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Résumé

Cette these est divisée en trois parties indépendantes. Le premier cha-
pitre est consacré a un cas particulier de problemes mixtes de gestion de
portefeuille et de liquidation optimale d’un actif indivisible. Le deuxiéme
chapitre est dédié a I’étude des équations rétrogrades du second ordre sous
contraintes convexes pour le processus de gain tandis que le troisieme cha-
pitre est voué a I’étude d’un modele a volatilité stochastique.

Le probleme mixte de gestion de portefeuille consiste a étudier le com-
portement d’un particulier possédant un portefeuille d’actifs financiers ainsi
qu’un actif indivisible dont il veut réaliser la vente. On suppose que le risque
associé a l'actif indivisible ne peut étre couvert par une gestion dynamique
du portefeuille. L’ objectif de cet agent est de maximiser I’espérance de 1'uti-
lité de son gain lors de la vente. Nous donnons une formulation explicite de
la fonction valeur ainsi que des stratégies optimales associées pour une fonc-
tion d’utilité générale.

Par ailleurs, nous nous sommes penchés sur le probleme des équations ré-
trogrades du second ordre avec contraintes convexes sur le processus de gain.
Comme pour le cas du premier ordre, on montre via une approche trajecto-
rielle que les EDSRs du second ordre avec contraintes convexes admettent
une solution minimale. Nous donnons, de plus, une formule de représenta-
tion stochastique pour cette solution.

Enfin nous avons étudié un modele de prix d’actif ou la volatilité instan-
tanée dépend de la courbe de volatilité forward. Notre proposons un déve-
loppement asymptotique du prix d’une option pour de petites variations de
la volatilité. Notre approche a consisté a utiliser ’analogie avec les modeles
de taux et utiliser la stabilité des solutions de viscosité dans les espaces de
Hilbert.

Mots clés : maximisation d’utilité, enveloppe concave, solution de vis-
cosité dans des espaces de Hilbert, EDSR du second ordre, volatilité sto-
chastique.






Abstract

We consider three independent topics. First, we study a mixed invest-
ment sell problem. It consists in studying the behavior of a risk-averse agent
who has to manage a portfolio and an indivisible asset to sell. The indivisi-
ble asset is assumed to be independent of the portfolio of assets. The aim of
the agent is to maximize the expected utility of its total wealth at the sell
time. We give an explicit calculation of the value function and its associated
optimal rules.

Secondly, we consider second order backward SDEs with convex con-
straints on the gain process. We show via a pathwise approach that this
problem admits a minimal solution. We provide a stochastic representation
formula for this solution.

Finally, we study a pricing model where the instantaneous volatility de-
pends on the forward variance curve. We propose an asymptotic expansion
of the option price for small variations of the volatility. Our approach con-
sists in using the analogy between the bond price model and the stability of
viscosity solutions in Hilbert spaces.

Key words: mixed investment /sell problem, concave hull, viscosity so-
lutions in Hilbert spaces, constrained 2BSDEs, stochastic volatility model.
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Chapitre 1

Introduction Générale

1.1 Le probleme mixte d’investissement et d’arrét
optimal

Cette these se divise en trois parties indépendantes. Le premier chapitre
est consacré a un cas particulier de problemes mixtes de gestion de porte-
feuille et de liquidation optimale d’un actif indivisible. Le deuxiéme cha-
pitre analyse le cas d’équations rétrogrades du second ordre sous contraintes
convexes pour le processus de gain tandis que le troisieme chapitre est dédié
a I’étude d’un modele a volatilité stochastique ou la volatilité de la volatilité
dépend d’une courbe de volatilité forward.

1.1.1 Le probleme de gestion de portefeuille

Le probleme de gestion de portefeuille est un probleme classique en ma-
thématiques financieres. Un investisseur cherche a gérer dynamiquement sa
richesse sur une durée limitée ou illimitée. C’est a dire qu’il cherche & réaliser
la meilleure stratégie d’investissement tout en optimisant la consommation
de son portefeuille. Sa richesse est constituée d’une partie risquée, typique-
ment un portefeuille d’actions mais aussi d’une partie non risquée placée
sur un compte bancaire. Le cour des valeurs du portefeuille peut étre décrit
par un processus stochastique S de dimension d ol d représente le nombre
d’actifs du portefeuille. On modélise la stratégie d’investissement par un
processus d dimensionnel 7 et la consommation par un processus positif c.
Ainsi sous hypothese que le taux d’actualisation est nul, la richesse du por-
tefeuille sous stratégie d’investissement 7 et pour un capital initial z, X*™¢

t d " t
X\ =x —i—/ ﬂui — / cudu (1.1)
0o Ou 0

s’exprime par :

11



12 CHAPITRE 1. INTRODUCTION GENERALE

La modélisation sous espérance d’utilité permet de prendre en compte le
comportement de l'investisseur. En effet, a espérance égale, I'investisseur
préferera obtenir de petits gains avec une plus grande chance de réussite
plutot que de toucher une somme plus importante mais avec une probabi-
lité plus faible de succes. Il est donc nécessaire de prendre en compte cette
attitude via I'introduction d’une fonction, appelée fonction d’utilité, stricte-
ment croissante et concave de la richesse X*®™¢, Ainsi au début, I'agent a
une forte appétence au gain mais ses exigences deviennent moindres au fur
et a mesure que sa richesse s’accroit. Le probleme générique de gestion de
portefeuille avec consommation est donc défini par :

T

V(t,x) = sup Et[/ Ui(cy)du + Ua(X7™°) (1.2)
(e,m)eXx 0

ou X représente ’ensemble des stratégies d’investissement et de consom-

mation possibles, Uy, Uy sont deux fonctions d’utilité et T € R est une

maturité donnée.

Sous hypothese de marché complet, en considérant une fonction d’utilité

puissance :
D

Ulz) = %, pelo,1].

et en modélisant la richesse du portefeuille par une diffusion Black-Scholes,
Merton [63] donne le premier une réponse explicite a ce probleme. Par des
méthodes de controle stochastique, il parvient a calculer explicitement la
fonction valeur V et calcule la stratégie optimale. D’autres études suivront
et étendront le précédent résultat a des fonctions d’utilité plus générales
tout en conservant la complétude du marché. La résolution de ce genre de
problemes utilise la concavité de la transformée de Fenchel et exploite la
concavité de la fonction d’utilité. C’est le cas notamment de Karatzas, Le-
hoczky, Sethi, et Shreve[47] ainsi que Cox et Huang [14] ou encore de Pliska
[73].

L’introduction d’incomplétude dans le marché est aussi source de nom-
breuses pistes de recherche. He and Pearson dans [39], Karatzas, Lehoczky,
Shreve et Xu dans [48] ainsi que Kramkov et Schachermayer dans [54] pro-
posent un probléeme variationnel dual et retrouvent la solution du probléeme
originel via la dualité. Par ailleurs, Cvitanic et Karatzas dans [19] intro-
duisent des contraintes sur les stratégies d’investissement.

Etudions maintenant une premiere famille de probléemes mixtes d’investis-
sement optimal et d’arrét optimal. Il apparait clairement qu’une possible



1.1. INVESTISSEMENT ET ARRET OPTIMAL 13

extension de (1.2) consiste & considérer un horizon T aléatoire, & détermi-
ner. Dans ce contexte, la fonction V' ne dépend plus du temps. On peut alors
définir le probleme suivant :

-
V(z)=  sup E[/ Ui(ey)du + U (XE2™) |, (1.3)
(m,e)eX,7eT 0

ou 7 représente un ensemble de temps d’arréts correctement adaptés pou-
vant prendre des valeurs infinies. Cette problématique a été résolue via
une méthode duale par Karatzas et Wang dans [52]. Si 'on suppose que
la consommation et que la stratégie de portefeuille sont données et déter-
minées alors (1.3) correspond a un probleéme d’arrét optimal. Le probleme
d’arrét optimal se définit de la manieére suivante :

v(z) = sup E[X;], (1.4)
TeT

ol X := X™%% On peut alors envisager cette problématique comme la dé-
termination de la meilleure date de vente pour le portefeuille X. Il est bien
connu que la stratégie d’arrét optimale est le premier temps ou ’enveloppe
de Snell de X, c’est a dire la plus petite surmartingale dominant X, “vient
toucher” X. Beaucoup de travaux ont été effectués sur ce sujet. On mention-
nera en particulier Shiryaev [80], Fakeev [33] dans le cas ot X est markovien,
El Karoui [28], Karatzas et Shreve , Appendice D [50] dans un cadre plus
general. Ce probléme est aussi fortement lié aux problemes d’options amé-
ricaines, Karatzas [46], Karatzas et Shreve [50].

D’autres types de problemes mixtes d’investissement optimal et d’arrét opti-
mal peuvent étre envisagés. Par exemple, nous pouvons mentionner Karatzas
et Sudderth [51] qui s’intéressent & un probleme de jeux ou un "controleur
cherche a maximiser son profit tandis qu’un "stoppeur” cherche a l'arréter.
Nous pouvons aussi mentionner Henderson [41], Evans et Hobson [42] ainsi
que Henderson et Hobson [42]. Cette derniére publication est a l'origine de
notre étude. Je 'exposerai plus en détails dans la section suivante.

1.1.2 Le probleme d’Henderson et Hobson [42]

Le probleme mixte d’investissement et d’arrét optimal décrit par Hender-
son et Hobson [42] peut étre décrit de la maniére suivante. Nous considérons
un investisseur averse au risque possédant un portefeuille d’actifs ainsi qu’un
actif réel et indivisible qu’il cherche & vendre. Son objectif est de maximiser
I'utilité de sa richesse finale.

Le caractere indivisible de 'actif traduit le fait qu’il ne peut étre divisé en
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actions. Par exemple, on peut considérer qu’une petite usine de production
ou un morceau de terrain sont des actifs indivisibles. On suppose par ailleurs,
que lactif indivisible et le portefeuille sont indépendants. Du fait que cet
actif ne puisse étre répliqué par une stratégie de portefeuille adéquate, le
marché est incomplet.

Soit (Q, F, {F:}+>0,P) un espace de probabilité filtré et B; un Fi-mouvement
Brownien. On modélise la dynamique du processus indivisible Y¥ par :

AYY = VP (Ut + o(VP)dB: Y =y > 0.

ou p et o sont telles que I'équation ci-dessus admet une unique solution
forte. Notre probléme est défini par :

V(ey)= swp  E[UX, + YY)
XeMt(zy)
TeT
ou U est une fonction d’utilité quelconque, 7 est un ensemble de temps
d’arrét et M= (z,y) est essentiellement l'ensemble des martingales cadlag
de corrélation instantanée nulle avec Y'Y a toutes dates t. Ces hypotheses
généralisent celles de Henderson et Hobson [42] qui consideérent une fonction
d’utilité puissance et supposent que p et o sont constants.

Cette modélisation comporte a priori plusieurs handicaps. En effet, le porte-
feuille d’actif X est modélisé par une martingale alors que, avec la présence
de 'actif indivisible, on est sous hypothese de marché incomplet. De plus,
il semble a premiere vue difficile de tirer parti de cette situation, puisque
le portefeuille et le prix de lactif indivisible sont supposés décorrélés. Par
exemple, considérons le probléme de gestion de portefeuille suivant :

i(z)= sup E[U(X;)],z€R, (1.5)
XeM(z)

o M(z) est un ensemble de martingales et 7 un temps d’arrét fixé. Par
optimalité et par inégalité de Jensen, on constate que i« = U. De plus la
stratégie optimale X* consiste a ne pas investir, c’est a dire X; = x sur
[0, 7].

La question que nous posons est donc de savoir si I'ajout d’un actif indivi-
sible décorrélé impacte la stratégie de portefeuille. En d’autres termes, est-il
toujours optimal de ne pas investir 7 Henderson et Hobson montrent que,
sous certaines conditions, l'investisseur a en effet tout intérét a gérer dy-
namiquement son portefeuille en accord avec la vente de 'actif indivisible.
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Ce modele, certes imparfait par sa modélisation, n’en est pas moins un bon
benchmark pour des études ultérieures.

1.1.3 Résultats

Dans un premier temps, en restreignant I’ensemble des stratégies de por-
tefeuille ./\/lJ‘(af,y) aux martingales continues, on parvient a montrer, via
une équation de la programmation dynamique, que V est plus grande que
I’enveloppe concave partiellement en x et partiellement en z de la fonction :

Ulz,z) = Uz + R(2))
ou R est I'inverse de la fonction d’échelle S de YY. La construction d’une telle
enveloppe concave, nommée U™, se construit via concavifications partielles
successives. C’est & dire que U™ est la limite de la suite croissante suivante :

U2n = (UQn— 1 )concz ’

UQn—H — (U2n)cont:z_

ot Uy, est la plus petite fonction concave par rapport & la variable z au
dessus de Us,_; alors que U2n+1 est la plus petite fonction concave par
rapport & la variable z au dessus de Us,. Nous devons souligner qu’a chaque
étape de concavification partielle, on peut perdre le caractere concave de la
précédente concavification. Cette construction est trés importante pour la
construction des stratégies optimales comme nous le verrons plus tard. Par
ailleurs, de par la concavité partielle de U™ en x et en z et la définition de
V', I'inégalité de Jensen nous donne :

V(z,y) <U®(z,5(y))

Cet argument n’est pas rigoureux, néanmoins il donne une bonne intuition
du calcul de la fonction valeur V. On en donnera une argumentation rigou-
reuse dans le chapitre 2. Ainsi sous de bonnes hypotheses, nous pouvons
évaluer la fonction valeur V' comme la plus petite fonction concave partiel-
lement en sa premiere variable et partiellement en sa seconde qui domine U,
c’est a dire :

V(a,y) = U, 5(y))

Reste donc maintenant a utiliser cette structure pour construire les straté-
gies optimales.
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Les stratégies e-optimales sont définies de la maniere suivante. Pour une suite

n

de temps de sauts correctement définies (7")nen;1<i<nt1, on peut définir

cette suite de martingales :

XP=x Vt>0.

n—1
le = 'xﬂtE[O,’rl") + Z U?(X;}Ll ’ S(Y-r?jﬂ))]lte['ri",'rﬁrl) + 772 (X:'L::Ll ) S(YT{f))]ltE[T}},oo)'
i=1

ou a chaque temps d’arrét 7,* et pour v fixé, n*(u,v) saute alternativement
avec respectivement une probabilité pi'(u,v) et 1 — pl'(u, v) entre :

aj(u,v) ;== inf{a, @ > u: 2= (o, 0) = U2("_i+1)_1(a,v)}.
b} (u,v) :=sup{a, a < w: U2 (o, 0) = 02("_”1)_1(0[,1})}.

Cette construction est directement liée a un probléme de gestion de porte-
feuille avec fonction d’utilité non concave et maturité aléatoire fixée comme
nous le montrerons dans le chapitre 2. A chaque concavification en x, c’est
A dire le fait de passer de U2(—it1)=1 3 {2(n—i+1) on résout un probleme
de gestion de portefeuille avec fonction d’utilité non concave et maturité aléa-
toire fixée 7;*. Par ailleurs, on définit la suite de temps d’arrét (7" )nen;1<i<nt1
de la maniere suivante :

= inf{t >0: Uz, Z;) = UO(CC,Zt)}.
' =inf{t > 0: U (z,2,) = U (2, Z;) }.

no__: n . rr2(n—i+1)+1/yn — 7172(n—i+1) (yn .
=inf{t>7",:U (XTn Z1)=U (Xt  Zy)}, i€{l...n+1}

Ti—1

Ainsi a chaque concavification par rapport z, on fixe la richesse X7 et on
résout un probleme d’arrét optimal. Cette structure est directement liée a
la construction de ’enveloppe concave partiellement en x et en z, U%. Nous

proposons alors le résultat suivant :

Résultat 1.1. Sous de bonnes hypothéses, pour tout € > 0, il existe n € N

tel que
c+E [UO (X2 zml)} > 0% (2, (y)). (1.6)
ot (X", 7, 1) € MY (z,y) x T sont des stratégies c-optimales. De plus,
0> (2, S(y))= JLH;OE[UO(X£S+1,ZTS+1)} (1.7)

Si p une fonction négative sur R}, alors

Vix,y) = U(x + y) (1.8)



1.2. 2EDSRS AVEC CONTRAINTES CONVEXES 17

Nous ne sommes par parvenus a obtenir de la convergence pour les suites de
temps d’arréts et de martingales que nous avons considérés. Ceci explique
que nous n’ayons obtenu que des stratégies e-optimales. Néanmoins, si la
suite (U™),, est stationnaire, alors on est en mesure d’exhiber des stratégies
optimales. Il se trouve que c’est précisement le cas pour une fonction d’utilité
puissance et des coefficients constants, comme chez Henderson et Hobson
[42].

De la méme maniere que Henderson et Hobson [42], on constate que,
sous certaines conditions, on ne peut pas tirer profit de la vente de l'actif
indivisible et qu’il est préférable de ne pas investir. Cependant, la plupart du
temps, une gestion dynamique du portefeuille alliée & une bonne stratégie
de vente permet d’accroitre son gain final.

1.1.4 Conclusion

Les résultats que nous obtenons sont consistants avec ceux obtenus par
Henderson et Hobson [42]. Notre apport a consisté a utiliser une approche de
type controle stochastique. Cette derniere nous a permis de généraliser leurs
résultats au cas d’une fonction d’utilité quelconque et pour une diffusion
de l'actif indivisible plus générale. Enfin, nous constatons que ’analyse de
ce modele malgré ses imperfections est un bon benchmark pour de futures
études. On sait désormais que la vente d’un actif indivisible, méme décorrélé
du marché, peut étre source de profit et a un impact sur la stratégie de
portefeuille.

1.2 2EDSRs avec contraintes convexes

1.2.1 Rappels sur les EDSRs du premier et du second ordre

Soit un espace de probabilité filtré (2, F, {F;}ic(0,1), P), une fonction f
progressivement mesurable de Q x [0, 1] x R9*! dans R et une variable aléa-
toire ¢ € L?(Q), Fi-adaptée. On peut définir la solution de 1’équation ré-
trograde du premier ordre (EDSR) de parametres f et £ par un couple de
processus (Y, Z) vérifiant :

1 1
Y, =¢ +/ fw,s,Ys, Zs)ds — / ZsdBs, 0<t<1, P—a.s. (1.9)
t t

ol B; est un Fi-mouvement Brownien de dimension d. On appelle f, le gé-
nérateur de la backward et £, sa valeur terminale.
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Les équations rétrogrades ont été introduites par Bismut [7] dans le cas ou le
générateur f est linéaire. Pardoux et Peng [65] en 1990 étendent ses résultas
au cas ou f est une application Lipschitzienne par rapport aux variables y
et z et proposent un résultat d’existence et d’unicité. Par la suite, il a été
montré que 'on peut affaiblir ces hypotheses. Par exemple, Lepeltier, San
Martin [55] ont considéré le cas ou le générateur est continu et & croissance
linéaire. Kobylanski [53], quant & elle, a montré 'existence d’une solution
maximale dans le cas ou le générateur f est a croissance linéaire en y et a
croissance quadratique en z avec une valeur terminale bornée. Ce dernier cas
est tres utile en finance puisqu’il permet de résoudre des problemes de ges-
tion de portefeuille sous contraintes, grace a une approche backward, dans
le cas ou la fonction d’utilité est exponentielle, El Karoui et Rouge [79] et
Hu, Imkeller et Muller [43].

On peut aussi considérer des équations différentielles rétrogrades réfléchies
(REDSR). Elles ont été introduites par El Karoui, Kapoudjian, Pardoux,
Peng et Quenez [30] et consistent a imposer au processus Y de rester au
dessus d’un seuil donné. Ces équations rétrogrades réfléchies sont fortement
liées au pricing d’options américaines, El Karoui, Peng et Quenez [31]. Par
ailleurs, on peut aussi considérer le cas de systeme forward-backward lorsque
I’on modélise la valeur terminale & comme la solution d’une équation diffé-
rentielle stochastique forward ordinaire dépendant de Y et de Z, Ma et
Young [60].

Le cas ou la solution terminale est un processus de Markov, typiquement
¢ = By, a d’intéressantes applications. En effet, on peut montrer que la so-
lution de 'EDSR est Markovienne, c’est a dire qu’elle peut se représenter
comme une fonction dépendant du temps ¢ et de By, solution d’une équa-
tion aux dérivées partielles quasi-linéaire (c’est & dire linéaire par rapport
au terme de dérivée seconde), Pardoux et Peng [66].

Les équations stochastiques du second ordre (2EDSRs) ont été introduites
par Cheredito, Soner et Touzi [13]. Dans un cadre Markovien, ils montrent
que la solution d’une telle équation induit une équation aux dérivées par-
tielles non linéaire. Cependant, ils ne parviennent pas a démontrer I’existence
d’une telle solution dans un cadre plus général. Le modele a volatilité incer-
taine a été introduit par [1] et [59] pour prendre en compte le risque associé
a l'estimation de la volatilité. Plus précisément, la valeur de la volatilité
n’est spécifiée que comme appartenant & un intervalle donné. Le probleme
de couverture sous ce modele est directement lié a ’équation non linéaire
de Black-Scholes-Barrenblat. Denis and Martini [24] étendent le modele a
volatilité incertaine & une famille de probabilités (voir chapitre 3) grace a la
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notion d’analyse quasi-siire. Grossierement parlant, ils proposent un cadre
mathématique cohérent afin de pouvoir faire de ’analyse stochastique simul-
tanément pour une famille de probabilités singulieres. Dans ce contexte, on
peut mentionner Denis, Hu, Peng [23] qui établissent une connexion entre le
modele a volatilité incertaine et la notion de G-expectation introduite par
Peng [68, 67]. Soner, Touzi et Zhang [83] montrent un théoreme de repré-
sentation pour une G-martingale et donnent ainsi une solution au probleme
de couverture dans le modele a volatilité incertaine. Puis, ils se penchent
sur 'étude des cibles stochastiques du second ordre [85] et montrent que
la solution d’un tel probléme est solution d’une 2EDSR. Enfin, dans [86],
ils montrent I'existence et 'unicité d’une solution pour une 2EDSR a géné-
rateur Lipschitzien en y et en z, proposent une formule de représentation
pour cette solution et donnent une extension non linéaire de la formule de
Feynman-kac. Possamai et Zhou [75, 76] ont récemment étendu les résultats
précédents au cas des équations rétrogrades du second ordre unidimensio-
nelles dont le générateur est continu, a croissance quadratique en sa variable
z et dont la valeur terminale est bornée. Cette extension a permis de consi-
dérer des équations rétrogrades du second ordre réfléchies ainsi que d’étudier
le probléeme de gestion de portefeuille dans le modele a volatilité incertaine,
Matoussi, Possamai et Zhou [62, 61].

Pour notre étude, nous nous sommes intéressés en particulier au cas des
équations différentielles rétrogrades du premier et du second ordre avec
contraintes. Pour simplifier, considérons le cas des EDSRs contraintes du
premier ordre :

Soit un espace de probabilité filtré (€2, F, {F: }e(0,1], ), une fonction f pro-
gressivement mesurable de € x [0, 1] x R+ dans R et une variable aléatoire
€ € L*(Q), Fi-adaptée, nous nous sommes intéressés au probléme suivant :

1 1
Y; —§—i—/ fu(Yu,Zu)du—/ ZuwdBy + K1 — K, 0<t<1, P—a.s.
t t
(1.10)
(Y, Z) =0, 0<t <1, P—a.s. (1.11)
ou B est un mouvement Brownien d-dimensionel et ® est une fonction de
Q x [0,T] x R"*? dans R*. Une solution minimale de ce probleme est un

triplet (Y, Z, K), ou K est un processus croissant positif et cadlag, telle que
toute autre solution (Y*, Z*, K*) de (1.10) et (1.11) vérifie :

Y >Y,0<t<1 P—a.s.
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Ce probleme a tout particulierement été étudié par Cvitanic et Karatzas [20]
dans le cas ou la contrainte est de la forme :

pe(Z;) =0, 0<t <1, P—a.s. (1.12)

ou p. correspond a la distance entre Z et un ensemble convexe fermé C'
contenant l’origine. En effet, ils montrent que le probleme de couverture
sous contraintes de portefeuille peut étre résolu par une approche backward.
En revanche, ils ne montrent pas un résultat d’existence pour ce probléme.
Cvitanic, Karatzas et Soner [21] résolvent ce probleme par une approche de
type controle stochastique en obtenant un théoreme de représentation pour
la solution minimale de (1.10) et (1.12). En revanche, ils imposent au géné-
rateur d’étre convexe en z afin de pouvoir prendre sa conjuguée de Fenchel.
Cette hypothese leur permet de résonner par pénalisation et de construire
la solution minimale comme limite monotone d’une suite d” EDSRs péna-
lisées. D’autres traveaux ont été effectués sur ce sujet, on peut mentionner
Buckdahn et Hu [9, 10]. Dans ce dernier papier, ils s’intéressent au pro-
bleme de couverture d’options américaines sous contraintes de portefeuilles
en utilisant une EDSR contrainte unidimensionnelle comportant un mouve-
ment Brownien, un processus de Poisson et une barriere via une méthode
de pénalisation. Finalement, les travaux de Peng [67], Peng et Xu [69, 71]
donnent des résultats généraux sur les EDSRs réfléchies avec contraintes.
En particulier, Peng prouve ’existence d’une solution minimale pour le pro-
bleme (1.10) et (1.11).

Nous nous sommes intéressés dans un premier temps a étendre les ré-
sultats de Cvitanic, Karatzas et Soner [21] en enlevant leur hypothese de
convexité sur le générateur par rapport a z. Nous proposons ainsi une for-
mule de représentation de la solution minimale dans ce contexte. Par ailleurs,
nous avons étendu ces résultats au cas des Backward du second ordre avec
contraintes sur le processus Z. C’est a dire que nous avons résolu le probleme
(1.10) et (1.12) simultanément pour un ensemble de probabilités singulieres
en utilisant les travaux de Soner, Touzi et Zhang [85, 86] et de Peng [67].
Nous proposons ainsi, pour le cas d’'une backward du second ordre, un théo-
reme général d’existence ainsi qu’ une formule de représentation.

1.2.2 Résultats

Soit un espace de probabilité filtré (2, F, {F; },c(0,1], P), Bt un F-mouvement
Brownien et C' un sous ensemble convexe fermé de R? contenant I’origine.
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Nous nous sommes intéressés au probleme suivant :

1 1
Y;t:g"i'/ gu(YUaZu)du_/ ZudBu“‘Kl_Kt, 0<t< 1: P —a.s.
t t
(1.13)
Z1eC,0<t<1, P—a.s. (1.14)

ou le générateur g est une fonction progressivement mesurable de 2 x [0, 1] x
R!*4 dans R et ¢ € L2(Q). Une solution minimale de ce probléeme est un
triplet (Y, Z, K) tel que (Y, Z, K) vérifie (1.13) et (1.14) et que pour toutes
autres solutions (Y*, Z*, K*) de ce probléme, on ait :

Y >Y,0<t<1 P—a.s.

Nous pouvons d’ores et déja noter, par un simple argument de comparaison,
que la solution du probleme contraint est toujours plus grande que celle du
probléeme non contraint :

1 1
Y = §+/ 9u (Y2, Z%)du — / Z%dB,, 0<t<1, P—as.  (1.15)
t t
Si g est une fonction linéaire de Y, indépendante de Z, alors on peut voir
que résoudre (1.15) revient a effectuer un théoréme de représentation des
martingales (on se débarrasse du terme linéaire en escomptant). Le cas ou
Z est non contraint revient donc a considérer un probleme de couverture
lorsque le marché est complet. Le processus croissant K peut étre compris
comme traduisant I'incomplétude du marché.

Par la suite, nous avons supposé que :

Hypothése 1.2. (i) Le générateur g est une fonction Lipschitzienne par
rapport a ses vartables y et z.

(ii) Le générateur g est tel que Ep[fol 19(0, 0)]2du] < oc.
(iii) Il existe une solution (Y*,Z*, K*) pour le probléme (1.13) et (1.14).

Sous ces hypotheses, nous savons que par le théoreme 4.2 de Peng [67],
il existe une solution minimale & ce probleme. Notre apport a donc consisté
a trouver une formule de représentation pour ce probleme dans ’esprit de
ce que Cvitanic, Karatzas et Soner [21] avaient proposé pour le cas ou g est
convexe par rapport a sa variable z.

Soit D un sous-ensemble de processus bornés a valeur dans le domaine effectif
de la fonction support § de C. Pour tout v dans D, on définit la famille



22 CHAPITRE 1. INTRODUCTION GENERALE

suivantes d’EDSRs :

1 1
Y =¢ +/ [gu(Yu”, Zy)—(6(vu) — uuzg)} du — / ZVdB,, P— a.s
t t
(1.16)

Sous les hypotheses (i) et (ii) ci-dessus, on peut montrer que ces EDSRs
admettent une unique solution. On peut alors définir le processus V par :

Vi = essup Y, P—a.s.
VE'D[tﬂl]
ot Dy 1) est la restriction de D a [t, 1] x € pour tout ¢ € [0,1]. On montre
alors le théoréme suivant :

Résultat 1.3. Supposons les hypothéses 1.2 vérifiées, alors la solution mi-
nimale (Y, Z, K) du probléme (1.13) et (1.14) a la représentation suivante :

Y; = essup V), P —a.s.
Z/EID[t’l]

pour tout t € [0,1].

La démarche utilisée pour obtenir le résultat ci-dessus utilise les notions
de g-martingales et g-surmartingales introduites par El Karoui, Peng et Que-
nez [31]. Lorsque le générateur de la EDSR est linéaire en y et ne dépend
pas de z, les notions de martingale et de g-martingale coincident. On peut
donc envisager la g-martingale et la g-surmartingale comme une généralisa-
tion des concepts classiques de martingale et de surmartingale au cas d’un
générateur g non linéaire.

De fait, nous avons montré, via la programmation dynamique, que pour tout
v € D, V est une cadlag g”-surmartingale ot ¢* est défini par :

9¢ (Y, 2) == g¢(y, 2) — (6 () — 142).

et avons appliqué le théoreme de décomposition de Doob-Meyer non linéaire

prouvé par Peng, théoreme 3.3 [67].

Considérons maintenant le probleme (1.13) et (1.14) mais pour un ensemble
de probabilités singulieres. Nous nous plagons sur l’espace canonique € =
{w € C([O, 1], ]Rd): wy = 0}, soit B le processus canonique, Py la mesure de
Wiener et F := {F; }o<i<1 la filtration générée par B.

On dit que P est une mesure martingale locale si B est une martingale
locale sous P. Par Follmer [38], la quantité fg BsdB; coincide w par w avec
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I'intégrale d’Ito P — a.s. pour toute mesure martingale locale. On peut donc
définir de maniére universelle la variation quadratique de B définie w par w
par :

/ . 1
(B)¢ := ByB; — 2 f(f BsdBs et a; = 1;{8 g(<B>t — (B)—c)

L’ensemble de probabilités, Pg, que nous considérons peut se résumer gros-
sierement parlant a ’ensemble des mesures martingales locales telles que :

P = Pyo (X)L ot X2 := [ al/?dB,, t € [0,1], Po-a.s.

ol « est un processus F-progressivement mesurable vérifiant fol laglds <
00, Py — a.s. Par ailleurs, on consideére un générateur F : Q x [0, 1] x R+
dans R et un sous ensemble Py de Pg qui rassemble I’ensemble des mesures
martingales locales telles que a soit borné et tel que l'on ait :

1
EPU |Ft(0,0)]2dt} < 00, VP € Py
0

Suivant la définition de Denis et Martini [24], on dit qu’une propriété est
vraie Py — q.s., si elle est vraie pour toutes probabilités P € Pg. On peut
alors définir I’équation rétrograde du second ordre (2EDSR) avec contraintes
convexes de la maniére suivante :

1 1
Y, =¢ —/ FEu(Yy, Zy, ay)du — / ZydB, + K1 — K, 0<t<1, Pg—q.s.
t t
(1.17)
ZyeC,0<t<1, Py-—q.s (1.18)

Une solution minimale de ce probléme est un couple de processus (Y, Z)

vérifiant :
(i) i =& Py —q.s.

(i) Pour tout P € Py, le processus ci-dessous K¥ est croissant et positif
P — a.s. et est défini pour tout P € Py par :

t t
K = YtYo+/ Fu(Yu,Zu,du)du+/ ZudB,, 0<t<1, P—a.s.
0 0
(1.19)
(iii) De plus, si il existe une solution (Y*, Z*) au probleme (1.17) and (1.18),

nous avons :
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Dans le cas des 2EDSRs non contraintes, Soner, Touzi et Zhang [86] ont
montré que la solution d’'une 2EDSR peut étre représentée comme 1’essen-
tiel suprémum d’EDSR du premier ordre. Leur intuition vient de I’analyse
des équations aux dérivées partielles associées aux EDSR. Faisons un rai-
sonnement formel et considérons I’équation non linéaire suivante :

—0,V(t,x) — H(t,z,V,DV,D*V) =0, V(1,2) ==z
ou H est supposé convexe en «y et est défini par :
1
H(ta z, T, D, 7) ‘=Ssupgay — F(t7 z,T,Dp, (l)
a>02

On voit donc que F et H sont conjuguées. Dans [82], Théoreme 3.2, nous
savons que 1’équation ci-dessus est associée a la 2EDSR solution du probleme
de cible stochastique du second ordre. Soit Dy le domaine de F', par un
théoreme de comparaison pour les EDP paraboliques, on peut montrer que
pour tout a € Dy, on a V > V® ot V¢ est solution (réguliere) de I’équation
quasi-linéaire suivante :

-0 Ve t,x) — %CLD2Va(t,CC) + f(t,z,V,DV,a) =0, V1,.)=g(x).

Il est bien connu que cette équation est associée a 'EDSR Y := V(t, By)
suivante :

1 1
Yta:Xf—/ f(s,Xg,y;a,Zg)ds+/ Z%l/?dB,
t t

ou X{ =z + fol ar/ ®dB,. Nous avons donc montré que formellement
Y; = sup ¥}
a€Dy

est un candidat naturel pour la représentation de la solution d’une EDSR
du second ordre.

De maniere analogue, définissons V' comme ’essentiel suprémum des so-
lutions minimales des probléemes contraints du premier ordre pour chaque
probabilités P de Py, c’est a dire :

~ 7
Vi = essup’  essupYY, P—a.s., VP € Py,
P’GPH(t,P) I/E’D[t’l]

ott Py (t,P) := {P" € Py : P' =P sur Fi} et Dy est la restriction de D a
[t,1] x €.

Par ailleurs, nous supposons principalement que :
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(i) £ et F' sont uniformément continus en w.

(ii) Il existe une solution (Y*, Z*) au probleme du second ordre (1.17) et
(1.18).

(iii) Il existe une constante p > 0 telle que :
. . R ~1/2
Bl zse) = By ] < (=o' + 0} = 21 ), P o

Résultat 1.4. Sous de bonnes hypothéses, il existe une solution minimale
(Y, Z) au probléeme (1.17) et (1.18). De plus elle a la représentation suivante
pour tout t € [0,1] et P € Py -

Y, = P i P
: = essup essup Y, " (1,§), P—a.s.

PPy (t,P) vED
La démonstration de ce résultat est similaire a celle que nous avons proposée
pour obtenir le résultat (1.3) pour le cas des équations rétrogrades du premier
ordre. La difficulté majeure vient du fait que contrairement au premier ordre,
nous raisonnons sur un ensemble de probabilités singulieres, ce qui nous
oblige a étre tres prudent.

1.2.3 Conclusion

Dans un premier temps, il serait intéressant de déterminer si le probleme
contraint d’EDSRs du premier ordre (1.10) et (1.11) peut étre étendu au cas
des EDSRs du second ordre. Par Peng [67], nous savons que le probleme
(1.10) et (1.11) admet une solution minimale. Est-il possible d’étendre ses
résultats au cas des EDSRs du second ordre ? En particulier, est-il possible
d’obtenir un théoreéme d’existence et une formule de représentation pour ce
probleme ?

Dans un deuxieme temps, on pourrait aussi s’intéresser au cas des EDSRs
contraintes et réfléchies du second ordre. On sait déja que, par Peng et
Xu [69, 71], sous certaines hypotheses, il existe une solution minimale & ce
probleme. Dans quelle mesure peut-on 'adapter aux 2BSDEs ?

Enfin, un de mes regrets est de ne pas avoir pu étudié le cas Markovien
de notre probleme et ne pas avoir pu faire le lien avec les équations aux
dérivées partielles. Dans le cas des EDSRs du premier ordre, 'TEDP associée
a ce genre de probléeme est une inéquation variationnelle dont la frontiere
libre se traduit par une contrainte sur le gradient de la solution. Qu’en est-il
de ce probleme dans le cadre ’EDSRs du second ordre ? Qu’est-t-il possible
de faire en utilisant les résultats de Soner, Touzi et Zhang [86] et ceux de
Peng et Xu [70] 7
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1.3 Développement asymptotique dans un modele
a volatilité stochastique

1.3.1 Modélisation de la volatilité

La modélisation de la volatilité est un point crucial dans I’évaluation des
produits dérivés. Une des lacunes du modele de Black-Scholes vient de ce
qu’il suppose une volatilité constante au cours du temps. En pratique, on
s’apercoit néanmoins que la volatilité a tendance a présenter des caractéris-
tiques aléatoires. Plusieurs pistes s’offrent alors pour modéliser la volatilité.

La volatilité implicite traduit 1’écart entre les prix théoriques donnés par la
formule de Black-Scholes pour les options européennes et les prix réellement
observés. Cette volatilité implicite est une fonction du strike K et de la ma-
turité du produit 1" et est calculée en inversant la formule de Black-Scholes.
La courbe de la volatilité implicite en fonction du strike a une forme de U
pour de grands strike. Cette caractéristique célebre appelée smile de vola-
tilité est source de nombreuses analyses. Par contre, on constate que pour
presque tous les strike, la volatilité implicite a tendance & décroitre en fonc-
tion du strike, C’est le skew de volatilité. Ces phénomenes ont tendance a
s’accroitre lorsque 1’on considere des options avec de petites maturités. La
différence entre volatilité implicite et volatilité historique vient en particu-
lier de ce que le modele de Black-Scholes ne prend pas en compte le risque
associé a la volatilité.

Dans les modeles a volatilité stochastique, la volatilité se modélise de
maniere aléatoire. Les modeles a volatilités locales sont des exemples de
modeles a volatilité stochastique puisque la volatilité est modélisée par une
fonction positive du temps et du prix du sous-jacent. L’intérét d’un tel mo-
dele est qu’il permet de conserver une structure Markovienne tout en tenant
compte du fait que la volatilité n’est pas constante. Pour calculer une telle
quantité, Dupire [26], via I’équation du méme nom, donne une méthode de
calcul pour évaluer la volatilité locale en fonction des prix de différents call
européens de différentes maturités et de différents strike. Mais on peut aussi
mentionner d’autres célebres modeles de volatilité comme celui de Heston
ou le processus de volatilité est modélisé par un processus de Cox-Ingersoll-
Ross corrélé au prix du sous-jacent. Ce modele est trés utile lorsque 'on
veut prendre en compte différents types de corrélation et permet d’avoir un
controle sur la volatilité de la volatilité.



1.3. MODELE A VOLATILITE STOCHASTIQUE 27

Bergomi [2, 3, 4, 5] propose de modéliser la volatilité d’un sous-jacent
via la courbe de volatilité forward qui lui est associée. C’est a dire qu’a toutes
dates t > 0, la volatilité de la volatilité dépend de I’ensemble des volatilités
de maturités plus grandes que t. Ceci permet d’avoir un meilleur controle de
la volatilité de la volatilité et est donc tres utile pour des produits financiers
mettant en jeu a la fois un sous-jacent et sa variance réalisée. Nous nous
proposons dans cette étude de donner un cadre mathématique correct a ce
modele. La principale difficulté rencontrée a été de définir convenablement
la courbe de volatilité forward. En d’autres termes, quel est le bon espace
pour la courbe de volatilité forward 7 Pour répondre a cette question, nous
sommes allés chercher du coté des produits de taux.

Faisons maintenant une revue rapide des modeles principaux de taux.
Certains modeles préferent modéliser directement le taux court. C’est la
cas entre autres du modele de Vasicek ou de Ho et Lee parmi les plus cé-
lebres. D’autres se sont intéressés a modéliser directement la courbe des
taux. Heath, Jarrow et Morton [40] ont été les premiers & proposer une mo-
délisation non paramétrique de la courbe de taux d’intéréts. Puisque le prix
d’un zéro-coupon est fonction de la maturité de ’obligation, on voit bien
que le taux court dépend entierement de la structure de la courbe des prix
des zéro-coupons. En pratique, la calibration de cette courbe de taux se fait
par interpolation de données de marché, elle a donc un effet régularisant sur
la courbe de taux. Par ailleurs, on constate que pour de grandes maturités
le prix du zéro-coupon a tendance a s’aplatir. Ces observations font, par
exemple, des espaces de Sobolev d’ordre suffisamment élevé de bons can-
didats pour la définition de la courbe de taux. D’autres espaces peuvent
cependant étre envisagés. Ainsi Filipovic [34] étend HJM au Brownien de
dimension infini. Cette extension I'amene a considérer des équations sto-
chastiques a valeur dans des espaces de Hilbert qui ne sont pas des Sobolev.
En revanche, Ekeland et Taflin [27] ont choisi de modéliser la courbe des
prix des zéros-coupons comme appartenant a un espace de Sobolev d’ordre
suffisamment élevé pour avoir des courbes régulieres par rapport au temps
jusqu’a maturité. Cette derniere approche a profondément influencé notre
modélisation.

Notre objectif est de donner un développement asymptotique du prix d’une
option européenne pour de petites variations de la volatilité. Pour cela, nous
utilisons la méthode de Fleming et Souganidis [37] ainsi que Fleming et
Soner, [36, 35]. Cette approche nécessite des théoremes de stabilité sur les
solutions de viscosité. Puisque le prix de notre action dépend de la courbe
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de volatilité forward, c’est a dire d’un objet a valeur dans un espace de
dimension infinie, nous avons recherché des résultats sur les solutions de
viscosité a valeur dans un Hilbert. En particulier, quel espace de fonctions
test est a considérer lorsque nous travaillons dans un tel espace ? Crandall et
Lions, principalement, [15, 16, 17], donnent les premiers des réponses a ces
questions en étudiant des équations d’Hamilton Jacobi en dimension infinie.
Cependant, ce cadre ne suffit pas pour notre étude puisque les équations
aux dérivées partielles obtenues lors des problemes de pricing comportent
des termes de dérivées secondes. Nous nous sommes ainsi tout particulie-
rement intéressés a Lions [58, 57] qui, dans ses publications, donne une
définition correcte des espaces de fonctions a test & considérer, pour des
EDPs paraboliques & coefficients bornés. Swiech [88] étend ses résultats au
cas d’opérateurs non bornés.

1.3.2 Résultats

Soit (Q, F,{Fi}+>0,P) un espace de probabilité filtré. Soit B; un F-
mouvement Brownien et W; un Fi-mouvement Brownien de dimension infi-
nie corrélé avec B. On s’est intéressé au probléme de pricing suivant :

Soit U le logarithme du prix d’un actif et €7 la volatilité de maturité 7"
Pour une maturité T' > 0 fixée, ces processus vérifient sur [0, 7] les équations
différentielles stochastiques ordinaires suivantes :

1
dUf = — 5 024t 4 AWy, (1.20)
desT = S2NI(t, T, £)dt + gf\(t, T, 6)dW. (1.21)
ol & 1 [t,00) 3 T — &7 est une courbe de volatilité forward que I'on

suppose comme appartenant a un espace de Hilbert H, pour toutes les ma-
turités plus grandes que t et M and A sont deux fonctions de [0, 7] x R dans
H. Comment définir I'espace H 7

Pour ne pas avoir a définir un espace de Hilbert H dépendant du temps, nous
adoptons la paramétrisation de Musiela et définissons le processus Y (z) :

Y () = 0 (1.22)

pour tout ¢t € [0,T] et z € RT. Puisque les courbes de taux des zéros-coupons
ont tendance & étre continues et a s’aplatir vers l'infini, il est naturel de
proposer pour définition de H, un espace de Sobolev d’ordre suffisamment
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élevé. En effet, par injection de Sobolev, on sait que ces éléments admettent
un représentant régulier. Ainsi, on définit pour vy > % :

H(R) =R & H'(R)

ou H7(R) est un espace de Sobolev d’ordre 7 défini sur R. On voit facilement
que H(R) est un espace de Hilbert pour la norme HfH%I(R) = HgH%”(R) + a?
pour f = g+ a. Cet ensemble permet d’avoir des courbes de taux non nulles
a linfini.

Considérons maintenant un payoff g de R dans R™ borné et Lipschitzien.
On appelle alors p® le prix de l'option de payoff g(Uf7) pour une maturité
T > 0 fixée. C'est a dire que pour tout e € R, t € [0, T, uc Rety € H

ps(ta u, y) = E[Q(U%) |(Utf-:7 Y;‘/E) = (u7 y)] .

Notre objectif est de proposer un développement asymptotique autour de
la volatilité pour ce prix. Par ailleurs, on constate que les hypotheses sur g
nous permettent de couvrir le cas d’un put européen. Via la parité call-put,
on peut aussi appliquer ce développement pour un call européen. De plus,
on voit facilement que 'ordre du développement dépend de la régularité du
pay-off considéré. Pour un call ou un put européen, cette dérivabilité est limi-
tée puisque que ’on obtient un dirac lorsque I'on dérive son payoff a 'ordre 2.

La méthode que nous avons employée a été développée principalement par
Fleming et Souganidis [37], Fleming et Soner, [36, 35] et utilise la stabilité
des solutions de viscosité. A ce sujet, puisque la fonction p® comporte une
variable a valeur dans un espace de Hilbert, la théorie classique des solutions
de viscosité (voir [44]) n’est plus valable. Un autre ensemble de fonctions test
doit étre envisagé. Utilisant les résultats de Swiech [88], on montre le résul-
tat suivant :

On appelle BUC(R x H(R)), 'ensemble des fonctions bornées et uniformé-
ment continues sur R x H(R) et BUC,([0,T] x R x H(R)) défini par :

BUC,([0,T] x R x H(R)) :=={u e C°([0,T] x R x H(R)):
u(t,-) € BUC(R x H(R)), uniformément en ¢}.

Résultat 1.5. Pour tout € € R, p® est l'unique solution de viscosité dans
BUC,([0,T] x R x B) de

_8tp€(t7 u, y) - F& (t) u,y, Dps(tu u, y)7 D2p€(t7 u, y)) =0
p(Tu,y) = g(u)
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3

ou F; est le générateur du processus ( ve ) et B un ensemble fermé et

borné de H(R).

Supposons que ¢ est infiniment dérivable et & dérivées bornées. Nous défi-
nissons une suite (py), de fonctions de [0,7] x R x B & valeur dans R telle
que pour tout n > 1 :

T
Pult 1,9) = Bty [ / b (s,UB,y)ds] (1.23)
t

ou h,, est une suite définie récursivement a partir des coefficients du modele
et des dérivées en u et en z de p,_1 et p,_o dont on peut montrer par
récurrence qu’elle est uniformément bornée. On montre que sous de bonnes
hypotheses, p,, est une solution réguliere de '’EDP suivante :

(1.24)

_atpn(ta u, y) + FO(tauaya Dpn7D2p7L) - hn(tauay) =0
pn(T,U,y) = 0

ou Fy(t,u,y,r,p, X) = hi% F.(t,u,y,r,p, X). Fy est un générateur de type
Black-Scholes, C’est—é—d?re qu’il ne comporte que des dérivées de p, par
rapport a sa composante de dimension finie u. La composante en z infini-
dimensionnelle est ici un parametre.

Soit alors la fonction définie pour tout n > 0 et (¢,u,y) dans [0,7] x R x B

1
et u,y) = — [pF(t, Fpi(t, 1.25
Pt y) = S [P y) Z P (t,u, y)] (1.25)

On montre que p™° est solution de viscosité de :

_atpma - FE(tv u,y, Dpn’ea D2pn7€) —hZ =0.

€

ou h est une suite définie récursivement a partir des coefficients du modele
et des dérivées en u et en y de p,—1 et p,—_o et est telle que :

lim A2 (8w, y) = ha(t,u, y), Yt u,y) € [0,T] xR x B. (1.26)
e—

Par stabilité des solutions de viscosité, on voit alors que lim._,g p™(t, u,y)
est solution de viscosité de (1.24) et on conclut grace aux conditions de bord
qu’en fait :

lir%p”’g(t,u,y) = pn(t,u,y), V(t,u,y) € [0,T] x R x B.
E—

On obtient ainsi notre résultat principal :
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Résultat 1.6. Sous de bonnes hypothéses et pour g suffisamment dérivable,
pour tout n € N, il existe des constantes C, et g9 > 0 tels que pour tout
e € (0,e9], on ait :

n—1
0 <p°(t,u,y) <v™(t,u,y) := Zskpk(t,u,y) + Cpe™(T —t).  (1.27)
k=0

)

De plus pour tout n > 1, p™* converge vers p, quand £ | 0 uniformément

sur les compacts.

La démonstration de ce résultat est completement dépendante de la dé-
rivabilité de ¢ ainsi que des parametres du modele. Pour un payoff non
régulier, tel qu’un put et un call européen, nous n’arrivons a obtenir qu’un
développement a 'ordre 0. Par ailleurs, le fait de se restreindre & un en-
semble fermé et borné de H découle des conditions a imposer pour avoir
existence et unicité lorsque 'on veut montrer le résultat 1.5.

1.3.3 Conclusion

Je n’ai pas encore eu le temps de faire des applications numériques pour
ce modele. La calibration d’'un tel modele compte tenu de la surface de
volatilité peut s’avérer délicate. Par ailleurs, il serait intéressant d’étendre
I'ordre du développement asymptotique pour un call ou un put européen.
Est-il possible d’augmenter cet ordre par des techniques de type régularisa-
tion de payoff ? Est-il possible de proposer un tel développement pour des
options américaines 7 Comment peut-on intégrer le probleéme & frontiére libre
apparaissant pour ces problemes dans notre argumentation 7
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Chapter 2

Optimal Liquidation of an
Indivisible Asset with
Independent Investment

2.1 Introduction

The problem we consider belongs to the class of mixed optimal stop-
ping/optimal investment problems and was introduced by Henderson and
Hobson in [42].

We consider a risk-averse agent who possesses one unit of an indivisi-
ble asset and continuously trades on some given risky assets. He wants to
increase the expected utility of his total wealth. The presence of the indi-
visible asset can be seen as an example of real options problem. In contrast
to standard options which can be hedged dynamically on the market, real
options allow to make investment strategies for non financial underlyings
(see [25]). For instance, one can consider a small firm, a R&D project, a
piece of land etc... The addition of this indivisible asset makes the market
incomplete. The general problem can thus be defined by:

V(z,y)= sup E[U(z+ M., Y;)] (2.1)
MeML(Y)

where U is a concave function, M*(Y) is a set of feasible strategies which
are orthogonal to Y, Y is an exogenous Markov process and 7 is a stopping
time. This will be correctly defined in the next section. We assume that the
indivisible asset Y is sufficiently “small” to be uncorrelated to the market,
which is a caricatural assumption to say that they are independent. Indeed,

33
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our aim is to compare this problem to the case where the optimal strategy
consists in not investing. If the market and the indivisible asset were cor-
related, we might reduce the risk exposure of the portfolio by selling the
real asset. Therefore in our uncorrelated case, one can expect that there is
no chance to make profit by having a dynamic management of the wealth
portfolio. However Henderson and Hobson in [42] show to the contrary that
the risk-averse agent can make profit of this situation.

Mixed stopping/control problems arise in many financial situations. Hen-
derson, Evans and Hobson in [32] include correlation between the market
and the asset to be sold while Karatzas and Wang in [52] propose a dual-
ity approach to reduce the mixed optimal stopping/optimal control problem
to a family of pure optimal stopping problems. Omne can also mentioned
Karatzas and Sudderth [51] for a game problem.

In the following, we focus on Henderson and Hobson’s framework in [42]
where they consider (2.1) with a CRRA utility function and a standard
Black-Scholes diffusion. Similarly, we assume that the interest rate is zero
such that the optimal portfolio is modeled by a martingale. But our study
differs from [42] in two ways. Indeed, we can describe explicitly the value
function for any utility function and for a more general Markov process Y.
Moreover, we choose the dynamic programming approach which allows us to
emphasize a concave structure and a pure jump investment strategy directly
linked to the concavity of the utility function.

2.2 The problem definition

2.2.1 The framework

We consider (2, F,F,P) a filtered probability space where F := {F;}+>0.
The filtration F is taken such that B is a real valued F-Brownian motion.

Let Y'Y be the price process of one unit of an indivisible asset. For instance,
one could think to a piece of land or a small factory. It is modelled by:

ayy =Y/ (uY)dt + o(Y))dB; Yy =y > 0. (2.2)
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where p and o are two given functions such that:

p: oy eRE — pu(y) €R,
o: yeRf — o(y) €R,

which satisfy :
3K > 0:Vy € RS |u(y)| + lo(y)| < K,

and the locally Lipschitz condition:
For all n € N and (y,9') € (R)?, there exists a constant C,, > 0 such that
lyl <n, [y'| <n and

lu(y) = n@)| +lo(y) — o) < Culy = ¢'|.

These assumptions guarantee a unique strong square integrable solution to
(2.2) which is a strong positive Markov process, see for example [49].

We consider, U, a concave function from R to R which verifies lim, .o U'(z) =
+o00 and lim,_,o, U'(2) = 0. For example, one can consider power utility
function which as usual provides some interesting features in terms of cal-
culation. We will apply our results to this example in our last section and
recover the result of [42].

We denote by X the wealth process of an agent which belongs to the follow-
ing set:

Ml(x, Y) :{X cadlag martingale with Xy = x such that for t > 0 :
[X,YY]; =0and X; +Y;Y > O}

where [ X, YY] is the quadratic covariation between X and Y¥. Since by def-
inition the indivisible asset Y'Y can not be traded, the market is incomplete
and the modelling of the portfolio X as a martingale seems not to be a good
assumption. Indeed, we might have considered supermartingales instead of
martingales but this assumption would completely change the structure of
the problem and the calculus of the value function as we will see in the se-
quel. We emphasize that the results obtained in our framework are explicit
and may play the role of benchmarks for a more general setting.

We suppose that there is no correlation with the real asset. This assumption
translates the fact that Y'Y can not be hedged dynamically by financial as-
sets. From a mathematical point of view, this hypothesis is very important
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because it fully determines the structure of the candidate solution as we will
see later. Furthermore, the last condition, which imposes to the portfolio X
to be such that X; + Y > 0 at any date ¢ > 0, must be understood as a
solvability condition.

Our aim is to solve the following problem:

View) =  sup E[U(XTWT@/)}, (23
XEMJ:ng,y)
TE

where
(i) (z,9) € D :={RxR}; 2 +y >0}
(ii) 7 € 7 where 7 is the set of all F-stopping times

and compare it to the case where there is no indivisible asset Y¥, that is to
say for all x >0 :

m(z) = sup E[U(XY)]. (2.4)
Xrex

where X% is a process with initial value > 0 which belongs to X, the set of
cadlag martingales, and 7 € 7 is a given stopping time. Since U is a concave
function then by optimality and the inequality of Jensen, for all z > 0:

m(x) =U(x) and X* =z .

So it is optimal not to trade in the risky asset. Comparing (2.3) and (2.4),
we would like to know whether this optimal strategy is modified by the
introduction of the indivisible asset. That is to say, does the strategy that
consist in not investing is still optimal when we have to sell an indivisible
asset?

2.2.2 The approach of Henderson and Hobson [42]

Their framework is more restrictive than ours. Indeed they model the
indivisible asset Y'Y as a geometric Brownian motion. That is to say, u and
o are assumed to be constant functions so (2.2) becomes

dY =Y (udt + odBy), Yy =y > 0. (2.5)

They consider the particular case of a power utility function with parameter
p € (0,00). That is to say:
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At the limit, they recover the case of a logarithmic utility function (p — 1).
They consider the following problem which is the analogous of problem (2.3)
for a power utility function:

Vi(z,y)= sup E[Un(X,+YY)]. (2.6)
XGMLTEI,y)
TE

We can see that, when p > 1, the problem is degenerate if the total wealth
X, + Y is close to 0. When p < 1, the condition X, + Y > 0 gives p%l as
a lower bound for V.

We introduce the following optimal stopping problem:
wg(z,y) = sugE[UH(:c—i—YTy)]. (2.7)
TE

We recall some results of [42] but restrict our review to the case where p < 1.
Our goal is to focus on some interesting features and show how they have
motivated our study.

Let us define v_(p) as the unique solution in (0,p A 1) of the following
equation:
P=(p+1-7)—-2p—7)(1—-7)=0.

On can show that:

Theorem 2.1. (Henderson and Hobson, [42])
Suppose p < 1. For v < ~v_(p), we have that Vi = wg. Conversely for
v—(p) < v < p, we have that Vi > wy.

From this theorem, it follows, when v < 7_(p), that the agent is in-
different to do fair investments on the market. The optimal strategy will
consist in keeping its wealth constant and solving an optimal stopping time
problem, that is to say wg. To the contrary, when v_(p) < v < p, the agent
can take advantage of a dynamic management strategy of its portfolio. In
this case, the risk-averse agent wants to make profit by doing fair gambles.

Remark 2.2. The methodology used in [42] is the following. They begin
by the construction of a parametric family of stopping rules and admissible
martingales. For each element of this family, they evaluate the corresponding
value function and optimize it over the parameter values. Then they proceed
by a verification argument. Our methodology relies on a stochastic control
approach which, via a dynamic programming equation, provides a better
understanding of Vi and its optimal strategies.
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We recall here the main idea of the construction of the family of optimal
strategies presented in [42]. Given (&, n) such that —1 < £ < n with n > 0,
they describe three regions S, G and W defined by:

(i) W, called the waiting region, corresponds to the case where X; >
nYY > 0. They set X; to be constant and wait until ¥} reaches the
level % If Y} never reaches the level %, then the optimal stopping
rule 7 will be infinite.

(i) G, the gambling region, corresponds to the case where (Y)Y < X; <
nYY. When Y} reaches the level nX;, then X; instantaneously jumps
to the level £Y}Y. In this case, we notice that the time and the value
of the real asset are fixed so we are only interested in the amplitude of
the jumps of X.

(ili) S corresponds to the set where X; < £Y,Y. In this region, when V¥
reaches the level %, we stop immediately.

We can highlight that the optimal strategies seem to be constructed in two
steps. First, they fix the wealth of the portfolio and wait until the indivis-
ible asset reaches a certain level. From a mathematical point of view, this
corresponds to the optimal stopping problem (2.7). In the second step, they
fix the time and try to optimize the jumps of the wealth portfolio. This last
point seems to be unclear at this moment. We will provide in the sequel an
elaborate answer to this question.

2.3 A lower bound for the value function

This section is dedicated to the use of the dynamic programming prin-
ciple to characterize the value function V as a viscosity supersolution of a
partial differential equation.

2.3.1 Dynamic Programming Principle

We do not know if the admissible martingales that we consider verify the
basic conditions necessary for obtaining a dynamic programming principle.
Let us introduce the following simplified problem:

We consider W a real valued, F-adapted, standard Brownian motion such
that (B,W); = 0. We recall that B is the Brownian motion which drives
the diffusion of YV (see (2.2)). We denote by A*(z,y) a subset of M*(z,y)
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defined by :
s T
At (z,y) ::{X?’t’x =z —I—/ o, dW,, such that VT > 0/ o |2du < o0 a.s.,
t 0
E[ sup |U(X&H* + Ysy)} <ocand Vs>t >0 X*" LYY > 0}.

0<t<s
We want to solve for all (z,y) € D:

VO(z,y):= sup E[UXZM +YY)]. (2.8)

XeAL(z,y)
TET

Remark 2.3. Since At (x,y) C M (x,y), then for all (z,y) in D, we have:
V(z,y) = VO (z,y). (2.9)

Remark 2.4. Bouchard and Touzi in [8] propose a weak dynamic principle
adapted for the achievement of a dynamic programming equation in the
viscosity sense. However this weak framework does not work with cadlag
martingales which belong to M (x,y) and we need to work with A*(z,v).

Thanks to the weak dynamic programming principle for viscosity solutions
obtained in [8], Theorem 4.1, one can prove that

Proposition 2.5. For all (x,y) € D and 0 € T, for any ¢ real valued upper
semicontinuous function such that VO > ¢, we have:

Voa,y) >  sup  E[op(X5"", Y )lo<r + U(XEH +Y¥)1ps,|  (2.10)
X€A¢7(_m,y)
TE

where A?(z,y) ={ X% € At(z,y) : E[p(X;""", Y))] < 00}
Proof. The process X®* is a square integrable continuous stochastic pro-

cess. So by classical results on the stochastic integral it is easy to check that
the assumptions of Theorem 4.1 are verified. O

2.3.2 Dynamic Programming Equation

We do not know if V¥ is regular. Therefore, the appropriate tool to
characterize it as a solution of a partial differential equation is the viscosity
sense. For futher details on viscosity solutions, see [18].

We define the lower semicontinuous hull of V° by :

V2(z,y) = liminf VO(2',y/), V(z,y) €D
y’:z
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Lemma 2.6. Assume that VO is locally bounded, then V2 is a wiscosity
supersolution of

min{ — %QQU(Q)2vyy($a y) — yp(y)vy (2, y); —vee(x,y);v—=U(z+y) }=0 on D

(2.11)

Proof. Take ¢ € C*%(R) and (zg,y0) € D such that min(V? — ¢) = (V? —
®)(x0,y0). After possibly adding a constant to ¢, we can assume without
loss of generality that:

min(V; — ¢) = (V. = é)(z0. y0) = 0.

Let (2, Yn)n>0 be a sequence such that (2, Yn, VO(2n, yn)) — (0, Y0, V2 (20, %0))
as n tends to infinity.

We can see that selling immediately leads to V(x,y) > U(x + y). Indeed

by the continuity of U as a concave function,

VOx,y) = liminf VO(',y/)> liminf U@ +9)=U(z+y).
(@"y") = () (@"y") = ()

Let us define 3, = VO(2n, yn) — ¢(Tn, yn) and (X, Y") = (z, + aW, Y V"),
where « is such that X™ + Y™ > 0, P — a.s. We consider the following
stopping time

O =inf{t >0: (t, X} — zn, Y}’ —yn) € [0,hn) x ar},

where r is a positive given constant, B is the unit ball of R? and
1
hn = 4/ |/8n’]lﬁn7é0 + EﬂﬁnZD'
Firstly, lim 3, = 0. Secondly, thanks to Proposition 2.5 and Ito’s formula:
n—oo
VO(2n,yn) = B + (@, yn) > E[3(X5 , Yg!)]

On,
=¢<xmyn>+E[ o, cenvviuo)

1
+ 5 (V)20 (V) by (X1, V) + 5 ea( X Vi 0 du .

N

This leads to:
[
n 1 1
> | [ (X0 YY)+ 002 (1) (X0, Y1)+ e (X0 V) ).

Since p and o are locally Lipschitz continuous and have linear growth, one
can show the following classical standard estimate for all h > O:

E{ sup V7 — yal?] < CR20 + lyal?).
t<s<t+h
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This leads to (X™,Y") — (zg + aW,Y%) P — p.s . For n sufficiently large
n

and all w € Q, 6,(w) = h,. Moreover by definition of 6,,, the following

quantity

On n nyyn 1 n n 1 n ny .2
o | (X YOV 5o V) (V0 (CL Y 0 (XL V)0 )

is bounded, uniformly in n. Therefore, by the mean value and dominated
convergence theorem,

On
B [ YOO XD YD) + GO0 D00 (X YD) + 0L Y]

1 1
—  —y302(Yo) byy (0, yo) + Yor(yo) by (o, yo) + 5042%1(56‘0, Y0)-

n—oo

The above equation holds for every o > 0. Therefore sending « to the
infinity gives that — ¢z (2o, yo) < 0.
Finally, we have shown that V) is a viscosity supersolution on D of

. 1
wind — 2320 oy — sl —vas : oliny) ~ Ul + ) =,
O

Remark 2.7. We have shown in the previous proof that V. must be concave
in z. So, it remains to clarify the first part of the PDE which involves the
first and second order derivatives in y. However, if the indivisible asset was
constant in time, (2.11) would be equal to:

min{ — Vg ; v(m,y)—U(m+y)}—0.

So under this assumption, the problem we consider may sum up to a classical
optimal investment problem with fixed random maturity.

2.3.3 The supersolution property

We require the following assumption of non degeneracy (see [6], p339 for
more details):

Assumption 2.8.

Vo € RF o%(z) >0 (2.12)
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Let us fix a constant ¢ > 0 and define the scale function S of YV as the
classical solution of

S W)ynly) + 59°0*(0)S" () = 0 (214)
S'(¢) = 1 (2.15)
S(c) =0 (2.16)

Because of Assumption (2.8), S” exists and S is a continuous one-to-one
function from R to dom(S) :=(5(0), S(+00)). We denote by R its contin-
uous inverse. Moreover, if we define the process Z := S(Y'), we have that
Z is a local martingale. Indeed, by Ito’s formula, it verifies the following
stochastic differential equation :

where 6(2) := R(2)S"(R(2))o (R(2)).

Let us assume:
o0
z
/ — dz = o0.
52(z)

Thanks to Carr, Cherny and Urusov in [11], Theorem 1,1, we know that Z
is martingale if and only if Assumption 2.9 holds.

Assumption 2.9.

Remark 2.10. Assumption 2.9 will be important in the construction of the
optimal rules since it gives integrability to the optimal portfolio strategy.
However, we can avoid this assumption in case of seeking a local martingale
instead of a martingale for the optimal strategy.

From now on, we will work with the scale process Z. We have to introduce
D ={(z,2) € Rx dom(S) : x+ R(z) > 0} which is the analogous of D
after the change of variable z = S(y). Let us define for all (x,z) € D:

VO(z,2) =V (2, R(2)),
and V? its associated lower semicontinuous hull on D:

VO(x,2) = lim inf VO, ).

We define:
Uz, 2) :==U (z + R(2)) .

Then, we have the following result:
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Proposition 2.11. Assume that V° is locally bounded, then V? is a viscosity
supersolution of :

min{ —Vpy ; —Ugg 5 U— U}(az, z)=0on D (2.18)

Proof. Since R is a one-to-one, continuous function from D to D, then

VO(x,2) = lim inf VO, 2)
X —x
2>z

= li;pigf %% («/, R(z"))

=70 (z,R(z)).

For any function ¢ in C*2(R) and (xo,0) in D such that mDin(V*O —¢) =
(V2 — ¢)(w0,90) = 0, we have by Lemma 2.6 that:

min{—;ygUZ(yo)%y(xo,yo)—yoﬂ(yo)%(ﬂ?o,yo) i —¢zz(0,90) 5 d(xo0, yo)—U(woero)}Z 0

Define ¢ for all (z,y) in D by ¢(z,y) = ¢(z,S5(y)), then from the above
equation, we get:

min{ﬁf;yy(xo,s(yo)) 5 —Gwz (w0, S(y0)) ; &yy(xoas(yo))U(CCO,S(?JO))}E 0

Take the following change of variable zg = S(yp), we get for all (zg, z9) in D
that min(V,0 — ¢) = (V? — ¢)(xo, 20) = 0 and
D

miﬂ{ — ¢22(20,20) 3 —bua(To,20) 5 P(@0, 20) — U(ﬂ?o,zo)}z 0.

So, V2 is a viscosity supersolution of (2.18). O

What we see in (2.18) is that we are seeking a function concave only in each
variable which dominates U. Such a function can be obtained as a sequence

of concave envelopes : (U,),. Indeed, we define
UO = Uv
Uzn = (Uzpn—1)"",
Uzni1 = (Uzn) .

where U, is the concave hull of Us,_; in its first variable (the smallest
concave function in x that dominates UQn,l) and U2n+1 the concave hull of
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Usy, in the second variable (the smallest concave function in z that dominates
Usn). Since (U,,) is a non decreasing sequence and is bounded from above by
the concave hull of U jointly in (z, z), it admits a limit, denoted U which
is bounded by the same upper bound. Therefore we can define U™ by:

U*® =limU, (2.19)

It yields us that U is the smallest concave function in x and concave in z
which dominates U, that is to say its concave hull in = and in z.

Remark 2.12. We insist on the fact that at each step of concavification
we may lose the previous partial concave property. That is the reason why
we have to construct the candidate function U as the limit of the previous
sequence (Up ).

Remark 2.13. It is well known that the concave envelope of any function
can be given by its Legendre bi-conjugate. For a better understanding of
what it is a concave hull, we recommend the paper of Peskir [72].

From now on, our aim is to prove that V¥ is concave in z, concave in z and
dominates U.

Lemma 2.14. Assume that V° is locally bounded. Then for all (z,y) € D,
we have the following inequality

V(z,y) >V (x,y) > VP (2,50))> U™ (z,S(y)) (2.20)

Proof. We fix zyp € R, and define for all z € dom(S) such that R(z) > —zg
the function g by

9(2) = V. (20, 2)

By Proposition 2.4 in [89], we have that g is a viscosity supersolution of
min{ —9:2(2) ;5 g(z) — U(ﬂso,z)}: 0 for R(z) > —xo (2.21)
Similarly, we fix zg € dom(S), and define for all z > —R(z¢) , the function

h by h(z) := V2(z,2p). Then by Proposition 2.4 in [89], h is a viscosity
supersolution of

min{ — haz(x) 5 h(x) —Ulx, zo)}: 0 for x > —R(z) (2.22)

To conclude, thanks to (2.21) and (2.22) and Lemma 2.2 in [89], we can see
that V0 is concave in z, concave in z and dominates U, so it must be above
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the concave hull in = and in z of U, that is to say by definition of U (see
(2.19)) :
V(z,2) > U®(z,2), (z,2)€D.

Therefore by (2.9), we obtain the following inequality for all (x,y) in D :
V(z,y) > V(w,y) > V. (2,5(y) > U (2, S(y)).
U

Remark 2.15. We have shown that V' is bigger than the concave envelope in
x and in z of U. Let us do a formal argument which avoid any considerations
of measurability or independency and apply the Jensen’s inequality to U:

V(z,y) <  sup  E[U®(Xr, Z,)|< U®(z,S(y)).
XeMt(z,y)
TeT
We can see that if this argument, from a mathematical point of view, was
correct, we will have VO(z,y) = U*(z,S(y)). So our intuition leads us to
prove that indeed this is true.

2.4 An Explicit Solution

In this section, we show that the continuous function U is the value
function V' of the problem (2.3). To do this, we prove that the original struc-
ture of iterate concavifications is directly linked to two different optimization
problems. The resolution of these problems will give us the requested opti-
mizers.

2.4.1 The value function

We have shown in (2.20) that V is greater than U™ if V0 is locally
bounded. One of our main result consists in showing the reverse inequality
and obtain the following explicit solution to the optimization problem (2.3).

Proposition 2.16. Under Assumption 2.8 and 2.9, for all (x,y) in D,
V(z,y) =U>(z,S(y))

In order to prove Proposition 2.16, we are going to use a regularization ar-
gument. Indeed since U is concave in x and z, it is continuous on the
interior of D. But it is not twice differentiable in each variable. Therefore,
we regularize it by some classical convolution argument. Let U™, U, and U,
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be respectively defined for every € €]0, 1] by:

Ufo(l‘aZ)=/DUOO(&C)Pe(Hf—&Z—C)dde, (z,2) € D, (2.23)

O.(2,2) = /D O(€,C)pele — €, — ()dedC, (z,2) € D, (2.24)
Udz) = / U(€)pela — €,0)de, z € R, (2.25)
0
and where for all w in D

pe() = e~2p(ufe) with p(u) = feB;(m)dx exp(—1_1’u|2)1|u|<1 (2.26)

T

where B is the unit ball of R2. We recall that the bump function p, defined
in (2.26) has the following properties:

(i) Jiyj<1 p(u)du = 1.
(ii) pe is C*° and compactly supported.
(iii) lime—g pe(u) = 6(u) where ¢ is the Dirac function.
Lemma 2.17. U>® and U, defined in (2.23) and (2.24) have the following
properties:
(i) lime_o U (z, 2) = U*(x, 2), for all (z,2) € D.
(i) UX € C=(D).
(iii) U is concave in each variable.
() Ue(z,z) = Uc(z + R(z2)), for all (z,2) € D.
(v) U*(z,2) > Ud(x, 2), for all (z,2) € D.

Proof. (i) and (ii) are classical properties of the convolution product. For
(iii), take (x,2') € R? and X € [0, 1), then since U™ is concave in :

0°(\z + (1— N, 2) = /R 0% (M@ + ) + (1 - M@ +6), 2+ O pel€, () dedc

> A/ 0% (24 €24 C) pel€,C) dedc

R2
H1=) [ U%6 6240 pe.) dedd
= AUfo(x, z)+ (1 - )\)Ue"o(zl, 2)

The same argument shows the concavity in z.
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For (iv), by definition of U,

Oz, 2) = /D U, Q)pelr — &,z — )déde
- /D U + RO)pele — €2 — C)déde
= U, (m + R(z))

For (v), we have by construction that U > U and p, is non negative so

U2°(x, 2) — Ul 2) = / (0%~ T) (. Q)pel — & 2 — Q)dgdC > 0

D

O

As mentioned previously, for a power utility function, Hobson and Hender-
son, in [42], have shown that we may have degenerate solutions when the
total wealth is close to 0. An interesting feature of their solution is that the
total optimal wealth process is always stopped before getting closed to zero.
In our general setting, we denote dD :={(z,z) € D : x+ R(z) =0}. Then,
one can show:

Lemma 2.18. For all (x,z) € D, we have :
U®(z,2) = Uz, 2). (2.27)
Proof. For all (z,z) in dD, by definition of U,
Uz, z) = U(0)
and since lim,_,o U’(z) = 400 and R’ is a positive function, then

0,U(x,2) = R(2)U'(0) = +o0, (z,2) € dD.

So U(w, z) is concave in x and z and U = U on dD.

Proof of Proposition 2.16.

Let us show that V(z,y) < U™ (xz,S(y)) for all (z,y) in D.
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Step 1: Take a stopping time 7 in 7 and a martingale X in M= (z,y).
Then by Ito’s formula for jump processes (see Theorem 71 in [77]):

U (Xinry Zine) — U (2, 2) =

tAT 1 1 _
/ e U2 (X, ZWAIX, X[+ L0202 (Xo, 20)6(Zu)du
0

tAT
+ 0,U° (X, Z)5(Zy)dBy + 0,U° (X, Z,,)dXE
0
+ Z UEOO(XU7 Zu) - ero(Xufa Zu) - 8xUé)o(Xufa Zu)AXuy
O<u<tAT

where X ¢ corresponds to the continuous part of X. Since U2 is concave in
x and z, then:

tAT
U (Xinr, Zinr)—U(z,2) < 0, U (X, Z4)6(Zy)dBy+0,U° (X, Z,,)dXE.
0

We introduce an increasing sequence of stopping times (hy,), by
. y 1
hp =infdt >0 : Xono +Y, < — .
n
By the solvency condition,

hoo = mf{t >0 : Xone— + Y2, = 0}

Thanks to the fact that U is non decreasing, then U, is non decreasing.
Therefore by definition of h,,,

U.
/ )ple, 0)ie
U

=<>

Since for fixed n, |[U(2)| < oo, then by (iv) and (v) in Lemma 2.17, the
continuous local martingale

Ue(Xenrnnn +Yirnn,)

v v

Y

—7
3\H
\_/

SN

tATAhp B B
{ / 0.0 (X, Z4)5(Z4)dBy + 0,0 (X, Zu)dxg}
0 t>0
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is bounded from below so it is a supermartingale. Then U™ (Xiarnn, s Zinrnh,, )
is a supermartingale too and

E[UX(Xinrahns Zinrann)] < U (2, 2).

Step 2 : We denote for any function f, (f)” := max(—f,0) and
() := min(=f,0).

Since for all (x,z) in D, U > U, then (U~) >(U) >(U2°) and

SUP(USO)_(XtArAhn, Zinrihn) < SUP(U_)E(XtAr/\hn + Ytsz/\hn)-

€t €t

U~ is non increasing so as in the previous step:

1
(Ui)g <Xt/\7—/\hn + }/%g\T/\hn> < u- <TL) < ©00.

Then for fixed n, by Lemma 2.17, dominated convergence theorem and Fa-
tou’s lemma

]E[UOO(XT/\hn’ Z’T’/\hn)] = E{ lg% Ufo(Xt/\r/\hn, Zt/\T/\hn):|

t—oo

< lilén_}(]]af E [(Ufo) * (XtArAhns Zinenhy )}

t—o00

— lg% E [(ﬁfo)(Xt/\r/\hna Zt/\T/\hn>:|
t—o0

< U™(z, 2).

We next notice that (U “(Xrah, + Yry/\hn))n is an increasing and positive
sequence. So by monotonic convergence theorem and lemma 2.17 :

E | 1 (T%) ™ (X Zoan ) g >T}] _E [ i () (Xonn, + Y2 Ygn >T}]

n

lim E [(U) (Xran, + Yry/\hn)]l{hooZT}:|
limE {(UOO)‘(

v

XT/\hn ) ZT/\hn)]]'{hoo Z"'}:| :
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So, by Fatou’s Lemma for the positive part:
E[UOO (XT7 ZT)] < hmninfE[(Uoo)Jr(XT/\hna Z‘r/\hn)]l{hOOZT}]
- ligln[(Uoo)f(thn, Zrnh) U ho >
< lim inf E[(U) (Xrpn, s Zran )L (oo >r)]
< U™(z, 2).
By the arbitrariness of X € M~ (z,y) and 7 € T, we conclude that :
V(a,y) <U*(z,S(y), (z,y) € D. (2.28)

From now on, we want to to show that V' is locally bounded in order to
apply lemma 2.14 and get the reverse inequality. Indeed, we know that by
optimality V9(z,y) defined in (2.11) is such that for all (z,y) € D

VO(z,y) 2 Ulz +y).
Therefore by (2.9) and (2.28), we have :
U (2, 8(y)= VO(z,y) > Uz +y).

Since U and U are continuous, we get that V0 is locally bounded. So by
lemma 2.14, we get that V(z,y) > U (z,S(y)) on D.
O

2.4.2 An example of portfolio optimization problem

Let us study the following portfolio optimization problem. On a complete
filtered probability space (0, F,F := {Fi}i>0,P), we consider a random
maturity 7, modeled by a F-stopping time which may take infinite values,
and G a real valued function which can be non concave. We want to solve
the following portfolio optimization problem:

jx)= sup E[G(X:)]. (2.29)
XeM(z)

where z € R and M(z) is the set of all martingales with initial value =z,
adapted to F.

We can see that taking the rule which consists in doing nothing leads to :

j(@) > Gla). (2.30)
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We denote by G°"¢ the concave envelope of G. By definition, G*"¢ > G(x),
so by Jensen inequality:
G"(z) > j(x). (2.31)

Clearly if G is concave on R, then G®"¢ = G. So combining (2.30) and
(2.31) gives us that j(z) = G(z) and the optimal strategy X* is X* = x.

We now consider the case where G may be not concave. Let us assume that:

Assumption 2.19. There is a compact subset C C R such that
Vo ¢ C, G"(x) = G(x).
Under this assumption, we can define for all z € R, (a(z),b(z))€ R? by:

a(z) == inf{a, a >z : G"(a) = G(a)}

b(z) :=sup{a, a <z :G"(a) = G(a)}
Roughly speaking a(z) is the first point after  where G “touches” its con-
cave envelope, that is to say G"“(a(x))= G(a(x)) and b(z) is the last point
before z where G is equal to its concave hull (G“"¢(b(z))= G(b(z))). As-
sumption 2.19 means that we get rid off any problems which may occur at
infinity. For instance, if G has a convex behavior at infinity then a(x) would

be infinite. But this kind of problems can not happen under Assumption
2.19 since we are working on a bounded domain. Moreover G is linear

on [b(x),a(x)].
Now we define the pure jump process X* by X; =z for t € [0,7) and:
= a(x), with probability p(z).

T ] b(z), with probability 1 — p(z).
where p(z) is defined by z = p(z)a(x)+(1 — p(z))b(z). We notice that in
particular, E[X*] = . Then by definition of a(z), b(x) and p(x), we can
easily calculate that:

E[G(X7)] = E[G(a(2)) Lx;=a@) + G (0(@) Lxz=pa)]
= G (a(z))p(z) + G (b(z)) (1 — p(z)).
Under Assumption 2.19, the concave envelope is linear on [b(z), a(x)]. Thereby
we get that:
E[G(X])] = G (a())p(z) + G (b(x)) (1 - p(z))
— GCOTLC(IB).

Using (2.31), we get that j(z) = G°"°(x) where the optimal strategy is the
martingale X™* constructed above.
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2.4.3 Construction of the optimal strategies

We make in this section the following assumption :

Assumption 2.20.
3K compact subset of the interior of D : ¥(z,2) ¢ K U™(z,2) = U(z,2).

This is the analogous of Assumption 2.19 for the two dimensional problem.
This ensures that the rules we are looking for are finite as we will see in the
construction below. Moreover, this assumption is consistent with (2.18).

Let us define the sequence of stopping times (7")n>0 by
= inf{t >0: UMz, Zy) = UO(J:,Zt)}.
and fori e {1...n+1}

' =inf{t >0: Utz 7,) = UZ”(x,Zt)}.

7 =inf{t > 7" : g2+ (xn 1,Zt) = g2t (xn Zy)}.

n
Ti i1’

oo =inf{t > 70 UNXD

n
™’

Zy) =U%X}, Zy) }.

Remark 2.21. For each integer n and ¢, we introduce the set

n
Tiz1 Ti—1’

H} ::{z>0 L gAnmHDA (X, 2) s gD (X7 z)}.

By construction of the sequence U™, we can see that outside of H!, the
function U2(—i+1) (Xfin_l, . ) is concave. With this framework 7" could be
understood as the first exit time of H* for the process Z. Roughly speaking,
we stop when U2(n—it+1) (Xfin_l, . ) reaches its concave envelope.

Remark 2.22. By the appendix D of [49] or in the Markovian case in [33],
these sequences of stopping times, for a given wealth process X, are the
optimal rules of a family of optimal stopping problems.

The construction of the optimal strategy is the following and is based on
the construction done in the previous section for the one dimensional case.
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Indeed for given (u,v) € R x RT, let us introduce for all i € {1,...,n}

d(v) := {z € R/(z,v) € D}
ai(u,v) ;= inf{a € d(v), @ > u: U2 (o, 0) = (_]2("_”1)_1(@,1))}.

1

b} (u,v) := sup{a € d(v), a < u: U2 (o, 0) = U2<n_i+1)_1(a,v)}.

)

Thereby, if U2=D)=1( ) is concave at point u, then u = a}(u,v) =
b7 (u, v). Moreover, we know that U2~ 1 ( . v) is linear on [b}(u,v), al(u,v)].

We define the random variable 7" (u, v) and the measurable function p (u,v)

P} (u,v) =P} (u,v) = a (u,v)]= 1 = P[5}’ (u,v) = b} (u, v)].
u = pu, v)a?(u,v)—l—(l — p?(u,v))b;‘(u,v).

Under Assumption 2.20, this is correctly defined since by construction for

alli e {1...n}: |n"(u,v)| < oo and p'(u,v) = #% € [0,1].

We define the pure jump process X" as follows :

XV =z Vt>0.
n—1

Xit = Tlyepo,rpy + Z n?(XZn_l, Zrﬁ)]lte[Tf,TyH) + UZ(X%;A’ Zrp ) Liern o0)-
i=1

Remark 2.23. We have chosen at the beginning an unspecified filtration
which contains at least the natural filtration of the Brownian motion B
and the filtration generated by the sequence (7;*). We can see clearly that
the process Xj' is Fi-adapted. At time 77', since  is a constant and Zp
is Frn-adapted, we have that Xfln is Frp-adapted. So by induction, each
jump occurring at 7;* depends on the values of the process X ) which is

Frn -adapted and Yrn which is Frrn-adapted. So, X[ is FT;—aaépted.

Lemma 2.24. Under Assumptions 2.9 and 2.20, for all n € N, the process
X™ is a pure jump martingale.

Proof. 1f p{(x, Zrp) = 0 then b} (v, Zp) = z and EHX%”H < 0.
If pY (=, Z7p) €]0,1], then

1
Y (z, Zzp)| < D, Zon) [z + (1 = p} (x, Zr))|bY (2, Zen)|].
) 7_1
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Moreover by construction, |b(z, Z-)| < |max(Zmn,z)| and thanks to As-
sumption 2.9, we have that

E[lby (2, Zrp)[ + lai (z, Zzp) ] < 00

So, we get that IEHX%1 ] < 0.

Thanks to Assumption 2.20, by an easy induction, we can see that for i €

{1,...,n}:
E[|X7n[] < oo. (2.32)

Moreover, for all i € {1,...,n}:
— Take t €]7*, 7] [, then E[X}'|F ] = X .

— Take t = 7, then

E[XPIF ] = (X2 Zon)| 7]
= a}( n_[l’ ZTZL)E[]IW?:‘I? | Fi—]

7-’L

O (X | Ze)E[L = Lypear | Fi]
=X,

= X7

Since Z is a continuous process, the quadratic covariation between Z and
the pure jump process X" is such that [ X", Z] = 0. O

The intuition behind this construction is that our mix-investment sell
problem can be splitted into two optimization problems. At each stopping

time 7,
with constant wealth X E

second derivative in x is equal to 0. Similarly, each concavification in z

we have to solve an optimal stopping problem in infinite horizon
”1_ so the value function is concave in z and its
corresponds to an optimal investment problem with given random maturity
and non concave utility function. The wealth strategy jumps randomly from
its actual position to two possible values, while the asset price remains con-
stant. This construction is consistant with the partial differential equation
(2.18) obtained in the continuous case.

2.4.4 The -Optimal Strategies

The following results are crucial to solve our main problem. The first
one concerns the optimization of the optimal portfolio, that is to say the



2.4. AN EXPLICIT SOLUTION 95

construction of the optimal strategy. The second one is related to the opti-
mal stopping theory.

Lemma 2.25. Under Assumptions 2.9 and 2.20, for alli € {1...n+ 1},

E 172(n7i+1)*1()(:_Ln7 Z’rf):| -F |:02(ni+1) (anil, ZTZn):| (233)
_ rr2(n—i+1)+1 n
=K [U (DA (XT, ZT;I)] : (2.34)

Proof. We first prove (2.33). By definition of X together with the tower
property of conditional expectation, we have:

E UQ(n7i+1)*1(XﬂT_z‘n’ Z’Tln):| —F UQ(nf’L'+1)*1 (an(Xn ZTin)7 ZT?)E[]]-n?:a?|X%fila ZTZ’L]

n
AT

+ [2(n—i+1)—-1 (b?<X¢",1’ Zq-l_n)7 ZTZL)E []lnzrb:b;l ’X;}'n;l, Zq—ln]:|

=E |0 (an(X” Zn")» ZTZL)p?(Xn Z‘rin)

n n
? i1’ Ti—1’

i Uz(nfz‘Jrl)fl(b?(Xfﬂl, Zyn), Zrp ) (1 = PP X T ZT;))} .

By definition of the random variables b]' (X s Zrn) and aff (X s Zmn)

E UQ(n—i+1)—1(X;LTL’ZT?):| = E[U2(n—i+1) (an( fn_l,ZT;),ZT;l)p?(X” Zon)

n
) Ti—l’

rr2(n—i+1 n n n n
+U (it )(bz (XTZ.[17 ZTZ-”)a Zrl”) (1 —D; (XTZLIJ ZTZ")):| :

By linearity of U2+ (| Zmn) on [b (X

%1_1, Zrn), a”(X%n_l, ZTin)] (Lemma
2.18), we conclude that

E UQ(n—i—l—l)—l(X:_zn’ ngl)] — E[U2(n—z‘+1)(an_l, Zfin)}

This ends the proof of (2.33).

U2n—iti)+1 (Xf_nil,z) is linear for z in H (see remark 2.21). By Doob’s
optional sampling theorem applied to the continuous local martingale Z, we

Let us now prove (2.34). By construction, X7, | is Frp -measurable and



56 CHAPTER 2. LIQUIDATION OF AN ASSET

get for ¢ > s > 7' | that:

n
Ti—1’

E [72(n7i+1)+1(Xn Zt/\frf)|-7:s/\7'f_l] — [72(n—it1)+1 X;“‘an,IE[Zt/\T;L|J-"S/\T;_I])

= UQ(n—i+1)+1 <X%L—1’ Zs/\’ri”1> .
and

E[U2(n_i+1)+1(Xnn_l,Zt/\ri")]:E[U2(n_i+1)+1(Xn Zopen )] (2:35)

Ti Ty
We now need a dominated convergence argument:
lim UQ(nfi+1)+1 (Xn Zt/\Ti”): U2(n7i+1)+1 (XRTL , Z'rzn)

n
oo Ti—1’ Tic1

|U2(n7i+1)+1 (er_L

n
! I
i—1

Zt/\ﬁ'n)’ < sup ’UOO(Xfﬁl,Zt/\T?)‘.

27y

By definition of 7%, for all ¢ > 7" |, we have that :

U2(n—i+1)+1(Xnn_17 Zipen)> U(XJn  Zyngr)

n
T Ti—1’

then by Assumption 2.20, (X%l_l’Zt/\T?)e K for all t > 7' ;. We recall
that K is a compact set of R?. Since U™ is a continuous function, then
it is bounded on K. Therefore we can find a constant C' > 0 such that
Vt>Tl o |U°°(Xfin71,ZtATg)| < C and

IE[ sup WOO(X%",NZMTZL)H< 00.

27

The same result can be obtained with the right side of equation (2.35). So
by the dominated convergence theorem,

n
Tz'fl, i—

E |:U2(n—i+1)+l (XTL ZT"):| —F I:U2(n—i+1)+1 <Xnn T ):| )
i Tiz1 i1

and by definition of 7;*:

E [Uz(n_z‘+1)+1 (Xff_l : fol)] E [Uz(n—i+1)+1 (Xﬁin_1 , Zfin)}

E [[72(ni+1) (Xf[il’ ZT;)} _

Our main result is the following theorem.
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Theorem 2.26. Under Assumptions 2.9 and 2.20, for all (x,y) in D and
for all e > 0, there exists n € N such that

e+E [UO (XPn ZT;LLH)] > U (z,S(y)), (2.36)
where (X", 1], 1) € ML (z,y) x T are e-optimal strategies. Moreover,
n—oo

0% (2, S(y)) = lim IE[UO( +l,zTgH)]. (2.37)

Suppose that p is non positive on R}, then
V(z,y) =U(z+y) (2.38)
Proof. Let us take (z,z) € D, then we always have:
U™ (z,2) = T,z U2n+1( z)

E

—I—ZE

0
+E|:U ( TH7ZT£L+1):|'

2n- H_l) T" ’ZTT") - UZ(n_i+1)_l(X?ﬂa Z‘I‘Zn):|

{
o

2(n—i+1)—1 Xn ZTn)_UQ(n—i+1) (Xn Zon ):|
i T

By construction 7., > 77, so we have that an+1 = X7». Thanks to
Lemma 2.25, this yields

Uvoo(x7 Z) = UOO(x’ Z) _ ﬁ2n+1(x, Z) +E {UO(X%L+1, ZTZ+1):| .
By definition of U, we have for all (z,y) € D

U (z,5(y))= lim E[UO( +1’Z73+1)]: V(z,y).

n—oo

For all € > 0 we can find n > 0 such that U® — U?"t! < ¢ gince U™ =
lim,, U™. This leads to:

vV
i
8
&
N
S
<
=
>

70
e+E |:U (X%LH ’ ZT:LL-FI ):|

An easy case that we have to take into account appears when the utility
function U is concave in both variables. This situation is directly linked
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with the dynamics of the indivisible asset. Indeed suppose that the drift u
is non positive. We define YV by

7=yt /Ot Vo (V)dB,.
Then by a comparison theorem, we have that:
P[YY >V}, vt >0]=1.
So we get:

V(z,y)= sup E[U(X;+Y})]
XEMJ:ZEJJ,y)
TE

< sup  E[U(X;+YY))
XeMt(z,y)
TeT

By Jensen’s inequality,

V(z,y) < sup  E[U(X, + YY)
XEMJ:ZEx,y)
TE

<U(z+y).

Since by optimality, V' is always greater than U, we have for all (z,y) in D
that V(z,y) = U(z +y).

O

Remark 2.27. As in Henderson and Hobson ([42]), we can see that some-
times we can not take advantage of the real asset and the best strategy
consists in doing nothing and sells the real asset at time 0. This is the case
for instance when p is negative and U = U. One can decide to keep the
wealth of its portfolio constant and wait for an optimal time to sell the real
asset. In this case, U>® = U'. However, most of the time, we have to do
a dynamic management of the wealth portfolio to increase the total wealth
as it is shown in Theorem 2.26 and take advantage to the sell of the real
indivisible asset.

Unfortunately, we were not able to obtain any convergence property for the

sequence of stopping times (77*),. The following result is a direct conse-

7
quence of Theorem 2.26 and turns out to cover the power utility case of
Hobson and Henderson as we will see in the next section. So an alternative

way is to assume the following condition:
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Assumption 2.28.
AN > 0 such thatVn > N: U® =U"

In this case, we have the following Corollary of Theorem 2.26.

Corollary 2.29. Under the Assumptions 2.9, 2.20 and 2.28, for all (x,y)
mn D,
V(z,y) =0 (z,8@)=E|UXY +Y% )|

N+1 TN+1

with the optimal stopping rules (XN, T]]\\,[+1) e Mt (z,y) x T

Proof. The proof is trivial since we assume that U™ is attained in a finite

number of iterations (Assumption 2.28).

O]

2.5 An explicit solution with a power utility func-
tion

Let us consider a concave power utility function, that is to say, U is
defined for all positive x by

Ulz)="——— with p>0, p#1.

Suppose that Y is a geometric Brownian motion, such that:
dY; = Y;(pdt + odWy).

Our goal in this section is to calculate explicitly the function U for the
function U as it is defined previously. To achieve it, let us introduce the

following notation:
_ 2
=5

The scale function S of Y is given from affine transformation by
Sly) =y' 7. (2.39)
Let 7, be the unique solution for 0 <y < p A1 of U(v) = 0 where

U(y):=@—-—7)PA+p—7)—1—=7)2p—)". (2.40)
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We introduce the following positive parameters & and &y defined by

_pF1l=71 &
& =( T ) T g (2.41)
&1
fo=—"7—. (2.42)
(pﬂ?)”—&

Proposition 2.30. (i) If 1 > p >0 and for (xz,y) in D:
Fory <0, V(z,y) =U(z +y)
For 0 <y <7, V(z,y) = Ul(x»yl_v)-
For v, <y <p, V(z,y) =U*(z,y*7).
Forp<~ <1, V(z,y) = 0.
(ii) If y > p>1 and (z,y) in D, V(z,y) = U'(z,y' 7).
(iii) If p > 1>~ and (x,y) in D :
For 0 <y <7, V(z,y) = Ul(%yl_v)-
For v, <y <p, V(z,y) = U*(z,y*7).

Remark 2.31. These results agree with those obtained by Hobson and
Henderson in [42].

Remark 2.32. In this case, the process Z obtained by applying the scale
function is a martingale since it verifies

dZt = (1 - "}’)O'thBt.
and [*1 = o0. So (2.9) holds.

Proof. Step 1 : The easy cases

When v < 0, the first assertion is easily obtained after differentiation. In-
deed:

2v—1
z2 1=

(1—9)?

Then for all (z,2) € D, we get :

0,.U(x,2) = (x + zﬁ)_p_1 yx + (v — p)zﬁ . (2.43)

0..U(z,2) < —p——s
(@2) .

So U®(x,z) = U(x,z) and V(z,y) = U(x + y).
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When1>~v>p:

_ — 2y—1
0..U(x,z) ~ S S (x + zﬁ)_p_l. (2.44)

oo (1—7)?

(2.44) implies that 9,,U(z,00) > 0. Since U is non decreasing in y, then

U is strictly convex in z on the whole interval D. Its concave hull is thus
infinite.

Step 2 : Construction of U!
— Case where 1 > p >~ > 0:

If x < 0, then by (2.43), U(x, .) is concave. So V = U.

If z > 0 then by (2.44), we get that 9.,U(x,00) < 0, so U(x, .) admits
an inflexion point and its concave hull U'(z, .) will be linear until this
point. For a given x, we are from now on looking for a point zg such

that :
xlP

L—p
and a line which joins the point (0,U(x,0)) to (z0,U(x,20)) with a
slope equal to 0,U(x, z9). This can be summarized in the following

+ 0. U(z, 20)z0 = U(x, 20). (2.45)

problem :
1

=
0

We denote £ as : £ = and we define the function © by

(1+9"

O =1+ 1=~

[(v = p)§ = (1= 7)]
Then looking for a point 4y remains to solve the following equation:
O =0. (2.46)

After calculus, we can see that for p > v > 0, there is a unique solution
&o to (2.46) on |0, oo] such that :

&0 > p%fy. (2.47)

If v = p, the unique solution of (2.46) is 0 and 9,U(z,0) = ﬁ gives
us that Ul(z,2) = ﬁl:; + lfp.

So for 1 > p >~ > 0, we can summarize the construction of U! by:

For all (z,2) € D
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(i) Suppose v =p. If 2 > 0,

Then if z <0,
UNx,2) =Ul(z, 2).

(ii) Suppose p >~ > 0. If zﬁ < &ox

_ xl_p é'g

— Case where v > p > 1:

We remind that

2vy—1
z 1=

0::U(x,2) = 2($+Zﬁ)_p‘1 o+ (v —p)2T |

(1=7)
Then for > 0, 9,.U(z, z) > 0. Moreover U(x,z) < U(z,0) = 0. So
for all (z,2) in D, U'(z,2) = 0.

Let us now consider the case where x < 0. Then, we have
0..U(z,2z) ~  plz|*=7 >0.

~ z——|x|t—Y
and 0..U(x,z) ~ ~yx <0
z—0
<0
In this case, there is an inflexion point. So, as it has been done previ-
ously we are looking for a point z, such that the concave hull U!(z,.)
is linear on [\x]k”,z*] with a slope equal to U, (iL',Z*) So, we are

seeking a solution to this equation:

U(z,0) + 2.U. (2, 2:)= Uz, z). (2.48)

1
We denote & = % and (2.48) becomes :

1—7 1—p°
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then &, = j{—:l is the unique solution of (2.49).

=

So for v > p > 1 and (z,z) € D, we have that :

If v >0, Ul(z,2) = 0.
If x < 0, then:

(i) For |o| < 2™ < X=1a] -
UYz,2) = Uz, 2).

(ii) For 2T > %\x! :

—1 =)y —pr
Viwz) = (p—1)P

|x|7P2.

We notice that for 4 > p > 1, the function U'(z, 2) is concave in = and
concave in z. So U®(z,2) = Ul(z, 2).

Step 3 : Construction of U?

Coqsider from now on the second derivative in = of U' for p > v > 0
and y1-v < &x.

- - F1-9NC@ =) oy 51 -
DpaUN(,y) = —pa P71 1_(p & y(1+ &) 7P|,
( ) p(l _ 7) 0 ( )
We denote for £ in [0, &), the function A(§) = 1—%5&51_7(1—#
&) "P. We are seeking a solution & to the equation

A() = 0. (2.50)

The function A is non increasing with A(0) = 1. So, we have to discuss

wether A(&p) is positive or not. To achieve it, let us introduce the function
A defined by

A:Rf - RS (2.51)

(p+1-7)(p—-")

r—1-—
p(1—7)

z(1+x)7P. (2.52)

This is clearly a non increasing continuous and one-to-one function on R} .
And we can see that seeking the sign of A(§y) remains to check the sign of
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A(z) under the condition ©(z) = 0. So let us consider now the following
non linear system of equations :

A(z) =0 2.53)
O(z) = 0. (2.54)
This is equivalent to:
e
(1+&) " = T1p—~
-p
1+ 21— g - (- )0,

We can see after calculus that the solution of (2.53) and (2.54) is z = ;£

Moreover, for a fixed p, we have
G(y) =0 < there is a unique solution to (2.53) and (2.54).

Since GG is a non decreasing continuous and one-to-one function, its admits
a unique solution v*. Moreover, we have that G is negative on v < v* and
positive on v > ~4*. This results gives us that :

For v > ~v*, G positive implies A(z) negative. It means that A(&) is nega-
tive, so U' is not concave in its first variable and admits an inflexion point
to be determined.

For v < ~*, G negative implies A(x) positive. It means that A(&) is posi-
tive, so U is concave in its first variable.

More precisely for (z,2) € D:
— If v < 7, then U is concave in z and in z and U? = U!.
— If p > v > 74, then there exists £ such that :

1

I_ r T . . . r 7 7
For z > Z€17 , Ul is concave in z and in z and U? = UL
1 1
I— 1— e . .
For 3607 > > 2 57 , U' is not concave in = and we have to seek a
1

- 1
straight line which joints the points (ng ,z) and (ZZW ,z).

1
I— T . . . T 7
For z < Zgow , Ul is concave in z and in z and U? = U°.

. 1
So, we have to look for a line passing by (%, z) and (ZZ7 ,z) such that
U? is continuous and continuously differentiable at these points. So, we must
find & and &; such that :
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1 1

For 222 > g > 2.7
&1 o

, then :

Y B 2T & x_ﬁ%? o1 —p gfjﬂrzklﬂp—wﬂ—v)
o) = (e | (e )00 ()

and by continuity of the first derivatives :

0,0" <Z;,z>: 6x00<z;,z>: 00 (z2).  (255)
with
— ﬁ = 1-—
axUl(%a z)= Zl‘”ﬁfzrz,y (2.56)
3x00(z;;7aZ)==213:€§(1%-£o)‘p (2.57)
0,02 _ e §oé1 | p—1 1 1=p -1 2p—7)1—7) '
R el LN B e e )
(2.58)
So, associating (2.55), (2.56) and (2.57), we get
_pt1—7\1 &
&—(1_7)1+®. (2.59)
Combining (2.55), (2.56) and (2.58), we obtain
S — (PTG
&1 = (1_]9)(])—’7) (p+1 7) (p ’Y)( 11—~ ) . (260)

Finally, (2.60) and (2.59) give us &p.

To summarize, for all (x,2) € D, U? is equal to :

(i) For 0 < v < ~*, U%(z,2) = Ul(z, 2) and the optimal strategy is given
by & given in (2.46).

1
z1=7

.. *
(ii) For p >~y >~* and = > &

+ ix%pz(l + &)

UQ(I,Z):lip 1—~
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1 1

and for 2 < g < 227
o &

, then

<211” ) x>£f1( BT }

£o p—7)p+1-7)

1
for z < 21&;7 , then

and the optimal strategies are given by (2.60). Moreover, the function U2
is concave in x and in y. By Proposition (2.26), U® = U?2.
O

2.6 Conclusion

The results obtained so far are consistent with those of Henderson and
Hobson in [42]. But we provide a more general framework which gives a bet-
ter understanding of the problem. We do not deal with correlated processes
or with interest rate. Indeed, this additional parameters would have com-
pletely change our framework, in particular in the concave structure that we
highlighted.



Chapter 3

Constrained Second Order
Backward SDEs

3.1 Introduction

Second order BSDEs were introduced by Cheredito, Soner, Touzi and
Victoir in [13]. In a Markovian framework, they show that there exists a
connection between 2BSDEs and fully nonlinear PDEs while standard BS-
DEs induce quasi-linear PDEs. However, except in the case where the PDEs
admits sufficiently regular solutions, they do not provide a general existence
result. In [24], Denis and Martini generalized the uncertain volatility model
introduced in [1] or [59] to a family of martingale measures thanks to the
quasi-sure analysis. The uncertain volatility model is directly linked to the
Black-Scholes-Barrenblat equation which is fully nonlinear. This problem
is strongly linked to the problem of G-integration theory studied mainly by
Peng (see [68], [67]) for the definition of the main properties. Denis, Hu
and Peng in [23] established connections between [68] and [24] while Soner,
Touzi and Zhang in [83] provide a martingale representation theorem for
the G-martingale which corresponds to a hedging strategy in the uncer-
tain volatility model. Inspired by this quasi-sure framework, Soner, Touzi
and Zhang study in [85] the second order stochastic target problem whose
solution solves a 2BSDE and prove existence and uniqueness for general
2BSDEs in [86] with an undominated family of mutually singular martin-
gale measures. Recently, Possamai and Zhou extend their results for a one
dimensional 2BSDE with bounded terminal condition and continuous gen-
erator with quadratic growth in the z variable (see Possamai [75], Possamai
and Zhou [76]). This result allow to solve second order reflected BSDEs and
utility maximization problem under volatility uncertainty as we can see in

67
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Matoussi, Possamai and Zhou [62, 61].

Constrained BSDEs were motivated by the work of Cvitanic and Karatzas

in [20] which established the link between hedging a claim with constraints
on the portfolio and solving a standard BSDE. More generally, Cvitanic,
Karatzas and Soner provide in [21] a stochastic control approach to solve
BSDEs with convex constraints on the gain process and obtain an inter-
esting stochastic representation theorem. We can also mention papers of
Buckdahn and Hu in [9] and [10]. In this last paper, they study the problem
of hedging American claims with constrained portfolio by using one dimen-
sional constrained BSDEs driven by both a Brownian motion and a Poisson
process, with a lower barrier and a penalization method. However, they
do not provide a stochastic representation theorem for the solution. Peng
in [67] proposes limit theorem for monotonic sequences of standard BSDEs
and provides the existence of a minimal solution to BSDEs whose constraint
involves both Y and Z.
Our approach follows that of Soner, Touzi and Zhang in [85] and [86] and is
inspired by [21]. Firstly, we have been interested in generalizing the results of
[21] to the case of a non-convex generator thanks to the strong convergence
in the gain process proved by Peng in [67]. Thus, we provide the existence
of a minimal solution for a general first order constrained problem as well
as its corresponding stochastic representation theorem. Secondly, we extend
these results to the case of a 2BSDE with convex constraints on Z. Indeed,
under classical assumptions, we have proved the existence and a stochastic
representation theorem for the minimal solution of a constained 2BSDE.

3.2 The setup

3.2.1 The local martingale measure

Let :{w € C’([O, 1],Rd): wy = O} be the canonical space, B the canon-

ical process, Py the Wiener measure, F := {F; }o<¢<1 the filtration generated
by B and the right limit of F, F* := {F," }o<i<1.
A probability measure P is a local martingale measure if the canonical pro-
cess B is a local martingale under P. By Follmer [38], there exists an F-
progressively measurable process, denoted by fg Bsd By, which coincides with
the Ito integral P—a.s. for all local martingale measures P. This provides a
pathwise definition of

, o1
(B); := BB, — 2 [} BsdB, and a; = lim g(<B>t —(B)i—c)
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where ’ denotes the transposition, and lim is taken componentwise and point-
wise in w. Clearly, (B) coincides with the P—quadratic variation of B, P—
a.s. for all local martingale measures P. Let Py denotes the set of all local
martingale measures P such that

(B); is absolutely continuous in ¢ and a takes values in Sd>0, P—a.s. (3.1)

where Sd>0 denotes the set of all d x d real valued definite positive matrices.
For any P € Pyy, it follows from the Levy characterization that the It
stochastic integral under P

t
wr ::/ a;1/%dBs, t €[0,1], P—a.s. (3.2)
0

defines a P-Brownian motion. We concentrate on the subclass Pg C Pw
collecting all the probability measures which are such that

P :=Pyo (X¥) ! where X2 := fot a;/deS, t € [0,1], Pp-a.s.

and « is an F—progressively measurable process, valued in Sd>0 with
1
/ laslds < oo, Py — a.s.
0

_ ——P
We denote by F (resp. FW® ) the P—augmentation of the right-limit
filtration generated by B (resp. by WF). We recall from [84] that

_ . —P _
Ps={PecPy:FWV =F} (3.3)
Furthermore,

every P € Pg satisfies the Blumenthal zero-one law (3.4)

and the martingale representation property.

Remark 3.1. For different P; and Py in Py, P; and Py are usually mutually
singular. Indeed take Py := Py o (v/2B)~! and ; := {(B); = (1 + 1)t} for
i =0,1,2. Then we can see easily that P(Q0) = P1(Q1) = Po[(B:) =t] =1
while Po(21) =P1(Q0) = 0. So, Py and P; are mutually singular.

Remark 3.2. Because of (3.3), there exists an F-progressively measurable
mapping (3, such that B = 3,(X%), Py — a.s.

Moreover since by construction the P*-distribution of B is equal to the Py-
distribution of X, d(X*); = ay(B)dt = oy o f(X)dt,Pp-a.s. So, a(B) =
ao (YB), P*as.
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Remark 3.3. By Lemma 2.4 of [84], we recall that for any P in P° and any
Fp—progressively measurable process X, there exists a unique F-progressively
measurable process X such that

X=X, dt xdP — a.s.

Moreover if X is cadlag, we can choose X to be cadlag too, P-a.s. In the
sequel, we will only consider processes in their F-modification.

Finally, we say that X = X, P—a.s., if they are equal dt ® dP — a.s..

3.2.2 General Definitions
Let us introduce the following spaces. For any P € Pg and Euclidean space
E, we define :

(1) L?(P, E) the space of all F; measurable random variables ¢ valued in F
such that E[|¢]?] < oo.

(2) H?(P, E) the space of all F*—progressively measurable processes Z val-
ued in E such that EP[f01 | Z;|2dt] < oo.

(3) S?(P, E) the space of all F*—progressively measurable processes Y val-

ued in E which have cadlag paths, P-a.s. such that EF [ sup |Y}|2] < 00.
0<t<1

(4) D*(P, E) is a subset of S?(P, E) whose elements have continuous paths.

(5) A2%(P, E) is a subset of S%(P, E) whose elements, K, have non decreasing
paths with Ko = 0, P-a.s.

We denote by H a nonlinear generator defined by:
Hi(w,y,2,7) : [0,1] x @ x Rx RY x Dy — R. (3.5)

where Dy € R%9 is a given subset containing 0. The corresponding conju-
gate of H with respect to v taking values in R U {oco} is given by:

1
Ft(w7y727a) ‘= sup {(I Y= Ht(wvyvzvfy)}7 ac Sd>o
vYEDH 2
We define:
Ft(yvz) = Ft(W,y,Z,dt). (36)

Here : denotes the trace of the product matrice. We denote by Dp, (. .) the
domain of F' in a for fixed (¢,w,y,2). That is to say for all a € Dp,(, .):
Ft(wa Y, %, CL) < 0.
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Example 3.4. A famous example of nonlinearity is the the generator defined
by Hi(w,y,z,7) := sup %a : v. Such a generator is directly linked to

a€la,al
the notion of volatility uncertainty studied in [24] and the G-expectation

introduced by Peng in [68]. As an example, we notice that in our framework
F =0 when a € [a,a] and co otherwise. So Dp, (.. = [a,a.

Example 3.5. The problem of Hedging under gamma constraints has been
studied mainly in [81] and has a generator H;(w,y, z,7) := %027 for v €
[[,T] and oo otherwise with I' < 0 < T. Here, Fy(w,y,z,a) = 3[[(a—1)* —
L(a—1)"] and Dy R.

Y2) T

We consider a nonempty, closed, convex set C' C R? which contains 0. We
denote by ¢ its support function:

5(y) :==supyz, y € RY (3.7)
zeC

It is finite on its effective domain:
C:={yeR?:j(y) < oo} (3.8)

Naturally ¢ is continuous on C' if, Theorem 10.2 p84 in [78], C is locally
simplicial. Moreover, we recall the following characterization of the closed
convex set C' (see [78], Theorem 13.1):

2€C = 6(zx)—x2>0, Ve eC. (3.9)

For all processes v : 2 x [0, 1] — C, we define the space D by:

D:=|J D, (3.10)
n=1

with D,, :={F — progressively measurable v : |v(t,w)| < n, for a.e. (t,w) €
[0,1] x Q}. For all (¢, s) € [0,1]?, we denote by Dis 4 the restriction of D to
[s,t] x Q.

For all v € D and P € Pg, we can define the P-local martingale:
P t 1 t
Zy " = exp{ —/ vea; 2dB, — 2/ vs|?ds} P —a.s. (3.11)
0 0

Since every v € D is bounded, Z¥¥ is a P-martingale and thus defines a
P-equivalent probability measure denoted P":

For all A € Fi: PY(A) := EF[Z]"14]. (3.12)
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By the Girsanov theorem, the process:
} t
wh = WE”+/ vudu, 0 <t < 1. (3.13)
0

is a PV-Brownian motion where W¥ defined in (3.2) is a P-Brownian motion.
That is to say that for any P € Pg and v € D, the process B defined by:

¢
BY = B, +/ veal?du, 0<t<1, P—a.s. (3.14)
0
is a local martingale under the equivalent probability measure P”.

We define a new set of measures :

Definition 3.6. Let Py denote the collection of all P € Pg such that
ap < a < ap, dt x dP—a.s. for some ap,ap € Sd>o

and

EP[/: Ft(o,o)\th] < 0. (3.15)

Notice that the bounds ap and @p are not uniform in P. They are here to
ensure regularity in w to the solution of the 2BSDE. We do not need them
if the nonlinearity and the terminal data are bounded.

As in [84], we introduce the following definition:

Definition 3.7. We say that a property holds Pg—quasi-surely (Pg—q.s
for short) if it holds P—a.s. for all P € Pp.

Notice that this definition is different from that of Denis and Martini in [24],
where a property holds quasi-surely if it holds outside a set of capacity zero
(polar set).

In the sequel, we will always assume that the nonlinearity verifies:

Assumption 3.8. Py is not empty, and the domain Drp,,.) = D, is
independent of (w,vy,z). Moreover, in Dp,, F is F-progressively measurable,
uniformly continuous in w under the uniform convergence norm, and there
s a constant p > 0 such that:

Ey(y,2) — FByy, 2)| < u(\y — | +a,")z - \) Pu—qs  (3.16)

for all t € [0,1], (y,v') € R? and (z,2') € (RY)2.
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Remark 3.9. One could have put assumptions on H instead of F'. But if
H plays an important role in the case of fully nonlinear PDEs, F' remains
the main tools to study the 2BSDEs, as we can see in [86]. However, one
can see that assuming that H is Lipschitz continuous in (y, z), uniformly
continuous in w under the L°°-norm and upper semicontinuous in ~ leads to
Assumption 3.8.

In a quasi-sure context, we are interested in the following spaces for any
Euclidian space E:

Ly (E) = () L*(P,E), Hy(E):= (| H*P,E),
PePy PePy
SH(E) = ) S*(P,E).
PePy

3.2.3 Regular conditional probability distributions

To established a dynamic programming principle, we need regular condi-
tional probability distributions which allow to define the candidate solution
on () without exception of any zero measure set. This notion was introduced
by Stroock and Varadhan in [87].

Definition 3.10. For any probability measure P, F-stopping time 7 and
w € Q, there exists an r.c.p.d P¥ such that:

(i) For each w € , P[] is a probability measure on (2, F1).
(ii) For each A € Fi, the mapping w — P¥[A] is Fr-measurable.

(iii) For any bounded Fi-measurable random variable &,
E*7 (¢) = E¥[¢ | ](w), P — a.s. (3.17)
Moreover, for any w € £ and probability measure P, we have:
P¢w' € Q:ws —w, 0<s< T(w)]=1, P—a.s.

Let us define for 0 < t < 1, the shifted canonical set Q¢ ::{w e C([t,1]) :
w(t) = 0}, B! the shifted canonical process on Qf, P} the shifted Wiener
measure and F? the shifted filtration generated by Bf. We denote par w! € Q
the shifted path which is defined for every 0 < s <t <1 and w € Q° by:

wh = Wiy — wy, Yu € [0,1 -1

We next define for 0 < s <t <1, wl e Q% and w? € ¢, the concatenation
path w! ®; w? € Q° by:

(W' @ w?)(u) = W}L]lue[s,t)ﬁL(th +wg)]lu€[t,1}v u € [s,1] (3.18)
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and for any F§-measurable random variable £ on QF, the shifted F}-measurable
random variable &4« € QF :

M9 (W) = &(w1 ®¢ wo)

This definition can be extended for the definition of Ff-measurable processes
which will be denoted {X5*,u € [t,1]}.

We denote by P™* the rcpd of P, that is to say the probability induced by
P¥ such that the P™-distribution of B™“) is equal to the P¥-distribution of
{Bi — Br(w),t € [T(w),1]}. By the definition of P% (see (3.17)), we get the
following equality for every bounded and Fj-measurable random variable ¢:

E??[] = E¥[e7] = EF[¢ | F)(w), P - aus. (3.19)

Remark 3.11. We notice that roughly speaking the r.c.p.d enables to
“transform” conditional expectations defined P almost surely into expec-
tations by working on a shifted space. One can think of the increments of
a Brownian motion which are independent from the past as the basic idea
of the introduction of this shifted space. The advantage of such a transfor-
mation is to define objects for every w € €} and not only in the almost sure
sense.

We can now rewrite our problem in the shifted canonical space. Let us
define for all ¢ € [0,1], the set fg of all martingale measures P4 where o
is an F’-measurable process such that ftl | |du < oo, Py — a.s. Moreover,
we denote by a' the quadratic covariation of the shifted canonical process
B! and define:

F;’w((:)7 Y, Z) = FS (U.) ®t &}7 Y, z, d?w(d}))

for all s € [t,1], (w,®) € 2xQf and (y, z) € RxRY. We know by Assumption
3.8 that F' is uniformly continuous in w. However since in general at* does
not verify this property, we can not say at this moment that Ftw ig uniformly
continuous in w.

Remark 3.12. For any w € Q, P € Pg and F-stopping time 7, by Lemma
4.1 in [85] we recall that:

AT (@) = a”W(@), ds x dP™ — a.e., for (s,@) € [r(w),1] x Q7). (3.20)

S

where @™ corresponds to the shifted version of @ on Q = QY and a7 is the
density process on the shifted space Q7).
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Plugging (3.20) in the definition of F** leads to the following equivalent
definition :

FH(@,y,2) = Fy(w @ @,y, 2,04(®)) ds x dP"* — a.s. (3.21)

This equivalent definition involves af, which does not depend on w, instead
of a"*. Therefore Assumption 3.8 implies that Ftw ig uniformly continuous
in w. So for any (w,w’) € Q?, & € Qf, s € [t,1] and (y,2) € R x R%, we can
find a modulus of continuity p such that

|EH(@,y, 2) — B2 (@,y,2)] < p(llw — o/]le). (3.22)

where ||.||¢ is the norm of the uniform continuity defined by ||w||; ;== sup |ws].
0<s<t

As a consequence of (3.22), for all (t,w) € [0,1] x Q and P! € ffq, we have:

1
E” [/ |F§’“’(0,0)|2d8]< 0. (3.23)
t

So we can extend the definition 3.6 to the shifted space and define the
following set of probability measures:

Definition 3.13. For all t € [0,1], let Pl denotes the collection of all
Pt e ffg such that:

ap < at <ap, dt x dPt—a.e. on [t,1] x Q for some ap,ap € S>0 and
t L
EF [/ Fﬁ""(O,O)\QdS] < oo for allw € Q (3.24)
t

Moreover, it is clear that F'“ verifies the Lipschitz continuity Assumption
(3.16). The following lemma will be usefull:

Lemma 3.14. (see [85]) Let Assumption 3.8 hold true. Then for any F-
stopping time T and P € Py, we have:

P e P}I(“’)

for P-a.e. we .

3.3 Constrained first order BSDEs

We recall some results on limit theorems for monotonic sequences of
standard BSDEs (see [67]). In particular, we apply it to solve a first order
BSDE with convex constraints on the gain process. Such a problem has
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already been solved by Cvitanic, Karatzas and Soner in [21]. They provide
a stochastic representation for this problem with at most an assumption of
convexity in z for the generator. Our aim is to unify the framework of [21]
and [67] and obtain the same stochastic representation without any convex-
ity assumption on the generator.

In this section, we shall always work with a single probability Py, the Wiener
measure, that is to say we assume that

Ps = {Po}. (3.25)

By definition, the canonical process B is a standard d-dimensional Brownian
motion F-adapted so its quadratic variation is such that for all ¢ € [0, 1]:

ar = Ig.t (3.26)
where I; is the identity matrix in R%.

3.3.1 Limit results for g-supersolutions

We recall in this subsection some definitions and results on g-supersolutions
and g-supermartingales which can be found mainly in Peng [67] and [12].

Let us define g : Q x [0,1] x R x R? — R a mapping such that

EPo {/01 g*(w, s,0, O)ds] < 0. (3.27)
Moreover, we assume that we can find a constant g > 0 such that
l9(w,t,y,2) — glw, t.y", ) < ully — /I +12 = ). (3.28)
for all (t,w) € [0,1] x Q and (y,v/, 2, 2') € R¥+%d,
Remark 3.15. To established the connection with the framework of section
3.2, let us consider a generator H (see (3.5)) of the following form:

1
Hy(y, z,7) = glav— 9t(y, 2).

In this particular case, under obvious extension of notation, we have

A

Fi(y,2) = 9t(y, 2) and Dp,(y..) = {1a}
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In this case, we notice that we do not need to assume that g is uniformly
continuous in w. Therefore, we can see that Assumption 3.28 is the equiv-
alent of claim (3.16) in Assumption 3.8 in our simplified framework. By
definition of Py (see definition 3.6), Assumption (3.37) leads to:

Py =Ps = {Po}.

For any Fj-measurable random variable ¢ € L?(Pg, R), we are interested in
solving the following BSDE:

1 1
im :§—|—/ gs(ys,zs)ds—/ 2sdBs+ K1 — K, 0 <t <1, Py—a.s. (3.29)
t t

where K is a given RCLL process in A?(Pp,R). In the sequel, we will call
(g,&) the parameters of BSDE (3.29).

Proposition 3.16. (Peng,[67]) Under conditions (3.27) and (3.28), there
exists a unique solution (y,z) € S?(Po, R) x H?(Py, RY) of the BSDE (3.29)
such that (y¢ + Ky) is continuous.

If we consider the case where for all ¢ € [0,1], K; = 0, then the unique
pair of processes (y, z) solution of (3.29) belongs to D?(PPy, R) x H?(Py, RY),
that is to say y has continuous paths.

For a given stopping time 7, ¢ in [0, 1] and a F;-measurable random variable
¢ € L*(Py,R), we define the following BSDE:

Yt = § + / gs(y57 Zs)ds - / 2sdBs + K — Kiar, Py — a.s. (330)

At TAL

As it was introduced by Peng in [67],

Definition 3.17. y is g-supersolution on [0, 7] if y is a solution of the BSDE
(3.30). If Ky =0 on [0, 7] then we say that y is a g-solution.

We recall the following comparison theorem for standard BSDEs which
can be found for instance in [29] or in [67].

Theorem 3.18. Let conditions (3.27) and (3.28) hold. Let (y',z', K') and
(y?, 2%, K2) be the solutions of (3.30) with parameters (g,£Y) and (g, &%) such
that:

1> €2 and K' > K?, Py — a.s

Then for all t in [0,1], y} > y?, Py — a.s.
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Remark 3.19. One can notice that this comparison theorem says that a
g-supersolution is always above a g-solution.

We recall the following usefull inequality which can be found in [29]:

Lemma 3.20. Under conditions (3.27) and (3.28), let (y,z) € D*(Py,R) x
H2(Py,RY) be the unique solution of (3.29) with K = 0. Then we can find
a constant ¢ > 0 such that:

1 1
Fo [ sup mﬂ +EP [ / rzt|2dt] < B [|§|2 -/ gs<o,o>|2ds].
0 0

0<t<1

Remark 3.21. This inequality is the key ingredient to show the stability
property of BSDEs.

We recall the definition of g-martingale and g-supermartingale.

Definition 3.22. (i) A real valued, F;-progressively measurable process Yy is
called a strong g-supermartingale if for each stopping times 0 < o <71 <1,
EF0[V2] < oo and the g-solution y; on [0,t] with terminal condition y, = Y;
satisfies Yo > o

(ii) If (i) holds for deterministic times, we say thatY is weak g-supermartingale.
Besides, a g-martingale is a g-solution.

The case where g does not depend on (w,y,z) corresponds to the classi-
cal notion of martingales and supermartingales. Still, this emphasizes the
strong link between nonlinearity in partial differential equations and BSDEs.

We recall one of the main results in [67], Theorem 3.3. Indeed the following
theorem provides a nonlinear decomposition like the one of Doob-Meyer for
the g-supermartingale.

Theorem 3.23. (Peng, [67]) Under conditions (3.27) and (3.28), let Y €
S2(P,R) be a right-continuous strong g-supermartingale on [0,1]. Then'Y is
a g-supersolution on [0, 1], that is to say, there exists (y,z, k) € S?(Py,R) x
H?(Py,RY) x A%2(Py,R) such that Y coincides with the unique solution y of:

1 1
yt=Y1+/ gs<ys,zs>ds—/ 24dBy + k1 — Ky, Py — as.
t t

Remark 3.24. This decomposition plays a central role in the proof of the
existence of a solution for unconstrained and constrained second order BS-
DEs.
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Peng in [67] provides an existence theorem for BSDEs with constraints on
(y,2). Let us do a quick review of these results:

We consider ® : [0,1] x R* x Q — R* such that for every (y,z) € R x R%:

1
EPO/ B4 (y, 2)|%dt < oo.
0

Moreover ® is globally Lipschitz continuous with respect to (y, z).

For & € L?(PPy,R), we want to find a triple (Y, Z, K) in S?(Py, R) x H?(Py, R?) x
A%(Py, R) such that the standard BSDE and the constraint:

1 1
Y, =¢ —{—/ 9u(Yu, Zy)du —/ ZydBy, + K1 — Ky, 0<t<1, Py—a.s.
t t
(3.31)
(Dt(Y;g, Zt) = 0, 0 <t< 1, ]P)() — a.s. (332)

hold almost surely and such that for any triple (57,2 K )e S?(Po, R) x
H?(Pp, R%) x A?(Pp, R) solution to (3.31) and (3.32), we have

V; <Y, 0<t<1, Py—as.

Such a triple (Y, Z,K) in S?(Py,R) x H?(Py,R?) x A?(Pg,R) is called a
minimal solution for (3.31) and (3.32).

Assumption 3.25. There exists a triple (Y*, Z*, K*) € S?(Py, R)x H?(Pp, R%) x
A%(Py, R) which solves (3.31) and (3.32).

They proceed by penalization, that is to say they introduce the following
sequence of BSDEs:

1 1
Y/ = §+/ g5 (Y, Z™)ds —/ ZMdBs+ K — K", 0<t <1, Py— a.s.
t t

(3.33)
where KJ' :=n [ ®,(Y, Z2)ds € A%(Po,R).

One can show the following theorem:

Theorem 3.26. (Peng, [67)) Let conditions (3.27), (3.28) and Assumption
3.25 hold. Then the sequence of g-supersolutions (Yy,)y, is non decreasing and
converges to some Y € D?*(Py,R). Moreover, (Z"), and (K™), converge
weakly to Z and K respectively in H*(Py,R?) and in A%(Py, R).
Furthermore, (Y, Z, K) is the smallest solution of BSDE (3.31) subject to
constraint (3.32).
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Remark 3.27. Mainly the proof of this theorem is based on the following
strong convergence for p € [0, 2):

1
lim EFo { / |z — Zs\pds] = 0. (3.34)
0

n—oo

which is strongly linked to the fact that the increasing process K" is con-
tinuous.

3.3.2 The first order constrained problem

We recall from Section 3.2 that C C R? is a nonempty, closed, convex set
which contains 0. We recall that ¢ (see (3.7)) is its support function and
is finite on its effective domain C' (see (3.8)). Moreover, we recall that & is
continuous on C' and the following characterization holds:

2€C = 6(zx)—x2>0,VreC. (3.35)

We recall that D := U D, with D, ::{IF‘ — progressively measurable v :
n=1

lv(t,w)| <n, for ae. (t,w)€[0,1] x Q}.

Constrained BSDEs with convex constraints are related to the hedging prob-
lem with constrained portfolio in the context of Mathematical Finance, see
[20]. In this context, the gain process Z can be seen as the portfolio rule
such that we can hedge a contingent claim £. Thus, we can keep in mind
the following examples of possible closed convex sets C':

(i) No short selling : C' = (R*).
(ii) Presence of m < d untradable assets in the market: C' = R4~™ x {0}™
We consider a function f: Q x [0,1] x R x R? — R such that:

Assumption 3.28. For all (t,w) € [0,1] xQ and (y,/,2,2') € R>T2, there
is a constant p > 0 such that

\fily,2) — i () < u(ly —¥'| + 12— 2)). (3.36)

and

EFo Uol |fu(0,0)\2du] < 0. (3.37)

As in remark 3.15, we notice that Assumption 3.28 is the equivalent of con-
dition (3.16) (see Assumption 3.8) in the case where Py = Pg = {Po}.
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The First Order Constrained Problem :

For a given Fi-measurable process ¢ € L?(IPg, R), our aim is to find a stochas-
tic representation to a particular case of (3.31) and (3.32). That is to say,
we impose convex constraints on the gain process:

Y, =€+ 1fu(Yu,Zu)du— /1ZudBu—|—K1 K, 0<t<1, Py—as.
t t (3.38)
Z1eC 0<t<l1l, Py—a.s. (3.39)
Remark 3.29. This is the same problem as section 5 in [21] except that

the generator f that we consider is a function not necessarily convex in z of
the gain process.

We make the following Assumption:

Assumption 3.30. There is at least one solution (}7, Z, f()e S2(Py,R) x
H?(Pp, RY) x A%(Pg,R) to (3.38) and (3.39).

Remark 3.31. For instance, let us assume that the generator f and the
terminal condition £ are bounded by a constant a > 0. Take a process
Z € H? (IP’O, ]R) such that Z; = 0,P — a.s., Y; = a and a non decreasing pro-
cess K such that K; = 0 for all t € [0,1) and K; = Y;_ —¢&. Then (Y, Z, K)
is a solution to (3.38) and (3.39).

For z € R? let us denote by p(z) the distance between z and C. Then the
constraint (3.39) can be rewritten as:

p(Zy) =0, 0<t<1, Py—a.s.

Clearly p is 1-Lipschitz continuous. Therefore by Assumptions 3.30 and 3.28,
it follows from Theorem 3.26 that there exists a minimal solution denoted

(Y, Z,K) € S?(Py,R) x H%(Py, R?) x A%(Py,R) (3.40)

0 (3.38) subject to constraint (3.39).

Remark 3.32. In the unconstrained case, that is to say C = R? and
C = {0}, we can perfectly hedge our contingent claim ¢ since we work in a
complete market. This can be represented by the following unconstrained
BSDE:

1
§+/ fu(Y2, Z0)d /ZSdBu, Py — a.s

t
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which by Assumption 3.28 admits a unique solution in D?(Pgy, R) x H2(Pg, R).
We notice that, by a classical comparison theorem for standard BSDE (The-
orem 3.18): Y; > Y dt x dP — a.s. The non decreasing process K defined
in (3.38) can be thus understood as the effect of the market incompleteness.

Let us introduce, for all v € D, n € L*(Py,R) and (¢,s) € [0,1] such that
s > t, the following family of BSDEs:

Y¥(s.m) =+ / (Y2 (5.0, 245 m)) — (8(0) — w22 (5, )) |

—/ ZY(s,m)dBy, Py — a.s (3.41)
t

Let us denote:

9t (y, z) == fily, 2)—(0(n) — we2).
We know that ¢ is Lipschitz continuous in y and in z by the boundedness of
v € D and Assumption 3.28 (claim (3.36)). Moreover, we have by Assump-
tion 3.28 (claim (3.37)), the continuity of § and the boundedness of v € D
that:

1 1 1
IEPO/ |g;;(o,o)2dtg2EP0/ yft(o,o)\2dt+2EP0/ 6(v) |2dt < oo
0 0 0
(3.42)
Therefore there exists a unique solution (Y”(s,n), Z%(s,n)) € D*(Py,R) x
H?(Py,RY) to (3.41).

We have the following inequality for the minimal solution Y (see (3.40))
of the first order constrained problem (3.38) and (3.39).

Lemma 3.33. Under Assumptions 3.30 and 3.28, for allv € D and t €
[0,1], we have:
Y: > Y; > Y/X(1,6), Py —a.s. (3.43)

where Y is defined in Assumption 3.30, Y in (3.40) and Y"(1,€) in (3.41).

Proof. Since by Assumption 3.30, (17, Z,. K ) is a solution of the first order
constrained problem then for all ¢ € [0,1], we have Z; € C, Py — a.s. By
(3.35) for all v € D and ¢ € [0, 1], this is equivalent to :

§(vt) — Zyy > 0, Py — a.s. (3.44)

Adding and removing the quantity 6(1;) — Zsv; in (3.38) leads to:

1 1
Y =¢ +/t [fu(f/u,Zu)—(é(Vu) — Zuuu)]du - /t ZydB,

1
‘f‘[f(l — Kt +/ (6(vu) — Zul/u)du], Py — a.s.
t
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Then since K is an increasing process and (3.44) holds, by comparison the-
orem (see Theorem 3.18), we have for all v and ¢ € [0, 1] that:

Y: > Y2 (1,€), Py — a.s. (3.45)

Since (Y, Z, K) is the minimal solution of (3.38) and (3.39), then by defi-
nition, Y (see Assumption 3.30) must be greater than Y. Therefore for all
v € D and t € [0, 1], we have:

?t > }/t > }/;l/(]_’g)’ ]P)O — a.s.

Let us define:

Vi = essup Y/ (1,€), Py — a.s. (3.46)
VED[tyl]

where Dy, 1) corresponds to the restriction of D to [t, 1] x 2. By Lemma 3.33,
since (3.43) holds for all ¥ € D, we notice that:

Vi > Vi 2 VY (1,6) Py — as. (3.47)

This leads to |V;| < max{|Y,|Y}|} € S?(Po,R). So we get:

EFo [ sup |V}|2] < 0. (3.48)
0<t<1

In particular, the above claim means that V; € L?(Py,R). So for all v €
D and 6 € [0,1], there exists a unique solution (Y"(6,Vy),Z2"(0,Vp))e
D2(Py,R) x H?(Pg,R?) to (3.41) with terminal condition Vj at time 6.

We have the following dynamic programming principle:

Proposition 3.34. For every 0 <t <60 <1, we have:

Vi = essup Y/ (0,Vp), Py — a.s. (3.49)
VED[t’gl

where Dy g corresponds to the restriction of D to [t, 0] x Q.

Proof. Step 1: Let us take any v € D. By definition of (Y”(l,g), Z”(l,f))
(see (3.41)), we have for all 0 <t < 6 <1 that:

0
Y¥(1,€) = Vi (1,6) + / [Fu (Y2 (1,6), 22(1,6))— (5() — v 2(1,6)) ] du

0
—/ ZV(1,€)dBy, Py —a.s
t
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This result can be rewritten as:
Y/ (1,¢) = 1@”(9,1@”(1,{)),[@0 — a.s. (3.50)

By the definition (3.46) of V, we know that Vp > Yy'(1,£),Pg — a.s.. There-
fore by the previous inequality and (3.50), the comparison theorem 3.18

gives us that:
}/tl/(a’ ‘/0)2 Ytl/(]-vg)v PO — a.s.

Since the above equation holds for all v € D, then by definition of V, we
finally get:

essup Y (6, Vy)> V;, Pp — a.s. (3.51)
I/ED[tyg]

Step 2: Let us show that there is a sequence (), in Djg ] such that:
Vo =1lim T Y, (1,€), Po — a.s.

To do it, we need to show that the family {Y;'(1,€)}vep,,, is directed up-
ward. That is to say for any vy and vy in Dygy), we have to construct
v € Djg 1) such that:

Yy (1,€) = max{Y,"(1,£),Y,2(1,€)}, Po— a.s. (3.52)
For instance, one can define, A, a subset of €:
A:={weQ: Y (1,8 (w) > Y2 (1,8)(w) }€ Fo.

We denote by v the following process:

v(t,w) = <I/1 (t,w)1 4 + a(t, w)]lQ\A> 1i>p.

We can see easily that v, is an F;-measurable process. Since by construction
Dg,1 is stable by concatenation, the process v belongs to Djy ). Moreover,
Yy (1,€) is such that it verifies (3.52). So we can conclude that there exists
a sequence (vy), in Djgq) such that:

Vo =1lim T Y, (1,€), Po — a.s. (3.53)

Without loss of generality, for some p € Dy g, this sequence (v;,) can be
taken in
M, ::{VED:Z/:,uon [t,0) x Q}

Therefore for all n > 0, since v, = p on [t,6) x Q, we have by (3.50) that:

YH(1,€) =Y (0,Y,"(1,6)), Po — a.s. (3.54)
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By definition of V; (see (3.46)), this leads to:
Vi > Y0, (1,8)), Py — a.s. (3.55)

By Lemma 3.20 and Assumption 3.28, we can find a constant C' > 0 such
that:

V{0, Yy(1,6)) =Y/ (6, Vo) [ < CE°[|Yy"(1,€) — Val?] (3.56)

By the convergence result (3.53), the monotonic convergence theorem gives
us:
lim Y} (60, Yy (1,€))= Y*(0,Vp), Py — a.s. (3.57)
n

Combining (3.55) and (3.57), we thus get:
Vi > Y/}/(0,Vy), Po — a.s. (3.58)
Since it holds for any u € Dy g}, then:

Vi > essup Y/'(6,Vy), Py — a.s. (3.59)
HEDye, 01

Let us define now the right limit of V' defined by:

V;f:= limsup V., t€[0,1]. (3.60)
reQn(t,1],r |t

Clearly VT is defined for all (t,w) € [0,1] x © and is F*-measurable.

Lemma 3.35. Let Assumptions 3.30 and 3.28 hold. Then:

V= lim V., Py—a.s.
reQn(¢,1],rlt

Therefore V' is cadlag, Py — a.s.
Proof. For all v in D, let us define:
VY=V -Y"(1,¢§). (3.61)

By definition of V' (see (3.46)), we have V¥ > 0,Py — a.s. Let us take
(s,t) € [0,1]% such that 0 < s <t and consider for all v € D :

gol = Y2 (t,V;) — Y2(1,€) and 20" = ZV(t,V;) — ZY(1,€).
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By Proposition 3.34, we have that V) > yé”t, 0<s<tPy— a.s. Moreover
the (gj”’t,é”’t) satisfies:

t t
gt = vy +/ hy (gt zot) du —/ Z2tdB,, Py — a.s. (3.62)
where h” is defined by:

hi(y.z) = fe(y+ Y (1,€), 2+ Z{ (1,€)) = fi (Y (1,€), Z¢ (1,€)) —1iz. (3.63)

We know that V}¥ € L%(Py, R) since Y} and V; are in L?(Py,R) (see (3.48)).
By Assumption 3.28 and the boundedness of v, we can see that h” is a
Lipschitz continuous function with respect to (y, z) and verifies:

t
EPO[/ |h‘5’(0,0)|2ds}< 0.
0

Therefore, there exists a unique solution (gj” it Z”’t) to (3.62). This means
that V¥ is a positive weak h”-supermartingale (see definition 3.22).

The application of the downcrossing inequality in [12], Theorem 6 shows
that we can not have an infinite number of oscillations so lim,cqn, 1,7t V)’
exists for all ¢ € [0, 1](see proof pl4 in [49]). Since the paths of Y(1,¢)
are continuous as a solution of a classical BSDE with Lipschitz continuous
generator, we can see that actually

Vii=lim V.
reQn(¢,1],rl¢

Thus VT is a cadlag process Pg-a.s.

O
The following Lemma says that V is in fact a RCLL process.
Lemma 3.36. Let us assume 3.30 and 3.28, then for allt € [0,1]:
V,t = essup Y/(1,€), Py — a.s. (3.64)

VGD[t+71]
where Dy 1) is the restriction of D to [t+, 1]x Q. Moreover Vt =V, Py—a.s.
Proof. We recall that by Lemma 3.35, we have:

Vii= lim V.
reQn(t,1],r |t
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Step 1: Our aim is to prove (3.64). By definition of V' (see (3.46)), for all
vin Dy 1y, and r € QN (¢, 1], we have:

‘/;‘ > }/7?(1)5)7 ]P)O — a.s.

We recall that, by definition, (Y, Z¥) € D?(Py, R) x H?(PPy, R?) is the unique
solution of (3.41). So Y”(1,&) has continuous paths. Therefore by Lemma
3.35, sending r | t, we get that:

Vit > YY(1,6), Py — a.s.
Since the above inequality stands for all v in Dy, ), then we have:

V" > essup Y/ (1,€), Py — a.s. (3.65)
VE'D[H,J]

On the other side, for a given r € Q N (¢, 1], we have shown in the proof of
Proposition 3.34, claim (3.53), that there is a sequence (v, )n>0 in Dy 1) such
that :

V. = 1i711n 1Y(1,€), Po—a.s.

Without loss of generality, since Dy,.;) C Dy q) then for any v € Dy ), we
can assume that for all n > 0 and (s,w) € [t,r) x

Un(s,w) = v(s,w). (3.66)
By the stability of BSDEs, we obtain for all ¢ € [0, 7):
YY(r,Ve) = Y (r im Y, (1, €)= im Y (r, Y (1,€)), Po — a.s. (3.67)
Plugging (3.66) in (3.67) and using (3.50), we obtain:
Y (r, V) = liTanY;”" (r, Y;""(l,{)): lignl/;""(l,é“), Py — a.s.
Since for all n > 0, vy, € D, 1 is arbitrary and D1} C Djyy 1), this leads to:

Yrtu(rvv;» < essup }/ty(lag)7 IPJ0 —a.s.
VED[tJﬁl]

By the stability of BSDEs and Lemma 3.35, sending r | ¢ we get:

V" < essup Y/(1,€), Py — a.s. (3.68)

Z/E’D[H_,l]
To conclude by (3.65) and (3.68), we have for all ¢ € [0, 1]:

V" = essup Y/ (1,€), Py — a.s.
VeD[tJr,l]
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step 2: Let us show that V' = V™. Since for all ¢ € [0, 1]:
Py © Preyy

then by (3.64), V; <V, Py — a.s.

For all ¢ € [0,1] and r € QN (¢,1] let us take v in Dy, 1), then by definition
V. >YY(1,€),Py — a.s. Let us send r | t. Then using Lemma 3.35 and the
path continuity of Y", we get:

V?_ > Y;l/(]_,f), I[DO — a.s.

Since v € Dy, 1) and Dy,1) C Dy 1), we get VtJr >V, Py —a.s.
O

The following is the main result of this section and provides the analogous
of the stochastic representation given by Cvitanic, Karatzas and Soner in
[21] Theorem 5.1 for a generator f not necessarily convex with respect to z.

Theorem 3.37. Let Assumptions 3.30 and 3.28 hold. Then the minimal
solution (Y, Z, K) defined in (3.40) of the first order constrained problem
(3.38) and (3.39) has the following representation.:

Y; = essup Y/ (1,€), Py — a.s.
I/ED[t’l]

for all t € [0,1].

To prove it, we begin with the following Proposition which provides a non-
linear Dood-Meyer decomposition for the process V.

Proposition 3.38. Under the assumptions of Theorem 3.37, for every v €
D, there exists (Z¥,K") € H?*(Py, R?) x A%(Py,R) such that:

t t
Vi=Vo— / [fu(Va, Z2) = (6 () — vuZy) | du +/ ZldB, — K/, Py — a.s.
’ " (3.69)
for all t € [0,1].

Proof. Since by Lemma 3.35, V' is cadlag, then it follows from Lemma 3.36
that V is a cadlag process. Therefore, for all v in D, since Y”(1,£) has
continuous paths, V¥ defined in (3.61) is a cadlag process. Moreover for
every v € D, we have shown at the end of the proof of Lemma 3.35 that V¥
is a positive weak h”-supermartingale (for the definition of h”, see (3.63)).
We can then apply Theorem 7 of [12] and conclude that V¥ is a cadlag
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positive strong h”-supermartingale. This means that for every F-stopping
times (71, 72) and v € D, we have:

T2 T2
Jo = Vo, o+ / h (97 207 ) du — / 7 dBy, s € 11,72, Po —a.s.
s S

(3.70)
and
Vi >y, Py —a.s.

By definitions of V¥ and g™ (see (3.61) and (3.62)), this leads to
Vi > Y (12, Vi), Po —a.s.

and by its definition, (3.41), (Y*(72, Vr,), Z{ (72, V5,)) is the unique solution
of:

T2
Y (12, Vi) = V5 +/ [fU(Y;(TQa Vi), Zy (12, VTQ))_((;(VU) — Z (72, VTQ))]du
T2
- / ZZ(T% VTz)dBm Py — a.s. (3.71)

Therefore for all v € D, V is a strong g”-supermartingale where we recall
that gf (y, 2) == fi(y, 2)—(d(ve) — m12).

Under Assumption 3.28 and the fact that V is a strong g”-supermartingale
such that claim (3.48) holds, by the nonlinear Doob-Meyer decomposition
theorem (Theorem 3.23) applied under each v € D, there exists (Z¥, K") €
H?(Pp, RY) x A?(Pp, R) such that:

t t
Vi=V— / [fu(Va, Z2) = (6(vu) — vuZY)) | du +/ ZldB, — K/, Py — a.s.
0 0

for all ¢ € [0, 1].
O

Proof. of Theorem 3.37:

First, we need to show that V' is a solution to the first order constrained prob-
lem (3.38) and (3.39). Following the argument of Cvitanic, Karatzas and
Soner in [21], since we have obtained a nonlinear Doob-Meyer decomposition
for V in Proposition 3.38, it remains to have the analogous of Proposition 2.5
in [21] for a generator which depends on z. We recall that this Proposition
says that for all v € D, the process Z defined by

~

7z =27"=27" (3.72)
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does not depends on v and neither does the process K defined for all v € D
by:
t
K=K =K/ — / [6(vu) — Zuv)du.
0

Moreover Z belongs to C, Py — a.s. The proof of these above results for a
generator which depends on z is the same as these of Proposition 2.5 in [21]
so we do not recall it here. Therefore, combining Proposition 2.5 in [21] and
Proposition 3.38, we obtain:

1 1
Vt:£+/ fu(Vu,Zu)du—/ ZuwdBy + K1 — K, Py — a.s.
t t

and Z; € C,Py—a.s. for all t € [0,1]. So (V, Z, K) is a solution to (3.38) and
(3.39). Therefore, since by definition (see (3.40)) (Y, Z, K) is the minimal
solution of (3.38) and (3.39), then:

Y; <V, 0<t<1, Py—a.s. (3.73)
On the other side, by Lemma 3.33, since for all v € D, we have:
}/;5 Z )/tl/(17§)7 0 S t S 17 ]P)O — a.s.

Then by definition of V', Y; > V;, 0 <t <1, Py — a.s. So by (3.73), we get
that
Yi=V, 0<t <1, Py —a.s.

3.4 The second order BSDEs

In this section, we will provide a quick review on the unconstrained sec-
ond order backward stochastic equations. For that purpose, we will consider
the framework defined in subsection 3.2.2 and always consider in this section
the particular case where :

C =R<

This means that C' = {0}, so D is reduced to the null process.

3.4.1 Definition

We shall consider the following unconstrained problem:

1 1
Y, :g—/ FS(Y;,ZS)ds—/ ZdBs+ K1 —K;, 0<t <1, (3.74)
t t

H—q.5.
v
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We recall the definition of the solution of 2BSDESs which can be found in
[86]. Throughout this subsection, we shall always assume Assumption 3.8.

Definition 3.39. For ¢ in L4 (R), we say that (Y,Z) € S%(R) x H%(R%)
is a solution to 2BSDE (3.74) if
(i) Y1 =¢, Pu-q.s.
(i) For each P € Py, the process K¥ defined below has non decreasing
paths, P — a.s.:

t t
KT ::YO—Yt—i—/ Fs(y;,zs)der/ ZdBs, 0<t<1, P—a.s.
0 0

(iii) The family {KT P € Py} defined as above satisfies the following min-
imum condition:

KF = P,g%%fm@f’ (KT, P—a.s for allP € Py, t €[0,1]. (3.75)

where for all P € Py and t € [0,1], Pg(t+,P) = {P' € Py : P! =
P on F,"}.
If {K¥®, P € Py} can be aggregated into a universal process K, we say that
(Y, Z,K) is a solution to (3.74).

Remark 3.40. As it can be seen in [86], the minimum condition ensures
only the uniqueness of the solution.

Let us make the following additional Assumption:

Assumption 3.41.
1
sup EF [essupP essup’ EP/[/ |Ft(070)\2dt]} < 00
PEPy 0<t<1 P'EPy (t+,P) 0

Let us define for every F-stopping time 7 and any n in L% (R), (V¥ (7,7), Z¥(r,n))€
D2(P,R) x H?(P,R?) the solution of the following standard BSDE:

Vit =n- [ B2 n)ds - [ ZEw B, B as
t t
Then the following representation theorem holds for the solution of (3.74):

Theorem 3.42. (Soner, Touzi, Zang [86])

Let Assumptions 3.8 and 3.41 hold. For any £ € L%(R) and (Y,Z) €
S%(R) x H2(RY) solution of the 2BSDE (3.74), we have for all P € Py
and (t1,t2) € [0,1)%:

Yy, = essupp yE,(tQ,YtQ), P—a.s.
PrePy (tl—l-,]P)

Moreover the 2BSDE (3.74) has at most one solution in S%(R) x H%(R).
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Remark 3.43. This representation theorem leads in particular to a com-
parison theorem for 2BSDEs. Indeed for any (£1,&) € L%(R) such that
& < & and (Y5, Z;)i—12 in S4(R) x HZ(RY) solution of (3.74), we have
Y1 < Y5, Py —q.s.

We denote by UCy(2) the set of all bounded and uniformly continuous
maps with respect to || -norm. We define £%(R) as the closure of UC}()
under the following norm:

2
H{H%Q (R) i= SuUp EF [essupp< essup’ E]f Uﬁ]]) ]
H PePu 0<t<1 \P'ePy (t+,P)

One can show the following theorem, which gives existence and uniqueness
for the solution of the 2BSDE (3.74):

Theorem 3.44. (Soner, Touzi and Zhang, [86]) Under Assumptions 3.8 and
3.41, for any € in L% (R), the 2BSDE (3.74) has a unique solution (Y, Z) in
S%(R) x HZ (RY).

Remark 3.45. In contrast with the stochastic target problem [85], we do
not need to assume further regularity in w for £. Indeed one can prove the
existence for ¢ in UCy(Q?) (proof of Theorem 4.5 in [85]) and then pass to
the limit under the ||.||£%I(R)—norm (Theorem 4.6 in [86]).

3.4.2 The second order stochastic target problem [85]

Stochastic target problems were introduced mainly in [82] as a general-
ization of superhedging problem in volatility uncertainty. For more accuracy,
let us denote the set

SMyRY) == () SM%(P,RY)

PePy

where SM?% (P, RY) is the space of all square integrable (P, F)-semimartingales
Z with quadratic covariation with B, I'. T' is chosen to be F-progressively
measurable and such that 3a: ' — H(0,0,T') € H*(P,R?).

For any y in R and Z in g./\\/liI(Rd), we define Y¥Z :=Y € S%4(R) solution
of the following ordinary differential equation for all ¢ € [0, 1]:

t t
Y; :y_/ HS(YSaZS7FS)dS+/ Zs o dBs
0 0

t 1 t
—y+ / [2a5:r5—Hs<n,Zs,rs)}ds+ / Z,dB,, Py —q.5. (3.76)
0 0
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where o denotes the Stratonovitch stochastic integral. The second order
stochastic target problem is defined for any F-measurable random variable

€ by:
v(€) == inf{y : Yly’Z > &, Py —q.s., for some Z € S//\\/IZ(RCI)}.

Soner, Touzi and Zhang in [85] show how the problem can be relaxed in order
to obtain a dual formulation. Indeed let us introduce for y € R, Z € HZ,(R%)
and P € Py, Y := YP¥Z ¢ D?(P,R) the unique solution of:

t t
Y, :y+/ Ft(Yu,Zu)du+/ ZudBy, t€[0,1], P—a.s. (3.77)
0 0

Such a unique solution exists by 3.15 and 3.16. Furthermore this is a relax-
ation of problem (3.76) since it does not take into account the semimartingale
constraint and the dependence on I'. We notice that in this case fg ZudBu
may failed to have a Py —quasi-sure version. Indeed, fg ZudBu is defined
P—a.s. and there is a priori no aggregated version. Therefore (3.77) is only
defined under each P € Py. We define the relaxed second order target
problem by:

V(€)= inf{y : 37 € H%(RY) s.t }71197,34,2 > ¢ P—as., forall P e Py}

From then on, they established the connection with the 2BSDEs on its
wellposedness form (see definition 3.39 and [86]) via the following duality
result:

Theorem 3.46. (Soner, Touzi, Zhang in [85]) Under Assumption 3.8, for
any & € L4 (R),

V(g) = Sup yg(Lé)

PePy

To prove the dual formulation for the primal problem, that is to say when Z
is a semi-martingale, they restrict the set of martingale measures to a subset
of Py constructed out of a countable subset. For more details, see section 5
of [85].

Remark 3.47. What is the intuition behind this theorem? To do it for-
mally, we are going to assume a Markov structure to this problem and thus
consider a function u such that u(t, B;) := Y;. Let assume that H is non-
decreasing and convex in «, then by [82], Theorem 3.2, u is a viscosity
solution of a fully nonlinear PDE:

—0pu — H(t,z,u(t,z), Du(t,z), D*u(t,z)) =0
u(l,z) ==z
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For any a € Sjg N Dy, let u® be a viscosity solution of the semilinear PDE

1
—Ou — PLE D?ul(t, x) + F(t, z,u’(t,z), Du®(t,z),a) = 0

u(l,z) = x

Formally, by classical comparison theorem for parabolic PDEs, we have: u >
u®. Assume that u” belongs to C%([0,1] x R) and define Y,* := u(t, X{"),
Zp = Du®(t,X{) where X¢ = z + fst ar/*dB, then (Y*, Z%) solves the
following standard BSDE:

1 1
Ve = X{¢ — / F (X%, Y2, Z% a)ds —/ Z%l?dB,, P — a.s.
t t

We have show formally that Y; := sup Y is a natural candidate to
GES;OﬂDf
solve our problem.

3.4.3 The G-integration theory [68]

Let us define G(z) := % sup a : z for (@,a) in S7°. Following Peng in
a<a<a

[68], let u be the unique bounded viscosity solution of the following nonlinear
equation:
{ —dyu(t,z) — G(D*u(t,x))= 0.

u(l,z) = .

where (t,z) € [0,1] x R. Then the G-expectation of Bj is defined by:
ES[B;] := u(0,0) and the conditional G-expectation of By is defined by:
EY[Bi1] := u(t, B;). By a density argument, we can extend this definition to
random variable £ in ]L%.

If we take Hy(y, z,7) := G() then (3.74) is reduced to:

1 t
Y,=¢— / Z,dBs + K — K; = EC[¢] +/ ZydB, — K¢, Py — q.5.
t 0
(3.78)

That is to say, the solution of (3.78) corresponds to the martingale repre-
sentation theorem for G—martingales [83], Theorem 5.1. We can see clearly
that a G-martingale can be seen as a 2BSDE with a null generator. More-
over, we can see that the G-expectation can be seen as a generalization of
the Feynman-Kac formula for a class of fully nonlinear second order partial
differential equations.
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3.5 Constrained second order BSDE

We want to extend the results obtained in the first order case, that is
to say, an existence result and a stochastic representation theorem to the
case of the second order BSDEs. In particular, this means that we have to
generalize the results obtained for a single probability measure to a non-
dominated class of singular martingale measures. At first glance, there is at
least two ways to proceed to solve this kind of problem. A first idea would
be to adapt the penalization argument developped by Peng in [67] to a set
of non-dominated singular martingale measures. However, we do not have
currently a convenient monotonic convergence theorem for such a class of
martingale measures (see Possamai’s thesis [74], p121-124), so we have to
look for another track. Indeed, we will follow the pathwise approach of [85]
and [86] and provide an existence theorem and a stochastic representation
theorem (like Theorem 3.37 for the first order case) for such a problem.

In this section we will consider the framework developed in Section 3.2.

3.5.1 The problem

The Second Order Problem :
We want to find a pair of processes (Y, Z) € S%(R) x HZ (R?) solution of
the 2BSDE:

1 1
Y; = g—/ Fu(Yu,Zu)du—/ ZudBy+K1—K;, 0 <t < 1, Py—q.s. (3.79)
t t

Furthermore, the process Z must be such that
ZyeC,0<t<1, Py-—aq.s (3.80)
Definition 3.48. For ¢ € L% (R), we say that (Y, Z) € S%4(R) x H%(O) is
a minimal solution to (3.79) and (3.80) if :
(1)) Y1 =€, Pu —q.s.

(ii) For each P € Py, the process K¥ € A%(P,R) defined below has non
decreasing paths, P — a.s. and is defined by:

t t

Kl =Y, - Yo+ / F.(Yy, Z,)du +/ ZydB,, 0<t<1, P—a.s.
0 0

(3.81)

(iii) Furthermore, for any (Y,Z) € S%(R) x HZ(R?) which verify (3.79)
and (3.80), we have
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Remark 3.49. Comparing this definition to the one of unconstrained 2BS-
DEs, that is to say Definition 3.39, we do not have to verify the minimum
condition (3.75). Indeed, this last condition ensures the uniqueness of the
solution of the unconstrained 2BSDEs (see the proof of Theorem 4.3 in [86])
while for constrained 2BSDEs, as for constrained BSDEs, we only seek for
a minimal solution.

3.5.2 Existence of a minimal solution

For all s € [0,1], t € [0,s], P € PL, w € Q, nin L*(P,R) and v € D, we
introduce the following family of standard BSDEs

(y[P’,z/,t,w (S, 77), ZIP’,I/,t,w (S, 77)) — (yIP’,y,t,w’ ZIP’,V,t,w) c D2 (]P, ]R) % H2 (IP), Rd)

P,V,t,w7 ZIP’,V,t,w)

where (y is the unique solution of the following BSDE:

S
s e [ B S 4 500) = ) )2
T

S
_/ vteqpt e et s], P—a.s. (3.82)

T

Let us define:
Gt (y, ) = By, 2)+(6(0r) — vyz) (a1) V2.

By Assumption 3.8 and the boundedness of v € D, we know that Grie g
Lipschitz continuous in y and in z. Moreover since P € P%,, (see definition
3.13), we have:

lat| < ap, dt x dP'-a.e. on [t,1] x Q

So, by the continuity of 4, the boundedness of v and (3.24), this leads to:
1 ) 1 ) 1
EP { / (GE¥(0,0)) dr} < 2114:1?’[ / (£(0,0)) dr] +2EF [ / 5(14)2&;{(4 < 0.
t t t
So we have shown that there is indeed a unique solution to (3.82).
In the sequel, we will denote by :

(YP¥(t,m), 2% (t,n)) € D*(P,R) x H*(P,R%).

the particular case where ¢ = 0, that is to say for all s € [0,1], P € Py, n in
L?(P,R) and v € D:

YEY(s,m) == YEYO0(s,m) and 257 (s,7) = 2570« (s, 1). (3.83)
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At time 0, we always have wy = 0. This explains that we do not give a
dependence in w to the processes (YP*”(t, n), 25 (t, 77))

We make the following assumption:

Assumption 3.50. There exists at least one solution (Y,Z) in S3(R) x
HZ,(C) to the second order constrained problem (3.79) and (3.80).

Lemma 3.51. Let Assumption 3.50 holds. Then we have:
Yi(w) > VI(1,€), for P —ae. w e Q. (3.84)
for everyv € D, t € [0,1] and P € P,.

Proof. By Assumption 3.30, we know that (Y, Z) in S%(R) x H2,(C) is a so-
lution to the second order constrained problem (3.79) and (3.80). Therefore
for all P € Py and ¢ € [0, 1], we have:

1 1
Y, =¢— / F.(Yy, Z,)du — / ZudB, + K} — K/, P —a.s.
t t

with

Z e C,P—a.s. (3.85)
For all (t,w) € [0,1] x Q, we can rewrite the above equation on the shifted
space  as:

1 1
Vi = gte / Ebo(yhe | Z6@) dy, — / Zh9dBl + KM — KM P —a.s.

t t
(3.86)
with Z;* € C, P! — a.s and where Pt € Pt is the martingale measure
induced by P € Py on Q. By (3.9), for all v € D, (3.85) is equivalent to:

S(vy) — Z%u, >0, t<r <1, P' —a.s. (3.87)

Adding and removing the quantity 6(v) — Z“v in (3.86) leads to:

1 1
7=t [ R, 204 00m) - m20) @) [ 2tap,
t t

1
+ [Kf”t’“’ — K4 /t [6(vu) — v ZL¥] (&Z)I’Qdu} , PP —a.s. (3.88)

t is a positive process as the

We recall that K% is an increasing process,
quadratic variation of B! and (3.87) holds. Then by a standard comparison

theorem (see Theorem 3.18), we have:

ﬁt,w > Y;P’V’t’w(lag)’ for P—a.e. w € Q.
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By definition of the concatenation paths (see (3.18)), for all (w,w’) € Qx QY
we know that f/;t’w = Y;(w ®; ') = Yy(w). Therefore, we finally get:
Yi(w) > Y (1,6), for P —a.e. w € .

O

By the Blumenthal zero-one law (see (3.4)), we can see that Y. " (1,¢) is
a constant for any (f,w) € [0,1] x Q, v € D and P € P},. Therefore for all
(t,w) € [0,1] x £, the following quantity is correctly defined:

Viw) = sup sup YUH(1). (3.89)
PePl, vED 1)

where Dy 1) is the restriction of D to [t, 1] x 2. By Lemma 3.51, since (3.84)
holds for all ¥ € D and P € P}, the definition of V gives the following
inequality:

Yi(w) > Vi(w) > Y"(1,€), for P— a.e. w € Q.. (3.90)
for all ¢t € [0, 1].
Since solutions of BSDEs can be constructed via Picard’s iteration, we can
easily show that:

yEOrte (1) = VP (1, €) (), for P—ae. w € Q. (3.91)

for all t € [0,1], P € Py and v € D. Therefore since the rcpd P“* belongs,
by Lemma 3.14, to Pk, (3.90) leads to:

V>V >V (1,6), 0<t <1, P—a.s. (3.92)
Then by (3.92), we have for each P € Py and v € D that:
Vil < max{|Vi], [ (1,O]}, 0<t <1, P—as.

Furthermore since Y € S%(R) = ﬂ S%(P,R) and YP¥ € D?*(P,R) C
B PePy
S2(P,R), then V; € S%(P,R) for all P € Py. This leads to :

Vi € S%(R). (3.93)
Therefore, for any 6 € [0, 1], there exists a unique solution
(VP (9,Vy), 2574 (0,Vp)) € D*(P,R) x H*(P,R?)

to (3.82) where the terminal condition at time 6 is Vj.

We need the following assumptions:
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Assumption 3.52. £ is uniformly continuous in w under the L*-norm.

We define for all w € Q, A(w) := sup A¢(w) where for all ¢ € [0, 1]:
0<t<1

1
A¢(w) := sup (EP[W’“’ 2 +/t |F§’w(0,0)|2ds]>. (3.94)

PeP;

By the uniform continuity in w of F* (see (3.22)) and Assumption 3.52, we
then have for all w € ) that:

A(w) < oc. (3.95)

Moreover it is uniformly continuous in w under the L°*°-norm so F;-measurable.
Let us assume:

Assumption 3.53. For all P € Py,
EF[|A]?] < oo.

The following Lemma gives us some regularity in w for the candidate solution
v

Lemma 3.54. Let Assumptions 3.8, 3.50 and 3.52 hold. Then for all
(t,w,w’) €[0,1] x Q%

Vi(w) = Ve(w)] < Cp(l|lw —'[|2)

where C' is a positive constant. Moreover for all (t,w) € Q x [0,1], we have
[Vi(w)| < CA¢(w). Therefore Vi is Fi-measurable for all t € [0,1].

Proof. Under Assumption 3.52, we can find a modulus of continuity p such
that for all 0 < ¢t < 1, (w,w’) € Q% and @ € Q%

€5 (@) = € (@)] < plllw = o [l0)- (3.96)

where for ¢ € [0,1], ||w|lt = sup |ws|. Similarly, by (3.22), for all (y,z) in R
0<s<t

and 0 < s <t <1, we have:
| (@,y,2) — FY'(@,y,2)] < pll|lw — ') (3.97)

Now, for (w,w’) in 2, t € [0,1], P € P}, and v € D, we denote A¢ =
ét,w _ gt,w” AF — Ft,w _ Ft,w’ and

(Ay, Az) :=(YP"te(1,€) — YPrte'(1,¢), 2Bnte (1, €) — 2zPvte’(1,¢)).
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By Assumption 3.8, we can find two bounded processes 1 and « such that:
By = A6 [ TARO) #7380, + (1, - v A al) 2

- /t Az (aL)Y2awPt, r e[t 1], P—a.s.

where WPt is a Brownian motion under P on Qf, that is to say it is defined
similarly as in (3.2) by:

t
wht .= / (at)"Y2dB, u e [t,1], P—a.s. (3.98)

Since 1 and v are bounded, by the Girsanov theorem, we can define a equiv-
alent probability measure P such that the process Wf’t = W'+ fts (s —
vs)'/2ds is Brownian motion under P for all s € [t,1]. Therefore the above
equation can be rewritten as:

1 t
By = B¢~ [ [AR©0)+.Bylds - [ Baal) aW, v ) P as
By Lemma 3.20, we then have:
T 1
|Ay,|> < CEF {mgﬁ +/ |AFS(O)|2ds], P—a.s. (3.99)
t

where C'is a positive constant. Then by (3.96), (3.97) and inequality (3.99),
we can find a modulus of continuity p such that

|Aye| < Cp(flw = w'|ls)- (3.100)
The above equation stands for any P € P}, and v € D, so we obtain that:
Vi(w) = Vi) < Cp(lw— /Il). (3.101)

Following the same argument, and using (3.1), one can show that for every
(t,w)€[0,1] xQ,veDand P e Py :

1
Y712 < CR [|§t""\2 +/ |F§’w(0)|2ds] < CA(w), P—a.s.  (3.102)
¢

Since P and v are arbitrary, we finally get for all (t,w) € [0,1] x Q:
Vi(w)| < CAy(w). (3.103)

O



3.5. CONSTRAINED SECOND ORDER BSDE 101

We need a dynamic programming principle.

Proposition 3.55. Let Assumptions 3.8, 3.50, 3.52 and 3.53 hold. Then
forall0 <t <s<1 andw € :

Vi(w) = sup sup V" (s,V;). (3.104)
PePLVED) )

where Dy 5 corresponds to the restriction of D to [t, s] x €2

Proof. 1t suffices to prove that

Vo = sup sup Y()P’V(t,@).
PePy VeD[O,t]

Step 1: For every P € Py, v € D and 0 <t < 1, we recall that :
t
Yy (1,6 =Y, (L,€) - /0 [Fu (V7 (1,6), 2 (1,.0)+ ((v) — a2y (1,€)) /] du
t
- / ZPv(1,6)dB,, P —a.s.
0

That is to say, Yy " (t, Y, " (1,€))= Yy ¥ (1,€), P — a.s. Therefore by (3.92)
and a standard comparison theorem, we obtain for all P € Py, v € D and
0<t<1I:

YoV (4, Vi) > Yy V(1,6), P—a.s.

Since P € Py and v € D are arbitrary, then we obtain:

sup sup Y()P’V(t,f/t)z f/o, P— a.s.

PePy vED|o )
Step 2: We fix P € Py and € > 0. () is a complete separable space, so
we can find a partition (Ef)ieNE Fi such that for every ¢ € N, (t,w,u') €
[0,1] x (E})?, ||’ — || < e. For each i, we fix @; € E} and consider P} € P,
and v} € Dyt 1), two e-optimizers of Vi(@i):

Vi(@i) < YEPHR9 1 6) e (3.105)

For each n € N and E € 2, we define P" = P™¢ by:

n
P"(E) := EF [ZEP’% [(1p)™]1 E;—] +P(ENEP), where EP' := U, EL.
i=1
(3.106)
According to this definition, one can see that P = IP on F; and its r.c.p.d

(P = P} for w € EY, 1 < i < nand (P")" =P for & € EJ'. By the
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Appendix of [85], P" € Py. Moreover, for any v € Djy,, we can define a
process V" := v™¢ by:

vi(w) = vs(w) s+ ( Z Vi (W)L ep: + s (‘"))]lweEf> Ls>t. (3.107)
i=1

for all (s,w) € [0,1] x Q. The process v" belongs to Djy, as the sum of
bounded and F-progressively measurable processes.

Thanks to the regularity result of Lemma 3.54, (3.105) and inequality (3.100),
we get for all i € {1,...,n} and w € E}:

Vi(w) < Vi(&y) + Cple)
S }/;P%7V;,t,@i(1, 5) + e+ Cp(g) (3108)
< YtPi:Vf»t:“’(L £)+e+2Cp(e).

Since (P")'* = P! and v}' = v} for w € E, then we have for all w € U E}
and t € [0,1]:

Vi(w) < ,E 91 6y 4ey 20p(e). (3.109)
By (3.91), we finally get:
V, <Y(1,€) 42 +2Cp(e), PP —a.s.on UL, E! (3.110)

Let us define the pair (y", 2") € D?(P,R) x H?(P,R%) unique solution of the
following BSDE:

v =Y (1,€) + e+ 2Cp(e)| 1y gy + Vil
¢ ¢
— / [Fu(yn, z0)+(6(v)) — l/uzg)&}/Q] du — / zndB,, 0<s<t, P"—a.s.
S S

Since the terminal condition [Ytﬂw’yn (1,)+e+Cp(e)] HU“:1E§+‘Z?]IE;L belongs
to L2(P™,R) (see (3.93)), then the above BSDE admits a unique solution
(y",2").

Moreover we know that P* =P on F; and v = v on [0,t), we have:

~ t A
v =Y (1,€) + e+ Cple)] Ly i + Vil g — / [Fulysy, 20)+ (8(v) — vuzyy) ay/?] du

t
—/ zndB,, 0 <s<t, P—a.s.
S



3.5. CONSTRAINED SECOND ORDER BSDE 103

Thanks to (3.110) and a comparison argument, we then have:
w =Yy (t,Ve), P—as. (3.111)

Moreover by (3.20), we can find a constant C' > 0 such that :

n ,,n
N4

v =Yy (LI < Ce+Cp(e)* + CE™ | Ve = Vi " (1,€) P gy

By (3.102) and (3.103), since P" € Py (Appendix of [85]), we have that |V} —
v (1,6)] < 2CA, P —a.s. Since Y 7" (1,€) and V; are Fy-measurable
and P" = P on F;, then we obtain:

IV, — Y (1,6)] < 2CAy, P —as.

which by Assumption 3.53 belongs to L?(P,R). Since 2 is separable, we
have lim,, Et" = (). Therefore by dominated convergence theorem, sending n
to infinity we obtain that:

wf — Yy " (LO] < Cle + Cple))
By (3.111), this leads to the following majoration:
Yo (4, V) <Yy Y(1,€) + Ce + Cp(e)), P—aus.
Sending ¢ — 0, leads to :
Yo (4, V) <Yy V(1,6), P—as. (3.112)

Since P* = P on F; and v™ = v on [0,1), then Yy " (1,€) = Yy " (1,£).
Then we can rewrite (3.112) as :

Yo (4, Va) < Yo M (1,6). (3.113)
Since P € Py and v € Dy are arbitrary, then :

sup sup %P’V(t,ﬁ)g f/o, P — a.s.
PePy I/ED[O’t]

O
Let us recall for all P € Py and t € [0, 1] the definition of the following sets:
Pu(t,P) :={P' € Py : P’ =PonF} and Py(t+,P) :={P' € Py : P’ =Pon F; }.
We denote by V*t the Ft-adapted process defined by:

V= Tm V,, telo1]. (3.114)
reQn(t,1],r |t
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Since V; is Fi-adapted by Lemma 3.54, then the process 17# is .7-"15Jr -progressively
measurable (see 1.13 of [49]).

Let us show that V;™ is an RCLL process.

Lemma 3.56. Let Assumptions 3.8, 3.50, 3.52 and 3.53 hold. Then:

V= lim V., Pa —q.s.
reQn(t,1],r |t

Therefore V't is cadlag, P — q.s.
Proof. For all P € Py, v in D, let us define:
VB —v —yBr (1), (3.115)

By definition of V (see (3.92)), we have VP > 0,P — a.s. Let us take
(s,t) € [0,1]? such that 0 < s <t and consider for all v € D and P € Py :

get = VI (1) = YV (L,€) amd 20 = (200 (8 Vi) — 20V (1.6))a, 7.
(3.116)
For all w € Q, we recall by (3.91) that

o w) = YIS, V) — YT (1,€), P - as.

By Lemma 3.14, P** € Py;. Therefore by Proposition 3.55, we have that
Vsp”’ > ylf’”’t, 0 <s<tP—a.s. Moreover the pair (QP’”’t, EP””t) satisfies:

t t
gEvt = VY 4 / R (gt 2yt du — / 2B, P —a.s.  (3.117)
S

s

where h¥ is defined by:

hy'(y,2) o= By (y+Y7 (1,6), (24277 (1,€))a; 2~ F (Y (1,€), 207 (1,€)) ~wz.
(3.118)

We know that V¥ € L?(P,R) since YtP’V and V; are in L2(P,R) (see (3.93)).

By Assumption 3.8 and the boundedness of v, we can see that hf is a Lip-

schitz continuous function with respect to (y,z). So there exists a unique

solution (g™, ZF»)e D*(P,R) x H*(P,R?) to (3.117). This means that

V¥ is a positive weak h¥¥-supermartingale under P.(see definition 3.22).

The application of the downcrossing inequality in [12], Theorem 6 shows
that lim,cqn,1),-¢ V;¥ exists for all £ € [0, 1](see proof pl4 in [49]). Since
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the paths of Y¥¥(1,¢) are continuous as a solution of a classical BSDE with
Lipschitz continuous generator, we can can see that actually

f/t+ = lim f/}, P—a.s.

reQn(¢,1],r |t
Since P € Py is arbitrary, the we can conclude that V7 is a cadlag process
Pr-q.s.
O

We have the following representation result:

Proposition 3.57. Under Assumptions 3.8, 3.50, 3.52 and 3.53, for all
P e Py and t € |0,1], we have:

/ / ~ / /
V; = essup’ essup’ YtIFD Y(1,€) and VT = essup’  essup’ Y;P (1,€), P—a.s.
P'ePy (t,P) €Dy, 1 PPy (t+,P)r€Ds 1)

Proof. We consider a given probability P € Py and define:

~ / / ~ / !
VE = essup® essup® Ytp (1,€) and Vt]P)’Jr = essup’  essup’ Y;P (1,€)
P'ePp (t,P) vED[ 1) PPy (t+,P)vED [y 1]

step 1: We want to prove that V = VE P — a.s. Indeed let us take any
P’ € Py(t,P) and v € Dy y. By the inequality (3.92), we have that
Vi > Ytpl’”(l,f),IP” — a.s. Since P’ = P on F; and V; and Yf"”(l,g) are

Fi-measurable then we get: V; > Y;P/’V(l,f),IP’ — a.s. This is true for any
P’ € Py(t,P) and v € Dy y), so we have for all ¢ € [0, 1]:

Vi>VE P—as. (3.119)

To prove the reverse inequality, we can consider the probability P" € Pg
and the process 1" € Dy defined respectively in (3.106) and in (3.107).
Since by construction P" = P on F;, we have that P" € Pg(t,P). Moreover
by (3.110), we have that:

PV, <VF +e+20p(e)]> PV, <Y, 7" (1,6) +e+Cple)]>P[ U Ei].

1<i<n

Since (2 is separable, by definition of E}, we have that:

limP[ | ] Ef]=1.
" i<
This leads to V; < V¥ +&+Cp(e),P — a.s. So passing to the limit in ¢ leads
to:
Vi <VE P—as. (3.120)
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Combining (3.119) and (3.120), we have that
Vi=VE, P—as. (3.121)

Step 2: We want to prove that V;© = f/;“]P,IP’ — a.s. First for any r €
QN (t, 1], we have by the first step of the proof that V, = VF. Therefore for
all P’ € Py(t+,P) C Pu(t,P) and v € Dy 1) C Dyy) , we have by (3.92),

V. > YF(1,6),P - as.

By definition of V* (see (3.114)), Lemma 3.54 and the continuity of the
paths of YP/’”(l,g), sending r | t gives that: V,© > 1@“’"7”(1,5),1@’ —a.s. We
know that P = P on ;" and both V;* and YtP,’V(l, €) are F;" measurable,
so we get: V& > YtP,’”(l,f),P — a.s. Since it holds for any P’ € Py (t+,P),
we obtain:

V>V P —as. (3.122)

Secondly, we use the definition of the essential supremum (see Neveu [64]
for more details) and (3.121) to rewrite for all » € Q N (¢, 1]

V, = X};P = sup YTP"’V"(L@,]P’ —a.s.
n>1

for some sequence (P, v,) € Py (r,P) x D}, ;). By possibly taking a subse-
quence of (P, v,), our aim is to show that we have:

lim 7 YFmn(1,6) = V., P — a.s. (3.123)
n

For that purpose, we need to show that for any r € Q N (¢, 1], the family
{Y}P’”(l,§)}p€pH(r,P)’V€D[t’l] is directed upward. That is to say, for any Py
and Py in Py (r,P) and (v1,12) € D[2t71], we need to construct P in Py (r,P)
and v € Dy, 1) such that:

Y (1,6) = max{Y, 0 (1,6), Y72 (1,6)}. (3-124)

For instance, one can consider the sets:
Al ={weQ: VP (1,6)(w) > Yy 22(1,€)(w)} € Fp and Ay := Q\A;.
We define for all £ € Fi:

P(E) = Pl(E N Al) —|—P2(E N AQ)
and the Fy-measurable process:

I7(t, w) :(Vl(tv w)]leAl + VQ(taw)]lweAz)]ltzr~
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By the proof of claim (4.17) in [86], we can show that P € Py (r,P). More-
over, by the stability of Dy under concatenation, v € Dj.;. There-

fore Y77 satisfies (3.124), so we can conclude that there exists a sequence
(Pp, vn) € Pu(r,P) x Dy q5, such that claim (3.123) holds.
Without loss of generality, for some v € Dy, this sequence (v,) can be
taken in

My ={peD:p=von[0,r)xQ}.
By the stability of BSDEs and (3.123), we have for all P € Py (r,P), v € D
and t € [0, 7]:

Y;]P’V(r, V) = Y;P’V (r,lim yEnvn (1, ¢))=lim YtP’V (r, y v (1, §) P—a.s.
! ! (3.125)
We notice P,, € Py (r,P) C Py (t+,P), then P, = P on F,;". In addition, by
construction, we know that v, = v on [0,7) x €. Since Y, (r, ¥; """ (1,€))

is F;-measurable and has continuous paths, (3.125) can be rewritten as:
YV (r, V) = lim Y, (r, Y (1,€)) = lim VY (1,€), P—a.s. (3.126)
n n

Since for alln > 0, P" € Py (r,P) C Pu(t+,P) and v,, € D then by definition
of VtF we have:
Ytp’y(r, V) < f/f’]P P—a.s.

Moreover by stability of BSDE, definition of V* (see (3.114)) and Lemma
3.56, we finally get:
Vt+ < 17t+’P P—a.s.

O]

We can now show that the process V' is an RCLL process. Indeed, we have
the following Proposition:

Proposition 3.58. Under Assumptions 3.8, 3.50, 3.52 and 3.53, we have
that:
Vi = V", Py —q.s.

So V is a cadlag process.
Proof. The proof is the same as Proposition 4.11 in [85]. O
This is our main result:

Theorem 3.59. Under Assumptions 3.8, 3.50, 3.52 and 3.53, there exists
a minimal solution (Y, Z) € S%(R) x H%,(C) to problem (3.79) and (3.80).

First let us show the following Proposition:
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Proposition 3.60. Under the assumptions of Theorem 3.59, for every P €
P, v € D, there exists (Z5V, KPV) € H*(P,R?) x A%(P,R) such that:

t t
V= f/o+/ [ (Ve ZE’V)-F((s(Vu)—VuZE)’V)]du—l—/ ZEVdB,~ K", P—a.s.
" " (3.127)
for all t € [0,1].

Proof. For every v € D, P € Py and t € [0, 1], we recall that V" is defined:
"};P,l/ _ ‘Zﬁ o }/t]RV(l,é.)-

We have shown in Proposition 3.58 that V is a positive c4dldg process. Since
by definition for all v € D and P € Py, the process YF¥(1,¢) € D?(P,R)
has continuous paths, then VP is a positive cadlag process.

Step 1: For all v € D and P € Py, let us show that VP is strong hP¥-
supermartinagle where h™" is defined in (3.118). We already have shown in
the end of Lemma 3.58 that V" is a positive weak hP” -supermartinagle. In
addition, since VP is a cadlag process then by Theorem 7 of [12], VF* is a
positive strong h¥¥-supermartinagle. That is to say for any F-stopping times
71 and 79, we have TN/T’; > gj;pl’y’m, P —a.s. where we recall that (gjp’”’”, ZR”@)
defined in (3.117) is the unique solution of

T2 T2
_Pv k] —_ ~]P7 Pv _]P7 ) _]P)v k] _P7 k)
gt =V, ”—i—/ hu”(yu"”,zu ”Tz)du—/ Z, " ?dBy, s € [11,T2], P—a.s.
S

’ (3.128)
By definitions of V¥ and §¥*™ (see (3.115) and (3.116)), this leads to

Vi, > Y2 (19, Vsy), P — aus.

and by its definition, (3.82), (Y"(72, Vi), Z¥ (12, f/.m)) is the unique solution
of:

~ ~ T2 ~ ~ ~ ~
}/;y(727 VTz) = VTQ + / [FU(Y;(TQ’ ‘/;'2)7 25(7—2’ VTQ))_(5(VU) - ZZ(T% VZI'z))]du

T2 B
—/ Zy (12, Vry)dB,, P_a.s. (3.129)

Therefore for all v € D, V is a strong ¢F¥-supermartingale under every P
where g, (y, 2) 1= Fi(y, 2)— (3(n) — n2).

Step 2: We know that Assumption 3.8 and claim (3.15) holds for all P € Py.
Moreover, we have shown that V' € S%(R) (see (3.93)) is a strong cadlég
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Py

g Y-supermartingale for every v € D and P € Pg. Then by the nonlinear

Doob-Meyer decomposition theorem 3.23 applied under each v € D and
P € Py, there exists (Z57, K¥) € H*(P,R?) x A%(P,R) such that:

t t
V, = Vo+ / [Fo(Vi, Zo )+ (0 () — v Z ) | du+ / ZEVAB,~ K], P—a.s.
0 0

for all ¢ € [0, 1].
O

Proof. of Theorem 3.59
The main arguments of this proof are taken from Proposition 2.5 of [21].
First, let us show for all v € D and P € Py that the process Z defined by:

Z =27 =70 dt @ dP — a.s. (3.130)

does not depend on P and v:
We consider for each P € Py, two processes (v, ) € D?. By Proposition
3.60, we can find (ZP’”, KP”’) such that:

t t
Vi = Vot / [Fu(Va, 23" ) = (0(v) —vu 2y ) | du+ / ZEvdB,~ K", P—a.s.
0 0

(3.131)
By Karandikar [45], since V is a cadlag supermartingale under each P
and v, we can define uniquely a universal process Z € H%(R?) such that
d<f/,B>t = th<B>t. Therefore, Z; = Zip’y,dt x dP — a.s. for all P € Py and
veD.

Let us do the following change of probability measure, P# defined in (3.12).
Therefore, we can rewrite the above equation as :

t t
V, = VO—|-/ [Fu(Vu,Zu)—i—(é(yu)—(yu—uu)Zu)]du+/ ZudB{f—KF’”7 P—a.s.
0 0
(3.132)
In addition, by Proposition 3.60, we have the following equation for p € D:

t t
V, =V +/ [Fu (f/u, Zu)—i—(é(,uu) - ,uuZu)]du +/ ZudB,fj - KF’“, P—a.s.
’ ’ (3.133)

Equalizing (3.132) and (3.133), we can define for all ¢ € [0,1] a process KT
which does not depend on v € D:

t
Kl = K" =K +/0 6(va) — vuZudu. (3.134)
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Secondly, we are going to show that Z; € C, 0 < ¢t < 1, P — a.s. for all
P € Py. For that purpose, we consider for any P € Py and v € D such that
for all ¢ € [0,1], |¢| < 1 and |6(r4)| < 1 the set:

Fp, o= {(t,w) : d(v(t,w)) < Z(t,w)v(t,w)}

and assume that (A ® P)(Fp,) > 0. where X\ corresponds to the Lebesgue
measure. By definition of D, we have that (kv) € D for all £k > 0. So by
(3.134), we have

1
K™ =KD 4+ k / [6(v) — vuZu)du
0

Sending k to infinity gives us that Kip i may be negative with a positive
probability. Since K" is a positive process (as an increasing process with
Kg’ky = 0), there is a contradiction. So this leads to (A ® P)(Fp,) = 0 for
all P € Py and v € D, that is to say:

o(n) = vz, 0<t<1,P—a.s.
Therefore by Lemma 5.4.2 of [50], we can conclude that for all P € Py,
ZtEC', 0<t<1, P—a.s.

Finally, we need to show that (V,Z) € D%(R) x H%(R?) is the minimal
solution to (3.79) subject to constraint (3.80). We have shown in the claim
(3.92) that for any solution (Y*, Z*) of the second order constrained problem
(3.79) and (3.80):

Y >V, P—a.s.,

for all t € [0,1] and P € Pg. Since we have shown in the previous step of
the proof that (V, Z) is a solution of (3.79) and (3.80), then we can conclude
that this solution is indeed minimal. O

We then have the following stochastic representation result:

Proposition 3.61. Under the assumptions of Theorem 3.59, the minimal
solution (Y,Z) € S%(R) x H%(C) of (3.79) and (3.80) has the following
representation for allt € [0,1] and P € Py :

Y, = essup’ essup YtP/’V(l,g), P—a.s.
P'€Py (t,P) vED
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Proof. Under the assumptions of Theorem 3.59, by Theorem 3.59, (V, Z )
(where Z is defined in (3.130)) is the minimal solution of (3.79) and (3.80).
Hence by Proposition 3.57, we have that :

V; = essup’ essup YP,"’(I,{), P—a.s.
P'ePy(t,P) veD

O

Corollary 3.62. Under the assumptions of Theorem 3.59, let us consider
for all i € {1,2}, (&") € L%(R) and (Y, Z') € D%(R) x H%/(C) the corre-
sponding solution of (3.79) and (3.80). If &' < &2, Py — q.s., then :

YI<Y? Py—q.s.

Proof. 1t suffices to apply the comparison theorem 3.18. This shows that
for all P € Py and v € D,

Y e) <vY(LE), 0<t <1, P—as.
Since P and v are arbitrary, by Proposition 3.61, we finally get for all P € Pp:

V<Y 0<t<1, P—as.

3.5.3 Conclusion

Let us do a quick review of future researches. Firstly, a good question is
to study the Markovian case and do the connection between the constrained
2BSDEs and the partial differential equation which is associated to it. In the
first order case, we already know that the PDE is a variational inequality. We
would like to know if it possible to extend this result to nonlinear second
order PDEs. Secondly, a another interesting question is to know if the
general constrained problem (3.31) and (3.32) can be adapted to second
order BSDEs. More generally, Peng and Xu [69, 71] has proved the existence
of a minimal solution to the first order constrained and reflected BSDEs. Is-
it possible to extend their results to 2BSDEs?
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Chapter 4

Small volatility asymptotics
in a stochastic volatility
model

4.1 Introduction

The modelization of the volatility smile was pointed out by Bergomi in
several papers [2, 3, 4, 5|. He proposed a framework where the price of
an underlying relies entirely on the modelization of the forward variance
curve. This modelization has the advantage of giving a better control on
the term structure of the volatility of volatility. Therefore it is very useful
for financial products involving both an underlying and its realized variance.

This modelization has several connections with the bond market. Heath,
Jarrow, and Morton ([40]) were the first to study the term structure of inter-
est rate in a non parametric framework. In this model, the term structure
of the spot interest rate depends entirely on the forward curve of the zero-
coupon bonds, that is to say an infinite dimensional process. It is well-known
that in pratice the forward curve is obtained by smoothing data points and
is flat for large times to maturity. Therefore the specification of the infinite
dimensional space where the curve lives has to guarantee this properties.
This important issue has been treated for instance in Filipovic, in [34], who
provides a functional analytic framework to HJM-model. One can mention
the work of Ekeland and Taflin in [27] who are interested in problems of
portfolio management with stocks and interest rate. They choose to define
zero-coupon bond price curve as an element of a Hilbert space, typically a
Sobolev space of order sufficiently high to capture a smooth behavior.

113
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In this chapter, our aim will be to give an expansion of the price of a
vanilla option in a stochastic volatility model where the volatility of the
volatility depends on the forward variance curve. As for the interest rate
model, we will assume that the forward variance curve belongs to a Hilbert
space. To do such an expansion, we will follow the approach of Fleming and
Soner [36], [35] and Fleming and Souganidis [37] which requires stability re-
sults on viscosity solutions. Since we are working in an infinite dimensional
space, the classical results on viscosity solutions for second order partial
differential equations([18]) do not apply. Lions in several papers, mainly
[58, 57], gives a correct setting to extend the result of viscosity solutions
of real valued functions to Hilbert spaces where the state equation of the
system involves bounded operators. Swiech, in [88], generalizes this results
to the case of unbounded operators.

First, we will review the main tools on Sobolev spaces, semi-group and
viscosity solutions in Hilbert spaces. Then, we will revisit the Bergomi model
by assuming that the forward variance curve belongs to a Sobolev space and
then provides a m-order expansion for the price of a vanilla option under
smoothness assumptions on the payoff function.

4.2 Mathematical Preliminaries

4.2.1 Sobolev spaces

We define for p > 0, LP(R) the space of functions which are p-integrable,

00 1/p
Il e w) ;:(/ f(x)|pdx) < 0.

—00

that is to say:

For n > 0, the Sobolev space H"(R) is the set of all functions f which are
square-integrable together with all their derivatives of order up to n, that is
to say:

Ld°f

H™(R) ::{f P € L*(R) < oo Vk € {0,...,n}}.

This becomes a Hilbert space endowed by the norm

n dkf 1/2
| f1 £ (w) 1=<’f\%2(R) +ZHd$kHiZ(R)> :
=1
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We define the set of tempered distributions which is the dual S’(R) of the
topological vector space:

S(R) := {f: 2°DPf € L*(R) Va¥p multi-indices of size n}.

For f € &'(R), the Fourier transform f is defined by:

1 o0 ]
fy) = Vo /_OO exp(—izy) f(z)dz.

By Theorem 1.2 of [56], we can give an alternative definition of H™(R):
H™(R) ::{f e S'(R): (1+ [yl*)"/*f € L2(1R<)}.

with || f||? n(R) = [22. (1 +y*)"| f(y)[?dy. We can extend this definition for
v € R and define H”(R) the Hilbert space of tempered distributions f which
are such that

1y = / 1+ 4?)1f(y)Pdy < . (4.1)

—00

Clearly, for 7 >4/, we have HY(R) ¢ H”' (R) and H(R) = L*(R).

We consider three Banach sets denoted by H, G and L. We define C"(H, L)
the space of the n times continuously differentiable functions from H to L
and CJ'(H, L) the subspace of C"(H, L) where the n first derivatives are
bounded. We denote by C*"(G x H, L) the space of functions f from G x
H to L such that (g,h) — f(g,h) which are jointly k times continuously
differentiable with respect to g and n times continuously differentiable with
respect to h. Cf’”(G x H, L) is the subspace of C*"(G x H, L) where
the function together with its partial derivatives up to order n and k are
bounded. When L = R, we will use the notation C"(H) := C"(H,R) and
CP"(G x H) := C*"(G x H,R). Moreover, we define Cf(H) as the closed
subspace of CJ'(H) of functions which converge to 0 at oo together with
their n first derivatives. C}j,(H) and C}'(H) are Banach spaces for the norm:

S (k)
I lpan = nax supl ()

We have the following classical results (see corollary 9.1 in [56]):
Theorem 4.1. (Sobolev Embedding)
For any integer n, if v > n + % and if f € HY(R), then there is a function

g in C(R) which is equal to f almost everywhere. In addition, there is a
constant ¢, depending only on vy, such that:

lgllep®) < eyl f Il w)-
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In the sequel we will not distinguish f and g, that is to say, we will
always consider the continuous bounded representative of each function in
HY(R) for v > . Moreover, we have the well-known theorem:

Theorem 4.2. If v > %, if f and g belongs to HY(R), then fg belongs

to HY(R) and the map (f,g9) — fg from HY(R) x HY(R) — H?(R) is
continuous.

We define for v € R a continuous bilinear form on H~7(R) x H?(R) by

Ug>=/f@mmMm

where T denotes the complex conjugate of x. Symbolically for v > 0, this
continuous bilinear form could be rewritten

Ug>=/}@mum% (4.2)

where f is in the space of distribution H~7(R) and ¢ is in the space of test
functions H7(R). Any continuous linear form f +— u(f) on H7(R) has the
following representation: wu(f) = (f,g) for some g in H~7(R) such that
9l @) = llull(zr(r))+- So we can from now on identify H~7(R) as the
dual of H7(R) denoted by (HY(R))*.

We denote by HY(R™) the quotient space:
HY(RT):= H'(R)/H".

where H” is the closed subspace of H”(R) which contains all functions with
support in (—oo,0]. That is to say f € H' if f(z) = 0 for a.e. z < 0.
Thus H7(R™) is isomorphic to the set of restriction to [0, 00) of functions in
H7(R). This is a Hilbert space for the norm

£+ ey = inf{llgll ) | 9(2) = f(2) a.e. on [0,00)}.
We define the continuous linear map  from H?(R) to H*(R™) by

) f(x) z€0,00)
K(f) —{ 0 e (—00.0) (4.3)

We denote by ¢ a continuous linear injection from H7(R™) to H7(R) such
that kv = Idy~(g+). For example, ¢ is such that :

tf = g where g is the unique element in H”7(R)such that kg = f and
(h,g) =0 for any h € H” (4.4)



4.2. MATHEMATICAL PRELIMINARIES 117

Such an injection is not unique, for instance one can see the Appendix of
[27] for other possibilities.

If v € R, 1 does not belong to H”(R). In order to take into account constants
or functions which do not converge to 0 at infinity, we need to enlarge H(R).
For that purpose, we define

H(R) = H'(R) & R.
with a norm given by HfH%{(R) = HQH%I’Y(R) +a? for f =g +a.

The dual (H(R))*, is identified with H~7(R) @R by extending the previous
continuous linear form (4.2) to

(LY = (9.9") + ad. (4.5)

for f =g+a€ HR)and f'=¢ +d € (HR))*, fin H'(R), f'in H 7 (R),
(a,a’) in R2.

We denote for v > 0, HR') = H?(R') @& R which is similarly a Hilbert

space for the norm HfHJZLI(RJr) = HgH%ﬁ(Rﬂ +a? for f = g+ a. As for H(R),

the dual of H(R™) is identified with H~7(R™) & R.

As in the Appendix of Ekeland and Taflin in [27], we can extend x to H(R) —
H(R") by k(a+ f) = a+ xf for f € H'(R) and a € R. We extend ¢ to
HRY) — HR) by t(a+ f) =a+f for f € H'(RT) and a € R.

4.2.2 Linear continuous maps

We recall some standard properties of linear continuous maps (see Yosida
[90]). We consider [ : E — H a linear map where (E, |.||g) and (H, ||.||x)
are two normed vector spaces.

Proposition 4.3. The following properties are equivalent:
(i) 1 is continuous at 0.

(ii) 1 is continuous on E.

(iii) 1 is uniformly continuous on E.

(iv) 1 is Lipschitz continuous on E.

(v) 1 is bounded on the unit ball of E.
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We denote by L(FE, H) the set of all continuous linear functions from E to
H. Let us define for all [ in L(E, H),

12z = sup [[l(z)]-
el p<1

We have the following theorem

Theorem 4.4. If (H, ||.||) is a Banach space and (E, ||.||g) a normed vector
space, then (L(E,H), ||.||L(E7H)) 1s a Banach space.
4.2.3 The continuous left translation group

We want to introduce the notion of semigroup which will be usefull in
the sequel. For more details, see Yosida [90].

Definition 4.5. Let {T};t > 0} be a one-parameter family of bounded linear
operators on a Banach space H satisfying for t,s >0

T,y = Thss. (4.6)
To=1.

then {Ti;t > 0} is called a semi-group.

If {T};t > 0} defined by definition 4.5 is such that for all z € H:

Tix — .
Tz — s — 0

then {T};¢ > 0} is called a strongly continuous semi-group. In particular, if
| T¢||er < 1, then it is called a strongly continuous contraction semi-group.

Remark 4.6. (i) If {T}; t € R} is a one-parameter family of bounded
linear operators on a Banach space H satisfying (4.6) and (4.7) for ¢, s
in R then it is a group.

(ii) If {T}; t > 0} is a semi-group then for all ¢ > 0, T; does not necessarily
admit an inverse element.

Let v € R, for all ¢t in R, we define £; € L(HW(]R), HW(R)) by
(Lef)(x) = flz+1). (4.8)

Clearly, {£; : t € R} is a contraction group. Indeed, take a function ¢ €
H?(R) and denote its Fourier transform ¢. Then for (¢,y) € R2, the Fourier
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transform of L£;¢ which is a tempered distribution is given by:

£t¢ \ﬁ/ exp(—izy)o(x + t)dz

v / exp(—i(u — )y)(u)du
= exp(ity)p(y)

This gives us the following inequality:
1Ledll 5 ) < 1|9l 57 (w)

Therefore {£; : t € R} is a contraction group on H7(R). Similarly, we have
that:

1 [ . )

1206 = 6l = = [ (112 expity) — 11600 Py
And by dominated convergence theorem, we get :
1£t, & — 9l mv(w) — 0.

So, {L£; : t € R} is a strongly continuous contraction group. We extend L,
to HR) =H"(R)& R (y € R) by

Li(a+ f)(z)=a+ flz+1t), Vf € H'(R), (t,a) € R% (4.9)

Thanks to Proposition 13 of [27], we can also define a strongly continuous
contraction semi-group £1 on H(R™) by:

CHat fa) =art flz+1), ¥f € FRY), (ha) B (410)
For v > 0, the space H” is invariant under £, so £ verifies
KLy = LK. (4.11)

As in chapter I X of [90], for any Hilbert space H and for all f in H, we
define the infinitesimal generator A of a semi-group {71};t > 0} by:

Af = hm [Thf fl. (4.12)
A is a linear operator with domain
D(A):={feH: hm [Thf f] exists in H}.

We have the following theorem (see [90], chapter /X, Theorem 1 (p237) and
Theorem 6 of [27]):
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Theorem 4.7. Let {Ty;t > 0} be a strongly continuous semigroup in a
Banach space H and let A be its infinitesimal generator. Then D(A) is a
dense linear subspace of H and A is a closed operator in H.

We denote by O the infinitesimal generator of the group £;. We can see
easily that D(9) = {f € HR) : df = f' € HR)} = R® H'(R) by
definition of the fractional Sobolev spaces. So, if f € R @ HY1(R), then

of = f. (4.13)

where f’ is the derivative of f.

4.2.4 Stochastic equations in infinite dimension
4.2.5 Infinite dimensional Brownian motion

We consider two separable Hilbert spaces (F, (.,.)g) and (H, (.,.)r) and
an index set I whose cardinality equals the dimension of H. (g;)ier is an
orthonormal basis of H.

To understand problems which could happen while using infinite Brow-
nian motions, one can see that basically if we define W} as >, ; Bi(t)gi,
where (3;);e1 is a family of independent real valued standard Brownian mo-
tions then

E[[|Wil[3] = D E[(B:i(1)?] = >t = oc.
i€l i€l
So we have a problem of definition. To overcome it, let us denote by @
a symmetric positive operator of L(H, H) such that Tr(Q) < oo and for
(\i)ie1 a positive sequence of real numbers:

Qgi = N\igi, 1€ L.

Definition 4.8. A H-valued stochastic process Wi, t > 0, is called a Q) —
Wiener process if

(i) W(0) =0.

(ii) W has continuous trajectories.

(iii) W has independent increments.

(iv) Wy — Wy ~ N (0, (t — 5)Q), t > s > 0.

where N (0, (t— S)Q) corresponds to a Gaussian measure on Hilbert space
(see [22] section 2.3.2). We have the following proposition:
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Proposition 4.9. Assume that W is a Q—Wiener process, with Tr () < oo.
Then for any positive t, Wy has the expansion

Wi =>_ VAiBi(t)g; (4.14)

i€l
where (B;)ic1 is a family of independent real valued standard Brownian mo-
tions on a filtered probability space (0, F,{Fi}i>0,P). For each i € I, f; is

such that:
1

Bi(t) = X

and the serie (4.14) converges L*(Q, F,P).

(Wi, 9i)-

Proof. See Proposition 4.1 chapter 4 of Da Prato and Zabczyk in [22]. [

We can also consider the case where Tr((Q)) = oo. In this case, the
process W is called a cylindrical Wiener process. In this case, we give a
meaning to the expression Wy = > ;1 g:5i(t) by considering its "projection”
on a subspace of H. Indeed, one can show:

Proposition 4.10. If Wy = 3,1 Bi(t)g; is a cylindrical Wiener process,
then for every x € H such that ||x|| g = 1, the real valued stochastic process

We,z)m = (@, 9:)uBi(t).
i€l
1s a standard Brownian Motion.

Proof. For all n,p > 0, by Doob’s inequality,

n-+p n+p
B[ sup |3 (o 0nbi0F | < 473w — .

0<t<T ,_
1=n =n

since g; is an orthonormal basis. Moreover, " ((z, g;)3;(t) is a finite sum
of centered independent Gaussian processes and then a centered Gaussian
process. Since it converges in probability, its limit is still a centered Gaussian
process. Furthermore, for all t > s > 0,

E <Wt,$>H<WS7IB>H] =35> (1.9)%
i€l
= sl|z|%

=S

So, by Paul-Levy theorem, we get that (W;, z)y is a real valued standard
Brownian motion. O
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We define the subspace EY := QY2E of E which endowed with the inner
product

(@,9)0 = (Q?2,Q" y)u.
is a Hilbert space. We denote by LY := Lo(E?, H) the separable Hilbert
space of all Hilbert-Schmidt operators from E° to H for the norm :

2 12
JARy = 3" 1l Agill3
i€l
We define the Hilbert space N‘%V ((), T, Lg) of all LY-valued predictable pro-
cesses @ such that for all 7' > 0:

T
2
E[/O H‘I’sHLgdS]< 0.

Then, we have the following theorem:

Theorem 4.11. Let W be a cylindrical Wiener process and assume that ® €
N3, (O,T; Lg). Then, for all t € [0,T], the stochastic integral fg D, AWy is a
continuous square integrable martingale and we have the following isometry:

t t t
E[H /0 <I>des|!2]=E[ /0 H%H%gds}zla[ /0 Tr[0.Q'2(9,Q12)"]ds|.

Proof. See Theorem 4.12, chapter 4 of [22]. O

4.2.6 Mild versus strong solution

We consider (2, F,F,P) a complete filtered probability space with F =
{Fi}+>0 and a Hilbert space H. Let W be a cylindrical Wiener process. This
subsection is devoted to give a meaning to the following stochastic equation
for all ¢ in [0,7], T > 0:

dX; =(AX¢ + F(t,Xy))dt + B(t, X;)dWy, Xo=z € H (4.15)
where A : D(A) — H is the infinitesimal generator of a strongly continuous
contraction group {713;t > 0}.

(i) The mapping F : [0,T] x Q@ x H — H is measurable from ([0, 7] x
Q x H,Bjy7) x F x B(H)) into (H,B(H)).

(ii) The mapping B : [0,T] x @ x H — L9 is measurable from ([0,7] x
Q x H,Bjyr) x F x B(H)) into (L9, B(LY)).

Definition 4.12. Suppose that X is a H-valued predictable process satisfy-
mg

T
ﬂﬂ[ | Ul PG Xl + 155, X By < oo = 1.



4.2. MATHEMATICAL PRELIMINARIES 123

(i) X is a mild solution of (4.15), if X is solution of
t
X, =Tz + / Ti—sF(s, Xs)ds + T;—sB(s, Xs)dWs.
0

forall0 <t <T.

(ii) A mild solution X is a strong solution of (4.15) if X € D(A), dt ® dP-
a.s. and

T
IP’[/ |AX || rds < oo]: 1.
0

If X is a strong solution then the integral version for all positive ¢,
t t
Xi=x2+ / (AX, + F(s, X,))ds +/ B(s, X5)dWs.
0 0
of (4.15) holds P-a.s.

In the sequel, we will need the following result which can be found in Da
Prato and Zabczyk, Theorem 7.4 in [22].

Theorem 4.13. Assume that x is a Fy-measurable H-valued random vari-
able and that F' and B are such that

IF(tw,y) = F(t,w,y)|a + | B(t,w,y) = B(t,w,y" )9l < Clly — ¢/'ll -
1F (8w, )7 + 1Bt w, )l 7g < O+ lyllf)-

for (y,y') in H, t in [0,T] and w € Q.
Then there exists a mild solution X to (4.15) unique up to equivalence among

T
]P’(/ | Xs||%ds < oo)z 1.
0

Moreover, it has a continuous modification and

the processes satisfying

E[ sup ||Xs|r%1]§ Cr(1 + Ele]%).
0<t<T

If A=0in (4.15) and the conditions of Theorem 4.13 are satisfied, we
notice X is a strong solution to (4.15).
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4.2.7 Viscosity solutions in Hilbert space

The theory of viscosity solutions in infinite dimension is developed mainly
in two papers by Lions in [57] and [58]. The notions developed in this sub-
section extend those of [18] which concern only the finite dimensional case.

Let us denote by H a separable Hilbert space. For any functions ¢ : RT x
H — R such that (t,2) — ¢(t,z), we denote by D¢ and D?¢ the first and
the second order Frechet derivatives in x € H. We denote by BUC),.(H)
the set of all bounded functions, uniformly continuous on bounded sets of
H. BUC(H) is the subset of all bounded uniformly continuous functions of
BUCo.(H) and

BUC,(RT x H):={u € CO(R+ x H): u(t,-) € BUC(H), uniformly in t}.

We define L'(H) = Ls(H x H,R) the set of all bounded symmetric bilinear
forms on H.

We are interested in solving a non linear second order degenerate parabolic
equation of the following form

Oyu+ F(t,z,u, Du, D*>u) =0 in R" x H. (4.16)

where (t,2) € R* x H, u, Du and D?u are functions from RT x H to R, H
and L'(H) respectively. F is such that:

(i) F belongs to BUCo.(R* x H x R x H x L'(H)).
(ii) F is degenerate elliptic, that is to say,

F(t,x,r,p,A) < F(t,x,r,p,B).

for all A > B, for all t in R*, p and x in H, r in R where the partial
ordering A > B is defined by

A> Bift Ve € H, (Az,z) > (Bz,x).

As Lions in [57], we denote by X' (H) the set of all test functions ¢ € C*(RT x
H) such that D¢ is Lipschitz on bounded sets of H and for all h and k in

H,
1
lim — (De( + th) — Do (x), h).
140

exists and is uniformly continuous on bounded sets of H.
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Remark 4.14. Suppose that H is finite dimensional, then the set X'(H)
corresponds to C12(R* x H). Indeed, in finite dimension, being continuous
on a compact set, and thus on a closed bounded subset of H, implies the
uniform continuity property on this subset by the Heine theorem.

We give the definition of viscosity solutions for F' satisfying the above con-
ditions (¢) and (77):

Definition 4.15. We say that u in BUC,.(RT x H) is a viscosity sub-
solution of (4.16) if for each ¢ in X(H) and (to,x) in RT x H such that
max(u — ¢)(t,x) = (u — ¢)(to, x0), we have

liminf yu(t, x) + F(¢t,, u(t, z), Do(t, x), D?¢(t,x)) < 0. (4.17)
—Z0

t—to
We say that u in BUC(RY x H) is a viscosity supersolution of (4.16) if
for each ¢ in X(H) and (tg,xo) in RT x H such that min(u — ¢)(t,x) =
(u — ¢)(to, x0), we have

lim sup dyu(t, z) + F(t, z,u(t, ), Do(t, z), D*¢(t, z)) > 0. (4.18)

o
We say that u is a viscosity solution of (4.16) if it is both a subsolution and
a supersolution of (4.16).

Remark 4.16. If (tp, 7o) in R x H realize a minimum of u — ¢, then they
realize a strict minimum of u — ¢, where ¢4 (t,2) := ¢(t,7) — alz — x2o|* —
|t —to|? for a > 0. Moreover, if ¢, (to, zo) verifies (4.17) and F is continuous
in its last variable, then by sending alpha to 0 we get that ¢ is a solution
to (4.17) too. So, we can replace the notion of local minimum by a strict
minimum and the notion of local maximum by strict maximum.

The definition of viscosity solutions proposed by Lions in [57] are motivated
by the study of the optimal control problem in infinite dimension with some
small modifications compared with the finite dimensional case. Indeed one
can consider the subset X'(H) of X(H) defined by:

X'(H):={¢ € C*(RT x H): ¢,D¢,D*¢ € BUC|,.(R" x H)}. (4.19)
Compare to the finite dimensional case, this space is more usual. The notion
of sub and super differentials can still be used to define the notion of viscosity
solution. That is to say, we define for u € BUCj,.(RT x H) and (to, o) €
R* x H

D u(to, zo) :Z{(A,p, q) € L'(H) x H x R; limsup [u(t,y) — u(to, z0)

Yy—xo

0] — a0~ t0) = (4G — ).y — )] o w7 < 0} (420
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and

D2 u(to, o) ::{(A,p, q) € L'(H) x H x R; liminf [u(t,y) — u(to, z0)

Yy—xo

— (p,y —wo)] —q(t —to) — %<A(y —10),y = yo) | lwo — yll > > 0}- (4.21)

We can now define the concept of ”classical solution” which is more usual

than the concept of viscosity solution. In the sequel, F' must verify conditions
(7) and (7).

Definition 4.17. We say that u in BUC,.(R™ x H) is a classical viscosity
subsolution of (4.16) if for any ¢ in X'(H), (4.17) holds or equivalently if
for any (A,p,q) in Df_u(to,wo) and (tog, o) € RT x H, we have

q+F(t07$O7U(tO7xO),p,A) S 0.

We say that u in BUC,.(RT x H) is a classical viscosity supersolution of
(4.16) if for any ¢ in X'(H), (4.18) holds or equivalently if for any (A, p,q)
in D3 u(to, zo) and (to,zo) € RY x H, we have

Q+ F(t0,$07u(t07$0),p, A) Z 0.

We can see easily that a viscosity solution is always a classical viscos-
ity solution. To have equivalence between this two notions, we need the
following proposition which can be found in Lions [57]:

Proposition 4.18. Let u in BUCj,.(R x H) be a classical viscosity sub-
solution (resp. supersolution) of (4.16). Then w is a viscosity subsolution
(resp. supersolution) of (4.16) if F satisfies the following condition: there
exists an increasing sequence of finite dimensional subspaces Hy, of H such
that U, H,, is dense in H and

[ 1 1 c 1"
lim sup limsup | F'(¢, z,p, A) — F(t, x,p,=AP, + =P, A+ 6P, + —Qn) =0.
§—0t N L 2 2 o

(4.22)

_ ) ) o
lim sup limsup | F'(¢, z,p, A) — F(t, x,p, =AP, + —P,A— P, — an) =0.
§—0t N L 2 2 o

(4.23)

for all x,p in H, A in L'(H), C > 0 where P, and Q,, denote respectively
the orthogonal projection on H, and H}.
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Lions in [58] shows that the following condition is sufficient to guarantee
(4.22) and (4.23):

There exists an increasing sequence of finite-dimensional subspaces H,
of H such that U, H,, is dense in H for which F satisfies for all R < oc:

sup{]F(t,x,r,p,X +7Qn) — F(t,z,p, X)| : | X|lpm < R,

TeR, || <R, X = PnXPn}—> 0. (4.24)
n
for all t € RT, p,x € H, r € R. For this purpose, see [58] for the case of a
bounded second order partial differential equation or [88] for the unbounded
case.

Remark 4.19. If (4.22) and (4.23) hold, one can show that (4.17) or (4.18)
holds for all ¢ € C*(RT x H) such that D¢ is locally Lipschitz continuous
and

lim t H(D¢(z + tk) — Dg(x), h),

40
exits and is continuous on H for all h, k in H. In particular, this is the case
for test functions which belong to C*?(RT x H).

Remark 4.20. Swiech [88] considers fully nonlinear PDEs of the form:

Oyu + (Az, Du) + F(t, x,u, Du, D*u) =0, (0,T) x H,
u(T,z) =g(x), =€ H.

where A is an unbounded operator. For that purpose, he considers tests
functions ¢ which are mainly such that ¢ € C%2([0,T] x H), ¢ is weakly
sequentially lower semicontinuous and A* D¢ is continuous, see definition 1.1
in [88] . Therefore in our case, that is to say A = 0, this set of test functions
is a subset of C12([0,T] x H) C X(H). So if u is a viscosity solution of
(4.16) then u is a viscosity solution in the sense of Swiech of (4.16). Since
by (4.24) and proposition 4.18, the notion of classical viscosity solutions and
viscosity solutions coincide, then if  is a classical viscosity solution of (4.16)
then w is a viscosity solution in the sense of Swiech for the PDE (4.16).

In the sequel, to achieve the asymptotic expansion of the price of T-
maturity European call, we will use the method developed in Fleming and
Soner [36], [35] and Fleming and Souganidis [37] which requires the following
stability result (Lions, Proposition I1.2, [57]):
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Theorem 4.21. For all positive n, let u, € BUC),.(RT x H) be a viscosity
subsolution of

Fo(t, z, up, Dup, D*u,) =0, in H, n>1

for some F,, bounded, uniformly continuous on bounded sets of RT x H x R x
H x L'(H). We assume that there exist u € BUC,. (R+ X H), F bounded,
uniformly continuous on bounded sets of RY x H x R x H x L'(H) such that

limu,(t,2) = u(t,z) for all (t,r) € RT x H,
n
lim sup un(tmxn) < u(t,x)

n

lminf F, (tn, Tn, T, Pn, Xn) > liminf F, (¢, 2,7, p, X,)
n n

fort, -t mRY, 2, - xinH, r, -7 inR, p, — pin H and X,, is
n n n n
bounded in L'(H).

Then, u is a viscosity subsolution of (4.16).

4.3 The stochastic volatility model

The purpose of this section is to propose an extension of the Bergomi
model in terms of the mathematical formulation of the bond market as in
Ekeland and Taflin in [27]. This is possible due to the analogy between the
forward volatility curve and zero-coupon bond price curve. More precisely,
we propose here a rigorous framework for the stochastic volatility model
of Bergomi. This means that we have to find a “suitable” space for the
definition of the forward variance curve. We will see in the sequel that since
this space is not finite dimensional, this justifies the use of viscosity solutions
in Hilbert spaces developped mainly by Lions in [57, 58].

4.3.1 The framework

We consider (2, F,F,P) a complete filtered probability space with F :=
{Fi}t>0 and a family (5;);en of independent standard F-Brownian motions.
Let W be a cylindrical Wiener process on the space [? where

1 ={o = ()jew € R ol = 3l < o0
JEN

We denote by (g;)jen an orthonormal basis of /2. For example, we can take
g1 = (1,0,...), g2 = (0,1,0,...) etc ... By Proposition 4.10, for all z € I?,
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the process

(Wi, x) = (@, 01) Bi(t).
i€EN
is a real valued Brownian motion. Let us define a correlation coeflicient
p € 12 such that ||p|;z = 1 and W° a real valued standard F-Brownian

motion such that for all ¢ > 0:
E[W{Bi(t)]= pit.

Let us fix ¢ € R. For given T' > 0 and t € [0,7T], we denote by U the log-
price process of an underlying and by ¢57 the forward stochastic volatility
of maturity T. They verify on [0, T]:

Ut = _%(gfvt)%zt LW, US=ueR, (4.25)
dest = 2NI(t, T, &) dt + gf\(t,T, eaw, T = €7 (4.26)
where £ ¢ [t,00) 3 T+ &7 correAspondsAto the forward variance curve for
all the maturities greater than t, M and A will be specified in the sequel.
4.3.2 The Bergomi model revisited
We recall that for v > % :
HR") =Ro H'(R").

For all (t,y) € [0,T] x H(RT) and s € [t,T], we denote by Y<"¥ a H(R")-

et . . .
valued process such that Yy "Y(z) is the instantaneous forward variance
ety

curve at time s for a time to maturity > 0 and which is such that Y, =y.
That is to say, by definition, £ and Y'Y are related by
YELY(z) = 25T (4.27)

for all (t,y) € [0,T] x H(RT), s € [t,T] and x € R*.

This means that we are working with forward variance curves which are
continuous functions of time to maturity. The reason why we are working
with H(R™) instead of H7(R™) is because it allows the variance curves to
have a non zero limit at infinity.

We shall suppose that for all x > 0, y € H(R') and 0 < s <t < T, the
following SDE is satisfied:

YoUY(x) := y(s+:c)+52/ Mu(Y;’t’“)(s—i—x—u)du—k;/ Ay (YEY) (s+z—u)dW,
t t
(4.28)
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where M and A are functions from [0,7] x H(R*) to H(RT) which are
related to M and A by :

My(y)(@) = M(t,t +2,y) and Ae(y)(2) == At t +2,y),

for all z € RT.

Let £ be the continuous semi-group of left translation defined in (4.10).
Then we can rewrite (4.28) as

S S
YW = LFy 4 &2 / £§LuMu(Yj’t’y)du+% / LH A (YEMYAW,. (4.29)
t t

We can now consider mild and strong solutions of the corresponding differ-
entiated equations:

AU = ——(VEM)2(0)ds + YLV (0)dW?, UPY™Y =, (4.30)

1
2
AYSW =(0TYSM + 2 My (YEH))ds + gﬁs(ygavtvy)dws, Yo =y,

(4.31)

where T is the infinitesimal generator of the semi-group £. This is the
fundamental system of SDEs for the model to be solved. To be more precise,
we define A := (\;)ien : [0,7] x H(RT) — LY such that:

Mi(y) == =gy > _ X(y)* and Ay(y?) == y*Mi(y),
=1

which is correctly defined by Theorem 4.2. Moreover for all ¢ € [0,7] and
(y,vy') in H(R")?2, X verifies:

IAe(w) = 2@)liTg < Clly = ¥ sy (4.32)
IMw)ll7g < C. (4.33)
A has bounded support. (4.34)

Thus, we will denote by supp(\) the support of A which is a subset of
[0, 7] x BT where BT is a bounded closed subset of H(R"). We will denote
by B its bounded extension to H(R), for instance, one can choose ¢ (see
(4.4)) such that B = ¢B* is a bounded subset of H(R).

Remark 4.22. Let us consider the pair of processes (5S¢, ¥5%) defined by

(55, 5°) =(exp(USH), (Y510)?).
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One can see easily by Ito’s formula that (S¢, %) solves for all s € [t, T):
dSE = S5/ SN (0)dW?,  SF = exp(u) € RY,
d¥st = eA (55N aw,  x7t =y

which is more usual. However, we prefer considering the log-price and the
square-root of the volatility because it is more interesting for the sequel.

We shall use the approach of [27] which allows to get rid off the unbounded
operator 91 in (4.31). To achieve it, let us work in the Hilbert space

H(R) =R & H'(R)

for v > % where {£; : t € R}, defined in (4.8), is a strong continuous

contraction group. In order to reformulate the stochastic partial differential

equation (4.31) as a stochastic ordinary differential equation, roughly speak-

ing to remove the term 9TY %Y we define a H(R)-valued process Z&4% such

that kZ5b% = Y5b¥, By definition of + and  (see (4.4) and (4.3)) and (4.11),
if such a process exists, it verifies for all 0 <t < s < T:

S
75 = Loz —I—/ Lo (2t My (KZ50%)du+ %LAU(KZZ’t’Z)qu), z € H(R).
t

(4.35)
Moreover, since £ defines a group in H(R) (see subsection 4.2.3), we can
define for all 0 < t < s < T the process Z="* := £_,Z5"* which solves:

S S
Zo4 = 7 4 €2 / M (u, Z5H%)du + / %A(u, ZEVE) AW, (4.36)
t t

where the functions M and A are from [0,7] x H(R) to H(R) and are defined
by:

M(t,z) = L_qM(t,kLsz) and A(t, z) = L_y A (KLs2). (4.37)
We denote by §:[0,7T] x H(R) — H(R™) the function defined by:
B(t, z) == KLz (4.38)
Let H be a separable Hilbert space defined by
H:=R& H(R),
for the norm ||.|| defined by:

1Cu, 2112 = [l + [l 17 m)-



132 CHAPTER 4. A STOCHASTIC VOLATILITY MODEL

For Ust%? and Z%* defined respectively in (4.30) and in (4.36), let us
consider the H-valued process:

Us,t,u,z
g,tu,z

Therefore for all = := (u, z) € H, we have by (4.30) and (4.36)
dX5H" = bo(s, XM )ds + oo (s, X )dW. (4.39)

with b, : [0,7] x H — H defined by
bt.) = = (0@ 0. 201 (1, 0(0) ).

and o, : [0,T] x H — LY defined by

oelt.) =320 0). 54 0(2)) ).

where : ¢ : H — H(R) is a linear continuous function defined for all
x = (u,z), by ¥(x) = 2. We define ¢ : H — R the linear continuous
function defined by ¢(x) = u.

Therefore if we are able to prove that there exists a unique solution X% to
(4.39) then it would be possible to solve our fundamental system (4.30) and
(4.31). To prove the existence and the uniqueness of such a process X%
we shall restrict ourselves to the x which belong to R x B. We recall that
BT and B are bounded subsets of H(R™") and H(R) respectively (see (4.34)
and the commentary below). We prove the following Lemma.

Lemma 4.23. For all ¢ € R, b, and o are uniformly bounded on [0,T] X
R x B. Moreover, for all (t,z,2') € [0,T]x (R x B)Q, b. and o, verify

-t @) — ba(t,2')]| < Cllz — o). (4.40)

and
loe(t, @) — oe(t, 2')| g < Cllz — 2. (4.41)

where C > 0 is a constant.

Proof. By definition ¢, x, and L£; are linear continuous maps, so they are
Lipschitz continuous. Then we can find a constant C > 0 such that for all
(2,2') in B2 and t € [0,77:

IA(t, z) — A(t, z’)HLg < CllzAe(kLiz) — z')\t(mﬁtz’)HLg.
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By (4.32), (4.33) and (4.34), we obtain

[A(, 2) = A(t, )]l 1g < Cllzlla) M (KLe2) = Ae(rLe2')]| g
+ ClIM(6Le2)l pollz = 2l wy
<Oz - Z|lam).

So A is Lipschitz continuous in z. Similarly M and § are Lipschitz contin-
uous in z.

The map z — (%(., z) is Lipschitz continuous. Indeed, 3 is Lipschitz with
bounded support because z belongs to B, the bounded support of A( see
(4.34)). Since ¥ and M are Lipschitz continuous, we can find a constant
C > 0 such that

C
b= (¢, @) — be(t,2)||* < 5 12(0) = z'(0)[?
+Ce?|x — 2|}y wy
By the Sobolev embedding Theorem 4.1, we can therefore find a constant
C’ > 0 such that:

cc’
e (t, 2) — be(t, 2")|* <

|z — :LJHJQLI(R) +Ce*|x — $,||12H(R)

< Cllz —2'||*.
where C' has changed from line to line.

In the same way v, # and A Lipschitz continuous lead to o, Lipschitz con-
tinuous. Therefore b, and o, verifies (4.40) and (4.41).

Let us show that b. is bounded on [0,7] x R x B. First, we can notice
b-(.,0) = 0. Therefore for all x := (u,z) € R x B and t € [0, 7], by (4.40),
b: is bounded on [0,7] x R x B. Similarly one can show that o, is bounded
is bounded on [0,7] x R x B.

O

By Lemma 4.23 and by Theorem 4.13, there is a unique strong solution
Xeb% in R x B to equation (4.39) and we can find a constant C' > 0 such
that:

E[ sup ||X§»WH2] <C(1+ [|lz]?). (4.42)

t<s<T
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Remark 4.24. Moreover, by the boundedness of A (see (4.33)), (4.34) and
a comparison argument, we have that for all ¢ € [0,T7:

V(s,z) € [t,T] x B: Z*** € B
We have the following estimates

Lemma 4.25. For all h > 0 and (z,2') in R X B, we have

E| sup || XS0 — xlz] < C’h2(1 + Htz) (4.43)
[t<s<t+h
B| swp x50 - x5 2 < e - o2 (.4
Lt<s<t+h
E| sup [XSH7 — X;Hhvxﬂ <O+ |z|*)Vh (4.45)
Lt<s<t+h
where C' > 0 is a constant independent of t. Moreover,
E| sup WXz - )| o (4.46)
t<s<T e—0

where 1 : H — H(R) is defined for all x = (u, z), by ¢(z) = 2.
Proof. These estimates are classical and the proof is the same as those in
the finite dimensional case. In the sequel, we will focus on the dependence
in € of the constant C' and then we will only prove equation (4.46).
¢
B sup 125~ olfy] < 28] sup | [ hrtu, 25t )auly]
t<s<T t<s<T Js
t
€
+ 2E{ sup || §A(u, Zf;’t’z)dBuH%{].

t<s<T Js
Then by Jensen and Burkholder-Davis-Gundy inequality, we get:

T
E[ sup [|Z5"* —z||%{] < 2|T—tuE[ / s4||M<u,Zzw>||%{du]
1<s<T t

T g2
+2IE[/ 7 1A, Z;jvt»Z)H%Idu}
t

By the Lipschitz property of M and A (see the proof of Lemma 4.23), we
can find a constant C' > 0 such that

2
E[ sup ||Z5%* z||%1] < CEMT 1]+ )T - tmz{ sup ||Z;"f72>||%{}
t<s<T 2 t<s<T
By (4.42), we therefore get:
2
&
E| sup 1254 sl < T~ o)+ )0+ el
t<s<T

From this result, we deduce (4.46). O
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4.4 The pricing problem

4.4.1 The corresponding PDE

Let us consider a payoff function g : R — RT. We recall that BT,
the support of )\, is a bounded subset of H(R"). We make the following
assumption:

Assumption 4.26. g is a bounded Lipschitz continuous function.

We define the measurable function p®(t,x) : [0,7] x R x B — R such that

pe(t,z) == E[g(o(X5"))| X" = z].

where x := (u,2) € Rx B C H and ¢ : H — R is the linear continuous
function defined by ¢(z) = w. Let us consider K > 0. For all ¢ € [0,T],
u € R, and y € BT, the T-maturity European put option price is defined
by:

P(t,u,y) := E[(K = U") (U YY) = (u,y)]. (4.47)

where US4%Y and Y& solve the system (4.30) and (4.31). We denote
by Bi(T) the price of a Zero-coupon bond of maturity 7" at time ¢ and
C4(t, s,y) the price of T-maturity European call. We remind the call-put
parity equation for a T-maturity European option:

Pe(t,s,y) — C°(t,s,y) = By (T)K — s (4.48)

Thus it makes no difference to be interested in pricing the European put or
the European call.

Clearly by the tower property for conditional expectations, we have the
following result

Lemma 4.27. For all (t,x) € [0,T] xR x B and for all stopping time 6 > t,
we have

pz-:(t7$) —E pz-: (0’ Xg,t,x)‘XtE,tw _

Proof. Clearly, under Lemma 4.23, X%® is a strong continuous Markov
process so it verifies the flow property:

X&ng’m = X% on [0,00), P —a.s. (4.49)
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By the tower property for conditional expectations and (4.49),

P (te) =E|E[g(a(x3™0 ) x50 | x50 = }
=E[p (0, X;"")|X; " = a].
O
We define
Fo(t,x,p, X) = (p, be(t, 7)) + %TT(XO-E(t7$)(O'€(t,:L‘))*). (4.50)

where (t,z) € [0,7] X H, p € H and X in L'(H). F. verifies the following
properties.

Proposition 4.28. For all e € R, F. is such that
(1) F. is bounded on bounded sets of [0, T]x (R x B)2XL/(R x B).

(2) F; is uniformly continuous on bounded sets of € [0, T]x (RXB)2 x L' (R x
B).

(3) F- is uniformly Lipschitz continuous in x € R x B on bounded sets of
[0,T]x (R x B)xL'(R x B).

Proof. First we show (3). For all (z,2') € (R x B)?, by Cauchy-Schwarz
inequality, we have:

|F£(t,x,p, X) - Fg(t,ﬂf/,p,X” < |<p7 b€(t7 JJ) - bE(t’I/)H
+%V¢W%@@—%@fm%@@—%@fWH
< lpllbe(t, z) — b= (t, 2" )| + 1 X || o)
X |loe(t, x) — o=(t, 2")| 19-

Therefore, by Lemma 4.23, we can find a constant C' > 0 such that:
This gives us (3). Moreover, since F.(t,z,0,0) = 0, we have:

|[Fe(t, 2, p, X)| < Clll| (1Pl + 11X | ey )- (4.52)

So, we have (1). F is linear in p and X so by (4.52), it is uniformly contin-
uous in p and X. Moreover by (3), we have that F; is uniformly continuous
on bounded sets of R x B. The uniform continuity in ¢ follows from the
continuity of F in ¢ on the compact domain [0,T]. So, we have (2). O

Remark 4.29. F. verifies the degenerate ellipticity condition. That is to
say for all X >Y € L/(H), for all (p,z) € H?, we have

Fs(t,l',p,X) S F€(t7x7pa Y)
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4.4.2 Existence and uniqueness of the viscosity solution

To prove existence and uniqueness, we shall use an approach which uses
test functions in X’ and which is developed in [58]. To prove the uniqueness,
we need the following lemma:

Lemma 4.30. F; defined in (4.50) verifies:
(1) F. verifies condition (4.24).

/“2

(2) Fo(t,r, "5, X) — Fo(t, 2/, 255, ~Y) > —w(”m_f + lz — x’”)

where | t |[< R, (z,2) €(R x B)2, d €(0,00), X, Y satisfies

2(1 0 X 0 1({1 -1
_5<0 I>§<0 Y>§5<—I I>' (4.53)

and §p >0, R € (0,00), w is a modulus of continuity.

(3) There is a function u € C*(R x B) with bounded derivatives such that
pu— 00 as ||z|| — oo and

F.(t,,p+aDp(x), X + aDu())> Fu(t,z,p, X) — w(a).
fOT’ all HXHL’(RXB) < R, HpH SR teR zeRXB,ac€ (0,040), fO’I“
some ag > 0 and w is a modulus of continuity.

Proof. First, since H(R) is a separable Hilbert space, there exists an increas-
ing sequence of finite-dimensional subspaces H,, of H(R) such that U, H,, is
dense in H(R). For allt € [0,T], z,pin Rx B and P, and @,, the orthogonal
projections onto H,, and H;-, we have by Cauchy-Schwarz’s inequality:

™ *
‘F6<t7x7p7X +7TQTL) - FE(t7x7p7X)‘ - ‘g‘TT[Qnag(t, x)(ag(t,x)) ]|
T
< |5 11@Qnoe(t. @) gllo-(t,2) | g-

Since by Lemma 4.23, 0. is bounded on [0, 7] xR x B, we can find a constant
C > 0 such that:
lo(t @)l < C

So this leads to
[E-(t,2,p, X +7Qu) = Fult, 7,p, X)| < CIF1Qu0e(t,2) | 1g-
By Lebesgue’s Lemma, we have for all x € R x B and z,, € H,, such that
lxn — || - 0:
1Qn-0e(t,2) 1 g = llo=(t, 2) — Para(t,2))llzg
< (L I1Pall o) lloe(t @) — o=(t, 2n) -
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So for all R < oo, by Lemma 4.23, we can find a Lipschitz constant C' > 0
such that

Sup{‘FE(t7$7p7X +7TQTL) - Fg(t,.’ﬂ,p,X)‘ : HXHL’(H) < Rv

TER || <R, X = PnXPn}

R
< 50(1 + HPnHL’(H))HCU — Ty |

— 0.
n

Secondly, we have

; T xT ;1‘
= —Tr[X (0.(t,2)) (0=(t, ) +Y (0=(t, ) (0o (t, 7)) ] = (be(t, 3) — be(t, 2'), = ;x )
_ _TT( (Ue@’fc)%(taw)* o (t, 7)ot x’)*) (X 0) )—(bs(t, v) ~ beftal), S

oe(t, ' )os(t,x)* o:(t,a")o(t,2")* 0 Y

Fg(t,a:, ,X) —Fa(t,a:’, ,—Y)

/

By (4.53) and Lemma 4.23, we have

F.(t,z, > ; ZX)-F.(t,a!, " ;"E =Y

> _Lp <<a€<t,x>a€<t,x>* o ,x>a€<t,x'>*> (I I))_”x |
oc(t, 2o (t,x)* o-(t,2")oc(t,2')* -1 I )

> —oe(t ) — oa(t,2) g — Sl — |

> 5 lle -l + She - 2]

where C' is the Lipschitz constant of o, and I the identity matrix.

Thirdly, since by Lemma 4.23, b. and 0. are bounded then for any function
p € C%(R x B) with bounded derivatives such that u — oo as ||z| — oo,
there is a constant ¢ > 0 such that:

(Du(x), be(t,z)) + %T’I‘(DQ/L(LE).O'E@,$)(O‘E(t,$))*)2 —c
O]

Proposition 4.31. For all ¢ € R, p® is the unique viscosity solution in
BUC,([0,T] x R x B) of

—0ip°(t, ) — F-(t,z, Dp°(t,z), D?p(t, z))=0 (4.54)
P(T,7) = g(6()) (4.55)
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where ¢ : H — R is defined for all x = (u,z) € H by ¢(x) = u.

Proof. First using the Lipschitz continuity of g (see Assumption 4.26), we
can find a constant C' > 0 such that for all (z,2) in R x B

p°(t.2) = p°(,2)” < CE[IX5" — X)) (4.56)
Thanks to (4.44),
p*(t,z) — p*(t,2")| < Cllz — 2| (4.57)
To study the regularity in ¢, we are going to use (4.45). Indeed,

%]

(6, 2) = p° (¢ )| < CE[IXG - X3
< OVE= (1 + |2])

In addition by Assumption 4.26, g is uniformly bounded. So, we can con-
clude that p* € BUC,([0,T] x R x B).

The function g belongs to BUC(R") by Assumption 4.26. By Lemma
4.30, Proposition 4.28 since F;(0,0,.) = 0, then by Theorem 3.2 in [88] and
Theorem 3.3(i7) [58], p° is the unique solution to (4.54) and (4.55) which
belongs to BUC,([0,T] x R x B).

O
4.4.3 Zero order term
Let us introduce the following problem for all (¢,u,z) € [0,T] x H:
po(t,u, 2) = E[g(Up )| U = ). (4.58)

where for all t < s < T, U>HW? = gb(Xg’t’"’Z). We recall that U247 is the
solution to the following stochastic equation:

1
UM% = =2 B(s,2)* (0)ds + B(s, 2) (0)AWY, UPP™ =u.  (4.59)

In this equation, z is just a parameter. The following lemma gives us the
zero order therm of the asymptotic expansion.

Lemma 4.32. For all (t,u,z) in [0,T] xR x B,

liH(l)pE(t, u, z) = po(t,u, z).
E—
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Proof. By Assumption 4.26, we can find a constant C' > 0 such that for all
(t,u,z) in [0,T] x R x B:

|p€(t, u, Z) o po(t, u, Z)|2 < CE |:|U;,t,u,z o U:(F),t,u,z|2:| )
So by Jensen’s inequality, we get :
2 T 2 212
t
7 (t,2) = ot 2) < 2017 — 5| [ 186 Z9) (0 = B, )0 P

+ QCE[ /t " (s, 257 (0) — (s, z)(O)]st} |

We have shown in the proof of Lemma 4.23 that ( is Lipschitz continuous
with respect to z and has a bounded support, so 32 is a Lipschitz continuous
function. This leads to:

T
(1w 2) — poltau, )2 < 20(T — 1] + 0)E[ |tz - z<o>|2ds]

<20(|T—t|+O)|T - t|E[ sup [(Z55%#)(0) — z(O)\st]

t<s<T

By Theorem 4.1, we can find a constant Cp > 0 such that:

1p°(t,u, 2) — po(t, x)|* < 20,C(|T —t| + C)E[ sup || X5hwF — .%H2d8:| :

t<s<T
where x := (u, z). By Lemma 4.25, we can conclude. O

Remark 4.33. By the above lemma and the call-put parity equation (4.48),
for all (t,u,z) € [0,T] xR x B,

C*(tyu,z) = B{(T)K +u — Py(t,u,z) + o(1)
Pe(t,u, z) = Py(t,u,z) + o(1)

4.5 Asymptotic expansion for smooth payoffs

In this section, we will always assume that the payoff g verifies Assump-
tion 4.26. Moreover, we suppose:

Assumption 4.34. g belongs to Cp°(R)

The following assumption on the coefficient A will be usefull. We recall that
under (4.34), BT, the support of )\; is a bounded subset of H(R") and B is
its extension for elements of H (R).
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Assumption 4.35.
A e 0P®([0,T] x BY, HRY)).

For all (i,j) € N? and function f : [0,7] x R x B — R, we denote by
D;J[ijf(t, u, z) the i + j-derivative of f of order i in u and of order j in z2.

Moreover, for all s € [0,T], (t,2) € [0,s] x B, we define:

o(t,s,z) = /ts 32(u, 2)(0)du. (4.60)

We already know that the composition of two functions in C*°(R) is in
C*(R). For our purpose, we will need to show that in addition the n'”
derivative of the composition of two functions is n-times differentiable with
bounded derivatives up to order n. We will use the following well-known
result:

Lemma 4.36. For any real valued functions f and g which belong to C™(R),
the n'* derivative of the composition of f and g is equal to:

(fo™@ => > Ci.ifPog@).[]d™ (). (461
r=1 i1>.. >0, k=1
i1+ +ir=n
where Cy, ;. are constants. In particular, if (f,g) € CP(R)?, then (f o
9 € CP(R).

Proof. We could not find references for this result therefore we indicate
quickly its proof. We can prove (4.61) easily by an induction argument and
the chain rule. Moreover, if (f,g) € Cf(R)?, that is to say the n* derivatives
of f and g are continuous and bounded then (f o g)(”) is continuous and
bounded as a sum and product of continuous and bounded functions. ]

Remark 4.37. This lemma can be extended to H(R)-valued functions.

Lemma 4.38. § € C/°((0,T] x B), B(t,.) € C°(B, H(RY)), M(t,.) and
A(t,.) € C3°(B,H(R)) for allt € [0,T).

Proof. For all t € [0,T], since (3 is linear with respect to z, then for all
zo € B, we have:

Dzﬂ(t7 Z)'ZO = ﬁ(t ZO)
Since by Lemma 4.23, 3(t, z9) is bounded then we can conclude that for all
te[0,7T):
z s B(t,z) € C°(B, H(RT)). (4.62)
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Therefore for all (¢,z) € [0,T] x B, D%.[3(t,z) is continuous and bounded
in H(R*). By the Sobolev embedding theorem 4.1, we can find a constant
¢ > 0 such that we have:

D2 A, 2)%(0)] < c.
Then by differentiation under the integral sign,

z+— D7.0(t, s, z) is continuous and bounded. (4.63)

Zn

Moreover since ;4(t, z) = —3%(t, 2)(0) which is bounded by Sobolev embed-
ding theorem, by (4.63), we can conclude that ¢ belongs to C;’OO([O, T| x B).

Using the definition of A and 3 (see (4.37) and (4.38)), we obtain:

A(t, z) = LoB(t, 2)Me (B(E, 2))

Since by Assumption 4.35, for all ¢ € [0,T], A(¢,.) € C°(B*, H(RY))
and f((t,.) € C;°(B,H(RY)), then by Lemma 4.36 we get that A(t,.) €
C;°(B,H(R)). Using the same argument, we can prove that M(t,.) €
Cp°(B, H(R)) for all t € [0,T].

0
Let us define for all n > 1 and (¢,u, 2) € [0,7] x R x B:
T
pn(t,u,2) =Eiy s [/ hn, (s, Ug’t’“’z, z)ds (4.64)
t
where pg is defined in (4.58), U%%%# in (4.59) and for all n > 2:,
hn(t,u, z) = (M(t,2), D,ppn—a(t,u, z))
+ (D2, pp-1(t,u, 2).pA(t, 2))B(t, 2)(0)
1 *
+ gTT‘ [Dgzpn_g(t, u, z)pA(t,z) (pA(t, 2))7]. (4.65)
with
1
Mt 2) = (D20l ) pA (L 2)B(L2)(0).  (466)

We will be interested in the sequel in showing for any n > 1 that p, is a
solution of the following partial differential equation:

1 1
_atf<t7u7 Z) + iﬁ(tv Z)Q(O)auf(t7u7 Z) - §/B<t7 Z)Z(O)auuf(tvua 2) - hn(ta ’LL,Z) =0
f(T,u,2) =0
(4.67)
We notice that the partial derivatives concern only the finite dimensional
component, u, of the solution.
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Proposition 4.39. Let Assumptions 4.34 and 4.35 hold. For alln >0 :
pn € Cp([0,T] x R x B).
and there is a constant C,, > 0 such that:
|hn(t,u, 2)| < Cy, Y(t,u,z) € [0,T] x Rx B

Proof. We recall the definition of po(t,u,z) = E; [g(U%t’“’Z)]Uf’t’“’z = ul.
Therefore by (4.59):

U3 o (= 33007, 2),8.7.2)). (1.65)

where N (a,b) denotes the normal law of expectation a and variance b and
0 is defined in (4.60). By definition,

polt,u, 2) = \/%cS(lifiTz) /Rg(v) exp{ = [v —u ;(t;igtz)T z)r}dv

By an easy change of variable, the above equation can be rewritten as:
(b, 2) = — / ( LS T2) 4 6T )1/2> =55
JU, 2) = —— u— =0(t, T,z , T, 2)“x |exp{——}dx.
Pbo N Rg 9 p 9
Step 1: Our aim is to prove that for all (i,j) € N2, Difgjpo(t,u, z) is con-

tinuous and bounded and that pg is continuously differentiable with respect
to t with bounded partial derivative.

Let [ : R x RT x RT — R be defined by:

1 b x2
l(u,a,b) = g(u - —+ ﬁx)exp{——}dw.
2 JRr 2 2

Since all the derivatives of g are continuous and bounded (see Assumption
4.34), by differentiation with respect to b under the integral sign, we can see
that :

b 1l(u,a,b) € C;°(RT), V(u,a) € R x RT. (4.69)

In order to show that [ is infinitely differentiable with respect to a, we need
to take care of the differentiation of the term /a which blows up in 0.
To overcome this difficulty, an easy and direct iterative calculus based on
successive integrations by parts shows that we have in fact:

1 b 2
Dll(u,a,b) = EYWor: /Rg@") (u— 5t \/&w)exp{—?}dx. (4.70)
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So for given (u,b) € R x RT, the mapping a — [(u,a,b) is infinitely differ-
entiable. Since the derivatives of g are bounded, we have that in addition:

a— Il(u,a,b) € Cp°(RT), V(u,b) € R x RT. (4.71)

Since ¢ is infinitely differentiable with bounded derivatives, we can differ-
entiate Dpnl(u,a,b) and Dy,.l(u,a,b) at any order with respect to u. This
leads to for all (i, j, k) € N3:

DT is continuous and bounded on R x RT x RT. (4.72)

uial bk

Combining the definition of py and [, one can show that for all (¢,u,z) €
[0,7] x R x B:
po(t,u,z) = U(u,d(t,T,2),6(t,T,z2))

Since by lemma 4.38, we know that z — §(¢, T, z) € C2°(B,R"). Therefore
by (4.69) and (4.71) and lemma 4.36, we have that:

2+ po(t,u,z) € Cy°(B), Y(t,u) € [0,T] x R. (4.73)
And by (4.72),
D::ZFZJJ po is continuous and bounded on[0, 7] x R x B. (4.74)

In particular since by lemma 4.23, 3, M and A are bounded then by (4.74)
and Sobolev embedding theorem 4.1, there exists a constant C; such that :

| (t,u, 2)| < Ch, V(t,u,z) € [0,T] xR x B.
In what concerns the differential in ¢, we know by lemma 4.38 that:
t 8(t,T,2) € CY([0,T)), Vz € B
Therefore by lemma 4.36, (4.69) and (4.71), we get that:
t po(t,u, 2) € CH[0,T]), Y(u,2) € R x B,

Step 2: We use an induction argument. For any k > 1, let (A) be defined
by:

(Ag) : For any (i,j) € N? and m < k, Difgjpm(t, u, z) is continuous
and bounded and p,, is continuously differentiable with respect to ¢ with
bounded partial derivative.
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Our aim is to prove (Ag1). Let us show that for any (4, j) € N2, Difjjpkﬂ(t, u, z)
is continuous and bounded. First we can see that by the law of U given in
(4.68) and the definition of hy,1 (see (4.65)), we have:

1 T 7’
Pr+1(t,u, z) = \/%/R/t h+1 <5,f(t,3,u,z,:c),z> exp{f?}dsda:.

where for all t € [0,7], s € [t,T], (u,x) € (R)? and z € B, f is defined by

fltys,u,z,x) i=u— %5(t,s,z) + 6(15,3,2)1/237.

+Jj

By assumption (Ag), we know that Di pr(t,u, z) and DiJ-rjjpk,l(t, u, z) are

@] utz
continuous and bounded for all (i, j) € N2. Lemma 4.38 gives the regularity
with respect to z of 3, M and A. Therefore by definition of hx1 (see (4.65)),
we have that :

D"t hyyq is continuous and bounded on [0,7] x R x B. (4.75)

u'zd

Now we can use the same trick as in the first step and introduce I iR x
R* x RT x B — R be defined by:

'(u,a,b,z) ! //Th (s,u b—i-\/&m z)exp{ xQ}d:c
s Wy Uy Y ) - q ) X T e .
Var Jr Ji e 2 P

Therefore doing the same argument as in Step 1 (see (4.70)), using the
differentiability of hj4; in its second and third variables and the bounded-
ness of these partials derivatives(see (4.75)), we can conclude that for all
(i,4,k,y) € N*:

Difjff I(u,a,b, z) is continuous and bounded on R x RT x R*. (4.76)
utal bFzY

Since by Lemma 4.38, we know that z — 6(¢, s, z) € Cg°(B,R™"). Therefore
by (4.76) and lemma 4.61, we can differentiate under the integral sign:

D't pri1(t,u, 2) is continuous and bounded on [0,7] x R x B.  (4.77)

u'zJ

In particular since by lemma 4.23, 3, M and A are bounded then by (4.77)
and the Sobolev embedding theorem 4.1, there exists a constant Cyy1 such
that :

|1 (t,u, 2)| < Crgr, V(t,u,2) € 10,T] x R x B.

Concerning the t-derivative, we know by lemma 4.38 that for all s € [0, T7:

ts6(t,s,2) € CH([0,3]), V2 € B (4.78)
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We recall the following result for any function f from [0, T]? to R such that
(DK

T T
u /t F(s.t)ds — /t Dy f(s,t)ds — f(t,1)

where D5 is the first order derivative with respect to the second component.
We do not know the regularity of hp4q in its first component. This above
result shows that, to differentiate pyy1 in ¢, we do not have to differentiate in
the first component, s, of hi11. Combining this result together with (4.78)
and (4.76), we get by lemma 4.36 that:

t = prea(t,u, 2) € CH([0,T)), V(u,2) €R x B.
So, we have proved (Ag+1) and the proposition follows by induction. O

Lemma 4.40. Let Assumptions 4.34 and 4.35 hold, then py, is a C;’Q’Q (10, T]x
R x B) solution of (4.67).

Proof. Let (t,,)m be defined for all m > 0 by ¢, =t + % Using (4.59) and
proposition 4.39, we get by Ito’s formula:

tm
P (tms U™, 2) = paltu,2) + / [atpn<s, )
t

1
—p(s, z)2 (0)Ouupn (s, Uso’t’“’z7 z)|ds

1
+ —[((s, 2)2(0)6upn(s, UQ’W, z) — 5

2
tm1

+ / [6(& 2)*(0)upn (s, U, 2)} dB;. (4.79)
.12

We already know by Lemma 4.23 and the Sobolev embedding theorem 4.1
that ((t,2)%(0) is bounded. By proposition 4.39, the first order partial
derivative with respect to u, of p,, is bounded. Therefore the local martin-
gale

tm 1
/ iﬁ(s,z)Z(O)ﬁupn(s, Ug’t’“’z,z)st
t

is a martingale. Moreover, by the tower property for conditional expectation:

tm
pn(t,u,z):Et7u7z[ / o (5, U0 2)ds + pr (b U2 2) | (4.80)
t

Plugging (4.80) in (4.79) and taking the conditional expectation, one has:

tm 1
Et,u,z |:/ hn (S’ U;?’t’uyz? Z) _atpn(sa Us()i,u’z? Z) - 55(87 Z)Z(O)aupn(sa Ué),t,u,z’ Z)
t

1
+ 5805, 2 (0)Duupn(s, P, z)ds] ~0
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By proposition 4.39, h,,, the derivatives of p, and (s, z)2(0) are bounded,
then by the mean value theorem and dominated convergence theorem, we
have that p, is a solution of the below equation on [0,7) x R x B:

—0f(tu, z)+%ﬂ(t, 220000, f (1, u,z)—%ﬁ(t, 2)2(0) D f (bt 2)—hn (11, 2) = 0.

Since h,, is bounded and continuous, then for all (¢,u,z) € [0,7] x R x B,
we have:
pn(t, u, 2)| < Cp|T — .

So if we take a sequence (tm,Um)m of [0,T] x R such that (tm,,um) —
(T, u), then:

lirznpn(tm,um, z) =0.
So py, is a regular solution of (4.67) O
For all n > 2, we define hZ(t,u, z) : [0,7] x R x B — R such that
h2(t,u, z) == (M(t, z), Dypn—2(t,u, z))
Tr (D2 ety 2) (pA (1, 2)) (pA (L )]
(D2 pu1(t, 0, 2), pA(t, 2))5(1, 2) (0)

+ -Tr [szpn_g(t, U, z) (pA(t, z)) (pA(t, z))*] .

+

_l’_

=N = 00| M

with

== Tr[DZpo(t, u, ) (pA(t, ) (PA(E, 2)) ]

+ (D20t u, 2), A1, 2)) B, 2)(0).

Comparing these definitions to (4.65) and (4.66), we notice that for alln > 1:
ii_r}r(l) h2(t,u, z) = hyp(t,u, 2), V(t,u,z) € [0,T] x R x B. (4.81)

Let us define for all n > 0, p™© : [0,7] x R x B — R by :

1
E (¢ = “(t, (t, 4.82
Pt = St - S i) s

where for all £ < n—1, pi is defined by (4.64). The following theorem is our
main result. It provides an asymptotic expansion of order n for the price
function p°.
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Theorem 4.41. Let Assumptions 4.26, 4.34 and 4.35 hold. For all n € N,
there are constants Cy, and €9 > 0 such that for all € € (0,eq], we have:

n—1
0 <p°(t,u,z) <™ (t,u,z) = Zskpk(t, u,z)+ Cpe" (T —t). (4.83)
k=0
Moreover for every n > 1, p™*¢ converges to p, when € | 0 uniformly on
compact sets.
Proof. Step 1: Let us prove claim (4.83). In the proof of Proposition 4.39,
we have shown that for all n € N and (i, j) € N%: D;T-Z]jpn(t, u, z) is contin-
uous and bounded for all (t,u,z) € [0,7] x R x B. and t — Oyp,(t,u, z) is
continuous and bounded (see proof of Proposition 4.39, hypothesis (4,,)).
So in particular, we have that v € 02’2’2([0, T] xR x B).

For all (¢,u, z) in [0,T] x R x B, by linearity of F. in its p and X variables
(see (4.50)) and the definition of v, we have:

—0p™* — F, (t, w, z, Dv™*, DQU"’E): Cpe™ — "Z:l ek [@pk + F, (t, u, z, Dpy, Dka)
= (4.84)
We can rewrite (4.50) as:
Fult, u,2, Dpk, Dpi) = = 5 50t 22 (0) Dupic + 3,500, 2)%(0) D
+e*(M(t, 2), Dapr)
€

§<D§zpk, PA(t,2))8(t2) (0))

+ %Tr [Dizpk (pA(t,z))(pA(t,z))*]. (4.85)

N

+

Plugging (4.85) in (4.84), since by Lemma 4.40, (px)i<k<n—1 solves (4.67),
we then have:

n
— 9™ — F.(t,, Dv™, D*p"™) = Cpe™ — Zsk [e(M(t,2), D.py)
k=0

[\

£
)
+ gTr [Dizpk (pA(t, 2)) (pA(L, 2))

+ —(D%pk, pA(t, 2))B(t, 2) (0)

A straightforward calculation leads to:

—0w™* (t,u, z) — F-(t,u, z, Dv™*, D2v"’5)+5”h?(t, u,z) = Cre". (4.86)
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In the proof of Proposition 4.39, we have shown, for all n € N, that D,p,_2,
D2 p,_1, D% p,_1 and D2 p, o are continuous and bounded (see the induc-
tion Assumption (A,,)). Therefore, by Lemma 4.38, we can find a constant
Cy, > 0 independent of (t,u, z) such that:

|hZ(t,u, z)] < C), and h? is continuous on [0,7] x R x B. (4.87)

Plugging (4.87) in (4.86) gives us that v™° € 0122([0,T] x R x B) is a
classical supersolution of (4.54). Moreover, by definition of p,, (see (4.64)),
we have that :

o (T, 2) = glu)

F_ is such that Lemma 4.30 holds. Moreover, by Proposition 4.31, we know
that p° € BUC,([0,T] xR x B). Therefore, by a comparison argument given
in Proposition 3.5 of [88], we get that:

P (t,u, z) <v™(t,u,2).

for all (t,u,z) € [0,T] xR x B. Since by Assumption 4.34, g is a positive
function then:
0 <p°(t,u,z) < v"™°(t,u,z).
Step 2: Now show that p*™ is a viscosity solution to
—0p™ (t,u, 2) — Fe(t,u, 2, Dp™=(t, u, 2), D*p™(t,u, 2)) — h™(t,u, z) = 0.

(4.88)

Since F; verifies condition (1) of Lemma 4.30, the two notions of viscosity

solutions (see definitions 4.15 and 4.17) coincide. So, we can consider test

functions which belongs to X’(R x B). Indeed take a test function ¢ in
X'(R x B) and (to, ug, 20) € [0,7] x R x B such that:

min(p™° — @) = (p™° — ¢)(to, uo, 20) = 0.

Since for all k € {0,...,n — 1}, pg belongs to C,°*([0,T] x R x B), in
particular by the mean- value theorem, p, has locally lipschitz continuous
derivatives so belongs to X’(R x B). Therefore, it is equivalent to consider

min< Zspk—i—gba ) ( Za P + P >(t0,u0,20):0.

where the function  := >}~ L ek pr+e™ belongs to X'(R x B). By Theorem
4.31, we thus have:

—0ym(to, uo, 20) — F=(to, uo, 20, Dn(to, uo, 20), D*n(to, uo, 20)) = 0.
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By linearity of F; in p and X,

e [3@(750, z0) + Fx(to, mo, Do(to, x0), D* (2o, évo))]
n—1

> e [atpk + Fe(to, 0, Dpk(to, o), D*pi(to, 370))} =0.

k=0

Using (4.85) and the fact that by Proposition 4.39 and lemma 4.40, (pg)1<k<n
is a solution of (4.67), a straightforward calculation gives us that :

— 049(to, uo, 20) — F=(to, uo, 20, Dd(to, uo, 20), D*d(to, uo, 20)) — hZ(to, uo, 20) = 0.

So p™*€ is a viscosity solution of (4.88).

Step 3: We want to use the stability result of Proposition 4.21. By (4.87),
h? is bounded and continuous on bounded sets of [0,7] x R x B. Moreover,
since we have shown in the induction assumption (A,,) (see the proof of
Proposition 4.39) that for all (i,5) € N2, D"t/ p*(t, u, z) is continuous and
u°z

bounded then by Lemma 4.38, z — hZ(t,u, z) is continuously differentiable
for all (¢,u,z) € [0,T] x R x B. So it is locally Lipschitz continuous and
uniformly continuous on bounded sets of B. Therefore, by Proposition 4.28,
we then get that F; + h” is bounded and uniformly continuous on bounded
sets of [0,7] x R x B.

Let us define the upper semicontinuous and the lower semicontinuous enve-
lope in ¢, (t,u, z) of p™*:

p*(t,u,z) =  limsup  p™e(¥,u/,2") and
(t/7u/7zl)ﬁ(t’uﬁz)
e—0
p(t,u,2) =  liminf  p™= (¢, ).

(' 2")—(tu,z)
e—0

We consider the following sequences (&, tym, Um, Zm, Pms Xm)m such that:

,Em

(Ema tms Uims Zms Pms Xms D' (tma Um,, Zm))?(& l,u, z,p, X’pn,*(t’ u, Z))

Then, we have by continuity of F;, in (t,u,z,p, X), the continuity of h,,,
in (t,u, z) (see claim (4.87)) and (4.81) :,

1
lim F, (tm7 Uy Zm> Pm Xm)"’hgm (tma U, Zm) = iﬂ(t, 2)2(0)pu
1
_ 5[)’(1&, 2)2(0) Xyy + hn(t, u, 2).

where p, corresponds to the first component of p and X,, to the second

T0,%

order derivative in u. By Theorem 4.21, we get that p™* is a viscosity sub-

solution on [0, 7] x R x B of (4.67). By applying the same argument, we get
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that pl is a supersolution of (4.67) too.

By claim (4.83) and the definition of the function p*", we know that for all
eeR, (t,v/,2') €]0,T] xRx Band n > 1:

n—1
=) Tt ) < pte (] 2) < Cu(T - ). (4.89)
k=1

Passing to the limit sup in (¢,u/,2',¢) — (T, u, 2,0), the right-hand part of
(4.89) gives us for all n > 1 that:

P (T u,z) <0 = pu(T,u, 2).

Moreover by continuity at the boundary of the (py), the left-hand side of
(4.89) gives us that
" (T, u,z) > limsup p™*(T,u,z) = 0.

e—0

This leads to
" (Tyu, z) = pi (T, u, z) = pp(T,u,z) =0. (4.90)

Since in the partial differential equation (4.67), the variable z plays the
role of a parameter, we can apply comparison theorem for viscosity solutions
in the finite dimension case (for instance one can use Proposition 3.4 in [88])
and deduce from (4.90) that:

an*(t? u, Z) g pn(t, u, Z) S p:}(ta u, Z)
for all (t,u,z) € [0,T] x R x B. This leads to:
PV (t,u, z) = pi(t,u, z) = pu(t, u, 2). (4.91)

Therefore p=" converges to p,. O

4.6 Conclusion

I had not sufficient time to do some numerical results for this model.
This issue is very interesting in term of calibration since we have to deal
with the forward volatility curve. In addition, it would be interesting to
improve the order of the asymptotic expansion for a European call or put
option. Maybe, this could be done via payoff regularization methods. The
extension of this problem to American option seems quite difficult. How
can we deal with the variational inequality which appears for this pricing
problem?
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