦✈❡❞ ♦♥ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ ❧✐♥❡❛r ✉♥st❛❜❧❡ s②st❡♠✳ ❚♦ ❛ss❡ss ❛♥❞ q✉❛♥t✐❢② t❤❡
❛❜✐❧✐t② ♦❢ ♦✉r ♣r♦❝❡❞✉r❡ t♦ r❡❞✉❝❡ ✉♥st❛❜❧❡ s②st❡♠s✱ ✇❡ ❛♣♣❧✐❡❞ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡ ♦♥ ❛ ✇❡❧❧✲❦♥♦✇♥
♦s❝✐❧❧❛t♦r s②st❡♠✿ t❤❡ ✢♦✇ ♦✈❡r ❛ sq✉❛r❡ ❝❛✈✐t②✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ r❡s✉❧t✐♥❣ ❘❖▼s ✇❡r❡ s❤♦✇♥
t♦ ❝❛♣t✉r❡ t❤❡ s❛♠❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s ❛s t❤♦s❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥
❛❝❝✉r❛t❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ st❛❜❧❡ ❞②♥❛♠✐❝s ❤❛s ❛❧s♦ ❜❡❡♥ r❡❝♦✈❡r❡❞ ❜② ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ st❛❜❧❡ tr❛♥s❢❡r
❢✉♥❝t✐♦♥s✳ ❙✐♠✐❧❛r❧②✱ ❛ s✉♣❡r✐♦r✐t② ♦❢ ❇P❖❉ ♠♦❞❡❧s ♦✈❡r P❖❉ ♦♥❡s ✇❛s ♥♦t✐❝❡❞✳ ❈♦♥tr❛r② t♦ t❤❡ ✇♦r❦
❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ♠❛❞❡ ❛ ♣❛rt✐t✐♦♥ t♦ ♠♦❞❡❧ t❤❡ st❛❜❧❡ ✭✉s✐♥❣ ❇P❖❉✴P❖❉
❘❖▼s ❜❛s❡❞ ♦♥ t❡♠♣♦r❛❧ s♥❛♣s❤♦ts✮ ❛♥❞ ✉♥st❛❜❧❡ ✭✉s✐♥❣ ❣❧♦❜❛❧ ♠♦❞❡s✮ s✉❜s♣❛❝❡s s❡♣❛r❛t❡❧②✱ ♦✉r ♠♦❞❡❧
r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡ ❤❛s ♣r♦✈❡❞ t♦ ♠♦❞❡❧ ❡✣❝✐❡♥t❧② ❛t t❤❡ s❛♠❡ t✐♠❡ ❜♦t❤ ❞②♥❛♠✐❝s✳
■♥ s✉♠♠❛r②✱ ✇❡ ♣r♦✈❡❞ t❤❡ ♣♦ss✐❜✐❧✐t② ❛♥❞ ❡✣❝✐❡♥❝② ♦❢ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts t♦ ②✐❡❧❞ ❇P❖❉ ❛♥❞ P❖❉
♠♦❞❡❧s t❤❛t ❛r❡✿ ✭✐✮ ✐❞❡♥t✐❝❛❧ t♦ t❤♦s❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❡♠♣♦r❛❧ s♥❛♣s❤♦ts ❢♦r st❛❜❧❡ s②st❡♠s✱ ✭✐✐✮ ♦♣✲
❡r❛t✐♦♥❛❧ ❢♦r ✉♥st❛❜❧❡ s②st❡♠s ✇✐t❤♦✉t s❡♣❛r❛t✐♥❣ t❤❡ ✉♥st❛❜❧❡ ❛♥❞ st❛❜❧❡ s✉❜s♣❛❝❡s✳ ❚❤❡r❡❢♦r❡✱ t❤✐s
❝♦♥tr✐❜✉t✐♦♥ ♦♥ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ s❡❡♠s t♦ ❜❡ ❛ ♣r♦♠✐s✐♥❣ ❛❧t❡r♥❛t✐✈❡ t♦♦❧ t♦ ❝♦♠♣✉t❡ P❖❉ ♠♦❞❡s ♦r
t♦ ❛♣♣r♦①✐♠❛t❡ ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥✳ ❲❡ ❤♦♣❡ t❤❛t t❤❡ ♣r❡s❡♥t ❝♦♥tr✐❜✉t✐♦♥ ✇✐❧❧ s♦♠❡❤♦✇ ❛✐❞ ✐♥ t❤❡

✼✻



✷✳✺✳ ❈❖◆❈▲❯❙■❖◆

❞❡s✐❣♥ ♦❢ ❢r❡q✉❡♥❝②✲❜❛s❡❞ ❘❖▼s ✐♥ ✈✐❡✇ ♦❢ ❜✉✐❧❞✐♥❣ ❡✣❝✐❡♥t ❝❧♦s❡❞✲❧♦♦♣ ✢♦✇ ❝♦♥tr♦❧❧❡rs✳

✼✼
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❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

❈❤❛♣t❡r ❛♣♣❡♥❞✐①

✷✳❆ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛✲

t✐♦♥s ❛s ❛ st❛♥❞❛r❞ st❛t❡✲s♣❛❝❡ s②st❡♠

❚❤❡ ❞❡s✐❣♥ ♦❢ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s r❡q✉✐r❡s t♦ r❡❢♦r♠✉❧❛t❡ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✐♥t♦
❛ st❛♥❞❛r❞ st❛t❡✲s♣❛❝❡ ❢♦r♠✳ ❨❡t✱ t❤✐s ✐s ♥♦t tr✐✈✐❛❧ s✐♥❝❡ t❤❡ ♠❛tr✐① ❜❡❢♦r❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ✐s ♥♦t
✐♥✈❡rt✐❜❧❡ ❜❡❝❛✉s❡ ♦❢ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t②✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ♣r♦❝❡❡❞ ❛s ✐♥ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❲❡ ✜rst
♠✉❧t✐♣❧② t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ❜② A2Q

−1
1 , ✇❤✐❝❤ ②✐❡❧❞s✱ ❛ss✉♠✐♥❣ t❤❛t A2Ẋ1 = 0✱ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r

t❤❡ ♣r❡ss✉r❡ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞

X2 = −
(
A2Q

−1
1 A∗

2

)−1 [(
A2Q

−1
1 A1

)
X1 + A2B1c(t)

]
✭✷✳✸✹✮

❚❤✐s r❡❧❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ❡①♣❧✐❝✐t ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t ❛♥❞ ❛❧❧♦✇s ✉s t♦ ✇r✐t❡ t❤❡
❣♦✈❡r♥✐♥❣ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❞❡s✐r❡❞ ❢♦r♠

dX1

dt
= P1A1X1 + P1Q1B1c(t) ✭✷✳✸✺❛✮

m(t) = C1X1 ✭✷✳✸✺❜✮

✇❤❡r❡

P1Q1 = I − Q−1
1 A∗

2

(
A2Q

−1
1 A∗

2

)−1
A2 ✭✷✳✸✻✮

✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛tr✐① ♦♥t♦ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ s♣❛❝❡✳ ■t ✐s ♥♦t❡✇♦rt❤② t❤❛t P1 ✐s ❛ ❍❡r♠✐t✐❛♥ ♦♣❡r❛t♦r✱
s♦ t❤❛t ✇❡ ❝❛♥ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ r❡❧❛t✐♦♥ P∗

1 = P1✳ ❇② ❞❡✜♥✐♥❣ A = P1A1 ❛♥❞ B = P1Q1B1 ❛♥❞
C = C1✱ ✇❡ r❡❝♦✈❡r ❡q✉❛t✐♦♥ ✭✷✳✺✮✳

✷✳❇ ❊①♣r❡ss✐♥❣ t❤❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ❧✐♥❡❛r✐③❡❞

◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s

✷✳❇✳✶ ❉✐r❡❝t s♥❛♣s❤♦ts

❚❤❡ ❞✐r❡❝t ✢♦✇ st❛t❡s X̂1 ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ s♥❛♣s❤♦ts ♠❡t❤♦❞ ❛r❡ ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥s ✭✷✳✶✵✮✳ ❙✉❜st✐t✉t✐♥❣
A ❛♥❞ B ❜② t❤❡✐r ❡①♣r❡ss✐♦♥ ❝❛❧❝✉❧❛t❡❞ ✐♥ ❛♣♣❡♥❞✐① ✷✳❆ ❧❡❛❞s t♦✿

(jωI − P1A1)X̂1 = P1Q1B1 ✭✷✳✸✼✮

■❢ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣r❡ss✉r❡ X̂2 ❛ss♦❝✐❛t❡❞ t♦ X̂1 ❜②

X̂2 = −
(
A2Q

−1
1 A∗

2

)−1
[(

A2Q
−1
1 A1

)
X̂1 + A2B1

]

✭✷✳✸✽✮

✇❡ ❣❡t

jωX̂1 − Q−1
1 A1X̂1 − Q−1

1 A∗
2X̂2 = B1 ✭✷✳✸✾✮

s♦ t❤❛t ✇❡ r❡❝♦✈❡r ❡q✉❛t✐♦♥ ✭✷✳✶✻✮✿

[

jω

(
Q1 0
0 0

)

−
(

A1 A∗
2

A2 0

)](
X̂1

X̂2

)

=

(
Q1 0
0 0

)(
B1

0

)

✭✷✳✹✵❛✮

✼✽
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◆❆❱■❊❘✲❙❚❖❑❊❙ ❊◗❯❆❚■❖◆❙

❚❤❡ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✢♦✇ ✜❡❧❞s X̂1(ωi) ❛t ❞✐s❝r❡t❡ ♣✉❧s❛t✐♦♥s ωi ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ✐♥✈❡rt✐♥❣ t❤✐s
❧✐♥❡❛r s②st❡♠ ❛♥❞ ❛r❡ st❛❝❦❡❞ ❛s ❝♦❧✉♠♥s ♦❢ t❤❡ ♠❛tr✐① X1✳ ❚❤❡ ❛❜♦✈❡ ❞❡♠♦♥str❛t✐♦♥ s❤♦✇s t❤❛t t❤❡
❝♦♥tr♦❧❧❛❜✐❧✐t② ●r❛♠✐❛♥ Gc✱ ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✹✮ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s t❤❡ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❢♦r t❤❡
❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s t♦ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣s ❛t t❤❡ ❛❝t✉❛t♦r ❧♦❝❛t✐♦♥✳

❋✐❣✉r❡ ✷✳✶✽✿ ✭❛✮ P❛rt ♦❢ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ♦❢ P❖❉ ♠♦❞❡❧s ♦❢ s✐③❡ 120✱ 140 ❛♥❞ 200 s✉♣❡r✐♠♣♦s❡❞ ♦♥t♦
t❤❛t ♦❢ t❤❡ ❢✉❧❧ s②st❡♠✳ ❆ ❝❧♦s❡r ✈✐❡✇ ✐s ❞❡♣✐❝t❡❞ ❢♦r t❤❡ ♠♦❞❡❧ ♦❢ s✐③❡ 200 ♦♥ ✭❜✮✳

✷✳❇✳✷ ❆❞❥♦✐♥t s♥❛♣s❤♦ts

❚❤❡ ❛❞❥♦✐♥t ✢♦✇ st❛t❡s Ŷ1 ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ s♥❛♣s❤♦t ♠❡t❤♦❞ ❛r❡ ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥s ✭✷✳✶✵✮✳ ■♥ ❛ s✐♠✐❧❛r
♠❛♥♥❡r✱ ❛ s✉❜st✐t✉t✐♦♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ A ❛♥❞ C ❝❛❧❝✉❧❛t❡❞ ✐♥ ❛♣♣❡♥❞✐① ✷✳❆ ❧❡❛❞s t♦✿

(−jωI − P1A
∗
1)P1Q1Ŷ1 = P1Q1

(
Q−1

1 C∗
1

)
✭✷✳✹✶✮

■❢ ✇❡ ♦♠✐t t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❝♦♥str❛✐♥t P1Q1 ♦♥ Ŷ1✱ ✇❤✐❝❤ ✐s ❛❧r❡❛❞② ❛♣♣❧✐❡❞ t❤r♦✉❣❤ t❤❡ ❡✈♦❧✉t✐♦♥
♦♣❡r❛t♦r (−jωI − P1A

∗
1)✱ ✇❡ ❤❛✈❡✿

(−jωI − P1A
∗
1)Ŷ1 = P1Q1

(
Q−1

1 C∗
1

)
✭✷✳✹✷✮

❙✐♠✐❧❛r❧②✱ ✐❢ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛❞❥♦✐♥t ♣r❡ss✉r❡ Ŷ2 ❛ss♦❝✐❛t❡❞ t♦ Ŷ1 ❜②

Ŷ2 = −
(
A2Q

−1
1 A∗

2

)−1
[(

A2Q
−1
1 A∗

1

)
Ŷ1 + A2Q

−1
1 C∗

1

]

✭✷✳✹✸✮

✇❡ ❣❡t

−jωŶ1 − Q−1
1 A∗

1Ŷ1 − Q−1
1 A∗

2Ŷ2 = Q−1
1 C∗

1 ✭✷✳✹✹✮

s♦ t❤❛t ✇❡ r❡❝♦✈❡r ❡q✉❛t✐♦♥ ✭✷✳✶✼✮✿

[

−jω
(

Q1 0
0 0

)

−
(

A∗
1 A∗

2

A2 0

)](
Ŷ1

Ŷ2

)

=

(
C∗

1

0

)

✭✷✳✹✺❛✮

❚❤❡ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✢♦✇ ✜❡❧❞s Ŷ1(ωi) ❛t ❞✐s❝r❡t❡ ♣✉❧s❛t✐♦♥s ωi ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ✐♥✈❡rt✐♥❣ t❤✐s ❧✐♥❡❛r
s②st❡♠ ❛♥❞ ❛r❡ st❛❝❦❡❞ ❛s ❝♦❧✉♠♥s ♦❢ t❤❡ ♠❛tr✐① Y1✳ ❆♥❛❧♦❣♦✉s❧②✱ ❚❤❡ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥ Go ❝❛♥ ❜❡

✼✾



❈❍❆P❚❊❘ ✷✳ ▼❖❉❊▲ ❘❊❉❯❈❚■❖◆ ❖❋ ❚❍❊ ■◆P❯❚✲❖❯❚P❯❚ ❉❨◆❆▼■❈❙ ❇❨ ▼❊❆◆❙ ❖❋

❋❘❊◗❯❊◆❚■❆▲ ❙◆❆P❙❍❖❚❙

t❤♦✉❣❤t ♦❢ ❛s t❤❡ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ❢♦r t❤❡ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s ♦❢ t❤❡ ❛❞❥♦✐♥t s②st❡♠ t♦ ❤❛r♠♦♥✐❝
❢♦r❝✐♥❣s ❛t t❤❡ s❡♥s♦r ❧♦❝❛t✐♦♥✳

✷✳❈ ❊✐❣❡♥s♣❡❝tr✉♠ ♦❢ P❖❉ ♠♦❞❡❧s

❚❤✐s ❛♣♣❡♥❞✐① ✐s ❞❡✈♦t❡❞ t♦ s❤♦✇✐♥❣ ❛♥ ✐♥t❡r❡st✐♥❣ ♦❜s❡r✈❛t✐♦♥ ♦♥ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ♦❢ P❖❉ ♠♦❞❡❧s✳
❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✷✳✶✽✭❛✮ ❛ ❧❛r❣❡r ♣❛rt ♦❢ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♠♦❞❡❧s ♦❢ s✐③❡
r = 120✱ r = 140 ❛♥❞ r = 200 t♦❣❡t❤❡r ✇✐t❤ t❤❡ s♣❡❝tr✉♠ ♦❢ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s✳ ❆s ❞❡t❛✐❧❡❞ ✐♥ s❡❝t✐♦♥
✷✳✹✱ t❤❡ ✉♥st❛❜❧❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ P❖❉ ♠♦❞❡❧s t❡♥❞ t♦ t❤♦s❡ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠✳ ❍❡r❡ ✇❡ t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦
❛t t❤❡ st❛❜❧❡ ♣❛rt ♦❢ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ✭α < 0✮✳ ❚❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥s♣❡❝tr✉♠✱ ❞❡♣✐❝t❡❞ ❜② tr✐❛♥❣❧❡s✱ ✐s
❝❤❛r❛❝t❡r✐③❡❞ ❜② ❡✐❣❡♥♠♦❞❡s ♦r❣❛♥✐③❡❞ ✐♥ ❜r❛♥❝❤❡s✳ ❲❡ ♥♦t✐❝❡ t❤❛t ❡❛❝❤ P❖❉ ❡✐❣❡♥s♣❡❝tr✉♠ ❞✐s♣❧❛②s ❛
❜r❛♥❝❤ ♦❢ ♠♦❞❡s t❤❛t t❡♥❞s t♦ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❜r❛♥❝❤ ♦❢ t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥s♣❡❝tr✉♠ ❛s t❤❡ ♠♦❞❡❧ s✐③❡
r ✐s ✐♥❝r❡❛s❡❞✳
❋✐❣✉r❡ ✷✳✶✽✭❜✮ r❡♣r❡s❡♥ts t❤❡ s❛♠❡ ❣❧♦❜❛❧ ❡✐❣❡♥s♣❡❝tr✉♠ ❢♦❝✉s❡❞ ♦♥ t❤❡ r❡❣✐♦♥ −0.8 < α < 0.2 ❛♥❞ t❤❛t
♦❢ ❛ P❖❉ ♠♦❞❡❧ ♦❢ s✐③❡ 200✳ ■t ✐s str✐❦✐♥❣❧② ♥♦t✐❝❡❞ t❤❛t t❤❡ ✜rst ✉♥st❛❜❧❡ P❖❉ ❡✐❣❡♥✈❛❧✉❡s s✉♣❡r✐♠♣♦s❡
♦♥t♦ t❤❡ ✜rst ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s✳ ◆♦t❡ t❤❛t ❇P❖❉ ♠♦❞❡❧s ❞♦ ♥♦t ②✐❡❧❞ t❤❡ s❛♠❡ ♦❜s❡r✈❛t✐♦♥ ✭♥♦t s❤♦✇♥
❤❡r❡✮✳ ❚❤✐s r❡s✉❧t s✉❣❣❡sts t❤❛t t❤❡ P❖❉ ♣r♦❝❡❞✉r❡ s♦♠❡❤♦✇ r❡❜✉✐❧❞s t❤❡ ♦r✐❣✐♥❛❧ s♣❡❝tr✉♠ ♦❢ t❤❡
♦r✐❣✐♥❛❧ ❢✉❧❧ s②st❡♠✳

✽✵



■♥t❡r❧✉❞❡

❲❡ s❤♦✇❡❞ ✐♥ ❝❤❛♣t❡r ✷ ❤♦✇ t♦ ✉s❡ ❛ s❡t ♦❢ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts t♦ ❝♦♥str✉❝t ❘❡❞✉❝❡❞ ❖r❞❡r ▼♦❞❡❧s
✭❘❖▼s✮ t❤❛t ❡✣❝✐❡♥t❧② ❝❛♣t✉r❡ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✱
✇❡ s✉❝❝❡ss❢✉❧❧② ♠♦❞❡❧❧❡❞ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ❛♥ ❛❝t✉❛t♦r✱ ❧♦❝❛t❡❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ✢♦✇ s❡♣❛r❛t✐♦♥✱
t♦ ❛ s❡♥s♦r ❧♦❝❛t❡❞ ♥❡❛r r❡❛tt❛❝❤♠❡♥t✳ ❙✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r❡❞ ♦♥❧② ♦♥❡ ❛❝t✉❛t♦r ✭✐♥♣✉t✮ ❛♥❞ ♦♥❧② ♦♥❡
s❡♥s♦r ✭♦✉t♣✉t✮✱ ♦✉r ♣r♦❜❧❡♠ ♠❛② ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❛ ❙✐♥❣❧❡ ■♥♣✉t ❙✐♥❣❧❡ ❖✉t♣✉t ✭❙■❙❖✮ ❝♦♥✜❣✉r❛t✐♦♥✳
❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✷✳✶✾ ❛ s❦❡t❝❤ ♦❢ t❤❡ ❙■❙❖ ❞②♥❛♠✐❝s ✐♥✈❡st✐❣❛t❡❞ s♦ ❢❛r✳ ❚❤❡ ✐♥♣✉t Bc(t)
❛❝ts ♦♥ t❤❡ ✢♦✇ ❞②♥❛♠✐❝s ✇❤✐❝❤ ②✐❡❧❞ t❤❡ ♠❡❛s✉r❡❞ q✉❛♥t✐t② m(t) ❜② ♠❡❛♥s ♦❢ t❤❡ s❡♥s✐♥❣ C✳ ❆ ❝r✐t✐❝❛❧
♣♦✐♥t t♦ ✉♥❞❡rst❛♥❞ ✐s t❤❛t t❤❡ ❘❖▼s ❞❡s✐❣♥❡❞ ✐♥ ♦✉r ❙■❙❖ ❝♦♥✜❣✉r❛t✐♦♥ ❛r❡ ♥♦t ♠❡❛♥t t♦ ❝❛♣t✉r❡
t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ❛♥♦t❤❡r ✐♥♣✉t B t♦ ❛♥♦t❤❡r ♦✉t♣✉t C✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡s❡ ❘❖▼❙ ❞♦ ♥♦t ♠♦❞❡❧ t❤❡
✢♦✇ ❞②♥❛♠✐❝s✱ ✐✳❡✳ t❤❡② ♥❡✐t❤❡r ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r A ♥♦r t❤❡ t✐♠❡ ♣r♦♣❛❣❛t♦r ✇❤✐❝❤
♠❛② ❜❡ ❢♦r♠❛❧❧② ✇r✐tt❡♥ ❛s eAt✳ ■♥st❡❛❞✱ ❛s ❡①♣♦s❡❞ ✐♥ ❝❤❛♣t❡r ✷✱ t❤❡② ❛r❡ s❤♦✇♥ t♦ r❡❝♦✈❡r t❤❡ ♦r✐❣✐♥❛❧
✐♠♣✉❧s❡ r❡s♣♦♥s❡ CeAtB✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ ❛ ❘❖▼ ✇❤✐❝❤ ❝❛♣t✉r❡s t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ❞♦❡s
♥♦t ♥❡❝❡ss❛r✐❧② ❛❝❝✉r❛t❡❧② ♠♦❞❡❧ t❤❡ ✢♦✇ st❛t❡s ❞r✐✈❡♥ ❜② t❤❡ ✐♥♣✉t✳ ❋♦r ✐♥st❛♥❝❡ t❤❡ ❇❛❧❛♥❝❡❞ ♠♦❞❡❧s
♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❛r❡ ♥♦t ❛❜❧❡ t♦ ❞♦ s♦✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❘❖▼s ❜❛s❡❞ ♦♥ t❤❡
♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s ✭r❡❢❡rr❡❞ t♦ ❛s P❖❉ ♠♦❞❡❧s✮ ❤❛✈❡ ❜❡❡♥ ♦❜s❡r✈❡❞ t♦ r❡❝♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ✢♦✇
r❡s♣♦♥s❡ eAtB✱ ♥❛♠❡❧② t❤❡ ❡♥t✐r❡ ✢♦✇ ❞②♥❛♠✐❝s ❡①❝✐t❡❞ ❜② t❤❡ ✐♥♣✉t✳

◆♦✇✱ ✐♥ ♠♦r❡ r❡❛❧✐st✐❝ s✐t✉❛t✐♦♥s✱ ❛ ❘❖▼ ♠❛② ❜❡ r❡q✉✐r❡❞ t♦ ♠♦❞❡❧ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ▼✉❧t✐♣❧❡ ■♥♣✉ts
t♦ ▼✉❧t✐♣❧❡ ❖✉t♣✉ts ✭✇❤✐❝❤ ✐s ❝♦♠♠♦♥❧② r❡❢❡rr❡❞ t♦ ❛s ▼■▼❖ ❝♦♥✜❣✉r❛t✐♦♥s✮✳ ❚❤❡ s♥❛♣s❤♦t ♠❡t❤♦❞
♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❝❛♥ ❡❛s✐❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❝❛s❡ ✇✐t❤ ❛ ♠♦❞❡r❛t❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts ❛♥❞
♦✉t♣✉ts✱ s❡❡ ❘♦✇❧❡② ✭✷✵✵✺✮✳ ❚♦ ❞♦ s♦✱ t❤❡ ❝♦♥tr♦❧❧❛❜❧❡ ♦r ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ ❛❞❞✐t✐♦♥❛❧
s❡ts ♦❢ s♥❛♣s❤♦ts ✭♦♥❡ ❛❞❞✐t✐♦♥❛❧ s❡t ❢♦r ❡❛❝❤ ♥❡✇ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t✮✳ ❆s ❛ r❡s✉❧t✱ t❤✐s ♣r♦❝❡❞✉r❡ q✉✐❝❦❧②
❜❡❝♦♠❡s ♥♦t tr❛❝t❛❜❧❡ ❢♦r ❧❛r❣❡ s②st❡♠s ❛s s♦♦♥ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts ❛♥❞✴♦r ♦✉t♣✉ts ❜❡❝♦♠❡s ❧❛r❣❡✳
◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ♦❢ ♣✐✈♦t❛❧ ✐♠♣♦rt❛♥❝❡ ❢♦r ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❞❡s✐❣♥ ❘❖▼s t❤❛t ❝❛♣t✉r❡ ❛ ❧❛r❣❡
♥✉♠❜❡r ♦❢ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ✐s ❛ ♥♦✐s❡
❛♠♣❧✐✜❡r ✇❤♦s❡ ❞②♥❛♠✐❝s ❛r❡ ❞r✐✈❡♥ ❜② ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s✳ ❆s ❛ r❡s✉❧t✱ ♦♥❡ ❝❛♥ ❡①♣❡❝t t❤❡ ✢♦✇ t♦
❜❡ ❞r✐✈❡♥ ❜② ♠✉❝❤ ♠♦r❡ t❤❛♥ ♦♥❡ ✐♥♣✉t✳ ▼♦st❧②✱ r❡❛❧✐st✐❝ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s ❛❝t ❛s ❛♥ ✉♥❦♥♦✇♥ ♥♦✐s❡
s♦ t❤❛t ♦♥❡ ❝❛♥♥♦t ♣r❡❞✐❝t ❛ ♣r✐♦r✐ ✇❤✐❝❤ ✐♥♣✉ts ❛r❡ t♦ ❜❡ ♠♦❞❡❧❧❡❞ ❜② t❤❡ ❞❡s✐r❡❞ ❘❖▼✳ ❆❧t❡r♥❛t✐✈❡❧②✱
❛s s♦♦♥ ❛s ❝♦♥s✐❞❡r✐♥❣ ❛ 3D s❡t✲✉♣✱ ♥❛♠❡❧② ❛ 3D ❜❛s❡ ✢♦✇✱ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ✇♦✉❧❞ r❡q✉✐r❡ ♠✉❝❤ ♠♦r❡
t❤❛♥ ♦♥❡ s❡♥s♦r✳ ▲❡t ✉s ❢♦r ✐♥st❛♥❝❡ ❝♦♥s✐❞❡r t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❝❧♦s❡❞✲❧♦♦♣ ✢♦✇ ❝♦♥tr♦❧❧❡r ✐♥ t❤❡ ❝❛s❡ ♦❢

❋✐❣✉r❡ ✷✳✶✾✿ ❙❦❡t❝❤ ♦❢ t❤❡ ❙✐♥❣❧❡ ■♥♣✉t ❙✐♥❣❧❡ ❖✉t♣✉t ✭❙■❙❖✮ ❞②♥❛♠✐❝s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❝❤❛♣t❡r ✷✳
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■◆❚❊❘▲❯❉❊

❋✐❣✉r❡ ✷✳✷✵✿ ❙❦❡t❝❤ ♦❢ t❤❡ ▼✉❧t✐♣❧❡ ■♥♣✉ts ❙✐♥❣❧❡ ❖✉t♣✉t ✭▼■❙❖✮ ❞②♥❛♠✐❝s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❝❤❛♣t❡r ✸✳

♦✉r ❜❛❝❦✇❛r❞ ❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ■♥ ❛ 3D s❡t✲✉♣ ✇✐t❤ ❧❛t❡r❛❧ ✇❛❧❧s✱ ✇❡ ✇♦✉❧❞ r❛t❤❡r ❡①♣❡❝t t♦ r❡q✉✐r❡ ♦♥❡
♦r s❡✈❡r❛❧ ❛rr❛②s ♦❢ s❡♥s♦rs ✭♥❛♠❡❧② ♦✉t♣✉ts✮ ✐♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥ t♦ ❞❡s✐❣♥ ❛♥ ❛❝❝✉r❛t❡ ❧♦✇✲♦r❞❡r
❝♦♥tr♦❧❧❡r✳

■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ♥❡①t ❝❤❛♣t❡r ❞❡❛❧s ✇✐t❤ ❛ ❝❛s❡ ✇✐t❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts✳ ❚❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣
st❡♣ ✢♦✇✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ s❛♠❡ s✐♥❣❧❡ s❡♥s♦r✱ ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ✢♦✇ ✐s ❢♦r❝❡❞ ❜②
❛♥ ✉♥❦♥♦✇♥ ♥♦✐s❡ ❛♥❞ ✇❡ ❧♦♦❦ ❢♦r ❘❖▼s ✇❤✐❝❤ ❝❛♣t✉r❡ t❤❡ ❡①❛❝t ♠❡❛s✉r❡♠❡♥t ❢r♦♠ t❤❡ s❡♥s♦r✳ ❚♦
❞♦ s♦✱ ✇❡ ❝❤♦♦s❡ t♦ ❝♦♥s✐❞❡r ❛❧❧ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ st❛t❡✲s♣❛❝❡ ❛s t❤❡ ✐♥♣✉ts✳ ❚❤❡♥✱ t✇♦
♣r♦❥❡❝t✐♦♥ ❜❛s❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ ✐♥✈❡st✐❣❛t❡❞ t♦ ❞❡s✐❣♥ t❤❡ ❘❖▼s✳ ❚❤❡ ✜rst s❡t ❝♦♥s✐sts ♦❢ t❤❡ ♠♦st
♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ✇❤✐❝❤ ❛r❡ t❤❡ ✢♦✇ str✉❝t✉r❡s ❧❡❛❞✐♥❣ t♦ ❛ ♠❛①✐♠✉♠ ❡♥❡r❣② ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ s❡♥s♦r
♠❡❛s✉r❡♠❡♥t✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡② ❛r❡ t❤❡ st❛t❡s t♦ ✇❤✐❝❤ t❤❡ s❡♥s♦r ✐s t❤❡ ♠♦st s❡♥s✐t✐✈❡✳ ❚❤❡ s❡❝♦♥❞
❜❛s✐s ❝♦♥s✐sts ♦❢ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ✇❤✐❝❤ ❛r❡ ❝♦♠♣✉t❡❞ ❜② ❛♥ ❛♣♣r♦①✐♠❛t❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ♣r♦❝❡❞✉r❡✳
❚❤✐s ❛♣♣r♦①✐♠❛t❡ ♣r♦❝❡❞✉r❡ ✇✐❧❧ ❜❡ s❤♦✇♥ t♦ ❜❡ ♥❡❛r❧② ♦♣t✐♠❛❧ t♦ ❝❛♣t✉r❡ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳
❖✇✐♥❣ t♦ ❛♥ ❛♥❛❧♦❣♦✉s ♣r♦❝❡❞✉r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮ ❛♥❞ ❝❛❧❧❡❞ ✧♦✉t♣✉t ♣r♦❥❡❝t✐♦♥✧✱ ♦✉rs
✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ✧✐♥♣✉t ♣r♦❥❡❝t✐♦♥✧✳ ❚❤❡ ♥❡①t ❝❤❛♣t❡r ❣✐✈❡s ❛ ♣❛rt✐❝✉❧❛r ❡♠♣❤❛s✐s t♦ t❤❡ ♥✉♠❡r✐❝❛❧
t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ❛❧❧♦✇ t♦ ❝♦♠♣✉t❡ t❤❡s❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✳ ❋✉rt❤❡r♠♦r❡✱ ❛ ♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣❛r✐s♦♥
❜❡t✇❡❡♥ t❤❡ ❘❖▼s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t ♣r♦❥❡❝t✐♦♥ ❜❛s❡s ✐s ❛ss❡ss❡❞✳ ❆♥❛❧♦❣♦✉s❧② t♦ ✜❣✉r❡ ✷✳✶✾✱
✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ s❦❡t❝❤ ♦❢ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ♦❢ ✐♥t❡r❡st ✐♥ ✜❣✉r❡ ✷✳✷✵✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ✐♥♣✉t
Bc(t) ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ✉♥❦♥♦✇♥ ♥♦✐s❡ η(t) ✇❤✐❝❤ ❤❛s ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❙✉❝❤
❛ s❡t✲✉♣ ♠❛② ❛❝❝♦r❞✐♥❣❧② ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❛ ▼✉❧t✐♣❧❡ ■♥♣✉ts ❙✐♥❣❧❡ ❖✉t♣✉t ✭▼■❙❖✮ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡
r❡s✉❧ts ❡①♣♦s❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ ❛❧s♦ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ❛♥ ❛rt✐❝❧❡ s✉❜♠✐tt❡❞ t♦ P❤②s✐❝s ♦❢ ❋❧✉✐❞s✳
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❈❤❛♣t❡r ✸

▼♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s ❜❡t✇❡❡♥

✉♥❝❡rt❛✐♥ ❢♦r❝✐♥❣ ❛♥❞ ❛ s❡♥s♦r

❚❤✐s ❝❤❛♣t❡r ❛❞❞r❡ss❡s t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ ❤✐❣❤✲♦r❞❡r ❧✐♥❡❛r s②st❡♠s ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡
✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❲❡ ❧♦♦❦ ❢♦r r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s t❤❛t ❝❛♣t✉r❡ t❤❡ r❡s♣♦♥s❡
♦❢ s♦♠❡ s♣❡❝✐✜❝ s❡♥s♦r ✇❤❛t❡✈❡r t❤❡ ✐♥✐t✐❛❧ ✢♦✇ ❝♦♥❞✐t✐♦♥ ❛♥❞ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥② t✐♠❡✲❞❡♣❡♥❞❡♥t
❡①t❡r♥❛❧ ❢♦r❝✐♥❣✳ ◆❛♠❡❧②✱ t❤✐s ✇♦r❦ ❞❡❛❧s ✇✐t❤ t❤❡ ❛❝❝✉r❛t❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s
♦❢ ❛ ✢✉✐❞ s②st❡♠ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❡❛❝❤ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ s②st❡♠ ❛s ❛♥ ✐♥♣✉t✱ ❛♥❞ t❤❡ ❣✐✈❡♥
♠❡❛s✉r❡♠❡♥t ❛s t❤❡ ♦✉t♣✉t✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❝♦♠♣❧❡① ♦r r❡❛❧✐st✐❝ ✢♦✇s✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts ✐s t♦♦ ❧❛r❣❡
t♦ ❛♣♣❧② t❤❡ st❛♥❞❛r❞ ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❚♦ ❛❧❧❡✈✐❛t❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠❡t❤♦❞
❝❛❧❧❡❞ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥✳ ■♥♣✉t ♣r♦❥❡❝t✐♦♥ ✐s s❤♦✇♥ t♦ ❜❡ ❛♥❛❧♦❣♦✉s t♦ t❤❡ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡
✐♥tr♦❞✉❝❡❞ ❜② ❘♦✇❧❡② (2005)✳ ❚♦ ✐❧❧✉str❛t❡ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ❣❧♦❜❛❧❧②
st❛❜❧❡ ✢♦✇ ♦✈❡r ❛ r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳ ❘❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡
❢✉❧❧ ♦r✐❣✐♥❛❧ s②st❡♠ ♦♥t♦✿ ✭✐✮ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❧❡❛❞✐♥❣ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t❡❞
s②st❡♠s ❛♥❞ ✭✐✐✮ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✳ ❚❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❛r❡ ♦❜s❡r✈❡❞ t♦ ❛❝❝✉r❛t❡❧② ❝❛♣t✉r❡
t❤❡ tr❛♥s✐❡♥t ❣r♦✇t❤s ❛❧♦♥❣ t❤❡ s❡♣❛r❛t❡❞ ✢♦✇ ✇❤❛t❡✈❡r t❤❡ ✐♥♣✉t ✇❤✐❧❡ ♦✉t♣❡r❢♦r♠✐♥❣ t❤❡ ♠♦❞❡❧s ❜❛s❡❞
♦♥ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✳

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

❆ ✈❛r✐❡t② ♦❢ ♦♣❡♥ ✢♦✇s✱ s✉❝❤ ❛s ❜♦✉♥❞❛r② ❧❛②❡rs✱ ♠✐①✐♥❣ ❧❛②❡rs ♦r s❡♣❛r❛t❡❞ ✢♦✇s✱ ❛r❡ s✉❜❥❡❝t t♦
❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t✐❡s ✇❤✐❝❤ ❛♠♣❧✐❢② ✉♣str❡❛♠ ❧♦✇✲❧❡✈❡❧ ♥♦✐s❡✳ ■♥ ❢❛❝t✱ ❡✈❡♥ ✐❢ ❣❧♦❜❛❧❧② st❛❜❧❡✱ t❤❡s❡
✢♦✇s ♠❛② s✉st❛✐♥ ❧❛r❣❡ ✢♦✇ ✉♥st❡❛❞✐♥❡ss ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❜r♦❛❞❜❛♥❞ ❢r❡q✉❡♥❝✐❡s ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡
♦❢ ♣❡r♠❛♥❡♥t ✉♣str❡❛♠ ♥♦✐s❡✱ s❡❡ ❑❛✐❦ts✐s ❡t ❛❧✳ ✭✶✾✾✻✮✳ ❚❤❡s❡ ✢♦✇s ❛r❡ ♦❢t❡♥ ❝❛❧❧❡❞ s❡❧❡❝t✐✈❡ ♥♦✐s❡✲
❛♠♣❧✐✜❡rs ❛♥❞ ♠❛② ❜❡ ❤✐❣❤❧② s❡♥s✐t✐✈❡ t♦ s♠❛❧❧ ✉♣str❡❛♠ ♣❡rt✉r❜❛t✐♦♥s ✭r❡s✐❞✉❛❧ t✉r❜✉❧❡♥❝❡✱ ♥♦✐s❡✱
s✉r❢❛❝❡ r♦✉❣❤♥❡ss✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ s✉❝❤ ✢♦✇s str♦♥❣❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢
t❤❡ ✉♣str❡❛♠ ♥♦✐s❡✱ ✇❤✐❝❤ ❛r❡ ✉♥❦♥♦✇♥ ✐♥ ♣r❛❝t✐❝❡✳ ❆s ❛ r❡s✉❧t✱ ♠♦❞❡❧✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛♠♣❧✐✜❡r
✢♦✇s r❡♠❛✐♥s ❛ ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦ ✇❤✐❝❤✱ ❤♦✇❡✈❡r✱ ✐s ❝r✉❝✐❛❧ ✐♥ ♠❛♥② ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚②♣✐❝❛❧
❡①❛♠♣❧❡s ❛r❡✿ ✭✐✮ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ♦❢ t❤❡ ❧❛♠✐♥❛r✲t✉r❜✉❧❡♥t tr❛♥s✐t✐♦♥ ✐♥ ❜♦✉♥❞❛r② ❧❛②❡r ✢♦✇s
✭❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮❀ ❇❛❣❤❡r✐ ✫ ❍❡♥♥✐♥❣s♦♥ ✭✷✵✶✶✮❀ ❙❡♠❡r❛r♦ ❡t ❛❧✳ ✭✷✵✶✶✮✮ ❛♥❞ ✭✐✐✮ t❤❡ ❞❡s✐❣♥ ♦❢ ♥❡❛r
♦♣t✐♠❛❧ st❛t❡ ❡st✐♠❛t♦rs ✐♥ ♠❡t❡♦r♦❧♦❣② ✭❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❜✱❛✮✮✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ❞✉❡ t♦ t❤❡ ❧❛r❣❡
s✐③❡ ♦❢ t❤❡ ✢✉✐❞ s②st❡♠s✱ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ✭❘❖▼s✮ ♦❢ t❤❡ ✢♦✇ ❞②♥❛♠✐❝s ✇❤✐❝❤ ❝❛♣t✉r❡ t❤❡ ♥♦✐s❡
❛r❡ r❡q✉✐r❡❞✳
■♥ ♦r❞❡r t♦ ❝❛♣t✉r❡ s✉❝❤ ❛♥ ✉♥s♣❡❝✐✜❡❞ ♥♦✐s❡✱ ♦♥❡ s♦❧✉t✐♦♥ ❝♦♥s✐sts ♦❢ ❜✉✐❧❞✐♥❣ ❘❖▼s ✇❤✐❝❤ ❝❛♣t✉r❡ ❛❧❧
t❤❡ ♣♦ss✐❜❧❡ ✐♥♣✉ts✳ ❆s ❛ ♣r♦t♦t②♣❡ ❡①❛♠♣❧❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✢♦✇ ♦✈❡r ❛ r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✳ ❚❤✐s ✢♦✇ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❞r✐✈❡♥ ❜② ❛♥ ✉♥❝❡rt❛✐♥ ❢♦r❝✐♥❣ ❛t t❤❡ ✉♣str❡❛♠✳ ❖✉r
♦❜❥❡❝t✐✈❡ ✐s t❤❡♥ t♦ ❞❡s✐❣♥ ❧♦✇✲♦r❞❡r ♠♦❞❡❧s t❤❛t ❝❛♣t✉r❡ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦♥ ❛ s✐♥❣❧❡ s♣❡❝✐✜❝ s❡♥s♦r✱
❢♦r ❛❧❧ ♣♦ss✐❜❧❡ ❢♦r❝✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❙✉❝❤ ❛ ❘❖▼ ♠❛② ❜❡ ✈❡r② ✉s❡❢✉❧ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝❧♦s❡❞✲❧♦♦♣
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❙❊◆❙❖❘

❋✐❣✉r❡ ✸✳✶✿ ❇❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ✐♥✈❡st✐❣❛t❡❞ ❤❡r❡✳ ❚❤❡ st❡❛❞②✲st❛t❡ ❜❛s❡ ✢♦✇ ❛t ❘❡ = 600 ✐s
❞❡♣✐❝t❡❞ ❜② ✐ts str❡❛♠❧✐♥❡s ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ❚❤❡ ✉♣str❡❛♠✱ ❞♦✇♥str❡❛♠ ❛♥❞ ✉♣♣❡r ❜♦✉♥❞❛r✐❡s
❛r❡ r❡s♣❡❝t✐✈❡❧② ❧♦❝❛t❡❞ ❛t x = −20✱ x = 100 ❛♥❞ y = 20✳ ❚❤❡ ❡①❛❝t ♣♦s✐t✐♦♥ ♦❢ t❤❡ s❡♥s♦r ✐s ❛❧s♦
❞✐s♣❧❛②❡❞✳

❝♦♥tr♦❧✳ ❋♦r ❡①❛♠♣❧❡✱ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮ ❛ss✉♠❡❞ t❤❛t t❤❡ ✉♣str❡❛♠ ♥♦✐s❡ ✇❛s ❦♥♦✇♥ ✐♥ t❤❡ ❞❡s✐❣♥
♦❢ t❤❡✐r ❘❖▼✳ ❚❤✐s ♥♦✐s❡ ✇❛s t❛❦❡♥ ❛s ❛ s✐♥❣❧❡ s♣❛t✐❛❧ str✉❝t✉r❡ ❝♦♥t✐♥✉♦✉s❧② ❢♦r❝❡❞ ✐♥ t✐♠❡ ❜② ❛ ✇❤✐t❡
♥♦✐s❡ s✐❣♥❛❧✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ▲◗● ❝♦♠♣❡♥s❛t♦r ✇✐❧❧ t❤❡r❡❢♦r❡ ♦♥❧② ✇♦r❦ ❢♦r t❤✐s s♣❡❝✐✜❝ s♣❛t✐❛❧ str✉❝t✉r❡
❛♥❞ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♥♦✐s❡✳ ◆♦✇✱ ✐♥ r❡❛❧ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ♥♦✐s❡ ✐s ✉♥❦♥♦✇♥ ❛♥❞ ❛ ♠♦❞❡❧ ❝❛♣t✉r✐♥❣ ❛❧❧
♣♦ss✐❜❧❡ ✐♥♣✉ts ✇♦✉❧❞ ♦✈❡r❝♦♠❡ t❤✐s ❧✐♠✐t❛t✐♦♥✳
❆ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡ ❝❛❧❧❡❞ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ✐s ♣❛rt✐❝✉❧❛r❧② s✉✐t❡❞ ❢♦r st❛❜❧❡ ❧✐♥❡❛r ✐♥♣✉t✲
♦✉t♣✉t s②st❡♠s✱ s❡❡ ▼♦♦r❡ ✭✶✾✽✶✮✳ ■t ❝♦♥s✐sts ♦❢ ✜♥❞✐♥❣ ❛ ❜❛s✐s ♦❢ ❡q✉❛❧❧② ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡
♠♦❞❡s r❛♥❦❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡s❡ ♣r♦♣❡rt✐❡s✳ ❘❖▼s ❛r❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧
s②st❡♠ ♦♥t♦ t❤❡ ❧❡❛❞✐♥❣ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✳ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ✐s s❛✐❞ t♦ ❜❡ q✉❛s✐✲♦♣t✐♠❛❧ t♦ ❝❛♣t✉r❡ t❤❡
❞②♥❛♠✐❝s ❢r♦♠ t❤❡ ✐♥♣✉ts t♦ t❤❡ ♦✉t♣✉ts s✐♥❝❡ ✐t ♦✛❡rs t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ♦♥ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❡rr♦r
✇❤✐❝❤ ❛r❡ ❝❧♦s❡ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛❝❤✐❡✈❛❜❧❡ ❜② ❛♥② r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧✱ s❡❡ ❉✉❧❧❡r✉❞ ✫ P❛❣❛♥✐♥✐
✭✷✵✵✵✮✳ ❚❤✐s ✉s❡❢✉❧ ♣r♦♣❡rt② ♠❛❦❡s ✐t ❛ ✈❡r② ❡✣❝✐❡♥t ❛♥❞ ♣♦♣✉❧❛r t❡❝❤♥✐q✉❡ ✇❤✐❝❤ ❜r♦✉❣❤t t❤❡ ✉s❡
♦❢ ♠♦❞❡r♥ ♦♣t✐♠❛❧ ✢♦✇ ❝♦♥tr♦❧ t♦♦❧s ✭❇✉r❧ ✭✶✾✾✾✮❀ ❇❡✇❧❡② ✭✷✵✵✶✮❀ ❩❤♦✉ ❡t ❛❧✳ ✭✷✵✵✷✮❀ ❑✐♠ ✫ ❇❡✇❧❡②
✭✷✵✵✼✮❀ ❙✐♣♣ ❡t ❛❧✳ ✭✷✵✶✵✮✮ ✇✐t❤✐♥ r❡❛❝❤ ♦❢ ❝✉rr❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥♦❧♦❣②✳ Pr❡✈✐♦✉s ✇♦r❦s ♦♥ ❇❛❧❛♥❝❡❞
❚r✉♥❝❛t✐♦♥ ❝♦♠♣r✐s❡ t❤❡ ❡①t❡♥s✐♦♥ t♦ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠s ❜② ❙❝❤❡r♣❡♥ ✭✶✾✾✸✮ ❛♥❞ ▲❛❧❧ ❡t ❛❧✳ ✭✷✵✵✷✮✱
t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ ❜② ▲❛✉❜ ❡t ❛❧✳ ✭✶✾✽✼✮ ❢♦r t❤❡ ❛❝❝✉r❛t❡ ❛♥❞ ♦♣t✐♠❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡
❜❛❧❛♥❝❡❞ ❜❛s✐s ❛♥❞ ❛❧s♦ t❤❡ ❡①t❡♥s✐♦♥ t♦ ✉♥st❛❜❧❡ ❧✐♥❡❛r s②st❡♠s ♣r♦♣♦s❡❞ ❜② ❩❤♦✉ ❡t ❛❧✳ ✭✶✾✾✾✮✳
❚❡❝❤♥✐❝❛❧❧②✱ t❤❡ ❜❛❧❛♥❝❡❞ ❜❛s✐s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ♦♣❡r❛t♦rs✱
♥❛♠❡❧② t❤❡ s♦✲❝❛❧❧❡❞ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s✱ s❡❡ ❑✐♠ ✭✶✾✾✽✮❀ ❆♥t♦✉❧❛s ✭✷✵✵✺✮✳ ❋♦r
s②st❡♠s ♦❢ ♠♦❞❡r❛t❡ s✐③❡✱ ✇✐t❤ ✉♣ t♦ O(103) ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
❞✐r❡❝t❧② ❜② ❝♦♠♣✉t✐♥❣ ❡①♣❧✐❝✐t❧② t❤❡ ●r❛♠✐❛♥s ✭❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❜✱❛✮❀ ❏♦s❤✐ ❡t ❛❧✳ ✭✶✾✾✼✮❀ ❍ö❣❜❡r❣
❡t ❛❧✳ ✭✷✵✵✸✮✮✳ ❍♦✇❡✈❡r✱ ❛♥ ❛♣♣r♦①✐♠❛t❡ ♣r♦❝❡❞✉r❡ ✐s r❡q✉✐r❡❞ ❢♦r ❧❛r❣❡r s②st❡♠s s✐♥❝❡ t❤✐s ❝♦♠♣✉t❛✲
t✐♦♥ q✉✐❝❦❧② ❜❡❝♦♠❡s ✉♥tr❛❝t❛❜❧❡✳ ❆ r❡❝❡♥t ❡①t❡♥s✐♦♥ ♣r♦♣♦s❡❞ ❜② ❲✐❧❧❝♦① ✫ P❡r❛✐r❡ ✭✷✵✵✷✮ ❛♥❞ ❘♦✇❧❡②
✭✷✵✵✺✮ ❤❛s ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t② ❜② ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ✇✐t❤♦✉t ❝♦♠♣✉t✐♥❣ t❤❡ ●r❛♠✐✲
❛♥s✱ ❜② ✉s✐♥❣ ❛ s♥❛♣s❤♦t ♠❡t❤♦❞✳ ❚❤✐s t❡❝❤♥✐q✉❡✱ ❝❛❧❧❡❞ ❇❛❧❛♥❝❡❞ Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥
✭❇P❖❉✮✱ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ♦♥ ❜♦t❤ st❛❜❧❡ ✭■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮❀ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮❀ ❉❡r❣❤❛♠
❡t ❛❧✳ ✭✷✵✶✶✮✮ ❛♥❞ ✉♥st❛❜❧❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s✱ s❡❡ ❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮❀ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮❀
❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✶✵✮✳
❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ❞❡s✐❣♥s ❡✣❝✐❡♥t ❧♦✇✲♦r❞❡r ♠♦❞❡❧s ✇❤✐❝❤ ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ s♣❡❝✐✜❝ ✐♥♣✉ts
t♦ s♣❡❝✐✜❝ ♦✉t♣✉ts✳ ❍♦✇❡✈❡r✱ ✐t ♠❛② ❜❡ ❝♦♠♣❧❡t❡❧② ✐♥❡✛❡❝t✐✈❡ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ✐♥♣✉ts ❛♥❞ t❤❡ ♦✉t♣✉ts
t❤❛t ❤❛✈❡ ♥♦t ❜❡❡♥ ❡①♣❧✐❝✐t❧② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ♥♦t ♠❡❛♥t t♦ ♠♦❞❡❧ t❤❡ tr✉❡ ✢♦✇
♣❡rt✉r❜❛t✐♦♥ tr✐❣❣❡r❡❞ ❢r♦♠ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✉♥❧❡ss ❜♦t❤ t❤❡ ✐♥♣✉t ❛♥❞ t❤❡ ♦✉t♣✉t
s♣❛❝❡s ❛r❡ ❝❤♦s❡♥ ❛s t❤❡ ❢✉❧❧ st❛t❡ s♣❛❝❡✳ ❋♦r ❧❛r❣❡ s②st❡♠s✱ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ s♥❛♣s❤♦ts r❡q✉✐r❡s t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ ♦♥❡ ❞✐r❡❝t ❛♥❞ ♦♥❡ ❛❞❥♦✐♥t s✐♠✉❧❛t✐♦♥ ♣❡r ✐♥♣✉t ❛♥❞ ♦✉t♣✉t✳ ❈♦♥s❡q✉❡♥t❧②✱ ❝❤♦♦s✐♥❣ ❛
❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts q✉✐❝❦❧② ❜❡❝♦♠❡s ✉♥❛✛♦r❞❛❜❧❡ ✇✐t❤ t❤❡ st❛♥❞❛r❞ s♥❛♣s❤♦t ♠❡t❤♦❞✳
❚❤♦✉❣❤✱ ❘♦✇❧❡② ✭✷✵✵✺✮ ❤❛s ✐♥tr♦❞✉❝❡❞ t❤❡ t❡❝❤♥✐q✉❡ ❝❛❧❧❡❞ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❜❛❧✲
❛♥❝❡❞ ♠♦❞❡s ❢♦r s②st❡♠s ❤❛✈✐♥❣ ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♦✉t♣✉ts✳ ❖✉t♣✉t ♣r♦❥❡❝t✐♦♥ ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ ❢♦r
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t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ ❛ ❝❤❛♥♥❡❧ ✢♦✇ ✭■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✻✱ ✷✵✵✽✮✮ ❛♥❞ t♦ ♣❡r❢♦r♠ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧
♦♥ t❤❡ ✢♦✇ ♣❛st ❛♥ ✐♥❝❧✐♥❡❞ ✢❛t ♣❧❛t❡ ✭❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✵✽✱ ✷✵✶✵✮✮ ❜② ❝❤♦♦s✐♥❣ t❤❡ t♦t❛❧ ❦✐♥❡t✐❝
❡♥❡r❣② ♦❢ ♣❡rt✉r❜❛t✐♦♥s ❛s t❤❡ ❝♦♥tr♦❧ ♦❜❥❡❝t✐✈❡ t♦ ♠✐♥✐♠✐③❡✳
❆❧t❡r♥❛t✐✈❡❧②✱ ❛♥♦t❤❡r ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣✳ ❚❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❝♦♥tr♦❧✲
❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s ❝♦♥st✐t✉t❡ t✇♦ s❡ts ♦❢ ♦rt❤♦❣♦♥❛❧ ♠♦❞❡s t❤❛t ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ t♦
♣❡r❢♦r♠ ♠♦❞❡❧ r❡❞✉❝t✐♦♥✳ ❚❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥♠♦❞❡s ♦❢ t❤❡ t✇♦ ●r❛♠✐❛♥s ❛❝❝♦✉♥t ❢♦r t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡
❛♥❞ ♦❜s❡r✈❛❜❧❡ st❛t❡s r❡s♣❡❝t✐✈❡❧②✱ s❡❡ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮✳ ❚❤❡s❡ ♠♦❞❡s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ✉s❡❞ t♦
❜✉✐❧❞ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❢♦r ✢✉✐❞ s②st❡♠s✱ s❡❡ ❘♦✇❧❡② ✭✷✵✵✺✮❀ ■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮❀ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳
✭✷✵✵✾✮❀ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮✳ ■♥ t❤❡s❡ ❝❛s❡s✱ t❤❡② ❛r❡ r❡❢❡rr❡❞ t♦ ❛s Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥
✭P❖❉✮ ♠♦❞❡❧s s✐♥❝❡ t❤❡② ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞ ♦❢ s♥❛♣s❤♦ts ✐♥tr♦❞✉❝❡❞ ❜② ❙✐r♦✈✐❝❤
✭✶✾✽✼✮✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s ♦♣t✐♠❛❧❧② ❝❛♣t✉r❡ t❤❡ ❡♥❡r❣② tr✐❣❣❡r❡❞ ❜② t❤❡ ✐♥♣✉t ✇❤✐❧❡
♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❛r❡ t❤❡ ✢♦✇ str✉❝t✉r❡s ❧❡❛❞✐♥❣ t♦ ♠❛①✐♠✉♠ ♦✉t♣✉t ❡♥❡r❣②✳ ■♥ s♣✐t❡ ♦❢ t❤❡s❡ ♣r♦♣❡rt✐❡s✱
t❤❡ r❡s✉❧t✐♥❣ ❘❖▼s ❛r❡ ❦♥♦✇♥ t♦ ❜❡ s✉❜✲♦♣t✐♠❛❧ ❢♦r ❝❛♣t✉r✐♥❣ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✱ ❛♥❞ ♠❛②
❡✈❡♥ ❜❡ ✐♥❡✛❡❝t✐✈❡✱ s❡❡ ❘♦✇❧❡② ❡t ❛❧✳ ✭✷✵✵✹✮✳
■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ♦❢ st❛❜❧❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t s②st❡♠s ❤❛✈✐♥❣
❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts✳ P❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ✐s ❣✐✈❡♥ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✐♥♣✉t ✐s t❤❡ ❢✉❧❧ st❛t❡✱
✇❤✐❝❤ st❛♥❞s ❢♦r ✜♥❞✐♥❣ ❧♦✇✲♦r❞❡r ♠♦❞❡❧s t❤❛t ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ❛♥② ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦r
❛♥② ❢♦r❝✐♥❣ ❞✐str✐❜✉t✐♦♥ t♦ s♦♠❡ ❣✐✈❡♥ ♦✉t♣✉t✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❝♦♥s✐sts ♦❢
❛♥ ❛♣♣r♦①✐♠❛t❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ❛♥❞ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥tr♦❞✉❝❡❞
❜② ❘♦✇❧❡② ✭✷✵✵✺✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❡s✉❧t✐♥❣ ❘❖▼s ❛r❡ ♠❡❛♥t t♦ q✉❛s✐✲♦♣t✐♠❛❧❧② ❝❛♣t✉r❡ t❤❡ ✐♥♣✉t✲
♦✉t♣✉t ❞②♥❛♠✐❝s✳ ❖✇✐♥❣ t♦ ✐ts t❡❝❤♥✐❝❛❧ ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✇❡ ❝❛❧❧ t❤❡
♣r❡s❡♥t ♠❡t❤♦❞ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✐s ✐❧❧✉str❛t❡❞ ♦♥ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇ ♦✈❡r ❛ t✇♦✲
❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✱ ✇❤✐❝❤ ♦♥❧② ❛❝❝♦✉♥ts ❢♦r ❛ ♣r♦t♦t②♣❡ ♦❢ ♥♦✐s❡✲❛♠♣❧✐✜❡r ✢♦✇✳ ❚❤❡
❢♦r♠❛❧✐s♠ ✐♥tr♦❞✉❝❡❞ ❤❡r❡ ❞♦ ♥♦t r❡❧② ♦♥ ♣❤②s✐❝❛❧ ✐♥s✐❣❤t ✐♥t♦ t❤✐s ♣❛rt✐❝✉❧❛r ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ❝❛♥
❜❡ ❛♣♣❧✐❡❞ t♦ ❛♥② ♦t❤❡r st❛❜❧❡ ♦♣❡♥ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ ❣✉✐❞❡❧✐♥❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ✈❡r② s✐♠✐❧❛r
t♦ t❤❛t ❛❞♦♣t❡❞ ❜② ■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮ ✇❤❡r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡
✐s ❛ss❡ss❡❞ ♦♥ ❛ ❝❤❛♥♥❡❧ ✢♦✇✳ ◆♦t❛❜❧②✱ ❜♦t❤ t❤❡ ❘❖▼s ❜❛s❡❞ ♦♥ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❛♥❞ t❤❡
❧❡❛❞✐♥❣ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡✐r ♣❡r❢♦r♠❛♥❝❡ ❛r❡ ❡✈❛❧✉❛t❡❞ ❛♥❞ ❛❧s♦ ❝♦♠♣❛r❡❞✳ ❚❤❡ ❣♦❛❧
♦❢ t❤✐s ❝❤❛♣t❡r ✐s t✇♦❢♦❧❞✿ ✭✐✮ s❤♦✇ t❤❡ ❛❜✐❧✐t② ♦❢ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ t♦ ❛❝❝✉r❛t❡❧② ♠♦❞❡❧ t❤❡ ✧❢✉❧❧✲✐♥♣✉t t♦
s✐♥❣❧❡ ♦✉t♣✉t✧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ ❛ ❧❛r❣❡ ✢✉✐❞ s②st❡♠ ❛♥❞ ✭✐✐✮ t♦ ✐❧❧✉str❛t❡ ✐ts q✉❛s✐✲♦♣t✐♠❛❧✐t②✳
❚❤❡ r❡st ♦❢ t❤❡ ❝❤❛♣t❡r ♣r♦❝❡❡❞s ❛❧♦♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦✉t❧✐♥❡✿ ✐♥ s❡❝t✐♦♥ ✸✳✷ ✇❡ st❛rt ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡
♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡s ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❚❤❡s❡
t❡❝❤♥✐q✉❡s ❛r❡ t❤❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✱ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞
✐♥ s❡❝t✐♦♥ ✸✳✸✳ ❘❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✹ ✇❤❡r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❘❖▼s ✐s ❛ss❡ss❡❞✳ ❆
❝r✐t✐❝❛❧ ❛ss❡ss♠❡♥t ♦❢ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ t❡❝❤♥✐q✉❡ ✐s ♣r♦✈✐❞❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✺ ❛♥❞ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s
❛r❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✻✳

✸✳✷ ▼♦❞❡❧ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞♦❧♦❣②

✸✳✷✳✶ Pr♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥

✸✳✷✳✶✳✶ ●♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s

❲❡ ❝♦♥s✐❞❡r t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❡①❝✐t❡❞ ❜② ❛ s♠❛❧❧ ♥♦✐s❡ ✭t❤❡ ✐♥♣✉t✮ t♦❣❡t❤❡r
✇✐t❤ ❛ s❡♥s✐♥❣ ✭t❤❡ ♦✉t♣✉t✮✳ ❚❤❡ ❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✈❡❧♦❝✐t② u ❛♥❞ ♣r❡ss✉r❡ p ✜❡❧❞s
❛r❡ ❣✐✈❡♥ ❜②







∂tu + (u ·∇)u = −∇p+ ❘❡−1 ∇2u + εη(t)
∇·u = 0
m(t) = Cu

✭✸✳✶✮

✇❤❡r❡ ❘❡ ❞❡♥♦t❡s t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛♥❞ η(t) st❛♥❞s ❢♦r ❛ ✜❡❧❞ ♠♦❞❡❧✐♥❣ t❤❡ ♥♦✐s❡✳ ❚❤❡ ♣❛r❛♠❡t❡r

✽✺
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❙❊◆❙❖❘

ε ♣♦✐♥ts ♦✉t t❤❛t t❤❡ ♥♦✐s❡ ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦t❤❡r t❡r♠s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳ ❚❤✉s✱ εη(t) ❛❝ts ❛s
❛ s♠❛❧❧ t✐♠❡ ❞❡♣❡♥❞❡♥t ❢♦r❝✐♥❣ ♦♥ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥✳ ❆s ✐♥ ❛ ♣r❛❝t✐❝❛❧ ❝❛s❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t
t❤❡ s♣❛t✐❛❧ ❛♥❞ t❡♠♣♦r❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ♥♦✐s❡ η(t) ❛r❡ ✉♥❦♥♦✇♥✳ ❙✐♥❝❡ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❤❛s ❛
❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥str❛✐♥t✱ ✐t ❝❛♥ ❡❛s✐❧② ❜❡ s❤♦✇♥ t❤❛t ♦♥❧② t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ♣❛rt ♦❢ η(t) ✇✐❧❧ ❤❛✈❡ ❛♥
❡✛❡❝t ♦♥ t❤❡ s②st❡♠✱ s♦ t❤❛t ✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t ∇·η(t) = 0✳ ❚❤✐s ❢♦r❝✐♥❣ t❡r♠ η(t) ✐s ❝♦♥s✐❞❡r❡❞ ❛s
t❤❡ ✐♥♣✉t ♦❢ ♦✉r ♣r♦❜❧❡♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❚❤❡ ♠❡❛s✉r❡ ❞❡♥♦t❡❞ ❜② m(t) r❡♣r❡s❡♥ts ❛ q✉❛♥t✐t② ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ✢♦✇ ❜② s♦♠❡ s❡♥s♦rs✳ ▼❛t❤✲
❡♠❛t✐❝❛❧❧②✱ ✐t ✐s ❡①♣r❡ss❡❞ ❛s t❤❡ r❡s✉❧t ♦❢ ❛ ♠❡❛s✉r❡ ♦♣❡r❛t♦r C ❛♣♣❧✐❡❞ t♦ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ u✳ ❋♦r
s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✐♥ t❤✐s ✇♦r❦ ❛ s✐♥❣❧❡ s❡♥s♦r✱ s♦ t❤❛t m(t) ✐s ❛ s❝❛❧❛r✳ ❚❤✐s ♠❡❛s✉r❡♠❡♥t
✐s ❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♦✉t♣✉t ♦❢ ♦✉r s②st❡♠✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ✇✐s❤ t♦ ❞❡s✐❣♥ ❘❖▼s ❝❛♣❛❜❧❡ ♦❢
❝❛♣t✉r✐♥❣ t❤❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ♦❢ t❤✐s s②st❡♠✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ✇✐s❤ t♦ ♠♦❞❡❧ ❛❝❝✉r❛t❡❧②
t❤❡s❡ ❞②♥❛♠✐❝s ✇❤❛t❡✈❡r t❤❡ ♥♦✐s❡ ❞✐str✐❜✉t✐♦♥✳
❋✐rst✱ ✇❡ ❧✐♥❡❛r✐③❡ t❤❡ ❞②♥❛♠✐❝s ❣✐✈❡♥ ❜② t❤❡ ❡q✉❛t✐♦♥s ✭✸✳✶✮ ❛t t❤❡ ♦r❞❡r ε ❛❜♦✉t ❛ ❜❛s❡ ✢♦✇✳ ❚❤✐s ❜❛s❡
✢♦✇ ✐s ❝❤♦s❡♥ ❤❡r❡ t♦ ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ st❡❛❞② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ε = 0✳ ❚❤❡
✈❡❧♦❝✐t② ♦❢ t❤❡ ❜❛s❡ ✢♦✇ ✐s ❞❡♥♦t❡❞ ❜② U ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❞ ✇❡ ❛❞♦♣t✱ ❢♦r s✐♠♣❧✐❝✐t②✱ t❤❡ ♥♦t❛t✐♦♥ (u, p)
❢♦r t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✜❡❧❞ ❛♥❞ m(t) ❢♦r t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥✳ ❚❤❡ r❡s✉❧t✐♥❣ s❡t ♦❢ ❡q✉❛t✐♦♥s
r❡❛❞s







∂tu + U ·∇u + u ·∇U = −∇p+ ❘❡−1∇2u + η(t)
∇·u = 0
m(t) = Cu

✭✸✳✷✮

✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ❛❜♦✉t t❤❡ ❜❛s❡ ✢♦✇✳ ❲✐t❤✐♥ ❛ ♥✉♠❡r✐❝❛❧
❛♣♣r♦❛❝❤✱ ❡q✉❛t✐♦♥s ✭✸✳✷✮ ❛r❡ ❞✐s❝r❡t✐③❡❞ ♦♥ ❛ ♠❡s❤✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ ✭s❡❡ ❛♣♣❡♥❞✐① ✸✳❆✮ t❤❛t ✇❡ ❝❛♥
✇r✐t❡ t❤❡ r❡s✉❧t✐♥❣ ❞✐s❝r❡t✐③❡❞ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ❢♦r♠

dX

dt
= AX + η(t) ✭✸✳✸❛✮

m(t) = CX ✭✸✳✸❜✮

✇❤❡r❡ X ❛♥❞ C ❞❡♥♦t❡ t❤❡ ✈❡❝t♦rs r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ u ❛♥❞ C✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❛ss✉♠❡❞
t❤❛t η(t) ❛♥❞m(t) ♠❛✐♥t❛✐♥ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ♦♥❝❡ ❞✐s❝r❡t✐③❡❞ ❛♥❞ t❤❡ ♠❛tr✐① A r❡♣r❡s❡♥ts t❤❡ ❧✐♥❡❛r✐③❡❞
◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r ✇❤✐❝❤ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ st❛❜❧❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❊q✉❛t✐♦♥s ✭✸✳✸✮ ❝♦♥st✐t✉t❡ t❤❡
st❛❜❧❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t st❛t❡✲s♣❛❝❡ s②st❡♠ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ s✐③❡ ♦❢ t❤✐s s②st❡♠✱
❞❡♥♦t❡❞ ❜② n✱ ✐s ❛❧s♦ ✐ts ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❚❤✉s✱ t❤❡ ♠❛tr✐① A ✐s ♦❢ s✐③❡ n× n✱ t❤❡ st❛t❡s X

❛♥❞ η(t) ❛r❡ ♦❢ s✐③❡ n× 1 ❛♥❞ C ✐s ♦❢ s✐③❡ 1 × n✳

✸✳✷✳✶✳✷ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥♦r♠s

▼❛t❤❡♠❛t✐❝❛❧❧②✱ t❤❡r❡ ❛r❡ t✇♦ r❡❧❡✈❛♥t ❛♥❞ ❡q✉✐✈❛❧❡♥t q✉❛♥t✐t✐❡s ❢♦r ❛ss❡ss✐♥❣ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r
♦❢ s②st❡♠ ✸✳✸✿ t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ g(t) = CeAt ❛♥❞ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ G(ω) = C(iωI − A)−1✳ ❚♦
q✉❛♥t✐❢② ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❘❖▼s✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❡rr♦r ♦♥ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ r❡q✉✐r❡s t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ s♦♠❡ ♥♦r♠s✳

❋✐rst✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t✱ ❞❡♥♦t❡❞ ❜② 〈 〉✱ ♦♥ t❤❡ st❛t❡ s♣❛❝❡✳ ❚❤✐s ✐♥♥❡r ♣r♦❞✉❝t ✐s ❝❤♦s❡♥
❛s t❤❡ st❛♥❞❛r❞ ❡♥❡r❣② ✐♥♥❡r ♣r♦❞✉❝t✳ ■t ✐s ❞❡✜♥❡❞ ❢♦r t✇♦ st❛t❡s Z1 ❛♥❞ Z2✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
✈❡❧♦❝✐t✐❡s u1 ❛♥❞ u2✱ ❜②

〈Z1,Z2〉 =

∫

Ω
u1.u2 dΩ ✭✸✳✹✮

❲❤❡r❡ Ω ✐s t❤❡ ✢✉✐❞ ✈♦❧✉♠❡✳ ❲❡ ❛❧s♦ s✉♣♣♦s❡ t❤❛t t❤❡ ✐♥♣✉t s♣❛❝❡✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ t❤❡ st❛t❡ s♣❛❝❡✱
✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ s❛♠❡ ✐♥♥❡r ♣r♦❞✉❝t✳ ■t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r A† ❜②

✽✻
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〈Z1,AZ2〉 = 〈A†Z1,Z2〉 ✭✸✳✺✮

❢♦r ❛❧❧ ♣♦ss✐❜❧❡ st❛t❡s Z1 ❛♥❞ Z2✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛❞❥♦✐♥t ♦❢ t❤❡ st❛t❡ X ❛♥❞ ♦❢ t❤❡ ♦♣❡r❛t♦r
C ❜②

〈X,Z〉 = X†Z ❛♥❞ CZ = 〈C†,Z〉 ✭✸✳✻✮

❢♦r ❛❧❧ ♣♦ss✐❜❧❡ st❛t❡s Z✳ ◆♦t❡ t❤❛t g(t) ❛♥❞ G(ω) ❛r❡ ✈❡❝t♦rs ♦❢ s✐③❡ 1 × n❀ t❤❡✐r ❛❞❥♦✐♥t ❛r❡ ❞❡✜♥❡❞
s✐♠✐❧❛r❧② t♦ t❤❛t ♦❢ C✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❤♦✇ t❤❛t G†(ω) = (−iωI − A†)−1C† ❛♥❞ g†(t) = eA

†tC†✱
✇❤✐❝❤ ❛r❡ ❜♦t❤ ♦❢ s✐③❡ n× 1✳

❚❤❡ ♥♦r♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t 〈 〉 ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② || || ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■t ✐s ❞❡✜♥❡❞ ❢♦r
❛ st❛t❡ X ❜② ||X|| =

√

〈X,X〉✳ ❋r♦♠ t❤✐s ✐♥♥❡r ♣r♦❞✉❝t✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ t✇♦ st❛♥❞❛r❞ ♥♦r♠s t♦
q✉❛♥t✐❢② t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳ ❚❤❡ 2✲♥♦r♠ ♦❢ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ G ✐s ❞❡✜♥❡❞ ❜② ❡✐t❤❡r ❛ ❢r❡q✉❡♥❝② ♦r
❛ t✐♠❡ ✐♥t❡❣r❛❧✿

||G||2 =

√

1

2π

∫ +∞

−∞

||G†(ω)||2dω =

√
∫ +∞

0
||g†(t)||2dt ✭✸✳✼✮

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ∞✲♥♦r♠ ♦❢ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②

||G||∞ = max
ω

||G†(ω)|| ✭✸✳✽✮

◆♦t❡ t❤❛t ❜♦t❤ ♥♦r♠s ❛r❡ s❛t✐s❢❛❝t♦r✐❧② ❞❡✜♥❡❞ s✐♥❝❡ ✇❡ ❛ss✉♠❡❞ t❤❛t A ✐s st❛❜❧❡✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ t✇♦
♥♦r♠s || ||2 ❛♥❞ || ||∞ s❤♦✉❧❞ ♥♦t ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡ ♥♦r♠ || || t❤❛t ♠❡❛s✉r❡s ❛ st❛t❡✳

✸✳✷✳✷ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥

❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡ ✉s❡❞ ❢♦r st❛❜❧❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t
s②st❡♠s ♦❢ t❤❡ ❢♦r♠ ✭✸✳✸✮✳ ■t r❡❧✐❡s ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ♦❢ t❤❡ ✢♦✇ st❛t❡s✳
❈♦♥tr♦❧❧❛❜✐❧✐t② q✉❛♥t✐✜❡s ❤♦✇ ❡❛s② ❛ st❛t❡ ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❢r♦♠ ❛♥② ♦t❤❡r st❛t❡ ✇❤✐❧❡ ♦❜s❡r✈❛❜✐❧✐t②
q✉❛♥t✐✜❡s t❤❡ ❛♠♦✉♥t ♦❢ ♠❡❛s✉r❡ tr✐❣❣❡r❡❞ ❜② ❛ ❣✐✈❡♥ ✢♦✇ st❛t❡✱ s❡❡ ▼♦♦r❡ ✭✶✾✽✶✮✳ ❚❤❡ ❦❡② ✐❞❡❛ ♦❢
❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ✐s t♦ ✜♥❞ ❛ ❜❛s✐s ♦❢ ❡q✉❛❧❧② ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❛♥❞ ♣r♦❥❡❝t t❤❡
♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ♦♥t♦ t❤❡ s❡t ♦❢ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡✴♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✳ ❚❤✐s ❜❛s✐s✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞
t❤❡ ❜❛❧❛♥❝❡❞ ❜❛s✐s✱ ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❛s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞
♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s ❞❡✜♥❡❞ r❡s♣❡❝t✐✈❡❧② ❜②

Gc =

∫ +∞

0
eAteA

†tdt Go =

∫ +∞

0
eA

†tC†CeAtdt ✭✸✳✾✮

❋♦r ❧❛r❣❡ s②st❡♠s✱ ❛ ♣r♦❝❡❞✉r❡ ❦♥♦✇♥ ❛s ❇❛❧❛♥❝❡❞ P❖❉ ✭❇P❖❉✮ ②✐❡❧❞s ❛ s♥❛♣s❤♦t✲❜❛s❡❞ ❛♣♣r♦❛❝❤
t♦ ❛♣♣r♦①✐♠❛t❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥✱ s❡❡ ❘♦✇❧❡② ✭✷✵✵✺✮✳ ■t r❡❧✐❡s ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠❛tr✐❝❡s
X(t) = eAt ❛♥❞ Y(t) = eA

†tC† ❢♦r ❛ ❞✐s❝r❡t❡ s❡t ♦❢ t✐♠❡s ✐♥ ♦r❞❡r t♦ st❛❝❦ t❤❡♠ ✭✇✐t❤ ❛♣♣r♦♣r✐❛t❡
q✉❛❞r❛t✉r❡ ✇❡✐❣❤ts✮ ❛s ❝♦❧✉♠♥s ♦❢ ❛ ♠❛tr✐① X ❛♥❞ Y s✉❝❤ t❤❛t t❤❡ ●r❛♠✐❛♥s ♠❛② ❜❡ ❢❛❝t♦r❡❞ ❛s

Gc ≈ XX† Go ≈ YY† ✭✸✳✶✵✮

◆❡①t✱ ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❜❛❧❛♥❝❡❞ ❜❛s✐s ❢r♦♠ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ Y†X = MΣN∗✱ ✇❤❡r❡
∗ ❞❡♥♦t❡s t❤❡ tr❛♥s❝♦♥❥✉❣❛t❡✳ ❚❤❡ ❜❛❧❛♥❝❡❞ ❜❛s✐s T ❛♥❞ ✐ts ✐♥✈❡rs❡ S ❛r❡ ❢♦✉♥❞ ❜②

T = XNΣ−1/2 S = YMΣ−1/2 ✭✸✳✶✶✮

✇❤❡r❡ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ♠❛tr✐① T ✇❤✐❧❡ ✐ts ❜✐♦rt❤♦❣♦♥❛❧ ❜❛s✐s ❝♦♥st✐t✉t❡s t❤❡
❝♦❧✉♠♥s ♦❢ S✳ ◆♦t❡ t❤❛t t❤❡✐r ♦rt❤♦❣♦♥❛❧✐t② r❡❧❛t✐♦♥ r❡❛❞s S†T = I✳ ❚❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① Σ

✽✼
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❙❊◆❙❖❘

❛r❡ ❦♥♦✇♥ ❛s t❤❡ ❍❛♥❦❡❧ s✐♥❣✉❧❛r ✈❛❧✉❡s ✭❍❙❱s✮ ❛♥❞ r❡❢❡r t♦ t❤❡ ❡q✉❛❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t②
♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✳

❯s✐♥❣ t❤❡ s♥❛♣s❤♦t ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Y(t) = eA
†tC† r❡q✉✐r❡s

♦♥❡ ❛❞❥♦✐♥t s✐♠✉❧❛t✐♦♥ s✐♥❝❡ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♦✉t♣✉t✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ X(t) = eAt ✐s ♥♦t
tr❛❝t❛❜❧❡ s✐♥❝❡ ✐t ✇♦✉❧❞ r❡q✉✐r❡ n ❞✐r❡❝t s✐♠✉❧❛t✐♦♥s✱ ♦♥❡ ❢♦r ❡❛❝❤ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ s②st❡♠✳ ❚❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡①❛❝t ❜❛❧❛♥❝❡❞ ❜❛s✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ s②st❡♠ ✸✳✸ ✐s t❤✉s ♥♦t ♣♦ss✐❜❧❡ ✐♥ ♦✉r ❝❛s❡✳ ❨❡t✱
✇❡ ❛❧❧❡✈✐❛t❡ t❤✐s ♣r♦❜❧❡♠ ❜② ❝♦♥s✐❞❡r✐♥❣ ✐♥st❡❛❞✿ ✭✐✮ t❤❡ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✱ ✇❤✐❝❤ ❛r❡ ❛❧r❡❛❞② ❦♥♦✇♥ ✐♥
t❤❡ ❧✐t❡r❛t✉r❡✱ ❛♥❞ ✭✐✐✮ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❝♦♠♣✉t❡❞ ❜② ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ❤❡r❡ ❛♥❞ ❝❛❧❧❡❞
✧✐♥♣✉t ♣r♦❥❡❝t✐♦♥✧✳

✸✳✷✳✸ ❖❜s❡r✈❛❜❧❡ ♠♦❞❡s

❋✐rst❧②✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s ♦❢ ♠♦❞❡s r❛♥❦❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♦❜s❡r✈❛❜✐❧✐t②✳ ❚❤❡s❡ ♠♦❞❡s
❛r❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥ Go✳ ❚❤❡ r❡s✉❧t✐♥❣ ✢♦✇ str✉❝t✉r❡s
❛r❡ ❜② ❞❡✜♥✐t✐♦♥ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ st❛t❡s ❛♥❞ ❛r❡ r❛♥❦❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♦✉t♣✉t
❡♥❡r❣②✱ s❡❡ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮✳
❋♦r ❧❛r❣❡ s②st❡♠s✱ t❤❡ ❧❡❛❞✐♥❣ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ✉s✐♥❣ t❤❡ s♥❛♣s❤♦t ♠❡t❤♦❞ ✐♥✲
tr♦❞✉❝❡❞ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ✢♦✇ st❛t❡s {Y(t) = eA

†tC† ; t > 0} ✇✐t❤
❛♥ ❛❞❥♦✐♥t s✐♠✉❧❛t✐♦♥ t♦ ❜✉✐❧❞ t❤❡ ♠❛tr✐① Y✳ ◆❡①t✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥
Y†Y = LΛL∗✳ ❚❤❡ ❧❡❛❞✐♥❣ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❛r❡ t❤❡♥ ♦❜t❛✐♥❡❞ ❛s t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ♠❛tr✐① R ❣✐✈❡♥ ❜②

R = YLΛ−1/2 ✭✸✳✶✷✮

◆♦t❡ t❤❛t t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡s❡ ♠♦❞❡s r❡❛❞s R†R = I✳ ■t s❤♦✉❧❞ ❛❧s♦ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ♦❜s❡r✈❛❜❧❡
♠♦❞❡s r❡❞✉❝❡ t♦ t❤❡ P❖❉ ♠♦❞❡s ♦❢ t❤❡ ❞❛t❛s❡t {Y(t) ; t>0} ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ❡♥❡r❣② ✐♥♥❡r ♣r♦❞✉❝t✳
❚❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① Λ ②✐❡❧❞s t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Go ✇❤✐❝❤ ❛❝❝♦✉♥t ❢♦r t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs✳
❘❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❝❛♥ t❤❡♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ❢✉❧❧ s②st❡♠ ✭✸✳✸✮ ♦♥t♦ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡
♠♦❞❡s✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ s✉❝❤ ❘❖▼s ✐s ✐♥t✉✐t✐✈❡❧② ♠♦t✐✈❛t❡❞ ✐♥s♦❢❛r ❛s ✐t ✐s ❜❛s❡❞ ♦♥ t❤❡ ♠♦❞❡s ❤❛✈✐♥❣
t❤❡ ❤✐❣❤❡st ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ s❡♥s♦r ❡♥❡r❣②✳ ❍♦✇❡✈❡r✱ ❝♦♥tr❛r② t♦ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s✱ t❤❡s❡ ❘❖▼s ❛r❡
s✉❜✲♦♣t✐♠❛❧ ✭❛♥❞ ♠❛② ❜❡ ✐♥❡✛❡❝t✐✈❡✮ ❢♦r ❝❛♣t✉r✐♥❣ t❤❡ tr✉❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳

✸✳✷✳✹ ■♥♣✉t ♣r♦❥❡❝t✐♦♥

❚❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✐s t❤❡ ♠❡t❤♦❞ ❝❛❧❧❡❞ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ♣r♦❥❡❝t t❤❡
✐♥♣✉t η(t) ♦♥ ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ✇❤✐❧❡ ♦♣t✐♠❛❧❧② ♣r❡s❡r✈✐♥❣✱ ✐♥ t❤❡ ✷✲♥♦r♠ s❡♥s❡✱ t❤❡ ♦r✐❣✐♥❛❧
tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳ ■❢ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ Ps ♦♥ ❛ s✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦❢ t❤❡ ✐♥♣✉t
s♣❛❝❡✱ t❤❡ ♥❡✇ ✐♥♣✉t✲♦✉t♣✉t s②st❡♠ r❡❞✉❝❡s t♦

dX

dt
= AX + Psη(t) ✭✸✳✶✸❛✮

m̃(t) = CX ✭✸✳✶✸❜✮

✇❤❡r❡ m̃(t) ✐s t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠✳ ❲❡ ❧♦♦❦ ❢♦r t❤❡ ♣r♦❥❡❝t✐♦♥ Ps t❤❛t ♠✐♥✐♠✐③❡s
t❤❡ ✷✲♥♦r♠ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ♦r✐❣✐♥❛❧ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ G(ω) ❛♥❞ t❤❛t ♦❢ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠✱
✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② G̃(ω) = G(ω)Ps✳ ❚❤✐s ❡rr♦r ❝❛♥ ❡①♣r❡ss❡❞ ❜②

||G − GPs||2 =

√
∫ +∞

0
||g†(t) − Psg†(t)||2dt ✭✸✳✶✹✮

✽✽
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s✐♥❝❡ P
†
s = Ps✳ ❋✉rt❤❡r♠♦r❡✱ ♥♦t✐♥❣ t❤❛t g†(t) = Y(t)✱ ✇❡ ✐♥❢❡r t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❛t ♠✐♥✐♠✐③❡s

t❤✐s ❡rr♦r st❛♥❞s ❢♦r t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ ✜rst s P❖❉ ♠♦❞❡s ♦❢ t❤❡ ❞❛t❛s❡t {Y(t) ; t > 0}✳ ■♥ ♦t❤❡r
✇♦r❞s✱ Ps r❡❞✉❝❡s t♦ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ✇❤✐❝❤ ✇❡r❡ ✐♥tr♦❞✉❝❡❞
✐♥ s❡❝t✐♦♥ ✸✳✷✳✸✳ ❈♦♥s❡q✉❡♥t❧②✱ Ps ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Ps = RR† ✭✸✳✶✺✮

✇❤❡r❡ R ✐s t❤❡ ♠❛tr✐① ♦❢ s✐③❡ n× s ✇❤♦s❡ ❝♦❧✉♠♥s ❛r❡ t❤❡ ✜rst s ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✳ ❚❤✉s Ps ✐s ❛ ♠❛tr✐①
♦❢ s✐③❡ n× n ❛♥❞ ♦❢ r❛♥❦ s✳
❇② ❝♦♥str✉❝t✐♦♥✱ ♦♥❧② t❤❡ s ♠♦st ✐♠♣♦rt❛♥t ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ ✐♥♣✉t η(t) ❤❛✈❡ ❛♥ ❡✛❡❝t ♦♥ t❤❡
♦✉t♣✉t m̃(t)✳ ❇② ❝♦♥s✐❞❡r✐♥❣ η̃(t) = R†η(t) ❛s ❛ ♥❡✇ ✐♥♣✉t ♦❢ s✐③❡ s × 1✱ t❤❡ s②st❡♠ ✭✸✳✶✸✮ ❝❛♥ t❤❡♥ ❜❡
✇r✐tt❡♥ ❛s

dX

dt
= AX + Rη̃(t) ✭✸✳✶✻❛✮

m̃(t) = CX ✭✸✳✶✻❜✮

❚❤✐s ♥❡✇ ✐♥♣✉t✲♦✉t♣✉t s②st❡♠ ♣♦ss❡ss t❤❡ s❛♠❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s ❛s t❤♦s❡ ♦❢
s②st❡♠ ✭✸✳✶✸✮✳ ■t ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ s ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠ ❤❡r❡❛❢t❡r✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ♦❢ t❤✐s ♥❡✇ s②st❡♠ ❜❡❝♦♠❡s ❛✛♦r❞❛❜❧❡ s✐♥❝❡ ✐t ♦♥❧② r❡q✉✐r❡s s ❞✐r❡❝t s✐♠✉❧❛t✐♦♥s✱
♦♥❡ ❢♦r ❡❛❝❤ ❝♦❧✉♠♥ ♦❢ R t♦ ❣❡t X(t) = eAtR✳ ❚❤❡ ❜❛❧❛♥❝❡❞ ❜❛s✐s ♦❢ s②st❡♠ ✭✸✳✶✻✮ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② T

❛♥❞ S ✐♥ t❤❡ r❡st ♦❢ t❤❡ ❝❤❛♣t❡r✳ ■t s❤♦✉❧❞ ❛❧s♦ ❜❡ ❡♠♣❤❛s✐③❡❞ t❤❛t t❤❡s❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❞❡♣❡♥❞ ♦♥ t❤❡
♣❛r❛♠❡t❡r s ❛♥❞ t❤❛t t❤❡② ❛♣♣r♦①✐♠❛t❡ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ✭✸✳✸✮✳
◆♦t❡ t❤❛t t❤❡ ✐❞❡❛ t♦ ♣r♦❥❡❝t t❤❡ ✐♥♣✉t st❛t❡ ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡ ♠❡t❤♦❞ ❝❛❧❧❡❞ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥
✐♥tr♦❞✉❝❡❞ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮ ❛♥❞ ♣❡r❢♦r♠❡❞ ❜② ■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮ ❛♥❞ ❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✶✵✮✳ ■♥
t❤❡✐r ❝❛s❡✱ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ s②st❡♠ ✐s t❤❡ ❡♥t✐r❡ st❛t❡ s♣❛❝❡ s♦ t❤❛t t❤❡② ♦♣t✐♠❛❧❧② ♣r♦❥❡❝t t❤❡ ♦✉t♣✉t
♦♥ ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡✳ ■♥ ❢❛❝t✱ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❤❡r❡ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡
♦✉t♣✉t ♣r♦❥❡❝t✐♦♥ ♦♥ ❛♥ ❛❞❥♦✐♥t s②st❡♠✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ♣r❡s❡♥t❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❛♣♣❡♥❞✐① ✸✳❈✳

✸✳✷✳✺ ▼♦❞❡❧ r❡❞✉❝t✐♦♥

❘❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t❡❞ ❡q✉❛t✐♦♥s ✭✸✳✶✸✮ ♦♥t♦ t❤❡ ❜❛s✐s ♦❢
✐ts ❧❡❛❞✐♥❣ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✳ ❑❡❡♣✐♥❣ t❤❡ ✜rst r ❜❛❧❛♥❝❡❞ ♠♦❞❡s ✭❝♦❧✉♠♥s ♦❢ T ❛♥❞ S✮ t❤❡ ❞②♥❛♠✐❝s ♦❢
t❤❡ r❡❞✉❝❡❞ st❛t❡ Xr✱ ✇❤✐❝❤ ✐s ♦❢ s✐③❡ r × 1✱ ❛r❡ ❣✐✈❡♥ ❜②✿

dXr

dt
= ArXr + Brη(t) ✭✸✳✶✼❛✮

mr(t) = CrXr ✭✸✳✶✼❜✮

✇❤❡r❡ mr(t) ✐s t❤❡ ♦✉t♣✉t ♦❢ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧ ❛♥❞ t❤❡ ❛❜♦✈❡✲✐♥tr♦❞✉❝❡❞ ♠❛tr✐❝❡s ❛r❡ ❞❡✜♥❡❞ ❜②✿

Xr = S†X Ar = S†AT Br = S†Ps Cr = CT ✭✸✳✶✽✮

✇❤❡r❡ Ar ✐s ♦❢ s✐③❡ r × r✱ Br ✐s ♦❢ s✐③❡ r × n ❛♥❞ Cr ✐s ♦❢ s✐③❡ 1 × r✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s❢❡r ❢✉♥❝t✐♦♥
✐s t❤❡♥ ❞❡✜♥❡❞ ❜② G̃r(ω) = Cr(iωIr − Ar)

−1Br ✇❤❡r❡ Ir st❛♥❞s ❢♦r t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦❢ s✐③❡ r✳
❘❖▼s ❜❛s❡❞ ♦♥ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❛r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡s❡ ♠♦❞❡❧s ❛r❡
♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡✱ ❜② r❡♣❧❛❝✐♥❣ T ❛♥❞ S ❜② R✳

✽✾



❈❍❆P❚❊❘ ✸✳ ▼❖❉❊▲ ❘❊❉❯❈❚■❖◆ ❖❋ ❚❍❊ ❉❨◆❆▼■❈❙ ❇❊❚❲❊❊◆ ❯◆❈❊❘❚❆■◆ ❋❖❘❈■◆● ❆◆❉ ❆

❙❊◆❙❖❘

✸✳✸ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇

✸✳✸✳✶ ❋❧♦✇ ❝♦♥✜❣✉r❛t✐♦♥

✸✳✸✳✶✳✶ ●❡♦♠❡tr②

❲❡ ❝♦♥s✐❞❡r ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ♦❢ ❝✐r❝✉❧❛r ❣❡♦♠❡tr②✱ s❡❡ ✜❣✉r❡ ✸✳✶✱ ❛♥❞
❛♥ ✐♥❝♦♠✐♥❣ ✢♦✇ ❢r♦♠ t❤❡ ❧❡❢t✳ ❚❤✐s ❣❡♦♠❡tr② ✇❛s ♦r✐❣✐♥❛❧❧② st✉❞✐❡❞ ❜② ❉✉r✐❡③ ✭✷✵✵✾✮✳ ❚❤❡ ✉♣str❡❛♠
✈❡❧♦❝✐t② ❛♥❞ t❤❡ st❡♣ ❤❡✐❣❤t ❛r❡ ✉s❡❞ t♦ ♠❛❦❡ ❛❧❧ q✉❛♥t✐t✐❡s ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧✳ ❚❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❡♥❞
♦❢ t❤❡ st❡♣ ❛r❡ ❧♦❝❛t❡❞ ❛t (x = 0, y = 1) ❛♥❞ (x = 2, y = 0) r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✭✐✮ ❛ ✉♥✐❢♦r♠ ❛♥❞ ✉♥✐t❛r② ✈❡❧♦❝✐t② ✜❡❧❞ (u = 1, v = 0) ✐s ♣r❡s❝r✐❜❡❞ ❛t t❤❡ ✐♥❧❡t
❜♦✉♥❞❛r② x = −20✳ ✭✐✐✮ ❆ ❢r❡❡✲s❧✐♣ ❝♦♥❞✐t✐♦♥ ✇✐t❤ ③❡r♦ t❛♥❣❡♥t✐❛❧ str❡ss (∂yu = 0, v = 0) ✐s ♣r❡s❝r✐❜❡❞
♦♥ t❤❡ ❜♦✉♥❞❛r② (−20 ≤ x ≤ −2, y = 1)✳ ✭✐✐✐✮ ❆ ❧❛♠✐♥❛r ❜♦✉♥❞❛r② ❧❛②❡r st❛rts ❞❡✈❡❧♦♣✐♥❣ ♦♥ t❤❡ ❧♦✇❡r
❜♦✉♥❞❛r② ❛t x = −2 ❛s ♥♦✲s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s (u = 0) ❛r❡ ✐♠♣♦s❡❞ ♦♥ (−2 ≤ x ≤ 0, y = 1)✱ ♦♥
t❤❡ st❡♣ ✇❛❧❧ ❛♥❞ ♦♥ t❤❡ ❞♦✇♥str❡❛♠ ✇❛❧❧ (2 ≤ x ≤ 100, y = 0)✳ ✭✐✈✮ ❙②♠♠❡tr② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❛r❡ ✉s❡❞ ❛t t❤❡ ✉♣♣❡r ❜♦✉♥❞❛r② y = 20 ❛♥❞ ✭✈✮ ❛ ❢r❡❡ ♦✉t✢♦✇ ❝♦♥❞✐t✐♦♥ pn−❘❡−1(∇u) ·n = 0 ✐s ✉s❡❞
❛t t❤❡ ♦✉t❧❡t x = 100 ✭n ❜❡✐♥❣ t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧ ✉♥✐t❛r② ✈❡❝t♦r ♦❢ t❤❡ ❜♦✉♥❞❛r②✮✳

✸✳✸✳✶✳✷ Pr♦❜❧❡♠ ❞✐s❝r❡t✐③❛t✐♦♥

❲❡ ✉s❡❞ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦❛❝❤ t♦ ❞✐s❝r❡t✐③❡ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣
❡q✉❛t✐♦♥s ✐s s♣❛t✐❛❧❧② ❞✐s❝r❡t✐③❡❞ ✉s✐♥❣ ❛ ♠❡s❤ ❝♦♠♣♦s❡❞ ♦❢ tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts✳ ❚❤❡ ✈❡❧♦❝✐t② ✜❡❧❞s
❛r❡ ♣r♦❥❡❝t❡❞ ♦♥t♦ s✐①✲♥♦❞❡ q✉❛❞r❛t✐❝ tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ✇✐t❤ q✉❛❞r❛t✐❝ ✐♥t❡r♣♦❧❛t✐♦♥ ✭P✷✲❡❧❡♠❡♥ts✮
✇❤❡r❡❛s t❤❡ ♣r❡ss✉r❡ ✜❡❧❞ ✐s ❞✐s❝r❡t✐③❡❞ ✉s✐♥❣ t❤r❡❡✲♥♦❞❡ ❧✐♥❡❛r tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ✭P✶✲❡❧❡♠❡♥ts✮✳ ❚❤❡
♠❛tr✐❝❡s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ♦♥t♦ t❤❡ ❜❛s✐s ♦❢ ✜♥✐t❡ ❡❧❡♠❡♥ts
❛r❡ s♣❛rs❡ ❛♥❞ ❛r❡ ❜✉✐❧t ✇✐t❤ t❤❡ ❋r❡❡❋❡♠✰✰ s♦❢t✇❛r❡ ✭❤tt♣✿✴✴✇✇✇✳❢r❡❡❢❡♠✳♦r❣✮✳ ❚❤❡ ♠❡s❤ ❝♦♥s✐❞❡r❡❞
✐♥ t❤✐s ✇♦r❦ ②✐❡❧❞s n ≈ 360 000 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ st❡♠♠✐♥❣ ❢r♦♠ ❛❜♦✉t 90 000 tr✐❛♥❣❧❡s✳

✸✳✸✳✶✳✸ ❇❛s❡ ✢♦✇

❚❤❡ ❜❛s❡ ✢♦✇ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✐s ❝♦♠♣✉t❡❞ ❜② ✉s✐♥❣ ❛ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ♠❡t❤♦❞ ❢♦r ❛ ❘❡②♥♦❧❞s ♥✉♠❜❡r
❘❡ = 600✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡ ✸✳✶✳ ❆t t❤✐s ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ t❤❡ ✢♦✇ ✐s ♦❜s❡r✈❡❞ t♦ ❜❡
❣❧♦❜❛❧❧② st❛❜❧❡❀ t❤❡ ♠❛tr✐① A ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ✉♥st❛❜❧❡ ❡✐❣❡♥✈❛❧✉❡s✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss ❛t
x = 0 ✐s δ∗ ≈ 0.082✱ ❧❡❛❞✐♥❣ t♦ ❛ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❜❛s❡❞ ♦♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss ♦❢ ❘❡δ∗ ≈ 49.2✳
❚❤❡ ❜♦✉♥❞❛r② ❧❛②❡r s❡♣❛r❛t❡s ❛t x ≈ 0.6 ❛♥❞ r❡❛tt❛❝❤❡s ❛t x ≈ 11✳ ❊✈❡♥ ✐❢ t❤✐s ❜❛s❡ ✢♦✇ ✐s ❣❧♦❜❛❧❧②
st❛❜❧❡✱ ✐t ♠❛② s✉st❛✐♥ ✢♦✇ ✉♥st❡❛❞✐♥❡ss ❞✉❡ t♦ t❤❡ tr❛♥s✐❡♥t ❡♥❡r❣② ❣r♦✇t❤ ♦❢ ♣❡rt✉r❜❛t✐♦♥s✳ ❚❤❡ ❑❡❧✈✐♥✲
❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t② s❡❧❡❝t✐✈❡❧② ❛♠♣❧✐✜❡s t❤❡ ✉♣str❡❛♠ ❧♦✇✲❧❡✈❡❧ ♥♦✐s❡ ❛❧♦♥❣ t❤❡ s❤❡❛r ❧❛②❡r t♦ ❞r✐✈❡ t❤❡
✢♦✇ ❞②♥❛♠✐❝s ❞♦✇♥str❡❛♠✳ ❆s s❤♦✇♥ ♦♥ ✜❣✉r❡ ✸✳✶ ❜② t❤❡ q✉❡st✐♦♥✲♠❛r❦s✱ t❤❡ ♥♦✐s❡ ❞✐str✐❜✉t✐♦♥ ✐s
❛ss✉♠❡❞ t♦ ❜❡ ✉♥❦♥♦✇♥✳ ❚❤❡ s❡♥s♦r ✐s ♣❧❛❝❡❞ ❞♦✇♥str❡❛♠ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ r❡❛tt❛❝❤♠❡♥t ♣♦✐♥t✳
❚❤❡ ♠❡❛s✉r❡❞ q✉❛♥t✐t② ✐s ❝❤♦s❡♥ ❛s t❤❡ ✇❛❧❧✲♥♦r♠❛❧ s❤❡❛r str❡ss ❡✈❛❧✉❛t❡❞ ❛t ❛♥❞ ✐♥t❡❣r❛t❡❞ ♦✈❡r ❛
❧♦❝❛❧✐③❡❞ r❡❣✐♦♥ ♦❢ t❤❡ ✇❛❧❧✱ ♥❛♠❡❧② m(t) =

∫ x=11.6
x=11 ∂yu dx✳ ❚❤✐s ❝❤♦✐❝❡ ♦❢ ♠❡❛s✉r❡♠❡♥t ❛❧s♦ ❞❡✜♥❡s t❤❡

♦✉t♣✉t ♦♣❡r❛t♦r C✳

✸✳✸✳✷ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡s

❚❤❡ ❜❛❧❛♥❝❡❞ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Y†X ❛♥❞
Y†Y r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠❛tr✐❝❡s X ❛♥❞ Y ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢r❡q✉❡♥t✐❛❧ ❡①♣r❡ss✐♦♥s ♦❢
t❤❡ ●r❛♠✐❛♥s✱ s❡❡ ❲✐❧❧❝♦① ✫ P❡r❛✐r❡ ✭✷✵✵✷✮✱ ✇❤✐❝❤ ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ P❛rs❡✈❛❧✬s t❤❡♦r❡♠✿

✾✵



✸✳✹✳ ❘❊❙❯▲❚❙







Gc =
1

2π

∫ +∞

−∞

(jωI − A)−1RR†(−jωI − A†)−1dω

Go =
1

2π

∫ +∞

−∞

(−jωI − A†)−1C†C(jωI − A)−1dω

✭✸✳✶✾✮

❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡s❡ ❡①♣r❡ss✐♦♥s✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♠❛tr✐❝❡s X̂(ω) = (jωI − A)−1R ❛♥❞ Ŷ(ω) = (−jωI −
A†)−1C† ❢♦r ❛ ❞✐s❝r❡t❡ s❡t ♦❢ ❢r❡q✉❡♥❝✐❡s ✐♥ ♦r❞❡r t♦ st❛❝❦ t❤❡♠ ❛s t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ♠❛tr✐❝❡s X ❛♥❞
Y✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✉s❡❞ 399 ❡q✉✐❞✐st❛♥t ❢r❡q✉❡♥❝✐❡s r❛♥❣✐♥❣ ❢r♦♠ ω = 0 t♦ ω = 4 ❛♥❞ q✉❛❞r❛t✉r❡
❝♦❡✣❝✐❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ 4th✲♦r❞❡r ❙✐♠♣s♦♥ ♠❡t❤♦❞✳ ❚❤✐s ❝❤♦✐❝❡ ♣r♦✈❡❞ t♦ ❜❡ s✉✣❝✐❡♥t ❢♦r ❛♥
❛❝❝✉r❛t❡ ❝♦♠♣✉t❛t✐♦♥ s✐♥❝❡✱ ❢♦r ❛ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ s♥❛♣s❤♦ts ✇✐t❤ ❛ ✜♥❡r s♣❛❝✐♥❣ ♦r ❛ ❧❛r❣❡r ❢r❡q✉❡♥❝②
✐♥t❡r✈❛❧✱ t❤❡r❡ ✐s ♥♦ ❝♦♥s✐❞❡r❛❜❧❡ ❝❤❛♥❣❡ ✐♥ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ❛♥❞ ♠♦❞❡s ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❋♦r ❡❛❝❤
❢r❡q✉❡♥❝②✱ Ŷ(ω) ✐s ❝♦♠♣✉t❡❞ ❜② ♦♥❡ ♠❛tr✐① ✐♥✈❡rs✐♦♥ s✐♥❝❡ C† ✐s ❛ ✈❡❝t♦r✳ ▲✐❦❡✇✐s❡✱ s ✐♥✈❡rs✐♦♥s ❛r❡
r❡q✉✐r❡❞ t♦ ❣❡t X̂(ω)❀ ♦♥❡ ❢♦r ❡❛❝❤ ❝♦❧✉♠♥ ♦❢ R✳ ❚❤❡s❡ ♠❛tr✐① ✐♥✈❡rs✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ t❤r♦✉❣❤ ❛ ❞✐r❡❝t
♠✉❧t✐❢r♦♥t❛❧ s♣❛rs❡ ▲❯ s♦❧✈❡r ✭▼❯▼P❙✮✱ s❡❡ ❆♠❡st♦② ❡t ❛❧✳ ✭✷✵✵✶✮✳ ❋✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤❡ ❞✐s❝r❡t✐③❡❞
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ●r❛♠✐❛♥s r❡s✉❧t✐♥❣ ❢r♦♠ ♦✉r ❝❤♦✐❝❡ ♦❢ ✐♥♥❡r ♣r♦❞✉❝t ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❛♣♣❡♥❞✐① ✸✳❇✳
■t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡ t❡♠♣♦r❛❧ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ●r❛♠✐❛♥s ❛r❡ ✉s✉❛❧❧② ❛❞♦♣t❡❞ t♦ ❢❛❝t♦r t❤❡
●r❛♠✐❛♥s ✐♥ ✭✸✳✶✵✮✱ s❡❡ ■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮❀ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮❀ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮❀ ❆❤✉❥❛ ✫
❘♦✇❧❡② ✭✷✵✶✵✮✳ ❚❤❡ ♣r❡s❡♥t ❢r❡q✉❡♥t✐❛❧ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ t❡♠♣♦r❛❧ ♦♥❡
✭❩❤♦✉ ❡t ❛❧✳ ✭✶✾✾✾✮❀ ❲✐❧❧❝♦① ✫ P❡r❛✐r❡ ✭✷✵✵✷✮✮ ❛♥❞ ✐t ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ s❛♠❡ ❜❛❝❦✇❛r❞ ❢❛❝✐♥❣ st❡♣
✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥ ❜② ❉❡r❣❤❛♠ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ❲❤❡t❤❡r ✉s✐♥❣ t❤❡ t❡♠♣♦r❛❧ ♦r t❤❡ ❢r❡q✉❡♥t✐❛❧ ❛♣♣r♦❛❝❤
❧❡❛❞s ✐♥ t❤❡ ❡♥❞ t♦ t❤❡ s❛♠❡ ♣r♦❥❡❝t✐♦♥ ❜❛s✐s ❛♥❞ t♦ t❤❡ s❛♠❡ ❘❖▼s❀ ♦♥❡ ♠❛② s✐♠♣❧② ❝❤♦♦s❡ ❜❡t✇❡❡♥
t❤❡ t✇♦ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛✈❛✐❧❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t♦♦❧s✱ s❡❡ ❉❡r❣❤❛♠ ❡t ❛❧✳ ✭✷✵✶✶✮✳

✸✳✹ ❘❡s✉❧ts

✸✳✹✳✶ ❖❜s❡r✈❛❜❧❡ ♠♦❞❡s

❯s✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ♦✉t❧✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✸✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❜② ✉s✐♥❣ ❡q✉❛t✐♦♥
✭✸✳✶✷✮✳ ❚❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s λj ✱ r❛♥❦✐♥❣ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ♦❢ ❛ss♦❝✐❛t❡❞ st❛t❡s✱ ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡
✸✳✷✭❛✮✳ ❚❤❡ ♦❜s❡r✈❛❜✐❧✐t② ♦❢ t❤❡ ♠♦❞❡s ✐s s❡❡♥ t♦ ❢❛❧❧ ♦✛ q✉✐t❡ r❛♣✐❞❧② ✐♥❞✐❝❛t✐♥❣ t❤❛t ♦♥❧② t❤❡ ✜rst ♠♦❞❡s
✇✐❧❧ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♠❡❛s✉r❡❞ ❡♥❡r❣②✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✸✳✷✭❜✱❝✱❞✱❡✮
t❤❡ ✜rst✱ s❡❝♦♥❞✱ t❤✐r❞ ❛♥❞ 12th ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✱ ✈✐s✉❛❧✐③❡❞ ❜② t❤❡✐r str❡❛♠✇✐s❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t✳
❚❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ✐♥ ♣❛✐rs✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ♠♦❞❡s ❛r❡ tr❛✈❡❧✐♥❣ str✉❝t✉r❡s t❤❛t
❛r❡ 90◦ ♦✉t ♦❢ ♣❤❛s❡✱ ✜❣✉r❡s ✸✳✷✭❜✱❝✮ ✐❧❧✉str❛t❡ t❤✐s st❛t❡♠❡♥t✳
❆s ♦♥❡ ❝♦✉❧❞ ❡①♣❡❝t✱ t❤❡ ✢♦✇ str✉❝t✉r❡s ✇❤✐❝❤ ②✐❡❧❞ ❛ ♠❛①✐♠✉♠ ❡♥❡r❣② ♦♥ t❤❡ s❡♥s♦r ❛r❡ ❧♦❝❛t❡❞
✉♣str❡❛♠✳ ❚❤❡ ✜rst ♠♦❞❡s ❛r❡ s♣❛t✐❛❧❧② ❧♦❝❛t❡❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ s❡♣❛r❛t✐♦♥ ♣♦✐♥t ✇❤✐❧❡ ❤✐❣❤❡r
♠♦❞❡s✱ ❛s t❤❡ 12th✱ ❤❛✈❡ ❛ ♠♦r❡ ❡①t❡♥❞❡❞ s♣❛t✐❛❧ s✉♣♣♦rt✳ ❚❤❡s❡ ♠♦st ♦❜s❡r✈❛❜❧❡ str✉❝t✉r❡s ❛r❡ t✐❧t❡❞
✐♥ t❤❡ ✉♣str❡❛♠ ❞✐r❡❝t✐♦♥✱ ❧❡❛♥✐♥❣ ❛❣❛✐♥st t❤❡ s❤❡❛r ❧❛②❡r✳ ❚❤✐s r❡s✉❧t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦t❤❡r r❡❝❡♥t
✇♦r❦s ✭❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❝✱❜✮✮ ✇❤❡r❡ ✐t ✐s ✐♥t❡r♣r❡t❡❞ ❛s ❛ ✇❛② t♦ ❡①tr❛❝t ❡♥❡r❣② ❢r♦♠ t❤❡ ♠❡❛♥ s❤❡❛r
❜② tr❛♥s♣♦rt✐♥❣ ♠♦♠❡♥t✉♠ ❞♦✇♥ t❤❡ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥t ❜② t❤❡ s♦✲❝❛❧❧❡❞ ❖rr ♠❡❝❤❛♥✐s♠✱ s❡❡ ❇✉t❧❡r ✫
❋❛rr❡❧❧ ✭✶✾✾✷✮✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ t❤❡ ❘❖▼s ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡
♠♦❞❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ✧♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧s✧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✸✳✹✳✷ ❇❛❧❛♥❝❡❞ ♠♦❞❡s

◆❡①t✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ♦❢ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠ ✭✸✳✶✻✮✳ ❙❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ t❤❡ r❛♥❦
s ♦❢ ✐♥♣✉t✲♣r♦❥❡❝t✐♦♥✱ r❛♥❣✐♥❣ ❢r♦♠ 1 t♦ 20✱ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ❜❛❧❛♥❝❡❞ ❜❛s✐s (T;S) ❛♥❞ ✐ts
❛ss♦❝✐❛t❡❞ ❍❙❱s σj ❞❡♣❡♥❞ ♦♥ t❤✐s r❛♥❦✳ ❋✐❣✉r❡ ✸✳✸ ❞❡♣✐❝ts t❤❡ ❍❙❱s ♦❢ ✐♥♣✉t ♣r♦❥❡❝t❡❞ s②st❡♠s ♦❢ r❛♥❦
4✱ 10✱ 16 ❛♥❞ 20✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ r❛♥❦ ♦❢ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ❧❡❛❞s t♦ ❛ ❝♦♥✈❡r❣❡♥❝❡ ♦❢

✾✶



❈❍❆P❚❊❘ ✸✳ ▼❖❉❊▲ ❘❊❉❯❈❚■❖◆ ❖❋ ❚❍❊ ❉❨◆❆▼■❈❙ ❇❊❚❲❊❊◆ ❯◆❈❊❘❚❆■◆ ❋❖❘❈■◆● ❆◆❉ ❆

❙❊◆❙❖❘

❋✐❣✉r❡ ✸✳✷✿ ✭❛✮ ❋✐rst 50 ♦❜s❡r✈❛❜❧❡ ❡✐❣❡♥✈❛❧✉❡s λj ✳ ❋✐❣✉r❡s ✭❜✮✱✭❝✮✱✭❞✮ ❛♥❞ ✭❡✮ r❡♣r❡s❡♥t t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧
✈❡❧♦❝✐t② ♦❢ t❤❡ ✜rst✱ s❡❝♦♥❞✱ t❤✐r❞ ❛♥❞ 12th ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✳

t❤❡ ❧❡❛❞✐♥❣ ❍❙❱s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥✈❡r❣❡❞ ❍❙❱s ❢♦r ❡❛❝❤ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ✐s ❛♣♣r♦①✐♠❛t❡❧②
❡q✉❛❧ t♦ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t✐♦♥ r❛♥❦ s✱ ✇❤✐❝❤ ✇❛s ❛❧s♦ ♥♦t✐❝❡❞ ✐♥ ♣r❡✈✐♦✉s ✇♦r❦s ✉s✐♥❣ t❤❡ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥
♣r♦❝❡❞✉r❡✱ s❡❡ ❘♦✇❧❡② ✭✷✵✵✺✮❀ ■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮❀ ❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✶✵✮✳ ■t s❤♦✉❧❞ ❜❡ ❡♠♣❤❛s✐③❡❞
t❤❛t t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛❧s♦ ♥♦t❡❞ ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ❧❡❛❞✐♥❣ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ✭♥♦t s❤♦✇♥ ❤❡r❡✮✳ ❚❤❡
✜rst ❍❛♥❦❡❧ s✐♥❣✉❧❛r ✈❛❧✉❡s ❛❧s♦ ❝♦♠❡ ✐♥ ♣❛✐rs✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡
tr❛✈❡❧✐♥❣ str✉❝t✉r❡s✳ ❚❤❡ ❍❙❱s✱ ❛ss❡ss✐♥❣ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t②✴♦❜s❡r✈❛❜✐❧✐t② ♦❢ ❛ss♦❝✐❛t❡❞ st❛t❡s ❛r❡ ❛❧s♦
♦❜s❡r✈❡❞ t♦ ❢❛❧❧ ♦✛ q✉✐t❡ r❛♣✐❞❧②✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t ♦♥❧② t❤❡ ✜rst ♠♦❞❡s ✇✐❧❧ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ❝♦♥tr✐❜✉t✐♦♥
t♦ t❤❡ ♦✈❡r❛❧❧ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r✳
❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ✸✳✹✭❛✲❢✮ t❤❡ ✜rst✱ t❤✐r❞ ❛♥❞ 12th ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❝♦♠♣✉t❡❞ ❢♦r t❤❡ ❝❛s❡
s = 20✳ ❋✐❣✉r❡s ✸✳✹✭❛✱❝✱❡✮ ❞❡♣✐❝t t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ✭❝♦❧✉♠♥s ♦❢ T✮ ✇❤✐❧❡ ✜❣✉r❡s ✸✳✹✭❜✱❞✱❢✮ st❛♥❞
❢♦r t❤❡✐r ❛ss♦❝✐❛t❡❞ ❛❞❥♦✐♥t ✭❝♦❧✉♠♥s ♦❢ S✮✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❧❡❛❞✐♥❣ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛♣♣❡❛r ❛s
✇❛✈❡♣❛❝❦❡ts t❤❛t ❛r❡ s♦♠❡✇❤❛t ♠♦r❡ s♣❛t✐❛❧❧② ❡①t❡♥❞❡❞ t❤❛♥ t❤❡ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✳ ❲❡ ❛❧s♦ ♥♦t❡ ❛
s♣❛t✐❛❧ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛♥❞ t❤❡✐r ❛❞❥♦✐♥t✳ ❊ss❡♥t✐❛❧❧②✱ t❤✐s s❡♣❛r❛t✐♦♥ ❤✐❣❤❧✐❣❤ts
t❤❡ ♥♦♥✲♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✳ ❚❤✐s ♣♦✐♥t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
❝♦♥✈❡❝t✐✈❡ ♥❛t✉r❡ ♦❢ t❤❡ ✐♥st❛❜✐❧✐t✐❡s ❛❧♦♥❣ t❤❡ s❤❡❛r ❧❛②❡r ✐♥ ✇❤✐❝❤ ❞✐st✉r❜❛♥❝❡s ❣r♦✇ ✐♥ ❛♠♣❧✐t✉❞❡
❛s t❤❡② ❛r❡ ❝♦♥✈❡❝t❡❞ ✐♥ t❤❡ ❞♦✇♥str❡❛♠ ❞✐r❡❝t✐♦♥✱ s❡❡ ■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮❀ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮✳
❆s ❛ r❡s✉❧t✱ t❤❡ ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡ s✉❜s♣❛❝❡s ❛r❡ s❡♣❛r❛t❡❞ ✐♥ t❤❡ str❡❛♠✇✐s❡ ❞✐r❡❝t✐♦♥ ✇❤✐❝❤
✐♠♣❧✐❡s t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❜♦t❤ t❤❡ ✐♥♣✉t ✭t❤❡ ❢✉❧❧ st❛t❡✮ ❛♥❞ t❤❡ ♦✉t♣✉t ✭t❤❡ s❡♥s♦r✮ ♠❛② ❤❛r❞❧② ❜❡
❝❛♣t✉r❡❞ ❜② ❛♥ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ ❧❡❛❞✐♥❣ ♠♦❞❡s ♦❢ ♦♥❧② ♦♥❡ s✉❜s♣❛❝❡✳ ❚❤❡ ❘❖▼s r❡s✉❧t✐♥❣
❢r♦♠ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ ❧❡❛❞✐♥❣ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ ❝❛❧❧❡❞ t❤❡ ✧❜❛❧❛♥❝❡❞ ♠♦❞❡❧s✧ ❤❡r❡❛❢t❡r✳

✸✳✹✳✸ P❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❘❖▼s

❚❤❡ ❧❡❛❞✐♥❣ ♦❜s❡r✈❛❜❧❡ ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ ✉s❡❞ t♦ ❜✉✐❧❞ r❡❞✉❝❡❞ ♦r❞❡r ♠♦❞❡❧s✳ ❚❤❡✐r ♣❡r❢♦r♠❛♥❝❡
✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ✭✸✳✸✮ ✐s ❛ss❡ss❡❞ ❜② s❝r✉t✐♥✐③✐♥❣ ❤♦✇ t❤❡ ✐♥♣✉t✲
♦✉t♣✉t tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✐s ❝❛♣t✉r❡❞✳ ❚♦ t❤❛t ♣✉r♣♦s❡✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ♦❢ t❤❡ r❡❞✉❝❡❞
tr❛♥s❢❡r ❢✉♥❝t✐♦♥s✳ ❇♦t❤ t❤❡ 2✲♥♦r♠ ❛♥❞ t❤❡ ∞✲♥♦r♠ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡✐r ❛ss♦❝✐❛t❡❞ r❡❧❛t✐✈❡
❡rr♦rs ❛r❡ ❞❡♥♦t❡❞ ❜② e2 ❛♥❞ e∞ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡② ❛r❡ ❞❡✜♥❡❞ ❢♦r ❛ ♠♦❞❡❧ ♦❢ s✐③❡ r ❜②

e2(r) =
||G − G̃r||2

||G||2
e∞(r) =

||G − G̃r||∞
||G||∞

✭✸✳✷✵✮

✇❤❡r❡ t❤❡ ❢✉❧❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ s♥❛♣s❤♦ts Ŷ(ω) ❜② G(ω) = Ŷ†(ω)✱ s❡❡ ❛♣♣❡♥❞✐①
✸✳❇✳✸✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡s❡ t✇♦ ❡rr♦rs ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ ❘❖▼s ✐s ♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡s ✸✳✺✭❛✮ ❛♥❞

✾✷



✸✳✹✳ ❘❊❙❯▲❚❙

❋✐❣✉r❡ ✸✳✸✿ ❋✐rst 50 ❍❙❱s σj ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠s s = 4, 10, 16, 20✳

❋✐❣✉r❡ ✸✳✹✿ ❋✐❣✉r❡s ✭❛✮ ❛♥❞ ✭❜✮ r❡♣r❡s❡♥t t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✜rst ❜❛❧❛♥❝❡❞ ♠♦❞❡ ❛♥❞ ✐ts
❛❞❥♦✐♥t r❡s♣❡❝t✐✈❡❧②✳ ✭❝✮ ❛♥❞ ✭❞✮ ❞❡♣✐❝t ❛♥❛❧♦❣♦✉s❧② t❤❡ t❤✐r❞ ♠♦❞❡s ✇❤✐❧❡ ✭❡✮ ❛♥❞ ✭❢✮ r❡♣r❡s❡♥t t❤❡ 12th✳
❚❤❡s❡ ♠♦❞❡s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ ❢r♦♠ ❛♥ ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠ ✇✐t❤ s = 20✳

✸✳✺✭❜✮ r❡s♣❡❝t✐✈❡❧②✳ ❇♦t❤ ②✐❡❧❞ ❛ ❣♦♦❞ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ♠♦❞❡❧s✳

❋✐rst ❧❡t ✉s ❡①❛♠✐♥❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ 2✲♥♦r♠ ❡rr♦r ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧s ♦♥ ✜❣✉r❡
✸✳✺✭❛✮✳ ❲❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ ♠♦❞❡❧s✱ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐s ♦❜s❡r✈❡❞ t♦ ❞❡❝r❡❛s❡ ♠✉❝❤ ❢❛st❡r
❢♦r t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s t❤❛♥ ❢♦r t❤❡ ♦❜s❡r✈❛❜❧❡ ♦♥❡s✳ ◆♦t❡ t❤❛t s♦♠❡ ♣♦✐♥ts ♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧s
❛r❡ ♠✐ss✐♥❣ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡✐r ❛ss♦❝✐❛t❡❞ r❡❧❛t✐✈❡ ❡rr♦r ❝♦♥s✐❞❡r❛❜❧② ❡①❝❡❡❞s 100%✳ ◆♦t❛❜❧②✱ ♦✇✐♥❣
t♦ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥✱ ❛ ❧✐♠✐t ♦❢ ❛❝❝✉r❛❝② ✐s r❡❛❝❤❡❞ ❜② t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❛s t❤❡ ♠♦❞❡❧ s✐③❡ r ✐s
✐♥❝r❡❛s❡❞✳ ■♥❞❡❡❞✱ t❤❡ ✷✲♥♦r♠ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ♦r✐❣✐♥❛❧ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ G(ω) ❛♥❞ t❤❛t ♦❢ ❛♥ ✐♥♣✉t✲
♣r♦❥❡❝t❡❞ s②st❡♠ G̃(ω) ♦❢ r❛♥❦ s✱ ✇❤✐❝❤ ✇❛s ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥ ✸✳✶✹✱ ❝❛♥ ❛❧s♦ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡ ❡✐❣❡♥✈❛❧✉❡s λj ❜②

||G − G̃||22 =

n∑

j=s+1

λj ✭✸✳✷✶✮

❚❤❡ r❡s✉❧t✐♥❣ r❡❧❛t✐✈❡ ❡rr♦rs ❤❛✈❡ ❜❡❡♥ ♣❧♦tt❡❞ ♦♥ ✜❣✉r❡ ✸✳✺✭❛✮ ❜② ❞♦ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ♣r♦✲
❥❡❝t✐♦♥ r❛♥❦ s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r ❛♥ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ♦❢ r❛♥❦ s✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❞♦t ②✐❡❧❞s t❤❡ ❧✐♠✐t
♦❢ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧✳ ❚❤✐s st❛t❡♠❡♥t ✐s ✐❧❧✉str❛t❡❞ ❜② ❞❛s❤❡❞ ❧✐♥❡s ✇❤✐❝❤
❛❝❝♦✉♥t ❢♦r t❤❡ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥s ♦❢ r❛♥❦ s = 4, 10, 16, 20✳ ◆♦t❡ t❤❛t t❤❡
♦❜s❡r✈❛❜❧❡ ❡✐❣❡♥✈❛❧✉❡s ❝❛♥ ❜❡ ❞✐r❡❝t❧② ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❧✐♠✐t ♦❢ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s✳
■♥t❡r❡st✐♥❣❧②✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❧✐♠✐t ✐s ♥♦t r❡❛❝❤❡❞✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❛r❡ t❤❡

✾✸
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❙❊◆❙❖❘

❋✐❣✉r❡ ✸✳✺✿ ❘❡❧❛t✐✈❡ ❡rr♦r ♥♦r♠ ♦❢ ♦❜s❡r✈❛❜❧❡ ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧s s✐③❡ r✳
✭❛✮ r❡♣r❡s❡♥ts t❤❡ 2✲♥♦r♠ ✇❤✐❧❡ ✭❜✮ ❛❝❝♦✉♥ts ❢♦r t❤❡ ∞✲♥♦r♠✳ ❚❤❡ 2✲♥♦r♠ ❡rr♦r ❧✐♠✐ts ❞✉❡ t♦ ✐♥♣✉t
♣r♦❥❡❝t✐♦♥ ❛r❡ ❞❡♣✐❝t❡❞ ♦♥ ✭❛✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ r❛♥❦ s ❜② ❞♦ts✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡s ✐❧❧✉str❛t❡
t❤❡s❡ ❡rr♦r ❧✐♠✐ts ❢♦r t❤❡ r❛♥❦s s = 4, 10, 16, 20✳ ❚❤❡ ∞✲♥♦r♠ ❡rr♦r ❜♦✉♥❞s✱ ❝♦♠♣✉t❡❞ ♦♥ ❛ s = 20
✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠✱ ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✭❜✮ ❜② s♦❧✐❞ ❧✐♥❡s✳

s❛♠❡ ✇❤❛t❡✈❡r t❤❡ ♠♦❞❡❧ s✐③❡ r✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ♣r❡✈✐♦✉s r❡s✉❧ts ✇❤❡r❡ ✇❡ ❤❛✈❡
s❤♦✇♥ t❤❛t t❤❡ ✜rst s ❍❙❱s ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ ❝♦♥✈❡r❣❡❞ ✇❤❡♥ ✉s✐♥❣ ❛♥ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ♦❢ r❛♥❦ s✳
❈♦♥s❡q✉❡♥t❧②✱ ♦✉r ♣r♦❝❡❞✉r❡ ❝❧♦s❡❧② ❛♣♣r♦①✐♠❛t❡s t❤❡ ❡①❛❝t ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ♦♥ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠
✭✇✐t❤♦✉t ✐♥♣✉t ♣r♦❥❡❝t✐♦♥✮ ✉♥t✐❧ t❤❡ ❧✐♠✐t ♦❢ ❛❝❝✉r❛❝② ❞✉❡ t♦ t❤❡ ♣r♦❥❡❝t✐♦♥ ✐s r❡❛❝❤❡❞✳ ■♥❝r❡❛s✐♥❣ t❤❡
r❛♥❦ ♦❢ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ t❤❡♥ ❞❡❧❛②s t❤✐s ❧✐♠✐t✳

❊①❛♠✐♥✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ∞✲♥♦r♠ ❡rr♦r ♦♥ ✜❣✉r❡ ✸✳✺✭❜✮✱ t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥s ❛r✐s❡✳ ❨❡t✱
✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝♦♥s✐❞❡r t❤✐s ♥♦r♠ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ♦♥ t❤❡ ❞✐s❝r❡♣❛♥❝②
❜❡t✇❡❡♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❛♥❞ ❡①❛❝t tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s✳ ❚❤❡ tr❛♥s❢❡r
❢✉♥❝t✐♦♥ G̃r ♦❢ t❤❡ ❘❖▼ ❛♣♣r♦①✐♠❛t❡s t❤❛t ♦❢ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t❡❞ s②st❡♠ G̃ ✇❤✐❧❡ ❣✉❛r❛♥t❡❡✐♥❣ ✭❘♦✇❧❡②
✭✷✵✵✺✮✮ t❤❡ r❡❧❛t✐♦♥

σr+1 < ||G̃ − G̃r||∞ ≤ 2

n∑

j=r+1

σj ✭✸✳✷✷✮

❜❛s❡❞ ♦♥ t❤❡ ❛ss♦❝✐❛t❡❞ ❍❙❱s σj ✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐s ✈❛❧✐❞ ❢♦r ❛♥② ❘❖▼ ✇❤❡r❡❛s t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐s ✈❛❧✐❞
❢♦r ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥✳ ❆ss✉♠✐♥❣ t❤❡ ❍❙❱s ❞❡❝r❡❛s❡ r❛♣✐❞❧②✱ ❛s ✐♥ t❤❡ ♣r❡s❡♥t ✢♦✇
❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐s ❝❧♦s❡ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛❝❤✐❡✈❛❜❧❡ ❜② ❛♥② r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧ ❛♥❞ t❤❡
♣r♦❝❡❞✉r❡ ✐s s❛✐❞ t♦ ❜❡ q✉❛s✐✲♦♣t✐♠❛❧✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❍❙❱s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱
✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ❝♦♥s✐❞❡r t❤❡s❡ ❜♦✉♥❞s ❛s ❛♣♣r♦①✐♠❛t❡ ❜♦✉♥❞s ♦♥ ||G − G̃r||∞✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
t❤❡ ❛ss♦❝✐❛t❡❞ r❡❧❛t✐✈❡ ❡rr♦rs ❛r❡ ❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡ ✸✳✺✭❜✮ ❜② s♦❧✐❞ ❧✐♥❡s✳ ❆s t❤❡s❡ ❜♦✉♥❞s ❛r❡ ❝♦♥✈❡r❣❡❞
❢♦r s♠❛❧❧ ❘❖▼ s✐③❡s ✭✐♥ t❡r♠s ♦❢ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ r❛♥❦ s✮✱ t❤❡ ❡rr♦r ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ✐s ♦❜s❡r✈❡❞
t♦ ❧✐❡ ❜❡t✇❡❡♥ t❤❡s❡ ❜♦✉♥❞s ✉♥t✐❧ t❤❡ ❧✐♠✐t ♦❢ ❛❝❝✉r❛❝② ✐s r❡❛❝❤❡❞✳ ◆♦t❡ t❤❛t t❤❡s❡ ❡rr♦r ❜♦✉♥❞s ❛r❡
❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❍❙❱s ♦❢ ❛ s = 20 ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡
❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛❝❤✐❡✈❛❜❧❡ ❜② ❛♥② ❘❖▼✳
❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ❜♦t❤ ♠♦❞❡❧s s✉❝❝❡❡❞ ✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ❢✉❧❧ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠✳
❖❜s❡r✈❛❜❧❡ ♠♦❞❡❧s ❛r❡ ❝❧❡❛r❧② ♦✉t♣❡r❢♦r♠❡❞ ❜② ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡
❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❛r❡ q✉❛s✐✲♦♣t✐♠❛❧ ❛♥❞ s✉❜❥❡❝t t♦ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s✱ ✇❤✐❧❡ t❤♦s❡ ♦❢ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧s
❛r❡ ♥♦t✳

✾✹
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❋✐❣✉r❡ ✸✳✻✿ ❙✐♥❣✉❧❛r ✈❛❧✉❡ ❇♦❞❡ ♣❧♦t ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ♦❢ ❜❛❧❛♥❝❡❞ ❛♥❞ ♦❜s❡r✈❛❜❧❡
♠♦❞❡❧s✳ ❋✐❣✉r❡s ✭❛✱❜✱❝✮ ❛❝❝♦✉♥t ❢♦r ❘❖▼s ♦❢ s✐③❡ 10✱ 20 ❛♥❞ 30 r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❛r❡
❝♦♠♣✉t❡❞ ♦♥ ❛ s = 20 ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠✳

✸✳✹✳✹ ❋r❡q✉❡♥❝② r❡s♣♦♥s❡

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♠✉❧t✐♣❧❡ ✐♥♣✉t ♠✉❧t✐♣❧❡ ♦✉t♣✉t ✭▼■▼❖✮ s②st❡♠✱ ❛ st❛♥❞❛r❞ ✇❛② ♦❢ q✉❛♥t✐❢②✐♥❣ t❤❡
s②♥t❤❡s✐③❡❞ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ♠❛①✐♠✉♠ s✐♥❣✉❧❛r ✈❛❧✉❡ ♦❢ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳ ❋♦r
t❤❡ ❢✉❧❧ s②st❡♠✱ ✐t ✐s s✐♠♣❧② ❝♦♠♣✉t❡❞ ❜② t❤❡ ♥♦r♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ✸✳✷✳✶✳✷ ❜② ||G†(ω)|| =

√

G(ω)G†(ω)✳
❋♦r ❛ ❘❖▼ ♦❢ s✐③❡ r✱ ✐t ✐s ❝♦♠♣✉t❡❞ s✐♠✐❧❛r❧② ❜② ✉s✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦❞❡❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ G̃r(ω)
✭s❡❡ ❛♣♣❡♥❞✐① ✸✳❇✳✸✮✳
❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s q✉❛♥t✐t②✱ s❡❡ ✜❣✉r❡ ✸✳✻✱ ✐s ❦♥♦✇♥ ❛s t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❇♦❞❡ ♣❧♦t✳ ❲❡ ❤❛✈❡
❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡s ✸✳✻✭❛✱❜✱❝✮ t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s ♦❢ ❜❛❧❛♥❝❡❞ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧s ♦❢ s✐③❡ 10✱ 20
❛♥❞ 30 r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡ t❤❛t t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❛r❡ ❜❛s❡❞ ♦♥ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❝♦♠♣✉t❡❞ ❢♦r ❛♥
✐♥♣✉t ♣r♦❥❡❝t✐♦♥ r❛♥❦ s = 20✳ ❚❤❡ ❡①❛❝t ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ❝❧❡❛r❧② ❤✐❣❤❧✐❣❤ts ❛ ♣r❡❢❡rr❡❞ ❢r❡q✉❡♥❝②
❛r♦✉♥❞ ω = 0.79 ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ ♣❡rt✉r❜❛t✐♦♥s t❤r♦✉❣❤ t❤❡ s❤❡❛r ❧❛②❡r ❞✉❡ t♦
t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ✐♥st❛❜✐❧✐t②✳ ❚❤❡s❡ ♣❧♦ts ❛r❡ ❛ ❝❧❡❛r ❞❡♠♦♥str❛t✐♦♥ ♦❢ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❜❛❧❛♥❝❡❞
♠♦❞❡❧s ❢♦r ❝❛♣t✉r✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠✳ ❲❡ s❡❡ t❤❛t ❡✈❡♥ ❛ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧ ♦❢ s✐③❡ 10 r♦✉❣❤❧②
❛♣♣r♦①✐♠❛t❡s t❤❡ ♦r✐❣✐♥❛❧ r❡s♣♦♥s❡ ✇❤✐❧❡ ❛ 20 s✐③❡❞ ♠♦❞❡❧ ②✐❡❧❞s ❛ ✈❡r② ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
❢r❡q✉❡♥t✐❛❧ r❡s♣♦♥s❡ ♣❡❛❦✳ ▼❡❛♥✇❤✐❧❡✱ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧s ❛r❡ ❝♦♠♣❧❡t❡❧② ✉♥❛❜❧❡ t♦ r❡❝♦✈❡r t❤❡ ♠♦st
✐♠♣♦rt❛♥t tr❡♥❞ ♦❢ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ❢♦r t❤❡s❡ ♠♦❞❡❧ s✐③❡s✳ ❖❜s❡r✈❛❜❧❡ ♠♦❞❡❧s ❡✈❡♥t✉❛❧❧②
❝❛♣t✉r❡ t❤❡ ❡①❛❝t tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❢♦r ♠♦❞❡❧s ♦❢ s✐③❡ ❤✐❣❤❡r t❤❛♥ ❛♣♣r♦①✐♠❛t❡❧② 30✱ s❡❡ ✜❣✉r❡ ✸✳✻✭❝✮✳

✸✳✹✳✺ ▼♦❞❡❧✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ s♦♠❡ ❧♦❝❛❧✐③❡❞ ❛❝t✉❛t♦rs

■♥ t❤✐s ❧❛st ♣❛rt✱ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❘❖▼s t♦ ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ❛♥② ✐♥♣✉t t♦ t❤❡
s❡♥s♦r✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❛r❜✐tr❛r✐❧② ❝❤♦♦s❡ ❢♦✉r ❛❝t✉❛t♦rs ✐♥ t❤❡ ✉♣str❡❛♠ ♣❛rt ♦❢ t❤❡ ✢♦✇ ❛♥❞ ✐♥✈❡st✐❣❛t❡
t❤❡✐r ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ♦♥ t❤❡ s❡♥s♦r✳ ❚❤❡✐r s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥✱ ❞❡♥♦t❡❞ ❜② B1✱ B2✱ B3 ❛♥❞ B4✱ ❛r❡
❝❤♦s❡♥ ♦❢ ●❛✉ss✐❛♥ s❤❛♣❡ ♦♥ t❤❡ ✈❡rt✐❝❛❧ ♠♦♠❡♥t✉♠ ❝♦♠♣♦♥❡♥t✱ s❡❡ ✜❣✉r❡ ✸✳✼✳ ❚❤❡s❡ ●❛✉ss✐❛♥s ❤❛✈❡
❛ ✇✐❞t❤ ✭❢✉❧❧ ✇✐❞t❤ ❛t ❤❛❧❢ ♠❛①✐♠✉♠✮ ♦❢ 0.4✱ ❛ ❤❡✐❣❤t ♦❢ 1 ❛♥❞ ❛r❡ ❝❡♥t❡r❡❞ ❛t (−0.3; 1.2)✱ (4; 0)✱ (6; 0.7)
❛♥❞ (5; 1.5) r❡s♣❡❝t✐✈❡❧②✳
■♠♣✉❧s❡ r❡s♣♦♥s❡s ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ❛r❡ ❝♦♠♣✉t❡❞ ❜② t✐♠❡✲st❡♣♣❡r s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥s ❜② t❛❦✐♥❣ t❤❡s❡ ✐♥♣✉ts ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ♥❛♠❡❧② X(t = 0) = Bi ❢♦r i = [1; 4]✳
■♠♣✉❧s❡ r❡s♣♦♥s❡s ♦❢ t❤❡ ❘❖▼s ❛r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞✱ t❤❡② ❛r❡ ❞✐r❡❝t❧② ❝♦♠♣✉t❡❞ ❜② Cre

ArtS†Bi✳ ❇♦t❤
❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡s ✸✳✽✭❛✲❞✮ ❢♦r t❤❡ ❢♦✉r ✐♥♣✉ts✳ ❚❤❡ ❜❛❧❛♥❝❡❞ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧s ❤❛✈❡ ❛ s✐③❡
r = 20 ❛♥❞ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧ ✇❛s ❞❡s✐❣♥❡❞ ❢r♦♠ ❛♥ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ♦❢ r❛♥❦ s = 20✳ ❆s ❡①♣❡❝t❡❞✱ ✇❡

✾✺
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❋✐❣✉r❡ ✸✳✼✿ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢♦✉r ❝❤♦s❡♥ ✐♥♣✉ts ❜② t❤❡✐r ✈❡rt✐❝❛❧ ❝♦♠♣♦♥❡♥t✳ ❚❤❡ str❡❛♠❧✐♥❡s ♦❢
t❤❡ ❜❛s❡ ✢♦✇ ❛♥❞ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s❡♥s♦r ❛r❡ ❛❧s♦ ❞✐s♣❧❛②❡❞✳

❋✐❣✉r❡ ✸✳✽✿ ❋✐❣✉r❡s ✭❛✲❞✮ r❡♣r❡s❡♥t t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡s ♦❢ t❤❡ ❢♦✉r ❞✐✛❡r❡♥t ✐♥♣✉ts✳ ❚❤❡ ❡①❛❝t s♦❧✉t✐♦♥s
❝♦♠❡ ❢r♦♠ ❞✐r❡❝t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐s ❛❜♦✉t n ≈ 360 000✳
❚❤❡ ❞❛s❤❡❞ ❛♥❞ s♦❧✐❞ ❧✐♥❡s ❛❝❝♦✉♥t ❢♦r ❜❛❧❛♥❝❡❞ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧s ♦❢ s✐③❡ 20 r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡ t❤❛t
t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧ ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞ ✇✐t❤ ❛♥ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ♦❢ r❛♥❦ s = 20✳

♦❜s❡r✈❡ t❤❛t ❛❧❧ t❤❡ ✐♥♣✉ts ✐♥✈❡st✐❣❛t❡❞ ❤❡r❡ ❛r❡ ❛❝❝✉r❛t❡❧② ❝❛♣t✉r❡❞ ❜② t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧✳ ▼❡❛♥✇❤✐❧❡✱
t❤❡ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧ ✐s ❝❧❡❛r❧② ♥♦t ❛s ❡✣❝✐❡♥t ❛t ♠♦❞❡❧✐♥❣ t❤❡ ♠❛✐♥ ♣✉❧s❡s ❛♥❞ ❡✈❡♥ s✉st❛✐♥s ✉♥❞❡s✐r❡❞
♦s❝✐❧❧❛t✐♦♥s ❛t ❧❛r❣❡r t✐♠❡s✳
❚❤❡s❡ r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ♣r❡✈✐♦✉s ♦❜s❡r✈❛t✐♦♥s s❤♦✇♥ ♦♥ ✜❣✉r❡s ✸✳✺ ❛♥❞ ✸✳✻ s✐♥❝❡ t❤❡
❜❛❧❛♥❝❡❞ ♠♦❞❡❧ ❤❛s ❛❧r❡❛❞② ❛ ❧♦✇ ❡rr♦r ❢♦r ❛ s✐③❡ r = 20 ✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧✳
❚❤❡s❡ ❡①❛♠♣❧❡s ✐❧❧✉str❛t❡ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❘❖▼s t♦ r❡♣r❡s❡♥t t❤❡ ❞②♥❛♠✐❝s ♦❢ ❧♦❝❛❧✐③❡❞ ✐♥♣✉ts t❤❛t ❞♦
♥♦t ✐♥t❡r✈❡♥❡ ✐♥ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♣r♦❝❡ss ❜✉t ❛❧s♦ t❤❡ s✉♣❡r✐♦r✐t② ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s t♦ r❡❛❝❤
t❤✐s ❣♦❛❧✳

✸✳✺ ❈r✐t✐❝❛❧ ❛ss❡ss♠❡♥t

❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡s❡♥t st✉❞② ✐❧❧✉str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❘❖▼s ✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ♦r✐❣✐♥❛❧
tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✐s r❡❧❛t✐✈❡❧② s✐♠♣❧❡❀ t❤❡ ❞②♥❛♠✐❝s ❛r❡
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t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ s❡♥s♦r✳ ❚❤✉s ✇❡ r❛✐s❡ q✉❡st✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢
✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ✐♥ r❡❛❧✐st✐❝ ✢♦✇s✳
▲❡t ✉s ✜rst ❞❡s❝r✐❜❡ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ♣r❡s❡♥t t❡❝❤♥✐q✉❡s ❛r❡ r❡❛❞✐❧② ✉s❛❜❧❡ t♦ ❞❡s✐❣♥ ❛ ❧♦✇✲♦r❞❡r
❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧❧❡r✳ ❆ ✢❛t ♣❧❛t❡ ❜♦✉♥❞❛r② ❧❛②❡r ✐s s✉❜❥❡❝t t♦ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛❜✐❧✐t✐❡s ✭❚❙ ✇❛✈❡s✮✳
❲❡ ♥❡❡❞ ♦♥❡ ✉♣str❡❛♠ s❡♥s♦r ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ✭❥✉st ✉♣str❡❛♠ ♦❢ ❜r❛♥❝❤ ■✮✱ ♦♥❡ ❛❝t✉❛t♦r ✭♥❡❛r ❜r❛♥❝❤
■✮✱ ❛♥❞ ♦♥❡ s❡♥s♦r ❢♦r t❤❡ ❝♦♥tr♦❧ ♦❜❥❡❝t✐✈❡ ✭♥❡❛r ❜r❛♥❝❤ ■■✮✳ ■❢ t❤❡ ♥♦✐s❡ tr✐❣❣❡r✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ ✐s
✉♥❦♥♦✇♥ ✭✇❤✐❝❤ ✐s ✉s✉❛❧❧② t❤❡ ❝❛s❡✮✱ t❤❡♥ ❛ ❘❖▼ ❞❡s❝r✐❜✐♥❣ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ t❤❡ ✇❤♦❧❡ ✐♥♣✉t s♣❛❝❡
❛♥❞ t❤❡ ❛❝t✉❛t♦r t♦ t❤❡ t✇♦ s❡♥s♦rs ✐s r❡q✉✐r❡❞✳ ❍❡♥❝❡✱ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ t❡❝❤♥✐q✉❡ ❛♣♣❧✐❡❞ ✇✐t❤ t✇♦
s❡♥s♦rs s❤♦✉❧❞ ❜❡ ❡✛❡❝t✐✈❡ ❢♦r t❤✐s ♣✉r♣♦s❡✳ ◆♦t❡ t❤❛t ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮ ❛ss✉♠❡ t❤❛t t❤❡ ✉♣str❡❛♠
♥♦✐s❡ ✐s ❦♥♦✇♥✱ ✇❤✐❝❤ ✐s ✉♥♣❤②s✐❝❛❧ ✐♥ s♦♠❡ s❡♥s❡✳ ❆❧s♦✱ ✐♥ t❤❡ ❝♦♥tr♦❧ ♦❜❥❡❝t✐✈❡ ✇❡ ♦♥❧② r❡q✉✐r❡ t❤❡
♠❡❛s✉r❡♠❡♥t ❛t t❤❡ ❞♦✇♥str❡❛♠ s❡♥s♦r t♦ ❜❡ r❡❞✉❝❡❞✱ ♥♦t t❤❡ ✇❤♦❧❡ ♣❡rt✉r❜❛t✐♦♥ ❡♥❡r❣②✳ ■♥❞❡❡❞✱ t❤✐s
✇♦✉❧❞ ❤❛✈❡ r❡q✉✐r❡❞ t❤❡ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥ t❡❝❤♥✐q✉❡✱ ✇❤✐❝❤ ✐s ♥♦t tr❛❝t❛❜❧❡ ❤❡r❡ s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢
✐♥♣✉ts ✐s t♦♦ ❤✐❣❤✳

❆s s♦♦♥ ❛s ❝♦♥s✐❞❡r✐♥❣ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❡rt✉r❜❛t✐♦♥s ♦r ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ t❤❡
✢♦✇ ❞②♥❛♠✐❝s ♠❛② ❜❡❝♦♠❡ ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧❡①✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ s❡♥s♦rs ♠❛② ❜❡ r❡q✉✐r❡❞
t♦ ❛❝❝✉r❛t❡❧② ❡st✐♠❛t❡ t❤❡ ✢♦✇✱ s❡❡ ❙❡♠❡r❛r♦ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ■♥ t❤❡s❡ ❝❛s❡s✱ t❤❡ ✉s❡ ♦❢ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥
r❛✐s❡s s♦♠❡ ♣r❛❝t✐❝❛❧ ✐ss✉❡s✳
❋✐rst✱ t❤❡ ♣r❡s❡♥t t❡❝❤♥✐q✉❡s st✐❧❧ ❤♦❧❞ ❢♦r t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✢♦✇s ❜✉t ✇✐t❤ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♦♣❡r❛t♦rs
❛♥❞ ❞✐s❝r❡t✐③❛t✐♦♥s✳ ❙✐♥❝❡ t❤❡ r❡s✉❧t✐♥❣ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❛r❡ ♠✉❝❤ ❜✐❣❣❡r✱ ✐t❡r❛t✐✈❡ t❡❝❤♥✐q✉❡s r❛t❤❡r
t❤❛♥ ❞✐r❡❝t ✐♥✈❡rs✐♦♥ t❡❝❤♥✐q✉❡s ❛r❡ r❡q✉✐r❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ s♥❛♣s❤♦ts✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ❝♦✉❧❞ ✉s❡ t❤❡
t❡♠♣♦r❛❧ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ●r❛♠✐❛♥s ❛♥❞ s♦❧✈❡ t❤❡ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s
t♦ ❝♦♠♣✉t❡ t❤❡ s♥❛♣s❤♦ts ❛♥❞ ❛♣♣r♦①✐♠❛t❡ t❤❡ ●r❛♠✐❛♥s✱ ❛s ❞♦♥❡ ❜② ❙❡♠❡r❛r♦ ❡t ❛❧✳ ✭✷✵✶✶✮✳
❙❡❝♦♥❞❧②✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t s✐♠✉❧❛t✐♦♥s ♠❛② ❜❡ ♠✉❝❤ ❧❛r❣❡r✳ ■♥❞❡❡❞✱ ♦♥❡ ❛❞❥♦✐♥t s✐♠✲
✉❧❛t✐♦♥ ✐s r❡q✉✐r❡❞ ❢♦r ❡❛❝❤ ❛❞❞✐t✐♦♥❛❧ s❡♥s♦r✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✢♦✇ ❞②♥❛♠✐❝s ♠❛② ❜❡ s✐❣♥✐✜❝❛♥t❧②
♠♦r❡ ❝♦♠♣❧❡① s♦ t❤❛t ✐t ♠❛② ♥♦t ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛s ❢❡✇ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛s ✐♥ t❤❡
♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ❡①♣♦s❡❞ ❤❡r❡✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❡①♣❡❝t t❤❛t ♠♦r❡ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ✭✐✳❡✳ ❛❞❞✐t✐♦♥❛❧
❞✐r❡❝t s✐♠✉❧❛t✐♦♥s✮ ✇♦✉❧❞ ❜❡ r❡q✉✐r❡❞ ❢♦r ❛♥ ❛❝❝✉r❛t❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡
❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ t❤❡ ♠❛tr✐❝❡s Y†Y ❛♥❞ Y†X ♠❛② ❡✈❡♥ ❜❡❝♦♠❡ ❝❤❛❧❧❡♥❣✐♥❣✳ ❋♦r t❤❡s❡ r❡❛s♦♥s✱ t❤❡
♣♦ss✐❜❧② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s❡♥s♦rs ❛♥❞ ♦❢ r❡q✉✐r❡❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❝❧❡❛r❧② ❝♦♥st✐t✉t❡s t❤❡ ❜♦tt❧❡♥❡❝❦ ♦❢
t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡✳
▲❛st❧②✱ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ ♠♦r❡ ❝♦♠♣❧❡① ❞②♥❛♠✐❝s ✇♦✉❧❞ r❡s✉❧t ✐♥ ❛ s❧♦✇❡r ❢❛❧❧✲♦✛ ♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡
❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❍❙❱s✳ ❈♦♥s❡q✉❡♥t❧②✱ ♠♦r❡ ♦❜s❡r✈❛❜❧❡ ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ✇♦✉❧❞ ❜❡ r❡q✉✐r❡❞ t♦ ❞❡s✐❣♥
❡✣❝✐❡♥t ❘❖▼s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡s❡ ❘❖▼s ♠❛② ❜❡ t♦♦ ❧❛r❣❡ t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ r❡❛❧✲t✐♠❡ ❝❧♦s❡❞✲
❧♦♦♣ ❝♦♥tr♦❧❧❡rs✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❤❛s t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ t❡❝❤♥✐q✉❡ ✐s q✉❛s✐✲♦♣t✐♠❛❧
✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ✉♥❦♥♦✇♥ ❢♦r❝✐♥❣ ❛♥❞ ♥♦ ♦t❤❡r t❡❝❤♥✐q✉❡ ✇♦✉❧❞ ♣❡r❢♦r♠ ❜❡tt❡r✳
❲❡ ✈♦❧✉♥t❛r✐❧② ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦ ❛❧❧ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛s ✐♥♣✉ts ✐♥ ✈✐❡✇ ♦❢ ❞❡s✐❣♥✐♥❣ ❘❖▼s
✇❤✐❝❤ ❛r❡ r♦❜✉st ✇✐t❤ r❡s♣❡❝t t♦ ✉♥❝❡rt❛✐♥t✐❡s ♦♥ t❤❡ ♥♦✐s❡✳ ❚❤✉s✱ ✐❢ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡
❢❛✐❧s t♦ ❞❡s✐❣♥ s✉✣❝✐❡♥t❧② ❧♦✇✲♦r❞❡r ♠♦❞❡❧s✱ t❤❡♥ t❤❡ ❛❧t❡r♥❛t✐✈❡ s♦❧✉t✐♦♥ ✇♦✉❧❞ ❜❡ t♦ ❣❛✐♥ ✐♥s✐❣❤t ✐♥t♦
t❤❡ ♣❛rt✐❝✉❧❛r ✢♦✇ ♣❤②s✐❝s✳ ❋♦r ✐♥st❛♥❝❡✱ ♦♥❡ ♠❛② r❡s♦rt t♦ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ♦r t♦ r❡❝❡♣t✐✈✐t②
❛♥❛❧②s❡s t♦ ❣❛✐♥ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♥♦✐s❡ t❤❛t ♦♥❡ ❞❡s✐r❡s t♦ r❡♣r♦❞✉❝❡✳

✸✳✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ❤♦✇ t♦ ❛♣♣r♦①✐♠❛t❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ❢♦r ❧❛r❣❡ ❧✐♥❡❛r s②st❡♠s ✇❤❡♥
t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts ✐s ❧❛r❣❡✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❤❛s ❜❡❡♥ ❞❡r✐✈❡❞ ♦♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ◆❛✈✐❡r✲❙t♦❦❡s
❡q✉❛t✐♦♥s s✉❜❥❡❝t t♦ ❛♥ ✉♥❦♥♦✇♥ ♥♦✐s❡ ✭t❤❡ ✐♥♣✉ts✮ ❛♥❞ ✇✐t❤ ❛ s✐♥❣❧❡ s❡♥s♦r ✭t❤❡ ♦✉t♣✉t✮✳ ❲❡ ✐♥tr♦❞✉❝❡❞
❛ t❡❝❤♥✐q✉❡ ❝❛❧❧❡❞ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ♣r♦❥❡❝t✐♥❣ t❤❡ ✐♥♣✉t s♣❛❝❡ ♦♥t♦ ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧
s✉❜s♣❛❝❡ ✇❤✐❧❡ ♦♣t✐♠❛❧❧② ♣r❡s❡r✈✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳ ❚❤❡ ♦♣t✐♠❛❧ ♣r♦❥❡❝t✐♦♥ ❛♣♣❡❛rs
❛s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✱ ♥❛♠❡❧② t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡
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♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥✳ ❈♦♥♥❡❝t✐♦♥s ✇✐t❤ t❤❡ ❛❧r❡❛❞② ❡①✐st✐♥❣ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥ t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞
❜② ❘♦✇❧❡② ✭✷✵✵✺✮ ❛r❡ ❛❧s♦ ❤✐❣❤❧✐❣❤t❡❞✳
❚❤❡ ✇❤♦❧❡ ♣r♦❝❡❞✉r❡ ✐s ❛♣♣❧✐❡❞ t♦ ❛ st❛❜❧❡ ❧✐♥❡❛r s②st❡♠✿ t❤❡ ✢♦✇ ♦✈❡r ❛ r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳
❆ t✐♠❡✲❞❡♣❡♥❞❡♥t ❢♦r❝✐♥❣ t❡r♠✱ ✈✐❡✇❡❞ ❛s ❛ ♥♦✐s❡✱ ✐s ❛ss✉♠❡❞ t♦ ❛❝t ❡q✉❛❧❧② ♦♥ ❡❛❝❤ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢
t❤❡ ✢♦✇ st❛t❡ ✇❤✐❧❡ t❤❡ s❡♥s♦r ✐s ♣❧❛❝❡❞ ♥❡❛r t❤❡ r❡❛tt❛❝❤♠❡♥t ♣♦✐♥t✳ ❆s ❛ ✜rst st❡♣✱ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡
♠♦❞❡s ❛r❡ ❝♦♠♣✉t❡❞ ❛♥❞ s❡❡♥ t♦ ❡①t❡♥❞ ✐♥ t❤❡ ✉♣str❡❛♠ ♣❛rt ♦❢ t❤❡ ✢♦✇✳ ❚❤❡♥✱ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s
♦❢ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠s ❛r❡ ❝♦♠♣✉t❡❞ ❛♥❞ ♦❜s❡r✈❡❞ t♦ ❝♦♥✈❡r❣❡ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ r❛♥❦ ♦❢ t❤❡
✐♥♣✉t ♣r♦❥❡❝t✐♦♥✳ ❘❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠s ♦♥t♦
t❤❡ ❧❡❛❞✐♥❣ ❜❛❧❛♥❝❡❞ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✳ ❚❤❡s❡ ❘❖▼s ❛r❡ ❡✈❛❧✉❛t❡❞ ❜② ❡①❛♠✐♥✐♥❣ t❤❡✐r s②♥t❤❡s✐③❡❞
❢r❡q✉❡♥❝② r❡s♣♦♥s❡✳ ❋♦r ❜♦t❤ ♣r♦❥❡❝t✐♦♥ ❜❛s❡s✱ t❤❡ ❢r❡q✉❡♥❝② s❡❧❡❝t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠
✐s r❡❝♦✈❡r❡❞ ❛s ✇❡ ❛❝❝✉r❛t❡❧② ♠♦❞❡❧ t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♣❡❛❦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③
✐♥st❛❜✐❧✐t②✳ ❚♦ q✉❛♥t✐❢② t❤✐s ♣❡r❢♦r♠❛♥❝❡✱ t❤❡ 2✲♥♦r♠ ❛♥❞ ∞✲♥♦r♠ ♦❢ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ r❡❞✉❝❡❞ ❛♥❞
❡①❛❝t tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✇❡r❡ ❝♦♠♣✉t❡❞✳ ❲❡ ❢♦✉♥❞ t❤❛t t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❤❛✈❡ ❛♥ ❡rr♦r ❢❛❧❧ ♦✛ t❤❛t
❞❡❝r❡❛s❡s q✉✐❝❦❧② ✉♥t✐❧ ❛ ❧✐♠✐t ✜①❡❞ ❜② t❤❡ r❛♥❦ ♦❢ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥✳ ▼♦st❧②✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢
t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❛r❡ s✉❜❥❡❝t t♦ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ❛♥❞ ♦❜s❡r✈❡❞ t♦ ❜❡ q✉❛s✐✲♦♣t✐♠❛❧✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧s ❛r❡ s✉❜♦♣t✐♠❛❧ ✐♥ ❢✉❧✜❧❧✐♥❣ t❤❡ s❛♠❡ ♦❜❥❡❝t✐✈❡ ❛♥❞ ❞♦ ♥♦t ②✐❡❧❞ ❛♥② t❤❡♦r❡t✐❝❛❧
❜♦✉♥❞s ♦♥ t❤✐s ❡rr♦r✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ♦❜s❡r✈❡❞ t♦ t❡♥❞ t♦ ③❡r♦ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ ♠♦❞❡❧s✳
❆ ❜❡tt❡r ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s t♦ r❡❛❝❤ ❛ ❞❡s✐r❡❞ ❛❝❝✉r❛❝② ✐s ❝❧❡❛r❧② ✐❞❡♥t✐✜❡❞✱ ✇❤✐❝❤ ✐s
❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✳
■♥ s✉♠♠❛r②✱ t❤❡ ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ♦❢ ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠s ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ②✐❡❧❞ ❡✣❝✐❡♥t ❘❖▼s
✇❤✐❝❤ ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ❛♥② ✐♥♣✉t t♦ ❛ ❣✐✈❡♥ ♦✉t♣✉t✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✐s ✭✐✮ q✉❛s✐✲♦♣t✐♠❛❧ ✐♥
❛❝❤✐❡✈✐♥❣ t❤✐s ❣♦❛❧ ❛♥❞ ✭✐✐✮ s✉❜❥❡❝t t♦ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s✳ ❚❤✐s ❝♦♥tr✐❜✉t✐♦♥ ♠❛② ❜❡ ❛ ♣r♦♠✐s✐♥❣ t♦♦❧
✐♥ ✈✐❡✇ ♦❢ ❞❡s✐❣♥✐♥❣ r❡❞✉❝❡❞ ♠♦❞❡❧s ♦❢ s②st❡♠s ✇❤❡r❡ ♦♥❧② ❛ ❢❡✇ ✢♦✇ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✇❤✐❧❡
t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢♦r❝✐♥❣ ✐s ✉♥❦♥♦✇♥✳ ❚❤❡r❡❢♦r❡✱ ✐t ♠❛② ❜❡ ❛ ✉s❡❢✉❧ ❛❞❞✐t✐♦♥ t♦ t❤❡ t♦♦❧s ♦❢ ♠♦❞❡r♥
✢♦✇ ❝♦♥tr♦❧ t❤❡♦r② t♦ ❞❡s✐❣♥ r❡❛❧✲t✐♠❡ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧❧❡r✳
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❙❚❆❚❊✲❙P❆❈❊ ❙❨❙❚❊▼

❈❤❛♣t❡r ❛♣♣❡♥❞✐①

✸✳❆ ❊①♣r❡ss✐♥❣ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛s ❛♥ ✐♥♣✉t✲

♦✉t♣✉t st❛t❡✲s♣❛❝❡ s②st❡♠

❈♦♥s✐❞❡r✐♥❣ ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤✱ ✇❡ ♣r♦❝❡❡❞ ❜② ❞✐s❝r❡t✐③✐♥❣ ❡q✉❛t✐♦♥s ✭✸✳✷✮✳ ❚❤❡ s②st❡♠ ♠❛② ❜❡
✇r✐tt❡♥ ✐♥ ❛ ✜♥✐t❡✲s✐③❡❞ ♠❛tr✐① ❢♦r♠ ❛s

(
Q1 0
0 0

)
d

dt

(
X1

X2

)

=

(
A1 A∗

2

A2 0

)(
X1

X2

)

+

(
Q1 0
0 0

)(
η(t)
0

)

✭✸✳✷✸❛✮

m(t) =
(

C1 0
)
(

X1

X2

)

✭✸✳✷✸❜✮

✇❤❡r❡ X1 ❞❡♥♦t❡s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❛♥❞ X2 r❡♣r❡s❡♥ts t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r❡ss✉r❡ ✜❡❧❞✳ ❚❤❡ ❧✐♥❡❛r✐③❡❞
◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r ❤❛s ❜❡❡♥ ❞❡❝♦♠♣♦s❡❞ s♦ t❤❛t A1 ❛❝❝♦✉♥ts ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ✇❤✐❧❡
A2 ❛♥❞ A∗

2 ❛r❡ t❤❡ ♣❛rts r❡❧❛t✐✈❡ t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❛♥❞ ♣r❡ss✉r❡ ❡✛❡❝ts r❡s♣❡❝t✐✈❡❧②✳ Q1 ✐s t❤❡ ♠❛ss
♠❛tr✐①✱ ✐t ❛❧s♦ st❛♥❞s ❢♦r t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ ♣❡rt✉r❜❛t✐♦♥s✱ ♥❛♠❡❧②
X∗

1Q1X1 =
∫

Ω u2 dΩ ✇❤❡r❡ Ω ✐s t❤❡ ✢✉✐❞ ✈♦❧✉♠❡✳ (C1, 0) ❞❡♥♦t❡s t❤❡ ✈❡❝t♦r ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ s❡♥s✐♥❣ C
♦♣❡r❛t♦r✳
❚♦ r❡❢♦r♠✉❧❛t❡ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ✭✸✳✷✸✮ ✐♥t♦ ❛ st❛♥❞❛r❞ st❛t❡✲s♣❛❝❡ ❢♦r♠✱ ✇❡ r❡str✐❝t t❤❡ s②st❡♠ st❛t❡
t♦ ✐ts ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❲❡ ✜rst ♠✉❧t✐♣❧② t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ❜② A2Q

−1
1 ✱ ✇❤✐❝❤ ②✐❡❧❞s✱

❛ss✉♠✐♥❣ t❤❛t A2Ẋ1 = 0✱ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣r❡ss✉r❡ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞

X2 = −
(
A2Q

−1
1 A∗

2

)−1 [(
A2Q

−1
1 A1

)
X1 + A2η(t)

]
✭✸✳✷✹✮

❲❡ ❝❛♥ t❤❡♥ ❡❧✐♠✐♥❛t❡ t❤❡ ❡①♣❧✐❝✐t ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t t♦ ✇r✐t❡ t❤❡ s②st❡♠ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❞❡s✐r❡❞
❢♦r♠

dX1

dt
= P1A1X1 + P1Q1η(t) ✭✸✳✷✺❛✮

m = C1X1 ✭✸✳✷✺❜✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♠❛tr✐① P1 ❞❡✜♥❡❞ ❜②

P1Q1 = I − Q−1
1 A∗

2

(
A2Q

−1
1 A∗

2

)−1
A2 ✭✸✳✷✻✮

◆♦t❛❜❧②✱ P1Q1 r❡❞✉❝❡s t♦ t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛tr✐① ♦♥t♦ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ s♣❛❝❡ ❛♥❞ P1 ✐s ❛ ❍❡r♠✐t✐❛♥
♦♣❡r❛t♦r ✭P∗

1 = P1✮✳ ❙✐♥❝❡ ✇❡ ❛ss✉♠❡❞ t❤❛t η(t) ✐s ❛ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ st❛t❡✱ ✇❡ ❤❛✈❡ P1Q1η(t) = η(t)✳
❋✐♥❛❧❧②✱ ❜② ❞❡✜♥✐♥❣ A = P1A1 ❛♥❞ C = C1✱ ✇❡ r❡❝♦✈❡r ❡q✉❛t✐♦♥ ✭✸✳✸✮✿

dX

dt
= AX + Bη(t) ✭✸✳✷✼❛✮

m(t) = CX ✭✸✳✷✼❜✮

✸✳❇ ■♥tr♦❞✉❝✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝ts ✐♥ t❤❡ ❞✐s❝r❡t✐③❡❞ ❡q✉❛t✐♦♥s

❆❞❥♦✐♥t ♦♣❡r❛t♦rs ❞❡♥♦t❡❞ ❜② t❤❡ s✉♣❡rs❝r✐♣t † ❛r❡ ❞✐✛❡r❡♥t ✐♥ ❣❡♥❡r❛❧ ❢r♦♠ t❤❡ st❛♥❞❛r❞ tr❛♥s❝♦♥❥✉❣❛t❡
∗✳ ❲❡ ❝❤♦s❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❢♦r ❜♦t❤ t❤❡ st❛t❡s ❛♥❞ t❤❡ ✐♥♣✉ts✱
♥❛♠❡❧② 〈Z1,Z2〉 = Z∗

1Q1Z2 ❢♦r ❛❧❧ st❛t❡s ♦r ✐♥♣✉ts Z1 ❛♥❞ Z2✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ♠❛ss ♠❛tr✐① Q1 ✐♥t❡r✈❡♥❡s
✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦rs✳

✾✾
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❙❊◆❙❖❘

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ A† ❛♥❞ C† ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✷✱ ✐t ✐s ❡❛s✐❧② ❢♦✉♥❞ t❤❛t A† = Q−1
1 A∗Q1

❛♥❞ C† = Q−1
1 C∗✳ ❚❤❡ ♦♣❡r❛t♦r Ps = RR† ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❛s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡

✜rst s ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❛❝t✐♥❣ ♦♥ ❛♥② ✢♦✇ st❛t❡ ♦r ✐♥♣✉t✳ ❆♥❛❧♦❣♦✉s❧②✱ ❝♦♥s✐❞❡r✐♥❣ ♦✉r ❝❤♦✐❝❡ ♦❢ ✐♥♥❡r
♣r♦❞✉❝t✱ ✐t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s Ps = RR∗Q1✱ s♦ t❤❛t R† = R∗Q1✳

✸✳❇✳✶ ❖❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥

❖❜s❡r✈❛❜❧❡ ♠♦❞❡s ❛r❡ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♦❜s❡r✈❛❜✐❧✐t②
●r❛♠✐❛♥✿

Go =
1

2π

∫ +∞

−∞

(−jωI − A†)−1C†C(jωI − A)−1dω ✭✸✳✷✽✮

❘❡♣❧❛❝✐♥❣ t❤❡ ❛❞❥♦✐♥t q✉❛♥t✐t✐❡s ❜② t❤❡✐r ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥✱ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥ ♠❛② ❜❡ ✇r✐tt❡♥
❛s

Go = Q−1
1

(
1

2π

∫ +∞

−∞

(−jωI − A∗)−1C∗C(jωI − A)−1dω

)

✭✸✳✷✾✮

❛♥❞ t❤❡ ✢♦✇ st❛t❡s Ŷ(ω) ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✸✳✷ ❛r❡ t❤❡♥ ❞❡✜♥❡❞ ❜② Q1Ŷ(ω) = (−jωI − A∗)−1C∗✳
❋✐♥❛❧❧②✱ t❤❡ ♣r♦❝❡❞✉r❡ ♦✉t❧✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷ t♦ ❝♦♠♣✉t❡ t❤❡ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜②
r❡♣❧❛❝✐♥❣ Ŷ†(ω) ❜② Ŷ∗(ω)Q1✳ ❚❤❡ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥ t❤❡♥ r❡❛❞s Go ≈ YY∗Q1✳

✸✳❇✳✷ ❈♦♥tr♦❧❧❛❜✐❧✐t② ●r❛♠✐❛♥

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ●r❛♠✐❛♥ ♦❢ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠

Gc =
1

2π

∫ +∞

−∞

(jωI − A)−1RR†(−jωI − A†)−1dω ✭✸✳✸✵✮

▼❛❦✐♥❣ ❡①♣❧✐❝✐t t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦rs✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♥❡✇ ❡①♣r❡ss✐♦♥✿

Gc =

(
1

2π

∫ +∞

−∞

(jωI − A)−1RR∗(−jωI − A∗)−1dω

)

Q1 ✭✸✳✸✶✮

❚❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷ ❝❛♥ t❤❡♥ ❜❡ ❞❡r✐✈❡❞ ❜② ✉s✐♥❣ t❤❡
st❛t❡s X̂(ω) = (jωI − A)−1R ❛♥❞ ✐ts ❛❞❥♦✐♥t X̂†(ω) = X̂∗(ω)Q1✳ ❚❤❡ r❡s✉❧t✐♥❣ ❢❛❝t♦r❡❞ ❢♦r♠ ♦❢ t❤❡
❝♦♥tr♦❧❧❛❜✐❧✐t② ●r❛♠✐❛♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s Gc ≈ XX∗Q1✳

✸✳❇✳✸ ●❡♥❡r❛❧✐③❡❞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s

❲❡ s❡❡ ✐♥ t❤✐s ❛♣♣❡♥❞✐① ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ ♥♦r♠s✳ ❋✐rst ❧❡t ✉s
❝♦♥s✐❞❡r t❤❡ ❢✉❧❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✸✮✳ ■t ✐s ❞❡✜♥❡❞ ❜②

G(ω) = C(iωI − A)−1 ✭✸✳✸✷✮

✇❤✐❝❤ ✐s ❛ ✈❡❝t♦r ♦❢ s✐③❡ 1 × n✳ G(ω) ❝❛♥ ❛❧s♦ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✢♦✇ st❛t❡s Ŷ(ω) ❜②

G(ω) = Ŷ†(ω) = Ŷ∗(ω)Q1 ✭✸✳✸✸✮

❚❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞ ❜② ✐ts ❛ss♦❝✐❛t❡❞ st❛♥❞❛r❞ 2✲♥♦r♠ ❛♥❞ ∞✲♥♦r♠ ❣✐✈❡♥ ❜②

||G||2 =

√

1

2π

∫ +∞

−∞

||G†(ω)||dω ||G||∞ = max
ω

||G†(ω)|| ✭✸✳✸✹✮

Pr❛❝t✐❝❛❧❧②✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❝♦♠♣✉t❡ t❤❡s❡ ♥♦r♠s ❢r♦♠ t❤❡ ✢♦✇ st❛t❡s Ŷ(ω) s✐♥❝❡

✶✵✵
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||G†(ω)|| =
√

G(ω)G†(ω) =

√

G(ω)Q−1
1 G∗(ω) =

√

Ŷ∗(ω)Q1Ŷ(ω) ✭✸✳✸✺✮

◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ s②st❡♠s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t ♣r♦❥❡❝t❡❞ s②st❡♠
✭✸✳✶✸✮✳ ■t ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ❜②

G̃r(ω) = Cr(iωIr − Ar)
−1Br ✭✸✳✸✻✮

✇❤❡r❡ Ar✱ Br ❛♥❞ Cr ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✺✳ ❚❤❡ 2✲♥♦r♠ ❛♥❞ ∞✲♥♦r♠ ♦❢ t❤✐s tr❛♥s❢❡r
❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ s✐♠✐❧❛r❧② t♦ t❤❛t ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ❜② r❡♣❧❛❝✐♥❣ ||G†(ω)|| ❜② ||G†

r(ω)|| =
√

Gr(ω)G†
r(ω) ✐♥ ❡q✉❛t✐♦♥s ✭✸✳✸✹✮✳ ❚❤❡ q✉❛♥t✐t② ||G†

r(ω)|| ❛❝❝♦✉♥ts ❢♦r t❤❡ s②♥t❤❡s✐③❡❞ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡
♦❢ t❤❡ ❘❖▼s✳ ■t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ t❤❛t ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ❜② r❡♣❧❛❝✐♥❣ Ŷ(ω) ✐♥ ❡q✉❛t✐♦♥
✭✸✳✸✺✮ ✇✐t❤ ✐ts ❡q✉✐✈❛❧❡♥t ♦♥ t❤❡ r❡❞✉❝❡❞ s②st❡♠ Ŷr(ω) ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②

Ŷr(ω) = B†
r(−iωIr − A∗

r)
−1C∗

r ✭✸✳✸✼✮

◆♦t❡ t❤❛t Br ✐s ❡q✉❛❧ t♦ S†RR† ❢♦r ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❛♥❞ r❡❞✉❝❡s t♦ R† ❢♦r ♦❜s❡r✈❛❜❧❡ ♠♦❞❡❧s✳ ◆♦t❛❜❧②✱
❛♥ ❡q✉✐✈❛❧❡♥t ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✸✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❢♦r t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ s②st❡♠s ❜②

G̃r(ω) = Ŷ†
r(ω) = Ŷ∗

r(ω)Q1 ✭✸✳✸✽✮

✸✳❈ ▲✐♥❦ ✇✐t❤ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦✉t♣✉t
♣r♦❥❡❝t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮ ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛❞❥♦✐♥t s②st❡♠✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡
❛❞❥♦✐♥t ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡q✉❛t✐♦♥s ✸✳✸✳ ■t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

dY

dt
= A†Y + C†υ(t) ✭✸✳✸✾❛✮

ζ(t) = Y ✭✸✳✸✾❜✮

✇❤❡r❡ Y ✐s t❤❡ ❛❞❥♦✐♥t st❛t❡✱ υ(t) ❛♥❞ ζ(t) ❞❡♥♦t❡ t❤❡ ❛❞❥♦✐♥t ✐♥♣✉t ❛♥❞ ♦✉t♣✉t r❡s♣❡❝t✐✈❡❧②✳ ❯s✐♥❣ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ●r❛♠✐❛♥s ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ●r❛♠✐❛♥ ♦❢
t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✐s ❡q✉❛❧ t♦ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ♦♥❡ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ◆♦t❡ t❤❛t✱
❝♦♠♣❛r❡❞ t♦ t❤❡ ❞✐r❡❝t s②st❡♠✱ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t s✐③❡s ❤❛✈❡ ❜❡❡♥ ❡①❝❤❛♥❣❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♦✉t♣✉t
s♣❛❝❡ ♦❢ t❤✐s ♥❡✇ s②st❡♠ ❜❡❝♦♠❡s t❤❡ ❢✉❧❧ st❛t❡ s♣❛❝❡✳
■♥ t❤❡ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮✱ t❤❡ ♦✉t♣✉t ❞✐♠❡♥s✐♦♥ ✐s ✈❡r② ❧❛r❣❡ ❛♥❞
❛♥ ♦✉t♣✉t ♣r♦❥❡❝t❡❞ s②st❡♠ ✐s ❝♦♥s✐❞❡r❡❞✳ ❋♦r t❤❡ ♣r❡s❡♥t ❛❞❥♦✐♥t s②st❡♠✱ t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❛t ♠✐♥✐♠✐③❡s
t❤❡ 2✲♥♦r♠ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ♦r✐❣✐♥❛❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ♦✉t♣✉t✲♣r♦❥❡❝t❡❞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✐s
❣✐✈❡♥ ❜② t❤❡ P❖❉ ♦❢ t❤❡ ❞❛t❛s❡t {Y(t) ; t > 0}✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t st❛♥❞s ❢♦r t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡
♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s ♦❢ t❤❡ ❛❞❥♦✐♥t s②st❡♠✱ ♦r ❡q✉❛❧❧② t♦ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡
♠♦❞❡s ♦❢ t❤❡ ❞✐r❡❝t s②st❡♠✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ♦✉t♣✉t ♣r♦❥❡❝t❡❞ s②st❡♠ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ♠❛tr✐① R ❜②

dY

dt
= A†Y + C†υ(t) ✭✸✳✹✵❛✮

ζ̃(t) = R†Y ✭✸✳✹✵❜✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❥❡❝t❡❞ ♦✉t♣✉t ζ̃(t)✳ ❘❡t✉r♥✐♥❣ t♦ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠✱
t❤❡ ✐♥♣✉t✲♦✉t♣✉t s②st❡♠ r❡❞✉❝❡s t♦

✶✵✶
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❙❊◆❙❖❘

dX

dt
= AX + Rη̃(t) ✭✸✳✹✶❛✮

m̃(t) = CX ✭✸✳✹✶❜✮

✇❤✐❝❤ ❣♦✈❡r♥s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t❡❞ s②st❡♠ ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✹✳

✶✵✷



■♥t❡r❧✉❞❡

■♥ ❝❤❛♣t❡r ✸✱ ✇❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ♦❜s❡r✈❛❜❧❡ ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s t♦ ❞❡s✐❣♥ ❘❖▼s t❤❛t
❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ❛♥② ❢♦r❝✐♥❣ t♦ ❛ ❣✐✈❡♥ s❡♥s♦r✳ ❆ s✐❣♥✐✜❝❛♥t ♣❛rt ♦❢ t❤❡ ❝❤❛♣t❡r ✇❛s ❞❡✈♦t❡❞
t♦ ❝♦♠♣❛r✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ t✇♦ r❡s✉❧t✐♥❣ ❘❖▼s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❛r❡ s❤♦✇♥ t♦
❜❡ ♥❡❛r❧② ♦♣t✐♠❛❧ ❢♦r ❝❛♣t✉r✐♥❣ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r✳
■♥ ❢❛❝t✱ t❤❡ s✉♣❡r✐♦r✐t② ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❤❛s ❜❡❡♥ ♥♦t✐❝❡❞ ✐♥ ❜♦t❤ t❤❡ ❙■❙❖ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❝❤❛♣t❡r
✷ ❛♥❞ t❤❡ ▼■❙❖ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❝❤❛♣t❡r ✸✳ ❚❤❡s❡ ❜❛❧❛♥❝❡❞ ❘❖▼s ❛r❡ ✐♥❞❡❡❞ s✉♣♣♦s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡
t❤❡ ♦r✐❣✐♥❛❧ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✇❤♦s❡ ✈❡r② ♣✉r♣♦s❡ ✐s t♦ ♠♦❞❡❧ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ♥♦t s✉r♣r✐s✐♥❣ t❤❛t t❤❡ ❘❖▼s ❜❛s❡❞ ♦♥ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡
♠♦❞❡s ❛r❡ s✉❜✲♦♣t✐♠❛❧ t♦ ❞♦ s♦ s✐♥❝❡ s✐♥❝❡ t❤❡② ❤❛✈❡ ❛ ❞✐✛❡r❡♥t ♣✉r♣♦s❡✳ ❋♦r ❡①❛♠♣❧❡ t❤❡ ❝♦♥tr♦❧❧❛❜❧❡
♠♦❞❡s ❛r❡ ♠❡❛♥t t♦ ❣r❛❞✉❛❧❧② ❝❛♣t✉r❡ t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ♣❛tt❡r♥s tr✐❣❣❡r❡❞ ❜② t❤❡ ✐♥♣✉ts ❛♥❞ ❞♦ ♥♦t
✐♥❝❧✉❞❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ♦✉t♣✉ts✳ ▲✐❦❡✇✐s❡✱ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s r❛♥❦ t❤❡ st❛t❡s ❛❝❝♦r❞✐♥❣
t♦ t❤❡✐r ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❢✉t✉r❡ ♦✉t♣✉ts ❛♥❞ ❛r❡ ❞❡✜♥❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ✐♥♣✉ts✳
❆♥ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ ❛❧❧ t❤❡ ❘❖▼s ♣r❡s❡♥t❡❞ ✉♥t✐❧ ♥♦✇ s❤♦✉❧❞ ❜❡ str❡ss❡❞ ♦✉t✳ ❚❤❡ ❤✐❣❤❡r t❤❡
♥✉♠❜❡r ♦❢ ✐♥♣✉ts ❛♥❞✴♦r ♦✉t♣✉ts t❤❡ ❤✐❣❤❡r ❛r❡ t❤❡ s✐③❡s r❡q✉✐r❡❞ ❜② t❤❡ ❘❖▼s t♦ r❡❝♦✈❡r t❤❡ ♦r✐❣✐♥❛❧
✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ❚❤✐s ✐♥t✉✐t✐✈❡ r❡s✉❧t ✐s ✐❧❧✉str❛t❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❜❛❧❛♥❝❡❞
♠♦❞❡❧s ❡①♣♦s❡❞ ✐♥ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✳ ■♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♠❛♥♥❡r✱ ❛ ❝♦♠♠♦♥ ❢❡❛t✉r❡ ♦❢ t❤❡s❡
❘❖▼s ✐s t❤❛t t❤❡ ❤✐❣❤❡r t❤❡✐r r❡q✉✐r❡♠❡♥t t❤❡ ❤✐❣❤❡r t❤❡✐r ❞❡s✐❣♥ ❝♦♠♣❧❡①✐t② ❛♥❞ t❤❡✐r r❡q✉✐r❡❞ s✐③❡✳

■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❝❛s❡ ✇❤❡r❡ ✇❡ ♥❡✐t❤❡r ❞❡✜♥❡ ❛♥② ❛❝t✉❛t♦rs ♥♦r ❛♥②
s❡♥s♦rs✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❧♦♦❦ ❢♦r ♠♦❞❡❧s t❤❛t ❝❛♣t✉r❡ t❤❡ ❡♥t✐r❡ ✢♦✇ r❡s♣♦♥s❡ ✇❤❛t❡✈❡r t❤❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ ❛♥❞✴♦r t❤❡ ❡①t❡r♥❛❧ ❢♦r❝✐♥❣✳ ❲✐t❤✐♥ ♦✉r ✐♥♣✉t✲♦✉t♣✉t ❢♦r♠❛❧✐s♠✱ t❤✐s r❡❞✉❝❡s t♦ ❝♦♥s✐❞❡r✐♥❣ ❛❧❧
t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ st❛t❡✲s♣❛❝❡ ❛s t❤❡ ✐♥♣✉ts ❛♥❞ t❤❡ ♦✉t♣✉ts✱ ♥❛♠❡❧② B = I ❛♥❞ C = I✳ ■♥❞❡❡❞✱
t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ✐s t❤❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ✇❤✐❝❤ ♠❛② ❜❡ ❢♦r♠❛❧❧② ✇r✐tt❡♥
❛s eAt✱ ✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ t✐♠❡ ♣r♦♣❛❣❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ✢♦✇ ❞②♥❛♠✐❝s✳ ❆♥❛❧♦❣♦✉s❧②✱ t❤❡
tr❛♥s❢❡r ❢✉♥❝t✐♦♥ r❡❛❞s (iωI−A)−1 ✇❤✐❝❤ ❛❧s♦ r❡❞✉❝❡s t♦ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✢♦✇
❞②♥❛♠✐❝s✳
❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ s✉❝❤ ♠♦❞❡❧s t❤❛t ❝❛♣t✉r❡ t❤❡ ❡♥t✐r❡ ✢♦✇ ❞②♥❛♠✐❝s ♠❛② ❜❡ ♦❢ ❣r❡❛t t❡❝❤♥♦❧♦❣✐❝❛❧
✐♥t❡r❡st✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❡ ❧✐♥❡❛r st❛t❡✲s♣❛❝❡ ✢♦✇ ❝♦♥tr♦❧✱ s✉❝❤ ❛s t❤❡ ▲✐♥❡❛r ◗✉❛❞r❛t✐❝ ●❛✉ss✐❛♥
✭▲◗●✮ ❝♦♥tr♦❧✳ ❲❤❡♥ ❞❡s✐❣♥✐♥❣ ❛ ❝❧♦s❡❞✲❧♦♦♣ ✢♦✇ ❝♦♥tr♦❧❧❡r✱ t❤❡s❡ ❘❖▼s ✇♦✉❧❞ ❛❧❧♦✇ t♦ ❜♦t❤ ❝❛♣t✉r❡
t❤❡ ❡✛❡❝t ♦❢ ❛♥② ✉♥❦♥♦✇♥ ♥♦✐s❡✱ ❛s ✐t ✇♦✉❧❞ ❜❡ ✐♥ r❡❛❧ ❡①♣❡r✐♠❡♥ts✱ ❜✉t ❛❧s♦ t♦ ❞✐r❡❝t❧② t❛r❣❡t ❛ ♠✐♥✐✲
♠✐③❛t✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❦✐♥❡t✐❝ ❡♥❡r❣② r❛t❤❡r t❤❛♥ s♦♠❡ s❡♥s♦r ♠❡❛s✉r❡♠❡♥t✳ ❆♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥
❝♦♥❝❡r♥✐♥❣ t❤❡ st❛t❡ ❡st✐♠❛t✐♦♥ ♦❢ ❧❛r❣❡✲s❝❛❧❡ ✢♦✇s ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t ✇❛s s❤♦✇♥
❜② ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❜✮ ❤♦✇ t♦ ✉s❡ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s t♦ ♦❜t❛✐♥ ♥❡❛r✲♦♣t✐♠❛❧ ❧♦✇✲♦r❞❡r st❛t❡
❡st✐♠❛t♦rs✳ ❚❤❡② ❝♦♥str✉❝t❡❞ ❛ r❡❞✉❝❡❞✲♦r❞❡r ❑❛❧♠❛♥ ✜❧t❡r ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ st❛t❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐♥ ❛
t✐♠❡✲❞❡♣❡♥❞❡♥t q✉❛s✐❣❡♦str♦♣❤✐❝ st♦r♠ tr❛❝❦ ♠♦❞❡❧✳ ❚❤❡ ❘❖▼s ✉s❡❞ ✐♥ t❤❡ ♣r♦❝❡ss ✇❡r❡ r❡q✉✐r❡❞ t♦
❝❛♣t✉r❡ t❤❡ ♣r❡❞♦♠✐♥❛♥t ♣❛rt ♦❢ t❤❡ ❡♥t✐r❡ s②st❡♠ ❞②♥❛♠✐❝s✳

❍♦✇ t♦ ❞❡s✐❣♥ s✉❝❤ ❘❖▼s ❤❛s ❛❧r❡❛❞② ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ s❡❡ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❜✱❛✮✳
❍♦✇❡✈❡r✱ t❤❡ ❝♦♥s✐❞❡r❡❞ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s ❤❛❞ s✉✣❝✐❡♥t❧② ❧♦✇ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ s♦ t❤❛t t❤❡ ❝♦♥tr♦❧✲
❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s ❝♦✉❧❞ ❜❡ ❝♦♠♣✉t❡❞ ❞✐r❡❝t❧② ❢r♦♠ t✇♦ ▲②❛♣✉♥♦✈ ❡q✉❛t✐♦♥s✳ ❆s s♦♦♥
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❛s t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐s ❤✐❣❤❡r t❤❛♥ O(105)✱ s✉❝❤ ❛ ❝♦♠♣✉t❛t✐♦♥ ❜❡❝♦♠❡s ♥♦t tr❛❝t❛❜❧❡✳
❋✉rt❤❡r♠♦r❡✱ ♦♥❡ ❝❛♥♥♦t ❡✐t❤❡r ❡①t❡♥❞ t❤❡ ♦✉t♣✉t ♦r ✐♥♣✉t ♣r♦❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡s s✐♥❝❡ t❤❡② ❛r❡ t❡❝❤✲
♥✐❝❛❧❧② ❜❛s❡❞ ♦♥ t❤❡ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts ♦r ♦✉t♣✉ts✳ ■♥st❡❛❞✱ ✇❡ ♣r❡s❡♥t ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ❛ ♥❡✇
✇❛② ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❝♦♥tr♦❧❧❛❜❧❡✱ ♦❜s❡r✈❛❜❧❡ ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ✐♥ ❛ ❝❛s❡ ✇❤❡r❡ t❤❡ ✐♥♣✉ts ❛♥❞
♦✉t♣✉ts st❛♥❞ ❢♦r t❤❡ ✇❤♦❧❡ st❛t❡✲s♣❛❝❡✳ ❚❤❡ ❦❡② ✐❞❡❛ ✐s t♦ ❡①♣r❡ss ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ●r❛♠✐❛♥s ✐♥
t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r✳ ❋♦r ❡❛❝❤ ❢r❡q✉❡♥❝②✱ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r
✐s t❤❡♥ ❛♣♣r♦①✐♠❛t❡❞ ❜② tr✉♥❝❛t✐♥❣ ✐ts s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳

❆♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ t❤❡ ♥❡①t ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s❡s ❛s ❞❡t❡r✲
♠✐♥✐st✐❝ ✢♦✇ ♣r♦❝❡ss❡s ❞❡r✐✈✐♥❣ ❢r♦♠ t❤❡ st♦❝❤❛st✐❝❛❧❧② ❢♦r❝❡❞ ✢♦✇✳ ■♥❞❡❡❞✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ✢♦✇ ✐s
❢♦r❝❡❞ ✇❤✐t❡ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s r❡❞✉❝❡ t♦ t❤❡ st❛t❡s ❛❝❝♦✉♥t✐♥❣ ❢♦r
❛ ♠❛①✐♠✉♠ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✢♦✇ r❡s♣♦♥s❡ s✉st❛✐♥❡❞ ✈❛r✐❛♥❝❡✳ ❚❤❡s❡ ❛r❡ t❤❡ s♦✲❝❛❧❧❡❞ P❖❉ ♠♦❞❡s✱
s❡❡ ▲✉♠❧❡② ✭✶✾✼✵✮✱ ✇❤✐❝❤ r❡❞✉❝❡ t♦ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ s②st❡♠✳ ◆♦t❡
t❤❛t t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❝❤❛♣t❡r ✷ ❛r❡ ❝❛❧❧❡❞ P❖❉ ♠♦❞❡s ♦✇✐♥❣ t♦ t❤❡ t❡❝❤♥✐q✉❡
✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡♠✳ ❙tr✐❝t❧② s♣❡❛❦✐♥❣✱ ♦♥❡ ♠❛② ♦♥❧② ✉s❡ t❤❡ t❡r♠✐♥♦❧♦❣② P❖❉ ❢♦r t❤❡ ♣r❡s❡♥t ♠♦❞❡s
✇❤✐❝❤ ❛r❡ ❦♥♦✇♥ t♦ ♦r❞❡r t❤❡ ❝♦❤❡r❡♥t ♣r♦❝❡ss ♦❢ t❤❡ ✉♥❝❡rt❛✐♥ ✢♦✇ r❡s♣♦♥s❡✱ s❡❡ ❆✉❜r② ❡t ❛❧✳ ✭✶✾✽✽✮❀
❇❡r❦♦♦③ ❡t ❛❧✳ ✭✶✾✾✸✮❀ ❍♦❧♠❡s ❡t ❛❧✳ ✭✶✾✾✼✮✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡s❡ ♠♦❞❡s ❛r❡ ❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❊♠✲
♣✐r✐❝❛❧ ❖rt❤♦❣♦♥❛❧ ❋✉♥❝t✐♦♥s ✭❊❖❋s✮ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ s❡❡ ◆♦rt❤ ✭✶✾✽✹✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ♠♦st
♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ❛r❡ s❤♦✇♥ t♦ r❛♥❦ t❤❡ ❢♦r❝✐♥❣ str✉❝t✉r❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❡✛❡❝t✐✈❡♥❡ss ✐♥ ♣r♦❞✉❝✐♥❣
t❤❡ st❛t✐st✐❝❛❧❧② ♠❛✐♥t❛✐♥❡❞ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✢♦✇ r❡s♣♦♥s❡❀ t❤❡② ❛r❡ ❝❛❧❧❡❞ t❤❡ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s ✭❙❖s✮✳
❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♥❡①t ❝❤❛♣t❡r ❛ss❡ss t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜❛❝❦✇❛r❞ ❢❛❝✐♥❣ st❡♣ ✢♦✇ ❞②♥❛♠✐❝s ✐♥
t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ t❤r♦✉❣❤ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t✳ ❙❡❝♦♥❞❧②✱ ❛ss✉♠✐♥❣ t❤❡
✢♦✇ ✐s st♦❝❤❛st✐❝❛❧❧② ❢♦r❝❡❞ ✇✐t❤ ❛ ✇❤✐t❡ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡ ❞✐st✉r❜❛♥❝❡✱ ✇❡ r❛♥❦ t❤❡ ❊♠♣✐r✐❝❛❧ ❖rt❤♦❣♦♥❛❧
❋✉♥❝t✐♦♥s ❛♥❞ t❤❡ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s ❛s ❞❡t❡r♠✐♥✐st✐❝ ✢♦✇ st❛t❡s ❛♥❞ ✐❧❧✉str❛t❡ t❤❡✐r ❛❜✐❧✐t② t♦ ❞❡s✐❣♥
❡✣❝✐❡♥t ❘❖▼s✳ ❋✉rt❤❡r♠♦r❡✱ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ t❤❡✐r ♣❡r❢♦r♠❛♥❝❡ ✐s ❛❧s♦ ❡✈❛❧✉❛t❡❞✳
❚❤❡ r❡s✉❧ts ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ❛♥ ❛rt✐❝❧❡ t❤❛t ❤❛✈❡ ❜❡❡♥ s✉❜♠✐tt❡❞ t♦
t❤❡ ❏♦✉r♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s✳
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❋r❡q✉❡♥❝② ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♠♦❞❡❧

r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ❞②♥❛♠✐❝s

▼❡t❤♦❞s ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣ st❛❜❧❡ ❧✐♥❡❛r ✢✉✐❞ ❞②♥❛♠✐❝s ❜② ❛ s②st❡♠ ♦❢ ❧♦✇❡r ♦r❞❡r ❛r❡ ❡①❛♠✐♥❡❞✳ ❚❤❡
❝❛s❡ ♦❢ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦✇❛r❞ ❢❛❝✐♥❣✲st❡♣ ✢♦✇ ✐s ❝♦♥s✐❞❡r❡❞ t❤r♦✉❣❤♦✉t ♦❢ t❤❡ st✉❞② ✇✐t❤✐♥ t❤❡
❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❲❡ ❞❡s✐❣♥ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ✇❤✐❝❤ ❛r❡
♠❡❛♥t t♦ ❝❛♣t✉r❡ ✐ts ❣❧♦❜❛❧ ❞②♥❛♠✐❝s ♦♥ ❛ ❣✐✈❡♥ ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧✳ ❚♦ t❤✐s ❡♥❞✱ ❛ s✐♥❣✉❧❛r ✈❛❧✉❡
❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ tr✉♥❝❛t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t ✐s ♣❡r❢♦r♠❡❞ ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② ❛ s✉❜✲❞②♥❛♠✐❝s s♣❛♥♥❡❞
❜② t❤❡ ❧❡❛❞✐♥❣ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s✳ ❚❤r❡❡ ❜❛s❡s ❛r❡ t❤❡♥ ❝♦♠♣✉t❡❞ ♦♥ t❤✐s s✉❜✲
❞②♥❛♠✐❝s✿ t❤❡ ❊♠♣✐r✐❝❛❧ ❖rt❤♦❣♦♥❛❧ ❋✉♥❝t✐♦♥s✱ t❤❡ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s ❛♥❞ t❤❡ ❇❛❧❛♥❝❡❞ ♠♦❞❡s✳
❘❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ♦♥t♦ t❤❡s❡ t❤r❡❡ ❜❛s❡s✳ ❚❤❡
r❡s✉❧t✐♥❣ ♠♦❞❡❧s ❛r❡ ❡✈❛❧✉❛t❡❞ ❜② t❤❡✐r ♣❡r❢♦r♠❛♥❝❡ ✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ t✐♠❡ ♣r♦♣❛❣❛t♦r ❛♥❞
r❡s♦❧✈❡♥t✳ ❚❤❡s❡ ♠♦❞❡❧s ❛r❡ s❤♦✇♥ t♦ ❛❝❝✉r❛t❡❧② r❡❝♦✈❡r t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ✭t❤❡ ❧❡❛❞✐♥❣ s✐♥❣✉❧❛r
✈❡❝t♦r ♦❢ t❤❡ t✐♠❡ ♣r♦♣❛❣❛t♦r✮ ❜✉t ❛❧s♦ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✢♦✇ ✭t❤❡ ❧❡❛❞✐♥❣ s✐♥❣✉❧❛r
✈❡❝t♦rs ♦❢ t❤❡ r❡s♦❧✈❡♥t✮✳ ■♥ ❣❡♥❡r❛❧✱ ♣r♦✈✐❞❡❞ t❤❛t ❛ ✢♦✇ ❞②♥❛♠✐❝s ❛r❡ ♣r❡❞♦♠✐♥❛♥t❧② r❡♣r❡s❡♥t❡❞ ♦♥
❛ ♣❛rt✐❝✉❧❛r ❢r❡q✉❡♥❝② r❛♥❣❡✱ t❤❡s❡ ♠♦❞❡❧s ❝❛♥ ♣♦t❡♥t✐❛❧❧② r❡❝♦✈❡r t❤❡ ❛❝❝✉r❛t❡ ✢♦✇ r❡s♣♦♥s❡s ❢r♦♠ ❛♥②
❢♦r❝✐♥❣ ♦r ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳
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❆ t②♣✐❝❛❧ ❢❡❛t✉r❡ ♦❢ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♦♣❡♥ ✢♦✇s ✐s t❤❡✐r ✈❡r② ✉♥st❛❜❧❡ ♥❛t✉r❡ ❛♥❞ ❤✐❣❤ s❡♥s✐t✐✈✐t② t♦
❜❛❝❦❣r♦✉♥❞ ♣❡rt✉r❜❛t✐♦♥s✳ ❚❤✐s ❜❡❤❛✈✐♦r ✐s ❝❧❛ss✐❝❛❧❧② ♦❜s❡r✈❡❞ ♦♥ ❜♦✉♥❞❛r② ❧❛②❡rs✱ ♠✐①✐♥❣ ❧❛②❡rs✱ ❥❡ts
♦r s❡♣❛r❛t❡❞ ✢♦✇s✱ ❡✈❡♥ ❛t ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ❙✉❝❤ ❛ ❜❡❤❛✈✐♦r ✐s ❦♥♦✇♥ t♦ ❝♦♠❡ ❢r♦♠ ❝♦♥✈❡❝t✐✈❡
✐♥st❛❜✐❧✐t✐❡s ✇❤❡r❡ t❤❡ ❞✐st✉r❜❛♥❝❡s ❛♠♣❧✐t✉❞❡ ❣r♦✇s ✇❤✐❧❡ ❜❡✐♥❣ ❛❞✈❡❝t❡❞ ❞♦✇♥str❡❛♠✳ ❚❤❡s❡ ✢♦✇s ❛r❡
❝❛❧❧❡❞ s❡❧❡❝t✐✈❡ ♥♦✐s❡✲❛♠♣❧✐✜❡r ❞✉❡ t♦ t❤❡✐r ❛❜✐❧✐t② t♦ ♣r❡❢❡r❡♥t✐❛❧❧② ❛♠♣❧✐❢② s♦♠❡ ♣❛rt✐❝✉❧❛r ❢r❡q✉❡♥❝✐❡s✳
▼♦❞❡❧❧✐♥❣ s✉❝❤ ✢♦✇s ✐s t❤✉s r❛t❤❡r ❝❤❛❧❧❡♥❣✐♥❣ s✐♥❝❡ ✐t r❡q✉✐r❡s t♦ ❝❛♣t✉r❡ t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✉♣str❡❛♠ ❛♥❞
♣♦t❡♥t✐❛❧❧② ❝♦♠♣❧❡① ♥♦✐s❡✱ ✇❤✐❝❤ ✐s ✉♥❦♥♦✇♥ ✐♥ ♣r❛❝t✐❝❡✳ ❨❡t✱ ❞❡s✐❣♥✐♥❣ ❧♦✇✲♦r❞❡r ♠♦❞❡❧s ❢♦r s✉❝❤ ✢♦✇s
✐s ❝r✉❝✐❛❧ ❢♦r ♠❛♥② ❡♥❣✐♥❡❡r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ✇❤✐❝❤ ✐♥❝❧✉❞❡s ✢♦✇ ❝♦♥tr♦❧✱ ❝❧✐♠❛t❡ ♠♦❞❡❧✐♥❣ ♦r ❢♦r❡❝❛st✐♥❣
✐♥ ♠❡t❡♦r♦❧♦❣②✳
❖✇✐♥❣ t♦ t❤❡s❡ ✢♦✇✬s ❛❜✐❧✐t② t♦ s❡❧❡❝t✐✈❡❧② ❛♠♣❧✐❢② ❞✐st✉r❜❛♥❝❡s✱ ✐t ✐s ♥❛t✉r❛❧ t♦ r❡s♦rt t♦ ❛♥ ✐♥♣✉t✲
♦✉t♣✉t ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡✐r ❞②♥❛♠✐❝s✳ ❚❤✉s✱ t❤❡ ♣✉r♣♦s❡ ♦❢ ❛♥ ❡✣❝✐❡♥t ♠♦❞❡❧ ✐s t♦ ❝❛♣t✉r❡ t❤❡ ❡✛❡❝ts
✭♦✉t♣✉ts✮ ♦❢ t❤❡ ✢♦✇ ✇❤❡♥ s✉❜❥❡❝t❡❞ t♦ s♦♠❡ ♣❡rt✉r❜❛t✐♦♥s ♦r ❢♦r❝✐♥❣ ✭✐♥♣✉ts✮✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ r❡❝❡♥t
✇♦r❦ ♦❢ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮ r❡❧✐❡s ♦♥ ❛ ❘❡❞✉❝❡❞ ❖r❞❡r ▼♦❞❡❧ ✭❘❖▼✮ ✇❤✐❝❤ ❝❛♣t✉r❡s t❤❡ ❧✐♥❡❛r
❞②♥❛♠✐❝s ❜❡t✇❡❡♥ s♦♠❡ ✐♥♣✉ts ✭❛❝t✉❛t♦rs✮ t♦ s♦♠❡ ♦✉t♣✉ts ✭s❡♥s♦rs✮ ✐♥ ✈✐❡✇ ♦❢ ♣❡r❢♦r♠✐♥❣ ❛ ❝❧♦s❡❞✲
❧♦♦♣ ❝♦♥tr♦❧ ♦❢ ❛ s♣❛t✐❛❧❧② ❞❡✈❡❧♦♣✐♥❣ ❜♦✉♥❞❛r② ❧❛②❡r✳ ■♥ t❤✐s ❝❛s❡✱ ❛ s✉❝❝❡ss❢✉❧ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ✢♦✇
✇❛s ♦❜s❡r✈❡❞ ♦✇✐♥❣ t♦ t❤❡ ❞❡s✐❣♥ ♦❢ ❛♥ ❡✣❝✐❡♥t ▲✐♥❡❛r ◗✉❛❞r❛t✐❝ ●❛✉ss✐❛♥ ❝♦♠♣❡♥s❛t♦r ✇❤✐❝❤ ✇❛s
r❡q✉✐r❡❞ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❡❛s✉r❡♠❡♥t ❡♥❡r❣② ❛t ❛ s❡♥s♦r ✭♦✉t♣✉t✮ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ♥♦✐s❡ t❛❦❡♥ ❛s ❛
s✐♥❣❧❡ ✐♥♣✉t✳ ◆♦✇✱ ✐t ✇♦✉❧❞ ❜❡ ♦❢ ❣r❡❛t t❡❝❤♥♦❧♦❣✐❝❛❧ ✐♥t❡r❡st t♦ ♣♦ss❡ss ❛ ♠♦❞❡❧ ✇❤✐❝❤ ❝♦✉❧❞ ❛❝❝✉r❛t❡❧②
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r❡❝♦✈❡r t❤❡ ❡♥t✐r❡ ✢♦✇ r❡s♣♦♥s❡ ✭❛❧❧ t❤❡ ♦✉t♣✉ts✮ ❢r♦♠ ❛❧❧ ♣♦ss✐❜❧❡ ❢♦r❝✐♥❣ ✭❛❧❧ t❤❡ ✐♥♣✉ts✮✳ ❙✉❝❤ ❛♥
✐♠♣r♦✈❡♠❡♥t ✇♦✉❧❞ ❛❧❧♦✇ t♦ ❜♦t❤ ✭✐✮ ❝❛♣t✉r❡ t❤❡ ❡✛❡❝t ♦❢ ❛♥② ✉♥s♣❡❝✐✜❡❞ ♥♦✐s❡✱ ❛s ✐t ✇♦✉❧❞ ❜❡ ✐♥ r❡❛❧
❡①♣❡r✐♠❡♥ts✱ ❜✉t ❛❧s♦ t♦ ❞✐r❡❝t❧② t❛r❣❡t ❛ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ♣❡rt✉r❜❛t✐♦♥ ❦✐♥❡t✐❝ ❡♥❡r❣② r❛t❤❡r
t❤❛♥ s♦♠❡ ♠❡❛s✉r❡♠❡♥t s✐❣♥❛❧✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♠❛♥♥❡r✱ ✐t ✐s ❛❧s♦ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ✐♥t❡r❡st
t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ✢♦✇ str✉❝t✉r❡s ✇❤✐❝❤ r❡♣r❡s❡♥t t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ✢♦✇✳ ❚❤❡ ❞❡s✐❣♥
♦❢ s✉❝❤ ❧♦✇✲♦r❞❡r ♠♦❞❡❧s ♠♦t✐✈❛t❡❞ t❤✐s ♣r❡s❡♥t ✇♦r❦✳
❲❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ❤❡r❡ ✇✐t❤ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ ❧❛r❣❡ ❧✐♥❡❛r ✢✉✐❞ s②st❡♠s ❛♥❞✱ ♠♦r❡ ♣❛rt✐❝✉❧❛r❧②✱ ✐♥
t❤❡ ❞❡s✐❣♥ ♦❢ ❛❝❝✉r❛t❡ ❘❖▼s ✇❤✐❝❤ ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ✐♥♣✉ts t♦ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡
♦✉t♣✉ts✳ ❆s ❛ ♣r♦t♦t②♣❡ ♦❢ ❛♠♣❧✐✜❡r ✢♦✇✱ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦✇❛r❞ ❢❛❝✐♥❣ st❡♣ ✢♦✇ ✐s ❝♦♥s✐❞❡r❡❞✱
s❡❡ ✜❣✉r❡ ✹✳✶✳ ❚❤✐s ❣❧♦❜❛❧❧② st❛❜❧❡ ✢♦✇ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❞r✐✈❡♥ ❜② ✉♥❝❡rt❛✐♥ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s ❛t
t❤❡ ✉♣str❡❛♠ ✇❤✐❝❤ ❛r❡ s❡❧❡❝t✐✈❡❧② ❛♠♣❧✐✜❡❞ ✐♥ t❤❡ s❤❡❛r ❧❛②❡r✳ ❚❤❡ ❘❖▼s ❞❡s✐❣♥❡❞ ❤❡r❡ ❛r❡ ♠❡❛♥t
t♦ ❛❝❝✉r❛t❡❧② r❡❝♦✈❡r t❤❡ r❡s✉❧t✐♥❣ ✢♦✇ r❡s♣♦♥s❡ ♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✐ts ❣❧♦❜❛❧ ❛♠♣❧✐✜❡r ❜❡❤❛✈✐♦r✳ ❚❤❡
♠♦❞❡❧ r❡❞✉❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ❢✉❧❧ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ♦♥t♦ ❛ r❡❞✉❝❡❞ ❜❛s✐s ♦❢ ♠♦❞❡s✳
❚❤❡ ❝❤♦✐❝❡ ♦❢ r❡❧❡✈❛♥t ✢✉✐❞ str✉❝t✉r❡s✱ ②❡t ❢❛r ❢r♦♠ ❜❡✐♥❣ ♦❜✈✐♦✉s✱ ✐s ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡❀ ❛ s✐❣♥✐✜❝❛♥t
♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ t❤✐s ✐♠♣♦rt❛♥t q✉❡st✐♦♥✳
❇❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s st✉❞✐❡s ♦❢ ❈♦ss✉ ✫ ❈❤♦♠❛③ ✭✶✾✾✼✮❀ ❈❤♦♠❛③ ✭✷✵✵✺✮ ♦♥ t❤❡ s♣❛❝❡✲t✐♠❡ ❞②♥❛♠✲
✐❝s ♦❢ ♦♣❡♥ ✢♦✇s✱ ✐t ✐s ✇❡❧❧ r❡❝♦❣♥✐③❡❞ t❤❛t ❛ ❣❧♦❜❛❧ ❛♠♣❧✐✜❡r ❜❡❤❛✈✐♦r ❝♦✉❧❞ ❞❡r✐✈❡ ❢r♦♠ ❝♦♥✈❡❝t✐✈❡
✐♥st❛❜✐❧✐t✐❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ♣♦ss✐❜❧② ❧❛r❣❡ tr❛♥s✐❡♥t ❡♥❡r❣② ❣r♦✇t❤s ❝♦✉❧❞ ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡
♥♦♥♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ s❡t ♦❢ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✢♦✇ ❧✐♥❡❛r ❞②♥❛♠✐❝s✳ ❇❛s❡❞ ♦♥
t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ❊❤r❡♥st❡✐♥ ✫ ●❛❧❧❛✐r❡ ✭✷✵✵✺✮❀ ❆❧✐③❛r❞ ✫ ❘♦❜✐♥❡t ✭✷✵✵✼✮ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❣❧♦❜❛❧ ❝♦♥✈❡❝✲
t✐✈❡ ❞②♥❛♠✐❝s ♦❢ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✢❛t✲♣❧❛t❡ ❜♦✉♥❞❛r② ❧❛②❡r ❜② ♠❡❛♥s ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ s✉♣❡r♣♦s✐t✐♦♥
♦❢ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s✳ ❚❤❡② s❤♦✇❡❞ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❛♠♣❧✐✜❡r s❝❡♥❛r✐♦ ❜❛s❡❞ ♦♥ ❛ r❡❞✉❝❡❞ ❜❛s✐s ♦❢
❚♦❧❧♠✐❡♥✲❙❝❤❧✐❝❤t✐♥❣ t②♣❡ ♠♦❞❡s ❣✐✈❡s r✐s❡ ❛♥ ✉♣str❡❛♠ ❧♦❝❛❧✐③❡❞ ✇❛✈❡♣❛❝❦❡t t❤❛t ❣r♦✇s ✇❤✐❧❡ ❜❡✐♥❣
❛❞✈❡❝t❡❞ ❞♦✇♥str❡❛♠✳ ❚❤✐s ✇♦r❦ ✇❛s ❧❛tt❡r r❡✈✐s✐t❡❞ ❜② ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✽✮❀ ❍❡♥♥✐♥❣s♦♥ ✫ ➴❦❡r✈✐❦
✭✷✵✵✽✮ ✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ ❧❡❛❞✐♥❣ t♦ ❛ ♠❛①✐♠✉♠ ❡♥❡r❣② ❣r♦✇t❤ ✇❛s ❢♦✉♥❞ ❛s ❛♥ ✉♣str❡❛♠
❧♦❝❛t❡❞ ✇❛✈❡♣❛❝❦❡t ✐♥❝❧✐♥❡❞ ❛❣❛✐♥st t❤❡ s❤❡❛r✳ ❚❤✐s ❧❛tt❡r ♦❜s❡r✈❛t✐♦♥ ❞❡♠♦♥str❛t❡❞ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡
❣❧♦❜❛❧ ♠♦❞❡s t♦ r❡❝♦✈❡r t❤❡ ✐♥✐t✐❛❧ ❖rr ♠❡❝❤❛♥✐s♠ ❡①♣♦s❡❞ ❜② ❇✉t❧❡r ✫ ❋❛rr❡❧❧ ✭✶✾✾✷✮ ✐♥ s❤❡❛r ✢♦✇s
✇❤❡r❡ ♣❡rt✉r❜❛t✐♦♥s r✐s❡ t♦ ❛♥ ✉♣r✐❣❤t ♣♦s✐t✐♦♥ ✇❤✐❧❡ ❜♦rr♦✇✐♥❣ ❡♥❡r❣② ❢r♦♠ t❤❡ ♠❡❛♥ s❤❡❛r✳ ❙✐♥❝❡
t❤❡♥✱ ❣❧♦❜❛❧ ♠♦❞❡s ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❣♦♦❞ ❝❛♥❞✐❞❛t❡ t♦ ♣r♦✈✐❞❡ ❘❖▼s ❢♦r ✢♦✇ ❝♦♥tr♦❧ ❛♣♣❧✐❝❛t✐♦♥s✳
❋♦r ✐♥st❛♥❝❡✱ ❛ s✉❝❝❡ss❢✉❧ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ✉♥st❡❛❞✐♥❡ss ♦✈❡r ❛♥ ♦♣❡♥✲❝❛✈✐t② ✢♦✇ ✇❛s ♣❡r❢♦r♠❡❞ ❜②
➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✮ ❜② ✉s✐♥❣ ❛ ❘❖▼ ❜❛s❡❞ ♦♥ ❛ ❣❧♦❜❛❧ ♠♦❞❡s ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥✳ ❍♦✇❡✈❡r✱
s✉❝❤ ❛ s✉❝❝❡ss ✇❛s ❧❛t❡r s❤♦✇♥ t♦ str♦♥❣❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s♣❡❝✐✜❝ ✢♦✇ s✐t✉❛t✐♦♥✳ ❋♦r
❡①❛♠♣❧❡✱ ✐t ❤❛s ❜❡❡♥ ✐❧❧✉str❛t❡❞ ♦♥ t❤❡ ●✐♥③❜✉r❣✲▲❛♥❞❛✉ ❡q✉❛t✐♦♥ ❜② ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❝✮ t❤❛t t❤❡
s♣❛t✐❛❧ s✉♣♣♦rt ♦❢ t❤❡ ❞✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t ❣❧♦❜❛❧ ♠♦❞❡s ♠❛② ❜❡ str♦♥❣❧② s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ ❛❝t✉❛t♦rs
❛♥❞ s❡♥s♦rs ❧♦❝❛t✐♦♥✳ ▲❛t❡r✱ t❤❡ ✇♦r❦ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮ ♣♦✐♥t❡❞ ♦✉t t❤❡ ♣♦♦r ❡✣❝✐❡♥❝② ♦❢ ❛
❘❖▼ ❜❛s❡❞ ♦♥ ❣❧♦❜❛❧ ♠♦❞❡s t♦ ❝❛♣t✉r❡ t❤❡ st❛❜❧❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ♦❢ ❛ sq✉❛r❡ ❝❛✈✐t② ✢♦✇✳ ❚❤✐s
✐♥❛❜✐❧✐t② ✇❛s ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❧❛❝❦ ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✭❛❜✐❧✐t② ♦❢ t❤❡ ❛♣♣❧✐❡❞ ❢♦r❝✐♥❣ t♦ r❡❛❝❤ ✢♦✇ st❛t❡s✮
❛♥❞✴♦r ♦❜s❡r✈❛❜✐❧✐t② ✭❛❜✐❧✐t② ♦❢ ✢♦✇ st❛t❡s t♦ r❡❣✐st❡r ❛t t❤❡ s❡♥s♦r ❧♦❝❛t✐♦♥s✮ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s✳
❙✐♥❝❡ ❜♦t❤ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ❛r❡ ❝r✐t✐❝❛❧ q✉❛♥t✐t✐❡s ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❘❖▼s✱ ❛♥ ❡①♣❛♥s✐♦♥
❜❛s✐s t❤❛t ❜❛❧❛♥❝❡s t❤❡ t✇♦ ❝♦♥❝❡♣ts ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ▼♦♦r❡ ✭✶✾✽✶✮ ❢♦r st❛❜❧❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t
s②st❡♠s✳ ❚❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ s❡t ♦❢ t❤❡ ♠♦st ❛♥❞ ❡q✉❛❧❧②
❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡ str✉❝t✉r❡s ✐s ❦♥♦✇♥ ❛s ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥✳ ■♥t❡r❡st✐♥❣❧②✱ t❤✐s t❡❝❤♥✐q✉❡ ✐s
s❤♦✇♥ t♦ q✉❛s✐✲♦♣t✐♠❛❧❧② ❝❛♣t✉r❡ t❤❡ ✐♥♣✉t✲♦✉t♣✉t tr❛♥s❢❡r ❢✉♥❝t✐♦♥ s✐♥❝❡ ✐t ♦✛❡rs t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ♦♥
✐ts ❡rr♦r ✇❤✐❝❤ ❛r❡ ❝❧♦s❡ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛❝❤✐❡✈❛❜❧❡ ❜② ❛♥② ❘❖▼✱ s❡❡ ❉✉❧❧❡r✉❞ ✫ P❛❣❛♥✐♥✐ ✭✷✵✵✵✮✳
❖✇✐♥❣ t♦ t❤✐s ✉s❡❢✉❧ ♣r♦♣❡rt②✱ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ②✐❡❧❞s ❛♥ ❡✣❝✐❡♥t ❛♥❞ ♣♦♣✉❧❛r ♠♦❞❡❧ r❡❞✉❝t✐♦♥
♣r♦❝❡ss✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ♣❡r❢♦r♠ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ♦♥ s✐♠♣❧❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♠♣❧✐✜❡r
✢♦✇s✱ s❡❡ ❏♦s❤✐ ❡t ❛❧✳ ✭✶✾✾✼✮❀ ❍ö❣❜❡r❣ ❡t ❛❧✳ ✭✷✵✵✸✮✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ✐s ❜❛s❡❞ ♦♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦
♦♣❡r❛t♦rs✿ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s✳ ❍♦✇❡✈❡r✱ ❜♦t❤ ❛r❡ s♦❧✉t✐♦♥ ♦❢ ❛ ▲②❛♣✉♥♦✈
❡q✉❛t✐♦♥ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ s♦❧✈❡❞ ❢♦r ❧❛r❣❡ s②st❡♠s✳ ❚♦ ❛❧❧❡✈✐❛t❡ t❤✐s ♣r♦❜❧❡♠✱ ❛ ♠❡t❤♦❞ ✇❛s ✐♥tr♦❞✉❝❡❞
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❜② ❲✐❧❧❝♦① ✫ P❡r❛✐r❡ ✭✷✵✵✷✮ ✐♥ ♦r❞❡r t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ●r❛♠✐❛♥s ❜② ✉s✐♥❣ ✢♦✇ st❛t❡ s♥❛♣s❤♦ts✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ✇♦r❦ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮ ❛❧❧♦✇❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ ❞✐r❡❝t❧② t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ✇✐t❤ ❛
s♥❛♣s❤♦t ♠❡t❤♦❞ ✇✐t❤♦✉t ❝♦♠♣✉t✐♥❣ t❤❡ ●r❛♠✐❛♥s❀ t❤✐s t❡❝❤♥✐q✉❡ ✐s ❝❛❧❧❡❞ ❇❛❧❛♥❝❡❞ Pr♦♣❡r ❖rt❤♦❣♦♥❛❧
❉❡❝♦♠♣♦s✐t✐♦♥ ✭❇P❖❉✮✳ ❚❤✐s ♥❡✇ t♦♦❧ ❜r♦✉❣❤t t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ ❧❛r❣❡✲s❝❛❧❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s
✇✐t❤✐♥ r❡❛❝❤ ♦❢ ❝✉rr❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥♦❧♦❣②✳ ❆s ❛ r❡s✉❧t✱ s❡✈❡r❛❧ r❡❝❡♥t ✇♦r❦s ✇❡r❡ ❜❛s❡❞ ♦♥
❇P❖❉ t♦ ♣❡r❢♦r♠ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ♦❢ ♠♦r❡ ❝♦♠♣❧❡① ✢♦✇s s✉❝❤ ❛s t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ❛ sq✉❛r❡
❝❛✈✐t② ✢♦✇ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ♦❢ ❛ ✢❛t✲♣❧❛t❡ ❜♦✉♥❞❛r② ❧❛②❡r ❜② ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❜✮✱ ♦r ♦❢ t❤❡
✢♦✇ ♦✈❡r ❛♥ ✐♥❝❧✐♥❡❞ ❛✐r❢♦✐❧ ❜② ❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✶✵✮✳ ❊✈❡♥ ✐❢ ❇P❖❉ ②✐❡❧❞s ❛ ✈❡r② ❡✛❡❝t✐✈❡ t❡❝❤♥✐q✉❡
t♦ ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ❛ ♠♦❞❡r❛t❡ ♥✉♠❜❡r ✐♥♣✉ts t♦ ❛ ❢❡✇ ♦✉t♣✉ts ♦♥ ❧❛r❣❡ s②st❡♠s✱ ✐t ✐s ♥♦t
♠❡❛♥t t♦ ♠♦❞❡❧ ❛❝❝✉r❛t❡❧② t❤❡ ❡①❛❝t ✢♦✇ r❡s♣♦♥s❡ ✭❛❧❧ ♦✉t♣✉ts✮ ❢r♦♠ ❛❧❧ ♣♦ss✐❜❧❡ ✐♥♣✉ts✳ ❚❤❡ t❡❝❤♥✐q✉❡
✐♥tr♦❞✉❝❡❞ ❜② ❘♦✇❧❡② ✭✷✵✵✺✮ ❝❛❧❧❡❞ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥ ♣❛rt✐❛❧❧② ❛❧❧❡✈✐❛t❡s t❤✐s ♣r♦❜❧❡♠ ❜② ♦♣t✐♠❛❧❧②
♣r♦❥❡❝t✐♥❣ t❤❡ ♦✉t♣✉t s♣❛❝❡ s♦ ❛s t♦ ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ❛ ❢❡✇ s♣❡❝✐✜❝ ❛❝t✉❛t♦rs t♦ ❛❧❧ ♣♦ss✐❜❧❡
♦✉t♣✉ts✳ ❙✉❝❤ ♠♦❞❡❧s ❛❧❧♦✇ t♦ ❝❛♣t✉r❡ t❤❡ ❡♥t✐r❡ ✢♦✇ st❛t❡ r❡s♣♦♥s❡ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❢♦r❝✐♥❣ ❛t t❤❡s❡
s♣❡❝✐✜❝ ✐♥♣✉ts✳ ❖✉t♣✉t ♣r♦❥❡❝t✐♦♥ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ ✐♥ t❤❡ ✇♦r❦s ❜② ■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮
❛♥❞ ❆❤✉❥❛ ✫ ❘♦✇❧❡② ✭✷✵✶✵✮✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡s❡ ♠♦❞❡❧s ❛r❡ ❜❛s❡❞ ♦♥ ❛ ♠♦❞❡r❛t❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts✱
t❤❡② ❛r❡ ✉♥❛❜❧❡ t♦ r❡❝♦✈❡r t❤❡ ❞②♥❛♠✐❝s r❡s✉❧t✐♥❣ ❢r♦♠ ❛❧❧ ♣♦ss✐❜❧❡ ❢♦r❝✐♥❣ ♦r ❢r♦♠ ❛♥ ✉♥s♣❡❝✐✜❡❞ ♥♦✐s❡✳

❆♥♦t❤❡r ✇❛② ♦❢ r❡❞✉❝✐♥❣ t❤❡ ❞②♥❛♠✐❝s ❝♦♥s✐sts ♦❢ ❡①❝✐t✐♥❣ t❤❡ s②st❡♠ ✇✐t❤ ❛♥ ✉♥❜✐❛s❡❞ r❛♥❞♦♠ ❢♦r❝✐♥❣
❛♥❞ ♣r♦❥❡❝t✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦♥t♦ t❤❡ r❡s✉❧t✐♥❣ ♠♦st ❡♥❡r❣❡t✐❝ str✉❝t✉r❡s✳ ❚❤❡s❡ ♠♦❞❡s ❛r❡ ❝♦♠♣✉t❡❞ ❛s
t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ s♣❛t✐♦✲t❡♠♣♦r❛❧ ❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♦❜s❡r✈❡❞ ✢✉✐❞ ✜❡❧❞s❀ t❤❡② ❛r❡ ❦♥♦✇♥ ❛s
Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ✭P❖❉✮ ♠♦❞❡s ♦r ❛❧s♦ ❊♠♣✐r✐❝❛❧ ❖rt❤♦❣♦♥❛❧ ❋✉♥❝t✐♦♥s ✭❊❖❋s✮✳ ❙✉❝❤
♠♦❞❡s ❛r❡ ♣♦♣✉❧❛r ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❘❖▼s s✐♥❝❡ t❤❡② ❝♦♥st✐t✉t❡ ❡♥❡r❣②✲r❛♥❦❡❞ ❝♦❤❡r❡♥t str✉❝t✉r❡s ♦❢ t❤❡
✢♦✇✳ ❚❤✉s✱ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❜❛s❡❞ ♦♥ P❖❉ ❤❛s ❜❡❡♥ ♣✉rs✉❡❞ ❜② ❛ ❣r❡❛t ♠❛♥② r❡s❡❛r❝❤❡rs✳ ❋♦r ✐♥st❛♥❝❡✱
♦♥❡ ♠❛② r❡❢❡r t♦ t❤❡ ✇♦r❦s ❜② ❍❛ss❡❧♠❛♥♥ ✭✶✾✽✽✮❀ ◆♦rt❤ ✭✶✾✽✹✮ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝❧✐♠❛t❡ ♠♦❞❡❧✐♥❣ ❛♥❞
❜② ▲✉♠❧❡② ✭✶✾✼✵✮❀ ❙✐r♦✈✐❝❤ ✭✶✾✽✼✮❀ ❇❡r❦♦♦③ ❡t ❛❧✳ ✭✶✾✾✸✮❀ ❍♦❧♠❡s ❡t ❛❧✳ ✭✶✾✾✼✮ ✐♥ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✐♥❣✳
■♥ t❤❡s❡ st✉❞✐❡s✱ t❤❡ ❊❖❋s ②✐❡❧❞ ❛ ✇❡❧❧✲s✉✐t❡❞ ❜❛s✐s ❢♦r t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡✈♦❧✈❡❞ ✢♦✇ ❜❡❤❛✈✐♦r✳
❍♦✇❡✈❡r✱ ❛s ✉♥❞❡r❧✐♥❡❞ ❜② ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✶✾✾✸❛✮ ❛♥❞ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✶✾✾✸❜✮✱ t❤✐s ❜❛s✐s ✐s s✉❜✲
♦♣t✐♠❛❧ ❢♦r ❝❛♣t✉r✐♥❣ t❤❡ tr❛♥s✐❡♥t ❞②♥❛♠✐❝s ♦❢ ❛ ✢♦✇✳ ❚❤❡s❡ ❛✉t❤♦rs ❢✉rt❤❡r ❛r❣✉❡❞ t❤❛t ♥♦t ♦♥❧② t❤❡
s❡t ♦❢ ♠♦st ❡♥❡r❣❡t✐❝ str✉❝t✉r❡s ✭t❤❡ ❊❖❋s✮ ♥❡❡❞ t♦ ❜❡ ❝❛♣t✉r❡❞ ❢♦r ❛♥ ❛❝❝✉r❛t❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡
❞②♥❛♠✐❝s ❜✉t ❛❧s♦ t❤❡ s❡t ♦❢ ♦♣t✐♠❛❧❧② ❣r♦✇✐♥❣ ♣❡rt✉r❜❛t✐♦♥s ❛t ✐♥✐t✐❛❧ t✐♠❡✱ ✇❤✐❝❤ ❛r❡ ❝❛❧❧❡❞ ❙t♦❝❤❛st✐❝
❖♣t✐♠❛❧s ✭❙❖s✮✳ ❚❤✐s st❛t❡♠❡♥t ✐s ❡✈❡♥ ✐❧❧✉str❛t❡❞ ❜② ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❛✮ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs
❤❛✈❡ ❝♦♠♣❛r❡❞ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ✈❛r✐♦✉s ♣r♦❥❡❝t✐♦♥ ❜❛s❡s t♦ r❡❝♦✈❡r t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❈♦✉❡tt❡ ✢♦✇✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡② ❢♦✉♥❞ t❤❛t ❜♦t❤ t❤❡ ❊❖❋s ❛♥❞ ❙❖s ❧❡❛❞ t♦ ❛❝❝✉r❛t❡ ❘❖▼s✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ t❤❡② s❤♦✇❡❞ t❤❛t t❤❡ ❜❡st ♣❡r❢♦r♠❛♥❝❡ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❜❛❧❛♥❝❡❞ ♠♦❞❡s❀ ❜② r❡t❛✐♥✐♥❣ t❤❡
str✉❝t✉r❡s r❡♣r❡s❡♥t✐♥❣ ❜♦t❤ t❤❡ ♦♣t✐♠❛❧s ❛♥❞ t❤❡ ❡✈♦❧✈❡❞ ♦♣t✐♠❛❧s ✐♥ ❛ ❜❛❧❛♥❝❡❞ ♠❛♥♥❡r✳ ❚❤✐s ❧❛tt❡r
t❡❝❤♥✐q✉❡ ❝♦♥s✐sts ♦❢ ❝♦♥s✐❞❡r✐♥❣ ❡❛❝❤ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ ✢♦✇ st❛t❡ ❛s ❛♥ ✐♥♣✉t ❛♥❞ ❛♥ ♦✉t♣✉t ❛♥❞
❛♣♣❧②✐♥❣ t❤❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥tr♦❞✉❝❡❞ ❜② ▼♦♦r❡ ✭✶✾✽✶✮✳ ❊✈❡♥ ✐❢ t❤❡ ✢♦✇ str✉❝t✉r❡s
❡①♣♦s❡❞ ❜② ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❛✮ ②✐❡❧❞ ♣r♦♠✐s✐♥❣ ♣r♦❥❡❝t✐♦♥ ❜❛s❡s t♦ ❞❡s✐❣♥ ❛❝❝✉r❛t❡ ❘❖▼s✱ t❤❡✐r
❝♦♠♣✉t❛t✐♦♥ r❡♠❛✐♥s ♥♦t tr❛❝t❛❜❧❡ ❢♦r ❧❛r❣❡ ✢✉✐❞ s②st❡♠s✱ ❡✈❡♥ ✐❢ ✉s✐♥❣ ❛ s♥❛♣s❤♦t ♠❡t❤♦❞✳

❇❛s❡❞ ♦♥ t❤❡ ❡♥❝♦✉r❛❣✐♥❣ r❡s✉❧ts ❜② ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❛✮✱ t❤✐s ❝❤❛♣t❡r ❛✐♠s ❛t ♣r♦✈✐❞✐♥❣ ❛ ♥❡✇ t♦♦❧
t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❊❖❋s✱ t❤❡ ❙❖s ❛♥❞ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❢♦r ❧❛r❣❡ ✢✉✐❞ s②st❡♠s✳ ❆s ❛♥ ✐❧❧✉str❛t✐♦♥✱
t❤❡ ♣r♦❝❡❞✉r❡ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❚❤❡ ♣r❡s❡♥t t❡❝❤♥✐q✉❡ ✐s
♥♦t ❜❛s❡❞ ♦♥ ❛♥② ♣❛rt✐❝✉❧❛r ✐♥♣✉t ✭❢♦r❝✐♥❣✮ ♦r ♦✉t♣✉t ✭s❡♥s✐♥❣✮ ♦♥ t❤❡ ✢♦✇✳ ■♥st❡❛❞✱ ✐t ✐s ❝♦♥❝❡♣t✉❛❧❧②
♠❡❛♥t t♦ ❝❛♣t✉r❡ t❤❡ ♣r❡❞♦♠✐♥❛♥t ❞②♥❛♠✐❝s ♦♥ ❛ ❣✐✈❡♥ ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧✳ ❚❤❡ ❦❡② ✐❞❡❛ ♦❢ t❤✐s ❝❤❛♣t❡r
r❡❧✐❡s ♦♥ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ tr✉♥❝❛t✐♦♥ ♦❢ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✳
■♥❞❡❡❞✱ t❤❡ ❡✐❣❡♥❛♥❛❧②s✐s ♦❢ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ✐s s❤♦✇♥ t♦ ✐❞❡♥t✐❢② t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ♣❛rt ♦❢ t❤❡
♠❛♣ ❧✐♥❦✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ t♦ t❤❡✐r ❛ss♦❝✐❛t❡❞ r❡s♣♦♥s❡s✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✉s❡❞
t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s✱ ❙❖s ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✳ ◆♦t❛❜❧②✱ ❛ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ✐s ♣❛✐❞
t♦ ❞②♥❛♠✐❝s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❜② st✉❞②✐♥❣ ✐ts
♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s✳ ❚❤❡ t❤r❡❡ ♣r♦❥❡❝t✐♦♥ ❜❛s❡s ❛r❡ t❤❡♥ ❛♥❛❧②③❡❞ ✐♥ ❧✐❣❤t ♦❢ t❤✐s
❢r❡q✉❡♥❝② ❞❡❝♦♠♣♦s✐t✐♦♥✳ ▲❛st❧②✱ t❤❡ r❡s✉❧t✐♥❣ ❧♦✇✲♦r❞❡r ♠♦❞❡❧s ❛r❡ s❤♦✇♥ t♦ ❛❝❝✉r❛t❡❧② ❝❛♣t✉r❡ t❤❡

✶✵✼
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❋✐❣✉r❡ ✹✳✶✿ ❇❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ✐♥✈❡st✐❣❛t❡❞ ❤❡r❡✳ ❚❤❡ st❡❛❞②✲st❛t❡ s♦❧✉t✐♦♥ ❛t ❘❡ = 600 ✐s
❞❡♣✐❝t❡❞ ❜② ✐ts str❡❛♠❧✐♥❡s ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳

♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝s✳
❚❤❡ ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛❧♦♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦✉t❧✐♥❡✿ t❤❡ ❜❛❝❦✇❛r❞ ❢❛❝✐♥❣ st❡♣ ✢♦✇ ✐s ♣r❡s❡♥t❡❞ ✐♥
s❡❝t✐♦♥ ✹✳✷ ✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜❛s❡ ✢♦✇ ❛♥❞ t❤❡ ♥♦♥✲r❡❞✉❝❡❞ tr❛♥s✐❡♥t ❞②♥❛♠✐❝s✳ ❚❤❡♥✱ s❡❝t✐♦♥ ✹✳✸
✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ♦❢ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s ♦❢ t❤❡ ✢♦✇ ❛r❡ ✐♥✈❡st✐❣❛t❡❞✳ ◆❡①t✱ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s✱ ❙❖s ❛♥❞
❜❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ ❝♦♠♣✉t❡❞ ❛♥❞ ❡①♣♦s❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✹✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❘❖▼s ✐♥ ❝❛♣t✉r✐♥❣
t❤❡ ♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝s ✐s ❛ss❡ss❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✺ ❢♦r ❛❧❧ t❤r❡❡ ♣r♦❥❡❝t✐♦♥ ❜❛s❡s✳ ❋✐♥❛❧❧②✱ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s
❛♥❞ ❢✉t✉r❡ ♣r♦s♣❡❝ts ❛r❡ ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✹✳✻✳

✹✳✷ ❋❧♦✇ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ♠♦❞❡❧✐♥❣

✹✳✷✳✶ ❇❛s❡ ✢♦✇

❲❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❣❧♦❜❛❧ ❞②♥❛♠✐❝s ❛♥❞ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇ ♦✈❡r ❛
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳ ❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤✐s st❡♣✱ ✇❤✐❝❤ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✱ ✇❛s
♦r✐❣✐♥❛❧❧② st✉❞✐❡❞ ❜② ❉✉r✐❡③ ✭✷✵✵✾✮✳ ■t ✐s ♠❛❞❡ ✉♣ ✇✐t❤ t✇♦ ✢❛t ♣❧❛t❡s ❧✐♥❦❡❞ ❜② ❛ ❝✐r❝✉❧❛r ❛r❝ ❡①t❡♥❞✐♥❣
❢r♦♠ ✭x = 0✱ y = 1✮ t♦ ✭x = 2✱ y = 0✮✳ ❚❤❡ st❡♣ ❤❡✐❣❤t h ❛♥❞ t❤❡ ✐♥❝♦♠✐♥❣ ✢♦✇ ✈❡❧♦❝✐t② U∞ ❛r❡ ❝❤♦s❡♥
❛s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ❛♥❞ ✈❡❧♦❝✐t② s❝❛❧❡s s♦ t❤❛t t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ❞❡✜♥❡❞ ❜② ❘❡ = U∞h

ν
✇❤❡r❡ ν ✐s t❤❡ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t②✳
❚❤❡ ✢♦✇ ❞②♥❛♠✐❝s ❛r❡ ❧✐♥❡❛r✐③❡❞ ❛❜♦✉t ❛ ❜❛s❡ ✢♦✇ ❝❤♦s❡♥ ❛s t❤❡ st❡❛❞② s♦❧✉t✐♦♥ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s
❡q✉❛t✐♦♥s ❛t ❘❡ = 600✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ ❜❛s❡ ✢♦✇✱ t❤❡ ❞♦♠❛✐♥ ✐s ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤ s♦ ❛s t♦ ♦❜t❛✐♥ ❛
✉♥✐❢♦r♠ ❢r❡❡✲str❡❛♠✳ ❚❤❡ ✢♦✇ ❡♥t❡rs t❤❡ ❞♦♠❛✐♥ ✇✐t❤ t❤❡ ❝♦♥st❛♥t ✈❡❧♦❝✐t② U∞ ❢r♦♠ t❤❡ ❧❡❢t ❛t x = −20✳
❲❡ ✐♠♣♦s❡❞ ❛ ❢r❡❡✲s❧✐♣ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✉♣str❡❛♠ ♣❛rt ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞❛r② (−20 ≤ x ≤ −2, y = 1)✳
❚❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ❧❛♠✐♥❛r ❜♦✉♥❞❛r② ❧❛②❡r ✐s t❤❡♥ ❡♥❢♦r❝❡❞ ❛t x = −2 ❜② ✐♠♣♦s✐♥❣ ❛ ♥♦✲s❧✐♣ ❝♦♥❞✐t✐♦♥
♦♥ t❤❡ r❡♠❛✐♥✐♥❣ ❧♦✇❡r ❜♦✉♥❞❛r② ❜❡t✇❡❡♥ (−2 ≤ x ≤ 100)✳ ❆ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥ ✐s ✐♠♣❧❡♠❡♥t❡❞ ♦♥
t❤❡ t♦♣ ❜♦✉♥❞❛r② ❛t y = 20 ❛♥❞ ❛ st❛♥❞❛r❞ ♦✉t✢♦✇ ❝♦♥❞✐t✐♦♥ ✐s ♣r❡s❝r✐❜❡❞ ❛t t❤❡ ♦✉t❧❡t x = 100✳ ❚❤❡
❜❛s❡ ✢♦✇ ✐s ❝♦♠♣✉t❡❞ ❜② ✉s✐♥❣ ❛ ◆❡✇t♦♥ ♠❡t❤♦❞ s✐♠✐❧❛r t♦ t❤❛t ✉s❡❞ ❜② ❙✐♣♣ ✫ ▲❡❜❡❞❡✈ ✭✷✵✵✼✮✳
❚❤❡ ❜❛s❡ ✢♦✇ s♦❧✉t✐♦♥ ❛t ❘❡ = 600 ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✶ ❜② ✐ts str❡❛♠❧✐♥❡s ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳
❚❤❡ ✢♦✇ ❞✐s♣❧❛②s ❛♥ ❡❧♦♥❣❛t❡❞ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡ ❜❡t✇❡❡♥ s❡♣❛r❛t✐♦♥ ❛t x ≈ 0.6 ❛♥❞ r❡❛tt❛❝❤♠❡♥t ❛t
x ≈ 11✳ ❚❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❛t x = 0 ❤❛s ❛ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss δ∗ = 0.082 ❧❡❛❞✐♥❣ t♦ ❛ ❘❡②♥♦❧❞s
♥✉♠❜❡r ❜❛s❡❞ ♦♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss ♦❢ ❘❡δ∗ = 49.2✳

✹✳✷✳✷ ▲✐♥❡❛r ❞②♥❛♠✐❝s

❚❤❡ ❞②♥❛♠✐❝s ♦❢ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s (u, p) ❛❜♦✉t t❤❡ ❜❛s❡ ✢♦✇✱ ❞❡♥♦t❡❞ ❜② U ✱ ❛r❡ ❣♦✈❡r♥❡❞ ❜② t❤❡
❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s

{
∂tu + U ·∇u + u ·∇U = −∇p+ ❘❡−1∇2u

∇·u = 0
✭✹✳✶✮

❚❤✐s ❡q✉❛t✐♦♥ ✐s s♣❛t✐❛❧❧② ❞✐s❝r❡t✐③❡❞ ✉s✐♥❣ ❛ ✜♥✐t❡ ❡❧❡♠❡♥ts ❛♣♣r♦❛❝❤ ✇✐t❤ ❚❛②❧♦r✲❍♦♦❞ ❡❧❡♠❡♥ts ✭P✷✲
P✷✲P✶✮ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ t❤❡ ❋r❡❡❋❡♠✰✰ s♦❢t✇❛r❡✱ s❡❡ ❍❡❝❤t ❡t ❛❧✳ ✭✷✵✵✺✮✳ ❖♥❝❡ ❞✐s❝r❡t✐③❡❞✱ ✐t ✐s

✶✵✽



✹✳✷✳ ❋▲❖❲ ❈❖◆❋■●❯❘❆❚■❖◆ ❆◆❉ ▼❖❉❊▲■◆●

s❤♦✇♥ ✐♥ ❛♣♣❡♥❞✐① ✹✳❆ t❤❛t ❡q✉❛t✐♦♥s ✹✳✶ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝❛❧ s②st❡♠ ❢♦r♠

ẋ = Ax ✭✹✳✷❛✮

✇❤❡r❡ x ✐s t❤❡ ✈❡❝t♦r ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ ✈❡❧♦❝✐t✐❡s u ❛♥❞ t❤❡ ♠❛tr✐① A st❛♥❞s ❢♦r t❤❡ ❞✐s❝r❡t✐③❡❞ ◆❛✈✐❡r✲
❙t♦❦❡s ♦♣❡r❛t♦r✳ ❚❤✐s ❞✐s❝r❡t✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ♦♥ ❛ s♠❛❧❧❡r ♠❡s❤ ❡①t❡♥❞✐♥❣ ❢r♦♠ (−1.5 ≤ x ≤
30) ❛♥❞ ✇✐t❤ (y ≤ 3, 5)✳ ❚❤✐s ♠❡s❤ ♣r♦✈❡❞ t♦ ❜❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡ t♦ ❛❝❝✉r❛t❡❧② ❝❛♣t✉r❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥
❞②♥❛♠✐❝s ❛❧♦♥❣ t❤❡ s❤❡❛r ❧❛②❡r✳ ❚❤❡ ♥❡✇ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s t❤❡ ♦♥❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✳ ❍♦✲
♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ✉s❡❞ ❛t t❤❡ ✐♥✢♦✇ x = −1.5 ❛♥❞ ♦♥ t❤❡ ✇❛❧❧✳ ❆ s②♠♠❡tr②
❝♦♥❞✐t✐♦♥ ✐s ❛❞♦♣t❡❞ ❛t t❤❡ ✉♣♣❡r ❜♦✉♥❞❛r② y = 3.5 ❛♥❞ ❛ ❢r❡❡ ♦✉t✢♦✇ ❝♦♥❞✐t✐♦♥ pn−❘❡−1(∇u) ·n = 0
✐s ✉s❡❞ ❛t t❤❡ ♦✉t❧❡t x = 30✱ ✇❤❡r❡ n ✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r✳ ◆♦t❡ t❤❛t t❤❡ ❜❛s❡ ✢♦✇ ❤❛s
❜❡❡♥ ✐♥t❡r♣♦❧❛t❡❞ ♦♥ t❤✐s ♥❡✇ ♠❡s❤✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❜❧❡♠ ✐s
n = 170 260✱ ✇❤✐❝❤ ❛❧s♦ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r x ♦r t❤❡ ♠❛tr✐① A ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✷✮✳

■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❣♦❛❧ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ r❡❞✉❝❡ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ t❤✐s ✜♥✐t❡✲s✐③❡❞ s②st❡♠ ✇❤✐❧❡ ♣r❡✲
s❡r✈✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ✢✉✐❞ ❞②♥❛♠✐❝s✳ ❇❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣ ✇✐t❤ ♠♦❞❡❧ r❡❞✉❝t✐♦♥✱ t❤❡ ♥♦♥✲r❡❞✉❝❡❞ ❞②♥❛♠✐❝s
♥❡❡❞ t♦ ❜❡ ✐♥tr♦❞✉❝❡❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♠❡❛♥s t♦ ❞❡s❝r✐❜❡ ✐t✳

✹✳✷✳✸ ❆♠♣❧✐✜❡r ❜❡❤❛✈✐♦r

❚❤❡ ♣❡rt✉r❜❛t✐♦♥s ❛♠♣❧✐t✉❞❡ ✐s q✉❛♥t✐✜❡❞ ❜② ✐ts ❦✐♥❡t✐❝ ❡♥❡r❣② ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❡♥t✐r❡ ❞♦♠❛✐♥✳ ❲❡
✐♥tr♦❞✉❝❡ t❤❡ ❛ss♦❝✐❛t❡❞ ✐♥♥❡r ♣r♦❞✉❝t 〈 〉✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❢♦r ❛♥② st❛t❡s x1 ❛♥❞ x2 ❜②

〈x1, x2〉 = x
†
1x2 =

∫

Ω
u1.u2 dΩ ✭✹✳✸✮

✇❤❡r❡ Ω ✐s t❤❡ ✢✉✐❞ ✈♦❧✉♠❡✱ u1 ❛♥❞ u2 ❞❡♥♦t❡ t❤❡ ❛ss♦❝✐❛t❡❞ ✈❡❧♦❝✐t② ✜❡❧❞s ❛♥❞ t❤❡ s✉♣❡rs❝r✐♣t † ❞❡♥♦t❡s
t❤❡ ❛❞❥♦✐♥t ♦❢ ❛ st❛t❡✳ ❋♦r t❤❡ ❝❤♦s❡♥ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❘❡ = 600✱ t❤❡ ✢♦✇ ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ❣❧♦❜❛❧❧②
st❛❜❧❡ s✐♥❝❡ t❤❡ ♠❛tr✐① A ❞♦❡s ♥♦t ❞✐s♣❧❛② ❛♥② ✉♥st❛❜❧❡ ❡✐❣❡♥✈❛❧✉❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❡♥❡r❣② ♦❢ ❛♥②
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ❞❡❝❛② ❡①♣♦♥❡♥t✐❛❧❧② t♦ ③❡r♦ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ t✐♠❡s✳ ❍♦✇❡✈❡r✱ ♣❡rt✉r❜❛t✐♦♥s
♠❛② ❜❡ tr❛♥s✐❡♥t❧② ❛♠♣❧✐✜❡❞ ♦✇✐♥❣ t♦ t❤❡ ♥♦♥✲♥♦r♠❛❧✐t② ♦❢ A✱ s❡❡ ❚r❡❢❡t❤❡♥ ✫ ❊♠❜r❡❡ ✭✷✵✵✺✮❀ ❈❤♦♠❛③
✭✷✵✵✺✮✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ✢♦✇ t♦ ❛♠♣❧✐❢② ✉♣str❡❛♠ ♣❡rt✉r❜❛t✐♦♥s ✐s ✐❧❧✉str❛t❡❞ ❤❡r❡✳

❚❤❡ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✹✳✷✮ ♠❛② ❜❡ ❡①♣r❡ss❡❞ ❛s

x(t) = eAtx0 ✭✹✳✹✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ st❛t❡ s♦❧✉t✐♦♥ x ❛t t✐♠❡ t ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x0

❛t t✐♠❡ t = 0 ❢r♦♠ t❤❡ t✐♠❡ ♣r♦♣❛❣❛t♦r eAt✳ ❚❤❡♥✱ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❡♥❡r❣② ❣❛✐♥ ✐♥ t✐♠❡ ♠❛② ❜❡ ✇r✐tt❡♥
❛s

〈x(t), x(t)〉
〈x0, x0〉

=
〈x0, e

A†teAtx0〉
〈x0, x0〉

✭✹✳✺✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r A† ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t 〈 〉✳ ❍❡♥❝❡✱ t❤❡
♠❛①✐♠✉♠ ❡♥❡r❣② ❣❛✐♥ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✐s ❝♦♠♣✉t❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ ❡✐❣❡♥✈❛❧✉❡ ♦❢
eA

†teAt ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❜② ✐ts ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦r✳ ❚❤❡s❡ q✉❛♥t✐t✐❡s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞
❢r♦♠ t❤❡ s❛♠❡ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✉s❡❞ ❜② ▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✽✮✳ ❲❡ ❤❛✈❡
r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✹✳✷✭❛✮ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥✱ ❞❡♥♦t❡❞ ❜② t❤❡ L2 ♠❛tr✐① ♥♦r♠ ❛s ||eAt||22✱ ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ✢♦✇ t♦ ❛♠♣❧✐❢② ♣❡rt✉r❜❛t✐♦♥ ✐s s✉❜st❛♥t✐❛❧❀
❡♥❡r❣② ❣❛✐♥ ♠❛② ❡①❝❡❡❞ 104✳ ❚❤❡ ♠❛①✐♠✉♠ ❣❛✐♥ ✐s r❡❛❝❤❡❞ ❢♦r ❛♥ ♦♣t✐♠❛❧ t✐♠❡ t = 18✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡
♦♣t✐♠❛❧ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ ❝♦♠♣✉t❡❞ ❢♦r t❤❛t ♦♣t✐♠❛❧ t✐♠❡ ❛♥❞ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐♥t♦ ✇❤✐❝❤ ✐t ❡✈♦❧✈❡s

✶✵✾
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❋✐❣✉r❡ ✹✳✷✿ ✭❛✮ ❖♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❣❛✐♥ ||eAt||22 ❛t t✐♠❡ t✳ ✭❜✮ ❖♣t✐♠❛❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝♦♠♣✉t❡❞ ❢♦r
t = 18✳ ❋✐❣✉r❡ ✭❝✮ ❛❝❝♦✉♥ts ❢♦r ✐ts ❡✈♦❧✈❡❞ ♦♣t✐♠❛❧ st❛t❡ ❛t t = 18✳ ❇♦t❤ ✜❡❧❞s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡✐r
❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳

❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ✜❣✉r❡ ✹✳✷✭❜✱❝✮✳ ❚❤❡ ♦♣t✐♠❛❧ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✷✭❜✮ ✐s ❧♦❝❛❧✐③❡❞
✉♣str❡❛♠ ❛♥❞ ✐s ✐♥❝❧✐♥❡❞ ❛❧♦♥❣ t❤❡ s❤❡❛r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✜♥❛❧ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ s❤♦✇♥ ✐♥
✜❣✉r❡ ✹✳✷✭❝✮ ✐s ❧♦❝❛t❡❞ ❥✉st ❜❡②♦♥❞ r❡❛tt❛❝❤♠❡♥t✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✱
s❡❡ ▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✽✮❀ ❇❧❛❝❦❜✉r♥ ❡t ❛❧✳ ✭✷✵✵✽✮✱ ❡♠♣❤❛s✐③✐♥❣ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s t♦ ❜❡
❛♠♣❧✐✜❡❞ ❛❧♦♥❣ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡✳ ◆♦t❛❜❧②✱ t❤❡ ✐♥❝❧✐♥❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❤✐❣❤❧✐❣❤ts t❤❡
✇❡❧❧ ❦♥♦✇♥ ❖rr ♠❡❝❤❛♥✐s♠ ❛s ❛ ✇❛② t♦ ❡①tr❛❝t ❡♥❡r❣② ❢r♦♠ t❤❡ ♠❡❛♥ s❤❡❛r ❜② tr❛♥s♣♦rt✐♥❣ ♠♦♠❡♥t✉♠
❞♦✇♥ t❤❡ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥t ✭❇✉t❧❡r ✫ ❋❛rr❡❧❧ ✭✶✾✾✷✮✮✳
❚❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❧✐♥❡❛r ✢♦✇ ❞②♥❛♠✐❝s r❡❞✉❝❡s t♦ ❝❛♣t✉r✐♥❣ ✐ts ❛♠♣❧✐✜❡r ❜❡❤❛✈✐♦r✳ ❆s ❛ r❡s✉❧t✱
t❤❡ ❞②♥❛♠✐❝s t♦ ❜❡ ❝❛♣t✉r❡❞ ❜② t❤❡ ❘❖▼s ❝♦♥s✐st ♦❢ t❤❡ ♠❛♣ ❧✐♥❦✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s x0

t♦ t❤❡✐r ❢✉t✉r❡ st❛t❡ x(t)✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ✐s t♦ ❛♣♣r♦①✐♠❛t❡ ❛s ❝❧♦s❡❧②
❛s ♣♦ss✐❜❧❡ t❤❡ ♦r✐❣✐♥❛❧ t✐♠❡ ♣r♦♣❛❣❛t♦r eAt ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ t✐♠❡s✳

❆♥❛❧♦❣♦✉s❧②✱ t❤❡ tr❛♥s✐❡♥t ✢♦✇ ❞②♥❛♠✐❝s ♠❛② ❛❧s♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❡s♣♦♥s❡s ♦❢ t❤❡
✢♦✇ t♦ ♣❡r♠❛♥❡♥t ❢♦r❝✐♥❣✳ ❖✇✐♥❣ t♦ t❤❡ ❧✐♥❡❛r ♥❛t✉r❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s✱ t❤✐s ❛♥❛❧②s✐s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜②
❝♦♥s✐❞❡r✐♥❣ ❢r❡q✉❡♥❝②✲s❡♣❛r❛t❡❞ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣✳ ❆ss✉♠✐♥❣ t❤❛t s②st❡♠ ✭✹✳✷✮ ✐s ❢♦r❝❡❞ ❜② t❤❡ ❤❛r♠♦♥✐❝
t❡r♠ f̂eiωt✱ t❤❡ ❡q✉❛t✐♦♥s ❜❡❝♦♠❡

ẋ = Ax + f̂eiωt ✭✹✳✻❛✮

✇❤✐❝❤ ❤❛s t❤❡ ❤❛r♠♦♥✐❝ s♦❧✉t✐♦♥ x(t) = x̂eiωt✱ ✇❤❡r❡ x̂(ω) = (iωI−A)−1f̂✳ ❚❤❡ ♦♣❡r❛t♦r R(ω) = (iωI−A)−1

✐s ❞❡✜♥❡❞ ❛s t❤❡ r❡s♦❧✈❡♥t ❛♥❞ ❧✐♥❦s t❤❡ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ t♦ ✐ts ❛ss♦❝✐❛t❡❞ r❡s♣♦♥s❡✳ ●✐✈❡♥ t❤❛t ❢♦r✲
♠✉❧❛t✐♦♥✱ t❤❡ ✢♦✇ ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ❛♥❛❧♦❣♦✉s❧② ❞❡✜♥❡❞ ❛s t❤❡ ♠❛♣ ❧✐♥❦✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❢♦r❝✐♥❣ t♦ t❤❡✐r
❛ss♦❝✐❛t❡❞ r❡s♣♦♥s❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❛r❡ ❛❧s♦ r❡q✉✐r❡❞ t♦ ❝❛♣t✉r❡ t❤❡ ♦r✐❣✐♥❛❧
r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ❢♦r ❛❧❧ ❢r❡q✉❡♥❝✐❡s✳

❚❤✐s ♦❜❥❡❝t✐✈❡ ✐s r❛t❤❡r ❝❤❛❧❧❡♥❣✐♥❣ ❛♥❞ ✐t ✐s ♣r❛❝t✐❝❛❧❧② ❡①♣❡❝t❡❞ t❤❛t t❤❡ ❘❖▼s ♦♥❧② ❛♣♣r♦①✐♠❛t❡ t❤❡
r❡s♦❧✈❡♥t ♦♥ ❛ ✜♥✐t❡ ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧ ✇❤❡r❡ t❤❡ ❞②♥❛♠✐❝s ✐s ♣r❡❞♦♠✐♥❛♥t❧② ❝♦♠♣r✐s❡❞✳ ❋♦r t❤❛t r❡❛s♦♥✱
❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥
✐♥ ♦r❞❡r t♦ ❞❡r✐✈❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s❡s ❛♥❞ t❤❡ ❘❖▼s✳

✹✳✸ ❉②♥❛♠✐❝s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥

❙t✉❞②✐♥❣ t❤❡ r❡s♣♦♥s❡s ♦❢ ❛ ✢♦✇ s✉❜❥❡❝t❡❞ t♦ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ✐s ❦♥♦✇♥ ❛s ❛ r❡❝❡♣t✐✈✐t② ❛♥❛❧②s✐s✳ ❙✉❝❤
❛♥ ❛♣♣r♦❛❝❤ ✐s ❝♦♠♠♦♥❧② ✉s❡❞ t♦ ♣r❡❞✐❝t ✐♥ ✇❤✐❝❤ ❢r❡q✉❡♥❝② ❜❛♥❞s ✢♦✇ ✐♥st❛❜✐❧✐t✐❡s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦

✶✶✵
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❜❡ ♦❜s❡r✈❡❞ ✇❤❡♥ ❡①♣♦s❡❞ t♦ ♣❡r♠❛♥❡♥t ❡①t❡r♥❛❧ ❢♦r❝✐♥❣✱ s❡❡ ❆❧✐③❛r❞ ❡t ❛❧✳ ✭✷✵✵✾✮❀ ▼♦♥♦❦r♦✉s♦s ❡t ❛❧✳
✭✷✵✶✵✮❀ ❙✐♣♣ ❡t ❛❧✳ ✭✷✵✶✵✮✳ ■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ s❡ts ♦❢ t❤❡ ❧❡❛❞✐♥❣ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s ❛r❡
✐♥✈❡st✐❣❛t❡❞ t♦ ✐❞❡♥t✐❢② t❤❡ ♣r❡❞♦♠✐♥❛♥t ♣❛rt ♦❢ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳

✹✳✸✳✶ ❙✐♥❣✉❧❛r ❱❛❧✉❡ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t

❚❤❡ r❡s♦❧✈❡♥t R(ω) = (iωI−A)−1 ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ s♦ ❛s t♦ ❧✐♥❦ ❛♥ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ f̂ t♦ ✐ts ❛ss♦❝✐❛t❡❞
r❡s♣♦♥s❡ x̂✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜② ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥ x̂ = R(ω)̂f✱ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❣❛✐♥ ♣r♦❞✉❝❡❞ ❜② ❛ ❢♦r❝✐♥❣
♠❛② ❜❡ ❡①♣r❡ss❡❞ ❛s

〈x̂, x̂〉
〈̂f, f̂〉

=
〈̂f,R†(ω)R(ω)̂f〉

〈̂f, f̂〉
✭✹✳✼✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r R†(ω) ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t 〈 〉✳ ❚❤❡ ♠❛tr✐①
R†(ω)R(ω) ✐s ❛ ❤❡r♠✐t✐❛♥ ♠❛tr✐① s♦ t❤❛t ✐ts ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ♦rt❤♦❣♦♥❛❧✳ ■t ✐s t❤✉s ♣♦ss✐❜❧❡ t♦ s♣❛♥ t❤❡
❢♦r❝✐♥❣ s♣❛❝❡ ✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s f̂i ❞❡r✐✈❡❞ ❢r♦♠

R†(ω)R(ω)̂fi = λ2
i f̂i ✭✹✳✽✮

✇❤❡r❡ λ2
i ❞❡♥♦t❡ t❤❡ ❡♥❡r❣② ❣❛✐♥s ✐♥❞✉❝❡❞ ❜② t❤❡ ❢♦r❝✐♥❣ f̂i✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❤✐❣❤❡st ❡✐❣❡♥✈❛❧✉❡ λ2

1

❞❡♥♦t❡s t❤❡ ♠❛①✐♠✉♠ ❡♥❡r❣② ❣❛✐♥ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ❢♦r❝✐♥❣✱ ✇❤✐❝❤ ✐s r❡❛❝❤❡❞ ❜② t❤❡ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣
f̂1✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❡ ❧❡❛❞✐♥❣ ❢♦r❝✐♥❣ t❡r♠s f̂i ❝♦♥st✐t✉t❡ t❤❡ s❡t ♦❢ ♦rt❤♦❣♦♥❛❧ ❢✉♥❝t✐♦♥s ❧❡❛❞✐♥❣ t♦ ❛♥
♦♣t✐♠❛❧ ❛♥❞ r❛♥❦❡❞ ❡♥❡r❣② ❛♠♣❧✐✜❝❛t✐♦♥✳ ❲❡ ❝❛❧❧ t❤❡♠ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣✳ ❚❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣
♦♣t✐♠❛❧ r❡s♣♦♥s❡s x̂i ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣

x̂i = R(ω)̂fi ✭✹✳✾✮

✇❤✐❝❤ ❛❧s♦ ❢♦r♠ ❛♥ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s s♣❛♥♥✐♥❣ t❤❡ r❡s♣♦♥s❡ s♣❛❝❡✳ ■♥ ❢❛❝t✱ ✐t ✐s ♥♦t❡✇♦rt❤② t❤❛t f̂i(ω) ❛♥❞
x̂i(ω) ❛r❡ t❤❡ r✐❣❤t ❛♥❞ ❧❡❢t s✐♥❣✉❧❛r ✈❡❝t♦rs ♦❢ R(ω) ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐ts s✐♥❣✉❧❛r ✈❛❧✉❡s λi✳ ❚❤❡ ❧❡❛❞✐♥❣
♦♣t✐♠❛❧ ❢♦r❝✐♥❣✴r❡s♣♦♥s❡s ❛♥❞ s✐♥❣✉❧❛r ✈❛❧✉❡s ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ♥❡①t✳

❊q✉❛t✐♦♥ ✭✹✳✽✮ ✐s ❛ ❧❛r❣❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ♦❢ s✐③❡ n ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ s♦❧✈❡❞ ❞✐r❡❝t❧②✳ ■♥st❡❛❞✱ ✇❡
✉s❡❞ ❛♥ ✐t❡r❛t✐✈❡ ❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ ❑r②❧♦✈ s✉❜s♣❛❝❡s ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✲
✈❛❧✉❡s✴❡✐❣❡♥✈❡❝t♦rs✱ s❡❡ ▲❡❤♦✉❝q ✫ ❙❝♦tt ✭✶✾✾✼✮✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ s✉❝❝❡ss✐✈❡ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ s♣❛rs❡
♠❛tr✐① (iωI−A) ✇❤✐❝❤ ✐s ❤❛♥❞❧❡❞ t❤r♦✉❣❤ ❛ ❞✐r❡❝t ♠✉❧t✐❢r♦♥t❛❧ s♣❛rs❡ ▲❯ s♦❧✈❡r ✭▼❯▼P❙✱ s❡❡ ❆♠❡st♦②
❡t ❛❧✳ ✭✷✵✵✶✮✮✳ ❍❡♥❝❡✱ t❤❡ ❝♦st ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ st❡♠s ♦♥ t❤❡ t❤❡ ❝♦st ♦❢ t❤❡ ▲❯ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❧❛r❣❡
s♣❛rs❡ ❝♦♠♣❧❡① ♠❛tr✐①✳ ■♥ ♦✉r ❝❛s❡✱ ❛♥ ❛❝❝✉r❛t❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❧❡❛❞✐♥❣ 40 ❡✐❣❡♥✈❛❧✉❡s✴❡✐❣❡♥✈❡❝t♦rs
❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❢♦r ❢r❡q✉❡♥❝✐❡s r❛♥❣✐♥❣ ❢r♦♠ ω = 0 t♦ ω = 6✳
❚❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s λ2

i ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✹✳✸ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢r❡q✉❡♥❝②✳ ■♥ ♦t❤❡r ✇♦r❞s✱
t❤❡r❡ ❛r❡ 40 ♣♦✐♥ts r❡♣r❡s❡♥t❡❞ ♦♥ t❤❡ ❣r❛♣❤ ❢♦r ❡❛❝❤ ❢r❡q✉❡♥❝② ✇❤✐❝❤ ❛❝❝♦✉♥t ❢♦r λ2

1✱ . . . ✱ λ
2
40✳ ❲❤❛t

✐s str✐❦✐♥❣ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❜r❛♥❝❤❡s✱ ✇❤✐❝❤ ♦♥❡ ❞✐s♣❧❛②s ❛ ❜r♦❛❞ ❛♥❞ ❤✐❣❤ ♣❡❛❦✳ ❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢
t❤❡s❡ ❜r❛♥❝❤❡s ❛♥❞ t❤❡✐r ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ♣r❡s❡♥t❡❞ ♥❡①t✳

✹✳✸✳✷ ❋✐rst ❜r❛♥❝❤✿ t❤❡ s❤❡❛r ❧❛②❡r ❞②♥❛♠✐❝s

▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ❤✐❣❤❡r ❛♥❞ ❝✉r✈❡❞ ❜r❛♥❝❤ ❞❡♥♦t❡❞ ♦♥ t❤❡ ❣r❛♣❤ ❛s t❤❡ ❜r❛♥❝❤ A1✳ ❚❤✐s ♦♥❡
❝♦♠♣r✐s❡s t❤❡ ✜rst s✐♥❣✉❧❛r ✈❛❧✉❡ λ1 ✇❤✐❝❤ ❧❛r❣❡❧② ♣r❡✈❛✐❧s ❢♦r ❧♦✇ ❢r❡q✉❡♥❝✐❡s ✉♥t✐❧ ω ≈ 2.6✳ ■♥ t❤✐s
r❛♥❣❡✱ t❤❡ ❧❛r❣❡st ❡♥❡r❣② ❣❛✐♥ λ2

1 ❞✐s♣❧❛②s ❛ ❜r♦❛❞❜❛♥❞ r❡s♣♦♥s❡ t②♣✐❝❛❧ ♦❢ ❛♠♣❧✐✜❡r ✢♦✇s t❤❛t r❡❛❝❤ ❛
♠❛①✐♠✉♠ ♦❢ 2.2 106 ❛t ω ≈ 0.75✳ ❨❡t✱ ❢♦r ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s✱ t❤✐s ❜r❛♥❝❤ ❝r♦ss❡s ♦t❤❡r ❜r❛♥❝❤❡s ❛♥❞ ✐s
t❤❡♥ ♥♦ ♠♦r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✜rst s✐♥❣✉❧❛r ✈❛❧✉❡✳
❚♦ ✐♥t❡r♣r❡t t❤✐s ❜r❛♥❝❤✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s✱ ♥❛♠❡❧② t❤❡ r✐❣❤t ❛♥❞ ❧❡❢t s✐♥❣✉❧❛r
✈❡❝t♦rs ♦❢ R(ω)✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐ts s✐♥❣✉❧❛r ✈❛❧✉❡s✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✹✳✹ t❤❡s❡ s✐♥❣✉❧❛r
✈❡❝t♦rs✳ ❖♥ t❤❡ ❧❡❢t ♣❛rt✱ ✜❣✉r❡s ✹✳✹✭❛✱❝✱❡✱❣✮ r❡♣r❡s❡♥t t❤❡ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ❛t t❤❡ ❢r❡q✉❡♥❝✐❡s

✶✶✶



❈❍❆P❚❊❘ ✹✳ ❋❘❊◗❯❊◆❈❨ ❉❊❈❖▼P❖❙■❚■❖◆ ❆◆❉ ▼❖❉❊▲ ❘❊❉❯❈❚■❖◆ ❖❋ ❚❍❊ ❋❯▲▲ ❉❨◆❆▼■❈❙

❋✐❣✉r❡ ✹✳✸✿ ❋✐rst 40 ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❣❛✐♥s λ2
1✱ . . . ✱ λ

2
40 ✈❡rs✉s ❢r❡q✉❡♥❝② ω✳

ω = 0.25, 0.75, 2 ❛♥❞ 3 r❡s♣❡❝t✐✈❡❧②✳ ❆♥❛❧♦❣♦✉s❧②✱ ✜❣✉r❡s ✹✳✹✭❜✱❞✱❢✱❤✮ st❛♥❞ ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧
❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s ❛t t❤❡ s❛♠❡ ❢r❡q✉❡♥❝✐❡s✳ ◆♦t❡ t❤❛t t❤❡s❡ ✢♦✇ str✉❝t✉r❡s ❛r❡ ❞✐s♣❧❛②❡❞ ❜② t❤❡✐r
❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ✜❡❧❞s ❛r❡ ❧♦❝❛❧✐③❡❞ ✉♣str❡❛♠✱ ♥❡❛r s❡♣❛r❛t✐♦♥✱
❛♥❞ ❞✐s♣❧❛② ✐♥❝❧✐♥❡❞ ♣❛tt❡r♥s ❛❧♦♥❣ t❤❡ s❤❡❛r s♦ ❛s t♦ ❡①♣❧♦✐t t❤❡ ❖rr ♠❡❝❤❛♥✐s♠✳ ❘❡❣❛r❞✐♥❣ t❤❡
❛ss♦❝✐❛t❡❞ r❡s♣♦♥s❡s✱ t❤❡② ❞✐s♣❧❛② t②♣✐❝❛❧ ✇❛✈❡ ♣❛❝❦❡t ✢♦✇ str✉❝t✉r❡s ✇❤♦s❡ s♣❛t✐❛❧ s✉♣♣♦rt ❡①t❡♥❞s
❢❛rt❤❡r ❞♦✇♥str❡❛♠✳ ❊①❝✐t❛t✐♦♥ ❛t ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s ❧❡❛❞s t♦ s♠❛❧❧❡r ✢♦✇ str✉❝t✉r❡s ❛♥❞ t❤❡ r❡s✉❧t✐♥❣
r❡s♣♦♥s❡s r❡♠❛✐♥ s♣❛t✐❛❧❧② ❧♦❝❛❧✐③❡❞ ❛t t❤❡ ✉♣str❡❛♠ ♣❛rt ♦❢ t❤❡ s❡♣❛r❛t❡❞ s❤❡❛r ❧❛②❡r✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱
❢♦r ❧♦✇❡r ❢r❡q✉❡♥❝✐❡s✱ t❤❡ r❡s✉❧t✐♥❣ ✢♦✇ str✉❝t✉r❡s ❛r❡ ♠✉❝❤ ❜✐❣❣❡r ❛♥❞ t❤❡ r❡s♣♦♥s❡s ❡①t❡♥❞ ♠✉❝❤
❢❛rt❤❡r ✉♥t✐❧ t❤❡ ❞♦✇♥str❡❛♠ ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t s✐♥❝❡ t❤❡ ❤✐❣❤✲
❢r❡q✉❡♥❝② ✐♥st❛❜✐❧✐t✐❡s ❛r❡ ♦❜s❡r✈❡❞ ✇❤❡r❡ t❤❡ s❤❡❛r ❧❛②❡r ✐s t❤❡ t❤✐♥♥❡st ✇❤❡r❡❛s t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ♦♥❡s
❛r❡ ♦❜s❡r✈❡❞ ✇❤❡r❡ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❛♥❞ t❤❡ ❧♦❝❛❧ s❤❡❛r ❛r❡ t❤❡ t❤✐❝❦❡st✳ ❍✐❣❤✲❢r❡q✉❡♥❝② r❡s♣♦♥s❡s✱
s✉❝❤ ❛s t❤♦s❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✹✭❢✮ ❛♥❞ ✜❣✉r❡ ✹✳✹✭❤✮✱ ❤✐❣❤❧✐❣❤t ❛ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ❛♠♣❧✐✜❝❛t✐♦♥
♠❡❝❤❛♥✐s♠ s✐♥❝❡ ♣❡rt✉r❜❛t✐♦♥s ❣r♦✇ ✐♥ t❤❡ s❤❡❛r ❧❛②❡r ❛s ❛ ✇❛✈❡ ♦❢ ❝♦r♦t❛t✐✈❡ r♦❧❧s✳ ❚❤❡s❡ ✢♦✇ str✉❝t✉r❡s
❛r❡ ❢✉rt❤❡r♠♦r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ♣❤❛s❡ s♣❡❡❞ vφ ≈ 0.55✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② r❡s♣♦♥s❡s
s✉❝❤ ❛s t❤♦s❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✹✭❜✮ ❛♥❞ ✜❣✉r❡ ✹✳✹✭❞✮ ❛r❡ r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ❛ss♦❝✐❛t❡❞
✇✐t❤ ❛ ❝♦♥✈❡❝t✐✈❡ ❚♦❧❧♠✐❡♥✲❙❝❤❧✐❝❤t✐♥❣ ✐♥st❛❜✐❧✐t②✳ ❙✉❝❤ ♠♦❞❡s ❤❛✈❡ ❜❡❡♥ ❝❛r❡❢✉❧❧② ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s ✇♦r❦s ❜② ❊❤r❡♥st❡✐♥ ✫ ●❛❧❧❛✐r❡ ✭✷✵✵✺✮❀ ❆❧✐③❛r❞ ✫ ❘♦❜✐♥❡t ✭✷✵✵✼✮❀ ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✽✮ ❛♥❞
t❤❡✐r ♣❤❛s❡ s♣❡❡❞ ✐s r❛t❤❡r ❝❧♦s❡ t♦ vφ ≈ 0.4✳
❆❧❧ t❤❡ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s ♦♥ ❜r❛♥❝❤ A1 ❤❛✈❡ ❛ ❝♦♠♠♦♥ ♣♦✐♥t✱ t❤❡② ♣❤②s✐❝❛❧❧② ❛❝❝♦✉♥t ❢♦r
t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ❛♥❞ ❛❞✈❡❝t✐♦♥ ♦❢ ❛ ✇❛✈❡ ♣❛❝❦❡t ❛❧♦♥❣ t❤❡ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡ ❛♥❞ t❤❡ ❞♦✇♥str❡❛♠
s❤❡❛r✳ ❚❤✉s✱ t❤✐s ❜r❛♥❝❤ ♠❛② ❜❡ ❝❛❧❧❡❞ ❛ ✧s❤❡❛r ❧❛②❡r✧ ❜r❛♥❝❤✳

✹✳✸✳✸ ❙❡❝♦♥❞ ❜r❛♥❝❤✿ t❤❡ ❢r❡❡✲str❡❛♠ ❞②♥❛♠✐❝s

◆♦✇✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ s❡❝♦♥❞ ♠♦st ❡♥❡r❣❡t✐❝ ❜r❛♥❝❤ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ B1 ✐♥ ✜❣✉r❡ ✹✳✸✳ ❇❡②♦♥❞
ω ≈ 2.6✱ ❜r❛♥❝❤ A1 ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ♥♦ ♠♦r❡ ♣r❡❞♦♠✐♥❛♥t ❛♥❞ t❤❡ ❡♥❡r❣② ❣❛✐♥s ❛r❡ r❡❧❛t✐✈❡❧② ♠✉❝❤
❧♦✇❡r✳ ❚❤❡ ✜rst s✐♥❣✉❧❛r ✈❛❧✉❡s λ2

1 t❤❡♥ ❜❡❧♦♥❣ t♦ ❜r❛♥❝❤ B1✳ ❚♦ ❢✉rt❤❡r ✐♥t❡r♣r❡t t❤❡ ❞②♥❛♠✐❝s
❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❜r❛♥❝❤✱ ✇❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ t✇♦ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡ ✜❡❧❞s ♦❜t❛✐♥❡❞ ♦♥ t❤❛t ❜r❛♥❝❤

✶✶✷
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❋✐❣✉r❡ ✹✳✹✿ ✭❛✱❝✱❡✱❣✮ ❖♣t✐♠❛❧ ❢♦r❝✐♥❣ ❝♦♠♣✉t❡❞ ❢♦r ω = 0.25, 0.75, 2 ❛♥❞ 3 r❡s♣❡❝t✐✈❡❧②✳ ✭❜✱❞✱❢✱❤✮ r❡♣r❡s❡♥t
t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s ❛t t❤❡ s❛♠❡ ❢r❡q✉❡♥❝✐❡s✳

❋✐❣✉r❡ ✹✳✺✿ ✭❛✱❝✮ ❖♣t✐♠❛❧ ❢♦r❝✐♥❣ ❝♦♠♣✉t❡❞ ♦♥ ❜r❛♥❝❤ B1 ❢♦r ω = 2 ❛♥❞ 4 r❡s♣❡❝t✐✈❡❧②✳ ✭❜✱❞✮ r❡♣r❡s❡♥t
t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s ❛t t❤❡ s❛♠❡ ❢r❡q✉❡♥❝✐❡s✳

✐♥ ✜❣✉r❡ ✹✳✺✳ ❋✐❣✉r❡s ✹✳✺✭❛✱❝✮ r❡♣r❡s❡♥t t❤❡ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❛t t❤❡ ❢r❡q✉❡♥❝✐❡s ω = 2 ❛♥❞ 4 r❡s♣❡❝t✐✈❡❧②
✇❤✐❧❡ ✜❣✉r❡s ✹✳✺✭❜✱❞✮ ❛❝❝♦✉♥t ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r❡✈✐♦✉s ❜r❛♥❝❤✱
t❤❡ ❢♦r❝✐♥❣ ✜❡❧❞s ❛r❡ ❧♦❝❛t❡❞ ✉♣str❡❛♠ ✇❤❡r❡❛s t❤❡ r❡s♣♦♥s❡s ❡①t❡♥❞ ❞♦✇♥str❡❛♠✳ ❍♦✇❡✈❡r✱ ❜♦t❤ t❤❡
❢♦r❝✐♥❣ ❛♥❞ t❤❡ r❡s♣♦♥s❡s r❡❞✉❝❡ ❤❡r❡ t♦ str❡❛♠✇✐s❡ ♦s❝✐❧❧❛t✐♥❣ ✇❛✈❡s s♣r❡❛❞✐♥❣ ♦✈❡r t❤❡ ❢r❡❡✲str❡❛♠ ♣❛rt
♦❢ t❤❡ ✢♦✇✳ ❚❤❡s❡ ✇❛✈❡s ❛r❡ ♠♦❞✉❧❛t❡❞ ✐♥ t❤❡ y ❞✐r❡❝t✐♦♥ ❛♥❞ ❤❛✈❡ t✇♦ ♠❛①✐♠❛✳ ❚❤❡ ♦♥❧②✱ ②❡t ♠♦st
✐♠♣♦rt❛♥t✱ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ ♠♦❞❡s ✇❤❡♥ ❝❤❛♥❣✐♥❣ t❤❡ ❢r❡q✉❡♥❝② ✐s t❤❡ str❡❛♠✇✐s❡ ✇❛✈❡ ❧❡♥❣t❤
♦❢ t❤❡ ✢♦✇ str✉❝t✉r❡s✳ ■♥❝r❡❛s✐♥❣ t❤❡ ❢r❡q✉❡♥❝② ❧❡❛❞s t♦ ❛ s♠❛❧❧❡r str❡❛♠✇✐s❡ ✇❛✈❡ ❧❡♥❣t❤ ❢♦r ❜♦t❤ t❤❡
❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡✐r ♣❤❛s❡ ✈❡❧♦❝✐t② ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ❝♦♥st❛♥t ✇✐t❤ t❤❡ ❢r❡q✉❡♥❝②
❛♥❞ ❡q✉❛❧ t♦ vφ ≈ 0.95✳
❆s ❛ r❡s✉❧t✱ t❤❡ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s ♦♥ t❤✐s ❜r❛♥❝❤ ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣❛rt ♦❢ t❤❡ ❞②♥❛♠✐❝s
❣♦✈❡r♥✐♥❣ t❤❡ ❢r❡❡✲str❡❛♠ ❛❞✈❡❝t✐♦♥ ♦❢ ♣❡rt✉r❜❛t✐♦♥s ❛t t❤❡ ✈❡❧♦❝✐t② ≈ 1✳ ❚❤✐s ❜r❛♥❝❤ ✐s t❤✉s ❝❛❧❧❡❞ ❛
✧❝♦♥✈❡❝t✐✈❡✧ ❜r❛♥❝❤✳

✹✳✸✳✹ ❖t❤❡r ❜r❛♥❝❤❡s✿ s✉❜✲♦♣t✐♠❛❧ ♠♦❞❡s

❈♦♥❝❡r♥✐♥❣ t❤❡ ♦t❤❡r ❜r❛♥❝❤❡s✱ t❤❡② ❝❛♥ ❛❧s♦ ❜❡ ❝❧❛ss✐✜❡❞ ❛s ❡✐t❤❡r ❛ ❝♦♥✈❡❝t✐✈❡ ♦r s❤❡❛r ❧❛②❡r ♦♥❡✳ ❆s
❛♥ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡✱ ✇❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡ ✹✳✻✭❛✱❜✮ t❤❡ t✇♦ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s t❛❦❡♥ ❢r♦♠ t❤❡
❜r❛♥❝❤❡s ❧❛❜❡❧❡❞ B2 ❛♥❞ B3 r❡s♣❡❝t✐✈❡❧② ❛t t❤❡ ❢r❡q✉❡♥❝② ω = 2✳ ❚❤❡s❡ r❡s♣♦♥s❡s ❛r❡ ✈❡r② s✐♠✐❧❛r t♦
t❤♦s❡ ♦❜s❡r✈❡❞ ♦♥ ❜r❛♥❝❤ B1 ❡①❝❡♣t t❤❛t t❤❡② ❞✐s♣❧❛② s♠❛❧❧❡r ❝r♦ss✲str❡❛♠ ✇❛✈❡ ❧❡♥❣t❤s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
t❤❡ r❡s♣♦♥s❡ ❝❤♦s❡♥ ♦♥ B2 ❞✐s♣❧❛②s t❤r❡❡ ♠❛①✐♠❛ ✐♥ t❤❡ y ❞✐r❡❝t✐♦♥ ✇❤✐❧❡ t❤❛t ♦♥ B3 ❤❛s ❢♦✉r✳ ❚❤❡s❡
r❡s✉❧ts ❛r❡ r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s ❛r❡ ♦rt❤♦❣♦♥❛❧✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡
❝♦♥✈❡❝t✐✈❡ ❜r❛♥❝❤❡s ❛r❡ ♠❡❛♥t t♦ ❝♦♥✈❡❝t ❛❧❧ ♣♦ss✐❜❧❡ ✉♣str❡❛♠ ❢♦r❝✐♥❣✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ s✉❝❤
❜r❛♥❝❤❡s t❤❡♥ ❤✐❣❤❧✐❣❤ts t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ str❡❛♠✇✐s❡ ❛♥❞ ❝r♦ss✲str❡❛♠ ♠♦❞✉❧❛t❡❞ ❢♦r❝✐♥❣
✐♥❞✐✈✐❞✉❛❧❧②✳
■♥ ❛♥ ❛♥❛❧♦❣♦✉s ✇❛②✱ ✇❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✹✳✼ t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s t❛❦❡♥ ♦♥ t❤❡ s❤❡❛r ❧❛②❡r
❜r❛♥❝❤ A2 ❛♥❞ ❝♦♠♣✉t❡❞ ❢♦r ω = 0.75 ❛♥❞ 1.5 r❡s♣❡❝t✐✈❡❧②✳ ❇♦t❤ ❞✐s♣❧❛② t✇♦ str❡❛♠✇✐s❡ s❡♣❛r❛t❡❞
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❋✐❣✉r❡ ✹✳✻✿ ✭❛✮ ❖♣t✐♠❛❧ r❡s♣♦♥s❡ ❛t t❤❡ ❢r❡q✉❡♥❝② ω = 2 ❝❤♦s❡♥ ♦♥ ❜r❛♥❝❤ B2✳ ✭❜✮ r❡♣r❡s❡♥ts t❤❡
♦♣t✐♠❛❧ r❡s♣♦♥s❡ ❛t t❤❡ s❛♠❡ ❢r❡q✉❡♥❝② ❝❤♦s❡♥ ♦♥ ❜r❛♥❝❤ B3✳

❋✐❣✉r❡ ✹✳✼✿ ❖♣t✐♠❛❧ r❡s♣♦♥s❡s ❝❤♦s❡♥ ♦♥ ❜r❛♥❝❤ A2 ❛t t❤❡ ❢r❡q✉❡♥❝✐❡s ω = 0.75 ✭❛✮ ❛♥❞ ω = 1.5 ✭❜✮✳

✇❛✈❡ ♣❛❝❦❡ts ❧♦❝❛❧✐③❡❞ ✐♥ t❤❡ s❤❡❛r ❧❛②❡r✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡✐r str❡❛♠✇✐s❡ ✇❛✈❡ ❧❡♥❣t❤ ❛r❡ t❤❡ s❛♠❡ ❛s
t❤♦s❡ ♦❢ t❤❡ r❡s♣♦♥s❡s ♦❜s❡r✈❡❞ ♦♥ ❜r❛♥❝❤ A1 ❛t t❤❡ s❛♠❡ ❢r❡q✉❡♥❝✐❡s✳ ❚❤✐s ❧❛tt❡r ♦❜s❡r✈❛t✐♦♥ ✐s ❛❧s♦
r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ s❡t ♦❢ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s✳ ❚❤✐s s❡❝♦♥❞ s❤❡❛r ❧❛②❡r ❜r❛♥❝❤ ✐s ♠✉❝❤
❧❡ss ❡♥❡r❣❡t✐❝ t❤❛♥ t❤❡ ♣r✐♠❛r② ♦♥❡ ❛♥❞ ✐s ❡✈❡♥ ❧❡ss t❤❛♥ t❤❡ ✜rst ❝♦♥✈❡❝t✐✈❡ ❜r❛♥❝❤✳

❚❤❡ ❢r❡q✉❡♥❝② ❞❡❝♦♠♣♦s✐t✐♦♥ ❡①♣♦s❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❤❛s ❡♠♣❤❛s✐③❡❞ ❛ ❝❧❡❛r s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥✿ ✭✐✮
✉♣str❡❛♠ ❢♦r❝✐♥❣ ❛♥❞ ❞♦✇♥str❡❛♠ r❡s♣♦♥s❡s ❜✉t ♠♦st❧② ✭✐✐✮ ❛ ❢r❡❡✲str❡❛♠ ❝♦♥✈❡❝t✐✈❡ ❞②♥❛♠✐❝s ❛♥❞ ❛♥
❛♠♣❧✐✜❡r ❞②♥❛♠✐❝s ❛❧♦♥❣ t❤❡ s❤❡❛r ❧❛②❡r✳ ❚❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ❞②♥❛♠✐❝s ♦r✐❣✐♥❛t❡ ❢r♦♠ s❤❡❛r ✐♥st❛❜✐❧✐t✐❡s
❛♥❞ ❛r❡ ♣r❡❞♦♠✐♥❛♥t ❢♦r t❤❡ ❢r❡q✉❡♥❝✐❡s ❧♦✇❡r t❤❛♥ ω ≈ 2.6✳ ❲❤❛t ✐s ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡ ✐s t♦ ♥♦t❡
t❤❛t t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t ❧❡❛❞s t♦ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥
✇❤✐❝❤ ♦♣t✐♠❛❧❧② ♦r❞❡rs t❤❡ s❡t ♦❢ ❢♦r❝✐♥❣ ✭✐♥♣✉ts✮ ❛♥❞ ❛ss♦❝✐❛t❡❞ r❡s♣♦♥s❡s ✭♦✉t♣✉ts✮✳ ◆♦t❛❜❧②✱ t❤✐s
❞❡❝♦♠♣♦s✐t✐♦♥ ❤✐❣❤❧✐❣❤ts t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ♣❛rt ♦❢ t❤❡ ♠❛♣ ❧✐♥❦✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ✐♥♣✉ts t♦ ❛❧❧ ♣♦ss✐❜❧❡
♦✉t♣✉ts ✐♥ t❤❡ ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧ ♦❢ ✐♥t❡r❡st✳ ❚❤✉s✱ ✐t ♣r♦✈✐❞❡s ❛ ♠✐❧❡st♦♥❡ ✐♥ ♦r❞❡r t♦ ❞❡s✐❣♥ r❡❧❡✈❛♥t
♣r♦❥❡❝t✐♦♥ ❜❛s❡s ❢♦r t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥✳

✹✳✹ Pr♦❥❡❝t✐♦♥ ❜❛s❡s

❚❤❡ ♣r❡✈✐♦✉s r❛♥❦✐♥❣ ♦❢ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s ❢♦r ❡❛❝❤ ❢r❡q✉❡♥❝② ❞♦❡s ♥♦t ②✐❡❧❞ ❛ r❡❛❞②✲♠❛❞❡
❜❛s✐s ♦❢ ♣r♦❥❡❝t✐♦♥✳ ❚♦ ❞❡r✐✈❡ s✉❝❤ ❛ ❜❛s✐s✱ ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠
❛♥❞ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❡q✉❛❧❧② ❢♦r❝❡❞ t♦ ❡①tr❛❝t ✭✐✮ t❤❡ s❡t ♦❢ t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ r❡s♣♦♥s❡s ❛♥❞ ✭✐✐✮ t❤❡ s❡t
♦❢ t❤❡ ♠♦st ❛♠♣❧✐✜❡❞ str✉❝t✉r❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✭✐✐✐✮ t❤❡ ♠♦st ❛♥❞ ❡q✉❛❧❧② ❣r♦✇✐♥❣ ❛♥❞ ❡♥❡r❣❡t✐❝ ✢♦✇
str✉❝t✉r❡s✱ ❛❧s♦ ❝❛❧❧❡❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✱ ❛r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞✳ ❚❡❝❤♥✐❝❛❧❧②✱ t❤❡ ✐❞❡❛ ✐s t♦ ❞❡❝♦♠♣♦s❡ t❤❡
❞②♥❛♠✐❝s ❜② r❛♥❦❡❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✇❤✐❝❤ ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❢r❡q✉❡♥❝② ❞❡❝♦♠♣♦s✐t✐♦♥✳
❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡s❡ t❤r❡❡ ❜❛s❡s ♦❢ ♣r♦❥❡❝t✐♦♥✳

✹✳✹✳✶ ❋✐rst ❜❛s✐s✿ ❊♠♣✐r✐❝❛❧ ❖rt❤♦❣♦♥❛❧ ❋✉♥❝t✐♦♥s

❙✐♥❝❡ ♠❛♥② ✢♦✇s ❡①❤✐❜✐t ❢❡✇ ❞♦♠✐♥❛♥t ✐♥st❛❜✐❧✐t② ♠❡❝❤❛♥✐s♠s✱ t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ♣r♦❝❡ss❡s ♦❢t❡♥ ❣✐✈❡ ❛
❣♦♦❞ ✐❞❡❛ ♦❢ t❤❡ ✢♦✇ str✉❝t✉r❡✳ ❚r✉♥❝❛t✐♥❣ ❛ ✢♦✇ ❞②♥❛♠✐❝s t♦ ✐ts ♠♦st ❡♥❡r❣❡t✐❝ ♣❛tt❡r♥s ✐s ❝♦♠♠♦♥ ✐♥
st✉❞✐❡s ♦❢ t✉r❜✉❧❡♥❝❡ ✭s❡❡ ▲✉♠❧❡② ✭✶✾✼✵✮❀ ❍♦❧♠❡s ❡t ❛❧✳ ✭✶✾✾✼✮✮ ❛♥❞ ✐s ❦♥♦✇♥ ❛s t❤❡ Pr♦♣❡r ❖rt❤♦❣♦♥❛❧
❉❡❝♦♠♣♦s✐t✐♦♥ ✭P❖❉✮✳ ❚❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ♣❛tt❡r♥s ❛r❡ ✉s✉❛❧❧② r❡❢❡rr❡❞ t♦ ❛s P❖❉ ♠♦❞❡s ♦r ❛❧s♦
❊♠♣✐r✐❝❛❧ ❖rt❤♦❣♦♥❛❧ ❋✉♥❝t✐♦♥s ✭❊❖❋s✮✳
❚❤❡ ✐❞❡❛ ❝♦♥s✐sts ♦❢ ❛rt✐✜❝✐❛❧❧② ❢♦r❝✐♥❣ s②st❡♠ ✭✹✳✷✮ ❜② ❛ st♦❝❤❛st✐❝ ❛♥❞ ✉♥❜✐❛s❡❞ ♣r♦❝❡ss ✐♥ ♦r❞❡r t♦
❡①tr❛❝t ❞②♥❛♠✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ✢♦✇ r❡s♣♦♥s❡✳ ❚❤✐s r❡s♣♦♥s❡ ❝❛♥ t❤❡♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛♥❞
r❛♥❦❡❞ ❜② t❤❡ ❧❡❛❞✐♥❣ ❡♥❡r❣❡t✐❝ ❝♦❤❡r❡♥t ♣r♦❝❡ss❡s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ st♦❝❤❛st✐❝❛❧❧②
❢♦r❝❡❞ s②st❡♠ ❣✐✈❡♥ ❜②

ẋ = Ax + Fξ(t) ✭✹✳✶✵✮

✶✶✹



✹✳✹✳ P❘❖❏❊❈❚■❖◆ ❇❆❙❊❙

✇❤❡r❡ F ✐s ❛ ♠❛tr✐① ♦❢ s✐③❡ n× n ❣♦✈❡r♥✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❢♦r❝✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✈❡❝t♦r ξ(t) ♦❢
s✐③❡ n× 1 ✐s ❛ δ✲❝♦rr❡❧❛t❡❞ ✇❤✐t❡ ♥♦✐s❡ ♣r♦❝❡ss ✇✐t❤ ③❡r♦ ♠❡❛♥✳ ◆❛♠❡❧②✱ ✇❡ ❤❛✈❡

[ξi(t)] = 0 ❛♥❞ [ξi(t)ξ
†
j (t

′)] = δijδ(t− t′) ✭✹✳✶✶✮

✇❤❡r❡ [ ] ❞❡♥♦t❡s t❤❡ ❡♥s❡♠❜❧❡ ❛✈❡r❛❣❡ ❛♥❞ δij t❤❡ ❑r♦♥❡❝❦❡r s②♠❜♦❧✳ ❚❤❡ ith ❝♦♠♣♦♥❡♥t ξi(t) ♦❢ t❤❡
♥♦✐s❡ ✐s ❞❡✜♥❡❞ s♦ ❛s t♦ ❢♦r❝❡ t❤❡ ith ❝♦❧✉♠♥ ♦❢ t❤❡ ♠❛tr✐① F✳ ❲❡ ❛ss✉♠❡ t❤❛t F ✐s ❛ ✉♥✐t❛r② ♠❛tr✐①
✭F†F = I✮ s♦ t❤❛t ✐ts ❝♦❧✉♠♥s ❛r❡ ♦rt❤♦❣♦♥❛❧❀ t❤❡ ❢♦r❝✐♥❣ ✐s t❤❡♥ ❞❡✜♥❡❞ ❛s t❤❡ s✉♠ ♦❢ ❛♥ ♦rt❤♦♥♦r♠❛❧
s❡t ♦❢ ✉♥❝♦rr❡❧❛t❡❞ ♣r♦❝❡ss❡s✳

❙②st❡♠ ✹✳✶✵ ②✐❡❧❞s t❤❡ ❞②♥❛♠✐❝s ♦❢ x(t)✱ ✇❤✐❝❤ ✐s ❛ r❛♥❞♦♠ ✢♦✇ ✜❡❧❞✱ ✇❤❡♥ s✉❜❥❡❝t❡❞ t♦ ❛ ♣❡r♠❛♥❡♥t
r❛♥❞♦♠ ❡①❝✐t❛t✐♦♥✳ ❙✐♥❝❡ t❤❡ ✢♦✇ ✐s ❣❧♦❜❛❧❧② st❛❜❧❡ ✭A ✐s st❛❜❧❡✮✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ t❡♥❞s
t♦ ❛ st❛t✐st✐❝❛❧❧② st❡❛❞② ✢♦✇ st❛t❡ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ t✐♠❡s✳ ❋✉rt❤❡r♠♦r❡✱ ❛s s❤♦✇♥ ✐♥ ❋❛rr❡❧❧ ✫
■♦❛♥♥♦✉ ✭✶✾✾✸❛✱ ✶✾✾✻✮✱ t❤✐s st❛t✐st✐❝❛❧❧② st❡❛❞② ✢♦✇ st❛t❡ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
P = [x(t)x(t)†] ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ F ❛♥❞ r❡❞✉❝❡s t♦

P =

∫ +∞

0
eAteA

†tdt ✭✹✳✶✷✮

❚❤✐s ♠❛tr✐① ✐s ❤❡r♠✐t✐❛♥ s♦ t❤❛t ✐ts ❡✐❣❡♥✈❡❝t♦rs ❢♦r♠ ❛♥ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s✳ ❚❤❡s❡ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ t❤❡
s♦✲❝❛❧❧❡❞ ❊❖❋s✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s s♣❛♥ ♠♦st ❝♦♥❝✐s❡❧② t❤❡ ✢♦✇ str✉❝t✉r❡s ❛❝❝♦✉♥t✐♥❣
❢♦r t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ st❛t✐st✐❝❛❧❧② st❡❛❞② st❛t❡✱ s❡❡ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✶✾✾✸❛✮✳ ■♥❞❡❡❞✱ ❛ss✉♠✐♥❣ t❤❛t
t❤❡ ith ❊❖❋ ϕi ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡ βi ❛♥❞ t❤❛t t❤❡ r❛♥❞♦♠ st❛t❡ x(t) ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥ t❤❡
s✉♠

x(t) =

n∑

i=1

αi(t)ϕi ✭✹✳✶✸✮

t❤❡♥ ✐t ❝❛♥ ❜❡ s❤♦✇♥ ✭❍÷♣✛♥❡r ✭✷✵✵✻✮✮ t❤❛t t❤❡ ❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥ts αi(t) ❛r❡ s❝❛❧❛r ✉♥❝♦rr❡❧❛t❡❞
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✿

[αi(t)αj(t
′)] = δijδ(t− t′)βi ✭✹✳✶✹✮

◆♦t❛❜❧②✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts αi ❛r❡ ❡q✉❛❧ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ϕi✳ ❚❤❡r❡❢♦r❡✱ t❤❡ tr❛❝❡ ♦❢ t❤❡
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① r❡❞✉❝❡s t♦ t❤❡ t♦t❛❧ ✈❛r✐❛♥❝❡ ♠❛✐♥t❛✐♥❡❞ ✐♥ t❤❡ st❛t✐st✐❝❛❧❧② st❡❛❞② st❛t❡✳ ❙✐♥❝❡ t❤❡
s♣❛❝❡✲t✐♠❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❊❖❋s ❛r❡ ✉♥❝♦rr❡❧❛t❡❞ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✱ t❤❡② ❛r❡ ❝♦♠♠♦♥❧② ✐♥t❡r♣r❡t❡❞ ❛s
❝♦❤❡r❡♥t ♣r♦❝❡ss❡s ♦❢ t❤❡ ✢♦✇ ✜❡❧❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ r❛♥❞♦♠ ✢♦✇ ✜❡❧❞ x(t) ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡
✐s ❞❡❝♦♠♣♦s❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✶✸✮ ❛s ❛ ❢❛♠✐❧② ♦❢ ❝♦❤❡r❡♥t ♣r♦❝❡ss❡s ❡✈♦❧✈✐♥❣ ✐♥ ♣❛r❛❧❧❡❧✳ ❊♥❡r❣② ✐s
❢✉rt❤❡r♠♦r❡ ♠♦st❧② ❝❛rr✐❡❞ ❜② t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ✇❤✐❝❤ ♠❛❦❡ t❤❡♠ ❛ ♣r❡❢❡rr❡❞ ❜❛s✐s ♦❢ ❢✉♥❝t✐♦♥s
❢♦r t❤❡ tr✉♥❝❛t✐♦♥ ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳
❆ ❞❡t❡r♠✐♥✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ ❛t t❤✐s ♣♦✐♥t✳ ❆s s❤♦✇♥ ✐♥
▲✉❡♥❜❡r❣❡r ✭✶✾✻✾✮❀ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❛✮✱ t❤❡ ♠✐♥✐♠✉♠ ♣❛st ❢♦r❝✐♥❣ ✭✐♥ t❡r♠s ♦❢ ❡♥❡r❣②✮ r❡q✉✐r❡❞
t♦ r❡❛❝❤ ❛ ❣✐✈❡♥ st❛t❡ x0 ✐s ❡q✉❛❧ t♦ x

†
0P−1x0✳ ❚❤❡ ♦♣❡r❛t♦r P t❤✉s ♠❡❛s✉r❡s t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡

✢♦✇ st❛t❡s ❛♥❞ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ●r❛♠✐❛♥✳ ❚❤❡ ❧❡❛❞✐♥❣ ❊❖❋s r❡❞✉❝❡ t♦ t❤❡ ✢♦✇
str✉❝t✉r❡s t❤❡ ♠♦st ❡❛s✐❧② tr✐❣❣❡r❡❞ ❜② t❤❡ ✢♦✇✱ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ t❤❛t r❡q✉✐r❡ t❤❡ ❧❡❛st ❡♥❡r❣② t♦ ❜❡
❢♦r❝❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s ♠❛② ❛❧s♦ ❜❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s✳

✹✳✹✳✶✳✶ ❈♦♠♣✉t❛t✐♦♥

❋♦r ❛ ♣r♦❜❧❡♠ ♦❢ s♠❛❧❧ s✐③❡✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❝♦♠♣✉t❡❞ ❢r♦♠ ❛ ▲②❛♣✉♥♦✈ ❡q✉❛t✐♦♥✱
s❡❡ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✶✾✾✸❛✱ ✷✵✵✶❛✮✳ ❍♦✇❡✈❡r✱ ✐♥ ♦✉r ❝❛s❡✱ s♦❧✈✐♥❣ s✉❝❤ ❛♥ ❡q✉❛t✐♦♥ ✐s ♥♦t tr❛❝t❛❜❧❡✳
❆♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ❤❛s t♦ ❜❡ ❡♠♣❧♦②❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s ✇✐t❤♦✉t r❡q✉✐r✐♥❣ t♦ ❝♦♠♣✉t❡

✶✶✺



❈❍❆P❚❊❘ ✹✳ ❋❘❊◗❯❊◆❈❨ ❉❊❈❖▼P❖❙■❚■❖◆ ❆◆❉ ▼❖❉❊▲ ❘❊❉❯❈❚■❖◆ ❖❋ ❚❍❊ ❋❯▲▲ ❉❨◆❆▼■❈❙

♦r ❡✈❡♥ st♦r❡ t❤❡ ♠❛tr✐① P✳ ❚❤❡ t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ❤❡r❡ ❡♥❛❜❧❡s t♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t② ❛♥❞ ✐s
❜❛s❡❞ ♦♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳
❋✐rst✱ P ✐s ❢♦r♠✉❧❛t❡❞ ❜② ❛ ❢r❡q✉❡♥❝② ✐♥t❡❣r❛❧ ❜② ✉s✐♥❣ P❛rs❡✈❛❧✬s t❤❡♦r❡♠✿

P =
1

2π

∫ ∞

−∞

R(ω)R†(ω)dω ✭✹✳✶✺✮

✇❤❡r❡ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ❤❛s r❡♣❧❛❝❡❞ t❤❡ t✐♠❡ ♣r♦♣❛❣❛t♦r✳ ❆s ❛ s❡❝♦♥❞ st❡♣✱ t❤❡ ❢r❡q✉❡♥❝② ✐♥t❡❣r❛❧
✐s ❞✐s❝r❡t✐③❡❞ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ s✉♠

P =
1

2π

∑

i∈Z

R(ωi)R
†(ωi)δi ✭✹✳✶✻✮

✇❤❡r❡ ④ωi✱i ∈ Z⑥ ✐s ❛ ❣✐✈❡♥ s❡t ♦❢ ❞✐s❝r❡t❡ ❢r❡q✉❡♥❝✐❡s ❛♥❞ δi ❞❡♥♦t❡s ❛♣♣r♦♣r✐❛t❡ q✉❛❞r❛t✉r❡ ❝♦❡✣❝✐❡♥ts✳
P r❡❞✉❝❡s t♦ t❤❡ s✉♠ ♦❢ t❤❡ ♠❛tr✐❝❡s R(ωi)R

†(ωi)✱ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❝♦♠♣✉t❡❞ ♦r st♦r❡❞✳ ❚♦ ❛❧❧❡✈✐❛t❡ t❤✐s
❧✐♠✐t❛t✐♦♥✱ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✳ ❚❤❡s❡ ♠❛tr✐❝❡s ❛r❡ r❡♣❧❛❝❡❞ ❜② t❤❡✐r tr✉♥❝❛t❡❞ ❡✐❣❡♥✈❛❧✉❡
❞❡❝♦♠♣♦s✐t✐♦♥✿

R(ωi)R
†(ωi) ≈ XΛ2X†(ωi) ✭✹✳✶✼✮

✇❤❡r❡ X ❛♥❞ Λ2 ❛r❡ t❤❡ ♠❛tr✐❝❡s ♦❢ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❛♥ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ♦❢ r❛♥❦ k✱ X ❛♥❞ Λ ❛r❡ ♦❢ s✐③❡ n × k ❛♥❞ k × k r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ r❛♥❦ k ✐s t❤✉s ❛ ❢✉♥❞❛♠❡♥t❛❧
♣❛r❛♠❡t❡r t♦ ❛ss❡ss t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ ❝♦❧✉♠♥s ♦❢ X(ω) r❡❞✉❝❡ t♦ t❤❡
❧❡❢t s✐♥❣✉❧❛r ✈❡❝t♦rs ♦❢ R(ω) ❛♥❞ ♠♦st❧② t♦ t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s ♣r❡✈✐♦✉s❧② ❞❡♥♦t❡❞ ❜② x̂i(ω)✳ ❋✉rt❤❡r✲
♠♦r❡✱ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts λi(ω) ♦❢ ♠❛tr✐① Λ(ω) ❛r❡ t❤❡ ❧❡❛❞✐♥❣ s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ R(ω)✳ ❇② ✉s✐♥❣ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ ✭✹✳✶✼✮✱ ✇❡ ❝❛♥ ❢❛❝t♦r t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① P ✐♥

P =
1

2π

∑

i∈Z

XΛ2X†(ωi)δi = XX† ✭✹✳✶✽✮

✇❤❡r❡ t❤❡ ♠❛tr✐① X ✐s ♦❜t❛✐♥❡❞ ❜② st❛❝❦✐♥❣ t❤❡ ✢♦✇ st❛t❡s XΛ ❢♦r ❡❛❝❤ ❢r❡q✉❡♥❝② ωi ✇✐t❤ ❛♣♣r♦♣r✐❛t❡
q✉❛❞r❛t✉r❡ ❝♦❡✣❝✐❡♥ts✳ ❋♦r ❛ s❡t ♦❢ nω ❢r❡q✉❡♥❝✐❡s✱ X ✐s ♦❢ s✐③❡ n× knω✳ ■t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ r❡❝♦✈❡r
t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s✴✈❡❝t♦rs ♦❢ P ❜② ✉s✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ s♥❛♣s❤♦t t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ❜② ❙✐r♦✈✐❝❤
✭✶✾✽✼✮✳ ❋✐rst✱ ✇❡ ♣❡r❢♦r♠ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ X†X ❛s

X†X = HBH∗ ✭✹✳✶✾✮

✇❤❡r❡ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① B ❝♦♥t❛✐♥s t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s βi ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❊❖❋s✱ ♥❛♠❡❧② t❤❡
❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s P✳ ❚❤❡ ❧❡❛❞✐♥❣ ❊❖❋s ϕi ❛r❡ ❝♦♠♣✉t❡❞ ❜②

ϕi =
1√
βi

XHi ✭✹✳✷✵✮

✇❤❡r❡ Hi ❞❡♥♦t❡s t❤❡ ith ❝♦❧✉♠♥ ♦❢ t❤❡ ♠❛tr✐① H✳ ◆♦t❡ t❤❛t t❤❡ ❊❖❋s ❛r❡ ♦rt❤♦❣♦♥❛❧ ❜② ❝♦♥str✉❝t✐♦♥✳
■t s❤♦✉❧❞ ❜❡ ❡♠♣❤❛s✐③❡❞ t❤❛t t❤❡ ♣r❡s❡♥t ♣r♦❝❡❞✉r❡ ✐s ♠❡❛♥t t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❊❖❋s ❢r♦♠ t❤❡ s✉❜s❡t
♦❢ t❤❡ k ❧❡❛❞✐♥❣ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s✳

✹✳✹✳✶✳✷ r❡s✉❧ts

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❊❖❋s ✐s ❜❛s❡❞ ♦♥ t❤❡ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s ♦❢ t❤❡ ✢♦✇✱ ✇❤✐❝❤ ❛r❡ ❝♦♠♣✉t❡❞
✉s✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳ ❚♦ ❞✐s❝r❡t✐③❡ t❤❡ ❢r❡q✉❡♥❝②✲❞♦♠❛✐♥ ✐♥t❡❣r❛❧ ❞❡✜♥❡❞
✐♥ ❡q✉❛t✐♦♥ ✭✹✳✶✺✮✱ ❛♥ ❡q✉✐❞✐st❛♥t s♣❛❝✐♥❣ ❜❡t✇❡❡♥ 129 ❢r❡q✉❡♥❝✐❡s ❤❛s ❜❡❡♥ ❛❞♦♣t❡❞ ❛♥❞ q✉❛❞r❛t✉r❡
❝♦❡✣❝✐❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ 4th✲♦r❞❡r ❙✐♠♣s♦♥ ♠❡t❤♦❞ ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳ ◆♦t❡ t❤❛t t❤❡ r❛♥❦ k ♦❢
tr✉♥❝❛t✐♦♥ ❤❛s t♦ ❜❡ ❝❛r❡❢✉❧❧② t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t♦ ❛ss❡ss t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✳

✶✶✻



✹✳✹✳ P❘❖❏❊❈❚■❖◆ ❇❆❙❊❙

❋✐❣✉r❡ ✹✳✽✿ ✭❛✮ ✜rst 1500 ❡✐❣❡♥✈❛❧✉❡s βi✳ ✭❜✲❢✮ ❞❡♣✐❝t t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✜rst✱ t❤✐r❞✱ 9th✱
18th ❛♥❞ 40th ❊♠♣✐r✐❝❛❧ ❖rt❤♦❣♦♥❛❧ ❋✉♥❝t✐♦♥s✳

❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✹✳✽✭❛✮ t❤❡ ✜rst 1500 ❡✐❣❡♥✈❛❧✉❡s βi ❢♦r ✈❛r✐♦✉s ✈❛❧✉❡s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥
r❛♥❦ k = 10, 20, 30 ❛♥❞ 40✳ ❚❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ♦❜s❡r✈❡❞ t♦ ❜❡ ❝♦♥✈❡r❣❡❞ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡
✈❛❧✉❡ ♦❢ k ❛♥❞ t❤✐s ❛❧s♦ ❤♦❧❞s ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦rs ✭♥♦t s❤♦✇♥ ❤❡r❡✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✜❣✉r❡
✹✳✽✭❛✮ ♣r♦✈✐❞❡s ❛ ③♦♦♠ ♦♥ t❤❡ ✜rst 40 ❡✐❣❡♥✈❛❧✉❡s✱ ✇❤✐❝❤ ❛r❡ ❝♦♥✈❡r❣❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ r❛♥❦ k✳ ❚❤❡
✜rst ❡✐❣❡♥✈❛❧✉❡s ❝♦♠❡ ✐♥ ♣❛✐r ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ❊❖❋s ❛r❡ tr❛✈❡❧✐♥❣ str✉❝t✉r❡s✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❢❛❧❧ ♦✛ q✉✐t❡ r❛♣✐❞❧②✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ✢♦✇ r❡s♣♦♥s❡ t♦ st♦❝❤❛st✐❝
❢♦r❝✐♥❣ ✐s ♦♥❧② ❞r✐✈❡♥ ❜② ❛ ❧♦✇ ♥✉♠❜❡r ♦❢ ❝♦❤❡r❡♥t ♣r♦❝❡ss❡s✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ✹✳✽✭❜✲❢✮
t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✜rst✱ t❤✐r❞✱ 9th✱ 18th ❛♥❞ 40th ❊❖❋s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡② ❛♣♣❡❛r ❛s ✇❛✈❡
♣❛❝❦❡ts t❤❛t ❛r❡ s♣❛t✐❛❧❧② ❡①t❡♥❞❡❞ ❞♦✇♥str❡❛♠✱ ✇❤❡r❡ t❤❡ r❡s♣♦♥s❡ ❡♥❡r❣② t♦ ❢♦r❝✐♥❣ ✐s t❤❡ ❧❛r❣❡st✳
❈♦♥tr❛r② t♦ t❤❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s ❡①♣♦s❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✱ t❤❡ ❊❖❋s ❛r❡ ♥♦t ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣❛rt✐❝✉❧❛r
❢r❡q✉❡♥❝②✳ ❘❛t❤❡r✱ t❤❡② ❛❝❝♦✉♥t ❢♦r t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ♣❛tt❡r♥s ❡♠❡r❣✐♥❣ ❢r♦♠ ❛ ✇❤✐t❡ ♥♦✐s❡ ❢♦r❝✐♥❣
✇❤✐❝❤ ❡①❝✐t❡s ❛❧❧ t❤❡ ❢r❡q✉❡♥❝✐❡s ❛♥❞ s♣❛t✐❛❧ ✇❛✈❡❧❡♥❣t❤s ✐♥ ❛♥ ❡q✉❛❧ ❜❛❧❛♥❝❡✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ✜rst ❊❖❋
✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ s❛♠❡ str❡❛♠✇✐s❡ ✇❛✈❡❧❡♥❣t❤ ❛s t❤❛t ♦❢ t❤❡ ♦♣t✐♠❛❧ ✢♦✇ r❡s♣♦♥s❡ ❛t ω = 0.75✳
❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❝♦♥✜r♠s t❤❛t t❤❡ ❢♦r❝✐♥❣ ♦❢ ❛❧❧ s♣❛❝❡✲t✐♠❡ s❝❛❧❡s r❡s✉❧ts ✐♥ ❛ ♣r❡❢❡rr❡❞ ❢r❡q✉❡♥❝② ♦❢
ω = 0.75 ✐♥ t❤❡ ✢♦✇ r❡s♣♦♥s❡✱ s❡❡ ✜❣✉r❡ ✹✳✸✳ ❆s ❢♦r ❤✐❣❤❡r ❊❖❋s✱ t❤❡✐r s♣❛t✐❛❧ s✉♣♣♦rt ✐s ♦❜s❡r✈❡❞ t♦
❡①t❡♥❞ ❢❛rt❤❡r ❞♦✇♥str❡❛♠✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡② ❞✐s♣❧❛② ♠♦r❡ ❝♦♠♣❧❡① str✉❝t✉r❡s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♠♦r❡
t❤❛♥ ♦♥❡ ♣❛rt✐❝✉❧❛r ✇❛✈❡❧❡♥❣t❤✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s♠❛❧❧❡r str✉❝t✉r❡s ❛r❡ ♦❜s❡r✈❡❞ ♥❡❛r s❡♣❛r❛t✐♦♥ ✇❤✐❧❡
❧❛r❣❡r str✉❝t✉r❡s ❛r❡ ♠❛✐♥❧② ❧♦❝❛❧✐③❡❞ ❞♦✇♥str❡❛♠✱ s❡❡ ✜❣✉r❡s ✹✳✽✭❡✱❢✮✳ ❚❤✐s r❡s✉❧t ✐s ❝♦♥s✐st❡♥t s✐♥❝❡ ✇❡
❝♦♠♣✉t❡ t❤❡ ❊❖❋s ❢r♦♠ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❧❡❛❞✐♥❣ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s t❛❦❡♥ ♦✈❡r ❛
❢r❡q✉❡♥❝② r❛♥❣❡✱ s❡❡ ❡q✉❛t✐♦♥ ✭✹✳✷✵✮✳
❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ t❤❡s❡ ♠♦❞❡s r❡♣r❡s❡♥t ✉♥❝♦rr❡❧❛t❡❞ ❡♥❡r❣②✲r❛♥❦❡❞ ✢♦✇ st❛t❡s s♦ t❤❛t t❤❡ jth

❊❖❋ ❝♦♥tr✐❜✉t❡s t♦ βj/
∑n

i=1 βi×100% ♦❢ t❤❡ t♦t❛❧ s✉st❛✐♥❡❞ ✈❛r✐❛♥❝❡✳ ❆s ❛♥ ✐♥❞✐❝❛t✐✈❡ ✐❧❧✉str❛t✐♦♥✱ t❤❡
✜rst 4 ❊❖❋s ❝♦♥t❛✐♥ 71% ♦❢ t❤❡ t♦t❛❧ ✈❛r✐❛♥❝❡ ✇❤✐❧❡ t❤❡ ✜rst 10 ♦♥❡s ❝♦♥t❛✐♥ 94% ♦❢ ✐t ✭✐♥❞❡♣❡♥❞❡♥t❧②
♦❢ t❤❡ r❛♥❦ k✮✳

✹✳✹✳✷ ❙❡❝♦♥❞ ❜❛s✐s✿ t❤❡ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s

❚❤❡ ❊❖❋s ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ ❝♦♥s✐st ♦❢ t❤❡ s❡t ♦❢ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s ♦❢ t❤❡ ✢♦✇ ✇❤❡♥ s✉❜❥❡❝t❡❞ t♦
❛♥ ❡①t❡r♥❛❧ st♦❝❤❛st✐❝ ❢♦r❝✐♥❣✳ ❍♦✇❡✈❡r✱ ♦✇✐♥❣ t♦ t❤❡ ♥♦♥✲♥♦r♠❛❧✐t② ♦❢ t❤❡ ❜❛s❡ ✢♦✇✱ t❤❡ ♦♣t✐♠❛❧
r❡s♣♦♥s❡s ❛r❡ str✉❝t✉r❛❧❧② ❞✐st✐♥❝t ❢r♦♠ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣t✐♠❛❧ ❡①❝✐t❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s❡t ♦❢

✶✶✼
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❢♦r❝✐♥❣ ❞✐str✐❜✉t✐♦♥s ②✐❡❧❞✐♥❣ ❛ ♠❛①✐♠✉♠ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ st❛t✐st✐❝❛❧❧② st❡❛❞② st❛t❡
❞✐✛❡rs ❢r♦♠ t❤❡ ❊❖❋s✳ ❲❡ ❝❛❧❧ t❤❡♠ t❤❡ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s ✭❙❖s✮✳ ❆s ♠❡♥t✐♦♥❡❞ ❜② ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉
✭✷✵✵✶❛✮✱ ❛♥ ❛❝❝✉r❛t❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝s r❡q✉✐r❡s t♦ ❝❛♣t✉r❡ ❜♦t❤ t❤❡ s❡t ♦❢ ♦♣t✐♠❛❧❧②
❣r♦✇✐♥❣ ♣❡rt✉r❜❛t✐♦♥s ❛♥❞ t❤♦s❡ ✐♥t♦ ✇❤✐❝❤ t❤❡② ❡✈♦❧✈❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜✉✐❧❞✐♥❣ ❘❖▼s ❜② ✉s✐♥❣ t❤❡ s❡t
♦❢ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s st❛♥❞s ❢♦r ❛ ♥❛t✉r❛❧ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ✉s❡ ♦❢ ❊❖❋s✳
❈♦♥s✐❞❡r✐♥❣ s②st❡♠ ✭✹✳✶✵✮✱ t❤❡ ♠❛✐♥t❛✐♥❡❞ ✈❛r✐❛♥❝❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞✱ s❡❡ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✶✾✾✸❛✮✱ ❜②

[x†x] = tr❛❝❡(F†QF) ✭✹✳✷✶✮

✇❤❡r❡ t❤❡ ♠❛tr✐① Q ✐s ❞❡✜♥❡❞ ❜②

Q =

∫ +∞

0
eA

†teAtdt ✭✹✳✷✷✮

❚❤✐s ♠❛tr✐① ✐s ❛❧s♦ ❤❡r♠✐t✐❛♥ s♦ t❤❛t ✐ts ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ♦rt❤♦❣♦♥❛❧✳ ❲❡ ❝❛❧❧ t❤❡s❡ ❡✐❣❡♥✈❡❝t♦rs t❤❡
❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s ✭❙❖s✮✳ ❆❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✹✳✷✶✮✱ t❤❡② r❛♥❦ t❤❡ ❢♦r❝✐♥❣ str✉❝t✉r❡s✱ ✐✳❡✳ t❤❡
❝♦❧✉♠♥s ♦❢ F✱ ❜② t❤❡✐r ❝♦♥tr✐❜✉t✐♦♥ t♦ ❡①❝✐t✐♥❣ t❤❡ ♠❛✐♥t❛✐♥❡❞ ✈❛r✐❛♥❝❡✳ ▲❡t φi ❜❡ t❤❡ ith ❡✐❣❡♥✈❡❝t♦r
♦❢ Q ✇✐t❤ ✐ts ❡✐❣❡♥✈❛❧✉❡ γi ❛♥❞ κi ❜❡ ❛ s❡t ♦❢ s❝❛❧❛rs✱ t❤❡♥ ❛ ❢♦r❝✐♥❣ ❣✐✈❡♥ ❜②

∑n
i=1 κiφiξi(t) ✇✐❧❧ ❧❡❛❞✱

❢♦r ❧❛r❣❡ t✐♠❡s✱ t♦ ❛ st❛t✐st✐❝❛❧❧② st❡❛❞② ✢♦✇ st❛t❡ ♦❢ ✈❛r✐❛♥❝❡ ❡q✉❛❧ t♦
∑n

i=1 κiγi✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡
✈❛r✐❛♥❝❡ s✉st❛✐♥❡❞ ❜② ❡❛❝❤ ❡✐❣❡♥✈❡❝t♦r ❛t st❛t✐st✐❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ✐s ❡q✉❛❧ t♦ ✐ts ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞
t❤❡ t♦t❛❧ ✈❛r✐❛♥❝❡ ✐s ❣✐✈❡♥ ❜② t❤❡ tr❛❝❡ ♦❢ Q✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛♥② r❛♥❞♦♠ ❢♦r❝✐♥❣ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s
❛ ❢❛♠✐❧② ♦❢ ✉♥❝♦rr❡❧❛t❡❞ ❛♥❞ ♦rt❤♦❣♦♥❛❧ ❝♦❤❡r❡♥t ♣r♦❝❡ss❡s r❛♥❦❡❞ ❜② t❤❡✐r ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❡✈♦❧✈❡❞
✢♦✇ st❛t❡ s✉st❛✐♥❡❞ ✈❛r✐❛♥❝❡✳ ❙✐♥❝❡ ❡♥❡r❣② ✐s ♠♦st❧② tr✐❣❣❡r❡❞ ❜② t❤❡s❡ ❡✐❣❡♥✈❡❝t♦rs ✭t❤❡ ❙❖s✮✱ t❤❡② ❛❧s♦
❝♦♥st✐t✉t❡ ❛ ♣r❡❢❡rr❡❞ ❜❛s✐s ♦❢ ❢✉♥❝t✐♦♥s t♦ ❞❡s✐❣♥ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s✳
■♥t❡r❡st✐♥❣❧②✱ ❛ ❞❡t❡r♠✐♥✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ Q ❛❧s♦ ❡①✐sts✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✐t✐❛❧ st❛t❡ x0✱ t❤❡
t✐♠❡✲✐♥t❡❣r❛t❡❞ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ ✐ts ❡✈♦❧✈❡❞ st❛t❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜②

∫ +∞

0
x†(t)x(t)dt = x

†
0

(∫ +∞

0
eA

†teAtdt

)

x0 = x
†
0Qx0 ✭✹✳✷✸✮

❚❤❡ ♦♣❡r❛t♦r Q t❤✉s ♠❡❛s✉r❡s t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ♦❢ t❤❡ ✢♦✇ st❛t❡s ❛♥❞ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ♦❜s❡r✈❛❜✐❧✐t②
●r❛♠✐❛♥✳ ■ts ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs r❡❞✉❝❡ t♦ t❤❡ ✢♦✇ str✉❝t✉r❡s ❧❡❛❞✐♥❣ t♦ ♠❛①✐♠✉♠ t✐♠❡✲✐♥t❡❣r❛t❡❞
❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❋♦r t❤❛t r❡❛s♦♥✱ t❤❡ ❧❡❛❞✐♥❣ ❙❖s ♠❛② ❛❧s♦ ❜❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✳

✹✳✹✳✷✳✶ ❈♦♠♣✉t❛t✐♦♥

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ♦❢ Q ✐♥✈♦❧✈❡s t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ✐ss✉❡ ❛s t❤❛t ♦❢ P✳ ❚❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡ ❡①♣♦s❡❞ ❤❡r❡ ✐s t❤✉s ♠❛✐♥❧② s✐♠✐❧❛r✳ ❚❤❡ ♠❛tr✐① Q ✐s ✇r✐tt❡♥ ❛♥❞ ❞✐s❝r❡t✐③❡❞
✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥

Q =
1

2π

∫ ∞

−∞

R†(ω)R(ω)dω =
1

2π

∑

i∈Z

R†(ωi)R(ωi)δi ✭✹✳✷✹✮

✇❤❡r❡ ④ωi✱i ∈ Z⑥ ✐s ❛ ❣✐✈❡♥ s❡t ♦❢ ❞✐s❝r❡t❡ ❢r❡q✉❡♥❝✐❡s ❛♥❞ δi ❞❡♥♦t❡s ❛♣♣r♦♣r✐❛t❡ q✉❛❞r❛t✉r❡ ❝♦❡✣❝✐❡♥ts✳
■♥ t❤✐s ❢♦r♠✱ Q ✐s ❢♦r♠✉❧❛t❡❞ ❛s t❤❡ s✉♠ ♦✈❡r t❤❡ ❢r❡q✉❡♥❝✐❡s ωi ♦❢ R†(ωi)R(ωi)✳ ❙✐♠✐❧❛r❧② t♦ t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❊❖❋s✱ t❤❡s❡ ♠❛tr✐❝❡s ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡✐r tr✉♥❝❛t❡❞ ❡✐❣❡♥✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥✿

R†(ωi)R(ωi) ≈ YΛ2Y†(ωi) ✭✹✳✷✺✮

✇❤❡r❡ Y ❛♥❞ Λ2 ❛r❡ t❤❡ ♠❛tr✐❝❡s ♦❢ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❛♥ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ♦❢ r❛♥❦ k✱ t❤❡ ♠❛tr✐❝❡s Y ❛♥❞ Λ ❛r❡ ♦❢ s✐③❡ n× k ❛♥❞ k× k r❡s♣❡❝t✐✈❡❧②✳ ❆♥❛❧♦❣♦✉s❧②✱ ✇❡ r❡❝♦✈❡r
t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts λ2

i (ω) ✇❤✐❝❤ ❛r❡ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s ❛t t❤❡ ❢r❡q✉❡♥❝② ω✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡
❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦rs ✭❝♦❧✉♠♥s ♦❢ Y(ω)✮ r❡❞✉❝❡ t♦ t❤❡ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ♣r❡✈✐♦✉s❧② ❞❡♥♦t❡❞ ❜②
f̂i(ω)✳ ■♥tr♦❞✉❝✐♥❣ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✷✺✮ t❤❡♥ ❧❡❛❞s t♦ ❛ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ Q ✐♥ t❤❡ ❢♦r♠

✶✶✽



✹✳✹✳ P❘❖❏❊❈❚■❖◆ ❇❆❙❊❙

❋✐❣✉r❡ ✹✳✾✿ ✭❛✮ ✜rst 1500 ❡✐❣❡♥✈❛❧✉❡s γi✳ ✭❜✲❢✮ ❞❡♣✐❝t t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✜rst✱ t❤✐r❞✱ 9th✱
16th ❛♥❞ 30th ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s✳

Q =
1

2π

∑

i∈Z

YΛ2Y†(ωi)δi = YY† ✭✹✳✷✻✮

✇❤❡r❡ t❤❡ ♠❛tr✐① Y ✐s ❜✉✐❧t ❜② st❛❝❦✐♥❣ t❤❡ st❛t❡s YΛ ❢♦r ❡❛❝❤ ❢r❡q✉❡♥❝② ωi ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ q✉❛❞r❛t✉r❡
❝♦❡✣❝✐❡♥ts✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛ s❡t ♦❢ nω ❢r❡q✉❡♥❝✐❡s✱ Y ✐s ♦❢ s✐③❡ n×knω✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s
❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ♦❢ Q✱ ✇❡ ♣r♦❝❡❡❞ ❛♥❛❧♦❣♦✉s❧② ❜② ✉s✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Y†Y ❛s

Y†Y = LΓL∗ ✭✹✳✷✼✮

✇❤❡r❡ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① Γ ❝♦♥t❛✐♥s t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Q✱ ✇❤✐❝❤ ❛r❡ ❞❡♥♦t❡❞ ❜② γi ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣✳ ❚❤❡ ❧❡❛❞✐♥❣ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦rs✱ ✐✳❡✳ t❤❡ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s✱ ❛r❡ ❞❡♥♦t❡❞ ❜② φi ❛♥❞ ❛r❡
♦❜t❛✐♥❡❞ ❢r♦♠

φi =
1√
γi

YLi ✭✹✳✷✽✮

✇❤❡r❡ Li r❡♣r❡s❡♥ts t❤❡ ith ❝♦❧✉♠♥ ♦❢ t❤❡ ♠❛tr✐① L✳ ◆♦t❡ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ t❤❡s❡ ♠♦❞❡s ❛r❡ ❛❧s♦
♦rt❤♦❣♦♥❛❧✳ ❇② t❤✐s ✇❛②✱ ❡q✉❛t✐♦♥ ✭✹✳✷✽✮ ❛❧❧♦✇s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s ❢r♦♠ ❛ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❧❡❛❞✐♥❣ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ♦✈❡r t❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ♦❢ ✐♥t❡r❡st✳

✹✳✹✳✷✳✷ r❡s✉❧ts

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s r❡❧✐❡s ♦♥ t❤❡ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ f̂i(ω) ✐♥tr♦❞✉❝❡❞ ✐♥
s❡❝t✐♦♥ ✹✳✸✳ ❚❤❡② ❛r❡ ❝♦♠♣✉t❡❞ s✐♠✐❧❛r❧② t♦ t❤❡ ❊❖❋s✱ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ❢r❡q✉❡♥❝② ❞✐s❝r❡t✐③❛t✐♦♥✳
❲❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✾✭❛✮ t❤❡ ✜rst 1500 ❡✐❣❡♥✈❛❧✉❡s γi ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥
r❛♥❦ k✳ ❚❤❡ ❝❛s❡s k = 10, 20, 30 ❛♥❞ 40 ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞✳ ❆♥❛❧♦❣♦✉s❧②✱ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❛r❡
♦❜s❡r✈❡❞ t♦ ❜❡ ❝♦♥✈❡r❣❡❞ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ♣❛r❛♠❡t❡r k✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❛❧s♦
❝♦♠❡ ✐♥ ♣❛✐r ❛♥❞ ❢❛❧❧ ♦✛ r❛♣✐❞❧②✳ ❈♦♥s❡q✉❡♥t❧②✱ ✭✐✮ t❤❡ ✜rst ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s ❛r❡ tr❛✈❡❧✐♥❣ ♣❛tt❡r♥s
t❤❛t ❛r❡ 90◦ ♦✉t ♦❢ ♣❤❛s❡ ❛♥❞ ✭✐✐✮ ♦♥❧② ❛ ❧♦✇ ♥✉♠❜❡r ♦❢ ❢♦r❝✐♥❣ str✉❝t✉r❡s ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ❝♦♥tr✐❜✉t✐♦♥
t♦ t❤❡ ❡✈♦❧✈❡❞ s✉st❛✐♥❡❞ ✈❛r✐❛♥❝❡✳ ❋✐❣✉r❡s ✹✳✾✭❜✲❢✮ r❡♣r❡s❡♥t t❤❡ ✜rst✱ t❤✐r❞✱ 9th✱ 16th ❛♥❞ 30th ❙t♦❝❤❛st✐❝
❖♣t✐♠❛❧s r❡s♣❡❝t✐✈❡❧②✳ ❆s ♦♥❡ ❝♦✉❧❞ ❡①♣❡❝t✱ t❤❡ ❧❡❛❞✐♥❣ ❙❖s r❡❞✉❝❡ t♦ ✉♣str❡❛♠ ❧♦❝❛t❡❞ str✉❝t✉r❡s✳ ❚❤✐s

✶✶✾
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r❡s✉❧t ✐s ❝♦♥s✐st❡♥t ❛♥❞ ❢✉rt❤❡r ✐❧❧✉str❛t❡s t❤❡ s♣❛t✐❛❧ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❛♥❞ ♦♣t✐♠❛❧
r❡s♣♦♥s❡s ✐♥ ♦♣❡♥ ✢♦✇s✱ s❡❡ ❈♦ss✉ ✫ ❈❤♦♠❛③ ✭✶✾✾✼✮✳ ◆♦t❛❜❧②✱ t❤❡② ❞✐s♣❧❛② ✢♦✇ str✉❝t✉r❡s t❤❛t ❛r❡
✐♥❝❧✐♥❡❞ ❛❣❛✐♥st t❤❡ s❤❡❛r s♦ ❛s t♦ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❖rr ♠❡❝❤❛♥✐s♠ t♦ ♦♣t✐♠❛❧❧② ❡①tr❛❝t ❡♥❡r❣② ❢r♦♠ t❤❡
❜❛s❡ ✢♦✇✳ ❚❤❡ ✜rst ❙❖ ✐s ♠❛✐♥❧② ❧♦❝❛❧✐③❡❞ ♥❡❛r t❤❡ s❡♣❛r❛t✐♦♥ ♣♦✐♥t ❛♥❞ ❧♦♦❦s ❡①t❡♥s✐✈❡❧② s✐♠✐❧❛r t♦
t❤❡ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ♦❜t❛✐♥❡❞ ❛t ω = 0.75✱ s❡❡ ✜❣✉r❡ ✹✳✹✭❝✮✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❝♦♥✜r♠s t❤❛t t❤❡
♠❛①✐♠✉♠ ✈❛r✐❛♥❝❡ ♣♦ss✐❜❧② s✉st❛✐♥❡❞ ❜② ❛ ✇❤✐t❡ ♥♦✐s❡ st♦❝❤❛st✐❝ ❢♦r❝✐♥❣ ❡①♣❧♦✐ts t❤❡ ♣r❡❢❡rr❡❞ ❢r❡q✉❡♥❝②
ω = 0.75 ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❡①♣♦s❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸ ❛s t❤❡ ♠♦st r❡❝❡♣t✐✈❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ✢♦✇✳ ❘❡❣❛r❞✐♥❣
t❤❡ ❤✐❣❤❡r ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s✱ s❡❡ ✜❣✉r❡s ✹✳✾✭❡✱❢✮✱ t❤❡② ❞✐s♣❧❛② ❛ ♠✉❝❤ ♠♦r❡ ❡①t❡♥❞❡❞ s♣❛t✐❛❧ s✉♣♣♦rt✳
❘❡♠✐♥❞✐♥❣ t❤❛t t❤❡ ❙❖s ②✐❡❧❞ ❛ ❜❛s✐s ♦❢ ✉♥❝♦rr❡❧❛t❡❞ ❢♦r❝✐♥❣ r❛♥❦❡❞ ❜② t❤❡✐r ❡♥❡r❣② ❝♦♥tr✐❜✉t✐♦♥✱ ✐t ✐s
✐♥t❡r❡st✐♥❣ t♦ ❛ss❡ss t❤❡ ♣❛rt ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❧❡❛❞✐♥❣ ♦♥❡s✳ ❋♦r t❤❡ ❢♦✉r ✈❛❧✉❡s ♦❢
k ✐♥✈❡st✐❣❛t❡❞✱ t❤❡ ✜rst 4 ♠♦❞❡s ❧❡❛❞ t♦ 97% ♦❢ t❤❡ t♦t❛❧ ❡✈♦❧✈❡❞ ✈❛r✐❛♥❝❡ ✇❤✐❧❡ t❤❡ ✜rst 10 ♦♥❡s ②✐❡❧❞
❛❜♦✉t 99% ♦❢ ✐t✳

✹✳✹✳✸ ❚❤✐r❞ ❜❛s✐s✿ t❤❡ ❇❛❧❛♥❝❡❞ ♠♦❞❡s

❚❤❡ ✜rst t✇♦ ❜❛s❡s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞ s♦ ❛s t♦ ♦♣t✐♠❛❧❧② ❝❛♣t✉r❡ t❤❡ ♠♦st
❡♥❡r❣❡t✐❝ ✢♦✇ r❡s♣♦♥s❡s ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❡①❝✐t❛t✐♦♥s r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ❛♥ ❛❝❝✉r❛t❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥
♦❢ t❤❡ ❞②♥❛♠✐❝s r❡q✉✐r❡s t❤❡ ❢❛✐t❤❢✉❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❜♦t❤ t❤❡s❡ ✢♦✇ str✉❝t✉r❡s✱ s❡❡ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉
✭✷✵✵✶❛✮✳ ❆s ❛ r❡s✉❧t✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜♦t❤ t❤❡ ♦♣t✐♠❛❧s ❛♥❞ t❤❡ ❡✈♦❧✈❡❞ ♦♣t✐♠❛❧s ✐♥ ❛
❜❛❧❛♥❝❡❞ ♠❛♥♥❡r ✐s ♦❢ r❡❧❡✈❛♥t ✐♥t❡r❡st✳
❚❤❡ t❡❝❤♥✐q✉❡ ❝❛❧❧❡❞ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ t♦ t❤✐s ❡♥❞ ❢♦r st❛❜❧❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t
s②st❡♠s✱ s❡❡ ▼♦♦r❡ ✭✶✾✽✶✮❀ ●❧♦✈❡r ✭✶✾✽✹✮❀ ❩❤♦✉ ✫ ❉♦②❧❡ ✭✶✾✾✽✮✳ ■t ❝♦♥s✐sts ♦❢ ✜♥❞✐♥❣ ❛ ♣r♦❥❡❝t✐♦♥ ❜❛s✐s
♦❢ ❡q✉❛❧❧② ❛♥❞ ♦♣t✐♠❛❧❧② ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✳ ■❢ ✇❡ ❞❡♥♦t❡ t❤❡ ❇❛❧❛♥❝❡❞ ♠♦❞❡s ❜② ti✱ t❤✐s
st❛t❡♠❡♥t ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❜②

1

t
†
iP

−1ti
= t

†
iQti = σi ✭✹✳✷✾✮

✇❤❡r❡ t❤❡ ✜rst t❡r♠ ❛ss❡ss❡s t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ti ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❞❡♥♦t❡s ✐ts ♦❜s❡r✈❛❜✐❧✐t②✳ ❋✉rt❤❡r✲
♠♦r❡✱ ❜♦t❤ t❡r♠s ❛r❡ ❡q✉❛❧ t♦ t❤❡ q✉❛♥t✐t② σi ✇❤✐❝❤ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❍❛♥❦❡❧ ❙✐♥❣✉❧❛r ❱❛❧✉❡ ✭❍❙❱✮✳
❚❤❡ ❦❡② ✐❞❡❛ ♦❢ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ✐s t❤❡♥ t♦ ❞✐s❝❛r❞ t❤❡ ♠♦❞❡s ✇❤✐❝❤ ❛r❡ ❜♦t❤ ✇❡❛❦❧② ❡♥❡r❣❡t✐❝
✭❝♦♥tr♦❧❧❛❜❧❡✮ ❛♥❞ ✇❡❛❦❧② ❛♠♣❧✐✜❡❞ ✭♦❜s❡r✈❛❜❧❡✮ ✐♥ t❤❡ ✢♦✇✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❇❛❧❛♥❝❡❞ ♠♦❞❡s✱ ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❤✐❣❤❡st ❍❙❱s✱ ❛r❡ t❤❡♥ ✉s❡❞ ❛s ❛ ♣r♦❥❡❝t✐♦♥ ❜❛s✐s✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❧❡❛❞✐♥❣ ❇❛❧❛♥❝❡❞ ♠♦❞❡s
❛r❡ ♠❡❛♥t t♦ ❝❛♣t✉r❡ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s r❛t❤❡r t❤❛♥ t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ❢♦r❝✐♥❣ ♦r r❡s♣♦♥s❡s✳
❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ✐s ❦♥♦✇♥ t♦ ❜❡ q✉❛s✐✲♦♣t✐♠❛❧ t♦ ❝❛♣t✉r❡ t❤❡ ✐♥♣✉t✲♦✉t♣✉t tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✐♥s♦❢❛r
❛s ✐t ②✐❡❧❞s t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ♦♥ ✐ts ❡rr♦r ✇❤✐❝❤ ❛r❡ ❝❧♦s❡ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛❝❤✐❡✈❛❜❧❡ ❜② ❛♥② ❘❖▼✱
s❡❡ ❉✉❧❧❡r✉❞ ✫ P❛❣❛♥✐♥✐ ✭✷✵✵✵✮✳ ❚❤✐s ✉s❡❢✉❧ ♣r♦♣❡rt② ♠❛❦❡s ✐t ❛ ♣♦♣✉❧❛r t❡❝❤♥✐q✉❡ ❛♥❞ ♠♦t✐✈❛t❡❞ t❤❡
❝❤♦✐❝❡ ♦❢ t❤✐s t❤✐r❞ ❜❛s✐s✳

✹✳✹✳✸✳✶ ❈♦♠♣✉t❛t✐♦♥

❚❡❝❤♥✐❝❛❧❧②✱ t❤❡s❡ ♠♦❞❡s ❛r❡ ❢♦✉♥❞ ❛s t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ♣r♦❞✉❝t PQ ♦❢ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t②
❛♥❞ ♦❜s❡r✈❛❜✐❧✐t② ●r❛♠✐❛♥s✱ s❡❡ ▼♦♦r❡ ✭✶✾✽✶✮✳ ❙✉❝❤ ❛ ❝♦♠♣✉t❛t✐♦♥ ❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ s♠❛❧❧✲
s✐③❡❞ s②st❡♠s ❜② ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❛✮✳ ■♥ t❤✐s ❧❛tt❡r ✇♦r❦✱ t❤❡ ❛✉t❤♦rs ❝♦♠♣✉t❡❞ ❞✐r❡❝t❧② P ❛♥❞
Q ❜② s♦❧✈✐♥❣ t✇♦ ▲②❛♣✉♥♦✈ ❡q✉❛t✐♦♥s✳

■♥ t❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛ ❧❛r❣❡ ✢✉✐❞ s②st❡♠ ❛♥❞ s✉❝❤ ❛ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ✐s ♥♦t
tr❛❝t❛❜❧❡✳ ❚❤❡r❡❜②✱ ❛ s✐♠✐❧❛r ❛♣♣r♦①✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t
✐s ♣❡r❢♦r♠❡❞ t♦ ♦✈❡r❝♦♠❡ t❤✐s ❧✐♠✐t❛t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ P ❛♥❞ Q ✇❤✐❝❤ ✇❡r❡
✐♥tr♦❞✉❝❡❞ ❛s

P ≈ XX† ❛♥❞ Q ≈ YY† ✭✹✳✸✵✮

✶✷✵



✹✳✹✳ P❘❖❏❊❈❚■❖◆ ❇❆❙❊❙

❋✐❣✉r❡ ✹✳✶✵✿ ✭❛✮ ✜rst 1500 ❍❛♥❦❡❧ ❙✐♥❣✉❧❛r ❱❛❧✉❡s σi✳ ✭❜✲❢✮ ❞✐s♣❧❛② t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✜rst✱
t❤✐r❞✱ 9th✱ 14th ❛♥❞ 32th ❇❛❧❛♥❝❡❞ ♠♦❞❡s✳

✇❤❡r❡ X ❛♥❞ Y ❝♦♥t❛✐♥ t❤❡ ♥♦r♠❛❧✐③❡❞ ✜rst k ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s ♦❢ t❤❡ ✢♦✇ ♦♥ ❛
❞✐s❝r❡t❡ s❡t ♦❢ ❢r❡q✉❡♥❝✐❡s✳ ■t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ ✜♥❞ t❤❡ ❇❛❧❛♥❝❡❞ ❜❛s✐s ❢r♦♠ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡❞
❜② ▲❛✉❜ ❡t ❛❧✳ ✭✶✾✽✼✮✳ ❚❤✐s ❛❧❣♦r✐t❤♠ r❡❧✐❡s ♦♥ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝r♦ss ♣r♦❞✉❝t

Y†X = MΣN∗ ✭✹✳✸✶✮

✇❤❡r❡ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① Σ ❝♦♥t❛✐♥s t❤❡ ❍❛♥❦❡❧ ❙✐♥❣✉❧❛r ❱❛❧✉❡s σi✳ ❚❤❡ ❇❛❧❛♥❝❡❞ ♠♦❞❡s ti ❛♥❞ ✐ts
❜✐✲♦rt❤♦❣♦♥❛❧ s❡t si ❛r❡ t❤❡♥ r❡❝♦✈❡r❡❞ ❢r♦♠

ti =
1√
σi

XNi ❛♥❞ si =
1√
σi

YMi ✭✹✳✸✷✮

✹✳✹✳✸✳✷ r❡s✉❧ts

❚❤❡ ❇❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ ❝♦♠♣✉t❡❞ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛♥❦s k = 10, 20, 30 ❛♥❞ 40 ❜② ✉s✐♥❣ t❤❡
s❛♠❡ s❡t ♦❢ ❞✐s❝r❡t❡ ❢r❡q✉❡♥❝✐❡s ωi✳ ❋✐❣✉r❡ ✹✳✶✵✭❛✮ ❞❡♣✐❝ts t❤❡ ✜rst 1500 ❍❛♥❦❡❧ s✐♥❣✉❧❛r ✈❛❧✉❡s σi

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛♥❦s k ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡ ❧❡❛❞✐♥❣ ❍❙❱s ❛r❡ ♦❜s❡r✈❡❞ t♦ ❝♦♥✈❡r❣❡
✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛♥❦ k✳ ❆♥❛❧♦❣♦✉s❧②✱ t❤❡② ❝♦♠❡ ✐♥ ♣❛✐r ✇❤✐❝❤ ❤✐❣❤❧✐❣❤ts t❤❡ ♣❛✐r✇✐s❡
♦❝❝✉rr❡♥❝❡ ♦❢ ❇❛❧❛♥❝❡❞ ♠♦❞❡s ❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ tr❛✈❡❧✐♥❣ str✉❝t✉r❡s✳ ❋✉rt❤❡r♠♦r❡✱ ♦✇✐♥❣ t♦ t❤❡
❍❙❱s ❢❛❧❧ ♦✛✱ ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ❡①♣❡❝t t❤❛t t❤❡ ♣r❡❞♦♠✐♥❛♥t ♣❛rt ♦❢ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ♠❛②
❜❡ ❝❛♣t✉r❡❞ ❜② t❤❡ ❧❡❛❞✐♥❣ ♠♦❞❡s✳
❲❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡s ✹✳✶✵✭❜✲❢✮ t❤❡ ✜rst✱ t❤✐r❞✱ 9th✱ 14th ❛♥❞ 32th ❇❛❧❛♥❝❡❞ ♠♦❞❡s ti ❜② t❤❡✐r
❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ❚❤❡② ❛♣♣❡❛r ❛s ❞♦✇♥str❡❛♠ ✇❛✈❡♣❛❝❦❡ts s✐♠✐❧❛r t♦ ❊❖❋s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
t❤❡✐r s♣❛t✐❛❧ s✉♣♣♦rt ✐s ❧♦❝❛❧✐③❡❞ ✐♥ ❛ s❧✐❣❤t❧② ♠♦r❡ ✉♣str❡❛♠ ♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ✐s ♣❛rt✐❝✉❧❛r❧② ♥♦t✐❝❡❛❜❧❡
❢♦r t❤❡ ✜rst ❛♥❞ t❤✐r❞ ♠♦❞❡s✳ ❚❤✐s ❧❛tt❡r ♦❜s❡r✈❛t✐♦♥ ✐s r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡✐r ❡q✉❛❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞
♦❜s❡r✈❛❜✐❧✐t②✳ ■♥❞❡❡❞✱ t❤❡ ❇❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ ❧❡ss ❝♦♥tr♦❧❧❛❜❧❡ t❤❛♥ t❤❡ ❊❖❋s ✭❛♥❞ ❛r❡ ♥♦t ❧♦❝❛❧✐③❡❞
❛s ♠✉❝❤ ❞♦✇♥str❡❛♠✮ ✇❤❡r❡❛s t❤❡② ❛r❡ ❛❧s♦ ❧❡ss ♦❜s❡r✈❛❜❧❡ t❤❛♥ t❤❡ ❙❖s ✭❛♥❞ ❛r❡ ♥♦t ❧♦❝❛❧✐③❡❞ ❛s
♠✉❝❤ ✉♣str❡❛♠✮✳ ❘❡❣❛r❞✐♥❣ ❤✐❣❤❡r ❇❛❧❛♥❝❡❞ ♠♦❞❡s✱ t❤✐s st❛t❡♠❡♥t ✐s ❧❡ss ♦❜✈✐♦✉s✱ s❡❡ ✜❣✉r❡s ✹✳✶✵✭❡✱❢✮✳
■♥ ❛❞❞✐t✐♦♥✱ s✐♠✐❧❛r❧② t♦ t❤❡ ❊❖❋s ❛♥❞ t❤❡ ❙❖s✱ ❤✐❣❤❡r ♠♦❞❡s ❞✐s♣❧❛② ❛ ♠✉❝❤ ♠♦r❡ ❡①t❡♥❞❡❞ s♣❛t✐❛❧
s✉♣♣♦rt✳

✶✷✶
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✹✳✺ ▼♦❞❡❧ r❡❞✉❝t✐♦♥

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛ ✇❛② t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s✱ ❙❖s ❛♥❞ ❇❛❧❛♥❝❡❞
♠♦❞❡s✳ ❋♦r ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ r❛♥❦ k = 40✱ ✇❡ ♦❜s❡r✈❡❞ ❛ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ ✜rst 100
♠♦❞❡s✱ s❡❡ ✜❣✉r❡s ✹✳✽✭❛✮✱ ✹✳✾✭❛✮ ❛♥❞ ✹✳✶✵✭❛✮✳ ❚❤❡ ❤✐❣❤❡r ♠♦❞❡s ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦♥✈❡r❣❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
r❛♥❦ k ♠❛② ♥♦t ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❡✐t❤❡r ❊❖❋s✱ ❙❖s ♦r ❇❛❧❛♥❝❡❞ ♠♦❞❡s✳ ❍♦✇❡✈❡r✱ t❤❡② ❛❧s♦ st❛♥❞ ❢♦r
❣♦♦❞ ❝❛♥❞✐❞❛t❡s t♦ ♣r♦❥❡❝t t❤❡ ❞②♥❛♠✐❝s s✐♥❝❡ t❤❡② ❛r❡ ❝♦♥❝❡♣t✉❛❧❧② ❞❡s✐❣♥❡❞ ❢r♦♠ t❤❡ ❧❡❛❞✐♥❣ ♦♣t✐♠❛❧
❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s ♦❢ t❤❡ ✢♦✇✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛❧❧ t❤❡ ❧❡❛❞✐♥❣ 1500 ♠♦❞❡s ♦❢ t❤❡ t❤r❡❡
❞✐✛❡r❡♥t ❜❛s❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ ✉s❡❞ t♦ ❜✉✐❧❞ t❤❡ ❘❖▼s✳ ❙t✉❞②✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❘❖▼s ✐♥
❝❛♣t✉r✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❛♠♣❧✐✜❡r ❞②♥❛♠✐❝s ✐s t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❧❛st s❡❝t✐♦♥✳

✹✳✺✳✶ Pr♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✢✉✐❞ ❞②♥❛♠✐❝s

❚❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ❛ ●❛❧❡r❦✐♥ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝s ✭✹✳✷✮✳ ❲❡ ❞❡♥♦t❡
❜② T t❤❡ ♠❛tr✐① ✇❤♦s❡ ❝♦❧✉♠♥s ❛r❡ t❤❡ ❧❡❛❞✐♥❣ r ♠♦❞❡s ♦❢ ✐♥t❡r❡st ✭❡✐t❤❡r ϕi✱ φi ♦r ti✮ ❛♥❞ ❜② S t❤❡
♠❛tr✐① ✇❤✐❝❤ ❝♦♥t❛✐♥s ✐ts ❜✐✲♦rt❤♦❣♦♥❛❧ ❜❛s✐s ✭♥❛♠❡❧② ϕi✱ φi ♦r si✮✳ ❚❤❡ ♣❛r❛♠❡t❡r r t❤✉s ❞❡♥♦t❡s t❤❡
❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s✐s s✉❝❤ t❤❛t T ❛♥❞ S ❛r❡ ♦❢ s✐③❡ n×r✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❜✐✲♦rt❤♦❣♦♥❛❧✐t②
❝♦♥❞✐t✐♦♥ r❡❛❞s

S†T = Ir ✭✹✳✸✸✮

✇❤❡r❡ Ir ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ♦❢ s✐③❡ r× r✳ ❚❤❡ ✢♦✇ st❛t❡ x ✐s t❤❡♥ ❡①♣r❡ss❡❞ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢
t❤❡ ❡①♣❛♥s✐♦♥ ❜❛s✐s ❜②

x = Tz ❛♥❞ z = S†x ✭✹✳✸✹✮

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤✐s ❝♦♠❜✐♥❛t✐♦♥ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✈❡❝t♦r z ♦❢ s✐③❡ r × 1 ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡
r❡❞✉❝❡❞ st❛t❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ P❡tr♦✈✲●❛❧❡r❦✐♥ ♣r♦❥❡❝t✐♦♥ t❤❡♥ ②✐❡❧❞s t❤❡ r❡❞✉❝❡❞ s②st❡♠

ż = Ar z ✭✹✳✸✺✮

✇❤❡r❡ t❤❡ r❡❞✉❝❡❞ ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r ✐s ♦❜t❛✐♥❡❞ ❜② Ar = S†AT ❛♥❞ ✐s ♦❢ s✐③❡ r × r✳

✹✳✺✳✷ ❚✐♠❡ ♣r♦♣❛❣❛t✐♦♥

❋✐rst✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❘❖▼s t♦ r❡❝♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ t✐♠❡ ♣r♦♣❛❣❛t♦r✳ ❚❤✐s ♣❡r❢♦r♠❛♥❝❡
✐s ❡✈❛❧✉❛t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ||eAt||22 ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛t t✐♠❡
t✳ ❚♦ ❝♦♠♣✉t❡ t❤✐s q✉❛♥t✐t② ♦♥ ❛ ❘❖▼ ♦❢ s✐③❡ r✱ t❤❡ ❧♦✇✲r❛♥❦ t✐♠❡ ♣r♦♣❛❣❛t♦r TeArtS† ✐s ❝♦♥s✐❞❡r❡❞
✐♥st❡❛❞ ♦❢ eAt✳ ◆♦t❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝r✐t❡r✐♦♥ t♦ ❛ss❡ss t❤❡
❛❝❝✉r❛❝② ♦❢ ❘❖▼s ♦♥ t❤❡ ♣r❡✈✐♦✉s ✇♦r❦s ❜② ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✱ ✷✵✵✽✮❀ ❍❡♥♥✐♥❣s♦♥ ✫ ➴❦❡r✈✐❦ ✭✷✵✵✽✮✳
❘❡s✉❧ts ❛r❡ ❡①♣♦s❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✶ ❢♦r ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ✭❛✮ ❊❖❋s✱ ✭❜✮ ❙❖s ❛♥❞ ✭❝✮ ❇❛❧❛♥❝❡❞ ♠♦❞❡s✳ ■♥
❛❧❧ ❝❛s❡s✱ ✇❡ ♦❜s❡r✈❡ ❛ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♦♣t✐♠❛❧ ❝✉r✈❡ ❞✐s♣❧❛②❡❞ ❜② ❜♦❧❞ ❞❛s❤❡❞ ❧✐♥❡s✳ ❚♦
❣✐✈❡ ❛♥ ✐❞❡❛✱ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ♦❜t❛✐♥❡❞ ❛t t✐♠❡ t = 18 ❞✐✛❡rs ❢r♦♠ ❧❡ss t❤❛♥ 2% ❢r♦♠ ❛❧❧ t❤r❡❡
♠♦❞❡❧s ♦❢ s✐③❡ 1500✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❇❛❧❛♥❝❡❞ ♠♦❞❡❧s ②✐❡❧❞ t❤❡ ❜❡st ♣❡r❢♦r♠❛♥❝❡ ❢♦r t❤❡ s♠❛❧❧❡st
s✐③❡s r✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ✐❧❧✉str❛t❡❞ ❜② t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❘❖▼s ♦❢ s✐③❡ 100 ✐♥ ✜❣✉r❡ ✹✳✶✶✳ ❚❤✐s
r❡s✉❧t ✐s ❝♦♥s✐st❡♥t s✐♥❝❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ q✉❛s✐✲♦♣t✐♠❛❧ t♦ ♠♦❞❡❧ t❤❡ ❞②♥❛♠✐❝s✳
❋✉rt❤❡r♠♦r❡✱ ❇❛❧❛♥❝❡❞ ♠♦❞❡❧s ❤❛✈❡ ❛ ♠♦♥♦t♦♥✐❝ ✐♥❝r❡❛s✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✇❤✐❧❡ t❤♦s❡ ♦❢ t❤❡ t✇♦ ♦t❤❡r
♠♦❞❡❧s ✐s ♠♦r❡ ❡rr❛t✐❝✳
❚♦ ❢✉rt❤❡r ✐❧❧✉str❛t❡ t❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❘❖▼s✱ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥
♦♥ ❛ 1500 ❊❖❋s ♠♦❞❡❧ ✐s ❞✐s♣❧❛②❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✷✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ❊❖❋s ✐s ❛r❜✐tr❛r② s✐♥❝❡
t❤❡ t✇♦ ♦t❤❡r ♠♦❞❡❧s ②✐❡❧❞ ✈❡r② ❝❧♦s❡ r❡s✉❧ts✳ ❚❤❡ ♦♣t✐♠❛❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝♦♠♣✉t❡❞ ❢♦r t❤❡ ♦♣t✐♠❛❧
t✐♠❡ t = 18 ✐s ❞✐s♣❧❛②❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✷✭❛✮ ❜② ✐ts str❡❛♠✇✐s❡ ✈❡❧♦❝✐t②✳ ❚❤✐s ♣❡rt✉r❜❛t✐♦♥ ✐s ❧♦❝❛t❡❞ ✐♥ t❤❡
✈✐❝✐♥✐t② ♦❢ t❤❡ s❡♣❛r❛t✐♦♥ ♣♦✐♥t ❛♥❞ ✐s t✐❧t❡❞ ❛❣❛✐♥st t❤❡ s❤❡❛r✳ ❚❤❡ t✐♠❡ ❡✈♦❧✈✐♥❣ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥

✶✷✷



✹✳✺✳ ▼❖❉❊▲ ❘❊❉❯❈❚■❖◆

❋✐❣✉r❡ ✹✳✶✶✿ ❖♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❣❛✐♥ ||eAt||22 ❛t t✐♠❡ t ❢♦r ❘❖▼s ❜❛s❡❞ ♦♥ ✭❛✮ ❊❖❋s✱ ✭❜✮ ❙❖s ❛♥❞ ✭❝✮
❇❛❧❛♥❝❡❞ ♠♦❞❡s✳

❋✐❣✉r❡ ✹✳✶✷✿ ✭❛✮ ❖♣t✐♠❛❧ ✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ ❝♦♠♣✉t❡❞ ❢♦r t = 18 ♦♥ ❛ ❘❖▼ ❜❛s❡❞ ♦♥ 1500 ❊❖❋s✳ ✭❜✲❢✮
❊✈♦❧✉t✐♦♥ ♦❢ t❤✐s ♣❡rt✉r❜❛t✐♦♥ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❛ss♦❝✐❛t❡❞ ❧♦✇✲♦r❞❡r t✐♠❡ ♣r♦♣❛❣❛t♦r ❢♦r t❤❡ t✐♠❡s
t = 6, 18, 24, 30 ❛♥❞ 36 r❡s♣❡❝t✐✈❡❧②✳ ❋❧♦✇ str✉❝t✉r❡s ❛r❡ ❞✐s♣❧❛②❡❞ ❜② t❤❡✐r ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳

❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❧♦✇✲♦r❞❡r t✐♠❡ ♣r♦♣❛❣❛t♦r TeArtS† ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✷✳ ❋✐❣✉r❡s ✹✳✶✷✭❜✲
❢✮ r❡♣r❡s❡♥t t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛t t❤❡ t✐♠❡s t = 6, 18, 24, 30 ❛♥❞ 36 r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s
♦❜s❡r✈❡❞ t♦ ❡✈♦❧✈❡ ❛❧♦♥❣ t❤❡ s❤❡❛r ❧❛②❡r ❛♥❞ t❤❡♥ ❛❧♦♥❣ t❤❡ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r ❛s ❛ ❧♦❝❛❧✐③❡❞
✇❛✈❡ ♣❛❝❦❡t✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝♦♥s✐❞❡r❡❞ ❘❖▼ ❜❛s❡❞ ♦♥ ❊❖❋s ❢❛✐t❤❢✉❧❧② ❝❛♣t✉r❡s t❤❡ ♦r✐❣✐♥❛❧
♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❞②♥❛♠✐❝s✱ s❡❡ ✜❣✉r❡ ✹✳✷✳ ◆♦t❛❜❧②✱ ❜♦t❤ t❤❡ ❖rr ❛♥❞ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ♠❡❝❤❛♥✐s♠s
❛r❡ ❛❝❝✉r❛t❡❧② r❡❝♦✈❡r❡❞✳ ❚❤✐s ❧❛tt❡r ❝♦♥❝❧✉s✐♦♥ ❛❧s♦ ❤♦❧❞s ❢♦r ❙❖s ❛♥❞ ❇❛❧❛♥❝❡❞ ♠♦❞❡❧s✳

✹✳✺✳✸ ❋r❡q✉❡♥❝② r❡s♣♦♥s❡

❆s ❛ s❡❝♦♥❞ st❡♣✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠♦❞❡❧s ✐s ❡✈❛❧✉❛t❡❞ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✳ ❲❡ ✐♥✈❡st✐❣❛t❡
t❤❡✐r ❛❜✐❧✐t② t♦ ❝❛♣t✉r❡ t❤❡ ♦r✐❣✐♥❛❧ r❡s♦❧✈❡♥t R(ω)✳ ❚♦ ❞♦ s♦✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ♦✈❡r ❛❧❧
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❋✐❣✉r❡ ✹✳✶✸✿ ❖♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❣❛✐♥ ||R(ω)||22 ❛t ❢r❡q✉❡♥❝② ω ❢♦r ❘❖▼s ❜❛s❡❞ ♦♥ ✭❛✮ ❊❖❋s✱ ✭❜✮ ❙❖s
❛♥❞ ✭❝✮ ❇❛❧❛♥❝❡❞ ♠♦❞❡s✳

♣♦ss✐❜❧❡ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣✱ ♥❛♠❡❧② ||R(ω)||22✳ ❚❤✐s q✉❛♥t✐t② ✐s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❘❖▼s ♦❢ s✐③❡ r ❜② ✉s✐♥❣
t❤❡ ❧♦✇✲r❛♥❦ r❡s♦❧✈❡♥t T(iωIr −Ar)

−1S† ✐♥st❡❛❞ ♦❢ R(ω)✳ ❚❤❡ r❡s✉❧ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♠♦❞❡❧s ❜❛s❡❞ ♦♥
❊❖❋s✱ ❙❖s ❛♥❞ ❇❛❧❛♥❝❡❞ ♠♦❞❡s ❛r❡ r❡♣♦rt❡❞ ✐♥ ✜❣✉r❡s ✹✳✶✸✭❛✱❜✱❝✮ r❡s♣❡❝t✐✈❡❧②✳ ❙✐♠✐❧❛r❧②✱ ❛ ❝♦♥✈❡r❣❡♥❝❡
t♦ t❤❡ ♦r✐❣✐♥❛❧ ♦♣t✐♠❛❧ ❣❛✐♥ ✐s ♦❜s❡r✈❡❞ ❢♦r ❛❧❧ t❤r❡❡ ♠♦❞❡❧s✳ ❚❤❡ ✜rst ❡♥❡r❣② ♣❡❛❦ ✭❛ss♦❝✐❛t❡❞ ✇✐t❤
s❤❡❛r ✐♥st❛❜✐❧✐t✐❡s✮ ✐s ✇❡❧❧ ❝❛♣t✉r❡❞ ❢♦r ❛❧❧ ❘❖▼s ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ♠♦r❡ ❡rr❛t✐❝ ❢♦r ❊❖❋s
❛♥❞ ❙❖s ♠♦❞❡❧s t❤❛♥ ❢♦r ❇❛❧❛♥❝❡❞ ♠♦❞❡❧s✳ ❚❤❡ ❤✐❣❤✲❢r❡q✉❡♥❝② ❞②♥❛♠✐❝s ❛r❡ ❛❧s♦ ✇❡❧❧ ❝❛♣t✉r❡❞ ❢♦r ❛❧❧
❘❖▼s ✉♥t✐❧ ❛ ❝✉t✲♦✛ ❢r❡q✉❡♥❝② ω ≈ 4✳

✹✳✺✳✸✳✶ ❊rr♦r q✉❛♥t✐✜❝❛t✐♦♥

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❘❖▼s t♦ ❝❛♣t✉r❡ t❤❡ ❧❡❛❞✐♥❣ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ✐s
q✉❛♥t✐✜❡❞✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ r❡❧❛t✐✈❡ ∞✲♥♦r♠ ♦❢ t❤❡ ❡rr♦r ❞❡✜♥❡❞ ❜②

e∞(r) =
maxω |λ1(ω) − λ1r(ω)|

maxω |λ1(ω)| ✭✹✳✸✻✮

✇❤❡r❡ λ1 = ||R(ω)||2 ✐s t❤❡ ❧❡❛❞✐♥❣ s✐♥❣✉❧❛r ✈❛❧✉❡ ♦❢ t❤❡ r❡s♦❧✈❡♥t ❛♥❞ λ1r r❡♣r❡s❡♥ts t❤❡ s❛♠❡ q✉❛♥t✐t②
❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❘❖▼s✳ ◆♦t❡ t❤❛t t❤✐s ❡rr♦r ♠❡❛s✉r❡s t❤❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣②
❣❛✐♥ ♣❡❛❦ ✈❛❧✉❡s✳ ❋✐❣✉r❡ ✹✳✶✹ r❡♣r❡s❡♥ts t❤✐s q✉❛♥t✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✐③❡ r ♦❢ t❤❡ ♠♦❞❡❧s✳ ❲❡
♦❜s❡r✈❡ t❤❛t t❤❡ ❡rr♦r t❡♥❞s t♦ 0 ❢♦r ❛❧❧ t❤r❡❡ ♠♦❞❡❧s✳ ❚❤✐s ❢❛❧❧ ♦✛ ✐s s♦♠❡❤♦✇ ❡rr❛t✐❝ ❢♦r t❤❡ ❊❖❋s ❛♥❞
❙❖s ♠♦❞❡❧s ❜✉t ♠♦r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♠♦♥♦t♦♥✐❝ ❢♦r t❤❡ ❇❛❧❛♥❝❡❞ ♠♦❞❡❧s✳ ❆s r❡♠✐♥❞❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✹✱
❡①❛❝t ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ✐s q✉❛s✐✲♦♣t✐♠❛❧ t♦ ❝❛♣t✉r❡ t❤❡ ✐♥♣✉t✲♦✉t♣✉t tr❛♥s❢❡r ❢✉♥❝t✐♦♥✱ s❡❡ ▼♦♦r❡
✭✶✾✽✶✮❀ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❛✮✳ ❙✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ ❛❧❧ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ❛s
✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts✱ t❤❡ ✐♥♣✉t✲♦✉t♣✉t tr❛♥s❢❡r ❢✉♥❝t✐♦♥ r❡❞✉❝❡s t♦ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r✳ ❆❝❝♦r❞✐♥❣❧②✱
❇❛❧❛♥❝❡❞ ♠♦❞❡❧s ♦❢ s♠❛❧❧ s✐③❡ ❛r❡ ♠✉❝❤ ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥ t❤♦s❡ ❜❛s❡❞ ♦♥ ❊❖❋s ❛♥❞ ❙❖s✳ ❚❤❡✐r ❡rr♦r
❢❛❧❧s ♦✛ q✉✐t❡ r❛♣✐❞❧② ✉♥t✐❧ r ≈ 100 ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧✐♠✐t ❜❡❧♦✇ ✇❤✐❝❤ t❤❡ ❇❛❧❛♥❝❡❞ ♠♦❞❡s
❛r❡ ❝♦♥✈❡r❣❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛♥❦ k✱ s❡❡ ✜❣✉r❡ ✹✳✶✵✭❛✮✳ ❋♦r ♠♦❞❡❧s ♦❢ ❤✐❣❤❡r s✐③❡✱ t❤❡
s✉♣❡r✐♦r✐t② ♦❢ t❤❡ ❇❛❧❛♥❝❡❞ ♠♦❞❡❧s ❞❡❝❧✐♥❡s ✉♥t✐❧ ❜❡✐♥❣ ❡✈❡♥ ✐♥❢❡r✐♦r t♦ t❤❡ ❙❖s ♠♦❞❡❧s✳ ❚❤✐s ♠❛② ❜❡
❛ttr✐❜✉t❡❞ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t ❤✐❣❤❡r ❇❛❧❛♥❝❡❞ ♠♦❞❡s ❛♥❞ t❤♦s❡ ❛♣♣r♦①✐♠❛t❡❞ ❛♥❞ ✉s❡❞
✐♥ t❤❡ ♣r❡s❡♥t ♠♦❞❡❧s✳ ❆ ♠♦r❡ ♣r❡❝✐s❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ r❛♥❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ t❤r❡❡
♠♦❞❡❧s ✐s ♦✉t ♦❢ ❝♦♥❝❡r♥ ❤❡r❡✳
❚❤❡s❡ r❡s✉❧ts s❤♦✇ t❤❛t ❛❧❧ t❤r❡❡ ♠♦❞❡❧s r❡❝♦✈❡r ✈❡r② ❛❝❝✉r❛t❡❧② t❤❡ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s ♦❢ t❤❡
♦r✐❣✐♥❛❧ s②st❡♠✳ ❋♦r r = 1500✱ t❤❡ ❡rr♦r r❡❞✉❝❡s t♦ 2%✱ 0.6% ❛♥❞ 0.55% ❢♦r t❤❡ ❊❖❋s✱ ❙❖s ❛♥❞ ❇❛❧❛♥❝❡❞
♠♦❞❡❧s r❡s♣❡❝t✐✈❡❧②✳ ❋✉rt❤❡r♠♦r❡✱ ✐t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡ s❛♠❡ ❛♥❛❧②s✐s ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞
❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❡❧❛t✐✈❡ 2✲♥♦r♠ ❡rr♦r ❛♥❞ t❤❛t t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥s ✇❡r❡ ♦❜s❡r✈❡❞✳
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❋✐❣✉r❡ ✹✳✶✹✿ ❘❡❧❛t✐✈❡ ∞✲♥♦r♠ ❡rr♦r ♦❢ t❤❡ ❧♦✇✲♦r❞❡r ♠♦❞❡❧s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡✐r s✐③❡ r✳

✹✳✺✳✸✳✷ ❙✉❜✲♦♣t✐♠❛❧ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s

❚❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ♣❛rt ♦❢ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ❤❛s ❜❡❡♥ ❤✐❣❤❧✐❣❤t❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸ ❜② r❛♥❦✐♥❣ t❤❡
❧❡❛❞✐♥❣ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣✴r❡s♣♦♥s❡s ♦✈❡r ❛ ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧✳ ❚♦ ❢✉rt❤❡r ❛ss❡ss t❤❡ ❞②♥❛♠✐❝s ♦❢
t❤❡ ❘❖▼s✱ t❤❡ s❛♠❡ ❛♥❛❧②s✐s ✐s ♣❡r❢♦r♠❡❞ ❜② ✐♥✈❡st✐❣❛t✐♥❣ ❤♦✇ t❤❡✐r ❧❡❛❞✐♥❣ 40 ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s
❝♦♠♣❛r❡ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡s✳ ◆♦t❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s ♦❢ t❤❡ ❘❖▼s ❛r❡ ❞✐r❡❝t❧② ❝♦♠♣✉t❡❞
❛s t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ t❤❡ ❧♦✇✲♦r❞❡r r❡s♦❧✈❡♥t ♦♣❡r❛t♦r✳
❘❡s✉❧ts ❛r❡ ❡①♣♦s❡❞ ❤❡r❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❊❖❋s ♠♦❞❡❧s✳ ❚❤❡ ❧❡❛❞✐♥❣ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s λ2

1✱ . . . ✱ λ
2
40 ❛r❡

❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✺ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❢r❡q✉❡♥❝②✳ ❚❤❡ r❡s✉❧ts ❢r♦♠ ❊❖❋s ♠♦❞❡❧s ♦❢ s✐③❡ r = 500✱ 1000
❛♥❞ 1500 ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ✹✳✶✺✭❛✱❜✱❝✮ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ❝♦♠♣✉t❡❞ ❢r♦♠ ❊❖❋s
♠♦❞❡❧s ❛r❡ ♦❜s❡r✈❡❞ t♦ ❝♦♥✈❡r❣❡ t♦ t❤❡ ❡①❛❝t ♦♥❡s ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ ♠♦❞❡❧s✳ ❋✉rt❤❡r♠♦r❡✱
t❤✐s r❡s✉❧t ❛❧s♦ ❤♦❧❞s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s ✭♥♦t s❤♦✇♥ ❤❡r❡✮✳ ◆♦t ♦♥❧② t❤❡
✧s❤❡❛r ❧❛②❡r✧ ❜r❛♥❝❤❡s ❛r❡ ❝❛♣t✉r❡❞ ❜② t❤❡ ♠♦❞❡❧s ❜✉t ❛❧s♦ t❤❡ ✧❝♦♥✈❡❝t✐✈❡✧ ♦♥❡s✱ s❡❡ s❡❝t✐♦♥ ✹✳✸✳ ❆❧❧
t❤❡ ❧❡❛❞✐♥❣ s✐♥❣✉❧❛r ✈❛❧✉❡s ❛r❡ ✇❡❧❧ ❝❛♣t✉r❡❞ ✉♥t✐❧ t❤❡ ❝✉t✲♦✛ ❢r❡q✉❡♥❝② ω ≈ 4 ✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ ❧✐♠✐t
❝♦♥s✐❞❡r❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❊❖❋s✳ ❋✉rt❤❡r♠♦r❡✱ ✐t s❤♦✉❧❞ ❜❡ ❡♠♣❤❛s✐③❡❞ t❤❛t ✇❡ ❛r❜✐tr❛r✐❧② ❝❤♦s❡
❊❖❋s t♦ ❡①♣♦s❡ t❤❡s❡ r❡s✉❧ts s✐♥❝❡ ✐♥✈❡st✐❣❛t✐♥❣ ❙❖s ❛♥❞ ❇❛❧❛♥❝❡❞ ♠♦❞❡❧s ❧❡❛❞s t♦ t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥s✳
❖✉r r❡s✉❧ts ❞❡♠♦♥str❛t❡ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❘❖▼s t♦ r❡❝♦✈❡r t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞
❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❤✐❣❤✲❢r❡q✉❡♥❝② ❞②♥❛♠✐❝s ✇❤✐❝❤ ❛r❡ ♥♦t ❝❛♣t✉r❡❞ ❜② t❤❡ ❘❖▼s
r❡❞✉❝❡ t♦ t❤❡ ❝♦♥✈❡❝t✐♦♥ ♦❢ s♠❛❧❧✲s❝❛❧❡ str✉❝t✉r❡s ✐♥ t❤❡ ❢r❡❡✲str❡❛♠✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❘❖▼s ❛r❡ ❡①♣❡❝t❡❞
t♦ ❛❝❝✉r❛t❡❧② ❝❛♣t✉r❡ t❤❡ ❡①❛❝t ✢♦✇ r❡s♣♦♥s❡ ❢r♦♠ ❛❧❧ ♣♦ss✐❜❧❡ ❧♦✇✲❢r❡q✉❡♥❝② ❢♦r❝✐♥❣✳

✹✳✻ ❈♦♥❝❧✉s✐♦♥

❚❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇ ♦✈❡r ❛ r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞ ❢❛❝✐♥❣✲st❡♣ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❛
♣r♦t♦t②♣❡ ♦❢ ♦♣❡♥ ✢♦✇ s✉❜❥❡❝t t♦ ❤②❞r♦❞②♥❛♠✐❝ ✐♥st❛❜✐❧✐t✐❡s✳ ❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ✇♦r❦ ✇❛s t♦
❞❡s✐❣♥ ❛❝❝✉r❛t❡ ❧♦✇✲♦r❞❡r ♠♦❞❡❧s ♦❢ ✐ts ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ❚♦ r❡❛❝❤ t❤❛t ❣♦❛❧✱ t❤❡ ❞②♥❛♠✐❝s ❤❛s
❜❡❡♥ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ s❡t ♦❢ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s✳ ❚❤❡ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✱
s❡❡♥ ❛s t❤❡ ♠❛♣♣✐♥❣ ❜❡t✇❡❡♥ ❛❧❧ ♣♦ss✐❜❧❡ ❢♦r❝✐♥❣ ❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ r❡s♣♦♥s❡s✱ ❤❛s ❜❡❡♥ tr✉♥❝❛t❡❞ ♦♥ ❛
❣✐✈❡♥ ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧✳ ◆❡①t✱ t❤r❡❡ s❡ts ♦❢ ♠♦❞❡s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ t♦ ♣r♦❥❡❝t t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s
❛♥❞ ❞❡s✐❣♥ t❤❡ ❘❖▼s✿ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s✱ ❙❖s ❛♥❞ ❇❛❧❛♥❝❡❞ ♠♦❞❡s✳
❋♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✱ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t ❤❛s
❝❧❡❛r❧② ❤✐❣❤❧✐❣❤t❡❞ t✇♦ ❞✐st✐♥❝t ❞②♥❛♠✐❝s✳ ❚❤❡ ✜rst ♦♥❡s r❡♣r❡s❡♥t t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ❛♥❞ ❛❞✈❡❝t✐♦♥ ♦❢

✶✷✺



❈❍❆P❚❊❘ ✹✳ ❋❘❊◗❯❊◆❈❨ ❉❊❈❖▼P❖❙■❚■❖◆ ❆◆❉ ▼❖❉❊▲ ❘❊❉❯❈❚■❖◆ ❖❋ ❚❍❊ ❋❯▲▲ ❉❨◆❆▼■❈❙

❋✐❣✉r❡ ✹✳✶✺✿ ❋✐rst 40 ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s λ2
1✱ . . . ✱ λ2

40 ✈❡rs✉s ❢r❡q✉❡♥❝② ω ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❢✉❧❧
s②st❡♠ ❛♥❞ ❊❖❋s ♠♦❞❡❧s✳ ✭❛✱❜✱❝✮ r❡♣r❡s❡♥t t❤❡ r❡s✉❧ts ❢r♦♠ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ 500✱ 1000 ❛♥❞ 1500 ♠♦❞❡s
r❡s♣❡❝t✐✈❡❧②✳

♣❡rt✉r❜❛t✐♦♥s ❛s ✇❛✈❡ ♣❛❝❦❡ts ❛❧♦♥❣ t❤❡ s❡♣❛r❛t❡❞ s❤❡❛r ❧❛②❡r ❛♥❞ t❤❡ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ❧❛②❡r✳
❚❤❡ s❡❝♦♥❞ ♦♥❡s ❛❝❝♦✉♥t ❢♦r t❤❡ ❢r❡❡✲str❡❛♠ ❝♦♥✈❡❝t✐♦♥ ♦❢ ♣❡rt✉r❜❛t✐♦♥s✳ ❖♥❡ s❤♦✉❧❞ ❡①♣❡❝t t❤❛t
t❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❞②♥❛♠✐❝s ❞❡♣❡♥❞s ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❆❝t✉❛❧❧②✱
♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ♣❡r❢♦r♠❡❞ ♦♥ ❛ ❜✐❣❣❡r ❞♦♠❛✐♥ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❢r❡❡✲str❡❛♠ ❝♦♥✈❡❝t✐♦♥ ❞②♥❛♠✐❝s ❛r❡
♠♦r❡ ❡♥❡r❣❡t✐❝ ✇❤✐❧❡ t❤❡ s❤❡❛r ❧❛②❡r ♦♥❡s r❡♠❛✐♥ ❛❧♠♦st t❤❡ s❛♠❡✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ❛ ❧❛r❣❡r ♥✉♠❜❡r ♦❢
♦♣t✐♠❛❧ ❢♦r❝✐♥❣✴r❡s♣♦♥s❡s ✇♦✉❧❞ ❜❡ r❡q✉✐r❡❞ t♦ ❝❛♣t✉r❡ t❤❡ ♣r❡❞♦♠✐♥❛♥t ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ❲❡
t❤✉s ❝♦♥❝❧✉❞❡ t❤❛t ❞❡s✐❣♥✐♥❣ ❛❝❝✉r❛t❡ ❘❖▼s ♠❛② ❜❡ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ♠✉❝❤ ❜✐❣❣❡r
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s✳
❆ tr✉♥❝❛t✐♦♥ ♦❢ t❤❡ ❧❡❛❞✐♥❣ 40 ♦♣t✐♠❛❧ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s ♦♥ t❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ω = [0; 4] ❤❛s ❜❡❡♥
❛❞♦♣t❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s❡s✳ ❚❤✐s ❝❤♦✐❝❡ ♣r♦✈❡❞ t♦ ❜❡ s✉✣❝✐❡♥t ❢♦r ❛♥ ❛❝❝✉r❛t❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ t❤❡ ❧❡❛❞✐♥❣ 100 ❊❖❋s✱ ❙❖s ❛♥❞ ❇❛❧❛♥❝❡❞ ♠♦❞❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❤✐❣❤❡r ♠♦❞❡s ❤❛✈❡ ❜❡❡♥ ❛❧s♦
❝♦♥s✐❞❡r❡❞ t♦ ❜✉✐❧❞ t❤❡ ❘❖▼s✳ ❲❡ s❤♦✇❡❞ t❤❛t ❛❧❧ t❤r❡❡ ♠♦❞❡❧s r❡❝♦✈❡r t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ♦❢
t❤❡ s②st❡♠ ✭t❤❡ ❧❡❛❞✐♥❣ s✐♥❣✉❧❛r ✈❛❧✉❡ ♦❢ t❤❡ t✐♠❡ ♣r♦♣❛❣❛t♦r✮ ❛♥❞ t❤❡ ❧❡❛❞✐♥❣ 40 ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝
❢♦r❝✐♥❣✴r❡s♣♦♥s❡s ✭t❤❡ ❧❡❛❞✐♥❣ s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ t❤❡ r❡s♦❧✈❡♥t✮✳ ❚❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ♦❢ s✐③❡ n = 170 260
❤❛s t❤✉s ❜❡❡♥ r❡❞✉❝❡❞ t♦ ♠♦❞❡❧s ♦❢ s✐③❡ 1500 t❤❛t ❛❝❝✉r❛t❡❧② ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s✳
Pr❛❝t✐❝❛❧❧②✱ s✉❝❤ ❘❖▼s ❛r❡ ♥♦t ❜❛s❡❞ ♦♥ ❛♥② ✐♥♣✉t ♦r ♦✉t♣✉t✳ ■♥st❡❛❞✱ t❤❡ ♠❡t❤♦❞♦❧♦❣② ✐♥tr♦❞✉❝❡❞ ❤❡r❡
✐s ❝♦♥❝❡♣t✉❛❧❧② ♠❡❛♥t t♦ ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ♦♥ ❛ ❣✐✈❡♥ ❢r❡q✉❡♥❝② ✐♥t❡r✈❛❧✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠♦st
❡♥❡r❣❡t✐❝ ❞②♥❛♠✐❝s ❛r❡ ♣r❡❞♦♠✐♥❛♥t❧② ❞r✐✈❡♥ ❜② s♦♠❡ ❦♥♦✇♥ ✐♥st❛❜✐❧✐t② ❛t ❛ ❣✐✈❡♥ ❢r❡q✉❡♥❝②✱ ❛s ✐♥ t❤❡
♣r❡s❡♥t st✉❞②✱ t❤❡ ❘❖▼s ♠❛② ❝❛♣t✉r❡ t❤❡ ♣r❡❞♦♠✐♥❛♥t ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡②
♠❛② r❡❝♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ✢♦✇ r❡s♣♦♥s❡ ❢r♦♠ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦r ❡①t❡r♥❛❧ ❡①❝✐t❛t✐♦♥s✳
❚❤✐s ✇♦r❦ t❤✉s ②✐❡❧❞s ❛ ♥❡✇ ❛♥❞ ♣r♦♠✐s✐♥❣ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❞❡s✐❣♥ ♦❢ ❘❖▼s ❢♦r ✢✉✐❞ ✢♦✇s✳ ■t ♠❛② ❜❡
❛ ✈❛❧✉❛❜❧❡ ❛ss❡t ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❑❛❧♠❛♥ ✜❧t❡r ❡st✐♠❛t♦rs ❢♦r ❧❛r❣❡✲s❝❛❧❡ ✢♦✇s ✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s
❛r❡ ♦❢t❡♥ ✉♥❝❡rt❛✐♥ ♦r ✈❛r②✐♥❣✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✢♦✇ ❝♦♥tr♦❧✱ s✉❝❤ ♠♦❞❡❧s ✇♦✉❧❞ ❛❧❧♦✇
t♦ ❝♦♥s✐❞❡r s②st❡♠s ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts✴♦✉t♣✉ts ✐s ✈❡r② ❧❛r❣❡ ♦r ✉♥❦♥♦✇♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ ❝❧♦s❡❞✲❧♦♦♣ ✢♦✇ ❝♦♥tr♦❧✱ ♦♥❡ ♣♦ss✐❜❧❡ ♣r♦s♣❡❝t ✇♦✉❧❞ ❜❡ t♦ ❝♦♥s✐❞❡r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢
❛❝t✉❛t♦rs ❛♥❞ s❡♥s♦rs ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡✐r ♦♣t✐♠❛❧ ♣♦s✐t✐♦♥✳
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✹✳❆✳ ❋❖❘▼❯▲❆❚■◆● ❚❍❊ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❊◗❯❆❚■❖◆❙ ❆❙ ❆ ❙❚❆◆❉❆❘❉ ❉❨◆❆▼■❈❆▲ ❙❨❙❚❊▼

❈❤❛♣t❡r ❛♣♣❡♥❞✐①

✹✳❆ ❋♦r♠✉❧❛t✐♥❣ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛s ❛ st❛♥❞❛r❞ ❞②♥❛♠✐❝❛❧

s②st❡♠

❚❤❡ ❧✐♥❡❛r ✢♦✇ ❞②♥❛♠✐❝s ✇✐t❤ ❡①t❡r♥❛❧ ❢♦r❝✐♥❣ ❤❛✈❡ ❜❡❡♥ ❛ss✉♠❡❞ t♦ ❜❡ ❣♦✈❡r♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
s②st❡♠

ẋ = Ax + f ✭✹✳✸✼✮

✇❤❡r❡ x ✐s t❤❡ ❞✐s❝r❡t✐③❡❞ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❚❤✐s ❛♣♣❡♥❞✐① ✐s ❞❡✈♦t❡❞ t♦ s❤♦✇✐♥❣ ❤♦✇ t♦ ❣❡t t❤✐s ❢♦r♠✉❧❛✲
t✐♦♥✳ ❲❡ st❛rt ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✭✹✳✶✮ ✇✐t❤ ❛ ❢♦r❝✐♥❣ t❡r♠ ♦♥ t❤❡
♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s✳ ❖♥❝❡ ❞✐s❝r❡t✐③❡❞✱ t❤❡s❡ ❡q✉❛t✐♦♥s ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜♥✐t❡✲s✐③❡❞
♠❛tr✐① ❢♦r♠✿

(
Q1 0
0 0

)
d

dt

(
x1

x2

)

=

(
A1 A∗

2

A2 0

)(
x1

x2

)

+

(
Q1 0
0 0

)(
f1(t)

0

)

✭✹✳✸✽✮

✇❤❡r❡ x1 ❛♥❞ x2 ❞❡♥♦t❡ t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡ ✜❡❧❞s✱ ❛♥❞ f1(t) ✐s t❤❡ ❢♦r❝✐♥❣ t❡r♠✳ ❚❤❡ ♦♣❡r❛t♦r A1 ❤❛s
❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❛s t❤❡ ♣❛rt ♦❢ t❤❡ ❞②♥❛♠✐❝s ❣♦✈❡r♥✐♥❣ t❤❡ ❝♦♥✈❡❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥✳ ❆♥❛❧♦❣♦✉s❧②✱ A2 ❛♥❞
A∗

2 ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❛s t❤❡ ♣❛rts r❡❧❛t✐✈❡ t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❛♥❞ ♣r❡ss✉r❡ ❡✛❡❝ts r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ♠❛ss ♠❛tr✐① Q1 ❛❝❝♦✉♥ts ❢♦r t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ ♣❡rt✉r❜❛t✐♦♥s✱
♥❛♠❡❧② x∗1Q1x1 =

∫

Ω u2 dΩ ✇❤❡r❡ Ω ✐s t❤❡ ✢✉✐❞ ✈♦❧✉♠❡✳
❚❤❡ ❡q✉❛t✐♦♥ ♦♥ t❤❡ ♣r❡ss✉r❡ ✐s ♠❡❛♥t t♦ ❡♥❢♦r❝❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ♦♥ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❲❡ t❤✉s
❡❧✐♠✐♥❛t❡ ✐t ❛♥❞ r❡str✐❝t t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ t♦ ✐ts ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ♣❛rt✳ ❋✐rst✱ ✇❡ ♠✉❧t✐♣❧② t❤❡ ♠♦♠❡♥t✉♠
❡q✉❛t✐♦♥ ❜② A2Q

−1
1 ✇❤✐❝❤ ❧❡❛❞s ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣r❡ss✉r❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞

x2 = −
(
A2Q

−1
1 A∗

2

)−1 [(
A2Q

−1
1 A1

)
x1 + A2f1(t)

]
✭✹✳✸✾✮

❚❤❡ ❡①♣❧✐❝✐t ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t ❝❛♥ t❤❡♥ ❜❡ ❡❧✐♠✐♥❛t❡❞ ❜② ✇r✐t✐♥❣

dx1

dt
= P1A1x1 + P1Q1f1(t) ✭✹✳✹✵✮

✇❤❡r❡

P1Q1 = I − Q−1
1 A∗

2

(
A2Q

−1
1 A∗

2

)−1
A2 ✭✹✳✹✶✮

✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛tr✐① ♦♥t♦ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ s♣❛❝❡✳ ■t ✐s ♥♦t❡✇♦rt❤② t❤❛t P1 ✐s ❛ ❍❡r♠✐t✐❛♥ ♦♣❡r❛t♦r
✭P∗

1 = P1✮✳ ❲❡ ❝❛♥ t❤❡♥ ✐♥tr♦❞✉❝❡ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r ❛s A = P1A1 ❛♥❞ t❤❡ ❞✐✈❡r❣❡♥❝❡✲
❢r❡❡ ♣❛rt ♦❢ t❤❡ ❢♦r❝✐♥❣ ❛s f = P1Q1f1 s♦ t❤❛t ✇❡ r❡❝♦✈❡r ❡q✉❛t✐♦♥ ✭✹✳✸✼✮✳

✹✳❇ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s

❚❤❡ st❛rt✐♥❣ ♣♦✐♥t t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s✱ ❙❖s ❛♥❞ ❇❛❧❛♥❝❡❞ ♠♦❞❡s ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ❧❡❛❞✐♥❣
♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s ♦❢ t❤❡ ✢♦✇✳ ❚❤✐s ❛♣♣❡♥❞✐① s❤♦✇s ❤♦✇ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥♥❡r
♣r♦❞✉❝t ✐♥t❡r✈❡♥❡s ✐♥ t❤❡✐r ❝♦♠♣✉t❛t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦r❝✐♥❣ f1(t)✱ ✇❤✐❝❤ ♠❛② ♥♦t ❜❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡✱
s♦ t❤❛t t❤❡ s②st❡♠ ✐s ✇r✐tt❡♥ ❛s

ẋ = Ax + P1Q1f1(t) ✭✹✳✹✷✮

✇❤❡r❡ t❤❡ ♦♣❡r❛t♦r P1Q1 ♣r♦❥❡❝ts t❤❡ ❢♦r❝✐♥❣ ♦♥t♦ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ s♣❛❝❡✳ ❋♦r ❛♥ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣
f1(t) = f̂eiωt✱ t❤❡ ❤❛r♠♦♥✐❝ ❧♦♥❣ t✐♠❡ r❡s♣♦♥s❡ ♦❢ t❤❡ ✢♦✇ ✐s ❣✐✈❡♥ ❜② x(t) = x̂eiωt ✇✐t❤ (iωI−A)x̂ = P1Q1f̂
✇❤✐❝❤ ❧❡❛❞s t♦ x̂ = (iωI − A)−1P1Q1f̂ ✳ ❚❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ✐s t❤❡♥ ❞❡✜♥❡❞ ❜② R = (iωI − A)−1P1Q1✳

✶✷✼
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◆♦✇✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t Q1 ❜❛s❡❞ ♦♥ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ t❤❡ ❛❞❥♦✐♥t ♦❢ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r
R†(ω) ✐s ❞❡✜♥❡❞ ❜②

R†(ω) = Q−1
1 R∗(ω)Q1 ✭✹✳✹✸✮

✇❤❡r❡ t❤❡ s✉♣❡rs❝r✐♣t ∗ ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ tr❛♥s♣♦s❡✳ ❲❡ s❤♦✇❡❞ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝
❢♦r❝✐♥❣ f̂i ❛♥❞ r❡s♣♦♥s❡s x̂i ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ R†(ω)R(ω)̂fi = λ2

i f̂i ❛♥❞ R(ω)R†(ω)x̂i = λ2
i x̂i✳ ❆s ❛ r❡s✉❧t✱

♠❛❦✐♥❣ ❡①♣❧✐❝✐t t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s

R∗(ω)Q1R(ω)̂fi = λ2
i Q1f̂i ❛♥❞ R(ω)Q−1

1 R∗(ω)Q1x̂i = λ2
i x̂i ✭✹✳✹✹✮

Pr❛❝t✐❝❛❧❧②✱ ✇❡ ♦♥❧② s♦❧✈❡ t❤❡ ✜rst ♦♥❡ ✇✐t❤ ❛ ❝❧❛ss✐❝❛❧ ❑r②❧♦✈✲❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ t❤❡ ❧❡❛❞✐♥❣
❢♦r❝✐♥❣ t❡r♠s f̂i✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ r❡s♣♦♥s❡s ❝❛♥ t❤❡♥ ❜❡ r❡❝♦✈❡r❡❞ ✐♥ ❛ s✐♠♣❧❡r ✇❛② ❜② x̂i = R(ω)̂fi✳

✶✷✽
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❚❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❝♦♥❝❧✉❞❡s t❤❡ ♣❛rt ♦❢ t❤❡ t❤❡s✐s ❞❡✈♦t❡❞ t♦ ❘❡❞✉❝❡❞ ❖r❞❡r ▼♦❞❡❧s ✭❘❖▼s✮✳ ■♥
t❤✐s ♦♥❡✱ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❛s ❛ ❦❡② ❡❧❡♠❡♥t ✐♥ ❜♦t❤ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ✢♦✇
❞②♥❛♠✐❝s ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s❡s✳ ❲❡ s❤♦✇❡❞ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❊♠♣✐r✐❝❛❧ ❖r✲
t❤♦❣♦♥❛❧ ❢✉♥❝t✐♦♥s ✭❊❖❋s✮✱ t❤❡ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s ✭❙❖s✮ ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s t♦ r❡❝♦✈❡r t❤❡ ♦r✐❣✐♥❛❧
✢♦✇ ❞②♥❛♠✐❝s✳ ■♥ ❢❛❝t✱ t❤❡ ❝♦♠♠♦♥ ♣♦✐♥t ❜❡t✇❡❡♥ t❤❡ t❤r❡❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs ✐s t❤❡ s❤✐❢t ✐♥t♦ t❤❡
❢r❡q✉❡♥❝② ❞♦♠❛✐♥ t❤❛t ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ ❢r❡q✉❡♥t✐❛❧ s♥❛♣s❤♦ts ✇❤✐❝❤ ❛r❡ ✉s❡❞ ✐♥ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥
♣r♦❝❡ss✳ ❖✈❡r t❤❡ t❤r❡❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✱ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❢r♦♠ ❛♥
✐♥♣✉t✲♦✉t♣✉t ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❲❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ✐♥♣✉t ❛♥❞ ❛ s✐♥❣❧❡ ♦✉t♣✉t ✐♥ ❝❤❛♣t❡r ✷✳
❚❤❡ ❝❛s❡ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ✐♥♣✉ts ❛♥❞ t❤❡ s❛♠❡ ♦✉t♣✉t ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❝❤❛♣t❡r ✸✳ ■♥ t❤❡ ❡♥❞✱ ✇❡
❤❛✈❡ s❤♦✇♥ ❤♦✇ t♦ ❝♦♥s✐❞❡r ❛❧❧ t❤❡ st❛t❡✲s♣❛❝❡ ❛s ❜♦t❤ t❤❡ ✐♥♣✉ts ❛♥❞ t❤❡ ♦✉t♣✉ts ✐♥ ❝❤❛♣t❡r ✹✳ ❆s
❛♥ ❛ss❡ss♠❡♥t ❢r♦♠ t❤❡s❡ ❝❤❛♣t❡rs✱ ✇❡ ❝❛♥ s❛② t❤❛t ✇❡ ❤❛✈❡ ✐♥❝r❡❛s❡❞ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ t❤❡ ♠♦❞❡❧s✱
♥❛♠❡❧② t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts✳ ❨❡t✱ ✐t ✐s ♥❛t✉r❛❧❧② ♦❜s❡r✈❡❞ t❤❛t t❤❡ s✐③❡ ♦❢ t❤❡ r❡q✉✐r❡❞
❘❖▼s ✐♥❝r❡❛s❡s ❛❝❝♦r❞✐♥❣❧②✳ ▲❡t ✉s ❣✐✈❡ ❛♥ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡✳ ❙✉♣♣♦s❡ ✇❡ ❧♦♦❦ ❢♦r ❛ ♠♦❞❡❧ ✇✐t❤
♠♦r❡ t❤❛♥ 95% ♦❢ ❛❝❝✉r❛❝② ♦♥ t❤❡ ✐♥♣✉t✲♦✉t♣✉t tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✇✐t❤ t❤❡ H∞ ♥♦r♠✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡
❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ❝♦♠♣✉t❡❞ ✐♥ ❝❤❛♣t❡rs ✷✱ ✸ ❛♥❞ ✹✱ t❤❡ r❡q✉✐r❡❞ s✐③❡s ♦❢ t❤❡ ❘❖▼s ❛r❡ 11✱ 16 ❛♥❞ 930
r❡s♣❡❝t✐✈❡❧②✳ ◆♦✇✱ ♦♥❡ s❤♦✉❧❞ ♥❛t✉r❛❧❧② ❝❤♦♦s❡ ❛ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❛♠♦♥❣ t❤♦s❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s
✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ❞❡s✐r❡❞ ❡①♣❡❝t❛t✐♦♥s✳

❲❡ ♥♦✇ ♠♦✈❡ ♦♥ t♦ t❤❡ ✜♥❛❧ ❝❤❛♣t❡r ♦❢ t❤✐s t❤❡s✐s✳ ■ts ♣✉r♣♦s❡ ✐s t♦ ✐❧❧✉str❛t❡ s♦♠❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡
❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❧♦✇✲♦r❞❡r ♠♦❞❡❧s ✐♥✈❡st✐❣❛t❡❞ s♦ ❢❛r✳ ❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❧♦✇✲♦r❞❡r
❝❧♦s❡❞✲❧♦♦♣ ✢♦✇ ❝♦♥tr♦❧❧❡r✳ ❲❡ ❝♦♥s✐❞❡r❡❞ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❛❧♦♥❣ ✇✐t❤
❛♥ ❛❞❞✐t✐♦♥❛❧ ✉♣str❡❛♠ ♥♦✐s❡ ❞✐str✐❜✉t✐♦♥ ✭✐♥♣✉t✮ ✇❤✐❝❤ ❛❝ts ❛s ❛ r❛♥❞♦♠ ❢♦r❝✐♥❣ ❛♥❞ ✐♥❞✉❝❡s ✢♦✇
✉♥st❡❛❞✐♥❡ss✳ ◆❡①t✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛♥ ❛❝t✉❛t♦r ✭✐♥♣✉t✮ ❛❧♦♥❣ ✇✐t❤ s❡✈❡r❛❧ s❡♥s♦rs ✭♦✉t♣✉ts✮✳ ❚❤❡
✐❞❡❛ ✐s t❤❡♥ t♦ ❡①tr❛❝t ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ✢♦✇ ✈✐❛ ❛ ♠❡❛s✉r❡♠❡♥t ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❛♥ ❛❝❝✉r❛t❡ r❡❛❧✲
t✐♠❡ ❢❡❡❞❜❛❝❦ ❛❝t✉❛t✐♦♥ ❛♥❞ s✉♣♣r❡ss t❤❡ ♣❡rt✉r❜❛t✐♦♥s ✐♥❞✉❝❡❞ ❜② t❤❡ ♥♦✐s❡✳ ❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡
❛❞♦♣t❡❞ ❛♥ ♦♣t✐♠❛❧ st❛t❡✲s♣❛❝❡ ✢♦✇ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡✿ t❤❡ ▲✐♥❡❛r ◗✉❛❞r❛t✐❝ ●❛✉ss✐❛♥ ❝♦♥tr♦❧ ✭▲◗●✮✳
■t ❝♦♥s✐sts ✐♥ ❝♦♠♣✉t✐♥❣ ❛ ❝♦♥tr♦❧ ❧❛✇ ❜❛s❡❞ ♦♥ ❛ ▲✐♥❡❛r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡
❛ ◗✉❛❞r❛t✐❝ ❝♦st ❢✉♥❝t✐♦♥❛❧ ✇❤❡♥ t❤❡ s②st❡♠ ✐s ❞r✐✈❡♥ ❜② ●❛✉ss✐❛♥ ♥♦✐s❡✳

■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ ❘❡❞✉❝❡❞ ❖r❞❡r ▼♦❞❡❧ ❛♣♣❡❛rs ❛s ❛♥ ✐♥❞✐s♣❡♥s❛❜❧❡ st❡♣ ✐♥ t❤❡
❞❡s✐❣♥ ♦❢ t❤❡ ❢❡❡❞❜❛❝❦ ✢♦✇ ❝♦♥tr♦❧❧❡r✳ ■♥❞❡❡❞✱ t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ▲◗● ❝♦♥tr♦❧ ✐s t♦ ❝♦♠♣✉t❡ ❛ s♦✲
❝❛❧❧❡❞ ❝♦♠♣❡♥s❛t♦r ✇❤✐❝❤ t❛❦❡s t❤❡ ♠❡❛s✉r❡♠❡♥t ❛s ❛♥ ✐♥♣✉t ❛♥❞ r❡t✉r♥s t❤❡ ❝♦♥tr♦❧ ❧❛✇ ❣♦✈❡r♥✐♥❣ t❤❡
❛❝t✉❛t✐♦♥✱ s❡❡ ❇✉r❧ ✭✶✾✾✾✮❀ ❩❤♦✉ ❡t ❛❧✳ ✭✷✵✵✷✮✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♠♣❡♥s❛t♦r✱ ♦♥❡ ♥❡❡❞ t♦ s♦❧✈❡ t✇♦ ❘✐❝❝❛t✐
❡q✉❛t✐♦♥s ✇❤✐❝❤ ❤❛✈❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t s②st❡♠ ♦❢ ✐♥t❡r❡st✳ ■♥ ♦✉r ❝❛s❡✱ t❤❡ ♥✉♠❜❡r
♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐s ❛❜♦✉t O(105) ✇❤✐❝❤ ♠❛❦❡s t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥s ✐♠♣♦ss✐❜❧❡✳
◆♦✇✱ ❣✐✈❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts✱ t❤❡ ❝♦♥tr♦❧ ❞❡s✐❣♥ ♣r♦❝❡ss ❛♠♦✉♥ts t♦ ✐❞❡♥t✐❢②✐♥❣
t❤❡ ✐♥♣✉t s✐❣♥❛❧s ✇❤❡♥ ♦✉t♣✉t s✐❣♥❛❧s ❛r❡ ❣✐✈❡♥✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦r ❞♦❡s
♥♦t r❡q✉✐r❡ t❤❡ ❝♦♠♣❧❡t❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❢✉❧❧ ❞②♥❛♠✐❝s ❜✉t ♦♥❧② t❤❡ ♣❛rt ❣♦✈❡r♥✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣
❜❡t✇❡❡♥ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t s✐❣♥❛❧s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❝♦♠♣❡♥s❛t♦r ♠❛② ❜❡ ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ ❛ ❧♦✇✲
♦r❞❡r ♠♦❞❡❧ ✇❤✐❝❤ ❝❛♣t✉r❡s t❤❡ ♦r✐❣✐♥❛❧ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ▼♦st❧②✱ t❤❡ ♣r❡❞♦♠✐♥❛♥t r❡❛s♦♥ t♦
r❡s♦rt t♦ ❘❖▼s ✐s t❤❛t ❛ ❧♦✇✲♦r❞❡r ❝♦♠♣❡♥s❛t♦r ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ②✐❡❧❞ ❛♥ ❛❝t✉❛t✐♦♥ ❧❛✇ ✐♥ r❡❛❧✲t✐♠❡ ❢♦r
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♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r t❤❡s❡ r❡❛s♦♥s✱ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❛♣♣❡❛rs ❛s ❛ ❦❡② ❡❧❡♠❡♥t t♦ ❞❡s✐❣♥ ❡✛❡❝t✐✈❡
❝♦♠♣❡♥s❛t♦rs✳
❚❤❡ ♥❡①t ❝❤❛♣t❡r ♣r❡s❡♥ts t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❜②
♠❡❛♥s ♦❢ ❛♥ ▲◗● ❝♦♠♣❡♥s❛t♦r ❜❛s❡❞ ♦♥ ❛ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧✳ ❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ ❝♦❧❧❛❜♦✲
r❛t✐♦♥ ✇✐t❤ ❉r✳ ❆❧❡①❛♥❞r❡ ❇❛r❜❛❣❛❧❧♦ ❛♥❞ Pr✳ P❡t❡r ❏✳ ❙❝❤♠✐❞✳ ▼♦st❧②✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t ♠②
❝♦♥tr✐❜✉t✐♦♥ ❝♦♥❝❡r♥s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♥♦♥✲r❡❞✉❝❡❞ ✢♦✇ ❞②♥❛♠✐❝s ❛s ✇❡❧❧ ❛s t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛♥❛❧②s❡s r❡❧❛t❡❞ t♦ t❤❡ ✢♦✇ ❝♦♥tr♦❧ ✇❡r❡ ❤❛♥❞❧❡❞ ❜② ❆❧❡①❛♥❞r❡ ❇❛r❜❛❣❛❧❧♦✳ ❚❤❡
r❡s✉❧ts ♦❢ t❤✐s ✇♦r❦ ❤❛✈❡ ❜❡❡♥ ❡①♣♦s❡❞ ✐♥ ❛♥ ❛rt✐❝❧❡ t❤❛t ❤❛s ❜❡❡♥ s✉❜♠✐tt❡❞ t♦ t❤❡ ❏♦✉r♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡✲
❝❤❛♥✐❝s✳ ❚❤✐s ❧❛tt❡r ❝♦♥s✐sts ♦❢ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ st✉❞② ♦❢ ✈❛r✐♦✉s ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ▲◗●✲❝♦♥tr♦❧ ❞❡s✐❣♥
❛♣♣❧✐❡❞ t♦ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❚❤❡ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢
t♦♦❧s ✐♥t❡♥❞❡❞ t♦ ❞❡s✐❣♥ ❡✛❡❝t✐✈❡ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ str❛t❡❣✐❡s ❢♦r ❛♠♣❧✐✜❡r ✢♦✇s✳ ❙✐♥❝❡ ❛ ❧❛r❣❡ ♣❛rt ♦❢
t❤✐s ✇♦r❦ ✇❛s ♣❡r❢♦r♠❡❞ ❜② ❆❧❡①❛♥❞r❡ ❇❛r❜❛❣❛❧❧♦✱ ✇❡ ❝❤♦s❡ t♦ r❡♣♦rt t❤✐s ❛rt✐❝❧❡ ✐♥ t❤❡ ❛♣♣❡♥❞✐① s❡❝✲
t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♥❡①t ❝❤❛♣t❡r ✐s ✈❡r② s❤♦rt ❛♥❞ ♦♥❧② ✐♥❝❧✉❞❡s ❛ ❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ❛♥❞ s✉♠♠❛r② ♦❢
t❤❡ ♠❛✐♥ r❡s✉❧ts✳ ■ ✇♦✉❧❞ ❤✐❣❤❧② r❡❝♦♠♠❡♥❞ ✐♥t❡r❡st❡❞ r❡❛❞❡rs t♦ ❝♦♥s✐❞❡r ❜♦t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉♠♠❛r②
❛♥❞ t❤❡ ❢✉❧❧ ❛rt✐❝❧❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① s❡❝t✐♦♥✳
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❈❤❛♣t❡r ✺

❈❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ♦❢ ✉♥st❡❛❞✐♥❡ss ♦✈❡r

t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣

✺✳✶ ■♥tr♦❞✉❝t✐♦♥✿ t❤❡ ▲◗● ❝♦♥tr♦❧

❚❤✐s ❧❛st ❝❤❛♣t❡r ♦❢ t❤❡ t❤❡s✐s ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣
st❡♣ ✢♦✇✳ ❲❡ ❝♦♥s✐❞❡r❡❞ ❛ ❧✐♥❡❛r st❛t❡✲s♣❛❝❡ ✢♦✇ ❝♦♥tr♦❧ ❛♣♣r♦❛❝❤✿ t❤❡ ▲◗● ❝♦♥tr♦❧✳ ▲◗● ❝♦♥tr♦❧
♠❡❛♥s ▲✐♥❡❛r ◗✉❛❞r❛t✐❝ ●❛✉ss✐❛♥ ❝♦♥tr♦❧✳ ■t st❛♥❞s ❢♦r ❝♦♠♣✉t✐♥❣ ❛ ❝♦♥tr♦❧ ❧❛✇ ❜❛s❡❞ ♦♥ ❛ ✭▲✮✐♥❡❛r
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s②st❡♠ s✉❝❤ ❛s t♦ ♠✐♥✐♠✐③❡ ❛ ❣✐✈❡♥ ✭◗✮✉❛❞r❛t✐❝ ❝♦st ❢✉♥❝t✐♦♥❛❧✱ t❤❡ s②st❡♠ ❜❡✐♥❣
❢♦r❝❡❞ ❜② ❛ ✭●✮❛✉ss✐❛♥ ♥♦✐s❡✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ✐s t♦ s✉♣♣r❡ss ♦r ❛t ❧❡❛st t♦
r❡❞✉❝❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ✐♥❞✉❝❡❞ ❜② t❤❡ ♥♦✐s❡✳ ❙✐♥❝❡ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛r❡ ♥♦♥✲❧✐♥❡❛r✱ t❤❡
✜rst st❡♣ ✐s t♦ ✐❞❡♥t✐❢② ❛ ❧✐♥❡❛r st❛t❡✲s♣❛❝❡ ♠♦❞❡❧ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ s②st❡♠ ♦❢ ✐♥t❡r❡st✳ ❚❤✐s ♠♦❞❡❧ ✐s
❝❛❧❧❡❞ t❤❡ ♣❧❛♥t✳ ❆s ❛ s❡❝♦♥❞ st❡♣✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ❛❝t✉❛t♦r t♦ ❛❝t ♦♥ t❤❡ ✢♦✇ ✭✐♥♣✉t✮ ❛♥❞ ❛ s❡♥s♦r t♦
❡①tr❛❝t r❡❛❧ t✐♠❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ✢♦✇ ✭♦✉t♣✉t✮✳ ◆❡①t✱ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ▲◗● ❝♦♥tr♦❧ ❝♦♥s✐sts ♦❢
t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ ❝♦♠♣❡♥s❛t♦r ✇❤✐❝❤ t❛❦❡s t❤❡ ♠❡❛s✉r❡♠❡♥t ❛s ❛♥ ✐♥♣✉t ❛♥❞ ②✐❡❧❞s t❤❡ ❛❝t✉❛t✐♦♥
❧❛✇ ❛s ❛♥ ♦✉t♣✉t✳ ❋♦r ✐❧❧✉str❛t✐♦♥✱ ❛ s❦❡t❝❤ ♦❢ t❤❡ ❦❡② ❡❧❡♠❡♥t ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ s②st❡♠ ✐s ❞❡♣✐❝t❡❞
✐♥ ✜❣✉r❡ ✺✳✶✳ ❲❡ ❞❡✜♥❡ t❤❡ ✢♦✇ st❛t❡ X(t) ✇❤♦s❡ ❞②♥❛♠✐❝s ❛r❡ ❣♦✈❡r♥❡❞ ❜② t❤❡ ♣❧❛♥t✱ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ X(t0)✳ ❲❡ ❢✉rt❤❡r♠♦r❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣❧❛♥t ✐s s✉❜❥❡❝t t♦ ❛♥ ❡①t❡r♥❛❧ r❛♥❞♦♠ ♥♦✐s❡✳ ❚❤❡
s❡♥s♦r ②✐❡❧❞s ❛ ♠❡❛s✉r❡♠❡♥t m(t) ♦❢ t❤❡ ✢♦✇ st❛t❡ X(t) ✇❤✐❝❤ ✐s ❣✐✈❡♥ t♦ t❤❡ ❝♦♠♣❡♥s❛t♦r✳ ❚❤✐s ❧❛tt❡r
t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ❝♦♥tr♦❧ ❧❛✇ u(t) ✭✐✳❡✳ t❤❡ t❡♠♣♦r❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❛❝t✉❛t♦r✮ s✉❝❤ ❛s t♦ ♠✐♥✐♠✐③❡ ❛
❣✐✈❡♥ ❝♦st ❢✉♥❝t✐♦♥❛❧✳

❚❤❡ ❝♦♠♣❡♥s❛t♦r ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ❞✐st✐♥❝t ❝♦♠♣♦♥❡♥ts✿ t❤❡ ❡st✐♠❛t♦r ❛♥❞ t❤❡ ❝♦♥tr♦❧❧❡r✳ ❚❤❡
❝♦♥tr♦❧❧❡r ♣r♦✈✐❞❡s t♦ t❤❡ ❛❝t✉❛t♦r ❛ ❝♦♥tr♦❧ ❧❛✇ ❡q✉❛❧ t♦ u(t) = KX(t)✱ ♥❛♠❡❧② t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t❤❡
st❛t❡ X(t) ❜② ❛ ♠❛tr✐① K ❝❛❧❧❡❞ t❤❡ ❝♦♥tr♦❧ ❣❛✐♥✳ ■t ✐s s❤♦✇♥ ✐♥ t❤❡ st❛♥❞❛r❞ r❡❢❡r❡♥❝❡✱ s❡❡ ❇✉r❧ ✭✶✾✾✾✮✱
t❤❛t t❤❡ ❝♦♥tr♦❧ ❣❛✐♥ ♠❛tr✐① ✇❤✐❝❤ ❛❧❧♦✇s t♦ ♠✐♥✐♠✐③❡ ❛ ❣✐✈❡♥ q✉❛❞r❛t✐❝ ❝♦st ❢✉♥❝t✐♦♥❛❧ ♠❛② ❜❡ ♦❜t❛✐♥❡❞
❜② s♦❧✈✐♥❣ ❛ ❘✐❝❝❛t✐ ♠❛tr✐① ❡q✉❛t✐♦♥✳ ❚❤❡ ❝♦♥tr♦❧❧❡r r❡q✉✐r❡s t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✢♦✇ st❛t❡ X(t) ✇❤✐❝❤
✐s ♥♦t ❛♥ ❛✈❛✐❧❛❜❧❡ q✉❛♥t✐t② ✐♥ ♣r❛❝t✐❝❛❧ s✐t✉❛t✐♦♥s✳ ❚❤✐s ✐s ✇❤❡r❡ t❤❡ ❡st✐♠❛t♦r ✐♥t❡r✈❡♥❡s✳ ■ts ♣✉r♣♦s❡
✐s t♦ ❝♦♠♣✉t❡ ❛♥ ❡st✐♠❛t❡❞ st❛t❡ Y(t) ❢r♦♠ t❤❡ t✐♠❡ ❤✐st♦r② ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t✳ ❚❤✐s ❡st✐♠❛t❡❞ st❛t❡
✐s t❤❡♥ ✉s❡❞ ❜② t❤❡ ❝♦♥tr♦❧❧❡r ✐♥st❡❛❞ ♦❢ X(t)✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❡st✐♠❛t♦r ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ ❛
❘✐❝❝❛t✐ ♠❛tr✐① ❡q✉❛t✐♦♥✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ❜♦t❤ t❤❡ ❝♦♥tr♦❧❧❡r ❛♥❞ t❤❡ ❡st✐♠❛t♦r ❛r❡
❜❛s❡❞ ♦♥ ❛ ❧✐♥❡❛r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♦❢ ✐♥t❡r❡st✱ ♥❛♠❡❧② t❤❡ ♣❧❛♥t✳ ❆❞❞✐t✐♦♥❛❧❧② ✱ ❜♦t❤ ❝❛♥ ❜❡
❞❡s✐❣♥❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦✇✐♥❣ t♦ t❤❡ s❡♣❛r❛t✐♦♥ ♣r✐♥❝✐♣❧❡✱ s❡❡ ❇✉r❧ ✭✶✾✾✾✮✳ ❲❡ r❡❢❡r ✐♥t❡r❡st❡❞ r❡❛❞❡rs
t♦ t❤❡ ❜♦♦❦ ❜② ❩❤♦✉ ❡t ❛❧✳ ✭✷✵✵✷✮ ❢♦r ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ♦♣t✐♠❛❧ st❛t❡✲s♣❛❝❡ ✢♦✇ ❝♦♥tr♦❧✳
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❋✐❣✉r❡ ✺✳✶✿ ❙❦❡t❝❤ ♦❢ ❛ t②♣✐❝❛❧ ▲✐♥❡❛r ◗✉❛❞r❛t✐❝ ●❛✉ss✐❛♥ ❝♦♥tr♦❧ s❡t✉♣✳

✺✳✷ ❋❧♦✇ ❝♦♥✜❣✉r❛t✐♦♥

❲❡ ❝♦♥s✐❞❡r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇ ♦✈❡r t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s ❝❤❛♣t❡rs✳ ❚❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ ❜❛s❡❞ ♦♥ t❤❡ st❡♣ ❤❡✐❣❤t ❛♥❞ ✐♥❝♦♠✐♥❣ ✈❡❧♦❝✐t② ✐s ✜①❡❞ t♦
❘❡ = 600✳ ❙✐♥❝❡ ✇❡ ❛r❡ ❛tt❡♠♣t✐♥❣ t♦ ❝♦♥tr♦❧ t❤❡ ✢♦✇ ❜② ❛ ▲◗● str❛t❡❣②✱ ❛ ❧✐♥❡❛r ♠♦❞❡❧ ♦❢ t❤❡
✢♦✇ ❞②♥❛♠✐❝s ✐s r❡q✉✐r❡❞✳ ❲❡ ♥❛t✉r❛❧❧② ❝❤♦♦s❡ t♦ ❧✐♥❡❛r✐③❡ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛❜♦✉t ❛ ❜❛s❡
✢♦✇ ✭❝❤♦s❡♥ ❛s ❛ st❡❛❞② s♦❧✉t✐♦♥✮✳ ❚❤✐s st❛♥❞s ❢♦r st✉❞②✐♥❣ t❤❡ ❡❛r❧② st❛❣❡s ♦❢ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡
♣❡rt✉r❜❛t✐♦♥s t♦ ❜❡ ❝♦♥tr♦❧❧❡❞ s✐♥❝❡ t❤❡ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ❢♦r s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s✳ ❲❡
❢✉rt❤❡r♠♦r❡ ❝♦♥s✐❞❡r ♦♥❧② t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣❡rt✉r❜❛t✐♦♥s✳ ❚❤❡ ❜❛s❡ ✢♦✇ s♦❧✉t✐♦♥ ❛t ❘❡ = 600 ❤❛s ❜❡❡♥
r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✺✳✷ ❜② ✐ts str❡❛♠❧✐♥❡s✳
❆s s❤♦✇♥ ✐♥ ❝❤❛♣t❡r ✶✱ t❤❡ ✢♦✇ ✐s ❣❧♦❜❛❧❧② st❛❜❧❡ ❛t t❤✐s ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ ❤♦✇❡✈❡r✱ ✐t ❡①❤✐❜✐ts ❛
s✉❜st❛♥t✐❛❧ ❛❜✐❧✐t② t♦ tr❛♥s✐❡♥t❧② ❛♠♣❧✐❢② ♣❡rt✉r❜❛t✐♦♥s✳ ❆s ❛ r❡s✉❧ts✱ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ✐s t♦
r❡❞✉❝❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ♣♦ss✐❜❧② ✐♥❞✉❝❡❞ ❜② ❛♥ ❡①t❡r♥❛❧ ♥♦✐s❡ ✇❤✐❝❤ ❡①❝✐t❡s t❤❡ ✢♦✇✳ ❲❡ ❛ss✉♠❡ t❤❛t
t❤❡ ✢♦✇ ✉♥st❡❛❞✐♥❡ss ✭♦r ♣❡rt✉r❜❛t✐♦♥s✮ ❛r❡ tr✐❣❣❡r❡❞ ❜② ❛ ♥♦✐s❡ s♦✉r❝❡ ♠♦❞❡❧❡❞ ❛s ❛ ❣❛✉ss✐❛♥ ✈❡rt✐❝❛❧
❜♦❞② ❢♦r❝❡ B1✱ s❡❡ ✜❣✉r❡ ✺✳✷✳ ❚❤❡ ❛❝t✉❛t♦r ✐s ❛❧s♦ ❝❤♦s❡♥ ❛s ❣❛✉ss✐❛♥ ✈❡rt✐❝❛❧ ❜♦❞② ❢♦r❝❡ ❛♥❞ ✐s ❧♦❝❛t❡❞
✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❜❛s❡ ✢♦✇ s❡♣❛r❛t✐♦♥✱ s❡❡ B2 ✐♥ ✜❣✉r❡ ✺✳✷✳ ❚❤❡ s❡♥s♦r Cp ②✐❡❧❞s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡
s❤❡❛r✲str❡ss ✐♥t❡❣r❛t❡❞ ✐♥ ❛ ♣❛rt ♦❢ t❤❡ ❞♦✇♥str❡❛♠ ✇❛❧❧❀ ✐t ✐s t❤❡ s❛♠❡ s❡♥s♦r ❛s t❤❡ ♦♥❡ ❝♦♥s✐❞❡r❡❞ ✐♥
❝❤❛♣t❡r ✷ ❛♥❞ ❝❤❛♣t❡r ✸✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ❢r♦♠ t❤❡ s❡♥s♦r Cp ✇✐❧❧ ❜❡ ❛ q✉❛♥t✐t② t♦ ❜❡ ♠✐♥✐♠✐③❡❞ ❜② t❤❡
❝♦♥tr♦❧❧❡r✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❡q✉✐✈❛❧❡♥t s❤❡❛r✲str❡ss s❡♥s♦rs ❞❡♥♦t❡❞ ❛s C1✱ C2✱ C3 ❛♥❞ C4✱ s❡❡ ✜❣✉r❡ ✺✳✷✱ ✇✐❧❧
❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ②✐❡❧❞ t❤❡ ♠❡❛s✉r❡♠❡♥t ✉s❡❞ ❜② t❤❡ ❡st✐♠❛t♦r✳ ❚❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s
❛r❡ ❞✐s❝r❡t✐③❡❞ ✇✐t❤ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞❀ t❤❡ r❡s✉❧t✐♥❣ ❧✐♥❡❛r ✐♥♣✉t✲♦✉t♣✉t ✜♥✐t❡ s②st❡♠ r❡❛❞s

Q
dX

dt
= AX + QB1w(t) + QB2u(t)

m(t) = CiX ✇✐t❤ i = 1, 2, 3 ♦r 4
✭✺✳✶✮

✇❤❡r❡ t❤❡ st❛t❡ ✈❡❝t♦r X(t) ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ♣r❡ss✉r❡ ♦♥ ❛❧❧
t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ ♠❡s❤✳ ❚❤❡ ♠❛tr✐❝❡s Q✱ A✱ B1✱ B2 ❛♥❞ Ci ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② ❛ ✇❡✐❣❤t ♠❛tr✐①
❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥✱ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r✱ t❤❡ ♥♦✐s❡ ♠❛tr✐①✱ t❤❡ ❝♦♥tr♦❧ ♠❛tr✐①
❛♥❞ t❤❡ ♠❡❛s✉r❡♠❡♥t ♠❛tr✐❝❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❝♦♥tr♦❧ ❧❛✇ u(t)✱ t❤❡ ♠❡❛s✉r❡♠❡♥t
m(t) ❛s ✇❡❧❧ ❛s t❤❡ ♥♦✐s❡ w(t)✳ ❋♦r s✐♠♣❧✐❝✐t②✱ t❤❡ ♥♦✐s❡ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✇❤✐t❡ ✐♥ t✐♠❡ ✇✐t❤ ③❡r♦ ♠❡❛♥
❛♥❞ ❛ ✈❛r✐❛♥❝❡ ❡q✉❛❧ t♦ t❤❡ ♣❛r❛♠❡t❡r W 2✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ♠❡❛s✉r❡♠❡♥ts Ci ✉s❡❞ ❜②
t❤❡ ❡st✐♠❛t♦r ❛r❡ ❝♦rr✉♣t❡❞ ✇✐t❤ ❛ ♥♦✐s❡ g(t) ♦❢ ✈❛r✐❛♥❝❡ G2✳

✶✸✷
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❋✐❣✉r❡ ✺✳✷✿ ❙tr❡❛♠❧✐♥❡s ♦❢ t❤❡ ❜❛s❡ ✢♦✇ s♦❧✉t✐♦♥ ❛t ❘❡ = 600✳ ❚❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts
❛r❡ ❛❧s♦ ❞✐s♣❧❛②❡❞✳

✺✳✸ ❘❡❞✉❝❡❞✲♦r❞❡r ❝♦♠♣❡♥s❛t♦r

❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r ❛♥❞ ❡st✐♠❛t♦r ✐s ♥♦t tr❛❝t❛❜❧❡ ❢♦r ✈❡r② ❧❛r❣❡ s②st❡♠s
s✉❝❤ ❛s t❤❡ ♦♥❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❚❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ t✇♦ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦❝❡ss ✐s
♦♥❧② tr❛❝t❛❜❧❡ ❢♦r s②st❡♠s ♦❢ ♠♦❞❡r❛t❡ ❞✐♠❡♥s✐♦♥s (≈ 103)✳ ❍❡r❡✱ t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡❛❞s t♦ ❛
s②st❡♠ ✇✐t❤ ≈ 360 000 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ s♦ t❤❛t ❛ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧ ♦❢ t❤❡ ✢♦✇ ❜❡❝♦♠❡s ♠❛♥❞❛t♦r②
❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦r✳ ❚❤❡ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧ ✐s ♦♥❧② r❡q✉✐r❡❞ t♦ ❝❛♣t✉r❡ t❤❡
✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s✳ ❚❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ✐♥♣✉ts✿ t❤❡ ♥♦✐s❡ B1 ❛♥❞ t❤❡ ❛❝t✉❛t♦r B2✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ s✐♥❝❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❦✐♥❡t✐❝ ❡♥❡r❣② ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦st ❢✉♥❝t✐♦♥❛❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡
✇✐s❤ t♦ ❝❛♣t✉r❡ t❤❡ ❡♥t✐r❡ ✢♦✇ r❡s♣♦♥s❡ ❞r✐✈❡♥ ❜② t❤❡s❡ t✇♦ ✐♥♣✉ts✳ ❆t t❤✐s st❛❣❡ ♦❢ t❤❡ t❤❡s✐s✱ ✇❡ ❤❛❞
♥♦t ✐♥✈❡st✐❣❛t❡❞ ❛❧❧ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✳ ❚❤❡r❡❢♦r❡✱ ✇❡
❛❞♦♣t❡❞ ❛ s✐♠♣❧❡ P❖❉ ♠♦❞❡❧✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ✐t r❡❞✉❝❡s t♦ t❤❡ s❛♠❡ P❖❉ ♠♦❞❡❧ ✐♥✈❡st✐❣❛t❡❞ ✐♥
❝❤❛♣t❡r ✷✱ ❡①❝❡♣t t❤❛t t❤❡r❡ ❛r❡ t✇♦ ✐♥♣✉ts✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ s❡t ♦❢ t❤❡ ♠♦❞❡s t❤❡ ♠♦st
❡❛s✐❧② ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ t✇♦ ✐♥♣✉ts❀ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s✳ ❚❤❡ ♦r✐❣✐♥❛❧ ✐♥♣✉t✲♦✉t♣✉t s②st❡♠ ✐s
♣r♦❥❡❝t❡❞ ♦♥t♦ t❤❡ r❡❞✉❝❡❞ P❖❉ ❜❛s✐s t♦ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦✇✲♦r❞❡r s②st❡♠✳

dX̂

dt
= ÂX̂ + B̂1w(t) + B̂2u(t)

m(t) = ĈiX̂ ✇✐t❤ i = 1, 2, 3 ♦r 4

✭✺✳✷✮

✇❤❡r❡ t❤❡ s✉♣❡rs❝r✐♣t ˆ r❡♣r❡s❡♥ts t❤❡ r❡❞✉❝❡❞ ♦r❞❡r q✉❛♥t✐t✐❡s ✭♣r♦❥❡❝t❡❞ ♦♥t♦ t❤❡ r❡❞✉❝❡❞ ❜❛s✐s ♦❢
♠♦❞❡s✮✳ ■t ❤❛s ❜❡❡♥ ❢♦✉♥❞ t❤❛t ❛ ♠♦❞❡❧ ♦❢ s✐③❡ 150 ✐s s✉✣❝✐❡♥t t♦ r❡❝♦✈❡r t❤❡ ❡♥t✐r❡ ❞②♥❛♠✐❝s ❞r✐✈❡♥
❜② t❤❡ t✇♦ ✐♥♣✉ts✳ ◆❛t✉r❛❧❧②✱ ✉s✐♥❣ ♠♦r❡ ❛❞✈❛♥❝❡❞ ♠❡t❤♦❞s✱ s✉❝❤ ❛s t❤❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ❛❧♦♥❣
✇✐t❤ t❤❡ ♦✉t♣✉t ♣r♦❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✇♦✉❧❞ ❤❛✈❡ r❡s✉❧t❡❞ ✐♥ ❛ ♠✉❝❤ s♠❛❧❧❡r ❘❖▼✳ ❨❡t✱ ❜✉✐❧❞✐♥❣ t❤❡
s♠❛❧❧❡st ♠♦❞❡❧ ✐s ♥♦t t❤❡ ♣♦✐♥t ♦❢ t❤✐s ✇♦r❦❀ ✇❡ ♦♥❧② ♥❡❡❞ ❛♥ ❛❝❝✉r❛t❡ ❧♦✇✲♦r❞❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡
✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♣❡r❢♦r♠❛♥❝❡✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ❡st✐♠❛t♦r✳ ■ts t❛s❦ ✐s t♦ ❝♦♥str✉❝t ❛♥ ❛♣♣r♦①✐♠❛t❡ ✢♦✇ st❛t❡ X̂ ❢r♦♠
♣❛rt✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ s❡♥s♦r Ĉi✳ ❚❤❡ ❡st✐♠❛t❡❞ st❛t❡ Ŷ ✐s s✉♣♣♦s❡❞ t♦ s❛t✐s❢② ❛ s❡t ♦❢ ❡q✉❛t✐♦♥s
s✐♠✐❧❛r t♦ t❤♦s❡ ❣♦✈❡r♥✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠✿

dŶ

dt
= ÂŶ + B̂2u(t) − L̂(m− ĈiŶ) ✭✺✳✸✮

✇❤❡r❡ t❤❡ ♥♦✐s❡ t❡r♠ B̂1w(t) ❤❛s ❜❡❡♥ r❡♣❧❛❝❡❞ ❜② t❤❡ ❢♦r❝✐♥❣ t❡r♠ −L̂(m − ĈŶ)✳ ❚❤✐s ❢♦r❝✐♥❣ t❡r♠
r❡♣r❡s❡♥ts t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ tr✉❡ ♠❡❛s✉r❡♠❡♥t s✐❣♥❛❧ ĈiX̂ ❛♥❞ t❤❡ ❡st✐♠❛t❡❞ ♠❡❛s✉r❡♠❡♥t s✐❣♥❛❧
ĈiŶ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ♠❛tr✐① L̂✳ ■♥ ❢❛❝t✱ t❤✐s ❢♦r❝✐♥❣ t❡r♠ ✐s ♠❡❛♥t t♦ ❞r✐✈❡ t❤❡ ❡st✐♠❛t❡❞ st❛t❡ Ŷ t♦✇❛r❞
t❤❡ tr✉❡ ♦♥❡ X̂✳ ❚❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❡st✐♠❛t♦r ❝♦♥s✐sts ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠❛tr✐① L̂ ❝❛❧❧❡❞ t❤❡
❑❛❧♠❛♥ ❣❛✐♥ ✇❤✐❝❤ ✐s ♣❡r❢♦r♠❡❞ ❢r♦♠ ❛ ❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ✇❤✐❝❤ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r
Ẑ = X̂− Ŷ ✐s t♦ ❜❡ ♠✐♥✐♠✐③❡❞✳ Pr❛❝t✐❝❛❧❧②✱ L̂ ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ ❛ ❘✐❝❝❛t✐ ♠❛tr✐① ❡q✉❛t✐♦♥✱ s❡❡
❇✉r❧ ✭✶✾✾✾✮✳ ■♠♣♦rt❛♥t❧②✱ t❤❡ t✇♦ ✇❤✐t❡ ♥♦✐s❡ s♦✉r❝❡ g(t) ❛♥❞ w(t) ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤✐s ❘✐❝❝❛t✐
❡q✉❛t✐♦♥✳ ■♥❞❡❡❞✱ t❤❡ r❛t✐♦ ♦❢ t❤❡✐r ✈❛r✐❛♥❝❡ G/W ❛♣♣❡❛rs ❛s ❛ ♣❛r❛♠❡t❡r ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❡st✐♠❛t♦r

✶✸✸
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t❤❛t ❛❝❝♦✉♥ts ❢♦r t❤❡ ♥♦✐s❡✲t♦✲s✐❣♥❛❧ r❛t✐♦ ♦❢ t❤❡ s❡♥s♦r✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t♦ t❤❡ s♣❡❡❞ ♦❢ ❡st✐♠❛t✐♦♥✳ ■t
s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥ ♠❛② ❜❡ ❡❛s✐❧② s♦❧✈❡❞ ❢♦r ♦✉r s②st❡♠ ♦❢ s✐③❡ 150✳
❘❡❣❛r❞✐♥❣ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ❝♦♥tr♦❧❧❡r✱ ✐t ✐s ❞❡s✐❣♥❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♥tr♦❧ ❧❛✇ u(t) s♦ ❛s t♦ ♠✐♥✐♠✐③❡
❛ ♣r❡❞❡✜♥❡❞ ❝♦st ❢✉♥❝t✐♦♥❛❧ s✉❝❤ t❤❛t u(t) = K̂X̂(t)✳ ❚✇♦ ❝♦st ❢✉♥❝t✐♦♥❛❧ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦✳
❚❤❡ ✜rst ♦♥❡ r❡♣r❡s❡♥ts t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ s❡♥s♦r Cp ✇❤✐❝❤ ♠❛② ❜❡
✇r✐tt❡♥ ❛s

Jm =

∫ ∞

0
(X̂∗Ĉ∗

pĈpX̂ + l2u2)dt ✭✺✳✹✮

❛♥❞ t❤❡ s❡❝♦♥❞ r❡♣r❡s❡♥ts t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❦✐♥❡t✐❝ ❡♥❡r❣② ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❡♥t✐r❡ ❞♦♠❛✐♥✿

Je =

∫ ∞

0
(X̂∗Q̂X̂ + l2u2)dt ✭✺✳✺✮

✇❤❡r❡ ∗ ❞❡♥♦t❡s t❤❡ tr❛♥s❝♦♥❥✉❣❛t❡✱ ĈpX̂ ✐s t❤❡ ♠❡❛s✉r❡❞ s✐❣♥❛❧ ❛♥❞ X̂∗Q̂X̂ ✐s t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❡♥❡r❣②
❝♦♠♣✉t❡❞ ✐♥ t❤❡ ❘❖▼✳ ◆♦t❡ t❤❛t t❤❡ ♣❛r❛♠❡t❡r l ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❡✐t❤❡r ❝❛s❡✳ ■t ✐s r❡❢❡rr❡❞ t♦ ❛s
t❤❡ ❝♦♥tr♦❧ ❝♦st ❛♥❞ q✉❛♥t✐✜❡s t❤❡ ✉s❡r✲s♣❡❝✐✜❡❞ ✇❡✐❣❤t✐♥❣ ♦❢ t❤❡ ❝♦♥tr♦❧ ❡♥❡r❣② ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡♥❡r❣②
t♦ ❜❡ ♠✐♥✐♠✐③❡❞✳ ❚❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r r❡❞✉❝❡s t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ ❝♦♥tr♦❧ ❣❛✐♥
K̂✳ ❆♥❛❧♦❣♦✉s❧②✱ t❤❡ ♠❛tr✐① K̂ ✐s ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ ❛ ❘✐❝❝❛t✐ ♠❛tr✐① ❡q✉❛t✐♦♥✱ s❡❡ ❇✉r❧ ✭✶✾✾✾✮✳
■♥ t❤❡ ❡♥❞✱ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ❝♦♠♣❡♥s❛t♦r ❝♦♥s✐sts ♦❢ t❤❡ s✉❝❝❡ss✐✈❡ ❛❝t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ❡st✐♠❛t♦r
❛♥❞ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ❝♦♥tr♦❧❧❡r✳ ❖♥❝❡ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t❤❡ ✈❛❧✉❡s ♦❢ l ❛♥❞ G/W ✱ ✇❡ ❝♦♠♣✉t❡ t❤❡
❛ss♦❝✐❛t❡❞ ♠❛tr✐❝❡s K̂ ❛♥❞ L̂✳ ◆❡①t✱ t❤❡ ♠❡❛s✉r❡ m(t) ✐s ✉s❡❞ t♦ ❜✉✐❧❞ t❤❡ ❡st✐♠❛t❡❞ st❛t❡ Ŷ(t) ❢r♦♠
✇❤✐❝❤ t❤❡ ❝♦♥tr♦❧❧❡r ♣r♦✈✐❞❡s t❤❡ ❝♦♥tr♦❧ ❧❛✇ u(t) = K̂Ŷ(t)✳

✺✳✹ ❙✉♠♠❛r② ♦❢ t❤❡ r❡s✉❧ts

❚❤❡ ♠❛✐♥ ❝♦♥❝❡r♥ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❣✐✈❡ ❛ ♣❤②s✐❝❛❧ ✐♥s✐❣❤t ✐♥t♦ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲
❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❚♦ s♦♠❡ ❡①t❡♥t✱ t❤❡ ✐❞❡❛ ✐s t♦ ❛❞❞r❡ss ♣r❛❝t✐❝❛❧ q✉❡st✐♦♥s ✐♥ ✈✐❡✇ ♦❢ ❣❡tt✐♥❣ ❝❧♦s❡r t♦ ❛♥
❡①♣❡r✐♠❡♥t❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ✇♦r❦ ❤❛✈❡ ❜❡❡♥ ♦r❣❛♥✐③❡❞ ✐♥ ❢♦✉r q✉❛s✐✲✐♥❞❡♣❡♥❞❡♥t
s❡❝t✐♦♥s t❤❛t ❛r❡ s✉♠♠❛r✐③❡❞ ❜❡❧♦✇✳ ❲❡ r❡❢❡r ✐♥t❡r❡st❡❞ r❡❛❞❡rs t♦ t❤❡ ❢✉❧❧ ❛rt✐❝❧❡ ❡①♣♦s❡❞ ✐♥ ❛♣♣❡♥❞✐①
❈ ✇❤❡r❡ ❛ t❤♦r♦✉❣❤ r❡♣♦rt ♦❢ ❛❧❧ t❤❡ r❡s✉❧ts ✐s ❛✈❛✐❧❛❜❧❡✳

✺✳✹✳✶ P❛rt ■✿ ❉❡s✐❣♥ ♦❢ ❛♥ ❡✣❝✐❡♥t ❡st✐♠❛t♦r

❚❤❡ ✜rst ♣❛rt ♦❢ t❤✐s ✇♦r❦ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡ss ❛♥❞ ♠♦r❡ ♣❛rt✐❝✉❧❛r❧② t♦ t❤❡ ♣❧❛❝❡♠❡♥t
♦❢ t❤❡ s❡♥s♦r✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❝♦♥tr♦❧❧❡r ✐s t✉r♥❡❞ ♦✛❀ ✇❡ ✇✐s❤ t♦ ❝♦♥str✉❝t ❛♥ ❛❝❝✉r❛t❡ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ t❤❡ st❛t❡ tr✐❣❣❡r❡❞ ❜② t❤❡ ♥♦✐s❡ B̂1✳ ❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡st✐♠❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ✇❤❡♥ ❝❤♦♦s✐♥❣ t❤❡
❢♦✉r ❞✐✛❡r❡♥t s❡♥s♦rs Ĉi ❛♥❞ ✈❛r②✐♥❣ t❤❡ ♥♦✐s❡✲t♦✲s✐❣♥❛❧ r❛t✐♦ G/W ✳
❈❤♦♦s✐♥❣ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ G/W s✐♠✉❧❛t❡s t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ s✐❣♥❛❧ r❡❝❡✐✈❡❞ ❜② t❤❡ s❡♥s♦r ✐s ❤✐❣❤❧②
❝♦rr✉♣t❡❞✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ✐t ✐s ♥❛t✉r❛❧❧② ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❡st✐♠❛t♦r ✐s ✉♥❛❜❧❡ t♦ ②✐❡❧❞ ❛ ❝♦rr❡❝t
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✢♦✇ st❛t❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❧♦✇ ✈❛❧✉❡s ♦❢ G/W ✱ t❤❡ s✐❣♥❛❧ ✐s ✇❡❛❦❧②
❛✛❡❝t❡❞ ❜② t❤❡ ♥♦✐s❡ ❛♥❞ ❛♥ ❛❝❝✉r❛t❡ ❡st✐♠❛t✐♦♥ ♠❛② ❜❡ r❡❝♦✈❡r❡❞✳ ❘❡❝❛❧❧✐♥❣ t❤❛t t❤❡ ✢♦✇ ✐s s✉❜❥❡❝t
t♦ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t✐❡s✱ t❤❡ ♣❡rt✉r❜❛t✐♦♥ tr✐❣❣❡r❡❞ ❜② B̂1 ✐s ❛♠♣❧✐✜❡❞ ❞✉r✐♥❣ ✐ts ❛❞✈❡❝t✐♦♥✳ ❋♦r t❤✐s
r❡❛s♦♥✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❧♦❝❛t❡ t❤❡ ❡st✐♠❛t✐♦♥ s❡♥s♦r ✐♥ ❛ s✉✣❝✐❡♥t❧② ❞♦✇♥str❡❛♠ ♣♦s✐t✐♦♥ s♦ ❛s t♦
♠❡❛s✉r❡ ❛ ✇❡❛❦❧② ❝♦rr✉♣t❡❞ s✐❣♥❛❧✳ ❍♦✇❡✈❡r✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r Ẑ(t) ♦♥❧② st❛rt t♦ ❢❛❧❧
♦✛ ♦♥❝❡ t❤❡ ❞✐st✉r❜❛♥❝❡ tr✐❣❣❡r❡❞ ❜② B̂1 r❡❛❝❤❡s t❤❡ ❡st✐♠❛t✐♦♥ s❡♥s♦r✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✺✳✸
✇❤❡r❡ ✇❡ r❡♣r❡s❡♥t t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ‖Ẑ‖2

2 = Ẑ∗Q̂Ẑ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ✇❤❡r❡ ✇❡ ❤❛✈❡ tr✐❣❣❡r❡❞ ❛♥
✐♠♣✉❧s❡ ❛t t❤❡ ✐♥♣✉t B̂1✳ ❲❡ ❤❛✈❡ ❛❧s♦ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❜♦❧❞ ❛♥❞ ❣r❡② ❧✐♥❡ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ♦r✐❣✐♥❛❧
st❛t❡ ‖X̂‖2

2 = X̂∗Q̂X̂✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❡rr♦r st❛rt t♦ ❞❡❝r❡❛s❡ ❛s s♦♦♥ ❛s t❤❡ tr✐❣❣❡r❡❞ ✇❛✈❡ ♣❛❝❦❡t
r❡❛❝❤❡s t❤❡ ❡st✐♠❛t♦rs Ĉi✳ ❆s ❛ r❡s✉❧ts✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ s❡♥s♦r ✉s❡❞ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ s❤♦✉❧❞ ❜❡

✶✸✹



✺✳✹✳ ❙❯▼▼❆❘❨ ❖❋ ❚❍❊ ❘❊❙❯▲❚❙

❋✐❣✉r❡ ✺✳✸✿ ❊♥❡r❣② ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ‖Ẑ‖2
2 ✈❡rs✉s t✐♠❡ ❢♦r t❤❡ ❢♦✉r ❞✐✛❡r❡♥t ❡st✐♠❛t✐♦♥ s❡♥s♦rs✳

❚❤❡ ❡♥❡r❣② ♦❢ t❤❡ ♦r✐❣✐♥❛❧ st❛t❡ ‖X̂‖2
2 ✐s ❛❧s♦ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❜♦❧❞ ❣r❡② ❧✐♥❡✳

♣❧❛❝❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ s♣❡❡❞ ♦❢ ❡st✐♠❛t✐♦♥ ✭✇❤❡r❡ ✐t s❤♦✉❧❞ ❜❡ ❧♦❝❛t❡❞ ✉♣str❡❛♠✮
❛♥❞ t❤❡ ♥♦✐s❡✲t♦✲s✐❣♥❛❧ r❛t✐♦ ✭✇❤❡r❡ ✐t s❤♦✉❧❞ ❜❡ ❧♦❝❛t❡❞ r❛t❤❡r ❞♦✇♥str❡❛♠✮✳

✺✳✹✳✷ P❛rt ■■✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ♦♥ t❤❡ ❝♦♥tr♦❧ ♣❡r❢♦r♠❛♥❝❡

❆s ❛ s❡❝♦♥❞ st❡♣✱ t❤❡ ❝♦♥tr♦❧❧❡r ✐s t✉r♥❡❞ ♦♥ ❛♥❞ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ ♦♥
t❤❡ ❝♦♥tr♦❧ ♣❡r❢♦r♠❛♥❝❡✳ ❲❡ st❛rt ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❛s❡ ✇❤❡r❡ ✇❡ ❛tt❡♠♣t t♦ ♠✐♥✐♠✐③❡ t❤❡ ❡♥❡r❣②
♠❡❛s✉r❡❞ ❜② t❤❡ s❡♥s♦r Cp❀ ♥❛♠❡❧② t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ Jm✳ ■t ✐s s❤♦✇♥ t❤❛t✱ ❢♦r ❧♦✇ ✈❛❧✉❡s ♦❢ t❤❡
❝♦♥tr♦❧ ❝♦st l ❛♥❞ ♥♦✐s❡ r❛t✐♦ G/W ✭✇❤✐❝❤ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❧❛r❣❡ ❣❛✐♥ ❧✐♠✐t✮✱ ✇❡ ♦❜s❡r✈❡ ❛♥ ✐♥❝r❡❛s❡
♦❢ t❤❡ t♦t❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❡♥❡r❣② ♠❡❛s✉r❡❞ ❢r♦♠ t❤❡ s❡♥s♦r Cp ✐s
❞❡❝r❡❛s❡❞✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❤❛s ❜❡❡♥ ✐♥t❡r♣r❡t❡❞ t♦ ❛♥ ❡①tr❡♠❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦rs t❤❛t ❛r❡
❞❡s✐❣♥❡❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❧❛r❣❡ ❣❛✐♥ ❧✐♠✐t✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ✇❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❝♦♥tr♦❧ ❧❛✇ u(t)
♣r♦✈✐❞❡❞ ❜② t❤❡ ❝♦♠♣❡♥s❛t♦r ②✐❡❧❞s str♦♥❣ ❝♦♥tr♦❧ ❛❝t✐♦♥s ❛t ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✳ ◆❡①t✱ ✐t ✐s s❤♦✇♥ t❤❛t
t❤✐s ❜❡❤❛✈✐♦r ♠❛② ❜❡ s✉♣♣r❡ss❡❞ ❜② ❝❤♦♦s✐♥❣ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧ Je ❜❛s❡❞ ♦♥ t❤❡ t♦t❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢
t❤❡ ✢♦✇ st❛t❡✳ ■♥ t❤✐s ❧❛tt❡r ❝❛s❡✱ ✇❡ s✉❝❝❡❡❞❡❞ ✐♥ ❞❡❝r❡❛s✐♥❣ ❜♦t❤ t❤❡ t♦t❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ✢♦✇
st❛t❡ ❛♥❞ t❤❡ ♠❡❛s✉r❡♠❡♥t ❡♥❡r❣② ❢r♦♠ t❤❡ s❡♥s♦r Cp✳

✺✳✹✳✸ P❛rt ■■■✿ ❊✛❡❝t ♦❢ t❤❡ ♣❧❛♥t ❞❡✈✐❛t✐♦♥ ♦♥ t❤❡ ❝♦♠♣❡♥s❛t❡❞ s②st❡♠

■♥ t❤❡ t❤✐r❞ ♣❛rt ♦❢ t❤✐s ✇♦r❦ ✇❡ ✐♥✈❡st✐❣❛t❡ ❤♦✇ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ✐s ❛❧t❡r❡❞ ❜②
t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ✉s❡❞ t♦ ❞❡s✐❣♥ t❤❡ ❝♦♠♣❡♥s❛t♦r✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ st✉❞② ❤♦✇ ❛♥ ❡rr♦r ❜❡t✇❡❡♥
t❤❡ ♦r✐❣✐♥❛❧ ♣❧❛♥t ❛♥❞ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ✇❤✐❝❤ t❤❡ ❝♦♠♣❡♥s❛t♦r ✐s ❞❡s✐❣♥❡❞ ❛✛❡❝ts t❤❡
❝♦♥tr♦❧ ♣❡r❢♦r♠❛♥❝❡✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ ♠♦st ❝r✐t✐❝❛❧ q✉❛♥t✐t② t♦ ❜❡ ❝❛♣t✉r❡❞ ❜② t❤❡ r❡❞✉❝❡❞✲♦r❞❡r
♠♦❞❡❧s ✐s t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❜❡❤❛✈✐♦r ❜❡t✇❡❡♥ t❤❡ ❛❝t✉❛t♦r B2 ❛♥❞ t❤❡ ❡st✐♠❛t✐♦♥ s❡♥s♦r ✭❝❤♦s❡♥ ❛s C1

❤❡r❡✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ♦r✐❣✐♥❛❧ ❛♥❞ r❡❞✉❝❡❞ ♣❧❛♥t ✐s q✉❛♥t✐✜❡❞ ❜② t❤❡ r❡❧❛t✐✈❡ H2 ❡rr♦r
♦❢ t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ❢r♦♠ B2 t♦ C1✳ ❚❤✐s ❡rr♦r✱ ❞❡♥♦t❡❞ ❜② err✱ ✐s t❤❡♥ ❝♦♥s✐❞❡r❡❞ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡
♣❧❛♥t ❞❡✈✐❛t✐♦♥✳
❆s ❛ ✜rst st❡♣✱ ✇❡ ❝❤♦♦s❡ ❛ ❘❖▼ ♦❢ s✐③❡ 150 ❛s t❤❡ r❡❢❡r❡♥❝❡ ♣❧❛♥t✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ❞❡s✐❣♥ ❛
✧♣❡r❢❡❝t✧ ❝♦♠♣❡♥s❛t♦r ❜❛s❡❞ ♦♥ t❤✐s ♣❧❛♥t ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ err = 0✳ ◆❡①t✱ ✇❡
❛rt✐✜❝✐❛❧❧② ❞❡❣r❛❞❡ t❤❡ ❘❖▼s ✉s❡❞ t♦ ❝♦♥str✉❝t t❤❡ ❝♦♠♣❡♥s❛t♦rs ❜② ❞❡❝r❡❛s✐♥❣ t❤❡✐r s✐③❡✳ ❇② t❤✐s ✇❛②✱
✈❛r✐♦✉s ❝♦♠♣❡♥s❛t♦rs ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❞✐✛❡r❡♥t ♣❧❛♥t ❞❡✈✐❛t✐♦♥s ❛r❡ ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝♦♠✲
♣❡♥s❛t❡❞ s②st❡♠s ❛r❡ ♦❜s❡r✈❡❞ t♦ ❜❡ ✉♥st❛❜❧❡ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❧❛r❣❡ ❣❛✐♥ ❧✐♠✐t✳ ❋✉rt❤❡r♠♦r❡✱ ✇❤❡♥
✐♥❝r❡❛s✐♥❣ t❤❡ ♣❧❛♥t ❞❡✈✐❛t✐♦♥ err✱ t❤❡ ✉♥st❛❜❧❡ r❡❣✐♦♥ ✐♥ t❤❡ (l, G/W ) ♣❧❛♥ ❣r♦✇s s♦ t❤❛t t❤❡ r❛♥❣❡ ♦❢
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❋✐❣✉r❡ ✺✳✹✿ ❘❡❣✐♦♥s ♦❢ ✉♥st❛❜❧❡ ❝♦♠♣❡♥s❛t❡❞ s②st❡♠s ✐♥ t❤❡ (l, G/W ) ♣❧❛♥ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡
♣❧❛♥t ❞❡✈✐❛t✐♦♥ err✳ ❚❤❡ r❡❞ ❛♥❞ ❣r❡❡♥ sq✉❛r❡s r❡♣r❡s❡♥t ✉♥st❛❜❧❡ ❛♥❞ st❛❜❧❡ ❝♦♠♣❡♥s❛t❡❞ s②st❡♠s
r❡s♣❡❝t✐✈❡❧② ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣❧❛♥t ❝♦♥s✐sts ♦❢ t❤❡ ❢✉❧❧ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳

t❤❡ ✉s❛❜❧❡ ♣❛r❛♠❡t❡rs l ❛♥❞ G/W ✐s r❡❞✉❝❡❞✳ ❚❤✐s r❡s✉❧t ✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✺✳✹ ✇❤❡r❡ t❤❡ r❡❣✐♦♥s ✐♥
t❤❡ (l, G/W ) ♣❧❛♥ ❧❡❛❞✐♥❣ t♦ ✉♥st❛❜❧❡ ❝♦♠♣❡♥s❛t❡❞ s②st❡♠s ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞✳ ❚❤❡ ✜✈❡ ❝♦♥t♦✉r ❧✐♥❡s
s❡♣❛r❛t✐♥❣ t❤❡ ✉♥st❛❜❧❡ r❡❣✐♦♥s ❢r♦♠ t❤❡ st❛❜❧❡ ♦♥❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❡rr♦rs err = 0.5, 0.1, 0.02, 0.005
❛♥❞ 0.002✳

❆s ❛ s❡❝♦♥❞ st❡♣✱ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ t❤❡ ❢✉❧❧ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ❛ ❝♦♠♣❡♥s❛t♦r
❜❛s❡❞ ❛ ❘❖▼ ♦❢ s✐③❡ 150 ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡ ❝♦♥s✐❞❡r❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs l ❛♥❞ G/W ❤❛✈❡
❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ✜❣✉r❡ ✺✳✹ ❜② r❡❞ ❛♥❞ ❣r❡❡♥ s②♠❜♦❧s ✇❤✐❝❤ ❞❡♥♦t❡ t❤❡ ✉♥st❛❜❧❡ ❛♥❞ st❛❜❧❡ s✐♠✉❧❛t✐♦♥s
r❡s♣❡❝t✐✈❡❧②✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ♣❧❛♥t ❞❡✈✐❛t✐♦♥ r❡❞✉❝❡s t♦ err = 0.02 ✐♥ t❤✐s ❝❛s❡✳ ❚❤❡ ✉♥st❛❜❧❡ ❜❡❤❛✈✐♦r
♦❢ s♦♠❡ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ s②st❡♠s ✐s t❤✉s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ♦✉r r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❧♦✇✲♦r❞❡r
r❡❢❡r❡♥❝❡ ♣❧❛♥t✳
❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♠♦r❡ t❤❡ ❘❖▼ ❞✐✛❡rs ❢r♦♠ t❤❡ ♣❧❛♥t t♦ ❜❡ ❝♦♥tr♦❧❧❡❞✱ t❤❡ ♠♦r❡ r❡str✐❝t❡❞
✐s t❤❡ r❛♥❣❡ ♦❢ ✉s❛❜❧❡ ♣❛r❛♠❡t❡rs l ❛♥❞ G/W t♦ ❞❡s✐❣♥ ❛♥ ❡✛❡❝t✐✈❡ ❝♦♠♣❡♥s❛t♦r✳ ❚❤✐s r❡s✉❧t ✐s ✐♠♣♦rt❛♥t
s✐♥❝❡ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥✱ ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ ❢♦r t❤❡ ♣r❛❝t✐❝❛❧ ❞❡s✐❣♥ ♦❢ ❛ ❝♦♠♣❡♥s❛t♦r✱ ✐♥❡✈✐t❛❜❧② ✐♥❞✉❝❡s
❛ ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❛ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ♣❧❛♥t✳

✺✳✹✳✹ P❛rt ■❱✿ ❋❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s

❚❤❡ ❢♦✉rt❤ ❛♥❞ ❧❛st ♣❛rt ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❜②
♠❡❛♥s ♦❢ ❛ ❧✐♥❡❛r ❝♦♠♣❡♥s❛t♦r✳ ❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ♥♦✐s❡ ✐s ✈❛r✐❡❞ s✉❝❤ ❛s t♦ ✐♥✈❡st✐❣❛t❡ ✈❛r✐♦✉s
❞❡❣r❡❡s ♦❢ ♥♦♥✲❧✐♥❡❛r✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤r❡❡ ❝❛s❡s ❛r❡ ❡①❛♠✐♥❡❞✿ ❛ q✉❛s✐✲❧✐♥❡❛r✱ ❛ ✇❡❛❦❧② ♥♦♥✲❧✐♥❡❛r ❛♥❞
❛ str♦♥❣❧② ♥♦♥✲❧✐♥❡❛r ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s✳
■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛r❡ q✉❛s✐✲❧✐♥❡❛r✱ t❤❡ ❝♦♥tr♦❧ ✐s ❢♦✉♥❞ t♦ ❜❡ ✈❡r②
❡✛❡❝t✐✈❡✳ ❍♦✇❡✈❡r✱ ✐ts ❡✣❝✐❡♥❝② ✐s ♦❜s❡r✈❡❞ t♦ ❞❡❝❡❛s❡ ❛s ♥♦♥✲❧✐♥❡❛r ❡✛❡❝ts ❜❡❝♦♠❡ str♦♥❣❡r✳ ■♥ t❤❡
✇❡❛❦❧② ♥♦♥✲❧✐♥❡❛r s✐t✉❛t✐♦♥✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s st✐❧❧ ❧✐♥❡❛r ❝❧♦s❡ t♦ t❤❡ s❡♥s♦r ✉s❡❞ ❢♦r
❡st✐♠❛t✐♦♥ ❜✉t ❜❡❝♦♠❡s ♥♦♥✲❧✐♥❡❛r ❛❢t❡r t❤❡ s❡♥s♦r✳ ■♥ t❤✐s ❝❛s❡✱ ❛ ❣♦♦❞ ❝♦♥tr♦❧ ❡✛♦rt ✐s ❛❧s♦ ♦❜s❡r✈❡❞✳
◆♦✇✱ ✐♥ t❤❡ str♦♥❣❧② ♥♦♥✲❧✐♥❡❛r ❝❛s❡✱ t❤❡ ♥♦♥✲❧✐♥❡❛r ❡✛❡❝ts ❛r❡ ♥♦t✐❝❡❛❜❧❡ ✉♣str❡❛♠ ♦❢ t❤❡ s❡♥s♦r ❛♥❞ ❛
❝❧❡❛r ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ❡✣❝✐❡♥❝② ✐s ♦❜s❡r✈❡❞✳ ❚❤❡ ❡✛❡❝t ♦❢ t❤❡ ❝♦♥tr♦❧ ✐♥ t❤❡ str♦♥❣❧② ♥♦♥✲❧✐♥❡❛r
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❋✐❣✉r❡ ✺✳✺✿ ❊♥❡r❣② ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✈❡rs✉s t✐♠❡ ❢♦r t❤❡ str♦♥❣❧② ♥♦♥✲❧✐♥❡❛r s✐♠✉❧❛t✐♦♥s ✭t❤✐❝❦ ❧✐♥❡s✮
❛♥❞ ❢♦r t❤❡ ❧✐♥❡❛r s✐♠✉❧❛t✐♦♥s ✭❞❛s❤❡❞ ❧✐♥❡s✮✳ ◆♦t❡ t❤❛t t❤❡ s❛♠❡ r❛♥❞♦♠ s❡q✉❡♥❝❡ ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r
t❤❡ ♥♦✐s❡ s✐❣♥❛❧ ✐♥ ❛❧❧ t❤❡ ❝❛s❡s✳

s✐♠✉❧❛t✐♦♥ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✺✳✺ ✇❤❡r❡ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ❞❡♣✐❝t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t✐♠❡✳ ❚❤❡ t❤✐❝❦ ❧✐♥❡s ❛❝❝♦✉♥t ❢♦r t❤❡ str♦♥❣❧② ♥♦♥✲❧✐♥❡❛r s✐♠✉❧❛t✐♦♥s ✇❤❡r❡❛s t❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❛❝❝♦✉♥t
❢♦r t❤❡ ❧✐♥❡❛r s✐♠✉❧❛t✐♦♥s✳ ◆♦t❡ t❤❛t t❤❡ s❛♠❡ r❛♥❞♦♠ ♥♦✐s❡ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ❛❧❧ t❤❡s❡ s✐♠✉❧❛t✐♦♥s✳
◆♦t✐❝❡❛❜❧②✱ ❛ s✐❣♥✐✜❝❛♥t ❞❡❝r❡❛s❡ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❦✐♥❡t✐❝ ❡♥❡r❣② ✐s ♦❜s❡r✈❡❞ ✐♥ ❜♦t❤ ❝❛s❡s✳ ❋♦r ❡✈❡♥
str♦♥❣❡r ♥♦♥✲❧✐♥❡❛r s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❝♦♠♣❡♥s❛t❡❞ s②st❡♠ ✐s ❢♦✉♥❞ t♦ ♣♦ss✐❜❧② ❞✐✈❡r❣❡✳ ■♥ t❤❡ ❡♥❞✱ ♦♥❡
♠❛② r❡♠❡♠❜❡r t❤❛t ❛ ❧✐♥❡❛r ❝♦♠♣❡♥s❛t♦r ❤❛s ❛ ♣♦s✐t✐✈❡ ❛❝t✐♦♥ ♦♥ t❤❡ ♥♦♥✲❧✐♥❡❛r ✢♦✇ ❞②♥❛♠✐❝s ❢♦r ❛
s✐❣♥✐✜❝❛♥t r❛♥❣❡ ♦❢ ♣❡rt✉r❜❛t✐♦♥ ❛♠♣❧✐t✉❞❡s✳

✺✳✺ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❚❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❝♦♥tr♦❧❧❡❞ ❜② ❛ ❢❡❡❞❜❛❝❦ ▲◗●
❝♦♥tr♦❧ str❛t❡❣②✳ ❚❤❡ ✉s❡ ♦❢ ❛ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧ ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ❤❛s
❜❡❡♥ ✉s❡❞ ❛s ❛ ❦❡② ❡❧❡♠❡♥t t♦ ❛♣♣r♦①✐♠❛t❡ ❛ ❧♦✇✲♦r❞❡r ♣❧❛♥t ❛♥❞ t♦ ❞❡s✐❣♥ ❛ ❧♦✇✲♦r❞❡r ❝♦♠♣❡♥s❛t♦r✳
■♠♣♦rt❛♥t ✐ss✉❡s r❡❧❛t❡❞ t♦ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ s✉❝❤ ❝♦♥tr♦❧ str❛t❡❣✐❡s ❤❛✈❡ ❜❡❡♥ ❛❞❞r❡ss❡❞✳
❖✇✐♥❣ t♦ t❤✐s ✇♦r❦ ❛♥❞ t♦ t❤❡ r❡s✉❧ts ❡①♣♦s❡❞ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❞❡s✐❣♥
♦❢ ❛ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ s❡t✲✉♣ ✐s ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❛♠♣❧✐✜❡r ✢♦✇ ✭s✉❝❤ ❛s t❤❡ ❜❛❝❦✇❛r❞✲
❢❛❝✐♥❣ st❡♣ ✢♦✇✮ t❤❛♥ ❢♦r ❛♥ ♦s❝✐❧❧❛t♦r ✢♦✇ ✭s✉❝❤ ❛s t❤❡ ❝❛✈✐t② ✢♦✇✮✳ ■♥❞❡❡❞✱ ♦s❝✐❧❧❛t♦r ✢♦✇s ❞✐s♣❧❛②
✐♥st❛❜✐❧✐t✐❡s ✇❤✐❝❤ ❛r❡ ♥❛rr♦✇✲❜❛♥❞❡❞ ✐♥ ❢r❡q✉❡♥❝② ❛♥❞ t❤✉s ♠♦r❡ ❡❛s✐❧② ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ♥♦✐s❡✲❛♠♣❧✐✜❡r ✢♦✇s ❛r❡ ✈❡r② s❡♥s✐t✐✈❡ t♦ ❡①t❡r♥❛❧ ❡①❝✐t❛t✐♦♥s ❛♥❞ ❡①❤✐❜✐t ✐♥st❛❜✐❧✐t✐❡s
❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ r❛t❤❡r ❜r♦❛❞❜❛♥❞ ♦❢ ❢r❡q✉❡♥❝✐❡s✳ ❲❡ ❞❡♠♦♥str❛t❡❞ t❤❛t ❛ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢
t❤❡ ❝♦♠♣❡♥s❛t♦r ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ✈❛r✐♦✉s ♥♦✐s❡ s♦✉r❝❡s ✐s ❛ ❦❡② ❡❧❡♠❡♥t ❢♦r ❛ s✉❝❝❡ss❢✉❧
❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ❞❡s✐❣♥✳ ❲❡ ❤♦♣❡ t❤❛t t❤❡ ♣r❡s❡♥t ✇♦r❦ ❝♦♥st✐t✉t❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛♥❞ ✈❛❧✉❛❜❧❡ t♦♦❧
t♦ ♦✈❡r❝♦♠❡ s♦♠❡ ♦❢ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝❤❛❧❧❡♥❣❡s t❤❛t ❛r✐s❡ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❝❧♦s❡❞✲❧♦♦♣
✢♦✇ ❝♦♥tr♦❧✳ ❋✐♥❛❧❧②✱ ✇❡ r❡❢❡r ✐♥t❡r❡st❡❞ r❡❛❞❡rs t♦ t❤❡ ❛♣♣❡♥❞✐① ❈ ✇❤❡r❡ t❤❡ ❢✉❧❧ ❛rt✐❝❧❡ ✐s ❡①♣♦s❡❞✳
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❈♦♥❝❧✉s✐♦♥

❚❤❡ r❡s❡❛r❝❤ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s ❝♦♥tr✐❜✉t❡s t♦ t❤❡ st✉❞② ♦❢ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✲
✐❝s ♦❢ ✢✉✐❞ ✢♦✇s✳ ❖✉r ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ✇❛s t♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇ t♦ ❞❡s✐❣♥ ❘❡❞✉❝❡❞ ❖r❞❡r ▼♦❞❡❧s ✭❘❖▼s✮
❜② ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞s t❤❛t ❛❝❝✉r❛t❡❧② ❝❛♣t✉r❡ t❤❡ ❧✐♥❡❛r t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s ♦❢ ❛
❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❖✉r ✜rst ❝♦♥❝❡r♥ ✇❛s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ❜② ♠❡❛♥s
♦❢ ❛ ❣❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s✳ ◆❡①t✱ ✈❛r✐♦✉s s❡ts ♦❢ ♠♦❞❡s ✇❡r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❝♦♥str✉❝t ❘❖▼s ✇❤✐❝❤
♠♦❞❡❧ t❤❡ ♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s♦♠❡ ♦❢ t❤❡ ♠♦st ❢❛♠♦✉s ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞s ✉s❡❞ t♦ r❡❞✉❝❡
t❤❡ ❞②♥❛♠✐❝s ♦❢ ✢✉✐❞ ✢♦✇s ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞✿ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s✱
t❤❡ Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ✭P❖❉✮ ❛♥❞ t❤❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛st ❝❤❛♣t❡r
✇❛s ❞❡✈♦t❡❞ t♦ ❛ ♣r❛❝t✐❝❛❧ ❛❡r♦❞②♥❛♠✐❝ ❛♣♣❧✐❝❛t✐♦♥ ✇❤❡r❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❛♣♣❡❛r❡❞ ❛s ❛ ❦❡② ❡❧❡♠❡♥t✿
t❤❡ ▲◗● ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❜❛s❡❞ ♦♥ ❛ r❡❞✉❝❡❞✲♦r❞❡r ❝♦♠♣❡♥s❛t♦r✳

❙✉♠♠❛r② ♦❢ t❤❡ r❡s✉❧ts

❚❤❡ ❧✐♥❡❛r ❛♥❞ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❝❤❛♣t❡r
✶✳ ■t ❤❛s ❜❡❡♥ ❢♦✉♥❞ t❤❛t t❤❡ ✢♦✇ ❜❡❝♦♠❡s ❣❧♦❜❛❧❧② ✉♥st❛❜❧❡ ❛t ❘❡ = 526✳ ❚❤❡ ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡
❤❛s ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ❛s ❛ st❛t✐♦♥❛r② ❛♥❞ tr❛♥s✈❡rs❛❧❧② ♣❡r✐♦❞✐❝ str✉❝t✉r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ❡♥❝♦✉♥t❡r❡❞ ✐♥
✈❛r✐♦✉s ❞✐✛❡r❡♥t s❡♣❛r❛t❡❞ ✢♦✇s✱ s❡❡ ❚❤❡♦✜❧✐s ❡t ❛❧✳ ✭✷✵✵✵✮❀ ❇❛r❦❧❡② ❡t ❛❧✳ ✭✷✵✵✷✮❀ ▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✾✮❀
❈❤❡r✉❜✐♥✐ ❡t ❛❧✳ ✭✷✵✶✵❜✮❀ ❘♦❜✐♥❡t ✭✷✵✵✼❛✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐♥st❛❜✐❧✐t② ❤❛s ❜❡❡♥ ❛ttr✐❜✉t❡❞ t♦ ❜♦t❤
❧✐❢t✲✉♣ ❛♥❞ ❝❡♥tr✐❢✉❣❛❧ ♠❡❝❤❛♥✐s♠s ♦✇✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s ✇♦r❦ ❜② ▼❛rq✉❡t ❡t ❛❧✳ ✭✷✵✵✾✮ ❛♥❞ ❈❤❡r✉❜✐♥✐
❡t ❛❧✳ ✭✷✵✶✵❜✮✳ ❚❤❡ tr❛♥s✐❡♥t ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ t❤r♦✉❣❤ ❛♥ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥
❛♥❛❧②s✐s t♦❣❡t❤❡r ✇✐t❤ ❛ r❡❝❡♣t✐✈✐t② ❛♥❛❧②s✐s✳ ❲❡ ✐❞❡♥t✐✜❡❞ t❤❡ ❞✐st✉r❜❛♥❝❡s ✇❤✐❝❤ ♠♦st ❡✛❡❝t✐✈❡❧② ❧❡❛❞
t❤❡ ✢♦✇ t♦ t✉r❜✉❧❡♥❝❡✳ ❚❤❡ ♠♦st ✉♥st❛❜❧❡ ♠❡❝❤❛♥✐s♠s ✇❡r❡ ❛ttr✐❜✉t❡❞ t♦ ❝♦✉♣❧❡❞ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③
❛♥❞ ❖rr ✐♥st❛❜✐❧✐t✐❡s ✇❤✐❝❤ ✇❡r❡ s❤♦✇♥ t♦ ❧❡❛❞ t♦ s✉❜st❛♥t✐❛❧ tr❛♥s✐❡♥t ❡♥❡r❣② ❣r♦✇t❤s✳ ❆❞❞✐t✐♦♥❛❧❧②✱
t❤❡ ♦♣t✐♠❛❧ tr❛♥s✐❡♥t ♠❡❝❤❛♥✐s♠✱ ❧❡❛❞✐♥❣ t♦ ❛ ♠❛①✐♠✉♠ ❦✐♥❡t✐❝ ❡♥❡r❣② ❣r♦✇t❤✱ ❤❛s ❜❡❡♥ r❡❧❛t❡❞ t♦ t❤❡
❞❡✈❡❧♦♣♠❡♥t ♦❢ ♦❜❧✐q✉❡ ✇❛✈❡s ✐♥ t❤❡ s❤❡❛r ❧❛②❡r✱ s✐♠✐❧❛r❧② t♦ t❤❡ ♦♣t✐♠❛❧ tr❛♥s✐t✐♦♥ s❝❡♥❛r✐♦ ♦❜s❡r✈❡❞ ❜②
▼♦♥♦❦r♦✉s♦s ❡t ❛❧✳ ✭✷✵✶✵✮ ✐♥ ❛ ✢❛t✲♣❧❛t❡ ❜♦✉♥❞❛r②✲❧❛②❡r✳ ❚❤✐s ❝❤❛♣t❡r t❤✉s ♣r♦✈✐❞❡s ❛ r❛t❤❡r t❤♦r♦✉❣❤
❛♥❛❧②s✐s ♦❢ t❤❡ ❧✐♥❡❛r ❣❧♦❜❛❧ st❛❜✐❧✐t② ♦❢ ❛ 2D ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ✇❤❡r❡ ✇❡ ✉s❡❞ s♦♠❡ ♦❢ t❤❡ ♠♦st
r❡❝❡♥t ❤②❞r♦❞②♥❛♠✐❝ st❛❜✐❧✐t② t♦♦❧s✳
❚❤❡ ✉s❡ ♦❢ t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s t♦ ❝❛♣t✉r❡ t❤❡ tr❛♥s✐❡♥t ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ❤❛s ❜❡❡♥ ❜r✐❡✢② ❛❞❞r❡ss❡❞
✐♥ ❛♣♣❡♥❞✐① ❇✳ ❲❡ s❤♦✇❡❞ t❤❛t t❤❡✐r ❛❜✐❧✐t② t♦ ❝❛♣t✉r❡ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s str♦♥❣❧② ❞❡♣❡♥❞s ♦♥
t❤❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥✳ ▼♦st❧②✱ ❝♦♠♣✉t❛t✐♦♥❛❧ ❧✐♠✐t❛t✐♦♥s ✇❡r❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ✈❡r② ❜❛❞ ❝♦♥❞✐t✐♦♥✐♥❣
♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r ♦✇✐♥❣ t♦ t❤❡ str♦♥❣ str❡❛♠✇✐s❡ ♥♦♥✲♥♦r♠❛❧✐t② ♦❢ t❤❡ ❡q✉❛t✐♦♥s✳
❚❤❡s❡ r❡s✉❧ts ❛r❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤♦s❡ r❡❝❡♥t❧② ❡①♣♦s❡❞ ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮❀ ❙✐♣♣ ❡t ❛❧✳ ✭✷✵✶✵✮✳

❆♥ ✐♥♣✉t✲♦✉t♣✉t ❢♦r♠❛❧✐s♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✇❛s t❤❡♥ ♣r✐✈✐❧❡❣❡❞✿ ✇❡ ❧♦♦❦❡❞ ❢♦r ❧♦✇✲♦r❞❡r ♠♦❞❡❧s ✇❤✐❝❤
❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ s♦♠❡ ✐♥♣✉ts t♦ s♦♠❡ ♦✉t♣✉ts✳ ❚♦ ❜❡❣✐♥ ✇✐t❤✱ ❛ s✐♥❣❧❡ ✐♥♣✉t ❛♥❞ ❛ s✐♥❣❧❡
♦✉t♣✉t ✇❤❡r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❝❤❛♣t❡r ✷✳ ❲❡ s❤♦✇❡❞ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s ✭t❤❡
str✉❝t✉r❡s t❤❡ ♠♦st ❡❛s✐❧② ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ✐♥♣✉t✮ ❜② ❛ P❖❉ ♣r♦❝❡❞✉r❡✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ♠♦st ❛♥❞
❡q✉❛❧❧② ❝♦♥tr♦❧❧❛❜❧❡ ❛♥❞ ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s✱ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳
❲❡ s❤♦✇❡❞ t❤❛t ❜♦t❤ ❜❛s❡s ❧❡❛❞ t♦ ❘❖▼s t❤❛t ❛❝❝✉r❛t❡❧② ♠♦❞❡❧ t❤❡ ♦r✐❣✐♥❛❧ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝s

✶✸✾



❈❖◆❈▲❯❙■❖◆

✇✐t❤ ❛ s✉♣❡r✐♦r✐t② ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ✇♦r❦s ❜②
❘♦✇❧❡② ✭✷✵✵✺✮❀ ■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮❀ ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❚❤❡ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r
✐s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❢r❡q✉❡♥❝②✲❜❛s❡❞ s♥❛♣s❤♦ts ♠❡t❤♦❞ ✉s❡❞ t♦ ❝♦♠♣✉t❡ ❜♦t❤ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡
♠♦❞❡s ✭P❖❉ ♠♦❞❡s✮ ❛♥❞ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ♦✛❡rs t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❞❡s✐❣♥ ❘❖▼s ❢r♦♠
t❤❡ ✢♦✇ st❛t❡ r❡s♣♦♥s❡s t♦ ❤❛r♠♦♥✐❝ ❡①❝✐t❛t✐♦♥s✳ ❚❤✐s ❛❧t❡r♥❛t✐✈❡ t❡❝❤♥✐q✉❡ ✐s s❤♦✇♥ t♦ ❞✐s♣❧❛② t✇♦ ♠❛✐♥
❛❞✈❛♥t❛❣❡s✳ ❋✐rst✱ ❢r❡q✉❡♥t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❣✐✈❡♥ ✢♦✇ r❡s♣♦♥s❡s ♠❛② ❜❡ ❛ ♠✉❝❤ ♠♦r❡ ❛❝❝❡ss✐❜❧❡ t♦
❡①♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡♠❡♥ts ❛♥❞✴♦r t♦ ❛ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥✳ ❙❡❝♦♥❞❧②✱ t❤✐s ♣r♦❝❡❞✉r❡ ✐s s❤♦✇♥✱ s❡❡
❩❤♦✉ ❡t ❛❧✳ ✭✶✾✾✾✮✱ t♦ ❜❡ ❞✐r❡❝t❧② ❛♣♣❧✐❝❛❜❧❡ t♦ ✉♥st❛❜❧❡ s②st❡♠s ✇✐t❤♦✉t s❡♣❛r❛t✐♥❣ t❤❡ st❛❜❧❡ ❛♥❞
✉♥st❛❜❧❡ ❞②♥❛♠✐❝s✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s ✈❛❧✉❛❜❧❡ ♣r♦♣❡rt②✱ t❤❡ ♣r♦❝❡❞✉r❡ ❤❛s ❜❡❡♥ ❞❡r✐✈❡❞ s✉❝❝❡ss❢✉❧❧② ♦♥
❜♦t❤ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ❛♥❞ t❤❡ ✉♥st❛❜❧❡ ✢♦✇ ♦✈❡r ❛ sq✉❛r❡ ❝❛✈✐t②✳

■♥ t❤❡ ♥❡①t ♣❛rt ♦❢ t❤❡ t❤❡s✐s✱ ♦✉r ❢r❡q✉❡♥❝②✲❜❛s❡❞ s♥❛♣s❤♦t t❡❝❤♥✐q✉❡ ✇❛s ❡①t❡♥❞❡❞ t♦ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s
❤❛✈✐♥❣ ♠♦r❡ t❤❛♥ ❛ ♠♦❞❡r❛t❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts✳ ❲❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❝❤❛♣t❡r ✸ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢
t❤❡ ❞②♥❛♠✐❝s ❢r♦♠ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ✐♥♣✉ts t♦ ❛ s✐♥❣❧❡ ♦✉t♣✉t✳ ❚❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ✭t❤❡ str✉❝t✉r❡s
✇❤✐❝❤ ♦♣t✐♠❛❧❧② ❡①❝✐t❡s t❤❡ ♦✉t♣✉t✮ ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ ❜② ❛ P❖❉ ♣r♦❝❡❞✉r❡ ❜② ✉s✐♥❣ t❤❡ ❢r❡q✉❡♥t✐❛❧
s♥❛♣s❤♦t ♠❡t❤♦❞✳ Pr♦❥❡❝t✐♥❣ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ♦♥ t❤✐s ❜❛s✐s ♣r♦✈❡❞ t♦ ❧❡❛❞ t♦
❡✣❝✐❡♥t ❘❖▼s✳ ❨❡t✱ t❤❡ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r ✇❛s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t✲♣r♦❥❡❝t✐♦♥
t❡❝❤♥✐q✉❡ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❛♣♣r♦①✐♠❛t❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✳ ■♥❞❡❡❞✱ t❤❡s❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❤❛✈❡ ❜❡❡♥ ✉s❡❞
t♦ ❞❡s✐❣♥ ♠♦r❡ ❡✣❝✐❡♥t ❘❖▼s✳ ◆♦t✐❝❡❛❜❧②✱ t❤✐s ♥❡✇ ♣r♦❝❡❞✉r❡ st❡♠s ❢r♦♠ t❤❡ ✇♦r❦s ❜② ❘♦✇❧❡② ✭✷✵✵✺✮❀
■❧❛❦ ✫ ❘♦✇❧❡② ✭✷✵✵✽✮ ✇❤❡r❡ ❛♥ ❛♥❛❧♦❣♦✉s t❡❝❤♥✐q✉❡ ❝❛❧❧❡❞ ♦✉t♣✉t✲♣r♦❥❡❝t✐♦♥ ❤❛s ❜❡❡♥ ❡①♣♦s❡❞✳ ❲❡
✐❧❧✉str❛t❡❞ t❤❡ s✉♣❡r✐♦r✐t② ❛♥❞ t❤❡ q✉❛s✐✲♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ✐♥♣✉t
♣r♦❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ♦♥ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❚❤❡ ✐♥♣✉ts ✇❡r❡ ❝❤♦s❡♥ ❛s ❛❧❧ t❤❡ ❞❡❣r❡❡s ♦❢
❢r❡❡❞♦♠ ♦❢ t❤❡ st❛t❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞ t❤❡ ♦✉t♣✉t ❛s ❛ s✐♥❣❧❡ s❡♥s♦r✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❘❖▼s
♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ♠❛② ❜❡ ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ❢♦r ✢♦✇s ✇❤✐❝❤ ❛r❡ ❝♦♥t✐♥✉♦✉s❧② ❡①❝✐t❡❞ ❜② ❛♥
✉♥❦♥♦✇♥ ♥♦✐s❡ ✭✐♥♣✉t✮ ❛♥❞ ✇❤❡r❡ t❤❡r❡ ❛r❡ ❛ ♠♦❞❡r❛t❡ ♥✉♠❜❡r ♦❢ ♦✉t♣✉ts✳

■♥ ❝❤❛♣t❡r ✹✱ ❛ ❝♦♥s✐st❡♥t ❢r❛♠❡✇♦r❦ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ♦r❞❡r t♦ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ t♦ ✢✉✐❞
s②st❡♠s ✇✐t❤ ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts✳ ▲♦✇✲♦r❞❡r ♠♦❞❡❧s t❤❛t ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s
❢r♦♠ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ✐♥♣✉ts t♦ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ♦✉t♣✉ts ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣
✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥✳ ❆ ♠❛❥♦r ❡♠♣❤❛s✐s ❤❛s ❜❡❡♥ ❣✐✈❡♥ t♦ t❤❡ ❢♦r♠❛❧✐s♠ ❛♥❞ ♠❡t❤♦❞♦❧♦❣② ✇❤✐❝❤ ❛❧❧♦✇s t♦
❞❡r✐✈❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s❡s ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❘❖▼s✳ ❲❡ ❢♦❧❧♦✇❡❞ t❤r♦✉❣❤ t❤❡ ♣r❡✈✐♦✉s ✇♦r❦ ❜② ❋❛rr❡❧❧
✫ ■♦❛♥♥♦✉ ✭✷✵✵✶❛✮ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❝♦♥str✉❝t❡❞ ❘❖▼s ❜② ✉s✐♥❣ t❤❡ ♠♦st ❝♦♥tr♦❧❧❛❜❧❡ ♠♦❞❡s ✭❝❛❧❧❡❞
❊♠♣✐r✐❝❛❧ ❖rt❤♦❣♦♥❛❧ ❋✉♥❝t✐♦♥s✮✱ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ✭❝❛❧❧❡❞ ❙t♦❝❤❛st✐❝ ❖♣t✐♠❛❧s✮ ❛s ✇❡❧❧ ❛s
❜❛❧❛♥❝❡❞ ♠♦❞❡s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♦✉r 2D ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡s❡ ♠♦❞❡s ✇❛s
♥♦t tr❛❝t❛❜❧❡ ❞✉❡ t♦ t❤❡ ❧❛r❣❡ s✐③❡ ♦❢ t❤❡ s②st❡♠✳ ❍❡♥❝❡✱ t❤❡ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦
♣r♦♣♦s❡ ❛ ✇❛② ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s✱ ❙❖s ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❢♦r ❧❛r❣❡ ✢✉✐❞ s②st❡♠s✳ ❚❤❡
❦❡② ✐❞❡❛ ✇❛s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ❜② tr✉♥❝❛t✐♥❣ ✐ts s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡
❧❡❛❞✐♥❣ s✐♥❣✉❧❛r ✈❡❝t♦rs ♦❢ t❤❡ r❡s♦❧✈❡♥t ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ ♦♥ ❛ ✜♥✐t❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ❛♥❞ ✉s❡❞ t♦
❛♣♣r♦①✐♠❛t❡ t❤❡ ❧❡❛❞✐♥❣ ❊❖❋s✱ ❙❖s ❛♥❞ ❜❛❧❛♥❝❡❞ ♠♦❞❡s✳ ◆❡①t✱ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❥❡❝t✐♦♥ ❜❛s❡s ❤❛✈❡ ❜❡❡♥
✉s❡❞ t♦ ❞❡s✐❣♥ ❘❖▼s ✇❤✐❝❤ ✇❡r❡ s❤♦✇♥ t♦ s✉❝❝❡ss❢✉❧❧② ❝❛♣t✉r❡ t❤❡ ♣r❡❞♦♠✐♥❛♥t ♣❛rt ♦❢ t❤❡ ♦r✐❣✐♥❛❧
✢♦✇ ❞②♥❛♠✐❝s✳

▼♦st❧②✱ t❤❡ ♣r♦❝❡❞✉r❡ ✉s❡❞ ✐♥ ❝❤❛♣t❡r ✹ ♣r♦✈❡❞ t♦ ❜❡ ✉s❡❢✉❧ ✐♥ ✈✐❡✇ ♦❢ ❛♥❛❧②③✐♥❣ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s
♦❢ ❛♠♣❧✐✜❡r ✢♦✇s✳ ■♥❞❡❡❞✱ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t ♦♣❡r❛t♦r ❛❧❧♦✇❡❞ t♦ ❞❡✲
❝♦♠♣♦s❡ t❤❡ ❣❧♦❜❛❧ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ❜② r❛♥❦✐♥❣ t❤❡ ❧❡❛❞✐♥❣ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ❛♥❞
t❤❡✐r ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ r❡s♣♦♥s❡✳ ◆♦t✐❝❡❛❜❧②✱ ♦✇✐♥❣ t♦ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❡ ✐❞❡♥t✐✜❡❞ t✇♦ s❡♣❛r❛t❡
❞②♥❛♠✐❝s✿ ✭✐✮ t❤❡ s❤❡❛r ❧❛②❡r ❞②♥❛♠✐❝s ✇❤✐❝❤ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❜r♦❛❞❜❛♥❞ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s ❛♥❞
❛♥ ❛♠♣❧✐✜❝❛t✐♦♥ ♣❡❛❦ ❛t t❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ❢r❡q✉❡♥❝② ❛♥❞ ✭✐✐✮ t❤❡ ❞②♥❛♠✐❝s r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥✈❡❝t✐♦♥
♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ✐♥ t❤❡ ❢r❡❡✲str❡❛♠✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛s ❡①♣♦s❡❞ ✐♥ ❋❛rr❡❧❧ ✫ ■♦❛♥♥♦✉ ✭✶✾✾✸❛✮✱ ❜♦t❤
t❤❡ ❊❖❋s ❛♥❞ t❤❡ ❙❖s ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣✳ ❆ss✉♠✐♥❣ t❤❡ ✢♦✇ ✐s ❡①❝✐t❡❞ ❜② ❛ ✇❤✐t❡ ✐♥
s♣❛❝❡ ❛♥❞ t✐♠❡ r❛♥❞♦♠ ♥♦✐s❡✱ t❤❡ ❊❖❋s ✇♦✉❧❞ r❡♣r❡s❡♥t t❤❡ str✉❝t✉r❡s t❤❛t ♦♣t✐♠❛❧❧② ❛❝❝♦✉♥t ❢♦r t❤❡
✈❛r✐❛♥❝❡ s✉st❛✐♥❡❞ ❜② t❤❡ st❛t✐st✐❝❛❧❧② st❡❛❞② ✢♦✇ r❡s♣♦♥s❡✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❊❖❋s ❛❧s♦ r❡❞✉❝❡ t♦ t❤❡
P❖❉ ♠♦❞❡s ✉s❡❞ t♦ ✐❞❡♥t✐❢② t❤❡ ❝♦❤❡r❡♥t str✉❝t✉r❡s ✐♥ t✉r❜✉❧❡♥t ✢♦✇s✱ s❡❡ ▲✉♠❧❡② ✭✶✾✼✵✮❀ ❆✉❜r② ❡t ❛❧✳

✶✹✵



❈❖◆❈▲❯❙■❖◆

✭✶✾✽✽✮❀ ❇❡r❦♦♦③ ❡t ❛❧✳ ✭✶✾✾✸✮✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❙❖s st❛♥❞ ❢♦r t❤❡ ❢♦r❝✐♥❣ str✉❝t✉r❡s ②✐❡❧❞✐♥❣ ❛ ♠❛①✐♠✉♠
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ st❛t✐st✐❝❛❧❧② st❡❛❞② ✢♦✇ r❡s♣♦♥s❡✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❡①♣❡❝t t❤❛t
❜♦t❤ ♠❛② ❜❡ ✉s❡❞ t♦ r❛♥❦ t❤❡ ❧❡❛❞✐♥❣ ❡♥❡r❣❡t✐❝ ❝♦❤❡r❡♥t ♣r♦❝❡ss❡s ♦❢ ❛ ✢♦✇ ❢♦r ♣♦st✲♣r♦❝❡ss✐♥❣ ♣✉r♣♦s❡s✳

❈❤❛♣t❡r ✺ ❤❛s ♣✉t ❡♠♣❤❛s✐s ♦♥ t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ♦❢ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣
✢♦✇✳ ❆ ▲✐♥❡❛r ◗✉❛❞r❛t✐❝ ●❛✉ss✐❛♥ ❝♦♥tr♦❧ ❜❛s❡❞ ♦♥ ❛ r❡❞✉❝❡❞✲♦r❞❡r ❝♦♠♣❡♥s❛t♦r ❤❛s ❜❡❡♥ ❛❞♦♣t❡❞✳
❚❤❡ s❛♠❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ❛♥❞ ▲◗● ❝♦♥tr♦❧ ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ r❡❝❡♥t❧② ❜② ❇❛❣❤❡r✐ ❡t ❛❧✳
✭✷✵✵✾❜✮ ♦♥ ❛ ✢❛t✲♣❧❛t❡ ❜♦✉♥❞❛r② ❧❛②❡r ✢♦✇✳ ❨❡t✱ ♦✉r ❝♦♥tr✐❜✉t✐♦♥ r❡❧✐❡s ♦♥ t❤❡ ❛♥❛❧②s✐s ❛♥❞ ❞✐s❝✉ss✐♦♥
♦♥ s♦♠❡ ✐ss✉❡s t❤❛t ✐♥❡✈✐t❛❜❧② ❛r✐s❡ ✐♥ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦r ❢♦r ❛♠♣❧✐✜❡r
✢♦✇s✳ ❲❡ ❝♦♥s✐❞❡r❡❞ ❛ P❖❉ ♠♦❞❡❧ ♦❢ s✐③❡ 150 t♦ ❞❡s✐❣♥ t❤❡ ❝♦♠♣❡♥s❛t♦r✳ ❚❤✐s ❧❛tt❡r ✇❛s ♦❜s❡r✈❡❞
t♦ s✉❝❝❡ss❢✉❧❧② ❝♦♥tr♦❧ t❤❡ ✢♦✇ ❜② r❡❞✉❝✐♥❣ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ❛♠♣❧✐t✉❞❡✳ ❖✇✐♥❣ t♦ t❤❡ ♥♦✐s❡ ❛♠♣❧✐✜❡r
❜❡❤❛✈✐♦r ♦❢ t❤❡ ✢♦✇✱ s❡♥s✐t✐✈✐t② ❛♣♣❡❛r❡❞ ❛s ❛ ❦❡② ❝♦♥❝❡♣t ✐♥ t❤❡ ❞❡s✐❣♥ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥
♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦rs✳ ❋♦r t❤❛t r❡❛s♦♥✱ ✇❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ✈❛r✐♦✉s ❝♦♠♣❡♥s❛t❡❞ s②st❡♠s✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ s❡♥s♦r ♣❧❛❝❡♠❡♥t✱ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧✱ ♦❢ t❤❡ ♣❧❛♥t ❞❡✈✐❛t✐♦♥ ❛♥❞ ♦❢
t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞✳ ▲❛st ❜✉t ♥♦t ❧❡❛st✱ ✇❡ s✉❝❝❡ss❢✉❧❧② ❝♦♥tr♦❧❧❡❞ t❤❡ ❢✉❧❧② ♥♦♥✲❧✐♥❡❛r
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❜② ✉s✐♥❣ ❛ ❧✐♥❡❛r ❧♦✇✲♦r❞❡r ❝♦♠♣❡♥s❛t♦r ❛♥❞ ♦❜t❛✐♥❡❞ ❛ s✐❣♥✐✜❝❛♥t r❡❞✉❝t✐♦♥ ♦❢
t❤❡ ♣❡rt✉r❜❛t✐♦♥s ❦✐♥❡t✐❝ ❡♥❡r❣②✳

❙✉❣❣❡st✐♦♥s ❢♦r ❢✉t✉r❡ ✇♦r❦s

❚❤✐s t❤❡s✐s ♣r♦✈✐❞❡s ♣❤②s✐❝❛❧ ❛♥❞ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s✱ ♠♦❞❡❧ r❡❞✉❝t✐♦♥
❛♥❞ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❆ s♣❡❝✐❛❧ ❝❛r❡ ✇❛s t❛❦❡♥ t♦ r❡♠❛✐♥ ❛s ❝❧♦s❡
❛s ♣♦ss✐❜❧❡ t♦ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✇✐t❤ t❤❡ ❝✉rr❡♥t ❛✈❛✐❧❛❜❧❡ ♥✉♠❡r✐❝❛❧ t♦♦❧s✱ t❤❡ ❞✐r❡❝t
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞s ❡①♣♦s❡❞ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✐s st✐❧❧ ♣r❡♠❛t✉r❡ ❢♦r ❤✐❣❤❧② ❝♦♠♣❧❡① ✢♦✇s✳
▼❡❛♥✇❤✐❧❡✱ t❤❡s❡ ♠❡t❤♦❞s ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❢✉t✉r❡ ✇♦r❦s t♦ ❞❡❛❧ ✇✐t❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞
✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s s✉❝❤ ❛s t❤♦s❡ ❡♥❝♦✉♥t❡r❡❞ ✐♥ ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳

❆❧❧ t❤❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s t❤❡s✐s ✇❡r❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✐♥❝❡ t❤❡ ❜❛s❡ ✢♦✇s ✇❡r❡ s✉♣✲
♣♦s❡❞ t♦ ❜❡ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ✐♥ ♦♥❧② t✇♦ ❞✐r❡❝t✐♦♥s✳ ❨❡t✱ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣ts ✐♥tr♦❞✉❝❡❞ ❤❡r❡
✭st❛❜✐❧✐t② ❛♥❛❧②s✐s✱ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❛♥❞ ▲◗● ❝♦♥tr♦❧✮ ♠❛② ❜❡ ♥❛t✉r❛❧❧② ❡①t❡♥❞❡❞ t♦ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
❜❛s❡ ✢♦✇s✳ ■♥ ❢❛❝t✱ t❤❡ ❝r✐t✐❝❛❧ ❧✐♠✐t❛t✐♦♥s ❛r❡ ♦♥❧② ❝♦♠♣✉t❛t✐♦♥❛❧ ♦♥❡s❀ ♦♥❡ ♠❛② ❡♥❝♦✉♥t❡r ❡✐t❤❡r ♠❡♠✲
♦r② r❡q✉✐r❡♠❡♥ts ♦r ❈P❯ t✐♠❡ ✐ss✉❡s✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❛❞♦♣t❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ t❤❡ ❞✐r❡❝t
✐♥✈❡rs✐♦♥ ♦❢ ❧❛r❣❡ ❛♥❞ s♣❛rs❡ ♠❛tr✐❝❡s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡s❡ ✐♥✈❡rs✐♦♥s ✐♥t❡r✈❡♥❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
t❤❡ ❜❛s❡ ✢♦✇✱ ♦❢ t❤❡ s♥❛♣s❤♦ts✱ ♦❢ t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥♠♦❞❡s ♦r ♦❢ t❤❡ ♦♣t✐♠❛❧ ❢♦r❝✐♥❣s ❛♥❞ r❡s♣♦♥s❡s✳ ❚❤❡s❡
✇❡r❡ ❤❛♥❞❧❡❞ ❜② ❛ s♣❛rs❡ s❝❛❧❛❜❧❡ ❞✐r❡❝t ❧♦✇❡r✲✉♣♣❡r ✭▲❯✮ s♦❧✈❡r✱ s❡❡ ❆♠❡st♦② ❡t ❛❧✳ ✭✷✵✵✶✮✳ Pr❡❧✐♠✐✲
♥❛r② r❡s✉❧ts ♦♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s ❛♥❞ t❤❡ s❛♠❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♦❧✈❡r✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡q✉✐r❡✲
♠❡♥ts ♦♥ 3D ❝♦♥✜❣✉r❛t✐♦♥s ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❛rt✐❝❧❡ ❜② ❙✐♣♣ ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥s r❡♠❛✐♥
r❡❧❛t✐✈❡❧② s❤♦rt ✐♥ t✐♠❡ ❜✉t r❡q✉✐r❡ ❛ ♠✉❝❤ ❧❛r❣❡r ❛♠♦✉♥t ♦❢ ♠❡♠♦r②✳ ◆♦t✐❝❡❛❜❧②✱ t❤❡ s♣❛rs✐t② ♦❢ t❤❡
♠❛tr✐❝❡s ❛r❡ ❞✐✛❡r❡♥t ❢♦r 3D s❡tt✐♥❣s✿ t❤❡r❡ ❛r❡ ❛ s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r ♥✉♠❜❡r ♦❢ ♥♦♥ ③❡r♦ ❝♦❡✣❝✐❡♥ts
♣❡r ❧✐♥❡ ❛s ❝♦♠♣❛r❡❞ t♦ ❛ 2D s❡tt✐♥❣ ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❲❡ ❡①♣❡❝t t❤❛t ❞♦✲
♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠❡t❤♦❞s ♠❛② ✐♠♣r♦✈❡ t❤❡ s❝❛❧❛❜✐❧✐t② ♦❢ t❤❡ ❧❛r❣❡✲s❝❛❧❡ ❧✐♥❡❛r ♣r♦❜❧❡♠s ✇❤❡♥ ✉s✐♥❣
♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs✳
❖t❤❡r✇✐s❡✱ ❛ s✐❣♥✐✜❝❛♥t ❛❧t❡r♥❛t✐✈❡ ✐s t♦ r❡s♦rt t♦ ♠❛tr✐①✲❢r❡❡ ♠❡t❤♦❞s ✐♥ ✇❤✐❝❤ t❤❡ ❥❛❝♦❜✐❛♥ ♠❛tr✐①
✭st❛♥❞✐♥❣ ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r✮ ✐s ♥❡✈❡r ❡①♣❧✐❝✐t❧② ❢♦r♠❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t✐♠❡✲
st❡♣♣✐♥❣ ♠❡t❤♦❞s ❛❧❧♦✇ t♦ ♣❡r❢♦r♠ ❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s❡s ❜② ✉s✐♥❣ ❝♦❧❧❡❝t✐♥❣ ✢♦✇ st❛t❡ s♥❛♣s❤♦ts ❢r♦♠
❧✐♥❡❛r✐③❡❞ s✐♠✉❧❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ❣❧♦❜❛❧
♠♦❞❡s ♦r t♦ ♣❡r❢♦r♠ ❛♥ ♦♣t✐♠❛❧ ❣r♦✇t❤ ❛♥❛❧②s✐s ♦❢ ❛ ✢♦✇✱ s❡❡ ❚✉❝❦❡r♠❛♥ ✭✶✾✾✽✮❀ ❚✉❝❦❡r♠❛♥ ✫ ❇❛r❦❧❡②
✭✷✵✵✵✮❀ ❇❛r❦❧❡② ❡t ❛❧✳ ✭✷✵✵✽✮✳ ▼♦r❡ r❡❝❡♥t❧②✱ t✐♠❡✲st❡♣♣✐♥❣ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❜② ▼♦♥♦❦r♦✉s♦s
❡t ❛❧✳ ✭✷✵✶✵✮❀ ❇❛❣❤❡r✐ ❡t ❛❧✳ ✭✷✵✵✾❛✮ ✐♥ ✈✐❡✇ ♦❢ ✉s✐♥❣ ♦♥❧② ❛ ❧✐♥❡❛r ♦r ♥♦♥✲❧✐♥❡❛r ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✈❡r t♦

✶✹✶



❈❖◆❈▲❯❙■❖◆

♣❡r❢♦r♠ ❛ ❣❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s✳ ❙✉❝❤ ♠❡t❤♦❞s s❡❡♠ r❛t❤❡r ♣r♦♠✐s✐♥❣ t♦ ❤❛♥❞❧❡ ✈❡r② ❧❛r❣❡ ♦r ❝♦♠♣❧❡①
✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ r❡❢❡r ✐♥t❡r❡st❡❞ r❡❛❞❡rs t♦ t❤❡ ❣❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ 3D
❜❛s❡ ✢♦✇ ♦✈❡r ❛ s♣❤❡r♦✐❞ ❜② ❚❡③✉❦❛ ✫ ❙✉③✉❦✐ ✭✷✵✵✻✮ ♦r t❤❛t ♦❢ ❛ ❥❡t ✐♥ ❝r♦ss✢♦✇ ❜② ❇❛❣❤❡r✐ ❡t ❛❧✳
✭✷✵✵✾❞✮✳ ❊q✉❛❧❧②✱ t✐♠❡✲st❡♣♣✐♥❣ ♠❡t❤♦❞s ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ t✐♠❡ r❡s♣♦♥s❡ ❢r♦♠ s♦♠❡
✐♥♣✉ts t♦ ❞❡s✐❣♥ r❡❞✉❝❡❞ ♦r❞❡r ♠♦❞❡❧s✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ♠❛② r❡❢❡r t♦ t❤❡ ✇♦r❦ ❜② ❙❡♠❡r❛r♦ ❡t ❛❧✳ ✭✷✵✶✶✮
✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❞❡s✐❣♥❡❞ ❛ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ ❛ tr❛♥s✐t✐♦♥❛❧ ✢❛t✲♣❧❛t❡ ❜♦✉♥❞❛r② ❧❛②❡r ❜② ♠❡❛♥s ♦❢ ❛
r❡❞✉❝❡❞✲♦r❞❡r ▲◗● ❝♦♠♣❡♥s❛t♦r✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡② ❝♦♥s✐❞❡r❡❞ ❛ 3D ❜❛s❡ ✢♦✇ ✇✐t❤ ❛ r♦✇ ♦❢ ❛❝t✉❛t♦rs
✭✐♥♣✉ts✮ ❛♥❞ ❛ r♦✇ ♦❢ s❡♥s♦rs ✭♦✉t♣✉ts✮ ❛♥❞ ✉s❡❞ ❛ t✐♠❡✲st❡♣♣✐♥❣ ♠❡t❤♦❞ t♦ ❝♦♥str✉❝t t❤❡ ❞❡s✐r❡❞ ❘❖▼s✳

❚❤❡ ❞②♥❛♠✐❝s ✐♥✈❡st✐❣❛t❡❞ ❤❡r❡ ❤❛✈❡ ❜❡❡♥ ❧✐♥❡❛r✐③❡❞ ❛❜♦✉t ❛ ❜❛s❡ ✢♦✇ ❝❤♦s❡♥ ❛s t❤❡ st❡❛❞② s♦❧✉t✐♦♥
♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
t❤❡ ❜❛s❡ ✢♦✇s ❜❡❝♦♠❡s ❞✐✣❝✉❧t✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ♠❡s❤❡s r❡q✉✐r❡❞ t♦ ❝❛♣t✉r❡ ❛❧❧ t❤❡ ✢♦✇ str✉❝t✉r❡s ♠❛②
❜❡❝♦♠❡ ♣r♦❤✐❜✐t✐✈❡❧② ❧❛r❣❡✳ ▼♦st❧②✱ ❢♦r ✈❡r② ❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✢♦✇s✱ t❤❡✐r ✐s ♥♦ ❣✉❛r❛♥t❡❡ ✐♥ ❣❡♥❡r❛❧
t❤❛t ❛ st❡❛❞② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❡①✐sts✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❣❧♦❜❛❧❧② st❛❜❧❡ ✢♦✇s ❛t ❤✐❣❤ ❘❡②♥♦❧❞s
♥✉♠❜❡r ♠❛② ❜❡ s♦ ♠✉❝❤ s❡♥s✐t✐✈❡ t❤❛t t❤❡ ❛❝❝✉r❛t❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ st❡❛❞② s♦❧✉t✐♦♥ ✐s ♥♦t ♣♦ss✐❜❧❡✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❣❧♦❜❛❧❧② ✉♥st❛❜❧❡ ✢♦✇s ✉♥❞❡r❣♦ ♦♥❡ ♦❢ ♥✉♠❡r♦✉s ❜✐❢✉r❝❛t✐♦♥s ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡
❘❡②♥♦❧❞s ♥✉♠❜❡r s✉❝❤ ❛s ❛ st❡❛❞② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❝❛♥ ♥♦ ❧♦♥❣❡r ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♣❤②s✐❝❛❧❧②
r❡❧❡✈❛♥t ❜❛s❡ ✢♦✇ t♦ ❧✐♥❡❛r✐③❡ ❛❜♦✉t✳
❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❤✐❣❤ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛♥❞ t✉r❜✉❧❡♥t ✢♦✇s✱ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ❞❡s❡r✈❡s ❛ ♣❛r✲
t✐❝✉❧❛r ❛tt❡♥t✐♦♥✳ ■t ❝♦♥s✐sts ♦❢ ❛✉❣♠❡♥t✐♥❣ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❜② ❛ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✳ ❚❤❡
❞②♥❛♠✐❝s ♦❢ t❤❡ ✢♦✇ ❛r❡ t❤❡♥ ❣♦✈❡r♥❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞ ❯❘❆◆❙ ❡q✉❛t✐♦♥s✿ ❯♥st❡❛❞② ❘❡②♥♦❧❞s ❆✈❡r❛❣❡
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❙✉❝❤ ♠♦❞❡❧s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s♠❛❧❧
❛♥❞ ❧❛r❣❡ s❝❛❧❡s ❛r❡ ❞❡❝♦✉♣❧❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ s♠❛❧❧ s❝❛❧❡s✱ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✱ ❛r❡
s✉♣♣♦s❡❞ t♦ ❜❡ ❛❝❝♦✉♥t❡❞ ❢♦r ❜② t❤❡ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧ ✇❤❡r❡❛s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❧❛r❣❡ s❝❛❧❡s✱ ❛s✲
s♦❝✐❛t❡❞ ✇✐t❤ ❧♦✇ ❢r❡q✉❡♥❝✐❡s✱ ❛r❡ ❣♦✈❡r♥❡❞ ❜② t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❯❘❆◆❙ ❡q✉❛t✐♦♥s✳ ❇② t❤✐s
✇❛②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①t❡♥❞ t❤❡ ❝♦♥❝❡♣ts ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s t❤❡s✐s t♦ t✉r❜✉❧❡♥t ✢♦✇s ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡
❯❘❆◆❙ ❡q✉❛t✐♦♥s ✐♥st❡❛❞ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❚❤❡ ❜❛s❡ ✢♦✇ ♠❛② ❜❡ ♥❛t✉r❛❧❧② ❝❤♦s❡♥ ❛s
❛ st❡❛❞② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❯❘❆◆❙ ❡q✉❛t✐♦♥s✳ ❚❤❡ ❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ ♣❡rt✉r❜❛t✐♦♥s ❛❜♦✉t t❤✐s ❜❛s❡ ✢♦✇
t❤❡♥ st❛♥❞ ❢♦r t❤❡ ❡❛r❧② ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❧❛r❣❡✲s❝❛❧❡ ✭❛♥❞ ❧♦✇✲❢r❡q✉❡♥❝②✮ str✉❝t✉r❡s ✇✐t❤✐♥ t❤❡ t✉r❜✉❧❡♥t
✢♦✇✳ ❲❡ ❡①♣❡❝t t❤❛t ❯❘❆◆❙ ♠♦❞❡❧s ❛❧❧♦✇ t♦ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s ❛♥❞ ▲◗● ❝♦♥tr♦❧
✐♥✈❡st✐❣❛t❡❞ ❤❡r❡ t♦ ❢✉❧❧② t✉r❜✉❧❡♥t ✢♦✇s✳ ◆♦t✐❝❡❛❜❧②✱ ❛ ❣❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s ✐♥❝❧✉❞✐♥❣ t❤❡ ❙♣❛❧❛rt
❆❧❧♠❛r❛s t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧ ✇❛s ♣❡r❢♦r♠❡❞ ❜② ❈r♦✉❝❤ ❡t ❛❧✳ ✭✷✵✵✼✮ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♦♥s❡t ♦❢ tr❛♥s♦♥✐❝
s❤♦❝❦✲❜✉✛❡t✐♥❣ ♦♥ ❛♥ ❛✐r❢♦✐❧✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ s❛♠❡ str❛t❡❣② ❤❛s ❜❡❡♥ ✉s❡❞ ♠♦r❡ r❡❝❡♥t❧② ❜② ❈♦ss✉
❡t ❛❧✳ ✭✷✵✵✾✮ t♦ ✐❞❡♥t✐❢② t❤❡ str❡❛❦s ✐♥ ❛ t✉r❜✉❧❡♥t ❜♦✉♥❞❛r② ❧❛②❡r✳ ▲❛st❧②✱ t❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❛❧s♦ ❜❡❡♥
❝♦♥s✐❞❡r❡❞ ❜② ▲✉❝❤t❡♥❜✉r❣ ❡t ❛❧✳ ✭✷✵✵✾✮ t♦ ❞❡s✐❣♥ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s t❤❛t r❡❝♦✈❡r t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛
t✉r❜✉❧❡♥t ✢♦✇✳ ■♥ t❤✐s ❧❛tt❡r ✇♦r❦✱ t❤❡ ❛✉t❤♦rs ❝♦♠♣✉t❡❞ ❯❘❆◆❙ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❛ k ✲ω t✉r❜✉❧❡♥❝❡
♠♦❞❡❧ t♦ ❝♦♥str✉❝t ❛ P❖❉✲●❛❧❡r❦✐♥ ❘❖▼ t❤❛t ❝❛♣t✉r❡s t❤❡ ❡✛❡❝t ♦❢ ❛♥ ❤✐❣❤✲❢r❡q✉❡♥❝② ❛❝t✉❛t✐♦♥ ♦♥ t❤❡
♠❡❛♥ ✢♦✇✳

❋✐♥❛❧❧②✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ s✉❣❣❡st t❤❡ ✉s❡ ♦❢ ❞✐✛❡r❡♥t ♠♦❞❡❧ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ❢✉t✉r❡ ✇♦r❦s✳ ❋✐rst❧②✱
✉s✐♥❣ s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥ ♠❡t❤♦❞s s❡❡♠s ❛ r❛t❤❡r ♣r♦♠✐s✐♥❣ ✇❛② t♦ ❡①t❡♥❞ ♦✉r r❡s✉❧ts t♦ ♠♦r❡ r❡❛❧✐st✐❝
✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s✳ ■♥❞❡❡❞✱ t❤❡ ♠♦st ♦❜s❡r✈❛❜❧❡ ♠♦❞❡s ♦r t❤❡ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ❝♦♠♣✉t❡❞ ✐♥ ♦✉r ✇♦r❦
❛r❡ ❜❛s❡❞ ♦♥ ❛❞❥♦✐♥t s♥❛♣s❤♦ts✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡✐r ❛ss♦❝✐❛t❡❞ ❘❖▼s ❝❛♥♥♦t ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❛ r❡❛❧
s❡tt✐♥❣ ✇❤❡r❡ ❛❞❥♦✐♥t ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦t ❛❝❝❡ss✐❜❧❡✳ ▼❡❛♥✇❤✐❧❡✱ t❤❡ ❊✐❣❡♥s②st❡♠ ❘❡❛❧✐③❛t✐♦♥ ❆❧❣♦r✐t❤♠
✭❊❘❆✮✱ ✇❤✐❝❤ st❛♥❞s ❢♦r ❛ s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥ ♠❡t❤♦❞✱ ❤❛s ❜❡❡♥ s❤♦✇♥ ❜② ▼❛ ❡t ❛❧✳ ✭✷✵✶✵✮ t♦ ♣♦ss✐❜❧②
❝♦♥str✉❝t ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ✇✐t❤♦✉t r❡s♦rt✐♥❣ t♦ ❛❞❥♦✐♥t ✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s ✈❛❧✉❛❜❧❡ ♣r♦♣❡rt② ❛❧❧♦✇s t♦
❝♦♠♣✉t❡ t❤❡ s❛♠❡ ♠♦❞❡❧s ❛s t❤♦s❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s ✇❤✐❧❡ ❡①t❡♥❞✐♥❣ t❤❡✐r r❛♥❣❡ t♦ ❡①♣❡r✐♠❡♥t❛❧
✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳
❲❤❡♥ ✉s✐♥❣ ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞s✱ t❤❡ ❘❖▼s ❛r❡ ♠❡❛♥t t♦ r❡♣r❡s❡♥t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞❛t❛ ♦♥ ✇❤✐❝❤
t❤❡② ❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞✳ ◆♦✇✱ ✐♥ ♣r❛❝t✐❝❛❧ s✐t✉❛t✐♦♥s✱ ❛ ❘❖▼ ✐s ♦❢t❡♥ ❞❡s✐r❡❞ t♦ ♠♦❞❡❧ ✈❛r✐♦✉s ✢♦✇

✶✹✷
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❝♦♥✜❣✉r❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡ ✐t ♠❛② ❜❡ r❡q✉✐r❡❞ t♦ ♠♦❞❡❧ t❤❡ ❞✐✛❡r❡♥t ✢✐❣❤t ❝♦♥❞✐t✐♦♥s ♦❢ ❛♥ ❛✐r♣❧❛♥❡✳
■♥st❡❛❞ ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ s✐③❡ ♦❢ ❛ ❘❖▼ t♦ ❡①t❡♥❞ ✐ts ❡✛❡❝t✐✈❡ r❛♥❣❡✱ ❛ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥ ✇♦✉❧❞ ❜❡ t♦
❛❞❥✉st ✐t ✐♥ r❡❛❧ t✐♠❡ t♦ t❤❡ ✢♦✇ ♦♣❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥✳ ❙✉❝❤ ❛♥ ✐♠♣r♦✈❡♠❡♥t ✐s ♣♦ss✐❜❧❡ ✇❤❡♥ ✉s✐♥❣
s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥ ♠❡t❤♦❞s ❜② ✉♣❞❛t✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❘❖▼ ❛s s♦♦♥ ❛s ✐ts ♣❡r❢♦r♠❛♥❝❡s st❛rt
t♦ ❢❛❧❧ ♦✛✳ ❇② ✉s✐♥❣ t❤❡s❡ s✉❝❝❡ss✐✈❡ ❛❞❥✉st♠❡♥ts✱ ✐t ✐s ❡✈❡♥ ❝♦♥❝❡✐✈❛❜❧❡ t♦ ✉♣❞❛t❡ ❛ ❧✐♥❡❛r ❘❖▼ s✉❝❤
❛s t♦ ❡✛❡❝t✐✈❡❧② ♠♦❞❡❧ t❤❡ ♥♦♥✲❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ ❛ ✢♦✇✳
▲❛st❧②✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥ s♦♠❡ ❡①t❡♥s✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ ♥♦♥✲❧✐♥❡❛r s②st❡♠s✳
■♥ ❢❛❝t✱ t❤❡ Pr♦♣❡r ❖rt❤♦❣♦♥❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ t❤❡ ♣❛st ❢❡✇ ❞❡❝❛❞❡s t♦
♠♦❞❡❧ t❤❡ ♥♦♥✲❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ ✢✉✐❞ ✢♦✇s✱ s❡❡ ❆✉❜r② ❡t ❛❧✳ ✭✶✾✽✽✮❀ ◆♦❛❝❦ ❡t ❛❧✳ ✭✷✵✵✸✮❀ ❚✳ ❘✳ ❙♠✐t❤ ✫
❍♦❧♠❡s ✭✷✵✵✺✮✳ ■t s✐♠♣❧② ❝♦♥s✐sts ♦❢ ❝♦❧❧❡❝t✐♥❣ t❤❡ s♥❛♣s❤♦ts ❢r♦♠ ♥♦♥❧✐♥❡❛r s✐♠✉❧❛t✐♦♥s✱ ❝♦♠♣✉t✐♥❣ t❤❡
P❖❉ ♠♦❞❡s ❛♥❞ ♣r♦❥❡❝t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ♦♥t♦ t❤❡♠ t♦ ♦❜t❛✐♥ ❛ ♥♦♥❧✐♥❡❛r ❧♦✇✲♦r❞❡r ♠♦❞❡❧✳ ❨❡t✱
✐t ✐s ❣❡♥❡r❛❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞ t❤❛t s✉❝❤ ♠♦❞❡❧s ❝❛♣t✉r❡ t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ♣❛tt❡r♥s ♦❢ t❤❡ ✢♦✇ ✐♥st❡❛❞
♦❢ ✐ts ❞②♥❛♠✐❝s ❛♥❞ t❤❛t t❤❡② r❡q✉✐r❡ ❝♦♥s✐❞❡r❛❜❧❡ ✜♥❡ t✉♥✐♥❣✳ ❲❡ ❡①♣❡❝t t❤❛t ❡①t❡♥❞✐♥❣ t❤❡ ❇❛❧❛♥❝❡❞
❚r✉♥❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ t♦ ♥♦♥✲❧✐♥❡❛r s②st❡♠s ♠✐❣❤t s♦❧✈❡ t❤❡s❡ ♣r♦❜❧❡♠s✳ ❚❤❡ ❇❛❧❛♥❝❡❞ ❚r✉♥❝❛t✐♦♥ ♦❢
♥♦♥❧✐♥❡❛r s②st❡♠s ❤❛s ✜rst ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❙❝❤❡r♣❡♥ ✭✶✾✾✸✮ ❛♥❞ ✐♥✈❡st✐❣❛t❡❞ ❧❛t❡r ✐♥ ❡①t❡♥s✐✈❡ ✇♦r❦s✱
s❡❡ ▲❛❧❧ ❡t ❛❧✳ ✭✷✵✵✷✮❀ ❋✉❥✐♠♦t♦ ✫ ❚s✉❜❛❦✐♥♦ ✭✷✵✵✽✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ r❡❝❡♥t ❛rt✐❝❧❡ ❜② ■❧❛❦ ❡t ❛❧✳ ✭✷✵✶✵✮ ✐s
✇♦rt❤ ♠❡♥t✐♦♥✐♥❣✳ ❚❤✐s ❧❛tt❡r ❛ss❡ss❡s t❤❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡① ♥♦♥✲❧✐♥❡❛r ●✐♥③❜✉r❣✲▲❛♥❞❛✉
❡q✉❛t✐♦♥s ✇❤✐❝❤ ♠✐♠✐❝ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ❝♦♥✈❡❝t✐✈❡❧② ♦r ❣❧♦❜❛❧❧② ✉♥st❛❜❧❡ ✢✉✐❞ ✢♦✇✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡
❛✉t❤♦rs ♣r♦❝❡❡❞❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s ♦♥t♦ ❛ s❡t ♦❢ ❜❛❧❛♥❝❡❞ ♠♦❞❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡
❧✐♥❡❛r ♣❛rt ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡② s❤♦✇❡❞ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❘❖▼s ♦✉t♣❡r❢♦r♠
t❤❡ st❛♥❞❛r❞ ♥♦♥✲❧✐♥❡❛r P❖❉ ♠♦❞❡❧ r❡❞✉❝t✐♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡② ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ s✉♣❡r✐♦r✐t②
♦❢ ❜❛❧❛♥❝❡❞ ♠♦❞❡❧s ♦✈❡r P❖❉ ♦♥❡s ❡①t❡♥❞s t♦ t❤❡ ❝❛s❡ ♦❢ ❛ ♥♦♥❧✐♥❡❛r s②st❡♠✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ♣r♦♠✐s✐♥❣
❜✉t t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ♠♦r❡ r❡❛❧✐st✐❝ ✢♦✇ ❞②♥❛♠✐❝s✱ ❣♦✈❡r♥❡❞ ❜② t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❢♦r ✐♥st❛♥❝❡✱
✇♦✉❧❞ ❜❡ ♦❢ r❡❧❡✈❛♥t ✐♥t❡r❡st✳
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❆♣♣❡♥❞✐① ❆

◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛♥❞ t♦♦❧s

❚❤✐s ❛♣♣❡♥❞✐① ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ t♦♦❧s ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✳ ■t ✐♥✲
❝❧✉❞❡s ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢✿

✭✐✮ ❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✉s❡❞ t♦ s♣❛t✐❛❧❧② ❞✐s❝r❡t✐③❡ t❤❡ ❡q✉❛t✐♦♥s

✭✐✐✮ ❚❤❡ ❛❧❣♦r✐t❤♠ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ t✐♠❡✲✐♥t❡❣r❛t❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s

✭✐✐✐✮ t❤❡ ◆❡✇t♦♥ ♠❡t❤♦❞ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❜❛s❡ ✢♦✇s✳

✭✐✈✮ ❚❤❡ ❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ❧❛r❣❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s✳

❙♦♠❡ ♣❛rts ♦❢ t❤✐s ❛♣♣❡♥❞✐① ❛r❡ ✐♥s♣✐r❡❞ ❢r♦♠ t❤❡ r❡❝❡♥t t❤❡s❡s ❜② ▼❛rq✉❡t ✭✷✵✵✼✮ ❛♥❞ ❇r✐♦♥ ✭✷✵✵✾✮
✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❤❛✈❡ ✉s❡❞ ✈❡r② s✐♠✐❧❛r ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s✳

❆✳✶ ❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞

❆❧❧ t❤❡ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✭P❉❊✮ ❡♥❝♦✉♥t❡r❡❞ ✐♥ t❤❡ t❤❡s✐s ❤❛✈❡ ❜❡❡♥ s♦❧✈❡❞ ❜② ✉s✐♥❣ ❛ ✜♥✐t❡
❡❧❡♠❡♥t ♠❡t❤♦❞✳ ■t ❝♦♥s✐sts ♦❢ t✇♦ st❡♣s✿ ✭✐✮ ❞❡✜♥❡ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ✭♦r ✇❡❛❦✮ ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ P❉❊ t♦
❜❡ s♦❧✈❡❞ ❛♥❞ ✭✐✐✮ ❞✐s❝r❡t✐③❡ ✐♥ s♣❛❝❡ t❤❡s❡ ❢♦r♠✉❧❛t✐♦♥s✳ ❚❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❜②
✉s✐♥❣ t❤❡ ❢r❡❡❧② ❛✈❛✐❧❛❜❧❡ s♦❢t✇❛r❡ ❋r❡❡❋❡♠✰✰ ❞❡✈❡❧♦♣❡❞ ❜② ❋ré❞ér✐❝ ❍❡❝❤t✱ ❖❧✐✈✐❡r P✐r♦♥♥❡❛✉✱ ❆♥t♦✐♥❡
▲❡ ❍②❛r✐❝ ❛♥❞ ❑♦❤❥✐ ❖❤ts✉❦❛✱ s❡❡ ❍❡❝❤t ❡t ❛❧✳ ✭✷✵✵✺✮✳ ❋♦r ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t
♠❡t❤♦❞✱ ✇❡ r❡❢❡r ✐♥t❡r❡st❡❞ r❡❛❞❡rs t♦ t❤❡ ❜♦♦❦ ❜② ●✐r❛✉❧t ✫ ❘❛✈✐❛rt ✭✶✾✽✻✮ ♦r t❤❡ r❡✈✐❡✇ ❛rt✐❝❧❡ ❜②
●❧♦✇✐♥s❦✐ ✫ P✐r♦♥♥❡❛✉ ✭✶✾✾✷✮✳

❆✳✶✳✶ ❙♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥

❚❤❡ ✜rst st❡♣ ♦❢ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s t♦ ❞❡✜♥❡ ❛ ♠❡s❤✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ Ω
❛♥❞ ✐ts ❜♦r❞❡r ❞❡♥♦t❡❞ ❜② Γ✳ ❲❡ ✉s❡❞ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡s❤ ❣❡♥❡r❛t♦r ♦❢ ❋r❡❡❋❡♠✰✰ ✇❤✐❝❤ ②✐❡❧❞ ❛♥
❛✉t♦♠❛t✐❝ tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥ Ω✳ ❚❤❡ tr✐❛♥❣✉❧❛t✐♦♥ ②✐❡❧❞s tr✐❛♥❣❧❡ ❡❧❡♠❡♥ts ✇❤♦s❡ ❛♣✐❝❡s ❛r❡
❝❛❧❧❡❞ ✈❡rt✐❝❡s✳ ❚❤❡ ♥✉♠❜❡r ♦❢ tr✐❛♥❣❧❡s✱ ♥❛♠❡❧② t❤❡ ♠❡s❤ r❡✜♥❡♠❡♥t✱ ✐s ❛❞❥✉st❡❞ ❜② ✜①✐♥❣ t❤❡ ♥✉♠❜❡r
♦❢ ❛♣✐❝❡s ♦♥ ❡❛❝❤ ❡❞❣❡ ♦❢ t❤❡ ❞♦♠❛✐♥✳

❆✳✶✳✷ ❋✐♥✐t❡ ❡❧❡♠❡♥ts

●✐✈❡♥ t❤❡ ♠❡s❤✱ t❤❡ ✢♦✇ ✜❡❧❞s ✭s✉❝❤ ❛s t❤❡ ✈❡❧♦❝✐t② ♦r t❤❡ ♣r❡ss✉r❡✮ ❛r❡ ❞✐s❝r❡t✐③❡❞ ♦♥ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ st❛t❡✲s♣❛❝❡✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ st❛t❡✲s♣❛❝❡s ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞✱
s❡❡ ●✐r❛✉❧t ✫ ❘❛✈✐❛rt ✭✶✾✽✻✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ♠❛② ❜❡ ✐❧❧✲♣♦s❡❞ ✐❢ ✇❡ ❝♦♥s✐❞❡r
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❋✐❣✉r❡ ❆✳✶✿ ❙❝❤❡♠❛t✐❝ ♦❢ t❤❡ ❡❧❡♠❡♥ts P2 ❛♥❞ P1 ❛❧♦♥❣ ✇✐t❤ t❤❡✐r ♥♦❞❡s✳

t❤❡ s❛♠❡ ❞✐s❝r❡t✐③❡❞ st❛t❡✲s♣❛❝❡ ❢♦r t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡ ✜❡❧❞s✳ ❲❡ t❤✉s ❛❞♦♣t❡❞ t❤❡ ✐♥❢✲s✉♣
❝♦♥❞✐t✐♦♥ ✭♦r ▲❇❇ ❝♦♥❞✐t✐♦♥✮✱ s❡❡ ●✐r❛✉❧t ✫ ❘❛✈✐❛rt ✭✶✾✽✻✮✱ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ ✇❡❧❧✲s✉✐t❡❞ ❢♦r
❣❡♥❡r❛❧✐③❡❞ ❙t♦❦❡s ♣r♦❜❧❡♠s✳ ❙❡✈❡r❛❧ st❛t❡✲s♣❛❝❡s r❡s♣❡❝t t❤✐s ❝♦♥❞✐t✐♦♥✱ s✉❝❤ ❛s t❤❡ P1− P0 ❡❧❡♠❡♥ts✱
s❡❡ ❋♦rt✐♥ ✭✶✾✽✶✮ ♦r ❛❧s♦ t❤❡ ❚❛②❧♦r✲❍♦♦❞ ❡❧❡♠❡♥ts P (k + 1) − Pk ✭✇✐t❤ k ≥ 1✮✱ s❡❡ ❍♦♦❞ ✫ ❚❛②❧♦r
✭✶✾✼✸✮✳ ❲❡ ❝❤♦♦s❡ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥ts P2 − P1✱ ♥❛♠❡❧② t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞s ❛r❡ ♣r♦❥❡❝t❡❞ ♦♥t♦ s✐①✲
♥♦❞❡ q✉❛❞r❛t✐❝ tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ✇✐t❤ q✉❛❞r❛t✐❝ ✐♥t❡r♣♦❧❛t✐♦♥ ✭P2✲❡❧❡♠❡♥ts✮ ✇❤❡r❡❛s t❤❡ ♣r❡ss✉r❡
✜❡❧❞ ✐s ❞✐s❝r❡t✐③❡❞ ✉s✐♥❣ t❤r❡❡✲♥♦❞❡ ❧✐♥❡❛r tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ✭P1✲❡❧❡♠❡♥ts✮✳ ❚♦ ❢✉rt❤❡r ✐❧❧✉str❛t❡ t❤❡s❡
❡❧❡♠❡♥ts✱ ❛ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ P2 ❛♥❞ P1 ❡❧❡♠❡♥ts ✭❛♥❞ t❤❡✐r ♥♦❞❡s✮ ✐s ♣r♦✈✐❞❡❞ ✐♥ ✜❣✉r❡ ❆✳✶✳ ❚❤❡ ❜❛s✐s
❢✉♥❝t✐♦♥s ψi(x, y) ♦❢ t❤❡ st❛t❡✲s♣❛❝❡ P1 ❛r❡ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r 1 ♦♥ ❡❛❝❤ tr✐❛♥❣❧❡✳ ❙✉♣♣♦s❡
t❤❡ kth tr✐❛♥❣❧❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♥♦❞❡s qi✱ ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ❆✳✶✱ t❤❡♥ ✇❡ ❤❛✈❡

ψi(x, y) = ak
i + bki x+ cki y ❢♦r (x, y) ∈ Tk

ψi(qi) = 1 ❛♥❞ ψi(qj) = 0 ✐❢ i 6= j
✭❆✳✶✮

❙✐♠✐❧❛r❧②✱ ❚❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s φi(x, y) ♦❢ t❤❡ st❛t❡✲s♣❛❝❡ P2 ❛r❡ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r 2 ♦♥ ❡❛❝❤
tr✐❛♥❣❧❡ s✉❝❤ t❤❛t

φi(x, y) = ak
i + bki x+ cki y + dk

i x
2 + eki xy + fk

i y
2 ❢♦r (x, y) ∈ Tk

φi(qi) = 1 ❛♥❞ φi(qj) = 0 ✐❢ i 6= j
✭❆✳✷✮

❆s ❛ r❡s✉❧t✱ t❤❡ ♣r❡ss✉r❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② 3 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦♥ ❡❛❝❤ tr✐❛♥❣❧❡ ✇❤✐❧❡ ❛ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡
✈❡❧♦❝✐t② ❤❛s 6 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✐♥t♦ t❤❡ ❢✉♥❝t✐♦♥
❜❛s❡s φi ❛♥❞ ψi ✐s ❞❡r✐✈❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❆✳✷ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s

❲❡ ♣r❡s❡♥t ❤❡r❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✉s❡❞ t♦ s♦❧✈❡ t❤❡ t✐♠❡✲✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳
❚❤✐s ❝♦♥❝❡r♥s t❤❡ 2D ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s s♦❧✈❡❞ ✐♥ ❝❤❛♣t❡r ✶ ❛♥❞ t❤❡ 2D ♥♦♥✲❧✐♥❡❛r
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ ❝❤❛♣t❡r ✺✳ ❆s ❛ ✜rst st❡♣✱ ✇❡ ✜rst ❡①♣♦s❡ t❤❡ ♣r♦❝❡❞✉r❡ ♦♥ t❤❡
♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s❀ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥s ✐s ❞✐s❝✉ss❡❞ ❛❢t❡r✇❛r❞s✳ ❲❡ st❛rt ❜② ❞❡s❝r✐❜✐♥❣
t❤❡ t✐♠❡ s❝❤❡♠❡ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s✳ ❚❤❡ r❡s✉❧t✐♥❣ ♣r♦❜❧❡♠
✐s ❞✐s❝r❡t✐③❡❞ ❜② t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❲❡ t❤❡♥ ♣r❡s❡♥t t❤❡ ❯③❛✇❛ ❛❧❣♦r✐t❤♠ ✉s❡❞ t♦ ❛❞✈❛♥❝❡ t❤❡
s♦❧✉t✐♦♥ ❢♦r✇❛r❞ ✐♥ t✐♠❡✳

❆✳✷✳✶ ❚✐♠❡ s❝❤❡♠❡

❲❡ ❝♦♥s✐❞❡r t❤❡ ♥♦♥✲❧✐♥❡❛r ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s
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❆✳✷✳ ◆❯▼❊❘■❈❆▲ ❙❖▲❯❚■❖◆ ❖❋ ❚❍❊ ■◆❈❖▼P❘❊❙❙■❇▲❊ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❊◗❯❆❚■❖◆❙

α0 α1 α2 β1 β2

❇❉❋1 1 −1 1
❇❉❋2 3/2 −2 1/2 2 −1

❚❛❜❧❡ ❆✳✶✿ ❈♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❇❉❘r ♠❡t❤♦❞s ✇❤❡r❡ r ✐s t❤❡ ♦r❞❡r ♦❢ t❤❡ s❝❤❡♠❡✱ s❡❡ ❑r❡ss ✫ ▲ötst❡❞t
✭✷✵✵✹✮✳

∂u

∂t
+ N (u) + L(u, p) = 0

∇·u = 0
✭❆✳✸✮

✇❤❡r❡ N (u) = (u ·∇)u ❞❡♥♦t❡s t❤❡ ♥♦♥✲❧✐♥❡❛r ✭❛♥❞ ❝♦♥✈❡❝t✐✈❡✮ t❡r♠s ✇❤✐❧❡ L(u) = ∇p − ❘❡−1 ∇2u

❞❡♥♦t❡s t❤❡ ❧✐♥❡❛r t❡r♠s✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s ❞✐s❝r❡t✐③❡❞ ✐♥ t✐♠❡ ❛♥❞ ✇❡ ❧♦♦❦ ❢♦r t❤❡ s♦❧✉t✐♦♥ (un+1, pn+1)
❛t t✐♠❡ tn+1 ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s s♦❧✉t✐♦♥s (un, pn)✱ (un−1, pn−1)✱ ❡t❝✳ ❚❤❡ t✐♠❡ st❡♣ ✐s ❞❡♥♦t❡❞
❜② ∆t = tn+1 − tn ❛♥❞ ✐s ❝❤♦s❡♥ ❛s ❛ ✜①❡❞ ✈❛❧✉❡✳ ❚❤❡ ♥♦♥✲❧✐♥❡❛r t❡r♠s ❛r❡ tr❡❛t❡❞ ❡①♣❧✐❝✐t❧② s♦ t❤❛t
❡q✉❛t✐♦♥s ✭❆✳✸✮ q✉❛❧✐t❛t✐✈❡❧② tr❛♥s❢♦r♠ ✐♥t♦

1

∆t
un+1 + L(un+1, pn+1) = f

n
❡①♣❧✐❝✐t

∇·un+1 = 0
✭❆✳✹✮

✇❤❡r❡ ❛❧❧ t❤❡ ❡①♣❧✐❝✐t t❡r♠s ❛r❡ ❣❛t❤❡r❡❞ ✐♥ t❤❡ t❡r♠ f
n
❡①♣❧✐❝✐t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ❧✐♥❡❛r t❡r♠s ❛r❡

tr❡❛t❡❞ s❡♠✐✲✐♠♣❧✐❝✐t❧② ❜② ✉s✐♥❣ t❤❡ ❇❛❝❦✇❛r❞ ❉✐✛❡r❡♥t✐❛t✐♦♥ ❋♦r♠✉❧❛ s❝❤❡♠❡ ✭❇❉❋✮ ✇❤✐❝❤ ❧❡❛❞s t♦

r∑

j=0

αj

∆t
un+1−j + L(un+1, pn+1) = −

r∑

j=1

βjN (un+1−j)

∇·un+1 = 0

✭❆✳✺✮

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥t αj ❛♥❞ βj ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ t❛❜❧❡ ❆✳✶ ❛♥❞ r ✐s t❤❡ ♦r❞❡r ♦❢ t❤❡ s❝❤❡♠❡✳ ◆♦t❡ t❤❛t t❤❡
❡①♣❧✐❝✐t t❡r♠ ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ❡①tr❛♣♦❧❛t✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s t✐♠❡ st❡♣s ✇✐t❤ ❛ (r−1)th

♦r❞❡r ♣♦❧②♥♦♠✐❛❧✳ ❆t ♦r❞❡r 1✱ t❤❡ ♥♦♥✲❧✐♥❡❛r t❡r♠ ❡①tr❛♣♦❧❛t✐♦♥ s✐♠♣❧② r❡❞✉❝❡s t♦ (un ·∇)un✳ ❆t s❡❝♦♥❞
♦r❞❡r ✐t ❜❡❝♦♠❡s 2(un ·∇)un✲(un−1 ·∇)un−1✳ ❘❡❣❛r❞✐♥❣ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ t❡r♠✱ ✐t ✐s ❛♣♣r♦①✐♠❛t❡❞ ❛t
♦r❞❡r 1 ❜②

∂u

∂t
≈ un+1 − un

∆t
✭❆✳✻✮

✇❤✐❧❡ ✐t ✐s ❣✐✈❡♥ ❛t ♦r❞❡r 2 ❜②

∂u

∂t
≈ 3un+1 − 4un + un−1

2∆t
✭❆✳✼✮

■❢ ✇❡ ❣❛t❤❡r ✐♥ ❡q✉❛t✐♦♥s ✭❆✳✺✮ t❤❡ t❡r♠s ❛t tn+1 ❛t t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❛♥❞ t❤❡ t❡r♠s ❛t tn ❛t t❤❡ r✐❣❤t
❤❛♥❞ s✐❞❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

α0

∆t
un+1 + L(un+1, pn+1) = −

r∑

j=1

[
αj

∆t
un+1−j + βjN (un+1−j)]

∇·un+1 = 0

✭❆✳✽✮

❚❤✐s ♦♥❡ ✐s s♦❧✈❡❞ ❛t ♦r❞❡r r = 1 ❢♦r t❤❡ ✜rst t✐♠❡ st❡♣s ✭❛❜♦✉t t❤❡ ✜rst 10✮ ❛♥❞ t❤❡♥ ❛t ♦r❞❡r r = 2✳

✶✹✾
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❆✳✷✳✷ ❱❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥

❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡q✉❛t✐♦♥s ✭❆✳✽✮ ❛r❡ ❞❡r✐✈❡❞ ❛♥❞ ❞✐s❝r❡t✐③❡❞ ❜② t❤❡ ✜♥✐t❡
❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❲❡ ❝❛❧❧ X = H1(Ω) ❛♥❞ M = L2(Ω) t❤❡ ❝♦♥t✐♥✉♦✉s st❛t❡✲s♣❛❝❡s ✐♥ t❤❡ ♣❤②s✐❝❛❧ ❞♦♠❛✐♥
Ω✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ✈❡❧♦❝✐t② u ❛♥❞ ♣r❡ss✉r❡ ✜❡❧❞s p ❜❡❧♦♥❣ t♦ X 2 ❛♥❞ M r❡s♣❡❝t✐✈❡❧② ✭s✐♥❝❡ ✇❡
❝♦♥s✐❞❡r t❤❡ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✮✳ ❊q✉❛t✐♦♥s ✭❆✳✽✮ ❛r❡ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ t❡st ❢✉♥❝t✐♦♥s
υ ∈ X 2 ❛♥❞ q ∈ M ✇❤✐❝❤ ❣✐✈❡s ❛❢t❡r ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ●r❡❡♥✬s ❢♦r♠✉❧❛

α0

∆t

∫

Ω
υ · un+1dΩ

−
∫

Ω
(∇·υ) pn+1dΩ +

1

❘❡

∫

Ω
∇υ · ∇un+1 dΩ

+

∫

Γ
υ · (pn) dΓ − 1

❘❡

∫

Γ
υ · (∇un+1 · n) dΓ = −αj

∆t

∫

Ω

r∑

j=1

υ · un+1−j dΩ

−βj

∫

Ω

r∑

j=1

υ · [(un+1−j ·∇)un+1−j ] dΩ

∫

Ω
q (∇·un+1) dΩ = 0 ∀υ ∈ X 2 ❛♥❞ ∀q ∈ M

✭❆✳✾✮

✇❤❡r❡ n ✐s t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧ ✉♥✐t❛r② ✈❡❝t♦r ♦❢ t❤❡ ❜♦✉♥❞❛r②✳ ❖✇✐♥❣ t♦ ♦✉r ❝❤♦✐❝❡ ♦❢ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✱ t❤❡ t❡r♠s ❞❡✜♥❡❞ ❜② ❛♥ ✐♥t❡❣r❛t✐♦♥ ♦♥ t❤❡ ❜♦r❞❡r Γ ✈❛♥✐s❤✳ ❚❤✐s st❛t❡♠❡♥t ✐s ❢✉rt❤❡r
❞✐s❝✉ss❡❞ ❧❛t❡r ✐♥ t❤❡ ♣❛r❛❣r❛♣❤ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❲❡ t❤❡♥ ✇r✐t❡ t❤✐s ❡q✉❛t✐♦♥ ✐♥
❛ ♠♦r❡ ❝♦♥❝✐s❡ ❢♦r♠ ❛s

α0

∆t
a(υ,un+1) +

1

❘❡
d(υ,un+1) + b(υ, pn+1) = a(υ, f) ∀υ ∈ X 2

b(un+1, q) = 0 ∀q ∈ M
✭❆✳✶✵✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ t❤❡ ❡①♣❧✐❝✐t ♥♦♥✲❧✐♥❡❛r t❡r♠s ❜② f ❛♥❞ ✐♥tr♦❞✉❝❡❞ ❛♥❞ t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦rs

a(υ,u) =

∫

Ω
υ · u dΩ d(υ,u) =

∫

Ω
∇υ · ∇u dΩ b(υ, p) = −

∫

Ω
(∇·υ) p dΩ ✭❆✳✶✶✮

❆✳✷✳✸ ❙♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥

❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ✜♥✐t❡ ❡❧❡♠❡♥ts✳ ❚❤❡ ❞✐s❝r❡t✐③❡❞ st❛t❡✲s♣❛❝❡s ❜❡❝♦♠❡ Xh ❛♥❞
Mh ❢♦r t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡ ✜❡❧❞s r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❞❡♥♦t❡ ❜② uh ∈ X 2

h ✱ ph ∈ Mh ❛♥❞ fh ∈ Xh t❤❡
❞✐s❝r❡t✐③❡❞ ❢♦r♠s ♦❢ t❤❡ ♣r❡✈✐♦✉s ✈❛r✐❛❜❧❡s✳ ❙✉♣♣♦s❡ I = ❞✐♠(Xh) ❛♥❞ J = ❞✐♠(Mh)✱ t❤❡s❡ q✉❛♥t✐t✐❡s
❛r❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤❡ ❢✉♥❝t✐♦♥ ❜❛s❡s φi ❛♥❞ ψi ❜②

uh(x, y, t) =

I∑

i=1

ui(t)φi(x, y) ph(x, y, t) =

J∑

i=1

pi(t)ψi(x, y)

fh(x, y, t) =

I∑

i=1

fi(t)φi(x, y)

✭❆✳✶✷✮

❇② ✐♥tr♦❞✉❝✐♥❣ t❤❡s❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ✐♥t♦ ❡q✉❛t✐♦♥s ✭❆✳✶✵✮✱ ✇❡ ❤❛✈❡

α0

∆t
a(υh,u

n+1
h ) +

1

❘❡
d(υh,u

n+1
h ) + b(υh, p

n+1
h ) = a(υh, fh) ∀υh ∈ X 2

h

b(un+1
h , qh) = 0 ∀qh ∈ Mh

✭❆✳✶✸✮

✶✺✵
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■♥ t❤❡ ❡♥❞✱ ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡s❡ ❡q✉❛t✐♦♥s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛tr✐❝❡s A✱ D✱ B ❛♥❞ t❤❡ ✈❡❝t♦r F
❞❡✜♥❡❞ ❜②

Aij =

∫

Ω
φi · φj dΩ Dij =

∫

Ω
∇φi · ∇φj dΩ Bij = −

∫

Ω
ψi (∇·φj) dΩ

Fi = a(φi, fh) ♦r ❛❧s♦ A fh = F

✭❆✳✶✹✮

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛tr✐①M = (α0/∆t)A+❘❡−1D s✉❝❤ ❛s t♦ ❡①♣r❡ss t❤❡ s②st❡♠ ✐♥ ❛ ♠♦r❡ ❝♦♥❝✐s❡ ❢♦r♠✿

(

M Bt

B 0

)(

un+1
h

pn+1
h

)

=

(

F

0

)

✭❆✳✶✺✮

❚❤❡ ✢♦✇ st❛t❡ s♦❧✉t✐♦♥ ❛t tn+1 ♠❛② t❤❡♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ t❤✐s s②st❡♠✳ ❚♦ ❞♦ s♦✱ ✇❡ ✉s❡❞ t❤❡
✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳

❆✳✷✳✹ ❯③❛✇❛ ❛❧❣♦r✐t❤♠

❲❡ ✉s❡❞ ❛♥ ❯③❛✇❛ ♠❡t❤♦❞ t♦ s♦❧✈❡ ❡q✉❛t✐♦♥s ✭❆✳✶✺✮✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ t❤❡ ✢♦✇ st❛t❡
✭un+1

h , pn+1
h ✮ ✐t❡r❛t✐✈❡❧②✳ ❙✉♣♣♦s❡ ✇❡ ❦♥♦✇ t❤❡ ✢♦✇ st❛t❡ s♦❧✉t✐♦♥s ✉♣ t♦ t✐♠❡ tn✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✿

✭✐✮ ❲❡ st❛rt ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❡①♣❧✐❝✐t t❡r♠ fh ❛♥❞ t❤❡ ✈❡❝t♦r F

✭✐✐✮ ❲❡ ❝♦♠♣✉t❡ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ un
h ❜② s♦❧✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠

un
h = M−1(F −Btpn

h) ✭❆✳✶✻✮

✇❤❡r❡ t❤❡ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ♠❛tr✐① M ✐s ❤❛♥❞❧❡❞ ❜② ✉s✐♥❣ t❤❡ ❯▼❋P❆❈❑ ❧✐❜r❛r②✱ s❡❡ ❉❛✈✐s ✭✶✾✾✸✮✳

✭✐✐✐✮ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ ♥❡✇ ♣r❡ss✉r❡ pn+1
h ❜②

pn+1
h = pn

h + ρnBun
h ✭❆✳✶✼✮

❛♥❞ r❡st❛rt t❤❡ ♣r♦❝❡❞✉r❡ ❛t st❡♣ ✭✐✐✮ ❜② r❡♣❧❛❝✐♥❣ pn
h ❜② t❤❡ ♣r❡ss✉r❡ pn+1

h ❝♦♠♣✉t❡❞ ❜② ❡q✉❛t✐♦♥ ✭❆✳✶✼✮✳

■♥ ❢❛❝t✱ s②st❡♠ ✭❆✳✶✺✮ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ♣r❡ss✉r❡ ❛♥❞
✈❡❧♦❝✐t② ✜❡❧❞s s❛t✐s❢②✐♥❣ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛♥❞ ✇❤✐❝❤ ♠✐♥✐♠✐③❡ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✈❡❧♦❝✐t②
✜❡❧❞✳ ❚❤❡ ♣r❡ss✉r❡ ✜❡❧❞ ✐s ✐❞❡♥t✐✜❡❞ ❜② ✉s✐♥❣ ❛ ❣r❛❞✐❡♥t ♠❡t❤♦❞ ✇✐t❤ ❛ ❝♦♥st❛♥t st❡♣ s✐③❡✳ ■♥ ♦t❤❡r
✇♦r❞s✱ ✇❡ ❝❤♦♦s❡ ❛ ✜①❡❞ ✈❛❧✉❡ ❢♦r t❤❡ st❡♣ s✐③❡ ρn ❢♦r ❡❛❝❤ t✐♠❡ st❡♣✳ ❲❤❡♥ t❤✐s ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s✱ t❤❡
♣r❡ss✉r❡ ✜❡❧❞ ✐s s✉❝❤ t❤❛t Bun

h = 0 ✇❤✐❝❤ ❡♥❢♦r❝❡ ❛ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✜♥❛❧
s♦❧✉t✐♦♥ ✭un+1

h , pn+1
h ✮ s❛t✐s✜❡s ❡q✉❛t✐♦♥s ✭❆✳✶✺✮✳ ❙✐♥❝❡ t❤✐s ♠❡t❤♦❞ ❝♦♥✈❡r❣❡s q✉✐t❡ s❧♦✇❧②✱ ✐t r❡q✉✐r❡s

♣r❡❝♦♥❞✐t✐♦♥✐♥❣✳ ❍❡r❡✱ ✇❡ ✉s❡❞ t❤❡ ❈❛❤♦✉❡t ❈❤❛❜❛rt ♣r❡❝♦♥❞✐t✐♦♥❡r✳

❆✳✷✳✺ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

■♥ ❜♦t❤ t❤❡ ✇❛❧❧ ❛♥❞ ✐♥✢♦✇ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❛r❡ ✜①❡❞✱
✇❤✐❝❤ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s u = ubc✳ ❚❤❡s❡ t✇♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥s✳
❚❤❡② ❛r❡ ✐♠♣♦s❡❞ ❜② ❛ ♣❡♥❛❧t② ♠❡t❤♦❞✿ ✐♥ ❡q✉❛t✐♦♥ ✭❆✳✶✺✮✱ ✇❡ ❛✛❡❝t t❤❡ ✈❛❧✉❡ Fi = ubc × 1030 ❛♥❞
t❤❡ ❝♦❡✣❝✐❡♥t Mii = 1030 ❛t t❤❡ ♥♦❞❡s i ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ t✇♦ ♦t❤❡r
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ t❤❡s✐s ❛r❡ t❤❡ ♦✉t✢♦✇ ❛♥❞ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ♦✉t✢♦✇
❝♦♥❞✐t✐♦♥ ✐s ❝❤♦s❡♥ ❛s

pn − ❘❡−1(∇u) · n = 0 ✭❆✳✶✽✮

✶✺✶
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✇❤✐❝❤ ❛❧❧♦✇s t♦ ❝❛♥❝❡❧ t❤❡ ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧s ✐♥ ❡q✉❛t✐♦♥ ✭❆✳✾✮✳ ❚❤❡ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥ ♠❛② ❜❡
❡①♣r❡ss❡❞ ❛s

∂yu = 0 ❛♥❞ v = 0 ✭❆✳✶✾✮

✇❤❡r❡ u ❛♥❞ v ❛r❡ t❤❡ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ v = 0 ✐s ❛ ❉✐r✐❝❤❧❡t
❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ✐s ✐♠♣♦s❡❞ ❜② t❤❡ ♣❡♥❛❧t② ♠❡t❤♦❞ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ∂yu = 0 ✐s s✉❝❤ t❤❛t ❜♦t❤ ❝❛♥❝❡❧
t❤❡ ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧s ✐♥ ❡q✉❛t✐♦♥ ✭❆✳✾✮✳

❆✳✷✳✻ ❈❛s❡ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s

❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥✲❧✐♥❡❛r ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✐s t❤❡ ❝♦♥✈❡❝t✐♦♥ t❡r♠✳
❆s ❛ r❡s✉❧t✱ ♦♥❧② t❤❡ ❡①♣❧✐❝✐t t❡r♠ fh ✐s ♠♦❞✐✜❡❞✳ ❉❡♥♦t✐♥❣ t❤❡ ❜❛s❡ ✢♦✇ ❜② U0✱ t❤❡ ♥♦♥✲❧✐♥❡❛r t❡r♠
(u ·∇)u ✐s r❡♣❧❛❝❡❞ ❜② (U0 ·∇)u+(u ·∇)U0✳ ❚❤❡ ✜rst t❡r♠ r❡♣r❡s❡♥ts t❤❡ ❝♦♥✈❡❝t✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥
❜② t❤❡ ❜❛s❡ ✢♦✇ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ✐s ❛ ♣r♦❞✉❝t✐♦♥ t❡r♠ ❛ss❡ss✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥
❜② t❤❡ ❜❛s❡ ✢♦✇ str❛✐♥✳ ❙✐♥❝❡ t❤❡ ❜❛s❡ ✢♦✇ ✐s ❢r♦③❡♥✱ t❤❡s❡ t✇♦ t❡r♠s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ♦♥❝❡ ❛♥❞ ❢♦r
❛❧❧ ❜❡❢♦r❡ t❤❡ ♠❛r❝❤ ✐♥ t✐♠❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳ ❋♦r t❤✐s r❡❛s♦♥✱ ❧✐♥❡❛r s✐♠✉❧❛t✐♦♥s ❛r❡ ♠✉❝❤ ❢❛st❡r t❤❛♥
♥♦♥✲❧✐♥❡❛r ♦♥❡s✳

❆✳✸ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❜❛s❡ ✢♦✇

❆✳✸✳✶ ❚❤❡ ◆❡✇t♦♥ ♠❡t❤♦❞

❚❤❡ ❜❛s❡ ✢♦✇ (U , P ) ✐s ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ st❡❛❞② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s

(U ·∇)U = −∇P + ❘❡−1 ∇2U

∇·U = 0
✭❆✳✷✵✮

✇✐t❤ ❛ss♦❝✐❛t❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❖✇✐♥❣ t♦ t❤❡ ❝♦♥✈❡❝t✐♦♥ t❡r♠ (U ·∇)U ✱ t❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ♥♦♥
❧✐♥❡❛r✳ ❲❡ ✉s❡❞ ❛ ◆❡✇t♦♥ ♠❡t❤♦❞ t♦ s♦❧✈❡ ✐t❡r❛t✐✈❡❧② t❤❡s❡ ❡q✉❛t✐♦♥s✳ ❲❡ st❛rt t❤❡ ♣r♦❝❡❞✉r❡ ❢r♦♠ ❛♥
❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ (U0, P0) s❛t✐s❢②✐♥❣ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s st❛t❡ ✐s ♥♦t s♦❧✉t✐♦♥
♦❢ ❡q✉❛t✐♦♥s ✭❆✳✷✵✮✱ ✇❤✐❝❤ ♠❛② ❜❡ ❢♦r♠❛❧❧② ✇r✐tt❡♥ ❛s

◆❙(U0, P0) 6= 0 ✭❆✳✷✶✮

✇❤❡r❡ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r ✐s ❞❡✜♥❡❞ ❜②

◆❙(U0, P0) =

(

(U0 ·∇)U0 + ∇P0 − ❘❡−1 ∇2U0

∇·U0

)

✭❆✳✷✷✮

❚❤❡ ✐❞❡❛ ✐s t❤❡♥ t♦ ❧♦♦❦ ❢♦r t❤❡ ♠♦❞✐✜❝❛t✐♦♥ (δU , δP ) s✉❝❤ t❤❛t t❤❡ ✢♦✇ st❛t❡ (U0 + δU , P0 + δP ) ✐s
s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭❆✳✷✵✮✱ ♥❛♠❡❧② ◆❙(U0 +δU , P0 +δP ) = 0✳ ❚♦ ❞♦ s♦✱ ✇❡ ❧✐♥❡❛r✐③❡ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s
❡q✉❛t✐♦♥s ❛❜♦✉t t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ❣✐✈❡s

▲◆❙(U0,P0)(δU , δP ) = −◆❙(U0, P0) ✭❆✳✷✸✮

✇❤❡r❡ ▲◆❙(U0,P0) ❞❡♥♦t❡s t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❧✐♥❡❛r✐③❡❞ ❛❜♦✉t t❤❡ st❛t❡ (U0, P0) s✉❝❤ t❤❛t

▲◆❙(U0,P0)(δU , δP ) =

(

(U0 ·∇)δU + (δU ·∇)U0 + ∇(δP ) − ❘❡−1 ∇2(δU)

∇· δU

)

✭❆✳✷✹✮

❆s ❛ r❡s✉❧t✱ (δU , δP ) ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r s②st❡♠ r❡s✉❧t✐♥❣ ❢r♦♠ ❡q✉❛t✐♦♥s ✭❆✳✷✸✮✳
◆❡①t✱ ✇❡ r❡♣❧❛❝❡ t❤❡ ✐♥✐t✐❛❧ st❛t❡ (U0, P0) ❜② t❤❡ ♥❡✇ ♦♥❡ (U0 + δU , P0 + δP ) ❛♥❞ ❛♣♣❧② t❤❡ ♣r♦❝❡❞✉r❡
✐t❡r❛t✐✈❡❧② ✉♥t✐❧ ◆❙(U0, P0) = 0✳ ■♥ t❤❡ ❡♥❞✱ t❤❡ ✜♥❛❧ st❛t❡ (U0, P0) r❡❞✉❝❡s t♦ t❤❡ ❜❛s❡ ✢♦✇ s♦❧✉t✐♦♥✳

✶✺✷
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❚❤❡ s✉❝❝❡ss✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ ✭❆✳✷✸✮ ✐s ❤❛♥❞❧❡❞ ❜② t❤❡ ❯▼❋P❆❈❑ ❧✐❜r❛r②✳ ❚♦ ❣✐✈❡ ❛♥
✐❞❡❛✱ ❛❜♦✉t 5 t♦ 20 ✐t❡r❛t✐♦♥s ❛r❡ t②♣✐❝❛❧❧② r❡q✉✐r❡❞ ❢♦r t❤❡ ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s ✐♥✈❡st✐❣❛t❡❞✳

❆✳✸✳✷ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✿ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥

❲❡ ♥♦✇ s❤♦✇ ❤♦✇ t♦ ❞❡r✐✈❡ ❛♥❞ ❞✐s❝r❡t✐③❡ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡q✉❛t✐♦♥ ✭❆✳✷✸✮✳
❚❤✐s ❡q✉❛t✐♦♥ ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

(

(U0 ·∇)δU + (δU ·∇)U0 + ∇(δP ) − ❘❡−1 ∇2(δU)

∇· δU

)

=

(
f0

g0

)

✭❆✳✷✺✮

✇❤❡r❡ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ t❡r♠ st❛♥❞s ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡
♦♥❡ ✐s ❛ ❦♥♦✇♥ s♦✉r❝❡ t❡r♠✳ ❇❛s✐❝❛❧❧②✱ ✇❡ ✇✐s❤ t♦ ❝♦♠♣✉t❡ (δU , δP ) = (δU, δV, δP ) ❢r♦♠ t❤❡ ❜❛s❡ ✢♦✇
U0 ❛♥❞ t❤❡ s♦✉r❝❡ t❡r♠ ✭f0✱g0✮✳ ❲❡ ♣r♦❝❡❡❞ s✐♠✐❧❛r❧② t♦ t❤❡ t✐♠❡✲✐♥t❡❣r❛t❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳
❚❤❡ ✜rst ❡q✉❛t✐♦♥ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ t❡st ❢✉♥❝t✐♦♥ υ ∈ X 2 ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❜② t❤❡ t❡st ❢✉♥❝t✐♦♥
q ∈ M✳ ◆❡①t✱ t❤❡ t✇♦ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ ✐♥t❡❣r❛t❡❞ ✐♥ t❤❡ ❞♦♠❛✐♥ Ω✱ ✇❤✐❝❤ ❣✐✈❡s

∫

Ω
υ · [(U0 ·∇)δU ] dΩ +

∫

Ω
υ · [(δU ·∇)U0] dΩ

+

∫

Ω
υ · ∇(δP ) dΩ −❘❡−1

∫

Ω
υ · ∇2(δU) dΩ = −

∫

Ω
υ · f0 dΩ ∀υ ∈ X 2

∫

Ω
q (∇· δU) dΩ = −

∫

Ω
q g0 dΩ ∀q ∈ M

✭❆✳✷✻✮

❲❡ t❤❡♥ ❛♣♣❧② t❤❡ ●r❡❡♥✬s ❢♦r♠✉❧❛ t♦ t❤❡ ✜rst ❡q✉❛t✐♦♥ s♦ t❤❛t

∫

Ω
υ · [(U0 ·∇)δU ] dΩ +

∫

Ω
υ · [(δU ·∇)U0] dΩ

−
∫

Ω
(∇·υ) δP dΩ +❘❡−1

∫

Ω
∇υ · ∇(δU) dΩ

+

∫

Γ
υ · (δP n) dΓ −❘❡−1

∫

Γ
υ · [∇(δU) · n] dΓ = −

∫

Ω
υ · f0 dΩ ∀υ ∈ X 2

∫

Ω
q (∇· δU) dΩ = −

∫

Ω
q g0 dΩ ∀q ∈ M

✭❆✳✷✼✮

❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♠♣♦s❡❞ ♦♥ t❤❡ ✜❡❧❞s ✭δU ✱δV ✱δP ✮ ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤♦s❡ ✉s❡❞ ❢♦r t❤❡
t✐♠❡✲✐♥t❡❣r❛t❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ✐♠♣♦s❡ δU = 0 ❢♦r t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s s✉❝❤ ❛s t♦ ✜① t❤❡ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❧♦❝✐t② ♦♥ t❤❡ ❛ss♦❝✐❛t❡❞ ❜♦✉♥❞❛r✐❡s✳ ❈♦♥❝❡r♥✐♥❣
t❤❡ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥✱ ✐t r❡❛❞s

∂y(δU) = 0 ❛♥❞ δV = 0 ✭❆✳✷✽✮

❛♥❞ t❤❡ ❢r❡❡ ♦✉t✢♦✇ ❝♦♥❞✐t✐♦♥ ✐s ❝❤♦s❡♥ ❛s

δP n − ❘❡−1[∇(δU)] · n = 0 ✭❆✳✷✾✮

❈♦♥s❡q✉❡♥t❧②✱ ✇❤❛t❡✈❡r t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ t❤❡ ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧s ♦❜t❛✐♥❡❞ ✐♥ ❡q✉❛t✐♦♥s ✭❆✳✷✼✮
✈❛♥✐s❤✳ ❚❤❡ ♥❡①t st❡♣ ❝♦♥s✐sts ♦❢ ❞✐s❝r❡t✐③✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥s ❜② ✉s✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞ ❞✐s❝r❡t✐③❡❞ st❛t❡✲s♣❛❝❡s Xh ❛♥❞ Mh ❛❧♦♥❣ ✇✐t❤ t❤❡✐r ❜❛s✐s
{φi}i=1...I ❛♥❞ {ψi}i=1...J ✳ ❚❤❡ ✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡ ✜❡❧❞s ❛r❡ ❞✐s❝r❡t✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

✶✺✸
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δUh(x, y, t) =

I∑

i=1

δU i(t)φi(x, y) δPh(x, y, t) =

J∑

i=1

δPi(t)ψi(x, y) ✭❆✳✸✵✮

❆s ✇❡❧❧✱ t❤❡ ❜❛s❡ ✢♦✇ ❛♥❞ t❤❡ s♦✉r❝❡ t❡r♠s ❛r❡ ❞✐s❝r❡t✐③❡❞✱ t❤❡ r❡s✉❧t✐♥❣ st❛t❡s ❜❡✐♥❣ ❞❡♥♦t❡❞ ❜② U0h✱
f0h ❛♥❞ g0h✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤

∫

Ω
υh · [(U0h ·∇)δUh] dΩ +

∫

Ω
υh · [(δUh ·∇)U0h] dΩ

−
∫

Ω
(∇·υh) δPh dΩ +❘❡−1

∫

Ω
∇υh · ∇(δUh) dΩ = −

∫

Ω
υh · f0h dΩ ∀υh ∈ X 2

h

∫

Ω
qh (∇· δUh) dΩ = −

∫

Ω
qh g0h dΩ ∀qh ∈ Mh

✭❆✳✸✶✮

❚♦ s✐♠♣❧✐❢② t❤❡s❡ ❡q✉❛t✐♦♥s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛tr✐❝❡s P ❛♥❞ C ❛❧♦♥❣ ✇✐t❤ t❤❡ ✈❡❝t♦rs F0 ❛♥❞ G0 ❞❡✜♥❡❞
❜②

Pij =

∫

Ω
φi · [(φj ·∇)U0] dΩ Cij =

∫

Ω
φi · [(U0 ·∇)φj ] dΩ

F0,i =

∫

Ω
φi · f0h dΩ G0,i =

∫

Ω
ψi g0h dΩ

✭❆✳✸✷✮

s♦ t❤❛t ✇❡ ❝❛♥ ❞❡r✐✈❡ ❛ ♠♦r❡ ❝♦♥❝✐s❡ ❡①♣r❡ss✐♦♥✳ ❇② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♠❛tr✐① N = P + C + ❘❡−1D✱ t❤❡
s②st❡♠ ✭❆✳✸✶✮ r❡❛❞s

(

N Bt

B 0

)(

δUh

δPh

)

=

(

F0

G0

)

✭❆✳✸✸✮

❚❤❡ ✉♥❦♥♦✇♥ st❛t❡ ✭δUh✱δPh✮ ♠❛② t❤❡♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ t❤✐s ❧✐♥❡❛r s②st❡♠✳ ■t s❤♦✉❧❞ ❜❡ ♥♦✲
t✐❝❡❞ t❤❛t t❤❡ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s s②st❡♠ ✐s ✈❡r② ❧❛r❣❡✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ st❛t❡ ✈❡❝t♦r ✭δUh✱δPh✮
✐s t②♣✐❝❛❧❧② ♦❢ ♦r❞❡r n ≈ O(105) ✐♥ ♦✉r ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ ✐s t❤✉s ♦❢ s✐③❡
n2 ≈ O(1010)✳ ❨❡t✱ t❤❡ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s s②st❡♠ ✐s s♣❛rs❡ ✇❤✐❝❤ ♦✛❡rs ❛❞✈❛♥❝❡❞ ♥✉♠❡r✐❝❛❧
t❡❝❤♥✐q✉❡s t♦ ✐♥✈❡rs❡ ✐t✳ ■♥ ♦✉r ❝❛s❡s✱ t❤✐s ✐♥✈❡rs✐♦♥ ✐s ❤❛♥❞❧❡❞ ❜② ✉s✐♥❣ t❤❡ ❞✐r❡❝t ♠✉❧t✐❢r♦♥t❛❧ s♣❛rs❡
▲❯ s♦❧✈❡r ❝❛❧❧❡❞ ▼❯▼P❙✱ s❡❡ ❆♠❡st♦② ❡t ❛❧✳ ✭✷✵✵✶✮✳

❆♥ ✐♠♣♦rt❛♥t ♣♦✐♥t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ ❤❡r❡✳ ❲❡ ❥✉st s❤♦✇❡❞ ❤♦✇ t♦ s♦❧✈❡ ❡q✉❛t✐♦♥ ✭❆✳✷✸✮ ✐♥ ♦r❞❡r
t♦ ✐t❡r❛t✐✈❡❧② ❝♦♠♣✉t❡ ❛ st❡❛❞② s♦❧✉t✐♦♥ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✭♥❛♠❡❧② ❛ ❜❛s❡ ✢♦✇✮✳ ❇❛s✐❝❛❧❧②✱
✇❡ ❤❛✈❡ ❞❡r✐✈❡❞ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛♥❞
❞✐s❝r❡t✐③❡❞ ✐t ❜② t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❧❛r❣❡ ♠❛tr✐① ✐♥tr♦❞✉❝❡❞
✐♥ ❡q✉❛t✐♦♥ ✭❆✳✸✸✮ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❞✐s❝r❡t✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤✐s ♠❛tr✐①
✐s t❤❡ ✜rst st❡♣ t♦ ✐❞❡♥t✐❢② t❤❡ ❧❛r❣❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s ❡♥❝♦✉♥t❡r❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❙✉❝❤
❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s ✐♥t❡r✈❡♥❡ ✐♥ ❜♦t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ✭❛s ✐♥ ❝❤❛♣t❡r ✶✮ ♦r t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ❛♥❞ r❡s♣♦♥s❡s ✭s❡❡ ❝❤❛♣t❡r ✶ ❛♥❞ ❝❤❛♣t❡r ✹✮✳ ❖✇✐♥❣ t♦
t❤❡ ✈❡r② s✐♠✐❧❛r ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ✐♥✈♦❧✈❡❞ ✐♥ ❜♦t❤ ❝❛s❡s✱ ✇❡ ❝❤♦s❡ t♦ ♥♦t ❢✉rt❤❡r ❡①♣♦s❡ t❤❡✐r
❝❛❧❝✉❧❛t✐♦♥s✳

❆✳✹ ❙♦❧✈✐♥❣ t❤❡ ❧❛r❣❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s

❙♦♠❡ ✢♦✇ st❛t❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ❝❤❛♣t❡r ✶ ❛♥❞ ❝❤❛♣t❡r ✹✱ s✉❝❤ ❛s t❤❡ ❧❡❛❞✐♥❣ ❣❧♦❜❛❧ ♠♦❞❡s✱ t❤❡ ♦♣t✐♠❛❧
❤❛r♠♦♥✐❝ ❢♦r❝✐♥❣ ♦r t❤❡ ♦♣t✐♠❛❧ ❤❛r♠♦♥✐❝ r❡s♣♦♥s❡s✱ ❛r❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ ❛ ❧❛r❣❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✲
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✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❲❡ ❜r✐❡✢② ❞❡s❝r✐❜❡ ❤❡r❡ ❤♦✇ t♦ ❤❛♥❞❧❡ s✉❝❤ ♣r♦❜❧❡♠s✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛s ❛ ♣r♦t♦t②♣❡
❡①❛♠♣❧❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

A x = σBx ✭❆✳✸✹✮

✇❤❡r❡ A ❛♥❞ B ❛r❡ t✇♦ ♦♣❡r❛t♦rs✱ σ ✐s t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ x t❤❡ ❡✐❣❡♥✈❡❝t♦r✳ ◆♦t❡ t❤❛t ❛❧❧ t❤❡s❡
q✉❛♥t✐t✐❡s ♠❛② ❜❡ ❝♦♠♣❧❡① ✐♥ ❣❡♥❡r❛❧✳ ❲✐t❤ ♦✉r ✜♥✐t❡ ❡❧❡♠❡♥t ❞✐s❝r❡t✐③❛t✐♦♥✱ ❜♦t❤ t❤❡ ♠❛tr✐❝❡s A ❛♥❞
B ❛r❡ ✈❡r② ❧❛r❣❡ ❛♥❞ s♣❛rs❡✳ ❚♦ ❣✐✈❡ ❛♥ ✐❞❡❛✱ ❢♦r ❛ ♠❛tr✐① A ♦❢ s✐③❡ n × n ✇✐t❤ n ≈ 106✱ t❤❡ ♥✉♠❜❡r
♦❢ ♥♦♥✲③❡r♦ ❡♥tr✐❡s ✐s ❛❜♦✉t 107✳ ❚❤❡ ♠❛tr✐① B ✐s ♥♦t ❞✐❛❣♦♥❛❧ s♦ t❤❛t ❡q✉❛t✐♦♥ ✭❆✳✸✹✮ ✐s r❡❢❡rr❡❞
t♦ ❛s ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❋✉rt❤❡r♠♦r❡✱ B ✐s ❤❡r♠✐t✐❛♥ ❛♥❞ ♥♦♥✲✐♥✈❡rt✐❜❧❡✳ ❲❡ ✇✐s❤ t♦
❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤✐s ♣r♦❜❧❡♠✳ ❚❤❡ st❛♥❞❛r❞ QR ♠❡t❤♦❞s ❛r❡ ♥♦t ❛❜❧❡ t♦
❞❡❛❧ ✇✐t❤ s✉❝❤ ❧❛r❣❡ s②st❡♠s s✐♥❝❡ ✇❡ ❤❛✈❡ t②♣✐❝❛❧❧② n ≈ O(105) ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ■♥st❡❛❞✱ ✇❡ ❝❛♥
❛♣♣❧② ✐t❡r❛t✐✈❡ t❡❝❤♥✐q✉❡s t♦ ❛♣♣r♦①✐♠❛t❡ ❛ ♣❛rt ♦❢ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠✳ ❚❤❡ ❜❡st ❛❧❣♦r✐t❤♠ ❦♥♦✇♥ t♦
❞❛t❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥s♦❧✉t✐♦♥s ♦❢ s✉❝❤ s②st❡♠s ✐s t❤❡ ■♠♣❧✐❝✐t❧② ❘❡st❛rt❡❞ ❆r♥♦❧❞✐ ▼❡t❤♦❞ ✭■❘❆▼✮
✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❆✳✹✳✶ ❚❤❡ s❤✐❢t ❛♥❞ ✐♥✈❡rt tr❛♥s❢♦r♠❛t✐♦♥

❇❛s✐❝❛❧❧②✱ t❤❡ st❛♥❞❛r❞ ❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠ ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❛ ♠❛tr✐①✳ ❨❡t✱ t❤❡
❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ s❤✐❢t ❛♥❞ ✐♥✈❡rt tr❛♥s❢♦r♠❛t✐♦♥ ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s
✇❤✐❝❤ ❛r❡ t❤❡ ❝❧♦s❡st t♦ ❛♥② ❝♦♠♣❧❡① ✈❛❧✉❡✳ ❙✉♣♣♦s❡ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡s σ ✇❤✐❝❤ ❛r❡ t❤❡ ❝❧♦s❡st
t♦ t❤❡ ❝♦♠♣❧❡① β✱ ✇❤✐❝❤ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ s❤✐❢t✳ ❚❤❡ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠ ✐s ❢♦r♠✉❧❛t❡❞ ❛s

(A − βB) x = (σ − β)Bx ✭❆✳✸✺✮

✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

C x = κ x ✭❆✳✸✻✮

✇❤❡r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❜❡❝♦♠❡s κ = (σ − β)−1 ❛♥❞ C = (A − βB)−1B✳ ❚❤❡ r❡s✉❧t✐♥❣ s②st❡♠ ❞❡✜♥❡s
❛ st❛♥❞❛r❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✳ ▼♦st❧②✱ t❤❡ ❤✐❣❤❡st ❡✐❣❡♥✈❛❧✉❡s κ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭❆✳✸✻✮ ❜❡❝♦♠❡s t❤❡
❡✐❣❡♥✈❛❧✉❡s σ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠ ✇❤✐❝❤ ❛r❡ t❤❡ ❝❧♦s❡st t♦ t❤❡ s❤✐❢t β✳ ❚❤✉s✱ ❛♣♣❧②✐♥❣ t❤❡ ❆r♥♦❧❞✐
♠❡t❤♦❞ t♦ t❤❡ ♣r♦❜❧❡♠ ✭❆✳✸✻✮ ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s σ ✐♥ ❛ ❞❡s✐r❡❞ ♣❛rt ♦❢ t❤❡ ❝♦♠♣❧❡①
♣❧❛♥❡ ❜② ✈❛r②✐♥❣ t❤❡ s❤✐❢t ♣♦s✐t✐♦♥✳

❆✳✹✳✷ ❚❤❡ ❆r♥♦❧❞✐ ♠❡t❤♦❞

❚❤❡ ❜❛s✐❝ ✐❞❡❛ ♦❢ t❤❡ ❆r♥♦❧❞✐ ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣♦✇❡r ✐t❡r❛t✐♦♥ ♠❡t❤♦❞✳
❙✉♣♣♦s❡ ❛ st❛t❡ x ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ n ❡✐❣❡♥✈❡❝t♦rs xi ♦❢ C ❛s

x =

n∑

i=1

ςi xi ✭❆✳✸✼✮

■❢ ✇❡ ❞❡♥♦t❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❛❧✉❡s κi ✐♥ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r ✭κ1 > κ2 > . . . > κn✮ ❛♥❞ ♠✉❧t✐♣❧② m
t✐♠❡s t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥ ❜② t❤❡ ♠❛tr✐① C✱ ✇❡ ❤❛✈❡

C
mx =

n∑

i=1

ςiC
m xi =

n∑

i=1

ςiκ
m
i xi ✭❆✳✸✽✮

❈♦♥s❡q✉❡♥t❧②✱ ✐❢ ✇❡ ❝❤♦♦s❡ ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ♥✉♠❜❡r m ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞ ✐❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡
t✇♦ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s κ1 ❛♥❞ κ2 ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡♥ ✇❡ ❤❛✈❡ C

mx = ς1κ
m
1 x1 ❢r♦♠ ✇❤✐❝❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡

κ1 ♠❛② ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ❘❛②❧❡✐❣❤ q✉♦t✐❡♥t
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κ1 =
x∗1Cx1

x∗1x1
✭❆✳✸✾✮

✇❤❡r❡ ∗ ❞❡♥♦t❡s t❤❡ tr❛♥s❝♦♥❥✉❣❛t❡✳ ❚❤✐s ❛❜✐❧✐t② ♦❢ t❤❡ ♣♦✇❡r ♠❡t❤♦❞ t♦ ❝♦♥✈❡r❣❡ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡
♦❢ t❤❡ ♣r♦❜❧❡♠ C x = κ x ✐s ✉s❡❞ ✐♥ t❤❡ ❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠
❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ ♠♦r❡ t❤❛♥ ♦♥❡ ❡✐❣❡♥✈❛❧✉❡✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ♣r♦❥❡❝t t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭❆✳✸✻✮ ♦♥t♦ ❛
❑r②❧♦✈ s✉❜s♣❛❝❡ ♦❢ ❧♦✇ ❞✐♠❡♥s✐♦♥ ❛♥❞ s♦❧✈❡ t❤❡ r❡s✉❧t✐♥❣ ❧♦✇✲♦r❞❡r ♣r♦❜❧❡♠✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❑r②❧♦✈
s✉❜s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ k ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ✈❡❝t♦r w

Kk = s♣❛♥{w,Cw,C2w, . . . ,Ck−1w} ✭❆✳✹✵✮

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠ ✐s t♦ ✜♥❞ t❤❡ ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞
❡✐❣❡♥✈❡❝t♦rs ♦❢ C ✐♥ t❤✐s s✉❜s♣❛❝❡✳ ❚♦ ❞♦ s♦✱ ❛♥ ♦rt❤♦❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❑r②❧♦✈ s✉❜s♣❛❝❡ ✐s ♣❡r❢♦r♠❡❞
❜② ❛ ●r❛♠✲❙❝❤♠✐❞t ♣r♦❝❡ss✳ ❚❤❡ r❡s✉❧t✐♥❣ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s vi ✐s s✉❝❤ t❤❛t Kk = s♣❛♥{v1, v2, . . . , vk}✳
❚❤❡ ❆r♥♦❧❞✐ ❛❧❣♦r✐t❤♠ ♣r♦❝❡❡❞ ❜② ❝♦♠♣✉t✐♥❣ ✐t❡r❛t✐✈❡❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥

CVk = VkHk + fke
t
k ✭❆✳✹✶✮

✇❤❡r❡ Vk ✐s ❛ ♠❛tr✐① ♦❢ s✐③❡ n×k ✇❤♦s❡ ❝♦❧✉♠♥s ❛r❡ t❤❡ ♦rt❤♦❣♦♥❛❧ ✈❡❝t♦rs vi✱ Hk ✐s ❛♥ ✉♣♣❡r ❍❡ss❡♥❜❡r❣
♠❛tr✐① ♦❢ s✐③❡ k × k ❛♥❞ fke

t
k ✐s ❛ r❡s✐❞✉❛❧✳ ◆♦t❡ t❤❛t fk ❛♥❞ ek ❛r❡ ✈❡❝t♦rs ♦❢ s✐③❡ n ❛♥❞ k r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦rs vi ✐s ❞♦♥❡ ✐t❡r❛t✐✈❡❧② ❛t ❡❛❝❤ ❛❞❞✐t✐♦♥ ♦❢ ❛ ♥❡✇ ♠❡♠❜❡r ✐♥ t❤❡ ❑r②❧♦✈
s✉❜s♣❛❝❡✱ s❡❡ ▲❡❤♦✉❝q ✫ ❙❝♦tt ✭✶✾✾✼✮ ❢♦r ❞❡t❛✐❧s✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✐s ♠❡❛♥t t♦ ❝❛♥❝❡❧ t❤❡ r❡s✐❞✉❛❧ fke

t
k s♦

t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐① Hk r❡❞✉❝❡ t♦ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ♦❢ C✳

❚❤❡ ❡✐❣❡♥✈❛❧✉❡s θi ❛♥❞ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦rs si ♦❢ Hk ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❡❛s✐❧② ❜② ❛ st❛♥❞❛r❞ QR
♠❡t❤♦❞✳ ❆s s♦♦♥ ❛s t❤❡ r❡s✐❞✉❛❧ t❡r♠ fke

t
k ❜❡❝♦♠❡s ♥❡❣❧✐❣✐❜❧❡✱ t❤❡ ❑r②❧♦✈ s✉❜s♣❛❝❡ Kk ②✐❡❧❞s ❛ ❣♦♦❞

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥s♣❛❝❡ ♦❢ C ❛♥❞ t❤❡ ✈❡❝t♦rs vi s♣❛♥ t❤✐s ❡✐❣❡♥s♣❛❝❡✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱
t❤❡ ❡✐❣❡♥✈❛❧✉❡s θi ❛r❡ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥s t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s κi ♦❢ C✳ ❋✉rt❤❡r♠♦r❡✱ ❚❤❡ ❛ss♦❝✐❛t❡❞
❡✐❣❡♥✈❡❝t♦rs xi ♠❛② ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ t❤♦s❡ ♦❢ Hk ❜②

xi = Vksi ✭❆✳✹✷✮

❚❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ❑r②❧♦✈ s✉❜s♣❛❝❡ s✐③❡ k✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡
t♦ ❦♥♦✇ t❤❡ s✐③❡ k r❡q✉✐r❡❞ t♦ r❡❛❝❤ ❛ ❣✐✈❡♥ ❛❝❝✉r❛❝②✳ ▼♦st❧②✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠
str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥✐t✐❛❧ ✈❡❝t♦r w ✉s❡❞ t♦ ❜✉✐❧❞ t❤❡ ❑r②❧♦✈ s✉❜s♣❛❝❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ s♦♠❡ ♦❢
t❤❡ ❡✐❣❡♥✈❡❝t♦rs xi ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛r❡ ♥❡❛r❧② ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❑r②❧♦✈ s✉❜s♣❛❝❡s✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
s♣❡❡❞ ❜❡❝♦♠❡s ✈❡r② ❧♦✇✳ ❆s ❛ r❡s✉❧t✱ ❛ ❜❛❞ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❡❝t♦r w ♠❛② ❧❡❛❞ t♦ ❛ s✉❜st❛♥t✐❛❧
✐♥❝r❡❛s❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ r❡q✉✐r❡❞ ✐t❡r❛t✐♦♥s t♦ ❤❛✈❡ ❛♥ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✳ ❋♦r
t❤✐s r❡❛s♦♥✱ ✐♥st❡❛❞ ♦❢ ✐♥❝r❡❛s✐♥❣ k ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡✱ ❛ ♣♦ss✐❜❧❡ ✐♠♣r♦✈❡♠❡♥t ✐s t♦ r❡st❛rt t❤❡ ❆r♥♦❧❞✐
❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ k ❜✉t ✇✐t❤ ❛ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ✈❡❝t♦r✳ ❚❤❡ ❞✐✛❡r❡♥t r❡st❛rt t❡❝❤♥✐q✉❡s
♠❛② ❜❡ ❝❧❛ss✐✜❡❞ ✐♥ t✇♦ ❝❛t❡❣♦r✐❡s✿ t❤❡ ❡①♣❧✐❝✐t ♠❡t❤♦❞s ❊❘❆▼ ✭❊①♣❧✐❝✐t❧② ❘❡st❛rt❡❞ ❆r♥♦❧❞✐ ▼❡t❤♦❞✮
❛♥❞ t❤❡ ✐♠♣❧✐❝✐t ♠❡t❤♦❞s ■❘❆▼ ✭■♠♣❧✐❝✐t❧② ❘❡st❛rt❡❞ ❆r♥♦❧❞✐ ▼❡t❤♦❞✮✳ ❋♦r ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥
t❤❡ r❡st❛rt t❡❝❤♥✐q✉❡s✱ ✇❡ r❡❢❡r ✐♥t❡r❡st❡❞ r❡❛❞❡rs t♦ t❤❡ ✇♦r❦ ❜② ❙❡❞r❛❦✐❛♥ ✭✷✵✵✵✮✳

❆✳✹✳✸ Pr❛❝t✐❝❛❧ s♦❧✉t✐♦♥

❚❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭❆✳✸✹✮ ✐s ❤❛♥❞❧❡❞ ❜② t❤❡ ❆❘P❆❈❑ ❧✐❜r❛r②✱ s❡❡ ▲❡❤♦✉❝q ✫ ❙❝♦tt ✭✶✾✾✼✮✳
■t ✐s ❜❛s❡❞ ♦♥ ❛♥ ■❘❆▼ ♣r♦❝❡❞✉r❡ ❞❡✈❡❧♦♣❡❞ ❜② ❙♦r❡♥s❡♥ ❛♥❞ ❛❧❧♦✇s t♦ s♦❧✈❡ ❜♦t❤ r❡❛❧ ❛♥❞ ❝♦♠♣❧❡①
❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s✳ ■t r❡q✉✐r❡s t❤❡ s✉❝❝❡ss✐✈❡ ✐♥✈❡rs✐♦♥ ♦❢ ❧✐♥❡❛r s②st❡♠s ♦❢ t❤❡ ❢♦r♠

(A − βB) y = z ✭❆✳✹✸✮

✶✺✻
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❛s ✇❡❧❧ ❛s ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts ♦❢ t❤❡ ❢♦r♠ z = Bx✳ ❚❤❡ ❧✐♥❡❛r s②st❡♠s ✐♥✈❡rs✐♦♥ ✐s ❤❛♥❞❧❡❞ ❜② t❤❡
❞✐r❡❝t ♠✉❧t✐❢r♦♥t❛❧ s♣❛rs❡ ▲❯ s♦❧✈❡r ❝❛❧❧❡❞ ▼❯▼P❙✱ s❡❡ ❆♠❡st♦② ❡t ❛❧✳ ✭✷✵✵✶✮✳ ▼♦st ♦❢ ♦✉r ❡✐❣❡♥✈❛❧✉❡
♣r♦❜❧❡♠s ❛r❡ ❝♦♠♣❧❡① s♦ t❤❛t ✇❡ ✉s❡❞ t❤❡ ❝♦♠♣❧❡① ❞r✐✈❡r ③♥❞r✈✹ ♦❢ ❆❘P❆❈❑✳ ❲❡ s♣❡❝✐❢② t♦ t❤❡ ❞r✐✈❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❢♦r♠❛t✐♦♥✿

✭✐✮ ❚❤❡ t②♣❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡ s❡❛r❝❤✳ ❲❡ ✉s❡❞ t❤❡ ✧▲▼✧ ♠♦❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡✐❣❡♥✈❛❧✉❡s ✇✐t❤ ❧❛r❣❡st
♠❛❣♥✐t✉❞❡✳

✭✐✐✮ ❚❤❡ ❞❡s✐r❡❞ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥✈❛❧✉❡s

✭✐✐✐✮ ❚❤❡ ♠❛①✐♠✉♠ s✐③❡ k ♦❢ t❤❡ ❑r②❧♦✈ s✉❜s♣❛❝❡s

✭✐✈✮ ❚❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

✭✈✮ ❚❤❡ ❝♦♠♣❧❡① ❣✉❡ss ✭♦r s❤✐❢t✮ ✈❛❧✉❡

■♥t❡r❡st✐♥❣❧②✱ t❤❡ s♦❢t✇❛r❡ ♣r♦✈✐❞❡s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❡rr♦r✳ ❋♦r ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡✴❡✐❣❡♥✈❡❝t♦r ✭σi, xi✮✱ ✇❡
❤❛✈❡ ❛❝❝❡ss t♦ t❤❡ r❡s✐❞✉❛❧ ♥♦r♠

‖(A − σiB) xi‖2 = ‖ξ‖2 =

√
√
√
√

n∑

j=1

ξ2
j ✭❆✳✹✹✮

✇❤❡r❡ ξj ❞❡♥♦t❡s t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ r❡s✐❞✉❛❧ ✈❡❝t♦r ξ✳ ■♥ ❛❧❧ ♦✉r ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ❝❤❡❝❦❡❞ t❤❛t
‖ξ‖2 ❞♦❡s ♥♦t ❡①❝❡❡❞ 10−12 t♦ ❤❛✈❡ ❝♦♥✈❡r❣❡❞ r❡s✉❧ts✳

✶✺✼
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❆♣♣❡♥❞✐① ❇

❘❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ❣❧♦❜❛❧

♠♦❞❡s

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s t♦ ❞❡s✐❣♥ ❡✣❝✐❡♥t ❘❡❞✉❝❡❞ ❖r❞❡r ▼♦❞❡❧s
✭❘❖▼s✮✳ ❲❡ ♣r♦❝❡❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❞②♥❛♠✐❝s ♦♥t♦ t❤❡ s❡t ♦❢ t❤❡ ❧❡❛st st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s
❛♥❞ ✇❡ ❛♥❛❧②③❡ t❤❡ tr❛♥s✐❡♥t ❞②♥❛♠✐❝s ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡❧s✳ ❙✉❝❤ ❛♥ ❛♥❛❧②s✐s ❤❛s ❛❧r❡❛❞② ❜❡❡♥
♣❡r❢♦r♠❡❞ ✐♥ s♦♠❡ ♣r❡✈✐♦✉s ✇♦r❦s s✉❝❤ ❛s t❤♦s❡ ❜② ❊❤r❡♥st❡✐♥ ✫ ●❛❧❧❛✐r❡ ✭✷✵✵✺✮❀ ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✮❀
❍❡♥♥✐♥❣s♦♥ ✫ ➴❦❡r✈✐❦ ✭✷✵✵✽✮❀ ❊❤r❡♥st❡✐♥ ✫ ●❛❧❧❛✐r❡ ✭✷✵✵✽❜✮✳ ■♥ ❛❧❧ t❤❡s❡ ✇♦r❦s✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡
❣❧♦❜❛❧ ♠♦❞❡s t♦ ♠♦❞❡❧ t❤❡ tr❛♥s✐❡♥t ✢♦✇ ❞②♥❛♠✐❝s ✐s ❛ss❡ss❡❞ t❤r♦✉❣❤ ❛♥ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s✳
❚❤❡ ❛✉t❤♦rs ♣r♦❝❡❡❞❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ♣♦ss✐❜❧② tr✐❣❣❡r❡❞ ❜② ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ♣❡r✲
t✉r❜❛t✐♦♥s ✇✐t❤✐♥ t❤❡ s✉❜s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ s❡t ♦❢ t❤❡ ❧❡❛st ❞❛♠♣❡❞ ❣❧♦❜❛❧ ♠♦❞❡s✳ ❲❤✐❧❡ ✐♥❝r❡❛s✐♥❣
t❤❡ ♥✉♠❜❡r ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s ✭❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ♠♦❞❡❧s✮ t❤❡② ♦❜s❡r✈❡❞ ❛ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧
❡♥❡r❣② ❣❛✐♥s✳ ❚❤✐s ✐♥❞✐❝❛t❡❞ t❤❛t t❤❡ ❘❖▼s ❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧② ❝❛♣t✉r❡ t❤❡ ♠♦st ❛♠♣❧✐✜❡❞ ♣❡rt✉r❜❛t✐♦♥s
♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✢♦✇✳ ❚❤❡ ❡✈♦❧✈❡❞ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡✐r ❘❖▼❙ ❛r❡ ❛❧s♦ ❜❡❡♥ ♦❜s❡r✈❡❞
t♦ ❞✐s♣❧❛② ❛♠♣❧✐✜❡❞ ✇❛✈❡ ♣❛❝❦❡ts ❛❞✈❡❝t❡❞ ✐♥ t❤❡ ❞♦✇♥str❡❛♠ ❞✐r❡❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r
❡①♣❡❝t❛t✐♦♥s✳

❈♦♥tr❛r② t♦ t❤❡s❡ ♣r❡✈✐♦✉s ✇♦r❦s✱ ✇❡ ♣❡r❢♦r♠❡❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s ♦♥ t❤❡
❢✉❧❧ ♦r✐❣✐♥❛❧ ✢♦✇✳ ❚❤✐s ❛❧❧♦✇❡❞ t♦ q✉❛♥t✐❢② ♠♦r❡ ❛❝❝✉r❛t❡❧② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣②
❣❛✐♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❘❖▼s ❛♥❞ ♦♥ t❤❡ ❢✉❧❧ s②st❡♠✳ ❚♦ ❞♦ s♦✱ ✇❡ ✉s❡❞ ❡①❛❝t❧② t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧
t❡❝❤♥✐q✉❡ ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✶ ❛♥❞ r❡❢❡rr❡❞ t♦ ❛s ❛ ✧❞✐r❡❝t✲❛❞❥♦✐♥t✧ ♣r♦❝❡❞✉r❡✳ ❍♦✇ t♦ ♣❡r❢♦r♠ t❤❡
♠♦❞❡❧ r❡❞✉❝t✐♦♥ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ✐♥ t❤❡ r❡❞✉❝❡❞ ♠♦❞❡❧s ❛r❡ ♣r❡s❡♥t❡❞
♥❡①t✳

❇✳✶ ▼♦❞❡❧ r❡❞✉❝t✐♦♥✿ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s

❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ ✇♦r❦s✱ ✇❡ r❡str✐❝t ♦✉r ❛♥❛❧②s✐s t♦ t❤❡ ❞②♥❛♠✐❝s ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧
♣❡rt✉r❜❛t✐♦♥s ✭k = 0✮ ✇✐t❤♦✉t tr❛♥s✈❡rs❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t✳ ❇❛s❡❞ ♦♥ t❤❡ ❢♦r♠❛❧✐s♠ ♦❢ ❝❤❛♣t❡r ✶✱ t❤❡
♣❡rt✉r❜❛t✐♦♥ ♠❛② ❜❡ ✇r✐tt❡♥ q(x, y, t) = (u, v, p)✳ ■t ✐s t❤❡♥ ❞❡❝♦♠♣♦s❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ❣❧♦❜❛❧ ♠♦❞❡✿

q(x, y, t) =
1

2
[ q̂(x, y) eσt + ❝✳❝✳ ] ✭❇✳✶✮

✇❤❡r❡ q̂ ✐s t❤❡ ❣❧♦❜❛❧ ❡✐❣❡♥✈❡❝t♦r ❛♥❞ σ = α+ iω ❞❡♥♦t❡s ✐ts ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❛❧✉❡✳ ◆♦t❡ t❤❛t ❜♦t❤ ❛r❡
❝♦♠♣❧❡①✳ ❆s ♣r❡✈✐♦✉s❧② s❡❡♥ ✐♥ ❝❤❛♣t❡r ✶✱ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ❛r❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧❛r❣❡ s❝❛❧❡ ❣❡♥❡r❛❧✐③❡❞
❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

A q̂ = σBq̂ ✭❇✳✷✮

✶✺✾
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✇❤✐❝❤ ✐s s♦❧✈❡❞ ❜② ❛♥ ✐t❡r❛t✐✈❡ s❤✐❢t✲✐♥✈❡rt ❆r♥♦❧❞✐ t❡❝❤♥✐q✉❡✳ ❇② ❛♣♣❧②✐♥❣ s❡✈❡r❛❧ t✐♠❡s t❤❡ ♣r♦❝❡❞✉r❡✱
✇✐t❤ ❞✐✛❡r❡♥t s❤✐❢t ✈❛❧✉❡s✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♣❛rt ♦❢ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠♦st ✉♥st❛❜❧❡
♠♦❞❡s✳ ◆❡①t✱ t❤❡ ✐❞❡❛ ✐s t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ✢♦✇ st❛t❡ q ✐♥t♦ ❛ s✉♠ ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s✿

q = Xqr ✭❇✳✸✮

✇❤❡r❡ X ✐s ❛ ♠❛tr✐① ✇❤♦s❡ ❝♦❧✉♠♥s ❛r❡ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ❛♥❞ qr r❡❞✉❝❡s t♦ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ q ✐♥ t❤❡
❣❧♦❜❛❧ ♠♦❞❡s ❜❛s✐s✳ ■❢ ✇❡ tr✉♥❝❛t❡ X t♦ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s✱ t❤❡♥ qr st❛♥❞s ❢♦r ❛ r❡❞✉❝❡❞✲
♦r❞❡r ✢♦✇ st❛t❡✳ ▲❡t ✉s ❣✐✈❡ s♦♠❡ ✐♥s✐❣❤t ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡s❡ q✉❛♥t✐t✐❡s✳ ❲❡ ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢
❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ ❢✉❧❧ s②st❡♠ ❜② n s♦ t❤❛t t❤❡ ✢♦✇ st❛t❡ q ✐s ♦❢ s✐③❡ n × 1✳ ❲❤❡♥ ❝♦♠♣✉t✐♥❣
t❤❡ ❝♦♠♣❧❡① ❡✐❣❡♥♠♦❞❡s✱ ✇❡ ♣❛② ❛tt❡♥t✐♦♥ t♦ ♦♥❧② ❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❧♦❝❛t❡❞ ♦♥ t❤❡ ✉♣♣❡r ❤❛❧❢
❝♦♠♣❧❡① ♣❧❛♥ ✭ω ≥ 0✮ s✐♥❝❡ t❤♦s❡ ❧♦❝❛t❡❞ ♦♥ t❤❡ ❧♦✇❡r ♣❧❛♥ s✐♠♣❧② r❡❞✉❝❡ t♦ t❤❡✐r ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡✳
■❢ ✇❡ ❝♦♠♣✉t❡ nc ❝♦♠♣❧❡① ❡✐❣❡♥♠♦❞❡s ♦♥ t❤❡ ❤❛❧❢ ❝♦♠♣❧❡① ♣❧❛♥ ❛♥❞ ✐❢ t❤❡r❡ ❛r❡ ns st❛t✐♦♥❛r② ♠♦❞❡s
✭ω = 0✮✱ t❤❡♥ ✇❡ ❣❡t ✐♥ t❤❡ ❡♥❞ nr = 2nc − ns ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣❧❡① ❣❧♦❜❛❧ ♠♦❞❡s✳ ❚❤❡s❡ nr

♠♦❞❡s ❝♦♥st✐t✉t❡s t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ♠❛tr✐① X ✇❤✐❝❤ ✐s ♦❢ s✐③❡ n × nr ❛♥❞ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r st❛t❡ qr

✐s ♦❢ s✐③❡ nr × 1✳ ◆♦t❡ t❤❛t t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s s❡❧❡❝t❡❞ t♦ ❜✉✐❧❞ t❤❡ ♠♦❞❡❧s ❛r❡ ❛❧✇❛②s ❝❤♦s❡♥ t♦ ❜❡ t❤❡
❧❡❛st st❛❜❧❡ ♦♥❡s✱ ❛s ✐♥ t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ ❛rt✐❝❧❡s✳

●✐✈❡♥ t❤❡ ❞❡✜♥✐t✐♦♥ ✭❇✳✶✮✱ ✇❡ ❦♥♦✇♥ ❛♥❛❧②t✐❝❛❧❧② ❤♦✇ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ❡✈♦❧✈❡ ✐♥ t✐♠❡✳ ❆s ❛ r❡s✉❧t✱ t❤❡
❞②♥❛♠✐❝s ♦❢ t❤❡ st❛t❡ q = Xqr ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

q(t) = XeΣtqr0 ✭❇✳✹✮

✇❤❡r❡ qr0 = qr(t = 0) ❛♥❞ Σ ✐s t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇❤♦s❡ ❡❧❡♠❡♥ts ❛r❡ t❤❡ ❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✉❡s σi

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❝♦♥st✐t✉t✐♥❣ t❤❡ ❝♦❧✉♠♥s ♦❢ X✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✭❇✳✹✮ ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡
❛♥❛❧②t✐❝❛❧❧② t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❧♦✇ r❛♥❦ ✢♦✇ st❛t❡ q(t)✳ ❚❤✐s ✈❛❧✉❛❜❧❡ ♣r♦♣❡rt② t❤❡♥ ❛❧❧♦✇s t♦
❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ♦♥ t❤❡ ❘❖▼ ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ♠❛♥♥❡r✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦r♠❛❧✐s♠
✐♥tr♦❞✉❝❡❞ ✐♥ ❝❤❛♣t❡r ✶✱ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ✐s t❤❡ st❛t❡ q(0) ✇❤✐❝❤ ♦♣t✐♠✐③❡s t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②
❣❛✐♥ γ s✉❝❤ t❤❛t

q†(T )Bq(T ) = γ q†(0)Bq(0) ✭❇✳✺✮

✇❤❡r❡ t❤❡ ❛❞❥♦✐♥t q✉❛♥t✐t✐❡s✱ ❞❡♥♦t❡❞ ❜② t❤❡ s✉♣❡rs❝r✐♣t †✱ ❛r❡ s✉❝❤ t❤❛t t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ st❛t❡
q ✐s ❡q✉❛❧ t♦ E(q) = 〈q,Bq〉 = q†Bq✳ ◆❡①t ✇❡ r❡♣❧❛❝❡ q(T ) ✐♥ ❡q✉❛t✐♦♥ ✭❇✳✺✮ ❜② ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥
✭❇✳✹✮✳ ◆♦t❛❜❧②✱ t❤❡ ❛❞❥♦✐♥t ♦❢ q(T ) ✐s ❣✐✈❡♥ ❜②

q†(T ) = [XeΣT qr0]
† = q ∗

r0e
Σ

∗T
X

† ✭❇✳✻✮

✇❤❡r❡ ∗ ❞❡♥♦t❡s t❤❡ tr❛♥s❝♦♥❥✉❣❛t❡✳ ■♥ t❤❡ ❡♥❞✱ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ ❛ s✐♠✐❧❛r ❜✉t s♠❛❧❧❡r ❣❡♥❡r❛❧✐③❡❞
❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

[eΣ
∗T

X
†
BXeΣT ]qr0 = γr [X†

BX]qr0 ✭❇✳✼✮

✇❤♦s❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ γr ❛♥❞ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦r ②✐❡❧❞ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ ❛♥❞ ♦♣t✐♠❛❧ ♣❡r✲
t✉r❜❛t✐♦♥ ♣♦ss✐❜❧② s✉st❛✐♥❡❞ ✐♥ t❤❡ r❡❞✉❝❡❞ ❜❛s✐s ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s✳ ◆♦t❡ t❤❛t t❤❡ t❡r♠ X

†
BX st❛♥❞s ❢♦r

t❤❡ ❝r♦ss ♣r♦❞✉❝t ♠❛tr✐① ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ■♥❞❡❡❞✱ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡
ith ❛♥❞ jth ❣❧♦❜❛❧ ♠♦❞❡s ✭❞❡♥♦t❡❞ ❜② Xi ❛♥❞ Xj✮ ✐s ❣✐✈❡♥ ❜② 〈Xi,BXj〉 ❛♥❞ ✐s ❛❧s♦ ❡q✉❛❧ t♦ t❤❡ (i, j)
❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛tr✐① 〈X,BX〉 = X

†
BX✳

❇✳✷ ❘❡s✉❧ts✿ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇

❚❤❡ ♣r❡✈✐♦✉s ♣r♦❝❡❞✉r❡ ✐s ✜rst ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❝❤❛♣t❡r ✶✳ ❚❤❡
❣❡♦♠❡tr② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛♥❞ ❛ss♦❝✐❛t❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♠❛② ❜❡ ❢♦✉♥❞ t❤❡r❡✳ ❲❡

✶✻✵



❇✳✷✳ ❘❊❙❯▲❚❙✿ ❆PP▲■❈❆❚■❖◆ ❚❖ ❚❍❊ ❘❖❯◆❉❊❉ ❇❆❈❑❲❆❘❉✲❋❆❈■◆● ❙❚❊P ❋▲❖❲

❋✐❣✉r❡ ❇✳✶✿ ✭❛✮ ❇❛s❡ ✢♦✇ s♦❧✉t✐♦♥ ❛t ❘❡ = 600 ❞❡♣✐❝t❡❞ ❜② ✐ts str❡❛♠❧✐♥❡s ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳
✭❜✮ ❊✐❣❡♥s♣❡❝tr✉♠ ♦❢ t❤❡ ✢♦✇✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❝♦❧♦r❡❞ ❜② t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❜❛r②❝❡♥t❡r xc ♦❢ t❤❡✐r
❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦r✳ ✭❝✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ γopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❤♦r✐③♦♥ t✐♠❡
T ✳ ❚❤❡ r❡❞ ❝✉r✈❡ r❡♣r❡s❡♥ts t❤❡ s♦❧✉t✐♦♥ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❢✉❧❧ s②st❡♠✳ ❚❤❡ s❡t ♦❢ ❜❧✉❡ ❝✉r✈❡s r❡♣r❡s❡♥t
t❤❡ s♦❧✉t✐♦♥s ❢r♦♠ t❤❡ ❘❖▼s ✇✐t❤ nc = 100, 200, 400, 800 ❛♥❞ 1200✳

❝❤♦♦s❡ t♦ ✜① t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r t♦ ❘❡ = 600✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❛s❡ ✢♦✇ ❤❛s ❜❡❡♥ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡
❇✳✶✭❛✮ ❜② ✐ts str❡❛♠❧✐♥❡s ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ◆♦t❡ t❤❛t ❛ t②♣✐❝❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ②✐❡❧❞s n ≈ 400 000
❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ st❡♠♠✐♥❣ ❢r♦♠ ❛❜♦✉t 90 000 tr✐❛♥❣❧❡s✳ ❚❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ❜❛s❡
✢♦✇ ❤❛s ❜❡❡♥ ❡①♣♦s❡❞ ✐♥ ✜❣✉r❡ ❇✳✶✭❜✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ ❝♦❧♦r❡❞ ❜② t❤❡ ❦✐♥❡t✐❝
❡♥❡r❣② ❜❛r②❝❡♥t❡r xc ♦❢ t❤❡✐r ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦r✱ ✇❤✐❝❤ ✐s ❝♦♠♣✉t❡❞ ❜②

xc =

∫

Ω x [û2 + v̂2]dxdy
∫

Ω[û2 + v̂2]dxdy
✭❇✳✽✮

❚❤✐s q✉❛♥t✐t② ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ t♦ ❣✐✈❡ ❛♥ ✐♥❞✐❝❛t✐♦♥ ♦♥ t❤❡ ♠❡❛♥ ❧♦♥❣✐t✉❞✐♥❛❧ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧
♠♦❞❡s✳ ■♥t❡r❡st✐♥❣❧②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❛ ♠❛❥♦r✐t② ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ❛r❡ ❧♦❝❛❧✐③❡❞ ✐♥ t❤❡ ✈❡r② ✈✐❝✐♥✐t② ♦❢
t❤❡ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ■♥❞❡❡❞✱ t❤❡ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② ✐s ❧♦❝❛t❡❞
❛t x = 100 ❛♥❞ t❤❡ ♠❛❥♦r ♣❛rt ♦❢ t❤❡ ❝♦♠♣✉t❡❞ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② xc > 96✳
❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s γopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ T ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ✜❣✉r❡ ❇✳✶✭❜✮✳ ❚❤❡
r❡❞ ❝✉r✈❡ r❡♣r❡s❡♥ts t❤❡ s♦❧✉t✐♦♥ ♦♥ t❤❡ ❢✉❧❧ ♦r✐❣✐♥❛❧ s②st❡♠ ✇❤❡r❡❛s t❤❡ ❜❧✉❡ ❝✉r✈❡s ❞❡♣✐❝t t❤❡ s♦❧✉t✐♦♥
❝♦♠♣✉t❡❞ ♦♥ t❤❡ r❡❞✉❝❡❞ ❜❛s✐s ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ ❘❖▼s✱ ❢r♦♠
nc = 100 t♦ 1200✱ ❜❛r❡❧② ✐♥❝r❡❛s❡s t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s✳ ■♥ ❛❧❧ t❤❡ ❝❛s❡s✱ t❤❡ ❘❖▼s
❝❧❡❛r❧② ❝❛♥♥♦t ❝❛♣t✉r❡ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠✳ ❚❤✐s r❡s✉❧t ✐s ♥♦t s✉r♣r✐s✐♥❣
s✐♥❝❡ t❤❡② ❛r❡ ❧♦❝❛❧✐③❡❞ ✉♣str❡❛♠✱ ♥❡❛r s❡♣❛r❛t✐♦♥✱ ✇❤❡r❡❛s t❤❡ ♣r♦❥❡❝t✐♦♥ ❜❛s✐s ❝♦♥s✐sts ♦❢ str✉❝t✉r❡s
❧♦❝❛❧✐③❡❞ ✐♥ t❤❡ ✈❡r② ❞♦✇♥str❡❛♠✳
❚♦ ❝❤❡❝❦ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ r❡s✐❞✉❛❧ ξ = A q̂ − σBq̂✳

■t ✇❛s ♦❜s❡r✈❡❞ t❤❛t t❤❡ 2 ♥♦r♠ ‖ξ‖2 =
√
∑n

i=1 ξ2
i ❞♦❡s ♥♦t ❡①❝❡❡❞ 10−12 ❢♦r ❛❧❧ t❤❡ ❝♦♥s✐❞❡r❡❞ ❣❧♦❜❛❧

♠♦❞❡s✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❛t ♦✉r ❝♦♠♣✉t❛t✐♦♥ ✐s ❝♦♥s✐st❡♥t✳ ❚❤❡ s♣❛t✐❛❧ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡s ✐♥ t❤❡
✈❡r② ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r② s❡❡♠s r❛t❤❡r r❡❧❛t❡❞ t♦ t❤❡ ✈❡r② ❤✐❣❤ ♥♦♥✲♥♦r♠❛❧✐t② ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s✱
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❋✐❣✉r❡ ❇✳✷✿ ✭❛✮ ❇❛s❡ ✢♦✇ s♦❧✉t✐♦♥ ❛t ❘❡ = 350 ❞❡♣✐❝t❡❞ ❜② ✐ts str❡❛♠❧✐♥❡s ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳
✭❜✮ ❊✐❣❡♥s♣❡❝tr✉♠ ♦❢ t❤❡ ✢♦✇✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❝♦❧♦r❡❞ ❜② t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❜❛r②❝❡♥t❡r xc ♦❢ t❤❡✐r
❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦r✳ ✭❝✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ γopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❤♦r✐③♦♥ t✐♠❡ T ✳
❚❤❡ r❡❞ ❞♦ts r❡♣r❡s❡♥t ❢♦✉r s♦❧✉t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❢✉❧❧ s②st❡♠ ❢♦r T = 100, 200, 265 ❛♥❞ 300✳ ❚❤❡
❣r❡❡♥ ❧✐♥❡ ❞❡♣✐❝ts t❤❡ t✐♠❡✲✐♥t❡❣r❛t❡❞ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❝♦♠♣✉t❡❞ ❢♦r T = 265 ♦♥ t❤❡ ❢✉❧❧ s②st❡♠✳ ❚❤❡
❜❧✉❡ ❧✐♥❡s st❛♥❞ ❢♦r t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❘❖▼s ✇✐t❤ nc = 100, 200, 400, 800, 1200
❛♥❞ 1600✳

❛♥❞ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r✳ ❚❤✐s ❢❡❛t✉r❡ ❤❛s ❜❡❡♥ ❡①♣♦s❡❞ ❜② ❈♦ss✉ ✫ ❈❤♦♠❛③ ✭✶✾✾✼✮ ❛s ❛ r❡s✉❧t
♦❢ t❤❡ ❝♦♥✈❡❝t✐✈❡ ♥♦♥✲♥♦r♠❛❧✐t②✳ ❖✉r r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ♠♦st st❛❜❧❡ ♠♦❞❡s✱ tr✉♥❝❛t❡❞ ❤❡r❡✱ ♠❛② ❜❡
♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡ t♦ ❞❡s❝r✐❜❡ t❤❡ s❤♦rt✲t✐♠❡ ❞②♥❛♠✐❝s ♦❢ t❤✐s ♣❛rt✐❝✉❧❛r ✢♦✇✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡
♠♦r❡ st❛❜❧❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s t❤❡ ♠♦r❡ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ❛r❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦rs✱ s❡❡ ❚r❡❢❡t❤❡♥ ✫
❊♠❜r❡❡ ✭✷✵✵✺✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ ❧❛r❣❡r ♣❛rt ♦❢ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ q✉✐❝❦❧② ❜❡❝♦♠❡s ♥♦t
tr❛❝t❛❜❧❡✳ ❋♦r ✐♥t❡r❡st❡❞ r❡❛❞❡rs✱ ❛ ❝r✐t✐❝❛❧ ❛ss❡ss♠❡♥t ♦♥ t❤❡ ✉s❡ ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s t♦ ❞❡s✐❣♥ ❘❖▼s ♠❛②
❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❛rt✐❝❧❡s ❜② ❇❛r❜❛❣❛❧❧♦ ❡t ❛❧✳ ✭✷✵✵✾✮❀ ❊❤r❡♥st❡✐♥ ❡t ❛❧✳ ✭✷✵✶✵✮❀ ❆❧✐③❛r❞ ✫ ❘♦❜✐♥❡t ✭✷✵✶✵✮❀
❙✐♣♣ ❡t ❛❧✳ ✭✷✵✶✵✮✳
❚♦ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s t♦ ❝❛♣t✉r❡ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ ❛ ✢♦✇✱ ✇❡
❝❤♦♦s❡ t♦ t❡st t❤❡ ♣r♦❝❡❞✉r❡ ♦♥ ♦t❤❡r ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤❡s❡ ❞✐✛❡r❡♥t ❝❛s❡s ❛r❡ ❜r✐❡✢② ✐♥✈❡st✐❣❛t❡❞
❛♥❞ ❡①♣♦s❡❞ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s ❛♣♣❡♥❞✐①✳

❇✳✸ ❈❛s❡ ♦❢ ❛ ❤✐❣❤✲❛s♣❡❝t✲r❛t✐♦ s♠♦♦t❤ ❝❛✈✐t② ✢♦✇

❚❤❡ s❡❝♦♥❞ ❝♦♥s✐❞❡r❡❞ ❝♦♥✜❣✉r❛t✐♦♥ r❡❞✉❝❡s t♦ t❤❡ ❤✐❣❤✲❛s♣❡❝t✲r❛t✐♦ s♠♦♦t❤ ❝❛✈✐t② ✢♦✇ ♦r✐❣✐♥❛❧❧② ✐♥✲
✈❡st✐❣❛t❡❞ ❜② ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✮✳ ❲❡ ❛❞♦♣t❡❞ ❡①❛❝t❧② t❤❡ s❛♠❡ ❣❡♦♠❡tr②✱ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞
❘❡②♥♦❧❞s ♥✉♠❜❡r ❛s ✐♥ t❤✐s r❡❢❡r❡♥❝❡ ❛rt✐❝❧❡✳ ❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❝❛✈✐t② ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❜❛s❡ ✢♦✇
❤❛✈❡ ❜❡❡♥ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❇✳✷✭❛✮✳ ❚❤❡ s♠♦♦t❤ ❝❛✈✐t② ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❝❡♥t❡r ❛t xe = 89
❛♥❞ ✐ts ✉♣str❡❛♠ ✇❛❧❧ ❜♦✉♥❞❛r② ✐s ❞❡✜♥❡❞ ❜② Γ(x) = −2.25(tanh(a(x − b)) + 1) ❢♦r 0 ≤ x ≤ xe ✇✐t❤
a = 0.2 ❛♥❞ b = 39✱ s✉❝❤ ❛s t♦ ♠❛t❝❤ s♠♦♦t❤❧② t❤❡ ✢❛t ♣❧❛t❡ ✉♣str❡❛♠ ❛♥❞ ❞♦✇♥str❡❛♠✳ ❆❧❧ ✈❛r✐❛❜❧❡s ❛r❡
♠❛❞❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ✇✐t❤ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss δ∗ ❛♥❞ t❤❡ ❢r❡❡✲str❡❛♠ ✈❡❧♦❝✐t② U∞ ❛t t❤❡ ✐♥✢♦✇

✶✻✷
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❋✐❣✉r❡ ❇✳✸✿ ✭❛✱❝✱❡✮ ❖♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❘❖▼s ✇✐t❤ nc = 100, 1600 ❛♥❞ ♦♥ t❤❡
❢✉❧❧ s②st❡♠ r❡s♣❡❝t✐✈❡❧②✳ ✭❜✱❞✱❢✮ r❡♣r❡s❡♥t t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s✱ ✇❤✐❝❤ ❛r❡ r❡❛❝❤❡❞ ❢♦r
T = 160, 200 ❛♥❞ 265 r❡s♣❡❝t✐✈❡❧②✳ ❋❧♦✇ str✉❝t✉r❡s ❛r❡ ❞✐s♣❧❛②❡❞ ❜② t❤❡✐r ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳

x = 0✱ ✇❤❡r❡ ❛ ❇❧❛s✐✉s ♣r♦✜❧❡ ✐s ♣r❡s❝r✐❜❡❞✳ ❚❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ❞❡✜♥❡❞✱ ❢♦r t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✱
❜② ❘❡ = U∞δ

∗/ν ❛♥❞ ✐s ✜①❡❞ t♦ 350✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ✉s❡❞ ❜② ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✮✱ ✇❡ ✜rst
❝♦♠♣✉t❡❞ t❤❡ ❜❛s❡ ✢♦✇ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞♦♠❛✐♥ 0 ≤ x ≤ 400✱ Γ(x) ≤ y ≤ 80✳ ❚❤❡♥ ✇❡ ✐♥t❡r♣♦❧❛t❡❞
t❤❡ r❡s✉❧t✐♥❣ st❡❛❞② ✢♦✇ ✐♥t♦ t❤❡ ❞♦♠❛✐♥ 0 ≤ x ≤ 300✱ Γ(x) ≤ y ≤ 75 ✇❤❡r❡ st❛❜✐❧✐t② ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡
❝❛rr✐❡❞ ♦✉t✳ ❚♦ ❣✐✈❡ ❛♥ ✐❞❡❛✱ t❤❡ s❡❝♦♥❞ ❞♦♠❛✐♥ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡❛❞ t♦ n ≈ 390 000 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠
st❡♠♠✐♥❣ ❢r♦♠ ❛❜♦✉t 86 000 tr✐❛♥❣❧❡s✳

❋✐❣✉r❡ ❇✳✷✭❜✮ ❞✐s♣❧❛②s t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ♦❢ t❤❡ ✢♦✇✳ ■t ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❜t❛✐♥❡❞ ✐♥ t❤❡ r❡❢❡r❡♥❝❡
✇♦r❦ ❜② ➴❦❡r✈✐❦ ❡t ❛❧✳ ✭✷✵✵✼✮✳ ◆♦t❛❜❧②✱ ✐t ❡①❤✐❜✐t t✇♦ ✉♥st❛❜❧❡ ❛♥❞ ♦s❝✐❧❧❛t✐♥❣ ❣❧♦❜❛❧ ♠♦❞❡s✳ ❙✐♠✐❧❛r❧②
t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ❤❛✈❡ r❡♣♦rt❡❞ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❜❛r②❝❡♥t❡r xc ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞
❡✐❣❡♥✈❡❝t♦rs✳ ❊✈❡♥ ✐❢ ❛ ❧♦t ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s ❛r❡ ❧♦❝❛❧✐③❡❞ ✐♥ t❤❡ ✈❡r② ✈✐❝✐♥✐t② ♦❢ t❤❡ ❞♦✇♥str❡❛♠ ❜♦✉♥❞❛r②
✭❛t x = 300✮✱ ❛ ❜r❛♥❝❤ ♦❢ ♠♦❞❡s ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ❧♦❝❛❧✐③❡❞ ✇✐t❤✐♥ t❤❡ s❤❡❛r ❧❛②❡r✳ ❚❤❡s❡ ♠♦❞❡s ❛r❡
❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ str❡❛♠✇✐s❡ ♣♦s✐t✐♦♥ s✉❝❤ t❤❛t xc ✐s ❝♦♠♣r✐s❡❞✱ r♦✉❣❤❧②✱ ❜❡t✇❡❡♥ 50 ❛♥❞ 150✳
❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ❇✳✷✭❝✮✳ ❚❤❡ r❡❞ ❞♦ts st❛♥❞ ❢♦r t❤❡
s♦❧✉t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❢✉❧❧ s②st❡♠ ❢♦r ❢♦✉r ❞✐✛❡r❡♥t ❤♦r✐③♦♥ t✐♠❡s✳ ❚❤❡ ❣r❡❡♥ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❣❛✐♥ γ(t) tr✐❣❣❡r❡❞ ❜② t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ✇❤✐❝❤ ✐s ❝♦♠♣✉t❡❞ ❢♦r T = 265
♦♥ t❤❡ ❢✉❧❧ s②st❡♠✳ ❋✐♥❛❧❧②✱ t❤❡ ♦♣t✐♠❛❧ ❣❛✐♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❘❖▼s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s❡t ♦❢ ❜❧✉❡
❧✐♥❡s✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❝✉r✈❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t ❘❖▼s ❞✐s♣❧❛② t❤❡ s❛♠❡ tr❡♥❞✿ ❛ ❢❛st ✐♥✐t✐❛❧
tr❛♥s✐❡♥t ❡♥❡r❣② ❣r♦✇t❤ ✐s ❢♦❧❧♦✇❡❞ ❜② ❛ ❣❧♦❜❛❧ ❝②❝❧❡ ✇✐t❤ ❛ ♣❡r✐♦❞ ♦❢ ❛♣♣r♦①✐♠❛t❡❧② 300 t✐♠❡ ✉♥✐ts✳
❊✈❡♥ ✐❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s ♣♦ss✐❜❧② s✉st❛✐♥❡❞ ❜② t❤❡ ❘❖▼s s❡❡♠ t♦ ❝♦♥✈❡r❣❡ ✇❤✐❧❡ ✐♥❝r❡❛s✐♥❣ t❤❡
♥✉♠❜❡r ♦❢ ♠♦❞❡s✱ t❤❡② st❛② ♥❡❛r❧② ❢♦✉r ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❜❡❧♦✇ t❤❡ s♦❧✉t✐♦♥ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❢✉❧❧
s②st❡♠✳
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❋✐❣✉r❡ ❇✳✹✿ ✭❛✮ ❇❛s❡ ✢♦✇ s♦❧✉t✐♦♥ ❛t ❘❡ = 2000 ❞❡♣✐❝t❡❞ ❜② ✐ts str❡❛♠❧✐♥❡s ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳
✭❜✮ ❊✐❣❡♥s♣❡❝tr✉♠ ♦❢ t❤❡ ✢♦✇✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❝♦❧♦r❡❞ ❜② t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❜❛r②❝❡♥t❡r xc ♦❢ t❤❡✐r
❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦r✳ ✭❝✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ γopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❤♦r✐③♦♥ t✐♠❡
T ✳ ❚❤❡ r❡❞ ❞♦ts r❡♣r❡s❡♥t ✜✈❡ s♦❧✉t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❢✉❧❧ s②st❡♠ ❢♦r T = 0.5, 1.5, 2, 2.5 ❛♥❞ 3.5✳ ❚❤❡
❣r❡❡♥ ❧✐♥❡ ❞❡♣✐❝ts t❤❡ t✐♠❡✲✐♥t❡❣r❛t❡❞ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❝♦♠♣✉t❡❞ ❢♦r T = 2 ♦♥ t❤❡ ❢✉❧❧ s②st❡♠✳ ❚❤❡
❜❧✉❡ ❧✐♥❡s st❛♥❞ ❢♦r t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❘❖▼s ✇✐t❤ nc = 100, 200, 400 ❛♥❞ 600✳

◆♦✇✱ ❧❡t ✉s s❤♦✇ t❤❡ s♣❛t✐❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s✳ ❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s
❇✳✸✭❛✱❝✱❡✮ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❘❖▼s ✇✐t❤ nc = 100, 1600 ❛♥❞ ♦♥ t❤❡ ❢✉❧❧ s②st❡♠
r❡s♣❡❝t✐✈❡❧② ❛♥❞ ❢♦r t❤❡ ❤♦r✐③♦♥ t✐♠❡s Topt = 160, 200 ❛♥❞ 265 r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡ t❤❛t ✇❡ ❝❤♦♦s❡ t❤❡
❤♦r✐③♦♥ t✐♠❡s ❛t ✇❤✐❝❤ t❤❡ ✜rst ❡♥❡r❣② ❣❛✐♥ ♠❛①✐♠❛ ❛r❡ ❢♦✉♥❞✱ s❡❡ ✜❣✉r❡ ❇✳✷✭❝✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❤❛✈❡
r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ❇✳✸✭❜✱❞✱❢✮ t❤❡✐r ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s ❛t t❤❡✐r r❡s♣❡❝t✐✈❡ ❤♦r✐③♦♥ t✐♠❡s✱
♥❛♠❡❧② q(Topt)✳ ◆♦t❡ t❤❛t ✇❡ ❝♦♠♣✉t❡❞ t❤❡s❡ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s ♦♥ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ❜❛s✐s ❜② ❡q✉❛t✐♦♥
✭❇✳✹✮✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s ✭❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ❘❖▼s✮ ❛❧❧♦✇s t♦
♠♦✈❡ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ✐♥ t❤❡ ✉♣str❡❛♠ ❞✐r❡❝t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ♦♣t✐♠❛❧ ✢♦✇ r❡s♣♦♥s❡
❛t t❤❡ t✐♠❡ Topt ✐s ❝❛♣t✉r❡❞ ❢♦r ✈❡r② ❧♦✇✲♦r❞❡r ♠♦❞❡❧s✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ♠♦r❡ ❡♥❝♦✉r❛❣✐♥❣ t❤❛♥ t❤♦s❡
❢♦✉♥❞ ♦♥ t❤❡ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❚❤✐s ✐♠♣r♦✈❡♠❡♥t ✐s ❝❧❡❛r❧② ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❜❡tt❡r s♣❛t✐❛❧
❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s✱ s❡❡ ✜❣✉r❡ ❇✳✷✭❜✮✳

❇✳✹ ❈❛s❡ ♦❢ ❛ sq✉❛r❡ ❝❛✈✐t② ✢♦✇

❇❛s❡❞ ♦♥ t❤❡ r❡s✉❧ts ♦♥ t❤❡ ♣r❡✈✐♦✉s ❝❛✈✐t② ✢♦✇✱ ✇❡ ❢♦✉♥❞ ✐♥t❡r❡st✐♥❣ t♦ st✉❞② ❛ ❝❛s❡ ✇❤❡r❡ t❤❡ ❝♦♠✲
♣✉t❛t✐♦♥ ❞♦♠❛✐♥ ✐s ♠✉❝❤ s♠❛❧❧❡r✳ ❲❡ t❤♦✉❣❤t t❤❛t t❤✐s ✇♦✉❧❞✱ ✐♥ s♦♠❡ ✇❛②✱ ❡♥❢♦r❝❡ ❛ ❜❡tt❡r s♣❛t✐❛❧
❧♦❝❛t✐♦♥ ❢♦r t❤❡ ❧❡❛st ❞❛♠♣❡❞ ❣❧♦❜❛❧ ♠♦❞❡s✳ ❆s ❛ r❡s✉❧t ✇❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ♣r❡s❡♥t ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥✳
❚❤❡ ❣❡♦♠❡tr② ❝♦♥s✐sts ♦❢ ❛ sq✉❛r❡ ❝❛✈✐t② ♦❢ ❧❡♥❣t❤ le = 1 ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜♦✉♥❞❛r✐❡s ❛r❡ ❝❤♦s❡♥
t♦ ❜❡ ❧♦❝❛t❡❞ ❛t x = −1.2✱ x = 2.5 ❛♥❞ y = 0.5✱ s❡❡ ✜❣✉r❡ ❇✳✹✭❛✮✳ ❆ ❇❧❛s✐✉s ❜♦✉♥❞❛r② ❧❛②❡r ♣r♦✜❧❡✱ ✇✐t❤
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❋✐❣✉r❡ ❇✳✺✿ ✭❛✱❝✮ ❖♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❘❖▼ ✇✐t❤ nc = 600 ❛♥❞ ♦♥ t❤❡ ❢✉❧❧ s②st❡♠
r❡s♣❡❝t✐✈❡❧②✳ ✭❜✱❞✮ r❡♣r❡s❡♥t t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s✱ ✇❤✐❝❤ ❛r❡ r❡❛❝❤❡❞ ❢♦r T = 1.8 ❛♥❞
2 r❡s♣❡❝t✐✈❡❧②✳ ❋❧♦✇ str✉❝t✉r❡s ❛r❡ ❞✐s♣❧❛②❡❞ ❜② t❤❡✐r ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳

❛ ❞✐s♣❧❛❝❡♠❡♥t t❤✐❝❦♥❡ss δ∗ = 0.0172 ❛♥❞ ❛ ❢r❡❡✲str❡❛♠ ✈❡❧♦❝✐t② U∞ = 1✱ ✐s ♣r❡s❝r✐❜❡❞ ❛t t❤❡ ✐♥✢♦✇✳ ❚❤❡
❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s t❤❡♥ ❞❡✜♥❡❞ ❜② ❘❡ = U∞le/ν ❛♥❞ ✐s ✜①❡❞ t♦ ❘❡ = 2000✳ ❆ ✇❛❧❧ ❝♦♥❞✐t✐♦♥ ✐s ✐♠♣♦s❡❞
♦♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞❛r✐❡s ❛♥❞ ❛ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞❛r②✳ ❋✐♥❛❧❧②✱ t❤❡ ❢r❡❡ ♦✉t✢♦✇
❝♦♥❞✐t✐♦♥ pn − ❘❡−1(∇u) · n = 0 ✐s ♣r❡s❝r✐❜❡❞ ❛t t❤❡ ♦✉t❧❡t✱ ✇❤❡r❡ n st❛♥❞s ❢♦r t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧
✉♥✐t❛r② ✈❡❝t♦r ♦❢ t❤❡ ❜♦✉♥❞❛r②✳ ❚❤❡ r❡s✉❧t✐♥❣ ❜❛s❡ ✢♦✇ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ❇✳✹✭❛✮ ❜② ✐ts str❡❛♠❧✐♥❡s
❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳ ◆♦t❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠s ✐s n ≈ 390 000 st❡♠♠✐♥❣ ❢r♦♠
❛❜♦✉t 86 000 tr✐❛♥❣❧❡s✳
❚❤❡ r❡s✉❧ts ❛r❡ ♥♦✇ q✉✐❝❦❧② ♣r❡s❡♥t❡❞✳ ❋♦r s✐♠♣❧✐❝✐t②✱ t❤❡② ❤❛✈❡ ❜❡❡♥ ❡①♣♦s❡❞ ❜② ❛♥❛❧♦❣♦✉s ♣❧♦ts t♦
t❤♦s❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❛✈✐t② ✢♦✇✳ ❚❤❡ ✢♦✇ ❡✐❣❡♥s♣❡❝tr✉♠ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ❇✳✹✭❜✮ ❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s ✐♥ ✜❣✉r❡ ❇✳✹✭❝✮✳ ❚❤✐s t✐♠❡✱ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ❞✐s♣❧❛②s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢
♠♦❞❡s ✇❤✐❝❤ ❛r❡ s♣❛t✐❛❧❧② ❧♦❝❛❧✐③❡❞ ✇✐t❤✐♥ t❤❡ s❤❡❛r ❧❛②❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡s❡ ♠♦❞❡s ♠❛② ❜❡ ✐❞❡♥t✐✜❡❞
✐♥ ✜❣✉r❡ ❇✳✹✭❜✮ ❜② t❤❡✐r str❡❛♠✇✐s❡ ♠❡❛♥ ♣♦s✐t✐♦♥ xc r❛♥❣✐♥❣ ❢r♦♠ 0.2 t♦ 1✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♦♣t✐♠❛❧
❡♥❡r❣② ❣❛✐♥ ❝♦♠♣✉t❡❞ ♦♥ ❛ ❘❖▼ ✇✐t❤ nc = 600 ✐s ♦♥❧② ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❜❡❧♦✇ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡✳
❆s ❡①♣❡❝t❡❞✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❘❖▼s ❜❛s❡❞ ♦♥ ❣❧♦❜❛❧ ♠♦❞❡s ❛r❡ ❜❡tt❡r ✐♥ t❤✐s ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥✳
❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ❇✳✺ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❛♥❞ ♦♣t✐♠❛❧
r❡s♣♦♥s❡s ♦❢ t❤❡ ✢♦✇ ❝♦♠♣✉t❡❞ ♦♥ ❜♦t❤ t❤❡ ❘❖▼ ✇✐t❤ nc = 600 ❛♥❞ t❤❡ ❢✉❧❧ s②st❡♠✳

❇✳✺ ❈❛s❡ ♦❢ ❛ ❧✐❞✲❞r✐✈❡♥ ❝❛✈✐t② ✢♦✇

❚❤❡ ❧❛st ❝♦♥✜❣✉r❛t✐♦♥ ✐♥✈❡st✐❣❛t❡❞ ❤❡r❡ ✐s t❤❡ ❧✐❞✲❞r✐✈❡♥ ❝❛✈✐t② ✢♦✇✳ ❚❤✐s ✢♦✇ ♠❛② ❜❡ ❝❛❧❧❡❞ ❛ ✧❝❧♦s❡❞✧
✢♦✇ ❛s ♦♣♣♦s❡❞ t♦ ✧♦♣❡♥✧ ✢♦✇s ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ❤❛s ♥♦ ✐♥✢♦✇ ❛♥❞ ♥♦ ♦✉t✢♦✇✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡
♥♦♥✲♥♦r♠❛❧✐t② ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ♦♣❡r❛t♦r ✐s ✇✐❞❡❧② ❤✐❣❤❡r ❢♦r ♦♣❡♥ ✢♦✇s t❤❛♥ ❢♦r ❝❧♦s❡❞ ✢♦✇s✳ ❈♦♥✲
s❡q✉❡♥t❧②✱ ✇❡ ❡①♣❡❝t t❤❛t t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ♦❢ t❤❡ ❧✐❞ ❞r✐✈❡♥ ❝❛✈✐t② ✢♦✇ ♠❛② ❤❛✈❡ ❛ ❜❡tt❡r ❝♦♥❞✐t✐♦♥✐♥❣✳
❲❡ ❝♦♥❝❧✉❞❡ t❤✐s ❛♣♣❡♥❞✐① ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ❣❧♦❜❛❧ ♠♦❞❡s ❛r❡ ✐♥❞❡❡❞ ❢❛r ♠♦r❡ ❡✣❝✐❡♥t t♦ ♠♦❞❡❧ t❤❡
tr❛♥s✐❡♥t ❞②♥❛♠✐❝s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝❧♦s❡❞ ✢♦✇✳
❚❤❡ ❣❡♦♠❡tr② ❝♦♥s✐sts ♦❢ ❛ sq✉❛r❡ ♦❢ ❧❡♥❣t❤ le = 1✱ s❡❡ ✜❣✉r❡ ❇✳✻✭❛✮✳ ❚❤❡ ❝❛✈✐t② ✐s ❞r✐✈❡♥ ❜② ✐♠♣♦s✐♥❣
t❤❡ ✈❡❧♦❝✐t② u = U∞ = 1 ❛♥❞ v = 0 ♦♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞❛r② ❛♥❞ t❤❡ t❤r❡❡ ♦t❤❡r ❜♦✉♥❞❛r✐❡s ❛r❡ ✇❛❧❧s
✭u = 0 ❛♥❞ v = 0✮✳ ❚❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ❞❡✜♥❡❞ ❜② ❘❡ = U∞le/ν ❛♥❞ ✐s ✜①❡❞ t♦ ❘❡ = 2000✳
❚❤❡ str❡❛♠❧✐♥❡s ❛♥❞ ✈❡❧♦❝✐t② ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❜❛s❡ ✢♦✇ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ❇✳✻✭❛✮✳ ❚❤❡
❝♦♥s✐❞❡r❡❞ ♠❡s❤ ❤❛s n ≈ 180 000 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛♥❞ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛❜♦✉t 41 000 tr✐❛♥❣❧❡s✳
❚❤❡ r❡s✉❧ts ❛r❡ ❛❧s♦ q✉✐❝❦❧② ❡①♣♦s❡❞ ❜② ✉s✐♥❣ ❛♥❛❧♦❣♦✉s ♣❧♦ts t♦ t❤♦s❡ ♦❢ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❝❛✈✐t② ✢♦✇s✳
❙✐♠✐❧❛r❧②✱ t❤❡ ❡✐❣❡♥s♣❡❝tr✉♠ ♦❢ t❤❡ ✢♦✇ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ❇✳✻✭❜✮ ✇❤✐❧❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧
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❋✐❣✉r❡ ❇✳✻✿ ✭❛✮ ❙tr❡❛♠❧✐♥❡s ❛♥❞ ✈❡❧♦❝✐t② ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❜❛s❡ ✢♦✇ s♦❧✉t✐♦♥ ❛t ❘❡ = 2000✳ ✭❜✮
❊✐❣❡♥s♣❡❝tr✉♠ ♦❢ t❤❡ ✢♦✇✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❝♦❧♦r❡❞ ❜② t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❜❛r②❝❡♥t❡r xc ♦❢ t❤❡✐r
❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦r✳ ✭❝✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥ γopt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❤♦r✐③♦♥ t✐♠❡ T ✳
❚❤❡ r❡❞ ❞♦ts r❡♣r❡s❡♥t s✐① s♦❧✉t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❢✉❧❧ s②st❡♠ ❢♦r T = 0.5, 1, 1.6, 2, 3 ❛♥❞ 4✳ ❚❤❡ ❣r❡❡♥
❧✐♥❡ ❞❡♣✐❝ts t❤❡ t✐♠❡✲✐♥t❡❣r❛t❡❞ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❝♦♠♣✉t❡❞ ❢♦r T = 1.6 ♦♥ t❤❡ ❢✉❧❧ s②st❡♠✳ ❚❤❡ ❜❧✉❡
❧✐♥❡s st❛♥❞ ❢♦r t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❘❖▼s ✇✐t❤ nc = 100, 200, 400, 800, 1200 ❛♥❞
1400✳

✶✻✻



❇✳✺✳ ❈❆❙❊ ❖❋ ❆ ▲■❉✲❉❘■❱❊◆ ❈❆❱■❚❨ ❋▲❖❲

❋✐❣✉r❡ ❇✳✼✿ ✭❛✱❝✮ ❖♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❘❖▼ ✇✐t❤ nc = 1400 ❛♥❞ ♦♥ t❤❡ ❢✉❧❧ s②st❡♠
r❡s♣❡❝t✐✈❡❧②✳ ✭❜✱❞✮ r❡♣r❡s❡♥t t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s✱ ✇❤✐❝❤ ❛r❡ ❜♦t❤ r❡❛❝❤❡❞ ❢♦r T = 1.6✳
❋❧♦✇ str✉❝t✉r❡s ❛r❡ ❞✐s♣❧❛②❡❞ ❜② t❤❡✐r ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✳

❡♥❡r❣② ❣❛✐♥s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ❇✳✹✭❝✮✳ ❲❡ ❡✈❡♥t✉❛❧❧② ❢♦✉♥❞ ✐♥ t❤✐s ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥ ❛ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s✳ ■♥❞❡❡❞✱ t❤❡ ❘❖▼s ✇✐t❤ nc = 800, 1200 ❛♥❞ 1400 ❧❡❛❞ t♦ ♥❡❛r❧② ✐❞❡♥t✐❝❛❧
♦♣t✐♠❛❧ ❡♥❡r❣② ❣❛✐♥s ✇❤✐❝❤ ❛r❡ ❛❧s♦ ✈❡r② ❝❧♦s❡ t♦ t❤♦s❡ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❢✉❧❧ s②st❡♠✳ ❚♦ ❢✉rt❤❡r ❝♦♥✜r♠
t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❧❛r❣❡st ❘❖▼s✱ ✇❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ❇✳✼ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ❛♥❞
❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ r❡s♣♦♥s❡s ❝♦♠♣✉t❡❞ ♦♥ ❜♦t❤ t❤❡ ❘❖▼ ✇✐t❤ nc = 1400 ❛♥❞ t❤❡ ❢✉❧❧ s②st❡♠✳ ❚❤✐s
t✐♠❡✱ ♥♦t ♦♥❧② t❤❡ ♦♣t✐♠❛❧ ✢♦✇ r❡s♣♦♥s❡✱ ❜✉t ❛❧s♦ t❤❡ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥ ❛r❡ ✇❡❧❧ ❝❛♣t✉r❡❞ ❜② t❤❡
❘❖▼✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❜❛s✐s ♦❢ t❤❡ ❧❡❛st st❛❜❧❡ ❣❧♦❜❛❧ ♠♦❞❡s ❛r❡ ❢❛r ♠♦r❡ ❡✣❝✐❡♥t t♦ ♠♦❞❡❧ t❤❡
tr❛♥s✐❡♥t ❞②♥❛♠✐❝s ♦❢ ♣❡rt✉r❜❛t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ s✉❝❤ ❛ ❝❧♦s❡❞ ✢♦✇✳
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❆♣♣❡♥❞✐① ❈

❆rt✐❝❧❡ ♦♥ ✢♦✇ ❝♦♥tr♦❧

❆❜str❛❝t

❲❡ ❝♦♥s✐❞❡r ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇ ♦✈❡r ❛ r♦✉♥❞❡❞ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ❛t ❘❡②♥♦❧❞s
♥✉♠❜❡r ❘❡ = 600✳ ❚❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❞❡t❛❝❤♠❡♥t ♦❢ t❤❡ ✢♦✇ ❝❧♦s❡ t♦ t❤❡ st❡♣
❢♦❧❧♦✇❡❞ ❜② ❛ r❡❝✐r❝✉❧❛t✐♦♥ ③♦♥❡❀ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ✢♦✇ ✐s ❣❧♦❜❛❧❧② st❛❜❧❡✱ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ❛♠♣❧✐✜❡❞ ❛s
t❤❡② ❛r❡ ❝♦♥✈❡❝t❡❞ ❛❧♦♥❣ t❤❡ s❤❡❛r✲❧❛②❡r✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ✉♣str❡❛♠ r❛♥❞♦♠ ✇❤✐t❡ ♥♦✐s❡ r❡♥❞❡rs t❤❡ ✢♦✇
✉♥st❡❛❞② ✇✐t❤ ❛ ❜r♦❛❞❜❛♥❞ s♣❡❝tr✉♠✳ ❚❤❡ ❛rt✐❝❧❡ ❛✐♠s ❛t s✉♣♣r❡ss✐♥❣ t❤❡ ✉♥st❡❛❞✐♥❡ss ❜② ❛♥ ❛♥t✐✲♣❤❛s❡
❝♦♥tr♦❧❧❡r✱ ✇❤✐❝❤ ❝♦♥✈❡rts ❛ s❤❡❛r✲str❡ss ♠❡❛s✉r❡♠❡♥t t❛❦❡♥ ❢r♦♠ ❛ ✇❛❧❧ s❡♥s♦r ✐♥t♦ ❛ ❝♦♥tr♦❧ ❧❛✇ t❤❛t
✐s ❢❡❞ ✐♥t♦ ❛♥ ❛❝t✉❛t♦r✳ ❆ ❝♦♠♣r❡❤❡♥s✐✈❡ st✉❞② ♦❢ ✈❛r✐♦✉s ❝♦♠♣♦♥❡♥ts ♦❢ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ❞❡s✐❣♥ ✖
❝♦✈❡r✐♥❣ s❡♥s♦r ♣❧❛❝❡♠❡♥t✱ ❝❤♦✐❝❡ ❛♥❞ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧✱ ❛❝❝✉r❛❝② ♦❢ t❤❡ r❡❞✉❝❡❞✲♦r❞❡r
♠♦❞❡❧✱ ❝♦♠♣❡♥s❛t♦r st❛❜✐❧✐t② ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ✖ s❤♦✇s t❤❛t ❛ s✉❝❝❡ss❢✉❧ ❝♦♥tr♦❧ ♦❢ t❤✐s ✢♦✇ r❡q✉✐r❡s
❛ ❥✉❞✐❝✐♦✉s ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ❡st✐♠❛t✐♦♥ s♣❡❡❞ ❛♥❞ ❡st✐♠❛t✐♦♥ ❛❝❝✉r❛❝② ❛♥❞ ❜❡t✇❡❡♥ st❛❜✐❧✐t② ❧✐♠✐ts ❛♥❞
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We consider a two-dimensional incompressible flow over a rounded backward facing step
at Reynolds number Re = 600. This configuration is characterized by a detachment of
the flow close to the step followed by a recirculation zone; even though the flow is glob-
ally stable, perturbations are amplified as they are convected along the shear-layer. The
presence of upstream random white noise renders the flow unsteady with a broadband
spectrum. The article aims at suppressing the unsteadiness by an anti-phase controller,
which converts a shear-stress measurement taken from a wall sensor into a control law
that is fed into an actuator. A comprehensive study of various components of closed-loop-
control design — covering sensor placement, choice and influence of the cost functional,
accuracy of the reduced-order model, compensator stability and performance — shows
that a successful control of this flow requires a judicious balance between estimation speed
and estimation accuracy and between stability limits and performance requirements. The
inherent amplification behavior of the flow can be reduced by an order of magnitude, if
the above-mentioned constraints are observed. In particular, for good perfomance of the
controller, it has been argued that the actuator (resp. the performance sensor) should be
placed in regions where the optimal forcings (resp. optimal responses) are strong while
the estimation sensor should be placed upstream near the actuator to favour estimation
speed. Also, if high performance compensators are sought, a very accurate reduced order
model is required especially for the dynamics between the actuator and the estimation
sensor: very minute errors even at low-energetic and high frequencies may render the
large-scale compensated linearized simulation unstable. Finally, coupling the linear com-
pensator to nonlinear simulations shows a gradual deterioration in control performance
as the amplitude of the noise increases.

1. Introduction

Many industrial fluid devices are afflicted by undesirable flow behavior — such as
unsteadiness, separation, instabilities, and transition to turbulence — which limits per-
formance, endangers safe operation or is detrimental to structural components. Flow
control is quickly becoming a key technology in engineering design to overcome inherent
limitations, to advance into unexplored parameter regimes, to extend safety margins and
to ensure operation under optimal conditions. A prototypical and much-studied example
is the compressible flow over a cavity which is characterized by instabilities that manifest
themselves in a buffeting motion, in induced drag (Gharib & Roshko 1987) and in in-
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tense noise emission (see Rossiter 1964). In air intakes of aircraft engines separated flow
can act as an amplifier for incoming perturbations causing unsteadiness which in turn
results in loss of performance and material fatigue. Transitional and turbulent boundary
layers have long attracted attention from the flow control community (see, e.g., Joslin
1998; Saric et al. 2003; Kim 2003; Boiko et al. 2008; Archambaud et al. 2008), mainly
due to their ubiquity in vehicle aerodynamics and their central role as the source of skin
friction. For all three examples, flow control techniques that effectively eliminate insta-
bilities, efficiently reduce noise amplification or successfully diminish drag are essential
in maintaining desired flow conditions.

Control strategies greatly vary in complexity, in expended energy, but also in their
ability to achieve prescribed control objective under realistic conditions. Passive control
devices, which aim at modifying the mean flow, are popular in many industrial applica-
tions due to their simplicity and reliability. For example, vortex generators can be effec-
tive in energizing boundary layers and thus preventing or delaying flow separation (see
Lin 2002; Choi 2008). Constant blowing or suction at the wall has similar effects, but
the amount of required energy to modify the mean flow is generally high, which is ac-
knowledged as the principal drawback of passive control devices. An alternative strategy
directly targets the perturbation dynamics without altering the mean flow. This active
approach has received significant interest in industry and academia, and feedback control
methods have been developed and applied to a great many generic flow configurations.

The design procedure of flow control laws critically depends on the nature of the flow to
be controlled. Oscillator-type flows which are defined by a global instability resulting in
self-sustained oscillatory fluid behavior are more easily controlled, since the flow is dom-
inated by a limited number of structures of well-defined frequencies. Sensitivity to noise
is comparatively low, and the estimator and controller can simply reconstruct the flow
state from measurements and act upon it according to the control objective. A second
type of flow behavior, referred to as noise-amplifiers, is substantially more challenging to
control. This type of flow is globally stable but is characterized by a strong propensity to
amplify noise and a broadband spectrum of responsive frequencies. These characteristics
make the flow and the control performance highly sensitive not only to physical noise
sources and uncertainties, but also to methodological approximations, modeling inaccura-
cies and truncation errors that inevitably arise during the estimator and control design.
The propagation of small perturbations, whether of physical or computational origin,
is appropriately tracked and quantified by frequency-based transfer functions which re-
veal preferred frequencies or confirm the successful reduction of the flow’s amplification
potential.

Optimal flow control techniques have been widely applied for active control purposes.
In particular, the linear quadratic Gaussian (LQG) framework has been adopted for the
control of small-amplitude perturbations in oscillator and amplifier flows. Examples of
oscillator flows include, among others, the supercritical flow over a shallow or deep cav-
ity (Åkervik et al. 2007; Barbagallo et al. 2009), the flow over a shallow bump (Ehrenstein
et al. 2010) and the flow past a flat plate (Ahuja & Rowley 2010). In all cases, stabi-
lization of the flow by feedback control strategies could be accomplished. Amplifier flows
are dominated by convective and transient processes, and successful control is defined
by a marked reduction of the flow’s inherent amplification potential. Control of amplifier
flows using LQG techniques has first been attempted for very idealized geometries (see,
e.g., Joshi et al. 1997; Bewley & Liu 1998; Chevalier et al. 2007), namely, in simple,
one-dimensional configurations. For more complex and higher-dimensional flows, direct
application of the LQG-framework becomes prohibitively expensive, and reduced-order
models have to be introduced for the practical design of the compensator. LQG-based
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compensators using reduced-order models have been applied by Bagheri et al. (2009) to
control the amplification of perturbations in a spatially developing boundary layer and
by Ilak & Rowley (2008) to control transitional channel flow. In Bagheri & Henningson
(2010), strong emphasis has been put on the model reduction technology; in particular,
it has been demonstrated that the reduced-order model had to accurately capture the
input-output behavior between actuators and sensors to ensure a positive compensator
performance (Kim & Bewley 2007). Despite first successful attempts at applying LQG-
feedback control to amplifier flows, many questions remain open about the design and
practical implementation of compensators for this type of flow. Owing to the flow’s ten-
dency to transiently amplify perturbations, sensitivity becomes the key concept in the
design and performance evaluation of compensators: sensitivity to sensor and actuator
placement, sensitivity to the accuracy of the reduced-order model, sensitivity to nonlin-
ear effects. Some of these issues have been addressed using an idealized (parallel base
flow) model problem in Ilak (2009); a comprehensive analysis of closed-loop control for
amplifier flows, however, is missing.

The goal of the present study is an identification of the various environmental and
procedural factors and the assessment of their influence on the performance of the com-
pensator for a specific amplifier flow: the case of a two-dimensional, laminar flow over a
rounded backward-facing step (see Marquet et al. 2008; Blackburn et al. 2008; Dergham
et al. 2011). This configuration is characterized by a detachment of the flow close to
the step followed by a recirculation zone; even though the flow is globally stable, per-
turbations are amplified as they are convected along the shear-layer. This is due to a
Kelvin-Helmholtz-type instability which creates a convectively unstable region, extend-
ing approximately from the detachment to the reattachment point. If upstream residual
noise is present, for example white-Gaussian-noise, then the flow is unsteady with a
broadband spectrum in the bubble. The control objective consists in suppressing this
unsteadiness thanks to an anti-phase controller, which converts a measurement signal
obtained from a wall-sensor into a control law that is fed into an actuator. We believe
that the results obtained for this specific configuration also hold, at least qualitatively,
for other convectively unstable flows, such as, e.g., a supercritical boundary layer de-
veloping over a flat plate subject to Tollmien-Schlichting instabilities. Discussion about
similarities and differences between the two configurations are postponed to §2.

The present study is structured as follows. After a brief description of the flow con-
figuration, its noise amplification behavior and the basic principles of LQG-control and
model reduction (§2), we start by considering the estimation problem (§3), address sen-
sor placement and estimation speed and establish the noise-to-signal ratio as a critical
parameter. In §4 the controller will be introduced, performance limitations of the com-
pensator will be discussed and the influence of the choice of control objective will be
assessed. §5 will present the application of the LQG-controller to linearized numerical
simulations; specifically the sensitivity to model inaccuracies and its relation to stabil-
ity margins for the compensated system will be treated. In §6 we apply linear control
to a nonlinear simulation and discuss the validity range of the linear compensator. A
summary of results and conclusions are given in §7.

2. Configuration and mathematical model

2.1. Flow configuration and governing equations

We study the laminar and incompressible flow over a two-dimensional rounded backward-
facing step which is sketched in figure 1 together with the geometric measures, the base
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Figure 1. Sketch of the geometry for flow over a rounded backward-facing step, showing the
stream-function of the base flow at Re = 600 (dashed-values refer to negative values). The
stream-function is set to zero at the lower boundary of the computational domain. The upstream,
downstream and top boundaries are respectively located at x = −20, x = 100 and y = 20. A
typical mesh yields n ≈ 360 000 degrees of freedom from about 90 000 triangles. The positions
of the input (B1,2) and output (C1,2,3,4,p) devices are also shown.

flow stream-function and the setup of control inputs and sensor outputs. Only a reduced
part of the computational domain is shown. The step height h and the inflow velocity U∞

are chosen as the characteristic length and velocity scales of the problem. The rounded
part of the step consists of a circular arc extending from (x = 0, y = 1) to (x = 2, y = 0).
The flow enters the computational domain from the left (at x = −20) with a constant
streamwise velocity. A free-slip condition is imposed on the upstream part of the lower
boundary (−20 6 x 6 −2, y = 1) beyond which a laminar boundary layer starts to
develop; no-slip conditions are enforced on the remaining lower boundary given by −2 6
x 6 100. On the top part of the computational domain, at y = 20, a symmetry condition
is implemented, and a standard outflow condition is prescribed at the outlet (x = 100).

The Reynolds number based on the step height and inflow velocity is chosen as Re =
600 and held constant throughout our study. For this Reynolds number, the flow separates
at x ≈ 0.6 and reattaches at x ≈ 11, forming an elongated recirculation bubble. The
displacement thickness of the incoming boundary layer at x = 0 is equal to δ∗ ≈ 0.082
which yields a Reynolds number based on the displacement thickness of Reδ∗ ≈ 49.2.
The base flow, a solution of the nonlinear steady Navier-Stokes equations, is visualized
by streamlines in figure 1.

Flow over a rounded backward-facing step is a prototypical example for an ampli-
fier flow since small upstream perturbations may be selectively amplified in the shear
layer due to a Kelvin-Helmholtz instability (see next section for details). Characteristic
unsteadiness arises from low-level noise via a linear amplification mechanism, which sub-
sequently saturates nonlinearly once sufficiently high amplitudes have been reached. It
is the goal of this article to devise and assess an active feedback control strategy that
decreases the convective amplification of random perturbations. This strategy is designed
for and operates within the linear regime which justifies using the Navier-Stokes equa-
tions linearized about the base flow as a mathematical model. The governing equations
are spatially discretized using finite elements of Taylor-Hood type (P2-P2-P1) and im-
plemented using the FreeFem++ software (see Hecht et al. 2005). In matrix form, these
read

Q
dX

dt
= AX (2.1)

where X denotes the state vector containing the velocity and pressure fields, A represents
the Navier-Stokes operator linearized around the base-flow (shown in figure 1) and Q

stands for the mass matrix, which simultaneously defines the perturbation kinetic energy
according to E = X∗QX.
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Figure 2. (a) Optimal energy response of the linear system to a harmonic forcing of frequency
ω. (b) Optimal forcing visualized by contours of the streamwise velocity. (c) Optimal response
visualized by contours of the streamwise velocity.

2.2. Noise amplification behavior

For the chosen Reynolds number of Re = 600 the flow is globally stable and the matrix A

does not show any unstable eigenvalues. Yet, sustained unsteadiness may arise from the
continuous excitation of the flow by upstream noise. This noise amplifier behavior can
be analyzed and quantified in terms of the optimal harmonic forcing and its response in
the frequency domain (see Alizard et al. 2009; Sipp et al. 2010). For a given frequency ω,
a periodic forcing of the form Fω exp(iωt) yields a corresponding response Xω exp(iωt)
where Xω is given by Xω = (iωQ−A)−1QFω. The optimal forcing is defined as the forcing
Fω of unit energy (i.e. F∗

ωQFω = 1) which maximizes the energy of the response. The
corresponding response Xω is referred to as the optimal response; its energy X∗

ωQXω is
the optimal energy gain due to external forcing at a prescribed frequency ω. We will use
the subscript ω to indicate quantities defined in the frequency domain.

In figure 2(a), the optimal energy gain is presented as a function of the forcing fre-
quency. The semi-logarithmic graph shows a parabolic curve with the highest response
to forcing around a frequency of ω = 0.8. For frequencies above ω ≈ 2, the energy gain
decays monotonically. In figures 2(b) and (c), the spatial shapes of the optimal forcing
and response (real part only) taken at the highest energy gain are visualized by contours
of the streamwise component. In accordance with the convective nature of the flow, we
observe that the optimal forcing is concentrated upstream near the step while the as-
sociated response is located further downstream. Hence, a noise source situated near
the rounded step can efficiently trigger perturbations whose maximum amplitudes are
attained near x ≈ 12. Based on this result, we model the noise as a Gaussian-shaped
momentum forcing located at (x = −1, y = 1) with a width of 0.6 and a thickness of 1.
After discretization, this forcing appears in form of the matrix B1 in the following linear
system

Q
dX

dt
= AX + QB1w(t) (2.2)

with w(t) describing the temporal behavior of the noise. For the sake of simplicity, the
noise will be taken as white-in-time with zero mean 〈w〉 = 0 and variance 〈w2〉 denoted
by W 2.

In continuing to set up our flow control problem, an appropriate objective or cost
functional has to be specified. To this end, two quantities will be considered. The first
quantity consists of the shear stress measured at the wall and is computed following

mp = CpX =
∫ x=11.6

x=11
∂yu′ dx. The placement of this sensor has been motivated by the
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location of maximum response of the flow to harmonic excitation (see figure 2(c)). Note
that for higher frequencies (ω > 2), the optimal responses move upstream toward the
detachment point and are not seen anymore by mp; for lower frequencies, the spatial
support of the optimal responses extends both upstream and downstream (the most
energetic region staying near the reattachment point). Hence, sensor mp will detect all
frequencies of the perturbation satisfying ω 6 2. The second quantity of interest is the
total kinetic perturbation energy contained in the entire domain; it is given by E = X∗QX.
The control to be designed will aim at diminishing either mp or E. It is interesting to
note that, under random forcing, the two quantities of interest, mp and E, display a
frequency response strikingly similar to the one given in figure 2(a); the spatial structure
of the stochastic response resembles the one given in figure 2(c) (the reader is referred
to figure 8 for verification).

2.3. Linear Quadratic Gaussian (LQG) control

A closed-loop control strategy is considered in order to weaken or suppress the amplifi-
cation of perturbations. In contrast to open-loop control strategies, this method extracts
information from the system via measurements which is then processed to apply real-time
actuation. This technique allows flow manipulation with rather low expended energy and
permits the application and adaptation of control laws to a variety of flow situations,
provided the model is representative of and robust to physical and parametric changes.
The approach taken in our study is based on a compensator designed within the Linear
Quadratic Gaussian (LQG) control framework (see Burl 1999). The actuator through
which control efforts are exerted on the flow consists of a body force acting on the verti-
cal momentum component; the location, shape and type of the actuator is summarized
in the matrix B2 (see figure 1). The control law u(t) which describes the temporal behav-
ior of the actuator is based on real-time measurements of the flow from sensors located
at various positions along the wall. These sensors extract either shear stress or pressure
information. The governing system of equations, including the actuators and sensors, can
be cast into the familiar state-space form

Q
dX

dt
= AX + QB1w + QB2u, m = CX + g(t) (2.3)

where g(t) is a zero-mean measurement noise of variance G2, which contaminates the
measure m. The link between the measurement signal m and the actuation law u is
provided by the compensator. Figure 3 presents a sketch of a typical LQG-control setup,
including the system to be controlled as well as the two components of the compensator:
the estimator and the controller. The module labeled ”plant” represents our fluid system
whose flow characteristics we wish to modify; it is given mathematically by (2.3). The
plant depends on the initial condition X(t0), the noise input w(t) and the control law u(t)
and provides as an output the state vector X. A measurement signal m can be extracted
at all times from the state vector which is then passed to the compensator. In a first step,
the estimator will reconstruct an estimated state Ŷ(t) from the measurement m which
is, in a second step, used by the controller to compute the control law u(t). More details
about the design of the estimator and the controller will be given below.

It is important to stress that the placement of the actuator and sensor is critical for the
success of closed-loop control. In our case, the actuator is positioned near the separation
point (see control input B2 in figure 1) which corresponds to the location where the
optimal forcing structures are most prominent whatever the frequency (see figure 2(b)
which illustrates the case ω = 0.8). This placement optimally exploits the sensitivity
of the flow to external forcing and suggests that low-amplitude control at this location
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Figure 3. Sketch of a typical LQG-control setup.

may exert sufficient influence on the flow behavior to accomplish our control objective.
In other words, the chosen actuator location should ensure low control gains.

Analogously, the placement of the sensor requires care and thought. Commonly, mea-
surements are taken at locations where the flow feature we wish to suppress is particular
prevalent. Recalling the spatial structure of the most amplified flow response to opti-
mal forcing (see figure 2(c)), this would suggest a sensor placement downstream of the
reattachment point near x ≈ 12. Nevertheless, we will demonstrate that this particular
choice does not yield an efficient and effective closed-loop control, and we will methodi-
cally explore the estimator performance based on sensors placed further upstream in the
recirculation bubble (see figure 1). In particular, four discrete sensor locations, denoted
by C1,2,3,4, will be assessed; these are distinct from the performance sensor Cp.

More generally, to ensure low control gains and a physically relevant control objective
the actuator should be placed at the transition location from the stable to the convec-
tively unstable flow regime (branch I) and the performance sensor Cp at the transition
location from convectively unstable to the stable flow regime (branch II). Indeed, in a con-
vectively unstable flow, the instability is cumulative in the downstream direction: branch
I is the point where an action has largest effect on the perturbation while branch II is the
point where the perturbation is strongest. The location of branch I and branch II usually
depend on the frequency of the perturbation; in the present flow over a backward-facing
step, however, branch I and branch II are located for all frequencies near the flow sepa-
ration and reattachment points (not shown here). Hence, a single actuator and a single
performance sensor (plus one estimation sensor) are sufficient to stabilize the flow for all
frequencies. In the case of a convectively unstable boundary layer developing over a flat
plate, the location of branch I and branch II strongly depend on the perturbation fre-
quency. Hence, multiple input-output triplets (each consisting of actuator, performance
sensor, estimation sensor) are necessary, where each triplet is designed to stabilize the
flow in a bounded area in the downstream direction and in a restricted frequency band.

2.4. Reduced-order model based on proper orthogonal decomposition

The design of the estimator and controller involves the numerical solution of two Riccati
equations for the Kalman and control gain, respectively. The numerical effort is pro-
portional to the dimension of the system matrix A, which makes the direct solution of
the Riccati equation excessively expensive or even impossible. It is thus necessary and
common practice to substitute the full system by an equivalent system of considerably
smaller dimensions and to compute the two gains based on this reduced-order model



8 A. Barbagallo, G. Dergham, D. Sipp, P.J. Schmid and J.-C. Robinet

of the flow. A standard technique to arrive at a reduced-order model of the flow uses
a Galerkin projection of the governing equations onto proper orthogonal decomposition
(POD) modes (see Sirovich 1987). This method proves to be efficient (see Bagheri et al.
2009; Barbagallo et al. 2009; Bagheri & Henningson 2010) in capturing the main char-
acteristics of the original system required for closed-loop control, namely the dynamics
between the inputs (given by B1 and B2) and the outputs (given by sensors C1,2,3,4 and
the control objectives E and Cp). The governing equation for the reduced-order model is
similar to (2.3) and is given by

dX̂

dt
= ÂX̂ + B̂1w + B̂2u, m = ĈX̂ (2.4)

where the superscript ·̂ indicates reduced quantities. The energy of the state E is simply
given by ‖X̂‖2 = X̂∗X̂ since the projection basis is orthonormal with respect to the energy
inner product. The use of a reduced-order model decreases the dimension of our system
from O(106) to ∼ 150 degrees of freedom and thus allows the application of standard
direct algorithms for LQG-control design. The choice of POD modes as a projection basis
has essentially been motivated by the requirement of capturing the energy output. A
standard balanced-truncation technique (see Bagheri et al. 2009; Barbagallo et al. 2009;
Ahuja & Rowley 2010) is not able to cope with large-dimensional outputs, unless the
”output projection technique” is used (Rowley 2005); this technique however is beyond
the subject of this study. In appendix A, we show that all transfer functions from w and u
to m1,2,3,4,p and E(t) can be captured with an H2-error of less than 1%. This error is quite
small which should ensure at first glance that a model study of compensated systems with
the ”ROM as a plant” is representative of compensated systems with the ”linearized DNS
as a plant”. This viewpoint is assumed in §3 for the estimation problem and in §4 for the
complete estimation-control problem. The above mentioned error of 1% is nonetheless
appreciable. §5 is then devoted to the question: is this 1% error between the linearized
simulation and the POD model really sufficiently small to insure in all cases that a
model study with a ROM is representative of the large-scale compensated case? One
of the objectives of the present article is precisely to quantitatively assess the influence
of the ROM’s quality on the performance of the compensator. Such questions become
even more pertinent under more realistic conditions (e.g., in experimental realizations)
as errors inevitably corrupt the quality of a ROM. It is essential to understand the
minimum requirements on the quality of the ROM for acceptable or required control
performance; it is equally essential to know how the compensated system will fail, if
these requirements are not met. In addition, should specific inputs and/or outputs be
more accurately captured than others? In what follows we will try to address some of
these points.

3. Estimation and sensor placement

As a first step of the full control design and performance evaluation process, we con-
centrate on the estimator, in particular its performance with respect to the location of
the sensors.

3.1. Presentation of the estimator

In general, the estimator’s task is the approximate reconstruction of the full state vector
using only limited information from the measurement. This approximate state vector
will then be used by the controller to determine a control strategy that accomplishes our
objective. The estimated state Ŷ is assumed to satisfy a set of equations similar to the
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one governing the original system (2.4). We have

dŶ

dt
= ÂŶ + B̂2u(t) − L̂(m − ĈŶ) (3.1)

where the original noise term B̂1w(t) has been replaced by the forcing term −L̂(m− ĈŶ).

The latter term represents the difference between the true measurement signal m(t) = ĈX̂

and the estimated measurement signal ĈŶ and is applied as a forcing term premultiplied
by L̂. This term is to drive the estimated state Ŷ toward the true state X̂. In the forcing
term, the so-called Kalman gain L̂ can be computed from an optimization problem in
which the cost functional is taken as the error between the full and estimated state, i.e.,
Ẑ = X̂ − Ŷ, and is subsequently minimized. The resulting optimality condition yields a
Riccati equation, from which the Kalman gain L̂ follows (see Burl 1999). Commonly, the
energy of the estimation error is formulated in the time domain; it will prove advantageous
in our case, though, to recast the energy in the frequency domain. Using Parseval’s
theorem we obtain for the objective functional

Z̄ =

∫ ∞

−∞

‖Ẑω‖2 dω (3.2)

where Ẑω denotes the Fourier-transform of the error Ẑ. Two sources of noise — both
assumed as white in time — are taken into account in the derivation and solution of
the Riccati equation: a plant noise w(t) of variance W 2 driving the dynamics of the
original system (2.4) and a measurement noise g(t) with variance G2 contaminating the
measurement m(t). The ratio of the two standard deviations, i.e., G/W, can be taken as
a parameter that governs the speed of the estimation process, but can also be interpreted
as the noise-to-signal ratio of the sensor. For example, considering a constant standard
deviation W of the plant noise, the parameter G/W represents a quality measure of the
sensor. Large values of G/W indicate that the measurement noise g(t) is too high to

ensure a correct signal; the corresponding Kalman gain L̂ tends to zero. Consequently,
the forcing term in (3.1) has a negligible effect on the system which, in turn, leads
to a poorly performing estimator. This parameter regime is referred to as the small
gain limit (SGL). Contrary to the small gain limit, for G/W ≪ 1 the corruption of
the measurement signal by noise is low compared to the stochasticity arising from the
system itself; as a consequence, the estimation process becomes highly effective due to
the substantial Kalman gains. This parameter regime, referred to as the large gain limit
(LGL), comprises the most performing estimators for a given configuration.

By construction, the performance of the estimator crucially depends on details related
to the measurement signal, and the type of sensor (in terms of its noise-to-signal ratio)
as well as its location have to be chosen judiciously if overall success of the closed-loop
control effort is to be expected. In what follows, we will consider four sensors Ĉ1,2,3,4 that
are identical in type but placed at four different positions within the recirculation bub-
ble, and assess their capability of efficiently estimating the flow state. Special emphasis
will also be directed toward the quantitative influence of the noise-to-signal ratio G/W
introduced above.

3.2. Performance of the estimator

In this paragraph, we further elaborate on estimating the flow state X̂ governed by (2.4).
The estimation problem is decoupled from the control problem (see Burl 1999). For this
reason, we can set the control law to zero (u(t) = 0) without loss of generality and
continue our study of the estimation problem without actuation. The system is driven
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Figure 4. Performance of the estimator versus frequency using four different sensors and selected

values of the estimation (noise-to-signal) parameter G/W. (a) sensor Ĉ1. Normalized performance
of the estimator, integrated over all frequencies, versus the estimation parameter G/W for four
different sensor locations; (b) measuring shear-stress.

by white noise represented by w(t); but, owing to the linearity of (2.4), the perfor-
mance of the estimator can equivalently be studied by considering harmonic forcings
w(t) = exp(iωt) of a given frequency ω. It is then convenient to reformulate the coupled
plant/estimator system in the frequency domain and state the governing equations for
the harmonic response as

(
X̂ω

Ŷω

)

=

(

iωI − Â 0̂

L̂Ĉ iωI −
(

Â + L̂Ĉ
)

)−1(
B̂1

0̂

)

. (3.3)

where, as before, the subscript ω indicates variables defined in the frequency domain.
The estimation error in frequency space is given as Ẑω = X̂ω − Ŷω.

In figure 4(a) the frequency dependence of the estimation error ‖Ẑω‖2 is displayed for
the shear-stress sensor placed at C1 (see figure 1) and for selected values of the noise-

to-signal parameter G/W. For comparison, the norm of the state vector ‖X̂ω‖2, which
is similar to figure 2(a), is included as a dashed line. In the small gain limit (red lines),
the estimator, as expected, does not succeed in identifying the state, producing an error
as large as the norm of the original state. As the parameter G/W decreases though, the
estimation process improves due to a less contaminated input from the sensors and the
estimation error is reduced — mainly at frequencies where the system reacts strongly to
external excitations. As the parameter G/W approaches the large gain limit (blue lines),
the error curve eventually converges to the lowest possible value. This curve then defines
the best attainable performance for sensor Ĉ1.

This general behavior is observable for each of the four sensors (not shown here). The
final errors in the large gain limit, however, are not identical for all sensors: the best
performance is achieved by sensor Ĉ1. As the location of the sensor is moved further
downstream in the separation bubble (considering successively the sensors Ĉ1, Ĉ2, Ĉ3

and Ĉ4), the frequencies which are naturally amplified by the system are less well pre-

dicted. This suggests that the estimator based on Ĉ1 will be more efficient in accurately
determining the flow state.

An instructive way of assessing the performance of an estimator over all frequencies is
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to directly compute the cost functional Z̄ (see eq. (3.2)) normalized by the energy of the

state. We thus introduce
√

Z̄/Ē0 with Ē0 =
∫∞

−∞
‖X̂ω‖2 dω and X̂ω = (iωI − Â)−1B̂1.

When this quantity is close to 1, the estimation process has failed with a 100% esti-
mation error; the smaller the value, the better-performing the estimator. This quantity
is displayed in figure 4(b) versus the estimation parameter G/W for each of the four

sensors. The red curve represents the estimator performance based on sensor Ĉ1. For
this sensor location and for noise-to-signal ratios above 1, the sensor noise prohibits a
correct estimation resulting in an estimation error of 100%. As the noise-to-signal ra-
tio diminishes further, the performance of the estimator progressively increases until it
reaches the large gain limit for values of G/W less than approximately 10−2. Below this
value of G/W, the estimator performs at its optimum. Similar behavior can be observed

for the remaining sensor locations given by Ĉ2, Ĉ3 and Ĉ4 : the small-gain-limit regime
is clearly detectable at high values of G/W. However, the exact values for which the
estimator reaches the large gain limit becomes less sharply defined as the sensor location
is moved further downstream in the separation bubble. Comparing the performance of
estimators based on different sensors, we conclude, in agreement with figure 4, that the
performance in the large gain limit is best for the sensor Ĉ1 and decreases as the sensor
is moved further downstream. It is surprising though that the estimator based on Ĉ4,
which performs worst in the large gain limit, shows better performance at high values
of the noise-to-signal ratio G/W. For example, if we consider the value G/W = 100, the

estimator based on Ĉ4 displays a relative error of 20% while the estimator based on Ĉ1

still shows an error of 100%. If a constant noise level of the system-generated signal is
assumed (W = const.), this implies that the estimator based on Ĉ4 can cope with higher

levels of measurement noise than the estimator based on Ĉ1. In practice, this means that
less-quality sensors can be used as long as they are placed further downstream; this point
will be discussed further in the next section.

To conclude, the estimation errors are rather small (< 10−1) for all sensors in the large

gain limit. Yet, the estimator based on Ĉ1 is most efficient with a performance measure
of 2 ·10−2, while the estimator based on Ĉ4 only reaches a value of 10−1 in the large gain
limit. At first glance, this difference in performance may seem small and insignificant,
but it will be shown below (section § 4) that it nonetheless has a strong influence on the
efficiency of the compensator. But first, the next section will offer a physical explanation
for the observed loss of estimation performance by analyzing the above results in the
time domain rather than the frequency domain.

3.3. Interpretation in the time domain

Even though a formulation of the estimation problem in the frequency domain is the
proper choice for designing closed-loop control strategies for amplifier flows, it never-
theless remains challenging to attach physical meaning to the frequency-based results;
an interpretation of our findings in the time domain seems more intuitive. The main
result — the estimator’s performance deteriorates as the sensor is gradually moved from
the upstream Ĉ1 to the downstream Ĉ4 position — suggests that the travel time of a
perturbation, before it is detected by the sensor, plays a critical role. To validate this
proposition, we start by rewriting the estimation performance parameter in the time do-
main using Parseval’s theorem. We obtain

∫∞

−∞
‖Ẑω‖2dω = 2π

∫∞

0
‖Ẑ‖2dt, with Ẑ = X̂−Ŷ

and X̂ and Ŷ satisfying the following system of equations in the time domain

d

dt

(
X̂

Ŷ

)

=

(
Â 0̂

−L̂Ĉ Â + L̂Ĉ

)(
X̂

Ŷ

)

,

(
X̂

Ŷ

)

t=0

=

(
B̂1

0̂

)

. (3.4)
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Figure 5. Temporal evolution of the energy of the error vector ‖Ẑ‖2 for four different sensor

locations Ĉ1,2,3,4, and energy of the (uncontrolled) state ‖X̂‖2 (in gray).

The above system determines an impulse response triggered by the noise term B̂1 : the
initial condition X̂t=0 = B̂1 is advected downstream while being amplified along the shear-
layer of the recirculation bubble. The energy ‖X̂‖2 of this perturbation is displayed versus
time by a gray thick line in figure 5. In addition to the time axis, a second axis is displayed
at the top of the figure where the location of the advected wave packet, evaluated by
the energy-weighted x-centroid xc defined as xc(t) =

∫
xk′(x, y, t)dx dy/

∫
k′(x, y, t)dx dy

with k′(x, y, t) = (u′2 + v′2)/2 as the pointwise kinetic-energy at time t, is shown. The

initial condition is associated with the non-zero state energy ‖X̂‖2 = ‖B̂1‖2 at t = 0.
The energy then decreases for 0 < t / 1.5 as the perturbation traverses the stable region
of the flow between the noise location and the separation point. Beyond the separation
point of the shear layer, the wave packet enters the convectively unstable region and its
energy grows until the perturbation reaches the attachment point. At time t ≈ 19 the
energy reaches a maximum; the corresponding energy-weighted x-centroid xc is located
at x ≈ 9.5. The perturbation continues through a convectively stable region and the
state energy decreases accordingly. During this advective process the estimator tries, in
real-time, to reconstruct the actual state from the information provided by one sensor,
and the estimation performance parameter is given by the integral in time of the actual
estimation error Ẑ. In the following analysis, all estimators (Ĉ1 to Ĉ4) will operate at
their respective large gain limit, which ensures the best attainable performance for each
estimator.

In figure 5 the thin solid lines display the energy of the estimation error ‖Ẑ‖2 as a
function of time for all four sensors. The red curve traces the estimation error associated
with sensor Ĉ1. For short times (0 < t / 3), the estimation error energy is comparable
to the state energy, indicating a relative estimation error of 100%. Starting at t ≈ 3, the
error drops abruptly by one order of magnitude before a more gradual decrease sets in for
t ' 6. The estimator becomes effective as soon as the error curve clearly detaches from
the state energy curve (gray thick solid line); the state is hence well estimated beyond

t ≈ 4 using sensor Ĉ1. The estimation error curves (green, blue and black curves) for the
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Figure 6. Measured impulse response at the four sensor locations, Ĉ1,4 (top to bottom) The

blue vertical lines correspond to the times when ‖Ẑ‖2/‖X̂‖2 = 0.9 (see figure 5). The black
vertical lines indicate the times when the energy-based x-centroid of the wave packet xc reaches
the sensor; the dash lines give the times when xc ± σ reaches the sensor, with σ denoting the
standard deviation of the wave packet.

remaining sensors Ĉ2,3,4 display a similar behavior: a relative estimation error of 100%
for early times, followed by a pronounced drop after a critical time and finally a gradual
decay. The abrupt decline in the estimation error energy, however, occurs considerably
later than for sensor Ĉ1, and this delay increases steadily as the sensor location is moved
further downstream. Nevertheless, in all cases the estimation error ultimately decreases,
and the flow state appears to be well-estimated for large times. We thus conclude that
the principal difference between the estimators is the time at which they start to become
effective: sensor Ĉ1, located furthest upstream, yields the earliest accurate estimates of
the state, followed by Ĉ2, Ĉ3 and finally Ĉ4.

More insight is gained by displaying the measurements from the different sensors for the
above impulse-response simulation (see figure 6). For sensor Ĉ1 (top figure) we observe a
quiet phase (0 < t / 4), after which a sinusoidal signal, the footprint of the wave packet
traveling downstream in the shear layer above the sensor, is detected. The measurement
returns to zero for t ' 16. Similar features can be observed for the other three sensors

and in particular for sensor Ĉ4 (lower figure); however, the time of first detection is
delayed and the amplitude of the signal is substantially increased (by nearly forty times

between Ĉ1 and Ĉ4) as we move the sensor location further downstream. The time delay
in detecting the wave packet is closely linked to the overall performance of the four
estimators: early detection yields better results. The detection times in figure 6 (blue
vertical bars) correspond to the critical times in figure 5. After the wave packet has
been captured by the sensor, the estimation proceeds rapidly due to the large Kalman
gains (large gain limit). If noise is generated at B̂1, the Ĉ4-estimator for example is able
to identify the associated response in the region x > 5 but is incapable of detecting
any response in the region −1 < x < 5. The performance of the estimator is thus less
determined by the quality of the reconstructed state — all energy curves in figure 5 tend
to zero — than by its reaction time which translates into a spatial range where state
responses to noise are detectable. It is this distinction that will have a marked impact on
the performance of closed-loop control of amplifier systems (see § 4) and will reveal the
effectiveness of seemingly performing estimators when incorporated into a compensator.

Larger amplitudes are detected at sensors located further downstream which stems
from the amplification of the wave packet due to a convective instability along the shear
layer of the separation bubble; the four sensors Ĉ1,2,3,4 capture the wave packet at various
stages of this instability. This difference in amplitude also explains some features observed
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in figure 4(b). Comparing the curves associated with the different sensors Ĉ1,2,3,4, we
notice that the estimation process becomes effective for different values of the noise-to-
signal ratio G/W. For example, sensor Ĉ1 starts to perform well for G/W < 1.25, while

sensor Ĉ4 only requires G/W < 52, which leads us to conclude that higher-quality sensors
are required when one plans to place them further upstream where signals are generally
weaker.

In summary, two competing mechanisms have been isolated in the estimation process
for amplifier flows: (i) for an effective estimator, the sensor has to be located sufficiently
upstream to allow a rapid identification of the perturbation; (ii) on the other hand, the
noise-to-signal ratio G/W has to be sufficiently small to enable an accurate estimate, thus
favoring or forcing the placement of noisy sensors further downstream where the signal
amplitudes are higher. In short, a balance between speed and accuracy of the estimation
process has to be struck. Whereas the upstream placement of the sensors runs somewhat
counter to the intuitive placement of the sensor near the reattachment-line, it will be
shown that, for our prototypical configuration, the speed of estimation appears more
critical for a successful compensator performance than the capture of highly accurate
measurements.

4. Closed-loop control based on reduced-order model

After our analysis of the estimator and its performance, we now direct our attention to
the complete compensator. After a brief presentation of the controller and its design steps,
we investigate the performance of the compensator built on the four sensors Ĉ1,2,3,4. Two
objective functionals for the controller will be studied: (i) the square of the measurement

based on Ĉp and integrated over time, and (ii) the time-integral of the entire perturbation
energy. Within this section, the plant is modeled by the reduced-order model introduced
in §2.

4.1. Presentation of the controller

We will aim at suppressing perturbations in our fluid system by employing an optimal
control strategy which will be designed to minimize a predefined cost functional. In
mathematical terms, a control law of the form u(t) = K̂X̂ will be assumed where the

control gain K̂ arises from the solution of a Riccati equation (see Burl 1999). Traditionally,
the cost functional is related to a quantity measuring the energy of the state, but also
takes into account the control effort in terms of its expended energy.

In our study, two measures of the state will be considered in the minimization process:
the energy contained in the measurement extracted at location Ĉp (see figure 1) yielding
a cost functional of the form

Jm =

∫ ∞

0

(

X̂∗Ĉ∗
pĈpX̂ + l2u2

)

dt, (4.1)

or the perturbation energy contained in the entire domain leading to a cost functional of
the form

Je =

∫ ∞

0

(

X̂∗X̂ + l2u2
)

dt. (4.2)

The parameter l appears in either choice and is referred to as the cost of control, as it
quantifies the user-specified weighting of the control energy compared to the quantity to
be minimized. Similar to the estimator, a small-gain-limit (resp. large-gain-limit) param-
eter regime exists where the controller exerts nearly no action (resp. maximum action)



Closed-loop control of unsteadiness over a rounded backward-facing step 15

 

 

10
−4

10
−2

10
0

10
−5

10
0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

G/W

l

 

 

10
−4

10
−2

10
0

10
−5

10
0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

G/W

l

 

 

10
−4

10
−2

10
0

10
−5

10
0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

G/W

l

 

 

10
−4

10
−2

10
0

10
−5

10
0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

G/W

l

(a) (b)

(c) (d)

•
case1

•
case2•

case3

•
case4

•
case1

•
case2•

case3

•
case4

•
case1

•
case2•

case3

•
case4

•
case1

•
case2•

case3

•
case4

Figure 7. Contours of the performance measures Pm and Pe as a function of noise-to-signal

ratio G/W and control cost parameter l. (a):Pm|cf :m using estimation sensor Ĉ1. (b):Pm|cf :m

using Ĉ4. (c):Pe|cf :m using Ĉ1. (d):Pe|cf :e using Ĉ1.

on the flow. Invoking the separation principle (see Burl 1999), the controller design can
be carried out independent of the estimator design.

The performance assessment of the compensator will follow the frequency-based frame-
work for amplifier flows outlined in §2 and §3. Considering the state-space system (2.4)
driven by a harmonic excitation w(t) = exp(iωt) the response of the compensated system
reads

(
X̂ω

Ŷω

)

=

(

iωI − Â −B̂2K̂

L̂Ĉ iωI −
(

Â + B̂2K̂ + L̂Ĉ
)

)−1(
B̂1

0̂

)

. (4.3)

The above equation will form the basis for our performance analysis of the compensated
system, where we will focus on the influence of controllers designed with Jm or Je as well
as on the impact of the control cost l and the noise-to-signal ratio G/W.

4.2. Performance of the compensator using a cost functional based on the measurement

We start by considering a compensator whose controller has been designed using the cost
functional Jm, i.e., the state is measured by the energy output of the sensor Ĉp and the

resulting controller aims at minimizing the energy of the measurement mp = ĈpX̂.

4.2.1. Effect on the perturbation measure mp

Figures 7(a) and (b) show the performance of the compensator designed to minimize

the measurement where each subplot displays results using respectively sensor Ĉ1 and
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Ĉ4 for the estimator. Results related to sensors Ĉ2 and Ĉ3 display intermediate results
and are not shown here. The measurement-based performance Pm of the compensator is
defined as

Pm =

[∫ +∞

−∞
|ĈpX̂ω|2dω

m̄2
0

]1/2

(4.4)

where X̂ω is given by (4.3) and m̄2
0 is the measurement energy related to the uncontrolled

case. Each plot shows iso-contours of Pm in the (G/W, l)-plane. Contours with hot colors
(red) indicate parameter combinations where the control has been ineffective in reducing
the measurement energy; contours with cold colors (blue) point to values of (G/W, l)
where the perturbation measure has been reduced successfully. The convergence of the
performance Pm towards one (ineffective closed-loop control) is common to all sensor
configurations as either the control cost l or the noise-to-signal ratio G/W exceeds a
critical value. This parameter regime corresponds to small-gain-limit situations where
either the control gain K̂ or the Kalman gain L̂ approach zero. For small noise-to-signal
ratios G/W and small control parameters l (inexpensive control), the estimator provides
an accurate approximation of the state which is subsequently multiplied by a non-zero
control gain to obtain a positive action on the perturbation. As a result, the performance
measure Pm is rather small in this parameter regime since both the estimator and the
controller reach their large gain limit and behave at their best. The compensator based on
sensor Ĉ1 is, by a considerable margin, the most efficient with a performance parameter
Pm equal to 0.026 in the large gain limit; this means that only 2.6% of the uncontrolled
measurement energy remains after control is applied. As the sensor location for the
estimator is moved further downstream though, the performance parameter Pm rises
substantially in the large-gain region: 17%, 36% or 71% of the uncontrolled measurement
energy could not be removed by the compensator using sensors Ĉ2, Ĉ3 or Ĉ4, respectively.
This exercise clearly demonstrates that an actuator placed near the edge of the step
requires a sensor located in its vicinity, if satisfactory performance of the compensator is
to be expected; alternatively, a sensor further downstream (e.g., Ĉ4) requires an actuator
in its upstream neighborhood, but this layout will produce larger control gains and
ultimately less performance compared to the upstream configuration (e.g. Ĉ1). In what

follows, we will concentrate on sensor Ĉ1 and further probe its performance behavior and
limitations.

More physical insight into the compensated system can be gained by computing the
transfer function between the noise w and the performance measurement mp. Four cases,
labeled accordingly in figure 7(a), are analyzed in detail: case 1 is representative of an
ineffective compensator in the small gain limit, both cases 2 and 3 characterize a system
with average performance while case 4 corresponds to a compensator operating in the
large gain limit. The governing parameters, i.e., the noise-to-signal ratio and control cost,
for theses cases are summarized in table 1 (second and third column) together with values
of various performance measures.

In figure 8(a) the magnitude of the transfer function from w(t) to mp(t) for each of the
four cases is displayed, and results pertaining to the uncontrolled system are overlaid in
black symbols. As expected, the compensator operating in the small gain limit (case 1,
shown in red) does not act on the flow and the transfer function is identical to the uncon-
trolled one. By progressively reducing the noise-to-signal ratio and the control parameter
(light blue and dark blue curve), the most amplified frequencies are considerably reduced
and the compensator becomes effective over a wider range of frequencies, even though
frequencies above ω ≈ 1.5 are slightly more amplified compared to the uncontrolled case.
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Case l G/W Pm|cf :m Pe|cf :m Pm|cf :e Pe|cf :e

1 103 101 1.000 1.000 1.000 1.000
2 101 10−1 0.566 0.574 0.784 0.707
3 100 10−2 0.135 0.254 0.292 0.157
4 10−3 10−4 0.026 1.084 0.037 0.005

Table 1. Performance measures based on measurement energy (subscript m) or global pertur-
bation energy (subscript e). The compensator has been designed using on a cost functional based
on measurement energy (subscript cf :m) or on global perturbation energy (subscript cf :e). Four
selected cases, ranging from the small gain limit to the large gain limit, are presented.
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Figure 8. (a) Magnitude of the transfer function |mpw| for four different (G/W, l)-parameter
settings, as well as the uncontrolled case. (b) Transfer function between noise and global energy
for the same four parameter settings.

This tendency continues until the large gain limit (in green) is reached: the low frequen-
cies (ω < 2) which would be naturally amplified by the uncontrolled system have been
successfully suppressed, which explains the very good performance of the compensator
with Pm = 0.026 (see table 1, fourth column).

The results above confirm the successful manipulation of the inherent amplification
behavior (see figure 2(a)) of the uncontrolled flow: the pronounced response to low fre-
quencies has been strongly reduced by the compensator.

4.2.2. Response in the frequency domain: effect on the perturbation energy

Even though the controller is designed based on the measurement mp only, the per-
formance of the compensator can also be evaluated by the reduction of the perturbation
energy in the entire domain. This is possible in the present case since our reduced-order
model is based on POD modes, and therefore accurately captures the energy of the origi-
nal system. This point has particular implications for experimental control setups where
reduced-order models are typically obtained by identification techniques based on input
and output data. By construction, such models cannot express or capture state infor-
mation, and the question arises whether targeting the measurement energy in the cost
functional produces commensurate reductions in the entire perturbation energy. While
the control gain is still based on the measurement-based cost functional Jm, we therefore
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evaluate the global energy performance measure

Pe =

∫ +∞

−∞
‖X̂ω‖2dω

Ē0

(4.5)

with X̂ω from (4.3) and Ē0 as the energy based on the uncontrolled system. The ratio
Pe of the perturbation energy for the compensated case to the perturbation energy for
the uncontrolled case is depicted in the (G/W, l)-plane in figure 7(c). This plot shows
similar characteristics than figure 7(a) but also displays important differences. For large
values of G/W and l (the small gain limit for estimator and controller) the control
action is negligible and no reduction in the perturbation energy is achieved (Pe = 1).
For moderate estimation and control-cost parameters, the performance parameter Pe

decreases, and it appears that a reduction in measurement energy (measured by Pm)
brings about a proportional reduction in the overall perturbation energy. However, as
the large gain limit is approached (case 4), the value of Pe increases again, even above
one, indicating that the perturbation energy of the controlled case exceeds the energy
of the uncontrolled case. The measurement energy, however, is efficiently reduced, as by
design.

As before, the transfer function between the noise and the energy in the domain ‖X̂ω‖2

provides more details of the observed behavior (see figure 8(b)). Case 1 (in red) represents
the small gain limit, and the transfer function coincides with the one for the uncontrolled
flow since no control action is exerted on the flow. As G/W and l are reduced (light blue
curve), the dominant, inherently amplified frequencies around ω = 1 are reduced by the
compensator but higher frequencies appear near ω = 1.8. Nonetheless, the energy in the
entire domain diminishes (Pe = 0.458), see values in table 1 (fifth column). This trend
continues as the governing parameters are further decreased (dark blue curve). Finally, in
the large gain limit (green curve), the dominant frequencies of the uncontrolled system
(ω ≈ 1) have been reduced by four decades, while the energy in higher frequencies
(ω > 2) has been amplified by four orders of magnitude. This amplification outweighs
the control effort on the lower frequencies, thereby leading to an increase in the overall
energy of the system (Pe = 1.085) and a failure of the compensator when measured in
the global energy norm. The reason for this behavior may stem from the location of
the spatial supports of the optimal responses at high frequencies. As mentioned in §2.2,
this support is upstream of sensor mp for ω > 2. Hence, mp is not able to detect the
naturally amplified perturbations (the optimal responses) in this frequency range. This
may explain the failure of the compensator to stabilize the energy in high frequencies,
since the objective functional of the compensator is precisely the measurement energy
based on mp.

4.3. Performance of the compensator using a cost functional based on the energy

We conclude by basing the controller design on the cost functional Je and by directly
targeting the perturbation energy in the entire domain. In figure 7(d), we show in the
(G/W, l) plane, the performance parameter Pe. We observe that in the large-gain limit
(small values of G/W and l), the compensator now efficiently reduces the perturbation
energy Pe = 0.005. From table 1 (column 6), we also note that the perturbation mea-
surement is significantly reduced, i.e., Pm = 0.037.

5. Closed-loop control using linearized Navier-Stokes simulations

In the last section, we have studied the performance of the designed compensator with
the reduced-order-model ROM150 as the plant. We will now assess the performance of
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this compensator in the case of the large-scale linearized direct numerical simulation
(LDNS), i.e., the full, unreduced model for flow over a rounded backward-facing step,
as the plant. In many flow control studies, this represents the essential performance test
of the compensator. As the reduced order model reproduces all input-output dynamics
from the LDNS with an error less than 1%, we expect that the results of the model
study presented in §3 and §4 remain valid in the case of the compensated LDNS. We will
see that this is indeed true in the case of small and medium gains (§5.1). As a result,
the compensated LDNS exactly reproduces the behavior of the compensated ROM. In
the medium gain case 3, we will in particular assess the cost related to the present
control strategy with an energy-based analysis (§5.2). In the case of larger gains (§5.3),
we will show that the residual 1% error between the transfer functions of the LDNS
and the ROM may render the compensated LDNS unstable. A sensitivity study, based
on minimizing the stability margin of the compensated system, will be conducted to
quantify and understand this phenomenon.

The instability problem discussed above is in fact a generic problem which may be
encountered as soon as model reduction techniques are combined with optimal control
tools. Compensators based on accurate reduced-order models are expected to perform
well when employed directly on the high-dimensional plant. If discrepancies between the
full and reduced-order transfer function prevail, however, a satisfactory performance of
the compensator is no longer guaranteed, nor can any bounds on the decline in perfor-
mance be given. In any model reduction effort, approximation errors are present and can
potentially degrade or ruin the compensator’s efficacy. One of the objectives of this sec-
tion is an assessment of the compensator’s sensitivity to deviations of the reduced-order
input-output behavior from the one of the full system.

5.1. Analysis of case 3 (l = 100 and G/W = 10−2)

We first consider the medium gain case 3 (l = 100 and G/W = 10−2) and use the cost-
functional Je as our objective for the controller. We choose again the best-performing
estimator based on sensor C1. The plant is given by the discretized system of equa-
tions (2.3); a second-order scheme is used for the time integration. A white-Gaussian
noise is fed into w(t), and a statistically steady state is obtained after some time. The
performance measures Pm and Pe defined in (4.4) and (4.5) may be evaluated in the simu-
lations by time-averaging |CpX|2 and X∗QX, respectively. The results should be compara-
ble to those of the ROM-study (§4) since the simulation has been given a white-Gaussian
noise in time, which statistically feeds all frequencies by an equal amount.

Figure 9(a) juxtaposes the temporal evolution of energy for the uncontrolled simulation
(in red) and the evolution of energy for the compensated simulation (in black), where the
same excitation sequence w(t) has been used to ensure a fair comparison. Starting from
a zero initial state, a transient phase is observed that quickly evolves into a statistically
stationary state. The time for a particle to be convected from the actuator location B2 to
the reattachment point (sensor Cp) is approximately 20 time units. The total simulation
time T = 1800 is almost 100 times larger, thus ensuring adequate convergence of the
statistical properties of the flow. At t = 200 the compensator is switched on (black
curve). The energy rapidly decreases to levels nearly one decade smaller than in the
uncontrolled simulation. For completeness, the measurement signal mp(t) is displayed
in figure 9(b) for the uncontrolled (red) and compensated (black) simulation. Again, a
distinct reduction in variance of the signal can be observed.

The third column of table 2 contains the performance measures Pe and Pm corre-
sponding to the above simulation. The values are nearly identical to the ones obtained
for the reduced-order model (the numbers from table 1 have been reproduced in the sec-
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Figure 9. Temporal evolution of the energy based on a LDNS continuously forced by random
noise. The compensator has been designed under linear assumptions (case 3). (a) Perturbation
energy for the uncontrolled (red) and controlled (black) case, (b) measurement energy for the
uncontrolled (red) and controlled (black) case.

ROM LDNS DNS DNS DNS
(W = 1) (W = 0.1) (W = 1) (W =

√
10)

Pe 0.157 0.17 0.17 0.41 0.63
Pm 0.292 0.30 0.31 0.64 0.84

k′
max/U2

∞ (%) 0.42 0.0042 0.31 1.96
k′

max

∣
∣
c
/U2

∞ (%) 0.07 0.0007 0.12 1.34

k′
max

∣
∣
c
/k′

max 0.16 0.16 0.37 0.69

Table 2. Performance evaluation of linear and nonlinear simulations. Column 2: based on the
reduced-order model (§4), column 3: based on LDNS with random noise (§5), columns 4, 5, 6:

based on DNS with random noise with W = 0.1, W = 1 and W =
√

10 (§6).

ond column). It is evident that the overall perturbation energy Pe and the perturbation
measurement energy Pm have been reduced by a factor of 0.17 and 0.30, respectively.
These results underline the validity of the overall procedure followed within this article.

Finally, figure 10 displays contours of the pointwise perturbation mean-kinetic-energy
(normalized by the variance of the input noise) k′/W 2 for the uncontrolled (a) and
controlled (b) simulations. The pointwise kinetic energy of the perturbation is taken as
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Figure 10. Pointwise mean perturbation kinetic energy k′/W 2 of simulations with random
forcing. (a) Uncontrolled LDNS; (b) compensated LDNS (case 3).

k′(x, y, t) = (u′2 + v′2)/2, and (·) designates the time average. The perturbation energy
increases along the shear-layer due to a convective instability; its maximum is reached
near x = 10. This pointwise mean-kinetic-energy distribution for the uncontrolled case
is closely related to the optimal response given in figure 2(c). The mean-kinetic-energy
contours for the controlled simulation deviate significantly, as the effectiveness of the
compensator is clearly demonstrated by the greatly reduced energy levels in the shear-
layer region. Table 2 (column 3) shows that the maximum (over space) perturbation
mean kinetic energy is lowered by a factor of 1/0.16 ≈ 6. Figure 10 is of interest to
experimental studies of flow control as it provides a direct comparison of local turbulence
levels throughout the recirculation bubble for the uncontrolled and controlled case.

5.2. Analysis of control cost

We will next assess the characteristics of the control cost. We first note that the penal-
ization term u2, appearing in the objective functionals Jm and Je introduced in §4, is
not representative of the true energy spent by the user for control. We therefore resort to
an analysis of the energy budget: evaluate the user-supplied power to the system associ-
ated with u(t) and compare it to a physical quantity that describes the realized gain by
controlling the flow. To this end, we recall the linearized Navier-Stokes equations (2.3)
in continuous form

∂tv
′ +V ·∇v′ +v′ ·∇V = −∇p′ +Re−1

∇
2v′ +w(t)b1 +u(t)b2, ∇ ·v′ = 0 (5.1)

where v′ is the perturbation velocity and V the base flow. Taking the inner product of
this equation with v′, averaging over time (·) and integrating in space over a domain Ω
(which includes the spatial support of b2, but excludes the one of b1) yields the following
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equation:

∫

∂Ω

(
k′V · n + p′v′ · n − 2Re−1D′ · v′ · n

)
ds =

∫∫

Ω

(

u(t)b2 · v′−R′ : D − 2Re−1D′ : D′
)

dΩ.

(5.2)
where : denotes the contraction operator or Frobenius inner product, defined as A : B =
∑

ij AijBij = trace(A∗B). This equation governs the flux of the mean kinetic perturbation

energy k′ across the boundary ∂Ω, given by
∫

∂Ω
k′V · n ds. It is written in conservative

form, and various volume source terms appear on the right-hand-side of the equation
which contribute to this flux. The mean external power u(t)b2 · v′ represents the mean
power supplied by the user during the control effort. The production term −R′ : D
involves the Reynolds stress tensor R′ and the strain rate tensor Dof the base flow. In
the case of an amplifier flow, this term will supply the main power (drawn from the base
flow V) which in turn will trigger high values of the mean fluctuating kinetic energy
flux. Even though this term may be positive or negative, in the case of an amplifier flow
it should be predominantly amd strongly positive. The dissipation term 2Re−1D′ : D′

contains the strain rate tensor D′ of the perturbations and accounts for the mean power
lost due to viscous stresses. Lastly, the power supplied to the system does not only enter
the mean fluctuating kinetic energy flux, there are two other terms: the mean velocity-
pressure correlation

∫

∂Ω
p′v′ ·n ds and the viscous diffusion term

∫

∂Ω
−2Re−1D′ · v′ ·n ds.

We have evaluated the various integrals appearing in (5.2) for the case described in
§5.1. For Ω we chose the domain −0.1 6 x 6 11.3. The left boundary at x = −0.1 is
downstream of b1, but upstream of b2, such that the domain Ω comprises the actuator b2

and extends downstream beyond the reattachment point. The line integrals along the wall
and in the far-field yield zero contributions, and we are thus only left with contributions
from the line integrals at x = −0.1 and x = 11.3. In table 3, the numerical values
of the non-zero line integrals at x = −0.1 and x = 11.3 as well as the various source
terms in −0.1 6 x 6 11.3 are listed for the uncontrolled and controlled simulations.
For the uncontrolled case we identify the kinetic energy flux at the boundaries as the
dominant term among the line integrals, with a pronounced increase between the inlet
(x = −0.1) and the outlet (x = 11.3). This feature is linked to the convective Kelvin-
Helmholtz instability which gives rise to strong disturbance growth along the shear layer
of the separation bubble. Closer inspection of the source terms shows that this growth
in kinetic energy flux is mainly due to the production term which is more than twice the
dissipation term in magnitude (while the power term is zero due to the absent control
input). The production term is the ”engine” of the instability, located along the shear
layer of the separation bubble (see figure 11). Clearly, any effective control effort should
target this term in order to reduce the amount of unsteadiness in the flow. For the
controlled simulation, similar features can be observed; yet the increase in kinetic energy
flux between the boundaries of the domain Ω is significantly smaller (by a factor of 10,
as shown in column 5 of table 3). The source terms (columns 8,9,10) show that the
production and dissipation terms have decreased accordingly, while the user-supplied
power term from the control effort remains negligible in the process. For a minute cost
of control (for our case, a value of 0.004) we have attained a substantial reduction of
kinetic energy flux between the uncontrolled and controlled simulation (in our case,
1.50 − 0.16 = 1.34) — indeed a highly efficient effort. Of course, this efficiency is due to
the fact that we control an instability, i.e., the strong convective instability as the source
of unsteadiness is taken advantage of to actively suppress it.
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Control At x = −0.1 At x = 11.3 Sources in −0.1 6 x 6 11.3
k′V p′v′ Visc. k′V p′v′ Visc. Power Prod. Dissip.

OFF −0.0058 −0.00082 −0.000025 1.5 0.69 0.0017 0 3.8 −1.7
ON −0.0058 −0.00079 −0.000025 0.16 0.068 0.0023 0.004 0.56 −0.34

Table 3. Evaluation of the control cost in the linearized simulations. All values are to be
multiplied by 10−3. The compensator has been designed for l = 100, G/W = 10−2 (case 3).
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Figure 11. Iso-contours of the production term (−R′ : D)/W 2 for the uncontrolled linear
DNS.
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Figure 12. Instabilities in the compensated linearized numerical simulation. The red squares
(resp. black squares) represent unstable (resp. stable) results. The circles refer to the ”medium
gain” and ”large gain” cases studied in depth in §5.3.1 and 5.3.2.

5.3. Behavior of compensated systems for larger gains

This section is devoted to a performance evaluation of the compensator for the case of
larger gains. Simulations with the randomly forced, linearized Navier-Stokes equations for
a range of control costs l and noise-to-signal ratios G/W have shown that strong instabil-
ities can arise in the compensated system. Figure 12 reports stable (black symbols) and
unstable (red symbols) parameter combinations. For sufficiently large l or G/W (black
symbols), the response behavior of the linearized simulation is close to the response of
model ROM150 (as observed in the medium-gains case in §5.1). The linearized DNS then
reaches the same performance measures as the ones displayed in figure 7(d). Cases 1, 2
and 3, studied in §3 and §4, belong to this category as well, with equivalent performances
of the linearized DNS. On the other hand, we also encountered cases in which the lin-
earized direct numerical simulation exhibited instabilities as a compensator was applied
(indicated by red symbols in figure 12). These cases concentrate at the large gain limit
in the (G/W, l)-plane; case 4, studied in §3 and §4, falls into this category.



24 A. Barbagallo, G. Dergham, D. Sipp, P.J. Schmid and J.-C. Robinet

5.3.1. Presentation of sensitivity analysis

A discrepancy between the model of the plant on which a compensator is based and the
model of the plant the compensator is intended to ultimately control can cause a decline
in compensator performance or, in more severe cases, an instability in the compensated
system. The dynamics of the compensated system is given by

d

dt

(
X

Ŷ

)

=

(
A B2K̂

−L̂C Â + B̂2K̂ + L̂Ĉ

)(
X

Ŷ

)

+

(
B1

0̂

)

w(t) (5.3)

where the superscript ·̂ refers to matrices of the ROM150-system while matrices without the
superscript are associated with the ”true” plant model. We will attempt to understand
the rise and origin of instabilities in such systems (shown in figure 12). In this effort, the
matrix

M =

(
A B2K̂

−L̂C Â + B̂2 + L̂Ĉ

)

. (5.4)

is of critical importance, since an eigenvalue of M in the unstable half-plane is evidence
of an instability in the compensated system. Considering components of the “true” plant
model, the matrix M only depends on A, B2 and C, which describe the input-output
dynamics between u(t) and m1(t); it does, however, not depend on B1 and Q (note that

the gains K̂ and L̂ implicitly depend on B1 and Q through the Riccati equations, but this
dependency has not been accounted for in the present analysis and the gains have been
set to constants). This is to say that the input-output dynamics between w(t) and m1(t),
between w(t) and E(t) and between u(t) and E(t) have no influence on the stability of
the compensated-system matrix M. Hence, we will focus on the dynamic link between
u(t) and m1(t) and introduce an error measure that describes the disparity between the
transfer function of the original plant model and of the ROM150 model. We have

err =

[∫∞

−∞
|m1ω − m̂1ω|2dω
∫∞

−∞
|m̂1ω|2dω

]1/2

(5.5)

with m̂1ω = Ĉ(iωI − Â)−1B̂2 and m1ω = C(iωI − A)−1B2.
We will then determine the minimal distance to instability of M by adjusting the

components A, B2 and C of the plant model (taken as matrices of size 150× 150, 150× 1
and 1 × 150, respectively) while maintaining a given error err between the respective
transfer functions. We proceed in the following manner. We first note that a marginal
eigenvalue s = iω of the matrix M is equivalent to the largest singular value λω of the
resolvent matrix tending to infinity. The resolvent matrix corresponds to the matrix
R−1 with R = iωI − M. Formulating an optimization problem, we will try to maximize,
for a given frequency ω, the functional λ2

ω(A,B2,C) as a function of A, B2 and C. The
optimum will be sought under the constraint that the transfer function error err(A,B2,C)
maintains a prescribed error ǫ. The gradients with respect to A,B2 and C of the above
objective functional as well as the constraint condition are given in appendix B. The
constrained optimization problem is transformed into an unconstrained problem via a
penalization technique, and a Polak-Ribière conjugate-gradient method coupled to a line-
search algorithm is used to determine the optimum.

5.3.2. Results

Two cases will be analysed in the following (see circles in figure 12): a stable case l =
100, G/W = 10−2 (referred to as the medium-gain case in the following) and an unstable
case l = 10−1, G/W = 10−2 (the large-gain case in the following). Figures 13(a,b) present
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Figure 13. Results of the sensitivity analysis, visualized by the largest singular value of the
resolvent matrix in the (ω, err)-plane. (a): Medium-gain case (l = 100, G/W = 10−2, case 3).
(b): Large-gain case (l = 10−1, G/W = 10−2). The symbols are colored according to the value
of λω.

symbols colored according to the value of λω (based on the exponential color map) in a
(ω, err)-plane. Hot colors (red) indicate that the optimization algorithm found marginally
unstable compensated systems with an eigenvalue of M in the close vicinity of s = iω
and, equivalently, the largest singular values λω of R−1 above 104. Cold colors (blue)
signify that the resolvent matrix has a largest singular value λω below 102 on the neutral
line, indicating that M has no eigenvalue in the close neighborhood of s = iω. We observe
that the transition from unstable to stable parameter combinations is rather sharp, which
allows the definition of a clear unstable region. In the medium-gain case (figure 13(a))
the unstable area starts at a transfer function error err ≈ 0.00375 with a frequency near
ω = 3.3. For increasing values of err, the unstable frequency band grows: for err =
0.0075, instabilities in the compensated system occur for frequencies within the range
2.6 6 ω 6 4.1. For the large-gain case (figure 13(b)), similar features are observed,
except that the compensated systems become unstable for considerably smaller errors:
as the error exceeds err ≈ 0.001, frequencies within the range 3.2 6 ω 6 3.8 may render
the compensated system unstable. For even larger errors err, the unstable frequency
band extends to even higher frequencies: for err = 0.005, the entire frequency band
2.6 6 ω 6 6.8 displays instabilities.

These results support the observations summarized in figure 12. For larger gains, the er-
ror err between the plant and the reduced-order model has to be sufficiently small before
stability of the compensated system can be ensured. In the present study, the reduced-
order-model ROM150 apparently exhibits an error that is acceptable for the medium-gain
case (case 3) but too high for the large-gain case. Moreover, the frequency range which
is responsible for these instabilities covers the interval 2.6 6 ω 6 6. For the design of
the reduced-order model, it is thus not sufficient to capture only the energetic, lower
frequencies around ω ≈ 0.8; rather, it is essential to also account for higher frequencies,
despite their low energy content.

Figure 14 shows a typical example from our sensitivity analysis where the compensated
system becomes unstable for a particularly small error err of the transfer function. For the
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Figure 14. Example from the sensitivity analysis. (a,b): Spectra of plant A and compensated

system M for the medium-gain case. The circles indicate the plant based on (Â, B̂2, Ĉ) while
the red squares indicate the plant governed by the optimal (A, B2, C) found by the optimiza-
tion algorithm. (c): Modulus of the transfer functions m̂1ω(ω) and m1ω(ω) for medium-gain
case (l = 100, G/W = 10−2, err = 0.00375, ωopt = 3.3) and the large-gain case (l = 10−1,
G/W = 10−2, err = 0.00125, ωopt = 3.3).

medium-gain case, the optimization process, performed for ωopt = 3.3 and err = 0.00375,
yields a nearly unmodified spectrum for A (figure 14(a)) but strong modifications of the
compensated spectrum for M (figure 14(b)). In both figures, the circles represent the

spectrum of the plant based on (Â, B̂2, Ĉ) while the red squares pertain to a plant governed
by the optimal (A,B2,C) determined by the optimization algorithm. The compensated
system clearly displays a marginal eigenvalue at the optimization frequency ωopt = 3.3
(see figure 14(b)) which is in accordance with the high value of λω = 7.5 · 104 found
for the singular value of R−1. Further insight can be gained from a comparison of the
transfer functions m̂1ω(ω) and m1ω(ω); the modulus of the respective transfer functions is
depicted in figure 14(c). It is evident that the response behavior u → m1 for the optimized
plant (red line) exhibitis a small error near the optimization frequency ωopt = 3.3. For
comparison the transfer function modulus for the large-gain case, obtained for ωopt = 3.3
and err = 0.00125, is also displayed (in green). The large-gain transfer function is even
closer to the original transfer function (black curve) but, nonetheless, displays a very
high value for the largest singular value of R−1, namely, λω = 2 · 104. This latter finding
corroborates, for the large-gain case, the high sensitivity of the compensated system to
minute variations in the transfer function u → m1 in the frequency band ω ≈ 2.6 − 6.
The sensitivity is less pronounced for the medium-gain case.
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Figure 15. Temporal evolution of the mean perturbation energy based on a DNS continuously
forced by finite-amplitude noise W =

√
10. The compensator has been designed under linear

assumptions (case 3). The linear case has been added by dashed lines and scaled to the initial
energy of the nonlinear simulations.

6. Nonlinear effects

The controller has been designed in the case of perturbations governed by linear dy-
namics. With non-linear governing equations, this situation is recovered if the amplitude
of the perturbations is very small in the whole domain. This may be achieved with
Navier-Stokes equations with an upstream very small noise amplitude W ≪ 1. We have
seen in the last section that small-amplitude noise may be suppressed by the linearly-
designer controller. In the present section, we will gradually increase the amplitude of
the incoming perturbations and the amplitude W ; nonlinear effects will progressively be
introduced and their impact on the overall performance of the linear compensator under
off-design conditions can be studied. A similar test has been conducted by Ilak (2009)
for impulsive initial conditions.

We have tested three different amplitudes: W = 0.1 (see movie in the online version of
the paper), W = 1 and W =

√
10. The performance measures Pe and Pm corresponding

to the three cases are reported in table 2 (columns 4, 5 and 6). The simulations have been
run up to t = 1800, as in the linear simulation of §5. The random noise sequence from
the linear case has been used, which allows a direct comparison with the linear results
(reported in column 3). In table 2, the maximum pointwise mean-kinetic-energy of the
uncontrolled and controlled (indicated by |c) simulations are listed together with their
ratio. For a small noise amplitude W = 0.1 the evolution of the uncontrolled perturbation
is quasi-linear, and the performance of the compensator is nearly the same as in the linear
case (compare columns 3 and 4 of table 2). The performance measures Pe and Pm however
gradually deteriorate as the noise amplitude W increases (compare columns 4, 5 and 6
of table 2).

In figure 15, the temporal evolution of the mean-perturbation-energy is displayed for
the large amplitude case W =

√
10; the uncontrolled simulation is shown in red, the com-

pensated one in black. The oscillations of the energy curves for the nonlinear case (solid
curve) are less pronounced than in the linear case (dashed line). The same observation
can be made for the compensated simulation. It is seen that the mean energy level of the
perturbation is reduced by the linear compensator, but a noticeable loss in performance
is apparent.

As before, the pointwise perturbation mean-kinetic-energy k′/W 2 gives further insight
into the temporal evolution of the energy as the disturbances advect along the shear
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Figure 16. Pointwise perturbation mean-kinetic-energy k′/W 2 of simulations with random

forcing for W =
√

10. (a) Uncontrolled DNS. (b) Compensated DNS (case 3).

layer. In figure 16(a) and (b) the pointwise perturbation mean-kinetic-energy from the
nonlinear simulation with random noise is displayed for the case with W =

√
10. The

color map has been adjusted to permit direct comparison with the equivalent linear results
given in figure 10; significant differences to the linear case can be observed. Figure 16(a),
illustrating the uncontrolled case, displays saturation effects caused by nonlinearities;
the overall shape of the maximum energy contours are, however, similar to the linear
case — concentrating on the dynamics in the shear layer and the reattachment area.
For the compensated case (figure 16(b)) the energy is maximal in the shear-layer but is,
again, lower than in the uncontrolled case; in contrast, the energy is higher than in the
linear case for x > 10, indicating the appearance of nonlinear structures which are more
difficult to control. We notice that the energy could be less attenuated by control efforts
than in the linear case: in table 2 (column 6), a maximum perturbation mean-kinetic-
energy of 1.96% is observed in the uncontrolled simulation which reduces to 1.34% as the
compensator is switched on. The perturbation mean-kinetic-energy is thus diminished
by a modest factor of 1/0.69 ≈ 1.5 (compared to a factor of 1/0.17 ≈ 6 for the small
amplitude simulation with W = 0.1, see column 4). As stronger nonlinearities set in, the
linear-based compensator becomes ever less effective.

7. Summary and conclusions

Two-dimensional incompressible flow over a rounded backward-facing step, a canon-
ical configuration showing noise-amplifying behavior, has been controlled by feedback
control strategies. Specifically, the LQG-framework has been employed in conjunction
with POD-based reduced-order models for the plant. Similar techniques have previously
been studied (see Ilak & Rowley 2008; Bagheri & Henningson 2010), but with the main
emphasis on model reduction aspects. Important issues related to the practical imple-
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mentation of feedback control laws for amplifier flows have been left unaddressed, which
motivated this present investigation.

The analysis of the feedback control setup first concentrated on the estimation pro-
cess. A placement of sensors throughout the convectively unstable region of the flow
revealed a distinct advantage of measurement input from the most upstream sensor. It
further showed that the speed of estimation is more important than the accuracy of the
estimation, while keeping in mind that upstream sensor measurements are more easily
corrupted by noise since the signal has not yet been amplified and filtered by the flow.
Low-quality sensors should be placed further downstream where the amplitude of the
detected signal prevails over the added inherent measurement noise; the resulting delay
in estimation, however, will ultimately cause a loss in compensator performance. The
noise-to-signal ratio of the sensor thus plays an important role and has been linked to
the estimation parameter for the computation of the Kalman gain.

Continuing with the best (most upstream) sensor, the performance of the compensated
system has been studied under the idealistic assumptions that the reduced-order model
accurately mimics the plant. The noise-to-signal ratio (or estimation parameter) G/W
and the cost-of-control parameter l have been varied to cover a range of control scenarios
from the small gain limit (SGL), where the compensator is ineffective, to the large gain
limit (LGL), where the compensator operates at its maximal performance. An excess in
the total energy can be observed when the measurement energy is the control objective;
this phenomenon may be traced back to the blindness of sensor mp to high frequency (ω >
2) optimal responses. This shortcoming can be overcome by basing the cost functional
for the controller design on the total energy (Je).

A compensator designed with Je has then been applied to the full, linearized Navier-
Stokes equations driven by continuous stochastic forcing. In the case of medium gains,
the compensated system reacted as predicted by the ROM-based model study, and a
substantial reduction in perturbation energy could be accomplished. A detailed, term-
by-term analysis of contributions to the energy budget showed that the control action was
extremely efficient: a very weak user-supplied actuation power generated a substantial
(order one) gain in the kinetic energy flux near the reattachment location. For com-
pensators designed with larger gains, instabilities in the compensated linearized Navier-
Stokes equations arose: even if the compensator is stable for the model it was designed
for, its stability can no longer be implied or assured when applied to a slightly differ-
ent plant. This loss of stability has been formalized and corroborated by a sensitivity
analysis that quantitatively determined the stability margins and established that the
POD model was particularly sensitive to high frequencies (around ω ≈ 3 − 6). Hence,
for a compensator to work efficiently with large gains (in order to achieve maximal per-
formance), the reduced order model (upon which the compensator was designed on) is
required to be very precise also in low energetic, high frequencies.

Nonlinear effects have been reintroduced to the closed-loop control problem by apply-
ing the compensator, designed under linear assumptions, to the nonlinear Navier-Stokes
equations and attempting to suppress continuous noise sources of progressively higher
amplitude W. Minor deviations have been detected for small-amplitude noise; in the
large-amplitude case, however, the compensator performance deteriorated due to the
appearance of nonlinearly triggered structures.

It can be concluded from our study that designing closed-loop control strategies for am-
plifier flows is significantly more involved than the equivalent design for oscillator flows.
While in this latter case instabilities are generally narrow-banded in frequency and thus
more easily detectable/controllable, a noise-amplifier produces more broadband signals
and magnifies physical and non-physical perturbations alike. For this latter reason, a
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C1 C2 C3 C4 Cp E

B1 0.99 0.60 0.62 0.66 0.74 0.77
B2 0.61 0.34 0.33 0.32 0.30 0.28

Table 4. Relative H2-errors (in %) for the various input-output combinations. The error on

the energy has been evaluated using [
∫

+∞

−∞
[(X̂∗

ωX̂ω)1/2 − (X∗
ωQXω)1/2]2dω/

∫
+∞

−∞
X

∗
ωQXωdω]1/2.

comprehensive study of the sensitivity of the compensator performance with respect to
various noise sources is imperative for a successful closed-loop control design. Transfer
functions, i.e., frequency-based input-output relations, are particularly helpful in pin-
pointing strong sensitivities, in placing sensors efficiently, and in avoiding undesirable
parameter regimes. It is hoped that the present study has introduced and demonstrated
effective tools that — despite the inherent challenges – aid in the design of effective
closed-loop control strategies for amplifier flows.

Appendix A. Reduced-order model

In view of our control objectives, the reduced-order model should be able to accurately
capture the dynamic response of the output variables (given by sensors C1,2,3,4,p and the
perturbation energy E(t)) to forcings by the two input variables (given by B1,2). We
choose a model-reduction technique based on standard proper orthogonal decomposition
(POD), which transforms flow-state snapshots, arising from harmonic forcings introduced
via the terms B1 and B2, into a finite-dimensional orthogonal basis onto which the full flow
equations are projected. An analysis of the reduced-order model confirmed a satisfactory
balance between accuracy and size. Details of this type of analysis are given in Dergham
et al. (2011) for the same backward-facing step configuration using a single input B2.

In our case, a reduced-order model based on a Galerkin projection of the full system
onto the first 150 POD modes has been selected owing to its good performance and
comparatively small size. The transfer functions of the full system have been computed
by Fourier-transforming signals from the impulse responses of the linearized DNS. The
errors between the transfer functions of the reduced-order models and the linearized DNS
have been measured using the H2-norm.

Table 4 presents these errors for different combinations of input triggering and output
sensing. We note that the impulse responses triggered by B2 are more accurately captured
than those triggered by B1. All errors are below 1%.

Appendix B. Sensitivity analysis

We denote by λω the largest singular value of R−1 where R = iωI − M and M is the
matrix defined in equation (5.4). We furthermore introduce (F,G)T and (X,Y)T as the
principal right and left singular vectors associated with λω, which satisfy

R−1∗R−1

(
F

G

)

= λ2
ω

(
F

G

)

,

(
X

Y

)

= R−1

(
F

G

)

. (B 1)

The sensitivity analysis is formulated as an optimization problem for determining the
minimal stability margin for a specified discrepancy between two transfer functions. We
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begin by posing the following Lagrangian

L = λ2
ω −

(
Ỹ

X̃

)∗ [

R

(
X

Y

)

−
(

F

G

)]

−
(

F̃

G̃

)∗ [

λ2
ωR∗

(
F

G

)

−
(

X

Y

)]

. (B 2)

Rendering this Lagrangian stationary with respect to the variables (F,G)T , (X,Y)T and
λ2

ω yields the following expressions for the Lagrange multipliers (denoted by .̃).

(
F̃

G̃

)

= R−1

(
F

G

)

,

(
Ỹ

X̃

)

= λ2
ω

(
F

G

)

,

(
F

G

)∗(
F

G

)

= 1. (B 3)

Setting the first variation of the Lagrangian with respect to the control variable R to zero
results in an expression for the variation of the squared singular value given by

δλ2
ω = −2λ2

ωRe

[(
F

G

)∗

δR

(
X

Y

)]

. (B 4)

Using equation (5.4), this expression for δλ2
ω may be expressed in terms of variations in

the matrices A, B2 and C. We obtain

δλ2
ω = 2λ2

ωRe(FX∗) : δA + 2λ2
ωRe(FY∗K̂∗) : δB − 2λ2

ωRe(XG∗L̂) : δC∗ (B 5)

where : denotes the contraction operator or Frobenius inner product, defined as A : B =
∑

ij AijBij = trace(A∗B).
The constraint of a user-prescribed error γ (measured in the H2-norm) between the

full and reduced transfer function may be approximated in the following manner:

µγ(A,B2,C) = −γ2 +
∑

j

|C(iωj I − A)−1B − Ĉ(iωj I − Â)−1B̂
︸ ︷︷ ︸

φj

|2∆ωj . (B 6)

In the above expression ∆ωj are quadrature coefficients. In our case, we chose a simple
first-order approximation of the integral with ∆ωj = 0.02 and integration limits ωmin =
−10, ωmax = 10. The first variation of this functional reads

δµγ =



2
∑

j

Re
[
φj(−iωj I − A∗)−1C∗B∗(−iωj I − A∗)−1

]
∆ωj



 : δA (B 7)

+



2
∑

j

Re
[
φj(−iωj I − A∗)−1C∗

]
∆ωj



 : δB +



2
∑

j

Re
[
φ∗

j (iωj I − A)−1B
]
∆ωj



 : δC∗.

Lastly, we combine the above expressions and consider the following unconstrained
minimization problem

Jω,γ(A,B2,C) = − arctan(ln(λ2
ω)/α) + βµ2

γ + arctan(ln(ν2
ω)/α) (B 8)

with β as the penalty coefficient. In our computations, we used α = 10 and 103 6 β 6
1010. Note that the third term in (B 8) penalizes the largest singular value νω of S−1

where S = iωI − A. This is simply to avoid convergence of the optimization algorithm
towards solutions where s = iω is an eigenvalue of A, which is an undesirable solution.
With H and Z as the principal right and left singular vectors of S corresponding to νω

and satisfying S∗SH = ν2
ωH and Z = SH with H∗H = 1, we can express the first variation

of ν2
ω in the form δν2

ω = 2ν2
ωRe(HZ∗) : δA.
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r❡❞✉❝t✐♦♥ ❛♥❞ ❝♦♥tr♦❧ ✐♥ ❛ s❡♣❛r❛t❡❞ ❜♦✉♥❞❛r②✲❧❛②❡r ✢♦✇ ✉s✐♥❣ ❣❧♦❜❛❧ ♠♦❞❡s✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✺✼✾✱
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❆❧✐③❛r❞✱ ❋✳ ✷✵✵✼ ❊t✉❞❡ ❞❡ st❛❜✐❧✐té ❧✐♥é❛✐r❡ ❣❧♦❜❛❧❡ ❞✬é❝♦✉❧❡♠❡♥t ❢♦rt❡♠❡♥t ❞é❝♦❧❧é ❞❡ ❝♦✉❝❤❡ ❧✐♠✐t❡ ❞❡
♣❧❛q✉❡ ♣❧❛♥❡✳ P❤❞ t❤❡s✐s✱ ➱❝♦❧❡ ◆❛t✐♦♥❛❧❡ ❙✉♣ér✐❡✉r❡ ❞✬❆rts ❡t ▼ét✐❡rs✱ ❋r❛♥❝❡✳
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s❡♣❛r❛t❡❞ ❜♦✉♥❞❛r② ❧❛②❡r ✢♦✇s✳ P❤②s✳ ❋❧✉✐❞s ✷✶✱ ✵✻✹✶✵✽✳
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✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✶✷✼✱ ✹✼✸✕✹✾✻✳

✷✵✸



❇■❇▲■❖●❘❆P❍❨

❆r♥♦❧❞✐✱ ❲✳ ❊✳ ✶✾✺✶ ❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ♠✐♥✐♠✐③❡❞ ✐t❡r❛t✐♦♥s ✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛tr✐① ❡✐❣❡♥✈❛❧✉❡
♣r♦❜❧❡♠✳ ◗✉❛rt✳ ❆♣♣❧✳ ▼❛t❤✳ ✾✱ ✶✼✕✷✾✳

❆✉❜r②✱ ◆✳✱ ●✉②♦♥♥❡t✱ ❘✳ ✫ ▲✐♠❛✱ ❘✳ ✶✾✾✶ ❙♣❛t✐♦✲t❡♠♣♦r❛❧ ❛♥❛❧②s✐s ♦❢ ❝♦♠♣❧❡① s✐❣♥❛❧s✿ ❚❤❡♦r②
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✢♦✇ ✉s✐♥❣ ❛ r❡❞✉❝❡❞ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ❣❧♦❜❛❧ ♠♦❞❡s✳ ❆■❆❆ P❛♣❡r ✷✵✵✽✲✸✾✵✹✱ ✺t❤ ❆■❆❆ ❚❤❡♦r❡t✐❝❛❧
❋❧✉✐❞ ▼❡❝❤❛♥✐❝s ❈♦♥❢❡r❡♥❝❡ ✳

❇❛r❜❛❣❛❧❧♦✱ ❆✳✱ ❙✐♣♣✱ ❉✳ ✫ ❙❝❤♠✐❞✱ P✳ ✷✵✵✾ ❈❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ♦❢ ❛♥ ♦♣❡♥ ❝❛✈✐t② ✢♦✇ ✉s✐♥❣
r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✻✹✶✱ ✶✕✺✵✳

❇❛r❦❧❡②✱ ❉✳✱ ❇❧❛❝❦❜✉r♥✱ ❍✳ ✫ ❙❤❡r✇✐♥✱ ❙✳ ✷✵✵✽ ❉✐r❡❝t ♦♣t✐♠❛❧ ❣r♦✇t❤ ❛♥❛❧②s✐s ❢♦r t✐♠❡✲st❡♣♣❡rs✳
■♥t✳ ❏✳ ◆✉♠✳ ▼❡t❤✳ ❋❧✉✐❞s ✺✼✱ ✶✹✸✺✕✶✹✺✽✳

❇❛r❦❧❡②✱ ❉✳✱ ●♦♠❡s✱ ▼✳ ●✳ ✫ ❍❡♥❞❡rs♦♥✱ ❘✳ ❉✳ ✷✵✵✷ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛❜✐❧✐t② ✐♥ ✢♦✇ ♦✈❡r
❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✹✼✸✱ ✶✻✼✕✶✾✵✳

❇❛②❧②✱ ❇✳ ❏✳ ✶✾✽✽ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❡♥tr✐❢✉❣❛❧✲t②♣❡ ✐♥st❛❜✐❧✐t✐❡s ✐♥ ✐♥✈✐s❝✐❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✢♦✇s✳
P❤②s✳ ❋❧✉✐❞s ✸✶✱ ✺✻✕✻✹✳

❇❡❛✉❞♦✐♥✱ ❏✳✲❋✳✱ ❈❛❞♦t✱ ❖✳✱ ❆✐❞❡r✱ ❏✳✲▲✳ ✫ ❲❡s❢r❡✐❞✱ ❏✳ ❊✳ ✷✵✵✹ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ st❛t✐♦♥❛r②
✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳ ❊✉r✳ ❏✳ ▼❡❝❤✳ ❇✴❋❧✉✐❞s ✷✸✱ ✶✹✼✕✶✺✺✳

❇❡r❣♠❛♥♥✱ ▼✳ ✫ ❈♦r❞✐❡r✱ ▲✳ ✷✵✵✽ ❖♣t✐♠❛❧ ❝♦♥tr♦❧ ♦❢ t❤❡ ❝②❧✐♥❞❡r ✇❛❦❡ ✐♥ t❤❡ ❧❛♠✐♥❛r r❡❣✐♠❡ ❜②
tr✉st✲r❡❣✐♦♥ ♠❡t❤♦❞s ❛♥❞ ♣♦❞ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s✳ ❏✳ ❈♦♠♣✳ P❤②s✳ ✷✷✼✱ ✼✽✶✸✕✼✽✹✵✳
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❇❡r❣♠❛♥♥✱ ▼✳✱ ❈♦r❞✐❡r✱ ▲✳ ✫ ❇r❛♥❝❤❡r✱ ❏✳✲P✳ ✷✵✵✺ ❖♣t✐♠❛❧ r♦t❛r② ❝♦♥tr♦❧ ♦❢ t❤❡ ❝②❧✐♥❞❡r ✇❛❦❡
✉s✐♥❣ ♣♦❞ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧✳ P❤②s✳ ❋❧✉✐❞s ✶✼✱ ✸✵✺✕✸✶✹✳

❇❡r❦♦♦③✱ ●✳✱ ❍♦❧♠❡s✱ P✳ ✫ ▲✉♠❧❡②✱ ❏✳ ▲✳ ✶✾✾✸ ❚❤❡ ♣r♦♣❡r ♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ ❛♥❛❧②s✐s
♦❢ t✉r❜✉❧❡♥t ✢♦✇s✳ ❆♥♥✳ ❘❡✈✳ ❋❧✉✐❞ ▼❡❝❤✳ ✷✺✱ ✺✸✾✕✺✼✺✳

❇❡✇❧❡②✱ ❚✳ ❘✳ ✷✵✵✶ ❋❧♦✇ ❝♦♥tr♦❧✿ ♥❡✇ ❝❤❛❧❧❡♥❣❡s ❢♦r ❛ ♥❡✇ r❡♥❛✐ss❛♥❝❡✳ Pr♦❣r✳ ❆❡r♦s♣✳ ❙❝✐✳ ✸✼✱ ✷✶✕✺✽✳

❇❡✇❧❡②✱ ❚✳ ❘✳ ✫ ▲✐✉✱ ❙✳ ✶✾✾✽ ❖♣t✐♠❛❧ ❛♥❞ r♦❜✉st ❝♦♥tr♦❧ ❛♥❞ ❡st✐♠❛t✐♦♥ ♦❢ ❧✐♥❡❛r ♣❛t❤s t♦ tr❛♥s✐t✐♦♥✳
❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✸✻✺✱ ✸✵✺✕✸✹✾✳

❇❧❛❝❦❜✉r♥✱ ❍✳ ▼✳✱ ❇❛r❦❧❡②✱ ❉✳ ✫ ❙❤❡r✇✐♥✱ ❙✳ ❏✳ ✷✵✵✽ ❈♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t② ❛♥❞ tr❛♥s✐❡♥t ❣r♦✇t❤
✐♥ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✻✵✸✱ ✷✼✶✕✸✵✹✳

❇r❡s✱ ●✳ ❆✳ ✫ ❈♦❧♦♥✐✉s✱ ❚✳ ✷✵✵✽ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛❜✐❧✐t✐❡s ✐♥ ❝♦♠♣r❡ss✐❜❧❡ ✢♦✇ ♦✈❡r ♦♣❡♥
❝❛✈✐t✐❡s✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✺✾✾✱ ✸✵✾✕✸✸✾✳

❇r✐♦♥✱ ❱✳ ✷✵✵✾ ❙t❛❜✐❧✐té ❞❡s ♣❛✐r❡s ❞❡ t♦✉r❜✐❧❧♦♥s ❝♦♥tr❛✲r♦t❛t✐❢s✿ ❛♣♣❧✐❝❛t✐♦♥ ❛✉ t♦✉r❜✐❧❧♦♥ ❞❡ ❥❡✉ ❞❛♥s
❧❡s t✉r❜♦♠❛❝❤✐♥❡s✳ P❤❞ t❤❡s✐s✱ ➱❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ ❋r❛♥❝❡✳

❇r♦✇♥✱ ●✳ ▲✳ ✫ ❘♦s❤❦♦✱ ❆✳ ✶✾✼✹ ❖♥ ❞❡♥s✐t② ❡✛❡❝ts ❛♥❞ ❧❛r❣❡ str✉❝t✉r❡s ✐♥ t✉r❜✉❧❡♥t ♠✐①✐♥❣ ❧❛②❡rs✳
❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✻✹✱ ✼✼✺✕✽✶✻✳

❇✉❢❢♦♥✐✱ ▼✳✱ ❈❛♠❛rr✐✱ ❙✳ ✫ ■♦❧❧♦✱ ❆✳ ✷✵✵✻ ▲♦✇✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢ ❛ ❝♦♥✜♥❡❞ t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ✇❛❦❡ ✢♦✇✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✺✻✾✱ ✶✹✶✕✶✺✵✳

❇✉r❧✱ ❏✳ ❇✳ ✶✾✾✾ ▲✐♥❡❛r ♦♣t✐♠❛❧ ❝♦♥tr♦❧✳ H2 ❛♥❞ H∞ ♠❡t❤♦❞s✳ ❆❞❞✐s♦♥ ❲❡s❧❡② ▲♦♥❣♠❛♥✱ ■♥❝✳ ▼❡♥❧♦
P❛r❦✱ ❈❆✳

❇✉t❧❡r✱ ❑✳ ▼✳ ✫ ❋❛rr❡❧❧✱ ❇✳ ❋✳ ✶✾✾✷ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ✐♥ ✈✐s❝♦✉s s❤❡❛r
✢♦✇✳ P❤②s✳ ❋❧✉✐❞s ❆ ✹✱ ✶✻✸✼✕✶✻✺✵✳

❈❤❡r✉❜✐♥✐✱ ❙✳ ✷✵✶✵ ▲✐♥❡❛r ❛♥❞ ♥♦♥✲❧✐♥❡❛r ❣❧♦❜❛❧ ✐♥st❛❜✐❧✐t② ♦❢ ❛tt❛❝❤❡❞ ❛♥❞ s❡♣❛r❛t❡❞ ❜♦✉♥❞❛r②✲❧❛②❡r
✢♦✇s ♦✈❡r ❛ ✢❛t ♣❧❛t❡✳ P❤❞ t❤❡s✐s✱ ➱❝♦❧❡ ◆❛t✐♦♥❛❧❡ ❙✉♣ér✐❡✉r❡ ❞✬❆rts ❡t ▼ét✐❡rs✱ ❋r❛♥❝❡✳

❈❤❡r✉❜✐♥✐✱ ❙✳✱ P❛❧♠❛✱ P✳ ❉✳✱ ❘♦❜✐♥❡t✱ ❏✳✲❈✳ ✫ ❇♦tt❛r♦✱ ❆✳ ✷✵✶✵❛ ❆ r❛♣✐❞ ♣❛t❤ t♦ tr❛♥s✐t✐♦♥
t❤r♦✉❣❤ ♥♦♥✲❧✐♥❡❛r✱ ❧♦❝❛❧✐③❡❞✱ ♦♣t✐♠❛❧ ♣❡rt✉r❜❛t✐♦♥s ✐♥ ❛ ❜♦✉♥❞❛r②✲❧❛②❡r ✢♦✇✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊ ✽✷✱
✵✻✻✸✵✷✳

❈❤❡r✉❜✐♥✐✱ ❙✳✱ ❘♦❜✐♥❡t✱ ❏✳✲❈✳✱ P❛❧♠❛✱ P✳ ❉✳ ✫ ❆❧✐③❛r❞✱ ❋✳ ✷✵✶✵❜ ❚❤❡ ♦♥s❡t ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
❝❡♥tr✐❢✉❣❛❧ ❣❧♦❜❛❧ ♠♦❞❡s ❛♥❞ t❤❡✐r ♥♦♥✲❧✐♥❡❛r ❞❡✈❡❧♦♣♠❡♥t ✐♥ ❛ r❡❝✐r❝✉❧❛t✐♥❣ ✢♦✇ ♦✈❡r ❛ ✢❛t s✉r❢❛❝❡✳
P❤②s✳ ❋❧✉✐❞s ✷✷✱ ✶✶✹✶✵✷✳

❈❤❡✈❛❧✐❡r✱ ▼✳✱ ❍÷♣❢❢♥❡r✱ ❏✳✱ ➴❦❡r✈✐❦✱ ❊✳ ✫ ❍❡♥♥✐♥❣s♦♥✱ ❉✳ ✷✵✵✼ ▲✐♥❡❛r ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧
❛♥❞ ❡st✐♠❛t✐♦♥ ❛♣♣❧✐❡❞ t♦ ✐♥st❛❜✐❧✐t✐❡s ✐♥ s♣❛t✐❛❧❧② ❞❡✈❡❧♦♣✐♥❣ ❜♦✉♥❞❛r② ❧❛②❡rs✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✺✽✽✱
✶✻✸✕✶✽✼✳

❈❤♦✐✱ ❍✳✱ ❏❡♦♥✱ ❲✳✲P✳ ✫ ❑✐♠✱ ❏✳ ✷✵✵✽ ❈♦♥tr♦❧ ♦❢ ✢♦✇ ♦✈❡r ❛ ❜❧✉✛ ❜♦❞②✳ ❆♥♥✉❛❧ ❘❡✈✐❡✇ ♦❢ ❋❧✉✐❞
▼❡❝❤❛♥✐❝s ✹✵✱ ✶✶✸✕✶✸✾✳

❈❤♦♠❛③✱ ❏✳✲▼✳ ✷✵✵✺ ●❧♦❜❛❧ st❛❜✐❧✐t✐❡s ✐♥ s♣❛t✐❛❧❧② ❞❡✈❡❧♦♣✐♥❣ ✢♦✇s✿ ♥♦♥✲♥♦r♠❛❧✐t② ❛♥❞ ♥♦♥❧✐♥❡❛r✐t②✳
❆♥♥✳ ❘❡✈✳ ❋❧✉✐❞ ▼❡❝❤✳ ✸✼✱ ✸✺✼✕✸✾✷✳

❈❤♦♠❛③✱ ❏✳✲▼✳✱ ❍✉❡rr❡✱ P✳ ✫ ❘❡❞❡❦♦♣♣✱ ▲✳ ▼✳ ✶✾✾✶ ❆ ❢r❡q✉❡♥❝② s❡❧❡❝t✐♦♥ ❝r✐t❡r✐♦♥ ✐♥ s♣❛t✐❛❧❧②
❞❡✈❡❧♦♣✐♥❣ ✢♦✇s✳ ❙t✉❞② ■♥ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ✽✹✱ ✶✶✾✕✶✹✹✳
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❈❤✉♥✱ ❑✳ ❇✳ ✫ ❙✉♥❣✱ ❍✳ ❏✳ ✶✾✾✻ ❈♦♥tr♦❧ ♦❢ t✉r❜✉❧❡♥t s❡♣❛r❛t❡❞ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ❜②
❧♦❝❛❧ ❢♦r❝✐♥❣✳ ❊①♣❡r✐♠❡♥ts ■♥ ❋❧✉✐❞s ✷✶✱ ✹✶✼✕✹✷✻✳
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❋♦rt✐♥✱ ▼✳ ✶✾✽✶ ❖❧❞ ❛♥❞ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥ts ❢♦r ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢♦✇s✳ ■♥t✳ ❏✳ ◆✉♠✳ ▼❡t❤✳ ❋❧✉✐❞s ✶✱
✸✹✼✕✸✻✹✳

❋✉❥✐♠♦t♦✱ ❑✳ ✫ ❚s✉❜❛❦✐♥♦✱ ❉✳ ✷✵✵✽ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ♥♦♥❧✐♥❡❛r ❜❛❧❛♥❝❡❞ r❡❛❧✐③❛t✐♦♥ ❛♥❞ ♠♦❞❡❧
r❡❞✉❝t✐♦♥ ❜❛s❡❞ ♦♥ t❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥✳ ❙②st❡♠s ❈♦♥tr♦❧ ▲❡tt✳ ✺✼✱ ✷✽✸✕✷✽✾✳

●❛❧❧❛✐r❡✱ ❋✳✱ ▼❛rq✉✐❧❧✐❡✱ ▼✳ ✫ ❊❤r❡♥st❡✐♥✱ ❯✳ ✷✵✵✼ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ tr❛♥s✈❡rs❡ ✐♥st❛❜✐❧✐t✐❡s
✐♥ ❞❡t❛❝❤❡❞ ❜♦✉♥❞❛r② ❧❛②❡rs✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✺✼✶✱ ✷✷✶✕✷✸✸✳

●❛❧❧❡tt✐✱ ❇✳✱ ❇♦tt❛r♦✱ ❆✳✱ ❇r✉♥❡❛✉✱ ❈✳ ✫ ■♦❧❧♦✱ ❆✳ ✷✵✵✼ ❆❝❝✉r❛t❡ ♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ tr❛♥s✐❡♥t
❛♥❞ ❢♦r❝❡❞ ✇❛❦❡s✳ ❊✉r✳ ❏✳ ▼❡❝❤✳ ❇✴❋❧✉✐❞s ✷✻✱ ✸✺✹✕✸✻✻✳

●❛❧❧❡tt✐✱ ❇✳✱ ❇r✉♥❡❛✉✱ ❈✳✱ ❩❛♥♥❡tt✐✱ ▲✳ ✫ ■♦❧❧♦✱ ❆✳ ✷✵✵✹ ▲♦✇✲♦r❞❡r ♠♦❞❡❧❧✐♥❣ ♦❢ ❧❛♠✐♥❛r ✢♦✇
r❡❣✐♠❡s ♣❛st ❛ ❝♦♥✜♥❡❞ sq✉❛r❡ ❝②❧✐♥❞❡r✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✺✵✸✱ ✶✻✶✕✶✼✵✳

●❛r❞❛r✐♥✱ ❇✳ ✷✵✵✾ ❈♦♥trô❧❡ ♣❛r ❣é♥ér❛t❡✉r ❞❡ ✈♦rt❡① ❞✬✉♥ é❝♦✉❧❡♠❡♥t t✉r❜✉❧❡♥t ❞é❝♦❧❧é✳ P❤❞ t❤❡s✐s✱
➱❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ ❋r❛♥❝❡✳

●✐r❛✉❧t✱ ❱✳ ✫ ❘❛✈✐❛rt✱ P✳✲❆✳ ✶✾✽✻ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❢♦r ♥❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s✿ t❤❡♦r② ❛♥❞
❛❧❣♦r✐t❤♠s✳ ■♥ ❙♣r✐♥❣❡r ❙❡r✐❡s ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ▼❛t❤❡♠❛t✐❝s✱ ✱ ✈♦❧✳ ✺✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✳

●❧♦✈❡r✱ ❑✳ ✶✾✽✹ ❆♥ ♦♣t✐♠❛❧ ❤❛♥❦❡❧✲♥♦r♠ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❧✐♥❡❛r ♠✉❧t✐✈❛r✐❛❜❧❡ s②st❡♠s ❛♥❞ t❤❡✐r
L∞✲❡rr♦r ❜♦✉♥❞s✳ ■♥t✳ ❏✳ ❈♦♥tr♦❧ ✸✾✱ ✶✶✶✺✕✶✶✾✸✳

●❧♦✇✐♥s❦✐✱ ❘✳ ✫ P✐r♦♥♥❡❛✉✱ ❖✳ ✶✾✾✷ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❢♦r ♥❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s✳ ❆♥♥✳ ❘❡✈✳
❋❧✉✐❞ ▼❡❝❤✳ ✷✹✱ ✶✻✼✕✷✵✹✳

●♦❧❞st❡✐♥✱ ❘✳ ❏✳✱ ❊r✐❦s❡♥✱ ❱✳ ▲✳✱ ❖❧s♦♥✱ ❘✳ ▼✳ ✫ ❊❝❦❡rt✱ ❊✳ ❘✳ ●✳ ✶✾✼✵ ▲❛♠✐♥❛r s❡♣❛r❛t✐♦♥✱
r❡❛tt❛❝❤♠❡♥t✱ ❛♥❞ tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ✢♦✇ ♦✈❡r ❛ ❞♦✇♥str❡❛♠✲❢❛❝✐♥❣ st❡♣✳ ❚r❛♥s✳ ❆❙▼❊ ❉✿ ❏✳ ❇❛s✐❝
❊♥❣♥❣ ✾✷✱ ✼✸✷✕✼✸✾✳

●r❡s❤♦✱ P✳ ▼✳✱ ●❛rt❧✐♥❣✱ ❉✳ ❑✳✱ ❚♦r❝③②♥s❦✐✱ ❏✳ ❘✳✱ ❈❧✐❢❢❡✱ ❑✳ ❆✳✱ ❲✐♥t❡rs✱ ❑✳ ❍✳✱ ●❛rr❛tt✱
❚✳ ❏✳✱ ❙♣❡♥❝❡✱ ❆✳ ✫ ●♦♦❞r✐❝❤✱ ❏✳ ❲✳ ✶✾✾✸ ■s t❤❡ st❡❛❞② ✈✐s❝♦✉s ✐♥❝♦♠♣r❡ss✐❜❧❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧
✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ❛t r❡ ❂ ✽✵✵ st❛❜❧❡❄ ■♥t✳ ❏✳ ◆✉♠❡r✳ ▼❡t❤✳ ❋❧✉✐❞s ✶✼✱ ✺✵✶✕✺✹✶✳

✷✵✼



❇■❇▲■❖●❘❆P❍❨

❍❛❧❧✱ ❑✳ ❈✳✱ ❚❤♦♠❛s✱ ❏✳ P✳ ✫ ❈❧❛r❦✱ ❲✳ ❙✳ ✷✵✵✷ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ✉♥st❡❛❞② ♥♦♥❧✐♥❡❛r ✢♦✇s ✐♥
❝❛s❝❛❞❡s ✉s✐♥❣ ❛ ❤❛r♠♦♥✐❝ ❜❛❧❛♥❝❡ t❡❝❤♥✐q✉❡✳ ❆■❆❆ ❏♦✉r♥❛❧ ✹✵ ✭✺✮✱ ✽✼✾✕✽✽✻✳

❍❛ss❡❧♠❛♥♥✱ ❑✳ ✶✾✽✽ P✐♣s ❛♥❞ ♣♦♣s✿ ❚❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❝♦♠♣❧❡① ❞②♥❛♠✐❝❛❧ s②st❡♠s ✉s✐♥❣ ♣r✐♥❝✐♣❛❧
✐♥t❡r❛❝t✐♦♥ ❛♥❞ ♦s❝✐❧❧❛t✐♦♥ ♣❛tt❡r♥s✳ ❏✳ ●❡♦♣❤②s✳ ❘❡s✳ ✾✸ ✭❉✾✮✱ ✶✶ ✵✶✺✕✶✶ ✵✷✶✳

❍❡❝❤t✱ ❋✳✱ P✐r♦♥♥❡❛✉✱ ❖✳✱ ❍②❛r✐❝✱ ❆✳ ▲✳ ✫ ❖❤ts✉❦❛✱ ❑✳ ✷✵✵✺ ❋r❡❡❢❡♠✰✰✱ t❤❡ ❜♦♦❦ ✳ ❯P▼❈✲▲❏▲▲
Pr❡ss✳

❍❡♥♥✐♥❣s♦♥✱ ❉✳ ❙✳ ✫ ➴❦❡r✈✐❦✱ ❊✳ ✷✵✵✽ ❚❤❡ ✉s❡ ♦❢ ❣❧♦❜❛❧ ♠♦❞❡s t♦ ✉♥❞❡rst❛♥❞ tr❛♥s✐t✐♦♥ ❛♥❞ ♣❡r❢♦r♠
✢♦✇ ❝♦♥tr♦❧✳ P❤②s✳ ❋❧✉✐❞s ✷✵✱ ✵✸✶✸✵✷✳

❍÷♣❢❢♥❡r✱ ❏✳ ✷✵✵✻ ❙t❛❜✐❧✐t② ❛♥❞ ❝♦♥tr♦❧ ♦❢ s❤❡❛r ✢♦✇s s✉❜❥❡❝t t♦ st♦❝❤❛st✐❝ ❡①❝✐t❛t✐♦♥s✳ P❤❞ t❤❡s✐s✱
❑❚❍ ▼❡❝❤❛♥✐❝s✱ ❙✇❡❞❡♥✳

❍ö❣❜❡r❣✱ ▼✳✱ ❇❡✇❧❡②✱ ❚✳ ❘✳ ✫ ❍❡♥♥✐♥❣s♦♥✱ ❉✳ ❙✳ ✷✵✵✸ ▲✐♥❡❛r ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ❛♥❞ ❡st✐♠❛t✐♦♥
♦❢ tr❛♥s✐t✐♦♥ ✐♥ ♣❧❛♥❡ ❝❤❛♥♥❡❧ ✢♦✇✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✹✽✶✱ ✶✹✾✕✶✼✺✳

❍ö❣❜❡r❣✱ ▼✳ ✫ ❍❡♥♥✐♥❣s♦♥✱ ❉✳ ❙✳ ✷✵✵✷ ▲✐♥❡❛r ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❛♣♣❧✐❡❞ t♦ ✐♥st❛❜✐❧✐t✐❡s ✐♥ s♣❛t✐❛❧❧②
❞❡✈❡❧♦♣✐♥❣ ❜♦✉♥❞❛r② ❧❛②❡rs✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✹✼✵✱ ✶✺✶✕✶✼✾✳

❍♦❧♠❡s✱ P✳ ❏✳✱ ▲✉♠❧❡②✱ ❏✳ ▲✳✱ ❇❡r❦♦♦③✱ ●✳✱ ▼❛tt✐♥❣❧②✱ ❏✳ ❈✳ ✫ ❲✐tt❡♥❜❡r❣✱ ❘✳ ❲✳ ✶✾✾✼
▲♦✇✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s ♦❢ ❝♦❤❡r❡♥t str✉❝t✉r❡s ✐♥ t✉r❜✉❧❡♥❝❡✳ P❤②s✳ ❘❡♣✳ ✷✽✼ ✭✹✮✱ ✸✸✼✕✸✽✹✳

❍♦♦❞✱ P✳ ✫ ❚❛②❧♦r✱ ❈✳ ✶✾✼✸ ❆ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ✜♥✐t❡
❡❧❡♠❡♥t t❡❝❤♥✐q✉❡✳ ❈♦♠♣✳ ❛♥❞ ❋❧✉✐❞s ✶✱ ✼✸✕✶✵✵✳

❍✉❛♥❣✱ ❙✳✲❈✳ ✫ ❑✐♠✱ ❏✳ ✷✵✵✽ ❈♦♥tr♦❧ ❛♥❞ s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❛ s❡♣❛r❛t❡❞ ✢♦✇✳ P❤②s✳ ❋❧✉✐❞s
✷✵ ✭✶✵✮✱ ✶✵✶✺✵✾✳

❍✉❡rr❡✱ P✳ ✫ ❘♦ss✐✱ ▼✳ ✶✾✾✽ ❍②❞r♦❞②♥❛♠✐❝s ❛♥❞ ♥♦♥❧✐♥❡❛r ✐♥st❛❜✐❧✐t✐❡s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳

■❧❛❦✱ ▼✳✱ ❇❛❣❤❡r✐✱ ❙✳✱ ❇r❛♥❞t✱ ▲✳✱ ❘♦✇❧❡②✱ ❈✳ ❲✳ ✫ ❍❡♥♥✐♥❣s♦♥✱ ❉✳ ❙✳ ✷✵✶✵ ▼♦❞❡❧ r❡❞✉❝t✐♦♥
♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❝♦♠♣❧❡① ❣✐♥③❜✉r❣✲❧❛♥❞❛✉ ❡q✉❛t✐♦♥✳ ❙■❆▼ ❏✳ ❆♣♣❧✐❡❞ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s ✾ ✭✹✮✱ ✶✷✽✹✕
✶✸✵✷✳

■❧❛❦✱ ▼✳ ✫ ❘♦✇❧❡②✱ ❈✳ ✷✵✵✻ ❘❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧✐♥❣ ♦❢ ❝❤❛♥♥❡❧ ✢♦✇ ✉s✐♥❣ tr❛✈❡❧❧✐♥❣ P❖❉ ❛♥❞
❜❛❧❛♥❝❡❞ P❖❉✳ ❆■❆❆ P❛♣❡r ✷✵✵✻✲✸✶✾✹✱ ✸r❞ ❆■❆❆ ❋❧♦✇ ❈♦♥tr♦❧ ❈♦♥❢❡r❡♥❝❡ ✳

■❧❛❦✱ ▼✳ ✫ ❘♦✇❧❡②✱ ❈✳ ✷✵✵✽ ▼♦❞❡❧✐♥❣ ♦❢ tr❛♥s✐t✐♦♥❛❧ ❝❤❛♥♥❡❧ ✢♦✇ ✉s✐♥❣ ❜❛❧❛♥❝❡❞ ♣r♦♣❡r ♦rt❤♦❣♦♥❛❧
❞❡❝♦♠♣♦s✐t✐♦♥✳ P❤②s✳ ❋❧✉✐❞s ✷✵✱ ✵✸✹✶✵✸✳

■❧❧②✱ ❍✳ ✷✵✵✺ ❈♦♥trô❧❡ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❛✉✲❞❡ss✉s ❞✬✉♥❡ ❝❛✈✐té ❡♥ ré❣✐♠❡ tr❛♥ss♦♥✐q✉❡✳ P❤❞ t❤❡s✐s✱ ➱❝♦❧❡
❈❡♥tr❛❧❡ ❞❡ ▲②♦♥✱ ❋r❛♥❝❡✳

❏❛❝❦s♦♥✱ ❈✳ P✳ ✶✾✽✼ ❆ ✜♥✐t❡✲❡❧❡♠❡♥t st✉❞② ♦❢ t❤❡ ♦♥s❡t ♦❢ ✈♦rt❡① s❤❡❞❞✐♥❣ ✐♥ ✢♦✇ ♣❛st ✈❛r✐♦✉s❧②
s❤❛♣❡❞ ❜♦❞✐❡s✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✶✽✷✱ ✷✸✕✹✺✳

❏❛❝q✉✐♥✱ ▲✳✱ ▼♦❧t♦♥✱ P✳✱ ❉❡❝❦✱ ❙✳✱ ▼❛✉r②✱ ❇✳ ✫ ❙♦✉❧❡✈❛♥t✱ ❉✳ ✷✵✵✾ ❊①♣❡r✐♠❡♥t❛❧ st✉❞② ♦❢
s❤♦❝❦ ♦s❝✐❧❧❛t✐♦♥ ♦✈❡r ❛ tr❛♥s♦♥✐❝ s✉♣❡r❝r✐t✐❝❛❧ ♣r♦✜❧❡✳ ❆■❆❆ ❏♦✉r♥❛❧ ✹✼ ✭✾✮✱ ✶✾✽✺✕✶✾✾✹✳

❏♦s❤✐✱ ❙✳✱ ❙♣❡②❡r✱ ❏✳ ✫ ❑✐♠✱ ❏✳ ✶✾✾✼ ❆ s②st❡♠s t❤❡♦r② ❛♣♣r♦❛❝❤ t♦ t❤❡ ❢❡❡❞❜❛❝❦ st❛❜✐❧✐③❛t✐♦♥ ♦❢
✐♥✜♥✐t❡s✐♠❛❧ ❛♥❞ ✜♥✐t❡✲❛♠♣❧✐t✉❞❡ ❞✐st✉r❜❛♥❝❡s ✐♥ ♣❧❛♥❡ ♣♦✐s❡✉✐❧❧❡ ✢♦✇✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✸✸✷✱ ✶✺✼✕✶✽✹✳

❑❛✐❦ts✐s✱ ▲✳ ✶✾✾✺ ■♥st❛❜✐❧✐t② ❝❧❛ss✐✜❝❛t✐♦♥ ❛♥❞ tr❛♥s✐t✐♦♥ ✐♥ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳ P❤❉
❚❤❡s✐s✱ ■♥st✐t✉t ❢ür ❊♥❡r❣✐t❡❝❤♥✐❦✳

✷✵✽
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❑❛✐❦ts✐s✱ ▲✳✱ ❑❛r♥✐❛❞❛❦✐s✱ ●✳ ✫ ❖rs③❛❣✱ ❙✳ ✶✾✾✻ ❯♥st❡❛❞✐♥❡ss ❛♥❞ ❝♦♥✈❡❝t✐✈❡ ✐♥st❛❜✐❧✐t✐❡s ✐♥
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✸✷✶✱ ✶✺✼✕✶✽✼✳

❑❛✐❦ts✐s✱ ▲✳✱ ❑❛r♥✐❛❞❛❦✐s✱ ●✳ ❊✳ ✫ ❖rs③❛❣✱ ❙✳ ❆✳ ✶✾✾✶ ❖♥s❡t ♦❢ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧✐t②✱ ❡q✉✐✲
❧✐❜r✐❛✱ ❛♥❞ ❡❛r❧② tr❛♥s✐t✐♦♥ ✐♥ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞❢❛❝✐♥❣ st❡♣✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✷✸✶✱ ✺✵✶✕✺✷✽✳

❑❛✐❦ts✐s✱ ▲✳ ✫ ▼♦♥❦❡✇✐t③✱ P✳ ❆✳ ✷✵✵✸ ●❧♦❜❛❧ ❞❡st❛❜✐❧✐st✐♦♥ ♦❢ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳
P❤②s✳ ❋❧✉✐❞s ✶✺ ✭✶✷✮✱ ✸✻✹✼✕✸✻✺✽✳

❑✐♠✱ ❏✳ ✷✵✵✸ ❈♦♥tr♦❧ ♦❢ t✉r❜✉❧❡♥t ❜♦✉♥❞❛r② ❧❛②❡rs✳ P❤②s✳ ❋❧✉✐❞s ✶✺✱ ✶✵✾✸✕✶✶✵✺✳

❑✐♠✱ ❏✳ ✫ ❇❡✇❧❡②✱ ❚✳ ✷✵✵✼ ❆ ❧✐♥❡❛r s②st❡♠s ❛♣♣r♦❛❝❤ t♦ ✢♦✇ ❝♦♥tr♦❧✳ ❆♥♥✳ ❘❡✈✳ ❋❧✉✐❞ ▼❡❝❤✳ ✸✾✱
✸✽✸✕✹✶✼✳

❑✐♠✱ ❏✳ ✫ ▼♦✐♥✱ P✳ ✶✾✽✺ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ❢r❛❝t✐♦♥❛❧✲st❡♣ ♠❡t❤♦❞ t♦ ✐♥❝♦♠♣r❡ss✐❜❧❡ ♥❛✈✐❡r✲st♦❦❡s
❡q✉❛t✐♦♥s✳ ❏✳ ❈♦♠♣✉t✳ P❤②s✳ ✺✾✱ ✸✵✽✕✸✷✸✳

❑✐♠✱ ❚✳ ✶✾✾✽ ❋r❡q✉❡♥❝②✲❞♦♠❛✐♥ ❦❛r❤✉♥❡♥✲❧♦❡✈❡ ♠❡t❤♦❞ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ ❧✐♥❡❛r ❞②♥❛♠✐❝ s②st❡♠s✳
❆■❆❆ ❏♦✉r♥❛❧ ✸✻ ✭✶✶✮✱ ✷✶✶✼✕✷✶✷✸✳

❑r❡ss✱ ❲✳ ✫ ▲ötst❡❞t✱ P✳ ✷✵✵✹ ❚✐♠❡ st❡♣ r❡str✐❝t✐♦♥s ✉s✐♥❣ s❡♠✐✲✐♠♣❧✐❝✐t ♠❡t❤♦❞s ❢♦r t❤❡ ✐♥✲
❝♦♠♣r❡ss✐❜❧❡ ♥❛✈✐❡r✲st♦❦❡s ❡q✉❛t✐♦♥s✳ ❚❡❝❤✳ ❘❡♣✳ ✷✵✵✹✲✵✸✵✳ ❉❡♣❛rt♠❡♥t ♦❢ ■♥❢♦r♠❛t✐♦♥ ❚❡❝❤♥♦❧♦❣②✱
❯♣♣s❛❧❛ ❯♥✐✈❡rs✐t②✳

▲❛❧❧✱ ❙✳✱ ▼❛rs❞❡♥✱ ❏✳ ❊✳ ✫ ●❧❛✈❛s❦✐✱ ❙✳ ✷✵✵✷ ❆ s✉❜s♣❛❝❡ ❛♣♣r♦❛❝❤ t♦ ❜❛❧❛♥❝❡❞ tr✉♥❝❛t✐♦♥ ❢♦r
♠♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ ♥♦♥❧✐♥❡❛r ❝♦♥tr♦❧ s②st❡♠s✳ ■♥t✳ ❏✳ ❘♦❜✉st ◆♦♥❧✳ ❈♦♥tr✳ ✶✷✱ ✺✶✾✕✺✸✺✳

▲❛♥❝③♦s✱ ❈✳ ✶✾✺✵ ❆♥ ✐t❡r❛t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ♦❢ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧
❛♥❞ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦rs✳ ❏✳ ❘❡s✳ ◆❛t✳ ❇✉r❡❛✉ ❙t❛♥✳ ✹✺✱ ✷✺✺✕✷✽✷✳

▲❛♥❞❛❤❧✱ ▼✳ ❚✳ ✶✾✽✵ ❆ ♥♦t❡ ♦♥ ❛♥ ❛❧❣❡❜r❛✐❝ ✐♥st❛❜✐❧✐t② ♦❢ ✐♥✈✐s❝✐❞ ♣❛r❛❧❧❡❧ s❤❡❛r ✢♦✇s✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳
✾✽✱ ✷✹✸✕✷✺✶✳

▲❛✉❜✱ ❆✳✱ ❍❡❛t❤✱ ▼✳✱ P❛✐❣❡✱ ❈✳ ✫ ❲❛r❞✱ ❘✳ ✶✾✽✼ ❈♦♠♣✉t❛t✐♦♥ ♦❢ s②st❡♠ ❜❛❧❛♥❝✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s
❛♥❞ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s ♦❢ s✐♠✉❧t❛♥❡♦✉s ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ■❊❊❊ ❚r❛♥s✳ ❆✉t✳ ❈♦♥tr✳ ✸✷ ✭✷✮✱
✶✶✺✕✶✷✷✳

▲❡✱ ❍✳✱ ▼♦✐♥✱ P✳ ✫ ❑✐♠✱ ❏✳ ✶✾✾✼ ❉✐r❡❝t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ t✉r❜✉❧❡♥t ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣
st❡♣✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✸✸✵✱ ✸✹✾✕✸✼✹✳

▲❡❡✱ ■✳✱ ❆❤♥✱ ❙✳ ❑✳ ✫ ❙✉♥❣✱ ❍✳ ❏✳ ✷✵✵✹ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦❤❡r❡♥t str✉❝t✉r❡ ✐♥ ❛ s❡♣❛r❛t❡❞ ❛♥❞
r❡❛tt❛❝❤✐♥❣ ✢♦✇ ♦✈❡r ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣✳ ❊①♣❡r✐♠❡♥ts ✐♥ ❋❧✉✐❞s ✸✻✱ ✸✼✸✕✸✽✸✳

▲❡❤♦✉❝q✱ ❘✳ ✫ ❙❝♦tt✱ ❏✳ ✶✾✾✼ ■♠♣❧✐❝✐t❧② r❡st❛rt❡❞ ❆r♥♦❧❞✐ ♠❡t❤♦❞s ❛♥❞ s✉❜s♣❛❝❡ ✐t❡r❛t✐♦♥✳ ❙■❆▼
❏✳ ▼❛tr✐① ❆♥❛❧✳ ❆♣♣❧✳ ✷✸✱ ✺✺✶✕✺✻✷✳

▲❡s✐❡✉r✱ ▼✳✱ ❇❡❣♦✉✱ P✳✱ ❇r✐❛♥❞✱ ❊✳✱ ❉❛♥❡t✱ ❆✳✱ ❉❡❧❝❛②r❡✱ ❋✳ ✫ ❆✐❞❡r✱ ❏✳ ▲✳ ✷✵✵✸ ❈♦❤❡r❡♥t
✈♦rt❡① ❞②♥❛♠✐❝s ✐♥ ❧❛r❣❡✲❡❞❞② s✐♠✉❧❛t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡✳ ❏✳ ❚✉r❜✉❧❡♥❝❡ ✹✱ ✵✶✻✳

▲❥✉♥❣✱ ▲✳ ✶✾✾✾ ❙②st❡♠ ■❞❡♥t✐✜❝❛t✐♦♥✿ ❚❤❡♦r② ❢♦r t❤❡ ❯s❡r ✳ Pr❡♥t✐❝❡✲❍❛❧❧✱ ◆❡✇ ❏❡rs❡②✳

▲♦r❡♥③✱ ❊✳ ◆✳ ✶✾✺✻ ❊♠♣✐r✐❝❛❧ ♦rt❤♦❣♦♥❛❧ ❢✉♥❝t✐♦♥s ❛♥❞ st❛t✐st✐❝❛❧ ✇❡❛t❤❡r ♣r❡❞✐❝t✐♦♥✳ ❙t❛t✐st✐❝❛❧ ❋♦r❡✲
❝❛st✐♥❣ Pr♦❥❡❝t ❙❝✐❡♥t✐✜❝ ❘❡♣♦rt ◆♦✳ ✶✳ ▼❛ss❛❝❤✉s❡tts ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❉❡♣❛rt♠❡♥t ♦❢ ▼❡t❡✲
♦r♦❧♦❣②✳

▲♦r❡♥③✱ ❊✳ ◆✳ ✶✾✻✸ ❉❡t❡r♠✐♥✐st✐❝ ♥♦♥♣❡r✐♦❞✐❝ ✢♦✇✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆t♠♦s♣❤❡r✐❝ ❙❝✐❡♥❝❡s ✷✵ ✭✷✮✱ ✶✸✵✕
✶✹✶✳

✷✵✾
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▲✉❝❤t❡♥❜✉r❣✱ ❉✳ ▼✳✱ ●ü♥t❤❡r✱ ❇✳✱ ◆♦❛❝❦✱ ❇✳ ❘✳✱ ❑✐♥❣✱ ❘✳ ✫ ❚❛❞♠♦r✱ ●✳ ✷✵✵✾ ●❡♥❡r❛❧✐③❡❞
♠❡❛♥✲✜❡❧❞ ♠♦❞❡❧ ♦❢ ♥❛t✉r❛❧ ❛♥❞ ❛❝t✉❛t❡❞ ✢♦✇s ♦✈❡r ❛ ❤✐❣❤✲❧✐❢t ❝♦♥✜❣✉r❛t✐♦♥✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✻✷✸✱
✷✽✸✕✸✶✻✳

▲✉❡♥❜❡r❣❡r✱ ❉✳ ●✳ ✶✾✻✾ ❖♣t✐♠✐③❛t✐♦♥ ❜② ❱❡❝t♦r ❙♣❛❝❡ ▼❡t❤♦❞s✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ■♥❝✳

▲✉♠❧❡②✱ ❏✳ ▲✳ ✶✾✻✼ ❚❤❡ str✉❝t✉r❡ ♦❢ ✐♥❤♦♠♦❣❡♥❡♦✉s t✉r❜✉❧❡♥t ✢♦✇s✳ ■♥ ❆t♠♦s♣❤❡r✐❝ ❚✉r❜✉❧❡♥❝❡ ❛♥❞
❘❛❞✐♦ ❲❛✈❡ Pr♦♣❛❣❛t✐♦♥✱ ♣✳ ✶✻✻✳ ◆❛✉❦❛✱ ▼♦s❝♦✇✳

▲✉♠❧❡②✱ ❏✳ ▲✳ ✶✾✼✵ ❙t♦❝❤❛st✐❝ ❚♦♦❧s ✐♥ ❚✉r❜✉❧❡♥❝❡✳ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ◆❡✇ ❨♦r❦✳

▼❛✱ ❳✳ ✫ ❑❛r♥✐❛❞❛❦✐s✱ ●✳ ❊✳ ✷✵✵✷ ❆ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ❢♦r s✐♠✉❧❛t✐♥❣ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝②❧✐♥❞❡r
✢♦✇✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✹✺✽✱ ✶✽✶✕✶✾✵✳

▼❛✱ ❩✳✱ ❆❤✉❥❛✱ ❙✳ ✫ ❘♦✇❧❡②✱ ❈✳ ❲✳ ✷✵✶✵ ❘❡❞✉❝❡❞ ♦r❞❡r ♠♦❞❡❧s ❢♦r ❝♦♥tr♦❧ ♦❢ ✢✉✐❞s ✉s✐♥❣ t❤❡
❡✐❣❡♥s②st❡♠ r❡❛❧✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤❡♦r❡t✳ ❈♦♠♣✉t✳ ❋❧✉✐❞ ❉②♥❛♠✐❝s ✳

▼❛rq✉❡t✱ ❖✳ ✷✵✵✼ ❙t❛❜✐❧✐té ❣❧♦❜❛❧❡ ❡t ❝♦♥trô❧❡ ❞✬é❝♦✉❧❡♠❡♥ts ❞❡ r❡❝✐r❝✉❧❛t✐♦♥✳ P❤❞ t❤❡s✐s✱ ❯♥✐✈❡rs✐t②
♦❢ P♦✐t✐❡rs✱ ❋r❛♥❝❡✳

▼❛rq✉❡t✱ ❖✳✱ ▲♦♠❜❛r❞✐✱ ▼✳✱ ❈❤♦♠❛③✱ ❏✳✲▼✳✱ ❙✐♣♣✱ ❉✳ ✫ ❏❛❝q✉✐♥✱ ▲✳ ✷✵✵✾ ❉✐r❡❝t ❛♥❞ ❛❞❥♦✐♥t
❣❧♦❜❛❧ ♠♦❞❡s ♦❢ ❛ r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡✿ ❧✐❢t✲✉♣ ❛♥❞ ❝♦♥✈❡❝t✐✈❡ ♥♦♥♥♦r♠❛❧✐t✐❡s✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✻✷✷✱
✶✕✷✶✳

▼❛rq✉❡t✱ ❖✳ ✫ ❙✐♣♣✱ ❉✳ ✷✵✵✾ ●❧♦❜❛❧ s✉st❛✐♥❡❞ ♣❡rt✉r❜❛t✐♦♥s ✐♥ ❛ ❜❛❝❦✇❛r❞✲❢❛❝✐♥❣ st❡♣ ✢♦✇✳ ■♥
Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❙❡✈❡♥t❤ ■❯❚❆▼ ❙②♠♣♦s✐✉♠ ♦♥ ▲❛♠✐♥❛r✲❚✉r❜✉❧❡♥t ❚r❛♥s✐t✐♦♥ ✭❡❞✳ P✳ ❙❝❤❧❛tt❡r ✫
❉✳ ❙✳ ❍❡♥♥✐♥❣s♦♥✮✱ ♣♣✳ ✺✷✺✕✺✷✽✳ ■❯❚❆▼✱ ❙♣r✐♥❣❡r✱ ❉♦r❞r❡❝❤t✱ ❚❤❡ ◆❡t❤❡r❧❛♥❞s✳

▼❛rq✉❡t✱ ❖✳✱ ❙✐♣♣✱ ❉✳✱ ❈❤♦♠❛③✱ ❏✳✲▼✳ ✫ ❏❛❝q✉✐♥✱ ▲✳ ✷✵✵✽ ❆♠♣❧✐✜❡r ❛♥❞ r❡s♦♥❛t♦r ❞②♥❛♠✐❝s ♦❢
❛ ❧♦✇✲❘❡②♥♦❧❞s ♥✉♠❜❡r r❡❝✐r❝✉❧❛t✐♦♥ ❜✉❜❜❧❡ ✐♥ ❛ ❣❧♦❜❛❧ ❢r❛♠❡✇♦r❦✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✻✵✺✱ ✹✷✾✕✹✹✸✳

▼❡❧✐❣❛✱ P✳ ✷✵✵✽ ❆ t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ♦♥s❡t ❛♥❞ ❝♦♥tr♦❧ ♦❢ ✉♥st❡❛❞✐♥❡ss ✐♥ ❝♦♠♣r❡ss✐❜❧❡ ❛❢t❡r✲
❜♦❞② ✢♦✇s✳ P❤❞ t❤❡s✐s✱ ➱❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ ❋r❛♥❝❡✳

▼❡r❧❡✱ ❳✳ ✷✵✵✾ ❘és♦❧✉t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞❡ st❛❜✐❧✐té ❣❧♦❜❛❧❡ ❡♥ ré❣✐♠❡s ✐♥❝♦♠♣r❡ss✐❜❧❡ ❡t ❝♦♠♣r❡ss✐❜❧❡
❛✈❡❝ ✉♥❡ ♠ét❤♦❞❡ ❛✉① ❞✐✛ér❡♥❝❡s ✜♥✐❡s ❞❡ ❤❛✉t❡ ♣ré❝✐s✐♦♥✳ P❤❞ t❤❡s✐s✱ ➱❝♦❧❡ ◆❛t✐♦♥❛❧❡ ❙✉♣ér✐❡✉r❡
❞✬❆rts ❡t ▼ét✐❡rs✱ ❋r❛♥❝❡✳

▼♦✐♥✱ P✳ ✫ ❇❡✇❧❡②✱ ❚✳ ✶✾✾✹ ❋❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ t✉r❜✉❧❡♥❝❡✳ ❆♣♣❧✳ ▼❡❝❤✳ ❘❡✈✳ ✹✼✱ ✸✕✶✸✳

▼♦♥♦❦r♦✉s♦s✱ ❆✳✱ ➴❦❡r✈✐❦✱ ❊✳✱ ❇r❛♥❞t✱ ▲✳ ✫ ❍❡♥♥✐♥❣s♦♥✱ ❉✳ ❙✳ ✷✵✶✵ ●❧♦❜❛❧ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
♦♣t✐♠❛❧ ❞✐st✉r❜❛♥❝❡s ✐♥ t❤❡ ❜❧❛s✐✉s ❜♦✉♥❞❛r②✲❧❛②❡r ✢♦✇ ✉s✐♥❣ t✐♠❡✲st❡♣♣❡rs✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✻✺✵✱ ✶✽✶✕
✷✶✹✳

▼♦♦r❡✱ ❇✳ ✶✾✽✶ Pr✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ✐♥ ❧✐♥❡❛r s②st❡♠s✿ ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ ♦❜s❡r✈❛❜✐❧✐t②✱ ❛♥❞
♠♦❞❡❧ r❡❞✉❝t✐♦♥✳ ■❊❊❊ ❚r❛♥s✳ ❆✉t♦♠✳ ❈♦♥tr✳ ✷✻✱ ✶✼✕✸✷✳

◆♦❛❝❦✱ ❇✳✱ ❆❢❛♥❛s✐❡✈✱ ❑✳✱ ▼♦r③②♥s❦✐✱ ▼✳✱ ❚❛❞♠♦r✱ ●✳ ✫ ❚❤✐❡❧❡✱ ❋✳ ✷✵✵✸ ❆ ❤✐❡r❛r❝❤② ♦❢ ❧♦✇✲
❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s ❢♦r t❤❡ tr❛♥s✐❡♥t ❛♥❞ ♣♦st✲tr❛♥s✐❡♥t ❝②❧✐♥❞❡r ✇❛❦❡✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✹✾✼✱ ✸✸✺✕✸✻✸✳

◆♦❛❝❦✱ ❇✳ ✫ ❊❝❦❡❧♠❛♥♥✱ ❍✳ ✶✾✾✹ ❆ ❣❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ st❡❛❞② ❛♥❞ ♣❡r✐♦❞✐❝ ❝②❧✐♥❞❡r
✇❛❦❡✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✷✼✵✱ ✷✾✼✕✸✸✵✳

◆♦❛❝❦✱ ❇✳ ❘✳✱ P❛♣❛s✱ P✳ ✫ ▼♦♥❦❡✇✐t③✱ P✳ ❆✳ ✷✵✵✺ ❚❤❡ ♥❡❡❞ ❢♦r ❛ ♣r❡ss✉r❡✲t❡r♠ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥
❡♠♣✐r✐❝❛❧ ❣❛❧❡r❦✐♥ ♠♦❞❡❧s ♦❢ ✐♥❝♦♠♣r❡ss✐❜❧❡ s❤❡❛r ✢♦✇✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✺✷✸✱ ✸✸✾✕✸✻✺✳

◆♦rt❤✱ ●✳ ❘✳ ✶✾✽✹ ❊♠♣✐r✐❝❛❧ ♦rt❤♦❣♦♥❛❧ ❢✉♥❝t✐♦♥s ❛♥❞ ♥♦r♠❛❧ ♠♦❞❡s✳ ❏✳ ❆t♠♦s✳ ❙❝✐✳ ✹✶ ✭✺✮✳

✷✶✵
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❖r✱ ❆✳ ❈✳ ✫ ❙♣❡②❡r✱ ❏✳ ▲✳ ✷✵✵✽ ▼♦❞❡❧ r❡❞✉❝t✐♦♥ ♦❢ ✐♥♣✉t✲♦✉t♣✉t ❞②♥❛♠✐❝❛❧ s②st❡♠s ❜② ♣r♦♣❡r
♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ●✉✐❞❛♥❝❡✱ ❈♦♥tr♦❧✱ ❛♥❞ ❉②♥❛♠✐❝s ✸✶✕✷✱ ✸✷✷✕✸✷✽✳

❖rr✱ ❲✳ ▼✳ ✶✾✵✼ ❚❤❡ st❛❜✐❧✐t② ♦r ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ st❡❛❞② ♠♦t✐♦♥s ♦❢ ❛ ♣❡r❢❡❝t ❧✐q✉✐❞ ❛♥❞ ♦❢ ❛ ✈✐s❝♦✉s
❧✐q✉✐❞✳ Pr♦❝✳ ❘♦②✳ ■r✐s❤ ❆❝❛❞✳ ❙❡❝✳ ❆ ✷✼✱ ✻✾✕✶✸✽✳

P❧❛❝③❡❦✱ ❆✳ ✷✵✵✾ ❈♦♥tr✉❝t✐♦♥ ❞❡ ♠♦❞è❧❡s ❞✬♦r❞r❡ ré❞✉✐t ♥♦♥✲❧✐♥é❛✐r❡s ❜❛sés s✉r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ♦r✲
t❤♦❣♦♥❛❧❡ ♣r♦♣r❡ ♣♦✉r ❧✬❛ér♦é❧❛st✐❝✐té✳ P❤❞ t❤❡s✐s✱ ❈♦♥s❡r✈❛t♦✐r❡ ◆❛t✐♦♥❛❧ ❞❡s ❆rts ❡t ▼ét✐❡rs✱ ❋r❛♥❝❡✳

❘♦❜✐♥❡t✱ ❏✳✲❈✳ ✷✵✵✼❛ ❇✐❢✉r❝❛t✐♦♥s ✐♥ s❤♦❝❦✲✇❛✈❡✴❧❛♠✐♥❛r✲❜♦✉♥❞❛r②✲❧❛②❡r ✐♥t❡r❛❝t✐♦♥✿ ❣❧♦❜❛❧ ✐♥st❛❜✐❧✐t②
❛♣♣r♦❛❝❤✳ ❏❋▼ ✺✼✾✱ ✽✺✕✶✶✷✳

❘♦❜✐♥❡t✱ ❏✳✲❈✳ ✷✵✵✼❜ ➱t✉❞❡ ❞❡s ✐♥st❛❜✐❧✐tés ❞❛♥s ❞❡s é❝♦✉❧❡♠❡♥ts s♣❛t✐❛❧❡♠❡♥t ✐♥❤♦♠♦❣è♥❡s✳ ❘❡s❡❛r❝❤
❍❛❜✐❧✐t❛t✐♦♥ ✭❍❉❘✮✱ P✐❡rr❡ ❡t ▼❛r✐❡ ❈✉r✐❡ ❯♥✐✈❡rs✐t②✱ ❋r❛♥❝❡✳
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❙❛♠✐♠②✱ ▼✳✱ ❉❡❜✐❛s✐✱ ▼✳✱ ❈❛r❛❜❛❧❧♦✱ ❊✳✱ ❙❡rr❛♥✐✱ ❆✳✱ ❨✉❛♥✱ ❳✳✱ ▲✐tt❧❡✱ ❏✳ ✫ ▼②❛tt✱ ❏✳ ✷✵✵✼
❋❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ s✉❜s♦♥✐❝ ❝❛✈✐t② ✢♦✇s ✉s✐♥❣ r❡❞✉❝❡❞✲♦r❞❡r ♠♦❞❡❧s✳ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳ ✺✼✾✱ ✸✶✺✕✸✹✻✳
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✻✺✻✱ ✺✕✷✽✳
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Modèles réduits pour la dynamique linéaire 
et le contrôle en aérodynamique 

RÉSUMÉ : En aérodynamique, les écoulements décollés sont souvent sujets à de fortes 
instabilités qui provoquent l'apparition de grosses structures tourbillonnaires. Ces écoulements 
caractérisés par des instationnarités à basses fréquences sont couramment observés dans les 
applications aéronautiques et entraînent des effets néfastes tels que d'importantes vibrations 
des structures ou la génération de bruit. Cette thèse a pour objectif de fournir des modèles 
d'ordre réduit de tels écoulements aérodynamiques dans le but de concevoir des dispositifs de 
contrôle optimaux. Un écoulement transitionnel de marche descendante est considéré comme 
prototype d'écoulement décollé instable. Dans un premier temps, la dynamique linéaire de 
l'écoulement est étudiée à l'aide d'une analyse de stabilité globale. Nous montrons que 
l'écoulement amplifie de manière sélective le bruit amont par l'instabilité de Kelvin-Helmholtz. 
Ensuite, nous utilisons des méthodes de projection pour construire des modèles d'ordre réduit 
de la dynamique linéaire bidimensionnelle de l'écoulement. Trois approches sont étudiées : (i) 
l'utilisation des modes globaux les moins stables, (ii) la Décomposition Orthogonale Propre  
(POD) et (iii) la troncature équilibrée. Cette thèse introduit une méthode des clichés dans le 
domaine fréquentiel pour calculer les modes contrôlables, observables et équilibrés dominants, 
ainsi que des techniques pour traiter les systèmes fluides de grande taille. Finalement, nous 
traitons la question du contrôle en boucle fermée de l'écoulement. Une réduction conséquente 
des perturbations est obtenue en utilisant une commande Linéaire Quadratique Gaussienne 
conçue à partir d'un modèle POD. 

Mots clés : Instabilités globales, Écoulements décollés, Réduction de modèle, Décomposition 
Orthogonale Propre, Troncature équilibrée, Contrôle des écoulements. 

 

Reduced-order models for linear dynamics 
and control in aerodynamics 

ABSTRACT : In aerodynamics, separated flows are often subject to strong instabilities which 
result in the shedding of large-scale vortices. Such low-frequency unsteadiness are commonly 
encountered in aeronautical applications and lead to detrimental effects such as severe 
structural vibrations or the generation of extensive noise pollution. This thesis aims at providing 
low-order models of such aerodynamic flows in order to design optimal control devices. The 
transitional backward-facing step flow is considered as a prototype of unstable separated flow. 
Firstly, the linear flow dynamics are examined using a global stability analysis. The flow is found 
to selectively amplify the upstream noise through the Kelvin-Helmholtz instability. Next, we use 
projection methods to construct low-order models of the linear two-dimensional dynamics of the 
flow. Three approaches are investigated: (i) the use of the least damped global modes, (ii) the 
Proper Orthogonal Decomposition (POD) and (iii) the balanced truncation. This thesis 
introduces a snapshot method in the frequency domain to compute the leading controllable, 
observable and balanced modes, as well as techniques to handle large fluid systems. Lastly, 
the question of the closed-loop control of the flow is addressed. An effective reduction of the 
perturbations is obtained by using a Linear Quadratic Gaussian compensator designed from a 
POD model. 

Keywords :  Global instability, Separated flows, Model reduction, Proper Orthogonal 
Decomposition, Balanced truncation, Flow control. 


