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Abstract

Numerical simulations of fluid-structure interaction (FSI) are of first interest in numer-
ous industrial problems: aeronautics, heat treatments, aerodynamic, bioengineering....
Because of the high complexity of such problems, analytical study is in general not suf-
ficient to understand and solve them. FSI simulations are then nowadays the focus of
numerous investigations, and various approaches are proposed to treat them. We pro-
pose in this thesis a novel monolithic approach to deal with the interaction between an
incompressible fluid flow and rigid/ elastic material. This method consists in consider-
ing a single grid and solving one set of equations with different material properties. A
distance function enables to define the position and the interface of any objects with
complex shapes inside the volume and to provide heterogeneous physical properties for
each subdomain. Different anisotropic mesh adaptation algorithms based on the varia-
tions of the distance function or on using error estimators are used to ensure an accurate
capture of the discontinuities at the fluid-solid interface. The monolithic formulation is
insured by adding an extra-stress tensor in the Navier-Stokes equations coming from the
presence of the structure in the fluid. The system is then solved using a finite element
Variational MultiScale (VMS) method, which consists of a decomposition, for both the
velocity and the pressure fields, into coarse/resolved scales and fine/unresolved scales.
The distinctive feature of the proposed approach resides in the efficient enrichment of the
extra constraint. In the first part of the thesis, we use the proposed approach to assess
its accuracy and ability to deal with fluid-rigid interaction. The rigid body is prescribed
under the constraint of imposing the nullity of the strain tensor, and its movement is
achieved by solving the rigid body motion. Several test case, in 2D and 3D with simple
and complex geometries are presented. Results are compared with existing ones in the
literature showing good stability and accuracy on unstructured and adapted meshes. In
the second part, we present different routes and an extension of the approach to deal with
elastic body. In this case, an additional equation is added to the previous system to solve
the displacement field. And the rigidity constraint is replaced with the corresponding
behaviour law of the material. The elastic deformation and motion are captured using a
convected level-set method. We present several 2D numerical tests, which are considered
as classical benchmarks in the literature, and discuss their results.

Keywords: Fluid-Structure Interaction, Monolithic Formulation, Stabilized Finite Ele-
ment Method, Anisotropic Mesh Adaptation, Incompressible flow, Rigid body motion,
Elastic behaviour.
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Résumé

L’Interaction Fluide-Structure (IFS) décrit une classe très générale de problèmes physiques,
ce qui explique la nécessité de développer une méthode numérique capable de simuler le
problème IFS. Un solveur IFS qui peut traiter un écoulement de fluide incompressible en
interaction avec des structures élastique ou rigide est ainsi développé. Cela permet au
solveur de couvrir une large gamme d’applications.

La méthode proposée est développée dans le cadre d’une formulation monolithique
eulérien. Cette méthode consiste à considérer un seul maillage et à résoudre un seul
système d’équations avec des propriétés matérielles différentes. Une fonction distance
permet de définir la position et l’interface de tous les objets à l’intérieur du domaine et
de fournir les propriétés physiques pour chaque sous-domaine. L’adaptation de maillage
anisotrope basée sur la variation de la fonction distance est ensuite appliquée pour assurer
une capture précise des discontinuités à l’interface fluide-solide.

La formulation monolithique est assurée par l’ajout d’un tenseur supplémentaire dans
les équations de Navier-Stokes, qui tenseur provient de la présence de la structure dans
le fluide. Le système obtenu est résolu par une méthode éléments finis et stabilisé grâce
à une formulation variationnelle multi-échelle. Cette formulation consiste à décomposer
les champs de vitesse et de pression en grande et petite échelle. La particularité de
notre approche réside dans l’enrichissement du tenseur de l’extra contrainte. La première
application est une simulation IFS avec un corps rigide. Le corps rigide est décrit en
imposant une valeur nulle du tenseur des déformations, et le mouvement est obtenu par
la résolution du mouvement de corps rigide. Nous évaluons le comportement et la précision
de notre formulation proposée par la simulation dŠexemples 2D et 3D. Les résultats sont
comparés avec la littérature et montrent que la méthode est stable et précise.

La seconde application est une simulation IFS avec un corps élastique. Dans ce cas,
une équation permettant de résoudre le champ de déplacement est ajoutée au système
précédent. La contrainte de rigidité, quant à elle, est remplacée par la loi de comportement
du corps élastique. La déformation et le mouvement du corps élastique sont alors obtenus
en résolvant l’équation de convection de la level-set. Nous illustrons la flexibilité de la
formulation proposée par des exemples 2D.

Mots clés: Interaction Fluide-Structure, Formulation monolithique, Elément Finis Sta-
bilisés, Remaillage anisotrope, Mouvements de corps rigide, Ecoulement incompressible,
Comportement élastique.
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2 CHAPTER 1. GENERAL INTRODUCTION

1.1 Introduction to Fluid-Structure Interaction

Fluid-structure interaction (FSI) is the behaviour study of a system consisting of two
different mechanical entities: a mobile structure (rigid or deformable) and a fluid (flowing
or at rest) around or inside the structure. The evolution of each entity depends on
the evolution of the other, thus a coupling phenomenon appears. More precisely, the
aerodynamic forces influence the movement and/or deformation of the structure, on the
other hand, the movement and/or deformation of the structure affects the fluid flow and
thus the direction and intensity of the aerodynamic loads. FSI describes a wide variety of
physical problems arising in engineering [1], technology [2], aerodynamics [3], automotive
[4] and biomechanics [5]. The application varies from interaction of air and tissue in a
human body to the aviation and shipbuilding in industry. For instance, the study of air
flow over an airplane wing, a sail boat or a bridge structure is extremely important in the
construction of these objects. Figure 1.1 illustrates the FSI cycle and represents several
domain of applications. As noticed, the characteristic scales in time and space vary vastly
from one application to another and understanding such coupled problems tend to be
difficult.

Figure 1.1: The FSI cycle (Wikipedia) with different domain of applications in
engineering, aerodynamics, automotive and biomechanics

Because of the complexity of such problems, experimental studies are in general ex-
tremely costly and time consuming [6, 7]. Additionally, in spite of the available computers
performance and the actual maturity of Computational Fluid Dynamics (CFD) and Com-
putational Structural Dynamics (CSD), several key issues in the domain of computational
FSI still prevent simulations from really helping in solving academic and industrial prob-
lems. FSI simulations are then nowadays the focus of numerous investigations, and various
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approaches are proposed to treat them. Efforts are continuously pushed towards higher
performance by seeking new developments that must be able to deal with different sit-
uations and regimes. In particularly, they must be able to treat encountered problems
ranging from the mesh adaptation issues to the coupling engines between different codes,
from small/large deformations to low/high Reynolds numbers flows and on simple to very
complicated geometries.

In Centre of Material Forming, the development of advanced numerical methods on
the FSI can be used for many applications in materials forming, especially multi-domain
calculations, coupling-field tools, the phase change system, thermal control system, and
some process such as quenching, drying and heat treatment, hydro forming.

1.2 Brief literature review

First, we present the state of the art and the different methods and models existing
in the literature to tackle FSI problems. We begin by shedding light on the different
formulations used.

1.2.1 Eulerian Formulation

The Eulerian description studies the evolution of a material quantity through a region
of space. The associated reference system is fixed. In a finite element (FE) framework,
the Eulerian formulation requires a fixed mesh in space. This mesh defines an invariable
volume over time and a given material can migrate from one FE to another. Some material
particles can even leave the initially defined area and, in this case any information on
these particles is lost. The use of Eulerian formulations showed difficulties in the study
of problems with moving boundaries [8]. The boundaries of the material don’t generally
coincide everywhere and at all times with the edge of an element. As a result, taking into
account the physical boundary conditions present a major difficulty. Also the precision
of the material boundaries are affected when evolving in time. Thus many elements are
needed to cover the space where the material will be located during the simulation. From
another part, the Eulerian formulation allows a significant distortion of the material.
This explains the use of the Eulerian formulation in fluid mechanics or in the case of
forming materials when studying the stationary processes. Additionally, modelling an
elastic material in an Eulerian framework is also possible as presented in the works of
Cottet et al. [9], where the interaction of an isotropic elastic membrane and a viscous
incompressible fluid is simulated.

1.2.2 Lagrangian Formulation

In the Lagrangian description, the particle’s motion is considered as a certain quantity
moving in space starting from a known reference. The reference system is attached to
the particle. This formulation is widely adopted in solid mechanics [10]. In the FE
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method, the Lagrangian formulation requires that each node remains in contact with the
same material particle throughout the deformation process. This property is interesting
from a numerical point of view because, during the integration of constitutive equations,
the convective terms do not appear in the equations. Moreover, each node remains in
coincidence with the same phase throughout the whole deformation process. In particular,
the nodes located at the interface of the solid remain on its boundary during the whole
simulation and hence, tracking a moving interface does not present major difficulties.
However, in the presence of large deformations, the mesh can be distorted and this leads
to inaccurate results if not the end of the simulation. Thus an expensive but necessary
mesh adaptation is required.

1.2.3 Arbitrary Lagrangian-Eulerian Formulation

Among the used approaches, the arbitrary Lagrangian-Eulerian (ALE) gained lots of
interest [11, 12, 13]. It combines the advantages of the Lagrangian representation (well-
defined interface, facility at imposing boundary conditions) and those of the Eulerian
formulation (possibility of handling large distortions). The idea of this mixed formulation
is the development of a grid moving at an independent rate of the structure. As a result,
the structure moves relative to the mesh, as in a pure Eulerian formulation, but the
external shape of the elements is controlled by the boundary conditions of the problem,
as in a Lagrangian formulation. Note that in FSI, the Navier-Stokes equation would be
solved in a moving/deformable domain. As a consequence, a modification of the convective
term is required. Moudid [14] uses ALE formulation for the incompressible fluid and a
Lagrangian formulation for the structure. The simulation of a fluid flow in a channel with
a flexible wall or not in the presence of deformable obstacles is achieved by developing an
instantaneous model to control each part the fluid and the structure. At each iteration,
the obtained pressure from the fluid numerical model is used as the external solicitation
for the solid numerical model.

ALE method works very well for the FSI problem as long as the rotations, transla-
tions/deformations of the solid remain within certain limits [15, 16, 17]. However, for
problems in which these limits are exceeded, the elements become ill-shaped , and the
ALE is not enough. Figure 1.2 shows the distorted ALE meshes due to the thin structural
motion. As a solution to this problem, a combination of ALE with some form of remesh-
ing is often used [19]. However, this can be a difficult task. Another effective solution
is developed in Wall et al.’s work [20, 21, 22] . A deformable fluid mesh using the ALE
formulation is extended over a fixed Eulerian mesh. The mesh is connected to the moving
structure and deforms according to the interface deformation. As an advantage of this
approach, the ALE domain does not extend on the whole fluid domain. Indeed, it moves
and deforms with the structure while the majority of the background mesh remains fixed.
The fixed Eulerian mesh and deforming ALE fluid mesh are coupled using the extended
finite element method (XFEM) and the Lagrange multipliers. Sternel et al. [23] use the
finite volume method for the fluid and the FE method for the solid. They adapt the ALE
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Figure 1.2: Distorted ALE meshes as presented in [18]

method using a nonlinear multigrid technique.
As noticed, the ALE method is not sufficient to model FSI problems; it always requires

coupling with other techniques.

1.2.4 Eulerian-Lagrangian Formulation

The Eulerian-Lagrangian method models the fluid in an eulerian description and the
structure in the Lagrangian description [24]. The essential difference compared to ALE
method maintains in the way the fluid mesh is treated. In this case, it is not affected
by the motion of the fluid-structure interface and thus preventing mesh distortion when
the structural deformation or rotation is important as depicted in the figure 1.2. The
fluid-structure interface is defined by the level-set method. The fluid and structure can
be coupled using a Lagrange multiplier methods and penalty methods [18]. Legay and
coworkers [25, 26] used the Eulerian-Lagrangian description in order to deal with several
thin structures immersed in a fluid. The space-time approximations of the velocity and
pressure are enriched using appropriate functions (the extended FE method), to take into
account the different discontinuities due to the presence of the structure in the fluid. The
enriched domain is the set of all elements cut by the structures.

1.2.5 Fictitious Domain

Fictitious Domain methods are considered as a powerful technique for solving partial
differential equations [27, 28]. The basic idea is to extend a problem on a complex geom-
etry domain (possibly time-dependent) to a larger easier domain (the fictitious domain).
This framework provides two main advantages for solving the problem:

• The extended domain is a simple geometry; as a result it admits simpler and more
regular meshes. This fact allows faster resolution methods such as direct solvers for
elliptical problems on rectangular domains.

• The extended domain can be time-independent even if the original domain is time
dependant. Thus, the same fixed mesh can be used for the whole resolution, elimi-
nating the need to repeat the remeshing and projection.
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Indeed, the boundary conditions on the initial boundary domain must be applied on
the extended domain, so that the solution remains the same. This method has been used
by Glowinski et al. [28, 29] to solve FSI problems with large rotations and translations of
the rigid bodies. Using this method, the sedimentation of rigid bodies in a fluid domain
can be calculated. The solids are immersed in the fluid domain and coupled by applying
constraints using a Lagrange multiplier. Similar methods were introduced for thin bodies:
a fluid mesh is considered and the solid mesh is immersed and both are coupled with the
Lagrange multiplier applied on the structural interface [30]. This method is no longer
limited to thin bodies by introducing Lagrange multipliers throughout the entire solid
body. In fact, using this approach, Yu et al. [31] were able to calculate the pressure
drop across the solid body, which is very important in biomechanics. A combination of a
fictitious domain method with mesh adaptation is proposed by Lon Van et al. [32, 33] in
order to calculate the pressure drop and shear stress on the structural interface. In this
article, the pressure drop through a plastic membrane using the fictitious domain with
mesh adaptation is presented.

1.2.6 Monolithic and partitioned approaches

Two mainly approaches are presented in the literature to solve the solid and fluid
behaviour: the monolithic and the partitioned approaches.

The monolithic method consists in solving, using one single grid, the same system
describing the fluid and the structure mechanical equations. The disadvantage of this
method is that it does not allow to couple existing fluid and solid solvers, instead a global
specific framework is needed. Examples of a monolithic method are presented in the work
of Hübner et al. [34] and Walhorn et al. [35], where the linearized equations of the fluid
structure and the coupling conditions are solved simultaneously in one system without
taking into account the fluid pressure.

The partitioned method allows the use of specific codes for each domain. Smaller
and better conditioned subsystems are solved instead of a global problem. The diffi-
culty appears when exchanging information from one code to another. Two coupling
algorithms are distinguished in the partitioned approach: strongly and weakly coupled
schemes [36, 37, 38, 39].
Loosely coupled schemes require a single solution for each field in each time increments.
As a consequence, an accurate achievement of the coupling conditions is not accom-
plished. These schemes present an intrinsic instability once applied on FSI problems with
incompressible flow. The instability depends on the fluid/ structure density ratio and the
geometry of the domain [40]. Also, restrictions on the time step are expected. However,
studies show that reducing in time step increases the instability. The instability exists in
the scheme itself; it is called the artificial added mass effect [41]. In fact, parts of the fluid
act as an additional weight on the structural degrees of freedom at the coupling interface.
In other terms, the fluid forces depend on the predicted structural displacement at the
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interface instead of the real forces and therefore include some incorrect coupling forces.
This contribution induces instability. In application, the artificial added mass effect does
not occur in aero-elastic problems but much more relevant in biomechanical applications.
Strongly coupled schemes and monolithic schemes converge to the same solution and both
require sub-iterations. But, when the problem become more complex, the iterations of the
strongly coupled schemes are more difficult to resolve. The advantages and disadvantages
of the both approaches are summarized in figure 1.3. As presented in the work of Razzaq
[42], comparison on their flexibility, stability and robustness of the needed programming
is highlighted.

Figure 1.3: Coupling strategies for FSI problem as presented in [42]

Idelsohn et al. [43] have developed a Laplacian matrix at the interface which allows
reaching the same convergence results as the monolithic approach. It can be achieved
by separating the pressure from the velocity (the velocity is calculated independently of
the pressure and the pressure is then calculated using the previous results). This work
circumvents the problem of the artificial added mass effect and presents the simulation of
an incompressible fluid and an elastic solid for different time steps and different density
ratios.
The thesis of Förster [44] is devoted to improve the stabilization methods for the parti-
tioned approach based on an ALE formulation for the flow with a FE and a Lagrangian
formulation for the structure using a nonlinear solver. A key to a stable algorithm is
the geometric conservation and its effect to a stable simulation of the fluid flow over a
deforming domain. This regime is stable when the structural density is much higher than
the fluid’s. As an example: the interaction of structures with an air flow.

1.3 Objective of the thesis

As explained previously, the more general way for solving FSI problem is the monolithic
approach in an Eulerian framework. In fact the difficulty of the remaining approaches is
that they require the development of a specific FSI solver, an accurate coupling of the
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schemes and mesh adaptation. In the monolithic approach, the former is done naturally
but the latter remains applicable. The purpose is to reach a formulation capable of dealing
with any structure: elastic or a rigid one. As a consequence, a main objective of this thesis
is to propose a monolithic approach for FSI based on the multidisciplinary expertise of
CIMLib [45, 46], a FE library, developed in CEMEF. Such expertise is present in the
Immersed Volume Method (IVM) which is an effective tool to circumvent problems of
meshes overlapping and is widely used in fluid applications [47, 48].

The solid is immersed in the fluid using level-set functions [49, 50]. The deforma-
tion/motion of the structure is realised by solving the convection equation of the level-set
function. To improve the geometric representation and the numerical results, anisotropic
mesh adaptation is used [51, 52, 53, 54]. This technique enables to produce strongly
stretched element near the fluid-structure interface. All these numerical tools along with
the development of a stable FE solver in the CIMLib library will contribute to achieve a
reliable FSI modelling system.

1.3.1 Numerical method and applications

To cover a wide range of FSI applications, we were interested, to start with, the simu-
lation of an immersed elastic/rigid structure in an incompressible fluid flow. Simulating
rigid bodies in a flow still a difficult challenge using a monolithic framework. The com-
plexity remains in reaching a global system for the rigid and fluid having such different
behaviours.

The seeked global formulation should respond properly to the structural and fluid per-
formance and reaction. Thus the primary variables for each one should be respected
and well presented. Mixed FE methods and irreducible methods have been used for the
solution of solid mechanics problems. In the former, the displacement and constraints
fields are considered to be primary variable. In the latter, only the displacement field
is considered as primary variable and then the stress field can be obtained. While irre-
ducible methods lack precision for the behaviour of nonlinear solid, the mixed method
has two drawbacks: computational cost and lack of stability. Cerva et al. [55] present
the advantage of mixed stabilization methods comparing to the irreducible methods, and
provide a stable mixed strain/displacement and stress/displacement FE formulation. The
incompressible fluid problem requires the velocity and pressure as primary variables, an
irreducible formulation is not applicable.

Tthe first examples on FSI with rigid body were developed in CIMLib [56, 57, 58].
In this case, the rigid body is treated by simply penalizing the strain rate using a very
important viscosity in the solid, which can be sometimes sufficient [59, 60, 61]. It is
also possible to enforce directly the nullity of the strain by using an Augmented Lagrange
Mulptipliers method [29, 62, 63, 59], solved by an iterative Uzawa algorithm. The problem
is solved by adding an extra-stress tensor coming from the presence of the structure in
the fluid.
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In this work, we propose to describe the global behaviour by the classical Navier-
Stocks equations, with an extra-stress tensor for the structure. The velocity and pressure
are considered as primary variables for the whole system while the extra-stress tensor
reflects the behaviour law of the immersed structure. It is worth mentioning, that this
stress tensor can be generalized for a rigid or an elastic body. In order to complete the
system and the description of the solid behaviour, an additional equation is added which
depends on the structural behaviour law. And finally the displacement variable is added
when dealing with an elastic body since it is’s a primary variable in this case.

The last essential key to model the complete FSI problem is maintaining its stability
and thus developing the appropriate stabilized FE method. In fact, in the presence of
high discontinuity material properties at the interface between the fluid and solid, numer-
ical oscillations appear at the interface and pollute the global solutions. Additionally, the
classical FE approximation for the flow problem alone must verify two criteria: the com-
patibility condition known by the inf-sup or "Brezzi-Babuska" condition which requires
an appropriate pair of the function spaces for the velocity and the pressure [64, 65, 66]
and the stability in the convection dominated flows [67, 68]. Therefore, we propose an
extension of the multiscale-stabilized Navier-Stokes solver [61, 67] taking into account the
solid constraint as an extra-stress tensor. It uses a multiscale stabilized FE method based
on the enrichment of the functional spaces for the velocity, the pressure and the stress
tensor.

1.4 Framework of the thesis

This thesis was supported by Carnot and MINES. The objective is to start and develop
a new FSI thematic and activity at CEMEF. During the three year Phd program, several
industrial partner were interested in such FSI formulation. We recall three examples:

• EFD and CEA : The simulation of Fluid-Structure Interaction in Nuclear Reactor.
A master project was financed and a master degree student was recruited to work
on this project.

• Technicom - Thales : The simulation of an elastic solid structure embedded in a
fluid. A Phd program with Nice university is obtained for 2012-2015.

• Helicoop : A small study for the simulation of unsteady flow around a helicopter.

All the developments and numerical simulations in this thesis were carried out us-
ing CIMLib [46, 45, 69] a FE C++ library developed in CEMEF (www.cemef.mines-
paristech.fr) by CIM research group (Calculs Intensifs en Mécanique). CIMLib is the
base for different numerical applications developed at CEMEF, in collaboration with
other research teams and industrial partners. This scientific library represents an Object
Oriented Program and a fully parallel code, written in C++, and gathers the numerical
developments of the group (Ph.D. students, researchers, associate professors, etc). It aims
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at providing a set of components that can be organized to build numerical softwares, such
as REM3D, XIMEX, Forge3 and THOST. It also has the capability of performing mesh
adaptation by calculating metrics which are in turn send to MTC, a topological mesher-
remesher interfaced in CIMLib and developed by T.Coupez [51, 70]. MTC is based on
local mesh topology optimizations and works for all meshing applications, from adaptive
remeshing to mesh generation, using a minimal volume principle.

1.5 Layout of the thesis

The manuscript is organized as follows: The second chapter constitutes the core of
the monolithic method where all details are given. We begin by explaining the use of
level-set functions to define the structure along with the material properties all over
the domain. Afterwards, we present the different mesh adaptation techniques used in
this work. Furthermore, interface tracking when dealing with a structure in motion or
deformation is explained. In the third chapter, the formulation with a rigid body in
an incompressible fluid flow is detailed. The monolithic approach is realised by adding
an extra stress tensor to the Navier-Stokes equation. This extra stress represents the
presence of the structure in the fluid domain. The stabilized FE formulation based on the
variational multiscale method is detailed. Several applications are performed in order to
prove the efficiency of our algorithms in 2D and 3D. Comparison with the litterature and
other approaches are also considered.

The fourth chapter details the Lagrangian and Eulerian approach needed to reach a
similar formulation for the fluid and elastic structure. We begin by explaining the La-
grangian formulation along with the momentum and mass conservation equation usually
written in this framework when dealing with solid mechanics problems. Then the re-
formulation of these quantities in an Eulerian approach is described. Furthermore, the
balance equation of an incompressible fluid is presented. The fifth chapter is dedicated
to the second application performed on FSI problems with an elastic body. A similar
system to the one achieved for FSI problems with a rigid body is reached, showing the
general phase of the solver. Several examples to illustrate the efficiency of the method are
presented at the end. Furthermore, the general conclusion and perspectives are presented
in the sixth chapter. Finally, an application on FSI in nuclear reactor for the industrial
partner, EDF, is presented in the appendix.

Since there are four papers in this document, some aspects may be revisited for com-
pleteness.

The work in this thesis has contributed to the following written publications in inter-
national Journals:

• S. El Feghali, E. Hachem, and T. Coupez, Monolithic stabilized finite element
method for rigid body motions in the incompressible Navier-Stokes flow, European
Journal of Computational Mechanics , vol 19. 547−573, 2010.
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• E. Hachem, S. Feghali, R. Codina, T. Coupez, Immersed Stress Method for solving
Fluid-Structure Interaction at high Reynolds number, submitted to International
Journal for Numerical Methods in Engineering , April 2012.

• E. Hachem, S. Feghali, T. Coupez, R. Codina, Monolithic Variational Multiscal
method for Fluid-Structure Interaction with Anisotropic Adaptive Meshing, sub-
mitted to Computer and Structures, May 2012.

and the following oral and written communications:

• S. Feghali, E. Hachem, T. Coupez, Stable/Stabilized mixed formulation for fluid
structure interaction: theory and application. In Fluid Structure Interaction Sym-
posium, UTC, Compiègne, France, June 3−4, 2010.

• E. Hachem, S. Feghali and T. Coupez, Stabilized Finite Element Methods vs LES
modeling for fluidstructure interaction with anisotropic adaptive meshing. In French
Research Group in Fluid-Structure Interaction (GDR IFS et Turbulence) , ESPCI,
Paris, France, November 3−5, 2010.

• S. Feghali, E. Hachem, T. Coupez, A full Eulerian stabilized finite element method
for fluid structure interaction. In 16th International Conference on Finite Elements
in Flow Problems (FEF 2011) , Munich, Germany, March 23−25, 2011.

• E. Hachem, S. Feghali, H. Shaw, H. Digonnet and T. Coupez, 3D Anisotropic Adap-
tive Meshing and Stabilised Finite Element Methods for Multiphase Flows at Low
and High Reynolds Number. In Coupled Problems in Science and Engineering
(Coupled 2011), Island of Kos, Greece, June 20−22, 2011

• S. Feghali, E. Hachem and T. Coupez, The use of Variational Multiscale Method
to solve Fluid-Structure Interaction problem. In French Research Group in Fluid-
Structure Interaction (GDR IFS 2011) , CEMEF, Sophia Antipolis, France, October
8−9, 2012.

• S. Feghali, E. Hachem and T. Coupez, Development of new stabilized three-fields
finite element method for fluid-structure interaction. In The Third Annual Meeting
of the Lebanese Society for Mathematical Sciences (LSMS 2012) , Beirut, Lebanon,
April 27−28, 2012.

• E. Hachem, S. Feghali, T. Coupez, Immersed Stress Method for solving Fluid-
Structure Interaction with Anisotropic Mesh Adaptation, 11th U.S. National Congress
on Computational Mechanics (USNCCM), Minnesota, USA, July 25−29, 2011.
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1.6 Résumé français

Ce chapitre constitue l’introduction de cette thèse effectuée au Centre de Mise en Forme
des matériaux (CEMEF). Premièrement, l’interaction fluide- structure (IFS) est présentée,
avec ses différentes applications ainsi que ses limites.

Nous avons ensuite réalisé une brève étude bibliographique sur les différentes méthodes
adaptés aux problèmes IFS et notamment les approches monolithique et partitionnés.
Nous décrivons ensuite l’objectif de cette thèse qui consiste à modéliser le problème IFS
dans un cadre monolithique. Pour y parvenir, des modules numériques déjà présents
dans la CIMLib sont utilisés tels que l’immersion de volume et l’adaptation de maillage.
Le développement d’un nouveau solveur élément finis stabilisé et son implémentation
dans CIMLib sont les premiers objectifs de ce travail. La stabilisation est basée sur
l’enrichissement des espaces fonctionnels pour la vitesse, la pression et la contrainte.

Les applications mécaniques sont ensuite introduites. La première application IFS est
la simulation de l’interaction fluide-rigide et la deuxième est la simulation de l’interaction
fluide-élastique. Ces problèmes sont gouvernés par les équations de Navier-Stokes avec
une extra-contrainte régissant la présence de la structure dans le fluide. Concernant
l’application fluide-élastique, le champ de déplacement sera aussi calculé. Finalement,
l’organisation de ce manuscrit de thèse sera détaillée et les contributions de cette thèse
seront énumérées.
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2.1 Introduction

Recall that in the partitioned approaches, often used to simulate FSI problems, the
global domain is divided into several subdomains [36, 37, 38] where each one is analyzed
separately. The global solution is then constructed by suitably joining local solution from
each subdomain. The difficulty remains in coordinating between the meshes. As a re-
sult, adapting the mesh becomes a necessity and occasionally extremely costly. Other
alternative approaches have been applied to represent the fluid-structure interface such as
the Immersed Boundary (IB) methods and the fictitious domain method. The interface
is convected in a Lagrangian way using the immersed boundary (IB) methods [27, 71].
The fictitious domain method [27, 28] treats the coupling between the domains by ap-
plying a constraint across the rigid body using a Lagrange multiplier. To simulate the
interaction of thin and bulky structures the extended finite element method (XFEM) is
combined with a Lagrange multiplier [20]. In this case, the Eulerian fluid field and the La-
grangian structural field are partitioned and iteratively coupled using Lagrange multiplier
techniques.

In the present work, we are going to use, detail and extend an implicit method to
capture the interface, the Immersed Volume Method (IVM) [61]. This method is based
on the level-set approach, on mixing laws and on meshing adaptation. Using the level-set
approach and the mixing laws the different interface and physical properties would be
defined. Consequently, different subdomains are treated as a single fluid with variable
material properties. As a result, the coupling at the fluid-structure interface is obtained
naturally and no need to enforce it. Moreover, the calculations of the boundary integrals
are no longer applicable since the fluid-structure interface is only defined by the zero value
of the level-set function.

Furthermore, dealing with fluid-structure problems in a monolithic context undermines
the necessity to work with a fine mesh at the interface not only to describe properly the
considered structure but also to take into account high discontinuities of physical proper-
ties. The proposed mesh generation algorithm allows the creation of anisotropic elements
stretched along interface. Definitely, when dealing with moving structures, periodic mesh
adaptation is required to follow the interface all along the computations. To track this in-
terface, the level-set function should be convected. Hence, the motion and/or deformation
of the structure is naturally taken into consideration.

Note that, this method is coupled with some additional features that could allow the
resolution of a single set of equation for both solid and fluid. In our case, the immersion
of the extra-stress tensor to take into account the behaviour law of the solid (detailed in
chapters 3 and 5).

The outline of the chapter is as follows: first the level-set approach is explained; next
a brief review on mixing different physical properties for each sudbomain is prescribed;
then different possible mesh adaptation algorithms are highlighted and finally interface
tracking is presented.
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2.2 The Level-Set approach

A signed distance function of an interface Γ is used to localize the interface of the
immersed body Ωs and initialize the desirable properties on both sides of this interface.
At any point x of the computational domain Ω, the level-set function α corresponds to
the signed distance from Γ. In turn, the interface Γ is then given by the iso-zero of the
function α: 




α(x) = ±d(x, Γ),x ∈ Ω,

Γ = {x, α(x) = 0} (2.1)

In this document, a sign convention is used: α ≥ 0 inside the immersed body defined by
the interface Γ and α ≤ 0 outside this domain. Figure 2.1 illustrates a level-set function
of a circular domain. The values of this function are positive inside the domain, negative
outside and null at the interface. Further details about the algorithm used to compute
the distance are available in [72].

Figure 2.1: The level-set function of a circular domain. The interface of the circle is
highlighted in black

The treated solids can have simple geometry, such as the presented circular domain,
thus simple analytical level-set function is used. For complicated geometry, the solids
are immersed using their discretized mesh. So the level-set function is the computed in
CimLib with respect to the faces of the immersed mesh [50]. Figure 2.2illustrates the
immersion of complex geometries: a helicopter and Ahmad body.
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Figure 2.2: The immersion of complex geometries: a helicopter on the left, the Ahmad
body on the right.

2.3 Mixing laws

The geometry and mechanical properties of each subdomain are characterized by one
signed distance function. Once all the sub-domains are defined, the mechanical properties
can then be determined on the whole domain in function of the level-set function. For
the elements crossed by the level-set functions and their neighbours, fluid-solid mixtures
are used to determine the element effective properties.

A heaviside function H(α) for each level-set function is defined by:

H(α) =

{
1 if α(x) > 0

0 if α(x) < 0
(2.2)

In order to achieve a better continuity at the interface [73], the heaviside function can
be smoothed using:

H(α) =





1 if α(x) > ε,

1

2

(
1 +

α

ε
+

1

π
sin

(πα

ε

))
if |α(x)| ≤ ε,

0 if α(x) < −ε,

(2.3)

where ε is a small parameter such that ε = O(hi), known as the interface thickness, and
hi is the mesh size in the normal direction to the interface. In the vicinity of the interface,
it can be computed using the following expression:

hi = max
j,l∈K

∇α · xjl, (2.4)

where xjl = xl − xj and K is the mesh element. Thus, the linear P1 interpolations of
the heaviside function are easily obtained since they are computed by looking at the sign
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of α(x) at each node x of the mesh. For a piecewise constant P0 interpolation, H(α) is
computed from the distance function α as follows:

H(α)|k =
α+

k

| α |k
, (2.5)

where α+
k is the sum of all positive α evaluated at nodes of element K and | α |k is the

sum of absolute values of α.
According to the chosen approximations, the physical properties in the domain are

calculated as a function of H(α). For instance the density ρ can be calculated between
its values in the fluid ρfluid and the solid ρsolid :

ρ = ρsolidH(α) + ρfluid(1 − H(α)). (2.6)

The density evolution across the interface is presented in figure 2.3, it’s calculated using
a linear and piecewise interpolation. For a P0 approximation, the mixing zone is applied
across an element on the fluid-structure interface. While for a P1 approximation, the
mixing zone depend on the chosen thickness ε (eventually 1.5h where h is the mesh size).

Figure 2.3: Density distribution across the interface using a P0 approximation a), a P1
approximation b)

2.4 Construction of an anisotropic mesh

An accurate calculation of the velocities, strains and stresses along the fluid-solid inter-
face is critical for a correct modelling of different FSI applications. The difficulty arises
due to the high discontinuity of the properties of the material across the interface from
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one hand, and due to the interface transition controlled by the element size from another
hand.

Isotropic refinement of the mesh can be used to reach a desired accuracy in the in-
terface description. However, this strategy leads to a significant increase of computation
resources. An adaptive anisotropic remeshing technique is therefore preferred. Differ-
ent ways exist to generate adapted anisotropic meshes. In the following sections of this
chapter we will present different mesh adaptation methods that are applied in this work.

2.4.1 Anisotropic local remeshing method

The main idea of this method is to couple the level-set process with anisotropic mesh
adaptation, described in [52], in order to pre-adapt the mesh at the interface. The mesh
becomes locally refined in a narrow zone surrounding the interface. The refinement op-
erates on both directions, perpendicular and tangential to the interface, which leads to
highly stretched element in one direction and very fine one in the other direction. This
anisotropic meshing method enables to sharply define the interface and to save a great
number of elements compared to classical isotropic refinement [52].

Let us briefly described the main principles of this technique. First of all, the gener-
ation of such meshes requires the definition of a metric field and the use of a topological
mesher. Recall that a metric is a symmetric positive defined tensor representing a local
base that modify the distance computation, such that:

||x||M =
√

Tx · M · x , < x,y >M=T x · M · y . (2.7)

If M is the identity tensor, one recovers the usual distances and directions of the Euclidean
space. As M is a symmetric positive definite tensor, it is diagonalizable in an orthonormal
basis of eigenvectors, and all the eigenvalues are strictly positive. The metric M can be
regarded as a tensor whose eigenvalues are related to the mesh sizes, and whose eigen-
vectors define the directions for which these sizes are applied. In fact, when a metric is

utilized in mesh construction, the size of the element in the direction of vi becomes
1√
λi

,

where λi is the ith eigenvalue of M and vi is the associated eigenvector.
Let us consider the simple case of only one interface. The iso-zero of the level set

function represents the boundary, Γ , and the gradient of the level set function:x′ =
∇α/||∇α|| defines the normal to the boundary which corresponds to the direction of
mesh refinement. To define the mesh size in that direction, and its distribution in space,
a characteristic thickness e is introduced:

{
|α(x)| ≤ e

2
near the interface

|α(x)| > e
2

far from the interface
(2.8)

A default mesh size, or background mesh size is imposed far from the interface and
it is reduced in the direction perpendicular to the interface as |α(x)| is reduced e.g. as
the interface comes closer. Let us require an isotropic mesh size equal to hd outside the
anisotropic boundary layer. A likely choice for the mesh size evolution is the following:
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h =





hd if |α(x)| > e/2

he =
2hd(m − 1)

m e
|α(x)| + hd

m
if |α(x)| ≤ e/2

(2.9)

Eventually, at the interface, the mesh size is reduced by a factor m with respect to the
default value hd. Then this size increases until equalling hd for a distance that corresponds
to the half of a given thickness e. The unit normal to the interface x′ and the mesh size
he defined above, lead to the following metric:

M = C (x′ ⊗ x′) +
1

hd

I with C =





0 if |α(x)| ≥ e/2
1

h2
e

− 1

h2
d

if |α(x)| < e/2
(2.10)

where I is the identity tensor. The mesh resolution is forced to concentrate in particular
areas of interest. This metric returns to isotropic far from the interface (with a mesh size
equal to hd for all directions) and to anisotropic near the interface ( with a mesh size
equal to hi in the direction x and equal to hd in the others).

In practice, anisotropic meshes are generated in several steps using the MTC mesher
and remesher developed by Coupez [51, 74]. It is based on local mesh topology optimiza-
tions and works for all meshing applications from adaptive remeshing to mesh generation
by using a minimal volume principle. MTC improves the mesh topology by considering
the quality of the elements. The quality of an element is defined through a shape factor
which takes into account the considered metric [75].

Figure 2.4 illustrates a result obtained for an immersed disk in a 2D unit square.
The anisotropic mesh adaptation was realized with hd = 0.02, m = 40 and e = 0.03.
The anisotropic mesh is made of 12502 elements. Figure 2.4b presents a close-up on the
interface, the mesh has been refined when approaching the interface. Consequently, only
additional nodes are locally added in this region, whereas the rest of domain keeps the
same background size.

The proposed mesh generation algorithm works well for 2D or 3D complex shapes.
It allows the creation of meshes with extremely anisotropic elements stretched along the
interface. The mesh size is then only refined in the direction of the gradient of the level-set
and as a consequence in the wake of the high physical and mechanical properties gradients.
This allow conserving a high precision in the calculus and in the geometry description,
in spite of an important decrease of the total number of degrees of freedom. The grid is
furthermore only modified in the vicinity of the interface which keeps the computational
work devoted to the grid generation low.

2.4.2 An a posteriori error estimate method

In this section, a different route to compute the metric and to account for the anisotropic
mesh adaptation along the interfaces is presented. The proposed procedure is controlled
by a directional error estimator based on local interpolation error and recovery of the
second derivatives of the level-set function (the so-called Hessian strategy) [76].
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Figure 2.4: Anisotropic mesh adaptation, using the 1rst method, for an immersed disk
a), zoom on the fluid-solid interface b)

The goal of this approach is to achieve a mesh-adaptative strategy minimizing the
directional error estimation in the mesh. Such approach allows us to refine the mesh close
to the fluid-structure interface, stretch and orient the elements in such a way that, along
the adaptation process, not only accurate representation of the level-set is obtained but
also it tolerates keeping the number of unknowns affordably low and fixed by the user.

The Hessian strategy [77] is used to obtain better directional information of the error.
The level-set scalar component is used to compute the Hessian. As shown in the previous
section, this directional information can be converted into a mesh metric field M which
prescribes the desired element size and orientation. However, it was applied without an
error estimator or error control.

Figure 2.5 presents the mesh adaptation of an immersed disk as well as the zoom at
the interface. As noticed, in this method, the background mesh size has nothing to do
with the mesh size at the interface. While in the previous formulation, it was the same
as the mesh size in the perpendicular direction to ∇α. The anisotropic mesh is made of
12593 elements.

The final mesh adaptation technique, used in this work, is an extension of the a pos-
teriori estimation based on the length distribution tensor approach and the associated
edge based error analysis. It combines the simultaneous adaptivity to the level-set scalar
field and to the velocity field without increasing the complexity of the computation or
intersecting different metrics [54]. Using this approach, the adaptivity will also focus on
the change of direction rather than only the intensity of the velocity.

At the beginning, the unit mesh metric is defined and well justified on a node basis, by
using the statistical concept of length distribution tensors. Then, the interpolation error
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Figure 2.5: Anisotropic mesh adaptation, using the 2nd method, for an immersed disk a),
zoom on the fluid-solid interface b)

analysis is performed on the projected approximate scalar field along the edges. The error
estimate is established on each edge whatever the dimension is. It enables to calculate
a stretching factor providing a new edge length distribution, its associated tensor and
the corresponding metric. The optimal stretching factor field is obtained by solving an
optimization problem under the constraint of a fixed number of edges in the mesh. Details
of the method can be found in [54]. and in chapter 3 section 4

As observed in figure 2.6, the adaptivity is applied to the level-set scalar field, as a
result, the mesh is refined in the wake region of the interface, while far across the interface,
the elements become extremely large. The anisotropic mesh is made of 12645 elements.

In order to compare the three proposed mesh adaptation methods, the minimal and
maximal mesh sizes, denoted by hmin and hmax respectively, as well as the number on
nodes are shown in table 2.1. The three methods present approximately same number

mesh adaptation
method

hmin hmax number of nodes

First 0.0045 0.0331 6345
Second 0.0025 0.0298 6478
Third 0.0012 0.6981 6327

Table 2.1: Comparison of the three mesh adaptation methods

of nodes, the third one presents the smallest hmin as well as the largest hmax. The fact
that the third method applies the mesh refinement only on the scalar field allowing an
important ratio between the minimal and maximal mesh size. Note that, the proposed
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Figure 2.6: Anisotropic mesh adaptation, using the 3rd method, for an immersed disk a),
zoom on the fluid-solid interface b)

technique is able to construct a metric from a multi-component field, for instance the
components of the velocity and/or different level-set functions.

Finally, it worth mentioning that all the proposed method can handle arbitrary complex
geometries see figure 2.7 where the mesh adaptation technique for an immersed helicopter
and Ahmad body is presented.

Figure 2.7: Anisotropic mesh adaptation for an immersed helicopter (upper part) and
Ahmad body (lower part)
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2.5 Interface tracking

The proposed approach works well with fixed immersed structures represented by fixed
level-set functions. However, in most FSI applications, the fluid-structure interface evolves
in time and thus, interface tracking is needed. Hence, the new structure position and
form is presented by solving a convected Level-Set function as introduced in [78]. Results
obtained show that mass conservation is ensured and computation is simpler, efficient and
robust, even in three dimensions. The basic idea of this method is to use both the physical
time and the convective time derivative in the classical Hamilton-Jacobi reinitialisation
equation [79]. Consequently, a smoothed level-set function is given first as follows:

α′ =





2ǫ

π
if α > ǫ

2ǫ

π
sin

( π

2ǫ
α
)

if |α| < ǫ

−2ǫ

π
if α < −ǫ

(2.11)

where α stands for the standard distance function, and ǫ is the truncation thickness. The
level-set evolution equation is then given by





∂tα
′ + v · ∇α′ + λs

(
|∇α′| −

√
1 −

( π

2E
α′

)2
)

= 0

α′(t = 0,x) = α′
0(x)

(2.12)

where λ is a coupling constant depending on time discretisation and spatial discretisation,

typically λ ≃ h/∆t. Finally, the authors in [80] show that by setting w = s
∇α′

|∇α′|

and g(α′) =

√
1 −

( π

2E
α′

)2

, a rearranged form of (2.12) leads to the following simple

convection equation:
{

∂tα
′ + (v + λw) · ∇α′ = λ · s · g(α′)

α′(t = 0,x) = α′
0(x)

(2.13)

We use a stabilized finite element formulation, based on the classical SUPG method
to discretize and solve this equation [81]. This choice of method controls the spurious
oscillations in the advection dominated regime. More details are given in [80]. In brief,
the FE formulation of equation (2.13) can be written as follows: find α′

h ∈ Wh , such that,
∀zh ∈ W 0

h





∫
(∂tα

′ + (vh + λwh) · ∇α′
h) zhdΩ

+

nel∑

e=1

∫

Ωe

τSUPG ((∂tα
′ + (vh + λwh) · ∇α′

h − λsg(α′))(vh + λwh) · ∇zh) dΩe = 0

(2.14)



where Wh and W 0
h are standard test and weight finite element spaces:

Wh = {wh ∈ C0(Ω), wh|K ∈ P1(K), ∀K ∈ Kh}
W 0

h = {wh ∈ Wh, wh|K = 0}

and the discretized domain is noted by Ωh = ∪K∈Kh
K.

The classical Galerkin terms (equation 2.14) are represented by the first integral whereas
the element-wise summation, tuned by the stabilization parameter τSUPG, represents the
SUPG term needed to control the convection in the streamline direction. More details
about the use of stabilized finite element method for the convection equation and the
evaluation of this parameter can be found in [80, 82].

2.6 Conclusion

We presented in this chapter all the necessary numerical tools to immerse a structure
in a domain. We began by detailing the level-set approach for defining the interface.
Then, the mixing law was explained in order to treat the fluid-solid as a single fluid
with different physical properties. Concerning mesh adaptation, a general overview of the
existing methods in CimLib, used in this work, was presented and applied for 2D and
3D illustrative cases. These methods enable a better capture of the fluid-solid interface
and allow handling the discontinuities of the material properties. The advantage of the
a posteriori error estimate technique is that it allows generating a metric as a minimum
of an error indicator function(s) for a given number of elements. Furthermore, when
dealing with a deformable and or moving structure, interface tracking was exposed, which
is solving the convection level-set equation and maintaining its definition as a signed
distance function.

2.7 Résumé français

Tous les problèmes IFS présentés dans ce travail ont été simulés à l’aide de la méthode
d’immersion de volume. Ce chapitre est consacré à la présentation de cette technique.
Dans la première partie, nous détaillons le calcul des fonctions level-set qui définissent la
structure. La loi de mélange est ensuite introduite, afin de définir les propriétés du fluide
et du solide sur tout le domaine. Les différentes méthodes de remaillage existantes dans
CimLib et employées dans ce travail sont exposés. Toutes ces méthodes sont basées sur la
construction dŠune métrique qui permet de modifier la manière de calculer les longueurs
dans l’espace. Les métriques obtenues sont transmises à MTC, le mailleur topologique
utilisé dans CimLib. Enfin, Pour déterminer le/la déplacement/déformation du solide,
nous présentons la méthode de transport de la fonction level-set qui sŠappuie sur une
réinitialisation nécessaires pour redonner à la level-set une forme de type distance.
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3.1 Introduction

This chapter is dedicated to the fluid-rigid body interaction. The used formulation and
the FE discretization for fixed or moving bodies are presented. Recall that, for moving
solids different techniques can be found. Johnson and co-workers [83] simulate up to 100
rigid particles in 3D using an unstructured moving mesh. An ALE moving finite element
mesh can also be used to simulate rigid particles [84]. In [19, 85], the motion of the fluid
domain is accounted for by an ALE strategy and the motion of the rigid body is described
by ridid body dynamics. The strong fluid-structure coupling is solved by the Newton-
Raphson methodology. The motion of the fluid-structure interface, in [19], is modelled
with the combination of an ALE strategy and an adaptive remeshing procedure.

As noticed, when working with moving grids, the fluid domain must be remeshed and
adapted frequently to avoid element distortion. Fixed methods reduce these difficulties as
the fictitious domain, the immersed boundary method and the immersed interface method.
The fictitious domain method proposes an Eulerian approach where the computations are
made on a domain which contains the fluid and structure phases [86, 87]. Along with
the fictitious domain, the rigid body constraint can be satisfied using the XFEM as in
[88]. The rigidity constraint can also be applied using a Lagrange multiplier [89, 90, 91].
In this case, the Navier-Stokes is extended to the whole domain and the solid domain is
treated as a fluid subjected to an additional rigidity constraint. Another method capable
of handling rigid body in an incompressible Navier-Stokes flow is the immersed interface
method [92, 93]. Singular forces are applied on the fluid to ensure the no-slip boundary
condition on the rigid boundary. The immersed boundary method has also been used
for FSI with rigid body [94, 95], which is similar to the immersed interface method. The
imposition of a no-slip boundary condition over the body-fluid interface is achieved by
adding a force source term to the Navier-Stokes equations. The immersed boundaries are
represented by a finite number of Lagrangian points along the solid-fluid interface.

Recall that the objective of this work is to reach a similar monolithic Eulerian approach
for FSI problems treating rigid or elastic structures. Moreover, in order to simulate a rigid
body in a monolithic approach, the focus is to be able to prescribe the equation of the
rigid body motion together with the fluid momentum and continuity equation in the
same system of equations. For this reason, the work developed by Pantakar and co-
workers [89, 90, 91] have retained our attention. We start by writing the equations for
each domain, the fluid and structure, and then we impose the rigidity constraint by an
appropriate Lagrange multiplier stress tensor. Then by using the specific mixture laws,
the final FSI system is obtained. This system is governed by the Navier-Stokes equation
with an extra-stress tensor coming from the presence of the structure in the fluid. Thus
a system with three fields: velocity, pressure and stress is formulated.

From another hand, any FE approximation for the fluid flow alone must verify the
compatibility condition known by the inf-sup or "Brezzi-Babuska" condition which re-
quires an appropriate pair of function spaces for velocity and pressure [64, 65, 66] and the
stablility in the convection dominated flows [67, 68].For this purpose, we propose a stabi-
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lized finite element formulation based on the multiscale approach. The velocity, pressure,
and stress tensor are decomposed into two scales, the large and small one.

After this introduction, this chapter contains four main sections. Section 3.2 describes
the rigid body motion. Section 3.3 presents the first developed FE formulation with equal
order interpolation for the velocity and pressure and a lower order interpolation for the
stress. Section 3.4 presents a more accurate formulation with equal order interpolation for
the three fields. Furthermore, the capability of the method to simulate FSI problems at
high Reynolds number is highlighted. And finally, section 3.5 represents FSI simulations
with the latest anisotropic mesh adaptation technique. Each section is presented as a
submitted paper in international Journals.

3.2 Rigid body motion

A description of the rigid body motion is presented in this section.
Let Ω be the spatial domain, Ωt

s the solid domain at time t and let Ω0
s represent the initial

domain of the structure. And let v(x, t) be the velocity distribution on the entire domain
and
x(X, t) : Ω0

s :7−→ Ωt
s at time t be the trajectories of solid points from Ω0

s to Ωs. Then:

∂x(X, t)

∂t
= v(x(X, t), t), X ∈ Ω0

s . (3.1)

Figure 3.1: Motion of a rigid body

The rigid body motion is presented by :

v(x, t) = V + x ∧ ω, (3.2)
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where x is any point subjected to the rigid movement, V and ω are repectively the veloc-
ity and angular velocity of the rigid body. Figure 3.1 illustrates the process of the rigid
body motion.

The optimal V and ω would be calculated from the velocity field v computed from
the Navier-Stokes equations, at each point x, by minimizing:

ϕ(V, ω) =

∫

Ωs

| V + ω ∧ x − v |2 dx

=

∫

Ωs

| V + ωx⊥ − v |2 dx in 2D cases. (3.3)

where x⊥ = (−y, x). The minimum is achieved when:

∂ϕ(V, ω)

∂V
= 0

∂ϕ(V, ω)

∂ω
= 0 (3.4)

And the matrix formulation of the system to be solved reaches:
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i

αi(x
2
i + y2

i )







Vx

Vy

ω


 =




∑

i

αivxi

∑

i

αivyi

∑

i

αi(vyixi − vxiyi)




where xi = (xi, yi), vi = (vxi,vyi) and αi are the coordinates, velocities, and the weight
of the Gauss points respectively.

Once V and ω are determined, the coordinates of the origine Ot and the axes of
the structure At

i(i = 1, 2) can be calculated from their initial positions, O0 and A0
i

respectively, as following:





Ot = O0 + ∆t
(
V + ωO0⊥

)

At
i =

A0
i + ∆tωA0⊥

i

‖ A0
i + ∆tωA0

i ‖
(3.5)

And thus, the new position of the structure is calculated and obtained.
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3.3 Monolithic SFEM for rigid body motions in the

incompressible navier-stokes flow

In the following, the formulation of FSI problems with rigid body is detailed. We
start by presenting the fluid-solid domain. Then, the stabilized finite element method
(SFEM), along with the validation of the present formulation using 2D and 3D test cases
are demonstrated. The same method as in chapter 2 is used to define the fluid-structure
interface. The only difference is in the way the interface is tracked. Since the structure is
a rigid one, there is no need to solve the convected level set equation; instead, the rigid
body motion, detailed earlier, is used to define the new position of the structure in the
domain.

3.3.1 Introduction

Numerical simulations of fluid-structure interaction (FSI) are of first interest in numer-
ous industrial problems (aeronautics, heat treatments, aerodynamic, bioengineering...).
Because of the high complexity of such problems, analytical studies are in general not
sufficient to understand and solve them. Additionally, in spite of the available computers
performance and the actual maturity of computational fluid dynamics, several key issues
in the domain of computational FSI still prevent simulations from really helping in solv-
ing academic and industrial problems. FSI simulations are then nowadays the focus of
numerous investigations, and various approaches are proposed to treat them.

Most of the commercial software packages solve FSI problems using an Arbitrary
Lagrangian Eulerian (ALE) formulation [11, 12, 13]. The solid domain is treated with a
Lagrangian formulation. The nodes belonging to the interface between the solid and the
fluid are moved with the solid. The displacement of the nodes in the fluid domain do not
depend on the fluid motion, but only ensures the continuity between the fluid and the
solid domain, and a good mesh quality. ALE methods are robust and accurate, and do not
need any extra degrees of freedom. However, important problems arise if the deformations,
displacements and rotations of the solid becomes very important [15, 16, 17].

A higher popularity has been gained recently by partitioned approaches which allow
the use specific solver for each domain. The difficulty remains in transfering the infor-
mation between the codes. The coupling between the two phases can be enforced using
different schemes: weakly or strongly coupled version. The former approach manages
with just one solution of either field per time step but consequently lack accurate ful-
filment of the coupling conditions. The latter requires sub-iterations. The predominant
approach consists in solving the problem iteratively, using fixed-point schemes [96] or
Newton Krylov methods [38, 36, 97, 98]. Actually, the fixed-point methods with dynamic
relaxation seem to be the most interesting variant [99]. This approach allows the use of
fluid and solid solvers for each of the two phases. It is accurate and quite efficient but
present an inherent instability depending on the ratio of the densities and the geome-
try of the domain [40]. As a result, the numerical cost increases drastically and coupling
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algorithms may not converge. For 3D problems, such difficulties become even more severe.

Monolithic approaches have been proposed to overcome these drawbacks. The whole
domain (composed by fluid and solid phases) is considered as a single one, meshed by a
single grid, and solved with an Eulerian framework. The continuity at the interface is
then obtained naturally and there is no need to enforce it, as it was the case in partitioned
methods. If the multi-mesh approaches permit the use of classical fluid and solid solvers,
monolithic approaches impose the use of an appropriated unique constitutive equation
describing both the fluid and the solid domain. Interface tracking, between the two
different domains, can be completed by Immersed Boundary (IB) methods [27] where the
interface is convected on a Lagrangian way. Other methods such as the fictitious domain
[27, 28] treat the coupling between the domains by applying a constraints across the rigid
body using a Lagrange multiplier.

Here in this work, we use the immersed volume method based on the level-set approach
[61]. Mesh adaptation, and particularly anisotropic mesh adaptation is used to track the
fluid-solid interface with a good precision and reasonable computational time [100, 61].

The rigid solid is treated using the Navier-Stokes solver under constrains to impose
the nullity of the deformations. It can be done by simply penalizing the strain rate using
a very important viscosity in the solid, which can sometimes be sufficient [59, 60, 61]. It is
also possible to enforce directly the nullity of the strain by using an Augmented Lagrange
Mulptipliers method [29, 62, 63], solved by an iterative Uzawa algorithm. The problem
is solved by adding an extra-stress tensor comming from the presence of the structure in
the fluid. Linear or harmonic mixture laws of the mechanical properties characterizing
each domain are then applied at the interface.

However, in the presence of high discontinuity materials properties at the interface
between the fluid and solid, numerical oscillations appear at the interface and pollute the
global solutions. Therefore, we propose an extension of the multiscale-stabilized Navier-
Stokes solver [61, 67] taking into account the solid constraint as an extra tensor. Recall
that the classical finite element approximation for the flow problem must verifies two
criterias: the compatibility condition known by the inf-sup or ’Brezzi-Babuska’ condition
which requires an appropriate pair of the function spaces for the velocity and the pressure
[64, 65, 66] and the stability in the convection dominated flows [67, 68]. For these reasons,
a robust monolithic Navier-Stokes solver is extended with a stabilization procedure for
rigid body motion. It uses a multiscale stabilized finite element method based on the
enrichment of the functional spaces for the velocity, the pressure and the stress.

The Immersed Volume Method is revisited next. Then, the strong and weak form of the
equations of motion is presented. Afterwards, the stabilizing schemes from a Variational
MultiScale point of view are described followed by the numerical scheme. Finally, some
benchmark problems to validate the method and the numerical simulation of a falling disk
in a channel are examined.
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3.3.2 Immersed volume method

The immersed volume method is based on solving the single set of equations by differen-
tiating the subdomains and refining the mesh at this interface using the level-set method.
This section presents the complete description of the method, which is structured into
three subsections: immerse the solid using level-set function, mix the physical properties
and finally apply the anisotropic mesh adaptation at the vicinity of the interface [61].

3.3.2.1 Level-set approach

A signed distance function of an interface Γi is used to localize the interface of the
immersed body Ωi and initialize the desirable properties on both sides of this latter. At
any point x of the computational domain Ω, the level-set function αi corresponds to the
distance from Γi. In turn, the interface Γi is then given by the iso-zero of the function αi

: 



αi(x) = ±d(x, Γi),x ∈ Ω,

Γi = {x, αi(x) = 0} (3.6)

In this paper, a sign convention is used: αi ≥ 0 inside the solid domain defined by the
interface Γi and αi ≤ 0 outside this domain. Further details about the algorithm used to
compute the distance are available in [72].

3.3.2.2 Mixing laws

The geometry and mechanical properties of each subdomain are characterized by one
signed distance function. Once all the sub-domains are defined, the mechanical properties
can then be determined on the whole domain in function of the level-set function. For the
elements crossed by the level-set functions and the their neighbours, fluid-solid mixtures
are used to determine the element effective properties.

A heaviside function H(α) for each level-set function is defined by:

H(α) =

{
1 if α > 0

0 if α < 0
(3.7)

In order to achieve a better continuity at the interface [73], the heaviside function can
be smoothed using:

Hε(α) =





1 if α > ε

1

2

(
1 +

α

ε
+

1

π
sin

(πα

ε

))
if |α| ≤ ε

0 if α < −ε

(3.8)

where ε is a small parameter such that ε = O(hi), known as the interface thickness, and
hi is the mesh size in the normal direction to the interface. In the vicinity of the interface,



3.3. Monolithic SFEM for rigid body motions in the incompressible navier-stokes flow35

it can be computed using the following expression:

hi = max
j,l∈K

∇α · xjl (3.9)

where xjl = xl − xj and K is the mesh element.

According to the chosen approximations, the heaviside function is then approximated
using linear interpolations P1 between fluid and solid properties or a piecewise constant
interpolation P0.

3.3.2.3 Anisotropic mesh adaptation

Accurate calculation of the velocities, strains and stresses along the fluid-solid interface
is critical for a correct modelling of industrial applications. The difficulty arises due to
the discontinuity of the properties of the material across the interface. If this latter is
not aligned with the element edges, it may intersect the element arbitrarily such that
the accuracy of the finite element approach can be compromised. In order to circumvent
this issue, the level-set process is thus coupled to an anisotropic mesh adaptation as
described in [52]. The idea of this method is to pre-adapt the mesh at the interface.
The mesh becomes locally refined, elements are stretched, which enables to sharply define
the interface and to save a great number of elements compared to classical isotropic
refinement. This anisotropic adaptation is performed by constructing a metric map that
allows the mesh size to be imposed in the direction of the distance function gradient. Let
us briefly describe the main principles of this technique. First of all, one has to resort to
a so-called metric which is a symmetric positive defined tensor representing a local base
that modifies the distance computation, such that:

||x||M =
√

Tx · M · x , < x,y >M=T x · M · y . (3.10)

The metric M can be regarded as a tensor whose eigenvalues are related to the mesh
sizes, and whose eigenvectors define the directions for which these sizes are applied. For
instance, using the identity tensor, one recovers the usual distances and directions of the
Euclidean space. In our case the direction of mesh refinement is given by the unit normal to
the interface which corresponds to the gradient of the level-set function: x = ∇α/||∇α||.
A default mesh size, or background mesh size, hd is imposed far from the interface and it
is reduced as the interface comes closer. A likely choice for the mesh size evolution is the
following:

h =





hd if |α(x)| > e/2

2hd(m − 1)

m e
|α(x)| + hd

m
if |α(x)| ≤ e/2

(3.11)

Eventually, at the interface, the mesh size is reduced by a factor m with respect to the
default value hd. Then this size increases until equalling hd for a distance that corresponds
to the half of a given thickness e. The unit normal to the interface x and the mesh size
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h defined above, lead to the following metric:

M = C (x ⊗ x) +
1

hd

I with C =





0 if |α(x)| ≥ e/2
1

h2
− 1

h2
d

if |α(x)| < e/2
(3.12)

where I is the identity tensor. This metric returns to isotropic far from the interface (with
a mesh size equal to hd for all directions) and to anisotropic near the interface (with a
mesh size equal to hi in the direction x and equal to hd in the others). This method can
be assisted by a posteriori anisotropic error estimator, the search of the optimal mesh
(metric) that minimizes the error estimator. As a result, an optimal metric as a minimum
of an error indicator function and for a given number of elements is obtained.

In practice, the mesh is generated in several steps using the MTC mesher and remesher
developed by [51]. Further details on the anisotropic mesh generation can be found in
[52]. The proposed mesh generation algorithm works well for 2D or 3D complex shapes.
It allows the creation of meshes with extremely anisotropic elements stretched along the
interface. The mesh size is then only refined in the direction of the high physical and me-
chanical properties gradients. This allow both conserving a high precision in the calculus
and in the geometry description, in spite of an important decrease of the total number
of degrees of freedom. The grid is furthermore only modified in the vicinity of the inter-
face which keeps the computational work devoted to the grid generation low. Note also
that the proposed method can easily handle arbitrary complex geometries. As shown in
Figure 3.2 which presents a close-up on the interface zone at the end of the anisotropic
adaptation process, the mesh has been gradually refined when approaching the interface.
Consequently, only additional nodes are locally added in this region, whereas the rest of
domain keeps the same background size.

Figure 3.2: Zoom on the fluid-solid interface after anisotropic adaptation

3.3.3 Governing equations

This section is devoted to the mathematical formulation for rigid body immersed in
an incompressible fluid. The governing equations are considered to be three-dimensional,
unsteady. As the proposed approach is monolithic, a unique constitutive equation will be
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solved on the whole domain, with a variation of the parameters depending on the phase
that should be modelled.

First, each system of equation is presented separately. Let Ω ⊂ R
n be the spatial

domain at time t ∈ [0, T ], where n is the space dimension. Let ∂Ω denote the boundary of
Ω. Ωf , Ωs and Ωfsi be respectively the fluid domain, the solid domain and the interface.
They verify:

Ωf ∪ Ωs = Ω and Ωf ∩ Ωs = Ωfsi (3.13)

The dynamic of the flow is given by the classical incompressible Navier-Stokes equa-
tions:

ρf (∂tv + v · ∇v) − ∇ · σ = f in Ωf (3.14)

∇ · v = 0 in Ωf (3.15)

v = vΓ on Γ (3.16)

v = vi on Ωfsi (3.17)

σ · n = d on Ωfsi (3.18)

v(x,0) = v0(x) in Ωf (3.19)

where v is the velocity vector, ρf is the fluid density, , n is the outward normal on the
solid surface, vi is the velocity at fluid-solid interface Ωfsi and f the applied force vector.
For an incompressible fluid the divergence-free constraint (3.15) gives rise to the pressure
in the fluid. The stress tensor for a Newtonian fluid is then given by:

σ = 2ηf εεε(v) − p Id (3.20)

where p is the pressure, Id is the identity tensor, εεε(v) = (∇v +T
∇v)/2 the deformation-

rate tensor and ηf is the dynamic viscosity.
In the present formulation we treat the rigid body as a continuous domain subjected

to an additional rigidity constraint. The governing equations for particle motion are then
given by:

ρs (∂tv + v · ∇v) − ∇ · σ = f in Ωs (3.21)

∇ · v = 0 in Ωs (3.22)

εεε(v) = 0 in Ωs (3.23)

v = vi on Ωfsi (3.24)

σ · n = −d on Ωfsi (3.25)

v(x,0) = v0(x) in Ωs (3.26)

where ρs the solid density. In a rigid body there is no deformation εεε(u) = 0 (u is
the displacement field) and ∂tu = v. These two equations implies a null value of the
deformation-rate tensor (3.23). From another part the rigidity constraint (3.23) ensures
that the velocity field is a divergence-free. Hence Equation (3.22) is a redundant equation.
Nevertheless we choose to keep this constraint to account the pressure term. As noted
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earlier Equation (3.22) gives rise to the fluid pressure. Similarly, Equation (3.23) gives
rise to a stress field τ . The stress tensor is then given by:

σ = −p Id + τ s (3.27)

Adding both systems, the strong form for the whole domain reads:




ρ (∂tv + v · ∇v) − ∇ · (2η εεε(v) + τ − p Id) = f

∇ · v = 0

εεεs(v) = 0

v = vb on ∂Ω

v(x,0) = v0(x)

(3.28)

where εεεs(v) = H(α)εεε(v) , η = (1−H(α))ηf , ρ = ρsH(α)+ρf (1−H(α)) and τ = H(α)τ s.
Once the object is immersed inside the computational domain using the proposed tech-
nique, the equations at the fluid-solid interface are naturally satisfied. As a consequence,
the boundary conditions (3.17)-(3.18)-(3.24)-(3.25) are no longer needed. The boundary
velocity vb results from Equation ’3.16). If the solid boundary intersects with the domain
boundary, vb can be easily adapted.

Weak form01

Multiplying by the test functions and integrating by parts, the associated standard weak
form of the system (3.28), can be stated as: Find v ∈ V =

(
H1

0 (Ω)
)n
, p ∈ Q = L2(Ω) and

τ ∈ T = L2(Ω)n×n such that:





ρ (∂tv,w) + ρ(v · ∇v,w) − (p ∇ · w) + (2ηεεε(v) : εεε(w)) + (τ : εεε(w))

= (f ,w)

(∇v, q) = 0

(εεεs(v) : τ ∗) = 0

(3.29)

A penalization factor ηs will be added to this formulation, so that η = H(α)ηs + (1−
H(α))ηf . As a consequence an extra term is added (2ηsεεε(v) : εεε(w)). This can be done as
long as εεε(w) belongs to the functional space of τ .

3.3.4 Stabilized finite-element method (SFEM)

In this section, we describe briefly the Galerkin finite-element approximation and the
corresponding stabilization method for the resulting discrete system of Equations (3.29).
Based on a mesh Kh of Ω into set of Nel elements K, the functional spaces for the velocity,
the pressure and the stress are approached by the finite dimensional spaces spanned by
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Vh, Ph and Th. As it is well known, the stability of the discrete formulation depends on
appropriate compatibility restrictions on the choice of the finite element spaces, as stated
by the inf-sup condition. According to this, standard Galerkin mixed elements with
continuous equal order linear/linear interpolation for the three fields are not stable. Lack
of stability shows as uncontrollable oscillations that pollute the solution. Fortunately, the
strictness of the inf-sup condition can be avoided by modifying the discrete variational
form, for instance, by means of introducing appropriate numerical techniques that can
provide the necessary stability to the desired choice of interpolation spaces. The objective
of this work is precisely to present stabilization methods which allow the use of equal order
continuous interpolations for velocities and pressures and piecewise constant interpolation
for stresses. The basic idea of the sub-grid scale approach is to consider that the unknowns
can be split in two components, e.g. coarse and fine, corresponding to different scales or
levels of resolution [67]. First, we solve the fine scale and then we replace their effect into
the large scale. This means approximating the velocity, pressure, stress solution space as
Vh ⊕ V ′, Ph ⊕ P ′ and Th ⊕ T ′. To this end, v, p, τ will be approximated as:





v = vh + v′ ∈ Vh ⊕ V ′

p = ph + p′ ∈ Qh ⊕ Q′

τ = τh + τ ′ ∈ Th ⊕ T ′

(3.30)

Introducing the splitting, the system of equations (3.29) is: Find (v, p, τ ) such that
∀ w ∈ V 0

h ⊕ V ′, q ∈ Qh ⊕ Q′ et τ ∗ ∈ Th ⊕ T ′





ρ (∂t(vh + v′),wh + w′) + ρ((vh + v′) · ∇(vh + v′),wh + w′)

−(ph + p′,∇ · (wh + w′)) + (2ηεεε(vh + v′) : εεε(wh + w′))

+((τh + τ ′) : εεε(wh + w′)) = (f ,wh + w′)

(∇ · (vh + v′), qh + q′) = 0

(εεεs(vh + v′) : (τh
∗ + τh

∗′))Ωs
= 0

(3.31)

At this stage, three important remarks have to be made:

i) when using linear interpolation functions, the second derivatives vanish.

ii) the subscales are not tracked in time, therefore, quasi-static subscales are considered
here; however, the subscale equations remain quasi time-dependent.

iii) the convective velocity of the non-linear term may be approximated using only large-
scale part so that (vh + v′)∇ · (vh + v′) ≃ vh · ∇(vh + v′).
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Consequently, the coarse scale problem reduces to the following:




ρ(∂tvh,wh) + ρ(vh · ∇(vh + v′),wh) − (ph + p′,∇ · wh)

+(2ηεεε(vh) : εεε(wh)) + ((τh + τ ′) : εεε(wh)) = (f ,wh)

(∇ · (vh + v′), qh) = 0

(εεεs(vh + v′) : τ ∗

h
)Ωs

= 0

(3.32)

and the fine scale problem:




ρ(vh · ∇(vh + v′),w′) − (ph + p′,∇ · w′) + (2ηεεε(v′) : ε(w′))

+((τh + τ ′) : εεε(w′)) = (f ,w′)

(∇ · (vh + v′), q′) = 0

(εεεs(vh + v′) : τ ∗′) = 0

(3.33)

Rearranging the terms of System (3.33) the fine scale problem reads to:




ρ(vh · ∇v′,w′) + ((2ηεεε(v′) : εεε(w′)) + (τ ′ : εεε(w′)) + (∇p′,w′) = (R,w′)

(∇ · v′, q′) = −(∇ · vh, q
′)

(εεεs(v
′) : τ ∗′) = −(εεεs(vh) : τ ∗′)

(3.34)

with R the momentum residuals:

R = f − ρ∂tvh − ρvh · ∇vh −∇ph + ∇ · τh (3.35)

Following the lines in [101] and using exactly the same procedure, it can be shown
that v′, p′ and τ ′ may be approximated within each element by :





v′ =
∑

K∈Kh
τkP̃v(R)

p′ = −∑
K∈Kh

τcP̃p(∇ · v)

τ ′ = −∑
K∈Kh

τtP̃τ(εεε(vh))

(3.36)

where the so called stabilization parameters τk, τc and τt can be computed as [102]:

τk =

(
(

2

∆t
)2 + (

4η

ρh2
)2 + (

2 ‖ v ‖k

h
)2

)−1/2

,

τc =

(
(
η

ρ
)2 + (

c2 ‖ vk ‖k

c1h
)2

)1/2

,

τt = c3
h

L
. (3.37)
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The constants c1, c2 and c3 are independent from h, h being the characteristic length
of the element, L the characteristic length of the domain and ‖ v ‖k the norm of the
velocity in the centre of the element. The simplest choice is to take P̃v, P̃p and P̃τ

as the identity when applied to the residuals. As a hindrance of choosing a piecewise
constant interpolation for τh, the last term in the momentum residualsR is not adequately
represented. To this end, one can employ either of the two strategies: a simplified recovery
using the least squares approach or the DEVSS approach. A reconstruction of τh in
the stabilization term would be made as the difference of the projected value on the
continuous piecewise space τ̃h and τh. Considering the coarse-scale sub problem (3.32)
and substituting v′, p′ and τ ′ in terms that contain the fine scale velocity we get:





ρ(∂tvh,wh) + ρ(vh · ∇(vh),wh) − (ph,∇ · wh) + (2ηεεε(vh) : εεε(wh))

+(τh : εεε(wh)) − (f ,wh)

+
∑

K∈Kh
τk (ρ(∂tvh + vh · ∇vh)k + ∇ph −∇ · τ̃h − f , ρvh∇wh)k

+
∑

K∈Kh
τc(∇ · vh,∇ · wh)k

−∑
K∈Kh

τt(εεε(vh), εεε(wh))k = 0

(∇vh, qh)

+
∑

K∈Kh
τk (ρ(∂tvh + vh · ∇vh) + ∇ph −∇ · τ̃h − f ,∇qh)k = 0

(εsεsεs(vh) : τ ∗

h
)

+
∑

K∈Kh
τk

(
ρ(∂tvh + vh · ∇vh) + ∇ph −∇ · τ̃h − f ,∇ · τ ∗

h

)
k

= 0

(3.38)

3.3.5 Numerical scheme

Three equations with three primary variables require larger computational coast. To
circumvent this issue an augmented Lagragian method and Uzawa’s algorithm would be
used to solve the system without increasing the size of linear system. In the same iter-
ation, the problem of non-linearity, time integration and computation of the Lagrange
multiplier would be solved. An implicit time scheme with a Newton method for the non
linear term is used. At each time step tn the procedure is the following:

1. Initialization with values obtained at the previous time step:

vh = vh(tn−1), ph = ph(tn−1), τ 0

h
= 0, τ̃h = 0 (3.39)
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2. At step k find vk
h and pk

h with system:




ρ

(
vk

h

∆t
+ vh · ∇vk

h,wh

)
− (pk

h,∇ · wh) + (2ηεεε(vk
h), εεε(wh))

+
∑

K∈Kh
τk

(
ρ

(
vk

h

∆t
+ vh · ∇vk

h

)
+ ∇pk

h, ρvh∇wh)k

)

+
∑

K∈Kh
τc(∇ · vk

h,∇ · wh)k

−∑
K∈Kh

τt(εεε(vh), εεε(wh))k

= −(τk

h
: εεε(wh)) +

(
f +

vh

∆t
,wh

)

+
∑

K∈Kh
τk

(
ρvh

∆t
+ ∇ · τ̃k

h
+ f , ρvh∇wh

)
k

(∇ · vk
h, qh) +

∑
K∈Kh

τk

(
ρ

(
vk

h

∆t
+ vh · ∇vk

h

)
+ ∇pk

h,∇qh

)

k

=
∑

K∈Kh
τk

(
ρvh

∆t
+ ∇ · τ̃k

h
+ f ,∇qh

)
k

(3.40)

3. update τ̃h and τh:




τ
k+1

h
= τk

h
+ ηuεεε(v

k
h) where ηu = H(α)ηs.

τ̃ k+1
h|i

=
1∑

k∈K(i) | K |
∑

∑
k∈K(i)|K|

τ k+1
h|i

| K | (3.41)

where K(i) set of nodes connected to node i.

4. Check ‖ Re(vk
h) ‖< e1 to stop the loop on k, where Re(vk

h) is the residual of the
inner uzawa’s iterrations compared to the initial residual of the global iterations.

5. Calculate the rigid body motion : Once vh(tn) is computed for a point with x as
coordinates, the optimal angular velocity ωn and translational velocity Vn are calculated
by minimizing ϕ(Vn,ωn) defined by:

ϕ(Vn,ωn) =

∫

Ωs

| Vn + ωn ∧ x − vh(tn) |2 dx (3.42)

the minimum is atteint once 



∂ϕ(Vn,ωn)

∂Vn = 0

∂ϕ(Vn,ωn)

∂ωn
= 0

(3.43)

6. Update the rigid body position, compute X(tn+1) :

X(tn+1) = X(tn) + ∆t (Vn + ωn ∧ X(tn)) (3.44)
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A more accurate scheme for updating the rigid body position would be the Adams-
Bashfort scheme [103]. This scheme will be investigated in a future work.

3.3.6 Validation for 2D cases

In this section, we present relatively simple 2D and 3D test cases in order to validate the
proposed formulation and to check the accuracy and the efficiency of the immersed volume
method. All the numerical simulations were carried out by using the C++ CimLib finite
element library (see [46, 69]). The results obtained with the implemented code, referred
as IVM, are then compared with those obtained either by standard solution or by other
approaches.

3.3.6.1 Immersion of solid bodies in fluid

In the first model problem, we consider a square fluid domain with two immersed rigid
bodies, as shown in Figure 3.3, induced by an imposed gradient pressure at the intlet and
outlet of the fluid domain, with the following boundary conditions:

v = 0 at ∂Ω2 ∩ Ω4

p = 100 at ∂Ω1

p = 0 at ∂Ω3

(3.45)

The objective of this test is to illustrate the formulation and to check the implementation

Figure 3.3: Schematic representation of two rigid bodies in an incompressible flow

of the proposed method by comparing results to the solution representing only the fluid
domain. The used parameters are tabulated in Table 3.1. The velocity and pressure fields
computed with the proposed method are shown in Figures 3.4 and 3.5 and compared to
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Table 3.1: Parameter of two rigid bodies in a viscous fluid

Parameter ρf ρs ηf

Unit kg/m3 kg/m3 Pa.s

Value 1000 1000 1000

results calculated only on the fluid domain. The agreement between the two calculations
shows that the present solver is able to predict accurately the behaviour of the fluid
and the presence of the solid. The pressure distribution caused by the interaction is more
interesting, which is depicted in Figure 3.5 on both domains. The effect of the stabilization
is depicted in the zoomed-in view of the pressure near the interface as shown in Figure
3.6. The variational multiscale method eliminates the pollution in the solution especially
on the interface.

Figure 3.4: Norme of the velocity with and without IVM

Figure 3.5: Pressure distribution with and without IVM
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Figure 3.6: Close up view for the pressure at the interface with and without stabilization

3.3.6.2 Several disks in an imposed flow

For further validation with several small particles immersed in a fluid, fifteen rigid
circular disks and ten rigid semi-circular disks with radius R = 5mm are immersed in
an imposed fluid flow, with a velocity at the inlet u = 0.015m.s−1 (see Figure 3.7). The
no-slip boundary conditions are imposed on the tube wall and bottom of the domain. The
length of the tube is L = 19R and its width is D = 12R. The density and viscosity of
the fluid used in this example are ρf = 1370kg/m3 and ηf = 0.001Pa.s, and the density
of the particle is ρs = 2000kg/m3. The mesh size is h = 0.0005m.

Figure 3.7: Modelling several rigid disks in an imposed flow

Figure 3.8 shows the velocity vectors of the flow. The restriction of the velocity profile
is well highlighted in the wake region of the disks. Figures 3.9 and 3.10 illustrate the
contour plots for u and v velocity respectively. These figures also show the behaviour of
the fluid flow commonly observed in several obstacles. It can be noticed, the maximum
velocity is attained in the region where the separation distance between the two disks is
minimum. The pressure is presented in Figure 3.11. As mentioned earlier, only the real
pressure of fluid is highlighted. The same example is repeated in 3D. As shown in Figure
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Figure 3.8: Velocity distribution between the rigid disks (the circles present the zero
isovalue of the level-set)

Figure 3.9: u-velocity in an imposed fluid flow (the circles present the zero isovalue of
the level-set)

Figure 3.10: v-velocity in an imposed fluid flow (the circles present the zero isovalue of
the level-set)
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Figure 3.11: Pressure distribution in an imposed fluid flow (the circles present the zero
isovalue of the level-set)

3.12, the fluid-solid interface is well captured. The behaviour of the fluid flow is similar to
the 2D case. Once again, the proposed 3D FSI solver exhibits good stability properties
on anisotropic unstructured meshes. The extension of this problem is to take one of the
disks as an elastic body.

3.3.6.3 Falling disk in a channel

We consider a disk with radius R = 0.125cm falling under the action of gravitational
force inside a channel of dimension [0, 2] × [0, 6]. Parameters used in this example are
tabulated in Table 3.2. Among these parameters, h denotes the mesh size. In [29]

Table 3.2: Parameter used in the computation of a falling disk in a channel

Parameter ρf ρs ηf △t g h

Unit g/cm3 g/cm3 g/cms s cm/s2 cm

Value 1 1.25 0.1 0.005 980 0.04

the velocity of particulate flow with rigid circular disks using fictitious domain method
is calculated. We compare our computational results to this reference. This test case
is well documented in the literature and considered as a challenging benchmark. Close
agreements in Figure 3.13 are found for the velocity and position of the center of the disk
as t goes on. The slight differences noticed in here are mostly related to the use of a first
order time interpolation scheme for the solid motion. This matter can be adjusted using
the Adams-Bashfort scheme. Figures 3.14 and 3.15 illustrate, respectively, the velocity
contour plot for u and v at selected instances. It can be observed from Figure 3.16 that
the pressure computed at different time is not affected by the presence of the solid and free
of any spurious oscillations. This result endorses the computation of the fluid pressure
only.
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Figure 3.12: 3D modelling of several rigid disks in an imposed flow a) velocity b)
density c) Level-set

Figure 3.13: The vertical velocity a) and the vertical postition b) of the center of a disk
in a channel
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Figure 3.14: u-velocity on the entire domain due to the falling disk in a channel

Figure 3.15: v-velocity on the entire domain due to the falling disk in a channel
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Figure 3.16: Excess pressure on the entire domain due to the falling disk in a channel

3.3.6.4 Tetris benchmark

Four rigid bodies with different density ρs1 = 3000kg/m3, ρs2 = ρs3 = 8000kg/m3,
ρs4 = 8000kg/m3 are falling under the gravitationnal force. When several rigid bodies
in the incompressible fluid channel at the initial time are falling, the interactive motions
of these bodies inside the fluid have an interesting phenomenon. At the beginning, each
body has the same acceleration by gravitational force. As time passes more, the velocity
of the upper bodies becomes faster than that of the lower ones since the lower bodies
undergo more resistance against the fluid comparing to the upper ones. The rigid bodies
are arranged, initially, as shown in Figure 3.17, together with the finite element mesh at
t = 0. Mesh adaptation is needed to better capture all the interfaces. The error estimator
method is used in this example, with a fixed number of 26423 elements. The density and
viscosity of the fluid used in this example are ρf = 1kg/m3 and ηf = 0.0005Pa.s. The
objective of this test is to show the capability of the method to handle high discontinuities
of the solids and fluid physical properties. The Figures 3.18 and 3.19 show, respectively,
the finite element mesh and the effect of the anisotropic mesh adaptation on respecting
the geometry of the rigid bodies at different time instants. While the velocity vectors at
different time instants is depicted in Figure 3.20. All the vortices behind the solid objects
are well computed. The developed solver is able, at the same time, to take into account
different solid bodies in an incompressible fluid flow with very low viscosity. Interaction
between the solids is highlighted.
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Figure 3.17: Immersion of four rigid bodies: geometry and finite element mesh at t = 0

Figure 3.18: Immersion of four rigid bodies: finite element mesh of four rigid bodies at
different time instants

3.3.7 Conclusion

In this part we have described an evaluation of the stabilized three-field velocity-
pressure-stress, designed for the computation of rigid bodies in an incompressible Navier-
Stokes flow. The proposed approach solves one set of equation in both domains with
different materials properties. The presence of the solid is taken into account as an extra
stress in the Navier-Stokes equation. The formulation considered allows equal-order inter-
polation for the velocity and pressure. The use of Uzawa’s algorithm to solve the system
requires a lower-order interpolation for the stress field, since if not, the left side of the
system will totally changed and another system would be reached. A new developed mono-
lithic multiscale-stabilized finite element method is presented. The approach is applied to
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Figure 3.19: Density distribution for different time step with anisotropic adapted
interfaces

Figure 3.20: Immersion of four rigid bodies: velocity vectors at different time instants

the numerical simulation of 2D and 3D test cases. The capability of the model to simulate
the fluid-rigid body interaction was demonstrated. Results are assessed by comparing the
predictions with reference results or other approaches. Further research will focus on the
use of a continuous piecewise interpolation for the stress field. The improvement of this
methodology could be also taking a better scheme for particle displacement with a higher
order time integration schemes. Enlarge the field of application and tackling deformable
solid interaction and more 3D numerical simulation are considered as perspective work.
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3.4 Immersed Stress Method for FSI at high Reynolds

number

In this section, we highlight several remarks about the initial formulation and we present
a novel extension to obtain a stable formulation.

As stated, several remarks on the previous paper are the following:

• The order of interpolation of the velocity, pressure and stress tensor fields is not
the same. A continuous approximation was used for the velocity and pressure and
a discontinuous approximation was applied for the stress tensor.

• Some stabilized terms were neglected for simplicity when reducing the system and
applying an augmented Lagrangian scheme together with an Uzawa’s algorithm.

• The term ∇ · τ h needs to be reconstructed, otherwise, additional terms would also
be neglected and there would be only one stabilized term coming from the presence
of the stress tensor.

• Some clarifications were missed in order to prove the well-posedness of the problem.

Based on these remarks, we conducted a new study to complete the formulation. A
novel way to compute all the missing terms was analyzed and presented in this section.
Inspired from the work of Codina and co-workes [104, 101, 55], we revisited the rigid
body restriction in the Stokes problem for a better understanding of the extension to
Navier-Stokes equations and the way the Lagrange multiplier is chosen.

Furthermore, to analyse and check the new implemented method, we compute the drag
and lift coefficients which are two important parameters enabling to verify the rigid body
behaviour. Recall the drag, cd, and lift, cl, expressions are:

cd =
Fx

1
2
ρu∞

2D
and cl =

Fy

1
2
ρu∞

2D
, (3.46)

where u∞ is the maximum inflow velocity, Fx and Fy is the x and y-component respectively
of F, the total force on the structural surface S:

F =

∫

S

(−pI + S) · n dS, (3.47)

S being the deviatoric stress tensor.

Since the interface is not prescribed explicitly, it’s the iso-zero of the level-set function,
a reformulation of cd and cl is made to be able to calculate these parameters. We used
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the definition of cd and cl given in [105] leading to the following calculations:

cd = − 2

ρu∞
2D

∫
Ω

[η∇v : vd + (v · ∇)v · vd − p(∇ · vd)] dΩ,

cl = − 2

ρu∞
2D

∫
Ω

[η∇v : vl + (v · ∇)v · vl − p(∇ · vl)] dΩ,
(3.48)

for all test functions vd and vl ∈ (H1(Ω))2, with vd = (0, 1), vl = (1, 0) on Ωs and vanish
otherwise and η is the fluid viscosity.

3.4.1 Introduction

Numerical simulations of Fluid-Structure Interaction (FSI) with complex geometries
pose many challenges for computational simulations. In spite of the available computer
performance and the actual maturity of computational fluid dynamics and computational
structural dynamics, several key issues in the domain of computational FSI still pre-
vent simulations from really helping in solving some academic and industrial problems.
FSI simulations are then nowadays the focus of numerous investigations and various ap-
proaches are proposed to treat them.
Most of the commercial software packages solve FSI problems using an Arbitrary

Lagrangian Eulerian (ALE) formulation [11, 12, 13]. The solid domain is treated with a
Lagrangian formulation. The nodes belonging to the interface between the solid and the
fluid are moved with the solid. The displacement of the nodes in the fluid domain does
not depend on the fluid motion, but only ensures the continuity between the fluid and
the solid domains and a good mesh quality (see [15, 16, 17]). A higher popularity has
been gained lately by partitioned approaches that allow the use of specific solver for each
domain. The difficulty remains in transferring the information between the codes. The
coupling between the two phases can be enforced usually using two schemes: weakly or
strongly coupled version. The former approach manages with just one solution of either
field per time step but consequently lack accurate fulfilment of the coupling conditions.
The latter requires sub-iterations. The predominant approach consists in solving the
problem iteratively, using fixed-point schemes [106, 96, 107] or Newton Krylov methods
[38, 36, 98]. Actually, the fixed-point methods with dynamic relaxation seem to be the
most interesting variant [99]. This approach allows the use of fluid and solid solvers for
each of the two phases. Although this has proven to be an accurate and efficient approach,
it presents an inherent instability depending on the ratio of the densities and the complex
geometry of the domain [40].
Alternatively, monolithic approach consists of considering the whole domain as a single

one, meshed by a single grid, and solved with an Eulerian framework. Continuity at the
interface is then obtained naturally and there is no need to enforce it. The monolithic
approaches impose the use of an appropriate constitutive equation describing both the
fluid and the solid domain. Interface tracking between the two different domains, can
be completed by the level-set method. Other fixed mesh methods such as the Immersed
Boundary (IB) methods [27] or the fictitious domain method [27, 28] treat the coupling
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between the domains by applying constraints across the rigid body using an Augmented
Lagrange multiplier, possibly solved by an iterative Uzawa algorithm. These constraints
may lead to uncoupled physics in the different subdomains of the problem (in the fluid
and the solid, for example), yielding inconsistencies when the subdomains evolve in time.
This problem may be solved using the so called Fixed-mesh ALE formulation introduced
in [108] (see also [109, 110] for applications to fluid-structure interaction problems and
rigid bodies floating in fluids).
In this work, we retain the advantages of the monolithic approaches and we propose a

new stabilized finite element method combined with a fast anisotropic mesh adaptation
algorithm. It can be seen as an extension of the Immersed Volume Method (IVM) devel-
oped in [111, 59, 67, 47]. The motivation behind pursuing such general approach comes
from the desire to easily deal with a large diversity of shapes, dimensions and physical
properties of structures. By computing the signed distance function (level-set) of a given
geometry to each node of the mesh we can easily identify the solid part from the surround-
ing fluid as the zero level of this function. Consequently, different parts (i.e. helicopter)
are immersed in a larger domain (i.e. wind channel) of different material properties.
In general, the latter intersects the element arbitrarily and consequently the accuracy

of the finite element approach can be compromised. In order to circumvent this issue, the
level-set solution is coupled to advanced methods in anisotropic mesh adaptation at the
interface. The algorithm allows the creation of extremely stretched elements along the
interface, which is an important requirement for FSI problems and turbulence modelling
having internal/boundary layers.
The last ingredient focuses more on the finite element solver: on modelling the in-

teraction between the fluid (laminar or turbulent) and the structure in question. The
presence of the structure will be taken into account by means of an extra stress in the
Navier-Stokes equations [111]. For illustration, the rigid immersed body is treated us-
ing the Navier-Stokes solver under constraints of imposing the nullity of the deformation
rate tensor by means of a Lagrange multiplier. This will require the extension of the
Variational Multiscale finite element method to deal with both fluid and solid using the
appropriate constitutive model. Thus the decomposition for both the velocity and the
pressure fields into coarse/resolved scales and fine/unresolved scales needed to deal with
convection dominated problems and pressure instabilities will be extended with an effi-
cient enrichment of the extra constraint. This choice of decomposition is shown to be
favourable a variational multiscale for simulating flows at high Reynolds number and to
remove spurious oscillations at the interface due to the high discontinuity in the material
properties.
In the following, the Immersed Volume Method is introduced. Section 3.5.3 is dedi-

cated to present the governing equations. The stabilizing schemes from a Variational Mul-
tiScale point of view are described in section 3.4.4. Section 3.4.5 presents some benchmark
problems and comparisons with the literature and the numerical simulation of unsteady
flow past an immersed helicopter in forward flight. Finally, section 3.4.6 is dedicated to
conclusions and future work.
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3.4.2 Immersed Volume Method

The immersed volume method has shown to be an effective geometric representation
tool [47]. It is used to immerse and to represent different complex geometries inside a
unique mesh. First we compute the signed distance function (level-set) of a given geometry
to each node of the mesh, then we refine anisotropically the mesh at the interface using the
gradient of the distance function and finally we mix and attribute the physical properties
of each domain using appropriate laws. In this section, we revisit briefly these steps.

3.4.2.1 Level-set approach

A signed distance function of an interface Γim is used to localize the interface of the
immersed body Ωim and initialize the desirable properties on both sides of the latter. At
any point x of the computational domain Ω, the level-set function αim corresponds to the
distance from Γim. In turn, the interface Γim is then given by the iso-zero of the function
αim: 




αim(x) = ±d(x, Γim),x ∈ Ω,

Γim = {x, αim(x) = 0} (3.49)

In this paper, a sign convention is used: αim ≥ 0 inside the solid domain defined by the
interface Γim and αim ≤ 0 outside this domain. Further details about the algorithm used
to compute the distance are available in [72]. It is also possible to use functions smoother
than d(x, Γim) away from Γim (see for example [112]).

3.4.2.2 Mixing laws

The geometry and mechanical properties of each subdomain are characterized by one
signed distance function. Once all the sub-domains are defined, the mechanical properties
can then be determined on the whole domain in terms of the level-set function. For the
elements crossed by the level-set functions and the their neighbours, fluid-solid mixtures
are used to determine the element effective properties. A Heaviside function H(α) for
each level-set function is defined by:

H(α) =

{
1 if α > 0

0 if α < 0
(3.50)

In order to achieve a better continuity at the interface [73], the Heaviside function can be
smoothed using:

Hε(α) =





1 if α > ε

1

2

(
1 +

α

ε
+

1

π
sin

(πα

ε

))
if |α| ≤ ε

0 if α < −ε

(3.51)
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where ε is a small parameter such that ε = O(him), known as the interface thickness,
and him is the mesh size in the normal direction to the interface. In the vicinity of the
interface, it can be computed using the following expression:

him = max
j,l∈K

∇α · xjl (3.52)

where xjl = xl − xj and K is the mesh element under consideration.
According to the chosen approximations, the Heaviside function is then approximated

using linear interpolations P1 between fluid and solid properties or a piecewise constant
interpolation P0.

3.4.2.3 Anisotropic mesh adaptivity

The anisotropic mesh adaptation is aimed at improving the quality of the mesh. This
algorithm relies on an appropriate metric map construction that allows the mesh size
to be imposed in the direction of the distance function gradient. The mesh is refined
locally; elements are stretched, which enables to sharply define the interface and to save
a great number of elements compared to classical isotropic refinement. The details of
this technique can be found in [52, 51], hence a brief description is presented here. First,
a modified distance computation is achieved via a symmetric positive defined tensor M

which acts as a metric with the inner product and associated norm

〈x,y〉M =T x · M · y , ||x||M =
√

Tx · M · x, (3.53)

which can be defined at each point of the computational domain. The metric M can be
regarded as a tensor whose eigenvalues are related to the mesh sizes, and whose eigen-
vectors define the directions for which these sizes are applied. For instance, using the
identity tensor, one recovers the usual distances and directions of the Euclidean space.
In our case the direction of mesh refinement is given by the unit normal to the interface
which corresponds to the gradient of the level-set function: x = ∇α/||∇α||. A default
mesh size, or background mesh size, hd is imposed far from the interface and it is reduced
as the interface comes closer. A likely choice for the mesh size evolution is the following:

h =





hd if |α(x)| > e/2

2hd(m − 1)

m e
|α(x)| + hd

m
if |α(x)| ≤ e/2

(3.54)

Eventually, at the interface, the mesh size is reduced by a factor m with respect to the
default value hd. Then this size increases until equalling hd for a distance that corresponds
to the half of a given thickness e. The unit normal to the interface x and the mesh size
h defined above, lead to the following metric:

M = C (x ⊗ x) +
1

h2
d

I with C =





0 if |α(x)| ≥ e/2
1

h2
− 1

h2
d

if |α(x)| < e/2
(3.55)
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Figure 3.21: Anisotropic refined fluid-solid interface of an immersed disk (left) and
square (right).

where I is the identity tensor. The mesh resolution can be forced to concentrate in
particular areas of interest. The metric returns to isotropic far from the interface (with
a mesh size equal to hd for all directions) and to anisotropic near the interface ( with a
mesh size equal to him in the direction x and equal to hd in the others). This method
can be assisted by a posteriori anisotropic error estimator, the search of the optimal mesh
(metric) that minimizes the error estimator. As a result, an optimal metric as a minimum
of an error indicator function and for a given number of elements may be obtained.

The proposed mesh generation algorithm provides a high precision in the calculus
and in the geometry description, in spite of an important decrease of the total number
of degrees of freedom. Note also that the proposed method can easily handle arbitrary
complex geometries. As shown in figure 3.21 which presents a close-up on the interface
zone at the end of the anisotropic adaptation process, the mesh has been gradually refined
when approaching the interface. Consequently, only additional nodes are locally added in
this region, whereas the rest of domain keeps the same background size.

3.4.3 Governing equations

This section is devoted to the mathematical formulation for a rigid body immersed in an
incompressible fluid. The governing equations are considered to be three-dimensional and
time-dependent. As the proposed approach is monolithic, a unique constitutive equation
will be solved on the whole domain with variable physical properties separated by a
prescribed levelset function. We shall start presenting the formulation in the case of the
stationary Stokes problem, and then we shall move to the general transient and nonlinear
problem.
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3.4.3.1 Rigid body restriction in a stationary Stokes flow

Let Ω ⊂ R
n be the spatial domain at time t ∈ [0, T ], where n is the space dimension.

Let ∂Ω denote the boundary of Ω. The fluid domain, the solid domain and the interface
will be Ωf , Ωs and Γim, respectively. They verify:

Ωf ∪ Ωs = Ω and Ωf ∩ Ωs = Γim.

Consider the Stokes problem, first posed on the whole domain Ω: find a velocity
v : Ω −→ R

n and a pressure p : Ω −→ R such that

−2ηf∇ · ε(v) + ∇p = f

∇ · v = 0

where ηf is the fluid viscosity, ε(v) the strain rate tensor and f the vector of body forces.
We may assume for simplicity homogeneous Dirichlet boundary conditions.
The solution is the optimal point of the functional

L1(v, p) = ηf(ε(v), ε(v)) − (p,∇ · v) − 〈f ,v〉

Here and below, (·, ·) stands for the standard L2 product of two functions and 〈·, ·〉 for the
integral of the product of two functions in the general case, including appropriate duality
pairings if necessary.
Consider now the presence of the rigid body Ωs in Ω. It may be characterized by the fact

that ε(v) = 0 in Ωs. Imposing this restriction through an appropriate Lagrange multiplier
τ , the problem to be solved consists of finding the optimal point of the functional

L2(v, p, τ ) = ηf(ε(v), ε(v)) − (p,∇ · v) + (τ , ε(v))s − 〈f ,v〉

where (·, ·)s denotes the inner product in Ωs. If (w, q, ξ) are the test functions for (v, p, τ ),
the weak form of the problem consists of finding (v, p, τ ) in the adequate functional spaces
such that

2ηf(ε(v), ε(w)) + (τ , ε(w))s − (p,∇ · w) = 〈f ,w〉 (3.56)

(q,∇ · v) = 0 (3.57)

(ξ, ε(v))s = 0 (3.58)

which must hold for all appropriate (w, q, ξ). The strong form of the problem reads

−2ηf∇ · ε(v) −∇ · χsτ + ∇p = f (3.59)

∇ · v = 0 (3.60)

χsε(v) = 0 (3.61)

where χs is the characteristic function of Ωs.
The critical point is the setting of the Lagrange multiplier τ . The equation (ξ, ε(v))s =

0 for all ξ has to have enough “restrictions” to yield ε(v) = 0 on Ωs, but not too many.
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Loosely speaking, there are only three functions to be set (the components of v), and
therefore there cannot be more than three scalar multipliers to be determined, whereas τ

has, in principle, six components (assuming it is symmetric).
A possible way to choose τ that leads to a stable scheme is to take it as τ = 2ηsε(g),

where g is a vector field to be determined and ηs is a viscosity acting as scaling coefficient.
If h is the test function for g, the final weak form of the problem would be

2ηf(ε(v), ε(w)) + 2ηs(ε(g), ε(w))s − (p,∇ · w) = 〈f ,w〉 (3.62)

(q,∇ · v) = 0 (3.63)

−2ηs(ε(h), ε(v))s = 0 (3.64)

which must hold for all appropriate (w, q,h). It is not our intention to pursue here the
analysis of the well posedness of (3.62)-(3.64), which will be presented elsewhere.

Remarks:

• Note that the resulting problem is completely different to what would be obtained
using a penalty method, in which τ = 2ηsχsε(v) with ηs → ∞.

• Equation (3.63) has to be imposed only in the fluid, since in the solid it is implied
by (3.64). At the discrete level, this is not necessary if one can guarantee that (3.63)
is compatible with (3.64).

• The vector field g is undetermined by infinitessimal rigid body motions.

Equation (3.64) can be relaxed iteratively using an augmented Lagrangian formulation
coupled with a Uzawa scheme (iterative penalization). Let r > 1 be a given penalty
parameter. A possible iterative scheme to solve (3.62)-(3.64) would be

2
ηs

r
(ε(h), ε(gk) − ε(gk−1))s − 2ηs(ε(h), ε(vk−1))s = 0 (3.65)

2ηf(ε(vk), ε(w)) + 2ηs(ε(gk), ε(w))s − (pk,∇ · w) = 〈f ,w〉 (3.66)

(q,∇ · vk) = 0 (3.67)

where the superscript denotes the iteration counter.
Let us call τ = 2ηsε(g), ξ = 2ηsε(h). This definition allows us to write (3.65)-(3.67)

as

1

2ηs r
(ξ, τ k − τ k−1)s − (ξ, ε(vk−1))s = 0 (3.68)

2ηf(ε(vk), ε(w)) + (τ k, ε(w))s − (pk,∇ · w) = 〈f ,w〉 (3.69)

(q,∇ · vk) = 0 (3.70)

If Pτ is the projection onto the space of τ ’s, (3.68) can be written as

τ k = τ k−1 + 2ηs r Pτ (ε(vk−1)) (3.71)
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In the iterative procedure described, the velocity could be treated implicitly in the
evaluation of τ , that is to say, vk−1 in (3.65), (3.68) and (3.71) could be replaced by vk.
In this case, there would be an additional contribution to ε(vk) in (3.66) and (3.69).
For numerical purposes, it could be interesting to interpolate τ as an independent

variable. The problem to be solved would be exactly the same as the previous one, which
converges to the original problem (3.56)-(3.58). However, it is expected that, because of the
iterative way to compute τ , its space will automatically have the appropriate dimension.
Note also that infinitessimal rigid body motions will be filtered because v is uniquely
determined by the boundary conditions.

3.4.3.2 The Navier-Stokes equations with a rigid body

The dynamics of the flow is given by the classical incompressible Navier-Stokes equa-
tions, which may be written as

ρf (∂tv + v · ∇v) −∇ · σ = f in Ωf , t > 0 (3.72)

∇ · v = 0 in Ωf , t > 0 (3.73)

where now the velocity v(x, t) is time dependent, ρf is the fluid density and the Cauchy
stress tensor for a Newtonian fluid is given by:

σ = 2ηf ε(v) − p Id (3.74)

where Id is the d-dimensional identity tensor. Equations (A.10)-(A.11) are subject to the
boundary and initial conditions

v = vΓ,f on ∂Ωf \ Γim, t > 0 (3.75)

v = vim on Γim, t > 0 (3.76)

σ · n = tim on Γim, t > 0 (3.77)

v(x, 0) = v0(x) in Ωf (3.78)

where vΓ,f is a given velocity boundary condition, vim is the velocity at the fluid-solid
interface Γim (the boundary of the immersed body), n is the outward normal on the solid
surface, tim the normal stress on this boundary and v0(x) is a given initial condition.
For simplicity, only Dirichlet-type boundary conditions will be considered on the exterior
boundary. For incompressible flows the divergence-free constraint (A.11) gives rise to the
pressure in the fluid.
In the present formulation we treat the rigid body as a continuous domain subjected

to an additional rigidity constraint. We may write the equations of motion as the Navier-
Stokes equations with this constraint as:

ρs (∂tv + v · ∇v) −∇ · σ = f in Ωs, t > 0 (3.79)

∇ · v = 0 in Ωs, t > 0 (3.80)

ε(v) = 0 in Ωs, t > 0 (3.81)
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where ρs the solid density. In a rigid body there is no deformation, that is to say, ε(u) = 0

(u is the displacement field) and ∂tu = v. These two equations imply a null value of the
deformation-rate tensor (A.19). Note also that the rigidity constraint (A.19) ensures that
the velocity field is divergence-free. Hence (A.18) is a redundant equation. Nevertheless
we choose to keep it to account for the pressure term. As noted earlier, (A.18) gives
rise to a pressure fluid. Similarly, as explained in the previous subsection for the Stokes
problem, (A.19) gives rise to a stress field τ . The stress tensor is then given by:

σ = τ s − p Id (3.82)

Equations (A.17)-(A.19) need to be supplied with the boundary and initial conditions

v = vΓ,s on ∂Ωs \ Γim, t > 0 (3.83)

v = vim on Γim, t > 0 (3.84)

σ · n = −tim on Γim, t > 0 (3.85)

v(x, 0) = v0(x) in Ωs (3.86)

where vΓ,f is a given velocity boundary condition that needs to be compatible with a rigid
body motion if ∂Ωs \ Γim 6= ∅, and the initial condition v0(x) must be also compatible
with a rigid body motion.
Making use of the notation introduced in section 2, we may write problem (A.10)-

(A.15) and problem (A.17)-(A.22) in a unified way in the whole computational domain Ω
as

ρ (∂tv + v · ∇v) −∇ · (2η ε(v) + τ − p Id) = f in Ω, t > 0

∇ · v = 0 in Ω, t > 0

εs(v) = 0 in Ω, t > 0 (3.87)

v = vΓ on ∂Ω, t > 0

v(x, 0) = v0(x) in Ω

where vΓ = vΓ,s on ∂Ωs ∩ ∂Ω and vΓ = vΓ,f on ∂Ωf ∩ ∂Ω, εs(v) = H(α)ε(v), η =
(1 − H(α))ηf , ρ = ρsH(α) + ρf(1 − H(α)) and τ = H(α)τ s. The boundary conditions
(A.13)-(A.14) and (A.20)-(A.21) are no longer needed.
Let V × P × T the space where the unknown (v, p, τ ) is sought. The first space, V ,

is made of vector fields which are square integrable in time with values in H1(Ω)n and
satisfying the Dirichlet conditions, where the last two, P and T , are made of distributions
in time with values in P0 = L2(Ω)/R and T0 = L2(Ω)n×n, respectively (in fact, a subspace
of L2(Ω)n×n would be enough, see below). The corresponding test functions will be
denoted w ∈ V0 = H1

0 (Ω)n, q ∈ P0 and ξ ∈ T0. Multiplying by the test functions and
integrating by parts, the associated standard weak form of the system (3.87), can be
stated as: Find v ∈ V , p ∈ P and τ ∈ T such that

ρ(∂tv,w) + ρ(v · ∇v,w) − (p,∇ · w) + (2ηε(v), ε(w)) + (τ , εs(w)) = 〈f ,w〉
(q,∇ · v) = 0 (3.88)

−(ξ, εs(v)) = 0
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for all (w, q, ξ) ∈ V0 × P0 × T0.

As explained in the previous subsection for the Stokes case, the problem is not well
posed without additional conditions on τ . A possible way to choose it is to take it as a
symmetric gradient of a vector field. Moreover, this field needs not to be computed if an
augmented Lagrangian scheme together with an Uzawa iterative scheme are employed.
This is what we describe next.

Suppose that we discretize in time problem (3.88) using a finite difference scheme,
and still denote by v, p and τ the fields to be computed at a given time step. Let δtv

the discrete time derivative and r the penalty parameter in the Uzawa scheme. Treating
implicitly the velocity in the calculation of the stress in the solid (i.e., using vk in (3.65),
(3.68) and (3.71) instead of vk−1), the iterative scheme to be performed within each time
step reads:

1. Set k = 0

2. Initalize v0, p0 and τ 0 (for example to values in the last time step)

3. k ← k + 1

4. Solve for vk and pk:

ρ(δtv
k,w) + ρ(vk · ∇vk,w) − (pk,∇ · w)

+ 2(ηε(vk) + H(α)ηs r Pτ (ε(vk)), ε(w)) + (τ k−1, εs(w)) = 〈f ,w〉
(q,∇ · vk) = 0

5. Update τ k = τ k−1 + 2ηs r Pτ (ε(vk)) in Ωs.

6. Check convergence: if ‖vk − vk−1‖ > tol (given tolerance in a given norm), go to
3. Otherwise, proceed to the next time step.

Remarks:

• If the space for τ contains all symmetric gradients of vector fields, Pτ = I (identity)
and we could solve the momentum equation in step 4 with the viscosity η+H(α)ηs r.
However, at the discrete level it can be of interest to take the space for the approx-
imation to τ different from symmetric gradients.

• In the previous scheme we have considered Uzawa’s iterations uncoupled from the
iterations required to linearize the convective term and the time stepping itself.
Obviously, it could also be possible to deal with these in a coupled way.
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3.4.4 Stabilized Finite-Element Method (SFEM)

In this section, we describe briefly the Galerkin finite element approximation and the
corresponding stabilization method for the resulting discrete system of equations (3.88).
Based on a mesh Kh of Ω made of Nel elements K, the functional spaces for the velocity,
the pressure and the stress are approximated by the finite dimensional spaces Vh, Ph and
Th, respectively.
As it is well known, the stability of the discrete formulation depends on appropriate

compatibility restrictions on the choice of the finite element spaces. According to this,
standard Galerkin mixed elements with, for example, continuous equal order linear/linear
interpolation for the three fields are not stable. Lack of stability shows as uncontrollable
oscillations that pollute the solution. We propose in here a Variational MultiScale method
(see [113]), which allows one the use of equal order continuous interpolations for the three
fields, apart from preventing from oscillations due to convection dominated flows. The
basic idea is to consider that the unknowns can be split in two components, coarse and
fine, corresponding to different scales or levels of resolution [67]. First, we solve the fine
scales in an approximate manner and then we replace their effect into the large scales.
Let us split the velocity, pressure and stress solution spaces as Vh ⊕ V ′, Ph ⊕ P ′ and

Th ⊕ T ′, respectively. Subscript h is used here and in the following to denote the finite
element (coarse) component, whereas the prime is used for the so called subgrid scale
(fine) component of the unknowns. According to this, we have

v = vh + v′ ∈ Vh ⊕ V ′

p = ph + p′ ∈ Ph ⊕ P ′

τ = τ h + τ ′ ∈ Th ⊕ T ′

If the spaces for the test functions are split likewise, with a subscript 0 to identify them,
problem (3.88) becomes: find (vh + v′, ph + p′, τ h + τ ′) ∈ Vh ⊕ V ′ × Ph ⊕ P ′ × Th ⊕ T ′

such that

ρ(δt(vh + v′),wh + w′) + ρ((vh + v′) · ∇(vh + v′),wh + w′) − (ph + p′,∇·(wh + w′))

+2(ηε(vh + v′), ε(wh + w′)) + (τ h + τ ′, εs(wh + w′)) = 〈f ,wh + w′〉
(3.89)

(qh + q′,∇ · (vh + v′)) = 0 (3.90)

−(ξh + ξ′, εs(vh + v′)) = 0 (3.91)

for all (wh + w′, qh + q′, ξh + ξ′) ∈ Vh,0 ⊕ V ′
0 × Ph,0 ⊕ P ′

0 ×Th,0 ⊕T ′
0 . Recall that δt stands

for an approximation to the time derivative ∂t. Even if time has been discretized, we have
kept the notation for the functional spaces for simplicity.
Even though the subgrid scales (or subscales) could be approximated without further

assumptions and inserted into the previous equations (see [104]), we will make use of some
common approximations:

i) The subscales are not tracked in time, therefore, quasi-static subscales are considered
here. However, the subscale equation remains quasi time-dependent.
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ii) The convective velocity of the non-linear term may be approximated using only the
large-scale component, so that (vh + v′) · ∇(vh + v′) ≈ vh · ∇(vh + v′). Moreover,
this approximation can be done also if the convective term is written as ∇ · (vh +
v′) ⊗ (vh + v′), which is relevant when integrating by parts the convective term.

iii) Terms involving subscales can be integrated by parts and the subscales on the ele-
ment boundaries neglected.

The equations for the coarse scales are obtained taking the subscale test functions
equal to zero. Doing this and using the previous assumptions, we get

ρ(δtvh,wh) + ρ(vh · ∇vh,wh) − (ph + p′,∇ · wh) + 2(ηε(vh), ε(wh)) + (τ h + τ ′,εs(wh))

+
∑

K

(v′,−ρvh · ∇wh −∇ · (2ηε(wh)))K = 〈f ,wh〉

(3.92)

(qh,∇ · vh) −
∑

K

(v′,∇qh)K = 0

(3.93)

−(εs(vh), ξh) +
∑

K

(v′, χs∇ · ξh)K = 0

(3.94)

for all (wh, qh, ξh) ∈ Vh,0 × Ph,0 × Th,0, where
∑

K stands for the summation over all the
elements of the finite element partition Kh and (·, ·)K denotes the L2 product in each K.

The problem for the fine scales is obtained taking (wh, qh, ξh) = (0, 0,0) in (3.89)-
(3.91) and using approximations i)-iii) described above. Introducing the finite element
residuals

Rv = f − ρδtvh − ρvh · ∇vh −∇ph + χs∇ · τ h + ∇ · (2ηε(vh))

Rp = −∇ · vh

Rτ = εs(vh)

and using the same ideas as in [101, 114], it turns out that the subscales may be approx-
imated within each element K ∈ Kh by

v′ = αvΠ
′
v(Rv), p′ = αpΠ

′
p(Rp), τ ′ = ατΠ

′
τ (Rτ )

where Π′
v, Π′

p and Π′
τ are the projections onto V ′, P ′ and T ′, respectively, and αv, αp

and ατ are the so called stabilization parameters. The most common choice is to take
the former as the identity when applied to finite element residuals (see [113, 101]), and
this is what we will do here, although it is also possible to take them as the projection
orthogonal to the finite element space (see [114] and references therein). Referring to the
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stabilization parameters, we compute them within each element as

αv =

[(
c1η

ρh2

)2

+

(
c2‖vh‖K

h

)2
]−1/2

(3.95)

αp =

[(
η

ρ

)2

+

(
c2‖vh‖Kh

c1

)2
]1/2

(3.96)

ατ = c3
h

L
2ηs (3.97)

where h is the element size, L a characteristic length of the computational domain, ‖v‖K

a characteristic norm of vh (with the same units as vh) in element K and c1, c2 and c3

are algorithmic constants. We take them as c1 = 4, c2 = 2 and c3 = 1 for linear elements.

Remarks:

• Very often, the time step size of the temporal discretization is included in the ex-
pression of αv. This improves the convergence behaviour of the algorithm to deal
with the nonlinearity of the problem, but has several conceptual drawbacks, as ex-
plained in [115, 116]. In order to make αv more uniform over the computational
domain and, as a consequence, improve the behaviour of the scheme, one may take

αv =

[
1

α2
0

+

(
c1η

ρh2

)2

+

(
c2‖vh‖K

h

)2
]−1/2

where α0 is a reference value of αv given by (3.95) computed over the whole mesh
(for example the minimum over all the elements). This value in fact should be
related to the time step size of the time discretization, ∆t.

• The factor h/L in (3.97) improves convergence of stresses when equal interpolation
is used for all variables [101, 102]. However, it is possible to take it out (that is to
say, to take L = h) and get optimal convergence for velocity and pressure [114].

• For the linear elements used in the numerical examples, terms of the form ∇ ·
(2ηε(wh)) involving second derivatives within each element can be neglected.

Inserting the expression for the subscales obtained in (3.92)-(3.94) we finally obtain
the stabilized finite element problem we were seeking. It consists of finding (vh, ph, τ h) ∈
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Vh × Ph × Th such that

ρ(δtvh,wh) + ρ(vh · ∇vh,wh) − (ph,∇ · wh) + 2(ηε(vh), ε(wh)) + (τ h, εs(wh))

+
∑

K

αv(ρδtvh + ρvh · ∇vh + ∇ph − χs∇ · τ h −∇ · (2ηε(vh)), ρvh · ∇wh + ∇ · (2ηε(wh)))K

+
∑

K

αp(∇ · vh,∇ · wh) +
∑

K

ατ (εs(vh), εs(wh))

= 〈f ,wh〉 +
∑

K

αv(f , ρvh · ∇wh + 2η∇ · ε(wh))K (3.98)

(qh,∇ · vh) +
∑

K

αv(ρδtvh + ρvh · ∇vh + ∇ph − χs∇ · τ h −∇ · (2ηε(vh)),∇qh)K

=
∑

K

αv(f ,∇qh)K (3.99)

− (εs(vh), ξh) +
∑

K

αv(ρδtvh + ρvh · ∇vh + ∇ph − χs∇ · τ h −∇ · (2ηε(vh)),−χs∇ · ξh)K

=
∑

K

αv(f ,−χs∇ · ξh)K (3.100)

for all (wh, qh, ξh) ∈ Vh,0 × Ph,0 × Th,0. We have assumed f ∈ L2(K)n for simplicity.
At this point the problem suffers from the lack of an appropriate choice for Th to

make system (3.98)-(3.100) uniquely solvable. This can be circumvented by using a sort
of augmented Lagrangian scheme coupled with an Uzawa iterative scheme, as explained
at the continuous level. In order to explain how to introduce this, let us write first the
matrix form of problem (3.98)-(3.100). If Xv, Xp and Xτ are the nodal values of vh, ph

and τ h, respectively, this matrix form reads:




Avv Avp Avτ

Apv App Apτ

A
(1)
τv + A

(2)
τv Aτp Aττ







Xv

Xp

Xτ


 =




Fv

Fp

Fτ


 (3.101)

where the matrix components and the forcing terms are identified in Table 1. There, we
have considered the approximation to the temporal derivative written as δtvh = γvh − ft,
where γ is the coefficient that multiplies the unknown velocity and ft is a combination
of previous velocity values. For example, for the backward Euler scheme, γ = ∆t−1 and
ft = ∆t−1vn−1

h , vn−1
h being the velocity of the previous time step.

The iterative scheme we propose to solve (3.101) at each time step is




Avv Avp 0
Apv App 0

A
(1)
τv + A

(2)
τv Aτp

1
2ηsr

M







Xk
v

Xk
p

Xk
τ


 =




Fv − AvτX
k−1
τ

Fp − ApτX
k−1
τ

Fτ + 1
2ηsr

MXk−1
τ − AττX

k−1
τ


 (3.102)

where M is the mass matrix corresponding to the interpolation of τ h (the integral of the
product of shape functions) and, as before, r is the penalty parameter. Obviously, the
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first two equations in (3.102) can be solved in a coupled way and then the values of Xk
v

and Xk
p can be used in the third equation.

Scheme (3.102) can be slightly modified in order to treat part of Xτ implicitly in the
first equation, in the spirit of the remark after (3.71). From the third equation in (3.102)
we have

Xk
τ = Xk−1

τ + 2ηsrM
−1

[
Fτ − A(2)

τv Xk
v − AτpX

k
p − AττX

k−1
τ

]
+ 2ηsrM

−1
[
−A(1)

τv Xk
v

]

: = Xk−1
τ + δXk,1

τ + δXk,2
τ

with the obvious definition of arrays δXk,1
τ and δXk,2

τ . A possible modification of the

first equation in (3.102) is to replace Xk−1
τ by Xk−1

τ + δXk,2
τ . From the expression of A

(1)
τv

in Table 1 it follows that the nodal values δXk,2
τ = −2ηsrM

−1A
(1)
τv Xk

v are nothing but
those of −2ηsrPτ (ε(vh)). This term can therefore be moved to the left-hand-side of the
first equation in (3.102). This in fact is achieved by simply replacing 2(ηε(vh), ε(wh)) by
2(ηε(vh) + H(α)ηs r Pτ (ε(vh)), ε(wh)), as explained for the continuous problem.

3.4.5 Numerical experiments

In this section, we present several numerical examples to illustrate the flexibility of
the approach dealing with complex geometry and to asses its accuracy. The numerical
simulations were carried out using the C++ CimLib finite element library (see [46, 69]).
The results obtained with the proposed approach, referred as ISM, are compared to so-
lutions obtained either by standard solution (classical boundary conditions) or by other
approaches.

3.4.5.1 2D immersion of solid bodies in an incompressible fluid

We first consider a numerical test of flow around four fixed cylinders in a square channel.
This study is considered as a first step to investigate the feasibility of fluid-structure
computations and could be used later on a tube bundle configuration, like those existing
in nuclear steam generators.

We consider two cases. In the first case we apply the Immersed Stress Method: (i) we
consider a very simple square domain [0, 1]× [0, 1], (ii) we compute analytically the signed
distance function of four circles located on each corner of the domain, (iii) we apply the
anisotropic mesh adaptation using the variation of the gradients of the level-set function,
and finally, (iv) we mix and assign the physical properties. In the second case, the effort
will be concentrated on the geometry and on building the fluid mesh while well respecting
the curvatures. The obtained finite element meshes that will be used in the two cases are
depicted in Figure 3.22.

We apply the same conditions on both test cases and we compare the solutions. We
impose a pressure gradient at the inlet and outlet equal to ∆p = 100. For simplicity, we
set the density of the fluid ρf = 1, the density of the solid ρs = 1, and the viscosity of the
fluid ηf = 1.
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Table 3.3: Contributions to the matrix form of the problem

Matrix/vector Term
in (3.101) (3.98)-(3.100)

Avv

ρ(γvh,wh) + ρ(vh · ∇vh,wh) + 2(ηε(vh), ε(wh))
+

∑
K αv(ργvh + ρvh · ∇vh −∇ · (2ηε(vh)), ρvh · ∇wh + ∇ · (2ηε(wh)))K

+
∑

K αp(∇ · vh,∇ · wh) +
∑

K ατ (εs(vh), εs(wh))

Avp −(ph,∇ · wh) +
∑

K αv(∇ph, ρvh · ∇wh + ∇ · (2ηε(wh)))K

Avτ (τ h, εs(wh)) +
∑

K αv(−χs∇ · τ h, ρvh · ∇wh + ∇ · (2ηε(wh)))K

Apv (qh,∇ · vh) +
∑

K αv(ργvh + ρvh · ∇vh −∇ · (2ηε(vh)),∇qh)K

App

∑
K αv(∇ph,∇qh)K

Apτ

∑
K αv(−χs∇ · τ h,∇qh)K

A
(1)
τv −(εs(vh), ξh)

A
(2)
τv

∑
K αv(ργvh + ρvh · ∇vh −∇ · (2ηε(vh)),−χs∇ · ξh)K

Aτp

∑
K αv(∇ph,−χs∇ · ξh)K

Aττ

∑
K αv(χs∇ · τ h, χs∇ · ξh)K

Fv 〈f + ρft,wh〉 +
∑

K αv(f + ρft, ρvh · ∇wh + 2η∇ · ε(wh))K

Fp

∑
K αv(f + ρft,∇qh)K

Fτ

∑
K αv(f + ρft,−χs∇ · ξh)K
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Figure 3.22: Finite element mesh and geometry of a) the immersed obstacles, b) the
fluid domain.

A comparison of the velocity and the pressure fields computed on the entire square
domain (fluid and solid) and on only the fluid domain are shown in Figures 3.23 and
3.24. The agreement between the two numerical solutions shows that the present solver
is able to predict accurately the behaviour of the fluid and the presence of the solid. The
pressure distribution caused by the interaction is more interesting, which is depicted in
Figure 3.24.

Figure 3.23: Norme of the velocity calculated over a) the entire domain b) the fluid
domain

3.4.5.2 Immersion of solid bodies in fluid 3D

A similar test case is aimed at exploring the capabilities of the model when used in a
situation involving more complex geometries in 3D. Here, we simulate the flow through
two half spheres. As before, we choose to compare the results to those calculated only on
the fluid domain. The mesh representation of the fluid domain case is shown in Figure
3.25. As sketched in Figure 3.26 mesh adaptation is required for a good capturing of
the solid-fluid interface, a zoom of the adapted mesh is also depicted. The velocity and
pressure fields computed with the proposed method are shown in Figure 3.27 and 3.28,
respectively, and compared to results calculated only on the fluid domain. Again the
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Figure 3.24: Pressure distribution of a) the entire domain b) the fluid domain

agreement between the two numerical simulations shows that the present solver is able to
predict accurately the behaviour of the fluid and the presence of the solid.

Figure 3.25: Finite element mesh of the fluid domain

3.4.5.3 Flow around a fixed circular cylinder (2-D)

We consider in this section another well-studied problem, namely the one of a channel
flow with a cylindrical obstruction [117, 118, 119, 105].
The setting of the problem is shown in figure 3.29. It consists of a rectangular channel

with a circular obstruction of diameter 0.1. Zero initial condition is considered all over
the domain. On the inflow and outflow boundaries the velocity is defined by:

u(t; 0, y) = u(t; 2.2, y) = 0.41−2 sin

(
πt

8

)
(6y(0.41 − y), 0)
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Figure 3.26: Finite element mesh of two half spheres in a fluid domain

Figure 3.27: Velocity distribution of a) the entire domain b) the fluid domain

Figure 3.28: Pressure distribution of a) the entire domain b) the fluid domain
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No-slip conditions are prescribed at the other boundaries.

Figure 3.29: Finite element mesh around the circular cylinder.

The circular cylinder is represented by means of a signed distance function (the levelset
function), and an anisotropic mesh adaptation is applied to capture well the interface.
Figure 3.29 shows the extremly refined solid fluid interface. The Reynolds number is
defined by Re = UD

µ
, where D is the diameter of the cylinder, U is the free-stream mean

inflow velocity and µ is the kinematic viscosity set to 10−3 in order to obtain Reynolds
numbers 0 ≤ Re ≤ 100.
After a while from the beginning of the simulation, the inflow increases and two vortices

start to develop behind the cylinder. These vortices are first attached behind the cylinder
at a moderate Reynolds number and by increasing the Reynolds number, they become
stretched and the flow will be distorted and broken apart. At a time of around (4 ∼ 5)
the separation of the vortices from the cylinder occurs and an alternative vortex shedding
known as Karmen vortex street develops. Important benchmark parameters of the flows
around bodies are the drag and the difference in the pressure between two points at the
edge of the obstacle. To get proper values for these parameters one needs to have a high
accuracy.
Figure 3.30 shows the profiles of the benchmark parameters obtained on a 40, 000

elements mesh with a constant time-step ∆t = 0.0025. The plots show the good tendency
of the approximated solution obtained with the numerical scheme to reproduce the profile
of the coefficients.
Recall that the drag coefficient can be computed using:

cd =
Fx

1
2
ρu∞

2D
, (3.103)

where u∞ is the maximum inflow velocity and Fx is the x-component of F, the total force
on the cylinder surface S:

F =

∫

S

(−pI + S) · n dS. (3.104)

S being the deviatoric stresses.
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(a) Pdiff = P (0.15, 0.2) − P (0.25, 0.2) (b) Drag coefficient

Figure 3.30: Comparisons of the pressure difference and the drag coefficients

3.4.5.4 Oscillating circular cylinder in a channel

This test has been widely used as a benchmark for rigid particulate flows and has been
analyzed by a number of authors [120]. We consider an oscillating circular cylinder of
diameter 0.1 inside a channel (height H = 0.41, length L = 2.2). The cylinder moves
from his initial position (1.1, 0.2) and starts oscillating along with a prescribed velocity
u = 2πfA cos(2πft), with A = 0.25, f = 0.25, and v = 0. No-slip velocity conditions are
imposed at the two walls, inlet and outlet of the channel. The dynamic viscosity of the
fluid is η = 10−3 and the density is equal to ρ = 1. The fluid in the channel is initially at
rest. A time step equal to 0.005 is used.

Figure 3.31: Norm of velocity at t = 18.9s (left) and t = 21s (right)

We compute first the level set function that identifies the solid part from the fluid
region and then apply the anisotropic mesh adaptation at the interface. Thus, a single
set of equations is solved for the whole computational domain by treating the different
subdomains as a single fluid with variable material properties. As the cylinder starts
oscillating, we repeat the adaptivity steps to ensure accurate interface representation.
Figure 3.31 and 3.32 show two snapshots results at two different times (t = 18.9 and
t = 21) which reflect the oscillating behaviour of the cylinder. For comparisons, we
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Figure 3.32: Local vorticity value at t = 18.9s (left) and t = 21s (right)

present in figure 3.33 the computed drag coefficient cd. As expected, the presented results
using the immersed stress method agree very well with the reference results.

Figure 3.33: Drag coefficients for one oscillating circular cylinder in a channel.

3.4.5.5 Unsteady flow past an immersed helicopter in forward flight

Figure 3.34 and 3.35 present the parallel numerical simulation of unsteady flow around
a 3D helicopter in forward flight using the proposed monolithic fluid-structure approach
with anisotropic mesh adaptation. The mesh generation algorithm allows the creation
of extremely anisotropic elements stretched along the interface, which is an important
requirement for FSI problems having internal/boundary layers. The final obtained mesh
reflects the capability of the method to render a well respected geometry in terms of
curvature, angles and complexity. Contrary to others techniques, this promising method
can provide an alternative to body-fitted mesh for very complex geometry.
This simulation is obtained using 96 2.4 Ghz Opteron cores in parallel (linked by

an Infiniband network). The mesh consists of 1.6M tetrahedral elements and 300, 000
nodes. The reasonable nature of the results shows a good potential for the developed
formulations. The purpose of this example is to confirm the motivation behind pursuing
such general approach. Indeed, it allows to easily: (i) deal with a large diversity of complex
shapes and dimensions without mesh reconstructions, (ii) use and affect different physical
properties for the surrounding fluid (air, water...) and for the immersed structures and
(iii) handle the interfaces through anisotropic mesh adaptation.
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Figure 3.34: Numerical simulation of unsteady flow around a helicopter in forward flight

Figure 3.35: Different snapshots of the flow around a helicopter in forward flight



3.4. IMMERSED STRESS METHOD FOR FSI AT HIGH REYNOLDS NUMBER 77

3.4.6 Conclusion

In this part we have described a stabilized three-fields velocity-pressure-stress, de-
signed for the computation of rigid bodies in an incompressible Navier-Stokes flow at
high Reynolds number. The method is based on treating a single set of equations for the
whole domain. The presence of the solid is taken into account as an extra stress in the
Navier-Stokes equation. The formulation considered allows equal-order interpolation for
the three-fields. We combine this approach with the mesh adaptivity to resolve complex
structure geometries. 2D and 3D numerical experiments were presented and results were
compared against reference or other approaches. The capability of the method to simulate
the fluid-rigid body interaction at high Reynolds number was demonstrated. The results
presented here show that this method can be used in a wide range of applications for
multi body fluid-solid problems. Further research will focus on tackling deformable solid
interaction.
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3.5 Monolithic VMS method for FSI with anisotropic

adaptive meshing

In this section, emphasis on the use of a new anisotropic mesh adaptation technique
is presented. A new a posteriori error estimate, based on the length distribution tensor
approach and the associated edge based error analysis, is used to ensure an accurate
capturing of the discontinuities at the fluid-solid interface. When such adaptive technique
is coupled to the previous formulation, it engenders a very useful and powerful numerical
tool for a wide range of FSI applications. Same numerical tests are revised enabling us
to prove the benefits of this new adaptive technique. New 2D and 3D tests are also
conducted such as: flow past a NACA profile and flow past a simplified vehicle model.

3.5.1 Introduction

Fluid-Structure Interaction (FSI) describes a wide variety of industrial problems aris-
ing in engineering, technology and biomechanics. Due to the high complexity of these
problems, FSI simulations are nowadays the focus of numerous investigations and various
approaches are proposed to treat them.

Two main approaches for the simulation of FSI problems are still gaining attention
lately: partitioned and monolithic approaches. The partitioned approaches allow the use
of a specific solver for each domain. The fluid and the structure equations are alternatively
integrated in time and the interface conditions are enforced asynchronously. The difficulty
remains in transferring the information between the codes. The coupling between the two
phases can be enforced using different schemes: weakly or strongly coupled versions.
The former approach manages with just one solution of either field per time step but
consequently lack accurate fulfilment of the coupling conditions. The latter requires sub-
iterations [106, 96, 107, 38, 36, 98]. It is accurate and quite efficient but presents an
inherent instability depending on the ratio of the densities and the geometry of the domain
[40]. For 3D problems, the numerical cost can increase drastically. Alternatively, authors
in [121] propose an immersed particle method able to handle complicated FSI problems
including cracking and perforation with ease.

An increased interest in monolithic methods, which treat the interaction of the fluid
and the structure at the interface synchronously, has been noticed lately. The continuity
at the interface is obtained naturally and there is no need to enforce it. It imposes the
use of an appropriate unique constitutive equation describing both the fluid and the solid
domains. Interface tracking between the two different domains can be completed by Im-
mersed Boundary (IB) methods [27] where the interface is convected in a Lagrangian way.
Other methods such as the fictitious domain method [27, 28] treat the coupling between
the domains by applying a constraint across the body using a Lagrange multiplier. These
constraints may lead to uncoupled physics in the different subdomains of the problem
(in the fluid and the solid, for example), yielding inconsistencies when the subdomains
evolve in time. This problem may be solved using the so called Fixed-mesh ALE formula-
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tion introduced in [108] (see also [109, 110] for applications to fluid-structure interaction
problems and rigid bodies floating in fluids).

In this paper, we focus on a monolithic formulation where the complete problem is
written in a fully Eulerian framework. A convected level-set function, commonly employed
in the simulation of multiphase flows [80], is used to distinguish between phases. Such
approach allows easily dealing with very complex geometries, large structural deformations
and free movements of the structure within a flow domain.

However, the level-set intersects the elements arbitrarily and lacks the ability to re-
produce the interfaces of complex geometries (i.e. sharp corners). Therefore, we combine
it with anisotropic mesh adaptation. An a posteriori edge based spatial error indicator
relying on the length distribution tensor approach is presented. The anisotropic adapta-
tion involves building a mesh based on a metric map. It provides both the size and the
stretching of elements in a very condensed information data. Working on a nodal based
metric, an anisotropic mesh adaptation procedure is obtained under the constraint of a
fixed number of nodes. With such an advantage, it becomes a very useful and practi-
cal numerical tool. A such algorithm allows the creation of extremely stretched elements
along the interface, which is an important requirement for FSI problems with high density
ratios [47]. The details of this technique can be found in [54].

The last ingredient of this paper resides in the development of a new FE solver:
on modelling easily the interaction between the fluid (laminar or turbulent) and the
structure in question. Consequently, the presence of the structure will be taken into
account by means of an extra stress tensor in the Navier-Stokes equations. For illustration,
the rigid immersed body is treated using the Navier-Stokes solver under constraints of
imposing the nullity of the deformations by means of a Lagrange multiplier [111]. The
system is solved using a new Variational MultiScale FE method. Thus we propose to
extend the decomposition for both the velocity and the pressure fields into coarse/resolved
scales and fine/unresolved scales, needed to deal with convection dominated problems and
pressure instabilities, with an efficient enrichment of the extra constraint. This choice of
decomposition is shown to be favourable for simulating flows at high Reynolds number
and to remove spurious oscillations at the interface due to the high discontinuity in the
material properties. We retain in this work the advantages of using linear approximations
(P1 finite elements) regarding the accuracy and the computational cost, especially for 3D
real applications.

The present work is inspired notably from [122] where the stabilized three field FE
formulation is described in details notably for fluid-fixed rigid bodies. In this sense, the
main contributions of this work, considered as a continuation of this reference, are a
systematic use of this FE formulation for rigid body motion and thus an implementation
of an a posteriori error estimator to control anisotropic mesh adaptation suitable for
complex FSI problems. Consequently, a particular emphasis is placed on the performance
of the implemented method for two-dimensional and three-dimensional problems with
high Reynolds number and high density ratios.

An outline of this part is as follow. In the next section, the adaptive level-set method
is presented. Section 3.5.3 is dedicated to present the governing equations and the general
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monolithic formulation. Section 3.5.4 describes the stabilizing schemes from a Variational
MultiScale point of view. Section 3.5.5 presents some benchmark problems and results for
fluid-rigid interactions. Section 6 contains concluding remarks. Note that some section
are repeated from [122] for completeness.

3.5.2 Construction of an anisotropic mesh

In this section, we retrace the main steps of the adaptive procedure used to immerse
and to represent different complex geometries inside a unique mesh. First we compute the
signed distance function (level-set) of a given geometry to each node of the mesh, then
we refine anisotropically the mesh at the interface and finally we mix and attribute the
physical properties of each domain using appropriate laws. This procedure is repeated
iteratively for moving solids.

3.5.2.1 Level-set function

A signed distance function of an interface Γim is used to localize the interface of the
immersed body and initialize the desirable properties on both sides of the latter. At
any point x of the computational domain Ω, the level-set function αim corresponds to the
signed distance from Γim. In turn, the interface Γim is given by the iso-zero of the function
αim: 




αim(x) = ±d(x, Γim),x ∈ Ω,

Γim = {x, αim(x) = 0} (3.105)

In this paper, a sign convention is used: αim ≥ 0 inside the solid domain defined by the
interface Γim and αim ≤ 0 outside this domain. Further details about the algorithm used
to compute the distance are available in [72]. It is also possible to use functions smoother
than d(x, Γim) away from Γim (see for example [112]).

3.5.2.2 Edge based error estimation

An a posteriori error estimate based on the length distribution tensor approach and the
associated edge based error analysis [54] is presented. It enables to calculate a stretching
factor providing a new edge length distribution, its associated tensor and the correspond-
ing metric. The optimal stretching factor field is obtained by solving an optimization
problem under the constraint of a fixed number of edges in the mesh. In this work, we
emphasise the application of this new technique to multi-domain problems. Therefore,
for addressing a high contrast in the physical parameters, we propose an extension of the
a posteriori estimation. It combines the simultaneous adaptivity to the level-set scalar
field and to the velocity field without increasing the complexity of the computation or
intersecting different metrics. Using this approach, the adaptivity will also focus on the
change of direction rather than the intensity of the velocity. This is clearly shown behind
the obstacle in figure 3.36, whereas the adaptation on the level-set function renders ex-
tremely stretched elements along the fluid-solid interface. With such a method, we can
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provide a very useful and practical tool for the simulation of complex FSI problems. In
the following subsections, details of the adaptivity approach will be discussed.

Figure 3.36: Anisotropic refined fluid-solid interface of an immersed NACA0012.

We consider a variable u ∈ C2(Ω) = V and Vh a simple P 1 finite element approxima-
tion space:
Vh = {wh ∈ C0(Ω), wh|K ∈ P 1(K), K ∈ K} where Ω =

⋃
K∈K

K and K is a simplex (seg-

ment, triangle, tetrahedron, ... ).

We defineX =
{
Xi ∈ R

d, i = 1, · · · , N
}
as the set of nodes of the mesh and we denote

by U i the nodal value of u atXi and we let Πh be the Lagrange interpolation operator from
V to Vh such that: Πhu(Xi) = u(Xi) = U i , ∀i = 1, · · · , N . As shown in figure 3.37, we de-
note the set of nodes connected to node i by Γ(i) = {j , ∃K ∈ K , Xi,Xj are nodes of K}.
By introducing the notation: Xij = Xj −Xi and using the analysis carried in [54], we

can set:

∇uh · Xij = U ij , (3.106)

Figure 3.37: Length X
ij of the edge joining nodes i and j.

||∇uh · Xij

︸ ︷︷ ︸
U ij

−∇u(Xi) · Xij|| ≤ max
Y∈[Xi,Xj ]

|H(u)(Y )Xij · Xij| , (3.107)
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where H(u) = ∇(2)u is the associated Hessian of u. Recall that taking u ∈ C2(Ω) we
obtain ∇u ∈ C1(Ω).

Applying the interpolation operator on∇u together with (3.106) we obtain a definition
of the projected second derivative of u in terms of only the values of the gradient at the
extremities of the edge:

∇ghX
ij · Xij = gij · Xij, (3.108)

where gh = Πh∇u, gi = ∇u(Xi) and gij = gj − gi.
Using a mean value argument, we set that: ∃Y ∈ [Xi,Xj]|gij · Xij = H(u)(Y )Xij · Xij .
We use this projection as an approximation of the error along the edge:

eij = gij · Xij. (3.109)

However this equation cannot be evaluated exactly as it requires knowing the gradient
of u and also its continuity at the nodes of the mesh. For that reason, we resort to a
gradient recovery procedure.

3.5.2.3 Gradient Recovery

Based on an optimization analysis, the author in [54] proposes a recovery gradient
operator defined by:

Gi = (Xi)−1
∑

j∈Γ(i)

U ijXij, (3.110)

where X
i = d

|Γ(i)|

∑
j∈Γ(i)

Xij ⊗Xij is what we call the length distribution tensor at node Xi.

Note that this construction preserves the second order:
∣∣(Gi − gi

)
· Xij

∣∣ ∼
(
H(u)Xij · Xij

)

whereGi is the recovery gradient at node i (given by (3.110)) and gi being the exact value
of the gradient at node i.
The approximated error is evaluated by substituting G by g in (3.109):

eij = Gij · Xij.

3.5.2.4 Metric construction from the edge distribution tensor

Taking into account this error analysis, we construct the metric for the unit mesh as
follows:

M
i =


 d

|Γ(i)|
∑

j∈Γ(i)

Xij ⊗ Xij




−1

.

For a complete justification of this result, the reader is referred to [54].
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3.5.2.5 Error behaviour due to varying the edge length

We examine now how the error behaves when the length of the edges changes by stretch-
ing coefficients sij ∈ S defined by :

S =
{
sij ∈ R

+ , i = 1, · · · , N , j = 1, · · · , N , Γ(i) ∩ Γ(j) 6= ∅
}

.

To obtain a new metric depending on the error analysis, a new length for each edge has to
be calculated and then used for rebuilding the length distribution tensor. An interesting
way of linking the error variations to the changes in edge lengths is by introducing a
stretching factor s ∈ R

+ such that

{
X̃ij = sXij

||ẽij|| = s2||eij|| = s2||Gij · Xij||
(3.111)

where ẽij and X̃ij are the target error at edge ij and its associated edge length repectively.
Following the lines of [54] we can simply define the metric associated with S by:

M̃i =
|Γ(i)|

d

(
X̃i

)−1

, (3.112)

where X̃i = d
|Γ(i)|

∑
j∈Γ(i) s2

ijX
ij ⊗ Xij is the length distribution tensor and |Γ(i)| is the

cardinal of Γ(i). Let nij be the number of created nodes in relation with the stretching
factor sij and along the edge ij. When scaling the edges by a factor sij, the error changes
quadratically so that the number of created nodes along the edge ij is given by:

nij =

(
ẽij

eij

)− 1
2

= s−1
ij .

As per node i, the created nodes along the different edge directions is given by the following
tensor:

N i =


 d

|Γ(i)|
∑

j∈Γ(i)

nij
Xij

∣∣Xij
∣∣ ⊗

Xij

∣∣Xij
∣∣


 .

So that the total number of created nodes per node i is:

ni = det


 d

|Γ(i)|
∑

j∈Γ(i)

nij
Xij

∣∣Xij
∣∣ ⊗

Xij

∣∣Xij
∣∣


 .

By considering the averaging process of the number of nodes distribution function, the
total number of nodes in the adapted mesh is given by

N =
∑

i

ni.
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A direct relation between N and e, assuming a uniform totally balanced error along the
edge ẽij = e = constant, is given by:

nij(e) = s−1
ij (e) =

(
e

eij

)− 1
2

.

Hence, for a node i we have

ni(e) = e−
d
2 det


 d

|Γ(i)|
∑

j∈Γ(i)

(
1

eij

)− 1
2 Xij

∣∣Xij
∣∣ ⊗

Xij

∣∣Xij
∣∣


 ⇔ ni(e) = e−

d
2 ni(1),

so that
N = e−

d
2

∑

i

ni(1).

Therefore, the global induced error for a given total number of nodes N can be determined
by:

e(N) =


 N∑

i

ni(1)




− 2
d

.

Thus, the corresponding stretching factors under the constraint of a fixed number of nodes
N are given by:

sij =

(
e

e(N)

)− 1
2

=




∑
i

ni(1)

N




2
d

e
−1/2
ij .

Figure 3.38: Varying the edge in its own direction.

3.5.2.6 Extension to multi-component field

Here, we propose to construct a unique metric directly from a multi-component vectors
field containing, for instance, all the components of the velocity field and/or different
level-set functions. Consequently, we do not need to intersect several metrics as in [123]
but construct it using the following error vector ~eij =

{
e1

ij, e
2
ij, · · · , en

ij

}
where n is the

number of components . Let u = {u1, u2, · · · , un}, Z = Vn and Zh = Vn
h . In the view
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of constructing a unique metric, the above theory is applied for each component of u. It
comes out immediately that the error is now a vector given by: −→eij =

{
e1

ij, e
2
ij, · · · , en

ij

}

and then

sij =

( ||e(N)||
||−→eij||

) 1
2

.

Here, the norm can be the discrete L2, L1 or L∞ norms.
Rather than considering several metric intersections and thus having much computa-

tions to perform, we propose herein an easy way to account for different fields in an a
posteriori analysis while producing a single metric field. We propose then to combine,
into one global vector field, both the level-set function and all components of the velocity
field in only one metric tensor.
Denote by vh the finite element solution of the Navier Stokes equations and Πhv its

interpolant. In general, we have that

∃c > 0, ||vh − v|| ≤ c||Πhv − v|| .

Let vh(X
i) = V i ∈ R

d , d = 2, 3 and Y =
(

v
|v|

, |v|, α
)
be the vector field made of d + 1

components vector fields, with α the level-set function used to localize an immersed body.
We obtain for every node i,

ΠhY(Xi) =

(
V i

|V i| , |V
i|, α

)
= Y i.

3.5.2.7 Mixing laws

The geometry and mechanical properties of each subdomain are characterized by one
signed distance function. Once all the sub-domains are defined, the mechanical properties
can be determined on the whole domain in terms of the level-set function. For the elements
crossed by the level-set functions and the their neighbours, fluid-solid mixtures are used to
determine the element effective properties. A Heaviside function H(α) for each level-set
function is defined by:

H(α) =

{
1 if α > 0

0 if α < 0
(3.113)

In order to achieve a better continuity at the interface [73], the Heaviside function can be
smoothed using:

Hε(α) =





1 if α > ε

1

2

(
1 +

α

ε
+

1

π
sin

(πα

ε

))
if |α| ≤ ε

0 if α < −ε

(3.114)

where ε is a small parameter such that ε = O(him), known as the interface thickness,
and him is the mesh size in the normal direction to the interface. In the vicinity of the
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interface, it can be computed using the following expression:

him = max
j,l∈K

∇α · xjl, (3.115)

where xjl = xl − xj and K is the mesh element under consideration.
According to the chosen approximations, the Heaviside function is then approximated

using linear interpolations P1 between fluid and solid properties or a piecewise constant
interpolation P0.

3.5.3 Governing equations

This section is devoted to the mathematical formulation for a rigid body immersed in an
incompressible fluid. The governing equations are considered to be three-dimensional and
time-dependent. As the proposed approach is monolithic, a unique constitutive equation
will be solved on the whole domain with variable physical properties separated by a
prescribed level-set function. Details are prescribed in [122].

3.5.3.1 The Navier-Stokes equations with a rigid body

Let Ω ⊂ R
d be the spatial domain at time t ∈ [0, T ], where d is the space dimension.

Let ∂Ω denote the boundary of Ω. The fluid domain, the solid domain and the interface
will be Ωf , Ωs and Γim, respectively. They verify:

Ωf ∪ Ωs = Ω and Ωf ∩ Ωs = Γim.

The dynamics of the flow is given by the classical incompressible Navier-Stokes equa-
tions, which may be written as

ρf (∂tv + v · ∇v) −∇ · σ = f in Ωf , t > 0 (3.116)

∇ · v = 0 in Ωf , t > 0 (3.117)

where v(x, t) is the velocity, p(x, t) is the pressure, ρf is the fluid density and the Cauchy
stress tensor for a Newtonian fluid is given by:

σ = 2ηf ε(v) − p Id, (3.118)

where Id is the d-dimensional identity tensor and ηf is the fluid viscosity. Equations
(3.116)-(3.117) are subject to the boundary and initial conditions

v = vΓ,f on ∂Ωf \ Γim, t > 0 (3.119)

v = vim on Γim, t > 0 (3.120)

σ · n = tim on Γim, t > 0 (3.121)

v(x, 0) = v0(x) in Ωf , (3.122)
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where vΓ,f is a given velocity boundary condition, vim is the velocity at the fluid-solid
interface Γim (the boundary of the immersed body), n is the outward normal on the solid
surface, tim the normal stress on this boundary and v0(x) is a given initial condition.
For simplicity, only Dirichlet-type boundary conditions will be considered on the exterior
boundary.
In the present formulation we treat the rigid body as a continuous domain subjected

to an additional rigidity constraint. As shown in [122], we may write the equations of
motion as the Navier-Stokes equations with this constraint as:

ρs (∂tv + v · ∇v) −∇ · σ = f in Ωs, t > 0 (3.123)

∇ · v = 0 in Ωs, t > 0 (3.124)

ε(v) = 0 in Ωs, t > 0 (3.125)

where ρs the solid density. In a rigid body there is no deformation, that is to say, ε(u) = 0

(u is the displacement field) and ∂tu = v. These two equations imply a null value of the
deformation-rate tensor (3.125). The stress tensor is then given by:

σ = τ s − p Id. (3.126)

Equations (3.123)-(3.125) need to be supplied with the boundary and initial conditions

v = vΓ,s on ∂Ωs \ Γim, t > 0 (3.127)

v = vim on Γim, t > 0 (3.128)

σ · n = −tim on Γim, t > 0 (3.129)

v(x, 0) = v0(x) in Ωs, (3.130)

where vΓ,f is a given velocity boundary condition that needs to be compatible with a rigid
body motion if ∂Ωs \ Γim 6= ∅, and the initial condition v0(x) must be also compatible
with a rigid body motion.

3.5.3.2 Full Euleurian formulation

Making use of the notation introduced in section 1, we may write problem (3.116)-
(3.122) and problem (3.123)-(3.130) in a unified way in the whole computational domain
Ω as

ρ (∂tv + v · ∇v) −∇ · (2η ε(v) + τ − p Id) = f in Ω, t > 0

∇ · v = 0 in Ω, t > 0

εs(v) = 0 in Ω, t > 0 (3.131)

v = vΓ on ∂Ω, t > 0

v(x, 0) = v0(x) in Ω,

where vΓ = vΓ,s on ∂Ωs ∩ ∂Ω and vΓ = vΓ,f on ∂Ωf ∩ ∂Ω, εs(v) = H(α)ε(v), η =
(1 − H(α))ηf , ρ = ρsH(α) + ρf(1 − H(α)) and τ = H(α)τ s. The boundary conditions
(3.120)-(3.121) and (3.128)-(3.129) are no longer needed.
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Let V × P × T be the space where the unknown (v, p, τ ) is sought. The first space,
V , is made of vector fields which are square integrable in time with values in H1(Ω)d and
satisfying the Dirichlet conditions, where the last two, P and T , are made of distributions
in time with values in P0 = L2(Ω)/R and T0 = L2(Ω)d×d, respectively (in fact, a subspace
of L2(Ω)d×d would be enough, see below). The corresponding test functions will be denoted
w ∈ V0 = H1

0 (Ω)d, q ∈ P0 and ξ ∈ T0. Multiplying by the test functions and integrating
by parts, the associated standard weak form of the system (3.131), can be stated as: Find
v ∈ V , p ∈ P and τ ∈ T such that

ρ(∂tv,w) + ρ(v · ∇v,w) − (p,∇ · w) + (2ηε(v), ε(w)) + (τ , εs(w, ))) = 〈f ,w〉,
(q,∇ · v) = 0, (3.132)

−(ξ, εs(v)) = 0,

for all (w, q, ξ) ∈ V0 × P0 × T0.

As explained in [122], a possible way to choose τ is to take it as a symmetric gra-
dient of a vector field. Moreover, this field needs not to be computed if an augmented
Lagrangian scheme together with an Uzawa iterative scheme are employed to relax itera-
tively (ξ, εs(v)) = 0. This is what we describe next.

Suppose that we discretize in time problem (3.132) using a finite difference scheme,
and still denote by v, p and τ the fields to be computed at a given time step. Let δtv

the discrete time derivative and r the penalty parameter in the Uzawa scheme. Treating
implicitly the velocity in the calculation of the stress in the solid, the iterative scheme to
be performed within each time step reads:

1. Set k = 0

2. Initalize v0, p0 and τ 0 (for example to values in the last time step)

3. k ← k + 1

4. Solve for vk and pk:

ρ(δtv
k,w) + ρ(vk · ∇vk,w) − (pk,∇ · w)

+ 2(ηε(vk) + H(α)ηs r Pτ (ε(vk)), ε(w)) + (τ k−1, εs(w)) = 〈f ,w〉,
(q,∇ · vk) = 0.

5. Update τ k = τ k−1 + 2ηs r Pτ (ε(vk)) in Ωs.

6. Check convergence: if ‖vk − vk−1‖ > tol (given tolerance in a given norm), go to
3. Otherwise, proceed to the next time step.
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3.5.3.3 Rigid body kinetics

For the rigid body motion, when the geometry is simple and the distance function can
be computed analytically, it can be sufficient to calculate the optimal angular velocity ω

and the translational velocity V. In fact, once the Navier-Stokes is solved, the velocity
vh is computed at each a point x of the domain. ω and V are computed by minimizing
ϕ(V,ω) defined by:

ϕ(V, ω) =

∫

Ωs

| V + ω ∧ x − vh |2 . (3.133)

Note that if vh were the true rigid body velocity (as the third equation in (3.132) imposes),
the minimum of ϕ would be 0. The rigid body position will then be updated as follows:

Xt = X0 + ∆t
(
V + ω ∧ X0

)
, (3.134)

where Xt and X0 are the new and previous coordinates of any point belonging to the
rigid body respectively.

3.5.4 Stabilized Finite-Element Method (SFEM)

In this section, we describe briefly the Galerkin finite element approximation and the
corresponding stabilization method for the resulting discrete system of equations (3.132)
explained in more details in [122]. Based on a mesh Kh of Ω made of Nel elements K, the
functional spaces for the velocity, the pressure and the stress are approximated by the
finite dimensional spaces Vh, Ph and Th, respectively.

The stability of the discrete formulation depends on appropriate compatibility restric-
tions on the choice of the FE spaces. We propose here a Variational MultiScale method
(see [113]), which allows the use of equal order continuous interpolations for the three
fields, apart from preventing oscillations due to convection dominated flows [67].

Let us split the velocity, pressure and stress solution spaces as Vh ⊕ V ′, Ph ⊕ P ′

and Th ⊕ T ′, respectively. Subscript h is used here and in the following to denote the
FE (coarse) component, whereas the prime is used for the so called subgrid scale (fine)
component of the unknowns. According to this, we have

v = vh + v′ ∈ Vh ⊕ V ′,

p = ph + p′ ∈ Ph ⊕ P ′,

τ = τ h + τ ′ ∈ Th ⊕ T ′.

If the spaces for the test functions are split likewise, with a subscript 0 to identify them,
problem (3.132 ) becomes: find (vh + v′, ph + p′, τ h + τ ′) ∈ Vh ⊕ V ′ × Ph ⊕ P ′ × Th ⊕ T ′
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such that

ρ(δt(vh + v′),wh + w′) + ρ((vh + v′) · ∇(vh + v′),wh + w′) − (ph + p′,∇·(wh + w′))

+2(ηε(vh + v′), ε(wh + w′)) + (τ h + τ ′, εs(wh + w′)) = 〈f ,wh + w′〉,
(3.135)

(qh + q′,∇ · (vh + v′)) = 0, (3.136)

−(ξh + ξ′, εs(vh + v′)) = 0, (3.137)

for all (wh + w′, qh + q′, ξh + ξ′) ∈ Vh,0 ⊕ V ′
0 × Ph,0 ⊕ P ′

0 ×Th,0 ⊕T ′
0 . Recall that δt stands

for an approximation to the time derivative ∂t. Even if time has been discretized, we have
kept the notation for the functional spaces for simplicity. Even though the subgrid scales
(or subscales) could be approximated without further assumptions and inserted into the
previous equations (see [104]), we will make use of some common approximations that are
explained in [122] and lead to the discrete variational problem:

ρ(δtvh,wh) + ρ(vh · ∇vh,wh) − (ph + p′,∇ · wh) + 2(ηε(vh), ε(wh)) + (τ h + τ ′,εs(wh))

+
∑

K

(v′,−ρvh · ∇wh −∇ · (2ηε(wh)))K = 〈f ,wh〉,

(3.138)

(qh,∇ · vh) −
∑

K

(v′,∇qh)K = 0,

(3.139)

−(εs(vh), ξh) +
∑

K

(v′, χs∇ · ξh)K = 0,

(3.140)

for all (wh, qh, ξh) ∈ Vh,0 × Ph,0 × Th,0, where
∑

K stands for the summation over all the
elements of the finite element partition Kh and (·, ·)K denotes the L2 product in each K.
The problem for the fine scales is obtained taking (wh, qh, ξh) = (0, 0,0) in 3.135-3.137.

Introducing the finite element residuals

Rv = f − ρδtvh − ρvh · ∇vh −∇ph + χs∇ · τ h + ∇ · (2ηε(vh)),

Rp = −∇ · vh,

Rτ = εs(vh),

and using the same ideas as in [101, 114], it turns out that the subscales may be approx-
imated within each element K ∈ Kh by

v′ = αv(Rv), p′ = αp(Rp), τ ′ = ατ (Rτ ),

where αv, αp and ατ are the so called stabilization parameters that we compute within
each element as
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αv =

[(
c1η

ρh2

)2

+

(
c2‖vh‖K

h

)2
]−1/2

, (3.141)

αp =

[(
η

ρ

)2

+

(
c2‖vh‖Kh

c1

)2
]1/2

, (3.142)

ατ = c3
h

L
2ηs, (3.143)

where h is the element size, L a characteristic length of the computational domain, ‖v‖K

a characteristic norm of vh (with the same units as vh) in element K and c1, c2 and c3

are algorithmic constants. We take them as c1 = 4, c2 = 2 and c3 = 1 for linear elements.
See [122] for additional remarks concerning the choice (3.141)-(3.143).
For the linear elements used in the numerical examples, terms of the form∇·(2ηε(wh))

involving second derivatives within each element can be neglected.
Inserting the expression for the subscales obtained in (3.138)-(3.140) we finally obtain

the stabilized finite element problem seeked. It consists of finding (vh, ph, τ h) ∈ Vh×Ph×
Th such that

ρ(δtvh,wh) + ρ(vh · ∇vh,wh) − (ph,∇ · wh) + 2(ηε(vh), ε(wh)) + (τ h, εs(wh))

+
∑

K

αv(ρδtvh + ρvh · ∇vh + ∇ph − χs∇ · τ h −∇ · (2ηε(vh)), ρvh · ∇wh + ∇ · (2ηε(wh)))K

+
∑

K

αp(∇ · vh,∇ · wh) +
∑

K

ατ (εs(vh), εs(wh))

= 〈f ,wh〉 +
∑

K

αv(f , ρvh · ∇wh + 2η∇ · ε(wh))K , (3.144)

(qh,∇ · vh) +
∑

K

αv(ρδtvh + ρvh · ∇vh + ∇ph − χs∇ · τ h −∇ · (2ηε(vh)),∇qh)K

=
∑

K

αv(f ,∇qh)K , (3.145)

− (εs(vh), ξh) +
∑

K

αv(ρδtvh + ρvh · ∇vh + ∇ph − χs∇ · τ h −∇ · (2ηε(vh)),−χs∇ · ξh)K

=
∑

K

αv(f ,−χs∇ · ξh)K , (3.146)

for all (wh, qh, ξh) ∈ Vh,0 × Ph,0 × Th,0. We have assumed f ∈ L2(K)n for simplicity.
At this point the problem suffers from the lack of an appropriate choice for Th to

make system 3.144-3.145 uniquely solvable. This can be circumvented by using a sort of
augmented Lagrangian scheme coupled with an Uzawa iterative scheme, as explained in
the algorithm of section 2. The final fully discrete iterative scheme is described in [122]
and will be not repeated here.
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3.5.5 Numerical experiments

In this section, we present five numerical examples to illustrate the flexibility of the
approach dealing with complex geometry and to asses its accuracy. The numerical simu-
lations were carried out using the C++ CimLib finite element library (see [46, 69]). The
first obtained results with the proposed approach are compared to solutions obtained by
standard solution (classical boundary conditions).

3.5.5.1 Falling disk in a channel

We consider first a classical benchmark: a rigid disk with radius R = 0.125 cm falling
under the action of gravitational force inside a 2-D channel of dimension [0, 2] × [0, 6].
Parameters used in this example are tabulated in Table 3.4.

Parameter ρf ρs ηf △t g

Unit g/cm3 g/cm3 g/cms s cm/s2

Value 1 1.25 0.1 0.005 980

Table 3.4: Parameter used in the computation of a falling disk in a channel

In [29] the velocity of particulate flow with rigid circular disks using fictitious domain
method is calculated and reported. We compare our computational results to this refer-
ence. This test case is well documented in the literature and considered as a challenging
benchmark.

Figure 3.39: The evolution of the vertical velocity and position of the falling disk.

Close agreements in figure 3.39 are found for both the velocity and the position of the
center of the disk in function of the time. Figures 3.40 and 3.41 illustrate respectively
the velocity contour plot for vx and vy at selected instances surrounding the zero iso-zero
of the disk level-set function. The agreement between the two numerical solutions shows
that the present approach is able to predict well the behaviour of the fluid in the presence
of rigid body.
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Figure 3.40: The profile of the velocity vx surrounding the iso-zero of the disk level-set
function.

Figure 3.41: The profile of the velocity vy surrounding the iso-zero of the disk level-set
function.
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3.5.5.2 Falling cylinder in an incompressible fluid

We follow the lines in [124] to analyze extensively the terminal velocity vT of a falling
cylinder in an incompressible fluid. The same parameters as [124] are used to assess
the solution using for instance different viscosity values and different meshes. The rigid
cylinder falls under the gravitational force. We prescribe then a zero pressure on the top
of the fluid channel and no slip walls on the sides and bottom. The dimension of the
fluid domain is 2L × 8L with L = 0.02m and the cylinder radius is r = 5 × 10−3.
The fluid is considered incompressible with density 1000 kg/m3 and the solid density is
2000 kg/m3. The gravitational force is 9.8ms−1. Note that for comparisons, we choose
from the reference the most precise results computed using a 160 × 640 grid. The values
of the viscosity are: ηf = 0.1kgs−1, 0.2kgs−1, 0.5kgs−1, 1kgs−1, 2kgs−1, 5kgs−1 and
10kgs−1.

Figure 3.42: The evolution of the terminal velocity of the cylinder for ηf = 0.2kg/s and
h = 0.001, h = 0.0005 and h = 0.00025.

ηf ref. [124]
160 × 640 h = 0.001 h = 0.0005 h = 0.00025

0.1 −0.1966 −0.167770 −0.19230704 −0.196834
0.2 −0.1417 −0.12367 −0.13596088 −0.14087306
0.5 −0.06721 −0.059924 −0.06253623 −0.066432
1 −0.03399 −0.030207 −0.03266043 −0.0335803
2 −0.01702 −0.01523 −0.0160292 −0.0165884
5 −0.006828 −0.00617 −0.0066192 −0.00674716
10 −0.003417 −0.003104 −0.0032519 −0.00338712

Table 3.5: Terminal velocity for the falling cylinder problem

The computed data and results are tabulated in table 3.5. Note that we are solving
the Navier-Stokes equations while the terminal velocity is derived under a Stokes flow
assumption. As a result, the terminal velocity calculated will be usually lower than
the analytic solution. As observed in figure 3.42 and in table 3.5, we obtain a closer
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agreement on the finer mesh. Robinson et al. [124] solve the FSI problem in a monolithic
framework using a MAC grid dicretization of the fluid and a fully Lagrangian discretization
of the structure. Comparing our computational results to those reported in [124], we can
find good agreements for the terminal velocities and a good potential for the developed
formulation.

3.5.5.3 Tetris benchmark

Four rigid bodies with different density are falling under the gravitational force in a
[0, 2]× [0, 6] channel. When several rigid bodies fall in an incompressible fluid channel, the
interactive motions of these bodies show an interesting phenomenon. At the beginning,
each body has the same acceleration by the gravitational force. As time passes, the
velocity of the upper bodies becomes faster than the lower ones since they undergo more
resistance against the fluid comparing to the upper ones.

Solid Initial position ρs(kg/m3)
a (0.35; 4) 4000
b (0.32; 5) 8000
c (1; 5.6) 3000
d (1.25; 4.8) 8000

Table 3.6: The properties of the four rigid bodies

Figure 3.43: Zoom at the upper part of the domain showing the initial used finite
element mesh

The coordinates of the lower left corner of each solid, the corresponding geometries
as well as the densities are given in Table 3.6 and presented in figures 3.44 and 3.45.
The arrangement of the four rigid bodies at t = 0 and the used refined FE mesh are
shown in figure 3.43. Indeed, to track the bodies and to render a well respected geometry
in terms of angles and accurate interfaces, the proposed mesh adaptation algorithm is
applied iteratively. The number of elements is fixed to 35000. The density and viscosity
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Figure 3.44: The proposed geometry for the four rigid bodies.

of the fluid used in this example are ρf = 1kg/m3 and ηf = 0.005Pa.s. The objective of
this test is to show the capability of the method to handle high density ratios. Figure
3.46 illustrates the respected geometry due to the use of the anisotropic mesh adaptation
and the velocity vectors at different time instants. All the vortices behind the solid
objects confirm the capability of the proposed stabilized monolithic formulation to solve
at the same time a convection dominated flow in the fluid and a rigid body velocity
in the solid. The evolution of the velocity and the corresponding position taken at the
center of the body a are plotted in figure 3.47. We acknowledge that the solution of this
test case is direct and similar to the previous numerical examples without assessing the
interaction between the bodies. The purpose is merely to demonstrate the capability of
the high density difference and the use of low fluid viscosity that the proposed monolithic
formulation can handle.

Figure 3.45: The density distribution at different time instants with anisotropic adapted
interfaces.
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Figure 3.46: The velocity vectors at different time instants.

Figure 3.47: The evolution of the velocity and the position taken at the center of the
body a.
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3.5.5.4 2D immersion of a NACA0012 airfoil in an incompressible fluid at
Reynolds 5000

We continue by investigating the flow around a NACA0012 airfoil in a channel [125].
This study is considered as an important step to investigate the feasibility of the pro-
posed monolithic fluid-structure formulation. The purpose is to show the flexibility of the
method to deal with a large variety of geometries. Rather than spending the effort on the
mesh construction around the airfoil, we bypass this step and we consider the simplest
rectangular domain. As mentioned before, the NACA profile will be represented then
using a simple distance function.

Figure 3.48: Finite element meshes: only the fluid domain (up) - the air-NACA
domain (bottom).

Therefore, we consider two cases. In the first one, we use the classical approach and
we impose zero boundary conditions on the profile. So the effort will be concentrated on
the geometry and on building the fluid mesh while well respecting the curvatures of the
airfoil profile. In the second case, (i) we consider a large simple channel domain, (ii) we
compute analytically the distance function of the NACA profile located at the center, (iii)
we apply the anisotropic mesh adptation using the variation of the gradients of the level-
set function, and finally, (iv) we mix and assign the physical properties. The obtained
finite element meshes that will be used in the two cases are depicted in figure 3.48.

Figure 3.49: Comparisons of the pressure coefficients. (-) reference, (· · · ) present work
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We apply the same conditions on both test cases and we compare the solutions. The
Reynolds number Re∞ based on the cord c is equal to 5000 and the angle of incidence to
0. The number of elements is fixed to 45000.
As the proposed a posteriori estimation combines the simultaneous adaptivity on the

level-set scalar field and the velocity field, boundary layers and inner layers are auto-
matically captured due to the anisotropically adapted mesh exhibiting highly stretched
elements.
A comparison of the pressure coefficients using the classical and the new approach is

presented in figure 3.49. Recall that the drag coefficient is computed using the following
formula

Cp =
p − p∞
1
2
ρu∞

(3.147)

Snapshots of the norm of the velocity, the pressure fields and the streamlines computed on
the entire domain (fluid and structure) and on only the fluid domain are shown in figures
3.50, 3.51 and 3.52 respectively. The very good agreement between the two numerical
solutions shows that the present solver is able to predict accurately the behaviour of the
fluid and the presence of the solid.

Figure 3.50: Norm of the velocity calculated over the fluid domain (up) and the entire
domain (bottom).

Figure 3.51: Pressure distribution calculated over the fluid domain (up) and the entire
domain (bottom).
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Figure 3.52: Streamlines distribution calculated over the fluid domain (up) and the
entire domain (bottom).

3.5.5.5 Unsteady flow past a 3D immersed simplified vehicle model

A similar test case is aimed at exploring the capabilities of the model when used in a
situation involving more complex geometries in 3D. Here, we simulate the flow past an
immersed simplified vehicle model. The Ahmed body is one of the first benchmark pro-
posed to investigate the stability and fuel consumption of an automobile at high cruising
speeds. It represents a simplified car geometry that can be used to study the automotive
aerodynamics and isolate relevant flow phenomena. A critical slant angle of 30◦ was found
to lead to a dramatic change in the flow pattern.

The flexibility of the proposed monolithic approach resides in the possibility to vary
easily the rear slant angle of the immersed vehicle from 25◦ to 35◦. It also allows to
add/remove small appendices to the geometry in order to study their effects and to reduce
eventually the turbulent behaviour behind the immersed body. Figure 3.53 presents a
plane cut of the adapted meshes showing different slant angles.

Figure 3.53: Remeshing the fluid-solid interfaces and modifying the rear angle from 25◦

(up) to 35◦ (center) and adding a small cylinder on the top (buttom)
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The simulations for the two different slant angles are given in figure 3.54. The 35◦ angle
case shows more complex flow behaviour. For this reason, we have added an appendix,
a small cylinder on the top of the vehicle to study and reduce the turbulent behaviour
behind the immersed body.

Figure 3.54: Streamlines behind the vehicle (rendered by the zero-isovalues of the
distance function) at different slant angle a) 25◦ b) 35◦ and c) with the small cylinder.

3.5.6 Conclusion

In this part a stabilized three-field velocity-pressure-stress finite element model, de-
signed for the computation of rigid bodies in an incompressible Navier-Stokes flow, has
been described. The method is based on treating a single set of equations for the whole
domain. The presence of the solid, rendered by a distance function, is taken into account
as an extra stress tensor in the Navier-Stokes equations. The considered formulation
allows equal-order interpolation for the three-fields. An a posteriori edge based spatial
error estimator, relying on the length distribution tensor approach, is developed. It allows
the creation of extremely stretched elements along the interface, which is an important
requirement for problems with high density ratios, for large structural deformations and
for free movements of the structure within a flow domain. 2D and 3D numerical exper-
iments were presented and results were compared against reference or other approaches.
The capability of the method to simulate the fluid-rigid body interaction with complex
geometries was demonstrated. The results presented here show that this method can be
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used in a wide range of application for multi body fluid-solid problems. Further research
will focus on tackling deformable solid interaction.

3.6 Conclusion

In this chapter, a stabilized three-filed velocity-pressure-stress, based on the Variational
multiscale method, has been presented to simulate rigid bodies in the incompressible
Navier-Stokes flow. The simulations were solved by a monolithic formulation in an Eule-
rian framework with anisotropic mesh adaptation. The presence of the solid is taken into
account as an extra-stress in the Navier-Stokes equations.

The first paper allows equal order of interpolation for the velocity and pressure field
and a lower-order interpolation for the stress. Fixed and moving rigid bodies simulations
were performed. The results yielded that the rigid body is well represented in the proposed
formulation. The test case of the falling disk in a channel was compared with an existing
one in the literature, results show close agreement. The possibility of taking several
moving rigid bodies was also demonstrated.

Secondly, an amelioration of the method was proposed allowing equal order of interpo-
lation for the three fields. The method was validated for a fixed rigid body, immersed in a
fluid, in 2D and 3D domain. The test cases compared very well to simulations where only
the fluid domain is presented. Moreover, simulations of a fixed and oscillating disk were
compared with results present in literature showing good agreement. Finally, a simulation
at high Reynolds number with complex geometry was performed. The results presented
here show that this method can be used in a wide range of application for multi-body
fluid-solid problems.

In the last part, an a posteriori edge based spatial error estimator, relying on the
length distribution tensor approach, was added to the previous formulation. The falling
disk in a channel and the Tetris test cases were revisited showing better and more accurate
results. The influence of the mesh size was also presented for different fluid viscosities
of a falling cylinder and compared with results present in the literature. Finally, the
NACA problem and Ahmad body problem with different rear angles, were also carried
out showing the capability and flexibility of the method to simulate fluid-rigid body
interaction with complex geometries.

3.7 Résumé

La formulation stabilisée est présentée pour résoudre le problème IFS de corps rigides
dans un écoulement fluide. Les simulations sont effectuées en utilisant une formula-
tion monolithique eulérienne avec la possibilité d’adaptation de maillage anisotrope. La
présence du solide est prise en compte comme une contrainte supplémentaire dans l’équation
de Navier-Stokes. La stabilisation est basée sur la méthode variationnelle multi-échelle qui
consiste à décomposer les champs de vitesse, pression et contrainte en une petite échelle
et une grande échelles.
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Le premier papier présenté utilise une approximation éléments finis avec un degré
d’interpolation pour le champs de vitesse et pression plus élevé que celui associé au tenseur
de contraintes. Des simulations avec des corps rigides fixes et mobiles sont réalisées. Les
résultats obtenus permettent de conclure que le corps rigide est bien représenté avec la
formulation proposée. Le cas test d’un disque qui tombe dans un canal sous l’action de
la gravité est présenté et les résultats montrent un bon accord avec la littérature. La
possibilité de prendre en compte plusieurs corps rigides en mouvement ou au repos a
également été démontrée. Deuxièmement, une amélioration de la méthode est proposée
pour résoudre le système avec le même ordre d’interpolation pour les trois champs. La
méthode est validée pour un corps rigide fixe immergés dans un fluide en 2 et en 3 D.
Ensuite, les simulations d’un disque fixe et oscillant ont montré un bon accord avec la
littérature. Enfin, la simulation avec un nombre de Reynolds élevé et une géométrie
complexe a été réalisée.

Dans le dernier papier, l’adaptation de maillage basée sur l’estimateur d’erreur a pos-
teriori est ajoutée à la formulation précédente. Le cas d’un disque qui tombe dans un
canal et le cas ŚTd’ŠAhmad etrisŠ sont repris et calculés avec la nouvelle méthode. Les
résultats obtenus montrent que la nouvelle méthode est plus précise. L’influence de la
taille de maille est également présentée avec des différentes viscosités du fluide pour le cas
d’un cylindre qui tombe et comparé avec la littérature. Le problème de Naca est calculés
et les résultats sont comparer entre la simulation sur le domaine fluide seul contre celle
calculée sur l’ensemble du domaine: fluide et structure. En plus le problème d’ŠAhmad
bodyŠ est réalisé, avec différents angles, ce qui montre la capacité de la méthode pour
simuler l’interaction entre un fluide et une structure rigide avec des géométries complexes.
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4.1 Introduction

The purpose of this work is to be able to solve the FSI problem in a unified formula-
tion for the fluid and the structure. This formulation was achieved for fluid-rigid body
problems. In order to accomplish that for the fluid-elastic problems, we introduce in this
chapter some notation, definition and transformation needed to develop a fluid-elastic
interaction in an Eulerian framework.

In the literature, when modelling a problem with a single substance the solid or fluid,
the Eulerian approach is naturally used to describe fluid dynamics flow problems and
the Lagrangian approach is the most convenient framework to describe the structural
deformation. When modelling fluid-structure problems in a monolithic framework, the
ALE approach is widely used [126, 127, 128] as well as the Eulerian approach [129, 130,
131, 132, 126].

In this chapter, the Eulerian and Lagrangian descriptions are presented based on the
detailed works in [133, 134]. For each framework, the governing equations, used to model
fluid and solid problems, are detailed. For both systems, the mass conservation is a
common equation. Another essential conservation equation introduced in this chapter, is
the momentum equation. It varies along with the structure and the fluid, if a compressible
or incompressible material is used, depending on the proper constitutive laws used.

In this work, the incompressible fluid will be considered. As a result, the mass and
momentum conservations are sufficient to model the fluid problem. For the structural
part, different behaviour laws are pointed out. The incompressible Neo-Hookean material
will be used for simulation.

4.2 Lagrangian description

The Lagrangian approach follows the movement and deformation of a given particle.
The Lagrangian view-point refers to the reference configuration. Consider the initial
position of point M0 as

−−−→
OM0 = X. The new position of M0 at time t is then

−−→
OM = x as

presented in figure 4.1.
Thus, we can define the displacement vector u such that:

x = X + u(X, t). (4.1)

And the velocity v as :

v =
d x

d t
=

∂u

∂t
, (4.2)

For any "Lagrangian" function f(X, t), the time derivative is :

d f

d t
=

∂f

∂t
. (4.3)
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Figure 4.1: Initial and final configuration of a system

4.2.1 Elementary Deformation

If an initial domain is deforming to a new configuration at time t, denoted by Ω0 and
Ωt respectively, then the deformation is studied at an elementary level dx (see figure 4.2).

Figure 4.2: Elementary Transformation

Introducing the mapping f : Ω0 → Ω, the corresponding deformation gradient tensor
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F for the transformation : X → x is defined by:

F = ∇Xf =
∂x

∂X
= Id +

∂u

∂X,
= Id + ∇Xu.

(4.4)

The deformation gradient tensor F, as noticed, is a tensor connecting the material’s
initial and current configurations. For example, an elementary vector dX is transformed
into dx = FdX. Moreover, if the position of M is known, then the position M0 can be
calculated, thus F is invertible. As a result, the Jacobian of the transformation J = det
F is always greater than zero.

The local deformation denoted by C, known as the Cauchy-Green tensor, is defined
by :

C = FT · F,

= Id + ∇Xu + ∇XuT + (∇Xu)T · (∇Xu),
(4.5)

where C is a symmetric tensor. The corresponding terms of this tensor are associated
with the length variation of material vectors as well as the angular variation between them.

A more accurate strain measure is the Green-Lagrange tensor defined by:

L =
1

2
(C − Id). (4.6)

L is also a symmetric tensor having the same principal directions as C. Introducing the
displacement field u in the defintion of L, one gets:

L =
1

2

(
∇Xu + ∇XuT + (∇Xu)T · (∇Xu)

)
. (4.7)

At this level, several remarks can be made:

• When dealing with a rigid body ⇒ no deformation: no length and angular variation
⇒ C = Id ⇒ L = 0

• When dealing with infinitesimal small deformation ⇒ (∇Xu)T · (∇Xu) can be ne-
glected

⇒ L ≈ ε(u)

where ε(u) =
1

2

(
(∇Xu) + (∇Xu)T

)
the linearized strain tensor.

• If an elementary volume vector dV 0 is transformed to dV ⇒ dV = J dV 0

=
√
det(C) dV 0.

The corresponding surface vector dS0 is transformed to dS ⇒ dS = JF−T · dS0.

• When dealing with an "isochoric" deformations ⇔ the deformation conserves the
volume

⇒ J = 1 (as for an incompressible
material).
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4.2.2 Mass conservation

If an elementary volume dV 0 is transformed to dV at time t, the corresponding masses
dM0 and dM respectively are equal. Then, using the third remark dV = J dV 0, and
knowing that the mass is conserved, we get:

ρtdV = ρ0dV 0,

ρtJdV 0 = ρ0dV 0,

ρtJ = ρ0,

(4.8)

where ρ0 is the density at time t = 0 and ρt is the density at time t. Thus the mass
conservation in a Lagrangian description is nothing but ρJ = ρ0.
As noted earlier, when dealing with an incompressible material J = 1. Hence, ρ = ρ0, the
density is constant once following the movement.

4.2.3 Conservation of momentum

Usually, the balance momentum is written with respect to the displacement since it
is a primary variable for the structural system of equation. Additionally, the material
derivative of the velocity is:

dv
dt

=
∂v

∂t
=

∂2u

∂t2
. (4.9)

Hence, the structural dynamic equilibrium with respect to the Lagrangian configuration
in the reference domain Ω0

s , using Newton’s second law of motion, yields:

ρ0∂2u

∂t2
−∇X(F · S) = ρ0f0 in Ω0

s , (4.10)

where f0 is the external volume forces and S is the second Piola-Kirchhoff stress tensor
obtained from the Cauchy-Stress tensor σs:

S = JF−1 · σs · F−T . (4.11)

4.2.3.1 St. Venant-Kirchhoff material

For a St. Venant-Kirchhoff material, which is a nonlinear model for compressible elastic
materials, the specific strain energy is given by:

S = 2µL + λtr(L)Id, (4.12)

where µ and λ are the two Lamé constant coefficients. The Lamé coefficients are
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related to the Young’s modulus E and the Poisson ratio ν with the following expressions:

λ =
νE

(1 + ν)(1 − 2ν)
,

µ =
E

2(1 + ν)
.

(4.13)

Note that these parameter are prescribed for different elastic structure, for example ν =
1

2

for incompressible materials and ν <
1

2
for compressible materials.

4.2.3.2 Neo-Hookean material

For a compressible Neo-Hookean material, which is a hyperelastic material model, the
second Piola-Kirchhoff stress yields [135, 44]:

S =
λ

2
(J2 − 1)C−1 + µ(Id − C−1). (4.14)

For incompressible materialJ = 1, therefore, the incompressibility constraint is
J − 1 = 0. The hydrostatic pressure p is introduced as a Lagrangian multiplier to ensure
the incompressibility constraint. S reaches:

S = −pC−1 + µ(Id − C−1),

= −pF−1F−T + µ(Id − F−1F−T ),

and F · S = −pF−T + µ(F − F−T ),

=
(
−pId + µ(FFT − Id)

)
F−T .

(4.15)

4.3 Eulerian description

In an Eulerian framework, the evolution of the domain from a point M is observed.
The velocity at point M at time t is the velocity of the material point with initial position
M0:

v =
dx
dt

. (4.16)

In this case, as for the previous "Lagrangian" f(X, t) denoted as F (x, t) in the Eulerian
framework, the material derivative would be:

dF
dt

=
∂F

∂t
+

∂F

∂x

∂x

∂t

=
∂F

∂t
+ (v · ∇x)F. (4.17)
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The gradients ∇Xf and ∇xF are related to each other, using the chain rule, by:

∇Xf = ∇xFF since
∂f

∂Xi

=
∑

j

∂F

∂xj

∂xi

∂Xj

. (4.18)

4.3.1 Deformation

In the Lagrangian description, the deformation gradient tensor was determined in equa-
tion (4.4). In an Eulerian framework, there is also the deformation, but ∇xu is different
than ∇Xu.
Recall that:

f : Ω0 −→ Ω

X −→ x = X + u(X, t)

The inverse mapping to the Eulerian framework can be easily introduced by:

f−1 : Ω −→ Ω0

x −→ X = x − u(x, t)

Differentiating spatially, we obtain:
∂X

∂x
= Id −∇xu

and
∂u

∂x
= Id −

∂X

∂x
(4.19)

Expressing ∇Xu in terms of ∇xu will lead to:

∇Xu =
∂u

∂X
,

=
∂u

∂x

(
∂X

∂x

)−1

,

= (Id −
∂X

∂x
)

(
∂X

∂x

)−1

,

=

(
∂X

∂x

)−1

− Id,

= (Id −∇xu)−1 − Id.

(4.20)

Thus, the inverse of the gradient deformation tensor F−1, that is written in an Eulerian
description Fx, and the gradient deformation tensor are finally given by:

F = Id + (Id −∇xu)−1 − Id,

= (Id −∇xu)−1 ,

and F−1 = Id −∇xu.

(4.21)
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The inverse deformation and its corresponding Jacobian are related to each other in the
following manner:

J−1 = det F−1. (4.22)

And finally, the Cauchy-Green tensor and Green-Lagrange tensor can be written in an
Eulerian description as:

C = FT · F,

= (Id −∇xu)−T · (Id −∇xu)−1 ,
(4.23)

and L =
1

2
(FT · F − Id),

=
1

2
[(Id −∇xu)−T · (Id −∇xu)−1 − Id],

=
1

2
[((Id −∇xu)−1 − Id) + ((Id −∇xu)−1 − Id)

T

+ ((Id −∇xu)−1 − Id)
T · ((Id −∇xu)−1 − Id)].

(4.24)

The last equality is reached by writing ∇xu in its Eulerian form using equation (4.7)

From another part, the Eulerian framework allows prescribing other characteristic ten-
sors, for fluid flows in particular. The symmetric gradient of v is called the strain rate
tensor:

ε̇ =
1

2
(∇xv + ∇xv

T). (4.25)

Note that tr(ε̇) = ∇ · v is invariant and valid for any reference framework.

4.3.2 Mass conservation

Deriving the relation in equation (4.8) in time, the mass conservation in an Eulerian
formulation is:

dρ
dt

J + ρ
dJ
dt

=
∂ρ

∂t
+ ∇x(ρv) = 0. (4.26)

When dealing with an incompressible material the mass conservation is nothing but

∇xv = 0.

This equation is also valid for flows with small MACH number since, in this case, the
effect of the compressibility can be neglected.

In the following ∇x will be denoted by ∇ for sake of clarity.
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4.3.3 Conservation of momentum

The dynamic equilibrium at any structural or fluid point inside a domain Ω, using
Newton’s second law of motion reads:

ρ
dv
dt

−∇ · σ = ρf in Ω, (4.27)

where f is the external volume forces,
dv
dt

is the inertial forces and σ is the stress. Note
that in the Eulerian formulation, the velocity is given as a function of spatial coordinates.
Hence, the material derivative of the velocity is given by:

dv
dt

=
∂v

∂t
+

∂v

∂x

∂x

∂t
,

=
∂v

∂t
+ v · ∇v.

(4.28)

In the following, the conservation of momentum equation (4.27) is presented for the fluid
and structural domain, in the Eulerian framework.

4.3.3.1 Fluid momentum equation

The balance of linear momentum at a fluid particle inside the fluid domain Ωf using
the dynamic equilibrium equation (4.27) is given by:

ρf
∂v

∂t
+ ρfv · ∇v −∇ · σ = ρff in Ωf , (4.29)

where ρf is the fluid density.
Moreover, the constitutive equation for a Newtonian flow is given by:

σ = −pId + λtr(ε̇)Id + 2ηε̇, (4.30)

where p is the pressure, λ and η parameters determining the viscosity. If the flow is
incompressible: tr(ε̇) = 0, the strain rate tensor contains shear strain only. In this case,
the constitutive equation yields:

σ = −pId + 2ηε̇, (4.31)

with η the dynamic viscosity. Using equation (4.31), the momentum conservation equation
(4.32) for the incompressible Navier-Stokes flow in the convective form can be written as:

ρf
∂v

∂t
+ ρfv · ∇v − 2η∇ · ε̇ + ∇p = ρff in Ωf . (4.32)
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4.3.3.2 Structural momentum equation

The structural momentum equation is given by:

ρs
∂v

∂t
+ ρsv · ∇v −∇ · σs = ρsf in Ωs, (4.33)

with ρs is the structural density expressed in its Eulerian prescription.
For a St. Venant-Kirchhoff material and a compressible Neo-Hookean material, their
corresponding stresses can be transformed to the Eulerian reference system using the
so-called Piola Transformation [136, 126]. The balance equation yields:

ρs
∂v

∂t
+ ρsv · ∇v −∇ · (J−1F · S · FT ) = ρsf in Ωs, (4.34)

with S written in the Eulerian form. Note that having the different tensors, C and L,
written in an Eulerian form, the new form of tensor S can be easily deduced.

Writing the constitutive equation (4.15) in the Eulerian form for the incompressible Neo-
Hookean material and replacing it in equation (4.34), the the balance equation reaches:

ρs
∂v

∂t
+ ρsv · ∇v −∇ ·

(
−pId + µ(F · FT − Id)

)
= ρsf in Ωs. (4.35)

A more general general expression of σs can be found in [137].

4.4 Conclusion

In this chapter, the Lagrangian and Eulerian descriptions are reviewed. In each formu-
lation, the deformation, mass and momentum conservations are detailed. The material
deformation is usually prescribed in a Lagrangian framework. We began by presenting
the elementary deformation in its natural system of reference along with the tensors used
to illustrate the deformation. In the third section, the reformulation of the deformation
is developed in an Eulerian context.

The main equations to model fluid and structure problems are mass and momentum
conservations. The mass conservation for the fluid or structure is the same, this equation
is defined easily in both framework. We reformulate the momentum conservation of the
structure in the Eulerian framework after presenting the commonly used one, written in a
Lagrangian framework, for different structural materials: St. Venant-Kirchhoff material,
incompressible and compressible Neo-Hookean materials. Concerning the fluid balance
equation, we prescribed it in the Eulerian system of reference since it is usually used in
an Eulerian context. We consider in this work the incompressible fluid flow problem, so
the Navier-Stokes equations are reached at the end.

As a result, the fluid and structure systems, mass equilibrium and momentum conser-
vation equations, are expressed in an Eulerian framework.
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4.5 Résumé français

Ce chapitre est consacré à la présentation des descriptions lagrangienne et eulérienne.
La déformation, les équations d’équilibre et de conservation de la masse sont détaillées
pour chaque formulation. La déformation d’un milieu est normalement définie dans un
cadre de travail Lagrangien. Pour cela, nous avons commencé par présenter la défor-
mation élémentaire dans la configuration de référence (Lagrangien), avec les différents
tenseurs utilisés pour illustrer la déformation. La déformation est ensuite reformulée dans
un contexte eulérien. Les principales équations pour décrire le comportement d’un fluide
ou d’une structure sont la conservation de la masse et l’équation d’équilibre. L’équation
de conservation de la masse est la même pour le fluide et pour la structure, elle est facile-
ment définie dans les deux configurations. L’équation d’équilibre associé à la structure est
reformulée dans un cadre eulérien après l’avoir présenté dans un cadre Lagrangien nor-
malement utilisé pour présenter les milieux déformable. Différentes lois de comportement
sont décrits pour la structure: matériaux ’St-Venant Kirchhoff’, matériaux incompress-
ibles et compressibles ’Néo-Hookean’. En ce qui concerne l’équation d’équilibre du fluide,
ces équations sont décrites dans un contexte eulérien et non lagrangien. Nous considérons
dans ce travail, le problème des fluides incompressible ainsi l’équation de Navier-Stokes
est atteinte à la fin. A l’issue de ce chapitre, On atteint une description Eulérienne pour
les équations décrivant la structure et le fluide.
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5.1 Introduction

In this chapter, we present all the details needed to obtain is to develop a general solver
capable of dealing with an FSI problem having an elastic or rigid structure. Usually, the
FSI system with the rigid body is treated in another aspect than the one used with an
elastic body [138, 139].

Very few developed work prescribe, somehow, in the same manner FSI simulations
with a rigid and elastic body. As example, Zhang and co-workers [140] solve the FSI
problem using an immersed smoothed FEM. The fluid mesh is proposed to evaluate the
FSI forces exerted on the solid. In this work, largely deformable solids are treated and the
rigid bodies can be considered by simply having a relatively high Young’s modulus. An
adaptive, staggered-grid version of the IB method, is applied in [141] to simulate FSI model
of the aortic heart valve. The thin leaflets are described as immersed elastic boundaries
and the wall of the aortic root is described as a thick, semi-rigid elastic structure. A
monolithic FSI framework is considered in [124] for incompressible flow. A traditional
MAC grid discretization of the fluid and a fully Lagrangian discretization of the structures
are used. The ability to treat rigid bodies using the same formulas as deformable bodies
is achieved based on treating the rigid bodies as in [142], where the coupling of rigid and
deformable bodies is proposed.

To reach our purpose, we propose a new method for solving FSI problems with an
elastic or rigid body in a similar way. This new formulation is considered as an extension
of the previous elaborated method presented in chapter 3 for fluid-rigid body system
in a monolithic framework and an Eulerian context. The details of this method are
presented in this chapter. We begin by writing the governing equations of the fluid and
structure in an Eulerian framework using all the notation and definition from chapter 4.
Then the full Eulerian fluid-elastic formulation is reached. The stabilization method is an
essential key to reach a stable finite element approximation. For this reason, we formulate
the corresponding SFEM. And finally, simulations to demonstrate the efficiency of the
methodology are established on several test cases well documented in the literature.

5.2 Governing equations

As the proposed approach is monolithic, a unique constitutive equations will be solved
on the whole domain, with a variation of the parameters depending on the phase that
should be modelled. But first each system of equation is presented separately.

Let Ω ⊂ R
n be the spatial domain at time t ∈ [0, T ], where n is the space dimension.

Let ∂Ω denote the boundary of Ω. The fluid domain, the solid domain and the interface
will be Ωf , Ωs and Γim, respectively. They verify:

Ωf ∪ Ωs = Ω and Ωf ∩ Ωs = Γim.

The dynamic of the flow is given by the classical incompressible Navier-Stokes equa-
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tions as presented previously in equation (4.32):

ρf
∂v

∂t
+ ρfv · ∇v − 2ηf∇ · ε(v) + ∇p = ρff in Ωf , (5.1)

∇ · v = 0 in Ωf , (5.2)

where v is the velocity vector, ρf is the fluid density, p is the pressure, Id is the identity
tensor, ε(v) = (∇v+T

∇v)/2 the deformation-rate tensor and ηf is the dynamic viscosity.

Equations (5.1) and(5.2) are subject to the boundary and initial conditions:

v = vΓ,f on ∂Ωf \ Γim, t > 0, (5.3)
v = vim on Γim, t >, 0 (5.4)

σ · n = tim on Γim, t > 0, (5.5)
v(x, 0) = v0(x) in Ωf , (5.6)

where vΓ,f is a given velocity boundary condition, vim is the velocity at the fluid-solid
interface Γim (the boundary of the immersed body), n is the outward normal on the solid
surface, tim the normal stress on this boundary and v0(x) is a given initial condition.
For simplicity, only Dirichlet-type boundary conditions will be considered on the exterior
boundary. For incompressible flows, the divergence-free constraint (5.2) gives rise to the
pressure in the fluid.

In what follows, the elastic structure governing equations of the incompressible structure
are prescribed. In the present formulation we treat the elastic body as a continuous domain
subjected to an additional stress tensor. We may write the equations of motion as the
Navier-Stokes equations and add the corresponding stress tensor as follows:

ρs (∂tv + v · ∇v) −∇ · τ s + ∇p = f in Ωs, t > 0, (5.7)
∇ · v = 0 in Ωs, t > 0, (5.8)

Ls(u) − 1

µ
τ s = 0 in Ωs, t > 0 (5.9)

∂tu + v · ∇u = v in Ωs, t > 0, (5.10)

where ρs the solid density, µ is the elastic constant and Ls(u) defined previously as L

in equation (4.24). Replacing µ by its value for incompressible materials,
1

2
, in equation

(4.13), the lamé and Young modulus are related to each other using the following:

µ =
E

2(1 + 0.5)

=
E

3
(5.11)
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Equation (5.9) is chosen to be written in this form to take into account the rigid body

case. More precisely, if µ tends to infinity ⇒ 1

µ
τ s tends to zero

⇒ Ls(u) tends to zero
⇒ back to the rigid body case.

Hence if µ has a large value, equation (5.9) can be solved using an augmented Lagrangian
method coupled with an Uzawa scheme. Otherwise, τs can be computed directly using
this equation. More details concerning on each case can be found afterwards. In an
incompressible elastic solid, the displacement is divergence free (∇·v = 0) and the velocity
is the material derivative of the displacement. Hence the velocity is also divergence free.

Again equations (5.7)-(5.10) need to be supplied with the boundary and initial condi-
tions:

v = vΓ,s on ∂Ωs \ Γim, t > 0, (5.12)
v = vim on Γim, t > 0, (5.13)

σ · n = −tim on Γim, t > 0, (5.14)
v(x, 0) = v0(x) in Ωs. (5.15)

5.2.1 Complete Eulerian formulation

We may write problem (5.1)-(5.6) and problem (5.7) - (5.15) in a unified way, in the
whole computational domain Ω, as

ρ (∂tv + v · ∇v) −∇ · (2η ε(v) + τ − p Id) = f in Ω, t > 0,

∇ · v = 0 in Ω, t > 0,

L(u) − 1

µ
τ = 0 in Ω, t > 0, (5.16)

∂tu + v · ∇u = v in Ωs, t > 0,

v = vΓ on ∂Ω, t > 0,

v(x, 0) = v0(x) in Ω,

where vΓ = vΓ,s on ∂Ωs ∩ ∂Ω,

and vΓ = vΓ,f on ∂Ωf ∩ ∂Ω,

L(u) = H(α)Ls(u),

τ = H(α)τ s,

η = (1 − H(α))ηf ,

ρ = ρsH(α) + ρf(1 − H(α)).

The boundary conditions (5.4)-(5.5) and (5.10)-(5.12) are no longer needed.
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5.2.1.1 Weak form

Let V × P × T × U be the space where the unknowns (v, p, τ ,u) are sought. The
first and last spaces, V and U , are made of vector fields which are square integrable in
time with values in H1(Ω)d and satisfying the Dirichlet conditions. The second and third
spaces, P and T , are made of distributions in time with values in P0 = L2(Ω)/R and
T0 = L2(Ω)d×d, respectively (in fact, a subspace of L2(Ω)d×d would be enough).

The corresponding test functions will be denoted w ∈ V0 = H1
0 (Ω)d, q ∈ P0, and

z ∈ U0 = H1
0 (Ω)d, ξ ∈ T0.

Multiplying by the test functions and integrating by parts, the associated standard weak
form of the system (5.16), can be stated as: Find v ∈ V , p ∈ P , τ ∈ T and u ∈ U , such
that:

ρ(∂tv,w) + ρ(v · ∇v,w) − (p,∇ · w) + (2ηε(v), ε(w)) + (τ , ε(w))s = 〈f ,w〉,

(q,∇ · v) = 0, (5.17)

−(ξ,L(u)) − 1

µ
τ ) = 0,

(∂tu, z) + (v · ∇u, z) = (v, z),

for all (w, q, ξ, z) ∈ V0 × P0 × T0 × U0.
Here and below, (·, ·) stands for the standard L2 product of two functions, 〈·, ·〉 for the
integral of the product of two functions in the general case and (·, ·)s the inner prodduct
in Ωs, including appropriate duality pairings if necessary.

Suppose that we discretize in time problem (5.17) using a finite difference scheme, and
still denote by v, p, τ and u the fields to be computed at a given time step. Let δtv

and δtu the discrete time derivatives. Two ways for proceeding will be prescribed next.
Either the third equation of this system is treated explicitly or not. For both cases, the
system is reduced and L(u) is expressed as a function of ε(v) and the displacement is
solved separately using the last equation.
In the following, L(u + δu) is decomposed, where δu is a small variation of the displace-
ment.

Considering the following approximation:

(Id −∇u)−1 ≃ (Id + ∇u) (5.18)

Note that this approximation is just used to compute the new L(u + δu).
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The new ∇X(u + δu) would be:

∇X(u + δu) = (Id −∇(u + δu))−1 − Id,

≃ (Id + ∇(u + δu)) − Id,

≃ (Id + ∇u + ∇δu) − Id,

≃ (Id + ∇u) − Id + δu

≃ ∇Xu + ∇δu.

Thus L(u + δu) reaches:

L(u + δu) ≃ H(α)
1

2
(t∇Xu + ∇Xu +t ∇Xu∇Xu

+ ∇δu +t ∇δu + t∇δu∇δu︸ ︷︷ ︸
≃0

) (5.19)

+t ∇u∇δu +t ∇δu∇u),

in the full Eulerian form and in the way the terms will be computed:

L(u + δu) ≃ H(α)
1

2
[(Id −∇u)−1 − Id +t ((Id −∇u)−1 − Id) (5.20)

+t ((Id −∇u)−1 − Id)(Id −∇u)−1 − Id)

+ ∇δu +t ∇δu +t ∇u∇δu +t ∇δu∇u].

Finally, L(u + δu) is nothing but:

L(u + δu) ≃ L(u) +
1

2
H(α)[∇δu +t ∇δu +

(
t∇u∇δu +t ∇δu∇u

)
]. (5.21)

A possible choice of δu can be v∆t. Thus L(u + v∆t) is :

L(u + v∆t) = L(u) + H(α)[∆tε(v) +
1

2

(
∆tt∇u∇v + ∆tt∇v∇u

)
]. (5.22)

Remark:
In case the chosen material is the incompressible Neo-Hookean material (INHM), L(u)

would be changed to the corresponding behaviour law in the Eulerian form. As presented
in equation (4.35) and compared to the final form of L(u), the stress of the incompressible
Neo-Hookean material and L(u) are the same, only the last two terms would be switched.
Let L′(u) be (F · FT − Id), L′(u + v∆t) would be:

L′(u + v∆t) =(Id −∇u)−1 − Id +t ((Id −∇u)−1 − Id) (5.23)

+ ((Id −∇u)−1 − Id)t(Id −∇u)−1 − Id)

+ 2∆tε(v) + ∇ut∇v∆t + ∇vt∆t∇u],

=L′(u) + 2∆tε(v) +
(
∆t∇ut∇v + ∆t∇vt∇u

)
,
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Solving explicitly τ

As previously stated, two possible way to solve the third equation of system(5.17).
If τ is computed directly as µL(u + v∆t) , then the new FSI numerical scheme yields:

1. Solve v and p at time t:

ρ(δtv,w) + ρ(v · ∇v,w) − (p,∇ · w) + (ηε(v), ε(w))

+
µ

2
∆tH(α)

(
t∇u∇v +t ∇v∇u, ε(w))

)
= 〈f ,w〉 + µ(L(u), ε(w))s

(q,∇ · v) = 0, (5.24)

where η = H(α)µ∆t + (1 − H(α))ηf

For INHM, τ is computed directly as µL′(u+v∆t), the corresponding system would
be:

ρ(δtv,w) + ρ(v · ∇v,w) − (p,∇ · w) + (ηε(v), ε(w))

+µ∆tH(α)
(
∇ut∇v + ∇vt∇u, ε(w))

)
= 〈f ,w〉 + µ(L′(u), ε(w))s

(q,∇ · v) = 0, (5.25)

where η = H(α)2µ∆t + (1 − H(α))ηf

2. Solve u:
(δtu,w) + (v · ∇u,w) = (v.w) (5.26)

3. Update L(u) or L′(u):

L(u) =
1

2
H(α)[(Id −∇u)−1 − Id +t ((Id −∇u)−1 − Id)

+t ((Id −∇u)−1 − Id)(Id −∇u)−1 − Id)], (5.27)

L′(u) =H(α)[(Id −∇u)−1 − Id +t ((Id −∇u)−1 − Id)

+ ((Id −∇u)−1 − Id)t(Id −∇u)−1 − Id)],

and we proceed to the next time step.

Solving iteratively τ

In case µ tends to infinity, an augmented Lagrangian formulation together with an
Uzawa iterative scheme are employed to solve system (5.17). The possible iterative scheme
would be:
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(ρ(δtv
k + vk · ∇vk),w) − (pk,∇ · w) + (2ηε(vk), ε(w))

+ r(L(uk + vk∆t) − 1

µ
τ k, ε(w) +t ∇uk∇w +t ∇w∇uk) + (τ k, ε(w))

= (f ,w) − (λk−1
s , ε(w) +t ∇uk∇w +t ∇w∇uk),

(∇ · vk, q) = 0,

(δtu
k, z) + (vk · ∇uk, z) = (vk, z).

where r is a penalty parameter. If Pτ is the projection onto the space of τ ’s, the update
λ of can be written as:

λk+1 = λk + rPτ (L(uk + vk∆t) − 1

µ
τ k). (5.28)

L(u + v∆t) is expressed using the approximation in equation(5.21) as follows:

L(uk + vk∆t) = L(uk) + H(α)[∆tε(vk) +
1

2

(
∆tt∇uk∇vk + ∆tt∇vk∇uk

)
]. (5.29)

Remarks:

• Comparing to the previous system, (5.24), the proposed formulation would be more
adequate when dealing with large values of µ, in particular the rigid body case.

• As noticed, the same system of the FSI problem with rigid bodies is reached, the
only difference is the additional terms containing the displacement field. As a result,
the stabilization technique is mostly the same as detailed in the next section.

5.3 Stabilized Finite-Element Method (SFEM)

In this section, we describe briefly the Galerkin FE approximation and the correspond-
ing stabilization method for the resulting discrete system of equations (5.17).
The purpose is to reach a similar system as for the SFEM of rigid body problem. For this
reason, the displacement equation ∂u + v · ∇u = v is solved and stabilized separately
of the global system. This equation is also a simple convection equation as the level-set
convection equation. As a result, both equations are stabilized in the same manner us-
ing the SUPG method. In the following, the FE approximation and the corresponding
stabilization method of system (5.17)without the displacement equation are presented.
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5.3.1 MultiScale approach

As presented previously for the FSI with rigid body, a Variational MultiScale (VMS)
method (see [113]) is presented. Recall that the VMS method allows the use of equal order
continuous interpolations for the three fields, apart from preventing from oscillations due
to convection dominated flows. The basic idea is to consider that the unknowns can be
split in two components, coarse and fine, corresponding to different scales or levels of
resolution [67, 111, 47]. First, we solve the fine scales in an approximate manner and then
we replace their effect into the large scales.

Based on a mesh Kh of Ω made of Nel elements K, the functional spaces for the
velocity, the pressure and the stress are approximated by the finite dimensional spaces
Vh, Ph and Th, respectively. Let us split the velocity, pressure and stress solution spaces
as
Vh ⊕V ′, Ph ⊕P ′ and Th ⊕T ′, respectively. Subscript h is used here, and in the following,
to denote the finite element (coarse) component, whereas the prime is used for the so
called subgrid scale (fine) component of the unknowns. According to this, we have

v = vh + v′ ∈ Vh ⊕ V ′,

p = ph + p′ ∈ Ph ⊕ P ′,

τ = τ h + τ ′ ∈ Th,⊕T ′

If the spaces for the test functions are split likewise, with a subscript 0 to identify them,
problem (5.17) becomes:
Find (vh + v′, ph + p′, τ h + τ ′) ∈ Vh ⊕ V ′ × Ph ⊕ P ′ × Th ⊕ T ′ such that

ρ(δt(vh + v′),wh + w′) + ρ((vh + v′) · ∇(vh + v′),wh + w′) − (ph + p′,∇·(wh + w′))

+2(ηε(vh + v′), ε(wh + w′)) + (τ h + τ ′, εs(wh + w′)) = 〈f ,wh + w′〉,
(5.30)

(qh + q′,∇ · (vh + v′)) = 0,
(5.31)

(L(u) − χs∆t[ε(vh + v′) +
1

2

(
t∇uh∇(vh + v′) +t ∇(vh + v′)∇uh

)
], ξh + ξ′)

−(
1

2µ
(τ h + τ )′, ξh + ξ′) = 0,

(5.32)

for all (wh + w′, qh + q′, ξh + ξ′) ∈ Vh,0 ⊕ V ′
0 × Ph,0 ⊕ P ′

0 × Th,0 ⊕ T ′
0 .

χsis the characteristic function of Ωs. Even if time has been discretized, we have kept the
notation for the functional spaces for simplicity.

Even though the subgrid scales (or subscales) could be approximated without further
assumptions and inserted into the previous equations (see [104]), we will make use of some
common approximations:

i) The subscales are not tracked in time, therefore, quasi-static subscales are considered
here. However, the subscale equations remain quasi time-dependent.
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ii) The convective velocity of the non-linear term may be approximated using only the
large-scale component, so that (vh + v′) · ∇(vh + v′) ≈ vh · ∇(vh + v′). Moreover,
this approximation can be done also if the convective term is written as ∇ · (vh +
v′) ⊗ (vh + v′), which is relevant when integrating by parts the convective term.

iii) Terms involving subscales can be integrated by parts and the subscales on the element
boundaries neglected.

5.3.2 Coarse scale formulation

The equations for the coarse scales are obtained taking the subscale test functions equal
to zero. Doing this and using the previous assumptions, we get

ρ(δtvvh,wh) + ρ(vh · ∇vh,wh) − (ph + p′,∇ · wh) + 2(ηε(vh),ε(wh) + (τ h + τ ′, εs(wh))

+
∑

K

(v′,−ρvh · ∇wh −∇ · (2ηε(wh)))K = 〈f ,wh〉 (5.33)

(qh,∇ · vh) −
∑

K

(v′,∇qh)K = 0 (5.34)

−(L(u) + χs∆t[ε(vh) +
1

2

(
t∇uh∇vh +t ∇vh∇uh

)
] +

1

µ
τ h, ξh)

+
∑

K

(v′, χs∇ · ξh + ∆t
1

2
(∇uh∇ · ξh + ∇ · ξh∇uh))K = 0 (5.35)

for all (wh, qh, ξh) ∈ Vh,0 × Ph,0 × Th,0, where
∑

K stands for the summation over all the
elements of the finite element partition Kh and (·, ·)K denotes the L2 product in each K.
The problem for the fine scales is obtained taking (wh, qh, ξh) = (0, 0,0) in (5.30)-(5.32)
and using approximations i)-iii) described above.
Introducing the FE residuals as:

Rv = f − ρδtvh − ρvh · ∇vh −∇ph + χs∇ · τ h + ∇ · (2ηε(vh)),

Rp = −∇ · vh

Rτ = (L(u) + εs(vh)∆t +
1

2
∆t(t∇uh∇vh +t ∇vh∇uh) −

1

µ
τ h,

and using the same ideas as in [101, 114], it turns out that the subscales may be approx-
imated within each element K ∈ Kh by

v′ = αvΠ
′
v(Rv), p′ = αpΠ

′
p(Rp) and τ ′ = ατΠ

′
τ (Rτ ),

where Π′
v, Π′

p and Π′
τ are the projections onto V ′, P ′ and T ′, respectively, and αv, αp

and ατ are the so called stabilization parameters. The most common choice is to take
the former as the identity when applied to finite element residuals (see [113, 101]), and
this is what we will do here, although it is also possible to take them as the orthogonal
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projection to the FE space (see [114] and references there in). Referring to the stabilization
parameters, we compute them within each element as

αv =

[(
c1η

ρh2

)2

+

(
c2‖vh‖K

h

)2
]−1/2

, (5.36)

αp =

[(
η

ρ

)2

+

(
c2‖vh‖Kh

c1

)2
]1/2

, (5.37)

ατ = c3
h

L
2ηs∆t, (5.38)

where h is the element size, L a characteristic length of the computational domain, ‖v‖K

a characteristic norm of vh (with the same units as vh) in element K and c1, c2 and c3

are algorithmic constants. We take them as c1 = 4, c2 = 2 and c3 = 1 for linear elements.

Remarks:

• Very often, the time step size of the temporal discretization is included in the ex-
pression of αv. This improves the convergence behavior of the algorithm to deal with
the nonlinearity of the problem, but has several conceptual drawbacks, as explained
in [115, 116]. In order to make αv more uniform over the computational domain
and, as a consequence, improve the behavior of the scheme, we may take:

αv =

[
1

α2
0

+

(
c1η

ρh2

)2

+

(
c2‖vh‖K

h

)2
]−1/2

where α0 is a reference value of αv given by (5.36) computed over the whole mesh
(for example the minimum over all the elements). This value in fact should be
related to the time step size of the time discretization, ∆t.

• The factor h/L in (5.38) improves convergence of stresses when equal interpolation
is used for all variables [101, 102]. However, it is possible to take it out (that is to
say, to take L = h) and get optimal convergence for velocity and pressure [114].

• For the linear elements used in the numerical examples, terms of the form
∇ · (2ηε(wh)) involving second derivatives within each element can be neglected.

• Rotational terms and terms containing the displacement field that are multiplied by
a stabilization parameters are neglected.

• For the time being, the small scale of the stress is neglected in the third equation.
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5.3.3 Stablized formulation

Inserting the expression for the subscales obtained in (5.33)-(5.35), we finally obtain
the stabilized finite element problem we were seeking. It consists on:
Finding (vh, ph, τ h) ∈ Vh × Ph × Th such that:

ρ(δtvh,wh) + ρ(vh · ∇vh,wh) − (ph,∇ · wh) + 2(ηε(vh), ε(wh)) + (τ h, εs(wh))

+
∑

K

αv(ρδtvh + ρvh · ∇vh + ∇ph − χs∇ · τ h −∇ · (2ηε(vh)), ρvh · ∇wh + ∇ · (2ηε(wh)))K

+
∑

K

αp(∇ · vh,∇ · wh) +
∑

K

ατ (εs(vh), εs(wh))

= 〈f ,wh〉 +
∑

K

αv(f , ρvh · ∇wh + 2η∇ · ε(wh))K (5.39)

(qh,∇ · vh) +
∑

K

αv(ρδtvh + ρvh · ∇vh + ∇ph − χs∇ · τ h −∇ · (2ηε(vh)),∇qh)K

=
∑

K

αv(f ,∇qh)K (5.40)

− (L(u) + χs∆t[ε(vh) +
1

2
(t∇uh∇vh +t ∇vh∇uh)] −

1

µ
τ h, ξh)

+
∑

K

αv(ρδtvh + ρvh · ∇vh + ∇ph − χs∇ · τ h −∇ · (2ηε(vh)),−χs∇ · ξh)K

=
∑

K

αv(f ,−χs∇ · ξh)K (5.41)

for all (wh, qh, ξh) ∈ Vh,0 × Ph,0 × Th,0.
We have assumed f ∈ L2(K)n for simplicity. By comparing this final system to the one
obtained for FSI simulation with a rigid body, it is very obvious that only few terms vary
but the main idea and development remain the same. As our intention, the general solver
using a "similar" monolithic formulation for solving FSI with a rigid or elastic body is
obtained.

5.4 Numerical Results

In order to validate the proposed approach, several problems are presented in this
section. Recall that interface tracking and the solid deformation are achieved by the
level-set convection equation as detailed in Section 2.5. As mentioned previously, all the
formulations were implemented in CimLib. The numerical performance of the method
involving incompressible elastic bodies in a fluid flow is tested. The results obtained with
the implemented code are compared with those obtained either by standard solution or
by other approaches.
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5.4.1 Ealstic flow cavity

We consider first a stationary example, the lid-driven cavity with an elastic bottom
wall. The cavity domain is [0, 2] × [0, 2] square, occupied with a height of 0.5 by a Neo-
Hookean wall whereas the upper part is filled with a fluid. The schematic representation
of the problem is depicted in figure 5.1. The fluid viscosity is ηf = 0.2, and the solid
constant is µ = 2, the density of both fluid and solid is ρf = ρs = 1. We prescribed a
non-slip boundary conditions on all the walls except on the top lid where we impose vx

using the following expression:

vx = 0.5





4x x ∈ [0; 0.25]

1 x ∈ [0.25; 1.25]

4(2 − x) x ∈ [1.75; 2]

(5.42)

Figure 5.1: Schematic representation of the elastic flow cavity

The system reaches a steady state when the kinetic energy of the structure is below
10−8. The velocity profile and the comparison of the final and initial position of the
interface are shown in figure 5.2. The obtained result is well compared to the solution
reported in [131, 132].

Another similar test case is compared with Zhao et al. [143] result. The domain is a
square, the lower half is solid and the upper half is a fluid. A periodic velocity, vy, is
imposed at the top of the domain:

vy = −(1cos(2πt)sin(2πx)) and vx = 0

Figure 5.3(a) shows the schematic configuration of the test case as presented in reference
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Figure 5.2: Velocity profile and the initial and final position of the interface

Figure 5.3: Comparaion of the deformation of an elastic wall driven by flow at time
t = 1s with [143]. a) schematic configuration. b) η distribution in the whole domain.

[143]. The fluid viscosity is ηf = 0.2, and the solid has µ = 2. Close agreements are found
for the deformed elastic wall at time t=1s, as depicted in Figure 5.3. The solid deforms
due to the imposed fluid flow and the position of the FSI interface corresponds well with
the one expected.
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5.4.2 Oscillating disk

In this example, we study a 2D oscillating disk inside a cavity. The disk is placed at
the center of a 1m2 square cavity. A periodic boundary condition and an initial velocity
are applied for both the fluid and the structure using the stream function:

φ = sin(kxx) sin(kyy),

where φ0 = 0.05m2s−1 and kx = ky = 2πm−1.
A neo-Hookean constitutive model is considered for the structure with an elastic constant
equal to 1. The structure and the fluid densities are set to ρ = 1kgm−2 and the dynamic
viscosity of the fluid is set to ηf = 0.001kgs−1. We performed the simulation for a
period of 1s. Figures 5.4 and 5.5 present snapshots of the simulation using the proposed
approach, taken at various time instances.

Figure 5.4: The evolution of the oscillating disk in time

Solutions of this test case obtained in [124] showing the velocity profile and the struc-
ture deformation agree very well to the results in figure 5.5. Moreover, the kinetic energy
of the whole system is computed as:

Ek =
1

2

∫

Ω

|u(x)|2dx

The kinetic energy over time is plotted in figure 5.6, showing a good agreement with the
results reported in [143, 124].

5.4.3 Elastic plate in an imposed flow

In this example, the grid convergence study and error analysis are performed to assess
the accuracy of the proposed formulation for a flexible plate in a 2D channel, as reported
in [144]. The channel has length L = 0.2m and a height H = 0.02m. The flexible plate



132 CHAPTER 5. FSI WITH ELASTIC STRUCTURE

Figure 5.5: Velocities in the oscillating disk at different time instant
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Figure 5.6: Comparisons of the kinetic energy evolution

Figure 5.7: Schematic represetation of a flexible plate in an imposed flow

is situated at the center of the channel, the length and height of the plate are 0.002m
and 0.016m respectively. The model is depicted in figure 5.7. A sinusoidal velocity
vx = 0.015sin(2πt) is imposed at the inlet with a period of 1s. The fluid’s density and
viscosity are 1000kg./m3 and 10−3Pa.s respectively. The structure is considered as an
incompressible Neo-Hookean elastic material, it’s density and the Young’s modulus are
1000kg./m3 and E = 5000Pa respectively. As in [144] and since there is no analytical
solution to this problem, four unstructured meshes, with different mesh sizes, are used.
The solution obtained using the finest mesh is considered as the reference solution. The
four unstructured meshes used are named Mesh1, Mesh2, Mesh3 and Mesh4 with mesh
sizes 0.002, 0.001, 0.0005 and 0.00025 respectively ( see figure A.17). Figure A.17 shows
that the geometric representation of the elastic plate in Mesh1 it’s a very coarse mesh,
revealing the importance of the mesh adaptation. Moreover, even if the elastic plate is
well represented at the beginning due to mesh refinement, this representation may be
lost during simulation, as the case of Mesh2. This is clearly shown in figure 5.9, where
the iso-zero of the different level-set functions, obtained from the corresponding meshes,
are represented at t = 0.25s. As expected, when the mesh is refined, the geometric
representation becomes more precise and the position of the structural interface tends to
the one computed on the reference mesh. The errors are calculated for the displacement
dx of the whole domain. The L2 error for the three meshes with respect to the finest one
are depicted in figure 5.10. The convergence rate of the L2 errors are compared to the
slope 2, showing a potential in the proposed approach.
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Figure 5.8: Four finer meshes used for grid convergence study and error analysis

Figure 5.9: The iso-zero of the level-set function at t = 0.25s obtained from the different
meshes

5.5 Conclusion

The chapter presented the second mechanical application which is FSI with an elastic
body. The governing equations and the corresponding FE approximation along with the
stabilization technique have been detailed to simulate FSI problem with an incompressible
elastic body. A similar system of the one obtained for FSI problem with a rigid body is
reached showing the capability of the method to deal with a rigid or elastic body. Anal-
ogously, the system was solved by a monolithic formulation in an Eulerian framework.
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Figure 5.10: The L2 errors for the three meshes with respect to the finest mesh

Again, the elastic body was examined as an extra-stress tensor in the Navier-Stokes equa-
tions. The stabilized three-field velocity-pressure-stress system was described reaching
a resembling one. The results yielded the validation and accuracy of the methodology.
Results were compared with references results in literature and other approaches.

5.6 Resumé français

Nous présentons la deuxième application mécanique de cette thèse. L’équation qui
régit le problème IFS avec un corps élastique incompressible ainsi que l’approximation par
éléments finis et la technique de stabilisation sont détaillés. Le système final correspond
bien a celui obtenu lors de la simulation d’un problème IFS avec un corps rigide. Encore
une fois, le système a été résolu par une formulation monolithique dans un cadre eulérien,
le corps rigide étant pris en compte par lŠajout dŠun tenseur de contrainte dans les
équations de Navier-Stokes. La formulation stabilisée à trois champs vitesse-pression-
contrainte est décrite et il est bien semblable à celle obtenue pour le problème de FSI
avec un corps rigide. En revanche, la capacité de la méthode pour faire face à un corps
rigide ou élastique est atteinte. La validation et la précision de la méthode sont réalisées
à partir des différents cas simulés. Résultats sont comparés avec la référence et dŠautres
approches.
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Fluid Structure Interaction (FSI) is nowadays a great interest in biomechanics, engi-
neering, aeronautics and aerodynamic. The simulation of these problems are still of main
importance. These two phrases express well the motivations of this thesis which is con-
centrated on two main objectives:
1- The development of a general solver for FSI problems in a monolithic context and an
Eulerian framework.
2- The possibility to deal with rigid and elastic structure simultaneously.

The components of the developed FSI solver, which is the consideration of a single grid
for both the solid and fluid where only one set of equations is solved, is achieved using the
multidisciplinary expertise of CIMLib. All the numerical tools of the CIMlib library, used
in this work, are detailed in chapter 2. Notably the Immersed Volume Method (IVM)
which is the combination of the level-set method, mixing laws and mesh adaptation. The
level-set approach is used to describe the position and the geometry of a given struc-
ture. The mixing laws enable the mixture of different physical properties of the fluid
and the structure to reach a single domain with variable material properties. Moreover,
the anisotropic mesh adaptation gives a better description of the fluid-solid interface and
allows taking into account the possible discontinuities of the material properties. We
present several mesh adaptation techniques: an anisotropic local remeshing method and
an a posteriori error estimation method. The former refines the mesh at the interface
by generating a metric field using the gradient of the level set function; the latter has an
additional advantage of generating the metric filed as a minimum of an error indicator
function for a given number of elements. The last method presented, is a new approach of
the a posteriori error estimation. It is based on the length distribution tensor approach
and the associated edge based error analysis. It combines the simultaneous adaptivity to
the level-set scalar field and to any physical field. The last tool used is the interface track-
ing. When dealing with deformable and/or moving elastic structure, the new position of
the fluid-structure interface is computed by solving the level-set convection equation.

The formulation of a single set of equation for FSI simulation with a rigid body is
detailed in chapter 3. The basic idea is to extend the Navier-Stokes equations, used for
describing a Newtonian flow, by an extra-stress tensor to take into account the presence of
the solid in the fluid domain. In fact, the solid is treated under the constraints of imposing
the nullity of the deformations. This restriction is prescribed through an appropriate
Lagrange multiplier. Once the global system of equation for the FSI problem is set, using
the developed technique along with the IVM, the next step is to develop the corresponding
finite element approximation and the stabilized formulation. The stabilization technique
is based on the variational multiscale method, where the velocity-pressure-stress fields are
decomposed into a coarse and fine scales. The extension of the stabilizing technique is a
necessity in order to reach a stable formulation free from oscillation. The last step of the
method is to present the numerical scheme that reduces the system in a interesting way to
facilitate the resolution of the system. This can be accomplished by using an augmented
Lagrangian formulation coupled with an Uzawa scheme. When dealing with a rigid body,
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the new position of the fluid-structure interface can be simply calculated using the rigid
body motion. As a result, the resolution of the level-set convection equation is not needed.

The first development presented, used an equal order interpolation of the velocity and
pressure fields, and a lower one for the extra-stress tensor. This method is applied at the
beginning for simple 2D examples to prove the capability of the method to handle the
presence of the structure. Then, it is tested for several spherical particles in an imposed
flow in a 2D and 3D case. Furthermore, the falling disk benchmark is well stated in
literature. Simulating this problem is essential to prove the reliability of our method.
Comparison with the existing results in literature shows close agreement. At the same
time, these results have provoked the detailed development of this method in order to
achieve a better accuracy. This was the objective of the next part of this chapter. The
last example presented is the Tetris benchmark where several rigid bodies with different
densities are falling in a channel. In this example, the importance of the mesh adaptation
technique is well shown, otherwise respecting the geometries cannot be achieved. This
benchmark shows as well that the problem of overlapping solid domains is overcome
naturally and there is no need to enforce it.

The amelioration of the method is presented in the next section. The FSI full Eu-
lerian system is explained in a more detailed manner. The rigid body restriction in a
stationary Stokes flow is interpreted, the chosen form of the Lagrangian multiplier and
the iterative scheme is clarified. Afterwards, the Navier-Stokes equations with a rigid
body are treated along with the corresponding iterative scheme and the stabilized finite
element approximation. In this form, an equal order interpolation of the three fields can
be performed. Then, the matching matrix formulation is detailed. We start by exam-
ining the new method for a simple 2D and 3D case where rigid bodies are immersed in
an imposed flow to check the robustness of the method. 2D cases are compared with
existing ones in the literature: the flow around a fixed disk and the oscillating disk in
a channel and square domain respectively. The Drag coefficient is examined for the 2
cases displaying good agreement with the literature. The computational way of the drag
and lift coefficients in an Eulerian context is presented at the beginning of this section.
And the final simulation is the unsteady flow past an immersed helicopter in 3D. This
simulation illustrates the capability of the method to handle complex geometries at a
high Reynolds’s number. The formulation considered, in all these simulations, is com-
bined with anisotropic mesh adaptation to respect the geometry of the structure while
maintaining a reasonable and small number of elements.

The final part of this chapter highlights the combination of the formulation along
with a new mesh adaptation technique based on an a posteriori edge based and spatial
error estimator. The falling disk and the Tetris benchmarks are revisited revealing more
accurate results. We observe a closer agreement with existing results in the literature for
the former benchmark, and a better geometric representation for the latter. The mesh
sensitivity and the convergence test are performed in this section for a falling cylinder for
different fluid viscosities. Two well cited examples in literature are also carried out: the
Naca (2D) and the Ahmad body (3D) simulations in an incompressible flow. The results
presented show that this method can be used in a wide range of application for FSI with
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multi-rigid bodies problems.

The second mechanical application performed is the FSI simulation with incompressible
elastic bodies. Solid deformation is usually prescribed in a Lagrangian context. For this
cause, the Lagrangian and Eulerian description are reviewed in chapter 4. In the first
part of this chapter, the elementary deformation is presented in the usual reference, the
Lagrangian one. Furthermore, the different deformation tensors are defined. Afterwards
the two main equations used for modelling the structure are presented: mass conservation
and conservation of momentum. Then, in the second part, the Eulerian description is ob-
served. The deformation is presented, then the description of the different deformation
tensors are transformed in the Eulerian framework. Finally, the mass conservation and
the conservation of momentum are written in the Eulerian framework. The momentum
equations of the fluid and structure are developed separately. For the fluid part, we con-
sider an incompressible Newtonian flow, hence the Navier-Stokes equations are reached
at the end. While for the structure, the corresponding momentum equation, written pre-
viously in a Lagrangian context, is formulated. And the relation of these two descriptions
is well highlighted using the deformation gradient tensor.

Once the relation between Lagrangian and Eulerian descriptions is clarified, FSI simu-
lation with an elastic structure can be treated (chapter 5). The governing equations of the
fluid and structure are written at the beginning separately, then some small modification
to the structural system should be made in order to reach a single set for both domains.
A similar system than the one describing the fluid/rigid body is reached. The differences
are in the addition the displacement fields and the modification of the rigidity constraint.
The equation that modelled the rigidity constraint is changed in order to prescribe the
behaviour law of the elastic body. In this work, two behaviour laws are treated and the
elastic body is assumed to be incompressible. After establishing the single set of equation,
some developments are applied for reducing the system. Two different iterative schemes
are introduced. The common in both schemes is that the velocity and pressure fields are
solved simultaneously then, the displacement and the stress tensor are treated. At the
end, a stabilized finite element formulation is developed reaching also a similar system as
in the rigid body case. After the full explanation of the method, we start by applying it to
several 2D cases. At the beginning, a simple test case is presented to show the capability
of the method to model the elastic behaviour along with the fluid flow: the elastic flow
cavity. A comparison with the existing literature results shows good agreement. A more
interesting example is the oscillating disk, the evolution of kinetic energy shows the relia-
bility of the method in comparison with existing works. And the final example presented
is the grid convergence study and error analysis for an elastic plate in an imposed flow.
Results show a good order of accuracy of the proposed FSI formulation.

This work focuses on a new concept for computational methods to solve the FSI prob-
lem. When solving FSI with a rigid body, the proposed approach was applied and vali-
dated for several 2D and 3D cases, arranging from simple to complex geometry and low to
high Reynolds number. In this sense, the extension to FSI with elastic body was consid-
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ered. As exposed, it tends to be a difficult task. Additionally, not all the aspects are in the
scope of this work. Hence, a number of other considerations have to be taken into account
to cover other FSI problems. The first perspective of this work is a deeper investigation
of the unified elastic formulation. Moreover, given the fact that the presented FSI solver
can only model the interaction between an incompressible fluid and structure, the second
perspective will be naturally the extension towards a compressible solver which can be
interesting to model various types of structures and compressible fluid flows. Further-
more the formulation in this work deals only with rigid or elastic structures. Its extension
for modelling viscoelastic, viscoplastic and elasto-viscoplastic materials is of main impor-
tance. Hence, FSI simulations can cover a wider range of application. These developments
will also extend the stabilization technique. Additionally, developments should be made
on the resolution method, iterative scheme and algebraic system. Different possibilities to
improve the Uzawa iteration or to combine the three fields, velocity-pressure-stress tensor,
in one system should be analyzed. Finally, the last perspective is related to applications,
in particular to aerodynamic applications. In this domain, the computation of the drag
and lift forces is of high importance to validate the model. Different routes should be
examined to compute precisely these coefficients. We propose in this work a simple one,
however, it can be improved by modifying the Navier-Stokes equations in means of intro-
ducing a reaction term [145], the so-called penalization method. In fact, the latter will
quantify the needed forces to obtain the rigid body behaviour [146].
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Appendix A

Simulation of FSI in Nuclear Reactor

A.1 Introduction

In Power Water Reactors plants, the seismic design of a reactor cores requires the struc-
tural analysis of fuel rod assemblies undergoing transient excitations. The fuel assemblies
are classically described by vibrating cylinder beams subject to a given flow. They are
used to exchange heat between the primary circuit of the water which is from the heart
of reactor and that of the secondary circuit intended to be made into steam to power the
turbine.

The problem of flow around fixed and oscillating cylinders has received much attention
in the past few decades: nuclear engineering, ocean engineering and wind engineering. In-
deed, the interaction of the cylinder motion and the incident flow, gives rise to a number of
interesting phenomena, such as vortex shedding patterns and bifurcations. Consequently,
the periodic flow force, generated by the periodic vortex shedding, affects enormously the
cylinder vibration, at the same time, the oscillating cylinder will also affect (i) the fluid
flow around the cylinder, (ii) the fluid force and (iii) the vortex pattern, thus, a complex
fluid-structure interaction forms. This kind of vibration may cause damages and even
failures in the event of resonance, when the vortex shedding frequency of the fluid flow
and the natural frequency of the structure coincide. Summing up, both the flow and the
vortex-induced vibration form nowadays a very important research topic for CEA and
EDF, partners of this project, needed for the safety and the design of a variety of reactors
structures.

In the literature, numerous studies and computational methods used to simulate the
problems of fluid flow past bluff bodies can be found. We can mention the "boundary ele-
ment method" (BEM), the "finite difference method" (FDM), the "finite volume method"
(FVM), the "spectral method" and the "finite element method" (FEM) are all employed
to study the flow field depending upon the computational resources available. Chan et
al. [147] have developed a numerical model based on the surface vortices method, which
makes use of discrete vortex blobs to simulate the flow and to examine the flow-induced
vibration problem arising from an infinitely long elastic circular cylinder in a uniform
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cross flow. Mittal and Kumar [148] have used the stabilized finite element formulation to
study the flow-induced oscillations of a pair of equal sized cylinders in tandem and stag-
gered arrangement placed in a uniform incompressible flow. Huerta and Liu [149] have
used the Arbitrary Lagrangian Eulerian (ALE) finite element formulation to include the
flow separation and non-linear phenomena of steady streaming for arbitrarily shaped bod-
ies undergoing large periodic motion in a viscous fluid. Anagnostopoulos and Bearman
[150] conducted a vortex-induced vibration experiment with one degree of freedom over
a [90; 150] range of Reynolds number. Khalak [151] conducted a similar experiment. The
results show that for large mass ratios, the actual cylinder oscillation frequency at reso-
nance will be close to the vortex shedding frequency for the fixed cylinder, and also close
to the vortex shedding frequency. But, that is not suitable for small mass ratios. Khalak
and Williamson [151] examined a hydroelastic cylinder with a very low mass damping in
the lateral-flow. It showed that the response of the cylinder has two resonance branches,
a lower branch and an upper branch. Brika and Laneville [152] were the first to examine
the 2P vortex pattern using a vibrating cable in a wind tunnel. They found a clear corre-
spondence of the 2S pattern with the initial branch of response, and the 2P pattern with
the lower branch.

As shown in this previous literature survey, this complicated Fluid-Structure Inter-
action (FSI) phenomenon has become the typical test case for numerical techniques. In
particular, different methods were used to solve the Navier-Stokes equations, involving
Reynolds Averaged Navier-Stokes method [153], Direct Numerical Simulations [154], Large
Eddy Simulations [155], Finite Volume Method [156], Discrete Vortex Method [157], etc.
Indeed, the solution of the time dependent Navier-Stokes equations is crucial to determine
the unsteady fluid forces that simulates all the mechanisms that may be present based on
the form of equations and method of solution selected.

On the other hand, the coupling between the fluid flow and the structure is still
another matter. Most of the commercial software packages solve such interactions using
an Arbitrary Lagrangian Eulerian (ALE) formulation [11, 12, 13]. A higher popularity
has been gained lately by partitioned approaches. These approaches allow the use of
fluid and solid solvers for each of the two phases. Although this has proven to be an
accurate and efficient approach, it presents an inherent instability depending on the ratio
of the densities and the complex geometry of the domain [40]. Alternatively, monolithic
approaches consists of considering the whole domain as a single one, meshed by a single
grid, and solved with an Eulerian framework. Continuity at the interface is then obtained
naturally and there is no need to enforce it. The monolithic approaches impose the use of
an appropriate constitutive equation describing both the fluid and the solid domain. The
interface representation between the two different domains can be completed by the level-
set method. Other methods such as the Immersed Boundary (IB) methods [27] or the
fictitious domain [27, 28] treat the coupling between the domains by applying constraints
across the rigid body using an Augmented Lagrange multiplier solved by an iterative
Uzawa algorithm.
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A.2 Context

In this work, we retain the advantages of the monolithic approach implemented in
CimLib to study numerically the flow past fixed and oscillating cylinders. The motiva-
tion behind pursuing such general approach comes from the desire to:
(i) easily deal with a large diversity of shapes and dimensions without mesh reconstruc-
tions: the diameter, the number and the positions of the cylinders, the pitch ratio and
the distance between the cylinders
(ii) easily use and affect different physical properties for the surrounding fluid (air, wa-
ter...) and for the immersed structures: flexible or rigid
(iii) easily handle the vertical cylinder motion using dynamic mesh adaptation.

By computing the signed distance function (level-set) of a given geometry to each node
of the mesh we can easily identify the cylinder part from the surrounding fluid as the zero
level of this function. Consequently, different cylinders (i.e. rigid, flexible) are immersed
in a larger domain of different material properties (i.e. water channel). In general, the
latter intersects the element arbitrarily and consequently the accuracy of the finite element
approach can be compromised. In order to circumvent this issue, the level-set solution
is coupled with advanced methods in anisotropic mesh adaptation. The algorithm allows
the creation of extremely stretched elements along the interface, which is an important
requirement for FSI problems having internal/boundary layers [111, 67, 47]. Details on
the used algorithm are given in the following sections.

Figure A.1: The water channel and the immersed cylinders.

To illustrate the proposed approach, we show in Figure A.1 a simple rectangular mesh
were:
(i) we have computed analytically the distance function for 25 cylinders located and
arranged using a given pitch ratio (separating distance/diameter),
(ii) we have applied the anisotropic mesh adaptation using the variation of the gradients
of the distance function,
(iii) we have assigned the physical properties (water, rigid, flexible).
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Summing up, if we need for instance to add more cylinders, or to change the locations
of the cylinders, or to adjust the pitch ratio, it can be easily handled using the proposed
approach rather than concentrating the efforts on the mesh reconstructions (see example
in figure A.2).

Figure A.2: Comparison of a constructed mesh around the cylinder and the monolithic
approach

The last ingredient focuses more on the use of a finite element solver: on modelling the
interaction between the fluid (laminar or turbulent) and the structure in question. The
presence of the structure will be taken into account by means of an extra-stress tensor in
the Navier-Stokes equations [111]. In particular, the rigid immersed body is treated using
the Navier-Stokes solver under constraints of imposing its nullity of the deformations by
means of a Lagrange multiplier. The flexible cylinder will also be considered as a rigid
body but having a vertical cylinder motion model by an additional mass-spring system
[156]. To do that, we will refer to the use of the extended solver based on the Variational
MultiScale finite element method developed in CimLib [111, 122] that deals with both
fluid and solid using the appropriate constitutive model.

A.3 Objectives

The objective of this paper is then to show the potential of the monolithic approach in
CimLib for the numerical simulation of both fixed and oscillating cylinder in a cross-
flow water channel. This initial part of the paper requires first the comprehension of the
physics of the problem, secondly a deep survey in the literature about this subject, then,
the understanding of the monolithic approach from both theoretical and numerical level
and finally apply all the acquired information to simulate several test cases. Consequently,
the potential of the proposed approach can be demonstrated through the validations and
comparisons with the solution issued out of the literature (actual report), and with the
EDF code (Code Saturn) having also some experimental results made on a small prototype
and provided by the partners of the project (see figure A.3). As shown in this figure, it
consists of a flexible tube surrounded by 14 rigid tubes, which represent a arrangement of
three columns and five rows, with half-tubes on the sides. The test section is rectangular
and measures 70 mm wide and 100 mm deep, which corresponds to the length of the tube
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under flow. The pitch ratio is P/D = 1.44 with a tube diameter of D = 12.15 mm. The
flexible tube frequency without fluid is: fs = 14.39 and the damping ratio: ξs = 0.25%

Figure A.3: Representation of the maquette Amvoi

To do so, three cases needed to achieve this goal are identified: fixed cylinder, forced
oscillations cylinder, and free oscillations cylinder referred as Vortex-Induced Vibrations
(VIV). Therefore, we propose to study in this paper all three cases using a one cylinder
approach. For the validation, we compute and analyse different aerodynamic coefficients.
Comparisons with the literature [156, 158, 159, 160, 161] are presented and discussed.

This paper is organized as follow. The Immersed Volume Method is introduced in
section 4. Section 5 is dedicated to present the governing equations. Then, in section 6,
all the numerical simulations are presented. Finally, Section 7 is dedicated to conclusions
and future work.

A.4 Immersed Volume Method

The immersed volume method has shown to be an effective geometric representation
tool [47]. It is used to immerse and to represent different complex geometries using a
unique mesh. First we compute the level-set function of a given geometry to each node
of the mesh, then we refine anisotropically the mesh at the interface using the gradient
of the distance function and finally we mix and attribute the physical properties of each
domain using appropriate laws. In this section, we revisit briefly these steps.

A.4.1 Level-set approach

A signed distance function of an interface Γi is used to localize the interface of the
immersed cylinder Ωi and initialize the desirable properties on both sides of this latter.
At any point x of the computational domain Ω, the level-set function αi corresponds to
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the signed distance from Γi. In turn, the interface Γi is then given by the iso-zero of the
function αi : 




αi(x) = ±d(x, Γi),x ∈ Ω,

Γi = {x, αi(x) = 0} (A.1)

In this paper, a sign convention is used: αi ≥ 0 inside the solid domain defined by the
interface Γi and αi ≤ 0 outside this domain. Further details about the algorithm used to
compute the distance are available in [72].

A.4.2 Mixing laws

Once all the sub-domains are defined, the mechanical properties can then be determined
on the whole domain in function of the level-set function. For the elements crossed by the
level-set functions and the their neighbours, fluid-solid mixtures are used to determine
the element effective properties. A heaviside function H(α) for each level-set function is
defined by:

H(α) =

{
1 if α > 0

0 if α < 0
(A.2)

In order to achieve a better continuity at the interface [73], the Heaviside function can be
smoothed using:

Hε(α) =





1 if α > ε

1

2

(
1 +

α

ε
+

1

π
sin

(πα

ε

))
if |α| ≤ ε

0 if α < −ε

(A.3)

where ε is a small parameter such that ε = O(hi), known as the interface thickness, and
hi is the mesh size in the normal direction to the interface. In the vicinity of the interface,
it can be computed using the following expression:

hi = max
j,l∈K

∇α · xjl, (A.4)

where xjl = xl − xj and K is the mesh element.

A.4.3 Anisotropic mesh adaptivity

The anisotropic mesh adaptation aims at improving the quality of the mesh and the
interface representation. This algorithm relies on an appropriate metric map construction
that allows the mesh size to be imposed in the direction of the distance function gradient.
The mesh is refined locally and the elements are stretched which enables to sharply define
the interface and to save a great number of elements compared to classical isotropic
refinement. The details of this technique can be found in [52, 51], hence a brief description
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is presented here. First, a modified distance computation is achieved via a symmetric
positive defined tensor "the metric":

||x||M =
√

Tx · M · x , < x,y >M=T x · M · y . (A.5)

The metric M can be regarded as a tensor whose eigenvalues are related to the mesh
sizes, and whose eigenvectors define the directions for which these sizes are applied. For
instance, using the identity tensor, one recovers the usual distances and directions of the
Euclidean space. In our case the direction of mesh refinement is given by the unit normal
to the interface which corresponds to the gradient of the level-set function: ∇α/||∇α||.
A default mesh size, or background mesh size, hd is imposed far from the interface and it
is reduced as we come closer to the interface. A likely choice for the mesh size evolution
is the following:

h =





hd if |α(x)| > e/2

2hd(m − 1)

m e
|α(x)| + hd

m
if |α(x)| ≤ e/2

(A.6)

Eventually, at the interface, the mesh size is reduced by a factor m with respect to the
default value hd. Then this size increases until equalling hd for a distance that corresponds
to the half of a given thickness e. The unit normal to the interface x and the mesh size
h defined above, lead to the following metric:

M = C (∇α/||∇α|| ⊗ ∇α/||∇α||) +
1

hd

I (A.7)

where I is the identity tensor, and

C =





0 if |α(x)| ≥ e/2
1

h2
− 1

h2
d

if |α(x)| < e/2
(A.8)

The mesh resolution can be forced to concentrate in particular areas of interest. The
metric returns to isotropic far from the interface, with a mesh size equal to hd for all
directions, and to anisotropic near the interface.

A.5 Governing equations

This section is devoted to the mathematical formulation for rigid body immersed in an
incompressible fluid. The governing equations are considered to be three-dimensional and
time-dependant. As the proposed approach is monolithic, a unique constitutive equation
will be solved on the whole domain with variable physical properties separated by a
prescribed level-set function.

First, each system of equation is presented separately. Let Ω ⊂ R
n be the spatial

domain at time t ∈ [0, T ], where n is the space dimension. Let ∂Ω denote the boundary of
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Ω. Ωf , Ωs and Ωfsi be respectively the fluid domain, the solid domain and the interface.
They verify:

Ωf ∪ Ωs = Ω and Ωf ∩ Ωs = Ωfsi. (A.9)

The dynamic of the flow is given by the classical incompressible Navier-Stokes equa-
tions:

ρf (∂tv + v · ∇v) − ∇ · σ = f in Ωf (A.10)

∇ · v = 0 in Ωf (A.11)

v = vΓ on Γ (A.12)

v = vi on Ωfsi (A.13)

σ · n = d on Ωfsi (A.14)

v(x,0) = v0(x) in Ωf (A.15)

where v is the velocity vector, ρf is the fluid density, n is the outward normal on the solid
surface, vi is the velocity at fluid-solid interface Ωfsi and f is an applied force vector. For
incompressible flows the divergence-free constraint (A.11) gives rise to the pressure in the
fluid. The stress tensor for a Newtonian fluid is then given by:

σ = 2ηfε(v) − p Id, (A.16)

where p is the pressure, Id is the identity tensor, ε(v) = (∇v +T
∇v)/2 the deformation-

rate tensor and ηf is the dynamic viscosity.
In the present formulation we treat the rigid body as a continuous domain subjected

to an additional rigidity constraint. First, we present the governing equations for solids
motion given by:

ρs (∂tv + v · ∇v) − ∇ · σ = f in Ωs (A.17)

∇ · v = 0 in Ωs (A.18)

ε(v) = 0 in Ωs (A.19)

v = vi on Ωfsi (A.20)

σ · n = −d on Ωfsi (A.21)

v(x,0) = v0(x) in Ωs (A.22)

where ρs the solid density. In a rigid body there is no deformation ε(v) = 0. These
two equations imply a null value of the deformation-rate tensor (A.19). Note also that
the rigidity constraint (A.19) ensures that the velocity field is divergence-free. Hence,
equation (A.18) is a redundant equation. Nevertheless we choose to keep it to account
for the pressure term. As noted earlier equation (A.18) gives rise to a pressure fluid.
Similarly, equation (A.19) gives rise to a stress field τ . The stress tensor is then given by:

σ = −p Id + τ s (A.23)
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Mixing both systems, the strong form for the whole domain reads:




ρ (∂tv + v · ∇v) − ∇ · (2ηε(v) + τ − p Id) = f

∇ · v = 0

εs(v) = 0

v = vb on ∂Ω

v(x,0) = v0(x)

(A.24)

where εs(v) = H(α)ε(v) , η = (1−H(α))ηf , ρ = ρsH(α)+ρf (1−H(α)) and τ = H(α)τ s.
The boundary conditions (A.13-A.14) and (A.20-A.21) are no longer needed.

Multiplying by the test functions and integrating by parts, the associated standard
weak form of system (A.24), can be stated as:
Find v ∈ V =

(
H1

0 (Ω)
)n, p ∈ Q = L2(Ω) and τ ∈ T = L2(Ω)n×n such that:





ρ(∂tv,w) + ρ(v · (∇v,w) − (p ∇ · w) + (2ηε(v) : ε(w)) + (τ : ε(w)) = (f ,w)

(∇v, q) = 0

(εs(v) : τ ∗) = 0

(A.25)
Note that the problem is not well posed without an additional condition on τ . A

possible way to choose τ is to take it as a symmetric gradient of a vector field. Therefore,
we choose not to add an additional variable and to use a modified symmetric gradient
operator that would be computed by an Uzawa iteration. Solving iteratively the last
equation of system (A.25) reads:

(εs(v
k) :εs(µ∗)) −

1

ηs

(εs(µ
k)︸ ︷︷ ︸

τk

: εs(µ∗)) +
1

ηs

(εs(µ
k−1)︸ ︷︷ ︸

τk−1

: εs(µ∗)) = 0. (A.26)

Thus, τ k = τ k−1 + ηsεs(v
k−1) where 2ηu > 1 is a given penalty parameter and ηs =

H(α)ηu. Using the augmented Lagrangian and Uzawa’s algorithm, an extra term will be
added to the first equation of system (A.25). Consequently, we modify the viscosity into
η = H(α)ηu +(1−H(α))ηf and we insert the extra term as (2ηsε(v) : ε(w)). More details
about the algorithm and the corresponding stabilized finite element formulation which is
based on the Variational MultiScale Methods can be found in [122].

A.6 Numerical experiments

In this section, we present several numerical simulations, which were carried out using
the C++ CimLib finite element library (see [46, 69]). We will apply two approaches:
the classical one with boundary conditions and the monolithic approach with immersed
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cylinders. The obtained results are then compared to solutions taken from the literature
[156, 158, 159, 160, 161].

Figure A.4 shows the computational rectangular domain with a cylinder of diameter d
located initially at [12.5d, 5d]. The lengths and heights of the computational domain are
32.5d and 10d. The number of elements is fixed to 30000 as suggested in [156]. The inlet
velocity U∞ and the density of flow are constant. The Reynolds number is Re = U∞d/ν,
where ν is the cinematic viscosity of the fluid.

Figure A.4: Size and geometric disposition of the computational domain

A.6.1 Flow around a 2D immersed fixed cylinder

We investigate first the fixed cylinder for four particular Reynolds numbers in perma-
nent regimes (5 ≤ Re ≤ 49) and four others in the periodic regime (49 ≤ Re ≤ 190). Two
groups of simulations were carried out: in the first group we used the classical approach
whereas in the second we apply the monolithic approach. Figure A.5 shows the corre-
sponding meshes having approximately the same number of elements and referenced as
Mesh2. Moreover, in order to check the proposed number of elements by the literature
(30000) and thus the influence of the mesh, we have provided additional simulations using
5000 elements referenced as Mesh1.

A.6.1.1 Permanent regime (5 ≤ Re ≤ 49)

The investigated Reynolds numbers are 10, 20, 30 and 40, all below Hopf bifurcation
between the permanent and the periodic regimes. The vortex shedding is characterized
then by two recirculation zones attached to the rear cylinder wall.

The first analysed parameter is the length Lr of the recirculation zone which is defined
by the downstream distance on the central line of the vortex shedding where the velocity
is null. The second parameter is the value of the separation angle θs, which is obtained
by plotting the vortices at the cylinder wall against the angular position and corresponds
to the angle where the vortices becomes null. Tables A.1 and A.2 present all the obtained
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(a) Mesh for Classical approach

(b) Mesh for Monolithic approach

Figure A.5: Mesh comparison for classical and monolithic approach
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results using both approaches which compares very well to the values obtained from
Placzek [156].

Table A.1: Comparison of Lr

Lr Re = 10 Re = 20 Re = 30 Re = 40
Cimlib Classical Mesh 1 0.35 0.73 1.2 1.36
Cimlib Classical Mesh 2 0.35 1.04 1.8 2.44
Cimlib Monolithic Mesh 1 0.36 0.95 1.71 2.35

Placzek et al. (2008) 0.25 0.9 1.6 2.2

Table A.2: Comparison of θs

θs Re = 10 Re = 20 Re = 30 Re = 40
Cimlib Classical Mesh 1 29 42 45 50
Cimlib Classical Mesh 2 30 42.5 50 55
Cimlib Monolithic Mesh 1 30 43 50 53

Placzek et al. (2008) 28 46 49 53

The evolution of these two parameters in function of the Reynolds number is plotted
in Figure A.6. The relative errors remain very small demonstrating the efficiency of the
proposed approaches.

Figure A.6: Comparison of geometric vortex shedding characteristics for permanent
regime Re < 49,(◦)Monolithic simulations, (⋄)Classical simulations,(⋆)Placzek[156],

(¤)Gerouache[158], (∆)Baraz[159]

The third studied parameter is the drag coefficients CD. The lift coefficient CL re-
mains null because of the perfect symmetry of the flow field. The expressions of these
aerodynamic coefficients are given by:



A.6. NUMERICAL EXPERIMENTS 157

CD =
FD

1/2ρU2
∞d

andCL =
FL

1/2ρU2
∞d

(A.27)

where FD and FL are the drag and lift forces by length unit. Again, values of the drag
coefficient are close to those of Placzek[156], Gerouache[158], Lange[160]. The agreement
becomes better when Re increases.

Figure A.7: Comparison of drag coefficients for permanent regime
Re < 49,(◦)Monolithic simulations, (⋄)Classical

simulations,(⋆)Placzek[156],(¤)Gerouache[158], (⊳)Lange[160]

A.6.1.2 Periodic vortex shedding regime (49 ≤ Re ≤ 190)

In this section, we investigate the Reynolds numbers of 60, 80, 100 and 120. We can
find that the vortex shedding of two staggered rows of vortices being shed alternately from
either side of the cylinder. The fluctuating values and mean values of the aerodynamic
coefficients of the periodicity of shedding are noted by C

′

D, C
′

L and C
′

D, C
′

L. The latters
are evaluated as the average value of the fluctuating coefficients over several periodics
chosen after the transient regime. The convergence of the coefficients is shown in Figure
A.8. In the first part of time series, it exhibits the transient phase during which the
perturbation initially introduced arrives on the cylinder and causes the shedding. When
the periodic state is reached, the vortex shedding is characterized by the oscillation of the
drag coefficient at twice the lift frequents.
In the periodic regime, a new parameter is introduced and analysed: the Strouhal

frequency fs defined also as the lift coefficient frequency:

St = fs
d

U∞

(A.28)

The values of Strouhal number obtained from the classical and monolithic approaches
are presented in Table A.3. By comparing our results to the analytical expressions found
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Figure A.8: Convergence of the aerodynamic fluctuating coefficients at Re = 100. Drag
coefficient C

′

D, Lift coefficient C
′

L

in Placzek [156], Gerouache [158] and Henderson[161], we noticed that the relative error
does not exceed 6% which confirms also the potential of the proposed stabilized finite
element approach.

Table A.3: Comparison of St

St Re = 60 Re = 80 Re = 100 Re = 120
Cimlib Classical Mesh 1 0.140 0.153 0.162 0.169
Cimlib Classical Mesh 2 0.139 0.157 0.167 0.174
Cimlib Monolithic Mesh 1 0.137 0.155 0.158 0.164
Placzek et al. (2008) 0.141 0.157 0.168 0.176

Since the mean values of the lift coefficient is null, we compare instead the maximal
reached value noted by C

′

L,max. Figure A.9 shows the obtained values of the Strouhal

number and the maximal lift coefficient C
′

L,max compared to the values of the literature.

Table A.4: Comparison of Maximal lift Coefficient

Maximal lift coefficient C
′

L,max Re = 60 Re = 80 Re = 100 Re = 120

Cimlib Classical Mesh 1 0.154 0.283 0.392 0.483
Cimlib Classical Mesh 2 0.143 0.267 0.364 0.448
Cimlib Monolithic Mesh 1 0.09 0.2 0.29 0.395
Placzek et al. (2008) 0.125 0.25 0.325 0.38

The comparisons show that the relative errors of the maximal lift coefficient decrease
when the Reynolds number increases. It shows also that results obtained by the monolithic
approach slightly differ from other values. This can be explained due to the fact that
we transform the surface integral into a volume integral over a certain thickness when
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Figure A.9: Comparison of aerodynamic force coefficients for permanent regime
49 < Re < 190,(◦)Monolithic simulations, (⋄)Classical

simulations,(⋆)Placzek[156],(¤)Gerouache[158], (+)Henderson[161]

computing the aerodynamic coefficients. However, the overall accuracy of the results is
very satisfactory, especially when it concerns the values of the Strouhal number and the
lift coefficients since it will play a major role in the vertical oscillating regimes as described
in the following sections.

A.6.2 Flow around a 2D immersed forced oscillating cylinder

To simulate the forced oscillatory motion, we update the coordinates of the center of
the cylinder using a predefined motion: x = constant, y = Asin(2πf0t), where A is the
maximal amplitude of the oscillation. Therefore, rather than moving the nodes of the mesh
as in the classical approaches, only the position of the distance function of the cylinder is
easily updated and recomputed. The mesh adaptation follows also the fluid-solid interface
and the material properties are reassigned accordingly.

These new simulations are made using a fixed Reynolds number equal to 100 as sug-
gested in [156]. We note the frequency ratio by F = f0/fs, where f0 is the obtained
frequency of the forced oscillation cylinder and fs is the Srouhal frequency. The lock-in
zone is defined by the domain where the vortex shedding frequency diverges from the
value expected at the considered Reynolds number and locks on the frequency of the
forced oscillations: this zone is represented in the plane (A,F ) in figure A.10 according
to the limits established by Koopmann [162]. The lock-in zone is comprised between two
limits almost symmetrical with respect to the axis F = 1.0. In order to highlight the
different response regimes of the cylinder, the amplitude A is kept constant at a certain
level and F varies over a range wide enough so that the lock-in zone should be crossed.

According to the frontiers established by Koopmann, the upper and lower limits are
approximately located at F = 0.75 and F = 1.25. Therefore, we run several numerical
tests for different values of F taken between 0.5 and 1.5 which corresponds well to both
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Figure A.10: Representation of the lock-in zone in the plane (A, F) for forced
transverse oscillations. The solid lines represent the frontiers of the lock-in zone

according to the data points (+) of Koopmann[162]. The simulations performed here are
represented with squares: filled squares (¥) correspond to locked configurations whereas

empty squares (¤) indicate unlocked ones.

the inside and the outside lock-in zones. The amplitude A is kept constant and equal to
0.25.

A.6.2.1 Locked configurations

We present in this section results for two cases of the locked configurations: F = 0.90
and F = 1.10. Figure A.11 presents the times series of the aerodynamic coefficients
which are clearly characterized by a pure sinusoidal response and show an increase in the
aerodynamic coefficients. Indeed, the mean drag coefficient was C̄

′

D = 1.370 for the fixed

cylinder whereas it increases now to C
′

D = 1.417 for F = 0.90 and to C
′

D = 1.380 for
F = 1.10. Similar behaviour is noticed for the the maximal lift coefficient: C

′

L,max = 0.29

(fixed cylinder), C
′

L,max = 0.940 (F = 0.90) and C
′

D = 1.380 (F = 1.10).

The phase portraits of the system are also a very practical tool to analyse the response.
They represent the energy transfer which produces the fluctuating lift force characterized
by the fluctuating lift coefficient C

′

L and the adimensional cylinder displacement y∗ =
y(t)/d between the motion of the cylinder and the fluid. They provide an interesting
description of how the system behaves. The existence of a unique limit cycle is the result
of the perfect undamped sinusoidal response and the inclination of the cycle gives an
estimation of the phase angle between the imposed displacement and the lift.

A.6.2.2 Unlocked configurations

In this section, we present the results using two new frequency ratios: F = 0.50 and
F = 1.50. As mentioned before, these values will lead to an unlocked vortex shedding. As
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(a) F=0.90

(b) F=1.10

Figure A.11: Time series of the fluctuation lift coefficient C
′

L and the phase portraits at
F = 0.90and F = 1.10
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expected, figure A.12 shows that the time series of the lift coefficients are no longer purely
sinusoidal and a beating behavior is obtained. The beating behavior has been observed
numerically by Anagnostopoulos [150] who noted that, when the frequency ratio F was
outside the lock-in zone, the flow was not absolutely periodic at subsequent cycles but a
quasi-periodic flow pattern occurred.

(a) F=0.50

(b) F=1.50

Figure A.12: Time series of fluctuation lift coefficient C
′

L, and phase portraits at
F = 0.50 F = 1.50

In order to highlight the increase in the aerodynamic coefficients, we plot in figure
A.13 their evolution in respect to the frequency ratio F compared to different reference
values. We notice that the maximum values are inside the lock-in zone and near F = 1.
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Figure A.13: Evolution of the mean drag and maximal lift coefficients with the frequency
ratio F. The results are compared to those of (•)Monolithic simulations, (⋆)Placzek[156]

and (¤)Anagnostopoulos[150]

A.6.3 Flow around a 2D immersed flexible cylinder

The changes of the flow influence the response of the structure and in return the vi-
bration of the structure will influence the flow around the cylinder, thus a two-way fluid-
structure interaction is formed. Indeed, in two-dimensions, the cylinder flexibility can
be modelled by a mass-spring system excited naturally by the fluid forces. The vertical
cylinder motion y(t) is then governed by the following equation:

mÿ + cẏ + ky = Fy (A.29)

where ẏ and y are the velocity and the position of the cylinder respectively, m is the
cylinder mass, c is the structural damping, k is the rigidity and Fy is the resultant of the
lift force. We present here briefly the steps of the coupling algorithm:
1. Initialization for the first iteration (x0, v0, a0 and F0 are the initial displacement,

velocity, acceleration and force respectively):

y(0) = 0, ẏ = 0, (A.30)

yn = x0, ẏn = v0, ÿn = a0, F n
y = F0. (A.31)

2. Explicit prediction of the cylinder acceleration for the time step tn+1 using (A.29):

ÿn+1 =
F n

y

m
− k

m
yn − c

m
ẏn. (A.32)

3. Evaluation of the cylinder velocity and displacement using linear approximations
(∆t is the fluid time step, and θ is the blending factor):

ẏn+1 = ẏn + ∆tÿn, (A.33)
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yn+1 = yn + ∆t[(1 − θ)ẏn + θẏn+1]. (A.34)

4. Mesh update: computation of the new mesh configuration at the fluid-solid interface
5. Resolution of the Navier-Stokes equations on the new mesh configuration to obtain

F n+1
y .
6. Return to step 2 for the next time step.

(a) t=Ts (b) t=Ts+1/4Ts

(c) t=Ts+2/4Ts (d) t=Ts+3/4Ts

(e) Velocity x scale

Figure A.14: Velocity in the x direction over one given period F = 0.9 at Re = 100

A first attempt using this algorithm provides a good potential for the developed for-
mulations. Note that only arbitrary values for k, c and m are used in here to test if the
natural interactions can be really obtained. Further investigation on these values will be
the subject of a future work.
The profiles of the velocity and the pressure in figures A.14, A.15 and A.16 seem

very encouraging since they reflect well the periodic behaviour and the corresponding
natural fluid-structure interactions. These figures show the expected free oscillations
of the cylinder. It is worth mentioning, at this stage, that the solutions do not suffer
from spurious oscillations (undershoots or overshoots) which are frequently observed at
the interface or in convection dominated problems across the water channel. This can
be attributed to the stabilization finite element discretization applied on the system of
equations. Summing up, the combination of the dynamic mesh adaptation and the use of
iterative solvers together with the smoothed distribution of the physical properties across
the interface overcome the numerical instabilities and lead to good numerical behaviour.
Future investigations will be concerned with more comparisons between the free and forced
oscillations cylinder.
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(a) t=Ts (b) t=Ts+1/4Ts

(c) t=Ts+2/4Ts (d) t=Ts+3/4Ts

(e) Velocity y scale

Figure A.15: Velocity in the y direction over one given period F = 0.9 at Re = 100

(a) t=Ts (b) t=Ts+1/4Ts

(c) t=Ts+2/4Ts (d) t=Ts+3/4Ts

(e) Pressure scale

Figure A.16: Pressure over one given period F = 0.9 at Re = 100
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(a) t=Ts (b) t=Ts+1/4Ts

(c) t=Ts+2/4Ts (d) t=Ts+3/4Ts

Figure A.17: Mesh variation over one given period F = 0.9 at Re = 100

A.7 Conclusion

In this paper, fixed, forced and free oscillating cylinders in a cross-flow water channel
are studied and analysed. A monolithic approach was used to treat easily the induced
fluid-structure interactions. It is combined with a dynamic anisotropic mesh adaptation
applied at the fluid-solid interface rendering an accurate representation of the cylinder.
An extended Variational MultiScale method was used to solve the Navier-Stokes equations
in a stabilized finite element framework insuring a stable solution. The presence of the
solid is taken into account as an extra-stress tensor in the Navier-Stokes equations.
The combination of all these techniques from CimLib demonstrates the capability and

the potential of the proposed approach to deal with fluid-cylinder interactions. Several
numerical tests were presented and analysed. Comparisons with the literature show that
the method can be used in a wide range of fluid-cylinder applications needed for the safety
and the design of a variety of reactor structures.
Further investigations will be focused on (i) simulating the global experimental setup

by taking together in the same simulation the rigid and flexible cylinders, (ii) on con-
tinuing the assessment of the free oscillating cylinder and on characterizing all the used
parameters in the mass-spring model, (iii) on studying the influence of the mesh at the
fluid-solid interface and the integral computations since it plays an important role for the
computation of the aerodynamic coefficients, (iv) on learning the EDF code needed for
future comparisons with CimLib.
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Nouvelle formulation monolithique en éléments finis stabilisés pour 
L’Interaction Fluide-Structure 

RESUME : L'Interaction Fluide-Structure (IFS) décrit une classe très générale de problème physique, 

ce qui explique la nécessité de développer une méthode numérique capable de simuler le problème 

FSI. Pour cette raison, un solveur IFS est développé qui peut traiter un écoulement de fluide 

incompressible en interaction avec des structures différente: élastique ou rigide. Dans cet aspect, le 

solveur peut couvrir une large gamme d'applications. La méthode proposée est développée dans le 

cadre d'une formulation monolithique dans un contexte Eulérien. Cette méthode consiste à considérer 

un seul maillage et résoudre un seul système d'équations avec des propriétés matérielles différentes. 

La fonction distance permet de définir la position et l'interface de tous les objets à l'intérieur du 

domaine et de fournir les propriétés physiques pour chaque sous domaine. L'adaptation de maillage 

anisotrope basé sur la variation de la fonction distance est ensuite appliquée pour assurer une capture 

précise des discontinuités à l'interface fluide-solide. La formulation monolithique est assurée par l'ajout 

d'un tenseur supplémentaire dans les équations de Navier-Stokes. Ce tenseur provient de la présence 

de la structure dans le fluide. Le système est résolu en utilisant une méthode élément fini et stabilisé 

suivant la formulation variationnelle multiéchelle. Cette formulation consiste à décomposer les champs 

de vitesse et pression en grande et petite échelles. La particularité de l'approche proposée réside 

dans l'enrichissement du tenseur de l'extra contraint. La première application est la simulation IFS 

avec un corps rigide. Le corps rigide est décrit en imposant une valeur nul du tenseur des 

déformations, et le mouvement est obtenu par la résolution du mouvement de corps rigide. Nous 

évaluons le comportement et la précision de la formulation proposée dans la simulation des exemples 

2D et 3D. Les résultats sont comparés avec la littérature et montrent que la méthode développée est 

stable et précise. La seconde application est la simulation IFS avec un corps élastique. Dans ce cas, 

une équation supplémentaire est ajoutée au système précédent qui permet de résoudre le champ de 

déplacement. Et la contrainte de rigidité est remplacée par la loi de comportement du corps élastique. 

La déformation et le mouvement du corps élastique sont réalisés en résolvant l'équation de convection 

de la Level-Set. Nous illustrons la flexibilité de la formulation proposée par des exemples 2D. 

Mots clés : Interaction Fluide-Structure, Formulation monolithique, Elément Finis Stabilisés, 

remaillage anisotrope, écoulement incompressible, mouvements de corps rigide, comportement 

élastique. 
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Novel monolithic stabilized finite element method 
for Fluid-Structure Interaction 

ABSTRACT Numerical simulations of fluid-structure interaction (FSI) are of first interest in numerous 

industrial problems: aeronautics, heat treatments, aerodynamic, bioengineering.... Because of the high 

complexity of such problems, analytical study is in general not sufficient to understand and solve them. 

FSI simulations are then nowadays the focus of numerous investigations, and various approaches are 

proposed to treat them. We propose in this thesis a novel monolithic approach to deal with the 

interaction between an incompressible fluid flow and rigid/ elastic material. This method consists in 

considering a single grid and solving one set of equations with different material properties. A distance 

function enables to define the position and the interface of any objects with complex shapes inside the 

volume and to provide heterogeneous physical properties for each subdomain. Different anisotropic 

mesh adaptation algorithms based on the variations of the distance function or on using error 

estimators are used to ensure an accurate capture of the discontinuities at the fluid-solid interface. The 

monolithic formulation is insured by adding an extra-stress tensor in the Navier-Stokes equations 

coming from the presence of the structure in the fluid. The system is then solved using a finite element 

Variational MultiScale (VMS) method, which consists of decomposition, for both the velocity and the 

pressure fields, into coarse/resolved scales and fine/unresolved scales. The distinctive feature of the 

proposed approach resides in the efficient enrichment of the extra constraint. In the first part of the 

thesis, we use the proposed approach to assess its accuracy and ability to deal with fluid-rigid 

interaction. The rigid body is prescribed under the constraint of imposing the nullity of the strain tensor, 

and its movement is achieved by solving the rigid body motion. Several test case, in 2D and 3D with 

simple and complex geometries are presented. Results are compared with existing ones in the 

literature showing good stability and accuracy on unstructured and adapted meshes. In the second, 

we present different routes and an extension of the approach to deal with elastic body. In this case, an 

additional equation is added to the previous system to solve the displacement field. And the rigidity 

constraint is replaced with a corresponding behaviour law of the material. The elastic deformation and 

motion are captured using a convected level-set method. We present several 2D numerical tests, 

which is considered as classical benchmarks in the literature, and discuss their results  

�

�

Keywords : Fluid-Structure Interaction, Monolithic Formulation, Stabilized Finite Element Method, 

Anisotropic Mesh Adaptation, incompressible flow, rigid body motion, elastic behaviour�  


