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❘❡♠❡r❝✐❡♠❡♥ts

❏❡ t✐❡♥s ❡♥ ♣r❡♠✐❡r ❧✐❡✉ à ♣rés❡♥t❡r ♠♦♥ ❡①trê♠❡ ❣r❛t✐t✉❞❡ à ❙②❧✈✐❡ ▼é❧é❛r❞ ♣♦✉r
❧❛ r✐❝❤❡ss❡ ❡t ❧✬✐♥t❡♥s✐té ❞❡ s♦♥ ❡♥❝❛❞r❡♠❡♥t s❝✐❡♥t✐✜q✉❡✱ ❞♦♥t ❥✬❛✐ ♣✉ ❛♣♣r❡♥❞r❡
❧✬♦r✐❣✐♥❛❧✐té ❡t ❧❛ ❢♦r❝❡✱ ❡t q✉✐ r❡st❡r❛ ♣♦✉r ♠♦✐ ✉♥ ♠♦❞è❧❡ ❞❡ ❞✐r❡❝t✐♦♥✳ ❙♦♥ ❡♥✲
t♦✉s✐❛s♠❡✱ ❧❛ q✉❛❧✐té ❞❡ s♦♥ é❝♦✉t❡✱ ❧❛ ♣r♦❢♦♥❞❡✉r ❞❡ s❡s r❡♠❛rq✉❡s ❡t ❧❛ ❝♦♥✜❛♥❝❡
q✉✬❡❧❧❡ ♠✬❛ ❛❝❝♦r❞és ❞❡♣✉✐s ❧❡ ❞é❜✉t ♠✬♦♥t ♣❡r♠✐s ❞❡ r❡♥♦✉✈❡❧❡r s❛♥s ❝❡ss❡ ♠❛
♠♦t✐✈❛t✐♦♥✳ ❊♥✜♥✱ ❥❡ ❧✉✐ s✉✐s r❡❞❡✈❛❜❧❡ ❞❡ ♥♦♠❜r❡✉s❡s r❡♥❝♦♥tr❡s✱ ❞✬♦✉✈❡rt✉r❡s
✈❡rs ❞❡s ❞♦♠❛✐♥❡s q✉✐ ♠❡ s❡r❛✐❡♥t s✐♥♦♥ r❡stés ❧❛r❣❡♠❡♥t ✐♥❝♦♥♥✉❡s✱ t❡❧s q✉❡ ❧❛
❜✐♦❧♦❣✐❡✱ ❧✬é❝♦❧♦❣✐❡ ❡t ❧❛ ❞é♠♦❣r❛♣❤✐❡✳

▼❡s ♣❡♥sé❡s ✈♦♥t é❣❛❧❡♠❡♥t ❛✉① ❞❡✉① r❛♣♣♦rt❡✉rs ❞❡ ♠❛ t❤ès❡✱ ❙t❡✈❡ ◆✳ ❊✈❛♥s
❡t ❉❡♥✐s ❚❛❧❛②✳ ❏❡ ❧❡✉r s✉✐s ♣r♦❢♦♥❞é♠❡♥t r❡❝♦♥♥❛✐ss❛♥t ❞✬❛✈♦✐r ♣r♦❞✉✐t ❧✬❡✛♦rt
❞❡ s❡ ♣❧♦♥❣❡r ❞❛♥s ♠❡s tr❛✈❛✉①✱ ♠❡ ❢❛✐s❛♥t ♣r♦✜t❡r ❞❡ ❧❡✉r ❡①♣❡rt✐s❡ ❡t s❛✈♦✐r✲
❢❛✐r❡ ❡♥ ♣r♦❜❛❜✐❧✐té✳ ❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à r❡♠❡r❝✐❡r ❉❡♥✐s ❚❛❧❛② ♣♦✉r s♦♥ ❛❝❝✉❡✐❧
à ❧✬■◆❘■❆ ❙♦♣❤✐❛✲❆♥t✐♣♦❧✐s ❡♥ ❛✈r✐❧ ✷✵✶✶ ❡t ♣♦✉r ❧❡s ❞✐s❝✉ss✐♦♥s ♠❛t❤é♠❛t✐q✉❡s
q✉❡ ♥♦✉s ② ❛✈✐♦♥s ❡✉❡s✳

❏❡ s♦✉❤❛✐t❡r❛✐s r❡♠❡r❝✐❡r P❛tr✐❝❦ ❈❛tt✐❛✉①✱ P✐❡rr❡ ❈♦❧❧❡t✱ P✐❡rr❡ ❉❡❧ ▼♦r❛❧ ❡t
❏❡❛♥✲❋r❛♥ç♦✐s ▲❡ ●❛❧❧ ❞❡ ♣❛rt✐❝✐♣❡r à ♠♦♥ ❥✉r② ❞❡ t❤ès❡✱ ❧❛ r❡♥❝♦♥tr❡ ❞❡ ❝❤❛❝✉♥
❞✬❡♥tr❡ ❡✉① ❛②❛♥t été ✉♥❡ ét❛♣❡ ✐♠♣♦rt❛♥t❡ ❞❡ ♠♦♥ ❛♣♣r❡♥t✐ss❛❣❡ ❡t ❞❡ ♠♦♥
❡♥❣❛❣❡♠❡♥t ✈❡rs ❧❛ r❡❝❤❡r❝❤❡ ❡♥ ♣r♦❜❛❜✐❧✐té✳ ❏❡ t✐❡♥s ❡♥ ❡✛❡t à r❡♠❡r❝✐❡r ❏❡❛♥✲
❋r❛♥ç♦✐s ▲❡ ●❛❧❧ ♣♦✉r ❧❛ ❣é♥ér♦s✐té ❡t ❧❛ q✉❛❧✐té ❞❡ s♦♥ ❡♥s❡✐❣♥❡♠❡♥t à ❧✬➱❝♦❧❡
◆♦r♠❛❧❡ ❙✉♣ér✐❡✉r❡ ♣✉✐s ❡♥ ▼❛st❡r ✷ à ❖rs❛②✱ q✉✐ ♦♥t ❧❛r❣❡♠❡♥t ❝♦♥tr✐❜✉é à
❧✬✐♥térêt q✉❡ ❥❡ ♣♦rt❡ ❞❡♣✉✐s ❛✉① ♣r♦❜❛❜✐❧✐tés✳ ❏❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t P✐❡rr❡ ❉❡❧
▼♦r❛❧✱ ❞♦♥t ❧❛ r❡♥❝♦♥tr❡ à ❇♦r❞❡❛✉① ❡♥ ✷✵✶✵ ❛ été ✉♥❡ ét❛♣❡ ❡♥r✐❝❤✐ss❛♥t❡ ❡t
❞é❝✐s✐✈❡ ♣♦✉r ❧✬♦r✐❡♥t❛t✐♦♥ ❞❡ ♠❡ r❡❝❤❡r❝❤❡s ❡t ❞♦♥t ❧❡s r❡t♦♠❜é❡s s♦♥t ♣♦✉r ♠♦✐
❧♦✐♥ ❞✬êtr❡ é♣✉✐sé❡s✳ ❏❡ s♦✉❤❛✐t❡ r❡♠❡r❝✐❡r P✐❡rr❡ ❈♦❧❧❡t✱ q✉❡ ❥✬❛✐ ❡✉ ❧✬❤♦♥♥❡✉r ❞❡
❝ôt♦②❡r ❛✉ ❈▼❆P ❡t ❞♦♥t ❧✬❛✐❞❡ ♠❛t❤é♠❛t✐q✉❡✱ ❧✬♦✉✈❡rt✉r❡ ❡t ❧❛ ✈✐✈❛❝✐té ❞✬❡s♣r✐t
♦♥t été ✉♥ s♦✉t✐❡♥ ❢♦rt ❞❡♣✉✐s ❧❡ ❞é❜✉t ❞❡ ♠❛ t❤ès❡✳ ❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à r❡♠❡r❝✐❡r
P❛tr✐❝❦ ❈❛tt✐❛✉① ♣♦✉r ❧❡ t❡♠♣s q✉✬✐❧ ♠✬❛ ❛❝❝♦r❞é ❡t ♣♦✉r s❛ ❜✐❡♥✈❡✐❧❧❛♥❝❡ ❧♦rs ❞❡
♥♦s é❝❤❛♥❣❡s ♠❛t❤é♠❛t✐q✉❡s✳

▼❡s ❛♥♥é❡s ❞❡ t❤ès❡ ❛✉ ❈▼❆P ♦♥t été ♣♦♥❝t✉é❡s ❞❡ r❡♥❝♦♥tr❡s ❡t ❥❡ s♦✉❤❛✐t❡
r❡♠❡r❝✐❡r ❧❡s ♠❡♠❜r❡s ❞❡ ❧✬❆◆❘ ▼❆◆❊●❊ ❞♦♥t ❧❛ ❜♦♥♥❡ ❤✉♠❡✉r ❡t ❧✬❛♣♣♦rt

✶



✷ ❈❖◆❚❊◆❚❙

s❝✐❡♥t✐✜q✉❡ ♦♥t s✉ ♠❛✐♥t❡♥✐r ♠❛ ♠♦t✐✈❛t✐♦♥ ❛✉ ❜❡❛✉✲✜①❡✳ ▲❡ ❢♦✐s♦♥♥❡♠❡♥t ❞✬✐❞é❡s
❛✉q✉❡❧ ❥✬❛✐ ♣✉ ❛ss✐st❡r ❛❧♦rs ❛ été ❡♥tr❡t❡♥✉ ♣❛r ❧❡s ♥♦♠❜r❡✉① ❡①♣♦s❛♥ts ♠❡♠❜r❡s
❞✉ ♣r♦❥❡t ❡t ♣❛r ❧❡s ❞✐s❝✉ss✐♦♥s ✐♥❢♦r♠❡❧❧❡s q✉✬✐❧s s✉❝✐t❛✐❡♥t✳ ❏❡ t✐❡♥s à ❝❡t é❣❛r❞ à
r❡♠❡r❝✐❡r ❚❤✐❡rr② ❍✉✐❧❧❡t ♣♦✉r s❡s ❡①♣❧✐❝❛t✐♦♥s ❞ét❛✐❧❧é❡s s✉r ❞❡s ♣r♦❜❧è♠❛t✐q✉❡s
♥♦✉✈❡❧❧❡s ♣♦✉r ♠♦✐✱ ◆✐❝♦❧❛s ❈❤❛♠♣❛❣♥❛t✱ q✉❡ ❥❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t ♣♦✉r ❧✬♦✛r❡
❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❧✉✐ ❡♥ t❛♥t q✉❡ ♣♦st✲❞♦❝t♦r❛♥t q✉✬✐❧ ♠✬❛ ♦✛❡rt❡ ❡t q✉❡ ❥✬❛✐ s❛✐s✐❡✱
❱✐♥❝❡♥t ❇❛♥s❛②❡✱ ♣♦✉r s♦♥ ❤✉♠❡✉r ♣ét✐❧❧❛♥t❡ ❡t s❛ ❣é♥ér♦s✐té✱ ❛✐♥s✐ q✉❡ ♠❡s
❝♦✲❡♥❝❛❞rés ❋❧♦r❡♥t ❇❛rr❡t✱ ❈❛♠✐❧❧❡ ❈♦r♦♥ ❡t ❈❧é♠❡♥t ❋❛❜r❡✳ ❏✬❛✐ é❣❛❧❡♠❡♥t
✉♥❡ ♣❡♥sé❡ ♣♦✉r t♦✉t❡s ❧❡s ♣❡rs♦♥♥❡s q✉✐ s❡ s♦♥t ✐♥✈❡st✐❡s ❞❛♥s ❧❡ ♣r♦❥❡t ❞❡ ❧❛
❝❤❛✐r❡ ▼▼❇✱ ❞♦♥t ❧❡s r❡♥❝♦♥tr❡s s❝✐❡♥t✐✜q✉❡s ♦♥t été ❞❡s s♦✉r❝❡s ❞✬✐♥s♣✐r❛t✐♦♥ ❡t
❞✬♦✉✈❡rt✉r❡✳

❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à r❡♠❡r❝✐❡r ❧❡s ♥♦♠❜r❡✉① ❞♦❝t♦r❛♥ts q✉✐ ♦♥t ♦❝❝✉♣é ❧❡
♠ê♠❡ ❜✉r❡❛✉ q✉❡ ♠♦✐✱ ❥❡ ♣❡♥s❡ ❡♥ ♣❛rt✐❝✉❧✐❡r à ❏❡❛♥✲❇❛♣t✐st❡ ❇❡❧❧❡t ❡t ▼❡✐s❛♠
❙❤❛r✐❢② ♣♦✉r ❧❡✉r ❤✉♠♦✉r ❡t ❧❡✉r s♦✉t✐❡♥ ♣❡r♠❛♥❡♥t✱ ❆❜❞✉❧ ❲❛❤❛❜ ♣♦✉r s♦♥
♦✉✈❡rt✉r❡ ❡t s♦♥ ❛✐❞❡✱ ❛✐♥s✐ q✉❡ ❨♦sr❛ ❇♦✉❦❛r✐ ♣♦✉r s❛ ❜♦♥♥❡ ❤✉♠❡✉r à t♦✉t❡
é♣r❡✉✈❡✳ ❏❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t ❑❤❛❧✐❞ ❏❛❧❛❧③❛✐ ♣♦✉r s❡s ❡①♣❧✐❝❛t✐♦♥s ❡♥ ❛♥❛❧②s❡
❢♦♥❝t✐♦♥♥❡❧❧❡✱ ❛✐♥s✐ q✉❡ t♦✉s ♠❡s ❝❛♠❛r❛❞❡s ❞♦❝t♦r❛♥ts ❛✉ ❈▼❆P ♣♦✉r ❧❡s ♥♦♠✲
❜r❡✉① r✐r❡s é❝❤❛♥❣és ❡t é♠♦t✐♦♥s ♣❛rt❛❣é❡s✳ ❏❡ s♦✉❤❛✐t❡ ❛✉ss✐ r❡♠❡r❝✐❡r ♠❡s ❞❡✉①
❝❛♠❛r❛❞❡s ❞❡ ❧✬➱❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣ér✐❡✉r❡ ♣✉✐s ❝♦❧♦❝❛t❛✐r❡s✱ ❍✉❜❡rt ▲❛❝♦✐♥ ❡t P❛✉❧
●❛ss✐❛t✱ ❛♥❝✐❡♥s ❞♦❝t♦r❛♥ts ❡✉① ❛✉ss✐✱ ❞♦♥t ❧❛ s♦❧✐❞❛r✐té ♠✬❛ ♣❡r♠✐s ❞❡ ♠❛✐♥t❡♥✐r
❧❡ ❝❛♣ ❞✉r❛♥t ❧❡s ♣r❡♠✐èr❡s ❛♥♥é❡s ❞❡ t❤ès❡✳ ▼❛ ❣r❛t✐t✉❞❡ ✈❛ é❣❛❧❡♠❡♥t ❛✉ ♣❡r✲
s♦♥♥❡❧ ❛❞♠✐♥✐str❛t✐❢ ❞✉ ❈▼❆P✱ ❞♦♥t ❧❡ s♦✉t✐❡♥ s❛♥s ❢❛✐❧❧❡s ♠✬❛ été ✐♥❞✐s♣❡♥s❛❜❧❡
♣❡♥❞❛♥t ❝❡s ❛♥♥é❡s✱ ❛✐♥s✐ q✉✬❛✉① ♣r♦❢❡ss❡✉rs ♣♦✉r ❧❡sq✉❡❧s ❥✬❛✐ ❡✉ ❧❡ ♣❧❛✐s✐r ❞❡ tr❛✲
✈❛✐❧❧❡r ❡♥ t❛♥t q✉❡ ♠♦♥✐t❡✉r✱ ❥❡ ♣❡♥s❡ ❡♥ ♣❛rt✐❝✉❧✐❡r à ❋❧♦r❡♥t ❇❡♥❛②❝❤✱ ▼❛t❤✐❡✉
❘♦s❡♥❜❛✉♠ ❡t ▲❡♦ ▲✐❜❡rt✐✳

❊♥✜♥✱ ❥❡ ❞é❞✐❡ ♠❛ t❤ès❡ à ♠❡s ♣❛r❡♥ts ❡t à ♠❡s ❞❡✉① ❢rèr❡s✱ ❈❤❛r❧❡s ❡t ❆♥t♦✐♥❡✳
❏❡ ❞é❞✐❡ é❣❛❧❡♠❡♥t ♠❛ t❤ès❡ à ❙♦♣❤✐❡✱ ❞♦♥t ❧❡ s♦✉t✐❡♥✱ ❧✬♦♣t✐♠✐s♠❡ ❡t ❧❡ ❝♦✉r❛❣❡
♥✬♦♥t ❥❛♠❛✐s ❢❛✐❧❧✐ ❡t ❞♦♥t ❥❡ ♥✬❛✉r❛✐s s✉ ♠❡ ❞✐s♣❡♥s❡r✳ ▲❡✉r ♣rés❡♥❝❡ à ♠❡s ❝ôtés
♥✬❛ ❡✉ ❞❡ ❝❡ss❡ ❞❡ ♠✬❡♥❝♦✉r❛❣❡r à s✉r♠♦♥t❡r ❧❡s ♠♦♠❡♥ts ❧❡s ♣❧✉s ❞✐✣❝✐❧❡s ❡t
à ♣r♦✜t❡r ♣❧❡✐♥❡♠❡♥t ❞❡s ♠♦♠❡♥ts ❞❡ ❥♦✐❡ t♦✉t ❛✉ ❧♦♥❣ ❞❡ ♠❛ t❤ès❡❀ ❝✬❡st ✉♥❡
❣r❛t✐t✉❞❡ s❛♥s ❜♦r♥❡ q✉❡ ❥❡ ❧❡✉r ❡①♣r✐♠❡✳



■♥tr♦❞✉❝t✐♦♥

■♥tr♦❞✉❝t✐♦♥

❈❡tt❡ t❤ès❡ ♣♦rt❡ s✉r ❧✬ét✉❞❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡s ❛✈❡❝
❛❜s♦r♣t✐♦♥ ❡t ❞❡ ❧❡✉r ❛♣♣r♦①✐♠❛t✐♦♥✳ ❈❡s ♣r♦❝❡ss✉s tr♦✉✈❡♥t ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s
❞❡ ♥♦♠❜r❡✉① ❞♦♠❛✐♥❡s✱ t❡❧s q✉❡ ❧✬é❝♦❧♦❣✐❡✱ ❧❛ ✜♥❛♥❝❡ ♦✉ ❧❡s ét✉❞❡s ❞❡ ✜❛❜✐❧✐té✳

◆♦✉s ét✉❞✐♦♥s ❡♥ ♣❛rt✐❝✉❧✐❡r ❧✬é✈♦❧✉t✐♦♥ ❡♥ t❡♠♣s ❧♦♥❣ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡
♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ ❛✈❡❝ ❛❜s♦r♣t✐♦♥✳ ❚❛♥❞✐s q✉❡ ❧✬é✈♦❧✉t✐♦♥ ❡♥ t❡♠♣s ❧♦♥❣ ❞✬✉♥
♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ ré❝✉rr❡♥t ❡st ❜✐❡♥ ❞é❝r✐t❡ ♣❛r s❛ ❞✐str✐❜✉t✐♦♥ st❛t✐♦♥♥❛✐r❡✱ ❧❛
❞✐str✐❜✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ ❞♦♥t ❧✬❛❜s♦r♣t✐♦♥ ❡st ♣r❡sq✉❡
sûr❡ ❡st ❝♦♥❝❡♥tré❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦✐♥ts ❛❜s♦r❜❛♥ts✱ ❝❡ q✉✐ ♥❡ ♣rés❡♥t❡ q✉✬✉♥
❢❛✐❜❧❡ ✐♥térêt✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❧✐♠✐t❡ ❞✬✉♥ ♣r♦❝❡ss✉s ❝♦♥❞✐t✐♦♥♥é à ♥❡
♣❛s êtr❡ ét❡✐♥t ❛✉ ♠♦♠❡♥t ♦ù ♦♥ ❧✬♦❜s❡r✈❡ ♣❡r♠❡t ❞❡ ❞é❝r✐r❡ ❡t ❞✬❡①♣❧✐q✉❡r ❞❡s
❝♦♠♣♦rt❡s♠❡♥ts ♥♦♥✲tr✐✈✐❛✉①✱ ❝♦♠♠❡ ❧❡s ♣❧❛t❡❛✉① ❞❡ ♠♦rt❛❧✐té✳ ▲♦rsq✉✬✉♥❡ t❡❧❧❡
❞✐str✐❜✉t✐♦♥ ❡①✐st❡✱ ❡❧❧❡ ❡st ❛♣♣❡❧é❡ ❞✐str✐❜✉t✐♦♥ ❧✐♠✐t❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡✱ ♦✉ ❧✐♠✐t❡ ❞❡
❨❛❣❧♦♠ s✐ ❡❧❧❡ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ ❧❛ ♣♦s✐t✐♦♥ ✐♥✐t✐❛❧❡ ❞✉ ♣r♦❝❡ss✉s✳

❉❛♥s ❧❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡✱ ♥♦✉s ♠♦♥tr♦♥s ❡♥ t♦✉t❡ ❣é♥ér❛❧✐té q✉❡ ❝❡s ❞✐str✐❜✉✲
t✐♦♥s ❝♦♥❞✐t✐♦♥♥❡❧❧❡s ❧✐♠✐t❡s s♦♥t ❞❡s ❞✐str✐❜✉t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s✱ ❝✬❡st✲à✲❞✐r❡
❞❡s ❞✐str✐❜✉t✐♦♥s q✉✐ s♦♥t st❛t✐♦♥♥❛✐r❡s ♣♦✉r ❧❡ ♣r♦❝❡ss✉s ❝♦♥❞✐t✐♦♥♥é à ♥❡ ♣❛s êtr❡
❛❜s♦r❜é ❛✉ ♠♦♠❡♥t ❞❡ ❧✬♦❜s❡r✈❛t✐♦♥✳ ◆♦✉s ❞é♠♦♥tr♦♥s é❣❛❧❡♠❡♥t q✉❡ ❧✬❡①✐st❡♥❝❡
❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❧✐♠✐t❡ ✐♠♣❧✐q✉❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ t❡♠♣s ❧♦♥❣ ❞✉
t❛✉① ❞✬❛❜s♦r♣t✐♦♥ ♣❛r ✉♥✐té ❞❡ t❡♠♣s ❞✉ ♣r♦❝❡ss✉s✳ ❊♥✜♥ ♥♦✉s ♣rés❡♥t♦♥s ❞❡s
♠ét❤♦❞❡s ♣♦✉r ♣r♦✉✈❡r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡ t❡❧❧❡s ❞✐str✐❜✉t✐♦♥s✳ ▲❡ ♣r✐♥❝✐♣❛❧
♦✉t✐❧ ❞❡ ❝❡s ♣r❡✉✈❡s ❡st ✉♥ rés✉❧t❛t q✉✐ ❧✐❡ ❧❛ ♣r♦♣r✐été ❞❡ q✉❛s✐✲st❛t✐♦♥♥❛r✐té à ❧❛
t❤é♦r✐❡ s♣❡❝tr❛❧❡ ❞✉ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ ❞✉ ♣r♦❝❡ss✉s ét✉❞✐é✳

❉❛♥s ❧❛ ❣r❛♥❞❡ ♠❛❥♦r✐té ❞❡s ❝❛s✱ ❝❡s ♦✉t✐❧s ❞❡ t❤é♦r✐❡ s♣❡❝tr❛❧❡ ♥❡ ♣❡r♠❡t✲
t❡♥t ♣❛s ❞✬♦❜t❡♥✐r ❡①♣❧✐❝✐t❡♠❡♥t ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ❞✉ ♣r♦❝❡ss✉s
ét✉❞✐é✳ ❈✬❡st ❛✜♥ ❞❡ ♣❛❧❧✐❡r ❝❡tt❡ ❞✐✣❝✉❧té q✉❡ ♥♦✉s ❞é♠♦♥tr♦♥s ❞❛♥s ✉♥❡ ❣r❛♥❞❡
❣é♥ér❛❧✐té ✉♥❡ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ❞✐str✐❜✉t✐♦♥s ❞❡ ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈
❝♦♥❞✐t✐♦♥♥és à ♥❡ ♣❛s êtr❡ ❛❜s♦r❜és ❡t ❞❡ ❧❡✉r ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠✳ ❈❡tt❡ ♠ét❤♦❞❡✱
✐♥tr♦❞✉✐t❡ ♣❛r ❇✉r❞③②✱ ❍♦❧②st✱ ■♥❣❡r♠❛♥♥ ❡t ▼❛r❝❤ ❡♥ ✶✾✾✻ ♣♦✉r ❧✬ét✉❞❡ ❞✉ ❝❛s

✸
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❜r♦✇♥✐❡♥✱ ❡st ❜❛sé❡ s✉r ❧✬ét✉❞❡ ❞✬✉♥ s②stè♠❡ ❞❡ ♣❛rt✐❝✉❧❡s ❡♥ ✐♥t❡r❛❝t✐♦♥ ❞❡ t②♣❡
❝❤❛♠♣ ♠♦②❡♥✳ ▲❡s ♣❛rt✐❝✉❧❡s ❞❡ ❝❡ s②stè♠❡ é✈♦❧✉❡♥t ❝♦♠♠❡ ❞❡s ❝♦♣✐❡s ✐♥❞é♣❡♥✲
❞❛♥t❡s ❞✉ ♣r♦❝❡ss✉s ♦r✐❣✐♥❛❧ ❛✈❡❝ ❛❜s♦r♣t✐♦♥✱ ❥✉sq✉✬à ❝❡ q✉❡ ❧✬✉♥❡ ❞✬❡♥tr❡ ❡❧❧❡s s♦✐t
❛❜s♦r❜é❡✳ ➚ ❝❡ ♠♦♠❡♥t✱ ❧❛ ♣❛rt✐❝✉❧❡ ❛❜s♦r❜é❡ ❡st r❡♠✐s❡ ❡♥ ❥❡✉ à ❧❛ ♣♦s✐t✐♦♥ ❞✬✉♥❡
❞❡s ❛✉tr❡s ♣❛rt✐❝✉❧❡s✳ P✉✐s ❧❡ s②stè♠❡ é✈♦❧✉❡ ❝♦♠♠❡ ❞❡s ❝♦♣✐❡s ✐♥❞é♣❡♥❞❛♥t❡s ❞✉
♣r♦❝❡ss✉s ❛✈❡❝ ❛❜s♦r♣t✐♦♥ ❥✉sq✉✬à ❝❡ q✉❡ ❧✬✉♥❡ ❞✬❡♥tr❡ ❡❧❧❡s s♦✐t ❛❜s♦r❜é❡✱ ❡t ❛✐♥s✐
❞❡ s✉✐t❡✳ ◆♦✉s ♠♦♥tr♦♥s q✉❡✱ ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s ❞❡ ❝❡ s②stè♠❡ t❡♥❞
✈❡rs ❧✬✐♥✜♥✐✱ s❛ ❞✐str✐❜✉t✐♦♥ ❡♠♣✐r✐q✉❡ ❝♦♥✈❡r❣❡ ✈❡rs ❧❛ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡
❞✉ ♣r♦❝❡ss✉s ❡t✱ ❡♥ t❡♠♣s ❧♦♥❣✱ ✈❡rs s❛ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠✳

▲❛ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞é♠♦♥tré❡ ❞❛♥s ❝❡tt❡ t❤ès❡ ❛ss♦❝✐é❡ à ❞❡s ♠ét❤✲
♦❞❡s ❞❡ ❝♦✉♣❧❛❣❡ ♥♦✉s ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡ ♥♦✉✈❡❛✉① rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡ ❞❡
❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ❡t ❞❡s ♣r♦♣r✐étés ❞❡ ♠é❧❛♥❣❡ ♥♦✉✈❡❧❧❡s ♣♦✉r ❞❡s ❞✐✛✉s✐♦♥s à ❝♦✲
❡✣❝✐❡♥ts ✐♥❤♦♠♦❣è♥❡s ❛❜s♦r❜é❡s ❛✉ ❜♦r❞ ❞✬✉♥ ♦✉✈❡rt ❜♦r♥é✳ ❈❡tt❡ ♣r♦♣r✐été ❞❡
♠é❧❛♥❣❡ ♥♦✉s ♣❡r♠❡t é❣❛❧❡♠❡♥t ❞❡ ❞é♠♦♥tr❡r q✉❡ ❧❛ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥
❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠é♠❡♥t ❡♥ t❡♠♣s ❞❛♥s ❝❡rt❛✐♥s ❝❛s✳

▲❡s ♣r♦♣r✐étés ❞é♠♦♥tré❡s ❡t ❧❡s q✉❡st✐♦♥s s♦✉❧❡✈é❡s s♦♥t ✐❧❧✉stré❡s à ❧✬❛✐❞❡ ❞❡
s✐♠✉❧❛t✐♦♥s é❝r✐t❡ ❡♥ ❈✰✰ ❞✉r❛♥t ❧❛ t❤ès❡✳

❉✐str✐❜✉t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s ❡t ❧✐♠✐t❡s ❞❡ ❨❛❣❧♦♠

❙♦✐t (Xt)t≥0 ✉♥ ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ é✈♦❧✉❛♥t ❞❛♥s ✉♥ ❡s♣❛❝❡ E ∪ {∂}✱ ♦ù
∂ /∈ E✳ ◆♦✉s ♥♦t♦♥s τ∂ ❧❡ t❡♠♣s ❞✬❛tt❡✐♥t❡ ❞❡ ∂ ♣❛r X✱ q✉✐ ❡st ❧❡ t❡♠♣s ❞✬❛rrêt
❞é✜♥✐ ♣❛r

τ∂ = inf{t ≥ 0, X∂
t = ∂}.

❆✐♥s✐✱ (Xt)t≥0 ❡st ✉♥ ♣r♦❝❡ss✉s ❛✈❡❝ ❛❜s♦r♣t✐♦♥ s✐ ❡t s❡✉❧❡♠❡♥t s✬✐❧ ✈ér✐✜❡

Xt = Xτ∂ , ∀t ≥ τ∂ ♣r❡sq✉❡ sûr❡♠❡♥t✳

▲❡s tr❛❥❡❝t♦✐r❡s ❛❜s♦r❜é❡s ❛✉ t❡♠♣s ❞✬❛❜s♦r♣t✐♦♥ ♥✬❛♣♣♦rt❡♥t ♣❛s ❞✬✐♥❢♦r♠❛t✐♦♥
♣❡rt✐♥❡♥t❡ s✉r ❧❡ ♣r♦❝❡ss✉s ❡t ♥♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s ❡♥ ♣❛rt✐❝✉❧✐❡r à ❧❛ ❞✐str✐✲
❜✉t✐♦♥ ❞✉ ♣r♦❝❡ss✉s X ❝♦♥❞✐t✐♦♥♥é à ♥❡ ♣❛s ❛✈♦✐r été ❛❜♦r❜é✱ ❝✬❡st✲à✲❞✐r❡ à ❧❛
❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡

Pµ

(

X∂
t ∈ ·|t < τ∂

)

,

♦ù Pµ ❡st ❧❛ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐té ❛ss♦❝✐é❡ ❛✉ ♣r♦❝❡ss✉s X ❞❡ ❞✐str✐❜✉t✐♦♥ ✐♥✐t✐❛❧❡
µ s✉r E✳

▲✬ét✉❞❡ ❞❡ t❡❧s ♣r♦❝❡ss✉s tr♦✉✈❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s ❞❡ ♥♦♠❜r❡✉① ❞♦♠❛✐♥❡s✱
❞♦♥t✱ s❛♥s êtr❡ ❡①❤❛✉st✐❢s✱ ❧✬é❝♦❧♦❣✐❡✱ ❧❛ ❜✐♦❧♦❣✐❡✱ ❧❛ ✜♥❛♥❝❡✱ ❧❛ ❝❤✐♠✐❡ ❡t ❧❡s ét✉❞❡s
❞❡ ✜❛❜✐❧✐té✳ ▲❡s ♦❜❥❡ts ♠❛t❤é♠❛t✐q✉❡s q✉❡ ♥♦✉s ❛❧❧♦♥s ✐♥tr♦❞✉✐r❡ ♥♦✉s s♦♥t s✉❣✲
❣érés ♣❛r ❞❡s ♣r♦❜❧é♠❛t✐q✉❡s ❝♦♥❝rèt❡s✳ ❖❜s❡r✈♦♥s ♣❛r ❡①❡♠♣❧❡ ❧✬é✈♦❧✉t✐♦♥ ❞✬✉♥❡
♣♦♣✉❧❛t✐♦♥✱ ❞♦♥t ❝❤❛q✉❡ é❧é♠❡♥t ❡st ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡
q✉✐ ❝❡ss❡ ❞✬é✈♦❧✉❡r à s❛ ♠♦rt✳ ❯♥❡ q✉❛♥t✐té q✉✐ ♣rés❡♥t❡ ✉♥ ❣r❛♥❞ ✐♥térêt ♣♦✉r
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❧❡s ❞é♠♦❣r❛♣❤❡s ❡t ❧❡s ❜✐♦❧♦❣✐st❡s ❡st ❧❡ t❛✉① ❞❡ ♠♦rt❛❧✐té ♣❛r tr❛♥❝❤❡ ❞✬â❣❡ ❞❛♥s
❧❛ ♣♦♣✉❧❛t✐♦♥✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞✬✐♥❞✐✈✐❞✉s ❞✬✉♥❡ tr❛♥❝❤❡ ❞✬â❣❡ ❞♦♥♥é❡
q✉✐ ♠❡✉r❡♥t ❛✈❛♥t ❞✬❛tt❡✐♥❞r❡ ❧❛ tr❛♥❝❤❡ ❞✬â❣❡ s✉✐✈❛♥t❡✳ ❈❡tt❡ q✉❛♥t✐té ❡st ❢❛❝✐❧❡✲
♠❡♥t ♦❜s❡r✈❛❜❧❡ ❡t ❛ été r❡❧❡✈é❡ ❞❛♥s ❞✐✛ér❡♥t❡s s✐t✉❛t✐♦♥✱ ② ❝♦♠♣r✐s ❝❤❡③ ❧✬êtr❡
❤✉♠❛✐♥ ✲ ❧✬■◆❙❊❊✱ ♣❛r ❡①❡♠♣❧❡✱ ❢♦✉r♥✐t ❝❡s ❞♦♥♥é❡s ♣♦✉r ❧❛ ❋r❛♥❝❡✳ ▲❡ t❛✉①
❞❡ ♠♦rt❛❧✐té ♣❛r tr❛♥❝❤❡ ❞✬â❣❡ ❞é♣❡♥❞ é✈✐❞❡♠♠❡♥t ❞❡ ❧❛ tr❛♥❝❤❡ ❞✬â❣❡ ❝♦♥s✐❞✲
éré❡✿ ✐❧ ② ❛ st❛t✐st✐q✉❡♠❡♥t ♣❧✉s ❞❡ r✐sq✉❡ ♣♦✉r ✉♥ êtr❡ ❤✉♠❛✐♥ ❞❡ ✶✵✵ ❛♥s ❞❡
♠♦✉r✐r ❞❛♥s ❧✬❛♥♥é❡ q✉✐ s✉✐t q✉❡ ♣♦✉r ✉♥ ✐♥❞✐✈✐❞✉ ❞❡ ✶✵ ❛♥s✳ ▲❡ ❣r❛♣❤✐q✉❡ ❞❡
❧❛ ✜❣✉r❡ ✵✳✶ r❡♣rés❡♥t❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ t❛✉① ❞❡ ♠♦rt❛❧✐té ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬â❣❡ ❝❤❡③
❧✬✐♥❞✐✈✐❞✉ ♠❛s❝✉❧✐♥ ❡♥ ❋r❛♥❝❡✱ ❞❛♥s ✉♥❡ é❝❤❡❧❧❡ ❧♦❣❛r✐t❤♠✐q✉❡✳ ▲✬❛s♣❡❝t ❧✐♥é❛✐r❡
❞❡ ❧❛ ❝♦✉r❜❡ ❛♣rès tr❡♥t❡ ❛♥s ✐♥❞✐q✉❡ q✉❡ ❧❡ t❛✉① ❞❡ ♠♦rt❛❧✐té é✈♦❧✉❡ ❡①♣♦♥❡♥✲
t✐❡❧❧❡♠❡♥t ❛✈❡❝ ❧✬â❣❡✳ ❈❡ ❢❛✐t ❛ é❣❛❧❡♠❡♥t été é♥♦♥❝é ❝♦♠♠❡ ✉♥❡ ❧♦✐ ❣é♥ér❛❧❡ ♣❛r
●♦♠♣❡rt③ ❡♥ ✶✽✷✺ ❬✸✻❪ ❞✬❛♣rès ❧❡s ❞♦♥♥é❡s ❞♦♥t ✐❧ ❞✐s♣♦s❛✐t✳ ❊♥ ✶✾✸✾✱ ●r❡❡♥✇♦♦❞
❡t ■r✇✐♥ ♦♥t r❡♠✐s ❡♥ ❝❛✉s❡ ❝❡tt❡ ❛♣♣r♦❝❤❡✱ ❧❡✉r ét✉❞❡ ❢❛✐s❛♥t ❛♣♣❛r❛îtr❡ q✉❡ ❧❛
❧♦✐ ❞❡ ●♦♠♣❡rt③ s✉r❡st✐♠❡ ❧❡ t❛✉① ❞❡ ♠♦rt❛❧✐té ❞❡ ❧✬êtr❡ ❤✉♠❛✐♥ ❛✉① â❣❡s ❧❡s ♣❧✉s
❛✈❛♥❝és✳ ❉❡ ♣❧✉s✱ ❧❡✉rs ♦❜s❡r✈❛t✐♦♥s s✉❣❣èr❡♥t q✉❡ ❧❡ t❛✉① ❞❡ ♠♦rt❛❧✐té ❛❞♠❡t ✉♥❡
❧✐♠✐t❡ ❛✈❡❝ ❧✬â❣❡✳ ❈❡ ♣❤é♥♦♠è♥❡ s❡♠❜❧❡ ❝♦♥✜r♠é ♣❛r ❞❡s st❛t✐st✐q✉❡s ♣❧✉s ré❝❡♥t❡s
✭❝❢✳ ▲✐ ❡t ❱❛✉♣❡❧ ❬✻✵❪✮ ❡t ❛♣♣❛r❛ît ❞❡ ♠❛♥✐èr❡ ❞✐st✐♥❝t❡ ❝❤❡③ ❝❡rt❛✐♥s ❛♥✐♠❛✉①✳ ❊♥
❡✛❡t✱ à tr❛✈❡rs ❞❡s ❡①♣ér✐❡♥❝❡s ❡✛❡❝t✉é❡s ❡♥ ❧❛❜♦r❛t♦✐r❡✱ ❈❛r❡②✱ ▲✐❡❞♦✱ ❖r♦③❝♦ ❡t
❱❛✉♣❡❧ ❬✶✺❪ ♦♥t ♠❡s✉ré ❧❡ t❛✉① ❞❡ ♠♦rt❛❧✐té ❞❡ ❣r♦✉♣❡s ❞❡ ♠♦✉❝❤❡s ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧❡✉r â❣❡✳ ▲❡✉rs rés✉❧t❛ts✱ r❡♣r♦❞✉✐ts ✐❝✐ s✉r ❧❡s ❣r❛♣❤✐q✉❡s ❞❡ ❧❛ ✜❣✉r❡ ✵✳✷✱
♠♦♥tr❡♥t s❛♥s ❛♠❜✐❣✉ïté q✉❡ ❧❡s t❛✉① ❞❡ ♠♦rt❛❧✐té ♠❡s✉rés ❞é❝é❧èr❡♥t ❛♣rès ✉♥
❝❡rt❛✐♥ â❣❡ ❡t ♠ê♠❡ s❡ st❛❜✐❧✐s❡♥t ❛✉① â❣❡s ❧❡s ♣❧✉s ❛✈❛♥❝és✳ ❈❡ ♣❤é♥♦♠è♥❡✱ ❛♣✲
♣❡❧é ♣❧❛t❡❛✉ ❞❡ ♠♦rt❛❧✐té ❡♥ ré❢ér❡♥❝❡ à s❛ r❡♣rés❡♥t❛t✐♦♥ ❣r❛♣❤✐q✉❡✱ ❞✐s❝ré❞✐t❡ ❧❛
❧♦✐ ❞❡ ●♦♠♣❡rt③ ♣♦✉r ❧✬❡st✐♠❛t✐♦♥ ❞✉ t❛✉① ❞❡ ♠♦rt❛❧✐té ❝❤❡③ ❧❡s ✐♥❞✐✈✐❞✉s ❧❡s ♣❧✉s
â❣és✳ ❉✬✉♥ ♠❛♥✐èr❡ ♣❧✉s ❣é♥ér❛❧❡✱ ❧❛ st❛❜✐❧✐s❛t✐♦♥ ❞✉ t❛✉① ❞✬❛❜s♦r♣t✐♦♥ ❡st ✉♥
♣❤é♥♦♠è♥❡ ❝♦✉r❛♥t✳ ❆✐♥s✐✱ ❆❛❧❡♥ ❡t ●❥❡ss✐♥❣ ❬✶❪ ❝✐t❡♥t ❧❡ ❝❛s s✉r♣r❡♥❛♥t ❞✉ t❛✉①
❞❡ ❞✐✈♦r❝❡ ♣❛r ♥♦♠❜r❡ ❞✬❛♥♥é❡s ❞❡ ♠❛r✐❛❣❡✱ q✉✐ ❧✉✐ ❛✉ss✐ ♣rés❡♥t❡ ✉♥ ✏♣❧❛t❡❛✉
❞✬❛❜s♦r♣t✐♦♥✑✱ ❝♦♠♠❡ ♦♥ ♣❡✉t ❧✬♦❜s❡r✈❡r s✉r ❧❡ ❣r❛♣❤✐q✉❡ ✵✳✸✳

▲✬❡①✐st❡♥❝❡ ❞❡ ♣❧❛t❡❛✉① ❞❡ ♠♦rt❛❧✐té ♥♦✉s s✉❣❣èr❡ ✉♥❡ ❢♦r♠❡ ❞❡ st❛❜✐❧✐s❛t✐♦♥ ❞❡ ❧❛
❞✐str✐❜✉t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s ❡♥❝♦r❡ ✈✐✈❛♥ts à ✉♥ â❣❡ ❛✈❛♥❝é✳ ❉❛♥s ♥♦tr❡ ❝❛❞r❡ ♠❛t❤✲
é♠❛t✐q✉❡✱ ❝❡❝✐ ♥♦✉s ❛♠è♥❡ ♥❛t✉r❡❧❧❡♠❡♥t à ❧✬ét✉❞❡ ❡♥ t❡♠♣s ❧♦♥❣ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥
❝♦♥❞✐t✐♦♥♥❡❧❧❡ Pµ (Xt ∈ ·|t < τ∂) ❡t ❥✉st✐✜❡ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞❡s ♣r♦✲
♣r✐étés s✉✐✈❛♥t❡s✱ q✉✐ ❝♦♥❝❡r♥❡♥t ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ t❡♠♣s ❧♦♥❣ ❞❡ Pµ (Xt ∈ ·|t < τ∂)

✈❡rs ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞♦♥♥é❡✳ ❙♦✉❧✐❣♥♦♥s q✉❡ ❧❡s ❞é✜♥✐t✐♦♥s s✉✐✈❛♥t❡s s♦♥t ✈❛❧❛❜❧❡s
♣♦✉r ❞❡s ♣r♦❝❡ss✉s à t❡♠♣s ❞✐s❝r❡t ❡t à t❡♠♣s ❝♦♥t✐♥✉✳

❉é✜♥✐t✐♦♥ ✶✳ ❯♥❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❧✐♠✐t❡ ♣♦✉r X ❡st ✉♥❡ ♠❡s✉r❡

❞❡ ♣r♦❜❛❜✐❧✐té α s✉r E t❡❧❧❡ q✉✬✐❧ ❡①✐st❡ ✉♥❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐té µ s✉r E ✈ér✐✜❛♥t

α(·) = lim
t→∞

Pµ (Xt ∈ ·|t < τ∂) .
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❋✐❣✉r❡ ✵✳✶✿ ◗✉♦t✐❡♥ts ❞❡ ♠♦rt❛❧✐té ♣❛r â❣❡ ❝❤❡③ ❧✬✐♥❞✐✈✐❞✉ ❞❡ s❡①❡ ♠❛s❝✉❧✐♥ ❡♥
❋r❛♥❝❡ ✲ ◆♦♠❜r❡ ❞❡ ❞é❝é❞és ♣♦✉r ✶✵✵✵✵ ♣❡rs♦♥♥❡s ❞❡ ❧✬â❣❡ ❝♦♥s✐❞éré ❛✉ ✶❡r ❥❛♥✈✐❡r
❬✽✱ ♣✳ ✶✷✺❪
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❋✐❣✉r❡ ✵✳✷✿ ❚❛✉① ❞❡ ♠♦rt❛❧✐té ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬â❣❡ ❝❤❡③ ❧❛ ♠♦✉❝❤❡✱ ❛✈❡❝ tr♦✐s
❝♦♥❞✐t✐♦♥s ❞✬❡①♣ér✐❡♥❝❡s ❞✐st✐♥❝t❡s✳

❋✐❣✉r❡ ✵✳✸✿ ❚❛✉① ❞❡ ❞✐✈♦r❝❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬❛♥♥é❡s ❞❡ ♠❛r✐❛❣❡

❉❛♥s ❝❡ ❝❛s✱ ♥♦✉s ❞✐r♦♥s q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ α ❛tt✐r❡ ❧❛ ❞✐str✐❜✉t✐♦♥

✐♥✐t✐❛❧❡ µ✳

❈♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❧✐♠✐t❡ ❞✬✉♥ ♣r♦❝❡ss✉s
♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ✉♥✐q✉❡ ❡t ♣❡✉t ❞♦♥❝ ❞é♣❡♥❞r❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ✐♥✐t✐❛❧❡
❞✉ ♣r♦❝❡ss✉s✳ ▲❛ ❞é✜♥✐t✐♦♥ s✉✐✈❛♥t❡ ♣❡r♠❡t ❞❡ ❞✐st✐♥❣✉❡r ❧❡s ❝❛s ♣♦✉r ❧❡sq✉❡❧s
✐❧ ❡①✐st❡ ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥❡❧❧❡ ❧✐♠✐t❡ q✉✐ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ ❧❛ ♣♦s✐t✐♦♥
✐♥✐t✐❛❧❡ ❞✉ ♣r♦❝❡ss✉s✳

❉é✜♥✐t✐♦♥ ✷✳ ❯♥❡ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ❡st ✉♥❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐té α s✉r E

t❡❧❧❡ q✉❡✱ ♣♦✉r t♦✉t x ∈ E✱

α(·) = lim
t→∞

Px (Xt ∈ ·|t < τ∂) .

❈♦♠♠❡ ❧♦rs ❞❡ ❧✬ét✉❞❡ ❞❡s ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ ♥♦♥✲❛❜s♦r❜és✱ ♥♦✉s ♥♦✉s ✐♥✲
tér❡ss♦♥s à ❧❛ st❛t✐♦♥♥❛r✐té ❞❡ ❝❡s ❞✐str✐❜✉t✐♦♥s ❝♦♥❞✐t✐♦♥♥❡❧❧❡s ❧✐♠✐t❡s ♣♦✉r ❧❡
♣r♦❝❡ss✉s ❝♦♥❞✐t✐♦♥♥é✱ ♦♥ ♣❛r❧❡r❛ ❛❧♦rs ❞❡ q✉❛s✐✲st❛t✐♦♥♥❛r✐té✳

❉é✜♥✐t✐♦♥ ✸✳ ❯♥❡ ❞✐str✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡ ♣♦✉r X ❡st ✉♥❡ ♠❡s✉r❡ ❞❡

♣r♦❜❛❜✐❧✐té α s✉r E \ ∂ t❡❧❧❡ q✉❡✱ ♣♦✉r t♦✉t t❡♠♣s t ≥ 0✱

α(·) = Pα (Xt ∈ ·|t < τ∂) .

▲✬ét✉❞❡ ❞❡ ❝❡s ❞✐str✐❜✉t✐♦♥s ❧✐♠✐t❡s ❛ été ✐♥✐t✐é❡ ♣❛r ❧❡ ♠❛t❤é♠❛t✐❝✐❡♥ r✉ss❡ é♣♦♥②♠❡
❨❛❣❧♦♠ ❬✽✻❪ ❡♥ ✶✾✹✼ ♣♦✉r ❞❡s ♣r♦❝❡ss✉s ❞❡ ●❛❧t♦♥✲❲❛ts♦♥ s♦✉s✲❝r✐t✐q✉❡s✳ P❛r s❡s
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tr❛✈❛✉①✱ ❧❡ ❝❤❡r❝❤❡✉r ❛ ✐♥✐t✐é ✉♥ ❝❤❛♠♣ ❞❡ r❡❝❤❡r❝❤❡ ❢❡rt✐❧❡✱ s✉❥❡t ❞✬✉♥❡ ✐♥t❡♥s❡
✐♥✈❡st✐❣❛t✐♦♥ ❞❡♣✉✐s ✉♥ ❞❡♠✐✲s✐è❝❧❡✱ ❝♦♠♠❡ ❧✬✐❧❧✉str❡ ♥♦t❛♠♠❡♥t ❧❛ ❜✐❜❧✐♦❣r❛♣❤✐❡
s✉r ❧❡s ❞✐str✐❜✉t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s ♠❛✐♥t❡♥✉❡ ♣❛r P♦❧❧❡tt ❬✻✾❪✳

▲❡ ❝❤❛♣✐tr❡ ✶ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❝♦♥s❛❝ré à ❧✬ét✉❞❡ ❞❡ ❝❡s ♦❜❥❡ts ❧✐♠✐t❡s✱ ♥♦✉s
② ❞é♠♦♥tr♦♥s ❞❡s ♣r♦♣r✐étés ❣é♥ér❛❧❡s ❡t ♣rés❡♥t♦♥s ❞❡s ♣r❡✉✈❡s ❞✬❡①✐st❡♥❝❡ ❡t
❞✬✉♥✐❝✐té ❞❡ ❝❡s ❧✐♠✐t❡s✳ ■❧ s✬❛❣✐t ❞✬✉♥ tr❛✈❛✐❧ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❙②❧✈✐❡ ▼é❧é❛r❞✱
❞❡st✐♥é à êtr❡ s♦✉♠✐s ❡♥ t❛♥t q✉❡ s✉r✈❡② s✉r ❧❡s ❞✐str✐❜✉t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s✳

◆♦✉s ét✉❞✐♦♥s ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡s tr♦✐s ♦❜❥❡ts ❞é✜♥✐s
❝✐✲❞❡ss✉s✳ ❉❡✉① ✐♠♣❧✐❝❛t✐♦♥s s♦♥t ✐♠♠é❞✐❛t❡s ❛✉ r❡❣❛r❞ ❞❡s ❞é✜♥✐t✐♦♥s✿

✶✳ ❧❛ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ♣♦✉r X✱ s✐ ❡❧❧❡ ❡①✐st❡✱ ❡st ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥❡❧❧❡
❧✐♠✐t❡

✷✳ t♦✉t❡ ❞✐str✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡ α ♣♦✉r X ❡st ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐✲
t✐♦♥♥❡❧❧❡ ❧✐♠✐t❡✳ ❊❧❧❡ ✈ér✐✜❡ ❡♥ ❡✛❡t

α(·) = lim
t→∞

Pα (Xt ∈ ·|t < τ∂) .

◆♦✉s ❞é♠♦♥tr♦♥s ❞❛♥s ❧❛ ♣❛rt✐❡ ✶ ❞✉ ❝❤❛♣✐tr❡ ✶ q✉❡ t♦✉t❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥✲
♥❡❧❧❡ ❧✐♠✐t❡ ❡st é❣❛❧❡♠❡♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡✱ ❝❡s ❞é✜♥✐t✐♦♥s ét❛♥t
♣❛r ❝♦♥séq✉❡♥t éq✉✐✈❛❧❡♥t❡s✳ ◆♦✉s ❞♦♥♥❡r♦♥s é❣❛❧❡♠❡♥t ❞❡s ❡①❡♠♣❧❡s ❞❡ ♠♦❞è❧❡s
❞♦♥t ❧❡s ❞✐str✐❜✉t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s s♦♥t ♠✉❧t✐♣❧❡s✱ t❛♥❞✐s q✉❡ ❧❛ ❧✐♠✐t❡ ❞❡
❨❛❣❧♦♠ ❞✬✉♥ ♣r♦❝❡ss✉s ❡st ❞é✜♥✐❡ ❞❡ ♠❛♥✐èr❡ ✉♥✐✈♦q✉❡✳ ◆♦✉s ❡♥ ❞é❞✉✐s♦♥s ❡♥
♣❛rt✐❝✉❧✐❡r q✉✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❧✐♠✐t❡ α ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t
✉♥❡ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠✳

◆♦✉s ❞é♠♦♥tr♦♥s é❣❛❧❡♠❡♥t ❡♥ t♦✉t❡ ❣é♥ér❛❧✐té ❞❡s ♣r♦♣r✐étés s♦✉✈❡♥t ✉t✐❧✐sé❡s
❞❡ ♠❛♥✐èr❡ ❛❞ ❤♦❝ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ s✉r ❧❡s ❞✐str✐❜✉t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s✳ ▲❛
♣r❡♠✐èr❡ ♣r♦♣r✐été ❝♦♥❝❡r♥❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ t❡♠♣s ❞✬❛❜s♦r♣t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❙♦✐t α ✉♥❡ ❞✐str✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡ ❛ss♦❝✐é❡ à ✉♥ ♣r♦❝❡ss✉s

X ❛✈❡❝ ❛❜s♦r♣t✐♦♥ ♣r❡sq✉❡ sûr❡ ✭❝✬❡st✲à✲❞✐r❡ t❡❧ q✉❡ Px(τ∂ < +∞) = 1✮✳ ❆❧♦rs

✶✳ ■❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ θ(α) > 0 t❡❧❧❡ q✉❡

Pα(t < τ∂) = e−θ(α)t, ∀t > 0.

✷✳ ❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t γ < θ(α) ❡t α✲♣r❡sq✉❡ t♦✉t x✱

Ex (e
γτ∂ ) < +∞.

▲❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ❢♦✉r♥✐t ❡♥ ♣❛rt✐❝✉❧✐❡r ✉♥❡ ❝♦♥❞✐t✐♦♥
♥é❝❡ss❛✐r❡ ♣♦✉r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡✳ ❆✐♥s✐ ✉♥ ♣r♦✲
❝❡ss✉s ❞❡ ●❛❧t♦♥✲❲❛ts♦♥ ❝r✐t✐q✉❡ ❡st ❛❜s♦r❜é ❡♥ t❡♠♣s ✜♥✐ ♣r❡sq✉❡ sûr❡♠❡♥t✱



❈❖◆❚❊◆❚❙ ✾

♠❛✐s s♦♥ t❡♠♣s ❞✬❛❜s♦r♣t✐♦♥ ✈ér✐✜❡ Ex(τγ) = +∞ ♣♦✉r t♦✉t x ≥ 1✳ ◆♦✉s ❡♥ ❞é✲
❞✉✐s♦♥s q✉✬✉♥ ♣r♦❝❡ss✉s ❞❡ ●❛❧t♦♥✲❲❛ts♦♥ ♥❡ ♣♦ssè❞❡ ♣❛s ❞❡ ❞✐str✐❜✉t✐♦♥ q✉❛s✐✲
st❛t✐♦♥♥❛✐r❡✳

P♦✉r ❞❡s ♠♦❞è❧❡s ❡♥ t❡♠♣s ❝♦♥t✐♥✉✱ ♥♦✉s ❡①♣♦s♦♥s s♦✉s ✉♥❡ ❢♦r♠❡ ♥♦✉✈❡❧❧❡ ❧❛ r❡❧❛✲
t✐♦♥ ❡♥tr❡ ❧❛ ♣r♦♣r✐été ❞❡ q✉❛s✐✲st❛t✐♦♥♥❛r✐té ❡t ❧❛ t❤é♦r✐❡ s♣❡❝tr❛❧❡ ❞✉ ❣é♥ér❛t❡✉r
✐♥✜♥✐tés✐♠❛❧ L✱ rés✉♠é❡ ❞❛♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ s✉✐✈❛♥t❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❙♦✐t α ✉♥❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐té s✉r E✳ ❙✉♣♣♦s♦♥s q✉✬✐❧ ❡①✐st❡

✉♥ ❡♥s❡♠❜❧❡ D ❞❡ ❢♦♥❝t✐♦♥s à ✈❛❧❡✉rs ré❡❧❧❡s ❜♦r♥é❡s✱ t❡❧ q✉❡ D ❡st ❞❡♥s❡ ❞❛♥s

L1(E,α) ❡t t❡❧ q✉❡ Lf ❡①✐st❡ ❡t ❡st ❜♦r♥é ♣♦✉r t♦✉t f ∈ D✳ ❆❧♦rs α ❡st ✉♥❡

❞✐str✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ✐❧ ❡①✐st❡ θ(α) > 0 t❡❧ q✉❡

αL = −θ(α)α,

♦ù αL ❡st ❧❛ ♠❡s✉r❡ ✜♥✐❡ L∗α s✉r E ❞❡✜♥✐❡ ♣❛r (αL)f = α(Lf)✱ ♣♦✉r t♦✉t❡

❢♦♥❝t✐♦♥ f ∈ D✳ ❉❡ ♣❧✉s✱ θ(α) ❡st ❧❛ ♠ê♠❡ ❝♦♥st❛♥t❡ q✉✬à ❧❛ ♣r♦♣♦s✐t✐♦♥ ✶✳

▲✬❡①✐st❡♥❝❡ ❞❡ D ❡st t♦✉❥♦✉rs ✈r❛✐❡ s✐ ❧✬❡s♣❛❝❡ E ❡st ❞✐s❝r❡t✱ ♦✉ s✐ E ❡st ✉♥ ♦✉✈❡rt
❞❡ Rd ❡t Z ✉♥❡ ❞✐✛✉s✐♦♥ ❞✬■tô à ❝♦❡✣❝✐❡♥ts ❧♦❝❛❧❡♠❡♥t ❜♦r♥és✳

◆♦✉s ❞é♠♦♥tr♦♥s ❡♥✜♥ q✉❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❧✐♠✐t❡ ✐♠✲
♣❧✐q✉❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♣❧❛t❡❛✉ ❞✬❛❜s♦r♣t✐♦♥ ❞❛♥s ✉♥❡ ❣r❛♥❞❡ ❣é♥ér❛❧✐té✳ ❈❡ t②♣❡
❞❡ rés✉❧t❛ts ♦♥t é❣❛❧❡♠❡♥t été ét✉❞✐és ♣❛r ❙t❡✐♥s❛❧t③ ❡t ❊✈❛♥s ❬✼✽❪ ❞❛♥s ✉♥ ❝❛❞r❡
❞✐✛ér❡♥t✳ ◆♦✉s r❡♥✈♦②♦♥s ❧❡ ❧❡❝t❡✉r à ❝❡t ❛rt✐❝❧❡ ❡t ❛✉① ré❢ér❡♥❝❡s q✉✐ s✬② tr♦✉✈❡♥t
♣♦✉r ✉♥❡ ét✉❞❡ ❛✈❛♥❝é❡ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧✬❡①✐st❡♥❝❡ ❞❡ ♣❧❛t❡❛✉① ❞❡ ♠♦rt❛❧✐té
❡♥ ❜✐♦❧♦❣✐❡ ❡t ❧✬❡①✐st❡♥❝❡ t❤é♦r✐q✉❡ ❞✬✉♥ ♣❧❛t❡❛✉ ❞✬❛❜s♦r♣t✐♦♥✱ s♦✉s ❧✬❤②♣♦t❤ès❡
❞✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❧✐♠✐t❡✳

❯♥❡ ❣r❛♥❞❡ ♣❛rt ❞❡s tr❛✈❛✉① ❡①✐st❛♥ts s✉r ❧❡s ❞✐str✐❜✉t✐♦♥s ❝♦♥❞✐t✐♦♥♥❡❧❧❡s ❧✐♠✐t❡s
❝♦♥❝❡r♥❡ ❧❡s ♣r♦❜❧è♠❡s ❞✬❡①✐st❡♥❝❡ ❡t ❞✬✉♥✐❝✐té ❞❡ ❝❡s ❧✐♠✐t❡s✳ ❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✶✱
♥♦✉s r❛♣♣❡❧♦♥s ✉♥ ♣❛♥❡❧ ❞❡ ♣r❡✉✈❡s ❡♠♣❧♦②é❡s ♣♦✉r rés♦✉❞r❡ ❝❡s q✉❡st✐♦♥s à ♣❛rt✐r
❞❡ q✉❡❧q✉❡s ❡①❡♠♣❧❡s ❞ét❛✐❧❧és✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ ●❛❧t♦♥✲❲❛ts♦♥ s♦✉s✲❝r✐t✐q✉❡ ❞❡ ❧♦✐ ❞❡ r❡♣r♦❞✉❝t✐♦♥
✐♥❞✐✈✐❞✉❡❧❧❡ µ✱ ♥♦✉s r❡♣r❡♥♦♥s ❧❛ ♣r❡✉✈❡ ❞✬❡①✐st❡♥❝❡ ❡t ❞✬✉♥✐❝✐té ♣r♦♣♦sé❡ ♣❛r
❆t❤r❡②❛ ❡t ◆❡② ❬✻❪✱ q✉✐ ❝♦♥s✐st❡ à ❞é♠♦♥tr❡r ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s q✉❡ t♦✉t❡
❢♦♥❝t✐♦♥ ❣é♥ér❛tr✐❝❡ ĝ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❧✐♠✐t❡ ✈ér✐✜❡✱ ❡♥ ♥♦t❛♥t g ❧❛
❢♦♥❝t✐♦♥ ❣é♥ér❛tr✐❝❡ ❞❡ ❧❛ ❧♦✐ ❞❡ r❡♣r♦❞✉❝t✐♦♥ µ ❡t m < 1 s❛ ♠♦②❡♥♥❡✱

ĝ(g(s)) = mĝ(s) + 1−m, ∀s ∈ [0,1]. ✭✶✮

▲❛ ♣r❡✉✈❡ ❡st ❝♦♥❝❧✉❡ ♣❛r ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❧✬❡①✐st❡♥❝❡ ❡t ❞❡ ❧✬✉♥✐❝✐té ❞❡ ❧❛ s♦❧✉✲
t✐♦♥ à ✉♥❡ t❡❧❧❡ éq✉❛t✐♦♥✳ ▲❡s ❞✐str✐❜✉t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s ❞✬❛✉tr❡s ♣r♦❝❡ss✉s
❞❡ ❜r❛♥❝❤❡♠❡♥ts ♦♥t é❣❛❧❡♠❡♥t été ét✉❞✐é❡s✳ ❙✐❣♥❛❧♦♥s ♥♦t❛♠♠❡♥t ❧❡s tr❛✈❛✉① ❞❡
❇❛♥s❛②❡ ❬✼❪ ♣♦✉r ❞❡s ♣r♦❝❡ss✉s ❞❡ ❜r❛♥❝❤❡♠❡♥t ❡♥ ❡♥✈✐r♦♥♥❡♠❡♥t ❛❧é❛t♦✐r❡✱ ♦ù
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✉♥❡ éq✉❛t✐♦♥ s✐♠✐❧❛✐r❡ à ✭✶✮ ❡st ♦❜t❡♥✉❡✳ ◆♦✉s r❡♥✈♦②♦♥s é❣❛❧❡♠❡♥t ❧❡ ❧❡❝t❡✉r à
❧✬❛rt✐❝❧❡ ❞❡ ❑❧❡❜❛♥❡r✱ ❙❛❣✐t♦✈✱ ❱❛t✉t✐♥ P❛ts② ❡t ❏❛❣❡rs ❬✺✷❪ ❡t ❛✉① ré❢ér❡♥❝❡s q✉✐ ②
s♦♥t ❞♦♥♥é❡s ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❝❡s ♦❜❥❡ts ❞❛♥s ✉♥ ❝❛❞r❡ ❞✬é❝♦❧♦❣✐❡ é✈♦❧✉t✐✈❡✱ ❛✐♥s✐
q✉✬❛✉① tr❛✈❛✉① ❞❡ ▲❛♠❜❡rt ❬✺✽❪✳

◆♦✉s ❞é✈❡❧♦♣♣♦♥s ❡♥s✉✐t❡ ❧❡ ❝❛s ❞❡s ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ à ❡s♣❛❝❡ ❞✬ét❛ts E∪{∂}
✜♥✐ ❡t ❡♥ t❡♠♣s ❝♦♥t✐♥✉✱ ét✉❞✐és ✐♥✐t✐❛❧❡♠❡♥t ♣❛r ❉❛rr♦❝❤ ❡t ❙❡♥❡t❛ ❬✷✷❪✳ ❉❛♥s
❝❡ ❝❛s✱ s✐ ❧❡ ♣r♦❝❡ss✉s ♣❡✉t ♣❛ss❡r ❞✬✉♥ ♣♦✐♥t à ✉♥ ❛✉tr❡ ❞❡ E ❡♥ t❡♠♣s ✜♥✐ ❛✈❡❝
✉♥❡ ♣r♦❜❛❜✐❧✐té str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ α ♣♦✉r
❧❡ ♣r♦❝❡ss✉s✱ ❞❡ ♣❧✉s ❝❡tt❡ ❧✐♠✐t❡ ❛tt✐r❡ t♦✉t❡ ❞✐str✐❜✉t✐♦♥ ✐♥✐t✐❛❧❡✿

α(·) = lim
t→∞

Pµ (Xt ∈ ·|t < τ∂) , ∀µ.

▲❛ ♣r❡✉✈❡ r❡♣♦s❡ ❞✐r❡❝t❡♠❡♥t s✉r ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ s♣❡❝tr❛❧❡ ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥
q✉❛s✐✲st❛t✐♦♥♥❛✐r❡ ❡t s✉r ❧❡ t❤é♦rè♠❡ ❞❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s✳ ❉❛rr♦❝❤ ❡t ❙❡♥❡t❛ ❬✷✶❪
♦♥t é❣❛❧❡♠❡♥t tr❛✐té ❧❡ ❝❛s ❞❡ ❧✬ét✉❞❡ ❞❡s ❝❤❛î♥❡s ❞❡ ▼❛r❦♦✈ ❡♥ t❡♠♣s ❞✐s❝r❡t ❡t à
❡s♣❛❝❡ ❞✬ét❛ts ✜♥✐✱ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❞✬✐rré❞✉❝t✐❜✐❧✐té s✐♠✐❧❛✐r❡s✳ ▲❡s rés✉❧t❛ts ❞❡
❱❛♥ ❉♦♦r♥ ❡t P♦❧❡tt ❬✽✷❪ ❣é♥ér❛❧✐s❡♥t ❝❡s rés✉❧t❛ts à ❞❡s ♣r♦❝❡ss✉s ✐rré❞✉❝t✐❜❧❡s✳

▲✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ♥✬✐♠♣❧✐q✉❡ t♦✉t❡❢♦✐s ♣❛s ❧✬✉♥✐❝✐té ❞❡ ❧❛ ❞✐s✲
tr✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡✳ ▲❡ ❝❛s ❞❡s ♣r♦❝❡ss✉s ❞❡ ♥❛✐ss❛♥❝❡ ❡t ♠♦rt s✉r N✱
❞é✈❡❧♦♣♣é ♣❛r ✈❛♥ ❉♦♦r♥ ❬✽✶❪ ❡t ♣rés❡♥té ❡♥ ❞ét❛✐❧ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✶✱ ❡st à ❝❡
t✐tr❡ très ✐♥str✉❝t✐❢✳ ❈❡rt❛✐♥s ❞❡ ❝❡s ♣r♦❝❡ss✉s✱ ❝♦♠♠❡ ❧❛ ♠❛r❝❤❡ ❛❧é❛t♦✐r❡ s✐♠✲
♣❧❡ t✉é❡ ❡♥ 0✱ ♥❡ ♣♦ssè❞❡♥t ♣❛s ❞❡ ❞✐str✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡✳ ❆ ❝♦♥tr❛r✐♦

❧❡s ♣r♦❝❡ss✉s ❞❡ ♥❛✐ss❛♥❝❡ ❡t ♠♦rt ❧✐♥é❛✐r❡s✱ ❞♦♥t ❧❡s t❛✉① ❞❡ ♥❛✐ss❛♥❝❡ ❡t ♠♦rt
s♦♥t ❞♦♥♥és ♣❛r iλ ❡t iµ r❡s♣❡❝t✐✈❡♠❡♥t✱ ♣♦ssè❞❡♥t ✉♥❡ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ❡t ✉♥❡
✐♥✜♥✐té ❝♦♥t✐♥✉❡ ❞❡ ❞✐str✐❜✉t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s s✐ ❡t s❡✉❧❡♠❡♥t s✐ λ < µ✳ ▲❡s
♣r♦❝❡ss✉s ❞❡ ♥❛✐ss❛♥❝❡ ❡t ♠♦rt ❧♦❣✐st✐q✉❡s✱ ❞♦♥t ❧❡s t❛✉① s♦♥t ❝❡✉① ❞✉ ♣r♦❝❡ss✉s
❧✐♥é❛✐r❡ ❛✉①q✉❡❧s s♦♥t ❛❥♦✉tés ✉♥ t❡r♠❡ ❞❡ ❝♦♠♣ét✐t✐♦♥ q✉❛❞r❛t✐q✉❡✱ ♣♦ssè❞❡♥t
✉♥❡ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ q✉✐ ❡st ❧✬✉♥✐q✉❡ ❞✐str✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡ ❛ss♦❝✐é❡ ❛✉
♣r♦❝❡ss✉s✳

P♦✉r ❧✬ét✉❞❡ ❞❡s ❞✐str✐❜✉t✐♦♥s ❝♦♥❞✐t✐♦♥♥❡❧❧❡s ❧✐♠✐t❡s ❞❡ ♣r♦❝❡ss✉s ❞❡ ♥❛✐ss❛♥❝❡
❡t ♠♦rt ❡♥ t❡♠♣s ❞✐s❝r❡t✱ ♥♦✉s r❡♥✈♦②♦♥s ❛✉ tr❛✈❛✉① ❞❡ ❙❡♥❡t❛ ❡t ❱❡r❡✲❏♦♥❡s ❬✼✻❪
❡t✱ ♣♦✉r ✉♥❡ ❛♣♣r♦❝❤❡ ❞✐✛ér❡♥t❡✱ à ✉♥ ❛rt✐❝❧❡ ❞❡ ❋❡rr❛r✐✱ ▼❛rt✐♥❡③ ❡t P✐❝❝♦ ❬✸✶❪✳
❙✐❣♥❛❧♦♥s é❣❛❧❡♠❡♥t ❧❡s tr❛✈❛✉① ❞❡ P❛❦❡s ❡t P♦❧❧❡tt ❬✻✼❪ ♣♦✉r ❧❡s ♣r♦❝❡ss✉s ❞❡
♥❛✐ss❛♥❝❡ ❡t ♠♦rt ❛✈❡❝ ❝❛t❛str♦♣❤❡s✳ P♦✉r ❧✬ét✉❞❡ ❞❡ ♣r♦❝❡ss✉s ❡♥ t❡♠♣s ❞✐s❝r❡t
♣❧✉s ❣é♥ér❛✉①✱ ✈♦✐r ❈♦♦❧❡♥✲❙❝❤r✐❥♥❡r ❡t ✈❛♥ ❉♦♦r♥ ❬✷✵❪✳

■❧ ❡①✐st❡ ❞✬❛✉tr❡s s✐t✉❛t✐♦♥s✱ q✉✐ ♥❡ s♦♥t ♣❛s ❞é✈❡❧♦♣♣é❡s ✐❝✐✱ ❞❛♥s ❧❡sq✉❡❧❧❡
❧❡ ♥♦♠❜r❡ ❞❡ ❞✐str✐❜✉t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s ❡st ✐♥✜♥✐✳ ❈✬❡st ♥♦t❛♠♠❡♥t ❧❡ ❝❛s
❞❡ ❝❡rt❛✐♥❡s ❞✐✛✉s✐♦♥s ét✉❞✐é❡s ♣❛r ▼❛rt✐♥❡③✱ P✐❝❝♦ ❡t ❙❛♥ ▼❛rt✐♥ ❬✻✹❪ ♦✉ ❞✉
♣r♦❝❡ss✉s ❞✬❖rst❡✐♥✲❯❤❧❡♥❜❡❝❦ ét✉❞✐é ♣❛r ▲❧❛❞s❡r ❡t ❙❛♥ ▼❛rtí♥ ❬✻✶❪✱ ❞♦♥t ❧❛
❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❧✐♠✐t❡ ❞é♣❡♥❞ ❞❡ ❢❛ç♦♥ ♥♦♥✲tr✐✈✐❛❧❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥
✐♥✐t✐❛❧❡✳
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◆♦✉s t❡r♠✐♥♦♥s ❧❡ ❝❤❛♣✐tr❡ ✶ ♣❛r ❧✬ét✉❞❡ ❝♦♠♣❧èt❡ ❞✉ ❝❛s ❞❡s ❞✐✛✉s✐♦♥s ❞❡ ❋❡❧❧❡r
❧♦❣✐st✐q✉❡s✱ ♦ù ♥♦✉s ❡①♣♦s♦♥s ♥♦t❛♠♠❡♥t ❧❡s ❛r❣✉♠❡♥ts ❞❡ ❈❛tt✐❛✉①✱ ❈♦❧❧❡t✱ ▲❛♠✲
❜❡rt✱ ▼❛rtí♥❡③✱ ▼é❧é❛r❞ ❡t ❙❛♥ ▼❛rtí♥ ❬✶✻❪✳ ❯♥❡ ❞✐✛✉s✐♦♥ ❞❡ ❋❡❧❧❡r ❧♦❣✐st✐q✉❡ ❡st
✉♥❡ ❞✐✛✉s✐♦♥ ❞✬■tô s✉r [0,+∞[✱ q✉✐ ✈ér✐✜❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡

dXt =
√

γXtdBt + (rXt − cX2
t ), X0 = x > 0. ✭✷✮

♦ù B ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧ ❡t γ > 0✱ r > 0 ❡t c > 0 s♦♥t
tr♦✐s ❝♦♥st❛♥t❡s ✜①é❡s ✭✉♥❡ t❡❧❧❡ ❞✐✛✉s✐♦♥ ❡st ✉♥ ♠♦❞è❧❡ ❞❡ t❛✐❧❧❡ ❞❡ ♣♦♣✉❧❛t✐♦♥✱
♣♦✉r ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞♦♥t ❧❡s ✐♥❞✐✈✐❞✉s s♦♥t ❡♥ ❝♦♠♣ét✐t✐♦♥✱ ❞❡ très ♣❡t✐t❡ t❛✐❧❧❡ ❡t
❞♦♥t ❧❡s é✈é♥❡♠❡♥ts ❞❡ ♥❛✐ss❛♥❝❡ ❡t ♠♦rt s❡ s✉❝❝è❞❡♥t à ❣r❛♥❞❡ ✈✐t❡ss❡✱ r r❡✢ét❛♥t
✉♥❡ ♣r♦♣r✐été ❞❡ ❜r❛♥❝❤❡♠❡♥t ❡t c ✉♥ t❡r♠❡ ❞❡ ❝♦♠♣ét✐t✐♦♥ q✉❛❞r❛t✐q✉❡✮✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ 0 ❡st ✉♥ ♣♦✐♥t ❛❜s♦r❜❛♥t ♣♦✉r t♦✉t❡ ❞✐✛✉s✐♦♥ ❞❡ ❋❡❧❧❡r ❧♦❣✐st✐q✉❡✳ ◆♦✉s
❞é♠♦♥tr♦♥s q✉❡ ❧❡ ♣r♦❝❡ss✉s X ❛❞♠❡t ❞❛♥s ❝❡ ❝❛s ✉♥❡ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠✱ q✉✐ ❛tt✐r❡
t♦✉t❡ ❧❡s ❞✐str✐❜✉t✐♦♥s ✐♥✐t✐❛❧❡s ❡t q✉✐ ❡st ♣❛r ❝♦♥séq✉❡♥t ❧✬✉♥✐q✉❡ ❞✐str✐❜✉t✐♦♥
q✉❛s✐✲st❛t✐♦♥♥❛✐r❡ ❛ss♦❝✐é❡ ❛✉ ♣r♦❝❡ss✉s✳ ▲❛ ♣r❡✉✈❡ ✉t✐❧✐s❡ ❞❡s ❛r❣✉♠❡♥ts ✜♥s
❞❡ t❤é♦r✐❡ s♣❡❝tr❛❧❡ ❞✉ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ ❛ss♦❝✐é à X ❡t ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥
s♣❡❝tr❛❧❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞✐str✐❜✉t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✷✳
▲✬❛ttr❛❝t✐♦♥ ❞❡ t♦✉t❡s ❧❡s ❞✐str✐❜✉t✐♦♥s ✐♥✐t✐❛❧❡s ❡st ♦❜t❡♥✉❡ ❣râ❝❡ à ✉♥❡ ♣r♦♣r✐été
❞❡ r❡t♦✉r ❞❡♣✉✐s ❧✬✐♥✜♥✐ ✈❡rs ❧❡s ❝♦♠♣❛❝ts✱ ❝♦♥séq✉❡♥❝❡ ❞✉ t❡r♠❡ q✉❛❞r❛t✐q✉❡
cX2

t ✳ ❈❛tt✐❛✉① ❡t ▼é❧é❛r❞ ❬✶✼❪ ♦♥t ❣é♥ér❛❧✐sé ❝❡s rés✉❧t❛ts ❡t ❝❡s ♣r❡✉✈❡s à ❞❡s
❞✐✛✉s✐♦♥s ♠✉❧t✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡s t✉é❡s ❛✉ ❜♦r❞ ❞✬✉♥ ♦✉✈❡rt ❡t ❞♦♥t ❧❡s ❞r✐❢ts s♦♥t
é❣❛❧❡♠❡♥t ❞é❣é♥érés✳

P♦✉r ❧✬ét✉❞❡ ❞❡ ❞✐str✐❜✉t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s ❞❡ ❞✐✛✉s✐♦♥s ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡s
❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❞✬❡♥tré❡s ❛✉① ❜♦r❞s ❞✐✛ér❡♥t❡s✱ ♥♦✉s r❡♥✈♦②♦♥s ❛✉① tr❛✈❛✉①
❞❡ ❙t❡✐♥s❛❧t③ ❡t ❊✈❛♥s ❬✼✾❪ ❡t ❞❡ ❑♦❧❜ ❡t ❙t❡✐♥s❛❧t③ ❬✺✹❪✳ ❉❡s ❢♦r♠✉❧❡s ❡①♣❧✐❝✐t❡s
♦♥t é❣❛❧❡♠❡♥t été ❞é♠♦♥tré❡s ❞❛♥s ❞❡s ❝❛s ❞❡ ❞✐✛✉s✐♦♥s à ❝♦❡✣❝✐❡♥ts ❞é❣é♥érés
♣❛r ❍✉✐❧❧❡t ❬✹✻❪✳

▲❡s rés✉❧t❛ts ❡①♣♦sés ❞❛♥s ❝❡tt❡ t❤ès❡ s♦♥t ❧♦✐♥s ❞✬êtr❡ ❡①❤❛✉st✐❢s t❛♥t ❡st ❢❡rt✐❧❡
❧❡ ❝❤❛♠♣ ❞✬❛♣♣❧✐❝❛t✐♦♥ ❡t ❞✬ét✉❞❡ ❞❡ ❧❛ ♥♦t✐♦♥ ❞❡ ❞✐str✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡✳
❚♦✉t❡❢♦✐s✱ ♥♦✉s ♥❡ ♣♦✉rr✐♦♥s ❝♦♥❝❧✉r❡ ❝❡tt❡ ♣❛rt✐❡ ✐♥tr♦❞✉❝t✐✈❡ s❛♥s ❢❛✐r❡ ré❢ér❡♥❝❡
❛✉① tr❛✈❛✉① ❢♦♥❞❛t❡✉rs ❞❡ ▼❛♥❞❧ ❬✻✸❪ ♣♦✉r ❧❡s ❞✐✛✉s✐♦♥s ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡s ❡t
P✐♥s❦② ❬✻✽❪ ♣♦✉r ❞❡s ❞✐✛✉s✐♦♥s t✉é❡s ❛✉ ❜♦r❞ ❞✬✉♥ ♦✉✈❡rt ❜♦r♥é ❡t à ❧❡✉r ❣é♥ér❛❧✲
✐s❛t✐♦♥ ♣❛r ●♦♥❣✱ ◗✐❛♥ ❡t ❩❤❛♦ ❬✸✼❪✳ ❙✐❣♥❛❧♦♥s é❣❛❧❡♠❡♥t ❧✬❛♣♣r♦❝❤❡ ♦r✐❣✐♥❛❧❡ ❡t
❣é♥ér❛❧❡ ❞❡ ❋❡rr❛r✐✱ ❑❡st❡♥✱ ▼❛rt✐♥❡③ ❡t P✐❝❝♦ ❬✷✾❪✳

❆✈❛♥t ❞❡ ♣❛ss❡r✱ ❞❛♥s ❧❛ ♣❛rt✐❡ s✉✐✈❛♥t❡✱ à ❧✬ét✉❞❡ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ❧✐♠✐t❡s
❞❡ ❨❛❣❧♦♠ ❡t ❞❡s ❞✐str✐❜✉t✐♦♥s ❝♦♥❞✐t✐♦♥♥❡❧❧❡s ❧✐♠✐t❡s t❡❧❧❡s q✉❡ ❞é✜♥✐❡s ❝✐✲❞❡ss✉s✱
s✐❣♥❛❧♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥ ❛✉tr❡ t②♣❡ ❞❡ ❝♦♥❞✐t✐♦♥♥❡♠❡♥t ♣♦✉r ❞❡s ♣r♦❝❡ss✉s ❞❡
▼❛r❦♦✈ ❛✈❡❝ ❛❜s♦r♣t✐♦♥✱ ❛♣♣❡❧é ❧❡ Q✲♣r♦❝❡ss✉s✳ ▲❡ Q✲♣r♦❝❡ss✉s Y ❞❡ X ❡st ❞é✜♥✐
♣❛r s❡s ♠❛r❣✐♥❛❧❡s ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡✿

Px(Yt1 ∈ ·, · · · ,Ytn ∈ ·) = lim
T→∞

Px(Xt1 ∈ ·, · · · ,Xtn ∈ · |T < τ∂).



✶✷ ❈❖◆❚❊◆❚❙

❉❡ ♠❛♥✐èr❡ ✐♥t✉✐t✐✈❡✱ ❧❡ Q✲♣r♦❝❡ss✉s ❡st ❧❡ ♣r♦❝❡ss✉s X ❝♦♥❞✐t✐♦♥♥é à ♥❡ ❥❛♠❛✐s
êtr❡ ❛❜s♦r❜é✱ ❞é✜♥✐ ❞❡ ❢❛ç♦♥ tr❛❥❡❝t♦r✐❡❧❧❡✱ t❛♥❞✐s q✉❡ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❞❛♥s
❝❡tt❡ t❤ès❡ à ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ X ❝♦♥❞✐t✐♦♥♥é à ♥❡ ♣❛s êtr❡ ❛❜s♦r❜é q✉❛♥❞ ♦♥
❧✬♦❜s❡r✈❡✱ s❛♥s ♣ré❥✉❣❡r ❞❡ s♦♥ ❝♦♠♣♦rt❡♠❡♥t ❢✉t✉r✳ ❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✶✱ ♥♦✉s
❞♦♥♥♦♥s ♣♦✉r ✐❧❧✉str❛t✐♦♥ ❞❡✉① ❡①❡♠♣❧❡s ❞❡ ❝♦♥str✉❝t✐♦♥ ❞❡ ❝❡ Q✲♣r♦❝❡ss✉s✱ ♣♦✉r
❧❡s ♣r♦❝❡ss✉s à ❡s♣❛❝❡ ❞✬ét❛ts ✜♥✐ ❡t ♣♦✉r ❧❡s ❞✐✛✉s✐♦♥s ❞❡ ❋❡❧❧❡r ❧♦❣✐st✐q✉❡s✳ ❉❡s
ét✉❞❡s ❛♣♣r♦❢♦♥❞✐❡s ❞✉Q✲♣r♦❝❡ss✉s ♣❡✉✈❡♥t êtr❡ tr♦✉✈é❡s ❞❛♥s ❬✻✸❪✱ ❬✻✽❪✱ ❬✸✼❪✱ ❬✷✶❪✱
❬✷✷❪ ❝✐tés ❝✐✲❞❡ss✉s✱ ♥♦✉s r❡♥✈♦②♦♥s é❣❛❧❡♠❡♥t ❛✉① tr❛✈❛✉① ❞❡ ❈♦❧❧❡t✱ ▼❛rtí♥❡③ ❡t
❙❛♥ ▼❛rt✐♥ ❬✶✾❪ ❡t à ❧✬❛rt✐❝❧❡ ❞❡ ▲❛♠❜❡rt ❬✺✽❪✱ ❛✐♥s✐ q✉✬❛✉① ré❢ér❡♥❝❡s q✉✐ s✬②
tr♦✉✈❡♥t✳

❆♣♣r♦①✐♠❛t✐♦♥ ❞❡s ❞✐str✐❜✉t✐♦♥s ❝♦♥❞✐t✐♦♥♥❡❧❧❡s ❡t ❞❡s ❞✐str✐❜✉t✐♦♥s

q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s

❈♦♠♠❡ ❧✬❛ s♦✉❧✐❣♥é ◆ås❡❧❧ ❬✻✻❪✱ ❧❡s ♠ét❤♦❞❡s ❞❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❞✐str✐❜✉✲
t✐♦♥s q✉❛s✐✲st❛t✐♦♥♥❛✐r❡s✱ t❡❧❧❡s q✉❡ ❧❡✉r ❞é✜♥✐t✐♦♥ ♦✉ ❧❛ ♣r♦♣r✐été ❞❡ ❝❛r❛❝tér✐✲
s❛t✐♦♥ s♣❡❝tr❛❧❡ ❝✐✲❞❡ss✉s✱ ♥❡ ♣❡r♠❡tt❡♥t ♣❛s✱ ❞❛♥s ❧✬✐♠♠❡♥s❡ ♠❛❥♦r✐té ❞❡s ❝❛s✱
❞✬♦❜t❡♥✐r ❞❡s ❞♦♥♥é❡s q✉❛♥t✐t❛t✐✈❡s s✉r ❧❡s ❞✐str✐❜✉t✐♦♥s ét✉❞✐é❡s✳ P♦✉r ❝❡tt❡ r❛✐✲
s♦♥✱ êtr❡ ❡♥ ♠❡s✉r❡ ❞❡ ♣r♦♣♦s❡r ❞❡s s❝❤é♠❛s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥
q✉❛s✐✲st❛t✐♦♥♥❛✐r❡ ❡st ❡ss❡♥t✐❡❧✳ ❉❛♥s ❝❡rt❛✐♥❡s s✐t✉❛t✐♦♥s✱ ❞❡s ♠ét❤♦❞❡s ❛❞ ❤♦❝

♣❡✉✈❡♥t êtr❡ ❞é✈❡❧♦♣♣é❡s✱ ❝♦♠♠❡ ❝❡❧❛ ❡st ❧❡ ❝❛s ❞❛♥s ❧❡s tr❛✈❛✉① ❞❡ P♦❧❧❡tt ❡t
❙t❡✇❛rt ❬✼✵❪✱ ❞❡ ❍❛rt ❡t P♦❧❧❡tt ❬✹✸❪✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à
✉♥❡ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛rt✐❝✉❧❛✐r❡ ✐♥tr♦❞✉✐t❡ ♣❛r ❇✉r❞③②✱ ❍♦❧②st✱ ■♥❣❡r✲
♠❛♥ ❡t ▼❛r❝❤ ❬✶✸❪ ❡♥ ✶✾✾✻✳ ◆♦✉s ❞é♠♦♥tr♦♥s q✉❡ ❝❡tt❡ ♠ét❤♦❞❡✱ ✐♥tr♦❞✉✐t❡ ♣♦✉r
❧✬ét✉❞❡ ❞❡s ❧✐♠✐t❡s ❞❡ ❨❛❣❧♦♠ ❞✉ ♠♦✉✈❡♠❡♥t ❇r♦✇♥✐❡♥✱ ♣❡✉t êtr❡ ❣é♥ér❛❧✐sé❡ à
✉♥❡ ❣r❛♥❞❡ ❝❧❛ss❡ ❞❡ ♣r♦❝❡ss✉s✳

❉❡ ♣❧✉s ♥♦✉s ❞é♠♦♥tr♦♥s q✉❡ ❝❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❧✬❛♣♣r♦①✐♠❛t✐♦♥✱ ❡♥ t♦✉t❡
❣é♥ér❛❧✐té✱ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞✬✉♥ ♣r♦❝❡ss✉s ❡♥ t❡♠♣s ✜♥✐✳ ❈❡❝✐ ❡st
❞✬✉♥❡ ❣r❛♥❞❡ ✐♠♣♦rt❛♥❝❡✳ ❊♥ ❡✛❡t✱ ♥♦✉s s❛✈♦♥s q✉❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❞✐str✐❜✉✲
t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❧✐♠✐t❡ ✐♠♣❧✐q✉❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♣❧❛t❡❛✉ ❞✬❛❜s♦r♣t✐♦♥ ❡t✱ ❞✬✉♥❡
♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ ❧❛ st❛❜✐❧✐s❛t✐♦♥ ❛♣rès ✉♥ ❝❡rt❛✐♥ t❡♠♣s t0 ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s
tr❛❥❡❝t♦✐r❡s ♥♦♥✲❛❜s♦r❜é❡s✳ ▼❛✐s ❡♥ ♣r❛t✐q✉❡✱ s✐ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ♥♦♥✲❛❜s♦r♣t✐♦♥
❡st tr♦♣ ❢❛✐❜❧❡ ❛✉ t❡♠♣s t0✱ ❧❡ ♥♦♠❜r❡ ❞❡ tr❛❥❡❝t♦✐r❡s ♥♦♥✲❛❜s♦r❜é❡s à ♦❜s❡r✈❡r
à ❝❡ ♠♦♠❡♥t ❡st tr♦♣ ❢❛✐❜❧❡ ♣♦✉r r❡♥❞r❡ ❝♦♠♣t❡ st❛t✐st✐q✉❡♠❡♥t ❞❡ ❧❛ ❝♦♥✈❡r✲
❣❡♥❝❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡✳ ❉❛♥s ❧✬ét✉❞❡ ❞❡s ♣❧❛t❡❛✉① ❞❡ ♠♦rt❛❧✐té
❝❤❡③ ❧✬êtr❡ ❤✉♠❛✐♥✱ ▲✐ ❡t ❱❛✉♣❡❧ ❬✺✾❪ ♦♥t ♠♦♥tré✱ ❡♥ s✬❛♣♣✉②❛♥t s✉r ❧❛ ❜❛s❡ ❞❡
❞♦♥♥é❡s ❍✉♠❛♥ ▼♦rt❛❧✐t② ❉❛t❛❜❛s❡ ❬✹✺❪✱ q✉❡ ❧❡ t❛✉① ❞❡ ♠♦rt❛❧✐té ❤✉♠❛✐♥ t❡♥❞ à
s❡ st❛❜✐❧✐s❡r ❛✉① ❛❧❡♥t♦✉rs ❞❡ ✶✵✺ ❛♥s✳ ❚♦✉t❡❢♦✐s✱ ❧❡s st❛t✐st✐q✉❡s ❞❡ ❧✬■◆❙❊❊ ❞✉
❣r❛♣❤✐q✉❡ ✵✳✶ ♥❡ ❢♦♥t ♣❛s ❛♣♣❛r❛îtr❡ ❞❡ ♣❧❛t❡❛✉ ❞❡ ♠♦rt❛❧✐té ❝❛r ✐❧ ② ❛ tr♦♣ ♣❡✉
❞✬✐♥❞✐✈✐❞✉s ❢r❛♥ç❛✐s ♠â❧❡s ❞✬â❣❡ s✉♣ér✐❡✉r à ✶✵✺ ❛♥s✳ ❈♦♠♠❡ ♥♦✉s ❧✬❡①♣❧✐q✉❡♥t
▲✐ ❡t ❱❛✉♣❡❧✱ s✐ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♣❧❛t❡❛✉ ❞❡ ♠♦rt❛❧✐té ❝❤❡③ ❧✬êtr❡ ❤✉♠❛✐♥ ♥✬❛ ♣✉
êtr❡ ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❞❡ ❢❛ç♦♥ ❝❧❛✐r❡ q✉❡ très t❛r❞✐✈❡♠❡♥t✱ ❝✬❡st ♣❛r❝❡ q✉❡ ♥♦✉s
♠❛♥q✉♦♥s ❞❡ ❞♦♥♥é❡s s✉r ❧❡s ❝❡♥t❡♥❛✐r❡s✳ ❆✐♥s✐ ♥♦✉s ❛♣❡r❝❡✈♦♥s ♥♦✉s ❛✈❡❝ ❈❛r❡②✱
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▲✐❡❞♦✱ ❖r♦③❝♦ ❡t ❱❛✉♣❡❧ q✉❡✱ ♠ê♠❡ s✬✐❧ ❡①✐st❡ ✉♥ ♣❧❛t❡❛✉ ❞❡ ♠♦rt❛❧✐té à ❞❡s â❣❡s
❛✈❛♥❝és✱ ✐❧ ♥✬❛ q✉✬✉♥ ✐♠♣❛❝t ❧✐♠✐té s✉r ❧❡s s❡❝t❡✉rs ❞✬❛❝t✐✈✐té q✉❡ ❝❡s ❞♦♥♥é❡s
✐♥tér❡ss❡♥t✱ t❡❧s ❧✬❛❝t✉❛r✐❛t ♦✉ ❧❛ s❛♥té ♣✉❜❧✐q✉❡✳ ❆✜♥ ❞❡ ❞ét❡r♠✐♥❡r ❧✬✐♥térêt
♣r❛t✐q✉❡ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❧✐♠✐t❡✱ ✐❧ ♥♦✉s ❢❛✉t ❞♦♥❝
❝♦♠♣❛r❡r ❧❛ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs ❧❛ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❧✐♠✐t❡ ❡t
❧❛ ✈✐t❡ss❡ ❞✬❛❜s♦r♣t✐♦♥ ❞✉ ♣r♦❝❡ss✉s✳ ❈❡tt❡ ❝♦♠♣❛r❛✐s♦♥ ♥é❝❡ss✐t❡ ❞✬✉♥❡ ♣❛rt
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡✱ ❞✬❛✉tr❡ ♣❛rt ❞❡ ❧❛ ❞✐str✐❜✉✲
t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞✉ ♣r♦❝❡ss✉s ❡♥ t❡♠♣s ✜♥✐✱ ❝❡ q✉❡ ♣❡r♠❡t ❧❛ ♠ét❤♦❞❡ ét✉❞✐é❡
❞❛♥s ❝❡tt❡ t❤ès❡✳

❆✈❛♥t ❞❡ ❞é✈❡❧♦♣♣❡r ♣❧✉s ❡♥ ❛✈❛♥t ♥♦tr❡ ♠ét❤♦❞❡✱ r❡♠❛rq✉♦♥s q✉❡✱ ❞❛♥s ❞❡s
❝❛s s✉✣s❛♠♠❡♥t s✐♠♣❧❡s✱ ✐❧ ❡①✐st❡ ❞❡s ♦✉t✐❧s ❡✣❝❛❝❡s ♣♦✉r rés♦✉❞r❡ ♥✉♠ér✐q✉❡✲
♠❡♥t ❧✬éq✉❛t✐♦♥ s♣❡❝tr❛❧❡ ♣rés❡♥té❡ ❝✐✲❞❡ss✉s✳ ❙✐✱ ♣❛r ❡①❡♠♣❧❡✱ ❧✬❡s♣❛❝❡ ❞✬ét❛t E
❡st ✜♥✐✱ ❛❧♦rs ❧❛ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ s♣❡❝tr❡ ❡st ♣♦ss✐❜❧❡ ❡t ❧❡s ♣r♦❜❧è♠❡s
s♦✉❧❡✈és ♣ré❝é❞❡♠♠❡♥t ♣❡✉✈❡♥t ❞♦♥❝ êtr❡ rés♦❧✉s ♥✉♠ér✐q✉❡♠❡♥t✳ ❊♥ ❡✛❡t✱ ❞❛♥s
❧❡ ❝❛s ♦ù E ❡st ✜♥✐✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❧♦❣✐❝✐❡❧ s❝✐❧❛❜ ❡t ❞❡ s❛ ❢♦♥❝t✐♦♥ s♣❡❝✭L✮✱
♥♦✉s ♣❡r♠❡t ❞✬♦❜t❡♥✐r t♦✉s ❧❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❡t t♦✉t❡s ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡
❧✬♦♣ér❛t❡✉r L ✭q✉✐ ❡st ❞❛♥s ❝❡ ❝❛s ✉♥❡ ♠❛tr✐❝❡ ✜♥✐❡✮✳ ❉❡ ♣❧✉s✱ ❧❡ ♠ê♠❡ ❧♦❣✐❝✐❡❧ ♣❡r✲
♠❡t ❞❡ ❝❛❧❝✉❧❡r ♥✉♠ér✐q✉❡♠❡♥t ❧❛ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ Px(Xt ∈ .|t < τ∂)

❡♥ ❝❛❧❝✉❧❛♥t exp(tL)/ exp(tL)1E ✳ ■❧ ❡st ❛❧♦rs s✐♠♣❧❡ ❞✬ét✉❞✐❡r ❧❡ s②stè♠❡ ❞❛♥s s❛
t♦t❛❧✐té ✭✈✐t❡ss❡ ❞✬❡①t✐♥❝t✐♦♥✱ ✈✐t❡ss❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs ❧❛ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ❡t
✈❛❧❡✉r ❞✉ ♣❧❛t❡❛✉ ❞❡ ♠♦rt❛❧✐té ♣❛r ❡①❡♠♣❧❡✮✳ ❉❡s ❡①❡♠♣❧❡s ❞❡ ❝❛❧❝✉❧s ♥✉♠ér✐q✉❡s
✉t✐❧✐s❛♥t ❝❡tt❡ ♠ét❤♦❞❡ s♦♥t ♣rés❡♥tés ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✶ ♣♦✉r ❞❡s ♣r♦❝❡ss✉s ❞❡
▼❛r❦♦✈ à ❡s♣❛❝❡ ❞✬ét❛t ✜♥✐s✳

P♦✉r ❛♣♣r♦①✐♠❡r ❞✐r❡❝t❡♠❡♥t ❧❛ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ Px(Xt ∈ .|t < τ∂)✱
s❛♥s ♣❛ss❡r ♣❛r ❧❡s ♠ét❤♦❞❡s s♣❡❝tr❛❧❡s ❞é❝r✐t❡s ❝✐✲❞❡ss✉s✱ ✉♥❡ ♠ét❤♦❞❡ ❜✐❡♥ ❝♦♥✲
♥✉❡ ❡st ❧❛ ♠ét❤♦❞❡ ❞✐t❡ ❞❡ ▼♦♥t❡✲❈❛r❧♦✱ q✉✐ ✉t✐❧✐s❡ ❝♦♠♠❡ ♣r✐♥❝✐♣❡ ❧❛ ❧♦✐ ❞❡s
❣r❛♥❞s ♥♦♠❜r❡s✳ ❙❡❧♦♥ ❝❡tt❡ ❧♦✐✱ ❧❛ ♠♦②❡♥♥❡ ❞❡s rés✉❧t❛ts ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡
t✐r❛❣❡s ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ ❛♣♣r♦❝❤❡ ❧✬❡s♣ér❛♥❝❡ ❞❡ ❝❡tt❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡✳
❆✐♥s✐✱ ❡♥ ❧❛♥ç❛♥t ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ N ≫ 1 ❞❡ s✐♠✉❧❛t✐♦♥s ✐♥❞é♣❡♥❞❛♥t❡s Xi✱
i ∈ {1,...,N}✱ ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ ❛❜s♦r❜é X ❞❡ ♣♦s✐t✐♦♥ ✐♥✐t✐❛❧❡ x ∈ E✱
♥♦✉s ♦❜t❡♥♦♥s✱ ♣♦✉r t♦✉t ❡♥s❡♠❜❧❡ ♠❡s✉r❛❜❧❡ A ⊂ E ❡t t♦✉t t❡♠♣s t ≥ 0✱

1

N

N
∑

i=1

1Xi
t∈A

−−−−→
N→∞

E (1Xt∈A) = Px (Xt ∈ A) = Px (Xt ∈ A|t < τ∂)Px (t < τ∂) ,

❉❡ ♣❧✉s✱ ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ ❧❛ ❧✐♠✐t❡ ❝❡♥tr❛❧❡✱ ❧✬❡rr❡✉r ❝♦♠♠✐s❡ ❡♥tr❡ ❧❡s ❞❡✉①
q✉❛♥t✐tés ❡st ❞✬♦r❞r❡ 1/

√
N ✿

√
N

∣

∣

∣

∣

∣

1

NPx (t < τ∂)

N
∑

i=1

1Xi
t∈A

− Px (Xt ∈ A|t < τ∂)

∣

∣

∣

∣

∣

−−−−→
N→∞

1

Px (t < τ∂)
.

❙✐ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ♥♦♥✲❛❜s♦r♣t✐♦♥ Px (t < τ∂) ❡st ♣r♦❝❤❡ ❞❡ 1✱ ❛❧♦rs ❝❡tt❡ ♠ét❤♦❞❡
❡st ❜♦♥♥❡✳ ❈❡♣❡♥❞❛♥t✱ ♣♦✉r t♦✉s ❧❡s ♠♦❞è❧❡s q✉❡ ♥♦✉s ét✉❞✐❡r♦♥s✱ ❧❛ ♣r♦❜❛❜✐❧✐té
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❋✐❣✉r❡ ✵✳✹✿ ➱✈♦❧✉t✐♦♥ ❞✉ t❛✉① ❞❡ ♠♦rt❛❧✐té ❞✬✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❛❜s♦r❜é ❡♥
0 ❡t ❡♥ 1✱ ❝❛❧❝✉❧é à ❧✬❛✐❞❡ ❞✬✉♥❡ ♠ét❤♦❞❡ ❞❡ ▼♦♥t❡✲❈❛r❧♦ ❞❡ ✶✵✵✵✵✵ s✐♠✉❧❛t✐♦♥s✳

❞❡ ♥♦♥✲❛❜s♦r♣t✐♦♥ ❛✉ t❡♠♣s t ≥ 0 t❡♥❞ ✈❡rs 0 q✉❛♥❞ ❧❡ t❡♠♣s t t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳
❈❡tt❡ ♣r♦♣r✐été r❡✢èt❡ ❧❡ ❢❛✐t ♥❛t✉r❡❧ q✉✬✉♥ ✐♥❞✐✈✐❞✉ ✜♥✐r❛ ♣❛r ♠♦✉r✐r✱ q✉✬✉♥❡
♣♦♣✉❧❛t✐♦♥ ✜♥✐r❛ ✐♥❡①♦r❛❜❧❡♠❡♥t ♣❛r ❞✐s♣❛r❛îtr❡ ❡t q✉✬✉♥ ❥♦✉❡✉r ❞❡ ❝❛s✐♥♦✱ ♦✉
❧❡ ❝❛s✐♥♦ ❧✉✐✲♠ê♠❡✱ ✜♥✐r❛ ♣❛r êtr❡ r✉✐♥é ❡♥ t❡♠♣s ✜♥✐✳ ❆✐♥s✐ ♣♦✉r ❞❡s t❡♠♣s
tr♦♣ ✐♠♣♦rt❛♥ts✱ ❧✬❡rr❡✉r ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ▼♦♥t❡✲❈❛r❧♦ ❡st t❡❧❧❡ q✉✬❡❧❧❡ ♥é❝❡ss✐t❡
✉♥ ♥♦♠❜r❡ ❞❡ s✐♠✉❧❛t✐♦♥s ❞✬❛✉t❛♥t ♣❧✉s ❣r❛♥❞ q✉❡ ❧✬♦♥ s✬✐♥tér❡ss❡ à ❞❡s t❡♠♣s
❧♦✐♥t❛✐♥s✳

❙✉r ❧❛ ✜❣✉r❡ ✵✳✹✱ ♥♦✉s r❡♣rés❡♥t♦♥s ❧✬é✈♦❧✉t✐♦♥ ❞✉ t❛✉① ❞❡ ♠♦rt❛❧✐té ❞✬✉♥
♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ✉♥✐✲❞✐♠❡♥s✐♦♥♥❡❧ ❛❜s♦r❜é ❡♥ 0 ❡t ❡♥ 1✱ ❡t ❞❡ ♣♦s✐t✐♦♥ ✐♥✐t✐❛❧❡
0.5✳ ◆♦✉s ✉t✐❧✐s♦♥s ♣♦✉r ❝❡❧❛ ❧❛ ♠ét❤♦❞❡ ❞❡ ▼♦♥t❡✲❈❛r❧♦ ❛✈❡❝ ✶✵✵✵✵✵ s✐♠✉❧❛t✐♦♥s✱
❡t ♦❜s❡r✈♦♥s ❞❡ ♠❛♥✐èr❡ é✈✐❞❡♥t❡ ❧❛ ❞é❣r❛❞❛t✐♦♥ ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡
❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳

◆♦tr❡ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥s✐st❡ à s✐♠✉❧❡r ❞❡s tr❛❥❡❝t♦✐r❡s ❞❛♥s ✉♥ ♣r❡✲
♠✐❡r t❡♠♣s ✐♥❞é♣❡♥❞❛♥t❡s✱ ♠❛✐s✱ ❛✉ ❧✐❡✉ ❞✬❛❜❛♥❞♦♥♥❡r ❧❡s tr❛❥❡❝t♦✐r❡s ❛❜s♦r❜é❡s✱
♥♦✉s ❧❡s ré❝✉♣ér♦♥s ❛✉ ♠♦♠❡♥t ❞❡ ❧❡✉r ❛❜s♦r♣t✐♦♥ ❡t ❧❡s r❡♠❡tt♦♥s ❡♥ ❥❡✉✳ ▲❛ ♥♦✉✲
✈❡❧❧❡ ♣♦s✐t✐♦♥ ❞✬✉♥❡ s✐♠✉❧❛t✐♦♥ q✉✐ ✈✐❡♥t ❞✬êtr❡ ❛❜s♦r❜é❡ ❡st ♥❛t✉r❡❧❧❡♠❡♥t ❝❤♦✐s✐❡
❛❧é❛t♦✐r❡♠❡♥t ❡t ✉♥✐❢♦r♠é♠❡♥t ♣❛r♠✐s ❧❡s tr❛❥❡❝t♦✐r❡s q✉✐ ♥✬♦♥t ♣❛s été ❛❜s♦r❜é❡s✳
❆✐♥s✐✱ ❧✬❛❧❣♦r✐t❤♠❡ ❡st ❜❛sé s✉r ❧❛ s✐♠✉❧❛t✐♦♥ ❞✬✉♥ s②stè♠❡ ❞❡ ♣❛rt✐❝✉❧❡s ❡♥ ✐♥✲
t❡r❛❝t✐♦♥ ❞♦♥t ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s ✉t✐❧❡s r❡st❡ ❝♦♥st❛♥t ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳
❋❡rr❛r✐ ❡t ▼❛r✐➣ ♦♥t ❛♣♣❧✐q✉é ❝❡tt❡ ♠ét❤♦❞❡ ❛✈❡❝ s✉❝❝ès ♣♦✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡
❝❤❛î♥❡s ❞❡ ▼❛r❦♦✈ à ❡s♣❛❝❡ ❞✬ét❛ts ❞é♥♦♠❜r❛❜❧❡ ✈ér✐✜❛♥t ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s ❞❡
♠é❧❛♥❣❡✳ ❊❧❧❡ ❛ é❣❛❧❡♠❡♥t été ❞é♠♦♥tré❡ ♣❛r ●r✐❣♦r❡s❝✉ ❡t ❑❛♥❣ ❬✹✵❪✱ ❞♦♥t ❧❡s
tr❛✈❛✉① ♦♥t ✐♥s♣✐ré ❝❡rt❛✐♥❡s ♣r❡✉✈❡s ❞❡ ❝❡tt❡ t❤ès❡✳

❙♦✐t N ≥ 2 ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s ❞♦♥t s❡r❛ ❝♦♥st✐t✉é ♥♦tr❡ s②stè♠❡✳ ◆♦✉s
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❋✐❣✉r❡ ✵✳✺✿ Pr♦❝❡ss✉s ❞❡ t②♣❡ ❋❧❡♠✐♥❣✲❱✐♦t à ✷ ♣❛rt✐❝✉❧❡s q✉✐ é✈♦❧✉❡♥t ❡♥tr❡
❧❡✉rs s❛✉ts ❝♦♠♠❡ ❞❡s ♠♦✉✈❡♠❡♥ts ❜r♦✇♥✐❡♥s ❛❜s♦r❜és ❡♥ 0 ❡t 1✳

♥♦t♦♥s Xi ❧❛ i✲è♠❡ ♣❛rt✐❝✉❧❡ ❞❡ ❝❡ s②stè♠❡✳ ❈❤❛q✉❡ ♣❛rt✐❝✉❧❡ ❡st à ✈❛❧❡✉rs ❞❛♥s
❧✬❡♥s❡♠❜❧❡ E ❡t ❧❡ s②stè♠❡ ❡♥t✐❡r (X1,...,XN ) é✈♦❧✉❡ ❞♦♥❝ ❞❛♥s EN ✳ ❆✉ t❡♠♣s
t = 0✱ ❝❤❛q✉❡ ♣❛rt✐❝✉❧❡ s❡ tr♦✉✈❡ à ✉♥ ♣♦✐♥t x ∈ E ✜①é✱ ♣✉✐s✿

❼ ▲❡s ♣❛rt✐❝✉❧❡s é✈♦❧✉❡♥t ✐♥❞é♣❡♥❞❛♠♠❡♥t ❧❡s ✉♥❡s ❞❡s ❛✉tr❡s ❥✉sq✉✬à ❝❡ q✉❡
❧✬✉♥❡ ❞✬❡♥tr❡ ❡❧❧❡s s♦✐t ❛❜s♦r❜é❡✳ ❈❡ t❡♠♣s ❞❡ ♣r❡♠✐èr❡ ❛❜s♦r♣t✐♦♥ ❡st ♥♦té
τ1✳

❼ ▲❛ ♣❛rt✐❝✉❧❡ ❛❜s♦r❜é❡ ✭♥♦✉s s✉♣♣♦s♦♥s q✉✬❡❧❧❡ ❡st ✉♥✐q✉❡✮✱ ❡st ❛❧♦rs ❡♥✈♦②é❡
✐♥st❛♥t❛♥é♠❡♥t à ❧❛ ♣♦s✐t✐♦♥ ❞✬✉♥❡ ❞❡s N − 1 ♣❛rt✐❝✉❧❡s ♥♦♥✲❛❜s♦r❜é❡s✳ ❆
❧❛ ✜♥ ❞❡ ❝❡tt❡ ♦♣ér❛t✐♦♥✱ ❝❤❛❝✉♥❡ ❞❡s ♣❛rt✐❝✉❧❡s s❡ tr♦✉✈❡ ❞❛♥s E✳

❼ ❊♥s✉✐t❡✱ ❧❡s ♣❛rt✐❝✉❧❡s é✈♦❧✉❡♥t ✐♥❞é♣❡♥❞❛♠♠❡♥t ❧❡s ✉♥❡s ❞❡s ❛✉tr❡s ❥✉sq✉✬à
❝❡ q✉❡ ❧✬✉♥❡ ❞✬❡♥tr❡ ❡❧❧❡s s♦✐t ❛❜s♦r❜é❡✳ ❈❡ t❡♠♣s ❞❡ s❡❝♦♥❞❡ ❛❜s♦r♣t✐♦♥ ❡st
♥♦té τ2✳

❼ ❈♦♠♠❡ ♣ré❝é❞❡♠♠❡♥t✱ ❧❛ ♣❛rt✐❝✉❧❡ ❛❜s♦r❜é❡ ✭s✉♣♣♦sé❡ ✉♥✐q✉❡✮ ❡st ❡♥✈♦②é❡
✐♥st❛♥t❛♥é♠❡♥t à ❧❛ ♣♦s✐t✐♦♥ ❞✬✉♥❡ ❞❡s N − 1 ♣❛rt✐❝✉❧❡s ♥♦♥✲❛❜s♦r❜é❡s✳

❼ ❊♥s✉✐t❡✱ ❧❡s ♣❛rt✐❝✉❧❡s é✈♦❧✉❡♥t ✐♥❞é♣❡♥❞❛♠♠❡♥t ❥✉sq✉✬❛✉ tr♦✐s✐è♠❡ t❡♠♣s
❞✬❛❜s♦r♣t✐♦♥ ❡t ❛✐♥s✐ ❞❡ s✉✐t❡✳

P♦✉r t♦✉t t❡♠♣s t ≥ 0✱ ♥♦✉s ♥♦t❡r♦♥s AN
t ❧❡ ♥♦♠❜r❡ ✭❛❧é❛t♦✐r❡✮ ❞✬❛❜s♦r♣t✐♦♥s ❞✉

s②stè♠❡ ❞❡ ♣❛rt✐❝✉❧❡s ❛✈❛♥t ❧❡ t❡♠♣s t✳ ▲❛ ✜❣✉r❡ ✵✳✺ ❡st ✉♥❡ ✐❧❧✉str❛t✐♦♥ ❞✬✉♥ t❡❧
s②stè♠❡ ❛✈❡❝ ❞❡✉① ♣❛rt✐❝✉❧❡s é✈♦❧✉❛♥t ❡♥tr❡ ❧❡✉rs s❛✉ts ❝♦♠♠❡ ✉♥ ♠♦✉✈❡♠❡♥t
❜r♦✇♥✐❡♥ t✉é ❡♥ 0 ❡t ❡♥ 1✳
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❋✐❣✉r❡ ✵✳✻✿ ➱✈♦❧✉t✐♦♥ ❞✉ t❛✉① ❞❡ ♠♦rt❛❧✐té ❞✬✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❛❜s♦r❜é
❡♥ 0 ❡t ❡♥ 1✱ ❝❛❧❝✉❧é à ❧✬❛✐❞❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ♣❛rt✐❝✉❧❛✐r❡ ét✉❞✐é❡ ❞❛♥s ❝❡tt❡ t❤ès❡✱
❛✈❡❝ ✉♥ s②stè♠❡ ❞❡ ✶✵✵✵✵✵ ♣❛rt✐❝✉❧❡s✳

❯♥ ❞❡s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉① ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❧❡ s✉✐✈❛♥t✳ ■❧ ❣é♥ér❛❧✐s❡ ♥♦t❛♠♠❡♥t
❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣❛r ●r✐❣♦r❡s❝✉ ❡t ❑❛♥❣ ❬✹✵❪✳

❚❤é♦rè♠❡ ✶ ✭❚❤é♦rè♠❡ ✷✳✶ ❈❤❛♣✐tr❡ ✸✮✳
❙♦✐t t ≥ 0✳ ❙✐ ❧❡s ❞❡✉① ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s s♦♥t ✈ér✐✜é❡s

✶✳ à ❝❤❛q✉❡ t❡♠♣s ❞✬❛❜s♦r♣t✐♦♥✱ ❧❛ ♣❛rt✐❝✉❧❡ ❛❜s♦r❜é❡ ❡st ✉♥✐q✉❡✱

✷✳ ❧❛ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ AN
t ❡st ✜♥✐❡ ♣r❡sq✉❡ sûr❡♠❡♥t ♣♦✉r t♦✉t N ≥ 2✱

❛❧♦rs✱ ♣♦✉r t♦✉t ❡♥s❡♠❜❧❡ ♠❡s✉r❛❜❧❡ A ⊂ D✱

1

N

N
∑

i=1

1Xi
t∈A

loi−−−−→
N→∞

Px (Xt ∈ A|t < τ∂) .

❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ▼♦♥t❡✲❈❛r❧♦✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s ♥♦♥✲
❛❜s♦r❜é❡s ♥❡ ❞✐♠✐♥✉❡ ♣❛s ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳ ❆✐♥s✐✱ ❡♥ ✉t✐❧✐s❛♥t ❝❡t ❛❧❣♦r✐t❤♠❡
♣♦✉r ❝❛❧❝✉❧❡r ❧✬é✈♦❧✉t✐♦♥ ❞✉ t❛✉① ❞❡ ♠♦rt❛❧✐té ❞✬✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ t✉é ❡♥
0 ❡t ❡♥ 1 ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ ❣r❛♣❤✐q✉❡ ❞❡ ❧❛ ✜❣✉r❡ ✵✳✻✳ ❖♥
♦❜s❡r✈❡ ❡♥ ♣❛rt✐❝✉❧✐❡r q✉❡ ❧❛ q✉❛❧✐té ❞❡ ❧❛ ♠ét❤♦❞❡ ♥❡ s❡ ❞é❣r❛❞❡ ♣❛s ❛✉ ❝♦✉rs ❞✉
t❡♠♣s✳

❚♦✉t❡❢♦✐s✱ ❧❡s ❝♦♥❞✐t✐♦♥s ✭✶✮ ❡t ✭✷✮ ❞✉ t❤é♦rè♠❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❝✐✲❞❡ss✉s ❢♦♥t
❝❤❛❝✉♥❡ ❛♣♣❛r❛îtr❡ ✉♥❡ ♥♦✉✈❡❧❧❡ ❞✐✣❝✉❧té✳

▲❛ ♣r❡♠✐èr❡ ❞✐✣❝✉❧té ❝♦♥❝❡r♥❡ ❧✬❤②♣♦t❤ès❡ s❡❧♦♥ ❧❛q✉❡❧❧❡ ❞❡✉① ♣❛rt✐❝✉❧❡s ♥❡ ♣❡✉✲
✈❡♥t êtr❡ ❛❜s♦r❜é❡s ❡♥ ♠ê♠❡ t❡♠♣s✳ ❙✐ ❧❡ ♣r♦❝❡ss✉s X é✈♦❧✉❡ ❡♥ t❡♠♣s ❝♦♥t✐♥✉
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s✉✐✈❛♥t ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡ ♦✉ s✉✐✈❛♥t ✉♥ ♣r♦❝❡ss✉s ❞❡ s❛✉t
♣✉r ❡t à t❛✉① ❞❡ s❛✉t ❜♦r♥é✱ ❛❧♦rs ❝❡tt❡ ❤②♣♦t❤ès❡ ❡st ❡♥ ❣é♥ér❛❧ ✈ér✐✜é❡ ❡t ♥❡
r❡♣rés❡♥t❡ ♣❛s ❞❡ ré❡❧❧❡ ❞✐✣❝✉❧té✳ ❚♦✉t❡❢♦✐s✱ s✐ X ❡st ❞♦♥♥é ♣❛r ✉♥ ♠♦❞è❧❡ ❡♥
t❡♠♣s ❞✐s❝r❡t✱ ❛❧♦rs ❧❛ ♣r♦❜❛❜✐❧✐té q✉❡ ❞❡✉① ♣❛rt✐❝✉❧❡s s♦✐❡♥t ❛❜s♦r❜é❡s ❡♥ ♠ê♠❡
t❡♠♣s ❡st ❛ ♣r✐♦r✐ str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡ à ❝❤❛q✉❡ t❡♠♣s t ∈ N✳ ❈❡tt❡ ❞✐✣❝✉❧té
ré❡❧❧❡ ♣❡✉t êtr❡ rés♦❧✉❡ ♣❛r ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥ ♣r♦❝❡ss✉s Y ❡♥ t❡♠♣s ❝♦♥t✐♥✉ t❡❧
q✉❡✱ ❡♥ ❝❤❛q✉❡ t❡♠♣s ❡♥t✐❡r t ∈ N✱ ❧❛ ❧♦✐ ❞❡ Y ❡st ❧❛ ♠ê♠❡ q✉❡ ❝❡❧❧❡ ❞❡ X✳ ❈❡
♥♦✉✈❡❛✉ ♣r♦❝❡ss✉s ❛✉t♦r✐s❡ ❛❧♦rs ❧❛ s✐♠✉❧❛t✐♦♥ ❞✬✉♥ s②stè♠❡ ❞❡ ♣❛rt✐❝✉❧❡s ❡♥ ✐♥✲
t❡r❛❝t✐♦♥ (Y 1,...,Y N ) ❡t ❧❛ ❣é♥ér❛❧✐té ❞✉ t❤é♦rè♠❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ é♥♦♥❝é ❝✐✲❞❡ss✉s
♣❡r♠❡t ❞✬ét❛❜❧✐r q✉❡✱ ♣♦✉r t♦✉t t❡♠♣s ❡♥t✐❡r t ∈ N ❡t t♦✉t ❡♥s❡♠❜❧❡ ♠❡s✉r❛❜❧❡
A ⊂ D✱

1

N

N
∑

i=1

1Y i
t ∈A

−−−−→
N→∞

Px (Xt ∈ A|t < τ∂) .

▲❛ s❡❝♦♥❞❡ ❞✐✣❝✉❧té ❝♦♥❝❡r♥❡ ❧✬❤②♣♦t❤ès❡ s❡❧♦♥ ❧❛q✉❡❧❧❡ ❧❡ ♥♦♠❜r❡ ❞✬❛❜s♦r♣t✐♦♥s
❡st ✜♥✐ ❡♥ t❡♠♣s ✜♥✐ ♣r❡sq✉❡ sûr❡♠❡♥t✱ ❝✬❡st✲à✲❞✐r❡ P

(

AN
t < +∞

)

= 1✱ ♣♦✉r t♦✉t
N ≥ 2✳ ❈❡tt❡ ♣r♦♣r✐été ❡st t♦✉❥♦✉rs ✈ér✐✜é❡ ♣♦✉r ❞❡s ♣r♦❝❡ss✉s à t❡♠♣s ❝♦♥t✐♥✉
q✉✐ ♥❡ ♣❡✉✈❡♥t êtr❡ ❛❜s♦r❜és q✉✬❡♥ ❞❡s t❡♠♣s ❛❧é❛t♦✐r❡s ❞❡ ❧♦✐ ❡①♣♦♥❡♥t✐❡❧❧❡ à t❛✉①
❜♦r♥é✱ t❡❧s q✉❡ ❧❡s ♣r♦❝❡ss✉s ❞❡ ●❛❧t♦♥✲❲❛ts♦♥ ❡♥ t❡♠♣s ❝♦♥t✐♥✉ ♦✉ ❧❡s ♣r♦❝❡ss✉s
❞❡ ▼❛r❦♦✈ à ❡s♣❛❝❡ ❞✬ét❛ts ✜♥✐✳

❊♥ r❡✈❛♥❝❤❡✱ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ♥✬❡st ♣❛s t♦✉❥♦✉rs ✈ér✐✜é❡ ♣♦✉r ❞❡s ♠♦❞è❧❡s ❡♥
t❡♠♣s ❝♦♥t✐♥✉ ❡t à ❡s♣❛❝❡ ❞✬ét❛ts ❝♦♥t✐♥✉ t❡❧s q✉❡ ❧❡s ❞✐✛✉s✐♦♥s ❞✬■tô✳ ❱♦✐❝✐
✉♥ ❝♦♥tr❡✲❡①❡♠♣❧❡ s✐♠♣❧❡✱ ♣♦✉r ❧❡q✉❡❧ ❧✬❤②♣♦t❤ès❡ ❞❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ❞✉ ♥♦♠❜r❡
❞✬❛❜s♦r♣t✐♦♥ ♥✬❡st ♣❛s ✈ér✐✜é❡✳ ❙✉♣♣♦s♦♥s q✉❡ ❧❡ ♣r♦❝❡ss✉s X ❡st ✉♥ ♣r♦❝❡ss✉s
❞❡ ♣♦s✐t✐♦♥ ✐♥✐t✐❛❧❡ (0,0) q✉✐ s❡ ❞é♣❧❛❝❡ ❞❛♥s E = R2 ❛✈❡❝ ✉♥❡ ✈✐t❡ss❡ ❞ét❡r♠✐♥✲
✐st❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞❡s ♦r❞♦♥♥é❡s ❡t s❡❧♦♥ ✉♥ ♠♦✉✈❡♠❡♥t ❇r♦✇♥✐❡♥ ❞❛♥s ❧❛
❞✐r❡❝t✐♦♥ ❞❡s ❛❜s❝✐ss❡s✳ ❙✉♣♣♦s♦♥s ❞❡ ♣❧✉s q✉❡ ❧❡ ♣r♦❝❡ss✉s ❡st ❛❜s♦r❜é ❧♦rsq✉✬✐❧
❛tt❡✐♥t ❧✬❡♥s❡♠❜❧❡ {(x,y) ∈ R2, t❡❧ q✉❡ |x|+ |y| ≥ 2}✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡ s②stè♠❡ à N
♣❛rt✐❝✉❧❡s (X1,...,XN ) ❡✛❡❝t✉❡r❛ ✉♥ ♥♦♠❜r❡ ✐♥✜♥✐ ❞❡ s❛✉ts ❛✈❛♥t q✉❡ ❧✬♦r❞♦♥♥é❡
✭❞ét❡r♠✐♥✐st❡✮ ❞✉ ♣r♦❝❡ss✉s ♥✬❛tt❡✐❣♥❡ 1✱ ❝❡ q✉✐ ❛rr✐✈❡r❛ ✐♥❡①♦r❛❜❧❡♠❡♥t ❡♥ t❡♠♣s
✜♥✐✳ ▲❛ tr❛❥❡❝t♦✐r❡ t②♣✐q✉❡ ❞✬✉♥❡ ♣❛rt✐❝✉❧❡ ♣♦✉r ❝❡ s②stè♠❡ ❡st r❡♣rés❡♥té❡ ✜❣✲
✉r❡ ✵✳✼✳ P♦✉r ❞❡ t❡❧s ♣r♦❝❡ss✉s✱ ❧❛ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣rés❡♥té❡ ❞❛♥s ❝❡tt❡
t❤ès❡ ♥✬❡st ♣❛s ✈❛❧❛❜❧❡✳ ■❧ ✐♠♣♦rt❡ ❞♦♥❝ ❞❡ tr♦✉✈❡r ❞❡s ❤②♣♦t❤ès❡s s✉✣s❛♥t❡s ♣♦✉r
❧❛ ❝♦♥❞✐t✐♦♥ P

(

AN
t < +∞

)

= 1✳

❉❛♥s ❧❡ ❝❛s ❞✉ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ t✉é ❛✉ ❜♦r❞ ❞✬✉♥ ♦✉✈❡rt✱ ❧❡ ♣r♦❜❧è♠❡ ❛
été ét✉❞✐é ♣❛r ❇✉r❞③②✱ ❍♦➟②st ❡t ▼❛r❝❤ ❬✶✹❪✱ ♣❛r ❇✐❡♥✐❡❦✱ ❇✉r❞③② ❡t ❋✐♥❝❤ ❬✶✶❪✱
♣❛r ▲ö❜✉s ❬✻✷❪✳ ▲❡ s❡❝♦♥❞ ❛rt✐❝❧❡ ❡st ❧❡ ♣❧✉s ❣é♥ér❛❧ ❡t ❝♦♥❝❡r♥❡ ❧❡ ♠♦✉✈❡♠❡♥t
❜r♦✇♥✐❡♥ t✉é ❛✉ ❜♦r❞ ❞✬✉♥ ♦✉✈❡rt ❞♦♥t ❧❛ ❢r♦♥t✐èr❡ ❡st ❞❡ ré❣✉❧❛r✐té ▲✐♣s❝❤✐t③✱
t❛♥❞✐s q✉❡ ❧❡ ♣r❡♠✐❡r ❡t ❧❡ tr♦✐s✐è♠❡ s♦♥t r❡str❡✐♥ts à ❞❡s ❜♦r❞s ♣❧✉s ré❣✉❧✐❡rs
✭❞❡ ♣❧✉s ❧❡s ❛✉t❡✉rs ❞✉ ♣r❡♠✐❡r ❛rt✐❝❧❡ ♦♥t s✐❣♥❛❧é q✉❡ ❧❛ ♣r❡✉✈❡ ♣r♦♣♦sé❡ ❡st
❢♦♥❞❛♠❡♥t❛❧❡♠❡♥t ✐♥❝♦♠♣❧èt❡✮✳ ●r✐❣♦r❡s❝✉ ❡t ❑❛♥❣ ❬✹✷❪ ❞é♠♦♥tr❡♥t q✉❡ ❧❛ ❝♦♥✲
❞✐t✐♦♥ ❞❡ ♥♦♥✲❡①♣❧♦s✐♦♥ Px(A

N
t < +∞) = 1 ❡st ✈ér✐✜é❡ ♣♦✉r t♦✉t❡ ❞✐✛✉s✐♦♥ X à



✶✽ ❈❖◆❚❊◆❚❙

❋✐❣✉r❡ ✵✳✼✿ ❙✐ X ❡st ❧❡ ♠♦✉✈❡♠❡♥t ❛✈❡❝ ❛❜s♦r♣t✐♦♥ ❞é❝r✐t à ❣❛✉❝❤❡✱ ❧✬❡①♣❧♦s✐♦♥ ❞✉
♥♦♠❜r❡ ❞✬❛❜s♦r♣t✐♦♥ ❡♥ t❡♠♣s ✜♥✐ ❡st ♣r❡sq✉❡ sûr❡ ♣♦✉r ❧❡ s②stè♠❡ ❞❡ ♣❛rt✐❝✉❧❡s✱
❞♦♥t ✉♥❡ ♣❛rt✐❝✉❧❡ ❡t s❛ tr❛❥❡❝t♦✐r❡ s♦♥t r❡♣rés❡♥té❡s à ❣❛✉❝❤❡✳

❝♦❡✣❝✐❡♥ts ❤♦♠♦❣è♥❡s ❡♥ t❡♠♣s✱ ✉♥✐❢♦r♠é♠❡♥t ❡❧❧✐♣t✐q✉❡s ❡t ❞❡ ❝❧❛ss❡ C∞✱ ❡t ❛❜✲
s♦r❜é❡ ❛✉ ❜♦r❞ ❞✬✉♥ ♦✉✈❡rt ❛✉ ❜♦r❞ s✉✣s❛♠♠❡♥t ré❣✉❧✐❡r✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s
❞♦♥♥♦♥s ✉♥ ❝r✐tèr❡ ❞❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ♣♦✉r ❞❡s ♠♦✉✈❡♠❡♥ts ❜r♦✇♥✐❡♥s ❛✈❡❝ ❞r✐❢t
é✈❡♥t✉❡❧❧❡♠❡♥t ♥♦♥✲❜♦r♥és ❡t ✐rré❣✉❧✐❡rs ✭❝❤❛♣✐tr❡ ✷✱ q✉✐ ❡st ✉♥ ❛rt✐❝❧❡ ❛❝❝❡♣té
♣♦✉r ♣✉❜❧✐❝❛t✐♦♥ à ❊❧❡❝tr♦♥✐❝ ❏♦✉r♥❛❧ ♦❢ Pr♦❜❛❜✐❧✐t②✮ ❡t ♣♦✉r ❞❡s ❞✐✛✉s✐♦♥s ❛✈❡❝
s❛✉ts é✈♦❧✉❛♥t ❞❛♥s ✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t ❛❧é❛t♦✐r❡ ❛✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts ✐rré❣✉❧✐❡rs ❡t
❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s ✭❝❤❛♣✐tr❡ ✸✱ q✉✐ ❡st ✉♥ ❛rt✐❝❧❡ ré❝❡♠♠❡♥t s♦✉♠✐s à ❊❙❆■▼

Pr♦❜❛❜✐❧✐t② ❛♥❞ ❙t❛t✐st✐❝s✮✳

P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❛ s✐t✉❛t✐♦♥ ❞✉ ❝❤❛♣✐tr❡ ✷ ❡st ❧❛ s✉✐✈❛♥t❡✳ ◆♦✉s ét✉❞✐♦♥s ✉♥ s②s✲
tè♠❡ ❞❡ ♣❛rt✐❝✉❧❡s ❡♥ ✐♥t❡r❛❝t✐♦♥ ❞♦♥t ❧❡s ♣❛rt✐❝✉❧❡s s❛✉t❡♥t q✉❛♥❞ ❡❧❧❡s ❛tt❡✐❣♥❡♥t
❧❡ ❜♦r❞ ❞✬✉♥ ♦✉✈❡rt ✭❝♦♠♠❡ ♣ré❝é❞❡♠♠❡♥t✮✱ à ❧❛ ❞✐✛ér❡♥❝❡ q✉❡ ❧❛ ❞❡st✐♥❛t✐♦♥ ❞❡
❧❡✉r s❛✉t ♣❡✉t êtr❡ ❝❤♦✐s✐❡ ❞❡ ❢❛ç♦♥ ❜❡❛✉❝♦✉♣ ♣❧✉s s♦✉♣❧❡ ✭❝❡ q✉✐ ❣é♥ér❛❧✐s❡ ♥♦t❛♠✲
♠❡♥t ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣❛r ●r✐❣♦r❡s❝✉ ❡t ❑❛♥❣ ❬✹✷❪✮✳ ▲❡s ♣❛rt✐❝✉❧❡s é✈♦❧✉❡♥t
s✉✐✈❛♥t ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❞r✐❢té✱ ❝✬❡st✲à✲❞✐r❡ q✉✬❡❧❧❡ s♦♥t s♦❧✉t✐♦♥ ❥✉sq✉✬à
❧✬❛tt❡✐♥t❡ ❞✉ ❜♦r❞ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡

dXt = dBt + q(Xt)dt, X0 = x ∈ D,

♦ù B ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ d✲❞✐♠❡♥s✐♦♥♥❡❧ ❡t q : D 7→ Rd ❡st ✉♥❡ ❢♦♥❝t✐♦♥
♠❡s✉r❛❜❧❡ ❜♦r♥é❡ ❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ ∂D✳ ◆♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❛ ❢r♦♥t✐èr❡
∂D ❡st ❞❡ ❝❧❛ss❡ C2✱ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❧❛ ❞✐st❛♥❝❡ ❞✬✉♥❡ ♣❛rt✐❝✉❧❡ à ❧❛ ❢r♦♥t✐èr❡
❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❞r✐❢té✱ ❛✉ ♠♦✐♥s q✉❛♥❞ ❧❛ ♣❛rt✐❝✉❧❡ s✬❛♣♣r♦❝❤❡ ❞❡ ❧❛
❢r♦♥t✐èr❡ ✭❝❡❝✐ ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ✐♠♠é❞✐❛t❡ ❞✉ t❤é♦rè♠❡ ❞❡ ré❣✉❧❛r✐té ♣rés❡♥té
♣❛r ❉❡❧❢♦✉r ❬✷✺✱ ❈❤❛♣t❡r ✺✱ ❙❡❝t✐♦♥ ✹❪ ❡t ❞❡ ❧❛ ❢♦r♠✉❧❡ ❞✬■tô✮✳

▲❛ ♣r❡✉✈❡ s✬❡✛❡❝t✉❡ ❡♥ ❞❡✉① t❡♠♣s✳ ◆♦✉s ♠♦♥tr♦♥s ❞✬❛❜♦r❞ q✉❡ ❧✬❡①♣❧♦s✐♦♥ ❞✉
♥♦♠❜r❡ ❞❡ s❛✉ts ❞✉ ♣r♦❝❡ss✉s ❡♥ t❡♠♣s ✜♥✐ ✐♠♣❧✐q✉❡ q✉✬❛✉ ♠♦✐♥s ❞❡✉① ♣❛rt✐❝✉❧❡s
❝♦♥✈❡r❣❡♥t ✈❡rs ❧❛ ❢r♦♥t✐èr❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❡✉rs ❞✐st❛♥❝❡s à ❧❛ ❢r♦♥t✐èr❡ t❡♥❞❡♥t
✈❡rs 0 s✐♠✉❧t❛♥é♠❡♥t✳ P✉✐s ♥♦✉s ❝♦♥str✉✐s♦♥s ✉♥ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s ❞✐st❛♥❝❡s à ❧❛
❢r♦♥t✐èr❡ ❞❡s ♣❛rt✐❝✉❧❡s ❡t ✉♥ s②stè♠❡ ❞❡ ♠♦✉✈❡♠❡♥ts ❜r♦✇♥✐❡♥s à ❞r✐❢ts ❜♦r♥és✱
✐♥❞é♣❡♥❞❛♥ts ❡t ré✢é❝❤✐s ❡♥ 0✱ ♥♦té (Y 1,...,Y N ) ❡t t❡❧ q✉❡✱ ♣♦✉r t♦✉t t❡♠♣s t
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✐♥❢ér✐❡✉r ❛✉ t❡♠♣s ❞✬❡①♣❧♦s✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ s❛✉ts✱

d(Xi
t ,∂D) ≥ Y i

t ✭✈♦✐r ✜❣✉r❡ ✵✳✽✮.

❆✐♥s✐✱ ❧✬❡①♣❧♦s✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ s❛✉t ✐♠♣❧✐q✉❡ q✉✬❛✉ ♠♦✐♥s ❞❡✉① ♣❛rt✐❝✉❧❡s t❡♥✲

❋✐❣✉r❡ ✵✳✽✿ ▲❛ ♣❛rt✐❝✉❧❡ X1 ❡t s♦♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ré✢é❝❤✐ Y 1 ❝♦✉♣❧é✳

❞❡♥t ✈❡rs 0 s✐♠✉❧t❛♥é♠❡♥t✱ ❞♦♥❝ q✉❡ ❞❡✉① ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥s ré✢é❝❤✐s ✐♥✲
❞é♣❡♥❞❛♥t ❝♦♥✈❡r❣❡♥t ✈❡rs 0 s✐♠✉❧t❛♥é♠❡♥t✱ ❝❡ q✉✐ ❛rr✐✈❡ ❛✈❡❝ ♣r♦❜❛❜✐❧✐té ♥✉❧❧❡
❡t ♥♦✉s ♣❡r♠❡t ❞❡ ❝♦♥❝❧✉r❡ ❧❛ ♣r❡✉✈❡✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✸✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❞❡s ❞✐✛✉s✐♦♥s ♣❧✉s ❣é♥ér❛❧❡s✱ s♦❧✉t✐♦♥s
❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧s st♦❝❤❛st✐q✉❡s ✐♥❤♦♠♦❣è♥❡s ❡♥ t❡♠♣s ❡t ❞é♣❡♥❞❛♥t ❞✬✉♥
❡♥✈✐r♦♥♥❡♠❡♥t ❛❧é❛t♦✐r❡✳ ▲❛ ♣r❡✉✈❡ r❡♣♦s❡ s✉r ❧❡ ♠ê♠❡ ♣r✐♥❝✐♣❡✱ à s❛✈♦✐r q✉❡
❧✬❡①♣❧♦s✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ s❛✉ts ✐♠♣❧✐q✉❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ s✐♠✉❧t❛♥é❡ ✈❡rs ❧❛ ❢r♦♥t✐èr❡
❞❡ ❞❡✉① ♣❛rt✐❝✉❧❡s✳ ▼❛✐s ❞❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ♠♦♥tr♦♥s ❞✐r❡❝t❡♠❡♥t q✉❡ ❧❡✉r
❞✐st❛♥❝❡ à ❧❛ ❢r♦♥t✐èr❡ ♥❡ ♣❡✉t ♣❛s ❝♦♥✈❡r❣❡r ✈❡rs 0 s✐♠✉❧t❛♥é♠❡♥t ❡♥ ✉t✐❧✐s❛♥t
✉♥ rés✉❧t❛t ♦r✐❣✐♥❛❧ ❞❡ ♥♦♥✲❛tt❡✐♥t❡ ❞❡ (0,0) ♣♦✉r ❞❡s ❝♦✉♣❧❡s ❞❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡s
♣♦s✐t✐✈❡s✳ ❈❡ rés✉❧t❛t ❞❡ ♥♦♥✲❛tt❡✐♥t❡ ❡st ♣r♦✉✈é ♣❛r ❧❛ ❞é✜♥✐t✐♦♥ ❞✬✉♥❡ ❜♦♥♥❡
❢♦♥❝t✐♦♥ ♣✉✐s✱ ✐♥s♣✐ré❡ ♣❛r ❧❡s tr❛✈❛✉① ❞❡ ❉❡❧❛r✉❡ ❬✷✹❪✳

❘❡✈❡♥♦♥s à ♣rés❡♥t à ❧✬ét✉❞❡ ❞❡ ❧❛ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠✳ ◆♦✉s ❛✈♦♥s ✈✉ q✉❡ ❧❡
s②stè♠❡ ❞❡ ♣❛rt✐❝✉❧❡s ❞❡ t②♣❡ ❋❧❡♠✐♥❣✲❱✐♦t ❝✐✲❞❡ss✉s ♣❡r♠❡t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡
❧❛ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ Px (Xt ∈ A|t < τ∂)✱ ♣♦✉r ❞❡s t❡♠♣s t ✜♥✐s✳ ❙✐ ❧❛
❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ❡①✐st❡✱ ❛❧♦rs ❡❧❧❡ ❡st ❞♦♥♥é❡ ♣❛r ❧❛ ❧✐♠✐t❡ q✉❛♥❞ t t❡♥❞ ✈❡rs
❧✬✐♥✜♥✐ ❞❡ ❝❡tt❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡✳ ❖r✱ ✉♥❡ ❢♦✐s N ≫ 1 ✜①é✱ ♥♦✉s ♣♦✉✈♦♥s
s✐♠✉❧❡r ♣❡♥❞❛♥t ✉♥ t❡♠♣s ❧♦♥❣ ❧❡ s②stè♠❡ ❞❡ t②♣❡ ❋❧❡♠✐♥❣✲❱✐♦t à N ♣❛rt✐❝✉❧❡s
(X1,...,XN )✳ P❛r ❝♦♥séq✉❡♥t✱ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ♣❡✉t êtr❡
♦❜t❡♥✉❡ s✐ ❧❡ ❞✐❛❣r❛♠♠❡ s✉✐✈❛♥t ♣❡✉t êtr❡ ✐♥✈❡rsé✿
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1
N

∑N
i=1 δXi

t
−−−−−→
N→+∞

Px (Xt ∈ ·|t < τ∂)

↓t→+∞ ↓t→+∞

? −−−−−→
N→+∞

❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠

✭✸✮

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥❡ ❞✐✛✉s✐♦♥ ❞✬■tôX é✈♦❧✉❛♥t ❞❛♥s ✉♥ ♦✉✈❡rt
❜♦r♥é D ⊂ Rd✱ d ≥ 1✱ ❥✉sq✉✬à s♦♥ ❛❜s♦r♣t✐♦♥ ❡♥ ∂D✳ ▲❡ ♣r♦❝❡ss✉s X ❡st ❞é✜♥✐
❥✉sq✉✬à s♦♥ ❛❜s♦r♣t✐♦♥ ♣❛r ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡

dXt = dBt + q(Xt)dt, X0 = x ∈ D,

♦ù B ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ d✲❞✐♠❡♥s✐♦♥♥❡❧ ❡t q : D 7→ Rd ❡st ✉♥❡ ❢♦♥❝t✐♦♥
C1 ❜♦r♥é❡✳ ▲❡ ♣r♦❝❡ss✉s X ♣♦ssè❞❡ ✉♥❡ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ❞✬❛♣rès ❧❡s rés✉❧t❛ts
❞❡ ●♦♥❣✱ ◗✐❛♥ ❡t ❩❤❛♦ ❬✸✼❪✳ ❉✬❛♣rès ❧❡s rés✉❧t❛ts ❞❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ❝✐✲❞❡ss✉s✱ ❧❡
s②stè♠❡ ❞❡ ♣❛rt✐❝✉❧❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡✛❡❝t✉❡ ✉♥ ♥♦♠❜r❡ ❞❡ s❛✉ts
✜♥✐ ❡♥ t❡♠♣s ✜♥✐ ♣r❡sq✉❡ sûr❡♠❡♥t✳ ❉❡ ♣❧✉s ♥♦✉s ♠♦♥tr♦♥s q✉❡✱ ♣♦✉r t♦✉t N ≥ 2✱
❧❡ ♣r♦❝❡ss✉s (X1

t ,...,X
N
t )t≥0 à ✈❛❧❡✉rs ❞❛♥s DN ❡st ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❡r❣♦❞✐q✉❡✱

❝✬❡st✲à✲❞✐r❡ q✉✬✐❧ ❡①✐st❡ ✉♥❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐téMN s✉r DN ❡t ❞❡✉① ❝♦♥st❛♥t❡s
CN ,γN > 0 t❡❧❧❡s q✉❡✱ ♣♦✉r t♦✉t ❡♥s❡♠❜❧❡ ♠❡s✉r❛❜❧❡ A ⊂ DN ✱

∣

∣P
(

(X1
t ,...,X

N
t ) ∈ A

)

−MN (A)
∣

∣ ≤ CNe
γN t.

▲❛ ♣r❡✉✈❡ ❞❡ ❝❡tt❡ ♣r♦♣r✐été✱ ✐♥s♣✐ré❡ ♣❛r ❬✶✹❪ ✉t✐❧✐s❡ à ♥♦✉✈❡❛✉ ❧❡ ❝♦✉♣❧❛❣❡ ❝♦♥✲
str✉✐t ❝✐✲❞❡ss✉s ❡t ❧❡s rés✉❧t❛ts ❞✬❡r❣♦❞✐❝✐té ❞❡ ❉♦✇♥✱ ▼❡②♥ ❡t ❚✇❡❡❞✐❡ ❬✷✻❪✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡❧❛ ✐♠♣❧✐q✉❡ q✉✬✐❧ ❡①✐st❡ ✉♥❡ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐té ❛❧é❛t♦✐r❡
XN s✉r D t❡❧❧❡ q✉❡✱ ♣♦✉r t♦✉t ❡♥s❡♠❜❧❡ ♠❡s✉r❛❜❧❡ A ⊂ D✱

1

N

N
∑

i=1

1Xi
t∈A

loi−−−→
t→∞

XN (A).

◆♦✉s ❝♦♥❝❧✉♦♥s ❡♥ ❞é♠♦♥tr❛♥t q✉❡

XN (A)
loi−−−−→

N→∞
α,

♦ù α ❡st ❧❛ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ❛ss♦❝✐é❡ à X✳ ❊♥ ❞é✜♥✐t✐✈❡✱ ❧❡ ❞✐❛❣r❛♠♠❡ ✭✸✮ ♣❡✉t
êtr❡ ✐♥✈❡rsé✱ ❝❡ q✉✐ ré♣♦♥❞ ❛✉ ♣r♦❜❧è♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠
♣♦✉r ❧❡ ❝❛s ♣rés❡♥té ❝✐✲❞❡ss✉s✳

❇❡❛✉❝♦✉♣ ❞❡ ♠♦❞è❧❡s✱ ❡♥ ❞②♥❛♠✐q✉❡ ❞❡s ♣♦♣✉❧❛t✐♦♥s ♥♦t❛♠♠❡♥t✱ s♦♥t ❜❛sés s✉r
❞❡s ♣r♦❝❡ss✉s à t❛✉① ❞❡ s❛✉t ♥♦♥✲❜♦r♥és ♦✉ s✉r ❞❡s ❞✐✛✉s✐♦♥s à ❝♦❡✣❝✐❡♥ts ♥♦♥✲
❜♦r♥és✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡s ❝r✐tèr❡s ❛ss✉r❛♥t P

(

AN
t < +∞

)

= 1 ❢♦♥t ❞é❢❛✉t✳ ❚♦✉t❡✲
❢♦✐s✱ ♥♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷ ✉♥❡ ♠ét❤♦❞❡ ♣❡r♠❡tt❛♥t ❞❡ ♣❛❧❧✐❡r ❝❡tt❡
❞✐✣❝✉❧té✳ ▲❛ ♠ét❤♦❞❡ ❡♠♣❧♦②é❡ ❝♦♥s✐st❡ à ❛♣♣r♦①✐♠❡r ❧❡ ♣r♦❝❡ss✉s ♦r✐❣✐♥❛❧ X ♣❛r
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❞❡s ♣r♦❝❡ss✉s à ❝♦❡✣❝✐❡♥ts ❜♦r♥és (X(m))m≥1✱ ♦ù m ❡st ✉♥ ♣❛r❛♠ètr❡ t❡❧ q✉❡✱
♣♦✉r t♦✉t t ≥ 0✱

X
(m)
t

loi−−−−−→
m→+∞

Xt.

❙✉♣♣♦s♦♥s ♣❛r ❡①❡♠♣❧❡ q✉❡ X ❡st ✉♥❡ ❞✐✛✉s✐♦♥ ❞❡ ❋❡❧❧❡r ❧♦❣✐st✐q✉❡ s✉r [0,+∞[✱
❝✬❡st✲à✲❞✐r❡ q✉✬✐❧ ❡①✐st❡ γ > 0✱ r > 0 ❡t c > 0 t❡❧s q✉❡ X ❡st ❛❜s♦r❜é ❡♥ 0 ❡t
✈ér✐✜❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡ ✭✷✮✳ ❉✬❛♣rès ❧❡s rés✉❧t❛ts ❞❡ ❈❛tt✐❛✉①✱
❈♦❧❧❡t✱ ▲❛♠❜❡rt✱ ▼❛rtí♥❡③✱ ▼é❧é❛r❞ ❡t ❙❛♥ ▼❛rtí♥ ❬✶✻❪✱ X ♣♦ssè❞❡ ✉♥❡ ❧✐♠✐t❡ ❞❡
❨❛❣❧♦♠ α✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡ ✭✷✮
♥❡ s♦♥t ♣❛s ❡❧❧✐♣t✐q✉❡s ❡t s❛✈♦✐r s✐ P

(

AN
t < +∞

)

= 1 ❡st à ❝❡ ❥♦✉r ✉♥ ♣r♦❜❧è♠❡
♦✉✈❡rt✳ ❆✜♥ ❞❡ ♣❛❧❧✐❡r ❝❡tt❡ ❞✐✣❝✉❧té✱ ♥♦✉s ❞é✜♥✐ss♦♥s ❧❡ ♣r♦❝❡ss✉s X(m) s✉r
[1/m,m] ❝♦♠♠❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡ ✭✷✮ ❡t ❛❜s♦r❜é
❡♥ {1/m,m}✳ ❈❡ ♣r♦❝❡ss✉s ♣♦ssè❞❡ ✉♥❡ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ α(m) ❞✬❛♣rès P✐♥s❦② ❬✻✽❪✳
➚ ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ♣rès✱ X(m) ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ ❛❜s♦r❜é ❛✉
❜♦r❞ ❞✬✉♥ ♦✉✈❡rt ❜♦r♥é✱ α(m) ♣❡✉t ❞♦♥❝ êtr❡ ❛♣♣r♦❝❤é❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ♣❛rt✐❝✉❧❛✐r❡
❞é❝r✐t❡ ❝✐✲❞❡ss✉s✳ ◆♦✉s ❝♦♥❝❧✉♦♥s ❡♥ ♣r♦✉✈❛♥t q✉❡✱ ♣♦✉r t♦✉t ❡♥s❡♠❜❧❡ ♠❡s✉r❛❜❧❡
A ⊂]0,+∞[✱

lim
m→+∞

α(m)(A) = α(A).

❆✐♥s✐✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ α(m) ♣♦✉r m ≫ 1 ❢♦✉r♥✐t ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛
❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ α r❡❝❤❡r❝❤é❡✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❞✐✛✉s✐♦♥ ❞❡ ❋❡❧❧❡r ❧♦❣✐st✐q✉❡✱
♥♦✉s ♦❜t❡♥♦♥s ❧❡s ❧✐♠✐t❡s ❞❡ ❨❛❣❧♦♠ r❡♣rés❡♥té❡s s✉r ❧❛ ✜❣✉r❡ ✵✳✾ ♣♦✉r ❞✐✛ér❡♥t❡s
✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s r ❡t c✳

❋✐❣✉r❡ ✵✳✾✿ ▲✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ♣♦✉r ✉♥❡ ❞✐✛✉s✐♦♥ ❞❡ ❋❡❧❧❡r ❧♦❣✐st✐q✉❡✱ ❛✈❡❝ ❞✐❢✲
❢ér❡♥t❡s ✈❛❧❡✉rs ❞❡ r ❡t c✳
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❈♦♠♠❡ ♥♦✉s ❧❡ ✈♦②♦♥s✱ ❧❛ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦♣♦sé❡ ♣❛r ❇✉r❞③②✱ ❍♦❧②st✱
■♥❣❡r♠❛♥ ❡t ▼❛r❝❤ ❬✶✸❪ ♣❡✉t êtr❡ ❛♣♣❧✐q✉é❡ ❞❛♥s ✉♥ ❝❛❞r❡ q✉✐ ❞é♣❛ss❡ ❧❛r❣❡♠❡♥t
❝❡❧✉✐ ❞✉ ♠♦✉✈❡♠❡♥t ❇r♦✇♥✐❡♥✳ ❆✐♥s✐ ❧❡s ♣r♦❜❧è♠❡s ♣♦sés ♣❛r ❧✬ét✉❞❡ ❞❡ ♣r♦❝❡ss✉s
❛✈❡❝ ❛❜s♦r♣t✐♦♥ ♣❡✉✈❡♥t✲✐❧ êtr❡ ét✉❞✐és ❞❛♥s ✉♥❡ ❣r❛♥❞❡ ❣é♥ér❛❧✐té à ❧✬❛✐❞❡ ❞❡
s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞✉ s②stè♠❡ ❞❡ ♣❛rt✐❝✉❧❡s ❞❡ t②♣❡ ❋❧❡♠✐♥❣✲❱✐♦t ❞é❝r✐t ❝✐✲
❞❡ss✉s✳

Pr♦♣r✐étés ❞❡ ♠é❧❛♥❣❡ ♣♦✉r ❞❡s ♠♦❞è❧❡s ✐♥❤♦♠♦❣è♥❡s ❡♥ t❡♠♣s

❙♦✐t X ✉♥ ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ ✐♥❤♦♠♦❣è♥❡ ❡♥ t❡♠♣s é✈♦❧✉❛♥t ❞❛♥s ✉♥ ❡s♣❛❝❡
E ∪ {∂} ❡t ❛❜s♦r❜é ❡♥ ∂✱ ✐✳❡✳ t❡❧ q✉❡ (t,Xt)t≥0 ❡st ✉♥ ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ s✉r
[0,+∞[×E ❛❜s♦r❜é q✉❛♥❞ ✐❧ ❛tt❡✐♥t [0,+∞[×{∂}✳
❉❛♥s ❧❛ s✐t✉❛t✐♦♥ ♦ù ❧❡ ♣r♦❝❡ss✉s X ❡st ✉♥ ♣r♦❝❡ss✉s ❛❜s♦r❜é ♣❛r ❞❡s ♦❜st❛✲
❝❧❡s ♠♦✉s✱ ❝✬❡st✲à✲❞✐r❡ s✬✐❧ ❡①✐st❡ ✉♥❡ ❢♦♥❝t✐♦♥ ♠❡s✉r❛❜❧❡ ♣♦s✐t✐✈❡ κ ✉♥✐❢♦r♠é♠❡♥t
❜♦r♥é❡ s✉r [0, +∞[×E t❡❧❧❡ q✉❡ ❧❡ t❡♠♣s ❞✬❛❜s♦r♣t✐♦♥ ❞❡ X ❛ ✉♥❡ ❧♦✐ ❡①♣♦♥❡♥✲
t✐❡❧❧❡ ❞❡ ♣❛r❛♠ètr❡ κ(t,Xt)✱ ❉❡❧ ▼♦r❛❧ ❡t ▼✐❝❧ô ❬✷✸❪ ❡t ❘♦✉ss❡t ❬✼✺❪ ♦♥t ♠♦♥tré
q✉❡ ❧❛ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛rt✐❝✉❧❛✐r❡ ♣rés❡♥té❡ ❝✐✲❞❡ss✉s ❝♦♥✈❡r❣❡ ✈❡rs ❧❛
❞✐str✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥❡❧❧❡ ❞✉ ♣r♦❝❡ss✉s X✳

▲❡ t❤é♦rè♠❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ✶ ❡t ❧❡ rés✉❧t❛t ❞❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ❞✉ ❝❤❛♣✐tr❡ ✸
♥♦✉s ♣❡r♠❡tt❡♥t ❞❡ ❣é♥ér❛❧✐s❡r ❧❡✉rs rés✉❧t❛ts à ❞❡s ❞✐✛✉s✐♦♥s ❞✬■tô ✐♥❤♦♠♦❣è♥❡s
❡♥ t❡♠♣s ❡t ❞é♣❡♥❞❛♥t ❞✬✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t ❛❧é❛t♦✐r❡✱ ❛❜s♦r❜é❡s ❛✉ ❜♦r❞ ❞✬✉♥
♦✉✈❡rt ❜♦r♥é ❞❡ ❝❧❛ss❡ C2✳

❯♥ ♣r♦❝❡ss✉s ❞♦♥t ❧✬é✈♦❧✉t✐♦♥ ❞é♣❡♥❞ ❡✛❡❝t✐✈❡♠❡♥t ❞✉ t❡♠♣s ♥❡ ♣❡✉t ♣❛s ♣♦ssé❞❡r
❞❡ ❞✐str✐❜✉t✐♦♥ q✉❛s✐✲st❛t✐♦♥♥❛✐r❡✳ ❚♦✉t❡❢♦✐s✱ ❞❡s ♣r♦♣r✐étés ❞❡ ♠é❧❛♥❣❡ ♣❡✉✈❡♥t
êtr❡ ét❛❜❧✐❡s✱ s✐♠✐❧❛✐r❡s ❛✉① ♣r♦♣r✐étés ❞❡ ♠é❧❛♥❣❡ ét❛❜❧✐❡s ♣♦✉r ❞❡s ♣r♦❝❡ss✉s
♥♦♥✲❝♦♥❞✐t✐♦♥♥és✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❆r♥❛✉❞♦♥✱ ❈♦✉❧✐❜❛❧② ❡t ❚❤❛❧♠❛✐❡r ❬✺❪✳ ❉❛♥s
❧❡ ❝❤❛♣✐tr❡ ✺✱ ❢r✉✐t ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ P✐❡rr❡ ❉❡❧ ▼♦r❛❧✱ ♥♦✉s ét✉❞✐♦♥s ❧❛ ❞✐s✲
tr✐❜✉t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞❡ ♣r♦❝❡ss✉s X é✈♦❧✉❛♥t ❞❛♥s ✉♥ ♦✉✈❡rt ❜♦r♥é D ⊂ Rd✱
d ≥ 2✱ ❞é✜♥✐s ♣❛r ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡ ✐♥❤♦♠♦❣è♥❡ à ❝♦❡✣✲
❝✐❡♥ts ♣ér✐♦❞✐q✉❡s ❡♥ t❡♠♣s✳ ❈✬❡st✲à✲❞✐r❡ q✉✬✐❧ ❡①✐st❡ ❞❡✉① ❢♦♥❝t✐♦♥s ♠❡s✉r❛❜❧❡s
♣ér✐♦❞✐q✉❡s ❡♥ t❡♠♣s

σ : [0,+∞[×Rd → Rd × Rd ❡t b : [0,+∞[×Rd → Rd

t❡❧❧❡s q✉❡ X ✈ér✐✜❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡

dXt = σ(t,Xt)dBt + b(t,Xt)dt,

♦ù B ❡st ✉♥ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥ d✲❞✐♠❡♥s✐♦♥♥❡❧✳ ▲❡ ♣r♦❝❡ss✉s ❡st ❛❜s♦r❜é
❧♦rsq✉✬✐❧ ❛tt❡✐♥t ❧❡ ❜♦r❞ ❞❡ D ❡t ♣❛r ❞❡s ♦❜st❛❝❧❡s ♠♦✉s✱ ❞é✜♥✐s ♣❛r ✉♥❡ ❢♦♥❝✲
t✐♦♥ ♠❡s✉r❛❜❧❡ κ ✉♥✐❢♦r♠é♠❡♥t ❜♦r♥é❡✳ ◆♦✉s ❞é♠♦♥tr♦♥s ✉♥ ❝r✐tèr❡ s✉✣s❛♥t
♣♦✉r ❧❛ ♣r♦♣r✐été ❞❡ ♠é❧❛♥❣❡ ❢♦rt❡ s✉✐✈❛♥t❡✿ ✐❧ ❡①✐st❡ ❞❡✉① ❝♦♥st❛♥t❡s C > 0 ❡t
γ > 0 t❡❧❧❡s q✉❡✱ ♣♦✉r t♦✉t x,y ∈ D✱

‖Px(Xt ∈ ·|t < τ∂)− Py(Xt ∈ ·|t < τ∂)‖TV ≤ Ce−t. ✭✹✮
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▲❛ ♣r❡✉✈❡ ❞❡ ❝❡tt❡ ♣r♦♣r✐été r❡♣♦s❡ s✉r tr♦✐s ♦✉t✐❧s ✐♠♣♦rt❛♥ts✿ ✉♥ rés✉❧t❛t ❞❡
t❡♥s✐♦♥ ♣♦✉r ❧❛ ♠❡s✉r❡ ❡♠♣✐r✐q✉❡ ❞❡s s②stè♠❡s ❞❡ ♣❛rt✐❝✉❧❡s ❛✈❡❝ s❛✉ts ❞❡♣✉✐s
❧❛ ❢r♦♥t✐èr❡ ❞❡ D ❡t ❞é♠♦♥tré ❛✉ ❝❤❛♣✐tr❡ ✹✱ ❧❛ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞é❝r✐t❡
❝✐✲❞❡ss✉s ❡t ✉♥ ❝♦✉♣❧❛❣❡ ❞❡ ❞✐✛✉s✐♦♥s ♠✉❧t✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡s ❞é♠♦♥tré ♣❛r Pr✐♦❧❛
❡t ❲❛♥❣ ❬✼✶❪✳

◆♦tr❡ ❝r✐tèr❡ ❛✉t♦r✐s❡ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s ❝♦❡✣❝✐❡♥ts σ ❡t b à ♥❡ ♣❛s êtr❡ ❞❡
❝❧❛ss❡ C1✳ ❉❛♥s ❧❡ ❝❛s ❤♦♠♦❣è♥❡✱ ❝❡ rés✉❧t❛t ❢♦✉r♥✐t ❞♦♥❝ ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡s
rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡ ❡t ❞✬✉♥✐❝✐té ❞❡ ❧❛ ❧✐♠✐t❡ ❞❡ ❨❛❣❧♦♠ ❞é♠♦♥trés ♣❛r P✐♥s❦② ❬✻✽❪✱
♣❛r ●♦♥❣✱ ◗✐❛♥ ❡t ❩❤❛♦ ❬✸✼❪ ❡t ♣❛r ❑♥♦❜❧♦❝❤ ❡t P❛rt③s❝❤ ❬✺✸❪✳ ❉❛♥s ❧❡ ❝❛❞r❡
✐♥❤♦♠♦❣è♥❡ ❡♥ t❡♠♣s✱ ♥♦✉s ❣é♥ér❛❧✐s♦♥s✱ ❡♥ ❛✉t♦r✐s❛♥t ❧❡s ♦❜st❛❝❧❡s ❞✉rs✱ ❧❡s
rés✉❧t❛ts ♦❜t❡♥✉s ♣❛r ❉❡❧ ▼♦r❛❧ ❡t ▼✐❝❧ô ❬✷✸❪✳

❉❡ ♠❛♥✐èr❡ ✐♥tér❡ss❛♥t❡✱ ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣r✐été ❞❡ ♠é❧❛♥❣❡ ❢♦rt❡ ✉t✐❧✐s❡
❧❛ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣rés❡♥té❡ ❝✐✲❞❡ss✉s✳ ❊♥ r❡t♦✉r✱ ❧❛ ♣r♦♣r✐été ❞❡ ♠é❧❛♥❣❡ ✭✹✮
♥♦✉s ♣❡r♠❡t ❞❡ ❞é♠♦♥tr❡r q✉❡ ❧❛ ♠ét❤♦❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠é✲
♠❡♥t ❡♥ t❡♠♣s q✉❛♥❞ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s t❡♥❞ ✈❡rs +∞✳ ❈❡❝✐ ❣é♥ér❛❧✐s❡ ❧❡s
tr❛✈❛✉① ❞❡ ❘♦✉ss❡t ❬✼✺❪ à ❞❡s ❞✐✛✉s✐♦♥s ❛❜s♦r❜é❡s ❛✉ ❜♦r❞ ❞✬✉♥ ♦✉✈❡rt ❜♦r♥é✳

Pr♦❣r❛♠♠❛t✐♦♥

❯♥❡ ♣❛rt ✐♠♣♦rt❛♥t❡ ❞❡ ❝❡tt❡ t❤ès❡ ❛ été ❝♦♥s❛❝ré❡ à ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡ ♣r♦✲
❣r❛♠♠❡s ❡♥ ❝✰✰✱ ❞♦♥t ❧❡s s✐♠✉❧❛t✐♦♥s ♣rés❡♥té❡s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t s♦♥t ✐ss✉❡s✳
▲❛ r❛♣✐❞✐té ❞✉ ❧❛♥❣❛❣❡ ❝♦♠♣✐❧é ❛✐♥s✐ q✉❡ ❧❛ ✜♥❡ ❣❡st✐♦♥ ❞❡ ❧❛ ♠é♠♦✐r❡ q✉✬✐❧ ❛✉✲
t♦r✐s❡ ♦♥t été ✉♥ ♦✉t✐❧ ✐❞é❛❧ ♣♦✉r é❝r✐r❡ ❞❡s ♣r♦❣r❛♠♠❡s ♣❡r♠❡tt❛♥t ❞❡ s✐♠✉❧❡r
❛✐sé♠❡♥t ❞❡s s②stè♠❡s ❛✈❡❝ ♣❧✉s✐❡✉rs ❝❡♥t❛✐♥❡s ❞❡ ♠✐❧❧✐❡rs ✭✈♦✐r❡ ♣❧✉s✐❡✉rs ♠✐❧✲
❧✐♦♥s✮ ❞❡ ♣❛rt✐❝✉❧❡s ❞❛♥s ❞❡s t❡♠♣s très r❛✐s♦♥♥❛❜❧❡s✳ ▲✬❛❧❣♦r✐t❤♠❡ ✉t✐❧✐sé ♣♦✉r
s✐♠✉❧❡r ❧❡ s②stè♠❡ ❞❡ ♣❛rt✐❝✉❧❡ ❡st ❞é❝r✐t ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✻ ❛✈❡❝ ❞❡s ❡①♣❧✐❝❛t✐♦♥s
s✉r ❧❡ ❝♦❞❡ ❡t ❝❡rt❛✐♥❡s ❢♦♥❝t✐♦♥s ✉t✐❧❡s✳ ❊♥✜♥✱ ❧❡ ❝♦❞❡ s♦✉r❝❡ ❡st r❡♣r♦❞✉✐t ❞❛♥s
❧✬❛♥♥❡①❡ ❞❡ ❝❡ ❞❡r♥✐❡r ❝❤❛♣✐tr❡✳





❈❤❛♣t❡r ✶

◗✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s

❛♥❞ ♣♦♣✉❧❛t✐♦♥s s✐③❡ ♠♦❞❡❧s ∗✳

❚❤✐s ❝❤❛♣t❡r ✐s ✐♥t❡♥❞❡❞ t♦ ❜❡ ❛ s✉r✈❡② ♦♥ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s ❛♥❞ ♠♦st
♦❢ t❤❡ r❡s✉❧ts ✐♥ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ ❜❡❡♥ ❛❧r❡❛❞② ♣r♦✈❡❞✱ ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② ❛t t❤❡
s❛♠❡ ❧❡✈❡❧ ♦❢ ❣❡♥❡r❛❧✐t②✳ ❲❤✐❧❡ t❤❡ s✉r✈❡② ✐s ❜② ♥♦ ♠❡❛♥ ❡①❤❛✉st✐✈❡✱ ✐t ❛❧❧♦✇s
✉s t♦ ♣r❡s❡♥t ♠❛♥② ♦❢ t❤❡ t❡❝❤♥✐❝s ✉s✉❛❧❧② ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡
✉♥✐q✉❡♥❡ss ♦❢ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s✳

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❧♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ ✐s♦❧❛t❡❞ ❜✐♦❧♦❣✐❝❛❧ ♣♦♣✉❧❛t✐♦♥s ✇✐t❤
❛ r❡❣✉❧❛t❡❞ ✭❞❡♥s✐t②✲❞❡♣❡♥❞❡♥t✮ r❡♣r♦❞✉❝t✐♦♥✳ ❈♦♠♣❡t✐t✐♦♥ ❢♦r ❧✐♠✐t❡❞ r❡s♦✉r❝❡s
✐♠♣❡❞❡s t❤❡s❡ ♥❛t✉r❛❧ ♣♦♣✉❧❛t✐♦♥s ✇✐t❤♦✉t ✐♠♠✐❣r❛t✐♦♥ t♦ ❣r♦✇ ✐♥❞❡✜♥✐t❡❧② ❛♥❞
❧❡❛❞s t❤❡♠ t♦ ❜❡❝♦♠❡ ❡①t✐♥❝t✳ ❲❤❡♥ t❤❡ ♣♦♣✉❧❛t✐♦♥✬s s✐③❡ ❛tt❛✐♥s ③❡r♦✱ ♥♦t❤✐♥❣
❤❛♣♣❡♥s ❛♥②♠♦r❡ ❛♥❞ t❤✐s ♣♦♣✉❧❛t✐♦♥✬s s✐③❡ ♣r♦❝❡ss st❛②s ❛t ③❡r♦✳ ❚❤✐s ♣♦✐♥t 0 ✐s
t❤✉s ❛♥ ❛❜s♦r❜✐♥❣ ♣♦✐♥t ❢♦r t❤❡ ♣r♦❝❡ss✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ t✐♠❡ ♦❢ ❡①t✐♥❝t✐♦♥ ❝❛♥
❜❡ ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✐♥❞✐✈✐❞✉❛❧ t✐♠❡ s❝❛❧❡ ❛♥❞ ✐t ✐s ❝♦♠♠♦♥ t❤❛t ♣♦♣✉❧❛t✐♦♥
s✐③❡s ✢✉❝t✉❛t❡ ❢♦r ❧❛r❣❡ ❛♠♦✉♥t ♦❢ t✐♠❡ ❜❡❢♦r❡ ❡①t✐♥❝t✐♦♥ ❛❝t✉❛❧❧② ♦❝❝✉rs✳ ❋♦r
❡①❛♠♣❧❡✱ ✐t ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ t❤❛t ✐♥ ♣♦♣✉❧❛t✐♦♥s ♦❢ ❡♥❞❛♥❣❡r❡❞ s♣❡❝✐❡s✱ ❛s ❢♦r
t❤❡ ❆r✐③♦♥❛ r✐❞❣❡✲♥♦s❡ r❛tt❧❡s♥❛❦❡s st✉❞✐❡❞ ✐♥ ❘❡♥❛✉❧t✲❋❡rr✐èr❡✲P♦rt❡r ❬✼✸❪✱ t❤❡
st❛t✐st✐❝s ♦❢ s♦♠❡ ❜✐♦❧♦❣✐❝❛❧ tr❛✐ts s❡❡♠ t♦ st❛❜✐❧✐③❡✳ ❆♥ ♦t❤❡r st❛❜✐❧✐③❛t✐♦♥ ♣❤❡✲
♥♦♠❡♥♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ♠♦rt❛❧✐t② ♣❧❛t❡❛✉✳ ❲❤✐❧❡ ❞❡♠♦❣r❛♣❤❡rs t❤♦✉❣❤t ❢♦r ❛
❧♦♥❣ t✐♠❡ t❤❛t r❛t❡ ♦❢ ♠♦rt❛❧✐t② ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❣r♦✇s ❛s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ❛❣❡✱ ✐t ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ t❤❛t t❤❡ r❛t❡ ♦❢ ♠♦rt❛❧✐t② s❧♦✇s ❛t ❛❞✈❛♥❝❡❞
❛❣❡s✱ ♦r ❡✈❡♥ st❛❜✐❧✐③❡s✳ ❚♦ ❝❛♣t✉r❡ t❤❡s❡ ♣❤❡♥♦♠❡♥♦♥s✱ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ❧♦♥❣

∗■♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❙②❧✈✐❡ ▼é❧é❛r❞
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▼❖❉❊▲❙

t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❝❡ss ❝♦♥❞✐t✐♦♥❡❞ t♦ ♥♦♥ ❡①t✐♥❝t✐♦♥ ❛♥❞ t❤❡ r❡❧❛t❡❞ ♥♦t✐♦♥
♦❢ q✉❛s✐✲st❛t✐♦♥❛r✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤
❡①t✐♥❝t✐♦♥ ✇❤✐❝❤ ♣♦ss❡ss ❛ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❤❛s ❛ ♠♦rt❛❧✐t② ♣❧❛t❡❛✉✳

■♥ ❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ ♣♦♣✉❧❛t✐♦♥✬s s✐③❡ ♣r♦❝❡ss (Zt, t ≥ 0)

✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇❤✐❝❤ ❛❧♠♦st s✉r❡❧② ❣♦❡s t♦ ❡①t✐♥❝t✐♦♥✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞
✐♥ ❧♦♦❦✐♥❣ ❢♦r ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♣r♦❝❡ss t❤❛t ❣✐✈❡ ♠♦r❡ ❞❡t❛✐❧❡❞ ✐♥❢♦r♠❛t✐♦♥
t❤❛♥ t❤❡ ❢❛❝t t❤❛t ❛❜s♦r♣t✐♦♥ ✐s ❝❡rt❛✐♥✳ ❖♥❡ ✇❛② t♦ ❛♣♣r♦❛❝❤ t❤✐s ♣r♦❜❧❡♠ ✐s t♦
st✉❞② t❤❡ ✧q✉❛s✐✲❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥✧ ✭◗▲❉✮ ♦❢ t❤❡ ♣r♦❝❡ss ✭✐❢ ✐t ❡①✐sts✮✱ t❤❛t
✐s t❤❡ ❧✐♠✐t✱ ❛s t → +∞✱ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Zt ❝♦♥❞✐t✐♦♥❡❞ ♦♥ ♥♦♥✲❛❜s♦r♣t✐♦♥
✉♣ t♦ t✐♠❡ t✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t✱ ♣r♦✈✐❞❡s
♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ✐❢ t❤❡ t✐♠❡ s❝❛❧❡ ♦❢ ❛❜s♦r♣t✐♦♥ ✐s s✉❜st❛♥t✐❛❧❧②
❧❛r❣❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ t❤❡ q✉❛s✐✲❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ♣r♦❝❡ss
r❡❧❛①❡s t♦ t❤❡ q✉❛s✐✲❧✐♠✐t✐♥❣ r❡❣✐♠❡ ❛❢t❡r ❛ r❡❧❛t✐✈❡❧② s❤♦rt t✐♠❡✱ ❛♥❞ t❤❡♥✱ ❛❢t❡r
❛ ♠✉❝❤ ❧♦♥❣❡r ♣❡r✐♦❞✱ ❛❜s♦r♣t✐♦♥ ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ♦❝❝✉r✳ ❚❤✉s t❤❡ q✉❛s✐✲❧✐♠✐t✐♥❣
❞✐str✐❜✉t✐♦♥ ❜r✐❞❣❡s t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❦♥♦✇♥ ❜❡❤❛✈✐♦r ✭❡①t✐♥❝t✐♦♥✮ ❛♥❞ t❤❡
✉♥❦♥♦✇♥ t✐♠❡✲❞❡♣❡♥❞❡♥t ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❝❡ss✳

❚❤❡r❡ ✐s ❛♥♦t❤❡r ♣♦✐♥t ♦❢ ✈✐❡✇ ❝♦♥❝❡r♥✐♥❣ q✉❛s✐✲st❛t✐♦♥❛r✐t②✳ ❆ q✉❛s✐✲st❛t✐♦♥❛r②
❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ♣r♦❝❡ss (Zt, t ≥ 0) ❞❡♥♦t❡s ❛♥② ♣r♦♣❡r ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦♥
t❤❡ ♥♦♥✲❛❜s♦r❜✐♥❣ st❛t❡s ✇❤✐❝❤ ✐s s✉❝❤ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Zt ❝♦♥❞✐t✐♦♥❡❞
♦♥ ♥♦♥✲❡①t✐♥❝t✐♦♥ ✉♣ t♦ t✐♠❡ t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t, t ≥ 0✳ ■❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
Z0 ✐s ❝❤♦s❡♥ t♦ ❜❡ ❛♥② ◗❙❉✱ t❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ◗▲❉ ❡①✐sts ❛♥❞ ❡q✉❛❧s t❤✐s
◗❙❉✳ ❍❡♥❝❡✱ ❛♥② q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ✐s ❛ q✉❛s✐✲st❛t✐♦♥❛r② ❧✐♠✐t✱ ❜✉t t❤❡
❝♦♥✈❡rs❡ ✐s ♥♦t ❛❧✇❛②s tr✉❡✳

■♥ ❙❡❝t✐♦♥ ✶✳✷ ♦❢ t❤✐s ❝♦✉rs❡✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ❞✐✛❡r❡♥t ♥♦t✐♦♥s ♦❢ ◗❙❉
❛♥❞ st❛t❡ s♦♠❡ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s✳ ■♥ ❙❡❝t✐♦♥ ✶✳✸✱ ✇❡ ✇✐❧❧ st✉❞② t❤❡ s✐♠♣❧❡ ❝❛s❡ ♦❢
◗❙❉ ❢♦r ♣r♦❝❡ss❡s ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡ ✇✐t❤ ✜♥✐t❡ st❛t❡ s♣❛❝❡✳ ❚❤✉s ✇❡ ✇✐❧❧ ❝♦♥❝❡♥✲
tr❛t❡ ♦♥ ◗❙❉ ❢♦r s❡✈❡r❛❧ st♦❝❤❛st✐❝ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐✛❡r❡♥t
s❝❛❧✐♥❣s✳ ❲❡ ✇✐❧❧ ✉♥❞❡r❧✐♥❡ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ s♣❡❝tr❛❧ t❤❡♦r② ❛s ♠❛t❤❡♠❛t✐❝❛❧
t♦♦❧ ❢♦r t❤❡ r❡s❡❛r❝❤ ♦❢ ◗❙❉✱ ✐♥ t❤❡s❡ ❞✐✛❡r❡♥t ❝♦♥t❡①ts✳ ■♥ ❙❡❝t✐♦♥ ✶✳✹✱ ✇❡ ✇✐❧❧
❝♦♥s✐❞❡r ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s✳ ❲❡ ✇✐❧❧ st❛t❡ t❤❡ r❡s✉❧ts ❡st❛❜❧✐s❤❡❞ ❜② ❱❛♥
❉♦♦r♥ ❬✽✶❪✱ ❣✐✈✐♥❣ ❡①♣❧✐❝✐t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts ❡♥s✉r✐♥❣ t❤❡ ❛❧♠♦st s✉r❡
❡①t✐♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss✱ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ✭♦r ♥♦t✮ ♦❢ ❛ ◗❙❉✳
❲❡ ✇✐❧❧ ❡s♣❡❝✐❛❧❧② ❢♦❝✉s ♦♥ t❤❡ ❞❡♥s✐t②✲❞❡♣❡♥❞❡♥❝❡ ❝❛s❡✱ ✇❤❡♥ t❤❡ ❞❡❛t❤ r❛t❡ ♦❢
❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♣♦♣✉❧❛t✐♦♥✬s s✐③❡ ✭❝❛❧❧❡❞ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞
❞❡❛t❤ ♣r♦❝❡ss✮✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐♥ t❤❛t ❝❛s❡✱ t❤❡ ♣r♦❝❡ss ❣♦❡s ❛❧♠♦st s✉r❡❧② t♦
❡①t✐♥❝t✐♦♥✱ ❛♥❞ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ◗❙❉✱ ❝♦✐♥❝✐❞✐♥❣ ✇✐t❤ t❤❡ ✉♥✐q✉❡ ◗▲❉✳

■❢ ♦♥❡ ❛ss✉♠❡s t❤❛t t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ r❡s♦✉r❝❡s ✐s ✜①❡❞ ❛♥❞ t❤❛t t❤❡ ✐♥✐t✐❛❧
♣♦♣✉❧❛t✐♦♥✬s s✐③❡ ✐s ❧❛r❣❡✱ t❤❡♥ t❤❡ ❜✐♦♠❛ss ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✐s s♠❛❧❧✱ ❛♥❞ ✇❡ ❛r❡
❧❡❞ t♦ r❡♥♦r♠❛❧✐③❡ t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss✳ ■♥ ❙❡❝t✐♦♥ ✶✳✺✱ ✇❡ s❤♦✇ t❤❛t ❛s
t❤❡ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥✬s s✐③❡ t❡♥❞s t♦ ✐♥✜♥✐t②✱ t❤❡ r❡s❝❛❧❡❞ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss
❝♦♥✈❡r❣❡s t♦ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢❛♠♦✉s ❞❡t❡r♠✐♥✐st✐❝ ❧♦❣✐st✐❝ ❡q✉❛t✐♦♥✳ ■♥
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t❤❛t ❝❛s❡ t❤❡ s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡s ❛s t✐♠❡ t❡♥❞s t♦ ✐♥✜♥✐t② t♦ ❛ ♥♦♥tr✐✈✐❛❧ ❧✐♠✐t ❝❛❧❧❡❞
❝❛rr②✐♥❣ ❝❛♣❛❝✐t②✳ ❚❤✐s ♠♦❞❡❧ ❞❡s❝r✐❜❡s st❛❜❧❡ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥s ✇❤♦s❡ s✐③❡ st❛②s
❡ss❡♥t✐❛❧❧② ❝♦♥st❛♥t✳ ❆♥♦t❤❡r ❛s②♠♣t♦t✐❝ ❝♦♥s✐sts ✐♥ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❜✐rt❤ ❛♥❞
❞❡❛t❤ r❛t❡s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♣♦♣✉❧❛t✐♦♥✬s s✐③❡ ✐♥ ❛ ✇❛② s✉❝❤ t❤❛t t❤❡ ❣r♦✇t❤
r❛t❡ ❞♦❡s ♥♦t ❡①♣❧♦❞❡✳ ❍❡♥❝❡✱ ❛s t❤❡ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ✐♥❝r❡❛s❡s✱ t❤❡ r❡s❝❛❧❡❞
❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ✐s ❝❧♦s❡ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥✱ ❝❛❧❧❡❞ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❡q✉❛t✐♦♥✳ ❚❤❡ r❛♥❞♦♠♥❡ss ❞✉❡ t♦ t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥
♦❢ t❤❡ ♠❛♥② ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ❡✈❡♥ts ❜❡❤❛✈❡s ❛s ❛ ❇r♦✇♥✐❛♥ t❡r♠ ✇✐t❤ 1/2✲❍ö❧❞❡r
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✭❛s ✐♥ t❤❡ ❋❡❧❧❡r ❡q✉❛t✐♦♥✮ ❛♥❞ t❤❡ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ❛♣♣❡❛rs
t❤r♦✉❣❤ ❛ q✉❛❞r❛t✐❝ ❞r✐❢t t❡r♠✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧♦❣✐st✐❝
❋❡❧❧❡r ❡q✉❛t✐♦♥ ❣♦❡s ❛❧♠♦st s✉r❡❧② t♦ ③❡r♦✱ ❛♥❞ t❤❛t t❤❡r❡ ✐s ❛❧s♦ ❛ ✉♥✐q✉❡ ◗❙❉✱
❡q✉❛❧ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t✱ ♦❜t❛✐♥❡❞ ❛s ❡✐❣❡♥♠❡❛s✉r❡ ♦❢ t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r ♦❢
t❤❡ ❦✐❧❧❡❞ s❡♠✐✲❣r♦✉♣✳ ❚❤❡ ♣r♦♦❢✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ s♣❡❝tr❛❧ t❤❡♦r② ❢♦r t❤✐s
s❡♠✐✲❣r♦✉♣✱ ✐s ♥♦t ❝♦♥str✉❝t✐✈❡ ❛♥❞ ❝❛♥♥♦t ❜❡ q✉❛♥t✐t❛t✐✈❡❧② ❡①♣❧♦✐t❡❞✳ ■t ✐s t❤✉s
✉s❡❢✉❧ t♦ ❝♦♥str✉❝t ❛♥ ❛❧❣♦r✐t❤♠✐❝ ♠❡t❤♦❞ t♦ s✐♠✉❧❛t❡ t❤❡ ◗❙❉✳ ❆t t❤✐s ❡♥❞✱ ✇❡
✇✐❧❧ ❣✐✈❡ t❤❡ ♠❛✐♥ ✐❞❡❛s ♦❢ ❛ ✇♦r❦ ♦❢ ❱✐❧❧❡♠♦♥❛✐s ✭❬✽✸❪✮✱ ❞❡s❝r✐❜✐♥❣ ❛ st♦❝❤❛st✐❝
♣❛rt✐❝❧❡ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ❋❧❡♠✐♥❣✲❱✐♦t s②st❡♠s✳

❚❤❡ s✐③❡ (Zt, t ≥ 0) ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ♠♦❞❡❧❡❞ ❜② ❛ ▼❛r❦♦✈ ♣r♦❝❡ss t❛❦✐♥❣
✈❛❧✉❡s ✐♥ ❛ s✉❜s❡t E ♦❢ N ♦r R+✱ ✐♥ ❛ ❞✐s❝r❡t❡ ♦r ❝♦♥t✐♥✉♦✉s t✐♠❡ s❡tt✐♥❣✳ ■❢
t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ✐s♦❧❛t❡❞✱ ♥❛♠❡❧② ✇✐t❤♦✉t ✐♠♠✐❣r❛t✐♦♥✱ t❤❡♥ t❤❡ st❛t❡ 0✱ ✇❤✐❝❤
❞❡s❝r✐❜❡s t❤❡ ❡①t✐♥❝t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ✐s ❛ tr❛♣✳ ■♥❞❡❡❞✱ ✐❢ t❤❡r❡ ❛r❡ ♥♦ ♠♦r❡
✐♥❞✐✈✐❞✉❛❧s✱ ♥♦ r❡♣r♦❞✉❝t✐♦♥ ❝❛♥ ♦❝❝✉r ❛♥❞ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❞✐s❛♣♣❡❛rs✳ ❚❤✉s ✐❢
t❤❡ s②st❡♠ r❡❛❝❤❡s 0✱ ✐t st❛②s t❤❡r❡ ❢♦r❡✈❡r✱ t❤❛t ✐s✱ ✐❢ Zt = 0 ❢♦r s♦♠❡ t✱ t❤❡♥
Zs = 0 ❢♦r ❛♥② s ≥ t✳

❲❡ ❞❡♥♦t❡ ❜② T0 t❤❡ t✐♠❡ ♦❢ ❡①t✐♥❝t✐♦♥✱ ✐✳❡✳ t❤❡ st♦♣♣✐♥❣ t✐♠❡

T0 = inf{t > 0, Zt = 0}. ✭✶✳✶✮

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❝❛s❡s ❢♦r ✇❤✐❝❤ t❤❡ ♣r♦❝❡ss ❣♦❡s ❛❧♠♦st s✉r❡❧② t♦ ③❡r♦✱ ✇❤❛t❡✈❡r
t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s✱ ♥❛♠❡❧②✱ ❢♦r ❛❧❧ z ∈ E✱

Pz(T0 <∞) = 1. ✭✶✳✷✮

❇❡❢♦r❡ ❡①t✐♥❝t✐♦♥✱ t❤❡ ♣r♦❝❡ss t❛❦❡s ✐ts ✈❛❧✉❡s ✐♥ t❤❡ s♣❛❝❡

E∗ = E\{0}.

❆♥② ❧♦♥❣ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ❝♦♥❞✐t✐♦♥❡❞ ♦♥ ♥♦♥✲❡①t✐♥❝t✐♦♥ ✇✐❧❧ ❜❡
s✉♣♣♦rt❡❞ ❜② E∗✳

◆♦t❛t✐♦♥s ❋♦r ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ E∗✱ ✇❡ ❞❡♥♦t❡ ❜② Pµ ✭r❡s♣✳ Eµ✮
t❤❡ ♣r♦❜❛❜✐❧✐t② ✭r❡s♣✳ t❤❡ ❡①♣❡❝t❛t✐♦♥✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❝❡ss Z ✐♥✐t✐❛❧❧②
❞✐str✐❜✉t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ µ✳ ❋♦r ❛♥② x ∈ E∗✱ ✇❡ s❡t Px = Pδx ❛♥❞ Ex = Eδx ✳
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▼❖❉❊▲❙

❲❡ ❞❡♥♦t❡ ❜② (Pt)t≥0 t❤❡ s❡♠✐✲❣r♦✉♣ ♦❢ t❤❡ ♣r♦❝❡ss Z ❦✐❧❧❡❞ ❛t 0✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
❢♦r ❛♥② z > 0 ❛♥❞ f ♠❡❛s✉r❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞ ♦♥ E∗✱ ♦♥❡ ❞❡✜♥❡s

Ptf(z) = Ez(f(Zt)✶t<T0). ✭✶✳✸✮

❋♦r ❛♥② ✜♥✐t❡ ♠❡❛s✉r❡ µ ❛♥❞ ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✱ ✇❡ s❡t

µ(f) =

∫

E∗

f(x)µ(dx).

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ✜♥✐t❡ ♠❡❛s✉r❡ µPt ❜② s❡tt✐♥❣✱ ❢♦r ❛❧❧ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡
❢✉♥❝t✐♦♥ f ✱

µPt(f) = µ(Ptf) = Eµ(f(Zt)✶t<T0).

✶✳✷ ❉❡✜♥✐t✐♦♥s✱ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ ✜rst ❡①❛♠♣❧❡s

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♥❛t✉r❛❧ q✉❡st✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s s✐t✉❛t✐♦♥✳

◗✉❡st✐♦♥ ✶ ❲❤❛t ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✐③❡ ♦❢ ❛ ♥♦♥✲❡①t✐♥❝t❡❞ ♣♦♣✉❧❛t✐♦♥ ❛t
❛ ❧❛r❣❡ t✐♠❡ t ❄ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ q✉❛♥t✐t② ♦❢ ✐♥t❡r❡st ✐s t❤✉s t❤❡ ❝♦♥❞✐t✐♦♥❛❧
❞✐str✐❜✉t✐♦♥ ♦❢ Zt ❞❡✜♥❡❞✱ ❢♦r ❛♥② ❇♦r❡❧ s✉❜s❡t A ⊂ E∗✱ ❜②

Pν(Zt ∈ A|T0 > t) =
Pν(Zt ∈ A;T0 > t)

Pν(T0 > t)
=

νPt(1A)

νPt(1E∗)
, ✭✶✳✹✮

✇❤❡r❡ ν ✐s t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✬s s✐③❡ Z0✳ ❲❡ ✇❛♥t t♦ st✉❞② t❤❡
❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ✇❤❡♥ t t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤❡
✜rst ❞❡✜♥✐t✐♦♥ t❤❛t ✇❡ ✐♥tr♦❞✉❝❡ ❝♦♥❝❡r♥s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧✐♠✐t✐♥❣ ❝♦♥❞✐t✐♦♥❛❧
❞✐str✐❜✉t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳ ▲❡t α ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ α ♦♥ E∗✳ ❲❡ s❛② t❤❛t ✐t ✐s ❛

q✉❛s✐✲❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✭◗▲❉✮ ❢♦r Z✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡

ν ♦♥ E∗ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② ♠❡❛s✉r❛❜❧❡ s❡t A ⊂ E∗✱

lim
t→∞

Pν (Zt ∈ A|T0 > t) = α(A).

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐♥ t❤❡ ❡r❣♦❞✐❝ s✐t✉❛t✐♦♥✱ t❤❡ ❧♦♥❣ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥✈❡r❣❡s
❛♥❞ ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡✳ ❚❤✐s ❧❡❛❞s ✉s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳ ❲❡ s❛② t❤❛t Z ❤❛s ❛ ❨❛❣❧♦♠ ❧✐♠✐t ✐s t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡ α ♦♥ E∗ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② x ∈ E∗ ❛♥❞ ❛♥② ♠❡❛s✉r❛❜❧❡ s❡t A ⊂ E∗✱

lim
t→∞

Px (Zt ∈ A|T0 > t) = α(A).

❲❤❡♥ ✐t ❡①✐sts✱ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✐s ❛ ◗▲❉✳ ❚❤❡ r❡✈❡rs❡ ✐s♥✬t tr✉❡ ✐♥ ❣❡♥❡r❛❧✳

◗✉❡st✐♦♥ ✷ ❆s ✐♥ t❤❡ ❡r❣♦❞✐❝ ❝❛s❡✱ ✇❡ ❝❛♥ ❛s❦ ✐❢ t❤✐s ❨❛❣❧♦♠ ❧✐♠✐t ❤❛s t❤❡ ❝♦♥❞✐✲
t✐♦♥❛❧ st❛t✐♦♥❛r✐t② ♣r♦♣❡rt② ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳
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❉❡✜♥✐t✐♦♥ ✶✳✸✳ ▲❡t α ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ E∗✳ ❲❡ s❛② t❤❛t α ✐s ❛ q✉❛s✐✲

st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ✭◗❙❉✮ ✐❢✱ ❢♦r ❛❧❧ t ≥ 0 ❛♥❞ ❛♥② ♠❡❛s✉r❛❜❧❡ s❡t A ⊂ E∗✱

α(A) = Pα (Zt ∈ A|T0 > t) .

❚❤❡ ♠❛✐♥ q✉❡st✐♦♥s ❛r❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡s❡ ◗❙❉✳ ❲❡ ✇✐❧❧ st✉❞②
❡①❛♠♣❧❡s ✇❤❡r❡ ❛ ◗❙❉ ❞♦❡s ♥♦t ❡①✐st✱ ♦r ✇❤❡r❡ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t② ♦❢ ◗❙❉✱ ♦r
✇❤❡r❡ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ◗❙❉✳ ❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ◗❙❉✱ ◗▲❉
❛♥❞ ❨❛❣❧♦♠ ❧✐♠✐t ✐s ❝❧❛r✐✜❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✶ ❜❡❧♦✇✳ ◆❛♠❡❧②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t

❨❛❣❧♦♠ ❧✐♠✐t ⇒ ◗❙❉ ⇔ ◗▲❉.

◗✉❡st✐♦♥ ✸ ❙✐♥❝❡ t❤❡ ♣r♦❝❡ss❡s t❤❛t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❜❡❝♦♠❡ ❡①t✐♥❝t ✐♥ ✜♥✐t❡
t✐♠❡ ❛❧♠♦st s✉r❡❧②✱ t❤❡ ❡✈❡♥t t < T0 ❜❡❝♦♠❡s ❛ r❛r❡ ❡✈❡♥t ✇❤❡♥ t ❜❡❝♦♠❡s ❧❛r❣❡✳
❆♥ ✐♠♣♦rt❛♥t q✉❡st✐♦♥ ✐s t❤❡♥ t♦ ❦♥♦✇ ✇❤❡t❤❡r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠
❧✐♠✐t ❤❛♣♣❡♥s ❜❡❢♦r❡ t❤❡ t②♣✐❝❛❧ t✐♠❡ ♦❢ ❡①t✐♥❝t✐♦♥✱ ♦r ✐❢ ✐t ❤❛♣♣❡♥s ♦♥❧② ❛❢t❡r
✈❡r② ❧❛r❣❡ t✐♠❡ ♣❡r✐♦❞s✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ♣♦♣✉❧❛t✐♦♥s ✇❤♦s❡ s✐③❡ ❛r❡ ❞✐str✐❜✉t❡❞
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❛r❡ ✈❡r② r❛r❡✳ ❇♦t❤ s✐t✉❛t✐♦♥s ❝❛♥ ❛♣♣❡❛r✱ ❛s
✐❧❧✉str❛t❡❞ ❜② t❤❡ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❙❡❝t✐♦♥ ✶✳✷✳✸✳

◗✉❡st✐♦♥ ✹ ❲❤✐❧❡ ♠♦st ♦❢ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ♦♥ ◗▲❉✱ ◗❙❉ ❛♥❞ ❨❛❣❧♦♠ ❧✐♠✐ts ❛r❡
❝♦♥❝❡r♥❡❞ ✇✐t❤ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦❜❧❡♠s✱ ✐t ✇♦✉❧❞ ❜❡ ✉s❡❢✉❧ ✐♥ ♣r❛❝t✐❝❡
t♦ ❤❛✈❡ q✉❛❧✐t❛t✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t✳ ❲❡ ♣r❡s❡♥t ❤❡r❡ ♣❛rt✐❝❧❡
❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧ts ❛♥❞ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❢♦r s♦♠❡
♣♦♣✉❧❛t✐♦♥✬s s✐③❡ ♠♦❞❡❧s✱ ♣r♦✈✐❞✐♥❣ s♦♠❡ ❡♥❧✐❣❤t❡♥♠❡♥t ♦♥ ◗✉❡st✐♦♥ ✸ ❛❜♦✈❡✳

◗✉❡st✐♦♥ ✺ ❆♥♦t❤❡r ♠❛t❤❡♠❛t✐❝❛❧ q✉❛♥t✐t② r❡❧❛t❡❞ t♦ t❤✐s ❝♦♥❞✐t✐♦♥✐♥❣ ✐s ❜❛s❡❞
♦♥ ❛ ♣❛t❤✇✐s❡ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ■♥ t❤❡ ✜♥✐t❡ st❛t❡ s♣❛❝❡ ❝❛s❡ ♦❢ ❙❡❝t✐♦♥ ✶✳✸ ❛♥❞
t❤❡ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ❝❛s❡ ♦❢ ❙❡❝t✐♦♥ ✶✳✺✱ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ✇❤♦ ♥❡✈❡r ❛tt❛✐♥ t❤❡ tr❛♣✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❞❡✜♥❡ ❛
♣r♦❝❡ss✱ ❝♦♠♠♦♥❧② r❡❢❡rr❡❞ t♦ ❛s t❤❡ Q ♣r♦❝❡ss ❢♦r Z✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ ♥❡✇
♣r♦❝❡ss ❞❡✜♥❡❞ ❜② t❤✐s ❞✐str✐❜✉t✐♦♥ ✐s ❡r❣♦❞✐❝✱ ❛♥❞ t❤❛t ✐ts st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥
✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ◗❙❉ ✭❜✉t ♥♦t ❡q✉❛❧✮✳

❚❤❡ ♣r❡s❡♥t s❡❝t✐♦♥ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙✉❜s❡❝t✐♦♥ ✶✳✷✳✶✱ ✇❡ st❛t❡ ❣❡♥❡r❛❧
♣r♦♣❡rt✐❡s ♦❢ ◗▲❉✬s✱ ◗❙❉✬s ❛♥❞ ❨❛❣❧♦♠ ❧✐♠✐ts✳ ■♥ ❙✉❜s❡❝t✐♦♥ ✶✳✷✳✷✱ ✇❡ ❞❡✈❡❧♦♣
t❤❡ ❝❛s❡ ♦❢ t❤❡ ●❛❧t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss✳ ❚❤✐s ❞✐s❝r❡t❡ t✐♠❡ ♣r♦❝❡ss ✐s ♦❢ ❤✐st♦r✐❝❛❧
✐♠♣♦rt❛♥❝❡✱ s✐♥❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❨❛❣❧♦♠ ❧✐♠✐t ❤❛s ♦r✐❣✐♥❛❧❧② ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r
t❤✐s ♣r♦❝❡ss ❜② ❨❛❣❧♦♠ ✐ts❡❧❢ ✭s❡❡ ❬✽✻❪✮✳ ■♥ ❙✉❜s❡❝t✐♦♥ ✶✳✷✳✸✱ ✇❡ ❞❡✈❡❧♦♣ ❛ ✈❡r②
s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❛ ♣r♦❝❡ss ❡✈♦❧✈✐♥❣ ✐♥ ❛ ✜♥✐t❡ s✉❜s❡t ♦❢ N✳ ❋♦r t❤✐s ♣r♦❝❡ss✱ ♦♥❡
❝❛♥ ❡❛s✐❧② ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ◗❙❉✱
❛♥❞ ❝♦♠♣❛r❡ t❤❡ s♣❡❡❞ ♦❢ ❡①t✐♥❝t✐♦♥ t♦ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠
❧✐♠✐t✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ❛ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r❡❧❡✈❛♥t q✉❛♥t✐t✐❡s✳
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✶✳✷✳✶ ●❡♥❡r❛❧ ♣r♦♣❡rt✐❡s

▼♦st ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❛r❡ ❛❧r❡❛❞② ❦♥♦✇♥ ❜② t❤❡ ❝♦♠♠✉♥✐t②✳ ■♥ t❤✐s s❡❝t✐♦♥✱
✇❡ ❡♠♣❤❛s✐③❡ t❤❡✐r ❣❡♥❡r❛❧✐t②✳

◗❙❉✱ ◗▲❉ ❛♥❞ ❨❛❣❧♦♠ ❧✐♠✐t

■t ✐s ❝❧❡❛r t❤❛t ❛♥② ❨❛❣❧♦♠ ❧✐♠✐t ❛♥❞ ❛♥② ◗❙❉ ✐s ❛❧s♦ ❛ ◗▲❉✳ ❲❡ ♣r♦✈❡ ❤❡r❡ t❤❛t
❛♥② ◗▲❉ ✐s ❛❧s♦ ❛ ◗❙❉✳ ❚❤❡ r❡✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❜② ❱❡r❡✲❏♦♥❡s
❬✶✾✻✾❪ ❢♦r ❝♦♥t✐♥✉♦✉s t✐♠❡ ▼❛r❦♦✈ ❝❤❛✐♥s ❡✈♦❧✈✐♥❣ ✐♥ ❛ ❝♦✉♥t❛❜❧❡ st❛t❡ s♣❛❝❡✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❡①t❡♥❞s t❤✐s r❡s✉❧t t♦ t❤❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳ ▲❡t α ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ E∗✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ α ✐s ❛

◗▲❉ ❢♦r Z ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ ◗❙❉ ❢♦r Z✳

❘❡♠❛r❦ ✶✳✶✳ ❲❤❡♥ ✐t ❡①✐sts✱ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞✱ ✇❤✐❧❡ t❤❡r❡
❛r❡ ♣r♦❝❡ss❡s ✇✐t❤ ❛♥ ✐♥✜♥✐t② ♦❢ ◗❙❉✬s ✭s❡❡ t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ❝❛s❡
♦❢ ❙❡❝t✐♦♥ ✶✳✹✮✳ ❲❡ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts ◗❙❉✬s ✇❤✐❝❤ ❛r❡♥✬t ❛
❨❛❣❧♦♠ ❧✐♠✐t✳

Pr♦♦❢✳ ✭✶✮ ■❢ α ✐s ❛ ◗❙❉ t❤❡♥ ✐t ✐s ❛ ◗▲❉ ❢♦r Z st❛rt✐♥❣ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ α✳

✭✷✮ ❆ss✉♠❡ ♥♦✇ t❤❛t α ✐s ❛ ◗▲❉ ❢♦r Z ❛♥❞ ❢♦r ❛♥ ✐♥✐t✐❛❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ
♦♥ E∗✳ ❚❤✉s✱ ❢♦r ❛♥② ♠❡❛s✉r❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f ♦♥ E∗✱

α(f) = lim
t→∞

Eµ(f(Zt)|T0 > t)

= lim
t→∞

Eµ(f(Zt);T0 > t)

Pµ(T0 > t)

❆♣♣❧②✐♥❣ t❤❡ ❧❛tt❡r ✇✐t❤ f(z) = Pz(T0 > s)✱ ✇❡ ❣❡t ❜② t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②

Pα(T0 > s) = lim
t→∞

Pµ(T0 > t+ s)

Pµ(T0 > t)
.

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r f(z) = Pz(Zs ∈ A, T0 > s)✱ ✇✐t❤ A ⊂ E∗✳ ❇② t❤❡ ▼❛r❦♦✈
♣r♦♣❡rt②✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t

Pα(Zs ∈ A;T0 > s) = lim
t→∞

Pµ(Zt+s ∈ A;T0 > t+ s)

Pµ(T0 > t)

= lim
t→∞

Pµ(Zt+s ∈ A;T0 > t+ s)

Pµ(T0 > t+ s)

Pµ(T0 > t+ s)

Pµ(T0 > t)
.

❚❤❡ t❡r♠ Pµ(Zt+s∈A;T0>t+s)
Pµ(T0>t+s) ❝♦♥✈❡r❣❡s t♦ α(A) ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ◗▲❉ α✳ ❚❤❡

t❡r♠ Pµ(T0>t+s)
Pµ(T0>t) ❝♦♥✈❡r❣❡s t♦ Pα(T0 > s) ✇❤❡♥ t t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❲❡ ❞❡❞✉❝❡

t❤❛t✱ ❢♦r ❛♥② ❇♦r❡❧ s❡t A ♦❢ E∗ ❛♥❞ ❛♥② s > 0✱

α(A) = Pα(Zs ∈ A|T0 > s).

❚❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ α ✐s t❤❡♥ ❛ ◗❙❉✳
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❊①♣♦♥❡♥t✐❛❧ ❡①t✐♥❝t✐♦♥ r❛t❡

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ▼❛r❦♦✈ ♣r♦❝❡ss Z ✇✐t❤ ❛❜s♦r❜✐♥❣ ♣♦✐♥t 0

s❛t✐s❢②✐♥❣ ✭✶✳✷✮✳ ❆ss✉♠❡ t❤❛t α ✐s ❛ ◗❙❉ ❢♦r t❤❡ ♣r♦❝❡ss✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛

♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r θ(α) ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ◗❙❉ s✉❝❤ t❤❛t

Pα(T0 > t) = e−θ(α)t. ✭✶✳✺✮

❚❤✐s t❤❡♦r❡♠ s❤♦✇s ✉s t❤❛t st❛rt✐♥❣ ❢r♦♠ ❛ ◗❙❉✱ t❤❡ ❡①t✐♥❝t✐♦♥ t✐♠❡ ❤❛s ❛♥
❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r θ(α) ❣✐✈❡♥ ❜②

θ(α) = − lnPα(T0 > t)

t
,

✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✳

Pr♦♦❢✳ ❇② t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②✱

Pα (T0 > t+ s) = Eα (PZt(T0 > s)1T0>t)

= Pα(T0 > t)Eα (PZt(T0 > s)|T0 > t) ,

s✐♥❝❡ T0 ≤ t ✐♠♣❧✐❡s Zt = 0✱ ❛♥❞ P0(T0 > s) = 0✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ◗❙❉✱ ✇❡ ❣❡t

Eα (PZt(T0 > s)|T0 > t) = Pα(T0 > s)

❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛❧❧ s,t > 0✱

Pα(T0 > t+ s) = Pα(T0 > s)Pα(T0 > t).

▲❡t ✉s ❞❡♥♦t❡ g(t) = Pα(T0 > t)✳ ❲❡ ❤❛✈❡ g(0) = 1 ❛♥❞✱ ❜❡❝❛✉s❡ ♦❢ ✭✶✳✷✮✱ g(t)
t❡♥❞s t♦ 0 ❛s t t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❆♥ ❡❧❡♠❡♥t❛r② ♣r♦♦❢ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛t
t❤❡r❡ ❡①✐sts ❛ r❡❛❧ ♥✉♠❜❡r θ(α) > 0 s✉❝❤ t❤❛t

Pα(T0 > t) = e−θ(α)t.

◗❙❉ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ♠♦♠❡♥ts

❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ❣✐✈❡s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ◗❙❉✬s ✐♥
t❡r♠s ♦❢ ❡①✐st❡♥❝❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧ ♠♦♠❡♥ts ♦❢ t❤❡ ❤✐tt✐♥❣ t✐♠❡ T0✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳ ❆ss✉♠❡ t❤❛t α ✐s ❛ ◗❙❉✳ ❚❤❡♥ ❛♥② 0 < γ < θ(α) ❛♥❞ ❢♦r

α✲❛❧♠♦st ❛❧❧ z✱

Ez(e
γT0) < +∞. ✭✶✳✻✮

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r z s❛t✐s❢②✐♥❣ ✭✶✳✻✮✳
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Pr♦♣♦s✐t✐♦♥ ✶✳✸ s✉❣❣❡sts t❤❛t ✐❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❝❛♥ ❡s❝❛♣❡ ❡①t✐♥❝t✐♦♥ ❢♦r t♦♦ ❧♦♥❣
t✐♠❡s ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡♥ t❤❡ ♣r♦❝❡ss ❤❛s ♥♦ ◗❙❉✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r
t❤❡ ❝r✐t✐❝❛❧ ●❛❧t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss✿ ✐ts ❡①t✐♥❝t✐♦♥ t✐♠❡ ✐s ✜♥✐t❡ ❛❧♠♦st s✉r❡❧②✱ ❜✉t
✐ts ❡①♣❡❝t❛t✐♦♥ ✐s♥✬t ✜♥✐t❡✳

Pr♦♦❢✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠♦♠❡♥t ✐♥ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞✐s❝r❡t❡ t✐♠❡ s❡t✲
t✐♥❣s✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ✐t ✐s ✜♥✐t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ θ(α) > γ✳

■♥ t❤❡ ❝♦♥t✐♥✉♦✉s t✐♠❡ s❡tt✐♥❣✱ ✭✶✳✺✮ s❛②s t❤❛t✱ ✉♥❞❡r Pα✱ T0 ❤❛s ❛♥ ❡①♣♦♥❡♥t✐❛❧
❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r θ(α)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛♥② θ(α) > γ✱

Eα

(

eγT0
)

=
θ(α)

θ(α)− γ
.

■♥ t❤❡ ❞✐s❝r❡t❡ t✐♠❡ s❡tt✐♥❣✱ ✭✶✳✺✮ s❛②s t❤❛t✱ ✉♥❞❡r Pα✱ T0 ❤❛s ❛ ❣❡♦♠❡tr✐❝ ❞✐str✐✲
❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r e−θ(α)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

Eα

(

eγT0
)

=
1− e−θ(α)

e−γ − e−θ(α)
.

❙✐♥❝❡ Eα(e
γT0) ✐s ❡q✉❛❧ t♦

∫

E∗ Ez(e
γT0)α(dz)✱ t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ ✐♥t❡❣r❛❧ ✐♠♣❧✐❡s

t❤❡ ❛ss❡rt✐♦♥✳

❆ s♣❡❝tr❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇

❚❤✐s s❡❝t✐♦♥ ✐s ♦♥❧② r❡❧❡✈❛♥t t♦ t❤❡ ❝♦♥t✐♥✉♦✉s t✐♠❡ s❡tt✐♥❣✳ ❲❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r
L ❛s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ s✉❜✲▼❛r❦♦✈✐❛♥ s❡♠✐✲❣r♦✉♣ (Pt) ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❦✐❧❧❡❞ ♣r♦❝❡ss Z✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❧✐♥❦s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ◗❙❉✬s ❢♦r Z
❛♥❞ t❤❡ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞✉❛❧ L∗ ♦❢ t❤❡ ♦♣❡r❛t♦r L✳

Pr♦♣♦s✐t✐♦♥ ✶✳✹✳ ▲❡t α ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ E∗✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡

❡①✐sts ❛ s❡t D ♦❢ ❜♦✉♥❞❡❞ r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t Lf ❡①✐sts ❛♥❞ ✐s ❜♦✉♥❞❡❞

❢♦r ❛♥② f ∈ D ❛♥❞ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② ♠❡❛s✉r❛❜❧❡ s✉❜s❡t A ⊂ E∗✱ t❤❡r❡ ❡①✐sts ❛

✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ (fn) ✐♥ D ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ♣♦✐♥t✲✇✐s❡❧② t♦ 1A✳

❚❤❡♥ α ✐s ❛ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts θ(α) > 0

s✉❝❤ t❤❛t

α(Lf) = −θ(α)α(f), ∀f ∈ D.

❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ D ✐s ❛❧✇❛②s tr✉❡ ✐❢ t❤❡ st❛t❡ s♣❛❝❡ E∗ ✐s
❞✐s❝r❡t❡✳ ■t ✐s ❛❧s♦ ❢✉❧✜❧❧❡❞ ✐❢ E∗ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Rd ❛♥❞ ✐❢ Z ✐s ❛ ❞✐✛✉s✐♦♥
✇✐t❤ ❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ❝♦❡✣❝✐❡♥ts✳

Pr♦♦❢✳ ✭✶✮ ▲❡t α ❜❡ ❛ ◗❙❉ ❢♦r Z✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ◗❙❉✱ ✇❡ ❤❛✈❡✱ ❢♦r ❡✈❡r②
❇♦r❡❧ s❡t A ⊆ E∗✱

α(A) =
αPt(1A)

αPt(1E∗)
.
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❇② ❚❤❡♦r❡♠ ✶✳✺✱ t❤❡r❡ ❡①✐sts θ(α) > 0 s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ t > 0✱

αPt(1E∗) = Pα(T0 > t) = e−θ(α)t.

❲❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛♥② ♠❡❛s✉r❛❜❧❡ s❡t A ⊆ E∗✱ αPt(1A) = e−θ(α)tα(A), ✇❤✐❝❤
✐s ❡q✉✐✈❛❧❡♥t t♦ αPt = e−tθ(α)α✳ ❇② ❑♦❧♠♦❣♦r♦✈✬s ❢♦r✇❛r❞ ❡q✉❛t✐♦♥ ❛♥❞ ❜②
❛ss✉♠♣t✐♦♥ ♦♥ D✱ ✇❡ ❤❛✈❡

∣

∣

∣

∣

∂Ptf

∂t
(x)

∣

∣

∣

∣

= |PtLf(x)| ≤ ‖Lf‖∞ < +∞, ∀f ∈ D.

■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❝❛♥ ❞✐✛❡r❡♥t✐❛t❡ αPtf =
∫

E∗ Ptf(x)α(dx) ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧
s✐❣♥✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

α(Lf) = −θ(α)α(f), ∀f ∈ D.

✭✷✮ ❆ss✉♠❡ ❦♥♦✇ t❤❛t α(Lf) = −θ(α)α(f) ❢♦r ❛❧❧ f ∈ D✳ ❇② ❑♦❧♠♦❣♦r♦✈✬s
❜❛❝❦✇❛r❞ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ s❛♠❡ ✏❞❡r✐✈❛t✐♦♥ ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ s✐❣♥✑ ❛r❣✉♠❡♥t✱
✇❡ ❤❛✈❡

∂α(Ptf)

∂t
= α(LPtf) = −θ(α)αPt(f), ∀f ∈ D.

❲❡ ❞❡❞✉❝❡ t❤❛t
αPt(f) = e−tθ(α)α(f), ∀f ∈ D.

❇② ❛ss✉♠♣t✐♦♥✱ t❤❡r❡ ❡①✐sts✱ ❢♦r ❛♥② ♠❡❛s✉r❛❜❧❡ s✉❜s❡t A ⊂ E∗✱ ❛ ✉♥✐❢♦r♠❧②
❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ (fn) ✐♥ D ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ♣♦✐♥t✲✇✐s❡❧② t♦ 1A✳ ❋✐♥❛❧❧②✱ ✇❡
❞❡❞✉❝❡ ❜② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❛t

αPt(1A) = e−tθ(α)α(A).

❚❤✐s ✐♠♣❧✐❡s ✐♠♠❡❞✐❛t❡❧② t❤❛t α ✐s ❛ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❢♦r Z✳

▲♦♥❣ t✐♠❡ ❧✐♠✐t ♦❢ t❤❡ ❡①t✐♥❝t✐♦♥ r❛t❡

❆♥♦t❤❡r q✉❛♥t✐t② ♦❢ ✐♥t❡r❡st ✐♥ t❤❡ ❞❡♠♦❣r❛♣❤② ❛♥❞ ♣♦♣✉❧❛t✐♦♥✬s ❞②♥❛♠✐❝s ✐s
❣✐✈❡♥ ❜② t❤❡ ❧♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❦✐❧❧✐♥❣ ♦r ❡①t✐♥❝t✐♦♥ r❛t❡✳ ■♥ ❞❡♠♦❣r❛♣❤②
s❡tt✐♥❣✱ t❤❡ ♣r♦❝❡ss Z ♠♦❞❡❧s t❤❡ ✈✐t❛❧✐t② ♦❢ s♦♠❡ ✐♥❞✐✈✐❞✉❛❧ ❛♥❞ t ✐ts ♣❤②s✐❝❛❧
❛❣❡✳ ❚❤✉s T0 ✐s t❤❡ ❞❡❛t❤ t✐♠❡ ♦❢ t❤✐s ✐♥❞✐✈✐❞✉❛❧✳ ❚❤✐s q✉❡st✐♦♥ ❤❛s ❜❡❡♥ st✉❞✐❡❞
✐♥ ❞❡t❛✐❧ ❜② ❙t❡✐♥s❛❧t③✲❊✈❛♥s ❬✼✽❪ ❢♦r s♣❡❝✐✜❝ ❝❛s❡s✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡①t✐♥❝t✐♦♥ r❛t❡ ❞❡♣❡♥❞s ♦♥ t❤❡ t✐♠❡ s❡tt✐♥❣✿

❼ ■♥ t❤❡ ❞✐s❝r❡t❡ t✐♠❡ s❡tt✐♥❣✱ t❤❡ ❡①t✐♥❝t✐♦♥ r❛t❡ ♦❢ Z st❛rt✐♥❣ ❢r♦♠ µ ❛t t✐♠❡
t ≥ 0 ✐s ❞❡✜♥❡❞ ❜②

rµ(t) = Pµ(T0 = t+ 1|T0 > t).



✸✹
❈❍❆P❚❊❘ ✶✳ ◗❯❆❙■✲❙❚❆❚■❖◆❆❘❨ ❉■❙❚❘■❇❯❚■❖◆❙ ❆◆❉ P❖P❯▲❆❚■❖◆❙ ❙■❩❊

▼❖❉❊▲❙

❼ ■♥ t❤❡ ❝♦♥t✐♥✉♦✉s t✐♠❡ s❡tt✐♥❣✱ t❤❡ ❡①t✐♥❝t✐♦♥ r❛t❡ ♦❢ Z st❛rt✐♥❣ ❢r♦♠ µ ❛t
t✐♠❡ t ≥ 0 ✐s ❞❡✜♥❡❞ ❜②

rµ(t) = −
∂
∂tPµ(T0 > t)

Pµ(T0 > t)
,

✇❤❡♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ❡①✐sts ❛♥❞ ✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ µ✳

❍✐st♦r✐❝❛❧❧② ✭❝❢✳ ❬✸✻❪✮✱ ❞❡♠♦❣r❛♣❤❡rs ❛♣♣❧✐❡❞ t❤❡ ●♦♠♣❡rt③ ❧❛✇ ♠❡❛♥✐♥❣ t❤❛t
t❤✐s ❡①t✐♥❝t✐♦♥ r❛t❡ ✇❛s ❡①♣♦♥❡♥t✐❛❧❧② ✐♥❝r❡❛s✐♥❣ ✇✐t❤ t✐♠❡✳ ❍♦✇❡✈❡r ✐♥ ✶✾✸✷✱
●r❡❡♥✇♦♦❞ ❛♥❞ ■r✇✐♥ ❬✸✾❪ ♦❜s❡r✈❡❞ t❤❛t ✐♥ s♦♠❡ ❝❛s❡s✱ t❤✐s ❜❡❤❛✈✐♦r ✇❛s ♥♦t
tr✉❡✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡r❡ ❡①✐st ❝❛s❡s ✇❤❡r❡ t❤❡ ❡①t✐♥❝t✐♦♥ r❛t❡ ❝♦♥✈❡r❣❡s t♦ ❛
❝♦♥st❛♥t ✇❤❡♥ t✐♠❡ ✐♥❝r❡❛s❡s✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ♠♦rt❛❧✐t② ♣❧❛t❡❛✉✳ ❚❤✐s
❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡①t✐♥❝t✐♦♥ r❛t❡ ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ❡①♣❡r✐♠❡♥t❛❧ s✐t✉❛t✐♦♥s ✭s❡❡
❢♦r ✐♥st❛♥❝❡ ❬✶✺❪✮✳

❚❤❡ ◗❙❉✬s ♣❧❛② ❛ ♠❛✐♥ r♦❧❡ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✷✱ ✐❢ α ✐s ❛ ◗❙❉✱
t❤❡♥ t❤❡ ❡①t✐♥❝t✐♦♥ r❛t❡ rα(t) ✐s ❝♦♥st❛♥t ❛♥❞ ❣✐✈❡♥ ❜②

rα(t) =

{

1− e−θ(α) ✐♥ t❤❡ ❞✐s❝r❡t❡ t✐♠❡ s❡tt✐♥❣
θ(α) ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s t✐♠❡ s❡tt✐♥❣

, ∀t ≥ 0.

❲❡ ❛❧s♦ r❡❢❡r t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❙t❡✐♥s❛❧t③✲❊✈❛♥s ❬✼✽❪ ❢♦r ❛ ♥✐❝❡ ❞✐s❝✉ss✐♦♥ ♦❢
t❤❡ ♥♦t✐♦♥ ♦❢ ◗❙❉ ✐♥ r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ ♠♦rt❛❧✐t② ♣❧❛t❡❛✉s✳

■♥ t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ◗▲❉ ❢♦r Z st❛rt❡❞
❢r♦♠ µ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧♦♥❣ t❡r♠ ♠♦rt❛❧✐t② ♣❧❛t❡❛✉✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳ ▲❡t α ❜❡ ❛ ◗▲❉ ❢♦r Z✱ ✐♥✐t✐❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛

♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ E∗✳ ■♥ t❤❡ ❝♦♥t✐♥✉♦✉s t✐♠❡ s❡tt✐♥❣✱ ✇❡ ❛ss✉♠❡ ♠♦r❡♦✈❡r

t❤❛t t❤❡r❡ ❡①✐sts h > 0 s✉❝❤ t❤❛t L(Ph1E∗) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❜♦✉♥❞❡❞✳ ■♥ ❜♦t❤

t✐♠❡ s❡tt✐♥❣s✱ t❤❡ r❛t❡ ♦❢ ❡①t✐♥❝t✐♦♥ ❝♦♥✈❡r❣❡s ✐♥ t❤❡ ❧♦♥❣ t❡r♠✿

lim
t→∞

rµ(t) = rα(0). ✭✶✳✼✮

Pr♦♦❢✳ ❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ❛ str❛✐❣❤t ❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦✲
s✐t✐♦♥ ✶✳✷✱ ✐♥ ❜♦t❤ t✐♠❡ s❡tt✐♥❣s✳

▲❡t ✉s ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐♥ t❤❡ ❞✐s❝r❡t❡ t✐♠❡ s❡tt✐♥❣✳
❲❡ ❤❛✈❡✱ ❜② t❤❡ s❡♠✐✲❣r♦✉♣ ♣r♦♣❡rt② ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ◗▲❉✱

rµ(t) = 1− µPt(P11E∗)

µPt(1E∗)

−−−−→
t→+∞

1− α(P11E∗) = rα(0).

❚❤❡ ❧✐♠✐t ✐s ❜② ❞❡✜♥✐t✐♦♥ t❤❡ ❡①t✐♥❝t✐♦♥ r❛t❡ ❛t t✐♠❡ 0 ♦❢ Z st❛rt✐♥❣ ❢r♦♠ α✱ ✇❤✐❝❤
✐s rα(0)✳
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▲❡t ✉s ♥♦✇ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s t✐♠❡
s❡tt✐♥❣✳ ❚❤❛♥❦s t♦ t❤❡ ❑♦❧♠♦❣♦r♦✈✬s ❜❛❝❦✇❛r❞ ❡q✉❛t✐♦♥✱ ✇❡ ❤❛✈❡

∂

∂t
Pt+h1E∗(x) = PtL(Ph1E∗)(x), ∀x ∈ E∗.

❙✐♥❝❡ L(Ph1E∗) ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❜♦✉♥❞❡❞✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

∂

∂t
µPt+h(1E∗) = µPtL(Ph1E∗).

❚❤❡♥

∂
∂tµPt+h(1E∗)

µPt(1E∗)
=
µPtL(Ph1E∗)

µPt(1E∗)

−−−→
t→∞

α(LPh1E∗) = −θ(α)α(Ph1E∗),

❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ◗▲❉ ❛♥❞ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✹✳ ❲❡ ❛❧s♦ ❤❛✈❡

µ(Pt+h1E∗)

µ(Pt1E∗)
−−−→
t→∞

α(Ph1E∗).

❋✐♥❛❧❧②✱ ✇❡ ❣❡t

rµ(t+ h) = −
∂
∂tµ(Pt+h1E∗)

µ(Pt+h1E∗)
−−−→
t→∞

θ(α),

✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✺✳

✶✳✷✳✷ ❆♥ ❤✐st♦r✐❝❛❧ ❡①❛♠♣❧❡ ✐♥ ❞✐s❝r❡t❡ t✐♠❡✿ t❤❡ ●❛❧t♦♥ ❲❛ts♦♥

♣r♦❝❡ss

❚❤❡ ●❛❧t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss ✐s ❛ ♣♦♣✉❧❛t✐♦♥✬s ❞②♥❛♠✐❝s ♠♦❞❡❧ ✐♥ ❞✐s❝r❡t❡ t✐♠❡✱
✇❤♦s❡ s✐③❡ (Zn)n≥0 ❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛ Z0 = 1 ❛♥❞

Zn+1 =

Zn
∑

i=1

ξ
(n)
i ,

✇❤❡r❡ (ξ(n)i )i,n ✐s ❛ ❢❛♠✐❧② ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞
✇✐t❤ r❡s♣❡❝t t♦ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ N ✇✐t❤ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ g✳ ❆s
❞❡✜♥❡❞✱ Zn ✐s t❤❡ s✐③❡ ♦❢ t❤❡ nth ❣❡♥❡r❛t✐♦♥ ♦❢ ❛ ♣♦♣✉❧❛t✐♦♥ ✇❤❡r❡ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧
❤❛s ❛ r❛♥❞♦♠ ♥✉♠❜❡r ♦❢ ❝❤✐❧❞r❡♥✱ ❝❤♦s❡♥ ✇✐t❤ r❡s♣❡❝t t♦ µ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧②
♦❢ t❤❡ r❡st ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✳ ❚❤✐s ♣r♦❝❡ss ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ●❛❧t♦♥ ❛♥❞
❲❛ts♦♥ ✭s❡❡ ❬✸✹❪✮ ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❡①t✐♥❝t✐♦♥ ♦❢ ❛r✐st♦❝r❛t✐❝ s✉r♥❛♠❡s✳

❚❤❡ ❝❛s❡ µ({1}) = 1 ✐s tr✐✈✐❛❧ ✭❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❣✐✈❡s ❜✐rt❤ t♦ ❡①❛❝t❧② ♦♥❡
✐♥❞✐✈✐❞✉❛❧✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❝♦♥st❛♥t s✐③❡ 1✮✱ ❛♥❞ ✇❡ ✇✐❧❧ ❛ss✉♠❡ ✐♥
t❤❡ ✇❤♦❧❡ s❡❝t✐♦♥✱ t❤❛t

0 < µ(0) + µ({1}) < 1.
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▼❖❉❊▲❙

❲❡ ❞❡♥♦t❡ ❜② m = E(ξ
(0)
1 ) t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❝❤✐❧❞r❡♥ ❜② ✐♥❞✐✈✐❞✉❛❧ ✐♥ ♦✉r

●❛❧t♦♥ ♣r♦❝❡ss✳ ❇② t❤❡ ❜r❛♥❝❤✐♥❣ ♣r♦♣❡rt②✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡①t✐♥❝t✐♦♥ ❢♦r t❤❡
♣♦♣✉❧❛t✐♦♥ st❛rt✐♥❣ ❢r♦♠ ♦♥❡ ✐♥❞✐✈✐❞✉❛❧ ✐s ❣✐✈❡♥ ❜②

P1(∃n ∈ N, Zn = 0) = lim
n→+∞

E1(0
Zn)

= lim
n→∞

g ◦ · · · ◦ g(0) (n t✐♠❡s).

❚❤❡r❡ ❛r❡ t❤r❡❡ ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❆t❤r❡②❛✲◆❡② ❬✻❪✮✿

❼ ❚❤❡ s✉❜✲❝r✐t✐❝❛❧ ❝❛s❡ m < 1✿ t❤❡ ♣r♦❝❡ss ❜❡❝♦♠❡s ❡①t✐♥❝t ✐♥ ✜♥✐t❡ t✐♠❡
❛❧♠♦st s✉r❡❧② ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ❡①t✐♥❝t✐♦♥ t✐♠❡ E(T0) ✐s ✜♥✐t❡✳

❼ ❚❤❡ ❝r✐t✐❝❛❧ ❝❛s❡ m = 1✿ t❤❡ ♣r♦❝❡ss ❜❡❝♦♠❡s ❡①t✐♥❝t ✐♥ ✜♥✐t❡ t✐♠❡ ❛❧♠♦st
s✉r❡❧②✱ ❜✉t E(T0) = +∞✳

❼ ❚❤❡ s✉♣❡r✲❝r✐t✐❝❛❧ ❝❛s❡m > 1✿ t❤❡ ♣r♦❝❡ss ✐s ♥❡✈❡r ❡①t✐♥❝t ✇✐t❤ ❛ ♣♦s✐t✐✈❡
♣r♦❜❛❜✐❧✐t②✱ ❛♥❞ ✐t ②✐❡❧❞s ✐♠♠❡❞✐❛t❡❧② t❤❛t E(T0) = +∞✳

❚❤❡♦r❡♠ ✶✳✻ ✭❨❛❣❧♦♠ ❬✽✻❪✱ ✶✾✹✼✮✳ ▲❡t (Zn)n≥0 ❜❡ ❛ ●❛❧t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss ✇✐t❤

t❤❡ r❡♣r♦❞✉❝t✐♦♥ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ g✳ ❚❤❡r❡ ✐s ♥♦ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥

✐♥ t❤❡ ❝r✐t✐❝❛❧ ❛♥❞ t❤❡ s✉♣❡r✲❝r✐t✐❝❛❧ ❝❛s❡✳ ■♥ t❤❡ s✉❜✲❝r✐t✐❝❛❧ ❝❛s❡✱ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t

❡①✐sts ❛♥❞ ✐s t❤❡ ✉♥✐q✉❡ ◗❙❉ ♦❢ Z✳ ▼♦r❡♦✈❡r✱ ✐ts ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ĝ ❢✉❧✜❧❧s

ĝ(g(s)) = mĝ(s) + 1−m, ∀s ∈ [0,1]. ✭✶✳✽✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❛❞❛♣t❡❞ ❢r♦♠ ❆t❤r❡②❛✲◆❡② ❬✻❪ ♣✳ ✶✸✲✶✹✳ ■♥ t❤❡ ❝r✐t✐❝❛❧ ♦r t❤❡
s✉♣❡r✲❝r✐t✐❝❛❧ ❝❛s❡✱ ✇❡ ❤❛✈❡ E1(T0) = +∞✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Eα(T0) = +∞ ❢♦r
❛❧❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ α ♦♥ N∗✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✸ t❤❛t t❤❡r❡ ✐s
♥♦ ◗❙❉ ❢♦r t❤❡ ❝r✐t✐❝❛❧ ♦r s✉♣❡r✲❝r✐t✐❝❛❧ ❝❛s❡✳

❆ss✉♠❡ ♥♦✇ t❤❛tm < 1✳ ■♥ ❛ ✜rst st❡♣ ✇❡ ✜① ❛♥ ❛r❜✐tr❛r② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡
ν ♦♥ N∗ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ◗▲❉ α ❢♦r Z st❛rt✐♥❣ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ν✳
❲❡ ❛❧s♦ ♣r♦✈❡ t❤❛t t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ α ❢✉❧✜❧❧s ✭✶✳✽✮✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ ✇❡
♣r♦✈❡ t❤❛t t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❢✉❧✜❧❧s ❡q✉❛t✐♦♥ ✭✶✳✽✮✱
s♦ t❤❛t α ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ ν✱ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✻✳

❋♦r ❡❛❝❤ n ≥ 0✱ ✇❡ ❞❡♥♦t❡ ❜② gn t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ Zn✿

gn(s) = Eν

(

sZn
)

, s ∈ [0,1].

▲❡t ✉s ❛❧s♦ ❞❡♥♦t❡ ❜② ĝn t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ Zn ❝♦♥❞✐t✐♦♥❡❞ t♦ {Zn > 0} =

{T0 > n}✿

ĝn(s) = Eν(s
Zn |Zn > 0) =

Eν(s
Zn✶Zn>0)

Pν(Zn > 0)

=
Eν(s

Zn)− Pν(Zn = 0)

1− Pν(Zn = 0)

=
gn(s)− gn(0)

1− gn(0)
= 1− 1− gn(s)

1− gn(0)
∈ [0,1].
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❲❡ ♥♦t❡ t❤❛t ĝn(0) = 0✱ ✇❤✐❝❤ ✐s q✉✐t❡ ♥❛t✉r❛❧ s✐♥❝❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❧❛✇ ❞♦❡s♥✬t
❝❤❛r❣❡ 0✳

❲❡ s❡t✱ ❢♦r ❛ ✜①❡❞ s ∈ [0,1)✱ Γ(s) = 1−g1(s)
1−s ✳ ❚❤❡♥ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ n ≥ 0✱

1− ĝn+1(s) =
Γ(gn(s))

Γ(gn(0))
(1− ĝn(s)) .

❙✐♥❝❡ g1 ✐s ❝♦♥✈❡①✱ Γ ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✳ ▼♦r❡♦✈❡r m < 1 ✐♠♣❧✐❡s t❤❛t gn(x) ≥ x✱
s♦ t❤❛t gn(s) ❛♥❞ 1− ĝn(s) ❛r❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✐♥ n✳ ■♥ ♣❛rt✐❝✉❧❛r✱ limn→∞ ĝn(s)

❡①✐sts✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② ĝ(s) ✐ts ❧✐♠✐t ❛♥❞ ❜② α t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜♥✐t❡ ♠❡❛s✉r❡
✭✇❤♦s❡ ♠❛ss ✐s s♠❛❧❧❡r t❤❛♥ ♦♥❡✮✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t α ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡
♦♥ N∗✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t ĝ(s) → 1 ✇❤❡♥ s ❣♦❡s t♦ 1✳ ❲❡ ❤❛✈❡

Γ(gn(0)) (1− ĝn+1(s)) = (1− ĝn(g1(s)))

❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ❢♦r ❡❛❝❤ s✐③❡✱ ✇❤❡r❡ limn→∞ Γ(gn(0)) = Γ(1) = m✱ ✇❡ ❞❡❞✉❝❡
t❤❛t

m(1− ĝ(s)) = 1− ĝ(g1(s)),

✇❤✐❝❤ ✐♠♣❧✐❡s ❊q✉❛t✐♦♥ ✭✶✳✽✮✳ ❙✐♥❝❡ lims→1 g1(s) = 1 ❛♥❞ m < 1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
ĝ(1) = 1✳ ❋✐♥❛❧❧②✱ α ✐s ❛ ◗▲❉ ❢♦r Z st❛rt✐♥❣ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ ν✳

❖♥❡ ❝♦✉❧❞ t❤✐♥❦ ❛ ♣r✐♦r✐ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ĝ ❞❡♣❡♥❞s ♦♥ t❤❡ st❛rt✐♥❣ ❞✐str✐❜✉t✐♦♥
ν✳ ❲❡ ♣r♦✈❡ ♥♦✇ t❤❛t ✐t ✐s♥✬t t❤❡ ❝❛s❡✱ s♦ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ◗▲❉✱ ❛♥❞ t❤❡♥
❛ ✉♥✐q✉❡ ◗❙❉✱ ✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ♦❢ t❤❡ ♣r♦❝❡ss ✭✐♥❞❡❡❞✱ ♦♥❡ ❝♦✉❧❞
❝❤♦♦s❡ ν = δx✱ x ∈ N∗✮✳

❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ĝ ❛♥❞ ĥ ✇❤✐❝❤ ❢✉❧✜❧❧ ❊q✉❛t✐♦♥
✭✶✳✽✮✳ ❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ n ≥ 1 ❛♥❞ ❛❧❧ s ∈ [0,1]✱

ĝ(gn(s)) = mnĝ(s) +
(

mn−1 + · · ·+m+ 1
)

(m− 1),

ĥ(gn(s)) = mnĥ(s) +
(

mn−1 + · · ·+m+ 1
)

(m− 1).

❲❡ ❞❡❞✉❝❡ t❤❛t ❢♦r s ∈ [0,1[

ĝ′(gn(s)) g
′
n(s) = mn ĝ′(s) ; ĥ′(gn(s)) g

′
n(s) = mn ĥ′(s).

❙✐♥❝❡ ❢♦r t❤❡ s✉❜✲❝r✐t✐❝❛❧ ❝❛s❡ gn(0) ↑ 1 ✇❤❡♥ n → ∞✱ ❢♦r ❛♥② s ∈ [0,1[ t❤❡r❡ ✇✐❧❧
❜❡ ❛ k s✉❝❤ t❤❛t

gk(0) ≤ s ≤ gk+1(0).

❍❡♥❝❡✱

ĝ′(s)

ĥ′(s)
=
ĝ′(gn(s))

ĥ′(gn(s))
≤ ĝ′(gn+k+1(0))

ĥ′(gn+k(0))
=
ĝ′(0)

ĥ′(0)

mg′n+k(0)

g′n+k+1(0)
=
ĝ′(0)

ĥ′(0)

m

g′(gn+k(0))
.

❲❤❡♥ n ❣♦❡s t♦ ✐♥✜♥✐t②✱ ✇❡ ♦❜t❛✐♥ ĝ′(s)

ĥ′(s)
≤ ĝ′(0)

ĥ′(0)
✳ ❚❤❡ ❝♦♥✈❡rs❡ ✐♥❡q✉❛❧✐t② ✐s ❡st❛❜✲

❧✐s❤❡❞ s✐♠✐❧❛r❧②✳ ❙✐♥❝❡ ĝ ❛♥❞ ĥ ❛r❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s
♦♥ N∗✱ ✇❡ ❤❛✈❡ ĝ(0) = ĥ(0) = 0 ❛♥❞ ĝ(1) = ĥ(1) = 1✳ ❋✐♥❛❧❧②✱ t❤❡ t✇♦ ❢✉♥❝t✐♦♥s
ĝ ❛♥❞ ĥ ❛r❡ ❡q✉❛❧✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✻ ✳
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▼❖❉❊▲❙

✶✳✷✳✸ ❚❤❡ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❡r❣♦❞✐❝ ♣r♦❝❡ss ✇✐t❤ ✉♥✐❢♦r♠ ❦✐❧❧✐♥❣

✐♥ ❛ ✜♥✐t❡ st❛t❡ s♣❛❝❡

❲❡ ♣r❡s❡♥t ❛ ✈❡r② s✐♠♣❧❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ❡①t✐♥❝t✐♦♥ ✇❤♦s❡ q✉❛s✐✲st❛t✐♦♥❛r②
❞✐str✐❜✉t✐♦♥✱ ❨❛❣❧♦♠ ❧✐♠✐t✱ s♣❡❡❞ ♦❢ ❡①t✐♥❝t✐♦♥ ❛♥❞ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡
❨❛❣❧♦♠ ❧✐♠✐t ❛r❡ ✈❡r② ❡❛s② t♦ ♦❜t❛✐♥✳

▲❡t (Xt)t≥0 ❜❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ❡r❣♦❞✐❝ ▼❛r❦♦✈ ♣r♦❝❡ss ✇❤✐❝❤ ❡✈♦❧✈❡s ✐♥ t❤❡
st❛t❡ s♣❛❝❡ E∗ = {1, · · · ,N}✱ N ≥ 1✳ ❇② ❡①♣♦♥❡♥t✐❛❧❧② ❡r❣♦❞✐❝✱ ✇❡ ♠❡❛♥ t❤❛t
t❤❡r❡ ❡①✐st ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ α ♦♥ E∗ ❛♥❞ t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C,λ > 0

s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ z ∈ {1, · · · ,N} ❛♥❞ ❛❧❧ t ≥ 0✱

sup
i∈E∗

|Pz(Xt = i)− α({i})| ≤ Ce−λt.

❚❤❡r❡ ✐s ♥♦ ♣♦ss✐❜❧❡ ❡①t✐♥❝t✐♦♥ ❢♦r (Xt)✳ ▲❡t d > 0 ❜❡ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❛♥❞
❧❡t τd ❜❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ t✐♠❡ ♦❢ ♣❛r❛♠❡t❡r d ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r♦❝❡ss
(Xt)✳ ❲❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss (Zt) ❜② s❡tt✐♥❣

Zt =

{

Xt, ✐❢ t < τd
0, ✐❢ t ≥ τd.

❚❤✐s ♠♦❞❡❧ ❝❛♥ ❜❡ t❤♦✉❣❤t ❛s ❛ ♠♦❞❡❧ ❢♦r t❤❡ s✐③❡ ♦❢ ❛ ♣♦♣✉❧❛t✐♦♥ ✇❤✐❝❤ ❝❛♥ ♥♦t
❜❡ ❡①t✐♥❝t✱ ❜✉t ❛t ❛ ❝❛t❛str♦♣❤✐❝ ❡✈❡♥t ✇❤✐❝❤ ❤❛♣♣❡♥s ✇✐t❤ r❛t❡ d✳ ❚❤✉s ✇❡ ❤❛✈❡

Pz(t < T0) = e−dt, ∀t ≥ 0.

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Zt ✐s s✐♠♣❧② ❣✐✈❡♥ ❜② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Xt✿

Pz(Zt = i|Zt 6= 0) = Pz(Xt = i), ∀z ∈ E∗.

❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ✉♥✐q✉❡ ◗❙❉ ✐s t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t α ❛♥❞ t❤❛t ❢♦r ❛❧❧ z ∈ E∗

❛♥❞ ❛❧❧ t ≥ 0✱
sup
i∈E∗

|Pz(Zt = i|T0 > t)− α({i})| ≤ Ce−λt.

❚❤✉s ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Z ❝♦♥✈❡r❣❡s ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st t♦
t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t α✱ ✇✐t❤ r❛t❡ λ > 0 ❛♥❞ t❤❡ ♣r♦❝❡ss ❜❡❝♦♠❡s ❡①t✐♥❝t ❡①♣♦♥❡♥t✐❛❧❧②
❢❛st✱ ✇✐t❤ r❛t❡ d > 0✳

❍❡♥❝❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t
❛♥❞ t❤❡ s♣❡❡❞ ♦❢ ❡①t✐♥❝t✐♦♥ ✇✐❧❧ ✐♠♣❛❝t t❤❡ ♦❜s❡r✈❛❜❧❡s ♦❢ t❤❡ ♣r♦❝❡ss ❜❡❢♦r❡
❡①t✐♥❝t✐♦♥✿

✭❛✮ ■❢ λ ≫ d✱ t❤❡♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❤❛♣♣❡♥s ❜❡❢♦r❡ t❤❡
t②♣✐❝❛❧ t✐♠❡ ♦❢ ❡①t✐♥❝t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛♥❞ t❤❡ q✉❛s✐✲st❛t✐♦♥❛r② r❡❣✐♠❡
✇✐❧❧ ❜❡ ♦❜s❡r✈❛❜❧❡✳

✭❜✮ ■❢ λ ≪ d✱ t❤❡♥ t❤❡ ❡①t✐♥❝t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❝❝✉rs ❜❡❢♦r❡ t❤❡ q✉❛s✐✲
st❛t✐♦♥❛r② r❡❣✐♠❡ ✐s r❡❛❝❤❡❞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❛r❡ ✈❡r② ✉♥❧✐❦❡❧② t♦
♦❜s❡r✈❡ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t✳
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❋✐❣✉r❡ ✶✳✶✿ ❊①❛♠♣❧❡ ✶✳ ❆ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ❧❡❛❞s t♦ λ = 0.098✳ ❚❤r❡❡
❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s ❛r❡ ♦❜s❡r✈❡❞✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤r❡❡ ✈❡r② ❞✐✛❡r❡♥t ♣❛tt❡r♥s ❢♦r
t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✐♥ t❤❡ ❡①t✐♥❝t✐♦♥✬s t✐♠❡ s❝❛❧❡✿ ✭⋄✮
λ≫ d = 0.001❀ ✭✷✮ λ≪ d = 0.500❀ ✭·✮ λ = d = 0.098✳

✭❝✮ ■❢ λ ∼ d✱ t❤❡ ❛♥s✇❡r ✐s ♥♦t s♦ ✐♠♠❡❞✐❛t❡ ❛♥❞ ❞❡♣❡♥❞s ♦♥ ♦t❤❡r ♣❛r❛♠❡t❡rs✱
❛s ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥✳

❊①❛♠♣❧❡ ✶✳✶✳ ❚❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡ Z ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ r❛♥❞♦♠ ✇❛❧❦ ✐♥ ❝♦♥t✐♥✉♦✉s
t✐♠❡ ❡✈♦❧✈✐♥❣ ✐♥ E = {0,1,2, · · · ,N} ✇✐t❤ tr❛♥s✐t✐♦♥ r❛t❡s ❣✐✈❡♥ ❜②

i→ i+ 1 ✇✐t❤ r❛t❡ 1, ❢♦r ❛❧❧ i ∈ {1,2, · · · ,N − 1},
i→ i− 1 ✇✐t❤ r❛t❡ 1, ❢♦r ❛❧❧ i ∈ {2,3, · · · ,N},
i→ 0 ✇✐t❤ r❛t❡ d > 0, ❢♦r ❛❧❧ i ∈ {1,2, · · · ,N}.

❚❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ♠♦❞❡❧s ❛ ❝♦♥str❛✐♥t ♦❢ ✜①❡❞ r❡s♦✉r❝❡s
✇❤✐❝❤ ❛❝ts ♦♥ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✳ ❲❡ ✇✐❧❧ s❡❡ ♠♦r❡ r❡❛❧✐st✐❝ ✜①❡❞
r❡s♦✉r❝❡s ♠♦❞❡❧s ✐♥❝❧✉❞✐♥❣ ❧♦❣✐st✐❝ ❞❡❛t❤ r❛t❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❖♥❡ ❝❛♥ ❝❤❡❝❦
t❤❛t t❤❡ q✉❛s✐✲st❛t✐♦♥❛r② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦❢ Z ✐s ❣✐✈❡♥ ❜② αi = 1/N ❢♦r ❛❧❧
i ∈ E∗✳

◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❲❡ ✜① N = 100✳ ◆✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣ t❤❡
❢❛❝t t❤❛t λ ✐s t❤❡ s♣❡❝tr❛❧ ❣❛♣ ♦❢ t❤❡ ❣❡♥❡r❛t♦r ♦❢ X ❣✐✈❡s λ = 0.098✳ ❋♦r
❞✐✛❡r❡♥t ✈❛❧✉❡s d = 0.001✱ d = 0.500 ❛♥❞ d = 0.098✱ ✇❡ ❝♦♠♣✉t❡ ♥✉♠❡r✐✲
❝❛❧❧② t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st✿ t❤❡ ❡①t✐♥❝t✐♦♥ ♣r♦❜❛❜✐❧✐t② Pz(T0 >

t) = e−dt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t ✭❝❢✳ ❋✐❣✉r❡ ✶✳✶ ❧❡❢t ♣✐❝t✉r❡✮ ❛♥❞ t❤❡ ❞✐st❛♥❝❡
supi∈E∗ |Pz(Zt = i|T0 > t)− α({i})| ❜❡t✇❡❡♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Zt

❛♥❞ α ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ − logPz(T0 > t)✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❡①t✐♥❝t✐♦♥✬s t✐♠❡ s❝❛❧❡✳
✭❝❢✳ ❋✐❣✉r❡ ✶✳✶ r✐❣❤t ♣✐❝t✉r❡✮✳

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❤❛♣♣❡♥s r❛♣✐❞❧② ✐♥ t❤❡ ❝❛s❡
✭⋄✮ λ = 0.098 ≫ d = 0.001✱ ✐♥❞❡❡❞ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✐s ❡q✉❛❧
0.05✱ ✇❤✐❧❡ t❤❡ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ❝❛♥✬t ❜❡ ❣r❛♣❤✐❝❛❧❧② ❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ 1✳ ❖♥
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▼❖❉❊▲❙

t❤❡ ❝♦♥tr❛r②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❤❛♣♣❡♥s ✈❡r② s❧♦✇❧② ✐♥ t❤❡ ❝❛s❡
✭✷✮ λ = 0.098 ≪ d = 0.500✱ ✐♥❞❡❡❞ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✐s ❡q✉❛❧ t♦
0.05 ✇❤❡♥ t❤❡ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ❛♣♣❡❛rs t♦ ❜❡ s♠❛❧❧❡r t❤❛♥ e−15 ≃ 3 × 10−7✳
❚❤❡ ❝❛s❡ ✭·✮ λ = 0.98 = d ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❝❛s❡✱ ✇❤❡r❡ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡
❨❛❣❧♦♠ ❧✐♠✐t ✐s ❡q✉❛❧ t♦ 0.05 ✇❤❡♥ t❤❡ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ❛♣♣❡❛rs t♦ ❜❡ ❡q✉❛❧
t♦ e−3 ≃ 0.05✳

✶✳✸ ❚❤❡ ✜♥✐t❡ ❝❛s❡✱ ✇✐t❤ ❣❡♥❡r❛❧ r❛t❡ ♦❢ ❦✐❧❧✐♥❣

✶✳✸✳✶ ❚❤❡ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s

❲❡ ❣❡♥❡r❛❧✐③❡ ❊①❛♠♣❧❡ ✶ t♦ ❛ ♠♦r❡ r❡❛❧✐st✐❝ ❝❛s❡ ✇❤❡r❡ t❤❡ r❛t❡ ♦❢ ❡①t✐♥❝t✐♦♥
❞❡♣❡♥❞s ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡①t✐♥❝t✐♦♥
✐s ♦❢t❡♥ ❤✐❣❤❡r ❢♦r ❛ s♠❛❧❧ ♣♦♣✉❧❛t✐♦♥ t❤❛♥ ❢♦r ❛ ❜✐❣ ♦♥❡✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤✐s s❡❝t✐♦♥
❤❛✈❡ ❜❡❡♥ ♦r✐❣✐♥❛❧❧② ♣r♦✈❡❞ ❜② ❉❛rr♦❝❤ ❛♥❞ ❙❡♥❡t❛ ✭❬✷✶❪ ❛♥❞ ❬✷✷❪✮✳

❚❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (Zt)t≥0 ❡✈♦❧✈❡s ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡ ✐♥ E = {0,1,...,N}✱ N ≥ 1

❛♥❞ ✇❡ st✐❧❧ ❛ss✉♠❡ t❤❛t 0 ✐s ✐ts ✉♥✐q✉❡ ❛❜s♦r❜✐♥❣ st❛t❡✳ ❚❤❡ s❡♠✐✲❣r♦✉♣ (Pt)t≥0

✐s t❤❡ s✉❜✲▼❛r❦♦✈✐❛♥ s❡♠✐✲❣r♦✉♣ ♦❢ t❤❡ ❦✐❧❧❡❞ ♣r♦❝❡ss ❛♥❞ ✇❡ st✐❧❧ ❞❡♥♦t❡ ❜② L t❤❡
❛ss♦❝✐❛t❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r✳ ■♥ t❤❡ ✜♥✐t❡ st❛t❡ s♣❛❝❡ ❝❛s❡✱ t❤❡ ♦♣❡r❛t♦rs L
❛♥❞ Pt ❛r❡ ♠❛tr✐❝❡s✱ ❛♥❞ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ t❤❡ ✜♥✐t❡ s♣❛❝❡ E∗ ✐s ❛ ✈❡❝t♦r
♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ❡♥tr✐❡s ✇❤♦s❡ s✉♠ ✐s ❡q✉❛❧ t♦ 1✳

❚❤❡♦r❡♠ ✶✳✼✳ ❆ss✉♠❡ t❤❛t Z ✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ ❛♣❡r✐♦❞✐❝ ♣r♦❝❡ss ❜❡❢♦r❡ ❡①✲

t✐♥❝t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts t0 > 0 s✉❝❤ t❤❛t t❤❡ ♠❛tr✐① Pt0 ❤❛s ♦♥❧②

♣♦s✐t✐✈❡ ❡♥tr✐❡s ✭✐♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐♠♣❧✐❡s t❤❛t Pt ❤❛s ♣♦s✐t✐✈❡ ❡♥tr✐❡s ❢♦r t > t0✮✳

❚❤❡♥ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t α ❡①✐sts ❛♥❞ ✐s t❤❡ ✉♥✐q✉❡ ◗❙❉ ♦❢ t❤❡ ♣r♦❝❡ss Zt✳

▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ π ♦♥ E∗ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② i,j ∈
E∗✱

lim
t→∞

eθ(α)tPi(Zt = j) = πiαj

❛♥❞

lim
t→∞

Pi(T0 > t+ s)

Pj(T0 > t)
=
πi
πj
e−θ(α)s.

❚❤❡ ♠❛✐♥ t♦♦❧ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✼ ✐s t❤❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s ❚❤❡♦r❡♠✱
✇❤✐❝❤ ❣✐✈❡s ✉s ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ Pt ❛♥❞ L✳
❚❤❡ ♠❛✐♥ ♣♦✐♥t ✐s t❤❛t t❤❡ ♠❛tr✐① P1 ❤❛s ♣♦s✐t✐✈❡ ❡♥tr✐❡s✳ ❋♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡
P❡rr♦♥✲❋r♦❜❡♥✐✉s ❚❤❡♦r❡♠✱ ✇❡ r❡❢❡r t♦ ●❛♥t♠❛❝❤❡r ❬✸✺❪ ♦r ❙❡rr❡ ❬✼✼❪✳

❚❤❡♦r❡♠ ✶✳✽ ✭P❡rr♦♥✲❋r♦❜❡♥✐✉s ❚❤❡♦r❡♠✮✳ ▲❡t (Pt) ❜❡ ❛ s✉❜♠❛r❦♦✈✐❛♥ s❡♠✐✲

❣r♦✉♣ ♦♥ {1, · · · ,N} s✉❝❤ t❤❛t t❤❡ ❡♥tr✐❡s ♦❢ Pt0 ❛r❡ ♣♦s✐t✐✈❡ ❢♦r t0 > 0✳ ❚❤✉s✱

t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ ρ✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ♠♦❞✉❧✉s

♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❧❡❢t✲❡✐❣❡♥✈❡❝t♦r α s✉❝❤ t❤❛t αi > 0
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❛♥❞
∑N

i=1 αi = 1✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ r✐❣❤t✲❡✐❣❡♥✈❡❝t♦r π s✉❝❤ t❤❛t πi > 0

❛♥❞
∑N

i=1 αiπi = 1✱ s❛t✐s❢②✐♥❣

αPt0 = ρα ; Pt0π = ρπ ✭✶✳✾✮

■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ (Pt) ✐s ❛ s✉❜✲▼❛r❦♦✈✐❛♥ s❡♠✐✲❣r♦✉♣✱ ρ < 1 ❛♥❞ t❤❡r❡ ❡①✐sts

θ > 0 s✉❝❤ t❤❛t ρ = e−θ✳ ❚❤❡r❡❢♦r❡

Pt = e−θtA+ ϑ(e−χt), ✭✶✳✶✵✮

✇❤❡r❡ A ✐s t❤❡ ♠❛tr✐① ❞❡✜♥❡❞ ❜② Aij = πiαj✱ ❛♥❞ χ > θ ❛♥❞ ϑ(e−χt) ❞❡♥♦t❡s ❛

♠❛tr✐① s✉❝❤ t❤❛t ♥♦♥❡ ♦❢ t❤❡ ❡♥tr✐❡s ❡①❝❡❡❞s Ce−χt✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t C > 0✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✼✳ ■t ✐s ✐♠♠❡❞✐❛t❡ ❢r♦♠ ✭✶✳✶✵✮ t❤❛t ❢♦r ❛♥② i,j ∈ E∗✱

eθtPi(Zt = j) = eθt[Pt]ij = πiαj + ϑ(e−(χ−θ)t). ✭✶✳✶✶✮

❙✉♠♠✐♥❣ ♦✈❡r j ∈ E∗✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

eθtPi(T0 > t) = πi + ϑ(e−(χ−θ)t). ✭✶✳✶✷✮

■t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❛♥② i,j ∈ E∗✱

Pi(Zt = j|T0 > t) =
Pi(Zt = j)

Pi(T0 > t)
−−−→
t→∞

αj .

❚❤✉s t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❡①✐sts ❛♥❞ ✐s ❡q✉❛❧ t♦ α✳ ❙✐♥❝❡ E ✐s ✜♥✐t❡✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥②
✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ν ♦♥ E∗

lim
t→∞

Pν(Zt = j|T0 > t) =
∑

i∈E∗

νi lim
t→∞

Pi(Zt = j|T0 > t) =
∑

i∈E∗

νiαj = αj .

❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t α ✐s t❤❡ ✉♥✐q✉❡ ◗▲❉ ♦❢ Z✱ ❛♥❞ t❤✉s ✐t ✐s ✐ts
✉♥✐q✉❡ ◗❙❉✳

❇② Pr♦♣♦s✐t✐♦♥ ✶✳✷✱ ✇❡ ❤❛✈❡ αP1(1E∗) = e−θ(α)✳ ❇② ✭✶✳✾✮✱ t❤✐s q✉❛♥t✐t② ✐s ❛❧s♦
❡q✉❛❧ t♦ e−θ✱ s♦ t❤❛t θ = θ(α)✳ ❚❤❡ ❡♥❞ ♦❢ ❚❤❡♦r❡♠ ✶✳✼ ✐s t❤✉s ❛ str❛✐❣❤t❢♦r✇❛r❞
❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✶✳✶✶✮ ❛♥❞ ✭✶✳✶✷✮

❘❡♠❛r❦ ✶✳✷✳ ❖♥❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ✭✶✳✶✶✮ ❛♥❞ ✭✶✳✶✷✮ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡
❝♦♥st❛♥t CL s✉❝❤ t❤❛t

sup
j∈E∗,i∈E∗

|Pi(Zt = j|Zt > 0)− αj | ≤ CLe
−(χ−θ(α)),

✇❤❡r❡ t❤❡ q✉❛♥t✐t② χ−θ ✐s t❤❡ s❡❝♦♥❞ s♣❡❝tr❛❧ ❣❛♣ ♦❢ L✱ ✐✳❡✳ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥
t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ❡✐❣❡♥✈❛❧✉❡ ♦❢ L✳ ❚❤✉s ✐❢ t❤❡ t✐♠❡✲s❝❛❧❡ χ − θ ♦❢ t❤❡
❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ q✉❛s✐✲❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐s s✉❜st❛♥t✐❛❧❧② ❜✐❣❣❡r t❤❛♥ t❤❡ t✐♠❡
s❝❛❧❡ ♦❢ ❛❜s♦r♣t✐♦♥ ✭χ − θ(α) ≫ θ(α)✮✱ t❤❡ ♣r♦❝❡ss ✇✐❧❧ r❡❧❛① t♦ t❤❡ ◗❙❉ ❛❢t❡r ❛
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▼❖❉❊▲❙

r❡❧❛t✐✈❡❧② s❤♦rt t✐♠❡✱ ❛♥❞ ❛❢t❡r ❛ ♠✉❝❤ ❧♦♥❣❡r ♣❡r✐♦❞✱ ❡①t✐♥❝t✐♦♥ ✇✐❧❧ ♦❝❝✉r✳ ❖♥
t❤❡ ❝♦♥tr❛r②✱ ✐❢ χ− θ(α) ≪ θ(α)✱ t❤❡♥ t❤❡ ❡①t✐♥❝t✐♦♥ ❤❛♣♣❡♥s ❜❡❢♦r❡ t❤❡ ♣r♦❝❡ss
❤❛❞ t✐♠❡ t♦ r❡❧❛① t♦ t❤❡ q✉❛s✐✲❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥✳

■♥ ✐♥t❡r♠❡❞✐❛t❡ ❝❛s❡s✱ ✇❤❡r❡ λ−θ(α) ∼ θ(α)✱ t❤❡ ❝♦♥st❛♥t CL✱ ✇❤✐❝❤ ❞❡♣❡♥❞s
♦♥ t❤❡ ✇❤♦❧❡ s❡t ♦❢ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ L✱ ♣❧❛②s ❛ ♠❛✐♥ r♦❧❡ ✇❤✐❝❤
♥❡❡❞ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s✳

▲❡t ✉s ♥♦✇ ❞❡✈❡❧♦♣ ❛♥ ❡①❛♠♣❧❡ ✐♥ ✇❤✐❝❤ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❡s❡ t❤r❡❡ s✐t✉❛t✐♦♥s✳

❊①❛♠♣❧❡ ✶✳✷✳ ▲❡t Z ❜❡ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇❤✐❝❤ ♠♦❞❡❧s ❛ ♣♦♣✉❧❛t✐♦♥ ✇❤♦s❡
✐♥❞✐✈✐❞✉❛❧s r❡♣r♦❞✉❝❡ ❛♥❞ ❞✐❡ ✐♥❞❡♣❡♥❞❡♥t❧②✱ ✇✐t❤ ✐♥❞✐✈✐❞✉❛❧ ❜✐rt❤ r❛t❡ λ > 0

❛♥❞ ✐♥❞✐✈✐❞✉❛❧ ❞❡❛t❤ r❛t❡ µ✱ ✇❤❡r❡ µ ✐s s❡t ❛s 1 ❜✉t t❤❡♥ ❦❡♣t ❛s ❛r❜✐tr❛r② ❧❛t❡r✳
■♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ r❡s♦✉r❝❡s✱ t❤❡ ♣r♦❝❡ss ✐s r❡✢❡❝t❡❞
✇❤❡♥ ✐t ❛tt❛✐♥s ❛ ❣✐✈❡♥ ✈❛❧✉❡N ✱ t❤❛t ✇❡ ❝❤♦♦s❡ ❤❡r❡ ❛r❜✐tr❛r✐❧② ❡q✉❛❧ t♦ 100✳ ❚❤✉s
t❤❡ ♣r♦❝❡ss Z ❡✈♦❧✈❡s ✐♥ t❤❡ ✜♥✐t❡ st❛t❡ s♣❛❝❡ {0,1, · · · ,100}✱ ❛♥❞ ✐ts tr❛♥s✐t✐♦♥
r❛t❡s ❛r❡ ❣✐✈❡♥ ❜②

i→ i+ 1 ✇✐t❤ r❛t❡ λi, ❢♦r ❛❧❧ i ∈ {1,2, · · · ,99},
i→ i− 1 ✇✐t❤ r❛t❡ µi, ❢♦r ❛❧❧ i ∈ {1,2,3, · · · ,100}.

❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ Z ✐s ❣✐✈❡♥ ❜②

L1,1 = −1− λ ❛♥❞ L1,2 = λ,

Li,i−1 = i, Li,i = −(1 + λ)i ❛♥❞ Li,i+1 = λ i, ∀i ∈ {2, · · · ,99},
L100,99 = 100 ❛♥❞ L100,100 = −100,

Li,j = 0, ∀i,j ∈ {1, · · · ,100} s✉❝❤ t❤❛t |j − i| > 1.

❚❤❡ ♣r♦❝❡ss Z ❝❧❡❛r❧② ❢✉❧✜❧❧s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✼✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
✐t ❤❛s ❛ ❨❛❣❧♦♠ ❧✐♠✐t α✱ ✇❤✐❝❤ ✐s ✐ts ✉♥✐q✉❡ ◗❙❉✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ α ✐s t❤❡ ✉♥✐q✉❡ ♥♦r♠❛❧✐③❡❞ ❛♥❞ ♣♦s✐t✐✈❡ ❧❡❢t ❡✐❣❡♥✈❡❝t♦r ♦❢ L✳ ❙✐♥❝❡ L
✐s ❛ ✜♥✐t❡ ♠❛tr✐① ♦❢ s✐③❡ 100 × 100✱ ♦♥❡ ❝❛♥ ♥✉♠❡r✐❝❛❧❧② ❝♦♠♣✉t❡ t❤❡ ✇❤♦❧❡ s❡t
♦❢ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐① (Lij)✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ t♦ ♦❜t❛✐♥
♥✉♠❡r✐❝❛❧❧② t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t α✱ ✐ts ❛ss♦❝✐❛t❡❞ ❡①t✐♥❝t✐♦♥ r❛t❡ θ(α)✱ ❛♥❞ t❤❡ s♣❡❡❞
♦❢ ❝♦♥✈❡r❣❡♥❝❡ χ − θ(α)✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛♥② t ≥ 0✱ ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡
♦❢ etL✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ Pt ✭t❤❡ s❡♠✐✲❣r♦✉♣ ♦❢ Z ❛t t✐♠❡ t✮✳ ❍❡♥❝❡✱ ✇❡ ♠❛②
♦❜t❛✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ ❞✐str✐❜✉t✐♦♥ PZ0(Zt ∈ .|t < T0)✱ ❢♦r
❛♥② ✐♥✐t✐❛❧ s✐③❡ Z0✳ ❋✐♥❛❧❧②✱ ✇❡ ❛r❡ ❛❧s♦ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ α ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ ❞✐str✐❜✉t✐♦♥ PZ0(Zt ∈ .|t < T0)✱ ❢♦r ❛♥② ✈❛❧✉❡ ♦❢
λ > 0 ❛♥❞ Z0 ∈ {1, · · · ,100}✳

■♥ ❋✐❣✉r❡ ✶✳✷✱ ✇❡ r❡♣r❡s❡♥t t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t α ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ λ✱ ♥❛♠❡❧②
λ = 0.9✱ λ = 1.0 ❛♥❞ λ = 1.1✳ ▲❡t ✉s ❝♦♠♠❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳

✭❛✮ ■♥ t❤❡ ✜rst ❝❛s❡ ✭λ = 0.9✮✱ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❞✐❡ t❤❛♥ t♦
r❡♣r♦❞✉❝❡ ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✐s ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t❤❡



✶✳✸✳ ❚❍❊ ❋■◆■❚❊ ❈❆❙❊✱ ❲■❚❍ ●❊◆❊❘❆▲ ❘❆❚❊ ❖❋ ❑■▲▲■◆● ✹✸

❋✐❣✉r❡ ✶✳✷✿ ❊①❛♠♣❧❡ ✷✳ ❨❛❣❧♦♠ ❧✐♠✐ts ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ λ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
✈❛❧✉❡s ♦❢ θ(α) ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥✳ ✭❛✮ λ = 0.9✱ θ(α) = 0.100❀
✭❜✮ λ = 1.0✱ θ(α) = 0.014❀ ✭❝✮ λ = 1.1✱ θ(α) = 5.84× 10−5✳

❛❜s♦r❜✐♥❣ ♣♦✐♥t 0✳ ❚❤❡ r❛t❡ ♦❢ ❡①t✐♥❝t✐♦♥ θ(α) ✐s t❤❡ ❤✐❣❤❡st ✐♥ t❤✐s ❝❛s❡✱
❡q✉❛❧ t♦ 0.100✳ ■♥ ❢❛❝t✱ t❤❡ ♣r♦❝❡ss r❡❛❝❤❡s t❤❡ ✉♣♣❡r ❜♦✉♥❞ 100 ✈❡r② r❛r❡❧②✱
s♦ t❤❛t t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❝❡ss ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ❛ ❧✐♥❡❛r ❜✐rt❤
❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ✇✐t❤ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s ❡q✉❛❧ t♦ λ ❛♥❞ µ r❡s♣❡❝t✐✈❡❧②✳
■♥ ❙❡❝t✐♦♥ ✶✳✹✱ ✇❡ st✉❞② s✉❝❤ ❧✐♥❡❛r ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s✳ ❲❡ s❤♦✇
t❤❛t t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✭✇❤✐❝❤ ❡①✐sts ✐❢ ❛♥❞ ♦♥❧② ✐❢ λ < µ✮ ✐s ❣✐✈❡♥ ❜② ❛
❣❡♦♠❡tr✐❝ ❧❛✇ ❛♥❞ θ(α) = µ− λ✳

✭❜✮ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ ✭λ = µ = 1✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t α ❞❡❝r❡❛s❡s ❛❧♠♦st ❧✐♥❡❛r❧②
❢r♦♠ α1 t♦ α100 ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ N = 100 ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡✳ ■♥ ❢❛❝t✱
❧❡tt✐♥❣ N t❡♥❞ t♦ +∞✱ ♦♥❡ ✇♦✉❧❞ ♦❜s❡r✈❡ t❤❛t ❢♦r ❛♥② i ≥ 1✱ αi ❞❡❝r❡❛s❡s
t♦ 0✳ ❚❤❡ ❡①t✐♥❝t✐♦♥ r❛t❡ θ(α) ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ 0.014 ❢♦r N = 100✮ ✇♦✉❧❞
❛❧s♦ ❣♦ t♦ 0✳ ❚❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ❢♦r t❤❡ ❧✐♥❡❛r ❜✐rt❤ ❛♥❞
❞❡❛t❤ ♣r♦❝❡ss st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✹ ✐s t❤❛t t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❞♦❡s♥✬t ❡①✐st
✇❤❡♥ µ = λ✳

✭❝✮ ■♥ t❤❡ t❤✐r❞ ❝❛s❡ ✭λ = 1.1✮✱ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t α ✐s ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t❤❡
✉♣♣❡r ❜♦✉♥❞ 100✱ ✇❤✐❧❡ t❤❡ ❡①t✐♥❝t✐♦♥ r❛t❡ ✐s θ(α) = 5.84 × 10−5✳ ❚❤❡
❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❧✐♥❡❛r ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ✐s ♥♦ ♠♦r❡ r❡❧❡✈❛♥t✱
s✐♥❝❡ t❤❡ ✐♠♣♦rt❛♥t ❢❛❝t♦r ✐♥ t❤✐s ❝❛s❡ ✐s t❤❡ ❡✛❡❝t ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞
N = 100✱ ✇❤✐❝❤ ♠♦❞❡❧s t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ r❡s♦✉r❝❡s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳

■♥ ❋✐❣✉r❡ ✶✳✸✱ ✇❡ st✉❞② t❤❡ ❡✛❡❝t ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ❛♥❞ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
♣❛r❛♠❡t❡r λ ♦♥ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❛♥❞ ♦♥ t❤❡ s♣❡❡❞ ♦❢
❡①t✐♥❝t✐♦♥✳ ❲❡ ❝❤♦♦s❡ t❤❡ ♣♦s✐t✐♦♥s Z0 = 1✱ Z0 = 10 ❛♥❞ Z0 = 100✱ ❛♥❞ ✇❡ ❧♦♦❦
❛t t❤❡ t✇♦ ❞✐✛❡r❡♥t ❝❛s❡s λ = 0.9 ❛♥❞ λ = 1.1✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s✉❜❝r✐t✐❝❛❧
❝❛s❡ ✭❛✮ ❛♥❞ t♦ t❤❡ s✉♣❡r❝r✐t✐❝❛❧ ❝❛s❡ ✭❝✮ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ r❡♣r❡s❡♥t✱ ❢♦r ❡❛❝❤ s❡t
♦❢ ✈❛❧✉❡s ♦❢ (λ,Z0)✱ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t supi∈{1,··· ,100} |PZ0(Zt = i|t <
T0) − αi| ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✐♠❡✱ ❛♥❞ t❤❡ s❛♠❡ ❞✐st❛♥❝❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❧♦❣❛r✐t❤♠ ♦❢ t❤❡ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② − logPZ0(t < T0) ✭✐✳❡✳ t❤❡ ❡①t✐♥❝t✐♦♥ t✐♠❡
s❝❛❧❡✮✳ ❇② ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ❛❧s♦ ♦❜t❛✐♥ t❤❛t
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▼❖❉❊▲❙

❋✐❣✉r❡ ✶✳✸✿ ❊①❛♠♣❧❡ ✷✳ P✐❝t✉r❡s ✭❛✮ ❛♥❞ ✭❝✮ ❝♦rr❡s♣♦♥❞ t♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ λ
✭t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ♦❢ θ(α)− χ ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥✮✿
✭❛✮ λ = 0.9✱ θ(α) = 0.100✱ θ(α) − χ = 0.102❀ ✭❝✮ λ = 1.1✱ θ(α) = 5.84 × 10−5✱
θ(α)−χ = 0.103❀ ❡❛❝❤ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❣✐✈❡♥ ✐♥✐t✐❛❧ s✐③❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✿
(·) Z0 = 1❀ (⋄) Z0 = 10❀ (✷) Z0 = 100✳

✭❛✮ λ = 0.9✿ θ(α) = 0.100 ❛♥❞ θ(α)− χ = 0.102✳

✭❝✮ λ = 1.1✿ θ(α) = 5.84× 10−5 ❛♥❞ θ(α)− χ = 0.103✳

■♥ t❤❡ ❝❛s❡ ✭❛✮✱ ✇❡ ❤❛✈❡ θ(α) = 0.100 ≃ χ−θ(α) = 0.102 ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡
s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ✐♥ ❛ ♥♦♥✲tr✐✈✐❛❧ ✇❛②✿ ✇❤✐❧❡
t❤❡ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ✐s s♠❛❧❧❡r ❢♦r t❤❡ ♣r♦❝❡ss st❛rt✐♥❣ ❢r♦♠ 10 t❤❛♥ ❢♦r t❤❡
♣r♦❝❡ss st❛rt✐♥❣ ❢r♦♠ 100✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✐♥ t❤❡ ❡①t✐♥❝t✐♦♥✬s
t✐♠❡ s❝❛❧❡ ❤❛♣♣❡♥s ❢❛st❡r ✐♥ t❤❡ ❝❛s❡ Z0 = 10✳

■♥ t❤❡ ❝❛s❡ ✭❝✮✱ ✇❡ ❤❛✈❡ θ(α) = 5.84 × 10−5 ≪ χ − θ(α) = 0.103✳ ❚❤❡ s♣❡❡❞ ♦❢
❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ✐♥ t❤❡ ❡①t✐♥❝t✐♦♥✬s t✐♠❡ s❝❛❧❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥✐t✐❛❧
♣♦s✐t✐♦♥✿ ✐❢ ✭✷✮ Z0 = 100✱ t❤❡♥ ✐t ✐s ❛❧♠♦st ✐♠♠❡❞✐❛t❡❀ ✐❢ ✭⋄✮ Z0 = 10✱ t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✐s ❡q✉❛❧ t♦ 0.05 ✇❤❡♥
t❤❡ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ✐s ❛r♦✉♥❞ e−0.5 ≃ 0.61❀ ✐❢ ✭·✮ Z0 = 1✱ t❤❡♥ t❤✐s ❞✐st❛♥❝❡ ✐s
❡q✉❛❧ t♦ 0.05 ✇❤❡♥ t❤❡ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ✐s ❛r♦✉♥❞ e−2.4 ≃ 0.091✳
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✶✳✸✳✷ ❚❤❡ ◗✲♣r♦❝❡ss

▲❡t ✉s ♥♦✇ st✉❞② t❤❡ ♠❛r❣✐♥❛❧s ♦❢ t❤❡ ♣r♦❝❡ss ❝♦♥❞✐t✐♦♥❡❞ t♦ ♥❡✈❡r ❜❡ ❡①t✐♥❝t✳

❚❤❡♦r❡♠ ✶✳✾✳ ❆ss✉♠❡ t❤❛t ✇❡ ❛r❡ ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✼✳ ❋♦r ❛♥②

i0, i1, · · · , ik ∈ E∗✱ ❛♥② 0 < s1 < · · · , sk < t✱ t❤❡ ❧✐♠✐t✐♥❣ ✈❛❧✉❡

limt→∞ Pi0(Zs1 = i1, · · · , Zsk = ik|T0 > t) ❡①✐sts✳

▲❡t (Yt, t ≥ 0) ❜❡ t❤❡ ♣r♦❝❡ss st❛rt✐♥❣ ❢r♦♠ i0 ∈ E∗ ❛♥❞ ❞❡✜♥❡❞ ❜② ✐ts ✜♥✐t❡

❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s

Pi0(Ys1 = i1, · · · , Ysk = ik) = lim
t→∞

Pi0(Zs1 = i1, · · · , Zsk = ik|T0 > t). ✭✶✳✶✸✮

❚❤❡♥ Y ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✈❛❧✉❡s ✐♥ E∗ ❛♥❞ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❣✐✈❡♥

❜②

Pi(Yt = j) = eθ(α)t
πi
πj

Pij(t).

■t ✐s ❝♦♥s❡r✈❛t✐✈❡✱ ❛♥❞ ❤❛s ❛ ✉♥✐q✉❡ st❛t✐♦♥❛r② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ (αjπj)j✳

❘❡♠❛r❦ t❤❛t ❝♦♥tr❛r② t♦ ✐♥t✉✐t✐♦♥✱ t❤❡ st❛t✐♦♥❛r② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ✐s ♥♦t t❤❡
◗❙❉ ❜✉t ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ◗❙❉✳

Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ θ(α) ❜② θ ❢♦r s✐♠♣❧✐❝✐t②✳ ▲❡t i0, i1, · · · , ik ∈ E∗ ❛♥❞ 0 < s1 <

· · · < sk < t✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ✜❧tr❛t✐♦♥ Fs = σ(Zu, u ≤ s)✳ ❚❤❡♥

Pi0(Zs1 = i1, · · · , Zsk = ik ; T0 > t) = Ei0

(

1Zs1=i1,··· ,Zsk
=ik Ei0 (1T0>t|Fsk)

)

= Ei0(1Zs1=i1,··· ,Zsk
=ik Eik(1T0>t−sk))

( ❜② ▼❛r❦♦✈ ♣r♦♣❡rt②)

= Pi0 (Zs1 = i1, · · · ,Zsk = ik)Pik(T0 > t− sk).

❇② ❚❤❡♦r❡♠ ✶✳✼✱

lim
t→∞

Pik(T0 > t− sk)

Pi0(T0 > t)
=
πik
πi0

eθsk .

❚❤✉s

lim
t→∞

Pi0(Zs1 = i1, · · · , Zsk = ik|T0 > t) = Pi0(Zs1 = i1, · · · , Zsk = ik)
πik
πi0

eθsk .✭✶✳✶✹✮

▲❡t ✉s ♥♦✇ s❤♦✇ t❤❛t Y ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✳ ❲❡ ❤❛✈❡

Pi0(Ys1 = i1, · · · , Ysk = ik, Yt = j) = eθt
πj
πi0

Pi0(Zs1 = i1, · · · , Zsk = ik, Zt = j)

= eθ(t−sk) eθsk
πj
πik

πik
πi0

Pi0(Zs1 = i1, · · · , Zsk = ik)

×Pik(Zt−sk = j) (❜② ▼❛r❦♦✈ ♣r♦♣❡rt② ♦❢ Z)

= Pi0(Ys1 = i1, · · · , Ysk = ik) Pik(Yt−sk = j),
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▼❖❉❊▲❙

❛♥❞ t❤✉s P(Yt = j|Ys1 = i1, · · · , Ysk = ik) = Pik(Yt−sk = j).

❇② ✭✶✳✶✹✮ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✼✱ ✇❡ ❤❛✈❡

Pi(Yt = j) =
πj
πi

Pi(Zt = j) eθt −−−−→
t→+∞

πj
πi

αj πi = αjπj .

▼♦r❡♦✈❡r ❧❡t ✉s ❝♦♠♣✉t❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r L̂ ♦❢ Y ❢r♦♠ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦r L ♦❢ Z✳ ❲❡ ❤❛✈❡ ❢♦r j 6= i✱

L̂ij = lim
s→0

P̂ij(s) =
πj
πi

Lij .

❋♦r j = i✱

L̂ii = − lim
s→0

1− P̂ii(s)

s
= − lim

s→0

1− eθsPii(s)

s

= − lim
s→0

1− eθs + eθs(1− pii(s))

s
= θ + Lii.

▲❡t ✉s ✜♥✐s❤ t❤❡ ♣r♦♦❢ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ♣r♦❝❡ss Y ✐s ❝♦♥s❡r✈❛t✐✈❡✳

∑

j∈E∗

L̂ij =
∑

j∈E∗

πj
πi
Lij + θ.

❙✐♥❝❡ Lπ = −θπ✱ t❤❡♥ ∑j∈E∗ πjLij = −θπi ❛♥❞ t❤✉s
∑

j∈E∗ L̂ij = 0✳

✶✳✹ ◗❙❉ ❢♦r ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s

❲❡ ❛r❡ ❞❡s❝r✐❜✐♥❣ ❤❡r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ✐s♦❧❛t❡❞ ❛s❡①✉❛❧ ♣♦♣✉❧❛t✐♦♥s✱ ❛s ❢♦r ❡①❛♠✲
♣❧❡ ♣♦♣✉❧❛t✐♦♥s ♦❢ ❜❛❝t❡r✐❛ ✇✐t❤ ❝❡❧❧ ❜✐♥❛r② ❞✐✈✐s✐♦♥✱ ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡✳ ■♥❞✐✈✐❞✲
✉❛❧s ♠❛② r❡♣r♦❞✉❝❡ ♦r ❞✐❡✱ ❛♥❞ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❝❤✐❧❞ ♣❡r ❜✐rt❤✳ ❚❤❡ ♣♦♣✉❧❛t✐♦♥
s✐③❡ ❞②♥❛♠✐❝s ✇✐❧❧ ❜❡ ♠♦❞❡❧❡❞ ❜② ❛ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡✳
❚❤❡ ✐♥❞✐✈✐❞✉❛❧s ♠❛② ✐♥t❡r❛❝t✱ ❝♦♠♣❡t✐♥❣ ✭❢♦r ❡①❛♠♣❧❡✮ ❢♦r r❡s♦✉r❝❡s ❛♥❞ t❤❡r❡✲
❢♦r❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧ r❛t❡ ♦❢ ❞❡❛t❤ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ t❤❡ t♦t❛❧ s✐③❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✳
■♥ ❛ ✜rst ♣❛rt✱ ✇❡ r❡❝❛❧❧ ❛♥❞ ♣❛rt✐❛❧❧② ♣r♦✈❡ s♦♠❡ r❡s✉❧ts ♦♥ t❤❡ ♥♦♥✲❡①♣❧♦s✐♦♥
♦❢ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s✳ ❲❡ ✇✐❧❧ ❛❧s♦ r❡❝❛❧❧ ❝♦♥❞✐t✐♦♥s ♦♥
t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s ✇❤✐❝❤ ❡♥s✉r❡ t❤❛t t❤❡ ♣r♦❝❡ss ❣♦❡s t♦ ❡①t✐♥❝t✐♦♥ ✐♥
✜♥✐t❡ t✐♠❡ ❛❧♠♦st s✉r❡❧②✳ ■♥ ❛ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❝❛s❡s ✇❤❡r❡ t❤❡
♣r♦❝❡ss ❣♦❡s ❛❧♠♦st s✉r❡❧② t♦ ③❡r♦ ❛♥❞ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢
q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s✳

✶✳✹✳✶ ❇✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s

❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s ✇✐t❤ r❛t❡s (λi)i ❛♥❞ (µi)i✱ t❤❛t ✐s N✲
✈❛❧✉❡❞ ♣✉r❡ ❥✉♠♣ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✱ ✇❤♦s❡ ❥✉♠♣s ❛r❡ +1 ♦r −1✱ ✇✐t❤ tr❛♥s✐t✐♦♥
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r❛t❡s ❣✐✈❡♥ ❜②✿

i → i+ 1 ✇✐t❤ r❛t❡ λi ,

i → i− 1 ✇✐t❤ r❛t❡ µi,

✇❤❡r❡ λi ❛♥❞ µi✱ i ∈ N✱ ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✳

❑♥♦✇✐♥❣ t❤❛t t❤❡ ♣r♦❝❡ss ✐s ❛t st❛t❡ i ❛t ❛ ❝❡rt❛✐♥ t✐♠❡✱ t❤❡ ♣r♦❝❡ss ✇✐❧❧ ✇❛✐t ❢♦r
❛♥ ❡①♣♦♥❡♥t✐❛❧ t✐♠❡ ♦❢ ♣❛r❛♠❡t❡r λi ❜❡❢♦r❡ ❥✉♠♣✐♥❣ t♦ i + 1 ♦r ✐♥❞❡♣❡♥❞❡♥t❧②✱
✇✐❧❧ ✇❛✐t ❢♦r ❛♥ ❡①♣♦♥❡♥t✐❛❧ t✐♠❡ ♦❢ ♣❛r❛♠❡t❡r µi ❜❡❢♦r❡ ❥✉♠♣✐♥❣ t♦ i − 1✳ ❚❤❡
t♦t❛❧ ❥✉♠♣ r❛t❡ ❢r♦♠ st❛t❡ i ✐s t❤✉s λi + µi✳ ❲❡ ✇✐❧❧ ❛ss✉♠❡ ✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤❛t
λ0 = µ0 = 0✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ❡♥s✉r❡s t❤❛t 0 ✐s ❛♥ ❛❜s♦r❜✐♥❣ ♣♦✐♥t✱ ♠♦❞❡❧✐♥❣ t❤❡
❡①t✐♥❝t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✳

❚❤❡ ♠♦st st❛♥❞❛r❞ ❡①❛♠♣❧❡s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✳

✶✳ ❚❤❡ ❨✉❧❡ ♣r♦❝❡ss✳ ❋♦r ❡❛❝❤ i ∈ N✱ λi = λi ❢♦r ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r λ✱
❛♥❞ µi = 0✳ ❚❤❡r❡ ❛r❡ ♥♦ ❞❡❛t❤s✳ ■t✬s ❛ ✜ss✐♦♥ ♠♦❞❡❧✳

✷✳ ❚❤❡ ❧✐♥❡❛r ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss✱ ♦r ❜✐♥❛r② ❜r❛♥❝❤✐♥❣ ♣r♦❝❡ss✳

❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ♥✉♠❜❡rs λ ❛♥❞ µ s✉❝❤ t❤❛t λi = λi ❛♥❞ µi = µi✳ ❚❤✐s
♠♦❞❡❧ ❤♦❧❞s ✐❢ ✐♥❞✐✈✐❞✉❛❧s r❡♣r♦❞✉❝❡ ❛♥❞ ❞✐❡ ✐♥❞❡♣❡♥❞❡♥t❧②✱ ✇✐t❤ ❜✐rt❤ r❛t❡
❡q✉❛❧ t♦ λ ❛♥❞ ❞❡❛t❤ r❛t❡ ❡q✉❛❧ t♦ µ✳

✸✳ ❚❤❡ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡✈❡r② ✐♥❞✐✈✐❞✉❛❧
✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❤❛s ❛ ❝♦♥st❛♥t ❜✐rt❤ r❛t❡ λ > 0 ❛♥❞ ❛ ♥❛t✉r❛❧ ❞❡❛t❤ r❛t❡
µ > 0✳ ▼♦r❡♦✈❡r t❤❡ ✐♥❞✐✈✐❞✉❛❧s ❝♦♠♣❡t❡ t♦ s❤❛r❡ ✜①❡❞ r❡s♦✉r❝❡s✱ ❛♥❞ ❡❛❝❤
✐♥❞✐✈✐❞✉❛❧ j 6= i ❝r❡❛t❡s ❛ ❝♦♠♣❡t✐t✐♦♥ ♣r❡ss✉r❡ ♦♥ ✐♥❞✐✈✐❞✉❛❧ i ✇✐t❤ r❛t❡
c > 0✳ ❚❤✉s✱ ❣✐✈❡♥ t❤❛t t❤❡ ♣♦♣✉❧❛t✐♦♥✬s s✐③❡ ✐s i✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❞❡❛t❤ r❛t❡
✐s ❣✐✈❡♥ ❜② c(i− 1) ❛♥❞ t❤❡ t♦t❛❧ ❞❡❛t❤ r❛t❡ ✐s µi = µi+ ci(i− 1).

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t λi > 0 ❛♥❞ µi > 0 ❢♦r ❛♥② i ∈ N∗✳

❲❡ ❞❡♥♦t❡ ❜② (τn)n t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ❥✉♠♣ t✐♠❡s ♦❢ t❤❡ ♣r♦❝❡ss✱ ❡✐t❤❡r ❜✐rt❤s
♦r ❞❡❛t❤s✳ ▲❡t ✉s ✜rst s❡❡ ✉♥❞❡r ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s
t❤❡ ♣r♦❝❡ss ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❢♦r ❛❧❧ t✐♠❡ t ≥ 0✱ ✐✳❡✳ τ = limn τn = +∞ ❛❧♠♦st s✉r❡❧②✳
■♥❞❡❡❞✱ ✐❢ τ = limn τn <∞ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡ ♣r♦❝❡ss ✇♦✉❧❞ ♦♥❧② ❜❡
❞❡✜♥❡❞ ❢♦r t < τ ♦♥ t❤✐s ❡✈❡♥t✳ ❚❤❡r❡ ✇♦✉❧❞ ❜❡ ❛♥ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❥✉♠♣s ♥❡❛r τ
❛♥❞ t❤❡ ♣r♦❝❡ss ❝♦✉❧❞ ✐♥❝r❡❛s❡ ✉♥t✐❧ ✐♥✜♥✐t② ✐♥ ✜♥✐t❡ t✐♠❡✳

▲❡t ✉s ❣✐✈❡ ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❡♥s✉r✐♥❣ t❤❛t ❛ ❜✐rt❤ ❛♥❞ ❞❡❛t❤
♣r♦❝❡ss ❞♦❡s ♥♦t ❡①♣❧♦❞❡ ✐♥ ✜♥✐t❡ t✐♠❡✳ ❚❤❡ r❡s✉❧t ✐s ❛❧r❡❛❞② st❛t❡❞ ✐♥ ❆♥❞❡r✲
s♦♥ ❬✹❪✱ ❜✉t t❤❡ ♣r♦♦❢ t❤❛t ✇❡ ❣✐✈❡ ✐s ❢❛r ♠✉❝❤ s❤♦rt❡r ❛♥❞ ❡❛s✐❡r t♦ ❢♦❧❧♦✇✳
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▼❖❉❊▲❙

❚❤❡♦r❡♠ ✶✳✶✵✳ ❚❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ❞♦❡s ♥♦t ❡①♣❧♦❞❡ ✐♥ ✜♥✐t❡ t✐♠❡✱

❛❧♠♦st s✉r❡❧②✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢
∑

n rn = +∞, ✇❤❡r❡

rn =
1

λn
+

n−1
∑

k=1

µk+1 · · ·µn
λkλk+1 · · ·λn

+
µ1 · · ·µn
λ1 · · ·λn

.

Pr♦♦❢✳ ✶✮ ▲❡t ✉s ♠♦r❡ ❣❡♥❡r❛❧❧② ❝♦♥s✐❞❡r ❛ ♣✉r❡ ❥✉♠♣ ▼❛r❦♦✈ ♣r♦❝❡ss (Xt, t ≥ 0)

✇✐t❤ ✈❛❧✉❡s ✐♥ N✱ ❛♥❞ ❣❡♥❡r❛t♦r (Lij , i, j ∈ N)✳ ❲❡ s❡t qi = −Lii✳ ▲❡t (τn)n ❜❡
t❤❡ s❡q✉❡♥❝❡ ♦❢ ❥✉♠♣ t✐♠❡s ♦❢ t❤❡ ♣r♦❝❡ss ❛♥❞ (Sn)n t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡r✲t✐♠❡s
❞❡✜♥❡❞ ❜②

Sn = τn − τn−1, ∀n ≥ 1; τ0 = 0, S0 = 0.

❲❡ ❛❧s♦ s❡t τ∞ = limn→∞ τn ∈ [0, +∞]✳ ❚❤❡ ♣r♦❝❡ss ❞♦❡s ♥♦t ❡①♣❧♦❞❡ ✐♥ ✜♥✐t❡
t✐♠❡ ❛❧♠♦st s✉r❡❧② ✭❛♥❞ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❢♦r ❛❧❧ t✐♠❡ t ∈ R+✮✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡❛❝❤
i ∈ N

Pi(τ∞ <∞) = 0.

▲❡t ✉s s❤♦✇ t❤❛t t❤✐s ♣r♦♣❡rt② ✐s s❛t✐s✜❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ✉♥✐q✉❡ ♥♦♥✲♥❡❣❛t✐✈❡
❛♥❞ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ x = (xi)i∈N ♦❢ Lx = x ✐s t❤❡ ♥✉❧❧ s♦❧✉t✐♦♥✳

❋♦r ❛♥② i✱ ✇❡ s❡t h(0)i = 1 ❛♥❞ ❢♦r n ∈ N∗✱ h(n)i = Ei(exp(−
∑n

k=1 Sk))✳ ❋♦r ❛♥②
n ∈ N✱ ✇❡ ❤❛✈❡

h
(n+1)
i =

∑

j 6=i

Lij

qi
h
(n)
j Ei(exp(−S1)).

■♥❞❡❡❞✱ t❤❡ ♣r♦♣❡rt② ✐s tr✉❡ ❢♦r n = 0 s✐♥❝❡
∑

i 6=j
Lij

qi
= 1✳ ▼♦r❡♦✈❡r✱ ❜② ❝♦♥❞✐✲

t✐♦♥✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ S1 ❛♥❞ ✉s✐♥❣ t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ✇❡ ❣❡t

Ei

(

exp(−
n+1
∑

k=1

Sk)

∣

∣

∣

∣

∣

S1

)

= exp(−S1) EXS1

(

exp(−
n
∑

k=1

Sk)

)

, ✭✶✳✶✺✮

s✐♥❝❡ t❤❡ ❥✉♠♣ t✐♠❡s ♦❢ t❤❡ S1✲tr❛♥s❧❛t❡❞ ♣r♦❝❡ss ❛r❡ t❤❡ τn − S1, n ∈ N∗✳ ❲❡
❤❛✈❡

Ei

(

EXS1

(

exp(−
n
∑

k=1

Sk)

))

=
∑

j 6=i

Pi(XS1 = j) Ej

(

exp(−
n
∑

k=1

Sk)

)

=
∑

j 6=i

Lij

qi
Ej(exp(−

n
∑

k=1

Sk)),

s✐♥❝❡ Pi(XS1 = j) =
Lij

qi
✳ ❇② ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ S1 ❛♥❞ XS1 ✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✶✳✶✺✮

t❤❛t

Ei

(

exp(−
n+1
∑

k=1

Sk)

)

=
∑

j 6=i

Lij

qi
Ej

(

exp(−
n
∑

k=1

Sk)

)

Ei (exp(−S1)) .
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❆s

Ei(exp(−S1)) =
∫ ∞

0
qie

−qise−sds =
qi

1 + qi
,

✐t t✉r♥s ♦✉t t❤❛t
h
(n+1)
i =

∑

j 6=i

Lij

1 + qi
h
(n)
j . ✭✶✳✶✻✮

▲❡t (xi)i ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ s♦❧✉t✐♦♥ ♦❢ Lx = x ❜♦✉♥❞❡❞ ❜② 1✱ t❤❡♥ xi =
∑

j Lij xj =

Liixi +
∑

j 6=i Lijxj = −qixi +
∑

j 6=i Lijxj ✱ s♦ t❤❛t

xi =
∑

j 6=i

Lij

1 + qi
xj . ✭✶✳✶✼✮

❙✐♥❝❡ h(0)i = 1 ≥ xi ≥ 0 ❛♥❞ Lij

1+qi
≥ 0 ❢♦r ❛❧❧ i,j ∈ E✱ ✇❡ ❞❡❞✉❝❡ ❜② ✐t❡r❛t✐♦♥ ❢r♦♠

✭✶✳✶✻✮ ❛♥❞ ✭✶✳✶✼✮ t❤❛t h(n)i ≥ xi ≥ 0✱ ❢♦r ❛♥② n ∈ N✳

▲❡t ✉s ✐♥ ❛♥♦t❤❡r ❤❛♥❞ ❞❡✜♥❡ ❢♦r ❛♥② j t❤❡ q✉❛♥t✐t② zj = Ej(e
−τ∞)✳ ❯s✐♥❣

τ∞ = limn τn✱ ❛♥❞ τn =
∑n

k=1 Sk✱ ✇❡ ❞❡❞✉❝❡ ❜② ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❛t

zj = limn h
(n)
j ✳

■❢ t❤❡ ♣r♦❝❡ss ❞♦❡s ♥♦t ❡①♣❧♦❞❡ ❛✳s✳✱ t❤❡♥ τ∞ = ∞ ❛✳s✳✱ ❛♥❞ limn h
(n)
i = zi = 0✳

❙✐♥❝❡ h(n)i ≥ xi ≥ 0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t xi = 0✳ ❚❤✉s✱ t❤❡ ✉♥✐q✉❡ ♥♦♥♥❡❣❛t✐✈❡
❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢ Lx = x ✐s ③❡r♦✳

■❢ t❤❡ ♣r♦❝❡ss ❡①♣❧♦❞❡s ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡♥ t❤❡r❡ ❡①✐sts i s✉❝❤ t❤❛t
Pi(τ∞ <∞) > 0✳ ▼❛❦✐♥❣ n t❡♥❞ t♦ ✐♥✜♥✐t② ✐♥ ✭✶✳✶✻✮✱ ✇❡ ❣❡t

zi =
∑

j 6=i

Lij

1 + qi
zj .

❙✐♥❝❡ zi > 0✱ z ✐s ❛ ♣♦s✐t✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢ Lz = z✳

✷✮ ▲❡t ✉s ♥♦✇ ❛♣♣❧② t❤✐s r❡s✉❧t t♦ t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ✇✐t❤ λ0 = µ0 = 0✳
❲❡ ❤❛✈❡✱ ❢♦r i ≥ 1✱ Li,i+1 = λi, Li,i−1 = µi, Li,i = −(λi + µi)✳ ❚❤❡ ❡q✉❛t✐♦♥
Lx = x ✐s ❣✐✈❡♥ ❜② x0 = 0 ❛♥❞ ❢♦r ❛❧❧ n ≥ 1 ❜②

λnxn+1 − (λn + µn)xn + µnxn−1 = xn.

❚❤✉s✱ ✐❢ ✇❡ s❡t ∆n = xn − xn−1✱ ✇❡ ❤❛✈❡ ∆1 = x1 ❛♥❞ ❢♦r n ≥ 1✱

∆n+1 = ∆n
µn
λn

+
1

λn
xn.

▲❡t ✉s r❡♠❛r❦ t❤❛t ❢♦r ❛♥② n✱ ∆n ≥ 0✱ ❛♥❞ t❤✉s t❤❡ s❡q✉❡♥❝❡ (xn)n ✐s ♥♦♥❞❡❝r❡❛s✲
✐♥❣✳ ■❢ x1 = 0✱ t❤❡ s♦❧✉t✐♦♥ ✐s ③❡r♦✳ ■❢ ♥♦t✱ ✇❡ ❣❡t ❜② ✐♥❞✉❝t✐♦♥

∆n+1 =
1

λn
xn +

n−1
∑

k=1

1

λk

µk+1

λk+1
· · · µn

λn
xk +

µ1
λ1

· · · µn
λn

x1.
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▼❖❉❊▲❙

▲❡tt✐♥❣

rn =
1

λn
+

n−1
∑

k=1

µk+1 · · ·µn
λkλk+1 · · ·λn

+
µ1 · · ·µn
λ1 · · ·λn

,

✇❡ ❞❡❞✉❝❡ t❤❛t
rn x1 ≤ ∆n+1 ≤ rn xn.

❚❤❡♥

x1(1 + r1 + · · · rn) ≤ xn+1 ≤ x1

n
∏

k=1

(1 + rk).

❚❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ (xn)n ✐s t❤✉s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
t❤❡ s❡r✐❡s

∑

k rk✳

❈♦r♦❧❧❛r② ✶✳✶✶✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❇❉✲♣r♦❝❡ss ✇✐t❤ ❜✐rt❤ r❛t❡s (λi)i✳ ■❢ t❤❡r❡

❡①✐sts ❛ ❝♦♥st❛♥t λ > 0 s✉❝❤ t❤❛t

λi ≤ λi,

t❤❡♥ t❤❡ ♣r♦❝❡ss ✐s ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ R+✳

❚❤❡ ♣r♦♦❢ ✐s ✐♠♠❡❞✐❛t❡✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ ❧✐♥❡❛r ❇❉✲♣r♦❝❡ss❡s ❛♥❞ t❤❡ ❧♦❣✐st✐❝
♣r♦❝❡ss❡s ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ R+✳

▲❡t ✉s ♥♦✇ st✉❞② ✉♥❞❡r ✇❤✐❝❤ ❛ss✉♠♣t✐♦♥ ❛ ❇❉✲♣r♦❝❡ss ❣♦❡s t♦ ❡①t✐♥❝t✐♦♥ ❛❧♠♦st
s✉r❡❧②✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✷✳ ❚❤❡ ❇❉✲♣r♦❝❡ss ❣♦❡s ❛❧♠♦st✲s✉r❡❧② t♦ ❡①t✐♥❝t✐♦♥ ✐❢ ❛♥❞ ♦♥❧②

✐❢
∞
∑

k=1

µ1 · · ·µk
λ1 · · ·λk

= +∞. ✭✶✳✶✽✮

■t ②✐❡❧❞s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❡①t✐♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

∑

k≥1

1

λkπk
= +∞.

Pr♦♦❢✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ q✉❛♥t✐t②

ui := P(Extinction|Z0 = i) = Pi(T0 <∞),

✇❤✐❝❤ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❛tt❛✐♥ 0 ✐♥ ✜♥✐t❡ t✐♠❡✱ st❛rt✐♥❣ ❢r♦♠ i✳ ❲❡ ❤❛✈❡ ❞❡♥♦t❡❞
❛s ❜❡❢♦r❡ ❜② T0 t❤❡ ❡①t✐♥❝t✐♦♥ t✐♠❡✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ❛♥❞ t❤❡
❢❛❝t t❤❛t t❤❡ ❥✉♠♣s ❤❛✈❡ ❛♠♣❧✐t✉❞❡ ±1✱ ✇❡ ❣❡t t❤❡ ✐♥❞✉❝t✐♦♥ ❢♦r♠✉❧❛

λi ui+1 − (λi + µi) ui + µi ui−1 = 0, ∀i ≥ 1.
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❚♦ r❡s♦❧✈❡ t❤✐s ❡q✉❛t✐♦♥✱ ✇❡ ✜rst❧② ❛ss✉♠❡ t❤❛t t❤❡ r❛t❡s λi, µi ❛r❡ ♥♦♥③❡r♦ ✉♥t✐❧
s♦♠❡ ✜①❡❞ ❧❡✈❡❧ I s✉❝❤ t❤❛t λI = µI = 0✳ ▲❡t ✉s ❞❡✜♥❡ ❢♦r ❡❛❝❤ i✱ u(I)i := Pi(T0 <

TI). ❚❤✉s ui = limI→∞ u
(I)
i . ■❢ ✇❡ ❞❡✜♥❡

UI :=

I−1
∑

k=1

µ1 · · ·µk
λ1 · · ·λk

,

❛♥ ❡❛s② ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t ❢♦r i ∈ {1, · · · ,I − 1}✱

u
(I)
i = (1 + UI)

−1
I−1
∑

k=i

µ1 · · ·µk
λ1 · · ·λk

.

■♥ ♣❛rt✐❝✉❧❛r✱ u(I)1 = UI
1+UI

✳ ❍❡♥❝❡✱ ✐❢ (UI)I t❡♥❞s t♦ ✐♥✜♥✐t② ✇❤❡♥ I → ∞✱ t❤❡♥
❛♥② ❡①t✐♥❝t✐♦♥ ♣r♦❜❛❜✐❧✐t② ui ✐s ❡q✉❛❧ t♦ 1✳ ■❢ (UI)I ❝♦♥✈❡r❣❡s t♦ ❛ ✜♥✐t❡ ❧✐♠✐t U∞✱
t❤❡♥ ❢♦r i ≥ 1✱

ui = (1 + U∞)−1
∞
∑

k=i

µ1 · · ·µk
λ1 · · ·λk

,

✇❤✐❝❤ ✐s str✐❝t❧② ❧❡ss t❤❛♥ 1✳

❈♦r♦❧❧❛r② ✶✳✶✸✳ ✶✳ ❚❤❡ ❧✐♥❡❛r ❇❉✲♣r♦❝❡ss ✇✐t❤ r❛t❡s λi ❛♥❞ µi ❣♦❡s ❛❧♠♦st

s✉r❡❧② t♦ ❡①t✐♥❝t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ λ ≤ µ.

✷✳ ❚❤❡ ❧♦❣✐st✐❝ ❇❉✲♣r♦❝❡ss ❣♦❡s ❛❧♠♦st s✉r❡❧② t♦ ❡①t✐♥❝t✐♦♥✳

Pr♦♦❢✳ ✶✮ ■❢ λ ≤ µ✱ ✐✳❡✳ ✇❤❡♥ t❤❡ ♣r♦❝❡ss ✐s s✉❜✲❝r✐t✐❝❛❧ ♦r ❝r✐t✐❝❛❧✱ ✇❡ ♦❜t❛✐♥
UI ≥ I − 1 ❢♦r ❛♥② I ≥ 1✳ ❚❤❡♥ (UI)I ❣♦❡s t♦ ✐♥✜♥✐t② ✇❤❡♥ I → ∞ ❛♥❞ t❤❡
♣r♦❝❡ss ❣♦❡s t♦ ❡①t✐♥❝t✐♦♥ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ λ > µ✱ t❤❡ s❡q✉❡♥❝❡
(UI)I ❝♦♥✈❡r❣❡s t♦ µ

λ−µ ✱ ❛♥❞ ❛♥ ❡❛s② ❝♦♠♣✉t❛t✐♦♥ ❣✐✈❡s ui = (λ/µ)i✳

✷✮ ❍❡r❡ ✇❡ ❤❛✈❡

λi = λi ; µi = µi+ ci(i− 1). ✭✶✳✶✾✮

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ✭✶✳✶✽✮ ✐s s❛t✐s✜❡❞✳

✶✳✹✳✷ ◗✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s ❢♦r ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s

❲❡ ❝♦♥s✐❞❡r ❛ ❇❉✲♣r♦❝❡ss (Zt) ✇✐t❤ ❛❧♠♦st s✉r❡ ❡①t✐♥❝t✐♦♥✳ ❆ ♣r♦❜❛❜✐❧✐t② ♠❡❛✲
s✉r❡ α ♦♥ N∗ ✐s ❣✐✈❡♥ ❜② ❛ s❡q✉❡♥❝❡ (αj)j≥1 ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ♥✉♠❜❡rs s✉❝❤ t❤❛t
∑

j≥1 αj = 1✳
❖✉r ✜rst r❡s✉❧t ✐s ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r s✉❝❤ ❛ s❡q✉❡♥❝❡

(αj)j≥1 t♦ ❜❡ ❛ ◗❙❉ ❢♦r Z✳ ❚❤❡r❡❛❢t❡r ✇❡ ✇✐❧❧ st✉❞② t❤❡ s❡t ♦❢ s❡q✉❡♥❝❡s ✇❤✐❝❤
❢✉❧✜❧❧ t❤✐s ❝♦♥❞✐t✐♦♥ ✭✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❱❛♥ ❉♦♦r♥ ❬✽✶❪ ❢♦r ❞❡t❛✐❧s✮✳

❚❤❡♦r❡♠ ✶✳✶✹✳ ❚❤❡ s❡q✉❡♥❝❡ (αj)j≥1 ✐s ❛ ◗❙❉ ✐❢ ❛♥❞ ♦♥❧② ✐❢



✺✷
❈❍❆P❚❊❘ ✶✳ ◗❯❆❙■✲❙❚❆❚■❖◆❆❘❨ ❉■❙❚❘■❇❯❚■❖◆❙ ❆◆❉ P❖P❯▲❆❚■❖◆❙ ❙■❩❊

▼❖❉❊▲❙

✶✳ αj ≥ 0, ∀j ≥ 1✱ ❛♥❞
∑

j≥1 αj = 1✳

✷✳ ∀ j ≥ 1✱

λj−1αj−1 − (λj + µj)αj + µj+1αj+1 = −µ1α1αj ;

−(λ1 + µ1)α1 + µ2α2 = −µ1α2
1. ✭✶✳✷✵✮

❚❤❡ ♥❡①t r❡s✉❧t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②✳

❈♦r♦❧❧❛r② ✶✳✶✺✳ ▲❡t ✉s ❞❡✜♥❡ ✐♥❞✉❝t✐✈❡❧② t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s (Hn(x))n
❛s ❢♦❧❧♦✇s✿ H1(x) = 1 ❢♦r ❛❧❧ x ∈ R ❛♥❞

❋♦r n ≥ 2, λn Hn+1(x) = (λn + µn − x) Hn(x)− µn−1 Hn−1(x);

λ1 H2(x) = λ1 + µ1 − x. ✭✶✳✷✶✮

❚❤❡♥✱ ❛♥② q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ (αj)j s❛t✐s✜❡s ❢♦r ❛❧❧ j ≥ 1✱

αj = α1 πj Hj(µ1α1),

✇❤❡r❡

π1 = 1 ; πn =
λ1 · · ·λn−1

µ2 · · ·µn
. ✭✶✳✷✷✮

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✹✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✹ ❛♥❞ ❢♦r ❛ ◗❙❉ α✱ t❤❡r❡ ❡①✐sts θ > 0

s✉❝❤ t❤❛t
αL = −θ α,

✇❤❡r❡ L ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ Z r❡str✐❝t❡❞ t♦ N∗✳ ❚❛❦✐♥❣ t❤❡ jth

❝♦♠♣♦♥❡♥t ♦❢ t❤✐s ❡q✉❛t✐♦♥✱ ✇❡ ❣❡t

λj−1αj−1 − (λj + µj)αj + µj+1αj+1 = −θ αj , ∀j ≥ 2

−(λ1 + µ1)α1 + µ2α2 = −θ α1.

❙✉♠♠✐♥❣ ♦✈❡r j ≥ 1✱ ✇❡ ❣❡t ❛❢t❡r r❡✲✐♥❞❡①✐♥❣

0 =
∑

j≥1

λjαj − (λj + µj)αj + µjαj = −θ
∑

j≥1

αj + µ1α1.

❲❡ ❞❡❞✉❝❡ t❤❛t θ = µ1α1✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✹✳

❚❤❡ st✉❞② ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s (Hn) ❤❛s ❜❡❡♥ ❞❡t❛✐❧❡❞ ✐♥ ❱❛♥ ❉♦♦r♥ ❬✽✶❪✳ ■♥

♣❛rt✐❝✉❧❛r ✐t ✐s s❤♦✇♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ♥✉♠❜❡r ξ1 s✉❝❤ t❤❛t

x ≤ ξ1 ⇐⇒ Hn(x) > 0, ∀n ≥ 1.
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❇② ❈♦r♦❧❧❛r② ✶✳✶✺✱ αj = α1 πj Hj(µ1α1)✳ ❙✐♥❝❡ ❢♦r ❛♥② j✱ αj > 0✱ ✇❡ ❤❛✈❡
Hj(µ1α1) > 0 ❢♦r ❛❧❧ j ≥ 1 ❛♥❞ t❤❡♥

0 < µ1α1 ≤ ξ1.

❲❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ ❢r♦♠ t❤✐s ♣r♦♣❡rt② t❤❛t ✐❢ ξ1 = 0✱ t❤❡♥ t❤❡r❡ ✐s ♥♦
q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳

❚♦ ❣♦ ❢✉rt❤❡r✱ ♦♥❡ ❤❛s t♦ st✉❞② ♠♦r❡ ❝❛r❡❢✉❧❧② t❤❡ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
s❡♠✐✲❣r♦✉♣ (Pt) ❛♥❞ t❤❡ ♣♦❧②♥♦♠✐❛❧s (Hn)n✱ ❛s ✐t ❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ ❬✺✶❪✱ ❬✸✽❪ ❛♥❞
❬✽✶❪✳ ❋r♦♠ t❤❡s❡ ♣❛♣❡rs✱ t❤❡ ♣♦❧②♥♦♠✐❛❧s (Hn)n ❛r❡ s❤♦✇♥ t♦ ❜❡ ♦rt❤♦❣♦♥❛❧ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ♦❢ (Pt)✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ②✐❡❧❞s ❛ tr❛❝t❛❜❧❡ ♥❡❝❡ss❛r②
❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ◗❙❉ ❜❛s❡❞ ♦♥ t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤
r❛t❡s✳ ❚❤❡ s❡r✐❡s (S) ✇✐t❤ ❣❡♥❡r❛❧ t❡r♠ Sn = 1

λnπn

∑∞
i=n+1 πi ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡✳

❘❡♠❛r❦ t❤❛t (S) ❝♦♥✈❡r❣❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢
∑∞

n=1 πn

(

1
µ1

+
∑n−1

i=1
1

λiπi

)

< +∞.

❚❤❡♦r❡♠ ✶✳✶✻✳ ✭❬✽✶❪✱ ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✹✳✶✮✳ ❲❡ ❤❛✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡

lim
t→∞

Pi(Zt = j|T0 > t) =
1

µ1
πj ξ1 Hj(ξ1).

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♦❜t❛✐♥

ξ1 = lim
t→∞

µ1P1(Zt = j|T0 > t) ✭✶✳✷✸✮

✶✳ ■❢ ξ1 = 0✱ t❤❡r❡ ✐s ♥♦ ◗❙❉✳

✷✳ ■❢ (S) ❝♦♥✈❡r❣❡s✱ t❤❡♥ ξ1 > 0 ❛♥❞ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✐s t❤❡ ✉♥✐q✉❡ ◗❙❉✳

✸✳ ■❢ (S) ❞✐✈❡r❣❡s ❛♥❞ ξ1 6= 0✱ t❤❡♥ t❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ◗❙❉✱ ❣✐✈❡♥ ❜② t❤❡

♦♥❡ ♣❛r❛♠❡t❡r ❢❛♠✐❧② (α̂j(x))0<x≤ξ1✿

α̂j(x) =
1

µ1
πj x Hj(x).

▲❡t ✉s ♥♦✇ ❞❡✈❡❧♦♣ s♦♠❡ ❡①❛♠♣❧❡s✳

❚❤❡ ❧✐♥❡❛r ❝❛s❡✳ ❲❡ ❛ss✉♠❡ λi = λ i ; µi = µ i ❛♥❞ λ ≤ µ✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡
❇❉✲♣r♦❝❡ss ✐s ❛ ❜r❛♥❝❤✐♥❣ ♣r♦❝❡ss✱ ✇❤❡r❡ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ r❡♣r♦❞✉❝❡s ✇✐t❤ r❛t❡ λ
❛♥❞ ❞✐❡s ✇✐t❤ r❛t❡ µ✳ ❆ str❛✐❣❤t ❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ s❡r✐❡s (S)
❞✐✈❡r❣❡s✳ ❙❡tt✐♥❣ fs : k 7→ sk✱ ✇❡ ❣❡t ❜② t❤❡ ❑♦❧♠♦❣♦r♦✈ ❢♦r✇❛r❞ ❡q✉❛t✐♦♥✱

∂Ptfs(1)

∂t
= µPtfs(0)− (λ+ µ)Ptfs(1) + λPtfs(2).
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▼❖❉❊▲❙

❇✉t t❤❡ ❜r❛♥❝❤✐♥❣ ♣r♦♣❡rt② ♦❢ t❤❡ ♣r♦❝❡ss ✐♠♣❧✐❡s Ptfs(2) = (Ptfs(1))
2✱ ✇❤✐❧❡

fs(0) = 1 s♦ t❤❛t

∂Ptfs(1)

∂t
= µ− (λ+ µ)Ptfs(1) + λ (Ptfs(1))

2 .

❙❡tt✐♥❣ m = 2 λ
λ+µ ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r s < 1✱

Ptfs(1) = 1− 2(1− s)(2m− 1)

(ms+m− 2)e−(λ+µ)(m−1)t + (1− s)m
.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ Ft : s 7→ E(sZt |Zt > 0) ♦❢
Zt ❝♦♥❞✐t✐♦♥❡❞ t♦ Zt > 0 ❝♦♥✈❡r❣❡s ✇❤❡♥ t ❣♦❡s t♦ ✐♥✜♥✐t②✿

Ft(s) =
Ptfs(1)− Ptf0(1)

1− Ptf0(1)
−−−→
t→∞

(λ− µ)s

λs− µ
.

❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ♦❢ Z ❞♦❡s ♥♦t ❡①✐st ✐❢ λ = µ ❛♥❞ ✐s ❣✐✈❡♥ ❜② t❤❡
❣❡♦♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r λ

µ ✐❢ λ < µ✿

αk =

(

λ

µ

)k−1(

1− λ

µ

)

.

❆♥ ❡❛s② ❝♦♠♣✉t❛t✐♦♥ ②✐❡❧❞s ξ1 = µ − λ✱ s✐♥❝❡ ❜② ✭✶✳✷✸✮✱ α1 = ξ1
µ ✳ ❇✉t t❤❡ s❡r✐❡s

(S) ❞✐✈❡r❣❡s s♦ t❤❛t ❢♦r λ < µ✱ ξ1 > 0 ❛♥❞ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ◗❙❉✳ ■❢
λ = µ✱ ξ1 = 0 ❛♥❞ t❤❡r❡ ✐s ♥♦ ◗❙❉✳

❚❤❡ ❧♦❣✐st✐❝ ❝❛s❡✳ ❲❡ ❛ss✉♠❡ λi = λi ; µi = µi + ci(i − 1)✳ ❇❡❝❛✉s❡ ♦❢
t❤❡ q✉❛❞r❛t✐❝ t❡r♠✱ t❤❡ ❜r❛♥❝❤✐♥❣ ♣r♦♣❡rt② ✐s ❧♦st ❛♥❞ ✇❡ ❝❛♥ ♥♦t ❝♦♠♣✉t❡ t❤❡
❨❛❣❧♦♠ ❧✐♠✐t ❛s ❛❜♦✈❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ♥♦ ♦t❤❡r ❝❤♦✐❝❡ t❤❛♥ t♦ st✉❞② t❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡r✐❡s (S)✳

❲❡ ❤❛✈❡

∞
∑

i=n+1

πi ≤
∞
∑

i=n+1

(

λ

c

)i−1 1

i!
=

∞
∑

p=0

(

λ

c

)n+p 1

(n+ p+ 1)!

≤
(

λ

c

)n 1

(n+ 1)!

∞
∑

p=0

(

λ

c

)p 1

p!
=

(

λ

c

)n 1

(n+ 1)!
e

λ
c ,

s✐♥❝❡ (n+1)!
(n+p+1)! ≤ 1

p! ✳ ❚❤✉s ❛s
1
πn

≤ C
(

c
λ

)n−1
n! ✱ ✇❡ ❣❡t

1

λnπn

∞
∑

i=n+1

πi ≤
C

c

1

n(n+ 1)
e

λ
c .

❍❡♥❝❡ t❤❡ s❡r✐❡s ❝♦♥✈❡r❣❡s✳ ❚❤✉s t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❡①✐sts ❛♥❞ ✐s t❤❡ ✉♥✐q✉❡ q✉❛s✐✲
st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳
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❋✐❣✉r❡ ✶✳✹✿ ❊①❛♠♣❧❡ ✸✳ ❆ r❛♥❞♦♠ ♣❛t❤ ♦❢ ❛ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ✇✐t❤
✐♥✐t✐❛❧ s✐③❡ Z0 = 1 ❛♥❞ ✇✐t❤ ♣❛r❛♠❡t❡rs λ = 10✱ µ = 1 ❛♥❞ c = 1

■♥ t❤❡ ❧♦❣✐st✐❝ ❝❛s❡✱ ✇❡✬r❡ ♥♦t ❛❜❧❡ t♦ ❝♦♠♣✉t❡ ❡①♣❧✐❝✐t❧② t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t✳ ❍♦✇✲
❡✈❡r✱ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ s✉❜st❛♥t✐❛❧ q✉❛❧✐t❛t✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❜② ❧♦♦❦✐♥❣ ❝❧♦s❡r t♦ t❤❡
❥✉♠♣ r❛t❡s ♦❢ t❤❡ ♣r♦❝❡ss✳ ❋♦r ✐♥st❛♥❝❡✱ (λ− µ)/c ✐s ❛ ❦❡② ✈❛❧✉❡ ❢♦r t❤❡ ♣r♦❝❡ss✳
■♥❞❡❡❞✱ ❣✐✈❡♥ ❛ ♣♦♣✉❧❛t✐♦♥ s✐③❡ i✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♥❡①t st❡♣ ✐s ❡q✉❛❧ t♦
i(λ−µ−c(i−1))
λi+µi+ci(i−1) . ❚❤❡♥ t❤❡ s✐❣♥ ♦❢ t❤✐s ❡①♣❡❝t❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ i − 1

✇✐t❤ r❡s♣❡❝t t♦ (λ− µ)/c✿

❼ ■❢ i ≤ (λ− µ)/c+ 1✱ t❤❡♥ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♥❡①t st❡♣ ✇✐❧❧ ❜❡ ♣♦s✐t✐✈❡✳

❼ ■❢ i = (λ− µ)/c+ 1✱ t❤❡♥ ✐t ✇✐❧❧ ❜❡ 0✳

❼ ■❢ i > (λ− µ)/c+ 1✱ t❤❡♥ ✐t ✇✐❧❧ ❜❡ ♥❡❣❛t✐✈❡✳

❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ r❡❣✐♦♥ ❛r♦✉♥❞ (λ − µ)/c ✐s st❛❜❧❡✿ ✐t ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ❛
t②♣✐❝❛❧ s✐③❡ ❢♦r t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛♥❞ ✇❡ ❡①♣❡❝t t❤❛t t❤❡ ♠❛ss ♦❢ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t
✐s ❝♦♥❝❡♥tr❛t❡❞ ❛r♦✉♥❞ ✐t✳ ❚❤❡ ✈❛❧✉❡ (λ − µ)/c ✐s ❝❛❧❧❡❞ ✭❜② t❤❡ ❜✐♦❧♦❣✐sts✮ t❤❡
❝❤❛r❣❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❧♦❣✐st✐❝ ❇❉✲♣r♦❝❡ss ✇✐t❤ ♣❛r❛♠❡t❡rs λ✱ µ ❛♥❞ c✳ ■♥ t❤❡
♥❡①t s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ♣r♦❝❡ss❡s ✇✐t❤ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡
st✉❞② ❧♦❣✐st✐❝ ❇❉✲♣r♦❝❡ss❡s ✇✐t❤ ❧❛r❣❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✳

❊①❛♠♣❧❡ ✶✳✸✳ ❲❡ ❞❡✈❡❧♦♣ ♥♦✇ ❛ ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❧♦❣✐st✐❝ ❇❉✲♣r♦❝❡ss
❝❛s❡✳ ❆❝r♦ss t❤❡ ✇❤♦❧❡ ❡①❛♠♣❧❡✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② λ−µ

c ✐s ✜①❡❞✱
❛r❜✐tr❛r✐❧② ❝❤♦s❡♥ ❡q✉❛❧ t♦ 9✳

■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✱ ✇❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✶✳✹
❛ r❛♥❞♦♠ ♣❛t❤ ♦❢ ❛ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ✇✐t❤ ✐♥✐t✐❛❧ s✐③❡ Z0 = 1 ❛♥❞
✇✐t❤ ♣❛r❛♠❡t❡rs λ = 10✱ µ = 1 ❛♥❞ c = 1✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣r♦❝❡ss r❡♠❛✐♥s
❢♦r ❧♦♥❣ t✐♠❡s ✐♥ ❛ r❡❣✐♦♥ ❛r♦✉♥❞ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✳ ▼♦r❡♦✈❡r✱ ✇❡ s❡❡ t❤❛t t❤❡
♣r♦❝❡ss r❡♠❛✐♥s ♠❛✐♥❧② ❜❡❧♦✇ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②❀ t❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ❥✉♠♣s r❛t❡
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▼❖❉❊▲❙

❋✐❣✉r❡ ✶✳✺✿ ❊①❛♠♣❧❡ ✸✳ ❚❤❡ ❨❛❣❧♦♠ ❧✐♠✐ts ♦❢ t✇♦ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦✲
❝❡ss❡s ✇✐t❤ t❤❡ s❛♠❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② λ−µ

c = 9✿ ✭❛✮ λ = 10✱ µ = 1 ❛♥❞ c = 1❀ ✭❜✮
λ = 10✱ µ = 7 ❛♥❞ c = 1/3✳

❛r❡ ❤✐❣❤❡r ✐♥ t❤❡ ✉♣♣❡r r❡❣✐♦♥✱ s♦ t❤❛t ✐t ✐s ❧❡ss st❛❜❧❡ t❤❛♥ t❤❡ r❡❣✐♦♥ ❜❡❧♦✇ t❤❡
❝❤❛r❣❡ ❝❛♣❛❝✐t②✳

▲❡t ✉s ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐ts ✭✇❤✐❝❤ ❛r❡ ♥✉♠❡r✐❝❛❧❧② ❝♦♠♣✉t❡❞ ✉s✐♥❣
t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ st✉❞✐❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s✮ ♦❢ t✇♦
❞✐✛❡r❡♥t ❧♦❣✐st✐❝ ❇❉ ♣r♦❝❡ss❡s ✇❤♦s❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② ✐s ❡q✉❛❧ t♦ 9 ✭s❡❡ ❋✐❣✉r❡
✶✳✺✮✿

✭❛✮ Z(a)✱ ✇❤♦s❡ ♣❛r❛♠❡t❡rs ❛r❡ λ = 9✱ µ = 1 ❛♥❞ c = 1✱

✭❜✮ Z(b)✱ ✇❤♦s❡ ♣❛r❛♠❡t❡rs ❛r❡ λ = 10✱ µ = 7 ❛♥❞ c = 1/3✳

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❨❛❣❧♦♠ ❧✐♠✐ts ♦❢ Z(a) ❛♥❞ Z(b) ❛r❡ s✉♣♣♦rt❡❞ ❜② ❛ r❡❣✐♦♥
✇❤✐❝❤ ✐s ❛r♦✉♥❞ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✱ t❤✐s ✇❛s ❡①♣❡❝t❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
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❋✐❣✉r❡ ✶✳✻✿ ❊①❛♠♣❧❡ ✸✳ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ ❞✐str✐✲
❜✉t✐♦♥ ❛♥❞ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐ts ♦❢ t✇♦ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s ✇✐t❤ t❤❡
s❛♠❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② λ−µ

c = 9✿ ✭❛✮ λ = 10✱ µ = 1 ❛♥❞ c = 1❀ ✭❜✮ λ = 10✱ µ = 7
❛♥❞ c = 1/3✳

t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✳ ❲❡ ❛❧s♦ r❡♠❛r❦ t❤❛t t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ♦❢ t❤❡ ♣r♦❝❡ss Z(b) ❤❛s
❛ ♠♦r❡ ✢❛t s❤❛♣❡ t❤❛♥ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ♦❢ Z(a)✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ❝♦♠♣❡t✐t✐♦♥
♣❛r❛♠❡t❡r ♦❢ Z(b) ✐s s♠❛❧❧ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣❛r❛♠❡t❡rs✱ s♦
t❤❛t t❤❡ ❞r✐❢t t♦✇❛r❞ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② ✐s s♠❛❧❧ t♦✱ ❜♦t❤ ❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇ t❤❡
❝❤❛r❣❡ ❝❛♣❛❝✐t②✳

❲❡ ❝♦♠♣✉t❡ ♥♦✇ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ❨❛✲
❣❧♦♠ ❧✐♠✐t ❢♦r t❤❡ t✇♦ ♣r♦❝❡ss❡s Z(a) ❛♥❞ Z(b) ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✐♥✐t✐❛❧
st❛t❡✱ ♥❛♠❡❧② Z0 = 1✱ Z0 = 10 ❛♥❞ Z0 = 100✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ r❡♣r❡✲
s❡♥t❡❞ ❋✐❣✉r❡ ✶✳✻✳ ❲❡ ♦❜s❡r✈❡ ❛ str♦♥❣ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r✲
❣❡♥❝❡ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss❡s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ Z(a)✱ ✐t t❛❦❡s ♦♥❧②
❛ ✈❡r② s❤♦rt t✐♠❡ t♦ t❤❡ ♣r♦❝❡ss st❛rt✐♥❣ ❢r♦♠ 100 t♦ r❡❛❝❤ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✱
❜❡❝❛✉s❡ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ♣❛r❛♠❡t❡r ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤ ❛♥❞ s♦ ✐s t❤❡ ❞r✐❢t ❞♦✇♥✇❛r❞
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▼❖❉❊▲❙

t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ Z(b)✱ ✐t t❛❦❡s ❛ ❧♦♥❣❡r t✐♠❡
❢♦r t❤❡ ♣r♦❝❡ss t♦ ❝♦♠❡ ❜❛❝❦ ❢r♦♠ 100 t♦ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✱ s♦ t❤❛t t❤❡ s♣❡❡❞
♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✐s s❧♦✇✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡
❨❛❣❧♦♠ ❧✐♠✐t ❤❛♣♣❡♥s ✈❡r② r❛♣✐❞❧② ✇❤❡♥ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✈❛❧✉❡ 10✱ ❜❡❝❛✉s❡ ✐t ✐s
♥❡❛r t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✳

✶✳✺ ❚❤❡ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ♣r♦❝❡ss

✶✳✺✳✶ ❆ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧

❲❡ ❛r❡ ♥♦✇ ❝♦♥s✐❞❡r✐♥❣ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s ♠♦❞❡❧✐♥❣ ❛ ❧❛r❣❡ ♣♦♣✉✲
❧❛t✐♦♥ ✇✐t❤ s♠❛❧❧ ✐♥❞✐✈✐❞✉❛❧s✱ t❤❛t ✐s ✇✐t❤ ❛ ❧❛r❣❡ st❛rt✐♥❣ s✐③❡ ❛♥❞ ❛ ❧❛r❣❡ ❝❤❛r❣❡
❝❛♣❛❝✐t② ❛ss✉♠♣t✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♣❛r❛♠❡t❡r K ∈ N∗ ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡
✐♥❞✐✈✐❞✉❛❧✬s ✇❡✐❣❤ts ✭♦r ❜✐♦♠❛ss❡s✮ ❛r❡ ❡q✉❛❧ t♦ 1

K ✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐✲
t✐❛❧ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ZK ✐s ♦❢ ♦r❞❡r K ❛♥❞ ✇❡ st✉❞② t❤❡ ❧✐♠✐t✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡
t♦t❛❧ ❜✐♦♠❛ss ZK

t /K ✇❤❡♥ K t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❙✉❝❤ ❛ r❡s❝❛❧✐♥❣ ✐s ❝❧❛ss✐❝❛❧ ❛♥❞
✇❡ r❡❝❛❧❧ ❤❡r❡ t❤❡ ♠❡t❤♦❞s ✉s❡❞ t♦ ♣r♦✈❡ ✐t✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ λ✱ µ ❛♥❞ c ❛r❡ ✜①❡❞
♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳

■♥ ❙✉❜s❡❝t✐♦♥ ✶✳✺✳✶✱ ✐♥❞✐✈✐❞✉❛❧ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥✲
st❛♥t ❛♥❞ t❤❡ ❝♦♠♣❡t✐t✐♦♥ r❛t❡ ❞❡♣❡♥❞s ❧✐♥❡❛r❧② ♦♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❜✐♦♠❛ss 1

K ✳ ■♥
❙✉❜s❡❝t✐♦♥ ✶✳✺✳✶✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ q✉❛❧✐t❛t✐✈❡ ❞✐✛❡r❡♥❝❡s ♦❢ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✲
✐❝s ❛❝r♦ss ♣♦♣✉❧❛t✐♦♥s ✇✐t❤ ❛❧❧♦♠❡tr✐❝ ❞❡♠♦❣r❛♣❤✐❝s✿ ❧✐❢❡✲❧❡♥❣t❤s ❛♥❞ r❡♣r♦❞✉❝t✐♦♥
t✐♠❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐♥❞✐✈✐❞✉❛❧✬s ✇❡✐❣❤ts✳

■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② ♦❢ (ZK) ✇✐❧❧ ❜❡ (λ− µ)K/c✳

❈♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❧♦❣✐st✐❝ ❡q✉❛t✐♦♥

●✐✈❡♥ ❛ ♣❛r❛♠❡t❡r K ✇❤✐❝❤ s❝❛❧❡s t❤❡ ♣♦♣✉❧❛t✐♦♥✬s s✐③❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧♦❣✐st✐❝
❇❉✲♣r♦❝❡ss ZK ✇✐t❤ ❜✐rt❤✱ ❞❡❛t❤ ❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ♣❛r❛♠❡t❡rs λ✱ µ ❛♥❞ c/K

r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ ZK ✐s ♦❢ ♦r❞❡r K✱ ✐♥ t❤❡ s❡♥s❡
t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X0 s✉❝❤ t❤❛t

ZK
0

K
−−−−→
K→∞

X0 ✇✐t❤ E(X3
0 ) < +∞.

❲❡ ❝♦♥s✐❞❡r t❤❡ t♦t❛❧ ❜✐♦♠❛ss ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② XK = ZK/K ❢♦r ❛❧❧ K ≥ 1 ❛♥❞
❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❧✐♠✐t ♦❢ XK ✇❤❡♥ K → ∞✳ ❚❤❡ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss
(XK

t , t ≥ 0) ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿

i

K
→ i+ 1

K
✇✐t❤ r❛t❡ λi = λK

i

K
;

i

K
→ i− 1

K
✇✐t❤ r❛t❡ µi+

c

K
i(i− 1) = K

i

K

(

µ+ c(
i

K
− 1

K
)

)

.
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❚❤❡♦r❡♠ ✶✳✶✼✳ ❆ss✉♠❡ t❤❛t X0 ✐s ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r x0✳ ❚❤❡♥✱ t❤❡ ♣r♦❝❡ss

(XK
t , t ≥ 0) ❝♦♥✈❡r❣❡s ✐♥ ❧❛✇ ✐♥ D([0,T ],R+) t♦ t❤❡ ✉♥✐q✉❡ ❝♦♥t✐♥✉♦✉s ✭✐♥ t✐♠❡✮

❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥ s♦❧✉t✐♦♥ ♦❢

x(t) = x0 +

∫ t

0
(λ− µ− cx(s))x(s)ds.

❘❡♠❛r❦ ✶✳✸✳ ❚❤❡ ❢✉♥❝t✐♦♥ x ✐s t❤✉s s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

ẋ = (λ− µ)x− cx2 ; x(0) = x0, ✭✶✳✷✹✮

❝❛❧❧❡❞ t❤❡ ❧♦❣✐st✐❝ ❡q✉❛t✐♦♥✳ ❚❤✐s ❡q✉❛t✐♦♥ ❤❛s ❜❡❡♥ ❤✐st♦r✐❝❛❧❧② ✐♥tr♦❞✉❝❡❞ ❛s t❤❡
✜rst ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧ ❞❡s❝r✐❜✐♥❣ ♣♦♣✉❧❛t✐♦♥s r❡❣✉❧❛t❡❞ ❜② ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥
✐♥❞✐✈✐❞✉❛❧s ✭❱❡r❤✉❧st ✶✾✸✽✮✳ ■♥ ❚❤❡♦r❡♠ ✶✳✶✼ ❛❜♦✈❡✱ ✐t ❛♣♣❡❛rs ❛s t❤❡ ❧✐♠✐t ♦❢
♣r♦♣❡r❧② s❝❛❧❡❞ st♦❝❤❛st✐❝ ❥✉♠♣ ♠♦❞❡❧s✳

❘❡♠❛r❦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ x s♦❧✉t✐♦♥ ♦❢ ✭✶✳✷✹✮ ❤✐ts 0 ✐♥ ✜♥✐t❡ t✐♠❡ ✐❢ λ < µ✱
✇❤✐❧❡ ✐t r❡♠❛✐♥s ♣♦s✐t✐✈❡ ❢♦r❡✈❡r ✐❢ λ ≥ µ✱ ❝♦♥✈❡r❣✐♥❣ ✐♥ t❤❡ ❧♦♥❣ t❡r♠ t♦ ✐ts ✉♥✐q✉❡
st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ λ−µ

c ✱ ❛❧s♦ ❝❛❧❧❡❞ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✳ ❚❤✉s ❛t t❤✐s s❝❛❧❡ ❡①t✐♥❝t✐♦♥
❞♦❡s ♥♦t ❤❛♣♣❡♥✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✼✳ ❚❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (XK
t , t ≥ 0) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ✐ts

✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ✐s ❣✐✈❡♥✱ ❢♦r ❛♥② ♠❡❛s✉r❛❜❧❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ φ✱ ❜②

LKφ(x) = λKx

(

φ(x+
1

K
)− φ(x)

)

✭✶✳✷✺✮

+K(µx+ cx(x− 1

K
))

(

φ(x− 1

K
)− φ(x)

)

. ✭✶✳✷✻✮

❍❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ ❜② ❉②♥❦✐♥✬s t❤❡♦r❡♠ ✭❬✷✽❪ Pr♦♣✳ ■❱✲✶✳✼✮ t❤❛t

φ(XK
t )− φ(XK

0 )−
∫ t

0
LKφ(X

k
s )ds ✭✶✳✷✼✮

✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✱ ❛♥❞ ❛ ♠❛rt✐♥❣❛❧❡✱ ❛s s♦♦♥ ❛s ❡❛❝❤ t❡r♠ ✐♥ ✭✶✳✷✼✮ ✐s ✐♥t❡❣r❛❜❧❡✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❛❦✐♥❣ φ(x) = x ❧❡❛❞s t❤❛t (XK

t , t ≥ 0) ✐s ❛ s❡♠✐♠❛rt✐♥❣❛❧❡ ❛♥❞
t❤❡r❡ ❡①✐sts ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ MK s✉❝❤ t❤❛t

XK
t = XK

0 +MK
t +

∫ t

0
XK

s

(

λ− µ− c

(

XK
s − 1

K

))

ds. ✭✶✳✷✽✮

❙✐♥❝❡ x0 ✐s ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ✉s✐♥❣ ❛ ❧♦❝❛❧✐③❛t✐♦♥ ❛r❣✉♠❡♥t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

E(sup
t≤T

(XK
t )2) <∞.

▼♦r❡♦✈❡r✱ t❛❦✐♥❣ φ(x) = x2 ❛♣♣❧✐❡❞ t♦ ✭✶✳✷✼✮✱ ❛♥❞ ❝♦♠♣❛r✐♥❣ ✇✐t❤ ■tô✬s ❢♦r♠✉❧❛
❛♣♣❧✐❡❞ t♦ (XK)2✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (MK) ✐s ❛ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡ ✇✐t❤
q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥ ♣r♦❝❡ss

〈MK〉t =
1

K

∫ t

0

(

λ+ µ+ c

(

XK
s − 1

K

))

XK
s ds. ✭✶✳✷✾✮
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▼❖❉❊▲❙

❲❡ ♥♦✇ st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❧❛✇ ♦❢ t❤❡ s❡q✉❡♥❝❡ (XK)✱ ✇❤❡♥ K t❡♥❞s t♦
✐♥✜♥✐t②✳ ❋♦r ❛♥②K✱ t❤❡ ❧❛✇ ♦❢XK ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ t❤❡ tr❛❥❡❝t♦r② s♣❛❝❡
DT = D([0,T ],R+)✱ t❤❛t ✐s t❤❡ ❙❦♦r♦❤♦❞ s♣❛❝❡ ♦❢ ❧❡❢t✲❧✐♠✐t❡❞ ❛♥❞ r✐❣❤t✲❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥s ❢r♦♠ [0,T ] ✐♥t♦ R+✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❙❦♦r♦❤♦❞ t♦♣♦❧♦❣②✳ ❚❤✐s t♦♣♦❧♦❣②
♠❛❦❡s DT ❛ P♦❧✐s❤ st❛t❡✱ t❤❛t ✐s ❛ ♠❡tr✐③❛❜❧❡ ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛❜❧❡ s♣❛❝❡✱ ✇❤✐❝❤
✐s ♥♦t tr✉❡ ✐❢ DT ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✉♥✐❢♦r♠ t♦♣♦❧♦❣②✳ ❙❡❡ ❇✐❧❧✐♥❣s❧❡② ❬✶✷❪ ❢♦r
❞❡t❛✐❧s✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✼ ✐s ♦❜t❛✐♥❡❞ ❜② ❛ ❝♦♠♣❛❝t♥❡ss✲✉♥✐q✉❡♥❡ss ❛r❣✉♠❡♥t✳
❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✷✹✮ ✐s ✐♠♠❡❞✐❛t❡✳

❇② ❛ ♥❛t✉r❛❧ ❝♦✉♣❧✐♥❣✱ ♦♥❡ ♠❛② ❜♦✉♥❞ t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss XK st♦❝❤❛s✲
t✐❝❛❧❧② ❢r♦♠ ❛❜♦✈❡ ❜② t❤❡ ❨✉❧❡ ♣r♦❝❡ss Y K st❛rt❡❞ ❢r♦♠ x0✱ ✇❤✐❝❤ ❥✉♠♣s ❢r♦♠ x t♦
x+ 1

K ✱ ❛t t❤❡ s❛♠❡ ❜✐rt❤ t✐♠❡ t❤❛♥XK ✳ ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t supK E(supt≤T (Y
K
t )3) <

∞✱ t❤✉s ✐t t✉r♥s ♦✉t t❤❛t

sup
K

E(sup
t≤T

(XK
t )3) <∞.

❋r♦♠ t❤✐s ✉♥✐❢♦r♠ ❡st✐♠❛t❡✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ✉♥✐❢♦r♠ t✐❣❤t♥❡ss ♦❢ t❤❡ ❧❛✇s ♦❢ XK

✭❛s ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ DT ✮✱ ✉s✐♥❣ t❤❡ ❆❧❞♦✉s ❝r✐t❡r✐♦♥ ✭❝❢✳ ❆❧❞♦✉s ❬✷❪✱ ❏♦✛❡✲
▼ét✐✈✐❡r ❬✹✾❪✮✳ ❇② Pr♦❦❤♦r♦✈✬s t❤❡♦r❡♠✱ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ ❧❛✇s ♦❢ (XK) ✐s
t❤✉s ♣r♦✈❡❞✳ ❚♦ ❣❡t ❛♥ ✐♥t✉✐t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t✱ ✇❡ ❝❛♥ ✜rst❧② r❡♠❛r❦ t❤❛t

sup
t≤T

|XK
t −XK

t− | ≤
1

K
.

❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ x 7→ supt≤T |xt − xt− | ✐s ❝♦♥t✐♥✉♦✉s ♦♥ DT ✱ ✇❡ ♠❛② ❝♦♥❝❧✉❞❡
t❤❛t ❡❛❝❤ ❧✐♠✐t✐♥❣ ✈❛❧✉❡ ✭✐♥ ❧❛✇✮ ♦❢ t❤❡ s❡q✉❡♥❝❡ (XK) ✐s ❛ ♣❛t❤✇✐s❡ ❝♦♥t✐♥✉♦✉s
♣r♦❝❡ss✳ ■♥ ❛❞❞✐t✐♦♥ ✉s✐♥❣ ✭✶✳✷✾✮ ❛♥❞ ✭✶✳✺✳✶✮✱ ✇❡ ❡❛s✐❧② ❣❡t t❤❛t

lim
K→∞

E(〈MK〉t) = 0.

❚❤❡ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥s ❞✐s❛♣♣❡❛r ✇❤❡♥ K t❡♥❞s t♦ ✐♥✜♥✐t② ❛♥❞ t❤❡ ❧✐♠✐t✐♥❣
✈❛❧✉❡s ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥s✳ ◆♦✇ ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t t❤❡s❡ ❧✐♠✐t✐♥❣
✈❛❧✉❡s ❛r❡ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✷✹✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡ s✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠
✶✳✶✽ ✭✹✮ st❛t❡❞ ❜❡❧♦✇✳

❚❤❡ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ♣r♦❝❡ss

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❧♦❣✐st✐❝ ❇❉✲♣r♦❝❡ss❡s ZK ✇✐t❤ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s
❣✐✈❡♥ ❜② γ K + λ ❛♥❞ γ + µ r❡s♣❡❝t✐✈❡❧②✳ ❍❡r❡ γ✱ λ ❛♥❞ µ ❛r❡ st✐❧❧ ♣♦s✐t✐✈❡
❝♦♥st❛♥ts✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♠♣❡t✐t✐♦♥ ♣❛r❛♠❡t❡r ✐s ❣✐✈❡♥ ❜② c/K✱ s♦ t❤❛t
t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② ♦❢ ZK ✐s st✐❧❧ (λ− µ)K/c✳

❘❡♠❛r❦ ✶✳✹✳ ❚❤✐s ❇❉✲♣r♦❝❡ss (ZK
t )t ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ t✐♠❡✲r❡s❝❛❧❡❞

❇❉✲♣r♦❝❡ss Y K
Kt✱ ✇❤♦s❡ ❜✐rt❤✱ ❞❡❛t❤ ❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ❜② γ +
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λ/K✱ γ + µ/K ❛♥❞ c/K2 r❡s♣❡❝t✐✈❡❧②✱ t❤❛t ✐s ❛ ❝r✐t✐❝❛❧ ❇❉✲♣r♦❝❡ss ✇✐t❤ s♠❛❧❧

♣❡rt✉❜❛t✐♦♥s✳

❲❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s XK ❞❡✜♥❡❞ ❢♦r ❛❧❧ t ≥ 0 ❜②

XK
t =

ZK
t

K
.

❚❤❡ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss ❛r❡ ❣✐✈❡♥ ❜②

i

K
→ i+ 1

K
✇✐t❤ r❛t❡ γKi+ λi ✭✶✳✸✵✮

i

K
→ i− 1

K
✇✐t❤ r❛t❡ γKi+ µi+

c

K
i(i− 1)

❋♦r♠✉❧❛ ✭✶✳✷✽✮ ❣✐✈✐♥❣ t❤❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ XK ✇✐❧❧ st❛② tr✉❡
✇✐t❤ ❛ ♠❛rt✐♥❣❛❧❡ ♣❛rt NK s✉❝❤ t❤❛t

〈NK〉t =
1

K

∫ t

0
(2γK + λ+ µ+ c

(

XK
s − 1

K

)

XK
s ds.

❖♥❡ ✐♠♠❡❞✐❛t❡❧② ♦❜s❡r✈❡s t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤✐s q✉❛♥t✐t② ✇✐❧❧ ♥♦t t❡♥❞
t♦ ③❡r♦ ❛s K t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❍❡♥❝❡ t❤❡ ✢✉❝t✉❛t✐♦♥s ✇✐❧❧ ♥♦t ❞✐s❛♣♣❡❛r ❛t ✐♥✜♥✐t②
❛♥❞ t❤❡ ❧✐♠✐t ✇✐❧❧ ❜❡ r❛♥❞♦♠✳ ▲❡t ✉s ♥♦✇ st❛t❡ t❤❡ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✶✳✶✽✳ ✐✮ ❈♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XK) ✇✐t❤ tr❛♥s✐t✐♦♥s

✭✶✳✸✵✮ ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X0 s✉❝❤ t❤❛t E(X3
0 ) < ∞✳ ■t ❝♦♥✈❡r❣❡s ✐♥ ❧❛✇ ✐♥

P(DT ) t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss X✱ ❞❡✜♥❡❞ ❛s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛s✲

t✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dXt =
√

2γXtdBt +
(

(λ− µ)Xt − cX2
t

)

dt,X0 ∈]0,+∞[, ✭✶✳✸✶✮

✇❤❡r❡ (Bt)t∈[0,+∞[ ✐s ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳

✐✐✮ ▲❡t ✐♥tr♦❞✉❝❡ ❢♦r ❡❛❝❤ y ≥ 0 t❤❡ st♦♣♣✐♥❣ t✐♠❡

Ty = inf{t ∈ R+, Xt = y}. ✭✶✳✸✷✮

❋♦r ❛♥② x ≥ 0✱ ✇❡ ❣❡t

Px(T0 <∞) = 1.

❲❤❡♥ c = 0✱ ❊q✉❛t✐♦♥ ✭✶✳✸✶✮ ✐s t❤❡ ❋❡❧❧❡r st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ■♥ t❤❡
❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ c 6= 0✱ ✐t ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❧♦❣✐st✐❝ ❋❡❧❧❡r st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥ ❢♦❧❧♦✇✐♥❣ t❤❡ t❡r♠✐♥♦❧♦❣② ✐♥tr♦❞✉❝❡❞ ❜② ❊t❤❡r✐❞❣❡ ❬✷✼❪ ❛♥❞ ▲❛♠❜❡rt
❬✺✼❪✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✸✶✮ ✐s ♥♦♥✲♥❡❣❛t✐✈❡✱ ❛♥❞ t❤❛t 0 ✐s ❛♥
❛❜s♦r❜✐♥❣ ♣♦✐♥t✳
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▼❖❉❊▲❙

❘❡♠❛r❦ ✶✳✺✳ ❚❤❡♦r❡♠ ✶✳✶✽ s❤♦✇s t❤❛t t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢
❜✐rt❤ ❛♥❞ ❞❡❛t❤ ❡✈❡♥ts ❝r❡❛t❡s st♦❝❤❛st✐❝✐t②✱ ♦❢t❡♥ ❝❛❧❧❡❞ ❜② ❜✐♦❧♦❣✐sts ❡❝♦❧♦❣✐❝❛❧
❞r✐❢t ♦r ❞❡♠♦❣r❛♣❤✐❝ st♦❝❤❛st✐❝✐t②✳ ❈♦♥tr❛r✐❧② t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ✭❚❤❡♦r❡♠
✶✳✶✼✮✱ t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss s✉✛❡rs ❡①t✐♥❝t✐♦♥ ❛❧♠♦st s✉r❡❧②✳

Pr♦♦❢✳ ❆s ❢♦r ❚❤❡♦r❡♠ ✶✳✶✼✱ t❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ❛ ✉♥✐q✉❡♥❡ss✲❝♦♠♣❛❝t♥❡ss
❛r❣✉♠❡♥t✳

✭✶✮ ❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✸✶✮ ❢♦❧❧♦✇s ❢r♦♠ ❛ ❣❡♥❡r❛❧ ❡①✐st❡♥❝❡
❛♥❞ ♣❛t❤✇✐s❡ ✉♥✐q✉❡♥❡ss r❡s✉❧t ✐♥ ■❦❡❞❛✲❲❛t❛♥❛❜❡ ❬✹✼❪ ❙❡❝t✐♦♥ ■❱✲✸ ♦r ❑❛r❛t③❛s✲
❙❤r❡✈❡ ❬✺✵❪✳ ❋♦r ❛ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dXt = σ(Xt)dBt + b(Xt)dt,

✇✐t❤ σ ❛♥❞ b s♠♦♦t❤ ❡♥♦✉❣❤✱ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ♣❛t❤✇✐s❡ ✉♥✐q✉❡♥❡ss ❛r❡ ❞❡t❡r✲
♠✐♥❡❞ t❤❛♥❦s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❛❧❡ ❢✉♥❝t✐♦♥s✿ ❢♦r x > 0✱

Q(x) = −
∫ x

1

2b(y)

σ2(y)
dy ; Λ(x) =

∫ x

1
eQ(z)dz ;

κ(x) =

∫ x

1
eQ(y)

(∫ y

1
e−Q(z)dz

)

dy. ✭✶✳✸✸✮

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ✐s ♣r♦✈❡❞ t❤❛t ✭✐✮ ∀x > 0✱ Px(T0 < T∞) = 1 ❛♥❞ ✭✐✐✮ Λ(+∞) =

∞ ; κ(0+) < +∞ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ■♥ t❤❛t ❝❛s❡✱ ♦♥❡ ❤❛s ♣❛t❤✇✐s❡ ✉♥✐q✉❡♥❡ss ♦❢

t❤❡ ♣r♦❝❡ss✱ ❛♥❞ t❤❡♥ ✉♥✐q✉❡♥❡ss ✐♥ ❧❛✇✳
■♥ ♦✉r s✐t✉❛t✐♦♥✱ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❣✐✈❡♥ ❜②

σ(x) =
√

2γx ; b(x) = (λ− µ)x− cx2,

s♦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s Λ ❛♥❞ κ s❛t✐s❢② ✭✐✐✮✳ ❚❤✉s t❤❡ ❙❉❊ ✭✶✳✸✶✮ ❤❛s ❛ ✉♥✐q✉❡
♣❛t❤✇✐s❡ s♦❧✉t✐♦♥ ✇❤✐❝❤ r❡❛❝❤❡s 0 ✐♥ ✜♥✐t❡ t✐♠❡ ❛❧♠♦st s✉r❡❧②✳

✭✷✮ ▲❡t ✉s ❛ss✉♠❡ t❤❛t E(X3
0 ) <∞ ❛♥❞ ❧❡t ✉s ♣r♦✈❡ t❤❛t

sup
K

E(sup
t≤T

(XK
t )2) <∞.

❚❤❡ ❣❡♥❡r❛t♦r ♦❢ XK ✐s ❣✐✈❡♥ ❜②

L̃Kφ(x) = (γKx+ λx)K

(

φ(x+
1

K
)− φ(x)

)

+(γKx+ µx+ cx(x− 1

K
))K

(

φ(x− 1

K
)− φ(x)

)

. ✭✶✳✸✹✮
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❲✐t❤ φ(x) = x3✱ ✇❡ ♦❜t❛✐♥ t❤❛t

(XK
t )3 = X3

0 +MK
t +

∫ t

0
γK2XK

s

[

(

XK
s +

1

K

)3

−
(

XK
s − 1

K

)3

−
(

XK
s

)3

]

ds

+

∫ t

0
λKXK

s

[

(

XK
s +

1

K

)3

−
(

XK
s

)3

]

ds

+

∫ t

0
(µ+ c(XK

s − 1))KXK
s

[

(

XK
s − 1

K

)3

−
(

XK
s

)3

]

ds,

✇❤❡r❡MK ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❯s✐♥❣ ❛ st❛♥❞❛r❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛r❣✉♠❡♥t ❛♥❞ t❤❛t

(

XK
s +

1

K

)3

−
(

XK
s − 1

K

)3

−
(

XK
s

)3
= 6

XK
s

K2
,

✇❡ ❣❡t

E((XK
t )3) ≤ E(X3

0 ) + C

∫ t

0
E((XK

s )3)ds,

✇❤❡r❡ C ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ K✳ ❇② ●r♦♥✇❛❧❧✬s ❧❡♠♠❛✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

sup
t≤T

sup
K

E(|XK
t |3) <∞. ✭✶✳✸✺✮

◆♦✇✱ t❤❛♥❦s t♦ t❤✐s r❡s✉❧t ❛♥❞ t♦ ❉♦♦❜✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ♠❛② ❞❡❞✉❝❡ ❢r♦♠ t❤❡
s❡♠✐✲♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ (XK

t )2 ✭♦❜t❛✐♥❡❞ ✉s✐♥❣ φ(x) = x2✮✱ t❤❛t

sup
K

E(sup
t≤T

|XK
t |2) <∞. ✭✶✳✸✻✮

✭✸✮ ❚❤❡ ✉♥✐❢♦r♠ t✐❣❤t♥❡ss ♦❢ t❤❡ ❧❛✇s ♦❢ (XK) ✐s ♦❜t❛✐♥❡❞✱ t❤❛♥❦s t♦ ✭✶✳✸✻✮✱ ✉s✐♥❣
❛s ❜❡❢♦r❡ t❤❡ ❆❧❞♦✉s ❝r✐t❡r✐♦♥ ❬✷❪✳ ❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❧❛✇s ✐s r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t
❛♥❞ ✐t r❡♠❛✐♥s t♦ ❝❤❛r❛❝t❡r✐③❡ ✐ts ❧✐♠✐t ✈❛❧✉❡s✳

✭✹✮ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✼✱ ✇❡ r❡♠❛r❦ t❤❛t t❤❡ ❧✐♠✐t✐♥❣ ✈❛❧✉❡s ♦♥❧②
❝❤❛r❣❡ t❤❡ s❡t ♦❢ ❝♦♥t✐♥✉♦✉s tr❛❥❡❝t♦r✐❡s✱ s✐♥❝❡ supt≤T |∆XK

t | ≤ 1
K ✳ ▲❡t Q ∈

P(C([0,T ],R+)) ❜❡ ❛ ❧✐♠✐t✐♥❣ ✈❛❧✉❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❧❛✇s ♦❢ t❤❡ ♣r♦❝❡ss❡s
XK ✳ ❲❡ ✇✐❧❧ ✐❞❡♥t✐❢② Q ❛s t❤❡ ✭✉♥✐q✉❡✮ ❧❛✇ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧♦❣✐st✐❝ ❋❡❧❧❡r
st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✇✐❧❧ ❜❡ ♣r♦✈❡❞✳ ▲❡t ✉s ❞❡♥♦t❡
CT = C([0,T ],R+) ❛♥❞ ❞❡✜♥❡✱ ❢♦r φ ∈ C2

b ❛♥❞ t > 0✱ t❤❡ ❢✉♥❝t✐♦♥

ψt : CT → R

X 7→ φ(Xt)− φ(X0)−
∫ t

0

(

γXsφ
′′(Xs) + ((λ− µ)Xs − cX2

s )φ
′(Xs)

)

ds,

✇❤✐❝❤ ✐s ❝♦♥t✐♥✉♦✉s Q✲❛✳s✳✳ ❖✉r ❛✐♠ ✐s ✜rst❧② t♦ s❤♦✇ t❤❛t t❤❡ ♣r♦❝❡ss (ψt(X))t
✐s ❛ Q✲♠❛rt✐♥❣❛❧❡✳
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▼❖❉❊▲❙

❋♦r x ∈ R+✱ ❧❡t ✉s ❞❡✜♥❡

Lφ(x) = γxφ′′(x) + ((λ− µ)x− cx2)φ′(x).

❯s✐♥❣ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❣❡t ✭✇❤❡r❡ L̃K ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ✐♥
✭✶✳✸✹✮✮

|L̃Kφ(x)− Lφ(x)| = γK2 x

∣

∣

∣

∣

φ(x+
1

K
) + φ(x− 1

K
)− 2φ(x)− 1

K2
φ′′(x)

∣

∣

∣

∣

+λ K x

∣

∣

∣

∣

φ(x+
1

K
)− φ(x)− 1

K
φ′(x)

∣

∣

∣

∣

+K (µx+ cx(x− 1))

∣

∣

∣

∣

φ(x− 1

K
)− φ(x) +

1

K
φ′(x)

∣

∣

∣

∣

≤ C

K
(x2 + 1), ✭✶✳✸✼✮

✇❤❡r❡ C ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ x ❛♥❞K✳ ❇② ✭✶✳✸✻✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t E

(

|L̃Kφ(X
K
t )− Lφ(XK

t )|
)

t❡♥❞s t♦ 0 ❛s K t❡♥❞s t♦ ✐♥✜♥✐t②✱ ✉♥✐❢♦r♠❧② ❢♦r t ∈ [0,T ]✳

❋♦r s1 < · · · < sk < s < t✱ ❢♦r g1, · · · , gk ∈ Cb✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥ H

❞❡✜♥❡❞ ♦♥ t❤❡ ♣❛t❤ s♣❛❝❡ ❜②

H(X) = g1(Xs1) · · · gk(Xsk) (ψt(X)− ψs(X)) .

▲❡t ✉s s❤♦✇ t❤❛t

EQ(H(X)) = 0, ✭✶✳✸✽✮

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t (ψt(X))t ✐s ❛ Q✲♠❛rt✐♥❣❛❧❡✳

❇② ❝♦♥str✉❝t✐♦♥✱ ψK
t (XK) = φ(XK

t )− φ(X0)−
∫ t
0 L̃Kφ(X

K
s )ds ❞❡✜♥❡s ❛ ♠❛rt✐♥✲

❣❛❧❡✱ t❤❡♥
E
[

g1(X
K
s1 ) · · · gk(XK

sk
)
(

ψK
t (XK)− ψK

s (XK)
)]

= 0.

■♥ ❛♥♦t❤❡r ✇❛②✱ t❤✐s q✉❛♥t✐t② ✐s ❡q✉❛❧ t♦

E
[

g1(X
K
s1 ) · · · gk(XK

sk
)
(

ψK
t (XK)− ψK

s (XK)− ψt(X
K) + ψs(X

K)
)]

+E
[

g1(X
K
s1 ) · · · gk(XK

sk
)
(

ψt(X
K)− ψs(X

K)
)

− g1(Xs1) · · · gk(Xsk) (ψt(X)− ψs(X))
]

+E [g1(Xs1) · · · gk(Xsk) (ψt(X)− ψs(X))] .

❚❤❡ ✜rst t❡r♠ ✐s ❡q✉❛❧ t♦ E

[

g1(X
K
s1 ) · · · gk(XK

sk
)
∫ t
0

(

L̃Kφ(X
K
s )− Lφ(XK

s )
)

ds
]

❛♥❞ t❡♥❞s t♦ 0 ❜② ✭✶✳✸✻✮ ❛♥❞ ✭✶✳✸✼✮✳
❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❡q✉❛❧ t♦ E(H(XK)−H(X))✳ ❙✐♥❝❡ X 7→ H(X) ✐s ❝♦♥t✐♥✉♦✉s

❛♥❞ s✐♥❝❡ H(X) ≤ C
(

1 +
∫ t
s (1 +X2

u)du
)

❛♥❞ ✐s t❤❡r❡❢♦r❡ ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡

❜② ✭✶✳✸✺✮✱ t❤✐s t❡r♠ t❡♥❞s t♦ 0 ❛s K t❡♥❞s t♦ ✐♥✜♥✐t②✳
❚❤❡♥ ✭✶✳✸✽✮ ✐s ❢✉❧✜❧❧❡❞ ❛♥❞ t❤❡ ♣r♦❝❡ss ψt(X) = φ(Xt)− φ(X0)−

∫ t
0 Lφ(Xs)ds ✐s

❛ Q✲♠❛rt✐♥❣❛❧❡✳
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✭✺✮ ❚❤❡ ❧❛st st❡♣ ❝♦♥s✐sts ✐♥ ♣r♦✈✐♥❣ t❤❛t ✉♥❞❡r Q✱ t❤❡ ♣r♦❝❡ss X ✐s s♦❧✉t✐♦♥
♦❢ t❤❡ ❧♦❣✐st✐❝ ❋❡❧❧❡r st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✶✳✸✶✮✳ ❇② ✭✶✳✸✻✮ ❛♥❞ t❛❦✐♥❣
φ(x) = x ❧❡❛❞s t♦Xt = X0+Mt+

∫ t
0 ((λ−µ)Xs−cX2

s )ds✱ ✇❤❡r❡M ✐s ❛ ♠❛rt✐♥❣❛❧❡✳
❚❛❦✐♥❣ φ(x) = x2 ✐♥ ♦♥❡ ❤❛♥❞ ❛♥❞ ❛♣♣❧②✐♥❣ ■tô✬s ❢♦r♠✉❧❛ ❢♦r X2

t ✐♥ ❛♥♦t❤❡r ❤❛♥❞
❛❧❧♦✇s ✉s t♦ ✐❞❡♥t✐❢②

〈M〉t =
∫ t

0
2 γ Xs ds.

❇② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ♣r♦✈❡❞ ✐♥ ❬✺✵❪ ❚❤❡♦r❡♠ ■■■✲✹✳✷ ♦r ✐♥ ❬✹✼❪✱ t❤❡r❡
❡①✐sts ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ B s✉❝❤ t❤❛t

Mt =

∫ t

0

√

2γXs dBs.

❚❤❛t ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

✶✳✺✳✷ ◗❙❉ ❢♦r ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s

❲❡ ❛r❡ ♥♦✇ ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✐♥❣ t❤❡ q✉❛s✐✲st❛t✐♦♥❛r✐t② ❢♦r t❤❡ ❧♦❣✐st✐❝ ❋❡❧❧❡r
❞✐✛✉s✐♦♥ ♣r♦❝❡ss s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥

dZt =
√

ZtdBt + (rZt − cZ2
t )dt, Z0 > 0,

✇❤❡r❡ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ B ❛♥❞ t❤❡ ✐♥✐t✐❛❧ st❛t❡ Z0 ❛r❡ ❣✐✈❡♥✱ ❛♥❞ r ❛♥❞ c

❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡✳ ✭❲❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t γ = 1/2✮✳ ❚❤❡ r❡s✉❧ts ❛♥❞
♣r♦♦❢s t❤❛t ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ❈❛tt✐❛✉①✱ ❈♦❧❧❡t✱
▲❛♠❜❡rt✱ ▼❛rtí♥❡③✱ ▼é❧é❛r❞ ❛♥❞ ❙❛♥ ▼❛rtí♥ ✐♥ ❬✶✻❪✳

❚❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s ♣❛rt ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✶✳✶✾✳ ❆ss✉♠❡ t❤❛t Z0✱ r ❛♥❞ c ❛r❡ ♣♦s✐t✐✈❡✳ ❚❤❡♥ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t α

♦❢ t❤❡ ♣r♦❝❡ss Z ❡①✐sts ❛♥❞ ✐s t❤❡ ✉♥✐q✉❡ ◗❙❉ ♦❢ Z✳

▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ η1 ♦♥ R∗
+ s✉❝❤ t❤❛t

✶✳

α(dx) =
η1(x)e

−Q(x)

∫

R∗
+
η1(y)e−Q(y)dy

dx, ✭✶✳✸✾✮

✷✳ ∀x ∈ R∗
+✱ limt→∞ eθ(α)tPx(T0 > t) = η1(x)✱

✸✳ t❤❡r❡ ❡①✐sts χ > 0 s✉❝❤ t❤❛t✱ ∀x ∈ R∗
+✱

lim
t→+∞

e−(χ−θ(α))t |Px (Xt ∈ A|T0 > t)− α(A)| < +∞.

✹✳ t❤❡ ◗❙❉ α ❛ttr❛❝ts ❛❧❧ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t α ✐s ❛ ◗▲❉ ❢♦r

Z st❛rt✐♥❣ ❢r♦♠ ❛♥② ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥✳
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▼❖❉❊▲❙

❘❡♠❛r❦ ✶✳✻✳ ❚❤❡ t❤❡♦r② st✉❞②✐♥❣ t❤❡ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s ❢♦r ♦♥❡✲

❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s st❛rt❡❞ ✇✐t❤ ▼❛♥❞❧ ❬✻✸❪ ❛♥❞ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞

❜② ♠❛♥② ❛✉t❤♦rs✳ ❙❡❡ ✐♥ ♣❛rt✐❝✉❧❛r ❬✶✾❪✱ ❬✻✺❪✱ ❬✼✾❪✱ ❬✺✸❪✳ ◆❡✈❡rt❤❡❧❡ss ✐♥ ♠♦st ♦❢

t❤❡ ♣❛♣❡rs✱ t❤❡ ❞✐✛✉s✐♦♥ ❛♥❞ ❞r✐❢t ❝♦❡✣❝✐❡♥ts ❛r❡ r❡❣✉❧❛r ❛♥❞ t❤❡ ✧▼❛♥❞❧✬s ❝♦♥✲

❞✐t✐♦♥✧ κ(+∞) = ∞ ✭s❡❡ ✭✶✳✸✸✮✮ ✐s ❛ss✉♠❡❞✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥♦t s❛t✐s✜❡❞ ✐♥

♦✉r ❝❛s❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❛♥❞ t❤❡ ♥♦♥ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡

❞r✐❢t ❝♦❡✣❝✐❡♥t✳

❚❤❡♦r❡♠ ✶✳✶✾ ❞✐✛❡rs ❢r♦♠ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ❝❛s❡ ♦❢ s♠♦♦t❤ ❞r✐❢ts ♦r ❣♦✐♥❣

s❧♦✇❡r t♦ ✐♥✜♥✐t②✳ ❋♦r ❡①❛♠♣❧❡✱ ▲❛♠❜❡rt ❬✺✽❪ ♣r♦✈❡s t❤❛t ✐❢ c = 0 ❛♥❞ r ≤ 0✱ t❤❡♥

❡✐t❤❡r r = 0 ❛♥❞ t❤❡r❡ ✐s ♥♦ ◗❙❉✱ ♦r r < 0 ❛♥❞ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢

◗❙❉✳ ▲❧❛❞s❡r ❛♥❞ ❙❛♥ ▼❛rt✐♥ ❬✻✶❪ s❤♦✇ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦

♣r♦❝❡ss

dYt = dBt − Ytdt,

❦✐❧❧❡❞ ❛t 0✱ t❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ◗❙❉✳

■♥ t❤❡ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ s✐t✉❛t✐♦♥ ❛s ✐♥ t❤❡ ❧♦❣✐st✐❝ ❇❉✲♣r♦❝❡ss✱ t❤❡ ✉♥✐q✉❡✲

♥❡ss ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣❡t✐t✐♦♥ t❡r♠ cX2
t ✐♥❞✉❝❡❞ ❜② t❤❡ ❡❝♦❧♦❣✐❝❛❧ ❝♦♥str❛✐♥ts✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✾ ✇✐❧❧ ❜❡ ❞❡❝❧✐♥❡❞ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥s✳

s♣❡❝tr❛❧ t❤❡♦r② ❢♦r t❤❡ ❦✐❧❧❡❞ s❡♠✐✲❣r♦✉♣

❲❡ ✜rst❧② ♠❛❦❡ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♣r♦❝❡ss (Xt; , t ≥ 0)

❞❡✜♥❡❞ ❜② Xt = 2
√
Zt✳ ❖❢ ❝♦✉rs❡✱ X ✐s ❛❜s♦r❜❡❞ ❛t 0 ✭❧✐❦❡ Z✮ ❛♥❞ t❤❡ r❡s❡❛r❝❤

♦❢ ◗❙❉ ❢♦r Z ✇✐❧❧ ❜❡ ❡❛s✐❧② ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❢♦r X✳

❆♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣ ■tô✬s ❢♦r♠✉❧❛ s❤♦✇s t❤❛t

dXt = dBt − q(Xt)dt, ✭✶✳✹✵✮

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ q(x) ✐s ❣✐✈❡♥ ❜②

q(x) =
1

2x
− rx

2
+
cx3

8
.

❙✉❝❤ ❛ ♣r♦❝❡ss X ❞r✐✈❡♥ ❜② ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐s ❝❛❧❧❡❞ ❛ ❑♦❧♠♦❣♦r♦✈ ❞✐✛✉s✐♦♥
♣r♦❝❡ss✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ q ✐s ❝♦♥t✐♥✉♦✉s ♦♥ R∗

+ ❜✉t ❡①♣❧♦❞❡s
❛t 0 ❛s 1

2x ❛♥❞ ❛t ✐♥✜♥✐t② ❛s c
8x

3✳ ❚❤❡ str♦♥❣ ✭❝✉❜✐❝✮ ❞♦✇♥✇❛r❞ ❞r✐❢t ❛t ✐♥✜♥✐t②
✇✐❧❧ ❢♦r❝❡ t❤❡ ♣r♦❝❡ss t♦ ❧✐✈❡ ❡ss❡♥t✐❛❧❧② ✐♥ ❝♦♠♣❛❝t s❡ts✳ ❚❤❛t ✇✐❧❧ ♣r♦✈✐❞❡ t❤❡
✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ◗❙❉✱ ❛s s❡❡♥ ❜❡❧♦✇✳

▲❡t ✉s st✉❞② t❤❡ ❑♦❧♠♦❣♦r♦✈ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✭✶✳✹✵✮✳ ❆s ❜❡❢♦r❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞
✐♥ t❤❡ s❡♠✐✲❣r♦✉♣ ♦❢ t❤❡ ❦✐❧❧❡❞ ♣r♦❝❡ss✱ t❤❛t ✐s✱ ❢♦r ❛♥② x > 0✱ ❢♦r ❛♥② t > 0✱ ❢♦r
❛♥② f ∈ Cb(R

∗
+)✱

Ptf(x) = Ex(f(Xt)✶t<T0), ✭✶✳✹✶✮
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✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ❣✐✈❡♥ ❢♦r φ ∈ C2
c ((0,+∞)) ❜②

Lφ =
1

2
φ′′ − qφ′.

❲❡ ❛r❡ ❧❡❞ t♦ ❞❡✈❡❧♦♣ ❛ s♣❡❝tr❛❧ t❤❡♦r② ❢♦r t❤✐s ❣❡♥❡r❛t♦r✳ ❋✐rst❧②✱ ✇❡ ✐♥tr♦❞✉❝❡
t❤❡ ♠❡❛s✉r❡ µ✱ ❞❡✜♥❡❞ ❜②

µ(dy) = e−Q(y)dy,

✇❤❡r❡ Q ✐s ❞❡✜♥❡❞ ❜②

Q(y) =

∫ y

1
2q(z)dz = ln y +

r

2
(1− y2) +

c

16
(y4 − 1). ✭✶✳✹✷✮

■♥ ♣❛rt✐❝✉❧❛r −Q/2 ✐s ❛ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ❞r✐❢t −q✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t ✐♥ ♦✉r ❝❛s❡✱
t❤❡ ♠❡❛s✉r❡ µ ✐s ♥♦t ✜♥✐t❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤r♦✉❣❤ t❤❡ ✉♥✐t② ❢✉♥❝t✐♦♥ 1 ❞♦❡s ♥♦t
❜❡❧♦♥❣ t♦ L2(µ)✱ t❤✐s s♣❛❝❡ ✐s t❤❡ ❣♦♦❞ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ✐♥ ✇❤✐❝❤ t♦ ✇♦r❦✳ ❚❤❡
❦❡② ♣♦✐♥t ✇❡ ✜rst❧② s❤♦✇ ✐s t❤❛t✱ st❛rt✐♥❣ ❢r♦♠ x > 0✱ t❤❡ ❧❛✇ ♦❢ t❤❡ ❦✐❧❧❡❞ ♣r♦❝❡ss
❛t t✐♠❡ t ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ µ ✇✐t❤ ❛ ❞❡♥s✐t② ❜❡❧♦♥❣✐♥❣ t♦
L2(µ)✳ ❚❤❡ ✜rst st❡♣ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❛ ●✐rs❛♥♦✈ ❚❤❡♦r❡♠✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✵✳ ❋♦r ❛♥② ❜♦✉♥❞❡❞ ❇♦r❡❧ ❢✉♥❝t✐♦♥ F ❞❡✜♥❡❞ ♦♥ Ω = C([0,t],R∗
+)

✐t ❤♦❧❞s

Ex

[

F (ω)✶t<T0(ω)

]

= EWx

[

F (ω)✶t<T0(ω) exp

(

1

2
Q(x)− 1

2
Q(ωt)−

1

2

∫ t

0
(q2 − q′)(ωs)ds

)]

✇❤❡r❡ EWx ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❲✐❡♥❡r ♠❡❛s✉r❡ st❛rt✐♥❣

❢r♦♠ x ❛♥❞ ω t❤❡ ❝✉rr❡♥t ♣♦✐♥t ✐♥ Ω✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❡ r❡s✉❧t ❢♦r ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s F ✳
▲❡t ε ∈ (0,1) ❛♥❞ τε = Tε ∧ T1/ε✳ ▲❡t ✉s ❝❤♦♦s❡ s♦♠❡ ψε ✇❤✐❝❤ ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡
C∞ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥❝❧✉❞❡❞ ✐♥ ]ε/2, 2/ε[ s✉❝❤ t❤❛t ψε(u) = 1 ✐❢
ε ≤ u ≤ 1/ε✳ ❋♦r ❛❧❧ x s✉❝❤ t❤❛t ε ≤ x ≤ 1/ε t❤❡ ❧❛✇ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ✭✶✳✹✵✮
❝♦✐♥❝✐❞❡s ✉♣ t♦ τε ✇✐t❤ t❤❡ ❧❛✇ ♦❢ ❛ s✐♠✐❧❛r ❞✐✛✉s✐♦♥ ♣r♦❝❡ss Xε ♦❜t❛✐♥❡❞ ❜②
r❡♣❧❛❝✐♥❣ q ✇✐t❤ t❤❡ ❝✉t♦✛ ❢✉♥❝t✐♦♥ qε = qψε✳ ❋♦r t❤❡ ❧❛tt❡r ✇❡ ♠❛② ❛♣♣❧② ◆♦✈✐❦♦✈
❝r✐t❡r✐♦♥ ✭❝❢✳ ❬✼✹❪ ♣✳✸✸✷✮✱ ❡♥s✉r✐♥❣ t❤❛t t❤❡ ❧❛✇ ♦❢ Xε ✐s ❣✐✈❡♥ ✈✐❛ ●✐rs❛♥♦✈✬s
❢♦r♠✉❧❛✳ ❍❡♥❝❡

Ex

[

F (ω)✶t<τε(ω)

]

=EWx

[

F (ω)✶t<τε(ω) exp

(∫ t

0
−qε(ωs)dωs −

1

2

∫ t

0
(qε)

2(ωs)ds

)]

=EWx

[

F (ω)✶t<τε(ω) exp

(∫ t

0
−q(ωs)dωs −

1

2

∫ t

0
q2(ωs)ds

)]

=EWx

[

F (ω)✶t<τε(ω) exp

(

1

2
Q(x)− 1

2
Q(ωt)−

1

2

∫ t

0
(q2 − q′)(ωs)ds

)]

✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧✳ ❇✉t ✶t<τε ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✐♥ ε ❛♥❞
❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ 1t<T0 ❜♦t❤ ❢♦r Wx ❛♥❞ ❢♦r Px ✭s✐♥❝❡ Px(T0 <∞) = 1✮✮✳
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■♥❞❡❡❞✱ ❛❧♠♦st s✉r❡❧②✱

lim
ε→0

Xτε = lim
ε→0

Xτε = lim
ε→0

ε = 0

s♦ t❤❛t limε→0 τε ≥ T0✳ ❇✉t τε ≤ T0 ②✐❡❧❞✐♥❣ t❤❡ ❡q✉❛❧✐t②✳ ■t r❡♠❛✐♥s t♦ ✉s❡
▲❡❜❡s❣✉❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢✳

❚❤❡♦r❡♠ ✶✳✷✶✳ ❋♦r ❛❧❧ x > 0 ❛♥❞ ❛❧❧ t > 0 t❤❡r❡ ❡①✐sts ❛ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ r(t,x,.)

t❤❛t s❛t✐s✜❡s

Ex[f(Xt)✶t<T0 ] =

∫ +∞

0
f(y) r(t,x,y)µ(dy)

❢♦r ❛❧❧ ❜♦✉♥❞❡❞ ❇♦r❡❧ ❢✉♥❝t✐♦♥ f ✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❛❧❧ t > 0 ❛♥❞ ❛❧❧ x > 0✱
∫ +∞

0
r2(t,x,y)µ(dy) ≤ (1/2πt)

1
2 eCt eQ(x) ,

✇❤❡r❡

C = − inf
y>0

(q2(y)− q′(y)) < +∞.

Pr♦♦❢✳ ❉❡✜♥❡

G(ω) = ✶t<T0(ω) exp

(

1

2
Q(ω0)−

1

2
Q(ωt)−

1

2

∫ t

0
(q2 − q′)(ωs)ds

)

.

❉❡♥♦t❡ ❜②

e−v(t,x,y) = (2πt)−
1
2 exp

(

−(x− y)2

2t

)

t❤❡ ❞❡♥s✐t② ❛t t✐♠❡ t ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ st❛rt✐♥❣ ❢r♦♠ x✳ ❆❝❝♦r❞✐♥❣ t♦
Pr♦♣♦s✐t✐♦♥ ✶✳✷✵✱ ✇❡ ❤❛✈❡

Ex (f(Xt)✶t<T0) = EWx

(

f(ωt) E
Wx(G|ωt)

)

=

∫ +∞

0
f(y)EWx(G|ωt = y) e−v(t,x,y) dy

=

∫ +∞

0
f(y)EWx(G|ωt = y) e−v(t,x,y)+Q(y) µ(dy) ,

❜❡❝❛✉s❡ EWx(G|ωt = y) = 0 ✐❢ y ≤ 0✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❧❛✇ ♦❢ Xt r❡str✐❝t❡❞ t♦
♥♦♥ ❡①t✐♥❝t✐♦♥ ❤❛s ❛ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ µ ❣✐✈❡♥ ❜②

r(t,x,y) = EWx(G|ωt = y) e−v(t,x,y)+Q(y) .

❍❡♥❝❡
∫ +∞

0
r2(t,x,y)µ(dy) =

∫ +∞

0

(

EWx(G|ωt = y) e−v(t,x,y)+Q(y)
)2

× e−Q(y)+v(t,x,y) e−v(t,x,y) dy

= EWx

(

e−v(t,x,ωt)+Q(ωt)
(

EWx(G|ωt)
)2
)

≤ EWx

(

e−v(t,x,ωt)+Q(ωt) EWx(G2|ωt)
)

≤ eQ(x) EWx

(

✶t<T0(ω) e
−v(t,x,ωt) e−

∫ t
0 (q2−q′)(ωs)ds

)

,
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✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❈❛✉❝❤②✲❙❝❤✇❛r③✬s ✐♥❡q✉❛❧✐t②✳ ❙✐♥❝❡ e−v(t,x,.) ≤ (1/2πt)
1
2 ✱ t❤❡

♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❞✳

❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✶✳✷✶✱ ✇❡ ❝❛♥ s❤♦✇✱ ✉s✐♥❣ t❤❡ t❤❡♦r② ♦❢ ❉✐r✐❝❤❧❡t ❢♦r♠s ✭❝❢✳
❋✉❦✉s❤✐♠❛✬s t❤❡♦r② ❬✸✸❪✮ t❤❛t t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r L ♦❢ X✱ ❞❡✜♥❡❞ ❜②
✭✶✳✺✳✷✮✱ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❣❡♥❡r❛t♦r ♦❢ ❛ ❝♦♥t✐♥✉♦✉s s②♠♠❡tr✐❝ s❡♠✐✲❣r♦✉♣ ♦❢
❝♦♥tr❛❝t✐♦♥s ♦❢ L2(µ) ❞❡♥♦t❡❞ ❜② (Pt)t≥0✳ ❚❤❡♥ ✇❡ ❝❛♥ ❞❡✈❡❧♦♣ ❛ s♣❡❝tr❛❧ t❤❡♦r②
❢♦r L ❛♥❞ Pt ✐♥ L2(µ)✳ ■♥ ❛❧❧ ✇❤❛t ❢♦❧❧♦✇s✱ ❛♥❞ ❢♦r f,g ∈ L2(µ)✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡

〈f, g〉µ =

∫

R+

f(x)g(x)µ(dx).

❚❤❡ s②♠♠❡tr② ♦❢ Pt ♠❡❛♥s t❤❛t

〈Ptf, g〉µ = 〈f, Ptg〉µ.

■♥ ❈❛tt✐❛✉① ❡t ❛❧✳ ❬✶✻❪✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❡❝tr❛❧ t❤❡♦r❡♠ ✐♥ L2(µ) ✐s ♣r♦✈❡❞✳

❚❤❡♦r❡♠ ✶✳✷✷✳ ❚❤❡ ♦♣❡r❛t♦r −L ❤❛s ❛ ♣✉r❡❧② ❞✐s❝r❡t❡ s♣❡❝tr✉♠ 0 < λ1 < λ2 <

· · · ✳ ❋✉rt❤❡r♠♦r❡ ❡❛❝❤ λi ✭i ∈ N∗✮ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✉♥✐q✉❡ ✭✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛✲

t✐✈❡ ❝♦♥st❛♥t✮ ❡✐❣❡♥❢✉♥❝t✐♦♥ ηi ♦❢ ❝❧❛ss C
2((0,∞))✱ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❖❉❊

1

2
η′′i − qη′i = −λiηi. ✭✶✳✹✸✮

❚❤❡ s❡q✉❡♥❝❡ (ηi)i≥1 ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ L2(µ) ❛♥❞ η1(x) > 0 ❢♦r ❛❧❧ x > 0✳

■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❡❛❝❤ i✱ ηi ∈ L1(µ)✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✐s ❜❛s❡❞ ♦♥ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ♦♣✲
❡r❛t♦r L ❛♥❞ ❛ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r✳ ■♥❞❡❡❞✱ ❧❡t ✉s s❡t ❢♦r g ∈ L2(dx)✱

P̃tg = e−Q/2 Pt(g e
Q/2).

P̃t ✐s ❛ str♦♥❣❧② s❡♠✐✲❣r♦✉♣ ♦♥ L2(dx) ✇✐t❤ ❣❡♥❡r❛t♦r ❞❡✜♥❡❞ ❢♦r g ∈ C∞
c ((0,+∞))

❜②

L̃g =
1

2
△g − 1

2
(q2 − q′) g.

❚❤❡ s♣❡❝tr❛❧ t❤❡♦r② ❢♦r s✉❝❤ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r ✇✐t❤ ♣♦t❡♥t✐❛❧ (q2−q′)
2 ♦♥ t❤❡

❧✐♥❡ ✭♦r t❤❡ ❤❛❧❢✲❧✐♥❡✮ ✐s ✇❡❧❧ ❦♥♦✇♥ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❜♦♦❦ ♦❢ ❇❡r❡③✐♥✲❙❤✉❜✐♥
❬✶✵❪✮✱ ❜✉t t❤❡ ♣♦t❡♥t✐❛❧ (q2−q′)

2 ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ L∞
loc ❛s ❣❡♥❡r❛❧❧② ❛ss✉♠❡❞✳

◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ♦✉r ❝❛s❡ inf(q2 − q′) > −∞✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢
t❤❡s❡ ♦♣❡r❛t♦rs✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠ ✶✳✷✷ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ P❡rr♦♥✲
❋r♦❜❡♥✐✉s ❚❤❡♦r❡♠ ✐♥ t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳
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❈♦r♦❧❧❛r② ✶✳✷✸✳ ❋♦r ❛❧❧ ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✱ ✇❡ ❤❛✈❡

Ptf =L2(µ)

∑

i∈N∗

e−λit 〈ηi,f〉µ ηi. ✭✶✳✹✹✮

Pr♦♦❢✳ ❋✐① t > 0 ❛♥❞ ❧❡t f ❜❡ ❛ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ R∗
+✳ ▲❡t ✉s ✜rst

♣r♦✈❡ t❤❛t Ptf ❜❡❧♦♥❣s t♦ L2(µ)✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ❤❛✈❡

∫ +∞

1
(Ptf(x))

2dµ(x) ≤ ‖f‖2∞
∫ ∞

1
e−Q(x)dx <∞.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✵✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ x ∈ R∗
+✱

Ptf(x) ≤ ‖f‖∞e
1
2
Q(x)+ 1

2
CtEWx

[

1t<T0(ω)e
− 1

2
Q(ωt)

]

≤ ‖f‖∞e
1
2
Q(x)+ 1

2
Ct

∫ ∞

0
e−

1
2
Q(y) e

− 1
2t
(y−x)2

√
2πt

dy.

❇✉t t❤❡ ❢✉♥❝t✐♦♥

y 7→ e−
1
2
Q(y) =

1√
y
e−

r
4
(1−y2)− c

32
(y4−1),

✐s ✐♥t❡❣r❛❜❧❡ ♦♥ ]0, + ∞[✳ ❙✐♥❝❡ e−
1
2t
(y−x)2 ≤ 1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts ❛

❝♦♥st❛♥t Kt > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ x ❛♥❞ f s✉❝❤ t❤❛t

Ptf(x) ≤ Kt‖f‖∞e
1
2
Q(x),

❛♥❞ t❤✉s
∫ 1

0
(Ptf(x))

2dµ(x) ≤ K2
t ‖f‖2∞.

❋✐♥❛❧❧② (Ptf)
2 ✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ µ✱ s♦ t❤❛t Ptf ∈ L2(µ)✳

◆♦✇ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✷✷ t❤❛t

Ptf =L2(µ)

∑

i∈N∗

〈Ptf, ηi〉µ ηi ✭✶✳✹✺✮

■❢ f ❜❡❧♦♥❣s t♦ L2(µ)✱ t❤❡♥ t❤❡ s②♠♠❡tr② ♦❢ Pt ✐♠♣❧✐❡s t❤❛t

〈Ptf, ηi〉µ = 〈f, Ptηi〉µ
= e−λit 〈f, ηi〉µ.

❙✐♥❝❡ ηi ∈ L1(µ)✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ t❤❛t t❤❡
❡q✉❛❧✐t② 〈Ptf, ηi〉µ = e−λit 〈f, ηi〉µ ❡①t❡♥❞s t♦ ❛❧❧ ♠❡❛s✉r❛❜❧❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳
❚❤✐s ❛♥❞ t❤❡ ❡q✉❛❧✐t② ✭✶✳✹✺✮ ❛❧❧♦✇ ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✷✸✳



✶✳✺✳ ❚❍❊ ▲❖●■❙❚■❈ ❋❊▲▲❊❘ ❉■❋❋❯❙■❖◆ P❘❖❈❊❙❙ ✼✶

❊①✐st❡♥❝❡ ♦❢ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t

❇② ❈♦r♦❧❧❛r② ✶✳✷✸✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✱

‖eλ1tPtf − 〈η1, f〉η1‖2L2(µ) =
∑

i≥2

e−2t(λi−λ1)|〈ηi,f〉|2

≤ e−2(t−1)(λ2−λ1)
∑

i∈N∗

e−2(λi−λ1)|〈ηi,f〉|2

≤ e−2(t−1)(λ2−λ1) e2λ1 ‖P1f‖2L2(µ)

❯s✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ h ∈ L2(µ)✱
∣

∣

∣
eλ1t〈Ptf,h〉 − 〈η1, f〉〈η1, h〉µ

∣

∣

∣
≤ e−2(t−1)(λ2−λ1)‖P1f‖L2(µ)‖h‖L2(µ). ✭✶✳✹✻✮

❇② ❚❤❡♦r❡♠ ✶✳✷✶✱ δxP1 ❤❛s t❤❡ ❞❡♥s✐t② r(1,x,.) ∈ L2(µ) ✇✐t❤ r❡s♣❡❝t t♦ µ✱ s♦ t❤❛t
∥

∥

∥eλ1tPt+1f(x)− 〈η1, f〉〈η1, r(1,x,·)〉µ
∥

∥

∥ ≤ e−2(t−1)(λ2−λ1)‖P1f‖L2(µ)‖r(1,c,·)‖L2(µ).

❇② ❞❡✜♥✐t✐♦♥ ♦❢ η1✱ ✇❡ ❤❛✈❡ 〈η1, r(1,x,·)〉µ = e−λ1η1(x)✳ ❚❤✉s ✇❡ ❤❛✈❡

eλ1tPt+1f(x) −−−−→
t→+∞

〈η1, f〉µ e−λ1η1(x)

❛♥❞
eλ1tPt+11R∗

+
(x) −−−→

t→∞
〈η1,1R∗

+
〉µ e−λ1η1(x)

❋✐♥❛❧❧②✱ η1(x) ❜❡✐♥❣ ♣♦s✐t✐✈❡✱

Ptf(x)

Pt1R∗
+
(x)

−−−−→
t→+∞

〈η1, f〉µ
〈η1,1R∗

+
〉µ

= α(f),

✇❤❡r❡ α ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✾✮✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t α ✐s ❛ ❨❛❣❧♦♠ ❧✐♠✐t ❢♦r Z✳ ❲❡
❛❧s♦ ❞❡❞✉❝❡ ♣❛rts ✭✷✮ ❛♥❞ ✭✸✮ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✾✳

❆ttr❛❝t✐✈❡♥❡ss ♦❢ ❛♥② ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s

❲❡ ❜❡❣✐♥ ❜② s❤♦✇✐♥❣ t❤❡ ❛ttr❛❝t✐✈❡♥❡ss ♦❢ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛✲
s✉r❡s✳ ▲❡t ν ❜❡ ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ (0, + ∞)✳ ❇②
❚❤❡♦r❡♠ ✶✳✷✶✱ y 7→

∫

E∗ r(1,x,y)dν(x) ✐s t❤❡ ❞❡♥s✐t② ♦❢ νP1 ✇✐t❤ r❡s♣❡❝t t♦ µ✳ ❇②
❬✶✻✱ ▲❡♠♠❛ ✺✳✸❪✱ t❤❡r❡ ❡①✐sts ❛ ❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ Θ s✉❝❤ t❤❛t

r(1,x,y) ≤ Θ(x)η1(y), ∀x,y ∈ (0,+∞).

■♥ ♣❛rt✐❝✉❧❛r✱ h : y 7→
∫

E∗ r(1,x,y)dν(x) ❜❡❧♦♥❣s t♦ L2✳ ❚❤❡♥ ✇❡ ❞❡❞✉❝❡ ❢r♦♠
✭✶✳✹✻✮ t❤❛t

Eν (f(Xt+1)|T0 > t+ 1) =
νPt+1(f)

νPt+1(1E∗)
−−−→
t→∞

α(f).
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▼❖❉❊▲❙

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t α ❛ttr❛❝ts ❛♥② ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳

▲❡t ✉s ♥♦✇ ♣r♦✈❡ t❤❛t α ❛ttr❛❝ts ❛❧❧ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s ν s✉♣♣♦rt❡❞ ✐♥ (0,∞)✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t✱ ❢♦r ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ν ♦♥ R∗

+✱ ❢♦r ❛♥② ❇♦r❡❧ s❡t A✱ ✇❡
❣❡t

lim
t→∞

Pν(Xt ∈ A|T0 > t) = α(A). ✭✶✳✹✼✮

❚❤✐s ✐s ♣❛rt ✭✹✮ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✾ ❛♥❞ ✐t ❝❧❡❛r❧② ✐♠♣❧✐❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ◗❙❉
❢♦r Z✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✹✳ ❋♦r ❛♥② a > 0✱ t❤❡r❡ ❡①✐sts ya > 0 s✉❝❤ t❤❛t supx>ya Ex(e
aTya ) <

∞✳

Pr♦♦❢✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t

∫ ∞

1
eQ(y)

∫ ∞

y
e−Q(z) dz dy <∞.

▲❡t a > 0✱ ❛♥❞ ♣✐❝❦ xa ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t

∫ ∞

xa

eQ(x)

∫ ∞

x
e−Q(z) dz dx ≤ 1

2a
.

▲❡t J ❜❡ t❤❡ ♥♦♥♥❡❣❛t✐✈❡ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ [xa,∞) ❜②

J(x) =

∫ x

xa

eQ(y)

∫ ∞

y
e−Q(z) dz dy.

❚❤❡♥ ❝❤❡❝❦ t❤❛t J ′′ = 2qJ ′ − 1✱ s♦ t❤❛t LJ = −1/2✳ ❙❡t ♥♦✇ ya = 1 + xa✱ ❛♥❞
❝♦♥s✐❞❡r ❛ ❧❛r❣❡ M > x✳ ■tô✬s ❢♦r♠✉❧❛ ❣✐✈❡s

Ex(e
a(t∧TM∧Tya ) J(Xt∧TM∧Tya

)) = J(x) + Ex

(∫ t∧TM∧Tya

0
eas (aJ(Xs) + LJ(Xs)) ds

)

.

❇✉t LJ = −1/2✱ ❛♥❞ J(Xs) < J(∞) ≤ 1/(2a) ❢♦r ❛♥② s ≤ Tya ✱ s♦ t❤❛t

Ex(e
a(t∧TM∧Tya ) J(Xt∧TM∧Tya

)) ≤ J(x) .

❋♦r x ≥ ya✱ ♦♥❡ ❣❡ts 1/(2a) > J(x) ≥ J(ya) > 0✳ ■t ❢♦❧❧♦✇s t❤❛t Ex(e
a(t∧TM∧Tya )) ≤

1/(2aJ(ya))✳ ▲❡tt✐♥❣ M → ∞ t❤❡♥ t→ ∞ ✱ ✇❡ ❞❡❞✉❝❡ Ex(e
aTya ) ≤ 1/(2aJ(ya))✱

❜② t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✳ ❙♦ Pr♦♣♦s✐t✐♦♥ ✶✳✷✹ ✐s ♣r♦✈❡❞✳

Pr♦✈✐♥❣ t❤❛t α ❛ttr❛❝ts ❛❧❧ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ r❡q✉✐r❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s
♥❡❛r 0 ❛♥❞ ∞✳
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▲❡♠♠❛ ✶✳✷✺✳ ❋♦r h ∈ L1(µ) str✐❝t❧② ♣♦s✐t✐✈❡ ♦♥ (0,∞) ✇❡ ❤❛✈❡

lim
ε↓0

lim sup
t→∞

∫ ε
0 h(x)Px(T0 > t)µ(dx)

∫ +∞
0 h(x)Px(T0 > t)µ(dx)

= 0 ✭✶✳✹✽✮

lim
M↑∞

lim sup
t→∞

∫∞
M h(x)Px(T0 > t)µ(dx)
∫ +∞
0 h(x)Px(T0 > t)µ(dx)

= 0 ✭✶✳✹✾✮

Pr♦♦❢✳ ❲❡ st❛rt ✇✐t❤ ✭✶✳✹✽✮✳ ❯s✐♥❣ ❍❛r♥❛❝❦✬s ✐♥❡q✉❛❧✐t② ✭s❡❡ ❬✽✵✱ ❚❤❡♦r❡♠ ✶✳✶❪✮✱
✇❡ ❤❛✈❡ ❢♦r ε < 1 ❛♥❞ ❧❛r❣❡ t

∫ ε
0 h(x)Px(T0 > t)µ(dx)

∫ +∞
0 h(x)Px(T0 > t)µ(dx)

≤ P1(T0 > t)
∫ ε
0 h(z)µ(dz)

C
∫ 3/2
1 h(x)µ(dx)P1(T0 > t− 1)

,

t❤❡♥

lim sup
t→∞

∫ ε
0 h(x)Px(T0 > t)µ(dx)
∫

h(x)Px(T0 > t)µ(dx)
≤ lim sup

t→∞

P1(T0 > t)
∫ ε
0 h(z)µ(dz)

C
∫ 3/2
1 h(x)µ(dx)P1(T0 > t− 1)

=
e−λ1

∫ ε
0 h(z)µ(dz)

C
∫ 3/2
1 h(x)µ(dx)

,

❛♥❞ t❤❡ ✜rst ❛ss❡rt✐♦♥ ♦❢ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳

❋♦r t❤❡ s❡❝♦♥❞ ❧✐♠✐t✱ ✇❡ s❡t A0 := sup
x≥yλ1

Ex(e
λ1Tyλ1 ) < ∞✱ ✇❤❡r❡ yλ1 ✐s t❛❦❡♥

❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✷✹✳ ❚❤❡♥ ❢♦r ❧❛r❣❡ M > yλ1 ✱ ✇❡ ❤❛✈❡

Px(T0 > t) =

∫ t

0
Px0(T0 > u)Px(Tx0 ∈ d(t− u)) + Px(Tx0 > t).

❯s✐♥❣ lim
u→∞

eλ1uPx0(T0 > u) = η1(x0)〈η1,1〉µ✱ ✇❡ ♦❜t❛✐♥

B0 := sup
u≥0

eλ1uPx0(T0 > u) <∞.

❚❤❡♥

Px(T0 > t) ≤ B0

∫ t

0
e−λ1uPx(Tx0 ∈ d(t− u)) + Px(Tx0 > t)

≤ B0 e
−λ1t Ex(e

λ1Tx0 ) + e−λ1t Ex(e
λ1Tx0 ) ≤ e−λ1tA0(B0 + 1),

❛♥❞ ✭✶✳✹✾✮ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ✭s✐♥❝❡ x ≥ x0 ≥ yλ1 ⇒ Tx0 ≤ Tyλ1 ✮✳

▲❡t ν ❜❡ ❛♥② ✜①❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✇❤♦s❡ s✉♣♣♦rt ✐s ❝♦♥t❛✐♥❡❞ ✐♥ (0,∞)✳
❲❡ ♠✉st s❤♦✇ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ ν ❝♦♥✈❡r❣❡s t♦ α✳ ❲❡ ❜❡❣✐♥ ❜②
❝❧❛✐♠✐♥❣ t❤❛t ν ❝❛♥ ❜❡ ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❞❡♥s✐t② h✱ ✇✐t❤ r❡s♣❡❝t
t♦ µ✳ ■♥❞❡❡❞✱ ❧❡t

ℓ(y) =

∫ +∞

0
r(1,x,y)ν(dx).
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▼❖❉❊▲❙

❯s✐♥❣ ❚♦♥❡❧❧✐✬s t❤❡♦r❡♠ ✇❡ ❤❛✈❡

∫ +∞

0

∫ +∞

0
r(1,x,y)ν(dx)µ(dy) =

∫ +∞

0

∫ +∞

0
r(1,x,y)µ(dy) ν(dx)

=

∫ +∞

0
Px(T0 > 1)ν(dx) ≤ 1,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
∫

r(1,x,y)ν(dx) ✐s ✜♥✐t❡ dy−❛✳s✳✳ ❋✐♥❛❧❧②✱ ❞❡✜♥❡ h = ℓ/
∫

ℓdµ✳
◆♦t✐❝❡ t❤❛t ❢♦r dρ = hdµ

Pν(Xt+1 ∈ · | T0 > t+ 1) = Pρ(Xt ∈ · | T0 > t),

s❤♦✇✐♥❣ t❤❡ ❝❧❛✐♠✳

❈♦♥s✐❞❡r M > ε > 0 ❛♥❞ ❛♥② ❇♦r❡❧ s❡t A ✐♥❝❧✉❞❡❞ ✐♥ (0,∞)✳ ❚❤❡♥
∣

∣

∣

∣

∣

∫

Px(Xt ∈ A, T0 > t)h(x)µ(dx)
∫

Px(T0 > t)h(x)µ(dx)
−
∫M
ε Px(Xt ∈ A, T0 > t)h(x)µ(dx)
∫M
ε Px(T0 > t)h(x)µ(dx)

∣

∣

∣

∣

∣

✐s ❜♦✉♥❞❡❞ ❜② t❤❡ s✉♠ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ t❡r♠s

I1 =

∣

∣

∣

∣

∣

∫

Px(Xt ∈ A, T0 > t)h(x)µ(dx)
∫

Px(T0 > t)h(x)µ(dx)
−
∫M
ε Px(Xt ∈ A, T0 > t)h(x)µ(dx)

∫

Px(T0 > t)h(x)µ(dx)

∣

∣

∣

∣

∣

I2 =

∣

∣

∣

∣

∣

∫M
ε Px(Xt ∈ A, T0 > t)h(x)µ(dx)

∫

Px(T0 > t)h(x)µ(dx)
−
∫M
ε Px(Xt ∈ A, T0 > t)h(x)µ(dx)
∫M
ε Px(T0 > t)h(x)µ(dx)

∣

∣

∣

∣

∣

.

❲❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞

I1 ∨ I2 ≤
∫ ε
0 Px(T0 > t)h(x)µ(dx) +

∫∞
M Px(T0 > t)h(x)µ(dx)

∫

Px(T0 > t)h(x)µ(dx)
.

❚❤✉s✱ ❢r♦♠ ▲❡♠♠❛ ✶✳✷✺ ✇❡ ❣❡t

lim
ε↓0,M↑∞

lim sup
t→∞

∣

∣

∣

∣

∫

Px(Xt ∈ A, T0 > t)h(x)µ(dx)
∫

Px(T0 > t)h(x)µ(dx)

−
∫M
ε Px(Xt ∈ A, T0 > t)h(x)µ(dx)
∫M
ε Px(T0 > t)h(x)µ(dx)

∣

∣

∣

∣

∣

= 0.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡

lim
t→∞

∫M
ε Px(Xt ∈ A, T0 > t)h(x)µ(dx)
∫M
ε Px(T0 > t)h(x)µ(dx)

=

∫

A η1(z)µ(dz)
∫

R+ η1(z)µ(dz)
= α(A),

s✐♥❝❡ α ❛ttr❛❝ts ❛♥② ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ✱ ❛♥❞ t❤❡ r❡s✉❧t
❢♦❧❧♦✇s✳
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❋✐❣✉r❡ ✶✳✼✿ ❊①❛♠♣❧❡ ✹✳ ❆ r❛♥❞♦♠ ♣❛t❤ ♦❢ ❛ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇✐t❤
✐♥✐t✐❛❧ s✐③❡ Z0 = 1 ❛♥❞ ✇✐t❤ ♣❛r❛♠❡t❡rs r = 9 ❛♥❞ c = 1

❊①❛♠♣❧❡ ✶✳✹✳ ❲❡ ❞❡✈❡❧♦♣ ♥♦✇ ❛ ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❧♦❣✐st✐❝ ❋❡❧❧❡r
❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❝❛s❡✳ ❆s ✐♥ t❤❡ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ❝❛s❡ ✭s❡❡ ❊①❛♠♣❧❡
✸✱ ❙❡❝t✐♦♥ ✶✳✹✮✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② r

c ✇✐❧❧ r❡♠❛✐♥ ❛❝r♦ss t❤❡ ✇❤♦❧❡
❡①❛♠♣❧❡ ❡q✉❛❧ t♦ t❤❡ ✜①❡❞ ✈❛❧✉❡ 9✳

❲❡ ❜❡❣✐♥ ❜② s❤♦✇✐♥❣ ✐♥ ❋✐❣✉r❡ ✶✳✼ ❛ r❛♥❞♦♠ ♣❛t❤ ♦❢ ❛ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥
♣r♦❝❡ss ✇✐t❤ ✐♥✐t✐❛❧ s✐③❡ Z0 = 1 ❛♥❞ ✇✐t❤ ♣❛r❛♠❡t❡rs r = 9 ❛♥❞ c = 1✳ ❲❡ ♦❜s❡r✈❡
t❤❛t t❤❡ ♣r♦❝❡ss q✉✐❝❦❧② ❛tt❛✐♥s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② ❛♥❞ r❡♠❛✐♥s
❛r♦✉♥❞ ✐t ❢♦r ❛ ❧♦♥❣ t✐♠❡✳

❲❡ ❝♦♠♣❛r❡ ♥♦✇ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐ts ♦❢ t✇♦ ❞✐✛❡r❡♥t ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ♣r♦✲
❝❡ss❡s ✇❤♦s❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② ✐s ❡q✉❛❧ t♦ 9 ✭s❡❡ ❋✐❣✉r❡ ✶✳✽✮✿

✭❛✮ Z(a)✱ ✇❤♦s❡ ♣❛r❛♠❡t❡rs ❛r❡ r = 9 ❛♥❞ c = 1✱

✭❝✮ Z(b)✱ ✇❤♦s❡ ♣❛r❛♠❡t❡rs ❛r❡ r = 3 ❛♥❞ c = 1/3✳

❆s ❢♦r t❤❡ ❧♦❣✐st✐❝ ❇❉✲♣r♦❝❡ss❡s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ t❤r❡❡ ❨❛❣❧♦♠ ❧✐♠✐ts ❛r❡
❝❡♥t❡r❡❞ ❛r♦✉♥❞ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✳ ❇✉t ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ r❡❧❛t✐✈❡❧② ✇❡❛❦

♥♦✐s❡ ❛r♦✉♥❞ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✱ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❤❛✈❡ ❝❧❡❛r❧② ❛ s♠❛❧❧❡r ✈❛r✐❛t✐♦♥
❛r♦✉♥❞ t❤✐s ✈❛❧✉❡ ✐♥ t❤❡ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ❝❛s❡ t❤❛♥ ✐♥ t❤❡ ❧♦❣✐st✐❝ ❇❉ ♣r♦❝❡ss
❝❛s❡✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t t❤❡ s♠❛❧❧❡r ❛r❡ t❤❡ ♣❛r❛♠❡t❡rs✱ t❤❡ ✢❛tt❡r ✐s t❤❡ ❨❛❣❧♦♠
❧✐♠✐t ❛♥❞ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❧♦❣✐st✐❝ ❇❉✲♣r♦❝❡ss ❝❛s❡✿ t❤❡ ❞r✐❢t
t♦✇❛r❞ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② ✐s s♠❛❧❧❡r ✐♥ t❤❡ ❝❛s❡ ♦❢ Z(b)✱ ❜❡❝❛✉s❡ t❤❡ ❝♦♠♣❡t✐t✐♦♥
♣❛r❛♠❡t❡r ✐s ❛❧s♦ s♠❛❧❧❡r ✐♥ t❤❛t ❝❛s❡ t❤❛♥ ❢♦r Z(a) ✭✇❤✐❧❡ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t✐❡s
❛r❡ t❤❡ s❛♠❡✮✳

❲❡ ♦❜s❡r✈❡ ♥♦✇ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Z(a) ❛♥❞
Z(b) ❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡ ❨❛❣❧♦♠ ❧✐♠✐ts✱ ❢♦r ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ st❛t❡s✱ ♥❛♠❡❧② Z0 = 1✱
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❋✐❣✉r❡ ✶✳✽✿ ❊①❛♠♣❧❡ ✹✳ ❚❤❡ ❨❛❣❧♦♠ ❧✐♠✐ts ♦❢ t✇♦ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s
✇✐t❤ t❤❡ s❛♠❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t②✿ ✭❛✮ r = 9 ❛♥❞ c = 1❀ ✭❜✮ r = 3 ❛♥❞ c = 1/3✳

Z0 = 10 ❛♥❞ Z0 = 100✳ ❚❤❡ r❡s✉❧ts✱ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥
♠❡t❤♦❞ st✉❞✐❡❞ ❧❛t❡r ✐♥ t❤❡ ♠❛♥✉s❝r✐♣t✱ ❛r❡ r❡♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✶✳✾✳ ❋♦r ❜♦t❤
Z(a) ❛♥❞ Z(b)✱ t❤❡ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s t❤❡ ❤✐❣❤❡st ❢♦r Z0 = 10✱ ✇❤✐❝❤ ✐s
q✉✐t❡ ✐♥t✉✐t✐✈❡ s✐♥❝❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② ✐s 9✱ ❛♥❞ ✐t ✐s ❤✐❣❤❡r ❢♦r t❤❡
♣r♦❝❡ss❡s st❛rt✐♥❣ ❢r♦♠ 100 t❤❛♥ ❢r♦♠ 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❜❡❤❛✈✐♦r ✐s ❞✐✛❡r❡♥t
t❤❛♥ ✐♥ t❤❡ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ❝❛s❡✳

✶✳✺✳✸ ❚❤❡ Q✲♣r♦❝❡ss

▲❡t ✉s ♥♦✇ ❞❡s❝r✐❜❡ t❤❡ ❧❛✇ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ❝♦♥❞✐t✐♦♥❡❞ t♦ ♥❡✈❡r ❛tt❛✐♥ 0✳

❚❤❡♦r❡♠ ✶✳✷✻✳ ▲❡t ✉s ✜① ❛ t✐♠❡ s ❛♥❞ ❝♦♥s✐❞❡r B ❛ ♠❡❛s✉r❛❜❧❡ s✉❜s❡t ♦❢

C([0,s],R+)✳ ❚❤❡♥ ❢♦r ❛♥② x ∈ R∗
+✱

lim
t→∞

Px(X ∈ B|t < T0) = Qx(X ∈ B),
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❋✐❣✉r❡ ✶✳✾✿ ❊①❛♠♣❧❡ ✹✳ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ ❞✐s✲
tr✐❜✉t✐♦♥ ❛♥❞ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐ts ♦❢ t✇♦ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✇✐t❤ t❤❡
s❛♠❡ ❝❤❛r❣❡ ❝❛♣❛❝✐t② r

c = 9✿ ✭❛✮ r = 9 ❛♥❞ c = 1❀ ✭❜✮ r = 3 ❛♥❞ c = 1/3✳

✇❤❡r❡ Qx ✐s t❤❡ ❧❛✇ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss ✇✐t❤ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❣✐✈❡♥ ❜②

q(s,x,y)dy✱ ✇❤❡r❡

q(s,x,y) = eλ1s η1(y)

η1(x)
r(s,x,y) e−Q(y).

Pr♦♦❢✳ ❙✐♥❝❡ r(s,x,y) e−Q(y)dy ✐s t❤❡ ❧❛✇ ♦❢ Xs st❛rt❡❞ ❢r♦♠ x ❜❡❢♦r❡ ❡①t✐♥❝t✐♦♥✱
✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t

Qx(X ∈ B) = Ex

(

✶B(X)
η1(Xs)

η1(x)
✶T0>s

)

.

❲❡ ❤❛✈❡✱ ❢♦r t > s✱

Px(X ∈ B;T0 > t)

Px(T0 > t)
=

Px(X ∈ B;T0 > s;EXs(T0 > t− s))

Px(T0 > t)
,
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❛♥❞ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t

lim
t→∞

Py(T0 > t− s)

Px(T0 > t)
= eλ1s η1(y)

η1(x)
.

❚❤❡♥✱

lim
t→∞

Px(X ∈ B;T0 > t)

Px(T0 > t)
=

eλ1s

η1(x)
Px

(

✶B(X)
η1(Xs)

η1(x)
✶T0>s

)

.

❈♦r♦❧❧❛r② ✶✳✷✼✳ ❋♦r ❛♥② ❇♦r❡❧ s❡t A ⊂ (0,∞) ❛♥❞ ❛♥② x✱

lim
s→∞

Qx(Xs ∈ A) =

∫

A
η21(y)µ(dy) =< η1, 1 >µ

∫

A
η1(y)α(dy).

Pr♦♦❢✳ ❙✐♥❝❡ ✶A η1 ∈ L2(µ)✱ t❤✉s

η1(x) Qx(Xs ∈ A) =

∫

✶A(y) η1(y) e
λ1s r(s,x,y) µ(dy)

❝♦♥✈❡r❣❡s t♦ η1(x)
∫

B η
2
1(y)µ(dy) ❛s s → +∞✱ s✐♥❝❡ eλ1sr(s,x,.) ❝♦♥✈❡r❣❡s t♦

η1(x) η1(.) ✐♥ L2(dµ)✳

❘❡♠❛r❦ ✶✳✼✳ ❚❤❡ st❛t✐♦♥❛r② ♠❡❛s✉r❡ ♦❢ t❤❡ Q✲♣r♦❝❡ss ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s
✇✐t❤ r❡s♣❡❝t t♦ α✱ ✇✐t❤ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡ < η1, 1 >µ η1✳



❈❤❛♣t❡r ✷

■♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s

❛♥❞ ❨❛❣❧♦♠ ❧✐♠✐t

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❞✐✛✉s✐♦♥s

✇✐t❤ ✉♥❜♦✉♥❞❡❞ ❞r✐❢t ∗

❆❜str❛❝t

❲❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❡r❣♦❞✐❝✐t② ♦❢ ❛ ❣❡♥❡r❛❧ ✐♥✲
t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠✱ ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❞r✐✈❡♥ ❜② ✐♥❞❡♣❡♥❞❡♥t ❞✐❢✲
❢✉s✐♦♥ ♣r♦❝❡ss❡s ✇✐t❤ ✈❛❧✉❡s ✐♥ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Rd✱ d ≥ 1✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥
♦❝❝✉rs ✇❤❡♥ ❛ ♣❛rt✐❝❧❡ ❤✐ts t❤❡ ❜♦✉♥❞❛r②✿ ✐t ❥✉♠♣s t♦ ❛ ♣♦s✐t✐♦♥ ❝❤♦s❡♥ ✇✐t❤
r❡s♣❡❝t t♦ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ s②s✲
t❡♠✳

❚❤❡♥ ✇❡ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ s✉❝❤ ❛ s②st❡♠ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r✲
t✐❝❧❡s ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❚❤✐s ❧❡❛❞s ✉s t♦ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤❡
❨❛❣❧♦♠ ❧✐♠✐t ♦❢ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✇✐t❤ ✉♥❜♦✉♥❞❡❞ ❞r✐❢t
❞❡✜♥❡❞ ♦♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♦♣❡♥ s❡t✳ ❲❤✐❧❡ ♠♦st ♦❢ ❦♥♦✇♥ r❡s✉❧ts ♦♥ s✉❝❤
❧✐♠✐ts ❛r❡ ♦❜t❛✐♥❡❞ ❜② s♣❡❝tr❛❧ t❤❡♦r② ❛r❣✉♠❡♥ts ❛♥❞ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤
❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦❜❧❡♠s✱ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❛❧❧♦✇s ✉s t♦
❣❡t ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ♦❢ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s✱ ✇❤✐❝❤ ✜♥❞ ❛♣♣❧✐❝❛✲
t✐♦♥s t♦ ♠❛♥② ❞✐s❝✐♣❧✐♥❡s✳ ❲❡ ❡♥❞ t❤❡ ♣❛♣❡r ✇✐t❤ ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s
♦❢ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❢♦r st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s r❡❧❛t❡❞ t♦ ❜✐♦❧♦❣✐❝❛❧
♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧s✳

∗P✉❜❧✐s❤❡❞ ✐♥ ❊❧❡❝tr♦♥✐❝ ❏♦✉r♥❛❧ ♦❢ Pr♦❜❛❜✐❧✐t② ❬✽✺❪

✼✾
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✷✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t D ⊂ Rd ❜❡ ❛♥ ♦♣❡♥ s❡t ✇✐t❤ ❛ r❡❣✉❧❛r ❜♦✉♥❞❛r② ✭s❡❡ ❍②♣♦t❤❡s✐s ✷✳✶✮✳ ❚❤❡
✜rst ♣❛rt ♦❢ t❤✐s ♣❛♣❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s
(X1,...,XN )✱ ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts Xi ❡✈♦❧✈❡ ✐♥ D ❛s ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❛♥❞ ❥✉♠♣
✇❤❡♥ t❤❡② ❤✐t t❤❡ ❜♦✉♥❞❛r② ∂D✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t N ≥ 2 ❜❡ t❤❡ ♥✉♠❜❡r ♦❢
♣❛rt✐❝❧❡s ✐♥ ♦✉r s②st❡♠✳ ▲❡t ✉s ❝♦♥s✐❞❡r N ✐♥❞❡♣❡♥❞❡♥t d✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✲
✐❛♥ ♠♦t✐♦♥s B1,...,BN ❛♥❞ ❛ ❥✉♠♣ ♠❡❛s✉r❡ J (N) : ∂(DN ) 7→ M1(D

N )✱ ✇❤❡r❡
M1(D

N ) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥DN ✳ ❲❡ ❜✉✐❧❞ t❤❡ ✐♥t❡r❛❝t✐♥❣
♣❛rt✐❝❧❡ s②st❡♠ (X1,...,XN ) ✇✐t❤ ✈❛❧✉❡s ✐♥ DN ❛s ❢♦❧❧♦✇s✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣✱ t❤❡
♣❛rt✐❝❧❡s Xi ❡✈♦❧✈❡ ❛s ✐♥❞❡♣❡♥❞❡♥t ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✇✐t❤ ✈❛❧✉❡s ✐♥ D ❞❡✜♥❡❞
❜②

dX
(i)
t = dBi

t + q
(N)
i (X

(i)
t )dt, X

(i)
0 ∈ D, ✭✷✳✶✮

✇❤❡r❡ q(N)
i ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ♦♥ D✱ s✉❝❤ t❤❛t t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❞♦❡s♥✬t ❡①✲

♣❧♦❞❡ ✐♥ ✜♥✐t❡ t✐♠❡✳ ❲❤❡♥ ❛ ♣❛rt✐❝❧❡ ❤✐ts t❤❡ ❜♦✉♥❞❛r②✱ s❛② ❛t t✐♠❡ τ1✱ ✐t ❥✉♠♣s
t♦ ❛ ♣♦s✐t✐♦♥ ❝❤♦s❡♥ ✇✐t❤ r❡s♣❡❝t t♦ J (N)(X1

τ1-,...,X
N
τ1-)✳ ❚❤❡♥ t❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡

✐♥❞❡♣❡♥❞❡♥t❧② ✇✐t❤ r❡s♣❡❝t t♦ ✭✷✳✶✮ ✉♥t✐❧ ♦♥❡ ♦❢ t❤❡♠ ❤✐ts t❤❡ ❜♦✉♥❞❛r② ❛♥❞ s♦
♦♥✳ ■♥ t❤❡ ✇❤♦❧❡ st✉❞②✱ ✇❡ r❡q✉✐r❡ t❤❡ ❥✉♠♣✐♥❣ ♣❛rt✐❝❧❡ t♦ ❜❡ ❛ttr❛❝t❡❞ ❛✇❛②
❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ❜② t❤❡ ♦t❤❡r ♦♥❡s ❞✉r✐♥❣ t❤❡ ❥✉♠♣ ✭✐♥ t❤❡ s❡♥s❡ ♦❢ ❍②♣♦t❤❡s✐s
✷✳✷ ♦♥ J (N) ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✷✮✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s
✇❤✐❝❤ ❞r✐✈❡ t❤❡ ♣❛rt✐❝❧❡s ❜❡t✇❡❡♥ t❤❡ ❥✉♠♣s ❝❛♥ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛rt✐❝❧❡s ❛♥❞ t❤❡✐r
❝♦❡✣❝✐❡♥ts ❛r❡♥✬t ♥❡❝❡ss❛r✐❧② ❜♦✉♥❞❡❞ ✭s❡❡ ❍②♣♦t❤❡s✐s ✷✳✶✮✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐s
❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❋❧❡♠✐♥❣✲❱✐♦t t②♣❡ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✹❪ ❢♦r ❇r♦✇♥✐❛♥
♣❛rt✐❝❧❡s ❛♥❞ ✐♥ ❬✹✷❪ ❢♦r ❞✐✛✉s✐♦♥ ♣❛rt✐❝❧❡s✳ ❉✐✛✉s✐♦♥s ✇✐t❤ ❥✉♠♣s ❢r♦♠ t❤❡ ❜♦✉♥❞✲
❛r② ❤❛✈❡ ❛❧s♦ ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✾❪✱ ✇✐t❤ ❛ ❝♦♥t✐♥✉✐t② ❝♦♥❞✐t✐♦♥ ♦♥ J (N) t❤❛t ✐s♥✬t
r❡q✉✐r❡❞ ✐♥ ♦✉r ❝❛s❡✱ ❛♥❞ ✐♥ ❬✹✶❪✱ ✇❤❡r❡ ✜♥❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤
r❡❜✐rt❤ ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ✭s❡❡ ❛❧s♦ t❤❡ r❡❝❡♥t ✇♦r❦s ♦❢ ❑♦❧❜ ❛♥❞ ❲ür❦❜❡r
❬✺✻❪✱ ❬✺✺❪✮✳

■♥ ❛ ✜rst st❡♣✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ✐s ✇❡❧❧ ❞❡✜♥❡❞✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❥✉♠♣s ❞♦❡s♥✬t ♦❝❝✉r ❜❡❢♦r❡ t❤❡ ✐♥t❡r❛❝t✐♥❣
♣❛rt✐❝❧❡s s②st❡♠ ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❯♥❞❡r ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ q

(N)
i ❛♥❞ D✱

✇❡ ♣r♦✈❡ t❤❛t t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ❞♦❡s♥✬t r❡❛❝❤ ✐♥✜♥✐t② ✐♥ ✜♥✐t❡ t✐♠❡
❛❧♠♦st s✉r❡❧②✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ ✇❡ ❣✐✈❡ s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s ❡♥s✉r✐♥❣ t❤❡ s②st❡♠
t♦ ❜❡ ❡①♣♦♥❡♥t✐❛❧❧② ❡r❣♦❞✐❝✳ ❚❤❡ ✇❤♦❧❡ st✉❞② ✐s ♠❛❞❡ ♣♦ss✐❜❧❡ t❤❛♥❦s t♦ ❛ ❝♦✉✲
♣❧✐♥❣ ❜❡t✇❡❡♥ (X1,...,XN ) ❛♥❞ ❛ s②st❡♠ ♦❢ N ✐♥❞❡♣❡♥❞❡♥t 1✲❞✐♠❡♥s✐♦♥❛❧ r❡✢❡❝t❡❞
❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ✐s ❜✉✐❧t ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✸✳

❆ss✉♠❡ t❤❛t D ✐s ❜♦✉♥❞❡❞✳ ❋♦r ❛❧❧ N ≥ 2✱ ❧❡t J (N) ❜❡ ❛ ❥✉♠♣ ♠❡❛s✉r❡
❛♥❞ (q

(N)
i )1≤i≤N ❛ ❢❛♠✐❧② ♦❢ ❞r✐❢ts✳ ❆ss✉♠❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❡①✐st❡♥❝❡ ❛♥❞

❡r❣♦❞✐❝✐t② ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣r♦❝❡ss ❛r❡ ❢✉❧✜❧❧❡❞ ❢♦r ❛❧❧ N ≥ 2✳ ▲❡t MN ❜❡ ✐ts
st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳ ❲❡ ❞❡♥♦t❡ ❜② XN t❤❡ ❛ss♦❝✐❛t❡❞ ❡♠♣✐r✐❝❛❧ st❛t✐♦♥❛r②
❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜② XN = 1

N

∑N
i=1 δxi ✱ ✇❤❡r❡ (x1,...,xN ) ∈ DN ✐s
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❞✐str✐❜✉t❡❞ ❢♦❧❧♦✇✐♥❣ MN ✳ ❯♥❞❡r s♦♠❡ ❜♦✉♥❞ ❛ss✉♠♣t✐♦♥s ♦♥ (q
(N)
i )1≤i≤N,2≤N

✭s❡❡ ❍②♣♦t❤❡s✐s ✷✳✹✮✱ ✇❡ ♣r♦✈❡ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✹ t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ ❧❛✇s ♦❢ t❤❡
r❛♥❞♦♠ ♠❡❛s✉r❡s XN ✐s ✉♥✐❢♦r♠❧② t✐❣❤t✳

■♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ st✉❞② ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡✿ q(N)
i = q ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ i,N

❛♥❞
J (N)(x1,...,xN ) =

1

N − 1

∑

j 6=i

δxj , xi ∈ ∂D. ✭✷✳✷✮

■t ♠❡❛♥s t❤❛t ❛t ❡❛❝❤ ❥✉♠♣ t✐♠❡✱ t❤❡ ❥✉♠♣✐♥❣ ♣❛rt✐❝❧❡ ✐s s❡♥t t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢
❛ ♣❛rt✐❝❧❡ ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❜❡t✇❡❡♥ t❤❡ N − 1 r❡♠❛✐♥✐♥❣ ♦♥❡s✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱
✇❡ ✐❞❡♥t✐❢② t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ❡♠♣✐r✐❝❛❧ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s (XN )N≥2✳
❚❤✐s ❧❡❛❞s ✉s t♦ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦❢ ❧✐♠✐t✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s
♦❢ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❛❜s♦r❜❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛♥ ♦♣❡♥ s❡t ♦❢ Rd✱ st✉❞✐❡❞ ❜②
❈❛tt✐❛✉① ❛♥❞ ▼é❧é❛r❞ ✐♥ ❬✶✼❪ ❛♥❞ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t U∞ ⊂ Rd ❜❡ ❛♥ ♦♣❡♥
s❡t ❛♥❞ P∞ ❜❡ t❤❡ ❧❛✇ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② t❤❡ ❙❉❊

dX∞
t = dBt +∇V (X∞

t )dt, X∞ ∈ U∞ ✭✷✳✸✮

❛♥❞ ❛❜s♦r❜❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ∂U∞✳ ❍❡r❡ B ✐s ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥
❛♥❞ V ∈ C2(U∞,R)✳ ❲❡ ❞❡♥♦t❡ ❜② τ∂ t❤❡ ❛❜s♦r♣t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss
✭✷✳✸✮✳ ❆s ♣r♦✈❡❞ ✐♥ ❬✶✼❪✱ t❤❡ ❧✐♠✐t✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥

ν∞ = lim
t→∞

P
∞
x (X∞

t ∈ .|t < τ∂) ✭✷✳✹✮

❡①✐sts ❛♥❞ ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ x ∈ U∞✱ ✉♥❞❡r s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❛❧❧♦✇ t❤❡
❞r✐❢t ∇V ❛♥❞ t❤❡ s❡t U∞ t♦ ♥♦t ❢✉❧✜❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❙❡❝t✐♦♥ ✷✳✷ ✭s❡❡ ❍②♣♦t❤❡s✐s
✷✳✺ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✮✳ ❚❤✐s ♣r♦❜❛❜✐❧✐t② ✐s ❝❛❧❧❡❞ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❛ss♦❝✐❛t❡❞ ✇✐t❤
P∞✳ ■t ✐s ❛ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✭✷✳✸✮✱ ✇❤✐❝❤
♠❡❛♥s t❤❛t P∞

ν∞(X∞
t ∈ dx|t < τ∂) = ν∞ ❢♦r ❛❧❧ t ≥ 0✳ ❲❡ r❡❢❡r t♦ ❬✶✻✱ ✺✹✱

✻✶❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ❡①✐st❡♥❝❡ ♦r ✉♥✐q✉❡♥❡ss r❡s✉❧ts ♦♥ q✉❛s✐✲st❛t✐♦♥❛r②
❞✐str✐❜✉t✐♦♥s ✐♥ ♦t❤❡r s❡tt✐♥❣s✳

❨❛❣❧♦♠ ❧✐♠✐ts ❛r❡ ❛♥ ✐♠♣♦rt❛♥t t♦♦❧ ✐♥ t❤❡ t❤❡♦r② ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇✐t❤
❛❜s♦r❜✐♥❣ st❛t❡s✱ ✇❤✐❝❤ ❛r❡ ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ st♦❝❤❛st✐❝ ♠♦❞❡❧s ♦❢ ❜✐♦❧♦❣✐❝❛❧ ♣♦♣✲
✉❧❛t✐♦♥s✱ ❡♣✐❞❡♠✐❝s✱ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ❛♥❞ ♠❛r❦❡t ❞②♥❛♠✐❝s ✭s❡❡ t❤❡ ❜✐❜❧✐♦❣r❛♣❤②
❬✻✾✱ ❆♣♣❧✐❝❛t✐♦♥s❪✮✳ ■♥❞❡❡❞✱ ✇❤✐❧❡ t❤❡ ❧♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ ❛ r❡❝✉rr❡♥t ▼❛r❦♦✈
♣r♦❝❡ss ✐s ✇❡❧❧ ❞❡s❝r✐❜❡❞ ❜② ✐ts st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✱ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥
♦❢ ❛♥ ❛❜s♦r❜❡❞ ▼❛r❦♦✈ ♣r♦❝❡ss ✐s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡ ❛❜s♦r❜✐♥❣ st❛t❡s✱ ✇❤✐❝❤ ✐s
♦❢ ♣♦♦r ✐♥t❡r❡st✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ❝♦♥❞✐t✐♦♥❡❞
t♦ ♥♦t ❜❡✐♥❣ ❛❜s♦r❜❡❞ ✇❤❡♥ ✐t ✐s ♦❜s❡r✈❡❞ ❝❛♥ ❡①♣❧❛✐♥ s♦♠❡ ❝♦♠♣❧❡① ❜❡❤❛✈✐♦r✱
❛s t❤❡ ♠♦rt❛❧✐t② ♣❧❛t❡❛✉ ❛t ❛❞✈❛♥❝❡❞ ❛❣❡s ✭s❡❡ ❬✶❪ ❛♥❞ ❬✼✽❪✮✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ♥❡✇
❛♣♣❧✐❝❛t✐♦♥s ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇✐t❤ ❛❜s♦r❜✐♥❣ st❛t❡s ✐♥ ❜✐♦❧♦❣② ✭s❡❡ ❬✻✵❪✮✳ ❆s
str❡ss❡❞ ✐♥ ❬✻✻❪✱ s✉❝❤ ❞✐str✐❜✉t✐♦♥s ❛r❡ ✐♥ ♠♦st ❝❛s❡s ♥♦t ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❛❜❧❡✳
■♥ ❬✶✼❪✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✐s ♣r♦✈❡❞ ❜② s♣❡❝tr❛❧ t❤❡♦r② ❛r❣✉♠❡♥ts✱
✇❤✐❝❤ ❞♦❡s♥✬t ❛❧❧♦✇ ✉s t♦ ❣❡t ✐ts ❡①♣❧✐❝✐t ✈❛❧✉❡✳ ❚❤❡ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥ ♦❢ ❙❡❝t✐♦♥
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✷✳✸ ✐s t♦ ♣r♦✈❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦❢ ν∞✱ ❡✈❡♥ ✇❤❡♥ t❤❡ ❞r✐❢t ∇V ❛♥❞ t❤❡
❞♦♠❛✐♥ U∞ ❞♦♥✬t ❢✉❧✜❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❙❡❝t✐♦♥ ✷✳✷✳

❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②s✲
t❡♠s ❞❡✜♥❡❞ ✇✐t❤ t❤❡ ❥✉♠♣ ♠❡❛s✉r❡s ✭✷✳✷✮✱ ❢♦r ❛❧❧ N ≥ 2✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛
❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛❜s♦r❜❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ✭✐✳❡✳ q = 0✮✱
❇✉r❞③② ❡t ❛❧✳ ❝♦♥❥❡❝t✉r❡❞ ✐♥ ❬✶✸❪ t❤❛t t❤❡ ✉♥✐q✉❡ ❧✐♠✐t✐♥❣ ♠❡❛s✉r❡ ♦❢ t❤❡ s❡q✉❡♥❝❡
(XN )N∈N ✐s t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ν∞✳ ❚❤✐s ❤❛s ❜❡❡♥ ❝♦♥✜r♠❡❞ ✐♥ t❤❡ ❇r♦✇♥✐❛♥ ♠♦✲
t✐♦♥ ❝❛s❡ ✭s❡❡ ❬✶✹❪✱ ❬✹✵❪ ❛♥❞ ❬✻✷❪✮ ❛♥❞ ♣r♦✈❡❞ ✐♥ ❬✸✵❪ ❢♦r s♦♠❡ ▼❛r❦♦✈ ♣r♦❝❡ss❡s
❞❡✜♥❡❞ ♦♥ ❞✐s❝r❡t❡ s♣❛❝❡s✳ ◆❡✇ ❞✐✣❝✉❧t✐❡s ❛r✐s❡ ❢r♦♠ ♦✉r ❝❛s❡✳ ❋♦r ✐♥st❛♥❝❡✱
t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡ ✐s♥✬t ♥❡❝❡ss❛r✐❧② ✇❡❧❧ ❞❡✜♥❡❞✱
s✐♥❝❡ ✐t ❞♦❡s♥✬t ❢✉❧✜❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❙❡❝t✐♦♥ ✷✳✷✳ ❚♦ ❛✈♦✐❞ t❤✐s ❞✐✣❝✉❧t②✱ ✇❡
✐♥tr♦❞✉❝❡ ❛ ❝✉t✲♦✛ ♦❢ U∞ ♥❡❛r ✐ts ❜♦✉♥❞❛r②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t (Um)m≥0 ❜❡ ❛♥
✐♥❝r❡❛s✐♥❣ ❢❛♠✐❧② ♦❢ r❡❣✉❧❛r ❜♦✉♥❞❡❞ s✉❜s❡ts ♦❢ U∞✱ s✉❝❤ t❤❛t ∇V ✐s ❜♦✉♥❞❡❞ ♦♥
❡❛❝❤ Um ❛♥❞ s✉❝❤ t❤❛t U∞ =

⋃

m≥0 Um✳ ❲❡ ❞❡✜♥❡ ❛♥ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss

(Xm,1,...,Xm,N ) ♦♥ ❡❛❝❤ s✉❜s❡t UN
m ✱ ❜② s❡tt✐♥❣ q(N)

i = ∇V ❛♥❞ D = Um ✐♥ ✭✷✳✶✮✳
❋♦r ❛❧❧ m ≥ 0 ❛♥❞ N ≥ 2✱ (Xm,1,...,Xm,N ) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧❧②
❡r❣♦❞✐❝✳ ❉❡♥♦t✐♥❣ ❜② Xm,N ✐ts ❡♠♣✐r✐❝❛❧ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t

lim
m→∞

lim
N→∞

Xm,N = ν∞.

❲❡ ❝♦♥❝❧✉❞❡ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✸ ✇✐t❤ s♦♠❡ ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ♦❢ ♦✉r ♠❡t❤♦❞
❛♣♣❧✐❡❞ t♦ t❤❡ 1✲❞✐♠❡♥s✐♦♥❛❧ ❲r✐❣❤t✲❋✐s❤❡r ❞✐✛✉s✐♦♥ ❝♦♥❞✐t✐♦♥❡❞ t♦ ❜❡ ❛❜s♦r❜❡❞
❛t 0✱ t♦ t❤❡ ▲♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ❛♥❞ t♦ t❤❡ 2✲❞✐♠❡♥s✐♦♥❛❧ st♦❝❤❛st✐❝ ▲♦t❦❛✲
❱♦❧t❡rr❛ ❞✐✛✉s✐♦♥✳

✷✳✷ ❆ ❣❡♥❡r❛❧ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss ✇✐t❤ ❥✉♠♣s

❢r♦♠ t❤❡ ❜♦✉♥❞❛r②

✷✳✷✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣r♦❝❡ss

▲❡t D ❜❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Rd✱ d ≥ 1✳ ▲❡t N ≥ 2 ❜❡ ✜①❡❞✳ ❋♦r ❛❧❧ i ∈ {1,...,N}✱
✇❡ ❞❡♥♦t❡ ❜② Pi t❤❡ ❧❛✇ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss X(i)✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ♦♥ D ❜②

dX
(i)
t = dBi

t − q
(N)
i (X

(i)
t )dt, X

(i)
0 = xi ∈ D ✭✷✳✺✮

❛♥❞ ✐s ❛❜s♦r❜❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ∂D✳ ❍❡r❡ B1,...,BN ❛r❡ N ✐♥❞❡♣❡♥❞❡♥t d✲
❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ❛♥❞ q(N)

i = (q
(N)
i,1 ,...,q

(N)
i,d ) ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✳ ❲❡

❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❝❡ss ✐s ❛❜s♦r❜❡❞ ✐♥ ✜♥✐t❡ t✐♠❡ ❛❧♠♦st s✉r❡❧② ❛♥❞ t❤❛t ✐t ❞♦❡s♥✬t
❡①♣❧♦❞❡ t♦ ✐♥✜♥✐t② ✐♥ ✜♥✐t❡ t✐♠❡ ❛❧♠♦st s✉r❡❧②✳

❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✭✷✳✺✮ ✇✐❧❧ ❜❡
❞❡♥♦t❡❞ ❜② L(N)

i ✱ ✇✐t❤

L(N)
i =

1

2

d
∑

j=1

∂2

∂x2j
− q

(N)
i,j

∂

∂xj
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❚❍❊ ❇❖❯◆❉❆❘❨ ✽✸

♦♥ ✐ts ❞♦♠❛✐♥ D
L
(N)
i

✳

❋♦r ❡❛❝❤ i ∈ {1,...,N}✱ ✇❡ s❡t

Di = {(x1,...,xN ) ∈ ∂(DN ), s✉❝❤ t❤❛t xi ∈ ∂D, ❛♥❞, ∀j 6= i, xj ∈ D}.

❲❡ ❞❡✜♥❡ ❛ s②st❡♠ ♦❢ ♣❛rt✐❝❧❡s (X1,...,XN ) ✇✐t❤ ✈❛❧✉❡s ✐♥DN ✱ ✇❤✐❝❤ ✐s ❝à❞❧à❣ ❛♥❞
✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❥✉♠♣ ❢r♦♠

⋃

iDi✳ ❇❡t✇❡❡♥ t❤❡ ❥✉♠♣s✱ ❡❛❝❤ ♣❛rt✐❝❧❡ ❡✈♦❧✈❡s
✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♦t❤❡r ♦♥❡s ✇✐t❤ r❡s♣❡❝t t♦ Pi✳

▲❡t J (N) :
⋃N

i=0Di → M1(D) ❜❡ t❤❡ ❥✉♠♣ ♠❡❛s✉r❡✱ ✇❤✐❝❤ ❛ss♦❝✐❛t❡s ❛
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ J (N)(x1,...,xN ) ♦♥ D t♦ ❡❛❝❤ ♣♦✐♥t (x1,...,xN ) ∈ ⋃N

i=1Di✳
▲❡t (X1

0 ,...,X
N
0 ) ∈ DN ❜❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss

(X1,...,XN )✱ ✇❤✐❝❤ ✐s ❜✉✐❧t ❛s ❢♦❧❧♦✇s✿

❼ ❊❛❝❤ ♣❛rt✐❝❧❡ ❡✈♦❧✈❡s ❢♦❧❧♦✇✐♥❣ t❤❡ ❙❉❊ ✭✷✳✺✮ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♦t❤❡r
♦♥❡s✱ ✉♥t✐❧ ♦♥❡ ♣❛rt✐❝❧❡✱ s❛② Xi1 ✱ ❤✐ts t❤❡ ❜♦✉♥❞❛r② ❛t ❛ t✐♠❡ ✇❤✐❝❤ ✐s
❞❡♥♦t❡❞ ❜② τ1✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ❤❛✈❡ τ1 > 0 ❛❧♠♦st s✉r❡❧②✱ ❜❡❝❛✉s❡
❡❛❝❤ ♣❛rt✐❝❧❡ st❛rts ✐♥ D✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♣❛rt✐❝❧❡ ✇❤✐❝❤ ❤✐ts t❤❡
❜♦✉♥❞❛r② ❛t t✐♠❡ τ1 ✐s ✉♥✐q✉❡✱ ❜❡❝❛✉s❡ t❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡s ❛s ✐♥❞❡♣❡♥❞❡♥t
■tô✬s ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✐♥ D✳ ■t ❢♦❧❧♦✇s t❤❛t (X1

τ1-,...,X
N
τ1-) ❜❡❧♦♥❣s t♦ Di1 ✳

❼ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ Xi1 ❛t t✐♠❡ τ1 ✐s t❤❡♥ ❝❤♦s❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ J (N)(X1

τ1-,...,X
N
τ1-)✳

❼ ❆t t✐♠❡ τ1 ❛♥❞ ❛❢t❡r ♣r♦❝❡❡❞✐♥❣ t♦ t❤❡ ❥✉♠♣✱ ❛❧❧ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ✐♥ D✳ ❚❤❡♥
t❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ✇✐t❤ r❡s♣❡❝t t♦ ✭✷✳✺✮ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ❡❛❝❤ ♦t❤❡r✱
✉♥t✐❧ ♦♥❡ ♦❢ t❤❡♠✱ s❛② Xi2 ✱ ❤✐ts t❤❡ ❜♦✉♥❞❛r②✱ ❛t ❛ t✐♠❡ ✇❤✐❝❤ ✐s ❞❡♥♦t❡❞
❜② τ2✳ ❆s ❛❜♦✈❡✱ ✇❡ ❤❛✈❡ τ1 < τ2 ❛♥❞ (X1

τ2-,...,X
N
τ2-) ∈ Di2 ✳

❼ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ Xi2 ❛t t✐♠❡ τ2 ✐s t❤❡♥ ❝❤♦s❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ J (N)(X1

τ2-,...,X
N
τ2-)✳

❼ ❚❤❡♥ t❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ✇✐t❤ ❧❛✇ Pi ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ❡❛❝❤ ♦t❤❡r✱ ❛♥❞
s♦ ♦♥✳

❚❤❡ ❧❛✇ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss ✇✐t❤ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ m ∈ M1(D
N )

✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② PN
m ✱ ♦r ❜② PN

x ✐❢ m = δx✱ ✇✐t❤ x ∈ DN ✳ ❚❤❡ ❛ss♦❝✐❛t❡❞
❡①♣❡❝t❛t✐♦♥ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② EN

m ✱ ♦r ❜② Ex ✐❢ m = δx✳ ❋♦r ❛❧❧ β > 0✱ ✇❡ ❞❡♥♦t❡
❜② Sβ = inf{t ≥ 0, |(X1

t ,...,X
N
t )| ≥ β} t❤❡ ✜rst ❡①✐t t✐♠❡ ❢r♦♠ {x ∈ DN , |x|2 < β}✱

✇❤❡r❡ | · | ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✳ ❲❡ s❡t S∞ = limβ→∞ Sβ ✳
❚❤❡ s❡q✉❡♥❝❡ ♦❢ s✉❝❝❡ss✐✈❡ ❥✉♠♣✐♥❣ ♣❛rt✐❝❧❡s ✐s ❞❡♥♦t❡❞ ❜② (in)n≥1✱ ❛♥❞

0 < τ1 < τ2 < ...

❞❡♥♦t❡s t❤❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❥✉♠♣✐♥❣ t✐♠❡s ✭✇❤✐❝❤ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❢♦r
❛❧❧ n ≥ 0 s✐♥❝❡ t❤❡ ♣r♦❝❡ss ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❛❜s♦r❜❡❞ ✐♥ ✜♥✐t❡ t✐♠❡ ❛❧♠♦st s✉r❡❧②✮✳
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❚❤❛♥❦s t♦ t❤❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ❛ss✉♠♣t✐♦♥ ♦♥ ❡❛❝❤ Pi✱ ✇❡ ❤❛✈❡ τn < S∞ ❢♦r ❛❧❧ n ≥ 1

❛❧♠♦st s✉r❡❧②✳ ❲❡ s❡t τ∞ = limn→∞ τn ≤ S∞✳ ❚❤❡ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐s♥✬t
♥❡❝❡ss❛r✐❧② ✇❡❧❧ ❞❡✜♥❡❞ ❢♦r ❛❧❧ t ∈ [0,S∞[✱ ❛♥❞ ✇❡ ♥❡❡❞ ♠♦r❡ ❛ss✉♠♣t✐♦♥s ♦♥ D
❛♥❞ ♦♥ t❤❡ ❥✉♠♣ ♠❡❛s✉r❡ J (N) t♦ ❝♦♥❝❧✉❞❡ t❤❛t τ∞ = S∞ ❛❧♠♦st s✉r❡❧②✳

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❞❡♥♦t❡ ❜② φD t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ t♦ t❤❡ ❜♦✉♥❞❛r② ∂D✿

φD(x) = inf
y∈∂D

|y − x|, ❢♦r ❛❧❧ x ∈ D.

❋♦r ❛❧❧ r > 0✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♦♣❡♥ s✉❜s❡ts Dr = {x ∈ D, φD(x) > r}✳
❋♦r ❛❧❧ β > 0✱ ✇❡ s❡t Bβ = {x ∈ D, |x| < β}✳

❍②♣♦t❤❡s✐s ✷✳✶✳ ❚❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ U ♦❢ ∂D s✉❝❤ t❤❛t

✶✳ t❤❡ ❞✐st❛♥❝❡ φD ✐s ♦❢ ❝❧❛ss C2 ♦♥ ❯✱

✷✳ ❢♦r ❛❧❧ β > 0✱

inf
x∈U∩Bβ , i∈{1,...,N}

L(N)
i φD(x) > −∞.

■♥ ♣❛rt✐❝✉❧❛r✱ ❍②♣♦t❤❡s✐s ✷✳✶ ✐♠♣❧✐❡s

|∇φD(x)| = 1, ∀x ∈ U. ✭✷✳✻✮

❘❡♠❛r❦ ✷✳✶✳ ❚❤❡ ✜rst ♣❛rt ♦❢ ❍②♣♦t❤❡s✐s ✷✳✶ ✐s ❢✉❧✜❧❧❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ D ✐s ❛♥
♦♣❡♥ s❡t ✇❤♦s❡ ❜♦✉♥❞❛r② ✐s ♦❢ ❝❧❛ss C2 ✭s❡❡ ❬✷✺✱ ❈❤❛♣t❡r ✺✱ ❙❡❝t✐♦♥ ✹❪✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ ❥✉♠♣✐♥❣ ♣❛rt✐❝❧❡ ✐s ❛ttr❛❝t❡❞ ❛✇❛②
❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ❜② t❤❡ ♦t❤❡r ♦♥❡s✳

❍②♣♦t❤❡s✐s ✷✳✷✳ ❚❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f (N) : R+ →
R+ ✈❛♥✐s❤✐♥❣ ❛t 0 ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ 0 s✉❝❤ t❤❛t✱ ∀i ∈
{1,...,N}✱

inf
(x1,...,xN )∈Di

J (N)(x1,...,xN )({y ∈ D, φD(y) ≥ min
j 6=i

f (N)(φD(xj))}) ≥ p
(N)
0 ,

p
(N)
0 > 0 ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳

■♥❢♦r♠❛❧❧②✱ f (N)(φD) ✐s ❛ ❦✐♥❞ ♦❢ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ ✇❡ ❛ss✉♠❡
t❤❛t ❛t ❡❛❝❤ ❥✉♠♣ t✐♠❡ τn✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ❡✈❡♥t ✧t❤❡ ❥✉♠♣ ♣♦s✐t✐♦♥ Xin

τn ✐s
❝❤♦s❡♥ ❢❛rt❤❡r ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② t❤❛♥ ❛t ❧❡❛st ♦♥❡ ❛♥♦t❤❡r ♣❛rt✐❝❧❡✧ ✐s ❜♦✉♥❞❡❞
❜❡❧♦✇ ❜② ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t p(N)

0 ✳

❘❡♠❛r❦ ✷✳✷✳ ❍②♣♦t❤❡s✐s ✷✳✷ ✐s ✈❡r② ❣❡♥❡r❛❧ ❛♥❞ ❛❧❧♦✇s ❛ ❧♦t ♦❢ ❝❤♦✐❝❡s ❢♦r
J (N)(x1,...,xN )✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r ❛❧❧ µ ∈ M1(D)✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ ❝♦♠♣❛❝t s❡t
K ⊂ D s✉❝❤ t❤❛t µ(K) > 0✳ ❚❤❡♥ J (N)(x1,...,xN ) = µ ❢✉❧✜❧❧s t❤❡ ❛ss✉♠♣t✐♦♥
✇✐t❤ p(N)

0 = µ(K) ❛♥❞ f (N)(φD) = φD ∧ d(K,∂D)✳
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❚❍❊ ❇❖❯◆❉❆❘❨ ✽✺

❍②♣♦t❤❡s✐s ✷✳✷ ❛❧s♦ ✐♥❝❧✉❞❡s t❤❡ ❝❛s❡ st✉❞✐❡❞ ❜② ●r✐❣♦r❡s❝✉ ❛♥❞ ❑❛♥❣ ✐♥ ❬✹✷❪✱
✇❤❡r❡

J (N)(x1,...,xN ) =
∑

j 6=i

pij(xi)δxj , ∀(x1,...,xN ) ∈ Di.

✇✐t❤
∑

j 6=i pij(xi) = 1 ❛♥❞ infi∈{1,...,N},j 6=i,xi∈∂D pij(xi) > 0✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡
♣❛rt✐❝❧❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❥✉♠♣s t♦ ♦♥❡ ♦❢ t❤❡ ♦t❤❡r ♦♥❡s✱ ✇✐t❤ ♣♦s✐t✐✈❡ ✇❡✐❣❤ts✳
■t ②✐❡❧❞s t❤❛t ❍②♣♦t❤❡s✐s ✷✳✷ ✐s ❢✉❧✜❧❧❡❞ ✇✐t❤ p

(N)
0 = 1 ❛♥❞ f (N)(φD) = φD✳ ■♥

❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡

J (N)(x1,...,xN ) =
1

N − 1

∑

j=1,...,N, j 6=i

δxj , ∀(x1,...,xN ) ∈ Di.

❚❤❛t ✇✐❧❧ ❧❡❛❞ ✉s t♦ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦❢ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✭✷✳✹✮✳
❋✐♥❛❧❧②✱ ❣✐✈❡♥ ❛ ❥✉♠♣ ♠❡❛s✉r❡ J (N) s❛t✐s❢②✐♥❣ ❍②♣♦t❤❡s✐s ✷ ✭✇✐t❤ p

(N)
0 ❛♥❞

f (N)✮✱ ❛♥② σ(N) :
⋃N

i=0Di → M1(D) ❛♥❞ ❛ ❝♦♥st❛♥t α(N) > 0✱ t❤❡ ❥✉♠♣ ♠❡❛s✉r❡

J (N)
σ (x1,...,xN ) = α(N)J (N)(x1,...,xN )+(1−α(N))σ(N)(x1,...,xN ), ∀(x1,...,xN ) ∈ Di,

❢✉❧✜❧❧s t❤❡ ❍②♣♦t❤❡s✐s ✷✳✷ ✇✐t❤ p(N)
0,σ = α(N)p

(N)
0 ❛♥❞ f (N)

σ (φD) = f (N)(φD)✳

❋✐♥❛❧❧②✱ ✇❡ ❣✐✈❡ ❛ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ❡♥s✉r❡s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❡r❣♦❞✐❝✐t② ♦❢ t❤❡
♣r♦❝❡ss✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ✐❢ D ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❢✉❧✜❧❧s
❍②♣♦t❤❡s✐s ✷✳✶✳

❍②♣♦t❤❡s✐s ✷✳✸✳ ❚❤❡r❡ ❡①✐sts α > 0✱ t
(N)
0 > 0 ❛♥❞ ❛ ❝♦♠♣❛❝t s❡t K

(N)
0 ⊂ D s✉❝❤

t❤❛t

✶✳ t❤❡ ❞✐st❛♥❝❡ φD ✐s ♦❢ ❝❧❛ss C2 ♦♥ D \D2α ❛♥❞

inf
x∈D\D2α, i∈{1,...,N}

L(N)
i φD(x) > −∞.

✷✳ ❢♦r ❛❧❧ i ∈ {1,...,N}✱ ✇❡ ❤❛✈❡

p
(N)
1 =

N
∏

i=1

inf
x∈Dα/2

P
i
x(X

(i)

t
(N)
0

∈ K
(N)
0 ) > 0.

❚❤❡♦r❡♠ ✷✳✶✳ ❆ss✉♠❡ t❤❛t ❍②♣♦t❤❡s❡s ✷✳✶ ❛♥❞ ✷✳✷ ❛r❡ ❢✉❧✜❧❧❡❞✳ ❚❤❡♥ t❤❡ ♣r♦❝❡ss

(X1,...,XN ) ✐s ✇❡❧❧ ❞❡✜♥❡❞✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t τ∞ = S∞ ❛❧♠♦st s✉r❡❧②✳

■❢ ❍②♣♦t❤❡s✐s ✷✳✷ ❛♥❞ t❤❡ ✜rst ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✷✳✸ ❛r❡ ❢✉❧✜❧❧❡❞✱ t❤❡♥ τ∞ =

S∞ = +∞ ❛❧♠♦st s✉r❡❧②✳

■❢ ❍②♣♦t❤❡s❡s ✷✳✷ ❛♥❞ ✷✳✸ ❛r❡ ❢✉❧✜❧❧❡❞✱ t❤❡♥ t❤❡ ♣r♦❝❡ss (X1,...,XN ) ✐s ❡①♣♦✲

♥❡♥t✐❛❧❧② ❡r❣♦❞✐❝✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ MN ♦♥ DN

s✉❝❤ t❤❛t✱

||PN
x ((X1

t ,...,X
N
t ) ∈ .)−MN ||TV ≤ C(N)(x)

(

ρ(N)
)t
, ∀x ∈ DN , ∀t ∈ R+,

✇❤❡r❡ C(N)(x) ✐s ✜♥✐t❡✱ ρ(N) < 1 ❛♥❞ ||.||TV ✐s t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♥♦r♠✳ ■♥

♣❛rt✐❝✉❧❛r✱ MN ✐s ❛ st❛t✐♦♥❛r② ♠❡❛s✉r❡ ❢♦r t❤❡ ♣r♦❝❡ss (X1,...,XN )✳
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❚❤❡ ♠❛✐♥ t♦♦❧ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❛ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ (X1
t ,...,X

N
t )t∈[0,Sβ ] ❛♥❞ ❛ s②s✲

t❡♠ ♦❢ N ✐♥❞❡♣❡♥❞❡♥t ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s (Y β,1
t ,...,Y β,N

t )t∈[0,Sβ ]✱
❢♦r ❡❛❝❤ β > 0✳ ❚❤❡ s②st❡♠ ✐s ❜✉✐❧t ✐♥ ♦r❞❡r t♦ s❛t✐s❢②

0 ≤ Y β,i
t ≤ φD(X

i
t) ❛✳s✳

❢♦r ❛❧❧ t ∈ [0,τ∞∧Sβ ] ❛♥❞ ❡❛❝❤ i ∈ {1,...,N}✳ ❲❡ ❜✉✐❧❞ t❤✐s ❝♦✉♣❧✐♥❣ ✐♥ ❙✉❜s❡❝t✐♦♥
✷✳✷✳✷ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✸ ✳

■♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✹✱ ✇❡ ❛ss✉♠❡ t❤❛t D ✐s ❜♦✉♥❞❡❞ ❛♥❞ t❤❛t✱ ❢♦r ❛❧❧ N ≥ 2✱
✇❡✬r❡ ❣✐✈❡♥ J (N) ❛♥❞ ❛ ❢❛♠✐❧② ♦❢ ❞r✐❢ts (q

(N)
i )1≤i≤N ✱ s✉❝❤ t❤❛t ❍②♣♦t❤❡s❡s ✷✳✶✱

✷✳✷ ❛♥❞ ✷✳✸ ❛r❡ ❢✉❧✜❧❧❡❞✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t α ✐♥ ❍②♣♦t❤❡s✐s ✷✳✸ ❞♦❡s♥✬t
❞❡♣❡♥❞ ♦♥ N ✳ ❯♥❞❡r s♦♠❡ s✉✐t❛❜❧❡ ❜♦✉♥❞s ♦♥ t❤❡ ❢❛♠✐❧② (q

(N)
i )1≤i≤N, N≥2✱ ✇❡

♣r♦✈❡ t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ ❧❛✇s ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥s (XN )N≥2 ✐s ✉♥✐❢♦r♠❧②
t✐❣❤t✳ ■♥ ♦✉r ❝❛s❡✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦♣❡rt②✿ ∀ǫ ≥ 0✱ t❤❡r❡ ❡①✐sts ❛
❝♦♠♣❛❝t s❡t K ⊂ D s✉❝❤ t❤❛t E(XN (D \ K)) ≤ ǫ ❢♦r ❛❧❧ N ≥ 2 ✭s❡❡ ❬✹✽❪✮✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤✐s ✐♠♣❧✐❡s t❤❛t (XN )N≥2 ✐s ✇❡❛❦❧② s❡q✉❡♥t✐❛❧❧② ❝♦♠♣❛❝t✳ ▲❡t ✉s
r❡❝❛❧❧ t❤❛t ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ♠❡❛s✉r❡s (γN )N ♦♥ D ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ ❛
r❛♥❞♦♠ ♠❡❛s✉r❡ γ ♦♥ D✱ ✐❢ γN (f) ❝♦♥✈❡r❣❡s t♦ γ(f) ❢♦r ❛❧❧ ❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❡❞
❢✉♥❝t✐♦♥s f : D → R✳ ❚❤✐s ♣r♦♣❡rt② ✇✐❧❧ ❜❡ ❝r✉❝✐❛❧ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳

✷✳✷✳✷ ❈♦✉♣❧✐♥❣✬s ❝♦♥str✉❝t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❆ss✉♠❡ t❤❛t ❍②♣♦t❤❡s✐s ✷✳✶ ✐s ❢✉❧✜❧❧❡❞ ❛♥❞ ✜① β > 0✳ ❚❤❡♥

t❤❡r❡ ❡①✐sts a > 0✱ ❛ N ✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ (W 1,...,WN ) ❛♥❞ ♣♦s✐t✐✈❡

❝♦♥st❛♥ts Q1,...,QN s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ i ∈ {1,...,N}✱ t❤❡ r❡✢❡❝t❡❞ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss

✇✐t❤ ✈❛❧✉❡s ✐♥ [0,a] ❞❡✜♥❡❞ ❜② t❤❡ r❡✢❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✭❝❢✳ ❬✶✽❪✮

Y β,i
t = Y β,i

0 +W i
t −Qit+ Li,0

t − Li,a
t , Y β,i

0 = min(a,φD(X
i
0)) ✭✷✳✼✮

s❛t✐s✜❡s

0 ≤ Y β,i
t ≤ φD(X

i
t) ∧ a ❛✳s✳ ✭✷✳✽✮

❢♦r ❛❧❧ t ∈ [0,τ∞ ∧ Sβ [ ✭s❡❡ ❋✐❣✉r❡ ✷✳✶✮✳ ■♥ ✭✷✳✼✮✱ Li,0 ✭r❡s♣✳ Li,a✮ ❞❡♥♦t❡s t❤❡

❧♦❝❛❧ t✐♠❡ ♦❢ Y β,i ❛t {0} ✭r❡s♣✳ {a}✮✳

❘❡♠❛r❦ ✷✳✸✳ ■❢ t❤❡ ✜rst ♣❛rt ♦❢ ❍②♣♦t❤❡s✐s ✷✳✸ ✐s ❢✉❧✜❧❧❡❞✱ t❤❡♥ t❤❡ ♣r♦♦❢ r❡♠❛✐♥s
✈❛❧✐❞ ✇✐t❤ β = ∞ ❛♥❞ a = α ✭✇❤❡r❡ α > 0 ✐s ❞❡✜♥❡❞ ✐♥ ❍②♣♦t❤❡s✐s ✷✳✸✮✳ ❚❤✐s
❧❡❛❞s ✉s t♦ ❛ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ Xi ❛♥❞ Y∞,i✱ ✈❛❧✐❞ ❢♦r ❛❧❧ t ∈ [0,τ∞∧S∞[= [0,τ∞[✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷ ✿ ❚❤❡ s❡t Bβ \ U ✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ D✱ t❤❡♥ t❤❡r❡
❡①✐sts a > 0 s✉❝❤ t❤❛t Bβ \ U ⊂ D2a✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ Bβ \ D2a ⊂ U ✱ s♦
t❤❛t φD ✐s ♦❢ ❝❧❛ss C2 ✐♥ Bβ \D2a✳
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❋✐❣✉r❡ ✷✳✶✿ ❚❤❡ ♣❛rt✐❝❧❡ X1 ❛♥❞ ✐ts ❝♦✉♣❧❡❞ r❡✢❡❝t❡❞ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss Y 1

❋✐① i ∈ {1,...,N}✳ ❲❡ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (θin)n s✉❝❤ t❤❛t
Xi

t ∈ Bβ \D2a ❢♦r ❛❧❧ t ∈ [θi2n,θ
i
2n+1[ ❛♥❞ X

i
t ∈ Da ❢♦r ❛❧❧ t ∈ [θi2n+1,θ

i
2n+2[✳ ▼♦r❡

♣r❡❝✐s❡❧②✱ ✇❡ s❡t ✭s❡❡ ❋✐❣✉r❡ ✷✳✷✮

θi0 = inf {t ∈ [0,+∞[, Xi
t ∈ Bβ \Da} ∧ τ∞ ∧ Sβ ,

θi1 = inf {t ∈ [t0,+∞[, Xi
t ∈ D2a} ∧ τ∞ ∧ Sβ ,

❛♥❞✱ ❢♦r n ≥ 1✱

θi2n = inf {t ∈ [ti2n−1,+∞[, Xi
t ∈ Bβ \Da} ∧ τ∞ ∧ Sβ ,

θi2n+1 = inf {t ∈ [ti2n,+∞[, Xi
t ∈ D2a} ∧ τ∞ ∧ Sβ .

❚❤❡ s❡q✉❡♥❝❡ (θin) ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ ❣♦❡s t♦ τ∞ ∧ Sβ ❛❧♠♦st s✉r❡❧②✳
▲❡t γi ❜❡ ❛ 1✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r♦❝❡ss (X1,...,XN )

❛♥❞ ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ (B1,...,BN )✳ ❲❡ s❡t

W i
t = γit , ❢♦r t ∈ [0,θi0[,

❛♥❞✱ ❢♦r ❛❧❧ n ≥ 0✱

W i
t =W i

θi2n
+

∫ t

θi2n

∇φD(Xi
s-) · dBi

s ❢♦r t ∈ [θi2n,θ
i
2n+1[,

W i
t =W i

θi2n+1
+ (γit − γiθi2n+1

) ❢♦r t ∈ [θi2n+1,θ
i
2n+2[,

✇❤❡r❡
∫ t
θi2n

∇φD(Xi
s-) · dBi

s ❤❛s t❤❡ ❧❛✇ ♦❢ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❜❡t✇❡❡♥ t✐♠❡s θi2n
❛♥❞ θi2n+1✱ t❤❛♥❦s t♦ ✭✷✳✻✮✳ ❚❤❡ ♣r♦❝❡ss (W 1,...,WN ) ✐s ②❡t ❞❡✜♥❡❞ ❢♦r ❛❧❧ t ∈
[0,τ∞ ∧ Sβ [✳ ❲❡ s❡t

W i
t =W i

τ∞∧Sβ−
+ (γit − γiτ∞∧Sβ

) ❢♦r t ∈ [τ∞ ∧ Sβ ,+∞[
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❋✐❣✉r❡ ✷✳✷✿ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s (θin)n≥0

■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t (W 1,...,WN ) ✐s ❛ N ✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳
❋✐① i ∈ {1,...,N}✳ ❚❤❛♥❦s t♦ ❍②♣♦t❤❡s✐s ✷✳✷✱ t❤❡r❡ ❡①✐sts Q(N)

i ≥ 0 s✉❝❤ t❤❛t

inf
x∈Bβ\D2a

L(N)
i φD(x) ≥ −Q(N)

i .

▲❡t ✉s ♣r♦✈❡ t❤❛t t❤❡ r❡✢❡❝t❡❞ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss Y β,i ❞❡✜♥❡❞ ❜② ✭✷✳✼✮ ❢✉❧✜❧❧s ✐♥✲
❡q✉❛❧✐t② ✭✷✳✽✮ ❢♦r ❛❧❧ t ∈ [0,τ∞ ∧ Sβ [✳

❲❡ s❡t ζ = inf
{

0 ≤ t < τ∞ ∧ Sβ , Y β,i
t > φD(X

i
t)
}

❛♥❞ ✇❡ ✇♦r❦ ❝♦♥❞✐t✐♦♥❛❧❧②
t♦ ζ < τ∞ ∧ Sβ ✳ ❇② r✐❣❤t ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ t✇♦ ♣r♦❝❡ss❡s✱

0 < φD(X
i
ζ) ≤ Y β,i

ζ ≤ a ❛✳s✳

❖♥❡ ❝❛♥ ✜♥❞ ❛ st♦♣♣✐♥❣ t✐♠❡ ζ ′ ∈]ζ,τ∞∧Sβ [✱ s✉❝❤ t❤❛t Xi ❞♦❡s♥✬t ❥✉♠♣ ❜❡t✇❡❡♥
ζ ❛♥❞ ζ ′ ❛♥❞ s✉❝❤ t❤❛t Y β,i

t > 0 ❛♥❞ Xi
t ∈ Bβ \D2a ❢♦r ❛❧❧ t ∈ [ζ,ζ ′] ❛❧♠♦st s✉r❡❧②✳

❚❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ φD ♦♥ Bβ \ D2a✱ ✇❡ ❝❛♥ ❛♣♣❧② ■tô✬s ❢♦r♠✉❧❛ t♦
(φD(X

i
t))t∈[ζ,ζ′]✱ ❛♥❞ ✇❡ ❣❡t✱ ❢♦r ❛❧❧ st♦♣♣✐♥❣ t✐♠❡ t ∈ [ζ,ζ ′]✱

φD(X
i
t) = φD(X

i
ζ) +

∫ t

ζ
∇φD(Xi

s) · dBi
s +

∫ t

ζ
L(N)
i φD(X

i
s)ds.

❇✉t ζ ❛♥❞ ζ ′ ❧✐❡ ❜❡t✇❡❡♥ ❛♥ ❡♥tr② t✐♠❡ ♦❢ Xi t♦ Bβ \Da ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr②
t✐♠❡ t♦ D2a✳ ■t ②✐❡❧❞s t❤❛t t❤❡r❡ ❡①✐sts n ≥ 0 s✉❝❤ t❤❛t [ζ,ζ ′] ⊂ [θi2n,θ

i
2n+1[✳ ❲❡

❞❡❞✉❝❡ t❤❛t

φD(X
i
t)−Y β,i

t = φD(X
i
ζ)−Y β,i

ζ +

∫ t

ζ
(L(N)

i φD(X
i
s) +Q

(N)
i )ds−Li,0

t +Li,0
ζ +Li,a

t −Li,a
ζ ,
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✇❤❡r❡ L(N)
i φD(X

i
s) +Q

(N)
i ≥ 0✱ (Li,a

s )s≥0 ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ Li,0
t = Li,0

ζ ✱ s✐♥❝❡ Y β,i

❞♦❡s♥✬t ❤✐t 0 ❜❡t✇❡❡♥ t✐♠❡s ζ ❛♥❞ t✳ ■t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❛❧❧ t ∈ [ζ,ζ ′]✱

φD(X
i
t)− Y β,i

t ≥ φD(X
i
ζ)− Y β,i

ζ

≥ φD(X
i
ζ−)− Y β,i

ζ− ≥ 0.

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❥✉♠♣s ♦❢ φD(Xi)

❛♥❞ ❢r♦♠ t❤❡ ❧❡❢t ❝♦♥t✐♥✉✐t② ♦❢ Y β,i✱ ✇❤✐❧❡ t❤❡ t❤✐r❞ ✐♥❡q✉❛❧✐t② ✐s ❞✉❡ t♦ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ζ✳ ❚❤❡♥ φD(Xi) − Y β,i st❛②s ♥♦♥✲♥❡❣❛t✐✈❡ ❜❡t✇❡❡♥ t✐♠❡s ζ ❛♥❞ ζ ′✱
✇❤❛t ❝♦♥tr❛❞✐❝ts t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ζ✳ ❋✐♥❛❧❧②✱ ζ = τ∞ ∧ Sβ ❛❧♠♦st s✉r❡❧②✱ ✇❤✐❝❤
♠❡❛♥s t❤❛t t❤❡ ❝♦✉♣❧✐♥❣ ✐♥❡q✉❛❧✐t② ✭✷✳✽✮ r❡♠❛✐♥s tr✉❡ ❢♦r ❛❧❧ t ∈ [0,τ∞ ∧ Sβ [✳

✷✳✷✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶

Pr♦♦❢ t❤❛t (X1,...,XN ) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✉♥❞❡r ❍②♣♦t❤❡s❡s ✷✳✶ ❛♥❞ ✷✳✷✳ ▲❡t N ≥ 2

❜❡ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ❛♥❞ ✜① ❛r❜✐tr❛r✐❧② ✐ts st❛rt✐♥❣ ♣♦✐♥t
x ∈ DN ✳ ❚❤❛♥❦s t♦ t❤❡ ♥♦♥ ❡①♣❧♦s✐✈❡♥❡ss ♦❢ ❡❛❝❤ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss Pi✱ t❤❡
✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss ❝❛♥✬t ❡s❝❛♣❡ t♦ ✐♥✜♥✐t② ✐♥ ✜♥✐t❡ t✐♠❡ ❛❢t❡r ❛ ✜♥✐t❡
♥✉♠❜❡r ♦❢ ❥✉♠♣s✳ ■t ②✐❡❧❞s t❤❛t τ∞ ≤ S∞ ❛❧♠♦st s✉r❡❧②✳

❋✐① β > 0 s✉❝❤ t❤❛t x ∈ Bβ ❛♥❞ ❞❡✜♥❡ t❤❡ ❡✈❡♥t Cβ = {τ∞ < Sβ}✳ ❆ss✉♠❡
t❤❛t Cβ ♦❝❝✉rs ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳ ❈♦♥❞✐t✐♦♥❛❧❧② t♦ Cβ ✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r
♦❢ ❥✉♠♣s ✐s ❡q✉❛❧ t♦ +∞ ❜❡❢♦r❡ t❤❡ ✜♥✐t❡ t✐♠❡ τ∞✳ ❚❤❡r❡ ✐s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢
♣❛rt✐❝❧❡s✱ t❤❡♥ ❛t ❧❡❛st ♦♥❡ ♣❛rt✐❝❧❡ ♠❛❦❡s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ❜❡❢♦r❡ τ∞✳
❲❡ ❞❡♥♦t❡ ✐t ❜② i0 ✭✇❤✐❝❤ ✐s ❛ r❛♥❞♦♠ ✐♥❞❡①✮✳

❋♦r ❡❛❝❤ ❥✉♠♣✐♥❣ t✐♠❡ τn✱ ✇❡ ❞❡♥♦t❡ ❜② σi0n t❤❡ ♥❡①t ❥✉♠♣✐♥❣ t✐♠❡ ♦❢ i0✱ ✇✐t❤
τn < σi0n < τ∞✳ ❈♦♥❞✐t✐♦♥❛❧❧② t♦ Cβ ✱ ✇❡ ❣❡t σi0n − τn → 0 ✇❤❡♥ n → ∞✳ ❋♦r
❛❧❧ C2 ❢✉♥❝t✐♦♥ f ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ ]0,2a[✱ t❤❡ ♣r♦❝❡ss f(φD(Xi0)) ✐s ❛
❝♦♥t✐♥✉♦✉s ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇✐t❤ ❜♦✉♥❞❡❞ ❝♦❡✣❝✐❡♥ts ❜❡t✇❡❡♥ τn ❛♥❞ σi0n -✱ t❤❡♥

sup
t∈[τn,σ

i0
n [

|f(φD(Xi0
t ))| = sup

t∈[τn,σ
i0
n [

|f(φD(Xi0
t ))− f(φD(X

i0

σ
i0
n -

))| −−−→
n→∞

0, a.s.

❙✐♥❝❡ t❤❡ ♣r♦❝❡ss φD(Xi0) ✐s ❝♦♥t✐♥✉♦✉s ❜❡t✇❡❡♥ τn ❛♥❞ σi0n −✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
φD(X

i0
τn) ❞♦❡s♥✬t ❧✐❡ ❛❜♦✈❡ t❤❡ s✉♣♣♦rt ♦❢ f ✱ ❢♦r n ❜✐❣ ❡♥♦✉❣❤ ❛❧♠♦st s✉r❡❧②✳ ❇✉t

t❤❡ s✉♣♣♦rt ♦❢ f ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ 0✱ ✐t ②✐❡❧❞s t❤❛t φD(Xi0
τn) ❣♦❡s

t♦ 0 ❛❧♠♦st s✉r❡❧② ❝♦♥❞✐t✐♦♥❛❧❧② t♦ Cβ ✳
▲❡t ✉s ❞❡♥♦t❡ ❜② (τ i0n )n t❤❡ s❡q✉❡♥❝❡ ♦❢ ❥✉♠♣✐♥❣ t✐♠❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡ i0✳ ❲❡

❞❡♥♦t❡ ❜② An t❤❡ ❡✈❡♥t

An =
{

∃i 6= i0 |φD(Xi

τ
i0
n
) ≤ f (N)(φD(X

i0

τ
i0
n

))
}

,



✾✵
❈❍❆P❚❊❘ ✷✳ ■◆❚❊❘❆❈❚■◆● P❆❘❚■❈▲❊ ❙❨❙❚❊▼❙ ❆◆❉ ❨❆●▲❖▼ ▲■▼■❚

❆PP❘❖❳■▼❆❚■❖◆ ❖❋ ❉■❋❋❯❙■❖◆❙ ❲■❚❍ ❯◆❇❖❯◆❉❊❉ ❉❘■❋❚

✇❤❡r❡ f (N) ✐s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ❍②♣♦t❤❡s✐s ✷✳✷ ✳ ❲❡ ❤❛✈❡✱ ❢♦r ❛❧❧ 1 ≤ k ≤ l✱

P

(

l+1
⋂

n=k

Ac
n

)

= E

(

E

(

l+1
∏

n=k

1Ac
n
| (X1

t ,...X
N
t )

0≤t<τ
i0
l+1

))

= E

(

l
∏

n=k

1Ac
n
E

(

1Ac
l+1

| (X1
t ,...X

N
t )

0≤t<τ
i0
l+1

)

)

,

✇❤❡r❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❥✉♠♣ ♠❡❝❤❛♥✐s♠ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠✱

E

(

1Ac
l+1

| (X1
t ,...X

N
t )

0≤t<τ
i0
l+1

)

= J (N)(X1

τ
i0
l+1

,...,XN

τ
i0
l+1

)
(

Ac
l+1

)

≤ 1− p
(N)
0 ,

❜② ❍②♣♦t❤❡s✐s ✷✳✷✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ l✱ ✇❡ ❣❡t

P

(

l
⋂

n=k

Ac
n

)

≤ (1− p
(N)
0 )l−k, ∀1 ≤ k ≤ l.

❙✐♥❝❡ p(N)
0 > 0✱ ✐t ②✐❡❧❞s t❤❛t

P





⋃

k≥1

∞
⋂

n=k

Ac
n



 = 0.

■t ♠❡❛♥s t❤❛t✱ ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② ❥✉♠♣s τn ❛❧♠♦st s✉r❡❧②✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ ♣❛rt✐❝❧❡
j s✉❝❤ t❤❛t f (N)(φD(X

j
τn)) ≤ φD(X

i0
τn)✳ ❇❡❝❛✉s❡ t❤❡r❡ ✐s ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢

♦t❤❡r ♣❛rt✐❝❧❡s✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ ♣❛rt✐❝❧❡✱ s❛② j0 ✭✇❤✐❝❤ ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✮✱ s✉❝❤
t❤❛t

f (N)(φD(X
j0
τn)) ≤ φD(X

i0
τn), ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② n ≥ 1.

■♥ ♣❛rt✐❝✉❧❛r✱ limn→∞

(

φD(X
i0
τn),f

(N)(φD(X
j0
τn))

)

= (0,0) ❛❧♠♦st s✉r❡❧②✳ ❇✉t

(f (N))−1 ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ♥❡❛r 0✱ t❤❡♥

lim
n→∞

(

φD(X
i0
τn),φD(X

j0
τn)
)

= (0,0) a.s.

❯s✐♥❣ t❤❡ ❝♦✉♣❧✐♥❣ ✐♥❡q✉❛❧✐t② ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

Cβ ⊂
{

lim
t→τ∞

(Y β,i0
t ,Y β,j0

t ) = (0,0)

}

.

❚❤❡♥✱ ❝♦♥❞✐t✐♦♥❛❧❧② t♦ Cβ ✱ Y β,i0 ❛♥❞ Y β,j0 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t r❡✢❡❝t❡❞ ❞✐✛✉s✐♦♥
♣r♦❝❡ss❡s ✇✐t❤ ❜♦✉♥❞❡❞ ❞r✐❢t✱ ✇❤✐❝❤ ❤✐t 0 ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❚❤✐s ♦❝❝✉rs ❢♦r t✇♦
✐♥❞❡♣❡♥❞❡♥t r❡✢❡❝t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 0✱ ❛♥❞ t❤❡♥ ❢♦r Y β,i0

❛♥❞ Y β,j0 t♦♦✱ ❜② t❤❡ ●✐rs❛♥♦✈✬s ❚❤❡♦r❡♠✳ ❚❤❛t ✐♠♣❧✐❡s Px(Cβ) = 0✳
❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t τ∞ ≥ Sβ ❛❧♠♦st s✉r❡❧② ❢♦r ❛❧❧ β > 0✱ ✇❤✐❝❤ ❧❡❛❞s t♦

τ∞ ≥ S∞ ❛❧♠♦st s✉r❡❧②✳ ❋✐♥❛❧❧②✱ ✇❡ ❣❡t τ∞ = S∞ ❛❧♠♦st s✉r❡❧②✳
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❚❍❊ ❇❖❯◆❉❆❘❨ ✾✶

■❢ t❤❡ ✜rst ♣❛rt ♦❢ ❍②♣♦t❤❡s✐s ✷✳✸ ✐s ❢✉❧✜❧❧❡❞✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡❞ t❤❡ ❝♦✉♣❧❡❞
r❡✢❡❝t❡❞ ❞✐✛✉s✐♦♥ Y∞,i✱ ✇❤✐❝❤ ❢✉❧✜❧❧s ✐♥❡q✉❛❧✐t② ✭✷✳✽✮ ✇✐t❤ a = α ❛♥❞ ❢♦r ❛❧❧
t ∈ [0,τ∞ ∧ S∞[= [0,τ∞[✳ ❚❤❡♥ t❤❡ s❛♠❡ ♣r♦♦❢ ❧❡❛❞s t♦

{τ∞ < +∞} ⊂
{

lim
t→τ∞

(Y∞,i0
t ,Y∞,j0

t ) = (0,0)

}

.

❋✐♥❛❧❧②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t τ∞ = ∞ ❛❧♠♦st s✉r❡❧②✳

❘❡♠❛r❦ ✷✳✹✳ ❖♥❡ ❝♦✉❧❞ ✇♦♥❞❡r ✐❢ t❤❡ ♣r❡✈✐♦✉s ❝♦✉♣❧✐♥❣ ❛r❣✉♠❡♥t ❝❛♥ ❜❡ ❣❡♥❡r✲
❛❧✐③❡❞✱ r❡♣❧❛❝✐♥❣ ✭✷✳✺✮ ❜② ✉♥✐❢♦r♠❧② ❡❧❧✐♣t✐❝ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ■♥ ❢❛❝t✱ s✉❝❤ ❛r❣✉✲
♠❡♥ts ❧❡❛❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Y i ❛s t❤❡ r❡✢❡❝t❡❞ ❞✐✛✉s✐♦♥ Y i

t =
∫ t
0 φ(X

i
s)dW

i
s −

Qit+L
0
t −Lα

t ✱ ✇❤❡r❡ φ ✐s ❛ r❡❣✉❧❛r ❢✉♥❝t✐♦♥✳ ■♥ ♦✉r ❝❛s❡ ♦❢ ❛ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦✲
t✐♦♥✱ φ ✐s ❡q✉❛❧ t♦ 1 ❛♥❞ Y i ✐s ❛ r❡✢❡❝t❡❞ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢
t❤❡ ♦t❤❡rs ♣❛rt✐❝❧❡s✳ ❇✉t ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ Y i ❛r❡ ❣❡♥❡r❛❧ ♦rt❤♦❣♦♥❛❧ s❡♠✐✲
♠❛rt✐♥❣❛❧❡s✳ ■t ②✐❡❧❞s t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ r❡❞✉❝❡s t♦ t❤❡
❢♦❧❧♦✇✐♥❣ ❤❛r❞ ♣r♦❜❧❡♠ ✭s❡❡ ❬✼✹✱ ◗✉❡st✐♦♥ ✷✱ ♣❛❣❡ ✷✶✼❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✿
✧❲❤✐❝❤ ❛r❡ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉♦✉s s❡♠✐✲♠❛rt✐♥❣❛❧❡s ❢♦r ✇❤✐❝❤ t❤❡ ♦♥❡
♣♦✐♥t s❡ts ❛r❡ ♣♦❧❛r ❄✧✳ ❙✐♥❝❡ t❤✐s q✉❡st✐♦♥ ❤❛s ♥♦ ❣❡♥❡r❛❧ ❛♥s✇❡r✱ ✐t s❡❡♠s t❤❛t
t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ ❞♦❡s♥✬t ❣❡♥❡r❛❧✐③❡ ✐♠♠❡❞✐❛t❡❧② t♦ ❣❡♥❡r❛❧ ✉♥✐❢♦r♠❧② ❡❧❧✐♣t✐❝
❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳

❲❡ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❡r❣♦❞✐❝✐t② ❝❛♥ ❜❡ ❣❡♥✲
❡r❛❧✐③❡❞ ✭❛s s♦♦♥ ❛s τ∞ = S∞ = +∞ ✐s ♣r♦✈❡❞✮✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t (Y 1

t ,...,Y
N
t )t≥0

✐s ❛ t✐♠❡ ❝❤❛♥❣❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❞r✐❢t ❛♥❞ r❡✢❡❝t✐♦♥ ✭s❡❡ ❬✼✹✱ ❚❤❡♦r❡♠
✶✳✾ ✭❑♥✐❣❤t✮❪✮✳ ❚❤✐s t✐♠❡ ❝❤❛♥❣❡ ❛r❣✉♠❡♥t ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✹✷❪✱ ✇✐t❤ ❛
❞✐✛❡r❡♥t ❝♦✉♣❧✐♥❣ ❝♦♥str✉❝t✐♦♥✳ ❚❤✐s ❝❤❛♥❣❡ ♦❢ t✐♠❡ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦
❣❡♥❡r❛❧✐③❡ ❚❤❡♦r❡♠ ✷✳✸ ❜❡❧♦✇✱ ❛s s♦♦♥ ❛s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❡r❣♦❞✐❝✐t② ✐s ♣r♦✈❡❞✳

Pr♦♦❢ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❡r❣♦❞✐❝✐t②✳ ■t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts n ≥ 1✱
ǫ > 0 ❛♥❞ ❛ ♥♦♥✲tr✐✈✐❛❧ ♣r♦❜❛❜✐❧✐t② ϑ ♦♥ DN s✉❝❤ t❤❛t

Px((X
1

nt
(N)
0

,...,XN

nt
(N)
0

) ∈ A) ≥ ǫϑ(A), ∀x ∈ K0, A ∈ B(DN ), ✭✷✳✾✮

✇✐t❤ K0 =
(

K
(N)
0

)N
✱ ✇❤❡r❡ t(N)

0 ❛♥❞ K
(N)
0 ❛r❡ ❞❡✜♥❡❞ ✐♥ ❍②♣♦t❤❡s✐s ✷✳✸✱ ❛♥❞

s✉❝❤ t❤❛t

sup
x∈K0

Ex(κ
τ ′) <∞, ✭✷✳✶✵✮

✇❤❡r❡ κ ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❛♥❞ τ ′ = min{n ≥ 1, (X1

nt
(N)
0

,...,XN

nt
(N)
0

)n∈N ∈ K0}
✐s t❤❡ r❡t✉r♥ t✐♠❡ t♦ K0 ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ (X1

nt
(N)
0

,...,XN

nt
(N)
0

)n∈N✳ ■♥❞❡❡❞✱

❉♦✇♥✱ ▼❡②♥ ❛♥❞ ❚✇❡❡❞✐❡ ♣r♦✈❡❞ ✐♥ ❬✷✻✱ ❚❤❡♦r❡♠ ✷✳✶ ♣✳✶✻✼✸❪ t❤❛t ✐❢ t❤❡ ▼❛r❦♦✈
❝❤❛✐♥ (X1

nt
(N)
0

,...,XN

nt
(N)
0

)n∈N ✐s ❛♣❡r✐♦❞✐❝ ✭✇❤✐❝❤ ✐s ♦❜✈✐♦✉s ✐♥ ♦✉r ❝❛s❡✮ ❛♥❞ ❢✉❧✜❧❧s

✭✷✳✾✮ ❛♥❞ ✭✷✳✶✵✮✱ t❤❡♥ ✐t ✐s ❣❡♦♠❡tr✐❝❛❧❧② ❡r❣♦❞✐❝✳ ❇✉t✱ t❤❛♥❦s t♦ ❬✷✻✱ ❚❤❡♦r❡♠



✾✷
❈❍❆P❚❊❘ ✷✳ ■◆❚❊❘❆❈❚■◆● P❆❘❚■❈▲❊ ❙❨❙❚❊▼❙ ❆◆❉ ❨❆●▲❖▼ ▲■▼■❚

❆PP❘❖❳■▼❆❚■❖◆ ❖❋ ❉■❋❋❯❙■❖◆❙ ❲■❚❍ ❯◆❇❖❯◆❉❊❉ ❉❘■❋❚

✺✳✸ ♣✳✶✻✽✶❪✱ t❤❡ ❣❡♦♠❡tr✐❝ ❡r❣♦❞✐❝✐t② ♦❢ t❤✐s ▼❛r❦♦✈ ❝❤❛✐♥ ✐s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥
❢♦r (X1,...,XN ) t♦ ❜❡ ❡①♣♦♥❡♥t✐❛❧❧② ❡r❣♦❞✐❝✳

❲❡ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t K(N)
0 ⊂ Dα/2 ✭✇❤❡r❡ α ✐s ❞❡✜♥❡❞

✐♥ ❍②♣♦t❤❡s✐s ✷✳✸✮✳ ▲❡t ✉s s❡t

ϑ(A) =

∏N
i=1 infx∈Dα/2

Pi(X
(i)

t
(N)
0

∈ A ∩K(N)
0 )

∏N
i=1 infx∈Dα/2

Pi(X
(i)

t
(N)
0

∈ K
(N)
0 )

.

❚❤❛♥❦s t♦ ❍②♣♦t❤❡s✐s ✷✳✸✱ ϑ ✐s ❛ ♥♦♥✲tr✐✈✐❛❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ▼♦r❡♦✈❡r✱ ✭✷✳✾✮
✐s ❝❧❡❛r❧② ❢✉❧✜❧❧❡❞ ✇✐t❤ n = 1 ❛♥❞ ǫ =

∏N
i=1 infx∈Dα Pi(X

(i)

t
(N)
0

∈ K
(N)
0 )✳

▲❡t ✉s ♣r♦✈❡ t❤❛t ∃κ > 0 s✉❝❤ t❤❛t ✭✷✳✶✵✮ ❤♦❧❞s✳ ❖♥❡ ❝❛♥ ❞❡✜♥❡ t❤❡ N ✲
❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ (Y∞,1,...,Y∞,N ) r❡✢❡❝t❡❞ ♦♥ {0,α} ❛♥❞ ❝♦✉♣❧❡❞ ✇✐t❤ (X1,...,XN )✱
s♦ t❤❛t ✐♥❡q✉❛❧✐t② ✭✷✳✽✮ ✐s ❢✉❧✜❧❧❡❞ ❢♦r ❛❧❧ t ∈ [0,+∞[ ❛♥❞ a = α✳ ❋♦r ❛❧❧ x0 ∈ DN ✱
✇❡ ❤❛✈❡ ❜② t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②

Px0((X
1

2t
(N)
0

,...,XN

2t
(N)
0

) ∈ KN
0 ) ≥ Px0(X

i

t
(N)
0

∈ Dα/2,∀i) inf
x∈DN

α/2

Px(X
i

t
(N)
0

∈ K
(N)
0 ,∀i)

≥ Px0(X
i

t
(N)
0

∈ Dα/2,∀i)
N
∏

i=1

inf
x∈Dα/2

Px(X
i

t
(N)
0

∈ K
(N)
0 )

≥ Px0(X
i

t
(N)
0

∈ Dα/2,∀i)p(N)
1 ,

✇❤❡r❡ p(N)
1 > 0 ✐s ❞❡✜♥❡❞ ✐♥ ❍②♣♦t❤❡s✐s ✷✳✸✳ ■t ②✐❡❧❞s t❤❛t

Px0((X
1

2t
(N)
0

,...,XN

2t
(N)
0

) ∈ KN
0 ) ≥ p

(N)
1 Px0(φD(X

i

t
(N)
0

) > α/2,∀i)

≥ p
(N)
1

N
∏

i=1

P
Y ∞,i
0

(Y∞,i

t
(N)
0

> α/2),

t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❆ ❝♦♠♣❛r✐s♦♥ ❛r❣✉♠❡♥t s❤♦✇s t❤❛t P
Y ∞,i
0

(Y∞,i

t
(N)
0

>

α/2) ≥ P0(Y
∞,i > α/2)✳ ❚❤❡♥

inf
x0∈D

Px0((X
1

2t
(N)
0

,...,XN

2t
(N)
0

) ∈ KN
0 ) ≥ p

(N)
1

N
∏

i=1

P0(Y
∞,i

t
(N)
0

> α/2) > 0,

t❤❛♥❦s t♦ t❤❡ str✐❝t ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❧❛✇ ♦❢ Y∞,i

t
(N)
0

✱ ❢♦r ❛❧❧ i ∈ {1,...,N}✳
❯s✐♥❣ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ✇❡ ❣❡t✱ ∀n ≥ 1✱

P (τ ′ ≥ 2nt
(N)
0 ) ≥ (1− inf

x0∈D
Px0((X

1

2t
(N)
0

,...,XN

2t
(N)
0

) ∈ KN
0 ))P (τ ′ ≥ 2(n− 1)t

(N)
0 )

≥ (1− inf
x0∈D

Px0((X
1

2t
(N)
0

,...,XN

2t
(N)
0

) ∈ KN
0 ))n,

✇❤❡r❡ 0 < infx0∈D Px0((X
1

2t
(N)
0

,...,XN

2t
(N)
0

) ∈ KN
0 ) ≤ 1✳ ■t ②✐❡❧❞s t❤❛t t❤❡r❡ ❡①✐sts

κ > 0 s✉❝❤ t❤❛t ✭✷✳✶✵✮ ✐s ❢✉❧✜❧❧❡❞✳
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✷✳✷✳✹ ❯♥✐❢♦r♠ t✐❣❤t♥❡ss ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s

■♥ t❤✐s ♣❛rt✱ t❤❡ ♦♣❡♥ s❡t D ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❜♦✉♥❞❡❞✳ ❆ss✉♠❡ t❤❛t ❛ ❥✉♠♣
♠❡❛s✉r❡ J (N) ❛♥❞ ❛ ❢❛♠✐❧② ♦❢ ❞r✐❢ts (q(N)

i )i=1,...,N ❛r❡ ❣✐✈❡♥ ❢♦r ❡❛❝❤ N ≥ 2✳

❍②♣♦t❤❡s✐s ✷✳✹✳ ❍②♣♦t❤❡s❡s ✷✳✶ ❛♥❞ ✷✳✷ ❛r❡ ❢✉❧✜❧❧❡❞ ❢♦r ❡❛❝❤ N ≥ 2 ❛♥❞ ❍②✲

♣♦t❤❡s✐s ✷✳✸ ✐s ❢✉❧✜❧❧❡❞ ✇✐t❤ t❤❡ s❛♠❡ α ❢♦r ❡❛❝❤ N ≥ 2✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts

r > 1 s✉❝❤ t❤❛t

sup
N≥2

1

N

N
∑

i=1

r(Q
(N)
i )2 < +∞,

✇❤❡r❡ Q
(N)
i = − infx∈D\Dα

L(N)
i φD(x)✳

❋♦r ❛❧❧ N ≥ 2✱ ✇❡ ❞❡♥♦t❡ ❜② mN ∈ M1(D
N ) t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ❛♥❞

❜② µN (t,dx) t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ N ✲♣❛rt✐❝❧❡s ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② t❤❡
❥✉♠♣ ♠❡❛s✉r❡ J (N) ❛♥❞ t❤❡ ❢❛♠✐❧② (q

(N)
i )i∈{1,...,N}✳ ■ts st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ✐s

❞❡♥♦t❡❞ ❜② MN ❛♥❞ ✐ts ❡♠♣✐r✐❝❛❧ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ✐s ❞❡♥♦t❡❞ ❜② XN ✿

XN =
1

N

N
∑

i=1

δxi

✇❤❡r❡ (x1,...,xN ) ✐s ❛ r❛♥❞♦♠ ✈❡❝t♦r ✐♥ DN ❞✐str✐❜✉t❡❞ ❢♦❧❧♦✇✐♥❣ MN ✳

❚❤❡♦r❡♠ ✷✳✸✳ ❆ss✉♠❡ t❤❛t ❍②♣♦t❤❡s✐s ✷✳✹ ✐s ❢✉❧✜❧❧❡❞✳ ❋♦r ❛❧❧ s❡q✉❡♥❝❡ ♦❢ ♠❡❛✲

s✉r❡s mN ∈ M1(D
N ) ❛♥❞ ❛❧❧ t > 0✱ t❤❡ ❢❛♠✐❧② ♦❢ ❧❛✇s ♦❢ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡s

(

µN (t,dx)
)

N≥2
✐s ✉♥✐❢♦r♠❧② t✐❣❤t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢❛♠✐❧② ♦❢ ❧❛✇s ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧

st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s
(

XN
)

N≥2
✐s ✉♥✐❢♦r♠❧② t✐❣❤t✳

Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦❝❡ss (X1,...,XN ) st❛rt✐♥❣ ✇✐t❤ ❛ ❞✐str✐❜✉t✐♦♥ mN

❛♥❞ ✐ts ❝♦✉♣❧❡❞ ♣r♦❝❡ss (Y∞,1,...,Y∞,N )✳ ❋♦r ❛❧❧ t ∈ [0,τ∞[✱ ✇❡ ❞❡♥♦t❡ ❜② µ′N (t,dx)

t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ♦❢ (Y∞,1
t ,...,Y∞,N

t )✳ ❇② t❤❡ ❝♦✉♣❧✐♥❣ ✐♥❡q✉❛❧✐t② ✭✷✳✽✮✱ ✇❡
❣❡t

µN (t,Dc
r) ≤ µ′N (t,[0,r]), ∀r ∈ [0,α].

❯s✐♥❣ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛❧❧ s < t✱

EX1
s ,...,X

N
s

(

µN (t− s,Dc
r)
)

≤ E
Y ∞,1
s ,...,Y ∞,N

s

(

µ′N (t− s,[0,r])
)

❛✳s✳

❚❤❡♥✱ ❜② ❛ ❝♦♠♣❛r✐s♦♥ ❛r❣✉♠❡♥t✱

EX1
s ,...,X

N
s

(

µN (t− s,Dc
r)
)

≤ E0,...,0

(

µ′N (t− s,[0,r])
)

❛✳s✳

≤ 1

N

N
∑

i=1

P0(Y
∞,i
t−s ≤ r) ❛✳s✳ ✭✷✳✶✶✮

❚❤❛♥❦s t♦ t❤❡ ●✐rs❛♥♦✈✬s ❚❤❡♦r❡♠✱ ✇❡ ❤❛✈❡

P0(Y
∞,i
t−s ≤ r) = E0

(

δ
wi

t−s+Li,α
t−s−Li,0

t−s
([0,r])eQ

(N)
i wi

t−s−(Q
(N)
i )2(t−s)

)

e
3
2
(Q

(N)
i )2(t−s),
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✇❤❡r❡ (w1,...,wN ) ✐s ❛ N ✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❇② t❤❡ ❈❛✉❝❤② ❙❝❤✇❛rt③
✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t

P0(Y
∞,i
t−s ≤ r) ≤

√

E0

(

(

δ
wi

t−s+Li,α
t−s−Li,0

t−s
([0,r])

)2
)

E0

(

(

eQ
(N)
i wi

t−s−(Q
(N)
i )2(t−s)

)2
)

,

≤
√

E0

(

δ
wi

t−s+Li,α
t−s−Li,0

t−s
([0,r])

)

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ♦❝❝✉rs✱ s✐♥❝❡ 0 ≤ δ
wi

t−s+Li,α
t−s−Li,0

t−s
([0,r]) ≤ 1 ❛❧♠♦st

s✉r❡❧② ❛♥❞ t❤❡ ♣r♦❝❡ss e2Q
N
i wi

t−2(Q
(N)
i )2t ✐s t❤❡ ❉♦❧é❛♥s ❡①♣♦♥❡♥t✐❛❧ ♦❢ 2Q(N)

i wi
t✱

✇❤♦s❡ ❡①♣❡❝t❛t✐♦♥ ✐s 1✳ ❚❛❦✐♥❣ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐♥ ✭✷✳✶✶✮✱ ✐t ②✐❡❧❞s t❤❛t

EmN

(

µN (t,Dc
r)
)

≤
√

P0

(

δ
wi

t−s+Li,α
t−s−Li,0

t−s
([0,r])

) 1

N

N
∑

i=1

e
3
2
(Q

(N)
i )2(t−s), ∀0 < s < t.

❚❤❛♥❦s t♦ ❍②♣♦t❤❡s✐s ✷✳✹✱ t❤❡r❡ ❡①✐sts s0 ∈]0,t[ s✉❝❤ t❤❛t 1
N

∑N
i=1 e

3
2
(Q

(N)
i )2(t−s0)

✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ N ≥ 2✳ ❇✉t P0

(

δ
wi

t−s0
+Li,α

t−s0
−Li,0

t−s0

([0,r])

)

❣♦❡s t♦ 0

✇❤❡♥ r → 0✱ s♦ t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ t❤❡ ❧❛✇s ♦❢ r❛♥❞♦♠ ♠❡❛s✉r❡s (µN (t,dx))N≥2 ✐s
✉♥✐❢♦r♠❧② t✐❣❤t✳

■❢ ✇❡ s❡t mN ❡q✉❛❧ t♦ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ MN ✱ t❤❡♥ ✇❡ ❣❡t ❜② st❛✲
t✐♦♥❛r✐t② t❤❛t XN ✐s ❞✐str✐❜✉t❡❞ ❛s µN (t,.)✱ ❢♦r ❛❧❧ N ≥ 2 ❛♥❞ t > 0✳ ❋✐♥❛❧❧②✱
t❤❡ ❢❛♠✐❧② ♦❢ ❧❛✇s ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s (XN )N≥2 ✐s ✉♥✐❢♦r♠❧②
t✐❣❤t✳

✷✳✸ ❨❛❣❧♦♠ ❧✐♠✐t✬s ❛♣♣r♦①✐♠❛t✐♦♥

❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ J (N)(x1,...,xN ) = 1
N−1

∑N
k=1,k 6=i δxk

✿ ❛t ❡❛❝❤
❥✉♠♣ t✐♠❡✱ t❤❡ ♣❛rt✐❝❧❡ ✇❤✐❝❤ ❤✐ts t❤❡ ❜♦✉♥❞❛r② ❥✉♠♣s t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛ ♣❛rt✐❝❧❡
❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❜❡t✇❡❡♥ t❤❡ N − 1 r❡♠❛✐♥✐♥❣ ♦♥❡s✳ ❲❡ ❛ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t
q
(N)
i = q ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ i,N ✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② t❤❡
❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ s❡q✉❡♥❝❡✱ ✇❤❡♥ t❤❡
♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤✐s ❧❡❛❞s ✉s t♦ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞
♦❢ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐ts ✭✷✳✹✮✱ ✐♥❝❧✉❞✐♥❣ ❝❛s❡s ✇❤❡r❡ t❤❡ ❞r✐❢t ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss
✐s♥✬t ❜♦✉♥❞❡❞ ❛♥❞ ✇❤❡r❡ t❤❡ ❜♦✉♥❞❛r② ✐s ♥❡✐t❤❡r r❡❣✉❧❛r ♥♦r ❜♦✉♥❞❡❞✳

▲❡t U∞ ❜❡ ❛♥ ♦♣❡♥ ❞♦♠❛✐♥ ♦❢ Rd✱ ✇✐t❤ d ≥ 1✳ ❲❡ ❞❡♥♦t❡ ❜② P∞ t❤❡ ❧❛✇ ♦❢
t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❞❡✜♥❡❞ ♦♥ U∞ ❜②

dX∞
t = dBt −∇V (X∞

t )dt, X∞
0 = x ∈ U∞ ✭✷✳✶✷✮

❛♥❞ ❛❜s♦r❜❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ∂U∞✳ ❍❡r❡ B ✐s ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥
❛♥❞ V ∈ C2(U∞,R)✳ ❲❡ ❛ss✉♠❡ t❤❛t ❍②♣♦t❤❡s✐s ✷✳✺ ❜❡❧♦✇ ✐s ❢✉❧✜❧❧❡❞✱ s♦ t❤❛t
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t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t

ν∞ = lim
t→+∞

P
∞
x (X∞

t ∈ .|t ≤ τ∂) , ∀x ∈ U∞ ✭✷✳✶✸✮

❡①✐sts ❛♥❞ ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ x✱ ❛s ♣r♦✈❡❞ ❜② ❈❛tt✐❛✉① ❛♥❞ ▼é❧é❛r❞ ✐♥ ❬✶✼✱ ❚❤❡♦✲
r❡♠ ❇✳✷❪✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t t❤✐s ❤②♣♦t❤❡s✐s ❛❧❧♦✇s t❤❡ ❞r✐❢t ∇V ♦❢ t❤❡
❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✭✷✳✶✷✮ t♦ ❜❡ ✉♥❜♦✉♥❞❡❞ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ∂U∞ t♦ ❜❡ ♥❡✐t❤❡r
♦❢ ❝❧❛ss C2 ♥♦r ❜♦✉♥❞❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛r❡♥✬t
❛✈❛✐❧❛❜❧❡ ✐♥ ❛❧❧ ❣❡♥❡r❛❧✐t② ❢♦r ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✇✐t❤ ❧❛✇ P∞✳

❍②♣♦t❤❡s✐s ✷✳✺✳ ❲❡ ❛ss✉♠❡ t❤❛t

✶✳ P∞
x (τ∂ < +∞) = 1✱

✷✳ ∃C > 0 s✉❝❤ t❤❛t G(x) = |∇V |2(x)−∆V (x) ≥ −C > −∞✱ ∀x ∈ U∞✱

✸✳ G(R) → +∞ ❛s R→ ∞✱ ✇❤❡r❡

G(R) = inf {G(x); |x| ≥ R ❛♥❞ x ∈ U∞} ,

✹✳ ❚❤❡r❡ ❡①✐sts ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ (Um)m≥0 ♦❢ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡ts ♦❢

U∞✱ s✉❝❤ t❤❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ Um ✐s ♦❢ ❝❧❛ss C2 ❢♦r ❛❧❧ m ≥ 0✱ ❛♥❞ s✉❝❤

t❤❛t
⋃

m≥0 Um = U∞✳

✺✳ ❚❤❡r❡ ❡①✐sts R0 > 0 s✉❝❤ t❤❛t

∫

U∞∩{d(x,∂U∞)>R0}
e−2V (x)dx <∞ ❛♥❞

∫

U∞∩{d(x,∂U∞)≤R0}

(∫

U∞

pU∞

1 (x,y)dy

)

e−V (x)dx <∞.

❍❡r❡ pU∞

1 ✐s t❤❡ tr❛♥s✐t✐♦♥ ❞❡♥s✐t② ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✭✷✳✶✷✮ ✇✐t❤ r❡s♣❡❝t

t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳

❆❝❝♦r❞✐♥❣ t♦ ❬✶✼❪✱ t❤❡ s❡❝♦♥❞ ♣♦✐♥t ✐♠♣❧✐❡s t❤❛t t❤❡ s❡♠✐✲❣r♦✉♣ ✐♥❞✉❝❡❞ ❜② P∞

✐s ✉❧tr❛✲❝♦♥tr❛❝t✐✈❡✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s ✶✲✹ ✐♠♣❧② t❤❛t t❤❡ ❣❡♥❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤
P∞ ❤❛s ❛ ♣✉r❡❧② ❞✐s❝r❡t❡ s♣❡❝tr✉♠ ❛♥❞ t❤❛t ✐ts ♠✐♥✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡ −λ∞ ✐s s✐♠♣❧❡
❛♥❞ ♥❡❣❛t✐✈❡✳ ❚❤❡ ❧❛st ❛ss✉♠♣t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤
−λ∞ ✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ e−2V (x)dx✳ ❋✐♥❛❧❧②✱ ❍②♣♦t❤❡s✐s ✷✳✺ ✐s s✉✣❝✐❡♥t
❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✭✷✳✶✸✮✳

❘❡♠❛r❦ ✷✳✺✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬✶✼❪ t❤❛t ❍②♣♦t❤❡s✐s ✷✳✺ ✐s ❢✉❧✜❧❧❡❞
❜② t❤❡ ▲♦t❦❛✲❱♦❧t❡rr❛ s②st❡♠ st✉❞✐❡❞ ♥✉♠❡r✐❝❛❧❧② ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳✸✳ ❯♣ t♦ ❛
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❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱ t❤✐s s②st❡♠ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇✐t❤ ✈❛❧✉❡s ✐♥
U∞ = R2

+✱ ✇❤✐❝❤ s❛t✐s✜❡s

dY 1
t = dB1

t +

(

r1Y
1
t

2
− c11γ1

(

Y 1
t

)3

8
− c12γ2Y

1
t

(

Y 2
t

)2

8
− 1

2Y 1
t

)

dt

dY 2
t = dB2

t +

(

r2Y
2
t

2
− c22γ2

(

Y 2
t

)3

8
− c21γ1Y

2
t

(

Y 1
t

)2

8
− 1

2Y 2
t

)

dt

✭✷✳✶✹✮

❛♥❞ ✐s ❛❜s♦r❜❡❞ ❛t ∂U∞✳ ❍❡r❡ B1,B2 ❛r❡ t✇♦ ✐♥❞❡♣❡♥❞❡♥t ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇✲
♥✐❛♥ ♠♦t✐♦♥s ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❢✉❧✜❧❧ ❝♦♥❞✐t✐♦♥ ✭✷✳✸✵✮✳

■♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡
✇♦r❦ ✇✐t❤ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❞❡✜♥❡❞ ♦♥ Um✱ m ≥ 0✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛❧❧m ≥ 0✱
✇❡ ❞❡♥♦t❡ ❜② Pm t❤❡ ❧❛✇ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❞❡✜♥❡❞ ♦♥ Um ❜②

dXUm
t = dBt − qm(XUm

t )dt, XUm
0 = x ∈ Um ✭✷✳✶✺✮

❛♥❞ ❛❜s♦r❜❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ∂Um✳ ❍❡r❡ B ✐s ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥
❛♥❞ qm : Um 7→ R ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❲❡ ❞❡♥♦t❡ ❜② Lm t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦r ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇✐t❤ ❧❛✇ Pm✳ ❋♦r ❛❧❧ m ≥ 0✱ t❤❡ ❞✐✛✉s✐♦♥
♣r♦❝❡ss ✇✐t❤ ❧❛✇ Pm ❝❧❡❛r❧② ❢✉❧✜❧❧s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❙❡❝t✐♦♥ ✷✳✷✳ ❋♦r ❛❧❧ N ≥ 2✱ ❧❡t
(Xm,1,...,Xm,N ) ❜❡ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② t❤❡ ❧❛✇ Pm ❜❡t✇❡❡♥
t❤❡ ❥✉♠♣s ❛♥❞ ❜② t❤❡ ❥✉♠♣ ♠❡❛s✉r❡ J (m,N)(x1,...,xN ) = 1

N−1

∑N
k=1,k 6=i δxk

✳ ❇②
❚❤❡♦r❡♠ ✷✳✶✱ t❤✐s ♣r♦❝❡ss ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧❧② ❡r❣♦❞✐❝✳

❋♦r ❛❧❧ m ≥ 0 ❛♥❞ ❛❧❧ N ≥ 2✱ ✇❡ ❞❡♥♦t❡ ❜② µm,N (t,dx) t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉✲
t✐♦♥ ♦❢ (Xm,1

t ,...,Xm,N
t )✱ ❜② Mm,N t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ (Xm,1,...,Xm,N )

❛♥❞ ❜② Xm,N t❤❡ ❛ss♦❝✐❛t❡❞ ❡♠♣✐r✐❝❛❧ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳
❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✷✳✹✳ ❆ss✉♠❡ t❤❛t ❍②♣♦t❤❡s✐s ✷✳✺ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❛t qm = ∇V 1Um

❢♦r ❛❧❧ m ≥ 0✳ ❚❤❡♥

lim
m→∞

lim
N→∞

Xm,N = ν∞,

✐♥ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ♦❢ r❛♥❞♦♠ ♠❡❛s✉r❡s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t✱ ❢♦r ❛❧❧ ❜♦✉♥❞❡❞ ❝♦♥✲

t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f : U∞ 7→ R+✱

lim
m→∞

lim
N→∞

E(Xm,N (f)) = ν∞(f).

■♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✱ ✇❡ ✜① m ≥ 0 ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (Xm,N )N≥2

❝♦♥✈❡r❣❡s t♦ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❜❛❜✐❧✐t② νm ✇❤❡♥ N ❣♦❡s t♦ ✐♥✜♥✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ ♣r♦✈❡ t❤❛t νm ✐s t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❛ss♦❝✐❛t❡❞ ✇✐t❤ Pm✱ ✇❤✐❝❤ ❡①✐sts ❜② ❬✶✼❪✳
■♥ ❙❡❝t✐♦♥ ✷✳✸✳✷✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ♣r♦❝❡❡❞✐♥❣ ❜② ❛ ❝♦♠♣❛❝t♥❡ss✴✉♥✐q✉❡♥❡ss
❛r❣✉♠❡♥t✿ ✇❡ ♣r♦✈❡ t❤❛t (νm)m≥0 ✐s ❛ ✉♥✐❢♦r♠❧② t✐❣❤t ❢❛♠✐❧② ❛♥❞ ✇❡ s❤♦✇ t❤❛t
❡❛❝❤ ❧✐♠✐t✐♥❣ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ❢❛♠✐❧② (νm)m≥0 ✐s ❡q✉❛❧ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ν∞✳
❚❤❡ ❧❛st ❙❡❝t✐♦♥ ✷✳✸✳✸ ✐s ❞❡✈♦t❡❞ t♦ ♥✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳
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✷✳✸✳✶ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ (Xm,N)N≥2✱ ✇❤❡♥ m ≥ 0 ✐s ✜①❡❞

Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ▲❡t m ≥ 0 ❜❡ ✜①❡❞ ❛♥❞ ❧❡t qm : Um 7→ R ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝✲

t✐♦♥✳ ❆ss✉♠❡ t❤❛t µm,N (0,dx) ❝♦♥✈❡r❣❡s ✐♥ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ♦❢ r❛♥❞♦♠ ♠❡❛s✉r❡

t♦ ❛ r❛♥❞♦♠ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µm ✇✐t❤ ✈❛❧✉❡s ✐♥ M1(Um)✱ ✇❤❡♥ N → ∞✳ ❚❤❡♥✱

❢♦r ❛❧❧ T ≥ 0✱ µm,N (T,dx) ❝♦♥✈❡r❣❡s ✐♥ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ♦❢ r❛♥❞♦♠ ♠❡❛s✉r❡ t♦

Pm
µm

(XT ∈ .|XT ∈ Um) ✇❤❡♥ N ❣♦❡s t♦ ✐♥✜♥✐t②✳

▼♦r❡♦✈❡r✱ ✐❢ t❤❡r❡ ❡①✐sts νm ∈ M1(Um) s✉❝❤ t❤❛t

νm = lim
t→∞

P
m
µ

(

XUm
t ∈ .|XUm

t ∈ Um

)

, ∀µ ∈ M1(Um), ✭✷✳✶✻✮

t❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❡♠♣✐r✐❝❛❧ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s (Xm,N )N≥2 ❝♦♥✈❡r❣❡s t♦

νm ✐♥ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ♦❢ r❛♥❞♦♠ ♠❡❛s✉r❡s ✇❤❡♥ N ❣♦❡s t♦ ✐♥✜♥✐t②✳

❘❡♠❛r❦ ✷✳✻✳ ■♥ Pr♦♣♦s✐t✐♦♥ ✷✳✺✱ νm ✐s t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ❛♥❞ t❤❡ ✉♥✐q✉❡ q✉❛s✐✲
st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Pm✳ ❋♦r ✐♥st❛♥❝❡✱ ❡❛❝❤ ♦❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ✐s s✉✣❝✐❡♥t ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ ♠❡❛s✉r❡✿

✶✳ ■❢ qm = 1Um
∇V ✱ ❜② ❬✶✼❪✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳

✷✳ ■❢ qm ❜❡❧♦♥❣s t♦ C1,α(Um) ✇✐t❤ α > 0✱ ❜② ❬✸✼❪✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ❲❡ s❡t

νm,N (t,dx) =

(

N − 1

N

)AN
t

µm,N (t,dx),

✇❤❡r❡ AN
t =

∑∞
n=1 1τn≤t ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ❜❡❢♦r❡ t✐♠❡ t✳ ■♥t✉✐t✐✈❡❧②✱

✇❡ ✐♥tr♦❞✉❝❡ ❛ ❧♦ss ♦❢ 1/N ♦❢ t❤❡ t♦t❛❧ ♠❛ss ❛t ❡❛❝❤ ❥✉♠♣✱ ✐♥ ♦r❞❡r t♦ ❛♣♣r♦①✐♠❛t❡
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✭✷✳✶✺✮ ✇✐t❤♦✉t ❝♦♥❞✐t✐♦♥✐♥❣✳ ❲❡ ✇✐❧❧ ❝♦♠❡
❜❛❝❦ t♦ t❤❡ st✉❞② ♦❢ µm,N ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❜② ♥♦r♠❛❧✐③✐♥❣
νm,N ✭❛ s✐♠✐❧❛r ♠❡t❤♦❞ ✐s ✉s❡❞ ✐♥ ❬✹✵❪✱ ✇✐t❤ ❛ ❞✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ νm,N ✮✳

❙✐♠✐❧❛r❧② t♦ ❬✹✵✱ Pr♦♣♦s✐t✐♦♥ ✶❪✱ ✇❡ ❛♣♣❧② t❤❡ ■tô✬s ❢♦r♠✉❧❛ t♦ t❤❡ s❡♠✐✲
♠❛rt✐♥❣❛❧❡ µm,N (t,ψ) = 1

N

∑N
i=1 ψ(X

m,i
t )✱ ✇❤❡r❡ ψ ∈ C2(Um,R) ✈❛♥✐s❤❡s ❛t ∂D✳

❲❡ ❣❡t

µm,N (t,ψ) = µm,N (0,ψ) +

∫ t

0
µm,N (s,Lmψ)ds+Mc,N (t,ψ) +Mj,N (t,ψ)

+
1

N − 1

∑

0≤τn≤t

µm,N (τn-,ψ), ✭✷✳✶✼✮

✇❤❡r❡ Mc,N (t,ψ) ✐s t❤❡ ❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡

1

N

N
∑

i=1

d
∑

j=1

∫ t

0

∂ψ

∂xj
(Xm,i

s )dBi,j
s
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❛♥❞ Mj,N (t,ψ) ✐s t❤❡ ♣✉r❡ ❥✉♠♣ ♠❛rt✐♥❣❛❧❡

1

N

N
∑

i=1

∑

0≤τ in≤t

(

ψ(Xm,i
τ in

)− N

N − 1
µm,N (τ in-,ψ)

)

.

❆♣♣❧②✐♥❣ t❤❡ ■tô✬s ❢♦r♠✉❧❛ t♦ t❤❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡ νm,N (t,ψ)✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠
✭✷✳✶✼✮ t❤❛t

νm,N (t,ψ) = νm,N (0,ψ) +

∫ t

0
νm,N (s,Lmψ)ds+

∫ t

0

(

N − 1

N

)AN
s

dMc,N (s,ψ)

+
∑

0≤τn≤t

(νm,N (τn,ψ)− νm,N (τn-,ψ)).

❲❤❡r❡ ✇❡ ❤❛✈❡

νm,N (τn,ψ)− νm,N (τn-,ψ) =

(

N − 1

N

)AN
τn
(

µm,N (τn,ψ)− µm,N (τn-,ψ)
)

+ µm,N (τn-,ψ)

(

(

N − 1

N

)AN
τn

−
(

N − 1

N

)AN
τn-

)

.

❇✉t

µm,N (τn,ψ)− µm,N (τn-,ψ) =
1

N − 1
µm,N (τn-,ψ) +Mj,N (τn,ψ)−Mj,N (τn-,ψ)

❛♥❞
(

N − 1

N

)AN
τn

−
(

N − 1

N

)AN
τn-

= − 1

N − 1

(

N − 1

N

)AN
τn

.

❚❤❡♥

νm,N (τn,ψ)− νm,N (τn-,ψ) =

(

N − 1

N

)AN
τn
(

Mj,N (τn,ψ)−Mj,N (τn-,ψ)
)

.

=
N − 1

N

(

N − 1

N

)AN
τn-
(

Mj,N (τn,ψ)−Mj,N (τn-,ψ)
)

.

❚❤❛t ✐♠♣❧✐❡s

νm,N (t,ψ)− νm,N (0,ψ) =

∫ t

0
νm,N (s,Lmψ)ds+

∫ t

0

(

N − 1

N

)AN
s

dMc,N (s,ψ)

+
N − 1

N

∑

0≤τn≤t

(

N − 1

N

)AN
τn-
(

Mj,N (τn,ψ)−Mj,N (τn-,ψ)
)

.

■t ②✐❡❧❞s t❤❛t✱ ❢♦r ❛❧❧ s♠♦♦t❤ ❢✉♥❝t✐♦♥s Ψ(t,x) ✈❛♥✐s❤✐♥❣ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ Um✱

νm,N (t,Ψ(t,.))− νm,N (0,Ψ(0,.)) =

∫ t

0
νm,N (s,

∂Ψ(s,.)

∂s
+ LmΨ(s,.))ds

+N c,N (t,Ψ) +N j,N (t,Ψ),
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✇❤❡r❡ N c,N (t,Ψ) ✐s t❤❡ ❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡

1

N

N
∑

i=1

d
∑

j=1

∫ t

0

(

N − 1

N

)AN
s ∂Ψ

∂xj
(s,Xm,i

s )dBi,j
s

❛♥❞ N j,N (t,Ψ) ✐s t❤❡ ♣✉r❡ ❥✉♠♣ ♠❛rt✐♥❣❛❧❡

1

N

N
∑

i=1

∑

0≤τ in≤t

(

N − 1

N

)AN
τin-
(

Ψ(τ in,X
i
τ in
)− N

N − 1
µm,N (τ in-,Ψ(τ in-,.))

)

.

▲❡t T > 0 ❜❡ ✜①❡❞✳ ❋♦r ❛❧❧ δ > 0✱ ❞❡✜♥❡ Ψδ(t,x) = Pm
T−tP

m
δ f(x)✱ ✇❤❡r❡

f ∈ C2(Um) ❛♥❞ (Pm
s )s≥0 ✐s t❤❡ s❡♠✐❣r♦✉♣ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Pm ✿ Pm

s f(x) =

Ex(f(X
Um
s ))✳ ❚❤❡♥ Ψδ ✈❛♥✐s❤❡s ♦♥ t❤❡ ❜♦✉♥❞❛r②✱ ✐s s♠♦♦t❤✱ ❛♥❞ ❢✉❧✜❧❧s

∂

∂s
Ψδ(s,x) +

1

2
∆Ψδ(s,x) + qm(x)∇Ψδ(s,x) = 0,

t❤❛♥❦s t♦ ❑♦❧♠♦❣♦r♦✈✬s ❡q✉❛t✐♦♥ ✭s❡❡ ❬✷✽✱ Pr♦♣♦s✐t✐♦♥ ✶✳✺ ♣✳✾❪✮✳ ■t ②✐❡❧❞s t❤❛t

νm,N (t,Ψδ(t,.))− νm,N (0,Ψδ(0,.)) = N c,N (t,Ψδ) +N j,N (t,Ψδ). ✭✷✳✶✽✮

❙✐♥❝❡
(

N−1
N

)AN
s ≤ 1 ❛✳s✳✱ ✇❡ ❣❡t

E
(

N c,N (T,Ψδ)2
)

≤ T

N
‖∇Ψδ‖2∞

≤ T

N

cm
√

(T − t+ δ) ∧ 1
‖f‖2∞

✭✷✳✶✾✮

✇❤❡r❡ cm > 0 ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ❬✼✶✱ ❚❤❡♦r❡♠
✹✳✺❪ ♦♥ ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ✐♥ r❡❣✉❧❛r ❞♦♠❛✐♥s ♦❢ Rd✳ ❚❤❡ ❥✉♠♣s ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡
Mj,N (t,Ψδ) ❛r❡ s♠❛❧❧❡r t❤❛♥ 2

N ‖Ψδ‖∞✱ t❤❡♥

E

[

∑

0≤τn≤T

(

N − 1

N

)2Aτn-(

Mj,N (τn,Ψ
δ(τn,.))−Mj,N (τn-,Ψ

δ(τn-,.))
)2
]

≤ 4

N2
‖Ψδ‖2∞E





∑

0≤τn≤T

(

N − 1

N

)2Aτn-





≤ 4

N
‖Ψδ‖2∞.

❚❤❡♥
E
(

N j,N (Ψ,T )2
)

≤ 4

N
‖Ψ‖2∞ ≤ 4

N
‖f‖2∞. ✭✷✳✷✵✮

❚❛❦✐♥❣ t = T ❛♥❞ δ = 1
N ✱ ✇❡ ❣❡t ❢r♦♠ ✭✷✳✶✽✮✱ ✭✷✳✶✾✮ ❛♥❞ ✭✷✳✷✵✮ t❤❛t

√

√

√

√E

(

∣

∣

∣

∣

νm,N (t,Pm
1
N

f)− νm,N (0, Pm
T+ 1

N

f)

∣

∣

∣

∣

2
)

≤
√

cmT + 4√
N

‖f‖∞.
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❆ss✉♠❡ t❤❛t f ✈❛♥✐s❤❡s ❛t ∂Um✱ s♦ t❤❛t f ❜❡❧♦♥❣s t♦ t❤❡ ❞♦♠❛✐♥ ♦❢ Lm✳ ❚❤❡♥
‖Pm

1
N

f − f‖∞ ≤ 1
N ‖Lmf‖∞ ❛♥❞ ✇❡ ❤❛✈❡

√

E
(

∣

∣νm,N (T,f)− νm,N (0, Pm
T f)

∣

∣

2
)

≤
√

cmT + 4√
N

‖f‖∞ +
2

N
‖Lmf‖∞ N→∞−−−−→ 0.

✭✷✳✷✶✮
❇② ❛ss✉♠♣t✐♦♥✱ t❤❡ ❢❛♠✐❧② ♦❢ r❛♥❞♦♠ ♣r♦❜❛❜✐❧✐t✐❡s (νm,N (0,.))N≥2 = (µm,N (0,.))N≥2

❝♦♥✈❡r❣❡s t♦ µm✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✷✳✷✶✮ t❤❛t

νm,N (T,f) −−−−→
N→∞

µm(Pm
T f), ✭✷✳✷✷✮

❢♦r ❛❧❧ f ∈ C2(Um) ✈❛♥✐s❤✐♥❣ ❛t ❜♦✉♥❞❛r②✳ ❇✉t t❤❡ ❢❛♠✐❧② ♦❢ ❧❛✇s ♦❢
(

νm,N (T,.)
)

N≥2

✐s ✉♥✐❢♦r♠❧② t✐❣❤t ❜② ❚❤❡♦r❡♠ ✷✳✸ ✳ ■t ②✐❡❧❞s ❢r♦♠ ✭✷✳✷✷✮ t❤❛t ✐ts ✉♥✐q✉❡ ❧✐♠✐t✐♥❣
❞✐str✐❜✉t✐♦♥ ✐s µm(Pm

T .)✳ ■♥ ♣❛rt✐❝✉❧❛r✱

(

νm,N (T,Um),νm,N (T,.)
) law−−−−→

N→∞
(µm(Pm

T 1Um),µm(Pm
T .)) .

❇✉t µm(Pm
T 1Um) ♥❡✈❡r ✈❛♥✐s❤❡s ❛❧♠♦st s✉r❡❧②✱ s♦ t❤❛t

µm,N (T,.) =
νm,N (T,.)

νm,N (T,Um)

law−−−−→
N→∞

µm(Pm
T .)

µm(Pm
T 1Um)

= P
m
µm

(XUm
T ∈ .|XUm

T ∈ Um).

✭✷✳✷✸✮
❚❤❡ ❢❛♠✐❧② ♦❢ ❧❛✇s ♦❢ t❤❡ r❛♥❞♦♠ ♣r♦❜❛❜✐❧✐t✐❡s (Xm,N )N≥0 ✐s ✉♥✐❢♦r♠❧② t✐❣❤t✱

❜② ❚❤❡♦r❡♠ ✷✳✸✳ ▲❡t Xm ❜❡ ♦♥❡ ♦❢ ✐ts ❧✐♠✐t✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡r❡
❡①✐sts ❛ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♠❛♣ ϕ : N 7→ N✱ s✉❝❤ t❤❛t Xm,ϕ(N) ❝♦♥✈❡r❣❡s ✐♥
❞✐str✐❜✉t✐♦♥ t♦ Xm ✇❤❡♥ N → ∞✳ ❇② st❛t✐♦♥❛r✐t②✱ Xm,ϕ(N) ❤❛s t❤❡ s❛♠❡ ❧❛✇ ❛s
µm,ϕ(N)(T,.)✱ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ Pm

X (XUm
T ∈ .|XUm

T ∈ Um)✱ t❤❛♥❦s
t♦ ✭✷✳✷✸✮✳ ❇✉t Pm

Xm(X
Um
T ∈ .|XUm

T ∈ Um) ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ νm ✇❤❡♥
T → ∞✱ ❜② ✭✷✳✶✻✮✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ t❤✐s t❤❛t Xm ❤❛s t❤❡ s❛♠❡ ❧❛✇ ❛s νm✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ✉♥✐q✉❡ ❧✐♠✐t✐♥❣ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ✉♥✐❢♦r♠❧② t✐❣❤t ❢❛♠✐❧② (Xm)N
✐s νm✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳

✷✳✸✳✷ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❢❛♠✐❧② (νm)m≥0

Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ❆ss✉♠❡ t❤❛t ❍②♣♦t❤❡s✐s ✷✳✺ ✐s ❢✉❧✜❧❧❡❞ ❛♥❞ t❤❛t qm = ∇V 1Um
✳

❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ (νm)m≥0 ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ν∞ ✇❤❡♥ m→
∞✳

❘❡♠❛r❦ ✷✳✼✳ ❙✐♥❝❡ qm = ∇V 1Um
✱ t❤❡ ♦♣❡r❛t♦r Lm ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ ♠❡❛s✉r❡ e−2V (x)dx✱ ❜✉t t❤✐s ✐s♥✬t ❞✐r❡❝t❧② ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✻✳
❲❡ ♠❛✐♥❧② ✉s❡ ✐♥❡q✉❛❧✐t✐❡s ❢r♦♠ ❬✶✼❪ t❤❛t ❛r❡ ✐♠♣❧✐❡❞ ❜② t❤❡ ✉❧tr❛✲❝♦♥tr❛❝t✐✈✐t② ♦❢
P∞ ❛♥❞ t❤❡ t❤✐r❞ ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✷✳✺✳ ❍♦✇❡✈❡r✱ ✐t s❡❡♠s ❤❛r❞ t♦ ❣❡♥❡r❛❧✐③❡
t❤✐s ❧❛st ❤②♣♦t❤❡s✐s ❛♥❞ ✐ts ✐♠♣❧✐❝❛t✐♦♥s t♦ ❞✐✛✉s✐♦♥s ✇✐t❤ ♥♦♥✲❣r❛❞✐❡♥t ❞r✐❢ts✳
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Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ❋♦r ❛❧❧ m ≥ 0 ❛♥❞ m = ∞✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✶✼❪
t❤❛t −Lm∗ ❤❛s ❛ s✐♠♣❧❡ ❡✐❣❡♥✈❛❧✉❡ λm > 0 ✇✐t❤ ♠✐♥✐♠❛❧ r❡❛❧ ♣❛rt✱ ✇❤❡r❡ Lm∗

✐s t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r ♦❢ Lm✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥ ηm ✐s
str✐❝t❧② ♣♦s✐t✐✈❡ ♦♥ Um✱ ❜❡❧♦♥❣s t♦ C2(Um,R) ❛♥❞ ❢✉❧✜❧❧s

Lm∗ηm = −λmηm ❛♥❞
∫

Um

ηm(x)2dσ(x) = 1, ✭✷✳✷✹✮

✇❤❡r❡

dσ(x) = e−2V (x)dx.

❚❤❡ ❨❛❣❧♦♠ ❧✐♠✐t νm ✐s ❣✐✈❡♥ ❜②

dνm =
ηm1Umdσ

∫

Um
ηm(x)dσ(x)

, ∀m ≥ 0 ♦r m = ∞.

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t (νm)m≥0 ❝♦♥✈❡r❣❡s t♦ ν∞✱ ✇❡ s❤♦✇ t❤❛t (λm)m≥0 ❝♦♥✈❡r❣❡s
t♦ λ∞✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❛t (ηm1Umdσ)m≥0 ✐s ✉♥✐❢♦r♠❧② t✐❣❤t✳ ❲❡ ❝♦♥❝❧✉❞❡ ❜②
♣r♦✈✐♥❣ t❤❛t ❡✈❡r② ❧✐♠✐t✐♥❣ ♣♦✐♥t ηdσ ✐s ❛ ♥♦♥③❡r♦ ♠❡❛s✉r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ η∞dσ✳

❋♦r ❛❧❧ m ≥ 0 ♦r m = ∞✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡ λm ♦❢ −Lm∗ ✐s ❣✐✈❡♥ ❜② ✭s❡❡ ❢♦r
✐♥st❛♥❝❡ ❬✽✼✱ ❝❤❛♣t❡r ❳■✱ ♣❛rt ✽❪✮

λm = inf
φ∈C∞

0 (Um), 〈φ,φ〉σ,m=1
〈Lm∗φ,φ〉σ,m.

✇❤❡r❡ C∞
0 (Um) ✐s t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦♠✲

♣❛❝t s✉♣♣♦rt ✐♥ Um ❛♥❞ 〈f,g〉σ,m =
∫

Um
f(u)g(u)dσ(u)✳ ❋♦r ❛❧❧ φ ∈ C∞

0 (U∞)✱ t❤❡
s✉♣♣♦rt ♦❢ φ ❜❡❧♦♥❣s t♦ Um ❢♦r m ❜✐❣ ❡♥♦✉❣❤✱ t❤❡♥ C∞

0 (U∞) =
⋃

m≥0C
∞
0 (Um)

s✐♥❝❡ t❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥ ✐s ❝❧❡❛r✳ ▼♦r❡♦✈❡r✱ ✐❢ φ ∈ C∞
0 (Um)✱ t❤❡♥ L∞∗φ(x) =

Lm∗φ(x) ❢♦r ❛❧❧ x ∈ Um✳ ❋✐♥❛❧❧②✱

λ∞ = inf
m≥0

inf
φ∈C∞

0 (Um), 〈φ,φ〉σ,m=1
〈Lm∗φ,φ〉σ,m

= lim
m≥0

ց λm.

▲❡t ✉s s❤♦✇ t❤❛t t❤❡ ❢❛♠✐❧② (ηm1Umdσ)m≥0 ✐s ✉♥✐❢♦r♠❧② t✐❣❤t✳ ❋✐① ❛♥ ❛r❜✐✲
tr❛r② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ǫ > 0 ❛♥❞ ❧❡t ✉s ♣r♦✈❡ t❤❛t ♦♥❡ ❝❛♥ ✜♥❞ ❛ ❝♦♠♣❛❝t s❡t
Kǫ ⊂ U∞ ✇❤✐❝❤ ❢✉❧✜❧❧s

∫

U∞\Kǫ

ǫm1Umdσ ≤ ǫ, ∀m ≥ 0. ✭✷✳✷✺✮

▲❡t R0 ❜❡ t❤❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ♦❢ t❤❡ ✜❢t❤ ♣❛rt ♦❢ ❍②♣♦t❤❡s✐s ✷✳✺✳ ❋♦r ❛❧❧ ❝♦♠♣❛❝t
s❡t K✱ ✇❡ ❤❛✈❡
∫

U∞\K
ηm1Umdσ =

∫

{d(x,∂Um)>R0}∩Um\K
ηmdσ +

∫

{d(x,∂Um)≤R0}∩Um\K
ηmdσ.
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❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❬✶✼✱ Pr♦♣♦s✐t✐♦♥ ❇✳✻❪✱ ✇❡ ❤❛✈❡ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞

∫

{d(x,∂Um)>R0}∩Um\K
ηmdσ ≤

√

∫

{d(x,∂U∞)>R0}∩U∞\K
e−2V (x)dx,

✇❤✐❝❤ ✐s s♠❛❧❧❡r t❤❛♥ ǫ/2 ❢♦r ❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ K✱ s❛② K ′
ǫ✱ s✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ ❛t t❤❡

r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ✜♥✐t❡ ❜② ❍②♣♦t❤❡s✐s ✷✳✺✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞
∫

{d(x,∂Um)≤R0}∩Um\K
ηmdσ ≤ eC/2eλmκ

∫

{d(x,∂U∞)≤R0}∩U∞\K

(∫

U∞

pU∞

1 (x,y)dy

)

dx,

✭✷✳✷✻✮

✇❤❡r❡ κ = supm≥0 ‖ηme−V ‖∞ < ∞ t❤❛♥❦s t♦ ❬✶✼❪✱ ❛♥❞ λm ≤ λ∞ ❢♦r ❛❧❧ m ≥ 0✳
❇✉t t❤❡ ✐♥t❡❣r❛❧ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❜② ❍②♣♦t❤❡s✐s ✷✳✺✱ t❤❡♥
♦♥❡ ❝❛♥ ✜♥❞ ❛ ❝♦♠♣❛❝t s❡t K ′′

ǫ s✉❝❤ t❤❛t ✭✷✳✷✻✮ ✐s ❜♦✉♥❞❡❞ ❜② ǫ/2✳ ❲❡ s❡t
Kǫ = K ′

ǫ ∪ K ′′
ǫ s♦ t❤❛t ✭✷✳✷✺✮ ✐s ❢✉❧✜❧❧❡❞✳ ❙✐♥❝❡ ✐♥❡q✉❛❧✐t② ✭✷✳✷✺✮ ♦❝❝✉rs ❢♦r ❛❧❧

ǫ > 0✱ t❤❡ ❢❛♠✐❧② (ηmdσ)m≥0 ✐s ✉♥✐❢♦r♠❧② t✐❣❤t✳ ▼♦r❡♦✈❡r✱ ηmdσ ❤❛s ❛ ❞❡♥s✐t②
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❜② κe−V ✱ ✉♥✐❢♦r♠❧② ✐♥
m ≥ 0✳ ❚❤❡♥ ✐t ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♦♥ ❡✈❡r② ❝♦♠♣❛❝t s❡t✱ s♦ t❤❛t ❡✈❡r② ❧✐♠✐t✐♥❣
❞✐str✐❜✉t✐♦♥ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳

▲❡t ηdσ ❜❡ ❛ ❧✐♠✐t✐♥❣ ♠❡❛s✉r❡ ♦❢ (ηmdσ)m≥0✳ ❋♦r ❛❧❧ φ ∈ C∞
0 (U∞,R)✱ t❤❡

s✉♣♣♦rt ♦❢ φ ❜❡❧♦♥❣s t♦ Um ❢♦r m ❜✐❣ ❡♥♦✉❣❤✱ t❤❡♥

〈η,L∞φ〉σ,∞ = lim
m→∞

〈ηm,Lmφ〉σ,m
= lim

m→∞
〈Lm∗ηm, φ〉σ,m

= lim
m→∞

−λm 〈ηm, φ〉σ,m
= −λ∞ 〈η, φ〉σ,∞ .

❚❤❛♥❦s t♦ t❤❡ ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t② ❚❤❡♦r❡♠✱ η ✐s ♦❢ ❝❧❛ss C2 ❛♥❞ ❢✉❧✜❧❧s L∞∗η =

−λ∞η✳ ❇✉t t❤❡ ❡✐❣❡♥✈❛❧✉❡ λ∞ ✐s s✐♠♣❧❡✱ t❤❡♥ η ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ η∞✳ ▲❡t β ≥ 0

❜❡ t❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t η = βη∞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❡①✐sts ❛♥
✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ φ : N 7→ N s✉❝❤ t❤❛t ηφ(m)dσ ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ βη∞dσ✳

▲❡t ✉s ♣r♦✈❡ t❤❛t β ✐s ♣♦s✐t✐✈❡✳ ❋♦r ❛❧❧ ❝♦♠♣❛❝t s✉❜s❡t K ⊂ U∞✱ ✇❡ ❤❛✈❡

β
〈

η∞,e
V
1K

〉

σ,∞
= lim

m→∞

〈

ηφ(m),1Ke
V
〉

σ,φ(m)

≥ lim
m→∞

1

κ

〈

ηφ(m),1Kηφ(m)

〉

σ,φ(m)

≥ 1

κ

(

1− sup
m≥0

〈

ηm,1Um\Kηm
〉

σ,m

)

, ✭✷✳✷✼✮

✇❤❡r❡ κ = supm≥0 ‖ηme−V ‖∞ <∞✳ ❋♦r ❛❧❧ m ≥ 0 ❛♥❞ ❛❧❧ R > 0✱

〈

ηm,1Um\Kηm
〉

σ,m
≤ 1

G(R)

〈

ηm,1|x|≥RGηm
〉

σ,m
+
〈

ηm,1{|x|<R}\Kηm
〉

σ,m
,

✭✷✳✷✽✮
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✇❤❡r❡ G ❛♥❞ G ❛r❡ ❞❡✜♥❡❞ ✐♥ ❍②♣♦t❤❡s✐s ✷✳✺✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t 〈ηm,Gηm〉σ,m ✐s
✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ m ≥ 0✳ ❋♦r ❛❧❧ x ∈ Um✱ ✭✷✳✷✹✮ ❧❡❛❞s t♦

1

2
G(x)ηm(x) = λmηm(x) +

1

2
eV (x)∆(ηme

−V )(x).

❚❤❡♥

〈ηm,Gηm〉σ,m = λm 〈ηm,ηm〉σ,m +
1

2

∫

Um

ηm(x)e−V (x)∆(ηme
−V )(x)dx

= λm −
∫

Um

|∇ηm(x)e−V (x)|2dx

≤ λ1,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ●r❡❡♥✬s ❢♦r♠✉❧❛ ✭s❡❡ ❬✸✱ ❈♦r♦❧✲
❧❛r② ✸✳✷✳✹❪✮✳ ❇✉t G(R) ❣♦❡s t♦ +∞ ✇❤❡♥ R → ∞✱ t❤❡♥ t❤❡r❡ ❡①✐sts R1 > 0

s✉❝❤ t❤❛t 1
G(R1)

〈

ηm,1|x|≥R1
Gηm

〉

σ,m
≤ 1

4 ✳ ❙✐♥❝❡ κ = supm≥0 ‖ηme−V ‖∞ < ∞✱

✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✷✳✷✽✮ t❤❛t

〈

ηm,1Um\Kηm
〉

σ,m
≤ 1

4
+ κ2

∫

U∞

1{|x|<R1}\Kdx.

❇✉t ♦♥❡ ❝❛♥ ✜♥❞ ❛ ❝♦♠♣❛❝t s✉❜s❡t K1 ⊂ U∞ s✉❝❤ t❤❛t
∫

U∞
1{|x|<R1}\K1

dx ≤ 1
4κ2 ✱

t❤❡♥ ✇❡ ❤❛✈❡ ❢r♦♠ ✭✷✳✷✼✮

β 〈η0,1K〉σ ≥ 1

2κ
.

■t ②✐❡❧❞s t❤❛t β > 0 ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✻ ❢♦❧❧♦✇s✳

✷✳✸✳✸ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

❚❤❡ ❲r✐❣❤t✲❋✐s❤❡r ❝❛s❡

❚❤❡ ❲r✐❣❤t✲❋✐s❤❡r ✇✐t❤ ✈❛❧✉❡s ✐♥ ]0,1[ ❝♦♥❞✐t✐♦♥❡❞ t♦ ❜❡ ❛❜s♦r❜❡❞ ❛t 0 ✐s t❤❡
❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❞r✐✈❡♥ ❜② t❤❡ ❙❉❊

dZt =
√

Zt(1− Zt)dBt − Ztdt, Z0 = z ∈]0,1[,

❛♥❞ ❛❜s♦r❜❡❞ ✇❤❡♥ ✐t ❤✐ts 0 ✭1 ✐s ♥❡✈❡r r❡❛❝❤❡❞✮✳ ❍✉✐❧❧❡t ♣r♦✈❡❞ ✐♥ ❬✹✻❪ t❤❛t t❤❡
❨❛❣❧♦♠ ❧✐♠✐t ♦❢ t❤✐s ♣r♦❝❡ss ❡①✐sts ❛♥❞ ❤❛s t❤❡ ❞❡♥s✐t② 2− 2x ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ■♥ ♦r❞❡r t♦ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✹✱ ✇❡ ❞❡✜♥❡ P∞ ❛s t❤❡ ❧❛✇ ♦❢
X∞

. = arccos(1 − 2Z.)✳ ❚❤❡♥ P∞ ✐s t❤❡ ❧❛✇ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇✐t❤ ✈❛❧✉❡s
✐♥ U∞ =]0,π[✱ ❞r✐✈❡♥ ❜② t❤❡ ❙❉❊

dX∞
t = dBt −

1− 2 cosX∞
t

2 sinX∞
t

dt, X∞
0 = x ∈]0,π[,

❛❜s♦r❜❡❞ ✇❤❡♥ ✐t ❤✐ts 0 ✭π ✐s ♥❡✈❡r r❡❛❝❤❡❞✮✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤✐s
❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❢✉❧✜❧❧s ❍②♣♦t❤❡s✐s ✷✳✺✳ ❲❡ ❞❡♥♦t❡ ❜② ν∞ ✐ts ❨❛❣❧♦♠ ❧✐♠✐t✳
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❋♦r ❛❧❧ m ≥ 1✱ ✇❡ ❞❡✜♥❡ Um =] 1m ,π − 1
m [✳ ▲❡t Pm ❛♥❞ νm ❜❡ ❛s ✐♥ ❙❡❝t✐♦♥

✷✳✸✳ ❲❡ ♣r♦❝❡❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ N ✲✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠
(Xm,1,...,Xm,N ) ✇✐t❤ m = 1000 ❛♥❞ N = 1000✳ ❚❤✐s ❧❡❛❞s ✉s t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ E(Xm,N )✱ ✇❤✐❝❤ ✐s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ν∞✳ ❆❢t❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡
Z. = 2 cos(X.)✱ ✇❡ s❡❡ ♦♥ ❋✐❣✉r❡ ✷✳✸ t❤❛t t❤❡ s✐♠✉❧❛t✐♦♥ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡
❡①♣❡❝t❡❞ r❡s✉❧t (2− 2x)dx✱ ✇❤✐❝❤ s❤♦✇s t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠❡t❤♦❞✳

❋✐❣✉r❡ ✷✳✸✿ E(Xm,N ) ✐♥ t❤❡ ❲r✐❣❤t✲❋✐s❤❡r ❝❛s❡

❚❤❡ ❧♦❣✐st✐❝ ❝❛s❡

❚❤❡ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ✇✐t❤ ✈❛❧✉❡s ✐♥ ]0, + ∞[ ✐s ❞❡✜♥❡❞ ❜② t❤❡ st♦❝❤❛st✐❝
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dZt =
√

ZtdBt + (rZt − cZ2
t )dt, Z0 = z > 0, ✭✷✳✷✾✮

❛♥❞ ❛❜s♦r❜❡❞ ✇❤❡♥ ✐t ❤✐ts 0✳ ❍❡r❡ B ✐s ❛ 1✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞
r,c ❛r❡ t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳ ■♥ ♦r❞❡r t♦ ✉s❡ ❚❤❡♦r❡♠ ✷✳✹✱ ✇❡ ♠❛❦❡ t❤❡ ❝❤❛♥❣❡
♦❢ ✈❛r✐❛❜❧❡ X. = 2

√
Z.✳ ❚❤✐s ❧❡❛❞s ✉s t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇✐t❤

✈❛❧✉❡s ✐♥ U∞ =]0,+∞[✱ ✇❤✐❝❤ ✐s ❛❜s♦r❜❡❞ ❛t 0 ❛♥❞ s❛t✐s✜❡s t❤❡ ❙❉❊

dX∞
t = dBt −

(

1

2X∞
t

− rX∞
t

2
+
c(X∞

t )3

4

)

dt, X∞
0 = x ∈]0,+∞[.

❲❡ ❞❡♥♦t❡ ❜② P∞ ✐ts ❧❛✇✳ ❈❛tt✐❛✉① ❡t ❛❧✳ ♣r♦✈❡❞ ✐♥ ❬✶✻❪ t❤❛t ❍②♣♦t❤❡s✐s ✷✳✺ ✐s
❢✉❧✜❧❧❡❞ ✐♥ t❤✐s ❝❛s❡✳ ❚❤❡♥ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ν∞ ❛ss♦❝✐❛t❡❞ ✇✐t❤ P∞ ❡①✐sts ❛♥❞
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♦♥❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✹ ✇✐t❤ Um =] 1m ,m[ ❢♦r ❛❧❧ m ≥ 1✳ ❋♦r ❛❧❧ N ≥ 2✱ ✇❡
❞❡♥♦t❡ ❜② Pm t❤❡ ❧❛✇ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss r❡str✐❝t❡❞ t♦ Um ❛♥❞ ❜② Xm,N t❤❡
❡♠♣✐r✐❝❛❧ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ N ✲✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss ❛ss♦❝✐❛t❡❞
✇✐t❤ Pm✳

❲❡✬✈❡ ♣r♦❝❡❡❞❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss
❢♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❛♥❞ ❛ ❧❛r❣❡ ✈❛❧✉❡ ♦❢ m✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡
E(Xm,N )✱ ✇❤✐❝❤ ❣✐✈❡s ✉s ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ν∞✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠
✷✳✹✳

■♥ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❜❡❧♦✇✱ ✇❡ s❡t m = 10000 ❛♥❞ N = 10000✳ ❲❡
❝♦♠♣✉t❡ E(Xm,N ) ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs r ❛♥❞ c ✐♥ ✭✷✳✷✾✮✳ ❚❤❡
r❡s✉❧ts ❛r❡ ❣r❛♣❤✐❝❛❧❧② r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✹✳ ❆s ✐t ❝♦✉❧❞ ❜❡ ✇❛♥t❡❞ ❢♦r✱
❣r❡❛t❡r ✐s c✱ ❝❧♦s❡r ✐s t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ◗❙❉ t♦ 0✳ ❲❡ t❤✉s ♥✉♠❡r✐❝❛❧❧② ❞❡s❝r✐❜❡
t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❧✐♥❡❛r ❛♥❞ q✉❛❞r❛t✐❝ t❡r♠s ♦♥ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t✳

❋✐❣✉r❡ ✷✳✹✿ E(Xm,N ) ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✭✷✳✷✾✮✱ ✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ r
❛♥❞ c

❙t♦❝❤❛st✐❝ ▲♦t❦❛✲❱♦❧t❡rr❛ ▼♦❞❡❧

❲❡ ❛♣♣❧② ♦✉r r❡s✉❧ts t♦ t❤❡ st♦❝❤❛st✐❝ ▲♦t❦❛✲❱♦❧t❡rr❛ s②st❡♠ ✇✐t❤ ✈❛❧✉❡s ✐♥ D =

R2
+ st✉❞✐❡❞ ✐♥ ❬✶✼❪✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ s②st❡♠

dZ1
t =

√

γ1Z1
t dB

1
t +

(

r1Z
1
t − c11(Z

1
t )

2 − c12Z
1
t Z

2
t

)

dt,

dZ2
t =

√

γ2Z2
t dB

2
t +

(

r2Z
2
t − c21Z

1
t Z

2
t − c22(Z

2
t )

2
)

dt,
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✇❤❡r❡ (B1,B2) ✐s ❛ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡
♣r♦❝❡ss ❛❜s♦r❜❡❞ ❛t ∂D✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ st✉❞② t❤❡ ♣r♦❝❡ss X∞ = (Y 1,Y 2) = (2
√

Z1
. /γ1,2

√

Z2
. /γ2)✱

✇✐t❤ ✈❛❧✉❡s ✐♥ U∞ = R2
+✱ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❙❉❊ ✭✷✳✶✹✮ ❛♥❞ ✐s ❛❜s♦r❜❡❞ ❛t ∂U∞✳

❲❡ ❞❡♥♦t❡ ✐ts ❧❛✇ ❜② P∞✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ s✉♣♣♦s❡❞ t♦ s❛t✐s❢②

c11,c21 > 0, c12γ2 = c21γ1 < 0 ❛♥❞ c11c22 − c12c21 > 0. ✭✷✳✸✵✮

■♥ ❬✶✼❪✱ t❤✐s ❝❛s❡ ✇❛s ❝❛❧❧❡❞ t❤❡ ✇❡❛❦ ❝♦♦♣❡r❛t✐✈❡ ❝❛s❡ ❛♥❞ t❤❡ ❛✉t❤♦rs ♣r♦✈❡❞ t❤❛t
✐t ✐s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❍②♣♦t❤❡s✐s ✷✳✺ t♦ ❜❡ ❢✉❧✜❧❧❡❞✳ ❚❤❡♥ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t
ν∞ = limt→+∞P∞

x (X∞ ∈ .|t < τ∂) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ✇❡ ❛r❡ ❛❧❧♦✇❡❞ t♦ ❛♣♣❧②
❚❤❡♦r❡♠ ✷✳✹✳ ❋♦r ❡❛❝❤ m ≥ 1✱ ✇❡ ❞❡✜♥❡ Um ❛s ❛ r❡❝t❛♥❣❧❡ ✇❤♦s❡ ❛♥❣❧❡s ❤❛✈❡
❜❡❡♥ r♦✉♥❞❡❞ ✐♥ ❛ C2 ✇❛②✱ ❛s ✐t ✐s ❞❡s❝r✐❜❡❞ ♦♥ ❋✐❣✉r❡ ✷✳✺✳ ❲✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥✱
✐t ✐s ❝❧❡❛r t❤❛t ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✹ ❛r❡ ❢✉❧✜❧❧❡❞✳

❋✐❣✉r❡ ✷✳✺✿ ❉❡✜♥✐t✐♦♥ ♦❢ Um

❲❡ ❝❤♦♦s❡ m = 10000 ❛♥❞ ✇❡ s✐♠✉❧❛t❡ t❤❡ ❧♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✐♥t❡r✲
❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss ✇✐t❤ N = 10000 ♣❛rt✐❝❧❡s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ c12 ❛♥❞
c21✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ❛r❡ r1 = 1 = r2 = 1, c11 = c22 = 1, γ1 =

γ2 = 1✳ ❚❤❡ r❡s✉❧ts ❛r❡ ✐❧❧✉str❛t❡❞ ♦♥ ❋✐❣✉r❡ ✷✳✻✳ ❖♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t ❛ ❣r❡❛t❡r
✈❛❧✉❡ ♦❢ t❤❡ ❝♦♦♣❡r❛t✐♥❣ ❝♦❡✣❝✐❡♥ts −c12 = −c21 ❧❡❛❞s t♦ ❛ ❨❛❣❧♦♠ ❧✐♠✐t ✇❤♦s❡
s✉♣♣♦rt ✐s ❢✉rt❤❡r ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ ❝♦✈❡rs ❛ s♠❛❧❧❡r ❛r❡❛✳ ■♥ ♦t❤❡r ✇♦r❞s✱
t❤❡ ♠♦r❡ t❤❡ t✇♦ ♣♦♣✉❧❛t✐♦♥s ❝♦♦♣❡r❛t❡✱ t❤❡ ❜✐❣❣❡r t❤❡ s✉r✈✐✈✐♥❣ ♣♦♣✉❧❛t✐♦♥s ❛r❡✳
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❋✐❣✉r❡ ✷✳✻✿ ❊♠♣✐r✐❝❛❧ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss
❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ c12 = c21





❈❤❛♣t❡r ✸

■♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss❡s

❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ▼❛r❦♦✈

♣r♦❝❡ss❡s ❝♦♥❞✐t✐♦♥❡❞ t♦ ♥♦t

❜❡ ❦✐❧❧❡❞ ∗

❆❜str❛❝t

❲❡ ♣r♦✈❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❢♦r ❣❡♥❡r❛❧ str♦♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss❡s
❝♦♥❞✐t✐♦♥❡❞ t♦ ♥♦t ❜❡ ❦✐❧❧❡❞✳ ❚❤❡ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❛ ❋❧❡♠✐♥❣✲❱✐♦t t②♣❡
✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠✱ ✇❤♦s❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢
t❤❡ ♦r✐❣✐♥❛❧ str♦♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss ❛♥❞ ❥✉♠♣ ♦♥t♦ ❡❛❝❤ ♦t❤❡rs ✐♥st❡❛❞ ♦❢
❜❡✐♥❣ ❦✐❧❧❡❞✳ ❲❡ ♦♥❧② ❛ss✉♠❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ♦❢ t❤❡ ❋❧❡♠✐♥❣✲
❱✐♦t t②♣❡ s②st❡♠ ❞♦❡s♥✬t ❡①♣❧♦❞❡ ✐♥ ✜♥✐t❡ t✐♠❡ ❛❧♠♦st s✉r❡❧②✱ ❛♥❞ t❤❛t t❤❡
s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ❛t ✜①❡❞ t✐♠❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❝❡ss ✐s ♣♦s✐t✐✈❡✳ ❲❡ ❛❧s♦
❣✐✈❡ ❛ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞✳

❆ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ✐s t❤❡♥ ❣✐✈❡♥
❢♦r ❣❡♥❡r❛❧ s②st❡♠s ♦❢ t✐♠❡ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t ❞❡♣❡♥❞❡♥t ❞✐✛✉s✐♦♥ ♣❛rt✐❝❧❡s✱
✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ❝❛s❡ ♦❢ t❤❡ ❋❧❡♠✐♥❣✲❱✐♦t t②♣❡ s②st❡♠ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝r✐t❡r✐♦♥ ✉s❡s ❛♥ ♦r✐❣✐♥❛❧ ♥♦♥✲❛tt❛✐♥❛❜✐❧✐t② ♦❢
(0,0) r❡s✉❧t ❢♦r ❛ ♣❛✐r ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡s ✇✐t❤ ♣♦s✐t✐✈❡ ❥✉♠♣s✳

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t F ❜❡ ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ ∂ ❜❡ ❛ ♣♦✐♥t ✇❤✐❝❤ ❞♦❡s♥✬t ❜❡❧♦♥❣ t♦ F ✳ ▲❡t P
❜❡ t❤❡ s❡♠✐✲❣r♦✉♣ ♦❢ ❛ str♦♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss Z ✇❤✐❝❤ ❡✈♦❧✈❡s ✐♥ F ∪ {∂} ❛♥❞

∗s✉❜♠✐tt❡❞ t♦ ❊❙❆■▼ Pr♦❜❛❜✐❧✐t② ❛♥❞ ❙t❛t✐st✐❝s ✐♥ ❏✉♥❡ ✷✵✶✶✳

✶✵✾
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❖❋ ▼❆❘❑❖❱ P❘❖❈❊❙❙❊❙ ❈❖◆❉■❚■❖◆❊❉ ❚❖ ◆❖❚ ❇❊ ❑■▲▲❊❉

❞❡♥♦t❡ ❜② τ∂ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ {∂}✳ ❲❡ ❛ss✉♠❡ t❤❛t ∂ ✐s ❛ ❝❡♠❡t❡r② ♣♦✐♥t ❢♦r
Z✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t Zt = ∂ ❢♦r ❛❧❧ t ≥ τ∂ ✱ ❛♥❞ ✇❡ ❝❛❧❧ τ∂ t❤❡ ❦✐❧❧✐♥❣ t✐♠❡ ♦❢ Z✳

❑✐❧❧❡❞ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ❛r❡ ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ❛ ❧❛r❣❡ ❛r❡❛ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s
✐♥ ❜✐♦❧♦❣②✱ ❞❡♠♦❣r❛♣❤②✱ ❝❤❡♠✐str② ♦r ✜♥❛♥❝❡✱ ✇❤❡r❡ t❤❡r❡ ✐s t✇♦ ♥❛t✉r❛❧ ✇❛②s ♦❢
❦✐❧❧✐♥❣ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ❞✐✛❡r❡♥t ✐♥t❡r♣r❡t❛t✐♦♥s✳ ❚❤❡ ✜rst
✇❛② ✐s t♦ ❦✐❧❧ t❤❡ ♣r♦❝❡ss ✇❤❡♥ ✐t r❡❛❝❤❡s ❛ ❣✐✈❡♥ s❡t✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ❞❡♠♦❣r❛♣❤✐❝✬s
♠♦❞❡❧ ✐s st♦♣♣❡❞ ✇❤❡♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❤✐ts 0✱ s✐♥❝❡ ✐t ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❡①t✐♥❝t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ✇❛② ♦❢ ❦✐❧❧✐♥❣ ❛ ♣r♦❝❡ss ✐s t♦ st♦♣
✐t ❛t ❛♥ ❡①♣♦♥❡♥t✐❛❧ t✐♠❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ ❝❤❡♠✐❝❛❧ ♣❛rt✐❝❧❡ t②♣✐❝❛❧❧② ❞✐s❛♣♣❡❛rs
❜② r❡❛❝t✐♥❣ ✇✐t❤ ❛♥♦t❤❡r ♦♥❡ ❛❢t❡r ❛♥ ❡①♣♦♥❡♥t✐❛❧ t✐♠❡✱ ✇❤♦s❡ r❛t❡ ❞❡♣❡♥❞s ♦♥
t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ r❡❛❝t❛♥t ✐♥ t❤❡ ♠❡❞✐✉♠✳ ■❢ t❤❡ ❦✐❧❧✐♥❣ t✐♠❡ τ∂ ✐s ❣✐✈❡♥ ❜②
t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ ♣r♦❝❡ss r❡❛❝❤❡s ❛ s❡t✱ ✇❡ ❝❛❧❧ ✐t ❛ ❤❛r❞ ❦✐❧❧✐♥❣ t✐♠❡✳ ■❢
✐t ✐s ❣✐✈❡♥ ❜② ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❝❧♦❝❦✱ ✇❡ ❝❛❧❧ ✐t ❛ s♠♦♦t❤ ❦✐❧❧✐♥❣ t✐♠❡✳ ❲❤✐❧❡ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ❛❢t❡r ✐ts ❦✐❧❧✐♥❣ t✐♠❡ ✐s ♦❢ ♣♦♦r ✐♥t❡r❡st✱ ♥✉♠❡r♦✉s
st✉❞✐❡s ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❝❡ss ❝♦♥❞✐t✐♦♥❡❞ t♦ ♥♦t ❜❡ ❦✐❧❧❡❞
✭s❡❡ ❬✶✻❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❚❤❡ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♣r♦✈✐❞❡
❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ❡✈♦❧✈✐♥❣ ✐♥ ❛
r❛♥❞♦♠✴t✐♠❡ ❞❡♣❡♥❞❡♥t ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ❝♦♥❞✐t✐♦♥❡❞ t♦ ♥♦t ❜❡ ❦✐❧❧❡❞✳

❚❤❡ ♠❛✐♥ t♦♦❧ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ✐s ❣✐✈❡♥ ❜② ❛ ❋❧❡♠✐♥❣✲❱✐♦t t②♣❡
✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ✐♥tr♦❞✉❝❡❞ ❜② ❇✉r❞③②✱ ❍♦❧②st✱ ■♥❣❡r♠❛♥♥ ❛♥❞ ▼❛r❝❤
✐♥ ❬✶✸❪ ❛♥❞ ❬✶✹❪✿ t❤❡ N ♣❛rt✐❝❧❡s ♦❢ t❤❡ s②st❡♠ ❡✈♦❧✈❡ ❛s ✐♥❞❡♣❡♥❞❡♥t ❇r♦✇♥✐❛♥
♠♦t✐♦♥s ✐♥ ❛♥ ♦♣❡♥ s✉❜s❡t D ♦❢ Rd✱ ❛♥❞✱ ✇❤❡♥ ❛ ♣❛rt✐❝❧❡ ❤✐ts t❤❡ ❜♦✉♥❞❛r② ∂D✱ ✐t
❥✉♠♣s ♦♥t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛♥ ♦t❤❡r ♣❛rt✐❝❧❡ ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❜❡t✇❡❡♥ t❤❡ N − 1

♦t❤❡r ♦♥❡s❀ t❤❡♥ t❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s ✐♥❞❡♣❡♥❞❡♥t ♣❛rt✐❝❧❡s ❛♥❞ s♦ ♦♥✳ ❲❤❡♥ N
❣♦❡s t♦ ✐♥✜♥✐t②✱ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r♦❝❡ss ❝♦♥✈❡r❣❡s t♦ t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ ❛ st❛♥❞❛r❞ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❝♦♥❞✐t✐♦♥❡❞ t♦ ♥♦t ❜❡ ❦✐❧❧❡❞ ❛t
t❤❡ ❝✉rr❡♥t t✐♠❡✳ ❙✉❝❤ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❜② ●r✐❣♦r❡s❝✉
❛♥❞ ❑❛♥❣ ✐♥ ❬✹✵❪ ❢♦r ❛ st❛♥❞❛r❞ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ ✐♥ ❬✽✺❪ ❢♦r
❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ✇✐t❤ ❞r✐❢t ❛♥❞ ❜② ❉❡❧ ▼♦r❛❧ ❛♥❞ ▼✐❝❧♦ ❢♦r s♠♦♦t❤❧② ❦✐❧❧❡❞
▼❛r❦♦✈ ♣r♦❝❡ss❡s ✭s❡❡ ❬✷✸❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ▲❡t ✉s ❛❧s♦ ♠❡♥t✐♦♥ t❤❡ ✇♦r❦
♦❢ ❋❡rr❛r✐ ❛♥❞ ▼❛r✐�❝ ❬✸✵❪✱ ✇❤✐❝❤ r❡❣❛r❞s ❝♦♥t✐♥✉♦✉s t✐♠❡ ▼❛r❦♦✈ ❝❤❛✐♥s ✐♥ ❞✐s❝r❡t❡
s♣❛❝❡s✳

■♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❡ ♣r♦✈❡ t❤❛t t❤✐s ♠❡t❤♦❞ ✇♦r❦s ✐♥ ❛ ✈❡r② ❣❡♥❡r❛❧ s❡tt✐♥❣✳
◆❛♠❡❧②✱ ❧❡t (ZN )N≥2 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ str♦♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇❤✐❝❤ ❡✈♦❧✈❡ ✐♥
F ∪{∂}✱ ✇❤❡r❡ ∂ ✐s t❤❡ ❝❡♠❡t❡r② ♣♦✐♥t ❢♦r ❡❛❝❤ ZN ✳ ❲❡ ✜① T ≥ 0 ❛♥❞ ✇❡ ❛ss✉♠❡
t❤❛t t❤❡ s❡q✉❡♥❝❡ (ZN

T )N ❝♦♥✈❡r❣❡s t♦ ZT ✐♥ t❤❡ s❡♥s ♦❢ ❍②♣♦t❤❡s✐s ✸✳✶ ✳ ❋♦r ❡❛❝❤
N ≥ 2✱ ✇❡ ❜✉✐❧❞ ❛ ❋❧❡♠✐♥❣✲❱✐♦t t②♣❡ s②st❡♠ ♦❢ N ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡s ❛s ❛❜♦✈❡✿
t❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ ZN ✉♥t✐❧ ♦♥❡ ♦❢ t❤❡♠ ✐s ❦✐❧❧❡❞❀ ❛t
t❤✐s t✐♠❡✱ t❤❡ ❦✐❧❧❡❞ ♣❛rt✐❝❧❡ ❥✉♠♣s ♦♥t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛♥♦t❤❡r ♣❛rt✐❝❧❡✱ ❝❤♦s❡♥
❜❡t✇❡❡♥ t❤❡ N − 1 r❡♠❛✐♥✐♥❣ ♦♥❡s✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ✐♥ t❤❡
N ♣❛rt✐❝❧❡s s②st❡♠ ❞♦❡s♥✬t ❡①♣❧♦❞❡ ✉♣ t♦ t✐♠❡ T ✱ ❛♥❞ ✇❡ ♣r♦✈❡ ✐♥ ❚❤❡♦r❡♠ ✸✳✶
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t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ s❡q✉❡♥❝❡ ♦❢ ❡♠♣✐r✐❝❛❧ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s ❝♦♥✈❡r❣❡s ✇❤❡♥
N → ∞ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss Z ❝♦♥❞✐t✐♦♥❡❞ t♦ ♥♦t ❜❡ ❦✐❧❧❡❞ ❛t t✐♠❡
T ✳ ❲❡ ❛❧s♦ ❣✐✈❡ ❛ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ♠❡t❤♦❞✱ ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥
t❤❡ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ZN ✱ N ≥ 2✳

❚❤✐s r❡s✉❧t ❝♦♠❡s ❛s ❛♥ ✐♠♣♦rt❛♥t ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s❧② ❝✐t❡❞ ♦♥❡s✳
❋✐rst❧②✱ ✇❡ ❛❧❧♦✇ ❜♦t❤ ❤❛r❞ ❛♥❞ s♦❢t ❦✐❧❧✐♥❣s✱ ✇❤✐❝❤ ✐s ❛ ♥❛t✉r❛❧ s❡tt✐♥❣ ✐♥ ❛♣♣❧✐❝❛✲
t✐♦♥s✿ t②♣✐❝❛❧❧②✱ ❛ s♣❡❝✐❡s ❝❛♥ ❞✐s❛♣♣❡❛r ❜❡❝❛✉s❡ ♦❢ ❛ ❧❛❝❦ ♦❢ ❜♦r♥ ♦❢ ♥❡✇ s♣❡❝✐♠❡♥s
✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❤❛r❞ ❦✐❧❧✐♥❣ ❛t 0✮ ♦r ❜❡❝❛✉s❡ ♦❢ ❛ ❜r✉t❛❧ ♥❛t✉r❛❧ ❝❛t❛s✲
tr♦♣❤❡ ✭✇❤✐❝❤ t②♣✐❝❛❧❧② ❤❛♣♣❡♥s ❢♦❧❧♦✇✐♥❣ ❛♥ ❡①♣♦♥❡♥t✐❛❧ t✐♠❡✮✳ ❙❡❝♦♥❞❧②✱ ✇❡
✐♠♣❧✐❝✐t❧② ❛❧❧♦✇ t✐♠❡ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t ❞❡♣❡♥❞❡♥❝②✱ ✇❤✐❝❤ ✐s ❛❧s♦ q✉✐t❡ ♥❛t✉r❛❧ ✐♥
❛♣♣❧✐❝❛t✐♦♥s✱ ✇❤❡r❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛t❤s ❛r❡ ✐♥✢✉❡♥❝❡❞ ❜② ❡①t❡r♥❛❧ st♦❝❤❛st✐❝ ❢❛❝t♦rs
✭❛s t❤❡ ✇❡❛t❤❡r✮ ✇❤♦s❡ ❞✐str✐❜✉t✐♦♥ ✈❛r✐❡s ✇✐t❤ t✐♠❡ ✭❜❡❝❛✉s❡ ♦❢ t❤❡ s❡❛s♦♥s ❜②
✐♥st❛♥❝❡✮✳ ❋✐♥❛❧❧②✱ ✇❡ ❛❧❧♦✇ t❤❡ ♣r♦❝❡ss ZN ✇❤✐❝❤ ❞r✐✈❡s t❤❡ ♣❛rt✐❝❧❡s t♦ ❞❡✲
♣❡♥❞ ♦♥ N ✱ ❛♥❞ ✇❡ ♦♥❧② r❡q✉✐r❡ t❤❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ♦❢ t❤❡
❋❧❡♠✐♥❣✲❱✐♦t t②♣❡ s②st❡♠ ❜✉✐❧❞ ♦♥ ZN ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❝❛♥ ❛♣♣❧② t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ t♦ ❛ ♣r♦❝❡ss Z✱ ✇✐t❤♦✉t r❡q✉✐r✐♥❣ t❤❛t t❤❡ ❋❧❡♠✐♥❣✲❱✐♦t
♣r♦❝❡ss ❜❛s❡❞ ♦♥ Z ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ❚❤✐s ✐s t②♣✐❝❛❧❧② t❤❡ ❝❛s❡ ❢♦r ❞❡❣❡♥❡r❛t❡ ❞✐✛✉✲
s✐♦♥s✱ ♦r ❢♦r ❞✐✛✉s✐♦♥s ✇✐t❤ ❤❛r❞ ❦✐❧❧✐♥❣ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ ♥♦♥✲r❡❣✉❧❛r ❞♦♠❛✐♥✱
♦r ❢♦r ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇✐t❤ s♠♦♦t❤ ❦✐❧❧✐♥❣ ❣✐✈❡♥ ❜② ❛♥ ✉♥❜♦✉♥❞❡❞ r❛t❡ ❢✉♥❝t✐♦♥✳
■♥ ♦✉r ❝❛s❡✱ t❤❡ t❤r❡❡ ✐rr❡❣✉❧❛r✐t✐❡s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞✱ ❜② s✉❝❝❡ss✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥s
♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts✱ ❞♦♠❛✐♥ ❛♥❞ r❛t❡ ♦❢ ❦✐❧❧✐♥❣ r❡s♣❡❝t✐✈❡❧②✳

❙✐♥❝❡ t❤❡ ♠❡t❤♦❞ ✇♦r❦s ✐♥ ❛ ✈❡r② ❣❡♥❡r❛❧ s❡tt✐♥❣✱ ✐t ♦♥❧② r❡♠❛✐♥s ✉s t♦ ♣r♦✈❡
t❤❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳
❙✉❝❤ ♥♦♥✲❡①♣❧♦s✐♦♥ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ r❡❝❡♥t❧② ♦❜t❛✐♥❡❞ ❜② ▲ö❜✉s ✐♥ ❬✻✷❪ ❛♥❞ ❜②
❇✐❡♥❡❦✱ ❇✉r❞③② ❛♥❞ ❋✐♥❝❤ ✐♥ ❬✶✶❪ ❢♦r ❇r♦✇♥✐❛♥ ♣❛rt✐❝❧❡s ❦✐❧❧❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢
❛ ❣✐✈❡♥ ♦♣❡♥ s❡t✱ ❜② ●r✐❣♦r❡s❝✉ ❛♥❞ ❑❛♥❣ ✐♥ ❬✹✷❪ ❢♦r t✐♠❡✲❤♦♠♦❣❡♥❡♦✉s ♣❛rt✐❝❧❡s
❞r✐✈❡♥ ❜② ❛ st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥ ✇✐t❤ r❡❣✉❧❛r ❝♦❡✣❝✐❡♥ts ❦✐❧❧❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢
❛ ♥♦♥✲s♠♦♦t❤ ❞♦♠❛✐♥ ✭❛ s✉r✈❡② ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ✐s ❞♦♥❡ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥
♦❢ ❬✹✷❪✮ ❛♥❞ ✐♥ ❬✽✺❪ ❢♦r ❇r♦✇♥✐❛♥ ♣❛rt✐❝❧❡s ✇✐t❤ ❞r✐❢t✳ ❖t❤❡r ♠♦❞❡❧s ♦❢ ❞✐✛✉s✐♦♥s
✇✐t❤ ❥✉♠♣s ❢r♦♠ ❛ ❜♦✉♥❞❛r② ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✾❪✱ ✇✐t❤ ❛ ❝♦♥t✐♥✉✐t② ❝♦♥✲
❞✐t✐♦♥ ♦♥ t❤❡ ❥✉♠♣ ♠❡❛s✉r❡ t❤❛t ✐s♥✬t ❢✉❧✜❧❧❡❞ ✐♥ ♦✉r ❝❛s❡✱ ✐♥ ❬✹✶❪✱ ✇❤❡r❡ ✜♥❡
♣r♦♣❡rt✐❡s ♦❢ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ r❡❜✐rt❤ ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞✱ ❛♥❞ ✐♥ ❬✺✺❪✱
❬✺✻❪✱ ✇❤❡r❡ ❑♦❧❜ ❛♥❞ ❲ü❦❜❡r ❤❛✈❡ st✉❞✐❡❞ t❤❡ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♠♦❞❡❧✳
■♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ st❛t❡ t❤❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ♦❢ ❛♥ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss✱ ✇❤♦s❡
❝♦♥str✉❝t✐♦♥ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s✳ ■♥❞❡❡❞ ✇❡ ❝♦♥s✐❞❡r ♣❛rt✐❝❧❡s
✇❤✐❝❤ ❡✈♦❧✈❡ ❛s ■tô ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✐♥ ❛ r❛♥❞♦♠✴t✐♠❡ ❞❡♣❡♥❞❡♥t ❡♥✈✐r♦♥♠❡♥t
✇✐t❤ ❜♦t❤ ❤❛r❞ ❛♥❞ s♦❢t ❦✐❧❧✐♥❣s✱ ✇✐t❤ ❛ ❞✐✛❡r❡♥t s♣❛❝❡ ♦❢ ✈❛❧✉❡s ❢♦r ❡❛❝❤ ♣❛rt✐❝❧❡✳
▼♦r❡♦✈❡r✱ ❛t ❡❛❝❤ ❦✐❧❧✐♥❣ t✐♠❡✱ ✇❡ ❛❧❧♦✇ ✈❡r② ❣❡♥❡r❛❧ ❥✉♠♣ ❧♦❝❛t✐♦♥s ❢♦r t❤❡ ❦✐❧❧❡❞
♣❛rt✐❝❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✈❛❧✐❞❛t❡s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡
❢♦r t✐♠❡✴❡♥✈✐r♦♥♠❡♥t ❞❡♣❡♥❞❡♥t ❞✐✛✉s✐♦♥s ✇✐t❤ ❤❛r❞ ❛♥❞ s♦❢t ❦✐❧❧✐♥❣✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❛♥ ♦r✐❣✐♥❛❧ ♥♦♥✲❛tt❛✐♥❛❜✐❧✐t② ♦❢
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❖❋ ▼❆❘❑❖❱ P❘❖❈❊❙❙❊❙ ❈❖◆❉■❚■❖◆❊❉ ❚❖ ◆❖❚ ❇❊ ❑■▲▲❊❉

(0,0) r❡s✉❧t ❢♦r s❡♠✐✲♠❛rt✐♥❣❛❧❡s✱ ✇❤✐❝❤ ✐s st❛t❡❞ ✐♥ t❤❡ ❧❛st s❡❝t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✳

✸✳✷ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ❝♦♥❞✐t✐♦♥❡❞ t♦

♥♦t ❜❡ ❦✐❧❧❡❞

▲❡t F ❜❡ ❛ ♣♦❧✐s❤ s♣❛❝❡ ❛♥❞ ❧❡t Z ❜❡ ❛ ❝à❞❧à❣ str♦♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss ✇❤✐❝❤ ❡✈♦❧✈❡s
✐♥ F ✉♥t✐❧ ✐t ✐s ❦✐❧❧❡❞✳ ❲❤❡♥ ✐t ✐s ❦✐❧❧❡❞✱ ✐t ❥✉♠♣s t♦ ❛ ❝❡♠❡t❡r② ♣♦✐♥t ∂ /∈ F ✳ ❚❤❡
❦✐❧❧✐♥❣ t✐♠❡ ✐s ❞❡♥♦t❡❞ ❜② τ∂ = inf{t ≥ 0, Zt = ∂}✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜① T ≥ 0

❛♥❞ ✇❡ ♣r♦✈❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ZT

st❛rt✐♥❣ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ µ0 ∈ M1(F ) ❛♥❞ ❝♦♥❞✐t✐♦♥❡❞ t♦ t❤❡ ❡✈❡♥t {T < τ∂}✳
❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❛ s❡q✉❡♥❝❡ ♦❢ ❋❧❡♠✐♥❣✲❱✐♦t t②♣❡ s②s✲

t❡♠s X(N) =
(

X1,(N),...,X2,(N)
)

✇✐t❤ ✈❛❧✉❡s ✐♥ FN ✱ N ≥ 2✳ ❆ ♥❛t✉r❛❧ ❝❤♦✐❝❡
❢♦r t❤❡ ❞②♥❛♠✐❝ ♦❢ X(N)✱ N ≥ 2✱ s❤♦✉❧❞ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿ t❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡
✐♥❞❡♣❡♥❞❡♥t❧② ❛s N ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ Z ✉♥t✐❧ ♦♥❡ ♦❢ t❤❡♠ ✐s ❦✐❧❧❡❞❀ ❛t t❤✐s
t✐♠❡✱ t❤❡ ❦✐❧❧❡❞ ♣❛rt✐❝❧❡ ❥✉♠♣s ❢r♦♠ ∂ t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ♦♥❡ ♦❢ t❤❡ N − 1 r❡✲
♠❛✐♥✐♥❣ ♣❛rt✐❝❧❡s❀ t❤❡♥ t❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s N ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ Z ✉♥t✐❧
♦♥❡ ♦❢ t❤❡♠ ✐s ❦✐❧❧❡❞ ❛♥❞ s♦ ♦♥✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❢♦r ❛ ❣❡♥❡r❛❧ ❝❤♦✐❝❡ ♦❢ Z✱ t❤❡
♥✉♠❜❡r ♦❢ ❥✉♠♣s ♦❢ t❤❡ s②st❡♠ ❝♦✉❧❞ ❡①♣❧♦❞❡ ✐♥ ✜♥✐t❡ t✐♠❡✱ ♦r t❤❡ N ♣❛rt✐❝❧❡s
❝♦✉❧❞ ❜❡ ❦✐❧❧❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ✭s❡❡ ❬✶✶✱ ❊①❛♠♣❧❡ ✺✳✸❪ ❢♦r ❛♥ ❡①❛♠♣❧❡ ♦❢ ❡①✲
♣❧♦s✐♦♥ ✐♥ ❛ ♥♦♥✲tr✐✈✐❛❧ s❡tt✐♥❣✮✳ ❲❤❡♥ t❤✐s ❤❛♣♣❡♥s✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞
❝❛♥ ♥♦ ❧♦♥❣❡r ♦♣❡r❛t❡✳ ■♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✱ ✇❡ ❛ss✉♠❡ t❤❛t ✇❡✬r❡
❣✐✈❡♥ ❛ s❡q✉❡♥❝❡

(

ZN
)

N≥2
♦❢ str♦♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ Z ❛t

t✐♠❡ T ✭❍②♣♦t❤❡s✐s ✸✳✶ ❜❡❧♦✇✮ ❛♥❞ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ N ≥ 2✱ t❤❡ ❋❧❡♠✐♥❣✲❱✐♦t
s②st❡♠ ✇✐t❤ N ♣❛rt✐❝❧❡s ❞r✐✈❡♥ ❜② ZN ❜❡t✇❡❡♥ t❤❡ ❦✐❧❧✐♥❣s ❞♦❡s♥✬t ❡①♣❧♦❞❡ ❜❡❢♦r❡
t✐♠❡ T ✭❍②♣♦t❤❡s✐s ✸✳✷✮✳ ❚❤❡♦r❡♠ ✸✳✶ ❜❡❧♦✇ st❛t❡s t❤❛t t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡
❛t t✐♠❡ T ♦❢ t❤❡ s②st❡♠ X(N) ✭✇❤♦s❡ ♣❛rt✐❝❧❡s ❛r❡ ❞r✐✈❡♥ ❜② ZN ❜❡t✇❡❡♥ t❤❡
❦✐❧❧✐♥❣s✮ ❝♦♥✈❡r❣❡s✱ ✇❤❡♥ N ❣♦❡s t♦ ✐♥✜♥✐t②✱ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Z ❝♦♥❞✐t✐♦♥❡❞
t♦ {T < τ∂}✳ ❆ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ✐s ❛❧s♦ ❣✐✈❡♥✱
✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ZN ❛t t✐♠❡ T ≥ 0✳

▲❡t
(

ZN
)

N≥2
❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❝à❞❧à❣ str♦♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇❤✐❝❤ ❡✈♦❧✈❡

✐♥ F ∪ {∂}✱ ✇❤❡r❡ ∂ ✐s ❛ ❝❡♠❡t❡r② ♣♦✐♥t ❢♦r ❡❛❝❤ ZN ✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❦✐❧❧✐♥❣ t✐♠❡
♦❢ ZN ❜② τN∂ = inf{t ≥ 0, ZN

t = ∂}✳ ❋♦r ❡❛❝❤ N ≥ 2✱ ✇❡ ❞❡✜♥❡ t❤❡ ✐♥t❡r❛❝t✐♥❣
♣❛rt✐❝❧❡ s②st❡♠ X(N) = (X1,(N),...,XN,(N)) ✇✐t❤ ✈❛❧✉❡s ✐♥ FN ❛s ❢♦❧❧♦✇s✿

❼ ▲❡t m(N) ∈ M1

(

FN
)

❜❡ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✳

❼ ❚❤❡ N ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s N ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ ZN ✉♥t✐❧ ♦♥❡ ♦❢ t❤❡♠ ✐s
❦✐❧❧❡❞✳ ❚❤✐s ❦✐❧❧✐♥❣ t✐♠❡ ✐s ❞❡♥♦t❡❞ ❜② τ (N)

1 ✳

❼ ❆t t✐♠❡ τ (N)
1 ✱ t❤❡ ♣r♦❝❡ss ✐s ♠♦❞✐✜❡❞✿

✕ ■❢ t❤❡r❡ ❡①✐sts ♠♦r❡ t❤❛♥ ♦♥❡ ♣❛rt✐❝❧❡ ✇❤✐❝❤ ✐s ❦✐❧❧❡❞ ❛t t✐♠❡ τ (N)
1 ✱ ✇❡

st♦♣ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ✐ts❡❧❢ ❛♥❞ t❤✐s t✐♠❡ ✐s ❞❡♥♦t❡❞ ❜②
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❑■▲▲❊❉ ✶✶✸

τ
(N)
stop ✭■♥ ❢❛❝t✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤✐s ❦✐♥❞ ♦❢ ❡✈❡♥t ❞♦❡s♥✬t ❤❛♣♣❡♥
❛❧♠♦st s✉r❡❧②✮✳

✕ ❖t❤❡r✇✐s❡ t❤❡ ✉♥✐q✉❡ ❦✐❧❧❡❞ ♣❛rt✐❝❧❡ ❥✉♠♣s ✐♥st❛♥t❛♥❡♦✉s❧② ♦♥t♦ t❤❡
♣♦s✐t✐♦♥ ♦❢ ❛♥♦t❤❡r ♣❛rt✐❝❧❡✱ ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❜❡t✇❡❡♥ t❤❡ N − 1 r❡✲
♠❛✐♥✐♥❣ ♦♥❡s✳

❼ ❆t t✐♠❡ τ (N)
1 ❛♥❞ ❛❢t❡r ♣r♦❝❡❡❞✐♥❣ t♦ t❤❡ ❥✉♠♣✱ t❤❡ ♣r♦❝❡ss ❧✐❡s ✐♥ FN ✳ ❚❤❡♥

t❤❡ s②st❡♠ ❡✈♦❧✈❡s ❛s N ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ ZN ✱ ✉♥t✐❧ t❤❡ ♥❡①t ❦✐❧❧✐♥❣
t✐♠❡✱ ❞❡♥♦t❡❞ ❜② τ (N)

2 ✳

❼ ❆t t❤✐s t✐♠❡✱ t❤❡ ♣r♦❝❡ss ❥✉♠♣s ✇✐t❤ t❤❡ s❛♠❡ ♠❡❝❤❛♥✐s♠ ❛s ❛❜♦✈❡ ✭❛♥❞
❝♦✉❧❞ ❜❡ st♦♣♣❡❞ ❛t ❛ t✐♠❡ ❞❡♥♦t❡❞ ❜② τ (N)

stop✱ ❛s ❛❜♦✈❡✮✳

❼ ❚❤❡♥ t❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s N ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ ZN ✱ ❛♥❞ s♦ ♦♥✳

❲❡ s❡t τ (N)
stop = +∞ ✐❢ Xi,(N) ❛♥❞ Xj,(N) ❛r❡ ♥❡✈❡r ❦✐❧❧❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❢♦r ❛❧❧

i 6= j✳ ❖♥ t❤❡ ❡✈❡♥t {τ (N)
stop = +∞}✱ ✇❡ ❞❡♥♦t❡ ❜② τ (N)

1 < τ
(N)
2 < ... < τ

(N)
n < ...

t❤❡ s❡q✉❡♥❝❡ ♦❢ ❥✉♠♣ t✐♠❡s ❛♥❞ ✇❡ s❡t

τ (N)
∞ = lim

n→∞
τ (N)
n . ✭✸✳✶✮

■❢ τ (N)
stop < +∞✱ ✇❡ s❡t τ (N)

∞ = +∞✳ ❚❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ✐s t❤❡♥ ✇❡❧❧

❞❡✜♥❡❞ ❢♦r ❛❧❧ t✐♠❡ t < τ
(N)
stop ∧ τ

(N)
∞ ✳

❲❡ ❞❡♥♦t❡ ❜② A
i,(N)
t t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ♦❢ t❤❡ ith ♣❛rt✐❝❧❡ ✉♣ t♦ t✐♠❡ t✱

t < τ
(N)
stop ∧ τ

(N)
∞ ✳ ❲❡ ❞❡♥♦t❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ♦❢ t❤❡ s②st❡♠ ❜② A(N)

t ✿

A
(N)
t =

N
∑

i=1

A
i,(N)
t ,

❛♥❞ ❜② µ(N)
t t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ X(N)

t ✿

µ
(N)
t =

1

N

N
∑

i=1

δ
X

i,(N)
t

∈ M1(F ),

✇❤❡r❡ M1(F ) ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ F ✳
❚❤❡ ✜rst ❛ss✉♠♣t✐♦♥ ❝♦♥❝❡r♥s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ZN

T st❛rt✐♥❣ ✇✐t❤ ✐♥✐t✐❛❧

r❛♥❞♦♠ ❞✐str✐❜✉t✐♦♥ µ(N)
0 t♦ ZT st❛rt✐♥❣ ✇✐t❤ ✭♣♦ss✐❜❧② r❛♥❞♦♠✮ ❞✐str✐❜✉t✐♦♥ µ0✳

❍②♣♦t❤❡s✐s ✸✳✶✳ ❲❡ ❛ss✉♠❡ t❤❛t✱ ❢♦r ❛❧❧ ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s f :

F ∪ {∂} 7→ R+ s✉❝❤ t❤❛t f(∂) = 0✱

µ
(N)
0

(

PN
T f
) law−−−−→

N→∞
µ0 (PT f) .

✇❤❡r❡ PN
. ✭r❡s♣❡❝t✐✈❡❧② P.✮ ❞❡♥♦t❡s t❤❡ s❡♠✐✲❣r♦✉♣ ♦❢ t❤❡ ♣r♦❝❡ss ✇✐t❤ ❦✐❧❧✐♥❣ ZN

✭r❡s♣❡❝t✐✈❡❧② Z✮✳
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❘❡♠❛r❦ ✸✳✶✳ ❆ t②♣✐❝❛❧ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❍②♣♦t❤❡s✐s ✸✳✶ ✐s ❢✉❧✜❧❧❡❞ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿
✇❡✬r❡ ❣✐✈❡♥ µ0✱ Z✱ ❛♥❞ ❛ s❡q✉❡♥❝❡ ZN s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ x ∈ F ❛♥❞ ❛❧❧ ❝♦♥t✐♥✉♦✉s
❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f : F 7→ R+✱

PN
T f(x) −−−−→

N→∞
PT f(x). ✭✸✳✷✮

■❢ ✇❡ ❛ss✉♠❡ t❤❛t m(N) = µ⊗N
0 ✱ t❤❡♥ ❍②♣♦t❤❡s✐s ✸✳✶ ✐s ❢✉❧✜❧❧❡❞✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡

µ
(N)
0

(

PN
T f
) law
=

1

N

N
∑

i=1

[

PN
T f(xi)− µ0

(

P
(N)
T f

)]

+ µ0

(

P
(N)
T f

)

,

✇❤❡r❡ (xi)i≥1 ✐s ❛♥ ✐✐❞ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❧❛✇ µ0✳ ❇② t❤❡ ❧❛✇
♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✱ t❤❡ ✜rst r✐❣❤t t❡r♠ ❝♦♥✈❡r❣❡s t♦ 0 ❛❧♠♦st s✉r❡❧②✳ ❇② t❤❡ ❝♦♥✲
✈❡r❣❡♥❝❡ ❛ss✉♠♣t✐♦♥ ✭✸✳✷✮ ❛♥❞ ❜② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✱ t❤❡ s❡❝♦♥❞ r✐❣❤t t❡r♠
❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ µ0 (PT f)✱ s♦ t❤❛t ❍②♣♦t❤❡s✐s ✸✳✶ ✐s ❢✉❧✜❧❧❡❞✳

❚❤❡ s❡❝♦♥❞ ❛ss✉♠♣t✐♦♥ ❝♦♥❝❡r♥s t❤❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s
❢♦r t❤❡ s②st❡♠ ✇✐t❤ N ♣❛rt✐❝❧❡s ❞r✐✈❡♥ ❜② ZN ❜❡t✇❡❡♥ t❤❡ ❦✐❧❧✐♥❣s✳

❍②♣♦t❤❡s✐s ✸✳✷✳ ❲❡ ❛ss✉♠❡ t❤❛t✱ ❢♦r ❛❧❧ N ≥ 2✱ t❤❡ ♣r♦❝❡ss XN ✐s ✇❡❧❧ ❞❡✜♥❡❞

✉♣ t♦ t✐♠❡ T ✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

Pm(N)

(

T < τstop ∧ τ (N)
∞

)

= 1.

❍②♣♦t❤❡s✐s ✸✳✷ ✐s ❝❧❡❛r❧② ❢✉❧✜❧❧❡❞ ✐❢ ZN ✐s ♦♥❧② s✉❜❥❡❝t t♦ s♠♦♦t❤ ❦✐❧❧✐♥❣ ❡✈❡♥ts
❤❛♣♣❡♥✐♥❣ ✇✐t❤ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❦✐❧❧✐♥❣ r❛t❡s ✭t❤❡ q✉❡st✐♦♥ ❤❛s ♥♦t ❜❡❡♥ ❛♥✲
s✇❡r❡❞ t♦ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✉♥❜♦✉♥❞❡❞ ❦✐❧❧✐♥❣ r❛t❡s✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ■tô✬❙ ❞✐✛✉s✐♦♥
❞r✐✈❡♥ ❜② t✐♠❡✲❤♦♠♦❣❡♥❡♦✉s st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ ❤❛r❞❧② ❦✐❧❧❡❞
✇❤❡♥ ✐t ❤✐ts t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛♥ ♦♣❡♥ s❡t✱ t❤❡ ♣r♦❜❧❡♠ ✐s ♠✉❝❤ ❤❛r❞❡r ❛♥❞ ❤❛s
❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ r❡❝❡♥t❧② ✭s❡❡ ❬✽✺❪✱ ❬✹✷❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ❞✐✛❡r✲
❡♥t ❛♥❞ q✉✐t❡ ❣❡♥❡r❛❧ ❝r✐t❡r✐❛ ♦❢ ♥♦♥✲❡①♣❧♦s✐♦♥✮✳ ❚❤❡ ❝❛s❡ ♦❢ ■tô ❞✐✛✉s✐♦♥s ❞r✐✈❡♥
❜② st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ t✐♠❡✴❡♥✈✐r♦♥♠❡♥t ❞❡♣❡♥❞❡♥t ❝♦❡✣❝✐❡♥ts
s✉❜❥❡❝t t♦ s♦❢t ❛♥❞ ❤❛r❞ ❦✐❧❧✐♥❣s ✐s tr❡❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ ♦❢ t❤✐s ♣❛♣❡r✳

❚❤❡♦r❡♠ ✸✳✶✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ s✉r✈✐✈❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ Z ❛t t✐♠❡ T ✐s str✐❝t❧②

♣♦s✐t✐✈❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

µ0 (PT1F ) > 0, ❛❧♠♦st s✉r❡❧②. ✭✸✳✸✮

❆ss✉♠❡ t❤❛t ❍②♣♦t❤❡s❡s ✸✳✶ ❛♥❞ ✸✳✷ ❛r❡ ❢✉❧✜❧❧❡❞✳ ❚❤❡♥✱ ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞

❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f : F 7→ R+✱

µ
(N)
T (f)

law−−−−→
N→∞

µ0 (PT f)

µ0 (PT1F )
.
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▼♦r❡♦✈❡r✱ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : F 7→ R+✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✲

✐t②

E





∣

∣

∣

∣

∣

∣

µ
(N)
T (f)−

µ
(N)
0

(

P
(N)
T f

)

µ
(N)
0

(

P
(N)
T 1F

)

∣

∣

∣

∣

∣

∣



 ≤ 4‖f‖∞√
N

√

√

√

√

√

√

E







1
(

µ
(N)
0

(

PN
T 1F

)

)2






.

❘❡♠❛r❦ ✸✳✷✳ ■♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ❣✐✈❡ ❛ ♥♦♥✲❡①♣❧♦s✐♦♥ ❝r✐t❡r✐♦♥ ❢♦r s②st❡♠s ✇❤♦s❡
♣❛rt✐❝❧❡s ❛r❡ ❞r✐✈❡♥ ❜② ❞✐✛✉s✐♦♥s ❡✈♦❧✈✐♥❣ ✐♥ ❛ r❛♥❞♦♠✴t✐♠❡ ❞❡♣❡♥❞❡♥t ❡♥✈✐r♦♥✲
♠❡♥t✱ ❦✐❧❧❡❞ ❛❢t❡r ❡①♣♦♥❡♥t✐❛❧ t✐♠❡s ♦r ✇❤❡♥ t❤❡② ❤✐t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ ❣✐✈❡♥
♦♣❡♥ s❡t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❝r✐t❡r✐♦♥ r❡q✉✐r❡s t❤❛t t❤❡ r❛t❡ ♦❢ ❦✐❧❧✐♥❣ ✐s ❜♦✉♥❞❡❞
❛♥❞ t❤❛t t❤❡ ❦✐❧❧✐♥❣ ❜♦✉♥❞❛r② ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❞✐✛✉s✐♦♥s ❛r❡ s♠♦♦t❤✳
■❢ Z ✐s ❛ ❞✐✛✉s✐♦♥ ✐♥ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t✱ ✇✐t❤ ✉♥❜♦✉♥❞❡❞ ❦✐❧❧✐♥❣ r❛t❡✱ ✐rr❡❣✉❧❛r
❝♦❡✣❝✐❡♥ts ❛♥❞ ♥♦♥✲s♠♦♦t❤ ❦✐❧❧✐♥❣ ❜♦✉♥❞❛r②✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢ str♦♥❣
▼❛r❦♦✈ ♣r♦❝❡ss❡s (ZN )N≥2 ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡s Z ❛♥❞ ❢✉❧✜❧❧s t❤❡ ❝r✐t❡r✐♦♥ ♦❢
❙❡❝t✐♦♥ ✸✳✸ ❢♦r ❛❧❧ N ≥ 2✱ ♣r♦❝❡❡❞✐♥❣ ❜② s✉❝❝❡ss✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ r❛t❡
♦❢ ❦✐❧❧✐♥❣✱ t❤❡ ❦✐❧❧✐♥❣ ❜♦✉♥❞❛r② ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❞✐✛✉s✐♦♥ Z✳ ■t ②✐❡❧❞s
t❤❛t ❚❤❡♦r❡♠ ✸✳✶ ❣✐✈❡s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❢♦r Z ❝♦♥❞✐t✐♦♥❡❞ t♦ {T < τ∂}✱
✇❤✐❧❡ Z ✐s ❞❡❣❡♥❡r❛t❡✳ ❚❤✐s ❡①❛♠♣❧❡ ✐❧❧✉str❛t❡s t❤❛t ❛❧❧♦✇✐♥❣ ❛♥ ❛♣♣r♦①✐♠❛t✲
✐♥❣ s❡q✉❡♥❝❡ ZN ❢♦r Z ❣✐✈❡s ❛ ❣r❡❛t ❣❡♥❡r❛❧✐t② t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦❢
❚❤❡♦r❡♠ ✸✳✶✳

❘❡♠❛r❦ ✸✳✸✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❛ ♣r♦❝❡ss Z ✇✐t❤ ❛ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞
❦✐❧❧✐♥❣ r❛t❡ ❛♥❞ ✇✐t❤♦✉t ❤❛r❞ ❦✐❧❧✐♥❣✱ ❛ ✉♥✐❢♦r♠ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦✈❡r ❛❧❧ t✐♠❡s
T ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ ✉s✐♥❣ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❋❡②♥♠❛♥✲❑❛❝ s❡♠✐✲❣r♦✉♣
✭✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❘♦✉ss❡t✬s ✇♦r❦ ❬✼✺❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳ ❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ♦❢ t❤r❡❡ st❡♣s✳ ■♥ ❛ ✜rst st❡♣✱ ✇❡ ✜①
N ≥ 2 ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : F ∪ {∂}
s✉❝❤ t❤❛t f(∂) = 0✱ t❤❡r❡ ❡①✐sts ❛ ♠❛rt✐♥❣❛❧❡ M (N)

t s✉❝❤ t❤❛t

µ
(N)
t

(

PN
T−tf

)

= µ
(N)
0

(

PN
T f
)

+M
(N)
t +

1

N

N
∑

i=1

A
i,(N)
t
∑

n=1





1

N − 1

∑

j 6=i

PN

T−τ
i,(N)
n

f(X
j,(N)

τ
i,(N)
n

)





✭✸✳✹✮
✇❤❡r❡ τ i,(N)

n ✐s t❤❡ nth ❦✐❧❧✐♥❣ t✐♠❡ ♦❢ t❤❡ ith ♣❛rt✐❝❧❡✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ ✇❡ ❞❡✜♥❡
t❤❡ ♠❡❛s✉r❡ ν(N)

t ♦♥ F ❜②

ν
(N)
t (dx) =

(

N − 1

N

)A
(N)
t

µ
(N)
t (dx),

✇❤❡r❡ ❛ ❧♦ss ♦❢ ♠❛ss ✐s ✐♥tr♦❞✉❝❡❞ ❛t ❡❛❝❤ ❥✉♠♣✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❡♥s❛t❡ t❤❡
❧❛st r✐❣❤t t❡r♠ ✐♥ ✭✸✳✹✮✿ ✇❡ ♣r♦✈❡ t❤❛t ν(N)

T (f) − µ
(N)
0

(

PN
T f
)

✐s t❤❡ s✉♠ ♦❢ t✇♦
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♠❛rt✐♥❣❛❧❡s✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ L2 ♥♦r♠ ♦❢ ❡❛❝❤ ♦❢ t❤❡s❡ ♠❛rt✐♥❣❛❧❡s ✐s
❜♦✉♥❞❡❞ ❜② ‖f‖∞/

√
N ✱ ✇❤✐❝❤ ②✐❡❧❞s ✉s t♦

√

E

(

∣

∣

∣ν
(N)
T (f)− µ

(N)
0 (PN

T f)
∣

∣

∣

2
)

≤ 2‖f‖∞√
N

.

■♥ t❤❡ t❤✐r❞ st❡♣ ♦❢ t❤❡ ♣r♦♦❢✱ ✇❡ r❡♠❛r❦ t❤❛t ν(N)
T ❛♥❞ µ

(N)
T ❛r❡ ♣r♦♣♦rt✐♦♥❛❧

♠❡❛s✉r❡s✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ❜② r❡♥♦r♠❛❧✐③✐♥❣
ν
(N)
T ❛♥❞ µ(N)

0

(

PN
T .
)

✳

❙t❡♣ ✶✿ ❋✐① N ≥ 2 ❛♥❞ ❧❡t f : F ∪ {∂} 7→ R+ ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ ❜♦✉♥❞❡❞
❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t f(∂) = 0✳ ▲❡t ✉s ♣r♦✈❡ ✭✸✳✹✮✳ ❲❡ ❞❡✜♥❡✱ ❢♦r ❛❧❧ t ∈ [0,T ] ❛♥❞
z ∈ F ∪ {∂}✱

ψN
t (z) = PN

T−tf(z).

❚❤❡ ♣r♦❝❡ss
(

ψN
t (ZN

t )
)

t∈[0,T ]
✐s ❛ ♠❛rt✐♥❣❛❧❡ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ 0 ❛t t✐♠❡ τN∂ ❛❧♠♦st

s✉r❡❧②✱ ❛s s♦♦♥ ❛s τN∂ ≤ T ✳ ■♥❞❡❡❞✱ ❢♦r ❛❧❧ s,t ≥ 0 s✉❝❤ t❤❛t s+ t ≤ T ✱ ✇❡ ❤❛✈❡ ❜②
t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ❛♥❞ t❤❡ ❢❛❝t t❤❛t PN ✐s ❛ s❡♠✐✲❣r♦✉♣✿

E
(

ψN
t+s(ZN

t+s)|
(

ZN
u

)

u∈[0,t]

)

= PN
s ψ

N
t+s(ZN

t ) = ψN
t (ZN

t ).

▼♦r❡♦✈❡r ∂ ✐s ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡ ❛♥❞ f(∂) = 0✱ t❤❡♥

ψN
τN∂ ∧T

(ZN
τN∂ ∧T

) = ψN
τN∂

(∂)1τ∂≤T + ψN
τN∂

(ZN
T )1τ∂>T = ψN

τN∂
(ZN

T )1τ∂>T .

❋✐① i ∈ {1,...,N} ❛♥❞ ❞❡♥♦t❡ ❜② τ i,(N)
n t❤❡ nth ❥✉♠♣ t✐♠❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡ i✳ ❋♦r

❛❧❧ n ≥ 0✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss
(

M
i,n,(N)
t

)

t∈[0,T ]
❜②

M
i,n,(N)
t = 1

t<τ
i,(N)
n+1

ψN

t∧τ
i,(N)
n+1

(X
i,(N)

t∧τ
i,(N)
n+1

)− ψN

t∧τ
i,(N)
n

(X
i,(N)

t∧τ
i,(N)
n

) ✭✇✐t❤ τ i,(N)
0 = 0 ✮.

❙✐♥❝❡ Xi,(N) ❡✈♦❧✈❡s ❛s ZN ✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [τ i,(N)
n ,τ

i,(N)
n+1 [✱ Mi,(N),n

t ✐s ❛ ♠❛r✲
t✐♥❣❛❧❡ ✇❤✐❝❤ ❢✉❧✜❧❧s ❛❧♠♦st s✉r❡❧②

M
i,n,(N)
t =















−ψN

τ
i,(N)
n

(X
i,(N)

τ
i,(N)
n

), ✐❢ n < A
i,(N)
t ,

ψN
t (X

i,(N)
t )− ψN

τ
i,(N)
n

(X
i,(N)

τ
i,(N)
n

), ✐❢ n = A
i,(N)
t ,

0, ✐❢ n > A
i,(N)
t ,

s✐♥❝❡ n < A
i,(N)
t ✐s ❡q✉✐✈❛❧❡♥t t♦ τ i,(N)

n+1 < t✱ ✇❤✐❧❡ n > A
i,(N)
t ✐s ❡q✉✐✈❛❧❡♥t t♦

τ
i,(N)
n > t✳ ❙✉♠♠✐♥❣ ♦✈❡r ❛❧❧ ❥✉♠♣s✱ ✇❡ ❣❡t

ψN
t (X

i,(N)
t ) = ψ0(X

i,(N)
0 ) +

A
i,(N)
t
∑

n=0

M
i,n,(N)
t +

A
i,(N)
t
∑

n=1

ψN

τ
i,(N)
n

(X
i,(N)

τ
i,(N)
n

). ✭✸✳✺✮
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❉❡✜♥✐♥❣

M
i,(N)
t =

A
i,(N)
t
∑

n=0

M
i,n,(N)
t ❛♥❞ M

(N)
t =

1

N

N
∑

i=1

M
i,(N)
t

❛♥❞ s✉♠♠✐♥❣ ♦✈❡r i ∈ {1,...,N}✱ ✇❡ ❣❡t

µ
(N)
t (ψN

t ) = µ
(N)
0 (ψN

0 ) +M
(N)
t +

1

N

N
∑

i=1

A
i,(N)
t
∑

n=1

ψN

τ
i,(N)
n

(X
i,(N)

τ
i,(N)
n

).

❆t ❡❛❝❤ ❥✉♠♣ t✐♠❡ τ i,(N)
n ✱ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡ Xi,(N) ❛❢t❡r t❤❡ ❥✉♠♣ ✐s ❝❤♦✲

s❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ♦❢ t❤❡ ♦t❤❡r ♣❛rt✐❝❧❡s✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥
♦❢ ψN

τ
i,(N)
n

(X
i,(N)

τ
i,(N)
n

) ❝♦♥❞✐t✐♦♥❛❧❧② t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♦t❤❡r ♣❛rt✐❝❧❡s ❛t t❤❡ ❥✉♠♣

t✐♠❡ ✐s t❤❡♥ t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ 1
N−1

∑

j 6=i ψ
N

τ
i,(N)
n -

(X
j,(N)

τ
i,(N)
n -

)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

M(N)
t =

1

N

N
∑

i=1

A
i,(N)
t
∑

n=1



ψN

τ
i,(N)
n

(X
i,(N)

τ
i,(N)
n

)− 1

N − 1

∑

j 6=i

ψN

τ
i,(N)
n -

(X
j,(N)

τ
i,(N)
n -

)



.

✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡✳ ❲❡ ✜♥❛❧❧② ❣❡t

µ
(N)
t (ψN

t ) = µ
(N)
0 (ψN

0 )+M
(N)
t +M(N)

t +
1

N

N
∑

i=1

A
i,(N)
t
∑

n=1





1

N − 1

∑

j 6=i

ψN

τ
i,(N)
n -

(X
j,(N)

τ
i,(N)
n -

)



,

✭✸✳✻✮
✇❤✐❝❤ ✐s ❡①❛❝t❧② ✭✸✳✹✮✳

❙t❡♣ ✷✿ ▲❡t ✉s ♥♦✇ ❡①♣❧❛✐♥ ✇❤② ν(N)

T∧τ
(N)
α

(ψN

T∧τ
(N)
α

)− ν(N)
0 (ψN

0 ) ✐s t❤❡ s✉♠ ♦❢ t✇♦

♠❛rt✐♥❣❛❧❡s✳ ❙✐♥❝❡ N ✐s ✜①❡❞ ❛♥❞ ✐♥ ♦r❞❡r t♦ ❝❧❛r✐❢② t❤❡ ❝❛❧❝✉❧✉s✱ ✇❡ r❡♠♦✈❡ t❤❡
s✉♣❡rs❝r✐♣ts N ❛♥❞ (N) ✇❤❡♥ t❤❡r❡ ✐s ♥♦ r✐s❦ ♦❢ ❝♦♥❢✉s✐♦♥✳ ❉❡♥♦t✐♥❣ ❜② MC t❤❡
❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ M = M(N)✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✻✮ t❤❛t

νT (ψT )− ν0(ψ0) =

∫ T

0

(

N − 1

N

)At-

dMC
t +

AT
∑

n=1

ντn(ψτn)− ντn-(ψτn-).

▲❡t ✉s ❝♦♠♣✉t❡ ❡❛❝❤ t❡r♠ ✐♥ t❤❡ r✐❣❤t s✐❞❡ s✉♠✳ ❋♦r ❛❧❧ n ≥ 1✱

ντn(ψτn)− ντn-(ψτn-) =

(

N − 1

N

)Aτn

(µτn(ψτn)− µτn-(ψτn-))

+ µτn-(ψτn-)

(

(

N − 1

N

)Aτn

−
(

N − 1

N

)Aτn-
)

.

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ❤❛✈❡
(

N − 1

N

)Aτn

−
(

N − 1

N

)Aτn-

= − 1

N − 1

(

N − 1

N

)Aτn

.
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❞❡♥♦t✐♥❣ ❜② i t❤❡ ✐♥❞❡① ♦❢ t❤❡ ❦✐❧❧❡❞ ♣❛rt✐❝❧❡ ❛t t✐♠❡ τn✱ ✇❡
❤❛✈❡

µτn(ψτn)− µτn-(ψτn-) =
1

N(N − 1)

∑

j 6=i

ψτ in-
(Xj

τ in-
) +Mτn −Mτn- +Mτn −Mτn-,

✇❤❡r❡
1

N(N − 1)

∑

j 6=i

ψτ in-
(Xj

τ in-
) =

1

N − 1
µτn-(ψτn-)−

1

N(N − 1)
ψτn-(X

i
τn-)

❛♥❞✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ M = M(N)✱

− 1

N(N − 1)
ψτn-(X

i
τn-) =

1

N − 1
(Mτn −Mτn-) .

❲❡ t❤❡♥ ❤❛✈❡

µτn(ψτn)− µτn-(ψτn-) =
1

N − 1
µτn-(ψτn-) +

N

N − 1
(Mτn −Mτn-) +Mτn −Mτn-,

❋✐♥❛❧❧②✱ ✇❡ ❣❡t

ντn(ψτn)− ντn-(ψτn-) =

(

N − 1

N

)Aτn -

(Mτn −Mτn-) +

(

N − 1

N

)Aτn

(Mτn −Mτn-) .

❚❤❡ ♣r♦❝❡ss νt(ψt)− ν0(ψ0) ✐s t❤❡♥ t❤❡ s✉♠ ♦❢ t✇♦ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡s ❛♥❞ ✇❡ ❤❛✈❡

νT (ψT )− ν0(ψ0) =

∫ T

0

(

N − 1

N

)At-

dMt +
N − 1

N

∫ T

0

(

N − 1

N

)At-

dMt ✭✸✳✼✮

▲❡t ✉s ❜♦✉♥❞ ❜♦t❤ t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✭✇❤❡r❡ N ✐s st✐❧❧ ✜①❡❞✮✳ ❲❡
❞♦ ♥♦t ❤❛✈❡ ❛♥② ❝♦♥tr♦❧ ♦♥ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s✱ ✇❤✐❧❡ ✇❡ ✇♦✉❧❞
❧✐❦❡ t♦ ❞❡❛❧ ✇✐t❤ r❡❛❧ ♠❛rt✐♥❣❛❧❡s ✐♥st❡❛❞ ♦❢ ❧♦❝❛❧ ♦♥❡s✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤✐s✱ ✇❡ ✜①
❛♥ ✐♥t❡❣❡r α ≥ 1 ❛♥❞ ✇❡ st♦♣ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ✇❤❡♥ t❤❡ ♥✉♠❜❡r
♦❢ ❥✉♠♣s At r❡❛❝❤❡s α✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ st♦♣ t❤❡ ♣r♦❝❡ss ❛t t✐♠❡ τα = τ

(N)
α ✳

❇② t❤❡ ♦♣t✐♦♥❛❧ st♦♣♣✐♥❣ t✐♠❡ t❤❡♦r❡♠✱ t❤❡ ♣r♦❝❡ss❡s M ❛♥❞ M st♦♣♣❡❞ ❛t t✐♠❡
τ
(N)
α ❛r❡ tr✉❡ ♠❛rt✐♥❣❛❧❡s✱ ❛❧♠♦st s✉r❡❧② ❜♦✉♥❞❡❞ ❜② α‖f‖∞✳

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ♠❛rt✐♥❣❛❧❡ ❥✉♠♣s Mτn−Mτn- ❛r❡ ❜♦✉♥❞❡❞ ❜② ‖f‖∞/N ✱
✇❤✐❧❡ t❤❡ ♠❛rt✐♥❣❛❧❡ ✐s ❝♦♥st❛♥t ❜❡t✇❡❡♥ t❤❡ ❥✉♠♣s✱ t❤❡♥

E





∣

∣

∣

∣

∣

N − 1

N

∫ T∧τα

0

(

N − 1

N

)At-

dMt

∣

∣

∣

∣

∣

2


 = E

[

AT∧α
∑

n=1

(

N − 1

N

)2Aτn-

(Mτn −Mτn-)
2

]

≤ ‖f‖2∞
N

. ✭✸✳✽✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡

E





(

∫ T∧τα

0

(

N − 1

N

)At−

dMt

)2


 ≤ E
(

(MT∧τα)
2
)

=
1

N2

N
∑

i,j=1

E
(

M
i
T∧ταM

j
T∧τα

)
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✇❤❡r❡

E
(

M
i
T∧ταM

j
T∧τα

)

=

α
∑

m=0,n=0

E
(

M
i,m
T∧τα

M
j,n
T∧τα

)

.

■❢ i 6= j✱ t❤❡♥ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡s Mi,n ❛♥❞ Mj,m

✐s 0✱ s✐♥❝❡ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❜❡t✇❡❡♥ t❤❡ ❥✉♠♣s ❛♥❞ ❞♦ ♥♦t ❥✉♠♣
s✐♠✉❧t❛♥❡♦✉s❧②✳ ❆ss✉♠❡ i = j ❛♥❞ ✜① m < n✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡

M i,m
T∧τα

=M i,m

T∧τα∧τ im+1
,

✇❤✐❝❤ ✐s ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ XT∧τα∧τ im+1
✱ t❤❡♥

E
(

M i,m
T∧τα

M i,n
T∧τα

|XT∧τα∧τ im+1

)

=M i,m

T∧τα∧τ im+1
E
(

M i,n
T∧τα

|XT∧τα∧τ im+1

)

=M i,m

T∧τα∧τ im+1
M i,n

T∧τα∧τ im+1
= 0,

✉s✐♥❣ t❤❡ ♦♣t✐♦♥❛❧ s❛♠♣❧✐♥❣ t❤❡♦r❡♠ ✇✐t❤ t❤❡ ♠❛rt✐♥❣❛❧❡ M i,n
T∧τα

❛♥❞ t❤❡ ✉♥✐✲
❢♦r♠❧② ❜♦✉♥❞❡❞ st♦♣♣✐♥❣ t✐♠❡ T ∧ τα ∧ τ in✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

E
(

(

M i
T∧τα

)2
)

= E

(

α
∑

n=0

(

M i,n
T∧τα

)2
)

≤ E

(

α
∑

n=0

ψT∧τ in
(Xi

T∧τ in
)2

)

≤ ‖f‖∞E
(

α
∑

n=0

ψN
T∧τ in

(Xi
T∧τ in

)

)

.

❇② ✭✸✳✺✮✱ ✇❡ ❤❛✈❡

E

(

α
∑

n=0

ψT∧τ in
(Xi

T∧τ in
)

)

≤ ‖f‖∞,

❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t
E
(

(

M i
T∧τα

)2
)

≤ ‖f‖2∞.
❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡

E





(

∫ T∧τα

0

(

N − 1

N

)At-

dMt

)2


 ≤ ‖f‖2∞
N

. ✭✸✳✾✮

❚❤❡ ❢♦r♠✉❧❛ ✭✸✳✼✮ ❛♥❞ ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✽✮ ❛♥❞ ✭✸✳✾✮ ❧❡❛❞ ✉s t♦
√

E

(

∣

∣

∣
ν
(N)

T∧τ
(N)
α

(PN

T−T∧τ
(N)
α

f)− µ
(N)
0 (PN

T∧τ
(N)
α

f)
∣

∣

∣

2
)

≤ 2‖f‖∞√
N

.

❚❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ r❡♠❛✐♥s ❜♦✉♥❞❡❞ ✉♣ t♦
t✐♠❡ T ❜② ❍②♣♦t❤❡s✐s ✸✳✷✱ s♦ t❤❛t T ∧ τ (N)

α ✐s ❡q✉❛❧ t♦ T ❢♦r α ❜✐❣ ❡♥♦✉❣❤ ❛❧♠♦st
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s✉r❡❧②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♠❛❦✐♥❣ α ❣♦ t♦ ✐♥✜♥✐t② ✐♥ t❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡✱ ✇❡ ❣❡t
❜② t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠

√

E

(

∣

∣

∣
ν
(N)
T (f)− µ

(N)
0 (PN

T f)
∣

∣

∣

2
)

≤
√
2‖f‖∞√
N

. ✭✸✳✶✵✮

❙t❡♣ ✸✿ ▲❡t ✉s ♥♦✇ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳ ❇② ❍②♣♦t❤❡s✐s ✸✳✶✱
µ
(N)
0 (PN

T .) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ µ0(P
N
T .)✳ ■t ②✐❡❧❞s t❤❛t✱ ❢♦r ❡❛❝❤ ❝♦♥✲

t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f : F → R+✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐✲

❛❜❧❡s
(

µ
(N)
0 (PN

T 1F ), µ
(N)
0 (PN

T f)
)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ t❤❡ r❛♥❞♦♠ ✈❛r✐✲

❛❜❧❡ (µ0(PT1F ), µ0(PT f))✳ ❇② ✭✸✳✶✵✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠

✈❛r✐❛❜❧❡s
(

ν
(N)
T (1F ),ν

(N)
T (f)

)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

(µ0(PT1F ), µ0(PT f))✳ ❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❛t µ0(PT1F ) ♥❡✈❡r ✈❛♥✐s❤❡s ❛❧♠♦st s✉r❡❧②✱
✇❡ ❣❡t

µ
(N)
T (f) =

ν
(N)
T (f)

ν
(N)
T (1F )

law−−−−→
N→∞

µ0(PT f)

µ0(PT1F )
,

❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f : F → R+✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ✜rst
♣❛rt ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳

❲❡ ❝❛♥ ❛❧s♦ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✶✵✮ t❤❛t

√

√

√

√

√E





∣

∣

∣

∣

∣

∣

(

N − 1

N

)A
(N)
T

− µ
(N)
0

(

PN
T 1F

)

∣

∣

∣

∣

∣

∣

2

 ≤ 2√
N
,

t❤❡♥
√

E

(

∣

∣

∣
µ
(N)
0 (PN

T 1F )µ
(N)
T (f)− µ

(N)
0 (PN

T f)
∣

∣

∣

2
)

≤ 4‖f‖∞√
N

.

❯s✐♥❣ t❤❡ ❈❛✉❝❤② ❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

E

(∣

∣

∣

∣

∣

µ
(N)
T (f)− µ

(N)
0 (PN

T f)

µ
(N)
0 PN

T 1F

∣

∣

∣

∣

∣

)

≤

√

√

√

√

√

√

E







1
(

µ
(N)
0

(

PN
T 1F

)

)2







4‖f‖∞√
N

,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ✳

✸✳✸ ❈r✐t❡r✐♦♥ ❢♦r t❤❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢

❥✉♠♣s

❋✐① N ≥ 2✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❣✐✈❡ ❛ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ ♥♦♥✲❡①♣❧♦s✐♦♥
❛ss✉♠♣t✐♦♥ ♦❢ ❍②♣♦t❤❡s✐s ✸✳✷ ✭❙❡❝t✐♦♥ ✸✳✷✮ ✇❤❡♥ t❤❡ ♣r♦❝❡ss ZN ✐s ❞r✐✈❡♥ ❜② ❛
st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♥ ❛ r❛♥❞♦♠ t✐♠❡✴❞❡♣❡♥❞❡♥t ❡♥✈✐r♦♥♠❡♥t✱ ✇✐t❤
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❛ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ s♠♦♦t❤ ❦✐❧❧✐♥❣ r❛t❡ ❛♥❞ ❛ ❤❛r❞ ❦✐❧❧✐♥❣ s❡t ❣✐✈❡♥ ❜② t❤❡
❜♦✉♥❞❛r② ♦❢ ❛♥ ♦♣❡♥ s❡t✳ ❲❤✐❧❡ t❤✐s ♣r♦❜❧❡♠ ✐s t❤❡ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥ ❢♦r ♣r♦✈✐♥❣
♦✉r ♥♦♥✲❡①♣❧♦s✐♦♥ r❡s✉❧t✱ ❚❤❡♦r❡♠ ✸✳✷ ❜❡❧♦✇ ✐s st❛t❡❞ ✐♥ ❛ ❢❛r ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳
❋✐rst❧②✱ ✇❡ ❞♦ ♥♦t r❡q✉✐r❡ t❤❛t t❤❡ ♣❛rt✐❝❧❡s ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❞②♥❛♠✐❝ ❜❡t✇❡❡♥ t❤❡
❦✐❧❧✐♥❣s✿ t❤❡ ith ♣❛rt✐❝❧❡ ✇✐❧❧ ❜❡ ❞r✐✈❡♥ ❜② t❤❡ ❞②♥❛♠✐❝ ♦❢ ❛ str♦♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss
Z i,N ✱ ❛ ♣r✐♦r✐ ❞✐✛❡r❡♥t ❢♦r ❡❛❝❤ i ∈ {1,...,N}✳ ❙❡❝♦♥❞❧②✱ t❤❡ ❥✉♠♣ ♣♦s✐t✐♦♥ ♦❢ t❤❡
❦✐❧❧❡❞ ♣❛rt✐❝❧❡ ✐s ❝❤♦s❡♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❣❡♥❡r❛❧ ❥✉♠♣ ♠❡❛s✉r❡✱ ♥♦t ♥❡❝❡ss❛r✐❧②
s✉♣♣♦rt❡❞ ❜② t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ N − 1 r❡♠❛✐♥✐♥❣ ♣❛rt✐❝❧❡s✳

❋♦r ❛❧❧ i ∈ {1,...,N}✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❝❡ss Z i,N ✐s ❛ str♦♥❣ ▼❛r❦♦✈
♣r♦❝❡ss ❡q✉❛❧ t♦ ❛ 3✲t✉♣❧❡ (t,eit,Z

i
t)t∈[0,τ∂ [ ✉♣ t♦ ✐ts ❦✐❧❧✐♥❣ t✐♠❡✱ ✇❤❡r❡ t ✐s t❤❡

t✐♠❡✱ eit ✐s t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ Zi
t ✐s t❤❡ ❛❝t✉❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥✳ ❚❤❡

❡♥✈✐r♦♥♠❡♥t eit ❡✈♦❧✈❡s ✐♥ ❛♥ ♦♣❡♥ s❡t Ei ⊂ Rdi ✭di ≥ 1✮✱ t❤❡ ♣♦s✐t✐♦♥ Zi
t ❡✈♦❧✈❡s

✐♥ ❛♥ ♦♣❡♥ s❡t Di ⊂ Rd′i ✭d′i ≥ 1✮✱ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st ❢♦✉r ♠❡❛s✉r❛❜❧❡
❢✉♥❝t✐♦♥s

si : [0,T ]× Ei ×Di 7→ R
di ×R

di

mi : [0,T ]× Ei ×Di 7→ R
di

σi : [0,T ]× Ei ×Di 7→ R
d′i ×R

d′i

µi : [0,T ]× Ei ×Di 7→ R
d′i ,

s✉❝❤ t❤❛t Z i,N = (.,ei,Zi) ❢✉❧✜❧❧s t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

deit = si(t,e
i
t,Z

i
t)dβ

i
t +mi(t,e

i
t,Z

i
t)dt, e

i
0 ∈ Ei,

dZi
t = σi(t,eit,Z

i
t)dB

i
t + µi(t,eit,Z

i
t)dt, Z

i
0 ∈ Di,

✇❤❡r❡ (βi,Bi) ✐s ❛ st❛♥❞❛r❞ di + d′i ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡
♣r♦❝❡ss Z i,N ✐s ❤❛r❞❧② ❦✐❧❧❡❞ ✇❤❡♥ Zi

t ❤✐ts ∂Di ❛♥❞ s♠♦♦t❤❧② ❦✐❧❧❡❞ ✇✐t❤ ❛ r❛t❡ ♦❢
❦✐❧❧✐♥❣ κi(t,eit,Z

i
t) ≥ 0✱ ✇❤❡r❡

κi : [0,+∞[×Ei ×Di 7→ R+

✐s ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♠♦♦t❤ ❦✐❧❧✐♥❣
t✐♠❡ ♣r♦❞✉❝❡❞ ❜② t❤❡ r❛t❡ ♦❢ ❦✐❧❧✐♥❣ κi ✐s ❣✐✈❡♥ ❜②

P
(

τ smooth
∂ > t

)

= E
(

e−
∫ t
0 κi(Z

i,N
s )ds

)

.

❊❛❝❤ ♣❛rt✐❝❧❡ ✐♥ t❤❡ s②st❡♠ ✐s ❛ 3✲t✉♣❧❡ (t,oit,X
i
t) ∈ [0,+∞[×Ei ×Di ❛♥❞ ✇❡

❞❡♥♦t❡ t❤❡ ✇❤♦❧❡ s②st❡♠ ❜② (t,Ot,Xt)✱ ✇❤❡r❡

Ot = (o1t ,...,o
N
t ) ∈ E

def
= E1 × ...× EN ❛♥❞

Xt = (X1
t ,...,X

N
t ) ∈ D

def
= D1 × ...×DN ,

❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✈❡❝t♦r ♦❢ ❡♥✈✐r♦♥♠❡♥ts ❛♥❞ t❤❡ ✈❡❝t♦r ♦❢ ♣♦s✐t✐♦♥s✳ ▲❡t
S : [0, + ∞[×EN × DN → M1(E

N × DN ) ❛♥❞ H : [0, + ∞[×EN × ∂(DN ) →
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M1(E
N × DN ) ❜❡ t✇♦ ❣✐✈❡♥ ♠❡❛s✉r❛❜❧❡ ❥✉♠♣ ♠❡❛s✉r❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ t♦

❝❤♦♦s❡ t❤❡ ❥✉♠♣ ❧♦❝❛t✐♦♥ ❛❢t❡r t❤❡ s♠♦♦t❤ ❦✐❧❧✐♥❣ ❛♥❞ ❤❛r❞ ❦✐❧❧✐♥❣ r❡s♣❡❝t✐✈❡❧②✳ ❲❡
❞❡✜♥❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ (t,Ot,Xt) st❛rt✐♥❣ ❢r♦♠ (0,O0,X0) ❛s ❢♦❧❧♦✇s✿

❼ ❋♦r ❛❧❧ i ∈ {1,...,N}✱ t❤❡ 3✲t✉♣❧❡ (t,oit,X
i
t) st❛rts ❢r♦♠ (0,oi0,X

i
0) ❛♥❞ ❡✈♦❧✈❡s

❛s Z i,N = (.,ei,Zi) ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ r❡st ♦❢ t❤❡ s②st❡♠ ✉♥t✐❧ ♦♥❡ ♦❢ t❤❡
♣❛rt✐❝❧❡s ✐s ❦✐❧❧❡❞✳ ❚❤✐s ✜rst ❦✐❧❧✐♥❣ t✐♠❡ ✐s ❞❡♥♦t❡❞ ❜② τ1✳

❼ ❆t t✐♠❡ τ1✱ t❤❡ ♣r♦❝❡ss ❥✉♠♣s t♦ ❛ ♥❡✇ ♣♦s✐t✐♦♥✱ ✇❤♦s❡ ❝❤♦✐❝❡ ❞❡♣❡♥❞s ♦♥
t❤❡ ❦✐♥❞ ♦❢ ❦✐❧❧✐♥❣ ✭t❤❡ t✐♠❡ ❝♦♠♣♦♥❡♥t ✐s♥✬t ❝❤❛♥❣❡❞✮✿

✕ ✐❢ ✐t ✐s ❛ s♠♦♦t❤ ❦✐❧❧✐♥❣ ❡✈❡♥t✱ t❤❡♥ t❤❡ ♣r♦❝❡ss ❥✉♠♣s t♦ ❛ ♣♦s✐t✐♦♥
❝❤♦s❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❥✉♠♣ ♠❡❛s✉r❡ S(τ,Oτ -,Xτ -)✱

✕ ✐❢ ✐t ✐s ❛ ❤❛r❞ ❦✐❧❧✐♥❣ ❡✈❡♥t ❛♥❞ t❤❡r❡ ❡①✐sts ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ ❡❧❡♠❡♥t
i1 ∈ {1,...,N} s✉❝❤ t❤❛t Xi1

τ1- ❜❡❧♦♥❣s t♦ ∂Di1 ✱ t❤❡♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢
(O,X) ❛t t✐♠❡ τ1 ✐s ❝❤♦s❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡
H(τ,Oτ -,Xτ -)✳

✕ ✐❢ ✐t ✐s ❛ ❤❛r❞ ❦✐❧❧✐♥❣ ❡✈❡♥t ❛♥❞ t❤❡r❡ ❡①✐st ♠♦r❡ t❤❛♥ ♦♥❡ ❡❧❡♠❡♥t ✇❤✐❝❤
❤✐ts ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞❛r② ∂Di✱ ✇❡ st♦♣ t❤❡ ♣r♦❝❡ss ❛♥❞ t❤✐s t✐♠❡
✐s ❞❡♥♦t❡❞ ❜② τstop ✭✐♥ ❢❛❝t✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤✐s ❦✐♥❞ ♦❢ ❡✈❡♥t ❞♦❡s♥✬t
❤❛♣♣❡♥ ❛❧♠♦st s✉r❡❧② ✉♥❞❡r ♦✉r ❤②♣♦t❤❡s❡s✮✳

❼ ❆t t✐♠❡ τ1 ❛♥❞ ❛❢t❡r ♣r♦❝❡❡❞✐♥❣ t♦ t❤❡ ❥✉♠♣✱ t❤❡ ♣r♦❝❡ss ❧✐❡s ✐♥ {τ1}×E×D✳
❚❤❡♥ ❡❛❝❤ 3✲t✉♣❧❡ (t,oi,Xi) ❡✈♦❧✈❡s ❛s (.,ei,Zi) st❛rt✐♥❣ ❢r♦♠ (τ1,o

i
τ1 ,X

i
τ1)✱

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ r❡st ♦❢ t❤❡ s②st❡♠ ❛♥❞ ✉♥t✐❧ ♦♥❡ ♦❢ t❤❡♠ ✐s ❦✐❧❧❡❞✳ ❚❤✐s
s❡❝♦♥❞ ❦✐❧❧✐♥❣ t✐♠❡ ✐s ❞❡♥♦t❡❞ ❜② τ2✳

❼ ❆t t❤✐s t✐♠❡✱ t❤❡ ♣r♦❝❡ss ❥✉♠♣s ✇✐t❤ t❤❡ s❛♠❡ ♠❡❝❤❛♥✐s♠ ❛s ❛❜♦✈❡ ✭❛♥❞
❝♦✉❧❞ ❜❡ st♦♣♣❡❞ ❛t ❛ t✐♠❡ ❞❡♥♦t❡❞ ❜② τstop✱ ❛s ❛❜♦✈❡✮✳

❼ ❚❤❡♥ ❡❛❝❤ 3✲t✉♣❧❡ (t,oi,Xi) ❡✈♦❧✈❡s ❛s (.,ei,Zi) st❛rt✐♥❣ ❢r♦♠ (τ2,o
i
τ2 ,X

i
τ2)✱

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ r❡st ♦❢ t❤❡ s②st❡♠✱ ❛♥❞ s♦ ♦♥✳

❲❡ s❡t τstop = +∞ ✐❢ (Xi,Xj) ♥❡✈❡r r❡❛❝❤❡s ∂Di × ∂Dj ✱ ❢♦r ❛❧❧ i 6= j✳ ❖♥ t❤❡
❡✈❡♥t {τstop = +∞}✱ ✇❡ ❞❡♥♦t❡ ❜② τ1 < τ2 < ... < τn < ... t❤❡ s❡q✉❡♥❝❡ ♦❢ ❥✉♠♣
t✐♠❡s ❛♥❞ ✇❡ s❡t

τ∞ = lim
n→∞

τn. ✭✸✳✶✶✮

❚❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ♦❢ t❤❡ s②st❡♠ ❡①♣❧♦❞❡s ✐♥ ✜♥✐t❡ t✐♠❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ τ∞ < +∞✳
❲❡ ♣r♦✈❡ ✐♥ ❚❤❡♦r❡♠ ✸✳✷ ❜❡❧♦✇✱ t❤❛t t❤✐s ❞♦❡s♥✬t ❤❛♣♣❡♥ ❛❧♠♦st s✉r❡❧② ✉♥❞❡r
t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ ❍②♣♦t❤❡s✐s ✸ ❛♥❞ ❍②♣♦t❤❡s✐s ✹✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s✐s✱ t❤❡ ❢✉♥❝t✐♦♥ φi ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡
❜♦✉♥❞❛r② ∂Di✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

φi(x) = min
z∈∂Di

|x− z|, ∀x ∈ Di,
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✇❤❡r❡ |.| ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡✳ ❋♦r ❛❧❧ a > 0✱ Da
i ✇✐❧❧ ❞❡♥♦t❡ t❤❡

❜♦✉♥❞❛r②✬s ♥❡✐❣❤❜♦r❤♦♦❞

Da
i = {x ∈ Di, φi(x) < a}.

❍②♣♦t❤❡s✐s ✸✳✸✳ ❲❡ ❛ss✉♠❡ t❤❛t✱ ❢♦r ❛❧❧ i ∈ {1,...,N} ❛♥❞ ❛❧❧ T ≥ 0✱ t❤❡r❡ ❡①✐sts

a > 0 s✉❝❤ t❤❛t

✶✳ φi ✐s ♦❢ ❝❧❛ss C2
b ♦♥ Da

i ✱

✷✳ t❤❡ s♠♦♦t❤ ❦✐❧❧✐♥❣ r❛t❡ κi ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♦♥ [0,T ]× Ei ×Di

✸✳ si,σi,mi ❛♥❞ µi ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♦♥ [0,T ]× Ei ×Da
i ✱

✹✳ t❤❡r❡ ❡①✐st t✇♦ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s fi : [0,T ] × Ei × Da
i 7→ R+ ❛♥❞ gi :

[0,T ]× Ei ×Da
i 7→ R s✉❝❤ t❤❛t ∀(t,ǫ,z) ∈ [0,T ]× E ×Da

i ✱

∑

k,l

∂φi
∂xk

(z)
∂φi
∂xl

(z)[σiσ
∗
i ]kl(t,ǫ,z) = fi(t,ǫ,z) + gi(t,ǫ,z), ✭✸✳✶✷✮

❛♥❞ s✉❝❤ t❤❛t

❛✮ fi ✐s ♦❢ ❝❧❛ss C1 ✐♥ t✐♠❡ ❛♥❞ ♦❢ ❝❧❛ss C2 ✐♥ ❡♥✈✐r♦♥♠❡♥t✴s♣❛❝❡✱ ❛♥❞

t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ fi ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱

❜✮ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t kg > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ (t,ǫ,z) ∈ [0,T ]×
Ei ×Da

i ✱

|gi(t,ǫ,z)| ≤ kgφi(z),

❝✮ t❤❡r❡ ❡①✐sts t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts 0 < cπ < Cπ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧

(t,ǫ,z) ∈ [0,T ]× Ei ×Da
i ✱

cπ < fi(t,ǫ,z) + gi(t,ǫ,z) < Cπ.

❚❤❡ ❧❛st ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✸✳✸ s❛②s t❤❛t t❤❡ t❡r♠ ✭✸✳✶✷✮✱ ✇❤✐❝❤ ♥❛t✉r❛❧❧②
❛♣♣❡❛rs ✐♥ t❤❡ q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥ ♦❢ φi(Zi

t)✱ ✐s ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ s♠♦♦t❤
♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ fi ♥❡❛r t❤❡ ❜♦✉♥❞❛r② ∂Di✳ ❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t r❡q✉✐r❡ ❛♥② str✐❝t
r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥ ♦♥ σi✱ s✐♥❝❡ gi ✐s ♦♥❧② r❡q✉✐r❡❞ t♦ ❜❡ ♠❡❛s✉r❛❜❧❡✳

❘❡♠❛r❦ ✸✳✹✳ ✶✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ Ck r❡❣✉❧❛r✐t② ♦❢ φi ♥❡❛r t❤❡ ❜♦✉♥❞❛r② ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ Ck r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❜♦✉♥❞❛r② ∂Di ✐ts❡❧❢✱ ❢♦r ❛❧❧ k ≥ 2 ✭s❡❡
❬✷✺✱ ❈❤❛♣t❡r ✺✱ ❙❡❝t✐♦♥ ✹❪✮✳

✷✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ❡❛❝❤ Di ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❤❛s ❛ ❜♦✉♥❞❛r② ♦❢ ❝❧❛ss C3✱ ❛♥❞ ✐❢
σi ✐s ♦❢ ❝❧❛ss C2✱ t❤❡♥ t❤❡ ✜rst ♣♦✐♥t ❛♥❞ t❤❡ ❧❛st ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✸✳✸
❛r❡ ❢✉❧✜❧❧❡❞✳ ■♥❞❡❡❞✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ Di ✐♠♣❧✐❡s t❤❛t φi ✐s ♦❢ ❝❧❛ss C3 ♦♥ ❛
♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ∂Di✱ ❛♥❞ t❤❡ r❡❣✉❧❛r✐t② ♦❢ σi ✐♠♣❧✐❡s t❤❛t ✭✸✳✶✷✮ ❤❛♣♣❡♥s✱
✇✐t❤ gi = 0✳
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❲❡ ✐♥tr♦❞✉❝❡ ♥♦✇ ❛ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❥✉♠♣ ♠❡❛s✉r❡ H✱ ✇❤✐❝❤ ✇✐❧❧ ❡♥s✉r❡ t❤❛t
τ∞ < +∞ ✐♠♣❧✐❡s t❤❛t ❛t ❧❡❛st t✇♦ ♣❛rt✐❝❧❡s ❝♦♥✈❡r❣❡ t♦ t❤❡ ❜♦✉♥❞❛r② ✇❤❡♥ t❤❡
t✐♠❡ ❣♦❡s t♦ τ∞✳ ✇❡ ❞❡♥♦t❡ ❜② Di t❤❡ s❡t

Di = D1 × ...×Di−1 × ∂Di ×Di+1 × ...×DN .

❙✐♥❝❡ ✇❡ ❞❡❝✐❞❡ t♦ st♦♣ t❤❡ ♣r♦❝❡ss ✇❤❡♥ ♠♦r❡ t❤❛♥ t✇♦ ♣❛rt✐❝❧❡s ❤✐t s✐♠✉❧t❛♥❡✲
♦✉s❧② t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞❛r✐❡s✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❞❡✜♥❡ t❤❡ ❥✉♠♣ ♠❡❛s✉r❡
H ♦♥ ∪N

i=1Di✳

❍②♣♦t❤❡s✐s ✸✳✹✳ ✶✳ ❚❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ h :

R+ → R+ ✈❛♥✐s❤✐♥❣ ♦♥❧② ❛t 0 s✉❝❤ t❤❛t✱ ∀i ∈ {1,...,N}✱

inf
(t,e,(x1,...,xN ))∈[0,+∞[×E×Di

H(t,e,x1,...,xN )(E ×Ai) ≥ p0,

✇❤❡r❡ p0 > 0 ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❛♥❞ Ai ⊂ D ✐s t❤❡ s❡t ❞❡✜♥❡❞ ❜②

Ai = {(y1,...,yN ) ∈ D | ∃j 6= i s✉❝❤ t❤❛t φi(yi) ≥ h(φj(yj))} .

✷✳ ❲❡ ❤❛✈❡

inf
(t,e,(x1,...,xN ))∈[0,+∞[×E×Di

H(t,e,x1,...,xN )(E ×Bx1,...,xn) = 1,

✇❤❡r❡

Bx1,...,xn = {(y1,...,yN ) ∈ D | ∀i, φi(yi) ≥ φi(xi)}

■♥❢♦r♠❛❧❧②✱ h(φj) ✐s ❛ ❦✐♥❞ ♦❢ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ ✇❡ ❛ss✉♠❡ ✐♥
t❤❡ ✜rst ♣♦✐♥t t❤❛t✱ ✐❢ ❛❧❧ t❤❡ ♥♦t✲❦✐❧❧❡❞ ♣❛rt✐❝❧❡s ❛r❡ ❢❛r ❢r♦♠ t❤❡✐r r❡s♣❡❝t✐✈❡
❜♦✉♥❞❛r✐❡s ❛t t✐♠❡ τn✱ t❤❡♥ t❤❡ ❥✉♠♣ ♣♦s✐t✐♦♥ Xi

τn ✐s ❝❤♦s❡♥ ❢❛r ❢r♦♠ ∂Di ✇✐t❤
♣r♦❜❛❜✐❧✐t② p0 > 0✳ ❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ❡♥s✉r❡s t❤❛t ❡❛❝❤ ♣❛rt✐❝❧❡ ❧✐❡s ❢❛rt❤❡r ❢r♦♠
✐ts ❜♦✉♥❞❛r② ❛❢t❡r t❤❛♥ ❜❡❢♦r❡ ❛ ❤❛r❞ ❦✐❧❧✐♥❣ ❥✉♠♣✳

❘❡♠❛r❦ ✸✳✺✳ ✶✳ ❚❤❡ ♠♦❞❡❧ ♦❢ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡s s②st❡♠ ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡
✐s ✈❡r② ❣❡♥❡r❛❧✱ ❡✈❡♥ ✐❢ ei ✐s r❡q✉✐r❡❞ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ✉♣ t♦ t❤❡ ❦✐❧❧✐♥❣ t✐♠❡✳
■♥❞❡❡❞✱ ✐t ❛❧s♦ ✐♥❝❧✉❞❡s t❤❡ ❝❛s❡ ♦❢ ❛ ❞✐✛✉s✐♦♥ ❡✈♦❧✈✐♥❣ ✐♥ ❛♥ ❡♥✈✐r♦♥♠❡♥t
❣✐✈❡♥ ❜② ❛ ❝♦♥t✐♥✉♦✉s t✐♠❡ ▼❛r❦♦✈ ❈❤❛✐♥✳ ❇② ✐♥st❛♥❝❡✱ ✐❢ ♦♥❡ s❡t si ❛♥❞
mi ❡q✉❛❧ t♦ 0✱ κi ❡q✉❛❧ t♦ 1 ❛♥❞ S = 1

2

(

δ(t,ǫi+1,zi) + δ(t,ǫi−1,zi)

)

✱ t❤❡♥ t❤❡
♣❛rt✐❝❧❡ Xi ✇✐❧❧ ❡✈♦❧✈❡ ❛s ❛ ❞✐✛✉s✐♦♥ ✇✐t❤ ❛♥ ❡♥✈✐r♦♥♠❡♥t oi ❞❡✜♥❡❞ ❛s ❛
s✐♠♣❧❡ ❝♦♥t✐♥✉♦✉s t✐♠❡ r❛♥❞♦♠ ✇❛❧❦✳

✷✳ ❍②♣♦t❤❡s✐s ✸✳✹ ✐s ✈❡r② ❣❡♥❡r❛❧ ❛♥❞ ❛❧❧♦✇s ❛ ❧♦t ♦❢ ❝❤♦✐❝❡s ❢♦rH✳ ❋♦r ✐♥st❛♥❝❡✿

❛✮ ❋♦r ❛❧❧ µ ∈ M1(E ×D)✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ ❝♦♠♣❛❝t s❡t K ⊂ E ×D s✉❝❤
t❤❛t µ(K) > 0✳ ❚❤❡♥ H = µ ❢✉❧✜❧❧s t❤❡ ❛ss✉♠♣t✐♦♥ ✇✐t❤ p0 = µ(K)

❛♥❞ h(φj) = φj ∧ d(K,E × ∂D)✳
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❜✮ ❍②♣♦t❤❡s✐s ✸✳✹ ❛❧s♦ ✐♥❝❧✉❞❡s t❤❡ ❝❛s❡ st✉❞✐❡❞ ❜② ●r✐❣♦r❡s❝✉ ❛♥❞ ❑❛♥❣
✐♥ ❬✹✷❪✱ ✇❤❡r❡

H =
∑

j 6=i

pij(xi)δxj , ∀(x1,...,xN ) ∈ Di.

✇✐t❤
∑

j 6=i pij(xi) = 1 ❛♥❞ infi∈{1,...,N},j 6=i,xi∈∂D pij(xi) > 0✳ ■♥ t❤❛t
❝❛s❡✱ t❤❡ ♣❛rt✐❝❧❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❥✉♠♣s t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛♥♦t❤❡r
♦♥❡✱ ✇✐t❤ ♣♦s✐t✐✈❡ ✇❡✐❣❤ts✳ ■t ②✐❡❧❞s t❤❛t ❍②♣♦t❤❡s✐s ✸✳✹ ✐s ❢✉❧✜❧❧❡❞
✇✐t❤ p0 = 1 ❛♥❞ h(φj) = φj ✳ ❚❤✐s ✐s ❛❧s♦ t❤❡ ❝❛s❡ ❢♦r t❤❡ ❋❧❡♠✐♥❣✲❱✐♦t
t②♣❡ s②st❡♠ ✉s❡❞ ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳

❲❡✬r❡ ♥♦✇ ❛❜❧❡ t♦ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✿

❚❤❡♦r❡♠ ✸✳✷✳ ❆ss✉♠❡ t❤❛t ❍②♣♦t❤❡s❡s ✸✳✸ ❛♥❞ ✸✳✹ ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡♥ τ∞ = +∞
❛❧♠♦st s✉r❡❧②✳

❘❡♠❛r❦ ✸✳✻✳ ❆♥♦t❤❡r ♠♦❞❡❧ ♦❢ ❞✐✛✉s✐♦♥s ❦✐❧❧❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛♥ ♦♣❡♥ s❡t
❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ t❤❡ ♣❛rt✐❝❧❡ ✐s r❡✢❡❝t❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ✉♥t✐❧ ✐ts ❧♦❝❛❧
t✐♠❡ ♦♥ t❤✐s ❜♦✉♥❞❛r② r❡❛❝❤❡s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠
✈❛r✐❛❜❧❡✱ t❤❡♥ ✐t ✐s ❦✐❧❧❡❞✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✸✳✷
✐s st✐❧❧ ✈❛❧✐❞ ✐❢ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ❞r✐✈❡♥ ❜② s✉❝❤ ❞✐✛✉s✐♦♥s ✇✐t❤ r❡✢❡❝t✐♥❣✴❦✐❧❧✐♥❣
❜♦✉♥❞❛r✐❡s✳ ■♥❞❡❡❞✱ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✇✐t❤ ♦✉r ♣r♦♦❢ ✐s t❤❛t t❤❡ r❡✢❡❝t✐♦♥ ♦♥ t❤❡
❜♦✉♥❞❛r② ♠❛❦❡s ❛♣♣❡❛r ❛♥ ❛❞❞✐t✐♦♥❛❧ ✐♥❝r❡❛s✐♥❣ ❧♦❝❛❧ t✐♠❡ ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ t❤❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡ Y i ✭s❡❡ ✭✸✳✶✹✮ ✐♥ t❤❡ ♣r♦♦❢✮✳

❚❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ ❞✐✛✉s✐♦♥s ✇✐t❤ r❡✢❡❝t✐♥❣✴❦✐❧❧✐♥❣ ❜♦✉♥❞❛r✐❡s ❝♦♥❞✐✲
t✐♦♥❡❞ t♦ ♥♦t ❜❡ ❦✐❧❧❡❞ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✺✹❪ ❜② ❑♦❧❜ ❛♥❞ ❙t❡✐♥s❛❧t③ ❛♥❞ ✐♥ ❬✼✾❪
❜② ❊✈❛♥s ❛♥❞ ❙t❡✐♥s❛❧t③✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❝❛♥ ❜❡
✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❞✐✛✉s✐♦♥s ✇✐t❤ r❡✢❡❝t✐♥❣✴❦✐❧❧✐♥❣ ❜♦✉♥❞❛r✐❡s
❝♦♥❞✐t✐♦♥❡❞ t♦ ♥♦t ❜❡ ❦✐❧❧❡❞✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳ ❙✐♥❝❡ κi ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❢♦r ❛❧❧ i ∈ {1,...,N} ✐♥ ✜♥✐t❡
t✐♠❡ ❛❧♠♦st s✉r❡❧②✱ t❤❡r❡ ✐s ♥♦ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ s♦❢t ❦✐❧❧✐♥❣ ❡✈❡♥ts ❛❧♠♦st s✉r❡❧②✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ♣r♦✈❡ t❤❡ ♥♦♥✲❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❤❛r❞ ❦✐❧❧✐♥❣
❡✈❡♥ts ❛♥❞ ✇❡ ❛ss✉♠❡ ✉♥t✐❧ t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦♦❢ t❤❛t κi = 0 ❢♦r ❛❧❧ i ∈ {1,...,N}✳

❚❤❡ ♣r♦♦❢ ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✳ ❋♦r ❡❛❝❤ ♣❛rt✐❝❧❡ Xi✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ■tô✬s
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡ φi(Xi) ✇❤❡♥ Xi ✐s ✐♥ Da

i ✳ ❚❤❡♥ ✇❡ ♣r♦✈❡
t❤❛t τstop ∧ τ∞ < +∞ ✐♠♣❧✐❡s t❤❛t ❛t ❧❡❛st t✇♦ ♣❛rt✐❝❧❡s Xi

t ❛♥❞ Xj
t ❝♦♥✈❡r❣❡ t♦

t❤❡✐r r❡s♣❡❝t✐✈❡ ❜♦✉♥❞❛r✐❡s ✇❤❡♥ t→ τstop ∧ τ∞✳ ❉❡♥♦t✐♥❣ ❜②

T ij
0 = inf{t ≥ 0, φi(X

i
t-) = φj(X

j
t-) = 0},

✇❡ ❞❡❞✉❝❡ t❤❛t

P (τstop ∧ τ∞ < +∞) ≤
∑

1≤i<j≤N

P
(

T ij
0 < +∞

)
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❚❤✐s ❛❧❧♦✇s ✉s t♦ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♥♦♥✲❡①♣❧♦s✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❥✉♠♣s t♦ ❛
♣r♦❜❧❡♠ ♦❢ ♥♦♥✲❛tt❛✐♥❛❜✐❧✐t② ♦❢ (0,0) ❢♦r ❛ ♣❛✐r ♦❢ s❡♠✐✲♠❛rt✐♥❣❛❧❡s✳(φi(Xi),φj(X

j))

❢✉❧✜❧❧s ❛ ❝r✐t❡r✐♦♥ ✇❤✐❝❤ ✐♠♣❧✐❡s ✐ts ♥♦♥✲❛tt❛✐♥❛❜✐❧✐t② ♦❢ (0,0) ✐♥ ✜♥✐t❡ t✐♠❡ ❛❧✲
♠♦st s✉r❡❧②✱ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳ ❚❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ ❝r✐t❡r✐♦♥
♦❢ ♥♦♥✲❛tt❛✐♥❛❜✐❧✐t② ✐s ♣r♦✈❡❞ ✐♥ t❤❡ ❧❛st s❡❝t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✭Pr♦♣♦s✐✲
t✐♦♥ ✸✳✸✮✳

❇② ❞❡✜♥✐t✐♦♥✱ ✐❢ τstop < +∞✱ t❤❡♥ ❛t ❧❡❛st t✇♦ ♣❛rt✐❝❧❡s Xi0 ❛♥❞ Xj0 ❤✐t t❤❡✐r
r❡s♣❡❝t✐✈❡ ❜♦✉♥❞❛r✐❡s ❛t t✐♠❡ τstop✳ ■t ②✐❡❧❞s t❤❛t φi(Xi

τstop-) = φj(X
j
τstop-) = 0✳

◆♦✇✱ ✇❡ ❞❡✜♥❡ t❤❡ ❡✈❡♥t

E = {τ∞ < T ❛♥❞ τstop = +∞}.
❈♦♥❞✐t✐♦♥❛❧❧② t♦ E ✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❥✉♠♣s ♦❢ t❤❡ s②st❡♠ ❣♦❡s t♦ +∞ ✉♣ t♦
t✐♠❡ τ∞✳ ❙✐♥❝❡ t❤❡r❡ ✐s ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✱ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡♠✱
s❛② i0✱ ❥✉♠♣s ✐♥✜♥✐t❡❧② ♠❛♥② t✐♠❡s ✉♣ t♦ t✐♠❡ τ∞✳ ❋♦r ❡❛❝❤ ❥✉♠♣✐♥❣ t✐♠❡ τn✱
✇❡ ❞❡♥♦t❡ ❜② σi0n t❤❡ ♥❡①t ❥✉♠♣ t✐♠❡ ♦❢ i0✱ ✇✐t❤ τn < σi0n < τ∞✳ ❈♦♥❞✐t✐♦♥❛❧❧②
t♦ t❤❡ ❡✈❡♥t E ✱ ✇❡ ❣❡t σi0n − τn → 0 ✇❤❡♥ n → ∞✳ ▲❡t γ :]0,a[ 7→ R+ ❜❡ ❛ C2

❢✉♥❝t✐♦♥ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ ]0,a[✳ ❚❤❡ ■tô✬s ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦ t❤❡ s❡♠✐✲
♠❛rt✐♥❣❛❧❡ γ(φi(Xi0)) ❛♥❞ ❍②♣♦t❤❡s✐s ✸✳✸ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧② t❤❛t γ(φi(Xi0))

✐s ❛ ❝♦♥t✐♥✉♦✉s ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇✐t❤ ❜♦✉♥❞❡❞ ❝♦❡✣❝✐❡♥ts ❜❡t✇❡❡♥ τn ❛♥❞ σi0n -✳
▼♦r❡♦✈❡r✱ φi(X

i0
t ) ❣♦❡s t♦ 0 ✇❤❡♥ t ❣♦❡s t♦ σi0n ✱ t❤❡♥ γ(φi(X

i0

σ
i0
n -

)) = 0✳ ❲❡ ❞❡❞✉❝❡

t❤❛t

sup
t∈[τn,σ

i0
n [

γ(φi(X
i0
t )) = sup

t∈[τn,σ
i0
n [

γ(φi(X
i0
t ))− γ(φi(X

i0

σ
i0
n -

)) −−−→
n→∞

0, a.s.

❙✐♥❝❡ t❤❡ ♣r♦❝❡ss φi0(X
i0) ✐s ❝♦♥t✐♥✉♦✉s ❜❡t✇❡❡♥ τn ❛♥❞ σi0n −✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

φi0(X
i0
τn) ❞♦❡s♥✬t ❧✐❡ ❛❜♦✈❡ t❤❡ s✉♣♣♦rt ♦❢ γ✱ ❢♦r n ❜✐❣ ❡♥♦✉❣❤✱ ❛❧♠♦st s✉r❡❧②✳ ❇✉t

t❤❡ s✉♣♣♦rt ♦❢ γ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ 0✱ ✐t ②✐❡❧❞s t❤❛t φi0(X
i0
τn) ❣♦❡s

t♦ 0 ❛❧♠♦st s✉r❡❧② ❝♦♥❞✐t✐♦♥❛❧❧② t♦ E ✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② (τ i0n )n t❤❡ s❡q✉❡♥❝❡ ♦❢
❥✉♠♣✐♥❣ t✐♠❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡ i0✳ ❲❡ ❞❡♥♦t❡ ❜② An t❤❡ ❡✈❡♥t

An =
{

∃j 6= i0 |φi0(Xi0

τ
i0
n

) ≥ h(φj(X
j

τ
i0
n

))
}

,

✇❤❡r❡ h ✐s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ❍②♣♦t❤❡s✐s ✸✳✹✳ ❲❡ ❤❛✈❡✱ ❢♦r ❛❧❧ 1 ≤ k ≤ l✱

P

(

l+1
⋂

n=k

Ac
n

)

= E

(

E

(

l+1
∏

n=k

1Ac
n
| (X1

t ,...X
N
t )

0≤t<τ
i0
l+1

))

= E

(

l
∏

n=k

1Ac
n
E

(

1Ac
l+1

| (X1
t ,...X

N
t )

0≤t<τ
i0
l+1

)

)

.

❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❥✉♠♣ ♠❡❝❤❛♥✐s♠ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ❛♥❞ ❜②
t❤❡ ✜rst ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✸✳✹✱

E

(

1Ac
l+1

| (X1
t ,...X

N
t )

0≤t<τ
i0
l+1

)

= H(t,O
τ
i0
l+1

,X
τ
i0
l+1

)
(

Ac
i0

)

≤ 1− p0,
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✇❤❡r❡ Ai0 ❛♥❞ p0 ❛r❡ ❞❡✜♥❡❞ ✐♥ ❍②♣♦t❤❡s✐s ✸✳✹✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ l✱ ✇❡ ❣❡t

P

(

l
⋂

n=k

Ac
n

)

≤ (1− p0)
l−k, ∀1 ≤ k ≤ l.

❙✐♥❝❡ p0 > 0✱ ✐t ②✐❡❧❞s t❤❛t

P





⋃

k≥1

∞
⋂

n=k

Ac
n



 = 0.

■t ♠❡❛♥s t❤❛t✱ ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② ❥✉♠♣s τn ❛❧♠♦st s✉r❡❧②✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ ♣❛rt✐❝❧❡
j s✉❝❤ t❤❛t φi0(X

i0
τn) ≥ h(φj(X

j
τn))✳ ❇❡❝❛✉s❡ t❤❡r❡ ✐s ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♦t❤❡r

♣❛rt✐❝❧❡s✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ ♣❛rt✐❝❧❡✱ s❛② j0 ✭✇❤✐❝❤ ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✮✱ s✉❝❤ t❤❛t

φi0(X
i0
τn) ≥ h(φj0(X

j0
τn)), ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② n ≥ 1.

■♥ ♣❛rt✐❝✉❧❛r✱ limn→∞ φj0(X
j0
τn) = 0 ❛❧♠♦st s✉r❡❧②✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

lim
n→∞

(φi0(X
i0
τn),φj0(X

j0
τn)) = (0,0).

❚❤✐s ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧② t❤❛t

(

φi0(X
i0
τ∞-),φj0(X

j0
τ∞-)

)

= (0,0).

❲❡ ✜♥❛❧❧② ❝♦♥❝❧✉❞❡ t❤❛t

P (τstop ∧ τ∞ < +∞) ≤
∑

1≤i<j≤N

P
(

T ij
0 < +∞

)

. ✭✸✳✶✸✮

❋✐① i 6= j ∈ {1,...,N} ❛♥❞ ❧❡t ✉s ♣r♦✈❡ t❤❛t P
(

T ij
0 < +∞

)

= 0✳ ❲❡ ❜❡❣✐♥ t♦

❞✐✈✐❞❡ t❤❡ t✐♠❡ ✐♥t♦ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡r✈❛❧s [tn,tn+1[ s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ✐♥t❡r✈❛❧✱
♦r t❤❡ ♣❛✐r (φi(Xi),φj(X

j)) ✐s ❢❛r ❢r♦♠ (0,0)✱ ♦r t❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥s φi ❛♥❞ φj
❛r❡ ♦❢ ❝❧❛ss C2 ✭✇❤✐❝❤ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ✉s❡ t❤❡ ■tô✬s ❢♦r♠✉❧❛✮✳ ▲❡t (tn)n≥0 ❜❡ t❤❡
s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s ❞❡✜♥❡❞ ❜②

t0 = inf{t ∈ [0,τstop ∧ τ∞[, φi(Xi
t) + φj(Xj

t ) ≤ a/2}

❛♥❞✱ ❢♦r ❛❧❧ n ≥ 0✱

t2n+1 = inf{t ∈ [t2n,τstop ∧ τ∞[, φi(X
i
t) + φj(X

j
t ) ≥ a}

t2n+2 = inf{t ∈ [t2n+1,τstop ∧ τ∞], φi(X
i
t) + φj(X

j
t ) ≤ a/2}.

❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ n ≥ 0✱
{

φi(X
i
t) < a ❛♥❞ φj(X

j
t ) < a, ∀t ∈ [t2n,t2n+1[,

φi(X
i
t) ≥ a/2 ♦r φj(X

j
t ) ≥ a/2 ♦t❤❡r✇✐s❡✳
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❲❡ ❡♠♣❤❛s✐③❡ t❤❛t T ij
0 /∈ [t2n+1,t2n+2[ ❛❧♠♦st s✉r❡❧②✱ ✇❤✐❧❡✱ ❢♦r ❛❧❧ t ∈ [t2n,t2n+1[✱

φi ❛♥❞ φj ❛r❡ ♦❢ ❝❧❛ss C2 ❛t Xi
t ❛♥❞ X

j
t ✱ ✇❤✐❝❤ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ✉s❡ t❤❡ ■tô✬s ❢♦r♠✉❧❛

❞✉r✐♥❣ t❤❡s❡ ✐♥t❡r✈❛❧s ♦❢ t✐♠❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❍②♣♦t❤❡s✐s ✸✳✸ ❛♥❞ t❤❡ ■tô✬s ❢♦r♠✉❧❛
✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❛t φi(Xi)+φj(X

j) ✐s ❛♥ ■tô ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇✐t❤ ❜♦✉♥❞❡❞
❝♦❡✣❝✐❡♥ts ❜❡t✇❡❡♥ t✐♠❡s t2n ❛♥❞ t2n+1 ❢♦r ❛❧❧ n ≥ 0✳ ❙✐♥❝❡ φi(Xi)+φj(X

j) ❣♦❡s
❢r♦♠ a/2 t♦ a ❜❡t✇❡❡♥ t✐♠❡s t2n ❛♥❞ t2n+1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (tn)n≥0 ❝♦♥✈❡r❣❡s t♦
+∞ ❛❧♠♦st s✉r❡❧②✳ ❲❡ ❞❡❞✉❝❡ t❤❛t

P
(

T ij
0 < +∞

)

≤
+∞
∑

n=0

P
(

T ij
0 ∈ [t2n,t2n+1[

)

.

■t r❡♠❛✐♥s ✉s t♦ ♣r♦✈❡ t❤❛t P
(

T ij
0 ∈ [t2n,t2n+1[

)

= 0 ❢♦r ❛❧❧ n ≥ 0✳

❋✐① n ≥ 0✳ ❲❡ ❞❡✜♥❡ t❤❡ ♣♦s✐t✐✈❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡ Y i ❜②

Y i
t =

{

φi(X
i
t2n+t) ✐❢ t < t2n+1 − t2n,

a/2 + |W i
t | ✐❢ t ≥ t2n+1 − t2n,

✭✸✳✶✹✮

✇❤❡r❡ W i ✐s ❛ st❛♥❞❛r❞ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦
❞❡✜♥❡ Y i

t ❢♦r ❛❧❧ t✐♠❡ t ∈ [0, +∞[✳ ❲❡ ❞❡✜♥❡ s✐♠✐❧❛r❧② t❤❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡ Y j ✳
■t ✐s ❝❧❡❛r t❤❛t

P (T ij
0 ∈ [t2n,t2n+1[) ≤ P (∃t ≥ 0, (Y i

t-,Y
j
t-) = (0,0)).

❚❤❡ ♣r♦❜❧❡♠ ♦❢ ♥♦♥✲❡①♣❧♦s✐♦♥ ♦❢ ♦✉r ✐♥t❡r❛❝t✐♥❣ ♣r♦❝❡ss ✐s t❤❡♥ r❡❞✉❝❡❞ t♦ t❤❡
♣r♦❜❧❡♠ ♦❢ t❤❡ ❛tt❛✐♥❛❜✐❧✐t② ♦❢ (0,0) ❜② ❛ ❣✐✈❡♥ s❡♠✐✲♠❛rt✐♥❣❛❧❡✳ ■♥ ♦r❞❡r t♦
♣r♦✈❡ t❤❡ ♥♦♥✲❛tt❛✐♥❛❜✐❧✐t② ♦❢ (0,0) ❜② (Y i, Y j)✱ ✇❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ■tô✬s
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Y i ❛♥❞ Y j ✳

▲❡t ✉s s❡t

πit =

{

fi(t,o
i
t,X

i
t), ✐❢ t < t2n+1 − t2n,

1, ✐❢ t ≥ t2n+1 − t2n
❛♥❞ ρit =

{

g(t,oit,X
i
t), ✐❢ t < t2n+1 − t2n,

0, ✐❢ t ≥ t2n+1 − t2n,

✇❤❡r❡ fi ❛♥❞ gi ❛r❡ ❣✐✈❡♥ ❜② ❍②♣♦t❤❡s✐s ✸✳✸✳ ❇② t❤❡ ■tô✬s ❢♦r♠✉❧❛s ❛♣♣❧✐❡❞ t♦ Y i✱
✇❡ ❤❛✈❡

dY i
t = dM i

t + bitdt+ dKi
t + Y i

t − Y i
t-,

✇❤❡r❡ M i ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ s✉❝❤ t❤❛t

d〈M i〉t = (πit + ρit)dt,

bi ✐s t❤❡ ❛❞❛♣t❡❞ ♣r♦❝❡ss ❣✐✈❡♥ ❜②

bit =

{

∑d′i
k=1

∂φi

∂xk
(Xi

t)[µi]k(t,o
i
t,X

i
t) +

1
2

∑di
k,l=1

∂2φ
∂xk∂xl

(Xi
t)[σiσ

∗
i ]kl(t,o

i
t,X

i
t), ✐❢ t < t2n+1 − t2n,

0 ✐❢ t ≥ t2n+1 − t2n,
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❛♥❞ Ki ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss ❣✐✈❡♥ ❜② t❤❡ ❧♦❝❛❧ t✐♠❡ ♦❢ |Wt| ❛t 0 ❛❢t❡r t✐♠❡
t2n+1 − t2n✳ ❇② t❤❡ 4th ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✸✳✸✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ t ≥ 0✱

cπ ∧ 1 ≤ πit + ρit ≤ Cπ ∨ 1, ❛♥❞ |ρit| ≤ k0Y
i
t ✭✸✳✶✺✮

❚❤❡ r❡❣✉❧❛r✐t② ♦❢ φi ✐♥ Da ✭1st ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✸✳✸✮ ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢
µi,σi ✭3rd ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✸✳✸✮✱ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts b∞ > 0 s✉❝❤ t❤❛t✱
❢♦r ❛❧❧ t ≥ 0✱

bit ≥ −b∞. ✭✸✳✶✻✮

❙✐♠✐❧❛r❧②✱ ✇❡ ❣❡t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Y j ✱ ✇✐t❤ πj ✱ ρj ❛♥❞ bj ❢✉❧✜❧❧✐♥❣ ✐♥❡q✉❛❧✐t✐❡s
✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✻✮ ✭✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❦❡❡♣ t❤❡ s❛♠❡ ❝♦♥st❛♥ts cπ✱ Cπ✱
k0 ❛♥❞ b∞✮✳

❚❤❡ ♣r❡✈✐♦✉s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s♥✬t ❛ ♣r✐♦r✐ s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❡ ♥♦♥✲❛tt❛✐♥❛❜✐❧✐t②
♦❢ (0,0) ❜② (Y i,Y j)✿ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ πi ❛♥❞ πj ✳ ❲❡
❞❡❞✉❝❡ ❢r♦♠ t❤❡ ■tô✬s ❢♦r♠✉❧❛ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ N i ❛♥❞ ❛ ✜♥✐t❡
✈❛r✐❛t✐♦♥❛❧ ♣r♦❝❡ss Li s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t ≥ 0✱

dπit = dN i
t + dLi

t + πit − πit-.

❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞ t❤❡ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥ ♦❢ Li✳ ▲❡t ✉s s❡t✱ ❢♦r
❛❧❧ t < t2n+1 − t2n✱

ξit =

di
∑

k=1,l

∂fi
∂ek

(t,oit,X
i
t)
∂fi
∂el

(t,oit,X
i
t)[sis

∗
i ]kl(t,o

i
t,X

i
t)

+

d′i
∑

k=1,l

∂fi
∂xk

(t,oit,X
i
t)
∂fi
∂xl

(t,oit,X
i
t)[σiσ

∗
i ]kl(t,o

i
t,X

i
t)

❛♥❞✱ ❢♦r ❛❧❧ t ≥ t2n+1 − t2n✱ ξit = 0✳ ❚❤❡♥ ✇❡ ❤❛✈❡

〈N i〉t = ξitdt.

❚❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ fi ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ si,σi✱ t❤❡r❡
❡①✐sts Cξ > 0 s✉❝❤ t❤❛t

ξit ≤ Cξ. ✭✸✳✶✼✮

❖❢ ❝♦✉rs❡✱ t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r πj ✳
❙✐♥❝❡ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❜❡t✇❡❡♥ t❤❡ ❥✉♠♣s✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ i 6= j✱

〈M i,M j〉 = 0 ❛♥❞ 〈N i, N j〉 = 0 ❛✳s✳ ✭✸✳✶✽✮

❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ Y i✱ Y j ✱ πi✱ πj ✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✐♥✲
❡q✉❛❧✐t✐❡s ✭✸✳✶✺✮✱ ✭✸✳✶✻✮✱ ✭✸✳✶✼✮ ❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✶✽✮✱ ✐♠♣❧② t❤❛t (Y 1,Y 2) ♥❡✈❡r
❝♦♥✈❡r❣❡s t♦ (0,0) ❛❧♠♦st s✉r❡❧②✳ ❚❤✐s ✐s ♣r♦✈❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❤❡r❡ ❛ ❝r✐✲
t❡r✐♦♥ ❢♦r ♥♦♥✲❛tt❛✐♥❛❜✐❧✐t② ♦❢ (0,0) ❢♦r s❡♠✐✲♠❛rt✐♥❣❛❧❡s ✐s ❣✐✈❡♥ ✭❍②♣♦t❤❡s✐s ✸✳✺
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❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✸ ♦❢ ❙❡❝t✐♦♥ ✸✳✹✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡❞✉❝❡ t❤❛t T ij
0 /∈ [t2n,t2n+1[

❛❧♠♦st s✉r❡❧②✱ ❢♦r ❛❧❧ n ≥ 0✳
❲❡ t❤❡♥ ❤❛✈❡ T ij

0 = +∞ ❛❧♠♦st s✉r❡❧②✱ ❢♦r ❛❧❧ i 6= j ∈ {1,...,N}✱ ✇❤✐❝❤ ✐♠♣❧②✱
❜② ✭✸✳✶✸✮✱ t❤❛t τstop ∧ τinfty = +∞✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳

✸✳✹ ◆♦♥✲❛tt❛✐♥❛❜✐❧✐t② ♦❢ (0,0) ❢♦r s❡♠✐✲♠❛rt✐♥❣❛❧❡s

❋✐① T > 0 ❛♥❞ ❧❡t (Y i
t )t∈[0,T ]✱ i = 1,2✱ ❜❡ t✇♦ ♥♦♥✲♥❡❣❛t✐✈❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s❡♠✐✲

♠❛rt✐♥❣❛❧❡s s✉❝❤ t❤❛t✱

dY i
t = dM i

t + bitdt+ dKi
t + Iit − Iit-, Y

i
0 > 0,

✇❤❡r❡ (M i
t )t∈[0,T ] ✐s ❛ ❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ✱ (bit)t∈[0,T ] ✐s ❛♥ ❛❞❛♣t❡❞ ♣r♦✲

❝❡ss✱ (Ki
t)t∈[0,T ] ✐s ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛❞❛♣t❡❞ ♣r♦❝❡ss✱ ❛♥❞ Iit ✐s ❛

♣✉r❡✲❥✉♠♣ ❝à❞❧à❣ ♣r♦❝❡ss✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❣✐✈❡ s♦♠❡ ❝♦♥❞✐t✐♦♥s✱
✇❤✐❝❤ ❡♥s✉r❡ t❤❛t (Y 1,Y 2) ❞♦❡s♥✬t ❤✐t (0,0) ✉♣ t♦ t✐♠❡ T ✳ ❚❤❡ ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥
s♦❧✈❡❞ ❢♦r t✐♠❡ ❤♦♠♦❣❡♥❡♦✉s st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❜② ❋r✐❡❞♠❛♥ ❬✸✷❪✱
❘❛♠❛s✉❜r❛♠❛♥✐❛♥ ❬✼✷❪ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✸ ❜❡❧♦✇ ✐s ✐♥s♣✐r❡❞ ❜② t❤❡
r❡❝❡♥t ✇♦r❦ ♦❢ ❉❡❧❛r✉❡ ❬✷✹❪✱ ✇❤✐❝❤ ♦❜t❛✐♥s ❧♦✇❡r ❛♥❞ ❤✐❣❤❡r ❜♦✉♥❞ ❢♦r t❤❡ ❤✐tt✐♥❣
t✐♠❡ ♦❢ ❛ ❝♦r♥❡r ❢♦r ❛ ❞✐✛✉s✐♦♥ ❞r✐✈❡♥ ❜② ❛ t✐♠❡ ❤♦♠♦❣❡♥❡♦✉s ❙❉❊ r❡✢❡❝t❡❞ ✐♥
t❤❡ sq✉❛r❡✳ ■♥ ♦✉r ❝❛s❡✱ t✐♠❡✲❞❡♣❡♥❞❡♥❝② ✐s ❛❧❧♦✇❡❞ ❛♥❞ ✇❡ ❞♦♥✬t r❡q✉✐r❡ ❛♥②
▼❛r❦♦✈✐❛♥ ♣r♦♣❡rt②✳ ❚❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ✜♥❞s ❛♥ ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥ ✐♥ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❤❡r❡ t❤❡ ♥♦♥✲❡①♣❧♦s✐♦♥ ♦❢ ❛ ✈❡r② ❣❡♥❡r❛❧ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡
s②st❡♠ ✇✐t❤ ❥✉♠♣s ❢r♦♠ ❛ ❜♦✉♥❞❛r② ✐s ♣r♦✈❡❞✳

❍②♣♦t❤❡s✐s ✸✳✺✳ ❋♦r ❡❛❝❤ i = 1,2✱ t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❧♦❝❛❧ s❡♠✐✲♠❛rt✐♥❣❛❧❡

πi s✉❝❤ t❤❛t

dπit = dN i
t + dLi

t + J i
t − J i

t-,

✇❤❡r❡ N i ✐s ❛ ❝♦♥t✐♥✉♦✉s ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❛♥❞ Li ✐s ❛ ❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ✈❛r✐❛t✐♦♥❛❧

❛❞❛♣t❡❞ ♣r♦❝❡ss ❛♥❞ J i
t ✐s ❛ ♣✉r❡✲❥✉♠♣ ❝à❞❧à❣ ♣r♦❝❡ss✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐st t✇♦

❛❞❛♣t❡❞ ♣r♦❝❡ss❡s ρit ❛♥❞ ξit✱ ❛♥❞ s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts b∞,k0,cπ,Cπ, Cξ s✉❝❤

t❤❛t✱ ❛❧♠♦st s✉r❡❧②✱

✶✳ d
〈

M i
〉

t
= (πit- + ρit-)dt ❛♥❞ d

〈

N i
〉

t
= ξit-dt✱

✷✳ cπ ≤ πit + ρit ≤ Cπ✱ |ρit| ≤ k0Y
i
t ✱ ξt ≤ Cξ ❛♥❞ bit ≥ −b∞ ❢♦r ❛❧❧ t ∈ [0,T ]

✸✳
〈

M1,M2
〉

❛♥❞
〈

N1,N2
〉

❛r❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss❡s✳

✹✳ Ii ❛♥❞ J i ❛r❡ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ❥✉♠♣ t✐♠❡ t ♦❢ t❤❡ ♣r♦❝❡ss❡s I ❛♥❞ J ✱

Y i
t

√

πit
− Y i

t-
√

πit-
≥ 0.
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❚❤❡ t❤✐r❞ ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✸✳✺ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥✿
✇❤❡♥ ❛♥ ✐♥❝r❡♠❡♥t ♦❢ M1 ✐s ♥♦♥✲♣♦s✐t✐✈❡ ✭t❤❛t ✐s ✇❤❡♥ M1 ❣♦❡s ❝❧♦s❡r t♦ 0✮✱
t❤❡ ✐♥❝r❡♠❡♥t ♦❢ M2 ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ✭s♦ t❤❛t M2 ❣♦❡s ❢❛rt❤❡r ❢r♦♠ 0✮✱ ❛s ❛
❝♦♥s❡q✉❡♥❝❡ (M1,M2) r❡♠❛✐♥s ❛✇❛② ❢r♦♠ 0✳ ❆ ♥✐❝❡ ❣r❛♣❤✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❣✐✈❡♥ ❜② ❉❡❧❛r✉❡✬s ❬✷✹✱ ❋✐❣✉r❡ ✶❪✳

❘❡♠❛r❦ ✸✳✼✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ♣❛✐r ♦❢ s❡♠✐✲♠❛rt✐♥❣❛❧❡s ✇❤✐❝❤ ❢✉❧✜❧❧s ❍②♣♦t❤❡s✐s
✸✳✺ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❤❡r❡ (Y 1,Y 2) ✐s ❣✐✈❡♥ ❜②
❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ♦❢ ❛ ♣❛✐r ♦❢ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ■♥ t❤✐s t②♣✐❝❛❧ ❝❛s❡✱ ❝❤❡❝❦✐♥❣
t❤❡ ✈❛❧✐❞✐t② ♦❢ ♦✉r ❛ss✉♠♣t✐♦♥ ✐s ❛ s✐♠♣❧❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ■tô✬s ❢♦r♠✉❧❛✳

❚❤❡ ♣r♦❝❡ss

Φt
def
= −1

2
log

(

(Y 1
t )

2

π1t
+

(Y 2
t )

2

π2t

)

✭✸✳✶✾✮

❣♦❡s t♦ ✐♥✜♥✐t② ✇❤❡♥ (Y 1
t ,Y

2
t ) ❣♦❡s t♦ (0,0)✱ s✐♥❝❡ πit ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❜❡❧♦✇

❜② cπ✳ ❋♦r ❛❧❧ ǫ > 0✱ ✇❡ ❞❡✜♥❡ t❤❡ st♦♣♣✐♥❣ t✐♠❡ Tǫ = inf{t ∈ [0,T ], Φt ≥
ǫ−1}✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ (0,0) ❜② T0 = inf{t ∈ [0,T ], (Y 1

t- ,Y
2
t- ) =

(0,0) ♦r (Y 1
t ,Y

2
t ) = (0,0)}✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

T0 = lim
ǫ→0

Tǫ, ❛❧♠♦st s✉r❡❧②✳

❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ st❛t❡ ♦✉r ♥♦♥✲❛tt❛✐♥❛❜✐❧✐t② r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ❆ss✉♠❡ t❤❛t ❍②♣♦t❤❡s✐s ✸✳✺ ✐s ❢✉❧✜❧❧❡❞✳ ❚❤❡♥ (Y 1,Y 2) ❞♦❡s♥✬t

❣♦ t♦ (0,0) ✐♥ [0,T ] ❛❧♠♦st s✉r❡❧②✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t T0 ✐s ❡q✉❛❧ t♦ +∞ ❛❧♠♦st

s✉r❡❧②✳

▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ b∞,k0,cπ,Cπ, Cξ

s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ǫ−1 > Φ0✱

P (Tǫ ≤ T ) ≤ 1

ǫ−1 − Φ0
C
(

E(|L1|T + |L2|T ) + T
)

,

✇❤❡r❡ |Li|T ✐s t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♦❢ Li ❛t t✐♠❡ T ❛♥❞ Φ0 ✐s ❞❡✜♥❡❞ ✐♥ ✭✸✳✶✾✮✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✸✿ ▲❡t (θ′n)n∈N ❛♥❞ (θ′′n)n∈N ❜❡ t✇♦ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡s
♦❢ st♦♣♣✐♥❣ t✐♠❡s ✇❤✐❝❤ ❝♦♥✈❡r❣❡ t♦ T s✉❝❤ t❤❛t (M i

t )t∈[0,θ′n] ❛♥❞ (N i
t )t∈[0,θ′n] ❛r❡

tr✉❡ ♠❛rt✐♥❣❛❧❡s ❛♥❞ s✉❝❤ t❤❛t θ′′n = inf{t ∈ [0,T ],
∫ θ′′n
0 d|Li|t ≥ n} ∧ T ✳ ❚❤❡

✇❤♦❧❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ■tô✬s ❢♦r♠✉❧❛ t♦ t❤❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡
(∫ Φt

0
exp(eCF e−u)du

)

t∈[0,Tǫ∧θ′n′∧θ
′′

n′′ ]

, n′,n′′ ∈ N,

✇❤❡r❡ CF > 0 ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs b∞,k0,cπ,Cπ,Cξ✳
❲❡ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ CF ✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ✇❤✐❝❤ ❞♦❡s♥✬t
❞❡♣❡♥❞ ♦♥ ǫ✱ n′ ❛♥❞ n′′ s✉❝❤ t❤❛t

E

(∫ ΦTǫ∧θ′
n′

∧θ′′
n′′

Φ0

exp(eCF e−u)du

)

≤ C(E(|L1|θ′′
n′′

+ |L2|θ′′
n′′
) + T ). ✭✸✳✷✵✮
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❆ss✉♠❡ t❤❛t t❤✐s ✐♥❡q✉❛❧✐t② ❤❛s ❜❡❡♥ ♣r♦✈❡❞✳ ❲❡ ♥♦t✐❝❡ t❤❛t Φt∧Tǫ∧θ′n′∧θ
′′

n′′
r❡❛❝❤❡s

ǫ−1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ Tǫ ≤ θ′n′ ∧ θ′′n′′ ✱ t❤❡♥✱ ❜② t❤❡ r✐❣❤t ❝♦♥t✐♥✉✐t② ♦❢ Y 1✱ Y 2✱ π1 ❛♥❞
π2✱

P
(

Tǫ ≤ θ′n′ ∧ θ′′n′′

)

= P
(

ΦTǫ∧θ′n′∧θ
′′

n′′
− Φ0 ≥ ǫ−1 − Φ0

)

≤ P

(∫ ΦTǫ∧θ′
n′

∧θ′′
n′′

Φ0

exp(eCF e−u)du ≥ ǫ−1 − Φ0

)

,

s✐♥❝❡ r − q ≤
∫ r
q exp(eCF e−u)du ❢♦r ❛❧❧ 0 ≤ q ≤ r✳ ❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ▼❛r❦♦✈

✐♥❡q✉❛❧✐t② ❛♥❞ ✭✸✳✷✵✮✱ ✇❡ ❣❡t✱ ❢♦r ❛❧❧ ǫ−1 > Φ0✱

P
(

Tǫ ≤ θ′n′ ∧ θ′′n′′

)

≤ 1

ǫ−1 − Φ0
C
(

E(|L1|θ′′
n′′

+ |L2|θ′′
n′′
) + T

)

.

▲❡tt✐♥❣ n′ ❣♦ t♦ ∞✱ t❤❡♥ ǫ ❣♦ t♦ 0 ❛♥❞ ✜♥❛❧❧② n′′ ❣♦ t♦ ∞✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
P (T0 ≤ T ) = 0✱ ✇❤✐❝❤ ✐s t❤❡ ✜rst ♣♦✐♥t ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ❙✐♥❝❡ θ′n′ ❛♥❞ θ′′n′′

❝♦♥✈❡r❣❡ t♦ T ❛❧♠♦st s✉r❡❧②✱ ❧❡tt✐♥❣ n′ ❛♥❞ n′′ ❣♦ t♦ ∞ ✐♠♣❧✐❡s t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢
Pr♦♣♦s✐t✐♦♥ ✸✳✸✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

■t r❡♠❛✐♥s ✉s t♦ ♣r♦✈❡ ✐♥❡q✉❛❧✐t② ✭✸✳✷✵✮✳ ❲❡ ❛ss✉♠❡ ✐♥ ❛ ✜rst t✐♠❡ t❤❛t
〈

M1,M2
〉

=
〈

N1,N2
〉

= 0✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

Φ : R∗
+ ×R∗

+ ×R+ ×R∗
+ → R

(α1,α2,x1,x2) 7→ − log
(

x2
1

α1
+

x2
2

α2

)

.

❲❡ ❤❛✈❡ Φt = Φ(π1t ,π
2
t ,Y

1
t ,Y

2
t )✳ ❲❡ ✇✐❧❧ ❛♣♣❧② t❤❡ ■tô✬s ❢♦r♠✉❧❛ t♦ t❤❡ s❡♠✐✲

♠❛rt✐♥❣❛❧❡ (Φt)t∈[0,Tǫ∧θ′n′∧θ
′′

n′′ [
✳ ❚❤❡ s✉❝❝❡ss✐✈❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ Φ ❛r❡

∂Φ

∂xi
= −α−1

i xie
2Φ,

∂2Φ

∂x2i
= −α−1

i e2Φ + 2α−2
i x2i e

4Φ,

∂Φ

∂αi
=

1

2
α−2
i x2i e

2Φ,
∂2Φ

∂α2
i

= −α−3
i x2i e

2Φ + α−4
i x4i e

4Φ,

∂2Φ

∂xiαi
= α−2

i xie
2Φ − α−3

i x3i e
4Φ,

∂2Φ

∂xiαj
= −α−1

i α−2
j xix

2
je

4Φ ✇✐t❤ i 6= j.

■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t

∑

i=1,2

∂2Φ

∂x2i
(π1t-,π

2
t-,Y

1
t- ,Y

2
t- )π

i
t- = 0, ❛❧♠♦st s✉r❡❧②✳
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❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t✐❡s ❛♥❞ t❤❡ ■tô✬s ❢♦r♠✉❧❛✱ ✇❡ ❣❡t

dΦt =−
∑

i=1,2

Y i
t

πit
e2ΦtdM i

t +
∑

i=1,2

(Y i
t )

2

2(πit)
2
e2ΦtdN i

t −
∑

i=1,2

Y i
t

πit
e2ΦtdKi

t

−
∑

i=1,2

Y i
t

πit
e2Φtbitdt+

∑

i=1,2

(Y i
t )

2

2(πit)
2
e2ΦtdLi

t

+
1

2

∑

i=1,2

(

− 1

πit
e2Φt + 2

(Y i
t )

2

(πit)
2
e4Φt

)

ρitdt

+
1

2

∑

i=1,2

(

−(Y i
t )

2

(πit)
3
e2Φt +

(Y i
t )

4

(πit)
4
e4Φt

)

d
〈

N i
〉

t

+
1

2

∑

i=1,2

(

Y i
t

(πit)
2
e2Φt − (Y i

t )
3

(πit)
3
e4Φt

)

d
〈

M i,N i
〉

t

− 1

2

∑

i 6=j∈{1,2}

Y i
t (Y

j
t )

2

πit(π
j
t )

2
e4Φtd

〈

M i,N j
〉

t
+Φt − Φt-

✭✸✳✷✶✮

❛♥❞

d 〈Φ〉t =
∑

i=1,2

(Y i
t )

2

(πit)
2
e4Φt(ρit + πit)dt+

∑

i=1,2

(Y i
t )

4

4(πit)
4
e4Φtd

〈

N i
〉

t

−
∑

i=1,2

(Y i
t )

3

2(πit)
3
e4Φtd

〈

M i,N i
〉

t
−

∑

i 6=j∈{1,2}

Y i
t (Y

j
t )

2

2πit(π
j
t )

2
e4Φtd

〈

M i,N j
〉

t
.

▲❡t CF > 0 ❜❡ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t t❤❛t ✇✐❧❧ ❜❡ ✜①❡❞ ❧❛t❡r ✐♥ t❤❡ ♣r♦♦❢ ❛♥❞ ❞❡✜♥❡
t❤❡ ❢✉♥❝t✐♦♥ F : R 7→ R ❜②

F (r) =

∫ r

0
exp

(

CF e
−s
)

ds.

❲❡ ❝❤❡❝❦ t❤❛t

r ≤ F (r), 1 ≤ F ′(r) ≤ eCF ❛♥❞ F ′′(r) = −CF e
−rF ′(r), ∀r ∈ R+.

❲❡ ❞❡❞✉❝❡ ❢r♦♠ ■tô✬s ❢♦r♠✉❧❛ t❤❛t

F (Φt)−F (Φ0) =

∫ t

0
F ′(Φs)dΦ

c
s−

CF

2

∫ t

0
e−ΦsF ′(Φs)d 〈Φ〉s+

∑

0≤s≤t

F (Φs)−F (Φs-),

✭✸✳✷✷✮
✇❤❡r❡ dΦc

s ✐s t❤❡ ❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ dΦs✳
❯s✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✷✶✮✱ ✇❡ ❜❡❣✐♥ t♦ ♣r♦✈❡ ❛ ❤✐❣❤❡r ❜♦✉♥❞ ❢♦r

∫ t
0 F

′(Φs)dΦ
c
s✳

❲❡ ❞❡✜♥❡ t❤❡ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡

Mt = −
∑

i=1,2

∫ t

0

Y i
s

πis
e2ΦsF ′(Φs)dM

i
s +

∑

i=1,2

∫ t

0

(Y i
s )

2

2(πis)
2
e2ΦsF ′(Φs)dN

i
s.
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❙✐♥❝❡ Ki ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ✇❡ ❤❛✈❡

−
∑

i=1,2

∫ t

0

Y i
s

πis
e2ΦsF ′(Φs)dK

i
s ≤ 0.

❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t✱ ❢♦r ❛❧❧ t ∈ [0,T0[✱ Y i
t e

Φt ≤
√

πit✱ t❤❡♥

Y i
t

πit
eΦt ≤ 1√

cπ
.

❙✐♥❝❡ bit ≥ −b∞ ❢♦r ❛❧❧ t ∈ [0,T0[✱ ✇❡ ❤❛✈❡

−
∑

i=1,2

∫ t

0

Y i
s

πis
F ′(Φs)e

2Φsbisds ≤
2b∞√
cπ

∫ t

0
eΦsF ′(Φs)ds.

❚❤❡ ✐♥❡q✉❛❧✐t② F ′(Φs) ≤ eCF ②✐❡❧❞s t♦

∑

i=1,2

∫ t

0

(Y i
s )

2

2(πis)
2
e2ΦsF ′(Φs)dL

i
s ≤

eCF

2cπ

(

|L1|t + |L2|t
)

.

❲❡ ❞❡❞✉❝❡ ❢r♦♠
|ρit|eΦt ≤ k0Y

i
t e

Φt ≤ k0

√

πit ≤ k0
√

Cπ

t❤❛t

1

2

∑

i=1,2

∫ t

0

(

− 1

πis
e2Φs + 2

(Y i
s )

2

(πis)
2
e4Φs

)

ρisF
′(Φs)ds ≤

3eCF k0
√
Cπ

cπ

∫ t

0
eΦsF ′(Φs)ds.

❙✐♥❝❡ d〈N i〉t = ξitdt✱ ✇✐t❤ 0 ≤ ξit ≤ Cξ✱ ✇❡ ❤❛✈❡

1

2

∑

i=1,2

∫ t

0

(

−(Y i
s )

2

(πis)
3
e2Φs +

(Y i
s )

4

(πis)
4
e4Φs

)

F ′(Φs)d
〈

N i
〉

s
≤ eCFCξt

c2π
.

❇② t❤❡ ❑✉♥✐t❛✲❲❛t❛♥❛❜❡ ✐♥❡q✉❛❧✐t② ✭s❡❡ ❬✼✹✱ ❈♦r♦❧❧❛r② ✶✳✶✻ ♦❢ ❈❤❛♣t❡r ■❱❪✮✱ ✇❡
❣❡t✱ ❢♦r ❛❧❧ ♣r❡❞✐❝t❛❜❧❡ ♣r♦❝❡ss hs✱

∣

∣

∣

∣

∫ t

0
hs
〈

M i,N j
〉

s

∣

∣

∣

∣

≤
√

∫ t

0
hs 〈M i〉s

√

∫ t

0
hs 〈N j〉s ≤

√

CπCξ

∫ t

0
hsds,

s♦ t❤❛t

1

2

∑

i=1,2

∫ t

0

(

Y i
s

(πis)
2
e2Φs − (Y i

s )
3

(πis)
3
e4Φs

)

F ′(Φs)d
〈

M i,N i
〉

s
≤ 2

√

CπCξ

c
3/2
π

∫ t

0
eΦsF ′(Φs)ds

❛♥❞

−1

2

∑

i 6=j∈{1,2}

∫ t

0

Y i
s (Y

j
s )2

πis(π
j
s)2

e4ΦsF ′(Φs)d
〈

M i,N j
〉

s
≤
√

CπCξ

c
3/2
π

∫ t

0
eΦsF ′(Φs)ds.
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❲❡ ✜♥❛❧❧② ❣❡t
∫ t

0
F ′(Φs)dΦ

c
s ≤Mt+C

′

∫ t

0
eΦsF ′(Φs)ds+

eCF

2cπ

(

|L1|t + |L2|t
)

+
eCFCξt

c2π
. ✭✸✳✷✸✮

✇❤❡r❡

C ′ =
2b∞√
cπ

+
3k0

√
Cπ

cπ
+

3
√

CπCξ

c
3/2
π

> 0.

❲❡ ♣r♦✈❡ ♥♦✇ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r
∫ t
0 e

−ΦsF ′(Φs)d 〈Φ〉s✳ ❲❡ ❤❛✈❡

e2Φs

Cπ
≤
∑

i=1,2

(Y i
s )

2

(πis)
2
e4Φs ≤ 2e2Φs

cπ
, πis ≥ cπ ❛♥❞ ρis ≥ −k0

√

Cπe
−Φs

t❤❡♥
∫ t

0

∑

i=1,2

(Y i
s )

2

(πis)
2
e4Φs(πis + ρis)e

−ΦsF ′(Φs)ds ≥
cπ
Cπ

∫ t

0
eΦsF ′(Φs)ds−

2k0
√
Cπ

cπ
eCF t.

❚❤❡ ♣r♦❝❡ss 〈N i〉 ❜❡✐♥❣ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ✇❡ ❤❛✈❡

∑

i=1,2

∫ t

0

(Y i
s )

4

4(πis)
4
e4ΦsF ′(Φs)e

−Φsd
〈

N i
〉

s
≥ 0.

❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❛❜♦✈❡ ❧❡❛❞s ✉s t♦

−
∑

i=1,2

∫ t

0

(Y i
s )

3

2(πis)
3
e4ΦsF ′(Φs)e

−Φsd
〈

M i,N i
〉

s
≥ −

√

CπCξ

c
3/2
π

eCF t

❛♥❞

−
∑

i 6=j∈{1,2}

∫ t

0

Y i
s (Y

j
s )2

2πis(π
j
s)2

e4ΦsF ′(Φs)e
−Φsd

〈

M i,N j
〉

s
≥ −

√

CπCξ

c
3/2
π

eCF t.

❲❡ ✜♥❛❧❧② ❞❡❞✉❝❡ t❤❛t

∫ t

0
e−ΦsF ′(Φs)d 〈Φ〉s ≥

cπ
Cπ

∫ t

0
eΦsF ′(Φs)ds−

(

2k0
√
Cπ

cπ
+

2
√

CπCξ

c
3/2
π

)

eCF t

✭✸✳✷✹✮
❙✐♥❝❡ t❤❡ ❥✉♠♣s ♦❢ Φt ❛r❡ ♥❡❣❛t✐✈❡ ❛♥❞ F ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ✇❡ ❣❡t

∑

0≤s≤t

F (Φs)− F (Φs-) ≤ 0. ✭✸✳✷✺✮

❇② ✭✸✳✷✸✮✱ ✭✸✳✷✹✮ ❛♥❞ ✭✸✳✷✺✮✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✷✷✮ t❤❛t

F (Φt)− F (Φ0) ≤Mt +

(

C ′ − CF cπ
2Cπ

)∫ t

0
eΦsF ′(Φs)ds+

eCF

2cπ

(

|L1|t + |L2|t
)

+

(

Cξ

c2π
− 2k0CF

√
Cπ

2cπ
− CF

√

CπCξ

c
3/2
π

)

eCF t.
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❈❤♦♦s✐♥❣ CF = 2CπC
′/cπ✱ ✇❡✬✈❡ ♣r♦✈❡❞ t❤❛t t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t

F (Φt)− F (Φ0) ≤Mt + C
(

|L1|t + |L2|t + t
)

.

❚❤✐s ②✐❡❧❞s t♦ ✭✸✳✷✵✮✱ s✐♥❝❡ t❤❡ ♣r♦❝❡ss Mt st♦♣♣❡❞ ❛t Tǫ ∧ θ′n ∧ θ′′n ✐s ❛ tr✉❡
♠❛rt✐♥❣❛❧❡✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s t❤❡♥ ♣r♦✈❡❞ ✇❤❡♥

〈

M1,M2
〉

=
〈

N1,N2
〉

= 0✳
❆ss✉♠❡ ♥♦✇ t❤❛t

〈

M1,M2
〉

❛♥❞
〈

N1,N2
〉

❛r❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣✳ ❲❡ ❞❡✜♥❡ Φ′
t

❛s t❤❡ ♣r♦❝❡ss st❛rt✐♥❣ ❢r♦♠ Φ0 ❛♥❞ ✇❤♦s❡ ✐♥❝r❡♠❡♥ts ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ r✐❣❤t
t❡r♠ ♦❢ ✭✸✳✷✶✮✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥ ❛s ❛❜♦✈❡ ❧❡❛❞s t♦

F (Φ′
t) ≤Mt +

eCF

cπ

(

|L1|θ′′
n′′

+ |L2|θ′′
n′′

)

+

(

eCFC ′ +
CF

2
C ′′′

)

t. ✭✸✳✷✻✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

dΦt = dΦ′
t+

∂2Φ

∂x1∂x2
(π1t ,π

2
t ,Y

1
t ,Y

2
t )d

〈

M1,M2
〉

t
+

∂2Φ

∂α1∂α2
(π1t ,π

2
t ,Y

1
t ,Y

2
t )d

〈

N1,N2
〉

t
,

❛♥❞ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t ∂2Φ
∂x1∂x2

❛♥❞ ∂2Φ
∂α1∂α2

❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s✳ ❲❡ ❞❡❞✉❝❡
❢r♦♠ t❤❡ t❤✐r❞ ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✸✳✺ t❤❛t Φt ≤ Φ′

t✳ ❇✉t F ✐s ✐♥❝r❡❛s✐♥❣✱ s♦ t❤❛t
✭✸✳✷✻✮ ❧❡❛❞s ✉s t♦ ✭✸✳✷✵✮ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳



❈❤❛♣t❡r ✹

❯♥✐❢♦r♠ t✐❣❤t♥❡ss ❢♦r t✐♠❡

✐♥❤♦♠♦❣❡♥❡♦✉s ♣❛rt✐❝❧❡

s②st❡♠s

❆❜str❛❝t

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈❡❞ ❛♥ ❡①✐st❡♥❝❡ r❡s✉❧t ❢♦r ❛ ❣❡♥❡r❛❧ ❝❧❛ss
♦❢ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s✱ ✇❤♦s❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s
✐♥ ❛ r❛♥❞♦♠ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ❥✉♠♣ ✇❤❡♥ t❤❡② ❤✐t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛♥ ♦♣❡♥
s❡t✳ ■♥ t❤❡ ♣r❡s❡♥t s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r s❡q✉❡♥❝❡s ♦❢ s✉❝❤ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡
s②st❡♠s ❛♥❞ ✇❡ ♣r♦✈❡ ❛ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ ✉♥✐❢♦r♠ t✐❣❤t♥❡ss ♦❢ t❤❡ ❢❛♠✐❧② ♦❢
❧❛✇s ♦❢ t❤❡✐r ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥s ❛t ❛♥② t✐♠❡ t > 0✳

▲❡t E0 ❛♥❞ D0 ❜❡ t✇♦ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡ts ♦❢ Rd0 ❛♥❞ Rd′0 ✳ ❋♦r ❛❧❧ N ≥
2✱ ❧❡t Z1,N ,...,ZN,N ❜❡ ❛ ❢❛♠✐❧② ♦❢ N str♦♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✱ ❡❛❝❤ ♦❢ t❤❡♠
❜❡✐♥❣ ❡q✉❛❧ t♦ ❛ 3✲t✉♣❧❡ (t,ei,Nt ,Zi,N

t )t∈[0,τ∂ [ ✇❤✐❝❤ ❡✈♦❧✈❡s ✐♥ R × E0 × D0 ❛s
❛ t✐♠❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❡♥✈✐r♦♥♠❡♥t ❞❡♣❡♥❞❡♥t ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳ ■♥ t❤❡ 3✲t✉♣❧❡
(t,ei,Nt ,Zi,N

t )✱ t❤❡ ♣❛r❛♠❡t❡r t ❞❡♥♦t❡s t❤❡ t✐♠❡✱ ei,Nt ❞❡♥♦t❡s t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧
❞②♥❛♠✐❝s ❛♥❞ Zi,N

t ❞❡♥♦t❡s t❤❡ ❛❝t✉❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥✳
❇② ❛ t✐♠❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❡♥✈✐r♦♥♠❡♥t ❞❡♣❡♥❞❡♥t ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✱ ✇❡ ♠❡❛♥

t❤❛t✱ ❢♦r ❛♥② N ≥ 2 ❛♥❞ ❛♥② i ∈ {1,...,N}✱ t❤❡r❡ ❡①✐st ❢♦✉r ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s

sNi : [0,T ]× E0 ×D0 7→ R
d0 ×R

d0

mN
i : [0,T ]× E0 ×D0 7→ R

d0

σNi : [0,T ]× E0 ×D0 7→ R
d′0 ×R

d′0

ηNi : [0,T ]× E0 ×D0 7→ R
d′0 ,

✶✸✼
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s✉❝❤ t❤❛t Z i,N = (.,ei,N ,Zi,N ) ❢✉❧✜❧❧s t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ s②st❡♠

dei,Nt = sNi (t,ei,Nt ,Zi,N
t )dβi,Nt +mi(t,e

i,N
t ,Zi,N

t )dt, ei,N0 ∈ E0,

dZi,N
t = σNi (t,ei,Nt ,Zi

t)dB
i,N
t + ηi,N (t,ei,Nt ,Zi,N

t )dt, Zi,N
0 ∈ D0,

✇❤❡r❡ (βi,N ,Bi,N ) ✐s ❛ st❛♥❞❛r❞ d0 + d′0 ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❊❛❝❤ ♣r♦❝❡ss Z i,N

✐s ❤❛r❞❧② ❦✐❧❧❡❞ ✇❤❡♥ Zi,N
t ❤✐ts ∂D0 ❛♥❞ s♠♦♦t❤❧② ❦✐❧❧❡❞ ✇✐t❤ ❛ r❛t❡ ♦❢ ❦✐❧❧✐♥❣

κNi (t,ei,Nt ,Zi,N
t ) ≥ 0✱ ✇❤❡r❡

κNi : [0,+∞[×E0 ×D0 7→ R+

✐s ❛ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t✱ ❝♦♥tr❛r✐❧② t♦
t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ❡❛❝❤ ♣r♦❝❡ss Z i,N ❡✈♦❧✈❡s ✐♥ t❤❡ s❛♠❡ st❛t❡ s♣❛❝❡
R× E0 ×D0✱ ❢♦r ❛♥② i,N ✳

■♥ ♦r❞❡r t♦ ❜✉✐❧❞ ❛♥ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ✇✐t❤ N ♣❛rt✐❝❧❡s ❛s ✐♥ ❙❡❝t✐♦♥
✸ ♦❢ ❈❤❛♣t❡r ✸✱ ✇❡ ❛ss✉♠❡ t❤❛t✱ ❢♦r ❛♥② N ≥ 2✱ ✇❡✬r❡ ❣✐✈❡♥ t❤❡ ♠❡❛s✉r❛❜❧❡ ❥✉♠♣
♠❡❛s✉r❡s

SN : [0,+∞[×EN
0 ×DN

0 → M1(E
N
0 ×DN

0 )

❛♥❞
HN : [0,+∞[×EN

0 × ∂(DN
0 ) → M1(E

N
0 ×DN

0 ).

❆s ✐♥ ❙❡❝t✐♦♥ ✸ ♦❢ ❈❤❛♣t❡r ✸✱ ✇❡ ❞❡✜♥❡✱ ❢♦r ❛♥② N ≥ 2✱ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡
s②st❡♠

(

.,O(N),X(N)
)

✇❤♦s❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ Z i,N ✱ i =
1,...,N ✱ ❥✉♠♣ ✇✐t❤ r❡s♣❡❝t t♦ SN ✇❤❡♥ ♦♥❡ ♦❢ t❤❡♠ ✐s s♠♦♦t❤❧② ❦✐❧❧❡❞ ❛♥❞ ❥✉♠♣
✇✐t❤ r❡s♣❡❝t t♦ HN ✇❤❡♥ ♦♥❡ ♦❢ t❤❡♠ ✐s ❤❛r❞❧② ❦✐❧❧❡❞✳ ❋♦r ❛♥② N ≥ 2 ❛♥❞ ❛♥② i ∈
{1,...,N}✱ ✇❡ ❞❡♥♦t❡ ❜② (.,oi,N ,Xi,N ) t❤❡ ith ♣❛rt✐❝❧❡ ♦❢ t❤❡ s②st❡♠

(

.,O(N),X(N)
)

❛♥❞ ❜② µNt t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ X(N)
t ✱ ❞❡✜♥❡❞ ❜②

µNt =
1

N

N
∑

i=1

δ
Xi,N

t
∈ M1(D0),

✇❤❡r❡ M1(D0) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ D0✳ ■♥ ❚❤❡♦r❡♠ ✹✳✶✱
✇❡ ❣✐✈❡ ❛ s✉✣❝✐❡♥t ❝r✐t❡r✐♦♥ ❢♦r t❤❡ ❢❛♠✐❧② ♦❢ ❧❛✇s ♦❢ t❤❡ r❛♥❞♦♠ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s (µNt )N≥2 t♦ ❜❡ ✉♥✐❢♦r♠❧② t✐❣❤t✳

❇❡❢♦r❡ t✉r♥✐♥❣ t♦ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠✱ ❧❡t ✉s ❞❡✜♥❡ ♦✉r ♠❛✐♥ ❛ss✉♠♣t✐♦♥✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✇✐❧❧ ❡♥s✉r❡ t❤❛t✱ ❢♦r ❛♥② N ≥ 2✱ t❤❡ ♥✉♠❜❡r ♦❢ ❦✐❧❧✐♥❣✴❥✉♠♣s ♦❢
(·,O(N),X(N)) r❡♠❛✐♥s ✜♥✐t❡ ✐♥ ✜♥✐t❡ t✐♠❡ ❛❧♠♦st s✉r❡❧②✱ ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② ❢♦r
(t,O

(N)
t ,X

(N)
t ) t♦ ❜❡ ✇❡❧❧ ❞❡✜♥❡❞ ❛t ❛♥② t✐♠❡ t ≥ 0✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ φ0 ❞❡♥♦t❡s

t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ t♦ t❤❡ ❜♦✉♥❞❛r② ∂D0✱ ❞❡✜♥❡❞ ❢♦r ❛❧❧ x ∈ Rd′0 ❜②

φ0(x) = inf
y∈∂D0

‖x− y‖2,

✇❤❡r❡ ‖.‖2 ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦❢ Rd′0 ✳
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❍②♣♦t❤❡s✐s ✹✳✶✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts a > 0 s✉❝❤ t❤❛t

✶✳ φ0 ✐s ♦❢ ❝❧❛ss C2 ♦♥ Da
0 = {x ∈ D0, φ0(x) < a}✱

✷✳ ❢♦r ❛❧❧ N ≥ 2✱ SN ❛♥❞ HN ❢✉❧✜❧❧ ❍②♣♦t❤❡s✐s ✸✳✷ ♦❢ ❈❤❛♣t❡r ✸✳

✸✳ κNi ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♦♥ [0,+∞[×E0 ×D0 ❛♥❞ sNi ,σ
N
i ,m

N
i ❛♥❞ ηNi ❛r❡

✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♦♥ [0, + ∞[×E0 × Da
0 ✳ ❚❤❡s❡ ✉♥✐❢♦r♠ ❜♦✉♥❞s ❛r❡ ❛❧s♦

s✉♣♣♦s❡❞ t♦ ❜❡ ✉♥✐❢♦r♠ ✐♥ N ≥ 2 ❛♥❞ i ∈ {1,...,N}✱

✹✳ ❢♦r ❛❧❧ N ≥ 2 ❛♥❞ i ∈ {1,...,N}✱ t❤❡r❡ ❡①✐st t✇♦ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s fNi :

[0, + ∞[×E0 × Da
0 → R+ ❛♥❞ gNi : [0, + ∞[×E0 × Da

0 → R s✉❝❤ t❤❛t

∀(t,e,z) ∈ [0,+∞[×E0 ×Da
0 ✱

∑

k,l

∂φ0
∂xk

(z)
∂φ0
∂xl

(z)[σNi σ
N∗
i ]kl(t,e,z) = fNi (t,e,z) + gNi (t,e,z), ✭✹✳✶✮

❛♥❞ s✉❝❤ t❤❛t

❛✮ fNi ✐s ♦❢ ❝❧❛ss C1 ✐♥ t✐♠❡ ❛♥❞ ♦❢ ❝❧❛ss C2 ✐♥ ❡♥✈✐r♦♥♠❡♥t✴s♣❛❝❡✱ ❛♥❞

t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ fNi ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ [0, + ∞[×E0 × Da
0 ✱

✉♥✐❢♦r♠❧② ✐♥ N ≥ 2 ❛♥❞ i ∈ {1,...,N}✱
❜✮ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t kg > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ (t,e,z) ∈ [0,+

∞[×E0 ×Da
0 ✱

|gNi (t,e,z)| ≤ kgφ0(z),

❝✮ t❤❡r❡ ❡①✐sts t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts 0 < c0 < C0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧

(t,e,z) ∈ [0,+∞[×E0 ×Da
0 ✱

c0 < fNi (t,e,z) + gNi (t,e,z) < C0.

❲❡ ❡♠♣❤❛s✐③❡ t❤❛t kg✱ c0 ❛♥❞ C0 ❛r❡ r❡q✉✐r❡❞ t♦ ♥♦t ❞❡♣❡♥❞ ♦♥ i,N ✳

❲❡✬r❡ ♥♦✇ ❛❜❧❡ t♦ st❛t❡ ♦✉r t✐❣❤t♥❡ss r❡s✉❧t✳ ■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ ❚❤❡♦r❡♠ ✶
✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❛ str♦♥❣ ♠✐①✐♥❣ ♣r♦♣❡rt② ❢♦r t✐♠❡ ✐♥❤♦♠♦❣❡♥❡♦✉s
❞✐✛✉s✐♦♥s ❝♦♥❞✐t✐♦♥❡❞ t♦ ♥♦t ❜❡ ❦✐❧❧❡❞✳

❚❤❡♦r❡♠ ✹✳✶✳ ❆ss✉♠❡ t❤❛t ❍②♣♦t❤❡s✐s ✹✳✶ ✐s ❢✉❧✜❧❧❡❞✳ ❚❤❡♥✱ ❢♦r ❛❧❧ ǫ > 0 ❛♥❞

❛❧❧ t0 > 0✱ t❤❡r❡ ❡①✐sts αǫ,t0 > 0 ❛♥❞ Nǫ ≥ 2 s✉❝❤ t❤❛t

E
(

µNt (Dαǫ
0 )
)

≤ ǫ, ∀t ≥ t0 ∀N ≥ Nǫ,

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥s (µN0 )N≥2✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s mN ∈ M1(D
N ) ❛♥❞

❛❧❧ t > 0✱ t❤❡ ❢❛♠✐❧② ♦❢ ❧❛✇s ♦❢ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡s
(

µN (t,dx)
)

N≥2
✐s ✉♥✐❢♦r♠❧②

t✐❣❤t✳
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P❆❘❚■❈▲❊ ❙❨❙❚❊▼❙

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳ ❇② ❚❤❡♦r❡♠ ✸✳✶ ♦❢ ❈❤❛♣t❡r ✸ ❛♥❞ ❜② ❍②♣♦t❤❡s✐s ✹✳✶✱ t❤❡
✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ♣r♦❝❡ss (·,O(N)

· ,X
(N)
· ) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛t ❛♥② t✐♠❡ ❢♦r ❛❧❧ N ≥ 2✳

❋✐① ǫ > 0 ❛♥❞ T > 0✳ ❆ss✉♠❡ ✐♥ ❛ ✜rst t✐♠❡ t❤❛t t❤❡ ❦✐❧❧✐♥❣ r❛t❡ κNi ✐s ❡q✉❛❧ t♦
0✱ ❢♦r ❛❧❧ N ≥ 2 ❛♥❞ i ∈ {1,...,N}✳ ❋♦r ❛♥② N ≥ 2 ❛♥❞ ❛♥② α > 0✱ ✇❡ ❤❛✈❡

E
(

µNT (Dα
0 )
)2 ≤ E

(

µNT (Dα
0 )

2
)

,

≤ E





1

N2

N
∑

i=1

(

δ
Xi,N

T
(Dα

0 )
)2

+
1

N2

∑

1≤i 6=j≤N

δ
Xi,N

T
(Dα

0 )δXj,N
T

(Dα
0 )





≤ 1

N
E
(

µNT (Dα
0 )
)

+
1

N2

∑

1≤i 6=j≤N

E
(

δ
Xi,N

T
(Dα

0 )δXj,N
T

(Dα
0 )
)

≤ 1

N
E
(

µNT (Dα
0 )
)

+ max
1≤i 6=j≤N

P
(

φ0(X
i,N
T ) ≤ α ❛♥❞ φ0(X

j,N
T ) ≤ α

)

.

❋✐① N ≥ 2 ❛♥❞ i 6= j ∈ {1,...,N}✳ ❋♦r ❛❧❧ γ ∈ [0,a2 ]✱ ✇❡ ❞❡✜♥❡ t❤❡ st♦♣♣✐♥❣ t✐♠❡

Si,N
γ = inf{t ≥ 0, φ0(X

i,N
t ) ≥ γ}.

❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✱ ✇❤♦s❡ ♣r♦♦❢ ✉s❡s Pr♦♣♦s✐t✐♦♥ ✹✳✶ ♦❢ ❈❤❛♣t❡r ✸ ❛♥❞
■tô✬s ❝❛❧❝✉❧✉s ❛♥❞ ✐s ♣♦st♣♦♥❡❞ t♦ t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✳

▲❡♠♠❛ ✹✳✷✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C > 0✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ i,j,N ❛♥❞

γ✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ α ∈ [0,γ[✱

P
(

∃t ∈ [Si,N
γ ,T ], φ0(X

i,N
t ) + φ0(X

j,N
t ) ≤ α

)

≤ CT

log
( γ
α

) .

❲❡ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ ❢r♦♠ ▲❡♠♠❛ ✹✳✷ t❤❛t✱ ❢♦r ❛❧❧ α ∈ [0,γ/2[✱

P
(

φ0(X
i,N
T ) ≤ α ❛♥❞ φ0(X

j,N
T ) ≤ α

)

≤ CT

log
( γ
2α

) + P (Si,N
γ > T ).

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

E
(

µNT (Dα
0 )
)2 ≤ 1

N
E
(

µNT (Dα
0 )
)

+
CT

log
( γ
2α

) + max
1≤i≤N

P
(

Si,N
γ > T

)

. ✭✹✳✷✮

◆♦✇✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❤♦s❡ ♣r♦♦❢ ✉s❡s ❛ ❝♦✉♣❧✐♥❣ ❛r❣✉♠❡♥t ❛♥❞ ✐s
♣♦st♣♦♥❡❞ t♦ t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✳

▲❡♠♠❛ ✹✳✸✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t γǫ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ N ≥ 2 ❛♥❞ ❛❧❧

i ∈ {1,...,N}✱ ✇❡ ❤❛✈❡

P
(

Si,N
γǫ > T

)

≤ ǫ/3, ✭✹✳✸✮

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s✳



✶✹✶

❇② ✭✹✳✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛❧❧ α ∈ [0,γ/2[✱

E
(

µNT (Dα
0 )
)2 ≤ 1

N
E
(

µNT (Dα
0 )
)

+
CT

log
( γǫ
2α

) +
ǫ

3
.

❋✐① ❛♥ ✐♥t❡❣❡r Nǫ ≥ 2 ∨ 3
ǫ ✳ ❲❡ t❤✉s ❤❛✈❡✱ ❢♦r ❛❧❧ N ≥ Nǫ✱

1

N
E
(

µNT (Dα
0 )
)

≤ ǫ

3
.

▲❡t αǫ > 0 ❜❡ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t log
(

γǫ
2αǫ

)

≤ 3(CTǫ)−1✳ ❲❡ t❤❡♥ ❤❛✈❡

E
(

µNT (Dαǫ
0 )
)2 ≤ ǫ, ∀N ≥ Nǫ,

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s✳

❋✐① t > T ✳ ❙✐♥❝❡ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ (X1,N

0 ,...XN,N
0 )✱ ✐t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣r♦❝❡ss ✐♥✐t✐❛❧❧②

❞✐str✐❜✉t❡❞ ✇✐t❤ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s (X1,N
t−T ,...X

2,N
t−T )✳ ❇② t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②

♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠✱ ✇❡ t❤✉s ♦❜t❛✐♥

E
(

µNt (Dαǫ
0 )
)2 ≤ ǫ, ∀N ≥ Nǫ.

❚❤✐s ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ♣❛rt ♦❢ ❚❤❡♦r❡♠ ✹✳✶ ✇❤❡♥ κNi = 0

❢♦r ❛❧❧ N ≥ 2 ❛♥❞ i ∈ {1,...,N}✳

❋✐① N ≥ 2 ❛♥❞ ❛ss✉♠❡ ♥♦✇ t❤❛t (κNi )i∈{1,...,N} ✐s♥✬t ❡q✉❛❧ t♦ 0✳ ❋✐① i,j ∈
{1,...,N}✳ ❋♦r ❛♥② γ > 0✱ ✇❡ ❞❡✜♥❡ t❤❡ st♦♣♣✐♥❣ t✐♠❡ Si,N

γ ❛s ❛❜♦✈❡✳ ❲❡ ❛❧s♦
❞❡♥♦t❡ ❜② τ smooth

γ t❤❡ ✜rst s♠♦♦t❤ ❦✐❧❧✐♥❣ t✐♠❡ ♦❢ Xi,N ♦r Xj,N ❛❢t❡r Si,N
γ ✿

τ smooth
γ = inf{t ≥ Si,N

γ , Xi,N ♦r Xj,N ✐s s♠♦♦t❤❧② ❦✐❧❧❡❞ ❛t t✐♠❡ t}.

❚❤❡ s❛♠❡ ♣r♦♦❢ ❛s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷ ❧❡❛❞s ✉s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②

P
(

∃t ∈ [Sγ ,τ
smooth
γ ∧ T [, φ0(Xi,N

t ) + φ0(X
j,N
t ) ≤ α

)

≤ C

log
( γ
α

) .

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

P
(

φ0(X
i,N
T ) ≤ α ❛♥❞ φ0(X

j,N
T ) ≤ α

)

≤ C

log
( γ
α

) + P (Sγ > T ❛♥❞ τ smooth
γ ≥ T ) + P (τ smooth

γ < T ).

❇② ❍②♣♦t❤❡s✐s ✹✳✶✱ t❤❡ ❦✐❧❧✐♥❣ r❛t❡s κNi ❛♥❞ κNj ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❜② ❛
❝♦♥st❛♥t κ∞ > 0✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐sts T0 > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ T ≤ T0
❛♥❞ ❛❧❧ γ > 0✱

P (τ smooth
γ < T ) ≤ ǫ

4
.
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❲❡ ❡♠♣❤❛s✐③❡ t❤❛t T0 ✐s ❝❤♦s❡♥ s♦ t❤❛t ✐t ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞
κ∞✳ ❆ss✉♠❡ t❤❛t T ≤ T0✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✱
✇❡ ❝❛♥ ✜♥❞ γǫ > 0 s✉❝❤ t❤❛t

P (Si,N
γ > T ❛♥❞ τ smooth

γ ≥ T ) ≤ ǫ

4
.

❋✐♥❛❧❧②✱ ❝❤♦♦s✐♥❣ αǫ s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

P
(

φ0(X
i,N
T ) ≤ αǫ ❛♥❞ φ0(X

j,N
T ) ≤ αǫ

)

≤ 3ǫ

4
.

Pr♦❝❡❡❞✐♥❣ ❛s ✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ✜rst ♣❛rt ♦❢
❚❤❡♦r❡♠ ✹✳✶ ❤♦❧❞s ❢♦r ❛❧❧ T ∈]0,T0[✳ ❚❤✉s ✐t ❝❧❡❛r❧② ❤♦❧❞s ❢♦r ❛♥② T > 0✳

❚❤❡ ✉♥✐❢♦r♠ t✐❣❤t♥❡ss ♣r♦♣❡rt② ✐s ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ t✐❣❤t♥❡ss ❝r✐t❡✲
r✐♦♥ ♣r♦✈❡❞ ❜② ❏❛❦✉❜♦✇s❦✐ ✐♥ ❬✹✽❪✿ t❤❡ ❢❛♠✐❧② ♦❢ ❧❛✇s ♦❢ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡s
µNt ✐s ✉♥✐❢♦r♠❧② t✐❣❤t✱ ✐❢✱ ∀ǫ > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t s❡t Kǫ ⊂ D0 s✉❝❤ t❤❛t
E(µNt (D0 \Kǫ)) ≤ ǫ ❢♦r ❛♥② N ≥ 2✳ ❚❤✐s ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷✳ ❋✐① γ ∈ [0,a/2] ❛♥❞ ❧❡t ✉s ♣r♦✈❡ t❤❛t✱ ❢♦r ❛❧❧ α ∈ [0,γ[✱

P
(

∃t ∈ [Si,N
γ ,T ], φ0(X

i,N
t ) + φ0(X

j,N
t ) ≤ α

)

≤ CT

log
( γ
α

) .

▲❡t (tn)n≥0 ❜❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s ❞❡✜♥❡❞ ❜②

t0 = inf{t ∈ [Si,N
γ ,T ], φ0(X

i,N
t ) + φ0(X

j,N
t ) ≤ a/2} ∧ T

❛♥❞✱ ❢♦r ❛❧❧ n ≥ 0✱

t2n+1 = inf{t ∈ [t2n,T ], φ0(X
i,N
t ) + φ0(X

j,N
t ) ≥ a} ∧ T

t2n+2 = inf{t ∈ [t2n+1,T ], φ0(X
i,N
t ) + φ0(X

j,N
t ) ≤ a/2} ∧ T.

■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t tn ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ T ✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡
❢♦r ❛❧❧ n ≥ 0✱

{

φ0(X
i,N
t ) < a ❛♥❞ φ0(X

j,N
t ) < a, ∀t ∈ [t2n,t2n+1[,

φ0(X
i,N
t ) ≥ a/2 ♦r φ0(X

j,N
t ) ≥ a/2 ♦t❤❡r✇✐s❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❜② t❤❡ ✜rst ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✹✳✶✱ φ0 ✐s ♦❢ ❝❧❛ss C2 ❛t Xi,N
t ❛♥❞

Xj,N
t ✱ ❢♦r ❛❧❧ t ∈ [t2n,t2n+1[ ❛❧♠♦st s✉r❡❧②✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❝♦♠♣✉t❡ t❤❡ ■tô✬s

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ φ0(Xi,N ) ❛♥❞ φ0(Xj,N ) ❞✉r✐♥❣ t❤✐s ✐♥t❡r✈❛❧ ♦❢ t✐♠❡✱ ❛t ❛♥② t✐♠❡
t ∈ [t2n,t2n+1[✱ ✉s✐♥❣ ■tô✬s ❢♦r♠✉❧❛✳

❋♦r ❛❧❧ n ≥ 0✱ ✇❡ ❤❛✈❡

P
(

∃t ∈ [t2n+1,t2n+2[, φ0(X
i,N
t ) ≤ α ❛♥❞ φ0(X

j,N
t ) ≤ α

)

= 0, ∀α < a/2. ✭✹✳✹✮



✶✹✸

❋✐① n ≥ 0 ❛♥❞ ❧❡t ✉s ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

P
(

∃t ∈ [t2n,t2n+1[, φ0(X
i,N
t ) ≤ α ❛♥❞ φ0(X

j,N
t ) ≤ α

)

≤ C

log
( γ
α

)E (t2n+1 − t2n) .

❲❡ ❞❡✜♥❡ t❤❡ ♣♦s✐t✐✈❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡ Y i ❜②

Y i
t =

{

φ0(X
i,N
t2n+t) ✐❢ t < t2n+1 − t2n,

a/2 + |W i
t | ✐❢ t ≥ t2n+1 − t2n,

✭✹✳✺✮

✇❤❡r❡W i ✐s ❛ st❛♥❞❛r❞ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ r❡st
♦❢ t❤❡ ♣r♦❝❡ss✳ ❚❤❡ ❡①t❡♥s✐♦♥ ❛❢t❡r t✐♠❡ t2n+1 − t2n ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ Y i

t ❛t ❛♥②
t✐♠❡ t ∈ [0,+∞[✳ ❲❡ ❞❡✜♥❡ s✐♠✐❧❛r❧② t❤❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡ Y j ✳ ■♥ ♦r❞❡r t♦ ❛♣♣❧②
Pr♦♣♦s✐t✐♦♥ ✹✳✶ ♦❢ ❈❤❛♣t❡r ✸ t♦ t❤❡ ♣❛✐r ♦❢ s❡♠✐✲♠❛rt✐♥❣❛❧❡s (Y i,Y j)✱ ✇❡ ♥❡❡❞ t❤❡
■tô✬s ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ Y i ❛♥❞ Y j ✳ ▲❡t ✉s s❡t

πit =

{

fNi (t2n + t,oi,Nt2n+t,X
i,N
t2n+t), ✐❢ 0 ≤ t < t2n+1 − t2n,

1, ✐❢ t ≥ t2n+1 − t2n

❛♥❞

ρit =

{

gNi (t2n + t,oi,Nt2n+t,X
i,N
t2n+t), ✐❢ t < t2n+1 − t2n,

0, ✐❢ t ≥ t2n+1 − t2n,

✇❤❡r❡ fNi ❛♥❞ gNi ❛r❡ ❣✐✈❡♥ ❜② ❍②♣♦t❤❡s✐s ✹✳✶✳ ❇② t❤❡ ■tô✬s ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦
Y i✱ ✇❡ ❤❛✈❡

dY i
t = dM i

t + bitdt+ dKi
t + Y i

t − Y i
t-,

✇❤❡r❡ M i ✐s ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ s✉❝❤ t❤❛t

d〈M i〉t = (πit + ρit)dt;

bi ✐s t❤❡ ❛❞❛♣t❡❞ ♣r♦❝❡ss ❣✐✈❡♥✱ ✐❢ t < t2n+1 − t2n✱ ❜②

bit =
d′i
∑

k=1

∂φi
∂xk

(Xi,N
t2n+t)[η

N
i ]k(t2n + t,oi,Nt2n+t,X

i,N
t2n+t)

+
1

2

di
∑

k,l=1

∂2φ

∂xk∂xl
(Xi,N

t2n+t)[σ
N
i σ

N∗
i ]kl(t2n + t,oi,Nt2n+t,X

i,N
t2n+t),

❛♥❞✱ ✐❢ t ≥ t2n+1 − t2n✱ ❜② bit = 0 ❀ Ki ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♣r♦❝❡ss ❣✐✈❡♥ ❜② t❤❡
❧♦❝❛❧ t✐♠❡ ♦❢ |Wt| ❛t 0 ❛❢t❡r t✐♠❡ t2n+1 − t2n✳ ❇② t❤❡ 4th ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✹✳✶✱
✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ t ≥ 0✱

c0 ∧ 1 ≤ πit + ρit ≤ C0 ∨ 1, ❛♥❞ |ρit| ≤ kgY
i
t ✭✹✳✻✮

❇② ❍②♣♦t❤❡s✐s ✹✳✶✱ φ0 ✐s ♦❢ ❝❧❛ss C2 ♦♥ Da
0 ❛♥❞ ηNi ,σ

N
i ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✳

❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts b∞ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t ≥ 0✱

bit ≥ −b∞. ✭✹✳✼✮
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❙✐♠✐❧❛r❧②✱ ✇❡ ❣❡t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Y j ✱ ✇✐t❤ πj ✱ ρj ❛♥❞ bj ❢✉❧✜❧❧✐♥❣ ✐♥❡q✉❛❧✐t✐❡s
✭✹✳✻✮ ❛♥❞ ✭✹✳✼✮ ✭✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❦❡❡♣ t❤❡ s❛♠❡ ❝♦♥st❛♥ts c0✱ C0✱ kg
❛♥❞ b∞✮✳

▲❡t ✉s ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ■tô✬s ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ πi ❛♥❞ πj ✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠
t❤❡ ■tô✬s ❢♦r♠✉❧❛ t❤❛t t❤❡r❡ ❡①✐st ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ N i ❛♥❞ ❛ ✜♥✐t❡ ✈❛r✐❛t✐♦♥❛❧
♣r♦❝❡ss Li s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t ≥ 0✱

dπit = dN i
t + dLi

t + πit − πit-,

✇❤❡r❡✱ ❢♦r ❛❧❧ t ∈ [0,t2n+1 − t2n[✱

Li
t =

∫ t

0





d0
∑

k=1

∂fNi
∂ek

(t2n + s,oit2n+s,X
i
t2n+s) +

d′0
∑

k=1

∂fNi
∂xk

(t2n + s,oit2n+s,X
i
t2n+s)



 ds.

❇② ❍②♣♦t❤❡s✐s ✹✳✶✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ fNi ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱ s♦ t❤❛t t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t CL s✉❝❤ t❤❛t

E
(

|Li|t2n+1−t2n

)

≤ CLE (t2n+1 − t2n) . ✭✹✳✽✮

▲❡t ✉s s❡t✱ ❢♦r ❛❧❧ t < t2n+1 − t2n✱

ξit =

di
∑

k=1,l

∂fNi
∂ek

(t,oi,Nt ,Xi,N
t )

∂fNi
∂el

(t,oi,Nt ,Xi,N
t )[sNi s

N∗
i ]kl(t,o

i,N
t ,Xi,N

t )

+

d′i
∑

k=1,l

∂fNi
∂xk

(t,oi,Nt ,Xi,N
t )

∂fNi
∂xl

(t,oi,Nt ,Xi,N
t )[σNi σ

N∗
i ]kl(t,o

i,N
t ,Xi,N

t )

❛♥❞✱ ❢♦r ❛❧❧ t ≥ t2n+1 − t2n✱ ξit = 0✳ ❚❤❡♥ ✇❡ ❤❛✈❡

〈N i〉t = ξitdt.

❚❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ fNi ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ sNi ,σ
N
i ✱ t❤❡r❡

❡①✐sts Cξ > 0 s✉❝❤ t❤❛t
ξit ≤ Cξ. ✭✹✳✾✮

❚❤❡ s❛♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞ ❢♦r πj ✱ ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥st❛♥ts
CL ❛♥❞ Cξ✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡s❡ ❝♦♥st❛♥ts ❛r❡ ❝❤♦s❡♥ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ i✱ j
❛♥❞ N ✱ s✐♥❝❡ t❤❡ ❜♦✉♥❞s t❤❛t ✇❡ ✉s❡❞ ❛r❡ ❜② ❛ss✉♠♣t✐♦♥ ✉♥✐❢♦r♠ ✐♥ i,j,N ✳

❲❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss

Φt
def
= −1

2
log

(

(Y i
t )

2

π1t
+

(Y j
t )

2

π2t

)

❛♥❞ ✇❡ s❡t✱ ❢♦r ❛❧❧ ǫ > 0✱ Tǫ = inf{t ∈ [0,T ], Φt ≥ ǫ−1}✳ ❇② t❤❡ ♣r❡✈✐♦✉s ■tô✬s
❞❡❝♦♠♣♦s✐t✐♦♥s✱ ♦♥❡ ❝❛♥ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✹✳✶ ♦❢ ❈❤❛♣t❡r ✸ t♦ t❤❡ ♣❛✐r ♦❢ s❡♠✐✲
♠❛rt✐♥❣❛❧❡s Y 1,Y 2✳ ❆♣♣❧②✐♥❣ ♠✐♥♦r ❝❤❛♥❣❡s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ ♦♥❡
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❝❛♥ r❡♣❧❛❝❡ T ❜② ❛♥② st♦♣♣✐♥❣ t✐♠❡ θ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ ✇❤✐❝❤
②✐❡❧❞s t♦

P (Tǫ ≤ θ) ≤ 1

ǫ−1 − Φ0
C
(

E(|Li|θ + |Lj |θ) + E(θ)
)

.

❆♣♣❧②✐♥❣ t❤✐s r❡s✉❧t t♦ θ = t2n+1− t2n ✭✇❤✐❝❤ ✐s ❛ st♦♣♣✐♥❣ t✐♠❡ ❢♦r t❤❡ ✜❧tr❛t✐♦♥
♦❢ t❤❡ ♣r♦❝❡ss (Xi,N ,Xj,N ) ❛❢t❡r t✐♠❡ t2n✮ ❛♥❞ ✉s✐♥❣ ✭✹✳✽✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t C ′ > 0✱ ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♥st❛♥ts b∞,kg,c0,C0,Cξ✱
s✉❝❤ t❤❛t

P (Tǫ ∈ [0,t2n+1 − t2n]) ≤
1

ǫ−1 − Φ0
C ′(2CL + 1)E (t2n+1 − t2n) . ✭✹✳✶✵✮

❲❡ ❤❛✈❡✱ ❢♦r ❛❧❧ t ∈ [0,t2n+1 − t2n[ ❛♥❞ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ Φt✱

Φt ≥ − log

(

(Φt)
2

c0
+

(Φt)
2

c0

)

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡

φ0 ≥ − log

(

(Φ0)
2

c0
+

(Φ0)
2

c0

)

.

■❢ t2n > Si,N
γ ✱ t❤❡♥ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t2n✱ ✇❡ ❤❛✈❡ φ0(X

i,N
t2n-

) ≥ a/2✳ ❇✉t φ0(Xi,N )

✐s ❞✐s❝♦♥t✐♥✉♦✉s ♦♥❧② ❛t t✐♠❡s t > 0 s✉❝❤ t❤❛t φ0(X
i,N
t- ) = 0✱ s♦ t❤❛t

Φ0 = φ0(X
i,N
t2n

) = φ0(X
i,N
t2n-

) ≥ a/2 ≥ γ.

■❢ t2n = Si,N
γ ✱ t❤❡♥✱ ❜② r✐❣❤t ❝♦♥t✐♥✉✐t② ♦❢ φ0(Xi) ❛♥❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Si,N

γ ✱
✇❡ ❞❡❞✉❝❡ t❤❛t Φ0 = φ0(X

i,N
t2n

) ≥ γ✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡

Φ0 ≤ − log

(

γ2

c0

)

.

❚❤✉s ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✹✳✶✵✮ t❤❛t

P (Tǫ ∈ [0,t2n+1 − t2n]) ≤
1

ǫ−1 + log
(

γ2

c0

)C(2CL + 1)E (t2n+1 − t2n) .

✇❤✐❝❤ ✐s ❜② ❞❡✜♥✐t✐♦♥ ❡q✉✐✈❛❧❡♥t t♦

P
(

∃t ∈ [t2n,t2n+1], φ0(X
i,N
t )2 + φ0(X

j,N
t )2 ≤ c0e

− 1
ǫ

)

≤ 1

ǫ−1 + log
(

γ2

c0

)C(2CL + 1)E (t2n+1 − t2n) .

❋♦r ❛❧❧ α > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ r❡♣❧❛❝✐♥❣ ǫ−1 ❜② − log(α2/c0)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

P
(

∃t ∈ [t2n,t2n+1], φ0(X
i,N
t )2 + φ0(X

j,N
t )2 ≤ α2

)

≤ C(2CL + 1)

2 log
( γ
α

) E (t2n+1 − t2n) .
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❙✉♠♠✐♥❣ ♦✈❡r n ≥ 0 ❛♥❞ ✉s✐♥❣ ❡q✉❛❧✐t② ✭✹✳✹✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

P
(

∃t ∈ [Sγ ,T ], φ0(X
i,N
t )2 + φ0(X

j,N
t )2 ≤ α2

)

≤ C(2CL + 1)T

2 log
( γ
α

) .

❇② ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ♥♦r♠s (x,y) 7→
√

x2 + y2 ❛♥❞ (x,y) 7→ |x|+ |y|✱ ✇❡ ❞❡❞✉❝❡
▲❡♠♠❛ ✹✳✷✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ▲❡♠♠❛ ✹✳✸✱ ✇❡ ❜✉✐❧❞ ❛ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥
φ0(X

i) ❛♥❞ ❛ t✐♠❡ ❝❤❛♥❣❡❞ r❡✢❡❝t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❞r✐❢t✳
▲❡t (θn)n≥0 ❜❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣✐♥❣ t✐♠❡s ❞❡✜♥❡❞ ❜②

θ0 = inf{t ∈ [0,T ], φ0(X
i
t) + φ0(X

j
t ) ≤ a/2} ∧ T

❛♥❞✱ ❢♦r ❛❧❧ n ≥ 0✱

θ2n+1 = inf{t ∈ [θ2n,T ], φ0(X
i
t) + φ0(X

j
t ) ≥ a} ∧ T

θ2n+2 = inf{t ∈ [θ2n+1,T ], φ0(X
i
t) + φ0(X

j
t ) ≤ a/2} ∧ T.

■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t (θn) ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ T ❛♥❞ t❤❛t

φ0(X
i,N
t ) ≥ a

2
, ∀t ∈ [0,θ0] ❛♥❞ ∀t ∈ ∪∞

n=0[θ2n+1,θ2n+2[

φ0(X
i,N
t ) < a, ∀t ∈ ∪∞

n=0[θ2n,θ2n+1[.

▲❡t Γ ❜❡ ❛ 1✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r♦❝❡ss (.,O(N),X(N))✳
❲❡ s❡t

Mt = Γt, ❢♦r t ∈ [0,θ0[,

❛♥❞✱ ❢♦r ❛❧❧ n ≥ 0✱

Mt =Mθ2n +

∫ t

θ2n

d′0
∑

k=1

∂φ0
∂xk

[σi]kl(t,o
i,N
t ,Xi,N

t )d[Bi
s]l ❢♦r t ∈ [θ2n,θ2n+1[,

Mt =Mθ2n+1 + (Γt − Γθ2n+1) ❢♦r t ∈ [θ2n+1,θ2n+2[,

■♥❢♦r♠❛❧❧②✱M ✐s ❛ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡ ✇❤✐❝❤ ✐s ♣❛r❛❧❧❡❧ t♦ t❤❡ ♠❛rt✐♥❣❛❧❡
♣❛rt ♦❢ φ0(Xi,N ) ✇❤❡♥ t❤✐s ♦♥❡ ✐s ♥❡❛r 0✱ ❛♥❞ ❡q✉❛❧ t♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❇r♦✇♥✐❛♥
♠♦t✐♦♥ ✇❤❡♥ φ0(Xi,N ) ✐s s✉✣❝✐❡♥t❧② ❢❛r ❢r♦♠ 0✳ ❇② ❬✼✹✱ ❚❤❡♦r❡♠ ✶✳✾ ✭❑♥✐❣❤t✮❪✱M
✐s ❛ t✐♠❡ ❝❤❛♥❣❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡r❡ ❡①✐sts ❛ 1✲❞✐♠❡♥s✐♦♥❛❧
❇r♦✇♥✐❛♥ ♠♦t✐♦♥ W s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t ≥ 0✱

Mt =W〈M〉t .

❇② ■tô✬s ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡

∂〈M〉t
∂t

=

{

fNi (t,oi,Nt ,Xi,N
t ) + g(t,oi,Nt ,Xi,N

t ) ✐❢ ∃n ≥ 0 s✉❝❤ t❤❛t t ∈ [θ2n,θ2n+1[,

1 ✐❢ ∃n ≥ 0 s✉❝❤ t❤❛t t ∈ [θ2n+1,θ2n+2[.
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❇② ❍②♣♦t❤❡s✐s ✹✳✶✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

c0 ∧ 1 ≤ ∂

∂t
〈M〉t ≤ C0 ∨ 1. ✭✹✳✶✶✮

❇② ❍②♣♦t❤❡s✐s ✹✳✶✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C1 > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧
t ∈ [θ2n,θ2n+1[✱

− C1 ≤
1

2

d0
∑

k,l=1

∂2φ0
∂xk∂xl

(Xt)
[

σNi
(

σNi
)∗
]

kl
(t,oi,Nt ,Xi,N

t )

+

d0
∑

k=1

∂φ0
∂xk

(Xi,N
t )

[

ηNi
]

k
(t,oi,Nt ,Xi,N

t ).

▲❡t U ❜❡ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss r❡✢❡❝t❡❞ ♦♥ 0 ❛♥❞ a✱ ❞❡✜♥❡❞ ❜②

dUt = dWt −
C1

c0 ∧ 1
dt+ dL0

t − dLa
t , U0 = 0,

✇❤❡r❡ L0 ✭r❡s♣✳ La✮ ✐s t❤❡ ❧♦❝❛❧ t✐♠❡ ♦❢ U ♦♥ 0 ✭r❡s♣✳ a✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

dU〈M〉t = dMt −
C1

c0 ∧ 1

∂

∂t
〈M〉tdt+ dL0

〈M〉t
− dLa

〈M〉t
,

✇❤❡r❡✱ ❜② t❤❡ ❢♦✉rt❤ ♣♦✐♥t ♦❢ ❍②♣♦t❤❡s✐s ✹✳✶ ❛♥❞ ✐♥❡q✉❛❧✐t② ✭✹✳✶✶✮✱

− C1

c0 ∧ 1

∂

∂t
〈M〉t ≤

1

2

d0
∑

k,l=1

∂2φ0
∂xk∂xl

(Xt)
[

σNi
(

σNi
)∗
]

kl
(t,oi,Nt ,Xi,N

t )

+

d0
∑

k=1

∂φ0
∂xk

(Xi,N
t )

[

ηNi
]

k
(t,oi,Nt ,Xi,N

t ),

✇❤✐❝❤ ✐s t❤❡ ❞r✐❢t ♣❛rt ♦❢ t❤❡ s❡♠✐✲♠❛rt✐♥❣❛❧❡ φ0(X
i,N
t )✳ ■♥❢♦r♠❛❧❧②✱ U〈M〉t ❡✈♦❧✈❡s

❛s φ0(X
i,N
t ) ❜✉t ✇✐t❤ ❛ str♦♥❣❡r ❞r✐❢t t♦✇❛r❞ 0 ✇❤❡♥ ✐t ✐s ❛✇❛② ❢r♦♠ t❤❡ ❜♦✉♥❞❛r②❀

U〈M〉t ✐s r❡✢❡❝t❡❞ ♦♥ 0 ✇❤✐❧❡ φ0(X
i,N
t ) ♠❛❦❡s ♣♦s✐t✐✈❡ ❥✉♠♣s ✇❤❡♥ ✐t ❤✐ts 0❀ U〈M〉t

✐s r❡✢❡❝t❡❞ ♦♥ a ✇❤✐❧❡ φ0(X
i,N
t ) ❝❛♥ ❜❡❝♦♠❡ ❣r❡❛t❡r t❤❛♥ a✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡

✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✷ ♦❢ ❈❤❛♣t❡r ✷ ❢♦r ❛ r✐❣♦r♦✉s ♣r♦♦❢✮✱ ✇❡ ❤❛✈❡

0 ≤ U〈M〉t ≤ φ0(X
i,N
t ), ∀t ∈ [0,T ].

❚❤❡♥✱ ❢♦r ❛❧❧ γ > 0✱
{

φ0(X
i,N
t ) ≥ γ

}

⊃
{

U〈M〉t ≥ γ
}

,

✇❤❡r❡ 〈M〉t ∈ [ t
C0∨1

, t
c0∧1

] ❜② ✐♥❡q✉❛❧✐t② ✭✹✳✶✶✮✳ ■t ②✐❡❧❞s t❤❛t

{

∃t ∈ [0,T ]|φ0(Xi,N
t ) ≥ γ

}

⊃
{

∃t ∈ [0,
T

c0 ∧ 1
] s✉❝❤ t❤❛t Ut ≥ γ,

}

,
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✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

P (Si,N
γ ≤ T ) ≥ P

(

∃t ∈ [0,
T

c0 ∧ 1
] s✉❝❤ t❤❛t Ut ≥ γ

)

.

❚❤❡ ♣r♦❝❡ss (Ut)t≥0 ✐s ❛ r❡✢❡❝t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❜♦✉♥❞❡❞ ❞r✐❢t✱ ✇❤♦s❡
❧❛✇ ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ i,N ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐sts γǫ > 0 ✐♥❞❡♣❡♥❞❡♥t
♦❢ i,N s✉❝❤ t❤❛t P

(

∃t ∈ [0, T
c0∧1

] s✉❝❤ t❤❛t Ut ≥ γǫ

)

≥ 1 − ǫ/3✳ ❚❤✐s ✐♠♣❧✐❡s

✐♥❡q✉❛❧✐t② ✭✹✳✸✮ ♦❢ ▲❡♠♠❛ ✹✳✸✳



❈❤❛♣t❡r ✺

❙tr♦♥❣ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s ❢♦r

t✐♠❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❞✐✛✉s✐♦♥

♣r♦❝❡ss❡s ✇✐t❤ ❦✐❧❧✐♥❣ ∗

❆❜str❛❝t

❲❡ ♣r♦✈❡ ❛ str♦♥❣ ♠✐①✐♥❣ ♣r♦♣❡rt② ❢♦r ❡❧❧✐♣t✐❝ t✐♠❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❞✐❢✲
❢✉s✐♦♥ ♣r♦❝❡ss❡s ✇✐t❤ ♣❡r✐♦❞✐❝ ❝♦❡✣❝✐❡♥ts✱ ✇✐t❤ s♠♦♦t❤ ❛♥❞ ❤❛r❞ ❦✐❧❧✐♥❣s✳
❲❡ ✉s❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡ ❋❧❡♠✐♥❣✲❱✐♦t t②♣❡ ✐♥t❡r✲
❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ♦❢ t❤❡ ❈❤❛♣t❡r ✸✳ ❲❡ ❛❧s♦ ✉s❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐♥
t❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s s❡tt✐♥❣ ♦❢ ❛ ❝♦✉♣❧✐♥❣ ❜✉✐❧t ❜② ❊♥r✐❝♦ Pr✐♦❧❛ ❛♥❞ ❋❡♥❣✲❨✉
❲❛♥❣✳

❲❡ ❛❧s♦ ♣r♦✈❡ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸
❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ✐♥ t✐♠❡ ❢♦r s♦♠❡ t✐♠❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s
✇✐t❤ ❤❛r❞ ❛♥❞ s♦❢t ❦✐❧❧✐♥❣s✳

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t D ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡t ♦❢ Rd✱ d ≥ 1✱ s✉❝❤ t❤❛t ✐ts ❜♦✉♥❞❛r② ∂D ✐s ♦❢
❝❧❛ss C2✳ ▲❡t

σ :
[0,+∞[×Rd → Rd ×Rd

(t,x) 7→ σ(t,x)
❛♥❞ b :

[0,+∞[×Rd → Rd

(t,x) 7→ σ(t,x)

❜❡ t✇♦ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ st♦❝❤❛st✐❝ ❞✐❢✲
❢❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

dZt = σ(t,Zt)dBt + b(t,Zt)dt, Z0 ∈ D, ✭✺✳✶✮
∗■♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ P✐❡rr❡ ❉❡❧ ▼♦r❛❧✳

✶✹✾
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✇❤❡r❡ B ✐s ❛ st❛♥❞❛r❞ d ❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳

❖✉r ✜rst ❤②♣♦t❤❡s✐s ❝♦♥❝❡r♥s t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ st♦❝❤❛st✐❝
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳

❍②♣♦t❤❡s✐s ✺✳✶✳ ❲❡ ❛ss✉♠❡ t❤❛t σ ❛♥❞ b ❛r❡ ❝♦♥t✐♥✉♦✉s ✉♥✐❢♦r♠❧② ▲✐♣s❝❤✐t③ ✐♥

x✱ ✉♥✐❢♦r♠❧② ✐♥ t✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C0 > 0 s✉❝❤ t❤❛t

‖σ(t,x)− σ(t,y)‖+ |b(t,x)− b(t,y)| ≤ C0|x− y|.

❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t σ ❛♥❞ b ❛r❡ ♣❡r✐♦❞✐❝✱ ✇✐t❤ ♣❡r✐♦❞ Π✳

❯♥❞❡r t❤✐s ❤②♣♦t❤❡s✐s✱ t❤❡ ❛❜♦✈❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❤❛s ❛ s♦❧✉t✐♦♥
s✐♥❝❡ σ ❛♥❞ b ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ✭s❡❡ ❬✷✽✱ ❚❤❡♦r❡♠ ✸✳✶✵✱
❈❤❛♣t❡r ✺❪✮✳ ▼♦r❡♦✈❡r✱ t❤❡ s♦❧✉t✐♦♥ ✐s ♣❛t❤✇✐s❡ ✉♥✐q✉❡ ✉♣ t♦ t✐♠❡ τD = inf{t ≥
0, Zt /∈ D} ✭s❡❡ ❬✷✽✱ ❚❤❡♦r❡♠ ✸✳✼✱ ❈❤❛♣t❡r ✺❪✮✱ ✇❤✐❝❤ ❞❡♥♦t❡s t❤❡ t✐♠❡ ✇❤❡♥ t❤❡
s♦❧✉t✐♦♥ ❤✐ts t❤❡ ❜♦✉♥❞❛r②✳

❋♦r ❛❧❧ s > 0 ❛♥❞ ❛♥② ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ ♦♥ D✱ ✇❡ ❞❡♥♦t❡ ❜② (Zµ
s,t)t≥s t❤❡

✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤✐s st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ st❛rt✐♥❣ ❛t t✐♠❡ s > 0 ✇✐t❤
❞✐str✐❜✉t✐♦♥ µ✱ ❦✐❧❧❡❞ ✇❤❡♥ ✐t ❤✐ts t❤❡ ❜♦✉♥❞❛r② ❛♥❞ ❦✐❧❧❡❞ ✇✐t❤ ❛ r❛t❡ κ(t,Zx

s,t) ≥
0✱ ✇❤❡r❡

κ : [0,+∞[×D → R+

✐s ❛ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❇② ✏t❤❡ ♣r♦❝❡ss ✐s ❦✐❧❧❡❞✑✱ ✇❡ ♠❡❛♥ t❤❛t t❤❡
♣r♦❝❡ss ✐s s❡♥t t♦ ❛ ❝❡♠❡t❡r② ♣♦✐♥t ∂ /∈ D✱ s♦ t❤❛t t❤❡ ❦✐❧❧❡❞ ♣r♦❝❡ss ✐s ❝à❞❧à❣
❛❧♠♦st s✉r❡❧②✳ ■❢ t❤❡r❡ ❡①✐sts x ∈ D s✉❝❤ t❤❛t µ = δx✱ ✇❡ s❡t (Zx

s,t)t≥s = (Zδx
s,t)t≥s✳

❲❤❡♥ t❤❡ ♣r♦❝❡ss ✐s ❦✐❧❧❡❞ ❜② ❤✐tt✐♥❣ t❤❡ ❜♦✉♥❞❛r②✱ ✇❡ s❛② t❤❛t ✐t ❤❛s ❜❡❡♥ ❤❛r❞❧②

❦✐❧❧❡❞❀ ✇❤❡♥ t❤❡ ♣r♦❝❡ss ✐s ❦✐❧❧❡❞ str✐❝t❧② ❜❡❢♦r❡ r❡❛❝❤✐♥❣ t❤❡ ❜♦✉♥❞❛r② ✭❜❡❝❛✉s❡
♦❢ t❤❡ r❛t❡ ♦❢ ❦✐❧❧✐♥❣ κ✮✱ ✇❡ s❛② t❤❛t ✐t ❤❛s ❜❡❡♥ s♠♦♦t❤❧② ❦✐❧❧❡❞✳ ❲❡ ❞❡♥♦t❡ t❤❡
❦✐❧❧✐♥❣ t✐♠❡ ❜② τ∂ = inf{t ≥ s,Zδx

s,t = ∂}✳
▲❡t (Qs,t)0≤s≤t ❜❡ t❤❡ s❡♠✐✲❣r♦✉♣ ❞❡✜♥❡❞✱ ❢♦r ❛❧❧ 0 ≤ s ≤ t✱ x ∈ D ❛♥❞ ❛♥②
❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : Rd ∪ {∂} 7→ R ✇❤✐❝❤ ✈❛♥✐s❤❡s ♦✉ts✐❞❡ D✱ ❜②

Qs,tf(x) = E
(

f(Zx
s,t)1t<τ∂

)

= E
(

f(Zx
s,t)
)

.

❲❡ ❡♠♣❤❛s✐③❡ t❤❛t✱ ❢♦r ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ D✱ t❤❡ ❧❛✇ ♦❢ Zµ
s,t ✐s ❣✐✈❡♥

❜② t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µQs,t✱ ❞❡✜♥❡❞ ❜②

µQs,t(f) =

∫

D
Qs,tf(x)dµ(x).

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡✬r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❧♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ Zµ

s,t ❝♦♥❞✐t✐♦♥❡❞ t♦ t < τ∂ ✳ ❋♦r ❛♥② ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ µ✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧
❞✐str✐❜✉t✐♦♥ ✐s ❣✐✈❡♥ ❜②

P(Zµ
s,t ∈ · | t < τ∂) =

µQs,t(·)
µQs,t(1D)

. ✭✺✳✷✮
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❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ t❤❡ ❧♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ s✉❝❤ ❝♦♥❞✐t✐♦♥❡❞ ❞✐str✐❜✉✲
t✐♦♥s ❤❛s ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞ ✇❤❡♥ κ = 0 ✭✐✳❡✳ t❤❡r❡ ✐s ♥♦ s♦❢t ❦✐❧❧✐♥❣✮ ❛♥❞ ✇❤❡♥
t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✺✳✶✮ ❛r❡ t✐♠❡✲❤♦♠♦❣❡♥❡♦✉s
❛♥❞ ♦❢ ❝❧❛ss C1✳ ■♥ t❤❛t ♣❛rt✐❝✉❧❛r ❝❛s❡✱ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ ❞✐str✐❜✉t✐♦♥ ✭✺✳✷✮✱ ✇❤✐❝❤
♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ t− s ❛♥❞ ♦♥ µ✱ ❝♦♥✈❡r❣❡s ✇❤❡♥ t ❣♦❡s t♦ +∞ t♦ ❛
❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦♥ D✱ ❝❛❧❧❡❞ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ P✐♥s❦② ❬✻✽❪
❛♥❞ ●♦♥❣✱ ◗✐❛♥ ❛♥❞ ❩❤❛♦ ❬✸✼❪✮✳ ❆ r❡❝❡♥t r❡s✉❧t ❢r♦♠ ❑♥♦❜❧♦❝❤ ❛♥❞ P❛rt③s❝❤ ❬✺✸❪
s❤♦✇s t❤❛t ✉♥❞❡r ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞s ❡①♣♦♥❡♥t✐❛❧❧②
❢❛st✿ t❤❡r❡ ❡①✐sts t✇♦ ❝♦♥st❛♥ts C > 0 ❛♥❞ γ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡ µ1 ❛♥❞ µ2 ♦♥ D✱

∥

∥

∥

∥

µ1Qs,t

µ1Qs,t(1D)
− µ2Qs,t

µ2Qs,t(1D)

∥

∥

∥

∥

TV

≤ Ce−γt. ✭✺✳✸✮

❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❙❡❝t✐♦♥ ✶✳✺ ♦❢ ❈❤❛♣t❡r ✶✱ t❤✐s ♣r♦♣❡rt② ✐s ❛❧s♦ ❢✉❧✲
✜❧❧❡❞ ❜② ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✱ ✇❤❡r❡ D =]0,+∞[ ✇✐t❤♦✉t s♦❢t ❦✐❧❧✐♥❣✱
❛♥❞ ✇❤♦s❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❤❛s ❜❡❡♥ ♦r✐❣✐♥❛❧❧② st✉❞✐❡❞ ❜② ❈❛tt✐❛✉①✱ ❈♦❧✲
❧❡t✱ ▲❛♠❜❡rt✱ ▼❛rtí♥❡③✱ ▼é❧é❛r❞ ❛♥❞ ❙❛♥ ▼❛rtí♥ ❬✶✻❪✳ ■❢ D = Rd✱ s♦ t❤❛t t❤❡r❡ ✐s
♥♦ ❤❛r❞ ❦✐❧❧✐♥❣✱ ✐❢ ‖κ‖∞ < +∞ ❛♥❞ ✐❢ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥ ✭✺✳✶✮ ✇✐t❤♦✉t ❦✐❧❧✐♥❣ ❢✉❧✜❧❧ s♦♠❡ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s✱ t❤❡♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ✇✐t❤ s♠♦♦t❤ ❦✐❧❧✐♥❣ ❛❧s♦ ❢✉❧✜❧❧s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠✐①✐♥❣
♣r♦♣❡rt② ✭✺✳✸✮ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❉❡❧ ▼♦r❛❧ ❛♥❞ ▼✐❝❧♦ ❬✷✸❪✮✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r ✐s ❚❤❡♦r❡♠ ✺✳✸✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡ ♠✐①✐♥❣ ♣r♦♣✲
❡rt② ✭✺✳✸✮ t♦ t✐♠❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✇✐t❤ ❜♦t❤ s♠♦♦t❤ ❛♥❞ ❤❛r❞
❦✐❧❧✐♥❣s✳ ❚❤❡ ♠❛✐♥ t♦♦❧s ♦❢ ♦✉r ♣r♦♦❢ ❛r❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♣r♦✈❡❞ ✐♥
❈❤❛♣t❡r ✸ ❛♥❞ t❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥str✉❝t✐♦♥ ❞❡✈❡❧♦♣❡❞ ❜② Pr✐♦❧❛ ❛♥❞ ❲❛♥❣ ✐♥ ❬✼✶❪✳

❖✉r ♠✐①✐♥❣ ♣r♦♣❡rt② ❝r✐t❡r✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✱
✇❤❡r❡ φD : D 7→ R+ ❞❡♥♦t❡s t❤❡ ❡✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ t♦ t❤❡ ❜♦✉♥❞❛r② ∂D✿

φD(x) = d(x,∂D) = inf
z∈∂D

|x− y|,

‖ · ‖ ❜❡✐♥❣ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✳ ❋♦r ❛❧❧ a > 0✱ ✇❡ ❞❡✜♥❡ t❤❡ ♦♣❡♥ s✉❜s❡t Da ⊂ D

❜②
Da = {x ∈ D s✉❝❤ t❤❛t φD(x) < a}.

❍②♣♦t❤❡s✐s ✺✳✷✳ ❲❡ ❛ss✉♠❡ t❤❛t D ✐s ❜♦✉♥❞❡❞ ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts a > 0 s✉❝❤

t❤❛t φD ✐s ♦❢ ❝❧❛ss C2
b ♦♥ t❤❡ ❜♦✉♥❞❛r②✬s ♥❡✐❣❤❜♦r❤♦♦❞ Da✳

❇② ❬✷✺✱ ❈❤❛♣t❡r ✺✱ ❙❡❝t✐♦♥ ✹❪✱ ❍②♣♦t❤❡s✐s ✺✳✷ ✐s ❢✉❧✜❧❧❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ D ✐s ❛
❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ✇❤♦s❡ ❜♦✉♥❞❛r② ∂D ✐s ♦❢ ❝❧❛ss C2✳ ❚❤❡ ❧❛st ❤②♣♦t❤❡s✐s ✇✐❧❧
❛❧❧♦✇ ✉s t♦ ✉s❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦❢ ❈❤❛♣t❡r ✸ ❛♥❞ t♦ ❜✉✐❧❞ ❛ ❝♦✉♣❧✐♥❣
❛s ✐♥ ❬✼✶❪✳

❍②♣♦t❤❡s✐s ✺✳✸✳ ❲❡ ❛ss✉♠❡ t❤❛t
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✶✳ κ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ (x,t)✱

✷✳ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c0 > 0 s✉❝❤ t❤❛t

c0|y| ≤ |σ(t,x)y|, ∀(t,x,y) ∈ [0,+∞[×D × Rd.

✸✳ t❤❡r❡ ❡①✐st t✇♦ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f : [0, + ∞[×Da → R+ ❛♥❞ g : [0, +

∞[×Da → R s✉❝❤ t❤❛t ∀(t,x) ∈ [0,+∞[×Da✱

∑

k,l

∂φD
∂xk

(z)
∂φD
∂xl

(z)[σσ∗]kl(t,x) = f(t,z) + gi(t,x),

❛♥❞ s✉❝❤ t❤❛t

❛✮ f ✐s ♦❢ ❝❧❛ss C1 ✐♥ t✐♠❡ ❛♥❞ ♦❢ ❝❧❛ss C2 ✐♥ s♣❛❝❡✱ ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡s

♦❢ f ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱

❜✮ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t kg > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ (t,x) ∈ [0, +

∞[×Da✱

|g(t,x)| ≤ kgφD(x),

❲❡ ♣r♦✈❡ t❤❡ ♠✐①✐♥❣ ♣r♦♣❡rt② ✐♥ ❙❡❝t✐♦♥ ✺✳✷ ❛♥❞ ❙❡❝t✐♦♥ ✺✳✸✳ ■♥ ❙❡❝t✐♦♥ ✺✳✷✱
✇❡ r❡❝❛❧❧ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦❢ ❈❤❛♣t❡r ✸✳ ❲❡ ❛❧s♦ ❞❡❞✉❝❡ t❤❛t t❤❡
❝♦♥❞✐t✐♦♥❡❞ ❞✐str✐❜✉t✐♦♥ ✭✺✳✷✮ ✐s ✉♥✐❢♦r♠❧② t✐❣❤t✳ ■♥ ❙❡❝t✐♦♥ ✺✳✸✱ ✇❡ ❣❡♥❡r❛❧✐③❡
t❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥str✉❝t✐♦♥ ♦❢ ❬✼✶❪ ✐♥ ♦✉r t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s s❡tt✐♥❣ ❛♥❞ ✇❡ st❛t❡
s♦♠❡ ❡st✐♠❛t❡s ♦♥ t❤❡ ❝♦✉♣❧✐♥❣ t✐♠❡✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❡ ♠✐①✐♥❣ ♣r♦♣❡rt② ✭✺✳✸✮
✉♥❞❡r ❍②♣♦t❤❡s❡s ✺✳✷✱ ✺✳✶ ❛♥❞ ✺✳✸✳

❆♥ ✐♥t❡r❡st✐♥❣ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠✐①✐♥❣ ♣r♦♣❡rt② ✐s ❞❡❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✿ ✇❡
♣r♦✈❡ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♣r♦✈❡❞ ✐♥ ❈❤❛♣t❡r ✸ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ✐♥
t✐♠❡ ✉♥❞❡r ❍②♣♦t❤❡s❡s ✺✳✷✱ ✺✳✶ ❛♥❞ ✺✳✸✳ ❚❤✐s r❡s✉❧t ❣❡♥❡r❛❧✐③❡s ❛ r❡s✉❧t ♦❜t❛✐♥❡❞
❜② ❘♦✉ss❡t ❬✼✺❪ ✐♥ ❛ s✐t✉❛t✐♦♥ ✇✐t❤♦✉t ❤❛r❞ ❦✐❧❧✐♥❣✳

✺✳✷ ❆♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ ✉♥✐❢♦r♠ t✐❣❤t♥❡ss ♦❢

t❤❡ ❝♦♥❞✐t✐♦♥❡❞ ❞✐str✐❜✉t✐♦♥

❲❡ ♣r❡s❡♥t ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♣r♦✈❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❚❤✐s
♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❇✉r❞③②✱ ❍♦❧②st✱ ■♥❣❡r♠❛♥ ❛♥❞ ▼❛r❝❤ ❬✶✸❪ ❢♦r st❛♥✲
❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ❛♥❞ st✉❞✐❡❞ ❧❛t❡r ❜② ❇✉r❞③②✱ ❍♦➟②st ❛♥❞ ▼❛r❝❤ ❬✶✹❪ ❛♥❞
❜② ●r✐❣♦r❡s❝✉ ❛♥❞ ❑❛♥❣ ❬✹✵❪ ❢♦r ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s✱ ❜② ❉❡❧ ▼♦r❛❧ ❛♥❞ ▼✐❝❧♦ ❬✷✸❪
❛♥❞ ❜② ❘♦✉ss❡t ❬✼✺❪ ❢♦r ♣r♦❝❡ss❡s ✇✐t❤ s♠♦♦t❤ ❦✐❧❧✐♥❣s✱ ❋❡rr❛r✐ ❛♥❞ ▼❛r✐�❝ ❬✸✵❪
❢♦r ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✐♥ ❝♦✉♥t❛❜❧❡ st❛t❡ s♣❛❝❡s✱ ✐♥ ❬✽✺❪ ❢♦r ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❛♥❞
✐♥ ❬✽✹❪ ❢♦r ❣❡♥❡r❛❧ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳
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❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❛ s❡q✉❡♥❝❡ ♦❢ ❋❧❡♠✐♥❣✲❱✐♦t t②♣❡ ✐♥✲
t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s✱ ✇❤♦s❡ ❛ss♦❝✐❛t❡❞ s❡q✉❡♥❝❡ ♦❢ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥s
❝♦♥✈❡r❣❡s t♦ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ ❞✐str✐❜✉t✐♦♥ ✭✺✳✷✮ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s t❡♥❞s
t♦ ✐♥✜♥✐t②✳ ❋✐① N ≥ 2 ❛♥❞ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❋❧❡♠✐♥❣✲❱✐♦t t②♣❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡
s②st❡♠ ✇✐t❤ N ♣❛rt✐❝❧❡s✳ ❚❤❡ s②st❡♠ ♦❢ N ♣❛rt✐❝❧❡s (X1,N

s,t ,...,X
N,N
s,t )t≥s st❛rts

❢r♦♠ ❛♥ ✐♥✐t✐❛❧ st❛t❡ (X1,N
s,s ,...,X

N,N
s,s ) ∈ DN ✱ t❤❡♥✿

❼ ❚❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s N ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ ZXi,N
s,s

s,· ✉♥t✐❧ ♦♥❡ ♦❢ t❤❡♠✱ s❛②
Xi1,N ✱ ✐s ❦✐❧❧❡❞✳ ❚❤❡ ✜rst ❦✐❧❧✐♥❣ t✐♠❡ ✐s ❞❡♥♦t❡❞ ❜② τN1 ✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t
✉♥❞❡r ♦✉r ❤②♣♦t❤❡s❡s✱ t❤❡ ♣❛rt✐❝❧❡ ❦✐❧❧❡❞ ❛t t✐♠❡ τN1 ✐s ✉♥✐q✉❡ ✭❚❤❡♦r❡♠ ✸✳✶✱
❈❤❛♣t❡r ✸✮✳

❼ ❆t t✐♠❡ τN1 ✱ t❤❡ ♣❛rt✐❝❧❡ Xi1,N ❥✉♠♣s ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛♥ ♦t❤❡r ♣❛rt✐❝❧❡✱
❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛♠♦♥❣ t❤❡ N − 1 r❡♠❛✐♥✐♥❣ ♦♥❡s✳ ❆❢t❡r t❤✐s ♦♣❡r❛t✐♦♥✱
t❤❡ ♣♦s✐t✐♦♥ Xi,N

s,τN1
✐s ✐♥ D✱ ❢♦r ❛❧❧ i ∈ {1,...,N}✳

❼ ❚❤❡♥ t❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s N ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ Z
Xi,N

s,τN1

τN1 ,·
✉♥t✐❧ ♦♥❡ ♦❢

t❤❡♠✱ s❛② Xi2,N ✱ ✐s ❦✐❧❧❡❞✳ ❚❤✐s s❡❝♦♥❞ ❦✐❧❧✐♥❣ t✐♠❡ ✐s ❞❡♥♦t❡❞ ❜② τN2 ✳ ❖♥❝❡
❛❣❛✐♥✱ t❤❡ ❦✐❧❧❡❞ ♣❛rt✐❝❧❡ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✳

❼ ❆t t✐♠❡ τN2 ✱ t❤❡ ♣❛rt✐❝❧❡ Xi2,N ❥✉♠♣s ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛♥ ♦t❤❡r ♣❛rt✐❝❧❡✱
❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛♠♦♥❣ t❤❡ N − 1 r❡♠❛✐♥✐♥❣ ♦♥❡s✳

❼ ❚❤❡♥ t❤❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ ZXi,N
s,τ2

τN2 ,·
❛♥❞ s♦ ♦♥✳

❲❡ ❞❡♥♦t❡ ❜② 0 < τN1 < τN2 < ... < τNn < ... t❤❡ s❡q✉❡♥❝❡ ♦❢ ❦✐❧❧✐♥❣✴❥✉♠♣ t✐♠❡s
♦❢ t❤❡ ♣r♦❝❡ss✳ ❇② ❍②♣♦t❤❡s❡s ✺✳✷✱ ✺✳✸ ❛♥❞ ✺✳✶✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✶
♦❢ ❈❤❛♣t❡r ✸ ❛r❡ ❢✉❧✜❧❧❡❞✱ s♦ t❤❛t

lim
n→∞

τNn = +∞, ❛❧♠♦st s✉r❡❧②✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❛❜♦✈❡ ❛❧❣♦r✐t❤♠ ❞❡✜♥❡s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss (X1,N
s,t ,...,X

N,N
s,t )t≥0✳

❋♦r ❛❧❧ N ≥ 2 ❛♥❞ ❛❧❧ 0 ≤ s ≤ t✱ ✇❡ ❞❡♥♦t❡ ❜② µNs,t t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢

(X1,N
s,t ,...,X

N,N
s,t )✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

µNs,t(·) =
1

N

N
∑

i=1

δ
Xi,N

s,t
(·) ∈ M1(D),

✇❤❡r❡ M1(D) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ D✳

❇② ❚❤❡♦r❡♠ ✷✳✶ ♦❢ ❈❤❛♣t❡r ✸✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② ♠❡❛s✉r❛❜❧❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥
f : D 7→ R✱

E

∣

∣

∣

∣

∣

1

N

N
∑

i=1

f(Xi,N
s,t )− µNQs,t(f)

µNQs,t(1D)

∣

∣

∣

∣

∣

≤ 4(t− s)‖f‖∞√
N

√

E

(

1

µNs,sQs,t(1D)

)

.
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■❢ µNs,s ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ♦♥❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ E

(

1
µN
s,sQs,t1D

)

❜② 1
µN
s,sQs,t1D

✐♥ t❤❡ r✐❣❤t t❡r♠✳ ❚❤✉s ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢♦r ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ✈❛❧✉❡s
♦❢ µNs,s✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❯♥❞❡r ❍②♣♦t❤❡s❡s ✺✳✷✱ ✺✳✸ ❛♥❞ ✺✳✶✱ ✇❡ ❤❛✈❡

E

(∣

∣

∣

∣

∣

1

N

N
∑

i=1

f(Xi,N
s,t )−

µNs,sQs,t(f)

µNs,sQs,t1D

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

µNs,s

)

≤ 4(t− s)‖f‖∞
√

NµNs,sQs,t(1D)
, ❛❧♠♦st s✉r❡❧②✳

✭✺✳✹✮

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ str♦♥❣ ♠✐①✐♥❣ ♣r♦♣❡rt② ❛♥♥♦✉♥❝❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢
t❤✐s ♣❛♣❡r✱ ✇❡ ❛❧s♦ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐❢♦r♠ t✐❣❤t♥❡ss r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❋♦r ❛❧❧ ǫ > 0 ❛♥❞ ❛❧❧ t0 ≥ 0✱ t❤❡r❡ ❡①✐st ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t

αǫ > 0 ❛♥❞ ❛ ♥✉♠❜❡r Nǫ ≥ 2 s✉❝❤ t❤❛t✱ ∀0 ≤ s ≤ s+ t0 ≤ t✱

E
(

µNs,t(D
αǫ)
)

≤ ǫ, ∀N ≥ Nǫ, s+ t0 ≤ t,

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ µNs,s✳

▼♦r❡♦✈❡r✱ ✐❢ µNs,s ❝♦♥✈❡r❣❡s t♦ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ D✱ t❤❡♥ ✇❡ ❤❛✈❡✱ ❢♦r

❛❧❧ 0 ≤ s ≤ s+ t0 ≤ t ❛♥❞ ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ D✱

µQs,t(D
αǫ)

µQs,t(1D)
≤ ǫ.

Pr♦♦❢✳ ❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ❡①❛❝t❧② ❚❤❡♦r❡♠ ✶ ♦❢ ❈❤❛♣t❡r ✹✳
❲❡ ❛ss✉♠❡ t❤❛t µ(N)

s,s ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ✳ ❇②
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✱

µQs,t(D
αǫ)

µQs,t(1D)
= lim

N→∞
E
(

µNs,s(D
αǫ)
)

.

❚❤✐s ❛♥❞ t❤❡ ✜rst ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✳

✺✳✸ ❙tr♦♥❣ ♠✐①✐♥❣ ♣r♦♣❡rt②

▲❡t ✉s ♥♦✇ st❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧t✳

❚❤❡♦r❡♠ ✺✳✸✳ ❆ss✉♠❡ t❤❛t ❍②♣♦t❤❡s❡s ✺✳✶✱ ✺✳✷ ❛♥❞ ✺✳✸ ❛r❡ ❢✉❧✜❧❧❡❞✳ ❚❤❡♥ t❤❡r❡

❡①✐st t✇♦ ❝♦♥st❛♥ts C > 0 ❛♥❞ γ > 0 s✉❝❤ t❤❛t

sup
µ1,µ2∈M1(D)

∥

∥

∥

∥

µ1Q0,T

µ1Q0,T1D
− µ2Q0,T

µ2Q0,T1D

∥

∥

∥

∥

TV

≤ Ce−γT .

❲❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✺✳✸ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s✳ ■♥ ❙✉❜s❡❝t✐♦♥ ✺✳✸✳✶✱
✇❡ ♣r❡s❡♥t t❤❡ ❝♦✉♣❧✐♥❣ ❢♦r ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ❞✐✛✉s✐♦♥ ♣r♦✲
❝❡ss❡s✳ ■♥ ❙✉❜s❡❝t✐♦♥ ✺✳✸✳✷✱ ✇❡ ❞❡r✐✈❡ ❢r♦♠ t❤✐s ❝♦✉♣❧✐♥❣ t✇♦ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts
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✇❤✐❝❤ ❛r❡ ❦❡② st❡♣s ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✸✳ ❚❤❡ ✜rst r❡s✉❧t ✭▲❡♠♠❛ ✺✳✺✮
❝♦♥❝❡r♥s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❢❛♠✐❧② (xs,t)0≤s≤t ❛♥❞ ❛ ❝♦♥st❛♥t r0 > 0 s✉❝❤ t❤❛t

inf
x∈B(xs,t,r0)

Qs,t1D(x) ≥
1

2
‖Qs,t1D‖∞, ∀0 ≤ s+Π+ 1 ≤ t,

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t Π ✐s t❤❡ t✐♠❡✲♣❡r✐♦❞ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts σ ❛♥❞ b✳ ❚❤❡ s❡❝♦♥❞
r❡s✉❧t ✭▲❡♠♠❛ ✺✳✻✮ st❛t❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥st❛♥t β > 0 ❛♥❞ ❛ ❢❛♠✐❧② ♦❢
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s (νx1,x2

s )s≥0,(x1,x2)∈D×D s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ s ≥ 0✱ ❛❧❧ (x1,x2) ∈
D ×D ❛♥❞ ❛♥② ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✱

Qs,s+1f(xi)

Qs,s+11D(xi)
≥ βνx1,x2

s (f), i = 1,2.

❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✸ ✐♥ ❙✉❜s❡❝t✐♦♥ ✺✳✸✳✸✱ s❤♦✇✐♥❣ t❤❛t ▲❡♠♠❛ ✺✳✺
❛♥❞ ▲❡♠♠❛ ✺✳✻ ✐♠♣❧② t❤❡ str♦♥❣ ♠✐①✐♥❣ ♣r♦♣❡rt②✳

✺✳✸✳✶ ❈♦✉♣❧✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ ❝♦✉♣❧✐♥❣ ❢♦r ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s
❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳ ❋♦r ❛❧❧ s ≥ 0 ❛♥❞ ❛❧❧ (y1,y2) ∈ D×D✱ t❤❡r❡ ❡①✐sts ❛ ❞✐✛✉s✐♦♥

♣r♦❝❡ss (Y 1
s,t,Y

2
s,t)t≥s s✉❝❤ t❤❛t

✶✳ (Y 1
s,t)t≥s ❤❛s t❤❡ s❛♠❡ ❧❛✇ ❛s (Zy1

s,t)t≥s✱

✷✳ (Y 2
s,t)t≥s ❤❛s t❤❡ s❛♠❡ ❧❛✇ ❛s (Zy2

s,t)t≥s❀

✸✳ Y 1
s,t ❛♥❞ Y 2

s,t ❛r❡ ❡q✉❛❧ ❛❧♠♦st s✉r❡❧② ❛❢t❡r t❤❡ ❝♦✉♣❧✐♥❣ t✐♠❡

T s
c = inf{t ≥ 0, Y 1

s,t = Y 2
s,t},

✇❤❡r❡ inf ∅ = +∞ ❜② ❝♦♥✈❡♥t✐♦♥✳

✹✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 ✇❤✐❝❤ ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ s,t s✉❝❤ t❤❛t

P(t < τ1∂ ∨ τ2∂ ❛♥❞ T s
c > t ∧ τ1∂ ∧ τ2∂ ) ≤

c|y1 − y2|
√

1 ∧ (t− s)
,

✇❤❡r❡ τ1∂ ❛♥❞ τ2∂ ❞❡♥♦t❡ t❤❡ ❦✐❧❧✐♥❣ t✐♠❡s ♦❢ Y 1 ❛♥❞ Y 2 r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❡ss❡♥t✐❛❧❧② ❢♦❧❧♦✇s t❤❡ ✐❞❡❛s ✐♥tr♦✲
❞✉❝❡❞ ✐♥ ❬✼✶❪ ❛❞❛♣t❡❞ t♦ t❤❡ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳ ❙♦ ✇❡ ❞♦ ♥♦t ✇r✐t❡ t❤❡
♣r♦♦❢ ✐♥ ❞❡t❛✐❧s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❧❡t ✉s r❡❝❛❧❧ t❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥str✉❝✲
t✐♦♥✳

❇② ❍②♣♦t❤❡s✐s ✺✳✸✱ t❤❡r❡ ❡①✐sts λ0 > 0 s✉❝❤ t❤❛t σσ∗−λ0I ✐s ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡
❢♦r ❛❧❧ t,x✳ ▲❡t σ0 :=

√
σσ∗ − λ0I ❜❡ t❤❡ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❛tr✐①
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❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t σ20 = σσ∗ −λ0I✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ λ0
s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t σ0 ✐s ✉♥✐❢♦r♠❧② ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❲❡ ❞❡✜♥❡

u(x,y) =
k(|x− y|)(x− y)

(k(|x− y|) + 1)|x− y| ❛♥❞ Ct(x,y) = λ0 (I − 2u(x,y)u(x,y)∗)+σ0(t,x)σ0(t,y)
∗,

✇❤❡r❡ k(r) = (k0r
2/2 ∨ r)

1
4 ✳ ❇❡❢♦r❡ t❤❡ ❝♦✉♣❧✐♥❣ t✐♠❡✱ t❤❡ ❝♦✉♣❧✐♥❣ ♣r♦❝❡ss ✐s

❣❡♥❡r❛t❡❞ ❜②

Lt(x,y) =
1

2

d
∑

i,j=1

{

[σ(t,x)σ(t,x)∗]i,j
∂2

∂xi∂xj
+ [σ(t,y)σ(t,y)∗]i,j

∂2

∂yi∂yj

+2[Ct(x,y)]i,j
∂2

∂xi
∂yj

}

+

d
∑

i=1

{

bi(t,x)
∂

∂xi
+ bi(t,y)

∂

∂yi

}

.

❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ Lt ❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ♦✈❡r Rd✱ t❤❡♥✱ ❢♦r ❛❧❧ s ≥ 0

❛♥❞ x = (y1,y2) ∈ D ×D✱ t❤❡r❡ ❡①✐sts ❛ ♥♦t ♥❡❝❡ss❛r✐❧② ✉♥✐q✉❡ ♣r♦❝❡ss (Xx
s,t)t≥0

✇✐t❤ ✈❛❧✉❡s ✐♥ R2d t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (Lt)t≥s ✭s❡❡ ❬✹✼✱
❚❤❡♦r❡♠ ✷✳✷✱ ❈❤❛♣t❡r ■❱❪✮✳ ❲❡ s❡t Xx

s,t = (Y ′1
s,t,Y

′2
s,t) ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦✉♣❧✐♥❣

t✐♠❡ T ′s
c ♦❢ Xx

s,·✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②

T ′s
c = inf{t ≥ s, s✉❝❤ t❤❛t Y ′1

s,t = Y ′2
s,t}.

❲❡ ❞❡✜♥❡ Y 1 ❛♥❞ Y 2 ❛s ❢♦❧❧♦✇s✿

Y i
t =

{

Y ′i
t , t ≤ T ′s

c ,

Y ′1
t , t > T ′s

c .

▼♦r❡♦✈❡r✱ ❡❛❝❤ ♠❛r❣✐♥❛❧ ♣r♦❝❡ss Y i✱ i = 1,2✱ ✐s ❦✐❧❧❡❞ ❡✐t❤❡r ✇❤❡♥ ✐t ❤✐ts t❤❡
❜♦✉♥❞❛r② ∂D ♦r ✇✐t❤ ❛ r❛t❡ κ✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ 4th st❛t❡♠❡♥t ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✹ r❡q✉✐r❡s ✜♥❡ ❡st✐♠❛t❡s ❛♥❞
❝❛❧❝✉❧✉s ✇❤✐❝❤ ❛r❡ ♣❧❛✐♥❧② ❞❡t❛✐❧❡❞ ✐♥ ❬✼✶❪✳

✺✳✸✳✷ ■♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s✱ ✇❤✐❝❤ ❛r❡ ❡ss❡♥t✐❛❧ ❢♦r t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✸✳ ❲❡ r❡❝❛❧❧ t❤❛t Π ❞❡♥♦t❡s t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts
❛♥❞ ✇❡ ❡♠♣❤❛s✐③❡ t❤❛t ▲❡♠♠❛ ✺✳✺ ✐s t❤❡ ♦♥❧② st❡♣ ✇❤✐❝❤ r❡q✉✐r❡s t❤❡ ♣❡r✐♦❞✐❝✐t②
❛ss✉♠♣t✐♦♥✳

▲❡♠♠❛ ✺✳✺✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② xs,t t❤❡ ♣♦✐♥t ❛t ✇❤✐❝❤ Qs,t1D ✐s ♠❛①✐♠❛❧✳ ❚❤❡r❡

❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t r0 > 0✱ s✉❝❤ t❤❛t✱ ❞❡♥♦t✐♥❣ ❜② B(xs,t,r0) t❤❡ ❜❛❧❧ ♦❢

r❛❞✐✉s r0 ❝❡♥t❡r❡❞ ♦♥ xs,t✱ ✇❡ ❤❛✈❡

inf
x∈B(xs,t,r0)

Qs,t1D(x) ≥
1

2
‖Qs,t1D‖∞, ∀0 ≤ s ≤ s+Π+ 1 ≤ t,
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Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✺✳ ❋✐① s ≥ 0 ❛♥❞ ❧❡t (Y 1
s,·,Y

2
s,·) ❜❡ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ Pr♦♣♦s✐t✐♦♥

✺✳✹✱ st❛rt✐♥❣ ❢r♦♠ t♦ ♣♦✐♥ts y1 ❛♥❞ y2 ✐♥ D✳ ❋r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ✭✶✮ ❛♥❞ ✭✷✮ ♦❢
t❤❡ ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛♥② ♠❡❛s✉r❛❜❧❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f ✇❤✐❝❤
✈❛♥✐s❤❡s ♦✉ts✐❞❡ D✱ ✇❡ ❤❛✈❡

∣

∣Qs,s+Πf(y
1)−Qs,s+Πf(y

2)
∣

∣ ≤ E
∣

∣f(Y 1
s,s+Π)− f(Y 2

s,s+Π)
∣

∣

✇❤❡r❡ f(Y 1
s,s+Π) = f(Y 2

s,s+Π) = 0 ✐❢ s + Π ≥ τ1∂ ∨ τ2∂ ❛♥❞✱ ❜② ♣r♦♣❡rt② ✭✸✮ ♦❢
Pr♦♣♦s✐t✐♦♥ ✺✳✹✱ Y 2

s,s+Π = Y 2
s,s+Π ✐❢ T s

c ≤ s+Π ∧ τ1∂ ∧ τ2∂ ✳ ❚❤✉s ✇❡ ❤❛✈❡
∣

∣Qs,s+Πf(y
1)−Qs,s+Πf(y

2)
∣

∣ ≤ ‖f‖∞P
(

s+Π < τ1∂ ∨ τ2∂ ❛♥❞ T s
c > s+Π ∧ τ1∂ ∧ τ2∂

)

≤ ‖f‖∞
c|y1 − y2|√

1 ∧Π
, ✭✺✳✺✮

❜② ♣r♦♣❡rt② ✭✹✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳

❇② Pr♦♣♦s✐t✐♦♥ ✺✳✷ ✇✐t❤ ǫ = 1/2 ❛♥❞ t0 = 1✱ t❤❡r❡ ❡①✐sts α0 > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧
0 ≤ s ≤ s+Π+ 1 ≤ t✱

Qs+Π,t1D(x) ≤ 2Qs+Π,t1(Dα0 )c(x),

✇❤❡r❡ (Dα0)c = {x ∈ D, φD(x) ≥ α0}✳ ❲❡ ❡♠♣❤❛s✐③❡ α0 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ s,t✳
❙✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❙❉❊ ✭✺✳✶✮ ❛♥❞ t❤❡ ❦✐❧❧✐♥❣ r❛t❡ κ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡
✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♦♥ D✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t cα0 ✱ s✉❝❤ t❤❛t✱ ❢♦r ❛♥②
t ≥ 0✱

inf
x∈(Dα0 )c

Qt,t+Π1D ≥ cα0 > 0.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

1(Dα0 )c(x) ≤
Qt,t+Π1D

cα0

(x).

❲❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛❧❧ 0 ≤ s ≤ s+Π+ 1 ≤ t✱

Qs+Π,t1D(x) ≤ 2Qs+Π,t
Qt,t+Π1D

cα0

(x),

s♦ t❤❛t

‖Qs+Π,t (1D) ‖∞ ≤ 2

cα0

‖Qs+Π,t+Π1D‖∞

≤ 2

cα0

‖Qs,t1D‖∞,

❜② t❤❡ ♣❡r✐♦❞✐❝✐t② ❛ss✉♠♣t✐♦♥ ♦❢ ❍②♣♦t❤❡s✐s ✺✳✶✳ ❆♣♣❧②✐♥❣ ✐♥❡q✉❛❧✐t② ✭✺✳✺✮ t♦
f = Qs+Π,t (1D) ❛♥❞ ✉s✐♥❣ t❤❡ s❡♠✐✲❣r♦✉♣ ♣r♦♣❡rt② ♦❢ (Qs,t)s≤t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱
❢♦r ❛❧❧ s ≤ s+Π+ 1 ≤ t✱

∣

∣Qs,tf(y
1)−Qs,tf(y

2)
∣

∣ ≤ 2c|y1 − y2|
cα0

√
1 ∧Π

‖Qs,t1D‖∞.
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❋♦r ❛♥② 0 ≤ s ≤ s + Π + 1 ≤ t✱ ❧❡t xs,t ❜❡ s✉❝❤ t❤❛t Qs,t1D(xs,t) = ‖Qs,t1D‖∞✳
❲❡ ❤❛✈❡ ❜② t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t②✱

Qs,tf(y) ≥ ‖Qs,t1D‖∞ − 2c|xs,t − y|
cα0

√

1 ∧ (t− s)‖Qs,t1D‖∞
, ∀y ∈ D.

❈❤♦♦s✐♥❣ r0 =
cα0
4c ✱ ♦♥❡ ♦❜t❛✐♥s ▲❡♠♠❛ ✺✳✺✳

▲❡♠♠❛ ✺✳✻✳ ❚❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t β > 0 ❛♥❞ ❛ ❢❛♠✐❧② ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s

❞❡♥♦t❡❞ ❜② (νx1,x2
s )s≥0,(x1,x2)∈D×D s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ s ≥ 0✱ ❢♦r ❛❧❧ (x1,x2) ∈ D×D

❛♥❞ ❢♦r ❛♥② ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✱

Qs,s+1f(xi)

Qs,s+11D(xi)
≥ βνx1,x2

s (f).

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② r1 > 0✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ x ∈ D

inf
s≥0, (x1,x2)∈D×D

νx1,x2
s (B(x,r1) ∩D) > 0.

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✻✳ ▲❡t ✉s ✜rst ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t ρ0 > 0 ❛♥❞
❛ ✜①❡❞ ♣♦✐♥t x0 ∈ D s✉❝❤ t❤❛t✱ ❢♦r ❛♥② (y1,y2) ∈ B(x0,ρ0) × B(x0,ρ0) ❛♥❞ ❛♥②
s ≥ 0✱ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µy1,y2s ✇❤✐❝❤ ❢✉❧✜❧❧s

E

(

f(Zyi

s+ 2
3
,s+1

)

)

≥ 1

2
µy1,y2s (f). ✭✺✳✻✮

❋✐① x0 ∈ D ❛♥❞ s ≥ 0✳ ▲❡t ρ0 ❜❡ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✜①❡❞ ❧❛t❡r ✐♥
t❤❡ ♣r♦♦❢✳ ▲❡t y1,y2 ❜❡ t✇♦ ❡❧❡♠❡♥ts ♦❢ B(x0,ρ0) ❛♥❞ ❧❡t (Y 1

s+ 2
3
,·
,Y 2

s+ 2
3
,·
) ❜❡ t❤❡

❝♦✉♣❧✐♥❣ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✹ st❛rt✐♥❣ ❢r♦♠ (y1,y2) ∈ D × D ❛t t✐♠❡ s + 2
3 ✳ ❲❡

❞❡✜♥❡ t❤❡ ❡✈❡♥t E ❜②

E =
{

s+ 1 ∨ τ1∂ ∧ τ2∂ ♦r T s
c ≤ s+ 1 ∧ τ1∂ ∧ τ2∂

}

,

✇❤❡r❡ T s
c ✐s t❤❡ ❝♦✉♣❧✐♥❣ t✐♠❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✹✱ ❛♥❞ τ1∂ ❛♥❞ τ2∂ t❤❡ ❦✐❧❧✐♥❣ t✐♠❡s

♦❢ Y 1 ❛♥❞ Y 2 r❡s♣❡❝t✐✈❡❧②✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❦✐❧❧✐♥❣ t✐♠❡✱ s + 1 ≥ τ1∂ ∨ τ2∂
✐♠♣❧✐❡s Y 1

s+ 2
3
,s+1

= Y 1
s+ 2

3
,s+1

= ∂✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ ❝♦✉♣❧✐♥❣ ♣r♦♣❡rt② ✭✸✮ ♦❢

Pr♦♣♦s✐t✐♦♥ ✺✳✹✱ T s
c ≤ s+ 1 ∧ τ1∂ ∧ τ2∂ ✐♠♣❧✐❡s Y 1

s+ 2
3
,s+1

= Y 2
s+ 2

3
,s+1

✳ ❋✐♥❛❧❧②✱

E ⊂
{

Y 1
s+ 2

3
,s+1

= Y 2
s+ 2

3
,s+1

}

,

s♦ t❤❛t

E

(

f(Y 2
s+ 2

3
,s+1

)|E
)

= E

(

f(Y 1
s+ 2

3
,s+1

)|E
)

.
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❲❡ ❤❛✈❡ t❤❡♥ ✭t❤❡ ✜rst ❡q✉❛❧✐t② ❜❡✐♥❣ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✹ ✭✶✮✮✱ ❢♦r
❛♥② ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✇❤✐❝❤ ✈❛♥✐s❤❡s ♦✉ts✐❞❡ D✱

E

(

f(Zyi
s+ 2

3
,s+1

)

)

= E

(

f(Y i
s+ 2

3
,s+1

)
)

≥ E

(

f(Y i
s+ 2

3
,s+1

)|E
)

P (E)

≥ E

(

f(Y 1
s+ 2

3
,s+1

)|E
)

P (E) .

❇✉t Pr♦♣♦s✐t✐♦♥ ✺✳✹ ✭✹✮ ✐♠♣❧✐❡s

P (E) ≥ 1− 3c|y1 − y2| ≥ 1− 6cρ0

s♦ t❤❛t

E

(

f(Zyi
s+ 2

3
,s+1

)

)

≥ E

(

1D(Y
1
s+ 2

3
,s+1

)|E
)

(1− 6cρ0)µ
y1,y2
s (f), ∀i = 1,2, ✭✺✳✼✮

✇❤❡r❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µy1,y2s ♦♥ D ✐s ❞❡✜♥❡❞ ❜②

µy1,y2s (f) =
E

(

f(Y 1
s+ 2

3
,s+1

)|E
)

E

(

1D(Y 1
s+ 2

3
,s+1

)|E
) .

■t r❡♠❛✐♥s t♦ ❜♦✉♥❞s ❜② ❜❡❧♦✇ E

(

1D(Y
1
s+ 2

3
,s+1

)|E
)

t♦ ❝♦♥❝❧✉❞❡ t❤❛t ✭✺✳✻✮ ❤♦❧❞s

❢♦r ❛ ✇❡❧❧ ❝❤♦s❡♥ ρ0✳ ❲❡ ❤❛✈❡

E

(

1D(Y
1
s+ 2

3
,s+1

)|E
)

=
1

P(E)E
(

1D(Y
1
s+ 2

3
,s+1

)
)

− 1− P(E)
P(E) E

(

1D(Y
1
s+ 2

3
,s+1

)|Ec
)

≥ 1

P(E)E
(

1D(Zy1
s+ 2

3
,s+1

)

)

− 1− P(E)
P(E)

≥ E

(

1D(Zy1
s+ 2

3
,s+1

)

)

− 6cρ0
1− 6cρ0

.

❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❙❉❊ ✭✺✳✶✮ ❛♥❞ t❤❡ ❦✐❧❧✐♥❣ r❛t❡ κ ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♦♥
D✱ t❤✉s✱ ❢♦r ❛ ✜①❡❞ ♣♦✐♥t x0 ❛♥❞ ρ0 > 0 s♠❛❧❧ ❡♥♦✉❣❤✱

ǫ0
def
= inf

s≥0
inf

y1∈B(x0,ρ0)
E

(

1D(Zy1
s+ 2

3
,s+1

)

)

> 0.

❋✐♥❛❧❧②✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✺✳✼✮ t❤❛t

E

(

f(Zyi
s+ 2

3
,s+1

)

)

≥
(

ǫ0 −
6cρ0

1− 6cρ0

)

(1− 6cρ0)µ
y1,y2
s (f),

❢♦r ❛♥② ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✈❛♥✐s❤❡s ♦✉ts✐❞❡D✳ ■♥ ♣❛rt✐❝✉❧❛r✱
❝❤♦♦s✐♥❣ ρ0 s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛❧❧ i ∈ {1,2}✱

E

(

f(Zyi
s+ 2

3
,s+1

)

)

≥ ǫ0
2
µy1,y2s (f). ✭✺✳✽✮
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▲❡t ✉s ♥♦✇ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✻✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✳✷ ✇✐t❤ µ = δx✱
t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t α1 > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ s ≥ 0 ❛♥❞ ❛❧❧ x ∈ D✱

Qs,s+ 1
3
1(Dα1 )c(x) ≥ 1

2
Qs,s+ 1

3
1D(x)

≥ 1

2
Qs,s+11D(x). ✭✺✳✾✮

❙✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❙❉❊ ✭✺✳✶✮ ❛♥❞ t❤❡ ❦✐❧❧✐♥❣ r❛t❡ κ ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱
✇❡ ❝❧❡❛r❧② ❤❛✈❡

ǫ1
def
= inf

s≥0,x∈(Dα1 )c
Qs+ 1

3
,s+ 2

3
1B(x0,ρ0)(x) > 0.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✺✳✾✮ t❤❛t✱ ❢♦r ❛❧❧ x ∈ D✱

Qs,s+ 2
3
1B(x0,ρ0)(x) = Qs,s+ 1

3

(

Qs+ 1
3
,s+ 2

3
1B(x0,ρ0)

)

(x)

≥ ǫ1Qs,s+ 1
3
1(Dαǫ )c(x)

≥ ǫ1
2
Qs,s+11D(x) ✭✺✳✶✵✮

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ x1,x2 ∈ D ×D✱

Qs,s+1f(xi) ≥
∫

B(x0,ρ0)
Qs+ 2

3
,s+1f(y1)

[

δx1Qs,s+ 2
3

]

(dy1)

≥ 1

Qs,s+ 2
3
1B(x0,ρ0)(x2)

×
∫

B(x0,ρ0)

∫

B(x0,ρ0)
Qs+ 2

3
,s+1f(y1)

[

δx1Qs,s+ 2
3
⊗ δx2Qs,s+ 2

3

]

(dy1,dy2)

≥ ǫ0
2Qs,s+ 2

3
1B(x0,ρ0)(x2)

×
∫

B(x0,ρ0)

∫

B(x0,ρ0)
µy1,y2s (f)

[

δx1Qs,s+ 2
3
⊗ δx2Qs,s+ 2

3

]

(dy1,dy2) ❜② ✭✺✳✽✮

≥ ǫ0
Qs,s+ 2

3
1B(x0,ρ0)(x1)

2
νx1,x2
s (f),

✇❤❡r❡ νx1,x2
s ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ D ❞❡✜♥❡❞ ❜②

νx1,x2
s (f) =

∫

B(x0,ρ0)

∫

B(x0,ρ0)
µy1,y2s (f)

[

δx1Qs,s+ 2
3
⊗ δx2Qs,s+ 2

3

]

(dy1,dy2)

Qs,s+ 2
3
1B(x0,ρ0)(x1)Qs,s+ 2

3
1B(x0,ρ0)(x2)

.

❚❤✐s ❛♥❞ ■♥❡q✉❛❧✐t② ✭✺✳✶✵✮ ❛❧❧♦✇ ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ♣❛rt ♦❢
▲❡♠♠❛ ✺✳✻✳
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❋✐① r1 > 0 ❛♥❞ ❧❡t ✉s ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛✳ ❲❡ ❤❛✈❡✱ ❢♦r ❛❧❧
(y1,y2) ∈ (B(x0,ρ0))

2 ❛♥❞ ❛❧❧ x ∈ D✱

µy1,y2s (B(x,r1)) =
E

(

1B(x,r1)(Y
1
s+ 2

3
,s+1

)|E
)

E

(

1D(Y 1
s+ 2

3
,s+1

)|E
)

≥ E

(

1B(x,r1)(Y
1
s+ 2

3
,s+1

)
)

− (1− P(E))
≥ δy1Qs+ 2

3
,s+1(B(x,r1))− 6cρ0.

❙✐♥❝❡ t❤❡ ✈❛❧✉❡ ♦❢ ρ0 > 0 ✐s ❛r❜✐tr❛r✐❧② ❞❡t❡r♠✐♥❡❞✱ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ ρ0 s♠❛❧❧
❡♥♦✉❣❤ s♦ t❤❛t φD(x0) ≥ 2ρ0✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ t❤❡ ❜♦✉♥❞❡❞♥❡ss ❛♥❞ t❤❡
r❡❣✉❧❛r✐t② ♦❢ D ❢♦r❝❡ B(x,r1) ∩ D t♦ ❤❛✈❡ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ♠✐♥✐♠❛❧ ▲❡❜❡s❣✉❡
♠❡❛s✉r❡✳ ❚❤❡♥✱ s✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❙❉❊ ✭✺✳✶✮ ❛♥❞ t❤❡ ❦✐❧❧✐♥❣ r❛t❡ κ ❛r❡
❛ss✉♠❡❞ t♦ ❜❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱ ✇❡ ❝❧❡❛r❧② ❤❛✈❡

ǫ2
def
= inf

s≥0, x∈D, y1∈B(x,ρ0)
Qs+ 2

3
,s+11B(x,r1)(y1) > 0.

❲❡ ❞❡❞✉❝❡ t❤❛t
µy1,y2s (B(x,r1)) ≥ ǫ2/2.

❚❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥ ❛s ❛❜♦✈❡ ✭✇✐t❤ ♦✉r ♥❡✇ ❛♥❞ s♠❛❧❧❡r ρ0 > 0✮ ✐♠♣❧✐❡s t❤❛t

νx,ys (B(x,r1)) ≥ ǫ2/2, ∀x ∈ D.

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✻✳

✺✳✸✳✸ ❈♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✸

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✸✳ ▲❡t ✉s ❞❡✜♥❡✱ ❢♦r ❛❧❧
0 ≤ s ≤ t ≤ T t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r RT

s,t ❜②

RT
s,tf(x) =

Qs,t(fQt,T1D)(x)

Qs,T1D(x)
,

❢♦r ❛❧❧ x ∈ D ❛♥❞ ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✳ ▲❡t ✉s r❡♠❛r❦ t❤❛t t❤❡
✈❛❧✉❡ RT

s,tf(x) ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ f(Zx
s,t) ❝♦♥❞✐t✐♦♥❡❞ t♦ T < τ∂ ✳ ■♥❞❡❡❞ ✇❡

❤❛✈❡

E
(

f(Zx
s,t)
∣

∣ T < τ∂
)

=
E

(

f(Zx
s,t)1Zx

s,T∈D

)

E (T < τ∂)

=
E

(

f(Zx
s,t)E

(

1Zx
s,T∈D

∣

∣

∣
Zx
s,t

))

Qs,T1D(x)

=

E

(

f(Zx
s,t)E

(

1
Z

Zx
s,t

t,T ∈D
|Zx

s,t

))

Qs,T1D(x)
,
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❜② t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ E

(

1
Z

Zx
s,t

s,T ∈D
|Zx

s,t

)

= Qt,T1D(Zx
s,t)✱ ✇❡ ❣❡t

t❤❡ ❛♥♥♦✉♥❝❡❞ r❡s✉❧t✳

❋♦r ❛♥② T > 0✱ t❤❡ ❢❛♠✐❧② (RT
s,t)0≤s≤t≤T ✐s ❛ s❡♠✐✲❣r♦✉♣✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧

0 ≤ u ≤ s ≤ t ≤ T

RT
u,s(R

T
s,tf)(x) =

Qu,s(R
T
s,tfQs,T1D)(x)

Qu,T1D(x)
,

✇❤❡r❡✱ ❢♦r ❛❧❧ y ∈ D✱

RT
s,tf(y)Qs,T1D(y) = Qs,t(fQt,T1D)(y),

t❤❡♥

RT
u,sR

T
s,tf(x) =

Qu,s(Qs,t(fQt,T1D))(x)

Qu,T1D(x)

=
Qu,t(fQt,T1D)(x)

Qu,T1D(x)
= RT

u,tf(x),

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❛t (Qs,t)s≤t ✐s ❛ s❡♠✐❣r♦✉♣✳
■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ str♦♥❣ ♠✐①✐♥❣ ♣r♦♣❡rt② ♦❢ ❚❤❡♦r❡♠ ✺✳✸✱ ✇❡ ♥❡❡❞ t❤❡

❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❤♦s❡ ♣r♦♦❢ ✐s ♣♦st♣♦♥❡❞ t♦ t❤❡ ❡♥❞ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥✳

▲❡♠♠❛ ✺✳✼✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β′ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ 0 ≤ s ≤ T −Π− 2✱

✇❡ ❤❛✈❡

RT
s,s+1f(xi) ≥ β′ηx1,x2

s (f), i = 1,2,

❢♦r ❛❧❧ (x1,x2) ∈ D ×D ❛♥❞ ❛♥② ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✳

❋♦r ❛♥② ♦rt❤♦❣♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s µ1,µ2 ♦♥ D✱ ✇❡ ❤❛✈❡

‖µ1RT
s,s+1 − µ2R

T
s,s+1‖TV = sup

f∈B1(D)
|µ1RT

s,s+1(f)− µ2R
T
s,s+1(f)|

≤ sup
f∈B1(D)

∫

D×D

∣

∣RT
s,s+1f(x)−RT

s,s+1f(y)
∣

∣ µ1 ⊗ µ2(dx,dy),

✇❤❡r❡ B1(D) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f s✉❝❤ t❤❛t ‖f‖∞ ≤ 1✱ ❛♥❞
‖ · ‖TV t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♥♦r♠ ❢♦r s✐❣♥❡❞ ♠❡❛s✉r❡s✳ ❋♦r ❛♥② x,y ∈ D ×D ❛♥❞
❛♥② f ∈ B1(D)✱ ✇❡ ❤❛✈❡ ❜② ▲❡♠♠❛ ✺✳✼✱ ❢♦r ❛❧❧ s ≤ T −Π− 2✱
∣

∣RT
s,s+1f(x)−RT

s,s+1f(y)
∣

∣ =
∣

∣

(

RT
s,s+1f(x)− β′ηx,ys (f)

)

−
(

RT
s,s+1f(y)− β′ηx,ys (f)

)∣

∣

≤ 2(1− β′).

❙✐♥❝❡ µ1 ❛♥❞ µ2 ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✱ ✇❡ ❤❛✈❡
‖µ1 − µ2‖TV = 2✱ s♦ t❤❛t

‖µ1RT
s,s+1 − µ2R

T
s,s+1‖TV ≤ (1− β′)‖µ1 − µ2‖TV .



✺✳✸✳ ❙❚❘❖◆● ▼■❳■◆● P❘❖P❊❘❚❨ ✶✻✸

■❢ µ1 ❛♥❞ µ2 ❛r❡ t✇♦ ❞✐✛❡r❡♥t ❜✉t ♥♦t ♦rt❤♦❣♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✱ ♦♥❡ ❝❛♥
❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t t♦ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s (µ1−µ2)+

(µ1−µ2)+(D) ❛♥❞
(µ1−µ2)−

(µ1−µ2)−(D) ✳ ❚❤❡♥

‖ (µ1 − µ2)+
(µ1 − µ2)+(D)

RT
s,s+1 −

(µ1 − µ2)−
(µ1 − µ2)−(D)

RT
s,s+1‖TV

≤ (1− β′)‖ (µ1 − µ2)+
(µ1 − µ2)+(D)

− (µ1 − µ2)−
(µ1 − µ2)−(D)

‖TV .

❇✉t (µ1−µ2)+(D) = (µ1−µ2)−(D) s✐♥❝❡ µ1(D) = µ2(D) = 1✱ t❤❡♥✱ ♠✉❧t✐♣❧②✐♥❣
t❤❡ ♦❜t❛✐♥❡❞ ✐♥❡q✉❛❧✐t② ❜② (µ1 − µ2)+(D)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

‖(µ1 − µ2)+R
T
s,s+1 − (µ1 − µ2)−R

T
s,s+1‖TV ≤ (1− β′)‖(µ1 − µ2)+ − (µ1 − µ2)−‖TV .

❙✐♥❝❡ (µ1 − µ2)+ − (µ1 − µ2)− = µ1 − µ2✱ ✇❡ ♦❜t❛✐♥

‖µ1RT
s,s+1 − µ2R

T
s,s+1‖TV ≤ (1− β′)‖µ1 − µ2‖TV .

■♥ ♣❛rt✐❝✉❧❛r✱ ✉s✐♥❣ t❤❡ s❡♠✐❣r♦✉♣ ♣r♦♣❡rt② ♦❢ (RT
s,t)s,t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

‖δxRT
0,T−Π−2 − δyR

T
0,T−Π−2‖TV = ‖δxR0,T−Π−3R

T
T−Π−3,T−Π−2 − δyR

T
0,T−Π−3R

T
T−Π−3,T−Π−2‖TV

≤ (1− β′)‖δxRT
0,T−Π−3 − δyR

T
0,T−Π−3‖TV

≤ 2(1− β′)[T−Π−2],

✇❤❡r❡ [T − Π − 2] ❞❡♥♦t❡s t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ T − Π − 2✳ ❚❤❡♦r❡♠ ✺✳✸ ✐s t❤✉s
♣r♦✈❡❞ ❢♦r ❛♥② ♣❛✐r ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s (δx,δy)✱ ✇✐t❤ (x,y) ∈ D × D✱ ❢♦r ❛
❣♦♦❞ ❝❤♦✐❝❡ ♦❢ C ❛♥❞ γ✳

▲❡t µ ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ D ❛♥❞ y ∈ D✳ ❲❡ ❤❛✈❡
∣

∣

∣

∣

µQ0,T (f)− µQ0,T (1D)
δyQ0,T (f)

δyQ0,T (1D)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

D
Q0,T f(x)− δxQ0,T (1D)

δyQ0,T (f)

δyQ0,T (1D)
dµ(x)

∣

∣

∣

∣

≤
∫

D
Ce−γT

δxQ0,T (1D)dµ(x),

❜② t❤❡ ♠✐①✐♥❣ ♣r♦♣❡rt② ♣r♦✈❡❞ ❛❜♦✈❡✳ ❉✐✈✐❞✐♥❣ ❜② µQ0,T (1D) =
∫

D δxQ0,T (1D)dµ(x)✱
✇❡ ❞❡❞✉❝❡ t❤❛t

∣

∣

∣

∣

µQ0,T (f)

µQ0,T (1D)
− δyQ0,T (f)

δyQ0,T (1D)

∣

∣

∣

∣

≤ 2(1− β′)[T ],

❢♦r ❛♥② f ∈ B1✳ ❚❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡✱ r❡♣❧❛❝✐♥❣ δy ❜② ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱
❧❡❛❞s ✉s t♦ ❚❤❡♦r❡♠ ✺✳✸✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✼✳ ❇② ▲❡♠♠❛ ✺✳✻✱ t❤❡r❡ ❡①✐st β > 0 ❛♥❞ ❛ ❢❛♠✐❧② ♦❢ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s ❞❡♥♦t❡❞ ❜② (νx1,x2

s )s≥0, (x1,x2)∈D×D s✉❝❤ t❤❛t✱ ❢♦r ❛♥② (x1,x2) ∈ D ×D

❛♥❞ ❛♥② s ≥ 0✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ i ∈ {1,2}

Qs,s+1f(xi) ≥ Qs,s+11D(xi)βν
x1,x2
s (f),
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❢♦r ❛♥② ♥♦♥✲♥❡❣❛t✐✈❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✳ ❚❤❡♥ ✇❡ ❤❛✈❡

RT
s,s+1f(xi) =

Qs,s+1(fQs+1,T1D)(xi)

Qs,T1D(xi)

≥ βνx1,x2
s (fQs+1,T1D)Qs,s+11D(xi)

Qs,T1D(xi)
.

❙✐♥❝❡ s + 1 + Π + 1 ≤ T ❜② ❛ss✉♠♣t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ▲❡♠♠❛ ✺✳✺ t❤❛t t❤❡r❡
❡①✐st xs+1,T ∈ D ❛♥❞ r0 > 0 s✉❝❤ t❤❛t

inf
x∈B(xs+1,T ,r0)

Qs+1,T1D(x) ≥
1

2
‖Qs+1,T1D‖∞. ✭✺✳✶✶✮

❇② t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ▲❡♠♠❛ ✺✳✻✱ νx1,x2
s (B(xs,T ,r0)) ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❜❡❧♦✇

❜② ❛ ❝♦♥st❛♥t ǫ > 0 ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞ ♦♥ r0✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ηx1,x2
s ✐s

❞❡✜♥❡❞✱ ❢♦r ❛♥② ♠❡❛s✉r❛❜❧❡ s✉❜s❡t A ⊂ D✱ ❜②

ηx1,x2
s (A)

def
=

νx1,x2
s (A ∩B(xs,T ,r0))

νx1,x2
s (B(xs,T ,r0))

.

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✱

νx1,x2
s (f) ≥ ǫǫηx1,x2

s (f).

❲❡ ❞❡❞✉❝❡ t❤❛t

RT
s,s+1f(x1) ≥

ǫ
2η

x1,x2
s (f)Qs,s+11D(x1)‖Qs+1,T1D‖∞

Qs,T1D(x1)

≥ ǫ

2
ηx1,x2
s (f).

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✼✳

✺✳✹ ❯♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✐♥tr♦✲
❞✉❝t✐♦♥ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ✐♥ t✐♠❡ t♦ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✐s ❛♥
✐♠♣r♦✈❡♠❡♥t ♦❢ ■♥❡q✉❛❧✐t② ✭✺✳✹✮✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳

❚❤❡♦r❡♠ ✺✳✽✳ ❆ss✉♠❡ t❤❛t ❍②♣♦t❤❡s❡s ✺✳✶✱ ✺✳✷ ❛♥❞ ✺✳✸ ❤♦❧❞✳ ❆ss✉♠❡ t❤❛t

t❤❡ ❢❛♠✐❧② ♦❢ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥s (µNs,s)s≥0, N≥2 ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢

(·,XN
s,·)N≥2 ✐s ✉♥✐❢♦r♠❧② t✐❣❤t✳ ❚❤❡♥

lim
N→∞

sup
s≤t∈[0,+∞[

sup
f∈B1(D)

E

∣

∣

∣

∣

µNs,t(f)−
µN0 Qs,t(f)

µN0 Qs,t(1D)

∣

∣

∣

∣

= 0.
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Pr♦♦❢✳ ❋✐① ǫ > 0 ❛♥❞ ❧❡t ✉s ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts Nǫ ≥ 2 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧
N ≥ Nǫ ❛♥❞ ❛❧❧ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : D → R s✉❝❤ t❤❛t ‖f‖∞ ≤ 1✱

sup
t∈[0,+∞[

E

∣

∣

∣

∣

∣

µNs,s+t(f)−
µNs,sQs,s+t(f)

µNs,sQs,s+t(1D)

∣

∣

∣

∣

∣

≤ ǫ. ✭✺✳✶✷✮

▲❡t γ ❜❡ t❤❡ ❝♦♥st❛♥t ♦❢ ❚❤❡♦r❡♠ ✺✳✸ ❛♥❞ ✜① t0 ≥ 1 s✉❝❤ t❤❛t 2e−t0γ/2 ≤ ǫ/3✳

❋✐① α′
ǫ > 0 s✉❝❤ t❤❛t E(µNs,s(D

α′
ǫ)) ≤ ǫ ❢♦r ❛❧❧ N ≥ 2 ✭t❤✐s ✐s ❢❡❛s✐❜❧❡ s✐♥❝❡ t❤❡

s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✉♥✐❢♦r♠❧② t✐❣❤t✮✳ ❲❡ s❡t

βǫ
def
= inf

x∈(Dα′
ǫ)

c
Qs,s+t0+11D(x).

❙✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❙❉❊ ✭✺✳✶✮ ❛♥❞ t❤❡ ❦✐❧❧✐♥❣ r❛t❡ κ ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱
✇❡ ❝❧❡❛r❧② ❤❛✈❡ βǫ > 0✳ ❲❡ ❤❛✈❡ ❢♦r ❛❧❧ t ∈ [0,t0 + 1]

E

∣

∣

∣

∣

∣

µNs,s+t(f)−
µNs,sQs,s+t(f)

µNs,sQs,s+t(1D)

∣

∣

∣

∣

∣

= E

[

E

(∣

∣

∣

∣

∣

µNs,s+t(f)−
µNs,sQs,s+t(f)

µNs,sQs,s+t(1D)

∣

∣

∣

∣

∣

| µNs,s

)]

,

✇❤❡r❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✱

E

(∣

∣

∣

∣

∣

µNs,s+t(f)−
µNs,sQs,s+t(f)

µNs,sQs,s+t(1D)

∣

∣

∣

∣

∣

| µNs,s

)

≤
√

1

µNs,sQs,s+t(1D)

4t√
N
.

❙✐♥❝❡ ‖f‖∞ ≤ 1✱ ✇❡ ❤❛✈❡
∣

∣

∣µNs,s+t(f)−
µN
s,sQs,s+t(f)

µN
s,sQs,s+t(1D)

∣

∣

∣ ≤ 2 ❛❧♠♦st s✉r❡❧②✳ ❲❡ ❞❡❞✉❝❡

t❤❛t

E

∣

∣

∣

∣

∣

µNs,s+t(f)−
µNs,sQs,s+t(f)

µNs,sQs,s+t(1D)

∣

∣

∣

∣

∣

≤ ǫ

2
+ 2P

(

4t

√

1

NµNs,sQs,s+t(1D)
≥ ǫ

2

)

≤ ǫ

2
+ 2P

(

µNs,sQs,s+t(1D) ≤
64t2

ǫ2N

)

❇✉t µNs,sQs,s+t(1D) ≥ µNs,s

(

(Dα′
ǫ)c
)

βǫ✱ t❤✉s

E

∣

∣

∣

∣

∣

µNs,s+t(f)−
µNs,sQs,s+t(f)

µNs,sQs,s+t(1D)

∣

∣

∣

∣

∣

≤ ǫ

2
+ 2P

(

µNs,s

(

(Dα′
ǫ)c
)

≤ 64t2

ǫ2Nβǫ

)

≤ ǫ

2
+ 2P

(

µNs,s

(

Dα′
ǫ

)

≥ 1− 64(t0 + 1)2

ǫ2Nβǫ

)

≤ ǫ

2
+ 2

1

1− 64(t0+1)2

ǫ2Nβǫ

E

(

µNs,s

(

Dα′
ǫ

))

≤ ǫ

2
+ 2

1

1− 64(t0+1)2

ǫ2Nβǫ

ǫ,



✶✻✻
❈❍❆P❚❊❘ ✺✳ ❙❚❘❖◆● ▼■❳■◆● P❘❖P❊❘❚■❊❙ ❋❖❘ ❚■▼❊ ■◆❍❖▼❖●❊◆❊❖❯❙

❉■❋❋❯❙■❖◆ P❘❖❈❊❙❙❊❙ ❲■❚❍ ❑■▲▲■◆●

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ 0 ≤ t ≤ t0 + 1 ❛♥❞ ▼❛r❦♦✈✬s ✐♥❡q✉❛❧✐t②✳ ❋✐♥❛❧❧②✱ t❤❡r❡ ❡①✐sts
N ′

ǫ ≥ 2 s✉❝❤ t❤❛t✱ ∀N ≥ N ′
ǫ✱

sup
s≥0

sup
t∈[s,s+t0]

E

∣

∣

∣

∣

∣

µNs,s+t(f)−
µNs,sQs,s+t(f)

µNs,sQs,s+t(1D)

∣

∣

∣

∣

∣

≤ ǫ.

❋✐① ♥♦✇ t ≥ t0 + 1✳ ❲❡ ❤❛✈❡

E

∣

∣

∣

∣

∣

µNs,s+t(f)−
µNs,sQs,s+t(f)

µNs,sQs,s+t(1D)

∣

∣

∣

∣

∣

≤ E

∣

∣

∣

∣

∣

µNs,s+t(f)−
µNs,s+t−t0Qs+t−t0,s+t(f)

µNs,s+t−t0
Qs+t−t0,s+t(1D)

∣

∣

∣

∣

∣

+ E

∣

∣

∣

∣

∣

µNs,s+t−t0Qs+t−t0,s+t(f)

µNs,s+t−t0
Qs+t−t0,s+t(1D)

−
µNs,sQs,s+t(f)

µNs,sQs,s+t(1D)

∣

∣

∣

∣

∣

.

❇② Pr♦♣♦s✐t✐♦♥ ✺✳✷✱ t❤❡r❡ ❡①✐sts α′′
ǫ > 0 ❛♥❞ N ′′

ǫ > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ≥ t0 + 1

❛♥❞ ❛❧❧ N ≥ N ′′
ǫ ✱

E

(

µNs,s+t−t0(D
α′′
ǫ )
)

≤ ǫ.

❙✐♥❝❡ α′
ǫ ❛♥❞ α′′

ǫ ✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ ✇✐t❤♦✉t r❡str✐❝t✐♦♥ t❤❛t α′
ǫ = α′′

ǫ ✳ ❲✐t❤ t❤❡
s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ✉s✐♥❣ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛❧❧ N ≥ 2✱

E

∣

∣

∣

∣

∣

µNs,t(f)−
µNs,s+t−t0Qs+t−t0,s+t(f)

µNs,s+t−t0
Qs+t−t0,s+t(1D)

∣

∣

∣

∣

∣

≤ ǫ

2
+ 2

1

1− 64(t0+1)2

ǫ2Nβǫ

ǫ.

❇② ❚❤❡♦r❡♠ ✺✳✸✱ ✇❡ ❛❧s♦ ❤❛✈❡

E

∣

∣

∣

∣

∣

µNs,s+t−t0Qs,s+t(f)

µs+t−t0Qs,s+t(1D)
− µs,sQs,s+t(f)

µNs,sQs,s+t(1D)

∣

∣

∣

∣

∣

≤ 2e−γt0 = ǫ/3.

❚❤❡♥ t❤❡r❡ ❡①✐sts N ′′′
ǫ ≥ 2 s✉❝❤ t❤❛t✱ ∀N ≥ N ′′′

ǫ ✱

E

∣

∣

∣

∣

∣

µNs,s+t(f)−
µNs,sQs,s+t(f)

µNs,sQs,s+t(1D)

∣

∣

∣

∣

∣

≤ ǫ.

❙❡tt✐♥❣ Nǫ = N ′
ǫ ∨ N ′′′

ǫ ✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ ✭✺✳✶✷✮✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✺✳✽✳



❈❤❛♣t❡r ✻

❙✐♠✉❧❛t✐♦♥s

❆❜str❛❝t

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♣❛rt ♦❢ t❤❡ t❤❡s✐s✳ ■♥ ♣❛rt✐❝✉✲
❧❛r✱ ✇❡ ♣r❡s❡♥t ✐♥ ❞❡t❛✐❧ t❤❡ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠ ✉s❡❞ ✐♥ t❤❡ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧
✐❧❧✉str❛t✐♦♥s ♦❢ ❝❤❛♣t❡rs ✶ ❛♥❞ ✷✳ ❲❡ ❛❧s♦ ❞❡s❝r✐❜❡ t❤❡ ❈✰✰ ❢✉♥❝t✐♦♥s t❤❛t
❤❛✈❡ ❜❡❡♥ ❝r❡❛t❡❞ ✐♥ ♦r❞❡r t♦ ✐♠♣❧❡♠❡♥t t❤✐s ❛❧❣♦r✐t❤♠ ❛♥❞ ♣r❡s❡♥t ❤♦✇ t♦
✉s❡ ✐t ✐♥ s♦♠❡ s✐♠♣❧❡ ❡①❛♠♣❧❡s✳

✻✳✶ ❆❧❣♦r✐t❤♠

✻✳✶✳✶ Pr❡❧✐♠✐♥❛r✐❡s

▲❡t (Z)t≥0 ❜❡ ❛ ♣✉r❡ ❥✉♠♣ str♦♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss ✇❤✐❝❤ ❡✈♦❧✈❡s ♦♥ ❛ st❛t❡ s♣❛❝❡
E ✉♥t✐❧ ✐t ✐s ❛❜s♦r❜❡❞✱ t❤❛t ✐s ✉♥t✐❧ ✐t r❡❛❝❤❡s ❛ ❝❡♠❡t❡r② ♣♦✐♥t ∂ /∈ E✳ ❚❤❡
❛❜s♦r❜✐♥❣ t✐♠❡ ♦❢ Z ✐s

τ∂
def
= inf{t ≥ 0, Zt = ∂}.

❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t✇♦ ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ Z ❝❛♥♥♦t ❜❡ ❛❜s♦r❜❡❞ ❛t t❤❡ s❛♠❡
t✐♠❡ ❛❧♠♦st s✉r❡❧②✳ ❋♦r ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ ♦♥ E✱ t❤❡ ❧❛✇ ♦❢ Z st❛rt✐♥❣
✇✐t❤ ❞✐str✐❜✉t✐♦♥ µ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② Pµ ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ❡①♣❡❝t❛t✐♦♥ ❜② Eµ✳
■❢ t❤❡r❡ ❡①✐sts x ∈ E s✉❝❤ t❤❛t µ = δx✱ t❤✐s ♦❜❥❡❝ts ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❜②
Px ❛♥❞ Ex✳

■♥ ❙❡❝t✐♦♥ ✷ ♦❢ ❈❤❛♣t❡r ✸✱ ✇❡ ❜✉✐❧t ❛ s❡q✉❡♥❝❡ ♦❢ ❋❧❡♠✐♥❣✲❱✐♦t t②♣❡ ✐♥t❡r❛❝t✐♥❣
♣❛rt✐❝❧❡ s②st❡♠s (XN )N≥2 ✐♥ ♦r❞❡r t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥

Pµ (Zt ∈ ·|t < τ∂) .

❚❤❡ ✈❛❧✉❡ ♦❢ N ✐s ✜①❡❞ ❛❝r♦ss t❤❡ ✇❤♦❧❡ s❡❝t✐♦♥ ❛♥❞ ✇❡ s❤♦✇ ❤♦✇ t♦ ❝♦♠♣✉t❡

(Xi
t)t∈[0,T ], ∀i ∈ {1,...,N},

✶✻✼
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✇❤❡r❡ T ✐s ❛❧s♦ ✜①❡❞✳

✻✳✶✳✷ ❚❤❡♦r❡t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥

▲❡t (X1
0 ,...,X

N
0 ) ∈ EN ❜❡ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠✳ ❚❤✐s

✐s ❛♥ ✐♥♣✉t ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

❲❡ ✇✐❧❧ ❜✉✐❧❞ ❜② ✐t❡r❛t✐♦♥ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡①❡s (in)n≥0 ∈ {1,...,N}N ❛♥❞ ❛ s❡✲
q✉❡♥❝❡ ♦❢ ❢❛♠✐❧✐❡s ♦❢ t✐♠❡s (s1n,...,s

N
n )n≥0 ∈ ([0,+∞[N )N s✉❝❤ t❤❛t

❼ ❚❤❡ s❡q✉❡♥❝❡ (sin) ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡r❣❡s t♦ +∞✱ ❢♦r ❛♥② i ∈
{1,...,N}✳

❼ t❤❡ ✐♥❞❡① in ✐s t❤❡ s♠❛❧❧❡st ✐♥❞❡① ❢♦r t❤❡ r❡❧❛t✐♦♥ ≺n ❞❡✜♥❡❞ ❜②

i ≺n j ⇔
[

(sin < sjn) ♦r (s
i
n = sjn ❛♥❞ Xi

sin
= ∂)

♦r (sin = sjn ❛♥❞ Xi
sin

6= ∂ ❛♥❞ in < i)
]

.

❇② ✐♥st❛♥❝❡✱ i0 = 1 ✐s t❤❡ s♠❛❧❧❡st ✐♥❞❡① ❢♦r ≺0✳

■♥❢♦r♠❛❧❧②✱ sin ✇✐❧❧ ❜❡ t❤❡ ♥❡①t ❥✉♠♣ t✐♠❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡Xi✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱Xin

✇✐❧❧ ❜❡ t❤❡ ♥❡①t ❥✉♠♣✐♥❣ ♣❛rt✐❝❧❡ ❛♥❞✱ ✐❢ t✇♦ ♦r ♠♦r❡ ♣❛rt✐❝❧❡s ❥✉♠♣ s✐♠✉❧t❛♥❡♦✉s❧②
❛t t✐♠❡ sinn ✱ in ✐s t❤❡ ✐♥❞❡① ❝❤♦s❡♥ s♦ t❤❛t✿

❼ ❡✐t❤❡r ✐ts ♣♦s✐t✐♦♥ ❛❢t❡r t❤❡ ❥✉♠♣ ✐s ∂ ✭✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ithn ♣❛rt✐❝❧❡ ❤❛s
❜❡❡♥ ❛❜s♦r❜❡❞✮✱ s✉❝❤ ❛ ♣❛rt✐❝❧❡ ❜❡✐♥❣ ✉♥✐q✉❡ ❜② ❛ss✉♠♣t✐♦♥✱

❼ ♦r✱ ✐❢ ♥♦♥❡ ♦❢ t❤❡ ❥✉♠♣✐♥❣ ♣❛rt✐❝❧❡s ❛r❡ ❛❜s♦r❜❡❞ ❛t t✐♠❡ sinn ✱ Xin ❤❛s t❤❡
s♠❛❧❧❡st ✐♥❞❡① ❛♠♦♥❣ t❤❡ ❥✉♠♣✐♥❣ ♣❛rt✐❝❧❡s ✭t❤✐s ❝❤♦✐❝❡ ✐s ❛r❜✐tr❛r②✮✳

❊❧❡♠❡♥t❛r② st❡♣ n ≥ 1

❋✐① n ≥ 0 ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡ ✜♥✐t❡ s❡q✉❡♥❝❡s (il)0≤l≤n ❛♥❞ (s1l ,...,s
N
l )0≤l≤n ❛r❡

❜✉✐❧t✳

■❢ Xin
sinn

= ∂✱ ✇❡ ❝❤♦♦s❡ r❛♥❞♦♠❧② ❛♥❞ ✉♥✐❢♦r♠❧② ❛♥ ✐♥❞❡① jn ❛♠♦♥❣ {1,...,N}\{in}
❛♥❞ ✇❡ s❡t

Xin
sinn

= Xjn

sinn
.

❆❢t❡r t❤✐s st❡♣✱ Xin
sinn

❜❡❧♦♥❣s t♦ E✱ s✐♥❝❡ Xin
sinn

= Xjn

sinn
= ∂ ❝♦✉❧❞ ♦♥❧② ❤❛♣♣❡♥ ✐❢

t✇♦ ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ Z ❛r❡ ❛❜s♦r❜❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ✭❛t t✐♠❡ sinn ✮✱ ✇❤✐❝❤ ✐s
❢♦r❜✐❞❞❡♥ ❜② ♦✉r ❛ss✉♠♣t✐♦♥s✳

❚❤❡♥ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♥❡①t ❥✉♠♣ t✐♠❡ ♦❢ t❤❡ ithn ♣❛rt✐❝❧❡✱ ✇❤✐❝❤ ✐s ❞❡♥♦t❡❞ ❜②
sinn+1✱ ❛♥❞ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♥❡①t ❥✉♠♣✱ ✇❤✐❝❤ ✐s Xin

sinn+1

✳ ❲❡ ❛❧s♦ s❡t sin+1 = sin



✻✳✶✳ ❆▲●❖❘■❚❍▼ ✶✻✾

❢♦r ❛♥② i 6= in✳ ❲❡ ❞❡✜♥❡ in+1 ❛s t❤❡ s♠❛❧❧❡st ❡❧❡♠❡♥t ♦❢ {1,...,N} ❢♦r t❤❡ r❡❧❛t✐♦♥
≺n✳

❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡ s❡q✉❡♥❝❡s in ❛♥❞ sin✱ ❛♥❞ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡
s❡q✉❡♥❝❡ sin ❝♦♥✈❡r❣❡s t♦ +∞✳

❲❡ r❡♣❡❛t t❤❡ ♣r❡✈✐♦✉s ❡❧❡♠❡♥t❛r② st❡♣ ♠❛♥② t✐♠❡s✱ ❛♥❞ ✇❡ st♦♣ ❛s s♦♦♥ ❛s
sin > T ❢♦r ❛♥② i ∈ {1,...,N}✳ ❚❤✉s ✇❡✬✈❡ ❣♦t ❝♦♠♣✉t❡❞

(Xi
t)t∈[0,T ], ∀i ∈ {1,...,N}.

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐♥t❡r❡sts ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s t❤❛t ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❦❡❡♣ ✐♥ ♠❡♠♦r②
t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ ♣❛rt✐❝❧❡ Xi ❛t t✐♠❡s sin ❛♥❞ sin+1✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❛t t✐♠❡ sin+2✳

✻✳✶✳✸ ❈♦♥t❛✐♥❡r ♦❢ t❤❡ s❡t ♦❢ ♣❛rt✐❝❧❡s✿ ❛ ❝♦♠♣❧❡①✐t② ✐ss✉❡

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ❝♦♥❝❡r♥s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r ♦❢ ♣❛rt✐❝❧❡s✳ ❆t
t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛♥ ❡❧❡♠❡♥t❛r② st❡♣ n ≥ 1 ✭n ✐s ✜①❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✮✱ t❤✐s ✈❡❝t♦r
❤❛s t♦ ❝♦♥t❛✐♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ ♣❛rt✐❝❧❡ ❛t t✐♠❡s sin ❛♥❞ sin+1 ❛♥❞ t❤❡ t✐♠❡s
t❤❡♠s❡❧✈❡s✳ ❲❡ ❞❡♥♦t❡ ❜② ❱ t❤✐s ❝♦♥t❛✐♥❡r ❛♥❞ ❛ss✉♠❡ t❤❛t✱ ❢♦r ❛❧❧ i ∈ {1,...,N}✱
❱❬✐❪ ✐s ❛♥ ♦❜❥❡❝t ✇✐t❤ ❡❧❡♠❡♥ts ❛✱ ❜✱ ♣❛ ❛♥❞ ♣❜ s✉❝❤ t❤❛t✱ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡
nth st❡♣✱

❱❬✐❪✳❛= sin−1✱
❱❬✐❪✳❜= sin✱
❱❬✐❪✳♣❛= Xi

sin−1

❱❬✐❪✳♣❜= Xi
sin
✳

❆t ❡❛❝❤ ❡❧❡♠❡♥t❛r② st❡♣✱ ✇❡ ♥❡❡❞

✶✳ t❤❡ ✐♥❞❡① ✐♥= in ♦❢ t❤❡ s♠❛❧❧❡st ♣❛rt✐❝❧❡ ❢♦r ≺n✱

✷✳ ✐❢ t❤❡ ♣♦s✐t✐♦♥ ❱❬✐♥❪✳♣❜ ✐s ❡q✉❛❧ t♦ ∂✱ ✇❡ ♥❡❡❞ t♦ ❣❡t t❤❡ ✈❛❧✉❡ ♦❢ ❱❬❥♥❪✳♣❛✱
✇❤❡r❡ ❥♥= jn ✐s t❤❡ ✐♥❞❡① ♦❢ ❛ r❛♥❞♦♠❧② ❝❤♦s❡♥ ♣❛rt✐❝❧❡✱ ❞✐✛❡r❡♥t ❢r♦♠ in✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡ t②♣❡ ♦❢ ❱ ❛r❡ ❞✐r❡❝t❧② ❞❡r✐✈❡❞

✶✳ ✇❡ ♥❡❡❞ ❛♥ ❡✣❝✐❡♥t ♠❡t❤♦❞ t♦ ❛❝❝❡ss t❤❡ ❡❧❡♠❡♥t ❱❬✐♥❪✱ t❤❛t ✐s t♦ ❛❝❝❡ss
t❤❡ ≺n✲s♠❛❧❧❡st ❡❧❡♠❡♥t ♦❢ t❤❡ ❛rr❛② ❱✱

✷✳ ✇❡ ♥❡❡❞ ❛♥ ❡✣❝✐❡♥t ♠❡t❤♦❞ ❢♦r r❛♥❞♦♠ ♠❡♠♦r② ❛❝❝❡ss✳

❊✣❝✐❡♥t ✈❡❝t♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛❧r❡❛❞② ❡①✐st ✐♥ t❤❡ ❈✰✰ st❛♥❞❛r❞ ❧✐❜r❛r②✱ ✇❤✐❝❤
✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② st❞ ✭✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❡ ✇❡❜ s✐t❡ ❝♣❧✉s♣❧✉s✳❝♦♠ ❬✹✹❪✱
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✇❤❡r❡ ❛ s②st❡♠❛t✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s ❧✐❜r❛r② ✐s ♣r♦✈✐❞❡❞✮✳ ❚❤❡ t❤r❡❡ ♠❛✐♥ ✈❡❝✲
t♦r ❝♦♥t❛✐♥❡rs ♦❢ t❤❡ ❈✰✰ st❛♥❞❛r❞ ❧✐❜r❛r② ❛r❡ st❞✿✿❧✐st✱ st❞✿✿✈❡❝t♦r ❛♥❞
st❞✿✿s❡t✳

❚❤❡ ✜rst ♦♥❡✱ st❞✿✿❧✐st✱ ✐s ✐♠♣❧❡♠❡♥t❡❞ s♦ t❤❛t ✐t ✐s ❡❛s② t♦ ✐♥s❡rt ♦r r❡♠♦✈❡
❡❧❡♠❡♥ts❀ ✇❡ ✇♦♥✬t ✉s❡ t❤❡s❡ ❢❡❛t✉r❡s s✐♥❝❡ t❤❡ s✐③❡ ♦❢ ♦✉r ❝♦♥t❛✐♥❡r ❱ ✇✐❧❧ r❡♠❛✐♥
❝♦♥st❛♥t✱ ❡q✉❛❧ t♦ N ✳ ▼♦r❡♦✈❡r✱ ❧✐sts ❧❛❝❦ ❞✐r❡❝t ❛❝❝❡ss t♦ t❤❡ ❡❧❡♠❡♥ts ❜② t❤❡✐r
♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ✐s ♦✉r s❡❝♦♥❞ r❡q✉✐r❡♠❡♥t✳

❚❤❡ s❡❝♦♥❞ ♦♥❡✱ st❞✿✿✈❡❝t♦r✱ ❛❧❧♦✇s ❛❝❝❡ss t♦ ✐♥❞✐✈✐❞✉❛❧ ❡❧❡♠❡♥ts ❜② t❤❡✐r ♣♦✲
s✐t✐♦♥ ✐♥❞❡① ✐♥ ❝♦♥st❛♥t t✐♠❡❀ ✇❡ ♥❡❡❞ t❤✐s ❢❡❛t✉r❡ ✐♥ t❤❡ s❡❝♦♥❞ r❡q✉✐r❡♠❡♥t✳
❍♦✇❡✈❡r✱ ✐♥ ♦r❞❡r t♦ ❛❝❝❡ss t❤❡ ✜rst ❡❧❡♠❡♥t ✐♥ t❤❡ s❡♥s❡ ♦❢ ≺n ✭✇❤✐❝❤ ✐s ♥❡❡❞❡❞
❛t ❡❛❝❤ ❡❧❡♠❡♥t❛r② st❡♣✮✱ ♦♥❡ ❤❛s t♦ ✐t❡r❛t❡ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ✈❡❝t♦r✱
✇❤✐❝❤ ✐s ❞♦♥❡ ✐♥ ❧✐♥❡❛r t✐♠❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ st❞✿✿✈❡❝t♦r ❞♦❡s♥✬t ❡♥t✐r❡❧②
❢✉❧✜❧❧s ♦✉r r❡q✉✐r❡♠❡♥ts✳

❚❤❡ t❤✐r❞ ♦♥❡✱ st❞✿✿s❡t✱ ❝♦♥t❛✐♥s ❡❧❡♠❡♥ts ✇❤✐❝❤ ❛r❡ ❛❧✇❛②s s♦rt❡❞ ❢r♦♠ ❧♦✇❡r t♦
❤✐❣❤❡r ❢♦❧❧♦✇✐♥❣ ❛ s♣❡❝✐✜❝ str✐❝t ♦r❞❡r✐♥❣ ❝r✐t❡r✐♦♥❀ ✇❡ ✇✐❧❧ ✉s❡ t❤✐s ❢❡❛t✉r❡ t♦ s❛t✲
✐s❢② ♦✉r ✜rst r❡q✉✐r❡♠❡♥t✳ ❍♦✇❡✈❡r✱ r❛♥❞♦♠ ♠❡♠♦r② ❛❝❝❡ss ✐♥ st❞✿✿s❡t ✐s ♣♦♦r❧②
❡✣❝✐❡♥t ✭❧✐♥❡❛r t✐♠❡✮✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❞♦❡s♥✬t ❢✉❧✜❧❧ ♦✉r s❡❝♦♥❞ r❡q✉✐r❡♠❡♥t✳

❚❤❡ ♦r✐❣✐♥❛❧ s♦❧✉t✐♦♥ t❤❛t ✐s ✉s❡❞ ❤❡r❡ ✐s t♦ ❝♦♠❜✐♥❡ ❜♦t❤ t❤❡ st❞✿✿✈❡❝t♦r ❛♥❞
st❞✿✿s❡t ✐♥ ♦♥❡ ♥❡✇ ❝♦♥t❛✐♥❡r t②♣❡✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ♦❴✈❡❝t♦r ✭❛s ✏♦r❞❡r❡❞
✈❡❝t♦r✑✮✳ ❆♥ ♦r❞❡r❡❞ ✈❡❝t♦r ❱ ✇✐❧❧ ❤❛✈❡ t✇♦ ❡❧❡♠❡♥ts✿

❼ ❛ st❞✿✿s❡t ♦❢ ♣♦✐♥t❡r t♦ t❤❡ ♣❛rt✐❝❧❡s ♦r❞❡r❡❞ ❢♦❧❧♦✇✐♥❣ ≺n✱ ❝❛❧❧❡❞ ❱✳s❡t✱

❼ ❛ st❞✿✿✈❡❝t♦r ♦❢ ♣♦✐♥t❡r t♦ t❤❡ ♣❛rt✐❝❧❡s✱ ❝❛❧❧❡❞ ❱✳✈❡❝t♦r✳

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ❡❛r❧② ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ❢♦r❝❡ t❤❡ ♣♦✐♥t❡r t♦ t❤❡ ♣❛rt✐❝❧❡s ✐♥ t❤❡
❱✳s❡t t♦ ❜❡ ♦r❞❡r❡❞✳ ❲❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✿

❼ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ nth ❡❧❡♠❡♥t❛r② st❡♣✱ ✇❡ ❝❤♦♦s❡ t❤❡ ✜rst ♣♦✐♥t❡r
t♦ ❛ ♣❛rt✐❝❧❡ ♦❢ ❱✳s❡t✱ ✇❤✐❝❤ ♣♦✐♥ts t♦ t❤❡ ithn ♣❛rt✐❝❧❡ ♦❢ t❤❡ ♣r♦❝❡ss ❜②
❝♦♥str✉❝t✐♦♥ ♦❢ ❱✳s❡t✳ ❚❤✐s ❣✐✈❡s ✉s ❛❝❝❡ss t♦ ithn ♣❛rt✐❝❧❡ ✐♥ ❝♦♥st❛♥t t✐♠❡✳

❼ ■❢ t❤❡ ♣❛rt✐❝❧❡ ❤❛s ❜❡❡♥ ❦✐❧❧❡❞✱ t❤❡♥ ✇❡ ❝❤♦♦s❡ r❛♥❞♦♠❧② ❛♥❞ ✉♥✐❢♦r♠❧② ❛♥
✐♥❞❡① jn ❜❡t✇❡❡♥ 0 ❛♥❞ N−1✱ ❞✐✛❡r❡♥t ❢r♦♠ in✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛rt✐❝❧❡
✐s ♣♦✐♥t❡❞ t♦ ❜② ❱✳✈❡❝t♦r❬❥❴♥❪✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ t❤❡ ♥❡✇ ♣♦s✐t✐♦♥
♦❢ t❤❡ ithn ♣❛rt✐❝❧❡ ✐♥ ❝♦♥st❛♥t t✐♠❡✳

❼ ❚❤❡♥ ✇❡ ♣r♦❝❡❡❞ t♦ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ t❤❡ ♣❛t❤ ♦❢ t❤❡ ithn ♣❛rt✐❝❧❡✱ st✐❧❧ ✐♥
❝♦♥st❛♥t t✐♠❡✳

❼ ❆t t❤✐s ♠♦♠❡♥t✱ t❤❡ ✜rst ❡❧❡♠❡♥t ♦❢ ❱✳s❡t ♣♦✐♥ts t♦ t❤❡ ithn ♣❛rt✐❝❧❡✱ ✇❤✐❝❤
✐s ♥♦ ♠♦r❡ t❤❡ ✜rst ♦♥❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ≺n✳ ❲❡ ♥❡❡❞ t♦ r❡✲♦r❞❡r t❤✐s ❡❧❡♠❡♥t✱
✇❤✐❝❤ ✐s ❞♦♥❡ ✐♥ lnN t✐♠❡✳
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❆♥ ❡❧❡♠❡♥t❛r② st❡♣ ✐s t❤✉s ❛❝❤✐❡✈❡❞ ✐♥ lnN t✐♠❡✳

❚❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥t❛r② st❡♣s r❡q✉✐r❡❞ ❢♦r t❤❡ ✇❤♦❧❡ s✐♠✉❧❛t✐♦♥ ✐s ❝❧❡❛r❧② ♣r♦✲
♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t✐♠❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✇❤♦❧❡
❛❧❣♦r✐t❤♠ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ N lnN ✭❢♦r ❛ ✜①❡❞ t✐♠❡ T ✮✳ ❯s✐♥❣ ♦♥❡ ♦❢ t❤❡ ♣r❡❞❡✲
✜♥❡❞ ✈❡❝t♦r ❝♦♥t❛✐♥❡rs ♦❢ t❤❡ st❞ ✇♦✉❧❞ ❧❡❛❞ ✉s t♦ ❛ t✐♠❡ ❧❡♥❣t❤ ♣r♦♣♦rt✐♦♥❛❧ t♦
O(N2)✳

✻✳✷ ❈✰✰ ❢✉♥❝t✐♦♥s ❛♥❞ s♦♠❡ ❡①❛♠♣❧❡s

✻✳✷✳✶ ❈✰✰ ❢✉♥❝t✐♦♥s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ✐♠♣♦rt❛♥t ❢✉♥❝t✐♦♥s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ C + +

❞✉r✐♥❣ t❤❡ t❤❡s✐s✳ ❲❡ ❛ss✉♠❡ t❤❛t ✇❡✬r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ♣✉r❡ ❥✉♠♣ ▼❛r❦♦✈ ♣r♦✲
❝❡ss ✇❤✐❝❤ ❡✈♦❧✈❡s ✐♥ ❛ st❛t❡ s♣❛❝❡ E✱ t❤❡ st❛t❡ s♣❛❝❡ ❜❡✐♥❣ ♥✉♠❡r✐❝❛❧❧② ✐♠✲
♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ t②♣❡ ❙❚❆❚❊❴❙P❆❈❊✳ ❇② ✐♥st❛♥❝❡✱ ✐❢ E = R✱ ♦♥❡ ❝♦✉❧❞ ❝❤♦♦s❡
❙❚❆❚❊❴❙P❆❈❊❂❞♦✉❜❧❡❀ ✐❢ E = N✱ ♦♥❡ ❝♦✉❧❞ ❝❤♦♦s❡ ❙❚❆❚❊❴❙P❆❈❊❂✐♥t✳

❚❤❡ ❝♦♥t❛✐♥❡r

❲❡ ♣r❡s❡♥t t❤❡ ✇❛② ♦❢ ❜✉✐❧❞✐♥❣ ❛♥ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ❳ s②st❡♠ ♦❢ t②♣❡
❋❧❡♠✐♥❣✲❱✐♦t ✇✐t❤ N ♣❛rt✐❝❧❡s✱ ❡❛❝❤ ♦❢ t❤❡♠ st❛rt✐♥❣ ❢r♦♠ ❛ ♣♦✐♥t x0✳ ❚❤❡ t②♣❡
♦❢ ❳ ✐s ■P❙❴❋❱❴♣❥❁❙❚❆❚❊❴❙P❆❈❊❃✳

❆ss✉♠❡ ❢♦r ✐♥st❛♥❝❡ t❤❛t N = 1000✱ ❙❚❆❚❊❴❙P❆❈❊❂✐♥t ❛♥❞ x0 = 7✱ t❤❡♥ ❳ ✐s ❜✉✐❧t
❛s ❢♦❧❧♦✇s✿

■P❙❴❋❱❴♣❥❁✐♥t❃ ❳✭✶✵✵✵✱✼✮❀

❚❤❡ ❞②♥❛♠✐❝ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❜❡t✇❡❡♥ t❤❡ ❥✉♠♣s

❚❤❡ ♣r♦❝❡ss ✇❤✐❝❤ ❞r✐✈❡s ❡❛❝❤ ♣❛rt✐❝❧❡ ✐s ❛♥ ♦❜❥❡❝t✱ ✇❤♦s❡ t②♣❡ ❤❛s t♦ ❜❡
❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♣✉r❡❧② ✈✐rt✉❛❧ ❝❧❛ss ❞②♥❛♠✐❝❁❙❚❆❚❊❴❙P❆❈❊❃✳ ❚❤❡ ♦♥❧② ♣✉r❡❧②
✈✐rt✉❛❧ ♠❡t❤♦❞ ♦❢ ❞②♥❛♠✐❝❁❙❚❆❚❊❴❙P❆❈❊❃ ✐s

❜♦♦❧ ✐♥❝r❡♠❡♥t✭❙❚❆❚❊❴❙P❆❈❊✫ ①✱ ❞♦✉❜❧❡✫ t✮❂✵❀

●✐✈❡♥ ❛ ♣♦s✐t✐♦♥ x ∈ E ❛♥❞ ❛ t✐♠❡ t ≥ 0✱ ✇❤✐❝❤ ❛r❡ ♣❛ss❡❞ ❜② ❛❞❞r❡ss ✐♥ ♦r❞❡r
t♦ ❜❡ ♠♦❞✐✜❡❞ ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ t❤❡ ♠❡t❤♦❞ ✐♥❝r❡♠❡♥t ❣✐✈❡s
t❤❡ ✭r❛♥❞♦♠✮ ♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ✭r❛♥❞♦♠✮ t✐♠❡ ♦❢ t❤❡ ♥❡①t ❥✉♠♣ ♦❢ t❤❡ ♣r♦❝❡ss Z
st❛rt✐♥❣ ❢r♦♠ x ❛t t✐♠❡ t✳ ❚❤❡s❡ ✈❛❧✉❡s ❛r❡ r❡t✉r♥❡❞ ❜② ♠♦❞✐❢②✐♥❣ x ❛♥❞ t✳ ■❢ t❤❡
♥❡✇ ♣♦s✐t✐♦♥ x ✐s ∂ ✭t❤❛t ✐s ✐❢ t❤❡ ♣❛rt✐❝❧❡ ❤❛s ❜❡❡♥ ❛❜s♦r❜❡❞✮✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥
r❡t✉r♥s tr✉❡✳ ■t r❡t✉r♥s ❢❛❧s❡ ♦t❤❡r✇✐s❡✳

❇② ✐♥st❛♥❝❡✱ ✐❢ t❤❡ ♣r♦❝❡ss ✐s ❛ ❧✐♥❡❛r ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ✇✐t❤ ❜✐rt❤ ❛♥❞ ❞❡❛t❤
♣❛r❛♠❡t❡rs ❡q✉❛❧ t♦ ❜❂✶ ❛♥❞ ❞❂✷ r❡s♣❡❝t✐✈❡❧② ✭s❡❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❜✐rt❤
❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss ✐♥ ❙❡❝t✐♦♥ ✹ ♦❢ ❈❤❛♣t❡r ✶✮✱ t❤❡♥ t❤❡ ♣r♦❝❡ss ♦❜❥❡❝t ✐s ❞❡✜♥❡❞
❛s ❢♦❧❧♦✇s ✭✇❤❡r❡ ❣s❧❴ ✐s ❛ r❡❢❡r❡♥❝❡ t♦ t❤❡ ●◆❯ ❙❝✐❡♥t✐✜❝ ▲✐❜r❛r②✮✿
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❝❧❛ss ❇❉❴♣r♦❝❡ss ✿ ♣✉❜❧✐❝ ❞②♥❛♠✐❝❁✐♥t❃④

♣✉❜❧✐❝✿

❇❉❴♣r♦❝❡ss✭✮④⑥

⑦❇❉❴♣r♦❝❡ss✭✮④⑥

❜♦♦❧ ✐♥❝r❡♠❡♥t✭✐♥t✫ ①✱ ❞♦✉❜❧❡✫ t✮④

❞♦✉❜❧❡ ❜❴r❛t❡❂✶✯✭✭❞♦✉❜❧❡✮ ①✮❀

❞♦✉❜❧❡ ❞❴r❛t❡❂✷✯✭✭❞♦✉❜❧❡✮ ①✮❀

✴✴ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡✱ ✇❡ ♣✐❝❦ ❛ r❛♥❞♦♠ ✈❛❧✉❡ ✇❤♦s❡ ❞✐str✐❜✉t✐♦♥ ✐s

✴✴ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❧❛✇ ✇✐t❤ r❛t❡ ❞❴r❛t❡✰❜❴r❛t❡✱ ✉s✐♥❣ t❤❡ ●❙▲ ❧✐❜r❛r②✿

❞♦✉❜❧❡ ❞t❂❣s❧❴r❛♥❴❡①♣♦♥❡♥t✐❛❧✭t❤✐s✲❃r✱✶✴✭❜❴r❛t❡✰❞❴r❛t❡✮✮❀

t✰❂❞t❀

✐❢✭①❃❂ ✵✮

④

✴✴ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡✱ ✇❡ ♣✐❝❦ ❛ r❛♥❞♦♠ ✈❛❧✉❡ ✇❤♦s❡ ❞✐str✐❜✉t✐♦♥ ✐s

✴✴ ❛ ❇❡r♥♦✉❧❧✐ ❧❛✇ ✇✐t❤ ♣❛r❛♠❡t❡r ❜❴r❛t❡✴✭❜❴r❛t❡✰❞❴r❛t❡✮

❞♦✉❜❧❡ t❡st✭❣s❧❴r❛♥❴❜❡r♥♦✉❧❧✐✭t❤✐s✲❃r✱❜❴r❛t❡✴✭❞❴r❛t❡✰❜❴r❛t❡✮✮✮❀

t❡st❂❂✶ ❄ ①✰✰ ✿ ①✲✲❀

⑥

❡❧s❡

④

①❂✵❀

⑥

r❡t✉r♥ ①❂❂✵❀

⑥

⑥❀

❇❉❴♣r♦❝❡ss ❛❴❜❞❴♣r♦❝❡ss✭✮❀ ✴✴t❤✐s ✐s ❛ ❇❉❴♣r♦❝❡ss ♦❜❥❡❝t

❲❡ t❡❧❧ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ❳ t♦ ✉s❡ ❜✐rt❤❴❛♥❞❴❞❡❛t❤❴♣r♦❝❡ss ❞✉r✐♥❣
t❤❡ ✐♥❝r❡♠❡♥ts ❜② ✉s✐♥❣

❳✳s❡t❴❞②♥❛♠✐❝✭✫❛❴❜❞❴♣r♦❝❡ss✮❀

❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠✿ ❛ ❝♦♠♣❧❡t❡ ❡①❛♠♣❧❡

❲❡ ♥♦✇ ❤❛✈❡ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts t♦ ❝♦♠♣✉t❡ t❤❡ ♣♦s✐t✐♦♥ ❛t t✐♠❡ ✶✵ ♦❢ t❤❡ ✐♥t❡r✲
❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ❳ ✇❤♦s❡ ✶✵✵✵ ♣❛rt✐❝❧❡s st❛rt ❢r♦♠ ✼✱ ❡✈♦❧✈✐♥❣ ❛s ❛❴❜❞❴♣r♦❝❡ss✳

★✐♥❝❧✉❞❡ ✧■P❙✳❤✧ ✴✴❝♦♥t❛✐♥s ❛❧❧ t❤❡ r❡q✉✐r❡❞ ❝❧❛ss❡s

❝❧❛ss ❇❉❴♣r♦❝❡ss ✿ ♣✉❜❧✐❝ ❞②♥❛♠✐❝❁✐♥t❃④
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♣✉❜❧✐❝✿

❇❉❴♣r♦❝❡ss✭✮④⑥

⑦❇❉❴♣r♦❝❡ss✭✮④⑥

❜♦♦❧ ✐♥❝r❡♠❡♥t✭✐♥t✫ ①✱ ❞♦✉❜❧❡✫ t✮④

❞♦✉❜❧❡ ❜❴r❛t❡❂✶✯✭✭❞♦✉❜❧❡✮ ①✮❀

❞♦✉❜❧❡ ❞❴r❛t❡❂✷✯✭✭❞♦✉❜❧❡✮ ①✮❀

❞♦✉❜❧❡ ❞t❂❣s❧❴r❛♥❴❡①♣♦♥❡♥t✐❛❧✭t❤✐s✲❃r✱✶✴✭❜❴r❛t❡✰❞❴r❛t❡✮✮❀

t✰❂❞t❀

✐❢✭①❃❂ ✵✮

④

❞♦✉❜❧❡ t❡st✭❣s❧❴r❛♥❴❜❡r♥♦✉❧❧✐✭t❤✐s✲❃r✱❜❴r❛t❡✴✭❞❴r❛t❡✰❜❴r❛t❡✮✮✮❀

t❡st❂❂✶ ❄ ①✰✰ ✿ ①✲✲❀

⑥

❡❧s❡

④

①❂✵❀

⑥

r❡t✉r♥ ①❂❂✵❀

⑥

⑥❀

✴✯✯✯✯✯✯✯✯✯

✯ ♠❛✐♥ ❢✉♥❝t✐♦♥

✯✯✯✯✯✯✯✯✯✯✴

✐♥t ♠❛✐♥✭✮④

✴✴ ❉❡❢✐♥✐t✐♦♥ ♦❢ t❤❡ ●❙▲ r❛♥❞♦♠ ❣❡♥❡r❛t♦r

❝♦♥st ❣s❧❴r♥❣❴t②♣❡ ✯ ❚❀

❣s❧❴r♥❣❴❡♥✈❴s❡t✉♣✭✮❀

❚❂❣s❧❴r♥❣❴❞❡❢❛✉❧t❀

❣s❧❴r♥❣✯ r❂❣s❧❴r♥❣❴❛❧❧♦❝✭❚✮❀

❣s❧❴r♥❣❴s❡t✭r✱✶✮❀

✴✴ ❉❡❢✐♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss

❇❉❴♣r♦❝❡ss ❛❴❜❞❴♣r♦❝❡ss✭✮❀

❛❴❜❞❴♣r♦❝❡ss✳s❡t❴r♥❣✭r✮❀ ✴✴ t❤❡ ♣r♦❝❡ss ✉s❡s t❤❡ r❛♥❞♦♠ ❣❡♥❡r❛t♦r r

✴✴ ❉❡❢✐♥✐t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠

■P❙❴❋❱❴♣❥❁✐♥t❃ ❳✭✶✵✵✵✱✼✮❀

❳✳s❡t❴r♥❣✭r✮❀ ✴✴ t❤❡ ♣r♦❝❡ss ✉s❡s t❤❡ r❛♥❞♦♠ ❣❡♥❡r❛t♦r r

❳✳s❡t❴❞②♥❛♠✐❝✭✫❛❴❜❞❴♣r♦❝❡ss✮❀
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✴✴ ❙✐♠✉❧❛t✐♦♥

✴✴ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ❳✳❝✉rr❡♥t❴t✐♠❡✭✮ ✐s t❤❡ t✐♠❡ ❜

✴✴ ♦❢ t❤❡ ♥❡①t ❥✉♠♣✐♥❣ ♣❛rt✐❝❧❡

❞♦✉❜❧❡ ❚✭✶✵✮❀

✇❤✐❧❡✭❳✳❝✉rr❡♥t❴t✐♠❡✭✮❁❚✮

④

❳✳✐♥❝r❡♠❡♥t✭✮❀ ✴✴♦♥❡ ❡❧❡♠❡♥t❛r② st❡♣

⑥

✴✴ ❉✐s♣❧❛② t❤❡ r❡s✉❧t

✴✴ ❳❬✐❪ ✐s t❤❡ ✐✲t❤ ♣❛rt✐❝❧❡ ❛❝❝❡ss❡❞ ❜② ❛❞❞r❡ss

✴✴ ✭❳❬✐❪✮❬❚❪ ✐s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤✐s ♣❛rt✐❝❧❡ ❛t t✐♠❡ ❚

❢♦r✭✐♥t ✐❂✵❀ ✐❁✶✵✵✵❀ ✐✰✰✮

④

st❞✿✿❝♦✉t ❁❁ ✧❭♥✧ ❁❁ ✐ ❁❁ ✧✲t❤ ♣❛rt✐❝❧❡ ❛t t✐♠❡ ❚✿ ✧ ❁❁ ✭❳❬✐❪✮❬❚❪❀

⑥

r❡t✉r♥ ✵❀

⑥

✻✳✷✳✷ ❆♥ ❡①❛♠♣❧❡ ♦❢ ♣r♦❣r❛♠

▼❛♥② ♣r♦❣r❛♠s ❤❛✈❡ ❜❡❡♥ ✇r✐tt❡♥ ❞✉r✐♥❣ t❤✐s t❤❡s✐s ✐♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ ♦r
✉♥❞❡rst❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❝♦♥❞✐t✐♦♥❡❞ ❞✐✛✉s✐♦♥s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❤❛s
❜❡❡♥ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐ts ♦❢ t❤❡ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s
st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ♦❢ ❈❤❛♣t❡r ✶✳

❚❤❡ ❥♦❜ ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛♥ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠
✇❤♦s❡ ♣❛rt✐❝❧❡s ❡✈♦❧✈❡ ❛s ❛ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss✱ t♦ s❛✈❡ t❤❡ ♣♦s✐t✐♦♥s ✐♥
❛ ✜❧❡ ❛♥❞ t♦ ♣r♦❞✉❝❡ ❛♥ ❤✐st♦❣r❛♠ t❤❛t ❝❛♥ ❜❡ ❞r❛✇♥ ✉s✐♥❣ t❤❡ ♣r♦❣r❛♠ ❣♥✉♣❧♦t✳

❍❡r❡ ✐s t❤❡ ❝♦❞❡✱ ✇❤❡r❡ ❧♦❣✐st✐❝❴❇❉❴♣r♦❝❡ss❴❝t ❞❡♥♦t❡s ❛ ♣r❡❞❡✜♥❡❞ ♣r♦❝❡ss
❝❧❛ss ✭✇❤✐❝❤ ✐s ❞❡r✐✈❡❞ ❢r♦♠ ❞②♥❛♠✐❝❁✐♥t❃✮ ❛♥❞ ✐♥t ✐s t❤❡ st❛t❡ s♣❛❝❡ ♦❢ t❤❡
♣r♦❝❡ss Z✳

★✐♥❝❧✉❞❡ ✧■P❙✳❤✧

t②♣❡❞❡❢ ❧♦❣✐st✐❝❴❇❉❴♣r♦❝❡ss❴❝t P❘❖❈❊❙❙❀

t②♣❡❞❡❢ ✐♥t ❙❚❆❚❊❴❙P❆❈❊❀

✐♥t ♠❛✐♥✭✐♥t ❛r❣✈✱ ❝❤❛r✯✯ ❛r❣❝✮

④

s✐♠✉❧❛t✐♦♥❴♣❥❴✶❉❁P❘❖❈❊❙❙✱❙❚❆❚❊❴❙P❆❈❊❃✭❛r❣✈✱❛r❣❝✮❀
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⑥

❚❤❡ ❝♦♠♣✐❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s ♠❛❞❡ ❛s ❢♦❧❧♦✇s ✐♥ ❛ ▲✐♥✉① s❤❡❧❧

✩ ❣✰✰ ✲♦ ♣r♦❣r❛♠ ♠❛✐♥✳❝♣♣ ✲❧❣s❧ ✲❧❣s❧❝❜❧❛s

❚❤❡ r❡s✉❧t✐♥❣ ♣r♦❣r❛♠✱ ❝❛❧❧❡❞ ❤❡r❡ ♣r♦❣r❛♠ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❛ ▲✐♥✉① s❤❡❧❧ ❛s ❢♦❧❧♦✇s✿

✩ ✳✴♣r♦❣r❛♠ ✲✲♣r♦❝❡ss ❢✐❧❡✳♣r♦❝ ✲✲✐♥✐t ✶✵✵✵✵ ✼ ✲✲❞✉r❛t✐♦♥ ✶✵

✲✲♦✉t♣✉t ❞❛t❛ ✲✲❤✐st ✲✵✳✺ ✶✵✵✳✺ ✶✵✶

✇❤❡r❡

❼ ✲✲♣r♦❝❡ss ❢✐❧❡✳♣r♦❝♠❡❛♥s t❤❛t ✇❡ ✉s❡ t❤❡ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ❜② ❢✐❧❡✳♣r♦❝✱
✇❤❡r❡ ❢✐❧❡✳♣r♦❝ ✐s ❛♥ ❡①✐st✐♥❣ ✜❧❡ t❛❦❡♥ ❛s ❛♥ ✐♥♣✉t ❛♥❞ ✇❤✐❝❤ ❞❡s❝r✐❜❡❞
t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❧♦❣✐st✐❝ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛✲
t✐♦♥✳ ■♥ ♦✉r ❝❛s❡✱ ✐t ✐s ❛ ❝♦♠♠♦♥ t❡①t✲✜❧❡ ✇❤✐❝❤ ❝♦♥t❛✐♥s

★★★★★★★★★★★★★★★★★★★★★★★★★★★★★

★ ◆❛♠❡ ♦❢ t❤❡ ♣r♦❝❡ss

★ ❧♦❣✐st✐❝❴❇❉❴♣r♦❝❡ss❴❝t

★ ❈♦♠♠❡♥t

★ Pr♦❝❡ss ✉s❡❞ ❛s ❛♥ ✐❧❧✉str❛t✐♦♥

★★★★★★★★★★★★★★★★★★★★★★★★★★★★★

★★★★★★★★★★★★★★★★★★★★★★★★★★★★★

★

★ ◆✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs

✸

★ ❇✐rt❤ ♣❛r❛♠❡t❡r

✶✶

★ ❉❡❛t❤ ♣❛r❛♠❡t❡r

✶

★ ❈♦♠♣❡t✐t✐♦♥ ♣❛r❛♠❡t❡r

✶

★

★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★

❼ ✲✲✐♥✐t ✶✵✵✵✵ ✼ ♠❡❛♥s t❤❛t t❤❡ s②st❡♠ ❤❛s ✶✵✵✵✵ ♣❛rt✐❝❧❡s✱ ❡❛❝❤ ♦❢ t❤❡♠
st❛rt✐♥❣ ❢r♦♠ t❤❡ ♣♦s✐t✐♦♥ 7✱

❼ ✲✲❞✉r❛t✐♦♥ ✶✵ ♠❡❛♥s t❤❛t t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐❧❧ ❧❛st 10 ✉♥✐ts ♦❢ t✐♠❡✱

❼ ✲✲♦✉t♣✉t ❞❛t❛ ♠❡❛♥s t❤❛t t❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✇✐❧❧ ❜❡ s❛✈❡❞
✐♥ ❛♥ ♦✉t♣✉t ✜❧❡ ❞❛t❛✳
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❼ ✲✲❤✐st ✲✵✳✺ ✶✵✵✳✺ ✶✵✶ ♠❡❛♥s t❤❛t ❛ ✜❧❡ ❞❛t❛✳❤✐st ✇✐❧❧ ❜❡ ❝r❡❛t❡❞✱ ✇❤✐❝❤
✇✐❧❧ ❝♦♥t❛✐♥ ❛♥ ❤✐st♦❣r❛♠ ♦❢ t❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡s✳ ❚❤✐s ❤✐s✲
t♦❣r❛♠ ✇✐❧❧ ❤❛✈❡ ✶✵✶ ✉♥✐❢♦r♠ r❛♥❣❡s ❜❡t✇❡❡♥ ✲✵✳✺ ❛♥❞ ✶✵✵✳✺✳

❖♥❝❡ t❤❡ ♣r♦❣r❛♠ ✐s ❧❛✉♥❝❤❡❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡ss❛❣❡ ❛♣♣❡❛rs ✐♥ t❤❡ t❡r♠✐♥❛❧✿

■t ✐♥❞✐❝❛t❡s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ t❤❛t ❤❛s ❜❡❡♥ r✉♥ ✉♣ t♦ ♥♦✇ ✭✷✺✵✴✶✵✵✵
❤❡r❡✮✱ t❤❡ ❡❧❛♣s❡❞ t✐♠❡ ❛♥❞ t❤❡ ❡st✐♠❛t❡❞ r❡♠❛✐♥✐♥❣ t✐♠❡✳

❖♥❝❡ ✐t ✐s ✜♥✐s❤❡❞✱ ♦♥❡ ❝❛♥ r❡♣r❡s❡♥t ❣r❛♣❤✐❝❛❧❧② t❤❡ r❡s✉❧t✱ ✉s✐♥❣ t❤❡ s♦❢t✇❛r❡
❣♥✉♣❧♦t ♦♥ ▲✐♥✉①✱ ❛♥❞ t❤❡♥ t❤❡ ♣❧♦t ❢✉♥❝t✐♦♥✿

✩ ❣♥✉♣❧♦t

❚❡r♠✐♥❛❧ t②♣❡ s❡t t♦ ✬✇①t✬

❣♥✉♣❧♦t❃ ♣❧♦t ✧✳✴❞❛t❛✳❤✐st✧ ✇✐t❤ ❜♦①❡s

❚❤✐s ♣r♦❞✉❝❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♣❤✿

❆♥ ♦t❤❡r ❡①❛♠♣❧❡

❖t❤❡r ❡①❛♠♣❧❡s ❝❛♥ ❜❡ ✐♠♠❡❞✐❛t❡❧② ♣r♦❞✉❝❡❞ ✉s✐♥❣ ♣r❡✲❡①✐st✐♥❣ ♣r♦❝❡ss t②♣❡s✳
❇② ✐♥st❛♥❝❡✱ ❤❡r❡ ✐s ❛ ♣r♦❣r❛♠ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ❜❛s❡❞ ♦♥ ❛ ❧♦❣✐st✐❝ ❋❡❧❧❡r ❞✐✛✉s✐♦♥
✭s❡❡ ❙❡❝t✐♦♥ ✺ ❈❤❛♣t❡r ✶✮

★✐♥❝❧✉❞❡ ✧■P❙✳❤✧

t②♣❡❞❡❢ ❧♦❣✐st✐❝❴❋❡❧❧❡r❴❞✐❢❢✉s✐♦♥❴♣r♦❝❡ss P❘❖❈❊❙❙❀
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t②♣❡❞❡❢ ❞♦✉❜❧❡ ❙❚❆❚❊❴❙P❆❈❊❀

✈♦✐❞ ♠❛✐♥✭✐♥t ❛r❣✈✱ ❝❤❛r✯✯ ❛r❣❝✮

④

s✐♠✉❧❛t✐♦♥❴♣❥❴✶❉❁P❘❖❈❊❙❙✱❙❚❆❚❊❴❙P❆❈❊❃✭❛r❣✈✱❛r❣❝✮❀

⑥

❚❤❡ s❛♠❡ ❝♦♠♠❛♥❞ ❧✐♥❡s ❛s ❛❜♦✈❡ ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✐❧❡ ❛♥❞ t♦ r✉♥ t❤❡
♣r♦❣r❛♠✱ ✇✐t❤ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ t❤❛t t❤❡ ♣r♦❝❡ss ✜❧❡ ✇♦✉❧❞ ❜❡

★★★★★★★★★★★★★★★★★★★★★★★★★★★★★

★ ◆❛♠❡ ♦❢ t❤❡ ♣r♦❝❡ss

★ ❧♦❣✐st✐❝❴❋❡❧❧❡r❴❞✐❢❢✉s✐♦♥❴♣r♦❝❡ss

★ ❈♦♠♠❡♥t

★ Pr♦❝❡ss ✉s❡❞ ❛s ❛♥ ✐❧❧✉str❛t✐♦♥

★★★★★★★★★★★★★★★★★★★★★★★★★★★★★

★★★★★★★★★★★★★★★★★★★★★★★★★★★★★

★

★ ◆✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs

✺

★ ♠❛①✐♠❛❧ s✐③❡ ♦❢ t❤❡ t✐♠❡ ✐♥❝r❡♠❡♥t ✭❞t✮

✵✳✵✵✶

★ ❧♦✇❡r ❦✐❧❧✐♥❣ ❜♦✉♥❞❛r②

✵✳✵✶

★ ✉♣♣❡r ❦✐❧❧✐♥❣ ❜♦✉♥❞❛r②

✶✵✵

★ ♣❛r❡♠❡t❡r ✩r✩

✶

★ ♣❛r❛♠❡t❡r ✩❝✩

✵✳✶

★

★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★

❖t❤❡r ♣r♦❣r❛♠s ❖t❤❡r ♣r♦❣r❛♠s ❤❛✈❡ ❜❡❡♥ ✇r✐tt❡♥ ❞✉r✐♥❣ t❤✐s t❤❡s✐s✳

❼ ❆ ♣r♦❣r❛♠ ✇❤✐❝❤ ❝♦♠♣✉t❡s ❛♥❞ r❡♣r❡s❡♥ts ❣r❛♣❤✐❝❛❧❧② t❤❡ ❛♥✐♠❛t❡❞ ♣❛r✲
t✐❝❧❡s ♦❢ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ❜❛s❡❞ ♦♥ ❛ ✸✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss Z✳
▼❛♥② ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s ❝❛♥ ❜❡ r✉♥ s✐♠✉❧t❛♥❡♦✉s❧②✱ st❛rt✐♥❣ ❢r♦♠
❞✐✛❡r❡♥t ♣♦s✐t✐♦♥s✳ ❚❤✐s ♣r♦❣r❛♠ ❣✐✈❡s ❛ ❣r❡❛t ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡r✲
❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✳ ■t ✉s❡s t❤❡
✸❉✲❧✐❜r❛r② ❈♦✐♥✸❉✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❖♣❡♥●▲✳ ❍❡r❡ ✐s ❛ s❝r❡❡♥ s❤♦t ♦❢ ♦♥❡
s✐♠✉❧❛t✐♦♥✳
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❼ ❆ ♣r♦❣r❛♠ t♦ ❝♦♠♣✉t❡ ❛♥❞ r❡♣r❡s❡♥t ❣r❛♣❤✐❝❛❧❧② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s✲
t❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t✇♦ ❝♦♥❞✐t✐♦♥❡❞ ♣✉r❡ ❥✉♠♣ ▼❛r❦♦✈ ♣r♦✲
❝❡ss❡s✱ ✉s✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ st✉❞✐❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❚❤✐s ♣r♦❣r❛♠
❝❛♥ ❜❡ ✉s❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡ ♠✐①✐♥❣ ♣r♦♣❡rt② ♣r♦✈❡❞ ✐♥ ❝❤❛♣t❡r ✺✳ ■t ❤❛s
❜❡❡♥ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❨❛❣❧♦♠ ❧✐♠✐t ♦❢ s♦♠❡ ❋❡❧❧❡r
❧♦❣✐st✐❝ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✐♥ ❈❤❛♣t❡r ✶✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦✉t♣✉t✳

❼ ❆ ♣r♦❣r❛♠ t♦ ❝♦♠♣✉t❡ ❛♥❞ r❡♣r❡s❡♥t ❣r❛♣❤✐❝❛❧❧② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❜✲
s♦r♣t✐♦♥ r❛t❡ ♦❢ ❛♥ ❛❜s♦r❜❡❞ ▼❛r❦♦✈ ♣r♦❝❡ss✱ ✉s✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡
s②st❡♠ st✉❞✐❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ■t ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✐♥ ♦r❞❡r
t♦ ❝♦♠♣✉t❡ t❤❡ ❛❜s♦r❜✐♥❣ r❛t❡ ♦❢ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛❜s♦r❜❡❞ ❛t 0 ❛♥❞ 1✱
st❛rt✐♥❣ ❢r♦♠ 0.5✳
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❈♦❞❡ s♦✉r❝❡

❚❤❡ ❝♦❞❡ s♦✉r❝❡ ✐s t♦♦ ❧❛r❣❡ t♦ ❜❡ r❡♣r♦❞✉❝❡❞ ❤❡r❡ ✭♠♦r❡ t❤❛♥ ✹✵ ♣❛❣❡s ❢♦r ❛
♥♦♥✲❝♦♠♠❡♥t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦❞❡✮✳ ❍♦✇❡✈❡r✱ ❧❛t❡st ✈❡rs✐♦♥s ♦❢ t❤❡ ✇❤♦❧❡
♣r♦❥❡❝t✱ ♣✐❡❝❡s ♦❢ ❝♦❞❡ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ♣r♦❣r❛♠s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❞✐r❡❝t❧②
❢r♦♠ t❤❡ ❛✉t❤♦r✱ ❜② ❡✲♠❛✐❧ ♦r ♦♥ ❤✐s ♣r♦❢❡ss✐♦♥❛❧ ✇❡❜ ♣❛❣❡✳





❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❖✳ ❖✳ ❆❛❧❡♥ ❛♥❞ ❍✳ ❑✳ ●❥❡ss✐♥❣✳ ❯♥❞❡rst❛♥❞✐♥❣ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❤❛③❛r❞ r❛t❡✿ ❛
♣r♦❝❡ss ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❙t❛t✐st✳ ❙❝✐✳✱ ✶✻✭✶✮✿✶✕✷✷✱ ✷✵✵✶✳ ❲✐t❤ ❝♦♠♠❡♥ts ❛♥❞ ❛ r❡❥♦✐♥❞❡r
❜② t❤❡ ❛✉t❤♦rs✳

❬✷❪ ❉✳ ❆❧❞♦✉s✳ ❙t♦♣♣✐♥❣ t✐♠❡s ❛♥❞ t✐❣❤t♥❡ss✳ ❆♥♥✳ Pr♦❜❛❜✐❧✐t②✱ ✻✭✷✮✿✸✸✺✕✸✹✵✱ ✶✾✼✽✳

❬✸❪ ●✳ ❆❧❧❛✐r❡✳ ❆♥❛❧②s❡ ♥✉♠ér✐q✉❡ ❡t ♦♣t✐♠✐s❛t✐♦♥✳ ➱❞✐t✐♦♥s ❞❡ ❧✬➱❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱
✷✵✵✺✳

❬✹❪ ❲✳ ❆♥❞❡rs♦♥✳ ❈♦♥t✐♥✉♦✉s✲t✐♠❡ ▼❛r❦♦✈ ❝❤❛✐♥s✿ ❛♥ ❛♣♣❧✐❝❛t✐♦♥s✲♦r✐❡♥t❡❞ ❛♣♣r♦❛❝❤✳
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