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RésuméL'utilisation des antennes MIMO est une tehnique qui permet d'exploiter de façon trèse�ae la diversité spatiale et temporelle présente dans ertains systèmes de ommunia-tion, dont le anal sans �l. Le prinipal avantage de ette tehnique est une très grandee�aité spetrale. De nos jours, où le anal radio-mobile est de plus en plus utilisé pourtransmettre tout type d'information, les méthodes permettant une utilisation plus e�aedu spetre életromagnétique ont une importane fondamentale.Les algorithmes de réeption onnus aujourd'hui sont très omplexes, même en equi onerne les systèmes MIMO ave les odes espae-temps les plus simples. Cetteomplexité reste l'un des obstales prinipaux à l'exploitation réelle.Cette thèse présente une étude très détaillée de la omplexité, la performane et lesaspets les plus intéressants du omportement des algorithmes de la réeption pour ledéodage MIMO, étude qui présente un moyen rapide pour une éventuelle oneption desarhitetures adaptées à e problème.Parmi les sujets présentés dans ette thèse, une étude approfondie de la performane etla omplexité de es algorithmes a été réalisée, ayant pour objetif d'avoir une onnaissanesu�sante pour pouvoir hoisir, parmi le grand nombre d'algorithmes onnus, le mieuxadapté à haque système partiulier. Des améliorations aux algorithmes onnus ont aussiété proposées et analysées.
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AbstratThe use of MIMO antennas is a tehnique that allows to exploit in a very e�etive waythe spatial and temporal diversity in ertain systems of ommuniation, of whih thewireless ommuniation systems. The main advantage of this tehnique is a good spetrale�ieny. Nowadays, the mobile radio hannel is inreasingly used to transmit all type ofinformation and methods allowing a more e�etive use of the spetrum have a fundamentalimportane.Today, the well-known reeption algorithms are very omplex, even as regards theMIMO systems with the simplest spae-time odes. This omplexity remains one of themain obstales in the real exploitation of this tehnique.This thesis presents a detailed study of the omplexity, the performane and themost interesting aspets of the behavior of the reeption algorithms for MIMO deoding.This study presents a quik mean for a possible arhitetural oneption adapted to thisproblem.Among the subjets presented in this thesis, an in-depth study of the performane andthe omplexity of these algorithms was realized, having for objetive to aquire enoughknowledge to be able to hoose, among the large number of known algorithms, the bestadapted to every partiular system. Improvements in the known algorithms were alsoproposed and analyzed.
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E[a] Mean of the random variable a
σ2
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ℜ(z) Imaginary part of the omplex z
ℑ(z) Real part of the omplex z
v Staking the real part of v over its imaginary part as :

v =

[
Re(v)
Im(v)

]
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R The set of all real numbers
C The set of all omplex numbersve(A) Vetorization of matrix Atr(A) Trae of matrix Arank (A) Rank of matrix Adet(A) Determinant of matrix A
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AH Hermitian onjugate of matrix A

A−1 Inverse of A
A From omplex valued matrix A to real valued matrix A as follows :

A = Ψ(A) =

[
Re(A) −Im(A)
Im(A) Re(A)

]

.

IN Identity Matrix of dimension N ×N
A\i Matrix omprising all olumns of A but the ith

A
j
i Matrix omprising olumns i through j of A

A
jl
ik Matrix omprising rows i through j and olumns k through l of A

A\ij Matrix formed by removing the ith row and jth olumn
(x)+ =

{
a if x > 0
0 else
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1
Résumé en Français
Dans un premier temps, on présente le fontionnement général d'un système de ommu-niation numérique. On se foalise partiulièrement sur les systèmes MIMO. D'abord,on présente le modèle du anal pour un système MIMO. Ainsi, di�érentes tehniques demodélisation sont présentées et quelques modèles issus de la littérature sont lassi�és. Onintroduit ensuite les tehniques de diversité et les propriétés de lattie. La probabilité deoupure et le gain de multiplexage sont présentés. Le tradeo� diversité-multiplexage estaussi détaillé.
0.1 Canal MIMO et Modélisation du Systeme0.1.1 Shemas de TransmissionUn diagramme pour un système de ommuniation radio sans �ls est présenté dans la�gure (1.1). Dans ette �gure, la soure d'information pourrait être de la voix, de la vi-déo ou des données. Le odeur soure traite l'information et la formate en une séquenebinaire bits ∈ {±1}. L'objetif du odage soure est de supprimer la redondane nonstruturée de la soure. Le odage anal ajoute de la redondane struturée dans l'obje-tif de protéger l'information de la distorsion et du bruit du anal grâe á ette diversité.Le modulateur va mapper la séquene des bits odés en ondes radio onvenantes pour unetransmission á travers le anal. L'amplitude du signal déroit á ause de la distane entrel'émetteur et le réepteur. C'est la perte de propagation. A ause des obstales, l'ampli-tude du signal est atténué, 'est e qu'on appelle shadowing. Finalement, à ause de lapropagation multi-trajets entre l'antenne émettrie et l'antenne réeptrie, le signal estdéformé. L'évanouissement multi-trajets peut être onstrutif ou destrutif. Le aratèreonstrutif ou destrutif de l'évanouissement du anal dépend de la fréquene porteuse dusignal et ainsi appelé anal séletif en fréquene. En plus des e�ets de propagation, vients'ajouter un bruit au niveau du réepteur déorrelé du signal transmis : bruit thermiqueet interférenes o-anal et issus des anaux adjaents.L'objetif du réepteur est de reproduire à la sortie du déodeur soure le signal émisaussi préisément que possible.



2 Résumé en Français
« Front−End »

Radio
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 Channel
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Digital
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Digital

Destination

Source

Source

Coding

Decoding

Source Channel

Coding

DecodingFigure 1 � Generi Arhiteture of a Digital Communiation SystemAinsi, la modélisation du anal de transmission est essentielle pour onevoir un systèmede ommuniation numérique performant, le modèle du anal dépend ainsi de l'environ-nement et du modèle de propagation. Comme montré dans la �gure (1.2), le réepteurdétete les di�érentes versions du signal. L'ého de e même signal n'est autre que l'intera-tion de l'onde ave l'environnement de propagation réel : di�ration, ré�exion, dispersion(2).La représentation mathématique simple pour un anal de ommuniation est la repré-sentation ave un �ltre linéaire dont s'ajoute un bruit additif. Le signal transmis est ainsiorrompu par le bruit additif (3).Figure (1.3) illustre les di�érentes on�gurations d'antennes utilisées pour pour dé�-nir des systèmes spatio-temporels. Single-input single-output (SISO) est le modele sans�l le plus onnu, single-input multiple-output (SIMO) utilises une seule antenne de trans-mission et plusieurs en réeption. Multiple-input single-output (MISO) utilises plusieursantennes en transmission et une seule en réeption. Considérons un système MIMO ave
M antennes de transmission et N antennes en réeption. Ainsi le signal en blok reçu :

YN×T = HN×M ·XM×T +WN×T , (1)Ave H est la matrie du anal ave des entrées omplexes hij représentant les oe�ientsd'évanouissement entre le ime antenne de réeption et le jme antenne de transmission, etsont modélisées par des variables gaussiens indépendants de moyenne zéro et de variane0.5 par omposante.
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ReflectionFigure 2 � Multipath Propagation of Radio SignalsLe anal MIMO H peut être représenté à un instant donné par une matrie de taille
N ×M

HN×M =








h11 h12 · · · h1M

h21 h22 · · · h2M... ... . . . ...
hN1 hN2 · · · hNM







, (2)

La �gure (1.4) représente e système. XM×T est le blo du signal transmis sur un Tpériodes symbole et une matrie de dimensionsM×T . T est la dimension temporelle, 'estainsi le nombre d'utilisations anal (u).WN×T ∈ N (0,σ2.I) est un bruit additif gaussien.Le anal est supposé onstant durant la transmission d'un blo ( applé aussi des fois :trame) et hange d'un blo à un autre. Le anal est supposé aussi sans mémoire entre lesblos : ainsi les matries assoiés aux di�érents blos sont statistiquement indépendants.Ce anal est onnu omme un anal plat en fréquene, un anal à évanouissement lent outout simplement un anal à évanouissement par blo. Ces aratéristiques sont typiquesdans des appliations sans �ls �xes (WiFi...), ou un hangement lent du anal est prévu :un exemple sera un environnement bureautique ou les gens peuvent bouger en marhant.La matrie H est supposé de rang plein. Cei étant justi�é ar la probablilité de genererune matrie aléatoirement présentant des lignes ou des olonnes non-indépendant est trèsprohe de zero. En pratique, ela veut dire que les antennes de réeption ou d'émissiondoivent être bien espaées. Cette exigene n'est pas onsidéré omme déraisonnable dansles appliations modernes sans �l où la fréquene porteuse est dans la gamme de quelques
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MIMOFigure 3 � Di�erent antenna on�gurations in spae-time systems.gigahertz et don la séparation requise serait de quelques entimètres. Chaque réepteurest supposé voir estimé H parfaitement à travers l'utilisation de ertains proédés appro-priés, telle qu'une séquene d'apprentissage transmis à haque blo. Cette situation estsouvent dérite dans la littérature omme le réepteur ayant une onnaissane parfaite del'état du anal (CSI).Les entrées |hij| sont supposés avoir une distribution de Rayleigh. Les entrées de la ma-trie de anal H sont omplexes et gaussiens. Chaque omposant dé�nit un gaussien réelet une partie imaginaire gaussienne de moyenne nulle et de variane égale à 0,5. Ainsi, leanal H est onsidéré omme un anal de Rayleigh.0.1.2 Modulation and DemodulationModulation et la démodulation sont utilisées dans de nombreux types de transmissionde données analogique et numérique. Le hoix d'un type de modulation est basé sur labande passante et le rapport signal bruit. Dans la modulation numérique, une porteuseanalogique est modulée par un train de bits numériques. Les proédés de modulationnumériques peuvent être onsidérés omme onvertisseur numérique-analogique, et la dé-modulation omme onvertisseur analogique-numérique. Les hangements dans le signalde porteuse sont hoisis parmi un nombre �ni de symboles (l'alphabet de modulation). Sil'alphabet se ompose de 2 Nb symboles, haque symbole représente un message onstituéde Nb bits. Habituellement, pour nos simulations, nous allons utiliser la Quadrature Am-plitude Modulation (QAM). La modulation QAM est tout simplement une ombinaisonde modulation d'amplitude et de modulation par déplaement de phase. Ses points de laonstellation sont généralement organisés dans une grille arrée ave un espaement verti-al et horizontal égale. L'ensemble des points des onstellations est un sous-ensemble �nalde Z[i]. Depuis dans les téléommuniations numériques, les données sont généralement
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M transmit antennas

X

H

Y

N receive antennasFigure 4 � MIMO System representation onstituted of M transmit and N reeive an-tennasbinaires, le nombre de points dans la grille est généralement une puissane de 2 (2, 4, 8...). Quelques exemples de onstellations q −QAM ave q = 4,8,16 sont présentées dansla �gure (1.5).En passant à une onstellation d'ordre supérieur, il est possible de transmettre plus de bitspar symbole. Toutefois, si l'énergie moyenne de la onstellation reste la même, les pointsdoivent être rapprohés et sont don plus sensibles au bruit ; il en résulte un taux d'erreurbinaire plus élevé et d'ordre supérieur QAM peut fournir des données moins �able qued'ordre inférieur QAM, pour une énergie moyenne onstante.
0.1.3 Les Tehniques de diversitéLes tehniques de diversité fontionnent sur la dimension temps, fréquene ou espae, maisl'idée de base est la même. En envoyant des signaux qui transportent la même informa-tion par des voies di�érentes, multiples indépendamment atténués. Plusieurs répliques dusignal sont obtenues au niveau du réepteur et une plus �able détetion peut être atteinte.Il ya trois types de shémas de diversité dans les ommuniations sans �lla diversité temporelle : Dans e as, les répliques du signal émis sont fournis dans letemps par une ombinaison de odage de anal et des stratégies d'entrelaement tempo-relle. La prinipale exigene ii pour ette forme de diversité pour être e�ae est que le
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(a) 4−QAM (b) 8−QAM

(c) 16−QAMFigure 5 � Example of a Z[i] lattie of dimension 2anal doit fournir su�samment de variations dans le temps. Elle est appliable dans leas où le temps de ohérene du anal est faible par rapport à la durée d'entrelaementdésirée de symbole. Dans un tel as, nous sommes assurés que le symbole entrelaé estindépendant du symbole préédent. Cei le rend une réplique tout à fait nouvelle du sym-bole d'origine.diversité fréquentielle : Ce type de diversité o�re des répliques du signal original dansle domaine fréquentiel. Cei est appliable dans les as où la bande de ohérene du analest faible par rapport à la bande passante du signal. Cela nous assure que les di�érentesparties du spetre verront des évanouissements indépendants.La diversité spatiale : Elle est également appelé la diversité de l'antenne et est elle unmoyen e�ae de lutte ontre l' évanouissement multi-trajets. Dans e as, les répliquesdu même signal transmis sont prévues dans di�érentes antennes du réepteur. Cei estappliable dans les as où l'espaement d'antenne est plus grande que la la distane deohérene pour assurer des évanouissements indépendants à travers di�érentes antennes.



0.1. Canal MIMO et Modélisation du Systeme 7Fondamentalement, l'e�aité de tout shéma de diversité réside dans le fait que, auréepteur on doit fournir des versions indépendantes s du signal transmis. Dans un tel asnous sommes assurés que la probabilité que deux signaux ou plus enourent un évanouis-sement profond sera très faible. Les ontraintes qui pèsent sur le temps de ohérene,la bande de ohérene, et la distane de ohérene le on�rme. Le shéma de diversitédoit don ombiner de façon optimale les formes d'onde reçues diversi�ées de manière àmaximiser la qualité du signal qui en résulte.Nous pouvons également lasser la diversité en diversité d'émission et de réeption.diversité de réeption : Maximum Ratio Combining est un shéma de diversité souventappliqué dans les réepteurs pour améliorer la qualité du signal. Dans les téléphones el-lulaires, il devient oûteuse et lourde à déployer. C'est une des raisons prinipales que ladiversité d'émission est devenue populaire, puisque la diversité d'émission est plus faileà mettre en Å�uvre au niveau de la station de base.
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Figure 6 � Spatial Reeive DiversityDiversité de tranmission Dans e as, nous introduisons de la redondane ontr�léeau niveau de l'émetteur, qui peut être ensuite exploité par des tehniques de traitementde signal appropriées au niveau du réepteur. En général, ette tehnique néessite uneonnaissane parfaite du anal au niveau de l'émetteur. Mais ave l'invention du odageespae-temps, omme le système Alamouti (4), il est devenu possible de mettre en oeuvrela diversité de transmission sans onnaissane du anal. Ce fut l'une des raisons fondamen-tales pour lesquelles le MIMO industriel ommene à prendre essort. Codes espae-tempspour la transmission MIMO exploite à la fois la diversité d'emission et de reeption e quiaboutit à une bonne qualité en reeption.Par onséquent, en MIMO, nous parlons beauoup de la diversité de réeption ou d'émis-sion. En diversité de réeption, le réepteur qui a plusieurs antennes reçoit plusieursrépliques du signal transmis même, en supposant que le la transmission est venu de lamême soure. Cela est vrai pour les anaux SIMO. Si le trajet du signal entre haque paired'antennes s'évanouit de manière indépendante, ainsi, quand un hemin s'évanouit, il est
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Figure 7 � Spatial Transmit Diversityextrêmement peu probable que tous les autres hemins sont aussi en évanouissement. Si lenombre d'antennes de réeption tend vers l'in�ni, la diversité tend vers l'in�ni et le analtend vers un anal à bruit blan gaussien additif (AWGN) (5).Dans la atégorie de la diversité spatiale, il ya deux types de diversité en plus que nousdevons examiner. Ce sont :diversité de polarisation : Dans e type de diversité de polarisation horizontale et ver-tiale, les signaux sont transmis par deux antennes polarisées di�éremment et reçuesrespetivement par deux antennes polarisées di�éremment au niveau du réepteur. Di�é-rentes polarisations assurent qu'il n'y ait pas de orrélation entre les données, sans avoirà se souier de la distane de ohérene entre les antennes.Diversité d'Angle Cela s'applique à des fréquenes porteuses de plus de 10 GHz. À esfréquenes, les signaux transmis sont hautement dispersés dans l'espae. Dans un tel as,le réepteur peut avoir deux antennes très diretives fae dans des diretions totalementdi�érentes. Cei permet au réepteur de déteter deux éhantillons du même signal, quisont totalement indépendantes les unes des autres.Considérant un système MIMO N × M , le gain de diversité maximal possible est égalà N ×M . À haut SNR, la probabilité d'erreur Pe diminue à dme en puissane de SNR,orrespondant à une pente de −d dans la ourbe de probabilité d'erreur (en éhelle dB /dB).
Pe ∝

1

SNRd
(3)Ainsi, la diversité est

d = − lim
SNR→∞

log(Pe)

log(SNR)
. (4)Don, pour SNR élevé, en moyenne la probabilité d'erreur diminue asymptotiquement,



0.1. Canal MIMO et Modélisation du Systeme 9don la probabilité d'erreur diminue si nous envoyons des informations sur d heminsindépendants.0.1.4 Dé�nition de Lattie et ses propriétésUn lattie Λ est un sous ensemble de rang p ; pour p < n , de R
n. Λ est ainsi un lattiede dimension p et il existe p veteurs v1,v2, . . . ,vp ∈ Rn de dimension n tel que :

Λ = Λ(S) = {a1v1 + a2v2 + . . .+ apvp : ai ∈ Z} (5)ave S = [v1,v2, . . . ,vp] est une matrie de dimensions n × p. L'ensemlbe des veteursolonnes {v1,v2, . . . ,vp} et la matrie S sont appelés respetivement la base et la matriede base de Λ. Ainsi, un lattie est une ombinaison linéaire entière des veteurs de base.Dans le reste de doument, un lattie ayant S omme matrie de base sera noté ΛS.Considérons ainsi quelques dé�nitions utiles, (voir �gure (1.8)) :
• La matrie de Gram d'un lattie ΛS est G = STS.
• Le lattie équivalentSoit Q dansMn (R), de telle sorte que QQT = In.Les deux latties ΛS et ΛS.Q sont équivalents (même lattie).
• volume fondamental d'un lattiela volume fondamentale d'un lattie ΛS ayant une base {v1,v2, . . . ,vp} dans Rn est donnépar :

V = {x ∈ R
n\x = a1v1 + a2v2 + . . .+ apvp, 0 ≤ ai < 1, i = 1 . . . p} (6)Géométriquement, le determinant det (Λ) d'un lattie Λ est dé�ni omme étant le ontenudu parallélépipède engendré par les bases du lattie. Généralement, un lattie peut avoirplusieurs bases possibles mais toujours le même déterminant.

• Cellule de VoronoïLa ellule de Voronoï d'un point u dans un lattie Λ est la région dé�ni par
v(u) = {x ∈ R

n\‖x− u‖ ≤ ‖x− y‖,y ∈ Λ} (7)Ainsi, la ellule de Voronoï est une struture où haque interieur d'une ellule onsisteen tous les points prohes d'un point partiulier du lattie que tout autre point dans lelattie. Comme le lattie est uniforme, toutes les ellules de Voronoï sont identiques. Levolume fondamental d'un lattie est égale au volume d'une ellule de Voronoï. La repré-sentation des systèmes MIMO omme lattie et les déoder ave un déodeur lattie aété initialement exploré by Damen et al. dans (6). On peut séparer la partie imaginaireet la partie réelle et vetorizer le système MIMO (odé et non odé) et obtenir ainsi une
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Figure 8 � Example of a Z[i] lattie of dimension 2représentation en lattie du modèle du anal.0.1.4.1 Pour le as du système non odéIi, on suppose que T , la dimension temporelle, est égale à 1. Soit le mapping inversible
Ψ : CM → RM du veteur omplexe v en empilant la partie réelle du veteur v sur lapartie imaginaire, dé�ni par

v = Ψ(v) =

[
Re(v)
Im(v)

]

, (8)Où M = 2M .Où N 6= 1, le mapping Ψ : CN×M → RN×M and N = 2N d'une matrie omplexe A àune matrie reelle A est de�nit omme suit :
A = Ψ(A) =

[
Re(A) −Im(A)
Im(A) Re(A)

]

. (9)Ainsi, on peut réérire l'équation (1.5) en séparant la partie réelle et la partie imaginaireomme suit :
y
N
= HN×MxM + zN . (10)Comme la matrieHN×M est de rang plein, la matrieHN×M est ainsi de rang plein. Onobtient don une représentation en lattie du système MIMO non odé. Les dimensionsdu lattie sont N ×M et la matrie génératrie est HN×M .



0.2. Déodage MIMO 110.1.4.2 Pour le as du système odéDans e as X n'est plus un veteur symbole omme dans le as d'un système nonodé. Mais, il représente plut�t la matrie mot de ode à envoyer. Le mot de ode reçureste omme dérit dans l'équation (1.5). Deux étapes doivent être suivies pour avoir unereprésentation en lattie du système MIMO odé :1) représenter le système ode omme un système non ode,2) séparer les parties imaginaires et réelles. Premier pas onsiste dans la vetorisation.Ainsi, l'équation (1.5) devient
yN·T =






HN×M 0. . .
0 HN×M




 ·






φ11 . . . φ1,M ·T... . . . ...
φM ·T,1 . . . φM ·T,M ·T






︸ ︷︷ ︸

φM·T×M·T

·






x1...
xM ·T






︸ ︷︷ ︸

xM·T

+






z1...
zN ·T




 ,

Ave Comme r��esultat, on obtient un système ��equivalent à (1.5)
yN·T = H1,N·T×M ·T · φM ·T×M ·T · xM ·T + zN·T

= HN·T×M ·T · xM ·T + zN·T (11)La séparation de la partie réelle et imaginaire est appliquée à l'équation préédente omme pourl'équation (1.15), et le système odé devient
y
N·T

= HN·T×M ·T · xM ·T + zN ·T (12)Où on de�nit par HN ·T×M ·T la matrie équivalente génératrie du lattie.0.2 Déodage MIMO0.2.1 IntrodutionDans ette partie, on présente l'etat de l'art des algorithmes de déodage MIMO existant enlittérature. On disutera dans un premier temps, les deodeurs sous-optimaux, omme le deodeurde Forage à Zero (Zero Foring : ZF), l'algorithme de me minimisation de l'erreur quadratique(Minimum Mean Square Error : MMSE), et les algorithmes à retour de déision, et.On présente ensuite, les déodeurs MIMO optimaux, et on se foalisera en partiulier sur euxbasés sur une représentation en lattie et sur les algorithmes séquentiels. On distingue ainsi deuxategories, les deodeurs utilisant la stratégie de Pohst omme le Sphère Déodeur et le Shnorr-Euhner, algorithmes utilisants la stratégie de Dijkstra (ex : best-�rst-searh) omme le deodagepar stak et le deodage de Fano. On montrera que ette dernière atégorie o�rira un ompromisomplexité-performane.



12 Résumé en Français0.2.2 Du modèle anal vers le design de LattieLa théorie de Lattie est appliquée e�aement pour enoder et déoder l'information dans latransmission numérique ave antennes multiples. La théorie de lattie est un outil mathématiquepuissant pour représenter le anal géométriquement et omprendre son omportement dans l'ob-jetif de designer un bon modulateur et un bon démodulateur.0.2.3 Déodeurs MIMO : Prinipes de base et struturesDans ette thèse, les shémas MIMO étudiés sont les shémas spatio-temporels. Ainsi, il est pos-sible de représenter le système omme un système non-odé équivalent. Pour guise de simpliité,on onsidérera le shémas de transmission non odé. Don, les algorithmes de déodage étudiéset proposés pour la suite reste valable pour un système odé, seulement les dimensions du sys-tème vont hanger. Rappelons, l'equation qui represente le système MIMO ave M antennes detransmission et N antennes de réeption. Soit la matrie mot de ode X de dimension M × T etle signa reçu Y de dimensions N × T véri�ant :
Y = HX +W (13)Apres vetorisation, le système peut être érit sous ette forme :

yeq = Heqs+weq (14)Où yeq et weq sont les veteurs olonnes omposés de NT éléments obtenus de Y et W . sest le veteur omposé de p symboles enodés ave la matrie mot de ode X. La matrie duanal équivalente Heq de dimensions NT ×p inlut la réponse du anal et l'opération du odagespatio-temporel. Dans la suite, pour simpli�er les notations, on va plus mentionner l'indie eq.Soit aussi n = NT . Comme résultat, les nouveaux dimensions du système sont n× p.On suppose aussi une transmission ohérente (matrie anal onnu à l'émission). Le systemdevient ainsi :
y = H · s+w, (15)L'objetif derrière la transmission MIMO est de trouver l'estimation du veteur transmis. Ledeodage optimal est le maximum de vrai ressemblane (maximum likelihood : ML). Il s'agit detrouver le veteur le plus prohe s qui minimise la métrique

ŝ = arg min
s∈Cs

‖y −H · s‖ (16)Où Cs est l'ensemble formé par les veteurs de la onstellation. Le réepteur ML herhe danstous les veteurs de la onstellation, le veteur signal le plus probablement transmis. En analy-sant la struture des déodeurs, on peut déduire que trois phases peuvent être distinguées dansla onstrution. Chaque déodeur peut inlure quelques phases ou toutes les phases. Cei dépen-dra du ompromis ompexité-performane reherhé. Les déodeurs inluant toutes les phaseso�riront une estimation plus optimale mais sou�riront néanmoins d'une énorme omplexité.Phase Zéro : Prétraitement



0.2. Déodage MIMO 13Le prétraitement est une phase optionnelle. Etant donné un problème de reherhe, la phase deprétraitement est utile pour améliorer l'e�aité du déodage. Le prétraitement peut être séparéen deux étapes indépendantes : le prétraitement à gauhe et le prétraitement à droite. Ces deuxétapes seront détaillés plus tard.Phase deux : Un premier pointCette phase permet d'obtenir une première estimation. L'avantage est d'obtenir rapidement unpremier résultat qui n'est pas forement optimal. Quelques fois, le réepteur a besoin d'obtenirune estimation rapide. Dans e as, ette phase peut etre su�sante puisque elle o�re une om-plexité très réduite même si le résultat n'est pas optimal. Ce premier point peut être amélioréen utilisant d'autres phases, mais a rendra le out de la omplexité plus important.Phase deux : un meilleur PointLe premier point obtenu préédemment sera amélioré pour avoir une estimation plus �able. Cepremier point est généralement utilisé omme initialisation pour la deuxième phase pour trouverun point plus �able. Cette phase ne peut pas être indépendante de la première phase.0.2.4 Les lasses des déodeurs MIMO0.2.4.1 Les déodeurs MIMO sous-optimauxLe déodeur ZF Le réepteur ZF est un réepteur linéaire. Il se omporte omme un �ltre linéaire
F et il sépare les �ux des datas pour déoder ainsi indépendamment haque �ux. On supposeque le matrie du anal H est inversible et on estime le veteur transmis omme suit :

ŝ =
(
HHH

)−1
Hs = H†s (17)où † représente le pseudo-inverse. Puisque l'inverse de H ne peut exister que si les olonnes de

H sont independents, il est supposé que les elements de H sont i.i.d. Ainsi :
FZF =

(
HHH

)−1
H (18)et

FZF · y = s+ FZF ·w. (19)Ainsi, une simple détetion permettra d'estimer ŝ en utilisant une quanti�ation dans la onstel-lation QAM grâe à la fontion QQAM :
ŝ = QQAM {FZF · y} (20)Le déodage ZF peut être vu omme une projetion orthogonale du veteur reçu sur la baseonstitué des veteurs lignes de la matrie H . Figure (2.1) montre un exemple de projetion endimension 2. Si la base n'est pas orthogonal, la projetion de y génère une erreur de déodage. Sila base est orthogonale, la projetion n'induit pas une erreur de déodage et la solution obtenueest bien la solution ML.En pratique, la matrie du anal n'est pas orthogonale. Plusieurs travaux dans la littératurepermettent d'obtenir des bases équivalentes omposées des veteurs les plus ourtes et les plusorthogonales possibles, es tehniques sont appelées les tehniques de rédution (43). Ainsi, apl-liquer es tes tehniques omme le prétraitement suivi un déodage ZF permettent d'obtenir un
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(a) random H Orthogonal H Figure 9 � Orthogonal Projetion of the reeived vetordéodage pré-ML en terme de performane.A la sorite du �lter ZF, le bruit résultant est w̃ = FZF ·w. La matrie de ovariane est dé�nipar
Rw̃w̃ = E

[
(w̃) · (w̃)H

]
= σ2

(
HH ·H

)−1
= σ2G−1. (21)Par onséquene, le bruit n'est pas blan, Rw̃w̃ 6= Rww = σ2I . En plus, si on applique ladeomposition SVD de la matrie de Gram G, on obtient G = U · D · V H , où U et V sontdes matries unitaires et D est une matrie diagonale ontenant les valeurs singulières de G. Enutilisant la proprieté que les valeurs singulières de la matrie de Gram sont égales au arré desvaleurs propres de H , noté λ1,λ2, . . . ,λn, la matrie de ovariane w̃ est donné par

Rw̃w̃ = σ2V ·






√
λ1

−1 · · · 0... . . . ...
0 · · ·

√
λn

−1




 ·UH (22)Ainsi, le problème onnu de forçage à zero est l'ampli�ation du bruit provoqué par l'inversiondes valeurs propres de H. Ces valeurs propres sont grandes pour une matrie mal-onditionnée.Le déodeur à retour de deision : ZF-DFE L'idée générale du déodeur ZF-DFE est de traiter leveteur reçu y pour estimer le veteur transmis s en estimant haque omposante sk, une par une,en annulant les e�ets de es symboles déj à déodés, et annulant eux déj à inonnus. En pratique,si un symbole ŝk est estimé, le déodeur exploite ette déision pour estimer ŝk−1, ŝk−2,. . ., ŝ1.Ainsi, e déodeur non linéaire est appelé un déodeur à retour de déision ( DFE : DeisionFeedbak Equalization). Le déodeur The ZF-DFE utilise le ritère ZF pour déoder le symbole

ŝk. Le DFE inlut un �ltre feedforward qui opère sur le signal reçu pour supprimer l'interféreneinter-symboles ISI, un �ltre de feedbak qui opère sur les symboles déj à détetés pour supprimerl'ISI. Le DFE est généralement plus performant que le l'égaliseur linéaire traditionnel. Et puisqu'ils'agit d'une détetion suessive, la déomposition QR est très utile.
y = H · s+w

= QR · s+w (23)Dans l'objetif d'exploiter la struture triangulaire supérieure de la matrie R, on multiplie lesdeux parties de l'équation (2.11) du oté gauhe par le transposé de Q.
y1 = QTy

= R · s+QTw (24)



0.2. Déodage MIMO 15Comme R est triangulaire supérieure, pour la première itération, le déodeur estime le symbole
sn en utilisant ette équation

ŝn = QQAM

{
y1,n
rnn

} (25)Pour deoder le symbole d'information sk, le déodeur utilise les symboles ŝj , j = k + 1, . . . ,npréédemment estimés, en utilisant ette équation
ŝk = QQAM







1

rkk



y1,n −
n∑

j=k+1

rkj · ŝj










, 1 ≤ k ≤ n (26)Malheureusement, ZF-DFE performane est entravée par la propagation des erreurs. La degra-dation dans les performanes du déodeur DFE survient quand une détetion erronée est injetéedans le �ltre feedbak. Ainsi, au lieu de supprimer l'ISI, le DFE peut ampli�er l'ISI. La propa-gation d'erreur peut induire des erreurs de déision et augmenter ainsi la probabilité d'erreurbinaire et symbole. Le déodeur MMSE Le réepteur ZF élimine l'interférene mais ampli�e lebruit. Cei, peut être pas trop signi�ant pour des hauts SNR, mais pour des SNR faibles, ilsera pratique de designer un �ltre qui maximise le rapport global signal sur bruit et interférene(SINR). Une possibilité sera de minimiser le bruit total résultant, i.e. trouver le �ltre optimal

FMMSE qui minimise l'erreur quadratique moyenne :
FMMSE = argmin

F
(E {‖ŝ− s‖})

= argmin
F

(E {‖F · y − s‖}) (27)Ainsi, le �ltre MMSE peut être érit omme suit :
FMMSE = HH ·

(

HHH +
σ2

σ2
s

I

)−1

, (28)où σ2
s représente la puissane moyenne des omposantes du veteur s, i.e E

[
ssH

]
= σ2

sIp.Le ritère MMSE a des performanes meilleur que le Forçage à Zero pour des SNR faibles, maisave un désavantage : le réepteur doit onnaitre la variane du bruit. Aussi, pour des SNRélevés, le MMSE et le ZF sont équivalents.Le réepteur MMSE o�re un bon ompromis entre la suppression d'interférene et la rédutiondu bruit. Pour un SNR élevé, le réepteur MMSE devient un réepteur ZF. Pour les SNR faibles,le réepteur MMSE devient similaire à un �ltre adapté :
FMMSE =

{

F ZF if SNR is high
σ2

σ2
s
HH if SNR is lowComparaison des déodeurs sous-optimaux Dans la �gure (3.13), on ompare les performaneset les omplexités des di�érents déodeurs sous-optimaux présentés ultérieurement. Ainsi, ononsidère un système MIMO 2 × 2 ave un multiplexage spatial. On utilise simplement uneonstellation 4-QAM. Le anal est Rayleigh quasi-statique. L'e�aité spetrale est de 4b/s/Hz.Les performanes sont alulés en terme de BER en fontion du SNR. Le SNR est alulé aveette équation :

SNR = 10log10

(
n
∑p

i=1Esi

2
∑p

i=1 log2 (q)N0

) dB



16 Résumé en Françaisoù Esi est l'énergie moyenne par dimension de l'information omplexe appartenant à un onstel-lation q −QAM et σ2 = 2N0.Dans la �gure (3.13), on montre aussi la omplexité des déodeurs sous-optimaux en terme denombre de multipliations par mot de ode. Pour tous es déodeurs, les opérations sont desopérations matriielles appliquées au signal reçu et omplètement indépendantes de la varianedu bruit. Ce qui peut explique la omplexité onstante ave le SNR.Même si tous les déodeurs sous-optimaux o�rent une omplexité faible et onstante â�� qui esttrès utile dans les implémentations pratiques - ils ne permettent pas des bonnes performanes etne pro�tent pas de la diversité o�erte par les systèmes MIMO.D'un autre oté, l'utilisation des déodeurs sous-optimaux peut être très intéressante si le nombredes antennes de réeption est grand omparé au nombre d'antennes de transmission ar on pro�tede la diversité de réeption élevé. Mais, a�n de réupérer la diversité totale o�erte par les systèmesMIMO et les odes espae-temps, nous devrions nous onentrer sur les déodeurs optimales.
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Figure 10 � Linear and Non-Linear Sub-Optimal Deoders Performane and ComplexityComparison for 2 × 2 MIMO System using Spatial Multiplexing with a 4-QAM Constel-lation
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0.2.4.2 Les deodeurs MIMO pour lattieLe maximum likelihood (ML) onduit à la meilleure performane en terme de taux d'erreur,mais il est extrêmement exigeantes en termes de omplexité. Pour les onstellations, de taille q,le déodage ML onsiste à herher parmi qp andidats possibles. Ce i est abordable quand q et
p sont petits, mais pas pour les systèmes à grande e�aité spetrale. La omplexité roissanteest ausée par la reherhe dans toutes les ombinaisons possibles , bien que beauoup d'entreeux sont probablement pas le bon andidat : en raison de la distribution gaussienne du bruit,des mots de ode qui sont loin du veteur reçu sont beauoup moins probable que des mots deode prohe du veteur reçu. Le déodage par Lattie permet une rédution signi�ative de laomplexité omparé au ML exhaustif, d'abord 1) a évite le besoin d'un ontr�le ompliqué desbornes (44) et 2 ) permet une utilisation plus e�ae des algorithmes des prétraitements (ex.,l'algorithme LLL (43)) qui sont onnus pour avoir o�rir une rédution signi�ative de omplexité.La reherhe du point le plus prohe d'un point donné a été très largement étudié dans la théoriede lattie. En général, l'algorithme de reherhe optimal doit exploiter dans la struture de lattie.Pour les latties en général, qui n'ont pas une struture partiulière, le problème est NP-di�ile.Une approhe ommune au problème du point le plus prohe est d'identi�er une région danslequel le point optimal de lattie doit exister, et après étudier tous les points de lattie dans etterégion, et et éventuellement de réduire sa taille dynamiquement. En général, le développement desalgorithmes du point le plus prohe suivent deux branhes inspirées par deux artiles fondateurs :Phost (45) en 1981 a examiné les points de lattie qui appartiennent à un hyper sphère, Kannan(49) en 1983 a utilisé un parallélépipède retangulaire. Les deux papiers apparaissent plus tarddans des versions étendus : Pohst (48) et Kannan ( en suivant les travaux de Helfrih (47)) et(46). En (45), ependant, Pohst a proposé une stratégie e�ae pour énumérer tous les pointsdu réseau intérieur d'une sphère ave un ertain rayon. Bien au pire des as, la omplexité estexponentielle en q, ette stratégie a été largement utilisé dans plusieurs probl��ematiques dereherhe de points en raison de son e�aité dans de nombreux sénarios (voir (52) pour unexamen exhaustif des ouvrages onnexes).La stratégie d'énumération de Pohst a été initialement introduite en ommuniation numé-rique par Viterbo et Biglieri (50). Dans (51), Viterbo et Boutros l'ont appliqué pour la détetionML pour les onstellations multi-dimensionnelles transmis sur un anal évanouissant à une an-tenne et donnent le diagramme d'une éventuelle implémentation. Agrell et al. (52) ont proposel'utilisation d'un ra�nement Shnorr-Euhner (53) de l'énumération de Pohst dans la reherhedu point le plus prohe. Algorithme du déodeur par Sphère L'algorithme de déodeur parsphère a été initialement développé dans les années 1980, mais a réemment attiré beauoupd'attention dans la ommunauté MIMO grâe à sa performane similaire au déodeur ML ex-haustive à une omplexité raisonnable. L'idée prinipale est de limiter la reherhe parmi lesandidats possibles loalisés dans un sphère de rayon √

C entré sur le veteur reçu (voir �gure(2.3)). Dans ette partie on suppose un système MIMO symétrique, M = N . En appliquant unmapping du système omplexe vers un système réelle de l'équation (2.3) omme dérit dans leséquations (1.13) et (1.14), on obtient
y = H · s+w. (29)



0.2. Déodage MIMO 19Après, on onsidère la déomposition QR de la matrie H = QR. Après la multipliation dedeux otés de l'équation (2.17) par QT , le système devient
y1 = QT · y

= R · s+w1. (30)
Q est orthogonale et la multipliation par QT ne hange pas le système préédent. Le système estde dimension 2n puisque M = N et puisqu'on est passé à la représentation dans le domaine réel.Maintenant, trouver le point le plus prohe dans le sphère est équivalent à résoudre l'inéquationsuivante :

min
s∈Cs

‖y1 −R · s‖2 ≤ C (31)
C

y

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��

��
��
��

�
�
�
�

��
��
��

��
��
��

��
��
��
��

�
�
�
�

�
�
�
�

��
��
��
��

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��
��

��
��
��

��
��
��

�
�
�
�

�
�
�
�

��
��
��

��
��
��

�
�
�
�

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�

Figure 11 � Sphere Deoding
L'algorithme de déodage Shnorr-Euhner L'algorithme de Shnorr-Euhner nous étudionsii a été présenté dans (52). Il a été utilisé dans des appliations de ryptographie. Cet algorithmea le même prinipe que le SD : la reherhe du point le plus prohe. Cet algorithme est basé surdeux étapes. La première étape onsiste à reherher le point de Babai (BP), e qui représenteune première estimation, mais n'est pas néessairement le point le plus prohe. Trouver le BPnous donne une borne sur l'erreur. Dans la deuxième étape, nous modi�ons le BP jusqu' à eque le point le plus prohe est atteint. Nous zigzagons autour de haque omposant BP en vuede onstruire le point le plus prohe(ontrairement au sphère déodeur, il n'ya pas de minimumet maximum pour haque omposante du BP). Le temps néessaire pour trouver le point le plusprohe est étroitement liée à BP, e qui signi�e étroitement liée au SNR. En fait, si le BP est trèsloin du point le plus prohe, 'est à dire pour les rapports signal sur bruit faible, l'algorithmeprend beauoup plus de temps à onverger. Toutefois, si le BP est prohe de point le plus prohe,'est à dire pour les rapports signal sur bruit élevés, l'algorithme onverge rapidement.
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Figure 12 � SE Searh Strategy
L'idée lef est de voir le lattie omme une superposition des hyperplans et puis ommenerla reherhe pour le point le plus prohe dans l'hyperplan (voir �gure 2.4).Rappelons l'équation (2.18). La forme triangulaire supérieure de R permet de voir le lattieomme plusieurs ouhes. Ainsi, la matrie R peut être érit omme suit

R =

[
R1

r2n

]

, (2.30)Où R1 est une matrie (2n − 1) × 2n Composée du top 2n − 1 lignes de la matrie R. Lamatrie R est triangulaire, le veteur r2n = (0,,0,r2n,2n) est orthogonal à l'espae généré parla matrie R1. Maintenant, l'algorithme de reherhe dans le lattie de dimension 2n va êtredétaillé réursivement omme un nombre �ni de 2n − 1 opérations dimensionnelles. Le lattie
ΛR peut etre vu omme une superposition in�ni d'hyperplans de dimension 2n − 1 générés parla matrie R1 :

ΛR = ∪{c+ t2nr2n/c ∈ ΛR1
,t2n ∈ Z} . (2.31)Une projetion suessive sur les di�érents hyperplans du lattie permet de trouver une premièreestimation du point le plus prohe. C'est le 'Babai point' et il orrespond au point ZF-DFE(55). Une fois e point est trouvé, il onstitue le point de départ pour visiter les autres points.L'objetif est de trouver le point le plus prohe, il n'est don pas néessaire de onsidérer lespoints ayant une distane supérieure au 'Babai point'. Ainsi, le Shnorr-Euhner (SE) est unalgorithme dans une sphère entre sur le point reçu ave omme rayon initial la distane entrele point reçu et le BP.



0.3. Déodeur par Stak à bornes sphériques dur et souple 210.3 Déodeur par Stak à bornes sphériques dur etsouple0.3.1 IntrodutionLe déodage ML onsiste à herher le point le plus prohe au point reçu appartenant au lattie.La reherhe exhaustive onsiste à visiter tous les points de lattie qui est impossible à réaliser enpratique. Ainsi, pour déoder le veteur reçu, il est néessaire de dé�nir une région de reherhe�nie.Le déodage par stak était originalement designé pour déoder les odes binaires à treillis, ou lemot de ode est hoisi dans un alphabet �ni. Néanmoins, onsidérant le lattie, le mot de odeest pris dans le orps �ni Z2n e qui aboutira à une struture en arabre. Appliquer le deodagepar stak semble impossible dans e as. Notre objetif est de proposer une version modi�é del'algorithme stak dans le but de deoder le lattie et de réduire la omplexité. Don, on proposeii un nouvel algorithme qui ombine la région de reherhe du sphère déodeur et la stratégiede reherhe du déodage par stak.0.3.2 Déodeur par Stak à bornes sphériques0.3.2.1 Déodage SB-Stak pour les lattiesA - 1ere approheAppliquant le déodage par stak, on herhe le point le plus prohe dans une région �nie Λ⊂Z
2n.Malheureusement, la tronature de l'arbre aura une inidene sur les performanes du déodeur.En fait, si le mot de ode transmis appartient à Λ, le déodeur saura systématiquement le déo-der, mais une erreur se produira si le mot de ode est en dehors de la zone de reherhe. Ainsi,le prinipal dé� est de savoir omment hoisir la zone de reherhe optimale Λ. Déj à, la formetriangulaire de la base de lattie rappelle la strategie d'enumeration Shnorr Euhner (SE) (52).Notre algorithme de reherhe est similaire au SE et base sur l'utilisation du BP, néanmoins lastratégie de reherhe et la onstrution de l'arbre sont totalement di�érents. En e�et, le SEonsiste à énumérer tous les noeuds possibles dans une région borné en zigzagant autour du BPen utilisant la stratégie de reherhe en profondeur (Depth First Searh : DeFS). Dans ettepremière approhe, on s'inspire de l'algorithme SE et on propose un arbre entré sur le BP u.A haque niveau, il énumère les points voisins dans le lattie u± t = (u1± t1,u2± t2,...,u2n± t2n)où t est un veteur dans Z2n, la stratégie BeFS est enore appliquée sur et arbre. En appliquantet algorithme, on peut délimiter la taille de l'arbre en hoisissant le nombre des noeuds voisinsde lattie du BP à prendre. Néanmoins, le point ML n'est pas garanti d'être dans l'arbre. Pourl'atteindre, on doit élargir la région de reherhe e qui implique d'avoir un arbre dense e quiimplique plus de omplexité. Dans la �gure (3.1), on montre les performanes du déodage parstak ontraint à quelques régions de reherhe. Ainsi, on trae le taux d'erreur symbole ommefontion du SNR, pour un système MIMO 4× 4 en utilisant le multiplexage spatial et un analquasi statique de Rayleigh. Au début, on proède en onsidérant une région de reherhe dé�ni



22 Résumé en Françaispar Λa = {ui − 1,ui,ui+1,i = 1, . . . ,2n}. Cei veut dire que les points de lattie onernés dire-tement par l'algorithme de reherhe sont les points voisins direts du BP. Néanmoins, dans desmauvaises onditions anal, le point ML peut être loin et inaessible. Cei est visible dans legraphe (a), ou les performanes sont sous-optimales et provoque une perte de 2dB du ML. Pourle même système, on a progressivement élargi la région de reherhe et on a observé le omporte-ment de l'algorithme. Les graphes (a)-(d) montrent les performanes obtenues en onsidérant lesrégions de reherhe Λa = {ui − 1,ui,ui+1}, Λb = Λa
⋃{ui − 2,ui+2}, Λc = Λb

⋃{ui−3,ui+3}et Λd = Λc
⋃{ui − 4,ui +4}. Comme montré dans la �gure (3.1), le déodeur fournit des perfor-manes sous-optimales, mais on s'approhe des performanes ML quand on elargit la région dereherhe. Mais la omplexité augmente ave les performanes. Ainsi, un ompromis peut êtreétabli et et algorithme de déodage peut être d'un grand intérêt. Ainsi, au début de l'algo-rithme, le ompromis performane-omplexité est �xé e qui dé�nit la région approprié. Dans lessimulations de la �gure (3.1), on a onsidéré un veteur uniforme t. On peut également utiliséun veteur t ave des valeurs larges de ti pour les premiers omposants et des petites valeurs de

ti pour les derniers. Le hoix peut être judiieux à ause du problème de propagation d'erreurdans l'arbre de reherhe.B - 2ndapproah (Déodeur SB-Stak)Dans la première approhe, l'arbre de reherhe est entré autour du BP. Toutefois, ettedernière est généralement une estimation approximative de la transmise mot de ode, puis leentrage de la région de reherhe sur e point n'est pas optimale puisque la solution ML peutne pas être à l'intérieur, omme le montre la �gure (3.2). Par onséquent, nous proposons ii uneseonde approhe pour le déodage du lattie inspiré de l'algorithme de déodeur par sphère.Le prinipe du déodeur sphère onsiste à énumérer tous les points du lattie trouvés dans unesphère d'un rayon √
C entrée sur le point reçu. Chaque fois un point est trouvé , le rayon estmis à jour, e qui limite la nombre des points énumérés, mais garantit également le ritère dupoint le plus prohe. Le déodeur par sphère utilise la stratégie de DeFS. Nous appelons ettedeuxième approhe : le deodeur par stak à bornes sph��eriques. (SB-Stak). L'algorithme SB-Stak explore seulement les points du réseau l'intérieur de la sphère de rayon √

C en utilisant lastratégie BeFS, qui onduit à la dé�nition d'une limite supérieure et une inférieure pour haquepoint du lattie.Le but de la SB-Stak est de trouver le noeud feuille ayant le moindre oût et se situantdans la zone de reherhe sphérique. A partir du noeud raine, l'algorithme alule les limitessupérieure et inférieure de la première omposante s2n, notés respetivement binf,2n et bsup,2n etgénère tous les noeuds à l'intérieur de es limites.
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Figure 14 � Example of a Lattie de�ned in Z2 ; the Searh Region does not ontain theML pointNoeuds générés sont stokés ave leurs oûts respetifs dans la pile (le stak). Après ela,l'algorithme réordonne les noeuds dans la mémoire dans un ordre roissant en fontion de leursoûts, séletionne le haut noeud, puis alule les limites du niveau suivant. Puis, il génère tous lesenfants possibles du noeud supérieur et les stoke dans la mémoire.Après ela, le noeud supérieurest retiré de la pile. Cette pro��edure est répétée jusqu' à e qu'un noeud de feuille atteint le



24 Résumé en Françaishaut de la mémoire. Notez que, bien que la similitude apparente entre le traditionnel déodeurpar sphère et l'algorithme SB-Stak, es deux algorithmes de reherhe soulèvent de grandesdi�érenes. De ette façon, ontrairement au déodeur par sphère, le rayon dans le déodeurSB-stak reste inhangée au ours de tout le proessus de déodage, alors que pour le déodeurpar sphère, le rayon est mis à jour haque fois qu'un point est trouvée. Cependant, la stratégie dereherhe pour l'algorithme de stak est tout à fait di�érente. En fait, à haque étape, l'algorithmepeut revenir en arrière à un niveau supérieur ayant un moindre oût avant d'atteindre un noeudfeuille qui orrespond à une solution andidate. Ainsi, il n'est pas possible de surveiller la distaneML lorsque l'algorithme est en ours. Par onséquent, le rayon doit être �xé.0.4 Rédution de la omplexité de l'algorithme de dé-odage par stak0.4.1 IntrodutionCette partie vise à améliorer le déodage par stak en termes de omplexité. Comme montré avant,l'algorithme de déodage par stak est un bon andidat pour résoudre le ompromis omplexité-performane tout en donnant une exellente struture qui fournit des sorties souples. Notre butest alors de proposer une version modi�ée de l'algorithme a�n de réduire la onsommation de laomplexité et le temps.0.4.2 Déodage par Stak parallèleLe déodage par stak montre des bonnes aratéristiques pour être mis en oeuvre et améliore laomplexité par rapport aux déodeurs ML SE et SD. Mais il sou�re enore de grande omplexité.Le traitement parallèle peut réduire le temps en exéutant des instrutions simultanément. Nousproposons ii une nouvelle version du déodeur par stak basée sur un traitement parallèle. SDa été traitée en parallèle in (91) mais ave une perte de performane.Le parallélisme est une forme de alul dans lequel de nombreuses instrutions sont e�etuéessimultanément. Toutefois, les programmes parallèles sont plus di�iles à érire que eux séquen-tiels.Pour résoudre un problème, un algorithme est réalisé, qui produit un �ux série d'instrutions. esinstrutions sont exéutées sur une unité entrale de traitement. Une seule instrution peut etreexéuté à un moment donné â�� après que l'instrution est terminée, la suivante est exéutée. Letraitement en parallèle utilise plusieurs ressoures de alul simultanément pour résoudre un pro-blème. Le problème est divisé en parties qui sont indépendantes de sorte que haque ressourede alul peut exéuter sa partie de l'algorithme simultanément ave les autres. La strutureparallèle permet le déodage des parties réelle et imaginaire de haque symbole de manière indé-pendante et en même temps. La représentation en lattie donné avant par la fontion Ψ imposeune restrition majeure de l'algorithme de reherhe arboresente. Plus préisément, la reherhedoit être exéutée en série d'un niveau à un autre sur l'arbre. Traitement de haque niveau pourestimer les symboles doit avoir l'estimation de symboles préédents qui sont néessaires pour al-



0.4. Rédution de la omplexité de l'algorithme de déodage par stak25uler les oûts pour haque enfant. La pile standard de déodage en utilisant l'arbre de reherheommene au plus haut niveau et de traverser l'arbre ave un niveau à la fois, et alule pourhaque étape des oûts du noeud enfant.0.4.3 Représentation en nouveau lattieSelon la représentation en lattie Ψ, il est impossible, par exemple de aluler le oût pour unnoeud dans le niveau k sans assigner une estimation pour les niveaux d'avant. Cette approhesigni�e que le déodage de toute sk néessite une valeur estimée pour tous les sk préédents, où
j = k − 1,...,2n.L'idée derrière e travail est de détendre la struture d'arbre de reherhe qui le rend plus souplepour le parallélisme. Ainsi, on peut déoder haque paire de niveaux adjaents dans l'arbre, ethaque niveau de ette paire est indépendant de l'autre. Pour ela, on devrait ommener pardonner une seonde forme de la représentation matrie de anal. Au lieu de la fontion Ψ dé�nipar : H = Ψ(H)

=

[
Re(H) −Im(H)
Im(H) Re(H)

] (32)On utilise une autre fontion Ω et on donne une autre représentation en lattie dé�ni dans (91)par : H̃ = Ω(H)

=






Ψ(H1,1) · · · Ψ(H1,n)... . . . ...
Ψ(Hn,1) · · · Ψ(Hn,n)




 , (33)On suppose que Ψ peut être appliqué aux omposantes omplexes omme pour le as matriiel.En utilisant ette représentation du anal, on hange l'ordre de détetion des symboles reçus àla forme suivante : ỹ = Ω(y)

=










Re(y1)
Im(y1)...
Re(yn)
Im(yn)










, (34)
Ce qui veut dire que le premier et le seond niveau de l'arbre orrespondent aux parties réelle etimaginaire de sn.



26 Résumé en Français0.4.3.1 Aperu des tehniques de deodage paralleleApres l'appliation de la déomposition QR, ette struture devient très intéressante. En e�et,grâe à l'orthogonalité entre les olonnes de haque ensemble, tous les elements rk,k+1 pour
k = 1,3, · · · ,2n dans la matrie triangulaire supérieure sont nulles. La loalisation de es zérosest très importante puisque ils introduisent une orthogonalité entre la partie réelle et la partieimaginaire pour haque symbole déteté. Par exemple, pour la matrie triangulaire supérieure
4× 4 R̃, on obtient la forme suivanteR̃ =







r1,1 0 r1,3 r1,4
0 r2,2 r2,3 r2,4
0 0 r3,3 0

0 0 0 r4,4






. (35)En utilisant et exemple, la �gure (4.2) dé�nit le déodage par stak parallèle qui va traiter deuxniveaux dans haque ��etape en dupliquant le traitement et en gardant une seule mémoire poursauvegarder les �ls.

(a) The newlattie permits to alulate the four nodes simultaneously
(b) The four nodes alulation is distributed on two state mahinesFigure 15 � Parallel proessing prinipleA travers la �gure (4.1), on peut omprendre l'importane du traitement parallèle dansl'amélioration du vitesse de déodage. La nouvelle représentation du lattie permet de alulerdeux dimensions dans une seule ��etape grae à l'indépendane entre les deux dernières ouhesde la matrie de génération du lattie. Ainsi, le temps de l'exéution est deux fois plus faiblepuisque deux dimensions sont visitées pour haque noeud.



27
Introdution

Exept for the written word, human ommuniation has always been transmitted over theatmosphere. Voie, sounds, smoke signals, et. use mehanial or visual ues to transmit messages.With the advent of telephony and telegraphy, long-distane ommuniations beame possiblewhile being inexpensive and reliable. These tehniques used eletrial wire as the ommuniationmedium with great suess : thousands of homes and ities all over the world deployed hundreds ofthousands of kilometers of able to allow people to ommuniate. However, it was soon determinedthat the exlusive use of wires severely limited the use and �exibility of the new ommuniationsystems. From an eonomi perspetive, providing eah home with a wired telephone able is veryexpensive. Replaing the wired infrastruture when it fails is even more so. From a pratial pointof view, the end point of the wire is, by neessity, �xed ; this means that, in order to pro�t fromit, a person has to be present in a spei� plae. Also, wired ommuniations are essentially one-to-one ; sharing the same onnetion between several people is, at best, umbersome. Over thelast entury, enormous advanes have been made in teleommuniations. Ever greater amountsof information have been made available to the publi from a variety of soures : radio, television,internet, multimedia mobile phones. The old wire seems to be ill-suited to the new possibilitieso�ered by tehnology. In fat, more and more information is transmitted wirelessly, returning tothe anient use of the atmosphere as ommuniation medium. The reasons are simple ; in short,wireless ommuniations overome the basi limitations desribed above. There is no need to layout huge amounts of material to homes, businesses and o�es. The transmitted signal an overa large area (even the whole planet), allowing the use of the medium from any loation, andmaking broadasting trivially easy.That's why, wireless ommuniations is among the most ative �elds of tehnology developmentof our time and is beoming a key element of modern soiety. This huge development is espeiallydriven by the transformation of what has been previously onsidered as a medium for supportingvoie telephony into a medium for supporting other servies, suh as the transmission of video,images, text, and data. Thus, from satellite transmission, radio and television broadasting tomobile telephony, wireless ommuniations has revolutionized the way soieties funtion.Similar to gains in wireline apaity over the last two deades, the demand for new wirelessapaity is growing at a very rapid speed and there is an inreasing demand for higher data rates,better quality of servie, and higher network apaity ompared with that obtainable from DSL(Digital Subsriber Line) and able.Even if there are still many tehnial problems to be solved in wireline ommuniations,demands for additional wireline apaity an be easily realized with the addition of new infra-



28 Introdutionstruture, suh as additional optial �bers, routers, swithes, and so on. On the other hand, thetraditional resoures that have been used to add apaity to wireless systems are radio band-width and transmitter power. Thus, wireless system designers are faing a number of hallenges.These inlude the limited availability of the radio frequeny spetrum and a omplex spae-timevarying wireless environment.Unfortunately, the two needed resoures are among the most severely limited in the deploy-ment of modern wireless networks : radio bandwidth beause of the very tight situation withregard to useful radio spetrum, and transmitter power beause mobile and other portable ser-vies require the use of battery power, whih is limited. So, the appearane of systems using thespatial dimension to inrease spetral e�ieny and quality of transmission onstituted a realrevolution at the end of 1990s.As a result, Multiple-Input Multiple-Output (MIMO) systems have emerged as a most promi-sing tehnology in these measures and o�ering a powerful paradigm for meeting these hallenges.MIMO ommuniation systems an be de�ned intuitively by onsidering that multiple antennasare used at the transmitting end as well as at the reeiving end. The ore idea behind MIMO isthat signals sampled in the spatial domain at both ends are ombined in suh a way that theyeither reate e�etive multiple parallel spatial data pipes (therefore inreasing the data rate),and/or add diversity to improve the quality (Bit-Error Rate or BER) of the ommuniation.Clearly, the bene�ts from multiple antennas arise from the use of a new dimension-spae. Hene,beause the spatial dimension omes as a omplement to time (the natural dimension of digi-tal ommuniation data), MIMO tehnology is also known as 'spae-time' wireless or 'smart'antennas. In 1995, Telatar shows that the apaity of a MIMO system grows linearly with theminimum of the number of antennas at the transmitter and at the reeiver (7). Thus, with theemergene of MIMO systems, multipaths were e�etively onverted into a bene�t for ommu-niation systems. MIMO indeed takes advantage of random fading, and possibly delay spread,to multiply transfer rates. The prospet of dramati improvements in wireless ommuniationperformane at no ost of extra spetrum was further illustrated in the now famous paper byTelatar (7).Simultaneously, Bell Labs developed the so-alled BLAST arhiteture (19) that ahievedspetral e�ienies up to 10-20 bits/s/Hz, while the �rst spae-time oding arhitetures appea-red (25).Spae-time oding is a powerful approah to exploit features of MIMO systems. The designof high-performane high-rate spae-time odes has been a problem of great interest and severalreent approahes have been developed to obtain suh odes. These odes permit to furtherexploit degrees of freedom of the MIMO system by introduing dependeny between temporaland spatial domains in order to bring spatial diversity and oding gain.The MIMO suess story had begun. Today, MIMO appears as an ideal tehnology for large-sale ommerial wireless produts suh as wireless loal area and third generation networks.In the ommerial area, Iospan Wireless In. developed the �rst ommerial system in 2001that used MIMO-OFDMA tehnology. Iospan tehnology supported both diversity oding and



Introdution 29spatial multiplexing. In 2005, Airgo Networks had developed a pre-11n version based on theirpatents on MIMO. Following that in 2006, several ompanies (inluding at least Broadom, Intel,and Marvell) have �elded a MIMO-OFDM solution based on a pre-standard for IEEE 802.11nWiFi standard. Also in 2006, several ompanies (Beeem Communiations, Samsung, RunomTehnologies, et.) have developed MIMO-OFDMA based solutions for IEEE 802.16e WIMAXbroadband mobile standard. All upoming 4G systems will also employ MIMO tehnology. Se-veral researh groups have demonstrated over 1 Gbit/s prototypes.Faing this very promising tehnique, the main di�ulty is to de�ne optimal systems for anaimed appliation. Furthermore, the notion of omplexity is essential in the oneption of anoptimal system. Today, only shemes with low number of antennas or using orthogonal spae-time odes with low oding gain are implemented in ommerialized wireless ommuniationsystems thanks to their low omplexities.On the other hand, the omplexity of reeption of high spetral e�ieny systems, using alarge number of antennas, onsiderably inreases with spetral e�ieny. In 2007 and for 4Gommuniation, NTT DoCoMo ompleted a trial in whih they reahed a maximum pakettransmission rate of approximately 5 Gbit/s in downlink with 12× 12 MIMO tehnique using a100 MHz frequeny bandwidth while moving at 10 km/h, and is planning on releasing the �rstommerial network (10). Samsung also proposed a demonstrator with an 8 × 8 MIMO systemapable of transmitting up to 3.5 Gbit/s (11) (12). Throughputs o�ered by these systems arerevolutionary for the wireless ommuniations world. However their omplexity of implementa-tion is still too important to onsider their integration in the ommerialized publi systems ofommuniations who must be ergonomi, heap and reliable.Thus, this thesis onfronts the problem of reeiver design and the main goal of this researh isto propose powerful MIMO deoding algorithms with low omplexity and o�ering a omplexity-performane tradeo�.Several deoding algorithms o�ering optimal performanes were proposed in the literature.We distinguish in partiular deoders having strategies based on searhing inside a tree suh asthe Sphere Deoder, the algorithm of Shnorr-Euhner and sequential deoders suh as the Fanodeoder and the Stak deoder. Although these latter ones present low omplexity ompared toexhaustive deoders, their omplexity inreases in funtion of the number of antennas and thesize of the used onstellation. Thus, the purpose behind this work is to bring bring as manyenhanements as possible for the MIMO deoder espeially in terms of omplexity. This thesisonsists of four hapters. Chapter 1 provides an overview of the reent developments in spae-time oding and signal proessing tehniques appropriate for MIMO ommuniation systems.First, we will introdue the MIMO hannel and system modeling. Then, we will review theinformation theory results on the apaities of wireless systems employing multiple transmit andreeive antennas. Finally, some spae time odes are desribed and their onstrution tehniquesand riteria are also brie�y touhed upon. Chapter 2 begins by examining the basi priniplesand strutures of MIMO deoders. Then, it details the di�erent deoder lasses and gives anoverview of their way of working. After that, some well-known pre-proessing tehniques aredesribed. At the end of this hapter, we fous on the diversity Multiplexing Tradeo� of MIMOdeoders. In Chapter 3, we propose at �rst a new sequential deoding algorithm that we allSB-Stak (Spherial Bound-Stak deoder). This one is based, at the same time, on the Sphere



30 IntrodutionDeoder and the Sequential Stak Deoder. The Sphere Deoder uses the DeFS (Depth-First-Searh) strategy while the stak deoder uses the BeFS (Best-First-Searh) strategy. We showthat the SB-Stak deoder ombines the advantages of both deoders. In fat, it uses the searhstrategy of stak deoder and the searh region de�ned by the sphere entered on the reeivedpoint. Consequently, the SB-Stak deoder o�ers lower omplexity than the original deoderswithout sari�ing optimal performanes. In the seond half of this hapter, a new soft outputMIMO deoder is proposed. We exploit the suitable struture of the stak algorithm to providea soft output, required when STBC are onatenated with error orreting odes. The proposedalgorithm is an extension of the hard SB-Stak deoder. A straightforward idea was to exploitinternal nodes still stored in the stak at the end of hard deoding proess to alulate theLLR (Log-Likelihood Ratio). We show that the potential gain of suh a method is rather largerelative to lassial soft deoders. InChapter 4, we fous on reduing the omplexity of the stakdeoding algorithm using di�erent tehniques. First, we propose the use of parallel proessingfor stak deoding, this is in order to deode signals transmitted on linear MIMO hannels whilereduing time onsumption of hardware arhiteture. Then, we detail some strategies reduingthe stak deoding omplexity like the hild-sibling strategy and the omplex strategy (deodingover omplex symbol alphabets) . We show also the improvement introdued by these strategiesompared to the original stak deoding. At the end of this hapter, we suggest a solution tothe problem of the inrease in deoder omplexity in the ase of severe hannels. Indeed, thesedeoders seem to be onverted to exhaustive searh deoders visiting all onstellation points.Thus, we introdue time and omplexity onstraints and we propose to �nish the stak deodingby a ZF-DFE deoding for hard deoding and a K-Best deoding for soft outputs.In summary, a range of signal proessing tools appropriate for use in MIMO ommuniationsystems have been developed in the work presented in this thesis and simulation results areprovided to demonstrate the e�etiveness of the proposed tehniques.



31
Chapitre 1
MIMO Channel Desription andInformation Theory notions
In this �rst hapter, we will �rst present the general funtioning of a digital ommuniationsystem. We will fous partiularly on MIMO systems. First, we will present the hannel mode-ling problem for MIMO systems. Thus, di�erent tehniques of modeling are presented and someMIMO models found in literature are lassi�ed. After that, we will introdue diversity tehniquesand lattie properties. In the seond half of this hapter, we will reall some information theorynotions applied to MIMO systems. Di�erent formulations of apaity for MIMO hannels arepresented for di�erent ases suh as the knowledge of Channel State Information at the Trans-mitter and the Reeiver and the knowledge of Channel State Information at the Reeiver only.Then, the outage probability and the multiplexing gain are presented. Also, we will detail theDiversity Multiplexing Tradeo� whih is an essential notion for the omprehension of MIMOsystems' funtioning.By the end of this hapter, we will present some known Spae Time Codes.
1.1 MIMO Channel and System Modeling1.1.1 Transmission ShemeA blok diagram of a wireless ommuniations system is shown in Figure (1.1). In this �gurethe soure of information ould be a voie signal, a video signal or a data. The soure eno-der proesses the information and formats the information into a sequene of information bits
∈ {±1}. The goal of the soure enoder is to remove the unstrutured redundany from thesoure so that the rate of information bits at the output of the soure enoder is as small aspossible within a onstraint on omplexity. The hannel enoder adds strutured redundanyto the information bits for the purpose of proteting the data from distortion and noise in thehannel. The modulator maps the sequene of oded bits into waveforms that are suitable for



32 1. MIMO Channel Desription and Information Theory notionstransmission over the hannel. First, the signal amplitude dereases due to the distane between
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DecodingFigure 1.1 � Generi Arhiteture of a Digital Communiation Systemthe transmitter and reeiver. This is generally referred to as propagation loss. Seond, due toobstales the signal amplitude is attenuated. This is alled shadowing. Finally, beause of mul-tiple propagation paths between the transmitter antenna and the reeiver antenna, the signalwaveform is distorted. Multipath fading an be either onstrutive, if the phases of di�erentpaths are the same, or destrutive, if the phases of the di�erent paths ause anellation. Thedestrutive or onstrutive nature of the fading depends on the arrier frequeny of the signaland is thus alled frequeny seletive fading. In addition to propagation e�ets, typially thereis noise at the reeiver that is unorrelated with the transmitted signal. Thermal noise due tomotion of the eletrons in the reeiver is one form of this noise. Other users oupying the samefrequeny band or in adjaent bands with interfering sidelobes is another soure of this noise.The reeiver's goal is to reprodue at the output of the soure deoder the information-bearingsignal, be it a voie signal or a data, as aurately as possible. The struture of the reeiver isthat of a demodulator, hannel deoder, and soure deoder. The demodulator maps a reeivedwaveform into a sequene of deision variables for the oded data. The hannel deoder attemptsto determine the information bits using the knowledge of the odebook (set of possible enodedsequenes) of the enoder. The soure deoder then attempts to reprodue the information. Inthe following, we will not fous on soure oding.Thus, the modeling of transmission hannel is essential to oneive a performing digitalommuniations system and we an onlude that hannel model depends on system environmentand the propagation model. As it is shown in �gure (1.2) the reeiver detets di�erent versionsof signal. This eho of the same signal is the interation of wave with the real propagationenvironment : di�ration, re�etion, dispersion (2).The simplest mathematial model for a ommuniation hannel is its representation with alinear �lter with an additive noise where transmitted signal is orrupted by an additive randomnoise proess (3). Suh linear �lters are haraterized by time-variant hannel impulse response
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h(t,τ). For an input signal s(t), the hannel output signal r(t) is given by

r(t) =

∫ +∞

−∞
h(t,τ)s(t− τ)dτ + n(t), (1.1)where n(t) is the random noise proess. However, we are interested in a haraterization thatis valid. That is, we reognize that the hannel �lter taps must be measured, but we want astatistial haraterization of how many taps are neessary, how quikly they hange and howmuh they vary. Suh a haraterization requires a probabilisti model of the hannel tap values,perhaps gathered by statistial measurements of the hannel. From this, we derived a disrete-time baseband model in terms of hannel �lter taps as

r[m] =
∑

l

h[m,l]s[m− l] + n[m]. (1.2)Eah tap h[m,l] is the sum of a large number of suh small independent irular symmetrirandom variables. This assures us that h[m,l] is in fat irular symmetri CN (0,σ2
l ). With thisassumed Gaussian probability density, we know that the magnitude |h[m,l]| of the lth tap is aRayleigh random variable with density

x

σ2
l

exp

{−x2

2σ2
l

}

, x ≥ 0, (1.3)and the squared magnitude |h[m,l]|2 is exponentially distributed with density
1

σ2
l

exp

{−x2

2σ2
l

}

, x ≥ 0. (1.4)This model alled Rayleigh fading, is quite reasonable for sattering mehanisms where there aremany small re�etors, but is adopted primarily for its simpliity in typial ellular situations with



34 1. MIMO Channel Desription and Information Theory notionsa relatively small number of re�etors. Fading an then drastially redue the reeived power. Ifreliable ommuniation over wireless hannels is to be ahieved, measures must be put in plaeto ounterat its e�ets. The most ommon tehnique against fading is to transmit many repliasof the original signal, in the hope that at least one of them will not fade ; this tehnique is knownas diversity. Diversity has the drawbak of ausing ine�ienies in the system, sine at least partof the available resoures must be used to send the signal replias. This introdues redundany.In reent years, researhers have realized that multipath, as well as giving rise to fading, anhelp to ombat it. Multiple refetions are a natural phenomenon in wireless hannels, and theyan be harnessed to provide diversity ; no other system resoure suh as bandwidth needs to beemployed. Furthermore, it has been determined that the apaity available in wireless hannelsan be enhaned using many antennas at the transmitter and the reeiver side. Thus, the spatialdimension is a new aspet to be onsidered for the hannel modeling.Figure (1.3) illustrates di�erent antenna on�gurations used in de�ning spae-time systems.Single-input single-output (SISO) is the well-known wireless on�guration, single-input multiple-output (SIMO) uses a single transmitting antenna and multiple ( reeive antennas, multiple-inputsingle-output (MISO) has multiple transmitting antennas and one reeive antenna and, �nally,MIMO has multiple transmitting antennas and multiple reeive antennas.
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MIMOFigure 1.3 � Di�erent antenna on�gurations in spae-time systems.Let us onsider a MIMO system with M transmit and N reeive antennas. Then the reeivesignal blok is
YN×T = HN×M ·XM×T +WN×T , (1.5)where H is the hannel transfer matrix with omplex entries hij representing the fading oef-�ients between the ith reeive and the jth transmit antennas and are modeled by independentGaussian random variables of zero-mean and variane 0.5 per omponent. The MIMO hannel

H at a given time instant may be represented as an N ×M matrix
HN×M =








h11 h12 · · · h1M
h21 h22 · · · h2M... ... . . . ...
hN1 hN2 · · · hNM







, (1.6)
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N receive antennasFigure 1.4 � MIMO System representation onstituted of M transmit and N reeiveantennas
The �gure (1.4) represents this system. XM×T is the transmit signal blok over T symbol timesand is a matrix of dimension M×T . T is the temporal dimension, thus it's the number of hanneluse (u). WN×T ∈ N (0, σ2.I) is an additive white gaussian noise. The hannel is assumed to beonstant during the transmission of a blok (also sometimes referred to as a frame) and to hangefrom one blok to another. Also, it is assumed that the hannel is memoryless between bloks ;that is, matries assoiated with di�erent bloks are statistially independent. Suh a hannelis known as a frequeny-�at, slow fading hannel,or simply as a blok-fading hannel. Theseharateristis are typial in �xed wireless appliations, where some slow hannel variations areexpeted ; an example would be an o�e environment where people onstantly move around atwalking speed. Matrix H is assumed to be full-rank. This is justi�ed beause the probability of arandomly generated matrix presenting non-independent rows and olumns is very lose to zero.In pratie, this means that the reeiver antennas must be adequately spaed. This requirementis not onsidered unreasonable in modern wireless appliations where the arrier frequeny isin the range of a few gigahertz and thus the required separation would be a few entimeters.Eah reeiver is assumed to have estimated H perfetly through the use of some appropriatemethod, suh as a training sequene transmitted with eah blok. This situation is frequentlydesribed in the literature as the reeiver having perfet hannel-state information (CSI). Thiswill be desribed later in this hapter.The entries |hij | are assumed to have a Rayleigh distribution. The entries of the hannel matrix
H are omplex and gaussian. Eah omponent lays out a gaussian real part and a gaussianimaginary part of null average and variane equal to 0.5. Thus, the hannel H is onsidered asa Rayleigh hannel.
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(c) 16−QAMFigure 1.5 � Example of a Z[i] lattie of dimension 21.1.2 Modulation and DemodulationModulation and demodulation are used in many kinds of data transmission, both analogue anddigital. The hoie of one type of modulation is based on bandwidth and signal-to-noise ratio.In digital modulation, an analog arrier signal is modulated by a digital bit stream. Digitalmodulation methods an be onsidered as digital-to-analog onversion, and the orrespondingdemodulation or detetion as analog-to-digital onversion. The hanges in the arrier signal arehosen from a �nite number of alternative symbols (the modulation alphabet). If the alphabetonsists of 2Nb alternative symbols, eah symbol represents a message onsisting of Nb bits.Usually for our simulations, we will use the Quadrature Amplitude Modulation (QAM). TheQAM modulation is simply a ombination of amplitude modulation and phase shift keying. Itsonstellation points are usually arranged in a square grid with equal vertial and horizontal spa-ing. The set of onstellations points is a �nal subset of Z[i]. Sine in digital teleommuniationsthe data are usually binary, the number of points in the grid is usually a power of 2 (2, 4, 8 ...).Some examples of q −QAM onstellations with q = 4,8,16 are presented in �gure (1.5).By moving to a higher-order onstellation, it is possible to transmit more bits per symbol. Ho-



1.1. MIMO Channel and System Modeling 37wever, if the mean energy of the onstellation is to remain the same (by way of making a fairomparison), the points must be loser together and are thus more suseptible to noise and otherorruption ; this results in a higher bit error rate and so higher-order QAM an deliver more dataless reliably than lower-order QAM, for onstant mean onstellation energy.1.1.3 Fading ChannelsThe mobile radio hannel experienes a lot of limitations on the performane of wireless systems.The transmission path an vary from line-of-sight to one severely obstruted by buildings andobstales. Unlike wired hannels, radio hannels are extremely random and do not o�er easyanalysis. This modeling is therefore based more on statistis and requires the understanding offading for an intended ommuniation system. Fading is the deviation or the attenuation thata arrier-modulated signal experienes over ertain propagation hannel. The fading may varywith time, geographial position and/or radio frequeny, and is often mathematially modeledas a random hange in the amplitude and phase of the transmitted signal. A fading hannel isa ommuniation hannel that experienes fading. In wireless systems, fading may either be dueto multipath propagation, referred to as multipath indued fading, or due to shadowing fromobstales a�eting the wave propagation, sometimes referred to as shadow fading.A - Slow and Fast FadingIn the wireless ommuniation literature, hannels are often ategorized as fast fading and slowfading. A hannel is fast fading if the oherene time Tc is muh shorter than the delay require-ment of the appliation, and slow fading if Tc is longer. In a fast fading hannel, one an transmitthe oded symbols over multiple fades of the hannel, while in a slow fading hannel, one annot.Thus, whether a hannel is fast or slow fading depends not only on the environment but alsoon the appliation ; voie, for example, typially has a short delay requirement of less than 100ms, while some types of data appliations an have a laxer delay requirement. The importantthing is to reognize that the major e�et in determining time oherene is the Doppler spread
Ds, and that the relationship is reiproal ; the larger the Doppler spread, the smaller the timeoherene :

Tc ≃
1

Ds
. (1.7)B - Frequeny Flat and Frequeny-Seletive FadingFrequeny seletivity is also an important harateristi of fading hannel. As the arrier fre-queny of a signal is varied, the magnitude of the hange in amplitude will vary. The oherenebandwidth Bc measures the separation in frequeny after whih two signals will experiene un-orrelated fading. In �at fading, the oherene bandwidth of the hannel Bc is larger than thebandwidth of the signal Bs. Therefore, all frequeny omponents of the signal will experiene thesame magnitude of fading. Contrarily, in frequeny-seletive fading, the oherene bandwidth ofthe hannel is smaller than the bandwidth of the signal. Di�erent frequeny omponents of thesignal therefore experiene deorrelated fading.Sine di�erent frequeny omponents of the signal are a�eted independently, it is highly unlikelythat all parts of the signal will be simultaneously a�eted by a deep fade. Certain modulationshemes suh as OFDM and CDMA are well-suited to employing frequeny diversity to providerobustness to fading. OFDM divides the wideband signal into many slowly modulated narrow-band subarriers, eah exposed to �at fading rather than frequeny seletive fading. This an be



38 1. MIMO Channel Desription and Information Theory notionsombated by means of error oding, simple equalization or adaptive bit loading. Inter-symbolinterferene is avoided by introduing a guard interval between the symbols. CDMA uses theRake reeiver to deal with eah eho separately.Frequeny-seletive fading hannels are also dispersive, in that the signal energy assoiated witheah symbol is spread out in time. This auses transmitted symbols that are adjaent in time tointerfere with eah other. Equalizers are often deployed in suh hannels to ompensate for thee�ets of the intersymbol interferene.The ehoes may also be exposed to Doppler shift, resultingin a time varying hannel model.C - Modeling of Channel FadingExamples of fading models for the distribution of the attenuation are :
• The Rayleigh fading whih is quite reasonable for sattering mehanisms where there aremany small re�etors, but is adopted primarily for its simpliity in typial ellular situationswith a relatively small number of re�etors. The word Rayleigh is almost universally used forthis model, but the assumption is that the tap gains are irularly symmetri omplex Gaussianrandom variables. The entral limit theorem holds that, if there is su�iently muh satter, thehannel impulse response will be well-modeled as a Gaussian proess irrespetive of the distri-bution of the individual omponents. If there is no dominant omponent to the satter, thensuh a proess will have zero mean and phase evenly distributed between 0 and 2π radians. Theenvelope of the hannel response will therefore be Rayleigh distributed.
• The Rie fading happens in the same onditions than the rayleigh fading and ours whenone of the paths, typially a line of sight signal, is muh stronger than the others. In Riianfading, the amplitude gain is haraterized by a Riian distribution.The e�ets of fading an be ombated by using diversity to transmit the signal over multiplehannels that experiene independent fading and oherently ombining them at the reeiver. Theprobability of experiening a fade in this omposite hannel is then proportional to the probabilitythat all the omponent hannels simultaneously experiene a fade, a muh more unlikely event.Diversity an be ahieved in time, frequeny, or spae1.1.4 Diversity TehniquesThe diversity tehniques operate over time, frequeny or spae, but the basi idea is the same. Bysending signals that arry the same information through di�erent paths, multiple independentlyfaded replias of data symbols are obtained at the reeiver end and more reliable detetion anbe ahieved. There are three types of diversity shemes in wireless ommuniations
• Temporal diversity : In this ase replias of the transmitted signal are provided aross timeby a ombination of hannel oding and time interleaving strategies. The key requirement herefor this form of diversity to be e�etive is that the hannel must provide su�ient variations intime. It is appliable in ases where the oherene time of the hannel is small ompared withthe desired interleaving symbol duration. In suh an event, we are assured that the interleavedsymbol is independent of the previous symbol. This makes it a ompletely new replia of the
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• Frequeny diversity : This type of diversity provides replias of the original signal in thefrequeny domain. This is appliable in ases where the oherene bandwidth of the hannel issmall ompared with the bandwidth of the signal. This assures us that di�erent parts of therelevant spetrum will su�er independent fades.
• Spatial diversity : This is also alled antenna diversity and is an e�etive method for om-bating multipath fading. In this ase, replias of the same transmitted signal are provided arossdi�erent antennas of the reeiver. This is appliable in ases where the antenna spaing is largerthan the oherent distane to ensure independent fades aross di�erent antennas.Basially the e�etiveness of any diversity sheme lies in the fat that at the reeiver we mustprovide independent samples of the basi signal that was transmitted. In suh an event we areassured that the probability of two or more relevant parts of the signal undergoing deep fadeswill be very small. The onstraints on oherene time, oherene bandwidth, and oherene dis-tane ensure this. The diversity sheme must then optimally ombine the reeived diversi�edwaveforms so as to maximize the resulting signal quality.We an also ategorize diversity under the subheading of spatial diversity, based on whetherdiversity is applied to the transmitter or to the reeiver.
• Reeive diversity : Maximum ratio ombining is a frequently applied diversity sheme in reei-vers to improve signal quality. In ell phones it beomes ostly and umbersome to deploy. Thisis one of the main reasons transmit diversity beame popular, sine transmit diversity is easierto implement at the base station.
• Transmit diversity : In this ase we introdue ontrolled redundanies at the transmitter, whih
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Figure 1.6 � Spatial Reeive Diversityan be then exploited by appropriate signal proessing tehniques at the reeiver. Generally thistehnique requires omplete hannel information at the transmitter to make this possible. Butwith the invention of spae-time oding shemes like Alamouti's sheme (4) it beame possibleto implement transmit diversity without knowledge of the hannel. This was one of the funda-mental reasons why the MIMO industry began to rise. Spae-time odes for MIMO exploit bothtransmit as well as reeive diversity shemes, yielding a high quality of reeption.



40 1. MIMO Channel Desription and Information Theory notionsTherefore, in MIMO we talk a lot about reeive antenna diversity or transmit antenna di-
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Figure 1.7 � Spatial Transmit Diversityversity. In reeive antenna diversity, the reeiver that has multiple antennas reeives multiplereplias of the same transmitted signal, assuming that the transmission ame from the samesoure. This holds true for SIMO hannels. If the signal path between eah antenna pair fadesindependently, then when one path is in a fade, it is extremely unlikely that all the other pathsare also in deep fade. If the number of reeive antennas tends to in�nity, the diversity order tendsto in�nity and the hannel tends to additive white Gaussian noise (AWGN) (5).In the ategory of spatial diversity there are two more types of diversity that we need to onsider.These are :
• Polarization diversity : In this type of diversity horizontal and vertial polarization signals aretransmitted by two di�erent polarized antennas and reeived orrespondingly by two di�erentpolarized antennas at the reeiver. Di�erent polarizations ensure that there is no orrelation bet-ween the data streams, without having to worry about oherent distane of separation betweenthe antennas.
• Angle diversity : This applies at arrier frequenies in exess of 10 GHz. At suh frequenies,the transmitted signals are highly sattered in spae. In suh an event the reeiver an havetwo highly diretional antennas faing in totally di�erent diretions. This enables the reeiver toollet two samples of the same signal, whih are totally independent of eah other.Considering an N ×M MIMO system, the maximum possible diversity gain is equal to N ×M .At high SNR, the error probability Pe dereases as the dth power of SNR, orresponding to aslope of −d in the error probability urve (in dB/dB sale).

Pe ∝
1

SNRd
(1.8)Then, the diversity is

d = − lim
SNR→∞

log(Pe)

log(SNR)
. (1.9)



1.1. MIMO Channel and System Modeling 41Thus, for high SNR, error probability average dereases asymptotially, therefore the probabilityof error will derease if we send information on d independent paths.1.1.5 Lattie De�nition and PropertiesA lattie Λ is a subset of rank p ; for p < n , of Rn. Λ is then a lattie of dimension p and thereexists p linearly independent n-dimensional vetors v1,v2, . . . ,vp ∈ R
n suh that

Λ = Λ(S) = {a1v1 + a2v2 + . . .+ apvp : ai ∈ Z} (1.10)where S = [v1,v2, . . . ,vp] is an n× p matrix. The set of olumn vetors {v1,v2, . . . ,vp} and thematrix S are said to be the basis and the basis matrix of Λ, respetively. Thus, a lattie is aninteger linear ombination of the basis vetors. In the following, a lattie having S as a basismatrix will be denoted ΛS .Let's now onsider some useful de�nitions (see �gure (1.8)) :
• Gram matrix of a lattie ΛS is G = STS.
• The equivalent lattieLet Q ∈ Mn (R), suh that QQT = In.Both latties ΛS and ΛS.Q are equivalent (same lattie).
• Fundamental volume of a lattieThe fundamental volume of a lattie ΛS with a basis {v1,v2, . . . ,vp} of Rn is given by

V = {x ∈ R
n\x = a1v1 + a2v2 + . . .+ apvp, 0 ≤ ai < 1, i = 1 . . . p} (1.11)Geometrially, the determinant det (Λ) of a lattie Λ is de�ned as the ommon ontent of theparallelepiped spanned by any lattie bases. Generally, a lattie has many possible bases but ithas the same determinant.

• Voronoï CellThe Voronoï Cell of a point u in a lattie Λ is the spae region de�ned by
v(u) = {x ∈ R

n\‖x− u‖ ≤ ‖x− y‖,y ∈ Λ} (1.12)The Voronoï Cell is then a ell struture where eah ell's interior onsists of all points thatare loser to a partiular lattie point than to any other lattie point. Sine lattie is uniform,all Voronoï Cells are identi. The fundamental volume of a lattie is equal to the Voronoï Cellvolume.The representation of MIMO systems as a lattie and deoding them with a lattie deoder was�rst explored by Damen et al. in (6). One an separate imaginary part and real part, then ve-torizing MIMO systems (oded or non-oded) and get lattie representation of the hannel model.
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Figure 1.8 � Example of a Z[i] lattie of dimension 21.1.5.1 For the non-oded System aseHere we assume that T , the temporal dimension, is equal to 1. Let's the invertible mapping
Ψ : CM → R

M from omplex valued vetor v to real valued vetor v by staking the real part of
v over its imaginary part, be de�ned as :

v = Ψ(v) =

[
Re(v)
Im(v)

]

, (1.13)where M = 2M .When N 6= 1, the mapping Ψ : CN×M → R
N×M and N = 2N from omplex valued matrix Ato real valued matrix A is de�ned as follows :

A = Ψ(A) =

[
Re(A) −Im(A)
Im(A) Re(A)

]

. (1.14)Then, one an rewrite equation (1.5) by separating real and imaginary parts as follows :
y
N

= HN×MxM + zN . (1.15)Sine the matrix HN×M is full rank , the matrix HN×M is then of full rank. We get thena lattie representation of non-oded MIMO systems. The lattie dimension is N ×M and thegenerating matrix is HN×M .1.1.5.2 For the oded System aseIn this ase X is no longer an information symbols vetor as desribed in the non oded ase.But, it represents the odeword matrix to be sent. Then, the reeived odeword stays as desribed



1.2. Some Mathematial Tools for MIMO Deoding 43in equation (1.5).Two steps should be done to get a lattie representation of MIMO oded system :1) represent the oded system as a non oded system,2) separate real and imaginary parts.The �rst step onsists of vetorization. Thus, the equation (1.5) beomes therefore
yN·T =






HN×M 0. . .
0 HN×M




 ·






φ11 . . . φ1,M ·T... . . . ...
φM ·T,1 . . . φM ·T,M ·T






︸ ︷︷ ︸

φM·T×M·T

·






x1...
xM ·T






︸ ︷︷ ︸

xM·T

+






z1...
zN ·T




 ,

where φM ·T×M ·T .xM ·T is the vetorization of XM×T .As a result, we get a system equivalent to (1.5)
yN·T = H1,N·T×M ·T · φM ·T×M ·T · xM ·T + zN·T

= HN·T×M ·T · xM ·T + zN·T (1.16)The separation of the real and imaginary parts is applied on the former equation as in equation(1.15), and the oded system is therefore given by
y
N·T

= HN·T×M ·T · xM ·T + zN ·T (1.17)where we de�ned by HN ·T×M ·T the equivalent lattie generator matrix.1.2 Some Mathematial Tools for MIMO DeodingOne the equivalent lattie generator matrix is de�ned, many di�erent optimal and sub-optimaldeoders algorithms an be developed and implemented. Among these deoders we an mentionlattie deoders and sequential deoders. Those deoders an be seen as tree searh deoders.In order to onstrut the tree searh, we need to transform the lattie generator matrix usingsome mathematial tools for matrix deomposition like the QR deomposition, the Choleskydeomposition and the the singular value deomposition (SVD), et. Here, we will present thosethree deompositions that will be used later for MIMO Deoding.1.2.1 QR Deomposition1.2.1.1 prinipleA QR deomposition of a matrix is a deomposition of the matrix into an orthogonal and aupper triangular matrix. Let's H be a real matrix of dimension n×m, there exists an orthogonal



44 1. MIMO Channel Desription and Information Theory notionsmatrix Q (its olumns are orthogonal unit vetors meaning QT · Q = I) of dimension n×n andan upper triangular matrix R (also alled right triangular matrix) of dimension n×m suh that
H = Q · R (1.18)1.2.1.2 AppliationBy applying this deomposition to the previously de�ned hannel matrix H, the MIMO systembeomes

y = Q ·R · x+ z (1.19)Sine Q is orthogonal, the multipliation of the previous equation by QT gives an equivalentsystem sine the noise stays white and gaussian.
u = QT · y = R · x+QT · z (1.20)

R is then onsidered as the new lattie generator matrix of ΛR. Making the lattie generatormatrix triangular is used in many deoding algorithms and is generally used in the 'pre-deoding'phase.1.2.1.3 ComplexityThe omplexity of this phase depends on the lattie dimensions. For a lattie of dimension n,the omplexity of the algorithm is given by 2
3n

3 (8) to whih we should add the omplexity ofthe multipliation of the matrix QT by the reeived vetor y.1.2.2 Cholesky fatorization1.2.2.1 PrinipleSimilarly to the QR deomposition, the Cholesky fatorization is a deomposition of a symmetri,positive-de�nite matrix into the produt of a lower triangular matrix and its onjugate transpose.Thus, for a lattie ΛH, it an be used to fatorize the Gram matrix (G = H
T
· H). It onsistsof determining a lower triangular matrix L with stritly positive diagonal entries suh that

G = (LU) · (LU) T (1.21)



1.2. Some Mathematial Tools for MIMO Deoding 45Algorithm 1 QR Deomposition
• Input : H,n

• Initialization : For i = 1 : n, for j = 1 : n, R(i,j) = 0.
• R(1,1) =

n∑

i=1

H(i,1) ; Q = H(: ,1)/R(1,1) ;
• For k = 2 : n
R(1 : k − 1,k) = Q(: ,1 : k − 1)T ·H(: ,k) ;
Q(: ,k) = H(: ,k)−Q(: ,1 : k − 1) ·R(1 : k − 1,k) ;
R(k,k) =

n∑

i=1

Q(i,k)

Q(: ,k) = Q(: ,k)/R(k,k)or quite simply :
G = L · LT (1.22)

U is a unitary matrix ( U ·UT = UT ·U = I).1.2.2.2 AppliationWe an show that the Cholesky fatorization and the QR deomposition are equivalent. Let's
H = Q · R be the QR deomposition of H. The Gram matrix an be written as :

G = H
T ·H

= (QR)T · (QR)

= RT ·QT ·Q ·R (1.23)
= RT ·R
= L ·LTWe an remark thatR = LT .Q is obtained by the equationQ = H·R−1. Thus, we onludethat both fatorizations are equivalent. Another useful appliation for the Cholesky fatorizationis to alulate the inverse matrix of G, alulate its determinant, et. The determinant is equalto the square of the produt of diagonal elements of L. In fat :

‖det (G)‖ =
∥
∥det

(
LLT

)∥
∥

= ‖det (L)‖
∥
∥det

(
LT
)∥
∥ (1.24)

= ‖det (L)‖2



46 1. MIMO Channel Desription and Information Theory notionsAnd sine the determinant of the triangular matrix is the produt of diagonal elements :
‖det (G)‖ = (

∏n
i=1 Lii)

2 (1.25)
1.2.2.3 ComplexityThe omplexity of the Cholesky deomposition is given by 1

6n
3 + n (8). It's inferior to theomplexity of the QR method. But sine the Cholesky fatorization is done for the Gram matrix,this adds n3 multipliations to the omplexity. Moreover, the QR deomposition algorithm isnumerially stable. Consequently, we hose this method for our pre-deoding phase.

Algorithm 2 Cholesky Fatorization
• Input : G(i,j)1≤j≤i≤n representing the lower triangular part of G (G symmetri,positive-de�nite).
• Output : G(i,j)1≤i≤j≤n representing L satisfying G = L ·LT .
• G(1,1) = sqrt(G(1,1)).
• For i = 2 : n
G(i,1) = G(i,1)/G(1,1) ;

• For k = 2 : n− 1

G(k,k) = sqrt(G(k,k)−
k−1∑

j=1

G2(k,j)) ;For i = k + 1 : n

G(i,k) = (G(i,k)−
k−1∑

j=1

G(i,j) ·G(k,j))/G(k,k) ;
• G(n,n) = sqrt(G(n,n)−

n−1∑

j=1

G2(n,j)) ;



1.2. Some Mathematial Tools for MIMO Deoding 471.2.3 SVD Deomposition1.2.3.1 PrinipleThe singular value deomposition is an important fatorization of a retangular real or omplexmatrix of dimensions n×m . It onsists of writing the matrix H as :
H = U ·D · V T · s (1.26)where U is a unitary matrix of dimensions n×n, D is a n×m diagonal matrix with positiveor null elements and V is an m×m unitary matrix. The matrix D ontains the singular valuesof H.1.2.3.2 AppliationThis method an be used for MIMO deoding. For example, using the SVD deomposition fora MIMO system with m < n, we an prove that deoding of the initial system of dimensions

n×m an be brought bak to a deoding in lattie of dimensions m×m. Thus, let's reall theequation
y = H · x+ z (1.27)where y, H, x and z are respetively of dimensions n × 1, n × m, m × 1 and n × 1. SVDdeomposition applied to this system gives :

y = U ·D · V T · x+ z (1.28)Sine the matrix U is unitary, multipliation by UT leads to an equivalent system :
UT · y = D · V T · x +UT · z (1.29)

y1 = Φ · x +z1Let's remind that the diagonal matrix D ontains the singular values of H. But, sine H has atmaximum m singular values, onsequently, rows of D of index > m are null.
D =













d1 . . .
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48 1. MIMO Channel Desription and Information Theory notionsIn the system (1.30), multipliation of D by V T gives a matrix Φ null for rows beyond m.
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(1.30)
(1.31)Consequently, we an estimate that the last n−m elements of the vetor y1 are also null. It'sthen unneessary to apply deoding until the nth order, the initial lattie of dimensions n ×mwill be redued to a lattie of less dimensions m×m.The SVD deomposition permits also to alulate the rank of the matrix. It was shown in (8)that the rank of the matrix H is equal to the number of non-null singular values of D. Thedeomposition into singular values permits also to alulate the pseudo-inverse of a matrix. Infat, the pseudo-inverse of the matrix H is given by :

H
+ = V ·D+ ·UT (1.32)where D+ represents the diagonal matrix D where eah non-null omponent is replaed byits inverse.1.2.3.3 ComplexityFor a matrix H of dimensions n × m, the omplexity of this phase is of the order 8n2m +

8nm2+9m3. It's widely bigger than the omplexity of the QR and the Cholesky deompositions.Nevertheless, by applying the SVD deomposition in the pre-deoding phase, we an limit theinitial problem to a smallest lattie dimensions whih means a signi�ant gain in omplexity ofdeoding.1.3 Information Theory1.3.1 Mutual Information and MIMO Channel Capaity1.3.1.1 Mutual InformationA ommuniation system an be modeled by a soure and a destination. The soure transmitsa message whih is deteted by the reeiver. If onsidering the transmitted signal x and the



1.3. Information Theory 49reeived signal y as random proesses, information theory introdues the the following notions :De�nition 1 (The entropy) the entropy is a measure of the unertainty assoiated with arandom variable. The term by itself in this ontext usually refers to the Shannon entropy, whihquanti�es, in the sense of an expeted value, the information ontained in a message. The entropyof a random proess x is H (x) = Ex [− log px (x)] (1.33)
=

∑

x∈X
−px (x) log px (x) (1.34)with px (x) is the probability density funtion of the random variable x and X = {x : px (x) 6= 0}.The entropy measurement unit depends on the used logarithmi base ( for the natural logarithm,we use the nat per symbol, and for the base 2 logarithm we use the bit per symbol).De�nition 2 (The mutual information) the mutual information I(x,y) of two random va-riables x and y is a quantity that measures the mutual dependene of the two variables.

I(x,y) =
∑

x∈X ,y∈Y
px,y(x,y) log

px,y(x,y)

px(x)py(y)
(1.35)where X = {x : px(x) 6= 0} and Y = {y : py(y) 6= 0}.The mutual information an also be expressed as a funtion of entropy

I(x,y) = H(x)−H(x/y)

= H(y)−H(y/x) (1.36)
= H(x) +H(y)−H(x,y)The results of Shannon permitted to show that propagation hannel an be assimilated to a fun-tion from the input proess spae to the output proess spae. This funtion inludes the set of alldeterministi and random transformations that ourred to the signal. Shannon showed also thatthere exists a theoretial limit for information throughput, exeeding this limit the informationan't be transmitted without error. This maximum rate is alled hannel apaity.1.3.1.2 MIMO Channel CapaityThe system apaity is de�ned as the maximum possible transmission rate suh that the pro-bability of error is arbitrarily small. Shannon�s pioneering work showed that the apaity of ahannel an be simply haraterized in terms of the mutual information between the input andthe output of the hannel. Thus, the apaity of MIMO hannel is de�ned as (7)(9)
C = max

px(x)
I(x,y) (1.37)The ergodi apaity of a MIMO hannel is the ensemble average of the information rate overthe distribution of the elements of the hannel matrix (13). It is the apaity of the hannel when



50 1. MIMO Channel Desription and Information Theory notionsevery hannel matrix is an independent realization [i.e., it has no relationship to the previousmatrix but is typially representative of it lass (ergodi)℄. This implies that it is a result ofin�nitely long measurements. Sine the proess model is ergodi, this implies that the oding isperformed over an in�nitely long interval.
• Channel State Information at Transmitter and at ReeiverThis ase is generally denoted by the abbreviation CSITR ( Channel State Information at Trans-mitter and Reeiver). For a partiular hannel response (deterministi hannel), the apaity anbe expressed as

C = EH

{

max
px|H :E[xHx]≤PT

I(x|H ,y|H)

}

. (1.38)Now, the mutual information I(x,y) is given by :
I(x,y) = log det

(

IN +
1

σ2
HRxH

H

) (1.39)The equation (1.38) assumes that x is a irular symmetri omplex Gaussian vetor1. Knowing
H , one should look for the ovariane matrix of x, Rx, maximizing the mutual information andverifying tr (Rx) ≤ PT and Rx is de�nite positive .Applying the singular value deomposition (SVD) fatorization for the known hannel matrix H

H = UΣV H , (1.40)where U ∈ C
N×N and V ∈ C

M×M are unitary omplex matries and Σ is a diagonal matrixonstituted of r = rank(H) hannel singular values σ1 ≥ σ2 ≥ · · · ≥ σr.The mutual information an be rewritten as 2
I(x|H ,y|H) = log det

(

IN +
1

σ2
ΣV HRxV Σ

)

. (1.41)The matrix Q̃ = V HRxV is de�nite positive, then
det
(

IN +ΣQ̃Σ
)

≤
r∏

i=1

(

1 +
Q̃iiσ

2
i

σ2

)

, (1.42)and the two quantities are equal if Q̃ is diagonal.The mutual information is then maximized if Q̃ is diagonal with eigenvalues Q̃ii. Thus, theapaity an be written as
CCSITR =

r=rank(H)
∑

i=1

log

(

1 +
Q̃iiσ

2
i

σ2

) (1.43)The water-�lling tehnique onsists of optimal energy alloation over the r MIMO hannel modes
Q̃ii =

(

µ− σ2

σ2
i

) where µ suh that ∑r
i=1 Q̃ii = PT1A omplex Gaussian vetor x is irular symmetri if the ovariane matrix of the vetor x has theform E

[

(x− E[x]) (x− E[x])
H
]

= 1/2.Q, where Q is an hermitian de�nite positive matrix2By applying the determinant identity : det (I +AB) = det (I +BA)



1.3. Information Theory 51
PT is the total transmitted energy over the M transmit antennas. Let's de�ne the funtion (.)+as

(a)+ =

{
a if a > 0
0 elseFinally, the apaity formula, when hannel is known at the transmitter and the reeiver, is givenby

CCSITR =

r∑

i=1

(

log

(
µσ2

i

σ2

))+ (1.44)
• Channel State Information at the Reeiver OnlyWe assume in the following and throughout this report that hannel knowledge is available onlyat the reeiver. Thus, we speak about CSIR (Channel State Information at the Reeiver Only).In these onditions, the hannel matrix is assumed to be random and independent from thetransmitted signal and the noise. In 1999, Telatar showed in (7) that the hannel apaity is rea-hed for a transmitted signal x whih is irular symmetri of null average and with a ovarianematrix Rx = PT

M IM . Then, the ergodi apaity an be expressed as
CCSIR = EH

[

log det

(

IN +
PT

Mσ2
HHH

)]

. (1.45)Telatar results (7), Foshini and Gans results (9) permitted to establish the analytial apaityformulas in the ase of Rayleigh hannel with no spatial orrelation.Here, we will detail the hannel apaity in the ase of Rayleigh Channel (without spatial or-relation). The stohasti Rayleigh model for a N × M MIMO system is de�ned by an N ×Mmatrix where the omponents hi,j are random omplex i.i.d gaussian entered and with unitaryvariane suh that
hi,j ∼

1√
2

[

N (0,1) +
√

(−1)N (0,1)
] (1.46)For an M = N = 1 hannel, the apaity, taking into aount equations (1.46) and (1.45), is

C1×1
CSIR = log

(

1 +
PT

σ2
X 2
2

)

, (1.47)where X 2
2 is a hi-square random variable with 2 degrees of freedom3.If we have a reeive diversity (M = 1, N > 1 : SIMOsystem), the ergodi apaity is given by

CSIMO
CSIR = log

(

1 +
PT

σ2
X 2
2N

)

. (1.48)Now, if we have transmit diversity (N = 1,M > 1 : MISOsystem), the ergodi apaity isexpressed by
CMISO
CSIR = log

(

1 +
PT

Mσ2
X 2
2M

)

. (1.49)3 A random variable is said to have a hi-square distribution X k
2
if it equals the sum of the squares of

k statistially independent standard Gaussian random variables.



52 1. MIMO Channel Desription and Information Theory notionsFor a MIMO hannel suh that M = N = Na, Telatar established the following analytialexpression for systems of high dimensions (7) :
C ≈ Na

∫ 4

0
log

(

1 +
PT

σ2
τ

)
1

4

√

1

τ
− 1

4
dτ. (1.50)Thus, for an idential and big antennas number at the transmission and the reeption sides, theergodi apaity for a Rayleigh hannel with a �at frequeny fading beomes linear in funtionof antennas number.More generally, Oyman et al. established in (14) the ergodi apaity for a non-orrelated Ray-leigh hannel with dimensions M ×N with a high SNR = PT

σ2 :
C ≈ m log2

(
SNR

M

)

+
1

ln 2





m∑

j=1

n−1∑

p=1

1

p
− γm



 b/s/Hz (1.51)where m = min(M,N), n = max(M,N) and γ ≈ 0.5772 denotes the Euler onstant. Thus,the ergodi apaity of the MIMO hannel (where hij are random omplex i.i.d variables) is aninreasingly linear in funtion of the SNR (in dB).The instantaneous apaity an be expressed as a funtion of the eigenvalues λi of the Wishartmatrix W :
CCSIR =

min(M,N)
∑

i=1

log

(

1 +
PT

Mσ2
λi(W )

) (1.52)where
W =

{
HHH if N ≤ M

HHH ifN > MThe MIMO system an be deomposed into an equivalent system of n = min(M,N) SISO sub-hannels whose path power gains are the eigenvalues of W . Thus, the onept of e�etive degreesof freedom (EDOF) was introdued in (15). this onept represents the number of subhannelsatively partiipating in onveying information under a given set of operating onditions. It iswell known that for an SISO hannel, at high SNR, a G− fold inrease in the transmitter powerresults in an inrease in the hannel apaity of log2G b/s/Hz. If a system is equivalent to EDOFSISO hannels in parallel, the apaity of the system should inrease by (EDOF. log2 G) b/s/Hzwhen the transmitter power is raised by a fator of G . In light of this, we de�ne EDOF at agiven SNR

EDOF =
d

dδ
C
(

2δ · SNR
)
∣
∣
∣
∣
δ=0

=

min(M,N)
∑

i=1

1

1 + M
SNR·λi

(1.53)The value of EDOF depends on orrelation between di�erent hannel matrix omponents. Forexample, for a hannel with a strong Line Of Sight path, EODF will tend to 1. In other hand,for a NLOS hannel without spatial orrelation, EDOF will tend to min(M,N).



1.3. Information Theory 53But, this Shannon apaity is valid for hannels governed by a stationary ergodi 4 randomproess but is typially greater for general hannels.1.3.2 Outage ProbabilityIn reality, the blok lengths are �nite. The ommon example is speeh transmission. In suh ases,we speak of outage apaity. Outage apaity is the apaity that is guaranteed with a ertainlevel of reliability. Non-ergodi hannels (i.e., the hannel is randomly drawn but remains �xedfor the whole hannel use) often use the umulative distribution funtion (CDF) to indiate theprobability that the hannel fails to support a given rate threshold. When ergodiity onditionis not respeted, the maximum rate that an be transmitted without error is random. Thus, thevalue of apaity using the previous apaity de�nition is null. As result, the outage probabilityis introdued and it represents the probability that the mutual information is less than a givenrate R.
Pout = Pr(I(x,y) < R) (1.54)The exat value of outage probability is di�ult to alulate, some approximations wereproposed in (16). But, one an show that if N and M tend to in�nity, the apaity C(H) tendsto a gaussian variable. Let's µC and σ2

C respetively the average and the variane of C(H), anapproximation of the outage probability an be given by 5
Pout ≈ Q

(
µC −R

σC

) (1.55)1.3.3 Multiplexing GainMIMO systems o�er a linear inrease in data rate through spatial multiplexing r (7)(17)(18)(19),i.e., transmitting multiple, independent data streams within the bandwidth of operation. Undersuitable hannel onditions, suh as rih sattering in the environment, the reeiver an separatethe data streams. Furthermore, eah data stream experienes at least the same hannel qualitythat would be experiened by a SISO system, e�etively enhaning the apaity by a multiplia-tive fator equal to the number of streams. In general, the number of data streams that an bereliably supported by a MIMO hannel equals the minimum of the number of transmit antennasand the number of reeive antennas. Thus, the spatial multiplexing gain inreases the apaityof a wireless network.The maximum multiplexing gain rmax that an be ahieved over a MIMO hannel is given bythe asymptoti (in SNR) slope of the outage apaity ( for �xed Frame Error Rate FER) plottedas a funtion of the SNR on a linea-log sale, i.e.,
rmax = lim

SNR→∞
Cout(SNR)

log2 SNR
(1.56)4 A stohasti proess is said to be ergodi if its statistial properties (suh as its mean and variane)an be dedued from a single, su�iently long sample (realization) of the proess.5Formally, the Q-funtion is de�ned as Q(x) = 1√

2π

∫∞

x
exp

(

−u
2

2

)

du



54 1. MIMO Channel Desription and Information Theory notionsFor H MIMO hannel with optimal transeiver design (i.e., Gaussian ode books, asymptotiallylarge frame length, maximum-likelihood detetion, et..) rmax = min (M,N) indiating that for a�xed FER, the transmission rate may be inreased by min (M,N) b/s/Hz for every 3dB inreasein SNR.For a high SNR and for a �xed rate R, we have :
R = r log SNR, where 0 ≤ r ≤ min(M,N) (1.57)1.3.4 Diversity Multiplexing Tradeo�A diversity gain d∗(r) is obtained for a given multiplexing gain r. This diversity gain veri�es :

d∗(r) = − lim
SNR→+∞

logPout (r · logSNR)

logSNR
(1.58)The urve of d∗(r) represents the diversity-multiplexing tradeo�. Similarly, it's possible to ha-raterize a diversity-multiplexing tradeo� for a spae time oding sheme by just substitutingthe outage probability Pout by the average error probability Pe.A spae time odes family indexed on the SNR reahes a multiplexing gain r and a diversitygain dC if :

dC = − lim
SNR→+∞

log Pe (r · logSNR)

logSNR
(1.59)For the i.i.d. Rayleigh-�at-fading hannel, the optimal tradeo� turns out to be very simple formost system parameters of interest. Consider a slow-fading environment in whih the hannelgain is random but remains onstant for a duration of l symbols. In (20), authors show that aslong as the blok length l ≥ M+N−1, the optimal diversity gain d∗(r) ahievable by any odingsheme of blok length l and multiplexing gain r ( r integer) is preisely :

d∗(r) = (M − r)(N − r) (1.60)This suggests an appealing interpretation : out of the total resoure of M transmit and N reeiveantennas, it is as though r transmit and r reeive antennas were used for multiplexing and theremaining M − r transmit and N − r reeive antennas provided the diversity. It should beobserved that this optimal tradeo� does not depend on l as long as l ≥ M +N − 1 ; hene, nomore diversity gain an be extrated by oding over blok lengths greater than M +N − 1 thanusing a blok length equal to M +N − 1. Thus, higher diversity omes at the prie of sari�ingspatial multiplexing gain. The maximum diversity gain is obtained for r = 0 :
d∗(r) = (M − r)(N − r) (1.61)In the �gure (1.9) the diversity-multiplexing tradeo� is represented. Coneiving spae time odesshould lead to a diversity multiplexing tradeo� dC(r) near to the optimal hannel tradeo� d∗(r)(21).
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max

(1,(M−1)(N−1))

(r,(M−r)(N−r))

(min(M,N),0)

(0,d       )

d*
(r

)

r = R/log(SNR)0Figure 1.9 � Diversity Multiplexing Tradeo� for a Rayleigh Channel with M transmitand N reeive antennas
1.4 Spae Time Codes
Spae-time odes aim to take advantage of the enormous potential of MIMO systems by om-bining spae and time diversity. They have reeived onsiderable attention in aademi andindustrial irles due to their many advantages. The ST oding permits to introdue dependenybetween time and spatial domains. ST odes may be split into two main types : Spae-time trellisodes (STTCs) (22) (23) and Spae-time blok odes (STBCs)(24). The spae-time trellis odesare based on the generalization of trellis oded modulations (TCM) for MIMO systems. The jointdeoding tehnique is usually based on the use of Viterbi's algorithm. However, identi�ationof the most suessful odes required an exhaustive searh whose omplexity quikly beomesprohibitive when the number of states of the enoder inreases. In the following, we will onlyintrodue Spae-time blok odes whih are more interesting in pratie.



56 1. MIMO Channel Desription and Information Theory notions1.4.1 Spae Time Codes Constrution CriteriaLet's the spae-time odeword matrix X of dimensions M × T represented as
X =








x11 x12 · · · x1T
x21 x22 · · · x2T... ... . . . ...
xM1 xM2 · · · xMT







. (1.62)The tth olumn xt =

[
x1t ,x

2
t , · · · ,xMt

]T is the symbols vetor transmitted at the t instant throu-ghout the M antennas.We de�ne the Pairwise error probability Pr
(

X ,X̂
) as the probability of deteting one odeword

X̂ = [x̂1,x̂2, · · · ,x̂T ] when another (di�erent) odeword X = [x1,x2, · · · ,xT ] is transmitted. The"pair" is the transmitted odeword and the deteted odeword. In (25), Tarokh et al. showedthat this pairwise error probability veri�ed
Pr

(

X,X̂
)

≤ exp

(

− Es

4N0
d2h

(

X,X̂
))

, (1.63)where Es is the energy per symbol transmitted by eah antenna and N0 is the power spetraldensity of the AWGN. The eulidian distane d2h

(

X,X̂
) between the two odeword matries isde�ned by

d2h

(

X,X̂
)

= ‖H
(

X − X̂
)

‖2 =

T∑

t=1

N∑

j=1

∣
∣
∣
∣
∣

M∑

i=1

hji(x̂
i
t − xit)

∣
∣
∣
∣
∣

2

. (1.64)We de�ne the di�erene between the matries by B
(

X,X̂
)

B
(

X,X̂
)

= X − X̂

=








x11 − x̂11 x12 − x̂12 · · · x1T − x̂1T
x21 − x̂21 x22 − x̂22 · · · x2T − x̂2T... ... . . . ...
xM1 − x̂M1 xM2 − x̂M2 · · · xMT − x̂MT







. (1.65)The distane matrix of the two odewords is de�ned by

A
(

X,X̂
)

= B
(

X,X̂
)(

B
(

X,X̂
))H

. (1.66)For a slow fading hannel, matrix oe�ients stay invariant during the T symbol periods, i.e htij =
hij ∀t ∈ 1,2, . . . ,T . Thus, the eulidian distane between the two odewords an be expressed as

d2h

(

X,X̂
)

=

N∑

j=1

hjA
(

X,X̂
)

hH
j , (1.67)



1.4. Spae Time Codes 57where hj = [hj,1,hj,2, . . . ,hj,M ]. Then, the pairwise error probability an be upper bounded by
Pr

(

X,X̂
)

≤
N∏

j=1

exp

(

− Es

4N0
hjA

(

X,X̂
)

hH
j

)

,

≤
N∏

j=1

exp



− Es

4N0

M∑

j=1

λi|βij |2


 (1.68)where λi is the ith eigenvalue of A(X,X̂
) and βij = hjv

H
i , the vetor vi is the ith eigenvetorof A(X ,X̂

).In the ase of Rayleigh fading hannel, the upper bound of the pairwise error probability isobtained by averaging Pr
(

X,X̂
) over H. The inequality (1.68) beomes

Pr
(

X,X̂
)

≤
(

r∏

i=1

(

1 + λi
Es

4N0

))−N

, where r = rank
(

A
(

X,X̂
))

. (1.69)For a high SNR :
Pr

(

X,X̂
)

≤
(

r∏

i=1

λi

)−N (
Es

4N0

)−rN

=

(

Gc
Es

4N0

)−Gd (1.70)with
Gc =

(
r∏

i=1

λi

)1/r

, (1.71)and
Gd = rN. (1.72)

Gd is the spae time ode diversity gain. Graphially, it's the slope of the error probability infuntion of the SNR ( in dB and for high SNR). The oding gain Gc an be viewed as an hori-zontal translation of the error probability urve (in funtion of SNR). Inreasing diversity andoding gains redue the pairwise error probability. Thus, we onlude that we an de�ne tworiteria for the onstrution of spae time odes :
• The rank riterion : onsists of maximizing the rank of the matrix A

(

X ,X̂
) among allpairs of odewords.

•The determinant riterion : onsists of maximizing the minimum determinant ofA(X ,X̂
)amongall pairs of odewords.If the diversity gain rN is high (i.e rN ≥ 4), the pairwise error probability an be upper boundedby (26)(27) :

Pr
(

X,X̂
)

≤ 1

2
exp

(

−N
Es

4N0

r∑

i=1

λi

)

. (1.73)A new onstrution riterion is then introdued to minimize the pairwise error probability.
• The trae riterion : onsists of maximizing the minimum trae ∑r

i=1 λi of the matrix
A
(

X ,X̂
) among all pairs of odewords.



58 1. MIMO Channel Desription and Information Theory notions1.4.2 Spae Time Blok CodesSpae time odes have been proposed in the literature as an e�ient means for improving thedata rates over fading MIMO hannels (28)(29)(30)(31)(32)(33). The most famous example wasdisovered by Alamouti (34). The Alamouti ode is the simplest of all the STBCs. It was designedfor a two transmit antenna system and has the oding matrix
X =

[
x1 x2
x∗2 x∗1

]

. (1.74)where ∗ denotes omplex onjugate.For the alamouti ode, the maximum likelihood detetion an be redued to a simple Zero Foringdeoding. Thanks to this simpliity in implementation, Alamouti ode was adopted in wirelessstandards suh as UMTS, IEEE 802.11n, and IEEE 802.16. In addition, the alamouti ode is theonly omplex orthogonal spae time ode reahing the maximum diversity equal to 2 with a rate
R = 1 symbol/cuFrom 1999, Tarokh et al. presented a generalization of the Alamouti ode for any number ofantennas at the transmitting side and one antenna at the reeption side (32)(35). Unfortunately,these onstrutions are penalized by their rates lower than 1 symbol/cu. To reah a rate equalto 1 for more than two antennas, it's neessary to sari�e the orthogonality property (36) (37)(38)1.4.3 Linear Dispersion Spae Time CodesHassibi and Hohwald proposed a new onept Linear Dispersion Codes in (39). In fat, spaetime blok odes are oneived to satisfy onstrution riteria of Tarokh et al. in order to takeadvantage of spatial diversity at the expense of spetral e�ieny.Linear Dispersion Codes optimize the mutual information but also with bene�ting from spatialdiversity of MIMO hannel. In addition, these odes struture permits to bene�t from deodingsimpliity.Spae time odes with linear dispersion spread a vetor of ℓ omplex symbols [x1,x2, . . . ,xℓ]belonging to a linear onstellation (q-QAM and q-PSK) over time and spae. The odewordmatrix veri�es

X =

ℓ∑

q=1

(

Re(xq)Aq +
√

(−1)Im(xq)Bq

)

, (1.75)where X, Aq and Bq ∈ C
M×T . Linear Dispersion odes family is very big and inludes manyexisting spae time odes. Thus, spatial multiplexing sheme an be onsidered as a linear dis-persion ode with T = 1 and ℓ = M and an be formulated as

XSM =
ℓ∑

q=1

(

Re(xq)eq +
√

(−1)Im(xq)eq

)

, where Aq = Bq = eq. (1.76)Similarly, the Alamouti ode an be written as
XAla =

[
1 0
0 1

]

Re(x1) +

[
1 0
0 −1

]

Im(x1) +

[
0 −1
1 0

]

Re(x2) +

[
0 1
1 0

]

Im(x2) (1.77)



1.5. Conlusion 59To ombine robustness riterion and mutual information maximization riterion, Sandhu andPaulraj proposed a new onstrution method (40). Later on, in (41), Gohary and Davidsonprovide a design tehnique for Linear Dispersion odes that generates odes whih enable largeapaities and perform well when deoded with a standard suboptimal detetor. Their designtehnique is motivated by the observation that for an independent Rayleigh fading hannel, as thenumber of transmit antennas grows, Linear Dispersion odes with a ertain orthogonal struturesimultaneously approah a maximized upper bound on the apaity, and a minimized lower boundon a ertain mean square error performane measure. Reently, a new design sheme, that diretlyminimizes the blok error rate in arbitrary fading statistis and various detetion algorithm, wasproposed (42). The proposed method an be applied to design the minimum-error-rate LinearDispersion odes for a variety of detetor strutures inluding the maximum-likelihood (ML)detetor and several suboptimal detetors. It an also design optimal odes under arbitraryfading hannel statistis ; in partiular, it an take into aount the knowledge of spatial fadingorrelation at the transmitter and reeiver ends.1.5 ConlusionIn this hapter, we have introdued the MIMO Channel and system modeling. Then, we de�-ned the di�erent types of fading hannels. Diversity tehniques are then disussed and the hugeinrease in apaity that an be obtained in rih sattering environment thanks to these teh-niques is presented. In addition, we presented the diversity-multiplexing tradeo� introdued byZheng and Tse. Next, we have realled the fundamental onepts of information theory and wehave given an overview of the main lasses of spae-time tehniques reently developed in theliterature.In onlusion, the area of spae-time oding and signal proessing is new, ative and full of hal-lenges. In fat, one of the major issues in implementing a MIMO based system is the very highomplexity of the detetion algorithm at the reeiver.
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Chapitre 2
MIMO Deoding2.1 IntrodutionIn this hapter, we present the state of the art of the main MIMO deoding algorithms existingin the literature. First, we will disuss the sub-optimal deoders suh as the Zero Foring (ZF)deoder, the Minimum Mean Square Error (MMSE) deoder, feedbak deision deoders, et.Then, we will present optimal MIMO deoders and partiularly those based on lattie represen-tation and sequential algorithms. We distinguish two ategories : deoders using Pohst strategieslike the Sphere Deoder algorithm and the Shnorr-Euhner algorithm and deoders using Dijks-tra strategy (ex : best-�rst-searh) like the stak deoder and the Fano deoder. We will showalso that this last ategory of deoders an provide a Complexity-Performane tradeo�.2.2 From a Channel Model to a lattie designLattie theory and oding theory are applied to e�iently enode and deode information in adigital transmission system with multiple antennas. Lattie theory is a powerful mathematialtool to represent the hannel geometrially and help us understand its behavior in order to designa good modulator and its orresponding demodulator.2.3 MIMO Deoders : Basi Priniples and StruturesIn this thesis, approahed MIMO shemes are spae time blok odes shemes. Thus, it is possibleto represent the system as an equivalent non-oded system. Seeking simpliity, we will onsiderthe equivalent non-oded transmission sheme .Then, deoding algorithms that we will detaillater stay true for systems using spae-time oding and only system dimensions will hange.Let's reall the equation that gives the representation of MIMO system with M transmit and Nreeive antennas. Let's the odeword matrix X of dimension M × T and the reeived signal Yof dimension N × T verifying :

Y = HX +W (2.1)



62 2. MIMO DeodingAfter vetorization, the system an be written as
yeq = Heqs+weq (2.2)where yeq and weq are olumn vetors of NT elements obtained from Y and W . s is the vetoromposed of the p symbols enoded by the odeword matrix X . The equivalent hannel matrix

Heq of dimensions NT × p inludes the hannel response and the spae time oding operation.In the following, in order to simplify notations, we will not mention the index eq. Let's also
n = NT . As a result, the new system dimension is n× p.We assume a oherent transmission (hannel matrix known to the reeiver). Then, the systembeomes :

y = H · s+w, (2.3)The purpose behind MIMO deoding is to �nd an estimation of the transmitted vetor. Theoptimal deoding is the maximum likelihood (ML) deoding. It onsists of �nding the losestvetor to s minimizing the metri :
ŝ = arg min

s∈Cs
‖y −H · s‖ (2.4)where Cs is the set of symbol vetors of the onstellation. The ML reeiver searhes throughall the vetor onstellation for the most probable transmitted signal vetor. Analyzing deodersstruture, one an dedue that three phases an be distinguished in their onstrution. Everydeoder an inlude some phases. This will depend on : The required Complexity-PerformaneTradeo�. Deoders inluding muh phases provide a more optimal estimation but they su�erfrom a huge omplexity.Phase Zero : Pre-proessingPre-proessing is an optional phase. Given a searh problem, pre-proessing phase is useful inorder to make the most e�ient use of Deoding. Preproessing an be divided into two inde-pendent steps : left pre-proessing and right pre-proessing. This two steps will be detailed later.Phase One : One First PointThis phase permits to obtain one �rst estimation. The advantage is to get a quik result but note�ient. Sometimes, the reeiver need to get a fast estimation. In this ase, one �rst point phasean be enough sine it o�ers a very low omplexity even if it's not optimal. This �rst point an beenhaned using other phases, but this will make the omplexity ost more and more important.Phase Two : One better PointGenerally, this phase is alled : One better point phase, and it omes after phase one. The one�rst point gotten in phase one will be enhaned to get a more reliable one. This �rst point isgenerally used as an initialization for the phase two in order to start a more e�ient searh forthe nearest point. This phase an not be independent from phase one .



2.4. MIMO Deoder Classes 632.4 MIMO Deoder Classes2.4.1 Sub-Optimal MIMO Deoders2.4.1.1 The ZF DeoderThe ZF reeiver is a linear reeiver. It behaves like a linear �lter F and separates the datastreams and thereafter independently deodes eah stream. We assume that the hannel matrix
H is invertible and we estimate the transmitted data symbol vetor as

ŝ =
(
HHH

)−1
Hs = H†s (2.5)where † represents pseudoinverse. Sine an inverse of H an only exist if the olumns of H areindependent, it is assumed that the entries of H are i.i.d. Then

FZF =
(
HHH

)−1
H (2.6)and

FZF · y = s+ FZF ·w. (2.7)Then, a simple detetion permits to estimate ŝ using a quanti�ation in the QAM onstellationthanks to the quanti�ation funtion QQAM :
ŝ = QQAM {FZF · y} (2.8)The ZF deoding an be viewed as an orthogonal projetion of the reeived vetor on the baseonstituted of the raw vetors of H . Figure (2.1) shows an example of projetion in dimension2. If the base is not orthogonal, the projetion of y generates a deoding error. If the base isorthogonal, the projetion doesn't indue a deoding error and the obtained solution is the MLone.In pratie, the hannel matrix is not orthogonal. Many researh works in literature permit
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64 2. MIMO Deodingtehniques are alled "Redution Tehniques" (43). Thus, applying those tehniques like the pre-proessing followed by the ZF deoding permit to obtain near-ML performanes.At the output of the ZF �lter, the resulting noise is w̃ = FZF · w. The ovariane matrix isde�ned by :
Rw̃w̃ = E

[
(w̃) · (w̃)H

]
= σ2

(
HH ·H

)−1
= σ2G−1. (2.9)Consequently, this noise is no longer white, Rw̃w̃ 6= Rww = σ2I . Moreover, if we apply thesingular value deomposition (SVD) to the Gram matrix G, we get G = U · D · V H , where

U and V are unitary matries and D is a diagonal matrix ontaining the singular values of G.Using the property that the singular values of the Gram matrix are equal to the square of theeigenvalues of H, noted λ1,λ2, . . . ,λn, the ovariane matrix of w̃ is given by
Rw̃w̃ = σ2V ·






√
λ1

−1 · · · 0... . . . ...
0 · · · √

λn
−1




 ·UH (2.10)Thus, the well-known problem of the zero foring is the noise ampli�ation aused by the inverseof the eigenvalues of H . These eigenvalues are big for badly onditioned matrix.2.4.1.2 The Deision Feedbak Deoder : ZF-DFEThe general idea of the ZF-DFE deoder is to proess the reeived vetor y to estimate thetransmitted vetor s estimating eah omponent sk, one at a time, aneling the e�et of thosesymbols already deoded, and nulling those yet unknown. In pratie, if a symbol ŝk is estimated,the deoder exploits this deision to estimate ŝk−1, ŝk−2,. . ., ŝ1. Thus, this non linear deoderis alled a deision feedbak deoder ( DFE : Deision Feedbak Equalization). The ZF-DFEdeoder uses the ZF riterion to deode the symbol ŝk. The DFE inorporates a feedforward�lter that operates on the reeived signal to suppress preursor ISI, with a feedbak �lter thatoperates on previously deteted hannel symbols to suppress postursor ISI. The DFE generallyoutperforms the traditional linear equalizer. And sine it's a suessive symbol detetion, the QRdeomposition is very useful.

y = H · s+w

= QR · s+w (2.11)In order to exploit the upper triangular form of the matrix R, we multiply both sides of equation(2.11) on the left by the transpose of Q
y1 = QTy

= R · s+QTw (2.12)Sine R is upper triangular, for the �rst iteration, the deoder estimates the symbol sn usingthe following equation
ŝn = QQAM

{
y1,n
rnn

} (2.13)To deode the information symbol sk, the deoder uses the information symbols estimated before
ŝj , j = k + 1, . . . ,n using this equation

ŝk = QQAM







1

rkk



y1,n −
n∑

j=k+1

rkj · ŝj










, 1 ≤ k ≤ n (2.14)



2.4. MIMO Deoder Classes 65Unfortunately, ZF-DFE performane is hampered by error propagation. Degradation in DFEperformane ours when inorretly deteted symbols are fed through the feedbak �lter. Theninstead of mitigating ISI from the ursor sample, the DFE enhanes ISI. Error propagation mayresult that auses bursts of deision errors and a orresponding inrease in the average probabilityof bit and symbol error.2.4.1.3 The MMSE DeoderThe ZF reeiver eliminates the interferene but enhanes noise. This might not be signi�antat high SNR, but at low SNR, it is both sensible and pratial to design a �lter maximizingthe global signal to noise plus interferene ratio (SNIR). One possibility is to minimize the totalresulting noise, i.e. to �nd the suitable optimal �lter FMMSE minimizing the mean square error :
FMMSE = argmin

F
(E {‖ŝ− s‖})

= argmin
F

(E {‖F · y − s‖}) (2.15)Thus, the MMSE optimal �lter an be written as :
FMMSE = HH ·

(

HHH +
σ2

σ2
s

I

)−1

, (2.16)where σ2
s represents the average power of the s vetor omponents, i.e E

[
ssH

]
= σ2

sIp TheMMSE riterion has better performanes than zero-foring for low SNR, but it has one majordrawbak : it requires the reeiver to know the noise variane. Also, for large SNR, MMSE andzero-foring are equivalent.The MMSE reeiver o�ers a ompromise between interferene suppression and reduing noise.For high SNR, the MMSE reeiver beomes a ZF reeiver. For low SNR, the MMSE reeiverbeomes similar to an adapted �lter :
FMMSE =

{

F ZF if SNR is high
σ2

σ2
s
HH if SNR is low2.4.1.4 Comparison of Sub-Optimal MIMO DeodersIn the �gure (3.13), we ompare performanes and omplexities of di�erent sub-optimal deodersthat we have presented before. Thus, we onsider a 2× 2 MIMO system employing two transmitand two reeive antennas with a spatial multiplexing tehnique. We used also a 4-QAM onstel-lation. The onsidered hannel is a quasi-stati Rayleigh hannel.This MIMO sheme has a spetral e�ieny equal to 4 b/s/Hz. Performanes are alulated interms of BER in funtion of SNR. The SNR is alulated using the following expression :

SNR = 10log10

(
n
∑p

i=1Esi

2
∑p

i=1 log2 (q)N0

) dB



66 2. MIMO Deodingwhere Esi is the average energy per dimension of omplex information symbol belonging tothe q − QAM onstellation and σ2 = 2N0. In the �gure (3.13), we showed also omplexitiesof the sub-optimal deoders in terms of the average number of multipliations per odeword.For all these deoders, operations are matrix operations applied on the reeived signal and areompletely independent of noise variane . This explains onstant omplexities for all the valuesof SNR.Even if these sub-optimal deoders o�er low and onstant omplexities - whih is very useful inpratial implementation- , they don't allow good performanes and they don't take advantagesof diversity o�ered by the MIMO system. In other hand, using sub-optimal deoders an be veryinteresting if the number of reeive antennas is very high ompared to the number of transmitantennas beause it allows a high reeive diversity .In order to reover the total diversity o�ered by the MIMO systems and the Spae Time Codes,we should fous on the Optimal Deoders.
2.4.2 Lattie MIMO DeodersML deoding leads to the best performane in terms of error rate but it is extremely demanding interms of omplexity. For a onstellation of size q, ML deoding involves searhing over qp possibleandidates. This is a�ordable when q and p are small, but not for large spetral e�ieny systems.The inreasing omplexity is aused by the searh over all possible ombinations, although manyof them are most probably not the orret andidate : owing to the Gaussian distribution of noise,odewords that are far away from the reeived vetor are muh less probable than odewordslose to the reeived vetor. Lattie deoding allows for signi�ant redutions in omplexity,ompared to maximum likelihood (ML) deoding, sine 1) it avoids the need for ompliatedboundary ontrol (44) and 2) It allows for using e�ient preproessing algorithms (e.g., the LLLalgorithm (43)) whih are known to o�er signi�ant omplexity redution. The searh for thelosest lattie point to a given point has been widely investigated in lattie theory. In general,the optimal searh algorithm should exploit the struture of the lattie. For general latties,that do not exhibit any partiular struture, the problem was shown to be NP-hard. A ommonapproah to the general losest-point problem is to identify a ertain region within whih theoptimal lattie point must lie, and then investigate all lattie points in this region, possiblyreduing its size dynamially. In general, the development of losest-point algorithms follows twomain branhes, inspired by two seminal papers : Phost (45) in 1981 examined lattie points lyinginside a hyperspher, whereas Kannan (49) in 1983 used a retangular parallelpiped. Both papersappeared later in revised and extended versions, Pohst's as (48) and Kannan's ( following the workof Helfrih (47)) as (46). In (45), however, Pohst proposed an e�ient strategy for enumeratingall the lattie points within a sphere with a ertain radius. Although its worst-ase omplexityis exponential in q, this strategy has been widely used ever sine in losest lattie point searhproblems due to its e�ieny in many useful senarios (see (52) for a omprehensive review ofrelated works). The Pohst enumeration strategy was �rst introdued in digital ommuniationsby Viterbo and Biglieri (50). In (51) , Viterbo and Boutros applied it to the ML detetion ofmulti-dimensional onstellations transmitted over single antenna fading hannels, and gave a�owhart of a spei� implementation. More reently, Agrell et al. (52) proposed the use of theShnorr-Euhner re�nement (53) of the Pohst enumeration in the losest lattie point searh.
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Figure 2.2 � Linear and Non-Linear Sub-Optimal Deoders Performane and ComplexityComparison for 2 × 2 MIMO System using Spatial Multiplexing with a 4-QAM Constel-lation



68 2. MIMO Deoding
2.4.2.1 Sphere Deoding AlgorithmThe sphere deoder algorithm was originally developed in the 1980s but has reently attratedmuh attention in the MIMO ommunity thanks to its similar performane to the exhaustiveML deoder at a reasonable omplexity.The main idea is to limit the searh among the possible andidates to those loated within asphere of radius √C entered on the reeived vetor (see �gure (2.3)). In this part, we assume asymmetri MIMO system, M = N . Applying the mapping from omplex valued matrix to realvalued matrix of equation (2.3) as desribed in equations (1.13) and (1.14), we get

y = H · s+w. (2.17)Then, we onsider the QR deomposition of the matrix H = QR. After multipliation of bothsides of equation (2.17) by QT , the system beomes
y1 = QT · y

= R · s+w1. (2.18)
Q is orthogonal, and the multipliation by QT does not modify the previous system. The systemis of dimension 2n sine M = N and sine we have passed to the real domain representation.Now, �nding the losest point inside the sphere is equivalent to resolving the following inequality

min
s∈Cs

‖y1 −R · s‖2 ≤ C (2.19)
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Figure 2.3 � Sphere DeodingLet's the two vetors ρ and ξ de�ned as :
ρ = R−1 · y1, (ρ1, . . . ,ρ2n) ∈ R

2n
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ξ = ρ− s, (ξ1, . . . ,ξ2n) ∈ R

2n

ρ is the ZF point, it represents the oordinates of y1 in the lattie ΛR and ξi, 1 ≤ i ≤ 2n arethe oordinates of the vetor s in the new referene. By Substituting in the previous inequality,we get
‖R · ξ‖2 =

2n∑

i=1



riiξi +

2n∑

j=1

rijξj





2

≤ C (2.20)In the new oordinate system de�ned by ξ, the sphere with radius √C entered at the reeivedpoint is transformed to an ellipsoid entered at the origin. In order to simplify the inequality(2.21), we note
qii = r2ii , i = 1, . . . ,2n

qij =
rij
rii

, j = i+ 1, . . . ,2nThen, the previous inequality beomes :
‖R · ξ‖2 =

2n∑

i=1

qii



ξi +

2n∑

j=i+1

qijξj





2

≤ C. (2.21)In order to determine the limits of the ellipsoid, it will be judiious to proess �rst ξ2n then the
ξi i = 2n− 1, . . . ,1. Thus,

q2n,2nξ
2
2n ≤ C ↔ −

√
C

√
q2n,2n

≤ ξ2n ≤
√
C

√
q2n,2n

(2.22)And sine ξ2n = ρ2n − s2n, we an determine using the inequality (2.22) the interval to whihbelongs s2n ⌈

−
√
C

√
q2n,2n

+ ρ2n

⌉

≤ s2n ≤
⌊ √

C
√
q2n,2n

+ ρ2n

⌋

, (2.23)where ⌈x⌉ is the smallest integer bigger than x and ⌊x⌋ is the biggest integer less than x. Giventhe interval of s2n, we an determine the interval of s2n−1 :
⌈

−
√

C − q2n,2nξ
2
2n

q2n−1,2n−1
+ ρ2n−1 + q2n−1,2nξ2n

⌉

≤ s2n−1 ≤
⌊√

C − q2n,2nξ
2
2n

q2n−1,2n−1
+ ρ2n−1 + q2n−1,2nξ2n

⌋

,(2.24)Similarly, we have for the ith omponent :







−

√
√
√
√
√

1
qii



C −
2n∑

l=i+1

qll(ξl +

2n∑

j=l+1

qljξj)2



+ ρi +

2n∑

j=i+1

qijξj








≤ si

si ≤







√
√
√
√
√

1

qii



C −
2n∑

l=i+1

qll(ξl +

2n∑

j=l+1

qljξj)2



+ ρi +

2n∑

j=i+1

qijξj





 (2.25)



70 2. MIMO DeodingIn order to simplify the inequality (2.25), we assume :
Si = ρi +

2n∑

j=i+1

qijξj

Ti = C −
2n∑

l=1

qll(ξl +
2n∑

j=l+1

qljξj)
2 (2.26)

= Ti−1 − qii(Si − si)
2We an de�ne bounds for eah interval Ii = [binf,i,bsup,i] orresponding to the omponent si as :

binf,i =

⌈

−
√

Ti

qii
+ Si

⌉

≤ si ≤
⌊√

Ti

qii
+ Si

⌋

= bsup,i (2.27)Starting from the (2n)th order, the algorithm alulates all the omponents. As a result, thealgorithm found a �rst andidate s1 = (s2n,s2n−1,s2n−2, . . . ,s1
). The distane between this pointand the reeived one is given by :

d2 = C − T1 + q11(S1 − s1)
2The algorithm is then restarted by reduing the radius of the sphere to this distane.The algorithm de�nes for eah omponent si of the vetor s an interval Ii. In order to �ndthe losest point, the algorithm visits the omponents of the interval Ii and the distane d2 isevaluated for eah visited ombination of si. Eah point verifying d2 ≤ C is stored. And thesearh ontinues until all points belonging to the sphere are visited.Eah time a point is found inside the sphere, the algorithm updates the sphere radius and thenthe bounds binf,i and bsup,i, i = 1, . . . ,2n. This indues a signi�ant derease of omplexity forthe searh phase sine eah time we restart a searh in a sphere with a smaller radius.However, we note that the omplexity depends on the hoie of the initial radius. Clearly, if √Cis too large, we obtain too many points, but if √C is too small, we obtain no points. Sine wemanipulate a white gaussian noise, hoosing judiiously a radius taking into aount the noisean aelerate the searh for the losest point. We an laim intuitively that, for low SNR, thereeived point is deeply a�eted by the noise. But, for high SNR, the reeived point is slightlya�eted by the noise. This observation leads us to hoose a large radius for low SNR and smallradius for high SNR. For this reason, taking initially a small radius for high SNR limits thesearh time. In (54), Hassibi et al. proposed a method to alulate the optimal radius basedon a probability alulation. This radius is a funtion of the noise variane and the size of thedimension of the lattie. √

C = 4 · n · σ2 (2.28)This formula permits to de�ne a sphere entered at the reeived point suh that we an have atleast one point inside the sphere with a probability equal to 99%. In our simulations, we will usethis formula to alulate the initial radius.The sphere Deoder permits to enumerate points inside the sphere and optimizes the searhfor the losest point. Nevertheless, it doesn't guarantee that these points belong to the usedonstellation. The algorithm given before is available when in�nite latties are used, but in ourtransmission sheme the information symbols belong generally to QAM onstellations. Therefore,



2.4. MIMO Deoder Classes 71there is no longer an in�nite lattie but a �nite lattie onstellation, whih means a �nite subset ofa lattie. Consequently the vetor found by the SD must imperatively belong to this onstellation.There are two ways to proeed :
1) Cheking over the whole lattie, and keeping only vetors belonging to the onstellation.
2) Seeking lattie onstellation diretly by heking only vetors belonging to the onstellation.The �rst method is more expensive than the seond in terms of operations. In our simulationswe apply the seond method. The seond method onsists of imposing a onstraint on the searhinterval Ii so that only points belonging to the onstellation will be visited. This is equivalent toalulating boundaries of the interval Ii taking into aount the onstellation boundaries. For a
q−QAM onstellation, symbols si belong to the interval Ic = [±1,± 3, . . . ,± (

√
q − 1)

]. Thus,the searh interval that should be onsidered is the intersetion of Ii and Ic. Ic is a �nite subsetof 2Z+1. In order to bring bak the searh to Z, we an onsider the following transformation :
ui =

si + (
√
q − 1)

2
. (2.29)For example, for the 16-QAM onstellation, the symbols si belong to the interval Ic,2Z+1 =

[±1, ± 3]. The new interval is Ic,Z = [0,3] = {0,1,2,3}. We notied cmin and cmax the lower andthe upper bounds of this interval. The searh for the losest lattie point onsists of enumeratingpoints ui in this interval.2.4.2.2 Shnorr-Euhner Deoding AlgorithmThe Shnorr-Euhner algorithm we are studying here was presented in (52). It was used inryptography appliations. This algorithm has the same priniple as the SD : the searh for thelosest point. This algorithm is based on two stages. The �rst stage onsists in searhing the'Babai point' (BP), whih represents a �rst estimation, but is not neessarily, the losest point.Finding the BP gives us a bound on the error. In the seond stage, we modify the BP until thelosest point is reahed. We zigzag around eah BP omponent in order to build the losest point(unlike the sphere deoder, there is no minimum and maximum bound for eah BP omponent).The time needed to �nd the losest point is losely related to BP, whih means losely relatedto the SNR. In fat, if the BP is very far from the losest point, i.e for low SNRs, the algorithmtakes muh more time to onverge. However, if the BP is lose to the losest point, i.e for highSNRs, the algorithm onverges rapidly.

Figure 2.4 � SE Searh Strategy



72 2. MIMO DeodingThe key idea is to view the lattie as a superposition of hyperplanes and then start the searhfor the losest point in the nearest hyperplane ( see �gure 2.4).Let's reall the equation (2.18). The upper triangular form of R permits to view the lattie as amulti-layered hyperplanes. Thus, the matrix R an be written as
R =

[
R1

r2n

]

, (2.30)where R1 is an (2n − 1) × 2n matrix onsisting of the top 2n − 1 rows of the matrix R. Thematrix R is triangular, the vetor r2n = (0,,0,r2n,2n) is orthogonal to the spae generated by thematrix R1. Now, the searh algorithm for the 2n-dimensional lattie will be desribed reursivelyas a �nite number of 2n− 1 dimensional searh operations. The lattie ΛR an be viewed as thein�nite superposition of hyperplanes of dimensions 2n− 1 generated by the matrix R1 :
ΛR = ∪{c+ t2nr2n/c ∈ ΛR1

,t2n ∈ Z} . (2.31)A suessive projetion on the di�erent hyperplanes of the lattie permits to �nd a �rst estimationof the losest point. This is the 'Babai point' and it orresponds to the ZF-DFE point (55). Onethis point is found, it onstitutes the departure point to visit other lattie points. The purposeis to �nd the losest lattie point, it is then unneessary to onsider points having distane morethan that of the 'Babai point'. Thus, the Shnorr-Euhner (SE) is a searh algorithm inside asphere entered at the reeived point and with initial radius equal to the distane between thereeived point and the BP.In the following, we propose to alulate the BP. The projetion of y1 onto the vetor r2n givesthe (2n)th omponent of the Babai point :̂
s2n =

y1,2n
r2n,2n

(2.32)Let's s2n = [ŝ2n] suh that [x] is the nearest integer to x. The distane that separates y1 to thelayer 2n is given by :
d2n = |s2n − ŝ2n| · |r2n,2n| . (2.33)Considering the ZF vetor, ρ = y1 ·R−1, we get :

ŝ2n = ρ2n

d2n = |[ρ2n]− ρ2n| · |r2n,2n|To alulate ŝ2n−1, we an start from this equation
y1 = R · ρ. (2.34)Then, we an write :

y1,2n−1 = ρ2n−1r2n−1,2n−1 + ρ2nr2n−1,2nAnd sine the omponent s2n was alulated in the previous layer, we an use this estimation todedue ρ2n−1 :
ρ2n−1 =

y1,2n−1 − r2n−1,2n · s2n
r2n−1,2n−1

(2.35)



2.4. MIMO Deoder Classes 73Similarly to the (2n)th order, the omponent s2n−1 an be alulated as :
s2n−1 = [ρ2n−1]

d2n−1 = |[ρ2n−1]− ρ2n−1| · |r2n−1,2n−1| .By a suessive substitution, we an alulate all the omponents of the BP :
si =








y1,i −
∑

j≥i

rij · sj

rii








di = |[ρi]− ρi| · ‖rii‖ .One the BP is found, the distane between this point and the reeived point is :
d2 =

2n∑

i=1

d2i (2.36)As shown in �gure (2.5), the idea of SE algorithm is to zigzag around omponents of the BP. Forevery deteted point, the distane d2 is realulated. If the new distane is less than the previousone, this point is stored and the distane d2 is updated. Then, the searhing phase ontinues.In the original paper of the SE (52), authors onsidered a radius initialized to in�nity and onethe BP is found, the radius is updated and adjusted to the distane d2. However, in (56), it wasshown that if we onsider a �nite radius alulated with the same manner as for the SD, thispermits to aelerate the deoding by 30%. In our simulations, we will onsider a �nite radiusalulated as in equation (2.28).The SE algorithm desribed above permits to deode latties with s ∈ Z
2n. In the ase of �niteonstellations, one should hek that the �nal solution belongs to the onstellation.

layer i 

layer i−1

1
2Figure 2.5 � SE zigzag Strategy

Let's Ic = [cmin,cmax] the interval to whih belong the real and the imaginary parts of thesymbols onstellation. In the algorithm, we should verify that BP omponents are orretly



74 2. MIMO Deodinghosen from this interval. That is why, we should take s2n = QQAM (ŝ2n) instead of s2n = [ŝ2n]suh that :
QQAM(ŝ2n) =







cmin , if [ŝ2n] < cmin

[ŝn] , if cmin ≤ [ŝ2n] ≤ cmax

cmax ,if [ŝ2n] > cmax

.(2.37)The zigzag around every omponent of Babai point an probably go outside Ic. One should returnto the interval eah time it goes outside. Two possible ases an happen :
1) If the point omponents are inside Ic : Continue the searh.
2) If the point omponents are not inside Ic, this proves that all points were tested. In this ase,we should go up to the next omponent.2.4.2.3 Comparison of the SE and the SD algorithmsEven if both strategies for visiting points inside the sphere are quite di�erent, they lead to thesame maximum likelihood solution. Many studies were realized to evaluate omplexity of thetwo strategies (52)(57) and it was shown that the strategy of SE requires less time than the SDproposed by Viterbo et al..Here, we will ompare the performane of SD and the SE algorithms using simulations. Wepresent in the �gure (2.6) performanes in terms of BER in funtion of the SNR for a 4 × 4MIMO system with a 4 − QAM onstellation and using a spatial multiplexing. We will �rsthek that the SD and the SE permit to obtain ML performanes. Also ompared to sub-optimaldeoders, the SD and the SE o�er a maximum diversity equal to N .In the �gure (2.6), we ompare also omplexities in terms of the average number of multipliationsper odeword. We have onsidered here only the searh phase. The Pre-deoding phase is similarfor both deoders. As a result, we onlude that the omplexity of the SD is more importantthan that of the SE for low SNRs. In fat, the omplexity of the SD is espeially related tothe hose of the sphere radius. If the radius is very small, the deoder does'nt �nd any pointand it will be obliged to restart searh with higher radius. However, for the SE, the radius isinitially equal to in�nity or to a higher value ontaining at least the ZF-DFE point, the algorithmonvergene is then guaranteed from the �rst iteration. For high SNRs, the omplexity of bothdeoders onverge and the omplexity of the SD is slightly better than the omplexity of the SE.This an be explained by the fat that the ZF-DFE point is far from the ML point as it an beseen through the performane urve of the ZF-DFE deoder. In this ase, the SE zigzags aroundthis point whih requires more iterations to reah the ML point.2.4.3 Sequential MIMO DeodersOther types of deoders are sequential deoders. These deoders were initially introdued todeode binary trellis odes (58). They are based on some searh algorithms inside a binary treewhere tree branhes represent the binary values of the ode. Two priniple algorithms were spe-ially used : the Fano deoder (59) and the stak deoder (60). In (61), authors redisovered thesedeoders and they applied them to MIMO systems. The tree searh is no longer a binary tree butonstituted of the di�erent possible values of real and imaginary parts of symbols. Nevertheless,deoding main idea keeps the same. To apply tree-searh algorithms, we need �rst to expose thetree struture. A QR or a Cholesky deomposition an be applied on the lattie generator matrix
H . These two methods are quite equivalent, however the QR is more omplex than the Choleskydeomposition but it allows a numerial stability (62).
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76 2. MIMO DeodingLet's reall the equation (2.18) :
y1 = R · s+w1. (2.38)Exploiting the upper triangular form of R , one an solve the deoding problem using a treesearh algorithm.We onsider a tree rooted at a �tive node ̟root. The node at level k is denoted by the vetor

s(k) = (s2n,s2n−1,...,sk) where sj,j = 1, . . . ,2n are the omponents of s. Moreover, the branhesof the tree at level k de�ne all the possible values that an be taken by sk, and eah node s(k)is assoiated with the squared distane
f(s(k)) =

2n∑

i=k

fi(si), (2.39)where fi(si) =
∣
∣
∣y1,i −

∑2n
j=i ri,jsj

∣
∣
∣

2.We all f(s(k)) the ost funtion of the node s(k). It represents the �sub-distane� betweenthe reeived and the transmitted signal at the level k. As shown in �gure (2.7), a node to beexpanded is alled a father node and its suessors are alled hild nodes.
a a a a a a a ab b b b b b b b
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bbb

a

a b

b

a a aa

Leaf Node

Child Node

Father NodeFigure 2.7 � Tree searh for a point with tree depth = 4The tree searh onsists in exploring the tree nodes in order to �nd the leaf node (s2n,s2n−1,...,s1)with the least ost. In the literature, we �nd di�erent tree searh strategies. In the next para-graph, we will present the most known ones.
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s(1) = (s4, s3, s2, s1)Figure 2.8 � Example of a tree struture with a depth = 4



2.4. MIMO Deoder Classes 772.4.3.1 Tree Searh StrategiesA - Breadth-First Searh(BrFS)The breadth �rst searh algorithm as given in �gure (2.9) is a tree searh algorithm that startsfrom a root node ̟root and explores all its hildren, the hildren of those and so on until it hitsthe end of the tree. From this point of view, the BrFS is like a tree of generations. It will visit theanients, then the o�spring of those and follow on with the desendants of those, and so forth.1

2 3 4

5 6 7 8

9 10 11 12Figure 2.9 � Breadth-First Searh StrategyAll we need to do is to store the urrent level and to inrease it as we go deeper and deeperinto the tree. The BrFS is then an exhaustive tree searh algorithm. It moves from level k + 1to the level k until it explores all the nodes in the �rst one. The solution found is then the MLone. From the standpoint of the algorithm, all hild nodes obtained by expanding a node areadded to a FIFO queue. The algorithm works by putting the ending node in the queue thenpull a node from the beginning of the queue and examine it. If the searhed element is foundin this node, then the algorithm quit the searh and returns result. Otherwise we push all thesuessors of this node into the end of the queue. If there is a solution breadth �rst searh will�nd it regardless of the kind of graph. However, if the graph is in�nite and there is no solutionbreadth �rst searh will diverge.B-Depth-First Searh(DeFS)
1

2

3

4 5

6

7 8

9

10 11

12Figure 2.10 � Depth-First Searh StrategyLike the BrFS, our objetive is to visit nodes of the tree by starting from a root item and



78 2. MIMO Deodingtraveling through edges. The DeFS algorithm as given in �gure (2.10) starts from the root node,explores its �rst hild node and proeeds by going deeper and deeper until the end of the tree oruntil it hits a node that has no hildren. Then, the algorithm baktraks and returns to the mostreent node being expanded and visits its seond hild and so on. We note that this algorithmneeds more memory to 'remember' whih nodes having been already visited. However, sine itexplores all the possible paths in the tree, the DeFS is an exat-ML algorithm. In a non-reursiveimplementation, all freshly expanded nodes are added to a LIFO stak for expansion. Spae om-plexity of DeFS is muh lower than BrFS. It also lends itself muh better to heuristi methodsof hoosing a likely-looking branh. Time omplexity of both algorithms are proportional to thenumber of nodes and the number of edges in the graphs they traverse. When searhing largegraphs that an be fully ontained in memory, DeFS su�ers from non-termination when thelength of path in the searh tree is in�nite.C-Best-First Searh(BeFS)One an see the BeFS as an optimization of the BrFS. In fat, the BeFS strategy aims to�nd the best path in the tree by expanding only the most promising nodes hosen aording tosome rule. In general, the BeFS uses a ost funtion and selets the next node to expand with thebest sore (the least one). In fat, starting from a given node, the algorithm evaluates �rst all itssuessors and selets the one to expand with the best sore and so on until �nding the �nal node.D-Branh and Bound algorithm (BB)Visiting all the tree nodes to �nd the one with the shortest path, using one of the three strategiesdesribed above, is prohibitively omplex. However, this omplexity an be redued using theBranh and Bound algorithm (BB) whih omes to establish onstraints on the tree searh byusing a bounding funtion as explained in �gure (2.11). This means that the algorithm hoosesthe nodes to expand by omparing their osts against this funtion. If the ost node is withinthe de�ned bounders, the node will be explored, else the node will be jumped, whih allows tolimit the expanding of some unneessary nodes and advantages the most promising ones.The Sphere Deoder and the Shnorr-Euhner algorithms an be viewed as BB algorithms usinga depth-�rst-searh strategy. In fat, they start from the upper level in the tree and �rst onsiderone possible value s̃2n inside the bounded region and onduts a depth searh over the sub-trees
{s/s2n = s̃2n} before going bak to another sub-trees {s/s2n 6= s̃2n}, and so on.The sequential deoders, that we study here, onduts also BB algorithms using a BeFS stra-tegy. In the following, we will fous on the most known ones, namely the Fano and the stakalgorithms. A desription of these sequential deoding algorithms is therefore given.
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Root Node 

Level 4 

Level 3

Level 2

Level 1

Points with Cost function within BoundFigure 2.11 � Branh and Bound
2.4.3.2 Fano & Stak Deoding AlgorithmsAs given before, the sequential deoders were originally proposed to deode binary trellis odes(63). The most used one is the Fano deoder introdued in 1963 (64). Later, Zigangirov proposedin 1966 a sequential algorithm using a stak storage (or memory). In the 1960s, memory allo-ation represented a very important onstraint. Thus, studies were oriented toward disoveringthe Fano deoder features whih were more suitable for hardware implementation and so far thestak deoder has not been widely used. Nowadays, the prie of memories is ontinually droppingand the stak deoder is therefore beoming of great interest.In (61), the authors have redisovered the Fano deoder and applied it to deode MIMO shemes.In this work, we will fous on the stak deoder and bring the neessary modi�ations to deodelattie and �nite onstellations. Let's �rst reall the priniples of the original Fano and stakalgorithms.A - Fano deoderHere, we will detail the searh strategy of the Fano deoder. Let us suppose that the deo-der is at a some node s(k) of a level k in the tree. The deoder an hoose to proeed forward toa hild node at level k − 1 or to move bak to the parent node s(k+1). At eah step, the deoderlooks forward to the best hild node. The best node is the one having the least ost. The deoderan visit a node if its metri is smaller than a ertain threshold Υ. Note that Υ is allowed totake values only in multiples of the step size ∆(i.e., 0, ±∆, ±2∆, ...).
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cost

Figure 2.12 � Fano DeoderEah time a new node is visited by the Fano Deoder for the �rst time, the threshold Υ istightened to the least possible value higher than the ost funtion of the node. If the urrentnode does not have a hild node with ost funtion below the threshold, then the deoder movesbak to the parent node if this parent node has a ost funtion below the threshold as shown in�gure (2.12) . Then, the deoder attempts moving forward to the next best node. However, ifthe deoder annot move bak, the threshold is relaxed and attempt is made to move forwardagain, proeeding in this way until a leaf node is reahed. We note that, from a urrent node,the Fano algorithm moves either to its parent or to a hild but never jumps. For example, if we�nd the node s(k) suh that f(s(k)) ≤ Υ. In this ase, the onstraint is readjusted as follow :
Υ = Υ− δ ·∆ (2.40)where δ ∈ N is the biggest integer suh that

Υ− (δ + 1) ·∆ ≤ f(s(k)) ≤ Υ− δ ·∆. (2.41)In the original papers fousing on Fano deoders, ∆ is usually hosen equal to 1. However, wean hoose ∆ in R. The value of this parameter an have an in�uene on the speed of deodingand thus on omplexity. The ideal hoie is a step with the same order as f(s(k)).Based on the equation (2.21), the new onstraint is hosen suh that the suessors nodes willhave a less or an equal ost as the visited node. If there is not any node s(k−1) verifying thisonstraint, the algorithm will go upper to the higher level and generate the best s(k) exeptthe one visited before. If the algorithm doesn't sueed to �nd any node, and this means thatall nodes have a ost bigger than Υ. In this ase Υ is inremented by ∆, Υ = Υ + ∆ and thesearh algorithm ontinues. The algorithm ends when a full path is reahed. However, sine thedeoder requires no memory, it may visit the same node several times whih indues additionalomplexity.Unlike the SD and SE whih update the radius one a vetor s is found - whih means a ompletepath in the tree -, the Fano deoder onstraint is readjusted eah time an intermediate node s(k)



2.4. MIMO Deoder Classes 81is visited. This is due to the di�erene in strategies between those algorithms.B - Stak deoderFor the stak algorithm, the main searh idea and strategy remain the same. However, themain di�erene is that the stak stores all the paths rossed by the algorithm in an ordered listalled �stak� or �memory�, whereas the Fano only retains the best path. In fat, starting from aroot node ̟root, the stak algorithm generates all the hildren of ̟root. As given in �gure (2.13),the algorithm omputes the osts of those nodes aording to the ost funtion given in equation(2.39) and stores them in an inreasing order in the memory suh that the top node of the stak isthe one having the best ost. After that, the algorithm takes the top node, generates its hildren,omputes their osts, plaes them in the memory and removes the top node being just expanded.The algorithm reorders the stak again, generates the hild nodes of the urrent top node, andso on. Note also that some information onerning eah node are also stored with this node, likeits ost, its level in the tree, and its path. The algorithm terminates when a path of length 2nis found on the top of the stak, in other words, when a leaf node reahes the top of the list.The �owhart of the stak algorithm is presented in �gure (2.15), where we de�ne by Gen(̟)the funtion that generates all the hildren nodes of ̟ and alulates their osts, Sort(List) thefuntion that reorders the nodes stored in the stak, top(List) the funtion that selets the topof List and store() the funtion that stores the hildren in List. In this �owhart, Γ is the set ofgenerated hildren of the node ̟. Note that, sine the stak deoder stores potential andidates,it visits fewer nodes than the Fano deoder whih may visit nodes having already been visited.Consequently, the stak deoder is faster and less omplex than the Fano deoder.One an here highlight a few of the stak deoder properties that are very important in thestudy of MIMO detetion algorithms :
• Nodes are distributed over 2n levels, numbered from root node ̟root at level 0 to leaf nodesat level 2n. Non-leaf nodes are those at levels 0 through 2n− 1
• Branhes and nodes weights are non-negative.
• Eah node weight is the sum of branh weights along its path from the root node or equivalentlythe sum of the weights of its parent node and the onneting branh.
• For any path from the root node to a leaf node the weights are non-dereasing.Let's now ask this question "For a tree based tree searh, what's the smallest number of nodesthat should be expanded in order to obtain ML solution ? "One Obvious remark is : given the weight of the smallest weight leaf node, it's lear that all non-leaf nodes having weights less than this weight must be expanded. Let's denote fbest the smallestweight leaf node. If we expand non-leaf nodes whose weights are greater than or equal to fbest,this an lead to the disovery of leaf nodes whose weights are also greater than or equal to fbest.Therefore, the SE and the SD may expand more nodes than neessary beause they rely on asearh radius to ditate whether or not a node should be expanded during the enumeration. Eventhough it may be adaptively redued if the squared searh radius is ever larger than fbest, thenit's possible for nodes having weights greater than or equal to fbest to be expanded. In ontrast,the stak deoding is designed to expand preisely the minimum number of nodes neessary toestablish an ML solution. It's also able to do so without prior knowledge of the optimal leaf node
fbest. The stak deoder explores nodes of the tree in order of inreasing weight starting fromthe root. In the sequel, we will propose a modi�ed stak deoder in order to enhane the originalone and to redue its omplexity.
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84 2. MIMO Deoding2.4.3.3 Complexity-Performane Tradeo� : The use of biasLet's �rst reall the ost funtion given in equation (2.39)
f(s(k)) =

2n∑

i=k

fi(si), (2.42)This gives the ost funtion of any node stored in memory at any instant. Rewriting this ostfuntion by adding a bias value gives
f(s(k)) =

2n∑

i=k

fi(si)− b · k, (2.43)where we refer to b ∈ R as the bias oe�ient. In (61), it was established that the e�ieny ofthe stak deoder with b = 0 is an ML result. And sine the SD and the SE an be viewed astree searh algorithms, it was also shown in (61) that the stak deoding algorithm with b = 0generates the least number of nodes among all optimal tree searh algorithms inluding the SEand the SD.We report two advantages of stak deoding algorithm. First, it o�ers a natural solution for theproblem of hoosing an initial radius whih is a problem faed in the design of sphere deoder.Seond, it allows for a trading o� performane omplexity as shown in �gure (2.16) where weplotted performanes in terms of SER and omplexities in terms of multipliations per odewordfor di�erent values of bias b for a 2×2MIMO system using a 16-QAM onstellation. To illustratethis point, if we hoose b = 0 we obtain the losest point with best performane but with very highomplexity. On the other extreme, when b → ∞, the stak deoder redues to the MMSE-DFEpoint.2.4.4 Soft MIMO DeodersIn the literature, soft-output MIMO deoding was studied. Some solutions to this issue have beenproposed in (65),(66) and the so alled 'list' or 'andidate list' was introdued. The most knownsoft-output lattie deoder for MIMO systems is the List Sphere Deoder (LSD).Soft deoding an be realized using a posteriori probability tehniques. A posteriori probability(APP) tehniques are a judiious hoie for high performane reeivers with reasonable om-plexity. Maximizing the APP for a given bit minimizes the probability of making an error onthat bit. The APP is usually expressed as a log-likelihood ratio (LLR) value. A deision is madefrom a LLR value by using its sign to tell whether the bit is one or zero. The magnitude of theLLR value indiates the reliability of the deision. LLR values near zero orrespond to unreliablebits. In the following, the logial zero for a bit is represented by amplitude level bk = −1 andlogial one by bk = +1. The modulator maps eah layer of the bits into data symbols throughthe mapping
f : {−1,+ 1}1×B → Cwhere C denotes the data symbol onstellation and B = log2 |C| is the number of bits representedby eah data symbol.
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Figure 2.16 � Stak Deoding using bias : a Complexity-Performane Tradeo�



86 2. MIMO DeodingThe LLR of the ith bit, where i ∈ [1,B · p], is de�ned as
LLR(bi) = log

Pr (bi = +1/y,H)

Pr (bi = −1/y,H)
, (2.44)where p, as de�ned before, denotes the number of symbols belonging to eah transmitted ode-word. One an assume that data bits are independent (an interleaver at the enoder an be usedto sramble the bits). Using Bayes theorem, the bit metri an be written as

LLR(bi) = log

∑

b∈Di,+1
Pr (y/b,H)

∑

b∈Di,−1
Pr (y/b,H)

. (2.45)where Di,+1 and Di,−1 are the set of 2B·p−1 bit vetors b with bi being respetively +1 and −1.If we assume an additive zero mean white irularly symmetri omplex Gaussian noise, theequation (2.45) an be written as
LLR(bi) = log

∑

b∈Di,+1
e−

1

σ2 ‖y−H·s(b)‖2

∑

b∈Di,−1
e−

1

σ2 ‖y−H·s(b)‖2
. (2.46)In order to redue the orresponding omputational omplexity, one an employ the max-logapproximation (78) to get

LLR(bi) ≈ max
b∈Di,+1

{

− 1

σ2
‖y −H · s (b)‖2

}

− max
b∈Di,−1

{

− 1

σ2
‖y −H · s (b)‖2

}

=
1

σ2

[

min
b∈Di,−1

‖y −H · s (b)‖2 − min
b∈Di,+1

‖y −H · s (b)‖2
]Soft-output detetion on MIMO hannels an be ahieved via an exhaustive list as in (79) ora limited size list of spherial shape as in (80) and (81).The APP detetor based on an exhaustive has a relatively large omplexity exponential inthe number of transmit antennas and the number of bits per modulated symbol. In other hand, anon-exhaustive list APP detetor is sub-optimal but has a low omplexity whih is proportionalto the list size. Several list deoders were already proposed. We reall in the following the mostknown ones and we propose a new soft-deoder based on the SB-Stak.A. List Sphere Deoder (LSD)An exhaustive searh needs to examine all the onstellation points. The sphere deoder avoidsan exhaustive searh by examining only the points that lie inside a sphere with a given radius√

C. The performane of the algorithm is losely tied to the hoie of the initial radius √
C. If√

C is hosen too small, the algorithm ould fail to �nd any point inside the sphere, requiringthat √C be inreased. However, the larger √C is hosen, the larger the searh will spend time.In (66), a simple modi�ation to the sphere deoder was introdued. The sphere deoder keepsin memory a list L of Np points. These points make ||y −Hs||2 smallest among all the pointsinside the sphere. The list, by de�nition, must inlude the ML point. To reate L, the sphere



2.4. MIMO Deoder Classes 87deoder needs to be modi�ed in two ways : when a andidate is found inside the sphere, theradius √
C should not be redued. In addition, the andidate is added to the list if one of thefollowing onditions is satis�ed : either the list is not full or at least one andidate in the listhas a higher ost than the new andidate. In this last ase, the new andidate replaes the onehaving the large eulidean distane to the reeived point. Thus, the onstruted list ontains theML point and Np − 1 neighbors for whih the square error is the smallest. The soft informationabout any given bit bk is essentially ontained in L : if there are more entries in L with bk = 1than those with bk = −1, then it an be onluded that the likely value for bk is +1, whereas ifthere are fewer entries in L with bk = 1, then the likely value is −1. A larger radius √C generallyallows for a larger Np whih makes the list more reliable.There is also a tradeo� between the auray and the deoding delay of the LSD. Finding Nppoints is generally slower than just �nding one point, beause the searh radius always stays �xedand does not derease with eah found point. One problem of this algorithm is the variable sizeof the list. In(66), a radius, funtion of the desired number of points, is proposed. The deodingerror an be written as

‖y −H · s‖2 = ‖w‖2 σ2χ2
2Np

, (2.47)where χ2
2Np

is a hi-square random variable with 2Np degrees of freedom. The expeted value ofthis random variable is σ2E[χ2
2Np

] = 2σ2Np. One possible hoie of the radius is
C = 2σ2ζNp − yH

(

I −H
(
HHH

)−1
HH

)

y (2.48)where ζ > 1 is hosen so that one an be reasonably sure, as measured by a on�dene intervalfor the χ2
2Np

random variable, that the true transmitted s will be found.The important weak point in the LSD is the instability of the list size. The number of visitedpoints before reahing the ML point an not be �xed exatly, only an approximate number anbe provided. The sphere radius is seleted to give nearly the needed number. Moreover, theonstruted list is not entered at the ML point. A Shifted Spherial List Deoder was proposedin (80) to resolve this problem.
B. Shifted Spherial Deoder (SSD)The APP detetor starts by applying a sphere deoder to �nd the ML point, then a spheriallist entered around the ML point is built. This list depends on the ML point position and thehannel state. The trik behind this idea is to enter the spherial list L on the ML point insteadof the ZF point. Fig.2.17 shows in two dimensional lattie the sphere entered on the ML pointompared to the one entered on the ZF point.



88 2. MIMO Deoding
Sphere centered on ML point

ML point

Received point

Sphere centered on received pointFigure 2.17 � Sphere Centered on the ML Point and the Sphere Centered on the ReeivedpointUsually the reeived point y is outside the onstellation, espeially when onsidering largedimension. The sphere deoder entered at the reeived point visits a lot of lattie points to�nd a small number of onstellation points. However, when the sphere is entered at the MLpoint, the number of enumerated points is redued and higher likelihood onstellation points areonsidered. But to guarantee a high stability for the number of points required in the list, oneshould be areful for the hoie of the shifted list radius. This radius should take into aount thenumber of points to reate the list. In (66), an approximation is made : the volume of the sphereontaining Np points is equal to the volume of Np fundamental parallelotopes. As a result, theradius √C an be omputed as
√
C ≈

(
Np × vol(Λ)

V

) 1

n

, (2.49)where vol(Λ) = |det(H)|, H is the lattie generator matrix, n is the dimension of H and V isthe unit radius sphere volume in the real spae R
n, V = πn

n . This method has the disadvantageof being stable only for high values of Np. If we assume Ne the e�etive number of points foundinside the list L, one an hek that
lim

Np→∞
Ne

Np
= 1 (2.50)But when onsidering a �nite onstellation, Ne will derease beause of the limited shape of theintersetion between the sphere and the onstellation. This depends on the ML point positioninside the onstellation and the shape of this onstellation. As a result, the radius √

C of theshifted spherial list for the onstellation an be given by
√
C =

(
α[nhyp]× µγ ×Np × vol(Λ)

V

) 1

n

, (2.51)where α is an expansion fator of the list size whih depends on the number of hyperplanes nhypat the onstellation boundaries passing through the ML point. µγ is an additional expansionfator depending on the shape of the onstellation (65).



2.5. Pre-proessing Tehniques 89C. K-Best DeodingThe K-Best deoding algorithm was proposed by Wong et al. in (72). This algorithm uses thebreadth-�rst searh strategy. At eah level of the tree, the K best andidates regarding theoptimization metri are memorized and expanded. Thus, in the following level, the Nb possiblehild nodes for eah one of the K andidates are generated and only the K best andidatesamong the k ·Nb hild nodes are onserved for the next level, et.The advantage of suh deoder is its onstant omplexity whih doesn't depend on the reeptiononditions. However, to obtain near-ML results, we should use a su�iently high number Kwhih indues an augmentation of omplexity. In fat, if the vetor to deode ontains p symbolsand belongs to a onstellation of dimension equal to q = 2Nb , the number of metris to alulateis equal to
Nb ·

[
L∑

k=1

Nk−1
b +K(p− L)+

] with L =

⌊
log(K)

Nb

⌋

+ 1In (72), the proposed algorithm adds a onstraint whih selets the K nodes belonging to thesphere of radius √C and entered at the reeived point. This onstraint redues the omplexityof the algorithm. It's also possible to ombine the K-Best deoding with the Shnorr-Euhneralgorithm (73). At the end of the searh phase, the deoder gets K × Nb solutions whih areused to provide a soft output. Nevertheless, these K solutions are not neessarily the nearest tothe ML point. Guo and Nilsson proposed a modi�ed K-Best algorithm using the paths in thetree whih were not already expanded. Thus, a supplementary information an be reuperatedto re�ne the soft output (73).2.5 Pre-proessing TehniquesThe purpose of preproessing is to transform the original onstrained searh problem into aform whih is easier to the searh algorithm. A friendly struture an be derived through twotehniques : left preproessing and right preproessing. The left preproessing, MMSE-GDFE,permits to have a well onditioned hannel matrix. The right preproessing onsists of makingthe hannel matrix the most orthogonal.Thus, preproessing followed by a sub-optimal deoder permits to have better performanes.In the ase of optimal deoding, preproessing permits to aelerate deoding and reduingomplexity of the searh phase.2.5.1 Left Pre-proessing : MMSE-GDFELet's reall the equation of a MIMO system de�ned by :
y = H · s+wBy multiplying the system by the matrix HH , we get

yLP = HHH · s+wLP



90 2. MIMO DeodingThe deoder an be a sub-optimal deoder like the ZF or the MMSE deoder , or optimal likethe SD or the SE.The MMSE-GDFE ( Minimum Mean Square Error-Generalized Deision Feedbak Equalizer )is a deoder with deision feedbak. It permits to �nd information symbols using this equation :
z = FLPyLP − (BLP − I)ŝ (2.52)where FLP and BLP ∈ C

n×n and BLP is upper triangular with diagonal elements equal to 1.
FLP and BLP are alled respetively the forward and the bakward �lter, z is the output ofthe MMSE-GDFE deoder and ŝ represents the estimation of the transmitted vetor. Thanks tothe triangular struture of BLP − I , information symbols are reursively alulated starting bythe nth omponent.Contrary to ases where MMSE-GDFE is used for deoding, it's used here as a preproessingstep. The idea is to �nd an equivalent system depending on FLP and BLP . A deoder an beused after to alulate ŝ. The forward and the bakward MMSE-GDFE �lters an be alulatedbased on the new hannel matrix representation H̃ ,

H̃ ,

[

H
1√

SNR
I

]

The QR deomposition of H̃ gives :
H̃ = Q̃ · R =

[
Q1

Q2

]

·Rwith Q̃ ∈ C
2n×n , R ∈ C

n×n, Q1 ∈ C
n×n represents the upper part of Q̃. Taking :
B = R

F = QH
1We an verify that BHB = H̃HH̃ = HHH + 1

SNRI = Σ and F =
(
B−1

)H
HH . Thenew system beomes :

y′ = Fy

= FHs+ Fw

= FHs+ Fw + Bs− Bs

= Bs+ Fw − (B − FH) s

= Bs+ w′

= Rs + w′
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Note that the transformed signal y′ is not equivalent to the initial signal y. Generally, Q1 isnot orthogonal. Also, the resulting noise :

w
′

= Fw − (B − FH) s = QH
1 w −

(
R − QH

1 H
)
sontains some gaussian omponents given by QH

1 w and some non-gaussian omponents given by
−
(
R − QH

1 H
)
s and depending on information symbols. However, w′ is white and gaussian,whih doesn't a�et system performanes (67). In fat :

E
[
w′w′H

]
= (B − FH) (B − FH)H + σ2FFHLet's �rst alulate FH :

FH = QH
1 H

=
(
B−1

)H
HHH

=
(
B−1

)H
(

HHH + I
SNR

)

−
(B−1)

H

SNR

= B −
(B−1)

H

SNRAnd :
FFH =

(
B−1

)H
HHHB−1Thus, the ovariane matrix of the noise w′ is equal to :

E
[
w′w′H

]
=

1

SNR2

(
B−1

)H
B−1 +

1

σ2

(
B−1

)H
HHHB−1

=
(
B−1

)H
(

σ2HHH +
I

SNR2

)

B−1

=
1

SNR

(
B−1

)H
(

HHH +
I

SNR

)

B−1

At the output of the MMSE-GDFE, the system to be resolved is y′ = Rs + w′. The deodingwill be done in funtion of the new matrix R whih still has a full rank. Moreover, R is better



92 2. MIMO Deodingonditioned than the original matrix H . In fat, and sine RHR = HHH + 1
SNRI, we anwrite :

λi
RTR = λi

HTH +
1

SNR
(2.53)suh that λi

A represents the eigenvalues of the matrixA. Considering the initial matrixH , theeigenvalues an have very di�erent values. Multiplying the onstellation by the hannel matrix
H an indue a distortion to the onstellation. Thus, it will be di�ult to deode a onstellationpoint. Nevertheless, by onsidering the next system, the seond term 1

SNR permits to betterequilibrate eigenvalues of R and better keeping the initial onstellation.Let's the SVD deomposition of the initial matrix H :
y = H · s+w

= UDV H
· s+wsuh as U and V are unitary of dimension n × n and D is diagonal of dimension n × n.The elements of D represent the singular values of H or also the square root of eigenvalues of

HHH, √λi,i = 1,...,r with r = rank
(
HHH

)
≤ min(M,N). A multipliation by V applied tothe signal in the transmission side permits to write :

UHy = UH(UDV H)V · s+UHw

ỹ = D · s+ w̃or also for a omponent i : i =
√
λi · si + w̃i(2.-24)The MIMO system an be viewed as r parallel sub-hannels suh as eah eigenvalue is onsi-dered as a fading for one sub-hannel. The sub-hannels represent the number of symbols thatan be transmitted simultaneously.From the equation (2.5.1), a null eigenvalue λi breeds a loss of the information symbol si andif the eigenvalue is very low it indues a bad hannel.By onsidering the preproessing MMSE-GDFE, the previous equation beomes

ỹi =
√

λi
RTR

· si + w̃i

R is of full rank, moreover and based on equation (2.53), the λi
RTR

is not null for i = 1,...,M .As a result, there's no loss of information. And for the initially low eigenvalues, the new valuesare neessarily higher. Thus, the hannel is better onditioned.



2.5. Pre-proessing Tehniques 932.5.2 Right Pre-proessing2.5.2.1 De�nitionLet's Λ a lattie from R
n. A lattie has an in�nity of bases, let's B1 be a base of Λ. B2 is anotherbase ifB2 = B1.U , whereU is an unitary matrix. In the �gure (2.18),B1 = (u1,u2) = ((3,2) , (2,1))and B2 = (v1,v2) = ((1,0) , (0,1)) are two bases from Z

2. The relation between the two basesis given by the following transformation :
B2 = B1.T (2.55)with

T =

[
−1 2
2 −3

]

u
2

v1

v
2

u1

Figure 2.18 � Example of bases in Z2

B2 is a better base than B1, we say that B1 is redued to B2. The aim of lattie redutionis to transform a given basis into a new basis with vetors of shortest length and into a basisonsisting of roughly orthogonal basis vetors. Usually, the new basis is muh better onditionedthan the previous one and therefore leads to less noise enhanement for linear detetion.The matrix T that permits to �nd the redution base is alled the redution matrix. Choosingthe base is very important in deoding. In the paragraph 2.4.1 of this hapter, we illustrated thease of ZF deoding for an orthogonal base and a non-orthogonal base. It's lear that for theseond base, the ZF deoding is optimal. Thus, if the base is omposed of the shortest vetorsand is highly orthogonal as possible :
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• the sub-optimal deoding presents better performanes.
• the optimal deoding is faster and onverges rapidly.The redution onsists of transforming a given hannel matrix H to a matrix H̃ having betterstruture :

H = H̃T−1 (2.56)In the literature, many redution methods methods were proposed.2.5.2.2 Redution MethodsIn literature, three redution methods exist : Minkowski redution, Korkine-Zolotare� redutionand Lenstra-Lenstra-Lovasz (LLL) redution. The two �rst methods permit to obtain an optimalredued base but their omplexities are not polynomial. The LLL redution produes a base withvetors relatively short and reasonably orthogonal with low omplexity. In the next part, we willpresent the strategy of eah tehnique.2.5.3 Minkowski RedutionThe purpose of the Minkowski redution is to �nd the base with the shortest vetors in the lattie(68).Let's Λ a lattie and B is the orresponding base. This base is the redued base if it veri�esthe following onditions :1. b1 is the shortest vetor of Λ.2. For i = 1,...,n, bi is the shortest vetor in Λ independent from vetors b1, . . . ,bi−1 suhthat the set (b1, . . . ,bi−1,bi) represents vetors linearly independent and an be ompletedto form a lattie base.As a result, the searh of the optimal base is done with a progressive manner by onsidering allpossible linear ombinations. It's evident that the obtained base ontains the shortest vetors inthe lattie.To onlude, the use of the Minkowski redution method in pratie is very limited beause ofits huge omplexity.



2.5. Pre-proessing Tehniques 952.5.4 Korkine-Zolotare� RedutionThe KZ redution is a variant of the Minkowski redution. It permits to obtain the shortestvetors in the lattie whih are also orthogonal and generated by the base obtained before.The redued base B veri�es :1. b1 is the shortest vetor of Λ.2. Let's Λi the lattie obtained by projeting Λi−1 on the sub-spae R
n−(i−1) perpendiularto bi−1. bi is the shortest vetor of Λi.2.5.5 LLL RedutionThe LLL redution is the lassial one and is widely used. Contrarily to previous methods, itdoesn't provide an optimal solution but a base whih is enough good with polynomial omplexity(69). For these reasons, it's very used in the number theory and in ryptography.In (53) and (70), a pratial redution algorithm was proposed based on the orthogonality teh-nique of 'Gram-Shmidt'.Let's B⋆ =

(
b⋆1, . . . ,b

⋆
n

) an orthogonal base obtained with this proess. Vetors b⋆1, . . . ,b
⋆
nare alulated using the following formula :

b⋆i = bi −
i−1∑

j=1

µijb
⋆
j

µij =

〈

bi,b
⋆
j

〉

〈

b⋆j ,b
⋆
j

〉The base B⋆ is orthogonal but not orthonormal.Let's onsider for example a lattie of dimension 2. The redued base is onstituted of two vetors
B = (b1,b2). From equation (2.-26) and equation (2.-27), b1 = b⋆1 and b2 = µ21b

⋆
1+b⋆2 verifyingthe following onditions :

〈b1,b2〉
‖b1‖2

≤ 1

2

‖b1‖2 ≤ ‖b2‖2In order to aelerate the searh for the redued base, the seond inequality is replaed by amore seletive onstraint :
‖b1‖2 ≤

4

3
‖b2‖2 (2.57)



96 2. MIMO DeodingGenerally, for a lattie Λ of dimension n, we de�ne by Λi the lattie generated by the vetors
(bi,bi+1). An orthogonal projetion of Λi on the hyperplane (b1,...,bi+1) gives a lattie with thebase (bi,bi+1) suh that :

bi (i) = b⋆i

bi+1 (i) = b⋆i+1 + µi+1,ib
⋆
iApplying the onstraints in equation (2.-28) and equation (2.57) on (bi,bi+1), the reduedbase B should verify the following onditions :

|µi,j| ≤ 1

2
, 1 ≤ i,j ≤ n

∥
∥
∥b

⋆
i+1

∥
∥
∥

2
≤ 4

3

∥
∥
∥b

⋆
i+1 + µi+1,ib

⋆
i

∥
∥
∥

2Or also :
∥
∥
∥b

⋆
i+1

∥
∥
∥

2
≥
(
3

4
− µ2

i+1,i

)
∥
∥b⋆i

∥
∥2 (2.58)We note that the LLL algorithm apply the orthogonality proess loally by onsidering eahtime two adjaent vetors. Consequently, the obtained base is quasi-orthogonal and vetors onsti-tuting this base are orthogonal two by two. In other hand, bases provided by Minkowski and KZredutions are perfetly orthogonal.2.6 The Diversity Multiplexing Tradeo� of MIMO De-odersSub-optimal reeivers are an attrative low-omplexity alternative to optimal proessing formulti-antenna MIMO ommuniations. In this setion and for �xed number of antennas, weinvestigate the limit of their error probability in the high-SNR regime in terms of the Diversity-Multiplexing Tradeo� (DMT).As far as the DMT is onerned, we report a negative result : we show that both linear Zero-Foring (ZF) and linear Minimum Mean-Square Error (MMSE) reeivers ahieve the same DMT,whih is largely suboptimal.Let's �rst reall that the optimal DMT is the best possible error probability exponent d∗(r)ahievable by any spae-time sheme at multiplexing gain r. While d∗(r) is ahievable underthe optimal reeiver, the following result haraterizes the DMT of the MIMO hannel whenthe linear reeiver is either the ZF or the MMSE reeiver de�ned before. As given in (71), the



2.7. Conlusion 97DMT of the M-transmit, N-reeive i.i.d Rayleigh MIMO hannel with N ≥ M , onstrained touse Gaussian odes under either MMSE or ZF linear reeivers is given by
d∗lin(r) = (N −M + 1)

(

1− r

M

)+
, (2.59)for both the ases of oding aross antennas or pure spatial multiplexing and where (x)+ ,

max{x,0}. The use of lattie redution (LR) aided versions (75) (76) of the sub-optimal (linearand no-linear) deoders an highly improve performanes and diversity. The work in (74) showedthat LR (lattie redution)-aided ZF deoding an ahieve maximal reeive diversity for unodedV-BLAST systems.In (77), authors prove that MMSE regularized lattie deoding, as well as the omputationallye�ient lattie redution (LR) aided MMSE deoder, allows for e�ient and DMT optimaldeoding of any approximately universal lattie based ode. The result identi�es an expliitlyonstruted enoder and a omputationally e�ient deoder that ahieve DMT optimality forall multiplexing gains and all hannel dimensions. Partiularly, they proved that LLL based LR-aided deoding an in fat ahieve the most general diversity-related optimality, by showing thatthe LLL based LR-aided MMSE deoder an, in the ontext of lattie odes, ahieve the maximaldiversity gain for all multiplexing gains r and fading statistis.2.7 ConlusionIn this hapter, we have presented some well-known MIMO deoders available in literature. Thus,we highlighted the funtioning of these deoders and their performanes. We have showed thatthese deoders an be lassi�ed into three lasses : the sub-optimal deoders, the optimal de-oders and the deoders o�ering a omplexity-performane tradeo� like the stak deoder. Weremarked that optimal deoders have a prohibitive omputational omplexity and this later in-reases proportionally to onstellation size whih makes their use in pratial appliations verydi�ult espeially for systems with high number of antennas. That's why the sequential deo-ding and partiularly the stak algorithm using the bias parameter to tune and adjust deoderomplexity an be a good alternative. However, it leads to sub-optimal results.In order to improve the stak deoding apabilities, we propose in the next hapter a newsequential deoding algorithm based on the Stak deoding Algorithm and the SD algorithm.We will show that this deoder o�ers the lowest omplexity when ompared to all other knownML deoders and guarantees optimal ML performanes.
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Chapitre 3
Hard and Soft Spherial-Bound Stakdeoder for MIMO systems
3.1 IntrodutionML deoding onsists in looking for the losest point to the reeived one belonging to the lattie.Exhaustive searh onsists in visiting all the lattie points whih is impossible to realize inpratie. Thus, to deode the reeived vetor, it's neessary to de�ne a �nite searh region.As stated before, Stak Deoding was originally designed to deode binary trellis odes, where theodeword is taken in a �nite alphabet. However, onsidering a lattie, the odeword is taken inthe in�nite �eld Z

2n whih leads to an in�nite tree struture. Applying the stak deoder seemsto be impossible in this ase. Our purpose is then to propose a modi�ed version of the stakalgorithm in order to deode latties and to redue the prohibitive omputational omplexity.Next, we will propose a new algorithm ombining the searh region of the SD and the StakDeoding Searh strategy.3.2 Spherial-Bound Stak deoder for MIMO systems3.2.1 SB-Stak Deoding for lattiesA - 1st approahApplying the stak deoder, we look for the losest point in a �nite region Λ⊂Z
2n. Unfortu-nately, the trunation of the tree will a�et the deoder performanes. In fat, if the transmittedodeword belongs to Λ, the deoder will systematially deode it, however an error ourred if



100 3. Hard and Soft Spherial-Bound Stak deoder for MIMO systemsthe odeword is outside the searh region. Thus, the main hallenge is how to hoose the optimalsearh region Λ.Yet, the triangular form of the lattie basis reminds the Shnorr Euhner (SE) enumerationstrategy (52). As detailed in the previous hapter, the key strategy of this algorithm is to onsi-der the lattie as a superposition of 2n hyperplanes and to start the searh by projeting thereeived vetor on the nearest hyperplane. The resulting point is then reursively projeted onthe following 2n− 1 hyperplanes. The found point is the 'Babai Point' (BP) and it orrespondsto the ZF-DFE point (44).Our proposed searh algorithm is similar to SE and is based on the BP, however the searhstrategy and the onstrution of the tree are quite di�erent. In fat, the SE onsists of enumeratingall possible nodes inside a bounded region by zigzagging around the BP using a DeFS strategy.In this �rst approah, we inspire from the SE algorithm and we propose a tree entered at theBP u (we onsidered the transformation given in equation (2.29)). At eah level, it enumeratesthe neighbor lattie points de�ned as u ± t = (u1 ± t1,u2 ± t2,...,u2n ± t2n) where t is a vetorin Z
2n, a BeFS strategy is further applied on this tree.Applying this algorithm, we an delimit the size of the onstruted tree by hoosing thenumber of the neighboring lattie nodes of the BP that we will onsider. However, the ML pointis not guaranteed to be inside the onsidered tree. To reah it, we should enlarge the searhregion and that implies to have a denser tree whih leads to a more omplex deoding task.In �gure (3.1), we show the performanes of the staked deoding onstrained to some searhregions. Thus, we plot the symbol error rate as a funtion of the signal to noise ratio (SNR) , fora 4× 4 MIMO sheme using a SM and in a quasi-stati Rayleigh Channel. First, we proeed byonsidering the searh region de�ned as Λa = {ui − 1,ui,ui + 1,i = 1, . . . ,2n}. This indues thatthe lattie points onerned with the searh algorithm are only the immediate neighbors of theBP. Nevertheless, in bad hannel onditions, the ML point may be far-o� and unreahable. Thisis shown through urve (a), where the performanes are sub-optimal and exhibit a loss of 2dBfrom ML. For the same system, we have progressively enlarged the searh region and observedthe algorithm's behavior. The urves (a)-(d) report the performanes obtained by respetivelyonsidering the searh regions Λa = {ui − 1,ui,ui+1}, Λb = Λa

⋃{ui − 2,ui+2}, Λc = Λb
⋃{ui−

3,ui+3} and Λd = Λc
⋃{ui−4,ui+4}. As shown in �gure (3.1), the deoder provides sub-optimalperformanes, but it approahes the ML as well as we over a larger searh region. However,the omplexity inreases with performanes. Therefore, a ompromise may be established andthis deoding algorithm an be of great interest. Thus, in the beginning of the algorithm, theomplexity-performane tradeo� is �xed whih de�nes the appropriate searh region.In �gure (3.1) simulations, we have onsidered a uniform vetor t. We an also use a vetor

t with large ti for �rst omponents and small ti for the last ones. This hoie may be e�ientdue to the problem of error propagation in the tree searh.B - 2ndapproah (SB-Stak deoder)In the 1st approah, the searh region is entered at the BP. However, this latter is generallya rough estimation of the transmitted odeword, then entering the searh region on it is not



3.2. Spherial-Bound Stak deoder for MIMO systems 101optimal sine the ML solution may not be inside, as shown in �gure (3.2).Therefore, we propose here a seond approah for the lattie deoding inspired from the spheredeoder algorithm. The priniple of the sphere deoder is to enumerate all the lattie points foundin a sphere of a radius √C entered at the reeived point. Eah time a point is found, the radiusis updated, whih limits the number of the enumerated points but also guarantees the losestpoint riterion. The sphere deoder uses the DeFS strategy.We all this seond approah : the Spherial Bounds Stak deoder (SB-Stak). The SB-Stakalgorithm explores only the lattie points inside the sphere with the radius √C using the BeFSstrategy, whih leads to the de�nition of an upper and a lower bounds for eah lattie pointomponent. The purpose of the SB-Stak is to �nd the leaf node having the least ost and withinthe spherial searh region. Starting from the root node, the algorithm omputes the upper andlower bounds of the �rst omponent s2n, denoted respetively binf,2n and bsup,2n and generatesall the nodes within these bounds.
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Figure 3.1 � Performane of a MIMO System using a SM with M = N = 4, obtainedfor di�erent searh regions
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Babai point u

Figure 3.2 � Example of a Lattie de�ned in Z2 ; the Searh Region does not ontainthe ML pointGenerated nodes are stored with their respetive osts in the stak memory. After that, thealgorithm reorders the nodes in the memory in an inreasing order aording to their osts,selets the top node, then omputes the bounds of the next level. Then, it generates all possiblehildren of the top node and stores them in the memory. After that, the top node is removedfrom the stak. This proedure is repeated until a leaf node reahes the top of the memory.Note that, although the apparent similarity between the traditional sphere deoder and theSB-Stak algorithm, these two searh algorithms raise great di�erenes. In this way, unlike thesphere deoder the radius in the SB-Stak deoder remains unhanged during all the deodingproess, while for the sphere deoder the radius is being updated eah time a point is found.However, the searh strategy for the stak algorithm is quite di�erent. In fat, at eah stepthe algorithm may baktrak to a higher node level having lower ost before reahing a leaf nodewhih orresponds to a andidate solution. Thus, it's not possible to supervise the ML distanewhen the algorithm is in progress. Therefore, the radius should be �xed.In the following, we will detail bounds alulation whih is very similar to the ase of theSphere Deoder in (51).3.2.1.1 Bounds alulationFirst, remind that the distane to minimize is given by ‖y1 −R · s‖2. Let us write y1 = R · ρ,where ρ is the ZF point. ρ represents the oordinate of the vetor y1 in the new lattie generatedby R. The Eulidean distane is now written in the lattie system as :‖R · (ρ− s)‖2 = ‖R · ξ‖2,where ξ de�nes the oordinate of the translated point s.In this ase, the lattie points onsidered in the metri minimization are those within a



3.2. Spherial-Bound Stak deoder for MIMO systems 103maximum distane √
C from the reeived point s. Thus, we an write

‖R · ξ‖2 =
2n∑

i=1

(
∑2n

j=i rijξj

)2
≤ C (3.1)Let's now de�ne : q1ii = r2ii for i = 1, . . . ,2n, and q1ij =

rij
rii

for i = 1, . . . ,2n, and j = i+1, . . . ,2n.The equation (3.1) is rewritten as
‖R · ξ‖2 =

2n∑

i=1

q1ii

(

ξi +
∑2n

j=i+1 q
1
ijξj

)2
≤ C

(3.3)By working bakward, we de�ne the bounds at any level i by
binf,i =

⌈

−
√

Ti

q1ii
+ Si

⌉

≤ si ≤
⌊√

Ti

q1ii
+ Si

⌋

= bsup,i (3.4)where we refer to Ti and Si by
Ti−1 = C −

2n∑

l=i

q1ll



ξl +

2n∑

j=l+1

q1ljξj





2

= Ti − q1ii(Si − xi)

Si = ρi +

2n∑

l=i+1

q1ilξl (3.4)The �owhart of the SB-Stak deoder is given in �gure (3.3).For eah generated node ̟, many informations onerning this node are also stored with it likeits ost, its level, the path to this node and parameters Ti, Si, binf,i, bsup,iif the node is at thelevel i . Programming with Matlab, we use data struture with several �elds. Let's the funtion
Gen : (̟,binf ) → [binf ,̟] , that generates a hild of ̟ by staking binf over ̟ and store(̟)the funtion that stores ̟ and all its parameters.
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Figure 3.3 � Flowhart of the Spherial-Bound-Stak deoderThe SB-Stak stores more information than the lassial stak algorithm and the prie topay is an inreasing memory size. But the searh region limitation allows visiting fewer nodesand onverging quikly and ensures also obtaining the ML solution.



3.2. Spherial-Bound Stak deoder for MIMO systems 105If the stak is empty, that means that no lattie point was found inside the sphere. In thisase, the sphere radius must be inreased and the algorithm is then restarted.From this observation, it is lear that the omplexity of the algorithm depends also on thesphere radius. In fat, if √C is too large, we obtain too many points, and so a large tree searh.But if √C is too small, we obtain no points. Furthermore, for small SNR, the reeived signal ismuh a�eted by the noise and a large radius is needed, while for high SNR, the ML point islose to the reeived signal and a small radius is su�ient. As stated before, in (54), a formulato hoose the optimal radius as a funtion of the SNR was �rst reported by Hassibi el al. as
C = 4.n.σ2 (3.5)

But in presene of a deep fading, the lattie an be muh distorted and may be more strethedfrom some axes than others. It is then more suitable to ompute the sphere radius taking intoaount the fading. Therefore, the following formula was proposed in (21)
C = min(4.n.σ2,min(diag(HT ·H))) (3.6)

As for the Sphere Deoder, the SB-Stak o�ers ML performanes. Thus, we will fous ouromparison on the omplexity whih we ount as the total number of multipliations of thesearh phase. Sine the multipliations are the most expensive operations in terms of mahineyles ompared to additions and omparisons, only multipliations will be taken into aount tomeasure the omplexity. The omplexity of the algorithm is de�ned by the number of multiplia-tions arried out until onvergene. Both algorithms are omposed of three stages : initialization,pre-deoding and searhing. The omplexity of the two �rst stages are quite similar, although toevaluate the omplexity of the third stage simulation results is neessary. In Fig.3.4, we plot theomplexity as a funtion of the SNR for a 2× 2 and a 4× 4 MIMO systems using SM.We an remark that the SB-Stak o�ers a onsiderable omplexity redution for di�erentlattie dimensions, whih is about 40% less than the sphere deoder for the 2 × 2 system and50% less for the 4 × 4 one for low SNRs. This important omplexity redution is due to thesearh strategy of the SB-Stak deoder whih allows to look inside the sphere only for the mostpromising points and unlike the sphere deoder whih heks all the lattie points inside thesphere.
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Figure 3.4 � Performane and omplexity of the SB-Stak deoder for a 2×2 and a 4×4MIMO systems using a SMIn pratial transmission shemes, we do not onsider information symbols in Z
2n but in �niteonstellations. The most used ones for MIMO shemes are the QAM onstellations. We proposein the sequel to adapt the SB-stak deoder to take into aount the �nite QAM onstellations.3.2.2 SB-Stak Deoding for onstellationsIn this setion, we will fous on the deoding of �nite onstellations using the stak deoder.As in the previous paragraph, we propose two approahes : the �rst approah is largely inspiredfrom the original stak deoder, while the seond one is a readjustment of the proposed SB-Stakalgorithm desribed before.A - 1stapproahUsing �nite onstellations tasks, the deoding problem is nearly in its original ontext wherethe stak deoder was applied to deode binary odes. In our ase, the tree is no longer binaryeven though it remains �nite. As a �rst and a natural approah, we propose to use the originalstak deoder, but instead of the binary values of the tree nodes, we onsider the orrespondentinterval of the q−QAM onstellation. For example, for a 16−QAM onstellation, eah tree edgebelongs to the set Ic = {±1,± 3}. Then, we have a 4−ary tree. More generally, for a q−QAM ,the nodes to onsider are in {±1,± 3, . . . ,±√

q − 1
}. Consequently, the tree struture is diretlylinked to the used onstellation. For large onstellation sizes, the information to whih belong



3.2. Spherial-Bound Stak deoder for MIMO systems 107the symbols is too large whih leads to an exessively dense tree and thus to a very omplexdeoding. To illustrate this, we represent in �gure (3.5) the omplexity of the stak deoder for
16 and 64−QAM onstellations as a funtion of SNR for a 4× 4 MIMO system using SM. Weonlude that the omplexity inreases as the onstellation size inreases. We also note that, forlarge sizes, the stak deoder is muh more omplex than the sphere deoder. In fat, for eahlevel the stak deoder generates all possible hildren, while the sphere deoder selets only theloser ones. Moreover, this omplexity is espeially high for low SNR where the deoder rossesmore nodes to reah the optimal solution.
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Figure 3.5 � Complexity Comparison of the Stak Deoder and the Sphere Deoder usingdi�erent QAM Constellations, for a MIMO System with SM, M = N = 4The omplexity therefore omes from the high number of visited nodes. In (82), a tree searhalgorithm was proposed. This one performs a stak algorithm but it limits the size of the stakso that it only retains η nodes at eah level of the tree ( with η ≤ √
q). Nevertheless, the nodesseleted in the stak may not lead to the shortest path but onversely nodes with the smallestmetri may be disarded in high levels in the tree. Consequently, the ML solution will be rarelyreahed. So, this algorithm allows to redue omplexity by limiting the number of the generatednodes but at the ost of a performane loss.We propose in the sequel to use the SB-Stak deoder desribed before. We will detail inthe following the neessary modi�ations needed to adapt this algorithm for �nite onstellationsdeoding.B - 2nd approah using the SB-Stak algorithm



108 3. Hard and Soft Spherial-Bound Stak deoder for MIMO systemsThe SB-Stak algorithm as presented before is oneived to deode latties. For informationsymbols taken in a q − QAM onstellation, eah omponent of s belongs to the �nite interval
Ic =

[
±1,± 3, . . . ,±√

q − 1
]
⊂ Z

2n. The nodes onerned with the searh algorithm are insidethe sphere and belong to the onstellation. Furthermore, in order to restrit the searh to a set of
Z
2n, we onsider the transformation ui = si +

√
q− 1)/2. The new bounders of the onstellationare then given by Ic,Z =

[
0,1,2, . . . ,

√
q − 1

]. Consequently, the nodes that we look for are takenin the interval [sup (binf,i,0) ,inf (bsup,i,√q − 1
)] instead of the interval [binf,i,bsup,i] omputedin (3.4).Remark 1 :One at a given level, the algorithm an be unable to �nd a valid node s(k) if binf,k ≥ bsup,k,this means that the path (s2n,s2n−1, . . . ,sk+1,sk) doesn't exist inside the tree and this nodedoesn't orrespond to a point in the sphere. In this ase, the algorithm deletes the node s(k+1)from the stak and the algorithm ontinues by onsidering a new node (the �rst one in the stak).Remark 2 :If the stak is empty, this implies that the algorithm is not able to �nd a valid path in the tree.In this ase, the radius is inreased and the searh is restarted. But, in order to guarantee theonvergene, the initial radius should be hosen as given in equation (radius) whih guaranteesat least one point in the sphere.Remark 3 :Unlike the SD, the radius of the sphere for the SB-Stak an not be adjusted during the searhphase sine we use the BeFS strategy. In the beginning of the searh phase, we an't get a �nitepath to a leaf node ontrary to the SD whih uses a DeFS and looks for a �nite path at thebeginning of the algorithm.

3.2.3 Comparison of the SB-Stak Deoder and the original StakDeoderThe stak and the SB-Stak deoders adopt the same BeFs strategy and provide the same MLperformanes (for a null bias). However, the onsidered trees are quit di�erent. In fat, for thestak deoder, the tree is onstituted of all possible ombinations of information symbols of theused onstellation. At eah level of the tree, the vetor omponents are de�ned by
cmin ≤ sk ≤ cmax (3.6)The size of the tree and onsequently the omplexity of the searh phase depends on the onstel-lation size. For example, for a q-QAM onstellation, eah tree node generates log2(q) hild nodes.In other hand, the SB-Stak deoder onstraints the searh to a sphere instead of all the onstel-lation. Taking into aount this onstraint, the SB-Stak algorithm disarded all points thatdon't belong to the sphere. As a result, for a same onstellation, the tree is less dense and thesearh is less omplex.
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110 3. Hard and Soft Spherial-Bound Stak deoder for MIMO systemsIn �gure (3.6), we plotted the average of deoding omplexities for both deoders where
µn =

average number of visited nodes to deode one ST odewordnumber of bits per ST odeword .Here, we onsidered a 4× 4 MIMO system using spatial multiplexing with 4-QAM and 16-QAMonstellations. Thus, we veri�ed that the SB-Stak deoder expands less nodes than the originalStak deoder. The gain in terms of the average number of visited nodes is nearly equal to 60 %for the 16-QAM and 80% for the 64-QAM (average over the onsidered SNR). We onlude thatby inreasing the size of the onstellation, it beomes more interesting to use the SB-Stak.But, by adding the sphere onstraint, the SB-Stak deoder should alulate the upper and lowerbounds for eah expanded node whih inreases in pratie the number of needed operations foreah node ompared to the original Stak deoder. In fat, bounds are also stored in the stakin order to alulate intervals for the following levels. As a result, the SB-Stak deoder storesmore information and requires more memory. However, the huge redution of the number of theexpanded nodes ompensates the added omplexity. In order to explore omplexity in terms ofthe number of multipliations, we plot in �gure (3.7) the omplexity of the same 4 × 4 systemsuh that
µn =

average number of multipliations to deode one ST odewordnumber of bits per ST odeword .We note that the gain in omplexity of the SB-Stak is 46% for the 16-QAM onstellation andis 78% for the 64-QAM onstellation (average over the onsidered SNR).3.2.4 Comparison of the SB-Stak Deoder and the Sphere De-oderSimilarly to the SD, the SB-Stak algorithm onstraints the searh to a spherial region enteredat the reeived point. Thus, both algorithms share the same searh region but they don't adoptthe same searh strategy.For eah omponent sk, the SB-Stak browses all the elements of Ik = [binf,k,bsup,k]. The nodewith the least metri is seleted and all its hildren are generated. The seleted node an be ata level di�erent from the urrent one and the algorithm an return bak to a higher level in thetree.The SD browses the same interval Ik and selets the �rst valid omponent orresponding to binf,k.This generated node will be expanded in the next iteration and this ontinues until reahing aleaf node (level 1). One a leaf node is reahed, the algorithm updates the sphere radius and thealgorithm ontinues with a smaller radius. This orresponds to the DeFS strategy. As shown in�gure (3.8), we plotted the omplexity in terms of the number of visited nodes for MIMO systemsusing 64-QAM onstellation. We notie that the SB-Stak deoder allows a minimum averagegain of 57% ompared to the SD. We note also that this gain inreases if the system dimensioninreases. It's equal to 63% and 70% for respetively the 4 × 4 and 6 × 6 MIMO systems. Thegain is partiularly high for low SNR.Considering the same system, we present in �gure (3.9) the omplexity alulated in terms ofthe number of multipliations. The SB-Stak deoder shows a great enhanement in omplexityompared to the SD.
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114 3. Hard and Soft Spherial-Bound Stak deoder for MIMO systems3.2.5 Sub-optimal SB-Stak deoderThe SB-Stak algorithm searhes for the shortest path (s2n,s2n−1, . . . ,s1
) that minimizes themetri f(s(2n)). The �nal solution provided by this algorithm is then the ML one. However, byintroduing a parameter in the ost funtion as de�ned in setion 2.4.3.3, we an rewrite (2.39)as

f(s(k)) =
n∑

i=2n−k+1

fi(si)− b · k, (3.5)where b ∈ R
+ is alled the bias. Then, a negative weight is added to the ost of eah visited nodedepending on its level in the tree. Under this onstraint, the algorithm advantages the deepestnodes in the tree. Hene, this biased version allows the SB-Stak deoder to visit less nodes.Consequently, the omplexity is redued and the deoder onverges rapidly, however the solutionis not guaranteed to be ML. The performane dereases as b inreases, and for a high valueof b, it approahes the ZF-DFE. In fat, sine the deoding rule is no longer the minimizationof the eulidean distane as in (2.39), the performanes obtained are not optimal. Though, atvery small values of b, the seond term −b · k is negligible in equation (3.5), the ost funtionis approximately equal to (2.39) and then near-ML performanes are ahieved. The omplexityhowever dereases ontinuously with b. This parameterized version of the SB-Stak deoder istherefore very interesting sine it allows a omplexity-performane tradeo� by only adapting thevalue of the bias.3.3 Soft Deoding using the stak deoder with Sphe-rial Bounds3.3.1 Soft Stak Deoding StrategyWe propose here an extension of the new proposed SB-Stak deoder to support soft informationoutputs. We have modi�ed this algorithm to generate soft-output information in the form of LLR.Stak deoders have the apability of generating a andidate list in their original algorithm. Ineah iteration, hildren nodes are generated and stored in the stak ordered in funtion of theirosts. At the end of the algorithm, the �rst leaf node reahing the top of the stak is the MLpoint. In this work, we improve the SB-Stak algorithm to make it suitable for a soft output byonstruting a list instead of seleting only the ML point. In fat, after the end of the proess,one an remark that stak is still full of nodes with di�erent sizes (with di�erent levels in thetree) and no one among them is reahing the top of the stak. The most straightforward ideais to extrat the ML point from the original stak, to put it in another stak and to ontinuethe searhing phase. The next node reahing the top of the stak is also removed and putted inthe seond stak with its orresponding ost and so on. There are two possibilities to stop thealgorithm :

• either we �x the number of points in the list (the size of the seond stak). In thisase the algorithm ontinues in this manner until the seond stak will be full.
• another possible riterion is to �x a lower bound on the node osts (worst ost tobe admissible), and when the ost falls below this limit value, the algorithm givesup.



3.3. Soft Deoding using the stak deoder with Spherial Bounds 115Thus, only the nodes stored in the seond stak will ontribute to the soft deision. This newSoft SB-Stak deoder is an extension of the �rst one and aims at generating more leaf nodes.The seond stak is used later to generate the LLR. The main advantages of this algorithm are
• the stability : the algorithm will stop as soon as the number of andidates is rea-hed. The issue regarding the omputation or estimation of the ideal radius value isremoved.
• the list is entered at the ML point. In other words, the list is �lled up with thelosest points only in an asending ost order, leading to an optimal LLR omputa-tion for a given list size.
• a low omplexity sine we only pursue the stak algorithm with no additionalsearh method and exploit the nodes being already omputed and still in the stak.The disadvantage of all the previous soft deoders is their inability to provide soft outputs withlow omplexity, and the worst ase orresponds to the exhaustive searh (66; 78; 89).The Soft SB-Stak deoder provides less omplexity than these latter. Moreover, we an applythe bias parameter as in the equation (3.5). This leads to a omplexity-performane tradeo� withsoft outputs and one an even impose an aggregate run time onstraint.A straightforward onlusion is the �exibility of the new Soft SB-Stak deoder with pratialonstraints that system engineers an be faed with the design of the reeiver.
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Figure 3.10 � LLR Density Distribution for SNR=0 dB and SNR=3 dB3.3.2 Soft Deoders ComparisonIn this part, we illustrate the appliation of the Soft SB-Stak deoder for MIMO spae timetransmission. The binary information is enoded using a rate R-onvolutional ode. The oded



116 3. Hard and Soft Spherial-Bound Stak deoder for MIMO systemsbits are fed to a q-QAM mapper (Gray mapping) that generates symbols. The spetral e�ienyin the V-BLAST ase is R×Nb ×M bits per hannel use, Nb = log2 (q).
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De−Interleaving
Soft Decoding of Error 

Correcting CodeFigure 3.11 � Communiation ChainThe �gure (3.10) shows the LLR distribution of the andidates found inside the stak for
SNR = 0dB and SNR = 3dB. It an be observed that when SNR inreases, the LLR distributionurve is going to get a onave shape with a avity around zero. This an be expeted sine
zero− LLR means ambiguity in the deision whih is diminished when SNR inreases.For high SNR, the LLR values streth to in�nity and in pratie they are saturated to a highhosen value. The LLR distribution urves provide us with information about the intervals towhih LLR belong. LLR will be sampled into 2m−1 levels of their interval distribution and thenquantized to m bits to serve as input for the soft Viterbi deoder. The onsidered transmissionhain is given in �gure (3.11). This transmission hain enhanes performanes of MIMO systemsand spae time odes that will be used. We assoiate it to an error orreting ode followed byan interleaver juste before the spae time oding blo. This transmission sheme was introduedby Tonello (90) in 2000, and is an extension to spae time odes of bit-interleaved oded modu-lation (BICM). The idea of onatenating an error orreting ode with a binary interleaver andthe operation of binary to signal onversion omes from Zehavi who shows experimentally (91)that the interleaving of bits ondues to better performanes in terms of BER that interleavingsymbols, for an equivalent omplexity, in a rayleigh hannel. In (92), Caire et al. on�rmed theseresults theoretially for BICM. Thus, the �gure (3.11) represents a ommuniation hain ST-BICM onstituded of an error orreting ode, a binary interleaver, a binary to signal onverter,and STBC ( or just a ST multiplexing).In error orreting odes, we assoiate a odeword C onstituted of Nc bits to the informationodeword onstituted of Nd bits. The rate of the ode is equal to Rc = Nd

Nc
. In the paper ofTonello (90) , the used error orreting ode is the onvolutional ode. However, other types ofodes an be used in the ST-BICM sheme, like for example the turbo-odes (93) and the LDPC( Low Density Parity Chek) odes (94) (90) .The binary interleaver is the prinipal element of the BICM. It has a double role. In one hand, itallows a deorrelation of hannel fading subjeted to oded bits and maximize the diversity order



3.3. Soft Deoding using the stak deoder with Spherial Bounds 117of the system. In other hand, it guarantees a deorrelation of bits belonging to the same odewordof the error orreting ode. This last property is very important if we want in future works toupgrade the system to iterative deoding. Here, the onsidered interleaver is a pseudo-randomone.The simulated MIMO system is onstituted of 2 transmit and 2 reeive antennas. The pro-pagation hannel is modeled by a quasi-stati Rayleigh hannel model. The error orreting odeis a onvolutional ode with a rate Rc = 1/2, the onstraint length is L = 7 and the generatorpolynomial is [133,171]O . The interleaver length is equal to 9216 bits and the length of ode-words of the error orreting ode is also equal to 9216 oded bits (and thus 4608 informationbits per odeword). The onsidered spae-time oding sheme is a spatial multiplexing (T = 1)sheme and symbols belong to a 16-QAM onstellation. The spetral e�ieny of this system isequal to 4b/s/Hz. Performanes in terms of bit error rate are given in �gure (3.12) in funtionof Eb/N0. Conerning the Stak Deoder, the LSD, the Shifted SD and the SB-Stak, we limitedthe number of generated nodes to a maximum number Nmax = 148 whih orresponds to theonstant omplexity of the K-BEST Deoder with K = 16. The size of the andidates list is�xed to Np = 16. In �gure (3.12), we observe that the best performane is attained by the StakDeoder, the SB-Stak Deoder and the K-BEST Deoder with K=16. In other hand, the sphe-rial deoders (LSD and Shifted SD) give degraded performanes. This degradation is relatedto the spherial limits onstraining these deoders. In fat, if the hosen radius is too small, thenumber of the required andidates is not reahed. In this ase, the algorithm an stop the searhand ontent with andidates in the list, it an also update the sphere radius in order to obtainthe needed number of andidates. In our results, we have hosen to implement this latter one.However, sine we have limited the number of visited nodes to Nmax = 148, the SD an be unableto reah the required number of andidates Np. This an happen if the radius of the sphere isbadly alibrated in the beginning whih makes a big disadvantageous for the SD espeially thatit an in�uene the omplexity of the deoder. It an be remarkable that the SB-Stak whihhas spherial bounds is not sensitive to these performanes degradation. This an be explainedby the fat that we realize a quik termination when the maximum authorized number of nodesis reahed. This termination onsists of alulating the ZF-DFE for the most min(Ns,Np −NL)advaned nodes in the tree, where Ns is the present size of the stak and NL is the present sizeof the soft List. We onlude also that the K-Best deoder o�ers the same performanes as theSB-Stak but with a su�iently high K. The average and the standard deviation of deodingomplexities for di�erent deoders are given in �gures (3.13). Complexities are given here asfollows :
µn =

average number of visited nodes to deode one ST odewordnumber of bits per ST odeword
σn =

standard deviation of the number of visited nodes to deode one ST odewordnumber of bits per ST odewordAs shown in those �gures, the K-Best Deoder with K = 16 is the most omplex. The SB-Stakdeoder o�ers the best performane-omplexity tradeo� with an average omplexity less than allother deoders. The Stak Deoder presents a omplexity inferior or similar to the Shifted SDfor high Eb/N0, but its performanes are better than the Shifted SD.
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120 3. Hard and Soft Spherial-Bound Stak deoder for MIMO systems3.4 ConlusionThe main purpose of this hapter was to apply sequential deoders, espeially the stak one, formulti-antenna systems. We saw that the MIMO deoding an be tasked on a CLPS problem.Toward this end, we proposed approahes that apply the stak deoder to deode lattie. Ourmain ontribution was to introdue a novel version of the stak deoder for MIMO systems withredued omplexity. The proposed deoder, that we alled the Spherial Bound Stak deoder,onsists in a modi�ed stak deoder ombining both the stak algorithm searh strategy and thesphere deoder properties. In a �rst time, this modi�ed deoder was introdued to deode lattie.In a seond time, we brought the neessary modi�ations to apply it in the ase of onstellationsand we showed by simulations that the SB-Stak deoder outperforms the SD deoder and theoriginal stak deoder in terms of omplexity.In the seond part, we extended the SB-Stak deoder to support soft output MIMO dete-tion. By exploiting the advantage of the memory use to deliver a soft output, a good improvementin performane is distinguished. The simulation results show that the Soft SB-Stak deoder out-performs the known List Sphere Deoder and the Shifted Sphere Deoder. Moreover, due to thestak properties, the Soft SB-Stak deoder is also easily implemented and is more �exible to aninrease in the size of the list of andidates
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Chapitre 4
On Reduing Complexity of MIMOStak Deoding
4.1 IntrodutionThe present hapter is intended to improve the stak deoding in terms of omplexity. As shownbefore the stak deoding algorithm is a good andidate for resolving the omplexity-performanetradeo� while giving an exellent struture that provides soft outputs. Our purpose is thento propose a modi�ed version of the stak algorithm in order to redue omplexity and timeonsumption.This hapter is organized as follows. First, we exploit a spei� lattie representation tode�ne stak deoding with parallel proessing. Thus, many instrutions an be arried out si-multaneously whih is not possible with SE and SD. This aelerates the deoder and permitsto reah the ML point in less time. In the seond part, we give some di�erent strategies for ex-panding tree nodes and we show that those strategies an sale down the deoder omplexity. Atthe end of this hapter, we propose some new tehniques to resolve the high noise e�et problemthat an slow down the speed of the stak deoder.4.2 Parallel Stak DeodingStak deoding shows good features to be implemented and improves omplexity ompared toML deoders SE and SD. But it still su�ers from big omplexity. Parallel proessing an reduetime by exeuting instrutions simultaneously. We propose here a new stak deoder based on aparallel proessing. SD was parallel proessed in (91) but with a loss in performane.Parallelism is a form of omputing in whih many instrutions are arried out simultaneously.However, parallel programs are harder to write than sequential ones.To solve a problem, an algorithm is onstruted whih produes a serial stream of instrutions.



122 4. On Reduing Complexity of MIMO Stak DeodingThese instrutions are exeuted on a entral proessing unit on one omputer. Only one ins-trution may exeute at a given time - after that instrution is �nished, the next is exeuted.Parallel proessing uses multiple ompute resoures simultaneously to solve a problem. The pro-blem is broken into parts whih are independent so that eah ompute resoure an exeute itspart of the algorithm simultaneously with others. Frequeny saling was the dominant reasonfor omputer performane inreases from the mid 1980s until our days. The total runtime of aprogram is proportional to the total number of instrutions multiplied by the average time perinstrution.Everything else onstant, inreasing the lok frequeny dereases the average time it takes toexeute an instrution. An inrease in frequeny thus dereases runtime for all omputation-bounded programs.In this part, we improve the stak deoding omplexity e�ieny by proposing a new strutureperforming parallel proesses. This struture enables deoding the real and imaginary parts ofeah symbol independently and at the same time. The lattie representation given before by Ψfuntion imposes a major restrition on the tree searh algorithm. Spei�ally, the searh hasto be exeuted serially from one level to another on the tree. Proessing eah level to estimatesymbols needs to have estimation of previous symbols whih are neessary to alulate osts foreah hild. The standard stak deoding using the tree searh starts at the top level and traversedown the tree with one level at a time, and omputes for eah step the osts of hild nodes.
4.2.1 New Lattie RepresentationAording to the Ψ lattie representation, it's impossible, for instane to alulate the ost for anode in level k without assigning an estimate for the levels before.This approah means that deoding of any sk requires an estimate value for all preeding skwhere j = k − 1,...,2n.The idea behind this work is to relax the tree searh struture making it more �exible forparallelism. Thus, one an deode eah pair of adjaent levels in the tree, and eah level of thispair is independent from the other. For that, one should start by giving a seond shape to thehannel matrix representation. Instead of the Ψ funtion de�ned as :H = Ψ(H)

=

[
Re(H) −Im(H)
Im(H) Re(H)

] (4.0)we use another funtion Ω and we give another lattie representation de�ned in (91) as :H̃ = Ω(H)

=






Ψ(H1,1) · · · Ψ(H1,n)... . . . ...
Ψ(Hn,1) · · · Ψ(Hn,n)




 , (4.0)where we assume that Ψ an be applied to a omplex omponent as for the matries ase.Using this hannel representation hanges the order of detetion of the reeived symbols to the



4.2. Parallel Stak Deoding 123following form ỹ = Ω(y)
=










Re(y1)
Im(y1)...
Re(yn)
Im(yn)










, (4.0)whih means that the �rst and the seond levels of the tree searh orrespond to the real andimaginary parts of sn.
4.2.2 Overview of Parallel Deoding tehniqueAfter applying the QR deomposition, this struture beomes very interesting. In fat, due tothe orthogonality between the olumns of eah set, all the elements rk,k+1 for k = 1,3, · · · ,2n inthe upper triangular matrix are null. The loalizations of these zeros are very important sinethey introdue orthogonality between the real and imaginary parts of every deteted symbol. Forexample, for the 4× 4 R̃ upper triangular matrix, we got the following formR̃ =







r1,1 0 r1,3 r1,4
0 r2,2 r2,3 r2,4
0 0 r3,3 0

0 0 0 r4,4






. (4.1)Using this example, �gure (4.2) de�nes the parallel stak deoder whih will treat two layers ineah step by dupliating the treatment and keeping only one memory to store hildren.Throughout �gure(4.1), we an understand the importane of parallel proessing in speedingexeution of deoding. The new lattie representation permits to alulate two dimensions inonly one step thanks to the independene between the two last layers of the generating lattiematrix. Then, the run time is twie lower sine two dimensions are rossed over for eah nodeomputation. Figure (4.3) shows the �rst step in parallel deoding. we use : ̟ to design node,

b to design branh, f is the node ost and ̺ is the branh weight. It onsists on generating twolayers simultaneously. Paths [s3s4] are then generated, and one gets 4 andidates whih are theombination of two possible estimation for eah tree, osts are also ombined (the sum). In thefollowing step, the algorithm will selet the best andidate among these four and will proeedsimilarly.Assume the deoder hooses [s3s4] = [1, 1]. In the next step the deoder ats as follows :the list of new andidates found in the step desribed in �gure (4.4) is added to the previouslist. The algorithm ontinues to run by seleting the most promising node among all nodes inthe omplete list stored in the stak. This example gives an illustration overview of the generalalgorithm to understand the idea behind parallel proessing for stak deoding. The proposedstruture is optimal in performane and keeps the same ML results.
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(a) The newlattie permits to alulate the four nodes simultaneously
(b) The four nodes alulation is distributed on two state mahinesFigure 4.1 � Parallel proessing priniple

In �gure (4.5), a hardware arhiteture of the standard stak deoder is proposed. The stakarhiteture is omposed of 3 main state mahines(SM) :- the �rst one performs the nodes omputation, espeially the ost funtion,- the seond one ensures the stak management, i.e. the reordering of its elements aording totheir ost.- The last one masters the overall proessing, inluding the loading of the input data and theoutput of the deoding proessing.Due to the spei�ity of the stak algorithm, where the number of reading/writing operations inmemory is large, it has been deided :- to allow a onurrent operation of the 2 �rst state mahines,- to sale down the arithmeti proessing apability so that both SMs operates in approximatelythe same duration for eah new node omputation.The other omponents of the stak are memories or registers. In the �gure(4.6), we propose aparallel stak deoder hardware arhiteture. More state mahines are in use for the arhitetureof the parallel stak deoder in �gure (4.6) exploiting the parallelism whih enhanes the deoderspeed.
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Figure 4.2 � Parallel proessing : Four dimension in two steps4.3 Optimized Stak Deoding Strategies4.3.1 Child - Sibling Stak Deoding StrategyIn this strategy, in eah step of stak deoding, one hild and one sibling are generated instead ofall possible hilds of one node. The deoder deomposes the equivalent ost funtion as follows
f(2n,y) ,
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+ f(2n− 1,(y− r2ns2n)\2n) (4.1)This �rst stage of deomposition leads to write the overall ost funtion as the sum of a partialost assoiated with the optimization variable s2n , i.e., the squared distane ∣∣∣y
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∣
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2,and a ost sub-funtion f(.,.) whose seond argument is the residual target where r2n is the
2nth olumn of the matrix R . For the more general ase, i.e., the subsequent stages of thedeomposition, a residual target may be of dimension d = 2n,...,0 and respetively enapsulate
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[ s3s4] f(̟kl) = f1(̟k) + f2(̟l) + f(̟0)[-1,1℄ f(̟21) = f1(̟2) + f2(̟1) + f(̟0)[-1,-1℄ f(̟11) = f1(̟1) + f2(̟1) + f(̟0)[1,1℄ f(̟22) = f1(̟2) + f2(̟2) + f(̟0)[1,-1℄ f(̟12) = f1(̟1) + f2(̟2) + f(̟0)Figure 4.3 � Parallel Proessing Stak Deoding : estimation of s4 and s3the dependene of its assoiated ost sub-funtion on the last 0,...,2n optimization variables.Thus leading to the following reursive de�nition of residual targets :

ṽ(d,s2nd+1

)

,







y d = 2n

(y− r2ns2n)\2n d = 2n− 1... ...
(ṽ(d+ 1,s2nd+2)− rd+1sd+1)\d+1 d = 2n− 2, . . . ,1... ...

∅ 0

(4.2)
ṽ resides in the same orthogonal spae as y. Equation 4.1 an then be also written as follows
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∣
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2 (4.2)In the summation (4.2), eah term an be interpreted as the partial ost inurred by assigninga partiular value to eah variable sd in the dimension d. Therefore, the aumulation of theseosts over all 2n variables is preisely the value of the overall ost funtion.In this sequel, one an observe that it's often the ase that only one or perhaps two hildren perset of siblings are seleted from the nodelist and themselves expanded. In other words, at thetermination of the algorithm, many more nodes than needed remain in the Stak. One an reduespae and time omplexity by modifying the expansion proedure so that unneessary hildrenare not plaed in the border nodelist. That's why , the expansion proedure an be optimizedby omputing only the �rst sibling of eah set in the �rst instane and only the �rst hild ofa parent node instead of all hildren. The next sibling nodes are then omputed as eah nodein the set is expanded. Siblings are enumerated in order of non dereasing weight. The smallestweight sibling is generated �rst. In order to exeute suh a node expansion proedure, the node
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[ s1s2s3s4] f(̟kl) = f1(̟k) + f2(̟l) + f(̟22)[-1,1,1,1℄ f(̟21) = f1(̟2) + f2(̟1) + f(̟22)[-1,-1,1,1℄ f(̟11) = f1(̟1) + f2(̟1) + f(̟22)[1,1,1,1℄ f(̟22) = f1(̟2) + f2(̟2) + f(̟22)[1,-1,1,1℄ f(̟12) = f1(̟1) + f2(̟2) + f(̟22)Figure 4.4 � Parallel Proessing Stak Deoding : estimation of s1 and s2data struture should be augmented by the addition of four omponents :

♦ the position with respet to its siblings ι ∈ {1, . . . ,Nb}
♦ the weight f ′ of its parent node
♦ the unonstrained target ṽ′ of its parent node.
♦ the onstrained value s− of its previous sibling.These additional omponents are required to determine the value assoiated with the next siblingin the set, as well as to ompute the properties of the next sibling node. This new expansion anthen be de�ned as follows :De�nitionGiven upper triangular matrix R , alphabet A = {x1, . . . ,xq} of size q and non leaf node ̟, letexpanding ̟ be de�ned as generating its �rst hild node ̟c and its next sibling ̟s if it exists.The time and spae omplexities of the stak deoding an be signi�antly redued beause ofa smaller number of node. But, in other hand, there's an inrease in the amount of data to bestored for eah node. Also, an inrease in the omputations is required for eah expansion.The elements of A an be written as (for the 4-ASK modulation ase )

xk = xmin + (k − 1)∆x (4.2)for some lower bound xmin, inter-element separation ∆x, and indies k = 1, . . . ,q. For an un-onstrained value x0 ∈ R, the nearest element is
x1 = argmin

x∈A
|x− x0|2 (4.2)Thus, the algorithm generated the seond and subsequent elements of A = {x2, . . . ,xq} in orderof non dereasing squared distane from x0.Through Figures (4.7), an illustration of the way the algorithm of stak deoding with hildsibling generation, visited symbols. The argument values xk are shown as �lled dots, those repre-senting previously proessed values as irled rosses, and the omputed next values are designedby the arrow. Others rosses represent values that are valid but that have not been seleted.
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(c) (d)Figure 4.7 � 4-ASK order of visited symbols
4.3.2 Complex Stak Deoding StrategyThe idea is to perform detetion over omplex symbol alphabets. As before, branh weights arenon negative and node weights are monotonially non dereasing along rooted paths. Therefore,the basi ordered traversal detetion philosophy ould be extended diretly to operations overomplex alphabets. However, the expansion proedure would then involve generating all N2

bomplex hild nodes and the additional omplexity inurred by suh an approah would be fargreater than the savings a�orded by the omplex QR fatorization. A more desirable idea is to
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Figure 4.6 � Parallel Stak deoder hardware arhitetureextend the Child-Sibling Algorithm to omplex symbol alphabets. But unlike the real numbers,the omplex number �eld laks a natural notion of ordering. The root node is assoiated withthe unonstrained value x0 and its �rst hild with the nearest element
x1 = argmin

x∈A

∣
∣x− xR0

∣
∣+ j argmin

x∈A

∣
∣x− xI0t|

= xR1 + jxI
1 (4.2)whih is the ombination of the nearest real and imaginary values. We de�ne the weight of eahnode as the sum of the weight of the root node and the squared distane from its assoiatedonstraint value to the unonstrained value. Thus, the node weights are monotonially non-dereasing along root paths as well as aross sets of siblings. Therefore, we an enumerate thenodes of the tree in order of non dereasing weight by maintaining a border nodelist and removingthe smallest weight elements and generating its �rst hild and its next sibling nodes.Figures (4.9)and (4.10) show the way the omplex stak visited symbols in 4-dimension(ex 4× 4BLAST) 16-QAM onstellation.In Figure (4.11), we distinguish two kinds of symbols : type 1 and type 2 symbols. Weintrodue this notion of type so that the algorithm will not visit twie the same node. For type 1nodes, generating both siblings in the two dimension is permitted. In other hand, type 1 nodes areonly permitted to generate nearest sibling in only one dimension. An additional node omponentalled type is required. The expansion proedure may produe one or two new border nodes inthe same level
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Figure 4.8 � Comparison of di�erent Stak Deoding Strategies in terms of visited nodesfor a 4× 4 system with spatial multiplexing and 16-QAM onstellation
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X
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X

Figure 4.9 � Complex Stak deoding : (a) First step : x4 symbol detetion , (b) Seondstep x3 symbol detetionFigure (4.8) shows the improvement introdued by the use of omplex stak deoding strategyand the hild-sibling strategy ompared to the original stak deoding. The number of visitednodes is redued. One an't also negligate the redued omplexity of QR deomposition whenusing the omplex stak deoding strategy, sine this deomposition is held in less dimension.4.4 Early Termination Stak DeodingA drawbak of the sphere deoders family (SD and SE) is that, for lose-to-ML performane,omplexity remains high in the low signal-to-noise ratio (SNR) regime or when there's orrelation.Clipping an be an evident solution but it indues a big loss in performane. For severe hannels,these deoders seem to be onverted to exhaustive searh deoders visiting all onstellationpoints. Then, lipping for a �xed time provide a non-optimized point.The question involving this issue is : How to resolve a slow deoding for the Stak Deoder ?Slow deoding is the major problem for atual used ML deoders. All proposed ML deoderssu�er from big omplexity for low SNR and for Correlated Channels. Providing ML solution inthese onditions with usual time onstraint seems to be unreahable for the moment. Researhersfoused on how to stop algorithm when it exeeds �xed time. This onstraint of time is importantin pratial realizations. In the following, we will detail two tehniques that we propose for thease of hard and soft deoding and one last tehnique that an be used for both ases.4.4.1 ZF-DFE and K-BEST early termination for hard and softdeodingFor this ase, we propose to �nish the stak deoding by a ZF-DFE deoding. To put this ideainto pratie, we should add a ontrol system to ompute time elapsed for deoding one odeword.
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(c) (d) (e)Figure 4.10 � Complex Stak deoding : () Third step : x2 symbol detetion , (d)(e)Fourth step x1 symbol detetionWhen time is exeeded, a message will be sent to the stak deoder blok to inform it to moveto the seond regime : ZF-DFE.This move from the standard exeution to the ZF-DFE is simple to put in pratie espeiallywith the easy struture of stak deoding. Stak Deoding an be transformed to a ZF-DFEdeoder keeping the same exeution arhiteture and only limiting the size of memory to oneandidate. We take the best andidate in the list and we erase all others. One generating allhildren, we pik only the best one and rejet others. This proess will lead to get rapidly asolution whih is not optimal. The solution is not ML but it's better than the ZF-DFE pointbeause the DFE proess started later with an intermediate point in the tree. Nevertheless, thestruture of this algorithm permits to get also ZF-DFE point diretly if we �x time ontrol tozero. In this ase, the algorithm will use the stak deoder struture to get exatly the sameZF-DFE solution. Figure (4.14) shows the transition from Stak deoding to ZF-DFE for thease of 4-QAM (two hildren) and 3 symbols to be deoded (6 in real dimension). In the �rstphase, stak deoding spent a lot of time to generate nodes. The SNR is low ; the stak deodermet di�ulties to pursue a strit diretion and is lost in visiting nearly all nodes. One the timeonstraint is elapsed, the deoder will pik the best andidate and rejet others. A quik resultis then provided with the ZF-DFE proess.For the ase of soft deoding, Figure (4.15) shows the transition from Stak deoding to K-BEST for the ase of 16-QAM (four hildren) and 3 symbols to be deoded (6 in real dimension).In the �rst phase, stak deoding spent a lot of time to generate nodes. The SNR is low ; thestak deoder met di�ulties to pursue a strit diretion and is lost in visiting nearly all nodes.One the time onstraint is elapsed, the deoder will pik the best andidate and rejet others.



4.4. Early Termination Stak Deoding 133A quik result is then provided with the K-BEST proess. K-BEST provides k andidates at theend of deoding.Sine Time onstraint is related to the number of operations whih are performed during thistime. Time onstraint an be translated also into omplexity onstraint. Thus, we an set a timeor a omplexity onstraint. The multipliative omplexity onstraint is for example the maximalnumber of multipliations allowed to deode the signal. In the sequel, for our simulations we willset a omplexity onstraint in terms of multipliations. We will ompare the stak deoding usingthe ZF-DFE early termination and the SD using a lipping. Deoding lipping an be de�ned asstopping the algorithm when the on�gured onstraint is reahed. Conerning the SD algorithm,lipping onsists of seleting the atual visited point inside the sphere as an output of the deodingproess. Figure (??) shows that stak deoding using the ZF-DFE early termination outperformsthe SD algorithm with lipping under a onstraint of omplexity in terms of multipliations.4.4.2 Bias update for early terminationWe propose here to aelerate the stak deoder by inreasing the bias. As for other methods,one should ontrol time elapsed for deoding one odeword. When time is exeeded, a messagewill be sent to the stak deoder blok to inform it to update the bias (inrease). This impliesthat there is a small optimisti bias in the beginning and it's not enough to aomplish deodingin needed time.
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Soft Stack Decoder Figure 4.13 � Early Termination Control for soft deodingBig bias favor more advaned paths in the tree sine bias is the produt of dimension times aonstant value b. Thus, advaned paths will reah a leaf node quiker. To aomplish this task,stak nodes should be arranged in order of dimension. Dimension an be stored for eah node



134 4. On Reduing Complexity of MIMO Stak Deodingduring stak deoding proess or also an be determined using the path. The number of alloatedvalues in eah node path is equal to the dimension. One arranged, a supplement bias will besubtrated for eah node as funtion of its dimension. A node at dimension k will see its ostdereasing of k*b. The redution in osts will not be uniform for all stak nodes. Nodes withhigher dimension will get a big derease and will gain some steps in stak ost ranking. The stakwill be arranged another time with ost values riterion, and one an remark that nodes withhigher dimensions advaned in the stak rank and are fortunate to reah a leaf node of the treewith a �rst rank in the stak.
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Leaf node selected by the K−BEST Figure 4.15 � Stak deoding to K-BEST transition (k=3)4.5 ConlusionIn this hapter, stak deoder is shown to be apable of supporting parallel proessing. Our mainontribution was to exploit a novel lattie matrix representation to make the parallel proessingpossible. By exploiting the advantage of the new sparser matrix a good improvement in run timewas distinguished. The simulation results show that the proposed parallel deoder outperformsthe lassial one in terms of omplexity, keeping the same ML performanes. Moreover, due tothe stak deoder properties, the parallel proessing is also easily implemented in pratie. Thisalgorithm an further be enhaned by looking for spae time odes that introdue more zeros inthe lattie representation matrix. Thus, parallel proessing an be done for 3 layers or even morein only one step.Then, we detailed the hild-sibling strategy and the omplex domain strategy. We showed alsothat using these two tehniques we an enhane the stak deoding omplexity and redue thenumber of visited nodes.At the end of this hapter, we foused on the early termination in order to avoid lippingwhih an be an evident solution but whih indues a big loss in performane. Thus, we proposedto terminate the stak deoding by a ZF-DFE in the ase of hard deoding and with a K-Bestin the ase of soft deoding.
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Conlusions and perspetives
ConlusionsAt the outset, the objetive for this thesis was to explore the performane and omplexity ofMIMO deoders for ommuniation systems using a linear dispersion spae-time oding in thease of oherent transmission with quasi-stati hannel. After analyzing, implementing, simu-lating and omparing a large number of algorithms, all the while gathering big quantities ofdata, it is time to look at the results and draw onlusions. The omplexity analysis presentedin this thesis are useful, beause they provide information that is needed for future pratialimplementations of MIMO deoders that meet eonomi onstraints of ost, power onsumption,and reliability.The �rst two hapters allowed to establish a state of the art of MIMO systems, the neessary pre-requisite to answer the problemati of this thesis. So, the �rst hapter begins with a desriptionof the MIMO hannel. The purpose of this hapter is to present the various tehniques of mode-ling the MIMO radio hannel. Fading phenomenon and diversity tehniques are also desribed.A plethora of information theory onepts and tehniques for transmission over MIMO hannelsare given. The seond hapter shows that lattie representation of linear dispersion odes allowsthe use of lattie deoding algorithms on the reeption side. The most known of them are thesphere deoder and the Shnorr-Euhner deoder. Thus, we ompared lattie deoders with sub-optimal deoders like the ZF, ZF-DFE and the MMSE. Then, we introdued sequential deodersand di�erent tree searh strategies. Reently, deoders based on sequential searh inside a tree,like Fano and the Stak deoders, were generalized for the deoding of MIMO systems. Thesedeoders o�er a natural solution for the problem of hoosing an initial radius whih is a problemfaed in the design of sphere deoding. Seond, they allow for omplexity-performane tradeo�by using the bias parameter to tune and adjust deoder omplexity .After that, soft-output MIMO deoding was studied and some well-known soft deoders in theliterature were presented. Pre-proessing tehniques are also presented. The purpose of pre-proessing is to transform the original onstrained searh problem into a form whih is easier tothe searh algorithm. The left preproessing, MMSE-GDFE returns a well onditioned hannelmatrix. The right pre-proessing onsists in making the hannel matrix the most orthogonal. Inthe third hapter, we propose a new algorithm ombining the searh region of the SD and theStak Deoding Searh strategy. Our purpose is then to propose a modi�ed version of the stakalgorithm in order to redue the prohibitive omputational omplexity of the SD and the stakdeoder. The proposed deoder enables ML performane with omplexity lower than the originaldeoders. Then, we proposed an extension of the new proposed SB-Stak deoder to supportsoft information outputs. We have modi�ed this algorithm to generate soft-output information



138 Conlusions and perspetivesin the form of LLR. We showed that the soft SB-Stak outperforms other soft deoders in termsof performane and omplexity. In the fourth hapter, we exploit a spei� lattie representa-tion to de�ne stak deoding with parallel proessing. Thus, many instrutions an be arriedout simultaneously, whih is not possible with SE and SD. Then, we introdued some di�erentstrategies for expanding tree nodes and we showed that those strategies an enhane the deo-der omplexity. At the end of this hapter, the limitation of ML deoder due to their inabilityto provide quik solution for bad hannels has been exposed and an early termination ontroltehnique was proposed to resolve this problem.PerspetivesThe deoders whih we have proposed and studied an be applied to any ST linear dispersionodes. However, we propose in future work to exploit some strutures of ertain ST odes tooneive adapted, less omplex deoders with better performanes. Another very interesting ideaonsists in proposing ST odes with an easy deoding algorithms like the Silver ode and itsvariants (92) (93) (94) and their appropriate deoders.In the short term, it will be also interesting to pursue omparison of di�erent deoders withother types of hannels by introduing orrelation and evaluate its e�et on omplexity andperformane of MIMO reeivers. Also, the presene of a LOS omponent is a partiular ase ofradio propagation and it is important to test it. In fat, for professional radio systems, there'sno partiular propagation ase that an be negleted and systems should guarantee a minimumquality of servie. A study of all the proposed algorithms an be realized for realisti hannelmodels like TGn hannels. Conerning soft deoding, it will be interesting to ompare MIMOdeoders with an error orreting ode whih is more powerful than the onvolutional ode byusing for example LDPC odes or turbo-odes whih an ondut to di�erent onlusions thanobtained here.The proposed MIMO deoders an also be optimized and improved by integrating the 'turbo'onept to the reeption sheme. Thus, we an imagine an iterative Stak deoding and using thebias parameter to tune the omplexity-performane tradeo�. One an think also of developing aomplexity ontrol algorithm by theoretially establishing a formula for the bias for a targetedomplexity and given SNR.In summary, muh remains to be done in this area. Even though work in MIMO systems andspae-time odes an be traed bak to at least 1998, it still has not left researh laboratories.The perennial problem of reeiver omplexity is still present. Code design and onstrution isstill in large part an open �eld, as is onstellation design. The hypothesis that reeivers haveperfet hannel state information needs to be tested, as well as all the assumptions about thehannel model.
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Annex A : Flowhart of the SDAlgorithm
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Annex B : Flowhart of the SEAlgorithm



142 Annex B : Flowhart of the SE Algorithm



143
Bibliographie
[1℄ Lamy.C and Boutros.J, �On Random Rotations Diversity and Minimum MSE Deoding ofLatties,� IEEE Transations on Information Theory, July 2000.[2℄ Jafarkhani.H, �Spae-Time Coding : Theory and Pratie,� Cambridge University Press[3℄ Proakis.J.G, �Digital Communiations,� MGraw-Hill, 4th éd., 2001.[4℄ Alamouti.S.M, �A Simple Transmit Diversity Tehnique for Wireless Communiations,�IEEE Journal Selet. Areas Commun., Vol. 16, No. 8, Otober 1998, pp. 1451-1458.[5℄ Jankiraman.M, �Spae-Time Codes and MIMO Systems,� Norwood, MA, USA : ArtehHouse, Inorporated, 2004[6℄ Damen.M.O , Chkeif.A, and Bel�ore.J.C, �Lattie Code Deoder for Spae-Time Codes,�IEEE Communiations letters., vol.4 , pp.161-163 , May 2000.[7℄ Telatar. E,�Capaity of Multi-Antenna Gaussian Channels,� European Transations on Te-leommuniations, Vol. 10, No. 6, November/Deember 1999, pp. 585-595.[8℄ Wolniansky.P.W, Foshini.G.J, Golden.G.D and Valenzuela.R.A, �V-BLAST : an arhi-teture for realizing very high data rates over the rih-sattering wireless hannel,� BellLabs, Luent Tehnologies, Crawford Hill Laboratory 791 Holmdel-Keyport RD.,Holmdel,NJ07733.[9℄ Foshini.G. J and M. J. Gans,�On Limits of Wireless Communiations in a Fading Envi-ronment When Using Multiple Antennas,� Wireless Personal Communiations,Vol. 6, 1998,pp. 311-335.[10℄ Sawahashi.M, Kishiyama.Y and Taoka.H, �UMTS radio aess tehniques for IMTAdvan-ed, � Wireless signal proessing and networking workshop : emerging wireless multiaesstehnologies at Tohoku University,fév. 2008.[11℄ ITRManager.om, « Demonstration of mobile telephony of 4th generation in Samsung 4GForum 2006 ». http ://www.itrmanager.om/artiles/56073/56073.html, sept. 2006.[12℄ Mobiledia, « Samsung to demonstrate 4G mobile tehnology ». http ://www.mobiledia.om/news/50638.html, août 2006.[13℄ Arogyaswami.P, Nabar.R, and Gore.D, �Introdution to Spae-Time Wireless Communia-tions,� Cambridge, UK : Cambridge University Press, ,2003.



144 Bibliography[14℄ Oyman.O, Nabar.R.U, Bölskei.H and Paulraj.A.J, �Charaterizing the statistial propertiesof mutual information in MIMO hannels,� CIEEE Transations on Signal Proessing,vol.51, p. 2784-2795, nov. 2003.[15℄ Shiu.D.S, Foshini.G. J, Gans.M. J and Kahn.J. M, �Fading orrelation and its e�et on theapaity of multi-element antenna systems,� IEEE Transations on Communiations,vol.48, no. 3, p. 502-512, 2000.[16℄ Biglieri.E and Tario.G, �How far away is in�nity ? Using asymptoti analyses in multiple-antenna apaity alulations,� JWCC Barolo, Italy, Novembre 2002.[17℄ Bölskei.H, Gesbert.D and Paulraj.A.J, �On the apaity of OFDM-based spatial multi-plexing systems,� IEEE Trans. Commun. vol. 50, no. 2, pp. 225-234, Feb.[18℄ Paulraj.A.J and Kailath.T, �Inreasing apaity in wireless broadast systems using distri-buted transmission/diretional reeption,� U.S. Patent, 1994, no. 5,345,599.[19℄ Foshini.J.G, �Layered spae-time arhiteture for wireless ommuniation in a fading envi-ronment when using multi-element antennas,� Bell Labs Teh. J., pp. 41-59, 1996.[20℄ Zheng.L and Tsee.D.N.C, �Diversity and multiplexing : a fundamental trade-o� in multiple-antenna hannels,� IEEE Transations on Information Theory, vol. 49, p. 1073- 1096, mai2003.[21℄ Rekaya.G, �Nouvelles onstrutions algébriques de odes spatio-temporels atteignant le om-promis multiplexage-diversité,� Thèse dotorat, Teleom Paris, 2004.[22℄ Naguib.A, Tarokh.V, Seshadri.N and Calderbank.A.R, � A spae-time oding modem forhigh-data-rate wireless ommuniations,� IEEE Journal on Seleted Areas in Communia-tions, vol. 16, p. 1459-1478, 4th edition 1998.[23℄ Tarokh.V, Seshadri.N and Calderbank.A.R, � Spae-time odes for rate wireless ommuni-ation : performane riterion and ode onstrution ,� IEEE Transations On InformationTheory, vol. 44, p. 744-765, Marh 1998.[24℄ Tirkkonen.O and Hottinen.A,� Square-matrix embeddable spae-time blok odes for om-plex signal onstellations,� IEEE Transations on Information Theory, vol. 48, p. 384- 395,February 2002.[25℄ Tarokh.V, Seshadri.N and Calderbank.A.R, � Spae-time odes for high data rate wire-less ommuniation : performane riterion and ode onstrution,� IEEE Transations onInformation Theory, vol. 44, p. 744-765, mars 1998.[26℄ Vueti.B and Yuan.J, �Spae-Time Coding,� John Wiley & Sons Ltd,2003.[27℄ Yuan.J, Chen.Z, Vueti.B and Firmanto.W, � Performane and design of spae-time odingin fading hannels ,� IEEE Transations on Communiations, vol. 51, p. 1991-1996, dé.2003.[28℄ Damen.M, Abed-Meraim.K and Bel�ore.J.-C, � Diagonal algebrai spae-time blok odes,� IEEE Transations on Information Theory, vol. 48, p. 628-636, Marh 2002.



Bibliography 145[29℄ ElGamal.H and Damen.M.O, � Universal spae-time oding,� IEEE Transations On Infor-mation Theory, May 2003.[30℄ Damen.M.O, Tew�k.A and Bel�ore.J.-C, �A onstrution of a spae-time ode based onnumber theory,� IEEE Transations on Information Theory, vol. 48, p. 753-760, Marh2002.[31℄ Aktas.D, Gamal.H.E and Fitz.M.P, �Towards optimal spae-time oding,� in Proeedings ofAsilomar Conferene on Signals, Systems and Computers, vol. 2, p. 1137-1141, November2002.[32℄ Tarokh.V, Jafarkhani.H and Calderbank.R.A, �Spae-time blok odes from or- thogonaldesigns,� IEEE Transations on Information Theory, vol. 45, p. 1456-1467, July 1999.[33℄ Hassibi.B and Hohwald.B.M �High-rate odes that are linear in spae and time,� IEEETransations on Information Theory, vol. 48, p. 1804-1824, July 2002.[34℄ Alamouti.S, �Spae-time blok oding : A simple transmitter diversity tehnique for wirelessommuniations,� IEEE Journal On Selet Areas In Communiations, vol. 16, p. 1451-1458,Otober 1998.[35℄ Tirkkonen.O and Hottinen.A, �Complex spae-time blok odes for four Tx,� in Proeedingsof IEEE Global Teleommuniations Conferene, vol. 2, p. 1005-1009, November 2000.[36℄ Jafarkhani.H, �A quasi-orthogonal spae-time blok ode,� IEEE Transation on Commu-niation, vol. 49, p. 1-4, 2000.[37℄ Uysal.M and Georghiades.C, �Non-Orthogonal Spae-Time Bmok Codes for 3-TX Anten-nas,� IEEE Eletronis Letters, vol. 38, p. 1689-1691, Deember 2002.[38℄ Sharma.N and Papadias.C, �Full-rate full-diversity linear quasi-orthogonal spae-time odesfor any number of transmit antennas,� EURASIP Journal on Applied Signal Proessing, vol.2004, p. 1246-1256, January 2004.[39℄ Hassibi.B and Hohwald.B, �High-Rate Codes That are Linear in Spae and Time,� IEEETrans. Inf. Theory,Vol. 48, No. 7, pp. 1804-1824.[40℄ Sandhu.S and Paulraj.A, �Uni�ed design of linear spae-time blok odes,� in IEEE GlobalTeleommuniations Conferene,vol. 2, p. 1073-1077, nov. 2001.[41℄ Gohary.R.H and Davidson.T.N, �Design of linear dispersion odes : Asymptoti guidelinesand their implementation,� IEEE Transations on Wireless Communiations,vol. 4, p. 2892-2906, nov. 2005.[42℄ Wang.X, Krishnamurthy.V and Wang.J, �DStohasti gradient algorithms for design of mi-nimum error-rate linear dispersion odes in MIMO wireless systems,� IEEE Transationson Signal Proessing,vol. 54, p. 1242-1255, avril 2006.[43℄ Lenstra.A.K, Lenstra.H and Lovasz.L, �Fatoring polynomials with rational oe�- ients,�Matematishe Annalen,vol. 261, p. 515-534, 1982.[44℄ Damen.M.O, El Gamal.H and Caire.G, �On maximum likelihood deoding and the searhof the losest lattie point,� IEEE Trans. Info. Theory,Ot. 2003.



146 Bibliography[45℄ Pohst.M, �On the omputation of lattie vetors of minimal length, suessive minima andredued basis with appliations,� in ACM SIGSAM,Vol. 15, pp. 37-44, Bull, 1981.[46℄ Kannan.R, �Minkowski's onvex body theorem and integer programming,� in Pro, of theACM Symposium on Theory of Computing,pp. 193-206, Boston, MA., Apr.1983.[47℄ Helfrih.B, �Algorithms to onstrut Minkowski redued and Hermite redued lattie bases,�Theoretial Computer Siene, vol.41, nos.2-3, pp.125-139, 1985.[48℄ Finke.U and Pohst.M, �Improved methods for alulating vetors of short length in a lat-tie, inluding a omplexity analysis,� Mathematis of Computation, vol.44, pp.463-471,Apr.1985.[49℄ Kannan.R, �Improved algorithms for integer programming and related lattie problems,� inPro. of the ACM Symposium on Theory of Computing, pp.193-206, Boston, MA., Apr.1983.[50℄ Viterbo.E and Biglieri.E, �A universal lattie deoder,� in GRETSI 14- `eme Colloque, Juan-les-Pins, Sept. 1993.[51℄ Viterbo.E and Boutros.J, �A universal lattie ode deoder for fading hannel,� IEEE Trans.Inform. Theory, Vol. 45, pp. 1639-1642, July 1999.[52℄ Agrell.E, Eriksson.T, Vardy.A and Zeger.K, �Closest point searh in latties,� IEEE Trans.Inform. Theory, Vol. 48, pp. 2201-2214, Aug. 2002.[53℄ Shnorr.C.P and Euhner.M, �Lattie basis redution : improved pratial algorithms andsolving subset sum problems,� Mathematial Programming, Vol. 66, pp. 181-191, 1994.[54℄ Hassibi.B and Vikalo.H,�On the expeted omplexity of sphere deoding ,� in Proeedingsof Asilomar Conferene on Signals, Systems, and Computers, vol. 2, p. 1051-1055, 2001.[55℄ Damen.M.O, ElGamal.H and Caire.G, �On maximum likelihood detetion and the searhfor the losest lattie point ,� IEEE Transations on Information Theory, p. 2389- 2402,Otober 2003.[56℄ Zimmermann.E, Rave.W and Fettweis.G, �On the omplexity of sphere deoding ,� in Pro-eeding International Symposium on Wireless Pers, September 2004.[57℄ Rekaya.G,�Nouvelles onstrutions algébriques de odes spatio-temporels atteignant le om-promis multiplexage-diversité,� Thèse dotorat, Teleom Paris, 2004.[58℄ Johannesson.R and Zigangirov.K.S, �Fundamentals of onvolutional oding,� IEEE serieson digital and mobile ommuniation, p. 269-315, 1999.[59℄ Fano.R.M, �A heuristi disussion of probabilisti deoding,� IEEE Transations On Infor-mation Theory, vol. 9, p. 64-74, April 1963.[60℄ Zigangirov.K.S, �Some sequential deoding proedures,� Probl. Peredah. Inform., vol. 2, p.13-25, 1966.[61℄ Murugan.A.D, ElGamal.H, Damen.M. O and Caire.G, �A uni�ed framework for treesearh deoding : redisovering the sequential deoder,� IEEE Transations On Informa-tion Theory, vol. 52, p. 933-953, Marh 2006.



Bibliography 147[62℄ �Numerial Reipes,� http ://www.nr.om.[63℄ Johannesson.R and Zigangirov.K. S,�Fundamentals of onvolutional oding,� IEEE serieson digital and mobile ommuniation, pp. 269-315, 1999.[64℄ Fano.R. M, �A heuristi disussion of probabilisti deoding,� IEEE Transations On Infor-mation Theory, vol. 9, pp. 64- 74, April 1963.[65℄ Boutros.J, Gresset.N, Brunel.L, and Fossorier.M, �Soft-input soft-output lattie sphere deo-der for linear hannels,� IEEE Global Teleommuniations Conferene GLOBECOM, 2003.[66℄ Hohwald.B.M and ten Brink.S, �Ahieving near-apaity on a multiple-antenna hannel,�IEEE Transations on Communiation, vol. 53, pp. 389-399, Marh 2003.[67℄ ElGamal.H, Caire.G et Damen.M, �Lattie oding and deoding ahieve the op- timaldiversity-vs-multiplexing tredeo� of MIMO,� submitted on IEEE Transations On Infor-mation Theory, November 2003.[68℄ Minkowsk.H, �Geometrie der zahlen,� Teubner-Verlag, 1896.[69℄ Lenstra.A.K, Lenstra.H and Lovasz.L, �Fatoring polynomials with rational oe�- ients,�Matematishe Annalen, vol. 261, p. 515-534, 1982.[70℄ Shnorr.C.P, �A hierarhy of polynomial time lattie basis redution algorithms,� TheoretialComputer Siene, vol. 53, p. 201-224, 1987.[71℄ Kumar.K.R, Caire.G and Moustakas.A.L, �Asymptoti Performane of Linear Reeivers inMIMO Fading Channels,� submitted for publiation to IEEE Trans. Inform. Theory.[72℄ Wong.K.-w, Tsui.C.-y, Cheng.R. S.-k and Mow.W.-h, �A VLSI arhiteture of a K-bestlattie deoding algorithm for MIMO hannels,� in Proeedings of the IEEE InternationalSymposium on Ciruits and Systems, vol. 3, p. 273-276, 2002.[73℄ Guo.Z and Nilsson.P, �Algorithm and implementation of the K-best sphere deoding forMIMO detetion,� IEEE Journal on Seleted Areas in Communiations, vol. 24, p. 491-503, mars 2006.[74℄ Taherzadeh.M, Mobasher.A, and Khandani.A. K, � LLL redution ahieves the reeive di-versity in MIMO deoding,� IEEE Trans. Inform. Theory, vol. 53, no. 12, pp. 4801-4805,De. 2007.[75℄ Yao.H and Wornell.G. W, � Lattie-redution-aided detetors for MIMO ommuniationsystems,� in Pro. IEEE Global Communiations Conferene (GLOBECOM), vol. 1, Nov.2002, pp. 424-428.[76℄ Wubben.D, Bohnke.R, Kuhn.V, and Kammeyer.K.-D, � Nearmaximum-likelihood dete-tion of MIMO systems using MMSE-based lattie redution,� in Pro. IEEE InternationalConferene on Communiations (ICC), vol. 2, June 2004, pp. 798-802.[77℄ Jalden.J and Elia.P, � LR-aided MMSE lattie deoding is DMT optimal for all approxima-tely universal odes ,� ISIT 2009, IEEE International Symposium on Information Theory,June 28-July 3rd, 2009, Seoul, Korea , pp 1263-1267



148 Bibliography[78℄ Hagenauer.J and O�er.E and Papke.L � Iterative deoding of binary blok and onvolutionalodes ,� IEEE Transations on Information Theory, Marh 1996, vol.42, no.2, pp.429-445.[79℄ Boutros.J , Boixadera.F and Lamy.C, � Bit-interleaved oded modulations for multiple-output hannels ,� IEEE 6th Int. Symp. on Spread Spetrum Tehniques and App., Septem-ber , 2000, pp 13-25.[80℄ Boutros.J, Gresset.N and Brunel.L and Fossorier.M, � Soft-input soft-output lattie spheredeoder for linear hannels ,� IEEE Global Teleommuniations Conferene GLOBECOM,September , 2003.[81℄ Hohwald.B.M and ten Brink.S, � Ahieving near-apaity on a multiple-antenna hannel,�IIEEE Transations on Communiation, Marh, 2003, pp.389-399.[82℄ Chin.W.H,� QRD Based Tree Searh Data Detetion for MIMO Communiation Systems,�Vehiular Tehnology Conferene, VTC 2005-Spring. 2005 IEEE 61st, June, 2005, volume3,pp.1624-1627.[83℄ Seethaler.D, Matz.G and Hlawatsh.F,� An e�ient MMSE-based demodulator for MIMObit-interleaved oded modulation,� IEEE GLOBECOM, Deember, 2004, pp.2455-2459.[84℄ Tonello.A.M,� Spae-time bit-interleaved oded modulation with an iterative deoding stra-tegy,� in IEEE Conferene on Vehiular Tehnologies, vol. 1, pp. 473-478, sept. 2000.[85℄ Zehavi.E,�8-PSK trellis odes for a rayleigh hannel,� IEEE Transations On Communia-tions, vol. 40, pp. 873-884, mai 1992.[86℄ Caire.G, Tario.G and E. Biglieri.E,� QBit-interleaved oded modulation ,� IEEE Tran-sations On Information Theory, vol. 44, pp. 927-946, mai 1998.[87℄ Berrou.C, Glavieux.A and Thitimajshima.P,� Near shannon limit error-orreting odingand deoding : Turbo-odes,� in IEEE International Conferene on Communiations, vol.2, pp. 1064-1070, mai 1993.[88℄ Gallager.R.G,� Low-density parity-hek odes,� Thèse dotorat, 1963.[89℄ Seethaler.D, Matz.G and Hlawatsh.F,� An e�ient MMSE-based demodulator for MIMObit-interleaved oded modulation,� IEEE GLOBECOM, Deember, 2004, pp.2455-2459.[90℄ Ma Kay.D and R. M. Neal.R.M,� Near shanon limit performane of low density parity-hekodes,� Eletroni Letters, vol. 32, p. 1645, août 1996.[91℄ Azzam.L, Ayanoglu.E�Redued Complexity Sphere Deoding for Square QAM via a NewLattie Representation," IEEE GLOBECOM 2007, Washington, DC, November 2007.[92℄ Hottinen.A and Tirkkonen.O,�Preoder designs for high rate spae-time blok odes," inPro. Conferene on Information Sienes and Systems, Prineton, NJ, Marh 2004.[93℄ Biglieri.E, Hong.Y and Viterbo.E,�On fast-deodable spae-time blok odes," IEEE Tran-sations On Information Theory, vol. 55, p. 524-530, February 2009.[94℄ Hollanti.C, Lahtonen.J, Ranto.K, Vehkalahti.R and Viterbo.E,�On the algebrai strutureof the silver ode," IEEE Information Theory Workshop, Porto, Portugal, May 2008.



Bibliography 149.



150 Bibliography


	Acknowledgment
	Résumé
	Abstract
	Contents
	List of Figures
	List of Abbreviations
	List of Notations
	Résumé en Français
	Canal MIMO et Modélisation du Systeme
	Schemas de Transmission
	Modulation and Demodulation
	Les Techniques de diversité
	Définition de Lattice et ses propriétés 

	Décodage MIMO
	Introduction
	 Du modèle canal vers le design de Lattice
	Décodeurs MIMO : Principes de base et structures
	 Les classes des décodeurs MIMO

	 Décodeur par Stack à bornes sphériques dur et souple
	Introduction
	 Décodeur par Stack à bornes sphériques

	Réduction de la complexité de l'algorithme de décodage par stack
	Introduction
	Décodage par Stack parallèle
	 Représentation en nouveau lattice


	Introduction
	MIMO Channel Description and Information Theory notions
	MIMO Channel and System Modeling
	Transmission Scheme
	Modulation and Demodulation
	Fading Channels
	Diversity Techniques
	Lattice Definition and Properties

	Some Mathematical Tools for MIMO Decoding
	 QR Decomposition
	Cholesky factorization
	 SVD Decomposition

	Information Theory
	Mutual Information and MIMO Channel Capacity
	Outage Probability
	Multiplexing Gain
	Diversity Multiplexing Tradeoff

	Space Time Codes 
	Space Time Codes Construction Criteria
	Space Time Block Codes
	Linear Dispersion Space Time Codes

	Conclusion

	MIMO Decoding
	Introduction
	From a Channel Model to a lattice design
	MIMO Decoders : Basic Principles and Structures
	MIMO Decoder Classes
	Sub-Optimal MIMO Decoders
	Lattice MIMO Decoders
	Sequential MIMO Decoders
	Soft MIMO Decoders

	Pre-processing Techniques
	Left Pre-processing : MMSE-GDFE
	Right Pre-processing
	Minkowski Reduction
	 Korkine-Zolotareff Reduction
	LLL Reduction

	The Diversity Multiplexing Tradeoff of MIMO Decoders
	Conclusion

	Hard and Soft Spherical-Bound Stack decoder for MIMO systems
	Introduction
	Spherical-Bound Stack decoder for MIMO systems
	 SB-Stack Decoding for lattices
	 SB-Stack Decoding for constellations
	Comparison of the SB-Stack Decoder and the original Stack Decoder
	Comparison of the SB-Stack Decoder and the Sphere Decoder
	 Sub-optimal SB-Stack decoder

	Soft Decoding using the stack decoder with Spherical Bounds 
	Soft Stack Decoding Strategy
	Soft Decoders Comparison

	Conclusion

	On Reducing Complexity of MIMO Stack Decoding
	Introduction
	Parallel Stack Decoding
	New Lattice Representation
	Overview of Parallel Decoding technique

	Optimized Stack Decoding Strategies
	Child - Sibling Stack Decoding Strategy
	Complex Stack Decoding Strategy

	 Early Termination Stack Decoding
	ZF-DFE and K-BEST early termination for hard and soft decoding 
	Bias update for early termination 

	Conclusion

	Conclusions and perspectives
	Bibliography

