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Directeur de thèse : Antonin Chambolle

Rapporteurs : Pierre Cardaliaguet
Enrico Valdinocci

Examinateurs : Regis Monneau
Matteo Novaga
Hasnaa Zidani

CMAP — UMR 7641





i

Remerciements
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partager des repas et des discussions sur le RER, le café, la répartition
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et Cyrille pour avoir réussi à me supporter pendant 3 ans. Merci aussi
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lorsqu’on utilise le schéma LLF (Local lax Friedrich). . . . . . . . . . 94
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4.15 Représentation de la solution approchée lorsqueB =

√
x2 + y2 H(p) =

|p| et g(x, y) = xy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

v



vi Table des figures



Chapitre 1

Introduction

Cette thèse s’organise en 4 chapitres. Le premier est un chapitre introductif dans
lequel on présentera tout d’abord les problèmes de minimisation de périmètre, les
ensembles à périmètre fini et les fonctions à variation bornée. Puis nous présenterons
la notion de solution de viscosité, et les principaux résultats de cette théorie qui nous
seront utiles. Ensuite, je présenterai un résultat lié à la recherche de minimiseurs
globaux dans le cadre d’un problème de type :

minJ (E) := Per(E) +

ˆ
E

g(x)dx

avec g une fonction périodique à moyenne nulle.
On appellera E un minimiseur global de J un ensemble tel que, pour tout ouvert

borné Ω, et pour tout ensemble F ⊂ RN tel que F∆E = (E \ F ) ∪ (F \ E) b Ω :

Per(E,Ω) +

ˆ
E∩Ω

g(x)dx ≤ Per(F,Ω) +

ˆ
F∩Ω

g(x)dx.

Ceci revient à dire que toute perturbation compacte de l’ensemble E augmente
l’énergie J . Un résultat de Caffarelli et De la Llave [CdlL01] montre que selon
toute direction ν ∈ RN il existe des minimiseurs globaux quasi-plan. C’est à dire
que l’ensemble E vérifiera en outre le fait d’être proche d’un hyperplan : il existe
un réel a et une constante M , indépendante de ν, telle que :

E ⊂
{
x ∈ RN : x.ν ≥ −M |ν|+ a

}
E ⊃

{
x ∈ RN : x.ν ≤M |ν|+ a

}
Nous donnons une démonstration un peu plus simple de ce résultat, basée sur la

théorie de l’homogénéisation périodique. Ces ensembles sont en effet les“correcteurs”
qui permettent d’établir la Γ- convergence de l’énergie :

Eε(E) = Per(E; Ω) +
1

ε

ˆ
E∩Ωε

g(
x

ε
)dx.

Nous lierons ensuite cela à d’autres résultats de Γ-convergence pour cette fonction-
nelle. En outre, ces ensembles permettent de construire des solutions stationnaires
pour des problèmes d’évolution d’interface où la vitesse normale est donnée par :

V = K + g (1.1)

où K est la courbure moyenne. L’intérêt ce ces surfaces stationnaires est qu’il existe
des principes de comparaisons pour cette équation. Ainsi, on construit des surfaces

1



2 Chapitre 1. Introduction

bloquantes pour ces équations, ce qui permet de localiser les solutions : tout en-
semble reste contenu dans une “quasi-enveloppe convexe”.

Ensuite, nous étudierons ce qu’il se passe lorsque que l’on ajoute une constante
ε au problème, c’est à dire, lorsqu’on étudiera :

min(Per(E) +

ˆ
E

g(x) + εdx).

On voudra savoir si les mêmes résultats d’existence de minimiseurs globaux quasi-
plan existent lorsque l’on perturbe une peu la fonction, et s’il existe un phénomène
de pinning et depinning identique à celui étudié dans [DY06].

Dans le chapitre suivant, on construira un algorithme permettant de calculer
l’évolution d’un ensemble où la frontière de l’ensemble qui suit une lui du type :
V = f(K), avec f une fonction croissante, et K la courbure de la frontière de
l’ensemble. Pour cela, on voudra utiliser le fait que les ensembles qui minimisent un
problème de périmètre vérifient : K + g = 0 sur le bord de l’ensemble. Cette fois
ci, on ne travaillera plus dans en milieu périodique, et le but sera de bien choisir la
fonction g pour pouvoir calculer le mouvement. Etant donné un ensemble initiale
E0, on va prendre pour g la fonction f−1

(
1
h sdist(·, ∂E0)

)
, avec sdist(·, ∂E0) =

dist(·, E0)−dist(·,Ω\E0), on va donc résoudre le problème de minimisation suivant :

min
E

(
Fh(E;E0) = Per(E) +

ˆ
E

f−1
( 1

h
sdist(·, ∂E0)

))
Il faut voir h comme la discrétisation en temps de notre problème. Cette énergie à
en outre une attache aux données de part la présence dans le terme d’énergie de la
distance signée E0. Ainsi en presque tout point du bord d’un minimiseur du pro-
blème la courbure moyenne vaut : K = −f−1

(
1
h sdist(·, ∂E0)

)
. Ainsi 1

h sdist(·, ∂E0)
apparâıtra comme une approximation de la vitesse normale du bord.

On va construire la suite Enh :

Enh = argminE

{ˆ
Ω

|DχE |+
ˆ

Ω

f−1
( 1

h
sdist(·, ∂En−1

h )
)
χE

}
. (Pnh )

qui va être une approximation de l’évolution par courbure moyenne de l’ensemble
E0. Ceci est une variante d’un schéma du à Luckhauss-Sturzenhecker [LS95] et
Almgren-Taylor-Wang [ATW93]. Cette étude va être menée dans le cadre des solu-
tions de viscosité, et on fera le lien entre ses évolutions d’ensembles et les solutions
de l’équation :

ut + |Du|f(div

(
Du

|Du|

)
) = 0

u(0, x) = u0(x).

En fait, si on prend une fonction u0 telle que : {x, u0(x) > 0} = E0, alors
on a, avec u solution de viscosité de l’équation précédente, que pour tout temps
t > 0, {x, u(x, t) > 0} = Et avec Et l’évolué de E0 par le mouvement par courbure
moyenne.

L’opérateur de courbure moyenne |Du|div
(
Du
|Du|

)
est l’opérateur 1-laplacien,

∆1 il est dégénéré dans la direction orthogonale aux surfaces de niveaux . Dans le
chapitre suivant on s’intéressera à un autre opérateur, le laplacien infini, ∆∞ qui
lui dégénere le long des surfaces de niveaux. Ces deux opérateurs sont liées par la
formule suivante :

∆∞ = ∆−∆1.
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Le laplacien infini est défini par :

∆∞ =
1

|Du|2
∑
i,j

uxiuxjuxixj .

Le but de cette dernière partie sera de trouver un algorithme approchant les solu-
tions de viscosité du problème suivant :

−∆∞u = 0 sur Ω

u = φ sur ∂Ω

avec φ une fonction donnée. Le principe de construction de cet algorithme reposera
sur les équations de Aronsson, en effet, si on regarde les équations d’évolutions
suivantes :

[Principe de décomposition]

 vt + |Dv| = 0 (t > 0)
wt − |Dw| = 0 (t > 0)
v = w = u0 (t = 0),

(1.2)

Alors, si on suppose avoir des solutions suffisamment régulières, on obtient :{
v(., t) = u− t|Du0|+ t2

2 ∆∞u0 + o(t2)

w(., t) = u+ t|Du0|+ t2

2 ∆∞u0 + o(t2)

D’où :

v + w

2
= u0 +

t2

2
∆∞u0 + o(t2), (1.3)

Ainsi, par un procédé itératif on tombera sur un point fixe qui vérifiera ∆∞u = 0.
On verra par la suite qu’on pourra étendre le procédé à d’autres fonctionnelles
H(x, p). En effet, si on remplace, dans les équations d’évolutions, |Dv| par H(x,Dv)
on trouvera que v vérifie :

v(., t) = u− tH(x,Du0) +
t2

2
AH [u0] + o(t2)

où AH est l’opérateur de Aronsson, donné par la formule suivante :

AH [u] = HxiHpi +HpiHpjuxixj .

1.1 Problème de minimisation de périmètre :

Une partie de cette thèse reposera sur l’étude de problème où l’on cherchera à
minimiser des énergies de la forme : Perimètre(E) +

´
E
g. Nous allons donc d’abord

définir le périmètre, les ensembles à périmètre fini et certaines propriétés de ces
ensembles et des solutions de ces problèmes.

1.1.1 Fonctions à variation bornée et ensembles de Cacciop-
poli :

Définition 1.1.1. Soit N > 0, soit E un ensemble inclu dans RN , soit Ω ∈ RN .
Nous noterons Per(E,Ω) le périmètre de l’ensemble E dans Ω, et on le calculera
selon la formule suivante :

Per(E,Ω) = sup

{ˆ
E

div(g(x))dx; g ∈ C1
0 (Ω), ‖g‖∞ ≤ 1

}
(1.4)

Un ensemble est dit de Caccioppoli (ou de périmètre fini) si Per(E,Ω) <∞.
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Cette notion de périmètre est cohérente, en effet, si l’ensemble est C2 alors :
Per(E,Ω) = Hn−1(∂E ∩ Ω). Elle est à lié à la notion de variation totale pour le
fonctions.

Définition 1.1.2. Soit f ∈ L1(Ω). Nous appellerons variation totale la quantité :

ˆ
Ω

|Df | = sup

{ˆ
Ω

fdiv(g(x)); g ∈ C1
0 et |g(x)| ≤ 1 pour x ∈ Ω

}
. (1.5)

On dit que f est à variation bornée dans Ω si
´

Ω
|Df | <∞.

On définit BV (Ω) l’espace constitué des fonctions L1(Ω) à variation bornée.

Remarque 1.1.1. Soit E un ensemble à frontière C2, soit ϕE la fonction caracté-
ristique de E, c’est à dire :

ϕE(x) =

{
1 si x ∈ E
0 si x ∈ RN \ E. (1.6)

Alors, par définition
´

Ω
|DϕE | = Per(E,Ω).

On munit BV (Ω) de la norme définie par

‖f‖BV (Ω) = ‖f‖L1 +

ˆ
Ω

|Df |. (1.7)

Muni de cette norme c’est un espaec de Banach.
Nous allons maintenant rapidement rappeler quelques résultats importants sur

ces ensembles. Pour être précis, nous allons regarder des propriétés de semi-continuité,
de compacité et de densité.

Théorème 1.1.1 (Semi-continuité). Soit Ω un ouvert et {fj} une suite de fonction
BV (Ω) qui converge dans L1

loc(Ω) vers une fonction f , alors :

ˆ
Ω

|Df | ≤ lim inf
j→∞

ˆ
Ω

|Dfj |.

Cela implique bien sûr un résultat équivalent pour les périmètres d’ensembles,
la convergence des ensembles étant vu comme la convergence L1 des fonctions ca-
ractéristiques.

Nous allons maintenant voir deux autres propriétés de ces espaces.

Théorème 1.1.2. Soit f ∈ BV (Ω), alors il existe une suite de fonctions {fj} ∈
C∞(Ω) qui converge vers f dans L1 et dont la variation totale converge vers celle
de f , c’est à dire :

lim
j→∞

ˆ
Ω

|fj − f |dx = 0

lim
j→∞

ˆ
Ω

|Dfj |dx =

ˆ
Ω

|Df |

Il existe un résultat équivalent pour les ensembles : Soit E un ensemble de Cac-
cioppoli, alors il existe une suite d’ensemble {Ej}, à frontière C∞ dans Ω, qui
converge vers E dans L1 et dont le périmètre converge vers celui de E, c’est à dire :

lim
j→∞

ˆ
Ω

|ϕEj − ϕE |dx = 0

lim
j→∞

Per(Ej ,Ω) = Per(E,Ω)
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Ce théorème dit que l’on peut approcher les fonctions BV (ou les ensembles de
Caccioppoli) par des fonctions régulières (ou des ensembles réguliers), ce résultat est
important car il veut sire que l’on peut en partie travailler sur des fonctions régulières
et voir si les propriétés désirés passes à la limite. De plus, pour les ensembles, on
peut aussi approcher un ensemble E par une suite d’ensembles polynomiaux.

Théorème 1.1.3 (Compacité pour les fonctions). Soit Ω un ouvert de RN à fron-
tière Lipschitz. Alors toute ensemble de fonctions uniformément bornées dans la
norme BV est relativement compact dans L1(Ω).

Théorème 1.1.4 (Compacité pour les ensembles). Soit Ej une suite d’ensemble de
Caccioppoli dont le périmètre est uniformément borné. Alors, il existe une sous-suite
qui converge vers un ensemble de Caccioppoli E.

Nous allons maintenant présenter deux inégalités importantes pour ces fonctions,
ces inégalités permettent de contrôler les normes L1 par rapport aux variations de
la fonction

Théorème 1.1.5 (Formule de la co-aire). Soit f ∈ BV (Ω), soit

Ft = {x ∈ Ω; f(x) > t}.

Alors : ˆ
Ω

|Df | =
ˆ ∞
−∞

dt

ˆ
Ω

|DϕFt |.

Et :

Théorème 1.1.6 (inégalité de Sobolev). Soit f ∈ BV (RN ), alors il existe c1 ne
dépendant que de N tel que :

(

ˆ
|f |

N
N−1 dx)

N−1
N ≤ c1

ˆ
|Df |.

Soit ρ positif, soit :

fρ =
1

|Bρ|

ˆ
Bρ

fdx,

alors il existe c2 ne dépendant que de N tel que :

( ˆ
Bρ

|f − fρ|
N
N−1 dx

)N−1
N ≤ c2

ˆ
Bρ

|Df |.

Ce théorème à un équivalent pour les ensembles :

Théorème 1.1.7 (inégalités isopérimétriques). Soit E un ensemble borné de Cac-
cioppoli, alors :

|E|
N−1
N ≤ c1

ˆ
|DϕE |,

et :

min
(
|E ∩Bρ|, |(RN \ E) ∩Bρ|

)N−1
N ≤ c2

ˆ
Bρ

|DϕE |.
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1.2 Solutions de viscosités :

1.2.1 Définition :

Nous utiliserons aussi régulièrement la notion de solution de viscosité, nous allons
donc rappeler rapidement la définition de solution de viscosité, et les principaux
résultats concernant ces solutions.

Soit H(x, t, p,X) : Ω×R×RN ×RN×N → R un Hamiltonien elliptique, c’est à
dire que :

H(x, t, p,X) ≤ H(x, t, p, Y ) si X ≥ Y

Nous souhaitons résoudre l’équation :

H(x, u,Du,D2u) = 0 ∀x ∈ Ω (1.8)

avec Ω un ouvert borné de RN .
Considérons tout d’abord que cette équation à une solution régulière u. Soit φ

une autre fonction régulière, alors si x0 est un point de maximum local de u − φ,
on a que ∇u(x0) = ∇φ(x0) et D2u(x0) ≤ D2φ(x0). Ceci implique que :

0 = H(x0, u(x0), Du(x0), D2u(x0)) ≥ H(x0, u(x0), Dφ(x0), D2φ(x0)).

On a, de même, si x0 est un point de minimum local de u− φ :

0 = H(x0, u(x0), Du(x0), D2u(x0)) ≤ H(x0, u(x0), Dφ(x0), D2φ(x0)).

L’idée des solutions de viscosité est d’utiliser cette propriété des solutions régu-
lières pour pouvoir caractériser des solutions irrégulières (car on regardera l’Hamil-
tonien pour des solutions régulières).

Définition 1.2.1. – u est une sous-solution de viscosité de (1.8) si et seulement
si pour toute fonction φ régulière, et tout point x0 minimum local de u − φ,
on a :

0 ≤ H(x0, u(x0), Dφ(x0), D2φ(x0)). (1.9)

– u est une sur-solution de viscosité de (1.8) si et seulement si pour toute fonction
φ régulière, et tout point x0 maximum local de u− φ, on a :

0 ≥ H(x0, u(x0), Dφ(x0), D2φ(x0)). (1.10)

– u est une solution de viscosité de (1.8) si et seulement si u est une sous-solution
et une sur-solution de viscosité.

On peut donc voir que dans la définition de solution de viscosité, les dérivées de
u n’entre pas en compte, on n’a donc pas besoin d’avoir de régularité sur u. Bien
évidement, cette définition est cohérente, c’est à dire qu’une solution régulière de
l’équation est aussi une solution de viscosité.

1.2.2 Conditions au bord :

La façon dont on traite les conditions aux bord est elle même modifiée, en effet,
supposons que l’on veuille résoudre un problème du type :

ut +H(x, u,Du,D2u) = 0 ∀x ∈ Ω,
u = g on ∂Ω× [0, T ],
u = u0 on Ω× {0}.

(1.11)
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Dans le cadre des solutions de viscosité on ne demande pas à ce que la condition
au bord soit vérifiée point par point, on ne demande pas à ce que u = g en tout
point de ∂Ω. On relaxe les conditions et elles deviennent :

min{∂u
∂t

+H(x, t,Du), u− g} ≤ 0 sur ∂Ω×]0, T ] (1.12)

et

max{∂u
∂t

+H(x, t,Du), u− g} ≥ 0 sur ∂Ω×]0, T ] (1.13)

On retouve donc le principe de comparaison dans ces équations.
Au temps t = 0 la condition devient :

min{∂u
∂t

+H(x, t,Du), u− g, u− u0} ≤ 0 sur ∂Ω×]0, T ] (1.14)

et

max{∂u
∂t

+H(x, t,Du), u− g, u− u0} ≥ 0 sur ∂Ω×]0, T ] (1.15)

Ainsi, avec une telle condition il n’est pas nécéssaire que g et u0 coincident sur ∂Ω.
Un exemple ou la condition au bord n’est pas vérifié de façon exacte mais où il

existe une solution au sens de viscosité, par exemple la solution de :

|u′| = 1 sur [0, 1],

u(0) = 0,

u(1) = 2.

Un avantage qui apparâıt lors de la formulation au sens de viscosité, c’est qu’il
n’est plus nécessaire que la condition initiale corresponde à la condition au bord au
temps 0, c’est à dire que l’on peut avoir g 6= u0 sur ∂Ω.

1.2.3 Stabilité et principe de comparaison :

Un autre résultat important de la théorie des solutions de viscosité est un résultat
de stabilité.

Théorème 1.2.1. Soit Hε une suite d’Hamiltoniens convergeant vers l’Hamiltonien
H dans C

(
Ω× R× RN × SN

)
. Soit uε solution de viscosité de :

Hε(x, uε, Duε, D
2uε) = 0.

Alors, si uε ⇀ u, u est solution de viscosité de :

H(x, u,Duε, D
2u) = 0.

Ce résultat permet d’obtenir des résultat par perturbation de l’équation initiale.
Une application classique de ce résultat et la méthode de viscosité évanescente (d’où
les solutions de viscosité dirent leur nom), elle correspond à étudier le problème :

−ε∆uε +H(x, uε, Duε) = 0.

On a des résultats d’existences et d’unicité pour les uε. Si de plus on peut montrer
que uε est borné dans L∞ et dans un espace de Hölder W 0,α, alors on peut, en
utilisant le théorème d’Ascoli, montrer la convergence d’une sous-suite vers une
fonction u solution de :

H(x, u,Du) = 0.
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L’unicité de la solution à cette dernière équation ne peut pas être montrée par
une telle méthode, mais si on connâıt l’unicité par un autre résultat, on peut alors
montrer la convergence de toute la suite vers u.

La plupart des résultat de la théorie de viscosité tiennent sur l’existence d’un
principe de comparaison. Ces principes consistent à dire que si u et v sont deux
solutions de viscosités de la même équation (ou respectivement une sous et une
sur-solution), et que les conditions aux bords (ou initiales) de u sont plus petites
que celles de v, alors u est plus petit que v.

C’est à dire que l’on veut trouver des conditions sur H pour que si u|∂Ω ≤ v|∂Ω

avec u une sous-solution et v une sur-solution, alors u ≤ v.
De même, si on essaye de résoudre :

ut +H(x, u,Du,D2u) = 0 ∀x ∈ RN , (1.16)

on aimerait avoir que si u est une sous-solution et v est une sur-solution, avec
u(x, 0) ≤ v(x, 0) pour tout x ∈ RN , alors u ≤ v.

Le but de ce principe est de pouvoir comparer les solutions entre elles, de plus
c’est principes sont utiles pour essayer de montrer l’existence et l’unicité de solutions
de viscosités.

1.2.4 Méthode de Perron :

L’un des méthodes traditionnellement utilisée pour montrer l’existence de so-
lution de viscosité est la méthode de Perron, cette méthode consiste à définir une
sous-solution u et une sur-solution v avec u ≤ v. Puis, on regarde la fonction

w(x) := sup{ũ(x) telles que ũ sous-solution et ũ ≤ v}.

Ensuite, on montre que cette fonction est une sous-solution (comme borne supérieure
d’un ensemble de sous-solution) et une sur-solution (ceci se montre par contradiction
en montrant que sinon on pourrait construire une sous-solution supérieure à w), ce
qui implique que c’est une solution de viscosité.



Chapitre 2

Planelike minimizers

2.1 Introduction

In this section, we consider the homogenization of a periodic interfacial energy,
such as studied in a recent paper of L. Caffarelli and R. de la Llave [CdlL01]. We will
show that after appropriate rescaling into ε-periodic energies, and sending ε to zero,
we get convergence to an anisotropic perimeter (in the sense of Γ-convergence), with
an interfacial energy simply characterized by the energies of plane-like minimizers in
balls of large volume. In [DLN06], a similar study has been performed, however there
the perimeter itself is replaced with a two-phase singular perturbation problem (as in
the seminal papers of Modica and Motorla [MM77a, MM77b]), with some parameter
δ > 0 representing the width of the interface. Then, δ and ε are sent simultaneously
to zero, however, also the ratio δ/ε→ 0 so that in spirit the problem is the same as
ours, and the limit is of course the same. See also [BZ08].

We provide here a direct proof of this homogenization result. It is quite standard.
It turns out, though, that in most cases it is “useless” (and probably in all cases),
in the sense that thanks to the coarea formula for BV functions, our problem can
be cast into a more standard homogenization problem in the space of functions
with bounded variation [Bou87, Ama98, BCP95]. An interesting point, though, is
the fact that the interfacial energy in both point of views is not given by the same
formula : so that we deduce an equality between two problems, which is at first
glance not completely obvious (however this identity is already observed, in some
cases and up to minor changes, by Braides and Chiadò Piat in [BCP95]).

Another interesting consequence is that we can use the cell problem in [Bou87,
Ama98, BCP95] in order to derive a new proof of Caffarelli and de la Llave’s re-
sult, with a quite different construction. This approach can probably generalized to
other, similar problems where quasi-periodic sets satisfying some kind of maximum
principle are to be built (such as minimizers for nonlocal or degenerate perimeters,
which are restrictions to sets of a functional satisfying some co-area formula, see for
instance [CGL]), although, in some sense, the situation here is among the simplest.

In what follows,Q = [0, 1)d, and byQ] we denote the d-dimensional torus Rd/Zd.
Functions or measures over Q] will implicitly be identified with Q-periodic functions
or measures in Rd (some care though has to be taken with periodic measures which
weigh ∂Q). We consider here g ∈ Ld(Q]) with

´
Q
g = 0, and F (x, p) : Q] × Rd →

[0,+∞), continuous (periodic) in x, convex and one-homogeneous in p, with

c∗|p| ≤ F (x, p) ≤ c∗|p| (2.1)

for any p, for some positive constants c∗, c
∗.

9
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We assume the existence of δ > 0 such that for any E ⊂ Q with finite perimeter, 1

JQ(E) :=

ˆ
Q∩∂∗E

F (x, νE(x)) dHd−1(x) +

ˆ
Q∩E

g(x) dx ≥ δPer (E,Q) , (2.2)

where here and in the whole paper, νE is the inner normal to ∂∗E. Here Per (E,Q) =
Hd−1(∂∗E ∩ Q) is the part of the perimeter of E inside Q, including the possible
trace on ∂Q ∩Q. The inequality (2.2) holds (as observed in [DLN06]) for instance
if ‖g‖d = ‖g‖Ld(Q) is small enough, indeed, we have in this case

ˆ
Q∩E

g(x) dx = −
ˆ
Q\E

g(x) dx

≤ ‖g‖d min{|Q ∩ E|, |Q \ E|}
d−1
d ≤ C‖g‖dPer (E,Q) (2.3)

for some constant C depending only on the dimension (see for instance [AFP00]),
hence as soon as ‖g‖d < c∗/C we can find δ > 0 such that (2.2) holds.

Let us observe that a quite deep result of Bourgain and Brézis [BB02, BB03]
shows that if g ∈ Ld(Q), there is a vector field σ ∈ C0(Q],Rd) (we can assume
moreover that σ = 0 on ∂Q) with divσ = g, hence

ˆ
Q∩∂∗E

F (x, νE(x)) dHd−1(x) +

ˆ
Q∩E

g(x) dx

=

ˆ
Q∩∂∗E

F (x, νE(x))− σ(x) · νE(x) dHd−1(x).

We see that letting F ′(x, p) := F (x, p) − σ(x) · p, we can get rid of the external
field g (and F ′ will satisfy (2.1) if ‖g‖d is small enough). We discuss this in detail
in Section 2.4 : in fact, we actually show that (2.2) yields the existence of such a
σ. We also show that (2.2) can be a bit weakened, thanks to the results in [BB02,
BB03]. There exist other works on the subject. Some recent results can be found on
[DPT11].

We consider in this paper a first problem, quite standard, which regards the
Γ-limit of the energies

Eε(E) =

ˆ
∂∗E∩Ω

F
(x
ε
, νE(x)

)
dHd−1(x) +

1

ε

ˆ
Ωε∩E

g
(x
ε

)
dx , (2.4)

defined on finite perimeter subsets E ⊂ Ω where Ω is a bounded open subset of Rd,
with Lipschitz boundary. Here Ωε is the union of all cubes ε(k +Q), k ∈ Zd, which
are contained in Ω. Considering also the integral of g over Ω \ Ωε would produce
annoying boundary effects.

The result we show (which is not new, see [DLN06] where a similar issue is
addressed in the framework of a singular perturbation problem, and the discussion
below, but we give a direct proof for the reader’s convenience) relies on a theorem of
L. Caffarelli and R. de la Llave [CdlL01], that we now quote. Consider the functional

J (E) =

ˆ
∂∗E

F (x, νE) dHd−1(x) +

ˆ
E

g(x) dx (2.5)

(which is a priori finite only for sets E with compact boundary). Following [CdlL01]
we introduce the following definition of a global minimizer in Rd :

1. We refer for instance to [Giu84a, EG92] for the definition and properties of sets of finite
perimeter (a.k.a. Caccioppoli sets), and of their reduced boundary ∂∗E.
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Definition 2.1.1. We say that E ⊂ Rd with locally finite perimeter is a class A
minimizer for J if for any bounded set B ⊂ Rd and any E′ ⊂ Rd with E4E′ =
(E \ E′) ∪ (E′ \ E) b B, we have

ˆ
B∩∂∗E

F (x, νE) dHd−1(x) +

ˆ
B∩E

g(x) dx

≤
ˆ
B∩∂∗E′

F (x, νE′) dHd−1(x) +

ˆ
B∩E′

g(x) dx .

The theorem of Caffarelli and De La Llave [CdlL01, Theorem 4.1] is as follows.

Theorem 2.1.1. For any ν ∈ Rd \ {0}, we can find a connected set Eν (depending
only on ν/|ν|) such that

(i) For some M independent of ν, depending only on c∗, c
∗ and g, we have

∂Eν ⊂
{
x ∈ Rd : |x · ν| ≤M |ν|

}
,

Eν ⊃
{
x ∈ Rd : x · ν ≥M |ν|

}
,

Eν ⊂
{
x ∈ Rd : x · ν ≥ −M |ν|

}
.

(ii) Eν is a class A minimizer for J .
(iii) ∂Eν is “quasi-periodic”.

(For practical reasons we choose here to have ν pointing towards the interior of
the set Eν rather than the exterior.) The point (iv) of Theorem 4.1 in [CdlL01],
which claims that the projection of ∂Eν onto Q] laminates the torus, also follows
from the new proof (quite different from Caffarelli and de la Llave’s—though relying
essentially on the same properties) which we will give in Section 2.3, however we
did not particularly investigate this point, so that we prefer not to mention it. In
general, we do not expect this lamination to be a foliation (i.e., to be dense in the
torus), see Remark 2.3.1 below. This is clearly not the case, for instance, when the
direction is “rational”, that is, if ν = p/|p| for some p ∈ Zd, since in that case the set
Eν can be shown to be periodic, which improves statement (iii). When the direction
is not rational, the set is “quasi-periodic” in the following sense : for any integer p
with p · ν > 0, then Eν + p ⊂ Eν , whereas if p · ν < 0, Eν + p ⊃ Eν . If pn is a
sequence of integer vectors with pn · ν → 0, then Eν + pn converges (locally in L1)
to Eν . These statements are true provided Eν is in minimal or maximal in some
sense, we will not discuss this issue in this paper anymore since the proofs would
be the same as in [CdlL01].

A fundamental point in this result is the fact that M is independent on the
direction : letting Iν = {x ∈ Rd : x · ν > 0}, the theorem provides given any
direction ν ∈ Sd−1 a minimizer Eν such that the Hausdorff distance between the
surfaces ∂Eν and ∂Iν = {x · ν = 0} is bounded by the uniform bound M .

Another important result in [CdlL01] is Proposition 10.1 (and Equation (10.2))
which states that for any ν ∈ Sd−1, the limit

φ(ν) = lim
L→∞

1

ωd−1Ld−1

(ˆ
B(0,L)∩∂Eν

F (x, νEν ) dHd−1 +

ˆ
B(0,L)1∩Eν

g(x) dx

)
(2.6)

exists and defines, after one-homogeneous extension, a convex function in Rd. Here
ωd−1 is the volume of the unit ball in Rd−1, and B(0, L)1 =

⋃
{z + Q : z ∈

ZN , z + Q ⊂ B(0, L)} so that g is integrated only on “complete” cells. The result,
in our case, needs be a bit more precise, see section 2.5.

Using these results, we show in Section 2.2 the Γ-convergence of the energies Eε
of (2.4), as ε→ 0, to the anisotropic perimeter

E(E) =

ˆ
∂∗E

φ(νE(x)) dHd−1(x) . (2.7)
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defined for any finite-perimeter set E ⊂ Ω.

Using the coarea formula for functions with bounded variation [EG92, AFP00], it
is easy to relate this Γ-convergence to more classical results on the homogenization
of functionals with growth 1 (see [Ama98, BCP95]), for which the limit density
φ is known to be given by a cell problem. This observation actually leads us to
consider the cell problem for functional J , and give (in Section 2.3) a new proof
of Theorem 2.1.1, which might be not simpler than the one in [CdlL01] (it shares
some common steps), but we believe has its own interest.

Eventually, in Section 2.4, we discuss the possibility of integrating out the ex-
ternal field g in the surface tension F , and show that the results in this paper still
hold under coercivity assumptions that are slightly milder than (2.2).

2.2 Homogenization of the interfacial energy

Our goal in this section is to show the following. We assume here that the
functionals Eε and E are extended to all Borel sets in Ω by letting Eε(E) = E(E) =
+∞ if E does not have finite perimeter. It will be also convenient to introduce the
“localized” version of Eε, denoted by Eε(E,A) for A an open set, which is given
by (2.4) with Ω replaced with A. In this localized version the second integral is also,
by convention, on the set Aε which is the union of the cubes z + εQ, z ∈ εZd, such
that z + εQ ⊂ A. Then, we have (assuming, still, that ∂Ω is Lipschitz) :

Theorem 2.2.1. Eε Γ-converges to E as ε → 0, where the convergence is in the
space of Borel sets endowed with the topology of the L1-convergence of their charac-
teristic functions.

This means that given εn ↓ 0, for any Borel set E ⊂ Ω we have :

– for any (En)n≥1 sequence of Borel sets with |En4E| → 0,

lim inf
n→∞

Eεn(En) ≥ E(E) ; (2.8)

– there exists (En)n≥1, with |En4E| → 0 as n→∞, and

lim sup
n→∞

Eεn(En) ≤ E(E) . (2.9)

Here, En4E = (En \ E) ∪ (E \ En) (the symmetric difference).

Remark 2.2.1. We also prove the following compactness property : if (En)n≥1 is
a sequence of sets such that supn Eεn(En) < +∞, then, up to a subsequence, En
converges to a finite-perimeter set E ⊂ Ω, in the sense that |En4E| → 0.

Remark 2.2.2. We used here an argument of homogenization by blow up. This is
also done by Braides Maslnenikov and Sigaloti in [BMS08].

2.2.1 Proof of (2.8)

Consider (En)n≥1 a sequence of sets. Up to the extraction of a subsequence
we may assume that lim infn→∞ Eεn(En) = limn→∞ Eεn(En), and without loss of
generality we assume it is finite (otherwise, there is nothing to prove). We will show
both (2.8) and the statement in Remark 2.2.1, that is, that En converges (up to a
subsequence) to some set E if the energies Eεn(En) are uniformly bounded.
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Let us define the measures µn by

µn =
∑
k∈Zd

εn(k+Q)⊂Ω

(ˆ
∂∗En∩εn(k+Q)

F

(
x

εn
, νEn(x)

)
dHd−1(x)

+
1

εn

ˆ
En∩εn(k+Q)

g

(
x

εn

)
dx

)
δεnk . (2.10)

It is actually defined as a sum of Dirac masses on the points εnk of εnZd ∩Ω, such
that εn(k + Q) ⊂ Ω. It is important here that Q is defined as [0, 1)d (containing 0
and not 1), as the first integral is on a singular measures that might weight (d− 1)-
dimensional surfaces, and we do not want some to be counted twice (or never) in
the sum.

We have Eεn(En) ≥ µn(Ω). By (2.2) and the definition (2.10) of µn, we have that
µn(Ω) ≥ δPer (En,Ωεn). By (2.1), we also get a bound on Per (En,Ω \Ωεn) : hence
we have that (χEn)n≥1 is equibounded in BV (Ω), and that the µn are nonnegative
measures, which are uniformly bounded. Hence, up to a subsequence we may assume
there exists some measure µ and some finite-perimeter set E such that µn

∗
⇀ µ as

measures, and that χEn → χE (in L1(Ω) : hence the compactness property in
Remark 2.2.1 is shown). We have

µ(Ω) ≤ lim inf
n→∞

µ(Ωn) ≤ lim inf
n→∞

Eεn(En)

so that (2.8) follows if we show that µ ≥ φ(νE)Hd−1 ∂∗E.
A way to show such an inequality is to estimate the Radon-Nikodým derivative

of the measure µ with respect to Hd−1 ∂∗E, and to show that it is actually lar-
ger than φ(νE). By the Besicovitch derivation theorem (see for instance [AFP00,
Theorem 5.52]), it is given for Hd−1-a.e. x ∈ ∂∗E by

lim
r→0

µ(B(x, r))

Hd−1(B(x, r) ∩ ∂∗E)

In particular, at a regular point x0 (where ∂∗E has (d−1)-density 1, a normal vector
νE(x0), and the blow-up sequences of E converge to {(x − x0) · νE(x0) > 0}) the
limit becomes

` = lim
r→0

µ(B(x0, r))

ωd−1rd−1
. (2.11)

where ωd−1 is the volume of the unit ball in Rd−1.
Let us now show that ` ≥ φ(ν), where ν = νE(x0) is the inner normal to ∂∗E at

x0. Notice that since x0 is regular, we also have

lim
r→0

´
B(x0,2r)

|χ{(x−x0)·νE(x0)>0} − χE(x)| dx
rN

= 0.

For a.e. r > 0 (small), we have

µ(B(x0, r)) = lim
n→∞

µn(B(x0, r)) ,

and

ˆ
B(x0,2r)

|χ{(x−x0)·νE(x0)>0} − χE(x)| dx

= lim
n→∞

ˆ
B(x0,2r)

|χ{(x−x0)·νE(x0)>0}(x− x0)− χEn(x)| dx .
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Hence, using a diagonal argument, there exist subsequences nm and rm such
that ε′m = εnm/rm → 0,

` = lim
m→∞

µnm(B(x0, rm))

ωd−1r
d−1
m

(2.12)

and

lim
m→∞

´
B(x0,2rm)

|χ{(x−x0)·νE(x0)>0} − χEnm (x)| dx
rdm

= 0. (2.13)

We let as before Iν = IνE(x0) = {x ∈ RN , x · νE(x0) > 0}. We now make for
each m the change of variable x = x0 + rmy, and we define E′m = (Enm −x0)/rm ⊂
(Ω− x0)/rm. It follows from (2.13) that

lim
m→∞

ˆ
B(0,2)

|χE′m(y)− χIν (y)| dy = 0. (2.14)

Letting Bm =
⋃
{εnm(k+Q) : εnmk ∈ εnmZd∩B(x0, rm)} and B′m = (Bm−x0)/rm,

we have, on the other hand :

µnm(B(x0, rm))

rd−1
m

=

1

rd−1
m

(ˆ
∂∗Enm∩Bm

F

(
x

εnm
, νEnm (x)

)
dHd−1(x) +

1

εnm

ˆ
Enm∩Bm

g

(
x

εnm

)
dx

)

=

ˆ
∂∗E′m∩B′m

F

(
x0

εnm
+

y

ε′m
, νE′m(y)

)
dHd−1(y) +

1

ε′m

ˆ
E′m∩B′m

g

(
x0

εnm
+

y

ε′m

)
dy.

Let now θm ∈ [0, 1)d be the fractionary part of x0/εnm , that is, the vector ((θm)i)
d
i=1

whose ith component is (θm)i = (x0)i/εnm − [(x0)i/εnm ] (where [ · ] is the integer
part, and (x0)i is the ith component of x0). By periodicity, we may clearly replace
the argument x0/εnm + y/ε′m in the two last integrals above with (ε′mθm + y)/ε′m.
Alternatively, we can change again variables and define E′′m = E′m + ε′mθm and
B′′m = B′m + ε′mθm : we find

µnm(B(x0, rm))

rd−1
m

=

ˆ
∂∗E′′m∩B′′m

F

(
y

ε′m
, νE′′m(y)

)
dHd−1(y) +

1

ε′m

ˆ
E′′m∩B′′m

g

(
y

ε′m

)
dy.

and it follows from (2.12) that

ωd−1` = lim
m→∞

ˆ
∂∗E′′m∩B′′m

F

(
y

ε′m
, νE′′m(y)

)
dHd−1(y) +

1

ε′m

ˆ
E′′m∩B′′m

g

(
y

ε′m

)
dy ,

(2.15)
moreover, it also follows from (2.14) that

lim
m→∞

ˆ
B(0,3/2)

|χE′′m(y)− χIν (y)| dy = 0. (2.16)

Since Bm = (B(x0, rm) ∩ εnmZd) + εnmQ, the sets B′m, B
′′
m above are given

exactly by,

B′m =
(
B(0, 1) ∩

{
ε′mk −

x0

rn
: k ∈ Zd

})
+ ε′mQ

and
B′′m =

(
(B(0, 1) + ε′mθm) ∩ ε′mZd

)
+ ε′mQ , (2.17)

Observe that for any s < 1, B(0, s) ⊂ B′′m for m large enough.
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Let η > 0. Let Eν be the set provided by Theorem 2.1.1, and for s ∈ (1−2η, 1−η)
which will be choosen later on, define

Êm = (ε′mEν \B(0, s)) ∪ (E′′m ∩B(0, s)) .

Then, by the minimality of Eν , we have

ˆ
∂∗Êm∩B′′m

F

(
y

ε′m
, νÊm(y)

)
dHd−1(y) +

1

ε′m

ˆ
Êm∩B′′m

g

(
y

ε′m

)
dy ,

≥
ˆ
∂∗(ε′mEν)∩B′′m

F

(
y

ε′m
, ν(ε′mEν)(y)

)
dHd−1(y) +

1

ε′m

ˆ
(ε′mEν)∩B′′m

g

(
y

ε′m

)
dy ,

which converges (see (2.6), and details in the appendix) to Hd−1(∂Iν ∩ B1)φ(ν) =
ωd−1φ(ν) as m → ∞. Hence the inequality ` ≥ φ(ν) will follow from (2.15) if we
show that (for a suitable choice of s) the difference

Eε′m(E′′m, B
′′
m)− Eε′m(Êm, B

′′
m)

=

ˆ
∂∗E′′m∩B′′m

F

(
y

ε′m
, νE′′m(y)

)
dHd−1(y) +

1

ε′m

ˆ
E′′m∩B′′m

g

(
y

ε′m

)
dy

−
ˆ
∂∗Êm∩B′′m

F

(
y

ε′m
, νÊm(y)

)
dHd−1(y) +

1

ε′m

ˆ
Êm∩B′′m

g

(
y

ε′m

)
dy (2.18)

is bounded from below, as m→∞, by some quantity which modulus is arbitrarily
small.

Call Rm the region made of all cubes z + ε′mQ, z ∈ ε′mZd, which intersect
∂B(0, s) (we denote by Nm the number of such cubes), Sm = (B′′m \B(0, s)) ∪Rm,
R′m = Sm \Rm (so that Sm = Rm∪R′m). In B′′m \Sm, the sets E′′m and Êm coincide,
so that the difference in (2.18) is also given by

Eε′m(E′′m, Sm)− Eε′m(Êm, Sm).

If we develop, we find

Eε′m(E′′m, Sm)− Eε′m(Êm, Sm)

=

ˆ
∂∗E′′m∩(Rm∪R′m)

F

(
y

ε′m
, νE′′m(y)

)
dHd−1(y) +

ˆ
E′′m∩(Rm∪R′m)

g

(
y

ε′m

)
dy

− Eε′m(ε′mEν , R
′
m)

−
ˆ
∂∗(ε′mEν)∩(Rm\B(0,s))

F

(
y

ε′m
, ν(ε′mEν)(y)

)
dHd−1(y)

−
ˆ
∂B(0,s)∩∂∗Êm

F

(
y

ε′m
, νÊm(y)

)
dHd−1(y)

−
ˆ
∂∗E′′m∩(Rm∩B(0,s))

F

(
y

ε′m
, νE′′m(y)

)
dHd−1(y)−

ˆ
Êm∩Rm

g

(
y

ε′m

)
dy (2.19)

which is larger than (using (2.1) and (2.2))

− Eε′m(ε′mEν , R
′
m)

− c∗Per (ε′mEν , Rm \B(0, s)) − c∗Hd−1(∂B(0, s) ∩ (E′′m4(ε′mEν)))

+
1

ε′m

ˆ
Rm

g
(x
ε

)
(χE′′m − χÊm)(x) dx . (2.20)
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Denote respectively by −Aim, i = 1, 2, 3, 4 the four terms of this expression.
By (2.53),

lim sup
m→0

A1
m ≤ φ(ν)Hd−1(∂Iν ∩ (B(0, 1) \B(0, s))) ≤ C(1− s) ≤ 2Cη . (2.21)

Observe that the numberNm of cubes z+ε′mQ, z ∈ ε′mZd, which compose the setRm
is (at most) of order (1/ε′m)d−1. (Indeed, Rm ⊂ B(O, s+

√
dε′m)\B(O, s−

√
dε′m) so

that ε′dmNm ≤ Cε′m.) Moreover, the number of such cubes which intersect ∂(ε′mEν)
(which is at distance M from ∂Iν by Theorem 2.1.1) is at most of order (1/ε′m)d−2

(using the same argument). Since the perimeter of ε′mEν in each such cube is of
order ε′d−1

m , A2
m is of order ε′m hence

lim
m→0

A2
m = 0 . (2.22)

Since both sets E′′m and ε′mEν converge to Iν as m → ∞, up to a subsequence we
know that for a.e. choice of s ∈ (1−2η, 1−η), Hd−1(∂B(0, s)∩ (E′′m4(ε′νEν)))→ 0.
Hence, if we choose well s,

lim
m→0

A3
m = 0 . (2.23)

It remains to bound A4
m. We have, for any cube z + ε′mQ which intersects ∂B(0, s)

(z ∈ ε′mZd),

1

ε′m

ˆ
z+ε′mQ

g
(x
ε

)
(χE′′m − χÊm)(x) dx ≤ ‖g‖d

(ˆ
z+ε′mQ

|χE′′m − χÊm | dx

)1−1/d

so that (summing on all such cubes and recalling Nm is the number of cubes which
constitute Rm)

A4
m ≤ N 1/d

m ‖g‖d
(ˆ

Rm

|χE′′m − χÊm | dx
)1−1/d

≤ C

(
1

ε′m

ˆ
B(0,s+

√
dε′m)\B(0,s−

√
dε′m)

|χE′′m − χÊm | dx

)1−1/d

(2.24)

where we have used the fact that Nm ≤ Cε′1−dm and Rm ⊂ B(0, s+
√
dε′m)\B(0, s−√

dε′m). Since (by Fubini’s theorem)

ˆ 1−η

1−2η

(
1

ε′m

ˆ
B(0,t+

√
dε′m)\B(0,t−

√
dε′m)

|χE′′m − χÊm | dx

)
dt

≤ 2
√
d

ˆ
B(O,1−η+

√
dε′m)\B(0,1−2η−

√
dε′m)

|χE′′m − χÊm | dx → 0,

as m → ∞, up to a subsequence we find that for almost any choice of s ∈ (1 −
2η, 1− η), the right-hand side of (2.24) goes to zero, hence :

lim
m→∞

A4
m = 0. (2.25)

Collecting (2.21), (2.22), (2.23) and (2.25) we deduce that

lim inf
m→∞

Eε′m(E′′m, B
′′
m)− Eε′m(Êm, B

′′
m) ≥ −2Cη

for some constant C. It follows (from (2.6) and (2.15)) that ` ≥ φ(ν)− 2Cη/ωd−1,
and since η is arbitrary we get ` ≥ φ(ν), which was our claim. Hence (2.8) holds.
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2.2.2 Proof of the inequality (2.9)

The proof of (2.9) in the particular case of polyhedral limit set is given in the
section 2.5 (Corollary 2.5.3), where several “simple” limits of Eε are investigated.
We deduce here (2.9) in the general case.

Let E ⊂ Ω is an arbitrary set with finite perimeter. Here we need to assume
that ∂Ω is Lipschitz. In this case, it is standard that it is possible to approximate
E with sets En which are the intersection of Ω with a polyhedron, and such that
limn→∞Hd−1(∂En ∩ Ω) = Per (E,Ω). The Reshetnyak continuity Theorem (see
[AFP00, Theorem 2.39]), together with the continuity of φ (Corollay 2.5.4) show that
limn→∞ E(En) = E(E). By corollary 2.5.3 and a diagonal argument, we therefore
can find sets (Eε)ε>0 such that |Eε4E| → 0 as ε → 0 and lim supε→0 Eε(Eε) ≤
E(E). We deduce (2.9).

2.3 A new construction for the plane-like minimi-
zers

The coarea formula for BV functions shows that if u ∈ BV (Ω) (the space of
functions with bounded variation in Ω [EG92, AFP00]), then

Fε(u) :=

ˆ
Ω

F
(x
ε
,Du

)
+

ˆ
Ωε

g
(x
ε

)
u(x) dx =

ˆ +∞

−∞
Eε({u > s}) ds

and it is not difficult to deduce from Theorem 2.2.1 that Fε (extended by the value
+∞ to functions u ∈ L1(Ω) \BV (Ω)) Γ-converges to

F(u) :=

{´
Ω
φ(Du) if u ∈ BV (Ω) ,

+∞ if u ∈ L1(Ω) \BV (Ω) .

See for instance [CGL, Prop. 3.5].
On the other hand, it is well-known (at least when g = 0, see [Ama98, BCP95])

that Fε Γ-converges, as ε → 0, to F if the convex one-homogeneous function φ is
replaced with the solution ψ of the following cell problem : for each p ∈ Rd,

ψ(p) = min
u∈BV (Q])

ˆ
Q]
F (x, p+Du) +

ˆ
Q

g(x)(p · x+ u(x)) dx (2.26)

where BV (Q]) denotes the space of BV functions which are integer-periodic in
Rd Here, the important result is that the Γ-limit is independent of the class A
minimizer define in the theorem 2.1.1.

It is a priori quite important in the first integral here to consider the variation
of the (periodic) measure F (x, p+Du) on Q] (rather than just Q, since it may be
positive on ∂Q), however, for a given p and a minimizer u for (2.26), if |Du|(∂Q) > 0,
we might translate slightly u and g (u→ u(·− τ), g → u(·− τ), or equivalently τ →
τ+Q, τ ∈ Rd) to get a new problem with the same value and such that |Du|(∂Q) =
0. Hence in what follows we will not bother about this issue and implicitly consider
that the derivatives of our functions do not charge ∂Q (and by periodicity, k +
∂Q, k ∈ Zd). Observe also that by standard regularization arguments [Giu84a], the
min in (2.26) is also the infimum over smooth, periodic functions u — for which
integrating over Q or Q] does not make any difference.

It is clear that (2.26) defines a convex, one-homogeneous function ψ. Letting
u = 0 in the problem yields

ψ(p) ≤ (c∗ + ‖g‖d)|p| . (2.27)
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On the other hand, provided as before that assumption (2.2) holds (for instance,
if ‖g‖d is small enough), we have that the functional which is minimized in (2.26) is
coercive in BV , so that the problem is well-posed and admits actually a minimizer.
Indeed, given a function u and letting v(x) = p · x+ u(x), we have (using

´
Q
g = 0)

in view of (2.2)

ˆ
Q]
F (x, p+Du) +

ˆ
Q

g(x)(p·x+u(x)) ≥
ˆ +∞

−∞
JQ({v > s}) ds ≥ δ|Dv|(Q) ,

(2.28)

in particular we deduce that

ψ(p) ≥ δ|p| . (2.29)

Fix now p ∈ Rd, and let u be a minimizer in (2.26). Let v(x) = p ·x+u(x) (which
is in BVloc(Rd)). For any s > 0, let Es = {v > s}. Then we show the following :

Proposition 2.3.1. The set Es is a class A minimizer for J .

Proof: The proof relies on convex duality and a calibration argument.

Step 1. Existence of a “calibrating field”. First of all, we have that for any p ∈ Rd
and u ∈ BV (Q]),

Hp(u) :=

ˆ
Q]
F (x, p+Du)

= sup
{
p ·

ˆ
Q

σ(x) dx−
ˆ
Q

u(x)divσ(x) dx :

σ ∈ C∞(Q];Rd) , σ(x) ∈ C(x) ∀x ∈ Q]
}

(2.30)

where for each x, C(x) is the convex set

C(x) =
{
q ∈ Rd : q · p ≤ F (x, p) ∀p ∈ Rd

}
,

such that supq∈C(x) q·p = F (x, p). This representation is found for instance in [BV88,
BV89], and is not too difficult to show. The key point is the fact that — thanks
to the continuity of F — for any θ < 1, there exists η > 0 such that |x − y| ≤ η
yields θC(y) ⊆ C(x), so that building fields satisfying the constraint at each point,
or regularizing these fields, is relatively easy. Given u ∈ BV (Q]), a Besicovitch co-
vering argument allows to build a measurable field σ, constant in balls, and such
that σ(x) ∈ C(x) a.e. and

´
Q]
σ · (p+Du) ≈

´
Q]
F (x, p+Du). Then for any θ < 1,

a mollification of θσ will provide a C∞ field with the same properties.
On the other hand, if u ∈ Ld/(d−1)(Q]) \ BV (Q]), then the right-hand side

of (2.30) is +∞, and we also set Hp(u) = +∞ in this case.
Let K0 be the convex subset of Ld(Q]) :

K0 =
{
−divσ : σ ∈ C∞(Q];Rd) , σ(x) ∈ C(x) ∀x ∈ Q]

}
.

and K = K
Ld(Q])

its closure in Ld. For h ∈ K0, let

Gp(h) := inf
{
− p ·

ˆ
Q

σ(x) dx : σ ∈ C∞(Q];Rd) ,

σ(x) ∈ C(x) ∀x ∈ Q] , h = −divσ
}
,
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and let Gp(h) = +∞ if h ∈ Ld(Q]) \ K0. One checks that this defines a convex
function of h, so that, in particular, its lower semicontinuous envelope (in Ld) is a
convex function with domain K, which coincides with its convex lower semiconti-
nuous envelope G∗∗p . Then (2.30) expresses that

Hp(u) = G∗p(u) = sup
h∈Ld(Q])

〈h, u〉Ld,Ld/(d−1) − Gp(h)

is the Legendre-Fenchel conjugate of Gp (in the duality (Ld, Ld/(d−1)), see [ET99])
so that and H∗p = G∗∗p . Now, u is a minimizer for (2.26) if and only if

−g ∈ ∂Hp(u)

(this is obvious from the definition of the subdifferential ∂Hp(u), which is the set
of h such that Hp(v) ≥ Hp(u) +

´
Q
h(v − u) dx). The Legendre-Fenchel’s identity

shows that it is equivalent to

−
ˆ
Q

g(x)u(x) dx = Hp(u) + G∗∗p (−g) .

Since there must exist hn ∈ K0 such that hn → −g and G∗∗p (−g) = limnGp(hn),

it shows the existence of a sequence σn ∈ C∞(Q]), such that divσn → g in Ld(Q),
−p ·

´
Q
σn dx→ G∗∗p (−g) and

−
ˆ
Q

divσn(x)u(x) dx + p ·
ˆ
Q

σn(x) dx → Hp(u) (2.31)

as n→∞. Observe that since u has bounded variation (and is periodic), and σn is
smooth and periodic, the integrals can be written

´
Q]
σn(x) · (p+Du).

Step 2. Proof of the minimality of Es. The sequence σn built in the previous step,
seen as a periodic field over Rd, is now used to show the minimality of the level sets
Es. Consider a large ball B and denote B′ = ∪k+Q∩B 6=∅k + Q where k ∈ Zd. Let
v(x) = u(x) + p · x, where u is as before. The co-area formula for BV functions
yields

ˆ +∞

−∞

ˆ
B′∩∂∗Es

F (x, νEs(x)) dHd−1(x) ds

= lim
n→∞

ˆ +∞

−∞

ˆ
B′∩∂∗Es

σn(x) · νEs(x) dHd−1(x) ds

and since σn(x) · νEs(x) ≤ F (x, νEs(x)) we deduce that up to a subsequence, we
have for a.e. s ∈ R

lim
n→∞

ˆ
B′∩∂∗Es

σn(x) · νEs(x) dHd−1(x) =

ˆ
B′∩∂∗Es

F (x, νEs(x)) dHd−1(x) .

Fix s such that this is true, and let now E′ be a set with E′4Es b B. We have, as
σn → g

ˆ
B′∩∂∗E′

F (x, νE′) dHd−1 +

ˆ
B′∩E′

g dx

≥
ˆ
B′
σn ·DχE′+

ˆ
B′∩E′

g dx =

ˆ
B′
σn ·DχEs+

ˆ
B′
σn ·D(χE′−χEs)+

ˆ
B′∩E′

g dx

=

ˆ
B′
σn ·DχEs −

ˆ
B′

divσn(χE′ − χEs) +

ˆ
B′∩E′

g dx

→
ˆ
B′∩∂∗Es

F (x, νEs) dHd−1 ds +

ˆ
B′∩Es

g dx
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as n → ∞, showing the minimality of Es. We deduce easily that for a.e. s, Es is
a class A minimizer for J . The proof that Es is a minimizer for all s follows from
the fact that Es is the limit of any sequence Esj with sj ↓ s (sj > s), sj such
that Esj is a class A minimizer, and the stability of class A minimizer, see [CdlL01,
Sec. 9]. 2

The next lemma is classical, and shown for instance in [CdlL01]. For the reader’s
convenience we include a very quick proof of the first inequality, the second being
analogous.

Lemma 2.3.2. There exists r0 > 0 and γ > 0 such that for any x ∈ Rd :
– if |B(x, r) ∩ Es| > 0 for any r > 0 then for r ≤ r0, |B(x, r) ∩ Es| ≥ γrd,
– if |B(x, r) \ Es| > 0 for any r > 0 then for r ≤ r0, |B(x, r) \ Es| ≥ γrd.

where Es is a minimizer.

Proof: This is quite standard : letting Br = B(x, r), the idea is to compare the
energy of Es and the energy of Es \Br for r > 0, small. The minimality of Es yields
for a.e. r > 0 :ˆ

Br∩∂∗Es
F (x, νE) dHd−1 +

ˆ
Es∩Br

g(x) dx ≤
ˆ
∂Br∩Es

F (x,−νBr ) dHd−1

hence, using (2.1) and Hölder’s inequality,

c∗Hd−1(Br ∩ ∂∗Es) ≤ c∗Hd−1(∂Br ∩ Es) + ‖g‖Ld(Br)|Es ∩Br|
d−1
d .

Letting f(r) = |Es ∩Br| > 0 for all r > 0, and using the isoperimetric inequality in
Rd, we find

cdf(r)
d−1
d ≤ Per (Es ∩Br) = Hd−1(Br ∩ ∂∗Es) +Hd−1(∂Br ∩ Es)

≤ c∗ + c∗

c∗
Hd−1(∂Br ∩ Es) +

1

c∗
‖g‖Ld(Br)f(r)

d−1
d .

Since Hd−1(∂Br ∩ Es) = f ′(r) for all r but a finite or countable number, and
choosing r0 such that if r < r0, ‖g‖Ld(Br)/c∗ ≤ cd/2 (which is possible since g is

periodic and |g|d ∈ L1(Q]) is equi-integrable), we deduce that if r < r0,

cd
2
f(r)1− 1

d ≤ c∗ + c∗

c∗
f ′(r) .

Then, the conclusion follows from Gronwall’s lemma, and the constant γ depends
only on c∗, c

∗, and the dimension d — while r0 depends on c∗ and g. The proof of
the second inequality is done in the same way, comparing this time Es with the sets
Es ∪Br.

It follows that Es (which a priori is “just” a Caccioppoli set) is a closed set with
rectifiable boundary.

Corollary 2.3.3. The sets of points of Lebesgue density, respectively, 1 and 0 of Es
are both open, hence we may consider Es as a closed set (the complement of points of
density 0), whose topological boundary coincides with the measure-theoretical boun-
dary (which is the set of points of density neither 0 nor 1), hence, up to a Hd−1-
negligible set, to the reduced boundary ∂∗E [AFP00, EG92, Giu84a].

2. Although the proof there is only sketched, but taking any competitor E′ with Es4E′ b B,
for B a big ball, one easily shows that one finds competitors E′j → E′ (of the form (E′ ∩ (1 +

t)B)∪ (Esj \ (1 + t)B) for a well-chosen t ∈ (0, 1/2), such that Hd−1(∂(1 + t)B ∩ (Esj4Es)) → 0)
with Esj4E′j b 2B and Per (E′j , 2B) → Per (E′, 2B) as j → ∞, from which the minimality of Es
is easily deduced.
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The density estimates, together with the coarea formula, yield an estimate on
the oscillation of v (where v is define by : v(x) = u(x) + p.x with p is a given vector
and u is the minimizer in (2.26)) :

Corollary 2.3.4. There exists C > 0 (depending on c∗, c∗, g, but not on p) such
that oscQ(v) ≤ C|p|. (Equivalently, oscQ(u) ≤ C|p|.)

(Here oscQ(f) = ess supQ f − ess infQ f .)

Proof: If x ∈ ∂Es, it follows from Lemma 2.3.2 that |B(x, r0) ∩ Es| ≥ γrd0 and
|B(x, r0) \ Es| ≥ γrd0 . In particular, if x ∈ ∂Es ∩ Q, we have (assuming r0 < 1)
min{|(−1, 2)d ∩ Es|, |(−1, 2)d \ Es|} ≥ γrd0 . We deduce that Per (Es, (−1, 2)d) ≥
Cγ

d−1
d rd−1

0 for a constant C depending only on the dimension. Hence,ˆ
(−1,2)d

|Dv| ≥ Crd−1
0 |{s ∈ R : ∂Es ∩Q 6= ∅}| ,

and we observe that |{s ∈ R : ∂Es ∩ Q 6= ∅}| = ess supQ v − ess infQ v. On the
other hand, using (2.27) and (2.28),ˆ

(−1,2)d
|Dv| = 3d

ˆ
Q

|Dv| ≤ C|p|

where C depends on d, c∗ and ‖g‖d (and δ, which depends on the properties of g).
We deduce that there exists C > 0, depending on c∗, c

∗ and g such that |ess supQ v−
ess infQ v| ≤ C|p|, which shows the corollary. Of course the oscillation of u = v−p·x
on Q is bounded by (C +

√
d)|p|.

Corollary 2.3.5. There exists M which does not depend on p such that, if s is
such that ∂Es ∩Q 6= ∅ : then ∂Es ⊂ {x : |x · p| ≤M |p|}, more precisely {x : x · p ≥
M |p|} ⊂ Es ⊂ {x : x · p ≥ −M |p|}.

Proof: Just let M = C + 2
√
d where C is the constant in the previous proof.

Indeed, if x ∈ Es, that is, v(x) = u(x)+p ·x > s, we have p ·x > s−u(x). But since
∂Es∩Q 6= ∅, there is x′ with |x′| ≤

√
d and u(x′)+p·x′ ≤ s, hence s ≥ u(x′)−|p|

√
d.

We deduce p · x > −oscQu−
√
d|p| ≥ −(C − 2

√
d)|p|.

To get a full proof of Theorem 2.1.1, it remains to show that the sets Es are
connected. In fact, we would just repeat here arguments similar to what is found
in [CdlL01] (see in particular Proposition 7.3), which show that not only Es, but
also Rd \ Es, must be connected if Es is a class A minimizer. Hence we admit this
point, and this achieves our new proof of Theorem 2.1.1.

Remark 2.3.1. If ν is a rational direction, that is, if ν = p/|p| with p ∈ Zd, then
the corresponding set Es is clearly periodic : indeed, assuming for instance pd 6= 0
and denoting by (ei)

d
i=1 the canonical basis, there exist d − 1 independent integer

vectors qi = pdei − pied such that qi · p = 0 so that Es + qi = {v(· − qi) > s} = Es.
In particular, it is expected that v is, in general, flat with a concentrated gradient.
On the other hand, if ν is irrational, one could expect that Dv is not singular and
∂Es might foliate the torus (i.e., its nonintersecting leaves might be dense in the
torus), but this is not always true : for instance, if g = 0, F (x, p) = a(x)|p| with a
continuous, a = 1 outside of a ball in Q and a >> 1 in the ball half smaller, then
the region where a is large will be avoided by ∂Es for any direction ν, including
irrational. See [Ban87] for similar results in the classical context of KAM theory.

A consequence of this analysis is the following identity, which is already proved
in [BCP95, Theorem 5.1] (at least for g = 0 but if g 6= 0, we refer to the discussion
in the next section where it is shown how to “eliminate” g).

Corollary 2.3.6. φ = ψ : the limits in (2.6) and (2.26) coincide on Sd−1.
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2.4 Elimination of the external field and weaker
coercivity

We show in this section that, thanks to a recent result of Bourgain and Bré-
zis [BB03], the external field g can be removed in our formulation, in the sense that
it can be integrated by part into the surface tension as soon as the global energy
is coercive. Pushing further this remark (Sec. 2.4.2) allows then to weaken a lit-
tle the coerciveness assumption which is necessary for Theorems 2.1.1 and 2.2.1.
A simple two-dimensional example illustrates the differences between these va-
rious hypotheses, see Section 2.4.3. A similar result was also prove by De Pauw
in [DPT11, DP09]

2.4.1 The coercive case is equivalent to the case g = 0

Proposition 2.4.1. Assume (2.2) holds : then there exists F ′(x, p), continuous and
periodic in x, convex and one-homogeneous in p, with

c′∗|p| ≤ F ′(x, p) ≤ c∗′|p| (2.32)

(c∗′ > c′∗ > 0) for any p ∈ Rd and such that for any E ⊂ Q with finite perimeter,

JQ(E) =

ˆ
Q∩∂∗E

F ′(x, νE(x)) dHd−1(x) . (2.33)

Proof: Since (2.2) holds and g ∈ Ld(Q) with
´
Q
g dx = 0 we have (2.3), so we can

find ε ∈ (0, 1), small, such that for any finite-perimeter set E ⊂ Q (using Hölder’s
inequality and the relative isoperimetric inequality in Q),

−ε
ˆ
E

g(x)dx = ε

ˆ
Q\E

g(x) dx ≤ δ

2
Per (E,Q)

so that ˆ
Q

F (x,Du) +

ˆ
Q

(1 + ε)g(x)u(x) dx ≥ δ

2
|Du|(Q) , (2.34)

for any u ∈ BV (Q).
Thanks to (2.34), the problem

min
u∈BV (Q)

ˆ
Q

F (x,Du) +

ˆ
Q

(1 + ε)g(x)u(x) dx

has a unique solution (u = 0). As in the previous section (but now we consider
a functional defined for functions u ∈ BV (Q), and not as in (2.26) for periodic
functions defined on the torus Q]), there is the representation

ˆ
Q

F (x,Du) = sup
{
−
ˆ
Q

u(x)divσ(x) dx : σ ∈ C∞c (Q;Rd) , σ(x) ∈ C(x) ∀x ∈ Q
}
.

Hence, using similar convex analysis arguments, we deduce the existence of a se-
quence of compactly supported vector fields σn ∈ C∞c (Q;Rd) such that as n→∞,

divσn → (1 + ε)g

in Ld(Q), while σn(x) ∈ C(x) for any x ∈ Q. Letting σ′n = σn/(1 + ε), we find
smooth, compactly supported vector fields with divσ′n → g as n → ∞, while σ′n ∈
C(x)/(1 + ε) for all x.
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Now, thanks to [BB03, Theorem 3] and the fact that
´
Q
g−divσ′n dx = 0, there

exist σ′′n ∈ C0 ∩W 1,d
0 (Q) with divσ′′n = g − divσ′n, and

‖σ′′n‖∞ ≤ C‖g − divσ′n‖d → 0

as n→∞.
Choose n large enough, in order to have ‖σ′′n‖∞ ≤ c∗ε/2, and let σ = σ′n + σ′′n.

We have divσ = g, and σ = 0 on ∂Q, so that

ˆ
Q

F (x,Du) +

ˆ
Q

g(x)u(x) dx =

ˆ
Q

F (x,Du)−σ(x)·Du =

ˆ
Q

F ′(x,Du) , (2.35)

where we have let F ′(x, p) = F (x, p) − σ(x) · p for any x ∈ Q and p ∈ Rd. The
function F ′, extended by periodicity to Rd × Rd, is still continuous in x (since σ
vanishes on ∂Q), 1-homogeneous and convex in p. Moreover we have for any x

σ(x) · p = σ′n(x) · p + σ′′n(x) · p ≤ 1

1 + ε
F (x, p) +

c∗ε

2
|p|

so that

F ′(x, p) = F (x, p) + σ(x) · (−p) ≤ F (x, p) +
1

1 + ε
F (x,−p) c∗ε

2
|p|

≤
(

2 + ε

1 + ε
+ 1

)
c∗|p| ,

and

F ′(x, p) = F (x, p) − σ(x) · p ≥ ε

1 + ε
F (x, p) − c∗ε

2
|p| ≥

(
1− ε
1 + ε

)
c∗ε

2
|p| ,

hence the new F ′ satisfies (2.32) with new constants c′∗ ≤ c∗, c
∗′ ≥ c∗. Observe

that (2.35) is equivalent to (2.33).

Returning to the functional Eε in (2.4), we see that it is expressed as

Eε(E) =

ˆ
∂∗E∩(Ω\Ωε)

F
(x
ε
, νE(x)

)
dHd−1(x) +

ˆ
∂∗E∩Ωε

F ′
(x
ε
, νE(x)

)
dHd−1(x)

and its Γ-limit can be deduced from classical results.

2.4.2 Weaker coercivity

Let us now assume that, instead of (2.2), F, g are such that for any finite-
perimeter set E in the torus Q] = Rd/Zd,

ˆ
Q]∩∂∗E

F (x, νE(x)) dHd−1(x) +

ˆ
Q]∩E

g(x) dx ≥ δPer (E,Q]). (2.36)

This assumption is weaker than (2.2) — it is simple to see that it is implied by (2.2),
see Section 2.4.3 for an example where it is not equivalent. On the other hand, it is
much more natural, since it does not depend on the “origin” of the periodicity cell.
Now, the same proof as above (still using convex duality and the result of Bourgain
and Brézis, this time in the torus [BB03, Theorem 1’]) shows the existence of a
periodic field σ ∈ C0∩W 1,d(Q]) such that divσ = g, and F ′(x, p) = F (x, p)−σ(x) ·
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p ≥ c′∗|p| for any (x, p) ∈ Q] × Rd, for some constant c′∗ > 0. In particular, for any
p ∈ Rd and u ∈ BV (Q]),

ˆ
Q]
F (x, p+Du) +

ˆ
Q

g(x)(p · x+ u(x)) dx

=

ˆ
∂Q

(p · x)σ(x) · nQ(x) dHd−1(x) +

ˆ
Q]
F ′(x, p+Du)

= σ̂ · p +

ˆ
Q]
F ′(x, p+Du) ,

where the vector σ̂ ∈ Rd is defined by

σ̂i =

ˆ
∂Q∩{xi=1}

σi(x) dHd−1(x)

for i = 1, . . . , d. Here, nQ = −νQ denotes the outer normal to Q. Hence the cell
problem (2.26) can be restated as

ψ(p) = σ̂ · p + min
u∈BV (Q])

ˆ
Q]
F ′(x, p+Du) , (2.37)

and, again, it admits a solution. Clearly, again, one can construct the plane-like
minimizers as before : it is enough to build them considering only the surface energy
F ′, then, if Eν is such a minimizer and E ⊂ RN is such that Eν4E b B,

ˆ
B∩∂Eν

F (x, νEν (x)) dHd−1(x) +

ˆ
B∩Eν

g(x) dx

=

ˆ
B∩∂Eν

F ′(x, νE(x)) dHd−1(x) +

ˆ
∂B∩Eν

σ(x) · nB(x) dHd−1(x)

≤
ˆ
B∩∂∗E

F ′(x, νE(x)) dHd−1(x) +

ˆ
∂B∩E

σ(x) · nB(x) dHd−1(x)

=

ˆ
B∩∂∗E

F (x, νE(x)) dHd−1(x) +

ˆ
B∩E

g(x) dx .

so that Eν is also a class A minimizer for J . We have shown the following :

Proposition 2.4.2. Theorem 2.1.1 still holds under assumption (2.36). Moreover,
the limit (2.6) also exists (and the more precise results in Section 2.5).

Hence, one could expect again the Γ-convergence of the energies Eε, defined
in (2.4), to

´
Ω
φ(DχE) =

´
Ω
ψ(DχE). The situation is slightly more complicated.

In the limit case δ = 0 in (2.2), we can still conclude :

Proposition 2.4.3. Assume (2.36) holds. Assume moreover that for any E ⊂ Q,

JQ(E) =

ˆ
Q∩∂∗E

F (x, νE(x)) dHd−1(x) +

ˆ
Q∩E

g(x) dx ≥ 0 . (2.38)

Then the thesis of Theorem 2.2.1 still holds : Eε Γ-converges to E.

We will discuss in the end what happens whenever (2.38) is not satisfied.

Proof: In fact, there is almost nothing to prove. The proof of Theorem 2.2.1 only
uses (2.2) for essentially two purposes : (i) to show that the measures µn defined
in (2.10) are nonnegative, or, similarly, when one needs to know that the energy
decreases if computed on “less cubes”, and (ii) to show that if (En) are sets with
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supn Eεn(En) < +∞, then they are uniformly bounded in BV (Ω). In cases (i),
assumption (2.38) is enough. To show (ii), that is, that the (En) converge up to a
subsequence to a finite-perimeter set E, one just notices that, after integrating by
part (1/εn)g(x/εn) = div (σ(x/εn)), we have

Eεn(En) ≥ c∗Per (En,Ω\Ωεn) + c′∗Per (En,Ωεn) +

ˆ
∂Ωεn

χEnσ

(
x

εn

)
·nΩεn

dHd−1,

however, the last boundary integral is uniformly bounded as n → ∞ (by some
constant times Hd−1(∂Ω)), so that still, the perimeters Per (En,Ω) are uniformly
bounded.

Now, what happens if (2.36) still holds but not (2.38) ? The example in Sec-
tion 2.4.3 shows that the Γ-limit of Eε could be strictly lower than E . However, it is
not a very natural counterexample. In fact, it still holds :

Proposition 2.4.4. Assume (2.36) holds. Let En, E be finite perimeter sets such
that

En → E, that is, |En4E| → 0 as n→∞ ,

lim sup
δ→0

(
lim sup
n→∞

Per (En, {x ∈ Ω : dist(x, ∂Ω) < δ})
)

= 0 , (2.39)

that is, the measures Hd−1 ∂En do not accumulate on the boundary as n → ∞.
Then, there holds (2.8).

On the other hand, (2.9) holds under the weaker assumption (2.36), see sec-
tion 2.5. A consequence (which in fact is simpler to prove that Proposition (2.4.4))
is that if B b Ω is a subdomain of Ω, then Eε still Γ-converges to E on the res-
tricted class of finite-perimeter sets with support in B. A more general result is a
Γ-convergence of Eε to E with “well prepared” Dirichlet boundary conditions :

Corollary 2.4.5. Let E0 ⊂ Ω be a finite-perimeter set, and B b Ω an open set. Let
E0
ε be a recovery sequence for E0, as provided by (2.9). Let E0

ε (E) := Eε(E) if E is
a finite-perimeter set in Ω with E4E0

ε ⊂ B, and +∞ else, and let E0(E) := E(E)
if E4E0 ⊂ B and +∞ else. Assume (2.36) holds. Then E0

ε Γ-converges to E0.

Of course, the “most natural” convergence result in this paper is this one, since
both Theorem 2.2.1 and Proposition 2.4.3 treat the boundary of the integral on g
in a quite arbitrary way, which in particular depends on the “origin” of the cell of
periodicity, see the discussion in Section 2.4.3. All these results should coincide for
compactly supported sets.

Proof of Proposition 2.4.4 We first show that the identity φ = ψ (Cor. 2.3.6) still
holds under (2.36). Denote respectively φ′ and ψ′ the interfacial energies corres-
ponding to F ′(x, p) = F (x, p) − σ(x) · p, given by equations (2.6) and (2.26). By
Corollary 2.3.6, φ′ = ψ′, and by (2.37), ψ(p) = ψ′(p) + σ̂ · p. Hence we must just
show that for any ν ∈ Sd−1,

φ(ν) = φ′(ν) + σ̂ · ν . (2.40)

Let Eν be a class A minimizer (for J or the surface tension F ′, it is of course
equivalent) as provided by Theorem 2.1.1. We have

ˆ
B(0,L)∩∂Eν

F (x, νEν ) dHd−1 +

ˆ
B(0,L)1∩Eν

g(x) dx

=

ˆ
B(0,L)∩∂Eν

F ′(x, νEν ) dHd−1 +

ˆ
∂B(0,L)1

χEν (x)σ(x) · nB(0,L)1
(x) dx (2.41)
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but since, by definition, B(0, L)1 =
⋃
{z + Q : z ∈ Zd, z + Q ⊂ B(0, L)}, the last

integral is an integral on a finite union of facets of translated unit cubes, and in
particular the unit normal nB(0,L)1

is at each point an element of the canonical

basis (ei)
d
i=1 of Rd (or its opposite). We denote by 〈χEν 〉 the function on ∂B(0, L)1

which is equal, on each facet of a cube z +Q, z ∈ Zd to the average of χEν on the
same facet (and, more precisely, of the trace of χEν on the boundary of B(0, L)1).
Then, we observe that since this new function is constant on each facet, we have

ˆ
∂B(0,L)1

〈χEν 〉(x)σ(x) · nB(0,L)1
(x) dx

=

ˆ
∂B(0,L)1

〈χEν 〉(x)σ̂ · nB(0,L)1
(x) dx

=

ˆ
∂B(0,L)1

χEν (x)σ̂ · nB(0,L)1
(x) dx =

ˆ
B(0,L)1

σ̂ ·DχEν . (2.42)

Combining (2.41) and (2.42), we find

ˆ
B(0,L)∩∂Eν

F (x, νEν ) dHd−1 +

ˆ
B(0,L)1∩Eν

g(x) dx

=

ˆ
B(0,L)∩∂Eν

F ′(x, νEν ) + σ̂ · νEν dHd−1

+

ˆ
∂B(0,L)1

(χEν (x)− 〈χEν 〉(x))σ(x) · nB(0,L)1
(x) dx . (2.43)

The last integral in (2.43) is zero except in a M -neighborhood of ∂Iν on the
boundary ∂B(0, L)1, hence on a set of measure of order ∼ CMLd−2. Hence, di-
viding (2.43) by ωd−1L

d−1 and sending L to infinity, we find (2.40), which shows
that φ = ψ.

Now, let En, E be as in the thesis of Proposition 2.4.4. We have

Eεn(En) ≥
ˆ

Ωεn∩∂∗En
F ′
(
x

εn
, νEn(x)

)
dHd−1(x)

+

ˆ
∂Ωεn

χEn(x)σ

(
x

εn

)
· nΩεn

(x) dHd−1(x). (2.44)

By Theorem 2.2.1 (or standard results [Bou87, Ama98, BCP95]),

lim inf
n→∞

ˆ
Ωεn∩∂∗En

F ′
(
x

εn
, νEn(x)

)
dHd−1(x) ≥

ˆ
∂∗E

φ′(νE(x)) dHd−1(x) . (2.45)

On the other hand, introducing as before the functions 〈χEn〉, average of χEn on
the faces of the cubes εn(z + Q), z ∈ Zd which constitute ∂Ωεn (while ±σ̂i is still
the average of σ(x/εn) · nΩεn

on the facets with nΩεn
= ±ei), we find

ˆ
∂Ωεn

χEn(x)σ

(
x

εn

)
· nΩεn (x) dHd−1(x)

=

ˆ
∂Ωεn

(χEn(x)− 〈χEn〉(x))σ

(
x

εn

)
· nΩεn

(x) dHd−1(x) +

ˆ
Ωεn

σ̂ ·DχEn

We claim that assumption (2.39) yields

lim
n→∞

ˆ
∂Ωεn

(χEn(x)− 〈χEn〉(x))σ

(
x

εn

)
· nΩεn (x) dHd−1(x) = 0 , (2.46)
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so that we deduce from (2.44) and (2.45) that

lim inf
n→∞

Eεn(En) ≥
ˆ
∂∗E

φ′(νE(x)) dHd−1(x) +

ˆ
Ω

σ̂ ·DχE ,

which reduces to (2.8) by (2.40). Hence the proposition holds if we show (2.46). In
fact, let z ∈ Zd such that εn(z + Q) ⊂ Ωεn , and assume εn(z + ∂Q) ∩ ∂Ωεn 6= ∅.
Standard estimates show that there exists C > 0 (depending only on d) with

ˆ
εn(z+∂Q)∩∂Ωεn

|χEn(x)− 〈χEn〉(x)| dHd−1(x) ≤ C|DχEn |(εn(z +Q)) ,

so thatˆ
∂Ωεn

|χEn(x)− 〈χEn〉(x)| dHd−1(x) ≤ CPer (En, {x ∈ Ω : dist(x, ∂Ω) ≤ 2
√
dεn}).

Hence we deduce (2.46) from (2.39).

2.4.3 A simple example

Consider now the two-dimensional case (d = 2). We consider F (x, ν) = 1 and
define g ∈ Ld(Q]) as follows : for a > 0 we let g(x) = −a if 0 < x1 < 1/2 and
g(x) = a if 1/2 < x1 < 1. Observe that g = divσ, where for any x = (x1, x2) ∈ Q,

σ(x) =

{
(−ax1, 0)T if 0 < x1 <

1
2 ,

(a(x1 − 1), 0)T if 1
2 < x1 < 1 .

Hence if E ⊂ Q,

Per (E,Q) +

ˆ
E

g(x) dx =

ˆ
∂∗E

(1− σ · νE(x)) dH1(x) ≥ (1− a

2
)Per (E,Q).

Hence we see that if a < 2, (2.2) holds, while if a = 2, (2.38) holds. On the other
hand, as soon as a > 2, neither (2.2) nor (2.38) do hold, as shown by the set
E = {x ∈ Q : x1 < 1/2} : we have Per (E,Q) +

´
E
g(x) dx = 1− a/2 < 0.

Now, what about (2.36) ? If we show that it holds for some a > 2, then, for
instance, Proposition (2.4.2) applies and Eε Γ-converges to E also when a = 2.
Notice, in this case, that φ(−1, 0) = 0, the class A minimizer corresponding to this
direction being given by E(−1,0) = {x1 < 1/2} ⊂ R2.

We have the following relative isoperimetric inequality in the torus Q] = R2/Z2 :

Lemma 2.4.6. For any E ⊂ Q] with |E| ≤ 1/2,

|E| ≤ 1

8
Per (E,Q])2 (2.47)

and the constant 1/8 is optimal.

Hence : one has for any E ⊂ Q]

Per (E,Q]) +

ˆ
E

g(x) dx

≥ Per (E,Q])− amin{|E|, |Q] \ E|} ≥
(

1− a

8
Per (E,Q])

)
Per (E,Q])

If a < 4, choosing a′ with a < a′ < 4, we can find δ > 0 such that Per (E,Q]) −
amin{|E|, |Q] \ E|} ≥ Per (E,Q]) − a/2 ≥ δPer (E,Q]) whenever Per (E,Q]) ≥



28 Chapitre 2. Planelike minimizers

a′/2. On the other hand, if Per (E,Q]) < a′/2, we have (1 − aPer (E,Q])/8) >
1 − aa′/16 > 0, hence possibly choosing a smaller δ we get that (2.36) holds. If
a = 4, it clearly does not hold since the set E = {0 < x1 < 1/2} has zero energy,
while if a > 4, its energy is 2−a/2 < 0. Hence the bound 4 is optimal. In particular,
we can conclude that actually for a = 2, Proposition (2.4.2) is true.

Proof of Lemma 2.4.6 Let En be a minimizing sequence for Per (E,Q])/
√
|E| un-

der the constraint |E| ≤ 1/2. If |En| → 0, also Per (En, Q
]) → 0, however in this

case one can check for instance after an appropriate blow-up that the limit set should
satisfy the isoperimetric equality in R2, hence it is a disc, and the ratio goes to 2

√
π.

If |En| does not go to zero, we may assume En converges to some set E (in L1) and
we find that Per (E,Q])/

√
|E| is optimal (in particular, standard regularity results

show that ∂E is analytic). Assume there exists s, t ∈ (0, 1) such that ∂E does not
cross neither {x1 = s} nor {x2 = t}. Then, (E − (s, t)) ∩Q is a subset of R2 which
is optimal for the isoperimetric ratio, hence a disc. In the other case, we have for
instance that {x1 = s} ∩ ∂E for any s, and for a.e. s, this contains at least two
points. Hence, integrating over s ∈ (0, 1) we get Per (E,Q]) ≥ 2. But in this case,
the optimal set is a strip of width 1/2 (for instance E = {0 < x1 < 1/2}), and the
ratio is 2

√
2 (which is less than 2π). This proves the Lemma.

Now, we consider the case where 2 < a < 4, so that (2.36) holds and not (2.2).
Let us explain why the Γ-limit of Eε might be strictly below E in this case. In fact,
this is very simple : let Ω = (0, 1)2 and E ⊂ Ω a finite perimeter set with smooth
boundary. Let εn = 1/n and En be the recovery sequence in (2.9). In this case, we
can choose Ωεn = Ω for each n (although strictly speaking, with our definition, it
should be [1/n, 1)× [1/n, 1)). Set now Ên = En ∪ ((0, 1/(2n))× (0, 1)) : we add to
En a little strip where g = −a. Then, each time a cube (0, 1/n)× (k/n, (k + 1)/n)
does not meet En, the additional energy is 1/n − n × (a/(2n2)). Hence, if we let
Σ = {s ∈ (0, 1) : (0, s) ∈ E}, we get for n large enough

Eεn(Ên) ≈ Eεn(En) + (1− |Σ|)
(

1− a

2

)
So that lim supn→∞ Eεn(Ên) < E(E) as soon as |Σ| < 1. Of course, in some sense
our sets Ên now converge to E∪{0}×(0, 1) rather than E : this shows that in order
to get still the convergence of Eε to E , one actually needs to impose some kind of
Dirichlet boundary conditions on the sets (Cor. 2.4.5).

Of course, all this is a bit artificial : if we translate now g by (1/4, 0) : g(x) = a if
0 < x1 < 1/4 or 3/4 < x1 < 1, and −a if 1/4 < x1 < 3/4, and let now σ = (ax1, 0)T

if 0 < x1 < 1/4, (−a(x1−1/2), 0)T if 1/4 < x1 < 3/4, (a(x1−1), 0)T if 3/4 < x1 < 1,
then again g = divσ, but now if E ⊂ Q

Per (Q,E) +

ˆ
E

g(x) dx =

ˆ
Q∩∂∗E

(1−σ(x) ·νE(x)) dH1(x) ≥
(

1− a

4

)
Per (Q,E)

so that now the optimal a is the same for (2.2) and (2.36) (the latter is of course
more natural, since independent on the (arbitrary) origin of the period which is
chosen for defining Eε).

A question which is natural, is whether there exists (still for F (x, p) = |p|) a per-
iodic g ∈ Ld(Q]) such that (2.36) holds, while (2.2) never holds for any translation
g(·−y), y ∈ Q : that is, whether there is really a difference between conditions (2.2)
and (2.36). We do not know the answer, although it is likely to be true.
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2.5 Proof of (2.6) and some more general state-
ments

In this section, we prove (2.6), under the assumption that the set Eν (which
in fact may vary with L) is a class A minimizers whose boundary is contained in
a strip of width 2M . In fact, neither (2.1) nor (2.2) are really necessary for this
section : as long as the minimizers exist and satisfy ∂Eν ⊂ {|x · ν| ≤ M}, we just
use the fact that F (x, p) ≤ c∗|p| for any x and p, and g ∈ Ld(Q) with

´
Q
g dx = 0.

(Hence (2.6) also holds with the milder assumption (2.36), see Section 2.4.2.)
For each ν ∈ Sd−1, we let Qν be the unit open cube (−1/2, 1/2)d rotated in a

way such that ν is orthogonal to one face, and Qνε , as before, is the union of all
cubes z + εQ ⊂ Qν with z ∈ εZd. As before, Iν = {x ∈ Rd : x · ν > 0}.

Let us first show the following lemma, which is quite standard (a variant is
proven in [CdlL01]) :

Lemma 2.5.1. We consider g ∈ Ld(Q) with
´
Q
g dx = 0, and F (x, p) an interfacial

energy (continuous, periodic in x and convex, one-homogeneous in p) with F (x, p) ≤
c∗|p| for any x, p ∈ Rd. We assume that for each ν ∈ Sd−1, there exists a class A
minimizer Eν for J which satisfies point (i) of Theorem 2.1.1.

Then, there exists φ(ν) a bounded function, such that for any εk ↓ 0 and any
sequence of class A minimizers Ekν for J with ∂Ekν ⊂ {|x · ν| ≤M} for each k (so
that, in particular, εkE

k
ν → Iν as k →∞),

φ(ν) =

lim
k→∞

ˆ
∂∗(εkEkν )∩Qν

F

(
x

εk
, ν(εkEkν )(x)

)
dHd−1(x) +

1

εk

ˆ
Qνεk
∩(εkEkν )

g

(
x

εk

)
dx .

(2.48)

Proof: We follow [CdlL01] and a similar proof in [CGL]. Observe first that for any
E ⊂ Rd which is a class A minimizer of J , by definition if Q′ is any translate of
Q = [0, 1)d we have, comparing E with E \Q′,

E1(E,Q′) ≤
ˆ
∂Q′∩E

F (x, nQ′(x)) dHd−1(x) ≤ c∗Per (Q),

(where here, nQ′ = −νQ′ is the outer normal to ∂Q′) so that

ˆ
Q′∩∂∗E

F (x, νE(x)) dHd−1(x) ≤ 2dc∗ + ‖g‖d (2.49)

is bounded by a universal constant which depends only on g and the dimension.
We first prove that the limit (if it exists) must be bounded. The integrals in (2.48)

can be written as a sum of integrals on small cubes εk(z+Q), z ∈ Zd of volume εdk.
Most of these contributions are zero, the only which may have a positive or negative
contribution lie in the strip Sk = {x ∈ Rd : dist(x,Qν∩∂Iν) ≤ εk(M+

√
d)}. When

non zero, the contribution is (by (2.49)) between −εd−1
k ‖g‖d and εd−1

k (2dc∗+‖g‖d).
Hence,

− lim
k→∞

ε−1
k ‖g‖d|Sk| ≤ φ(ν) ≤ lim

k→∞
ε−1
k (2dc∗ + ‖g‖d)|Sk|

and since |Sk| = 2εk(M +
√
d) + o(εk) as εk → 0, we deduce

−2‖g‖d(M +
√
d) ≤ φ(ν) ≤ 2(2dc∗ + ‖g‖d)(M +

√
d). (2.50)
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Now, consider ε > ε′ > 0 such that ε′ << ε, and let Eν , E′ν be two class A
minimizers of E with ∂Eν∪∂E′ν ⊂ {|x·ν| ≤M}. We make the following construction.
First of all, we can cover ∂Iν ∩ (1/ε′)Qν with N = [(ε/ε′)/(1 + 2ε

√
d)]d−1 disjoint

translates of (2
√
d + 1/ε)Qν , each centered on ∂Iν (here, [ · ] denotes the integer

part). Strictly inside each of these cubes (meaning at positive distance from the
boundary), there is at least a translate of (1/ε)Qν which is centered on an point
of Zd. We denote by (Qi)

N
i=1 these translates. We also denote by Ei ⊂ Qi the

corresponding translate of Eν ∩ (1/ε)Qν , and let

E′ =

(
E′ν \

N⋃
i=1

Qi

)
∪

(
N⋃
i=1

Ei

)
.

Then (observing that E′ν and E′ are identical on all cubes z+Q, z ∈ Zd, which are
not contained in (1/ε′)Qν), we have by class A minimality of E ′ν :

E1(E′ν ,
1

ε′
Qν) ≤ E1(E′,

1

ε′
Qν) .

That is, denoting R =
⋃N
i=1Qi and S the union of the cubes z + Q, z ∈ Zd, with

z +Q ⊂ (1/ε′)Qν and z +Q 6⊂ R,

E1(E′ν ,
1

ε′
Qν) ≤ NE1(Eν ,

1

ε
Qν)

+

ˆ
∂E′∩(1/ε′)Qν\R

F (x, νE′(x)) dHd−1(x) +

ˆ
S∩E′

g(x) dx . (2.51)

Let us decompose the “rest” in the previous estimate as follows :

ˆ
∂E′∩(1/ε′)Qν\R

F (x, νE′(x)) dHd−1(x) +

ˆ
S∩E′

g(x) dx

≤
ˆ
∂E′ν∩(1/ε′)Qν\R

F (x, νE′ν (x)) dHd−1(x) + c∗Hd−1(∂R ∩ ∂E′)

+

ˆ
S∩E′

g(x) dx = (I) + (II) + (III) . (2.52)

By (2.49), (I) is bounded by a constant (C) times the number of cubes z + Q,
z ∈ Zd, which intersect ∂E′ν ⊂ {|x · ν| ≤M}. Hence,

(I) ≤ C(M +
√
d)×

{(
1

ε′
+ 2
√
d

)d−1

−N
(

1

ε
− 2
√
d

)d−1
}

=
C(M +

√
d)

ε′d−1

{(
1 + 2ε′

√
d
)d−1

−
(
ε′

ε

[
ε

ε′
1

1 + 2ε
√
d

]
(1− 2ε

√
d)

)d−1
}

=
AI(ε

′, ε)

ε′d−1

where AI(ε
′, ε)→ 0 if ε→ 0, ε′ → 0 and ε′/ε→ 0.

On the other hand, (II) is bounded by the total surface of ∂R ∩ {|x · ν| ≤
M + 2

√
d} :

(II) ≤ c∗N
M + 2

√
d

εd−2
≤ c∗ε

M + 2
√
d

ε′d−1

(
ε′

ε

[
ε

ε′
1

1 + 2ε
√
d

])d−1

=
AII(ε

′, ε)

ε′d−1

where again, AII(ε
′, ε)→ 0 if ε→ 0, ε′ → 0 and ε′/ε→ 0.



2.5. Proof of (2.6) and some more general statements 31

Then, (III) =
´
S∩E′ g(x) dx is bounded by ‖g‖d times the number of cubes z+Q

(z ∈ Zd) in S which meet ∂E′ : again, since by construction ∂E′ ⊂ {|x·ν| ≤M+
√
d},

all these cubes lie in the strip {|x · ν| ≤ M + 2
√
d} and since they must not meet

R =
⋃N
i=1Qi we find

(III) ≤ ‖g‖d(M + 2
√
d)

{
1

ε′d−1
−N 1

εd−1

}
=
‖g‖d(M + 2

√
d)

ε′d−1

{
1−

(
ε′

ε

[
ε

ε′
1

1 + 2ε
√
d

])d−1
}

=
AIII(ε

′, ε)

ε′d−1
,

where as before, AIII(ε
′, ε) goes to zero if ε, ε′, ε′/ε go to zero.

Hence, letting A(ε′, ε) = AI(ε
′, ε) + AII(ε

′, ε) + AIII(ε
′, ε), we find that the

“rest” in (2.51), that is, (2.52), is less than A(ε′, ε)/ε′d−1 where A(ε′, ε) goes to zero
if ε, ε′, ε′/ε go to zero.

Consider now two possible limits a and a′ of (2.48), along two different sequences
εk and ε′k (and Ekν , E

′k
ν the corresponding sequences of minimizers). Upon extracting

a subsequence (and relabelling appropriately), we may assume that ε′k/εk → 0 as
k →∞. Then, after an appropriate rescaling, (2.51) shows that

Eε′k(ε′kE
′k
ν , Q

ν) ≤
(
ε′k
εk

)d−1

NkEεk(εkE
k
ν , Q

ν) + A(ε′k, εk)

where Nk = [(εk/ε
′
k)/(1 + 2εk

√
d)]d−1. As k → ∞, we deduce a′ ≤ a. This shows

the lemma.

It then follows :

Corollary 2.5.2. Let A ⊂ Rd be an open set and let Iν = limε→0(εEν) = {x :
x · ν ≥ 0}. Then,

Hd−1(∂Iν ∩A)φ(ν)

= lim
ε→0

ˆ
∂∗(εEν)∩A

F
(x
ε
, ν(εEν)(x)

)
dHd−1(x) +

1

ε

ˆ
Aε∩(εEν)

g
(x
ε

)
dx (2.53)

Observe that after a suitable rescaling, (2.6) follows from (2.53) taking A =
B(0, 1) and ε = 1/L.

Proof: For any n ≥ 1, we simply cover ∂Iν ∩A by finitely many disjoint translates
of (1/n)Qν , centered on ∂Iν , so that (denoting by Rn the union of all these cubes),
Hd−1(∂Iν ∩ (A \ Rn)) → 0 as n → ∞. Then, we estimate the error as in the proof
of boundedness of φ in the previous lemma, to deduce from (2.48) show that both

lim inf
ε→0

Eε(εEν , A) ≥ φ(ν)Hd−1(∂Iν ∩Rn) − CHd−1(∂Iν ∩ (A \Rn))

and

lim sup
ε→0

Eε(εEν , A) ≤ φ(ν)Hd−1(∂Iν ∩Rn) + CHd−1(∂Iν ∩ (A \Rn))

for any n, where C is some constant. Sending n→∞, we deduce (2.53).

Corollary 2.5.3. Let E ⊂ Ω be a polyhedral set, that is, such that ∂E ∩Ω is made
of finitely many subsets of xi + ∂Iνi , for xi ∈ Rd, νi ∈ Sd−1, i = 1, . . . , N (and
where νi coincides with νE). Then, there exist sets Eε → E such that

lim sup
ε→0

Eε(Eε) ≤ E(E) (2.54)
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Proof: We sketch the proof. First, for any η > 0, we can cover ∂E with disjoint
cylinders Ai = ωi + (−η′, η′)νi ⊂ Ω, η′ > 0 small, where ωi ⊂ (xi + ∂Iνi) ∩ ∂E,

νi = νE on ωi, and Hd−1(Ω ∩ (∂E \
⋃N
i=1 ωi)) ≤ η.

Then, we let for ε > 0 small enough (in particular, than η′/M)

Eε =

(
E \

N⋃
i=1

Ai

)
∪

(
N⋃
i=1

(xi + εEνi) ∩Ai)

)

where each Eνi is a class A minimizer of J which satisfies (ii) in Theorem 2.1.1.
Then, an accurate estimate of the error as in the previous proofs will show that

lim sup
ε→0

Eε(Eε) ≤
N∑
i=1

φ(νi)Hd−1(ωi) + Cη

so that Corollary 2.5.3 follows from a diagonal argument.

If we assume that (2.2) holds, it now follows from Corollary 2.5.3 and the es-
timate (2.8) that Eε Γ-converge to E in the class of polyhedral sets (in particular,
the lim sup in (2.54) is a limit). We deduce in particular (using quite standard
semicontinuity arguments) the following :

Corollary 2.5.4. The function φ, extended to Rd by one-homogeneity, that is letting
φ(p) = |p|φ(p/|p|) if p 6= 0 and φ(0) = 0, is convex (hence Lipschitz-continuous).

In fact, still assuming “only” the same assumptions as in Lemma 2.5.1, Corol-
lary 2.5.4 still holds. The proof is identical to the proof of [CdlL01, Lem. 10.2] whose
idea is as follows : we choose ν1, ν2, ν = (ν1 + ν2)/|ν1 + ν2|, and for any δ > 0 we
compare the energy in Qν of the “plane” ε∂Eν , with the energy of the approxima-
tion Eε provided by Corollary 2.5.3 of a polyhedron E such that ∂E ⊂ {|x · ν| ≤ δ}
and νE = ν1 on half of ∂E ∩ Qν , and ν2 on the other half. Letting ε → 0 we find
φ(ν) ≤ (φ(ν1) + φ(ν2))/|ν1 + ν2| + Cδ, and letting δ → 0 we deduce the convexity
of the one-homogeneous extension of φ.

2.6 A pinning result for planelike minimizer

This existence of planelike minimizer also gives us the existence of stationary
solutions to the problem

V (x) = H(x) + g(x) x ∈ Γ (2.55)

where Γ is the evolving hypersurface, V is the normal speed, H is the mean curva-
ture, and g is a periodic, of mean zero, potential.

This evolution is given by the solution of viscosity of :{
ut = |∇u|div

(
∇u
|∇u|

)
+ g

u(x, 0) = u0(x)
(2.56)

Indeed, if u0 is such that {x, u0(x) < 0} = Eν , then, the level set 0 will not
move, that is to say, for all t > 0, {x, u(x, t) < 0} = Eν . Then, some blocking
interface will appear. Indeed, the equation (2.56) have a comparison principle. So,if
the initial condition u0 is such that : {x, u0(x) < 0} ⊂ Eν ,then, for all t > 0,
{x, u(x, t) < 0} ⊂ Eν . We have a similar result if the level set contains Eν .

Our goal is to know if there is a pinning-depinnning effect, as the one study in
[DY06]. We will look for the solutions of :
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H(x) + g(x) + η = 0 ∀x ∈ ∂Eν . (2.57)

We first want to know if for each direction ν there is a constant ηc such that,
for all η < ηc, there is a planelike minimizer in the direction ν solution of (2.57).
This constant will give the existence of blocking interface for :{

ut = |∇u|div
(
∇u
|∇u|

)
+ g + η

u(x, 0) = u0(x)

In a first part, we give a sufficient condition for which that the result is true.

2.6.1 A sufficient condition

Theorem 2.6.1. Let ν ∈ Rd, suppose there is a ball Bρ b Q, with ρ > 0, such that,
for all planelike minimizer on the direction ν, E, ∂E/Zd ∩ Bρ = ∅, then, there is
ηc > 0 such that for all 0 ≤ η ≤ ηc there is a planelike minimizer for the function
g + η in the direction ν.

Remark 2.6.1. This condition can be difficult to establish. We can give an exemple
in the next section.

Proof: First, suppose that ν is rational, so, we can suppose that E is periodic.
The idea is to construct a function gη satisfying the conditions of 2.1.1 :

gη(x) =

{
g(x) + η if x ∈ Q \B ρ

2

g(x)− cη if x ∈ B ρ
2

(2.58)

With c such that
´
Q
gη = 0

Let Jη the energy :

Jη(E) =

ˆ
∂∗E

F (x, νE) dHd−1(x) +

ˆ
E

gη(x) dx (2.59)

So, for η small enough, there is some planelike minimizer in the direction ν for
the potential gη. Now, we show that for η small enough there is a planelike minimizer
Eη such that : ∂Eη ∩B ρ

2
= ∅, and to prove this we will argue by contradiction.

Let Eη a periodic minimizer for the functional Jη. We have : |Jη(E)−J (E)| ≤
Cη|Q|, so the sequence Eη is a minimizing sequence for the functional J . Moreover,
the perimeter is bounded so, thanks to 1.1.4, there is a subsequence Eη which goes
to a Caccioppoli set E in norm L1, with E a minimizer of J .

The sets Eη have to ensure the density inequality 2.3.2 and this fact will gives
us the contradiction in our proof. Suppose there is xη ∈ ∂Eη ∩ B ρ

2
. So there is

0 ≤ r ≤ ρ
2 such that

|B(xη, r) ∩ Eη| ≥ Crd

and
|B(xη, r) \ Eη| ≥ Crd.

However |E ∩B(xη, r)| = 0 or 1 which implies :

|E∆Eη| ≥ Crd. (2.60)

So, this is in contradiction with Eη → E in L1. Which implies that there is
a planelike minimizer in the direction ν for gη if η is small enough. Moreover, as
∂Eη ∩B ρ

2
= ∅, we have that Eη will give a stationnary solution for 2.6.

Now, suppose that ν is irrational.
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The argument will be slightly different, as the minimizer won’t be periodic, so
we’ll have to localize the intersection between the boundary of Eηn and B ρ

2
.

Suppose there is a subsequence ηn → 0 such that, for every ηn :

∂Eηn/Zd ∩B ρ
2
6= ∅.

That is to say, ∂Eηn intersects B ρ
2

in the torus.

Moreover, if Eηn is a planelike minimizer, every integer translation is also one,
that is to say, for every p, {x, x − p ∈ Eηn} is a planelike minimizer. So, for every
ηn, there is an integer translation Tpn such that :

Tpn∂Eηn ∩B ρ
2
6= ∅.

Now, the intersection is between Ẽηn and B ρ
2

in the plane (and not the torus). So
we can work on a compact set.

Indeed, the sequence Ẽηn is convergent in L1
loc, let be E the limit. E is also a

planelike minimizer, so :

Ẽηn ∩B ρ
2

= ∅.

Moreover, as previously, the convergence in L1
loc implies, thanks to the density

estimate, a local convergence for the Hausdorff distance. This imply that for ηn
small enough :

∂Ẽηn ∩B ρ
2

= ∅.

This is a contradiction.

Unfortunately, this theorem is based on a hypothesis which is difficult to check.
We will exhibit some functions were the hypothesis is false, and then, we will exhibit
some which verify the hypothesis. Let :

g(x, y) =

{
1 if 0 ≤ x ≤ 1

2

−1 if 1
2 ≤ x ≤ 1

(2.61)

Let ν = e2, and Ee2 a planelike minimizer in the direction e2, son for all a ∈ R,
Ee2 + ae2 is also a plane-like minimizer (at distance M + a of the hyperplane
reference). So, for the direction e2 there is no ball such that every planelike minimizer
avoids it.

2.6.2 An example

We will now construct a function g satisfying the previous hypotheses. Let
F (x, p) = |p|.

Denote Bρ a ball of radius ρ. Given λ > 0 we will look for a g such that :

1. ∀x ∈ Bρ g(x) ≥ λ.

2.
´
Q
g = 0.

3. g ∈ L∞.

4. For every Caccioppoli set E on the torus Q] = Rd/Zd,

Per (E,Q]) +

ˆ
Q]∩E

g(x) dx ≥ δPer (E,Q]). (2.62)
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Hypothesis 4 ensures the existence of a plane-like global minimizer ([CT09]) for
every direction ν. Remark that

J (Rd \Bρ) = dωdρ
d−1 − λωdρd,

And if λ ≥ d
ρ then J (Rd \ Bρ) ≤ 0 which contradict the coercivity hypothesis.

Therefore we must choose λ < d
ρ . We will show that for any 0 ≤ λ ≤ d

ρ , such a
g can be built. The reminder of the construction of g will be organized as follows.
First, lemma 2.6.1 will guarantee the existence of the exclusion ball of theorem 2.6.1
under conditions on λ and ρ. Then, we will prove in lemma 2.6.4 that for ρ small
enough the condition to have coercivity is λ < d

ρ . And so, we can find (λ, ρ) such
that lemma 2.6.1 and lemma 2.6.4 are true.

Lemma 2.6.1. For any ρ > 0 sufficiently small there exists λρ such that for every
λρ < λ < d

ρ , for every ν ∈ Rd and for every plane-like minimizer Eν ,
(
∂Eν/Zd

)
∩

B ρ
2

= ∅.

Proof: Let ν ∈ Rd. Let Σ be a global minimizer such that Σ∩Bρ 6= ∅ and Bρ\Σ 6= ∅.
Our aim is to find a condition on λ to know that |Bρ ∩ Σ| is small. To do that, we
will find a condition on λ and |Bρ ∩ Σ| that implies :

J (Σ \Bρ) < J (Σ), (2.63)

which will contradict the global minimizer condition.
We rewrite this inequality as :

Hd−1(∂Bρ ∩Σ) +Hd−1(Σ∩Bcρ) +

ˆ
Σ∩Bcρ

g(x) < Hd−1(∂Σ∩Bρ) +Hd−1(Σ∩Bcρ)

+

ˆ
Σ∩Bcρ

g(x) +

ˆ
Σ∩Bρ

g(x),

That is :

Hd−1(∂Bρ ∩ Σ) < Hd−1(∂Σ ∩Bρ) +

ˆ
Σ∩Bρ

g(x).

Since g ≥ λχBρ , we will have this if we find a condition on λ such that :

Hd−1(∂Bρ ∩ Σ) < Hd−1(∂Σ ∩Bρ) + λ|Σ ∩Bρ|. (2.64)

First, we will prove the following lemma :

Lemma 2.6.2. Let Σ a global minimizer, let 0 < λ < d
ρ . There is 0 < rλ < 1 such

that |Σ ∩Bρ| = 0 or |Σ ∩Bρ| ≥ rλ|Bρ|. Moreover rλ goes to 1 when λ goes to d
ρ .

Proof: Let V = |Σ ∩Bρ|.
Using the isoperimetric inequality on Bρ \ Σ gives us :

||Bρ| − V |
d−1
d ≤ C(Hd−1(∂Σ ∩Bρ) + |∂Bρ| − Hd−1(∂Bρ ∩ Σ)) (2.65)

with C = 1

dω
1
d

. This implies :

(|Bρ| − V )
d−1
d ≤ C(Hd−1(∂Σ ∩Bρ)−Hd−1(∂Bρ ∩ Σ)) + |Bρ|

d−1
d (2.66)
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Hence,

Hd−1(∂Bρ ∩ Σ) ≤ Hd−1(∂Σ ∩Bρ) + dω
1
d (|Bρ|

d−1
d − (|Bρ| − V )

d−1
d

≤ Hd−1(∂Σ ∩Bρ) + dωdρ
d−1

(
1− (1− V

|Bρ|
)
d−1
d

)
(2.67)

So we must find λ such that :

dωdρ
d−1

(
1− (1− V

|Bρ|
)
d−1
d

)
≤ λV (2.68)

Dividing by |Bρ| and denoting r = V
|Bρ| , we get

(1− (1− r)
d−1
d ) ≤ λρ

d
r (2.69)

We can check that for all 0 < λ < d
ρ there is rλ < 1 such that for all r > rλ :

(1− (1− r)
d−1
d ) <

λρ

d
r,

and for r smaller than rλ we have the opposite inequality. Moreover the function
λ→ rλ is continuous and rλ → 1 when λ goes to d

ρ .

Thus if r ≤ rλ we have (2.69). Putting together (2.67) and (2.68) gives us a
sufficient condition for (2.64) which implies (2.63). Thereby there is a contradiction
with the fact that Σ is a planelike minimizer of our problem, which conclude the
proof of lemma 2.6.2.

We have proved that in order to be a planelike minimizer, Σ must satisfy

|Σ ∩Bρ| ≥ rλ|Bρ| or Σ ∩Bρ = ∅.

Now we will prove this implies, for λ high enough, that : B ρ
2
∩ ∂Σ = ∅.

This result is given by the following density estimate, similar to the lemma 2.3.2.

Lemma 2.6.3. There exist a constant γ depending on the dimension d and ‖g‖∞,
such that for every global minimizer Σ.

1. If |B(ρ2 ) ∩ Σ| > 0 then |B(ρ) ∩ Σ| ≥ γρd,

2. If |B(ρ2 ) \ Σ| > 0 then |B(ρ) \ Σ| ≥ γρd.

Proof of lemma 2.6.3 Let f(r) = |B(r) \ Σ|. Define µ such that ‖g‖∞ ≤ µ. As in
lemma 2.3.2 we compare the energy of Es and the energy of Es \Br for r > 0 and
find :

dω
1
d

d f(r)
d−1
d ≤ 2f ′(r) + µf(r)

Define h(r) by :
h(r) = f(r)eµ

r
2 . (2.70)

Then :

h′(r) = (f ′(r) +
µ

2
f(r))eµ

r
2

≥ d

2
ω

1
d

d f(r)
d−1
d eµ

r
2

≥ d

2
ω

1
d

d h(r)
d−1
d eµ

r
2

1−d
d eµ

r
2

≥ d

2
ω

1
d

d h(r)
d−1
d eµ

r
2d



2.6. A pinning result for planelike minimizer 37

So : (
h

1
d (r)

)′
≥ d

2
ω

1
d

d e
µ r

2d

So, suppose that h(ρ2 ) > 0, then :

h(ρ) ≥ ωd
(
d

µ

)d [
eµ

ρ
2d − eµ

ρ
4d

]d
.

So :

f(ρ) ≥ ωd
(
d

µ

)d [
1− e−µ

ρ
4d

]d
.

Which implies :

f(ρ)

ωdρd
≥
(
d

ρµ

)d [
1− e−µ

ρ
4d

]d
. (2.71)

Suppose that ∂Σ ∩ B ρ
2
6= ∅. Then, we have (2.71). The second term of the

equation is independent of λ wich implies a contradiction, indeed, by lemma 2.6.2,
f(ρ)
ωdρd

goes to 0 when λ goes to 1. This completes the proof of lemma 2.6.1.

Proof of the coercivity : We have constructed a class of functions g where

∂E/Zd ∩B ρ
2

= ∅

for all planelike minimizer, we now have to prove that, in this class of functions, there
is a least one which respects the coercivity hypothesis which implies the existence
of those planelike minimizers.

Lemma 2.6.4. Let 0 ≤ λ < d
ρ Let 0 < ρ < 1/2, Bρ ⊂ [ 1

2 , 1]d and B′ρ ⊂ [0, 1
2 ]d.

Define g̃ by :

g̃(x) =


λ if x ∈ Bρ
−λ if x ∈ B′ρ
0 else.

Then if ρ is small enough, g̃ respects the coercivity inequality.

Proof: The isoperimetric inequality in the torus gives us C] such that :

Hd−1(∂E) ≥ C]|E|
d−1
d (2.72)

for all sets E.
We are looking for a constant α < 1 such that :

αHd−1(∂E) +

ˆ
E

g(x) > 0

Which is implied by :

Hd−1(∂E) ≥ λ

α
|E ∩B′ρ|

So, using (2.72), a sufficient condition is that :

C]|E|
d−1
d ≥ λ

α
|E ∩Bρ|
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Suppose that this isn’t true, then :

|E|
d−1
d ≤ λ

C]α
|E ∩Bρ|

So |E| can be as small as we want. In [Kir07], the author proves that for small
volume, the minimizer of the isoperimetric problem is the ball, so, for small volumes,

the constant C] is equal to dω
1
d

d . Then :

|E ∩B′ρ| ≤ |E|

≤ Hd−1(∂E)
d
d−1

1

d
d
d−1ω

1
d−1
d

≤ Hd−1(∂E)

[
Hd−1(∂E)

ddωd

] 1
d−1

≤ Hd−1(∂E)

[
λ
(ρ
d

)d] 1
d−1

So :

λ|E ∩B′ρ| ≤ Hd−1(∂E) if λ ≤ d

ρ
, (2.73)

which gives us the desired result. Indeed, suppose now that : λ < d
ρ , then, there

is δ > 0 such that λ+ δ ≤ d
ρ . Apllying 2.73 to λ+ δ gives us :

(λ+ δ) |E ∩B′ρ| ≤ Hd−1(∂E).

So :

λ|E ∩B′ρ| ≤
λ

λ+ δ
Hd−1(∂E),

ˆ
E

g(x) ≤ λ

λ+ δ
Hd−1(∂E).

So, we have constructed a function of mean curvature zero, which respects the
coercivity inequality. Hence, for ρ small enough and for all λ < d

ρ , we can apply
proposition 2.4.2. Moreover, the hypotheses of lemma 2.6.1 are satisfied, so there
exists ρ and λ < d

ρ such that there exists an exclusion ball. At last, we can apply
lemma 2.6.1.

Proposition 2.6.5. Let g built as in lemmas 2.6.1 and 2.6.4. Then, there exists
ηc > 0 such that for any direction ν and any η < ηc, there is a planelike stationnary
solution of ‖ = g + η in the direction ν.

Indeed, we can construct these surfaces by perturbing g̃. Define :

g̃η(x) =

{
g(x) + η if x ∈ Q \B ρ

2

g(x)− 1
|B ρ

2
|η if x ∈ B ρ

2

This function is of mean value zero. Moreover, there is η0 such that, for every η ≤
η0, g̃η(x) ≥ λρ for every x ∈ Bρ and such that g̃η verifies the coercivity inequality.
So, we can apply proposition 2.4.2 and lemma 2.6.1 to prove the existence of global
minimizers whose boundary avoids B ρ

2
. So we have proved the same result but,

moreover, on this example, the limit constant ηc for the pinning effect is independent
of the direction ν.



Chapitre 3

Mean curvature motion

3.1 Introduction

In this section, we want to build an algorithm for motions depending on the
mean curvature of E. A way to do this is to use a level set approach. We construct
a function u0 such that {u = 0} = ∂E and we calculate the solution of :

ut + |Du|g
(

div

(
Du

|Du|

))
= 0

u(0, x) = u0(x)

and, for each t > 0, {x, u(x, t) = 0} = ∂Et where Et is the evolution of E by the
motion (g here will be an increasing function, the others properties need for this
function will be given later). The mean curvature motion (g(x) = x) is well known,
and there are numerous way to calculate it. We can mention finite difference scheme
([Obe04], [MBO92], [Wal96]). Another method is to used a variational approach (see
[ATW93, Cha04, LS95]) . We will here extend this method to another cases, and
made the link between the mean curvature motion and some perimeter minimization
problems.

We will work here with the viscosity solution theory. Indeed, the equation is well
defined with this theory, moreover, our approach will be based on comparison with
test function. A reference for this theory is [CIL92a]. The level set method for the
mean curvature motion was for present in [OS88] and [MBO92]. Later, some work
was done to study the viscosity solution of the equation [ES91, ES92a, ES92b, ES95]
(in which they present results on the existence of the viscosity solution of the mean
curvature motion, moreover they establish the link between this movement and the
PDE for the level set), [GG92]. Moreover, in [IS95] we have a result which prove
that the level set approach will be relevant in our case :

Theorem 3.1.1. Let u1 and u2 such that {u1 > 0} = {u2 > 0} and {u1 < 0} =
{u2 < 0} Let v1, v2 ∈ BUC(Ω) be the solutions (3.13), respectively, with u1 and u2

in place of u0. Then {v1 > 0} = {v2 > 0} and {v1 < 0} = {v2 < 0}

This is relevant because we want to characterize the evolution of a surface (re-
presented by the level set of a function). This result proves that this evolution is
independent of the value of the function outside the level line. This article give us
existence and uniqueness for our equation. Moreover, the equation written above is
not well define when |Du| = 0. Before this article, previous results were assuming

that g was small enough (when the term on |Du| control the term g(div
(
Du
|Du|

)
). The

39
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works in [IS95] change the definition of viscosity solution (there is others condition
to be a test function) and, with this, we can consider more function g, for exemple
g(x) = xp with p > 0.

Our method will consist to construct a function u0 and then, in a theoretical
point of view at least, to move all the level set of the function independently. We
will minimize the energy :

F(E;E0) =

ˆ
Ω

|∇χE |+
ˆ

Ω

f
( 1

h
sdist(·, ∂E0)

)
χE (3.1)

= Per(E) +

ˆ
E

f
( 1

h
sdist(·, ∂E0)

)
(3.2)

where h will a parameter wich will correspond to the time discretization of our
algorithm. Moreover sdist(·, ∂E0) is the signed distance to the boundary of E0 :

sdist(·, ∂E) = dist(·, E)− dist(·,Ω \ E0).

We know that a property of a minimizer E of this problem is that for all point of
the boundary of E have for mean curvature : −f

(
1
h sdist(·, ∂E0)

)
. And 1

h sdist(·, ∂E0)
is an approximation of the normal speed of the boundary.

We will construct the set sequence Enh

Enh = argminE

{ˆ
Ω

|DχE |+
ˆ

Ω

f
( 1

h
sdist(·, ∂En−1

h )
)
χE

}
. (Pnh )

this permits to construct a function uh such that for n ∈ N

uh(·, hn) = χEnh (·)

and this will be an approximation of the mean curvature motion. In some sense,
this algorithm is an Euler semi-implicit algorithm where the variable is the level
line. The first part of the article will be on the equivalence of two problems

(P ) min
u∈BV (Ω)∩L2(Ω)

{ ˆ
Ω

|∇u|+
ˆ

Ω

F
(
u(x)− d{u0>s}(x)

)}
(3.3)

and

(Ps) min
E∈P(Ω)

{
Per(E; Ω) +

ˆ
E

f(s− dE0
(x))dx

}
.

This will be useful because the algorithm is based on the resolution of mini-
mization problems on sets. And this equivalence will permit to solve problems on
functions. Then, in a second part, we’ll study the fundamental properties of the
solutions of the minimizing perimeter problems. Some references on these issues
are [Giu84b] wich present in this book some properties of perimeter minimization
problems, [CRS10] wich study the regularity of minimal sets, [LS95] wich study the
case describe above with f = Id. Then, we’ll present our algorithm and a special
case which will be useful to the proof of convergence of the algorithm. At last, we’ll
present some numerical tests.

3.2 Assumptions

(H1) The function F is C1 symmetric with respect to the origin : F (−s) =
F (s), ∀s ≥ 0. (and so, the function f = F ′ is odd)
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(H2) There exist some constants p, q > 0 and Cp,C̃p, Cq and C̃q such that :

Cpr
p + C̃p ≤ f(r) ≤ Cqrq + C̃q

where f(x) = F ′(x).
(H3) F is convex.
Moreover, we’ll used the concept of viscosity solution. The problem is that the

equation is not well define if ∇φ(x0) = 0. Indeed we can’t be sure that |∇φ| could
control f−1(div ∇φ|∇φ| ) depending on f−1. To do that, we’ll used the definition gived

on [IS95]. In fact, we can used specific test function :
φ is an admissible test function if there is l and g such that :

|φ(x, t)− φ(x0, t0)− φt(x0)(t− t0)| ≤ l(|x− x0|) + g(t− t0)

and :
l′(|p|)
|p|

F (p, I) =
f ′(|p|)
|p|

|p|f−1(div (
p

|p|
)→ 0.

Définition 3.2.1. – u is a viscosity sub-solution of (1.8) is and only if for all
regular function φ anf for all local minimizer x0 of u− φ, we have :{

φt(x0, t0) ≥ |∇φ|f−1(div ∇φ|∇φ| )(x0, t0) if |∇φ| 6= 0,

φt(x0, t0) ≥ 0 otherwise.

– u is a viscosity super-solution of (1.8) is and only if for all regular function φ
anf for all local maximizer x0 of u− φ, we have :{

φt(x0, t0) ≤ |∇φ|f−1(div ∇φ|∇φ| )(x0, t0) if |∇φ| 6= 0,

φt(x0, t0) ≤ 0 otherwise.

– u is a viscosity solution of (1.8) if and only if u is a sub-solution and a super-
solution

Then, u is a super-solution if for all admissible function phi

3.3 Function minimization problem

Consider Ω ∈ RN a bounded domain with Lipschitz boundary (we’ll need here
this regularity,nowever, we will work then in RN , see 3.4.2) and denote by P(Ω)
the family of subsets of Ω with finite perimeter. We are interested in the level set
minimization problem

(Ps) min
E∈P(Ω)

{
Per(E; Ω) +

ˆ
E

f(s− dE0(x))dx
}

where E0 is a closed set of finite perimeter, h > 0 and dE0
is the signed distance

function to the set E0 :

dE0
(x) = dist(x,E0)− dist(x,Ω \ E0).

In the following we denote the energy functional by

Fs(E;E0) = Per(E; Ω) +

ˆ
E

f(s− dE0
(x))dx.

We show that the variational problem (Ps) is equivalent to the total variation
minimization problem

(P ) min
u∈BV (Ω)∩L2(Ω)

{ ˆ
Ω

|∇u|+
ˆ

Ω

F
(
u(x)− d{u0>s}(x)

)}
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in the sense that the level set of the minimizer u of (P ) are minimizer of problems
(Ps), and conversely.

Theorem 3.3.1 (Equivalence of problems). Suppose F satisfy the assumption (H1)
and that F is strictly convex. The function u ∈ BV (Ω) is a minimizer of the strictly
convex problem (P ) if and only if for any s ∈ R the level set {u > s} minimizes
(Ps).

The proof of this result will be done in two part. First, we will prove that if we
create a function with all the minimizer, then it will be a minimizer of our problem.
And, then, we’ll conclude of the equivalence by using the uniqueness of the solution
on the functional problem.

Lemma 3.3.1 (Existence of minimizer). Suppose F satisfy the assumption (H1)
and that F is strictly convex, so f is continuous and strictly increasing then, for
every s ∈ R, there exists a minimizer Es of problem (Ps).

Proof: Fix arbitrary s ∈ R. Consider a minimizing sequence of sets Ens ⊂ Ω

Fs(Ens ;E0)→ min
E∈P(Ω)

Fs(E;E0), as n→∞.

Then sets Ens have finite perimeter, uniformly bounded : there exists some Ω′ ∈ P(Ω)
such that for n large

Es(Ens ) ≤ Es(Ω′) ≤ Per(Ω′; Ω) + ||f(s− dE0
(·))||L1(Ω′) <∞.

which implies

||χEns ||BV (Ω) = Per(Ens ; Ω) ≤ Es(Ω′) + ||f(s− dE0
(·))||L1(Ω).

From Rellich’s compactness theorem it follows that up to a subsequence (χEnks )k≥1

χEnks → w, in L1(Ω) as k →∞.

with w ∈ BV (Ω). Subtracting, if necessary a sequence we actually have χEnks →
w, a.e. in Ω and therefore there exists Es such that w = χEs , Es ⊂ Ω.

We show in the sequel that

Es(Es) ≤ lim inf
k→∞

Es(Enks ) = min
E∈P(Ω)

Fs(E;E0).

in order to conclude that Es(Es) = minE∈P(Ω) Fs(E;E0). Since total variation is
lower semi-continuous

Per(χEs ; Ω) ≤ lim inf
k→∞

Per(χEnks ; Ω).

and from Lebesgue’s dominated convergence theorem

ˆ
Es

f(s− dE0(x))dx ≤ lim inf
k→∞

ˆ
E
nk
s

f(s− dE0(x))dx.

Summing up the two inequalities we obtain the inequality for the energy.Consequently,
we have prove there exists a minimizer Es of the problem (Ps).

Lemma 3.3.2 (Minimal solution). Let E0 a set of finite perimeter. let E and L
two minimizer of F(., E0). Then, E ∩ L and E ∪ L are also minimizer.
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Proof: As :

Per(E; Ω) + Per(L; Ω) ≥ Per(E ∩ L; Ω) + Per(E ∪ L; Ω)

and :
ˆ
E∩L

f

(
1

h
sdist(·, ∂E0)

)
+

ˆ
E∪L

f

(
1

h
sdist(·, ∂E0)

)
=

ˆ
E

f

(
1

h
sdist(·, ∂E0)

)
+

ˆ
L

f

(
1

h
sdist(·, ∂E0)

)
.

There is the inequality :

F(E ∩ L;Enh ) + F(E ∪ L;Enh ) ≤ F(E;Enh ) + F(L;Enh )

So, E ∩ L and E ∪ L are minimizer.

Remark 3.3.1. This lemma allows to define the minimal and maximal solutions.
Indeed, E∗ =

⋂
Eminimizer E is also a minimizer. This intersection is well defined if

we identify the sets with their set of point of density 1.

Remark 3.3.2. Clearly, this result is true for all level line s.

Lemma 3.3.3 (Comparison Principle).

∀s′ > s, Es′ ⊂ Es.

Proof: The sets Es and Es′ are minimizer of the problems (Ps) and (Ps′), therefore

Per(Es; Ω) +

ˆ
Es

f(s− dE0(x)) ≤ Per(Es ∪ Es′ ; Ω) +

ˆ
Es∪Es′

f(s− dE0(x))dx

Per(Es′ ; Ω) +

ˆ
Es′

f(s′ − dE0(x)) ≤ Per(Es ∩ Es′ ; Ω) +

ˆ
Es∩Es′

f(s′ − dE0(x))dx

Adding the two terms and using that

Per(Es ∪ Es′ ; Ω) + Per(Es ∩ Es′ ; Ω) ≤ Per(Es; Ω) + Per(Es′ ; Ω)

we get that

ˆ
Es′

f(s′−dE0(x))−
ˆ
Es∩Es′

f(s′−dE0(x))dx ≤
ˆ
Es∪Es′

f(s−dE0(x))dx−
ˆ
Es

f(s−dE0(x)).

The latter inequality is actually

ˆ
Es′\Es

f(s′ − dE0(x))dx ≤
ˆ
Es′\Es

f(s− dE0(x))dx

Since f is increasing we get that |Es′ \ Es| = 0 which further implies Es′ ⊂ Es
almost everywhere.

Lemma 3.3.4. Let E−s be the smallest solution (with respect to the geometrical
inclusion) of (Ps). The function u defined by

u(x) = sup{s|x ∈ E−s }

is a minimizer of (P ) in the space BV (Ω).
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Proof: In order to deduce the minimality of u we consider any v ∈ BV (Ω) and
show that E(u) ≤ E(v). To this end, we write down the perimeter inequalities for
the minimizer E−s = {u > s} (almost everywhere) and integrate on [−M,M ]

ˆ M

−M
Per({u > s}; Ω)ds+

ˆ M

−M

ˆ
{u>s}

f(s− d{u0>s}(x))dxds ≤

ˆ M

−M
Per({v > s}; Ω)ds+

ˆ M

−M

ˆ
{v>s}

f(s− d{u0>s}(x))dxds.

From the co-area formula, we have for M →∞
ˆ M

−M
Per({u > s}; Ω)ds→

ˆ ∞
−∞

Per({u > s}; Ω)ds =

ˆ
Ω

|∇u(x)|dx.

For the second integral we apply Fubini’s theorem to see that

ˆ M

−M

ˆ
{u>s}

f(s− du0>s(x))dxds =

ˆ
Ω

ˆ M

−M
χ{u>s}f(s− du0>s(x))dsdx =

=

ˆ
Ω

(
F (min(u(x),M)− d{u0>s}(x))dx− F (min(u(x),−M)− d{u0>s}(x))

)
dx.

=

ˆ
Ω

F (min(u(x),M)− d{u0>s}(x))dx−
ˆ

Ω

F (−M − d{u0>s}(x))dx+R(u,M).

with R(u,M) given by

R(u,M) =

ˆ
Ω

(
F (−M − d{u0>s}(x))− F (min(u(x),−M)− d{u0>s}(x))

)
dx.

As u is in Lp, R(u,M)→ 0 when M →∞. Inserting the previous relation into the
energy inequality we have

ˆ M

−M
Per({u > s}; Ω)ds+

ˆ
Ω

F (min(u(x),M)− d{u0>s}(x))dx+R(u,M) ≤
ˆ M

−M
Per({v > s}; Ω)ds+

ˆ
Ω

F (min(v(x),M)− d{u0>s}(x))dx+R(v,M)

and letting M →∞ we obtain

ˆ
Ω

|∇u(x)|dx+

ˆ
Ω

F (u(x)− d{u0>s}(x))dx ≤
ˆ

Ω

|∇v(x)|dx+

ˆ
Ω

F (v(x)− d{u0>s}(x))dx.

Lemma 3.3.5. Let u0 be a a BV function,let F be a strictly convex and C2 function.
Then there exist only one minimizer to the problem (P ).

Proof: The energy :

ˆ
Ω

|∇u|+
ˆ

Ω

F
(
u(x)− d{u0>s}(x)

)
is strictly convex by the strict convexity of F . Which implies the uniqueness of the
minimizer.
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Equivalence of problems The equivalence is given by the uniqueness of the solution
of the problem (P ). Let be u the solution of problem (P ). Indeed, by lemmas 3.3.1
and 3.3.4, we can construct a function ũ which is a minimizer of problem (P ), so, by
uniqueness of the solution, ũ = u and the levelsets of the function u are minimizer
of (Ps).

Remark 3.3.3. In this proof, we don’t prove directly that the {u > s} is a solution
of the problem of minimization (Ps). We have this result only because we can
construct a solution of (P ) with solutions (Ps), and using the uniqueness result by
the strict convexity of F . So, which is important here to have the equivalence is the
uniqueness of solutions of (P ). But, in fact, we can show a similar result if F is not
strictly convex.

Theorem 3.3.2 (Equivalence of problems). Let F be a convex function. Let u ∈ BV (Ω)
be a minimizer of the convex problem (P ) if and only if for any s ∈ R the level set
{u > s} minimizes (Ps).

Proof: We only have to prove that u is a minimizer of (P ) implies that {u > s} is
a minimizer of (Ps). The reciprocity is proved by precedent lemmas. The proof will
consist to change the problem (P ) and apply the precedent result.

Let u be a solution of (P ). As u is in (BV ), u is in L
n
n−1 . We will introduce the

minimization problem :

(P̃ ε) min
v∈BV (Ω)∩L2(Ω)

{ ˆ
Ω

|∇v|+
ˆ

Ω

F
(
v(x)−d{u0>s}(x)

)
+ε

ˆ
Ω

(
v(x)−u(x)

) n
n−1
}

(3.4)
Then, this problem is strictly convex and the solution is u. So, over-level lines

of u are solutions of the minimizing problem :

(P̃ εs ) min
E∈P(Ω)

{
Per(E; Ω)+

ˆ
E

f(s−dE0
(x))dx+ε

n

n− 1

ˆ
E

sgn(s−u(x))(s−u(x))
1

n−1 dx
}

and this, for all ε > 0. Therefore, for every set E and for every ε > 0 :

Per({u > s}; Ω) +

ˆ
{u>s}

f(s− dE0
(x))dx ≤ Per(E; Ω) +

ˆ
E

f(s− dE0
(x))dx

+ ε
n

n− 1

ˆ
E

sgn(s− u(x))(s− u(x))
1

n−1 dx

So, for each s ∈ R, {u > s} minimize :

(Ps) min
E∈P(Ω)

{
Per(E; Ω) +

ˆ
E

f(s− dE0
(x))dx.

To prove this, we only have to use a reductio ad absurdum proof. Indeed if we
suppose that {u > s} doesn’t minimize (Ps), then let be E this minimizer. Then,
we have that :

Fεs({u > s}, E0) ≤ Fεs(E,E0)

F (
sE,E0) < Fs({u > s}, E0).

As
´
E

(s−u(x))dx and
´
{ u > s}(s−u(x))dx are bounded, Fεs({u > s}, E0) goes to

Fs({u > s}, E0) when ε goes to zero. We have the same thing for Fεs(E,E0), which
implies a contradiction.
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3.4 Perimeter minimization problem

The aim of this part is to present some results on the solutions of the minimizer
problem. This result will be on regularity and on localization. This will permit to
control the evolution, and have some bounds one the velocity of the evolution.

The underlying setting is the space of functions of bounded variation. Therefore
we consider equivalence-classes of sets and hereafter we deal only with sets E which
satisfy

E =

{
x ∈ Ω;

|E ∩Bρ(x)|
ρn

> 0 for all ρ > 0

}
.

This ensures that the sdist-term in the definition of the energy functional is well
defined.

Lemma 3.4.1 (Equivalent energy functional). An equivalent definition of the energy
functional (3.1) is

F̃(E;E0) =

ˆ
Ω

|DχE |+
ˆ
E∆E0

f
( 1

h
dist (·, ∂E0)

)
(3.5)

which agrees up to a constant with (3.1).

Proof: Let E be a minimizer of the energy functional F̃ , starting from E0. Remark
that by (H1)

ˆ
E∆E0

f
( 1

h
sdist(·, ∂E0)

)
=

ˆ
Ω

|χE − χE0 |f
(∣∣ 1
h

sdist(·, ∂E0)
∣∣)

=

ˆ
E0

(1− χE)f
(
− 1

h
sdist(·, ∂E0)

)
+

ˆ
Ω\E0

χEf
( 1

h
sdist(·, ∂E0)

)
=

ˆ
Ω

χEf
( 1

h
sdist(·, ∂E0)

)
−
ˆ
E0

f
( 1

h
sdist(·, ∂E0)

)
.

Now, we’ll give some properties of those minimizers, and prove first at all that
this sequence is define.

Now, we will prove some geometric properties of those minimizers. First at all, we
will give some localization principles. Then, we’ll seek some bounds and properties
on the solution.

Proposition 3.4.2 (A priori estimates). Let E0 ⊂ RN and E be minimizer of
Problem (P ), starting at E0. Then E is included in the convex hull of E0.

Proof: The convex hull of a set is given as the intersection of all halfspaces containing
the set. Therefore it is enough to show that the minimizer E lyies in all halspaces Π
containing the intial set E0. Cutting the set E by halfspaces Π containing E0 and
comparing the energy of E with that of E ∩Π we have thatˆ

E\E∩Π

f(
1

h
sdist(·, ∂E0) ≤ Per(E ∩Π;RN )− Per(E;RN ).

On one hand Per(E;RN ) ≥ Per(E∩Π;RN ). At the same time sdist(x, ∂E0) ≥ 0 for
all x ∈ E \Π which implies by the monotonicity of ∂F that

0 ≤
ˆ
E\Π

f(
1

h
sdist(·, ∂E0) =

ˆ
E\E∩Π

f(
1

h
sdist(·, ∂E0).

Therefore equality holds and |E \Π| = 0, thus E ⊆ Π.
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Π

E0

E

Remark 3.4.1. This result ensures that the boundedness of Ω has no effect on the
geometry of the minimizing sets. One can solve the minimizing problem either on
RN or locally in Ω = B(0,diam(E0)), with the diameter of E0 defined as diam(E0) =
supx,y∈Ω |x− y|.

We can prove that, of Ω is large enough, the boundedness has no effect on the
geometry of the minimizing sets. Indeed, suppose dist(E0, ∂Ω) ≥ δ > 0, then, if h is
small enough we can prove that dist(E, ∂Ω) > 0. For the simplicity of the argument,
we assume that Ω is a ball B(0, R). We will take the ball B(0, R− δ

2 ). We have that

E b B(0, R − δ
2 ). Moreover, we can compute the evolution of this ball (it will be

done in the next section). We will prove that the solution is radial. Moreover, if h
is small enough,

ˆ
B(0,R)\B(0,R− δ2 )

f(
sdist(x,B(0, R− δ

2 )

h
) > Per(B(0, R− δ

2
)).

This imply that the minimizer is not B(0, R), so, E ∩ ∂B(0, R) = ∅.
Now, if we suppose that Ω ⊃ B(0, R) we also have that the minimizer does’nt

touch the boundary of Ω. Indeed, let be F the minimizer of :

min
E

Per(E,Ω) +

ˆ
E∩Ω

f
( 1

h
sdist(·, ∂E0)

)
Let be G the minimzer of :

min
EbB(0,R)

Per(E,Ω) +

ˆ
E∩Ω

f
( 1

h
sdist(·, ∂E0)

)
Indeed, we have that :

F(F,E0) ≤ F(G,E0)

. Moreover :

Per(E,B(0, R))+

ˆ
E∩B(0,R)

f
( 1

h
sdist(·, ∂E0)

)
≤ Per(F,Ω)+

ˆ
F∩Ω

f
( 1

h
sdist(·, ∂E0)

)
and :

Per(G,B(0, R))+

ˆ
G∩B(0,R)

f
( 1

h
sdist(·, ∂E0)

)
≤ Per(G,Ω)+

ˆ
G∩Ω

f
( 1

h
sdist(·, ∂E0)

)
So F is a minimizer of :

min
E

Per(E,B(0, R)) +

ˆ
E∩B(0,R)

f
( 1

h
sdist(·, ∂E0)

)
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By the previous result, we have that F ∩ ∂B(0, R) = ∅, and then, we have that
F ∩ Ω \B(0, R) = ∅.

Lemma 3.4.3 (Inclusion Principle). Let E0, E
′
0 be two sets of finite perimeter or-

dered by inclusion :

1. If E0 b E′0 then E ⊂ E′.
2. If E0 ⊂ E′0 then the minimal solution E is include in the minimal solution E′

(we have the same inclusion for maximal solutions).

Proof: Consider as comparison sets for the minimizers E and E′ respectivelly E∩E′
and E ∪ E′. Then

Per(E; Ω) +

ˆ
E

f(
1

h
sdist(·, ∂E0)) ≤ Per(E ∩ E′; Ω) +

ˆ
E∩E′

f(
1

h
sdist(·, ∂E0))

Per(E′; Ω) +

ˆ
E′
f(

1

h
sdist(·, ∂E′0)) ≤ Per(E ∪ E′; Ω) +

ˆ
E∪E′

f(
1

h
sdist(·, ∂E′0))

Adding the two terms and taking into account that

Per(E; Ω) + Per(E′; Ω) ≥ Per(E ∩ E′; Ω) + Per(E ∪ E′; Ω)

we are further lead to the following inequalityˆ
E\E′

f(
1

h
sdist(·, ∂E0)) ≤

ˆ
E\E′

f(
1

h
sdist(·, ∂E′0))

On the other hand, since the initial sets are ordered we have sdist(·, ∂E0) ≥ sdist(·, ∂E′0).
This implies by the monotonicity of the subgradient of a convex function that

f(
1

h
sdist(·, ∂E0)) ≥ f(

1

h
sdist(·, ∂E′0))

Hence we have |E \ E′| = 0 and subsequently E ⊂ E′ if E0 b E′0.

Remark 3.4.2. This lemma will be important. Indeed, this permit to bound the
evolution, knowing as each step only some bounds on the minimizing set.

Lemma 3.4.4 (Uniform bound on the perimeter). Let Enh the iterative minimizers
of the energy functional F , starting at E0. Then

Per(Enh ; Ω) ≤ Per(E0; Ω).

Proof: Take En−1
h as comparison set for the minimization problem (Pnh ). Then

ˆ
Ω

|∇χEnh | ≤
ˆ

Ω

|∇χEnh |+
ˆ
Enh∆En−1

h

f(
1

h
dist(·, En−1

h )) ≤
ˆ

Ω

|∇χEn−1
h
|

which by induction implies Per(Enh ; Ω) ≤ Per(E0; Ω).

The minimizing sets Enh satisfy a strong geometric property, namely that their
density volume in small balls is uniformly bounded. This property is extremly useful
for many comparison arguments, because it gives estimates of the changes in the
energy functional when we cut out or fill up minimizers. We state the result in the
next lemma. Denote by  

Bρ(x)

χE :=
1

ωNρN

ˆ
Bρ(x)

χE .
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Lemma 3.4.5 (Density estimate of minimizing sets). Let g ∈ L∞(Ω) and assume
E ⊂ Ω minimizes the functional F(E) among all measurable subsets of Ω. Then the
density estimate

θ ≤
 
Bρ(x)

χE ≤ 1− θ

holds for all x ∈ ∂E and for all 0 < ρ < γN

2ω
1/N
N ||g||L∞

:= ρ0 with θ = ( 1
4 )N .

Proof: We show in the following the lower density bound. Similar arguments hold
for the upper bound, replacing E by its complementary Ec.

For any ρ < ρ0 and x ∈ ∂E, take as comparison set for the functional energy
E′ = E \Bρ(x). Then As before, we obtain

HN−1(∂∗E ∩Bρ(x)) ≤ HN−1(∂∗Bρ(x) ∩ E) + ||f ||L∞
ˆ
Bρ(x)

χE . (3.6)

Denote by V (ρ) = |Bρ(x) ∩ E| and recall that V ′(ρ) = HN−1(∂Bρ(x) ∩ E) for a.e
ρ. From the isoperimetric inequality for

Per(E ∩Bρ(x); Ω) = HN−1(∂∗E ∩Bρ(x)) +HN−1(∂Bρ(x) ∩ E)

we get equivalently

γNV (ρ)
N−1
N ≤ 2V ′(ρ) + ||f ||L∞V (ρ). (3.7)

But

V (ρ) ≤ ρNωN ≤
(

γN
2||f ||L∞

)N
which implies that

||f ||L∞ ≤
1

2
V (ρ)−

1
N γN .

Therefore equation (3.7) can be translated into the following differential inequality

V ′(ρ) ≥ 1

4
γNV (ρ)

N−1
N .

for which we apply Gronwall to further get
ˆ
Bρ(x)

χE = V (ρ) ≥
( γN

4N

)N
ρN = θρNωN .

Remark 3.4.3. Proceeding as before, one sees that the density estimates hold for
interior and exterior points

θ ≤
 
Bρ(x)

χE , for x ∈ E
 
Bρ(x)

χE ≤ 1− θ, for x ∈ Ec.

Remark 3.4.4. For x ∈ E or x ∈ ∂E and ρ ≥ 0, if f ≥ 0 in Bρ(x) then

θ ≤
 
Bρ(x)

χE

without any restriction on ρ. In addition, f may not necesarily be in L∞(Ω).
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Our aim is to pass to the limit h → 0. For this, it is necessary to get estimates
on the discrete velocity

fnh (x) := f(
1

h
sdist(x, ∂En−1

h )). (3.8)

Lemma 3.4.6 (Estimate on the discrete velocity). Assume f satisfies (H1) and
(H2). For h small, there exists a large constant C > 0 such that the following holds
uniformly with respect to n

||fnh ||L∞(Enh∆En−1
h ) < f(Chα−1), (3.9)

where α = p
p+1 , with p given by (H2).

Proof: We use the standard technique of cutting out balls to exclusively treat regions

of high discrete velocity, i.e. regions where |fnh | > f(Ch−
1
p+1 ) holds.

We argue by contradiction. Suppose (3.9) does not hold and let x0 ∈ Enh∆En−1
h

such that

dist(x0, E
n−1
h ) ≥ 2Chα.

for which, by the lower semicontinuity of f , the following would hold

|fnh (x)| = f(
1

h
dist(x,En−1

h )) ≥ f(Chα−1).

for all x ∈ Bρ(x0), with ρ = Chα, for a fixed n and C a constant yet to be
determined. Assume that x0 ∈ Enh \ E

n−1
h , a similar argument being true on the

complementary set.

From a comparison of Enh with the cut out set E′ = Enh \Bρ(x0) we obtain

Per(E′; Ω)− Per(Enh ; Ω) ≥
ˆ
Enh\E′

fnh .

Since the left hand side term can be rewriten as

Per(E′; Ω)− Per(Enh ; Ω) = HN−1(∂∗Bρ(x);Enh )−HN−1(∂Enh ;Bρ(x)),

we have

NωNρ
N−1 ≥ f(Chα−1)

ˆ
Bρ(x0)

χEnh .

The density lemma gives us a lower estimate for the right hand side term and hence

NωNρ
N−1 ≥ f(Chα−1)θωNρ

N .

Since fnh is positive on the considered set, no bound is required on the radius ρ.
Hence, by (H2) the following inequality would hold

N ≥ θChαf(Chα−1) ≥ θCp+1hα(p+1)−p = θCp+1

leading thus to a contradiction, if C is sufficiently large.
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3.5 Study of a radial problem

We will now study the evolution of a ball by our algorithm, and look at the hypo-
thesis giving us some control on this evolution. This study will be useful, combined
with the comparison principle, to control the evolution of more general sets.

Lemma 3.5.1 (radial solution). If E0 is radial, then, the problem :

min
E

(
Per(E) +

ˆ
E

f
( sdist(x, ∂E0)

h

)
dx
)

have a radial solution.

Proof: To prove the existence of a minimal solution, we will apply rotations to the
minimal solution of the problem. Let be E the minimal solution of the problem (as
seen in the lemma 3.3.2). Let be R a rotation. We clearly have that R(E) is also
a solution of the minimization problem. Moreover, as, E is the minimal solution,
E ⊂ R(E), and this, for all rotation R. This imply that E is radial as E =

⋂
RR(E).

Indeed, if E is not radial, there exist x and y such that |x| = |y|, x ∈ E and y /∈ E.

Now, we want to study the evolution of a cone. For that, it suffices to know the
evolution of all balls which compose the cone.

Lemma 3.5.2. If E0 = BR, the solution of the minimization problem is Br with r
satisfying : r −R ∈ hf−1

(
− N−1

r

)
.

Proof: We will now consider that E0 = BR. We want to find the evolution of the
ball. As the solution is a ball, the problem is equivalent to :

min
r

(NωNr
N−1 +

ˆ r

0

NωNs
N−1f(

s−R
h

)ds).

Let g be :

g(r) = rN−1 +

ˆ r

0

sN−1f(
s−R
h

)ds.

If the function is differentiable, the minimizer satisfies :

(N − 1)rN−2 + rN−1f(
r −R
h

) = 0.

The evolution of a ball by our algorithm consist consequently at studying a
sequence rn defined by :

rn+1 ∈ rn + hf−1(−N − 1

rn+1
)

But, this sequence is not necessarily unique, so we’ll have to find another condi-
tion to choose rn+1.

Lemma 3.5.3. let be R > 0 There exist r such that :

min
r

(NωNr
N−1 +

ˆ r

0

NωNs
N−1f(

s−R
h

)ds), (3.10)

r = R+ hf−1(−N − 1

r
)

and r ≥ rq, where rq is the solution of the problem with fq = Cx|x|q−1.
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To prove this result, we have to check before the result for fq = Cx|x|q−1.

Lemma 3.5.4. Let f be f = Cx|x|q−1, then

rq = max
(
r, r = R+ hf−1(−N − 1

r
)
)

is the argument of the following problem :

min
r≥0

(NωNr
N−1 +

ˆ r

0

NωNs
N−1f(

s− rn
h

)ds),

or the minimizer 0.

Proof: We clearly have that rq ≤ R because f−1(−N−1
r ) ≤ 0 As, −N−1

r ≤ 0, we

have that : f−1(−N−1
r ) = − 1

C |−
N−1
rq
|
1
q We will now prove that rq is the minimizer

of our problem. The equation becomes :

rq −R+ h| − N − 1

rq
|
1
q = 0

r
1+ 1

q
q − r

1
q
q R+ h| −N + 1|

1
q = 0 = g′(rq)

We derive again this equation and find

g′′(rq) = (
1

q
+ 1)r

1
q
q −

1

q
Rr

1
q−1
q

This function have only two zero, and one is zero (if 0 < q < 1, there is only one

zero for q > 1) and the other
1
q

1
q+1

rn. So, the function g′ have only two positive

zero, and only one greater than q
q+1R. Moreover, the function is increasing on 0 and

on R, so the minimizer of the problem is effectively rq for R large enough, and 0
otherwise.

Lemma 3.5.5. Suppose that |f(x)| ≥ C|x|q, then r ≥ rq with rq

Proof: Let rq the minimizer of the problem. Then, for each 0 < s ≤ rq (as we have
t−R ≤ 0) :

sN−1 −
ˆ s

0

tN−1C| t−R
h
|q − rN−1

q +

ˆ rq

0

tN−1C| t−R
h
|q ≥ 0

sN−1 − rN−1
q +

ˆ rq

s

tN−1C| t−R
h
|q ≥ 0

And we obtain, if −f( t−Rh ) = |f( t−Rh )| ≥ C|x|q,

sN−1 − rN−1
q −

ˆ rq

s

tN−1f(
t−R
h

) ≥ 0

So :

sN−1 +

ˆ s

0

tN−1f(
t−R
h

) ≥ rN−1
q +

ˆ rq

0

tN−1f(
t−R
h

) ∀s ≤ rq.

Then, the minimizer of our problem is greater or equal to rq



3.6. Convergence of the discrete scheme 53

We are interested in estimating the discrete velocity for a given ball of radius
R. Thus in finding a necessary condition on the number of iterations n and the ap-
proximation step h such that the evolution stays inside the ball BR/2. The precedent
result prove that we will only have to work with polynomial function. Therefore, we
consider the implicit discrete scheme :

rn+1 = sup{r ∈ [R/2, rk];
(
r − hf−1

q (−N − 1

r
)
)
≤ rk} = max

(
r, r ∈ rn + hf−1

q (−N − 1

r
)
)

starting at R.

Lemma 3.5.6. Let R > 0. If n, h satisfy nh < − R

2f−1
q (− 2(N−1)

R )
then there exist a

sequence {rk}k such that rk ∈ [R/2, R], for k ≤ n.

Proof: Denote CR = f−1
q (− 2(N−1)

R ). We claim that for rk ≥ R/2−CRh there exists
rk+1 ∈ [R/2, rk) such that

rk+1 ≤ rk + hf−1(−N − 1

rk+1
).

Indeed, one can take

rk+1 = sup{r ∈ [R/2, rk];
(
r − hf−1

q (−N − 1

r
)
)
≤ rk}

≥ sup{r ∈ [R/2, rk];
(
r − hCR

)
≤ rk} = rk + hCR.

One can check by recurrence that for k < n, rk ≥ R/2− cRh.

Lemma 3.5.7. Let be R > 0, if h is small enough the minimum of the problem
(3.10) is not achieve at 0. That is to say there is 0 < r < R such that :

rn −
ˆ r

0

sN−1f(
R− s
h

)ds < 0

Proof: This proof proof consist in fact to say that f(R−sh ) goes to infinity when h
goes to 0. Let be 0 < a < b < R, then :

bn −
ˆ b

0

sN−1f(
R− s
h

)ds ≤ bn −
ˆ b

a

sN−1f(
R− s
h

)ds

≤ bn − (b− a)aN−1f(
R− b
h

)

which is negative for h small enough. Moreover, if R̃ ≥ R, and if r is such that

rn −
´ r

0
sN−1f(R−sh )ds < 0, then rn −

´ r
0
sN−1f( R̃−sh )ds < 0.

3.6 Convergence of the discrete scheme

In this section, we will give the proof of convergence of the algorithm moreover,
we will prove that the function built by the algorithm is a solution of the mean
curvature motion.

Let Ω ⊂ RN be an open, bounded domain, with Lipschitz boundary. Denote by
B(Ω) the family of all subsets of Ω with finite perimeter. For h = T/n, with n ∈ N
we define the monotone set operator

Th : B(Ω) → B(Ω)

E0 7→ Eh
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with

Eh = argmin
{ ˆ

Ω

|DχE |+
ˆ
E∆E0

f(
1

h
dist(·, E0))

}
. (3.11)

A real valued function is completely described by its level sets (see Appendix A).
This allows one to process a function u0 by processing separately its level sets {E0

λ}λ.
The function u0 is thus decomposed into the stack of its level sets. Each level set is
then processed independently by the monotone set operator Th. This yields a new
stack of level sets, preserving the geometrical inclusion and a new function can be
defined by the superposition principle :

Thu0(x) = sup{λ : x ∈ Ehλ}. (3.12)

We have thus a monotone function operator

Th : BV (Ω) → BV (Ω)

u0 7→ Thu0

In addition, the operator T is translation invariant and commutes with constants
(Tc = c for any constant function c.)

Given a function u0 ∈ BV (Ω) and some parameter h > 0, we can construct
a time-discrete family of functions by minimizing iteratively the energy functional
given by (3.11) and reconstructing at each step n, uh(nh, ·) by formula (3.12)

uh : (hN)× Ω→ R
uh(nh, x) = (Tnh u0)(x).

The functions uh are only defined on (hN)×Ω. However, we are interested in their
limit on [0,∞)× Ω.

In the following we show that the discrete evolutions converge to a viscosity
solution of :

ut = f−1(|Du|div(
Du

|Du|
)). (3.13)

Before stating the main result, let us give some useful definitions and lemmas.
We start with several properties of the function operator Th that will basically
establish the uniform continuity of the time discrete approximations uh(nh, x).

A straightforward consequence of the monotonicity and translation invariant
properties of Th is the fact that Lipschitz constants might decrease with time.

Lemma 3.6.1 (Continuity in space). Assume that u0 is L-Lipschitz continuous.
Then Thu0 is L-Lipschitz.

Proof: Suppose that Ω = RN and that {u0 > s} is bounded for all s. For any
x, y ∈ RN and z such that x+ z, y + z ∈ RN we have

u0(y + z)− L|x− y| ≤ u0(x+ z) ≤ u0(y + z) + L|x− y|

Since Th is a monotone operator we have

Th(u0(·+ y)−K|x− y|) ≤ Th(u0(·+ x)) ≤ T (u0(·+ y) + L|x− y|).

In addition, Th is translation invariant and commutes with constants and hence

(Thu0)(·+ y)− L|x− y| ≤ (Thu0)(·+ x) ≤ Thu0(·+ y) + L|x− y|.

Taking the values of these functions at 0 yields

Thu0(y)− L|x− y| ≤ Thu0(x) ≤ Thu0(y) + L|x− y|,
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which is exactly the L-Lipschitz condition for uh(h, x). Arguing by induction we get
the desired result.

Now, we have prove that for all level lines wich does’nt touch the boundary of
∂Ω, the evolution of this level line is same in Ω and in RN for h small enough.

Monotonicity is actually a strong tool in establishing the converging result, as
it allows comparison of the solutions with cones.

Lemma 3.6.2 (Continuity in time). Assume there exists a time discrete-modulus
of continuity ω : [0,∞)→ R+ with ω(0) = 0 such that for nh ≤ t

(Tnh )(L|x|)(0) ≤ Lω(t) and (Tnh )(−L|x|)(0) ≥ −Lω(t).

Then for every L-Lipschitz function u0 one has

−Lω(t) ≤ Tnh u0(x)− u0(x) ≤ Lω(t).

Proof: Since the operator Th is translation invariant, it is enough to check the
statements for x = 0. For u0 a function L-Lipschitz continuous

−L|x| ≤ u0(x)− u0(0) ≤ L|x|

we apply iteratively the operator Th and use its invariance properties to get for
nh ≤ t

−Lω(t) ≤ Tnh (−L|x|)(0) ≤ Tnh (u0)(0)− u0(0) ≤ Tnh (L|x|)(0) ≤ Lω(t).

It is thus enough to control the speed of evolution for cones in order to obtain
bounds of the iterated filters acting on Lipschitz functions.

Lemma 3.6.3. Let u0(x) = L|x|. Then, if nh ≤ t

(Tnh u0)(0) ≤ Lω(t) and (Tnh (−u0))(0) ≥ −Lω(t)

with ω(t) = Ct
1

1+p .

To prove this, we’ll use the study on the evolution of cones.

Proof of lemma 3.6.3 Lemma 3.5.6 give us that : ifR is such that nh ≤ − R

2f−1(− 2(N−1)
R )

,

then the evolution of the ball of radius R include the ball of radius R
2 .

So, when nh→ t and, using the hypothesis (H2), the evolution is bounded by all

ball of radius R satisfying t ≤ C.R1+p with C = 1
2(2(N−1))p . So, (Tnh u0) (0) ≤ Ct

1
1+p

(which is a convex function).

Remark 3.6.1. In reality, here, the hypothesis (H2) is too strong, there is only the
necessity that R

2f−1(− 2(N−1)
R )

is defined and bounded.

Definition 3.6.1. We say that the time-discrete functions uh converge uniformly
on compact sets to a function u defined on Ω× [0, T ] if for every compact subset K
of Ω× [0, T ] and every ε > 0 there exists h0 such that

|u(x, t)− uh(x, t)| < ε for all h ≤ h0 and all (t, x) ∈ K ∩ (hN)× Ω.
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Lemma 3.6.4. Let u0 ∈ Lip(Ω). Then the time discrete functions uh are uniformly
equicontinuous on (hN)× Ω, i.e. for all n,m ∈ N and for all x, y ∈ Ω

|uh(nh, x)− uh(mh, y)| ≤ L|x− y|+ Lω(|n−m|h).

where ω is a continuous real function, concave near the origin and ω(0) = 0. Mo-
reover, we can extend uh into functions ũh on [0,∞) × Ω which are uniformly
equicontinuous.

Proof: The result is a direct consequence of the two continuity lemmas.

|uh(nh, x)− uh(mh, y)| ≤ |uh(nh, x)− uh(nh, y)|+ |uh(nh, y)− uh(mh, y)|
≤ L|x− y|+ Lω(|n−m|h).

We extend the time discrete functions uh into functions ũh defined on the whole
space by linear interpolation

ũh(t, x) =
t− nh
h

uh((n+ 1)h, x) +
(n+ 1)h− t

h
uh(nh, x).

Lemma 3.6.5. There is a subsequence of {ũh}h which converge uniformly to u.

Proof: This is a consequence of the previous result. As the function ũh are equicon-
tinuous on a compact and bounded, we can apply the Arzela-Ascoli theorem. And
then, there is a uniformly convergent subsequence.

Moreover, as {ũh}h by construction, we have that :

|ũh(t, x)− uh(nh, x)| = t− nh
h
|uh((n+ 1)h, x)− uh(nh, x)| ≤ Lω(h)

with h > nh− t > 0. So, we also have that uh converge uniformly to u.

Lemma 3.6.6. Let {uh}h be a family of time discrete continuous functions conver-
ging uniformly on compact sets to a function u. Assume that (x, t) is a strict global
maximum of u. Then there exists a subsequence {uh′}h′ of the sequence {uh}h and a
sequence of points (xh′ , h

′nh′)h′ such that for all h′ the point (xh′ , h
′nh′)h′ is a global

maximum of uh′ , (xh′ , h
′nh′)h′ converges to (x, t) and uh′(xh′ , h

′nh′)→ u(x, t).

Proof: Let be (x0, t0) such that u reaches a maximum here. We can suppose that
u(x0, t0) = 0. Moreover, let be R > 0, there is A < 0 such that u(x, t) ≤ A ∀(x, t) ∈
B((x0, t0), R)c. Using the uniform convergence of ũh, we can extract the desired
subsequence.

indeed, let be −A/2 > ε > 0. By the convergence of ũh we have that, for h small
enough, ũh ≤ A + ε < 0 on B((x0, t0), R)c. Moreover, as u is continuous, there is
a ball B((x0, t0), r) such that ũh ≥ ε on B((x0, t0), r) for h h small enough. Thus,
the function ũh reaches is maximum in B((x0, t0), R). Thereby we construct the
sequence (xh, th) by iterations with R tending to 0.

Theorem 3.6.1. Let u0 ∈ Lip(Ω)∩BV (Ω). Consider all the level sets Es of u0 and
for each s solve the perimeter minimization problem with initial data Es.Construct
then as a stack filter a sequence of time -discrete evolutions uh(x, nh) and assume
it converges uniformly on every compact set to a function u as h→ 0. Then u is a
viscosity solution of (3.13).



3.6. Convergence of the discrete scheme 57

En−1

Γ1

φ(x) > s

Proof: Let φ be an admissible test function touching u from above at some point
(x0, t0) ∈ Ω× (0, t)

We distinguish two cases.
Case 1 : ∇φ(x0, t0) 6= 0.
From Lemma 3.6.6 we can find a sequence of maximum points for uh−φ (where

uh are the discrete evolutions). By continuity ∇φ(xh, th) 6= 0. Consider then the
upper level sets of uh and φ.

En = {x ∈ Ω;u(x, hnh) > u(xh, hnh)} (3.14)

and
F = {x ∈ Ω;φ(x, hnh) > φ(xh, hnh)} (3.15)

From the maximum condition :

u(x, t)− u(xh, th) ≤ φ(x, t)− φ(xh, th), for all (x, t) ∈ [0,∞)× Ω. (3.16)

it follows that the sets are ordered by inclusion :

En ⊂ F (3.17)

Since the time discrete evolutions have been reconstructed as stack filters of
level sets whose topological boundaries are essential boundaries (in the BV sens),
we have :

xh ∈ ∂∗En. (3.18)

On the other hand,xh ∈ F as φ is continuous and, hence, xh ∈ ∂F . Since in addition,
∇φ(xh, th) 6= 0, xh ∈ ∂∗F , ∂F being locally a C1 graph. Translate there the level
set F in the normal direction ∇φ

|∇φ| with a small amount ε. Namely, define the set :

F ε = {x+ ε
∇φ
|∇φ|

(xh, hnh);x ∈ Eφ}. (3.19)

Take then the set setE′ = En∩F ε as a comparison set for the energy functional.
We thus have :

E(En) ≤ E(E′)

or, equivalently :

Per(En; Ω)− Per(Eεφ ∩ En; Ω) ≤
ˆ

Ω

f(
1

h
sdist(x, ∂En−1))(χF ε∩En − χEn)

= −
ˆ

Ω

f(
1

h
sdist(x, ∂En−1

h ))(χEn\F ε). (3.20)

From the generalized Gauss-Green formula for sets of finite perimeter in Ω we
have :

Per(En; Ω)− Per(E′; Ω) = HN−1Γ1)−HN−1(Γ2).

where :
Γ1 := ∂∗En ∩

(
F ε
)c

and Γ2 := ∂∗F ε ∩ En.

Let ν1, ν2 be respectively the generalized inner normal vector fields with respect
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Γ2

∇φ
|∇φ|

ν1

yh

En−1
h

Enh

x0

Γ1

to En and F ε.
By the Besicovitch derivation theorem

DχEn = ν1|DχEn |

as |DχEn | is concentrated on the reduced boundary

suppDχEn ⊂ ∂∗En.

Therefore, we have

HN−1(Γ1) ≥
ˆ

Γ1

∇φ
|∇φ|

(·, hnh)ν1dHn−1 (3.21)

At the same time, for ε small enough Γ2 is locally a graph around xh. Hence ν2 =
∇φ
|∇φ| and :

HN−1(Γ2) =

ˆ
Γ2

∇φ
|∇φ|

(·, hnh)ν2dHN−1 (3.22)

Plugging (3.21) and (3.22) into (3.21) we got that :

Per(En; Ω)− Per(E′; Ω) ≥
ˆ

Γ1

∇φ
|∇φ|

(·, hnh)ν1dHn−1 −
ˆ

Γ2

∇φ
|∇φ|

(xh, hnh)ν2dHN−1.

Remark now that Γ1 and Γ2 are the boundaries of En \ Eεφ . In addition ν1 is
the inner normal of Γ1 with respect to En \ F ε and ν2 the outer normal of Γ2 with
respect to En \ F ε.

Applying Gauss-Ostrogradski’s formula to En \ F ε we get that
ˆ

Γ1

∇φ
|∇φ|

(·, hnh)(−ν1)dHn−1+

ˆ
Γ2

∇φ
|∇φ|

(xh, hnh)ν2dHN−1 =

ˆ
χEn\Fε

div(
∇φ
|∇φ|

)(xh, hnh).

(3.23)
From (3.20), (3.23) and (3.23) we deduce that :

ˆ
χEn\Fε

div(
∇φ
|∇φ|

) ≥
ˆ
En\F ε

f(
1

h
sdist(x, ∂En−1

h ))

Letting ε→ 0 in (3.6) we get the pointwise inequality :

div(
∇φ
|∇φ|

)(xh, hnh) ≥ f(
1

h
sdist(xh, ∂E

nh−h
h )). (3.24)

We then need to pass to the limits as h→ 0. Consider yh ∈ ∂∗En−1 s.t.

yh = xh + sdist(xh, ∂E
n−1).ν + o(hα) (3.25)

for some unit vector ν.
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Remark 3.6.2. Note that sdist(xh, ∂E
n−1).ν is always pointing in the same direc-

tion as ∇φ.

From Lemma 3.8 we have an upper bound of the discrete velocities which gives
for α = α = p

p+1

|yh − xh| ≤ |dist(xh, ∂En)|+ C|h|α (3.26)

≤ 2C|h|α (3.27)

We take into account that yh ∈ ∂En−1 implies uh(yh, (n − 1)h) = uh(xh, nh)
and evaluate the inequality (3.16) at point (yh, (n− 1)h). Therefore :

0 ≤ φ(yh, h(nh − 1))− φ(xh, hnh).

Using Taylor expansion at point (xh, n− h) we have :

φ(yh, h(nh−1))−φ(xh, hnh) = −φt(xh, hnh)h+∇φ(xh, hnh)(yh−xh)+o(h2)+O(|yh−xh|2).

We then use (3.25) and (3.26) to get that

φt(xh, hnh) ≤ 1

h
sdist(xh, ∂E

nh−h
h )∇φ(xh, hnh)ν + o(h2) +O(|h|2α). (3.28)

Since sdist(xh, ∂E
n−1).ν is pointing inwards, sdist(xh, ∂E

n−1)ν.∇φ(xh, nh) changes
sign, but ν.∇φ(xh, nh) ≥ 0.

Therefore, (3.28) gives :

φt(xh, hnh) ≤ 1

h
sdist(xh, ∂E

nh−h
h ){|∇φ(xh, hnh)|+ Chα}+ o(h). (3.29)

Remark that for h small enough, |∇φ(xh, hnh)|+ Chα → |∇φ(x0, t0)| > 0. On the
other hand, from (3.24) and the monotonicity and regularity of f we get :

1

h
sdist(xh, ∂E

n−1) ≤ f−1(div
∇φ
|∇φ|

)(xh, nh). (3.30)

Plugging (3.30) into (3.29) we further have :

φt(xh, th) ≤ |∇φ|f−1(div
∇φ
|∇φ|

)(xh, th){|∇φ(xh, hnh)|+ Chα}+ o(|h|).

Letting now h→ 0 we get :

φt(x0, t0) ≤ |∇φ|f−1(div
∇φ
|∇φ|

)(x0, t0).

Now, we will assume that ∇φ(xh, th) = 0 As before, we can construct a sequence
(xh, th) of maximum of uh − φ going to (x0, t0) when h goes to 0. We suppose that
∇φ(xh, th) 6= 0. Using what we have done before, we have that :

sh ≤ f−1(div(
∇φ
|∇φ|

)(xh, hnh)).

And then, we obtain that :

φt(xh, th) ≤ |∇φ|f−1(div
∇φ
|∇φ|

)(xh, th).
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Moreover, we can use a function φ (as done in [IS95] such that there is a function
f such that :

|φ(x, t)− φ(x0, t0)− φt(x0)(t− t0)| ≤ l(|x− x0|) + g(t− t0)

and :
l′(|p|)
|p|

F (p, I) =
l′(|p|)
|p|
|p|f−1(div (

p

|p|
)→ 0

Moreover, we have that :

|φ(x, t)− φ(x0, t0)− φt(x0)(t− t0)| ≤ |∇φ|sdist(x, t) + o(sdist(x, t))

So, using this equations, we found that :

φt(x0, t0) ≤ 0

Now, we will assume that ∇φ(xh, th) = 0 for h small enough. Then, let β > β0,
and :

ψβ(x, t) = φ(x, t) + |x− x0|β . (3.31)

This function is C∞, moreover u−ψβ have a maximum in (x0, t0). We also have
that : Dψβ(x0, t0) = ∇φ(x0, t0) = 0 and D2ψβ(x0, t0) = D2φ(x0, t0).

At last :

|φ(x, t)− φ(x0, t0)− φt(x0)(t− t0) + |x− x0|β | ≤ l(|x− x0|) + |x− x0|β + g(t− t0)

Then, if we take ˜l(r) = l(r) + rβ , we have that :

˜l(r)
′

= l′(r) + βrβ−1

And then, if β ≥ 1
α , :

|p|β−1f−1(div (
p

|p|
) ≥ C|p|β−1(div (

p

|p|
)

1
α → 0.

So :

l′(|p|)
|p|
|p|f−1(div (

p

|p|
) +

β|p|β−1

|p|
|p|f−1(div (

p

|p|
)→ 0

We can construct a sequence (xβ,h, tβ,h) of maximum of uh−ψβ . There is, now,
two possibilities, or Dψβ(xβ,h, tβ,h) 6= 0 for, at least, a subsequence and then we
can use the previous result, or Dψβ(xβ,h, tβ,h) = 0 for h small enough. In this case,
we can construct the function psiβ+1 then we will have the same possibilities.

Then, by iteration, we have two possible cases. Whether there exist β > β0

such that there is a subsequence a (xβ,h, tβ,h) of maximum of uh − ψβ such that
Dψβ(xβ,h, tβ,h) 6= 0. By applying the previous result to ψβ , we found that φt(x0, t0) =
ψβ(x0, t0 ≤ 0.

Whether for all β > β0, the sequence of (xβ,h, tβ,h) is such that :

Dψβ(xβ,h, tβ,h) = 0.

So :
Dψ(xβ,h, tβ,h) = βxβ,h|xβ,h − x0|β−2, (3.32)

and this, for all β > β0.
This will imply a contradiction with the fact that phi is regular. Let k0 the

first non zero differential of ψ. That is to say Dk0ψx0,t0 6= 0, and for all k < k0,
Dkψx0,t0 = 0. Then, using the Taylor formula, we have that :
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∇φ(x, t) =
∑

α,|α|=k0

1

k0!

∂α(∇φ)

∂xα
(x0, t0) + o(x− x0, t− t0).

Then, we will have a contradiction using β > k0. Indeed, we then have :

∇φ(xβ,h, tβ,h) = βxβ,h|xβ,h − x0|β−2

and :
βxβ,h|xβ,h − x0|β∑

α,|α|=k0

1
k0!

∂α(∇φ)
∂xα (x0, t0) + o(x− x0, t− t0)

→ 0

So, for all k, Dkψx0,t0 = 0, and then (also by the Taylor formula) :

∇φ(x) = o(|x− x0|k) ∀k > 0.

Let k high enough, and β = k+2, then for (xβ,h, tβ,h) we have (3.32), and then :∣∣∣∣βxβ,h|xβ,h − x0|β−2

|x− x0|β−2

∣∣∣∣→ β|x0|,

which imply a contradiction.

3.7 Numerics

I implement this algorithm for the motion of set. In order to implement the
algorithm, one need to implement successively :

1. the computation of the signed distance function to the level set 0 of a function
w

2. The resolution of problem P .

The first part is done by using the fast marching method. I take the algorithm
developed by Gabriel Peyré.

The second part is based on an algorithm written in [CP11].
Our problem is :

(P ) min
u∈BV (Ω)∩L2(Ω)

{ ˆ
Ω

|∇u|+
ˆ

Ω

F
(
u(x)− d{u0>s}(x)

)}
By definition, we have that :

ˆ
Ω

|Du| = sup

{ˆ
Ω

udiv (ξ); |ξ(x)| ≤ 1 ∀x ∈ Ω

}
So, we have to resolve :

min
u∈BV (Ω)

{
max
|ξ|≤1

{ˆ
Ω

udiv (ξ)

}
+

ˆ
Ω

F
(
u(x)− d{u0>s}(x)

}
.

this is a primal-dual formulation of a non-linear problem.
This problem is a generic saddle point problem :

min
x

max
y

< Kx, y > +G(x)−H∗(y) (3.33)
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Figure 3.1 – Evolution for F = x2, for small times on the first figure, and long
times for the second one

The idea of this algorithm is to alternate gradient decrease in the two spaces
(that is to say, alternatively search the minimimum and the maximum). In fact, a
step is define like this :

ξn+1 = (I + σ∂H∗)−1(ξn + σKun) (3.34)

un+1 = (I + τ∂G)−1(un − τKξn) (3.35)

un+1 = un+1 + θ(un+1 − un) (3.36)

Let :
ξ̃ = ξn + σKun

and :
ũ = un − τKξn

The algorithm is :

ξi,j =
ξ̃i,j

max(1, ξ̃i,j)

And

(I + τ∂G)−1(ξ) = argmin

{ˆ
F (u− ξ)− < u, divξ >

}
So, this minimization can be done by a simple Newton algorithm. We will represent
now some images os those evolutions.
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Figure 3.2 – Evolution for F = x2, F = x3, F = x4
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Chapitre 4

Un schéma numérique pour
le Laplacien Infini

4.1 Introduction

Le but de ce travail est de construire un algorithme de résolution du problèmes
du Laplacien infini. Le laplacien infini est un opérateur qui apparâıt dans différentes
application en mécanique ou en imagerie. Il est défini comme suit :

−∆∞u =

n∑
i,j=1

uxiuxjuxixj . (4.1)

pour une fonction u C2 où uxi représente la dérivée première dans la direction xi
et uxixj est la dérivée seconde.

Certains auteurs donnent une definition légèrement différente, dans laquelle l’ex-
pression est divisée par |Du|2. C’est à dire qu’ils écrivent :

−∆∞u =
1

|Du|2
n∑

i,j=1

uxiuxjuxixj . (4.2)

Dans la mesure où on cherche à résoudre des équations du type :

−∆∞u = 0, (4.3)

les deux équations sont équivalentes, mais dans le cas de problèmes non-homogène
la définition utilisée aura une importance particulière. Dans le cadre de cet article
nous utiliserons la première définition.

Les propriétés du Laplacien infini ont commencé à être étudié par Aronsson à
la fin des années 1960. Les études sont motivés par des applications variées. Par
exemple, le laplacien infini intervient dans le calcul des variations, et plus précisé-
ment dans le relèvement de fonctions Lipschitz. En effet, un problème classique est
d’étendre une fonction Lipschitz à un domaine plus grand sans pour autant changer
sa constante de Lipschitz. Ce problème a de nombreuses solutions, on peut alors
essayer de caractériser une solution “optimale”. Aronsson [Aro67, Aro68, Aro84] a
cherché l’ extensions qui “minimise” la constante de Lipschitz, c’est à dire, si on
considère U un ouvert, et g une fonction défini sur ∂U , on cherche la fonction u
définie sur U , qui étend g et telle que ‖Du‖L∞(U) ≤ ‖Dv‖L∞(U) pour toute exten-
sion v de g. la détermination de la solution optimale à cette extension revient à la

65
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résolution d’un problème de laplacien infini.

−∆∞u = 0 sur Ω (4.4)

u = g sur ∂Ω (4.5)

Un autre domaine d’application où l’utilisation de cet opérateur est pertinente
est l’imagerie, et plus précisément dans la détection des bords des images. un réfé-
rence sur ce sujet peut être trouver dans [CCMS00]. Enfin citons des applications
du laplacien infini dans la modélisation de certains problème de calcul des forces
dans les matériaux.

Dans ce chapitre, nous allons étudier le problème suivant : Soit Ω un ouvert
borné de Rn, soit g une fonction : ∂Ω → R. On cherche une fonction u : R → R
solution de (4.4,4.5).

Comme dans la plupart des problèmes d’EDP, la difficulté majeure vient du fait
que ce problème n’a pas forcément de solution classique. La théorie des solutions de
viscosité permet d’avoir un cadre théorique pour étudier l’existence et l’unicité des
solutions de (4.4). Ceci a été introduit et étudié par Jensen [Jen93]. Puis par Barles
et Busca [BB01] et par Aronsson, Crandall et Juutinen [ACJ04].

Le but de ce travail est d’étudier une nouvelle approche de la résolution du pro-
blème de Dirichlet (4.4). l’approche que l’on proposera ici est basée sur l’utilisation
de l’opérateur de Aronsson AH . Si on considère un hamiltonien régulier H(x, p),
alors l’opérateur de Aronsson associé est donné par :

AH [u] = HpiHpjuxi,xj +HxiHpj (4.6)

par exemple, dans la cas où H(p) = |p| alors l’opérateur de Aronsson cöınci-

derait avec le laplacien infini (AH [u] = ∆∞u), si H(p) = |p|2
2 alors A |p|2

2

[u] =

|Du|2uxiuxjuxi,xj = |Du|2∆∞u.
Or, si on se place dans Rn, qu’on se donne une fonction u0 ∈ C∞(Rn) et qu’on

introduit les équations eikonales :

[Principe de décomposition]

 vt +H(x,Dv) = 0 (t > 0)
wt −H(x,Dw) = 0 (t > 0)

v = w = u0 (t = 0),
(4.7)

où H est un hamiltonien régulier. Alors, si on suppose avoir des solutions suffisam-
ment régulières, on obtient (voir l’article de Barron, Evans et Jensen [BEJ08]) :{

v(., t) = u− tH(Du0) + t2

2 AH [u0] + o(t2)

w(., t) = u+ tH(Du0) + t2

2 AH [u0] + o(t2)

D’où :

v + w

2
= u0 +

t2

2
AH [u0] + o(t2), (4.8)

ce qui permet de calculer le laplacien infini.
Cette approche qui a été introduite dans [BEJ08] pour traiter de problèmes sans

conditions aux bords va être analysée dans ce papier pour un problème de Dirichlet
associé au laplacien infini. Nous allons construire un algorithme basé sur le principe
de décomposition et on va vérifier la convergence de l’algorithme global.

On va étudier deux cas, tout d’abord on va analyser ce qui se passe dans un cadre
périodique homogène. Dans ce cas le principe de décomposition est déjà donné dans
[BEJ08] et notre objectif sera d’étudier et d’analyser les algorithmes numériques qui
s’en suivent.

Ensuite on va étendre le formalisme précédent (théorique et numérique) pour
étudier le cas de Laplacien infini avec des conditions de type Dirichlet.
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4.2 Notations

Nous allons introduire ici quelques notations qui nous seront utiles pour plus
tard. nous dirons qu’une fonction u est Q−périodique si pour tout x ∈ Rn, et tout
z ∈ Zn, u(x+ z) = u(x). Nous noterons BUC(Ω) l’espace des fonctions bornées et
uniformément continues dans Ω. De plus, la norme infini que nous utiliserons sera
toujours une norme infini en espace, c’est à dire que :

‖u‖∞ = ‖u‖L∞(Ω

Nous noterons B(x, t) la boule de centre x et de rayon t. De même que précédem-
ment, nous allons faire des recherches de minimum et de maximum dans la suite.
Nous noterons alors :

mx,tu = min
z∈B(x,t)

u(z)

Mx,tu = max
z∈B(x,t)

u(z)

De plus, on cherchera les enveloppes convexe supérieure et inférieure des fonc-
tions, nous noterons alors :

φ∗(x) = lim sup
z→x

φ(z)

φ∗ = lim inf
z→x

φ(z)

4.3 Cas périodique

Soit u ∈ C(Rn) et Q-périodique . Considérons les problèmes suivants :{
vt + |Dv| = 0 (t > 0) sur Q

v = u (t = 0) sur Q
(4.9)

{
wt − |Dw| = 0 (t > 0) sur Q

w = u (t = 0) sur Q
(4.10)

La théorie des solutions de viscosités fournit un cadre théorique complet pour
l’existence et l’unicité de solutions de viscosités continues et périodiques à ces deux
problèmes, voir par exemple [CIL92b]

On sait que si u ∈ BUC(Q), alors les solutions de viscosité v et w des problèmes
(4.9) et (4.10) sont définies de manières uniques et sont continues. De plus, elles
sont données par la formule suivante :

v(x, t) = min
{y/|y−x|≤t}

(u(y)) x ∈ Rn, t > 0 (4.11)

w(x, t) = max
{y/|y−x|≤t}

(u(y)) x ∈ Rn, t > 0 (4.12)

Cette formule montre la continuité de v et w. De plus, les fonctions v et w sont
définies de manière unique ce qui va nous être utile pour plus tard.

Introduisons les semi-groupes non linéaires suivants, pour t > 0,

R(t) : BUC(Q)→ BUC(Q)

u→ R(t)u = v(x, t) = min
{y/|y−x|≤t}

(u(y))

v(x, t) est donc ici la solution du problème (4.9) pris au temps t.
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et :

S(t) : BUC(Q)→ BUC(Q)

u→ S(t)u = w(x, t) = max
{y/|y−x|≤t}

(u(y))

où, cette fois ci, w(x, t) est la solution du problème (4.10) pris au temps t.
Dans la suite nous serons amenés aussi à utiliser l’opérateur suivant :

F (t) : BUC(Q)→ BUC(Q)

u→ R(t)u+ S(t)u

2
.

4.3.1 Rappels :

Dans toute cette section nous allons fixer une fonction u0 ∈ BUC(Q) et nous
allons examiner des algorithmes itératifs de la forme :

un+1 = F (tn)un n > 0 (4.13)

avec tn une suite qui sera précisée ultérieurement.
Dans [BEJ08], on a la démonstration du résultat suivant :

Théorème 4.3.1. Soit uo une fonction continue, alors : u = limF ( t
2

n )nu0 existe
et u est l’unique solution de viscosité de :

ut −∆∞u = 0 sur [0, T ]×Q
u(x, 0) = u0(x) sur Q

4.3.2 Extension du résultat :

Dans le théorème 4.3.1 nous avons considéré la limite de la suite d’opérateur

F ( t
2

n )n. Pour illustrer l’importance du terme en t2

n on va étudier la convergence de
F (T )n et on va voir que la limite obtenue est très différente de la précédente.

Théorème 4.3.2. Soit u0 une fonction Qn-périodique et continue. Soit T > 0. Soit
un la suite de fonctions Qn-périodiques et continues définie par :

un = F (T )un−1 = F (T )nu0 n ≥ 1. (4.14)

Alors il existe une constante, notée uT telle que : un → uT dans L∞.

Pour t > 0, introduisons les suites de fonctions vn et wn suivantes :
vn(x, t) = = R(t)(un)
wn(x, t) = = S(t)(un)

un+1(x) = R(t)(un)+S(t)(un)
2 = F (t)(un)

(4.15)

Remarque 4.3.1. Nous pouvons remarquer que les fonctions constantes sont in-
variantes par l’algorithme présenté.En effet, si la fonction u0,est constante, alors
|Du0| = 0, d’où vt = wt = 0 donc rien ne bouge. De plus, si on décale la fonction
u0 d’une constante a, c’est à dire on pose ũ0 = u0 + a. Alors on trouve R(t)(ũ0) =
R(t)(u0) + a et S(t)(ũ0) = S(t)(u0) + a , d’où F (t)(ũ0) = F (t)(u0) + a(l’algorithme
est invariant par rapport aux translations).

Sans perte de généralité on peut considérer que la fonction u0 est positive (dans
le cas contraire on peut la décaler d’une constante C qui la rend positive).
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Avant de donner la preuve du théorème 4.3.2 nous avons besoin de quelques
lemmes préliminaires. Tout d’abord nous savons que par définition des opérateurs
R et S on a :

vn(x, t) = min
{y/|y−x|≤t}

(un(y)) x ∈ Rn (4.16)

wn(x, t) = max
{y/|y−x|≤t}

(un(y)) x ∈ Rn (4.17)

un étant périodique, la notion de maximum et minimum de la fonction est bien
définie (et ils sont atteints dans Ω). Ceci permet d’affirmer que :

Ce résultat permet facilement d’avoir les lemmes suivant :

Lemme 4.3.3. Soit u0 une fonction continue, alors R(T )(u0) et S(T )(u0) le sont
aussi.

De plus on a :

Lemme 4.3.4. Soit u0 une fonction continue, alors on a pour tout n ∈ N,

‖vn(., t)‖L∞(Q) ≤ ‖u0‖L∞(Q)

‖wn(., t)‖L∞(Q) ≤ ‖u0‖L∞(Q)

‖un‖L∞(Q) ≤ ‖u0‖L∞(Q)

Démonstration. Ce résultat découle de la définition de R et S. En effet, pour n ≥ 0,
on a :

min
Q

un(y) ≤ min
{y/|y−x|≤t}

(un(y)) ≤ max
Q

(un(y)).

Ce qui implique que : ‖vn‖∞ ≤ ‖un‖∞. On applique le même raisonnement pour
avoir le résultat pour la fonction wn. Enfin, une simple inégalité triangulaire nous
permet de conclure pour un+1. En effet :

‖un+1‖∞ = ‖vn + wn
2

‖∞ ≤
1

2
(‖vn‖∞ + ‖wn‖∞) ≤ ‖un‖∞.

Un raisonnement par récurrence nous permet alors d’avoir le résultat désiré.

Du lemme précédent on voit que les opérateurs R et S sont contractants. En
général on peut aussi se convaincre que R et S ne sont pas strictement contrac-
tants, comme le prouve l’exemple suivant : prenons u0 une fonction qui vaut zéro sur
∂B(0, 2), 1 sur B(0, 1), qui est C∞ et borné pas 1, on s’aperçoit que pour t suffisam-
ment faible (t ≤ 1), v(0, t) = 1 = w(0, t) et ainsi : ‖R(t)u‖∞ = ‖u‖∞ = ‖S(t)u‖∞,
même si on a : R(t)u0 6= u0.

Supposons que u0 ne soit pas une fonction constante (sinon il est clair que u0

est de laplacien infini nul).

Lemme 4.3.5. Pour toute fonction u0 non-constante, pour tout T > 0 il existe
nT > 0 (indépendant de u0) tel que, si u0 n’est pas constante,

max
Q

(unT ) < max
Q

(u0) ∀0 < ε < εT

Démonstration. Soit T > 0, soit x ∈ Ω tel que u0(x) = mx,t(u0) < maxRn(u1).
Alors, on a :

w(., t) = mx,t(u0) < Mx,t(uO) sur B(x, t),

d’où :
u1(.) < max

Rn
(u0) sur B(x, T ).
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En réitérant on obtient : u2(.) < maxRn(u0) sur B(x, 2T ). Et donc, pour nT tel que
nTT ≥ diam(Q) :

max(unT )Q = max(unT )B(x,nTT ) < max
B(x,nTT )

(u0) ≤ max
Q

(u0).

Remarque 4.3.2. De la même façon on peut justifier que min(unT )Ωε > min(u0).
Ce qui induit une propriété de contraction stricte dans Ωε en norme L∞ (et ceci
pour tout ε > 0).

Remarque 4.3.3. Soulignons ici que le résultat précédent repose sur la notion
d’ensembles atteignables. Si on appelle Xk = {x/uk(x) < max(uk)} et si on appelle
V kT = {x/vk(x, T ) < max(u0)} on a la relation suivante entre les deux ensembles :
V kT ⊂ (Xk + B(0, T )). Ce qui implique que Xk ⊂ (Xk−1 + B(0, T )), d”où : Xk ⊂
(X0 +B(0, kT )). Ainsi, pour k tel que kT ≤ diam(Ω), ‖uk‖∞ < ‖u0‖∞.

Ainsi, on obtient une propriété de type “contraction stricte”, mais on ne peut
pas trouver une constante C < 1 tel que ‖unt‖L∞(Ωε) ≤ C‖u0‖∞ pour tout u (ce
qui aurait permis, en utilisant le théorème de point fixe de Banach de conclure à
la convergence de l’algorithme vers un point fixe). En effet, il suffit de regarder des
fonctions u comme précédemment, mais qui ont comme valeur au bord 2 − ε. Le
fait que la transformation borne u entre son maximum et son minimum montre que
l’existence du C est impossible. Mais nous avons tout de même le résultat suivant :

Lemme 4.3.6. Soit nt défini dans le lemme précédent, alors :

max(Fnt(t)u0) ≤ (2nt − 1) max(u0) + min(u0)

2nt

et

min(Fnt(t)u0) ≥ (2nt − 1) min(u0) + max(u0)

2nt
.

Démonstration. La preuve se fait par récurrence. Soit x ∈ Q tel que u0 atteint son
minimum en x. Alors, sur B(t, x), on a w0(y) = my,t(u0) et v0(y) ≤ max(u0) d’où

u1(y, t) ≤ maxQ(u0)+minQ(u0)
2 .

Montrons maintenant que :

u2(z, t) ≤
maxQ(u0) +

maxQ(u0)+minQ(u0)
2

2
=

3 maxQ(u) + minQ(u)

4
pour z ∈ B(x, 2t).

Soit z ∈ B(x, 2t). Il existe y ∈ B(x, t) tel que |y − x| ≤ t. Or :

u1(y) ≤ maxQ(u0) + minQ(u0)

2

d’où :

w1(z) ≤ maxQ(u0) + minQ(u0)

2
.

On a de plus v1(z) ≤ max(u0) d’où le résultat sur u2. Ainsi, par récurrence, on a le
résultat annoncé.

Preuve du théorème 4.3.2. Dans la suite, fixons nT comme défini dans le lemme
4.3.5 Nous allons maintenant étudier la suite (uk.nT )

k
et montrer la convergence de
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cette suite vers une constante (ce qui entrâınera la convergence de l’intégralité de
la suite.) Soit :

Mk = max
x∈Q

(uk.nT (x))

mk = min
x∈Q

(uk.nT (x))

Nous avons déjà montré que les suites Mk et mk sont respectivement décrois-
santes et croissantes et bornées respectivement par m0 et M0 (et même Mk ≥ mk).

Ce qui implique la convergence de Mk et mk vers M et m qui vérifient M ≥ m
De plus, le lemme precedent donne que :

Mk+1 ≤
(2nt − 1)Mk +mk

2nt

et

mk+1 ≥
(2nt − 1)mk +Mk

2nt

Nous avons donc que les limites M et m vérifient :

M ≤ (2nt − 1)M +m

2nt

M ≤ m

D’où M = m.
Ainsi, les fonctions uk.nT convergent vers une fonction constante, uT , dans L∞.

Ceci implique donc que, quel que soit ε > 0, il existe k > 0 tel que :

uT − ε ≤ min
Q

uk.nT ≤ max
Q

uk.nT ≤ uT + ε.

Ensuite, les propriétés de contraction de l’opérateur F (T ) permettent de conclure
que un → uT . En effet pour tout n ≥ k.nT , on a :

c− ε ≤ min
Q

uk.nT ≤ min
Q

un ≤ max
Q

un ≤ max
Q

uk.nT ≤ c+ ε.

Il est clair que la fonction constante est à Laplacien infini nul. Ainsi, pour chaque
T , F (T )n(u0)→ uT .

4.3.3 Résultats sur les uT

On peut se poser plusieurs questions sur uT :

(i) Quel est la dépendance en T de uT ?

(ii) Que se passe t-il lorsque T → 0 ?

(iii) Existe t-il des fonctions périodiques et de laplacien infini nul non constante ?

(iv) Que se passe t-il lorsqu’on se place non pas dans un milieu périodique, mais
dans un ouvert borné Ω avec une donnée au bord g pour les équations d’évo-
lutions ?

Lemme 4.3.7. Soit u0 une fonction K − Lipschitz, alors la fonction :

]0,∞[→ R
T → uT

(4.18)

est continue.
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Démonstration. La démonstration de ce résultat se base sur des arguments directs.
Cela repose sur le fait, que toutes les fonctions un donnés par l’algorithme sont

K−Lipschitz. En effet, étant donné queR(T )u0(x) = minB(x,T )(u0(z)), il y a conser-
vation du caractère Lipschitz. Il en est de même pour l’application S(T ), et donc
pour F (T ).

D’autre part, pour tout T > 0 et δ > 0. Si t ≤ δ
K alors ‖F (T )u0−F (T−t)u0‖∞ ≤

δ.

On peut alors se demander si on peut calculer uT a priori et si limT→0(uT )
existe. (On a facilement qu’il existe une sous suite de uT qui converge car ce sont
des fonctions constantes et bornées). De plus, si la limite existe, comme limite de
fonction constante elle est constante

Pour répondre à la dernière question on énonce le Lemme suivant :

−∆∞u = 0 sur Q (4.19)

Lemme 4.3.8 (Les fonctions à laplacien infini nul et périodiques sont les fonctions
constantes). Les solutions Q-périodique du problème :

−∆∞u = 0. (4.20)

sont les fonctions constantes.

Démonstration. En effet, la caractérisation des fonctions à laplacien infini nul dans
[ACJ04] dit que la fonction gx(r) = maxB(x,r) u(z) est convexe pour tout x. Ceci
implique que la fonction u est constante. En effet, soit x0 un point de maximum
de u sur Q et soit y0 un point de minimum. Alors pour r suffisamment grand
(r > |x0 − y0|) on a g constante. Or, la seule fonction croissante et constante à
l’infini est la fonction constante. On a donc que gy0(r) = u(x0) pour tout r > 0.
ce qui implique, par la continuité de u que u(y0) = u(x0). Donc u est une fonction
constante.

On peut alors se dire que si on travaille dans un ouvert borné, et que l’on donne
des conditions aux bords aux équations d’évolutions, et qu’on arrive de nouveau à
construire des points fixe à notre algorithme et si ces points fixes convergent vers
une fonction u, alors cette fonction est à laplacien infini nul, en effet, formellement,
dans ce cas on trouve, en utilisant (4.8) et le fait qu’on construit u comme étant la
limite de notre algorithme :

u+ u

2
= u+ ∆∞u.

Soit, ∆∞u = 0.

4.4 Problème stationnaire avec données au bord

Considérons maintenant le problème suivant :{
∆∞u = 0 sur BR
u = g sur ∂BR

(4.21)

où g va être une fonction Lipschitz sur BR. Pour adapter le travail précédent, on va
considérer les équations eikonales avec des données au bord suivantes : vt + |Dv| = 0 x ∈ Rn (t > 0)

v(., 0) = u(., 0) x ∈ BR (t = 0)
v(x, t) = g(x) x ∈ ∂BR t > 0

(R̃)
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et  wt − |Dw| = 0 x ∈ Rn (t > 0)
w(., t) = u(., t) x ∈ BR (t = 0)
w(x, .) = g(x) x ∈ ∂BR t > 0

(S̃)

Il est connu que ces équations n’admettent pas nécessairement des solutions
de viscosité continues. On s’interesse donc à l’existence et l’unicité de solutions de
viscosités discontinues. Selon [Bla01], on a que si (u∗0)∗ = (u0)∗, alors R̃ admet une
unique solution s.c.i (et toutes les solutions de viscosités ont la même enveloppe
s.c.i). Avec la condition inverse ((u0∗)

∗ = u∗0) on a un résultat similaire pour S̃.
Ceci prouve clairement qu’on ne peut pas espérer l’unicité de solution pour (R̃) et
(S̃)

Ceci dit, les travaux d’Alain-Philippe Blanc [Bla01] nous permettent de caracté-
riser les solutions de la manière suivante, considérons les fonctions valeurs suivantes :

w(x, t) = max
(

max
{|y|≤1}∩Ω

u0∗(x+ ty); max
{|y|≤1}∩∂Ω

g(x+ ty)
)

v(x, t) = min
(

min
{|y|≤1}∩Ω

u∗0(x+ ty); min
{|y|≤1}∩∂Ω

g(x+ ty)
)

v est solution de (R̃) et w est une solution de (S̃). De plus, toute solution de R̃
admet une enveloppe sci égale à v, et toute solution de S̃ admet une enveloppe scs
égale à w.

On peut alors définir, pour l’instant de façon simplement formelle, des semi-
groupes comme on l’avait fait précédemment.

R̃(t) : u→ R̃(t)u = v(x, t) = min
(

min
{|y|≤1}∩Ω

u∗(x+ ty); min
{|y|≤1}∩∂Ω

g(x+ ty)
)

et :

S̃(t) : u→ S̃(t)u = w(x, t) = max
(

max
{|y|≤1}∩Ω

u∗(x+ ty); max
{|y|≤1}∩∂Ω

g(x+ ty)
)
.

Je n’indique pas pour l’instant dans quels espaces ces opérateurs sont définis (cela
sera précisé plus tard). Il faut simplement remarquer que, comme précédemment,
R(t)u est une fonction ne dépendant que de l’espace (t est fixé).

Pour u0 Lipschitz et T > 0 considérons la suite : (pour n ≥ 1) :

Définition 4.4.1.

vn(x, T ) = = R̃(T )(un)

wn(x, T ) = = S̃(T )(un)

un+1(x) =
R̃(T )(un) + S̃(T )(un)

2
=: F̃ (T )(un)

On veut établir le lien entre la limite d’un tel algorithme (quand elle existe) et
la solution du problème (4.21).

Tout d’abord, on établit que :

Lemme 4.4.1 (Régularité par rapport aux résultats). Soit u Lipschitz et soit ũ(.) =
u(.)+δ(.) avec δ une petite perturbation régulière. Soit ṽ = R̃(T )(ũ) et w̃ = S̃(T )(ũ)
et v = R̃(T )(u) et w = S̃(T )(u). Alors, ‖v − ṽ‖∞ ≤ ‖δ‖∞ et ‖w − w̃‖∞ ≤ ‖δ‖∞

Démonstration. Les arguments sont directs et se basent sur les definitions de R̃ et
S̃
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4.4.1 Démonstration de la convergence

Dans cette partie nous allons montrer les résultats suivants : Pour tout T > 0
et pour u0 Lipschitz.

1. La suite de fonctions F (T )nu0 converge vers une fonction uT lorsque n tend
vers l’infini.

2. uT converge uniformément vers une fonction u lorsque T tend vers 0.

3. u est solution de viscosité de (4.21)

Existence de la limite uT

Rappelons que nous plaçons dans le cas où le domaine est une boule. Signalons
dès à présent que cette hypothèse est importante dans notre étude. En effet, les
solutions de R̃ et S̃ sont discontinues est nous avons besoin de localiser ces discon-
tinuités. Cette localisation est plus compliqué pour des domaines quelconques.

Définition 4.4.2. Soit VT l’ensemble de fonctions suivant :

VT = {v : BR → R telle que v|B(r−kT )\B(r−(k+1)T )
∈ C(B(r−kT )\B(r−(k+1)T )), k ∈ N}

(4.22)
Ainsi, VT est l’ensemble des fonctions continues sur les couronnes de taille T . Nous
allons noter le temps de la démonstration :

Ck,T = B(r − kT ) \B(r − (k + 1)T ) pour k ≥ 1. (4.23)

Lemme 4.4.2. Soit T positif. Soit K > 0, soit u0 ∈ VT telle que pour tout k ≥ 0,
u0|Ck,T est K−lipschitz .

Soit un, vn et wn définis par :
vn = R̃(T )un
wn = S̃(T )un

un+1 = F̃ (T )un = R̃(T )un+S̃(T )un
2

On a alors que un, vn et wn sont dans VT . De plus, pour tout k ≥ 0, un|Ck,T est

K−lipschitz.

Démonstration. On peut montrer ce résultat par récurrence. Supposons que un soit
un element de VT . Soit x ∈ Ω. Alors il existe k tel que x ∈ C̊k,T . Supposons que x
ne soit pas sur le bord de cet ensemble.

Or, nous savons que :

vn = min
(

min
B(x,T )∩Ck

(un(z)); min
B(x,T )∩Ck−1

(un(z)); min
B(x,T )∩Ck+1

(un(z))
)

De plus, on a que tous les ensembles de minimisations sont de taille non nulles
et évoluent de manière ”continues” par rapport à x. Ainsi, la fonction vn prend
le minimum de trois fonctions continues sur des ensembles qui bougent de façon
continue, donc la fonction vn est continue. On peut l’écrire de façon propre :

Soit ε > 0, soit y ∈ Ck Soit zx et zy les points du minimum. Il existe l tel que :
zx ∈ Cl, alors, il existe un point a ∈ Cl tel que : |a − zx| ≤ η et a ∈ B(y, T ). Or,
la fonction un est continue sur Cl et à la constante de continuité voulue, donc :
|un(zx) − un(a)| ≤ ε. De même, on peut trouver b ∈ B(x, T ) tel que : |un(zy) −
un(b)| ≤ ε. Or, comme un(a) ≥ un(zy) et un(b) ≥ un(zx) on obtient :

un(a)− un(zx) ≤ ε ⇒ un(zy)− un(zx) ≤ ε
un(b)− un(zy) ≤ ε ⇒ un(zx)− un(zy) ≤ ε
⇒ |un(zx)− un(zy)| ≤ ε.
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De plus, on garde le même module de continuité !
Les fonctions sont alors localement K−lipschitzienne.

Remarque 4.4.1. Ce résultat permet de démontrer que les applications R̃(T ), S̃(T )
et F̃ (T ) envoient des fonctions de VT dans VT

Lemme 4.4.3. L’application F̃ (T ) est une application contractante en norme L∞

de VT dans VT .

Démonstration. Ce résultat vient de la définition de R̃(T )(u) (qui est une recherche
de minimum) et de S̃(T )(u) (qui est une recherche de maximum).

Lemme 4.4.4. Il existe une fonction u ∈ VT telle que F̃ (T )u = u.

Démonstration. F̃ (T ) est une application contractante de VT dans VT . On peut
alors appliquer le théorème de point fixe de Schauder.

Remarque 4.4.2. Nous n’avons pas montré ici l’unicité de l’existence d’un point
fixe, mais cela ne sera pas nécessaire dans la suite de la preuve.

Nous pouvons maintenant montrer que la suite de fonction un est convergente
et qu’elle converge vers un point fixe de l’algorithme.

Lemme 4.4.5. Il existe une fonction uT ∈ VT telle que un → uT uniformément et
uT est un point fixe de l’algorithme.

Démonstration. La preuve se base sur 4 arguments :

(i) F̃ (T ) admet un point fixe (pas forcément unique).

(ii) La suite un admet une sous-suite qui converge vers une fonction uT .

(iii) uT est un point fixe de F̃ (T ).

(iv) La suite un converge vers uT .

La preuve se divise en 4 points. Tout d’abord on montre l’existence d’au moins un
point fixe à l’algorithme. Ensuite on montre qu’il y a une sous-suite un qui converge
vers une fonction uT . Puis on montre que uT est point fixe de l’algorithme, et enfin
on montre qu’alors toute la suite un converge vers uT .

(i) Ceci est donné par le lemme 4.4.5
(ii) Comme montré dans le lemme précédent, les fonctions un sont équi-continues

sur Ck. Donc, en appliquant le théorème d’Ascoli-Arzelà ,on peut faire un procédé
d’extraction diagonale et extraire une sous-suite qui converge vers une fonction uT

sur chaque Ck.
Explicitons ce procédé diagonal. Les fonctions un sont équicontinues sur C0,

et elles sont bornées. Ainsi, on peut appliquer le théorème d’Ascoli-Arzelà, et il
existe donc une sous-suite uϕ0(n) qui converge uniformément vers une fonction f0

dans C0. Maintenant, les fonctions uϕ0(n)|C1
sont équi-continues et bornées, donc en

appliquant à nouveau le théorème d’Ascoli-Arzelà on peut extraire une sous-suite
uϕ1(n) (de uϕ0(n)) qui converge vers une fonction f1 dans C1 (et toujours vers f0 dans
C0). En réitérant ce processus R/T fois. Soit uT la fonction défini par uT|Ck

= fl.

On a donc que la sous-suite uϕR
T

qui converge uniformément vers uT .

(iii) Cette assertion s’obtient en utilisant exactement les mêmes arguments que
dans [[LGA98], Th 3.5] (il suffit d’adapter les constantes qui apparaissent dans cette
preuve).

Le principe de la démonstration est le suivant :
– Les suites ∆+

n = supx(un(x)− un−1(x)) et ∆−n = supx(un−1(x)− un(x)) sont
décroissantes.



76 Chapitre 4. Un schéma numérique pour le Laplacien Infini

– Il existe δ > 0 tel que pour tout n et pout tout p > 0 :

∆±n+p ≤ 2−p
(
(2p − p)∆±n + δ

)
.

Ceci implique que ∆±n → 0.
– Si unk tend vers uT , alors unk+1

tend lui aussi vers uT , ce qui montre que uT

est point fixe de l’algorithme.

(iv) On veut maintenant montrer que toute la suite converge vers uT , et pas
seulement une sous-suite bien choisie. Ce résultat repose que le fait que l’application
F̃ est contractante. On a donc que :

‖un+1−uT ‖∞ = ‖F̃ (T )un−uT ‖∞ = ‖F̃ (T )un−F̃ (T )uT ‖∞ ≤ ‖un−uT ‖∞. (4.24)

Donc, la suite ∆n = ‖un − uT ‖∞ est décroissante. Or, il y a une sous-suite qui
converge uniformément vers uT , d’où pour tout ε > 0, il existe N suffisaient grand
tel que, ∆ϕR

T
(N)
≤ ε, et pour tout n ≥ ϕR

T (N), ‖un − uT ‖∞ ≤ ε.

Convergence des uT

Théorème 4.4.6. Avec les hypothèses précédentes, la suite de fonctions uT converge
uniformément vers une fonction u solution du problème (4.21) lorsque T tend vers
0.

Démonstration. Pour cette preuve, comme précédemment, on commence par mon-
trer qu’une sous-suite converge vers la fonction u. Puis on montre que la fonction u
est solution de viscosité du problème (4.4), et on utilise l’unicité de la solution pour
montrer que toute les fonctions convergent.

Étape (i) : Les difficultés proviennent du fait que les fonctions uT sont des
fonctions continues par morceaux sur les couronnes Ck,T , donc, principalement, elles
ne sont pas continues sur le même support. On ne peut donc pas espérer appliquer
les arguments basés sur le théorème d’Ascoli-Arzelà aux fonctions uT . Notre but
va donc de créer des fonctions ũT qui sont continues et même équi-continues et qui
sont proches de uT dans un sens qui sera défini. On appliquera alors le théorème
d’Ascoli-Arzelà sur la famille ũT et on obtiendra ainsi la fonction u recherchée.

Pour cela, on va construire la fonction ũT de la façon suivante : Soit x ∈ Ω,
alors il existe k tel que x ∈ Ck,T , alors on pose ũT (x) = d(x, Ck,T )uT ( x

|x| (R−kT )) +

d(x, Ck+1,T )uT ( x
|x| (R− (k + 1)T )).

Cette fonction est elle aussi lipschitzienne. Cela provient du fait que les sauts
sont de tailles CT avec C > 0 indépendant de T et de la couronne k dans laquelle
on se trouve.

Ainsi, soit la ”pente“ d’une droite est :

|uT (
x

|x|
(R− (k + 1)T )) − uT (

x

|x|
(R− kT ))|

≤ | lim
l→k+1

(uT (
x

|x|
(R− lT ))− uT (

x

|x|
(R− kT ))|+ CT

≤ K|R− (k + 1)T −R− kT |+ CT

≤ (K + C)T.

Les pentes des droites étant toutes bornées par C + K on peut en déduire le
caractère Lipschitz. Donc une sous-suite converge vers u. Et, comme ‖uT − ũT ‖∞ ≤
CT on a le résultat désiré.
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Remarque 4.4.3. On voit apparâıtre ici la principale différence entre cette dé-
monstration et celle de A. Oberman avec son algorithme [Obe05]. En effet, il se
contente d’interpoler une fonction sur une grille, ce qui fait qu’il peut prendre des
fonctions continues. Ici, on travaille avec des fonctions définies totalement, et il se
trouve qu’elle ne sont malheureusement pas continues. Bien qu’elles soient proches
de fonctions continues et Lipschitz.

Étape (ii) : Nous allons maintenant montrer que la fonction u est solution du
problème 4.21. Nous allons tout d’abord présenter une preuve adaptée de l’article de
[BEJ08], cette démonstration utilisera simplement les formules de représentations
des solutions de R̃ et S̃.

Soit x ∈ B̊R, nous savons que pour T suffisament petit, B(x, T ) ∈ BR, donc la
fonction uT vérifie (dans un voisinage de x) :

uT =
1

2

(
max
|y|≤1

(uT (x+ Ty)) + min
|z|≤1

(uT (x+ Tz)
)

(4.25)

Démonstration. Posons

H(ε, x, p,M,w) = 〈w, p〉+
ε

2
〈w,Mw〉 (4.26)

Et soit :
H(T, x, p,M) = max

|w|≤1
H(T, x, p,M,w) (4.27)

Soit wT ∈ argmax H(T, x, p,M,w), alors :

DpH = wT , DTH =
1

2
〈wT ,MwT 〉.

Soit ϕ une fonction régulière telle que u − ϕ a un maximum strict en x0 ∈ Ω.
Alors, uT − ϕ admet un maximum en xT . On obtient alors que :

ϕ(xT ) ≤ 1

2

(
max
|y|≤1

(ϕ(xT + Ty) + min
|z|≤1

(ϕ(xT + Tz)
)

(4.28)

Or, en utilisant la formule de Taylor, on obtient :

0 ≤ 1

2
max
y

(T 〈y,Dϕ〉+
T 2

2
〈y,D2ϕy〉)

+
1

2
min
z

(−T 〈y,Dϕ〉+
T 2

2
〈y,D2ϕy〉) + o(T 2)

≤ 1

2

(
TH(T, xT , Dϕ,D

2ϕ)− TH(−T, xT , Dϕ,D2ϕ)
)

+ o(T 2)

≤ T 2H(T, xT , Dϕ,D
2ϕ)−H(−T, xT , Dϕ,D2ϕ)

2T

Or,

1

2T

ˆ T

−T
DTH(s, xT , Dϕ(xT ), D2ϕ(xT ))ds

=
1

4T

ˆ T

−T
〈wsT , D2ϕwsT 〉ds ≥ o(1)

En faisant tendre T vers 0 on obtient donc que :

〈ŵ,D2ϕ(x0)ŵ〉 ≥ 0
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Où : ŵ ∈ argmax{〈w,Dϕ(x0)/|w| ≤ 1〉}
Soit, w = Dϕ

|Dϕ| , d’où : −∆∞ϕ(x0) ≤ 0

Nous savons de plus que les sauts des fonctions sont plus petits que CT , donc,
pour x ∈ ∂BR, |g(x)− uT (x)| ≤ CT . Donc u|∂BR = g.

4.4.2 Une nouvelle preuve

Nous allons ici présenter une autre preuve, qui découle directement de l’idée de
l’équation de Aronsson, qui utilisera cette fois ci directement le fait qu’on calcule
les solutions exactes de R̃ et S̃, et qui n’utilisera pas les formules de représentations
de ces solutions.

Soit ϕ une fonction C∞. Soit x0 un point de maximum de u−ϕ. Alors, il existe
une suite xT → x0 telle que xT soit un maximum de uT − ϕ. Donc, on a :

uT (x)− ϕ(x) ≤ uT (xT )− ϕ(xT ). (4.29)

Or, uT est un point fixe de F̃ (T ), donc :

uT (xT ) =
1

2
(R(T )(u) + S(T )(u))

≤ uT (xT )− ϕ(xT ) +
1

2
(R(T )(ϕ) + S(T )(ϕ))

On a donc que :

ϕ(xT ) ≤ 1

2
(R(T )(ϕ) + S(T )(ϕ)) = ϕ(xT ) + T 2∆∞ϕ(xT ) + o(T 2).

D’où :

−∆∞ϕ(xT ) + o(1) ≤ 0 (4.30)

En faisant tendre T vers 0 on obtient le résultat voulu.
On a la même chose en regardant des minimums.

Nous remarquons que cette démonstration de convergence n’utilise que les ré-
sultats sur les équations de Aronsson, on peut alors se demander ce qui se passe
lorsque l’on change les équations d’évolution. C’est à dire, que se passe t-il si lors
de l’algorithme on résout plutôt le système : vt +H(Dv) = 0 (t > 0)

wt −H(Dw) = 0 (t > 0)
v = w = u (t = 0),

(4.31)

avec un Hamiltonien H plus général. C’est ce que l’on va étudier dans la partie
suivante.

4.5 Cas convexe

4.5.1 Démonstration de la convergence

Dans cette partie nous allons étudier les problèmes suivants : vt +H(Dv) = 0 (t > 0)
v(., 0) = u(.) (t = 0)
v(x, .) = g(x) x ∈ ∂Ω

(R̃)
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et  wt −H(Dw) = 0 (t > 0)
w(., 0) = u(.) (t = 0)
w(x, .) = g(x) x ∈ ∂Ω

(S̃)

dans le but de calculer une solution au problème :{
AH [u] = 0 sur Ω
u = g sur ∂Ω

(4.32)

où AH [u] est l’opérateur d’Aronsson. Il est égale à :

AH [u] = HxiHpj +HpiHpjuxixj .

Comme précédemment, on va résoudre les deux problèmes d’évolutions, puis
faire la moyenne et recommencer et montrer que l’on converge vers un point fixe du
problème.

Il va y avoir quelques modifications à la preuve précédente. En effet, cette fois-ci
on va tout d’abord prouver que l’on peut bien définir les fonctions vn et wn de façon
unique (et trouver des conditions sur H pour avoir ce résultat). Ensuite, on va encore
utiliser les formules de représentations des solutions des équations d’évolutions pour
obtenir la convergence. Cependant, cette fois-ci, la formule sera :

vn(x, T ) = min

(
min
z∈Ω

((un−1)∗(z) +H∗(
z − x
t

)); min
z∈∂Ω

(g(z) +H∗(
z − x
t

))

)
,

où H∗ est la transformée de Legendre de l’opérateur, c’est à dire que :

H∗(p) = sup
x∈RN

(p.x−H(x))) . (4.33)

et :

wn(x, T ) = max

(
max
z∈Ω

((un−1)∗(z)−H∗(
z − x
t

)); max
z∈∂Ω

(g(z)−H∗(z − x
t

))

)
,

Maintenant le minimum sur tout l’espace et non sur simplement une petite
boule, ce qui ajoutera des propriétés de continuité des solutions (sauf sur le bord
de l’ensemble). En outre, le contrôle de la fonction H∗(p) permettra à nouveau de
chercher le minimum dans une boule dont le rayon sera fixé seulement par la fonction
u0 de départ, et nous aurons toujours un contrôle sur la constante de Lipschitz des
solutions.

La démonstration de la convergence de l’algorithme se déroulera selon les étapes
suivantes :

1. Les fonctions vn et wn sont bien définis (de manière unique).

2. La suite de fonction F (T )nu0 converge vers une fonction uT .

3. uT converge uniformément vers une fonction u.

4. u est solution de viscosité de (4.21).

Nous allons avoir les hypothèses suivantes :
(H1) Le domaine Ω est Lipschitz.
(H2) La fonction g définie sur ∂Ω est Lipschitz.

(H3) La fonction p→ H(p) est une fonction convexe. De plus, H(p)
|p| →∞ quand

|p| → ∞.
(H3) La croissance de H est bornée, c’est à dire que :

dH(p)

dp
≤ C.|p|n.
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(H4)
∣∣∂H
∂x

∣∣ ≤ C(1 + |p|).
(H5) La fonction distance au bord du domaine, notée d(.), est C1,1 dans un

voisinage de ∂Ω.
(H6) La fonction λ→ H(x, p−λn(x) est croissante dès que λ > A(1 + |p|) pour

tout (x, p) ∈ ∂Ω×RN , avec n(x) = −Dd(x) le vecteur normal extérieur à ∂Ω

Unicité des enveloppes s.c.i des solutions des équations d’évolutions

Nous voulons démontrer le résultat suivant : Si u et v sont respectivement sous-
solution et sur-solution du problème : Étant donné u0 et g et Ω, trouver une fonction
telle que :  vt +H(Dv) = 0 (t > 0)

v(., 0) = u0(.) (t = 0)
v(x, .) = g(x) x ∈ ∂Ω

(4.34)

alors

u∗ ≤ v∗ dans Ω×]0, T [. (4.35)

Pour cela, nous allons reprendre une démonstration donné par Alain-Philippe
Blanc.

Cette démonstration repose sur le principe de solution de Barron-Jensen.

Définition 4.5.1. Une fonction u bornée est une solution de Barron Jensen de :

∂u

∂t
+H(x, t,Du) = 0 dans Ω×]0, T [, (4.36)

si elle satisfait la condition suivante :
∀φ ∈ C1(Ω×]0, T [), en tout point de minimum (x0, t0) ∈ Ω×]0, T [ de u∗ − φ, on

a :
∂φ

∂t
(x0, t0) +H(x, t,Dφ)(x0, t0) = 0 dans Ω×]0, T [,

Ces solutions sont aussi appelés solutions bilatèrales.

La principale différence entre ces solutions et les solutions de viscosités classiques
est la disparition de la condition de sous-solution au profit d’un renforcement de la
condition de sur-solution.

Nous allons alors démontrer le théorème suivant :

Théorème 4.5.1. Supposons que les hypothèses (H1) à (H6) soient vérifiées. Soit
u une solution de Barron-Jensen du problème (4.36) telle que :

lim inf
(y,s)→(x,t)

u(y, s) ≤ g∗(x, t) (x, t) ∈ ∂Ω×]0, T ],

lim inf
(y,s)→(x,0)

u(y, s) ≤ min{g∗(x, 0), (u0)∗(x)} (x, t) ∈ ∂Ω

lim inf
(y,s)→(x,0)

u(y, s) ≤ (u0)∗(x, t) x ∈ Ω

Soit v une sur-solution de (4.34). Alors :

u∗ ≤ v∗

Nous pouvons alors avoir en corrolaire que :

Corollaire 4.5.2. Soit u une sous-solution de (4.34) et soit v une sur-solution
de (4.34), alors :

u∗ ≤ v∗



4.5. Cas convexe 81

La démonstration de ce lemme reposera sur l’introduction de la fonction sui-
vante :

uα,β(x, t) = inf
y,s

{
u∗(y, s) + e−Ktφα(x, y) + C(d(x)− d(y)) +

|t− s|2

β

}
(4.37)

Avec :

φα(x, y) =
|x− y|4

α
+ L
|x− y|3

α
(d(x)− d(y)) +M

|d(x)− d(y)|4

α
(4.38)

et d la fonction distance à ∂Ω. Nous avons pour cette fonction les propriétés sui-
vantes :

Lemme 4.5.3. Il existe des constantes C, K, L, M telles que, pour α suffisament
petit :

1. Les fonctions uα,β sont Lipschitz dans Ω×]0, T [.

2. Les fonctions uα,β sont sous-solution de viscosité de :

∂w

∂t
+H(x,Dw)− F 4

√
α = 0 (4.39)

où F est une constante indépendante de α et β.

3. uα,β ≤ g∗ sur ∂Ω× [0, T ] et uα,β ≤ (u0)∗ sur Ω× {0}.

Pour démontrer ce lemme, on va passer par l’étude de la fonction suivante :

uα,β,γ(x, t) = inf
y,s

{
u∗(y, s) + e−Ktφα(x, y) +C(d(x)− d(y)) +

|t− s|2

β
+
γ

s
+

γ

d(y)

}
(4.40)

Le but va être d’obtenir des résultats similaires pour uα,β,γ (les résultats sont
écrits dans le lemme suivant), puis de faire tendre γ vers zéro pour obtenir les
résultats voulus pour uα,β .

Lemme 4.5.4. 1. Les fonctions uα,β,γ sont Lipschitz dans Ω×]0, T [.

2. Les fonctions uα,β,γ sont sous-solution de viscosité de :

∂w

∂t
+H(Dw)− F

√
Eγ(x, t) 4

√
α− 4C

γ

d(x)2
= 0 (4.41)

avec Eγ(x, t) =
√

2‖u‖∞ + 2C‖d‖∞ + γ
t + γ

d(x)

Pour montrer cela, nous allons avoir besoin de deux lemmes :

Lemme 4.5.5. Pour L suffisament grand, et pour M � L et pour tout (x, t) ∈
Ω×]0, T ], nous avons les propriétés suivantes :

1. uα,β,γ(x, t) ≤ u∗(x, t) + γ
d(x) + γ

t .

2. Si (yγ , sγ) est un point tel que :

uα,β,γ(x, t) = u∗(yγ , sγ) + e−Ktφα(x, yγ) + C(d(x)− d(yγ))

+
|t− sγ |2

β
+

γ

sγ
+

γ

d(yγ)

alors nous avons :

|x− yγ | ≤ e
KT
4

√
Eγ(x, t) 4

√
α

et
|t− sγ | ≤ Eγ(x, t)

√
β.
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3. Si x est dans un voisinage du bord, si on écrit : Duα,β,γ(x, t) = pγ − λγn(x)
avec n(x) = −Dd(x) est la normale au bord ∂Ω, et si on a en plus que :
d(x) ≥ d(yγ) alors :

λγ ≥ C(1 + |pγ |).

4. Il existe une constante K ne dépendant que de α et de K telle que :

|Duα,β,γ(x, t)||x− yγ | ≤ K(|x− yγ |+ e−Ktφα(x, yγ)).

Nous allons démontrer les lemmes les uns après les autres dans le sens inverse.

Lemme 4.5.5. La démonstration de ce lemme ne repose que sur des calculs.

Lemme 4.5.4. Preuve du point 1 : Nous avons que :

uα,β,γ(x, t)− uα,β,γ(z, t) ≤ e−Kt sup
y∈Ω

{φα(x, y)− φα(z, y)}+ C(d(x)− d(y)).

Or, on se trouve sur un compact et on travail avec des fonctions Lipschitz, on trouve
donc que :

uα,β,γ(x, t)− uα,β,γ(z, t) ≤ C

α
|x− z|

On obtient donc que uα,β,γ est une fonction Lipschitz en espace (et la constante de
Lipschitz ne dépend pas de γ). On a de même qu’elle est Lipschitz en temps.

Preuve du point 2 :

Le théorème de Rademacher permet alors de dire que les fonctions uα,β,γ sont
differentiable presque partout et que si (yγ , sγ) vérifie :

uα,β,γ(x, y) = u∗(yγ , sγ)+e−Ktφα(x, yγ)+C(d(x)−d(yγ))+
|t− sγ |2

β
+
γ

sγ
+

γ

d(yγ)

alors on a :
Duα,β,γ(x, t) = e−KtDxφα(x, yγ)− Cn(x)

et
∂uα,β,γ

∂t
(x, t) =

2(t− sγ)

β
−Ke−Ktφα(x, yγ)

Nous allons maintenant fixer (x, t) et chercher des résultats sur les dérivées de
cette fonction par rapport à yγ , sγ).

Soit (x0, t0) ∈ Ω×]0, T [ un point où uα,β,γ est différentiable. Soit (yγ , sγ) tel que
défini précédemment, alors (yγ , sγ) est un point de minimum de la fonction : u∗−ψ
avec :

ψ(y, s) = −e−Kt0φα(x0, y)− C(d(x0)− d(y))− |t0 − s|
2

β
− γ

s
− γ

d(y)

Or, u est une solution de Barron-Jensen, d’où :

∂ψ

∂t
(yγ , sγ) +H(yγ , sγ , Dψ(yγ , sγ)) = 0. (4.42)

Avec, comme n(y) = −Dd(y) :

Dψ(yγ , sγ) = −e−Kt0Dyφα(x0, yγ)− Cn(yγ)− γ

d(yγ)2
n(yγ)

et
∂ψ

∂t
(yγ , sγ) =

2(t0 − sγ)

β
+

γ

s2
γ

Nous allons alors avoir besoin du lemme suivant :
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Lemme 4.5.6. Nous avons que :

H(yγ , sγ ,−e−Kt0Dyφα(x0, yγ)−Cn(yγ)) ≤ H(yγ , sγ , Dψ(yγ , sγ))+4C

(
γ

d(x0)2

)n
.

Grâce à ce lemme nous obtenons, en utilisant en outre le lemme 4.5.5 et l’hypo-
thèse (H4) :

∂uα,β,γ

∂t
(x0, t0) + H(x0, t0, Du

α,β,γ(x0, t0))

≤ C(1 + |Duα,β,γ(x0, t0))||x0 − yγ |+ C|λγ ||n(x0)− n(yγ)|

+4C

(
γ

d(x0)2

)n
−Ke−Kt0φα(x0, yγ).

Enfin, le lemme 4.5.5 donne que :

|λγ ||n(x0)− n(yγ)| ≤ ‖Dn‖∞|Duα,β,γ ||x0 − yγ |.

On obtient alors :

∂uα,β,γ

∂t
(x0, t0) +H(x0, t0, Du

α,β,γ(x0, t0) ≤ B
√
Eγ

4
√
α+ 4C

(
γ

d(x0)2

)n
Donc uα,β,γ vérifie l’équation (4.41) en (x0, t0. uα,β,γ étant différentiable presque
aprtout, l’équation (4.41) est vérifiée presque partout, donc dans le sens de viscosité.
Donc uα,β,γ est une sous-solution de viscosité de notre problème, les conditions au
bord étant vérifié.

Lemme 4.5.6. L’hypothèse (H3) donne que :

H(yγ , sγ , pγ − λγn(yγ)) ≤ H
(
yγ , sγ , pγ − λγn(yγ)− γ

d(yγ)2
n(yγ)

)
+ C

(
γ

d(yγ)2

)n
.

Si on a d(x0) ≤ d(yγ) alors on a le résultat désiré. Supposons maintenant que :
d(x0) > d(yγ)

On remarque que les hypothèses (H5) et (H6) sont vérifiés dans un voisinage
de ∂Ω qui est inclut dans :

Ωδ = {x ∈ Ω tel que : d(x) < δ}

pour δ suffisament petit. Pour simplifier les notations, on va supposer que :

max
x∈Ω

(d(x)) ≤ 2δ

en redéfinissant la fonction distance en dehors de Ωδ si nécessaire.
Si yγ /∈ Ωδ alors d(yγ) ≥ δ et d(x0) ≤ 2δ d’où :

1

d(yγ)
≤ 1

δ
≤ 1

d(x0)
.

Et si yγ ∈ Ωδ, alors, par le lemme 4.5.5, on a que : λγ ≥ C(1 + |pγ |) d’où, par
(4.5.1) :

H
(
yγ , sγ , pγ − λγn(yγ)− γ

d(yγ)2
n(yγ)

)
≥ H(yγ , sγ , pγ − λγn(yγ))
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Lemme 4.5.3. Nous avons que : uα,β,γ tend vers uα,β quand γ tend vers 0. (en
norme infini), ce qui implique que uα,β est Lipschitz. De plus, comme on a que :
uα,β,γ ≤ uα,β,γ′ si γ ≤ γ′, on a que :

lim supuα,β,γ(y, s) = uα,β(x, t)

Ainsi, par des résultats de stabilité pour la théorie de viscosité on a que uα,β est
une sous-solution de viscosité de (4.39).

Maintenant, on va comparer uα,β a une sur-solution au problème d’évolution
(R̃) v. Nous avons que :

uα,β − v∗ ≤ F 4
√
αT dans Ω×]0, T ].

En faisant tendre α et β vers 0 on obtient :

u∗ ≤ v∗

Corrolaire 4.5.2. La démonstration repose sur la proposition suivante :

Proposition 4.5.7. Supposons que u est une sous-solution scs de (R̃), alors u∗
est une sur-solution de :

−∂u
∂t
−H(Du) = 0. (4.43)

Ceci impliquerait que (u∗)∗ est presque une solution de Barron-Jensen du pro-
blème (au lieu d’avoir l’égalité pour les points de minimums, on a inférieure ou égale
dans l’équation (4.42), ce qui suffit pour la démonstration), qui nous permettrait
d’avoir le principe de comparaison (les autres conditions du théorème étatn assuré
par la notion de sous-solution de viscosité).

Proposition 4.5.7. La proposition repose sur une démonstration présente dans le
livre de Guy Barles. Elle va consister à approcher la fonction u par des inf-convolutions
(ou assimilé) et des noyaux de régularisation pour travailler avec des fonctions C1

et ainsi pouvoir travailler directement sur les fonctions.
Nous avons précédemment montrer que les fonctions uα,β sont solutions de vis-

cosités de :
∂w

∂t
+H(Dw)− F 4

√
α = 0 (4.44)

Soit alors ρ un noyau de convolution (c’est à dire une fonction C∞ à support dans
la boule unité et telle que :

´
Rn ρ(y)dy = 1).On pose : ρε(x) = ε−nρ(xε ) et :

uα,βε (x) =

ˆ
Rn
uα,β(y)ρε(x− y)dy. (4.45)

Nous travaillons sur les uα,β car ce sont des fonctions Lipschitz, et donc continue,
ce qui nous permet d’avoir plus de régularité pour les uα,βε . On obtient principale-
ment que :

∂uα,βε
∂t

+H(x, uα,βε , Duα,βε ) ≤ o(1) (4.46)

dans l’ouvert Ωε
Or, uα,βε est une fonction C1, ainsi, c’est une sur-solution de viscosité de :

−∂u
α,β
ε

∂t
−H(x, uα,βε , Duα,βε ) ≥ o(1) (4.47)
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H(x, uα,βε , Duα,βε ) ≤ o(1) (4.48)

On obtient alors que uα,β est une sur-solution de :

−∂u
∂t
−H(Du) + F 4

√
α = 0 (4.49)

On fait alors tendre α et β vers 0. Et en utilisant le fait que :

lim
α→0

( lim
β→0

uα,β(x)) = u∗(x)

On obtient que : u∗ est une sur-solution de viscosité de :

−∂u
∂t
−H(Du) = 0 dans Ω×]0, T ]. (4.50)

Existence de uT

Lemme 4.5.8. Soit T positif. Soit u0 K-Lipschitz.
Soit un, vn et wn définis par :

vn = R(T )un
wn = S(T )un
un+1 = F (T )un = R(T )un+S(T )un

2

On a alors que un, vn et wn sont K−lipschitz (avec K dépendant de T ).

La fonction vn est donné par la formule suivante :

vn(x, T ) = min

(
min
z∈Ω

((un−1)∗(z) +H∗(
z − x
t

)); min
z∈∂Ω

(g(z) +H∗(
z − x
t

))

)
. (4.51)

Or, on a clairement que minz∈Ω((un−1)∗(z)+H
∗( z−xt )) est une fonction Lipschitz

si un−1 l’est. De plus, comme on cherche un minimum, on sait que si H∗( z−xt )) est
supérieur à 2‖g‖∞ alors on obtient pas le minimum en ce point z, ainsi, on cherche le
minium non pas sur Ω, mais dans une boule. H∗ étant convexe, on peut ne regarder
que dans une boule centré en x. Il se trouve alors que H est Lipschitz dans cette
boule, avec une constant de Lipschitz K ′(T ). On a alors que un est max(K,K ′(T ))-
Lipschitz. On peut alors procédé par itération pour prouver le caractère Lipschitz
de toute les fonctions, avec une constante de Lipschitz ne dépendant que de u0, g
et T .

Lemme 4.5.9. L’application F (T ) est une application contractante en norme L∞

des fonctions K-Lipschitz.

Démonstration. Le caractère contractant vient du fait que l’on cherche des minima
et des maxima de la fonction plus un terme pénalisant.

Lemme 4.5.10. Il existe une fonction uT telle que F (T )uT = uT .

Démonstration. F (T ) est une application contractante de VT dans VT . On peut
alors appliquer le théorème de point fixe de Schauder.

Nous pouvons maintenant montrer que la suite de fonction un est convergente.
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Lemme 4.5.11. Il existe une fonction uT ∈ VT telle que un → uT uniformément
et uT est un point fixe de l’algorithme.

Démonstration. La preuve se divise en 4 points. Tout d’abord on montre l’existence
d’au moins un point fixe à l’algorithme. Ensuite on montre qu’il y a une sous-suite
un qui converge vers une fonction uT . Puis on montre que uT est point fixe de
l’algorithme, et enfin on montre qu’alors toute la suite un converge vers uT .

Existence d’un point fixe :
On se place sur l’ensemble des fonctions {v ∈ VT ; ‖v| ∞}. L’opérateur F (T ) est

contractant, c’est à dire que : ‖F (T )u−F (T )v‖∞ ≤ ‖u−v‖∞. De plus, ‖F (T )u‖∞ ≤
max(‖g‖∞, ‖u‖∞). Ainsi, par le théorème du point fixe de Schauder, il existe un
point fixe à l’opérateur F (T ).

Convergence d’une sous-suite de un :
Comme montré dans le lemme précédent, les fonctions un sont équi-continues sur

Ck. Donc, on peut faire un procédé d’extraction diagonale et extraire une sous-suite
qui converge vers une fonction uT .

Je vais maintenant expliciter ce procédé diagonal. Les fonctions un sont équicon-
tinues sur C0, et elles sont bornées. Ainsi, on peut appliquer le théorème d’Ascoli-
Arzelà, et il existe donc une sous-suite uϕ0(n) qui converge uniformément vers une
fonction f0 dans C0. Maintenant, les fonctions uϕ0(n)|C1

sont équi-continues et bor-
nées, donc en appliquant à nouveau le théorème d’Ascoli-Arzelà on peut extraire
une sous-suite uϕ1(n) (de uϕ0(n)) qui converge vers une fonction f1 dans C1 (et tou-
jours vers f0 dans C0). En réitérant ce processus R/T fois. Soit uT la fonction défini
par uT|Ck

= fl. On a donc que la sous-suite uϕR
T

qui converge uniformément vers uT .

uT est point fixe de l’algorithme :
La démonstration de ce point est longue est fastidieuse. Il faut la réécrire, mais

il faut et il suffit de reprendre la démonstration écrite dans [LGA98] (Harmonious
extension par Le-Gruyer et Archer). L’idée de la démonstration est qu’en appliquant
le même résultat que précédemment, une sous-suite de uϕR

T
+1 converge vers une

fonction ũT . Il faut alors montrer que ũT = uT . Pour montrer cela il suffit que
montrer que : ‖un+1−un‖∞ tend vers 0 (on a déjà facilement que c’est une fonction
décroissante).

Plusieurs pages de calculs permettent d’avoir ce résultat.
un converge vers uT :
Ce résultat repose que le fait que l’application F est contractante. On a donc

que :

‖un+1−uT ‖∞ = ‖F (T )un−uT ‖∞ = ‖F (T )un−F (t)uT ‖∞ ≤ ‖un−uT ‖∞. (4.52)

Donc, la suite ∆n = ‖un − uT ‖∞ est décroissante. Or, il y a une sous-suite qui
converge uniformément vers uT , donc, pour tout ε > 0, il existe N suffisaient grand
tel que, ∆ϕR

T
(N)
≤ ε, donc, pour tout n ≥ ϕR

T (N), ‖un − uT ‖∞ ≤ ε.

Convergence des uT

Supposons pour l’instant que uT → u.

4.5.2 une nouvelle preuve

Soit ϕ une fonction C∞. Soit x0 un point de maximum de u−ϕ. Alors, il existe
une suite xT → x0 telle que xT soit un maximum de uT − ϕ. Donc, on a :

uT (x)− ϕ(x) ≤ uT (xT )− ϕ(xT ). (4.53)

Or, uT est un point fixe de F (T ), donc :
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uT (xT ) =
1

2
(R(T )(u) + S(T )(u))

≤ uT (xT )− ϕ(xT ) +
1

2
(R(T )(ϕ) + S(T )(ϕ))

On a donc que :

ϕ(xT ) ≤ 1

2
(R(T )(ϕ) + S(T )(ϕ)) = ϕ(xT ) + T 2AH [ϕ](xT ) + o(T 2).

D’où :
−AH [ϕ](xT ) + o(1) ≤ 0 (4.54)

En faisant tendre T vers 0 on obtient le résultat voulu.
On a la même chose en regardant des minimums.

4.6 Méthodes numériques

Le but de cette section va être de parler des schémas numériques pour résoudre
les équations (R̃) et (S̃). Pour cela, étant donné ∆x > 0 et ∆t > 0, nous allons
considérer le maillage suivant :

G =
{
i∆x, i ∈ Zd

}
.

Les points seront notés (xi, tn) avecxi = i∆x et tn = n∆t. L’approximation de
la solution de l’équation au point (xi, tn) sera notée v(xi, tn) ou vni . O va se donner
un hamiltonien numérique H : Rd × Rd × Rd → R (une approximation consistante
de H). On va alors considérer les schémas suivants :{

vn+1
i −vni

∆t = H
(
xi, D

+(vn(xi)), D
−(vn(xi))

)
= 0

v0
i = ũ0(xi)

(4.55)

où ũ0(xi) est une approximation de u0 et :

D+(vn(xi)) =
(
D+
x1
vn(xi), ..., D

+
xd
vn(xi)

)
D−(vn(xi)) =

(
D−x1

vn(xi), ..., D
−
xd
vn(xi)

)
sont les gradients discrets de la fonction vn au point xi, définis, pour une fonction
w, par :

D±xk(w(xi)) = ±w(xik,±)− w(xi)

∆x

où ik,± désigne : (i1, ..., ik−1, ik ± 1, ik+1, ..., id)
Nous allons tout d’abord supposer les hypothèses suivantes :
(H1) Il existe une constante C1 > 0 telle que pour tout xi ∈ G, (P+, P−) ∈

Rd × Rd :
|H(xi, P

+, P−)| ≥ C1(|P+|+ |P−|)
(H2) Il existe C2 > 0 telle que pour tout xi ∈ G, P+, P−, Q+, Q− ∈ Rd :

|H(xi, P
+, P−)−H(xi, Q

+, Q−)| ≥ C2(|P+ −Q+|+ |P− −Q−|)

(H3) H vérifie l’hypothèse de monotonie suivante : Pour tout (x, P+, P−) ∈
Rd × Rd × Rd :

∂H
∂P+

k

(x, P+, P−) ≤ 0 et
∂H
∂P−k

(x, P+, P−) ≥ 0

(H4) Consistence : Il existe C3 > 0 telle que, pour tout xi ∈ G, x ∈ Rd, P ∈ Rd :

|H(xi, P, P )−H(x, P )| ≤ C3|xi − x|
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Théorème 4.6.1. Supposons (H1) à (H4), et que les fonctions u0 et g sont Lip-
schitz continues et bornées. Soit T > 0, il existe une constante K telle que si on
choisit ∆x et ∆t suffisament petit, et telle que la condition CFL tienne, et :(√

T (∆x+ ∆t)
1
2 + sup

G
|u0 − ũ0|

) 1

K
≤ 1.

Alors, l’erreur entre la solution de l’équation et la solution discrète du schéma
satisfait :

sup
0≤n≤NT

sup
G
|v(., tn)− vn| ≤ K

(
max(T,

√
T )(∆x+ ∆t)

1
2 + sup

G
|u0 − ũ0|

)
L’un des schémas que l’on peut utiliser, en deux dimensions, respectant ses

conditions est le schéma de Lax-Friedrich, dans lequel :

H(x, P+, P−) = H(x,
P+ + P−

2
)− C1(x)

2
(P+

1 − P
−
1 )− C2(x)

2
(P+

2 − P
−
2 ). (4.56)

Où Ci(x) sont choisis tels que max | ∂H∂Pi | ≤ Ci(x). Alors, sous la condition CFL
∆t
∆x maxx(C1(x) + C2(x)) ≤ 1 le schéma est monotone et satisfait (H1)− (H7).

Dans le cas où H(x, P ) = |P |, on peut prendre C1(x) = 1 = C2(x).
Nous pouvons sinon travailler dans le cadre de la théorie de Barles et Souganidis

[BS90]. Sans changer les notations, on obtient que :

Théorème 4.6.2. En considérant que les hypothèses sont réalisées, alors lorsque ρ
tends vers 0, les solutions uρ du système discret convergent vers la solution de (S̃)

Dans l’article original, ils ont besoins de la régularité de la continuité de la
solution, en fait, il me semble que ce n’est pas réellement nécessaire.

Démonstration. Soit u(x) := lim supuρ(y) et u(x) := lim inf uρ(y).

Nous allons montrer que u et u sont respectivement sous-solutions et sur-solutions
de viscosité.

Nous allons montrer le résultat que pour u. Soit x0 un point de maximum local
du u − φ avec φ une fonction régulière. On peut supposer que c’est un maximum
local strict et que u(x0) = φ(x0).

Il existe une suite ρn, yn tels que : ρn → 0, yn → x0 et uρn(yn) → u(x0). où
ynest un maximum global de uρn − φ. De plus, en notant ξn = uρn(yn)− φ(yn), on
a que ξn → 0 et uρn(x) ≥ φ(x) + ξn. Par la définition de uρ, on obtient que :

H(ρn, yn, φ(yn) + ξn, φ+ ξn) ≤ 0

En passant à la limite on obtient que :

0 ≥ F∗(Dφ(x0), φ(x0), x0)

4.7 Exemple :

4.7.1 Algorithmes :

Dans cette partie, on va utiliser deux algorithmes différents pour approcher les
équations d’évolutions. Nous allons regarder l’algorithme LLF et l’algorithme LLF2,
le deuxième étant censé être plus précis mais plus long à calculer, et un peu moins
stale.
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Figure 4.1 – La solution approchée pour N = 31 et T = 0, 03 lorsque la fonction
au bord vaut x

4
3 − y 4

3

4.7.2 Dans le cadre non-périodique :

Nous allons nous placer en deux dimension. Nous voulons trouver un exemple
de fonction à Laplacien infini nul dans le carré. Il faut donc trouver une fonction u
telle que :

u2
xuxx + u2

yuyy + 2uxuyuxy = 0.

Pour vérifier cela, il existe tout d’abord des fonctions simples tels que ux = 0 et
uy = 0, c’est à dire des fonctions constantes, on peut aussi prendre des fonctions
linéaires (u(x, y) = αx+ βy) (où les dérivées secondes sont nulles).

Il existe d’autres fonctions vérifiant cette équation. Par exemple, la fonction
u(x, y) = x4/3 − y4/3. Nous prendre une fonction v dans le cube tel que :

v(x, y) = x4/3 − y4/3 pour (x, y) ∈ ∂Q.

et appliquer l’algorithme pour regarder le taux de convergence.
Nous allons ensuite regarder le même algorithme pour v(x, y) = x+ y

Schéma LLF et g(x, y) = x4/3−y4/3 Nous allons tout d’abord fixer le temps T , et
regarder la convergence de l’algorithme vers la solution du problème. On va prendre
g(x) = x4/3 − y4/3. On va nommer N = 1

∆x l’inverse du pas de discrétisation en
espace de l’algorithme, dans un premier temps on va utiliser l’algorithme LLF pour
calculer les solutions des équations d’évolutions, on étudiera ensuite les résultats
avec LLF2.

En étudiant les tableaux on peut s’apercevoir de plusieurs choses, tout d’abord,
pour tout N on s’aperçoit que la convergence se fait au début, avant de stagner. De
plus, à T constant, plus on affine la discrétisation de l’espace, plus l’erreur commise
est importante si T est relativement grand. On va donc vouloir regarder ce qu’il se
passe lorsque T tend vers 0.

En outre lorsque l’on regarde l’erreur commise par l’algorithme, on remarque que
l’erreur se situe principalement au bord, ce qui indique que les principales raisons
de l’erreur se situe du fait que l’on commet trop d’imprecision dans la gestion du
bord du domaine, sans doute du au fait que les solutions vn et wn des problèmes
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Figure 4.2 – La solution exacte, x
4
3 − y 4

3

Figure 4.3 – Erreur par rapport à la solution exacte quand N = 31 et T = 0, 03.
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N Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
10 1 5.43 2.2 0.53 0.09

51 0.017 9.8 ∗ 10−2 2.2 ∗ 10−2 0.37
101 1.45 ∗ 10−3 6.8 ∗ 10−2 1.5 ∗ 10−2 0.58
151 1.3 ∗ 10−4 6.6 ∗ 10−2 1.5 ∗ 10−2 0.76
201 10−5 6.6 ∗ 10−2 1.5 ∗ 10−2 0.94
251 2 ∗ 10−6 6.6 ∗ 10−2 1.5 ∗ 10−2 1.11

N Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
31 1 11.4 2.6 0.23 0.10

101 2.3 ∗ 10−2 0.10 9.7 ∗ 10−3 1.76
201 2.3 ∗ 10−3 8.7 ∗ 10−2 8.9 ∗ 10−3 3.40
301 2.4 ∗ 10−4 8.7 ∗ 10−2 8.9 ∗ 10−3 5.01
401 3 ∗ 10−5 8.6 ∗ 10−2 8.9 ∗ 10−3 6.58
501 2 ∗ 10−6 8.6 ∗ 10−2 8.9 ∗ 10−3 8.21

Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
61 1 19.8 2.8 0.12 0.17

101 6.0 ∗ 10−2 0.14 6.2 ∗ 10−3 8.08
201 1.2 ∗ 10−2 0.10 5.7 ∗ 10−3 15.93
301 2.5 ∗ 10−3 9.8 ∗ 10−2 5.6 ∗ 10−3 23.69
401 5.3 ∗ 10−4 9.8 ∗ 10−2 5.6 ∗ 10−3 31.53
501 1.1 ∗ 10−4 9.8 ∗ 10−2 5.6 ∗ 10−3 39.49
601 2 ∗ 10−5 9.8 ∗ 10−2 5.6 ∗ 10−3 47.31
701 10−6 9.8 ∗ 10−2 5.6 ∗ 10−3 55.13
801 10−6 9.8 ∗ 10−2 5.6 ∗ 10−3 63.08

Figure 4.4 – Estimation d’erreur pour différentes discrétisation de l’espace (N)
lorsqu’on utilise le schéma LLF (Local lax Friedrich).

Figure 4.5 – Evolution de l’erreur en fonction du nombre d’itération pour N = 10,
N = 31 et N = 61 et T = 0, 03.
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que l’on cherche à résoudre ne sont pas continues au bord de l’ensemble. Enfin, le
programme tourne en moins d’une minute dans ces cas.

N Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
10 1 5.4 2.2 0.57 0.11

101 7.8 ∗ 10−3 0.25 5.0 ∗ 10−2 1.91
201 1.7 ∗ 10−3 0.23 5.6 ∗ 10−3 3.67
301 3.1 ∗ 10−4 0.22 5.7 ∗ 10−2 5.43
401 5 ∗ 10−5 0.22 5.7 ∗ 10−2 7.21
501 1 ∗ 10−5 0.22 5.7 ∗ 10−2 9.00
601 1 ∗ 10−6 0.22 5.7 ∗ 10−2 10.80

N Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
31 1 11.4 2.7 0.24 0.13

201 1.1 ∗ 10−2 0.11 1.1 ∗ 10−2 6.19
401 3.1 ∗ 10−3 5.5 ∗ 10−2 4.7 ∗ 10−3 11.87
601 4.4 ∗ 10−4 5.3 ∗ 10−2 4.8 ∗ 10−2 17.52
801 5 ∗ 10−5 5.3 ∗ 10−2 4.8 ∗ 10−2 23.34
1001 1 ∗ 10−5 5.3 ∗ 10−2 4.8 ∗ 10−2 29.04
1101 10−6 5.3 ∗ 10−2 4.8 ∗ 10−2 31.90

N Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
61 1 20.8 2.9 0.13 0.19

151 4.1 ∗ 10−2 0.16 6.6 ∗ 10−3 16.01
301 6.8 ∗ 10−2 5.4 ∗ 10−2 2.3 ∗ 10−3 31.81
451 4.3 ∗ 10−3 4.6 ∗ 10−2 1.7 ∗ 10−3 47.41
601 1.4 ∗ 10−3 4.2 ∗ 10−2 2.0 ∗ 10−3 62.96
751 3.2 ∗ 10−4 4.1 ∗ 10−2 2.0 ∗ 10−3 78.68
901 6 ∗ 10−5 4.0 ∗ 10−2 2.0 ∗ 10−3 92.24
1051 1 ∗ 10−5 4.0 ∗ 10−2 2.0 ∗ 10−3 109.80
1201 10−6 4.0 ∗ 10−2 2.0 ∗ 10−3 125.74

Figure 4.6 – Estimation d’erreur pour différentes discrétisation de l’espace (N)
lorsqu’on utilise le schéma LLF2.

Schéma LLF2 et g(x) = x4/3 − y4/3 Dans le cas de LLF2 on remarque que,
comme précédemment, la convergence se fait au début. Dans le cas N = 10 l’erreur
entre la solution exacte et la solution approchée est très grande, dans les autres cas,
on a tendance à obtenir une meilleure convergence. De plus, cette fois ci, plus N
augmente, plus le schéma est précis, ce qui semble logique.
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N T horizon Nombre d’itération total Erreur L∞ Erreur L1 T cpu
31 0.5 68 0.470 0.101 7

0.1 545 0.0864 0.0240 10
0.05 1217 0.0565 0.0137 13
0.03 2286 0.0514 0.00949 8.97
0.01 5905 0.0522 0.00571 72.44
0.005 11220 0.0518 0.00475 153.53
0.001 47093 0.0517 0.00401 458

Figure 4.7 – Evolution de l’erreur lorsque le paramètre T (temps auquel on arrête
les équations d’évolutions) diminue.
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Schema LLF et g(x, y) = x − y : On va maintenant faire les mêmes tableaux,
mais avec la fonction g(x, y) = x− y, on peut remarquer que la plupart que l’on a
des résultats équivalents, si ce n’est que lorsque T tend vers 0 on a l’erreur infini
qui est vraiment très proche de zéros, ce résultat est lié au fait que l’erreur est lié
à des imprécisions au bord, qui sont beaucoup moins importante si la fonction est
linéaire.

N Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
10 1 4.6 1.7 0.49 0.09

51 0.012 5.0 ∗ 10−2 1.4 ∗ 10−2 0.35
101 9.0 ∗ 10−4 3.2 ∗ 10−2 1.1 ∗ 10−2 0.57
151 6.3 ∗ 10−5 3.2 ∗ 10−2 1.1 ∗ 10−2 0.77
201 4.4 ∗ 10−6 3.2 ∗ 10−2 1.1 ∗ 10−2 0.97

N Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
31 1 10 2.2 0.19 0.08

101 2.2 ∗ 10−2 6.7 ∗ 10−2 6.2 ∗ 10−3 1.26
201 2.0 ∗ 10−3 5.4 ∗ 10−2 5.4 ∗ 10−3 2.42
301 1.9 ∗ 10−4 5.4 ∗ 10−2 5.4 ∗ 10−3 3.63
401 1.8 ∗ 10−5 5.4 ∗ 10−2 5.3 ∗ 10−3 4.90
501 1.7 ∗ 10−6 5.4 ∗ 10−2 5.3 ∗ 10−3 6.23

N Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
61 1 17.2 2.3 0.10 0.10

101 5.7 ∗ 10−2 0.12 5.2 ∗ 10−3 3.78
201 1.0 ∗ 10−2 6.7− 10−2 3.5 ∗ 10−3 7.50
301 1.9 ∗ 10−3 6.7 ∗ 10−2 3.5 ∗ 10−3 11.11
401 3.7 ∗ 10−4 6.6 ∗ 10−2 3.4 ∗ 10−3 15.13
501 7.2 ∗ 10−4 6.6 ∗ 10−2 3.4 ∗ 10−3 19.04
601 1.3 ∗ 10−4 6.6 ∗ 10−2 3.4 ∗ 10−3 23.80
701 2.6 ∗ 10−5 6.6 ∗ 10−2 3.4 ∗ 10−3 27.64

Figure 4.8 – Estimation d’erreur pour différentes discrétisation de l’espace (N)
lorsqu’on utilise le schéma LLF (Local lax Friedrich).

Schéma LLF2 et g(x, y) = x− y
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N Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
10 1 4.8 1.8 0.50 0.11

201 1.5 ∗ 10−3 0.14 3.3 ∗ 10−2 2.35
401 7.4 ∗ 10−5 0.13 3.4 ∗ 10−2 4.51
601 3.6 ∗ 10−6 0.13 3.4 ∗ 10−3 6.67

N Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
31 1 10.1 2.3 0.20 0.13

201 1.0 ∗ 10−2 7.7 ∗ 10−2 7.2 ∗ 10−2 5.97
401 1.5 ∗ 10−3 4.4 ∗ 10−2 4.3 ∗ 10−2 11.95
601 2.4 ∗ 10−4 4.3 ∗ 10−2 4.4 ∗ 10−3 18.08
801 3.6 ∗ 10−5 4.3 ∗ 10−2 4.4 ∗ 10−3 24.15
1001 5.3 ∗ 10−6 4.3 ∗ 10−2 4.4 ∗ 10−2 29.74

N Nombre d’itérations Erreur point fixe Erreur L∞ Erreur L1 T cpu
61 1 17.9 2.4 0.11 0.20

301 7.7 ∗ 10−3 5.6 ∗ 10−2 2.9 ∗ 10−3 32
601 6.8 ∗ 10−4 5.3 ∗ 10−2 3.0 ∗ 10−3 65
901 6.2 ∗ 10−5 5.2 ∗ 10−2 3.0 ∗ 10−3 97
1201 5.6 ∗ 10−6 5.2 ∗ 10−2 3.0 ∗ 10−3 128

Figure 4.9 – Estimation d’erreur pour différentes discrétisation de l’espace (N)
lorsqu’on utilise le schéma LLF2.

4.7.3 Cadre périodique

Dans le cadre périodique, pour toute fonction u0 initiale, l’algorithme devrait
tendre vers une constante, on va vérifier ce résultat numériquement, et essayer de
trouver empiriquement vers quelle constante on converge.

N T horizon Nombre d’itération total Erreur L∞ Erreur L1 T cpu
31 0.5 65 0.34 0.86 7

0.1 526 0.055 0.0205 6
0.08 698 0.039 0.0163 6
0.05 1198 0.020 0.0102 7
0.03 2286 0.015 0.00615 9
0.01 5927 0.0035 0.00210 43
0.008 7299 0.0027 0.00169 45
0.005 11243 0.0017 0.00106 65
0.003 17836 0.0010 0.000635 95
0.001 47078 0.00048 0.000209 250

Figure 4.10 – Evolution de l’erreur lorsque le paramètre T (temps auquel on arrête
les équations d’évolutions) diminue pour la fonction g(x, y) = x− y.
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Figure 4.11 – La solution approchée pour N = 31 et T = 0, 03 lorsque la fonction
au bord vaut x− y

Figure 4.12 – Erreur par rapport à la solution exacte quand N = 31 et T = 0, 03.
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N T horizon max(u)−min(u) Valeur moyenne
31 0.8 3.6 ∗ 10−7 0.30

0.5 8.1 ∗ 10−7 0.34
0.3 2.0 ∗ 10−6 0.37
0.1 9.3 ∗ 10−6 0.43
0.08 1.3 ∗ 10−5 0.45
0.05 2.3 ∗ 10−5 0.48

Figure 4.13 – Convergence vers une constante dans le cadre périodique avec l’al-
gorithme LLF.

4.7.4 Lorsque H(p) = p2 :

Si on prend H(p) = p2. Alors :

AH [u] =
∑
k,j

Hpk(Du)Hpj (Du)uxkxj

=
∑
k,j

2uxkDu2uxjDuuxkxj

=
∑
k,j

4uxkuxjuxkxj |Du|2

= 4|Du|2∆∞u.

Nous trouvons donc à nouveau le même opérateur, et nous allons essayer avec
les mêmes fonctions l’algorithme.

4.7.5 Dépendance de H par rapport à l’espace :

Nous allons maintenant regarder le cas où l’hamiltonien est de la forme :

H(x, p) = |p|+B(x),

avec B un champs extérieur.
Dans ce cas, l’opérateur de Aronsson est le suivant :

AH [u] =
1

|∇u|
∑
i

Bxiuxi +
1

|∇u|2
∑
i,j

uxiuxjuxi,xj

= ∇B. ∇u
|∇u|

− 1

|∇u|2
∆∞u.

Pour pratiquer les tests numériques nous allons utiliser une solution particulière
adéquate. En effet, si on se place en 2 dimensions, et que l’on pose B(x, y) =√
x2 + y2 et u(x, y) = xy (avec x et y positifs), alors on a :

AH [u] = 0.

Nous avons utiliser un schéma LLF pour faire les test numériques dont les ré-
sultats sont maintenant présentés :
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N T horizon Nombre d’itération total Erreur L∞ Erreur L1 T cpu
31 0.01 216 2.0 ∗ 10−3 4.6 ∗ 10−3 170

0.005 409 1.2 ∗ 10−3 2.4 ∗ 10−3 140
0.001 1787 1.25 ∗ 10−3 5.3 ∗ 10−4 180
0.0005 3355 1.3 ∗ 10−3 2.7 ∗ 10−4 115
0.0001 14238 1.3 ∗ 10−3 7.7 ∗ 10−5 1024

Figure 4.14 – Evolution de l’erreur lorsque le paramètre T change.

Figure 4.15 – Représentation de la solution approchée lorsque B =
√
x2 + y2

H(p) = |p| et g(x, y) = xy.
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Résumé

Cette thèse comporte deux parties. Dans un premier temps, nous allons faire
un lien entre des solutions stationnaires de problèmes d’évolutions de frontières par
courbure moyenne avec des champs extérieurs et l’existence de minimiseur globaux
d’un problème de minimisation de périmètre avec une énergie. Ces solutions station-
naires permettent en outre de fournir des bornes pour les solutions non stationnaires
du problème. De plus, en modifiant l’énergie, on montre que les résolutions succes-
sives des problème de périmètre permettent de calculer l’évolution d’un ensemble
par courbure moyenne. Enfin, on présentera un algorithme permettant de calculer
les solutions de viscosité d’un problème de Dirichlet portant sur le Laplacien Infini
grâce aux équations d’Aronsson.

Abstract

This thesis is about two topics. In a first part, we look at the existence of
stationnary solutions of mean curbature problem with an external fields thanks
to the existence of global minimizers to some perimeter problem. This problem is
the minimization of an energy on sets with a term of perimeter, and an external
energy. Those stationnary solutions give bounds to the evolution of others solutions.
Moreover if we change the external energy of the perimeter problem we can approach
a solution of the evolution of an interface by mean curvature. In a second part, we
present an algorithm wich calculate the solution of a Dirichlet problem for the
Infinity Laplacian thanks to Aronsson’s equation.




