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❘❡♠❡r❝✐❡♠❡♥ts

❘é❞✐❣❡r ❝❡s r❡♠❡r❝✐❡♠❡♥ts ❡st ✉♥ ♣❧❛✐s✐r à ❞❡✉① t✐tr❡s ❀ ✐❧ s✬❛❣✐t ❞✉ ♣♦✐♥t ✜♥❛❧
❞❡ ❧❛ ré❞❛❝t✐♦♥ ❞❡ ❝❡tt❡ t❤ès❡ ❡t ❞❡ ❧❛ s❡✉❧❡ ♣❛❣❡ q✉✐ s❡r❛ ❧✉❡ ♣❛r t♦✉s✳

❏❡ ♥❡ ♣❡✉① q✉❡ ❝♦♠♠❡♥❝❡r ♣❛r r❡♠❡r❝✐❡r P❤✐❧✐♣♣❡ ❘♦❜❡rt ♣♦✉r ❛✈♦✐r ❛❝❝❡♣té
❞❡ ♠✬❛❝❝✉❡✐❧❧✐r ❞❛♥s s♦♥ éq✉✐♣❡ ❡t ❞✬❡♥❝❛❞r❡r ♠❛ t❤ès❡✳ ❈❡s tr♦✐s ❛♥♥é❡s à s♦♥ ❝♦♥✲
t❛❝t ❛✉r♦♥t été ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❡♥r✐❝❤✐ss❛♥t❡s✳ ❆✉ ❞❡❧à ❞❡s t❡❝❤♥✐q✉❡s ❞❡ r❡♥♦r✲
♠❛❧✐s❛t✐♦♥ ❡t ❛✉tr❡s ♠ét❤♦❞❡s ♣r♦❜❛❜✐❧✐st❡s✱ s♦♥ ❡♥❝❛❞r❡♠❡♥t s✬❡st ❝❛r❛❝tér✐sé ♣❛r
✉♥❡ ❡①✐❣❡♥❝❡ s❝✐❡♥t✐✜q✉❡ ❡t ✉♥❡ ❣r❛♥❞❡ ❞✐s♣♦♥✐❜✐❧✐té ❜✐❡♥✈❡♥✉❡s✳ ■❧ ❛ ❝❡♣❡♥❞❛♥t s✉
♠❡ ❧❛✐ss❡r ✉♥❡ ❣r❛♥❞❡ ❧✐❜❡rté ❞❛♥s ❧❡ ❝❤♦✐① ❞❡s s✉❥❡ts q✉❡ ❥✬❛✐ ❛❜♦r❞és✳ ■♥❞é♣❡♥✲
❞❛♠♠❡♥t ❞❡s s❝✐❡♥❝❡s✱ P❤✐❧✐♣♣❡ ♠✬❛ ❝♦♠♠✉♥✐q✉é s♦♥ ❣♦ût ♣♦✉r ❧❛ ❝♦✉rs❡ à ♣✐❡❞
❞♦♥♥❛♥t ❧✐❡✉ à ❞❡ ♥♦♠❜r❡✉s❡s ré✉♥✐♦♥s ✐♠♣♦rt❛♥t❡s ❞❡ ✶✶❤✸✵ à ✶✸❤ ❛✐♥s✐ q✉❡ ❞❡✉①
s❡♠✐✲♠❛r❛t❤♦♥s✳ ▼♦♥ s❡✉❧ r❡❣r❡t ❡st ❞❡ ♥❡ ♣❛s ❛✈♦✐r ré✉ss✐ à ❧✉✐ ❢❛✐r❡ r❡❞é❝♦✉✈r✐r
❧❡s ❥♦✐❡s ❞❡ ❧❛ ♥❛t❛t✐♦♥✳

❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à r❡♠❡r❝✐❡r ❝❤❛❧❡✉r❡✉s❡♠❡♥t ❚❤♦♠❛s ❇♦♥❛❧❞ q✉✐ ♠✬❛❝❝♦♠✲
♣❛❣♥❡ ❞❛♥s ♠❡s ❛✈❡♥t✉r❡s s❝✐❡♥t✐✜q✉❡s ❞❡♣✉✐s ♠♦♥ st❛❣❡ ❝❤❡③ ❖r❛♥❣❡✳ ❏✬❛✐ ❡✉ ❧❡
♣❧❛✐s✐r ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❧✉✐ s✉r ❞❡s s✉❥❡ts q✉✐ ❧✉✐ t✐❡♥♥❡♥t à ❝÷✉r ❡t ❥✬❛✐ été très
❤❡✉r❡✉① ❞✬❡♥s❡✐❣♥❡r à ❚é❧é❝♦♠ P❛r✐s❚❡❝❤ ❞❛♥s s♦♥ ❝♦✉rs ❛✐♥s✐ q✉❡ ❞❡ ❝♦é❝r✐r❡ P❡r✲
❢♦r♠❛♥❝❡ ❞❡s rés❡❛✉① ❡t ❞❡s s②stè♠❡s ✐♥❢♦r♠❛t✐q✉❡s ❛✈❡❝ ❧✉✐✳ ❏✬❡s♣èr❡ q✉❡ ♥♦✉s
❛✉r♦♥s ❡♥❝♦r❡ ❞❡ ♥♦♠❜r❡✉s❡s ♦❝❝❛s✐♦♥s ❞❡ tr❛✈❛✐❧❧❡r ❡♥s❡♠❜❧❡✳

❏✐♠ ❘♦❜❡rts ❛ é❣❛❧❡♠❡♥t été très ♣rés❡♥t t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡tt❡ t❤ès❡✳ ■❧ ❛
t♦✉❥♦✉rs été très ❞✐s♣♦♥✐❜❧❡ ❡t ❛ s✉✐✈✐ ♠❡s tr❛✈❛✉① ❛✈❡❝ ✐♥térêt✳ ■❧ ♠✬❛ é❣❛❧❡♠❡♥t
❜❡❛✉❝♦✉♣ ❛♣♣r✐s s✉r ❧✬❛rt✱ ❞✐✣❝✐❧❡✱ ❞❡ ❧❛ ré❞❛❝t✐♦♥ s❝✐❡♥t✐✜q✉❡✳ P♦✉r t♦✉t ❝❡❧❛✱ ❥❡
❧✉✐ s✉✐s très r❡❝♦♥♥❛✐ss❛♥t✳

❚♦✉s ♠❡s r❡♠❡r❝✐❡♠❡♥ts ✈♦♥t à ❙❡♠ ❇♦rst✱ ▲❛✉r❡♥t ▼❛ss♦✉❧✐é ❡t ❆❞❛♠ ❲✐❡r✲
♠❛♥ q✉✐ ♦♥t ❛❝❝❡♣té ❞✬êtr❡ r❛♣♣♦rt❡✉rs ❞❡ ♠❛ t❤ès❡✳ ❏❡ s✉✐s é❣❛❧❡♠❡♥t très ❤♦♥♦ré
q✉❡ ❈❛r❧ ●r❛❤❛♠✱ ❘❛✈✐ ▼❛③✉♠❞❛r ❡t ❆❧❛✐♥ ❙✐♠♦♥✐❛♥ ❛✐❡♥t ❛❝❝❡♣té ❞❡ ❢❛✐r❡ ♣❛rt✐❡
❞❡ ♠♦♥ ❥✉r②✳

P❡♥❞❛♥t ❝❡s tr♦✐s ❛♥♥é❡s✱ ❥✬❛✐ ❡✉ ❧❡ ♣❧❛✐s✐r✱ ♦✉tr❡ P❤✐❧✐♣♣❡ ❡t ❚❤♦♠❛s✱ ❞❡ ❝♦❧✲
❧❛❜♦r❡r ❛✈❡❝ ▼❛tt❤✐❡✉ ❏♦♥❝❦❤❡❡r❡✱ ❇❛❧❛❦r✐s❤♥❛ Pr❛❜❤✉ ❡t ❆❧❡①❛♥❞r❡ Pr♦✉t✐èr❡✳ ❏❡
r❡♠❡r❝✐❡ ❡♥ ♣❛rt✐❝✉❧✐❡r ❆❧❡①❛♥❞r❡ ❞❡ ♠✬❛✈♦✐r ❛❝❝✉❡✐❧❧✐ à ❈❛♠❜r✐❞❣❡ ❡♥ ♣❧✉s✐❡✉rs
♦❝❝❛s✐♦♥s ❡t ▼❛tt❤✐❡✉ ❞❡ ♠✬❛✈♦✐r ❞♦♥♥é ❧✬♦❝❝❛s✐♦♥ ❞❡ ♣❛ss❡r ✉♥❡ s❡♠❛✐♥❡ ❞✬é❝❤❛♥❣❡
s❝✐❡♥t✐✜q✉❡ ❡♥ ❯r✉❣✉❛②✳ ❏❡ t✐❡♥s é❣❛❧❡♠❡♥t à ❝✐t❡r ❙é❜❛st✐❡♥ ▼♦♥♥❡t✱ P✐❡rr❡ ❙❡♥s
❡t ❱ér♦♥✐q✉❡ ❙✐♠♦♥ ❞❡ ❧✬éq✉✐♣❡ ❘❊●❆▲ ❛✈❡❝ q✉✐ P❤✐❧✐♣♣❡ ❡t ♠♦✐ ❛✈♦♥s ❡✉ ❧❡ ♣❧❛✐s✐r
❞✬é❝❤❛♥❣❡r s✉r ❧❡s t❛❜❧❡s ❞❡ ❤❛❝❤❛❣❡ ❞✐str✐❜✉é❡s✳

❏❡ s✉✐s très r❡❝♦♥♥❛✐ss❛♥t à t♦✉s ❧❡s ♠❡♠❜r❡s ❞❡ ❧✬éq✉✐♣❡ ❘❆P✱ ❨♦✉sr❛ ❈❤❛❜✲
❝❤♦✉❜✱ ❱✐r❣✐♥✐❡ ❈♦❧❧❡tt❡✱ ❈❤r✐st✐♥❡ ❋r✐❝❦❡r✱ ❊♠❛♥✉❡❧❡ ▲❡♦♥❝✐♥✐✱ ◆❛❞❛ ❙❜✐❤✐✱ ❋❧♦r✐❛♥
❙✐♠❛t♦s✱ ❏✐♠ ❡t P❤✐❧✐♣♣❡✱ ♣♦✉r ❧❡✉r ❜♦♥♥❡ ❤✉♠❡✉r ❡t ❧❡✉r ❣❡♥t✐❧❧❡ss❡ t♦✉t ❛✉ ❧♦♥❣
❞❡ ❝❡s tr♦✐s ❛♥♥é❡s✳ ❯♥ ❣r❛♥❞ ♠❡r❝✐ à ❱✐r❣✐♥✐❡ ♣♦✉r s❛ ❣❡st✐♦♥ ❡✣❝❛❝❡ ❞❡s tâ❝❤❡s
❛❞♠✐♥✐str❛t✐✈❡s q✉✐ ♥♦✉s ♣❡r♠❡t ❞❡ ♥♦✉s ❝♦♥❝❡♥tr❡r s✉r ♥♦s tr❛✈❛✉① ❞❡ r❡❝❤❡r❝❤❡✳
●r❛③✐❡ ♠✐❧❧❡✱ ❊♠❛♥✉❡❧❡✱ ♣❡r ❧❛ t✉❛ ❣❡♥t✐❧❡③③❛ ❡ ✐❧ t✉♦ ❜✉♦♥ ✉♠♦r❡ ✐t❛❧✐❛♥♦✳ ▼❡r❝✐ à
t♦✉s ❧❡s ❝♦✉r❡✉rs ❡t ♥❛❣❡✉rs ♣♦✉r t♦✉s ❝❡s ❜♦♥s ♠♦♠❡♥ts s♣♦rt✐❢s ♦✉ ♥♦♥✱ ❚❤✐❡rr②
▼❛rt✐♥❡③✱ ❇❡♥♦✐t ▼♦♥t❛❣✉✱ ❏♦♥❛t❤❛♥ Pr♦t③❡♥❦♦✱ ❆❧❡①❛♥❞r❡ P✐❧❦✐❡✇✐❝③✱ P❤✐❧✐♣♣❡
❡t ❊♠❛♥✉❡❧❡✳ ❊♥❝♦r❡ q✉❡❧q✉❡s s❡♠❛✐♥❡s à ■♥r✐❛ à ❢réq✉❡♥t❡r ❝❡rt❛✐♥s ❞✬❡♥tr❡ ✈♦✉s
❡t ❥✬❛❧❧❛✐s ♠❡ ♠❡ttr❡ à ❢❛✐r❡ ❞✉ ❈♦q ❡t ❞❡s s②stè♠❡s ❞❡ t②♣❡s✱ ✐❧ ét❛✐t t❡♠♣s ❞❡

✈



✈✐

♣❛rt✐r✳ ▼❡r❝✐ à t♦✉s ❧❡s ♠❡♠❜r❡s ❞❡ ❧✬éq✉✐♣❡ ❆❧❣♦r✐t❤♠s ❡t ♥♦t❛♠♠❡♥t✱ ❆❧❡①❛♥❞r❡
❇❡♥♦✐t✱ ◆✐❝♦❧❛s ❇r♦✉t✐♥ ♣♦✉r ❧✬♦r❣❛♥✐s❛t✐♦♥ ❞✉ ❣r♦✉♣❡ ❞❡ tr❛✈❛✐❧ ❡t ❇r✉♥♦ ❙❛❧✈②
♣♦✉r ❛✈♦✐r s✉❣❣éré à ❊♠❛♥✉❡❧❡✱ ❏♦♥❛t❤❛♥ ❡t ♠♦✐✲♠ê♠❡ ❞❡ ❢❛✐r❡ r❡✈✐✈r❡ ❧❡ sé♠✐♥❛✐r❡
❞❡s ❞♦❝t♦r❛♥ts✳

❏❡ t❡r♠✐♥❡ ♣❛r ♠❛ ❢❛♠✐❧❧❡ q✉✐ ♠❡ s♦✉t✐❡♥t ❞❛♥s ♠❡s ét✉❞❡s ❞❡♣✉✐s ❞❡✉① ❞é✲
❝❡♥♥✐❡s ❡♥ ♠❡ ❢❛✐s❛♥t ❝♦♥✜❛♥❝❡ ♠ê♠❡ s✐ ❝❡ ♥✬ét❛✐t ♣❛s ❢♦r❝é♠❡♥t ❢❛❝✐❧❡ ❞❡ ✈♦✐r ♦ù
❝❡❧❛ ❛❧❧❛✐t ♠❡ ♠❡♥❡r ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s✳ ❏✬❛✐ ✉♥❡ ♣❡♥sé❡ t♦✉t❡ ♣❛rt✐❝✉❧✐èr❡ ♣♦✉r
♠♦♥ é♣♦✉s❡✱ ❏❡ss✐❝❛✱ ❞♦♥t ❧✬❛✛❡❝t✐♦♥✱ ❧❛ ♣rés❡♥❝❡ ❡t ❧❡ s♦✉t✐❡♥ ♠❡ s♦♥t ♣ré❝✐❡✉①✱
✐♥❞✐s♣❡♥s❛❜❧❡s✳
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❘és✉♠é

▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❞❡ tr❛✐t❡r tr♦✐s ♣r♦❜❧è♠❡s r❡❧❛t✐❢s ❛✉① rés❡❛✉① ❞❡
❣r❛♥❞❡ t❛✐❧❧❡✳ ▲❡s ♦✉t✐❧s ✉t✐❧✐sés à ❝❡tt❡ ✜♥ s♦♥t ✐ss✉s ❞❡s ♣r♦❜❛❜✐❧✐tés ❡t ♣❧✉s s♣é✲
❝✐✜q✉❡♠❡♥t ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ✜❧❡s ❞✬❛tt❡♥t❡✳ ❊♥ ♣❧✉s ❞✬❛♠é❧✐♦r❡r ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥
❞❡s s②stè♠❡s ét✉❞✐és✱ ❧❡s tr❛✈❛✉① ré❛❧✐sés ❞❛♥s ❝❡tt❡ t❤ès❡ ♦♥t ♣❡r♠✐s ❞❡ ♣r♦✉✈❡r
❞❡s rés✉❧t❛ts t❤é♦r✐q✉❡s ♥♦✉✈❡❛✉① ❛✐♥s✐ q✉❡ ❞✬✐❧❧✉str❡r ❝❡rt❛✐♥s ♣❤é♥♦♠è♥❡s ♣r♦❜❛✲
❜✐❧✐st❡s✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ■■✱ ✉♥ ♠♦❞è❧❡ ❞❡ rés❡❛✉ à ♣❛rt❛❣❡ ❞❡ ❜❛♥❞❡ ♣❛ss❛♥t❡ ❡st ét✉❞✐é✳
❈♦♥tr❛✐r❡♠❡♥t à ❝❡ q✉✐ ❛✈❛✐t été ét✉❞✐é ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✱ ❧❡s ✉t✐❧✐s❛t❡✉rs ♥✬✉t✐❧✐s❡♥t
♣❛s ❞❡ ❝♦♥trô❧❡ ❞❡ ❝♦♥❣❡st✐♦♥✳ ❖♥ s✉♣♣♦s❡ q✉✬✐❧s ❡♥✈♦✐❡♥t ❞❡s ❞♦♥♥é❡s ❛✈❡❝ ✉♥ ❞é❜✐t
♠❛①✐♠✉♠ ❡t ♣r♦tè❣❡♥t ❧❡✉r tr❛♥s♠✐ss✐♦♥ à ❧✬❛✐❞❡ ❞✬✉♥ ♠é❝❛♥✐s♠❡ ❜❛sé s✉r ❞❡s ❝♦❞❡s
❝♦rr❡❝t❡✉rs ❞✬❡rr❡✉r✳ ▲❡ ♠♦❞è❧❡ ♦❜t❡♥✉ ❡st ❛♥❛❧②sé ♣♦✉r ❞❡✉① t♦♣♦❧♦❣✐❡s ❞❡ rés❡❛✉①
s♣é❝✐✜q✉❡s ✿ ❧❡s rés❡❛✉① ❧✐♥é❛✐r❡s ❡t ❧❡s ❛r❜r❡s ♠♦♥t❛♥ts✳ ➚ ❧✬❛✐❞❡ ❞❡ ❧✐♠✐t❡s ✢✉✐❞❡s✱
❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ st❛❜✐❧✐té ❞❡ ❝❡s rés❡❛✉① s♦♥t ét❛❜❧✐❡s✳ ❈❡s ❧✐♠✐t❡s ✢✉✐❞❡s ❞♦♥♥❡♥t
❧✐❡✉ à ✉♥ ♣❤é♥♦♠è♥❡ ✐♥tér❡ss❛♥t ❞❡ ♠♦②❡♥♥❛❣❡ st♦❝❤❛st✐q✉❡✳ ❊♥s✉✐t❡✱ ✉♥❡ ❛✉tr❡
♠ét❤♦❞❡ ❞❡ r❡♥♦r♠❛❧✐s❛t✐♦♥ ❡st ✉t✐❧✐sé❡ ♣♦✉r ♣r♦✉✈❡r q✉❡ ❧❛ ré❣✐♦♥ ❞❡ st❛❜✐❧✐té ❞❡
❝❡s ♣r♦❝❡ss✉s ❝♦♥✈❡r❣❡ ✈❡rs ❧❛ ré❣✐♦♥ ♦♣t✐♠❛❧❡ ❧♦rsq✉❡ q✉❡ ❧❡s ❞é❜✐ts ♠❛①✐♠❛✉① ❞❡s
✉t✐❧✐s❛t❡✉rs ❞❡✈✐❡♥♥❡♥t ✐♥✜♥✐♠❡♥t ♣❡t✐ts ♣❛r r❛♣♣♦rt à ❧❛ t❛✐❧❧❡ ❞❡s ❧✐❡♥s ❞✉ rés❡❛✉✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ■■■✱ ♦♥ s❡ ♣r♦♣♦s❡ ❞✬ét✉❞✐❡r ❈❙▼❆✴❈❆✱ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✬❛❝❝ès
✐♠♣❧é♠❡♥té ❞❛♥s ❝❡rt❛✐♥s st❛♥❞❛r❞s ❞❡ rés❡❛✉① s❛♥s ✜❧✳ ❈❤❛q✉❡ ❧✐❡♥ ❡st ❝♦♥st✐t✉é
❞✬✉♥ é♠❡tt❡✉r ❡t ❞✬✉♥ ré❝❡♣t❡✉r ❡t ✉♥ ❣r❛♣❤❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ♠♦❞é❧✐s❡ ❧❡s ❝♦❧❧✐s✐♦♥s
♣♦t❡♥t✐❡❧❧❡s ❡♥tr❡ ❧❡s ❧✐❡♥s✳ ▲❡s ❛rr✐✈é❡s ❡t ❧❡s ❞é♣❛rts ❞❡ ❝❡s ❞❡r♥✐❡rs s♦♥t ♣r✐s❡s
❡♥ ❝♦♠♣t❡✳ ❯♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡st ❢❛✐t❡ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✬❛❝❝ès ❛✉
❝❛♥❛❧ ❡st ✐♥✜♥✐♠❡♥t ♣❧✉s r❛♣✐❞❡ q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❛rr✐✈é❡s ❡t ❞é♣❛rts ❞❡ ❧✐❡♥s✳
■❧ ❡st ❛❧♦rs ét❛❜❧✐ q✉❡ ❧❡ ❈❙▼❆ ♣❡r♠❡t ✉♥❡ ✉t✐❧✐s❛t✐♦♥ ♦♣t✐♠❛❧❡ ❞❡s r❡ss♦✉r❝❡s r❛❞✐♦
❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s rés❡❛✉① ❛❞✲❤♦❝✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ ❡st é❣❛❧❡♠❡♥t ♣r♦✉✈é q✉❡ ❝❡ ♠ê♠❡
❛❧❣♦r✐t❤♠❡ ♥✬❡st ♣❛s ❡✣❝❛❝❡ ♣♦✉r ❧❡s rés❡❛✉① ❛✈❡❝ ✉♥❡ st❛t✐♦♥ ❞❡ ❜❛s❡ ❀ ❞❛♥s ❝❡ ❝❛s✱
✉♥ ❜✐❛✐s ❡♥ ❢❛✈❡✉r ❞❡s tr❛♥s♠✐ss✐♦♥s ✈❡rs ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❡st ♦❜s❡r✈é✳ ➚ ❧❛ ✜♥ ❞✉
❝❤❛♣✐tr❡✱ ❧✬❤②♣♦t❤ès❡ s✐♠♣❧✐✜❝❛tr✐❝❡ ❡st ❞✐s❝✉té❡✳

▲❡s ❞❡✉① ❞❡r♥✐❡rs ❝❤❛♣✐tr❡s ❞❡ ❧❛ t❤ès❡ s♦♥t ❝♦♥s❛❝rés à ❧✬ét✉❞❡ ❞✬✉♥ ❣r❛♥❞ s②s✲
tè♠❡ ❞✐str✐❜✉é ❞❡ st♦❝❦❛❣❡ ❞❡ ❞♦♥♥é❡s ❛✈❡❝ ♣❡rt❡s✳ ▲✬♦❜❥❡❝t✐❢ ❡st ❞✬❡st✐♠❡r ❧❛ ✈✐t❡ss❡
❞❡ ♣❡rt❡ ❞❡s ✜❝❤✐❡rs ♦✉ ❧❛ ❞✉ré❡ ❞❡ ✈✐❡ ❞✬✉♥ ✜❝❤✐❡r ❞♦♥♥é✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ■❱✱
❝✬❡st ❧❡ ♣r❡♠✐❡r ♣♦✐♥t ❞❡ ✈✉❡ q✉✐ ❡st ❛❞♦♣té✳ ▲❡ s②stè♠❡ ❡st ❝♦♥s✐❞éré ❞❡ ♠❛♥✐èr❡
❣❧♦❜❛❧❡✳ ▲❡ s②stè♠❡ ❡st ❝♦♥st✐t✉é ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ✜❝❤✐❡rs q✉✐ ♣❡✉✈❡♥t ❛✈♦✐r
❝❤❛❝✉♥ ❞❡✉① ❝♦♣✐❡s ❛✉ ♠❛①✐♠✉♠✳ ❈❤❛q✉❡ ❝♦♣✐❡ ❞✐s♣❛r❛ît ❛✉ ❜♦✉t ❞✬✉♥ t❡♠♣s ❛❧é❛✲
t♦✐r❡✳ ❯♥ ♠é❝❛♥✐s♠❡ ❝❡♥tr❛❧✐sé ❞❡ s❛✉✈❡❣❛r❞❡ ♣❡r♠❡t ❛❧♦rs ❞❡ r❡st❛✉r❡r ❧❡s ❝♦♣✐❡s
♣❡r❞✉❡s✳ ❯♥ ✜❝❤✐❡r ❞♦♥t ❧❡s ❞❡✉① ❝♦♣✐❡s ♦♥t été ❞étr✉✐t❡s ❡st ❞é✜♥✐t✐✈❡♠❡♥t ♣❡r❞✉✳
▲❡ s②stè♠❡ ❡st ét✉❞✐é ❞❛♥s ❧❡ ❝❛s ❧✐♠✐t❡ ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ ✜❝❤✐❡rs t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳
❆✜♥ ❞❡ ❞é❝r✐r❡ ❝♦rr❡❝t❡♠❡♥t ❧❡ s②stè♠❡✱ tr♦✐s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❞✐✛ér❡♥t❡s s♦♥t
ét✉❞✐é❡s✳ ❘❛❧❡♥t✐r ❧❡ t❡♠♣s ♣❡r♠❡t ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡ ♠é❝❛♥✐s♠❡ ❞❡ s❛✉✈❡❣❛r❞❡ ❀
❧❛✐ss❡r ❧❡ t❡♠♣s ✐♥❝❤❛♥❣é ♣❡r♠❡t ❞❡ ❞é✜♥✐r ❧❛ ❝❛♣❛❝✐té ❞✉ s②stè♠❡ ❀ ❛❝❝é❧ér❡r ❧❡
t❡♠♣s ♣❡r♠❡t ❞✬é✈❛❧✉❡r ❧❛ ✈✐t❡ss❡ ❞❡ ♣❡rt❡ ❞❡s ✜❝❤✐❡rs✳ ▲❡ ♣r✐♥❝✐♣❡ ❞❡ ♠♦②❡♥♥❛❣❡
st♦❝❤❛st✐q✉❡ ❡st é❣❛❧❡♠❡♥t ♦❜s❡r✈é à ❧✬é❝❤❡❧❧❡ ❞❡ t❡♠♣s ❧❛ ♣❧✉s r❛♣✐❞❡✳

✐①



① ❈❖◆❚❊◆❚❙

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ❱✱ ❧❡ ♣♦✐♥t ❞❡ ✈✉❡ ❞✬✉♥ ✜❝❤✐❡r ❞♦♥♥é ❡st ❛❞♦♣té✳ ❉❡s ❧✐❡♥s s♦♥t
ét❛❜❧✐s ❛✈❡❝ ❧❡s ♠♦❞è❧❡s ❝❧❛ss✐q✉❡s ❞✬❊❤r❡♥❢❡st✱ ✐ss✉ ❞❡ ❧❛ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡✱ ❡t
❞✬❊r❧❛♥❣✱ ✐ss✉ ❞❡s té❧é❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❉❡s ♠ét❤♦❞❡s ❜❛sé❡s s✉r ❧❡s ♠❛rt✐♥❣❛❧❡s s♦♥t
✉t✐❧✐sé❡s ♣♦✉r ❝❛❧❝✉❧❡r ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ▲❛♣❧❛❝❡ ❞❡s t❡♠♣s ❞✬❛tt❡✐♥t❡ ❞❡ ❝❡s ❞❡✉①
♣r♦❝❡ss✉s✳ ❈❡s tr❛♥s❢♦r♠é❡s ♣❡r♠❡tt❡♥t ❛❧♦rs ❞✬❡st✐♠❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦✲
t✐q✉❡ ❞❡ ❝❡s t❡♠♣s ❞✬❛tt❡✐♥t❡ ❡t ♥♦t❛♠♠❡♥t ❧❡ t❡♠♣s ❞❡ ❞✐s♣❛r✐t✐♦♥ ❞✬✉♥ ✜❝❤✐❡r✳



❆❜str❛❝t

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ t❛❝❦❧❡ t❤r❡❡ ♣r♦❜❧❡♠s ✐♥s♣✐r❡❞ ❜② ❧❛r❣❡ ❞✐s✲
tr✐❜✉t❡❞ s②st❡♠s✳ ❚❤❡ t♦♦❧s ✉s❡❞ ❢♦r t❤❛t ♣✉r♣♦s❡ ❝♦♠❡ ❢r♦♠ ♣r♦❜❛❜✐❧✐t② ❛♥❞ ♠♦r❡
s♣❡❝✐✜❝❛❧❧② q✉❡✉❡✐♥❣ t❤❡♦r②✳ ❚❤❡ st✉❞✐❡s ❧❡❞ ❞✉r✐♥❣ t❤✐s t❤❡s✐s ❛❧❧♦✇❡❞ t♦ ✉♥❞❡r✲
st❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♦❜s❡r✈❡❞ s②st❡♠s ❛♥❞ ❛❧❣♦r✐t❤♠s ❜✉t ❛❧s♦ t♦ ♣r♦✈❡ s♦♠❡
✐♥t❡r❡st✐♥❣ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛♥❞ t♦ ❡♠♣❤❛s✐③❡ s♦♠❡ ♣r♦❜❛❜✐❧✐st✐❝ ♣❤❡♥♦♠❡♥❛✳

■♥ ❈❤❛♣t❡r ■■✱ ❛ ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ♥❡t✇♦r❦ ♠♦❞❡❧ ✐s ❛♥❛❧②③❡❞✳ ❈♦♥tr❛r② t♦
✇❤❛t ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✉s❡rs ❞♦ ♥♦t ✉s❡ ❛ ❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧
♠❡❝❤❛♥✐s♠❀ t❤❡② ❛r❡ ❛ss✉♠❡❞ t♦ s❡♥❞ ❞❛t❛ ❛t t❤❡✐r ♠❛①✐♠✉♠ r❛t❡ ❛♥❞ t♦ ♣r♦t❡❝t
t❤❡✐r tr❛♥s♠✐ss✐♦♥ ❛❣❛✐♥st ❧♦ss t❤❛♥❦s t♦ s♦♠❡ ❡rr♦r ❝♦❞❡✳ ❚❤❡ ♦❜t❛✐♥❡❞ ♠♦❞❡❧ ✐s
❛♥❛❧②③❡❞ ❢♦r t✇♦ ❞✐✛❡r❡♥t t♦♣♦❧♦❣✐❡s✿ ❧✐♥❡❛r ♥❡t✇♦r❦s ❛♥❞ ✉♣str❡❛♠ tr❡❡s✳ ❯s✐♥❣
✢✉✐❞ ❧✐♠✐ts✱ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡s❡ ♥❡t✇♦r❦s ✐s ♦❜t❛✐♥❡❞✳ ❉✉❡ t♦ t❤❡s❡
✢✉✐❞ ❧✐♠✐ts✱ ❛♥ ✐♥t❡r❡st✐♥❣ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ♣❤❡♥♦♠❡♥♦♥ ❛r✐s❡s✳ ❆♥♦t❤❡r s❝❛❧✐♥❣
♠❡t❤♦❞ ✐s ✉s❡❞ t♦ ♣r♦✈❡ t❤❛t t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡s❡ ♥❡t✇♦r❦s t❡♥❞s t♦ t❤❡
♦♣t✐♠❛❧ ♦♥❡ ✇❤❡♥ t❤❡ ♠❛①✐♠❛❧ r❛t❡ ♦❢ ✉s❡rs ✐s ✐♥✜♥✐t❡❧② s♠❛❧❧❡r t❤❛♥ t❤❡ ❧✐♥❦s
❝❛♣❛❝✐t②✳

■♥ ❈❤❛♣t❡r ■■■✱ ❈❙▼❆✴❈❆✱ ❛ ❝❧❛ss✐❝❛❧ ❝❤❛♥♥❡❧ ❛❝❝❡ss ❛❧❣♦r✐t❤♠ ❢♦r ✇✐r❡❧❡ss
♥❡t✇♦r❦s✱ ✐s st✉❞✐❡❞✳ ❊❛❝❤ ❧✐♥❦ ❝♦♥s✐sts ✐♥ ❛ s❡♥❞❡r✴r❡❝❡✐✈❡r ♣❛✐r ❛♥❞ ❛♥ ✐♥t❡r❢❡r❡♥❝❡
❣r❛♣❤ ♠♦❞❡❧s ♣♦t❡♥t✐❛❧ ❝♦❧❧✐s✐♦♥s ❜❡t✇❡❡♥ ❧✐♥❦s✳ ▲✐♥❦ ❛rr✐✈❛❧s ❛♥❞ ❞❡♣❛rt✉r❡s ❛r❡
t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜② t❤❡ ♠♦❞❡❧✳ ❆♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♠❛❞❡ ❜② ❛ss✉♠✐♥❣ t❤❛t
t❤❡ ❝❤❛♥♥❡❧ ❛❝❝❡ss ❞②♥❛♠✐❝s ✐s ✐♥✜♥✐t❡❧② ❢❛st❡r t❤❛♥ ❧✐♥❦ ❛rr✐✈❛❧s ❛♥❞ ❞❡♣❛rt✉r❡s
❞②♥❛♠✐❝s✳ ■t ✐s ♣r♦✈❡❞ t❤❛t ❈❙▼❆ r❡s✉❧ts ✐♥ ❛♥ ♦♣t✐♠❛❧ ✉s❡ ♦❢ r❛❞✐♦ r❡s♦✉r❝❡s
❢♦r ❛❞✲❤♦❝ ♥❡t✇♦r❦s✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❛❧s♦ ❡st❛❜❧✐s❤❡❞ t❤❛t t❤✐s ❛❧❣♦r✐t❤♠ ✐s ♥♦t
❡✣❝✐❡♥t ❢♦r ✐♥❢r❛str✉❝t✉r❡✲❜❛s❡❞ ♥❡t✇♦r❦s ✇❤❡r❡ ❛ ❜✐❛s ✐♥ ❢❛✈♦r ♦❢ ✉♣str❡❛♠ tr❛✣❝
✐s ♦❜s❡r✈❡❞✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❤❛♣t❡r✱ t❤❡ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐s
❞✐s❝✉ss❡❞✳

❚❤❡ ❧❛st t✇♦ ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s ❛r❡ ❞❡❞✐❝❛t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❛ ❧❛r❣❡ ❞✐s✲
tr✐❜✉t❡❞ st♦r❛❣❡ s②st❡♠ ✇✐t❤ ❢❛✐❧✉r❡s✳ ❚❤❡ ♣✉r♣♦s❡ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ❞❡❝❛② r❛t❡ ♦❢
t❤❡ s②st❡♠ ♦r t❤❡ ❞✉r❛❜✐❧✐t② ♦❢ ❛ ❣✐✈❡♥ ✜❧❡✳ ■♥ ❈❤❛♣t❡r ■❱✱ t❤❡ ✜rst ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s
st✉❞✐❡❞✳ ❚❤❡ s②st❡♠ ✐s t❤❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✇❤♦❧❡✳ ■t ❝♦♥s✐sts ✐♥ ❛ ❧❛r❣❡ s❡t ♦❢ ✜❧❡s
✇❤✐❝❤ ❝❛♥ ❤❛✈❡ t✇♦ ❝♦♣✐❡s✳ ❊❛❝❤ ❝♦♣② ✐s ❧♦st ❛❢t❡r ❛ r❛♥❞♦♠ t✐♠❡✳ ❆ ❝❡♥tr❛❧✐③❡❞
❜❛❝❦✲✉♣ ♠❡❝❤❛♥✐s♠ ❛❧❧♦✇s t♦ r❡st♦r❡ ❧♦st ❝♦♣✐❡s✳ ❆ ✜❧❡ ✇✐t❤ ♥♦ ❝♦♣② ✐s ❞❡✜♥✐t✐✈❡❧②
❧♦st✳ ❚❤❡ s②st❡♠ ✐s ❛♥❛❧②③❡❞ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✜❧❡s ❣r♦✇s t♦ ✐♥✜♥✐t②✳ ■♥ ♦r❞❡r
t♦ ❞❡s❝r✐❜❡ ❝♦rr❡❝t❧② ✐ts ❜❡❤❛✈✐♦r✱ t❤r❡❡ ❞✐✛❡r❡♥t t✐♠❡✲s❝❛❧❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡
s❧♦✇ t✐♠❡✲s❝❛❧❡ ❛❧❧♦✇s t♦ ❞❡s❝r✐❜❡ t❤❡ ❜❛❝❦✲✉♣ ♠❡❝❤❛♥✐s♠❀ t❤❡ ♥♦r♠❛❧ t✐♠❡✲s❝❛❧❡
t♦ ❞❡✜♥❡ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ s②st❡♠ ❛♥❞ t❤❡ ❢❛st t✐♠❡✲s❝❛❧❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❞❡❝❛②
r❛t❡✳ ❚❤❡ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡ ✐s ❛❧s♦ ♦❜s❡r✈❡❞ ♦♥ t❤❡ ❢❛st t✐♠❡✲s❝❛❧❡✳

■♥ ❈❤❛♣t❡r ❱✱ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❛ ✜❧❡ ✐s t❛❦❡♥✳ ▲✐♥❦s ❛r❡ ❡st❛❜❧✐s❤❡❞ ✇✐t❤ t❤❡
❝❧❛ss✐❝❛❧ ❊❤r❡♥❢❡st ❛♥❞ ❊♥❣s❡t ♠♦❞❡❧s✱ ❢r♦♠ st❛t✐st✐❝❛❧ ♣❤②s✐❝s ❛♥❞ t❡❧❡❝♦♠♠✉♥✐❝❛✲
t✐♦♥✳ ❊①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡s ♠❡t❤♦❞s ❛r❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠
♦❢ ❤✐tt✐♥❣ t✐♠❡s✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡s❡ ❤✐tt✐♥❣ t✐♠❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡
❞✉r❛❜✐❧✐t② ♦❢ ❛ ✜❧❡✱ ✐s t❤❡♥ ❡st✐♠❛t❡❞✳

①✐
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✶✳ Pr❡❛♠❜❧❡

❚❤❡ ❣❧♦❜❛❧ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦ ✇❛s t❤❡ ✜rst ♠❛❝❤✐♥❡ ❜✉✐❧t ♦♥ ❛ ✈❡r② ❧❛r❣❡ s❝❛❧❡✳
■t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s✐♥❣❧❡ ♠❛❝❤✐♥❡ s✐♥❝❡ ✐t ✐s t✐❣❤t❧② ❝♦✉♣❧❡❞ ❛♥❞✱ ❛❢t❡r ❛❧❧✱
✐ts ❛✐♠ ✐s t♦ ❝♦♥♥❡❝t t✇♦ t❡❧❡♣❤♦♥❡s ❛♥②✇❤❡r❡ ✐♥ t❤❡ ✇♦r❧❞✳ ❍♦✇❡✈❡r✱ t❤❡ ❣❧♦❜❛❧
t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦ ✐s ♥♦ ❧♦♥❣❡r t❤❡ ❧❛r❣❡st ♥❡t✇♦r❦ ✐♥ ✉s❡ t♦❞❛②✳ ❙❧♦✇❧②✱ ✐t ❤❛s ❜❡❡♥
✐♥t❡❣r❛t❡❞ ✐♥ ❛ ♠✉❝❤ ❧❛r❣❡r ♥❡t✇♦r❦✿ t❤❡ ■♥t❡r♥❡t✱ ✇❤❡r❡ t❤❡ tr❛✣❝ ✐s ♥♦t ❧✐♠✐t❡❞
t♦ ✈♦✐❝❡ ❜✉t ❛❧s♦ ✐♥❝❧✉❞❡s ❞❛t❛ ❛♥❞✱ ♥♦t❛❜❧②✱ ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ✐♥❝r❡❛s✐♥❣ ✈♦❧✉♠❡
♦❢ ✈✐❞❡♦✳ ❖♥❡ ❝♦✉❧❞ t❤✐♥❦ t❤❛t t❤❡ ■♥t❡r♥❡t ✐s ❥✉st ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦ ❧✐❦❡
t❤❡ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦ ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ t❡❝❤♥♦❧♦❣✐❡s s✐♥❝❡ t❤❡ ❛✐♠ ✐s
st✐❧❧ ❛❧♠♦st t❤❡ s❛♠❡✿ ❝♦♥♥❡❝t✐♥❣ t✇♦ ❞❡✈✐❝❡s ❛♥②✇❤❡r❡ ✐♥ t❤❡ ✇♦r❧❞✳ ❍♦✇❡✈❡r✱
t❤❡ ♥❛t✉r❡ ♦❢ t❤♦s❡ t✇♦ ♥❡t✇♦r❦s ✐s ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t✳ ❚②♣✐❝❛❧❧②✱ t❤❡ t❡❧❡♣❤♦♥❡
♥❡t✇♦r❦ ✐s ❞❡♣❧♦②❡❞ ❛♥❞ ♠❛♥❛❣❡❞ ❜② ❛ s✐♥❣❧❡ ❡♥t✐t②✱ t❤❡ ♥❡t✇♦r❦ ♦♣❡r❛t♦r✳ ■t
✐s t❤❡♥ ❞❡s✐❣♥❡❞ ❣❧♦❜❛❧❧② ❛♥❞ ♠♦st ♦❢ t❤❡ ❞❡s✐❣♥ ♣❛tt❡r♥s ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s
❛ ❝❡♥tr❛❧ ❛✉t❤♦r✐t②✳ ❚❤❡ ■♥t❡r♥❡t ❤❛s ❜❡❡♥ ❞❡s✐❣♥❡❞ ✇✐t❤ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t
♣❛r❛❞✐❣♠ s✐♥❝❡ ♥♦ ❝❡♥tr❛❧ ❛✉t❤♦r✐t② ✐s ❛ss✉♠❡❞ ❛♥❞ t❤❡ ♥❡t✇♦r❦ ✐s s✉♣♣♦s❡❞ t♦
♦♣❡r❛t❡ ✐♥ ❛ ❢✉❧❧② ❞✐str✐❜✉t❡❞ ✇❛②✳ ❖♥ t❤❡ ❧♦♥❣✲t✐♠❡ s❝❛❧❡✱ t❤❡ ❞❡♣❧♦②♠❡♥t ♦❢
t❤❡ ✐♥❢r❛str✉❝t✉r❡ ❤❛s ❜❡❡♥ ❞❡❝✐❞❡❞ ❜② ❡❛❝❤ ❛❝t♦r ✐♥❞✐✈✐❞✉❛❧❧② ✇✐t❤ ❡ss❡♥t✐❛❧❧② ♥♦
❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t✐♦♥✳ ❖♥ ❛ s❤♦rt t✐♠❡ s❝❛❧❡✱ tr❛✣❝ ♠❛♥❛❣❡♠❡♥t ✐s ♣❡r❢♦r♠❡❞ ❜② ❛❧❧
✐♥✈♦❧✈❡❞ ❛❝t♦rs ✐♥❝❧✉❞✐♥❣ t❤❡ ✜♥❛❧ ✉s❡rs✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ■♥t❡r♥❡t ✐s t❤❡♥
s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❜❡②♦♥❞ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦✳

❋✉rt❤❡r♠♦r❡✱ ✐❢ t❤❡ ✐♥✐t✐❛❧ ❛✐♠ ♦❢ t❤❡ ■♥t❡r♥❡t ✇❛s t♦ ❝♦♥♥❡❝t t✇♦ ❞❡✈✐❝❡s ❛♥②✲
✇❤❡r❡ ✐♥ t❤❡ ♥❡t✇♦r❦✱ ✐t ✐s ❝❧❡❛r❧② ♥♦t t❤❡ ❝❛s❡ ❛♥②♠♦r❡✳ ◆❡✇ ✉s❛❣❡s ❤❛✈❡ ❡♠❡r❣❡❞
❛♥❞ ✇✐t❤ t❤❡♠ ♥❡✇ ❝♦♠♣❧❡① s②st❡♠s ✇✐t❤ ❛ ✈❡r② ❧❛r❣❡ s❝❛❧❡✳ ❖♥❡ ❝❛♥ t❤✐♥❦ ❛❜♦✉t
♣❡❡r✲t♦✲♣❡❡r ♥❡t✇♦r❦s ❛s t❤❡ ✜rst ❡①❛♠♣❧❡✳ ❍❡r❡ t❤❡ ❛✐♠ ✐s ♥♦t t♦ ❝♦♥♥❡❝t t✇♦
♠❛❝❤✐♥❡s ❜✉t t♦ ❣❡t ❛ s♣❡❝✐✜❝ ✜❧❡ ✇❤♦❡✈❡r t❤❡ ♣❡rs♦♥ tr❛♥s♠✐tt✐♥❣ t❤❡ ✜❧❡✳ ❚❤❡
♥✉♠❜❡r ♦❢ ❡①❛♠♣❧❡s ✐s ❣r♦✇✐♥❣ q✉✐❝❦❧② ✐♥ t❤❡ ❧❛st ②❡❛rs ✇✐t❤ ❞❛t❛ ❝❡♥t❡rs✱ ❝♦♥t❡♥t
♦r✐❡♥t❡❞ ♥❡t✇♦r❦s ❛♥❞ ❝❧♦✉❞ ❝♦♠♣✉t✐♥❣ ❢♦r ✐♥st❛♥❝❡✳

❖♣❡r❛t✐♥❣ t❤✐s ❤✉❣❡ s②st❡♠ r❡q✉✐r❡s t♦ s♦❧✈❡ ❞❡s✐❣♥ ✐ss✉❡s ♦❢ ❞✐✛❡r❡♥t ♥❛t✉r❡s✳
❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❝♦♥❝❡r♥s ♦❢ ❛ ♥❡t✇♦r❦ ♦♣❡r❛t♦r ✐s ❞✐♠❡♥s✐♦♥✐♥❣✳ ■t s❡❡♠s ♥❛t✉r❛❧
t❤❛t t❤❡ ❜✐❣❣❡r t❤❡ ♥❡t✇♦r❦✱ t❤❡ ❜❡tt❡r t❤❡ q✉❛❧✐t② ♦❢ s❡r✈✐❝❡✳ ❍♦✇❡✈❡r✱ ❜✉✐❧❞✐♥❣

✶
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❛ ♥❡t✇♦r❦ ✐s ✈❡r② ❡①♣❡♥s✐✈❡ ❛♥❞ t❤❡ ❣♦❛❧ ♦❢ t❤❡ ♥❡t✇♦r❦ ♦♣❡r❛t♦r ✐s t♦ ❜✉✐❧❞ t❤❡
s♠❛❧❧❡st ♣♦ss✐❜❧❡ ♥❡t✇♦r❦ t❤❛t ❡♥s✉r❡s ❛♥ ❛❝❝❡♣t❛❜❧❡ q✉❛❧✐t② ♦❢ s❡r✈✐❝❡✳ ❚❤✐s ❧❛st
♥♦t✐♦♥ ✐s ♥♦t ❝❧❡❛r❧② ❞❡✜♥❡❞ ❛♥❞ r❛✐s❡s t❤❡ q✉❡st✐♦♥ ♦❢ ❞❡✜♥✐♥❣ ♠❡❛♥✐♥❣❢✉❧ ❛♥❞
tr❛❝t❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s✳ ▼♦r❡♦✈❡r✱ ✐t ❛♣♣❡❛rs t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ❝❛♣❛❝✐t②
♦❢ t❤❡ ♥❡t✇♦r❦ ✐s ♥♦t s✉✣❝✐❡♥t ❛♥❞ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❞❡s✐❣♥ ✐♠♣❧❡♠❡♥t❛❜❧❡ ❛♥❞
s❝❛❧❛❜❧❡ tr❛✣❝ ❝♦♥tr♦❧ ♠❡❝❤❛♥✐s♠s t❤❛t ❡♥s✉r❡ ❛♥ ❡✣❝✐❡♥t ✉s❡ ♦❢ t❤❡ ❛✈❛✐❧❛❜❧❡
❝❛♣❛❝✐t②✱ t❤✐s ❧❛st ♥♦t✐♦♥ ❜❡✐♥❣ ❧♦♦s❡❧② ❞❡✜♥❡❞ ❛t t❤✐s ♣♦✐♥t✳

❚❤❡ ❛✐♠ ♦❢ ♥❡t✇♦r❦ ♣❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ✐s t♦ ❡st❛❜❧✐s❤ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s
t❤❛t ❞❡✜♥❡ ♣r❡❝✐s❡❧② s♦♠❡ q✉❡st✐♦♥s ✐♥ t❤✐s ❞♦♠❛✐♥✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤♦s❡ ♠♦❞❡❧s
❝❛♥ ♣r♦✈✐❞❡ s♦♠❡ ✐♥s✐❣❤t ✐♥t♦ ❤♦✇ t♦ ❛❞❞r❡ss t❤❡s❡ ✐ss✉❡s✳ ■t ❛❧❧♦✇s ✉s t♦ ❡st❛❜❧✐s❤
❞✐♠❡♥s✐♦♥✐♥❣ r✉❧❡s ❢♦r ♥❡t✇♦r❦s ❜✉t ❛❧s♦ ❞❡s✐❣♥ r✉❧❡s ❢♦r t❤❡ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ❛r❡
✐♥ ♦♣❡r❛t✐♦♥ ✐♥ t❤♦s❡ ❧❛r❣❡✲s❝❛❧❡ s②st❡♠s✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ♣r♦♣♦s❡ t♦ t❛❝❦❧❡ t❤r❡❡
♣r♦❜❧❡♠s ✇❤✐❝❤ ❛r❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤✐s ♠❡t❤♦❞✳ ❚❤❡ ✜rst ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥
❡✈❛❧✉❛t✐♥❣ t❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ■♥t❡r♥❡t ♦❢ r❡♣❧❛❝✐♥❣ ❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧ ❜② ❛♥ ❡rr♦r
r❡❝♦✈❡r② ♠❡❝❤❛♥✐s♠✳ ❚❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ❡✈❛❧✉❛t✐♥❣ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❛
❝❤❛♥♥❡❧ ❛❧❧♦❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐♥ ✇✐r❡❧❡ss ♥❡t✇♦r❦s✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛st ♣r♦❜❧❡♠ ✐s t♦
❡✈❛❧✉❛t❡ ✜❧❡ r❡s✐❧✐❡♥❝❡ ✐♥ ❛ ❧❛r❣❡ ❞✐str✐❜✉t❡❞ st♦r❛❣❡ s②st❡♠ ✇✐t❤ ❢❛✐❧✉r❡s✳

❚❤❡ ♦r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ ❛ s❤♦rt
❤✐st♦r② ♦❢ ♠♦❞❡❧✐♥❣ ✐♥ t❤❡ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ✐❧❧✉str❛t✐♥❣ ♥❡t✇♦r❦
♣❡r❢♦r♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ♥❡t✇♦r❦s ❛r❡ t❤❡♥ ✐♥tr♦❞✉❝❡❞ ❛s ❛
❣♦♦❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣❛❝❦❡t✲s✇✐t❝❤✐♥❣ ♥❡t✇♦r❦s✳ ❆ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ s♦♠❡
♠♦❞❡❧s ♦❢ ✇✐r❡❧❡ss ♥❡t✇♦r❦s ✐s ❣✐✈❡♥✱ ❢♦❧❧♦✇❡❞ ❜② s♦♠❡ ❞✐s❝✉ss✐♦♥s ♦♥ t❤❡ ♠♦❞❡❧✐♥❣
♦❢ r❡❝❡♥t ❧❛r❣❡✲s❝❛❧❡ s②st❡♠s✳ ❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ ❞❡t❛✐❧ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s
t❤❛t ❛r❡ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤✐s ✐♥tr♦❞✉❝t✐♦♥ ❜② ❛ s❤♦rt ❞❡s❝r✐♣t✐♦♥
♦❢ t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ❞✐✛❡r❡♥t ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s✳

✷✳ ❋r♦♠ ❈✐r❝✉✐t ❙✇✐t❝❤✐♥❣ t♦ P❛❝❦❡t ❙✇✐t❝❤✐♥❣

✷✳✶✳ ❈✐r❝✉✐t ❙✇✐t❝❤✐♥❣✿ ❊r❧❛♥❣ ❛♥❞ ❊♥❣s❡t✳ ❆s ✇❡ s❛✐❞✱ ♥❡t✇♦r❦ ♣❡r❢♦r♠❛♥❝❡
❛♥❛❧②s✐s ✇❛s ❜♦r♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✷✵t❤ ❝❡♥t✉r② ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢
t❤❡ ✜rst t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦s✳ ❇❛s✐❝❛❧❧②✱ ❛ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ s❡t
♦❢ ❝✐r❝✉✐ts ✭♦r ❧✐♥❡s✮ ✇❤✐❝❤ ✉s❡rs ❛❝❝❡ss ❛♥❞ t❤❛t t❤❡② ❦❡❡♣ ❜✉s② ❞✉r✐♥❣ ❛❧❧ t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❋♦r s❡✈❡r❛❧ ❞❡❝❛❞❡s✱ ❛ ♣❤②s✐❝❛❧ ❝✐r❝✉✐t ✇❛s ❝r❡❛t❡❞ ❜② ♦♣❡r❛t♦rs ♦♥
t❤❡ r♦✉t❡ ❜❡t✇❡❡♥ ✉s❡rs ❛♥❞ ♣r❡s❡r✈❡❞ ✉♥t✐❧ t❤❡ ❡♥❞ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❚♦❞❛②✱
♥♦ ♣❤②s✐❝❛❧ ❝✐r❝✉✐t ✐s ❝r❡❛t❡❞ ❜✉t t❤❡ ♣r✐♥❝✐♣❧❡ r❡♠❛✐♥s ✐♥ ❜♦t❤ ✇✐r❡❞ ❛♥❞ ❝❡❧❧✉❧❛r
♣❤♦♥❡ ♥❡t✇♦r❦s✳ ❆♥ ✐♥❝♦♠✐♥❣ ❝❛❧❧ ✐s t❤❡♥ ❛❝❝❡♣t❡❞ ✐❢ t❤❡r❡ ✐s ❛ ❢r❡❡ ❝✐r❝✉✐t ♦♥ ❡❛❝❤
❧✐♥❦ ♦♥ t❤❡ r♦✉t❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✉s❡rs✳ ■❢ ♥♦t✱ t❤❡ ❝❛❧❧ ✐s r❡❥❡❝t❡❞ ❛♥❞ t❤❡ ❝❛❧❧❡r
❝❛♥ tr② ❧❛t❡r ❤♦♣✐♥❣ ❢♦r ❛♥♦t❤❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦ ❡♥❞ ✐♥ t❤❡ ♠❡❛♥t✐♠❡✳ ■❢ ✇❡
♣✉t ❛s✐❞❡ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❛♥❞ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡ ♠✉❧t✐♣❧❡ ❞❡✈✐❝❡s✱
t❤❡ q✉❛❧✐t② ♦❢ s❡r✈✐❝❡ t❤❛t ✐s ♣❡r❝❡✐✈❡❞ ❜② ✉s❡rs ✐s t❤❡ ❢r❡q✉❡♥❝② ❛t ✇❤✐❝❤ ❛ ❝❛❧❧ ✐s
r❡❥❡❝t❡❞✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t②✳

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ♠♦r❡ ❝✐r❝✉✐ts ❛r❡ ✉s❡❞ ✐♥ t❤❡ ♥❡t✇♦r❦✱ t❤❡ ❧♦✇❡r t❤❡ ❜❧♦❝❦✐♥❣
♣r♦❜❛❜✐❧✐t②❀ ❤♦✇❡✈❡r✱ ❜✉✐❧❞✐♥❣ ❛ ♥❡t✇♦r❦ ✐s ❡①♣❡♥s✐✈❡✳ ❋♦r t❤❛t r❡❛s♦♥✱ t✇♦ ❙❝❛♥✲
❞✐♥❛✈✐❛♥ ❡♥❣✐♥❡❡rs✱ ❊♥❣s❡t ❛♥❞ ❊r❧❛♥❣ ♣r♦♣♦s❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② t✇♦ ♠❛t❤❡♠❛t✐❝❛❧
♠♦❞❡❧s t♦ ❡✈❛❧✉❛t❡ t❤❡ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ♣❤♦♥❡ s✇✐t❝❤ ❝♦♥♥❡❝t✐♥❣ N ✉s❡rs t♦
t❤❡ r❡st ♦❢ t❤❡ ✇♦r❧❞ t❤r♦✉❣❤ C ❧✐♥❡s✱ ❛s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✶✳ ❊❛❝❤ ✉s❡r ♠❛❦❡s
♦♥ ❛✈❡r❛❣❡ θ ❝❛❧❧s ♣❡r ♠✐♥✉t❡ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡ ❞✉r❛t✐♦♥ ♦❢ σ ♠✐♥✉t❡s✳ ❆ r✉❧❡ ♦❢
t❤✉♠❜ ✇♦✉❧❞ ❜❡ t♦ s❛② t❤❛t t❤❡r❡ ❛r❡✱ ♦♥ ❛✈❡r❛❣❡✱ Nθσ s✐♠✉❧t❛♥❡♦✉s ❝❛❧❧s✱ s♦ t❤❛t
✐t ✐s s✉✣❝✐❡♥t t♦ t❛❦❡ t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r ♦❢ ❧✐♥❡s C s✉❝❤ t❤❛t C > Nθσ✳ ❍♦✇❡✈❡r✱
✇✐t❤ s✉❝❤ ❛ ♠❡t❤♦❞✱ ✇❡ ❞♦ ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❛♥❞♦♠ ❜❡❤❛✈✐♦r ♦❢ ✉s❡rs
❛♥❞ ✇❡ ❛r❡ t❤❡♥ ✉♥❛❜❧❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t②✳ ❋♦r t❤✐s r❡❛s♦♥✱ ❊♥✲
❣s❡t ❛♥❞ ❊r❧❛♥❣ ♣r♦♣♦s❡❞ t✇♦ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ t❤❡ t❤❡♦r② ♦❢ ▼❛r❦♦✈



✷✳ ❋❘❖▼ ❈■❘❈❯■❚ ❙❲■❚❈❍■◆● ❚❖ P❆❈❑❊❚ ❙❲■❚❈❍■◆● ✸

♣r♦❝❡ss❡s ❢♦r ❛ t❡❧❡♣❤♦♥❡ s✇✐t❝❤ ❛♥❞ t✇♦ ✈❡r② s✐♠✐❧❛r ❢♦r♠✉❧❛s ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡
❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ♣❤♦♥❡ ❝❛❧❧✳

❋✐❣✉r❡ ✶✳ ❆ t❡❧❡♣❤♦♥❡ s✇✐t❝❤✳

❊♥❣s❡t ♣r♦♣♦s❡❞ ✐♥ ❬❊♥❣✾✽❪ ✇❤❛t ✐s ♠❛②❜❡ t❤❡ ♠♦st ♥❛t✉r❛❧ ♠♦❞❡❧✳ ■♥❞❡❡❞✱
❤❡ ❛ss✉♠❡❞ t❤❛t ❡❛❝❤ ✉s❡r ❛❧t❡r♥❛t❡s ❜❡t✇❡❡♥ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❢ r❛♥❞♦♠ ❞✉r❛t✐♦♥
✇✐t❤ ♠❡❛♥ σ ❛♥❞ ❛♥ ✐❞❧❡ ♣❡r✐♦❞ ♦❢ r❛♥❞♦♠ ❞✉r❛t✐♦♥ ✇✐t❤ ♠❡❛♥ τ ✳ ❆t t❤❡ ❡♥❞ ♦❢
❡❛❝❤ ✐❞❧❡ ♣❡r✐♦❞✱ t❤❡ ✉s❡r tr✐❡s t♦ ♠❛❦❡ ❛ ❝❛❧❧ ❛♥❞ ✐❢ ✐t ✐s r❡❥❡❝t❡❞✱ s❤❡ st❛rts ❛ ♥❡✇
✐❞❧❡ ♣❡r✐♦❞✳ ■♥ ♦r❞❡r t♦ ✉s❡ t❤❡ ▼❛r❦♦✈ t❤❡♦r②✱ ❊♥❣s❡t ❛ss✉♠❡❞ t❤❛t t❤❡ ❞✉r❛t✐♦♥
♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ✐❞❧❡ ♣❡r✐♦❞s ❤❛✈❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ ❜❡❤❛✈✐♦r ♦❢
s✉❝❤ ❛ s②st❡♠ ❝❛♥ t❤❡♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ❛♥❞ ❊♥❣s❡t ♦❜t❛✐♥❡❞ t❤❡
❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t②✱ ✇✐t❤ β = σ/τ ✱

B =

(

N−1
C

)

βC

1 + β + · · ·+
(

N−1
C

)

βC
.

■♥ ❢❛❝t✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❧❛t❡r t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥s ❢♦r
❝♦♠♠✉♥✐❝❛t✐♦♥ ❞✉r❛t✐♦♥s ❛♥❞ ✐❞❧❡ ♣❡r✐♦❞s ✐s ♥♦t ♥❡❝❡ss❛r② ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ❢♦r♠✉❧❛
r❡♠❛✐♥s tr✉❡ ✇✐t❤ ❣❡♥❡r❛❧ ♥♦♥✲❧❛tt✐❝❡ ❞✐str✐❜✉t✐♦♥s ✭s❡❡ ❬❇♦♥✵✼❪✱ ❢♦r ✐♥st❛♥❝❡✮✳

❊r❧❛♥❣ ❤❛❞ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ ❛♥❞ ❤❡ ♣r♦♣♦s❡❞ ✐♥ ❬❊r❧✵✾❪ ❤✐s ❢❛♠♦✉s
♠♦❞❡❧ ♦❢ ❛ t❡❧❡♣❤♦♥❡ s✇✐t❝❤✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ❤❡ ♠❛❞❡ t✇♦ ❛ss✉♠♣t✐♦♥s✳ ❚❤❡
✜rst ♦♥❡ ✐s t❤❛t ✉s❡rs ❜❡❤❛✈❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❛♥❞ t❤❛t ❝❛❧❧ ❛rr✐✈❛❧s ❝❛♥ t❤❡♥ ❜❡
♠♦❞❡❧❡❞ ❜② ❛ P♦✐ss♦♥ ♣r♦❝❡ss ♦❢ ✐♥t❡♥s✐t② λ = N/τ ✳ ❚❤❡ ♦t❤❡r ♦♥❡ ✐s t❤❛t ❡❛❝❤ ❝❛❧❧
❞✉r❛t✐♦♥ ✐s ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ♠❡❛♥ σ✳ ❚❤❡ s②st❡♠ ❝❛♥ t❤❡♥ ❜❡
♠❛t❤❡♠❛t✐❝❛❧❧② ❞❡s❝r✐❜❡❞ ❜② ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ❛♥❞ ❊r❧❛♥❣ ♦❜t❛✐♥❡❞ ✐♥ ❬❊r❧✶✼❪ t❤❡
❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t②✱ ✇✐t❤ t❤❡ tr❛✣❝ ✐♥t❡♥s✐t② α = λ× σ✿

✭✷✳✶✮ B = E(α,C) =
αC/C!

1 + α+ · · ·+ αC/C!
.

■♥✈❡rt✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❢♦r♠✉❧❛✱ ✇❡ ❛r❡ t❤❡♥ ❛❜❧❡ t♦ ❞❡r✐✈❡ t❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢
❝✐r❝✉✐ts ❢♦r ❛ t❛r❣❡t ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② ❣✐✈❡♥ t❤❡ tr❛✣❝ ✐♥t❡♥s✐t②✳ ■t ❤❛s ❜❡❡♥ ❧❛t❡r
❡st❛❜❧✐s❤❡❞ ❜② ❚❛❦á❝s ❬❚❛❦✻✾❪ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✉r❛t✐♦♥
♦❢ ❝❛❧❧s ✐s ♥♦t ♥❡❝❡ss❛r② ❛♥❞ t❤❡ ❊r❧❛♥❣ ❢♦r♠✉❧❛ r❡♠❛✐♥s tr✉❡ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧
❢r❛♠❡✇♦r❦✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✉s❡rs ✐s
❝r✉❝✐❛❧ ❜✉t ✈❡r✐✜❡❞ ✐♥ ♣r❛❝t✐❝❡✳

❲❡ ❞❡✜♥❡ t❤❡ ❧♦❛❞ r❡s♣❡❝t✐✈❡❧② ❛s ρ = Nβ/C ❛♥❞ ❛s ρ = α/C ❢♦r t❤❡ ❊♥❣s❡t
❛♥❞ ❊r❧❛♥❣ ♠♦❞❡❧s✳ ■t ❛♣♣❡❛rs t❤❛t✱ ❛t ❛♥② ❣✐✈❡♥ ❧♦❛❞✱ t❤❡ ❊♥❣s❡t ❋♦r♠✉❧❛ ❛❧✇❛②s
r❡s✉❧ts ✐♥ ❛ ❧♦✇❡r ❜❧♦❝❦✐♥❣ r❛t❡ t❤❛♥ t❤❡ ❊r❧❛♥❣ ❋♦r♠✉❧❛✿ t❤❡ ❊r❧❛♥❣ ❋♦r♠✉❧❛ ✐s
t❤❡ ✇♦rst ❝❛s❡ ❛♥❞ ❝❛♥ ❛❧✇❛②s ❜❡ ✉s❡❞ ❢♦r ❞✐♠❡♥s✐♦♥✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ ❛t ❝♦♥st❛♥t
❧♦❛❞✱ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✉s❡rs N ❣r♦✇s t♦ ✐♥✜♥✐t②✱ t❤❡ ❊♥❣s❡t ❋♦r♠✉❧❛ ❝♦♥✈❡r❣❡s
t♦ t❤❡ ❊r❧❛♥❣ ❋♦r♠✉❧❛✳ ❚❤❡s❡ ❧❛st t✇♦ st❛t❡♠❡♥ts ❛r❡ ✐❧❧✉str❛t❡❞ ❜② ❋✐❣✉r❡ ✷✳ ❚❤✐s
❡①♣❧❛✐♥s ✇❤② t❤❡ ❊r❧❛♥❣ ❢♦r♠✉❧❛✱ s✐♠♣❧❡r ❛♥❞ ♠♦r❡ ❝♦♥s❡r✈❛t✐✈❡✱ ✐s ❝♦♠♠♦♥❧② ✉s❡❞
✐♥ ♣r❛❝t✐❝❡✳
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❊♥❣s❡t✿ N = 100

❊r❧❛♥❣

❋✐❣✉r❡ ✷✳ ❚❤❡ ❊♥❣s❡t ❋♦r♠✉❧❛ ❛♥❞ t❤❡ ❊r❧❛♥❣ ❋♦r♠✉❧❛✳

✷✳✷✳ ❊①t❡♥s✐♦♥s ♦❢ ❊r❧❛♥❣ ▼♦❞❡❧✳ ❋♦r ❛ ❧♦♥❣ ♣❡r✐♦❞✱ t❤❡ ♦♥❧② ❡①✐st✐♥❣ ♥❡t✇♦r❦s
✇❡r❡ t❤❡ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦s ✇✐t❤ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❝✐r❝✉✐t s✇✐t❝❤✐♥❣✳ ❚❤❡ ♣✐♦♥❡❡r✐♥❣
✇♦r❦s ♦❢ ❊♥❣s❡t ❛♥❞ ❊r❧❛♥❣ ❧❡❞ t♦ ❛♥ ❡♥t✐r❡ ✜❡❧❞ ♦❢ r❡s❡❛r❝❤ ✇✐t❤ ♠❛♥② ❡①t❡♥s✐♦♥s
♦❢ ❜♦t❤ ♠♦❞❡❧s✳ ❲❡ ✐♥tr♦❞✉❝❡ ❤❡r❡ t✇♦ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ❊r❧❛♥❣ ♠♦❞❡❧ ❛♥❞ ❥✉st✐❢②
t❤❡ ♥❡❡❞ ❢♦r t❤❡♠✳

■♥ ✶✾✻✺✱ ●✐♠♣❡❧s♦♥ ♣r♦♣♦s❡❞ ❛ ♠✉❧t✐❝❧❛ss ❊r❧❛♥❣ ♠♦❞❡❧ ✐♥ ❬●✐♠✻✺❪✳ ❚❤✐s
♠♦❞❡❧ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❛t ❛ t✐♠❡ ✇❤❡r❡ t❤❡ ■♥t❡❣r❛t❡❞ ❙❡r✈✐❝❡s ❉✐❣✐t❛❧ ◆❡t✇♦r❦
✭■❙❉◆✮ ✇❛s ❡♠❡r❣✐♥❣ ❛♥❞ t❤❡ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦ st❛rt❡❞ t♦ ❜❡ ✉s❡❞ t♦ tr❛♥s❢❡r
❞❛t❛ ✢♦✇s ♦✈❡r s❡✈❡r❛❧ ❝✐r❝✉✐ts ✐♥ ♣❛r❛❧❧❡❧✳ ■♥ t❤✐s ♠♦❞❡❧✱ ✉s❡rs ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦
❝❧❛ss❡s s✉❝❤ t❤❛t ✢♦✇s ♦❢ ❡❛❝❤ ❝❧❛ss ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ❛♥❞ ❤❛✈❡
❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞✉r❛t✐♦♥ ❛♥❞ r❡q✉✐r❡ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ❝✐r❝✉✐ts✳ ❲❤❡♥ ❛ ✢♦✇
❛rr✐✈❡s ❛♥❞ t❤❡r❡ ❛r❡ ♥♦t ❡♥♦✉❣❤ ❢r❡❡ ❝✐r❝✉✐ts✱ t❤❡ ✢♦✇ ✐s ❜❧♦❝❦❡❞ ❛♥❞ ❧♦st✳ ❆s
❢♦r t❤❡ ❊r❧❛♥❣ ▼♦❞❡❧✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡r✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❜❧♦❝❦✐♥❣
r❛t❡ ♦❢ ❡❛❝❤ ❝❧❛ss✳ ❍♦✇❡✈❡r✱ t❤✐s ❢♦r♠✉❧❛ ✐s ✈❡r② ❞✐✣❝✉❧t t♦ ❝♦♠♣✉t❡ s✐♥❝❡ ❛ ♥❛✐✈❡
❛♣♣r♦❛❝❤ ❤❛s ❛ ❝♦♠♣❧❡①✐t② ♦❢ ♦r❞❡r O(CK) ✇❤❡r❡ C ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝✐r❝✉✐ts ❛♥❞ K
t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛ss❡s✳ ❋♦rt✉♥❛t❡❧②✱ ❛ r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛ ✇✐t❤ ❛ ❝♦♠♣❧❡①✐t② O(CK)
❤❛s ❜❡❡♥ ❞❡r✐✈❡❞ ❜② ❑❛✉❢♠❛♥ ✐♥ ❬❑❛✉✽✶❪ ❛♥❞ ❜② ❘♦❜❡rts ✐♥ ❬❘♦❜✽✶❪✳ ❉✉❡ t♦
✐ts ❧♦✇ ❝♦♠♣❧❡①✐t②✱ t❤✐s ❢♦r♠✉❧❛ ❤❛s ❜❡❡♥ ✉s❡❞ ❡①t❡♥s✐✈❡❧② ✐♥ t❤❡ ✽✵s ❢♦r ■❙❉◆
❞✐♠❡♥s✐♦♥✐♥❣✳

❉❡s♣✐t❡ ✐ts ♠♦r❡ ❣❡♥❡r❛❧ s❝♦♣❡✱ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧ st✐❧❧ ❛♣♣❧✐❡s t♦ ❛ s✐♥❣❧❡ t❡❧❡✲
♣❤♦♥❡ s✇✐t❝❤ ❛♥❞ ✇❡ r❡❛❝❤ t❤❡ ❧✐♠✐ts ♦❢ t❤✐s ♠♦❞❡❧ ✇❤❡♥ ✇❡ ✇❛♥t t♦ ✉♥❞❡rst❛♥❞ t❤❡
✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❝❧❛ss❡s ♦❢ ✉s❡rs ♦♥ ❛ ♠♦r❡ ❝♦♠♣❧❡① ♥❡t✇♦r❦ t♦♣♦❧♦❣②✳
❆s s♦♦♥ ❛s ❛ ♥❡t✇♦r❦ ✇✐t❤ ♠♦r❡ t❤❛♥ ❛ s✐♥❣❧❡ ❧✐♥❦ ✐s ❝♦♥s✐❞❡r❡❞✱ ❛♥♦t❤❡r ♣r♦❜❧❡♠
❛r✐s❡s✿ t❤❡ r♦✉t✐♥❣✳ ❲❡ ❞♦ ♥♦t ❛❞❞r❡ss t❤✐s ✐ss✉❡ ❛♥❞ t❤❡ r♦✉t❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡
❦♥♦✇♥ ❛♥❞ st❛t✐❝✳ ❚❤✐s ✐s t②♣✐❝❛❧❧② t❤❡ ❝❛s❡ ✐♥ ❛ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦ ✇❤❡r❡ t❤❡ r♦✉t✲
✐♥❣ t❛❜❧❡s ❛r❡ ❝♦♠♣✉t❡❞ ✐♥ ❛ ❝❡♥tr❛❧✐③❡❞ ✇❛② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ t♦♣♦❧♦❣② ♦❢
t❤❡ ♥❡t✇♦r❦ ❛♥❞ tr❛✣❝ st❛t✐st✐❝s✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❛❧❧♦✇s t♦ ❜✉✐❧❞ ❛ s✐♠♣❧❡ ❝❧❛ss ♦❢
♠♦❞❡❧s ♦❢ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦ ✇✐t❤ ♠✉❧t✐♣❧❡ ❧✐♥❦s✱ ❝❛❧❧❡❞ ❧♦ss ♥❡t✇♦r❦s✳ ❚❤✐s s✉❜❥❡❝t
✐s ✈❡r② ✇❡❧❧ ✐♥tr♦❞✉❝❡❞ ❜② ❑❡❧❧② ✐♥ ❬❑❡❧✾✶❪✳

■♥ ❧♦ss ♥❡t✇♦r❦s✱ ✉s❡rs ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❝❧❛ss❡s ✇❤✐❝❤ ❛r❡ ✐❞❡♥t✐✜❡❞ ❜② t❤❡ r♦✉t❡
✐♥ t❤❡ ♥❡t✇♦r❦ ❛♥❞ t❤❡ r❡q✉✐r❡❞ ♥✉♠❜❡r ♦❢ ❝✐r❝✉✐ts ♣❡r ✉s❡r✳ ❆ ❝❛❧❧ ✐s ❛❝❝❡♣t❡❞ ✐♥
t❤❡ ♥❡t✇♦r❦ ✐❢ t❤❡r❡ ❛r❡ ❡♥♦✉❣❤ ❛✈❛✐❧❛❜❧❡ ❝✐r❝✉✐ts ✐♥ ❛❧❧ ❧✐♥❦s ♦♥ ✐ts r♦✉t❡✳ ❖t❤❡r✇✐s❡✱
✐t ✐s ❜❧♦❝❦❡❞ ❛♥❞ ❧♦st✳ ❆s ♣r❡✈✐♦✉s❧②✱ ❝❛❧❧s ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ❛♥❞
❤❛✈❡ ❡①♣♦♥❡♥t✐❛❧ ❞✉r❛t✐♦♥s✳ ❇② st✉❞②✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss✱ ✇❡ ❛r❡
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❛❜❧❡ t♦ ❞❡r✐✈❡ ❛ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡❛❝❤ ❝❧❛ss ♦❢
❝❛❧❧s✳

❚❤❡ ❝♦♠♣❧❡①✐t② t♦ ❝♦♠♣✉t❡ t❤♦s❡ ♣r♦❜❛❜✐❧✐t✐❡s ✐s ♣r♦❤✐❜✐t✐✈❡ ✐♥ ♠❛♥② ♣r❛❝t✐❝❛❧
s✐t✉❛t✐♦♥s✳ ❇✉t ❝♦♥tr❛r② t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✐t ✐s ✈✐rt✉❛❧❧② ✐♠♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛♥
❡✣❝✐❡♥t ❝♦♠♣✉t❛t✐♦♥ ♠❡t❤♦❞✳ ❉❡s♣✐t❡ ❤❛✈✐♥❣ ❛ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥ ❢♦r ❜❧♦❝❦✐♥❣
r❛t❡s✱ ✇❡ ❛r❡ ✉♥❛❜❧❡ t♦ ✉s❡ ✐t ❞✐r❡❝t❧②✳ ❆ ✉s✉❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥s✐sts ✐♥ ❝♦♥s✐❞✲
❡r✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ ❡❛❝❤ ❧✐♥❦ ✐♥❞✐✈✐❞✉❛❧❧② ❛♥❞ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❜❧♦❝❦✐♥❣ ❡✈❡♥ts
♦❢ t❤❡ ❞✐✛❡r❡♥t ❧✐♥❦s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❙♦♠❡ st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ✐♥ ♦r❞❡r t♦
❥✉st✐❢② t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✳ ❲❤✐tt ❤❛s ♣r♦✈❡♥ ✐♥ ❬❲❤✐✽✺❪ t❤❛t t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥
✐s ❝♦♥s❡r✈❛t✐✈❡✱ t❤❡ ♦❜t❛✐♥❡❞ ❜❧♦❝❦✐♥❣ r❛t❡ ✐s ❜✐❣❣❡r t❤❛♥ t❤❡ ❛❝t✉❛❧ ♦♥❡✳ ❍♦✇❡✈❡r✱
t❤✐s ✐s ♥♦t tr✉❡ ✐♥ t❤❡ ♠✉❧t✐✲r❛t❡ ❝❛s❡✳ ■♥ ❬❑❡❧✾✶❪✱ ❑❡❧❧② ❣✐✈❡s ❛♥ ✐♥t✉✐t✐♦♥ ♦❢ ✇❤②
t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❛❝❝✉r❛t❡ ✇❤❡♥ t❤❡ ❧♦❛❞ ♦❢ ❡❛❝❤ ❧✐♥❦ ✐s ❣r❡❛t❡r t❤❛♥ ✶ ❛♥❞
t❤❡ ♥✉♠❜❡r ♦❢ ❝✐r❝✉✐ts ✈❡r② ❧❛r❣❡✳ ❆ ♣r♦♦❢ ❤❛s ❜❡❡♥ ♣r♦✈✐❞❡❞ ❜② ❚❤❡❜❡r❣❡ ❡t ❛❧✳
✐♥ ❬❚❙▼✾✽❪ ❜✉t ♦♥❧② ❢♦r s♦♠❡ s♣❡❝✐✜❝ ❝❛s❡s✳ ❚♦❞❛②✱ t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ r❡♠❛✐♥s
♦♣❡♥✳

✷✳✸✳ ❊♠❡r❣❡♥❝❡ ♦❢ ❉✐str✐❜✉t❡❞ s②st❡♠s✳ ❉❡s♣✐t❡ ❜❡✐♥❣ t❤❡ ✜rst ❧❛r❣❡ s❝❛❧❡
♠❛❝❤✐♥❡✱ t❤❡ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦ ✐s st✐❧❧ ❤✐❣❤❧② ❝❡♥tr❛❧✐③❡❞✳ ❚❤❡ ❞❡♣❧♦②♠❡♥t ♦❢ t❤❡
♥❡t✇♦r❦s ✐s ♣❧❛♥♥❡❞ ❛♥❞ ❞❡❝✐❞❡❞ ❜② t❤❡ ♥❡t✇♦r❦ ♦♣❡r❛t♦r ✇❤♦ ❤❛s ❛ ❣❧♦❜❛❧ ✈✐s✐♦♥ ♦❢
t❤❡ s✐t✉❛t✐♦♥✳ ❲❤❡♥ ♦♣❡r❛t✐♥❣✱ t❤❡ r♦✉t✐♥❣ s❝❤❡♠❡s ❛r❡ t②♣✐❝❛❧❧② ❝❤♦s❡♥ ❜② ✜♥❞✐♥❣
t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❤✉❣❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ❝♦sts ❛♥❞ ✉s❡
❡✣❝✐❡♥t❧② ❛❧❧ t❤❡ ❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s✳

❚❤❡ ♠❛✐♥ ❞r❛✇❜❛❝❦ ♦❢ s✉❝❤ ❛♥ ❛r❝❤✐t❡❝t✉r❡ ✐s t❤❛t ✐t ✐s ❞✐✣❝✉❧t t♦ ❛❞❛♣t t♦
♠❛❥♦r ❝❤❛♥❣❡s s✉❝❤ ❛s ❛ ❧✐♥❦ ❢❛✐❧✉r❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❜✐❣❣❡r t❤❡ ♥❡t✇♦r❦✱ t❤❡
♠♦r❡ ✐♥tr✐❝❛t❡ t❤❡ ❞✐✛❡r❡♥t ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s t♦ s♦❧✈❡✳ ■t ✐s t❤❡♥ ♠♦r❡ ❛♥❞
♠♦r❡ ❞✐✣❝✉❧t t♦ ✐♥❝r❡❛s❡ t❤❡ s✐③❡ ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❋♦r ❛❧❧ t❤❡s❡ r❡❛s♦♥s✱ ♠♦st ♦❢ t❤❡
❧❛r❣❡✲s❝❛❧❡ s②st❡♠s ✐♥ ✉s❡ t♦❞❛② ✐♥❝♦r♣♦r❛t❡ ❞✐str✐❜✉t❡❞ ♠❡❝❤❛♥✐s♠s ✇❤✐❝❤ ❛❧❧♦✇
t♦ s❝❛❧❡ t❤❡ s②st❡♠ ❛♥❞ t♦ r❡❛❝t r❛♣✐❞❧② t♦ ❛♥② ♠❛❥♦r ❡✈❡♥t✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r❡s❡♥t t❤r❡❡ ♦❢ t❤❡s❡ s②st❡♠s✳ ❋✐rst❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ ♣❛❝❦❡t✲
s✇✐t❝❤✐♥❣ ♥❡t✇♦r❦s ✇❤✐❝❤ ✉s❡ ❞✐str✐❜✉t❡❞ tr❛✣❝ ❝♦♥tr♦❧ ❛♥❞ r♦✉t✐♥❣ ♠❡❝❤❛♥✐s♠s✳
❍♦✇❡✈❡r✱ ♠♦st ♣❛❝❦❡t✲s✇✐t❝❤✐♥❣ ♥❡t✇♦r❦s ❛r❡ ❞❡♣❧♦②❡❞ ❛♥❞ ♦♣❡r❛t❡❞ ❜② ♥❡t✇♦r❦
♦♣❡r❛t♦rs ✇❤✐❝❤ ♣❡r❢♦r♠ s♦♠❡ ♦♣t✐♠✐③❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ❝♦sts✳ ❚❤❡
s❡❝♦♥❞ ❡①❛♠♣❧❡ ♣r❡s❡♥t❡❞ ❛r❡ ✇✐r❡❧❡ss ♥❡t✇♦r❦s ✇❤✐❝❤ ❛r❡ ❢✉❧❧② ❞✐str✐❜✉t❡❞ s✐♥❝❡
t❤❡② ❛r❡ ❞❡♣❧♦②❡❞ ❛♥❞ ♦♣❡r❛t❡❞ ❜② ✉s❡rs ✇✐t❤♦✉t ❛♥② ❝♦♦r❞✐♥❛t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s
♥♦ ❝❡♥tr❛❧✐③❡❞ ♠❡❝❤❛♥✐s♠ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ❛ ❧❛r❣❡✲s❝❛❧❡
❞✐str✐❜✉t❡❞ ♠❡❝❤❛♥✐s♠ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❞✐✛❡r❡♥t s②st❡♠s✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ ✐ts
✈❡r② ❧❛r❣❡ s❝❛❧❡✱ ❛♥② ❝❡♥tr❛❧✐③❡❞ ♠❡❝❤❛♥✐s♠ s❡❡♠s ✉♥r❡❛❧✐st✐❝✳

✸✳ ❇❛♥❞✇✐❞t❤ ❙❤❛r✐♥❣ ◆❡t✇♦r❦s ▼♦❞❡❧✐♥❣

✸✳✶✳ ◗✉❡✉❡s ❛♥❞ ◗✉❡✉❡✐♥❣ ◆❡t✇♦r❦s✳ ❋♦r ❛ ❧♦♥❣ ♣❡r✐♦❞ ♦❢ t✐♠❡✱ t❡❧❡♣❤♦♥❡
♥❡t✇♦r❦s ✇❡r❡ t❤❡ ♦♥❧② r❡❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦s ❛♥❞✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❡ ♦♥❧②
r❡❛❧ ✐♥❢♦r♠❛t✐♦♥ s②st❡♠s ✐♥ s❡r✈✐❝❡✳ ❆❢t❡r ✶✾✻✵✱ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❝♦♠♣✉t❡rs ❛♥❞
❝♦♠♣✉t❡r ♥❡t✇♦r❦s ♦✛❡r❡❞ ♥❡✇ s②st❡♠s t♦ st✉❞② ❛♥❞ ♠♦❞❡❧✳ ❉✉r✐♥❣ t❤❛t ♣❡r✐♦❞✱
t❤❡ ♠♦st ✉s✉❛❧ s②st❡♠ ❝♦♥s✐st❡❞ ♦❢ ❛ ♠❛✐♥ ❢r❛♠❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❛s❦s ♦♥❡ ❛❢t❡r
❛♥♦t❤❡r ❛♥❞ ♣❡♦♣❧❡ ✇❡r❡ ♣r✐♠❛r✐❧② ✐♥t❡r❡st❡❞ ✐♥ ❡✈❛❧✉❛t✐♥❣ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ s②s✲
t❡♠ ❛♥❞ t❤❡ ❞❡❧❛②s ❡♥❝♦✉♥t❡r❡❞ ❜② ❛ t❛s❦ s✉❜♠✐tt❡❞ ✐♥ t❤❡ s②st❡♠✳ ❋♦r st✉❞②✐♥❣
s✉❝❤ ❛ s②st❡♠✱ t❤❡ ♥❛t✉r❛❧ ❢r❛♠❡✇♦r❦ ✐s t❤❡ q✉❡✉❡✐♥❣ t❤❡♦r② ✇❤✐❝❤ ✇❛s ❛❧r❡❛❞②
❢❛✐r❧② ❞❡✈❡❧♦♣❡❞ ❛t t❤❛t t✐♠❡✳

❚❤❡ s✐♠♣❧❡st ♠♦❞❡❧ ❢♦r s✉❝❤ ❛ s②st❡♠ ✐s t❤❡ M/M/1 q✉❡✉❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❝❧❛ss✐✜❝❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ❑❡♥❞❛❧❧ ✐♥ ❬❑❡♥✺✸❪✳ ■♥ ❛♥ M/M/1 q✉❡✉❡✱ t❛s❦s ❛rr✐✈❡
❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ♦❢ ♣❛r❛♠❡t❡r λ ❛♥❞ ❡❛❝❤ t❛s❦ ♥❡❡❞s ❛ s❡r✈✐❝❡ t✐♠❡
✇❤✐❝❤ ✐s ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ♣❛r❛♠❡t❡r µ✳ ❚❤✐s ✐s ❡♥♦✉❣❤ t♦ ❞❡✜♥❡ ❛
▼❛r❦♦✈ ♣r♦❝❡ss ❞❡s❝r✐❜✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ✇❛✐t✐♥❣ t♦ ❜❡ tr❡❛t❡❞ ✐♥ t❤❡ q✉❡✉❡✳



✻ ■✳ ■◆❚❘❖❉❯❈❚■❖◆

❚❤❡ ✜rst ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ❊r❧❛♥❣ ♠♦❞❡❧ ✐s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ✐s ✉♥❜♦✉♥❞❡❞
❛♥❞ ✐t ✐s ♥❛t✉r❛❧ t♦ ❛s❦ ✉♥❞❡r ✇❤❛t ❝♦♥❞✐t✐♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✇❛✐t✐♥❣ t❛s❦s ✇✐❧❧ r❡♠❛✐♥
❜♦✉♥❞❡❞✳ ■♥ ❢❛❝t✱ ✐❢ λ < µ✱ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✐s ❡r❣♦❞✐❝ ❛♥❞ ❛❞♠✐ts ❢♦r st❛t✐♦♥❛r②
❞✐str✐❜✉t✐♦♥✿

π(x) = (1− ρ)ρx, ∀x ≥ 0,

✇❤❡r❡ ρ = λ/µ ✐s t❤❡ ❧♦❛❞ ♦❢ t❤❡ q✉❡✉❡✳ ❚❤❡ s②st❡♠ ✐s t❤❡♥ s❛✐❞ t♦ ❜❡ st❛❜❧❡✳ ❖♥
t❤❡ ❝♦♥tr❛r②✱ ✐❢ λ > µ✱ t❤❡ q✉❡✉❡ ✐s tr❛♥s✐❡♥t ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧✐❡♥ts t❡♥❞s t♦
✐♥✜♥✐t② ❛❧♠♦st s✉r❡❧② ✇❤❡♥ t✐♠❡ t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤❡ s②st❡♠ ✐s t❤❡♥ s❛✐❞ t♦ ❜❡
✉♥st❛❜❧❡✳

❆s ✐♥ t❤❡ ❊r❧❛♥❣ ♠♦❞❡❧✱ ✇❡ ❝❛♥ q✉❡st✐♦♥ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ P♦✐ss♦♥ ❛♥❞ ❡①♣♦✲
♥❡♥t✐❛❧ ❛ss✉♠♣t✐♦♥s✳ ❲❡ t❤❡♥ ♥❡❡❞ t♦ s♣❡❝✐❢② t❤❡ s❡r✈✐❝❡ ♣♦❧✐❝② ♦❢ t❤❡ q✉❡✉❡✳ ❚❤❡
t❤r❡❡ ♠♦st ❢❛♠♦✉s ♣♦❧✐❝✐❡s ❛r❡✿ ❋✐rst ■♥ ❋✐rst ❖✉t ✭❋■❋❖✮ ✇❤❡r❡ t❛s❦s ❛r❡ s❡r✈❡❞ ✐♥
t❤❡✐r ❛rr✐✈❛❧ ♦r❞❡r❀ ♣r❡❡♠♣t✐✈❡ ▲❛st ■♥ ❋✐rst ❖✉t ✭▲■❋❖✮ ✇❤❡r❡ t❤❡ ❧❛st ❝✉st♦♠❡r
✐♥ t❤❡ q✉❡✉❡ ✐♥t❡rr✉♣ts t❤❡ ❝✉rr❡♥t s❡r✈✐❝❡ t♦ ❜❡ s❡r✈❡❞❀ Pr♦❝❡ss♦r ❙❤❛r✐♥❣ ✭P❙✮
✇❤❡r❡ t❤❡ s❡r✈✐❝❡ ❝❛♣❛❝✐t② ✐s ❡q✉❛❧❧② s❤❛r❡❞ ❜❡t✇❡❡♥ ❛❧❧ t❤❡ t❛s❦s ♣r❡s❡♥t ✐♥ t❤❡
q✉❡✉❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❋■❋❖✱ ❛s ♣r♦✈❡❞ ❜② ▲♦②♥❡s ✐♥ ❬▲♦②✻✷❪✱ t❤❡ ♥♦t✐♦♥ ♦❢ st❛❜✐❧✐t②
❝❛♥ ❡❛s✐❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ♠✉❝❤ ♠♦r❡ ❣❡♥❡r❛❧ q✉❡✉❡✱ t❤❡ G/G/1 FIFO q✉❡✉❡✱
✇❤❡r❡ ✐♥t❡r✲❛rr✐✈❛❧ t✐♠❡s ❛♥❞ s❡r✈✐❝❡ t✐♠❡s ❛r❡ ❣❡♥❡r❛❧ st❛t✐♦♥❛r② r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
✇✐t❤ r❡s♣❡❝t✐✈❡ ♠❡❛♥s λ−1 ❛♥❞ µ−1✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❞❡❧❛②✱ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠
♦❢ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ❛t ❡q✉✐❧✐❜r✐✉♠ ✐s ❦♥♦✇♥ ❢♦r t❤❡ GI/GI/1 FIFO q✉❡✉❡ ❛♥❞ ♥♦✲
t❛❜❧② r❡❞✉❝❡s t♦ t❤❡ P♦❧❧❛❝③❡❦✲❑❤✐♥❝❤✐♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡M/GI/1 FIFO
q✉❡✉❡✳ ❚❤❡ ❛✈❡r❛❣❡ ❞❡❧❛② ✐s t❤❡♥ ❣✐✈❡♥ ❜②

δ =
1

µ

(

1 +
ρ

1− ρ

E(S2)

2E(S)2

)

,

✇❤❡r❡ S ✐s t❤❡ s❡r✈✐❝❡ t✐♠❡ ♦❢ ❛ t❛s❦ ❛♥❞ E(S) = µ−1✳ ❲❡ ❝❛♥ ♥♦t❡ t❤❛t t❤✐s ♠♦❞❡❧
✐s s❡♥s✐t✐✈❡ t♦ t❤❡ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ❜❡②♦♥❞ t❤❡ ♠❡❛♥ ✉♥❧✐❦❡ t❤❡ ❊r❧❛♥❣
♠♦❞❡❧ ✇❤✐❝❤ ✐s ✐♥s❡♥s✐t✐✈❡✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ M/G/1 PS ❛♥❞ M/G/1 LIFO
❛r❡ ✐♥s❡♥s✐t✐✈❡ ❛♥❞ t❤❡ ♠❡❛♥ ❞❡❧❛② ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ M/M/1 ❝❛s❡✳ ❋♦r ♠♦r❡
❞❡t❛✐❧s ♦♥ t❤♦s❡ q✉❡✉❡s✱ ♦♥❡ ❝❛♥ r❡❢❡r t♦ ❬❘♦❜✵✸✱ ❈❤❛♣t❡r ✷✱ ❈❤❛♣t❡r ✼❪✳

❆ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ♦❢ q✉❡✉❡s ❛r❡ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❛s❦s ❥♦✐♥
❛ q✉❡✉❡ ✇❤❡♥ ❡♥t❡r✐♥❣ t❤❡ ♥❡t✇♦r❦✳ ❲❤❡♥ t❤❡② ❧❡❛✈❡ ❛ q✉❡✉❡✱ t❤❡② ❝❛♥ ❧❡❛✈❡ t❤❡
s②st❡♠ ♦r ❥♦✐♥ ❛♥♦t❤❡r q✉❡✉❡✳ ❊✈❡♥t✉❛❧❧②✱ t❤❡② r❡❛❝❤ t❤❡✐r ❞❡st✐♥❛t✐♦♥s ❛♥❞ ❧❡❛✈❡
t❤❡ ♥❡t✇♦r❦✳ ❆ r❡♣r❡s❡♥t❛t✐✈❡ ❝❧❛ss ♦❢ ❡①❛♠♣❧❡s ❛r❡ ❏❛❝❦s♦♥ ♥❡t✇♦r❦s✳ ■♥❝♦♠✐♥❣
t❛s❦s ❛rr✐✈❡ ✐♥ q✉❡✉❡ i ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ♦❢ ♣❛r❛♠❡t❡r νi✳ ❆❢t❡r ❧❡❛✈✲
✐♥❣ q✉❡✉❡ i✱ ❛ t❛s❦ ❥♦✐♥s q✉❡✉❡ j ✇✐t❤ ♣r♦❜❛❜✐❧✐t② pij ♦r ❧❡❛✈❡s t❤❡ ♥❡t✇♦r❦ ✇✐t❤
♣r♦❜❛❜✐❧✐t② 1 −∑j pij ✳ ■♥ q✉❡✉❡ i✱ ❛ t❛s❦ r❡q✉✐r❡s ❛♥ ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡ ♦❢
♣❛r❛♠❡t❡r µi✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❏❛❝❦s♦♥ ♥❡t✇♦r❦ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✸✳

ν µ1 µ2 µ3

❋✐❣✉r❡ ✸✳ ❆ ❏❛❝❦s♦♥ ♥❡t✇♦r❦ ♦❢ N = 3 q✉❡✉❡s✳

❏❛❝❦s♦♥ ♥❡t✇♦r❦s ❛r❡ ❛ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡ s✐♥❝❡ t❤❡✐r ❜❡❤❛✈✐♦r ❛t
❡q✉✐❧✐❜r✐✉♠ ✐s ✇❡❧❧ ❦♥♦✇♥✳ ❈♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ tr❛✣❝ ❡q✉❛t✐♦♥s✱ ✐✳❡✳ t❤❡
λi s✉❝❤ t❤❛t✿

λi = νi +
∑

j

pjiλj .
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❚❤❡ q✉❛♥t✐t② λi ✐s t❤❡ ✐♥t❡♥s✐t② ♦❢ q✉❡✉❡ i ❛rr✐✈❛❧s✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡ st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥ ❢♦r ❛ M/M/1 q✉❡✉❡ ✐s λ < µ ❛♥❞✱ s✐♠✐❧❛r❧②✱ ❢♦r ❛ ❏❛❝❦s♦♥ ♥❡t✇♦r❦✱ t❤❡
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s t❤❛t λi < µi ❢♦r ❛♥② q✉❡✉❡ i✳ ▼♦r❡ s✉r♣r✐s✐♥❣❧②✱ ❏❛❝❦s♦♥
♣r♦✈❡❞ ✐♥ ❬❏❛❝✻✸❪ t❤❛t ❛t ❡q✉✐❧✐❜r✐✉♠✱ q✉❡✉❡ i ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♦t❤❡r q✉❡✉❡s ❛♥❞
❜❡❤❛✈❡s ❛s ❛♥ M/M/1 q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ λi ❛♥❞ ❞❡♣❛rt✉r❡ r❛t❡ µi ❛♥❞ t❤❡
st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ ❏❛❝❦s♦♥ ♥❡t✇♦r❦ ✐s

π(x1, . . . , xL) =

L
∏

i=1

(1− ρi)ρ
xi

i , ✇✐t❤ ρi =
λi
µi
.

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞❡❧❛② ❡①♣❡r✐❡♥❝❡❞ ❜② ❛ t❛s❦ ✐♥ q✉❡✉❡ i ✐s✱ ♦♥ ❛✈❡r❛❣❡✱ 1/(µi−λi)✳
❚❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤♦s❡ ♥❡t✇♦r❦s ❝❛♥ t❤❡♥ ❜❡ ❞❡s❝r✐❜❡❞ ✈❡r② ♣r❡❝✐s❡❧② ❛♥❞ ❢♦r t❤❛t
r❡❛s♦♥✱ ❏❛❝❦s♦♥ ♥❡t✇♦r❦s ✭♦r ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥✮ s❡❡♠ t♦ ❜❡ ❛ ❣♦♦❞ ❝❛♥❞✐❞❛t❡ t♦
❞❡s❝r✐❜❡ ♣❛❝❦❡t✲s✇✐t❝❤✐♥❣ ♥❡t✇♦r❦s✳ ■♥ t❤❡ ♥❡①t ❙❡❝t✐♦♥✱ ✐t ✐s ❡①♣❧❛✐♥❡❞ ✇❤② ✐t ✐s
♥♦t t❤❡ ❝❛s❡✳

✸✳✷✳ P❛❝❦❡t ❙✇✐t❝❤✐♥❣ ◆❡t✇♦r❦s ❛♥❞ ❈♦♥❣❡st✐♦♥ ❈♦♥tr♦❧✳ ■♥ t❤❡ ❡❛r❧② s✐①✲
t✐❡s✱ ❛ ♥❡✇ ♥❡t✇♦r❦ ❞❡s✐❣♥ ❛♣♣❡❛r❡❞✳ ❆t t❤❛t t✐♠❡✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ ❝♦♠✲
♣✉t❡rs ✇❛s ♣❡r❢♦r♠❡❞ t❤r♦✉❣❤ t❤❡ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦ ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝✐r❝✉✐t
s✇✐t❝❤✐♥❣ ♣❛r❛❞✐❣♠✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❞r❛✇❜❛❝❦s ✇✐t❤ t❤❛t ♣r✐♥❝✐♣❧❡✱ ❛♠♦♥❣ ✇❤✐❝❤
t❤❡ ❢❛❝t t❤❛t r❡s♦✉r❝❡s ♠✉st ❜❡ r❡s❡r✈❡❞ ❛❧♦♥❣ t❤❡ r♦✉t❡ ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ ❝♦♠♠✉♥✐✲
❝❛t✐♦♥ ❛♥❞ t❤❡ ❢❛❝t t❤❛t r♦✉t✐♥❣ ✐s ❞❡❝✐❞❡❞ ✐♥ ❛ ❝❡♥tr❛❧✐③❡❞ ✇❛② ✇❤✐❝❤ ✐s ♥♦t r♦❜✉st t♦
t❤❡ ❞❡str✉❝t✐♦♥ ♦❢ ❛ ♣❛rt ♦❢ t❤❡ ♥❡t✇♦r❦ ✶✳ ❚❤✐s ❝♦♥❞✉❝t❡❞ ❇❛r❛♥ t♦ ♣r♦♣♦s❡ ❛ ♥❡✇
♥❡t✇♦r❦ ♣❛r❛❞✐❣♠ ✐♥ ❬❇❛r✻✷❪✿ ♣❛❝❦❡t s✇✐t❝❤✐♥❣✳ ■♥st❡❛❞ ♦❢ ❛❧❧♦❝❛t✐♥❣ r❡s♦✉r❝❡s ❛t
t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ❞❛t❛ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ♣❛❝❦❡ts ✇❤✐❝❤ ❛r❡ s❡♥t
✐♥t♦ t❤❡ ♥❡t✇♦r❦✳ ❲❤❡♥ ❣♦✐♥❣ t❤r♦✉❣❤ s✇✐t❝❤❡s✱ r♦✉t❡rs ❛♥❞ ♦t❤❡r ♥❡t✇♦r❦s ♥♦❞❡s✱
♣❛❝❦❡ts ❛r❡ q✉❡✉❡❞ ❜❡❢♦r❡ ❜❡✐♥❣ tr❛♥s♠✐tt❡❞✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ✐s t❤❛t t❤❡ ♥❡t✲
✇♦r❦ ✐s ♦r❣❛♥✐③❡❞ ✇✐t❤ ❤✐❣❤❧② ❞✐str✐❜✉t❡❞ ♠❡❝❤❛♥✐s♠s ❛♥❞ t❤❡ ♠❛✐♥ ❞r❛✇❜❛❝❦ ✐s
t❤❛t t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❛ ❞❛t❛ tr❛♥s♠✐ss✐♦♥ ❝❛♥ ✈❛r② ♦✈❡r t✐♠❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
♥❡t✇♦r❦ ❧♦❛❞ ❛♥❞ t❤❡r❡ ✐s ♥♦ ❣✉❛r❛♥t❡❡ t❤❛t ❛ ♣❛❝❦❡t s❡♥t ✐♥t♦ t❤❡ ♥❡t✇♦r❦ r❡❛❝❤❡s
✐ts ❞❡st✐♥❛t✐♦♥✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ✐ss✉❡s t❤❛t ❤❛✈❡ ❜❡❡♥ ❛❞❞r❡ss❡❞ ❜② ❈❡r❢ ❛♥❞ ❑❛❤♥
✐♥ ❬❈❑✼✹❪ ❜② t❤❡ ❝r❡❛t✐♦♥ ♦❢ t❤❡ ❚r❛♥s♣♦rt ❈♦♥tr♦❧ Pr♦t♦❝♦❧ ✭❚❈P✮ ✇❤✐❝❤ ❡♥s✉r❡s
❡♥❞✲t♦✲❡♥❞ tr❛♥s♠✐ss✐♦♥ ❡rr♦r ❝♦♥tr♦❧✳ ❇❛s✐❝❛❧❧②✱ t❤❡ r❡❝❡✐✈❡r s❡♥❞s ❛♥ ❛❝❦♥♦✇❧✲
❡❞❣❡♠❡♥t ❢♦r ❡❛❝❤ r❡❝❡✐✈❡❞ ♣❛❝❦❡t✳ ■❢ ❛❢t❡r s♦♠❡ t✐♠❡♦✉t✱ ♥♦ ❛❝❦♥♦✇❧❡❞❣❡♠❡♥t ❤❛s
❜❡❡♥ r❡❝❡✐✈❡❞ ❜② t❤❡ s❡♥❞❡r ❢♦r ❛ ❣✐✈❡♥ ♣❛❝❦❡t✱ ✐t ✐s r❡tr❛♥s♠✐tt❡❞✳

■❢ t❤❡ ♦r✐❣✐♥❛❧ ✈❡rs✐♦♥ ♦❢ ❚❈P s❡❡♠s t♦ ❜❡ s✉✣❝✐❡♥t t♦ ❣✉❛r❛♥t❡❡ t❤❡ ✐♥t❡❣r✐t②
♦❢ ❛ tr❛♥s♠✐ss✐♦♥✱ ✐t ❞♦❡s ♥♦t ❣✉❛r❛♥t❡❡ ❛♥ ❡✣❝✐❡♥t ✉s❡ ♦❢ ❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s✳ ■♥
❢❛❝t✱ ❛ ♣❤❡♥♦♠❡♥♦♥ ❝❛❧❧❡❞ ❝♦♥❣❡st✐♦♥ ❝♦❧❧❛♣s❡ ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ✶✾✽✻ ✐♥ t❤❡
■♥t❡r♥❡t ❛s ❞❡s❝r✐❜❡❞ ❜② ❏❛❝♦❜s♦♥ ✐♥ ❬❏❛❝✽✽❪✳ ■t ❛♣♣❡❛rs t❤❛t ❛t ❝❡rt❛✐♥ t✐♠❡s✱
♠♦st ♣❛❝❦❡ts s❡♥t ✐♥ t❤❡ ♥❡t✇♦r❦ ✇❡r❡ ❡✈❡♥t✉❛❧❧② ❞r♦♣♣❡❞ ❜❡❢♦r❡ r❡❛❝❤✐♥❣ t❤❡✐r
❞❡st✐♥❛t✐♦♥ r❡s✉❧t✐♥❣ ✐♥ ❛ ❤✉❣❡ ❞r♦♣ ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤ ❛♥❞ ❛♥ ✐♥❡✣❝✐❡♥t ✉s❡ ♦❢
t❤❡ ♥❡t✇♦r❦ r❡s♦✉r❝❡s✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤✐s ♣❤❡♥♦♠❡♥♦♥✱ ❏❛❝♦❜s♦♥ ♣r♦♣♦s❡❞ t❤❡
✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❝♦♥❣❡st✐♦♥ ✇✐♥❞♦✇ ✐♥ ❬❏❛❝✽✽❪✳ ❚❤❡ ❛✐♠ ♦❢ t❤❛t ❝♦♥❣❡st✐♦♥ ✇✐♥❞♦✇
✇❛s t♦ ❛❞❛♣t t❤❡ ♣❛❝❦❡t s❡♥❞✐♥❣ r❛t❡ t♦ t❤❡ ❝♦♥❣❡st✐♦♥ ✐♥ t❤❡ ♥❡t✇♦r❦✳ ❚❈P ❤❛s
❜❡❡♥ ✈❡r② ✇❡❧❧ ❛❝❝❡♣t❡❞ ❛♥❞ ✐s ✉s❡❞ ❢♦r t❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥s ✐♥
t❤❡ ■♥t❡r♥❡t✳

❚❤❡ ❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧ ♠❡❝❤❛♥✐s♠ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐♥❞✉❝❡s ♠❛♥② ❝♦rr❡❧❛t✐♦♥s
❜❡t✇❡❡♥ ♣❛❝❦❡ts ✐♥ t❤❡ ♥❡t✇♦r❦✳ ❙✐♥❝❡ ❞❛t❛ ✢♦✇s ❛r❡ ❝✉t ✐♥t♦ ♠❛♥② ♣❛❝❦❡ts✱ t❤♦s❡
♣❛❝❦❡ts ❛rr✐✈❡ ✐♥ ❜✉rsts ❛♥❞ t❤❡ ❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧ ♠❡❝❤❛♥✐s♠s ✐♥❞✉❝❡ ❝♦rr❡❧❛t✐♦♥s
❜♦t❤ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✿ ✐♥ s♣❛❝❡✱ s✐♥❝❡ t❤❡ ❝♦♥❣❡st✐♦♥ ❛t ❛ ❣✐✈❡♥ ❜♦tt❧❡♥❡❝❦ ❝❛♥
❝❤❛♥❣❡ t❤❡ s❡♥❞✐♥❣ r❛t❡s ♦❢ t✇♦ ✢♦✇s ❝♦♠✐♥❣ ❢r♦♠ ❞✐✛❡r❡♥t ♣❧❛❝❡s ❛♥❞ ✐♥ t✐♠❡ s✐♥❝❡
r❡❝♦✈❡r✐♥❣ ❢r♦♠ ❛ ❝♦♥❣❡st✐♦♥ ❝❛♥ ❜❡ ✈❡r② ❧♦♥❣✳ ❚❤❡s❡ r❡♠❛r❦s ❛r❡ ❤❡✉r✐st✐❝ ❜✉t ✐t

✶✳ ❚❤✐s ✇❛s ❛ ❝r✉❝✐❛❧ ✐ss✉❡ ❞✉r✐♥❣ t❤❡ ❈♦❧❞ ❲❛r ❛♥❞ t❤❡ ◆✉❝❧❡❛r t❤r❡❛t✳
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❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ❜② ▲❡❧❛♥❞ ❡t ❛❧✳ ✐♥ ❬▲❚❲❲✾✸❪ ❛♥❞ ❜② P❛①s♦♥ ❛♥❞ ❋❧♦②❞ ✐♥
❬P❋✾✺❪ t❤❛t ♣❛❝❦❡t tr❛✣❝ ♦♥ ❛♥ ❧♦❝❛❧ ❛r❡❛ ♥❡t✇♦r❦ ✐s st❛t✐st✐❝❛❧❧② ✈❡r② ❝❧♦s❡ t♦ ❛
s❡❧❢✲s✐♠✐❧❛r ♣r♦❝❡ss✱ ❡①❝❧✉❞✐♥❣ P♦✐ss♦♥ ❛♥❞ ▼❛r❦♦✈ ♠♦❞❡❧✐♥❣ ♦❢ ♣❛❝❦❡ts ❞②♥❛♠✐❝s✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♠♦❞❡❧✐♥❣ ♣❛❝❦❡t✲s✇✐t❝❤✐♥❣ ♥❡t✇♦r❦s ✇✐t❤ q✉❡✉❡s ✐s ❡①tr❡♠❡❧②
✐♥tr✐❝❛t❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❏❛❝❦s♦♥ ♥❡t✇♦r❦s✱ ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡✱ ♦r ❑❡❧❧② ♥❡t✇♦r❦s ✭s❡❡
❬❑❡❧✼✾❪✮ s❡❡♠ ♣❡r❢❡❝t❧② ❛❞❛♣t❡❞ ❢♦r ♠♦❞❡❧✐♥❣ ♣❛❝❦❡t s✇✐t❝❤✐♥❣ ♥❡t✇♦r❦s ♠❛✐♥❧②
❞✉❡ t♦ t❤❡✐r ♣r♦❞✉❝t✲❢♦r♠ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ P♦✐ss♦♥ ❛rr✐✈❛❧s
❛ss✉♠♣t✐♦♥ ✐s ❝r✉❝✐❛❧✳ ❲✐t❤♦✉t ✐t✱ t❤♦s❡ ♥❡t✇♦r❦s ❛r❡ ✈❡r② ❞✐✣❝✉❧t t♦ ❛♥❛❧②③❡✳

✸✳✸✳ ❋❧♦✇✲▲❡✈❡❧ ▼♦❞❡❧✐♥❣✳ ▲♦♦❦✐♥❣ ❛t ♣❛❝❦❡t✲s✇✐t❝❤✐♥❣ ♥❡t✇♦r❦s ❛t ♣❛❝❦❡t ❧❡✈❡❧
♠❛② ♥♦t ❜❡ t❤❡ r✐❣❤t ♣♦✐♥t ♦❢ ✈✐❡✇ ❢♦r ❡✈❛❧✉❛t✐♥❣ t❤❡✐r ♣❡r❢♦r♠❛♥❝❡✳ ❲❡ s❛✇ ✐♥ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥ t❤❛t ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❝♦rr❡❝t❧② ❞❡s❝r✐❜✐♥❣ ♣❛❝❦❡t tr❛✣❝ ❛r❡
✈❡r② ❝♦♠♣❧❡① ❛♥❞ ❞❡s♣✐t❡ ❡①t❡♥s✐✈❡ r❡s❡❛r❝❤ ✐♥ t❤✐s ❛r❡❛✱ t❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ ❞✐♠❡♥✲
s✐♦♥✐♥❣ r✉❧❡ ❧✐❦❡ t❤❡ ❊r❧❛♥❣ ❢♦r♠✉❧❛ ❢♦r ♣❛❝❦❡t✲s✇✐t❝❤✐♥❣ ♥❡t✇♦r❦s✱ ❢r♦♠ t❤❡ ♣❛❝❦❡t
♣♦✐♥t ♦❢ ✈✐❡✇✳ ❋✉♥❞❛♠❡♥t❛❧❧②✱ ✇❡ ❝♦✉❧❞ t❤✐♥❦ ❛❣❛✐♥ ♦❢ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s✳
❆r❡ ♣❛❝❦❡t ❞❡❧❛②s t❤❡ ❜❡st ♠❡tr✐❝s❄ ■♥t❡r♥❡t ✉s❡rs ❛r❡ ♦❜❧✐✈✐♦✉s ♦❢ ♣❛❝❦❡ts ❛♥❞
✇❤❛t t❤❡② t②♣✐❝❛❧❧② s❡❡ ✐s t❤❡ ❛✈❡r❛❣❡ t❤r♦✉❣❤♣✉t ♦❜t❛✐♥❡❞ ❞✉r✐♥❣ ❛ ❞❛t❛ tr❛♥s❢❡r✳
■❢ ✇❡ ✇❛♥t t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ ♥❡t✇♦r❦ ❝♦rr❡❝t❧②✱ ✇❡ ♥❡❡❞ t♦ ♠♦❞❡❧
♥❡t✇♦r❦s ❛t t❤❡ ✢♦✇ ❧❡✈❡❧ ❛s ♣r♦♣♦s❡❞ ❜② ▼❛ss♦✉❧✐é ❛♥❞ ❘♦❜❡rts ✐♥ ❬▼❘✵✵❪✳

❆ ✢♦✇ ✐♥ t❤❡ ■♥t❡r♥❡t ✐s ❛ ❧♦♦s❡❧② ❞❡✜♥❡❞ ♦❜❥❡❝t r❡♣r❡s❡♥t✐♥❣ ❛ str❡❛♠ ♦❢ ❞❛t❛
✇✐t❤ ❝♦♠♠♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ✭s❡♥❞❡r ❛♥❞ r❡❝❡✐✈❡r ■P ❛❞❞r❡ss✱ ♣♦rt ♥✉♠❜❡r ✳ ✳ ✳ ✮✳
❍❡r❡✱ ✇❡ ✉s❡ t❤❛t t❡r♠ ✐♥ ♦r❞❡r t♦ r❡♣r❡s❡♥t t❤❡ tr❛♥s❢❡r ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❞♦❝✉♠❡♥t✳
❚❤❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ✐s t❤❛t t❤❡ ✢♦✇ ✐s ❛ ❝♦♥t✐♥✉♦✉s str❡❛♠ ♦❢ ♣❛❝❦❡ts ✉s✐♥❣ t❤❡
s❛♠❡ ♣❛t❤ ✐♥ ❛ ♥❡t✇♦r❦✳ ■t ✐s t❤❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts st❛rt✐♥❣ t✐♠❡ ❛♥❞ ✐ts s✐③❡✳

❲❡ t❤❡♥ r❡♣r❡s❡♥t ♥❡t✇♦r❦ ❞②♥❛♠✐❝s ✇✐t❤ ❛ ✢✉✐❞ ♠♦❞❡❧ ✐♥ ♦r❞❡r t♦ ❣❡t ❛ ♠♦r❡
tr❛❝t❛❜❧❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧❀ ✢♦✇s ❜❡❝♦♠❡ ✢✉✐❞s ♦❢ ❞❛t❛ ✐♥st❡❛❞ ♦❢ str❡❛♠s ♦❢
♣❛❝❦❡ts✳ ❚❤❛♥❦s t♦ t❤✐s ♠❡❝❤❛♥✐s♠✱ ✇❡ r❡♠♦✈❡ t❤❡ ❣r❛♥✉❧❛r✐t② ♦❢ ✢♦✇s✳ ❍❡r❡ ✇❡
❛ss✉♠❡ t❤❛t t❤❡ s❡♥❞✐♥❣ r❛t❡ ♦❢ ❛❧❧ ✢♦✇s ✐s r❡❣✉❧❛t❡❞ ❜② ❛ ❝♦♥❣❡st✐♦♥ ❛❧❣♦r✐t❤♠ ❧✐❦❡
❚❈P✳ ■♥ t❤✐s ♠♦❞❡❧✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ❚❈P r❡❛❝ts ✐♥st❛♥t❧② t♦ ❛♥② ❝❤❛♥❣❡ ✐♥ t❤❡
♥❡t✇♦r❦ st❛t❡ ❛♥❞ ♣r♦✈✐❞❡s ❛ ❢❛✐r ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ❜❡t✇❡❡♥ ✉s❡rs✳ ■❢ t❤❡ P♦✐ss♦♥
❛ss✉♠♣t✐♦♥ ✐s ♥♦t r❡❛s♦♥❛❜❧❡ ❛t t❤❡ ♣❛❝❦❡t ❧❡✈❡❧✱ ✐t ✐s ♠♦r❡ ❛❝❝❡♣t❛❜❧❡ ❛t t❤❡ ✢♦✇
❧❡✈❡❧ ✭s❡❡ ❬❇❇P+✵✶❪ ❢♦r ✐♥st❛♥❝❡✮✳

❲❡ ✜rst ✐❧❧✉str❛t❡ t❤✐s ♠♦❞❡❧✐♥❣ ♣r✐♥❝✐♣❧❡ ✇✐t❤ ❛ s✐♥❣❧❡ ❧✐♥❦ ♦❢ ❝❛♣❛❝✐t② C ❛s
✐❧❧✉str❛t❡❞ ♦♥ ❋✐❣✉r❡ ✹✳ ❋❧♦✇s ❛r❡ ❛ss✉♠❡❞ t♦ ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss
♦❢ ✐♥t❡♥s✐t② λ✳ ❊❛❝❤ ✢♦✇ ❤❛s ❛♥ ❡①♣♦♥❡♥t✐❛❧ s✐③❡ ♦❢ ♠❡❛♥ σ ❛♥❞ ❛ ♠❛①✐♠✉♠ s❡♥❞✐♥❣
r❛t❡✱ ✇❤✐❝❤ ✐s t②♣✐❝❛❧❧② t❤❡ ❛❝❝❡ss r❛t❡ ♦❢ ✉s❡rs✱ ❞❡♥♦t❡❞ ❜② a✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡
❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r m s✉❝❤ t❤❛t C = ma✳ ❚❤❡ ❝♦♥❣❡st✐♦♥ ❛❧❣♦r✐t❤♠
✐s ❛ss✉♠❡❞ t♦ ❛❝❤✐❡✈❡ ❛ ♣❡r❢❡❝t❧② ❢❛✐r s❤❛r✐♥❣ ❜❡t✇❡❡♥ ✢♦✇s s♦ t❤❛t t❤❡ s❡♥❞✐♥❣ r❛t❡
♦❢ ❛ ✢♦✇ ✐s a ✐❢ x ≤ m ❛♥❞ C/x ♦t❤❡r✇✐s❡✱ ✇❤❡r❡ x ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ ✢♦✇s✳

C

a

❋✐❣✉r❡ ✹✳ ❯s❡rs ✇✐t❤ ♣❡❛❦ r❛t❡ a s❤❛r✐♥❣ ❛ ❧✐♥❦ ♦❢ ❝❛♣❛❝✐t② C✳

❚❤✐s ♠♦❞❡❧ ❝♦rr❡s♣♦♥❞s t♦ ❛♥M/M/m q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ λ ❛♥❞ ❞❡♣❛rt✉r❡
r❛t❡ µ = a/σ✳ ❉❡♥♦t✐♥❣ ❜② α = λ/µ t❤❡ tr❛✣❝ ✐♥t❡♥s✐t②✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡
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s②st❡♠ ✐s st❛❜❧❡ ✐❢ α < m✱ ✐✳❡✳ λσ < C ✇❤✐❝❤ ✐s ❛❣❛✐♥ t❤❡ ♥❛t✉r❛❧ ❝♦♥❞✐t✐♦♥✳ ■❢ t❤✐s
❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✱ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

π(x) = π(0)
αx

x!
, ∀x ≤ m,

π(x) = π(m)ρx−m, ∀x > m,

✇✐t❤ ρ = λσ/C < 1 ❞❡♥♦t✐♥❣ t❤❡ s②st❡♠ ❧♦❛❞✳ ❲✐t❤ t❤✐s ♥♦t❛t✐♦♥✱ ✇❡ ❛r❡ ❛❜❧❡ t♦
❞❡r✐✈❡ ❞✐✛❡r❡♥t ♠❡tr✐❝s s✉❝❤ ❛s t❤❡ ❝♦♥❣❡st✐♦♥ r❛t❡ G ✇❤✐❝❤ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t♦
❤❛✈❡ ♠♦r❡ t❤❛♥ m ❛❝t✐✈❡ ✢♦✇s ❛t ❛ ❣✐✈❡♥ t✐♠❡✿

G =
ρE(α,m)

1− ρ+ ρE(α,m)
,

✇❤❡r❡ E(α,m) ✐s t❤❡ ❊r❧❛♥❣ ❢♦r♠✉❧❛ ❞❡✜♥❡❞ ❜② ❡q✉❛t✐♦♥ ✭✷✳✶✮✳ ❚❤❡ ♠❡❛♥ t❤r♦✉❣❤✲
♣✉t ❢♦r ❛♥ ❛❝t✐✈❡ ✢♦✇ ✐s t❤❡♥ ❣✐✈❡♥ ❜②✿

γ =
ρ(1− ρ)m

G+ ρ(1− ρ)m
.

❚❤❡ ♠❡❛♥ t❤r♦✉❣❤♣✉t ✐s ♣❧♦tt❡❞ ❢♦r s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ m ✐♥ ❋✐❣✉r❡ ✺✳ ❲❡ ❝❛♥
r❡♠❛r❦ t❤❛t t❤❡ s♠❛❧❧❡r a ✐s ❝♦♠♣❛r❡❞ t♦ C✱ t❤❡ ❝❧♦s❡r t♦ t❤❡ ❛❝❝❡ss r❛t❡ t❤❡ ♠❡❛♥
t❤r♦✉❣❤♣✉t ✐s✳ ❚❤✐s ❢❛❝t ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❈❤❛♣t❡r ■■ ❛♥❞ ❤❛s ❜❡❡♥
st✉❞✐❡❞ ❜② ❘❡❡❞ ❛♥❞ ❩✇❛rt ✐♥ ❬❘❩✶✵❪✳
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t❤
r♦
✉❣

❤♣
✉t

❋✐❣✉r❡ ✺✳ ▼❡❛♥ t❤r♦✉❣❤♣✉t ✇✐t❤ r❡s♣❡❝t t♦ ❧♦❛❞ ✭m =
1, 10, 100, 500✱ ❢r♦♠ ❜♦tt♦♠ t♦ t♦♣✮✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ♥❡t✇♦r❦ ✇✐t❤ L ❧✐♥❦s ❛♥❞ K ❝❧❛ss❡s ♦❢ ✢♦✇s✳ ▲✐♥❦ l ❤❛s ❛
❝❛♣❛❝✐t② Cl✳ ❆ ✢♦✇ ♦❢ ❝❧❛ss k ❤❛s ❛ ✜①❡❞ r♦✉t❡ Rk ✇❤✐❝❤ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❧✐♥❦s✱
❛ s✐③❡ ✇❤✐❝❤ ✐s ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ♠❡❛♥ σk✱ ❛♥❞ ❛ ♠❛①✐♠✉♠ r❛t❡
ak✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣✱ t❤❡ s✐t✉❛t✐♦♥ ✐s ♥♦t ❛s str❛✐❣❤t❢♦r✇❛r❞ ❛s
✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ❧✐♥❦✳ ❋❧♦✇s ♦❢ ❝❧❛ss k ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss
♦❢ ✐♥t❡♥s✐t② λk✳ ■♥ ❬❑❡❧✾✾❪✱ ❑❡❧❧② ❣✐✈❡s ❤❡✉r✐st✐❝ ❛r❣✉♠❡♥ts t♦ ❥✉st✐❢② t❤❛t ❚❈P
❛♣♣r♦①✐♠❛t❡❧② ❛❝❤✐❡✈❡s ♣r♦♣♦rt✐♦♥❛❧ ❢❛✐r♥❡ss✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❛ ❣✐✈❡♥ ♥❡t✇♦r❦
st❛t❡ (x1, . . . , xK)✱ t❤❡ t❤r♦✉❣❤♣✉ts ♦❢ ✢♦✇s (ϕ1, . . . , ϕK) ❛r❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

♠❛①✐♠✐③❡
(ϕ1,...,ϕK)

K
∑

k=1

xk log (xkϕk)

s✉❜❥❡❝t t♦
∑

k:l∈Rk

xkϕk ≤ Cl, ∀l ∈ {1, . . . , L},

ϕk ≤ ak, ∀k ∈ {1, . . . ,K}.



✶✵ ■✳ ■◆❚❘❖❉❯❈❚■❖◆

❆ ♠♦r❡ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ❢❛✐r s❤❛r✐♥❣ ♣♦❧✐❝✐❡s✱ t❤❡ α✲❢❛✐r ♣♦❧✐❝✐❡s✱ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞
❜② ▼♦ ❛♥❞ ❲❛❧r❛♥❞ ✐♥ ❬▼❲✵✵❪✳

■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ♥❛t✉r❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✇♦✉❧❞ ❜❡
∑

k:l∈Rk

λkσk < Cl, ∀l.

❲❡ ❝❛♥ ♣r♦✈❡ t❤❛t ✐❢ t❤❡r❡ ❡①✐sts l0 s✉❝❤ t❤❛t
∑

k:l0∈Rk
λkσk > Cl0 t❤❡♥ t❤❡ s②st❡♠

✐s ✉♥st❛❜❧❡✱ ❛s ❞♦♥❡ ❜② ❇♦♥❛❧❞ ❡t ❛❧✳ ✐♥ ❬❇▼P❱✵✻❪✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤✐s ♥❛t✉r❛❧
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ✐♥ ❢❛❝t ♦♣t✐♠❛❧✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦♦❢ t❤❛t t❤✐s ✐s t❤❡ ❛❝t✉❛❧
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞✳ ■t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❢♦r α✲❢❛✐r ♣♦❧✐❝✐❡s ❜②
❇♦♥❛❧❞ ❛♥❞ ▼❛ss♦✉❧✐é ✐♥ ❬❇▼✵✶❪✳ ▼❛ss♦✉❧✐é ❡①t❡♥❞❡❞ t❤✐s r❡s✉❧t ✐♥ ❬▼❛s✵✼❪✳ ❆
s✐♠✐❧❛r r❡s✉❧t ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ❞❡ ❱❡❝✐❛♥❛ ❡t ❛❧✳ ✐♥ ❬❞❱❑▲✵✶❪✳ P❡r❢♦r♠❛♥❝❡
♦❢ Pr♦♣♦rt✐♦♥❛❧ ❋❛✐r♥❡ss ✐s ❡✈♦❦❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✷✳

❚❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss✉♠♣t✐♦♥ ♦❢ ❛❧❧ t❤❡s❡ ✇♦r❦s ✐s t❤❛t ♠♦st ♦❢ t❤❡ tr❛✣❝ ✐s
r❡❣✉❧❛t❡❞ t❤❛♥❦s t♦ ❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧ ♠❡❝❤❛♥✐s♠s✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ♥♦ ❝❧❡❛r
r❡❛s♦♥ ✇❤② ✉s❡rs s❤♦✉❧❞ st✐❧❧ ❡♥❢♦r❝❡ s✉❝❤ ❛ ♠❡❝❤❛♥✐s♠ ✐♥ t❤❡ ❢✉t✉r❡✳ ■♥ ❬❇❋P✵✾❪✱
❛ ♠♦❞❡❧ ♦❢ ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ♥❡t✇♦r❦ ✇❤❡r❡ ✉s❡rs ❞♦ ♥♦t ✉s❡ ❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧
❛♥②♠♦r❡ ✐s ✐♥tr♦❞✉❝❡❞✳ ❚❤✐s ♠♦❞❡❧ ✐s st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡r ■■✳

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ♠♦❞❡❧s ♦❢ ✇✐r❡❞ ♥❡t✇♦r❦s✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡
❡①♣❧❛✐♥ ✇❤② ✢♦✇✲❧❡✈❡❧ ♠♦❞❡❧✐♥❣ ✐s ❛❧s♦ ✉s❡❢✉❧ ✐♥ ✇✐r❡❧❡ss ♥❡t✇♦r❦s✳

✹✳ ❲✐r❡❧❡ss ◆❡t✇♦r❦s ▼♦❞❡❧✐♥❣

✹✳✶✳ ❲✐r❡❧❡ss ❆❝❝❡ss ❆❧❣♦r✐t❤♠s✳ ■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ♣❛❝❦❡t✲s✇✐t❝❤✐♥❣
♥❡t✇♦r❦s ❛r❡ ♣r❡s❡♥t❡❞ ❢r♦♠ ❛ ♠❛❝r♦s❝♦♣✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♠♣♦rt❛♥t
❞❡s✐❣♥ ♠❡❝❤❛♥✐s♠s ♦❝❝✉rr✐♥❣ ❛t ❧✐♥❦ ❧❡✈❡❧ ❛r❡ ❝♦♠♣❧❡t❡❧② ♥❡❣❧❡❝t❡❞✳ ❍♦✇❡✈❡r✱ t❤✐s
✐s ❛ ❞♦♠❛✐♥ ✇❤❡r❡ ♥❡t✇♦r❦ ♣❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ❛♥❞ q✉❡✉❡✐♥❣ t❤❡♦r② ❤❛✈❡ ♣r♦✈❡❞
t♦ ❜❡ ✈❡r② ✉s❡❢✉❧✳

❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ t❤❡r❡ ✐s ❛ s✐♥❣❧❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧ ✇❤✐❝❤ ✐s
s❤❛r❡❞ ❜❡t✇❡❡♥ s❡✈❡r❛❧ ✉s❡rs✳ ❊❛❝❤ ♦❢ t❤❡♠ ❣❡♥❡r❛t❡s ♠❡ss❛❣❡s t♦ ❜❡ tr❛♥s♠✐tt❡❞ ♦♥
t❤❡ ❝❤❛♥♥❡❧ t♦ ❛♥♦t❤❡r ✉s❡r✳ ■❢ t✇♦ ✉s❡rs tr❛♥s♠✐t ♠❡ss❛❣❡s ❛t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡r❡
✐s ❛ ❝♦❧❧✐s✐♦♥ ❛♥❞ ❜♦t❤ tr❛♥s♠✐ss✐♦♥s ❛r❡ ❧♦st✳ ❍✐st♦r✐❝❛❧❧②✱ t❤✐s s✐t✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞s
t♦ ❛ ❧♦❝❛❧ ❛r❡❛ ♥❡t✇♦r❦ ✇❤❡r❡ ❛❧❧ t❤❡ ❧♦❝❛❧ st❛t✐♦♥s ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❛ ✉♥✐q✉❡ ✇✐r❡❞
❧✐♥❡ ❧✐♥❦❡❞ t♦ t❤❡ ■♥t❡r♥❡t✳ ❚❤❛♥❦s t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s♦♠❡ t❡❝❤♥♦❧♦❣✐❡s ❛♥❞✱
✐♥ ♣❛rt✐❝✉❧❛r✱ s✇✐t❝❤❡s✱ t❤✐s ❞❡s✐❣♥ ✐ss✉❡ ❤❛s ❞✐s❛♣♣❡❛r❡❞ s✐♥❝❡ t❤❡r❡ ✐s ✈✐rt✉❛❧❧② ♥♦
❝♦❧❧✐s✐♦♥ ❛♥②♠♦r❡✳ ❍♦✇❡✈❡r✱ ❛♥ ✐♥❝r❡❛s✐♥❣ ❢r❛❝t✐♦♥ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s t❛❦❡ ♣❧❛❝❡
t❤r♦✉❣❤ ✇✐r❡❧❡ss ❧✐♥❦s✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧ ✐s ❛ ❢r❡q✉❡♥❝②
❜❛♥❞✇✐❞t❤ ❛♥❞ ❝♦❧❧✐s✐♦♥s s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞✳

❚❤❡r❡ ❛r❡ s♦♠❡ ✐♠♣♦rt❛♥t ❝♦♥str❛✐♥ts ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ✇✐r❡❧❡ss ❛❝❝❡ss ❛❧❣♦✲
r✐t❤♠✳ ❋✐rst✱ t❤❡ ♥✉♠❜❡r ♦❢ ✉s❡rs ♣r❡s❡♥t ✐♥ t❤❡ ♥❡t✇♦r❦ ✐s ✉♥❦♥♦✇♥❀ ✐t ❝❛♥ ✈❛r②
♦✈❡r t✐♠❡ ❛♥❞ ❢♦r s♦♠❡ ❢r❡q✉❡♥❝✐❡s✱ t❤❡r❡ ✐s ♥♦ ✇❛② t♦ ❝♦♥tr♦❧ ✐t s✐♥❝❡ ❛♥②❜♦❞② ✐s
❛❧❧♦✇❡❞ t♦ ✉s❡ ❞❡✈✐❝❡s ❛s t❤❡② ✇✐s❤✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛
❝❡♥tr❛❧✐③❡❞ ❛✉t❤♦r✐t② r❡❣✉❧❛t✐♥❣ ❛❝❝❡ss t♦ t❤❡ ❝❤❛♥♥❡❧ ❞✉❡ t♦ t❤❡ ❢✉❧❧② ❞✐str✐❜✉t❡❞
♥❛t✉r❡ ♦❢ t❤❡ ♥❡t✇♦r❦❀ ♠♦r❡♦✈❡r t❤❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♠❡❝❤❛♥✐s♠ ❛❧s♦ ❤❛s t♦ ❜❡ ❝♦♠✲
♣❧❡t❡❧② ❞✐str✐❜✉t❡❞✳ ❙❡❝♦♥❞❧②✱ ✐♥ ♠♦st ❝❛s❡s✱ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❡♠✐t ❛♥❞ ❧✐st❡♥ ♦♥
t❤❡ ❝❤❛♥♥❡❧ ❛t t❤❡ s❛♠❡ t✐♠❡ s✐♥❝❡ ❛♥② ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❢ ♦t❤❡r ✉s❡rs ✇♦✉❧❞ ❜❡
❝♦✈❡r❡❞ ❜② ♦♥❡✬s ♦✇♥ ❡♠✐tt✐♥❣✳ ❚❤✐r❞❧②✱ ❡❛❝❤ ✉s❡r ❤❛s ♦♥❧② ❛ ♣❛rt✐❛❧ ✈✐s✐♦♥ ♦❢ ✇❤❛t
❤❛♣♣❡♥s ✐♥ t❤❡ ♥❡t✇♦r❦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇✐t❤♦✉t s♣❡❝✐✜❝ ♠❡❝❤❛♥✐s♠✱ s❤❡ ❝❛♥♥♦t ❡✈❡♥
❦♥♦✇ ✐❢ ❤❡r ♦✇♥ ♠❡ss❛❣❡ ❤❛s ❜❡❡♥ r❡❝❡✐✈❡❞✳ ❚❤♦s❡ ❞✐✛❡r❡♥t ♣♦✐♥ts ♠❛❦❡ t❤❡ ❞❡s✐❣♥
♦❢ ❛♥ ❛❧❣♦r✐t❤♠ q✉✐t❡ ❝❤❛❧❧❡♥❣✐♥❣✳

✹✳✷✳ ❆ ❋✐rst ❊①❛♠♣❧❡✿ ❆❧♦❤❛✳ ❚❤❡ ✜rst ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ✇❛s ❞❡s✐❣♥❡❞ ❢♦r ✇✐r❡✲
❧❡ss ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐s ❆❧♦❤❛ ✐♥tr♦❞✉❝❡❞ ❜② ❆❜r❛♠s♦♥ ✐♥ ❬❆♠❜✼✵❪✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥
✇❛s t♦ ❝♦♥♥❡❝t ❛ ❝❡♥tr❛❧ t✐♠❡✲s❤❛r✐♥❣ ❝♦♠♣✉t❡r ❜❛s❡❞ ✐♥ ❖❛❤✉✱ t❤❡ ♠❛✐♥ ✐s❧❛♥❞ ♦❢
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❍❛✇❛✐✐ t♦ ✉s❡rs ✐♥ ♦t❤❡r ✐s❧❛♥❞s ♦❢ t❤❡ ❛r❝❤✐♣❡❧❛❣♦✳ ■♥ t❤❡ ✐♥✐t✐❛❧ ❞❡s✐❣♥✱ t✇♦ ❞✐st✐♥❝t
❢r❡q✉❡♥❝✐❡s ✇❡r❡ ✉s❡❞✳ ❚❤❡ ✜rst ♦♥❡ ✇❛s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♠❛✐♥ ❝♦♠♣✉t❡r ❢♦r tr❛♥s✲
♠✐tt✐♥❣ ♣❛❝❦❡ts t♦ ✉s❡rs ❛♥❞ t❤❡ s❡❝♦♥❞ ❢r❡q✉❡♥❝② ✇❛s s❤❛r❡❞ ❜② ✉s❡rs ❢♦r s❡♥❞✐♥❣
♣❛❝❦❡ts t♦ t❤❡ ♠❛✐♥ ❝♦♠♣✉t❡r✳ ❙✐♥❝❡ t❤❡r❡ ✇❛s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛ ❝♦❧❧✐s✐♦♥✱ t❤❡
❢♦❧❧♦✇✐♥❣ ♠❡❝❤❛♥✐s♠ ✇❛s ✉s❡❞✳ ❊❛❝❤ ✉s❡r tr❛♥s♠✐ts ❛♥② ✐♥❝♦♠✐♥❣ ♣❛❝❦❡t✳ ■❢ ❛ ❝♦❧❧✐✲
s✐♦♥ ✐s ❞❡t❡❝t❡❞✱ t❤❡ ♣❛❝❦❡t ✐s r❡tr❛♥s♠✐tt❡❞ ❛❢t❡r ❛ r❛♥❞♦♠ t✐♠❡✳ ❚❤❡ r❛♥❞♦♠♥❡ss
❛❧❧♦✇s t♦ s❝❤❡❞✉❧❡ t❤❡ tr❛♥s♠✐ss✐♦♥s✳ ❲✐t❤♦✉t ✐t✱ t❤❡ s②st❡♠ ✇♦✉❧❞ ❜❡ ❜❧♦❝❦❡❞ ❛s
s♦♦♥ ❛s t✇♦ ✉s❡rs ❤❛✈❡ ♣❛❝❦❡ts t♦ s❡♥❞✳ ❆ ✜rst ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ❤❛s
❜❡❡♥ ♣r♦♣♦s❡❞✿ ✐t ❝♦♥s✐sts ✐♥ ❞✐✈✐❞✐♥❣ t✐♠❡ ✐♥ s❧♦ts ❛♥❞ ❛❧❧♦✇✐♥❣ ❡❛❝❤ ✉s❡r t♦ st❛rt
❛ tr❛♥s♠✐ss✐♦♥ ♦♥❧② ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ s❧♦t✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐s t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿
❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❡❛❝❤ s❧♦t✱ ✐❢ ❛ ✉s❡r ❤❛s ❛ ♣❛❝❦❡t t♦ s❡♥❞✱ s❤❡ tr❛♥s♠✐ts ✐t ✇✐t❤
♣r♦❜❛❜✐❧✐t② p✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❝❛❧❧❡❞ s❧♦tt❡❞✲❆❧♦❤❛✳

■♥ t❤❛t ❝♦♥t❡①t✱ ♠❛♥② ❛♥❛❧②s❡s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r✲
♠❛♥❝❡ ♦❢ t❤✐s s②st❡♠✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ N ✉s❡rs ❛♥❞ ❡❛❝❤ ✉s❡r i r❡❝❡✐✈❡s
♣❛❝❦❡ts ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ st❛t✐♦♥❛r② ♣r♦❝❡ss ♦❢ ♠❡❛♥ λi ♣❛❝❦❡ts ♣❡r t✐♠❡ ✉♥✐t ❛♥❞
t❤❡ tr❛♥s♠✐ss✐♦♥ ♣r♦❜❛❜✐❧✐t② ♦❢ ✉s❡r i ✐s pi✳ ❲❤❡♥ ❛❧❧ ✉s❡rs ❤❛✈❡ ❛ ♣❛❝❦❡t t♦ s❡♥❞✱
t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ✉s❡r i s✉❝❝❡ss❢✉❧❧② tr❛♥s♠✐ts ❤❡r ♣❛❝❦❡t ✐s

pi
∏

j 6=i
(1− pj).

❖♥❡ ❝❛♥ t❤✐♥❦ t❤❛t t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❤❡r❡ ✐s

λi
pi
∏

j 6=i(1− pj)
< 1.

❚❤✐s ✐s tr✉❡ ❜✉t ♦♥❧② ✐♥ ❛ ✈❡r② s♣❡❝✐✜❝ ❝❛s❡ ✇❤❡r❡ t❤❡ ❧❡❢t ♠❡♠❜❡r ♦❢ t❤❡ ♣r❡✈✐♦✉s
✐♥❡q✉❛❧✐t② ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ i ❛s ♣r♦✈❡❞ ❜② ❇♦♥❛❧❞ ❡t ❛❧✳ ✐♥ ❬❇❇❍P✵✹❪✳ ■♥ t❤❡
❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ ✐s ❦♥♦✇♥ ♦♥❧② ❢♦r ✷ ✉s❡rs ❛♥❞ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞
t❤❛t✱ ❢♦r N ≥ 3✱ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❞❡♣❡♥❞s ♥♦t ♦♥❧② ♦♥ t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡
❛rr✐✈❛❧ r❛t❡s ❜✉t ❛❧s♦ ♦♥ ♦t❤❡r st❛t✐st✐❝❛❧ ♣❛r❛♠❡t❡rs ❛s ♣r♦✈❡❞ ❜② ❙③♣❛♥❦♦✇s❦✐
✐♥ ❬❙③♣✾✸❪✳ ❘❡❝❡♥t❧②✱ ❇♦r❞❡♥❛✈❡ ❡t ❛❧✳ ♣r♦♣♦s❡❞ ✐♥ ❬❇▼P✵✽❪ ❛ ✈❡r② ❛❝❝✉r❛t❡
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ ✉s✐♥❣ ♠❡❛♥ ✜❡❧❞ t❡❝❤♥✐q✉❡s✳

❚♦❞❛②✱ ❆❧♦❤❛ ✐s st✐❧❧ ✉s❡❞ ✐♥ s♦♠❡ s♣❡❝✐✜❝ s✐t✉❛t✐♦♥s s✉❝❤ ❛s ❛ ●❙▼ ❝❡❧❧ ✇❤❡r❡
✐t r❡❣✉❧❛t❡s ❛❝❝❡ss t♦ t❤❡ ❝♦♥tr♦❧ ❝❤❛♥♥❡❧✳ ❍♦✇❡✈❡r✱ t❤❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡s ❛r❡ st✐❧❧
✈❛❧✐❞ ✐♥ t❤❡ ❈❙▼❆✴❈❆ ✭❈❛rr✐❡r ❙❡♥s❡ ▼✉❧t✐♣❧❡ ❆❝❝❡ss ✇✐t❤ ❈♦❧❧✐s✐♦♥ ❆✈♦✐❞❛♥❝❡✮
✇❤✐❝❤ ✐s ✉s❡❞ ✐♥ t❤❡ ✽✵✷✳✶✶ st❛♥❞❛r❞ ❢♦r ✐♥st❛♥❝❡✳ ❚❤❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ ♦❢ ❈❙▼❆
✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❤❡♥ ❛ ✉s❡r ✇❛♥ts t♦ s❡♥❞ ❛ ♣❛❝❦❡t✱ s❤❡ ❧✐st❡♥s t♦ t❤❡ ❝❤❛♥♥❡❧✳
❲❤❡♥ t❤❡ ❝❤❛♥♥❡❧ ✐s ❢r❡❡✱ s❤❡ ✇❛✐ts ❢♦r ❛ r❛♥❞♦♠ ♣❡r✐♦❞ ♦❢ t✐♠❡✱ t❤❡ ❜❛❝❦✲♦✛ ♣❡r✐♦❞✱
❞✉r✐♥❣ ✇❤✐❝❤ s❤❡ ❧✐st❡♥s t♦ t❤❡ ❝❤❛♥♥❡❧✳ ■❢ ✐t ✐s st✐❧❧ ❢r❡❡ ❛❢t❡r t❤❡ ❜❛❝❦✲♦✛ ♣❡r✐♦❞✱
s❤❡ tr❛♥s♠✐ts ✐ts ♣❛❝❦❡t✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s ❛♥❛❧②③❡❞ ✐♥ s♦♠❡
s♣❡❝✐✜❝ ❝❛s❡s ✐♥ ❈❤❛♣t❡r ■■■✳

✹✳✸✳ ▼❛①✲❲❡✐❣❤t ❙❝❤❡❞✉❧✐♥❣✳ ■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ❛ ✈❡r②
s♣❡❝✐✜❝ ♥❡t✇♦r❦ ✇❤❡r❡ ❛❧❧ ✉s❡rs ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❛ ❝❡♥tr❛❧ ♥♦❞❡✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡
t♦♣♦❧♦❣② ♦❢ ♥❡t✇♦r❦s ✐s ♠♦r❡ ❛♥❞ ♠♦r❡ ❞✐✈❡rs❡ ❛♥❞ t❤❡r❡ ✐s ❛ ♥❡❡❞ ❢♦r ❛ ♠♦r❡
❣❡♥❡r❛❧ ♠♦❞❡❧ ♦❢ ✇✐r❡❧❡ss ♥❡t✇♦r❦s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❜② t❤❡ ♣♦s✐t✐♦♥s ♦❢ ✉s❡rs✳ ■♥❞❡❡❞✱ ✐❢ t✇♦ ✉s❡rs ❛r❡ ❝❧♦s❡ t❤❡♥ t❤❡②
✇✐❧❧ ✐♥t❡r❢❡r❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢ t❤❡② ❛r❡ ❞✐st❛♥t✱ t❤❡② ❝❛♥ ✉s❡
t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧ ❛t t❤❡ s❛♠❡ t✐♠❡✳

❍❡r❡ ✐s t❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡❧✳ ❚❤❡ ♥❡t✇♦r❦ ✐s ❛ s❡t ♦❢ ✇✐r❡❧❡ss ❧✐♥❦s✱ ❝♦♥s✐st✐♥❣
✐♥ ❛ tr❛♥s♠✐tt❡r✲r❡❝❡✐✈❡r ♣❛✐r✳ ❆❧❧ t❤❡s❡ ❧✐♥❦s ✉s❡ t❤❡ s❛♠❡ r❛❞✐♦ ❝❤❛♥♥❡❧ ❛♥❞✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ✉s❡rs ❛♥❞ r❛❞✐♦ ❝♦♥❞✐t✐♦♥s✱ t❤❡② ❝❛♥ ✉s❡ t❤❡
❝❤❛♥♥❡❧ ❛t t❤❡ s❛♠❡ t✐♠❡ ✇✐t❤♦✉t ✐♥t❡r❢❡r✐♥❣ ✇✐t❤ ❡❛❝❤ ♦t❤❡r ♦r ♥♦t✳ ❲❡ t❤❡♥
❞❡✜♥❡ ❛♥ ✐♥t❡r❢❡r❡♥❝❡ ❣r❛♣❤ (V,E) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❊❛❝❤ ✈❡rt❡① ♦❢ t❤✐s ❣r❛♣❤
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✐s ❛ ❧✐♥❦ ♦❢ t❤❡ ♥❡t✇♦r❦ ❛♥❞ t✇♦ ❧✐♥❦s ❝❛♥ tr❛♥s♠✐t ❛t t❤❡ s❛♠❡ t✐♠❡ ♦♥ t❤❡ r❛❞✐♦
❝❤❛♥♥❡❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❛r❡ ♥♦t ❝♦♥♥❡❝t❡❞ ✐♥ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❣r❛♣❤✳ ❊❛❝❤ ❡❞❣❡
✐♥ t❤❡ ❣r❛♣❤ t❤❡♥ r❡♣r❡s❡♥ts ❛ ❝♦♥✢✐❝t✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ✐♥t❡r❢❡r❡♥❝❡ ❣r❛♣❤ ✐s
❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✻❀ ❧✐♥❦s ✶ ❛♥❞ ✹ ❛r❡ ❞✐st❛♥t ❡♥♦✉❣❤ t♦ tr❛♥s♠✐t ❛t t❤❡ s❛♠❡ t✐♠❡
❜✉t ❧✐♥❦ ✸ ✐s ✈❡r② ❝❧♦s❡ t♦ ❛❧❧ ♦t❤❡rs ❧✐♥❦s ❛♥❞ ❝❛♥♥♦t tr❛♥s♠✐t s✐♠✉❧t❛♥❡♦✉s❧② ✇✐t❤
❛♥② ♦❢ t❤❡♠✳

✶

✷

✸

✹

❋✐❣✉r❡ ✻✳ ❆♥ ❛❞✲❤♦❝ ✇✐r❡❧❡ss ♥❡t✇♦r❦ ✇✐t❤ ✹ ❧✐♥❦s ❛♥❞ ✐ts ✐♥t❡r✲
❢❡r❡♥❝❡ ❣r❛♣❤✳

P❛❝❦❡ts ❛r❡ ❛ss✉♠❡❞ t♦ ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ P♦✐ss♦♥ ♣r♦❝❡ss❡s ✇✐t❤ ✐♥t❡♥s✐t② λi
❢♦r ❧✐♥❦ i✳ ❚❤❡ s✐③❡ ♦❢ ❡❛❝❤ ♣❛❝❦❡t ✐s ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ♠❡❛♥ σi✳
❚❤❡ s♣❡❡❞ ♦❢ tr❛♥s♠✐ss✐♦♥ ♦❢ ❡❛❝❤ ♣❛❝❦❡t ✐s ❛ss✉♠❡❞ ✉♥✐t❛r✐❛♥ ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡
tr❛✣❝ ✐♥t❡♥s✐t② ❢♦r ❧✐♥❦ i ❛s ρi = λiσi✳ ❆s ♣r❡✈✐♦✉s❧②✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝❤❛r❛❝✲
t❡r✐③✐♥❣ t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ❛❧❣♦r✐t❤♠✳ ❍♦✇❡✈❡r✱ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡
t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s✱ ✐t ♠✐❣❤t ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡
❝❛♣❛❝✐t② r❡❣✐♦♥❀ t❤❡ s❡t ♦❢ tr❛✣❝ ✐♥t❡♥s✐t✐❡s ❢♦r ✇❤✐❝❤ t❤❡r❡ ❡①✐sts ❛♥ ❛❧❣♦r✐t❤♠ st❛✲
❜✐❧✐③✐♥❣ t❤❡ ✇❤♦❧❡ s②st❡♠✳ ❚❤✐s ❝❛♣❛❝✐t② r❡❣✐♦♥ ❤❛s ❜❡❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❚❛ss✐✉❧❛s
❛♥❞ ❊♣❤r❡♠✐❞❡s ✐♥ ❬❚❊✾✷❪ ❛s t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ ❛❧❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ♦♥
❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡s ✇❤❡r❡ ❛ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡ ✐s ❛ s❡t ♦❢ ❛❝t✐✈❡ ❧✐♥❦s ✇✐t❤♦✉t ❝♦♥✢✐❝t✳
❚❛ss✐✉❧❛s ❛♥❞ ❊♣❤r❡♠✐❞❡s ❛❧s♦ ♣r♦✈✐❞❡ ❛♥ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ st❛❜✐❧✐③❡s t❤❡ s②st❡♠
✇❤❡♥❡✈❡r ♣♦ss✐❜❧❡✿ t❤❡ ▼❛①✲✇❡✐❣❤t s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠✳ ❊❛❝❤ t✐♠❡ ❛ ♣❛❝❦❡t ✐s
tr❛♥s♠✐tt❡❞ ♦r ❛rr✐✈❡s✱ ❛ ♥❡✇ s❝❤❡❞✉❧❡ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t ✐t ♠❛①✐♠✐③❡s t❤❡ s✉♠
♦❢ t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ q✉❡✉❡s ♦❢ t❤❡ ❛❝t✐✈❡ ❧✐♥❦s✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s r❡♠❛r❦❛❜❧❡ s✐♥❝❡
✐t ✐s t❤❡ ✜rst t❤r♦✉❣❤♣✉t✲♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ✐♥ t❤✐s ❝♦♥t❡①t✳ ❍♦✇❡✈❡r✱ ✐t s✉✛❡rs ❛
♠❛✐♥ ❞r❛✇❜❛❝❦✿ ✐t ✐s ❛ ❝❡♥tr❛❧✐③❡❞ ❛❧❣♦r✐t❤♠ ❛♥❞ ✜♥❞✐♥❣ ❛ ♠❛①✲✇❡✐❣❤t s❝❤❡❞✉❧❡
✐s ◆P✲❤❛r❞ ❢♦r ❣❡♥❡r❛❧ ✐♥t❡r❢❡r❡♥❝❡ ❣r❛♣❤s ✭s❡❡ t❤❡ ❜♦♦❦ ♦❢ ●❛r❡② ❛♥❞ ❏♦❤♥s♦♥
❬●❏✾✵❪✮✳

❙✐♥❝❡ t❤❡♥✱ s❡✈❡r❛❧ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ ▼❛①✲❲❡✐❣❤t
❙❝❤❡❞✉❧✐♥❣✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ s✇✐t❝❤❡s✱ ▼❝❑❡♦✇♥ ♣r♦♣♦s❡❞ ✐♥ ❬▼❱❲✾✸❪ t♦ ✉s❡
t❤❡ ▼❛①✐♠❛❧ ◗✉❡✉❡ ❙❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ✐s s✐♠♣❧❡✿ ❡❛❝❤ t✐♠❡ ❛
♣❛❝❦❡t ✐s tr❛♥s♠✐tt❡❞ ♦r ❛rr✐✈❡s✱ ❛ ♥❡✇ s❝❤❡❞✉❧❡ ✐s ❝❤♦s❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳
❚❤❡ ❧✐♥❦ ✇✐t❤ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♣❛❝❦❡ts ✐♥ t❤❡ q✉❡✉❡ ✐s ❛❝t✐✈❛t❡❞✳ ❆❧❧
❝♦♥✢✐❝t✐♥❣ ❧✐♥❦s ❛r❡ ✐♥❛❝t✐✈❛t❡❞✳ ❲❡ ♣r♦❝❡❡❞ r❡❝✉rs✐✈❡❧② ♦♥ t❤❡ r❡♠❛✐♥✐♥❣ ❧✐♥❦s
✉♥t✐❧ ❛❧❧ ❧✐♥❦s ❛r❡ ❛❝t✐✈❛t❡❞ ♦r ✐♥❛❝t✐✈❛t❡❞✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠s q✉✐t❡ ✇❡❧❧ ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ s✇✐t❝❤❡s ❜✉t✱ ❢♦r ✇✐r❡❧❡ss ♥❡t✇♦r❦s✱ ✐t ❝❛♥ r❡s✉❧t ✐♥ ❛♥ ✐♥❡✣❝✐❡♥t
✉s❡ ♦❢ t❤❡ ❛✈❛✐❧❛❜❧❡ ❜❛♥❞✇✐❞t❤ ❛s ♣r♦✈❡❞ ❜② ❉✐♠❛❦✐s ❛♥❞ ❲❛❧r❛♥❞ ✐♥ ❬❉❲✵✻❪✳
❋✉rt❤❡r♠♦r❡ t❤✐s ❛❧❣♦r✐t❤♠ ✐s ♥♦t ❞✐str✐❜✉t❡❞✳ ❚❤❡r❡ ❡①✐sts ❛ ❞✐str✐❜✉t❡❞ ❛❧❣♦r✐t❤♠
❛♣♣r♦①✐♠❛t❡❧② ❛❝❤✐❡✈✐♥❣ ▼❛①✐♠❛❧ ◗✉❡✉❡ ❙❝❤❡❞✉❧✐♥❣✱ s✉❝❤ ❛s t❤❡ ♦♥❡ ♣r♦♣♦s❡❞
❜② ❆❧♦♥ ❡t ❛❧✳ ✐♥ ❬❆❧♦✽✻❪✳ ❍♦✇❡✈❡r✱ t❤✐s ❛❧❣♦r✐t❤♠ ✐s s✉❜♦♣t✐♠❛❧ ❛s ♣r♦✈❡❞ ❜②
❈❤❛♣♦r❦❛r ❡t ❛❧✳ ✐♥ ❬❈❑▲❙✵✽❪✳

▼♦r❡ r❡❝❡♥t❧②✱ s♦♠❡ ❝❧❛ss❡s ♦❢ ♦♣t✐♠❛❧ ❞✐str✐❜✉t❡❞ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❡♠❡r❣❡❞✳
❚❤♦s❡ ❛❧❣♦r✐t❤♠s ❛r❡ ❜❛s❡❞ ♦♥ ❈▼❙❆✴❈❆ s❝❤❡♠❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳
■♥ ❬❏❲✵✽❪✱ ❏✐❛♥❣ ❛♥❞ ❲❛❧r❛♥❞ ✉s❡ ❛ ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠ t♦ ❛❞❛♣t t❤❡ ❜❛❝❦✲♦✛
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♣❛r❛♠❡t❡r t♦ t❤❡ ♥❡t✇♦r❦ ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❞✐str✐❜✉t❡❞ ❜✉t r❡q✉✐r❡s ❛
❣❧♦❜❛❧ st❛rt✐♥❣ t✐♠❡ ❢♦r ❧❡❛r♥✐♥❣ t❤❡ ♥❡t✇♦r❦ ❝♦♥❞✐t✐♦♥s ❛♥❞ ✐s ♥♦t ❛❜❧❡ t♦ ❛❞❛♣t
t♦ ❛rr✐✈❛❧ ❛♥❞ ❞❡♣❛rt✉r❡ ♦❢ ♥❡✇ ♥♦❞❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡
❛❧❣♦r✐t❤♠ ✐s s❧♦✇ r❡s✉❧t✐♥❣ ✐♥ ♣♦♦r s❤♦rt✲t❡r♠ ♣❡r❢♦r♠❛♥❝❡✳ ■♥ ❬❙❙✶✶❪✱ ❙❤❛❤ ❛♥❞
❙❤✐♥ ♣r♦♣♦s❡ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ ❜② ❛❞❛♣t✐♥❣ t❤❡ ❜❛❝❦✲♦✛ r❛t❡ ♦❢ t❤❡ ❧✐♥❦ t♦ ✐ts
q✉❡✉❡ s✐③❡❀ t❤❡ ♠♦r❡ ♣❛❝❦❡ts ✐♥ t❤❡ q✉❡✉❡✱ t❤❡ ♠♦r❡ ❛❣❣r❡ss✐✈❡ t❤❡ ❧✐♥❦ t♦ ❛❝❝❡ss
t❤❡ ❝❤❛♥♥❡❧✳ ❚❤❡ ❛✉t❤♦rs ❤❛✈❡ ♣r♦✈❡❞ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✐s ♦♣t✐♠❛❧ ❛ss✉♠✐♥❣ t❤❛t
t❤❡ ❜❛❝❦✲♦✛ r❛t❡ ❞❡♣❡♥❞s ♦♥ t❤❡ q✉❡✉❡ s✐③❡ ✐♥ ❛ ❧♦❣❛r✐t❤♠✐❝ ✇❛②✳ ❇♦✉♠❛♥ ❡t ❛❧✳
s❤♦✇ ✐♥ ❬❇❇▲P✶✶❪ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ r❡s✉❧ts ✐♥ ♣♦♦r t❤r♦✉❣❤♣✉t ♣❡r❢♦r♠❛♥❝❡
❢♦r s♦♠❡ t♦♣♦❧♦❣✐❡s✳

✹✳✹✳ ❋❧♦✇✲▲❡✈❡❧ ▼♦❞❡❧✐♥❣✳ ❆❧❧ ❛❧❣♦r✐t❤♠s t❤❛t ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥ ❛r❡ ♣❛❝❦❡t✲❜❛s❡❞ ❛❧❣♦r✐t❤♠s✳ ❇❛s✐❝❛❧❧②✱ t❤❡ s❝❤❡❞✉❧✐♥❣ ❞❡❝✐s✐♦♥s ❛r❡ t❛❦❡♥
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛rr✐✈❛❧ r❛t❡ ♦❢ ♣❛❝❦❡ts ♦r t❤❡ ♥✉♠❜❡r ♦❢ ♣❛❝❦❡ts ✇❛✐t✐♥❣ ✐♥ t❤❡
q✉❡✉❡✳ ▼♦st ♦❢ t❤❡ ♣r♦♦❢s ✉s❡ str♦♥❣ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ tr❛✣❝ st❛t✐st✐❝s ♦❢ t❤❡
❛rr✐✈❛❧ ♣r♦❝❡ss❡s ♦❢ ♣❛❝❦❡ts✳ ❍♦✇❡✈❡r t❤❡ r❡♠❛r❦s ♠❛❞❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ ❛r❡ st✐❧❧
✈❛❧✐❞✳ ❚②♣✐❝❛❧❧②✱ ♣❛❝❦❡t ❛rr✐✈❛❧s ❛r❡ ✈❡r② ❜✉rst② ❛♥❞ st❛t❡✲❞❡♣❡♥❞❡♥t✳

■♥ ❬✈❞❱❇❙✵✾❪✱ ❱❛♥ ❞❡ ❱❡♥ ❡t ❛❧✳ s❤♦✇ t❤❛t ▼❛①✲❲❡✐❣❤t ❙❝❤❡❞✉❧✐♥❣ ❝❛♥ ❜❡
✐♥❡✣❝✐❡♥t ✐❢ t❤❡ ♣❛❝❦❡t ❛rr✐✈❛❧s ❛r❡ ✈❡r② ❜✉rst② ❛♥❞ ✐❢ t❤❡ ✢♦✇ ❞②♥❛♠✐❝s ❛r❡ t❛❦❡♥
✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤✐s ❥✉st✐✜❡s t❤❛t✱ ❛❣❛✐♥✱ ❛❧❣♦r✐t❤♠s ♥❡❡❞ t♦ ❜❡ ❞❡s✐❣♥❡❞ ❛t ✢♦✇
❧❡✈❡❧ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✢♦✇ ❞②♥❛♠✐❝s✳ ■♥ ❈❤❛♣t❡r ■■■✱ ❛ ♥❡✇ ❞✐str✐❜✉t❡❞
❛❧❣♦r✐t❤♠ ✐s ♣r♦♣♦s❡❞ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t t❤✐s ❛❧❣♦r✐t❤♠ ✐s t❤r♦✉❣❤♣✉t✲♦♣t✐♠❛❧ ✉♥❞❡r
s♦♠❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛ss✉♠♣t✐♦♥s✳

✺✳ ❉✐str✐❜✉t❡❞ ❙t♦r❛❣❡ ✇✐t❤ ❋❛✐❧✉r❡s

◆❡✇ ✉s❛❣❡s ♦❢ t❤❡ ■♥t❡r♥❡t ❤❛✈❡ ❡♠❡r❣❡❞ ❛♥❞ ✇✐t❤ t❤❡♠ ♥❡✇ ❝♦♠♣❧❡① s②st❡♠s
✇✐t❤ ❛ ✈❡r② ❧❛r❣❡ s❝❛❧❡✳ ❖♥❡ ❝❛♥ t❤✐♥❦ ♦❢ ♣❡❡r✲t♦✲♣❡❡r ♥❡t✇♦r❦s ❛s t❤❡ ✜rst ❡①❛♠♣❧❡✳
❍❡r❡ t❤❡ ❛✐♠ ✐s ♥♦t t♦ ❝♦♥♥❡❝t t✇♦ ♠❛❝❤✐♥❡s ❜✉t t♦ ❣❡t ❛ s♣❡❝✐✜❝ ✜❧❡ ✇❤♦❡✈❡r t❤❡
♣❡rs♦♥ tr❛♥s♠✐tt✐♥❣ t❤❡ ✜❧❡✳ P❡❡r✲t♦✲♣❡❡r ♠❡❝❤❛♥✐s♠ ❡♥❥♦②s ❛ ❤✉❣❡ s✉❝❝❡ss ❛♥❞
r❡♣r❡s❡♥ts ❛ ❧❛r❣❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♦✛❡r❡❞ tr❛✣❝ ✐♥ t❤❡ ■♥t❡r♥❡t t♦❞❛②✱ ❡✈❡♥ ✐❢ t❤✐s
❢r❛❝t✐♦♥ ✐s ❞❡❝r❡❛s✐♥❣ ♦✈❡r t✐♠❡ ❞✉❡ t♦ t❤❡ s✉❝❝❡ss ♦❢ ✈✐❞❡♦ str❡❛♠✐♥❣✳ ❚❤❡ ❛✐♠ ♦❢
♣❡❡r✲t♦✲♣❡❡r ♥❡t✇♦r❦s ✐s t♦ ❡①❝❤❛♥❣❡ ✜❧❡s ❜❡t✇❡❡♥ ✉s❡rs ✇✐t❤♦✉t r❡q✉✐r✐♥❣ ❛ ❧❛r❣❡
✜①❡❞ ✐♥❢r❛str✉❝t✉r❡ ❝♦♠♣♦s❡❞ ♦❢ s❡r✈❡rs✳ ▼♦r❡ r❡❝❡♥t❧②✱ ♣❡♦♣❧❡ ♣r♦♣♦s❡❞ t♦ ❜✉✐❧❞
❧❛r❣❡ ❛♥❞ ❝♦♠♣❧❡t❡❧② ❞✐str✐❜✉t❡❞ s②st❡♠s s✉❝❤ ❛s ❞✐str✐❜✉t❡❞ ❤❛s❤ t❛❜❧❡s✳ ❚❤❡ ❜❛s✐❝
✐❞❡❛ ✐s t♦ st♦r❡ ❞❛t❛ ✐♥ ♥♦❞❡s ✇❤✐❝❤ ❛r❡ ❧♦❝❛t❡❞ ❛♥②✇❤❡r❡ ✐♥ t❤❡ ♥❡t✇♦r❦ ❛♥❞ ❢♦r♠
❛ ❧♦❣✐❝❛❧ r✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ■♥t❡r♥❡t t♦♣♦❧♦❣②✳ ❋♦r ❡❛❝❤ ✜❧❡✱ ❛♥ ✐❞❡♥t✐✜❡r ✐s
❝♦♠♣✉t❡❞ t❤❛♥❦s t♦ ❛ ❤❛s❤ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ✜❧❡ ✐s st♦r❡❞ ✐♥ t❤❡ ♥♦❞❡ ✇❤✐❝❤ ✐s t❤❡
❝❧♦s❡st t♦ ✐ts ✐❞❡♥t✐✜❡r ♦♥ t❤❡ ❧♦❣✐❝❛❧ r✐♥❣✳ ■♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ r❡s✐❧✐❡♥❝❡ ♦❢ ❞❛t❛✱
t❤❡ ♠❛✐♥ s❡r✈❡r ❞✉♣❧✐❝❛t❡s t❤✐s ✜❧❡ ✐♥t♦ ✐ts ♥❡✐❣❤❜♦rs ♦♥ t❤❡ ❧♦❣✐❝❛❧ r✐♥❣✳ ❆❧❧ t❤❡
❞✐✣❝✉❧t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ t♦♣♦❧♦❣② ✐s ❡✈♦❧✈✐♥❣ r❛♣✐❞❧② ❞✉❡ t♦ ♥♦❞❡
❢❛✐❧✉r❡s✱ ❛rr✐✈❛❧s ❛♥❞ ❞❡♣❛rt✉r❡s✳ ❊✈❛❧✉❛t✐♥❣ t❤❡ ❞✉r❛❜✐❧✐t② ♦❢ ❛ ✜❧❡ ✐s t❤❡♥ ❛ ✈❡r②
❞✐✣❝✉❧t t❛s❦✳ ❆ ✜rst ❛♣♣r♦❛❝❤ ❢♦r ❡st✐♠❛t✐♥❣ t❤✐s ❞✉r❛❜✐❧✐t② ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❜②
P✐❝❝♦♥✐ ❡t ❛❧✳ ✐♥ ❬P❇❙✵✼❛❪ ❛♥❞ ❬P❇❙✵✼❜❪✳

❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✈✐❞❡♦ str❡❛♠✐♥❣ ❞❡♠❛♥❞ ❤❛s ❜❡❡♥ ✐♥❝r❡❛s✐♥❣ s✐❣♥✐✜❝❛♥t❧②
❢♦r t❤❡ ❧❛st ❢❡✇ ②❡❛rs✳ ❙✐♠✐❧❛r❧② t❤❡ ♥❡❡❞s ❢♦r ❝♦♠♣✉t✐♥❣ ❝❛♣❛❝✐t✐❡s ❤❛s ❞r❛st✐❝❛❧❧②
✐♥❝r❡❛s❡❞ ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝❧♦✉❞ ❝♦♠♣✉t✐♥❣ s❡r✈✐❝❡s✳ ❋♦r ❛❧❧ t❤❡s❡ r❡❛s♦♥s✱
❞❛t❛ ❝❡♥t❡rs ❤❛✈❡ ❣r♦✇♥ ♦✈❡r t❤❡ ❧❛st ②❡❛rs ♦♥ ❛ ✈❡r② ❧❛r❣❡ s❝❛❧❡✳ ❋♦r ✐♥st❛♥❝❡✱
❆❦❛♠❛✐ ❚❡❝❤♥♦❧♦❣✐❡s r✉♥s ♠♦r❡ t❤❛♥ ✶✵✺✱✵✵✵ s❡r✈❡rs ✇♦r❧❞✇✐❞❡ ✐♥ ▼❛r❝❤ ✷✵✶✷
❛♥❞ ●♦♦❣❧❡ ✐s ❡st✐♠❛t❡❞ t♦ r✉♥ ♠♦r❡ t❤❛♥ ✾✵✵✱✵✵✵ s❡r✈❡rs ❡✈❡♥ ✐❢ t❤♦s❡ ✜❣✉r❡s
❤❛✈❡ ♥♦t ❜❡❡♥ ♣✉❜❧✐❝❧② ❝♦♥✜r♠❡❞ ❜② t❤❡ ❝♦♠♣❛♥② ✷✳ ❆s ❞❛t❛ ❝❡♥t❡rs s❝❛❧❡ ✉♣✱ t❤❡
t♦t❛❧ st♦r❛❣❡ ❝❛♣❛❝✐t② ✐♥❝r❡❛s❡s ❜✉t ✐t ❛❧s♦ ♠❛❦❡s ❢❛✐❧✉r❡s ♠♦r❡ ❝♦♠♠♦♥✳ ❋♦r t❤♦s❡

✷✳ ❙♦✉r❝❡✿ ❤tt♣✿✴✴✇✇✇✳❞❛t❛❝❡♥t❡r❦♥♦✇❧❡❞❣❡✳❝♦♠✴
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s②st❡♠s✱ ❢❛✐❧✉r❡s ❛r✐s❡ ♦♥ ❛ ❞❛✐❧② ❜❛s✐s ❛♥❞ t❤❡r❡ ✐s ❛ r❡❛❧ ♥❡❡❞ ❢♦r ♣r♦t❡❝t✐♦♥ ❛❣❛✐♥st
❞❛t❛ ❧♦ss✳ ❊✈❡♥ ✐❢ t❤❡r❡ ❛❧r❡❛❞② ❡①✐st ❜❛❝❦✲✉♣ s♦❧✉t✐♦♥s s✉❝❤ ❛s ❘❆■❉ ❬P●❑✽✽❪✱
✐t ❛♣♣❡❛rs t❤❛t t❤♦s❡ s♦❧✉t✐♦♥s ❛r❡ ♥♦t ❛❞❛♣t❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ r❡❜✉✐❧❞✐♥❣ ❛ ✺✵✵●❇
❘❆■❉ ✇❤✐❧❡ st✐❧❧ ✐♥ s❡r✈✐❝❡ ❝❛♥ t❛❦❡ ♠♦r❡ t❤❛♥ ♦♥❡ ❞❛② ❛♥❞ t❤❡r❡ ✐s t②♣✐❝❛❧❧② ❛
❝❤❛♥❝❡ ♦❢ ❛ s❡❝♦♥❞ ❢❛✐❧✉r❡ ♦❢ ✵✳✶✪ ✐♥ t❤❡ ♠❡❛♥t✐♠❡✳ ❊✈❡♥ ✐❢ ♠❡❝❤❛♥✐s♠s ❤❛✈❡
❛❧r❡❛❞② ❜❡❡♥ ♣r♦♣♦s❡❞ s✉❝❤ ❛s ❬❳▼❙+✵✸❪ ❜② ❳✐♥ ❡t ❛❧✳✱ t❤❡r❡ ✐s t♦❞❛②✱ t♦ t❤❡ ❜❡st
♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ r❡❛❧ ❛♥❛❧②s✐s ♦❢ ✈❡r② ❧❛r❣❡ st♦r❛❣❡ s②st❡♠s ✇✐t❤ ❢❛✐❧✉r❡s✳ ❚❤❡r❡
✐s ❛ ❧❛r❣❡ ❧✐t❡r❛t✉r❡ ♦♥ q✉❡✉❡s ✇✐t❤ ❢❛✐❧✉r❡s ❜✉t ❡❛❝❤ t✐♠❡✱ ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ q✉❡✉❡s
❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❲❡ ❝❛♥ ♥♦t❛❜❧② ❡✈♦❦❡ t❤❡ ✇♦r❦ ♦❢ ●❛❧❧❡t ❡t ❛❧✳ ❬●❨❏+✶✵❪ ✇❤✐❝❤
❝♦♥s✐❞❡rs ❛ st❛t✐st✐❝❛❧ ♠♦❞❡❧ t♦ ❛♥❛❧②③❡ ❧❛r❣❡ ❢❛✐❧✉r❡ tr❛❝❡s✳

❚❤♦s❡ t✇♦ s✐t✉❛t✐♦♥s ❧❡❞ ✉s t♦ st✉❞② t❤♦s❡ ❧❛r❣❡ s❝❛❧❡ st♦r❛❣❡ s②st❡♠s ✇✐t❤
❢❛✐❧✉r❡✳ ■♥ ❈❤❛♣t❡r ❱✱ ✇❡ ❝♦♥s✐❞❡r ❛ s✐♥❣❧❡ ✜❧❡ ❛♥❞ ❡✈❛❧✉❛t❡ ✐ts ❞✉r❛❜✐❧✐t② ✇✐t❤ ❛ ✈❡r②
s✐♠♣❧❡ ♠♦❞❡❧✿ t❤❡ ❊r❧❛♥❣ ♠♦❞❡❧✳ ❲❡ ❛r❡ t❤❡♥ ❛❜❧❡ t♦ ❞❡r✐✈❡ ♣r❡❝✐s❡ ❛s②♠♣t♦t✐❝s
✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s ✐♥ t❤❡ s②st❡♠ ❜❡❝♦♠❡s ✈❡r② ❤✐❣❤✳ ❍♦✇❡✈❡r✱ t❤✐s ♠♦❞❡❧
✐s ✈❡r② s✐♠♣❧❡ ❛♥❞ ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❛❝t t❤❛t ♠❛♥② ✜❧❡s ❛r❡ st♦r❡❞ ❜②
t❤❡ s❛♠❡ s②st❡♠✳ ■♥ ❈❤❛♣t❡r ■❱✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠♦❞❡❧ ✇❤❡r❡ t✇♦ ❝♦♣✐❡s ♦❢ ❡❛❝❤
✜❧❡ ❛r❡ st♦r❡❞✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡r❡ ✐s ❛ ❝❡♥tr❛❧✐③❡❞ ❜❛❝❦✲✉♣ ♠❡❝❤❛♥✐s♠✱ ✇❡
❛r❡ t❤❡♥ ❛❜❧❡ t♦ ❞❡r✐✈❡ ♣r❡❝✐s❡ ❛s②♠♣t♦t✐❝s ♦❢ t❤❡ s②st❡♠ ❡✈♦❧✉t✐♦♥ ✇✐t❤ ❛ s❝❛❧✐♥❣
❛♥❛❧②s✐s✳ ■♥ ❛♥ ♦♥✲❣♦✐♥❣ ✇♦r❦✱ ✇❡ r❡❧❛① t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❝❡♥tr❛❧✐③❡❞ ❜❛❝❦✲✉♣
♠❡❝❤❛♥✐s♠ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ❛ ❢✉❧❧② ❞✐str✐❜✉t❡❞ s②st❡♠✳ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❜❡❤❛✈✐♦r
♦❢ t❤❡ s②st❡♠ ❛r❡ ❞❡r✐✈❡❞ t❤❛♥❦s t♦ ❛ ♠❡❛♥✲✜❡❧❞ ❛♥❛❧②s✐s✳

✻✳ ▼❛t❤❡♠❛t✐❝❛❧ ❚♦♦❧s

✻✳✶✳ ▼❛r❦♦✈ Pr♦❝❡ss❡s✳ ■♥ ✶✾✵✻✱ ❆♥❞r❡✐ ▼❛r❦♦✈ ✐♥tr♦❞✉❝❡❞ t❤❡ ❝❤❛✐♥s ♥❛♠❡❞
❛❢t❡r ❤✐♠ ✐♥ ♦r❞❡r t♦ ♣r♦❞✉❝❡ ❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ t♦ ◆❡❦r❛s♦✈ ✇❤♦ ✇❛♥t❡❞ t♦ ♣r♦✈❡
t❤❛t t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐s ♥❡❝❡ss❛r② ❢♦r t❤❡ ✇❡❛❦ ❧❛✇ ♦❢ ❧❛r❣❡
♥✉♠❜❡rs✳ ❚❤❡ ▼❛r❦♦✈ ❝❤❛✐♥s ❛♣♣❡❛r❡❞ t❤❡♥ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ ❛ ♣s❡✉❞♦✲s❝✐❡♥t✐✜❝ ❛♥❞
♣❤✐❧♦s♦♣❤✐❝❛❧ ❛r❣✉♠❡♥t ❛♥❞ ❢♦r ❛ ♣✉r❡❧② ♠❛t❤❡♠❛t✐❝❛❧ ♣✉r♣♦s❡ ✸✳ ❚♦❞❛②✱ ▼❛r❦♦✈
❝❤❛✐♥s ❛♥❞ ♣r♦❝❡ss❡s ❛r❡ ♦♥❡ ♦❢ t❤❡ ✈❡r② ❜❛s✐❝ t♦♦❧s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ❛♥❞
❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ t❤❡♦r② ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ♦♥ t❤❡ s✉❜❥❡❝t✳

■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ♠♦st ♠♦❞❡❧s ❛r❡ ✐♥ ❢❛❝t ✭♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧✮ q✉❡✉❡s✳ ■♥
t❤❛t ♣❛rt✐❝✉❧❛r ❝♦♥t❡①t✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✱ t✇♦ ❛ss✉♠♣t✐♦♥s ❛r❡
♥❡❝❡ss❛r②✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❛t t❛s❦s ✭♦r ❝❧✐❡♥ts✱ ✢♦✇s✳ ✳ ✳ ✮ ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ P♦✐s✲
s♦♥ ♣r♦❝❡ss❡s✳ ❚❤❡ s❡❝♦♥❞ ✐s t❤❛t s❡r✈✐❝❡ t✐♠❡s ❛r❡ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ P♦✐ss♦♥ ❛rr✐✈❛❧s ✐s ♥♦t ❛♥ ✉♥r❡❛❧✐st✐❝ ❛ss✉♠♣t✐♦♥ ✐♥ ♠❛♥②
❝❛s❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❡❧❡♣❤♦♥❡ ♥❡t✇♦r❦s✱ ❡❛❝❤ ✉s❡r ❜❡❤❛✈❡s ✐♥❞❡✲
♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♦t❤❡rs ❛♥❞ t②♣✐❝❛❧❧② ❤❛s ❛ s♠❛❧❧ ❛❝t✐✈✐t②✳ ■♥ t❤❡ ❧✐♠✐t✱ ✇❤❡♥ t❤❡
♥✉♠❜❡r ♦❢ ✉s❡rs t❡♥❞s t♦ ✐♥✜♥✐t② ❛♥❞ t❤❡ ❛❝t✐✈✐t② t❡♥❞s t♦ ✵✱ ❛t ❝♦♥st❛♥t ❧♦❛❞✱ t❤❡
♦❜t❛✐♥❡❞ ❛rr✐✈❛❧ ♣r♦❝❡ss ✐s ❛ P♦✐ss♦♥ ♣r♦❝❡ss✳ ❚❤✐s ✐s ✇❤② t❤❡ ❊♥❣s❡t ♠♦❞❡❧ t❡♥❞s
t♦ t❤❡ ❊r❧❛♥❣ ♠♦❞❡❧ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ♣r♦✈✐❞❡s ❛ ✈❡r② ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
✜rst ♦♥❡✳ ■♥ ♣r❛❝t✐❝❡✱ t❤✐s ✐s tr✉❡ ❡✈❡♥ ❢♦r ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ ♥✉♠❜❡r ♦❢ ✉s❡rs ❛s ✐❧❧✉s✲
tr❛t❡❞ ❜② ❋✐❣✉r❡ ✷✳ ❍♦✇❡✈❡r✱ ✇❡ ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡r❡ ❛r❡ ❞♦♠❛✐♥s ✇❤❡r❡ P♦✐ss♦♥
❛rr✐✈❛❧s ❛r❡ ♥♦t r❡❛❧✐st✐❝ s✉❝❤ ❛s ♣❛❝❦❡t ❛rr✐✈❛❧s ✐♥ ♣❛❝❦❡t✲s✇✐t❝❤✐♥❣ ♥❡t✇♦r❦s✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ r❡♣r❡s❡♥t✐♥❣ s❡r✈✐❝❡ t✐♠❡s ❜② ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐✲
❛❜❧❡ ✐s s♦♠❡t❤✐♥❣ ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t t♦ ❥✉st✐❢②✳ ■♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❡❧❡♣❤♦♥❡ ❝❛❧❧s✱
❊r❧❛♥❣ ❛♥❞ ❊♥❣s❡t ❛❧r❡❛❞② ♦❜s❡r✈❡❞ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t r❡❛❧✐st✐❝✳ ■♥ ❢❛❝t✱
t❤❡ ❞✉r❛t✐♦♥ ♦❢ ❛ ❝❛❧❧ ✐s ❜❡tt❡r r❡♣r❡s❡♥t❡❞ ❜② ❛ ♣♦✇❡r✲❧❛✇ ❞✐str✐❜✉t✐♦♥ ✇❤✐❝❤ ✐s
✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ❛s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ t❤❡
r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ❊♥❣s❡t ❛♥❞ ❊r❧❛♥❣ ❛r❡ ✐♥s❡♥s✐t✐✈❡ t♦ t❤❡ ❝❛❧❧ ❞✉r❛t✐♦♥ ❞✐str✐❜✉✲
t✐♦♥ ❛♥❞ ❛r❡ st✐❧❧ ✈❛❧✐❞ ❢♦r ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡s✳ ❚❤✐s ✐s ❛ ✈❡r② s♣❡❝✐✜❝ s✐t✉❛t✐♦♥
✇❤✐❝❤ ❛r✐s❡s ✐♥ ❛ s✐❣♥✐✜❝❛♥t ♥✉♠❜❡r ♦❢ ❝❛s❡s✿ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

✸✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ t❤❡ ❛rt✐❝❧❡ ♦❢ ❙❡♥❡t❛ ❬❙❡♥✾✻❪
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♣r♦❝❡ss ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ❞❡t❛✐❧❡❞ st❛t✐st✐❝s ❜✉t ♦♥❧② ♦♥ t❤❡ ♠❡❛♥✳ ▼❛♥② ✇♦r❦s
❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦♥ t❤❛t s✉❜❥❡❝t✳ ❖♥❡ ❝❛♥ ❤❛✈❡ ❛ ❧♦♦❦ ❛t t❤❡ ✇♦r❦ ❜② ❇✉r♠❛♥
❬❇✉r✽✶❪ ❛♥❞ ❇♦♥❛❧❞ ❬❇♦♥✵✼❪✳ ❖❢ ❝♦✉rs❡✱ ❛❧❧ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ❛r❡ ♥♦t ✐♥s❡♥s✐t✐✈❡✳
■♥ t❤❛t ❝❛s❡✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r ❧♦♦❦✐♥❣ ❛t ♠♦r❡ ❣❡♥❡r❛❧ ♣r♦❝❡ss❡s✳ ❍♦✇❡✈❡r✱ ✐t s❡❡♠s
♥❛t✉r❛❧ t♦ ❧♦♦❦ ✜rst ❛t ▼❛r❦♦✈ ♣r♦❝❡ss❡s t♦ ❞✐ss♦❝✐❛t❡ ❞✐✣❝✉❧t✐❡s ❞✉❡ t♦ t❤❡ ♦r✐❣✐♥❛❧
♣r♦❜❧❡♠ ❢r♦♠ t❤♦s❡ ❞✉❡ t♦ ❣❡♥❡r❛❧✐③❛t✐♦♥✳

✻✳✷✳ ❆♥❛❧②s✐s ❛t ❊q✉✐❧✐❜r✐✉♠✳ ■♥ ♠♦st ❝❛s❡s✱ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ❛♥❞✱ ♠♦r❡ ❣❡♥✲
❡r❛❧❧②✱ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❛r❡ st✉❞✐❡❞ ❛t ❡q✉✐❧✐❜r✐✉♠✳ ❇❛s✐❝❛❧❧②✱ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss
✐s st❛t✐♦♥❛r② ✐❢ ✐ts ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ❞♦❡s ♥♦t ✈❛r② ♦✈❡r t✐♠❡✳ ❚❤❡ ✜rst q✉❡st✐♦♥
✐s t❤❡♥ t♦ ❞❡t❡r♠✐♥❡ ✐♥ ✇❤✐❝❤ ❝❛s❡s t❤✐s s✐t✉❛t✐♦♥ ✐s ♣♦ss✐❜❧❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t ✐s
✐♥❞✐❝❛t❡❞ ✐♥ ✸✳✶ t❤❛t t❤❡ M/M/1 q✉❡✉❡ ✐s st❛❜❧❡ ❛♥❞ ❛❞♠✐ts ❛ st❛t✐♦♥❛r② ❞✐str✐❜✉✲
t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ λ < µ✳ ■♥ ❢✉❧❧ ❣❡♥❡r❛❧✐t②✱ t❤❡ st❛❜✐❧✐t② ♦❢ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ❝❛♥
❜❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦✈✐♥❣ t❤❛t t❤❡ ❣❡♥❡r❛❧ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss ❛❞♠✐t ❛
s✉♠♠❛❜❧❡ s♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ❞❡s♣✐t❡ s♣❡❝✐✜❝ ❝❧❛ss❡s ♦❢ ♣r♦❝❡ss❡s ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✱
t❤✐s ✐s ♥♦t tr❛❝t❛❜❧❡ ✐♥ ♠♦st ❝❛s❡s✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ♣♦♣✉❧❛r t♦♦❧s t♦ ♣r♦✈❡ t❤❡ st❛✲
❜✐❧✐t② ♦❢ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✐s ❋♦st❡r✬s ❝r✐t❡r✐♦♥✳ ❇❛s✐❝❛❧❧②✱ ✐t ❝♦♥s✐sts ✐♥ ♣r♦✈✐♥❣ t❤❛t
✇❤❡♥ t❤❡ ♣r♦❝❡ss ✐s ♦✉ts✐❞❡ ❛ ❝♦♠♣❛❝t s❡t✱ t❤❡r❡ ✐s ❛ ♥❡❣❛t✐✈❡ ❞r✐❢t ❞r✐✈✐♥❣ ❜❛❝❦ t❤❡
♣r♦❝❡ss ✐♥ t❤❡ ❝♦♠♣❛❝t s❡t✳ ❉❡s♣✐t❡ ❜❡✐♥❣ q✉✐t❡ ♣♦✇❡r❢✉❧✱ t❤✐s ❝r✐t❡r✐♦♥ r❡q✉✐r❡s t♦
✜♥❞ ❛ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ ❞✐✣❝✉❧t t❛s❦✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ ❋♦st❡r✬s
❝r✐t❡r✐♦♥✱ ♦♥❡ ❝❛♥ r❡❛❞ t❤❡ ❜♦♦❦ ♦❢ ❇ré♠❛✉❞ ❬❇ré✵✶❪✳ ❆ ♣r♦♦❢ ♦❢ st❛❜✐❧✐t② ✉s✐♥❣
❋♦st❡r✬s ❝r✐t❡r✐♦♥ ✐s ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ■■■✳

■♥ ❢❛❝t✱ t❤❡r❡ ✐s ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ♣r♦❝❡ss❡s ❢♦r ✇❤✐❝❤ t❤❡ ❣❧♦❜❛❧ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s
❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ♠✉❝❤ s✐♠♣❧❡r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s❀ t❤♦s❡ ❛r❡ t❤❡ r❡✈❡rs✐❜❧❡
♣r♦❝❡ss❡s✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss (X(t)) ✐s s❛✐❞ t♦ ❜❡ r❡✈❡rs✐❜❧❡ ✐❢ t❤❡
♣r♦❝❡ss ✐♥ r❡✈❡rs❡ t✐♠❡ (X(T − t)) ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s (X(t)) ♦♥ [0, T ] ❢♦r
T > 0✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t ❛♥② st❛t✐♦♥❛r② ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r♦❝❡ss ♠✉st
s❛t✐s❢② t❤❡ ❧♦❝❛❧ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ✇❤✐❝❤ st❛t❡ t❤❛t t❤❡ ❢r❡q✉❡♥❝② ♦❢ ❥✉♠♣s ❢r♦♠
st❛t❡ i t♦ st❛t❡ j ✐s ❡q✉❛❧ t♦ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ❥✉♠♣s ❢r♦♠ st❛t❡ j t♦ st❛t❡ i✳ ❚❤✐s ✐s
str♦♥❣❡r t❤❛♥ t❤❡ ❣❧♦❜❛❧ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ✇❤✐❝❤ s✐♠♣❧② st❛t❡ t❤❛t t❤❡ ❢r❡q✉❡♥❝② ♦❢
❥✉♠♣s ✐♥t♦ st❛t❡ i ❛r❡ ❡q✉❛❧ t♦ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ❥✉♠♣s ❢r♦♠ st❛t❡ i✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢
t❤❡ ♣r♦❝❡ss ✐s r❡✈❡rs✐❜❧❡✱ ❛♥② st❛t✐♦♥❛r② ♠❡❛s✉r❡ ❛❞♠✐ts ❛ ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥✳
Pr♦✈✐♥❣ t❤❡ st❛❜✐❧✐t② ✐s t❤❡♥ r❡❞✉❝❡❞ t♦ ♣r♦✈✐♥❣ t❤❡ s✉♠♠❛❜✐❧✐t② ♦❢ t❤✐s st❛t✐♦♥❛r②
♠❡❛s✉r❡✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ r❡✈❡rs✐❜❧❡ ♥❡t✇♦r❦s✱ ♦♥❡ ❝❛♥ r❡❢❡r t♦ t❤❡ ❜♦♦❦ ♦❢
❑❡❧❧② ❬❑❡❧✼✾❪✳ ❊①❛♠♣❧❡s ♦❢ r❡✈❡rs✐❜❧❡ ♣r♦❝❡ss ❛r❡ st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡rs ■■■ ❛♥❞ ❱✳

❊✈❡♥ ✇❤❡♥ t❤❡ st❛❜✐❧✐t② ❤❛s ❜❡❡♥ ❡st❛❜❧✐s❤❡❞✱ ❢♦r ♠♦st ▼❛r❦♦✈ ♣r♦❝❡ss❡s✱ t❤❡
st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❞♦❡s ♥♦t ❛❞♠✐t ❛ ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥ ❛♥❞ t❤✐s ❧✐♠✐ts ❛♥②
❛♥❛❧②s✐s t❤❛t ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ st❛t✐♦♥❛r② r❡❣✐♠❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤✐s ✐s t❤❡
❝❛s❡ ❢♦r ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ♥❡t✇♦r❦s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧ ✐s t❤❡ ♦♣t✐♠❛❧ ♦♥❡ ❡♥s✉r❡s t❤❛t ♥❡t✇♦r❦ r❡s♦✉r❝❡s
❛r❡ ✉s❡❞ ✐♥ ❛♥ ❡✣❝✐❡♥t ✇❛②✳ ❍♦✇❡✈❡r✱ ✐t ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ✐♠♣❧② ❛ ❣♦♦❞ q✉❛❧✐t②
♦❢ s❡r✈✐❝❡✱ ✇❤✐❝❤ t②♣✐❝❛❧❧② ✐s t❤❡ ♠❡❛♥ t❤r♦✉❣❤♣✉t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ st❛t✐♦♥❛r②
❞✐str✐❜✉t✐♦♥✳ ❇♦♥❛❧❞ ❛♥❞ Pr♦✉t✐èr❡ t❤❡♥ ♣r♦♣♦s❡❞ ✐♥ ❬❇❆✵✸❪ t♦ ❛♣♣r♦❛❝❤ Pr♦♣♦r✲
t✐♦♥❛❧ ❢❛✐r♥❡ss ❛♥❞ ♦t❤❡r ✉s✉❛❧ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t✐♦♥s ❜② ❛♥ ❛❧❧♦❝❛t✐♦♥✱ ❇❛❧❛♥❝❡❞
❋❛✐r♥❡ss✱ s✉❝❤ t❤❛t t❤❡ ✉♥❞❡r❧②✐♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss ✐s r❡✈❡rs✐❜❧❡✳ ■t ❤❛s ❜❡❡♥ ❡st❛❜✲
❧✐s❤❡❞ t❤❛t ❇❛❧❛♥❝❡❞ ❋❛✐r♥❡ss ✐s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ Pr♦♣♦rt✐♦♥❛❧ ❋❛✐r♥❡ss✳ ❆
s✉r✈❡② ♦♥ ❇❛❧❛♥❝❡❞ ❋❛✐r♥❡ss ❛♥❞ ✐ts r❡❧❛t✐♦♥ t♦ Pr♦♣♦rt✐♦♥❛❧ ❢❛✐r♥❡ss ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❬❇▼P❱✵✻❪✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ Pr♦♣♦rt✐♦♥❛❧ ❋❛✐r♥❡ss ❜② ❇❛❧❛♥❝❡❞ ❋❛✐r♥❡ss
✐s ❞✐s❝✉ss❡❞ ❜② ▼❛ss♦✉❧✐é ✐♥ ❬▼❛s✵✼❪✳

❘❡✈❡rs✐❜❧❡ ♥❡t✇♦r❦s ❛r❡ ♥♦t t❤❡ ♦♥❧② ❝❧❛ss ♦❢ st♦❝❤❛st✐❝ ♥❡t✇♦r❦s ❢♦r ✇❤✐❝❤
t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ✐s ❦♥♦✇♥✳ ❚❤❡ ❏❛❝❦s♦♥ ♥❡t✇♦r❦s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥
✸✳✶ ❛r❡ ❣❡♥❡r❛❧❧② ♥♦t r❡✈❡rs✐❜❧❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♥❡t✇♦r❦ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡
✸ ✐s ♥♦t r❡✈❡rs✐❜❧❡ s✐♥❝❡ t❤❡r❡ ❛r❡ ❝✉st♦♠❡rs ♠✐❣r❛t✐♥❣ ❢r♦♠ q✉❡✉❡ ✷ t♦ q✉❡✉❡ ✸
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❛♥❞ ♥♦t t❤❡ ❝♦♥tr❛r②✳ ❍♦✇❡✈❡r✱ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ ❏❛❝❦s♦♥ ♥❡t✇♦r❦s ✐s
❦♥♦✇♥ ❛♥❞ ❛❞♠✐ts ❛ s✐♠♣❧❡ ♣r♦❞✉❝t✲❢♦r♠ ❡①♣r❡ss✐♦♥✳ ❚❤❡r❡ ✐s ✐♥ ❢❛❝t ❛ ❧❛r❣❡ ❝❧❛ss
♦❢ st♦❝❤❛st✐❝ ♥❡t✇♦r❦s ❝❛❧❧❡❞ q✉❛s✐✲r❡✈❡rs✐❜❧❡ ♥❡t✇♦r❦s ✇❤✐❝❤ ❛❧s♦ ❛❞♠✐t ❛ ♣r♦❞✉❝t✲
❢♦r♠ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ ♦♥ t❤❛t s✉❜❥❡❝t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡
❜♦♦❦ ♦❢ ❙❡r❢♦③♦ ❬❙❡r✾✾❪✳

✻✳✸✳ ▼❛rt✐♥❣❛❧❡ ▼❡t❤♦❞s✳ ❖♥❡ ♦❢ t❤❡ ✜rst ♥❛t✉r❛❧ q✉❡st✐♦♥s t❤❛t ❛r✐s❡ ✇❤❡♥
st✉❞②✐♥❣ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❤✐tt✐♥❣ t✐♠❡s✳ ❚②♣✐❝❛❧❧②✱ st❛rt✐♥❣
❢r♦♠ ❛ ♣♦✐♥t x✱ ♦♥❡ ✇❛♥ts t♦ ❦♥♦✇ ✇✐t❤ ✇❤✐❝❤ ♣r♦❜❛❜✐❧✐t② t❤❡ ♣r♦❝❡ss r❡❛❝❤❡s
y ❛♥❞ ✇❤❛t ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ Ty✱ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ y ❜② t❤❡
❝♦♥s✐❞❡r❡❞ ♣r♦❝❡ss✳ ■❢ t❤❡ ♣r♦❝❡ss ✐s r❡❝✉rr❡♥t✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❤✐tt✐♥❣ y st❛rt✐♥❣
❢r♦♠ x ✐s ❛❧✇❛②s ✶ ❜✉t ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❛♥②t❤✐♥❣ ❛❜♦✉t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Ty✳
❉✐✛❡r❡♥t ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦ ❡✈❛❧✉❛t❡ ❤✐tt✐♥❣ t✐♠❡s✳ ▼♦st ♦❢ t❤❡♠ r❡❧②
♦♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ ❤✐tt✐♥❣ t✐♠❡s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❜✐rt❤✲❞❡❛t❤
♣r♦❝❡ss❡s✱ ❑❛r❧✐♥ ❛♥❞ ▼❝●r❡❣♦r ❞❡✈❡❧♦♣ ❛ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s
✐♥ ❬❑▼✺✼❪✳ ❲❡ ♣r❡s❡♥t ❤❡r❡ ❛ ♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ❜❛s❡❞
♦♥ ❛ ♠❛rt✐♥❣❛❧❡ ♠❡t❤♦❞ ✉s❡❞ ❜② ❑❡♥♥❡❞② ✐♥ ❬❑❡♥✼✻❪✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤✐s
♠❡t❤♦❞ ♦♥ ❞✐✛❡r❡♥t ❡①❛♠♣❧❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❘♦❜✵✸❪✳

❋♦r s♦♠❡ ♣r♦❝❡ss❡s✱ t❤❡r❡ ❡①✐sts ❛ ❢❛♠✐❧② ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛rt✐♥❣❛❧❡s ✇❤✐❝❤
❛❧❧♦✇ t♦ ❣❡t s♦♠❡ ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❤✐tt✐♥❣ t✐♠❡s✳ ❲❡ ✐❧❧✉str❛t❡ t❤✐s ♦♥
❛ s✐♠♣❧❡ M/M/1 q✉❡✉❡ ✇❤❡r❡ ❝❧✐❡♥ts ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤
♣❛r❛♠❡t❡r λ ❛♥❞ ❡❛❝❤ ♦❢ t❤❡♠ r❡q✉✐r❡s ❛♥ ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡ ✇✐t❤ ♣❛r❛♠❡t❡r
µ✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❝❡ss (L(t)) ❞❡s❝r✐❜✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧✐❡♥ts ✐♥ t❤❡ q✉❡✉❡✱
✐t ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ♦♥ N ✇✐t❤ tr❛♥s✐t✐♦♥ r❛t❡s

q(x, x+ 1) = λ, q(x, x− 1) = µ✶{x>0}.

❚❤❡ s✐♠♣❧❡st ❡①❛♠♣❧❡ ♦❢ ❛ ❤✐tt✐♥❣ t✐♠❡ ❤❡r❡ ✐s t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ L(t) ❤✐ts ✵
st❛rt✐♥❣ ❢r♦♠ L(0) = N ✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r
✐♥ ✵ ❞♦❡s ♥♦t ♣❧❛② ❛ r♦❧❡ ❛♥❞ ✇❡ ❝❛♥ s✐♠♣❧② ❝♦♥s✐❞❡r t❤❡ ❜✐❛s❡❞ r❛♥❞♦♠ ✇❛❧❦ (Z(t))
✇✐t❤ tr❛♥s✐t✐♦♥ r❛t❡s q(x, x + 1) = λ ❛♥❞ q(x, x − 1) = µ✳ ❲❡ ❞❡♥♦t❡ ❜② T0 t❤❡
❤✐tt✐♥❣ t✐♠❡ ♦❢ ✵ ❜② (Z(t))✳ ❯s✐♥❣ ❛ ❢❛♠✐❧② ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛rt✐♥❣❛❧❡s✱ s✐♠✐❧❛r t♦
t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡ ❢♦r t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡
▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ T0✳ ❇② ❛♥❛❧②③✐♥❣ ✐t✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❡❛s✐❧② t❤❛t T0 ✐s ✜♥✐t❡
✇✐t❤ ♣r♦❜❛❜✐❧✐t② (µ/λ)N ✇❤❡♥ λ > µ✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r
♦❢ t❤❡ ❤✐tt✐♥❣ t✐♠❡s ✇❤❡♥ λ < µ ❛♥❞ N t❡♥❞s t♦ ✐♥✜♥✐t②✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ❛♥❛❧②③❡
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ❛ ❝❡♥tr❛❧ ❧✐♠✐t
t❤❡♦r❡♠ ❢♦r T0 ✇❤❡♥ N t❡♥❞s t♦ ✐♥✜♥✐t②✿

T0 −N/(µ− λ)
√

N(µ+ λ)/(µ− λ)3
⇒ N (0, 1).

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ N ✇❤❡♥ L(0) = N ✳ ■♥ t❤❛t ❝❛s❡✱ ✐t ✐s ♥♦t
♣♦ss✐❜❧❡ t♦ ♥❡❣❧❡❝t t❤❡ ❜♦✉♥❞❛r② ❡✛❡❝t ✐♥ ✵✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❛
♠❛rt✐♥❣❛❧❡ ❢♦r (L(t)) ❜② ❝❤♦♦s✐♥❣ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ♠❛rt✐♥❣❛❧❡s ♦❢ (Z(t))
✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ✐♥ ✵✳ ❲❡ ❛r❡ t❤❡♥ ❛❜❧❡ t♦ ❞❡r✐✈❡ ❛♥ ❡①♣❧✐❝✐t
❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ TN ✳ ❋r♦♠ t❤✐s ❡①♣r❡ss✐♦♥✱ ✇❡ ❝❛♥ ❞❡r✐✈❡
t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ (λ/µ)NTN ✇❤❡♥ N t❡♥❞s t♦ ✐♥✜♥✐t② ❛♥❞ λ < µ✱ t❤✐s
✐s ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♣❛r❛♠❡t❡r (µ− λ)2/µ✳

❚❤❡s❡ ♠❡t❤♦❞s ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ❛♥❞ ❞❡r✐✈❡ ❛s②♠♣t♦t✐❝s ♦❢
❤✐tt✐♥❣ t✐♠❡s ❞✐str✐❜✉t✐♦♥s ❛r❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❈❤❛♣t❡r ❱ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❊❤r❡♥❢❡st
♠♦❞❡❧ ❛♥❞ t❤❡ ❊♥❣s❡t ♠♦❞❡❧ ✇❤✐❝❤ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳

✻✳✹✳ ❙❝❛❧✐♥❣ ▼❡t❤♦❞s✳ ❚❤❡ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐s q✉✐t❡
♣♦✇❡r❢✉❧ ❜✉t r❡q✉✐r❡s t♦ ✉s❡ ❛♥ ❛❞✲❤♦❝ ♠❛rt✐♥❣❛❧❡ ❢❛♠✐❧② t❤❛t ❝❛♥ ❜❡ ❞✐✣❝✉❧t t♦
✜♥❞✳ ❙❝❛❧✐♥❣ t❡❝❤♥✐q✉❡s t❤❡♥ ♣r♦✈✐❞❡ ❛ ✉s❡❢✉❧ t♦♦❧❜♦① t♦ ❣❡t ❛ ✜rst✲♦r❞❡r ❞❡s❝r✐♣t✐♦♥



✻✳ ▼❆❚❍❊▼❆❚■❈❆▲ ❚❖❖▲❙ ✶✼

♦❢ s✉❝❤ s②st❡♠s✳ ❉✉r✐♥❣ t❤✐s P❤❉✱ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ s❝❛❧✐♥❣s ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ ❤❛✈❡
❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳

❚❤❡ ❜❛s✐❝ ✐❞❡❛ ♦❢ t❤❡ s❝❛❧✐♥❣ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ ❝♦♥s✐❞❡r ❛
s❡q✉❡♥❝❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s (XN (t)) ❛♥❞ ✇❡ ❝❤♦♦s❡ ❛♣♣r♦♣r✐❛t❡ s❡q✉❡♥❝❡s (ΨN )
❛♥❞ (ΦN ) ✐♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ ♣❛t❤ ♦❢

(

XN (ΨN (t))

ΦN

)

✇❤❡♥ t❤❡ ♣❛r❛♠❡t❡r N t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤❡ s❡q✉❡♥❝❡ ΦN ❞❡✜♥❡s t❤❡ ♠❛❝r♦s❝♦♣✐❝
s❝❛❧❡ ♦❢ t❤❡ ♣r♦❝❡ss (XN (ΨN (t)))✱ t❤❛t ✐s t♦ s❛② t❤❡ ❛r❡❛ ♦❢ t❤❡ st❛t❡ s♣❛❝❡ ✇❤❡r❡
t❤❡ ♣r♦❝❡ss ❧✐✈❡s✳ ❚❤❡ t✐♠❡ s❝❛❧❡ t 7→ ΨN (t) ❛❧❧♦✇s t♦ ❢♦❝✉s ♦♥ s♦♠❡ s♣❡❝✐✜❝ ♣❛rt ♦❢
t❤❡ s❛♠♣❧❡ ♣❛t❤s✳ ❆s ✐❧❧✉str❛t❡❞ ❜② ❈❤❛♣t❡r ■❱✱ t❤❡r❡ ❝♦✉❧❞ ❜❡ s❡✈❡r❛❧ t✐♠❡ s❝❛❧❡s
♦❢ ✐♥t❡r❡st ❢♦r t❤❡ s❛♠❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XN (t))✳ ❲❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥s
✻✳✹✳✶ ❛♥❞ ✻✳✹✳✷ t✇♦ r❡♣r❡s❡♥t❛t✐✈❡ ❡①❛♠♣❧❡s ♦❢ t❡❝❤♥✐q✉❡s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳

✻✳✹✳✶✳ ❋❧✉✐❞ ▲✐♠✐ts ❛♥❞ t❤❡ M/M/1 ◗✉❡✉❡✳ ❚❤❡ ❣♦❛❧ ❤❡r❡ ✐s t♦ ♦❜t❛✐♥ ❛ ✜rst
♦r❞❡r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss (L(t))✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✉♥❞❡rst❛♥❞
✇❤❛t ✐s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ✇❤❡♥ ✐t st❛rts ❢r♦♠ ❛ ✈❡r② ❧❛r❣❡ ✐♥✐t✐❛❧ st❛t❡
L(0) = N >> 1✳ ❙✐♥❝❡ ✇❡ ✐♥❝r❡❛s❡ t❤❡ ✐♥✐t✐❛❧ st❛t❡✱ ✐t ✐s q✉✐t❡ ♥❛t✉r❛❧ t♦ r❡♥♦r♠❛❧✐③❡
t❤❡ ♣r♦❝❡ss ✇✐t❤ ΦN = N ✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ♠✉st ✐♥❝r❡❛s❡ t❤❡ t✐♠❡ ✇✐♥❞♦✇ ✐♥ ♦r❞❡r
t♦ ❝♦rr❡❝t❧② ❡✈❛❧✉❛t❡ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss✳ ❙✐♥❝❡ t❤❡ tr❛♥s✐t✐♦♥ r❛t❡s ❛r❡
❜♦✉♥❞❡❞✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✉s❡ t❤❡ t✐♠❡ s❝❛❧❡ t 7→ Nt t♦ s❡❡ ✈❛r✐❛t✐♦♥s ♦❢ ♦r❞❡r N ✳

■❢ ✇❡ ❞❡♥♦t❡ ❜② T0 t❤❡ ✜rst t✐♠❡ ✇❤❡r❡ (L(t)) ❤✐ts ✵✱ ✐t ✐s ❝❧❡❛r ❢r♦♠ t❤❡
tr❛♥s✐t✐♦♥ r❛t❡s t❤❛t (L(t)) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t✇♦ P♦✐ss♦♥
♣r♦❝❡ss❡s ♦❢ r❡s♣❡❝t✐✈❡ r❛t❡s λ ❛♥❞ µ✿

L(t) = L(0) +Nλ(t)−Nµ(t).

❚❤❡ str♦♥❣ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ❣✐✈❡s t❤❛t Nλ(Nt)/N t❡♥❞s t♦ λt ✇❤❡♥ n t❡♥❞s t♦
✐♥✜♥✐t②✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t ✐❢ L(0) = N ❛♥❞ λ < µ✱ T0/n ❝♦♥✈❡r❣❡s ✐♥
❞✐str✐❜✉t✐♦♥ t♦ t❤❡ ❝♦♥st❛♥t 1/(λ−µ)✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t✱ ✐❢ λ > µ✱
T0/N ✐s ✐♥✜♥✐t❡ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ❢♦r N s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❆❧❧ t❤✐s s✉❣❣❡sts t❤❛t
t❤❡ r✐❣❤t t✐♠❡ s❝❛❧❡ ✐s t❤❡♥ t 7→ Nt ❛♥❞✱ ✐♥❞❡❡❞✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡
♦❢ ♣r♦❝❡ss❡s✿

L̄N (t) =
L(Nt)

N
, ✇✐t❤ L(0) = N,

❛♥❞ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t L̄N (t) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❝❡ss
t 7→ max(0, 1 + (λ − µ)t))✳ ❆❧♠♦st ❛❧❧ ✐♥❣r❡❞✐❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ❤❛✈❡ ❜❡❡♥ ❣✐✈❡♥✳
❚❤❡ ♦♥❧② ♠✐ss✐♥❣ ♣❛rt ✐s ❢♦r λ < µ ❛♥❞ t > T0/N ✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t L̄N (t)
❝♦♥✈❡r❣❡s t♦ ✵✳ ❚❤✐s ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ t✐♠❡ ❢♦r ❛♥ ❡r❣♦❞✐❝ M/M/1
q✉❡✉❡ t♦ r❡❛❝❤ t❤❡ ❧❡✈❡❧ εN ✐s ♦❢ ♦r❞❡r (µ/λ)εN ❛♥❞ ✐s t②♣✐❝❛❧❧② ♠✉❝❤ ❧❛r❣❡r t❤❛♥
Nt✳ ❋♦r ❛ r✐❣♦r♦✉s ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s ❝♦♥✈❡r❣❡♥❝❡✱ ♦♥❡ ❝❛♥ r❡❢❡r t♦ t❤❡ ❜♦♦❦ ♦❢
❘♦❜❡rt ❬❘♦❜✵✸❪✳

■♥ ❢❛❝t✱ ✇❡ ❝❛♥ ❣❡t ♠♦r❡ ✐♥s✐❣❤t ✐♥ t❤❡ ✐♥✐t✐❛❧ ♣r♦❝❡ss ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❞✐✛✉s✐♦♥
❛r♦✉♥❞ t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss ♦❢ (LN (t))✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ✈❛r✐❛t✐♦♥s ❛r❡ ♦❢ ♦r❞❡r
O(

√
N) ❛s ❧♦♥❣ ❛s t❤❡ q✉❡✉❡ ❤❛s ♥♦t r❡❛❝❤❡❞ ✵ ❛♥❞ ❛r❡ ♦❢ ♦r❞❡r O(1) ❛❢t❡r✳ ❚❤✐s

❢❛❝t ✐s ✐❧❧✉str❛t❡❞ ❜② ❋✐❣✉r❡ ✼✳
❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✷✱ ♣r♦✈✐♥❣ t❤❡ st❛❜✐❧✐t② ♦❢ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ❝❛♥ ❜❡

❞✐✣❝✉❧t ❛♥❞ ❋♦st❡r✬s ❝r✐t❡r✐♦♥ ❝❛♥ ❜❡ ✈❡r② tr✐❝❦② t♦ ✉s❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ ❛
♠♦r❡ q✉❛❧✐t❛t✐✈❡ ❛♣♣r♦❛❝❤✱ ❛♥❞ t❤✐s ✐s ✇❤❛t ✢✉✐❞ ❧✐♠✐ts ❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞ ❢♦r✳ ■♥
♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❝❛♥ r❡♠❛r❦ t❤❛t t❤✐s s❝❛❧✐♥❣ ✐s ✈❡r② s♣❡❝✐✜❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡
✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❝❡ss ✐s ❧❡❢t ✉♥t♦✉❝❤❡❞✳ ❖♥❡ ♦❢ t❤❡ ✜rst
❛tt❡♠♣ts t♦ ✉s❡ ✢✉✐❞ ❧✐♠✐ts ❢♦r ❡st❛❜❧✐s❤✐♥❣ st❛❜✐❧✐t② ❤❛s ❜❡❡♥ ♠❛❞❡ ❜② ▼❛❧②s❤❡✈ ✐♥
❬▼❛❧✾✸❪✳ ■♥ t❤✐s ❛rt✐❝❧❡✱ ❤❡ st✉❞✐❡❞ r❛♥❞♦♠ ✇❛❧❦s ♦♥ N

K ✇❤❡r❡✱ ✐♥ ❢❛❝t✱ tr❛♥s✐t✐♦♥s
❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❡♠♣t② q✉❡✉❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ tr❛♥s✐t✐♦♥ r❛t❡s ❛r❡
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t

L(t)
❙t♦❝❤❛st✐❝ ♣r♦❝❡ss

❋❧✉✐❞ ❧✐♠✐t

❋✐❣✉r❡ ✼✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢✉✐❞ ❧✐♠✐t ♦❢ ❛♥ M/M/1 q✉❡✉❡✳

❜♦✉♥❞❡❞✳ ❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t ❏❛❝❦s♦♥ ♥❡t✇♦r❦s ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡ ❛r❡ ❛♥ ❡①❛♠♣❧❡
♦❢ s✉❝❤ ❛ ♣r♦❝❡ss✳ ▼❛❧②s❤❡✈ ❡st❛❜❧✐s❤❡❞ ❤❡r❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❛ r❛♥❞♦♠ ✇❛❧❦ ❛♥❞
s♦♠❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✇❤✐❝❤ ✐s ❛ ✢✉✐❞ ❧✐♠✐t ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣r♦❝❡ss ❜✉t t❤❡
❝♦♥✈❡r❣❡♥❝❡ ✐s ♥♦t ❡st❛❜❧✐s❤❡❞ ❛♥❞ ♥♦ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ✢✉✐❞ ❧✐♠✐t ✐s ❣✐✈❡♥✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ✢✉✐❞ ❧✐♠✐ts ❛♥❞ t❤❡✐r ❧✐♥❦ ✇✐t❤ t❤❡ st❛❜✐❧✐t② ♦❢ st♦❝❤❛st✐❝
♣r♦❝❡ss❡s ❛r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❘②❜❦♦ ❛♥❞ ❙t♦❧②❛r ✐♥ ❬❘❙✾✷❪ ✇❤❡r❡ t❤❡② ♣r♦✈❡❞ t❤❡
st❛❜✐❧✐t② ♦❢ ❋■❋❖ q✉❡✉❡s ✉♥❞❡r ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❛♥❞ st✉❞✐❡❞ s♦♠❡ ✐♥✲
t❡r❡st✐♥❣ ❡①❛♠♣❧❡ ♦❢ ❛ ♥❡t✇♦r❦ ✇✐t❤ ❛ ♣r✐♦r✐t② ♠❡❝❤❛♥✐s♠✳ ❚❤❡r❡ ❛r❡ t✇♦ ❧✐♥❦s ❛♥❞
t✇♦ ❝❧❛ss❡s✳ ❈✉st♦♠❡rs ♦❢ ❝❧❛ss❡s ✶ ❛♥❞ ✷ ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ ✐♥❞❡♣❡♥❞❡♥t P♦✐ss♦♥
♣r♦❝❡ss❡s ♦❢ r❡s♣❡❝t✐✈❡ ✐♥t❡♥s✐t✐❡s λ1 ❛♥❞ λ2✳ ❈✉st♦♠❡rs ♦❢ ❝❧❛ss ✶ ❛r❡ s❡r✈❡❞ ❜②
❧✐♥❦ ✶ ❛t r❛t❡ µ11 ❛♥❞ ♠♦✈❡ t♦ ❧✐♥❦ ✷ ✇❤❡r❡ t❤❡② ❛r❡ s❡r✈❡❞ ❛t r❛t❡ µ12✳ ❈✉st♦♠❡rs
♦❢ ❝❧❛ss ✷ ❛r❡ s❡r✈❡❞ ❜② ❧✐♥❦ ✷ ❛t r❛t❡ µ22 ❛♥❞ t❤❡♥ ♠♦✈❡ t♦ ❧✐♥❦ ✶ ✇❤❡r❡ t❤❡r❡ ❛r❡
s❡r✈❡❞ ❛t r❛t❡ µ21✳ ▲✐♥❦ ✶ ❣✐✈❡s ♣r✐♦r✐t② t♦ ❝✉st♦♠❡rs ♦❢ ❝❧❛ss ✷ ❛♥❞ ❧✐♥❦ ✷ ❣✐✈❡s
♣r✐♦r✐t② t♦ ❝✉st♦♠❡rs ♦❢ ❝❧❛ss ✶✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤✐s ♥❡t✇♦r❦ ✐s s✉♠♠❛r✐③❡❞ ♦♥
❋✐❣✉r❡ ✽✳

µ11

µ21

λ1 µ12

µ22 λ2

❋✐❣✉r❡ ✽✳ ❚❤❡ ❘②❜❦♦✲❙t♦❧②❛r ♥❡t✇♦r❦

❋♦r s✉❝❤ ❛ ♥❡t✇♦r❦✱ t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s

λ1
µ11

+
λ2
µ21

< 1,
λ1
µ11

+
λ2
µ21

< 1

❍♦✇❡✈❡r ❘②❜❦♦ ❛♥❞ ❙t♦❧②❛r ❤❛✈❡ ♣r♦✈❡❞ t❤❛t t❤❡r❡ ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝r♦ss ❝♦♥❞✐t✐♦♥✿

λ1
µ12

+
λ1
µ21

< 1
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◆♦t❛❜❧②✱ t❤✐s ✐s t❤❡ ✜rst ❡①❛♠♣❧❡ ♦❢ ❛ r❛♥❞♦♠ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦ ✇❤✐❝❤ ✐s ✉♥st❛❜❧❡
❛❧t❤♦✉❣❤ t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✐♥st❛❜✐❧✐t② ✐s
♥♦t str✐❝t❧② ❜❛s❡❞ ♦♥ ✢✉✐❞ ❧✐♠✐ts ❜✉t t❤❡② ✉s❡❞ t❤❡♠ t♦ ❣❡t ❛♥ ✐♥t✉✐t✐♦♥ ♦❢ t❤❡
❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠❀ t❤❡ ♣r♦♦❢ ✐s q✉✐t❡ ❝❧♦s❡ t♦ ✢✉✐❞ ❧✐♠✐ts ♠❡t❤♦❞s✳ ■♥ ❢❛❝t✱
✢✉✐❞ ❧✐♠✐ts ❞❡s❝r✐❜❡ ✈❡r② ✇❡❧❧ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ♦❢ t❤❡ s②st❡♠✿ ✐♥❝♦♠✐♥❣ ❝✉st♦♠❡rs ♦❢
❝❧❛ss ✶ ❛r❡ q✉❡✉❡❞ ✇❤✐❧❡ ❝✉st♦♠❡rs ♦❢ ❝❧❛ss ✷ ❛r❡ s❡r✈❡❞ ❛♥❞ ❧❡❛✈❡ t❤❡ s②st❡♠ ❛♥❞
✈✐❝❡✲✈❡rs❛✳ ❚❤✐s ❞②♥❛♠✐❝s ♦❢ t❤❡ ✢✉✐❞ ❧✐♠✐t ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✾ ✐♥ t❤❡ ❝❛s❡
✇❤❡r❡ µ11 = µ22 = +∞✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ s②st❡♠ ❝❛♥ ❜❡ ❝♦♠♣❧❡t❡❧② ❞❡s❝r✐❜❡❞ ❜②
t❤❡ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ✐♥ ❡❛❝❤ ❝❧❛ss L1(t) ❛♥❞ L2(t) ❛♥❞ t❤❡ ❛❝t✐✈❡ s❡r✈❡r✳ ❖♥❡
❝❛♥ ♥♦t❡ t❤❛t ❛ ✈❡r② s✐♠✐❧❛r ❡①❛♠♣❧❡ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ ❛ ❞❡t❡r♠✐♥✐st✐❝ s❡tt✐♥❣
❜② ▲✉ ❛♥❞ ❑✉♠❛r ✐♥ ❬▲❑✾✶❪✳

y = λ2

µ12−λ1
x

L2(t)

x λ1

µ21−λ2
y L1(t)

❋✐❣✉r❡ ✾✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ✢✉✐❞ ❧✐♠✐t ♦❢ ❛ tr❛♥s✐❡♥t ❘②❜❦♦✲
❙t♦❧②❛r ♥❡t✇♦r❦

■♥ ❬❉❛✐✾✺❪✱ ❉❛✐ st✉❞✐❡❞ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s✳ ❍✐s ❛✐♠ ✇❛s t♦
♣r♦♣♦s❡ ❛ ❣❡♥❡r✐❝ ♠❡t❤♦❞ ❢♦r st✉❞②✐♥❣ t❤❡ st❛❜✐❧✐t② ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✉s✐♥❣ ✢✉✐❞
❧✐♠✐ts✳ ❆ ❝r✐t❡r✐♦♥ ♦❢ tr❛♥s✐❡♥❝❡ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❜② ▼❡②♥ ✐♥ ❬▼❡②✾✺❪✳ ❆ ❣♦♦❞
✐♥tr♦❞✉❝t✐♦♥ ♦♥ ✢✉✐❞ ❧✐♠✐ts ❛♥❞ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝r✐t❡r✐♦♥ ♦❢ st❛❜✐❧✐t② ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ ❬❘♦❜✵✸❪✳ ▼❛♥② ❡①❛♠♣❧❡s ♦❢ ✢✉✐❞ ❧✐♠✐ts ❛r❡ st✉❞✐❡❞ ✐♥ ❬❇r❛✵✽❪✳ ❋❧✉✐❞
❧✐♠✐ts ❛r❡ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ st❛❜✐❧✐t② ♦❢ s♦♠❡ ♥❡t✇♦r❦s ✐♥ ❈❤❛♣t❡rs ■■ ❛♥❞ ■■■✳

✻✳✹✳✷✳ ❑❡❧❧②✬s ❙❝❛❧✐♥❣ ❛♥❞ t❤❡ M/M/∞ ◗✉❡✉❡✳ ❆❧❧ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❝♦♥✲
s✐❞❡r❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❤❛✈❡ ❜♦✉♥❞❡❞ tr❛♥s✐t✐♦♥ r❛t❡s✳ ❋♦r ❛❧❧ ♦❢ t❤❡♠✱ t❤❡
✢✉✐❞ ❧✐♠✐t ♦✛❡rs ❛ ❣♦♦❞ ✜rst✲♦r❞❡r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡✐r ❜❡❤❛✈✐♦r ❛♥❞ ❣✐✈❡ ❛ q✉❛❧✐✲
t❛t✐✈❡ ♠❡t❤♦❞ t♦ ❡st❛❜❧✐s❤ t❤❡✐r st❛❜✐❧✐t②✳ ❍❡r❡✱ ✇❡ ✇❛♥t t♦ st✉❞② ❛ ♣r♦❝❡ss ✇✐t❤
✉♥❜♦✉♥❞❡❞ tr❛♥s✐t✐♦♥ r❛t❡s✿ ❛♥ M/M/∞ q✉❡✉❡✳ ❈❧✐❡♥ts ❛r❡ ❛ss✉♠❡❞ t♦ ❛rr✐✈❡ ❛❝✲
❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ❛♥❞ s✐♥❝❡ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t② ♦❢ s❡r✈❡rs✱ ❡❛❝❤ ❝❧✐❡♥t ✐s
s❡r✈❡❞ ❛t r❛t❡ µ✳ ❚❤❡ ♣r♦❝❡ss (L(t))✱ ❞❡s❝r✐❜✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧✐❡♥ts ✐♥ t❤❡ q✉❡✉❡✱
✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ♦♥ N ✇✐t❤ tr❛♥s✐t✐♦♥ r❛t❡s

q(x, x+ 1) = λ, q(x, x− 1) = µx.

■❢ ✇❡ ✜① ❛ ♠❛①✐♠✉♠ ♥✉♠❜❡r C ♦❢ ❝❧✐❡♥ts ✐♥ t❤❡ s②st❡♠ ❛♥❞ ✐❢ ❛♥② ✐♥❝♦♠✐♥❣ ❝✉st♦♠❡r
✐s ❜❧♦❝❦❡❞ ✇❤❡♥ t❤❡ q✉❡✉❡ ✐s ❢✉❧❧✱ t❤✐s ✐s t❤❡ ❊r❧❛♥❣ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳

■❢ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✢✉✐❞ ❧✐♠✐t ♦❢ t❤✐s q✉❡✉❡✱ ✐t r❡s✉❧ts ✐♥ ❛ ❞❡❣❡♥❡r❛t❡❞ ♣r♦❝❡ss
✇❤♦s❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ✐s ✶ ❛♥❞ ✇❤✐❝❤ ✐s ♥✉❧❧ ❢♦r ❛♥② t > 0✳ ❚❤✐s ❢❛❝t ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞
s✐♠♣❧②✿ ✐❢ ✇❡ ❝♦♥s✐❞❡r ❛ ✈❡r② ❤✐❣❤ ✐♥✐t✐❛❧ ♥✉♠❜❡r ♦❢ ❝❧✐❡♥ts ✐♥ t❤❡ q✉❡✉❡ s✉❝❤ t❤❛t
L(t) = N ✱ t❤❡ ❞❡♣❛rt✉r❡ r❛t❡ ♦❢ t❤❡ q✉❡✉❡ ✐s µN ✇❤✐❝❤ ✐s ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❡
❛rr✐✈❛❧ r❛t❡ λ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡M/M/1 q✉❡✉❡✱ ❞❡♣❛rt✉r❡ r❛t❡s ❛♥❞ ❛rr✐✈❛❧ r❛t❡s ❛r❡
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♦❢ t❤❡ s❛♠❡ ♦r❞❡r ✇❤❛t❡✈❡r t❤❡ ✐♥✐t✐❛❧ st❛t❡✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❡♥s❛t❡ t❤❡ ❞❡♣❛rt✉r❡
r❛t❡✱ ✐t ✐s ♥❛t✉r❛❧ t♦ s❝❛❧❡ t❤❡ ❛rr✐✈❛❧ r❛t❡ ❜② ❛ ❢❛❝t♦r N ✳ ❚❤✐s ❧❡❛❞s t♦ ❑❡❧❧②✬s s❝❛❧✐♥❣
✇❤✐❝❤ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❑❡❧✽✻❪ ❢♦r ❧♦ss ♥❡t✇♦r❦s✳ ❲❡ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢
♣r♦❝❡ss❡s (LN (t)) s✉❝❤ t❤❛t LN (0) = N ✱ ✇❤♦s❡ tr❛♥s✐t✐♦♥ r❛t❡s ❛r❡

q(x, x+ 1) = λN, q(x, x− 1) = µx.

❲❡ t❤❡♥ r❡♥♦r♠❛❧✐③❡ t❤❡ ♣r♦❝❡ss ❜② N ❛♥❞ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢
♣r♦❝❡ss❡s (LN (t)/N) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❝❡ss (x(t)) s✉❝❤
t❤❛t

ẋ(t) = λ− µx(t).

❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ s❝❛❧❡ t✐♠❡ ❤❡r❡ s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ tr❛♥s✐t✐♦♥s
♣❡r t✐♠❡ ✉♥✐t ✐s ❛❧r❡❛❞② ♦❢ ♦r❞❡r N ✳ ❆ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ M/M/1 ✐s t❤❛t
t❤❡r❡ ✐s ♥♦ ❞✐s❝♦♥t✐♥✉✐t②✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❊r❧❛♥❣ ♠♦❞❡❧ s✉❝❤ t❤❛t
(LN (t)) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✐t✐♦♥ r❛t❡s✿

q(x, x+ 1) = λN✶{x<CN}, q(x, x− 1) = µx,

❢♦r s♦♠❡ CN ∈ N✱ t❤❡r❡ ✐s ❛ ❞✐s❝♦♥t✐♥✉✐t② ✐♥ CN ✳ ❆ss✉♠✐♥❣ t❤❛t CN ≈ ηN ❛♥❞
LN (0) = 0✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (LN (t)/N) ❝♦♥✈❡r❣❡s ✐♥
❞✐str✐❜✉t✐♦♥ t♦ (x(t)) s✉❝❤ t❤❛t

x(t) = min
(

ρ(1− e−µt), η
)

.

❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ M/M/1✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t✱ ✇❤✐❧❡ t❤❡ ❜♦✉♥❞❛r② ❤❛s ♥♦t
❜❡❡♥ r❡❛❝❤❡❞✱ t❤❡r❡ ✐s ❛ ❞✐✛✉s✐♦♥ ♦❢ ♦r❞❡r O(

√
N) ❛r♦✉♥❞ t❤❡ ❧✐♠✐t✳ ■❢ η < ρ✱ t❤❡♥

t❤❡ ❜♦✉♥❞❛r② ✐s r❡❛❝❤❡❞ ❛❢t❡r ❛ ✜♥✐t❡ t✐♠❡ ❛♥❞ t❤❡ ✈❛r✐❛t✐♦♥s ❛r❡ t❤❡♥ ♦❢ ♦r❞❡r
O(1)✳ ❑❡❧❧②✬s s❝❛❧✐♥❣ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❧♦ss ♥❡t✇♦r❦s ❜✉t ❛r✐s❡s
♥❛t✉r❛❧❧② ✇❤❡♥ t❤❡ tr❛♥s✐t✐♦♥ r❛t❡s ❞❡♣❡♥❞ ❧✐♥❡❛r❧② ♦♥ t❤❡ st❛t❡ ♦❢ t❤❡ st♦❝❤❛st✐❝
♣r♦❝❡ss✳ ❊①❛♠♣❧❡s ❝♦♠✐♥❣ ❢r♦♠ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s ❛♥❞ ❝❤❡♠✐str② ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❬❊❑✽✻❪✳ ❆ s❝❛❧✐♥❣ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❑❡❧❧②✬s s❝❛❧✐♥❣ ✐s
✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ■■✳

✻✳✹✳✸✳ ❉✐✛❡r❡♥t ❚✐♠❡ ❙❝❛❧❡s✳ ❆s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ t❤❡r❡ ❝❛♥ ❜❡ s❡✈❡r❛❧ t✐♠❡
s❝❛❧❡s ♦❢ ✐♥t❡r❡st ♦❢ t❤❡ s❛♠❡ ♣r♦❝❡ss✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ M/M/1
q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ λ ❛♥❞ ❞❡♣❛rt✉r❡ r❛t❡ µ✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ✢✉✐❞ ❧✐♠✐t
✇✐t❤ t✐♠❡ s❝❛❧❡ t 7→ Nt ❛❧❧♦✇s t♦ ❞❡s❝r✐❜❡ t❤❡ ✜rst✲♦r❞❡r ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠✳
❋r♦♠ t❤✐s ✢✉✐❞ ❧✐♠✐t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ♣r♦❝❡ss ✐s st❛❜❧❡ ✐❢ λ < µ ❛♥❞ ✐t ✐♥❝r❡❛s❡s
❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t② ✇❤❡♥ λ > µ✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ λ = µ✱ t❤❡ ✢✉✐❞ ❧✐♠✐t ♦❢ t❤❡ M/M/1 q✉❡✉❡ ✐s t❤❡ ❝♦♥st❛♥t
❡q✉❛❧ t♦ ✶ ❛♥❞ ✐t ❞♦❡s ♥♦t ❣✐✈❡ ♠✉❝❤ ✐♥s✐❣❤ts ✐♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠✳ ❋✉r✲
t❤❡r♠♦r❡✱ s✐♥❝❡ µ ✐s t❤❡ ❧✐♠✐t ♦❢ st❛❜✐❧✐t②✱ ♦♥❡ ❝♦✉❧❞ ❜❡ ✈❡r② ✐♥t❡r❡st❡❞ ✐♥ ❞❡s❝r✐❜✐♥❣
t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ✇❤❡♥ ❛♣♣r♦❛❝❤✐♥❣ t❤✐s ❧✐♠✐t✳ ❚❤✐s ✐s t❤❡ ❍❡❛✈②✲tr❛✣❝
❛♣♣r♦①✐♠❛t✐♦♥ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❑✐♥❣♠❛♥ ✐♥ ❬❑✐♥✻✷❪✳ ❚❤❡ ♣r✐♥❝✐♣❧❡
✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ M/M/1 q✉❡✉❡s (LN (t)) ✇✐t❤ ❛rr✐✈❛❧
r❛t❡s λN = µ− α/N ❛♥❞ ❞❡♣❛rt✉r❡ r❛t❡ µ ❛♥❞ s✉❝❤ t❤❛t LN (0) = N ✳ ❖♥ t❤❡ t✐♠❡
s❝❛❧❡ t 7→ Nt✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (LN (Nt)/N) ✐s ❛❧♠♦st t❤❡✐r ✢✉✐❞ ❧✐♠✐t ❛♥❞
❛❞♠✐ts t❤❡ s❛♠❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss✳ ❍♦✇❡✈❡r✱ ♦♥ t❤❡ t✐♠❡ s❝❛❧❡ N 7→ N2t✱ t❤❡ ♣r♦❝❡ss
(LN (Nt)/N) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ r❡✢❡❝t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❚❤❡ ❍❡❛✈②✲
tr❛✣❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❤❛s ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞ ✐♥ ♠✉❝❤ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①ts✳ ❋♦r
✐♥st❛♥❝❡✱ ❢♦r ♠✉❧t✐✲❝❧❛ss ♥❡t✇♦r❦s✱ ♦♥❡ ❝♦✉❧❞ r❡❢❡r t♦ t❤❡ ♣❛♣❡r ♦❢ ❲✐❧❧✐❛♠ ❬❲✐❧✾✽❪✱
❢♦r t❤❡ M/G/1 P❙ q✉❡✉❡✱ ♦♥❡ ❝♦✉❧❞ r❡❢❡r t♦ t❤❡ ♣❛♣❡r ❜② ●r♦♠♦❧❧ ❬●r♦✵✹❪ ❛♥❞
t❤❡ r❡❝❡♥t ♣❛♣❡r ❜② ▲❛♠❜❡rt ❡t ❛❧ ❬▲❙❩✶✶❪✳

❙✐♠✐❧❛r❧②✱ ✐♥ ❈❤❛♣t❡r ■❱✱ ✇❡ st✉❞② ❛ st♦❝❤❛st✐❝ ♥❡t✇♦r❦ ✇✐t❤ ❢❛✐❧✉r❡s ✇❤❡r❡
s❡✈❡r❛❧ s❝❛❧✐♥❣ ♠❡t❤♦❞s ✇✐t❤ ❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡s ❛r❡ st✉❞✐❡❞✳
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✻✳✹✳✹✳ ❈♦❡①✐st❡♥❝❡ ♦❢ ❉✐✛❡r❡♥t ❚✐♠❡ ❙❝❛❧❡s✿ ❙t♦❝❤❛st✐❝ ❆✈❡r❛❣✐♥❣ Pr✐♥❝✐♣❧❡✳
❋♦r s♦♠❡ s❝❛❧✐♥❣ ♠❡t❤♦❞s✱ ✐t ❝❛♥ ❤❛♣♣❡♥ t❤❛t t❤❡r❡ ✐s ❛ ❝♦❡①✐st❡♥❝❡ ♦❢ ❞✐✛❡r❡♥t t✐♠❡
s❝❛❧❡s✳ ❚❤❡r❡ ❛r❡ t✇♦ ❝♦♠♣♦♥❡♥ts ❡✈♦❧✈✐♥❣ ✇✐t❤ ❞✐✛❡r❡♥t s♣❡❡❞s✳ ❲❡ ♣r❡s❡♥t ❤❡r❡ ❛
✈❡r② s✐♠♣❧❡ ❡①❛♠♣❧❡ ✐♥s♣✐r❡❞ ❜② ❍✉♥t ❛♥❞ ❑✉rt③ ❬❍❑✾✹❪ ✇❤❡r❡ t❤✐s ♣❤❡♥♦♠❡♥♦♥
❛r✐s❡s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❊r❧❛♥❣ ♠♦❞❡❧ ✇✐t❤ t✇♦ ❝❧❛ss❡s ♦❢ ❝❧✐❡♥ts ❛♥❞ N ❝✐r❝✉✐ts✳
❚❤❡ s②st❡♠ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss (L1,N (t), L2,N (t)) ✇✐t❤ tr❛♥s✐t✐♦♥
r❛t❡s✿

q(x, x+ ei) = λiN✶{x1+x2<N}, q(x, x− ei) = µixi,

❢♦r i = 1, 2 ✇❤❡r❡ x = (x1, x2)✱ e1 = (1, 0) ❛♥❞ e2 = (0, 1)✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t
Li,N (0)/N ❝♦♥✈❡r❣❡s t♦ xi(0) ❢♦r i = 1, 2 s✉❝❤ t❤❛t λ1 + λ2 > µ1x1(0) + µ2x2(0)
❛♥❞ x1(0) + x2(0) = 1✳ ❲❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s
(L1,N (t), L2,N (t)) ❝♦♥✈❡r❣❡s t♦ ❛ ♣r♦❝❡ss (x1(t), x2(t)) ❛♥❞ ✇❡ ✇❛♥t t♦ ✉♥❞❡rst❛♥❞
✐ts ❞②♥❛♠✐❝s✳

❆s ❧♦♥❣ ❛s λ1 + λ2 > µ1x1(t) + µ2x2(t)✱ t❤❡ t♦t❛❧ ❛rr✐✈❛❧ r❛t❡ ✐s ❜✐❣❣❡r t❤❛♥
t❤❡ t♦t❛❧ ❞❡♣❛rt✉r❡ r❛t❡ ❛♥❞ t❤❡ s②st❡♠ ✐s s❛t✉r❛t❡❞✳ ■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡
❣❧♦❜❛❧ ❞②♥❛♠✐❝s✱ ✇❡ ❤❛✈❡ t♦ ❧♦♦❦ ❛t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❡♠♣t② ❝✐r❝✉✐ts
s✐♥❝❡ ❛♥② ✐♥❝♦♠✐♥❣ ❝❧✐❡♥t ✐s ❛❝❝❡♣t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛♥ ❡♠♣t② s❧♦t✳ ❲❡ t❤❡♥
❞❡✜♥❡ ZN,t(s) = N − (L1,N (t + s) + L2,N (t + s))✳ ■♥ ❢❛❝t✱ t❤❡ tr❛♥s✐t✐♦♥ r❛t❡s ♦❢
(ZN,t(s)) ❛r❡ ♦❢ ♦r❞❡r N ❛♥❞ t❤✐s ♣r♦❝❡ss ❡✈♦❧✈❡s ♦♥ t❤❡ t✐♠❡ s❝❛❧❡ s 7→ Ns✳ ❲❡ ❝❛♥
❡❛s✐❧② ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (ZN,t(s/N)) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ t❤❡ ♣r♦❝❡ss
(Zt(s))✱ ❛♥ M/M/1 q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ µ1x1(t) + µ2x2(t) ❛♥❞ ❞❡♣❛rt✉r❡ r❛t❡
λ1 + λ2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛t ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡r❡ ✐s ❛♥ ❡♠♣t② s❧♦t
✐s ❣✐✈❡♥ ❜② p(t) = (µ1x1(0) + µ2x2(0))/(λ1 + λ2)✳

❙✐♥❝❡ (Z(t)) ❡✈♦❧✈❡s ♦♥ t❤❡ t✐♠❡ s❝❛❧❡ t 7→ Nt ❛♥❞ t❤❡ ♣r♦❝❡ss❡s (x1(t), x2(t))
❡✈♦❧✈❡ ♦♥ t❤❡ t✐♠❡ s❝❛❧❡ t 7→ t✱ t❤❡② ✏s❡❡✑ (Zt(s)) ❛t ❡q✉✐❧✐❜r✐✉♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡✐r
r❡s♣❡❝t✐✈❡ ❛rr✐✈❛❧ r❛t❡s ❛r❡ λ1p(t) ❛♥❞ λ2p(t)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t (x1(t)) ❛♥❞ (x2(t))
s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✿

ẋ1(t) =
λ1

λ1 + λ2
(µ1x1(t) + µ2x2(t))− µ1x1(t),

ẋ2(t) =
λ2

λ1 + λ2
(µ1x1(t) + µ2x2(t))− µ2x1(t),

❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✏s❧♦✇✑ ♣r♦❝❡ss ❛♥❞ t❤❡ ✏❢❛st✑ ♣r♦❝❡ss ✐s t❤❡♥ ❝❧❡❛r✳
❚❤❡ tr❛♥s✐t✐♦♥ r❛t❡s ♦❢ (Zt(s)) ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② st❛t❡s x1(t) ❛♥❞ x2(t)✳ ❖♥ t❤❡
❝♦♥tr❛r②✱ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ (x1(t)) ❛♥❞ (x2(t)) ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡
❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦❝❡ss❡s (Zt(s))✳

■♥ ❢❛❝t✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ❛r❡ ✈❛❧✐❞ ❛s ❧♦♥❣ ❛s µ1x1(t)+µ2x2(t) < λ1+λ2✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ λ1/µ1 + λ2/µ2 < 1✱ t❤❡r❡ ❡①✐sts ❛ t✐♠❡ T > 0 s✉❝❤ t❤❛t µ1x1(T ) +
µ2x2(T ) = λ1 + λ2✳ ❋♦r t ≥ T ✱ t❤❡ ♣r♦❝❡ss❡s (x1(t), x2(t)) s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥s✿

ẋ1(t) = λ1 − µ1x1(t),

ẋ2(t) = λ2 − µ2x1(t).

■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s ♥♦ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ❛♥②♠♦r❡✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ❜② ❋✐❣✉r❡
✶✵✳ ❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t ❛❧❧ t❤❡s❡ ❡q✉❛t✐♦♥s ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ✈❡r② ❡❛s✐❧② ✇✐t❤
t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇ ❜✉t t❤✐s ♠❡t❤♦❞ ❣✐✈❡s ♠✉❝❤ ❧❡ss ✐♥t✉✐t✐♦♥✳

❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ♦❢ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ❤❛s ❜❡❡♥ ❦♥♦✇♥ ❢♦r ❛ ❧♦♥❣ t✐♠❡ ✐♥
❛ ❞❡t❡r♠✐♥✐st✐❝ ❢r❛♠❡✇♦r❦ ✭s❡❡ ●✉❝❦❡♥❤❡✐♠❡r ❛♥❞ ❍♦❧♠❡s ❬●❍✾✵❪✮✳ ■♥ st❛t✐st✐❝❛❧
♠❡❝❤❛♥✐❝s✱ ✐t ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❇♦❣♦❧②✉❜♦✈ ✐♥ ❬❇♦❣✻✶❪✳ ▲❛t❡r✱ ✐t ❤❛s ❜❡❡♥
st✉❞✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ st♦❝❤❛st✐❝ ❝❛❧❝✉❧✉s ❜② ❑❤❛s♠✐♥s❦✐✐ ✐♥ ❬❑❤❛✻✽❪ ❍✐s r❡s✉❧ts
❤❛✈❡ ❜❡❡♥ ❡①t❡♥❞❡❞ ❜② P❛♣❛♥✐❝♦❧❛♦✉ ❡t ❛❧✳ ❬P❙❱✼✼❪ ❛♥❞ ❋r❡✐❞❧✐♥ ❛♥❞ ❲❡♥t③❡❧❧
❬❋❲✾✽❪✳ ▼♦r❡ r❡❝❡♥t❧②✱ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❧♦ss ♥❡t✇♦r❦s ❜② ❍✉♥t ❛♥❞ ❑✉rt③ ❬❍❑✾✹❪✳ ■♥ ❈❤❛♣t❡r ■■✱ ✇❡
❡①❤✐❜✐t ❛ ♣❤❡♥♦♠❡♥♦♥ ♦❢ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ✐♥ ✢✉✐❞ ❧✐♠✐ts✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥
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x1(t)

x2(t)
❈❛♣❛❝✐t②

❑❡❧❧②✬s s❝❛❧✐♥❣

❋✐❣✉r❡ ✶✵✳ ❙t♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ✐♥ t❤❡ ❑❡❧❧②✬s s❝❛❧✐♥❣✳

❛ ♠❛rt✐♥❣❛❧❡ t❡❝❤♥✐q✉❡ ♣r❡s❡♥t❡❞ ❜② ❑✉rt③ ✐♥ ❬❑✉r✾✷❪ ❜✉t ✇❤✐❝❤ ✐s ❛❧s♦ ♣r❡s❡♥t ✐♥
t❤❡ ✇♦r❦ ♦❢ P❛♣❛♥✐❝♦❧❛♦✉ ❡t ❛❧✳ ❬P❙❱✼✼❪✳ ❙✐♠✐❧❛r❧②✱ ❛♥♦t❤❡r st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣
♣❤❡♥♦♠❡♥♦♥ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ■❱ ✇✐t❤ ❛ ♣r♦♦❢ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ♠❛rt✐♥❣❛❧❡
t❡❝❤♥✐q✉❡✳

✻✳✹✳✺✳ ❙❦♦r♦❦❤♦❞ Pr♦❜❧❡♠ ❘❡♣r❡s❡♥t❛t✐♦♥✳ ❆s ♦❜s❡r✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✹✳✶✱ ❢♦r t❤❡
M/M/1 q✉❡✉❡✱ t❤❡ ❞✐✣❝✉❧t② ♦❢ ♣r♦✈✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✢✉✐❞ ❧✐♠✐t ✐s ♠❛✐♥❧②
❞✉❡ t♦ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ❛t ✵✳ ❇❡❢♦r❡ t❤❛t✱ t❤❡ ♣r♦❝❡ss ❝❛♥ ❜❡ s✐♠♣❧② ❡①♣r❡ss❡❞ ❛s
t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ P♦✐ss♦♥ ♣r♦❝❡ss❡s ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❢♦❧❧♦✇s ❡❛s✐❧②✳ ▼♦r❡
❣❡♥❡r❛❧❧②✱ ✇❤❡♥ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❝❡ss ✐s s✉✣❝✐❡♥t❧②
r❡❣✉❧❛r✱ t❤❡ ❧✐♠✐t ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❛s ✐t ✐s t❤❡
❝❛s❡ ❢♦r t❤❡ M/M/∞ q✉❡✉❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✢✉✐❞ ❧✐♠✐t ♦❢ ❛♥ M/M/1 q✉❡✉❡✱
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❞✐r❡❝t❧② ❜✉t ✐t ✐s ✐♥tr✐❝❛t❡ ❛♥❞ ✐t ✉s❡s s♦♠❡ s✉❜t❧❡
♣r♦♣❡rt✐❡s ♦❢ t❤❡ M/M/1 ♣r♦❝❡ss ❛♥❞ t❤✐s ❝❛♥ ❤❛r❞❧② ❜❡ ✉s❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠♦r❡
❝♦♠♣❧❡① ♣r♦❝❡ss❡s ✇✐t❤ s✐♠✐❧❛r ❞✐s❝♦♥t✐♥✉✐t✐❡s✳ ❋♦r ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s✱ ✇❡
❝❛♥ t❤❡♥ ✉s❡ t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠✳

❲❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❡ M/M/1 q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ λ ❛♥❞ ❞❡♣❛rt✉r❡ r❛t❡
µ✳ ❲❡ ❝❛♥ r❡✇r✐t❡ (L(t)) t❤❡ ♣r♦❝❡ss ❞❡s❝r✐❜✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡rs ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❛②✿

L(t) = L(0) +Nλ([0, t])−
∫ t

0

✶{L(s−)>0}Nµ(ds),

= L(0) +Nλ([0, t])−Nµ([0, t]) +

∫ t

0

✶{L(s−)=0}Nµ(ds).

❉❡✜♥✐♥❣ Z(t) = L(0) + Nλ([0, t]) − Nµ([0, t]) ❛♥❞ R(t) =
∫ t

0
✶{L(s−)=0}Nµ(ds)✱

✇❡ ❝❛♥ s❡❡ t❤❛t (L(t), R(t)) ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② (Z(t)) ❛♥❞ t❤❡ ♣r♦❝❡ss
(R(t)) ✐s t❤❡ ♣✉s❤✐♥❣ ♣r♦❝❡ss ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t (L(t)) ✐s ♥♦♥✲♥❡❣❛t✐✈❡✳ ❚❤❡ ❝♦✉♣❧❡
(L(t), R(t)) ✐s ❝❛❧❧❡❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ t♦ (Z(t))
✇❤✐❝❤ ✐s ❛ ❜✐❛s❡❞ r❛♥❞♦♠ ✇❛❧❦✳

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤❛t✱ ✐❢ Z(0) = N ✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (Z(Nt)/N)
❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ (1 + (λ− µ)t)✳ ❯s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞
♣r♦❜❧❡♠✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ (X(Nt)/N,R(Nt)/N) ❝♦♥✈❡r❣❡s t♦ t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ t♦ (1 + (λ − µ)t)✳ ❚❤✐s s♦❧✉t✐♦♥ ✐s
s✐♠♣❧② (t 7→ max(0, 1 + (λ − µ)t), t 7→ max(0,−1 + (µ − λ)t)) ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡
✢✉✐❞ ❧✐♠✐t ♦❢ t❤❡ M/M/1 q✉❡✉❡✳
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■♥ ❢❛❝t✱ t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧
❝❛s❡✳ ❋♦r ❛ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥✱ ♦♥❡ ❝❛♥ r❡❢❡r t♦ t❤❡ ❜♦♦❦ ♦❢ ❘♦❜❡rt ❬❘♦❜✵✸❪✳ ❚❤❡
♣r❡✈✐♦✉s ❞❡♠♦♥str❛t✐♦♥ ❤❛s ❜❡❡♥ ❣❡♥❡r❛❧✐③❡❞ t♦ ❏❛❝❦s♦♥ ♥❡t✇♦r❦s ❜② ❈❤❡♥ ❛♥❞
▼❛♥❞❡❧❜❛✉♠ ✐♥ ❬❈▼✾✶❪✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ❞❡♠♦♥str❛t✐♦♥ ♣r❡s❡♥t❡❞ ❛t ❙❡❝t✐♦♥
✻✳✹✳✶ ✇♦✉❧❞ ❜❡ ❤❛r❞ t♦ ❡①t❡♥❞✳ ❚❤❡r❡ ✐s ❛ ❤✉❣❡ ❧✐t❡r❛t✉r❡ ♦♥ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠s
✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡
✇❤❡r❡ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❞♦♠❛✐♥✳ ❋♦r ❛ r❡✈✐❡✇ ♦❢ t❤♦s❡ r❡s✉❧ts✱ ♦♥❡
❝❛♥ r❡❢❡r t♦ t❤❡ ❛rt✐❝❧❡ ♦❢ ❘❛♠❛♥❛♥ ❬❘❛♠✵✻❪ ❛♥❞ r❡❢❡r❡♥❝❡s ❤❡r❡✐♥✳

❆s ♣♦✐♥t❡❞ ♦✉t ❜② ❆♥❞❡rs♦♥ ❛♥❞ ❖r❡② ✐♥ ❬❆❖✼✻❪✱ t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ✐s
♥♦t ❛❞❛♣t❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ❞❡♣❡♥❞s ♦♥ t❤❡ st❛t❡ ♦❢
t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss✳ ❚❤❡ s✐♠♣❧❡st ❡①❛♠♣❧❡ ✐s t❤❡ ❊r❧❛♥❣ ♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ ✐t ✐s
♣♦ss✐❜❧❡ t♦ ❛❞❛♣t t❤❡ ❙❦♦r♦❦❤♦❞ ♠❡t❤♦❞ t♦ ❛ s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t ✇❤✐❝❤
❛♣♣❧✐❡s t♦ ♣r♦❝❡ss❡s ✇❤❡r❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ❞❡♣❡♥❞s ♦♥ t❤❡ st❛t❡ ♦❢ t❤❡
st♦❝❤❛st✐❝ ♣r♦❝❡ss✳ ❚❤❡s❡ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s ❛r❡ ✉s❡❞ ❛♥❞ ❞❡t❛✐❧❡❞ ✐♥ ❈❤❛♣t❡r ■❱✳

✼✳ Pr❡s❡♥t❛t✐♦♥ ♦❢ ❙✉❜s❡q✉❡♥t ❈❤❛♣t❡rs

❊❛❝❤ ❝❤❛♣t❡r ♦❢ t❤✐s t❤❡s✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❛♣❡r ♦r ❛ s❡t ♦❢ ♣❛♣❡rs ✭♦♥❡ ♦❢
t❤❡♠ ❜❡✐♥❣ ✉♥❞❡r r❡✈✐❡✇✮✿

❈❤❛♣t❡r ■■✿ ▼❛t❤✐❡✉ ❋❡✉✐❧❧❡t✳ ❖♥ t❤❡ ✢♦✇✲❧❡✈❡❧ st❛❜✐❧✐t② ♦❢ ❞❛t❛ ♥❡t✇♦r❦s
✇✐t❤♦✉t ❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧✿ t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r ♥❡t✇♦r❦s ❛♥❞ ✉♣str❡❛♠ tr❡❡s✳
◗✉❡✉❡✐♥❣ ❙②st❡♠s✱ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✼✵✿✶✵✺✕✶✹✸✱ ✷✵✶✷

❈❤❛♣t❡r ■■■✿ ❚✳ ❇♦♥❛❧❞ ❛♥❞ ▼✳ ❋❡✉✐❧❧❡t✳ ❖♥ t❤❡ st❛❜✐❧✐t② ♦❢ ✢♦✇✲❛✇❛r❡
❈❙▼❆✳ P❡r❢♦r♠✳ ❊✈❛❧✳✱ ✻✼✿✶✷✶✾✕✶✷✷✾✱ ◆♦✈❡♠❜❡r ✷✵✶✵
❚✳ ❇♦♥❛❧❞ ❛♥❞ ▼✳ ❋❡✉✐❧❧❡t✳ ❖♥ ✢♦✇✲❛✇❛r❡ ❈❙▼❆ ✐♥ ♠✉❧t✐✲❝❤❛♥♥❡❧ ✇✐r❡❧❡ss
♥❡t✇♦r❦s✳ ■♥ ❈■❙❙✱ ✷✵✶✶
❚✳ ❇♦♥❛❧❞ ❛♥❞ ▼✳ ❋❡✉✐❧❧❡t✳ P❡r❢♦r♠❛♥❝❡ ♦❢ ❈❙▼❆ ✐♥ ♠✉❧t✐✲❝❤❛♥♥❡❧ ✇✐r❡✲
❧❡ss ♥❡t✇♦r❦s✳ ◗✉❡✉❡✐♥❣ ❙②st❡♠s✿ ❚❤❡♦r② ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✵✶✷✳ ❚♦ ❛♣♣❡❛r

❈❤❛♣t❡r ■❱✿ ▼❛t❤✐❡✉ ❋❡✉✐❧❧❡t ❛♥❞ P❤✐❧✐♣♣❡ ❘♦❜❡rt✳ ❆ s❝❛❧✐♥❣ ❛♥❛❧②s✐s ♦❢
❛ tr❛♥s✐❡♥t st♦❝❤❛st✐❝ ♥❡t✇♦r❦ ✭■✮✳ Pr❡♣r✐♥t✱ ✷✵✶✷

❈❤❛♣t❡r ❱✿ ▼❛t❤✐❡✉ ❋❡✉✐❧❧❡t ❛♥❞ P❤✐❧✐♣♣❡ ❘♦❜❡rt✳ ❖♥ t❤❡ tr❛♥s✐❡♥t ❜❡✲
❤❛✈✐♦r ♦❢ ❊❤r❡♥❢❡st ❛♥❞ ❊♥❣s❡t ♣r♦❝❡ss❡s✳ ❆❞✈❛♥❝❡s ✐♥ ❆♣♣❧✐❡❞ Pr♦❜❛❜✐❧✐t②✱
✷✵✶✷✳ ❚♦ ❆♣♣❡❛r

✼✳✶✳ ❈❤❛♣t❡r ■■✿ ❛ ❇❛♥❞✇✐❞t❤ ❙❤❛r✐♥❣ ◆❡t✇♦r❦ ✇✐t❤♦✉t ❈♦♥❣❡st✐♦♥
❈♦♥tr♦❧✳ ❚❤✐s ❝❤❛♣t❡r ❞❡❛❧s ✇✐t❤ ❛ ♠♦❞❡❧ ♦❢ ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ♥❡t✇♦r❦s ❛s ✐♥tr♦✲
❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳ ❈♦♥tr❛r② t♦ t❤❡ ❧✐t❡r❛t✉r❡✱ ✉s❡rs ❛r❡ ♥♦t ❛ss✉♠❡❞ t♦ ❡♠♣❧♦② ❛
❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠ ❜✉t t♦ tr❛♥s♠✐t ❛t ♠❛①✐♠✉♠ r❛t❡✱ t❤❡✐r ❛❝❝❡ss r❛t❡✱ ✐♥
t❤❡ ♥❡t✇♦r❦✳ ❚❤❡② r❡❝♦✈❡r ❢r♦♠ ♣❛❝❦❡t ❧♦ss❡s t❤❛♥❦s t♦ ❡rr♦r ❝♦❞❡s✳ ■t ✐s ♣r♦✈❡❞ ✐♥
❬❇❋P✵✾❪ t❤❛t t❤❡ ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ✐s t❤❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♣❛❝❦❡t ❞r♦♣♣✐♥❣
♣♦❧✐❝② ✐♥ r♦✉t❡rs✳ ❚✇♦ ♣♦❧✐❝✐❡s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❛t ♣❛♣❡r✿ ❋❛✐r ❉r♦♣♣✐♥❣ ❛♥❞
❚❛✐❧ ❉r♦♣♣✐♥❣✳ ❚❤❡ ✜rst ♦♥❡ ❝♦♥s✐sts ✐♥ ❞r♦♣♣✐♥❣ ♣❛❝❦❡ts ✐♥ t❤❡ ❜✐❣❣❡st ❛❝t✐✈❡ ✢♦✇
✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ❝♦♥s✐sts ✐♥ ❞r♦♣♣✐♥❣ ♣❛❝❦❡ts ❛t r❛♥❞♦♠✳ ■t ❤❛s ❜❡❡♥ ♣r♦✈❡❞
✐♥ ❬❇❋P✵✾❪ t❤❛t ❋❛✐r ❉r♦♣♣✐♥❣ ✐s st❛❜❧❡ ✉♥❞❡r t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✳
❖♥ t❤❡ ❝♦♥tr❛r②✱ ❚❛✐❧ ❉r♦♣♣✐♥❣ r❡s✉❧ts ✐♥ ❛♥ ✐♥❡✣❝✐❡♥t ✉s❡ ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤ ✐♥
♠❛♥② ❝❛s❡s✳ ❊✈❡♥ ✇♦rs❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝②❝❧✐❝ ♥❡t✇♦r❦s✱ ❛❧❧ t❤❡ ❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s
❛r❡ ✇❛st❡❞ ❛♥❞ t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ r❡❞✉❝❡s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ tr❛✣❝ ✐♥t❡♥s✐t✐❡s
❛r❡ ♥✉❧❧✳ ❍♦✇❡✈❡r✱ ✐t ❤❛s ❜❡❡♥ ❝♦♥❥❡❝t✉r❡❞ t❤❛t t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ ✐s ♥♦t tr✐✈✐❛❧
❢♦r ❛❝②❝❧✐❝ ♥❡t✇♦r❦s ❛♥❞ t❤❛t t❤✐s st❛❜✐❧✐t② r❡❣✐♦♥ ❝❛♥ ❜❡ ❛s ❝❧♦s❡ ❛s ✇❛♥t❡❞ t♦ t❤❡
♦♣t✐♠❛❧ st❛❜✐❧✐t② r❡❣✐♦♥ ✐❢ t❤❡ ♠❛①✐♠✉♠ r❛t❡s ♦❢ ✉s❡rs ❛r❡ s♠❛❧❧ ❡♥♦✉❣❤ ❝♦♠♣❛r❡❞
t♦ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❧✐♥❦s ✐♥ t❤❡ ♥❡t✇♦r❦✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❈❤❛♣t❡r ■■ ✐s t♦ ♣r♦✈❡
t❤✐s ❝♦♥❥❡❝t✉r❡ ❢♦r t✇♦ r❡♣r❡s❡♥t❛t✐✈❡ ❡①❛♠♣❧❡s ♦❢ t♦♣♦❧♦❣✐❡s✿ ❧✐♥❡❛r ♥❡t✇♦r❦s ❛♥❞
✉♣str❡❛♠ tr❡❡s✳
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❆ ❧✐♥❡❛r ♥❡t✇♦r❦ ❝♦♥s✐sts ♦❢ L ❧✐♥❦s ❛♥❞ L+1 ❝❧❛ss❡s s✉❝❤ t❤❛t ✢♦✇s ♦❢ ❝❧❛ss ✵
❛r❡ ❣♦✐♥❣ t❤r♦✉❣❤ ❛❧❧ ❧✐♥❦s ✭t❤❡ ❧♦♥❣ r♦✉t❡✮ ❛♥❞ ✢♦✇s ♦❢ ❝❧❛ss k ❛r❡ ❣♦✐♥❣ t❤r♦✉❣❤
❧✐♥❦ k ♦♥❧② ✭t❤❡ s❤♦rt r♦✉t❡s✮✳ ❋❧♦✇s ♦❢ ❝❧❛ss k ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss
♦❢ ✐♥t❡♥s✐t② λk ❛♥❞ ❤❛✈❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ s✐③❡ ✇✐t❤ ♣❛r❛♠❡t❡r µk✳ ❚❤❡
❝❛♣❛❝✐t② ♦❢ ❡❛❝❤ ❧✐♥❦ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✶✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ t❤❡ ♠❛①✐♠✉♠
r❛t❡ ♦❢ ✉s❡rs ✐♥ ❝❧❛ss❡s ✵ ❛♥❞ ✶ ✐s ❛❧s♦ ❡q✉❛❧ t♦ ✶✳ ❚❤❡ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t✐♦♥ ✐s
t❤❡♥ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ♦✉t♣✉t r❛t❡s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ ✐♥♣✉t r❛t❡s✳ ❚❤❡
❞②♥❛♠✐❝s ♦❢ t❤❡ ♥❡t✇♦r❦ ✐s t❤❡♥ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♣r♦❝❡ss (N0(t), . . . , NL(t)) ✇❤✐❝❤
✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ tr❛♥s✐t✐♦♥ r❛t❡s

{

q(n, n+ ek) = λk,

q(n, n− ek) = µkφk(n),

✇❤❡r❡ ek ❞❡♥♦t❡s t❤❡ L + 1✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r ✇✐t❤ ❡✈❡r② ❝♦♦r❞✐♥❛t❡ ❡q✉❛❧ t♦ ✵
❡①❝❡♣t t❤❡ it❤ ♦♥❡ ❡q✉❛❧ t♦ ✶✳ ❚❤❡ q✉❛♥t✐t② φk(n) ✐s t❤❡ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t✐♦♥ ❢♦r
❝❧❛ss k ✇❤❡♥ t❤❡ st❛t❡ ✐s n✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ L = 2✱ t❤❡ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t✐♦♥ ✐s
❣✐✈❡♥ ❜②✿

φ0(n) = min

(

n0

n0 + n1
,

n0/(n0 + n1)

n0/(n0 + n1) + n2a2

)

,

φ1(n) =
n1

n0 + n1
,

φ2(n) = min

(

n2a2,
n2a2

n0/(n0 + n1) + n2a2

)

,

✇❤❡r❡ a2 ✐s t❤❡ ❛❝❝❡ss r❛t❡ ♦❢ ✢♦✇s ♦❢ ❝❧❛ss 2✳
■♥ ❈❤❛♣t❡r ■■✱ ✇❡ ✜rst ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✢✉✐❞ ❧✐♠✐t ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (N0(t), . . . , NL(t))✳

■❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s ✐♥s✐❞❡ t❤❡ ♦rt❤❛♥t✱ ✐✳❡✳ Nk(0)/m t❡♥❞s t♦ Zk(0) > 0 ❢♦r ❛❧❧ k
✇❤❡♥ m t❡♥❞s t♦ ✐♥✜♥✐t②✱ t❤❡♥ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ✢✉✐❞ ❧✐♠✐t ✐s ✈❡r② ❝❧❛ss✐❝❛❧✳
❆❧❧ t❤❡ s❤♦rt ❝❧❛ss❡s ❡①❝❡♣t t❤❡ ✜rst ♦♥❡ ✉s❡ ❛❧❧ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡✐r ❧✐♥❦ ❛♥❞ t❤❡
✢✉✐❞ ❧✐♠✐ts (Z(t)) s❛t✐s❢②

Ż0(t) = λ0,

Ż1(t) = λ1 − µ1
Z1(t)

Z0(t) + Z1(t)
,

Żk(t) = (λk − µk)✶{Zk(t)>0}, ❢♦r 2 ≤ k ≤ L

❛s ❧♦♥❣ ❛s t❤❡r❡ ✐s 2 ≤ k ≤ L s✉❝❤ t❤❛t Zk(t) > 0✳ ■❢ λk < µk✱ t❤❡♥ ❛❧❧ t❤❡ s❤♦rt
r♦✉t❡s ❛r❡ ♥✉❧❧ ❛t s♦♠❡ ♣♦✐♥t✱ ✇❤❡r❡ t❤❡r❡ ✐s ❛ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ♣❤❡♥♦♠❡♥♦♥
❛r✐s✐♥❣ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✹✳✹✳ ❚❤❡ ✏s❧♦✇✑ ♣r♦❝❡ss ✐s t❤❡ ✢✉✐❞ ❧✐♠✐t ♦❢ ❝❧❛ss ✵
❛♥❞ t❤❡ ❢❛st ♣r♦❝❡ss ✐s t❤❡ st♦❝❤❛st✐❝ ❧✐♠✐t ♦❢ (N2(t), . . . , NL(t)) ✇❤✐❝❤ r❡❛❝❤❡s s♦♠❡
❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❛t✐♦ Z0(t)/(Z0(t)+Z1(t))✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡
❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t✐♦♥ r❡❝❡✐✈❡❞ ❜② (Z0(t)) ✐s ❛✈❡r❛❣❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛t✐♦♥❛r②
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t ♦❢ (N2(t), . . . , NL(t)) ❛♥❞ t❤❡ ✢✉✐❞ ❧✐♠✐t t❤❡♥ s❛t✐s✜❡s t❤❡
❡q✉❛t✐♦♥

Ż0(t) = λ0 − µ0φ̄0

(

Z1(t)

Z0(t) + Z1(t)

)

,

Ż1(t) = λ1 − µ1
Z1(t)

Z0(t) + Z1(t)
,

Żk(t) = 0, ❢♦r 2 ≤ k ≤ L

✇❤❡r❡ φ̄0 ✐s t❤❡ ❛✈❡r❛❣❡❞ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t✐♦♥✳ ❚❤❛♥❦s t♦ t❤✐s ❛❧❧♦❝❛t✐♦♥✱ ✇❡ ❛r❡
❛❜❧❡ t♦ ❞❡r✐✈❡ ♥♦♥✲tr✐✈✐❛❧ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ ♦❢ t❤❡
♣r♦❝❡ss (N0(t), . . . , NL(t))✳
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❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❝❤❛♣t❡r ✐s ❞❡❞✐❝❛t❡❞ t♦ ❡✈❛❧✉❛t✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡
❛❝❝❡ss r❛t❡s ♦♥ t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ s❤♦rt
r♦✉t❡s 2 ≤ k ≤ L ❛♥❞ ✇❡ ❦❡❡♣ ❢r♦③❡♥ t❤❡ r❛t✐♦ α = n0/(n0+n1)✳ ❲❡ ❛r❡ t❤❡♥ ❛❜❧❡ t♦
❞❡s❝r✐❜❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s❤♦rt r♦✉t❡s ✇✐t❤ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss (Ñα

2 (t), . . . , Ñ
α
L (t))✳

❲❡ t❤❡♥ ✐♥tr♦❞✉❝❡ ❛ s❝❛❧✐♥❣ ♦♥ t❤❡ ❛❝❝❡ss r❛t❡s ❛♥❞ t❤❡ ✢♦✇ s✐③❡✳ ❇❛s✐❝❛❧❧②✱ ✇❡
❝♦♥s✐❞❡r t❤❡ s❛♠❡ ♣r♦❝❡ss ❛s ♣r❡✈✐♦✉s❧② ❜✉t✱ ❢♦r ❡❛❝❤ ❝❧❛ss k✱ ✇❡ r❡♣❧❛❝❡ t❤❡ ❛❝❝❡ss
r❛t❡s ❜② ak/β✱ t❤❡ ❛rr✐✈❛❧ r❛t❡ ❜② λkβ ❛♥❞ t❤❡ ❞❡♣❛rt✉r❡ r❛t❡ µkβ✳ ■♥ t❤❛t ❝❛s❡✱
✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❝❡ss (Ñα

2 (t)/β, . . . , Ñ
α
L (t)/β) ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢

❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ λk < µk ❢♦r 2 ≤ k ≤ L t❤❡♥ t❤✐s
❡q✉❛t✐♦♥ ❛❞♠✐ts ❛ ✜①❡❞ ♣♦✐♥t ✇❤✐❝❤ s❛t✐s✜❡s✿

γk(α) = max

(

ρk,
ρk

1− ρk
min

(

α, min
2≤j≤k−1

(1− ρj)

))

❢♦r 2 ≤ k ≤ L.

❙✐♥❝❡ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss❡s (Ñα
2 (t), . . . , Ñ

α
L (t)) ❝❛♥ ❜❡ ❝♦♥✲

tr♦❧❧❡❞ ✇✐t❤ s♦♠❡ st♦❝❤❛st✐❝ ❞♦♠✐♥❛t✐♦♥✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡② ❝♦♥✈❡r❣❡
✐♥ ❞✐str✐❜✉t✐♦♥ t♦ (δγ2 , . . . , δγL)✳ ❚❤✐s✱ ✐♥ t✉r♥✱ ✐♠♣❧✐❡s t❤❛t t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ ♦❢
t❤❡ ✐♥✐t✐❛❧ ♣r♦❝❡ss (N0(t), . . . , NL(t)) ❝♦♥✈❡r❣❡s t♦ t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② r❡❣✐♦♥ ✇❤❡♥
t❤❡ ❛❝❝❡ss r❛t❡s ❞❡❝r❡❛s❡ t♦ ✵✳

❆♥ ✉♣str❡❛♠ tr❡❡ ✐s ❛ ♥❡t✇♦r❦ ✇❤❡r❡ ✢♦✇s ❡♥t❡r t❤❡ ♥❡t✇♦r❦ ✐♥t♦ ❛ ❧❡❛❢ t❤❡♥
❢♦❧❧♦✇ ❛ ♣❛t❤ t♦ t❤❡ tr✉♥❦ ✇❤❡r❡ t❤❡② ❧❡❛✈❡ t❤❡ ♥❡t✇♦r❦✳ ❚❤♦s❡ ♥❡t✇♦r❦s ❛r❡ ✈❡r②
s♣❡❝✐✜❝ s✐♥❝❡ t❤❡ r❡s✉❧t✐♥❣ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❞❡s❝r✐❜✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥
❡❛❝❤ ❝❧❛ss ❛r❡ ♠♦♥♦t♦♥✐❝ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ♣❛♣❡r ❜② ❇♦rst ❡t ❛❧✳ ❬❇❏▲✵✽❪✳ ❯s✐♥❣
t❤❡ s❛♠❡ s❝❛❧✐♥❣ ♦♥ t❤❡ ❛❝❝❡ss r❛t❡s ❛♥❞ ❛ st♦❝❤❛st✐❝ ❞♦♠✐♥❛t✐♦♥ ❛r❣✉♠❡♥t✱ ✇❡ ❛r❡
❛❜❧❡ t♦ ♣r♦✈❡ r❡❝✉rs✐✈❡❧② t❤❛t t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ ♦❢ ✉♣str❡❛♠ tr❡❡s t❡♥❞s t♦ t❤❡
♦♣t✐♠❛❧ st❛❜✐❧✐t② r❡❣✐♦♥ ✇❤❡♥ t❤❡ ❛❝❝❡ss r❛t❡s ❞❡❝r❡❛s❡ t♦ ✵✳

❚❤❡ t✇♦ ❝❛s❡s t❤❛t ❛r❡ tr❡❛t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r t❡♥❞ t♦ ❝♦♥✜r♠ t❤❛t t❤❡ ❝♦♥✲
❥❡❝t✉r❡ ✐s tr✉❡✳ ❍♦✇❡✈❡r✱ ❜♦t❤ ♣r♦♦❢s ❛r❡ ❛❞✲❤♦❝ ❛♥❞ r❡❧② ❤❡❛✈✐❧② ♦♥ ♣r♦♣❡rt✐❡s
✐♥❤❡r❡♥t t♦ t❤❡ t♦♣♦❧♦❣② ❛♥❞ ✇❡ ❤❛✈❡ ♥♦t ❜❡❡♥ ❛❜❧❡ t♦ ❣❡♥❡r❛❧✐③❡ t❤❡♠✳ ❋♦r t❤❛t
r❡❛s♦♥✱ t❤❡ ❝♦♥❥❡❝t✉r❡ ✐s st✐❧❧ ♦♣❡♥✳ ❋r♦♠ ❛ t❡❝❤♥✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ❤❛✈❡ ❜❡❡♥
❛❜❧❡ t♦ ❡①❤✐❜✐t ❛ ♥♦♥✲tr✐✈✐❛❧ ❛✈❡r❛❣✐♥❣ ♣❤❡♥♦♠❡♥♦♥ ❛♥❞ ❛♥ ✐♥t❡r❡st✐♥❣ ❛♣♣❧✐❝❛t✐♦♥
♦❢ s❝❛❧✐♥❣ ♠❡t❤♦❞s✳

✼✳✷✳ ❈❤❛♣t❡r ■■■✿ ❛ ❋❧♦✇✲❆✇❛r❡ ❆❝❝❡ss✲❈♦♥tr♦❧ ▼❡❝❤❛♥✐s♠✳ ❚❤✐s ❝❤❛♣t❡r
❞❡❛❧s ✇✐t❤ ❛ ♠♦❞❡❧ ♦❢ ✇✐r❡❧❡ss ♥❡t✇♦r❦ ❛s t❤❡ ♦♥❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❍❡r❡✱
✢♦✇ ❞②♥❛♠✐❝s ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❞❡s✐❣♥ ❛♥ ❛❝❝❡ss✲❝♦♥tr♦❧
❛❧❣♦r✐t❤♠ ❜❡✐♥❣ ♦♣t✐♠❛❧ ❛t ✢♦✇✲❧❡✈❡❧✳

❚❤❡ ❝❤❛♣t❡r ❞❡❛❧s ✇✐t❤ ✇✐r❡❧❡ss ❛❞✲❤♦❝ ♥❡t✇♦r❦s ✐♥ ❛ ♠✉❧t✐✲❝❤❛♥♥❡❧ ❡♥✈✐r♦♥♠❡♥t
❜✉t✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ♣r❡s❡♥t ❤❡r❡ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ❝❤❛♥♥❡❧✳ ■♥ t❤❡
♠♦❞❡❧ ✇❡ ✐♥tr♦❞✉❝❡❞✱ t❤❡ ♥❡t✇♦r❦ ❝♦♥s✐sts ♦❢ ❛ r❛♥❞♦♠✱ ❞②♥❛♠✐❝ s❡t ♦❢ ✇✐r❡❧❡ss
❧✐♥❦s ✐♥ ❛❞✲❤♦❝ ♠♦❞❡ s❤❛r✐♥❣ ❛ ❝♦♠♠♦♥ r❛❞✐♦ ❝❤❛♥♥❡❧✳ ❊❛❝❤ ❧✐♥❦ ❝♦♥s✐sts ♦❢ ❛
tr❛♥s♠✐tt❡r✲r❡❝❡✐✈❡r ♣❛✐r❀ t❤❡ tr❛♥s♠✐tt❡r ✐s ❛❜❧❡ t♦ ✉s❡ ❛t ♠♦st ♦♥❡ r❛❞✐♦ ❝❤❛♥♥❡❧
❛t ❛ t✐♠❡✳ ▲✐♥❦s ❛r❡ ❣r♦✉♣❡❞ ✐♥t♦ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ K ❝❧❛ss❡s s❤❛r✐♥❣ s✐♠✐❧❛r
❝❤❛r❛❝t❡r✐st✐❝s✳ ❚✇♦ ❧✐♥❦s ✇✐t❤✐♥ t❤❡ s❛♠❡ ❝❧❛ss ❝❛♥♥♦t ❜❡ s✐♠✉❧t❛♥❡♦✉s❧② ❛❝t✐✈❡✳
❚❤❡ ❝❤❛♥♥❡❧ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ s♦♠❡ ❝♦♥✢✐❝t ❣r❛♣❤ ❛s t❤❡ ♦♥❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥
✹✳ ▲✐♥❦s ❛rr✐✈❡ ✐♥ ❝❧❛ss k ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ♦❢ ♣❛r❛♠❡t❡r λk ❛♥❞ ❤❛✈❡
❛ ✢♦✇ ✇✐t❤ ❛ ❣❡♦♠❡tr✐❝ ♥✉♠❜❡r ♦❢ ♣❛❝❦❡ts ✇✐t❤ ♠❡❛♥ σkN t♦ tr❛♥s♠✐t ✇❤❡r❡ N ✐s
❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❲❡ ❝❛❧❧ XN

k (t) t❤❡ ♥✉♠❜❡r ♦❢ ❧✐♥❦s ✐♥ ❝❧❛ss k ❛t t✐♠❡ t✳
■♥ ♦r❞❡r t♦ ❝♦♠♣❧❡t❡❧② ❞❡s❝r✐❜❡ t❤❡ ♥❡t✇♦r❦✱ ✇❡ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t

t❤❡ ♣❛❝❦❡t✲❧❡✈❡❧ ❞②♥❛♠✐❝s✳ P❛❝❦❡ts ❛r❡ ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧ s✐③❡ ✇✐t❤
♠❡❛♥ 1/N ❜✐ts✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝❧❛ss✲k ♠❡❛♥ ✢♦✇ s✐③❡ ✐s ❝♦♥st❛♥t ❛♥❞ ❡q✉❛❧
t♦ σk ❜✐ts✳ ▲✐♥❦s ❛r❡ ❛ss✉♠❡❞ t♦ ✉s❡ t❤❡ st❛♥❞❛r❞ ❈❙▼❆ ❛❧❣♦r✐t❤♠ ✇❤❡r❡ ❡❛❝❤
tr❛♥s♠✐tt❡r ✇❛✐ts ❢♦r ❛ ♣❡r✐♦❞ ♦❢ r❛♥❞♦♠ ❞✉r❛t✐♦♥✱ t❤❡ ❜❛❝❦✲♦✛ t✐♠❡✱ ❜❡❢♦r❡ ❡❛❝❤
tr❛♥s♠✐ss✐♦♥ ❛tt❡♠♣t✳ ■❢ t❤❡ r❛❞✐♦ ❝❤❛♥♥❡❧ ✐s s❡♥s❡❞ ✐❞❧❡ ✭✐♥ t❤❡ s❡♥s❡ t❤❛t ♥♦
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❝♦♥✢✐❝t✐♥❣ ❧✐♥❦ ✐s ❛❝t✐✈❡✮✱ ❛ ♣❛❝❦❡t ✐s tr❛♥s♠✐tt❡❞❀ ♦t❤❡r✇✐s❡✱ t❤❡ tr❛♥s♠✐tt❡r ✇❛✐ts
❢♦r ❛ ♥❡✇ ❜❛❝❦✲♦✛ t✐♠❡ ❜❡❢♦r❡ t❤❡ ♥❡①t ❛tt❡♠♣t✳ ❚❤❡ ❜❛❝❦✲♦✛ t✐♠❡s ♦❢ ❝❧❛ss✲k
tr❛♥s♠✐tt❡rs ❛r❡ r❛♥❞♦♠ ✇✐t❤ ♠❡❛♥ 1/(Nνk)✳ ❲❡ ❞❡♥♦t❡ ❜② Y N (t) t❤❡ ❛❝t✐✈✐t② ♦❢
❝❧❛ss k ❛t t✐♠❡ t❀ Y N (t) ✐s ❡q✉❛❧ t♦ ✶ ✐❢ t❤❡r❡ ✐s ❛ ❧✐♥❦ ♦❢ ❝❧❛ss k ❛❝t✐✈❡ ❛t t✐♠❡ t ❛♥❞ ✵
♦t❤❡r✇✐s❡✳ ❚❤❡ st❛t❡ ♦❢ t❤❡ ♥❡t✇♦r❦ ✐s t❤❡♥ ❝♦♠♣❧❡t❡❧② ❞❡s❝r✐❜❡❞ ❜② (XN (t), Y N (t))
✇❤✐❝❤ ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✳

■♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ st❛♥❞❛r❞ ❈❙▼❆ ✐♥ t❤✐s ❛❞✲❤♦❝ ❝♦♥t❡①t✱ ✇❡
✇❛♥t t♦ ❞❡t❡r♠✐♥❡ ✐ts st❛❜✐❧✐t② r❡❣✐♦♥✱ ✐✳❡✳ t❤❡ s❡t ♦❢ tr❛✣❝ ✐♥t❡♥s✐t✐❡s (ρ1, . . . , ρK)
✇✐t❤ ρk = λkσk s✉❝❤ t❤❛t t❤❡ ♣r♦❝❡ss (XN (t), Y N (t)) ✐s ❡r❣♦❞✐❝✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦✲
❝❡ss (XN (t), Y N (t)) ✐s ✈❡r② ❞✐✣❝✉❧t t♦ ❛♥❛❧②③❡ ❛♥❞✱ ❛♣❛rt ❢r♦♠ s♦♠❡ ✈❡r② s♣❡❝✐✜❝
❝❧❛ss❡s ♦❢ ✐♥t❡r❢❡r❡♥❝❡ ❣r❛♣❤s✱ ✇❡ ❤❛✈❡ ♥♦t ❜❡❡♥ ❛❜❧❡ t♦ ❞❡r✐✈❡ ✐ts st❛❜✐❧✐t② r❡❣✐♦♥✳
❚❤❡ ✐❞❡❛ ✐s t❤❡♥ t♦ ✉s❡ ❛ s❝❛❧✐♥❣ t♦ ❛♣♣r♦①✐♠❛t❡ (XN (t), Y N (t)) ❜② ❛ s✐♠♣❧❡r s②s✲
t❡♠✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ s❝❛❧❡ t❤❡ ♣❛r❛♠❡t❡r N t♦ ✐♥✜♥✐t② ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t ❛
st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ♦❝❝✉rs ✭❛❧s♦ ❝❛❧❧❡❞ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ✐♥ t❤✐s ❝♦♥t❡①t✮✳ ■♥✲
❞❡❡❞✱ t❤❡ ♣r♦❝❡ss (Y N (t)) t②♣✐❝❛❧❧② ❧✐✈❡s ♦♥ t❤❡ t✐♠❡ s❝❛❧❡ t 7→ Nt ❛♥❞ t❤❡ ♣r♦❝❡ss
(XN (t)) ♦♥ t❤❡ t✐♠❡ s❝❛❧❡ t 7→ t✳ ❚❤❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss ♦❢ (Y N (t)) ✐s t❤❡♥ ❛ r❡✈❡rs✐❜❧❡
♣r♦❝❡ss ✇❤♦s❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❛❞♠✐ts ❛ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥✿

πx(S) ∝
∏

k∈S

xk
νk
,

✇❤❡r❡ S ✐s ❛ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡❀ t❤❡r❡ ✐s ♥♦ ❝♦♥✢✐❝t ❜❡t✇❡❡♥ t✇♦ tr❛♥s♠✐tt✐♥❣ ❧✐♥❦s✳
❚❤✐s st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❛❧❧♦✇s t♦ ❡①♣r❡ss ❡①♣❧✐❝✐t❧② t❤❡ tr❛♥s✐t✐♦♥ r❛t❡s ♦❢ t❤❡
❧✐♠✐t✐♥❣ ♣r♦❝❡ss (X(t)) ♦❢ t❤❡ s❡q✉❡♥❝❡ (XN (t))✿

{

q(x, x+ ek) = λk,

q(x, x− ek) = 1
σk

∑

S:k∈S πx(S).

■♥ ❢❛❝t✱ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ πx ❛♣♣r♦①✐♠❛t❡s t❤❡ ▼❛①✲❲❡✐❣❤t ❙❝❤❡❞✉❧✐♥❣
❛❧❣♦r✐t❤♠ ✇❤❡r❡ t❤❡ ✇❡✐❣❤ts ❛r❡ ❧♦❣❛r✐t❤♠✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ❝❤♦♦s❡s ❛ s❝❤❡❞✉❧❡
♦❢ ♠❛①✐♠❛❧ ✇❡✐❣❤t ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❛♥❦s t♦ t❤✐s ❛♥❞ t❤❡ ❋♦st❡r ❝r✐t❡r✐♦♥✱ ✇❡
❛r❡ t❤❡♥ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t (X(t)) ✐s st❛❜❧❡ ✐❢ t❤❡ tr❛✣❝ ✐♥t❡♥s✐t✐❡s ❧✐❡ ✐♥ t❤❡ ♦♣t✐♠❛❧
st❛❜✐❧✐t② r❡❣✐♦♥✳ ❍❡r❡ s❝❛❧✐♥❣ ♠❡t❤♦❞s ❛❧❧♦✇ t♦ s✐♠♣❧✐❢② ❛ ❞✐✣❝✉❧t s②st❡♠ ✐♥t♦ ❛
tr❛❝t❛❜❧❡ ♦♥❡ ❜✉t✱ ❝♦♥tr❛r② t♦ ❈❤❛♣t❡r ■■✱ ✇❡ ❛r❡ ♥♦t ❛❜❧❡ t♦ ♦❜t❛✐♥ ✐♥❢♦r♠❛t✐♦♥
♦♥ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❝❡ss ❡✈❡♥ ❢♦r ❧❛r❣❡ N ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦❝❡ss
(XN (t), Y N (t)) r❡♠❛✐♥s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r ✇✐r❡❧❡ss ♥❡t✇♦r❦s ✇✐t❤ ❛♥ ✐♥✲
❢r❛str✉❝t✉r❡✳ ❚❤❡ r❡s✉❧t ♦❢ ♦♣t✐♠❛❧✐t② ♦❜t❛✐♥❡❞ ❢♦r ❛❞✲❤♦❝ ♥❡t✇♦r❦s ✐s ♥♦t tr✉❡
❛♥②♠♦r❡ ❛♥❞ t❤❡r❡ ✐s ❛♥ ❛s②♠♠❡tr② ❜❡t✇❡❡♥ ✉♣❧✐♥❦ ❛♥❞ ❞♦✇♥❧✐♥❦✳ ■♥❞❡❡❞✱ ❡❛❝❤
✉s❡r ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❜❛s❡ st❛t✐♦♥ ✉s❡s ❛ ❜❛❝❦✲♦✛ ♠❡❝❤❛♥✐s♠ ❛s t❤❡ ❜❛s❡ st❛t✐♦♥
❛♥❞ t❤✐s ♥❛t✉r❛❧❧② ❢❛✈♦rs t❤❡ ✉♣❧✐♥❦ ✇❤✐❧❡✱ ✐♥ ♠♦st ❝❛s❡s✱ t❤❡ ❞♦✇♥❧✐♥❦ ✐s ♠♦r❡
❝r✐t✐❝❛❧✳ ❚❤❡ s✉❜♦♣t✐♠❛❧✐t② ♦❢ st❛♥❞❛r❞ ❈❙▼❆ ✐s ♣r♦✈❡❞ ♦♥ t✇♦ ❡①❛♠♣❧❡s ✉s✐♥❣
✢✉✐❞ ❧✐♠✐ts✳ ❆❣❛✐♥✱ ❛ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ♣❤❡♥♦♠❡♥♦♥ ❛r✐s❡s ✐♥ t❤❡ st✉❞② ♦❢ t❤❡
✢✉✐❞ ❧✐♠✐ts✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ t❤❡♥ ♣r♦♣♦s❡ ❛ s♠❛❧❧ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❈❙▼❆ t♦
❡♥s✉r❡ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤✐s ❛❧❣♦r✐t❤♠✿ ✐t ❝♦♥s✐sts ✐♥ ✉s✐♥❣ ❛ ❜❛❝❦✲♦✛ ♠❡❝❤❛♥✐s♠
❢♦r ❡❛❝❤ ✢♦✇✳ ❚❤✐s ❛❧s♦ s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❛s②♠♠❡tr② ❜❡t✇❡❡♥ t❤❡ ✉♣❧✐♥❦
❛♥❞ t❤❡ ❞♦✇♥❧✐♥❦✳

✼✳✸✳ ❈❤❛♣t❡r ■❱✿ ❛ ▲❛r❣❡✲❙❝❛❧❡ ❙t♦❝❤❛st✐❝ ◆❡t✇♦r❦ ✇✐t❤ ❋❛✐❧✉r❡s✳ ❲❡
❝♦♥s✐❞❡r ❛ ❧❛r❣❡✲s❝❛❧❡ st♦r❛❣❡ s②st❡♠ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ■♥ ♦r❞❡r t♦ ❡♥s✉r❡
♣❡rs✐st❡♥❝❡✱ ✜❧❡s ❛r❡ ❞✉♣❧✐❝❛t❡❞ ♦♥ s❡✈❡r❛❧ s❡r✈❡rs✳ ❲❤❡♥ t❤❡ ❞✐s❦ ♦❢ ❛ ❣✐✈❡♥ s❡r✈❡r
❜r❡❛❦s ❞♦✇♥✱ ✐ts ✜❧❡s ❛r❡ ❧♦st ❜✉t ❝❛♥ ❜❡ r❡tr✐❡✈❡❞ ♦♥ ♦t❤❡r s❡r✈❡rs ✐❢ ❝♦♣✐❡s ❛r❡
❛✈❛✐❧❛❜❧❡✳ ■♥ s✉❝❤ ❛♥ ❛r❝❤✐t❡❝t✉r❡✱ ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ ❛ s❡r✈❡r ✐s ❞❡✈♦t❡❞
t♦ t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ♦❢ ✐ts ✜❧❡s t♦ ♦t❤❡r s❡r✈❡rs✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡r❡
s❤♦✉❧❞ ❜❡ s✉✣❝✐❡♥t❧② ♠❛♥② ❝♦♣✐❡s s♦ t❤❛t ❛♥② ✜❧❡ ❤❛s ❛ ❝♦♣② ❛✈❛✐❧❛❜❧❡ ♦♥ ❛t ❧❡❛st
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♦♥❡ s❡r✈❡r ❛t ❛♥② t✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ♦r❞❡r t♦ ✉s❡ t❤❡ ❜❛♥❞✇✐❞t❤ ✐♥ ❛♥
♦♣t✐♠❛❧ ✇❛②✱ t❤❡r❡ s❤♦✉❧❞ ♥♦t ❜❡ t♦♦ ♠❛♥② ❝♦♣✐❡s ♦❢ ❛ ❣✐✈❡♥ ✜❧❡ s♦ t❤❛t t❤❡ ♥❡t✇♦r❦
❝❛♥ ❛❝❝♦♠♠♦❞❛t❡ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t ✜❧❡s✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦
✐♥✈❡st✐❣❛t❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✜❧❡s t❡♥❞s t♦ ✐♥✜♥✐t②✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ♠♦❞❡❧✳ ❆ ✜❧❡ ❝❛♥ ❤❛✈❡ ❛t ♠♦st
t✇♦ ❝♦♣✐❡s✱ t❤❡ t♦t❛❧ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t❡❞ t♦ ✜❧❡ ❞✉♣❧✐❝❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② λN ✱ ❢♦r
λ > 0 ❛♥❞ N s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ■❢ ❛t s♦♠❡ ♠♦♠❡♥t t❤❡r❡ ❛r❡ x ≥ 1 ✜❧❡s ✇✐t❤
❡①❛❝t❧② ♦♥❡ ❝♦♣②✱ ❛ ♥❡✇ ❝♦♣② ♦❢ ❡❛❝❤ ♦❢ t❤❡s❡ ✜❧❡s ✐s ❝r❡❛t❡❞ ❛t r❛t❡ λN/x✳ ■t ✐s
❛ss✉♠❡❞ t❤❛t ✐♥✐t✐❛❧❧② FN ✜❧❡s ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ s②st❡♠ ✇✐t❤ t✇♦ ❝♦♣✐❡s ❛♥❞ ❡❛❝❤
❝♦♣② ♦❢ ❛ ✜❧❡ ❞✐s❛♣♣❡❛rs ❛t r❛t❡ µ✳ ❆ ✜❧❡ ✇✐t❤ 0 ❝♦♣✐❡s ✐s ❧♦st✳ ❚❤❡ s②st❡♠ ❝❛♥ t❤❡♥
s✐♠♣❧② ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (XN

0 (t), XN
1 (t)) ✇✐t❤ tr❛♥s✐t✐♦♥ r❛t❡s











q(x, x+ e0 − e1) = µx1,

q(x, x+ e1) = 2µ(FN − x0 − x1),

q(x, x− e1) = λN✶{x1>0}.

■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❝❛♥ ♥♦t❡ t❤❛t t❤❡ ♣r♦❝❡ss ❛❞♠✐ts (FN , 0) ❛s ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡✳
❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t FN ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ N s✉❝❤ t❤❛t FN/N ❝♦♥✈❡r❣❡s
t♦ β > 0 ✇❤❡♥N t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❋♦r δ > 0✱ t❤❡r❡ ❡①✐sts s♦♠❡ ✜♥✐t❡ r❛♥❞♦♠ ✐♥st❛♥t
TN (δ)✱ s✉❝❤ t❤❛t ❛ ❢r❛❝t✐♦♥ ⌊δN⌋ ♦❢ t❤❡ ✜❧❡s ❛r❡ ❧♦st ❛❢t❡r t✐♠❡ TN (δ)✳ ❚❤✐s ❝❤❛♣t❡r
✐♥✈❡st✐❣❛t❡s t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ✐♥ N ♦❢ t❤❡ ✈❛r✐❛❜❧❡s TN (δ) ❛s N ❣❡ts ❧❛r❣❡ ❛♥❞
t❤❡ r♦❧❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs λ✱ µ ❛♥❞ β ✐♥ t❤❡s❡ ❛s②♠♣t♦t✐❝s✳

❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ❧♦♦❦ ❛t t❤❡ s②st❡♠ t❤r♦✉❣❤ ❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡s ✐♥ ♦r❞❡r
t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ ✐t ✇♦r❦s✳ ❋✐rst✱ ✇❡ s❧♦✇ ❞♦✇♥ t❤❡ t✐♠❡ ❛♥❞ ❧♦♦❦ ❛t t❤❡ t✐♠❡
s❝❛❧❡ t 7→ t/N ✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t (XN

1 (t/N)) ❝♦♥✈❡r❣❡s t❤❡♥ t♦ ❛♥ M/M/1
q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ 2µβ ❛♥❞ ❞❡♣❛rt✉r❡ r❛t❡ λ ❛♥❞ (XN

0 (t/N)) ❝♦♥✈❡r❣❡s t♦ t❤❡
❝♦♥st❛♥t ❡q✉❛❧ t♦ ✵✳ ■t ✐s ❝❧❡❛r❧② ♥♦t t❤❡ r✐❣❤t t✐♠❡ s❝❛❧❡ t♦ s❡❡ ❧♦ss❡s ❜✉t ✐t ❣✐✈❡s ❛
✜rst ✐♥❞✐❝❛t✐♦♥ s✐♥❝❡ t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss ♦❢ (XN

1 (t/N)) ✐s tr❛♥s✐❡♥t ✐❢ 2µβ > λ ❛♥❞
❡r❣♦❞✐❝ ✐❢ 2µβ < λ✳

■t ✐s t❤❡♥ ♥❛t✉r❛❧ t♦ ❧♦♦❦ ❛t t❤❡ ♥♦r♠❛❧ t✐♠❡ s❝❛❧❡ t 7→ t✳ ■♥ t❤✐s ❝❛s❡✱ ❛s
s✉❣❣❡st❡❞ ❜② t❤❡ t✐♠❡ s❝❛❧❡ t 7→ t/N ✱ t❤❡r❡ ❛r❡ t❤r❡❡ ♣♦ss✐❜❧❡ r❡❣✐♠❡s✳ ■❢ 2µβ > λ
t❤❡♥ t❤❡ ❜❛❝❦✲✉♣ ♠❡❝❤❛♥✐s♠ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ♣r❡✈❡♥t ❧♦ss❡s ❛♥❞ t❤❡r❡ ✐s ❛ s✐❣✲
♥✐✜❝❛♥t ❢r❛❝t✐♦♥ ♦❢ ✜❧❡s t❤❛t ❛r❡ ❧♦st ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣✳ ■♥❞❡❡❞✱ t❤❡ ♣r♦❝❡ss
(XN

0 (t)/N,XN
1 (t)/N) ❝♦♥✈❡r❣❡s t♦ (x0(t), x1(t)) t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r✲

❡♥t✐❛❧ ❡q✉❛t✐♦♥✿
{

ẋ0(t) = −µx1(t),
ẋ1(t) = −λ− µx1(t) + 2µ(β − x0(t)− x1(t)).

❍♦✇❡✈❡r✱ ✇❤❡♥ t t❡♥❞s t♦ ✐♥✜♥✐t②✱ t❤❡ s②st❡♠ (x0(t), x1(t)) t❡♥❞s t♦ (β−λ/(2µ), 0)✱
t❤❛t ✐s t♦ s❛② t❤❡ s②st❡♠ t❡♥❞s t♦ t❤❡ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ ❧♦❛❞✳ ■❢ 2µβ = λ✱
t❤❡ ♣r♦❝❡ss (XN

0 (t), XN
1 (t)) ✐s ♥♦ ♠♦r❡ ♦❢ ♦r❞❡r O(N) ❜✉t O(

√
N) ❛♥❞ ✇❡ ❝❛♥

♣r♦✈❡ t❤❛t (X0(t)/
√
N,X1(t)/

√
N) ❝♦♥✈❡r❣❡s t♦ ❛ ❞✐✛✉s✐♦♥✱ s♦❧✉t✐♦♥ ♦❢ ❛♥ ✉♥✉s✉❛❧

st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ r❡✢❡❝t❡❞ ❛t ✵✳ ❚❤♦s❡ t✇♦ r❡s✉❧ts ❝❛♥ ❜❡ ♣r♦✈❡❞ ✉s✐♥❣
t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✹✳✺✳

❋✐♥❛❧❧②✱ ✇❤❡♥ 2µβ < λ✱ t❤❡ ♥✉♠❜❡r ♦❢ ✜❧❡s ✐s s✉st❛✐♥❛❜❧❡ ❛♥❞ t❤❡r❡ ❛r❡ ♦♥❧②
✜♥✐t❡ ❧♦ss❡s✳ ❋♦r ❛❧❧ t✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ XN

1 (t) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛
❣❡♦♠❡tr✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♣❛r❛♠❡t❡r 2µβ/λ✳ ❖♥❡ ❝❛♥ r❡❝❛❧❧
t❤❛t ❛t t✐♠❡ s❝❛❧❡ t 7→ t/N ✱ (XN

1 (t/N)) ❝♦♥✈❡r❣❡s t♦ ❛♥ M/M/1 q✉❡✉❡ ❛♥❞ t❤❡
❧✐♠✐t ♦❢ XN

1 (t) ❝❛♥ t❤❡♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ ❛♥ ❡r❣♦❞✐❝
M/M/1 q✉❡✉❡✳ ❚❤❡ ♣r♦❝❡ss (XN

0 (t)) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss
♦❢ ♣❛r❛♠❡t❡r µ2µβ/(λ − 2µβ)✳ ❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤✐s P♦✐ss♦♥
♣r♦❝❡ss ✐s ❥✉st t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❣❡♦♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ XN

1 (t) ♠✉❧t✐♣❧✐❡❞
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❜② t❤❡ ❧♦ss r❛t❡✳ ❚❤✐s ❛♥t✐❝✐♣❛t❡s t❤❡ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ♣❤❡♥♦♠❡♥♦♥ ❤❛♣♣❡♥✐♥❣
❛t t✐♠❡ s❝❛❧❡ t 7→ Nt✳

❚❤❡ t✐♠❡ s❝❛❧❡ t 7→ t ❛❧❧♦✇s ✉s t♦ ❡①❤✐❜✐t t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ s②st❡♠ ❜✉t ✐t
❞♦❡s ♥♦t s❛② ❛♥②t❤✐♥❣ ❛❜♦✉t t❤❡ ❞❡❝❛② r❛t❡ ♦❢ t❤❡ ♥❡t✇♦r❦ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② t❤❡
❛s②♠♣t♦t✐❝s ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s TN (δ)✳ ❚❤❛t ✐s ✇❤② ✇❡ ❛❝❝❡❧❡r❛t❡ t❤❡ t✐♠❡ ❛♥❞
✇❡ ❝♦♥s✐❞❡r t❤❡ t✐♠❡ s❝❛❧❡ t 7→ Nt✳ ❚❤❡ ♦♥❧② ✐♥t❡r❡st✐♥❣ ❝❛s❡ ❤❡r❡ ✐s ✇❤❡♥ 2µβ < λ✳
❙✐♥❝❡ t❤❡ ♣r♦❝❡ss XN

1 (t/N) ❜❡❤❛✈❡s ❧✐❦❡ ❛♥M/M/1 q✉❡✉❡ ✇❤❡♥ N t❡♥❞s t♦ ✐♥✜♥✐t②✱
✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t XN

1 (Nt) r❡♠❛✐♥s ❜♦✉♥❞❡❞ ♦♥ ❡❛❝❤ ✜♥✐t❡ ✐♥t❡r✈❛❧ ❛♥❞ t❤❡ ♥✉♠❜❡r
♦❢ ✜❧❡s ✇✐t❤ ✶ ❝♦♣② ✐s ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ t♦ FN ✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ ✇❡ ❝❛❧❧ Ψ(t) t❤❡
❢r❛❝t✐♦♥ ♦❢ ❧♦st ✜❧❡s ✏❛t t✐♠❡ Nt✑ ✇❤❡♥ N t❡♥❞s t♦ ✐♥✜♥✐t②✱ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✜❧❡s ✇✐t❤
t✇♦ ❝♦♣✐❡s ✐s β − Ψ(t)✳ ❆s ❢♦r t❤❡ t❤❡ t✐♠❡ s❝❛❧❡ t 7→ t✱ t❤❡ ♥✉♠❜❡r ♦❢ ✜❧❡s ✇✐t❤
✶ ❝♦♣② ❜❡❤❛✈❡s ❛s ❛♥ M/M/1 q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ 2µ(β −Ψ(t)) ❛♥❞ ❞❡♣❛rt✉r❡
r❛t❡ λ ❛t ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ ❧♦ss r❛t❡ ✐s t❤❡♥ µ2µ(β − Ψ(t))/(λ − 2µ(β − Ψ(t)))
❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❢♦r (Ψ(t))✿

Ψ(t) = µ

∫ t

0

2µ(β −Ψ(s))

λ− 2µ(β −Ψ(s))
ds.

❚❤✐s ✐s ❛♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ♣❤❡♥♦♠❡♥♦♥ ❛s ❞❡s❝r✐❜❡❞ ✐♥
❙❡❝t✐♦♥ ✻✳✹✳✹✱ t❤❡ ❢❛st ♣r♦❝❡ss ❜❡✐♥❣ (XN

1 (t/N)) ❛♥❞ t❤❡ s❧♦✇ ♣r♦❝❡ss (XN
0 (tN)/N)✳

❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t t❤❡ ❢❛❝t♦r ❜❡t✇❡❡♥ t❤❡ t✇♦ t✐♠❡ s❝❛❧❡s ✐s N2 ❝♦♥tr❛r② t♦ ♦t❤❡r
❡①❛♠♣❧❡s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s t❤❡s✐s ✇❤❡r❡ ✐t ✐s t②♣✐❝❛❧❧② N ✳

❋✐♥❛❧❧②✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡r✐✈❡ ❛s②♠♣t♦t✐❝s ♦♥ TN (δ) ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥
❛♥❞ ✇❡ ♦❜t❛✐♥

lim
N→+∞

TN (δ)

N
= −ρ

2
log(1− δ)− δβ.

✼✳✹✳ ❈❤❛♣t❡r ❱✿ t❤❡ ❚r❛♥s✐❡♥t ❇❡❤❛✈✐♦r ♦❢ t❤❡ ❊♥❣s❡t ▼♦❞❡❧✳ ❈♦♥tr❛r②
t♦ ❈❤❛♣t❡r ■❱ ✇❤❡r❡ t❤❡ st♦r❛❣❡ s②st❡♠ ✐s ♠♦❞❡❧❡❞ ❣❧♦❜❛❧❧②✱ t❤✐s ❝❤❛♣t❡r ❢♦❝✉s❡s
♦♥ t❤❡ ❞✉r❛❜✐❧✐t② ♦❢ ❛ s♣❡❝✐✜❝ ✜❧❡✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛ ✜❧❡ ✐s st♦r❡❞ ✐♥ ❛ s❡t ♦❢ N
s❡r✈❡rs ❜✉t ❝❛♥ ❤❛✈❡ ❛t ♠♦st CN ❝♦♣✐❡s✳ ❆s ♣r❡✈✐♦✉s❧②✱ s❡r✈❡rs ❝❛♥ ❜r❡❛❦ ❞♦✇♥ ❛♥❞
❡❛❝❤ ❝♦♣② ✐s ❧♦st ❛t r❛t❡ µ✳ ❚❤❡r❡ ✐s ❛ ❜❛❝❦✲✉♣ ♠❡❝❤❛♥✐s♠ ❞♦✇♥❧♦❛❞✐♥❣ t❤❡ ✜❧❡ ✐♥
t❤❡ ❡♠♣t② s❡r✈❡rs✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ s❡r✈❡r ❝❛♥ ❞♦✇♥❧♦❛❞ ❛ ❝♦♣② ❛t r❛t❡ ν✳ ❲❡
❞❡♥♦t❡ ❜② (XN (t)) t❤❡ ♣r♦❝❡ss ❞❡s❝r✐❜✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s ♦❢ t❤❡ ✜❧❡✱ ✐t ❛❞♠✐ts
t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✐t✐♦♥ r❛t❡s

{

q(x, x+ 1) = ν(N − x)✶{x<CN},

q(x, x− 1) = µx.

❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❊♥❣s❡t ♠♦❞❡❧ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥
✷✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❡st✐♠❛t❡ t❤❡ ❞✉r❛❜✐❧✐t② ♦❢ t❤❡ ✜❧❡ ❛♥❞ s♦ ✇❡
✇♦✉❧❞ ❧✐❦❡ t♦ ❡✈❛❧✉❛t❡ T0✱ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ ✵ ✇❤❡♥ t❤❡r❡ ❛r❡ ✐♥✐t✐❛❧❧② CN ❝♦♣✐❡s
♦❢ t❤❡ ✜❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇❛♥t t♦ ❞❡r✐✈❡ ❛s②♠♣t♦t✐❝s ♦♥ T0 ✇❤❡♥ N t❡♥❞s t♦
✐♥✜♥✐t② ❛♥❞ CN/N ❝♦♥✈❡r❣❡s t♦ η > 0✳

❚❤✐s ❝❤❛♣t❡r r❡❧✐❡s ♦♥ ♠❛rt✐♥❣❛❧❡ t❡❝❤♥✐q✉❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✸✳ ❋♦r
t❤❛t ♣✉r♣♦s❡✱ ✇❡ st❛rt ❜② st✉❞②✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ❊❤r❡♥❢❡st ♣r♦❝❡ss (EN (t)) ✇❤♦s❡
tr❛♥s✐t✐♦♥ r❛t❡s ❛r❡ q(x, x + 1) = ν(N − x) ❛♥❞ q(x, x − 1) = µx✳ ❯s✐♥❣ ❝❧❛ss✐❝❛❧
t❡❝❤♥✐q✉❡s✱ ✇❡ ❛r❡ t❤❡♥ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❝❡ss

(M(t)) =

(

(

1− βµe(µ+ν)t
)EN (t) (

1 + βνe(µ+ν)t
)N−EN (t)

)

✐s ❛ ♠❛rt✐♥❣❛❧❡ ❢♦r ❛♥② β ∈ R✳ ❲✐t❤ s♦♠❡ ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ t❤❡ st♦♣♣✐♥❣ t✐♠❡
t❤❡♦r❡♠✱ ✇❡ ❛r❡ t❤❡♥ ❛❜❧❡ t♦ ❞❡r✐✈❛t❡ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ TCN

t❤❡ ❤✐tt✐♥❣



❘❡❢❡r❡♥❝❡s ❢♦r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✷✾

t✐♠❡ ♦❢ CN ✇❤❡♥ st❛rt✐♥❣ ❢r♦♠ ✵ ❢♦r t❤❡ ♣r♦❝❡ss (EN (t))✿

E0

(

e−αTCN

)

=

∫ 1

0

(1− u)Nuα−1 du

∫ 1

0

(1− u)CN

(

1 +
ν

µ
u

)N−CN

uα−1 du

.

❙✐♥❝❡ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t ❜❡✐♥❣ s♠❛❧❧❡r t❤❛♥ TCN
✱ ❜♦t❤ ♣r♦❝❡ss❡s (EN (t)) ❛♥❞ (XN (t))

❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥✱ t❤✐s r❡s✉❧t ✐s ❛❧s♦ ✈❛❧✐❞ ❢♦r (XN (t))✳
❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ♣r♦❝❡ss❡s (EN (t)) ❛♥❞ (XN (t)) ❞♦ ♥♦t ❤❛✈❡ t❤❡ s❛♠❡

❞②♥❛♠✐❝s ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❤✐tt✐♥❣ t✐♠❡ T0 ❜❡❝❛✉s❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❡✛❡❝t ❛t
st❛t❡ CN ✳ ❋♦r t❤❛t r❡❛s♦♥✱ ✇❡ ❤❛✈❡ t♦ ❜✉✐❧❞ ❛ ❢❛♠✐❧② ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛rt✐♥❣❛❧❡s
❢♦r t❤❡ ❊♥❣s❡t ♣r♦❝❡ss✳ ❚❤❡ ✐❞❡❛ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✉s❡❞ ❢♦r t❤❡ M/M/1 q✉❡✉❡
❜② ❑❡♥♥❡❞② ✐♥ ❬❑❡♥✼✻❪ ❛♥❞ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✸✳ ❲❡ ❝♦♥str✉❝t ❛ ♠❛rt✐♥❣❛❧❡
❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ♠❛rt✐♥❣❛❧❡s ❛♥❞ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦rs ♦❢ ❜♦t❤ ♣r♦❝❡ss❡s ❛r❡ ✐❞❡♥t✐❝❛❧ ❡✈❡r②✇❤❡r❡ ❡①❝❡♣t ✐♥ CN ✳ ❲✐t❤ t❤✐s ♥❡✇
♠❛rt✐♥❣❛❧❡✱ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ T0 ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳

❲✐t❤ t❤♦s❡ t✇♦ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠s✱ ✇❡ ❛r❡ t❤❡♥ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❛s②♠♣✲
t♦t✐❝s ♦❢ t❤❡s❡ ❤✐tt✐♥❣ t✐♠❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡rs ν✱ µ ❛♥❞ η✳ ❚❤❡ ❜❛s✐❝
✐♥❣r❡❞✐❡♥ts ♦❢ t❤♦s❡ ❡st✐♠❛t❡s ❛r❡ t❤❡ ▲❛♣❧❛❝❡ ♠❡t❤♦❞ ❛♥❞ ❡❧❡♠❡♥t❛r② ✭❜✉t ❝❛r❡❢✉❧✮
❛♥❛❧②s✐s✳

❲❡ ❛r❡ t❤❡♥ ❛❜❧❡ t♦ ❛♥s✇❡r t❤❡ ✐♥✐t✐❛❧ q✉❡st✐♦♥✳ ◆♦t❛❜❧②✱ ✐❢ η > ν✱ t❤❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡ N(1−ν)NT0 ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢
♣❛r❛♠❡t❡r ν✳ ■❢ η = ν✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ N(1− ν)NT0 ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥
t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ♣❛r❛♠❡t❡r 2ν✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢ η < ν✱ t❤❡
s❝❛❧✐♥❣ ❢❛❝t♦r ✐s str✐❝t❧② s♠❛❧❧❡r t❤❛♥ N(1−ν)N ❛♥❞ ❞❡♣❡♥❞s ♦♥ η✳ ❙♦ t❤❡ ♦♣t✐♠✉♠
✐s r❡❛❝❤❡❞ ❛s s♦♦♥ ❛s η = ν + ε✳ ■♥ ♣r❛❝t✐❝❡✱ ✐❢ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s
✐s ✐♥❝r❡❛s❡❞✱ t❤❡ s②st❡♠ ✐s ♥♦t ❛❜❧❡ t♦ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s ✇❤✐❝❤ st❛②s
❛r♦✉♥❞ νN ✳

❘❡❢❡r❡♥❝❡s ❢♦r t❤❡ ✐♥tr♦❞✉❝t✐♦♥

❬❆❧♦✽✻❪ ◆♦❣❛ ❆❧♦♥✳ ❆ ❢❛st ❛♥❞ s✐♠♣❧❡ r❛♥❞♦♠✐③❡❞ ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡
♠❛①✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥t s❡t ♣r♦❜❧❡♠✳ ❏♦✉r♥❛❧ ♦❢ ❆❧❣♦r✐t❤♠s✱ ✼✿✺✻✼✕✺✽✸✱
✶✾✽✻✳

❬❆♠❜✼✵❪ ◆♦r♠❛♥ ❆♠❜r❛♠s♦♥✳ ❚❤❡ ❛❧♦❤❛ s②st❡♠✳ ■♥ ❋❏❈❈ ❆❋■P❙✱ ✈♦❧✉♠❡ ✸✼✱
♣❛❣❡s ✷✽✶✕✷✽✺✱ ✶✾✼✵✳

❬❆❖✼✻❪ ❘♦❜❡rt ❋✳ ❆♥❞❡rs♦♥ ❛♥❞ ❙t❡✈❡♥ ❖r❡②✳ ❙♠❛❧❧ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥ ♦❢
❞②♥❛♠✐❝❛❧ s②st❡♠s ✇✐t❤ r❡✢❡❝t✐♥❣ ❜♦✉♥❞❛r②✳ ◆❛❣♦②❛ ▼❛t❤✳ ❏✳✱ ✻✵✿✶✽✾✕
✷✶✻✱ ✶✾✼✻✳

❬❇❆✵✸❪ ❚✳ ❇♦♥❛❧❞ ❛♥❞ Pr♦✉t✐èr❡ ❆✳ ■♥s❡♥s✐t✐✈❡ ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ✐♥ ❞❛t❛
♥❡t✇♦r❦s✳ ◗✉❡✉❡✐♥❣ ❙②st❡♠s✿ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✹✹✭✶✮✿✻✾✕✶✵✵✱
✷✵✵✸✳

❬❇❛r✻✷❪ P❛✉❧ ❇❛r❛♥✳ ❖♥ ❞✐str✐❜✉t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♥❡t✇♦r❦s✳ ❚❡❝❤♥✐❝❛❧ ❘❡✲
♣♦rt P✲✷✻✷✻✱ ❘❛♥❞ ❈♦r♣♦r❛t✐♦♥✱ ✶✾✻✷✳

❬❇❇❍P✵✹❪ ❚✳ ❇♦♥❛❧❞✱ ❙✳❈✳ ❇♦rst✱ ◆✳ ❍❡❣❞❡✱ ❛♥❞ ❆✳ Pr♦✉t✐èr❡✳ ❲✐r❡❧❡ss ❞❛t❛ ♣❡r✲
❢♦r♠❛♥❝❡ ✐♥ ♠✉❧t✐✲❝❡❧❧ s❝❡♥❛r✐♦s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ❆❈▼ ❙✐❣♠❡tr✐❝s✱
♣❛❣❡s ✸✼✽✕✸✽✵✱ ✷✵✵✹✳

❬❇❇▲P✶✶❪ ◆✳ ❇♦✉♠❛♥✱ ❙✳ ❇♦rst✱ ❏✳ ❱❛♥ ▲❡❡✉✇❛❛r❞❡♥✱ ❛♥❞ ❆✳ Pr♦✉t✐èr❡✳ ❇❛❝❦❧♦❣✲
❜❛s❡❞ r❛♥❞♦♠ ❛❝❝❡ss ✐♥ ✇✐r❡❧❡ss ♥❡t✇♦r❦s✿ ✢✉✐❞ ❧✐♠✐ts ❛♥❞ ❞❡❧❛② ✐ss✉❡s✳
■♥ ■❚❈ ✷✸✱ ✷✵✶✶✳



✸✵ ■✳ ■◆❚❘❖❉❯❈❚■❖◆

❬❇❇P+✵✶❪ ❙✳ ❇❡♥ ❋r❡❞❥✱ ❚✳ ❇♦♥❛❧❞✱ ❆✳ Pr♦✉t✐èr❡✱ ●✳ ❘é❣♥✐é✱ ❛♥❞ ❏✳ ❲✳ ❘♦❜❡rts✳
❙t❛t✐st✐❝❛❧ ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣✿ ❛ st✉❞② ♦❢ ❝♦♥❣❡st✐♦♥ ❛t ✢♦✇ ❧❡✈❡❧✳ ■♥
Pr♦❝❡❡❞✐♥❣s ♦❢ ❆❈▼ ❙■●❈❖▼▼✱ ♣❛❣❡s ✶✶✶✕✶✷✷✱ ✷✵✵✶✳

❬❇❋✶✵❪ ❚✳ ❇♦♥❛❧❞ ❛♥❞ ▼✳ ❋❡✉✐❧❧❡t✳ ❖♥ t❤❡ st❛❜✐❧✐t② ♦❢ ✢♦✇✲❛✇❛r❡ ❈❙▼❆✳ P❡r✲
❢♦r♠✳ ❊✈❛❧✳✱ ✻✼✿✶✷✶✾✕✶✷✷✾✱ ◆♦✈❡♠❜❡r ✷✵✶✵✳

❬❇❋✶✶❪ ❚✳ ❇♦♥❛❧❞ ❛♥❞ ▼✳ ❋❡✉✐❧❧❡t✳ ❖♥ ✢♦✇✲❛✇❛r❡ ❈❙▼❆ ✐♥ ♠✉❧t✐✲❝❤❛♥♥❡❧ ✇✐r❡✲
❧❡ss ♥❡t✇♦r❦s✳ ■♥ ❈■❙❙✱ ✷✵✶✶✳

❬❇❋✶✷❪ ❚✳ ❇♦♥❛❧❞ ❛♥❞ ▼✳ ❋❡✉✐❧❧❡t✳ P❡r❢♦r♠❛♥❝❡ ♦❢ ❈❙▼❆ ✐♥ ♠✉❧t✐✲❝❤❛♥♥❡❧
✇✐r❡❧❡ss ♥❡t✇♦r❦s✳ ◗✉❡✉❡✐♥❣ ❙②st❡♠s✿ ❚❤❡♦r② ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✵✶✷✳
❚♦ ❛♣♣❡❛r✳

❬❇❋P✵✾❪ ❚✳ ❇♦♥❛❧❞✱ ▼✳ ❋❡✉✐❧❧❡t✱ ❛♥❞ ❆✳ Pr♦✉t✐èr❡✳ ■s t❤❡ ✏▲❛✇ ♦❢ t❤❡ ❏✉♥❣❧❡✑
s✉st❛✐♥❛❜❧❡ ❢♦r t❤❡ ■♥t❡r♥❡t❄ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ■◆❋❖❈❖▼✱ ♣❛❣❡s ✷✽✕
✸✻✱ ❛♣r✐❧ ✷✵✵✾✳

❬❇❏▲✵✽❪ ❙❡♠ ❇♦rst✱ ▼❛tt❤✐❡✉ ❏♦♥❝❦❤❡❡r❡✱ ❛♥❞ ▲❛ss❡ ▲❡s❦❡❧ä✳ ❙t❛❜✐❧✐t② ♦❢ ♣❛r✲
❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ❝♦✉♣❧❡❞ s❡r✈✐❝❡ r❛t❡s✳ ❉✐s❝r❡t❡ ❊✈❡♥t ❉②✲
♥❛♠✐❝ ❙②st❡♠s✱ ✶✽✭✹✮✿✹✹✼✕✹✼✷✱ ❞❡❝ ✷✵✵✽✳

❬❇▼✵✶❪ ❚✳ ❇♦♥❛❧❞ ❛♥❞ ▲✳ ▼❛ss♦✉❧✐é✳ ■♠♣❛❝t ♦❢ ❢❛✐r♥❡ss ♦♥ ■♥t❡r♥❡t ♣❡r❢♦r✲
♠❛♥❝❡✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ❆❈▼ ❙■●▼❊❚❘■❈❙✴P❡r❢♦r♠❛♥❝❡✱ ♣❛❣❡s ✽✷✕
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s✐♠✉❧t❛♥❡♦✉s❧②✳ ❆❚✫❚ ❚❡❝❤♥✐❝❛❧ ❏♦✉r♥❛❧✱ ✻✹✭✽✮✿✶✽✵✼✕✶✽✺✻✱ ✶✾✽✺✳

❬❲✐❧✾✽❪ ❘✳ ❏✳ ❲✐❧❧✐❛♠s✳ ❉✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r ♦♣❡♥ ♠✉❧t✐❝❧❛ss q✉❡✉❡✐♥❣
♥❡t✇♦r❦s✿ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ✐♥✈♦❧✈✐♥❣ st❛t❡ s♣❛❝❡ ❝♦❧❧❛♣s❡✳ ◗✉❡✉❡✐♥❣
❙②st❡♠s✿ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✸✵✿✷✼✕✽✽✱ ✶✾✾✽✳

❬❳▼❙+✵✸❪ ◗✐♥ ❳✐♥✱ ❊t❤❛♥ ▲✳ ▼✐❧❧❡r✱ ❚❤♦♠❛s ❙❝❤✇❛r③✱ ❉❛rr❡❧❧ ❉✳ ❊✳ ▲♦♥❣✱
❙❝♦tt ❆✳ ❇r❛♥❞t✱ ❛♥❞ ❲✐t♦❧❞ ▲✐t✇✐♥✳ ❘❡❧✐❛❜✐❧✐t② ♠❡❝❤❛♥✐s♠s ❢♦r ✈❡r②
❧❛r❣❡ st♦r❛❣❡ s②st❡♠s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✵t❤ ■❊❊❊ ✴ ✶✶t❤ ◆❆❙❆
●♦❞❞❛r❞ ❈♦♥❢❡r❡♥❝❡ ♦♥ ▼❛ss ❙t♦r❛❣❡ ❙②st❡♠s ❛♥❞ ❚❡❝❤♥♦❧♦❣✐❡s✱ ♣❛❣❡s
✶✹✻✕✶✺✻✱ ✷✵✵✸✳
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❖♥ t❤❡ ❋❧♦✇✲▲❡✈❡❧ ❙t❛❜✐❧✐t② ♦❢ ❉❛t❛ ◆❡t✇♦r❦s

✇✐t❤♦✉t ❈♦♥❣❡st✐♦♥ ❈♦♥tr♦❧

❈♦♥t❡♥ts

✶✳ ■♥tr♦❞✉❝t✐♦♥ . . . . . . . . . . . . . . . . . . . . . . . . . . . ✸✺

✷✳ ❋❧♦✇✲▲❡✈❡❧ ▼♦❞❡❧ . . . . . . . . . . . . . . . . . . . . . . . . ✸✼

✸✳ ❙t❛❜✐❧✐t② ❈♦♥❞✐t✐♦♥s ❢♦r ❛ ▲✐♥❡❛r ◆❡t✇♦r❦ . . . . . . . . ✸✾

✹✳ ❆s②♠♣t♦t✐❝ ❙t❛❜✐❧✐t② . . . . . . . . . . . . . . . . . . . . . . ✹✼

❆♣♣❡♥❞✐①✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✺ . . . . . . . . . . . . . . . ✻✵

❘❡❢❡r❡♥❝❡s ❢♦r ❈❤❛♣t❡r ■■ . . . . . . . . . . . . . . . . . . . . . ✻✻

✶✳ ■♥tr♦❞✉❝t✐♦♥

▼♦st ■♥t❡r♥❡t tr❛✣❝ ❞❡r✐✈❡s ❢r♦♠ t❤❡ tr❛♥s❢❡r ♦❢ st♦r❡❞ ❞♦❝✉♠❡♥ts✱ ❝♦rr❡s♣♦♥❞✲
✐♥❣ t♦ t❡①ts✱ ♠✉s✐❝ ❛♥❞ ♠♦✈✐❡s✳ ❚❤✐s tr❛✣❝ ✐s ❡❧❛st✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ tr❛♥s♠✐s✲
s✐♦♥ r❛t❡ ✈❛r✐❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ❝✉rr❡♥t ♥❡t✇♦r❦ ❝♦♥❣❡st✐♦♥✳ ❊❛❝❤ ❞♦❝✉♠❡♥t tr❛♥s❢❡r
✐s ❛ ✢♦✇ ♦❢ ♣❛❝❦❡ts ✇❤♦s❡ r❛t❡ ✐s ✉s✉❛❧❧② r❡❣✉❧❛t❡❞ ❜② t❤❡ ❚r❛♥s♠✐ss✐♦♥ ❈♦♥tr♦❧
Pr♦t♦❝♦❧ ✭❚❈P✮✳ ❚❤❡ r❛t❡ ✐s ❛❧❧♦✇❡❞ t♦ ✐♥❝r❡❛s❡ ❧✐♥❡❛r❧② ✉♥t✐❧ ❛ ♣❛❝❦❡t ❧♦ss ✐s ♦❜✲
s❡r✈❡❞✳ ❚❤❡ r❛t❡ ✐s t❤❡♥ ❞✐✈✐❞❡❞ ❜② t✇♦✳ ❚❤❡s❡ t✇♦ ♠❡❝❤❛♥✐s♠s ❡♥s✉r❡ t❤❛t ♥❡t✇♦r❦
❜❛♥❞✇✐❞t❤ ✐s s❤❛r❡❞ ❛♣♣r♦①✐♠❛t❡❧② ❢❛✐r❧② ❜❡t✇❡❡♥ t❤❡ ✈❛r②✐♥❣ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥
♣r♦❣r❡ss ❛t ❛♥② t✐♠❡✳ ❚❈P ❛❧s♦ ❡♥s✉r❡s t❤❛t ❧♦st ♣❛❝❦❡ts ❛r❡ r❡tr❛♥s♠✐tt❡❞✳

❚❤❡r❡ ✐s✱ ❤♦✇❡✈❡r✱ ♥♦ ❝♦♥str❛✐♥t ♦♥ ✉s❡rs t♦ ❛❝t✉❛❧❧② ✐♠♣❧❡♠❡♥t ❚❈P ❛❧❣♦r✐t❤♠
❛♥❞ ❛ ♠♦r❡ ❛❣❣r❡ss✐✈❡✱ ❣r❡❡❞② ❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧ ✇♦✉❧❞ ❜❡ ✐♥❞✐✈✐❞✉❛❧❧② ♠♦r❡ ♣r♦❢✲
✐t❛❜❧❡✳ ■♥❞❡❡❞✱ ♥❡✇✱ ♠♦r❡ ❛❣❣r❡ss✐✈❡ ✈❡rs✐♦♥s ♦❢ ❚❈P ❛r❡ ❡♠❡r❣✐♥❣ t♦ ❜❡tt❡r ❡①♣❧♦✐t
✐♥❝r❡❛s✐♥❣ ❧✐♥❦ ❝❛♣❛❝✐t② ❬❋❧♦✵✸✱ ❏❲▲✵✹✱ ❳❍❘✵✹❪✳ ❙♦♠❡ ❤❛✈❡ s✉❣❣❡st❡❞ t❤❛t t❤❡
♣❛❝❦❡t r❡tr❛♥s♠✐ss✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❚❈P ❝♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞ ❜② ❢♦r✇❛r❞ ❡rr♦r ❝♦rr❡❝✲
t✐♦♥ ✐♥ t❤❡ ❢♦r♠ ♦❢ s♦✉r❝❡ ❝♦❞✐♥❣ ❬❘❙✵✺❪✳ ■t ❝♦♥s✐sts ✐♥ t❤❡ ✉s❡ ♦❢ ❡r❛s✉r❡ ❝♦❞❡s ✐♥
♦r❞❡r t♦ ❡♥❝♦❞❡ ✜❧❡s ❜❡❢♦r❡ s❡♥❞✐♥❣ t❤❡♠ ✐♥t♦ t❤❡ ♥❡t✇♦r❦✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ t❤❡
✜❧❡ ❤❛s ❜❡❡♥ ❞✐✈✐❞❡❞ ✐♥ K ♣❛❝❦❡ts✱ t❤❡ ❞❡st✐♥❛t✐♦♥ ✐s ❛❜❧❡ t♦ r❡❜✉✐❧❞ t❤❡ ❞❛t❛ ✇✐t❤
(1+ε)K ♣❛❝❦❡ts✳ ❆ t②♣✐❝❛❧ ❝❧❛ss ♦❢ ❡r❛s✉r❡ ❝♦❞❡s ✇❤✐❝❤ ✐s ❛❞❛♣t❡❞ t♦ s♦✉r❝❡ ❝♦❞✐♥❣
❛r❡ t❤❡ ❉✐❣✐t❛❧ ❢♦✉♥t❛✐♥s ❬▼✐t✵✹❪✳ ❚❤❡ ✉s❡ ♦❢ s♦✉r❝❡ ❝♦❞✐♥❣ ❡♥❛❜❧❡s t❤❡ r❡❧❛①❛t✐♦♥
♦❢ ❝♦♥tr♦❧ r❡q✉✐r❡♠❡♥ts ❛♥❞ ❢❛❝✐❧✐t❛t❡s ❛❣❣r❡ss✐✈❡ ♣❛❝❦❡t tr❛♥s♠✐ss✐♦♥ ♣♦❧✐❝✐❡s✳

■❢ t❤❡ ❝♦♥❣❡st✐♦♥ ❛✈♦✐❞❛♥❝❡ ♦❢ ❚❈P ✐s ♥♦ ❧♦♥❣❡r ✉♥✐✈❡rs❛❧❧② ✉s❡❞✱ t❤❡r❡ ✐s ❛
❞❛♥❣❡r t❤❛t t❤❡ ■♥t❡r♥❡t ♠❛② ❛❣❛✐♥ ❡①♣❡r✐❡♥❝❡ t❤❡ ❝♦♥❣❡st✐♦♥ ❝♦❧❧❛♣s❡ ♦❜s❡r✈❡❞ ✐♥
✐ts ❡❛r❧② ❞❛②s ❬◆❛❣✽✹❪✳ P❛❝❦❡ts ❞r♦♣♣❡❞ ❞♦✇♥str❡❛♠ ❛♥❞ t❤❡r❡❢♦r❡ r❡tr❛♥s♠✐tt❡❞
♥❡❡❞❧❡ss❧② ❡♥❝✉♠❜❡r ✉♣str❡❛♠ ❧✐♥❦s✱ ❛♠♣❧✐❢②✐♥❣ ❛♥❞ s♣r❡❛❞✐♥❣ ❝♦♥❣❡st✐♦♥✳ ❚❤❡
❝♦♥s❡q✉❡♥❝❡ ♠❛② ❜❡ t❤❛t t❤❡ r❛t❡ r❡❛❧✐③❡❞ ❜② ❝♦♥❝✉rr❡♥t ✢♦✇s ✐s ♠✉❝❤ ❧❡ss t❤❛♥
t❤❡ ♦♣t✐♠✉♠ ✭✐♥ t❡r♠s ♦❢ ✉t✐❧✐t② ♠❛①✐♠✐③❛t✐♦♥✮ ❛♥❞ ♠❛② ❡✈❡♥ t❡♥❞ t♦ ③❡r♦✳ ❚❤❡
❝❛♣❛❝✐t② ♦❢ ❛ ♥❡t✇♦r❦ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ❞❡♠❛♥❞✱ ✢♦✇ ❛rr✐✈❛❧ r❛t❡ × ♠❡❛♥
✢♦✇ s✐③❡✱ t❤❛t ❝❛♥ ❜❡ s✉st❛✐♥❡❞✳ ■t ❞❡♣❡♥❞s ♦♥ t❤❡ ✇❛② ❜❛♥❞✇✐❞t❤ ✐s s❤❛r❡❞✳ ■t
✐s ✐♠♣♦rt❛♥t t♦ ✉♥❞❡rst❛♥❞ ✇❤❛t ❤❛♣♣❡♥s t♦ ❝❛♣❛❝✐t② ✇❤❡♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t

✸✺
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✉s❡rs ❝♦♠♣❧✐❛♥t❧② ✐♠♣❧❡♠❡♥t ❚❈P ✐s r❡❧❛①❡❞✳ ❚❤✐s ✐s ♦✉r ♦❜❥❡❝t✐✈❡ ✐♥ t❤❡ ♣r❡s❡♥t
❝❤❛♣t❡r✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛ss✉♠❡ ✉s❡rs ❛r❡ ❣r❡❡❞② ❛♥❞ ❞♦ ♥♦t ✐♠♣❧❡♠❡♥t ❝♦♥❣❡st✐♦♥
❝♦♥tr♦❧✳ ❚❤❡② s❡♥❞ ❞❛t❛ ❛t t❤❡ ❣r❡❛t❡st ♣♦ss✐❜❧❡ r❛t❡ ❞❡t❡r♠✐♥❡❞ ❜② ❛♥ ❡①t❡r♥❛❧
❝♦♥str❛✐♥t t❤❛t ✇❡ ❛ss✐♠✐❧❛t❡ t♦ ❛♥ ❛❝❝❡ss r❛t❡✳ ❇❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ✐s ❞❡t❡r♠✐♥❡❞
❜② t❤✐s ❜❡❤❛✈✐♦r✳ ❲❡ ❝♦♥s✐❞❡r ❛ ✢♦✇✲❧❡✈❡❧ ♠♦❞❡❧✱ ❛s ❞❡❝r✐❜❡❞ ✐♥ ❬▼❘✵✵❪✱ ✇❤❡r❡
t❤❡ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t✐♦♥ ❝❤❛♥❣❡s ✐♥st❛♥t❧② ❛s ♥❡✇ ✢♦✇s ❛rr✐✈❡ ♦r ❡①✐st✐♥❣ ✢♦✇s
t❡r♠✐♥❛t❡✳ ❚❛✐❧ ❞r♦♣♣✐♥❣ ✐s ✐♥t❡r♣r❡t❡❞ ✐♥ t❤✐s ♠♦❞❡❧ s✉❝❤ t❤❛t✱ ❛t ❡❛❝❤ ❧✐♥❦✱ t❤❡
♦✉t♣✉t r❛t❡ ♦❢ ✢♦✇s ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡✐r ✐♥♣✉t r❛t❡ t♦ t❤❡ ❧✐♥❦ ✐♥ q✉❡st✐♦♥✳ ❚❤✐s
✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ♣❛❝❦❡ts ❛r❡ ❛❧❧ ❡q✉❛❧❧② ❧✐❦❡❧② t♦ ❜❡ ❞r♦♣♣❡❞✳
❚❤❡ ❞r♦♣ r❛t❡ ✐s s✉❝❤ t❤❛t t❤❡ ♦✈❡r❛❧❧ ♦✉t♣✉t r❛t❡ ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ❧✐♥❦ ❝❛♣❛❝✐t②✳
❋❧♦✇s ❛r❡ ❝❛t❡❣♦r✐③❡❞ ✐♥t♦ ❝❧❛ss❡s ❞❡✜♥❡❞ ❜② t❤❡✐r r♦✉t❡ ❛♥❞ t❤❡✐r ❛❝❝❡ss r❛t❡✳
❲❡ ❛ss✉♠❡ ✢♦✇s ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ❛♥❞ ❤❛✈❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧❧②
❞✐str✐❜✉t❡❞ s✐③❡✳ ❚❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❞❡s❝r✐❜✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥ ❡❛❝❤ ❝❧❛ss
✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✳ ❲❡ s❛② t❤❛t t❤❡ ♥❡t✇♦r❦ ✐s st❛❜❧❡ ✇❤❡♥ t❤✐s ♣r♦❝❡ss ✐s ♣♦s✐t✐✈❡
r❡❝✉rr❡♥t ❛♥❞ ✉♥st❛❜❧❡ ♦t❤❡r✇✐s❡✳

❚♦ ✐❧❧✉str❛t❡ t❤❡ r❡❛❧✐③❡❞ ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ✇✐t❤♦✉t ❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧✱ ❝♦♥✲
s✐❞❡r t❤❡ ❧✐♥❡❛r ♥❡t✇♦r❦ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷ ✇✐t❤ t✇♦ ❧✐♥❦s ✶✱ ✷ ♦❢ ❝❛♣❛❝✐t② C1

❛♥❞ C2✱ r❡s♣❡❝t✐✈❡❧②✱ n0 ❝❧❛ss✲✵ ✢♦✇s ❣♦✐♥❣ t❤r♦✉❣❤ ❧✐♥❦s ✶ ❛♥❞ ✷✱ n1 ❝❧❛ss✲✶ ✢♦✇s
❣♦✐♥❣ t❤r♦✉❣❤ ❧✐♥❦ ✶ ❛♥❞ n2 ❝❧❛ss✲✷ ✢♦✇s ❣♦✐♥❣ t❤r♦✉❣❤ ❧✐♥❦ ✷✳ ❚❤❡ ❛❝❝❡ss r❛t❡
❢♦r ❝❧❛ss✲k ✢♦✇s ✐s ❞❡♥♦t❡❞ ❜② ak✳ ❚❤❡ ❛❣❣r❡❣❛t❡ ✐♥♣✉t r❛t❡s ♦❢ ❝❧❛ss❡s ✵ ❛♥❞ ✶ ❛t
t❤❡ ✜rst ❧✐♥❦ ❛r❡ r❡s♣❡❝t✐✈❡❧② n0a0 ❛♥❞ n1a1 ❛♥❞ t❤❡ t♦t❛❧ ✐♥♣✉t r❛t❡ ❛t ❧✐♥❦ 1 ✐s
R1 = n0a0 + n1a1✳ ■❢ R1 > C1✱ t❤❡♥ t❤❡ ✜rst ❧✐♥❦ ✐s s❛t✉r❛t❡❞ ❛♥❞ t❤❡ ❛❣❣r❡❣❛t❡
♦✉t♣✉t r❛t❡s ♦❢ ❝❧❛ss❡s ✵ ❛♥❞ ✶ ❛r❡ r❡s♣❡❝t✐✈❡❧②

θ10 = C1
n0a0

n0a0 + n1a1
❛♥❞ θ11 = C1

n1a1
n0a0 + n1a1

.

■❢ R1 ≤ C1 t❤❡♥ t❤❡ ✜rst ❧✐♥❦ ✐s ♥♦t s❛t✉r❛t❡❞ ❛♥❞ θ10 = n0a0 ❛♥❞ θ11 = n1a1✳ ❚❤❡
❛❣❣r❡❣❛t❡ ✐♥♣✉t r❛t❡ ♦❢ ❝❧❛ss ✵ ❛t ❧✐♥❦ ✷ ✐s θ10 ❛♥❞ t❤❡ ❛❣❣r❡❣❛t❡ ✐♥♣✉t r❛t❡ ♦❢ ❝❧❛ss
✷ ✐s n2a2✳ ❆s ❛❜♦✈❡✱ ✇❡ ❞❡r✐✈❡ t❤❡ r❡s♣❡❝t✐✈❡ ❛❣❣r❡❣❛t❡ ♦✉t♣✉t r❛t❡s ♦❢ ❝❧❛ss ✵ ❛♥❞
✷ ❛❢t❡r ❧✐♥❦ ✷✿

θ20 = θ10 min

(

1,
C2

θ10 + n2a2

)

❛♥❞ θ22 = n2a2 min

(

1,
C2

θ10 + n2a2

)

.

✶✶

✷

✷

✸

✸

✷

✷

✶
✵

✶

❋✐❣✉r❡ ✶✳ ❆ ❝②❝❧✐❝ ♥❡t✇♦r❦ ❋✐❣✉r❡ ✷✳ ❆ ❧✐♥❡❛r ♥❡t✇♦r❦

❚❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❝❛♣❛❝✐t② ♦❢ ♥❡t✇♦r❦s ✇✐t❤♦✉t ❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧ ❤❛s ❛❧r❡❛❞②
❜❡❡♥ ❛❞❞r❡ss❡❞ ✐♥ ❬❇❋P✵✾❪✳ ■t ✇❛s s❤♦✇♥ t❤❛t ❝♦♥❣❡st✐♦♥ ❝♦❧❧❛♣s❡ ❞♦❡s ♦❝❝✉r ✐♥
❝②❝❧✐❝ ♥❡t✇♦r❦s ❧✐❦❡ t❤❛t ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶ ✇❤❡r❡ t❤❡ s②st❡♠ ✐s ✉♥st❛❜❧❡ ❢♦r ❛♥②
♣♦s✐t✐✈❡ ❞❡♠❛♥❞✳ ■♥ ❛❝②❝❧✐❝ ♥❡t✇♦r❦s✱ ❤♦✇❡✈❡r✱ ❝❛♣❛❝✐t② ✐s ♥♦t r❡❞✉❝❡❞ t♦ ✵ ❛♥❞



✷✳ ❋▲❖❲✲▲❊❱❊▲ ▼❖❉❊▲ ✸✼

t❤✐s ♣❡r❢♦r♠❛♥❝❡ ❞❡❣r❛❞❛t✐♦♥ ✐s s✐❣♥✐✜❝❛♥t❧② ♠✐t✐❣❛t❡❞ ❜② t❤❡ ❛❝❝❡ss r❛t❡s✳ ■t ✇❛s
❝♦♥❥❡❝t✉r❡❞ ✐♥ ❬❇❋P✵✾❪ t❤❛t ❝❛♣❛❝✐t② ✐♥ ❛❝②❝❧✐❝ ♥❡t✇♦r❦s ✐♥❝r❡❛s❡s ❛s ❛❝❝❡ss r❛t❡s
t❡♥❞ t♦ ✵ ❛♥❞✱ ✐♥ t❤❡ ❧✐♠✐t✱ ✐s ❞❡t❡r♠✐♥❡❞ ♦♥❧② ❜② t❤❡ ♦♣t✐♠❛❧ ♣❡r✲❧✐♥❦ st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥s✳ ❍❡r❡✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥❥❡❝t✉r❡ ✐s ✐♥❞❡❡❞ tr✉❡ ❢♦r t✇♦ ♣❛rt✐❝✉❧❛r
❛❝②❝❧✐❝ t♦♣♦❧♦❣✐❡s✱ ❧✐♥❡❛r ♥❡t✇♦r❦s ❛♥❞ ✉♣str❡❛♠ tr❡❡s✳ ❋♦r ❧✐♥❡❛r ♥❡t✇♦r❦s✱ ✇❡
❞❡r✐✈❡ ❜♦✉♥❞s ♦♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r ❛r❜✐tr❛r② ❛❝❝❡ss r❛t❡s✳

❆✈❡r❛❣✐♥❣ P❤❡♥♦♠❡♥♦♥✳ ❲❡ ❡✈❛❧✉❛t❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❜② ❛♣♣❧②✐♥❣ ✢✉✐❞
❧✐♠✐t t❡❝❤♥✐q✉❡s✳ ❚❤❡ ❡♥❞✲t♦✲❡♥❞ ❝❧❛ss ✐♥ ❛ ❧✐♥❡❛r ♥❡t✇♦r❦ ♣❧❛②s ❛ ♣❛rt✐❝✉❧❛r r♦❧❡✳ ■♥
t❤❡ ✢✉✐❞ ❧✐♠✐t✱ ❛❧❧ ♦t❤❡r ✢♦✇ ❝❧❛ss❡s ❛r❡ s❤♦✇♥ t♦ ❡♠♣t② ✐♥ ✜♥✐t❡ t✐♠❡ ❢♦r ❛♥② ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s✳ ❲❤❡♥ ❛❧❧ t❤❡s❡ ❝❧❛ss❡s ❛r❡ ❡♠♣t②✱ ❛ ♣❤❡♥♦♠❡♥♦♥ ♦❢ ❛✈❡r❛❣✐♥❣ ♦❝❝✉rs
❛♥❞ ❛❧❧♦✇s ✉s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❡♥❞✲t♦✲❡♥❞ ❝❧❛ss ❛❧s♦ ❡♠♣t✐❡s ✐♥ ✜♥✐t❡ t✐♠❡✳ ■♥ t❤❛t
s✐t✉❛t✐♦♥✱ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ t❤✐s ❝❧❛ss ❡✈♦❧✈❡s ❞❡♣❡♥❞s ♦♥ t❤❡ st♦❝❤❛st✐❝ ❡✈♦❧✉t✐♦♥
♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❧♦❝❛❧ ❝❧❛ss❡s ✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝✉rr❡♥t ✢✉✐❞ st❛t❡
♦❢ t❤❡ ❡♥❞✲t♦✲❡♥❞ ❝❧❛ss✳ ❚❤✐s ❞❡♣❡♥❞❡♥❝❡ ✐s ❞❡❝♦✉♣❧❡❞ ❜② ❛ t✐♠❡ s❝❛❧❡ s❡♣❛r❛t✐♦♥
❛r❣✉♠❡♥t✳ ❚❤❡ r❛t❡ ❛t ✇❤✐❝❤ t❤❡ ✢✉✐❞ ❝♦♠♣♦♥❡♥t ✭t❤❡ ❡♥❞✲t♦✲❡♥❞ ✢♦✇✮ ❡✈♦❧✈❡s
✐s ✐♥✜♥✐t❡❧② s❧♦✇❡r t❤❛♥ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ t❤❡ st♦❝❤❛st✐❝ ❝♦♠♣♦♥❡♥ts ❡✈♦❧✈❡✳ ■t
✐s t❤❡r❡❢♦r❡ ♣♦ss✐❜❧❡ t♦ ❛♣♣❧② ❛ q✉❛s✐✲st❛t✐♦♥❛r② ♠♦❞❡❧ t❤r♦✉❣❤ ✇❤✐❝❤ t❤❡ ❛✈❡r❛❣❡
✐♠♣❛❝t ♦❢ t❤❡ ❧♦❝❛❧ tr❛✣❝ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞✳

❚❤✐s ✐s ❛ ♥♦♥✲tr✐✈✐❛❧ ❡①❛♠♣❧❡ ♦❢ ❛ ❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ✢✉✐❞ ❧✐♠✐ts✳ ❆ s✐♠♣❧❡r
❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ ♣❤❡♥♦♠❡♥♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❘♦❜✵✸✱ ✾✳✻✱ ♣✷✼✶❪✳ ❆✈❡r❛❣✐♥❣
✐♥ ✢✉✐❞ ❧✐♠✐ts ❤❛s ❛❧s♦ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✇✐r❡❧❡ss ♥❡t✇♦r❦s ✭s❡❡
❬❇❇P✵✹❪ ❛♥❞ s✉❜s❡q✉❡♥t ♣❛♣❡rs ❬❙❚✶✵❪ ❛♥❞ ❬●▲▼+✶✵❪✮✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡
❤❡r❡ ✐s t❤❛t t❤❡ ❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ❞❡♣❡♥❞s ♦♥ t❤❡ st❛t❡ ♦❢ t❤❡ ✢✉✐❞ ❧✐♠✐t✳ ◆♦t❡ t❤❛t
t❤✐s ✐s s♦♠❡✇❤❛t r❡❧❛t❡❞ t♦ t❤❡ ❛✈❡r❛❣✐♥❣ ♣❤❡♥♦♠❡♥♦♥ ❝♦♥s✐❞❡r❡❞ ❢♦r ❧♦ss ♥❡t✇♦r❦s
❬❍❑✾✹❪✳

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♠♣❛❝t ♦❢ ❛❝❝❡ss r❛t❡s ♦♥ ❝❛♣❛❝✐t②✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ❛❞✲❤♦❝
s❝❛❧✐♥❣✳ ❙❝❛❧❡❞ ♣r♦❝❡ss❡s ❛r❡ s❤♦✇♥ t♦ ❝♦♥✈❡r❣❡ t♦ ❛ s✐♠♣❧❡ ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❝❡ss✳
●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s ❞♦❡s ♥♦t ✐♠♣❧② t❤❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐♥ ♦✉r ❝❛s❡✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤✐s ✐s tr✉❡ ✐♥
t✇♦ s♣❡❝✐✜❝ ❝❛s❡s ❡①❤✐❜✐t✐♥❣ ❛♥ ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡ ♦❢ ❧✐♠✐t ✐♥✈❡rs✐♦♥ ❢♦r st♦❝❤❛st✐❝
♣r♦❝❡ss❡s✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡ ❛s ✐♥ ❬❉●❘✵✷❪ t♦ ♣r♦✈❡ t❤✐s ✐♥✈❡rs✐♦♥✳
❲❡ ✉s❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❛✈❡r❛❣✐♥❣
♣❤❡♥♦♠❡♥♦♥ t♦ ♣r♦✈❡ t❤❡ ❛s②♠♣t♦t✐❝ ♦♣t✐♠❛❧✐t② ♦❢ ❧✐♥❡❛r ♥❡t✇♦r❦s✳ ❋♦r ✉♣str❡❛♠
tr❡❡s✱ ✇❡ ✉s❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ♠♦♥♦t♦♥✐❝✐t②✳

❚❤❡ ❝❤❛♣t❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❣✐✈❡ ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣✲
t✐♦♥ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♠♦❞❡❧✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ st✉❞② t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♦❢
❧✐♥❡❛r ♥❡t✇♦r❦s ✇✐t❤ ❣❡♥❡r❛❧ ❛❝❝❡ss r❛t❡s✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ st✉❞② t❤❡ st❛❜✐❧✐t② ♦❢
❧✐♥❡❛r ♥❡t✇♦r❦s ❛♥❞ ✉♣str❡❛♠ tr❡❡s ✇❤❡♥ ❛❝❝❡ss r❛t❡s ❞❡❝r❡❛s❡ t♦ 0 ❛♥❞ ♣r♦✈❡ t❤❡✐r
❝❛♣❛❝✐t② ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧✳

✷✳ ❋❧♦✇✲▲❡✈❡❧ ▼♦❞❡❧

✷✳✶✳ ❇❛♥❞✇✐❞t❤ ❆❧❧♦❝❛t✐♦♥✳ ❈♦♥s✐❞❡r ❛ ♥❡t✇♦r❦ ♦❢ L ❧✐♥❦s✳ ❉❡♥♦t❡ ❜② Cl t❤❡
❝❛♣❛❝✐t② ♦❢ ❧✐♥❦ l✳ ❆ ♥✉♠❜❡r ♦❢ ✢♦✇s ❝♦♠♣❡t❡ t♦ s❤❛r❡ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡s❡ ❧✐♥❦s✳
❚❤❡ ✢♦✇s ❛r❡ ❝❛t❡❣♦r✐③❡❞ ✐♥t♦ ❛ s❡t ♦❢K ❝❧❛ss❡s✳ ❊❛❝❤ ❝❧❛ss✲k ✢♦✇ ❤❛s ❛♥ ❛❝❝❡ss r❛t❡
t♦ t❤❡ ♥❡t✇♦r❦ ❞❡♥♦t❡❞ ❜② ak ❛♥❞ ❢♦❧❧♦✇s ❛ r♦✉t❡ ♦❢ ❧❡♥❣t❤ dk ❞❡✜♥❡❞ ❛s ❛♥ ♦r❞❡r❡❞
s❡t ♦❢ ❞✐st✐♥❝t ❧✐♥❦s rk = {rk(1), rk(2), . . . , rk(dk)}✳ ▲❡t x = (x1, . . . , xK) ❜❡ t❤❡
✈❡❝t♦r ♦❢ ✐♥♣✉t r❛t❡s ♦❢ ❛❧❧ ❝❧❛ss❡s✱ ψk(x) t❤❡ ❛❣❣r❡❣❛t❡ t❤r♦✉❣❤♣✉t ♦❢ ❝❧❛ss✲k ✢♦✇s✳
❲❡ r❡❢❡r t♦ t❤❡ ✈❡❝t♦r ψ(x) = (ψ1(x), . . . , ψK(x)) ❛s t❤❡ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t✐♦♥✳

❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛❧❧♦❝❛t✐♦♥s t❤❛t r❡s✉❧t ✇❤❡♥ ✉s❡rs ❛r❡ ❣r❡❡❞② ❛♥❞ tr❛♥s♠✐t
❛t t❤❡✐r ♠❛①✐♠✉♠ ✐♥♣✉t r❛t❡ ✐♥ t❤❡ ♥❡t✇♦r❦ ✇✐t❤♦✉t ❛♥② ❝♦♥❣❡st✐♦♥ ❝♦♥tr♦❧✳ ❚❤❡r❡
❝❛♥ ❜❡ ❧♦ss❡s ♦♥ ❡❛❝❤ ❧✐♥❦ ♦❢ t❤❡ ♥❡t✇♦r❦ ❛♥❞ ✇❡ ♥❡❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢
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t❤❡ r❛t❡ ♦❢ ❡❛❝❤ ✢♦✇ ❣♦✐♥❣ t❤r♦✉❣❤ t❤❡ ♥❡t✇♦r❦✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❝❧❛ss✲
k ✢♦✇s ✐♥✐t✐❛❧❧② tr❛♥s♠✐t ❛t ❢✉❧❧ r❛t❡ θ0k(x) = xk = nkak ✇❤❡r❡ nk ✐s t❤❡ ♥✉♠❜❡r
♦❢ ❝❧❛ss✲k ❛❝t✐✈❡ ✢♦✇s ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② θik(x) t❤❡ ❝❧❛ss✲k r❛t❡ ❛t t❤❡ ♦✉t♣✉t ♦❢ t❤❡
i✲t❤ ❧✐♥❦ ♦♥ ✐ts r♦✉t❡ rk✱ ❢♦r i = 1, 2, . . . , dk✳ ❚❤❡ ❛❝t✉❛❧ t❤r♦✉❣❤♣✉t ψk(x) ♦❢ ❝❧❛ss
k ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛❣❣r❡❣❛t❡ t❤r♦✉❣❤♣✉t ♦❢ ❝❧❛ss✲k ✢♦✇s ❛t t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ❧❛st
❧✐♥❦ ♦♥ t❤❡✐r r♦✉t❡✱ ψk(x) = θdkk (x)✳ ❉✉❡ t♦ ♣♦t❡♥t✐❛❧ ❧♦ss ❛t ❡❛❝❤ ❧✐♥❦✱ ✇❡ ❤❛✈❡

✭✷✳✶✮ ψk(x) = θdkk (x) ≤ θdk−1
k (x) ≤ . . . ≤ θ1k(x) ≤ θ0k(x) = xk = nkak.

■♥ ♣❛rt✐❝✉❧❛r✱ θi−1
k (x)− θik(x) ✐s t❤❡ ❧♦ss ❢♦r ❝❧❛ss k ♦❝❝✉rr✐♥❣ ❛t t❤❡ i✲t❤ ❧✐♥❦ ♦♥ ✐ts

r♦✉t❡✳
❚❤❡ t♦t❛❧ r❛t❡ ❛t t❤❡ ♦✉t♣✉t ♦❢ ❡❛❝❤ ❧✐♥❦ ❝❛♥♥♦t ❡①❝❡❡❞ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤✐s

❧✐♥❦✱ s♦ t❤❛t

✭✷✳✷✮ ∀l,
∑

k,i:rk(i)=l

θik(x) ≤ Cl.

■♥ ♦r❞❡r t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝♦♥❣❡st✐♦♥
❝♦♥tr♦❧✱ ✐t r❡♠❛✐♥s t♦ ❞❡t❡r♠✐♥❡ ❤♦✇ ♦✉t♣✉t r❛t❡s ❞❡♣❡♥❞ ♦♥ ✐♥♣✉t r❛t❡s ❛t ❡❛❝❤
❧✐♥❦✳ ❚❤✐s ❞❡♣❡♥❞s ♦♥ t❤❡ ❜✉✛❡r ♠❛♥❛❣❡♠❡♥t ♣♦❧✐❝②✳ ■♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ✢✉✐❞ ♠♦❞❡❧✱
❧♦ss❡s ♦❝❝✉r ♦♥ s❛t✉r❛t❡❞ ❧✐♥❦s ♦♥❧② ✇❤❡♥ t❤❡ t♦t❛❧ ✐♥♣✉t r❛t❡ ❡①❝❡❡❞s t❤❡ ❝❛♣❛❝✐t②❀
t❤❡ t♦t❛❧ ♦✉t♣✉t r❛t❡ ✐s t❤❡♥ ❛ss✉♠❡❞ t♦ ❜❡ ❡q✉❛❧ t♦ t❤❡ ❝❛♣❛❝✐t②✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
✇❡ ❝♦♥s✐❞❡r ❛ s✐♥❣❧❡ ❜✉✛❡r ♠❛♥❛❣❡♠❡♥t ♣♦❧✐❝②✱ ❚❛✐❧ ❉r♦♣♣✐♥❣✱ ✇❤✐❝❤ s✐♠♣❧② ❝♦♥s✐sts
✐♥ ❞r♦♣♣✐♥❣ ❡❛❝❤ ✐♥❝♦♠✐♥❣ ♣❛❝❦❡t ✇❤❡♥ t❤❡ ❜✉✛❡r ✐s ❢✉❧❧✳ ❲❡ ❞❡❞✉❝❡ t❤❛t✱ ❛t t❤❡
✢♦✇ ❧❡✈❡❧✱ t❤❡ ♦✉t♣✉t r❛t❡ ♦❢ ❝❧❛ss❡s ❢r♦♠ t❤❡ ❧✐♥❦ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐♥♣✉t r❛t❡
♦❢ ❝❧❛ss❡s t♦ t❤❡ ❧✐♥❦✳

❙♣❡❝✐✜❝❛❧❧②✱ ❧❡t Rl(x) ❜❡ t❤❡ t♦t❛❧ ✐♥♣✉t r❛t❡ ♦❢ ❧✐♥❦ l✿

Rl(x) =
∑

k,i:rk(i+1)=l

θik(x).

■❢ Rl(x) ≤ Cl t❤❡♥ ❧✐♥❦ l ✐s ♥♦t s❛t✉r❛t❡❞ ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ ❧♦ss❡s❀ t❤❡ ♦✉t♣✉t r❛t❡
✐s ❡q✉❛❧ t♦ t❤❡ ✐♥♣✉t r❛t❡ ❢♦r ❡❛❝❤ ❝❧❛ss✳ ■❢ Rl(x) > Cl✱ t❤❡♥ t❤❡ ❧✐♥❦ ✐s s❛t✉r❛t❡❞
❛♥❞ t❤❡r❡ ❛r❡ ❧♦ss❡s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐♥♣✉t r❛t❡✳ ❚❤❡ ♦✉t♣✉t r❛t❡ ♦❢ ❛♥② ❝❧❛ss k
t❤❡♥ s❛t✐s✜❡s ❢♦r ❛❧❧ i = 1, 2, 3, . . . , dk✱

✭✷✳✸✮ θik(x) = θi−1
k (x)min

(

Cl
Rl(x)

, 1

)

✇❤❡r❡ l = rk(i).

❲❤❡♥ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t② ❛♥❞ ✇❤❡♥ t❤❡ ❛❝❝❡ss r❛t❡s ❛r❡ ✜①❡❞✱ t❤❡ ❜❛♥❞✇✐❞t❤
❛❧❧♦❝❛t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥ ❡❛❝❤ ❝❧❛ss✳ ❲❡ ❞❡♥♦t❡ ❜② n =
(n1, . . . , nK) t❤❡ ✈❡❝t♦r ♦❢ t❤❡ ♥✉♠❜❡rs ♦❢ ✢♦✇s ✐♥ ♣r♦❣r❡ss ❛♥❞ ❜② t❤❡ ✈❡❝t♦r φ(n) =
(φ1(n), . . . , φK(n)) t❤❡ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t✐♦♥ ✇❤❡r❡✱ ❢♦r ❡❛❝❤ k✱ φk(n) = ψk(a⊙ n)
✇❤❡r❡ ⊙ ❞❡♥♦t❡s t❤❡ ❝♦♠♣♦♥❡♥t✇✐s❡ ♣r♦❞✉❝t✳

❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♥❡t✇♦r❦ ✉♥❞❡r t❛✐❧ ❞r♦♣♣✐♥❣ ✭s❡❡ ❙❡❝t✐♦♥
✸✮ ✇✐t❤ t✇♦ ❧✐♥❦s ♦❢ ❝❛♣❛❝✐t② 1 ✇✐t❤ ❛❝❝❡ss r❛t❡s ❛❧❧ ❡q✉❛❧ t♦ 1 ❛♥❞ 1 ✢♦✇ ✐♥ ❡❛❝❤
❝❧❛ss✳ ❲❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t✐♦♥✿

φ0(1, 1, 1) =
1

3
, φ1(1, 1, 1) =

1

2
, φ2(1, 1, 1) =

2

3
.

■t ✐s ♥♦t ♦❜✈✐♦✉s t❤❛t ✭✷✳✸✮ ❞❡✜♥❡s ❛ ✉♥✐q✉❡ ❛❧❧♦❝❛t✐♦♥ ❢♦r ❛❧❧ ♥❡t✇♦r❦s✳ ❚❤❡ ❞❡❢✲
✐♥✐t✐♦♥ ✐s ❝❧❡❛r❧② ♥♦♥✲❛♠❜✐❣✉♦✉s ❢♦r ❛❝②❝❧✐❝ ♥❡t✇♦r❦s✱ ✐✳❡✳✱ ✐❢ ❧✐♥❦s ❝❛♥ ❜❡ ♥✉♠❜❡r❡❞
✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❡❛❝❤ r♦✉t❡ ❝♦♥s✐sts ♦❢ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❧✐♥❦ ✐♥❞❡①❡s✳ ❚❤❡
❛❧❧♦❝❛t✐♦♥ t❤❡♥ ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ ❛♣♣❧②✐♥❣ ✭✷✳✸✮ t♦ ❛❧❧ l = 1, . . . , L✱ s✉❝❝❡ss✐✈❡❧②✳
❋♦r ❣❡♥❡r❛❧ ♥❡t✇♦r❦s✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ✐s st✐❧❧ ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ✉♥✐q✉❡ ❛s ♣r♦✈❡❞ ✐♥
❬❇❋P✵✾❪✳ ❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② ❛❝②❝❧✐❝ ♥❡t✇♦r❦s✳
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✷✳✷✳ ❋❧♦✇ ❉②♥❛♠✐❝s✳ ❲❡ ❛ss✉♠❡ t❤❛t ❝❧❛ss✲k ✢♦✇s ❛r❡ ❣❡♥❡r❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦
❛ P♦✐ss♦♥ ♣r♦❝❡ss ♦❢ ✐♥t❡♥s✐t② λk ❛♥❞ ❤❛✈❡ ✐♥❞❡♣❡♥❞❡♥t✱ ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞
s✐③❡s ✇✐t❤ ♠❡❛♥ 1/µk✳ ❲❡ ❞❡✜♥❡ t❤❡ tr❛✣❝ ✐♥t❡♥s✐t② ♦❢ ❝❧❛ss✲k ✢♦✇s ❛s ρk = λk/µk✳

❯♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s✱ ❧❡t N(t) ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ❛t t✐♠❡
t✱ (N(t), t ∈ R+) ❞❡✜♥❡s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ tr❛♥s✐t✐♦♥ r❛t❡s λk ❢r♦♠ st❛t❡ n
t♦ st❛t❡ n + ek ❛♥❞ φk(n)µk ❢r♦♠ st❛t❡ n t♦ st❛t❡ n − ek✱ ✇❤❡r❡ ek ❞❡♥♦t❡s t❤❡
✈❡❝t♦r ✇✐t❤ ✶ ✐♥ t❤❡ k✲t❤ ❝♦♠♣♦♥❡♥t ❛♥❞ ✵ ❡❧s❡✇❤❡r❡✳ ❲❡ s❛② t❤❛t t❤❡ ♥❡t✇♦r❦
✐s st❛❜❧❡ ✇❤❡♥ t❤✐s ▼❛r❦♦✈ ♣r♦❝❡ss ✐s ❡r❣♦❞✐❝✳ ❚❤❡r❡ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ♥❡❝❡ss❛r②
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭s❡❡ ❬❇▼P❱✵✻❪✮ ✇❤✐❝❤ ✐s t❤❛t t❤❡ tr❛✣❝ ✐♥t❡♥s✐t② ✐s ❧❡ss t❤❛♥
t❤❡ ❝❛♣❛❝✐t② ❢♦r ❛❧❧ ❧✐♥❦s✿

✭✷✳✹✮ ∀l,
∑

k:l∈rk
ρk < Cl.

❆♥ ❛❧❧♦❝❛t✐♦♥ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ♦♣t✐♠❛❧ ✐❢ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛❧s♦ s✉✣❝✐❡♥t✳ ■♥ t❤❡ r❡st
♦❢ t❤✐s ❝❤❛♣t❡r✱ t❤✐s ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ❜❡ ❢✉rt❤❡r r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ st✉❞② st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t✇♦ s♣❡❝✐✜❝ ❝❧❛ss❡s ♦❢ ♥❡t✲
✇♦r❦s✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❝♦♥s✐❞❡r ❧✐♥❡❛r ♥❡t✇♦r❦s✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ st✉❞② t❤❡
❜❡❤❛✈✐♦r ♦❢ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✇❤❡♥ t❤❡ ❛❝❝❡ss r❛t❡s ❛r❡ s♠❛❧❧ ❢♦r ❧✐♥❡❛r ♥❡t✇♦r❦s
❛♥❞ ✉♣str❡❛♠ tr❡❡s✳

✸✳ ❙t❛❜✐❧✐t② ❈♦♥❞✐t✐♦♥s ❢♦r ❛ ▲✐♥❡❛r ◆❡t✇♦r❦

✸✳✶✳ ▲✐♥❡❛r ◆❡t✇♦r❦s✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♥❡t✇♦r❦ ✇✐t❤ L ❧✐♥❦s ❛s ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✉r❡ ✷✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝❛♣❛❝✐t② ♦❢ ❛❧❧ ❧✐♥❦s ✐s ✶
❜✉t ❛❧❧ t❤❡ r❡s✉❧ts ❛r❡ tr✉❡ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❛♥❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛❞❛♣t✐♥❣
t❤❡ ♥♦t❛t✐♦♥✳ ❚❤❡ ❧✐♥❡❛r ♥❡t✇♦r❦ ❤❛s K = L+ 1 ❞✐✛❡r❡♥t ❝❧❛ss❡s ♦❢ ✢♦✇s✳ ❈❧❛ss✲✵
✢♦✇s ❣♦ t❤r♦✉❣❤ ❛❧❧ ❧✐♥❦s✳ ❲❡ ❧❛❜❡❧ t❤❡ ❧✐♥❦s ♦❢ t❤❡ ♥❡t✇♦r❦ ❢r♦♠ 1 t♦ L✳ ▲✐♥❦ l
✐s t❤❡ l✲t❤ ❧✐♥❦ ♦♥ t❤❡ r♦✉t❡ ♦❢ ❝❧❛ss✲✵ ✢♦✇s✳ ❈❧❛ss✲l ✢♦✇s ❣♦ t❤r♦✉❣❤ ❧✐♥❦ l ♦♥❧②✳
❊q✉❛t✐♦♥ ✭✷✳✸✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s ❢♦r ❛ ❣✐✈❡♥ st❛t❡ n ❛♥❞ ❢♦r 1 ≤ k ≤ L✿

θk0 (x) = min

(

θk−1
0 (x),

θk−1
0 (x)

θk−1
0 (x) + xk

)

,

θ1k(x) = min

(

xk,
xk

θk−1
0 (x) + xk

)

.

❚♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ s✉♣♣♦s❡ t❤❛t a0 = 1 ❛♥❞ a1 = 1✳ ■♥ t❤❛t ❝❛s❡✱
❛ s✐♥❣❧❡ ✢♦✇ ♦❢ ❝❧❛ss ✵ ♦r ✶ ✐s ❡♥♦✉❣❤ t♦ s❛t✉r❛t❡ t❤❡ ✜rst ❧✐♥❦ ❛♥❞ ✇❡ ❤❛✈❡

θ10(n⊙ a) =
n0

n1 + n0
❛♥❞ θ11(n⊙ a) =

n1

n0 + n1
.

❆❧❧ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ r❡♠❛✐♥ tr✉❡ ✇✐t❤♦✉t t❤✐s ❛ss✉♠♣t✐♦♥✳ ❖♥❧② t❤❡ ♣r♦♦❢
♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✷ ❤❛s t♦ ❜❡ ❛❞❛♣t❡❞✳

■♥ t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ st♦❝❤❛st✐❝
♣r♦❝❡ss r❡s✉❧t✐♥❣ ❢r♦♠ t❤✐s ❧✐♥❡❛r ♥❡t✇♦r❦✳ ❚❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✹✮
❛r❡✿

✭✸✳✶✮ ρ0 + ρk < 1 for 1 ≤ k ≤ L.

✸✳✷✳ ●❡♥❡r❛❧ ❋❧✉✐❞ ▲✐♠✐ts✳ ❲❡ s❤♦✇ t❤❛t ❝❧❛ss❡s 2, . . . , L ❛r❡ ❢❛✈♦r❡❞ ❝♦♠♣❛r❡❞
t♦ ❝❧❛ss❡s 0 ❛♥❞ 1 ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ❡r❣♦❞✐❝✐t② ❝♦♥❞✐t✐♦♥s ♦❢ ❝❧❛ss❡s 2, . . . , L ❞♦
♥♦t ❞❡♣❡♥❞ ♦♥ ❝❧❛ss❡s 0 ❛♥❞ 1 ❜✉t t❤❡ ❝♦♥tr❛r② ✐s ♥♦t tr✉❡✳

■♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❡r❣♦❞✐❝✐t② ♦❢ t❤❡ s②st❡♠✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ✢✉✐❞ ❧✐♠✐ts✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♥♦r♠ s✉❝❤ t❤❛t ❢♦r x ∈ R

K ✱ ‖x‖ =
∑K
i=1 |xi|✳

▲❡t (mi, i ∈ N) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ NK s✉❝❤ t❤❛t limi→∞ ‖mi‖ = ∞✳ ❉❡✜♥❡ ❢♦r ❛❧❧
m ∈ N

K ✱ t❤❡ ♣r♦❝❡ss (Nm(t)) ❞❡s❝r✐❜✐♥❣ t❤❡ s②st❡♠ ❡✈♦❧✉t✐♦♥ ✉♥❞❡r t❛✐❧ ❞r♦♣♣✐♥❣
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✇❤❡♥ st❛rt✐♥❣ ❛t Nm(0) = m✳ ❆ ✢✉✐❞ ❧✐♠✐t Z̄ ♦❢ t❤❡ s②st❡♠ ✐s ❞❡✜♥❡❞ ❛s ❛♥
❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t ♦❢ t❤❡ ❧❛✇s ♦❢ t❤❡ ♣r♦❝❡ss❡s ✐♥ t❤❡ s❡t

C =
{

(Nmi

(‖mi‖t)/‖mi‖, t ≥ 0), i ∈ N

}

✇❤✐❝❤ ✐s r❡❣❛r❞❡❞ ❛s ❛ s✉❜s❡t ♦❢ t❤❡ s♣❛❝❡ DRN
+
([0,∞)) ✇✐t❤ ❙❦♦r♦❤♦❞ t♦♣♦❧♦❣②

✭s❡❡ ❬❇✐❧✾✾❪✮✳ ■t ❝❛♥ ❜❡ ♣r♦✈❡❞✱ ❛s ✐♥ ❬❘♦❜✵✸✱ Pr♦♣ ✾✳✸ ♣ ✷✹✻❪✱ t❤❛t t❤❡ s❡t C ✐s
r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ❛♥❞ t❤❛t ❛❧❧ t❤❡ ✢✉✐❞ ❧✐♠✐ts Z̄ ❛r❡ ❝♦♥t✐♥✉♦✉s✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❡r❣♦❞✐❝✐t② ♦❢ t❤❡ ♣r♦❝❡ss (N(t))✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t
t❤❡r❡ ❡①✐sts ❛ t✐♠❡ T s✉❝❤ t❤❛t ❢♦r ❛♥② ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ (Z̄(t))✱ ❢♦r ❛❧❧ t ≥ T ✱
Z̄(t) = 0 ✭s❡❡ ❬❉❛✐✾✺❪✮✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ tr❛♥s✐❡♥❝❡✱ ✇❡ ❤❛✈❡ t♦
♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ t✐♠❡ T s✉❝❤ t❤❛t ❛❢t❡r T ✱ ❛♥② ✢✉✐❞ ❧✐♠✐t (Z̄(t)) ✐♥❝r❡❛s❡s
❧✐♥❡❛r❧② ✭s❡❡ ❬▼❡②✾✺❪✮✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ❤❛✈❡ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✢✉✐❞ ❧✐♠✐ts✳

❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r ✢✉✐❞ ❧✐♠✐ts s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts 2 ≤ k0 ≤ L ✇✐t❤ Z̄k0(0) > 0✳
❆t t❤❡ st♦❝❤❛st✐❝ ❧❡✈❡❧✱ ❢♦r ❡❛❝❤ k ≥ 2✱ ❝❧❛ss k ❝❛♥ ✉s❡ ❛♥ ❛r❜✐tr❛r✐❧② ❧❛r❣❡ ♣❛rt ♦❢
❧✐♥❦ k ❧❡❛✈✐♥❣ ❛❧♠♦st ♥♦t❤✐♥❣ t♦ ❝❧❛ss 0❀ ❢♦r ❛♥② ε > 0✱ s✐♥❝❡ θk−1

0 (n⊙ a) ≤ 1✱ ✐❢ nk
✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

φk(n) ≥ 1− ε, and θk0 (n⊙ a) ≤ ε.

❚❤✉s✱ ❛t ✢✉✐❞ ❧❡✈❡❧✱ t❤❡ t❤r♦✉❣❤♣✉t ❢♦r (Z̄k(t)) ✐s ❛❧✇❛②s 1 ✐❢ Z̄k(t) > 0✳ ❖♥ t❤❡
❝♦♥tr❛r②✱ t❤❡ t❤r♦✉❣❤♣✉t ❢♦r (Z̄0(t)) ✐s 0 ❛s ❧♦♥❣ ❛s t❤❡r❡ ❡①✐sts k0 ✇✐t❤ Z̄k0(t) > 0✳
❲❡ ❝❛♥ ♣r♦✈❡✱ ❛s ✐♥ ❬❘♦❜✵✸✱ Pr♦♣ ✾✳✹✱ ♣✷✹✼❪✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ■❢ (Z̄(t)) ✐s ❛ ✢✉✐❞ ❧✐♠✐t ♦❢ t❤❡ s②st❡♠ ❛♥❞ t❤❡r❡ ❡①✐sts s♦♠❡ t✐♠❡
✐♥t❡r✈❛❧ [0, t0] s✉❝❤ t❤❛t ❢♦r ❛♥② t ∈ [0, t0]✱ t❤❡r❡ ✐s s♦♠❡ k0 ✐♥ {2, . . . , L} s✉❝❤ t❤❛t
Z̄k0(t) > 0 t❤❡♥✱ ❛❧♠♦st s✉r❡❧②✱ (Z̄(t)) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ [0, t0] ❛♥❞ s❛t✐s✜❡s ❢♦r ❛❧❧
t ∈ [0, t0]✱

˙̄Z0(t) = λ0,✭✸✳✷✮

˙̄Z1(t) = λ1 − µ1
Z̄1(t)

Z̄0(t) + Z̄1(t)
,✭✸✳✸✮

˙̄Zk(t) = (λk − µk)✶{}
{Z̄k(t) > 0} for 2 ≤ k ≤ L.✭✸✳✹✮

❋♦r 2 ≤ k ≤ L✱ Z̄k(t) t❤✉s ❞❡❝r❡❛s❡s ❧✐♥❡❛r❧② t♦ 0 ✐❢ ρk < 1✳ ◆♦t❡ ❛❧s♦ t❤❛t
(Z̄k(t)) ❢♦r 2 ≤ k ≤ L ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ❝❧❛ss❡s 0 ❛♥❞ 1✳ ❚❤✐s ✐❧❧✉str❛t❡s t❤❡
str♦♥❣ ❛s②♠♠❡tr② ❜❡t✇❡❡♥ ❝❧❛ss❡s 0 ❛♥❞ 1 ♦♥ ♦♥❡ ❤❛♥❞ ❛♥❞ ❝❧❛ss❡s 2, . . . , L ♦♥ t❤❡
♦t❤❡r ❤❛♥❞✳

■❢ t❤❡r❡ ❡①✐sts 2 ≤ k0 ≤ L s✉❝❤ t❤❛t ρk0 > 1 t❤❡♥ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ✢✉✐❞
❧✐♠✐t ✇✐❧❧ ✐♥❝r❡❛s❡ ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t② ❛♥❞ t❤❡ ♣r♦❝❡ss (N(t)) ✐s tr❛♥s✐❡♥t✳ ❖♥ t❤❡
❝♦♥tr❛r②✱ ✐❢ ρk0 < 1 ❢♦r ❛❧❧ 2 ≤ k ≤ L t❤❡♥ t❤❡r❡ ❡①✐sts ❛ t✐♠❡ T s✉❝❤ t❤❛t ❢♦r t ≤ T
❛♥❞ 2 ≤ k ≤ L✱ Z̄k(t) = 0✳ ■♥ ♦r❞❡r t♦ st✉❞② ❡r❣♦❞✐❝✐t② ❛♥❞ tr❛♥s✐❡♥❝❡ ♦❢ (N(t)) ✇❡
t❤❡♥ ❤❛✈❡ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✢✉✐❞ ❧✐♠✐ts s✉❝❤ t❤❛t Z̄k(0) = 0 ❢♦r 2 ≤ k ≤ L✳ ❚❤✐s
✐s t❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳

✸✳✸✳ ◗✉❛s✐✲❙t❛t✐♦♥❛r② ❋❧✉✐❞ ▲✐♠✐ts✳ ❇❡❢♦r❡ st✉❞②✐♥❣ ✢✉✐❞ ❧✐♠✐ts✱ ✇❡ ♥❡❡❞ t♦
❞❡✜♥❡ t❤❡ ❛✈❡r❛❣❡ t❤r♦✉❣❤♣✉t ♦❢ ❝❧❛ss 0 ✐♥ t❤❡ q✉❛s✐✲st❛t✐♦♥❛r② ❝❛s❡✳ ❚❤✐s ❝♦r✲
r❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥ ❝❧❛ss❡s 0 ❛♥❞ 1 ✐s ✜①❡❞ ❛♥❞
t❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥ ❝❧❛ss❡s 2, . . . , L ✈❛r✐❡s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡♥♦t❡ ❜②
x2:L = (x2, . . . , xL) t❤❡ ✐♥♣✉t r❛t❡s ♦❢ ❝❧❛ss❡s 2, . . . , L✳ ❋✐①✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s
✐♥ ❝❧❛ss❡s 0 ❛♥❞ 1 ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝♦♥s✐❞❡r✐♥❣ ❛ ✜①❡❞ r❛t❡ α ❢♦r ❝❧❛ss 0 ❛❢t❡r ❧✐♥❦ 1✳
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❙✐♥❝❡ ❧✐♥❦ 1 ✐s ♦❢ ❝❛♣❛❝✐t② 1✱ α ∈ [0, 1]✳ ❉❡✜♥❡ θ̃10(α, x2:L) = α ❛♥❞✱ ❢♦r 2 ≤ k ≤ L✱

θ̃k0 (α, x2:L) = min

(

θ̃k−1
0 (α, x2:L),

θ̃k−1
0 (α, x2:L)

θ̃k−1
0 (α, x2:L) + xk

)

,✭✸✳✺✮

ψ̃k(α, x2:L) = min

(

xk,
xk

θ̃k−1
0 (α, x2:L) + xk

)

.✭✸✳✻✮

❚❤❡ q✉❛♥t✐t② θ̃k0 (α, x2:L) ✐s t❤❡ ♦✉t♣✉t r❛t❡ ♦❢ ❝❧❛ss 0 ❛❢t❡r ❧✐♥❦ k ❛♥❞ t❤❡ t❤r♦✉❣❤♣✉t
♦❢ ❝❧❛ss 0 ✐s ψ̃0(α, x2:L) = θ̃L0 (α, x2:L)✳ ▼♦r❡♦✈❡r✱ ψ̃k(α, x2:L) ✐s t❤❡ t❤r♦✉❣❤♣✉t ♦❢
❝❧❛ss k✳ ❋♦r 0 ≤ k ≤ L ❛♥❞ ❢♦r n2:L ∈ N

K−2✱ ✇❡ ❞❡✜♥❡ φ̃k(α, n2:L) = ψ̃k(α, n2:L⊙a)✳
❉❡♥♦t❡ ❜② (Ñα

2:L(t)) t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ❞❡s❝r✐❜✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❝❧❛ss❡s
2, . . . , L ✐♥ t❤❡ q✉❛s✐✲st❛t✐♦♥❛r② ❝❛s❡✳ ■t ✐s ❞❡✜♥❡❞ ♦♥ N

K−2 ❛♥❞ ✐ts tr❛♥s✐t✐♦♥ r❛t❡s
❛r❡✱ ❢♦r 2 ≤ k ≤ L✱

nk → nk + 1 : λk,

nk → nk − 1 : µkφ̃k(α, n2:L).

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ❈♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♥❡t✇♦r❦ ✇✐t❤ L ❧✐♥❦s ♦❢ ❝❛♣❛❝✐t② 1 ✐♥ t❤❡ q✉❛s✐✲
st❛t✐♦♥❛r② ❝❛s❡✱ ✐✳❡✳✱ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥ ❝❧❛ss❡s 0 ❛♥❞ 1 ✐s ✜①❡❞ ❛♥❞ t❤❡
r❛t❡ ♦❢ ❝❧❛ss ✵ ❛❢t❡r ❧✐♥❦ ✶ ✐s α✳

❚❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (Ñα
2:L(t)) ❞❡s❝r✐❜✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❝❧❛ss❡s 2, . . . , L ✐s

❡r❣♦❞✐❝ ✐❢✱ ❢♦r 2 ≤ k ≤ L✱ ρk < 1✳ ■t ✐s tr❛♥s✐❡♥t ✐❢ t❤❡r❡ ❡①✐sts k0 ✐♥ {2, . . . , L}
s✉❝❤ t❤❛t ρk0 > 1✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ s❡❡ t❤❛t ❢♦r 2 ≤ k ≤ L✱

min (nkak, Ck) ≥ φ̃k(α, n2:L) ≥
nkak

Ck−1 + nkak
✳

❙✐♥❝❡ Ck = 1✱ ✐❢ ρk < 1 ❢♦r ❛❧❧ k✱ t❤❡r❡ ❡①✐sts ε > 0 ❛♥❞ η ✐♥ N s✉❝❤ t❤❛t ❢♦r ❛❧❧
n2:L ✐♥ N

K−2 \ {0, . . . , η}K−2 ❛♥❞ ❢♦r 2 ≤ k ≤ L s✉❝❤ t❤❛t nk ≥ η✱

λk − µkφ̃k(α, n2:L) ≤ −ε
❛♥❞ (Ñα

2:L(t)) ✐s t❤❡r❡❢♦r❡ ❡r❣♦❞✐❝✳
❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡r❡ ❡①✐sts k0 s✉❝❤ t❤❛t ρk0 > 1✱ t❤❡♥ t❤❡r❡ ❡①✐sts ε > 0 ❛♥❞ η

s✉❝❤ t❤❛t ❢♦r ❛❧❧ n2:L ✇✐t❤ nk0 > η✱

λk0 − µk0 φ̃k0(α, n2:L) ≥ ε

❛♥❞ (Ñα
2:L(t)) ✐s t❤❡r❡❢♦r❡ tr❛♥s✐❡♥t✳ �

❲❤❡♥ (Ñα
2:L(t)) ✐s ❡r❣♦❞✐❝✱ ❞❡♥♦t❡ ✐ts ✉♥✐q✉❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❜② π̃α✳ ❚❤❡

❛✈❡r❛❣❡ t❤r♦✉❣❤♣✉t ♦❢ ❝❧❛ss 0 ✐♥ t❤❡ q✉❛s✐✲st❛t✐♦♥❛r② ❝❛s❡ ✐s t❤❡♥ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

✭✸✳✼✮ ∀α ∈ [0, 1] φ̄0(α) = Eπ̃α(φ̃0(α, .)) =
∑

n2:L∈NK−2

π̃α(n2:L)φ̃0(α, n2:L).

❚❤❡ ❛✈❡r❛❣❡ φ̄0 ❞❡♣❡♥❞s ♦♥ t❤❡ tr❛✣❝ ✐♥t❡♥s✐t✐❡s ❛♥❞ ❛❝❝❡ss r❛t❡s ♦❢ ❝❧❛ss❡s
2, . . . , L✳ ■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ ❡r❣♦❞✐❝✐t② ❛♥❞ tr❛♥s✐❡♥❝❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❧✐♥❡❛r
♥❡t✇♦r❦ ✐♥ ❚❤❡♦r❡♠s ✸✳✻ ❛♥❞ ✸✳✼ ❜❡❧♦✇✱ ✇❡ ♥❡❡❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ φ̄0
✇✐t❤ r❡s♣❡❝t t♦ α✳

❙✉❜s❡q✉❡♥t ❞❡✈❡❧♦♣♠❡♥ts r❡❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥ ♦❢ st♦❝❤❛st✐❝ ❞♦♠✐♥❛t✐♦♥✳

❉❡❢✐♥✐t✐♦♥ ✸✳✸✳ ▲❡t X ❛♥❞ Y ❜❡ t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ ❛ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ♠❡❛✲
s✉r❛❜❧❡ s♣❛❝❡✳ ❲❡ ❞❡♥♦t❡ X ≤st Y ❛♥❞ s❛② t❤❛t Y st♦❝❤❛st✐❝❛❧❧② ❞♦♠✐♥❛t❡s X ✐❢✱
❢♦r ❛♥② ♣♦s✐t✐✈❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✱ ✇❡ ❤❛✈❡ E[f(X)] ≤ E[f(Y )]✳



✹✷ ■■✳ ◆❊❚❲❖❘❑❙ ❲■❚❍❖❯❚ ❈❖◆●❊❙❚■❖◆ ❈❖◆❚❘❖▲

❖♥ R
n✱ ✇❡ ✉s❡ t❤❡ ✉s✉❛❧ ❝♦♦r❞✐♥❛t❡✲✇✐s❡ ♣❛rt✐❛❧ ♦r❞❡rs✳ ■❢ x ❛♥❞ y ❛r❡ ✐♥

R
n✱ x ≤ y ✐❢ xk ≤ yk ❢♦r ❛❧❧ k✳ ❖♥ t❤❡ s♣❛❝❡ D(R+,R

n)✱ ✇❡ s❛② t❤❛t x ≤ y ✐❢
xk(t) ≤ yk(t) ❢♦r ❛❧❧ k ❛♥❞ t✳

❋♦r ❛♥② t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X ❛♥❞ Y ✇✐t❤ r❡s♣❡❝t✐✈❡ ❞✐str✐❜✉t✐♦♥s πX ❛♥❞
πY ❛♥❞ s✉❝❤ t❤❛t X ≤st Y ✱ ✇❡ s❛② t❤❛t πY ❞♦♠✐♥❛t❡s πX ✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ (X(t)) ❛♥❞ (Y (t)) ❛r❡ t✇♦ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ♦♥ N
n s✉❝❤ t❤❛t

(X(t)) ≤st (Y (t)) ❛♥❞ (X(t)) ✐s ✐rr❡❞✉❝✐❜❧❡✱ t❤❡ ❡r❣♦❞✐❝✐t② ♦❢ (Y (t)) ✐♠♣❧✐❡s t❤❡
❡r❣♦❞✐❝✐t② ♦❢ (X(t)) ❛♥❞ t❤❡ tr❛♥s✐❡♥❝❡ ♦❢ (X(t)) ✐♠♣❧✐❡s t❤❡ tr❛♥s✐❡♥❝❡ ♦❢ (Y (t))✳
■❢ (Y (t)) ❛♥❞ (X(t)) ❛r❡ ❡r❣♦❞✐❝ ❛♥❞X(∞) ❛♥❞ Y (∞) ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡
st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s ♦❢ (X(t)) ❛♥❞ (Y (t)) ❛s ❞✐str✐❜✉t✐♦♥s t❤❡♥X(∞) ≤st Y (∞)✳
❋♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ st♦❝❤❛st✐❝ ❞♦♠✐♥❛t✐♦♥✱ s❡❡ ❬▼❛s✽✼❪✳

▲❡♠♠❛ ✸✳✹✳ ❈♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♥❡t✇♦r❦ ✇✐t❤ L ❧✐♥❦s ♦❢ ❝❛♣❛❝✐t② ✶ ✐♥ t❤❡ q✉❛s✐✲
st❛t✐♦♥❛r② ❝❛s❡ ❛♥❞ ❛ss✉♠❡ t❤❛t ρk < 1 ❢♦r 2 ≤ k ≤ L✱ t❤❡ ❢✉♥❝t✐♦♥ φ̄0 ❞❡✜♥❡❞ ❜②
❊q✉❛t✐♦♥ ✭✸✳✼✮ ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ α ♦♥ [0, 1]✳

Pr♦♦❢✳ ❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❛t α 7→ φ̃k(α, n2:L) ✐s 1✲▲✐♣s❝❤✐t③ ❢♦r ❛❧❧ n2:L ❛♥❞ k✳
❇② ❞❡✜♥✐t✐♦♥✱ α 7→ θ̃10(α, n2:L) ✐s ✶✲▲✐♣s❝❤✐t③✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✸✳✺✮ ❛♥❞ ✭✸✳✻✮✱ α 7→
θ̃20(α, n2:L) ❛♥❞ α 7→ φ̃2(α, n2:L) ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t✇♦ 1✲▲✐♣s❝❤✐t③
❢✉♥❝t✐♦♥s ❛♥❞ ❛r❡ t❤❡♥ 1✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜② r❡❝✉rs✐♦♥✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐s tr✉❡ ❢♦r α 7→ φ̃0(α, n2:L)✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❝♦♥t✐♥✉✐t②
♦❢ φ̄0✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ✐❢ ❛ s❡q✉❡♥❝❡ (αi) ♦❢ [0, 1] ❝♦♥✈❡r❣❡s t♦ α∞✱ t❤❡♥
Ñαi

2:L(∞) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ Ñα∞

2:L (∞) ❛♥❞ t❤❡s❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❤❛✈❡
π̃αi ❛♥❞ π̃α∞ ❛s r❡s♣❡❝t✐✈❡ ❞✐str✐❜✉t✐♦♥s✳

❲❡ ✜rst ♣r♦✈❡ t❤❛t {π̃α, α ∈ [0, 1]} ✐s t✐❣❤t✳ ◆♦t❡ t❤❛t ❢♦r 2 ≤ k ≤ L ❛♥❞ α ✐♥
[0, 1]✱

✭✸✳✽✮ φ̃k(α, n2:L) ≥
nkak

1 + nkak
.

❉❡✜♥❡ t❤❡ ♣r♦❝❡ss (N̂2:L(t)) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✐t✐♦♥ r❛t❡s ❢♦r 2 ≤ k ≤ L✿

nk 7→ nk + 1 : λk,

nk 7→ nk − 1 : µk
nkak

1 + nkak
,

❛♥❞ s✉❝❤ t❤❛t N̂2:L(0) = Ñα
2:L(0)✳ ❚❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ (N̂2:L(t)) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

❋♦r 2 ≤ k ≤ L✱ ✇❡ ❤❛✈❡ ρk < 1 ❛♥❞ t❤❡r❡ ❡①✐st ε > 0 ❛♥❞ η s✉❝❤ t❤❛t✱ ❢♦r nk ≥ η✱
✇❡ ❤❛✈❡

λk − µk
nkak

1 + nkak
< −ε,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t (N̂k(t)) ✐s ❡r❣♦❞✐❝❀ t❤❡ ❡r❣♦❞✐❝✐t② ♦❢ (N̂2:L(t)) ❢♦❧❧♦✇s✳ ❯s✐♥❣
❊q✉❛t✐♦♥ ✭✸✳✽✮ ❛♥❞ ❛ st❛♥❞❛r❞ ❝♦✉♣❧✐♥❣ ❛r❣✉♠❡♥t✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬❇❏▲✵✽✱ ▲❡♠♠❛
✶❪✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t✱ ❢♦r α ✐♥ [0, 1] ❛♥❞ 2 ≤ k ≤ L✱ (N̂k(t)) st♦❝❤❛st✐❝❛❧❧② ❞♦♠✐♥❛t❡s
(Ñα

k (t))✳ ■t ✐♠♣❧✐❡s t❤❛t (N̂2:L(t)) st♦❝❤❛st✐❝❛❧❧② ❞♦♠✐♥❛t❡s (Ñα
2:L(t)) ❢♦r ❛♥② α ∈

[0, 1]✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ π̂ ♦❢ (N̂2:L(t)) ❞♦♠✐♥❛t❡s ❛♥②
❞✐str✐❜✉t✐♦♥ π̃α✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

∀α ∈ [0, 1], ∀κ ∈ R, π̃α(NK−2\[0, κ]K−2) ≤ π̂(NK−2\[0, κ]K−2).

❚❤✉s✱ t❤❡ s❡t {π̃α, α ∈ [0, 1]} ✐s t✐❣❤t ♦♥ N
K−2 ✇✐t❤ t❤❡ ✉s✉❛❧ t♦♣♦❧♦❣②✳

❇② t✐❣❤t♥❡ss✱ ✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (π̃αi)i∈N ✐s ❝♦♥✈❡r❣❡♥t✳ ❲❡
❝❛❧❧ π̃∞ ✐ts ❧✐♠✐t✳ ❆❧❧ ✇❡ ❤❛✈❡ t♦ ❞♦ ♥♦✇ ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤✐s ❧✐♠✐t ❛♥❞ ♣r♦✈❡ ✐ts
✉♥✐q✉❡♥❡ss✳
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▲❡t f ❜❡ ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ♦♥ N
K−2✳ ❋♦r ❛♥② α ✐♥ [0, 1]✱ ❧❡t Ω̃α ❞❡♥♦t❡ t❤❡

✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ (Ñα
2:L(t))✳ ❋♦r ❛❧❧ n2:L ∈ N

K−2✱

Ω̃α(f)(n2:L) =

L
∑

k=2

λk(f(n2:L + ek)− f(n2:L))

−
L
∑

k=2

µkφ̃k(α, n2:L)(f(n2:L − ek)− f(n2:L)).

❙✐♥❝❡ α 7→ φ̃k(α, n2:L) ✐s ✶✲▲✐♣s❝❤✐t③ ❢♦r ❛❧❧ n2:L ❛♥❞ k ❛♥❞ f ✐s ❜♦✉♥❞❡❞✱ t❤❡r❡
❡①✐sts η s✉❝❤ t❤❛t

✭✸✳✾✮ ∀i ∈ N, ∀n2:L ∈ N
K−2, |Ω̃α∞(f)(n2:L)− Ω̃αi(f)(n2:L)| ≤ η|α∞ − αi|.

❇❡❝❛✉s❡ (π̃αi) ✐s t✐❣❤t✱ ❢♦r ❛♥② ε✱ t❤❡r❡ ❡①✐sts κ > 0 s✉❝❤ t❤❛t

✭✸✳✶✵✮ ∀i ∈ N, π̃αi([0, κ]K−2) ≥ 1− ε.

❯s✐♥❣ ❡q✉❛t✐♦♥s ✭✸✳✾✮✮ ❛♥❞ ✭✸✳✶✵✮✱ ✇❡ ❤❛✈❡

lim
i→∞

∫

NK−2

Ω̃αi(f)(n2:L)π̃
αi(dn2:L) =

∫

NK−2

Ω̃α∞(f)(n2:L)π̃∞(dn2:L) = 0.

❲❡ ❞❡❞✉❝❡ t❤❛t π̃∞ ✐s ❛♥ ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥ ♦❢ (Ñα∞

2:L (t)) ❛♥❞ ❜② ✉♥✐q✉❡♥❡ss✱ ✇❡
❤❛✈❡ π̃∞ = π̃α∞ ✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡

lim
i→∞

φ̄0(αi) = φ̄0(α∞).

�

❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✢✉✐❞ ❧✐♠✐ts (Z̄(t)) s✉❝❤ t❤❛t Zk(0) = 0 ❢♦r
2 ≤ k ≤ L✳ ❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ✐s ♣r♦✈❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

Pr♦♣♦s✐t✐♦♥ ✸✳✺✳ ❈♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♥❡t✇♦r❦ ♦❢ L ❧✐♥❦s ♦❢ ❝❛♣❛❝✐t② ✶ ❛♥❞ ❛ss✉♠❡
t❤❛t a0 = 1 ❛♥❞ a1 = 1✳

■❢ (Z̄(t)) ✐s ❛ ✢✉✐❞ ❧✐♠✐t ♦❢ t❤❡ s②st❡♠ s✉❝❤ t❤❛t Z̄k(0) = 0 ❢♦r 2 ≤ k ≤ L✱ t❤❡♥
❛❧♠♦st s✉r❡❧②

˙̄Z0(t) = λ0 − µ0φ̄0

(

Z̄0(t)

Z̄1(t) + Z̄0(t)

)

,✭✸✳✶✶✮

˙̄Z1(t) = λ1 − µ1
Z̄1(t)

Z̄1(t) + Z̄0(t)
,✭✸✳✶✷✮

˙̄Zk(t) = 0 ❢♦r 2 ≤ k ≤ L✭✸✳✶✸✮

❤♦❧❞ ❢♦r ❛❧❧ t ∈ R+ ✇❤❡r❡ φ̄0 ✐s t❤❡ ❛✈❡r❛❣❡ t❤r♦✉❣❤♣✉t ♦❢ ❝❧❛ss 0 ✐♥ t❤❡ q✉❛s✐✲
st❛t✐♦♥❛r② ❝❛s❡ ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✸✳✼✮✳

❚❤✐s ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t✱ ❛t t❤❡ ✢✉✐❞ t✐♠❡ s❝❛❧❡✱ t❤❡r❡ ✐s ❛ s❡♣❛r❛t✐♦♥ ♦❢
t✐♠❡ s❝❛❧❡s ❜❡t✇❡❡♥ ❝❧❛ss❡s 0 ❛♥❞ 1 ❛♥❞ 2, . . . , L✳ ❋r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❝❧❛ss❡s
0 ❛♥❞ 1✱ ❝❧❛ss❡s 2, . . . , L ❛r❡ q✉❛s✐✲st❛t✐♦♥❛r② ❛♥❞ t❤❡r❡ ✐s ❛♥ ❛✈❡r❛❣✐♥❣ ❜❡❝❛✉s❡
t❤❡② ❡✈♦❧✈❡ ✐♥✜♥✐t❡❧② ❢❛st❡r✳ ❋r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❝❧❛ss❡s 2, . . . , L✱ t❤❡ r❛t✐♦ ♦❢
❝❧❛ss❡s 0 ❛♥❞ 1 ✐s ❝♦♥st❛♥t✳ ❚❤✐s ✐s ❛ ❢✉rt❤❡r ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❛s②♠♠❡tr② ❜❡t✇❡❡♥
❝❧❛ss❡s 0✱ 1 ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❛♥❞ ❝❧❛ss❡s 2, . . . , L ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✳

✸✳✹✳ ❙t❛❜✐❧✐t② ♦❢ ❛ ▲✐♥❡❛r ◆❡t✇♦r❦✳ ◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ❝❤❛r❛❝t❡r✐③❡❞ t❤❡ ✢✉✐❞
❧✐♠✐ts ♦❢ t❤❡ s②st❡♠✱ ✇❡ ❝❛♥ st✉❞② t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❧✐♥❡❛r ♥❡t✇♦r❦✳
❚❤❡♦r❡♠ ✸✳✻ ❣✐✈❡s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r st❛❜✐❧✐t② ❛♥❞ ❚❤❡♦r❡♠ ✸✳✼ ❣✐✈❡s ❛ s✉❢✲
✜❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r tr❛♥s✐❡♥❝❡ ♦❢ (N(t))✳
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❚❤❡♦r❡♠ ✸✳✻✳ ❈♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♥❡t✇♦r❦ ♦❢ L ❧✐♥❦s ♦❢ ❝❛♣❛❝✐t② 1✳
■❢ ρk < 1 ❢♦r 2 ≤ k ≤ L ❛♥❞

ρ0 < inf
1−ρ1≤x≤1

φ̄0(x)

t❤❡♥ t❤❡ ♥❡t✇♦r❦ ✐s st❛❜❧❡✱ ✐✳❡✳✱ (N(t)) ✐s ❡r❣♦❞✐❝✳

Pr♦♦❢✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❡r❣♦❞✐❝✐t②✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ t✐♠❡
T s✉❝❤ t❤❛t ❢♦r ❛♥② ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ (Z̄(t))✱ ❢♦r ❛❧❧ t ≥ T ✱ Z̄(t) = 0 ✭s❡❡ ❬❉❛✐✾✺❪✮✳

❲❡ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ✢✉✐❞ ❧✐♠✐t (Z̄(t))✳ ❆s ♣r♦✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ❛s ❧♦♥❣
❛s t❤❡r❡ ❡①✐sts k0 s✉❝❤ t❤❛t Z̄k0(t) > 0✱ (Z̄(t)) s❛t✐s✜❡❞ ❊q✉❛t✐♦♥s ✭✸✳✷✮✱ ✭✸✳✸✮ ❛♥❞
✭✸✳✹✮✳ ❙✐♥❝❡ ρk < 1 ❢♦r 2 ≤ k ≤ L✱ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ t✐♠❡ T0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧
k ≥ 0 ❛♥❞ t ≥ T0✱ Z̄k(t) = 0✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ t❤❡ st✉❞② ✐s
r❡❞✉❝❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ t❤❡ ✢✉✐❞ ❧✐♠✐t ✈❡r✐✜❡s Z̄0(0)+Z̄1(0) = 1
❛♥❞ Z̄k(0) = 0 ❢♦r 2 ≤ k ≤ L✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✺✱ (Z̄(t)) s❛t✐s✜❡s ✭✸✳✶✶✮✱
✭✸✳✶✷✮ ❛♥❞ ✭✸✳✶✸✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛❧❧ t ≥ 0 ❛♥❞ 2 ≤ k ≤ L✱ ✇❡ ❤❛✈❡ Z̄k(t) = 0✱
✇❡ t❤❡♥ ❥✉st ❤❛✈❡ t♦ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ (Z̄0(t), Z̄1(t))✳

❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥✿

∀α ∈ [0, 1], f(α) = inf
α≤x≤1

φ̄0(x)

❚❤✐s ❢✉♥❝t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s✱ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ s❛t✐s✜❡s f(α) ≤ φ̄0(α) ❢♦r ❛❧❧ α ∈
[0, 1]✳ ❲❡ ❞❡✜♥❡ (F (t)) s✉❝❤ t❤❛t F0(0) = Z̄0(0)✱ F1(0) = Z̄1(0) ❛♥❞ ❢♦r ❛❧❧ t ≥ 0✱

Ḟ0(t) = λ0 − µ0f

(

F0(t)

F0(t) + F1(t)

)

,✭✸✳✶✹✮

Ḟ1(t) = λ1 − µ1
F1(t)

F0(t) + F1(t)
.✭✸✳✶✺✮

❙✐♥❝❡ ✇❡ ❤❛✈❡ φ̄0(α) ≥ f(α)✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢♦r ❛❧❧ t ≥ 0✱ Z̄0(t) ≤ F0(t) ❛♥❞
Z̄1(t) ≤ F1(t)✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✕ ■❢ Z̄0(t) = F0(t) ❛♥❞ Z̄1(t) = F1(t) t❤❡♥ ˙̄Z0(t) ≤ Ḟ0(t) ❛♥❞ ˙̄Z1(t) ≤ Ḟ1(t)❀

✕ ✐❢ Z̄0(t) < F0(t) ❛♥❞ Z̄1(t) = F1(t) t❤❡♥ ˙̄Z1(t) ≤ Ḟ1(t)❀

✕ ✐❢ Z̄0(t) = F0(t) ❛♥❞ Z̄1(t) < F1(t) t❤❡♥ ˙̄Z0(t) ≤ Ḟ0(t)✳
❚♦ ♣r♦✈❡ t❤❡ st❛❜✐❧✐t② ♦❢ (Z̄(t))✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t (F (t)) ✇✐❧❧ r❡t✉r♥ t♦

0 ✐♥ ✜♥✐t❡ t✐♠❡✳ ▲❡t α(t) = F0(t)/(F0(t) + F1(t))✳ ❲❡ ❤❛✈❡
✭✸✳✶✻✮

α̇(t) =
1

F0(t) + F1(t)

[

(λ0 − µ0f(α(t))) (1− α(t))− (λ1 − µ1(1− α(t)))α(t)
]

.

▲❡t β(t) = (λ0 − µ0f(α(t))) (1− α(t))− (λ1 − µ1(1− α(t)))α(t)✳ ❙♦ t❤❛t

✭✸✳✶✼✮ α̇(t) =
β(t)

F0(t) + F1(t)
.

❲❡ ❛❧s♦ ❞❡✜♥❡ α0 = max{α ∈ [0, 1], f(α) = ρ0}✳ ❙✐♥❝❡ ρ0 < f(1 − ρ1)✱ ✇❡ ❤❛✈❡
α0 < 1− ρ1✳ ❋✉rt❤❡r✱ ❢♦r t0 s✉❝❤ t❤❛t α(t) = α0 ❛♥❞ t1 s✉❝❤ t❤❛t α(t1) = 1− ρ1✱

β(t0) = α0(µ1(1− α0)− λ1) > 0,

β(t1) = ρ1(λ0 − µ0f(1− ρ1)) < 0.

❙✐♥❝❡ f ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ t❤❡r❡ ❡①✐sts κ > 0 ❛♥❞ η > 0 s✉❝❤ t❤❛t ✐❢
α(t) ≤ α0 + η✱ t❤❡♥ β(t) ≥ κ ❛♥❞ ✐❢ α(t) ≥ 1− ρ1 − η✱ t❤❡♥ β(t) ≤ −κ✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ❊q✉❛t✐♦♥ ✭✸✳✶✼✮ t❤❛t

α̇(t) ≥ κ

F0(t) + F1(t)
if α(t) ≤ α0 + η,

α̇(t) ≤ − κ

F0(t) + F1(t)
if α(t) ≥ 1− ρ1 − η.
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0

z1

z0

z0
z0+z1

= α0

z0
z0+z1

= 1− ρ1

❋✐❣✉r❡ ✸✳ ❉②♥❛♠✐❝s ♦❢ (F0(t), F1(t))

❚❤✉s✱ ✐❢ α(0) ∈ [α0 + η, 1− ρ1 − η]✱ α(t) ∈ [α0 + η, 1− ρ1 − η] ❢♦r ❛❧❧ t > 0✳
❋♦r ❛❧❧ t ≥ 0✱ ✇❡ ❤❛✈❡

F0(t) + F1(t) ≤ F0(0) + F1(0) + (λ0 + λ1)t,

≤ 1 + (λ0 + λ1)t,

❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t ✐❢ α(0) ✐s ✐♥ [0, α0 + η] ❛♥❞ ❛s ❧♦♥❣ ❛s α(t) st❛②s ✐♥ [0, α0 + η]✱
✇❡ ❤❛✈❡

α(t) ≥
∫ t

0

κds

1 + (λ0 + λ1)s

≥ κ

λ0 + λ1
log (1 + (λ0 + λ1)t) .

❙✐♠✐❧❛r❧②✱ ✐❢ α(0) ✐s ✐♥ [1− ρ1 − η, 1] ❛♥❞ α(t) st❛②s ✐♥ [1− ρ1 − η, 1]✱ ✇❡ ❤❛✈❡

α(t) ≤ 1−
∫ t

0

κds

1 + (λ0 + λ1)s

≤ 1− κ

λ0 + λ1
log (1 + (λ0 + λ1)t) .

❲❡ t❤❡♥ ❞❡✜♥❡

T1 =
1

λ0 + λ1
exp

(

max(α0 + η, ρ1 + η)(λ0 + λ1)

κ

)

❛♥❞ ✐❢ α(0) ∈ [0, α0 + η] ∪ [1− ρ1 − η, 1] t❤❡♥ α(T1) ∈ [α0 + η, 1− ρ1 − η]✳ ❋✐♥❛❧❧②✱
❢♦r ❛❧❧ t ≥ T1✱ α(t) ∈ [α0 + η, 1− ρ1 − η]✳

◆♦✇✱ ✇❡ ❦♥♦✇ t❤❛t α(t) ✇✐❧❧ r❡❛❝❤ [α0 + η, 1 − ρ1 − η] ✐♥ ✜♥✐t❡ t✐♠❡ ❛♥❞
st❛② ✐♥ t❤❛t ✐♥t❡r✈❛❧❀ ✇❡ ❥✉st ❤❛✈❡ t♦ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ F ✇❤❡♥ α(0) ✐s ✐♥
[α0 + η, 1 − ρ1 − η]✳ ❯s✐♥❣ ❡q✉❛t✐♦♥s ✭✸✳✶✹✮ ❛♥❞ ✭✸✳✶✺✮✱ ✇❡ ❤❛✈❡ t❤❛t✱ ✐❢ α(0) ∈
[α0 + η, 1− ρ1 − η]✱ t❤❡♥✱ ❢♦r ❛❧❧ t ≥ 0✱

Ḟ0(t) ≤ −µ0 (f(α0 + η)− ρ0) < 0,

Ḟ1(t) ≤ −µ1η

❛♥❞ t❤❡ t✇♦ ❝♦♠♣♦♥❡♥ts ❞❡❝r❡❛s❡ ❛t ❧❡❛st ❧✐♥❡❛r❧② t♦ 0 ✐♥ ✜♥✐t❡ t✐♠❡✳ ❚❤❡r❡ ❡①✐sts
T2 s✉❝❤ t❤❛t ❢♦r ❛♥② ✢✉✐❞ ❧✐♠✐t✱ ❢♦r ❛❧❧ t ≥ T2✱ F (t) = 0 ❛♥❞ t❤✉s Z̄(t) = 0✳ �
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❚❤❡ ❞②♥❛♠✐❝s ♦❢ (F0(t), F1(t)) ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♣r♦♦❢ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡
✸✳ ❚❤❡♦r❡♠ ✸✳✻ ❣✐✈❡s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r st❛❜✐❧✐t②✳ ❚❤❡ ♥❡①t t❤❡♦r❡♠ ❣✐✈❡s ❛
s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r tr❛♥s✐❡♥❝❡✳ ❚❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ❛r❡ ✈❡r② s✐♠✐❧❛r✳

❚❤❡♦r❡♠ ✸✳✼✳ ❈♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♥❡t✇♦r❦ ♦❢ L ❧✐♥❦s ♦❢ ❝❛♣❛❝✐t② 1✳ ■❢ t❤❡r❡ ❡①✐sts
k0 ✐♥ {0, . . . , L} s✉❝❤ t❤❛t ρk0 > 1 ♦r✱ ✐❢ ❢♦r ❛❧❧ k ✐♥ {0, . . . , L}✱ ρk < 1 ❛♥❞

ρ0 > sup
0≤x≤1−ρ1

φ̄0(x),

t❤❡♥ t❤❡ ♥❡t✇♦r❦ ✐s ✉♥st❛❜❧❡✱ ✐✳❡✳✱ (N(t)) ✐s tr❛♥s✐❡♥t✳

Pr♦♦❢✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ tr❛♥s✐❡♥❝❡ ♦❢ t❤❡ ♣r♦❝❡ss✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t
t❤❡r❡ ❡①✐sts ❛ t✐♠❡ T s✉❝❤ t❤❛t ❛❢t❡r T ✱ ❛♥② ✢✉✐❞ ❧✐♠✐t (Z̄(t)) ✐♥❝r❡❛s❡s ❧✐♥❡❛r❧② ✭s❡❡
❬▼❡②✾✺❪✮✳

❲❡ ❝♦♥s✐❞❡r ❛ ✢✉✐❞ ❧✐♠✐t (Z̄(t))✳ ■❢ t❤❡r❡ ✐s ❛ k0 s✉❝❤ t❤❛t Z̄k0(0) > 0 t❤❡♥
❊q✉❛t✐♦♥s ✭✸✳✷✮✱ ✭✸✳✸✮ ❛♥❞ ✭✸✳✹✮ ❛r❡ ✈❛❧✐❞✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t✱ ✐❢ t❤❡r❡ ❡①✐sts k0 s✉❝❤
t❤❛t ρk0 > 1 t❤❡♥ (Z̄k(t)) ✐♥❝r❡❛s❡s ❧✐♥❡❛r❧② ❛♥❞ t❤❡ ♣r♦❝❡ss (N(t)) ✐s tr❛♥s✐❡♥t✳

❲❡ s✉♣♣♦s❡ ♥♦✇ t❤❛t ρk < 1 ❢♦r ❛❧❧ k ✐♥ {0, . . . , L}✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡r❡ ✐s ❛
t✐♠❡ T0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ k ✐♥ {2, . . . , L} ❛♥❞ t ≥ T0✱ Z̄k(t) = 0✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡
str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ ✇❡ ❥✉st ❤❛✈❡ t♦ st✉❞② t❤❡ ✢✉✐❞ ❧✐♠✐ts s✉❝❤ t❤❛t Z̄k(0) = 0
❢♦r 2 ≤ k ≤ L✳ ■♥ t❤❛t ❝❛s❡✱ Z̄k(t) = 0 ❢♦r 2 ≤ k ≤ L ❛♥❞ ✇❡ ❥✉st ❤❛✈❡ t♦ st✉❞② t❤❡
❞②♥❛♠✐❝s ♦❢ (Z̄0(t), Z̄1(t))✳

❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥

g(α) = sup
0≤x≤α

φ̄0(x).

❚❤✐s ❢✉♥❝t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s✱ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞✱ ❢♦r ❛♥② α ✐♥ [0, 1] s❛t✐s✜❡s g(α) ≥
φ̄0(α)✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss (G(t)) s✉❝❤ t❤❛t G(0) = Z̄(0) ❛♥❞

Ġ0(t) = λ0 − µ0g

(

G0(t)

G0(t) +G1(t)

)

,✭✸✳✶✽✮

Ġ1(t) = λ1 − µ1
G0(t)

G0(t) +G1(t)
.✭✸✳✶✾✮

❆s ♣r❡✈✐♦✉s❧②✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛❧❧ t ≥ 0✱ G0(t) ≤ Z̄0(t) ❛♥❞ G1(t) ≤ Z̄1(t)✳
❙♦✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❝❡ss (G(t)) ✐♥❝r❡❛s❡s ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t② ✐♥
♦r❞❡r t♦ ♣r♦✈❡ t❤❡ tr❛♥s✐❡♥❝❡ ♦❢ (N(t))✳

❲❡ ❞❡✜♥❡ α0 = min{α ∈ [0, 1], g(α) = ρ0}✳ ❙✐♥❝❡ ρ0 > g(1 − ρ1)✱ ✇❡ ❤❛✈❡
α0 > 1− ρ1✳ ❉❡✜♥❡ α(t) = G0(t)/(G0(t) +G1(t))✳

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✻✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts η > 0 s✉❝❤
t❤❛t✱ ❢♦r ❛♥② ✐♥✐t✐❛❧ st❛t❡ α(0)✱ ❛❢t❡r s♦♠❡ ✜♥✐t❡ t✐♠❡ T1✱ α(t) r❡❛❝❤❡s ❛♥❞ st❛②s ✐♥
[1− ρ1 + η, α0 − η]✳ ❲❡ t❤❡♥ ❥✉st ❤❛✈❡ t♦ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ G ✇❤❡♥ α(0) ✐s ✐♥
[1− ρ1 + η, α0 − η]✳

❯s✐♥❣ ❡q✉❛t✐♦♥s ✭✸✳✶✽✮ ❛♥❞ ✭✸✳✶✾✮✱ ✇❡ ❤❛✈❡ t❤❛t✱ ✐❢ α(t) ∈ [1− ρ1 + η, α0 − η]✱
t❤❡♥

Ġ0(t) ≥ µ0 (ρ0 − g(α0 − η)) > 0,

Ġ1(t) ≥ µ1η.

❚❤✉s✱ ❢♦r ❛♥② ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ❢♦r ❛❧❧ t ≥ T1✱ G(t) ✐♥❝r❡❛s❡s ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t②
❛♥❞ t❤❡ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞✳ �

❚❤❡ ❞②♥❛♠✐❝s ♦❢ (G0(t), G1(t)) ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♣r♦♦❢ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡
✹✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ r❡♠❛r❦ t❤❛t ✇❤❡♥ t❤❡ ♥❡t✇♦r❦ ✐s ✉♥st❛❜❧❡✱ t❤❡r❡ ✐s ❛❧✇❛②s
❛ t✐♠❡ ❛❢t❡r ✇❤✐❝❤ ❜♦t❤ ❝❧❛ss❡s ✵ ❛♥❞ ✶ ♦❢ t❤❡ ✢✉✐❞ ❧✐♠✐t ✐♥❝r❡❛s❡ ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t②✳



✹✳ ❆❙❨▼P❚❖❚■❈ ❙❚❆❇■▲■❚❨ ✹✼

0

z1

z0

z0
z0+z1

= 1− ρ1

z0
z0+z1

= α0

❋✐❣✉r❡ ✹✳ ❉②♥❛♠✐❝s ♦❢ (G0(t), G1(t))

❘❡♠❛r❦ ✸✳✽✳ ❚❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦ ✐s ♥♦t r❡❞✉❝❡❞ t♦ {0} s✐♥❝❡
inf1−ρ1≤x≤1 φ̄0(x) > 0 ✇❤❡♥ ρ1 < 1 ❛♥❞ ✐t ✐s str✐❝t❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♦♣t✐♠❛❧
st❛❜✐❧✐t② r❡❣✐♦♥ s✐♥❝❡ sup0≤x≤1−ρ1 φ̄0(x) < mink(1− ρk)✳

❈♦r♦❧❧❛r② ✸✳✾✳ ❈♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♥❡t✇♦r❦ ✇✐t❤ t✇♦ ❧✐♥❦s ♦❢ ❝❛♣❛❝✐t② 1✳
❚❤✐s ♥❡t✇♦r❦ ✐s st❛❜❧❡ ✐❢ ρk < 1 ❢♦r ❛❧❧ 0 ≤ k ≤ 2 ❛♥❞ ρ0 < φ̄0(1− ρ1)✳
❚❤✐s ♥❡t✇♦r❦ ✐s ✉♥st❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts k0 ✐♥ {0, 1, 2} s✉❝❤ t❤❛t ρk0 > 1 ♦r ✐❢

ρk < 1 ❢♦r 0 ≤ k ≤ 2 ❛♥❞ ρ0 > φ̄0(1− ρ1)✳

Pr♦♦❢✳ ❆❧❧ t❤❛t ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ ✐s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ φ̄0 ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣✳
❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥s φ̃0✱ φ̃2✱ t❤❡ ♣r♦❝❡ss❡s (Ñα

2 (t)) ❛♥❞ t❤❡✐r st❛t✐♦♥❛r② ❞✐s✲
tr✐❜✉t✐♦♥ π̃α ❛s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳ ❲❡ ❛ss✉♠❡ t❤❛t ρ2 < 1✳

❚❤❡ ♣r♦❝❡ss (Ñα
2 (t)) ✐s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ ❢♦r α1 ≤ α2✱ ❢♦r ❛❧❧ n2✱ φ̃k(α1, n2) ≥

φ̃k(α2, n2)✳ ❚❤✐s ✐♠♣❧✐❡s (Ñα2
2 (t)) ≥st (Ñ

α1
2 (t)) ❛♥❞ π̃α2 ❞♦♠✐♥❛t❡s π̃α1 ✳

❋♦r ❛♥② α ∈ [0, 1] ❛♥❞ ❛♥② n2 ∈ N✱

φ̃0(α, n2) + φ̃2(α, n2) = min(n2a2 + α, 1).

❚❤❡ ❢✉♥❝t✐♦♥ n2 7→ φ̃0(α, n2) + φ̃2(α, n2) ✐s t❤❡r❡❢♦r❡ ♥♦♥✲❞❡❝r❡❛s✐♥❣✳
❆♣♣❧②✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ st♦❝❤❛st✐❝ ❞♦♠✐♥❛t✐♦♥✱ ✇❡ ❤❛✈❡

Eπ̃α1 (φ̃0(α1, .) + φ̃2(α1, .)) ≤ Eπ̃α2 (φ̃0(α1, .) + φ̃2(α1, .)).

❋♦r ❛♥② n2 ∈ N✱ ✇❡ ❤❛✈❡ φ̃0(α2, n2) + φ̃2(α2, n2) ≥ φ̃0(α1, n2) + φ̃2(α1, n2)✳
❙✐♥❝❡ α1 < α2 ≤ 1✱ ✇❡ ❤❛✈❡ φ0(α2, 0) > φ0(α1, 0) ❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡

Eπ̃α1 (φ̃0(α1, .) + φ̃2(α1, .)) < Eπ̃α2 (φ̃0(α2, .) + φ̃2(α2, .)).

❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t Eπ̃α(φ̃2(α, .)) = ρ2✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ✐❢ α1 < α2✱ t❤❡♥
φ̄0(α1) < φ̄0(α2)✳ �

✹✳ ❆s②♠♣t♦t✐❝ ❙t❛❜✐❧✐t②

❋r♦♠ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t ❡r❣♦❞✐❝✐t② ❝♦♥❞✐t✐♦♥s ✐♥
❣❡♥❡r❛❧ ❞❡♣❡♥❞ ♦♥ t❤❡ ❛❝❝❡ss r❛t❡s ak✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ q✉❛❧✐❢② t❤✐s ❞❡♣❡♥❞❡♥❝❡ ❛s
t❤❡ ❛❝❝❡ss r❛t❡s ❜❡❝♦♠❡ ❛s②♠♣t♦t✐❝❛❧❧② s♠❛❧❧✳ ■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡
❛ s❝❛❧✐♥❣ ♦♥ t❤❡ ❛❝❝❡ss r❛t❡s ✐♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦r ♦❢
♥❡t✇♦r❦s ✇❤❡♥ t❤❡ ❛❝❝❡ss r❛t❡s ❜❡❝♦♠❡ s♠❛❧❧✳ ■♥ s✉❜s❡❝t✐♦♥ ✹✳✷✱ ✇❡ ✉s❡ t❤✐s s❝❛❧✐♥❣
t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❧✐♠✐t ♦❢ φ̄0 ✇❤❡♥ t❤❡ ❛❝❝❡ss r❛t❡s t❡♥❞ t♦ ✵ ❛♥❞ t❤❡♥ ❞❡❞✉❝❡ t❤❛t
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❧✐♥❡❛r ♥❡t✇♦r❦s ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧✳ ■♥ s✉❜s❡❝t✐♦♥ ✹✳✸✱ ✇❡ ✉s❡ t❤❡ s❛♠❡
s❝❛❧✐♥❣ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❛s②♠♣t♦t✐❝ ♦♣t✐♠❛❧✐t② ♦❢ ✉♣str❡❛♠ tr❡❡s✳ ❙✉❜s❡❝t✐♦♥s ✹✳✷
❛♥❞ ✹✳✸ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

✹✳✶✳ ❙❝❛❧✐♥❣ ♦✈❡r t❤❡ ❆❝❝❡ss ❘❛t❡s ❛♥❞ ❋❧♦✇ ❙✐③❡s✳ ❲❡ ✜① ❛❧❧ ♥❡t✇♦r❦ ♣❛✲
r❛♠❡t❡rs ❡①❝❡♣t t❤❡ ❛rr✐✈❛❧ r❛t❡s✱ t❤❡ ♠❡❛♥ s✐③❡ ♦❢ ✢♦✇s ❛♥❞ t❤❡ ❛❝❝❡ss r❛t❡s✳ ❋♦r
❡❛❝❤ β ∈ N✱ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss (Nβ(t)) ❞❡s❝r✐❜✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢
✢♦✇s ✐♥ ❡❛❝❤ ❝❧❛ss ✐♥ ❛ ♥❡t✇♦r❦ ✇❤❡r❡ t❤❡ ❛❝❝❡ss r❛t❡ ♦❢ ❡❛❝❤ ❝❧❛ss k ❜❡❝♦♠❡s ak/β✱
t❤❡ ❛rr✐✈❛❧ r❛t❡ ❜❡❝♦♠❡s λkβ ❛♥❞ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ♠❡❛♥ s✐③❡ βµk✳

■♥ t❤✐s ♣r♦♦❢ ❛♥❞ ✐♥ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥
✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss ♦❢ ❛ ♠❛rt✐♥❣❛❧❡✳ ■❢ (M(t)) ✐s ❛ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡ ♦♥ R

♥✉❧❧ ❛t ✵✱ (〈M〉t) ✐s t❤❡ ✭❡ss❡♥t✐❛❧❧② ✉♥✐q✉❡✮ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss s✉❝❤ t❤❛t (M2(t) −
〈M〉t) ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ■❢ (M(t)) ❛♥❞ (N(t)) ❛r❡ t✇♦ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡s
♦♥ R ♥✉❧❧ ❛t ✵✱ (〈M,N〉t) ✐s t❤❡ ✭❡ss❡♥t✐❛❧❧② ✉♥✐q✉❡✮ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss s✉❝❤ t❤❛t
(M(t)N(t) − 〈M,N〉t) ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ♠❛rt✐♥❣❛❧❡s ❛♥❞
✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss❡s✱ s❡❡ ❬❘❲✼✾❪✳

❚❤❡♦r❡♠ ✹✳✶✳ ❈♦♥s✐❞❡r ❛♥ ❛❝②❝❧✐❝ ♥❡t✇♦r❦ ✇✐t❤ L ❧✐♥❦s ❛♥❞ K ❝❧❛ss❡s✳
■❢

lim
β→∞

1

β
a⊙Nβ(0) = X̄(0),

t❤❡♥ (β−1a ⊙ Nβ(t)) ❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐❧✐t② ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t s❡ts t♦ (X̄(t))
s✉❝❤ t❤❛t

✭✹✳✶✮ ˙̄Xk(t) = akλkt− akµkψk(X̄(t)), ❢♦r 1 ≤ k ≤ K.

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤✐s t❤❡♦r❡♠ ✐s t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♣r♦❜✲
❛❜✐❧✐t② ♦♥ ❝♦♠♣❛❝t s❡ts ❢♦r t❤❡ s♣❛❝❡ DRN

+
([0,∞)) ✇✐t❤ ❙❦♦r♦❤♦❞ t♦♣♦❧♦❣② ✭s❡❡

❬❇✐❧✾✾❪✮✳ ❚❤❡ ♦♣❡r❛t♦r ⊙ ❞❡♥♦t❡s t❤❡ ❝♦♠♣♦♥❡♥t✇✐s❡ ♣r♦❞✉❝t✳

Pr♦♦❢✳ ❲❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss (Mβ(t)) s✉❝❤ t❤❛t

✭✹✳✷✮ Mβ,k(t) = ak

(

Nβ,k(t)

β
− Nβ,k(0)

β
− λkt+ µk

∫ t

0

ψk

(

1

β
a⊙Nβ(s)

)

ds

)

,

❢♦r 1 ≤ k ≤ K✳ ❚❤❡ ♠❛rt✐♥❣❛❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✭s❡❡ ❬❘❲✽✼❪✮ ♦❢ t❤❡ ▼❛r❦♦✈
❥✉♠♣ ♣r♦❝❡ss (β−1a⊙Nβ(t)) s❤♦✇s t❤❛t (Mβ(t)) ✐s ❛ ♠❛rt✐♥❣❛❧❡ ❛♥❞ ✐ts ✐♥❝r❡❛s✐♥❣
♣r♦❝❡ss❡s ❛r❡ ❣✐✈❡♥ ❜②✱ ❢♦r 1 ≤ k, l ≤ L ❛♥❞ k 6= l✱

〈Mβ,k〉t =
ak
β

(

λkt+ µk

∫ t

0

ψk

(

1

β
a⊙Nβ(s)

)

ds

)

,✭✹✳✸✮

〈Mβ,k,Mβ,j〉t = 0.✭✹✳✹✮

❙✐♥❝❡ ψk ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t C✱ ✇❡ ❤❛✈❡ 〈Mβ,k〉t ≤ ak(λk + Cµk)t/β✱ ❢♦r
t ≥ 0✳
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❆s (Mβ(t)) ✐s ❛ ♠❛rt✐♥❣❛❧❡✱ ✇❡ ❝❛♥ ✉s❡ ❉♦♦❜✬s ✐♥❡q✉❛❧✐t②✳ ❋♦r ❛♥② t > 0 ❛♥❞
ε > 0✱

P

(

sup
0≤s≤t

‖Mβ‖∞(s) ≥ ε

)

≤
K
∑

k=1

P

(

sup
0≤s≤t

‖Mβ,k‖∞(s) ≥ ε

)

≤ K

ε2
max
k

E
(

Mβ,k
2(t)

)

,

≤ K

ε2
max
k

〈Mβ,k〉t,

≤ Kt

ε2β
max
k

ak(λk + Cµk).

❚❤✉s✱ (Mβ(t)) ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ ♣r♦❜❛❜✐❧✐t② ✉♥✐❢♦r♠❧② ♦♥ ❛♥② ❝♦♠♣❛❝t ✇❤❡♥ β →
+∞✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ sup0≤s≤t
∥

∥β−1a⊙Nβ(t)− X̄(t)
∥

∥

∞ ❛♥❞
s❤♦✇ t❤❛t ✐t ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ 0✳ ❉❡✜♥❡ Zβ(t) = β−1a ⊙ Nβ(t) − X̄(t)✳
❯s✐♥❣ ✭✹✳✷✮✱

Zβ,k(t) =
1

β
a⊙Nβ,k(0)− X̄k(0) +Mβ,k(t)

− µk

∫ t

0

(

ψk

(

1

β
a⊙Nβ(s)

)

− ψk(X̄(s))

)

ds, ❢♦r 1 ≤ k ≤ K.

❚❤❡ ψk ❛r❡ ❛❧❧ κ✲▲✐♣s❝❤✐t③ ❢♦r s♦♠❡ κ > 0 ❛♥❞✱ ❢♦r 1 ≤ k ≤ K✱

sup
0≤s≤t

|Zβ,k(s)| ≤
∣

∣

∣

∣

ak
β
Nβ,k(0)− X̄k(0)

∣

∣

∣

∣

+ sup
0≤s≤t

|Mβ,k(s)|

+ κµk

∫ t

0

sup
0≤u≤s

|Zβ(u)| ds.
✭✹✳✺✮

❉❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

fβ(t) = E

(

sup
0≤s≤t

‖Zβ(s)‖∞
)

.

❯s✐♥❣ ❊q✉❛t✐♦♥s ✭✹✳✺✮✱ ✭✹✳✸✮ ❛♥❞ ✭✹✳✹✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ✐♥❡q✉❛❧✐t② ❢♦r ❛❧❧ s < t✱

fβ(s) ≤
∥

∥

∥

∥

1

β
a⊙Nβ(0)− X̄(0)

∥

∥

∥

∥

∞
+
â

β

(

λ̂+ µ̂
)

s+ µ̂

∫ s

0

fβ(u) du

✇❤❡r❡ â = maxk ak✱ λ̂ = maxk λk ❛♥❞ µ̂ = maxk µk✳
❆♣♣❧②✐♥❣ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ✭s❡❡ ❬●r♦✶✾❪✮✱

fβ(t) ≤
(∥

∥

∥

∥

1

β
a⊙Nβ(0)− X̄(0)

∥

∥

∥

∥

∞
+
â

β

(

λ̂+ µ̂
)

t

)

eµ̂t.

❚❤✉s✱ fβ → 0 ❛s β → +∞ ❛♥❞ sup0≤s≤t

∥

∥

∥

1
βa⊙Nβ(s)− X̄(s)

∥

∥

∥

∞
❝♦♥✈❡r❣❡s ✐♥

❞✐str✐❜✉t✐♦♥ t♦ ✵✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ε > 0✱

lim
β→+∞

P

(

sup
0≤s≤t

∥

∥

∥

∥

1

β
a⊙Nβ(s)− X̄(s)

∥

∥

∥

∥

∞
≥ ε

)

= 0.

❍❡♥❝❡✱ (β−1a⊙Nβ(t)) ❝♦♥✈❡r❣❡s t♦ (X̄(t)) ✐♥ ♣r♦❜❛❜✐❧✐t② ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t
s❡ts✳ �
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❚❤❡ ♣r♦❝❡ss❡s (β−1a⊙Nβ(t)) ❝♦♥✈❡r❣❡ ✐♥ ❞✐str✐❜✉t✐♦♥✱ ❛s β t❡♥❞s t♦ ✐♥✜♥✐t②✱ t♦
❛ ♣r♦❝❡ss (X̄(t)) ✇❤✐❝❤ ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥✐st✐❝✳ ❚❤✐s ♣r♦❝❡ss ❤❛s ❛ ✜①❡❞ ♣♦✐♥t
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts x ∈ R

K
+ s✉❝❤ t❤❛t

✭✹✳✻✮ λk − µkψk(x) = 0 ❢♦r 1 ≤ k ≤ K.

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❈♦♥s✐❞❡r ❛♥ ❛❝②❝❧✐❝ ♥❡t✇♦r❦ ✇✐t❤ L ❧✐♥❦s ❛♥❞ K ❝❧❛ss❡s✳
(X̄(t)) ❛❞♠✐ts ❛ ✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t ✐❢ t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✹✮ ❛r❡

s❛t✐s✜❡❞✿
∑

k:l∈rk
ρk < Cl for 1 ≤ l ≤ L.

❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❧✐♥❦ l0 s✉❝❤ t❤❛t
∑

k:l0∈rk
ρk > Cl0

t❤❡♥ (X̄(t)) ❞♦❡s ♥♦t ❛❞♠✐t ❛ ✜①❡❞ ♣♦✐♥t✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❛❝②❝❧✐❝ ♥❡t✇♦r❦s✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❧✐♥❦s ❛r❡ ♥✉♠❜❡r❡❞
✐♥ ❛ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❧✐♥❦s ♦♥ ❛ r♦✉t❡ ♦❢ ❛♥② ❝❧❛ss ❛r❡ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡✳
❇② ❞❡✜♥✐t✐♦♥✱ ❛♥② ✜①❡❞ ♣♦✐♥t x = (x1, . . . , xK) s❛t✐s✜❡s

ψk(x) = ρk, ❢♦r 1 ≤ k ≤ K.

❲❡ ✜rst s✉♣♣♦s❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✹✮ ❛r❡ s❛t✐s✜❡❞✳ ❋✐rst✱
♥♦t❡ t❤❛t ✐❢ x = (x1, . . . , xK) s❛t✐s✜❡s t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✱ t❤❡♥ ❢♦r ❛❧❧
k✱ ψk(x) = xk✳ ❚❤❡ tr❛✣❝ ✐♥t❡♥s✐t✐❡s (ρ1, . . . , ρK) ❛r❡ t❤❡♥ ❛ ✜①❡❞ ♣♦✐♥t ❛♥❞ t❤✐s
✐s t❤❡ ♦♥❧② ✜①❡❞ ♣♦✐♥t ✇❤✐❝❤ st❛t✐s✜❡s t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✳

❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐❢ x ✐s s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts l0 ✇✐t❤
∑

k:l0∈rk
xk ≥ Cl0 ,

t❤❡♥✱ t❤❡r❡ ❡①✐sts l1 ✇❤✐❝❤ ✐s s❛t✉r❛t❡❞ ✐✳❡✳
∑

k:l1∈rk
θl1k (x) = Cl1 .

❙✐♥❝❡ t❤❡ ♥❡t✇♦r❦ ✐s ❛❝②❝❧✐❝✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t l1 ✐s
s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ l > l1✱ ❧✐♥❦ l ✐s ♥♦t s❛t✉r❛t❡❞ ✐✳❡✳

∑

k:l∈rk
θlk(x) < Cl.

■♥ t❤❛t ❝❛s❡✱ ❢♦r ❛❧❧ ❝❧❛ss k s✉❝❤ t❤❛t l ∈ rk✱ ✇❡ ❤❛✈❡ ψk(x) = θl1k (x) ❛♥❞
∑

k:l1∈rk
ψk(x) = Cl1

>
∑

k:l1∈rk
ρk.

❚❤❡ ✈❡❝t♦r x ❝❛♥♥♦t ❜❡ ❛ ✜①❡❞ ♣♦✐♥t ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t ✐s ♣r♦✈❡❞✳
❲❡ ♥♦✇ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❧✐♥❦ l0 s✉❝❤ t❤❛t

∑

k:l0∈rk
ρk > Cl0 .

■♥ t❤❛t ❝❛s❡✱ ✐t ✐s ❡♥♦✉❣❤ t♦ r❡♠❛r❦ t❤❛t✱ ❢♦r ❛❧❧ x = (x1, . . . , xK)✱
∑

k:l0∈rk
ψk(x) ≤ Cl0

<
∑

k:l0∈rk
ρk.
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❚❤❡r❡ ✐s ♥♦ ✜①❡❞ ♣♦✐♥t✳ �

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ❜r✐♥❣s t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r ❛♥② ❛❝②❝❧✐❝
♥❡t✇♦r❦ ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ t❤❡ ♦♣t✐♠❛❧ ♦♥❡s ✐❢ t❤❡ ❛❝❝❡ss r❛t❡s ❛r❡ s♠❛❧❧
❡♥♦✉❣❤✳ ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤✐s ✐♥t✉✐t✐♦♥ ✐s tr✉❡ ✐♥ t❤❡
❝❛s❡ ♦❢ ❧✐♥❡❛r ♥❡t✇♦r❦s ❛♥❞ ✉♣str❡❛♠ tr❡❡s✳

✹✳✷✳ ❆s②♠♣t♦t✐❝ ❙t❛❜✐❧✐t② ♦❢ ▲✐♥❡❛r ◆❡t✇♦r❦s✳ ❲❡ r❡t✉r♥ ❤❡r❡ t♦ t❤❡ ❧✐♥❡❛r
♥❡t✇♦r❦s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚❤❡♦r❡♠s ✸✳✻ ❛♥❞ ✸✳✼ s❤♦✇ t❤❛t st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s
❞❡♣❡♥❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ φ̄0 ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ♦♥ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s (π̃α)✳ ■♥
♦r❞❡r t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❡r❣♦❞✐❝✐t② ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❤❛✈❡ t♦ st✉❞② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢
t❤❡s❡ ❞✐str✐❜✉t✐♦♥s ✇❤❡♥ t❤❡ ❛❝❝❡ss r❛t❡s ❞❡❝r❡❛s❡ t♦ 0✳

❈♦♥s✐❞❡r t❤❡ ♣r♦❝❡ss (Ñα
2:L(t)) ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ ❢♦r α ∈ [0, 1] ✉♥❞❡r

t❤❡ s❝❛❧✐♥❣ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ❲❡ ❝❛❧❧ (Ñα
2:L,β(t)) t❤❡ s❝❛❧❡❞ ♣r♦❝❡ss ✇❤♦s❡

tr❛♥s✐t✐♦♥ r❛t❡s ❛r❡ ❣✐✈❡♥ ❜②✱ ❢♦r 2 ≤ k ≤ L✱

nk → nk + 1 : βλk,

nk → nk − 1 : βµkψ̃k(n⊙ β−1a)

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s ψ̃k ❛r❡ ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✸✳✻✮✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❡r❣♦❞✲
✐❝✐t② ❝♦♥❞✐t✐♦♥s ♦❢ t❤✐s ♣r♦❝❡ss ❛r❡ ❢✉❧✜❧❧❡❞✱ ✐✳❡✳✱ ρk < 1 ❢♦r 2 ≤ k ≤ L✱ ❛♥❞ ❞❡♥♦t❡
❜② π̃αβ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ (β−1a2:L ⊙ Ñα

2:L,β(t))✳

❆s ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ ✇❤❡♥ β t❡♥❞s t♦ ✐♥✜♥✐t②✱ t❤❡ ♣r♦❝❡ss❡s (β−1a2:L⊙ Ñα
2:L,β(t))

❝♦♥✈❡r❣❡ ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❧✐♠✐t t❤❛t ✇❡ ❝❛❧❧ (X̄α(t))✳ ❚❤✐s ♣r♦❝❡ss
❤❛s ❛ ✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t t❤❛t ✇❡ ❝❛❧❧ γ(α) ✇❤✐❝❤ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❡q✉❛t✐♦♥s✿

λk − µkψ̃k(α, x2:L) = 0 for 2 ≤ k ≤ L.

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ψ̃k✱ γ(α) ❝❛♥ ❜❡ ❜✉✐❧t r❡❝✉rs✐✈❡❧② ②✐❡❧❞✐♥❣✿

✭✹✳✼✮ γk(α) = max

(

ρk,
ρk

1− ρk
min

(

α, min
2≤j≤k−1

(1− ρj)

))

for 2 ≤ k ≤ L.

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ st❛t❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s π̃αβ
t♦ t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ ❛t γ(α) ❢♦r ❛❧❧ α ∈ [0, 1] ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ φ̄0✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳ ❈♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♥❡t✇♦r❦ ✇✐t❤ L ❧✐♥❦s ✐♥ t❤❡ q✉❛s✐ st❛t✐♦♥❛r②
r❡❣✐♠❡✳ ❚❤❡ s❡t {π̃αβ , α ∈ [0, 1], β ∈ N} ✐s t✐❣❤t✳ ❋♦r ❛♥② α ∈ [0, 1]✱ t❤❡ st❛t✐♦♥❛r②
❞✐str✐❜✉t✐♦♥ (π̃αβ ) ❝♦♥✈❡r❣❡s t♦ δγ(α) ✇❤❡♥ β → +∞✳

■❢ φ̄0,β ✐s t❤❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t

✭✹✳✽✮ φ̄0,β(α) =

∫

RL−1

ψ̃0(α, x2:L)π̃
α
β (dx2:L), ❢♦r α ∈ [0, 1],

t❤❡♥ φ̄0,β ❝♦♥✈❡r❣❡s ♣♦✐♥t✇✐s❡ ♦♥ [0, 1] t♦

✭✹✳✾✮ φ̄0,∞ : α 7→ min

(

α, min
2≤k≤L

(1− ρk)

)

, ✇❤❡♥ β → +∞.

▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ α ∈ [0, 1]✱

lim
β→+∞

inf
α≤u≤1

φ̄0,β(u) = φ̄0,∞(α).

❚❤❡ t✐❣❤t♥❡ss ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s t❤❡ ❝♦♥✈❡r✲
❣❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ♦♥ R

K−2
+ ✇✐t❤ t❤❡ ✉s✉❛❧ t♦♣♦❧♦❣②✳
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Pr♦♦❢✳ ❋✐rst✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ s❡t {π̃αβ , α ∈ [0, 1], β ∈ N} ✐s t✐❣❤t✳
◆♦t❡ t❤❛t ❢♦r α ∈ [0, 1] ❛♥❞ ❢♦r k ≥ 2✱

ψ̃k(α, βx2:L) ≥
nkak

β + nkak
.

❉❡✜♥❡ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss❡s (N̂2:L,β(t)) ✇✐t❤ tr❛♥s✐t✐♦♥ r❛t❡s✿

nk → nk + 1 : λkβ,

nk → nk − 1 : µkβ
nkak

β + nkak
.

❲❡ ❛ss✉♠❡ t❤❛t N̂2:L,β(0) = Ñα
2:L,β(0)✳ ❲❡ t❤❡♥ ❤❛✈❡ (β−1a2:L ⊙ N̂2:L,β(t)) ≥st

(β−1a2:L ⊙ Ñα
2:L,β(t))✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t t❤❡ s❡t {π̃αβ , α ∈ [0, 1], β ∈ N} ✐s

r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t {π̂β , β ∈ N} ✐s t✐❣❤t ✇❤❡r❡ π̂β ✐s t❤❡
✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ♦❢ (β−1a2:L ⊙ N̂2:L,β(t))✳ ❚❤❡s❡ ❛r❡ ❜✐rt❤✲❞❡❛t❤ ♣r♦❝❡ss❡s ✇❤♦s❡
❝♦♠♣♦♥❡♥ts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤❡✐r ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡s t❤✉s ❤❛✈❡ ❛ ♣r♦❞✉❝t ❢♦r♠
❛♥❞ ✐t ✐s s✉✣❝✐❡♥t t♦ st✉❞② t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✿

π̂β(n2βa2) = (1− ρ2)
βa−1

2 +1ρn2
2

Γ
(

β
a2

+ 1 + n2

)

Γ
(

β
a2

+ 1
)

n2!

✇❤❡r❡ Γ ✐s t❤❡ ✉s✉❛❧ ❣❛♠♠❛ ❢✉♥❝t✐♦♥

Γ(z) =

∫ +∞

0

tz−1e−t dt, ❢♦r z > 0.

π̂β ✐s ❛ ♥❡❣❛t✐✈❡ ❜✐♥♦♠✐❛❧ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✇❡ ❤❛✈❡

π̂β([A,+∞[) =

∫ 1

ρ2
tβa

−1
2 (1− t)⌊βA/a2⌋ dt

∫ 1

0
tβa

−1
2 (1− t)⌊βA/a2⌋ dt

.

❚❤✉s✱ ✐❢ A > ρ2/(1− ρ2)✱

✭✹✳✶✵✮ lim
β→+∞

π̂β([A,+∞[) = 0.

❋✐① ε > 0 ❛♥❞ A > ρ2/(1− ρ2)✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✹✳✶✵✮✱ t❤❡r❡ ❡①✐sts β0 ∈ N s✉❝❤ t❤❛t
❢♦r ❛❧❧ β ≥ β0✱ π̂β([0, A]) ≥ 1− ε✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t Γ1 ⊂ R s✉❝❤
t❤❛t ❢♦r β < β0✱ π̂β(Γ1) ≥ 1−ε✳ ❇② ❝❤♦♦s✐♥❣ Γ = [0, A]∪Γ1✱ ✇❡ ❤❛✈❡ π̂β(Γ) ≥ 1−ε
❢♦r ❛❧❧ β ∈ N ❛♥❞ t❤❡ s❡t {π̂β , β ∈ N} ✐s t✐❣❤t ♦♥ R+ ✇✐t❤ t❤❡ ✉s✉❛❧ t♦♣♦❧♦❣②✳
❋✐♥❛❧❧②✱ t❤❡ s❡t {π̃αβ , α ∈ [0, 1], β ∈ N} ✐s t✐❣❤t ❛♥❞✱ t❤✉s✱ r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡s✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦r Ω̃αβ ♦❢ (β−1a2:L ⊙ Ñα

2:L,β(t)) ✐s ❞❡✜♥❡❞ ❜②

Ω̃αβ (f)(x2:L) =

L
∑

k=2

βλk

(

f

(

x2:L +
ak
β
ek

)

− f (x2:L)

)

+

L
∑

k=2

βµkψ̃k(α, x2:L)

(

f

(

x2:L − ak
β
ek

)

− f (x2:L)

)

.

❚❤❡ ✏✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r✑ Ω̄α ♦❢ (X̄α(t)) ✐s ❞❡✜♥❡❞ ❜②

Ω̄α(f)(x2:L) =

L
∑

k=2

λk
∂f

∂xk
(x2:L)−

L
∑

k=2

µkψ̃k(α, x2:L)
∂f

∂xk
(x2:L).

▲❡t f ❜❡ ❛ ❜♦✉♥❞❡❞ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡✳ ❙✐♥❝❡ {π̃β , β ∈
]0, 1], α ∈ [0, 1]} ✐s t✐❣❤t✱ ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t s❡t Γ ⊂ R

K−2 s✉❝❤
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t❤❛t ❢♦r ❛❧❧ β ✐♥ N ❛♥❞ α ✐♥ [0, 1]✱

✭✹✳✶✶✮
∫

R
K−2
+ \Γ

f(x2:L)π̃
α
β (dx2:L) ≤ ε.

❙✐♥❝❡ f ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ❛r❡ ❜♦✉♥❞❡❞ ❛♥❞ t❤❡ ψ̃k ❛r❡ γ✲▲✐♣s❝❤✐t③ ❢♦r s♦♠❡ γ✱
t❤❡r❡ ❡①✐sts η s✉❝❤ t❤❛t ❢♦r x ✐♥ Γ✱

✭✹✳✶✷✮ |Ω̃αβ (f)(x2:L)− Ω̄α(f)(x2:L)| ≤
η

β
.

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❣✐✈❡✱ ❢♦r ❛❧❧ α✱

✭✹✳✶✸✮
∫

R
K−2
+

Ω̃αβ (f)(x2:L)π̃
α
β (dx2:L) = 0.

❙✐♥❝❡ {π̃αβ , β ∈ N, α ∈ [0, 1]} ✐s r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t✱ ✇❡ ❝❛♥ ❡①tr❛❝t ❛ ❝♦♥✈❡r❣❡♥t
s✉❜s❡q✉❡♥❝❡ (π̃αi

βi
) s✉❝❤ t❤❛t αi → α ❛♥❞ βi → +∞✳ ❚❤❛♥❦s t♦ r❡❧❛t✐♦♥s ✭✹✳✶✶✮✱

✭✹✳✶✷✮✱ ✭✹✳✶✸✮ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ f ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❛t

lim
i→+∞

∫

R
K−2
+

Ω̃αi

βi
(f)(x2:L)π̃

αi

βi
(dx2:L) =

∫

R
K−2
+

Ω̄α(f)(x2:L)π̄
α(dx2:L).

❋✐♥❛❧❧②✱ (παi

β ) ❝♦♥✈❡r❣❡s t♦ π̄α ✇❤❡♥ β → +∞✳
❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣♦✐♥t✇✐s❡ ♦❢ φ̄0,β ❢♦❧❧♦✇s ❜② ❝❤♦♦s✐♥❣ αi = α✳
❋✐♥❛❧❧②✱ ❢♦r t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ (αi, βi) s✉❝❤

t❤❛t αi → α∞✱ βi → +∞ ✇❤❡♥ i→ ∞ ❛♥❞✱ ❢♦r ❛❧❧ i✱ φ̄0,βi
(ui) = infα≤u≤1 φ̄0,βi

(u)✳
❲❡ ❤❛✈❡ t❤❛t

lim
i→∞

φ̄0,βi
(αi) = φ̄0,∞(α∞).

❇② ❝♦♥str✉❝t✐♦♥ ♦❢ αi✱ ✇❡ ❛❧s♦ ❤❛✈❡

lim
i→∞

φ̄0,βi
(αi) ≤ inf

α≤u≤1
φ̄0,∞(u).

❙✐♥❝❡ φ̄0,0 ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ ✐ts ✐♠♣❧✐❡s t❤❛t

lim
i→∞

φ̄0,βi
(αi) = φ̄0,∞(α).

�

❲❡ ✜♥❛❧❧② ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❤✐❝❤ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠
✸✳✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳

❚❤❡♦r❡♠ ✹✳✹✳ ■♥ ❛ ❧✐♥❡❛r ♥❡t✇♦r❦ ✇✐t❤ L ❧✐♥❦s✱ ❢♦r ❛♥② tr❛✣❝ ✐♥t❡♥s✐t✐❡s s❛t✐s❢②✲
✐♥❣ t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✸✳✶✮✱ ✐❢ t❤❡ ❛❝❝❡ss r❛t❡s ❛r❡ s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡
r❡s✉❧t✐♥❣ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐s ❡r❣♦❞✐❝✳

Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❝❛❧❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ✐♥tr♦❞✉❝❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✶
(Nβ(t))✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✸✳✻✱ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦❢ st❛❜✐❧✐t② ✐s

ρk < 1, ❢♦r 0 ≤ k ≤ L,

ρ0 < inf
1−ρ1≤α≤1

φ̄0,β(α).

❙✐♥❝❡ t❤❡ tr❛✣❝ ✐♥t❡♥s✐t✐❡s (ρ0, . . . , ρL) s❛t✐s❢② t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✸✳✶✮✱
t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t

ρk < 1, ❢♦r 0 ≤ k ≤ L,

ρ0 < min
1≤k≤L

(1− ρk)− ε.

❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✸✱ t❤❡r❡ ❡①✐sts β0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ β ≥ β0✱ ✇❡ ❤❛✈❡

inf
1−ρ1≤α≤1

φ̄0,β(α) ≥ min
1≤k≤L

(1− ρk)− ε/2.
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❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛❧❧ β ≥ β0✱ t❤❡ ♣r♦❝❡ss (Nβ(t)) ✐s ❡r❣♦❞✐❝✳
❋✐♥❛❧❧②✱ t♦ ❝♦♥❝❧✉❞❡✱ ✐t ✐s ❡♥♦✉❣❤ t♦ r❡♠❛r❦ t❤❛t t❤❡ ♣r♦❝❡ss ✇✐t❤ tr❛♥s✐t✐♦♥

r❛t❡s

nk → nk + 1 : λk,

nk → nk − 1 : µkψk(n⊙ β−1a)

❛❞♠✐ts t❤❡ s❛♠❡ st❛t✐♦♥❛r② ♠❡❛s✉r❡s ❛s (Nβ(t)) ❛♥❞ ✐s t❤❡♥ ❡r❣♦❞✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢
(Nβ(t)) ✐s ❡r❣♦❞✐❝✳ �

❚❤✐s r❡s✉❧t ♠❡❛♥s t❤❛t t❤❡ ❚❛✐❧ ❉r♦♣♣✐♥❣ ♣♦❧✐❝② ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧ ✐♥
❧✐♥❡❛r ♥❡t✇♦r❦s✳ ❋✐❣✉r❡s ✺ ❛♥❞ ✻ r❡♣r❡s❡♥t t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ ❢♦r ❝❧❛ss❡s 0 ❛♥❞ 1✱
♦❜t❛✐♥❡❞ ❜② s✐♠✉❧❛t✐♦♥✱ ❢♦r t✇♦ ♣❛rt✐❝✉❧❛r ♥❡t✇♦r❦s ❛♥❞ ✐❧❧✉str❛t❡ t❤✐s r❡s✉❧t✳

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

❈❧❛ss ✵✿ ρ0

❈
❧❛
ss

✶✿
ρ
1

1
0.1
0.01
a→ 0

❋✐❣✉r❡ ✺✳ ❙t❛❜✐❧✐t② r❡❣✐♦♥ ❢♦r ❝❧❛ss❡s 0 ❛♥❞ 1 ✇❤❡♥ L = 2 ❛♥❞ ρ2 = 0.5

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

❈❧❛ss ✵✿ ρ0

❈
❧❛
ss

✶✿
ρ
1

1
0.1
0.01
a→ 0

❋✐❣✉r❡ ✻✳ ❙t❛❜✐❧✐t② r❡❣✐♦♥ ❢♦r ❝❧❛ss❡s 0 ❛♥❞ 1 ✇❤❡♥ L = 4 ❛♥❞
ρ2, ρ3, ρ4 = 0.5

✹✳✸✳ ❆s②♠♣t♦t✐❝ ❙t❛❜✐❧✐t② ♦❢ ❯♣str❡❛♠ ❚r❡❡s✳ ❯♣str❡❛♠ tr❡❡s ❛r❡ ❛ s♣❡❝✐✜❝
❝❧❛ss ♦❢ ♥❡t✇♦r❦s ❜❡❝❛✉s❡ t❤❡② ❛r❡ ♠♦♥♦t♦♥✐❝ ❛♥❞ t❤✐s ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ✉s❡ st♦❝❤❛st✐❝
❞♦♠✐♥❛t✐♦♥ t♦ ❡st❛❜❧✐s❤ t❤❡ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ♦❢ ✉♣str❡❛♠ tr❡❡s✳ ❚❤❛♥❦s t♦ t❤❡
♠♦♥♦t♦♥✐❝✐t②✱ t❤❡ ✇♦rst ❝❛s❡✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ st♦❝❤❛st✐❝ ❞♦♠✐♥❛t✐♦♥✱ ❢♦r ❛ ❣✐✈❡♥ ❝❧❛ss
✐s ✇❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥ ❛❧❧ ♦t❤❡r ❝❧❛ss❡s✳ ❲❤❡♥ t❤❡ ♦♣t✐♠❛❧
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝❧❛ss k0 ✇❤✐❝❤ ❝❛♥
❣❡t ❡♥♦✉❣❤ ❜❛♥❞✇✐❞t❤ t♦ ❜❡ st❛❜❧❡ ❡✈❡♥ ✐❢ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥ ❛❧❧
♦t❤❡r ❝❧❛ss❡s✳ ❚❤❛♥❦s t♦ t❤❡ s❛♠❡ s❝❛❧✐♥❣ t❤❛t ✇❡ ✉s❡❞ ✐♥ s✉❜s❡❝t✐♦♥s ✹✳✶ ❛♥❞ ✹✳✷✱
✇❡ ❛r❡ ❛❜❧❡ t♦ q✉❛♥t✐❢② t❤❡ ❜❛♥❞✇✐❞t❤ ✉s❡❞ ❜② t❤❡ ❝❧❛ss k0 ✇❤❡♥ t❤❡ ❛❝❝❡ss r❛t❡s
❛r❡ ❞❡❝r❡❛s✐♥❣ t♦ 0 ❛♥❞ t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝❧❛ss k1 ✇❤✐❝❤ ✐s st❛❜❧❡ ✇❤❡♥
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t❤❡ ❛❝❝❡ss r❛t❡s ❛r❡ s♠❛❧❧ ❡♥♦✉❣❤ ❡✈❡♥ ✐❢ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥ ❛❧❧
❝❧❛ss❡s ❡①❝❡♣t k0 ❛♥❞ k1✳ ❲❡ ❝♦♥❝❧✉❞❡ ❜② ✉s✐♥❣ ❛ r❡❝✉rs✐♦♥✳

■♥ ✉♣str❡❛♠ tr❡❡s✱ ✇❤❡♥ t✇♦ ❞✐✛❡r❡♥t ❝❧❛ss❡s ❣♦ t❤r♦✉❣❤ t❤❡ s❛♠❡ ❧✐♥❦✱ t❤❡②
s❤❛r❡ t❤❡ s❛♠❡ ♣❛t❤ ✉♥t✐❧ t❤❡② ❡①✐t t❤❡ ♥❡t✇♦r❦✳ ❚❤❡ ❧❛st ❧✐♥❦ ♦♥ t❤❡ ♣❛t❤ ♦❢ ❛❧❧
❝❧❛ss❡s ✐s t❤❡ s❛♠❡ ❛♥❞ ✐t ✐s ❝❛❧❧❡❞ t❤❡ r♦♦t✳ ❋♦r♠❛❧❧②✱ ✉♣str❡❛♠ tr❡❡s ❛r❡ ❞❡✜♥❡❞
❛s ❢♦❧❧♦✇s✿

✭✐✮✿ ❛ ❝♦♠♠♦♥ r♦♦t ❧✐♥❦✱ s❛② ✶✱ s♦ t❤❛t rk(dk) = 1 ❢♦r ❛❧❧ ❝❧❛ss❡s k❀

✭✐✐✮✿ ❢♦r ❛♥② t✇♦ ❝❧❛ss❡s j ❛♥❞ k✱ t❤❡r❡ ❡①✐stsm s✉❝❤ t❤❛t t❤❡② ♦♥❧② ❤❛✈❡ t❤❡✐r
❧❛st m ❧✐♥❦s ✐♥ ❝♦♠♠♦♥❀ ✐✳❡✱ ❢♦r i ✐♥ {0, . . . ,m− 1}✱ rj(dj − i) = rk(dk− i)
❛♥❞ ❢♦r ik ✐♥ {0, . . . , dk −m} ❛♥❞ ij ✐♥ {0, . . . , dj −m}✱ rj(ij) 6= rk(ik)✳

❚✇♦ ❡①❛♠♣❧❡s ♦❢ ✉♣str❡❛♠ tr❡❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✼✳ ■♥ ❬❇❋P✵✾❪✱ t✇♦ ✈❡r②
s♣❡❝✐✜❝ ❡①❛♠♣❧❡s ✇❡r❡ s❤♦✇♥ ♥♦t t♦ ❜❡ ❡r❣♦❞✐❝ ✉♥❞❡r ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s
❡①❝❡♣t ✇❤❡♥ t❤❡ ❛❝❝❡ss r❛t❡s t❡♥❞ t♦ 0✳ ❲❡ ❣❡♥❡r❛❧✐③❡ t❤✐s r❡s✉❧t✳

❋✐❣✉r❡ ✼✳ ❊①❛♠♣❧❡s ♦❢ ✉♣str❡❛♠ tr❡❡s

❋♦r ❛♥② ❧✐♥❦ l✱ ❧❡t Sl ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❝❤✐❧❞r❡♥ ♦❢ l✱ t❤❡ ❧✐♥❦s ❥✉st ❜❡❢♦r❡ l ♦♥
t❤❡ ♣❛t❤ ♦❢ s♦♠❡ ❝❧❛ss✿

Sl =
{

j ∈ {1, . . . , L}, ∃k ∈ {1, . . . ,K}, ∃i, rk(i) = j, rk(i+ 1) = l
}

.

■♥ ♣❛rt✐❝✉❧❛r✱ S1 ✐s t❤❡ s❡t ♦❢ ❧✐♥❦s ✇❤✐❝❤ ❛r❡ t❤❡ ❧✐♥❦s ❥✉st ❜❡❢♦r❡ t❤❡ r♦♦t ❧✐♥❦ ♦♥
t❤❡ ♣❛t❤ ♦❢ ❛❧❧ ❝❧❛ss❡s ✇✐t❤ ❛ r♦✉t❡ ♦❢ ❧❡♥❣t❤ ❧♦♥❣❡r t❤❛♥ 1✳

❲❡ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ t✇♦ ❝❧❛ss❡s ✇✐t❤ ❡①❛❝t❧② t❤❡ s❛♠❡ ♣❛t❤✳ ❲❡ ❛❧s♦
s✉♣♣♦s❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t ❛❧❧ t❤❡ ❧✐♥❦s ♦❢ t❤❡ ♥❡t✇♦r❦ ❝❛♥ ❜❡ s❛t✉r❛t❡❞✳
❋♦r ❛♥② ❧✐♥❦ l✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛ ❝❧❛ss kl ❞✐r❡❝t❧② ❡♥t❡r✐♥❣ ✐♥ t❤❡ ♥❡t✇♦r❦
t❤r♦✉❣❤ t❤❛t ❧✐♥❦✱ ✐✳❡✳✱ rkl(1) = l ♦r

∑

j∈Sl
Cj > Cl✳ ■❢ ❛ ❧✐♥❦ l0 ❝❛♥♥♦t ❜❡ s❛t✉r❛t❡❞

t❤❡♥ t❤❡ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t✐♦♥ ✐s t❤❡ s❛♠❡ ✇✐t❤ ♦r ✇✐t❤♦✉t l0 ❛♥❞ ✇❡ ❝❛♥ r❡♠♦✈❡
✐t✳

❯♣str❡❛♠ tr❡❡s ❛r❡ ♠♦♥♦t♦♥✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐❢ n ∈ N
K ❛♥❞ m ∈ N

K ❛♥❞
mk = nk ❢♦r ❛ ❣✐✈❡♥ k ❛♥❞ mj ≥ nj ❢♦r j 6= k t❤❡♥ φk(m) ≤ φk(n)✳ ❚❤❛♥❦s t♦ t❤✐s
♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt②✱ t❤❡ ♣r♦❝❡ss❡s ✇❡ st✉❞② ✜t ✐♥t♦ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❬❇❏▲✵✽❪✳
❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ tr❛✣❝ ✐♥t❡♥s✐t✐❡s s❛t✐s❢② t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✹✮✳

❇❡❝❛✉s❡ ♦❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤✐s ♥❡t✇♦r❦✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ✇♦rst ❝❛s❡ ❢♦r
❝❧❛ss k0 ✐s ✇❤❡♥ t❤❡ ♥✉♠❜❡rs ♦❢ ✢♦✇s ✐♥ ❛❧❧ ♦t❤❡r ❝❧❛ss❡s ✐♥❝r❡❛s❡ t♦ ✐♥✜♥✐t②✳ ❲❡
❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❧♦❝❛t✐♦♥✿

✭✹✳✶✹✮ ∀xk0 ∈ R+, ψ̆
1
k0(xk0) = lim

η→∞
inf

y:yk0
=xk0

,
k 6=k0,yk>η

ψk0(y)

❛♥❞ φ̆1k0 ✐s s✉❝❤ t❤❛t φ̆1k0(nk0) = ψ̆1
k0
(ak0nk0) ❢♦r ❛❧❧ nk0 ∈ N✳ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡

▼❛r❦♦✈ ♣r♦❝❡ss (N̆1
k0
(t)) s✉❝❤ t❤❛t N̆1

k0
(0) = Nk0(0) ✇✐t❤ t❤❡ tr❛♥s✐t✐♦♥ r❛t❡s

nk0 → nk0 + 1 : λk0 ,

nk0 → nk0 − 1 : µk0 φ̆
1
k0(nk0).

❇❡❝❛✉s❡ ♦❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❛❧❧♦❝❛t✐♦♥s✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ♣r♦❝❡ss
(N̆1

k0
(t)) st♦❝❤❛st✐❝❛❧❧② ❞♦♠✐♥❛t❡s (Nk0(t)) ✭s❡❡ ❬❇❏▲✵✽❪✮✳
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■♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ❞♦♠✐♥❛t✐♦♥✱ t❤✐s ♣r♦❝❡ss r❡♣r❡s❡♥ts t❤❡ ✇♦rst ❝❛s❡
❢♦r ❝❧❛ss k0✳ ❚❤❡ ♥❡①t ❧❡♠♠❛ s❤♦✇s t❤❛t t❤❡r❡ ✐s ❛ ❝❧❛ss ✇❤✐❝❤ ✐s st❛❜❧❡ ❡✈❡♥ ✐♥ t❤❡
✇♦rst ❝❛s❡✳

▲❡♠♠❛ ✹✳✺✳ ❈♦♥s✐❞❡r ❛♥ ✉♣str❡❛♠ tr❡❡ ❛♥❞ s✉♣♣♦s❡ t❤❡ tr❛✣❝ ✐♥t❡♥s✐t✐❡s ♦❢ t❤✐s
♥❡t✇♦r❦ s❛t✐s❢② t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✹✮✳ ❚❤❡r❡ ❡①✐sts ❛ ❝❧❛ss k0 s✉❝❤
t❤❛t t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (N̆1

k0
(t)) ✐s ❡r❣♦❞✐❝✳

Pr♦♦❢✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ♥❡t✇♦r❦ ❛❧❧ t❤❛t ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ ✐s
t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝❧❛ss k0 s✉❝❤ t❤❛t

✭✹✳✶✺✮ lim
η→+∞

inf
n1≥η,...,nK≥η

φk0(n) > ρk0 .

■❢ k0 s❛t✐s✜❡s ✭✹✳✶✺✮ t❤❡♥ t❤❡r❡ ❡①✐sts ε > 0 ❛♥❞ η0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ nk0 ≥ η0✱

λk0 − µk0 φ̆
1
k0(nk0) ≤ −ε.

❚❤✐s ✐♠♣❧✐❡s t❤❡ ❡r❣♦❞✐❝✐t② ♦❢ (N̆1
k0
(t))✳ ❲❡ ♣r♦❝❡❡❞ ❜② r❡❝✉rs✐♦♥ ♦♥ t❤❡ ❞❡♣t❤ ♦❢

t❤❡ tr❡❡✳
■❢ t❤❡ ❞❡♣t❤ ✐s 1 t❤❡♥ t❤❡r❡ ✐s ❛ s✐♥❣❧❡ ❝❧❛ss ❛♥❞ ❛ s✐♥❣❧❡ ❧✐♥❦ ❛♥❞ ❝♦♥❞✐t✐♦♥

✭✹✳✶✺✮ ✐s ♦❜✈✐♦✉s❧② tr✉❡✳
❲❡ s✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ❞❡♣t❤ ♦❢ t❤❡ tr❡❡ ✐s d ≥ 2✳ ■❢ t❤❡r❡ ✐s ❛ ❝❧❛ss k0 s✉❝❤

t❤❛t rk0(1) = 1 t❤❡♥ t❤❡ r♦♦t ❧✐♥❦ ✐s t❤❡ ❡♥tr② ♣♦✐♥t ♦❢ k0 ✇❤✐❝❤ ✐s t❤❡ ♦♥❧② ♦♥❡
❡♥t❡r✐♥❣ t❤❡ ♥❡t✇♦r❦ t❤r♦✉❣❤ 1✳ ❚❤❡ ✇♦rst ❝❛s❡ ❢♦r ❝❧❛ss k0 ✐s ✇❤❡♥ ❛❧❧ ❧✐♥❦s ✐♥ S1

❛r❡ s❛t✉r❛t❡❞❀ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ n ∈ N
K ✱

φk0(n) ≥ min

(

ak0nk0 , C1
ak0nk0

∑

l∈S1
Cl + ak0nk0

)

.

❇❡❝❛✉s❡ t❤❡ ♦♣t✐♠❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✱ ✇❡ ❤❛✈❡ ρk0 < C1 ❛♥❞ t❤❡r❡ ❡①✐st
δ > 0 ❛♥❞ η0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ n ∈ N

K ✇✐t❤ nk0 ≥ η0✱ ✇❡ ❤❛✈❡

φk0(n) ≥ ρk0 + δ

✇❤✐❝❤ ✐s ❡♥♦✉❣❤ t♦ ❝♦♥❝❧✉❞❡✳
❲❡ ♥♦✇ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s ♥♦ ❝❧❛ss ❞✐r❡❝t❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ r♦♦t✱ ✐✳❡✳ t❤❡r❡

✐s ♥♦ ❝❧❛ss k ✇✐t❤ ❛ ♣❛t❤ ♦❢ ❧❡♥❣t❤ 1✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t S1 ✐s ♥♦t ❡♠♣t②✳ ❙✐♥❝❡
t❤❡ r♦♦t ❧✐♥❦ ❝❛♥ ❜❡ s❛t✉r❛t❡❞✱ ✇❡ ❤❛✈❡

∑

l∈S1
Cl > C1✳ ❉✉❡ t♦ ♦♣t✐♠❛❧ st❛❜✐❧✐t②

❝♦♥❞✐t✐♦♥s✱ ✇❡ ❤❛✈❡
K
∑

k=1

ρk < C1

❛♥❞ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ✐s ❛ ❧✐♥❦ l0 ✐♥ S1 s✉❝❤ t❤❛t
∑

k:rk(dk−1)=l0

ρk <
Cl0

∑

j∈S1
Cj
C1.

❙✐♥❝❡ t❤❡ ❧✐♥❦ l0 ❝❛♥ ❜❡ s❛t✉r❛t❡❞✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t η0 s✉❝❤ t❤❛t✱ ✐❢ ❢♦r ❛♥② ❝❧❛ss
k ❣♦✐♥❣ t❤r♦✉❣❤ l0 ✭✐✳❡✳ s❛t✐s❢②✐♥❣ rk(dk − 1) = l0✮✱ ✇❡ ❤❛✈❡ nk > η0✱ ✇❡ ❤❛✈❡

∑

k:rk(dk−1)=l0

θdk−1
k (n⊙ a) = Cl0 .

❯s✐♥❣ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ ✉♣str❡❛♠ tr❡❡s✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ ✇♦rst ❝❛s❡ ❢♦r
❝❧❛ss❡s ❣♦✐♥❣ t❤r♦✉❣❤ l0 ✐s ✇❤❡♥ ❛❧❧ t❤❡ ♦t❤❡r ❧✐♥❦s ✐♥ S1 ❛r❡ s❛t✉r❛t❡❞✳ ❲❡ ❞❡❞✉❝❡
✐♠♠❡❞✐❛t❡❧② t❤❛t ✇❤❡♥ nk > η0 ❢♦r ❛❧❧ k ❣♦✐♥❣ t❤r♦✉❣❤ l0✱ ✇❡ ❤❛✈❡

φk(n) ≥
C1

∑

j∈S1
Cj
θdk−1
k (n⊙ a).
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■t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧ t❤❡ ❧✐♥❦s ✐♥ S1 ❛r❡ s❛t✉r❛t❡❞ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ❝❛s❡ ♦❢ ❡q✉❛❧✐t② ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✳ ❲✐t❤ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ s✉❜tr❡❡
✇❤♦s❡ r♦♦t ❧✐♥❦ ✐s l0 ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥ ✉♣str❡❛♠ tr❡❡ ✇❤❡r❡ t❤❡ ❝❛♣❛❝✐t② ♦❢ ❧✐♥❦ l0
✐s r❡♣❧❛❝❡❞ ❜② C1Cl0/(

∑

j∈S1
Cj)✳

■❢ t❤❡r❡ ✐s ❛ ❝❧❛ss k0 s✉❝❤ t❤❛t dk0 = l0 t❤❡♥✱ ❛s ♣r❡✈✐♦✉s❧②✱ ✇❡ ❤❛✈❡

lim
η→∞

inf
n:nk≥η

φk0(n) ≥
C1Cl0

∑

j∈S1
Cj

> ρk0

❛♥❞ k0 s❛t✐s✜❡s ✭✹✳✶✺✮✳
■❢ t❤❡r❡ ✐s ♥♦ ❝❧❛ss k0 s✉❝❤ t❤❛t dk0 = l0 t❤❡♥ Sl0 ✐s ♥♦t ❡♠♣t② ❛♥❞✱ ❛s ♣r❡✈✐♦✉s❧②✱

✇❡ ❝❛♥ ✜♥❞ l1 s✉❝❤ t❤❛t
∑

k:rk(dk−2)=l1

ρk < Cl1
Cl0

∑

j∈Sl0
Cj

C1
∑

j∈S1
Cj
.

❯s✐♥❣ ❛ r❡❝✉rs✐♦♥✱ ✇❡ ✜♥❛❧❧② ✜♥❞ k0 s❛t✐s❢②✐♥❣ ✭✹✳✶✺✮✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❧✐♥❦s ♦♥
t❤❡ ♣❛t❤ ♦❢ k0 s❛t✐s❢②

✭✹✳✶✻✮ ∀i ∈ {1, . . . , dk0 − 1},
∑

k:rk0
(i)∈rk

ρk < Crk0
(i)

dk0
∏

j=i+1

Crk0
(j)

∑

l∈Srk0
(j)
Cl
.

�

❲❡ ♥♦✇ ♣❡r❢♦r♠ t❤❡ s❝❛❧✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✹✳✶ ♦♥ t❤❡ ♣r♦❝❡ss (N̆1
k0
(t)) ❛♥❞ ❝❛❧❧

t❤❡ s❝❛❧❡❞ ♣r♦❝❡ss (N̆1
k0,β

(t))✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛ t❤❛t t❤❡ s❝❛❧❡❞
♣r♦❝❡ss ✐s ❡r❣♦❞✐❝ ❢♦r ❛❧❧ β ∈ N✳ ❋♦r ❡❛❝❤ β✱ ✇❡ ❝❛❧❧ π̆1

k0,β
t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥

♦❢ (β−1ak0N̆
1
k0,β

(t))✳ ❆s ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ t❤❡ ♣r♦❝❡ss (β−1ak0N̆
1
k0,β

(t)) ❝♦♥✈❡r❣❡s ✐♥

♣r♦❜❛❜✐❧✐t② ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t s❡ts t♦ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❝❡ss (X̆1
k0
(t))✳ ❚❤❡

♥❡①t ❧❡♠♠❛ s❤♦✇s t❤❛t t❤❡r❡ ✐s ❛❧s♦ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳
❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❧❡♠♠❛ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸ ❛♥❞ ✐s ♦♠✐tt❡❞✳ ❚❤❡
t✐❣❤t♥❡ss ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♠❡♥t✐♦♥❡❞ ✐♥ t❤✐s ❧❡♠♠❛ ❛r❡ ♦♥ t❤❡ s♣❛❝❡
R+ ✇✐t❤ ✐ts ✉s✉❛❧ t♦♣♦❧♦❣②✳

▲❡♠♠❛ ✹✳✻✳ ❈♦♥s✐❞❡r ❛♥ ✉♣str❡❛♠ tr❡❡ ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥✲
❞✐t✐♦♥s ✭✷✳✹✮ ❛r❡ s❛t✐s✜❡❞ ❜② t❤❡ tr❛✣❝ ✐♥t❡♥s✐t✐❡s✳ ❈♦♥s✐❞❡r k0 s✉❝❤ t❤❛t (N̆1

k0
(t))

✐s ❡r❣♦❞✐❝✳ ❚❤❡ s❡t {π̆1
k0,β

, β ∈ N} ✐s t✐❣❤t ❛♥❞ π̆1
k0,β

❝♦♥✈❡r❣❡s t♦ δα1
k0

✇❤❡r❡ α1
k0

✐s
t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

✭✹✳✶✼✮ λk0 − µk0 ψ̆
1
k0(α

1
k0) = 0.

❚❤❡ ❢✉♥❝t✐♦♥ ψ̆1
k0

✐s ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✹✳✶✹✮✳

◆♦✇✱ ✇❡ ♣r♦❝❡❡❞ ❜② r❡❝✉rs✐♦♥✳ ❋✐rst✱ ✇❡ ❣✐✈❡ ❛ ❝❧❛ss k1 ✇❤✐❝❤ ✐s ❛❧s♦ st❛❜❧❡
✇❤❡♥ t❤❡ ❛❝❝❡ss r❛t❡s ♦❢ ❝❧❛ss❡s k0 ❛♥❞ k1 ❛r❡ s♠❛❧❧ ❡♥♦✉❣❤ ✇❤❛t❡✈❡r t❤❡ st❛t❡ ♦❢
♦t❤❡r ❝❧❛ss❡s✳ ❋♦r ❛♥② ❝❧❛ss❡s k0 ❛♥❞ k1✱ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❧♦❝❛t✐♦♥

✭✹✳✶✽✮ ∀(xk0 , xk1) ∈ R
2
+, ψ̆

2
k0(xk0 , xk1) = lim

η→∞
inf

y:yk0
=xk0

yk1
=xk1

k 6=ki,yk≥η

ψk0(x)

❛♥❞ ψ̆2
k1

✐s ❞❡✜♥❡❞ s✐♠✐❧❛r❧②✳ ◆♦✇ ❞❡✜♥❡ φ̆2k0 ❛♥❞ φ̆2k1 s✉❝❤ t❤❛t φ̆2ki(nk0 , nk1) =

ψ̆2
ki
(ak0nk0 , nk1nk1) ❢♦r ❛❧❧ (nk0 , nk1) ✐♥ N

2✳ ▲❡t (N̆2
k0
(t), N̆2

k1
(t)) ❜❡ t❤❡ ▼❛r❦♦✈

♣r♦❝❡ss ✇✐t❤ t❤❡ tr❛♥s✐t✐♦♥ r❛t❡s ❢♦r i = 0, 1✿

nki → nki + 1 : λki ,

nki → nki − 1 : µki φ̆
2
ki(nk0 , nk1),
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❛♥❞ s✉❝❤ t❤❛t (N̆2
k0
(0), N̆2

k1
(0)) = (Nk0(0), Nk1(0))✳ ❯s✐♥❣ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢

t❤❡ ❝♦♥s✐❞❡r❡❞ ❛❧❧♦❝❛t✐♦♥s✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ♣r♦❝❡ss (N̆2
k0
(t), N̆2

k1
(t)) st♦❝❤❛st✐❝❛❧❧②

❞♦♠✐♥❛t❡s (Nk0(t), Nk1(t))✳ ❆❣❛✐♥✱ ❧❡t (N̆
2
k0,β

(t), N̆2
k1,β

(t)) ❞❡♥♦t❡ t❤❡ s❝❛❧❡❞ ✈❡rs✐♦♥

♦❢ (N̆2
k0
(t), N̆2

k1
(t))✳

▲❡♠♠❛ ✹✳✼✳ ❈♦♥s✐❞❡r ❛♥ ✉♣str❡❛♠ tr❡❡ ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐✲
t✐♦♥s ✭✷✳✹✮ ❛r❡ s❛t✐s✜❡❞ ❜② t❤❡ tr❛✣❝ ✐♥t❡♥s✐t✐❡s ♦❢ t❤✐s tr❡❡✳ ❈♦♥s✐❞❡r k0 ❛s ❞❡✜♥❡❞
✐♥ ▲❡♠♠❛s ✹✳✺ ❛♥❞ ✹✳✻✳

❚❤❡r❡ ❡①✐st k1 ❛♥❞ β1 ∈ N s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ β ≥ β1✱ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss
(N̆2

k0,β
(t), N̆2

k1,β
(t)) ✐s ❡r❣♦❞✐❝✳ ❲❤❡♥ β ≥ β1✱ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss

(β−1ak0N̆
2
k0,β(t), β

−1ak1N̆
2
k1,β(t))

❤❛s ❛ ✉♥✐q✉❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② π̆2
k0,k1,β

✳ ❚❤❡ s❡t
{

π̆2
k0,k1,β , β ∈ N

}

✐s t✐❣❤t ❛♥❞ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ π̆2
K0,k1,β

❝♦♥✈❡r❣❡s t♦ δ(α2
k0
,α2

k1
) ✇❤❡r❡ (α

2
k0
, α2

k1
)

✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s

✭✹✳✶✾✮

{

λk0 − µk0 ψ̆
2
k0

(

α2
k0 , α

2
k1

)

= 0,

λk1 − µk1 ψ̆
2
k1

(

α2
k0 , α

2
k1

)

= 0.

❚❤❡ ❢✉♥❝t✐♦♥s ψ̆2
k0

❛♥❞ ψ̆2
k1

❛r❡ ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✹✳✶✽✮✳

❚❤❡ t✐❣❤t♥❡ss ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♠❡♥t✐♦♥❡❞ ✐♥ t❤✐s ❧❡♠♠❛ ❛r❡ ♦♥
t❤❡ s♣❛❝❡ R

2
+ ✇✐t❤ ✐ts ✉s✉❛❧ t♦♣♦❧♦❣②✳

Pr♦♦❢✳ ❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts k1 s✉❝❤ t❤❛t

✭✹✳✷✵✮ lim
xk1

→∞
ψ̆2
k1(α

1
k0 , xk1) > ρk1

✇❤❡r❡ α1
k0

✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✼✮✳
❋♦r ❛❧❧ i ✐♥ {1, . . . , dk0}✱ ❲❡ ❞❡✜♥❡

τ̆ ik0 (xk0) = lim
η→∞

inf
y:yk0

=xk0
k 6=k0,yk≥η

θik0(y).

❯s✐♥❣ ▲❡♠♠❛ ✹✳✻✱ ✇❡ ❝❛♥ ♣r♦✈❡

σi = τ̆ ik0
(

α1
k0

)

= lim
β→+∞

Eπ̆1
k0,β

(

τ̆ ik0

(

β−1ak0N̆
1
k0,β

))

❚❤❡ q✉❛♥t✐t② σi ✐s t❤❡ ❜❛♥❞✇✐❞t❤ ✉s❡❞ ❛s②♠♣t♦t✐❝❛❧❧② ❜② ❝❧❛ss k0 ✐♥ ❧✐♥❦ rk0(i)
✇❤❡♥ ❛❧❧ t❤❡ ♦t❤❡r ❝❧❛ss❡s ❛r❡ s❛t✉r❛t❡❞ ❛♥❞ ✇❤❡♥ t❤❡ ❛❝❝❡ss r❛t❡ ak0 ❞❡❝r❡❛s❡s
t♦ 0✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t ✇❤❡♥ ak0 ✐s s♠❛❧❧ ❡♥♦✉❣❤✱ ❝❧❛ss k0 ❧❡❛✈❡s ❡♥♦✉❣❤
❜❛♥❞✇✐❞t❤ ❢♦r ♦t❤❡r ❝❧❛ss❡s✳ ❋✐rst✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❤✐❝❤ st❛t❡s t❤❛t
t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ ♠❡t ❜② ❛❧❧ ❝❧❛ss❡s ❡①❝❡♣t k0 ✇❤❡♥ ✇❡ r❡♠♦✈❡
t❤❡ ❜❛♥❞✇✐❞t❤ ❛s②♠♣t♦t✐❝❛❧❧② ✉s❡❞ ❜② ❝❧❛ss k0 ✐♥ t❤❡ s❛t✉r❛t❡❞ ❝❛s❡✿

∀i ∈ {1, . . . , dk0},
∑

k:rk0
(i)∈rk

ρk < Crk0
(i) − σi.

■♥❞❡❡❞✱ ❢♦r ❧✐♥❦ ✶✱ ♥♦t❡ t❤❛t σdk0
= ρk0 ❜❡❝❛✉s❡ α1

k0
✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊q✉❛t✐♦♥

✭✹✳✶✼✮ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② ✐s ♦❜✈✐♦✉s❧② tr✉❡ ❢♦r ❧✐♥❦ ✶✳ ■❢ t❤❡ r♦✉t❡ ♦❢ k0 ✐s
♦❢ ❧❡♥❣t❤ ✶ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳
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❙✉♣♣♦s❡ t❤❛t t❤❡ r♦✉t❡ ♦❢ k0 ✐s ❛t ❧❡❛st ♦❢ ❧❡♥❣t❤ ✷✳ ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ k0✱ t❤❡r❡
✐s ♥♦ ❝❧❛ss ❡♥t❡r✐♥❣ t❤❡ ♥❡t✇♦r❦ t❤r♦✉❣❤ rk0(i) ❢♦r i ✐♥ {2, . . . , dk0}✳ ❙✐♥❝❡ ❛♥② ❧✐♥❦
❝❛♥ ❜❡ s❛t✉r❛t❡❞✱ t❤✐s ✐♠♣❧✐❡s

∀i ∈ {2, . . . , dk0}, Crk0
(i) <

∑

l∈Srk0
(i)

Cl.

▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t

∀i ∈ {1, . . . , dk0 − 1}, σi =
dk0
∏

j=i+1

∑

l∈Srk0
(j)
Cl

Crk0
(j)

ρk0 .

❯s✐♥❣ t❤❡s❡ ❧❛st t✇♦ ❡q✉❛t✐♦♥s ❛♥❞ ❊q✉❛t✐♦♥ ✭✹✳✶✻✮✱ ✇❡ ❞❡❞✉❝❡

∀i ∈ {1, . . . , dk0 − 1},
∑

k:rk0
(i)∈rk

ρk < Crk0
(i) − σi.

❈♦♥s✐❞❡r✐♥❣✱ ❢♦r ❛❧❧ k 6= k0✱ t❤❡ ❛❧❧♦❝❛t✐♦♥

(x0, . . . , xk0−1, xk0+1, . . . , xK) 7→ ψk
(

x0, . . . , α
1
k0 , . . . , xK

)

❛♥❞ ✉s✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✉s❡❞ t♦ ✜♥❞ k0✱ ✇❡ ❝❛♥ ✜♥❞ k1 s✉❝❤ t❤❛t

lim
η→∞

inf
k 6=k0xk≥η
xk0

=α1
k0

ψk1(x) > ρk1

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❊q✉❛t✐♦♥ ✭✹✳✷✵✮✳
❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts β1 ∈ N s✉❝❤ t❤❛t ❢♦r ❛❧❧ β ≥ β1✱

t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (N̆2
k0,β

(t), N̆2
k1,β

(t)) ✐s ❡r❣♦❞✐❝✳ ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ (N̆1
k0,β

(t))

❛♥❞ (N̆2
k0,β

(t), N̆2
k1,β

(t))✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷ ♦❢ ❬❇❏▲✵✽❪✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ♣r♦✈❡
t❤❛t t❤❡r❡ ❡①✐sts β1 ∈ N s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ β ≥ β1✱

✭✹✳✷✶✮ ρk1 < Eπ̆1
k0,β

(

lim inf
xk1

→∞
ψ̆2
k1

(

β−1ak0N̆
1
k0,β(0), xk1

)

)

.

❲❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✹✳✷✵✮ t❤❛t t❤❡r❡ ❡①✐sts b > α1
k0
✱ ς > 0 ❛♥❞ η0 s✉❝❤ t❤❛t

✭✹✳✷✷✮ ∀xk0 ≤ b, ∀xk1 ≥ η0, ψ̆
2
k1 (xk0 , xk1) ≥ ρk1 + ς.

❲❡ ❦♥♦✇ t❤❛t π̆1
k0,β

❝♦♥✈❡r❣❡s t♦ δα1
k0

✇❤❡♥ β → +∞✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts β1 ∈ N✱

s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ β ≥ β1✱

✭✹✳✷✸✮ π̆1
k0,β ([b,∞[) ≤ ς

2(ρk1 + ς)
.

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❛t✱ ❢♦r ❛❧❧ β ≥ β1✱ ❊q✉❛t✐♦♥ ✭✹✳✷✶✮ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❡ ♣r♦❝❡ss
(N̆2

k0,β
(t), N̆2

k1,β
(t)) ✐s ❡r❣♦❞✐❝✳

❲❡ ♥♦✇ ♣r♦✈❡ t✐❣❤t♥❡ss✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡ (N̆1
k0,β

(t)) ≥st (N̆2
k0,β

(t))
❛♥❞ ✇❡ ❞❡❞✉❝❡ ✐♠♠❡❞✐❛t❡❧② t❤❛t

✭✹✳✷✹✮ ∀c ∈ R, π̆2
k0,k1,β([c,∞[×R) ≤ π̆1

k0,β([c,∞[).

▼♦r❡♦✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ ❊q✉❛t✐♦♥s ✭✹✳✷✷✮ ❛♥❞ ✭✹✳✷✸✮✱ ❢♦r ❛❧❧ β ≥ β1✱ t❤❡r❡ ❡①✐sts ❛
♣r♦❝❡ss (Yβ(t)) s✉❝❤ t❤❛t (Yβ(t)) ≥st (N̆

2
k1,β

(t)) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✐t✐♦♥ r❛t❡s

nk1 → nk1 + 1 : βλk1 ,

nk1 → nk1 + 1 : β
(

λk1 +
ς

3
µk1

)

✶{Yβ(t)≥η0β}.
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(Yβ(t)) ❤❛s t❤❡ tr❛♥s✐t✐♦♥ r❛t❡s ♦❢ ❛ M/M/1 q✉❡✉❡ ✇✐t❤ ⌊η0β⌋ ♣❡r♠❛♥❡♥t ❝❧✐❡♥ts✳
▲❡t πY,β ❞❡♥♦t❡ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ (β−1Yβ(t)) ❛♥❞ ✇❡ ♦❜t❛✐♥ ✐♠♠❡❞✐✲
❛t❡❧② t❤❛t

∀β ≥ β1, ∀η ≥ η0, πY,β([η,∞[) ≤
(

λk1
λk1 +

ς
3µk1

)⌊(η−η0)β⌋

≤
(

λk1
λk1 +

ς
3µk1

)⌊(η−η0)β1⌋

❲❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ t❤❛t

✭✹✳✷✺✮ ∀β ≥ β1, ∀η ≥ η0, π̆
2
k0,k1,β(R× [c,∞]) ≤

(

λk1
λk1 +

ς
3µk1

)⌊(η−η0)β1⌋

❚❤❡ t✐❣❤t♥❡ss ♦❢ {π̆2
k0,k1,β

, β ≥ β1} ❢♦❧❧♦✇s ❢r♦♠ ❊q✉❛t✐♦♥s ✭✹✳✷✹✮ ❛♥❞ ✭✹✳✷✺✮
❛♥❞ t❤❡ t✐❣❤t♥❡ss ♦❢ {π̆1

k0,β
, β ∈ N}✳

❲❡ ❝❛♥ r❡♠❛r❦ t❤❛t ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✹✳✶✾✮
❛r❡ ❞✉❡ t♦ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ (ψ̆2

k0
, ψ̆2

k1
) ❛♥❞ ❢r♦♠ ❊q✉❛t✐♦♥s ✭✹✳✶✺✮ ❛♥❞ ✭✹✳✷✵✮✳

❚❤❡ ♣r♦♦❢ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s s✐♠✐❧❛r t♦ t❤❛t ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥
✹✳✸✳ �

❯s✐♥❣ ❛ r❡❝✉rs✐♦♥ ✇❡ ❝❛♥ ❡❛s✐❧② ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✳ ❚❤❡ ♣r✐♥❝✐♣❧❡
✐s st✐❧❧ t❤❡ s❛♠❡✿ ❧✐tt❧❡ ❜② ❧✐tt❧❡✱ ✇❡ ❞❡❝r❡❛s❡ t❤❡ ❛❝❝❡ss r❛t❡s ❛♥❞ t❤❡ ❝❧❛ss❡s ❜❡❝♦♠❡
st❛❜❧❡ ♦♥❡ ❜② ♦♥❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❡①✐sts βK−1 ∈ N s✉❝❤ t❤❛t ❢♦r ❛❧❧ β ≥ βK−1✱
t❤❡ ♣r♦❝❡ss (Nβ(t)) ✐s ❡r❣♦❞✐❝ ✇❤❡r❡ (Nβ(t)) ✐s t❤❡ s❝❛❧❡❞ ✈❡rs✐♦♥ ♦❢ (N(t))✳ ❲❡
❝❛♥ t❤❡r❡❢♦r❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✹✳✽✳ ■♥ ❛♥ ✉♣str❡❛♠ tr❡❡✱ ❢♦r ❛♥② tr❛✣❝ ✐♥t❡♥s✐t✐❡s s❛t✐s❢②✐♥❣ t❤❡ ♦♣t✐♠❛❧
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✹✮✱ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❛❝❝❡ss r❛t❡s s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t
t❤❡ r❡s✉❧t✐♥❣ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐s ❡r❣♦❞✐❝✳

❆♣♣❡♥❞✐①✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✺

❲❡ ✜rst ❣✐✈❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ❚❤❡ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ❛r❡ ♣r♦✈❡❞ ✐♥ t❤❡
❧❡♠♠❛s ✇❤✐❝❤ ❢♦❧❧♦✇✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❝❡ss (N̄(m, t)) = ((N̄0(m, t), N̄1(m, t), . . . , N̄k(m, t))) s✉❝❤
t❤❛t✱ ❢♦r ❛❧❧ 0 ≤ k ≤ L✱

N̄k(m, 0) =
mk

‖m‖ ❛♥❞ N̄k(m, t) =
1

‖m‖Nk(‖m‖t), ❢♦r t ≥ 0.

❲❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ (mi, i ∈ N) s✉❝❤ t❤❛t

✭✹✳✷✻✮
lim

i→+∞
‖mi‖ = +∞, lim

i→+∞
mi

0

‖mi‖ = α,

lim
i→+∞

mi
1

‖mi‖ = 1− α, lim
i→+∞

mi
k

‖mi‖ = 0, ❢♦r 2 ≤ k ≤ L.

❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (N̄(mi, t)) ❝♦♥✈❡r❣❡s ❛♥❞ t♦ ❝❤❛r✲
❛❝t❡r✐③❡ t❤❡ ❧✐♠✐t✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ✇r✐t❡ t❤❡♠ ❛s t❤❡ s✉♠ ♦❢ ❛ ♠❛rt✐♥❣❛❧❡ t❡r♠
❛♥❞ ❛ ❝♦♥t✐♥✉♦✉s t❡r♠ ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss (M̄(m, t)) s✉❝❤ t❤❛t ❢♦r t ≥ 0 ❛♥❞
0 ≤ k ≤ L✱ ✇❡ ❤❛✈❡

M̄k(m, t) =N̄k(m, t)−
mk

‖m‖ − λkt

+ µk

∫ t

0

φk
(

N̄0(m, s), N̄1(m, s), N2(‖m‖s), . . . , NL(‖m‖s)
)

ds.

✭✹✳✷✼✮
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❇❡❝❛✉s❡ t❤❡ ❛❝❝❡ss r❛t❡s a0 ❛♥❞ a1 ❛r❡ ❡q✉❛❧ t♦ ✶✱ ✇❡ ❤❛✈❡

∀n ∈ N
K , γ ∈ R, φk (γn0, γn1, n2, . . . , nL) = φk (n0, n1, n2, . . . , nL)

■❢ a0 ❛♥❞ a1 ❛r❡ ♥♦t ❡q✉❛❧ t♦ 1✱ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥ ✐s tr✉❡ ♦✉ts✐❞❡ ❛ ❝♦♠♣❛❝t
s❡t ❛♥❞ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ ❛❧❧ t❤❡ r❡s✉❧ts ✐♥ t❤✐s s❡❝t✐♦♥ ✇✐t❤♦✉t t❤✐s ❛ss✉♠♣t✐♦♥
❜❡❝❛✉s❡✱ ❛t ❛ ✢✉✐❞ ❧❡✈❡❧✱ t❤❡ ✜rst ❧✐♥❦ ✐s ❛❧✇❛②s s❛t✉r❛t❡❞✳

■♥ ▲❡♠♠❛ ✹✳✾✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ s❡t

C =
{

(N̄(mi, t)), i ∈ N
}

✐s r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ❛♥❞ ✐ts ❧✐♠✐t✐♥❣ ♣♦✐♥ts ❛r❡ ❝♦♥t✐♥✉♦✉s✳ ❲❡ ❝❛♥ ♥♦✇ ❡①tr❛❝t ❛
❝♦♥✈❡r❣✐♥❣ s✉❜s❡q✉❡♥❝❡ ❛♥❞ ✇❡ s✉♣♣♦s❡ t❤❛t (mi) ✐s s✉❝❤ t❤❛t (N̄(mi, t)) ❝♦♥✈❡r❣❡s
✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ ❧✐♠✐t t❤❛t ✇❡ ❞❡♥♦t❡ ❜② (Z̄(t)) = (Z̄0(t), Z̄1(t), . . . , Z̄L(t)) ❛♥❞
✇❤✐❝❤ ✐s ❝♦♥t✐♥✉♦✉s✳ ■♥ ▲❡♠♠❛ ✹✳✶✵✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ (Z̄2(t), . . . , Z̄L(t)) ❜② ♣r♦✈✐♥❣
t❤❛t✱ ❢♦r 2 ≤ k ≤ L ❛♥❞ t ≥ 0✱ Z̄k(t) = 0✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✷ ✐s t❤❡ ❦❡② r❡s✉❧t ✐♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ t✐♠❡ s❝❛❧❡ s❡♣❛✲
r❛t✐♦♥ ❜❡t✇❡❡♥ ❝❧❛ss❡s ✵ ❛♥❞ ✶ ❛♥❞ ❝❧❛ss❡s 2, . . . , L✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ t❤✐s ❧❡♠♠❛
t❤❛t

(∫ t

0

φk
(

N̄0(m
i, s), N̄1(m

i, s), N2(‖mi‖s), . . . , NL(‖mi‖s)
)

ds, k = 0, 1

)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦
(∫ t

0

φ̄0

(

Z̄0(s)

Z̄0(s) + Z̄1(s)

)

ds,

∫ t

0

Z̄1(s)

Z̄0(s) + Z̄1(s)
ds

)

✇❤❡r❡ φ̄0 ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❛✈❡r❛❣❡ t❤r♦✉❣❤♣✉t ♦❢ ❝❧❛ss 0 ✐♥ t❤❡ q✉❛s✐✲st❛t✐♦♥❛r②
❝❛s❡ ❛s ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✸✳✼✮✳

❲❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ t❤❛t ❛♥❞ t❤❡ ❢❛❝t t❤❛t (M̄(mi, t)) ❝♦♥✈❡r❣❡s t♦ ✵ ✐♥ ❞✐str✐✲
❜✉t✐♦♥ t❤❛t (N̄0(m

i, t), N̄1(m
i, t)) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦

(

Z̄0(0) + λ0t− µ0

∫ t

0

φ̄0

(

Z̄0(s)

Z̄0(s) + Z̄1(s)

)

ds,

Z̄1(0) + λ1t− µ1

∫ t

0

Z̄1(s)

Z̄0(s) + Z̄1(s)
ds

)

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✱ ❛❧♠♦st s✉r❡❧②✱

Z̄0(t) = Z̄0(0) + λ0t− µ0

∫ t

0

φ̄0

(

Z̄0(s)

Z̄1(s) + Z̄0(s)

)

ds,

Z̄1(t) = Z̄1(0) + λ1t− µ0

∫ t

0

Z̄1(s)

Z̄1(s) + Z̄0(s)
ds,

Z̄k(t) = 0, ❢♦r 2 ≤ k ≤ L

❤♦❧❞s ❢♦r ❛❧❧ t ✐♥ R+✳

▲❡♠♠❛ ✹✳✾✳

C =
{

(N̄(mi, t)), i ∈ N
}

✐s r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t ❛♥❞ ✐ts ❧✐♠✐t✐♥❣ ♣♦✐♥ts ❛r❡ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss❡s✳

Pr♦♦❢✳ ❚❤❡ ♠❡t❤♦❞ ✉s❡❞ ❤❡r❡ ✐s ❛❧s♦ st❛♥❞❛r❞✳ ❲❡ ❞❡✜♥❡ wh ❛s t❤❡ ♠♦❞✉❧✉s ♦❢
❝♦♥t✐♥✉✐t② ❢♦r ❛♥② ❢✉♥❝t✐♦♥ h ❞❡✜♥❡❞ ♦♥ [0, T ]✿

wh(δ) = sup
s,t≤T ; |t−s|<δ

|h(s)− h(t)|.
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❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t (M̄(m, t)) ✐s ❛ ♠❛rt✐♥❣❛❧❡
❛♥❞ ✐ts ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss❡s ❛r❡ ❣✐✈❡♥ ❜②✱ ❢♦r 0 ≤ k, l ≤ K ✇✐t❤ k 6= l✱

〈M̄k(m, t)〉 =
λkt

‖m‖ +
µkt

‖m‖

∫ t

0

φk(N̄0(m, s), N̄1(m, s), N2(‖m‖s), . . . , NL(‖m‖s)) ds,

〈M̄k(m, t), M̄l(m, t)〉 = 0.

❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥s φk ❛r❡ ❜♦✉♥❞❡❞ ❜② ✶✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

〈M̄k(m, t)〉 ≤
(λk + µk)t

‖m‖ .

❇② ✉s✐♥❣ ❉♦♦❜✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡ t❤❛t✱ ❢♦r ε > 0✱

P

(

sup
0≤s≤t

‖M̄(m, s)‖ ≥ ε

)

≤
L
∑

k=0

P

(

sup
0≤s≤t

|M̄k(m, s)| ≥
ε

L

)

,

≤ L2t
∑L
k=0 λk + µk
ε2‖m‖

❲❡ ❞❡❞✉❝❡ t❤❛t ✐❢ (mi) ✐s ❛ s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ❊q✉❛t✐♦♥ ✭✹✳✷✻✮ t❤❡♥ (M̄(mi, t))
❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐❧✐t② t♦ ✵ ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t s❡ts ✇❤❡♥ i t❡♥❞s t♦ ✐♥✜♥✐t②❀
❢♦r ❛♥② T ≤ 0 ❛♥❞ ❛♥② ε > 0✱

lim
i→∞

P

(

sup
0≤t≤T

‖M̄(mi, t)‖ ≥ ε

)

= 0.

❯s✐♥❣ ❊q✉❛t✐♦♥ ✭✹✳✷✼✮ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t ❢♦r ❛♥②
ε > 0 ❛♥❞ η > 0✱ t❤❡r❡ ❡①✐st δ > 0 ❛♥❞ A s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ≥ A✱

P
(

wN̄k(mi,.)(δ) > η
)

≤ ε.

❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❬❇✐❧✾✾✱ ✼✳✷ ♣✽✶❪ ❛r❡ t❤❡♥ ❢✉❧✜❧❧❡❞ ❛♥❞ t❤❡ s❡t C ✐s r❡❧❛t✐✈❡❧②
❝♦♠♣❛❝t ❛♥❞ ✐ts ❧✐♠✐t✐♥❣ ♣♦✐♥ts ❛r❡ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss❡s✳ �

❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ❝❤❛r❛❝t❡r✐③❡ (Z̄2, . . . , Z̄L(t))✳

▲❡♠♠❛ ✹✳✶✵✳ ❲❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ (mi) s❛t✐s❢②✐♥❣ ❊q✉❛t✐♦♥ ✭✹✳✷✻✮ ❛♥❞ s✉❝❤
t❤❛t (N(mi, t)) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ (Z̄(t))✳ ❚❤❡♥ t❤❡ ♣r♦❝❡ss (Z̄(t)) s❛t✐s✜❡s
Z̄k(t) = 0 ❢♦r 2 ≤ k ≤ L ❛♥❞ t ≥ 0✳

Pr♦♦❢✳ ❉❡✜♥❡ t❤❡ ♣r♦❝❡ss (N̂2:L(t)) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✐t✐♦♥ r❛t❡s ❢♦r 2 ≤
k ≤ L✿

nk 7→ nk + 1 : λk,

nk 7→ nk − 1 : µk
nkak

1 + nkak
.

❛♥❞ s✉❝❤ t❤❛t N̂2:L(0) ≥ Ñα
2:L(0)✳ ❈❧❡❛r❧②✱ (N̂2:L(t)) ✐s ❡r❣♦❞✐❝ ❛♥❞ st♦❝❤❛st✐❝❛❧❧②

❞♦♠✐♥❛t❡s (N2:L(t)✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦♠♣♦♥❡♥ts ❡✈♦❧✈❡ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ■❢ ✇❡ ❝❛❧❧
(Ẑ2:L(t)) ❛ ✢✉✐❞ ❧✐♠✐t ♦❢ (N̂2:L(t))✱ ✇❡ ❝❛♥ ♣r♦✈❡✱ ❛s ✐♥ ❬❘♦❜✵✸✱ Pr♦♣ ✺✳✶✻ ♣✶✷✺❪✱
t❤❛t ✐t s❛t✐s✜❡s

Ẑk(t) = (Ẑk(0) + (λk − µk)t)+, ❢♦r t ≥ 0 ❛♥❞ 2 ≤ k ≤ L.

▼♦r❡♦✈❡r✱ ❜② st♦❝❤❛st✐❝ ❞♦♠✐♥❛t✐♦♥✱ ✇❡ ❤❛✈❡ Z̄k(t) ≤ Ẑk(t) ❢♦r ❛❧❧ t ≥ 0 ❛♥❞
2 ≤ k ≤ L✳ ❙✐♥❝❡ (mi) s❛t✐s✜❡s ❊q✉❛t✐♦♥ ✭✹✳✷✻✮✱ ✇❡ ❤❛✈❡ t❤❛t Z̄k(0) = 0✱ ❢♦r
2 ≤ k ≤ L ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Z̄k(t) = 0 ❢♦r ❛❧❧ t ≥ 0 ❛♥❞ 2 ≤ k ≤ L✳ �
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❲❡ ❞❡✜♥❡ N̄ = N ∪ {+∞} ❛♥❞ ✇❡ ❝♦♥s✐❞❡r N̄
K−2✳ ❲❡ ❡♥❞♦✇ N̄

K−2 ✇✐t❤
t❤❡ ♠❡tr✐❝ ✐♥❞✉❝❡❞ ❢r♦♠ t❤❡ L1✲♥♦r♠ ♦♥ R

K−2 ❜② t❤❡ ♠❛♣♣✐♥❣ (x2, . . . , xL) 7→
(1/(x2 + 1), . . . , 1/(xL + 1))✳ ❲❡ ❝❛♥ ♥♦t❡ t❤❛t✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ N̄K−2 ✐s ❝♦♠♣❛❝t✳
■♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ❬❍❑✾✹❪✱ ✇❡ t❤❡♥ ❞❡✜♥❡ ❛ ❢❛♠✐❧② ♦❢ r❛♥❞♦♠ ♠❡❛s✉r❡s ♦♥
[0,∞)× N̄

K−2✱ ❢♦r ❛♥② m ∈ N
2✱ ❛♥② Γ ⊂ N̄

K−2 ❛♥❞ t ≥ 0✱

νm((0, t)× Γ) =

∫ t

0

✶{(N2(‖m‖s),...,NL(‖m‖s))∈Γ} ds.

❲❡ t❤❡♥ ❝♦♥s✐❞❡r L0(N̄
K−2)✱ t❤❡ s❡t ♦❢ ♠❡❛s✉r❡s γ ❞❡✜♥❡❞ ♦♥ [0, t] × N̄

K−2 ❛♥❞
s✉❝❤ t❤❛t γ([0, t) × N̄

K−2) = t ❢♦r ❛❧❧ t ≥ 0✳ ❯♥❞❡r t❤❡ t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❜② ✇❡❛❦
❝♦♥✈❡r❣❡♥❝❡ ♦♥ ❡✈❡r② ❝♦♠♣❛❝t ❛♥❞ s✐♥❝❡ N̄

K−2 ✐s ❝♦♠♣❛❝t✱ L0(N̄
K−2) ✐s ❝♦♠♣❛❝t✳

❚❤❡ ♥❡①t ❧❡♠♠❛ s❤♦✇s t❤❛t ❛ r❛♥❞♦♠ ♠❡❛s✉r❡ ✐♥ L0(N̄
K−2) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

t❤❡ s✉♠ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦❢ N̄K−2 ✐♥❞❡①❡❞ ❜② s ✐♥ R+✳

▲❡♠♠❛ ✹✳✶✶✳ ❲❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ (mi, i ∈ N) s❛t✐s❢②✐♥❣ ❊q✉❛t✐♦♥ ✭✹✳✷✻✮✳ ❚❤❡
s❡t

{

((N̄(mi, t)), νmi), i ∈ N
}

✐s r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t✳ ■❢ ((Z̄(t)), ν) ✐s ❛ ❧✐♠✐t ♣r♦❝❡ss t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣r♦❝❡ss ϑ
s✉❝❤ t❤❛t ❢♦r ❛❧❧ t✱ ϑ(t, .) ✐s ❛ r❛♥❞♦♠ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ N̄

K−2 ❛♥❞

∀t ≥ 0, ∀Γ ⊂ N̄
K−2, ν([0, t)× Γ) =

∫ t

0

ϑ(s,Γ) ds.

Pr♦♦❢✳ ❖♥❡ ❝❛♥ ✜♥❞ ❛ r❡❧❛t❡❞ r❡s✉❧t ✐♥ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❝♦♥t❡①t ✐♥ ❬❑✉r✾✷❪ ❛♥❞
❬❍❑✾✹❪✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ r❡❧❛t✐✈❡ ❝♦♠♣❛❝t♥❡ss ♦❢
{

((N̄(mi, t)), νmi)
}

✱ ✇❡ ❥✉st ♥❡❡❞
t♦ ♣r♦✈❡ t❤❛t

{

(N̄(mi, t)), i ∈ N
}

❛♥❞ {νmi , i ∈ N} ❛r❡ r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t✳ ❲❡ ❤❛✈❡
❛❧r❡❛❞② ♣r♦✈❡❞ t❤❡ r❡❧❛t✐✈❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ ✜rst ♦♥❡ ✐♥ ❧❡♠♠❛ ✹✳✾✳ L0(N̄

K−2)
✐s ❝♦♠♣❛❝t t❤❡♥ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t✳

❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡ ((N̄(mi, t)), νmi) ❛♥❞ ✐ts ❧✐♠✐t✐♥❣ ♣r♦❝❡ss
(Z̄(t), ν)✳ ▲❡t (Ω,F ,P) ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦♥ ✇❤✐❝❤ t❤❡② ❛r❡ ❞❡✜♥❡❞✳ ❲❡ ❝❛❧❧
{Ft} t❤❡ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ ♦❢ (Z̄(t), ν)✳

❲❡ t❤❡♥ ❞❡✜♥❡ γ s✉❝❤ t❤❛t

∀B ∈ F , ∀C ∈ B([0,∞))⊗ B(N̄K−2) γ(B × C) = E(✶{B}ν(C)).

❆❝❝♦r❞✐♥❣ t♦ ❬❊❑✽✻✱ ❛♣♣❡♥❞✐① ✽❪✱ γ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ♠❡❛s✉r❡ ♦♥ F ⊗
B([0,∞)) ⊗ B(N̄K−2) ❛♥❞ t❤❡r❡ ❡①✐sts ϑ s✉❝❤ t❤❛t ❢♦r ❛❧❧ t✱ ϑ(t, .) ✐s ❛ r❛♥❞♦♠
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ N̄

K−2 ❛♥❞ ❢♦r ❛♥② B ∈ B(N̄K−2)✱ (ϑ(t, B), t ≥ 0) ✐s {Ft}✲
❛❞❛♣t❡❞ ❛♥❞ ❢♦r ❛♥② C ∈ F ⊗ B([0,∞))✱

γ(C ×B) = E

(∫ +∞

0

✶{C}(s)ϑ(s,B) ds

)

.

❲❡ ❞❡✜♥❡

MB(t) = ν([0, t]×B)−
∫ t

0

ϑ(s,B) ds.

(MB(t)) ✐s {Ft}✲❛❞❛♣t❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s✳ ❲❡ ❝♦♥s✐❞❡rD ∈ Ft✳ ❲❡ ❞❡✜♥❡ ✶{C}(ω, s) =
✶{D}(ω)✶{[t,+∞)}(s) ❛♥❞ ✇❡ ❤❛✈❡

E
(

✶{D}ν([t,+∞)×B)
)

= γ(C ×B),

= E

(

✶{D}

∫ +∞

t

ϑ(s,B) ds

)

.

■t ❢♦❧❧♦✇s t❤❛t

E (ν([t,+∞)×B)|Ft) = E

(∫ +∞

t

ϑ(s,B) ds|Ft
)

.
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❚❤❡♥✱ (MB(t)) ✐s ❛ ❝♦♥t✐♥✉♦✉s {Ft}✲♠❛rt✐♥❣❛❧❡✳ ■t ❤❛s ✜♥✐t❡ s❛♠♣❧❡ ♣❛t❤s ❛♥❞ t❤❡♥
✐s ❛❧♠♦st s✉r❡❧② ✐❞❡♥t✐❝❛❧❧② ♥✉❧❧✳ ❆❧♠♦st s✉r❡❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❤♦❧❞s ❢♦r ❛❧❧
t✱

∀B ⊂ N̄
K−2, ν([0, t)×B) =

∫ t

0

ϑ(s,B) ds.

�

❚❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ❣✐✈❡s ❛ ❝♦♥✈❡♥✐❡♥t ✇❛② t♦ ❡①♣r❡ss t❤❡ ✐♥t❡❣r❛❧ ♦❢ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥s ❛❣❛✐♥st ❛ ❧✐♠✐t ♠❡❛s✉r❡ ♦❢ (νm)✳ ❲❡ ✇✐❧❧ ✉s❡
t❤✐s t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ✐♥ t❤❡ ♥❡①t ♦♥❡ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❧✐♠✐t ♦❢ (νm)✳ ❚❤✐s ✐s t❤❡
♠♦st ✐♠♣♦rt❛♥t ♣❛rt ♦❢ t❤❡ t❤❡♦r❡♠ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❡ t✐♠❡ s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥
❝❧❛ss❡s ✵ ❛♥❞ ✶ ❛♥❞ 2, . . . , L ❤❡r❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✷✳ ❲❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ (mi, i ∈ N) s❛t✐s❢②✐♥❣ ❊q✉❛t✐♦♥ ✭✹✳✷✻✮
❛♥❞ s✉❝❤ t❤❛t ((N̄(mi, t)), νmi) ✐s ❛ ❝♦♥✈❡r❣✐♥❣ s❡q✉❡♥❝❡ ❛♥❞ h ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥
♦♥ [0, 1]2 × N̄

K−2✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❛t
(∫ t

0

h(N̄0(m
i, s), N̄1(m

i, s), N2(‖mi‖s), . . . , NL(‖mi‖s)) ds
)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦




∫ t

0

∑

y∈N̄K−2

h
(

Z̄0(s), Z̄1(s), y
)

π̃α(s)(y) ds





✇✐t❤

∀t ∈ R+, α(t) =
Z̄0(t)

Z̄0(t) + Z̄1(t)

❛♥❞ ✇❤❡r❡✱ π̃α(t) ✐s t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss (Ñ
α(t)
2:L (s)) ❞❡✜♥❡❞ ✐♥

❙❡❝t✐♦♥ ✸✳✸✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢✉♥❝t✐♦♥

(x0, x1, n2, . . . , nL) 7→ ψ0(x0, x1, n2a2, . . . , nLaL)

✐s ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]2 × N̄
K−2 ❛♥❞

(∫ t

0

φ0(N̄0(m
i, s), N̄1(m

i, s), N2(‖mi‖s), . . . , NL(‖mi‖s)) ds
)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦
(∫ t

0

φ̄0 (α(s)) ds

)

Pr♦♦❢✳ ❚❤❡ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]2 × N̄
K−2 ❢♦r t❤❡ t♦♣♦❧♦❣②

✐♥❞✉❝❡❞ ❜② t❤❡ ♥❛t✉r❛❧ t♦♣♦❧♦❣② ♦♥ [0, 1]2 ❛♥❞ t❤❡ t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❜② t❤❡ ♠❛♣♣✐♥❣
(x2, . . . , xL) 7→ (1/(x2 + 1), . . . , 1/(xL + 1)) ❛r❡ t❤❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s h ✇❤✐❝❤
❛r❡ ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]2 × N

K−2 ❢♦r t❤❡ ♥❛t✉r❛❧ t♦♣♦❧♦❣② ❛♥❞ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤
x ∈ [0, 1]2✱ y 7→ h(x, y) ❛❞♠✐ts ❛ ✉♥✐q✉❡ ❧✐♠✐t h(x,∞) ✐♥ ❛❧❧ ❞✐r❡❝t✐♦♥s s✉❝❤ t❤❛t
‖y‖ → ∞ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ x 7→ h(x,∞) ❤❛s t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]2✳ ❲❡ ❝❛♥
r❡♠❛r❦ t❤❛t✱ ❢♦r ❛❧❧ (x0, x1) ∈ [0, 1]2 ψ0(x0, x1, n2:L⊙a2:L) → 0 ✇❤❡♥ ‖n2:L‖ → +∞
❛♥❞ t❤❡ ❢✉♥❝t✐♦♥

(x0, x1, n2, . . . , nL) 7→ ψ0(x0, x1, n2a2, . . . , nLaL)

✐s t❤❡♥ ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]2 × N̄
K−2✳
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❲❡ ❝♦♥s✐❞❡r h ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ [0, 1]2× N̄
K−2✱ s✐♥❝❡ t❤❡ s♣❛❝❡ [0, 1]2×

N̄
K−2 ✐s ❝♦♠♣❛❝t✱ ▲❡♠♠❛ ✹✳✶✶ ✐♠♣❧✐❡s ❞✐r❡❝t❧② t❤❛t

(∫ t

0

h(N̄0(m
i, s), N̄1(m

i, s), N2(‖mi‖s), . . . , NL(‖mi‖s)) ds
)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦




∫ t

0

∑

y∈N̄K−2

h
(

Z̄0(s), Z̄1(s), y
)

ϑ(s, y) ds



 .

❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡s (ϑ(., t))✳ ❋♦r ❛♥②
❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f ♦♥ N̄

K−2 ❛♥❞ ❛♥② m ∈ N
K−2✱ ✇❡ ❞❡✜♥❡✱

M̄f (m, t) =
1

‖m‖
(

f(N2(‖m‖t), . . . , NL(‖m‖t))− f(0)
)

−
L
∑

k=2

λk

∫ t

0

(

f((N2(‖m‖s), . . . , NL(‖m‖s)) + ek)

− f(N2(‖m‖s), . . . , NL(‖m‖s))
)

ds

−
L
∑

k=2

µk

∫ t

0

(

(

f((N2(‖m‖s), . . . , NL(‖m‖s))− ek)

− f(N2(‖m‖s), . . . , NL(‖m‖s))
)

φk(N̄0(m, s), N̄1(m, s), N2(‖m‖s), . . . , NL(‖m‖s))
)

ds.

❆s (M̄(m, t)) ❞❡✜♥❡❞ ❜② ❡q✉❛t✐♦♥ ✭✹✳✷✼✮ ✐s ❛ ♠❛rt✐♥❣❛❧❡✱ (M̄f (m, t)) ✐s ❛ ♠❛r✲
t✐♥❣❛❧❡✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡ ((N̄(mi, t)), νmi)✳ ❲❡ ❤❛✈❡ t❤❛t t❤❡
s❡q✉❡♥❝❡ (M̄f (m

i, t)) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ 0✳ ❚❤✐s ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t
‖mi‖−1(f(N2(‖mi‖t), . . . , NL(‖mi‖t)) − f(0)) ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ 0 ❜❡❝❛✉s❡ f ✐s
❜♦✉♥❞❡❞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠

L
∑

k=2

λk

∫ t

0

(

f((N2(‖mi‖s), . . . , NL(‖mi‖s)) + ek)

− f(N2(‖mi‖s), . . . , NL(‖mi‖s))
)

ds

−
L
∑

k=2

µk

∫ t

0

(

(

f((N2(‖mi‖s), . . . , NL(‖mi‖s))− ek)

− f(N2(‖mi‖s), . . . , NL(‖mi‖s))
)

φk(N̄0(m
i, s), N̄1(m

i, s), N2(‖mi‖s), . . . , NL(‖mi‖s))
)

ds

❛❧s♦ ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ 0✳ ❇✉t✱ ❜② t❤❡ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ t❤❡♦r❡♠ ❛♥❞
▲❡♠♠❛ ✹✳✶✶✱ ✐t ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦

∫ t

0

L
∑

k=2

(

λk
∑

y∈N̄K−2

f(y + ek)− f(y)

+ µk
∑

y∈N̄K−2

(f(y − ek)− f(y))ϕk(Z̄0(s), Z̄1(s), y)

)

ϑ(s, y) ds.
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❈♦♥s❡q✉❡♥t❧②✱ t❤✐s ✐s ♥✉❧❧ ❛❧♠♦st s✉r❡❧② ❢♦r ❛❧❧ t ❛♥❞ ✇❡ ❤❛✈❡ t❤❡♥✱ ❢♦r ▲❡❜❡s❣✉❡✲
❛❧♠♦st ❡✈❡r② t✱

L
∑

k=2

(

λk
∑

y∈N̄K−2

f(y + ek)− f(y)+

µk
∑

y∈N̄K−2

(f(y − ek)− f(y))ϕk(Z̄0(t), Z̄1(t), y)

)

ϑ(t, y) = 0.

❲❡ ❞❡❞✉❝❡ ✐♠♠❡❞✐❛t❡❧② t❤❛t
∫

NK−2

Ω̃α(t)(f)(y)ϑ(t, dy) = 0

✇❤❡r❡ α(t) = Z̄0(t)/(Z̄0(t) + Z̄1(t)) ❛♥❞ Ω̃α(t) ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢
(Ñ

α(t)
2:L (s))✱ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳ ❚❤✐s ♣r♦✈❡s ❡①❛❝t❧② t❤❛t ϑ(t, .) ✐s ✐♥✈❛r✐❛♥t ❢♦r

(Ñ
α(t)
2:L (s))✳ ❇② ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❝❤ ❛ ♣r♦❝❡ss✱ ✇❡ ❤❛✈❡

t❤❛t

ϑ(t, .) = π̃α(t).

�
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❞♦♠ ❛❝❝❡ss ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ r❛♥❞♦♠ ❛❝t✐✈✐t② ♦❢ ✉s❡rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛♥❛❧②③❡
t❤❡ ❡r❣♦❞✐❝✐t② ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ▼❛r❦♦✈ ♣r♦❝❡ss✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❛❜✐❧✐t② ♦❢
❈❙▼❆ t♦ st❛❜✐❧✐③❡ t❤❡ ♥❡t✇♦r❦✳

■t t✉r♥s ♦✉t t❤❛t✱ ✇❤✐❧❡ ❈❙▼❆ ✐s ❛❧✇❛②s ❡✣❝✐❡♥t ✐♥ ❛❞✲❤♦❝ ♠♦❞❡✱ ✐♥ t❤❡ s❡♥s❡
t❤❛t t❤❡ ♥❡t✇♦r❦ ✐s st❛❜❧❡ ✇❤❡♥❡✈❡r ♣♦ss✐❜❧❡✱ ✐t ✐s ❣❡♥❡r❛❧❧② ✐♥❡✣❝✐❡♥t ✐♥ ✐♥❢r❛str✉❝✲
t✉r❡ ♠♦❞❡✱ ✇❤❡♥ ❛❧❧ ❞❛t❛ ✢♦✇s ♦r✐❣✐♥❛t❡ ❢r♦♠ ♦r ❛r❡ ❞❡st✐♥❡❞ t♦ s♦♠❡ ✜♥✐t❡ s❡t ♦❢
❛❝❝❡ss ♣♦✐♥ts✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t✱ ✐♥ ❛❞✲❤♦❝ ♠♦❞❡✱ ❡❛❝❤ ♥❡✇ ✢♦✇ ❛❞❞s ❛
♥❡✇ ❧✐♥❦ t♦ t❤❡ ♥❡t✇♦r❦✱ ✇❤✐❝❤ ❝♦♠♣❡t❡s ❢❛✐r❧② ✇✐t❤ ♦t❤❡r ❧✐♥❦s ❢♦r ❛❝❝❡ss✐♥❣ t❤❡
r❛❞✐♦ ❝❤❛♥♥❡❧s✳ ■♥ ✐♥❢r❛str✉❝t✉r❡ ♠♦❞❡✱ ❡❛❝❤ ❛❝❝❡ss ♣♦✐♥t ❛tt❡♠♣ts t♦ ❛❝❝❡ss t❤❡
r❛❞✐♦ ❝❤❛♥♥❡❧s ❛t s♦♠❡ ❝♦♥st❛♥t r❛t❡✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✉♣❧✐♥❦ ✢♦✇s
✭❢r♦♠ t❤❡ st❛t✐♦♥s✮ ❛♥❞ ❞♦✇♥❧✐♥❦ ✢♦✇s ✭t♦ t❤❡ st❛t✐♦♥s✮ ❛t t❤✐s ❛❝❝❡ss ♣♦✐♥t✳ ❚❤✐s
✐♥❤❡r❡♥t ❜✐❛s ❛❣❛✐♥st ❛❝❝❡ss ♣♦✐♥ts r❡s✉❧ts ✐♥ s♦♠❡ ❧♦ss ♦❢ ❝❛♣❛❝✐t② ✐♥ t❤❡ s❡♥s❡ t❤❛t
t❤❡ ♥❡t✇♦r❦ ♠❛② ❜❡ ✉♥st❛❜❧❡ ❛t ❧♦❛❞ str✐❝t❧② ❧❡ss t❤❛♥ ✶✳ ❲❡ ♣r♦✈❡ t❤❛t ❛ s❧✐❣❤t
♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❈❙▼❆✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ r✉♥♥✐♥❣ ♦♥❡ ✐♥st❛♥❝❡ ♦❢ ❈❙▼❆ ♣❡r ✢♦✇
❛t ❡❛❝❤ ❛❝❝❡ss ♣♦✐♥t✱ ❝♦rr❡❝ts t❤✐s ❜✐❛s ❛♥❞ ♠❛❦❡s t❤❡ ❛❧❣♦r✐t❤♠ ♦♣t✐♠❛❧✳ ❲❡ r❡❢❡r
t♦ t❤✐s ❛❧❣♦r✐t❤♠✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❇❋✶✵❪✱ ❛s ✢♦✇✲❛✇❛r❡ ❈❙▼❆✳

✻✾



✼✵ ■■■✳ P❊❘❋❖❘▼❆◆❈❊ ❖❋ ❈❙▼❆ ■◆ ▼❯▲❚■✲❈❍❆◆◆❊▲ ❲■❘❊▲❊❙❙ ◆❊❚❲❖❘❑❙

❚❤❡ r❡st ♦❢ t❤❡ ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ ♣r❡s❡♥t s♦♠❡ r❡❧❛t❡❞ ✇♦r❦
✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❚❤❡ ♥❡t✇♦r❦ ♠♦❞❡❧ ✐♥ ❛❞✲❤♦❝ ♠♦❞❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✸✳
❙❡❝t✐♦♥s ✹ ❛♥❞ ✺ ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ♣❛❝❦❡t✲ ❛♥❞ ✢♦✇✲❧❡✈❡❧ ❞②♥❛♠✐❝s✱ r❡s♣❡❝t✐✈❡❧②✱
❛ss✉♠✐♥❣ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤❡ ❝❤❛♣t❡r✱ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠
✺✳✶✱ s❤♦✇s ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ❈❙▼❆ ✐♥ ❛❞✲❤♦❝ ♠♦❞❡✳ ❚❤❡ ✈❛❧✐❞✐t② ♦❢
t❤❡ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✻✳ ❚❤❡ ✐♥❢r❛str✉❝t✉r❡
♠♦❞❡ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ s❡❝t✐♦♥ ✼✱ ✇❤❡r❡ ✇❡ ♣r♦✈❡ t❤❡ s✉❜♦♣t✐♠❛❧✐t② ♦❢ st❛♥❞❛r❞
❈❙▼❆ ❛♥❞ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ✢♦✇✲❛✇❛r❡ ❈❙▼❆✳ ❙❡❝t✐♦♥ ✽ ❝♦♥❝❧✉❞❡s t❤❡ ❝❤❛♣t❡r✳

✷✳ ❘❡❧❛t❡❞ ❲♦r❦

❚❤❡ ♣r❡s❡♥t ✇♦r❦ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤r♦✉❣❤♣✉t✲♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣
✐♥ ✇✐r❡❧❡ss ♥❡t✇♦r❦s✳ ❆ ❝❡♥tr❛❧✐③❡❞ s♦❧✉t✐♦♥ ✐s ❦♥♦✇♥ s✐♥❝❡ t❤❡ s❡♠✐♥❛❧ ✇♦r❦ ♦❢
❚❛ss✐✉❧❛s ❛♥❞ ❊♣❤r❡♠✐❞❡s✱ ✇❤♦ ♣r♦✈❡❞ ✐♥ ❬❚❊✾✷❪ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ♠❛①✐♠✉♠
✇❡✐❣❤t ♣♦❧✐❝②✳ ❆ ♥✉♠❜❡r ♦❢ ❞✐str✐❜✉t❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤✐s ♣♦❧✐❝② ❤❛✈❡ t❤❡♥
❜❡❡♥ ♣r♦♣♦s❡❞✱ ❛❧❧ r❡❧②✐♥❣ ♦♥ s♦♠❡ ♠❡ss❛❣❡ ♣❛ss✐♥❣ ♣r♦t♦❝♦❧ ❜❡t✇❡❡♥ st❛t✐♦♥s✱ s❡❡
❡✳❣✳ ❬▼❙❩✵✻❪✳ ■t ✐s ♦♥❧② r❡❝❡♥t❧② t❤❛t ❢✉❧❧② ❞✐str✐❜✉t❡❞ s♦❧✉t✐♦♥s ✇✐t❤♦✉t ♠❡ss❛❣❡
♣❛ss✐♥❣ ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞✳ ❏✐❛♥❣ ❛♥❞ ❲❛❧r❛♥❞ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❏❲✵✽❪ ❛ ❞✐str✐❜✉t❡❞
❈❙▼❆ ❛❧❣♦r✐t❤♠ ✇❤❡r❡ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ❡❛❝❤ ❧✐♥❦ ❛tt❡♠♣ts t♦ ❛❝❝❡ss t❤❡ r❛❞✐♦
❝❤❛♥♥❡❧ ✐s ❛❞❛♣t❡❞ t♦ t❤❡ ♣❛❝❦❡t ❛rr✐✈❛❧ r❛t❡ ❛♥❞ ❞❡♣❛rt✉r❡ r❛t❡ ❛t t❤✐s ❧✐♥❦✱ s♦
❛s t♦ ♠❡❡t t❤❡ ❞❡♠❛♥❞✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❛ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛s✲
s✉♠♣t✐♦♥ ✇❤❡r❡❜② t❤❡ ❛tt❡♠♣t r❛t❡s ❡❧✈♦❧✈❡ ❛t ❛ ♠✉❝❤ s❧♦✇❡r t✐♠❡s❝❛❧❡ t❤❛♥ t❤❡
♣❛❝❦❡t ❛rr✐✈❛❧s ❛♥❞ ❞❡♣❛rt✉r❡s✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ t✉r♥s ♦✉t t♦ ❜❡ ❝r✐t✐❝❛❧ ❛♥❞ t❤❡
❛❧❣♦r✐t❤♠ ♠✉st ❛❝t✉❛❧❧② ❜❡ ❝❛r❡❢✉❧❧② ❞❡s✐❣♥❡❞ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ ❝♦♥✈❡r❣❡♥❝❡
❛♥❞ t❤r♦✉❣❤♣✉t✲♦♣t✐♠❛❧✐t② ❬P❨▲❈✶✵✱ ❏❙❙❲✶✵❪✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ t❤❛t ❞♦❡s
♥♦t r❡❧② ♦♥ t❤❡ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥ ✇❛s ♣r♦♣♦s❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜②
❘❛❥❛❣♦♣❛❧❛♥✱ ❙❤❛❤ ❛♥❞ ❙❤✐♥ ❬❘❙✵✽✱ ❘❙❙✵✾❪✳ ■♥ t❤❡✐r ❛❧❣♦r✐t❤♠✱ t❤❡ ❛tt❡♠♣t r❛t❡
♦❢ ❡❛❝❤ st❛t✐♦♥ ✐s s♦♠❡ s❧♦✇❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ q✉❡✉❡ s✐③❡✱ ✇❤✐❝❤ ❡ss❡♥t✐❛❧❧②
❡♥❢♦r❝❡s t❤❡ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ♦❢ ♦♣t✐♠❛❧✐t② t❤❡♥ r❡❧✐❡s ♦♥ t❤❡ ❢❛❝t
t❤❛t t❤✐s ❛❞❛♣t✐✈❡ ✈❡rs✐♦♥ ♦❢ ❈❙▼❆ ❛s②♠♣t♦t✐❝❛❧❧② ❛❝❤✐❡✈❡s s♦♠❡ ❢♦r♠ ♦❢ ♠❛①✐♠✉♠
✇❡✐❣❤t s❝❤❡❞✉❧✐♥❣✳ ❙✐♠✐❧❛r ✐❞❡❛s ❛r❡ ✉s❡❞ ❜② ◆✐✱ ❚❛♥ ❛♥❞ ❙r✐❦❛♥t ✐♥ ❬◆❚❙✶✵❪✳

❆❧❧ t❤❡s❡ ♣❛♣❡rs ❢♦❝✉s ♦♥ t❤❡ ♣❛❝❦❡t✲❧❡✈❡❧ ❞②♥❛♠✐❝s✱ ❛ss✉♠✐♥❣ ♣❛❝❦❡ts ❛r❡
❣❡♥❡r❛t❡❞ ❜② s♦♠❡ ✜①❡❞ ♥✉♠❜❡r ♦❢ ✢♦✇s ♦✈❡r s♦♠❡ ✜①❡❞ s❡t ♦❢ ❧✐♥❦s✳ ❚❤❡ ✢♦✇✲
❧❡✈❡❧ ❞②♥❛♠✐❝s ❛r❡ ✐❣♥♦r❡❞✱ ✇❤❡r❡❛s t❤❡② ❛r❡ ❦♥♦✇♥ t♦ ❜❡ ❝r✐t✐❝❛❧✱ s❡❡ ❢♦r ✐♥st❛♥❝❡
❬❇❚■+✵✸✱ ❇❇P+✵✶✱ ❇❑✵✵✱ ▼❘✵✵❪ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✇✐r❡❧✐♥❡ ♥❡t✇♦r❦s✳ ❆ ✢♦✇✲
❧❡✈❡❧ ♠♦❞❡❧ ✉s✐♥❣ ❛❞❛♣t✐✈❡ ❈❙▼❆ ✐s ❝♦♥s✐❞❡r❡❞ ❜② ❙❤❛❤ ❛♥❞ ❙❤✐♥ ❬❙❙✶✶❪✳ ❚❤✐s
♠♦❞❡❧ ✐s ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ ♦✉rs ✐♥ t❤❛t ✐t ❛♣♣❧✐❡s t♦ ♦♣t✐❝❛❧ ♥❡t✇♦r❦s ❛♥❞✱ ✐♥ ♣❛r✲
t✐❝✉❧❛r✱ ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ ❛♥② ♣❛❝❦❡t✲❧❡✈❡❧ ❞②♥❛♠✐❝s✿ ❛ ✢♦✇ t❤❛t ✐s ❛❧❧♦❝❛t❡❞ ❛ ❝✐r❝✉✐t
✐♥ t❤❡ ♥❡t✇♦r❦ ✉s❡s t❤✐s ❝✐r❝✉✐t ✉♥t✐❧ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ ✐ts s❡r✈✐❝❡ r❡q✉✐r❡♠❡♥t✳ ❆s
✐♥ ❬❇❋✶✵❪✱ ✇❡ ❝♦♥s✐❞❡r ❜♦t❤ t❤❡ ♣❛❝❦❡t✲❧❡✈❡❧ ❛♥❞ ✢♦✇✲❧❡✈❡❧ ❞②♥❛♠✐❝s✱ ✉♥❞❡r t❤❡
✉s✉❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❢♦r♠❡r ❛r❡ ♠✉❝❤ ❢❛st❡r t❤❛♥ t❤❡ ❧❛tt❡r✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡
❡①t❡♥❞ t❤❡ r❡s✉❧ts ♦❢ ❬❇❋✶✵❪ t♦ ♠✉❧t✐✲❝❤❛♥♥❡❧ ✇✐r❡❧❡ss ♥❡t✇♦r❦s ✐♥ ❜♦t❤ ❛❞✲❤♦❝ ❛♥❞
✐♥❢r❛str✉❝t✉r❡ ♠♦❞❡s✱ ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❞②♥❛♠✐❝ ♥❛t✉r❡ ♦❢ t❤❡ ♥❡t✇♦r❦ t♦♣♦❧♦❣②✳

❙✉r♣r✐s✐♥❣❧②✱ ❧✐tt❧❡ ❛tt❡♥t✐♦♥ ❤❛s ❜❡❡♥ ♣❛✐❞ s♦ ❢❛r t♦ ♠✉❧t✐✲❝❤❛♥♥❡❧ ♥❡t✇♦r❦s✳
❆ ♥♦t❛❜❧❡ ❡①❝❡♣t✐♦♥ ✐s t❤❡ ❛❞❛♣t✐✈❡✱ ♠✉❧t✐✲❝❤❛♥♥❡❧ ✈❡rs✐♦♥ ♦❢ ❈❙▼❆ ✐♥tr♦❞✉❝❡❞ ✐♥
❬P❨▲❈✶✵❪✱ ✇❤✐❝❤ ✐s s❤♦✇♥ t♦ ♠❛①✐♠✐③❡ t❤❡ ♥❡t✇♦r❦ ✉t✐❧✐t② ✇❤❡♥ ❝♦♠❜✐♥❡❞ ✇✐t❤
s♦♠❡ ❛♣♣r♦♣r✐❛t❡ ✈✐rt✉❛❧ q✉❡✉❡ ♠❡❝❤❛♥✐s♠✳ ❲❡ ❤❡r❡ ♣r♦✈❡ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ❈❙▼❆
✐♥ t❤❡ s❡♥s❡ ♦❢ ✢♦✇✲❧❡✈❡❧ st❛❜✐❧✐t② ❢♦r ❛ ✈❡r② ❣❡♥❡r❛❧ ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ✐♥t❡r❢❡r❡♥❝❡
❝♦♥str❛✐♥ts ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❤❛♥♥❡❧ ❛♥❞ ❡❛❝❤ tr❛♥s♠✐tt❡r ♠❛② ♦♥❧②
✉s❡ ❛ s✉❜s❡t ♦❢ t❤❡ ❝❤❛♥♥❡❧s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t ✐t ✐s s✉✣❝✐❡♥t ❢♦r ❡❛❝❤
tr❛♥s♠✐tt❡r t♦ ♣r♦❜❡ ♦♥❡ ♦❢ ✐ts ❝❤❛♥♥❡❧s ❛t r❛♥❞♦♠✱ ✇✐t❤♦✉t ❛♥② ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥
♦♥ t❤❡ ♥❡t✇♦r❦ st❛t❡✳



✸✳ ▼❖❉❊▲ ✼✶

❆♥♦t❤❡r s❛❧✐❡♥t ❢❡❛t✉r❡ ✐s t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❦❡② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡
❛❞✲❤♦❝ ❛♥❞ ✐♥❢r❛str✉❝t✉r❡ ♠♦❞❡s✳ ■♥ t❤❡ ❢♦r♠❡r✱ t❤❡ ♥✉♠❜❡r ♦❢ tr❛♥s♠✐tt❡rs ❣r♦✇s
✇✐t❤ t❤❡ ❝♦♥❣❡st✐♦♥✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ❝❤❛♥♥❡❧ ❛tt❡♠♣t r❛t❡ ❛♥❞ ✐♥ t✉r♥ st❛❜✐❧✐③❡s
t❤❡ ♥❡t✇♦r❦✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ✐♥ t❤❡ ❧❛tt❡r s✐♥❝❡ t❤❡ ❝❤❛♥♥❡❧ ❛❝❝❡ss ♦♣♣♦rt✉♥✐t✐❡s
♦❢ ❡❛❝❤ ❛❝❝❡ss ♣♦✐♥t ♠✉st ❜❡ s❤❛r❡❞ ❜② ❛❧❧ ❞♦✇♥❧✐♥❦ ✢♦✇s ❛t t❤✐s ❛❝❝❡ss ♣♦✐♥t✳ ❚❤✐s
✐♥❤❡r❡♥t ❜✐❛s ♦❢ ❈❙▼❆ ❛❣❛✐♥st ❞♦✇♥❧✐♥❦ tr❛✣❝ ✐s ✇❡❧❧ ❦♥♦✇♥✱ s❡❡ ❡✳❣✳ ❬❍❘❇❙❉✵✸✱
❑❑❋✵✺❪✱ ❛♥❞ ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦rr❡❝t❡❞ ❜② ❧❡tt✐♥❣ t❤❡ ❛tt❡♠♣t r❛t❡ ♦❢ ❡❛❝❤ ❛❝❝❡ss
♣♦✐♥t ❞❡♣❡♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❞♦✇♥❧✐♥❦ ✢♦✇s✱ ❛ s❝❤❡♠❡ ✇❡ r❡❢❡r t♦ ❛s ✢♦✇✲❛✇❛r❡
❈❙▼❆ ❬❇❋✶✵❪✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤✐s ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
q✉❡✉❡ ❧❡♥❣t❤ ✭♥✉♠❜❡r ♦❢ ♣❛❝❦❡ts✮ ❜✉t ♦♥ t❤❡ q✉❡✉❡ ✇✐❞t❤ ✭♥✉♠❜❡r ♦❢ ✢♦✇s✮✳ ❆s
s✉❝❤✱ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ t✐♠❡✲s❝❛❧❡
s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥ ✭♣❛❝❦❡t✲❧❡✈❡❧ ✈s✳ ✢♦✇✲❧❡✈❡❧ ❞②♥❛♠✐❝s✮ ❛r❡ ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠
t❤♦s❡ ❝♦♥s✐❞❡r❡❞ s♦ ❢❛r✱ ❜❛s❡❞ ♦♥ ♣❛❝❦❡t✲❧❡✈❡❧ ♠♦❞❡❧s ❬❏❲✵✽✱ P❨▲❈✶✵✱ ❏❙❙❲✶✵✱
❇❇▲P✶✶❪✳

✸✳ ▼♦❞❡❧

✸✳✶✳ ❆ ▼✉❧t✐✲❈❤❛♥♥❡❧ ❲✐r❡❧❡ss ◆❡t✇♦r❦✳ ❚❤❡ ♥❡t✇♦r❦ ❝♦♥s✐sts ♦❢ ❛ r❛♥❞♦♠✱
❞②♥❛♠✐❝ s❡t ♦❢ ✇✐r❡❧❡ss ❧✐♥❦s ✐♥ ❛❞✲❤♦❝ ♠♦❞❡ ✭t❤❡r❡ ✐s ♥♦ ❛❝❝❡ss ♣♦✐♥t ❛t t❤✐s st❛❣❡✮✳
❚❤❡s❡ ❧✐♥❦s ♠✉st s❤❛r❡ s♦♠❡ ✜♥✐t❡ ♥✉♠❜❡r J ♦❢ ♥♦♥✲✐♥t❡r❢❡r✐♥❣ r❛❞✐♦ ❝❤❛♥♥❡❧s✳
❊❛❝❤ ❧✐♥❦ ❝♦♥s✐sts ♦❢ ❛ tr❛♥s♠✐tt❡r✲r❡❝❡✐✈❡r ♣❛✐r❀ t❤❡ tr❛♥s♠✐tt❡r ✐s ❛❜❧❡ t♦ ✉s❡
❛t ♠♦st ♦♥❡ r❛❞✐♦ ❝❤❛♥♥❡❧ ❛t ❛ t✐♠❡✳ ❲❡ ❣r♦✉♣ ❧✐♥❦s ✐♥t♦ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ K
❝❧❛ss❡s✱ ❛s ✐❧❧✉str❛t❡❞ ❜② ❋✐❣✉r❡ ✶✳ ❆❧❧ ❧✐♥❦s ✇✐t❤✐♥ t❤❡ s❛♠❡ ❝❧❛ss ❤❛✈❡ t❤❡ s❛♠❡
r❛❞✐♦ ❝♦♥❞✐t✐♦♥s✱ t❤❡ s❛♠❡ ✐♥t❡r❢❡r❡♥❝❡ ❝♦♥str❛✐♥ts ❛♥❞ t❤❡ s❛♠❡ ❈❙▼❆ ♣❛r❛♠❡t❡rs✳
❲❡ ❞❡♥♦t❡ ❜② xk t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛ss✲k ❧✐♥❦s ❛♥❞ ❜② x t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❝t♦r✱
✇❤✐❝❤ ✇❡ r❡❢❡r t♦ ❛s t❤❡ ♥❡t✇♦r❦ st❛t❡✳ ❚✇♦ ❧✐♥❦s ✇✐t❤✐♥ t❤❡ s❛♠❡ ❝❧❛ss ❝❛♥♥♦t
❜❡ s✐♠✉❧t❛♥❡♦✉s❧② ❛❝t✐✈❡ ♦♥ t❤❡ s❛♠❡ ❝❤❛♥♥❡❧✳ ❆♥ ❛❝t✐✈❡ ❝❧❛ss✲k ❧✐♥❦ ♦♥ ❝❤❛♥♥❡❧ j
tr❛♥s♠✐ts ❞❛t❛ ❛t t❤❡ ♣❤②s✐❝❛❧ r❛t❡ ϕk ❜✐t✴s✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ j✳ ❲❡ s❛② t❤❛t ❝❧❛ss
k ✐s ❛❝t✐✈❡ ♦♥ ❝❤❛♥♥❡❧ j ✐❢ t❤❡r❡ ✐s ❛♥ ❛❝t✐✈❡ ❝❧❛ss✲k ❧✐♥❦ ♦♥ ❝❤❛♥♥❡❧ j✳

✶

✷

✸

✹

❋✐❣✉r❡ ✶✳ ❆♥ ❛❞✲❤♦❝ ✇✐r❡❧❡ss ♥❡t✇♦r❦ ✇✐t❤ ✹ ❝❧❛ss❡s ♦❢ ❧✐♥❦s ❛♥❞
✐ts ✐♥t❡r❢❡r❡♥❝❡ ❣r❛♣❤✳

❊❛❝❤ ❝❤❛♥♥❡❧ j ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ s♦♠❡ ❝♦♥✢✐❝t ❣r❛♣❤ Gj = (Vj , Ej)✱ ✇❤❡r❡
Vj ⊂ {1, . . . ,K} ✐s t❤❡ s❡t ♦❢ ❝❧❛ss❡s t❤❛t ❛r❡ ❛❜❧❡ t♦ tr❛♥s♠✐t ♦♥ ❝❤❛♥♥❡❧ j ❛♥❞ Ej
✐s t❤❡ s❡t ♦❢ ❡❞❣❡s✱ ❡❛❝❤ r❡♣r❡s❡♥t✐♥❣ ❛ ❝♦♥✢✐❝t✳ ❙♣❡❝✐✜❝❛❧❧②✱ t✇♦ ❝❧❛ss❡s k, l ∈ Vj
❝❛♥ ❜❡ s✐♠✉❧t❛♥❡♦✉s❧② ❛❝t✐✈❡ ♦♥ ❝❤❛♥♥❡❧ j ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❞♦ ♥♦t ❝♦♥✢✐❝t ✇✐t❤
❡❛❝❤ ♦t❤❡r✱ t❤❛t ✐s ✐❢ (k, l) 6∈ Ej ✳ ❚❤❡ J ❝♦♥✢✐❝t ❣r❛♣❤s ❛r❡ t②♣✐❝❛❧❧② t❤❡ s❛♠❡ ❜✉t
❝♦✉❧❞ ❞✐✛❡r ❞✉❡ t♦ ❞✐✛❡r❡♥t r❛❞✐♦ ♣r♦♣❛❣❛t✐♦♥ ❡♥✈✐r♦♥♠❡♥ts ♦♥ t❤❡ J ❝❤❛♥♥❡❧s✱ ♦r
t♦ ❞✐✛❡r❡♥t tr❛♥s♠✐ss✐♦♥ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ K ❝❧❛ss❡s✳

✸✳✷✳ ❋❡❛s✐❜❧❡ ❙❝❤❡❞✉❧❡s✳ ❲❡ r❡❢❡r t♦ ❛ s❝❤❡❞✉❧❡ ❛s ❛♥② ✈❡❝t♦r y ∈ {0, 1}K×J ✱
✇❤❡r❡ ykj = 1 ✐❢ ❝❧❛ss k ✐s ❛❝t✐✈❡ ♦♥ ❝❤❛♥♥❡❧ j✳ ❲❡ ❞❡♥♦t❡ ❜② yk t❤❡ ♥✉♠❜❡r ♦❢
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❛❝t✐✈❡ ❝❧❛ss✲k ❧✐♥❦s✿

yk =

J
∑

j=1

ykj .

❚❤❡ s❝❤❡❞✉❧❡ ✐s ❢❡❛s✐❜❧❡ ✐❢ ❢♦r ❛❧❧ j = 1, . . . , J ✱ t❤❡ ❛❝t✐✈❡ ❝❧❛ss❡s ♦♥ ❝❤❛♥♥❡❧ j ❜❡❧♦♥❣
t♦ Vj ❛♥❞ ❞♦ ♥♦t ❝♦♥✢✐❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ t❤❛t ✐s ykjylj = 0 ❢♦r ❛❧❧ (k, l) ∈ Ej ✳
▼♦r❡♦✈❡r✱ ✇❡ ♠✉st ❤❛✈❡✿

✭✸✳✶✮ ∀k = 1, . . . ,K, yk ≤ xk.

❲❡ ❞❡♥♦t❡ ❜② Y(x) t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡s✳ ◆♦t❡ t❤❛t ✐❢ xk ≥ J ❢♦r ❛❧❧ k =
1, . . . ,K✱ t❤❡ ❝♦♥str❛✐♥t ✭✸✳✶✮ ✐s ♥♦ ❧♦♥❣❡r ❧✐♠✐t✐♥❣ ✭s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ ❝❧❛ss✲
k ❧✐♥❦s ✐s ❧✐♠✐t❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ r❛❞✐♦ ❝❤❛♥♥❡❧s J✮ ❛♥❞ t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡s
❜❡❝♦♠❡s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥❡t✇♦r❦ st❛t❡✳ ❲❡ ❞❡♥♦t❡ ❜② Y t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t✱
✇❤✐❝❤ ✐s t❤❡ ✉♥✐♦♥ ♦❢ Y(x) ♦✈❡r ❛❧❧ ♥❡t✇♦r❦ st❛t❡s x✳

✸✳✸✳ ❈❛♣❛❝✐t② ❘❡❣✐♦♥✳ ❆ss✉♠❡ t❤❛t ❡❛❝❤ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡ y ✐s s❡❧❡❝t❡❞ ✇✐t❤
♣r♦❜❛❜✐❧✐t② π(y)✱ ✇✐t❤

∑

y∈Y π(y) = 1✳ ❚❤❡ ♠❡❛♥ t❤r♦✉❣❤♣✉t ♦❢ ❝❧❛ss k ✐s t❤❡♥
❣✐✈❡♥ ❜②✿

✭✸✳✷✮ φk = ϕk
∑

y∈Y
ykπ(y).

▲❡t φ ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❤r♦✉❣❤♣✉t ✈❡❝t♦r✳ ❲❡ r❡❢❡r t♦ t❤❡ ❝❛♣❛❝✐t② r❡❣✐♦♥
❛s t❤❡ s❡t ♦❢ ✈❡❝t♦rs φ ❣❡♥❡r❛t❡❞ ❜② ❛❧❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s π(y)✱ y ∈ Y✳ ◆♦t❡
t❤❛t t❤❡ ❝❛♣❛❝✐t② r❡❣✐♦♥ ❞❡♣❡♥❞s ❜♦t❤ ♦♥ t❤❡ ♣❤②s✐❝❛❧ r❛t❡s ❛♥❞ ♦♥ t❤❡ ✐♥t❡r❢❡r❡♥❝❡
❝♦♥str❛✐♥ts ♦❢ ❛❧❧ ✇✐r❡❧❡ss ❧✐♥❦s✳

✹✳ P❛❝❦❡t✲▲❡✈❡❧ ❉②♥❛♠✐❝s

❲❡ ✜rst ❛♥❛❧②③❡ t❤❡ ♣❛❝❦❡t✲❧❡✈❡❧ ❞②♥❛♠✐❝s ✐♥❞✉❝❡❞ ❜② ❈❙▼❆ ❢♦r ❛ st❛t✐❝ ♥❡t✲
✇♦r❦ st❛t❡ x✳ ❚❤❡ ✢♦✇✲❧❡✈❡❧ ❞②♥❛♠✐❝s t❤❛t ♠❛❦❡ x ✈❛r② ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥
✺✳

✹✳✶✳ ❘❛♥❞♦♠ ❆❝❝❡ss✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ st❛♥❞❛r❞ ❈❙▼❆ ❛❧❣♦r✐t❤♠ ✇❤❡r❡ ❡❛❝❤
tr❛♥s♠✐tt❡r ✇❛✐ts ❢♦r ❛ ♣❡r✐♦❞ ♦❢ r❛♥❞♦♠ ❞✉r❛t✐♦♥ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❜❛❝❦♦✛ t✐♠❡
❜❡❢♦r❡ ❡❛❝❤ tr❛♥s♠✐ss✐♦♥ ❛tt❡♠♣t✳ ❆t ❡❛❝❤ ❛tt❡♠♣t✱ t❤❡ tr❛♥s♠✐tt❡r ❝❤♦♦s❡s ❛ r❛❞✐♦
❝❤❛♥♥❡❧ ❛t r❛♥❞♦♠ ❛♥❞ ♣r♦❜❡s ✐t✳ ■❢ t❤❡ r❛❞✐♦ ❝❤❛♥♥❡❧ ✐s s❡♥s❡❞ ✐❞❧❡ ✭✐♥ t❤❡ s❡♥s❡
t❤❛t ♥♦ ❝♦♥✢✐❝t✐♥❣ ❧✐♥❦ ✐s ❛❝t✐✈❡✮✱ ❛ ♣❛❝❦❡t ✐s tr❛♥s♠✐tt❡❞❀ ♦t❤❡r✇✐s❡✱ t❤❡ tr❛♥s♠✐tt❡r
✇❛✐ts ❢♦r ❛ ♥❡✇ ❜❛❝❦♦✛ t✐♠❡ ❜❡❢♦r❡ t❤❡ ♥❡①t ❛tt❡♠♣t✳

P❛❝❦❡ts ❤❛✈❡ r❛♥❞♦♠ s✐③❡s ♦❢ ✉♥✐t ♠❡❛♥ ❛♥❞ ❛r❡ tr❛♥s♠✐tt❡❞ ❛t t❤❡ ♣❤②s✐❝❛❧ r❛t❡
ϕk ♦♥ ❝❧❛ss✲k ❧✐♥❦s❀ t❤❡ ❜❛❝❦♦✛ t✐♠❡s ♦❢ ❝❧❛ss✲k tr❛♥s♠✐tt❡rs ❛r❡ r❛♥❞♦♠ ✇✐t❤ ♠❡❛♥
1/νk ✱ ✇❤❡r❡ νk > 0 ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛tt❡♠♣t r❛t❡✳ ❲❡ ❞❡♥♦t❡ ❜② αk = νk/ϕk
t❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❡❛♥ ♣❛❝❦❡t tr❛♥s♠✐ss✐♦♥ t✐♠❡ t♦ t❤❡ ♠❡❛♥ ❜❛❝❦♦✛ t✐♠❡ ♦❢ ❝❧❛ss✲k
❧✐♥❦s✳ ❈❤❛♥♥❡❧ j ✐s ❝❤♦s❡♥ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② βkj ✱ ✇✐t❤

∑J
j=1 βkj = 1 ❛♥❞ βkj > 0

✐❢ ❛♥❞ ♦♥❧② ✐❢ k ∈ Vj ✱ s♦ t❤❛t ❛❧❧ ❛❝❝❡ss✐❜❧❡ ❝❤❛♥♥❡❧s ❛r❡ ❛tt❡♠♣t❡❞ ✇✐t❤ ♣♦s✐t✐✈❡
♣r♦❜❛❜✐❧✐t②✳

✹✳✷✳ ❙t❛t✐♦♥❛r② ❉✐str✐❜✉t✐♦♥✳ ▲❡t (Y (t)) ❜❡ t❤❡ s❝❤❡❞✉❧❡ s❡❧❡❝t❡❞ ❜② t❤❡ ❛❜♦✈❡
r❛♥❞♦♠ ❛❝❝❡ss ❛❧❣♦r✐t❤♠ ❛t t✐♠❡ t✳ ❲❡ ❧♦♦❦ ❢♦r t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ (Y (t))✱
✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② π(x, y) t♦ ❤✐❣❤❧✐❣❤t t❤❡ ❢❛❝t t❤❛t ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ♥❡t✇♦r❦
st❛t❡ x✳ ❲❡ ❤❛✈❡✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ■❢ ❜♦t❤ t❤❡ ♣❛❝❦❡t s✐③❡s ❛♥❞ t❤❡ ❜❛❝❦♦✛ t✐♠❡s ❤❛✈❡ ❡①♣♦♥❡♥t✐❛❧
❞✐str✐❜✉t✐♦♥s✱ t❤❡♥ (Y (t)) ✐s ❛ r❡✈❡rs✐❜❧❡ ▼❛r❦♦✈ ♣r♦❝❡ss✱ ✇✐t❤ st❛t✐♦♥❛r② ♠❡❛s✉r❡✿

✭✹✳✶✮ w(x, y) =
∏

k:xk>0

xk!

(xk − yk)!
αykk

J
∏

j=1

β
ykj

kj , y ∈ Y(x).



✺✳ ❋▲❖❲✲▲❊❱❊▲ ❉❨◆❆▼■❈❙ ✼✸

Pr♦♦❢✳ ▲❡t ekj ❜❡ t❤❡ ✉♥✐t ✈❡❝t♦r ♦♥ ❝♦♠♣♦♥❡♥t k, j ♦♥ {0, 1}K×J ✳ ❚❤❡ ▼❛r❦♦✈
♣r♦❝❡ss (Y (t)) ❥✉♠♣s ❢r♦♠ st❛t❡ y t♦ st❛t❡ y + ekj ✇✐t❤ r❛t❡ (xk − yk)νkβkj ✭s✐♥❝❡
❛❧❧ ✐❞❧❡ ❧✐♥❦s ❛tt❡♠♣t t♦ ❛❝❝❡ss t❤❡ ❝❤❛♥♥❡❧✮ ❛♥❞ ❢r♦♠ st❛t❡ y + ekj t♦ st❛t❡ y ✇✐t❤
r❛t❡ ϕk ✭s✐♥❝❡ ❛❧❧ ❝❧❛ss✲k ❧✐♥❦s ❤❛✈❡ t❤❡ s❛♠❡ ♣❤②s✐❝❛❧ r❛t❡ ϕk✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡
✉s❡❞ ❝❤❛♥♥❡❧✮✱ ❢♦r ❛♥② st❛t❡ y s✉❝❤ t❤❛t y + ekj ∈ Y(x)✳ ❚❤❡ ♣r♦♦❢ t❤❡♥ ❢♦❧❧♦✇s
❢r♦♠ t❤❡ ❧♦❝❛❧ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s✿

w(x, y)(xk − yk)νkβkj = w(x, y + ekj)ϕk.

�

❚❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ π(x, y) ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ st❛✲
t✐♦♥❛r② ♠❡❛s✉r❡ w(x, y) ♦✈❡r ❛❧❧ y ∈ Y(x)✳ ❲❡ ❞❡❞✉❝❡ t❤❡ ♠❡❛♥ t❤r♦✉❣❤♣✉t ♦❢ ❝❧❛ss
k ✐♥ st❛t❡ x✿

✭✹✳✷✮ φk(x) = ϕk
∑

y∈Y
ykπ(x, y).

■t t✉r♥s ♦✉t t❤❛t✱ ❜② t❤❡ ✐♥s❡♥s✐t✐✈✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❧♦ss ♥❡t✇♦r❦
❬❇♦♥✵✼❪✱ t❤❡s❡ ❡①♣r❡ss✐♦♥s ❛r❡ ✐♥ ❢❛❝t ✈❛❧✐❞ ❢♦r ❛♥② ♣❤❛s❡✲t②♣❡ ❞✐str✐❜✉t✐♦♥s ♦❢
♣❛❝❦❡t s✐③❡s ❛♥❞ ❜❛❝❦♦✛ t✐♠❡s❀ s✉❝❤ ❞✐str✐❜✉t✐♦♥s ❛r❡ ❦♥♦✇♥ t♦ ❢♦r♠ ❛ ❞❡♥s❡ s✉❜s❡t
✇✐t❤✐♥ t❤❡ s❡t ♦❢ ❛❧❧ ❞✐str✐❜✉t✐♦♥s ✇✐t❤ r❡❛❧✱ ♥♦♥✲♥❡❣❛t✐✈❡ s✉♣♣♦rt ❬❙❡r✾✾❪✱ s♦ t❤❛t
t❤❡ r❡s✉❧ts ❤♦❧❞ ❢♦r ✈✐rt✉❛❧❧② ❛♥② ❞✐str✐❜✉t✐♦♥s ♦❢ ♣❛❝❦❡t s✐③❡s ❛♥❞ ❜❛❝❦♦✛ t✐♠❡s✳ ❲❡
r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✈❞❱❇✈▲P✶✵❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤✐s ✐♥s❡♥s✐t✐✈✐t② ♣r♦♣❡rt②✳

✺✳ ❋❧♦✇✲▲❡✈❡❧ ❉②♥❛♠✐❝s

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ✢♦✇✲❧❡✈❡❧ ❞②♥❛♠✐❝s ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✐♥✜♥✐t❡❧②
❢❛st ♣❛❝❦❡t✲❧❡✈❡❧ ❞②♥❛♠✐❝s❀ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤✐s t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐s
❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✻✳

✺✳✶✳ ❚r❛✣❝ ❈❤❛r❛❝t❡r✐st✐❝s✳ ❲❡ ❛ss✉♠❡ t❤❛t ✢♦✇s ✉s✐♥❣ ❝❧❛ss✲k ❧✐♥❦s ❛r❡ ❣❡♥✲
❡r❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ♦❢ ✐♥t❡♥s✐t② λk✳ ❊❛❝❤ s✉❝❤ ✢♦✇ ❤❛s ❛♥ ❡①✲
♣♦♥❡♥t✐❛❧ s✐③❡ ✇✐t❤ ♠❡❛♥ σk ❜✐ts ❛♥❞ ❧❡❛✈❡s t❤❡ ♥❡t✇♦r❦ ♦♥❝❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❞❛t❛ tr❛♥s❢❡r ✐s ❝♦♠♣❧❡t❡❞✳ ❚❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ✢♦✇s
❛♥❞ ❧✐♥❦s s♦ t❤❛t ❜♦t❤ t❡r♠s ❛r❡ ✉s❡❞ ✐♥t❡r❝❤❛♥❣❡❛❜❧② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ ❞❡♥♦t❡
❜② ρk = λkσk t❤❡ tr❛✣❝ ✐♥t❡♥s✐t② ♦❢ ❝❧❛ss k ✭✐♥ ❜✐t✴s✮ ❛♥❞ ❜② ρ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✈❡❝t♦r✳

❯♥❞❡r t❤❡ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥✱ t❤❡ ✢♦✇✲❧❡✈❡❧ ❞②♥❛♠✐❝s ❛r❡ ♠✉❝❤
s❧♦✇❡r t❤❛♥ t❤❡ ♣❛❝❦❡t✲❧❡✈❡❧ ❞②♥❛♠✐❝s s♦ t❤❛t✱ ❛t t❤❡ t✐♠❡ s❝❛❧❡ ♦❢ ❛ ✢♦✇✱ ❡✈❡r②t❤✐♥❣
❤❛♣♣❡♥s ❛s ✐❢ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ✭✹✳✶✮ ♦❢ t❤❡ ♣❛❝❦❡t✲❧❡✈❡❧ ❞②♥❛♠✐❝s ✇❡r❡
r❡❛❝❤❡❞ ✐♥st❛♥t❛♥❡♦✉s❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠❡❛♥ t❤r♦✉❣❤♣✉t ♦❢ ❝❧❛ss k ✐s ❣✐✈❡♥ ❜②
✭✹✳✷✮ ✐♥ st❛t❡ x✳

✺✳✷✳ ❙t❛❜✐❧✐t② ❘❡❣✐♦♥✳ ▲❡t Xk(t) ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛ss✲k ✢♦✇s ❛t t✐♠❡ t✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❝t♦r (X(t)) ❞❡s❝r✐❜❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦ st❛t❡✳ ❚❤✐s ✐s ❛
▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ tr❛♥s✐t✐♦♥ r❛t❡s λk ❢r♦♠ st❛t❡ x t♦ st❛t❡ x+ ek ❛♥❞ φk(x)/σk
❢r♦♠ st❛t❡ x t♦ st❛t❡ x− ek ✭♣r♦✈✐❞❡❞ xk > 0✮✱ ✇❤❡r❡ ek ❞❡♥♦t❡s t❤❡ ✉♥✐t ✈❡❝t♦r ♦♥
❝♦♠♣♦♥❡♥t k✳

❲❡ s❛② t❤❛t t❤❡ ♥❡t✇♦r❦ ✐s st❛❜❧❡ ✐❢ t❤✐s ▼❛r❦♦✈ ♣r♦❝❡ss ✐s ❡r❣♦❞✐❝✳ ❈❧❡❛r❧②✱
❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r st❛❜✐❧✐t② ✐s t❤❛t t❤❡ ✈❡❝t♦r ♦❢ tr❛✣❝ ✐♥t❡♥s✐t✐❡s ρ ❧✐❡s ✐♥
t❤❡ ❝❛♣❛❝✐t② r❡❣✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❦❡② r❡s✉❧t s❤♦✇s t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ✐♥ ❢❛❝t
s✉✣❝✐❡♥t✱ ✉♣ t♦ t❤❡ ❝r✐t✐❝❛❧ ❝❛s❡ ✇❤❡r❡ ρ ❧✐❡s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❝❛♣❛❝✐t② r❡❣✐♦♥✳
■♥ t❤✐s s❡♥s❡✱ ❈❙▼❆ ✐s ♦♣t✐♠❛❧ ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❛❞✲❤♦❝ ♠♦❞❡✳

❚❤❡♦r❡♠ ✺✳✶✳ ❚❤❡ ♥❡t✇♦r❦ ✐s st❛❜❧❡ ❢♦r ❛❧❧ ✈❡❝t♦rs ♦❢ tr❛✣❝ ✐♥t❡♥s✐t✐❡s ρ ✐♥ t❤❡
✐♥t❡r✐♦r ♦❢ t❤❡ ❝❛♣❛❝✐t② r❡❣✐♦♥✳



✼✹ ■■■✳ P❊❘❋❖❘▼❆◆❈❊ ❖❋ ❈❙▼❆ ■◆ ▼❯▲❚■✲❈❍❆◆◆❊▲ ❲■❘❊▲❊❙❙ ◆❊❚❲❖❘❑❙

❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ r❛♥❞♦♠ ❛❝❝❡ss ❛❧❣♦r✐t❤♠ s❡❧❡❝ts s❝❤❡❞✲
✉❧❡s ✐♥ ♣r♦♣♦rt✐♦♥ t♦ t❤❡✐r ✇❡✐❣❤ts ✭✹✳✶✮✳ ❋♦r ❧❛r❣❡ x✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ s❡❧❡❝t✐♥❣
s❝❤❡❞✉❧❡s ✐♥ ♣r♦♣♦rt✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐❢♦r♠ ✇❡✐❣❤t✱ ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢
t❤❡ ❝❤❛♥♥❡❧ ♣r♦❜✐♥❣ ❞✐str✐❜✉t✐♦♥✿

✭✺✳✶✮ u(x, y) =
∏

k:xk>0

(xkαk)
yk , y ∈ Y(x).

❉❡✜♥✐♥❣✿
u(x) = max

y∈Y(x)
u(x, y),

t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t s❤♦✇s t❤❛t t❤♦s❡ s❝❤❡❞✉❧❡s ♦❢ ♠❛①✐♠✉♠ ✇❡✐❣❤t ❛r❡ ❛❝t✉❛❧❧②
s❡❧❡❝t❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❝❧♦s❡ t♦ ✶✿

▲❡♠♠❛ ✺✳✷✳ ❋♦r ❛♥② ǫ > 0✱ ✇❡ ❤❛✈❡✿
∑

y∈Y(x)

π(x, y) log(u(x, y)) ≥ (1− ǫ) log(u(x))

❢♦r ❛❧❧ st❛t❡s x ❜✉t s♦♠❡ ✜♥✐t❡ ♥✉♠❜❡r✳

Pr♦♦❢✳ ❋♦r ❛♥② ❝❧❛ss k✱ ❧❡t✿
βk = min

j:k∈Vj

βkj .

◆♦t❡ t❤❛t βk > 0✳ ❲❡ ❤❛✈❡ ❢♦r ❛❧❧ y ∈ Y(x)✿

w(x, y) ≥
∏

k:xk>0

xk(xk − 1) . . . (xk − yk + 1)

xykk
βJk u(x, y).

■❢ xk ≤ 2J ✱ ✇❡ ❤❛✈❡✿

xk(xk − 1) . . . (xk − yk + 1)

xykk
≥ 1

xykk
≥ 1

(2J)J
.

❖t❤❡r✇✐s❡✱ ✇❡ ❤❛✈❡ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t yk ≤ J ❢♦r ❛❧❧ k = 1, . . . ,K✿

xk(xk − 1) . . . (xk − yk + 1)

xykk
≥
(

xk − yk + 1

xk

)yk

≥ 1

2J
.

❈♦♠❜✐♥✐♥❣ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦♠❡ ❝♦♥st❛♥t m > 0 s✉❝❤ t❤❛t✿

∀y ∈ Y(x), w(x, y) ≥ mu(x, y).

◆♦✇ ❧❡t✿

Z(x) =
{

y ∈ Y(x) : log(u(x, y)) ≥ (1− ǫ

2
) log(u(x))

}

.

❲❡ ❤❛✈❡✿
∑

y∈Z(x)

π(x, y) log(u(x, y)) ≥ (1− ǫ

2
) log(u(x))

∑

y∈Z(x)

π(x, y).

❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t w(x, y) ≤ u(x, y) ❢♦r ❛❧❧ y ∈ Y(x)✱ ✇❡ ❣❡t✿

∑

y∈Y(x)\Z(x)

π(x, y) =

∑

y∈Y(x)\Z(x) w(x, y)
∑

y∈Y(x) w(x, y)
,

≤ 1

m

∑

y∈Y(x)\Z(x) u(x, y)
∑

y∈Y(x) u(x, y)
,

≤ 1

m

Mu(x)1−
ǫ
2

maxy∈Y(x) u(x, y)
,

=
1

m

M

u(x)
ǫ
2
,
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✇❤❡r❡M ❞❡♥♦t❡s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ s❝❤❡❞✉❧❡s ✭t❤❛t ✐s✱ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ Y✮✳ ❙✐♥❝❡
u(x) t❡♥❞s t♦ +∞ ✇❤❡♥ |x| ≡ ∑

k xk t❡♥❞s t♦ +∞✱ t❤✐s q✉❛♥t✐t② ✐s ❧❡ss t❤❛♥ ǫ/2
❢♦r ❛❧❧ st❛t❡s x ❜✉t s♦♠❡ ✜♥✐t❡ ♥✉♠❜❡r✳ ■♥ t❤♦s❡ st❛t❡s✱ ✇❡ ❤❛✈❡✿

∑

y∈Z(x)

π(x, y) ≥ 1− ǫ

2
.

❲❡ ❞❡❞✉❝❡ t❤❛t ✐♥ ❛❧❧ st❛t❡s x ❜✉t s♦♠❡ ✜♥✐t❡ ♥✉♠❜❡r✿
∑

y∈Y(x)

π(x, y) log(u(x, y)) ≥ (1− ǫ

2
)2 log(u(x)),

≥ (1− ǫ) log(u(x)).

�

❚❤❡ r❡s✉❧t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ st❛❜❧❡ ❜❡❤❛✈✐♦r ♦❢ ♠❛①✐♠✉♠ ✇❡✐❣❤t s❝❤❡❞✉❧✐♥❣✱
❡①❝❡♣t t❤❛t t❤❡ ❧❛tt❡r ✐s ❞❡✜♥❡❞ ♦✈❡r t❤❡ s❡t ♦❢ ❛❧❧ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡s✳ ❉❡✜♥✐♥❣ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤t ❜②✿

v(x) = max
y∈Y

u(x, y),

t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t s❤♦✇s t❤❛t ✐t ✐s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s u(x)✿

▲❡♠♠❛ ✺✳✸✳ ❲❡ ❤❛✈❡✿

sup
x∈X

v(x)

u(x)
<∞.

Pr♦♦❢✳ ▲❡t✿

v(x, y) =
∏

k:xk≥J
(xkαk)

yk .

❚❤❡r❡ ❛r❡ s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts m,M s✉❝❤ t❤❛t✿

∀x ∈ N
K , ∀y ∈ Y, m ≤ u(x, y)

v(x, y)
≤M.

❚❤❡ ♣r♦♦❢ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t✿

v(x) = max
y∈Y

u(x, y) ≤M max
y∈Y

v(x, y) =M max
y∈Y(x)

v(x, y) ≤ M

m
max
y∈Y(x)

u(x, y) =
M

m
u(x).

�

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✱ ❜❛s❡❞ ♦♥ ▲❡♠♠❛s ✶ ❛♥❞ ✷✱ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ❋♦st❡r✬s
❝r✐t❡r✐♦♥✳

Pr♦♦❢✳ ■❢ t❤❡ ✈❡❝t♦r ♦❢ tr❛✣❝ ✐♥t❡♥s✐t✐❡s ❧✐❡s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ❝❛♣❛❝✐t② r❡❣✐♦♥✱
t❤❡r❡ ❡①✐st s♦♠❡ ǫ > 0 ❛♥❞ s♦♠❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ π ♦♥ Y s✉❝❤ t❤❛t✿

✭✺✳✷✮ ∀k = 1, . . . ,K, ρk = ϕk(1− 2ǫ)
∑

y∈Y
π(y)yk.

◆♦t❡ t❤❛t ✇❡ ❝❛♥ ❝❤♦♦s❡ π(y) > 0 ❢♦r ❛❧❧ y ∈ Y✳
❉❡✜♥❡ t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥✿

F (x) =
∑

k:xk>0

xkσk
ϕk

log(xkαk).



✼✻ ■■■✳ P❊❘❋❖❘▼❆◆❈❊ ❖❋ ❈❙▼❆ ■◆ ▼❯▲❚■✲❈❍❆◆◆❊▲ ❲■❘❊▲❊❙❙ ◆❊❚❲❖❘❑❙

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞r✐❢t ✐s ❣✐✈❡♥ ❜②✿

∆F (x) =
∑

k

λk(F (x+ ek)− F (x)) +
∑

k:xk>0

φk(x)

σk
(F (x− ek)− F (x)),

=
∑

k:xk=0

ρk
ϕk

log(αk) +
∑

k:xk>0

ρk
ϕk

((xk + 1) log((xk + 1)αk)− xk log(xkαk))

+
∑

k:xk>0

φk(x)

ϕk
((xk − 1) log((xk − 1)αk)− xk log(xkαk)) .

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ ∆F (x) = G(x) +H(x) ✇✐t❤✿

G(x) =
∑

k:xk>0

ρk − φk(x)

ϕk
log(xkαk),

H(x) =
∑

k:xk>0

ρk
ϕk

(xk+1) log(1+
1

xk
)+

∑

k:xk>0

φk(x)

ϕk
(xk−1) log(1− 1

xk
)+

∑

k:xk=0

ρk
ϕk

log(αk),

✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ❝♦♥✈❡♥t✐♦♥ 0 log(0) ≡ 0✳ ❙✐♥❝❡ φk(x) ≤ Jϕk✱ t❤❡ ❢✉♥❝t✐♦♥ H(x)
✐s ❜♦✉♥❞❡❞✳ ❘❡❣❛r❞✐♥❣ G(x)✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✶✮ ❛♥❞ ✭✺✳✷✮ t❤❛t✿

G(x) =
∑

y∈Y
((1− 2ε)π(y)− π(x, y))

∑

k:xk>0

yk log(xkαk),

=
∑

y∈Y
((1− 2ε)π(y)− π(x, y)) log(u(x, y)).

❇② ▲❡♠♠❛ ✶✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ st❛t❡s x ❜✉t s♦♠❡ ✜♥✐t❡ ♥✉♠❜❡r✿

G(x) ≤ −ǫ
∑

y∈Y
π(y) log(u(x, y)) + (1− ǫ)





∑

y∈Y
π(y) log(u(x, y))− log(u(x))



 ,

≤ −ǫ
∑

y∈Y
π(y) log(u(x, y)) + (1− ǫ) log

(

v(x)

u(x)

)

.

❙✐♥❝❡ π(y) > 0 ❢♦r ❛❧❧ y ∈ Y✱ t❤❡ ✜rst t❡r♠ t❡♥❞s t♦ −∞ ✇❤❡♥ |x| ≡∑k xk t❡♥❞s t♦
+∞✳ ❇② ▲❡♠♠❛ ✷✱ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❜♦✉♥❞❡❞✳ ❲❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦♠❡
δ > 0 s✉❝❤ t❤❛t ∆F (x) ≤ −δ ❢♦r ❛❧❧ st❛t❡s x ❜✉t s♦♠❡ ✜♥✐t❡ ♥✉♠❜❡r✳ ❚❤❡ ♣r♦♦❢
t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ❋♦st❡r✬s ❝r✐t❡r✐♦♥✳ �

✻✳ ❚✐♠❡✲❙❝❛❧❡ ❙❡♣❛r❛t✐♦♥

❚❤❡♦r❡♠ ✺✳✶ ✐s ❜❛s❡❞ ♦♥ t❤❡ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥✿ ✐♥ t❤❡ ♣❛❝❦❡t✲
❧❡✈❡❧ ♠♦❞❡❧ ♦❢ s❡❝t✐♦♥ ✹✱ ♣❛❝❦❡ts ✏s❡❡✑ ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ ✢♦✇s✱ ✇❤✐❧❡ ✐♥ t❤❡ ✢♦✇✲❧❡✈❡❧
♠♦❞❡❧ ♦❢ s❡❝t✐♦♥ ✺✱ ✢♦✇s ✏s❡❡✑ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡ ♦❢ ♣❛❝❦❡t✲❧❡✈❡❧ ❞②♥❛♠✐❝s✳ ■♥
t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡♠♦✈❡ t❤✐s ❛ss✉♠♣t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ♣r♦✈❡ t❤❛t ✇❤❡♥ t❤❡ s✐③❡
♦❢ t❤❡ ✢♦✇s ❣r♦✇s✱ t❤❡ ♠♦❞❡❧ ✇✐t❤♦✉t t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❝♦♥✈❡r❣❡s t♦ t❤❡ ♠♦❞❡❧
✇✐t❤ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥✱ ♦✈❡r ❛♥② ✜♥✐t❡✲t✐♠❡ ❤♦r✐③♦♥✳ ❲❤✐❧❡ ♥♦t ♣r♦✈✐♥❣ ✐t✱
t❤✐s s✉❣❣❡sts t❤❛t ❈❙▼❆ ✐s ♦♣t✐♠❛❧ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✢♦✇ s✐③❡s✳ ❲❡ ❛❝t✉❛❧❧②
❝♦♥❥❡❝t✉r❡ t❤❛t ❈❙▼❆ ✐s ♦♣t✐♠❛❧ ❢♦r ❛♥② ✢♦✇ s✐③❡✱ ✇❤✐❝❤ ✇❡ ♣r♦✈❡ ❛t t❤❡ ❡♥❞ ♦❢
t❤❡ s❡❝t✐♦♥ ❢♦r ❛ s♣❡❝✐✜❝ ❝❧❛ss ♦❢ ♥❡t✇♦r❦s✳

✻✳✶✳ ❙❝❛❧✐♥❣✳ ❆s ✐♥ s❡❝t✐♦♥ ✺✱ ❝❧❛ss✲k ✢♦✇s ❛r❡ ❛ss✉♠❡❞ t♦ ❛rr✐✈❡ ❛❝❝♦r❞✐♥❣ t♦
❛ P♦✐ss♦♥ ♣r♦❝❡ss ♦❢ ✐♥t❡♥s✐t② λk✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♣❛❝❦❡ts ♣❡r ❝❧❛ss✲k ✢♦✇ ❤❛s ❛
❣❡♦♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ Nσk✱ ✇❤❡r❡ N ✐s s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ t❤❛t ✇❡
r❡❢❡r t♦ ❛s t❤❡ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡❛❝❤ ❝❧❛ss✲k ✢♦✇ t❡r♠✐♥❛t❡s ✇✐t❤
♣r♦❜❛❜✐❧✐t② 1/(σkN) ❛❢t❡r ❡❛❝❤ ♣❛❝❦❡t tr❛♥s♠✐ss✐♦♥✳ P❛❝❦❡ts ❛r❡ ❛ss✉♠❡❞ t♦ ❤❛✈❡
❛♥ ❡①♣♦♥❡♥t✐❛❧ s✐③❡ ✇✐t❤ ♠❡❛♥ 1/N ❜✐ts✱ s♦ ❛s t♦ ❦❡❡♣ t❤❡ ❝❧❛ss✲k ♠❡❛♥ ✢♦✇ s✐③❡
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❝♦♥st❛♥t ❛♥❞ ❡q✉❛❧ t♦ σk ❜✐ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛✣❝ ✐♥t❡♥s✐t②
ρk = λkσk ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ N ✳

❚❤❡ r❛♥❞♦♠ ❛❝❝❡ss ❛❧❣♦r✐t❤♠ ✐s t❤❛t ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✶✳ ❚❤❡ ♦♥❧② ❞✐❢✲
❢❡r❡♥❝❡ ✐s t❤❛t t❤❡ ❛tt❡♠♣t r❛t❡s ♠✉st ❜❡ s❝❛❧❡❞ s♦ ❛s t♦ ❦❡❡♣ t❤❡ r❛t✐♦ ♦❢ ♠❡❛♥
♣❛❝❦❡t tr❛♥s♠✐ss✐♦♥ t✐♠❡ t♦ ♠❡❛♥ ❜❛❝❦♦✛ t✐♠❡ ❝♦♥st❛♥t✳ ❚❤✉s ❡❛❝❤ ❝❧❛ss✲k ❧✐♥❦
♥♦✇ ❛tt❡♠♣ts t♦ ❛❝❝❡ss t❤❡ ❝❤❛♥♥❡❧s ❛t r❛t❡ Nνk✳

✻✳✷✳ ❆s②♠♣t♦t✐❝ ❚✐♠❡✲❙❝❛❧❡ ❙❡♣❛r❛t✐♦♥✳ ❚❤❡ st❛t❡ ♦❢ t❤❡ ♥❡t✇♦r❦ ✐s ♥♦✇
❞❡s❝r✐❜❡❞ ❜② t❤❡ t✉♣❧❡ (XN (t), Y N (t))✱ ✇❤❡r❡ XN (t) ❣✐✈❡s t❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ♦❢
❡❛❝❤ ❝❧❛ss ❛t t✐♠❡ t ❛♥❞ Y N (t) t❤❡ s❝❤❡❞✉❧❡ t❤❛t ✐s s❡❧❡❝t❡❞ ❛t t✐♠❡ t✳ ❚❤✐s ✐s ❛
▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ tr❛♥s✐t✐♦♥ r❛t❡s λk ❢r♦♠ st❛t❡ (x, y) t♦ st❛t❡ (x+ek, y) ✭❝❧❛ss✲k
✢♦✇ ❛rr✐✈❛❧✮✱ N(xk−yk)νkβkj ❢r♦♠ st❛t❡ (x, y) t♦ st❛t❡ (x, y+ekj) ✭❛❝❝❡ss t♦ ❝❤❛♥♥❡❧
j ❜② ❛ ❝❧❛ss✲k ✢♦✇✮✱ Nykjϕk(1 − 1/(σkN)) ❢r♦♠ st❛t❡ (x, y) t♦ st❛t❡ (x, y − ekj)
✭♣❛❝❦❡t tr❛♥s♠✐ss✐♦♥ ♦❢ ❛ ❝❧❛ss✲k ✢♦✇ ♦✈❡r ❝❤❛♥♥❡❧ j✱ ✇✐t❤♦✉t ✢♦✇ ❝♦♠♣❧❡t✐♦♥✮✱
ykjϕk/σk ❢r♦♠ st❛t❡ (x, y) t♦ st❛t❡ (x− ek, y− ekj) ✭♣❛❝❦❡t tr❛♥s♠✐ss✐♦♥ ♦❢ ❛ ❝❧❛ss✲
k ✢♦✇ ♦✈❡r ❝❤❛♥♥❡❧ j✱ ✇✐t❤ ✢♦✇ ❝♦♠♣❧❡t✐♦♥✮✳

❲❤❡♥ N ❣r♦✇s✱ t❤❡ ♣❛❝❦❡t✲❧❡✈❡❧ ❞②♥❛♠✐❝s✱ r❡♣r❡s❡♥t❡❞ ❜② (Y N (t))✱ ❛r❡ ❛❝✲
❝❡❧❡r❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✢♦✇✲❧❡✈❡❧ ❞②♥❛♠✐❝s✱ r❡♣r❡s❡♥t❡❞ ❜② (XN (t))✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ♣r♦✈❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✱ s❤♦✇s t❤❛t t❤❡r❡ ✐s ✐♥❞❡❡❞ t✐♠❡✲s❝❛❧❡ s❡♣✲
❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣❛❝❦❡t ❧❡✈❡❧ ❛♥❞ t❤❡ ✢♦✇ ❧❡✈❡❧ ✐♥ t❤❡ ❧✐♠✐t✳ ❲❡ ❛ss✉♠❡ t❤❛t
XN (0) = X(0) ❢♦r ❛❧❧ N ≥ 1✳

❚❤❡♦r❡♠ ✻✳✶✳ ❲❤❡♥ N → ∞✱ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss (XN (t)) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐✲
❜✉t✐♦♥ t♦ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (X(t))✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ♥❡t✇♦r❦ st❛t❡ ✉♥❞❡r t❤❡
t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥✳

Pr♦♦❢✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r ((XN (t)))N≥1 ❛s ❛ s❡q✉❡♥❝❡ ♦❢ st♦❝❤❛st✐❝
♣r♦❝❡ss❡s ✐♥ t❤❡ s♣❛❝❡ DNK ([0,∞[) ♦❢ ❝à❞✲❧à❣ ❢✉♥❝t✐♦♥s ✇✐t❤ ✈❛❧✉❡s ✐♥ N

K ✇✐t❤ t❤❡
❙❦♦r♦❤♦❞ t♦♣♦❧♦❣②✳

❋✐rst✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❡ t✐❣❤t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ ((XN (t)))✳ ■t ✐s ❡♥♦✉❣❤
t♦ r❡♠❛r❦ t❤❛t✱ ❢♦r ❛❧❧ N ≥ 1✱ (XN

k (t)) ✐s st♦❝❤❛st✐❝❛❧❧② ❞♦♠✐♥❛t❡❞ ❜② ❛ P♦✐ss♦♥
♣r♦❝❡ss ♦❢ ✐♥t❡♥s✐t② λk ❛♥❞ st♦❝❤❛st✐❝❛❧❧② ❞♦♠✐♥❛t❡s ❛♥ M/M/1 q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧
r❛t❡ λk ❛♥❞ s❡r✈✐❝❡ r❛t❡ ϕk/σk✳ ❚❤✉s✱ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❆r③❡❧à✲❆s❝♦❧✐ t❤❡♦r❡♠
❛r❡ ❢✉❧✜❧❧❡❞ ❛♥❞ t❤❡ s❡q✉❡♥❝❡ ((XN (t))) ✐s t✐❣❤t ✭s❡❡ ❬❇✐❧✾✾✱ ❚❤ ✶✷✳✸❪✮✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f ♦♥ N
K ✳ ❉❡♥♦t❡ ❜② ΩN t❤❡ ✐♥✜♥✐t❡s✐♠❛❧

❣❡♥❡r❛t♦r ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (XN (t), Y N (t))✳ ❋♦r ❛❧❧ x ∈ N
K ❛♥❞ y ∈ Y✱ ✇❡

❤❛✈❡

ΩN (f)(x, y) =

K
∑

k=1

λk(f(x+ ek)− f(x))−
K
∑

k=1

ϕk/σk

J
∑

j=1

ykj(f(x− ek)− f(x)).

◆♦t❡ t❤❛t ΩN (f)(x, y) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ N ✳ ❲❡ t❤❡♥ ❞❡✜♥❡ Ω∞(f)(x, y) =
ΩN (f)(x, y)✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ▼❛rt✐♥❣❛❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ▼❛r❦♦✈ ❥✉♠♣ ♣r♦✲
❝❡ss❡s ✭s❡❡ ❬❘❲✽✼❪✮✱ t❤❡ ♣r♦❝❡ss✿

(MN
f (t)) =

(

f(XN (t))− f(XN (0))−
∫ t

0

ΩN (f)(XN (s), Y N (s)) ds

)

✐s ❛ ❧♦❝❛❧❡ ♠❛rt✐♥❣❛❧❡ ❛♥❞✱ s✐♥❝❡ t❤❡ ♣r♦❝❡ss (XN (t)) ✐s ♥♦t ❡①♣❧♦❞✐♥❣ ♦♥ [0, t] ✭✐t
✐s st♦❝❤❛st✐❝❛❧❧② ❞♦♠✐♥❛t❡❞ ❜② ❛ P♦✐ss♦♥ ♣r♦❝❡ss✮✱ ✐t ✐s ❛ ♠❛rt✐♥❣❛❧❡✳

❋♦r ❡❛❝❤ N ≥ 1✱ ❞❡✜♥❡ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡✿

ΓN ([0, t]×B) =

∫ t

0

✶{Y (s)∈B} ds, ❢♦r ❛❧❧ B ⊂ Y.
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ΓN ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ✈❛❧✉❡ ✐♥ t❤❡ s❡t L(Y) ♦❢ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡s ♦♥
[0,∞[×Y s✉❝❤ t❤❛t ✐❢ µ ∈ L(Y) t❤❡♥ µ([0, t]×Y) = t ❢♦r ❛❧❧ t ≥ 0✳ ❙✐♥❝❡ Y ✐s ✜♥✐t❡✱
t❤❡ s❡t L(Y) ✐s ❝♦♠♣❛❝t ❛♥❞ t❤❡♥ t❤❡ s❡q✉❡♥❝❡ (ΓN )N≥1 ✐s r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t✳

❆ss✉♠❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ((XN (t)),ΓN )N≥1 t❡♥❞s t♦ s♦♠❡ ❧✐♠✐t ((X(t)),Γ)✳
❙✐♥❝❡✿

∫ t

0

ΩN (f)(XN (s), Y N (s)) ds =

∫ t

0

∑

y∈Y
ΩN (f)(XN (s), y)ΓN (ds× dy)

❛♥❞ f ✐s ❜♦✉♥❞❡❞✱ t❤✐s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❡♥❞s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦✿
∫ t

0

∑

y∈Y
Ω∞(f)(X(s), y)Γ(ds× dy).

■t r❡♠❛✐♥s t♦ ❝❤❛r❛❝t❡r✐③❡ Γ✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✳✸ ♦❢ ❬❑✉r✾✷❪✱ t❤❡r❡ ❡①✐sts ❛
s❡t ♦❢ r❛♥❞♦♠ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ϑ(t, .) ♦♥ Y s✉❝❤ t❤❛t✿

Γ([0, t]×B) =

∫ t

0

ϑ(s,B) ds, ❢♦r B ⊂ Y.

❋♦r ❛♥② ❢✉♥❝t✐♦♥ g ♦♥ Y✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠❛rt✐♥❣❛❧❡✿

(

M̄N
g (t)

)

=

(

1

N

(

g(Y N (t))− g(Y N (0))−
∫ t

0

ΩN (g)(XN (s), Y N (s)) ds

))

.

❋♦r x ∈ N
K ❛♥❞ y ∈ Y✱ ✇❡ ❤❛✈❡✿

ΩN (g)(x, y) =

K
∑

k=1

J
∑

j=1

N(xk − yk)νkβkj(g(y + ekj)− g(y))

+

(

Nykjϕk

(

1− 1

σkN

)

+
ϕk
σk

)

(g(y − ekj)− g(y)).

❚❤❡ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss ♦❢ t❤✐s ♠❛rt✐♥❣❛❧❡ ✐s✿

〈

M̄N
g (t)

〉

=
1

N2

∫ t

0

ΩN (g)(XN (s), Y N (s)) ds,

≤ 2t

N
max
y∈Y

|g(y)|
(

max
k

ϕk +max
k

νkmax
k,j

βkj

)

.

■t t❡♥❞s t♦ ✵ ♦♥ ❛❧❧ ❝♦♠♣❛❝t s❡ts s♦ t❤❛t t❤❡ ♠❛rt✐♥❣❛❧❡ t❡♥❞s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦
✵✳ ❙✐♥❝❡ Y ✐s ✜♥✐t❡✱ g ✐s ❜♦✉♥❞❡❞ ❛♥❞ (g(Y N (t)) − g(Y N (0)))/N ❛❧s♦ t❡♥❞s t♦ ✵✳
❋✐♥❛❧❧②✱ ✇❡ ❣❡t t❤❛t✿

1

N

∫ t

0

ΩN (g)(XN (s), Y N (s)) ds

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ✵✳ ❚❤✐s ✐♠♣❧✐❡s✿
∫ t

0

∑

y∈Y

(

K
∑

k=1

J
∑

j=1

(Xk(s)− yk)νkβkj(g(y + ekj)− g(y))

+ ykjϕk(g(y − ekj)− g(y))

)

ϑ(s, y) ds = 0

❛♥❞ ❢♦r ❛❧♠♦st ❡✈❡r② s ✐♥ [0, t]✱ ✇❡ ❤❛✈❡✿

∑

y∈Y

(

K
∑

k=1

J
∑

j=1

(Xk(s)− yk)νkβkj(g(y + ekj)− g(y))

+ ykjϕk(g(y − ekj)− g(y))

)

ϑ(s, y) = 0
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❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ϑ(s, .) ✐s t❤❡♥ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ❜② ✭✹✳✶✮✳
■t ❢♦❧❧♦✇s t❤❛t✿

∫ t

0

ΩN (f)(XN (s), Y N (s)) ds

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦✿
∫ t

0

Ω(f)(X(s)) ds

✇❤❡r❡ Ω ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥
✺✳ ❋♦r x ∈ N

K ✱ ✇❡ ❤❛✈❡

Ω(f)(x) =

K
∑

k=1

λk (f(x+ ek)− f(x)) + φk(x)/σk (f(x− ek)− f(x)) ,

✇❤❡r❡ φk(x) ✐s t❤❡ ♠❡❛♥ t❤r♦✉❣❤♣✉t ♦❢ ❝❧❛ss k ✐♥ st❛t❡ x✱ ❣✐✈❡♥ ❜② ✭✹✳✷✮✳
❇② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✱ (MN

f (t)) t❡♥❞s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦✿

(Mf (t)) =

(

f(X(t))− f(X(0))−
∫ t

0

Ω(f)(X(s)) ds

)

,

❛♥❞ (Mf (t)) ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❯s✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ ❥✉♠♣ ♣r♦✲
❝❡ss❡s✱ ✇❡ ❣❡t t❤❛t t❤❡ ♣r♦❝❡ss (X(t)) ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥✲
❡r❛t♦r Ω✳

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ �

✻✳✸✳ ❙t❛❜✐❧✐t② ♦❢ s♦♠❡ ❈❧❛ss ♦❢ ◆❡t✇♦r❦s✳ ❚❤❡♦r❡♠ ✻✳✶ ❥✉st✐✜❡s t❤❡ t✐♠❡ s❝❛❧❡
s❡♣❛r❛t✐♦♥ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✢♦✇s ❛t ✜♥✐t❡ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ t❤✉s ❞♦❡s ♥♦t ✐♠♣❧✐❡s
❛♥②t❤✐♥❣ ❛❜♦✉t st❛❜✐❧✐t② ♦❢ ❈❙▼❆ ✇✐t❤♦✉t t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ✇❤✐❝❤ t②♣✐❝❛❧❧②
♦❝❝✉rs ❛t ✐♥✜♥✐t❡ t✐♠❡ ❤♦r✐③♦♥✳ ❚❤❡♦r❡♠s ✺✳✶ ❛♥❞ ✻✳✶ s✉❣❣❡st t❤❛t ❈❙▼❆ ✐s ♦♣t✐♠❛❧
❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✢♦✇ s✐③❡s✳ ❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t ❈❙▼❆ ✐s ❛❝t✉❛❧❧② ♦♣t✐♠❛❧ ❢♦r
❛♥② ✢♦✇ s✐③❡✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (XN (t), Y N (t)) ✐s ❡r❣♦❞✐❝ ❢♦r
❛♥② s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r N ≥ 1 ♣r♦✈✐❞❡❞ t❤❡ ✈❡❝t♦r ♦❢ tr❛✣❝ ✐♥t❡♥s✐t✐❡s ρ ❧✐❡s ✐♥ t❤❡
✐♥t❡r✐♦r ♦❢ t❤❡ ❝❛♣❛❝✐t② r❡❣✐♦♥✳ ❚♦ s✉♣♣♦rt t❤✐s ❝♦♥❥❡❝t✉r❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
❝❧❛ss ♦❢ ♥❡t✇♦r❦s✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛❧❧ ❧✐♥❦s ❤❛✈❡ ❛❝❝❡ss t♦ t❤❡ J ❝❤❛♥♥❡❧s✳ ❚❤❡
✐♥t❡r❢❡r❡♥❝❡ ❣r❛♣❤ ✐s t❤❡ s❛♠❡ ♦♥ ❛❧❧ ❝❤❛♥♥❡❧s ❛♥❞ ❣✐✈❡♥ ❜② s♦♠❡ L✲♣❛rt✐t❡ ❣r❛♣❤✱
✐✳❡✳ t❤❡r❡ ❡①✐sts ❛ ♣❛rt✐t✐♦♥ {C1, . . . , CL} ♦❢ {1, . . . ,K} s✉❝❤ t❤❛t t✇♦ ❝❧❛ss❡s ✐♥ Cl
❞♦ ♥♦t ✐♥t❡r❢❡r❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❜✉t ❛ ❝❧❛ss ✐♥ Cl ❞♦❡s ✐♥t❡r❢❡r❡ ✇✐t❤ ❛❧❧ ❝❧❛ss❡s ✐♥
{1, . . . ,K} \ Cl✳ ❊①❛♠♣❧❡s ♦❢ L✲♣❛rt✐t❡ ❣r❛♣❤s ❛r❡ ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t s❤♦✇s t❤❛t ❈❙▼❆ ✐s ♦♣t✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r N ✿

Pr♦♣♦s✐t✐♦♥ ✻✳✷✳ ❆♥② ♥❡t✇♦r❦ ✇✐t❤ ❛ L✲♣❛rt✐t❡ ✐♥t❡r❢❡r❡♥❝❡ ❣r❛♣❤ ✐s st❛❜❧❡ ❢♦r ❛❧❧
✈❡❝t♦rs ♦❢ tr❛✣❝ ✐♥t❡♥s✐t✐❡s ρ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ❝❛♣❛❝✐t② r❡❣✐♦♥✳

Pr♦♦❢✳ ❋♦r t❤✐s ♣r♦♦❢✱ ✇❡ ♥❡❡❞ ✢✉✐❞ ❧✐♠✐ts✳ ❋♦r ❛♥② x ∈ R
K
+ ✱ ✇❡ ❞❡✜♥❡ |x| ≡

∑K
k=1 xk✳ ❋♦r ❛❧❧ n ≥ 1✱ ❧❡t (XN,n(t), Y N,n(t)) ❜❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈

♣r♦❝❡ss ✇❤❡♥ st❛rt✐♥❣ ❢r♦♠ s♦♠❡ ✐♥✐t✐❛❧ st❛t❡ s✉❝❤ t❤❛t |XN,n(0)| = n✳ ❆ ✢✉✐❞ ❧✐♠✐t
✐s ❛ ❧✐♠✐t✐♥❣ ♣♦✐♥t (X̄N (t)) ♦❢ t❤❡ ❧❛✇s ♦❢ t❤❡ ♣r♦❝❡ss❡s {(XN,n(nt)/n)}n≥1 ✐♥ t❤❡
s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ t❤❡ s♣❛❝❡ D ♦❢ ❝à❞✲❧à❣ ❢✉♥❝t✐♦♥s ♦♥ R+ ✇✐t❤ ✈❛❧✉❡s
✐♥ R

K
+ ✇✐t❤ t❤❡ ❙❦♦r♦❤♦❞ t♦♣♦❧♦❣② ❬❇✐❧✾✾❪✳ ■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❤♦✇ t❤❛t t❤❡ s❡t ♦❢

♣r♦❝❡ss❡s {(XN,n(nt)/n), n ≥ 1} ✐s t✐❣❤t ✐♥ t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ♦♥
t❤❡ s♣❛❝❡ D ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♠❡tr✐❝ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠ ♦♥ ❝♦♠♣❛❝t
s❡ts✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ✢✉✐❞ ❧✐♠✐t ❛♥❞ ❛♥② ✢✉✐❞ ❧✐♠✐t ✐s ❝♦♥t✐♥✉♦✉s✳
❙✐♥❝❡ t❤❡ ♣r♦❝❡ss (Y N,n(nt)) ❤❛s ✐ts ✈❛❧✉❡s ✐♥ ❛ ✜♥✐t❡ s♣❛❝❡ ❢♦r ❛❧❧ n ≥ 1✱ ✐t ❝❛♥ ❜❡
♣r♦✈❡❞ ❛s ✐♥ ❬❉❛✐✾✺✱ ❘♦❜✵✸❪ t❤❛t✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡ T > 0 s✉❝❤
t❤❛t X̄N (t) = 0 ❢♦r ❛❧❧ t ≥ T ✱ t❤❡♥ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (XN (t), Y N (t)) ✐s ❡r❣♦❞✐❝✳
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❚❤❡ ♣r♦♦❢ ✐s t❤❡♥ ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ❣✐✈❡♥ ✐♥ ❬❋P❘✶✵❪ ❢♦r r❛♥❞♦♠ ❝❛♣t✉r❡
❛❧❣♦r✐t❤♠s✳ ❈♦♥s✐❞❡r ❛ ✢✉✐❞ ❧✐♠✐t (X̄N (t))✳ ❲❡ s❛② t❤❛t ❛ ❝❧❛ss k ✐s ♥♦♥✲❡♠♣t②
❛t t✐♠❡ t ✐❢ X̄N

k (t) > 0✳ ❆s ❧♦♥❣ ❛s t❤❡r❡ ✐s ❛ ♥♦♥✲❡♠♣t② ❝❧❛ss✱ t❤❡ J ❝❤❛♥♥❡❧s ❛r❡
✉s❡❞✳ ▼♦r❡♦✈❡r✱ ✐❢ s♦♠❡ ❝❧❛ss ✐♥ Cl t❛❦❡s ❝❤❛♥♥❡❧ j✱ ❛❧❧ ♦t❤❡r ♥♦♥✲❡♠♣t② ❝❧❛ss❡s ✐♥
Cl ✉s❡ t❤✐s ❝❤❛♥♥❡❧✳ ▲❡t αjl(t) ❜❡ t❤❡ ❢r❛❝t✐♦♥ ♦❢ t✐♠❡ ❝❤❛♥♥❡❧ j ✐s ✉s❡❞ ❜② ❝❧❛ss❡s
✐♥ Cl ❛t t✐♠❡ t✳ ❋♦r ❛♥② ♥♦♥✲❡♠♣t② ❝❧❛ss k ∈ Cl✱ ✇❡ ❤❛✈❡✿

✭✻✳✶✮
dX̄N

k

dt
(t) = λk −

ϕk
σk

J
∑

j=1

αjl(t).

◆♦✇ ❞❡✜♥❡✿

WN (t) =

L
∑

l=1

max
k∈Cl

(

X̄N
k (t)

σk
ϕk

)

.

◆♦t❡ t❤❛t WN (t) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ X̄N (t) = 0✳ ▼♦r❡♦✈❡r✱

WN (0) ≤M ≡
L
∑

l=1

max
k∈Cl

(

σk
ϕk

)

.

❯s✐♥❣ ✭✻✳✶✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t✿
J
∑

j=1

L
∑

l=1

αjl(t) = J,

❛t ❛♥② t✐♠❡ t s✉❝❤ t❤❛t WN (t) > 0✱ ✇❡ ❞❡❞✉❝❡✿

✭✻✳✷✮ WN (t) ≤ max

(

0,M +

(

L
∑

l=1

max
k∈Cl

ρk
ϕk

)

t− Jt

)

.

■♥ L✲♣❛rt✐t❡ ♥❡t✇♦r❦s✱ t❤❡ ❝❛♣❛❝✐t② r❡❣✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ t❤r♦✉❣❤♣✉t ✈❡❝✲
t♦rs φ ❢♦r ✇❤✐❝❤ t❤❡r❡ ❡①✐st ❛ s❡t {π1, . . . , πJ} ♦❢ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ♦✈❡r
{C1, . . . , CL} s✉❝❤ t❤❛t✿

∀k ∈ Cl, φk ≤ ϕk

J
∑

j=1

πj(Cl).

■♥ ♣❛rt✐❝✉❧❛r✱
L
∑

l=1

max
k∈Cl

φk
ϕk

≤
L
∑

l=1

J
∑

j=1

πj(Cl) = J.

❙✐♥❝❡ ρ ❧✐❡s ✐♥s✐❞❡ t❤❡ ❝❛♣❛❝✐t② r❡❣✐♦♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✷✮ t❤❛t WN (t) = 0 ❢♦r ❛❧❧
t ≥ T ✱ ✇✐t❤✿

T =
1

J −∑L
l=1 maxk∈Cl

ρk
,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❡r❣♦❞✐❝✐t② ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (XN (t), Y N (t))✳ �

✼✳ ■♥❢r❛str✉❝t✉r❡✲❇❛s❡❞ ◆❡t✇♦r❦s

❲❡ ❤❛✈❡ s♦ ❢❛r ❝♦♥s✐❞❡r❡❞ ❛ ♥❡t✇♦r❦ ✐♥ ❛❞✲❤♦❝ ♠♦❞❡✱ ✇✐t❤♦✉t ✐♥❢r❛str✉❝t✉r❡✳
❲❡ ♥♦✇ ❝♦♥s✐❞❡r A ❛❝❝❡ss ♣♦✐♥ts t♦ ✇❤✐❝❤ ✉s❡rs ♠✉st ❝♦♥♥❡❝t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡❛❝❤
❝❧❛ss ♥♦✇ ❝♦rr❡s♣♦♥❞s ❡✐t❤❡r t♦ ✉♣❧✐♥❦ tr❛✣❝ ✭❢r♦♠ t❤❡ ✉s❡rs t♦ ❛♥ ❛❝❝❡ss ♣♦✐♥t✮
♦r t♦ ❞♦✇♥❧✐♥❦ tr❛✣❝ ✭❢r♦♠ ❛♥ ❛❝❝❡ss ♣♦✐♥t t♦ t❤❡ ✉s❡rs✮✳ ❲❡ st✉❞② t❤❡ ✢♦✇✲❧❡✈❡❧
❞②♥❛♠✐❝s ♦❢ ❈❙▼❆ ✉♥❞❡r t❤❡ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡
♣r♦✈❡ t❤❡ s✉❜♦♣t✐♠❛❧✐t② ♦❢ st❛♥❞❛r❞ ❈❙▼❆ ✐♥ t❤✐s ❝♦♥t❡①t ❛♥❞ ✐♥tr♦❞✉❝❡ ❛ s❧✐❣❤t
♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❈❙▼❆✱ ✇❡ r❡❢❡r t♦ ❛s ✢♦✇✲❛✇❛r❡ ❈❙▼❆✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ❛❧❣♦r✐t❤♠
♦♣t✐♠❛❧✳
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✸

✶

✷

✹

✺

✶

✷

✸

✹

✺

✻

✶

✷

✸ ✹

✺

C1 = {3},
C2 = {1, 2, 4, 5}.

✭❛✮

C1 = {1, 2, 3},
C2 = {4, 5, 6}.

✭❜✮

C1 = {1, 2},
C2 = {3, 4},
C3 = {5}.

✭❝✮

❋✐❣✉r❡ ✷✳ ❊①❛♠♣❧❡s ♦❢ ✷✲♣❛rt✐t❡ ✭❛✮✲✭❜✮ ❛♥❞ ✸✲♣❛rt✐t❡ ✭❝✮ ❣r❛♣❤s✳

✼✳✶✳ ❯♣❧✐♥❦ ✈s✳❉♦✇♥❧✐♥❦✳ ❋♦r ❛❧❧ i = 1, . . . , A✱ ✇❡ ❞❡♥♦t❡ ❜② Ui ❛♥❞ Di t❤❡ s❡ts
♦❢ ✉♣❧✐♥❦ ❛♥❞ ❞♦✇♥❧✐♥❦ ❝❧❛ss❡s✱ r❡s♣❡❝t✐✈❡❧②✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛❝❝❡ss ♣♦✐♥t i✳ ■♥ t❤❡
❡①❛♠♣❧❡ ♦❢ ✜❣✉r❡ ✸✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡r❡ ❛r❡ A = 2 ❛❝❝❡ss ♣♦✐♥ts ❛♥❞ K = 6 ❝❧❛ss❡s✱
✇✐t❤ U1 = {2}✱ D1 = {1, 3}✱ U2 = {5} ❛♥❞ D2 = {4, 6}✳ ❆♥ ❛❝❝❡ss ♣♦✐♥t ❝❛♥♥♦t
tr❛♥s♠✐t ❛♥❞ r❡❝❡✐✈❡ s✐♠✉❧t❛♥❡♦✉s❧② ♦♥ t❤❡ s❛♠❡ ❝❤❛♥♥❡❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤♦s❡
❝❧❛ss❡s s❤❛r✐♥❣ t❤❡ s❛♠❡ ❛❝❝❡ss ♣♦✐♥t✱ ❡✐t❤❡r ✐♥ ✉♣❧✐♥❦ ♦r ❞♦✇♥❧✐♥❦✱ ❝♦♥✢✐❝t ✇✐t❤
❡❛❝❤ ♦t❤❡r✳ ❋♦r♠❛❧❧②✱ ❢♦r ❛❧❧ ❛❝❝❡ss ♣♦✐♥ts i = 1, . . . , A ❛♥❞ ❛❧❧ ❝❧❛ss❡s k, l ∈ Ui∪Di✱
✇❡ ❤❛✈❡ (k, l) ∈ Ej ❢♦r ❡❛❝❤ ❝❤❛♥♥❡❧ j s✉❝❤ t❤❛t k, l ∈ Vj ✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛♥
❛❝❝❡ss ♣♦✐♥t ❝❛♥♥♦t tr❛♥s♠✐t ❞❛t❛ ♦♥ ♠♦r❡ t❤❛♥ ♦♥❡ ❝❤❛♥♥❡❧ ❛t ❛ t✐♠❡ ❜✉t ✐s ❛❜❧❡
t♦ r❡❝❡✐✈❡ ❞❛t❛ ♦♥ t❤❡ J ❝❤❛♥♥❡❧s s✐♠✉❧t❛♥❡♦✉s❧② ✭♦r ♦♥ ❛ s✉❜s❡t ♦❢ t❤❡s❡ ❝❤❛♥♥❡❧s✱
✐✳❡✳ t❤♦s❡ ❝❤❛♥♥❡❧s j s✉❝❤ t❤❛t Ui ∩ Vj 6= ∅ ❢♦r ❛❝❝❡ss ♣♦✐♥t i✮✳

✸

✶

✷

✹

✻

✺

❋✐❣✉r❡ ✸✳ ❆ ♥❡t✇♦r❦ ♦❢ ✷ ❛❝❝❡ss ♣♦✐♥ts ✇✐t❤ ✻ ❝❧❛ss❡s ♦❢ ❧✐♥❦s ❛♥❞
✐ts ✐♥t❡r❢❡r❡♥❝❡ ❣r❛♣❤✳

❚❤❡ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡s ❛r❡ t❤♦s❡ ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧
❝♦♥str❛✐♥t t❤❛t ❡❛❝❤ ❛❝❝❡ss ♣♦✐♥t ❝❛♥♥♦t tr❛♥s♠✐t ❞❛t❛ ♦♥ ♠♦r❡ t❤❛♥ ♦♥❡ ❝❤❛♥♥❡❧
❛t ❛ t✐♠❡✱ t❤❛t ✐s✿

✭✼✳✶✮ ∀i = 1, . . . , A,
∑

k∈Di

yk ≤ 1.

❲❡ ❞❡♥♦t❡ ❜② Y(x) t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡s ❛♥❞ ❜② Y t❤❡ ✉♥✐♦♥ ♦❢ Y(x) ♦✈❡r
❛❧❧ ♥❡t✇♦r❦ st❛t❡s x✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❛♣❛❝✐t② r❡❣✐♦♥ ✐s ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✸✳

✼✳✷✳ ❙t❛♥❞❛r❞ ❈❙▼❆✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ st❛♥❞❛r❞ ❈❙▼❆ ❛❧❣♦r✐t❤♠✿ ❡❛❝❤
tr❛♥s♠✐tt❡r ✇❛✐ts ❢♦r ❛ ♣❡r✐♦❞ ♦❢ r❛♥❞♦♠ ❞✉r❛t✐♦♥ ❜❡❢♦r❡ ❛tt❡♠♣t✐♥❣ tr❛♥s♠✐ss✐♦♥
♦♥ s♦♠❡ r❛♥❞♦♠❧② ❝❤♦s❡♥ ❝❤❛♥♥❡❧✳ ❚❤❡ ❦❡② ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ❛❞✲❤♦❝ ✇✐r❡❧❡ss
♥❡t✇♦r❦ ❝♦♥s✐❞❡r❡❞ s♦ ❢❛r ✐s t❤❛t ❡❛❝❤ ❛❝❝❡ss ♣♦✐♥t r✉♥s ❛ s✐♥❣❧❡ ✐♥st❛♥❝❡ ♦❢ t❤❡
❈❙▼❆ ❛❧❣♦r✐t❤♠ ❢♦r ❛❧❧ ✐ts ❞♦✇♥❧✐♥❦ tr❛✣❝✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❡❛❝❤ ❛❝❝❡ss ♣♦✐♥t
i✱ t❤❡ ❛tt❡♠♣t r❛t❡s νk ❛r❡ t❤❡ s❛♠❡ ❢♦r ❛❧❧ ❝❧❛ss❡s k ∈ Di✳ ❆t ❡❛❝❤ ❛tt❡♠♣t✱ t❤❡
❛❝❝❡ss ♣♦✐♥t i s❡❧❡❝ts ❛ ❝❧❛ss✲k ✢♦✇ ✇✐t❤ s♦♠❡ ♣r♦❜❛❜✐❧✐t② ♣r♦♣♦rt✐♦♥❛❧ t♦ xk ❛♥❞
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♣r♦❜❡s ❝❤❛♥♥❡❧ j ✇✐t❤ ♣r♦❜❛❜✐❧✐t② βkj ✳ ■❢ t❤❡ ♣r♦❜❡❞ ❝❤❛♥♥❡❧ ✐s s❡♥s❡❞ ✐❞❧❡✱ ❛ ♣❛❝❦❡t
♦❢ t❤✐s ✢♦✇ ✐s tr❛♥s♠✐tt❡❞✳

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ ❛tt❡♠♣t r❛t❡ ♦❢ ❡❛❝❤ ❛❝❝❡ss ♣♦✐♥t ✐s ✐♥❞❡♣❡♥❞❡♥t
♦❢ ✐ts ❝♦♥❣❡st✐♦♥ ❧❡✈❡❧✱ ✐♥ t❡r♠s ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♦♥❣♦✐♥❣ ❞♦✇♥❧✐♥❦ ✢♦✇s ❛t t❤✐s
❛❝❝❡ss ♣♦✐♥t✳ ❚❤✐s ❜r❡❛❦s t❤❡ ♥❛t✉r❛❧ st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ♦❢ ❈❙▼❆ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ ✐♥
❚❤❡♦r❡♠ ✺✳✶ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛❞✲❤♦❝ ♥❡t✇♦r❦s✱ ✇❤❡r❡ t❤♦s❡ ❝❧❛ss❡s ✇✐t❤ ❛ ❤✐❣❤❡r
♥✉♠❜❡r ♦❢ ✢♦✇s ❣❡t ♣r❡❢❡r❡♥t✐❛❧ ❛❝❝❡ss t♦ t❤❡ r❛❞✐♦ ❝❤❛♥♥❡❧s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
✇❡ ✐❧❧✉str❛t❡ t❤❡ s✉❜♦♣t✐♠❛❧✐t② ♦❢ st❛♥❞❛r❞ ❈❙▼❆ ♦♥ t✇♦ ❡①❛♠♣❧❡s ✇✐t❤ ❞♦✇♥❧✐♥❦
tr❛✣❝ ♦♥❧②✳ ◆♦t❡ t❤❛t✱ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✉♣❧✐♥❦ tr❛✣❝ ♦♥❧②✱ t❤❡ ♠♦❞❡❧ ✐s ✐♥ ❢❛❝t
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❛❞✲❤♦❝ ♥❡t✇♦r❦ ❝♦♥s✐❞❡r❡❞ s♦ ❢❛r✳

❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❣✐✈❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡s ❛❝❤✐❡✈❡❞ ❜② t❤❡
❛❧❣♦r✐t❤♠ ✉♥❞❡r t❤❡ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥✳ ❉❡♥♦t✐♥❣ ❜② (Y (t)) t❤❡
s❝❤❡❞✉❧❡ ❛t t✐♠❡ t✱ ✇❡ ❤❛✈❡ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✿

Pr♦♣♦s✐t✐♦♥ ✼✳✶✳ ■❢ ❜♦t❤ t❤❡ ♣❛❝❦❡t s✐③❡s ❛♥❞ t❤❡ ❜❛❝❦♦✛ t✐♠❡s ❤❛✈❡ ❡①♣♦♥❡♥t✐❛❧
❞✐str✐❜✉t✐♦♥s✱ t❤❡♥ Y (t) ✐s ❛ r❡✈❡rs✐❜❧❡ ▼❛r❦♦✈ ♣r♦❝❡ss✱ ✇✐t❤ st❛t✐♦♥❛r② ♠❡❛s✉r❡✿

✭✼✳✷✮

w(x, y) =

A
∏

i=1

∏

k∈Ui:xk>0

xk!

(xk − yk)!
αykk

J
∏

j=1

β
ykj

kj

×
∏

k∈Di:xk>0

(

xkαk
∑

l∈Di
xl

)yk J
∏

j=1

β
ykj

kj , y ∈ Y(x).

Pr♦♦❢✳ ❆s ❢♦r Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ t❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧♦❝❛❧ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s✳
❋♦r ❛❧❧ i, . . . , A✱ ✇❡ ❤❛✈❡ ❢♦r ✉♣❧✐♥❦ ❝❧❛ss❡s✿

∀k ∈ Ui, w(x, y)(xk − yk)νkβkj = w(x, y + ekj)ϕk,

✇❤✐❧❡ ❢♦r ❞♦✇♥❧✐♥❦ ❝❧❛ss❡s✿

∀k ∈ Di, w(x, y)
xk

∑

l∈Di
xl
νkβkj = w(x, y + ekj)ϕk.

�

❚❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❤❡❞✉❧❡s π(x, y) ❢♦❧❧♦✇s ❢r♦♠ ♥♦r♠❛❧✐③❛t✐♦♥✳
❆❣❛✐♥✱ ✐t ✐s ✐♥s❡♥s✐t✐✈❡ t♦ t❤❡ ♣❛❝❦❡t s✐③❡ ❛♥❞ ❜❛❝❦♦✛ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ❜❡②♦♥❞ t❤❡
♠❡❛♥s✳ ❚❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❝❧❛ss k ✐s ❣✐✈❡♥ ❜② ✭✹✳✷✮✳

✶ ✷ ✸

❋✐❣✉r❡ ✹✳ ◆❡t✇♦r❦ ♦❢ ✸ ❛❝❝❡ss ♣♦✐♥ts ✇✐t❤ ❛ s✐♥❣❧❡ ❞♦✇♥❧✐♥❦ ❝❧❛ss
♣❡r ❛❝❝❡ss ♣♦✐♥t ❛♥❞ ✐ts ✐♥t❡r❢❡r❡♥❝❡ ❣r❛♣❤✳

✼✳✷✳✶✳ ❊①❛♠♣❧❡ ✶✳ ❚❤❡ s✐♠♣❧❡st ❡①❛♠♣❧❡ s❤♦✇✐♥❣ t❤❡ s✉❜♦♣t✐♠❛❧✐t② ♦❢ ❈❙▼❆
✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳ ■t ❝♦♥s✐sts ♦❢ A = 3 ❛❝❝❡ss ♣♦✐♥ts✱ ❛ s✐♥❣❧❡ ❝❧❛ss ♣❡r ❛❝❝❡ss
♣♦✐♥t ❛♥❞ ❛ s✐♥❣❧❡ ❝❤❛♥♥❡❧✳ ❚❛❦✐♥❣ ✉♥✐t ♣❤②s✐❝❛❧ r❛t❡s✱ t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② r❡❣✐♦♥
✐s ρ1 + ρ2 < 1 ❛♥❞ ρ2 + ρ3 < 1 ✇❤❡r❡ ✶ ❛♥❞ ✸ ❛r❡ t❤❡ ❡❞❣❡ ❝❧❛ss❡s ❛♥❞ ✷ ✐s t❤❡
❝❡♥t❡r ❝❧❛ss✳ ❆ss✉♠❡ ❢♦r s✐♠♣❧✐❝✐t② ❛❧❧ ❧✐♥❦s ❤❛✈❡ t❤❡ s❛♠❡ ♠❡❛♥ ♣❛❝❦❡t s✐③❡s ❛♥❞
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♠❡❛♥ ❜❛❝❦♦✛ t✐♠❡s✱ s♦ t❤❛t α1 = α2 = α3 = α ❢♦r s♦♠❡ α > 0✳ ■♥ ✈✐❡✇ ♦❢ ✭✹✳✷✮
❛♥❞ ✭✼✳✷✮✱ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ ❧✐♥❦s ✐♥ st❛t❡ x ❛r❡ ❣✐✈❡♥ ❜②✿

φ1(x) =



























α

1 + α
✐❢ x2 = 0,

α

1 + 2α
✐❢ x2 > 0, x3 = 0,

α+ α2

1 + 3α+ α2
✐❢ x2 > 0, x3 > 0,

❛♥❞

φ2(x) =























α

1 + α
✐❢ x1 = 0, x3 = 0,

α

1 + 2α
✐❢ x1 > 0, x3 = 0, ♦r x1 = 0, x3 > 0,

α

1 + 3α+ α2
✐❢ x1 > 0, x3 > 0.

❚❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❧✐♥❦ ✸ ❢♦❧❧♦✇s ❜② s②♠♠❡tr②✳ ❆s ❢♦r ❛ s✐♥❣❧❡ ❧✐♥❦✱ t❤❡ ❜❛❝❦♦✛
t✐♠❡s ♠✉st ❜❡ ❝❤♦s❡♥ s✉✣❝✐❡♥t❧② s♠❛❧❧ t♦ ❧✐♠✐t t❤❡ ♦✈❡r❤❡❛❞ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ■♥
t❤❡ ❧✐♠✐t α→ ∞✱ ✇❡ ❣❡t✿

✭✼✳✸✮ φ(x) =



















(1, 0, 1) ✐❢ x1 > 0, x3 > 0,

(1/2, 1/2, 0) ✐❢ x1 > 0, x2 > 0, x3 = 0,

(1, 0, 0) ✐❢ x1 > 0, x2 = 0, x3 = 0,

(0, 1, 0) ✐❢ x1 = 0, x2 > 0, x3 = 0,

t❤❡ ♦t❤❡r ❝❛s❡s ❢♦❧❧♦✇✐♥❣ ❜② s②♠♠❡tr②✳ ◆♦t❡ t❤❛t ❧✐♥❦ ✷ ✐s ♥♦t s❡r✈❡❞ ✇❤❡♥ ❜♦t❤
❧✐♥❦s ✶ ❛♥❞ ✸ ❛r❡ ❛❝t✐✈❡✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❧✐♥❦ ✷ ✐s ✐♥ ❝♦♥✢✐❝t ✇✐t❤ ❜♦t❤
❧✐♥❦s ✶ ❛♥❞ ✸ ❛♥❞ t❤✉s ❝❛♥♥♦t ❛❝❝❡ss t❤❡ ❝❤❛♥♥❡❧ ❢♦r ❛♥ ✐♥✜♥✐t❡❧② s♠❛❧❧ ❜❛❝❦♦✛ t✐♠❡✳
❚❤✐s r❡s✉❧ts ✐♥ ❛ s✉❜♦♣t✐♠❛❧ st❛❜✐❧✐t② r❡❣✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✼✳✷✳ ❚❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

ρ1 <
1 + ρ3

2
, ρ3 <

1 + ρ1
2

, ρ2 < π0 +
π1,3
2
,

♦r

ρ1 <
1 + ρ3

2
,
1 + ρ1

2
≤ ρ3 <

1 + ρ1
2

+
1− ρ1

2
π2,1, ρ2 <

1− ρ1
2

,

♦r

ρ3 <
1 + ρ1

2
,
1 + ρ3

2
≤ ρ1 <

1 + ρ3
2

+
1− ρ3

2
π2,3, ρ2 <

1− ρ3
2

,

✇❤❡r❡ π0✱ π1,3✱ π2,1 ❛♥❞ π2,3 ❛r❡ t❤❡ r❡s♣❡❝t✐✈❡ ♣r♦❜❛❜✐❧✐t✐❡s t❤❛t✿
✕ ❜♦t❤ ❧✐♥❦s 1 ❛♥❞ 3 ❛r❡ ✐❞❧❡ ✇❤❡♥ ❧✐♥❦ 2 ✐s ❛❧✇❛②s ❛❝t✐✈❡❀
✕ ♦♥❡ ♦❢ t❤❡ ❧✐♥❦s 1 ♦r 3 ✐s ✐❞❧❡ ✇❤❡♥ ❧✐♥❦ 2 ✐s ❛❧✇❛②s ❛❝t✐✈❡❀
✕ ❧✐♥❦ 2 ✐s ✐❞❧❡ ❣✐✈❡♥ t❤❛t ❧✐♥❦ 1 ✐s ✐❞❧❡✱ ✇❤❡♥ ❧✐♥❦ 3 ✐s ❛❧✇❛②s ❛❝t✐✈❡❀
✕ ❧✐♥❦ 2 ✐s ✐❞❧❡ ❣✐✈❡♥ t❤❛t ❧✐♥❦ 3 ✐s ✐❞❧❡✱ ✇❤❡♥ ❧✐♥❦ 1 ✐s ❛❧✇❛②s ❛❝t✐✈❡✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss X(t) ✐s ♣♦s✐t✐✈❡ r❡❝✉rr❡♥t ✐❢ t❤❡ ✈❡❝t♦r ♦❢ tr❛✣❝
✐♥t❡♥s✐t✐❡s ρ ❧✐❡s ✐♥ t❤✐s r❡❣✐♦♥ ❛♥❞ tr❛♥s✐❡♥t ✐❢ ✐t ❧✐❡s ♦✉ts✐❞❡ ✐ts ❝❧♦s✉r❡✳

Pr♦♦❢✳ ❚❤✐s ❡①❛♠♣❧❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ st✉❞✐❡❞ ✐♥ ❬❘♦❜✵✸✱ ♣✷✼✹❪✳ ❲❡ ❝♦♥s✐❞❡r
t❤❡ ✢✉✐❞ ❧✐♠✐ts ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (X(t))✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❞❡✜♥❡ (X(n)(t)) ❛s
t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss X(t) ✇❤♦s❡ ✐♥✐t✐❛❧ st❛t❡ ✐s X(n)(0) = (⌊β1n⌋, ⌊β2n⌋, ⌊β3n⌋) ❢♦r
s♦♠❡ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡rs β1, β2, β3 s✉❝❤ t❤❛t β1 + β2 + β3 = 1✳ ❲❡ t❤❡♥
❞❡✜♥❡✿

X̄(n)(t) =
1

n
X(n)(nt).

❚❤❡ ✢✉✐❞ ❧✐♠✐ts ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (X(t))✱ ✐❢ t❤❡② ❡①✐st✱ ❛r❡ t❤❡ ❧✐♠✐t✐♥❣ ♣♦✐♥ts
♦❢ t❤✐s s❡t ♦❢ ♣r♦❝❡ss❡s ✇❤❡♥ n→ +∞✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss
(X(t)) ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss (C) ❞❡✜♥❡❞ ✐♥ ❬❘♦❜✵✸✱ ♣✷✹✶❪ ❛♥❞ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞
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Pr♦♣♦s✐t✐♦♥ ✾✳✸ ❛♣♣❧✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s❡t {(X̄(n)(t)), n ∈ N} ✐s t✐❣❤t ❛♥❞ t❤❡
✢✉✐❞ ❧✐♠✐ts ❛r❡ ❝♦♥t✐♥✉♦✉s✳ ❚❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (X(t)) ✐s t❤❡♥ ♣♦s✐t✐✈❡ r❡❝✉rr❡♥t
✐❢ t❤❡r❡ ❡①✐sts s♦♠❡ ✜♥✐t❡ t✐♠❡ ❛❢t❡r ✇❤✐❝❤ ❛❧❧ ✢✉✐❞ ❧✐♠✐ts ❛r❡ ♥✉❧❧✱ ❝❢✳ ❬❘♦❜✵✸✱
❚❤❡♦r❡♠ ✾✳✼✱ ♣✷✺✾❪❀ ✐t ✐s tr❛♥s✐❡♥t ✐❢✱ ❛❢t❡r s♦♠❡ ✜♥✐t❡ t✐♠❡✱ ❢♦r ❛♥② ✐♥✐t✐❛❧ st❛t❡
β1, β2, β3✱ t❤❡r❡ ❛r❡ s♦♠❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✢✉✐❞ ❧✐♠✐ts ❣r♦✇ ❛t ❧❡❛st ❧✐♥❡❛r❧② t♦
✐♥✜♥✐t② ❬▼❡②✾✺❪✳

❲❡ ✜rst ❝❛❧❝✉❧❛t❡ t❤❡ ✢✉✐❞ ❧✐♠✐t ✉♥t✐❧ t❤❡ ✜rst t✐♠❡ ✇❤❡r❡ ♦♥❡ ❝♦♠♣♦♥❡♥t
r❡❛❝❤❡s ✵✱ ✐❢ ❛♥②✱ ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ ✐♥✐t✐❛❧ st❛t❡s✳ ❚❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss
(X(n)(t)) ❜❡❤❛✈❡ ❛s t❤r❡❡ ❝♦✉♣❧❡❞ M/M/1 q✉❡✉❡s✱ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡s λ1, λ2, λ3 ❛♥❞
st❛t❡✲❞❡♣❡♥❞❡♥t s❡r✈✐❝❡ r❛t❡s✳ ❲❡ ❞❡♥♦t❡ ❜② µk = 1/σk t❤❡ ♠❛①✐♠✉♠ s❡r✈✐❝❡ r❛t❡
♦❢ q✉❡✉❡ k✱ s♦ t❤❛t ρk = λk/µk✳ ❚❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✐s ♣♦s✐t✐✈❡ r❡❝✉rr❡♥t ✐❢ ❛❧❧
q✉❡✉❡s ❡♠♣t② ✐♥ ✜♥✐t❡ t✐♠❡ ✐♥ t❤❡ ❧✐♠✐t ❛♥❞ tr❛♥s✐❡♥t ✐❢✱ st❛rt✐♥❣ ❢r♦♠ ❛♥② ✐♥✐t✐❛❧
st❛t❡✱ ❛t ❧❡❛st ♦♥❡ q✉❡✉❡ ❣r♦✇s ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t② ❛❢t❡r s♦♠❡ ✜♥✐t❡ t✐♠❡✳

❲❡ st❛rt ✇✐t❤ t❤❡ ❝❛s❡ β1 > 0✱ β2 > 0✱ β3 > 0✳ ❚❤❡ t❤r❡❡ q✉❡✉❡s ❛r❡ t❤❡♥
♠✉t✉❛❧❧② ✐♥❞❡♣❡♥❞❡♥t✱ ✇✐t❤ r❡s♣❡❝t✐✈❡ s❡r✈✐❝❡ r❛t❡s µ1, 0, µ3✳ ❚❤❡ s❝❛❧✐♥❣ ♣r♦♣❡rt②
♦❢ t❤❡ M/M/1 q✉❡✉❡ s❤♦✇s t❤❛t t❤❡ ♣r♦❝❡ss (X̄(n)(t)) ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ t❤❡
❢✉♥❝t✐♦♥✿

(β1 + (λ1 − µ1)t, β2 + λ2t, β3 + (λ3 − µ3)t),

✉♥t✐❧ ♦♥❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts r❡❛❝❤❡s ✵✱ ✐❢ ❛♥②✳
❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ β1 = 0✱ β2 > 0✱ β3 > 0✳ ■♥ ✈✐❡✇ ♦❢ ✭✼✳✸✮✱ q✉❡✉❡ ✶ ❤❛s

s❡r✈✐❝❡ r❛t❡ µ1 ❛♥❞ ✐s ❡♠♣t② ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1− ρ1✳ ◗✉❡✉❡s ✷ ❛♥❞ ✸ ❤❛✈❡ s❡r✈✐❝❡
r❛t❡s 0✱ µ3 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ρ1 ❛♥❞ µ2/2✱ µ3/2 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1− ρ1✳ Pr♦♣♦s✐t✐♦♥
✾✳✶✹ ♦❢ ❬❘♦❜✵✸❪ ❛♣♣❧✐❡s ❛♥❞ t❤❡ ♣r♦❝❡ss (X̄(n)(t)) ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ t❤❡ ❢✉♥❝t✐♦♥✿

(0, β2 + (λ2 − µ2
1− ρ1

2
)t, β3 + (λ3 − µ3

1 + ρ1
2

)t),

✉♥t✐❧ ♦♥❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts r❡❛❝❤❡s ✵✱ ✐❢ ❛♥②✳
◆❡①t✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ β1 = β2 = 0✱ β3 > 0✳ ■♥ ✈✐❡✇ ♦❢ ✭✼✳✸✮✱ q✉❡✉❡ 1 ❤❛s

s❡r✈✐❝❡ r❛t❡ µ1✳ ◗✉❡✉❡ 2 ❤❛s s❡r✈✐❝❡ r❛t❡ µ2/2 ✐❢ q✉❡✉❡ ✶ ✐s ❡♠♣t② ❛♥❞ 0 ♦t❤❡r✇✐s❡✳
❚❤✐s q✉❡✉❡ ✐s st❛❜❧❡ ✐❢ ρ2 < (1 − ρ1)/2✱ ✇❤✐❝❤ ✇❡ ❛ss✉♠❡✳ ◗✉❡✉❡ ✷ t❤❡♥ r❡♠❛✐♥s
❡♠♣t② ✐♥ t❤❡ ❧✐♠✐t✱ ❛♥❞ t❤❡ s❡r✈✐❝❡ r❛t❡ ♦❢ q✉❡✉❡ ✸ ✐s ❡q✉❛❧ t♦ µ3 ✇✐t❤ ♣r♦❜❛❜✐❧✐t②
ρ1 + (1 − ρ1)π2,1 ❛♥❞ t♦ µ3/2 ♦t❤❡r✇✐s❡✳ ❲❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ♣r♦❝❡ss (X̄(n)(t))
✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ t❤❡ ❢✉♥❝t✐♦♥✿

(0, 0, β3 + (λ3 − µ3(
ρ1 + 1

2
− 1− ρ1

2
π2,1))t),

✇❤❡♥❡✈❡r ❝♦♠♣♦♥❡♥t ✸ ✐s ♣♦s✐t✐✈❡✳
❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ β1 = β3 = 0✱ β2 > 0✳ ■♥ ✈✐❡✇ ♦❢ ✭✼✳✸✮✱ t❤❡ s❡r✈✐❝❡

r❛t❡s ♦❢ q✉❡✉❡s 1 ❛♥❞ 3 ❛r❡ ❡q✉❛❧ t♦ µ1 ❛♥❞ µ3 ✇❤❡♥ ❜♦t❤ ❛r❡ ♥♦♥✲❡♠♣t② ❛♥❞ t♦ µ1/2
❛♥❞ µ3/2 ♦t❤❡r✇✐s❡✳ ❚❤✐s s②st❡♠ ✐s st❛❜❧❡ ✐❢ ρ1 < (1 + ρ3)/2 ❛♥❞ ρ3 < (1 + ρ1)/2✱
✇❤✐❝❤ ✇❡ ❛ss✉♠❡✳ ◗✉❡✉❡s ✶ ❛♥❞ ✸ t❤❡♥ r❡♠❛✐♥ ❡♠♣t② ✐♥ t❤❡ ❧✐♠✐t✳ ❚❤❡ s❡r✈✐❝❡
r❛t❡ ♦❢ q✉❡✉❡ ✸ ✐s ❡q✉❛❧ t♦ µ2 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② π0 ❛♥❞ t♦ µ2/2 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② π1,3✳
❚❤❡ ♣r♦❝❡ss X̄(n)(t) ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ t❤❡ ❢✉♥❝t✐♦♥✿

(0, β2 + (λ2 − µ2(π0 −
π1,3
2

))t, 0),

✇❤❡♥❡✈❡r ❝♦♠♣♦♥❡♥t ✷ ✐s ♣♦s✐t✐✈❡✳
❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ❧✐♠✐t ✐♥ t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ✜✈❡ ❝❛s❡s ✭t❤❡ ♦t❤❡rs ❢♦❧❧♦✇ ❜② s②♠♠❡tr②✮✿

✭✶✮ ❆ss✉♠❡ ρ1 < (1+ρ3)/2 ❛♥❞ ρ3 < (1+ρ1)/2✳ ◆♦t❡ t❤❛t t❤✐s ✐♠♣❧✐❡s ρ1 < 1
❛♥❞ ρ3 < 1✳ ◗✉❡✉❡s ✶ ❛♥❞ ✸ ❡♠♣t② ✐♥ ✜♥✐t❡ t✐♠❡✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ q✉❡✉❡
✷✳ ◗✉❡✉❡ 2 t❤❡♥ ❡♠♣t✐❡s ✐♥ ✜♥✐t❡ t✐♠❡ ✐❢ ρ2 < π0+π1,3/2❀ ✐t ❣r♦✇s ❧✐♥❡❛r❧②
t♦ ✐♥✜♥✐t② ✐❢ ρ2 > π0 + π1,3/2✳
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✭✷✮ ❆ss✉♠❡ ρ1 < (1 + ρ3)/2 ❛♥❞ ρ3 > (1 + ρ1)/2✳ ■❢ ρ1 ≥ 1 t❤❡♥ ρ3 > 1
❛♥❞ q✉❡✉❡ ✸ ❣r♦✇s ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t②✳ ❲❡ ♥♦✇ ❛ss✉♠❡ ρ1 < 1✳ ■❢ ρ2 >
(1− ρ1)/2 t❤❡♥ q✉❡✉❡ ✷ ❣r♦✇s ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t②✳ ■❢ ρ2 = (1− ρ1)/2 t❤❡♥
st❛rt✐♥❣ ❢r♦♠ ❛ st❛t❡ ✇❤❡r❡ β1 = 0✱ β2 > 0 ❛♥❞ β3 > 0✱ q✉❡✉❡ ✶ st❛②s
❡♠♣t②✱ q✉❡✉❡ ✷ ✐s ❝♦♥st❛♥t ❛♥❞ q✉❡✉❡ ✸ ❣r♦✇s ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t②✳ ❲❡
❛ss✉♠❡ t❤❛t ρ1 < 1 ❛♥❞ ρ2 < (1 − ρ1)/2✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡
β1 = β2 = 0✱ β3 > 0✱ q✉❡✉❡ ✸ ❣r♦✇s ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t② ✐❢ ρ3 > (1 + ρ1)/2+
π2,1(1− ρ1)/2✳ ❲❡ ❛ss✉♠❡ t❤❛t ρ3 < (1 + ρ1)/2+π2,1(1− ρ1)/2✳ ❙t❛rt✐♥❣
❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡ β1 = β2 = 0✱ β3 > 0✱ q✉❡✉❡ ✸ t❤❡♥ ❡♠♣t✐❡s ✐♥ ✜♥✐t❡
t✐♠❡✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t✱ st❛rt✐♥❣ ❢r♦♠ ❛♥② ✐♥✐t✐❛❧ st❛t❡✱ q✉❡✉❡s ✶
❛♥❞ ✷ ❡♠♣t② ✐♥ ✜♥✐t❡ t✐♠❡✳ ❲❡ ✜rst ♥♦t❡ t❤❛t✱ s✐♥❝❡ ρ1 < 1 ❛♥❞ ρ3 < 1✱
q✉❡✉❡ ✶ ♦r q✉❡✉❡ ✸ ❡♠♣t✐❡s ✐♥ ✜♥✐t❡ t✐♠❡✳ ▼♦r❡♦✈❡r✱ ✐❢ ❜♦t❤ q✉❡✉❡s ✶
❛♥❞ ✸ ❛r❡ ❡♠♣t② ❜✉t ♥♦t q✉❡✉❡ ✷✱ t❤❡♥ q✉❡✉❡ ✸ ❣r♦✇s ❧✐♥❡❛r❧②✳ ❚❤✉s ✇❡
❝❛♥ ❛ss✉♠❡ t❤❛t q✉❡✉❡ ✶ ❡♠♣t✐❡s ❜❡❢♦r❡ q✉❡✉❡ ✸✳ ❲❡ ❦♥♦✇ t❤❛t q✉❡✉❡ ✷
❡♠♣t✐❡s ✐♥ ✜♥✐t❡ t✐♠❡ ✐♥ t❤✐s ❝❛s❡✳

✭✸✮ ❆ss✉♠❡ ρ1 < (1+ρ3)/2 ❛♥❞ ρ3 = (1+ρ1)/2✳ ◆♦t❡ t❤❛t ρ1 < 1 ❛♥❞ ρ3 < 1
✐♥ t❤✐s ❝❛s❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ π0 = 0 ❛♥❞ π1,3 = 1 − ρ1✱ s♦ t❤❛t t❤❡
✐♥❡q✉❛❧✐t② ρ2 < π0+π1,3/2 ✐s ❡q✉✐✈❛❧❡♥t t♦ ρ2 < (1−ρ1)/2✳ ■❢ t❤❡ ❧❛tt❡r ✐s
s❛t✐s✜❡❞✱ t❤❡♥ ✐❢ q✉❡✉❡ ✶ ✐s ♥♦♥✲❡♠♣t② t❤❡♥ q✉❡✉❡ ✷ ❡♠♣t✐❡s ✐♥ ✜♥✐t❡ t✐♠❡
✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ q✉❡✉❡ 3✳ ❲❡ ❥✉st ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ β1 =
β2 = 0 ❛♥❞ β3 > 0✳ ❇❡❝❛✉s❡ ρ3 = (1+ρ1)/2 < (1 + ρ1)/2+π2,1(1− ρ1)/2✱
q✉❡✉❡ ✸ ❡♠♣t✐❡s ✐♥ ✜♥✐t❡ t✐♠❡✳ ■❢ ρ2 > (1 − ρ1)/2✱ ✇❡ ❝❤♦♦s❡ ❛♥ ✐♥✐t✐❛❧
st❛t❡ s✉❝❤ t❤❛t q✉❡✉❡ 1 ❡♠♣t✐❡s ❜❡❢♦r❡ 3✳ ❲❤❡♥ q✉❡✉❡ ✶ ✐s ❡♠♣t②✱ q✉❡✉❡
✸ ✐s ❝♦♥st❛♥t ❛♥❞ q✉❡✉❡ ✷ ❣r♦✇s ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t②✳

✭✹✮ ❆ss✉♠❡ ρ1 ≥ (1 + ρ3)/2 ❛♥❞ ρ3 > (1 + ρ1)/2✳ ❚❤❡♥ ρ1 > 1 ❛♥❞ ρ3 > 1 s♦
t❤❛t q✉❡✉❡s ✶ ❛♥❞ ✸ ❣r♦✇ ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t②✳

✭✺✮ ❆ss✉♠❡ ρ1 = (1 + ρ3)/2 ❛♥❞ ρ3 = (1 + ρ1)/2✳ ❚❤❡♥ ρ1 = ρ3 = 1 ❛♥❞
π0 = π1,3 = 0✳ ■❢ ρ2 = 0✱ t❤❡ ✈❡❝t♦r ρ ❧✐❡s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ st❛❜✐❧✐t②
r❡❣✐♦♥✳ ■❢ ρ2 > 0✱ q✉❡✉❡ ✷ ❣r♦✇s ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t②✳

�

◆♦t❡ t❤❛t✱ ✇❤❡♥ ♦♥❡ ♦❢ t❤❡ ❧✐♥❦s ✐s ❛❧✇❛②s ❛❝t✐✈❡✱ t❤❡ t✇♦ ♦t❤❡r ❧✐♥❦s ❢♦r♠ ❛
❝♦✉♣❧❡❞ s②st❡♠ ♦❢ t✇♦ q✉❡✉❡s ❛s ❝♦♥s✐❞❡r❡❞ ❜② ❋❛②♦❧❧❡ ❛♥❞ ■❛s♥♦❣♦r♦❞s❦✐ ❬❋■✼✾❪✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ st❛❜✐❧✐t② r❡❣✐♦♥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❡①❛❝t❧②✳ ■♥ t❤❡ s②♠♠❡tr✐❝ ❝❛s❡
ρ1 = ρ3✱ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ r❡❞✉❝❡s t♦ ρ1 < 1, ρ2 < π0+π1,3/2. ❋✐❣✉r❡ ✺ s❤♦✇s
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛❜✐❧✐t② r❡❣✐♦♥ ❢♦r ❡q✉❛❧ ♠❡❛♥ ✢♦✇ s✐③❡s✳

✼✳✷✳✷✳ ❊①❛♠♣❧❡ ✷✳ ❈♦♥s✐❞❡r t❤❡ ♠✉❧t✐✲❝❤❛♥♥❡❧ ♥❡t✇♦r❦ ♦❢ ❋✐❣✉r❡ ✻ ✇✐t❤ A = 5
❛❝❝❡ss ♣♦✐♥ts✱ ❛ s✐♥❣❧❡ ❝❧❛ss ♣❡r ❛❝❝❡ss ♣♦✐♥t ❛♥❞ J = 2 ❝❤❛♥♥❡❧s✱ ❢✉rt❤❡r r❡❢❡rr❡❞ t♦
❛s t❤❡ ❜♦✇ t✐❡ ♥❡t✇♦r❦✳ ❚❤❡ ❝♦♥✢✐❝t ❣r❛♣❤ ✐s t❤❡ s❛♠❡ ❢♦r ❜♦t❤ ❝❤❛♥♥❡❧s✳ ❲❡ r❡❢❡r
t♦ ❝❧❛ss ✸ ❛s t❤❡ ❝❡♥t❡r ❝❧❛ss ❛♥❞ t♦ t❤❡ ♦t❤❡r ❝❧❛ss❡s ❛s t❤❡ ❡❞❣❡ ❝❧❛ss❡s✳ ❲❡ ❛ss✉♠❡
t❤❛t t❤❡ ♠❡❛♥ ♣❛❝❦❡t s✐③❡s ❛♥❞ t❤❡ ♠❡❛♥ ❜❛❝❦♦✛ t✐♠❡s ❛r❡ t❤❡ s❛♠❡ ❢♦r ❛❧❧ ❝❧❛ss❡s✱
s♦ t❤❛t αk = α ❢♦r ❛❧❧ k = 1, . . . , 5✱ ❢♦r s♦♠❡ α > 0✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t ❛❧❧ ❝❧❛ss❡s
❡①❝❡♣t ❝❧❛ss ✸ ❤❛✈❡ t❤❡ s❛♠❡ tr❛✣❝ ✐♥t❡♥s✐t✐❡s✳ ❚❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s
t❤❡♥ ❣✐✈❡♥ ❜②✿

✭✼✳✹✮ ρ3 < 1 and 2ρ1 + ρ3 < 2.

❲❡ ❝♦♥s✐❞❡r t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ ✇❤❡r❡ α → ∞ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ t✇♦
❝❤❛♥♥❡❧s ❛r❡ ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠✳ ❲❡ t❤❡♥ ❞❡❞✉❝❡ ❢r♦♠ ✭✹✳✶✮✲✭✹✳✷✮ t❤❡
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❊❞❣❡ ❧✐♥❦s ❧♦❛❞✿ ρ1 = ρ3

❈
❡♥
t❡
r
❧✐♥

❦
❧♦
❛❞
✿
ρ
2

❖♣t✐♠❛❧ st❛❜✐❧✐t② r❡❣✐♦♥
❆❝t✉❛❧ st❛❜✐❧✐t② r❡❣✐♦♥

❋✐❣✉r❡ ✺✳ ❙t❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♥❡t✇♦r❦ ♦❢ ❋✐❣✳ ✶ ✉♥❞❡r
st❛♥❞❛r❞ ❈❙▼❆ ✭ρ1 = ρ3✮✳

✸

✷

✶ ✹

✺

❋✐❣✉r❡ ✻✳ ◆❡t✇♦r❦ ♦❢ ✺ ❛❝❝❡ss ♣♦✐♥ts ✇✐t❤ ❛ s✐♥❣❧❡ ❞♦✇♥❧✐♥❦ ❝❧❛ss
♣❡r ❛❝❝❡ss ♣♦✐♥t ❛♥❞ ✐ts ✐♥t❡r❢❡r❡♥❝❡ ❣r❛♣❤✳

❢♦❧❧♦✇✐♥❣ t❤r♦✉❣❤♣✉t ✈❡❝t♦r✿

✭✼✳✺✮ φ(x) =































(1, 1, 0, 1, 1) ✐❢ x1, x2, x4, x5 > 0,
(

3
4 ,

3
4 ,

1
2 , 1, 0

)

✐❢ x1, x2, x3, x4 > 0, x5 = 0,
(

2
3 ,

2
3 ,

2
3 , 0, 0

)

✐❢ x1, x2, x3 > 0, x4 = x5 = 0,
(0, 1, 1, 1, 0) ✐❢ x2, x3, x4 > 0, x1 = x5 = 0,
(1, 1, 0, 0, 0) ✐❢ x1, x2 > 0, x3 = x4 = x5 = 0,
(1, 0, 0, 0, 0) ✐❢ x1 > 0, x2 = 0, x3 = x4 = x5 = 0.

❚❤❡ ♦t❤❡r ❝❛s❡s ❢♦❧❧♦✇ ❜② s②♠♠❡tr②✳ ❚❤❡ ❝❡♥t❡r ❝❧❛ss ✐s ✐♥ ❝♦♥✢✐❝t ✇✐t❤ ❛❧❧ ♦t❤❡r
❝❧❛ss❡s ❢♦r ❛❝❝❡ss✐♥❣ t❤❡ ❝❤❛♥♥❡❧s ❛♥❞ ✐s ❡✐t❤❡r ♥♦t s❡r✈❡❞ ✇❤❡♥ t❤❡ ✹ ♦t❤❡r ❝❧❛ss❡s
❛r❡ ❛❝t✐✈❡ ♦r s❡r✈❡❞ ❛t ❛ ❧♦✇ r❛t❡ ✇❤❡♥ ✸ ♦t❤❡r ❝❧❛ss❡s ❛r❡ ❛❝t✐✈❡✳ ❚❤✐s ❛❧s♦ r❡s✉❧ts
✐♥ ❛ s✉❜♦♣t✐♠❛❧ st❛❜✐❧✐t② r❡❣✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✼✳✸✳ ❚❤❡ ❜♦✇ t✐❡ ♥❡t✇♦r❦ ✐s ✉♥st❛❜❧❡ ✇❤❡♥❡✈❡r✿

✭✼✳✻✮ ρ3 >
1

3
ρ41 −

2

3
ρ31 −

2

3
ρ21 + 1.
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Pr♦♦❢✳ ❉❡✜♥❡ t❤❡ t❤r♦✉❣❤♣✉t ✈❡❝t♦r φ̃ s✉❝❤ t❤❛t φ̃3(x) = φ3(x) ❛♥❞ φ̃k(x) =
✶{}

{xk > 0} ❢♦r ❛❧❧ k 6= 3✳ ❚❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❝❛♥ ❜❡ ✈❡r✐✜❡❞✿

φ̃k(x) ≥ φk(x), ❢♦r ❛❧❧ k, x,✭✼✳✼✮

φ̃k(x) ≥ φ̃k(y), ❢♦r ❛❧❧ x ≤ y ❛♥❞ k s✉❝❤ t❤❛t xk > 0.✭✼✳✽✮

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s (X(t)) ❛♥❞ (X̃(t)) ❞❡s❝r✐❜✐♥❣
t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ q✉❡✉❡s ❢♦r t❤❡ t❤r♦✉❣❤♣✉t ✈❡❝t♦rs φ ❛♥❞ φ̃✱ r❡s♣❡❝t✐✈❡❧②✱ st❛rt✐♥❣
❢r♦♠ t❤❡ s❛♠❡ ✐♥✐t✐❛❧ st❛t❡ X(0) = X̃(0)✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ✭✼✳✼✮ ❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t②
♣r♦♣❡rt② ✭✼✳✽✮ ✐♠♣❧② t❤❛t (X̃(t)) ≤ (X(t)) ❛✳s✳ ❛t ❛♥② t✐♠❡ t ≥ 0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
tr❛♥s✐❡♥❝❡ ♦r t❤❡ ♥✉❧❧ r❡❝✉rr❡♥❝❡ ♦❢ (X̃(t)) ✐♠♣❧✐❡s t❤❛t ♦❢ (X(t))✳

❋♦r t❤❡ ♠♦❞✐✜❡❞ s②st❡♠✱ q✉❡✉❡s ✶✱✷✱✹ ❛♥❞ ✺ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t M/M/1 q✉❡✉❡s
✇✐t❤ ❧♦❛❞ ρ1✳ ■❢ ρ1 ≥ 1✱ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (X̃(t)) ✐s ♥✉❧❧ r❡❝✉rr❡♥t ♦r tr❛♥s✐❡♥t✳
◆♦t❡ t❤❛t ✭✼✳✻✮ t❤❡♥ r❡❞✉❝❡s t♦ ρ3 ≥ 0✳

❆ss✉♠❡ ♥♦✇ t❤❛t ρ1 < 1✳ ❚♦ ♣r♦✈❡ t❤❡ tr❛♥s✐❡♥❝❡ ♦❢ (X̃(t))✱ ✇❡ ✉s❡ ✢✉✐❞
❧✐♠✐ts✳ ❙✐♥❝❡ ρ1 < 1 ❛♥❞ q✉❡✉❡s ✶✱✷✱✹ ❛♥❞ ✺ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t M/M/1 q✉❡✉❡s ✇✐t❤
❧♦❛❞ ρ1 ✐♥ t❤❡ ♠♦❞✐✜❡❞ s②st❡♠✱ t❤❡r❡ ❡①✐sts s♦♠❡ ✜♥✐t❡ t✐♠❡ ❛❢t❡r ✇❤✐❝❤✱ ❢♦r ❛♥②
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✢✉✐❞ ❧✐♠✐t ❛r❡ ♥✉❧❧✳ ❲❡
t❤❡♥ ❝♦♥s✐❞❡r t❤❡ ✢✉✐❞ ❧✐♠✐ts ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ X̄3(0) = 1 ❛♥❞ X̄k(0) = 0
❢♦r ❛❧❧ k 6= 3✳ ■♥ t❤✐s ❝❛s❡✱ Pr♦♣♦s✐t✐♦♥ ✾✳✶✹ ♦❢ ❬❘♦❜✵✸✱ ♣✳✷✹✶❪ ❛♣♣❧✐❡s ❛♥❞ t❤❡ ✢✉✐❞
❧✐♠✐t s❛t✐s✜❡s✿

X̄3(t) = 1 +

(

λ3 −
φ̄3
σ3

)

t,

❛s ❧♦♥❣ ❛s t❤✐s ❢✉♥❝t✐♦♥ ✐s ♣♦s✐t✐✈❡✱ ✇❤❡r❡ φ̄3 ✐s t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❧✐♥❦ ✸ ❛✈❡r❛❣❡❞
♦✈❡r t❤❡ st❛t❡s ♦❢ ♦t❤❡r ❧✐♥❦s✳ ❙✐♥❝❡ ❡❛❝❤ ♦t❤❡r ❧✐♥❦ ✐s ❛❝t✐✈❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ρ1✱ ✐t
❢♦❧❧♦✇s ❢r♦♠ ✭✼✳✺✮ t❤❛t✿

φ̄3 =
1

3
ρ41 −

2

3
ρ31 −

2

3
ρ21 + 1.

■♥ ♣❛rt✐❝✉❧❛r✱ (X̄3(t)) ✐♥❝r❡❛s❡s ❧✐♥❡❛r❧② t♦ ✐♥✜♥✐t② ✇❤❡♥❡✈❡r ✐♥❡q✉❛❧✐t② ✭✼✳✻✮ ✐s s❛t✲
✐s✜❡❞ ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ ❬▼❡②✾✺❪✱ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (X̃(t)) ✐s tr❛♥s✐❡♥t✳ �

■♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡ ρ1 = ρ3 ❢♦r ✐♥st❛♥❝❡✱ Pr♦♣♦s✐t✐♦♥ ✼✳✸ ✐♠♣❧✐❡s t❤❛t t❤❡
♥❡t✇♦r❦ ✐s ✉♥st❛❜❧❡ ✇❤❡♥❡✈❡r ρ1 > 0.63✳ ■♥ ✈✐❡✇ ♦❢ ✭✼✳✹✮✱ t❤❡ ♦♣t✐♠❛❧ st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥ ✐s ρ1 < 2/3✱ ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ st❛♥❞❛r❞ ❈❙▼❆ ❛❧❣♦r✐t❤♠ ✐s ♥♦t ♦♣t✐✲
♠❛❧✳ ❚❤✐s s✉❜♦♣t✐♠❛❧✐t② ✐s ✐❧❧✉str❛t❡❞ ❜② ❋✐❣✳ ✼✱ t❤❡ ❛❝t✉❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❜❡✐♥❣
♦❜t❛✐♥❡❞ ❜② t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss✳ ■♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s
❝❛s❡ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ❧♦ss ♦❢ ❡✣❝✐❡♥❝② ✐s ❛r♦✉♥❞ ✶✺✪✳

✼✳✸✳ ❋❧♦✇✲❛✇❛r❡ ❈❙▼❆✳ ❚❤❡ ✢♦✇✲❛✇❛r❡ ❈❙▼❆ ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ❢♦r ❡❛❝❤ ❛❝✲
❝❡ss ♣♦✐♥t t♦ r✉♥ ♦♥❡ st❛♥❞❛r❞ ❈❙▼❆ ❛❧❣♦r✐t❤♠ ♣❡r ✢♦✇✳ ❚❤✐s ❝♦♠♣❡♥s❛t❡s ❢♦r t❤❡
✐♥❤❡r❡♥t ❜✐❛s ♦❢ st❛♥❞❛r❞ ❈❙▼❆ ❛❣❛✐♥st ❞♦✇♥❧✐♥❦ ✢♦✇s ❛♥❞ st❛❜✐❧✐③❡s t❤❡ ♥❡t✇♦r❦
✇❤❡♥❡✈❡r ♣♦ss✐❜❧❡✳ ■♥❞❡❡❞✱ t❤❡ st❛t✐♦♥❛r② ♠❡❛s✉r❡ ♦❢ t❤❡ s❝❤❡❞✉❧❡s ✐s ♥♦✇ ❣✐✈❡♥ ❜②
✭✹✳✶✮✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ❛❞✲❤♦❝ ✇✐r❡❧❡ss ♥❡t✇♦r❦ ❝♦♥s✐❞❡r❡❞ ✐♥ s❡❝t✐♦♥
✺ ✐s t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t ✭✼✳✶✮ ♦♥ t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡s✳ ❚❤✐s ❞♦❡s ♥♦t
❝❤❛♥❣❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✱ s❤♦✇✐♥❣ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ✢♦✇✲❛✇❛r❡ ❈❙▼❆✳

✽✳ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t✱ ✉♥❞❡r t❤❡ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥✱ t❤❡ ❞✐s✲
tr✐❜✉t❡❞ s❝❤❡❞✉❧✐♥❣ ❛❝❤✐❡✈❡❞ ❜② st❛♥❞❛r❞ ❈❙▼❆ ❡①♣❧♦✐ts t❤❡ r❛❞✐♦ r❡s♦✉r❝❡s ✐♥ ❛♥
♦♣t✐♠❛❧ ✇❛② ✐♥ ❛❞✲❤♦❝ ✇✐r❡❧❡ss ♥❡t✇♦r❦s✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❡❛❝❤ ♥❡✇ ✢♦✇
❛❞❞s ❛ ❧✐♥❦ t♦ t❤❡ ♥❡t✇♦r❦✱ ✇❤✐❝❤ ❝♦♠♣❡t❡s ❢❛✐r❧② ✇✐t❤ t❤❡ ♦t❤❡r ❧✐♥❦s ❢♦r ❛❝❝❡ss✐♥❣
t❤❡ r❛❞✐♦ ❝❤❛♥♥❡❧s✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛❝❝❡ss ♣♦✐♥ts✱ ❞✉❡ t♦ t❤❡
✐♥❤❡r❡♥t ❜✐❛s ♦❢ ❈❙▼❆ ❛❣❛✐♥st ❞♦✇♥❧✐♥❦ ✢♦✇s✳ ❆ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❈❙▼❆ ✇❡
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❊❞❣❡ ❧✐♥❦s ❧♦❛❞✿ ρ1 = ρ2 = ρ4 = ρ5
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❖♣t✐♠❛❧ st❛❜✐❧✐t② r❡❣✐♦♥
❆❝t✉❛❧ st❛❜✐❧✐t② r❡❣✐♦♥
❈♦♥❞✐t✐♦♥ Pr♦♣✳ ✼✳✸

❋✐❣✉r❡ ✼✳ ❙t❛❜✐❧✐t② r❡❣✐♦♥ ♦❢ t❤❡ ❜♦✇✲t✐❡ ♥❡t✇♦r❦ ✇✐t❤ t✇♦ ❝❤❛♥✲
♥❡❧s ✉♥❞❡r st❛♥❞❛r❞ ❈❙▼❆✳

r❡❢❡r t♦ ❛s ✢♦✇✲❛✇❛r❡ ❈❙▼❆ ✐s t❤❡♥ s✉✣❝✐❡♥t t♦ ❝♦rr❡❝t t❤✐s ❜✐❛s ❛♥❞ t♦ ♠❛❦❡ t❤❡
❛❧❣♦r✐t❤♠ ♦♣t✐♠❛❧✳

Pr♦✈✐♥❣ st❛❜✐❧✐t② ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤❡ t✐♠❡✲s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐s ❛
♠❛❥♦r ✐ss✉❡ t❤❛t ✇❡ ♣❧❛♥ t♦ ❛❞❞r❡ss ✐♥ ❢✉t✉r❡ ✇♦r❦✳ ❋r♦♠ ❛ ♠♦r❡ ♣r❛❝t✐❝❛❧ ♣❡rs♣❡❝✲
t✐✈❡✱ ❛ ♥✉♠❜❡r ♦❢ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ❛❧s♦ ♥❡❡❞ t♦ ❜❡ r❡❧❛①❡❞✳ ❋✐rst✱ ✇❡ ❤❛✈❡
♥❡❣❧❡❝t❡❞ t❤❡ ✐♠♣❛❝t ♦❢ ♣❛❝❦❡t ❝♦❧❧✐s✐♦♥s❀ t❤❡s❡ ❝♦✉❧❞ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧✱
❛s ❞♦♥❡ ✐♥ ❬❏❲✵✾❪ ❢♦r r❛t❡✲❜❛s❡❞ ❛❞❛♣t✐✈❡ ❈❙▼❆ ❢♦r ✐♥st❛♥❝❡✳ ❖♥❡ ♠❛② ❛❧s♦ ❛❝✲
❝♦✉♥t ❢♦r t❤❡ ❛❞❛♣t✐✈❡ ❜❛❝❦♦✛ ♦❢ t❤❡ ■❊❊❊ ✽✵✷✳✶✶ ♣r♦t♦❝♦❧✱ ✇❤✐❝❤ ✐s ❡ss❡♥t✐❛❧ ✐♥
♣r❛❝t✐❝❡ t♦ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ ❝♦❧❧✐s✐♦♥s✱ ❛♥❞ ❢♦r t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❚❈P ❛❝❦♥♦✇❧✲
❡❞❣❡♠❡♥ts✳ ❋✐♥❛❧❧②✱ ♦♥❡ ♠❛② t❤✐♥❦ ♦❢ ♠✉❧t✐✲❤♦♣ ♥❡t✇♦r❦s ✇❤❡r❡ t❤❡ ✢♦✇s ♦❢ s♦♠❡
s♦✉r❝❡✲❞❡st✐♥❛t✐♦♥ ♣❛✐rs ♠✉st ❣♦ t❤r♦✉❣❤ ♦♥❡ ♦r s❡✈❡r❛❧ r❡❧❛② ♥♦❞❡s✳ ❆❧t❤♦✉❣❤ ✇❡
❜❡❧✐❡✈❡ t❤❛t ✢♦✇✲❛✇❛r❡ ❈❙▼❆ ✐s st✐❧❧ ♦♣t✐♠❛❧ ✐♥ t❤✐s ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✱ ✇❡ ❤❛✈❡
♥♦t ②❡t ❜❡❡♥ ❛❜❧❡ t♦ ♣r♦✈❡ t❤✐s r❡s✉❧t✳
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✶✳ ■♥tr♦❞✉❝t✐♦♥

❙t♦r❛❣❡ s②st❡♠s✳ ❖♥❡ ❝♦♥s✐❞❡rs ❛ ❧❛r❣❡ s❝❛❧❡ st♦r❛❣❡ s②st❡♠✱ ✐t ✐s ❛ s❡t ♦❢ ✜❧❡
s❡r✈❡rs ✐♥ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦✳ ■♥ ♦r❞❡r t♦ ❡♥s✉r❡ ♣❡rs✐st❡♥❝❡✱ ✜❧❡s ❛r❡ ❞✉✲
♣❧✐❝❛t❡❞ ♦♥ s❡✈❡r❛❧ s❡r✈❡rs✳ ❲❤❡♥ t❤❡ ❞✐s❦ ♦❢ ❛ ❣✐✈❡♥ s❡r✈❡r ❜r❡❛❦s ❞♦✇♥✱ ✐ts ✜❧❡s
❛r❡ ❧♦st ❜✉t ❝❛♥ ❜❡ r❡tr✐❡✈❡❞ ♦♥ t❤❡ ♦t❤❡r s❡r✈❡rs ✐❢ ❝♦♣✐❡s ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❋♦r t❤❡s❡
❛r❝❤✐t❡❝t✉r❡s ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ ❛ s❡r✈❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞✉♣❧✐❝❛t✐♦♥
♠❡❝❤❛♥✐s♠ ♦❢ ✐ts ✜❧❡s t♦ ♦t❤❡r s❡r✈❡rs✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ s✉✣❝✐❡♥t❧②
♠❛♥② ❝♦♣✐❡s s♦ t❤❛t ❛♥② ✜❧❡ ❤❛s ❛ ❝♦♣② ❛✈❛✐❧❛❜❧❡ ♦♥ ❛t ❧❡❛st ♦♥❡ s❡r✈❡r ❛t ❛♥② t✐♠❡✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ♦r❞❡r t♦ ✉s❡ t❤❡ ❜❛♥❞✇✐❞t❤ ✐♥ ❛♥ ♦♣t✐♠❛❧ ✇❛②✱ t❤❡r❡ s❤♦✉❧❞
♥♦t ❜❡ t♦♦ ♠❛♥② ❝♦♣✐❡s ♦❢ ❛ ❣✐✈❡♥ ✜❧❡ s♦ t❤❛t t❤❡ ♥❡t✇♦r❦ ❝❛♥ ❛❝❝♦♠♠♦❞❛t❡ ❛
❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t ✜❧❡s✳ ❚❤❡s❡ s②st❡♠s ❛r❡ ❦♥♦✇♥ ❛s ❞✐str✐❜✉t❡❞ ❤❛s❤ t❛❜❧❡s
✭❉❍❚s✮✱ t❤❡② ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s♦♠❡ ❧❛r❣❡ s❝❛❧❡ ❞✐s✲
tr✐❜✉t❡❞ s②st❡♠s✱ s❡❡ ❘❤❡❛ ❡t ❛❧✳ ❬❘●❑+✵✺❪ ❛♥❞ ❘♦✇str♦♥ ❛♥❞ ❉r✉s❝❤❡❧ ❬❘❉✵✶❪
❢♦r ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ♣r❡s❡♥t❛t✐♦♥✳

❋❛✐❧✉r❡s ♦❢ ❞✐s❦s ♦❝❝✉r ♥❛t✉r❛❧❧② r❛♥❞♦♠❧②✱ t❤❡s❡ ❡✈❡♥ts ❛r❡ q✉✐t❡ r❛r❡ ❜✉t✱
❣✐✈❡♥ t❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ t❤❡s❡ ❞✐str✐❜✉t❡❞ s②st❡♠s✱ t❤✐s ✐s ♥♦t ❛ ♥❡❣❧✐❣✐❜❧❡
♣❤❡♥♦♠❡♥♦♥ ❛t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ♥❡t✇♦r❦✳ ■❢✱ ❢♦r ❛ s❤♦rt ♣❡r✐♦❞ ♦❢ t✐♠❡✱ s❡✈❡r❛❧ ♦❢
t❤❡ s❡r✈❡rs ❜r❡❛❦ ❞♦✇♥✱ ✐t ♠❛② ❤❛♣♣❡♥ t❤❛t ✜❧❡s ✇✐❧❧ ❜❡ ❧♦st ❢♦r ❣♦♦❞ ❥✉st ❜❡❝❛✉s❡
❛❧❧ t❤❡ ❛✈❛✐❧❛❜❧❡ ❝♦♣✐❡s ✇❡r❡ ♦♥ t❤❡s❡ s❡r✈❡rs ❛♥❞ ❜❡❝❛✉s❡ t❤❡ r❡❝♦✈❡r② ♣r♦❝❡❞✉r❡
✇❛s ♥♦t ❝♦♠♣❧❡t❡❞ ❜❡❢♦r❡ t❤❡ ❧❛st ❝♦♣② ❞✐s❛♣♣❡❛r❡❞✳ ❚♦ ❞❡s✐❣♥ s✉❝❤ ❛ s②st❡♠✱ ✐t
✐s t❤❡r❡❢♦r❡ ❞❡s✐r❛❜❧❡ t♦ ✜♥❞ ❛ ❝♦♥✈❡♥✐❡♥t ❞✉♣❧✐❝❛t✐♦♥ ♣♦❧✐❝② ❛♥❞ t♦ ❞✐♠❡♥s✐♦♥ t❤❡
s②st❡♠ s♦ t❤❛t ❛❧❧ ✜❧❡s ✇✐❧❧ ❤❛✈❡ ❛t ❧❡❛st ❛ ❝♦♣② ❛s ❧♦♥❣ ❛s ♣♦ss✐❜❧❡✳ ❚❤❡ ♥❛t✉r❛❧
❝r✐t✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♥❡t✇♦r❦ ❛r❡ t❤❡ ❢❛✐❧✉r❡ r❛t❡s ♦❢ s❡r✈❡rs✱ t❤❡ ❜❛♥❞✇✐❞t❤
❛❧❧♦❝❛t❡❞ t♦ ❞✉♣❧✐❝❛t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ✜❧❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ s❡r✈❡rs✳ ❚❤❡ r❛t✐♦
♦❢ t❤❡ t✇♦ ❧❛st q✉❛♥t✐t✐❡s ❜❡✐♥❣ ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ st♦r❛❣❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ s②st❡♠✳ ■t
✐s ✐♠♣♦rt❛♥t t♦ ✉♥❞❡rst❛♥❞ t❤❡ ✐♠♣❛❝t ♦❢ ❡❛❝❤ ♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs ♦♥ t❤❡ ❡✣❝✐❡♥❝②
♦❢ t❤❡ st♦r❛❣❡ s②st❡♠✳

❙t♦❝❤❛st✐❝ ▼♦❞❡❧s✳ ❚❤✐s ♥❡t✇♦r❦ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝❧❛ss✐❝❛❧ s❡t ♦❢ q✉❡✉❡s ✇✐t❤
❜r❡❛❦❞♦✇♥s✳ ◆✉♠❡r♦✉s st♦❝❤❛st✐❝ ♠♦❞❡❧s ♦❢ s✉❝❤ s②st❡♠s ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞
✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ s❡❡ ❈❤❛♣t❡r ✻ ♦❢ ❑✐♥❣ ❬❑✐♥✾✵❪ ❢♦r ❡①❛♠♣❧❡ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s

✾✶
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t❤❡r❡✐♥✳ ❘❡❧❛t❡❞ ♠♦❞❡❧s ❝♦♥❝❡r♥ q✉❡✉❡s ✇✐t❤ r❡tr✐❛❧ ❛♥❞ q✉❡✉❡s ✇✐t❤ s❡r✈❡rs ♦❢
✇❛❧❦✐♥❣ t②♣❡s✱ s❡❡ ❆rt❛❧❡❥♦ ❛♥❞ ●ó♠❡③✲❈♦rr❛❧ ❬❆●❈✵✽❪ ❛♥❞ ❋❛❧✐♥ ❛♥❞ ❚❡♠♣❧❡✲
t♦♥ ❬❋❚✾✼❪✳ ❋♦r ♠♦st ♦❢ t❤❡ s②st❡♠s ❛♥❛❧②③❡❞✱ t❤❡r❡ ❛r❡✱ ✐♥ ❣❡♥❡r❛❧✱ ♦♥❡ ♦r t✇♦
♥♦❞❡s ✇❤✐❝❤ ❛r❡ s✉❜❥❡❝t t♦ ❜r❡❛❦❞♦✇♥s✳ ❆ q✉❡✉❡✐♥❣ ❛♥❛❧②s✐s ✐s ❣❡♥❡r❛❧❧② ❞♦♥❡ ✐♥
t❤✐s ❝♦♥t❡①t✿ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ▼❛r❦♦✈ ♠♦❞❡❧ ❛♥❞ ❛♥❛❧✲
②s✐s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠✱ ♦❢ t❤❡ ❞❡❧❛②s ❛♥❞ ♦❢ q✉❡✉❡
s✐③❡s✱✳ ✳ ✳ ❋♦r ❉❍❚s✱ t❤❡r❡ ❛r❡ ✈❡r② ❢❡✇ st♦❝❤❛st✐❝ ♠♦❞❡❧s ✇❤✐❝❤ ✐♥✈❡st✐❣❛t❡ t❤❡✐r
♣❡r❢♦r♠❛♥❝❡s❀ t❤❡ ❡①✐st✐♥❣ ♦♥❡s ❞❡s❝r✐❜❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s ♦❢ ❛
s✐♥❣❧❡ ✜❧❡✳ ❙❡❡ ❈❤✉♥ ❡t ❛❧✳ ❬❈❉❍+✵✻❪✱ P✐❝❝♦♥✐ ❡t ❛❧✳ ❬P❇❙✵✼❪ ❛♥❞ ❘❛♠❛❜❤❛❞r❛♥
❛♥❞ P❛sq✉❛❧❡ ❬❘P✵✻❪✳ ❙❙❡❡ ❛❧s♦ ❈❤❛♣t❡r ❱✳ ■♥ ♠♦st ♦❢ t❤❡s❡ st✉❞✐❡s t❤❡ ✐♥t❡r✲
❛❝t✐♦♥ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ✜❧❡s✱ ❞✉❡ t♦ t❤❡ ❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ❧✐♠✐t❛t✐♦♥s✱ ❤❛s ♥♦t
❜❡❡♥ r❡❛❧❧② ❝♦♥s✐❞❡r❡❞✱ ❡①❝❡♣t t❤r♦✉❣❤ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s
t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤✐s ✐♥t❡r❛❝t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ✐♠♣♦rt❛♥t ❛s♣❡❝t ✐s t❤❛t
❛ ❧❛r❣❡ s②st❡♠✱ ✐✳❡✳ ✇✐t❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✜❧❡s✱ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥st❡❛❞ ♦❢ ❛
s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s q✉✐t❡ ♥❛t✉r❛❧ ❢♦r ❝✉rr❡♥t ❞✐str✐❜✉t❡❞
s②st❡♠s✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ♠♦❞❡❧ ✐s ❝♦♥s✐❞❡r❡❞✿ ❆ ✜❧❡ ❝❛♥ ❤❛✈❡ ❛t
♠♦st t✇♦ ❝♦♣✐❡s✱ t❤❡ t♦t❛❧ ❜❛♥❞✇✐❞t❤ ❛❧❧♦❝❛t❡❞ t♦ ✜❧❡ ❞✉♣❧✐❝❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② λN ✱
❢♦r λ > 0 ❛♥❞ N ∈ N✳ ■❢ ❛t s♦♠❡ ♠♦♠❡♥t t❤❡r❡ ❛r❡ x ≥ 1 ✜❧❡s ✇✐t❤ ❡①❛❝t❧② ♦♥❡
❝♦♣②✱ ❛ ♥❡✇ ❝♦♣② ♦❢ ❡❛❝❤ ♦❢ t❤❡s❡ ✜❧❡s ✐s ❝r❡❛t❡❞ ❛t r❛t❡ λN/x✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t
✐♥✐t✐❛❧❧② FN ✜❧❡s ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ s②st❡♠ ✇✐t❤ t✇♦ ❝♦♣✐❡s ❛♥❞ ❡❛❝❤ ❝♦♣② ♦❢ ❛ ✜❧❡
❞✐s❛♣♣❡❛rs ❛t r❛t❡ µ✳ ❘❡❝❛❧❧ t❤❛t ❛ ✜❧❡ ✇✐t❤ 0 ❝♦♣✐❡s ✐s ❧♦st✳ ■t ✇✐❧❧ ❜❡ ❛ss✉♠❡❞
t❤❛t t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✜❧❡s FN ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ N ✱ ✐✳❡✳ t❤❛t FN/N ❝♦♥✈❡r❣❡s
t♦ s♦♠❡ β > 0✳ ❈❧❡❛r❧② ❡♥♦✉❣❤✱ t❤✐s s②st❡♠ ✐s tr❛♥s✐❡♥t ❛♥❞ t❤❡ ❡♠♣t② st❛t❡✱ ❛❧❧
✜❧❡s ❛r❡ ❧♦st✱ ✐s ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ♦❢ ❞❡s❝r✐❜✐♥❣ t❤❡
❞❡❝❛② ♦❢ t❤❡ ♥❡t✇♦r❦✱ ✐✳❡✳ ❤♦✇ t❤❡ s❡t ♦❢ ❧♦st ✜❧❡s ✐♥ ✐♥❝r❡❛s✐♥❣✳ ❋♦r δ > 0✱ t❤❡r❡
❡①✐sts s♦♠❡ ✜♥✐t❡ r❛♥❞♦♠ ✐♥st❛♥t TN (δ)✱ s✉❝❤ t❤❛t ❛ ❢r❛❝t✐♦♥ ⌊δN⌋ ♦❢ t❤❡ ✜❧❡s ❛r❡
❧♦st ❛❢t❡r t✐♠❡ TN (δ)✳ ❚❤❡ ❝❤❛♣t❡r ✐♥✈❡st✐❣❛t❡s t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ✐♥ N ♦❢ t❤❡
✈❛r✐❛❜❧❡s TN (δ) ❛s N ❣❡ts ❧❛r❣❡ ❛♥❞ t❤❡ r♦❧❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs λ✱ µ ❛♥❞ β ✐♥ t❤❡s❡
❛s②♠♣t♦t✐❝s✳

■♥ ♣r❛❝t✐❝❡✱ ✐❢ t❤❡r❡ ❛r❡ N s❡r✈❡rs ❛♥❞ t❤❛t ❡❛❝❤ ♦❢ t❤❡♠ ❤❛s ❛♥ ❛✈❛✐❧❛❜❧❡ ❜❛♥❞✲
✇✐❞t❤ λ t♦ ❞✉♣❧✐❝❛t❡ ✜❧❡s✱ t❤❡♥ t❤❡ ♠❛①✐♠❛❧ ❝❛♣❛❝✐t② ❢♦r ❞✉♣❧✐❝❛t✐♦♥ ✐s λN ✳ ❚❤❡
♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❤❛s t❤❡r❡❢♦r❡ ❛♥ ♦♣t✐♠❛❧ ✉s❡ ♦❢ t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠
s✐♥❝❡ t❤❡ ♠❛①✐♠❛❧ ❞✉♣❧✐❝❛t✐♦♥ ❝❛♣❛❝✐t② ✐s ❛❧✇❛②s ❛✈❛✐❧❛❜❧❡✳ ❋♦r t❤✐s r❡❛s♦♥ t❤✐s
♠♦❞❡❧ ♣r♦✈✐❞❡s ✉♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ ♦♣t✐♠❛❧ ♣❡r❢♦r♠❛♥❝❡s ♦❢ s✉❝❤ ❛ s②st❡♠✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② ❞✉♣❧✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠s✱ ❛❢t❡r ❛ ❞✉r❛t✐♦♥ ♦❢ t✐♠❡ ✇✐t❤ t❤❡ s❛♠❡
❞✐str✐❜✉t✐♦♥ ❛s TN (δ)✱ ❛t ❧❡❛st ⌊δN⌋ ✜❧❡s ✇✐❧❧ ❜❡ ❧♦st ❢♦r ❣♦♦❞✳ ❆ ♠♦r❡ r❡❛❧✐st✐❝
♠♦❞❡❧✱ ✇❤❡♥ t❤❡ t♦t❛❧ ❞✉♣❧✐❝❛t✐♦♥ ❜❛♥❞✇✐❞t❤ ✐s ♥♦t ❛♥②♠♦r❡ ❝❡♥tr❛❧✐③❡❞✱ ✐s ✐♥✈❡s✲
t✐❣❛t❡❞ ✐♥ ❋❡✉✐❧❧❡t ❛♥❞ ❘♦❜❡rt ❬❋❘✶✷❪ ✈✐❛ ♠❡❛♥✲✜❡❧❞ ❧✐♠✐t ❛s②♠♣t♦t✐❝s✳ ■t t✉r♥s
♦✉t t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❛♥✲✜❡❧❞ ❧✐♠✐t ❝❛♥ ✐♥ ❢❛❝t ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
s✐♠♣❧❡ ♠♦❞❡❧ ❛♥❛❧②③❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❚❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡♥ t❤❡r❡ ❛r❡ ❛t
♠♦st d ≥ 2 ❝♦♣✐❡s ♦❢ ❛ ❣✐✈❡♥ ✜❧❡ ✇✐❧❧ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❛♥♦t❤❡r ❛rt✐❝❧❡ t♦ ❝♦♠❡✳

❚✐♠❡ ❙❝❛❧❡s ♦❢ ❚r❛♥s✐❡♥t ▼❛r❦♦✈ Pr♦❝❡ss❡s✳ ■❢✱ ❢♦r i ∈ {0, 1, 2}✱ XN
i (t) ❞❡✲

♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✜❧❡s ✇✐t❤ i ❝♦♣✐❡s ✐♥ t❤❡ ♥❡t✇♦r❦✱ t❤❡♥✱ ✉♥❞❡r P♦✐ss♦♥ ❛ss✉♠♣✲
t✐♦♥s ❢♦r ❢❛✐❧✉r❡s ❛♥❞ ❢♦r ❞✉♣❧✐❝❛t✐♦♥ ♣r♦❝❡ss❡s✱ (XN

0 (t), XN
1 (t)) ✐s ❝❧❡❛r❧② ❛ ✜♥✐t❡

▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ (FN , 0) ❛s ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡✳ ❈♦♥tr❛r② t♦ ♣r❡✈✐♦✉s ✇♦r❦s
♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ t❤❡r❡ ✐s ❝❧❡❛r❧② ♥♦ q✉❡st✐♦♥ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ❤❡r❡ s✐♥❝❡ t❤❡ s②st❡♠
❞✐❡s ❛t (FN , 0)✳ ❆ ♣♦ss✐❜❧❡ ❛♣♣r♦❛❝❤ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞❡❝❛② ♦❢ s✉❝❤ ❛ s②st❡♠
❝♦✉❧❞ ❜❡ ♦❢ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛ss♦❝✐❛t❡❞ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ▼❛r❦♦✈
♣r♦❝❡ss✳ ❙❡❡ ❉❛rr♦❝❤ ❛♥❞ ❙❡♥❡t❛ ❬❉❙✻✺❪ ❛♥❞ ❋❡rr❛r✐ ❡t ❛❧✳ ❬❋❑▼P✾✺❪ ❢♦r ❡①❛♠✲
♣❧❡✳ ■t ✇♦✉❧❞ ❣✐✈❡ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ t❤❡ ❡✈❡♥t t❤❛t ♦♥❧②
❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ✜❧❡s ❤❛s ❜❡❡♥ ❧♦st✳ ❚❤❡s❡ q✉❛♥t✐t✐❡s ❛r❡ ❣❡♥❡r❛❧❧② ❡①♣r❡ss❡❞ ✐♥
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t❡r♠s ♦❢ t❤❡ s♣❡❝tr❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❥✉♠♣ ♠❛tr✐①✳ ❋♦r t❤✐s r❡❛s♦♥✱ ❡①♣❧✐❝✐t
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ ❞✐str✐❜✉t✐♦♥s ✐s q✉✐t❡ r❛r❡ ♦✉ts✐❞❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❜✐rt❤ ❛♥❞
❞❡❛t❤ ♣r♦❝❡ss❡s✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡s ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ✐♥✈❡st✐❣❛t❡
t❤❡ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡s❡ tr❛♥s✐❡♥t ♣r♦❝❡ss❡s✳ ❚✐♠❡s s❝❛❧❡s ❝❛♥ ❜❡ t❤♦✉❣❤t
❛s ✏❧❡♥s❡s✑✳ ❚✇♦ ♦❢ t❤❡♠ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ st❛❜❧❡ ♣❛rt ♦❢ t❤❡ s❛♠♣❧❡ ♣❛t❤ ♦❢ t❤❡
♣r♦❝❡ss ✭✐❢ ❛♥②✮ ❛♥❞ t❤❡♥ ❞❡s❝r✐❜❡ t❤❡ q✉❛s✐✲st❛t✐♦♥❛r② ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❝❡ss✳✳
❋✐♥❛❧❧②✱ ❛ t❤✐r❞ t✐♠❡ s❝❛❧❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❞❡❝❛②✐♥❣ ♣❛rt ♦❢ t❤❡ s❛♠♣❧❡ ♣❛t❤s✱ ✐✳❡✳
✇❤❡♥ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❧♦st ✜❧❡s ✐s s✐❣♥✐✜❝❛♥t ❛♥❞ t❤❡ s②st❡♠ t❡♥❞s t♦ ❡①t✐♥❝t✐♦♥✳

❙t♦❝❤❛st✐❝ ❆✈❡r❛❣✐♥❣ Pr✐♥❝✐♣❧❡s✳ ■t ✐s s❤♦✇♥ t❤❛t ✐♥ s♦♠❡ ❝❛s❡s✱ ❛ st♦❝❤❛st✐❝
❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡ ✭❙❆P✮ ♦❝❝✉rs ❢♦r t❤✐s tr❛♥s✐❡♥t ♣r♦❝❡ss✿ r♦✉❣❤❧② s♣❡❛❦✐♥❣ ✐ts
❞②♥❛♠✐❝s ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t✇♦ ❝♦♠♣♦♥❡♥ts✱ ♦♥❡ ❡✈♦❧✈✐♥❣ ♦♥ ❛ ❢❛st t✐♠❡
s❝❛❧❡ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ♦♥ ❛ s❧♦✇❡r t✐♠❡ s❝❛❧❡✳ ❚❤❡ s②st❡♠ ✐s ❢✉❧❧② ❝♦✉♣❧❡❞ ✐♥
t❤❡ s❡♥s❡ t❤❛t t❤❡ ❥✉♠♣ r❛t❡s ♦❢ t❤❡ s❧♦✇ ♣r♦❝❡ss ❞❡♣❡♥❞s ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢
t❤❡ ❢❛st ♣r♦❝❡ss✱ ❛♥❞ t❤❡ ❥✉♠♣ r❛t❡s ♦❢ t❤❡ ❢❛st ♣r♦❝❡ss ❞❡♣❡♥❞s ♦❢ t❤❡ st❛t❡ ♦❢
t❤❡ s❧♦✇ ♣r♦❝❡ss✳ ❙❡❡ ❑❤❛s♠✐♥s❦✐✐ ❬❑❤❛✽✵❪ ❛♥❞ ❋r❡✐❞❧✐♥ ❛♥❞ ❲❡♥t③❡❧❧ ❬❋❲✾✽❪✳
❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ❦♥♦✇♥ t♦ ♦❝❝✉r ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ❧♦ss ♥❡t✇♦r❦s✳ ■♥
t❤✐s ❝❛s❡ t❤❡ ✈❡❝t♦r ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❢r❡❡ ♣❧❛❝❡s ♦❢ t❤❡ ❝♦♥❣❡st❡❞ ❧✐♥❦s ✐s t❤❡ ❢❛st
❝♦♠♣♦♥❡♥t✱ s❡❡ ❑❡❧❧② ❬❑❡❧✾✶❪ ❛♥❞ ❍✉♥t ❛♥❞ ❑✉rt③ ❬❍❑✾✹❪✳ ❖✉ts✐❞❡ t❤✐s ❝❧❛ss ♦❢
♥❡t✇♦r❦s✱ t❤❡r❡ ❛r❡✱ ✉♣ t♦ ♥♦✇✱ ❢❡✇ ❡①❛♠♣❧❡s ♦❢ st♦❝❤❛st✐❝ ♥❡t✇♦r❦s ❢♦r ✇❤✐❝❤ ❛
❢✉❧❧② ❝♦✉♣❧❡❞ ❙❆P ♦❝❝✉rs✳ ❙❡❡ ❈❤❛♣t❡r ■■ ❛♥❞ P❡rr② ❛♥❞ ❲❤✐tt ❬P❲✶✶❪ ❢♦r r❡❝❡♥t
❡①❛♠♣❧❡s ♦❢ ❙❆P✳

❚❤✐s ❙❆P ♣❤❡♥♦♠❡♥♦♥ ✐s ❛❧r❡❛❞② ✇❡❧❧ ❦♥♦✇♥ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❞❡t❡r♠✐♥✐st✐❝
❞②♥❛♠✐❝❛❧ s②st❡♠s✱ s❡❡ ●✉❝❦❡♥❤❡✐♠❡r ❛♥❞ ❍♦❧♠❡s ❬●❍✾✵❪✳ ■♥ ❛ st♦❝❤❛st✐❝ ❝♦♥t❡①t✱
❛♥ ❛❞❞✐t✐♦♥❛❧ ❞✐✣❝✉❧t②✱ s♦♠❡t✐♠❡s ✉♥❞❡r❡st✐♠❛t❡❞✱ ✐s ♦❢ ❝♦♥tr♦❧❧✐♥❣ t❤❡ r❡❣✉❧❛r✐t②
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥s ✐♥❞❡①❡❞ ❜② t❤❡ st❛t❡s ♦❢ t❤❡ s❧♦✇
♣r♦❝❡ss✱ ✐♥st❡❛❞ ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ✜①❡❞ ♣♦✐♥ts ✐♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝❛s❡✳ ❚❤✐s ❝❛♥ ❜❡
❞♦♥❡ t❤r♦✉❣❤ ❛ ❦✐♥❞ ♦❢ ✉♥✐❢♦r♠ ❝♦♥tr♦❧ ♦❢ s♦♠❡ ❡r❣♦❞✐❝ ❛✈❡r❛❣❡s✱ s❡❡ ❋r❡✐❞❧✐♥ ❛♥❞
❲❡♥t③❡❧❧ ❬❋❲✾✽❪ ♦r ❜② ✉s✐♥❣ ❛ ♠❛rt✐♥❣❛❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ▼❛r❦♦✈
♣r♦❝❡ss❡s✱ s❡❡ ❑✉rt③ ❬❑✉r✾✷❪✳ ■♥ ❛♥② ❝❛s❡✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❞❡❧✐❝❛t❡ t❡❝❤♥✐❝❛❧ ✐ss✉❡s
t♦ ❛❞❞r❡ss✿ ❛ ❝♦♥✈❡♥✐❡♥t t✐❣❤t♥❡ss r❡s✉❧t ❢♦r ❛ s❡t ♦❢ r❛♥❞♦♠ ♠❡❛s✉r❡s ❛♥❞ t❤❡ r❛t❡
♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❡r❣♦❞✐❝ ❛✈❡r❛❣❡s✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ❛ ♠❛rt✐♥❣❛❧❡ ❢♦r♠✉❧❛t✐♦♥ ✐s ❛❧s♦
✉s❡❞ ❜✉t ✇✐t❤ ❛ t❡❝❤♥✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞✳ ❇② t❛❦✐♥❣ ❛ ❝♦♥✈❡♥✐❡♥t
st❛t❡ s♣❛❝❡ ❢♦r r❛♥❞♦♠ ♠❡❛s✉r❡s✱ t❡❝❤♥✐❝❛❧ r❡s✉❧ts r❡❧❛t❡❞ t♦ ❡①t❡♥s✐♦♥s ♦❢ r❛♥❞♦♠
♠❡❛s✉r❡s ✇✐t❤ s♣❡❝✐✜❝ ♠❡❛s✉r❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ❛r❡ ♥♦t ♥❡❝❡ss❛r②✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ t✐❣❤t♥❡ss ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥s ♦❢ ❢❛st ♣r♦❝❡ss❡s ✐s ♦❜t❛✐♥❡❞ ❛s
❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ s✐♠♣❧❡ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt②✳ ■❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ✐s
q✉✐t❡ s♣❡❝✐✜❝✱ ✐t s❡❡♠s t❤❛t t❤❡ ♠❡t❤♦❞ t♦ ❛✈♦✐❞ ❡①t❡♥s✐♦♥ r❡s✉❧ts ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❛
q✉✐t❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✳ ❚❤✐s ✇✐❧❧ ❜❡ t❤❡ s✉❜❥❡❝t ♦❢ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s✳

❖✉t❧✐♥❡ ♦❢ t❤❡ ❈❤❛♣t❡r✳ ❙❡❝t✐♦♥ ✷ ✐♥tr♦❞✉❝❡s t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✐♥✈❡st✐❣❛t❡❞
❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛rt✐♥❣❛❧❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ❙❡❝t✐♦♥ ✸ st✉❞✐❡s ❛ ✢✉✐❞ ♣✐❝t✉r❡
♦❢ t❤❡ ♥❡t✇♦r❦✱ ✐✳❡✳ t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XN

0 (t)/N,XN
1 (t)/N)✱ ✐t

✐s s❤♦✇♥ ✐♥ ❚❤❡♦r❡♠ ✸✳✶ t❤❛t ✐ts ❧✐♠✐t✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛♥ ❖❉❊✱ ✐s ♥♦t tr✐✈✐❛❧ ✇❤❡♥
λ < 2µβ ❛♥❞ ✐s (0, 0) ✇❤❡♥ λ > 2µβ✳ ❚❤❡ st♦r❛❣❡ s②st❡♠ ✐s t❤❡r❡❢♦r❡ ♣r♦♣❡r❧②
❞❡s✐❣♥❡❞ ✇❤❡♥ λ > 2µβ✱ ♦t❤❡r✇✐s❡ ✐t ✐s ✐♥❡✣❝✐❡♥t s✐♥❝❡ ✐t ✐s ❧♦s✐♥❣ ❛ s✐❣♥✐✜❝❛♥t
♥✉♠❜❡r ♦❢ ✜❧❡s r✐❣❤t ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❙❡❝t✐♦♥ ✹ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❝r✐t✐❝❛❧ ❝❛s❡ λ =
2µβ✱ ❚❤❡♦r❡♠ ✹✳✶ s❤♦✇s t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XN

0 (t)/
√
N,XN

1 (t)/
√
N)

✐s ❝♦♥✈❡r❣✐♥❣ ✐♥ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❛t ✐ts ❧✐♠✐t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❛
♥♦♥✲▼❛r❦♦✈✐❛♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss✱ ✇❤✐❝❤ ✐s s♦❧✉t✐♦♥ ♦❢ ❛♥ ✉♥✉s✉❛❧ st♦❝❤❛st✐❝
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇✐t❤ r❡✢❡❝t✐♦♥ ❛t 0✳ ■♥ ❙❡❝t✐♦♥ ✺✱ t❤❡ st❛❜❧❡ ❝❛s❡ lambda >
2µ beta ✐s ✐♥✈❡st✐❣❛t❡❞✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ s②st❡♠ r❡♠❛✐♥s ✐♥t❛❝t
❛t t❤❡ ♥♦r♠❛❧ t✐♠❡ s❝❛❧❡✿ ❋♦r t ≥ 0✱ ❚❤❡♦r❡♠ ✺✳✸ ♣r♦✈❡s t❤❛t t❤❡ ✈❛r✐❛❜❧❡ (XN

0 (t))
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❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss✳ ❖♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✜❧❡s ✐s ❧♦st ❛s
N ❣♦❡s t♦ ✐♥✜♥✐t②✳ ▼♦r❡ ✐♥t❡r❡st✐♥❣✱ ❚❤❡♦r❡♠ ✺✳✺ s❤♦✇s t❤❛t ♦♥ t❤❡ t✐♠❡ s❝❛❧❡ t→
Nt t❤❡ tr❛♥s✐❡♥❝❡ ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss s❤♦✇s ✉♣✿ ❛t ✏t✐♠❡✑ Nt ❛ ❢r❛❝t✐♦♥ ψ(t)N
♦❢ t❤❡ ✜❧❡s ✐s ❧♦st ✇❤❡r❡ ψ(t) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ s♦♠❡ ✜①❡❞ ♣♦✐♥t ❡q✉❛t✐♦♥✳ ❚❤✐s ✐s t❤❡
❝❛s❡ ✇❤❡r❡ ❛ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡ ❤♦❧❞s✿ ❛r♦✉♥❞ t✐♠❡ Nt t❤❡r❡ ✐s ❛ ❧♦❝❛❧
❡q✉✐❧✐❜r✐✉♠ ❢♦r ✇❤✐❝❤ (β−Ψ(t))N ✜❧❡s ❛r❡ st✐❧❧ ❛✈❛✐❧❛❜❧❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t→ Nt
✐s t❤❡ ❝♦♥✈❡♥✐❡♥t t✐♠❡ s❝❛❧❡ t♦ ♦❜s❡r✈❡ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ st♦r❛❣❡ s②st❡♠✳ ❚❤❡
♣r♦♦❢ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ✉s❡s ❛ ♠♦r❡ ♦r ❧❡ss str❛✐❣❤t❢♦r✇❛r❞ ❡①t❡♥s✐♦♥ ♦❢ t❤❡
❝❧❛ss✐❝❛❧ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥✱ s❡❡ ❙❦♦r♦❦❤♦❞ ❬❙❦♦✻✶❪✳ ❚❤❡ ♥❡❝❡ss❛r②
♠❛t❡r✐❛❧ ✐s ❣❛t❤❡r❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① t♦ ❦❡❡♣ t❤❡ ❝❤❛♣t❡r s❡❧❢✲❝♦♥t❛✐♥❡❞✳

✷✳ ❚❤❡ ❙t♦❝❤❛st✐❝ ▼♦❞❡❧

❘❡❝❛❧❧ t❤❛t FN ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t ✜❧❡s ✐♥✐t✐❛❧❧② ♣r❡s❡♥t ✐♥ t❤❡
♥❡t✇♦r❦ ❛♥❞ XN

1 (t)✱ r❡s♣✳ XN
0 (t) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✜❧❡s ✇✐t❤ ♦♥❡ ❝♦♣② ❛t t✐♠❡ t✱ t❤❡

♥✉♠❜❡r ♦❢ ❧♦st ✜❧❡s ❛t t❤✐s ✐♥st❛♥t✳ ❚❤❡ ♥✉♠❜❡r XN
2 (t) ♦❢ ✜❧❡s ✇✐t❤ t✇♦ ❝♦♣✐❡s ❛t

t✐♠❡ t ✐s ❞❡✜♥❡❞ ❜② XN
2 (t) = FN−X0(t)−X1(t)✳ ■♥ ❣❡♥❡r❛❧ ✐t ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ t❤❛t

❛❧❧ ✜❧❡s ❤❛✈❡ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s ✐♥✐t✐❛❧❧②✳ ❚❤❡ ❝♦♣② ♦❢ ❛ ✜❧❡ ✐s ❧♦st ✇✐t❤
r❛t❡ µ ❛♥❞✱ ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ XN

1 (t) = x✱ ❛ ✜❧❡ ✇✐t❤ ♦♥❧② ♦♥❡ ❝♦♣② ❣❡ts ❛♥ ❛❞❞✐t✐♦♥❛❧
❝♦♣② ✇✐t❤ r❛t❡ λN/x✳ ❆❧❧ ❡✈❡♥ts ❛r❡ s✉♣♣♦s❡❞ t♦ ♦❝❝✉r ❛❢t❡r ❛♥ ❡①♣♦♥❡♥t✐❛❧❧②

❞✐str✐❜✉t❡❞ ❛♠♦✉♥t ♦❢ t✐♠❡✳ ❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s (X(t))
❞❡❢✳
= (XN

0 (t), XN
1 (t))

✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ♦♥ t❤❡ st❛t❡ s♣❛❝❡

S = {x = (x0, x1) ∈ N
2 : x0 + x1 ≤ FN},

❛s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✇✐t❤ t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ st❛t❡ (FN , 0) ✐s ❛♥ ❛❜s♦r❜✐♥❣ ♣♦✐♥t
♦❢ t❤❡ ♣r♦❝❡ss (XN (t))✳

❋♦r x ∈ N
2✱ t❤❡ Q✲♠❛tr✐① QN = (qN (·, ·)) ♦❢ t❤❡ ♣r♦❝❡ss (X(t)) ✐s ❞❡✜♥❡❞ ❜②

✭✷✳✶✮











qN (x, x+ e1) = 2µ(FN − x0 − x1),

qN (x, x− e1) = λN✶{x1>0},

qN (x, x− e1 + e0) = µx1.

■t ✐s ❛ss✉♠❡❞ t❤❛t

✭✷✳✷✮ lim
N→+∞

FN/N = β,

❛♥❞ ♦♥❡ ❞❡♥♦t❡s ρ = λ/µ✳
❚❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s tr❛♥s✐❡♥t ▼❛r❦♦✈ ♣r♦✲

❝❡ss ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

XN
0 (t) = XN

0 (0) +

+∞
∑

i=1

∫ t

0

✶{i≤XN
1 (u−)}Nµ,i(du),✭✷✳✸✮

XN
1 (t) = XN

1 (0)−
∫ t

0

✶{XN
1 (u−)>0}NλN (du)−

+∞
∑

i=1

∫ t

0

✶{i≤XN
1 (u−)}Nµ,i(du)✭✷✳✹✮

+
+∞
∑

i=1

∫ t

0

✶{i≤FN−XN
0 (u−)−XN

1 (u−)}N2µ,i(du),

✇❤❡r❡ (Nµ,i) ❛♥❞ (N2µ,i) ❛r❡ t✇♦ ✐✳✐✳❞✳ ✐♥❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡ ♦❢ P♦✐ss♦♥ ♣r♦❝❡ss❡s
✇✐t❤ r❡s♣❡❝t✐✈❡ ♣❛r❛♠❡t❡rs µ ❛♥❞ 2µ✱ NλN ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤
♣❛r❛♠❡t❡r λN ✳ ❋♦r t❤❡ it❤ ✜❧❡ ❤❛✈✐♥❣ ♦♥❧② ♦♥❡ ❝♦♣②✱ t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ t❤❡ r✐❣❤t
❤❛♥❞ s✐❞❡ ♦❢ ❘❡❧❛t✐♦♥ ✭✷✳✸✮ ❝♦rr❡s♣♦♥❞s t♦ ✐ts ❞❡✜♥✐t✐✈❡ ❧♦ss ❛♥❞ t❤❡ ✜rst t❡r♠ ♦❢
t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❘❡❧❛t✐♦♥ ✭✷✳✹✮ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐ts ❞✉♣❧✐❝❛t✐♦♥✳ ❚❤❡ ❧❛st
t❡r♠ ♦❢ ❘❡❧❛t✐♦♥ ✭✷✳✹✮ r❡♣r❡s❡♥ts t❤❡ ❧♦ss ♦❢ ❛ ❝♦♣② ♦❢ ✜❧❡s ✇✐t❤ t✇♦ ❝♦♣✐❡s✳



✸✳ ❚❍❊ ❖❱❊❘▲❖❆❉❊❉ ◆❊❚❲❖❘❑ ✾✺

❘❡❧❛t✐♦♥ ✭✷✳✸✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

✭✷✳✺✮ XN
0 (t) = XN

0 (0) + µ

∫ t

0

XN
1 (u) du+MN

0 (t),

✇❤❡r❡ (MN
0 (t)) ✐s t❤❡ ♠❛rt✐♥❣❛❧❡ ❞❡✜♥❡❞ ❜②

MN
0 (t) =

+∞
∑

i=1

∫ t

0

✶{i≤XN
1 (u−)} [Nµ,i(du)− µ du] ,

✐ts ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss ✐s ❣✐✈❡♥ ❜②

〈

MN
0 (t)

〉

= µ

∫ t

0

XN
1 (u) du,

✐♥ ♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ XN
1 (u) ≤ FN ✱ t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♥st❛♥t C0 s✉❝❤ t❤❛t

E
(

MN
0 (t)2

)

= E
(〈

MN
0 (t)

〉)

≤ C0Nt

❤♦❧❞s ❢♦r ❛❧❧ t ≥ 0 ❛♥❞ N ≥ 1✳
❙✐♠✐❧❛r❧②✱ ✐❢ f ✐s ✐♥ Cc(N)✱ t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ✜♥✐t❡ s✉♣♣♦rt ♦♥ N✱ ❘❡❧❛✲

t✐♦♥ ✭✷✳✹✮ ❣✐✈❡s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥

✭✷✳✻✮ f(XN
1 (t)) = f(XN

1 (0)) + µ

∫ t

0

[

f(XN
1 (u)− 1)− f(XN

1 (u))
]

XN
1 (u) du

+N

∫ t

0

Ω

[

FN
N

− XN
1 (u) +XN

0 (u)

N

]

(f)(XN
1 (u)) du+MN

1 (t),

✇❤❡r❡ ✱ ❢♦r y ≥ 0✱ Ω[y] ✐s t❤❡ ❢✉♥❝t✐♦♥❛❧ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❜②

✭✷✳✼✮ Ω[y](f)(x) = 2µy(f(x+ 1)− f(x)) + λ✶{x>0}(f(x− 1)− f(x)), x ∈ N,

❛♥❞ (MN
1 (t)) ✐s ❛ ♠❛rt✐♥❣❛❧❡ s✉❝❤ t❤❛t✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t C1✱

E
(

MN
1 (t)2

)

≤ C1N‖f‖∞,FN
t,

❤♦❧❞s ❢♦r ❛❧❧ t ≥ 0 ❛♥❞ N ≥ 1✱ ✇❤❡r❡ ‖f‖∞,FN
= max{|f(x)| : 0 ≤ x ≤ Fn}✳

✸✳ ❚❤❡ ❖✈❡r❧♦❛❞❡❞ ◆❡t✇♦r❦

■♥ t❤✐s s❡❝t✐♦♥✱ ✐t ✐s ♣r♦✈❡❞ t❤❛t ❛ s✐❣♥✐✜❝❛♥t ❢r❛❝t✐♦♥ ♦❢ ✜❧❡s ✐s ❧♦st q✉✐❝❦❧②
✐❢ t❤❡ ♥❡t✇♦r❦ ✐s ♥♦t ❝♦rr❡❝t❧② ❞✐♠❡♥s✐♦♥❡❞✱ ✐✳❡✳ ✇❤❡♥ t❤❡ r❛t✐♦ ρ = λ/µ ✐s ❧❡ss
t❤❛♥ 2β✳ ■♥ t❤✐s ❝❛s❡✱ ❢♦r ❛ ❧❛r❣❡ N ✱ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✜❧❡s ✇✐t❤ t✇♦ ❝♦♣✐❡s ❛t t✐♠❡
t✱ (FN −XN

0 (t)−XN
1 (t))/N ✐s ❝❧♦s❡ t♦ ρ/2 ✐❢ t ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡

(β − ρ/2)N ✜❧❡s ❛r❡ ❧♦st ❛♥❞ t❤❡ ♥❡t✇♦r❦ st❛❜✐❧✐③❡s ✇✐t❤ ❛ s✉❜s❡t ♦❢ ✜❧❡s ✇✐t❤ t✇♦
❝♦♣✐❡s ✇❤♦s❡ ❝❛r❞✐♥❛❧✐t② ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ ρ/2✳ ❚❤✐s ✐s t❤❡ ❝r✐t✐❝❛❧ ❝❛s❡ ✇❤✐❝❤ ✐s
❛♥❛❧②③❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ✇❤❡r❡ ✐t ✐s ♣r♦✈❡❞ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❧♦st ✜❧❡s ✐s ♦❢ t❤❡ ♦r❞❡r
♦❢

√
N ✳ ❲❤❡♥ ρ > 2β✱ ♥♦ ✜❧❡ ✐s ❧♦st ❛t t❤❡ ✢✉✐❞ ❧❡✈❡❧✳ ❚❤✐s ❝❛s❡ ✐s ✐♥✈❡st✐❣❛t❡❞

♣r❡❝✐s❡❧② ✐♥ ❙❡❝t✐♦♥ ✺✳

❚❤❡♦r❡♠ ✸✳✶ ✭❋❧✉✐❞ ❊q✉❛t✐♦♥s✮✳ ■❢ (XN
0 (0), XN

1 (0)) ✐s s♦♠❡ ✜①❡❞ ❡❧❡♠❡♥t ♦❢ S
❛♥❞ limN→+∞ FN/N = β t❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XN

0 (t)/N,XN
1 (t)/N)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦
{

[

(β − ρ/2)(1− 2e−µt + e−2µt), (2β − ρ)
(

e−µt − e−2µt
)]

✐❢ ρ ≤ 2β,

(0, 0) ✐❢ ρ > 2β.
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Pr♦♦❢✳ ▲❡t (XN
0 (0), XN

1 (0)) = (y0, y1) ∈ S✳ ❊q✉❛t✐♦♥s ✭✷✳✺✮ ❛♥❞ ✭✷✳✻✮✱ ✇✐t❤ t❤❡
❢✉♥❝t✐♦♥ f ≡ Id ♦♥ [0, FN ]✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

XN
0 (t)

N
=
y0
N

+ µ

∫ t

0

XN
1 (u)

N
du+

MN
0 (t)

N
,✭✸✳✶✮

XN
1 (t)

N
=
y1
N

+ 2µ

∫ t

0

(

FN
N

− XN
1 (u) +XN

0 (u)

N

)

du− λt✭✸✳✷✮

− µ

∫ t

0

XN
1 (u)

N
du+

MN
1 (t)

N
+ λ

∫ t

0

✶{XN
1 (u)=0} du.

❉♦♦❜✬s ■♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❜♦✉♥❞s ♦♥ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥ts ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♠❛r✲
t✐♥❣❛❧❡s s❤♦✇ t❤❛t✱ ❢♦r i = 0✱ 1 ❛♥❞ t ≥ 0✱

P

(

sup
0≤s≤t

MN
i (s)

N
≥ ε

)

≤ 1

ε2
E(Mi(t)

2) ≤ 1

N

Cit

ε2
.

❚❤❡r❡❢♦r❡✱ t❤❡ t✇♦ s❡q✉❡♥❝❡s ♦❢ ♣r♦❝❡ss❡s (MN
0 (t)/N) ❛♥❞ (MN

1 (t)/N) ❝♦♥✈❡r❣❡ ✐♥
❞✐str✐❜✉t✐♦♥ t♦ 0 ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t s❡ts✳

❋♦r T > 0✱ δ > 0 ❛♥❞ ❢♦r i = 0✱ 1✱ ❞❡✜♥❡ wT
XN

i

(δ) ❛s t❤❡ ♠♦❞✉❧✉s ♦❢ ❝♦♥t✐♥✉✐t②

♦❢ t❤❡ ♣r♦❝❡ss (XN
i (t)) ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, T ]✱

✭✸✳✸✮ wTXN
i
(δ) = sup

0≤s≤t≤T, |t−s|≤δ

∣

∣XN
i (t)−XN

i (s)
∣

∣ .

❇② ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t C✱ XN
i (t) ≤ FN ≤ CN ❢♦r ❛❧❧ N ∈ N ❛♥❞

t ≥ 0✱ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡s t♦ 0 ❣✐✈❡ t❤❛t✱ ❢♦r
❛♥② ε > 0 ❛♥❞ η > 0✱ t❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t t❤❡ r❡❧❛t✐♦♥ P(wT

XN
i

(δ) ≥ η) ≤ ε

❤♦❧❞s ❢♦r ❛❧❧ N ✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s (XN

0 (t)/N,XN
1 (t)/N) ✐s

t✐❣❤t✳ ❙❡❡ ❇✐❧❧✐♥❣s❧❡② ❬❇✐❧✾✾❪ ❢♦r ❡①❛♠♣❧❡✳ ❖♥❡ ❞❡♥♦t❡s ❜② (x0(t), x1(t)) ❛ ❧✐♠✐t✐♥❣
✈❛❧✉❡ ❢♦r s♦♠❡ s✉❜s❡q✉❡♥❝❡ (Nk)✳ ❋r♦♠ ❊q✉❛t✐♦♥ ✭✸✳✶✮✱ ♦♥❡ ❣❡ts t❤❡ r❡❧❛t✐♦♥

x0(t) = µ

∫ t

0

x1(u) du.

❉❡✜♥❡

✭✸✳✹✮ ZN (t) = µ

∫ t

0

(

2FN
N

− 3XN
1 (u)

N
− 2XN

0 (u)

N

)

du− λt+
MN

1 (t)

N
.

❊q✉❛t✐♦♥ ✭✸✳✷✮ ❝❛♥ ❜❡ ❛❧s♦ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❢❛❝t t❤❛t

✭✸✳✺✮ (XN
Z (t), RNZ (t))

❞❡❢✳
=

(

XN
1 (t)/N, λ

∫ t

0

✶{XN
1 (u)=0} du

)

✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❝❡ss (ZN (t))✳
❙❡❡ ❆♣♣❡♥❞✐① ❢♦r ❛ ❞❡✜♥✐t✐♦♥✳

❚❤❡ s❡q✉❡♥❝❡ (ZNk(t)) ✐s ❝♦♥✈❡r❣✐♥❣ ✐♥ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❜② t❤❡ ❝♦♥t✐♥✉♦✉s
♠❛♣♣✐♥❣ t❤❡♦r❡♠

lim
k→+∞

(ZNk(t)) = y(t)
❞❡❢✳
= µ

∫ t

0

(2β − 2x0(u)− 3x1(u)) du− λt✭✸✳✻✮

= (2µβ − λ)t− µ

∫ t

0

(

3x1(u) + 2µ

∫ u

0

x1(v) dv

)

du

❚❤❡ s♦❧✉t✐♦♥s ♦❢ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠s ❜❡✐♥❣ ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦✲
❝❡ss (ZN (t))✱ s❡❡ ❆♣♣❡♥❞✐① ❉ ♦❢ ❘♦❜❡rt ❬❘♦❜✵✸❪ ❢♦r ❡①❛♠♣❧❡✱ ♦♥❡ ❣❡ts t❤❛t
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(XN
Z (t), RNZ (t)) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ t❤❡ s♦❧✉t✐♦♥ (xy(t), ry(t)) ♦❢ t❤❡ ❙❦♦✲

r♦❦❤♦❞ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (y(t))✳ ❙✐♥❝❡ xy(t) = x1(t) ❛♥❞ y(t) = F (x1)(t)
✇✐t❤

F (x)(t) = (2µβ − λ)t− µ

∫ t

0

(

3x(u) + 2µ

∫ u

0

x(v) dv

)

du,

t❤❡ ♣r♦❝❡ss (x1(t)) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ✭●❙P✮ ❛s✲
s♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥❛❧ F ✳ ❙❡❡ ❆♣♣❡♥❞✐①✳ Pr♦♣♦s✐t✐♦♥ ✺✳✽ s❤♦✇s t❤❛t s✉❝❤
❛ s♦❧✉t✐♦♥ ❡①✐sts ❛♥❞ ✐s ✉♥✐q✉❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡✱ ❞❡t❡r♠✐♥✐st✐❝
❧✐♠✐t✐♥❣ ✈❛❧✉❡ ❢♦r t❤❡ s❡q✉❡♥❝❡ (XN

0 (t)/N,XN
1 (t)/N)✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡

❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r (x0(t)) ❛♥❞ (x1(t)) ❣✐✈❡♥ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠
❛r❡ ✐♥❞❡❡❞ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ●❙P✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ✐s t❤❡r❡❢♦r❡
❡st❛❜❧✐s❤❡❞✳ �

✹✳ ❚❤❡ ❈r✐t✐❝❛❧ ❈❛s❡

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣✐❝t✉r❡ ♦❢ t❤❡ ♦✈❡r❧♦❛❞❡❞ ♥❡t✇♦r❦ ρ ≤ 2β✱ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡
❝r✐t✐❝❛❧ ❝❛s❡ ρ = 2β✳ ❆s ✐t ✇✐❧❧ ❜❡ s❡❡♥✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✐s ❡①♣r❡ss❡❞ ✐♥
t❡r♠s ♦❢ ❛ r❡✢❡❝t❡❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ❚❤❡ ❛♣♣❡♥❞✐① ♣r❡s❡♥ts t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❞❡✜♥✐t✐♦♥ ❛♥❞ ❛ r❡s✉❧t ♦❢ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss✳

❚❤❡♦r❡♠ ✹✳✶✳ ■❢ λ/µ = 2β ❛♥❞✱ ❢♦r s♦♠❡ γ ∈ R✱

lim
N→+∞

1√
N

(

FN −N
ρ

2

)

= γ ❛♥❞ lim
N→+∞

XN
1 (0)√
N

= y,

❛♥❞ XN
0 (0) = 0✱ t❤❡♥ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥

lim
N→+∞

(

XN
0 (t)√
N

,
XN

1 (t)√
N

)

=

(

µ

∫ t

0

Y (u) du, Y (t)

)

,

✇❤❡r❡ (Y (t)) ✐s t❤❡ s♦❧✉t✐♦♥ st❛rt✐♥❣ ❛t y ♦❢ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

✭✹✳✶✮ dY (t) =
√
2λ dB(t) + µ

(

2γ − 3Y (t)− 2µ

∫ t

0

Y (u) du

)

dt

r❡✢❡❝t❡❞ ❛t 0✱ ✐✳❡✳ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t t❤❛t Y (t) ≥ 0✱ ❢♦r ❛❧❧ t ≥ 0✳ ❚❤❡ ♣r♦❝❡ss
(B(t)) ✐s ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♦♥ R✳

❚❤❡ s♦❧✉t✐♦♥ ♦❢ ❙❉❊ ✭✹✳✶✮ ✐s ♥♦♥✲▼❛r❦♦✈✐❛♥ ❞✉❡ t♦ t❤❡ ✐♥t❡❣r❛❧ t❡r♠ ✐♥ t❤❡
❞r✐❢t✳

Pr♦♦❢✳ ❊q✉❛t✐♦♥s ✭✷✳✺✮ ❛♥❞ ✭✷✳✻✮✱ ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ f ≡ Id ♦♥ [0, FN ]✱ ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s

X
N

0 (t)
❞❡❢✳
=

XN
0 (t)√
N

= µ

∫ t

0

XN
1 (u)√
N

du+
MN

0 (t)√
N

,✭✹✳✷✮

X
N

1 (t)
❞❡❢✳
=

XN
1 (t)√
N

=
XN

1 (0)√
N

+ 2µ

∫ t

0

(

γN − XN
1 (u)√
N

− XN
0 (u)√
N

)

du✭✹✳✸✮

− µ

∫ t

0

XN
1 (u)√
N

du+
MN

1 (t)√
N

+ λ
√
N

∫ t

0

✶{XN
1 (u)=0} du,
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✇✐t❤ γN = (FN − Nρ/2)/
√
N ✳ ❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ ❙❡❝t✐♦♥ ✷✱ t❤❡

♠❛rt✐♥❣❛❧❡s (MN
0 (t)) ❛♥❞ (MN

1 (t)) ❛r❡

MN
0 (t) =

+∞
∑

i=1

∫ t

0

✶{i≤XN
1 (u−)}[Nµ,i(du)− µ du]

MN
1 (t) =

+∞
∑

i=1

∫ t

0

✶{i≤FN−XN
1 (u−)−XN

0 (u−)}[N2µ(du)− 2µ du]

−MN
0 (t)−

∫ t

0

✶{XN
1 (u)>0}[NλN (du)− λN du].

❚❤❡✐r ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss❡s ❛r❡ ❣✐✈❡♥ ❜②
〈

1√
N
MN

0

〉

(t) = µ

∫ t

0

XN
1 (u)

N
du,

〈

1√
N
MN

1

〉

(t) = 2µ

∫ t

0

(

FN
N

− XN
1 (u)

N
− XN

0 (0)

N

)

du+

〈

1√
N
MN

0

〉

(t)

+ λ

∫ t

0

✶{XN
1 (u)>0} du.

❚❤❡ ❧❛st t❡r♠ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✐s (RN (t)) ❞❡✜♥❡❞ ❜②
❊q✉❛t✐♦♥ ✭✸✳✺✮ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✳ ■t ✐s t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t
♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❝❡ss (ZN (t)) ♦❢
❘❡❧❛t✐♦♥ ✭✸✳✹✮✳ ■t ❤❛s ❜❡❡♥ s❡❡♥ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (ZN (t)) ✐s ❝♦♥✈❡r❣✐♥❣
t♦ (y(t)) ❞❡✜♥❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✸✳✻✮✳ ■♥ t❤✐s ❝❛s❡ (y(t)) ✐s ✐❞❡♥t✐❝❛❧❧② 0✱ t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (y(t)) ✐s t❤❡r❡❢♦r❡ (0, 0)✳
❚❤❡ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ✐♠♣❧② t❤❛t
t❤❡ ♣r♦❝❡ss (RN (t)) ❝♦♥✈❡r❣❡s t♦ 0✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜② ❚❤❡♦r❡♠ ✸✳✶ ♦♥❡ ❣❡ts t❤❡
❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥

lim
N→+∞

(∫ t

0

✶{XN
1 (u)=0} du

)

= 0

❛♥❞ t❤❡r❡❢♦r❡

lim
N→+∞

(〈

1√
N
MN

0

〉

(t)

)

= 0 ❛♥❞ lim
N→+∞

(〈

1√
N
MN

1

〉

(t)

)

= (2λt).

❖♥❡ ❞❡❞✉❝❡s t❤❛t (M
N

1 (t))
❞❡❢✳
= (MN

1 (t)/
√
N) ❝♦♥✈❡r❣❡s t♦ (

√
2λB(t))) ✇❤❡r❡ (B(t))

✐s ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ t❤❛t (M
N

0 (t))
❞❡❢✳
= (MN

0 /
√
N) ❝♦♥✈❡r❣❡s t♦ 0✳

❙❡❡ ❊t❤✐❡r ❛♥❞ ❑✉rt③ ❬❊❑✽✻❪ ❢♦r ❡①❛♠♣❧❡✳
❖♥❡ ♥♦✇ ♣r♦✈❡s t❤❛t t❤❡ ♣r♦❝❡ss❡s

(

X
N

0 (t)
)

❞❡❢✳
=

(

XN
0 (t)√
N

)

❛♥❞
(

X
N

1 (t)
)

❞❡❢✳
=

(

XN
1 (t)√
N

)

❛r❡ t✐❣❤t✳ ■❢ (h(t)) ✐s ❛ ❢✉♥❝t✐♦♥ ♦♥ R+✱ ♦♥❡ ❞❡♥♦t❡s✱

‖h‖∞,t = sup
0≤s≤t

|h(s)|

❛♥❞ wth(·) ✐s t❤❡ ♠♦❞✉❧✉s ♦❢ ❝♦♥t✐♥✉✐t② ♦❢ h ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✸✳✸✮✳ ❊q✉❛✲
t✐♦♥ ✭✹✳✷✮ ❣✐✈❡s✱ ❢♦r 0 ≤ t ≤ T ✱

∥

∥

∥
X
N

0

∥

∥

∥

∞,t
≤
∥

∥

∥
M

N

0

∥

∥

∥

∞,T
+ µ

∫ t

0

∥

∥

∥X
N

1

∥

∥

∥

∞,u
du.
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❊q✉❛t✐♦♥ ✭✹✳✸✮ s❤♦✇s t❤❛t (XN
1 (t)/

√
N) ✐s t❤❡ ✜rst ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢

t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (ZN1 (t)) ❞❡✜♥❡❞ ❜②

✭✹✳✹✮ ZN1 (t)
❞❡❢✳
= yN + µ

∫ t

0

(

2γN − 3
XN

1 (u)√
N

+ 2
XN

0 (u)√
N

)

du+
MN

1 (t)√
N

,

✇✐t❤ yN = XN
1 (0)/

√
N ✳ ❇② ✉s✐♥❣ t❤❡ ❡①♣❧✐❝✐t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛

❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ✐♥ ❞✐♠❡♥s✐♦♥ ✶✱ ♦♥❡ ❤❛s

‖XN

1 ‖∞,t ≤ 2‖ZN1 ‖∞,t, ❢♦r 0 ≤ t ≤ T,

s❡❡ ❆♣♣❡♥❞✐① ❉ ♦❢ ❘♦❜❡rt ❬❘♦❜✵✸❪ ❢♦r ❡①❛♠♣❧❡✱ t❤❡♥

∥

∥

∥
X
N

1

∥

∥

∥

∞,t
≤ 2yN + 4µγNT + 2

∥

∥

∥
M

N

1

∥

∥

∥

∞,T
+ 4µ

∫ t

0

(

∥

∥

∥
X
N

0

∥

∥

∥

∞,u
+
∥

∥

∥
X
N

1

∥

∥

∥

∞,u

)

du

≤ UN (T ) + (4 + µT )µ

∫ t

0

∥

∥

∥X
N

1

∥

∥

∥

∞,u
du,

✇✐t❤ UN (T )
❞❡❢✳
= 2yN + 4µγNT + 2‖MN

1 ‖∞,T + 4µT‖MN

0 ‖∞,T ✳

●r♦♥✇❛❧❧✬s ■♥❡q✉❛❧✐t② ❣✐✈❡s t❤❛t t❤❡ r❡❧❛t✐♦♥ ‖XN

1 ‖∞,t ≤ UN (T ) exp((4+µT )µt)
❤♦❧❞s ❢♦r 0 ≤ t ≤ T ✱ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱

∥

∥

∥X
N

0

∥

∥

∥

∞,t
≤ µTUN (T )e(4+µT )µt +

∥

∥

∥M
N

0

∥

∥

∥

∞,T
.

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠❛rt✐♥❣❛❧❡s s❤♦✇s t❤❛t t❤❡ t✇♦ s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

(UN (T )) ❛♥❞ ‖MN

0 ‖∞,T ❝♦♥✈❡r❣❡ ✐♥ ❞✐str✐❜✉t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ε > 0✱ t❤❡r❡
❡①✐sts s♦♠❡ K > 0 s✉❝❤ t❤❛t ❢♦r i = 0✱ 1 ❛♥❞ ❛❧❧ N ≥ 0✱

P

(

‖XN

i ‖∞,t > K
)

≤ ε.

■❢ η > 0✱ t❤❡r❡ ❡①✐sts N0 ❛♥❞ δ s✉✣❝✐❡♥t❧② s♠❛❧❧ s♦ t❤❛t✱ ❢♦r ❛❧❧ N ≥ N0✱

2µδT (γN + 2K) < η/2 ❛♥❞ P

(

wT
M

N

1

≥ η
)

≤ ε.

❚❤❡ ❧❛st r❡❧❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ s❡q✉❡♥❝❡ (M
N

1 (t)) ✐s ❝♦♥✈❡r❣✐♥❣ ✐♥
❞✐str✐❜✉t✐♦♥ t♦ ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss✳ ❖♥❡ ❣❡ts ✜♥❛❧❧②

P

(

wTZN
1
(δ) ≥ η

)

≤ P

(

2µδT

[

γN +
∥

∥

∥
X
N

0

∥

∥

∥

∞,T
+
∥

∥

∥
X
N

1

∥

∥

∥

∞,T

]

+ wT
M

N

1

(δ) ≥ η

)

≤ P

(

∥

∥

∥X
N

0

∥

∥

∥

∞,T
≥ K

)

+ P

(

∥

∥

∥X
N

1

∥

∥

∥

∞,T
≥ K

)

+ P

(

wT
M

N

1

(δ) ≥ η/2
)

≤ 3ε.

❚❤❡ s❡q✉❡♥❝❡ (ZN1 (t)) ✐s t❤❡r❡❢♦r❡ t✐❣❤t✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❦♦✲
r♦❦❤♦❞ ♣r♦❜❧❡♠ t❤❡ s❛♠❡ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r (XN

1 (t)/
√
N) ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❢♦r

(XN
0 (t)/

√
N)✳

■❢ (Y0(t), Y1(t)) ✐s ❛ ❧✐♠✐t ♦❢ ❛ s✉❜s❡q✉❡♥❝❡ [(XNk

0 (t)/
√
Nk, X

Nk

1 (t)/
√
Nk)]✳ ❇②

❊q✉❛t✐♦♥ ✭✹✳✷✮ ❛♥❞ ✭✹✳✸✮✱ ♦♥❡ ❣❡ts t❤❛t
(

XNk

1 (t)√
Nk

, λ
√
N

∫ t

0

✶{XN
1 (u)=0} du

)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤
t❤❡ ♣r♦❝❡ss

(

y +
√
2λB(t) + µ

∫ t

0

(

2γ − 3Y1(u)− 2µ

∫ u

0

Y1(v) dv

)

du

)

.
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❖♥❡ ❝♦♥❝❧✉❞❡s t❤❛t (Y1(t)) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❢♦r
t❤❡ ❢✉♥❝t✐♦♥❛❧ F ❞❡✜♥❡❞ ❜②

F (h)(t) = y +
√
2λB(t) + µ

∫ t

0

(

2γ − 3h(u)− 2µ

∫ u

0

h(v) dv

)

du.

Pr♦♣♦s✐t✐♦♥ ✺✳✽ ✐♥ t❤❡ ❛♣♣❡♥❞✐① s❤♦✇s t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (Y1(t)) ❛♥❞
❝♦♥s❡q✉❡♥t❧② ❛ ✉♥✐q✉❡ ❧✐♠✐t (Y0(t), Y1(t))✳ ❚❤❡ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞✳ �

✺✳ ❚❤❡ ❚✐♠❡ ❙❝❛❧❡s ♦❢ t❤❡ ❙t❛❜❧❡ ◆❡t✇♦r❦

❚❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥❡t✇♦r❦ ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥
ρ = λ/µ > 2β✳ ■♥ ❙❡❝t✐♦♥ ✸ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ s②st❡♠
✐s st❛❜❧❡ ❛t t❤❡ ✢✉✐❞ ❧❡✈❡❧✱ ✐✳❡✳ t❤❛t t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❧♦st ✜❧❡s ✐s 0✳ ❖❢ ❝♦✉rs❡ t❤✐s
❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❢❛❝t t❤❛t t❤❡ s②st❡♠ ✐s st✐❧❧ tr❛♥s✐❡♥t ✇✐t❤ t❤❡ ❛❜s♦r❜✐♥❣ st❛t❡
(FN , 0)✳ ❚♦ ❤❛✈❡ ❛ ♣r❡❝✐s❡ ✐❞❡❛ ♦♥ ❤♦✇ t❤❡ s②st❡♠ r❡❛❝❤❡s t❤✐s st❛t❡✱ t❤❡r❡ ❛r❡
t❤r❡❡ ✐♥t❡r❡st✐♥❣ t✐♠❡ s❝❛❧❡s t♦ ❝♦♥s✐❞❡r✿

✭✶✮ ❙❧♦✇ t✐♠❡ s❝❛❧❡✿ t→ t/N ✱

✭✷✮ ◆♦r♠❛❧ t✐♠❡ s❝❛❧❡✿ t→ t✱

✭✸✮ ▲✐♥❡❛r t✐♠❡ s❝❛❧❡✿ t→ Nt✱

t❤❡② ❛r❡ ✐♥✈❡st✐❣❛t❡❞ s✉❝❝❡ss✐✈❡❧② ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥t❛r② ❧❡♠♠❛
✇✐❧❧ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ s❡❝t✐♦♥✳

▲❡♠♠❛ ✺✳✶✳ ■❢ ρ = λ/µ > 2β✱ ❢♦r ❛♥② β0 > β s✉❝❤ t❤❛t λ/µ > 2β0✱ ε > 0✱ η > 0
❛♥❞ T > 0✱ t❤❡r❡ ❡①✐sts N0 ∈ N s✉❝❤ t❤❛t

✭✶✮ ❈♦✉♣❧✐♥❣✿ t❤❡r❡ ❡①✐sts ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✇❤❡r❡ t❤❡ r❡❧❛t✐♦♥

XN
1 (t) ≤ Lβ0

(Nt), ∀t ≥ 0,

❤♦❧❞s ❢♦r ❛❧❧ N ≥ N0 ❛♥❞ t ≥ 0✱ ✇✐t❤ (Lβ0(t)) t❤❡ ♣r♦❝❡ss ♦❢ t❤❡ ♥✉♠❜❡r ♦❢
❝✉st♦♠❡rs ♦❢ ❛♥ ❡r❣♦❞✐❝ M/M/1 q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ 2µβ0 ❛♥❞ s❡r✈✐❝❡
r❛t❡ λ ❛♥❞ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ Lβ0

(0) = XN
1 (0)✳

✭✷✮ ❚❤❡ r❡❧❛t✐♦♥

P






sup

0≤s,t≤T,
|t−s|≤δ

1

N

∫ tN

sN

Lβ0
(u) du > η






≤ ε

❤♦❧❞s✳

Pr♦♦❢✳ ❚❤❡r❡ ❡①✐sts s♦♠❡ β0 ≥ β ❛♥❞ N0 ≥ 1 s✉❝❤ t❤❛t λ > 2β0µ ❛♥❞ t❤❛t
FN ≤ Nβ0 ❢♦r N ≥ N0✳ ■t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ t❤❡ M/M/1 q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡
2µβ0 ❛♥❞ s❡r✈✐❝❡ r❛t❡ λ✳

❉❡♥♦t❡ ❜② A t❤❡ ❡✈❡♥t ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❧❛st r❡❧❛t✐♦♥ t♦ ♣r♦✈❡✳ ■❢✱
❢♦r x ∈ N✱ τx ❞❡♥♦t❡s t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ x ❜② t❤❡ ♣r♦❝❡ss (Lβ0

(t))✱ ❢♦r δ < 1/2✱ ♦♥❡
❤❛s

P(A) ≤ P
(

τ⌊ηN⌋ ≤ NT
)

.

❇② ❡r❣♦❞✐❝✐t② ♦❢ t❤✐s ♣r♦❝❡ss ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✶✶ ♦❢ ❘♦❜❡rt ❬❘♦❜✵✸❪ ❢♦r ❡①❛♠♣❧❡✱
t❤❡r❡ ❡①✐sts s♦♠❡ 0 < α < 1 s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ (αNτ⌊Nη⌋) ❝♦♥✈❡r❣❡s ✐♥ ❞✐s✲
tr✐❜✉t✐♦♥✳ ❚❤❡ ❧❛st t❡r♠ ♦❢ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥ ✐s t❤✉s ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❛s N ❣❡ts
❧❛r❣❡✳ �
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❚❤❡ s❧♦✇ t✐♠❡ s❝❛❧❡✳ ❆ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ❢♦r t❤❡ s❧♦✇
t✐♠❡ s❝❛❧❡ ✐s ♣r❡s❡♥t❡❞ ✐♥❢♦r♠❛❧❧②✳ ❋r♦♠ ❘❡❧❛t✐♦♥ ✭✷✳✶✮✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡ Q✲
♠❛tr✐① ♦❢ t❤❡ ♣r♦❝❡ss ♦♥ t❤❡ s❧♦✇ t✐♠❡ s❝❛❧❡ (XN

0 (t/N), XN
1 (t/N)) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣

❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥

lim
N→+∞











qN (x, x+ e1) = 2µβ,

qN (x, x− e1) = λ✶{x1>0},

qN (x, x− e1 + e0) = 0.

❲✐t❤ ❡❧❡♠❡♥t❛r② ❛r❣✉♠❡♥ts ✇❤✐❝❤ ❛r❡ s❦✐♣♣❡❞ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥✳ ■t st❛t❡s t❤❛t✱ ♦♥ t❤❡ s❧♦✇ t✐♠❡ s❝❛❧❡✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 ♥♦ ✜❧❡ ✐s ❧♦st
❛t ❛❧❧ ✐♥ t❤❡ ❧✐♠✐t✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XN
0 (t/N), XN

1 (t/N)) ❝♦♥✈❡r❣❡s ✐♥
❞✐str✐❜✉t✐♦♥ t♦ t❤❡ ♣r♦❝❡ss (0, Lβ(t))✱ ✇❤❡r❡ (Lβ(t)) ✐s t❤❡ ♣r♦❝❡ss ♦❢ t❤❡ ♥✉♠❜❡r ♦❢
❥♦❜s ♦❢ ❛♥ M/M/1 q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ 2µβ ❛♥❞ s❡r✈✐❝❡ r❛t❡ λ✳

❚❤❡ ♥♦r♠❛❧ t✐♠❡ s❝❛❧❡✳ ■t ✐s s❤♦✇♥ t❤❛t✱ ♦♥ t❤❡ ♥♦r♠❛❧ t✐♠❡ s❝❛❧❡✱ t❤❡ st❛❜✐❧✐t②
❞♦❡s ♥♦t ♦♥❧② ❤♦❧❞ ♦♥ t❤❡ ✢✉✐❞ ❧❡✈❡❧✿ ❛❧♠♦st s✉r❡❧② t❤❡r❡ ✐s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❧♦ss❡s
✐♥ ❛♥② ✜♥✐t❡ t✐♠❡ ✐♥t❡r✈❛❧✱ ♠♦r❡ ♣r❡❝✐s❡❧② ❧♦ss❡s ♦❝❝✉r ❛s ❛ P♦✐ss♦♥ ♣r♦❝❡ss✱ s❡❡
❚❤❡♦r❡♠ ✺✳✸✳ ❚❤❡ ❝❛♣❛❝✐t② λN ♦❢ t❤❡ ♥❡t✇♦r❦ ✐s t❤✉s ❛❜❧❡ t♦ ♠❛✐♥t❛✐♥ ❛♥ ❛❧♠♦st
❝♦♠♣❧❡t❡ s❡t ♦❢ ✜❧❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ ♥✉♠❜❡r
♦❢ ❞❡✜♥✐t✐✈❡ ❧♦ss❡s ❛t t✐♠❡ t > 0 ✐s ✜♥✐t❡ ✇✐t❤ ❛ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥✳

❚❤❡♦r❡♠ ✺✳✸✳ ■❢ ρ = λ/µ > 2β✱
✕ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XN

0 (t)) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ P♦✐ss♦♥ ♣♦✐♥t
♣r♦❝❡ss ♦♥ R+ ✇✐t❤ r❛t❡ 2µβ/(ρ− 2β)✳

✕ ❋♦r t > 0✱ ❛s N ❣♦❡s t♦ ✐♥✜♥✐t②✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ XN
1 (t) ❝♦♥✈❡r❣❡s ✐♥

❞✐str✐❜✉t✐♦♥ t♦ ❛ ❣❡♦♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r 2β/ρ✳

❚❤❡ s❡❝♦♥❞ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❢♦r t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ (XN
1 (s)) ❛t t✐♠❡

t✳ ❖♥❡ ❝❛♥♥♦t ❡①♣❡❝t ❛ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s
(XN

1 (t))✳ ■♥❞❡❡❞✱ s✐♥❝❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XN
1 (t/N)) ✐s ❝♦♥✈❡r❣✐♥❣ ✐♥ ❞✐s✲

tr✐❜✉t✐♦♥ t♦ t❤❡ ❧❛✇ ♦❢ t❤❡ M/M/1 ♣r♦❝❡ss (Lβ(t))✱ ❢♦r 0 ≤ s < t✱ t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ (XN

1 (s), XN
1 (t)) ❛♥❞ ♦❢ (Lβ(Ns), Lβ(Nt)) ❛r❡ ❝❧♦s❡✳ ❇❡t✇❡❡♥ t✐♠❡ Ns ❛♥❞ Nt✱

t❤❡M/M/1 ✏❢♦r❣❡ts✑ ✐ts ❧♦❝❛t✐♦♥ ❛t t✐♠❡ Ns ✭❥✉st ❜❡❝❛✉s❡ ✐t ❤✐ts 0 ✇✐t❤ ♣r♦❜❛❜✐❧✐t②
1✮ s♦ t❤❛t ✇❤❡♥ N ❣♦❡s t♦ ✐♥✜♥✐t② t❤❡ ❝♦✉♣❧❡ (XN

1 (s), XN
1 (t)) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐✲

❜✉t✐♦♥ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t✇♦ ✐♥❞❡♣❡♥❞❡♥t ❣❡♦♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ s❛♠♣❧❡
♣❛t❤s ♦❢ ❛ ♣♦ss✐❜❧❡ ❧✐♠✐t ♦❢ (XN

1 (s)) ✇♦✉❧❞ ♥♦t ❤❛✈❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s✳

Pr♦♦❢✳ ❉❡✜♥❡

ηN (t)
❞❡❢✳
=

∫ t

0

XN
1 (u) du.

❋♦r 0 ≤ s ≤ t✱ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛ ❣✐✈❡s t❤❛t✱

ηN (t)− ηN (s) =

∫ t

s

XN
1 (u) du ≤

∫ t

s

Lβ0(Nu) du =
1

N

∫ Nt

Ns

Lβ0(u) du.

❚❤❡ ❝r✐t❡r✐❛ ♦❢ t❤❡ ♠♦❞✉❧✉s ♦❢ ❝♦♥t✐♥✉✐t② ❛♥❞ ▲❡♠♠❛ ✺✳✶ ❣✐✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢
♣r♦❝❡ss❡s (ηN (t)) ✐s t✐❣❤t✳ ❚❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠ ❛♣♣❧✐❡❞
t♦ t❤❡ ❡r❣♦❞✐❝ ▼❛r❦♦✈ ♣r♦❝❡ss (Lβ0(t)) s❤♦✇ ❛❧s♦ t❤❛t✱ ❛❧♠♦st s✉r❡❧②✱

✭✺✳✶✮ lim sup
N→+∞

∫ t

0

XN
1 (u) du ≤ 2β0

ρ− 2β0
t.
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❋♦r T > 0 ✜①❡❞ ❛♥❞ K > 0✱

P(XN
0 (T ) ≥ K) ≤ P

(

µ

∫ T

0

XN
1 (u) ≥ K/2

)

+ P
(

MN
0 (T ) ≥ K/2

)

≤ P

(

µ

∫ T

0

XN
1 (u) ≥ K/2

)

+
4

K2
E

(

µ

∫ T

0

XN
1 (u) du

)

.

❖♥❡ ❝❛♥ t❤✉s ❝❤♦♦s❡ K s♦ t❤❛t P(XN
0 (T ) ≥ K) ≤ ε ❤♦❧❞s ❢♦r N ≥ N0 ❢♦r s♦♠❡

N0 ∈ N✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✶✱ ❢♦r δ > 0✱ t❤❡r❡ ❡①✐sts s♦♠❡ N1 ∈ N s✉❝❤
t❤❛t ✐❢ N ≥ N1 t❤❡♥

P

(

sup
0≤s≤T

Lβ0
(s) ≥ δN

)

≤ ε.

■♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛✱ ♦♥❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ M/M/1
♣r♦❝❡ss (ZN (t)) ✇❤♦s❡ ❛rr✐✈❛❧ ❛♥❞ s❡r✈✐❝❡ r❛t❡s ❛r❡ r❡s♣❡❝t✐✈❡❧②

2µ

(

FN
N

− K

N
− δ

)

❛♥❞ λ,

❛♥❞ s✉❝❤ t❤❛t✱ ♦♥ t❤❡ ❡✈❡♥t✱

AT
❞❡❢✳
=

{

XN
0 (T ) ≤ K, sup

0≤t≤NT
Lβ0

(t) ≤ δN

}

,

t❤❡ r❡❧❛t✐♦♥ XN
1 (t) ≥ ZN (Nt) ❤♦❧❞s ❢♦r ❛❧❧ t ≤ T ✳ ❍❡♥❝❡✱ ❛❧♠♦st s✉r❡❧②✱

✭✺✳✷✮ lim inf
N→+∞

ηN (t) ≥ lim inf
N→+∞

1

N

∫ Nt

0

ZN (u) du =
2(β − δ)

ρ− 2(β − δ)
t.

❤♦❧❞s ♦♥ AT ✳ ❇② ❧❡tt✐♥❣ δ ❣♦ t♦ 0 ❛♥❞ β0 t♦ β ✐♥ ❊q✉❛t✐♦♥s ✭✺✳✶✮ ❛♥❞ ✭✺✳✷✮
r❡s♣❡❝t✐✈❡❧②✱ ♦♥❡ ❣❡ts t❤❛t t❤❡ ✈❛r✐❛❜❧❡ ηN (t) ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ αt ✇✐t❤
α = 2βµ/(ρ− 2β)✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ t✐❣❤t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (ηN (t))
✐♠♣❧✐❡s t❤❛t ✐t ✐s ❝♦♥✈❡r❣✐♥❣ ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ (αt)✳

◆♦t❡ t❤❛t t 7→ XN
0 (t) ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❛s ❛ ♣♦✐♥t ♣r♦❝❡ss ✇✐t❤ ❥✉♠♣s ♦❢ s✐③❡ 1✳

❇② ❊q✉❛t✐♦♥ ✭✷✳✺✮✱ ♦♥❡ ❤❛s
(

XN
0 (t)− µ

∫ t

0

XN
1 (u) du

)

✐s ❛ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ P♦✐ss♦♥
♣r♦❝❡ss❡s✳ ❚❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡

ΛN ([0, t]) = µ

∫ t

0

XN
1 (u) du

✐s ❛ ❝♦♠♣❡♥s❛t♦r ♦❢ t❤❡ ♣♦✐♥t ♣r♦❝❡ss t 7→ XN
0 (t)✳ ❙❡❡ ❑❛s❛❤❛r❛ ❛♥❞ ❲❛t❛♥✲

❛❜❡ ❬❑❲✽✻❪✳ ■t ❤❛s t❤❡r❡❢♦r❡ ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝♦♠♣❡♥s❛t♦rs ✐s
❝♦♥✈❡r❣✐♥❣ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛s✉r❡ α dx✳ ❚❤❡♦r❡♠ ✺✳✶ ♦❢ ❬❑❲✽✻❪✱ s❡❡ ❛❧s♦
❇r♦✇♥ ❬❇r♦✼✽❪✱ ❣✐✈❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ (XN

0 (t)) t♦ ❛ P♦✐ss♦♥ ♣r♦✲
❝❡ss ✇✐t❤ r❛t❡ α✳

■♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ❜❡❢♦r❡✱ t❤r♦✉❣❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ Q✲♠❛tr✐①✱ t❤❡ ❛s✲
②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ XN

1 (t) ❝❛♥ ❜❡ ❡❛s✐❧② ♦❜t❛✐♥❡❞ ❜② ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ t❤❡ ❡✈❡♥t
{XN

0 (t) ≤ K} ❢♦r K ❧❛r❣❡ ❛♥❞ ❜② ✉s✐♥❣ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ M/M/1 ♣r♦❝❡ss❡s ❛t ❡q✉✐✲
❧✐❜r✐✉♠ ❛s ✉♣♣❡r ❛♥❞ ❧♦✇❡r st♦❝❤❛st✐❝ ❜♦✉♥❞s ❢♦r XN

1 (t)✳ ❉❡t❛✐❧s ❛r❡ s❦✐♣♣❡❞✳ �
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❚❤❡ ❧✐♥❡❛r t✐♠❡ s❝❛❧❡ t → Nt✳ ❖♥ t❤❡ ❧✐♥❡❛r t✐♠❡ s❝❛❧❡✱ ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ t❤❛t ❛
❢r❛❝t✐♦♥ Ψ(t) ♦❢ t❤❡ ✜❧❡s ✐s ❧♦st ❛t t✐♠❡ t✳ ■♥ s♦♠❡ ✇❛② t❤❡ ❧✐♥❡❛r t✐♠❡ s❝❛❧❡ ❣✐✈❡s ❛
♣✐❝t✉r❡ ♦❢ t❤❡ ❞❡❝❛② ♦❢ t❤❡ ♥❡t✇♦r❦✳

❋♦r N ≥ 1✱ t❤❡ r❛♥❞♦♠ ♠❡❛s✉r❡ µN ♦♥ N×R+ ✐s ❞❡✜♥❡❞ ❛s✱ ❢♦r ❛ ♠❡❛s✉r❛❜❧❡
❢✉♥❝t✐♦♥ g : N× R+ → R+✱

〈µN , g〉 =
∫

R+

g(XN
1 (Nt), t) dt.

◆♦t❡ t❤❛t ✐❢ g(x, t) = h(x)✶{[0,T ]}(t) ❢♦r T > 0✱ t❤❡♥

〈µN , g〉 =
∑

x∈N

h(x)
1

N

∫ NT

0

✶{XN
1 (t)=x} dt.

❈♦♥s❡q✉❡♥t❧② (µN ) ✐s ❛ r❡❧❛t✐✈❡❧② ❝♦♠♣❛❝t s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ❘❛❞♦♥ ♠❡❛s✉r❡s ♦♥
N×R+✳ ❙❡❡ ❉❛✇s♦♥ ❬❉❛✇✾✸❪ ❢♦r ❡①❛♠♣❧❡✳ ◆♦t❡ t❤❛t t❤❡ ♠❡❛s✉r❡ ✐❞❡♥t✐❝❛❧❧② ♥✉❧❧
❝❛♥ ❜❡ ❛ ♣♦ss✐❜❧❡ ❧✐♠✐t ♦❢ t❤✐s s❡q✉❡♥❝❡✳

❋r♦♠ ♥♦✇ ♦♥✱ ♦♥❡ ✜①❡s (Nk) s✉❝❤ t❤❛t (µNk
) ✐s ❛ ❝♦♥✈❡r❣✐♥❣ s✉❜s❡q✉❡♥❝❡

✇❤♦s❡ ❧✐♠✐t ✐s ν✳ ❇② t❛❦✐♥❣ ❛ ❝♦♥✈❡♥✐❡♥t ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (µNk

) ❤♦❧❞s ❛❧♠♦st s✉r❡❧② ❢♦r t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❘❛❞♦♥
♠❡❛s✉r❡s✳

❙✐♥❝❡✱ ❢♦r N ≥ 1✱ µN ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡
❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ♦♥ N ❛♥❞ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R+✱ t❤❡ s❛♠❡ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r
t❤❡ ❧✐♠✐t✐♥❣ ♠❡❛s✉r❡ ν✳ ▲❡t (x, t) → πt(x) ❞❡♥♦t❡ ✐ts ✭r❛♥❞♦♠✮ ❞❡♥s✐t②✳ ■t s❤♦✉❧❞
❜❡ r❡♠❛r❦❡❞ t❤❛t✱ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ ❛ ✈❡rs✐♦♥ ♦❢ πt(x) s✉❝❤ t❤❛t t❤❡ ♠❛♣ (ω, x, t) →
πt(x)(ω) ♦♥ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞ N × R+ ✐s ♠❡❛s✉r❛❜❧❡ ❜②
t❛❦✐♥❣ πt(x) ❛s ❛ ❧✐♠✐t ♦❢ ♠❡❛s✉r❛❜❧❡ ♠❛♣s✱

πt(x) = lim sup
s→0

1

s
ν({x} × [t, t+ s]).

❙❡❡ ❈❤❛♣t❡r ✽ ♦❢ ❘✉❞✐♥ ❬❘✉❞✽✼❪ ❢♦r ❡①❛♠♣❧❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳ ❋♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss❡s

lim
k→+∞

(

µ

Nk

∫ Nkt

0

XNk

1 (u) du

)

= (Ψ(t))
❞❡❢✳
=

(

µ

∫ t

0

〈πu, I〉 du
)

,

✇❤❡r❡ I(x) = x ❢♦r x ∈ N✳ ▼♦r❡♦✈❡r✱ ❛❧♠♦st s✉r❡❧②✱ ❢♦r ❛❧❧ t ≥ 0✱
∫ t

0

πu(N) du = t.

■t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❧❛st r❡❧❛t✐♦♥ ✐s ❝r✉❝✐❛❧✱ ✐t s❤♦✇s t❤❛t t❤❡ ♠❛ss❡s ♦❢ t❤❡
♠❡❛s✉r❡s µNk

✱ ❢♦r k ≥ 1✱ ❞♦ ♥♦t ✈❛♥✐s❤ ❛t ✐♥✜♥✐t②✳ ❚❤✐s ♣r♦♣❡rt② ✐s s♦♠❡t✐♠❡s ❛❜✲
s❡♥t ❢r♦♠ t❤❡ ♣r♦♦❢s ♦❢ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡s✱ ✐t ✐s ♥❡✈❡rt❤❡❧❡ss ♠❛♥❞❛t♦r②
t♦ ✐❞❡♥t✐❢② πu ❛s ❛♥ ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✳

Pr♦♦❢✳ ❚❤❡ ❝r✐t❡r✐❛ ♦❢ t❤❡ ♠♦❞✉❧✉s ♦❢ ❝♦♥t✐♥✉✐t② ✐s ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ t✐❣❤t♥❡ss ♦❢

(ΨN (t))
❞❡❢✳
=

(

µ

N

∫ Nt

0

XN
1 (u) du

)

.

❇② ▲❡♠♠❛ ✺✳✶

ΨN (t)−ΨN (s) =
µ

N

∫ Nt

Ns

XN
1 (u) du ≤ µ

N2

∫ N2t

N2s

Lβ0
(u) du.

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✸✱ ♦♥❡ ❝♦♥❝❧✉❞❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (ΨN (t))
✐s t✐❣❤t✳
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❋♦r K > 0 ❛♥❞ t ≥ 0✱ t❤❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❡❛s✉r❡s (µNk
) ❣✐✈❡s

t❤❡ ❝♦♥✈❡r❣❡♥❝❡

lim
k→+∞

1

Nk

∫ Nkt

0

XNk

1 (u)✶[0,K](X
Nk

1 (u)) du =

∫ t

0

〈

πu, I✶[0,K]

〉

du,

✇❤❡r❡ I(x) = x✳ ❇② ✉s✐♥❣ ❛❣❛✐♥ ▲❡♠♠❛ ✺✳✶✱ ♦♥❡ ❣❡ts t❤❛t

1

Nk

∫ Nkt

0

XNk

1 (u)✶{XNk
1 (u)≥K} du ≤ 1

N2
k

∫ N2
kt

0

Lβ0(u)✶{Lβ0
(u)≥K} du,

❛♥❞ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠ ❛♣♣❧✐❡❞ t♦ (Lβ0(t)) s❤♦✇s t❤❛t t❤❡ ❧❛st q✉❛♥t✐t② ✐s ❝♦♥✲
✈❡r❣✐♥❣ ✐♥ ❞✐str✐❜✉t✐♦♥ t♦

(

tE
(

Lβ0
(∞)✶{Lβ0

(∞)≥K}
))

✇❤❡r❡ Lβ0(∞) ✐s t❤❡ ❧✐♠✐t ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ (Lβ0(t))✱ ❛ ❣❡♦♠❡tr✐❝❛❧❧② ❞✐str✐❜✉t❡❞
r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❋♦r ε > 0✱ K ✐s ❝❤♦s❡♥ s✉✣❝✐❡♥t❧② ❧❛r❣❡ s♦ t❤❛t t❤❡ ❧❛st q✉❛♥t✐t②
✐s ❧❡ss t❤❛♥ ε/2✱ ❝♦♥s❡q✉❡♥t❧② ✐❢ k ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ ♦♥❡ ❤❛s

1

Nk

∫ Nkt

0

XNk

1 (u)✶{XNk
1 ≥K} du ≤ ε.

❖♥❡ ❞❡❞✉❝❡s t❤❛t (Ψ(t)) ✐s t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss ❢♦r (ΨNk
(t))✳ ❚❤✐s

♣r♦✈❡s t❤❡ ✜rst ❤❛❧❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳
❋♦r K ≥ 1✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (µNk

) ❣✐✈❡s t❤❡ r❡❧❛t✐♦♥

lim
k→+∞

1

Nk

∫ Nkt

0

✶{XNk
1 (u)≤K} du = ν([0,K]× [0, t]) =

∫ t

0

πu([0,K]) du.

❇② ✉s✐♥❣ ❛❣❛✐♥ t❤❡ st♦❝❤❛st✐❝ ❞♦♠✐♥❛t✐♦♥ ❜② ❛♥ ❡r❣♦❞✐❝ M/M/1 q✉❡✉❡✱

1

Nk

∫ Nkt

0

✶{Lβ0
(u)≤K} du ≤ 1

Nk

∫ Nkt

0

✶{XNk
1 (u)≤K} du.

❜② ❧❡tt✐♥❣ k ❣♦ t♦ ✐♥✜♥✐t② ♦♥❡ ❣❡ts t❤❛t✱ ❛❧♠♦st s✉r❡❧②✱

tP(Lβ0
(∞) ≤ K) ≤

∫ t

0

πu([0,K]) du ≤
∫ t

0

πu(N) du,

♥♦✇ ✐❢ K ❣♦ t♦ ✐♥✜♥✐t②✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ r❡❧❛t✐♦♥
∫ t

0

πs(N) ds = t

❤♦❧❞s ❢♦r ❛❧❧ t ∈ N ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❢♦r ❛❧❧ t ≥ 0✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ♣r♦✈❡❞✳ �

❚❤❡♦r❡♠ ✺✳✺ ✭❘❛t❡ ♦❢ ❉❡❝❛② ♦❢ t❤❡ ◆❡t✇♦r❦✮✳ ■❢ ρ = λ/µ > 2β✱ t❤❡♥✱ ❛s N ❣♦❡s
t♦ ✐♥✜♥✐t②✱ t❤❡ ♣r♦❝❡ss (XN

0 (Nt)/N) ❝♦♥✈❡r❣❡s t♦ (Ψ(t)) ✇❤❡r❡ Ψ(t) ✐s t❤❡ ✉♥✐q✉❡
s♦❧✉t✐♦♥ y ∈ [0, β] ♦❢ t❤❡ ❡q✉❛t✐♦♥

✭✺✳✸✮ (1− y/β)
ρ/2

ey+µt = 1.

❋♦r t ≥ 0✱ t❤❡ ♣r♦❝❡ss (XN
1 (Nt + u), u > 0) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ t❤❡ st❛✲

t✐♦♥❛r② ♣r♦❝❡ss ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❥♦❜s ♦❢ ❛♥ M/M/1 q✉❡✉❡ ✇✐t❤ s❡r✈✐❝❡ r❛t❡ λ ❛♥❞
❛rr✐✈❛❧ r❛t❡ 2µ(β −Ψ(t))✳

■t ✐s ❡❛s✐❧② s❡❡♥ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ Ψ(t) − β ∼ β exp(−2(β + µt)/ρ)
❤♦❧❞s ❛s t ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❚❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ t❤❡♦r❡♠ st❛t❡s t❤❛t✱ ✏❛r♦✉♥❞✑ t✐♠❡
Nt✱ t❤❡ ♣r♦❝❡ss XN

1 ❤❛s ❛ ❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠✳
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Pr♦♦❢✳ ❊q✉❛t✐♦♥ ✭✷✳✻✮ ❣✐✈❡s t❤❛t✱ ❢♦r f ∈ Cc(N)

✭✺✳✹✮ f(XN
1 (Nt))− f(XN

1 (0))−MN
f,1(Nt) = N2

∫ t

0

Ω[YN (u)](f)(XN
1 (Nu)) du

+ µN

∫ t

0

∆−(f)(XN
1 (Nu))XN

1 (Nu) du

✇✐t❤✱ ❢r♦♠ ❊q✉❛t✐♦♥ ✭✷✳✺✮✱

YN (u) =
FN
N

− XN
1 (Nu)

N
− MN

0 (Nu)

N
− µ

N

∫ Nu

0

XN
1 (v) dv,

❛♥❞ ∆−(f)(x) = (f(x− 1)− f(x))✶{x≥1}✳ ❚❤❡ ❜♦✉♥❞ ♦♥ t❤❡ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss ♦❢
t❤❡ ♠❛rt✐♥❣❛❧❡ (MN

f,1(t)) ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✷✱ ❉♦♦❜✬s ■♥❡q✉❛❧✐t② ❛♥❞ ▲❡♠♠❛ ✺✳✶
s❤♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s
(

1

N2

[

f(XN
1 (Nt))−f(XN

1 (0))−MN
f,1(Nt)

−µN
∫ t

0

(∆−(f)(XN
1 (Nu))XN

1 (Nu) du

])

❝♦♥✈❡r❣❡s t♦ 0 ❢♦r t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠ ♦♥ ❝♦♠♣❛❝t s❡ts✳
❇② ✉s✐♥❣ ▲❡♠♠❛ ✺✳✶✱ ♦♥❡ ❣❡ts t❤❛t

XN
1 (Nu)

N
≤ Lβ0

(N2u)

N
,

❤❡♥❝❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XN
1 (Nu)/N) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ 0✳

❚❤❡ ❜♦✉♥❞ ♦♥ t❤❡ ✐♥❝r❡❛s✐♥❣ ♣r♦❝❡ss ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✹ s❤♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡
♦❢ ♣r♦❝❡ss❡s (YNk

(t)) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ (β − Ψ(t))✳ ❖♥❡ ❞❡❞✉❝❡s ❢r♦♠
❊q✉❛t✐♦♥ ✭✺✳✹✮ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s
(∫ t

0

Ω[β −Ψ(u)](f)(XNk

1 (Nku)) du

)

=

(

∫

N×[0,t]

Ω[β −Ψ(u)](f)(x)µNk
(dx, du)

)

❝♦♥✈❡r❣❡s t♦ 0✳
❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ (µNk

) ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✹ ❣✐✈❡ t❤❡r❡❢♦r❡ t❤❛t✱ ❛❧♠♦st
s✉r❡❧②✱ t❤❡ r❡❧❛t✐♦♥s

∫ t

0

〈πu,Ω[β −Ψ(u)](f)〉 du = 0 ❛♥❞
∫ t

0

πu(N) du = t,

❤♦❧❞ ❢♦r ❛❧❧ t ≥ 0 ❛♥❞ ❛❧❧ ❢✉♥❝t✐♦♥s f ∈ Cc(N)✳ ◆♦t❡ t❤❛t ♦♥❡ ❤❛s ✉s❡❞ t❤❡ ❢❛❝t t❤❛t
Cc(N) ❤❛s ❛ ❝♦✉♥t❛❜❧❡ ❞❡♥s❡ s✉❜s❡t ❢♦r t❤❡ ✉♥✐❢♦r♠ ♥♦r♠✳

■❢ ∆ ✐s t❤❡ s✉❜s❡t ♦❢ ❛❧❧ r❡❛❧ ♥✉♠❜❡rs u ≥ 0 s✉❝❤ t❤❛t ♦♥❡ ♦❢ t❤❡ r❡❧❛t✐♦♥s
{

πu(N) 6= 1,

〈πu,Ω[β −Ψ(u)](f)〉 6= 0, ❢♦r s♦♠❡ f ∈ Cc(N),

❤♦❧❞s✱ t❤❡♥ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦❢ ∆ ✐s 0✳ ❍❡♥❝❡ ✐❢ u 6∈ ∆✱ t❤❡♥ πu(N) = 1 ❛♥❞
〈πu,Ω[β −Ψ(u)](f)〉 = 0 ❢♦r ❛❧❧ f ∈ Cc(N)✳ ❙✐♥❝❡ Ω[β − Ψ(u)] ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦r ♦❢ ❛♥ M/M/1 q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ 2µ(β − Ψ(u)) ❛♥❞ s❡r✈✐❝❡ r❛t❡ λ✱
♦♥❡ ❣❡ts t❤❛t πu ✐s ❛ ❣❡♦♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ ♦♥ N ✇✐t❤ ♣❛r❛♠❡t❡r 2µ(β −Ψ(u))/λ✳

❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✹ ♦♥❡ ❣❡ts t❤❛t✱ ❢♦r t ≥ 0✱

Ψ(t) = µ

∫

[0,t]\∆
〈πu, I〉 du = µ

∫ t

0

2µ(β −Ψ(u))

λ− 2µ(β −Ψ(u))
du.

❙tr❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧✉s ❣✐✈❡s t❤❡ r❡❧❛t✐♦♥

(β − ψ(u))ρ/2eψ(u) = βρ/2e−µu.
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■t ✐s ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t s✐♥❝❡ 2β < ρ✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ Ψ(u) < β s❛t✐s❢②✐♥❣ t❤❡
❛❜♦✈❡ ❡q✉❛t✐♦♥✳ ❚❤❡ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞✳ �

❚❤❡ t❤❡♦r❡♠ ❣✐✈❡s ❞✐r❡❝t❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ♦♥ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r
♦❢ TN (δ)✱ t❤❡ ✜rst t✐♠❡ ✇❤❡♥ ❛ ❢r❛❝t✐♦♥ δ ♦❢ t❤❡ ✜❧❡s ❤❛s ❜❡❡♥ ❧♦st✳

❈♦r♦❧❧❛r② ✺✳✻✳ ■❢ ρ = λ/µ > 2β t❤❡♥✱ ❢♦r N ≥ 1 ❛♥❞ δ ∈ (0, 1)✱

TN (δ) = inf{t ≥ 0 : XN
0 (t) ≥ δFN},

t❤❡♥✱ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥✱

lim
N→+∞

TN (δ)

N
=

1

µ

(

−ρ
2
log(1− δ)− δβ

)

.

❆♣♣❡♥❞✐①✳ ●❡♥❡r❛❧✐③❡❞ ❙❦♦r♦❦❤♦❞ Pr♦❜❧❡♠s

❋♦r t❤❡ s❛❦❡ ♦❢ s❡❧❢✲❝♦♥t❛✐♥❡❞♥❡ss✱ t❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts q✉✐❝❦❧② t❤❡ ♠♦r❡ ♦r
❧❡ss ❝❧❛ss✐❝❛❧ ♠❛t❡r✐❛❧ ♥❡❝❡ss❛r② t♦ st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ✉s❡❞ ✐♥
t❤✐s ❝❤❛♣t❡r✳ ❚❤❡ ❣❡♥❡r❛❧ t❤❡♠❡ ❝♦♥❝❡r♥s t❤❡ r✐❣♦r♦✉s ❞❡✜♥✐t✐♦♥ ♦❢ ❛ s♦❧✉t✐♦♥ ♦❢
❛ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❝♦♥str❛✐♥❡❞ t♦ st❛② ✐♥ s♦♠❡ ❞♦♠❛✐♥ ❛♥❞ ❛❧s♦ t❤❡
♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s✉❝❤ ❛ s♦❧✉t✐♦♥✳ ❙❡❡ ❙❦♦r♦❦❤♦❞ ❬❙❦♦✻✶❪✱
❆♥❞❡rs♦♥ ❛♥❞ ❖r❡② ❬❆❖✼✻❪✱ ❈❤❛❧❡②❛t✲▼❛✉r❡❧ ❛♥❞ ❊❧ ❑❛r♦✉✐ ❬❊❑❈▼✼✽❪ ❛♥❞✱
✐♥ ❛ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t❡①t✱ ❍❛rr✐s♦♥ ❛♥❞ ❘❡✐♠❛♥ ❬❍❘✽✶❪ ❛♥❞ ❚❛②❧♦r ❛♥❞
❲✐❧❧✐❛♠s ❬❚❲✾✸❪ ❛♥❞✱ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t✱ ❘❛♠❛♥❛♥ ❬❘❛♠✵✻❪✳ ❙❡❡ ❆♣✲
♣❡♥❞✐① ❉ ♦❢ ❘♦❜❡rt ❬❘♦❜✵✸❪ ❢♦r ❛ ❜r✐❡❢ ❛❝❝♦✉♥t✳

❲❡ ✜rst r❡❝❛❧❧ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠✳ ■❢ (Z(t)) ✐s s♦♠❡
❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡t D(R+,R) ♦❢ ❝à❞❧à❣ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ R+✱ t❤❡ ❝♦✉♣❧❡ ♦❢ ❢✉♥❝✲
t✐♦♥s [(X(t)), (R(t))] ✐s s❛✐❞ t♦ ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞
✇✐t❤ (Z(t)) ✇❤❡♥❡✈❡r

✭✶✮ X(t) = Z(t) +R(t)✱ ❢♦r ❛❧❧ t ≥ 0✱

✭✷✮ X(t) ≥ 0✱ ❢♦r ❛❧❧ t ≥ 0✱

✭✸✮ t→ R(t) ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ R(0) = 0 ❛♥❞
∫

R+

X(t) dR(t) = 0.

❚❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✉s❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇❤❡♥ (Z(t)) ✐s ✐ts❡❧❢
❛ ❢✉♥❝t✐♦♥❛❧ ♦❢ (X(t))✳

❉❡❢✐♥✐t✐♦♥ ✺✳✼ ✭●❡♥❡r❛❧✐③❡❞ ❙❦♦r♦❦❤♦❞ Pr♦❜❧❡♠✮✳
■❢ G : D(R+,R) → D(R+,R) ✐s ❛ ❇♦r❡❧✐❛♥ ❢✉♥❝t✐♦♥✱ ((X(t)), (R(t))) ✐s ❛ s♦❧✉t✐♦♥
♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❙❦♦r♦❦❤♦❞ Pr♦❜❧❡♠ ✭●❙P✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ G ✐❢ ((X(t)), (R(t))) ✐s
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞ Pr♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ G(X)✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛❧❧
t ≥ 0✱

X(t) = G(X)(t) +R(t) ❛♥❞
∫

R+

X(t) dR(t) = 0.

❚❤❡ ❝❧❛ss✐❝❛❧ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇❤❡♥
t❤❡ ❢✉♥❝t✐♦♥❛❧ G ✐s ❝♦♥st❛♥t ❛♥❞ ❡q✉❛❧ t♦ (Z(t))✳ ■❢ ♦♥❡ t❛❦❡s

G(x)(t) =

∫ t

0

σ(x(u)) dB(u) +

∫ t

0

δ(x(u)) du,

✇❤❡r❡ (B(t)) ✐s ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ σ ❛♥❞ δ ❛r❡ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s
♦♥ R✱ t❤❡ ✜rst ❝♦♦r❞✐♥❛t❡ (X(t)) ♦❢ ❛ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ●❙P
❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❉❊

dX(t) = σ(X(t)) dB(t) + δ(X(t)) dt
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r❡✢❡❝t❡❞ ❛t 0✳

Pr♦♣♦s✐t✐♦♥ ✺✳✽✳ ■❢ G : D(R+,R) → D(R+,R) ✐s s✉❝❤ t❤❛t✱ ❢♦r ❛♥② T > 0✱ t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t CT s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ (x(t)) ∈ D(R+,R) ❛♥❞ 0 ≤ t ≤ T ✱

✭✺✳✺✮ sup
0≤s≤t

|G(x)(s)−G(y)(s)| ≤ CT

∫ t

0

|x(u)− y(u)| du,

t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥❛❧ G ❛♥❞ t❤❡ ♠❛tr✐① P ✳

Pr♦♦❢✳ ❉❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ (XN (t)) ❜② ✐♥❞✉❝t✐♦♥ (X0(t), R0(t)) = 0 ❛♥❞✱ ❢♦r
N ≥ 1✱ (XN+1, RN+1) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠ ✭❙P✮ ❛ss♦❝✐❛t❡❞
✇✐t❤ G(XN )✱ ✐♥ ♣❛rt✐❝✉❧❛r✱

XN+1(t) = G
(

XN
)

(t) +RN+1(t) ❛♥❞
∫

R+

XN+1(u) dRN+1(u) = 0.

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ s♦❧✉t✐♦♥ ✐s ❣✉❛r❛♥t❡❡❞ ❛s ✇❡❧❧ ❛s t❤❡ ▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ♦❢ t❤❡
s♦❧✉t✐♦♥s ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❙❦♦r♦❦❤♦❞ ♣r♦❜❧❡♠✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ❉✳✹ ♦❢ ❘♦❜❡rt ❬❘♦❜✵✸❪✱
t❤✐s ❣✐✈❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦♠❡ ❝♦♥st❛♥t KT s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ N ≥ 1 ❛♥❞ 0 ≤ t ≤ T ✱

∥

∥XN+1 −XN
∥

∥

∞,t
≤ KT

∥

∥G
(

XN
)

−G
(

XN−1
)∥

∥

∞,t
,

✇❤❡r❡ ‖h‖∞,T = sup{|h(s)| : 0 ≤ s ≤ T}✳ ❋r♦♠ ❘❡❧❛t✐♦♥ ✭✺✳✺✮✱ t❤✐s ✐♠♣❧✐❡s t❤❛t

∥

∥XN+1 −XN
∥

∥

∞,t
≤ α

∫ t

0

∥

∥XN −XN−1
∥

∥

∞,u
du,

✇✐t❤ α = KTCT ✳ ❚❤❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❧❛st r❡❧❛t✐♦♥ ②✐❡❧❞s t❤❡ ✐♥❡q✉❛❧✐t②

∥

∥XN+1 −XN
∥

∥

∞,t
≤ αN tN−1

(N − 1)!

∫ t

0

∥

∥X1
∥

∥

∞,u
du, 0 ≤ t ≤ T.

❖♥❡ ❝♦♥❝❧✉❞❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ (XN (t)) ✐s ❝♦♥✈❡r❣✐♥❣ ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t s❡ts
❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r t❤❡ s❡q✉❡♥❝❡ (RN (t))✳ ▲❡t (X(t)) ❛♥❞ (R(t))
❜❡ t❤❡ ❧✐♠✐t ♦❢ t❤❡s❡ s❡q✉❡♥❝❡s✳ ❇② ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❙P✱ t❤❡ ❝♦✉♣❧❡ ((X(t)), (R(t)))
✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙P ❛ss♦❝✐❛t❡❞ ✇✐t❤ G(X)✱ ❛♥❞ ❤❡♥❝❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ●❙P
❛ss♦❝✐❛t❡❞ ✇✐t❤ G✳

❯♥✐q✉❡♥❡ss✳ ▲❡t (Y (t)) ❜❡ ❛♥♦t❤❡r s♦❧✉t✐♦♥ ♦❢ t❤❡ ●❙P ❛ss♦❝✐❛t❡❞ ✇✐t❤ G✳ ■♥
t❤❡ s❛♠❡ ✇❛② ❛s ❜❡❢♦r❡✱ ♦♥❡ ❣❡ts ❜② ✐♥❞✉❝t✐♦♥✱ ❢♦r 0 ≤ t ≤ T ✱

‖X − Y ‖∞,t ≤
(αt)N

N !

∫ t

0

‖X − Y ‖∞,u du,

❛♥❞ ❜② ❧❡tt✐♥❣ N ❣♦ t♦ ✐♥✜♥✐t②✱ ♦♥❡ ❝♦♥❝❧✉❞❡s t❤❛t X = Y ✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s
♣r♦✈❡❞✳ �

❘❡❢❡r❡♥❝❡s ❢♦r ❈❤❛♣t❡r ■❱
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❬P❲✶✶❪ ❖❤❛❞ P❡rr② ❛♥❞ ❲❛r❞ ❲❤✐tt✳ ❆♥ ❖❉❊ ❢♦r ❛♥ ♦✈❡r❧♦❛❞❡❞ ① ♠♦❞❡❧ ✐♥✲
✈♦❧✈✐♥❣ ❛ st♦❝❤❛st✐❝ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡✳ ❙t♦❝❤❛st✐❝ ❙②st❡♠s✱ ✶✭✶✮✿✺✾✕
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❬❘❛♠✵✻❪ ❑❛✈✐t❛ ❘❛♠❛♥❛♥✳ ❘❡✢❡❝t❡❞ ❞✐✛✉s✐♦♥s ❞❡✜♥❡❞ ✈✐❛ t❤❡ ❡①t❡♥❞❡❞ ❙❦♦✲
r♦❦❤♦❞ ♠❛♣✳ ❊❧❡❝tr♦♥✐❝ ❏♦✉r♥❛❧ ♦❢ Pr♦❜❛❜✐❧✐t②✱ ✶✶✿✾✸✹✕✾✾✷✱ ✷✵✵✻✳

❬❘❉✵✶❪ ❆♥t♦♥② ❘♦✇str♦♥ ❛♥❞ P❡t❡r ❉r✉s❝❤❡❧✳ ❙t♦r❛❣❡ ♠❛♥❛❣❡♠❡♥t ❛♥❞ ❝❛❝❤✐♥❣
✐♥ P❆❙❚✱ ❛ ❧❛r❣❡✲s❝❛❧❡✱ ♣❡rs✐st❡♥t ♣❡❡r✲t♦✲♣❡❡r st♦r❛❣❡ ✉t✐❧✐t②✳ ■♥ Pr♦✲
❝❡❡❞✐♥❣s ♦❢ ❙❖❙P✱ ♣❛❣❡s ✶✽✽✕✷✵✶✳ ❆❈▼✱ ✷✵✵✶✳

❬❘●❑+✵✺❪ ❙❡❛♥ ❘❤❡❛✱ ❇r✐❣❤t❡♥ ●♦❞❢r❡②✱ ❇r❛❞ ❑❛r♣✱ ❏♦❤♥ ❑✉❜✐❛t♦✇✐❝③✱ ❙②❧✈✐❛
❘❛t♥❛s❛♠②✱ ❙❝♦tt ❙❤❡♥❦❡r✱ ■♦♥ ❙t♦✐❝❛✱ ❛♥❞ ❍❛r❧❛♥ ❨✉✳ ❖♣❡♥❉❍❚✿ ❛
♣✉❜❧✐❝ ❉❍❚ s❡r✈✐❝❡ ❛♥❞ ✐ts ✉s❡s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ❙■●❈❖▼▼✱ ♣❛❣❡s
✼✸✕✽✹✱ ✷✵✵✺✳

❬❘♦❜✵✸❪ P❤✐❧✐♣♣❡ ❘♦❜❡rt✳ ❙t♦❝❤❛st✐❝ ◆❡t✇♦r❦s ❛♥❞ ◗✉❡✉❡s✳ ❙t♦❝❤❛st✐❝ ▼♦❞❡❧✲
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❚❤❡ ❊❤r❡♥❢❡st Pr♦❝❡ss✳ ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉♦✉s✲
t✐♠❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❊❤r❡♥❢❡st ✉r♥ ♠♦❞❡❧✳ ❚❤✐s ♣r♦❝❡ss ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞
t♦ st✉❞② t❤❡ ❤❡❛t ❡①❝❤❛♥❣❡ ❜❡t✇❡❡♥ ❜♦❞✐❡s✳ ❖♥❡ ❛ss✉♠❡s t❤❛t ❡❛❝❤ ♣❛rt✐❝❧❡ ♦❢ ❛
s❡t ♦❢ N ♣❛rt✐❝❧❡s ✐s ❧♦❝❛t❡❞ ✐♥ ♦♥❡ ♦❢ t✇♦ ❜♦①❡s ✭❜♦❞✐❡s✮✱ 0 ❛♥❞ 1 s❛②✳ ❆ ♣❛rt✐❝❧❡ ✐♥
❜♦① 0 ❬r❡s♣✳ 1❪ ❣♦❡s ✐♥t♦ ❜♦① 1 ❬r❡s♣✳ 0❪ ❛t r❛t❡ ν ❬r❡s♣✳ µ❪✳ ❖♥❡ ❞❡♥♦t❡s ❜② EN (t)
t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ ❜♦① 1 ❛t t✐♠❡ t ≥ 0✳ ❚❤✐s ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss ❝❛♥
❛❧s♦ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s EN (t) = Y1(t) + · · ·+ YN (t)✱ ✇❤❡r❡ (Yi(t), 1 ≤ i ≤ N) ❛r❡ N
✐✳✐✳❞✳ ▼❛r❦♦✈ ❥✉♠♣ ♣r♦❝❡ss❡s ✇✐t❤ ✈❛❧✉❡s ✐♥ {0, 1}✳

❖r✐❣✐♥❛❧❧②✱ t❤❡ ♠♦❞❡❧ ✐s ❛ ❞✐s❝r❡t❡✲t✐♠❡ ♣r♦❝❡ss (ZN (k)) ❛♥❞ ❡❛❝❤ ✉♥✐t ♦❢ t✐♠❡
❛ ♣❛rt✐❝❧❡ ✐s t❛❦❡♥ ❛t r❛♥❞♦♠ ✭✐✳❡✳ ❛❧❧ ♣❛rt✐❝❧❡s ❡q✉❛❧❧② ❧✐❦❡❧②✮ t♦ ❜❡ ♠♦✈❡❞ ❢r♦♠
♦♥❡ ❜♦① t♦ t❤❡ ♦t❤❡r❀ ZN (k) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ ❜♦① 1 ❛t t✐♠❡ k✳ ❚❤✐s
❝♦rr❡s♣♦♥❞s t♦ t❤❡ s②♠♠❡tr✐❝❛❧ ❝❛s❡ µ = ν ❛♥❞✱ ❝❧❡❛r❧②✱ EN (t) ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞
❛s ZN (NNµ((0, t])) ✐❢ NNµ ✐s ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ r❛t❡ Nµ✳ ❚❤❡ ♣r♦❝❡ss (EN (t))
❢♦❧❧♦✇s t❤❡ s❛♠❡ ♣❛t❤ ❛s (ZN (k)) ❜✉t ♦♥ ❛ t✐♠❡ s❝❛❧❡ ✇✐t❤ ❛ ❢❛❝t♦r Nµ✳ ❚❤❡
▼❛r❦♦✈ ❝❤❛✐♥ (ZN (k)) ✐s ❛❧s♦ ❛ r❛♥❞♦♠ ✇❛❧❦ ♦♥ t❤❡ ❣r❛♣❤ ♦❢ t❤❡ ❤②♣❡r❝✉❜❡ {0, 1}N ✱
✇❤❡r❡ ❡❞❣❡s ❝♦♥♥❡❝t ❡❧❡♠❡♥ts t❤❛t ❞✐✛❡r ❛t ♦♥❧② ♦♥❡ ❝♦♦r❞✐♥❛t❡✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠
♣r♦♣❡rt✐❡s ♦❢ (EN (t)) ❛♥❞ (ZN (k)) ❛r❡ ❢❛✐r❧② ✇❡❧❧ ❦♥♦✇♥✱ ✐♥ ♣❛rt✐❝✉❧❛r ❛ q✉✐t❡ ♣r❡❝✐s❡
❡st✐♠❛t❡ ♦❢ t❤❡ ❞✉r❛t✐♦♥ ♦❢ t✐♠❡ t♦ r❡❛❝❤ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛✈❛✐❧❛❜❧❡✳ ❙❡❡ ❉✐❛❝♦♥✐s ❡t
❛❧✳ ❬❉●▼✾✵❪✳

❘❡s✉❧ts ♦♥ tr❛♥s✐❡♥t q✉❛♥t✐t✐❡s ♦❢ t❤✐s ♣r♦❝❡ss✱ ❧✐❦❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✜rst
t✐♠❡ ✇❤❡♥ ❜♦① 0 ✐s ❡♠♣t②✱ ❛r❡ r❛r❡r✳ ❚❤❡r❡ ❛r❡ ❣❡♥❡r✐❝ r❡s✉❧ts ♦♥ ❜✐rt❤✲❛♥❞✲❞❡❛t❤
♣r♦❝❡ss ✇❤✐❝❤ ❞❡s❝r✐❜❡ s♦♠❡ ♦❢ t❤❡s❡ ❞✐str✐❜✉t✐♦♥s ✐♥ t❡r♠s ♦❢ s♣❡❝tr❛❧ ❝❤❛r❛❝t❡r✐s✲
t✐❝s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r✿ t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ❛♥❞ ❛ ❢❛♠✐❧② ♦❢
♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s✳ ❙❡❡ ❑❛r❧✐♥ ❛♥❞ ▼❝●r❡❣♦r ❬❑▼✺✼✱ ❑▼✺✾❪✳ ■♥ ♣r❛❝t✐❝❡✱
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❛♥❞✱ s♦♠❡t✐♠❡s✱ t❤❡✐r s♣❡❝tr❛❧ ♠❡❛s✉r❡
❞♦ ♥♦t ❤❛✈❡ ❛ s✐♠♣❧❡ r❡♣r❡s❡♥t❛t✐♦♥❀ t❤✐s ❝♦♠♣❧✐❝❛t❡s s✐❣♥✐✜❝❛♥t❧② ❞❡t❛✐❧❡❞ ✐♥✈❡s✲
t✐❣❛t✐♦♥s ♦❢ t❤❡s❡ ❤✐tt✐♥❣ t✐♠❡s✳ ■♥ t❤❡ s②♠♠❡tr✐❝❛❧ ❝❛s❡ µ = ν✱ P❛❧❛❝✐♦s ❬P❛❧✾✸❪
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❣✐✈❡s ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❛✈❡r❛❣❡s ♦❢ ❤✐tt✐♥❣ t✐♠❡s ❛♥❞ ❇✐♥❣❤❛♠ ❬❇✐♥✾✶❪
❛♥❞ ❋❧❛❥♦❧❡t ❛♥❞ ❍✉✐❧❧❡t ❬❋❍✵✽❪ ♦❜t❛✐♥s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡✐r ❞✐str✐❜✉t✐♦♥s✳ ■♥
t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❈r❡s❝❡♥③♦ ❬❉❈✾✽❪ ❛♥❞ ❋❧❡❣❣ ❡t ❛❧✳ ❬❋●P✵✽❪ ♣r♦✈✐❞❡ ❡①♣r❡ss✐♦♥s
♦❢ t❤❡ ❞❡♥s✐t✐❡s✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ ❡①♣r❡ss✐♦♥s ♦❜t❛✐♥❡❞ ✐♥ t❤❡s❡ ♣❛♣❡rs ✐♥✈♦❧✈❡✱
✐♥ ❣❡♥❡r❛❧✱ s✉♠s ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ t❡r♠s ❢♦r ✇❤✐❝❤ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ✭✇❤❡♥ N ❣♦❡s
t♦ ✐♥✜♥✐t②✮ ♠❛② ❜❡ ❞✐✣❝✉❧t t♦ ♦❜t❛✐♥✳ ◆♦t❡ t❤❛t t❤✐s ✐s ♥❡✈❡rt❤❡❧❡ss ❞♦♥❡ ✐♥ t❤❡
s②♠♠❡tr✐❝❛❧ ❝❛s❡ ✐♥ ❋❧❛❥♦❧❡t ❛♥❞ ❍✉✐❧❧❡t ❬❋❍✵✽❪✳

❚❤❡ ❊♥❣s❡t Pr♦❝❡ss✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♦❧❞❡st st♦❝❤❛st✐❝ ♠♦❞❡❧s ♦❢ ❝♦♠♠✉✲
♥✐❝❛t✐♦♥ ♥❡t✇♦r❦s✱ s❡❡ ❊♥❣s❡t ❬❊♥❣✾✽❪✳ ❋♦r t❤✐s ♠♦❞❡❧ t❤❡r❡ ❛r❡ N s♦✉r❝❡s ♦❢
❝♦♠♠✉♥✐❝❛t✐♦♥ ✇❤✐❝❤ ❛r❡ ❛❝t✐✈❡ ✭st❛t❡ 1✮ ♦r ✐♥❛❝t✐✈❡ ✭st❛t❡ 0✮✳ ❆♥ ❛❝t✐✈❡ s♦✉r❝❡
❜❡❝♦♠❡s ✐♥❛❝t✐✈❡ ❛t r❛t❡ µ✳ ❚❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ s✐♠✉❧t❛♥❡♦✉s ❛❝t✐✈❡ s♦✉r❝❡s ❝❛♥✲
♥♦t ❡①❝❡❡❞ t❤❡ q✉❛♥t✐t② CN ✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝✐r❝✉✐ts ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❆♥ ✐♥❛❝t✐✈❡
s♦✉r❝❡ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡❝♦♠❡ ❛❝t✐✈❡ ♦♥❧② ✐❢ t❤❡r❡ ❛r❡ ❛❧r❡❛❞② str✐❝t❧② ❧❡ss t❤❛♥ CN
❛❝t✐✈❡ s♦✉r❝❡s❀ ■♥ t❤✐s ❝❛s❡ ✐t ♦❝❝✉rs ❛t r❛t❡ ν✳ ■❢ XN (t) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡
❝♦♠♠✉♥✐❝❛t✐♦♥s ❛t t✐♠❡ t✱ ✇❤❡♥ CN = N t❤❡ ♣r♦❝❡ss ✐s ❥✉st t❤❡ ❊❤r❡♥❢❡st ♣r♦❝❡ss✳
❖t❤❡r✇✐s❡ (XN (t)) ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛ r❡✢❡❝t❡❞ ✈❡rs✐♦♥ ♦❢ (EN (t))✳ ❆t ❡q✉✐❧✐❜✲
r✐✉♠ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t XN ✐s ❡q✉❛❧ t♦ CN ✐s ❦♥♦✇♥ ✉♥❞❡r t❤❡
♥❛♠❡ ♦❢ ❊♥❣s❡t ❋♦r♠✉❧❛✳ ❋♦r tr❛♥s✐❡♥t ❝❤❛r❛❝t❡r✐st✐❝s✱ t❤❡ ✐♠♣♦rt❛♥t q✉❛♥t✐t② ✐s
t❤❡ t✐♠❡ ✐t t❛❦❡s t♦ ❤❛✈❡ t❤❡ ❢✉❧❧ ❝❛♣❛❝✐t② CN ♦❢ t❤❡ ♥❡t✇♦r❦ ✉s❡❞✳ ❋♦r t❤✐s r❡❛s♦♥✱
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ CN ❜② (XN (t)) ✐s ♦❢ s♣❡❝✐❛❧ ✐♥t❡r❡st✳ ❚♦
t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤✐s ❤✐tt✐♥❣ t✐♠❡ ❛r❡ q✉✐t❡ r❛r❡✱ ✐♥
♣❛rt✐❝✉❧❛r ❢♦r ♣♦ss✐❜❧❡ ❛s②♠♣t♦t✐❝s ✇❤❡♥ N ❣♦❡s t♦ ✐♥✜♥✐t②✳

❆ ❙t♦r❛❣❡ ❙②st❡♠✳ ❆♥♦t❤❡r✱ ♠♦r❡ r❡❝❡♥t✱ ♠♦t✐✈❛t✐♦♥ ❢♦r ❝♦♥s✐❞❡r✐♥❣ (XN (t)) ✐s
t❤❡ st♦❝❤❛st✐❝ ❛♥❛❧②s✐s ♦❢ ❛ st♦r❛❣❡ s②st❡♠ ✇❤❡r❡ ✜❧❡s ❛r❡ ❞✉♣❧✐❝❛t❡❞ ♦♥ CN s❡r✈❡rs✳
❊❛❝❤ s❡r✈❡r ❜r❡❛❦s ❞♦✇♥ ✐♥❞❡♣❡♥❞❡♥t❧② ❛t r❛t❡ µ✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✐t ✐s r❡♣❛✐r❡❞ ❜✉t
❛❧❧ ✐ts ✜❧❡s ❛r❡ ❧♦st✳ ❆s ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧✱ XN (t) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s
♦❢ ❛ s♣❡❝✐✜❡❞ ✜❧❡✱ ✐❢ XN (t) = x t❤❡♥ ❛ ❝♦♣② ♦❢ t❤❡ ✜❧❡ ✐s ❧♦st ✐❢ ♦♥❡ ♦❢ t❤❡ s❡r✈❡rs
❜r❡❛❦s ❞♦✇♥✱ ✐✳❡✳ ❛t r❛t❡ xµ✳ ■❢ XN (t) = 0✱ t❤❡r❡ ✐s ♥♦ ❝♦♣② ♦❢ t❤❡ ✜❧❡ ✐♥ t❤❡ s②st❡♠✱
✐t ✐s ❧♦st s♦ t❤❛t 0 ✐s ❛♥ ❛❜s♦r❜✐♥❣ ♣♦✐♥t✳ ■❢ 0 < x < CN t❤❡♥ ❛ ♥❡✇ ❝♦♣② ♦❢ t❤❡
✜❧❡ ♠❛② ❜❡ ❛❞❞❡❞ ❜✉t ❛t r❛t❡ ν(N − x)❀ Nν ✐s t❤❡ ♠❛①✐♠❛❧ ❝❛♣❛❝✐t② ♦❢ ❞✉♣❧✐❝❛t✐♦♥
♦❢ t❤❡ s②st❡♠✳ ■t ✐s ❡❛s✐❧② s❡❡♥ t❤❛t ❛s ❧♦♥❣ ❛s (XN (t)) ❞♦❡s ♥♦t ❤✐t 0✱ (XN (t)) ✐s
♣r❡❝✐s❡❧② t❤❡ ❊♥❣s❡t ♣r♦❝❡ss✳ ■♥ t❤✐s ❝♦♥t❡①t ✐t ✐s ♦❢ s♣❡❝✐❛❧ ✐♥t❡r❡st t♦ st✉❞② t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✜rst t✐♠❡ ✇❤❡♥ t❤❡ ✜❧❡ ✐s ❧♦st✱ ✐✳❡✳ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ 0✳ ❆♥♦t❤❡r
♣♦✐♥t ♦❢ ✈✐❡✇ ✐s st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡r ■❱✳

❆ ❈♦❧❧❡❝t✐♦♥ ♦❢ ❊①♣♦♥❡♥t✐❛❧ ▼❛rt✐♥❣❛❧❡s✳ ❚❤✐s ❝❤❛♣t❡r r❡❧✐❡s ❤❡❛✈✐❧② ♦♥ t❤❡
✉s❡ ♦❢ ♠❛rt✐♥❣❛❧❡s t♦ ❞❡r✐✈❡ ❡①♣❧✐❝✐t✱ s✐♠♣❧❡✱ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠s
♦❢ t❤❡ ❤✐tt✐♥❣ t✐♠❡s ♦❢ ❛ st❛t❡ ♦❢ t❤❡ s②st❡♠✳ ❖♥❡ ♦❜t❛✐♥s ❡①♣r❡ss✐♦♥s ♦❢ t❤❡s❡
tr❛♥s❢♦r♠s ❛s r❛t✐♦s ♦❢ s✐♠♣❧❡ ✐♥t❡❣r❛❧s ❢♦r ✇❤✐❝❤ ✈❛r✐♦✉s ❛s②♠♣t♦t✐❝ r❡s✉❧ts✱ ✇❤❡♥
N ❣♦❡s t♦ ✐♥✜♥✐t②✱ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ q✉✐t❡ ❡❛s✐❧② ✇✐t❤ st❛♥❞❛r❞ t❡❝❤♥✐❝❛❧ t♦♦❧s✳ ■♥
♣❛rt✐❝✉❧❛r ♦♥❡ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ s✉♠s ♦❢
❝♦♠❜✐♥❛t♦r✐❛❧ ❡①♣r❡ss✐♦♥s✳ ◗✉✐t❡ s✉r♣r✐s✐♥❣❧②✱ ✉♣ t♦ ♥♦✇✱ ♠❛rt✐♥❣❛❧❡s ❞✐❞ ♥♦t ♣❧❛②
❛ ♠❛❥♦r r♦❧❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s st✉❞✐❡s ♦❢ t❤❡ ❊❤r❡♥❢❡st ♣r♦❝❡ss✳ ❖♥❡ ❝❛♥ ♠❡♥t✐♦♥
❙✐♠❛t♦s ❛♥❞ ❚✐❜✐ ❬❙❚✶✵❪ ✇❤❡r❡ ❛ ♠❛rt✐♥❣❛❧❡ ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ t♦ ❡st✐♠❛t❡ ❝❡rt❛✐♥
❡①✐t t✐♠❡s ❢♦r ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❊❤r❡♥❢❡st ♣r♦❝❡ss❡s✳ ■t ✐s ♦♥❡ ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤✐s
❝❤❛♣t❡r t♦ s❤♦✇ t❤❛t ❛ s✐♠♣❧❡ ❛♥❞ ✐♠♣♦rt❛♥t ❢❛♠✐❧② ♦❢ ♠❛rt✐♥❣❛❧❡s ❛❧❧♦✇s ❛ q✉✐t❡
❞❡t❛✐❧❡❞ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤✐s ♣r♦❝❡ss✱ ❛♥❞ ❛❧s♦ ♦❢ ✐ts ✈❛r✐❛♥ts ❧✐❦❡ t❤❡ ❊♥❣s❡t ♣r♦❝❡ss✳

❚❤❡ ❦❡② ✐♥❣r❡❞✐❡♥t ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❛ s❡t ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛rt✐♥❣❛❧❡s ✇❤✐❝❤
✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡s✳ ■❢ (M(t)) ✐s ❛ ♠❛rt✐♥❣❛❧❡ ♦♥ s♦♠❡ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡ ✐s t❤❡ s♦❧✉t✐♦♥ (Z(t)) ♦❢ t❤❡ st♦❝❤❛st✐❝



✶✳ ■◆❚❘❖❉❯❈❚■❖◆ ✶✶✸

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❙❉❊✮

dZ(t) = Z(t−) dM(t), t ≥ 0,

✇❤❡r❡ Y (t−) ✐s t❤❡ ❧❡❢t ❧✐♠✐t ♦❢ Y ❛t t ❛♥❞ dY (t) ✐s t❤❡ ❧✐♠✐t ♦♥ t❤❡ r✐❣❤t ♦❢ t ♦❢
s 7→ Y (s)−Y (t−)✳ ■t ✐s ❝❛❧❧❡❞ t❤❡ ❉♦❧é❛♥s ❡①♣♦♥❡♥t✐❛❧ ♦❢ (M(t))✳ ❙❡❡ ❈❤❛♣t❡r ■❱ ♦❢
❘♦❣❡rs ❛♥❞ ❲✐❧❧✐❛♠s ❬❘❲✽✼❪ ❢♦r ❡①❛♠♣❧❡✳ ❆❧t❤♦✉❣❤ t❤❡r❡ ✐s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♠❛r✲
t✐♥❣❛❧❡ ❢♦r ❡❛❝❤ ♠❛rt✐♥❣❛❧❡✱ ❛ s♠❛❧❧ s✉❜s❡t ♦❢ t❤❡s❡ ♠❛rt✐♥❣❛❧❡s ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t
r♦❧❡✳ ❋♦r t❤❡ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ (B(t)) t❤✐s ✐s t❤❡ ♠❛rt✐♥❣❛❧❡

(

exp
(

βB(t)− β2t/2
))

,

❢♦r ❛ ✜①❡❞ β ∈ R✳ ■t ✐s ✈❡r② ❤❡❧♣❢✉❧ t♦ ❞❡r✐✈❡ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r ▲❛♣❧❛❝❡
tr❛♥s❢♦r♠s ♦❢ ❤✐tt✐♥❣ t✐♠❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❙❡❡ ❘❡✈✉③ ❛♥❞
❨♦r ❬❘❨✾✾❪✳ ❋♦r ❥✉♠♣ ♣r♦❝❡ss❡s✱ t❤✐s ✐s ❧❡ss ❝❧❡❛r✳ ■t ❞♦❡s ♥♦t s❡❡♠ t❤❛t ❛ ✏❝❧❛s✲
s✐✜❝❛t✐♦♥✑ ♦❢ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡s ❡①✐sts ✐♥ ❣❡♥❡r❛❧✱ ❡✈❡♥ ❢♦r ❜✐rt❤✲❛♥❞✲❞❡❛t❤
♣r♦❝❡ss❡s✳ ❙❡❡ ❈❤❛♣t❡r ❱ ♦❢ ❋❡✐♥s✐❧✈❡r ❬❋❡✐✼✽❪ ❛♥❞ ❙❝❤♦✉t❡♥s ❬❙❝❤✵✵❪ ❢♦r r❡❧❛t❡❞
q✉❡st✐♦♥s✳ ❙♦♠❡ ❡①❛♠♣❧❡s ♦❢ ✐♠♣♦rt❛♥t ♣r♦❝❡ss❡s ❛r❡ r❡✈✐❡✇❡❞✳

❋♦r ξ ∈ R+✱ Nξ ❞❡♥♦t❡s ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ r❛t❡ ξ ❛♥❞ (Nξ,i) ❛♥ ✐✳✐✳❞✳
s❡q✉❡♥❝❡ ♦❢ s✉❝❤ P♦✐ss♦♥ ♣r♦❝❡ss❡s✳ ❆❧❧ P♦✐ss♦♥ ♣r♦❝❡ss❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥❞❡✲
♣❡♥❞❡♥t✳

✕ ❘❛♥❞♦♠ ❲❛❧❦s✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
r❛♥❞♦♠ ✇❛❧❦ (S(t)) = (Nλ([0, t])−Nµ([0, t])) ✐s ❣✐✈❡♥ ❜②✱ ❢♦r β ∈ R✱

✭✶✳✶✮
(

exp
[

−βS(t)− t
(

λ
(

1− e−β
)

+ µ
(

1− eβ
))])

.

■t ✐s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❛rt✐♥❣❛❧❡
(

β(S(t)− (λ− µ)t)
)

.

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡✢❡❝t❡❞ ♣r♦❝❡ss ✐s t❤❡ M/M/1 q✉❡✉❡ ✇✐t❤ ✐♥♣✉t r❛t❡ λ
❛♥❞ s❡r✈✐❝❡ r❛t❡ µ✳

✕ ❚❤❡ M/M/∞ Pr♦❝❡ss✳ ❚❤✐s ✐s ❛ ❝❧❛ss✐❝❛❧ ▼❛r❦♦✈ ♣r♦❝❡ss ♦♥ N ✇❤♦s❡
Q✲♠❛tr✐① Q = (q(x, y)) ✐s✱ ❢♦r x ∈ N✱ q(x, x+ 1) = λ ❛♥❞ qN (x, x− 1) = µx✳
■t ❝❛♥ ❜❡ ❛❧s♦ s❡❡♥ ❛s ❛ ❦✐♥❞ ♦❢ ❞✐s❝r❡t❡ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss✱ ❞❡✜♥❡❞
❛s t❤❡ s♦❧✉t✐♦♥ (L(t)) ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙❉❊✿

dL(t) = Nλ(dt)−
L(t−)
∑

i=1

Nµ,i(dt).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛rt✐♥❣❛❧❡ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❋r✐❝❦❡r ❡t ❛❧✳ ❬❋❘❚✾✾❪✱ ❢♦r β ∈ R✿

✭✶✳✷✮
(

(

1 + βeµt
)L(t)

exp
(

−βeµtλ/µ
)

)

.

■t ✐s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❛rt✐♥❣❛❧❡
(

∫ t

0

(1+βeµs) [Nλ(ds)−λ ds]−
+∞
∑

i=1

∫ t

0

1

1+βeµs
✶{i<L(s−)}[Nµ,i(ds)−µ ds]

)

.

✕ ❚❤❡ ❊❤r❡♥❢❡st Pr♦❝❡ss✳ ❙✉❝❤ ❛ ♣r♦❝❡ss (EN (t)) ✇✐t❤ N ♣❛rt✐❝❧❡s ❝❛♥ ❜❡
s❡❡♥ ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❉❊

dL(t) =

N−L(t−)
∑

i=1

Nν,i(dt)−
L(t−)
∑

i=1

Nµ,i(dt).

■t ✇✐❧❧ ❜❡ s❡❡♥ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡ ✐s ❣✐✈❡♥✱ ❢♦r
β ∈ R✱ ❜②

✭✶✳✸✮

(

(

1− βµe(µ+ν)t
)EN (t) (

1 + βνe(µ+ν)t
)N−EN (t)

)

.
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■t ✐s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❛rt✐♥❣❛❧❡ ❞❡✜♥❡❞ ❜②✱
✉♣ t♦ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢❛❝t♦r β(µ+ν)✱

(

N
∑

i=1

∫ t

0

e(µ+ν)s
(

✶{Yi(s−)=1}[Nµ,i(ds)−µ ds]−✶{Yi(s−)=0}[Nν,i(ds)−ν ds]
)

)

,

✇❤❡r❡ (Yi(t)) ❛r❡ s✉❝❤ t❤❛t EN (t) = Y1(t) + · · · + YN (t)✳ ❘❡❝❛❧❧ t❤❛t t❤❡
❊♥❣s❡t ♣r♦❝❡ss ✐s ❛ r❡✢❡❝t❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s ♣r♦❝❡ss✳

❋r♦♠ t❤❡s❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡s✱ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ♦❢ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠s ♦❢
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❤✐tt✐♥❣ t✐♠❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡s❡ ♣r♦❝❡ss❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳ ■t
♠❛② ❜❡ ♥♦t ❜❡ ❛s str❛✐❣❤t❢♦r✇❛r❞ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ s✐♥❝❡ t❤❡ s♣❛❝❡
✈❛r✐❛❜❧❡ t ✐s ♥♦t s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡✱ ❜✉t ❛ ❝♦♥✈❡♥✐❡♥t ✐♥t❡❣r❛t✐♦♥
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢r❡❡ ♣❛r❛♠❡t❡r β s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠✳ ❙❡❡ ❈❤❛♣t❡rs ✺ ❛♥❞ ✻
♦❢ ❘♦❜❡rt ❬❘♦❜✵✸❪ ❢♦r t❤❡ M/M/1 ❛♥❞ M/M/∞ ♣r♦❝❡ss❡s ❛♥❞ ❙❡❝t✐♦♥ ✸ ❢♦r t❤❡
❊❤r❡♥❢❡st ♣r♦❝❡ss✳ ❙❡❡ ❛❧s♦ ❙❝❤♦✉t❡♥s ❛♥❞ ❚❡✉❣❡❧s ❬❙❚✾✽❪✳

❋r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ♣♦t❡♥t✐❛❧ t❤❡♦r②✱ t❤❡s❡ ♠❛rt✐♥❣❛❧❡s ❛r❡ ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ s❡t ♦❢ ❡①tr❡♠❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳ ❚❤✐s st❛t❡♠❡♥t ❝❛♥ ❜❡ ♠❛❞❡ ♣r❡❝✐s❡
✐♥ t❡r♠s ♦❢ s♣❛❝❡✲t✐♠❡ ▼❛rt✐♥ ❜♦✉♥❞❛r②✳ ❙❡❡ ▲❛♠♣❡rt✐ ❛♥❞ ❙♥❡❧❧ ❬▲❙✻✸❪ ❛♥❞ t❤❡
❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✸✳

❖r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ ❈❤❛♣t❡r✳ ■♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ t✇♦ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❛r❡ ❞❡✲
✜♥❡❞ ♣r❡❝✐s❡❧②✳ ■♥ ❙❡❝t✐♦♥ ✸✱ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡ ❢♦r t❤❡ ❊❤r❡♥❢❡st ♣r♦❝❡ss
✐s ✐♥tr♦❞✉❝❡❞✱ ❛♥❞✱ ❜❛s❡❞ ♦♥ ✐t✱ s❡✈❡r❛❧ ✐♥t❡r❡st✐♥❣ ♠❛rt✐♥❣❛❧❡s ❢♦r t❤❡ ❊❤r❡♥❢❡st
♣r♦❝❡ss ❛♥❞ t❤❡ ❊♥❣s❡t ♣r♦❝❡ss ❛r❡ ❝♦♥str✉❝t❡❞✳ ❆s ❛ ❝♦r♦❧❧❛r②✱ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡s✲
s✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ ❛ ❣✐✈❡♥ st❛t❡ ❛r❡ ♦❜t❛✐♥❡❞ ❛s
t❤❡ r❛t✐♦ ♦❢ s✐♠♣❧❡ ✐♥t❡❣r❛❧s✳ ❚❤✐s ❤♦❧❞s ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r t❤❡ ❜❧♦❝❦✐♥❣ t✐♠❡ ❢♦r t❤❡
❊♥❣s❡t ♣r♦❝❡ss✳ ❚❤❡ ❧❛st t❤r❡❡ s❡❝t✐♦♥s ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛s②♠♣✲
t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ CN ❛♥❞ 0 ✇❤❡♥ N ❣♦❡s t♦
✐♥✜♥✐t② ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t CN∼ηN ❢♦r s♦♠❡ 0 < η ≤ 1✳ ❊❛❝❤ s❡❝t✐♦♥ ❝♦♥s✐❞❡rs
♦♥❡ ♦❢ t❤❡ t❤r❡❡ ♣♦ss✐❜❧❡ r❡❣✐♠❡s✿ s✉❜✲❝r✐t✐❝❛❧ ✇❤❡♥ ν < η✱ t❤❡ ♣r♦❝❡ss ✏❧✐✈❡s✑ ✐♥ t❤❡
♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ νN ✱ s✉♣❡r✲❝r✐t✐❝❛❧ ✇❤❡♥ t❤❡ ❞✐✛❡r❡♥❝❡ CN −XN (t) ❝♦♥✈❡r❣❡s t♦ ❛
✜♥✐t❡ ♣r♦❝❡ss✱ ❛♥❞✱ ✜♥❛❧❧②✱ ❝r✐t✐❝❛❧ ✇❤❡♥ CN−XN (t) ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢

√
N ✳ ❋♦r ❡❛❝❤

r❡❣✐♠❡✱ ❜② t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s✐♠♣❧❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲❛♣❧❛❝❡
tr❛♥s❢♦r♠s ♦❜t❛✐♥❡❞✱ ✈❛r✐♦✉s ❝♦♥✈❡r❣❡♥❝❡✲✐♥✲❞✐str✐❜✉t✐♦♥ r❡s✉❧ts ❛r❡ ❞❡r✐✈❡❞✳

✷✳ ❚❤❡ ❙t♦❝❤❛st✐❝ ▼♦❞❡❧

❚❤❡ ❊❤r❡♥❢❡st ♣r♦❝❡ss✳ ▲❡t (Y (t)) ❜❡ t❤❡ s✐♠♣❧❡ ▼❛r❦♦✈ ♣r♦❝❡ss ♦♥ {0, 1} ✇❤♦s❡
Q✲♠❛tr✐① QY ✐s ❣✐✈❡♥ ❜②

QY =

(

−ν ν
µ −µ

)

.

❋♦r N ∈ N✱ ✐❢ (Yi(t))✱ 1 ≤ i ≤ N ✱ ❛r❡ N ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ (Y (t))✱ t❤❡
❊❤r❡♥❢❡st ♣r♦❝❡ss (EN (t)) ✐s ❛❧s♦ ❛ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss ❜✉t ♦♥ t❤❡ st❛t❡ s♣❛❝❡
{0, 1, . . . , N}✱ ❞❡✜♥❡❞ ❛s

✭✷✳✶✮ EN (t) = Y1(t) + Y2(t) + · · ·+ YN (t).

❚❤❡ Q✲♠❛tr✐① ♦❢ (EN (t)) ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❛s QEN
✱ ❢♦r x ∈ {0, . . . , N}✱

✭✷✳✷✮ qEN
(x, x− 1) = µx ❛♥❞ qEN

(x, x+ 1) = ν(N − x).

❚❤❡ ❊♥❣s❡t ♣r♦❝❡ss✳ ❋♦r 1 ≤ CN ≤ N ✱ t❤❡ ❊♥❣s❡t ♣r♦❝❡ss (XN (t)) ✐s ❛ ❜✐rt❤✲
❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss ♦♥ {1, . . . , CN} ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ r❡✢❡❝t❡❞ ✈❡rs✐♦♥ ♦❢ (EN (t))
❛t t❤❡ ❜♦✉♥❞❛r② CN ✱ ✐✳❡✳ ✐ts Q✲♠❛tr✐① QXN

= (qN (x, y)) ✐s ❣✐✈❡♥ ❜②✱ ❢♦r 0 ≤ x ≤
CN ✱

✭✷✳✸✮ qXN
(x, x− 1) = µx ❛♥❞ qXN

(x, x+ 1) = ν(N − x) ✐❢ x < CN .
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■♥ ♣❛rt✐❝✉❧❛r t❤❡ ♣r♦❝❡ss (XN (t)) ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s t❤❡ ♣r♦❝❡ss (EN (t))
❝♦♥str❛✐♥❡❞ t♦ t❤❡ st❛t❡ s♣❛❝❡ {0, . . . , CN}✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ CN = N ✱ t❤❡ t✇♦
♣r♦❝❡ss❡s (XN (t)) ❛♥❞ (EN (t)) st❛rt✐♥❣ ❢r♦♠ t❤❡ s❛♠❡ ✐♥✐t✐❛❧ st❛t❡ ❤❛✈❡ t❤❡ s❛♠❡
❞✐str✐❜✉t✐♦♥✳

❆s ❡r❣♦❞✐❝ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss❡s✱ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss❡s (XN (t)) ❛♥❞ (EN (t))
❛r❡ r❡✈❡rs✐❜❧❡ ❛♥❞ t❤❡✐r st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ❛t x ✐s✱ ✉♣ t♦ ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥✲
st❛♥t✱ ❣✐✈❡♥ ❜②

(

N

x

)(

ν

µ

)x

,

✐❢ x ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡✐r r❡s♣❡❝t✐✈❡ st❛t❡ s♣❛❝❡✳

◆♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ s❝❛❧❡✳ ❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ t✐♠❡ s❝❛❧❡ t → t/(ν + µ)
✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣r♦❝❡ss❡s (EN (t)) ❛♥❞ (XN (t))✱ ✐t ❝❛♥ ❜❡ ❛ss✉♠❡❞ ✇✐t❤♦✉t
❛♥② ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t ν + µ = 1✳ ❚❤✐s ✇✐❧❧ ❜❡ t❤❡ ❝❛s❡ ✐♥ t❤✐s ❝❤❛♣t❡r✳

❆ ❧✐♠✐t✐♥❣ r❡❣✐♠❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐t ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ❝♦♥st❛♥t CN ✐s
❛s②♠♣t♦t✐❝❛❧❧② ♦❢ t❤❡ ♦r❞❡r ♦❢ N ✱ ✐✳❡✳ t❤❛t

✭✷✳✹✮ η := lim
N→+∞

CN/N,

❤♦❧❞s ❢♦r s♦♠❡ η ∈ (0, 1]✳
❋♦r t ❧❛r❣❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ✈❛r✐❛❜❧❡ Y (t) ❞❡✜♥❡❞ ❛❜♦✈❡ ✐s ❛t 1 ✐s ❣✐✈❡♥

❜② ✐ts ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ ❛t 1✱ t❤❛t ✐s ν✳ ❚❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ❣✐✈❡s
t❤❛t EN (t) ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ Nν✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✐❢ Nν < CN ❢♦r N ❧❛r❣❡✱
✐✳❡✳ ν < η✱ t❤❡♥ t❤❡ ❜♦✉♥❞❛r② ❛t CN s❤♦✉❧❞ ♥♦t ♣❧❛② ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ❢♦r ✜rst✲
♦r❞❡r q✉❛♥t✐t✐❡s r❡❧❛t❡❞ t♦ (XN (t)) ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♣r♦❝❡ss❡s (XN (t)) ❛♥❞ (EN (t))
s❤♦✉❧❞ ❤❛✈❡ t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ❧✐♠✐t✳ ❖♥ t❤❡ ❝♦♥tr❛r② ✐❢ ν ≥ η✱ ❞✉❡ t♦ t❤❡
r❡✢❡❝t✐♥❣ ❜♦✉♥❞❛r② ❛t CN ❢♦r (XN (t))✱ t❤❡ ❊❤r❡♥❢❡st ❛♥❞ t❤❡ ❊♥❣s❡t ♣r♦❝❡ss❡s
s❤♦✉❧❞ ❜❡❤❛✈❡ ❞✐✛❡r❡♥t❧②✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✇✐❧❧ ❜❡ st❛t❡❞ ♠♦r❡ ♣r❡❝✐s❡❧② ✐♥ t❤❡
❧❛st t❤r❡❡ s❡❝t✐♦♥s✳

✸✳ P♦s✐t✐✈❡ ▼❛rt✐♥❣❛❧❡s

❙❡✈❡r❛❧ ❢❛♠✐❧✐❡s ♦❢ ♣♦s✐t✐✈❡ ♠❛rt✐♥❣❛❧❡s ❢♦r t❤❡ ❊❤r❡♥❢❡st ❛♥❞ t❤❡ ❊♥❣s❡t ♣r♦✲
❝❡ss❡s ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❤❡♥ (Z(t)) ✐s ❡✐t❤❡r (XN (t))
♦r (EN (t))✱ ♦♥❡ ✐❞❡♥t✐✜❡s ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s f : N×R+ 7→ R+ s✉❝❤ t❤❛t t❤❡ ♣r♦❝❡ss
(f(Z(t), t) ✐s ❛ ♠❛rt✐♥❣❛❧❡✱ ✐✳❡✳ t❤❛t✱ ❢♦r t ≥ 0✱ t❤❡ r❡❧❛t✐♦♥

E (f(Z(t), t) | Ft) = f(Z(s), s), ❢♦r s ≤ t,

❤♦❧❞s ❛❧♠♦st s✉r❡❧②✱ ✇❤❡r❡ (Ft) ✐s t❤❡ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (Z(t))✳
■❢ QZ = (qZ(·, ·)) ✐s t❤❡ Q✲♠❛tr✐① ♦❢ (Z(t))✱ t❤✐s ♣r♦❜❛❜✐❧✐st✐❝ ♣r♦♣❡rt② ✐s ❡q✉✐✈✲

❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f ✐s s♣❛❝❡✲t✐♠❡ ❤❛r♠♦♥✐❝ ✇✐t❤ r❡s♣❡❝t t♦ QZ ✱
✐✳❡✳ t❤❛t t❤❡ r❡❧❛t✐♦♥

✭✸✳✶✮
∂

∂t
f(x, t) +QZ(f(·, t))(x) = 0

❤♦❧❞s ❢♦r x ∈ N ❛♥❞ t ≥ 0✱ ✇❤❡r❡ ❢♦r h : N 7→ R+✱

QZ(h)(x) =
∑

y∈N

q(x, y)h(y).

❆ s♣❛❝❡✲t✐♠❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (Z(t)) ✐s ❥✉st ❛♥ ❤❛r✲
♠♦♥✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ tr❛♥s✐❡♥t ▼❛r❦♦✈ ♣r♦❝❡ss ((Z(t), t))✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇ ♦❢
❘♦❜❡rt ❬❘♦❜✵✸❪ ❢♦r ❡①❛♠♣❧❡✳ ❲❤❡♥ (Z(t)) ✐s (EN (t))✱ ♦♥❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡r❡
✐s ❛ ❢❛♠✐❧② fβ ✱ β ∈ R ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s✳ ❆s ✐t ✇✐❧❧ ❜❡ s❡❡♥✱ t❤❡s❡ ♠❛rt✐♥❣❛❧❡s
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❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡s✳ ❚❤❡② ✇✐❧❧ ❣✐✈❡ ✐♥ ♣❛rt✐❝✉❧❛r ❛♥ ❡①✲
♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❤✐tt✐♥❣ t✐♠❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❜♦t❤
♣r♦❝❡ss❡s (EN (t)) ❛♥❞ (XN (t))✳

❋♦r ❛ ❣✐✈❡♥ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss✱ t❤❡r❡ ✐s ❛❧r❡❛❞② ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢
❛❧❧ s✉❝❤ ♣♦s✐t✐✈❡ ♠❛rt✐♥❣❛❧❡s✳ ❚❤✐s ✐s t❤❡ ✭s♣❛❝❡✲t✐♠❡✮ ▼❛rt✐♥ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❜✐rt❤✲
❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss✱ s❡❡ ▲❛♠♣❡rt✐ ❛♥❞ ❙♥❡❧❧ ❬▲❙✻✸❪✳ ❚❤✐s ❞❡s❝r✐♣t✐♦♥ ✐s ❡①♣r❡ss❡❞ ✐♥
t❡r♠s ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss
✇❤✐❝❤ ♠❛② ❜❡ ❞❡✜♥❡❞ ❜② ❛♥ ✐♥❞✉❝t✐♦♥ r❡❧❛t✐♦♥ ♦r ❜② t❤❡ ♠❡❛s✉r❡ ✇✐t❤ r❡s♣❡❝t t♦
✇❤✐❝❤ t❤❡② ❛r❡ ♦rt❤♦❣♦♥❛❧✱ s❡❡ ❑❛r❧✐♥ ❛♥❞ ▼❝ ●r❡❣♦r ❬❑▼✺✾❪ ❛♥❞ ❈❤❛♣t❡r ✷ ♦❢
❙③❡❣➤ ❬❙③❡✼✺❪✳ ❆s ❧♦♥❣ ❛s ♠♦♠❡♥ts ♦❢ s♦♠❡ tr❛♥s✐❡♥t ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ ✐♥✈❡st✐✲
❣❛t❡❞✱ t❤❡s❡ ♠❛rt✐♥❣❛❧❡s ❝❛♥ ❜❡ ✉s❡❞ ❜✉t✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡② ❞♦ ♥♦t s❡❡♠ t♦ ❜❡ r❡❛❧❧②
❤❡❧♣❢✉❧ t♦ ❛♥❛❧②③❡ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ❤✐tt✐♥❣ t✐♠❡s✳

❚❤✐s s✐t✉❛t✐♦♥ ✐s q✉✐t❡ ❝❧❛ss✐❝❛❧✱ ❢♦r ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❢♦r ❡①❛♠♣❧❡✱ ❢♦r ✇❤✐❝❤
t❤❡r❡ ✐s ❛ ❢❛♠✐❧② ♦❢ ♠❛rt✐♥❣❛❧❡s ✐♥❞❡①❡❞ ❜② N ∈ N✿ ✐❢ HN ✐s t❤❡ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧
♦❢ ❞❡❣r❡❡ N ✱ t❤❡♥ (MN (t)) = (tN/2HN (B(t)/

√
t)) ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❆♥♦t❤❡r ❢❛♠✲

✐❧② ♦❢ ♠❛rt✐♥❣❛❧❡s ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡ (exp(βB(t) − β2t/2))
✐♥❞❡①❡❞ ❜② β ∈ R✳ ❚❤✐s ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ✇❡✐❣❤t❡❞
s✉♠ ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡s (MN (t))✱ ❜✉t t♦ ❣❡t ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s
♦❢ ❤✐tt✐♥❣ t✐♠❡s✱ ✐t ✐s t❤❡ r❡❛❧❧② ✉s❡❢✉❧ ♠❛rt✐♥❣❛❧❡✳ ❙❡❡ Pr♦♣♦s✐t✐♦♥s ✸✳✹ ❛♥❞ ✸✳✽ ♦❢
❈❤❛♣t❡r ✸ ♦❢ ❘❡✈✉③ ❛♥❞ ❨♦r ❬❘❨✾✾❪ ❢♦r ❡①❛♠♣❧❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❜✐rt❤✲❛♥❞✲❞❡❛t❤
♣r♦❝❡ss❡s✱ ❛ ❣❡♥❡r❛❧ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤ ❡①♣♦♥❡♥t✐❛❧ ♠❛r✲
t✐♥❣❛❧❡s ❢r♦♠ t❤❡ ♠❛rt✐♥❣❛❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❞♦❡s ♥♦t
s❡❡♠ t♦ ❡①✐st✳

✸✳✶✳ ❊①♣♦♥❡♥t✐❛❧ ▼❛rt✐♥❣❛❧❡s ❢♦r t❤❡ ❊❤r❡♥❢❡st Pr♦❝❡ss✳ ❉✉❡ t♦ t❤❡ s✐♠♣❧❡
str✉❝t✉r❡ ♦❢ t❤❡ ❊❤r❡♥❢❡st ♣r♦❝❡ss✱ t❤❡s❡ ♠❛rt✐♥❣❛❧❡s ❛r❡ r❡❛❧❧② ❡❧❡♠❡♥t❛r②✳ ◆❡✈✲
❡rt❤❡❧❡ss t❤❡② ♣❧❛② ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡❀ ♠♦st ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥
t❤✐s ❝❤❛♣t❡r ❛r❡ ❜❛s❡❞ ♦♥ t❤❡s❡ ♠❛rt✐♥❣❛❧❡s✳ ❆ ♠♦r❡ ❣❡♥❡r❛❧ ✈❡rs✐♦♥ ✐♥ ❛ ♠✉❧t✐✲
❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t❡①t ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❙✐♠❛t♦s ❛♥❞ ❚✐❜✐ ❬❙❚✶✵❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✭❊①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡s✮✳ ❋♦r β ∈ R✱ t❤❡ ♣r♦❝❡ss

✭✸✳✷✮ (Mβ
N (t)) =

(

(

1− βµet
)EN (t) (

1 + βνet
)N−EN (t)

)

✐s ❛ ♠❛rt✐♥❣❛❧❡✳

Pr♦♦❢✳ ❉❡✜♥❡✱ ❢♦r N ≥ 1✱ t ≥ 0 ❛♥❞ 0 ≤ x ≤ N ✱

✭✸✳✸✮ hβN (x, t) = (1− βµet)x(1 + βνet)N−x.

❈❧❡❛r❧②✱ t❤❡ r❡❧❛t✐♦♥s

∂

∂t
hβ1 (0, t)=βνe

t=−QY (hβ1 (·, t))(0) ❛♥❞
∂

∂t
hβ1 (1, t)=−βµet=−QY (hβ1 (·, t))(1),

❤♦❧❞✱ ✇❤❡r❡ QY ✐s t❤❡ Q✲♠❛tr✐① ♦❢ (Y (t)) ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❈♦♥s❡q✉❡♥t❧②✱
t❤❡ ❢✉♥❝t✐♦♥ hβ1 ✐s s♣❛❝❡✲t✐♠❡ ❤❛r♠♦♥✐❝ ❢♦r t❤❡ ♠❛tr✐① QY ✱ ❡q✉✐✈❛❧❡♥t❧② (f(Y (t), t))
✐s ❛ ♠❛rt✐♥❣❛❧❡✳

■❢ ((Yi(t)), 1 ≤ i ≤ N) ❛r❡ N ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ (Y (t))✱ t❤❡♥✱ ❜② ✉s✐♥❣ t❤❡
✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣r♦❝❡ss❡s (Yi(t))✱ i = 1, . . . , N ❛♥❞ ❊q✉❛t✐♦♥ ✭✷✳✶✮✱ ♦♥❡ ❣❡ts
t❤❛t t❤❡ ♣r♦❝❡ss

(

N
∏

i=1

f(Yi(t), t)

)

❞✐st✳
=
(

Mβ
N (t)

)

=
(

hβN (EN (t), t)
)

✐s ❛❧s♦ ❛ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜❧tr❛t✐♦♥ (Ft)=(σ<Yi(s), s ≤ t, 1 ≤ i ≤
N>)✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❢✉♥❝t✐♦♥ hβN ✐s s♣❛❝❡✲t✐♠❡ ❤❛r♠♦♥✐❝ ✇✐t❤ r❡s♣❡❝t t♦ QEN

✳
�



✸✳ P❖❙■❚■❱❊ ▼❆❘❚■◆●❆▲❊❙ ✶✶✼

▼❛rt✐♥❣❛❧❡s ❆ss♦❝✐❛t❡❞ ✇✐t❤ ❖rt❤♦❣♦♥❛❧ P♦❧②♥♦♠✐❛❧s✳ ❆s r❡♠❛r❦❡❞ ❜② ❑❛r✲
❧✐♥ ❛♥❞ ▼❝●r❡❣♦r ❬❑▼✺✼✱ ❑▼✻✺❪✱ t❤❡ ♣♦❧②♥♦♠✐❛❧s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❊❤r❡♥❢❡st
♣r♦❝❡ss ❛r❡ t❤❡ N + 1 ❑r❛✇t❝❤♦✉❦ ♣♦❧②♥♦♠✐❛❧s (KNn , 0 ≤ n ≤ N) ❞❡✜♥❡❞ ❜②

✭✸✳✹✮ KNn (x) =

(

N

n

)−1 n
∑

ℓ=0

(−1)ℓ
(

x

ℓ

)(

N − x

n− ℓ

)

(µ

ν

)ℓ

, 0 ≤ n, x ≤ N.

❚❤❡s❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ♦rt❤♦❣♦♥❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜✐♥♦♠✐❛❧ ❞✐str✐❜✉t✐♦♥
((

N

k

)

νkµN−k, 0 ≤ k ≤ N

)

.

❚❤❡ ❝❧❛ss✐❝❛❧ ✐❞❡♥t✐t②✱ s❡❡ ❑❛r❧✐♥ ❛♥❞ ▼❝●r❡❣♦r ❬❑▼✻✺❪ ❢♦r ❡①❛♠♣❧❡✱

✭✸✳✺✮
N
∑

n=0

(

N

n

)

KNn (x)un = (1 + u)N−x
(

1− µ

ν
u
)x

, u ∈ R,

❛♥❞ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡ t❤❛t
(

N
∑

n=0

(

N

n

)

KNn (EN (t))βnent

)

=
(

M
β/ν
N (t)

)

✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦♥❡ ❣❡ts t❤❛t✱ ❢♦r ❛♥② 0 ≤ n ≤ N ✱ t❤❡ ♣r♦❝❡ss
(

KNn (EN (t)) exp(nt)
)

✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡ ♠❛rt✐♥❣❛❧❡ (Mβ
N (t)) ❝❛♥ t❤✉s ❜❡ s❡❡♥ ❛s

❛♥ ❡♥❝♦❞✐♥❣ ♦❢ t❤❡s❡ (N+1)♠❛rt✐♥❣❛❧❡s ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥✲
❣❛❧❡ ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ t❤❡ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧s✱ ♦r t❤❡ ♠❛rt✐♥❣❛❧❡ ✭✶✳✷✮
✇✐t❤ t❤❡ P♦✐ss♦♥✲❈❤❛r❧✐❡r ♣♦❧②♥♦♠✐❛❧s✳ ❙❡❡ ❙❝❤♦✉t❡♥s ❬❙❝❤✵✵❪ ❛♥❞ ❙❝❤♦✉t❡♥s ❛♥❞
❚❡✉❣❡❧ ❬❙❚✾✽❪ ❛♥❞ s❡❡ ❘♦❜❡rt ❬❘♦❜✵✸❪✳

◆♦t❡ t❤❛t t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ EN (t) ❛♥❞ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ t ❛r❡ ♥♦t s❡♣❛r❛t❡❞ ✐♥
❊①♣r❡ss✐♦♥ ✭✸✳✷✮ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡✳ Pr♦✈✐❞❡❞ t❤❛t ✐t ❝❛♥ ❜❡ ✉s❡❞✱ ❉♦♦❜✬s
♦♣t✐♦♥❛❧ st♦♣♣✐♥❣ t❤❡♦r❡♠ ❛♣♣❧✐❡❞ t♦ s♦♠❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ s♦♠❡ s♣❡❝✐✜❡❞ st❛t❡ x
❞♦❡s ♥♦t ❣✐✈❡ ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤✐s ✈❛r✐❛❜❧❡✳ ❇✉t ❣✐✈❡♥
t❤❛t t❤❡r❡ ✐s ❛ ❢r❡❡ ♣❛r❛♠❡t❡r β ∈ R ✐♥ ❊①♣r❡ss✐♦♥ ✭✸✳✷✮ ❛♥❞ t❤❛t t❤❡ ♠❛rt✐♥❣❛❧❡
♣r♦♣❡rt② ✐s ❝❧❡❛r❧② ♣r❡s❡r✈❡❞ ❜② ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ β✱ ♦♥❡ ♠❛② tr② t♦ ✜♥❞
❛ ♠❡❛s✉r❡ ♦♥ R+ t❤❛t ✇✐❧❧ ✏s❡♣❛r❛t❡✑ t❤❡ s♣❛❝❡ ❛♥❞ t✐♠❡ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥ ✉s❡s s✉❝❤ ❛ ♠❡t❤♦❞✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ❋♦r ❛♥② α > 0 ❛♥❞ t ≥ 0✱ ✐❢

✭✸✳✻✮















INα (t) = e−αt
∫ 1

0

(1− u)EN (t)

(

1 +
ν

µ
u

)N−EN (t)

uα−1 du,

JNα (t) = e−αt
∫ 1

0

(1− u)N−EN (t)
(

1 +
µ

ν
u
)EN (t)

uα−1 du,

❛♥❞
TEN
x = inf{t > 0 : EN (t) = x}, 0 ≤ x ≤ N,

t❤❡♥ (Iα(t ∧ TEN

0 )) ❛♥❞ (Jα(t ∧ TEN

N )) ❛r❡ ♠❛rt✐♥❣❛❧❡s✳

Pr♦♦❢✳ ❙✐♥❝❡ (N−EN (t)) ✐s ❛❧s♦ ❛♥ ❊❤r❡♥❢❡st ♣r♦❝❡ss ❜✉t ✇✐t❤ t❤❡ t✇♦ ♣❛r❛♠❡t❡rs
µ ❛♥❞ ν ❡①❝❤❛♥❣❡❞✱ ♦♥❡ ♥❡❡❞s ♦♥❧② t♦ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❝❡ss (Iα(t ∧ TEN

0 )) ✐s ❛
♠❛rt✐♥❣❛❧❡✳

❉❡✜♥❡

fN (x, t) :=

∫ e−t/µ

0

hβN (x, t)βα−1 dβ,

✇❤❡r❡ hβN ✐s ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✸✳✸✮❀ t❤❡♥

∂fN
∂t

(x, t) =

∫ e−t/µ

0

∂hβN
∂t

(x, t)βα−1 dβ − e−αt

µα
h
e−t/µ
N (x, t).
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◆♦t❡ t❤❛t t❤❡ ❧❛st t❡r♠ ♦❢ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✐s 0 ✐❢ x 6= 0✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r
x 6= 0 ❛♥❞ t ≥ 0✱

∂fN
∂t

(x, t) +QEN
(fN )(x, t) =

∫ e−t/µ

0

[

∂hβN
∂t

(x, t) +QEN
(hβN )(x, t)

]

βα−1 dβ = 0,

❜❡❝❛✉s❡ hβN ✐s s♣❛❝❡✲t✐♠❡ ❤❛r♠♦♥✐❝ ✇✐t❤ r❡s♣❡❝t t♦ QEN
❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐✲

t✐♦♥ ✸✳✶✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❢✉♥❝t✐♦♥ fN ✐s s♣❛❝❡✲t✐♠❡ ❤❛r♠♦♥✐❝ ❢♦r t❤❡ Q✲♠❛tr✐①
♦❢ t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss (EN (t ∧ TEN

0 ))✱ ❤❡♥❝❡
(

fN

(

EN

(

t ∧ TEN

0

)

, t ∧ TEN

0

))

=
(

INα

(

t ∧ TEN

0

))

✐s ❛ ♠❛rt✐♥❣❛❧❡✳ �

■t ✐s ♥♦✇ ❡❛s② t♦ ❣❡t ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❤✐tt✐♥❣
t✐♠❡s ❢♦r t❤❡ ❊❤r❡♥❢❡st ♣r♦❝❡ss✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸ ✭▲❛♣❧❛❝❡ ❚r❛♥s❢♦r♠ ♦❢ ❍✐tt✐♥❣ ❚✐♠❡s✮✳ ❋♦r 0 ≤ x ≤ y ≤ N ❛♥❞
✐❢ TEN

x = inf{t > 0 : EN (t) = x}✱ t❤❡ r❡❧❛t✐♦♥s

✭✸✳✼✮ Ey

(

e−αT
EN
x

)

=
Bx(α)

By(α)
, ❛♥❞ Ex

(

e−αT
EN
y

)

=
Dx(α)

Dy(α)

❤♦❧❞✱ ✇✐t❤

✭✸✳✽✮















Bx(α) =

∫ 1

0

(1− u)x
(

1 +
ν

µ
u

)N−x
uα−1 du,

Dx(α) =

∫ 1

0

(1− u)N−x
(

1 +
µ

ν
u
)x

uα−1 du.

❚❤❡r❡ ✐s ✐♥ ❢❛❝t ♦♥❧② ♦♥❡ r❡s✉❧t ❤❡r❡ s✐♥❝❡ (N −EN (t)) ✐s✱ ❛s ❛❧r❡❛❞② r❡♠❛r❦❡❞✱
❛♥ ❊❤r❡♥❢❡st ♣r♦❝❡ss ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs µ ❛♥❞ ν ❡①❝❤❛♥❣❡❞✳ ❚❤❡ s❡❝♦♥❞ r❡❧❛t✐♦♥
♦❢ ✭✸✳✼✮ ✐s t❤❡r❡❢♦r❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✜rst ♦♥❡✳

Pr♦♦❢✳ ❚❤❡ ♠❛rt✐♥❣❛❧❡ Iα(t∧T0) ✐s ❜♦✉♥❞❡❞ ❛♥❞ s♦ ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡✳ ❚❤❡r❡✲
❢♦r❡✱ ❉♦♦❜✬s ♦♣t✐♦♥❛❧ st♦♣♣✐♥❣ ❚❤❡♦r❡♠ ❣✐✈❡s t❤❡ r❡❧❛t✐♦♥

Ey(Iα(0)) = Ey(Iα(Tx)),

t❤❡ ✜rst r❡❧❛t✐♦♥ ♦❢ ✭✸✳✼✮ ❢♦❧❧♦✇s✳ �

❇② ❡①♣❛♥❞✐♥❣ ♦♥❡ ♦❢ t❤❡ t❡r♠s ♦❢ t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ ✭✸✳✽✮✱ ♦♥❡s ❣❡ts

Bx(α) =

N−x
∑

k=0

(

N − x

k

)(

ν

µ

)k ∫ 1

0

(1− u)xuα+k−1 du

=

N−x
∑

k=0

(

N − x

k

)(

ν

µ

)k
Γ(x+ 1)Γ(α+ k)

Γ(α+ x+ k + 1)
,

❜② ❊✉❧❡r✬s ✐♥t❡❣r❛❧ ❢♦r ❇❡t❛ ❢✉♥❝t✐♦♥s ❛♥❞ ●❛♠♠❛ ❢✉♥❝t✐♦♥s✳ ❙❡❡ ❲❤✐tt❛❦❡r ❛♥❞
❲❛ts♦♥ ❬❲❲✾✻❪ ♣❛❣❡ ✷✺✹ ❢♦r ❡①❛♠♣❧❡✳ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠s ♦❢ ❤✐tt✐♥❣ t✐♠❡s ❝❛♥
t❤❡r❡❢♦r❡ ❛❧s♦ ❡①♣r❡ss❡❞ ❛s r❛t✐♦ ♦❢ s✉❝❤ s✉♠s✱ ❛s ✐s q✉✐t❡ ❝♦♠♠♦♥ ❢♦r ❤✐tt✐♥❣ t✐♠❡s
♦❢ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss❡s✳ ❙❡❡ ❊q✉❛t✐♦♥ ✭✹✳✹✮ ♦❢ ❑❛r❧✐♥ ❛♥❞ ▼❝●r❡❣♦r ❬❑▼✻✺❪
❢♦r ❡①❛♠♣❧❡✳ ❋❧❛❥♦❧❡t ❛♥❞ ❍✉✐❧❧❡t ❬❋❍✵✽❪ ✉s❡ t❤✐s ❦✐♥❞ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ✐♥ t❤❡
s②♠♠❡tr✐❝❛❧ ❝❛s❡✳ ❆s ✇✐❧❧ ❜❡ s❡❡♥✱ ❢r♦♠ t❤❡ ❝♦♠♣❛❝t r❡♣r❡s❡♥t❛t✐♦♥ ✭✸✳✽✮ ✇✐t❤
✐♥t❡❣r❛❧s✱ ♦♥❡ ✇✐❧❧ ❣❡t ❛s②♠♣t♦t✐❝ r❡s✉❧ts ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s ✇✐t❤
st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s✳
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✸✳✷✳ ▼❛rt✐♥❣❛❧❡s ❢♦r t❤❡ ❊♥❣s❡t Pr♦❝❡ss✳ ■t ❤❛s ❜❡❡♥ s❡❡♥ t❤❛t t❤❡ ❊♥❣s❡t
♣r♦❝❡ss (XN (t)) ✐s ❛ r❡✢❡❝t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss (EN (t)) ❛t t❤❡ ❜♦✉♥❞❛r② CN ✳
❚❤❡ t✇♦ ❢❛♠✐❧✐❡s ♦❢ ♠❛rt✐♥❣❛❧❡s ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷ ❝❛♥♥♦t ❜❡ ✉s❡❞ ❞✐r❡❝t❧② ✐❢ t❤❡
s❛♠♣❧❡ ♣❛t❤ ♦❢ (EN (t)) ♠❛② ❡①❝❡❡❞ CN ✱ ✇❤❡♥ t❤❡ ❤✐tt✐♥❣ t✐♠❡s ♦❢ 0 ✐s ❛♥❛❧②③❡❞ ❢♦r
❡①❛♠♣❧❡✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❝♦♥str✉❝t ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡s (Iα(t))
❛♥❞ (Jα(t)) s✉❝❤ t❤❛t t❤❡ s♣❛❝❡✲t✐♠❡ ❤❛r♠♦♥✐❝✐t② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥
✇❤✐❝❤ ✐s ✈❛❧✐❞ ✇❤❡♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ ✐♥ {1, . . . , CN−1} ❤♦❧❞s ❛❧s♦ ❛t t❤❡ ❜♦✉♥❞❛r②
CN ✳ ❚❤✐s ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ❑❡♥♥❡❞② ❬❑❡♥✼✻❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡✢❡❝t❡❞
r❛♥❞♦♠ ✇❛❧❦s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳ ❋♦r α > 0✱ ❞❡✜♥❡

✭✸✳✾✮















bN (α) = ν

∫ 1

0

(1− u)CN

(

1 +
ν

µ
u

)N−CN−1

uα du,

dN (α) = µ

∫ 1

0

(1− u)N−CN−1
(

1 +
µ

ν
u
)CN

uα du,

❛♥❞

(KN
α (t)) = (dN (α)INα (t) + bN (α)JNα (t)),

✇❤❡r❡ (INα (t)) ❛♥❞ (JNα (t)) ❛r❡ ❞❡✜♥❡❞ ❜② ✭✸✳✻✮ ✇✐t❤ EN (t) r❡♣❧❛❝❡❞ ❜② XN (t)✳
❚❤❡♥✱ ✐❢ TXN

0 ✐s t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ 0 ❜② (XN (t))✱ t❤❡ ♣r♦❝❡ss (KN
α (t ∧ TXN

0 )) ✐s ❛
♠❛rt✐♥❣❛❧❡✳

Pr♦♦❢✳ ❉❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ gα s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t ≥ 0 ❛♥❞ 0 ≤ x ≤ CN ✱

gα(x, t) = dN (α) e−αt
∫ 1

0

(1− u)x
(

1 +
ν

µ
u

)N−x
uα−1 du

+ bN (α) e−αt
∫ 1

0

(1− u)N−x
(

1 +
µ

ν
u
)x

uα−1 du.

❚❤❡ ❢✉♥❝t✐♦♥ gα ✐s s♣❛❝❡✲t✐♠❡ ❤❛r♠♦♥✐❝ ❢♦r t❤❡ ♠❛tr✐① QXN
♦♥ {1, . . . , CN − 1}✱

t❤❛t ✐s
[

∂gα
∂t

+QXN
(gα)

]

(x, t) = 0, 0 < x < CN ,

s✐♥❝❡ t❤❡ t✇♦ ♠❛tr✐❝❡s QXN
❛♥❞ QEN

❛r❡ ✐❞❡♥t✐❝❛❧ ❛s ❧♦♥❣ ❛s t❤❡ st❛rt✐♥❣ ♣♦✐♥t
✐s ✐♥ {1, . . . , CN − 1}✱ ❛♥❞ (INα (t ∧ TEN

0 )) ❛♥❞ (JNα (t ∧ TEN

N )) ❛r❡ ♠❛rt✐♥❣❛❧❡s ❜②
Pr♦♣♦s✐t✐♦♥ ✸✳✷✳

❚❤❡ s♣❛❝❡✲t✐♠❡ ❤❛r♠♦♥✐❝✐t② ♦❢ gα ❢♦r t❤❡ ♠❛tr✐① QEN
❛t CN < N ❣✐✈❡s

[

∂gα
∂t

+QXN
(gα)

]

(CN , t) = −ν(N − CN ) [gα(CN + 1, t)− gα(CN , t)] .

❋♦r 0 ≤ y ≤ 1✱ ♦♥❡ ❤❛s

(1−y)CN+1

(

1+
ν

µ
y

)N−CN−1

−(1−y)CN

(

1+
ν

µ
y

)N−CN

= − y
µ
(1−y)CN

(

1+
ν

µ
y

)N−CN−1

,

❛♥❞✱ s✐♠✐❧❛r❧②
[

∂gα
∂t

+QXN
(gα)

]

(CN , t) =
(N − CN )

µ
(dN (α)bN (α)− bN (α)dN (α)) = 0.

❚❤❡ ❢✉♥❝t✐♦♥ gα ✐s t❤❡r❡❢♦r❡ s♣❛❝❡✲t✐♠❡ ❤❛r♠♦♥✐❝ ❢♦r t❤❡ Q✲♠❛tr✐① ♦❢ t❤❡ st♦♣♣❡❞
♣r♦❝❡ss (XN (t ∧ TXN

0 ))✱ ❤❡♥❝❡ t❤❡ ♣r♦❝❡ss (KN
α (t ∧ TXN

0 )) ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ �
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Pr♦♣♦s✐t✐♦♥ ✸✳✺ ✭▲❛♣❧❛❝❡ ❚r❛♥s❢♦r♠ ♦❢ ❍✐tt✐♥❣ ❚✐♠❡s ❢♦r ❊♥❣s❡t Pr♦❝❡ss✮✳ ❋♦r
0 ≤ x ≤ y ≤ CN ✱ ✐❢ TXN

x = inf{s ≥ 0 : XN (s) = x}✱ t❤❡♥✱ ❢♦r α ≥ 0✱
✭✸✳✶✵✮

Ex

(

e−αT
XN
y

)

=
Dx(α)

Dy(α)
❛♥❞ Ey

(

e−αT
XN
x

)

=
dN (α)By(α) + bN (α)Dy(α)

dN (α)Bx(α) + bN (α)Dx(α)
,

✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥s ✸✳✸ ❛♥❞ ✸✳✹✳

Pr♦♦❢✳ ❚❤❡ ✜rst ✐❞❡♥t✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ t✇♦ ♣r♦❝❡ss❡s (XN (t)) ❛♥❞
(EN (t)) st❛rt✐♥❣ ❢r♦♠ t❤❡ s❛♠❡ ✐♥✐t✐❛❧ st❛t❡ ❛r❡ ✐❞❡♥t✐❝❛❧ ✐♥ ❞✐str✐❜✉t✐♦♥ ❛s ❧♦♥❣ ❛s
t❤❡② ❞♦ ♥♦t r❡❛❝❤ CN ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ XN (0) = EN (0) = x✱ t❤❡ ✈❛r✐❛❜❧❡s TEN

y

❛♥❞ TXN
y ❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ✐❞❡♥t✐t② ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡

♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ♦❢ (KN
α (t ∧ TXN

0 )) ♣r♦✈❡❞ ✐♥ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥✳ �

✹✳ ❆ ❋❧✉✐❞ P✐❝t✉r❡

❚❤✐s s❡❝t✐♦♥ ❣✐✈❡s ❛ q✉✐❝❦ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✜rst✲♦r❞❡r ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❊❤r❡♥✲
❢❡st ❛♥❞ ❊♥❣s❡t ♣r♦❝❡ss❡s ❛s N ❣♦❡s t♦ ✐♥✜♥✐t②✳ ■ts ♣✉r♣♦s❡ ✐s ♠❛✐♥❧② t♦ ✐♥tr♦❞✉❝❡
t❤❡ t❤r❡❡ ♥❛t✉r❛❧ ♣♦ss✐❜❧❡ ❛s②♠♣t♦t✐❝ r❡❣✐♠❡s t❤❛t ✇✐❧❧ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❞❡t❛✐❧
✐♥ t❤❡ ❧❛st s❡❝t✐♦♥s✳ ❚❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ❛r❡ q✉✐t❡ st❛♥❞❛r❞ ❛♥❞
t❤❡r❡❢♦r❡ ✇✐❧❧ ❜❡ s❦✐♣♣❡❞✳

❋r♦♠ ♥♦✇ ♦♥✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ❘❡❧❛t✐♦♥ ✭✷✳✹✮ ❤♦❧❞s✱ t❤❛t ✐s

lim
N→+∞

CN/N = η > 0.

❚❤❡ ❊♥❣s❡t ♣r♦❝❡ss (XN (t)) ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❛s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

dXN (t) = ✶{XN (t−)<CN}

N−XN (t−)
∑

i=1

Nν,i(dt)−
XN (t−)
∑

i=1

Nµ,i(dt),

st❛rt✐♥❣ ❢r♦♠ XN (0)✱ ✇❤❡r❡✱ ❢♦r ξ > 0✱ (Nξ,k) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t P♦✐ss♦♥ ♣r♦❝❡ss❡s
✇✐t❤ r❛t❡ ξ✳

❚❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s ❛ss✉♠❡❞ t♦ s❛t✐s❢②

lim
N→+∞

XN (0)/N = x0 ∈ [0, η];

t❤❡♥✱ ❜② ❝♦♠♣❧❡♠❡♥t✐♥❣ P♦✐ss♦♥ ♣r♦❝❡ss❡s ✐♥ ♦r❞❡r t♦ ❣❡t ♠❛rt✐♥❣❛❧❡s✱ t❤❡ ❛❜♦✈❡
❡q✉❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

dXN (t) = dMN (t) + [ν(N −XN (t))✶{XN (t)<CN} − µXN (t)] dt,

✇❤❡r❡ (MN (t)) ✐s ❛ ♠❛rt✐♥❣❛❧❡ ♦❢ t❤❡ ♦r❞❡r ♦❢
√
N ✳ ■♥ t❤❡ s❛♠❡ ✇❛② ❛s ❢♦r t❤❡

❊r❧❛♥❣ ♣r♦❝❡ss✱ s❡❡ ❈❤❛♣t❡r ✻ ♦❢ ❘♦❜❡rt ❬❘♦❜✵✸❪ ❢♦r ❡①❛♠♣❧❡✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r♦❝❡ss❡s✿

lim
N→+∞

(XN (t)/N) =
(

min(η, ν + (x0 − ν)e−t)
)

.

❚❤✐s ✜rst✲♦r❞❡r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❊♥❣s❡t ♣r♦❝❡ss s❤♦✇s t❤❛t t❤❡r❡ ❛r❡ t❤r❡❡ ❞✐✛❡r❡♥t
❛s②♠♣t♦t✐❝ r❡❣✐♠❡s✳

✕ ❙✉♣❡r✲❈r✐t✐❝❛❧ ❘❡❣✐♠❡✿ ν > η✳
❯♥❞❡r t❤✐s ❝♦♥❞✐t✐♦♥ t❤❡ r❡♥♦r♠❛❧✐③❡❞ ♣r♦❝❡ss ✐s ❛t t❤❡ ❜♦✉♥❞❛r② CN ❛t t✐♠❡

✭✹✳✶✮ t∗ := log ((ν − x0)/(ν − η)) .

❆ ♠♦r❡ ❞❡t❛✐❧❡❞ ♣✐❝t✉r❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ♣r♦❝❡ss

(ZN (t)) = (CN −XN (t/N))
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♦❢ ❡♠♣t② s♣❛❝❡s ✇✐t❤ ❛ ✏s❧♦✇✑ t✐♠❡ s❝❛❧❡✳ ❆s N ❣♦❡s t♦ ✐♥✜♥✐t②✱ ✐s ✐s ❡❛s✐❧②
s❡❡♥ t❤❛t t❤❡ Q✲♠❛tr✐① ♦❢ t❤✐s ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss ❝♦♥✈❡r❣❡s t♦ t❤❡ Q✲
♠❛tr✐① ♦❢ ❛♥ ❡r❣♦❞✐❝ M/M/1 ♣r♦❝❡ss ✇✐t❤ ✐♥♣✉t r❛t❡ η ❛♥❞ s❡r✈✐❝❡ r❛t❡ ν✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❣✐✈❡s t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❊♥❣s❡t ❢♦r♠✉❧❛✿ ❢♦r
t ∈ R+✱

lim
N→+∞

P(XN (t) = CN ) = 1− η/ν.

✕ ❙✉❜✲❈r✐t✐❝❛❧ ❘❡❣✐♠❡✿ ν < η✳
■♥ t❤✐s ❝❛s❡✱ ♦♥❡ ❤❛s

lim
N→+∞

(XN (t)/N) =
(

ν + (x0 − ν)e−t
)

= lim
N→+∞

(EN (t)/N) .

❆s ❡①♣❡❝t❡❞✱ t❤❡ ❜♦✉♥❞❛r② ❛t CN ❞♦❡s ♥♦t ♣❧❛② ❛ r♦❧❡✿ ❛t ✜rst ♦r❞❡r✱ t❤❡
❊♥❣s❡t ♣r♦❝❡ss ❛♥❞ t❤❡ ❊❤r❡♥❢❡st ♣r♦❝❡ss ❛r❡ ✐❞❡♥t✐❝❛❧✳

✕ ❈r✐t✐❝❛❧ ❘❡❣✐♠❡✿ ν = η✳
❚❤❡ ✢✉✐❞ ❧✐♠✐t ♣✐❝t✉r❡ ❣✐✈❡s t❤❛t t❤❡ s②st❡♠ s❛t✉r❛t❡s ✏❛t ✐♥✜♥✐t②✑ ✇❤✐❝❤✱ ❛s
✇❡ s❤❛❧❧ s❡❡✱ ✐s ❛ t♦♦ r♦✉❣❤ ❞❡s❝r✐♣t✐♦♥ ♦❢ ✐ts ❡✈♦❧✉t✐♦♥✳

❚❤❡ ♥❡①t s❡❝t✐♦♥s ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢
❤✐tt✐♥❣ t✐♠❡s✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s ♦♥ t❤❡ ❜♦✉♥❞❛r②✱
❡✐t❤❡r 0 ♦r CN ✳ ❙✐♠✐❧❛r r❡s✉❧ts ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ✇✐t❤♦✉t ❛♥② ❛❞❞✐t✐♦♥❛❧ ❞✐✣❝✉❧t②
✇❤❡♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ s♦♠❡ ⌊zN⌋ ❢♦r 0 ≤ z ≤ η✳

✺✳ ❙✉♣❡r✲❈r✐t✐❝❛❧ ❘❡❣✐♠❡

❆s ✇❡ ❤❛✈❡ s❡❡♥✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ν > η ❛♥❞ ❛t t✐♠❡ t∗ ❞❡✜♥❡❞ ❜② ❊q✉❛✲
t✐♦♥ ✭✹✳✶✮✱ t❤❡ s②st❡♠ ✐s s❛t✉r❛t❡❞ ✐♥ t❤❡ ✢✉✐❞ ❧✐♠✐t✳ ■t ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t
t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② CN ✱

TXN

CN
= inf{s ≥ 0;XN (s) = CN},

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ t∗✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s ❛ ♠♦r❡ ♣r❡❝✐s❡
❛s②♠♣t♦t✐❝ r❡s✉❧t✳ ❙❡❡ ❚❤❡♦r❡♠ ✸ ♦❢ ❋❧❛❥♦❧❡t ❛♥❞ ❍✉✐❧❧❡t ❬❋❍✵✽❪ ❢♦r ❛ r❡❧❛t❡❞
r❡s✉❧t ✐♥ t❤❡ s②♠♠❡tr✐❝❛❧ ❝❛s❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ■❢ CN = ηN + O(1)✱ η < ν ❛♥❞ XN (0) = 0✱ t❤❡♥ t❤❡ s❡q✉❡♥❝❡
♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

(√
N
[

TXN

CN
− log (ν/(ν − η))

])

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ ❝❡♥t❡r❡❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ✈❛r✐❛♥❝❡
√

η(1− η)/(ν − η).

Pr♦♦❢✳ Pr♦♣♦s✐t✐♦♥ ✸✳✸ ❣✐✈❡s t❤❡ ❡q✉❛t✐♦♥

✭✺✳✶✮ E0

(

e
−α

√
NT

XN
CN

)

=

∫

√
N

0

(

1− u√
N

)N

u
√
Nα−1 du

/

∫

√
N

0

(

1− u√
N

)N−CN
(

1 +
µ

ν

u√
N

)CN

u
√
Nα−1 du,

❢♦r α ≥ 0✳ ❚❤❡ ✐♥t❡❣r❛♥❞ ♦❢ t❤❡ ♥✉♠❡r❛t♦r ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡
❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s exp(fN (u))✱ ✇✐t❤

fN (u) = N log
(

1− u/
√
N
)

+
(√

Nα− 1
)

log u.

❚❤❡ ❢✉♥❝t✐♦♥ ❤❛s ❛ ✉♥✐q✉❡ ♠❛①✐♠✉♠ ❛t

yN =
α
√
N − 1√

N + α− 1/
√
N

= α− 1 + α2

√
N

+ o
(

1/
√
N
)

,
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❛♥❞










fN (yN ) = (α log(α)− α)
√
N − α2

2
− log(α) + o(1),

f
′′

N (yN ) = − (1 + α2)

α2
−

√
N

α
+ o(1).

▲❛♣❧❛❝❡✬s ♠❡t❤♦❞✱ s❡❡ ❙❡❝t✐♦♥ ✸ ♦❢ ❈❤❛♣t❡r ❱■■■ ♦❢ ❋❧❛❥♦❧❡t ❛♥❞ ❙❡❞❣❡✇✐❝❦ ❬❋❙✵✾❪
❢♦r ❡①❛♠♣❧❡✱ ❣✐✈❡s t❤❡r❡❢♦r❡ t❤❡ r❡❧❛t✐♦♥

∫

√
N

0

efN (u) du ∼
√
2π

√

−f ′′(yN )
efN (yN )✭✺✳✷✮

∼
√
2πα

N1/4
exp

(

(α log(α)− α)
√
N − α2

2
− log(α)

)

.

❙✐♠✐❧❛r❧②✱ t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✭✺✳✶✮
✐s exp(gN (u))✱ ✇✐t❤

gN (u) = (N − CN ) log

(

1− u√
N

)

+ CN log

(

1 +
µ

ν

u√
N

)

+
(√

Nα− 1
)

log u.

❚❤✐s ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ✐♥t❡r✈❛❧ (0,
√
N) ❤❛s ❛ ✉♥✐q✉❡ ♠❛①✐♠✉♠ ❛t zN =

z0 − δ/
√
N + o(1/

√
N)✱ ✇✐t❤

z0 = α
ν

ν − η
❛♥❞ δ = ν

α2
(

ν2 + η − 2ην
)

+ (ν − η)2

(ν − η)
3 ,

❛♥❞✱ ✇✐t❤ s♦♠❡ ❝❛❧❝✉❧❛t✐♦♥s✱ ♦♥❡ ✜♥❞s

gN (zN ) =

(

−α+ α log(α) + α log

(

ν

ν − η

))√
N

+

(

2νη − ν2 − η
)

(ν − η)
2

α2

2
− log(α)− log

(

ν

ν − η

)

+ o(1)

❛♥❞

g
′′

N (zN ) = −
(

1− η + η
(1− ν)2

ν2

)

− α
√
N − 1

z20
+ o(1).

❆❣❛✐♥ ❜② ▲❛♣❧❛❝❡✬s ♠❡t❤♦❞✱ t❤✐s ❣✐✈❡s

✭✺✳✸✮ exp

(

−α
√
N log

ν

ν − η

)∫

√
N

0

egN (u) du

∼
√
2πα

N1/4
exp

(

(α log(α)− α)
√
N +

(

2νη − ν2 − η
)

(ν − η)
2

α2

2
− log(α)

)

.

❊q✉❛t✐♦♥ ✭✺✳✶✮ t♦❣❡t❤❡r ✇✐t❤ ✭✺✳✷✮ ❛♥❞ ✭✺✳✸✮ ❣✐✈❡ ✜♥❛❧❧②

lim
N→+∞

E

(

exp
(

−α
√
N
[

TXN

CN
− log(ν/(ν − η))

]))

= exp

(

η(1− η)

(ν − η)2
α2

2

)

.

�

❆♥ ■♥❢♦r♠❛❧ Pr♦♦❢✳ ❚❤❡ ❧✐♠✐t t❤❡♦r❡♠ ♦❜t❛✐♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✶ ✐s ❛ ❝♦♥s❡✲
q✉❡♥❝❡ ♦❢ s♦♠❡ ❞❡t❛✐❧❡❞✱ ❛♥♥♦②✐♥❣✱ ❜✉t s✐♠♣❧❡✱ ❝❛❧❝✉❧❛t✐♦♥s ✉s❡❞ t♦ ❛♣♣❧② ▲❛♣❧❛❝❡
♠❡t❤♦❞✳ ❖♥❡ ❝❛♥ ❣❡t q✉✐t❡ q✉✐❝❦❧② ❛♥ ✐❞❡❛ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ❧✐♠✐t ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡
❡①♣♦♥❡♥t✐❛❧ ♠❛rt✐♥❣❛❧❡ (Mβ

N (t)) ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶ t❤r♦✉❣❤ ❛ ♥♦♥✲r✐❣♦r♦✉s ❞❡r✐✈❛✲
t✐♦♥✳ ❆s ✇✐❧❧ ❜❡ s❡❡♥✱ ✐t ❣✐✈❡s t❤❡ ❝♦rr❡❝t ❛♥s✇❡r ❜✉t ✐ts ❥✉st✐✜❝❛t✐♦♥ s❡❡♠s t♦ ❜❡
❞✐✣❝✉❧t✳ ❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t✱ ✐♥ t❤✐s ♠❛rt✐♥❣❛❧❡✱ t❤❡ t❡r♠
et st♦♣♣❡❞ ❛t s♦♠❡ r❛♥❞♦♠ t✐♠❡ ♠❛② ♥♦t ❜❡ ✐♥t❡❣r❛❜❧❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ✐s ❡❛s✐❧②
s❡❡♥ t❤❛t t❤❡ ✜rst ❥✉♠♣ ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡ (Mβ

1 (t)) ✐s ♥♦t ❛ r❡❣✉❧❛r st♦♣♣✐♥❣ t✐♠❡
❢♦r t❤✐s ♠❛rt✐♥❣❛❧❡✱ ✐✳❡✳ t❤❡ ♦♣t✐♦♥❛❧ st♦♣♣✐♥❣ t❤❡♦r❡♠ ✐s ♥♦t ✈❛❧✐❞ ❤❡r❡✳
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❉❡♥♦t❡ ZN =
√
N
(

exp(TXN

CN
)− exp(t∗)

)

✱ ✇❤❡r❡ t∗ ✐s✱ ❛s ❜❡❢♦r❡✱ log(ν/(ν−η))✳
❇② ✉s✐♥❣ t❤❡ ♠❛rt✐♥❣❛❧❡ ✭✸✳✷✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ st♦♣♣✐♥❣ t✐♠❡
TXN

CN
✐s r❡❣✉❧❛r ❢♦r ✐t✱ ♦♥❡ ❣❡ts

E

[

(

1− µe
T

XN
CN β/

√
N

)CN
(

1 + νe
T

XN
CN β/

√
N

)N−CN

]

=
(

1 + νβ/
√
N
)N

.

❚❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s E (exp(UN )) = 1✱ ✇✐t❤

UN = CN log

(

1− µe
T

XN
CN β/

√
N

)

+ (N − CN ) log

(

1 + νe
T

XN
CN β/

√
N

)

−N log
(

1 + νβ/
√
N
)

,

❤❡♥❝❡✱

UN = −β(η − ν)ZN −
(

(

ηµ2 + (1− η)ν2
)

e2t
∗ − ν2

)

β2/2 + o (1/N)

= −β(η − ν)ZN − ν2η(1− η)

(ν − η)2
β2/2 + o (1/N) ,

♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❧✐♠✐t ❝❛♥ ❜❡ t❛❦❡♥ ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧✳ ❖♥❡ ❣❡ts ✜♥❛❧❧②

lim
N→+∞

E
(

e−βZN
)

= exp

(

β2

2

ν2η(1− η)

(ν − η)4

)

.

❊①♣r❡ss❡❞ ❛s ❛ ❧✐♠✐t t❤❡♦r❡♠ ❢♦r TXN

CN
✱ t❤✐s ✐s ♣r❡❝✐s❡❧② t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥✳

✻✳ ❙✉❜✲❈r✐t✐❝❛❧ ❘❡❣✐♠❡

■t ✐s ❛ss✉♠❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❛t ν < η✱ s♦ t❤❛t t❤❡ ❊❤r❡♥❢❡st ♣r♦❝❡ss ✏❧✐✈❡s✑
✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ st❛t❡ s♣❛❝❡❀ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② CN s❤♦✉❧❞ ❜❡
t❤❡r❡❢♦r❡ q✉✐t❡ ❧❛r❣❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥s ❣✐✈❡ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣
t❤✐s ♣❤❡♥♦♠❡♥♦♥✳

❚❤❡ ✜rst r❡s✉❧t ❝♦♥❝❡r♥s t❤❡ t✐♠❡ ✐t t❛❦❡s ❢r♦♠ t❤❡ ❊❤r❡♥❢❡st ♣r♦❝❡ss t♦ ❤❛✈❡ ❛❧❧
♣❛rt✐❝❧❡s ✐♥ ♦♥❡ ❜♦① ✇❤❡♥✱ ✐♥✐t✐❛❧❧②✱ t❤❡② ❛r❡ ❛❧❧ ✐♥ t❤❡ ♦t❤❡r ❜♦①✳ ❚❤✐s ✐s ♦❢ ❝♦✉rs❡
❛ ✈❡r② ♥❛t✉r❛❧ q✉❛♥t✐t② ❢♦r t❤✐s ♣r♦❝❡ss✳ ■♥ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❝❛s❡✱ r❡♣r❡s❡♥t❛t✐♦♥s
♦❢ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤✐s q✉❛♥t✐t② ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ✐♥ ❛ s②♠♠❡tr✐❝❛❧ s❡tt✐♥❣✳ ❙❡❡
❇✐♥❣❤❛♠ ❬❇✐♥✾✶❪ ❛♥❞ P❛❧❛❝✐♦s ❬P❛❧✾✸❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ■❢ ν < 1✱ XN (0) = 0 ❛♥❞ CN = N ✱ t❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ r❛♥✲

❞♦♠ ✈❛r✐❛❜❧❡s
(

NνNTXN

CN

)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞

r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♣❛r❛♠❡t❡r 1− ν✳

Pr♦♦❢✳ ❖♥❡ ✉s❡s ❊q✉❛t✐♦♥ ✭✸✳✼✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✸ t♦ ❣❡t t❤❛t✱ ❢♦r N ≥ 1✱

✭✻✳✶✮ E

(

e−αNT
XN
N

)

=

∫ 1

0

(1− u)NuαN−1 du

/∫ 1

0

(

1 +
µ

ν
u
)N

uαN−1 du ,

✇✐t❤ αN = αNνN ✱ ❢♦r s♦♠❡ α > 0✳
❚❤❡ ♥✉♠❡r❛t♦r ♦❢ t❤✐s ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥✱ ❛❢t❡r ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

❛s
∫ 1

0

(1− u)NuαN−1 du =

∫ 1

0

N(1− u)N−1u
αN

αN
du

= N−αN

∫ N

0

(

1− u

N

)N−1 uαN

αN
du ∼ 1

αN
,

❜② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✳
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❇② s✉❜tr❛❝t✐♥❣ 1/αN ❢r♦♠ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛✲
t✐♦♥ ✭✻✳✶✮✱ ♦♥❡ ❣❡ts

∆N :=

∫ 1

0

(

(

1 +
µ

ν
u
)N

− 1

)

uαN−1 du =
Nµ

ν

∫ 1

0

(

1 +
µ

ν
u
)N−1 1− uαN

αN
du

=
1

νN

∫ N

0

µ
(

1− µ
u

N

)N−1 1− (1− u/N)αN

αN
du,

❤❡♥❝❡✱

αN∆N =
αN
NνN

∫ N

0

µ
(

1− µ
u

N

)N−1 1− (1− u/N)αN

αN/N
du

∼ α

∫ +∞

0

µe−µuu du =
α

µ
.

❚❤❡s❡ t✇♦ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ♣❧✉❣❣❡❞ ✐♥t♦ ❊q✉❛t✐♦♥ ✭✻✳✶✮ ❣✐✈❡ t❤❡ ❞❡s✐r❡❞ ❝♦♥✈❡r✲
❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥✳

�

❚❤❡♦r❡♠ ✷ ♦❢ ❇✐♥❣❤❛♠ ❬❇✐♥✾✶❪ ♣r♦✈✐❞❡s ❛ s✐♠✐❧❛r r❡s✉❧t ✐♥ t❤❡ s②♠♠❡tr✐❝❛❧
❝❛s❡ µ = ν ❛♥❞ ✐♥ ❞✐s❝r❡t❡ t✐♠❡✳ ■♥ t❤❡ ♣r❡s❡♥t ❝❛s❡✱ t❤❡r❡ ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❢❛❝t♦r N
✐♥ t❤❡ s❝❛❧✐♥❣ ♦❢ TXN

CN
✇❤✐❝❤ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❞②♥❛♠✐❝s

❛r❡ N t✐♠❡s ❢❛st❡r t❤❛♥ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❝❛s❡✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷✳ ■❢ CN = ηN +O(1)✱ ν < η < 1 ❛♥❞ XN (0) = 0✱ t❤❡♥ ✐❢

H = (1− η) log

(

1− η

1− ν

)

+ η log
(η

ν

)

,

t❤❡ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

✭✻✳✷✮

(

√

η(1− η)

(η − ν)
√
2π

√
Ne−NH TXN

CN

)

,

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♣❛✲
r❛♠❡t❡r 1✳

❖♥❡ r❡♠❛r❦s t❤❛t t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢❛❝t♦r H ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥ ✐s
✐♥ ❢❛❝t ❛ r❡❧❛t✐✈❡ ❡♥tr♦♣② ♦❢ ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ r❡s♣❡❝t✐✈❡ ♣❛r❛♠❡t❡rs
η ❛♥❞ ν✳ ❉❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t s✐♠✐❧❛r ✏❡♥tr♦♣②✑ ❡①♣r❡ss✐♦♥s ❛♣♣❡❛r❡❞ ♦♥ s❡✈❡r❛❧
♦❝❝❛s✐♦♥s ✐♥ t❤❡ st✉❞② ♦❢ t❤❡s❡ ♣r♦❝❡ss❡s✱ ✇❡ ❤❛✈❡ ♥♦t ❜❡❡♥ ❛❜❧❡ t♦ ✜♥❞ ❛ s✐♠♣❧❡
❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ♦❝❝✉rr❡♥❝❡s ♦❢ t❤❡s❡ ❝♦♥st❛♥ts✳

Pr♦♦❢✳ ❋♦r α > 0✱ ❞❡♥♦t❡ ❜② αN t❤❡ ♣r♦❞✉❝t ♦❢ α ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ TXN

CN

✐♥ ✭✻✳✷✮✳ ❊q✉❛t✐♦♥ ✭✸✳✼✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✸ ✐s ❛❣❛✐♥ ✉s❡❞
✭✻✳✸✮

E

(

e−αNT
XN
N

)

=

∫ 1

0

(1−u)NuαN−1 du

/∫ 1

0

(1−u)N−CN

(

1+
µ

ν
u
)CN

uαN−1 du .

❚❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♥✉♠❡r❛t♦r ♦❢ t❤✐s ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ❤❛s ❛❧r❡❛❞②
❜❡❡♥ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥✳

❚♦ st✉❞② t❤❡ ❞❡♥♦♠✐♥❛t♦r✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❜❡❢♦r❡✳ ❋♦r u ∈ [0, 1]✱ ✇r✐t❡

fN (u) = (N − CN ) log(1− u) + CN log (1 + µu/ν) .

❚❤✐s ❢✉♥❝t✐♦♥ ❤❛s ❛ ✉♥✐q✉❡ ♠❛①✐♠✉♠ ❛t

y0 :=
CN/N − ν

1− ν
=

(η − ν)

(1− ν)
+O(1/N),
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❣✐✈❡♥ ❜②

fN (y0) =

[

(1− η) log

(

1− η

1− ν

)

+ η log
(η

ν

)

]

N + o(1),

❛♥❞

f ′′N (y0) = − (1− ν)2

η(1− η)
N + o(1).

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ✭✻✳✸✮ ✐s

∫ 1

0

[

(1−u)N−CN

(

1+
µ

ν
u
)CN

− 1

]

uαN−1 du =

∫ 1

0

[

efN (u) − 1
]

uαN−1 du

=

∫ 1

0

f ′n(u)e
fN (u) (y

αN

0 − uαN )

αM
du+

1− yαN

0

αN
,

❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✳ ❚❤❡ ✐♥t❡❣r❛❧ IN ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

IN =

∫ (1−y0)
√
N

−y0
√
N

1√
N
f ′N

(

y0 +
u√
N

)

efN (y0+u/
√
N) (y

αN

0 − (y0 + u/
√
N)αN )

αN
du,

❤❡♥❝❡✱

IN = yαN−1
0

−f ′′N (y0)

N3/2
efN (y0)

∫ +∞

−∞
u2 exp

(

f ′′N (y0)

N

u2

2

)

du+ o(1/N)

=
1

y0

√

2π

−f ′′N (0)
efN (y0) + o(1/N).

❈♦♠❜✐♥✐♥❣✱

lim
N→+∞

E

(

exp
(

−αNTXN

N

))

= 1/(1 + α).

�

Pr♦♣♦s✐t✐♦♥ ✻✳✸ ✭❍✐tt✐♥❣ t✐♠❡ ♦❢ t❤❡ ❡♠♣t② st❛t❡✮✳ ❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ν < η
❛♥❞ ✐❢ CN = ηN +O(1) ❢♦r η > 0 ❛♥❞ XN (0) = CN ✱ t❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✈❛r✐❛❜❧❡s

(

N(1− ν)NTXN

0

)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♣❛r❛♠❡t❡r ν✳

◆♦t❡ t❤❛t t❤✐s r❡s✉❧t ❝❛♥✱ ✐♥❢♦r♠❛❧❧②✱ ❜❡ ❥✉st✐✜❡❞ ❜② t❤❡ r❡s✉❧t ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✳
❲✐t❤♦✉t t❤❡ ❜♦✉♥❞❛r② CN ✱ ♦♥❡ ❝♦✉❧❞ ♦❜t❛✐♥ t❤❡ r❡s✉❧t ❜② ❡①❝❤❛♥❣✐♥❣ µ ❛♥❞ ν ❛♥❞
✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ❚❤✐s r❡s✉❧t s❤♦✇s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ ❜♦✉♥❞❛r② ❞♦❡s ♥♦t
❝❤❛♥❣❡ t❤❡ ❧✐♠✐t✐♥❣ ❜❡❤❛✈✐♦r ♦❢ TXN

0 ✐♥ t❤❡ s✉❜✲❝r✐t✐❝❛❧ r❡❣✐♠❡✳

Pr♦♦❢✳ ❉❡♥♦t❡ αN = N(1− ν)N ✳ Pr♦♣♦s✐t✐♦♥ ✸✳✺ ❣✐✈❡s

✭✻✳✹✮ ECN

(

e−αNT
XN
0

)

=
dN (αN )BCN

(αN ) + bN (αN )DCN
(αN )

dN (α)B0(αN ) + bN (αN )D0(αN )
.

❖♥❡ st❛rts ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ (dN (αN ))✿

dN (αN ) = µ

∫ 1

0

(1− u)
N−CN−1

(

1 +
µ

ν
u
)CN

uαN du

=
µ√
N

∫

√
N

0

(

1− u√
N

)N−CN−1(

1 +
µ

ν

u√
N

)CN

du+ o
(

1/
√
N
)

=
1√
N

exp

(

η − ν

ν

√
N

)∫ +∞

0

exp

(

−
(

η

ν2
+

(1− η)

(1− ν)2

)

u2

2

)

du+ o
(

1/
√
N
)

.
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❚❤❡ ♦t❤❡r ❝♦❡✣❝✐❡♥t bN (αN ) ✐s s✉❝❤ t❤❛t

bN (αN ) = ν

∫ 1

0

(1− u)CN

(

1 +
ν

µ
u

)N−CN

uαN du

=
ν

N

∫ N

0

(

1− u

N

)CN

(

1 +
ν

µN
u

)N−CN−1

du+ o (1/N)

=
ν(1− ν)

ν − η

1

N
+ o (1/N) .

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶ ♣r♦✈✐❞❡s t❤❡ r❡❧❛t✐♦♥s

D0(αN ) =

∫ 1

0

(1− u)NuαN−1 du ∼ 1

αN

❛♥❞

B0(αN ) =

∫ 1

0

(

1 +
ν

µ
u

)N

uαN−1 du ∼ 1

αN
+

1

νN(1− ν)N
.

❚❤❡ t✇♦ r❡♠❛✐♥✐♥❣ t❡r♠s t♦ ❡st✐♠❛t❡ ❛r❡

BCN
(αN ) =

∫ 1

0

(1− u)CN

(

1 +
ν

µ
u

)N−CN

uαN−1 du,

DCN
(αN ) =

∫ 1

0

(1− u)N−CN

(

1 +
µ

ν
u
)CN

uαN−1 du.

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✷✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t BCN
(αN ) ❛♥❞ DCN

(αN ) ❝❛♥
❜❡ ✇r✐tt❡♥ ❛s 1/αN + o (B0(αN )− 1/αN ))✳ ▼♦r❡ ✐♥❢♦r♠❛❧❧②✱ t❤❡ t❡r♠ (1 − u)N ·

✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ ❢♦r t❤❡s❡ t✇♦ ❡①♣r❡ss✐♦♥s r❡❞✉❝❡s t❤❡✐r ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ❜②
❛♥ ❡①♣♦♥❡♥t✐❛❧ ❢❛❝t♦r✳

❚❤❡s❡ ✈❛r✐♦✉s ❡st✐♠❛t❡s ❣✐✈❡ ✜♥❛❧❧② t❤❛t

lim
N→+∞

E

(

e−αNT
XN
0

)

= lim
N→+∞

BCN
(αN )

B0(αN )
=

1

1 + α/ν
.

�

✼✳ ❈r✐t✐❝❛❧ ❘❡❣✐♠❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t CN ∼ νN ✱ ✐❢ XN (0) = 0✱ t❤❡ ✢✉✐❞ ❧✐♠✐t
♦❢ t❤❡ ♣r♦❝❡ss ✐s ❣✐✈❡♥ ❜② ν(1 − exp(−t))✱ t❤❡ ✢✉✐❞ ❜♦✉♥❞❛r② ν ✐s r❡❛❝❤❡❞ ❛t t✐♠❡
t = +∞✳ ■♥ ❢❛❝t✱ ✇✐t❤ ❛ s❡❝♦♥❞✲♦r❞❡r ❞❡s❝r✐♣t✐♦♥✱ t❤❡ ♣r♦❝❡ss XN (t) ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s XN (t) ∼ ν(1− exp(−t))N + Y (t)

√
N ❢♦r s♦♠❡ ❡r❣♦❞✐❝ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss (Y (t))✱

s♦ t❤❡ ❤✐tt✐♥❣ t✐♠❡ TXN

CN
♦❢ t❤❡ ❜♦✉♥❞❛r② ✐s s✉❝❤ t❤❛t

exp
(

−TXN

CN

)

∼
Y (TXN

CN
)

ν
√
N

,

✇❤✐❝❤ ❣✐✈❡s ❛ r♦✉❣❤ ❡st✐♠❛t❡ TXN

CN
∼ log(

√
N)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s

t❤❛t t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❢❛❝t q✉✐t❡ ♣r❡❝✐s❡✳ ❙❡❡ ❛❧s♦ ❚❤❡♦r❡♠ ✹ ♦❢ ❋❧❛❥♦❧❡t ❛♥❞
❍✉✐❧❧❡t ❬❋❍✵✽❪✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶✳ ■❢ CN = νN+δ
√
N+o(

√
N) ✇✐t❤ ν < 1✱ δ ∈ R✱ ❛♥❞ XN (0) = 0✱

t❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
(

TXN

CN
− log(N)/2

)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Z ♦♥ R ✇❤♦s❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ❛t
α > 0 ✐s ❣✐✈❡♥ ❜②✿

✭✼✳✶✮ E
(

e−αZ
)

= Γ(α)

/∫ +∞

0

exp

(

u
δ

ν
− u2

2

(1− ν)

ν

)

uα−1 du.
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■❢ δ = 0✱ t❤❡♥ t❤❡ ✈❛r✐❛❜❧❡ Z − log (ν/(1− ν)) /2 ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♥s✐t② ♦♥ R✿

x 7→
√

2/π exp
(

−x− e−2x/2
)

.

◆♦t❡ t❤❛t t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❧✐♠✐t ✐♥ ❞✐str✐❜✉t✐♦♥ ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ ▼❡❧❧✐♥
tr❛♥s❢♦r♠s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s

u 7→ exp(−u) ❛♥❞ u 7→ exp

(

−u δ
ν
− u2

2

(1− ν)

ν

)

.

❙❡❡ ❙❡❝t✐♦♥ ❇✳✼ ♦❢ ❋❧❛❥♦❧❡t ❛♥❞ ❙❡❞❣❡✇✐❝❦ ❬❋❙✵✾❪ ♦♥ ▼❡❧❧✐♥ tr❛♥s❢♦r♠s✳

Pr♦♦❢✳ Pr♦♣♦s✐t✐♦♥ ✸✳✸ ❣✐✈❡s t❤❡ ❡q✉❛t✐♦♥

E0

(

e
−αTXN

CN

)

=

∫ 1

0

(1− u)
N
uα−1 du

/∫ 1

0

(1− u)
N−CN

(

1 +
µ

ν
u
)CN

uα−1 du,

❢♦r α > 0✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♥✉♠❡r❛t♦r ✐s ❡❛s② s✐♥❝❡
∫ 1

0

(1− u)
N
uα−1 du =

1

Nα

∫ N

0

(

1− u

N

)N

uα−1 du ∼ Γ(α)

Nα
.

❚❤❡ ❞❡♥♦♠✐♥❛t♦r ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

1

Nα/2

∫

√
N

0

efN (u)uα−1 du,

✇✐t❤

fN (u) = (N − CN ) log

(

1− u√
N

)

+ CN log

(

1 +
µ

ν

u√
N

)

= − (1− ν)

ν

u2

2
+
δ

ν
u+ o(1/

√
N).

❇② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✱ ♦♥❡ ❣❡ts t❤❡r❡❢♦r❡ t❤❛t✱ ❢♦r α > 0✱

lim
N→+∞

E0

(

e
−α

[

T
XN
CN

−logN/2
]
)

= Γ(α)

/∫ +∞

0

exp

(

− (1− ν)

ν

u2

2
+
δ

ν
u

)

uα−1 du,

❛♥❞ ❤❡♥❝❡ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳
❋♦r δ = 0✱ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ❣✐✈❡s

∫ +∞

0

exp

(

−u
2

2

(1− ν)

ν

)

uα−1 du =
1

2

(

2ν

1− ν

)α/2

Γ(α/2).

❚❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ Z ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❡①♣r❡ss❡❞ ❛s

E
(

e−αZ
)

= 2

(

1− ν

2ν

)α/2
Γ(α)

Γ(α/2)
=

(

1− ν

ν

)α/2
2α/2√
π
Γ((α+ 1)/2),

❜② ✉s✐♥❣ ▲❡❣❡♥❞r❡✬s ❞✉♣❧✐❝❛t✐♦♥ ❋♦r♠✉❧❛ ❢♦r ●❛♠♠❛ ❢✉♥❝t✐♦♥s ✭s❡❡ ❡✳❣✳ ❲❤✐tt❛❦❡r
❛♥❞ ❲❛ts♦♥ ❬❲❲✾✻❪ ♣❛❣❡ ✷✹✵✮✳ ❙✐♥❝❡

2α/2√
π
Γ

(

α+ 1

2

)

=
1√
π

∫ +∞

0

exp (α log(2u)/2− log(u)/2− u) du

=

√

2

π

∫ +∞

−∞
e−αu exp

(

−u− e−2u/2
)

du,

✇✐t❤ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ♦♥❡ ❣❡ts t❤❡ ❞❡s✐r❡❞ r❡s✉❧t ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Z✳ �

❲❡ ❝♦♥❝❧✉❞❡ ✇✐t❤ t❤❡ ❤✐tt✐♥❣ t✐♠❡ ♦❢ ❡♠♣t② st❛t❡✳ ❲❡ r❡♠❛r❦ t❤❛t✱ ❛t t❤❡
❝♦rr❡❝t t✐♠❡ s❝❛❧❡✱ t❤❡ t✐♠❡ ✐s ❤❛❧❢ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛❜❧❡ ✐♥ t❤❡ s✉❜✲❝r✐t✐❝❛❧
❝❛s❡✳ ❙❡❡ Pr♦♣♦s✐t✐♦♥ ✻✳✸✳ ❆ s✐♠♣❧❡✱ ♥❛✐✈❡✱ ❡①♣❧❛♥❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ❋♦r s✉❜✲❝r✐t✐❝❛❧
r❡❣✐♠❡ t❤❡ ♣r♦❝❡ss ❧✐✈❡s ✐♥ ❛ r❡❣✐♦♥ ❝❡♥t❡r❡❞ ❛t νN ❛♥❞ ✇❤♦s❡ ✇✐❞t❤ ✐s ♦❢ t❤❡ ♦r❞❡r
♦❢

√
N ❛♥❞ t❤❡r❡❢♦r❡ ♠❛❦❡s ♠❛♥② ❡①❝✉rs✐♦♥s ✐♥ t❤✐s r❡❣✐♦♥ ❜❡❢♦r❡ r❡❛❝❤✐♥❣ CN ✳ ■♥
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t❤❡ ❝r✐t✐❝❛❧ ❝❛s❡ t❤❡ ♣r♦❝❡ss ❧✐✈❡s ♥❡❛r✱ ❜✉t ♦♥❧② ♦♥ ♦♥❡ s✐❞❡ ♦❢ νN ✳ ■♥ ♣❛rt✐❝✉❧❛r ✐t
❝❛♥♥♦t ❣♦ ❛❜♦✈❡ CN ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ❞♦❡s ♥♦t ✇❛st❡ t✐♠❡ ♦♥ s✉❝❤ ❡①❝✉rs✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✼✳✷ ✭❍✐tt✐♥❣ ❚✐♠❡ ♦❢ ❊♠♣t② ❙t❛t❡✮✳ ■❢ CN = νN+o(
√
N) ✇✐t❤ ν > 0

❛♥❞ XN (0) = CN ✱ t❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
(

N(1− ν)NTXN

0

)

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♣❛r❛♠❡t❡r 2ν✳

Pr♦♦❢✳ ❉❡♥♦t❡ αN = N(1− ν)N ✳ ❘❡❝❛❧❧ t❤❛t

ECN

(

e−αNT
XN
0

)

=
dN (α)BCN

(α) + bN (α)DCN
(α)

dN (α)B0(α) + bN (α)D0(α)
.

❖♥❡ st❛rts ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ (dN (αN ))✳ ❇② ❞❡✜♥✐t✐♦♥✱

dN (αN )=µ

∫ 1

0

(1− u)N−CN−1
(

1 +
µ

ν
u
)CN

uαN du

= µ
1√
N

∫

√
N

0

(

1− u√
N

)N−CN−1(

1 +
µ

ν

u√
N

)CN

du+ o
(

1/
√
N
)

.

❙✐♥❝❡ η = ν ❛♥❞ µ = 1− ν✱ ν(1− η) = µη✱ s♦

dN (αN ) = (1− ν)
1√
N

∫ +∞

0

exp

(

− (1− ν)

ν

u2

2

)

du+ o
(

1/
√
N
)

=
1√
N

√

π

2

√

ν(1− ν) + o
(

1/
√
N
)

.

◆♦t❡ t❤❛t✱ ✉♣ t♦ ❛ t❡r♠ −1 ✐♥ ❛♥ ❡①♣♦♥❡♥t ✇❤✐❝❤ ❞♦❡s ♥♦t ♣❧❛② ❛ r♦❧❡ ✐♥ t❤❡
❧✐♠✐t✐♥❣ ❜❡❤❛✈✐♦r✱ t❤❡ q✉❛♥t✐t② bN (α) ✐s ❛❧♠♦st dN (α) ✇✐t❤ ν r❡♣❧❛❝❡❞ ❜② (1− ν)✳
❈♦♥s❡q✉❡♥t❧② bN (α) ❤❛s t❤❡ s❛♠❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❛s dN (α)✳

❚❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦rs ♦❢ t❤❡ q✉❛♥t✐t✐❡s B0(αN )✱ D0(αN )✱ BCN
(αN ) ❛♥❞

DCN
(αN ) ❛r❡ t❤❡ s❛♠❡ ❛s t❤♦s❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✸✳ ❇②

❣❛t❤❡r✐♥❣ t❤❡s❡ ✈❛r✐♦✉s ❡st✐♠❛t❡s ♦♥❡ ✜♥❞s

lim
N→+∞

E

(

exp
(

−αNTXN

0

))

= 2/(2 + α/ν).

�
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