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Abstract

In this thesis, we present a new implementation of the constrained Random Phase Approximation (cCRPA)
in a density functional code within the linearized augmented plane wave (LAPW) framework. The aim is
to calculate — from first principles — the effective Coulomb interaction matrix for correlated solids, open-
ing the way to a truly ab initio description within many-body calculations. In particular, we calculate
the Hubbard parameter, U, and Hund’s exchange, .J, as well as their energy dependence arising from dy-
namical screening effects. As in the Wilson renormalization group, we stress that the effective Coulomb
interactions crucially relie on the choice of the correlated subspace for which an effective low-energy
Hamiltonian is constructed, although results for physical observables have to be the same at the end. A
specific scheme for cRPA, based on a projection approach onto the low-energy subspace, is also intro-
duced in order to deal with electronic structures where the target correlated orbitals are strongly entangled
with the itinerant ones.

Applications are shown for i) iron-based pnictides, LaOFeAs and BaFe; Aso, and chalcogenides, FeSe
(Chapter 6) [Vaugier er al. (2012a)], ii) 3d transition metals to benchmark the projection scheme (Chap-
ter 6) and iii) 3d and 4d transition metal perovskites, StMO3 (M =V, Cr, Mn, Nb, Mo, Tc) and layered
perovskites, SroMO4 (M = Mo, Tc, Ru, Rh) (Chapter 7) [Vaugier ef al. (2012b)]. The cRPA values for
the interaction Hamiltonian are combined with the dynamical mean-field theory (LDA+cRPA+DMFT)
for the description of the spin-orbitally ordered Mott insulator SryIrO4 (in collaboration with [Mar-
tins et al. (2011)]), and the rare-earth fluorosulfide pigment, CeSF (in collaboration with [Tomczak
et al. (2012)]).

Résumé

Cette thése propose une nouvelle implémentation de “I’approximation de la phase aléatoire avec polari-
sation contrainte” (constrained random phase approximation, cRPA). Notre implémentation repose sur la
théorie de la fonctionnelle de la densité, développée dans une base d’ondes planes augmentées (linearized
augmented plane wave, LAPW). Cette méthode, appliquée a des matériaux fortement corrélés, permet de
calculer de facon réaliste la matrice d’interaction coulombienne effective, qui pourra étre traitée par la suite
au moyen de I’approche a N-corps souhaitée. En particulier, les valeurs de I’interaction de Hubbard, U, et
de I’échange de Hund, J, sont déterminées de maniere ab initio, ainsi que leur dépendance en fréquence
qui résulte des effets dynamiques de 1’écrantage. Comme dans la théorie du groupe de renormalisation
de Wilson, I'interaction coulombienne effective dépend du choix du sous-espace corrélé pour lequel est
construit un Hamiltonien effectif de basse énergie, alors que les valeurs des observables physiques n’en
dépendent pas. Afin de généraliser la cRPA aux matériaux dont la structure électronique exhibe des or-
bitales corrélées et itinérantes intriquées, une méthode basée sur la projection sur le sous-espace corrélé
est également introduite.

Différentes classes de matériaux sont envisagées comme applications : i) pnictides a base de fer,
LaOFeAs et BaFeoAso, et chalcogénides, FeSe (Chapitre 6) [Vaugier er al. (2012a)], ii) métaux de tran-
sition 3d afin de valider notre méthode de projection (Chapitre 6), iii) oxydes de métaux de transition
pérovskites, StMO3 (M =V, Cr, Mn, Nb, Mo, Tc), et pérovskites en couches, SroMO4 (M = Mo, Tc, Ru,
Rh) (Chapitre 7) [Vaugier et al. (2012b)]. I’Hamiltonien d’interaction cRPA est également couplé a la
théorie du champ moyen dynamique (LDA+cRPA+DMFT) afin de décrire I’isolant de Mott induit par le
couplage spin-orbite, SroIrO,4 (en collaboration avec [Martins ez al. (2011)]), et le pigment a base de terre
rare, CeSF (en collaboration avec [Tomczak er al. (2012)]).
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Introduction

Naively, the calculation of the Coulomb repulsion between two charges may seem like a simple
textbook problem. However, calculating this repulsion for two electrons in a solid is far from
being trivial. The electronic polarizability screens the Coulomb potential, leading to a renor-
malized repulsion strength. The main objective of this thesis is to calculate these renormalized
interactions from first principles, that is, without any adjustable parameters. More specifically,
we determine the Coulomb interaction matrix for correlated solids in a basis of localized or-
bitals. These matrices can — under certain conditions — be parametrized by a small number of
parameters, Hubbard U and Hund’s coupling .J, which can then be employed within a lattice
Hamiltonian description to model the material of interest.

Electronic screening is a key concept that notably differenciates the behavior of electrons
in solids from the one of electrons in isolated atoms. The dielectric function, characterizing
the response of a solid to an external perturbation, encodes the different screening processes.
They have direct observable consequences in spectroscopic properties such as optical probes or
electron energy loss spectroscopy.

In photoemission spectroscopy, a perturbation is caused by the removal or addition of an
electron from or into the solid. Adding an electron into a localized orbital on a given atom per-
turbs the systems and induces a rearrangement of the electronic cloud resulting in a net depletion
of electrons around the atom. This process is formally equivalent to the creation of a “screening
hole” reducing the effective Coulomb potential. It is dynamical and so must be the effective
interaction between the electrons. This is easily seen in two limiting cases: electrons do not
respond to a high-frequency oscillating electric field whose frequency exceeds any electronic
energy scale, whereas screening is very efficient at low energies, i.e. for excitations that live
on large time scales. On intermediate energy scales, different processes, such as particle-hole
transitions or collective excitations contribute to the screening. Particularly interesting are col-
lective oscillations, resonant with the perturbation, called plasmons. In the electron gas, such
oscillations involve the whole electronic system, while in the solid more exotic plasmon modes
can result from the oscillations of a fraction of electrons associated for example with a given set
of valence states.

The theoretical description of screening in materials and the calculation of the resulting
screened quantities are the topic of the present thesis. To this effect, we use the constrained
Random Phase Approximation (CRPA) (which we have implemented in a density functional code



within the full-potential augmented plane wave ((L)APW-+lo) electronic structure framework).
Since considering screening in an exact way is of paramount difficulty within solids, the problem
is simplified such as to neglect the interaction of the created particles and holes. In diagrammatic
language, this amounts to a restriction to diagrams involving only single particle-hole bubbles —
the random phase approximation (RPA).

These concepts are used for the construction of effective Hamiltonians with a reduced num-
ber of degrees of freedom; the effective Hamiltonian is supposed to reproduce the low-energy
properties of the material of interest. The identification of screening processes within a given
low-energy subspace allows for the calculation of partially screened interactions that are inter-
preted as the bare interactions within the low-energy subspace. This scheme can thus be used to
construct a downfolded lattice Hamiltonian within this subspace.

Correctly accounting for the Coulomb interaction is particularly important in situations where
the Coulomb repulsion dominates the behavior of the system. This is typically the case in 3d tran-
sition metal compounds or rare earth or actinide compounds, which display a panoply of phe-
nomena beyond a simple one-particle picture. Besides being of high technological importance,
this class of compounds presents a particular challenge to theory. Effects indeed range from
simple renormalisations of quasi-particle band structures in the sense of Landau to the strong
coupling case where Coulomb correlations lead to a blocking of electronic motion. These latter
materials, Mott insulators, which would be metallic in a band picture, are driven into the insulat-
ing state due to large values of the Coulomb repulsion. The failures of the one-body picture can
thus be used to define this specific class of materials said to be “strongly correlated”.

The description of electronic excitations in correlated materials therefore requires a theoret-
ical treatment that goes beyond the one-particle picture. In particular, the simple approxima-
tion that consists in considering the Kohn-Sham eigenvalues of density functional theory (DFT)
within the local density approximation (LDA) or generalized gradient approximations (GGA) as
excitation energies, is quite generally too poor an approximation. Methods beyond the band pic-
ture, such as many-body perturbation theory or the so-called “LDA++" schemes that supplement
DFT-LDA with explicit many-body interaction terms are designed to cure these deficiencies.

Dynamical mean-field theory (DMFT), for example, allows for the description of spectral
properties around the Mott metal-insulator transition in the Hubbard model. Its realistic exten-
sion, the combination with density functional theory LDA+DMFT, has been successfully em-
ployed for the description of physical observables, such as photoemission, optics, or transport.
Importantly, the predictive power of the combined LDA+DMFT scheme stands or falls with the
possibility of reliably assessing the strength of the Coulomb interactions. The ab initio calcu-
lation of Hubbard U and Hund’s J, which is at the heart of the present thesis, is thus a crucial
ingredient for any realistic theory of correlated electron systems.

This thesis is divided into three parts. The first part is dedicated to an introduction to popular
first principles approaches. In particular, we present the basics of the DFT-LDA and Hedin’s
framework for many-body perturbation theory (Chapter 2). We then describe the LDA+DMFT
scheme, and insist that its combination with cRPA in principle makes this method fully ab initio
(Chapter 3).



xi

In the second part of the thesis, we first review the various definitions of U found in the
literature (Chapter 4). Once we have introduced conceptually the cRPA method, we turn to the
technical developments of the implementation within the (L)APW+lo framework (Chapter 5).
We discuss the parametrization of the Coulomb interaction matrices in terms of Slater integrals,
as well as aspects related to the energy dependence of electronic screening. Finally, we discuss
the combined LDA+cRPA+DMFT scheme, that consists in using the calculated interaction pa-
rameters within LDA+DMFT calculations. In Chapter 5, we introduce a projection approach for
calculating Hubbard and Hund interactions in the case of entangled bands.

The third part of the thesis is devoted to applications of this machinery to interesting corre-
lated materials, such as transition metal oxides. Chapter 6 is devoted to benchmarks on SrVOs;
as well as on and iron-based pnictides (LaOFeAs, FeSe, BaFe;As,, BaRusyAs,). The projection
method is tested on the 3d transition metal series.

In Chapter 7 we discuss the series of 3d and 4d perovskite compounds StMO3; (M =V,
Cr, Mn, Nb, Mo, Tc) and SrsMO, (M = Mo, Tc, Ru, Rh), with particular emphasis on the de-
pendence of the parameters on the choice of the low-energy model. Furthermore, trends for the
Hubbard U and Hund’s exchange J are identified for 3d and 4d transition metal oxides. We show
that the interplay of the screening and of the localization of the basis that spans the correlated
subspace, can induce strong deviations from the expected atomic trends.
Two LDA+cRPA+DMFT studies in which we have contributed with the cRPA calculations, are
finally introduced in Chapter 8. The first one elucidates the differences between the layered per-
ovskite paramagnetic metal SroRhO, and the isostructural and isoelectronic but Mott insulating
SryIrQy, in collaboration with C. Martins et al. [Martins ef al. (2011)]. The second deals with
the rare-earth fluorosulfide CeSF compounds in collaboration with J. Tomczak, L. Pourovskii et
al. [Tomczak er al. (2012)]. The color of these promising pigments can indeed be interpreted
now from fully first principles LDA+DMFT calculations.
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Chapter 1

Introduction to Correlated Materials

1.1 Concepts

A solid is ideally defined as an ordered state of matter, made of nuclei and surrounding electrons.
The positions of the nuclei are repeated periodically in space. The knowledge of those inside
the primitive unit cell are enough for specifying the crystal. A first approximation, known as the
Born-Oppenheimer approximation, consists then in dissociating the dynamics of the electrons
from the one of the nuclei : it can be seen as an adiabatic approximation, justified by the several
orders of magnitude difference between the electronic and the nuclei masses. In some cases, it
may be important to relax this approximation, in order to study the dynamic lattice deviations but
this will not be addressed in this work, where we always consider that the Born-Oppenheimer
approximation is well-founded. Similarly, we will not deal with any other sources of disorder or
surface effects, which would affect the periodicity of the lattice.

Within these approximations, we may write the general Hamiltonian formulation (using
Hartree units) for a solid with N, electrons, as used in first principles approaches (see Chap-
ter 2) :

Ne 2

v 1d 1
H = Z[—7+v(n)}+§;m. (1.1)

v(r) is a static periodic potential that is created by the nuclei and felt by the electrons. The
second term is the general formulation of the Coulomb interactions between electrons, which
generates the many-body effects. Depending on the materials, these effects can have dramatic
consequences on the properties of matter, like (non-exhaustive list) : structure, phase transitions,
conductivity, optics, magnetism, phonons, etc.

The simplest model we can think of at the beginning, would consist in merely neglecting
all interactions between electrons. Then electrons would only feel the one-body potential that is
created by the nuclei. In the so called tight-binding approach, the nuclei generate a local atomic
potential that captures most of the electrons, or core electrons, whereas the others, or semicore
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and valence electrons, are able to tunnel from one atomic site to another. These electrons are in
particular responsible for the chemical bonding that ensures the cohesion in a solid. Even if it
appears very crude, this approach tends to be surprisingly successful in some cases. In particular,
it creates the picture of bands in solids, which is a very fundamental concept illustrated below.

In the following, Bloch’s theorem is introduced as well as band picture which are concepts
at the heart of solid state theory.

Bloch’s theorem : Bloch’s theorem relies only on the periodicity of the lattice and is thus
considered as a very foundation of solid-state physics. It states that the translation operator and
the Hamiltonian of the system share a common set of eigenstates. It follows that eigenfunctions
Yy (7) of the solid can be written as

Ur(r) = e*Tup(r) with wug(r+ R) = ug(r) VR € Bravais,

where k is a reciprocal lattice vector inside the first Brillouin Zone (BZ).

Band picture : In the limit of a large crystal, the spacing of the k points tends to zero and
k can be considered as a continuous variable. For each k, there is a discrete set of eigenvalues
€k, that can be labeled by an index v that defines the band index. A portrait of the spectrum in
a solid can be established at this level, involving a set of bands, 17, (r), of given energies, and
regions called gaps where there are no eigenstates for any k. The spin-degree of freedom o has
to be added in the definition of the Bloch states, since the filling of the bands will depend on the
spin of the electrons. This comes from the Pauli exclusion principle, which states that each band
can accommodate no more than two electrons with opposite spin per cell.

Wannier functions

We benefit from the introduction of Bloch states, in order to introduce the concept of Wannier
states, which will play a key-role when focusing on the many-body effects in the latter. Intro-
duced by Wannier [Wannier(1937)], in order to get functions centered on the atomic positions
of each unit cell of the crystal, the Wannier functions ¢%; are the Fourier transformation of the
Bloch states ¢7,,

1 )
FL(r) = \/—NZe‘Z’“'szyL(r), (1.2)
k

where N is the number of k vectors in BZ, R a translation vector of the Bravais lattice, L is
a combined index for the orbital character (n,l, m,«) of atom «, v, the band index with L
character and o the spin degree of freedom. Wannier functions are not uniquely defined, since
any orthogonal linear combination of Wannier functions is again a Wannier function. By calling
U l’fy a given unitary transformation matrix from Bloch to Wannier states, this leads to the more
general definition :

1 )
Phulr) = o > e ENUE, v, (7). (1.3)
k vy,
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This degree of freedom explains the variety of Wannier bases which we are able to build in
electronic structure calculations. We come back to this point in Chapter 3.

1.2 Weakly correlated materials

Weakly correlated materials exhibiting broad energy bands are prototypical systems where the
independent-electron picture is a good approximation. The interaction effects can indeed be
formulated as a “dressing” of the electrons (or holes), leading to the concept of quasiparticles in
terms of Landau theory. Within this theory, the quasiparticles are independent entities but with
renormalized properties and finite lifetime. For weakly or moderate correlated systems, Landau
theory gives a good description of the coherent excitation spectrum, defining the concepts of a
Fermi liquid. It is indeed remarkable that the photoemission experiments on such materials gives
results that coincide so well with the characteristics predicted for a Fermi liquid.

Weak correlations also allow for perturbative developments around the noninteracting case.
Hartree and Hartree-Fock theories give in general not so bad estimations of insulating gaps for
atoms or molecules but usually fail when calculating quasiparticle energies in solids. The GW
approximation- as a generalization of the Hartree-Fock approximation (see Chapter 2)- has the
merit of leading to more reasonable values. It has been applied with success to a large class of
materials, e.g. semi-conductors and simple metals [Aryasetiawan and Gunnarsson(1998)].

Nevertheless, the incoherent features of the electronic spectra - like the atomic-like Hubbard
satellites - are intrinsically beyond Landau theory of Fermi liquids and any band picture. Strong
correlations in given systems even cause the breakdown of the concept of quasiparticles [Imada
et al. (1998)]. This explains why such materials require a point of view that differs from the
one-particle picture.

1.3 Strongly correlated materials

According to the independent-electron approximation, there is no ambiguity for a material to
be metallic or insulating. Filling the bands with an odd number of electrons would always
lead to metallicity since the conduction band is partly occupied. However nature behaves dif-
ferently. Insulating states have been observed for many compounds that were predicted to be
metallic because of their odd number of electrons. Such insulating state - whose origin is differ-
ent from the band insulating one - is called a Mott insulator (for a review, see in particular [Imada
et al. (1998))).

The Mott insulating state originates from strong electronic correlations and is thus beyond
any one-electron descriptions, which oversimplify the interactions. Two processes actually com-
pete for the electronic dynamics within such materials. One emerges from the kinetic energy
which makes the valence electrons itinerant along the solid and thus spending a short time



6 Introduction to Correlated Materials

near each atom. Such electrons are well described within a wave-like picture. The compet-
ing phenomenon is due to the electronic Coulomb repulsion which increases the time spent by
valence electrons around the atoms and, if it is large enough, even prevents one electron from
occupying an already occupied atomic site. It thus tends to freeze the electronic displacements
and is better described within a particle-like picture. A pedagogical discussion can be found
in [Georges(2004)].

Since the bandwidth gives an estimate of the kinetic energy, narrow bands around the Fermi level
correspond to less itinerant states which are therefore subject to strong correlation effects. Itis the
intermediate situation where electrons struggle between localization and itineracy. Very schemat-
ically, beyond a certain critical ratio of interaction over bandwidth, the Coulomb repulsion may
triumph over the itineracy of the charge carriers and localize them around their atomic sites,
leading to a Mott insulating state. But even for a ratio that is smaller than the critical one, thus
in favor of a metal, electronic behavior is expected to be strongly affected by correlation effects.
It is indeed important to mention here that scenarios only based on such ratio can oversimplify
the reality, as materials can be “strongly correlated” even if the intra-orbital Coulomb repulsion
is much smaller than the bandwidth (e.g. due to Hund’s coupling, see [Werner er al. (2008), de’
Medici ef al. (2011)] and applications for pnictide families [Haule and Kotliar(2009), Aichhorn
etal. (2010)]). The “strongly correlated” character may also rely on the observables investigated,
since two-particle quantities, e.g. magnetic moments in pnictides [Hansmann ez a/. (2010), Toschi
et al. (2012)], can be more affected by correlations than single-particle ones.

Materials for which any band theory fails are called strongly correlated. This means that
they can display modified metallic properties or even enter a metal-insulator Mott transition with
pressure, temperature or doping. Looking at the Mendeleiev classification (Fig. |.1), they usually
contain valence electrons within d or f-shells, since d or f-atomic orbitals are less extended than
the s and p-ones. This naturally makes the d and f-electrons “fighting” between itineracy and
localization. For example :

e transition metals : particularly 3d elements from titanium (Ti) to nickel (Ni).

e transition metal oxides : d' systems such as LaTiO3 or YTiO3 are Mott insulators according
to the photoemission experiments, whereas they would be metallic in band theory. Oxides
like VO, or V5,03 display a rich phase-diagram with metal-insulator transitions.

e transition metal chalcogenides : 1T-TaS; is an example of a compound exhibiting metal-
insulator transition that is driven by an instability of the electron-lattice coupling.

e rare earth (4 f) and actinide (5 f) compounds.

e in some cases such as the organic compounds, also the p-shells can be affected.

It thus appears fundamental to build a model that is capable of catching all these fea-
tures. This is the great merit of the Hubbard-Kanamori-Gutzwiller model [Hubbard(1963),
Kanamori(1963), Gutzwiller(1963)] - we will refer to it as the Hubbard model in the follow-
ing - which, in a sense, contains both, wave-like and particle-like physics. Originally, this model
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only dealt with single orbital cases, but it has been extended to the case of multi-orbital problems
as shown below (see for example [Auerbach(1994)] for a pedagogical introduction).
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Figure 1.1: Periodic classification of elements.
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1.3.1 The Hubbard model

Rewriting the Hamiltonian (Eq. 1.1), but using a ﬁeld—theory formulation of the solid, it follows :
Z / drl(r)| - 7 + VI (1) | 0y (r)
+§ Z / drdr' Wl (r) U, (r Ve (r, 1) o () Uy (7), (1.4)

where U, (r), Ul (r) are the field operators that respectively annihilate and create an electron
with spin o at r Vion(p) corresponds to the one-body potential generated by the nuclei and
vee(r,r') = p—l r,| is the two-body Coulomb potential. The interacting part (second term) is
restricted to a scattering event between two electrons.

It is convenient to absorb the static mean-field potential v°[p] into the one-particle part of

the Hamiltonian. As a mean-field approach, this effective potential is a functional of the charge
density p(r) and has to be determined self-consistently. This is the essence of density func-
tional theory, in which the effective potential v*5[p] is defined as the Hartree plus the exchange-
correlation potential (see Chapter 2 for an introduction to density functional theory). It results
for the renormalized interaction potential yee [Auerbach(1994)] :

Vel r) = Vel ) - o) + o)) (1.5)

e

The Hamiltonian can then be separated into a one-particle part Hy :

Z/dr\lﬁ - 7 + V(1) + o p] (’r)] U, (r), (1.6)

and an interacting part My, :

Hp = —Z/drdrqﬁ ()L, (P YV, 7 ) U o (7)) T o (7). (1.7)

Expanding the field operators into the Wannier basis {x® (r)} previously introduced (where
L = (n,l,m,«) is an index for the orbital character (n, [, m) of the atom « in the unit cell) :

> X () (1.8)
R,L

where ¢, c‘gL are respectively the annihilation and creation operators of the Wannier states, we

can write the Hamiltonian in this Wannier basis as follows :

Ho = Y 7 "Chucrue (19)

RR' Ll o

1 R
_ 1RoR3R4,00" 1 T
Hine = 3 E E E ULt CRip1oCRLsoCly ot CRoLao? - (1.10)
RiRoRsR4y L1LoLsLy oo’
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The real space hopping amplitudes are defined as

!0 * v2 ion €
by 7 = / dr[f ()" |5 + V' () + o)) | X (). (1.11)
and the well-known Hubbard parameters as
Ui, 7 = / drdr [ 3o ()] D (7)) Ve (XL (PN (). (112)

The calculation of U ﬁﬁfgf‘h””’ is at the heart of this work. In the following, the spin indices

(0,0") for Uﬁﬁiﬁz’f“’” will be omitted, because only spin unpolarized calculations will be

carried out throughout this thesis.

Such formulation is the most general one, but much simpler Hamiltonians are considered in
general. In the case of the Hubbard model, the real space hopping amplitudes are restricted
to nearest and next-nearest-neighbor hopping terms and only the local intra-atomic part of
the interacting Hamiltonian is treated. If, furthermore, one only keeps density-density inter-
action terms, the Hubbard model (easily generalized from the original single-orbital Hubbard-
Kanamori-Gutzwiller model) reads as :

Hy = > > e, (1.13)
(ij).o LL’

Hy = Y > Uiiming, (1.14)
¢ LL' oo'

Ues, = yoe’ (1.15)

where 4, j run over all atomic sites and nf;, = c‘i’gch. 77, are defined as the reduced interaction
matrices. Common many-body methods (e.g. LDA+DMFT, see Chapter 3) explicitly deal with
such local interacting Hamiltonian, whereas the long-range Coulomb interactions are assumed
to be reasonably taken into account by the band structure approaches to H,. The interaction
Hamiltonian can also be extended to non-density-density terms as given in Chapter 5 (Egs.

and ).

In a nutshell, the picture of the interaction processes within the Hubbard model is the fol-
lowing : electrons with opposite spins on the same orbital are sanctioned by U = U7? (local
intra-orbital interaction), whereas the inter-orbital interaction, UZ;/L/, is lowered by Hund’s ex-
change and implicitly spin-dependent because of the Pauli principle (see Chapter 4 and Chapter
5 for further developments, in particular Fig. 5.2). The interacting part of the Hubbard Hamilto-
nian is diagonalized in a particle-like localized Wannier basis whereas the kinetic part requires a
wave-like basis. This proves the ability of the Hubbard model to deal with the electronic hesita-
tion between itineracy and localization.

Before concluding this part, we would like to add a remark about the renormalized Coulomb
potential V(7 7') introduced in Eq. 1.5. The matrix elements of V*¢(r,r’) expanded into
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a localized basis of the lattice, lead to the Hubbard parameters as shown in Eq. . In this
scheme, the static screening effects of the high-energy excitations have been integrated out. In
a sense, this will have similarities with the constrained-Random Phase Approximation (cRPA)
method in Chapter 4. The screening is a key quantity to investigate. Without any screening, the
typical order of magnitude of the Coulomb interaction would be around 20 eV, thus several times
bigger than any typical kinetic energy. Nature in this case would not be able to generate metallic
phases!

We illustrate this point in the next paragraph employing the homogeneous interacting electron
gas in the Random Phase Approximation (RPA) - such system is a general starting point for
modeling solids.

1.3.2 Homogeneous interacting electron gas

The idea that solids can be reasonably approximated by an homogeneous electron gas, is at the
heart of numerous developments in the field of condensed matter, in particular in the density
functional theory of Kohn and Sham [Kohn and Sham(1965)]. The homogeneous interacting
electron gas is thus an excellent starting point for the introduction of concepts that are developed
throughout this work, especially for the screening polarization in the Random Phase Approxima-
tion (for a textbook, see [Bruus and Flensberg(2003)]).

The simplest model for the interacting electron gas is the jellium model. In the limit of high
electronic density, it is possible to perform a perturbation expansion of the ground state energy
around the non-interacting solution, but the divergent behavior of the second order implies to
consider an infinite order of perturbation. Green’s functions formalism provides a very pow-
erful machinery for studying the problem. A self-energy quantity is introduced that links the
bare Green’s functions to the interacting ones via a Dyson equation. Using Feynman’s rules,
a diagrammatic expansion of the self-energy involving bare propagators G°(k,iw,) and bare
Coulomb interaction lines v(q), can be constructed. For each given order, the diagrams with the
highest divergence numbers are the most relevant.

Random Phase Approximation (RPA)

The Random Phase Approximation (RPA) consists in approximating the self-energy by an infi-
nite sum of diagrams of all orders, but only the most divergent one for each order is kept [Bruus
and Flensberg(2003)]. In other words, all the interactions that are felt by the electrons, aver-
age out because of their “random phases”, except the Hartree term (Eq. 2.3). This leads to the
effective potential which is given below. As shown in Fig. 1.3, the sum is factorized by the
pair-bubble that corresponds to the polarization P°(q, iv,) at finite temperature (iv, (iw,) are
bosonic (fermionic) Matsubara frequencies) :

2 1 1
0 . _ 0,0 . _ =
PO(q,ivn) = [G G }(q,wn) - 5Z/dkwn+m_&+qmn_€k, (1.16)

iwn,




1.3 Strongly correlated materials 11

where G°(k, iw,) = —L+ is the bare Green’s function of momentum k with the energy &, with

iwn—E€k

respect to the Fermi level and we note that the spin summation leads to a factor 2.

At this level, it is rather intuitive to introduce a renormalized interaction line WRPA(q, iv;,)
that connects the self-energy YR to the bare Green’s functions. Such reformulation of the
interaction is at the basis of Hedin’s equations introduced in Chapter 2. Using a Dyson-like
equation approach (Fig. 1.4), it follows :

WRPA((L wﬂ) _ v(q) 4mr

1 —v(q)P°(q,iv) TP AT PY(q, ivy)’ (1.17)

In the static, long-wavelength limit g — 0, it is interesting to observe that the screened interaction
TWRPA has a Yukawa form with the so called Thomas-Fermi screening wavenumber k; :

47

RPA 2 _ 0
which leads to the screened potential in the real-space :
efks|r7'r/|
WRA(p ) = (1.19)
r =

""screening holes" ® O

Figure 1.2: Schematic view of the electronic rearrangement when adding an extra negative charge, as simulated
in the linear response theory. The local depletion of the surrounding negative charges induces an effective “hole
screening” which lowers the effective electron-electron interaction.

Interpretation of the RPA polarization

The polarization is defined as a response function of the charge density upon a change in the total
field applied. It is easier to visualize it at the static limit in the real-space (see Fig. 1.2).

The introduction of an extra charge, e.g. an additional electron, locally induces a potential that
generates a depletion of the surrounding negative charges which is compensated by an increase of



12 Introduction to Correlated Materials

ZRPA(k,ia)n)Ek-q +4 . % OO

G%(k-q.iw, - iv,)

k', iw,

P (qiiv,)

k'-q,iw,-iv,

Figure 1.3: Diagrammatic interpretation of the RPA approximation. The sum in the self-energy is factorized by
the pair-bubble corresponding to the RPA polarization P°(q, iv,,) where v, are bosonic Matsubara frequencies. The
self-energy in RPA then reads as the bare Green’s functions times the fully screened interaction WRPA, This gives a
kind of introduction to the GW method described in Chapter 2.

positive charges. The effective repulsion between this trial charge and the other negative charges
is lowered due to the screening induced by the (opposite sign) positive charges.

This picture then needs to be extended to the dynamical case, where charges in solids can form
excited electron-hole pairs. The hole left by the excitation of an electron induces a hole-screening
among the electrons. This effect tends to disappear when the frequency is so high that charge
fluctuations become frozen. It follows that the polarization goes to zero at high frequency and
the repulsion goes to its unscreened value.

For the homogeneous electron gas, the RPA polarization from Eq. is obtained by tradi-
tional frequency summations [Mahan(1990)] :

dkf(§k+q — f(fk))

Slorqg — & — iy

Pq,iv,) = 2 (1.20)

where f(&) is the Fermi-Dirac distribution. In the static, long-wavelength limit ¢ — 0 and at low
temperature, it follows :

P’(q —0,0) — —plep) for kT < ep. (1.21)
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O

Figure 1.4: Diagrammatic interpretation of the Dyson-like relation that connects the fully screened interaction
W in RPA to the bare interaction v via the RPA polarization. Further details can be found in [Bruus and Flens-
berg(2003)].

p(er) is the electronic density at the Fermi level. Injecting it to Eq.

WRPA (g —0,0) — (1.22)

pler)

A static long-range screening is thus induced by a finite number of carriers at the Fermi level.
Extrapolating to solids, the long-range interaction in metals is quickly screened by electron-hole
transitions around the Fermi level, with a range of the order of the inverse of the Thomas-Fermi
screening wavenumber. This is not the case for insulators where the effective interaction is
longer-range.

We mention that an approach based on the evaluation of a screened Yukawa-type Coulomb inter-
action with Hartree-Fock wavefunctions in solids was introduced by [Norman(1995),Brooks(2001)].
By selecting the Thomas-Fermi wavevector of the Yukawa potential, left as an adjustable param-
eter, in order to fit the photoemission spectra for NiO, a good agreement can be obtained with
experiments.
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Chapter 2

First Principles Approaches for Materials

A great motivation for first principles approaches is to calculate the properties of a system with-
out introducing any bias. Such approaches indeed solve the Hamiltonian of Egq. within
the Born-Oppenheimer approximation only. Several schemes can be found in both quantum
chemistry and condensed matter physics. We start with the description of density functional
theory (DFT) - a very popular and powerful framework. We then give a short description of
wavefunction-based approaches like Hartree-Fock, which give reasonable results for molecules
but miss the screening effects in solids. The problem of screening is explicitly addressed in the
GW approximation to Hedin’s equations, described at the end of the chapter.

2.1 Ground Zero : Density Functional Theory (DFT) picture

A first density functional theory of quantum systems has been proposed in 1927 by Thomas
and Fermi. Both derived an energy functional for electrons in an external potential, but making
crude approximations for the electronic interactions. Their approach thus appeared unadapted
for the description of electrons in matter. The great merit of the work of Hohenberg and Kohn
in 1964 was to formulate density functional theory as an exact theory of many-body systems via
two theorems given below [Hohenberg and Kohn(1964)]. The demonstrations of these theorems
can be found in the textbook of [Martin(2004)]. Later, an alternative and also more general
formulation was proposed by [Levy(1982)] and [Lieb(1983)], which makes the formalism for
deriving energy functionals more intuitive. In 1965, Kohn and Sham introduced an ansatz -
leading to the set of Kohn-Sham equations - which allowed for approximate functionals for real
systems [Kohn and Sham(1965)]. More details about DFT and applications can be found in the
reviews [Jones and Gunnarsson(1989), Kohn(1999)].
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2.1.1 The Hohenberg-Kohn theorem

The Hohenberg-Kohn theorem asserts that

e it exists a one-to-one mapping between any external potential v*'(7) and the ground state
density po (7).

e all properties of any interacting system are exactly determined through the knowledge of
the ground state density po(r).

e a universal functional for the energy E[p] in terms of the density p can be defined, for
any external potential. The ground state energy Fy = E[po| of any interacting system is
then obtained by a Rayleigh-Ritz variational principle, such that : Vp, Ey < F[p| and the
density py is the exact ground state density.

These theorems lead to the following statement : for ground state properties, the many-body
problem can be exactly cast into a one-particle effective potential.

However, it is far from being the end of the story. The Hohenberg-Kohn theorems only
prove that such one-particle potential exists, without indicating how to calculate it. This is
the major bottleneck of DFT. In practice, one needs to formulate approximations in order to
estimate this potential. Various approximations have been formulated and are reviewed, e.g.
in [Capelle(2006)].

We conclude with the following energy functional, as it is usually introduced within DFT [Mar-
tin(2004)] :

Elp] = Flp]+ / v (r)p(r), .1)

where F'[p| is a universal functional that includes the kinetic energy of the interacting system as
well as the potential energy of the interacting electrons. In particular, it contains the Hartree term
EHaree of the interactions, which is a static mean-field approximation where an electron feels the
potential vH¥t¢ jnduced by all the other electrons (in Hartree units) :

artree 1 !/ r ,r./
EH t [p] = §/d3’rd3’r% (22)
/ fr/
pHaree () / dr | f (_ 2,|. (2.3)

2.1.2 The Kohn-Sham equations

In 1965, an important step for first principles approaches was reached with the development of
the Kohn-Sham equations [Kohn and Sham(1965)]. This development has also enjoyed a great
popularity. Kohn and Sham, indeed, proposed a scheme for replacing the many-body problem
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by an equivalent non-interacting one. Their idea is based on the mapping of the interacting
electronic system into an effective model of independent particles, subject to an external Kohn-
Sham potential v¥5, but with the same ground-state density as the original system. Such ansatz,
in a nutshell, involves independent particles but with an interacting density. This approach brings
back into play a set of Schrodinger-like equations, but employing now the one-body potential v%5.

Assuming the existence of such fictitious non-interacting system with the same density p as
the original interacting one, the energy functional from Eq. can be written as follows :

EM==EM+/£WWMW%HWWM+&ML (2.4)

where T};[p| is the independent-particle kinetic energy and EMa™ is the self-interaction energy
with density p (Eq. 2.2). All many-body effects comprising exchange and correlation events, are

grouped into the exchange-correlation energy E.,.[p]. Comparing Eq. from Hohenberg-Kohn
functional with Eq. 2.4, the following relation for E,.[p] can be extracted :
Euolp) = Flp| — Tulp] — E[p]. (2.5)

Due to the stationary of the total energy functional E|[p| with respect to the density, the
Kohn-Sham potential v** can be introduced as

SSplr) = o)+ () 4 ol r), 6

where vfree = [ @3p/ L (") is the Hartree potential (Eq. 2.3) and v*[p] is the exchange-correlation

r—7|

potential defined as follows :

ofol(r) = . @.7)

The many-body problem is therefore simplified to the following independent Schrédinger-
like equations - or Kohn-Sham equations :

I )| v(r) = enstiunl), 3)

2m

where 1, (r) are the Kohn-Sham eigenfunctions of the one-particle fictitious system and €,
the Kohn-Sham eigenstates. It is important to insist on the fact that no approximations were
introduced so far by describing the interacting system within such an effective model. If an
expression for v™[p] or E*[p] was explicitly known, this mapping would even be exact. Ap-
proximations are however required for the exchange-correlation functionals and are described in
the next paragraph.

Once a choice for calculating v has been done, the set of Kohn-Sham equations (Eq. 2.8) has to
be solved self-consistently, since the Kohn-Sham potential is a functional of the density (Eq. 2.6).
The self-consistency condition reads as :

pr) = Y [uk(r). (2.9)

Enk<€F
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We conclude this part with a remark on the physical meaning of the Kohn-Sham eigenstates.
The only thing that the original interacting system and the fictitious non-interacting model have
in common is the ground-state density. It implies that the Kohn-Sham eigenfunctions are only
auxiliary quantities and are not supposed to describe the excitations of the system. Their spectra
have therefore no reason to have any physical meaning. Furthermore, approaches identifying
these wavefunctions to the “true” states of the interacting system, are in principle not well-
founded. However, such approaches give surprisingly good results compared to experiments.
This justifies their popularity.

2.1.3 The Local Density Approximation (LDA)

As explained previously, approximations to the exchange-correlation functional F,.[p] are nec-
essary, in order to solve the Kohn-Sham equations. Several procedures have been developed, but
none of them are fully satisfactory. The task is especially hard, when electronic correlations are
strong.

In this thesis, we will always use the approximation called local density approximation
(LDA), which may be one of the most popular approximations to the exchange-correlation func-
tional. Even if it is not a well controlled approximation - and this will have consequences on the
double-counting problem (see Chapter 3) when going beyond DFT-LDA - it is the easiest one.
Other approximations to the exchange-correlation functional are reviewed in [Capelle(2006)].

The local density approximation (LDA) consists in making the following assumption

EWPA] = / &1 p(r)etPA (p(r)), (2.10)
LDA

where €;)%(p) is the exchange-correlation energy density of an homogeneous electron gas with
density p. It means that the exchange-correlation energy with density p(r) is locally approx-
imated to the exchange-correlation energy of the homogeneous electron gas, whose density is
uniform and equal to p(r). The consequence is that £PA becomes a function of p(7) and is not
a functional anymore, even if it does not have an analytical expression. Using Quantum Monte
Carlo algorithms, Ceperley and Adler have calculated the exchange-correlation energy of the
homogeneous electron gas with different densities. This leads to interpolation formulas for any
density [Ceperley and Alder(1980)]. Such formulas are very practical to use and justify the pop-
ularity of the LDA approximation. In quantum chemistry, efforts have also been addressed to
design material-adapted functionals, in order to get DFT results that are closer to experiments,
but theoretical justifications are missing and we will not use any of these functionals in this work.

We finally mention the extension of DFT-LDA to spin-polarized calculations in order to
include non-homogeneous spin densities. This is called DFT-LSDA. Hohenberg-Kohn theorems
and Kohn-Sham equations are easily supplemented with a spin index. It is more subtle for the
local approximation of the exchange-correlation functional. The exchange energy ELPA[p] is
straightforwardly given by

E:PMpr(r), pu(r)] = %( o 2or (7)) + B 20, (r))), (2.11)
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but there is no such formal expression for the correlation part. The correlation part, in prac-
tice, can be directly constructed from the spin-densities or defined in a similar manner than the
exchange energy but without well-founded justification.

2.1.4 Basis sets : Linearized Augmented Plane Waves (L) APW-+lo

Density functional theory has been implemented in numerous bases, differing from each other
by their cost at the numerical level and by their accuracy. Localized functions emerging from
the tight-binding approaches, are extensively used in quantum chemistry and give an intuitive
description of the electronic structure and bonding, but the orbitals must be chosen for each
given system in order to be effective. There is therefore a loss of generality that goes against the
ab initio engineering. Pseudopotential approaches, by replacing the strong Coulomb potential of
the nucleus by an effective ionic potential applied to the valence electrons, are very promising
but are still not as much accurate as the augmented approaches, which rely on the partition of
the space into muffin-tin spheres (MTS) centered on the nuclei and interstitial regions. Such
augmented methods have been originally introduced by Slater [Slater(1953)], who proposed an
augmentation of the interstitial regions by plane-waves (IPW). They gave birth to the two popular
basis sets which are commonly used in first principles calculations :

e the muffin-tin orbital basis in its linear version, linear muffin-tin orbitals (LMTO) [Ander-
sen(1975)] and its Nth-order version (NMTO) [Andersen and Saha-Dasgupta(2000)].

e the augmented plane waves (APW) and their descendants. Such approaches are reviewed
in [Singh(1994)].

The main advantage of APW bases resides in the plane wave representation between the atoms
for the smooth varying part of the wavefunctions, and in radial functions times spherical har-
monics inside the muffin-tin spheres for the rapidly varying part close to the nuclei. In contrast,
the great disadvantage is that the basis functions are energy-dependent and thus the equations
for matching the functions at sphere boundaries are non-linear. This drawback is avoided when
using the linearized augmented plane wave (LAPW) framework, which consists in building aug-
mentation functions as linear combinations of a radial function and its energy derivative at a
chosen fixed energy [Singh(1994)].

It exists other improvements (see below and Appendix A for details) that are currently used
in modern electronic structure codes like WIEN2K [Blaha er al. (2001)]. These methods are
usually said all electron : although the core and valence electrons are not treated in the same
way, their density are both calculated self-consistently along the DFT cycles and they are both
used for evaluating the Hartree and the exchange-correlation potentials.

The division of the unit cell in muffin-tin spheres (MTS) S, where o denotes an atom
of the unit cell, and interstitial regions (IPW) between the spheres (Fig. 2.1), generates a dual
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Figure 2.1: Schematic representation of the (L)APW-+lo space partition. The space is divided into the muffin-tin
spheres S, around each atom «, whereas the interstitial regions between the spheres are filled with plane waves.

representation for the potential v¥5(7) :

oS (1) — { Zg e'“"vg if r € IPW
iy ZM 2 VimYoum(r) ifr e S§p.

G are reciprocal vectors of the lattice and Y7, refer to spherical harmonics. In contrast to the
pseudopotential approaches, there is no approximation to the potential here, hence leading to the
full potential qualification of the method.

The eigenfunctions ¢, (7) of the Kohn-Sham Hamiltonian are then expanded into the (L)APW+lo
bases as follows. We add that the (L)APW basis functions can be supplemented by a set of local
orbitals (indexed by lo and LO letters, see below). More details are given in Appendix A.

Npw
W7 (r) = \/_Z (k) FTET if r € IPW
Npw
= ) gk ZA“’“*G O, B Yim (0, 0) if 7 € S$p
G
Nio

+ D ARy (r BR) + Byt (r, B9 i (6, )

?’Llo—l
Npo

+ > SIAR U (r, B + CootOu (r, B i (0, 0). (2.12)

nLo= 1

The expressions for the coefficients Ay, By, Cp, can be found in Appendix A. (v, o) refer
to the band and spin indices, respectively. € is the volume of the unit cell and G are reciprocal
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vectors of the lattice. Npy is the total number of plane waves for representing interstitial regions,
whereas Nj,(NLo) is the number of local (Local) orbitals (Orbitals). (ES, ES) are linearization
energies that depend on the atom « and the orbital index /. The matching at the sphere boundaries
for the (L)APW+lo basis functions is done with a linear combination of radial functions at a ref-
erence energy E7f;. Such procedure is not convenient for semicore states. A method employing
Local Orbitals (LO) with two linearization energies (E£¢, ES) and only for these semicore states,
was introduced by [Singh(1991)] and leads to a better accuracy.

In 2000, APW methods have been revisited by [Sjostedt er al. (2000)] : the introduction of a
set of local orbitals (lo) involving radial functions and their energy derivative, allows for a better
flexibility of the APW bases.

Generally, in full-potential augmented plane-wave frameworks (e.g. in WIEN2K code), the
LAPW, APW-+lo and LO types of orbitals can be used simultaneously.

2.1.5 Merits and failures of DFT-LDA

The popularity of DFT-LDA approaches resides in the results obtained for a wide class of materi-
als that are surprisingly good with respect to experiments. In particular, the lattice parameters of
simple crystals can be obtained with high accuracies (errors of the order of 2 — 3%) [Imada and
Miyake(2010)]. Another example is the determination of the ionization energy in molecules and
the cohesive energy in solids with errors of the order of 10 — 20%. Another great advantage of
such approaches is their high computational feasibility, which makes possible to consider more
and more complex systems with growing computer power.

However, the energy functional, which is formulated from the Hohenberg-Kohn theorems,
is only valid for the ground-state. No information is thus directly given for the excitations - ex-
cept for the highest occupied state that has to correspond with the ionization energy - whereas
experiments, like photoemission, transport or optics, are used as probes of the excitation spectra.
Even if it is tempting to identify the Kohn-Sham energies with the true excitations of the sys-
tem, it is not well-founded theoretically. However, many DFT-based approaches usually make
such correspondence. Nevertheless, the Kohn-Sham eigenvalues and eigenfunctions can be used
as auxiliary quantities for constructing physically meaningful quantities, as in the fixed-node
diffusion Monte Carlo and many-body perturbations calculations [Foulkes er al. (2001)].

The main bottleneck of DFT remains the approximations that have to be made for evaluat-
ing the exchange-correlation energy. In the case of strongly correlated materials, like transition
metals and their oxides or rare-earth compounds, DFT-LDA spectra (or any other general approx-
imation than LDA) do not qualitatively agree with experiments. For these systems including, for
instance, open d or f-shells, electrons may struggle between itineracy and localization, whereas
DFT-LDA spectra generally exhibit a metallic electronic structure because of the partial filling of
the Kohn-Sham bands. DFT-LDA spectra are in particular unable to simulate the Mott insulating
spectra of materials like V503 [Imada er al. (1998)] or SryIrOy4 (see Chapter 8) : the electronic
correlations in these systems require a treatment that goes beyond the local density approxima-
tion of the exchange-correlation functional.
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Some of the other LDA drawbacks can be attributed to the presence of a spurious self-interaction
term in the local approximation to the exchange. It would require a proper cancellation whereas
it is roughly approximated [Martin(2004)]. This motivated methods e.g. called self-interaction
correction (SIC) which are reviewed in [Svane and Gunnarsson(1990)].

2.2 Wavefunction-based approaches

Hartree and Hartree-Fock theories are two wavefunction-based approaches, that are often used
in quantum chemistry calculations for atoms and short molecules. They usually give reasonable
results, especially the post-Hartree-Fock methods [Martin(2004)]. However, their huge compu-
tational cost is a shortcoming when dealing with solids, in contrast to DFT. The point here is not
to present in details the technical developments of these approaches. We only plan to give their
essence for two reasons : they historically are at the basis of the treatment of the many-body
problems and they introduce some concepts like the exchange-correlation energy, which play an
important role in DFT. They both employ an effective potential that incorporates a part of the
real interactions.

Hartree approximation

Hartree proposed the easiest trial many-body wavefunction which corresponds to the product of
the single-particle wave functions ;(r). According to the variational principle, the many-body
problem is then reduced to a set of independent Scrodinger-like equations hff U

2
h?ff _ [_%_’_UHanree(,r,)_i_UiSIC(,r)] (213)
N A
WSy = —/dr’%, (2.14)

where oM () refer to the Hartree potential (Eq. 2.3) and we have incorporated the self-
interaction correction v, in order to cancel the unphysical part of the Hartree potential. In-
deed, a major drawback of the Hartree approximation comes from the fact that it does not in-
clude the Pauli exclusion principle when building the many-body wavefunction. Therefore, the
average distance between electrons are usually underestimated leading to an overestimation of
the ground-state energy.

Hartree-Fock approximation (HFA)

The easiest way of fulfilling the Pauli principle when starting from the single-particle wavefunc-
tions, is to build their anti-symmetrized product or Slater determinant, denoted ®. This leads to
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the following expectation value of the Hamiltonian, with an explicit reference to the spin degree
of freedom :

LELIED 9 SOt

S [t o e )

%, 03,035

——ZZ [ ity e, @i

The second term is the direct interaction, whereas the last one is the exchange interaction. Since
the case 7 = j is included in the exchange interaction, it nicely cancels the self-interaction
coming from the direct term. We remark that keeping only the direct interaction and its correction
from the exchange term would lead to the same results as in the Hartree approximation. By
means of the variational principle, an effective one-body potential (orbital and spin-dependent)
is obtained :

vy = VR(r) ol (r)
- = 1 Y(r)
) = =30 [drur (e A 2.16
Uge (T) g / r w] (T )wz (T ) ‘,,, — ,r/‘ w;f("') ( )

In the Hartree-Fock approximation (HFA), the only considered correlation comes from the Pauli
principle and leads to the exchange potential v, which lowers the energy interaction for parallel
spin electrons (Eq. ) and does not affect the interaction between opposite spin electrons. Such
effect is known as the exchange-hole interaction, resulting from the impossibility for same spin
electrons to occupy the same state. Formally, this is equivalent to a screening involving holes.
It is hence remarkable that actually even non-interacting independent parallel spin electrons are
subject to electronic screening. However, such screening is missed for electrons of opposite
spins.

Approaches beyond HFA propose to estimate a correlation energy able to lower the energy
computed in Hartree-Fock according to a theorem attributed to MacDonald [Martin(2004)]. Cor-
relation energy is a quantity that is more difficult to calculate than the exchange energy, which is
analytically known in cases like the homogeneous electron gas (for a discussion about exchange-
correlation energy, see LDA approximation in section 2.1.3).

For atoms, HFA usually works quite well [Aryasetiawan(2000)]. However, it is more prob-
lematic for solids : the gaps of insulating solids are severely overestimated because of the poor
treatment of the screening. For metals, HFA even predicts a vanishing density of states at the
Fermi energy. The problem of screening is addressed in a more rigorous way in Hedin’s equa-
tions and in the GW approximation which can be considered as a generalization of HFA but with
a screened Coulomb interaction.
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2.3 Hedin’s equations and GW approximation

2.3.1 Hedin’s equations

Using a Green’s function formalism, Hedin derived a closed set of equations that would provide
an exact solution to the many-body problem [Hedin(1965)]. The many-body effects are con-
tained in the self-energy operator which is non-local and energy dependent and is deduced from
screened interacting scatterings. The derivation of Hedin’s equations - using Green’s functions
or the Schwinger functional formalism - can be found in [Aryasetiawan and Gunnarsson(1998)].
We will content ourselves with the general expressions of the equations. In the following, all
space-time dependencies are written in terms of the combined index 1 = (71, ).

G(1,2) = G0(1,2)+/d(34)G0(1,3)Z(3,4)G(4,2) 2.17)
AL2,3) = 6(1,2)5(1,3) + / d(4567)§2&?)c;(4,6)0(7,5)A(6,7,3) 2.18)
PO,2) = —i / d(30G(1,3)A(3,4,2)G (4, 17) 2.19)
W(1,2) = v(1,2)+/d(34)v(1,3)P(3,4)W(4,2) (2.20)
$(1,2) = z’/d(34)G(1,3+)W(1,4)A(3,2,4). 2.21)

G, represents the bare Green’s function whereas G is the interacting one. P is the polarization
defined as the variation of the charge density p with respect to the total potential applied V =
VHartree + Vext .

P(1,2) = ;5—((1;). (2.22)

The polarization is seen as a scattering between electron propagators via the vertex function A :

5%(1,2)
3G(4,5)

A(1,2,3) = 6(1—2)6(2—3)+ /d(4567) G(4,6)G(7,5)A(6,7,3). (2.23)
W is the Coulomb interaction screened by the polarization. It relies on the inverse dielectric

function ¢71(1,2) = ?‘//(;l) and the bare Coulomb operator as follows :

W(l,2) = /d3 e 1(1,3)v(3 - 2). (2.24)

The self-energy ¥ is finally deduced from the time-product of G, W and A.

Even if the above coupled equations are exact, they are practically useless under such form,
because we do not know how to solve them brutally. It is not clear neither whether we should
use an iterative procedure. Appropriate approximations are thus highly desirable.
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2.3.2 The GW Approximation

The GW approximation (GWA) is the simplest approximation that can be used for solving
Hedin’s equations [Hedin(1965)]. It consists in starting from the bare Green’s functions to com-
pute the polarization as done in RPA and then consider the interactions at a mean-field level.
Only one cycle is usually performed. It follows that :

G(1,2) = Go(1,2) (2.25)
A(1,2,3) = 6(1,2)8(1,3) (2.26)
P(1,2) = —iG(1,2)G(2,17) (2.27)
W(l,2) = v(1,2)+/d(3,4)v(1,3)P(3,4)W(4,2) (2.28)
2(1,2) = iG(1,2)W(2,17). (2.29)

The last equation leading to the self-energy is the one that gives the name to the method. It is
given by a Hartree-Fock-like expression, with the major difference that the screened interaction
W is involved instead of the bare interaction. GWA may thus be regarded as a generalization of
HFA, but with a dynamically screened shorter-range Coulomb interaction. This is a clear im-
provement in terms of diagrammatic expansion, since the longer-range behavior of the Coulomb
potential would dramatically affect the convergence.

There is however no rigorous proof of the well-founding of such scheme and it is usually used
because of its ability to yield reasonable results with respect to experiments. LDA Kohn-Sham
Green'’s functions are often considered as initial guesses for GGy and then a “quasiparticle” cor-
rection to the LDA exchange-correlation potential is estimated from the calculated self-energy.
It follows a correction to the spectra, which appears to be surprisingly good for a wide range of
systems like simple metals and weakly correlated semiconductors and insulators [Aryasetiawan
and Gunnarsson(1998), Aryasetiawan(2000)]. The description of strongly correlated systems is
however not accessible by this method.

It exists several proposals that explore ways beyond GWA. We think in particular of a quasi-

particle self-consistent scheme by [van Schilfgaarde er al. (2006)]. Some efforts have also been
addressed in order to couple the merits of GWA with those of the dynamical mean-field the-
ory [Biermann et al. (2003), Sun and Kotliar(2002)].
Recently, the GW method has been implemented in a linearized augmented plane wave frame-
work ((L)APW+lo) [Jiang er al. (2012)] and has been coupled to LDA+U in order to open a
gap for magnetic phases [Gomez-Abal er al. (2008),Jiang er al. (2009)]. The combination with
LDA+U (for an introduction to LDA+U, see Chapter 3) can be seen as an approximation to the
GW+DMFT combination which is still some way into the future. In this procedure, the authors
first employ the LDA+U solution as the starting point and then apply GWA in order to calculate
the quasiparticle corrections. This scheme was able to reproduce, for instance, the trends of the
optical gaps along the lanthanide sesquioxide series [Jiang er al. (2009)].
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Chapter 3

Dynamical Mean Field Theory (DMFT)
within DFT-LDA

First principles approaches based on density functional theory turn out to be very efficient for ma-
terials without significant electronic correlations. However, these approaches contain too dras-
tic approximations to describe adequately strongly correlated systems. Indeed, the many-body
system within these frameworks is mapped into a non-interacting homogeneous electron gas,
exposed to an effective external potential, or exchange-correlation potential in DFT-LDA.

Several improvements over DFT-LDA have been proposed in order to take into account the
strong electronic correlations in a more rigorous way. In particular, there are several attempts
to treat the self-interaction problem better. A self-interaction correction (SIC) method [Svane
and Gunnarsson(1990)] reproduces quite well the localized nature of d/f electrons. However
the one-electron part does not agree with spectroscopy measurements. Hartree-Fock theories,
by explicitly containing a self-interaction cancellation, should be more adapted but they miss
the screening that strongly renormalizes the bare Coulomb repulsion [Aryasetiawan(2000)]. The
question of screening is then more rigorously addressed in the GW approximation which can be
considered as a generalization of Hartree-Fock with a frequency and orbital-dependent screened
interaction [Aryasetiawan and Gunnarsson(1998)]. Even if such a method appears quite success-
ful for simple metals and semi-conductors, it still fails for the description of strongly correlated
systems, because of the oversimplification of the vertex in Hedin’s equations (see Chapter 2
for a description of Hedin’s equations and GW approximation). Furthermore, the calculation
of the screened interaction is based on response functions that usually rely on LDA wavefunc-
tions. This point can be improved by a self-energy calculated in a self-consistent procedure [van
Schilfgaarde er al. (2006)]. However, these methods still fail for Mott-insulating systems.

The LDA+U method, on the other hand, allowed for major advances, especially to describe
the Mott insulating phase [Anisimov ef al. (1997a)]. In this method, a functional is introduced
which treats the interactions among localized d/f electrons at the Hartree-Fock level, whereas
itinerant s/p are described by a one-electron LDA potential. The interaction U becomes an
adjustable parameter that is commonly set by hand in order to reproduce experimental data like
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the gap of the Mott insulator. A limitation of the LDA+U framework is that it starts from an
artificial magnetic structure in order to reproduce a Mott insulator.

Concerning many-body physics and correlated electrons from the model side, the Hubbard
model benefited a lot from the major improvements that have been put forward by the dynamical
mean-field theory (DMFT) [Georges ef al. (1996)]. The combination of the DFT-LDA treatment
of the itinerant states with the DMFT solution of the Hubbard model for the localized ones - as
a generalization of LDA+U- turned out to be very successful for strongly correlated materials.
Starting from a paramagnetic DFT-LDA calculation, LDA+DMFT approaches are able to catch
the correct electronic nature of a correlated compound and make quantitative predictions about
their properties, in reasonable agreement with experiments [Lichtenstein and Katsnelson(1998),
Biermann(2006)]. Nevertheless, the adaptability of the Hubbard parameters still appears as a
subtle issue. The first principles determination of the Hubbard parameters as done in this work,
therefore makes LDA+DMFT a truly first principles approach, as well as other semi-ab initio
approaches based on lattice Hamiltonians. Approaches that go beyond the DMFT approximation,
such as the GW+DMFT combination which unifies the accurate local DMFT treatment of the
self-energy with the non-local one by GW (see [Biermann er al. (2003), Sun and Kotliar(2002)]
for detailed reviews), will not be described below.

We start with a brief overview of the dynamical mean-field theory and its application for
solving the half-filled one-band Hubbard model. In particular, Fermi liquid and Mott insulating
regimes are reviewed for the Bethe lattice in infinite dimensions. We then turn to the LDA+ DMFT
method and its implementation within the (LJAPW+lo framework - thus fully consistent with the
framework used for the first principles determination of the Hubbard parameters.

3.1 DMFT : introduction and application to the Mott transi-
tion

3.1.1 From the lattice to the quantum impurity model
Generalization of the Weiss mean-field

A mean-field approach for lattice models conceptually consists in replacing the complicated
lattice problem by a single-site effective one. All the non-local interactions from the lattice are
cast into an external bath - or Weiss mean-field - that is felt by each single site. The Weiss
mean-field is introduced in a way that it reproduces accurately the expectation value of a given
local observable of the lattice model. A mean-field approximation is then invoked in order to
determine the Weiss field self-consistently.

It is enlightening to refer to the original approach that has been introduced by Pierre Weiss
for classical interacting spins (Ising model) : the Weiss field in this context is set in order to
reproduce the thermal average of the magnetization. The classical mean-field approximation
then consists in identifying this field with the thermal average of the local field that is applied
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to each spin. In classical models, such mean-field approximation even becomes exact above a
critical dimension. In the extreme case of an infinite connectivity, treating the neighbors of a
given spin as an external bath actually appears quite intuitive.

The dynamical mean-field theory (DMFT) can be seen as a generalization of such ideas, but
applied to the quantum case [Georges ef al. (1996), Georges(2004), Kotliar and Vollhardt(2004)].

A first step towards the elaboration of DMFT was accomplished by Metzner and Voll-
hardt [Metzner and Vollhardt(1989)], who showed that an infinite-dimension limit can be de-
fined for lattice fermion models, under the condition that the model parameters are appropriately
scaled with the dimension. In the case of the single-band Hubbard model, only the hopping
parameters have to be scaled by t = t*/ \/ﬁ, where t* is fixed, whereas the local Coulomb
repulsion U is unchanged. In this limit, the self-energy becomes completely local, thus indepen-
dent of momenta [Miiller-Hartmann(1989)]. The final and important step that leads to the DMFT
framework, was introduced by Georges and Kotliar [Georges and Kotliar(1992)], when mapping
the lattice problem into a self-consistent quantum impurity problem. In the DMFT framework,
the solid is replaced by an atom that is dynamically coupled to a bath of free electrons. As
in the classical mean-field approximation, an approximation- namely the dynamical mean-field
approximation- has to be introduced in order to determine this bath self-consistently.

DMFT framework

The DMFT construction (for extensive reviews see [Georges ef al. (1996), Kotliar er al. (2006),
Bulla(2006), Georges(2004)]) can be explained on the basis of the single-band Hubbard model
(Egs. and ). With simplified notations and writing explicitly the single-electron atomic
level €y — p, the lattice Hamiltonian reads as :

- Z tijc; CU+UZHZTHZ¢+ (€0 = an 3.1

The key quantity of DMFT is the local on-site Green’s function of the lattice :
Go(r —7') = —(Tc (1)l (7)), (3.2)

where the index ¢ is omitted because of the translation invariance of the lattice.

In the classical mean-field theory of the Ising model, this quantity plays the role of the local
magnetization, which is described by the coupling of a spin on site ¢ with an effective Weiss
field. In complete analogy, we introduce the local Green’s function for a single atom coupled to
an effective bath. This corresponds to the single-impurity Anderson model [Anderson(1961)],
where an interacting impurity is coupled to a set of non-interacting fermions via the hybridization
function A. The effective impurity action S, is the appropriate quantity for taking into account
the retardation effects of the electrons hopping between the single site and the bath :

Seff = /dT/ dr’ Zc )Gy (T — e (T )+U/ drns(T)ny (1),  (3.3)
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where ¢!, ¢, are the Grassmann variables associated with the impurity creation and annihilation
operators and n, = cl ¢, is the corresponding occupation. Gy plays the role of a bare propagator
for a fermion created on the impurity at time 7 and destroyed at time 7.

The Matsubara spectral representation of this propagator is given by :
Go Hiwn) = dwn + p— €0 — Aliw,). (3.4)

This is interpreted as the quantum generalization of the Weiss effective field in the classical case,
but with the difference that it is a dynamical mean-field, i.e. depending on the energy. It therefore
takes into account the local quantum fluctuations of the impurity state due to the coupling with
the reservoirs of charges.

Applying such dynamical mean-field approximation within DMFT consists in identifying the
impurity self-energy Yin,- that is related to the impurity bare Gy and interacting GG propagators :

Timp(iwn) = Gg ' (iwn) = G (iwn), (3.5)
with the lattice self-energy > (k, iw,,) defined as follows :
N(k,iw,) = iw, +p— e — e — Gk, iw,), (3.6)

where ¢, is the Fourier transformation of the hopping integrals ¢;;.

As the impurity self-energy is a local quantity, the DMFT approximation means the follow-
ing. First, all the non-local components of the lattice self-energy are neglected, and second the
local component is approximated by Yy,

Y(k,iwy) = Simp(iwn). (3.7

The self-consistency condition, by construction, requires that the local lattice Green’s function
G(iwy,) =Y, G(k,iw,) coincides with the Green’s function of the impurity and thus reads as :

Gliw,) = > [zwn Y= e — e + G Miwy) — G iwn)| (3.8)
k

The DMFT scheme is illustrated in Fig 3.1. The Anderson model for the impurity (Eq. 3.5)
has to be solved in this scheme and is the main technical part. Many powerful approaches have
been elaborated so far, in particular in the context of Kondo physics (see [Hewson(1993)] as
textbook and below for examples of impurity solvers). Since DMFT is a non-perturbative con-
struction -, it is valid in the whole parameter space of the lattice model.

Analogously to classical mean-field theories, DMFT is exact in the infinite dimension limit.
It is usually considered as a good approximation for finite-dimensional systems, even if it ne-
glects the non-local fluctuations. A variety of cluster DMFT that go beyond the local approxima-
tion, have been developed [Kotliar er al. (2001),Biroli and Kotliar(2002), Parcollet ez al. (2004)].

'For a reason that is intrinsic to the mean-field theory and that becomes more clear when deriving the DMFT
self-consistency relation, we keep the same notation for both the impurity and the local lattice Green’s functions.

%see for example the derivation of the DMFT equations within the cavity method [Georges ef al. (1996), Kotliar
et al. (2006)]
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Figure 3.1: The DMFT iterative loop (from [Georges(2004)]). Starting from an initial guess for Gy, the impurity
Anderson model is solved with a given solver and leads to the impurity self-energy iy, (top arrow). The DMFT
approximation then consists in identifying X, with the lattice self-energy such that the local lattice Green’s func-
tion reads as Eq. 3.8. This leads to an updated Weiss function G =G4 Yimp (bottom arrow) which is injected
again into the impurity solver.

Limits in which DMFT becomes exact

In addition to the infinite dimension limit, DMFT equations yield the exact solution in two simple
limits.

e In the non-interacting limit U = 0, the self-energy vanishes and this makes the DMFT
approximation trivially exact. Solving the effective action (Eq. 3.3) leads to G(iw,) =
Go(iw,). The self-consistency condition exactly reproduces the local non-interacting
Green’s function.

e In the atomic limit ¢;; = 0, the Hubbard model consists in a collection of independent
atoms. By definition, the lattice self-energy has only on-site components. It follows that
the DMFT approximation is exact.

DMEFT approximation is thus exact in the two limits of non-interacting bands and of isolated
atoms. One may expect that it is still a reasonable approximation in the intermediate regime.

We conclude with the remark that a clue of the popularity of DMFT resides in its ability to
catch features of multiple energy scales. This point will be illustrated below within the DMFT
solution of the single-band Hubbard model for a Bethe lattice.

Quantum impurity solvers

It is not the point here to describe all the quantum impurity solvers that are employed for solving
the impurity Anderson model.
Several solvers are well reviewed in [Hewson(1993)] in the context of the Kondo problem, and
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also in [Georges er al. (1996)] in the context of DMFT. Approximate schemes like iterated per-
turbation theory (IPT) [Georges and Kotliar(1992)] or non-crossing-approximation (NCA) [Pr-
uschke er al. (1995)] are usually replaced by efficient numerical procedures, like the Wilson nu-
merical renormalization group (NRG) [Bulla er al. (2008)], adaptive exact diagonalization meth-
ods [Georges ef al. (1996)] or quantum Monte Carlo (QMC) schemes [Georges and Krauth(1992),
Rozenberg et al. (1992)] based on the Hirsh-Fye algorithm [Hirsch(1983),Hirsch and Fye(1986)].
Recently, continuous time quantum Monte Carlo (CTQMC) algorithms have demonstrated to be
particularly efficient and accurate [Rubtsov er al. (2005), Werner et al. (2006),Gull(2008)]. They
in particular solve the Anderson model at much lower temperatures and stronger interactions than
Hirsh-Fye QMC. Furthermore, they are free of systematic errors related to the time discretiza-
tion. All the LDA+DMFT calculations carried out in this work will employ the hybridization
expansion CTQMC method as quantum impurity solver.

3.1.2 The Mott transition in the half-filled one-band Hubbard model

DMEFT allowed for an important progress in the understanding of the Mott transition from a
metallic to an insulating state. This transition cannot be understood within independent-particle
theories. The ability of DMFT to describe accurately both the low-energy part of the spectra
(quasiparticles) and the high-energy one (Hubbard satellites) for a given ratio of Coulomb re-
pulsion and kinetic energy, justifies its wide success. For reviews on the Mott transition, see
for example [Georges et al. (1996), Kotliar and Vollhardt(2004), Imada et al. (1998), Rozenberg
et al. (1994), Aligia et al. (1995)].
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Figure 3.2: Phase diagram of the one-band half-filled Hubbard model within DMFT, representing a material un-
dergoing a Mott metal-insulator transition (from [Kotliar and Vollhardt(2004)]). Temperature (y-axis) and strength
of the Coulomb repulsion over the bandwidth D (x-axis) are plotted.

We present below, as an illustration, the DMFT calculation for the half-filled single-band
Hubbard model (Eq. ) for the d = oo Bethe lattice (Fig. ). The phase diagram of this
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model is represented in Fig 3.2. As already pointed out, the competition between itineracy and

localization of electrons in such models is set by the ratio U/D (at the x-axis of the phase dia-
gram), where U denotes a generic Coulomb repulsion and D the bandwidth of the model. The
y-axis of this phase diagram is the temperature expressed in the units of the bandwidth. Thermal

excitations break up the quantum coherence of the quasiparticles and, hence, induce an incoher-
ent “bad-metal” or “bad-insulator” state.

In the absence of correlations (thus U/D = 0), the Hubbard Hamiltonian simplifies to the
one-body hopping term that is diagonal in the momentum space. The system is described by a

non-interacting Green’s function and the self-energy is zero. It follows that the spectral function
at given momentum, A(k,w), is a Dirac d-function,

1

Alk,w) = ——Im[G(k,w)] =0(w — €), 3.9
7r

and the total local spectral function coincides with the Bethe density of states.
Turning on correlations, the spectral function has a Lorentzian profile :
1 Im¥(w)
Alk,w) = —— . 3.10
*) = G n Ak - ReS@] 1 mS@P 10

In the Fermi liquid regime, the real part of the self-energy leads to a shift of the non-interacting
excitations, whereas the imaginary part is responsible for the broadening of the quasiparticle
excitations. It is far away from being the end of the story, since the self-energy strongly depends

on the frequency and in the case of the Mott insulator, it will lead to a notable transfer of spectral
weights.
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Figure 3.3: Spectral density (in red) for the Bethe lattice within DMFT. The quantum impurity problem is solved
with the continuous time Monte-Carlo algorithm (CTQMC) in its strong coupling regime at 3 = 100 eV~1. A
stochastic maximum entropy method has been employed for the analytical continuation on the real axis. The non-
interacting density of states (DOS) is shown for comparison. (left) U = 2.5 eV induces a correlated metal with
quasiparticle excitations around the Fermi level as well as atomic-like excitations around U/2. The pinning at the
Fermi level is missed by the maximum entropy method. (right) U = 4 eV leads to a Mott insulator with a gap ~ U



34 Dynamical Mean Field Theory (DMFT) within DFT-LDA

Fermi liquid regime

Atlow temperature and moderate interaction strength, the system exhibits an intermediate regime
which is still metallic but affected by correlations. It corresponds to a Fermi liquid regime which
is interpreted in terms of quasiparticle excitations with finite lifetime at low-energies, and atomic-
like excitations or Hubbard bands at higher energies. These Hubbard bands correspond to the
adding and removal of an electron, respectively (see left panel of Fig for the corresponding
spectral density). These quasiparticles have an enhanced effective mass m/m* = Z where Z is
defined as the quasiparticle renormalization factor which also corresponds to the spectral weight

renormalization :
OReY -
Z = <1— © ) | (3.11)
ow |0
Z is equal to 1 for a non-interacting system whereas Z < 1 for a correlated one. As observed
in Fig. 3.3, Z < 1 induces in particular a reduced bandwidth, Z - D ~ 2¢7, which gives an

estimation of the coherence scale.

The complementary weight 1 — Z is transferred from the low-energy part of the spectrum to
the incoherent Hubbard satellites that are reminiscent from the atomic limit of the Hubbard
model. Since the correlations do not modify the Fermi surface, the spectral density A(w = 0)
is also pinned to its non-interacting value, i.e. the density of states at the Fermi level [Miiller-
Hartmann(1989)]. The self-energy around the Fermi level displays Fermi liquid characteris-
tics [Pines and Noziere(1965)] : its real part is linear with respect to the frequency whereas its
imaginary part shows an w? behavior. For higher frequencies, it considerably deviates from this
low-energy behavior and then match the atomic limit behavior, ¥ (w — o) ~ 4U—j at large fre-
quency. The real part goes to the constant Hartree term which is zero at half-filling. With a
temperature above the coherent energy scale, thermal fluctuations induce a scattering rate, even
at the Fermi level. This invalidates the quasiparticle interpretation. The phase called “bad metal”
is reached at this point.

Mott insulator

Above a critical value for the ratio U/ D, it is energetically favorable for the electrons to localize
around atomic sites, mimicking the atomic limit situation. This corresponds to the Mott insulator
with a gap around U, since excitations are now only atomic-like.

Furthermore, there is no more spectral weight at the Fermi level. Since the real part of
the self-energy must be zero by antisymmetry at half-filling, the elimination of the spectral
weight must come from a divergence in the imaginary part of the self-energy [Brinkman and
Rice(1970)].

The absence of fluctuations, on the other hand, lead to unscreened local moments following
a Curie-like law, and these moments can even order antiferromagnetically at very low tempera-
tures, driven by the super-exchange mechanism.
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An increase of the temperature then induces a thermal filling of the insulating gap and
a “less” divergent imaginary self-energy. The system enters the phase called “bad insulator”
(Fig. 3.2).

In realistic multi-band systems, the problem is much more complex but also richer in terms of
possible phenomena. The crystal field splitting is enhanced by correlations [Poteryaev ez al. (2008)]
and charge transfers between orbitals may be allowed by self-energies leading to modifications
of the Fermi surface. Other parameters enter the characterization of the Mott insulating state : we
think for example of the Zaanen-Sawatzky-Allen classification established for transition-metal
oxides [Zaanen ef al. (1985),Imada er al. (1998)]. Such classification relies on the comparison
between the charge transfer energy A between the ligand and metal orbitals and U, in order
to differenciate a charge-transfer insulator (gap around A) from a Mott insulator (gap around
U). However, Hund’s coupling is missing in this classification although it is expected to play a
significant role [de’” Medici e al. (2011)].

We turn to realistic extensions of DMFT in order to deal with the electronic structure calcu-
lations of strongly correlated materials. One of the most popular extensions is the LDA+DMFT
approximation, that couples DMFT to DFT-LDA.

We first summarize the motivations of such approach and its historical background and we detail
its formalism, in particular within the (L) APW+lo framework.

3.2 LDA+DMFT

3.2.1 General introduction : from LDA+U to LDA+DMFT

The LDA+DMFT approximation [Anisimov ez al. (1997b), Lichtenstein and Katsnelson(1998)]
can be motivated from two main perspectives. The first arises from the LDA+U approximation
as a natural improvement, whereas the second can be viewed as a way to upgrade the DMFT ap-
proach from model Hamiltonians to realistic systems. We only mention below the first point, as it
is enlightening for the following. Historically, the elaborations of LDA+U functionals are indeed
closely related to the first principles determinations of interaction parameters within constrained-
LDA (cLDA), as detailed at the end of Chapter 4.

The LDA+U approach was introduced as an extension to the local spin density approxima-
tion (LSDA) (see Chapter 2) by [Anisimov ef al. (1991), Lichtenstein et al. (1995), Anisimov
et al. (1997a)]. The motivation was to focus on the ordered phases of the Mott insulating states,
since they were poorly described within DFT-LSDA.

The idea of LDA+U consists in constructing a generalized functional of the density that
explicitly takes into account, as in Hartree-Fock approximation, the Coulomb repulsion on a
chosen set of correlated orbitals. Correlated orbitals are identified with the projection of the
Bloch states onto a set of atomic local orbitals of the linear muffin-tin orbital (LMTO) basis. A
correction Ey;[{n?}] to the LSDA functional can be obtained [Anisimov er al. (1997a)], where
n? is the occupation of the correlated orbitals.
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Since correlations are already treated at the DFT-LSDA level, it is necessary to subtract
from the LSDA functional, the correlation terms that would be counted twice. This leads to the
well-known double-counting functional E,;.[{n’}]. It then follows that :

ELDA+U[IOU(T)’ {na}] _ ELSDA[po<,r)] + EU[{TLU}] — Edc[{na}], (3.12)

The orbital-dependent interaction matrix that is involved in Ey[{n?}] is usually expressed in
terms of Slater integrals (see Appendix B) - e.g. (F°, F?, F*) for d orbitals [Anisimov ez al. (1997a)].
Efforts have been addressed to calculate them from first principles. This leads to the constrained-
LDA (cLDA) methods (see Chapter 4), which are naturally combined with LDA+U. There are
even methods that explicitly start from a LDA+U reformulation [Pickett ez a/. (1998),Cococcioni
and de Gironcoli(2005)].

The double counting problem is a subtle issue and various forms of double counting function-
als were proposed. One of the most popular choices is the following [Anisimov er al. (1997a)] :

altn}] = SNOV-1-3

[NT(NT — 1) + N*(N* - 1)], (3.13)
where N° = Tr[ng, ,] and N = NT + N+, U and J are respectively the Coulomb on-site and
exchange parameters that are related to the Slater integrals by U = F° and J = (F? + F*) /14 for
d shells (see Appendix B).

Major advances have been achieved by LDA+U for the description of magnetically-ordered
Mott insulators, since the spectra with Hubbard bands separated by U, are correctly reproduced.
However, LDA+U approaches do not treat Hubbard atomic-like excitations and quasiparticle ex-
citations on an equal footing. More dramatically, in the absence of broken orbital symmetry,
they do not improve the DFT-LDA results. The LDA+U approaches have actually similar draw-
backs than the static Hartree-Fock approximation on which they rely. LDA+U can also be seen
as a static approximation to LDA+DMFT [Anisimov ef al. (1997b), Lichtenstein and Katsnel-
son(1998)].

In its basic version, LDA+DMFT consists in tackling the one-particle part of the electronic
Hamiltonian within DFT-LDA whereas a chosen set of correlated orbitals is treated by DMFT.
The starting point is thus rather similar than in LDA+U, in the difference that the many-body
problem is considered beyond the Hartree-Fock approximation. An illuminating functional-
based presentation of DFT-LDA, GW, DMFT, LDA+U, LDA+DMFT and the conceptual similar-
ities of these theories can be found in [Kotliar e7 al. (2006)]. DMFT appears as an approximation
to the more general spectral density functional theory (SDFT), at the same level as LDA to DFT.
In SDFT, alocal reference system is introduced and the true local Green’s functions are correctly
reproduced thanks to a self-consistent bath Green’s function. Although it is an exact represen-
tation, one needs to apply approximations like DMFT in practical schemes. SDFT-DMFT then
allows for the calculation of one-particle observables, whereas DFT-LDA yields ground-state
properties.

LDA+DMFT thus appears as a reasonable approximation to an exact functional of both
density and local Green’s function. The self-consistency in this scheme has to be performed via
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a double iteration loop, one over the DMFT cycle and another one over the total charge density
which affects the one-electron LDA Hamiltonian.

In the following, we give a short overview of the LDA+DMFT approximation and we present
a recent implementation within the (L) APW+lo framework. Further details about LDA+DMFT
can be found in the reviews [Kotliar et al. (2006), Georges(2004), Biermann(2006), Lechermann
et al. (20006), Aichhorn et al. (2009)].

3.2.2 Overview of the method

We review below the main steps of the LDA+DMFT approximation. The starting point is a con-
verged DFT-LDA calculation which gives a set of Kohn-Sham eigenstates {|¢7 )} with energies
€k, for spanning the Hilbert space.

Projection onto the correlated subspace : Projected Wannier functions

In a similar manner than in LDA+U, one has to first identify the correlated orbitals in a localized
or Wannier basis set, in order to tackle them within DMFT (instead of Hartree-Fock in LDA+U).
We call {|¢¢7 )} such basis. The expression in real space can be obtained within the Fourier
transformation defined in Chapter 1 (Eq. 1.2). The index m is an orbital index and o denotes an
atom in the unit cell. The construction consists in a projection onto the correlated subspace C
which is defined by the localized orbitals labeled by m and centered on the atom « :

e, = > o) (o5 (3.14)

meC

Historically, the Wannier basis was directly identified with the LMTO basis [Andersen(1975)]

like in the LDA+U method, since the LMTO basis orbitals are atom-centered and can (approxi-
matively) be associated with a particular angular momentum. Several approaches for construct-
ing Wannier functions from local orbitals have then been proposed. Through a N-order version
of muffin-tin orbitals (NMTO) [Andersen and Saha-Dasgupta(2000)], Wannier functions have
been designed by using a projection procedure and successfully applied within LDA+DMFT to
the Mott transition in orthorhombic 3d' perovskites.
Another important improvement came from the maximally localized Wannier function frame-
work by [Marzari and Vanderbilt(1997), Souza er al. (2001)]. Referring to the definition of the
Wannier functions as introduced in Chapter 1 (Eq. 1.3), Marzari and co-workers derived a con-
dition of maximum localization in order to determine the transformation U, l’f,j. This condition is
based on the minimization of the quadratic spreads of the probability distributions for the Wan-
nier functions. This scheme was first coupled to LDA+DMFT by [Lechermann er al. (2006)].

In this thesis, we prefer the alternative projection procedure as it was implemented by [Anisi-
mov ef al. (2005)] and applied to LDA+DMFT within the (L)APW+lo framework by [Aichhorn
et al. (2009)]. It was shown that the projected functions are Wannier functions (and close to max-
imally localized Wannier functions) when dealing with correlated bands that do not energetically
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overlap with the rest of the band structure [[Lechermann er a/. (2006)]. In the case of entangled
correlated and itinerant states, the projected orbitals are not rigorously Wannier and it is only
empirically believed that they are equivalent to MLWE.

The Wannier projection procedure roughly consists in considering atomic orbitals {|x%7)}
that are promoted to Wannier functions by a truncated expansion over Bloch states and then
orthonormalized. In all the following, m refers to an orbital index of the correlated subspace and
« denotes the corresponding atom in the unit cell. By expanding the atomic orbitals |x%7) over
the full Bloch basis set {7}, it follows that

Xam) = ) R X YR, (3.15)

all v

An energy window W for selecting the Bloch states that are physically relevant for generating
the correlated subspace, is then defined and the summation in Eq. is restricted to the Bloch
states inside this energy window W. The number of included bands - identified with their band
indices or with their energy - depends in general on k (and o). The set of orbitals that is produced
after the truncation is called {|\¢7 )} and is not orthonormal :

o) = ) (W INEDE,)- (3.16)

vew

The second step of the procedure then consists in orthonormalizing this set of orbitals with a
standard numerical routine in order to produce a Wannier basis {|¢%7 ) }. The computational task
is not very high, since only a subset of Bloch states is involved in the construction of {x%7 }
orbitals.

We finally define “Wannier” projectors P57 (k) that connect the Bloch basis to the Wannier
basis :

Brn(k) = (GkmlvR.)- (3.17)

We will refer to these projectors throughout this work. As they will play an important role later,
we add the following expressions :

ber) = D Pr (k) U), (3.18)

veWw

and also the Fourier transformation from the reciprocal to the direct space (see Chapter 1,
Eq.1.2):

|orL) = \/%[zk:e_ik'RWkL% (3.19)

where we have condensed the indices (m, «) into L. As we will always consider paramagnetic
DFT-LDA calculations, the spin degree of freedom will be omitted from the notations. It is easy
to introduce it back for further applications.
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DMFT self-consistent loop

For the sake of clarity, we mention that we have to consider as many impurity models as inequiv-
alent correlated atoms o per unit cell. We remind the reader that the compact index L replaces
(m, «) for a shorter notation. The spin index is still omitted, since paramagnetic DFT-LDA
calculations are considered.

The Anderson effective impurity model for the correlated subspace C is defined by its bare
propagator [G°].;/ and by the local Hubbard interactions considered as known for the moment.
It is one of the objective of this work to investigate in details their determination.

Considering the Kohn-Sham wavefunctions as initial guesses for GY, it follows that :

Oy
0/- k vy k
n) = 1, | ——|11,. 3.20
G° (i) &[an_eky] : (3.20)
The solution of the impurity model leads to the impurity Green’s function G™ (iw,,) as well as
to the impurity self-energy Yimp(iwy,) satisfying the Dyson equation :

Rimp (wn) = [go(zwn)]r_ninf - [Gimp@wn)]r_n}n/‘ (3.21)

According to the DMFT approximation (Eq. 3.8) which relates the effective impurity model
to the lattice, the lattice self-energy X(k, iw,) for the correlated states is approximated by the
impurity self-energy. As in LDA+U, it is also necessary, at this step, to deal with a double-
counting correction X4, discussed later :

Sow(kyiwn) = Y [P, (R)"ASE (iw,) P, (K), (3.22)

a,mm/’

where AX™  (i0,) = Simp (1w ) — Zae (i ). The projectors P2, (k) from Eq. are employed
for treating only the correlated states within DMFT. The lattice self-energy enters the lattice
Green’s function through the Dyson equation and hence :

(G(k,iw,)] Y = (iwn + i — )0 — S (K, iwy,). (3.23)

vv/!

The local Green’s function is then obtained by projecting the lattice Green’s function onto the set
of correlated orbitals m of the correlated atom o and by summing over the full Brillouin zone :

Greyliwn) = Y > Po (k)G (k,iw,) [ Po,, (k)] (3.24)

k vv'ew

By definition, the DMFT self-consistency imposes that the lattice local Green’s function coin-
cides with the impurity one :

G (iw,) = G™(iwy,). (3.25)
This implies an upfolding of the Weiss field G° via the Dyson equation :
Golliw,) = Simp(iwn) + Grl(iw,). (3.26)

It leads to a new impurity model. This cycle is repeated until convergence is reached.
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Double-counting correction

In a similar manner than in LDA+U, one has to correct for the correlations that have already
been taken into account in DFT-LDA (or any other exchange-correlation approximation) in order
to avoid accounting these effects twice. Since DFT itself is not an orbital-resolved theory and
LDA is not a well-controlled approximation, such double-counting correction appears to be quite
tricky. Several approaches have been proposed (for a review see [Karolak er al. (2010)]). We
introduce below three of these approaches :

o fully localized limit already introduced in Eq. in the context of LDA+U [Anisimov
et al. (1993), Anisimov et al. (1997a)]
1 1
S = U = 5) = IV = ), 627

where N = N+ N*. In the case of paramagnetic calculations, NT = N+ = 2.

e around mean-field also originates from LDA+U [Anisimov et al. (1991)] :
S = UV =) = IOV = 1) (3.28)

where n? is the electron density per spin and orbital, i.e. 0.5 for a half-filled system.

e Held’s correction that is especially adapted for ¢, correlated orbitals [Held(2007)] and
hence for ¢y, lattice Hamiltonians (see Chapter 5, Eq. ):

[ch]mm’ = (U - 2‘])(N - %)&nm’ (3.29)

In all these corrections, U and .J are parameters that need to be defined properly (see Chapter 5).

Update of the total charge density

Once the convergence of the DMFT loop is reached, the charge density is deduced from the
Fourier transformation of the lattice Green’s function [Mahan(1990)] :

o(r) = %Z<r|c:(wn)|fr>ewn~°+ (3.30)

and the chemical potential is set in order to fulfill the total electron number. A new Kohn-Sham
potential is generated from this upfolded density and the whole cycle is performed again until
the convergences of the density p, the chemical potential and all DMFT quantities, are reached.

In practice, there exists rather few implementations of the whole LDA+DMFT loop including
the charge self-consistency because of the numerical difficulties : we mention the implementation
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within the LMTO framework by [Savrasov er al. (2001), Savrasov and Kotliar(2004), Pourovskii
et al. (2007)], within Korringa-Kohn-Rostoker (RKK) method by [Mindr er al. (2005)] and re-
cently within the (L)APW+lo framework by [Haule er al. (2010), Aichhorn er al. (2011)]. A
lighter “one-shot”’ approach is usually adopted. This approach is validated by the good results
with respect to photoemission experiments. It consists in starting from a converged DFT-LDA
calculation and stopping once the convergence of the DMFT loop is reached.

3.2.3 Achievements and limitations within the (L)APW+lo framework

Since the pioneering works by [Anisimov er al. (1997b), Lichtenstein and Katsnelson(1998)],
many materials have been investigated with “one-shot” LDA+DMFT calculations, with a suc-
cessful comparison to experiments, in particular photoemission spectroscopies (PES) and angle-
resolved photoemission spectroscopies (ARPES). Applications for classes of materials are re-
viewed for example in [Kotliar er al. (2006), Biermann(2006)].

Recently, the LDA+DMFT combination was implemented by [Aichhorn er al. (2009)] within the
(L)APW+lo framework provided by the electronic structure code WIEN2K [Blaha er al. (2001)].
The full-potential (L)APW+lo framework provides a high level of accuracy for representing
the Hilbert space. The implementation, for instance, has been successfully applied to the fam-
ily of iron-based superconductors like LaOFeAs [Aichhorn er al. (2009)] and FeSe [Aichhorn
et al. (2010)], and also to the layered perovskite SroRuO4 [Mravlje er al. (2011)].

However, rather intrinsic limitations are still on the table, in particular the arbitrariness in the

choice of the correlated orbitals, the interaction parameters and the double-counting correction.
We will not elaborate much on the double-counting problem but we shall mention that its evalu-
ation usually requires the knowledge of the Hubbard parameters U and J.
One application of this work (see Chapter 8) is to combine within LDA+DMFT in the (L)APW+lo
framework (or any other lattice Hamiltonian solvers in the future), a systematic procedure to
construct low-energy Hamiltonians and the corresponding interaction parameters from first prin-
ciples. The chosen procedure is the constrained-Random Phase Approximation (cRPA) method
which was invented by [Aryasetiawan e al. (2004)]. We insist on the fact that our implementation
of cRPA is fully consistent with the LDA+DMFT implementation by [Aichhorn er al. (2009)].
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Part 11

Hubbard U Calculation : Constrained
Random Phase Approximation (CRPA)






Chapter 4

What is U in Solids ?

As a first observation, one may note that the problem of electronic interactions highly differs
from an isolated atom to atoms in solids. The major difference comes from the possibility of
non-local and long-range screening within solids, which strongly lowers the effective Coulomb
repulsion between electrons (for a schematic view, see Fig. 1.2). How strong the screening is and
how to take it into account in models, are fundamental questions for condensed matter theories.

Early attempts arise from the introduction of the well-known Hubbard parameter U in the
single-orbital Hubbard-Kanamori-Gutzwiller model [Hubbard(1963),Kanamori(1963),Gutzwiller(1963)].
U is an effective Coulomb interaction usually turned by hand in such model. Due to screening in
solids, it is set to an order of magnitude less than the bare atomic interaction. This U parameter
corresponds to the Coulomb energy cost for placing two electrons at the same atomic site, or
equivalently to the affinity and ionization energy difference (Fig. 4.1) when respectively adding
and removing one electron on a given shell, as summarized by the following equation

U = B+ E(d") —2E(d"). 4.1

E(d") is the total energy of a system for which n electrons fill a given d shell on a given atom.
With the multi-orbital generalization of the original single-orbital Hubbard model - and other
extensions, necessary for taking into account the charge, orbital and/or spin degrees of freedom
(see Chapter 1) - the Hubbard U changed its shape from a simple local intra-orbital parameter to
a more general on- and inter-site, intra- and inter-orbital interaction parameter.

®_ . ionization @_ > affinity @@ i1
‘@e d' o @e ' —— 0@ 1d"
\ \ \

Figure 4.1: Schematic representation of the affinity and ionization when respectively adding and removing one
electron on a given shell of an atom (from H. Jiang’s talk).
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An important step in the determination of U was achieved with the pioneering work of
Sawatzky and co-workers which consisted in fitting the spectra from X-ray photoemission, ab-
sorption and Auger experiments by a set of Slater integrals (see Appendix B for an introduction
to Slater integrals) in a configuration-interaction model [Antonides er al. (1977), Sawatzky and
Allen(1984), van der Marel(1985)]. By cluster-configuration calculations and comparison with
experiments, they were able to extract detailed information about the local electronic structure.
An example is given in Fig. for copper monoxide (CuO) showing a combination of photoe-
mission (PES) and inverse photoemission (BIS) spectra. An estimation of U is deduced from the
multiplet structure of Cu d states.

The method of Sawatzky and co-workers thus affords an experimental determination of the
Hubbard U in relation to a configuration-interaction model. Furthermore, in such approach, the
monopole part of the Coulomb interaction represented by the Slater integral F°, is shown to be
strongly dependent on the screening in solids, whereas the parameters describing the multiplet
splitting of the ground and excited states (F*, k > 0) are in good agreement with Hartree-Fock
calculations for free ions [Antonides ef al. (1977), van der Marel(1985)]. A limitation of this
approach is the knowledge of the initial and final states of the system. The dimension of the
configuration-interaction basis is hence limited by the computational capacities.
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Figure 4.2: Electronic structure data of CuO extracted from the photoemission (PES) and inverse photoemission
(BIS) spectra (upper part). The resonance photoemission spectrum is shown in the lower part in order to enhance
the d” — d® final states. (from [Hiifner(1994)])
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Many-body solvers, on the other hand, have been developed for solving Hubbard models
dealing with correlated degrees of freedom close to the Fermi level (see for example [Georges
et al. (1996), Sorella(2001), Tahara and Imada(2008)]). Such models are usually constructed
on the basis of physical intuition and the Hubbard interaction U as well as Hund’s coupling .J
are left as adjustable parameters. A severe shortcoming is that without a judicious choice of
these interaction parameters, the low-energy model may yield confusing results and even miss
important physical features. Such considerations have motivated the development of systematic
- or ab initio - ways of constructing low-energy effective Hamiltonians involving parameters that
are calculated from first principles. The constrained-Random Phase Approximation (cRPA) is
one of these methods.

Another important motivation concerns the precise evaluation of the dynamical electronic
screening and its treatment by the many-body solver. Since screening is a dynamical event, the
effective Coulomb repulsion due to the retarded character of the interaction, is expected to be
strongly dependent on the frequency. In particular, the Hubbard parameters should yield the
unscreened bare Coulomb values in the infinite frequency limit, which is an order of magnitude
larger than the static screened value. The treatment of dynamical Hubbard interactions implies a
serious challenge for the actual many-body solvers.

We start with a conceptual description of the constrained-Random Phase Approximation
(cRPA), which we have implemented in the electronic structure code WIEN2K [Blaha et al. (2001)].
cRPA provides a consistent way for modeling the Coulomb interactions.

At the beginning, we include the cRPA method in the more general framework of downfolding.
Then we describe the essence of the approach, the achievements and the limitations. We leave
for Chapter 5 the technicalities of the implementation in WIEN2K and the improvements.

We conclude the chapter with a short presentation of the alternative approaches to determine the
Hubbard U in materials. Although they are not ab initio, we first present the cluster-configuration
calculations that rely on photoemission experiments. We then give a description of the density
functional-based methods (cLDA and linear response formalism).

4.1 The constrained Random Phase Approximation (cCRPA) :
Concepts

4.1.1 The concept of downfolding

The aim of the following sections is to explain how to build low-energy effective Hamiltonians
without any adjustable parameters and include this procedure in the larger context of first prin-
ciples calculations, between the electronic structure and the many-body solver operations. This
point of view gives a general introduction to the downfolding procedure.
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Figure 4.3: Downfolding of the effective interactions for two given low-energy Hamiltonians, called dp (on the
top right) and #24-t24 (on the bottom right) (see also Fig. 4.6), based on the density of states of SrVO3. The total
density (on the left) is shown in black, whereas the partial densities for 24, e, and O-p are shown in red, blue
and turquoise, respectively (Fig. 4.4). The grey areas (on the right) correspond to the higher-energy states that are
not included in the downfolded low-energy model. The purple arrows indicate the contributions of the excluded
higher-energy states to the total polarization. These effects have to be integrated out to yield effective interactions
within the low-energy model, which thus increase with the number of excluded screening c