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La tension de surface – un déficit d’énergie de liaison

Définition

γLV =

(
∂F
∂A

)
T ,V ,n
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La tension de surface – une force linéique

Principe des travaux virtuels

dE = γLVLdx

Caractéristiques

une force linéique attractive
parallèle à l’interface, normale au contour
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La pression de Laplace

Pression de Laplace

∆P = γLVκ
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La ligne de contact

Loi d’Young

γLV cos θY = γSV − γSL
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Distribution des forces capillaires dans
les solides
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Un solide élastique immergé

Un solide élastique est-il déformé par un liquide ?

Problématique

Quelles sont les forces qui
s’appliquent :

aux lignes de contact ?
aux interfaces liquide-solide,
quelle pression de Laplace ?
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Observation des déformations élastiques des
substrats

Forces localisées sous la ligne de
contact

Pression de Laplace à l’interface
solide-liquide

Deformation of an Elastic Substrate by a Three-Phase Contact Line
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Young’s classic analysis of the equilibrium of a three-phase contact line ignores the out-of-plane

component of the liquid-vapor surface tension. While it is expected that this unresolved force is balanced

by the elastic response of the solid, a definitive analysis has remained elusive because of an apparent

divergence of stress at the contact line. While a number of theories have been presented to cut off the

divergence, none of them have provided reasonable agreement with experimental data. We measure

surface and bulk deformation of a thin elastic film near a three-phase contact line using fluorescence

confocal microscopy. The out-of-plane deformation is well fit by a linear elastic theory incorporating an

out-of-plane restoring force due to the surface tension of the solid substrate. This theory predicts that the

deformation profile near the contact line is scale-free and independent of the substrate elastic modulus.

DOI: 10.1103/PhysRevLett.106.186103 PACS numbers: 68.08.Bc, 68.03.Cd, 68.60.Bs

At first glance, it is hard to imagine that there is anything
mysterious about a droplet of water resting on a solid
surface. However, mathematical descriptions of an ideal-
ized contact line, where the liquid, solid, and vapor phases
meet, can contain perplexing singularities. For example,
the diffusion-limited evaporation rate of a stationary drop-
let [1] and the strain rate of a translating droplet [2,3] both
diverge at the contact line.

As articulated by Young, the equilibrium angle of a
three-phase contact line is determined by a balance of
solid-vapor, solid-liquid, and liquid-vapor surface tensions
[4]. Surface tension is the derivative of the free energy with
respect to area and can be visualized as a generalized force
per unit length acting on the contact line, as shown in
Fig. 1. Specifically, the solid-liquid surface tension, !sl,
exerts a force per unit length radially inward, and the solid-
vapor surface tension, !sv, exerts a force per unit length
radially outward. The contact angle sets itself so that the
horizontal component of the liquid-vapor surface tension,
cosð"Þ!lv, balances !sl-!sv. However, this classic force
balance leaves the vertical component of the liquid-vapor
surface tension unbalanced. While it is clear that the nor-
mal force due to the liquid-vapor surface tension must be
balanced by elastic deformation of the solid substrate, the
calculation of the deformation poses important conceptual
difficulties. In particular, the force per unit area, or stress,
exerted by the liquid-vapor surface tension diverges at the
contact line. Continuum elastic theory therefore predicts a
strain divergence at the contact line.

To avoid this difficulty, Shanahan and de Gennes im-
posed a length-scale cutoff and focused their analysis on
regions far from the contact line [5,6]. Alternatively, Long
et al. [7] suggested that the divergence in the strain could

be cut off by including a surface-tension penalty for the
additional surface area of the deformed solid. Pericet-
Camara et al. [8] recently measured the topography at
the free surface of a poly(dimethylsiloxane) substrate due
to a drop of ionic liquid. Their data showed agreement with
Long’s theory in the long and short wave vector limits, but
large discrepancies were found at distances from the con-
tact line comparable to the substrate thickness.
In this Letter, we report measurements of the in-plane

and normal displacement fields in a gel near its contact line
with a sessile droplet of water. We find that a linear elastic
theory accounting for the finite thickness and surface ten-
sion of the gel resolves some of the conceptual difficulties
imposed by the stress singularity and provides an excellent
quantitative description of the out-of-plane deformation of
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FIG. 1 (color online). Schematic diagram showing a sessile
droplet on an elastic substrate. Here, !sl ¼ !sv. Superimposed
on the right-hand side of the droplet is the conventional force
balance used to derive Young’s equation. The anticipated scale-
free deformation of the substrate at the contact line is super-
imposed on the left-hand side.
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injected in cylindrical moulds made of cellular polystyrene.
These moulds are fabricated using two cuboid pieces of
cellular polystyrene (3! 0:5! 0:5 cm3). One of the larger
faces of each piece is heated just above the glass transition
temperature of polystyrene. The two hot sides are then
assembled and a 3 cm long copper wire of a desired
diameter is inserted between them. This wire is removed
after cooling at room temperature, leaving a hollow cylin-
der of the same dimensions within the polystyrene block.
We have checked by optical microscopy that the roughness
of the surface is less than 4 !m. The mould is then pre-
heated in order to prevent partial gelation before the liquid
is completely injected.

After injecting the agar solution and cooling for 5 h at
room temperature, the mould is dissolved in liquid toluene.
Total dissolution takes about 3 min. The strand of agar gel
is then released in toluene. The agar gel—toluene surface
tension " is roughly equal to the water-toluene surface
tension; this value is used in further computations. To
prevent the agar cylinder from wrapping up, the two ends
are fixed in a frame before releasing. This yields strands
measuring about 2 cm long floating in toluene. Depending
on the mould, their radius lies in the range 150–260 !m.

Depending on the initial strand radius #0 and the shear
modulus ! of the agar gel, the growth of a surface insta-
bility takes place during the mould dissolution. The final
steady pattern is seen after dissolution is complete. Strands
of agar gel with a high concentration and/or a large radius
retain a cylindrical shape after the mould dissolution [Fig. 2
(a)]. Strands with a low concentration and a small radius are
systematically breaking into two during the dissolution. For
intermediate strands, surface undulations develop just after
dissolution and remain permanently [Figs. 2(b)–2(d)].
When an unstable filament is gently stretched in the middle,
and then released, it recovers its length and shape, thereby
demonstrating that the undulation pattern is stable. On the
contrary, if pure water is injected into the moulds instead of

the agar gel, the released strand breaks, as expected, into
separate spherical droplets.
We used toluene saturated with water to prevent shrink-

ing. This makes a fundamental difference between our
experiments and those reported by Matsuo and Tanaka
[8]. In their case, the instability is driven by diffusion of
the gel solvent into the miscible outer fluid. The slowly
developing instability they observe cannot be linked to a
RPI, because there is no sharp interface and so no surface
tension in their experiment.
Within the setup we used, the resolution for the ampli-

tude of the modulations is about 15 !m. To obtain the
critical elastic modulus (at a fixed radius) below which
cylinders remain straight, the amplitude is plotted as a
function of the elastic modulus and fitted by the power law

fð!Þ ¼ $ð!%!cÞ% (1)

with adjustable parameters $, %, and !c (Fig. 3); !c is the
shear modulus at the instability threshold. In this way, we
succeed in separating unambiguously the cases where a
cylinder is either stable or not. Figure 4 summarizes the
experimental stability data in the !% #0 plane. The plane
is divided into two areas, one corresponding to stable
straight cylinders and the other to unstable ones.
Just above the threshold [Fig. 2(b)], the instability leads

to a varicose shape. Farther away from the threshold, the
shape becomes more complicated, with large constant-
radius areas interrupted by constrictions [Fig. 2(d)]. In
the following, we focus on the physics near the threshold
[Figs. 2(a) and 2(b)]. The analysis far beyond the insta-
bility threshold requires a nonlinear theory that will be the
subject of future work.
Suppose that the surface of a cylinder is perturbed by a

small axisymmetric modulation from a constant radius #0

to #ðzÞ ¼ #0 þ &ðzÞ, where z is the coordinate along the
axis and &ðzÞ ' #0 (Fig. 5). The mean curvature ' of the
surface changes from 1=#0 to 1=#0 % &ðzÞ=#2

0 % &00ðzÞ.
This yields a Laplace pressure contribution "' to be added
to the boundary conditions (bc) for the normal stress on the
surface of the cylinder.

FIG. 2. Equilibrium shape of agar gel cylinders for different
values of the shear modulus. Radius is # ¼ 240 !m, surface
tension is " ’ 36:5 mN=m. Shear modulus varies from 12 to
27 Pa. Note the RPI instability for values of "=ð!#Þ larger
than 6.2.

FIG. 1. Linear rheological properties of a 0.18% agar gel
hydrogel. The curves are obtained by dynamic oscillatory shear
tests, using a strain controlled rheometer (ARES-RFS from
TAInstruments) in Couette geometry. Left: Evolution of the
storage and loss moduli as functions of time. Right: Storage
and loss moduli as functions of the angular frequency 5 h after
cooling.
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Raisonnement macroscopique

Principe des travaux virtuels

dE = (γSV − γSL)L dz
= − FL→S dz

Force résultante

~FL→S · (−~uz)

L
= γSV − γSL
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Raisonnement erroné n̊ 1 :
À la ligne de contact

γLV cos θY = γSV − γSL

Une représentation problématique

Quel système ?
Résultante verticale ?
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Raisonnement erroné n̊ 1 :
À la ligne de contact

exercée par le liquide sur le solide

Jerison et al., PRL, 2011
Pericet-Cámara et al., Langmuir, 2008

Carré et al., Nature, 1996
Long et al., Langmuir, 1996

Rusanov, Colloid J. USSR, 1975
Lester, J. Colloid Sci., 1961
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Raisonnement erroné n̊ 1 :
distribution correspondante

1
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Raisonnement erroné n̊ 2 :
distribution correspondante

1 21
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Raisonnement erroné n̊ 2 :
distribution correspondante

1 21

Pericet-Cámara et al., Langmuir, 2008
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Quelle distribution ?

1 2

Des représentations problématiques

à la ligne de contact : une seule force / trois forces ?
aux interfaces courbées : quelle pression de Laplace ?
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effets de compression/étirement
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Capillaire élastique
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Suivi du déplacement local
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Déplacement relatifs des marqueurs
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Déplacement relatifs des marqueurs

6

4

2
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Dans l’air

Pente mesurée :

(8, 06±0, 1)×10−3

Déformation
attendue :

2γLV cos θY
ER

= (6, 4±1, 9)×10−3
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Déplacement relatifs des marqueurs
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Dans le liquide

Pression
hydrostatique
(jaune)
Pression de Laplace
supplémentaire
γ0κ :

γ0
γLV

= 1, 2± 0, 3
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Distribution des forces capillaires

1 2 31 2

Seul un modèle microscopique peut expliciter la distribution des forces
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Modèle de distribution microscopique
des forces
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La tension de surface en dynamique moléculaire
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Contraintes à l’interface
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Quelle est l’origine de l’anisotropie des contraintes à l’interface ?



Introduction

Distribution
des forces
capillaires dans
les solides

Modèle de
distribution
microscopique
des forces

Entraînement
d’air

Conclusion

23/46

Répulsion et attraction

A(R∗) =
¯̄σTT (R∗)− ¯̄σNN(R∗)
¯̄σTT (∞) + ¯̄σNN(∞)
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Modèle géométrique des interactions

Hypothèses

Phases homogènes
Interfaces infiniment fines
La répulsion est une force de contact isotrope, et détermine la
structure du liquide loin des interfaces
L’attraction est une force volumique sensible à la géométrie de
l’environnement
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Conséquences 1

Réinterprétation de la capillarité
quelle que soit la forme du potentiel intermoléculaire

γLV

Loi d’Young

Loi de Neumann

Loi de Laplace
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Conséquences 2 : Force du liquide sur le solide
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Conséquences 3 : Pression de Laplace à l’interface
liquide-solide
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Interprétation de l’exemple de la plaque

Compatible avec le bilan thermodynamique
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Conclusion

6
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γ0
γLV

= 1, 2± 0, 3

Distribution des forces capillaires

Deux résultats importants :
FL→S à la ligne de contact selon la bissectrice du coin de liquide
Pression de Laplace γLVκ sur le solide
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Applications du modèle développées dans la thèse

Tension de ligne

Saturation de
l’électromouillage

Déformation du substrat au
voisinage de la ligne de
contact
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Applications du modèle développées dans la thèse

Tension de ligne

Saturation de
l’électromouillage
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Déformation du substrat au
voisinage de la ligne de
contact
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Applications du modèle développées dans la thèse

Tension de ligne

Saturation de
l’électromouillage

Déformation du substrat au
voisinage de la ligne de
contact
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Entraînement d’air
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Tirage d’un film

Avoided Critical Behavior in Dynamically Forced Wetting

Jacco H. Snoeijer,1 Giles Delon,1 Marc Fermigier,1 and Bruno Andreotti1
1Physique et Mécanique des Milieux Hétérogènes, UMR 7636 CNRS-ESPCI, 10 rue Vauquelin, 75231 Paris Cedex 05, France

(Received 3 November 2005; published 5 May 2006)

A solid object can be coated by a nonwetting liquid since a receding contact line cannot exceed a
critical speed. In this Letter we study the dynamical wetting transition at which a liquid film gets deposited
by withdrawing a vertical plate out of a liquid reservoir. It has recently been predicted that this wetting
transition is critical with diverging time scales and coincides with the disappearance of stationary menisci.
We demonstrate experimentally and theoretically that the transition is due to the formation of a solitary
wave, well below the critical point. As a consequence, relaxation times remain finite at threshold. The
structure of the liquid deposited on the plate involves a capillary ridge that does not trivially match the
Landau-Levich film.

DOI: 10.1103/PhysRevLett.96.174504 PACS numbers: 47.10.!g, 68.08.Bc

Wetting and dewetting phenomena are encountered in a
variety of environmental and technological contexts, rang-
ing from the treatment of plants to oil recovery and coating.
Yet, their dynamics can not be captured within the frame-
work of classical hydrodynamics—with the usual no-slip
boundary condition on the substrate—since the viscous
stress diverges at the contact line [1,2]. The description of
moving contact lines has remained a great challenge, es-
pecially because it involves a wide range of length scales.
In between molecular and millimetric scales, the strong
viscous stresses are balanced by capillary forces. In this
zone, the slope of the free surface varies logarithmically
with the distance to the contact line so that the interface is
strongly curved, even down to small scales [3,4]. Ulti-
mately, the intermolecular forces due to the substrate in-
troduce the physical mechanism that cuts off this singu-
lar tendency [3–5]. The problem remains highly contro-
versial, however, as none of the existing experiments has
been able to discriminate between the various proposed
regularizations.

The motion of receding contact lines is limited by a
maximum speed beyond which the interface gives way to
liquid deposition. Drops sliding down a window develop
singular cusplike tails that, at high velocities, emit little
drops [6]. Similarly, solid objects can be coated by a non-
wetting liquid when withdrawn fast enough from a liquid
bath [7–9]. The relevant dimensionless parameter for these
experiments is the capillary number Ca " !U=", which
represents the velocity U, rescaled by viscosity ! and
surface tension ". Recently, this wetting transition to liquid
deposition has been interpreted in a full-scale hydrody-
namic model, as a matching problem between the bound-
ary conditions imposed at both ends of the scale range: the
highly curved contact line zone and the macroscopic flow
[10,11]. Above a critical Cac, stationary solutions cease to
exist. It has furthermore been argued, as is generic for
saddle-node bifurcations, that relaxation times should di-
verge at this critical point [12,13].

In this Letter we unravel the nature of the dynamical
wetting transition in the classical setup of a dip-coating

experiment, in which a plate is withdrawn vertically from a
liquid bath. We demonstrate that the transition occurs
before the predicted critical point, due to the appearance
of a solitary wave that has the structure of a ridge (Fig. 1).
This ridge is very different from the rim observed in
dewetting of thin films [14], both in structure as well as
in its physical origin. This provides a novel perspective on
wetting dynamics, in particular, since we show that the
ridge serves as a sensitive probe for the nanoscale physics
at the contact line.

Experimental setup.—We study the dynamics at the
forced wetting transition by withdrawing a vertical plate
from a bath of nonwetting liquid. The experiments were
performed using a 50 mm# 100 mm silicon wafer coated
with a fluorinated surfactant FC725 (sold by 3M), which is
withdrawn vertically from a bath of silicone oil (viscosity
! " 4:95 Pa s, surface tension " " 0:0203 Nm!1, density
# " 970 kgm!3, molecular size 70 nm). The silicone oil
is partially wetting the plate, with a static contact angle
$s " 51:5$ for a receding contact line (57$ for an advanc-
ing one). The plate velocity Up is controlled within a

moving
plate

camera

Up

(a) (b)

FIG. 1. (a) Schematic representation of the experiment: a
vertical plate is withdrawn from a liquid bath at constant velocity
Up. Above the transition, a capillary ridge starts propagating
upwards. (b) Photograph of the experiment. The inclined contact
lines are induced by the edges of the plate. This Letter focuses on
the horizontal central zone.

PRL 96, 174504 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
5 MAY 2006

0031-9007=06=96(17)=174504(4) 174504-1  2006 The American Physical Society

Snoeijer et al., PRL, 2006

Seuil d’entraînement
du liquide

Up > Ue
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Physique de la transition de mouillage dynamique

Statique En reculée

Comparaison contraintes visqueuses / capillaires :

Ca =
σvisc

σcap
≈ η`Up/h

γLV/h
=
η`Up

γLV
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Dissipation à l’approche de la ligne de contact

Dissipation sur l’ensemble
des échelles micro → macro

Effet de pointe en reculée

h↘ σvisc ∼ η`Up
h ↗

Cae =
η`Up

γLV
≈ 10−2

à une échelle L donnée :

σvisc ∼
η`Up

Lθ
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Avancée de la ligne de contact

En avancée ?
θ → π : l’effet de pointe disparaît !
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Entraînement d’air

Lorenceau et al., PRL,
2003

Duez et al., Nature
Physics, 2007

Driscoll et al., PRE,
2010

Benkreira et al., Chem.
Eng. Sci., 2008 et 2010

Seuil contrôlé par la
viscosité du liquide

η`

Importance des
propriétés de
mouillage

La réduction de la
pression augmente le
seuil d’entraînement

Problématique

Physique de la transition ?
Dépendance du seuil vis à vis des propriétés du liquide et du
gaz ?
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Transition de mouillage dynamique en avancée
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Montage expérimental
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Au delà du seuil



Introduction

Distribution
des forces
capillaires dans
les solides

Modèle de
distribution
microscopique
des forces

Entraînement
d’air

Conclusion

40/46

Résultats
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Forte influence de la viscosité de l’air



Introduction

Distribution
des forces
capillaires dans
les solides

Modèle de
distribution
microscopique
des forces

Entraînement
d’air

Conclusion

41/46

Interprétation

lorsque le liquide recule
θ → 0

σ` ∼
η`Up

Lθ

lorsque le liquide avance
θ → π

σ` ∼
η`Up

L
(π−θ)2, σg ∼

ηgUp

L(π − θ)
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Modélisation
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Théorie de la lubrification
étendue

À deux phases
Pente arbitraire mais
courbure faible

Bon ordre de grandeur
Bon comportement
Mais solutions fortement courbées
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Modélisation : influence de la pression
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`mfp ∼
1
P

Si l’échelle de dissipation dominante dans le gaz ∼ le libre
parcours moyen, la dissipation baisse.
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Conclusion

Forte influence de la dissipation dans la phase gazeuse
La pression a une influence sur le libre parcours moyen et donc
sur le seuil d’entraînement



Introduction

Distribution
des forces
capillaires dans
les solides

Modèle de
distribution
microscopique
des forces

Entraînement
d’air

Conclusion

45/46

Conclusion
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Conclusion

1 Élaboration d’un modèle géométrique de la capillarité à l’échelle
microscopique

Réinterprète les lois classiques de Young, Neumann, Laplace
Explicite la distribution des forces dans un solide
Saturation de l’électromouillage
Tension de ligne (confirmation par des simulations numériques)

2 Confirmation expérimentale par l’étude de la compression d’un
capillaire élastique

3 Étude de la transition d’entraînement d’air
Effet de confinement géométrique
Effet des paramètres microscopiques : `mfp
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Annexes
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Interprétation microscopique
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L’interface liquide-vapeur
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L’interface liquide-solide



Annexes

DFT

Tension de
ligne

Inhomogénéités

Electromouillage

Dissipation
dans le
substrat

51/46

Amplitude de l’interaction solide-liquide

ALL = 2γLV

ASL = γSV + γLV − γSL

= γLV(1 + cos θY )
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Construction d’Young
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Pression de Laplace
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Pression de Laplace
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Propriétés de la pression de Laplace

~F
W

= −
∫
S
γκ~n ds = γ

(
~t1 +~t2

)
~MO

W
= −

∫
S
γκ~n ∧ ~OM ds = γ

(
~t1 ∧ ~OM1 +~t2 ∧ ~OM2

)
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Tension de Ligne

cos θ = cos θY cos θ = cos θY − τ/γLV
R
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Nanogouttes en Dynamique Moléculaire
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Tension de ligne

4

3
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1

0

18013590450

ζMD
LL = (2, 9± 0, 3)σ ζMD

LS = (0, 4± 0, 3)σ
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Interprétation géométrique

` = − τLL + τSL

γLV

= ζLL
2
π

(
1 +

π − θY
tan θY

)
− ζSL

1 + cos θY
tan θY
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Tension de ligne – résumé

Provient du surcroît d’énergie de liaison par rapport à un espace
semi-infini
Dominée par les interactions liquide-liquide
τ < 0
` ≈ σ ; τ ≈ −10−11 J.m−1.

Enfin, le faible ordre de grandeur de τ explique pourquoi il est très
difficile à mesurer expérimentalement.
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L’interface liquide-solide
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La tension de surface des solides

sTT = γSV +

(
∂γSV

∂εTT

)
µi ,T ,eNN
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Electromouillage
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Electromouillage
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Dissipation dans le substrat
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Dissipation dans le substrat
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Dissipation dans le substrat
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Dissipation dans le substrat

180

135

90

45

0

-6 -4 -2 0 2 4 6


	Distribution des forces capillaires dans les solides
	Modèle de distribution microscopique des forces
	Entraînement d'air
	Conclusion
	Annexes
	Annexes
	DFT
	Tension de ligne
	Inhomogénéités
	Electromouillage
	Dissipation dans le substrat


