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Abstract

This work is concerned with the study of the Novikov-Veselov equation, a (2 + 1)-
dimensional analog of the renowned Korteweg-de Vries equation, integrable via the
inverse scattering transform for the 2-dimensional stationary Schrodinger equation
at a fixed energy. We start by studying a special class of rational nonsingular al-
gebraically localized solutions of the Novikov-Veselov equation at positive energy
constructed by Grinevich and Zakharov and we demonstrate that these solutions
are multisolitons. Grinevich-Zakharov solutions are localized as O (|z]|~2), |z| — oo,
and in the present work we prove that this localization is almost the strongest
possible : we show that the Novikov-Veselov equation at nonzero energy does not
possess solitons localized stronger than O (|x|™®), |#| — oo. For the case of zero
energy we show that if the solitons of the Novikov-Veselov equation belong to the
range of solutions of the modified Novikov-Veselov equation under Miura transform,
then localization stronger than O (|x|72) is not possible. In the present work we also
study the question of the asymptotic behavior of solutions to the Cauchy problem
for the Novikov-Veselov equation at nonzero energy (for the case of positive energy
transparent or reflectionless solutions are considered). Under assumption that the
scattering data for the solutions are nonsingular we obtain that these solutions de-
crease uniformly with time as O (t71), t — 400, in the case of positive energy and
as O (t‘3/ 4), t — 400, in the case of negative energy; in the latter case we also

demonstrate that the obtained estimate is optimal.
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Résumé

Ce travail est consacré a I’étude de 'équation de Novikov-Veselov, un analogue
(2 + 1)-dimensionnel de I’équation renommée de Korteweg-de Vries, intégrable via
la transformée de la diffusion inverse pour ’équation de Schrédinger stationnaire
en dimension 2 a énergie fixe. Nous commencons par étudier une classe spéciale
de solutions rationnelles non singulieres de ’équation de Novikov-Veselov a énergie
positive, construites par Grinevich et Zakharov, et nous démontrons que ces solu-
tions sont multisolitons. Les solutions de Grinevich-Zakharov sont localisées comme
O (|z]7%), |z| — oo, et dans le travail présent, nous prouvons que cette localisation
est presque la plus forte possible pour les solitons de ’équation de Novikov-Veselov :
nous montrons que 1’équation de Novikov-Veselov a énergie non nulle ne possede pas
de solitons localisés plus fort que O (|z|™3), |z| — oo. Pour le cas d’énergie zéro, nous
montrons que si les solitons de 1’équation de Novikov-Veselov apartiennent a I'image
des solutions de I’équation de Novikov-Veselov modifiée sous la transformation de
Miura, dans ce cas, la localisation plus forte que O (|z|2) n’est pas possible. Dans le
travail présent, nous étudions également la question du comportement asymptotique
des solutions du probléeme de Cauchy pour I’équation de Novikov-Veselov a énergie
non nulle (pour le cas d’énergie positive, les solutions transparentes ou reflectionless
sont considérées). Sous 'hypotheése de non singularité des données de diffusion des
solutions nous obtenons que ces solutions décroissent avec le temps de fagon uni-
forme comme O (t71), t — +00, dans le cas d’énergie positive et comme O (t‘3/4>,
t — 400, dans le cas d’énergie negative; dans ce dernier cas, nous démontrons

également que l'estimation obtenue est optimale.



Introduction

In the present work we study solitons and large time behavior of solutions of a (2 + 1)-
dimensional analog of the renowned Korteweg—de Vries equation (KdV) proposed in 1984 by
S.P. Novikov and A.P. Veselov and integrable via the inverse scattering transform for the

stationary 2—dimensional Schrodinger equation at fixed energy.

The Korteweg-de Vries equation
Vs + 60U + Vggz = 07

derived at the end of the XIX century as an equation describing long waves on shallow water,
attracted a broad interest of researchers in the second half of the XX century, when in 1967
C.S. Gardner, J.M. Greene, M.D. Kruskal and R.M. Miura discovered that this equation can
be intergrated via the scattering transform for the stationary Schrodinger equation ([17]). It
was demonstrated that if KdV is written in terms of the scattering data for the stationary
Schrodinger equation with potential v(z,t), depending on an additional parameter ¢, then
KdV is transformed into an ensemble of noninteracting linear oscillators. Thus the problem of
integrating a nonlinear differential equation was reduced to a sequence of linear problems; in
addition, it was shown that the scattering transform for the solution of the KdV equation is an
analog of the Fourier transform for the solutions of linear differential equations.

The exact method of integration allowed to study in detail the asymptotic behavior of
solutions for the KAV equation (see [18], [58], [65]). It was shown that any sufficiently localized
solution of KdV behaves at large times as a sum of IV solitons (corresponding to N eigenvalues
of the Schrodinger operator with potential v(x,0)), i.e. a sum of N solitary waves that propagate

preserving their form and restoring it after interaction.
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The algebraic nature of integrability of KdV was revealed by P.D. Lax ([42]), who showed

that KdV is equivalent to the following equation describing the evolution of operator £

%—f = [L, A], where (0.1)
L=-+v(x,t), A=0 — %(U(l‘, t)0; + 0,v), [+, -] is the commutator (0.2)

(the so-called Lax representation). This equation can be regarded as a compatibility condition

for the following equations

Lip = M, (0.3)
Yy = Ay (0.4)

for all values of spectral parameter \.

Representation of the form (0.1) was later obtained for a large class of well-known nonli-
near equations, including the cubic Schrédinger equation, sine-Gordon equation, Kadomtsev-
Petviashvili equation and others (see, for example, references in [22] and [52]). These results
led to a rapid development of an exact integration method for a certain class of nonlinear dif-
ferential equations, called the inverse scattering transform (IST) method. In particular, it was
found out that solutions of a large number of equations, integrable via IST, have properties

similar to those of KdV : for example many of them possess N-soliton solutions.

An attempt to generalize KAV to higher space dimensions leads to different analogs of this
equation. Thus the renowned Kadomtsev-Petviashvili (KP) equation is obtained if transverse
perturbations of the line soliton solution of KdV are taken into account ([31]). Zakharov-
Kuznetsov equation describing the propagation of nonlinear ion-acoustic waves in the magnetic
field in plasma (see [64]) reduces to KdV if the solution depends only on one space coordinate.
However, from the mathematical point of view the most natural (2 4 1)-dimensional generali-

zation of KdV is the Novikov-Veselov equation

O = 4Re(40%v + 0, (vw) — Ed,w), (0.5a)
O:w = —30,v, v =0, i.e. vis a real-valued function, F € R, (0.5Db)
v=uv(z,t), w=wxt), x=(r;,1)cR?® tcR, (0.5¢)
where 0 1,0 0 1/ 0 0
@/:a, aZ:§<a—xl—Za—x2>, 82:§<3—3;1+28—x2> (06)
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First of all, this equation reduces to the classical KAV when v = v(xq,t), w = w(xq,t). Fur-
ther, it is integrable via the inverse scattering transform for the two-dimensional stationary

Schrodinger equation at fixed energy E :

Ly = Ep, L=—A+nv(z,t),
”? o (0.7)

2
r € R, A:a—x%—‘ra—x%, E:Efized-

In addition, when E' — 400, the Novikov-Veselov equation transforms into KPI and KPII
correspondingly (see, for example, [22]). Indeed, let us put E = +*. Assume that the solution
varies slowly in x5 or, more precisely, that x9 = Y. Let us take w = —3v + %8;1181/@ F 32
(then condition for w in (0.5b) holds up to a member of order +). Now tending » — oo we
obtain

oyv — 2821'0 + 12v0,,v = $128;11852/U.

Substitution 1 — —x1, v = —v yields

v + 200 v + 1200, v = £120;, '} v.

The Novikov-Veselov equation can also be viewed as a natural (2 4 1)-dimensional genera-
lization of the Korteweg-de Vries equation since it permits to extend to the two-dimensional
case the Miura transform relating the solutions of KdV and modified KdV equations : namely,
in [2] it was shown that a two-dimensional analog of the Miura transform maps solutions of the
modified Novikov-Veselov equation (a (2 + 1)-dimensional analog of mKdV and a member of

the Davey-Stewartson II integrable hierarchy) to the solutions of the Novikov-Veselov equation.

The Novikov-Veselov equation was first obtained in an implicit form in [43]. It was found
out that representation (0.1) holds in the two-dimensional case only if £ and A are operators
with constant coefficients or if operator £ is a differential operator of order not higher than
one with respect to one of the variables ([43]). However, S.V. Manakov in [43] showed that in
the two-dimensional case instead of representation (0.1) it is more appropriate to consider the

following representation

0L

— =L, Al + BL 0.8

= [0 A]+ (03)
(where B is a certain differential operator depending on A and £) or, in other words, to seek

a compatibility condition of equations (0.3)-(0.4) for one fixed value of \.

For the particular case of the two-dimensional Schrédinger operator (0.7) operators A and
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B satisfying (0.8) with £ = L — E, namely

A= -89 — 2wd, — 892 — 2w0;,

- where w is defined via (0.5b), (0.9)
B = 28510 + Qagw,

were found by S.P. Novikov and A.P. Veselov in [53], [54], along with a hierarchy of evolution
equations integrable via the inverse scattering method for the two-dimensional Schrodinger
equation at a fixed energy. This hierarchy includes, in particular, equation (0.5). Note also
that the first-order differential equation from this hierarchy, the dispersionless Novikov-Veselov

equation, was derived in a model of nonlinear geometrical optics ([39]).

The scattering theory for the two-dimensional Schrodinger equation was built in the series
of works by P.G. Grinevich, S.V. Manakov, R.G. Novikov, S.P. Novikov (see, for example, [21—
23, 25-27, 47-50]). Important contributions for the case of zero energy were made by M. Boiti
et al in [3], T.-Y. Tsai in [60], A. I. Nachman in [46]. The development of this theory made it

possible to study the asymptotic behavior of the Novikov-Veselov equation in detail.

The first rational solutions for the Novikov-Veselov equation on the positive energy level
E were constructed in [21]. These solutions are, de facto, multisolitons (see [37]) decreasing
as O (ﬁ) as |z| — oo. In [51] it was shown that, similarly to the one-dimensional case, the
solitons of the Novikov-Veselov equation at positive energy are transparent potentials. On the
other hand the same paper demonstrated an essential feature which differs the Novikov-Veselov
equation from its (1+ 1)-dimensional counterpart : the Novikov-Veselov equation at £ > 0 does

not possess exponentially localized solitons.

It is necessary to note that, despite its evident mathematical significance, the Novikov-
Veselov equation has been relatively poorly studied in comparison with several other analogs
of the renowned KdV equation. The aim of the present work is to attempt to fill in partially
this gap.

In the present work we consider solutions (v, w) of the Novikov-Veselov equation (0.5) such

that
v is sufficiently regular and has sufficient decay as |z| — oo,

w is decaying as |z| — 0.

According to an established tradition in the theory of integrable nonlinear equations one of
our main concerns is devoted to the question of existence or absence of soliton solutions for the

Novikov-Veselov equation.
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Definition. We say that a solution (v,w) of (0.5) is a soliton (a traveling wave) iff
v(x,t) =V(z —ct), w(x,t)=W(@—ct), R’ tcR, (0.10)

for some functions V., W on R?* and some velocity ¢ € R?. In addition, we identify ¢ = (c1,¢o) €
R? with ¢ = ¢; + icy € C.

The present text is organized as follows. In Sections 1, 2 we recall some known notions and
statements from the theory of direct scattering for the two-dimensional stationary Schrodinger
equation. For the case of the Schrodinger equation at nonzero energy we introduce, in particular,
its classical and Faddeev generalized scattering data and we present briefly the scheme of
reconstruction of potential from these data. For the case of the Schrodinger equation at zero
energy we introduce, in particular, its Faddeev scattering data and discuss their properties
when the potential in the Schrédinger equation is of the so-called conductivity type.

We begin our studies of the Novikov-Veselov equation in Section 3 by analyzing the family
of solutions for equation (0.5) at positive energy constructed by P. G. Grinevich and V. E.
Zakharov (see [21, 22]). We show that this family contains soliton solutions and we find the
range of possible soliton velocities. Further, we demonstrate that each Grinevich-Zakharov
solution behaves at large times as a finite sum of localized traveling waves. The results of
this Section are based on our publication [37]. Note that for KPI equation a prototype of these
results was given in [45]. The reader may also refer to [9] for another class of rational nonsingular
soliton solutions of the Novikov-Veselov equation at positive energy and to [24] for analogs of
multisoliton solutions. For the Novikov-Veselov equation at zero energy an example of rational
nonsingular soliton solution, localized as O(|z|™%) as |z| — oo, was given in [6].

As it was mentioned above, Grinevich-Zakharov solitons are rational functions localized as
0 (#), |z| — oo. In the present work we show that this is almost the strongest localization
that one can obtain for the soliton solutions of the Novikov-Veselov equation. More precisely,
in Section 4 we demonstrate that the Novikov-Veselov equation at nonzero energy does not
admit sufficiently regular solitons localized as O (|m|++>, |z| — oo, for any € > 0. This result
was presented in our paper [33] and is a continuation of work [51] and our paper [36] where,
via a different method of analysis, the absence of exponentially localized soliton solutions for
(0.5) at E # 0 was proved.

For the Novikov-Veselov equation at zero energy there exists a special interesting class of
solutions, the so-called solutions of conductivity type. Potentials of conductivity type arise
naturally when Calderén conductivity problem is studied via the Gelfand inverse problem for

the stationary Schrodinger equation at zero energy ([5, 19, 46, 57]). Solutions of equation (0.5)
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of conductivity type are the image of solutions of the modified Novikov-Veselov equation under
the Miura transformation (see [55]). In Section 5 we show that the Novikov-Veselov equation
does not possess sufficiently localized and regular solitons of conductivity type. This result was
presented in our paper [34].

Note that KPI equation possesses localized soliton solutions and these solutions decay as
O (|z|~%) when |z| — oo. By contrast, KPII does not possess sufficiently localized soliton
solutions. For the results on existence and nonexistence of localized soliton solutions of KPI,
KPII and their generalized versions see [7]; the symmetry properties and the decay rates of
these solutions were derived in [8].

For more results on integrable (2 4 1)-dimensional systems admitting localized soliton so-
lutions, see [1, 4, 13, 14] and references therein. In particular, for more results on the behavior
of solutions for the Novikov-Veselov equation at zero energy see [6, 40, 55, 59].

In Sections 6, 7 we study the large time asymptotics of solutions to the Novikov-Veselov
equation constructed from the scattering data that are everywhere well-defined, sufficiently
regular and localized. It is shown that such solutions decrease uniformly with time ; the velocity
of this decrease is estimated. Results of Sections 6, 7 imply, in particular, that solitons of the
Novikov-Veselov equation may only arise if the scattering data of the associated inverse problem
have singularities. The results of these Sections were published in our articles [32, 35]. Note

that a similar problem for the Kadomtsev-Petviashvili equation was studied in [28, 38, 44].



Chapter 1

Scattering for the stationary Schrodinger

equation on the plane

1 Direct scattering for the two-dimensional Schrodinger

equation at F # 0

1.1 Classical scattering functions, scattering amplitude and Faddeev

exponentially growing solutions
In the present Section we present some known notions and results from the scattering theory
for the two-dimensional Schrodinger equation at nonzero energy, summarized, for instance, in
[22, 25, 27, 49].

We are concerned with the the two-dimensional Schrodinger equation at fixed nonzero energy

L¢ = Ewa E = Efia:ed S R\O,

1.1
L=-A+v, A=40.0;, v=v(r), xcR? 1)

where 0., 0; are defined in (0.6), with a potential v satisfying the following conditions

v(z) =v(z), v(x)€ LR, (1.2a)
07102 v(z)| < q(1+ |z|)~** for some ¢ > 0, € > 0, where ji,jo € NUO, j; +j» < 3. (1.2b)

It is known that for any k& € R? k? = E > 0, there exists a unique continuous solution

Yt (z, k) of (1.1) with E > 0 with the following asymptotics

| cilklz] 1
YH(x, k) = e* —inV/2me 1 f (k, |k||x—‘> P +o (ﬁ) .z = oo, (1.3)
T T
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with some a priori unknown function f. This solution ¢ (z, k) describes the scattering of an

incident plane wave e** on the potential v(x) and is the classical scattering eigenfunction of

equation (1.1) at £ > 0. Function f = f(k,l), k € R* | € R? k? = [? = FE, arising in (1.3), is
the scattering amplitude for v(z) in the framework of equation (1.1).

In the present work a particular attention is devoted to transparent potentials v for equation
(1.1). We say that v is transparent if its scattering amplitude f is identically zero at fixed
energy E. The notion of transparency is closely related to the notion of invisibility and, in
fact, goes back to [56]. We consider transparent potentials for equation (1.1) as analogs of
reflectionless potentials for the one-dimensional Schrodinger equation at all positive energies;

see, for example, [58], [65] as regards reflectionless potentials in dimension one.

In [25] in connection with transparent potentials it was shown that

1. There are no nonzero transparent potentials for equation (1.1), where

v(z) =v(z), veL®R?, |vz)|<ac® a>08>0.

2. There is a family of nonzero transparent potentials for equation (1.1), where
v(z) =v(z), veSRY,

and 8 denotes the Schwartz class.
In [51] it was shown that

3. Solitons of the Novikov-Veselov equation at £ > 0 are transparent potentials (see also
Lemma 4.3).

For k € Y, where

Yp={kecC? k?=FE, Imk #0}, if E >0,
Yp={keC* kK*=E}, if E <0,

we consider Faddeev eigenfunctions v (z, k) of equation (1.1) with £ € R\0 specified by the

following asymptotics
(o, k) = M (L4 o(1)), o] = oo (1.4)

(see [10], [47], [22]).



1. Direct scattering for the two-dimensional Schrédinger equation at E # 0

If potential v in equation (1.1) satisfies condition

|09 092 0(2)| < q(1 + |z|) ™27 for some ¢ > 0, € > 0, where ji,75, € NUO, j; + 72 <3, (1.5)

T1 7 T2

then we will also consider eigenfunctions ¢(x, k) of equation (1.1) with E € R\0, defined for
k € X and specified by

o(x, k) = e*(kyzy — kowy +0(1)), || = oo. (1.6)

These functions are the analogs of solutions of (1.1) introduced in [3] for the case of zero energy.

Note that the classical scattering function )™ (x, k) is the solution of the Lippmann-Schwinger

integral equation

U k) = e+ [ G @ =y, De()e* (v, K)dy, (17)

G k1) = ( )//k2 Z§C2m+og’ ke R

where

It is known that

for the real-valued potential v satisfying (1.2) (1.8)
equation (1.7) is uniquely solvable for k € R?, |k| # 0 .

(see, for example, [11] and references therein).

Solutions i (z, k), ¢(x, k) of (1.1) with asymptotics (1.4), (1.6) can be defined as solutions

of the following integral equations

U, k) =+ [] Gla—y. ko). by, (19)
ol k) = ¢ (kyry = kary) + [[ Gl =y, K)oly)p(y. K)dy. (1.10)

where N2 o
Gla, k) = <§> /| kz%gzd(, ke (1.11)

In terms of functions

m(z, k) = (1 + |x\)_(2+€/2)e_ik’”z/1(x, k), n(z,k)=(1+ \x|) (2+e/2) o —ikz o(x, k)



Chapter I. Scattering for the stationary Schrodinger equation on the plane

equations (1.9) and (1.10) can be written

m(z, k) = (14 |z])" 2+

Al P = R |;’|(§’_)(2+€/2)m<y, K)dy, (112)

n(z, k) = (kyze — koxp)(1 + |x‘)*(2+5/2)+

[l P =) |;’|(§’_)(2+E/2)n<y, K)dy, (113)

where Jics
9o k) = <27r> //C2+2k<

and r € R? k € 5.

The integral operator H (k) of the integral equations (1.12), (1.13) is a Hilbert-Schmidt
operator : more precisely, H(-,-, k) € L?*(R* x R?), where H(z,y,k) is the Schwartz kernel of
the integral operator H(k), and |TrH?(k)| < oo. Thus, the modified Fredholm determinant
A(k) for (1.12) and (1.13) can be defined by means of the formula :

InA(k) = Tr(In(I — H(k)) + H(k)). (1.14)
For the precise sense of this definition see [20]. Considerations of A go back to [11].

Note that for Imk = 0 formulas (1.9)—(1.11) do not make sense ; however the following limits

can be considered :
G (x, k) = G(x,k+10v), oy (z, k) =z, k+1i0y) A, (k) = Ak +1i07y), (1.15)
where k,v € R? k* = E, 4* = 1. In particular, in [11] the following relations were established
Gy (2, k) = G (@, [k]), (@, k) =07 (2, k), Dy (k) = AT([K]), (1.16)

where A*(|k|) is the modified Fredholm determinant for equation (1.12) with g(z, k) replaced
by g (z, k) = e~ **G*(z, |k|) (the modified Fredholm determinant for the Lippmann-Schwinger

equation).

10



1. Direct scattering for the two-dimensional Schrédinger equation at E # 0

Define
hk,1) = / / =1, kyo(x)da,
RQ

where k,l € C?, Imk = Iml # 0, k* = [* = E. Then in [11] it was shown that h,(k,1) =
h(k 4 i0v,1 + i07) satisfies the following integral equation

ho (k1) = (2m)2f (k1) + 2mi // h (k, m)0((m — k,7))3(m? — 2) f (m, I)dm, (1.17)

where f is the scattering amplitude of potential v in the framework of equation (1.1). Denote

A, (k) the Fredholm determinant for equation (1.17) defined by
In A, (k) = Tr(In(I — H,(k))),

where [, is the integral operator of (1.17). In [11] the following important formula relating
A (k), A*(|k|) and A (k) was established :

A, (k) = AT (DA, (k). (118)

In what follows it will be convenient for us to introduce the following new variables :

k1 + ks

ol

z2=1x1 + 1Ty, A=

Note that ky = YE (A +1), ky = 2E (1 = A).

In the new variables z € C, A € C\0 functions ¢ and ¢ are solutions of (1.1) with the

following asymptotic behavior

iVE

(o A) = FEOFHNL ) (2, A) = 1+ 0(1), as [2] - oo, (1.19)
i . VB 1
w(z,\) =e ‘éE(/\ZJrZ/)‘)y(z, A, v(z,\) = Z\g_ ()\5 — Xz) +o(1), as |z| — oo. (1.20)

Functions p(z, A\) and v(z, A) arising in the above formulas can also be defined as solutions of

11



Chapter I. Scattering for the stationary Schrodinger equation on the plane

the following integral equations

p(zN) = 1+ [[ 9z = ¢ N(Ou(C, NdReGdme, (121)
c
v(z,\) = Z\gﬁ ()\Z — —Z) //g 2z —C, AN v(Q)v(¢, A)dReCdIm(, where (1.22)
eg(szrpZ)
g(z, \) (27?) // o VT /\p_i_p/)\)dRedemp, (1.23)

where z € C, A € C\0 and if E > 0, then |\| # 1.

In terms of m(z, A) = (1+ |2])~C+/2p(z, \) and n(z, \) = (1 + |2])~+/2y(2, \) equations
(1.21) and (1.22), respectively, take the forms

m(z,\) = (1+[2]) "=+

e v(¢)
+ / [ (L4 1) (= = €0 ey e (G A)dReCdme, (120

n(z,\) =

v E 1
Z\g_ ()\2 . Xz) (1 + |Z‘)f(2+5/2)+

—(2+¢/2 v(C)
—i—{/(l—}—\zb( (e = €N gy (G AReCdImG. (125

We will denote by A(A) the modified Fredholm determinant for equations (1.24), (1.25)
defined via

InA\) = Tr(In(I — H\)) + H())), (1.26)

where H()) is the Hilbert-Schmidt integral operator of equations (1.24), (1.25).

We will also define
E={AeX: A(N) =0}, (1.27)

where
Y=C\(0UuT) if E>0 and X=C\0 ifE<0, T={NeC:|\=1}

In this notation € represents the set of A for which either the existence or the uniqueness

of the solution of (1.1) with asymptotics (1.19) (or, similarly, of the solution of (1.1) with

12



1. Direct scattering for the two-dimensional Schrédinger equation at E # 0

asymptotics (1.20)) fails. The theory of inverse scattering has been well developed under the
assumption that &€ = &, i.e. Faddeev eigenfunctions have no singularities. However, this is
not a typical situation. In [27] it was shown that at negative energy E above the ground
state one can expect contour singularities in the complex plane of spectral parameter. In [26]
explicit examples of potentials and related Faddeev eigenfunctions having contour singularities
in spectral parameter were constructed. Note also that if v is sufficiently small, then &€ = &

and, thus, equations of direct scattering are everywhere uniquely solvable.

1.2 Faddeev scattering data and their properties
For A € C\(EUO0) we define the following “scattering data” for the potential v :

/ / 1(¢, \)dRe¢dIm, (1.28)

=//exp (o

/ [ o(Q)w(¢, N dRecdtnC, (1.30)

(1 n (SgnE)%> (senE)Ch + Aé)) W(Ou(¢, NdRe¢dlme,  (1.29)

_ { / exp (ZT (1 n (sgnE)%) ((sgnE)Ch + AE)) o(O)v(C, \)dReCdlm¢.  (1.31)

Functions a, b are Faddeev “scattering data” for the 2-dimensional Schrédinger equation.

They also arise in a more precise version of expansion (1.4).

For E > 0 function b is considered to be scattering data for (1.1) in addition to the scattering
amplitude f arising in (1.3). Suppose that &€ = @. Then it was shown in [23, 47, 49] that at
fixed positive energy f and b uniquely determine the potential v satisfying (1.2) (while f alone

is insufficient for this purpose).

For F < 0 function b alone constitutes the scattering data for (1.1) (recall, that for £ < 0
the scattering amplitude is not defined). If € = @, then b determines potential v satisfying (1.2)
uniquely (see [27]).

The “scattering data” «, [ for the case of the Schrodinger equation at zero energy were
introduced in [3]. We will use them in Section 4 to prove the absence of sufficiently localized

solitons for equation (0.5).

13



Chapter I. Scattering for the stationary Schrodinger equation on the plane

Consider the following function

h(X\,N) = // exp (—i\gE(XE + %)) (2, \)v(z)dRezdlmz (1.32)
C

for A € C\(€UO0), N € C\0. Under assumption (1.2) the integral in (1.32) is well-defined if
N = Xorif X = 1/), but is not well-defined in general. Note that if A € C\(€ U 0), then

formulas (1.28), (1.29) can be written in the following form

|
aN) = (W A), BN = h ()\, i) . (1.33)

For E > 0 and |\| = |N| =1 denote

ha(N\N) = // exp <_Z;/E(X2 + %)) (2, A(1 F 0))v(z)dRezdlmz. (1.34)
C

In [49] it was shown, in particular, that functions hy satisfy the following integral equations

BN =i [ B [+1 (%—%)] PN = @nPFOVY), (135)
V=1
/ . 1 1 A” A 1 / 1 2 /
hoOX) =i [ BN [—; (7‘?)]“ XN = @ FN),  (136)
I\ =1

where 6(+) is the Heaviside function.
Now we formulate some properties of the introduced functions that will play a substantial
role in the proof of our results. In what follows we denote by T' the unit circle on the complex

plane :

T={XAeC:|\N=1}
Statement 1.1 (see [29, 36, 49]). Let v satisfy conditions (1.2). Then function A(X) satisfies

the following properties :

1. A € O(D+), A c C(D_), where D+ == D+ U6D+, D+ == {)\ c C: |A| < ]_}, D_ ==
D_UoD_, D_={\eC: |\ >1};
if E <0 orifv is transparent at E > 0, then A € C(C) ;

2. AN) = 1 as |\ = o0, |A] = 0;

3. A is real-valued ;

14



1. Direct scattering for the two-dimensional Schrédinger equation at E # 0

4. A(N) satisfies the following 0-equation

A n(A\ —
where 0(0) = [[v({)dRe(dIm(, A € C\(TUE UO0);
C

1
5 AN = A (—(sgnE)i), AeC\0;
6. if E <0, then A(\) = const for A € T and if E > 0, then A(A(1F0)) = Ay, (k) for
NET, wherek € R?, k> = E, A = k1+—\/%k2, n, = (_lﬁ"kl) and A (k), for v € R?, v* =1,
was introduced in (1.15).

Note that A ¢ C(C) for E > 0, in general. In this case A on D. is considered as an
extension from Di.

Items 1-3 of Statement 1.1 are either known or follow from results mentioned in [29], [49] (see
page 129 of [29] and pages 419, 420, 423, 429 of [49]). In particular, item 1 of Statement 1.1 is a
consequence of continuous dependency of ¢g(z,\) from (1.23) on A, A € C\(OUT) if E > 0 and
A € C\0if E < 0. In addition, item 5 of Statement 1.1 follows from item 3 of this statement and
from symmetry G(z, \) = G(z, —sgnE/)), z € C, A € C\0, where G(z,\) = ei\éﬁ(’\ﬂz/)‘)g(z, A).
Item 6 of Statement 1.1 for £ < 0 is a consequence of (1.26) and of the formula (see pages 420,
423 of [49]) G(z, \) = (—i/4)HY(VE|z|), z € C, A € T, where G is defined above and H{ is the
Hankel function of the first type. For £ > 0 item 6 of Statement 1.1 is a consequence of the
property (see page 419 of [49]) G(z, A(1 F0)) = G4y, (2, k), where G, (x, k) is defined in (1.15),

z=ux1 +1ix9 and A, k, n, are related as in item 6 of Statement 1.1.

Statement 1.2 (see [22, 25, 27, 29, 49]). Let v satisfy conditions (1.2) and if E > 0 let v be

transparent at given enerqy E. Then
1. u(z,N) is a continuous function of X on C\E&;
2. u()\) satisfies the following 0-equation on A € C\(OU T U €) :

% =r(z,\u(z,\), where (1.38a)
r(z,\) = r(\)exp { _Z;/E (1 + (sgnE))\—lj\) ((sgnE)zj\ + 2)\>} ) (1.38b)
) = ——sgn(AX — 1)b()): (1.38¢)

47\

3o u—1,as N\ =0, A\ > o0,

15



Chapter I. Scattering for the stationary Schrodinger equation on the plane

>’.

5. the scattering data a(X), b(N\), a(N), B(A) of (1.28)-(1.31) are continuous on C\E ;

> =

btz N) = i (2~ (senE)

6. if, in addition, v € 8(R?), where 8 denotes the Schwartz class, then the scattering data
a(A), b(A), a(X), B(N) of (1.28)-(1.31) belong to S(C\E) ;

7. 0(0) = lim a(X), where 6(0) = [[v(z)dRezdlmz ;
C

A—0,00

8. for the scattering data b the following symmetries hold

b (sgnE%) — b)), b (—sgnE%) — 30V, AeC\o:

9. if E >0, then

8218}\11)()\)\‘)\':1 =0 for all m,n > 0;

10. if E <0, then a(X) = b(A) for A € T\E;

11. a()\) satisfies the following 0-equation on A\ € C\(OUT U &) :

da(N) LS 1O -
1) — Lo\~ BN,

Note that if € # 0, then properties 1, 2, 3 of Statement 1.2 define function p(z, A) from the
nonsingular scattering data b(\) uniquely. Function p can be reconstructed as the solution of

the following integral equation

1 ————dRe(dIm(
plo ) = 1= = [[r(z Quiz, =252 (1.39)
e C—A
Then potential v (transparent in the case of positive energy F) can be found from the following
formula 9
o(z) = 2y EH1E) (1.40)
0z
where p_1(2) is defined via the following expansion
_ 1
pu(z,A) =1+ a ;\(z) +o0 (W) , as A — oo. (1.41)

16



2. Direct scattering for the two-dimensional Schrodinger equation at £ = 0

2 Direct scattering for the two-dimensional Schrodinger

equation at £ =0

In the present Section we present some notions from the scattering theory for the two-
dimensional Schrodinger equation at zero energy introduced in [3] and we state some results
of this theory obtained in [46] and concerning the conductivity type potentials. For a further

discussion and results on the zero energy case the reader may refer to [27, 40, 41, 60].

We are concerned with the the two-dimensional Schrédinger equation at fixed zero energy

L =0,
(2.1)
L=-A+v, A=40.0;, v=v(r), xcR?
where 0,, 05 are defined in (0.6), with a potential v satisfying conditions (1.2).
For A\ € C we consider solution ¥ (z, A) of (2.1) having the following asymptotics
V(z,\) = e u(z, N),  u(z,A) =1+09(1), as |z| — oo. (2.2)

Solution of (2.1) with asymptotics (2.2) is a Faddeev exponentially growing solution (see [3, 10]).

Function u(z, A), defined by (2.2), can be also represented as the solution of the following

integral equation

w(zA) =1+ / / gz — €, No(€)u(€, \)dRetdImé, where (2.3)
g(z,\) (4#) // i dRedemp, (2.4)

for z € C, A € C\0.

The integral in (2.4) can be computed explicitly (see [3]) :

(2 \) = 16% exp(~iAz) (Ei(iAz) + Bi(~iAz))

Here Ei(z) is the exponential-integral function defined as follows :

Ei(z) — v —1In(—2) = i ;—;, z € C\(R; U0), (2.5)

n=1

17



Chapter I. Scattering for the stationary Schrodinger equation on the plane

where v is the Euler-Mascheroni constant

[e.o]

v = —/e’“ In xdzx,
0

the branch cut for the logarithm function is taken on the negative real axis : In(z) = In|z| +
iArgz, |Argz| < 7, and the series in the right part of (2.5) converges on the whole complex
plane.

It is easy to see that function g(z, \), defined in (2.4), has a logarithmic singularity at A = 0
and thus function p(z, A) is not generally defined for A = 0 even for arbitrarily small values of
v. However, there exists a class of potentials, namely, potentials of conductivity type, for which

function p is defined for A € C\0 and is bounded on the whole complex plane (see [46]).

Definition. A potential v € LP(R?), 1 < p < 2, is of conductivity type if v = vy~ Y2A~yY2 for
some real-valued positive v € L>(R?), such that v > 0y > 0 and V42 € LP(R?).

The physical meaning and some mathematical properties of the conductivity type potentials
are discussed in detail in Section 5. Here we present some properties of the scattering data for
this class of potentials obtained in [46].

For A € C\0 we define the following “scattering data” for the potential v of conductivity

type :

a(\) = //v(z)u(z, A)dRezdlmz, (2.6)
c

b(\) = // e () (2, A)dRezdImz. (2.7)
<c

Functions a, b are the Faddeev generalized scattering data for the 2-dimensional Schrodinger
equation at zero energy.
Statement 2.1 (see [40]). Let v satisfy conditions (1.2) and let v be of conductivity type. Then
1. 1z, A) is a well-defined and continuous function of A on C\0;
2. u(N) satisfies the following 0-equation :

op(z, A) 1 oetin
——— = ——¢ "WFTYH(A JA), eC, XeC\0 2.8
=5 Wz ), = \ (2.8)

3. u(z, ) is bounded in the neighborhood of A =0

18



2. Direct scattering for the two-dimensional Schrodinger equation at £ = 0

4. pu(z, ) =1, as A — 00
5. the scattering data a(X), b(\) are continuous on C\0.

19



Chapter 11

Existence/absence of solitons for the

Novikov-Veselov equation

3 Soliton solutions of the Novikov-Veselov equation

3.1 Grinevich-Zakharov solutions

In the present Section we are focused on a family of solutions for equation (0.5) for £ =

Etizeq > 0 constructed by P.G. Grinevich and V.E. Zakharov, see [21, 22] (containing also a

reference to private communication from V.E. Zakharov). The solutions of this family are given

by
v(x,t) = —40,0z Indet A,

w(x,t) = 120*Indet A,
where A = (Ay,) is 4N x 4N-matrix,

iEY? (2 , 1
= (5 5) o (- 5p) -

1
A pu—
Im )\l _ )\m

for I # m,

EY? >0, 2 = 2y + ixq, Z = 11 — ix9, 0, Oz are defined in (0.6), and A1, ..., \an, Y1, - - -

are complex numbers such that

AN #0, |N|#L j=1,...,4N, XN # A\, for l #m,

1 .
)\2]' = _)\2]'717 72]'71_72]' = )\—, ] = 1,...,2N,
2j—1
1 < _ )
/\4j—1 == VY4j-1= /\ij_374j—3a j=1...,N.
)\4j73

20
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3. Soliton solutions of the NV equation

Functions v, w of (3.1)—(3.3) satisfy the Novikov—Veselov equation (0.5) for positive E of
(3.2) and have also, in particular, the following properties (see [21, 22]) :

v="1, v,weCR?*xR);

v(z,t),w(x,t) are rational functions of z and ¢;
v(x,t) =0 (\x|’2) ,w(z,t) =0 <|x\’2) ,|z] = oo, for each t € R; (3.4)
v(z,t) has zero scattering amplitude for fixed £ > 0 and ¢ € R in the framework

of equation (1.1) (or, in other words, v is a transparent potential).

Note that in many respects the solutions (3.1)—(3.3) of (0.5) are similar to related solutions
of the KPT equation, see [13, 21, 22].

Note that potentials v of (3.1)—(3.3) play an important role in the direct and inverse scat-
tering theory for the Schrodinger equation (1.1) at fixed energy E > 0 and in the theory of
integrable systems, see [15, 22, 30, 46, 61, 63] and references therein. However, the properties
of these potentials were not yet studied sufficiently in literature.

The main results of the present Section consist of the following :

(1) We show that (v, w) of the form (3.1)—(3.3) is a traveling wave iff N = 1. See Lemma

3.1 of the present Section.

(2) We show that there are no traveling waves of the form (3.1)-(3.3), N =1, for ¢ € Ug,
and that there is an unique (modulo translations) traveling wave of the form (3.1)—(3.3),
N =1, for ¢ € C\Ug, where ¢ denotes traveling wave velocity and Ug is defined by formula
(3.6). In addition we show that there is one-to—one correspondence between permitted
velocities ¢ € C\Ug and A-sets {\1, Ao, A3, Ay} of (3.1)—(3.3), N = 1. See Lemma 3.2 of
the present Section.

(3) We show that the large time asymptotics for the Grinevich-Zakharov potentials, that
is for (v,w) defined by (3.1)—(3.3), is described by a sum of N localized traveling waves
propagating with different velocities. See Theorem 3.1 of the present Section.

In Lemmas 3.1, 3.2 and Theorem 3.1 we present a more rigorous formulation of the results

presented above.
Lemma 3.1. Let (v,w) be defined by (3.1)-(3.3). Then (v,w) admits representation (0.10)
(and is a traveling wave solution for (0.5)) if and only if N = 1. In addition,

c=6E <X2+%+i—2>, (3.5)
AP
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Chapter II. Existence/absence of solitons for the NV equation

where ¢ is the traveling wave velocity and X is any of \;, j = 1,2,3,4, which, in virtue of (3.3),
determines uniquely the X set {\1, Ao, A3, \a} for E > 0.

Lemma 3.1 is proved in subsection 3.2.

Figure II.1 — Grinevich-Zakharov soliton

Let
U={uecC:u=re¥r<[6(2e % +¢e*)|, ¢ € [0,27]},

Ugp={ueC:u/E U}
One can see that U; = U.

(3.6)

Lemma 3.2. (a) Let ¢ € Ug. Then there is no traveling wave solution of (0.5) of the form
(3.1)-(3.8) with N =1 and the given traveling wave velocity c.
(b) Let ¢ € C\Ug. Then there exists unique (modulo translations) solution of (0.5) of the
form (3.1)-(3.3) with N =1 and the given traveling wave velocity c.
(c) There is a one—to—one correspondence between ¢ € C\Ug and the sets {1, A2, A3, \u}
satisfying (3.3).

The proof of this Lemma is given in subsection 3.2 and is based principally on the following

auxiliary lemma.
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3. Soliton solutions of the NV equation

Lemma 3.3. (a) Let c € Ug. Then equation (3.5) has no solution A satisfying |\| # 1.
(b) Let ¢ € C\Ug, then equation (3.5) has exactly four solutions A1, Ao, A3, Ay satisfying
the conditions indicated in (3.3) for N = 1.

This Lemma is a corollary of Lemma 6.1 from Section 6 and is based on an analysis of the
following algebraic equation -
c c
N—— Mt — N —-1=0
6E" ' GE

depending on the complex parameter u = ¢/FE.

Theorem 3.1. Let (v, w) be a solution of (0.5) constructed via (3.1)-(3.3). Then the asymp-

totical behavior of (v, w) can be described as follows :

N N
U~ Z Vk(gk)a w ~ Z wk(fk) ast — 00, (37)
k=1 k=1
where &, = z — cyt and
w2, LA
l 1

Functions vy, wy are defined by formulas

v = —40,0- Indet AP,

(3.9)
wp = 120%Indet A®),
where matriz A%®) is a 4 x 4 submatriz of matriz A, defined by formulas (3.2), such that
A(k) = {Alm};l,lfn:4(k;—1)+1’ (3-10)
Remark. Relation (3.7) is understood in the following sense :
N
Jlim v = tgrgo;::l vi(&k)  for fized & = z — ct, (3.11)

where

lim 1 (61) 0, for fivred & = z — ct, ¢ # cay, (3.12)
freo vi(&),  for fized £ = z — cyt.

One can see that the asymptotics (3.7) are the same for oo specified as +o0o or as —oc.
Thus the solitons of (3.1)—(3.3) for the Novikov—Veselov equation (0.5) do not interact at all
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in a similar way with the result of [45] for a family of rational soliton solutions for the KPI

equation.

‘Il“\\\v “v I ‘\\\ \
gtwgﬁ“‘!}\“m

i

Il

(5

Figure I1.2 — Interaction of Grinevich-Zakharov solitons

Theorem 3.1 is proved in subsection 3.2. The scheme of the proof of this theorem follows
principally the scheme of the derivation of the large time asymptotics for the multisoliton

solutions of the classic KAV equation (see, for example, [16]).
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3. Soliton solutions of the NV equation

3.2 Dynamical properties of Grinevich-Zakharov solutions (proofs
of Lemmas 3.1, 3.2 and Theorem 3.1)

The text of the proofs presented below does not completely follow the order of statements
in subsection 3.1 as it was constructed to form a whole logical unit. However, we specify in due

course which statement is being proved.

3.2.1 Proof of the sufficiency part of Lemma 3.1

Let us first consider the Grinevich-Zakharov potentials defined by (3.1)—(3.3) with N = 1.
Then A is a 4 x 4 matrix and, in virtue of (3.3), the choice of any of \;, j =1, 2,3, 4, uniquely
determines the set {A1, A2, A3, As}. Let us find ¢; such that A;; = A;;(z — ¢;t). Such value ¢; is

a solution of the following equation

; 1 : 1
%EW <z — et — (- ct)> - %EW (5 - %) — 3Bt <A§ - F) . (3.13)

J J J

If |A;| # 1, then this equation is uniquely solvable and its solution is given by

6F (X2+ ! +A?> (3.14)

cj = ; — == 1. .
AP Ap:

It is easy to see that due to (3.3) ¢; = ¢o = ¢3 = ¢4. Thus A = A(z — ct), and representation

(0.10) with ¢ defined by (3.5) holds. Thus sufficiency in Lemma 3.1 is proved.

3.2.2 Proof of Lemma 3.2

If ¢ € Ug, then, as follows from item (a) of Lemma 3.3, ¢ # ¢;, defined by (3.14), j = 1,2, 3,4
for any A1, Ag, A3, A4 satisfying conditions indicated in (3.3) for N = 1. This and the sufficiency
part of Lemma 3.1 imply item (a) of Lemma 3.2.

If ¢ € C\Ug, then, as follows from item (b) of Lemma 3.3, it determines via (3.14) uniquely
the set of Ay, Ao, A3, A4 satisfying conditions indicated in (3.3) for N = 1. Then the solution
(v, w), constructed according to formulas (3.1)—(3.3) with N = 1, constitutes a traveling wave

solution of equation (0.5) with the given velocity c. In the construction procedure one of the

parameters -y; can be chosen arbitrarily and it determines uniquely the whole set {7y1,...,74}.
One can see that the transform
z =2+,
t—t+T7

turns the potential (v, w) into another Grinevich-Zakharov potential (9, @) with the parameters
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{M, A, 91, -+, Ya ), where

N Y : 1
%_%:7< _P>_32E3/ZT (A?—ﬁ> (3.15)

for j =1,2,3,4.

On the other hand, if (9, w) is a Grinevich-Zakharov potential with the set of parameters
{AM, -, A\, 91, .-, Y4}, then it can be obtained from (v,w) by a translation, i.e. 0(z,t) =
v(z+(,t+7), w(z,t) = w(z+ (,t+ 1) for appropriate ¢ € C and ¢ € R such that (3.15) holds
for some j (equations (3.15) are equivalent for j = 1,2,3,4 in virtue of (3.3)). In addition, one

can assume, for example, that 7 = 0 in this translation.

Thus we have proved that any ¢ € C\Ug determines uniquely, modulo translations, the
solution of (0.5) of the form (3.1)—(3.3) with NV = 1 and the given traveling velocity c. This

proves item (b) of Lemma 3.2.

Item (c) of Lemma 3.2 follows immediately from Lemma 3.3. Lemma 3.2 is proved.
3.2.3 Proof of Theorem 3.1

Let us consider a more convenient representation of (v,w) defined by (3.1)-(3.3). For this
purpose we first perform the differentiation with respect to z in the right—hand side of formula
for vin (3.1) :

AN
Aii 4
v = —40, [(det A)'0:(det A)| = —40. |(det A)" 3 aa; Ayl (3.16)
ij=1
where A;; is the (i,7) cofactor of the matrix A. Similarly,
4N aAZ .
w =120, |(det A)~" Y azj Ajj (3.17)
ij=1
In matrix A only diagonal elements depend on z, z, thus
AN AN 1
v=—2E"20, |(det A)7' YAy, w=—6iEY?0, |(det A)T' Y 12 (3.18)
j=1 =173

Let us consider the following families V) and W) of systems of linear algebraic equations
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3. Soliton solutions of the NV equation

for functions @/),(gj), n;(f), J,k=1,...4N :

4N ,
VO S A = —2iEY?5,,;, m=1,...,4N, (3.19)
k=1
) 4N ) 1
W@ S Ay = —6¢E1/2ﬁ5mj, m=1,...,4N. (3.20)
k=1 J

Then functions v, w can be represented in the following form

4N 8@[)(j) 4N an(j)
v=> —L- w=> —L-. (3.21)
o 0z o 0z

) ,
In order to write a system of linear algebraic equations for a—gi— = (1/1,2] )) , we differentiate
z

(3.19) with respect to z :

AN ) AN '
S (A 00 + 3 A (67) =0, m=1,...,4N,
k=1 k=1 z
and thus obtain
% (4) B ()
];Amk( i )Z:—QA% Y9 m=1,... 4N. (3.22)

Now let us note that A;; can be represented in the form

iEY2 [ 1
Ajj = — [(2 = Gt) = gz —gt)| =

J

where ¢; is given by formula (3.8). As follows from item (c) of Lemma 3.2 ¢; = ¢, iff [ (j—1)/4] =
|(k —1)/4], where |z] denotes the integer part of x.

Now let us fix

E=z—ct
s () (4)
and find the limits 1y } R , (wk ) R . We note that

00 z 00
¢ fixed ¢ fixed

Y2 1

ay =T € - - e+ - .
J

If c =c¢j, then Aj; = iE;/Q {f_— %f] and is independent of t. Otherwise, |A;;| — oo ast — oo
J
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at fixed £. We substitute this into (3.19) and consider the leading term in the Cramer formula

for w,(gj ) as t = co. Thus we obtain

wlij)‘ F e :wlij)(g)’ k,jZCk:Cj:Q
¢ fixed

d’iij)‘t_)OO =0, k:ck#COI‘j:Cj#c.
¢ fixed

Here Qﬁ,ij )(f) denotes some function of ¢ independent of ¢ at fixed &.

Similarly, from (3.22) we obtain that

@), =0© kia=¢=c
¢ fixed

<w,ij))z F o =0, kicp#corj:cj#ec,
¢ fixed

and, as previously, 1/_1,? )(f ) denotes some function of ¢ independent of t at fixed &.

In addition, one can see that if there exists k such that ¢ = cy—1)4+1 = ... = c4, then
4k )
v| = > () =wl9), (3.23)
t—=00 4 ’
¢ fixed

where v}, is defined by formula
v = —40.0; Indet AW (3.24)

matrix A®) is a 4 x 4 submatrix of matrix A from (3.2), such that A®) = {Alm}iﬁq=4(k71)+1-

Similarly, for the case of function w we have

:ﬁl(cj)(g)a k)j: C = C; = ¢,

nzf;j)\ F o = i), (nzij))z

t — 00
¢ fixed § fixed
nlij)‘t_}OO =0, (77;(4'))2 e =0, k;;ck%corj:cj#c,
¢ fixed ¢ fixed
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4. Absence of sufficiently localized solitons at E # 0

where 7(€), 71.(€) are some functions of & independent of ¢ at fixed €.

If there exists k such that ¢ = ¢yx—1)41 = ... = ca, then
4k .
w| = > 7€) =w(f), (3.25)
S T ’
¢ fixed

where wy, is defined by formula
wi, = 120% Indet A®) (3.26)
and matrix A% is the same as in (3.24).

From (3.21), (3.23)—(3.26) it follows that

N N
v~ Y (&), w e D wel(é), t— oo (3.27)
k=1 k=1

Here & = 2z — cait, v, wy are defined by (3.9)—(3.10) and the meaning of the relation (3.27) is
specified by (3.11)—(3.12). Theorem 3.1 is proved.

3.2.4 Proof of the necessity part of Lemma 3.1

From (3.27), taking into account (3.11)—(3.12), one can see that (v,w) can be a traveling

wave only if N = 1. This completes the proof of Lemma 3.1.

4 Absence of sufficiently localized solitons at E # 0

Solitons from the family of Grinevich-Zakharov potentials of [21] and solitons constructed in
9] are solutions of the Novikov-Veselov equation localized in space as O (|z|™2), |#| — oo. In this
Section we prove that this is almost the optimal localization that can be obtained for soliton
solutions of the Novikov-Veselov equation at nonzero energy, i.e. localization stronger than
O (|z|73), |z| — oo, is already not possible. These results are a continuation of work started in
[51], [36] where the absence of exponentially localized solitons for the Novikov-Veselov equation

at nonzero energy was proved.
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Chapter II. Existence/absence of solitons for the NV equation

4.1 Formulation and proof of the result

In this subsection we are concerned with regular, sufficiently localized solutions of (0.5) at

nonzero energy F # 0 satisfying the following conditions

ev,w e C(R*x R), v(-,t) € CR?) Vt€R; (4.1)

q(t)

J -
o |vu(x,t)] < 0+ 2P j=

(j1,J2) € (NUO0)?, ji + j2 < 4, for some ¢(t) > 0, > 0;
(4.2)

o |w(xz,t)] — 0, when |z| - oo, te€R. (4.3)

The main result of this Section consists in the following theorem.

Theorem 4.1. Let (v,w) be a soliton solution of (0.5) with E # 0 satisfying properties (4.1)-
(4.3). Then v =0, w = 0.

In order to prove this result we use methods of the scattering theory for the 2-dimensional
Schrodinger equation. Note, however, that we do not impose a priori the small norm assumption
or any condition that guarantees the unique solvability of the scattering equations. A priori we
allow for the Faddeev eigenfunctions to have singularities. Then, by using special eigenfunctions
of the 2-dimensional Schréodinger operator introduced in [3] and ideas proposed in [51], we are
able to prove that such singularities are absent. This result justifies the use of the inverse
scattering method which implies that the only possible soliton solution of (0.5) with E # 0
satisfying properties (4.1)-(4.3) is zero.

We will start the proof of Theorem 4.1 by formulating some preliminary lemmas. The proofs
of Lemmas 4.1 and 4.2 are given in subsection 4.3. The proof of Lemma 4.4 is given is subsection
4.2.

Let us denote by

S(A) =A{a(A),b(A), (), B(N)}, A e C\(EULD), (4.4)
the scattering data for a potential v, defined by (1.28)-(1.31) in the framework of equation

(1.1).

Lemma 4.1. Let v(z) be a potential satisfying (1.2a), (1.5) with the Fredholm determinant
A(N), defined by (1.26) in the framework of equation (1.1), and the scattering data S(X\), \ €
C\(EV0). Then the Fredholm determinant A,(X) and the scattering data S, () for the potential
vy(2) = v(z — 1) have the following properties :
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4. Absence of sufficiently localized solitons at E # 0

1. Ay(N) = AN ;
2. scattering data S,(X\) are defined for A € C\(EUO0) and are related to S(N) by the following

formdas
a(N) = a(V), (15
b,(\) = exp {Z‘gﬁ (1 + (sgnE)%) ((senE)on + )\ﬁ)} b(N), (4.6)
o) = a0 + 2 (3~ Ln) o), )
8,(A) = exp {“QE (1+ (SgnE))\—l/_\) ((snB)Ay + )\ﬁ)} (m) AL (- %n) b(/\)> .

(4.8)

Lemma 4.2. Let (v, w) satisfy equation (0.5) for some E # 0 and conditions (4.1)-(4.3). Let
S(\, t) be the scattering data for v defined by (4.4) for a certain A € C\(€ UO0) and all t € R.

Then the evolution of these scattering data is described as follows :

a(\ 1) = a(),0), (4.9)
b 1) = exp {i(\/E) </\3 + % + (sgnE) (P + %)) t} b(\,0), (4.10)
a(\ 1) = a(A,0) + 3i(VE)? ()\3 Alg) (a1, 0) — B(0))t, (4.11)
B 1) = exp {z’(\/E) ()\3 4 % 1 (sgnE) ( %)) t} ( (A, 0) + 3i(VE)® ()\3 - %) b\, O)t) ,
(4.12)

where ©(0) = [ v(¢)dReldIm(
C
Note that formulas (4.8), (4.12) will not be used in the proof of the main result; however
we present them here for consistency of exposition.
Lemma 4.3 (see [51]). Let (v, w) satisfy equation (0.5) for some E > 0, conditions (4.1) and

: t o o
|05v(z, t)] < #, i = (j1,72) € (NUO)? ji +j2 <3, for some q(t) > 0,e > 0,

lw(z,t)] — 0, as |z| — 0o, VteR.

In addition, let v be a soliton, i.e. v(z,t) = V(z — ct) for some ¢ = (c1,ca) € R?. Then
flk,1)=0, k,1 € R?, k* =1* = E > 0, where f is the scattering amplitude for the potential v
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Chapter II. Existence/absence of solitons for the NV equation

in the framework of the Schrodinger equation (1.1).

Lemma 4.4. Let (v, w) be a soliton solution of equation (0.5) for some E # 0 satisfying condi-
tions (4.1)-(4.3). Let a, b be the scattering data for v defined by (1.28), (1.29), correspondingly.
Then a(\,t) =0, b(A\,t) =0 for A € C\E.

Proof of Theorem 4.1. In view of Lemmas 4.1-4.4 the concluding part of the proof of Theorem
4.1 consists in the following. First of all, if (v, w) is a soliton solution of equation (0.5) for some
E > 0, then v is transparent due to Lemma 4.3.

Further, from item 1 of Lemma 4.1 it follows that the modified Fredholm determinant A
and, as a consequence, the set € of its zeros do not depend on t.

Lemma 4.4 together with item 7 of Statement 1.2 and equation (1.37) imply that A is
holomorphic on C\(£ UT U0), where T'= {\ € C: |A\| = 1}. From items 1, 2 of Statement 1.1
it follows that A is holomorphic on C\(EUT).

Suppose now that € # @. Since € is a closed set, then there exists A\, € & such that
A| = I/{lelgl |A|. Note that item 2 of Statement 1.1 implies that |\.| > 0.

If [\ > 1, then A()) is holomorphic on Dy = {\ € C: |\| < 1} and items 2, 3 of
Statement 1.1 imply that A = 1 on Dy. If |A\] < 1, then A(\) is holomorphic on the set
D = {X € C: |A\] < \.} and items 2, 3 of Statement 1.1 imply that A =1 on D". On the
other hand, A(\,) = 0, which contradicts item 1 of Statement 1.1. Thus we have proved that
A(X) =1 on Dy. Item 5 of Statement 1.1 implies that A(A) =1 on D_ = {X € C: |\| > 1}.
Finally, from item 1 of Statement 1.1 it follows that A =1 on C.

Function g is holomorphic on C as follows from items 2, 3 of Statement 1.2 and the establi-
shed facts that £ = @, b = 0. Function pu is also bounded due to item 3 of Statement 1.2. From
Liouville theorem it follows that x = 1. Then, finally, from (1.40), (1.41) we obtain that v = 0.

O

4.2 Vanishing scattering data for the localized soliton solutions of

the Novikov-Veselov equation at F # 0 (proof of Lemma 4.4)

Proof. Since (v,w) is a soliton, from item 1 of Lemma 4.1 it follows that the set € of values
of A € C for which the scattering data a(\,t), b(\,t) are not well-defined does not depend on
t. Lemma 4.3 also implies that if (v, w) is a soliton solution of equation (0.5) for some E > 0,
then v is transparent.

We will start by proving that the scattering data b(\,t) vanish everywhere where they are
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4. Absence of sufficiently localized solitons at E # 0

well-defined. Since (v, w) is a soliton, the time dynamics of b is described by the formula

b\ 1) = exp {@ ((/\ + (sgnE)%) it + ((sgnE)/_\ + %) ct) } b(), 0)

(see formula (4.6) of Lemma 4.1). Combining this with (4.10) from Lemma 4.2 gives
exp {z(\/E) ()\ + 5+ (senF) ()\ + E)) t} b(\,0) =
vV E 1 - 1
= exp {%_ <</\ + (sgnE)j) ct + ((sgnE))\ + X) ct>} b(A,0).

Since functions A, A, A%, A%, 1, 1, 35, 35, 1 are linearly independent in any open nonempty
neighborhood of any point in C\0 and b(A,0) is continuous on C\(€ U 0), we obtain that

b(A,0) =0 on C\(EUDO).

Now we will use a similar reasoning to prove that the scattering data a(\,t) vanish everyw-
here where they are well-defined. From (4.7), (4.11) we get that

a(X,0) +

“F ()\5 _ %c) ta(), 0) = a(),0) + 3i(VE)® (AB - %) t(a(X, 0) —(0)),

3i(VE)* (A — &) 0(0)
Bi(VEP (X — &) — ME (Ae— fe)

a(A,0) = (4.13)

We will prove that expression (4.13) implies that ©9(0) = 0 and thus a(A,0) = 0 for A €
C\(EU0).

First of all, let us consider the right-hand side of expression (4.13) :

3i(VE)* (N = &) (0)

a(\) & 4 . (4.14)
Bi(VE) (W — &) — ™4 (Ae - 1c)
It is well-defined everywhere except for the points which are the roots of equation
1 ivVE 1
~ 3(\3 - _
B (V- L) -V (e L) 1

Evidently, equation (4.15) has six roots A;, j = 1,...,6, counted with multiplicity. These roots

are studied in detail in Lemma 6.1 of Section 6. In particular, it is shown that for any value of
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parameter ¢
equation (4.15) has at least two roots on T'={\ € C: [\| = 1}. (4.16)

Now the proof is carried out separately for cases £ > 0 and E < 0.
. E>0

Consider equation (1.17). From transparency of potential it follows that h, = 0. For a

transparent potential relation (1.18) transforms into
A (k)= AT(K), kY ER:, K =E, =1 (4.17)

From (1.8) it follows that AT (|k]) # 0 and, thus, A, (k) # 0 Vk € R?, k? = E. From item 6
of Statement 1.1 we obtain that A(A(1 F0)) = AT(|k]) # 0, A = I“Jr—\/%” € T'. Consequently,
ENT = @, which implies, in particular, that functions hy (A, X') of (1.34) are well-defined for
A € T. From equations (1.35), (1.36) for a transparent potential we obtain that hy (A, X') = 0.
Then from (1.33) we obtain that a(A) =0 on T In view of formula (4.13) and property (4.16)
this can only be true if

(0) = 0. (4.18)

II. E<0

For the negative energy level we will consider two subcases depending on whether A vanishes
on T or not. Note that item 6 of Statement 1.1 implies that if A vanishes in one point of T,

then it vanishes in every point of T
(i) A#0onT

In this subcase a(\, 0) and b(A,0) are well-defined on 7. Thus b(A,0) = 0 on T. From item
10 of Statement 1.2 we obtain that a(\,0) = 0 on 7. In view of representation (4.13) and
property (4.16) this can only hold if 9(0) = 0.

(i) A=0on T

Denote by Ayin the minimal in absolute value root of equation (4.15) and By = {\ €
C: |A] < |Amin|}- Let us also define

v ={re’, r >0, p; €0,21): ¢; = Arg\;}, j=1,...,6, (4.19)

i.e. 7, are rays starting at the origin and passing through the roots of polynomial (4.13) (some
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of them might coincide). Finally denote

Q= (@\ G %) LBy (4.20)

Note that 2 is simply connected and a of (4.14) is well-defined and holomorphic on €.
Consider function A defined on Q by

A =dN)D(N), (4.21)
S =expU(N), TN = / a(¢)dc, (4.22)
() = —W (a (—(sgnE)%) - 00)).

Note that from expression (4.13) it follows that @(\) is well-defined at A = 0 and thus the

integral in (4.22) makes sense.

For A defined via (4.21) we have that

YAeQ AN #0. (4.23)

Now we will obtain an expression for the modified Fredholm determinant A similar to (4.21).
Recall that due to item 3 of Statement 1.1 A € R and due to item 2 of Statement 1.1 A(0) > 0.

Counsider
D= |J I, l,={re®,0<r <" <1: A(re™) > 0,A(r'e’?) = 0},
D = U l~<ﬂ’ ZS@ = {Teﬁpa 0 g r g 70/ < 1: A(?"ei(p) > O, A(’I“lei(p) = O}’
p€E[0,27)

= |J 2z 2,=r"e¥ 0<7" <1, such that A(r'e®) =0, A(re’) >0 VO<r <7
p€0,2m)

Note that D = D UT. Domain D is simply connected and A > 0 on D. Thus a(),0) is
well-defined on D and, in particular, (4.13) holds on D.

Denote 3
() = —W (a (—(sgnE)%) ~0(0), Ae D\ (4.24)

From definition (1.28), asymptotic formula (1.41) and symmetry property stated in item 4 of
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Statement 1.2 it follows that u is bounded as A — 0. From item 11 of Statement 1.2 and
the established fact that b = 0 on C\E it follows that a is a holomorphic function on C\E.

Thus u(A) defines an antiholomorphic function on D. Then using also (1.37) we obtain that
_ _ X
InA =U(N) + f(A) on D, where U(X) = [u(¢)d¢ and f(A) is some holomorphic function on
0

D. From item 3 of Statement 1.1 it follows that f(A) = U(X). In other words,

A(X) = ©(A)P(N) on D, where ®(\) =exp U(N).

Note that A is defined on D since D = DUT and A = 0 on I'. From item 1 of Statement 1.1

it also follows that A is continuous on D. We also have that
A=AonDNQ, (4.25)

where A is defined in (4.21) and Q is defined in (4.20).

Now choose some ¢, such that l}, € DNQ. Then 2, € DN and A(z,) = 0. However, from
(4.23) we get that A(z,) # 0 which contradicts (4.25). Thus we have shown that subcase (i),
when A =0 on 7T, cannot hold.

We have shown that 9(0) = 0 and, consequently, a(A,0) =0 on A € C\(E UO0). O

4.3 Dynamics of scattering data (proofs of Lemmas 4.1, 4.2)

Proof of Lemma 4.1.

1. Ttem 1 of Lemma 4.1 can be proved by considering the right-hand side of (1.26) as a sum
of convergent series; then it can be checked that every member of this series for A, ())

coincides with the corresponding member of the series for A(A).

2. We note that ¢(z —n, \) satisfies (1.1) with v,(z) and has the asymptotics

bz =, N) = e FOEDHEIN (1 o(1)),

as |z| — oo. Thus for Faddeev eigenfunction ,(z,\) corresponding to potential v,(z)
we obtain the following representation : ¢, (z, A) = R (i Nap(z —n, \). Consequently,
for function f,)(z, A) corresponding to function 1, (z, ) and defined via (1.19) we have

fin(2, A) = p(z — n, A).
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For the scattering data we have

ay(N) = Z [ 00(QraglC, ) dReCalmC = { [ (¢ = mu¢ = 1, \)dReCdlm¢ = a())

b(N) = [[ exv {“f (1 (s20)55 ) (B¢ + ) } 0Oty (¢, AR eCdImE =

= [ e {Z = (1+ (enE) 55 ) ()G + AE)} o(C = (¢ — 1, \)dRe¢dImC —

= exp {@ (1 + (SgnE)%> ((sgnE)S\n + /\f))} b(A).

Similarly, to derive formulas (4.7), (4.8), we note that p(z—mn, A) satisfies (1.1) with v, (2)

and has the asymptotics

oo =03 = oo (ME (g - L) o).

as |z| — oo. Thus for eigenfunction ¢,(z,A) of equation (1.1) with potential v, (z) satis-

fying asymptotics (1.20) we obtain the following representation : ¢, (2, ) = e "5E (/) (p(z—

n,A) + “éﬁ ()\77 — %77) Y(z —n, A)). Consequently, for function v,(z, A) corresponding to
function ¢, (z, A) and defined via (1.20) we have v, (2, \) = v(z—n, )\)+%E ()\_ - %n) p(z—
n,A).

For the scattering data we have

a,(\) = / / 0 () (€, N)dReCdIm¢ =
C

= //U(Q—n)l/((’ —n, A)dReCdIm(¢ + Z\QE </\7_} — %7}) //U(C_U)N(Q_Uy A)dRe¢dIm( =
C c
=a() + Z\QE </\_ - %7)) a(A)
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(1 + (sgnE)%) ((senB)AC + Ag‘)} 0n(C)v (€, N)dReCdIm¢ =

- Z / exp {“/E (1 + (sgnE)%) ((sgnEYXC + Ag‘)} v(¢ = n)v(¢ = n, \)dReCdIm( +

WE /. 1
T (An_in)x

1

X Z/ exp {@ <1 + (sgnE)ﬁ> ((sgnE)/_\C + )\C_)} v(¢ —n)p(¢ —n, \)dRe(dIm¢ =

= exp {@ (1 + (SgnE)%) ((sgnE)S\n + )\ﬁ)} (6(/\) + Z\QE </\7_) - %77) b(/\)> :
O
In order to prove Lemma 4.2 we introduce the following operator
T =0, — 807 — 2wd, — 892 — 2w0s, (4.26)

where w is defined via (0.5b) for some potential v and |w| — 0 as |z| — oo V¢t € R. Note that
T = 0, + A, where A is the operator of (0.9).
We will need the following auxiliary lemma describing how 7" acts on the spectral solutions

of the two-dimensional Schrodinger equation.
Lemma 4.5. Let v satisfy conditions (4.1)-(4.2) and

q(t) .
o(x,t)| < —————, for some ¢(t) > 0.
Suppose that for a certain X € C, |\| # 1, and t belonging to a certain interval t € (t1,ts)
solution ¥ (z, \,t) of (1.1) with asymptotics (1.19) exists and is unique. Similarly, suppose that

solution (z, \,t) of (1.1) with asymptotics (1.20) exists and is unique. Then

i . 1
T = i(VE) 5202/ <<)\3 + F) + 0(1)) . as |2 = oo, (4.27)
i . v E 1 1 1
Ty =i(VE)% FEOs/y) IV ()\3 + —) ()\5 - —z) +3 ()\3 - —) +o(1) |, aslz|] > .
2 e X e
(4.28)
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4. Absence of sufficiently localized solitons at E # 0

Proof. First of all, since we assumed that w — 0 as |z| — oo, from Statement A.1 it follows
that in order to demonstrate (4.27), (4.28) it is sufficient to show that

opu—0, dFu—0 u—0, j=1,23, as|z| = oo, (4.29)
v E vV E
ov—0, O,v— —%)\_, Osv — Z\g_)\, oy —0, v —0, k=23, as|z| = oo,

(4.30)

ivVE

where u(z, A\, t) = e 2 SE

P2/ (2, M 1), v(z, A\ t) = e 2 W42/ (2, A, ). We will only prove
properties (4.29). Properties (4.30) are proved similarly.

Function ( is defined as the solution of the integral equation (1.21), where notation (1.23)

is used. Differentiating (1.21) with respect to ¢ yields the following integral equation for Oy :

otz A1) = [[ 9z = ¢ Naw(C Oa(C A HdReCdImC+
C

-I—//g(z ¢ N)0(C )G, DdReCdImC . (4.31)
C

Differentiating (1.21) j times with respect to z yields the following integral equation for
TR

z

Oz 0 t) = [[ gz = G NG O(C N O)dReCdImG, j=1,2,3. (432)
C
Similarly, &2 1 satisfies the following integral equation

Oz N 1) = [[ 9z = ¢ NAUC Hu(C A )dReCdime, §=1,2,3. (4.33)
C

Equation (4.32) is an equation on the unknown function &/p, where it is assumed that
functions 0%, k < j, are already defined. Similarly equation (4.33) is an equation on the
unknown function & p, where it is assumed that functions Ok, k < j, are already defined. The
assumptions of Lemma 4.5 imply that for each of the equations (4.31), (4.32), (4.33) its solution
exists, is unique and can be represented as (1 + |z|)2**/2u(z, \,t) with some corresponding

u(-, A\ t) € L*(C).

It was shown in [47] that function ¢ defined by (1.23) possesses the following property :
lg(z, \)| < %gft for YA € C, |A| # 1 and sufficiently large z, and |g(z, A)| < constIn|z| for
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Chapter II. Existence/absence of solitons for the NV equation

VA € C, |A| # 1 and sufficiently small z. This property implies that

//g(z — ¢ NU(C)dReCdIm| — 0 as |2] — oo
C (4.34)

for any U € L'(C) N L*(C).

Let us denote by £(z, A, t) the solution of any of the equations (1.21), (4.31)-(4.33). As
noted before, £(z,\,t) can be represented in the form &(z, A\, t) = (1 4 |2])>*/2u(z, A\, t) for
some u(-, A\, t) € L?*(C). Then from assumptions on v it follows that dv (-, ¢)¢(-, A\, t) € L'(C) N
L2(C), do(-,t)(-, M\ t) € L'(C) N L*(C) for j =0,...,3 and dy(-,t)E(-, A\, t) € L'(C) N L*(C).
Thus, from (4.34) with U(-) = dyw(-, t)u(-, A\, t) and U(-) = v(-,t)0u(-, A, t) it follows that the
right part of (4.31) tends to zero as |z| — oo. Similarly, considering equations (4.32), (4.33)
consecutively we obtain that the right part of each of these equations tends to zero as |z| — 0.
Consequently, Oyt — 0, &I — 0, Ep — 0, j = 1,2,3, as |z| — oo.

U

Proof of Lemma 4.2. Formulas (4.9), (4.10) have already been known in literature (see for
example [22]). Since their derivation is similar to the derivation of formulas (4.11), (4.12), we
confine ourselves to the derivation of the latter. The derivation of analogs of formulas (4.9)-
(4.12) for the case of zero energy can be found in [3].

Equation (0.5) represents a condition under which the following is true
[T, Lln = ETn, Vn: Ln= En, (4.35)

where L is defined in (1.1) and T is defined in (4.26) (see [43], [3]).
Let us take n = ¢, where ¢ is the solution of Ly = F¢ with the asymptotics (1.20). Then
(4.35) implies
LTy = FEp.

From Lemma 4.5 we have that
i - N E 1 1 1
T — i(VE) e O+ (% </\3 + —) </\2 _ —z> +3 ()\3 _ F) + 0(1)> 12 = oo

The uniqueness of the solution of (1.1) with the asymptotics (1.19) at the considered value of
A implies that
Te =i(VE)® (/\3 +

%) o+ 3i(VE) ()\3 - %) "

40



4. Absence of sufficiently localized solitons at E # 0

In other words,
Bup = 8 + 2w + 803 + 2000 + i(VE)? ()\3 + —) o+ 3i(VE)? (A?’ - —) 0. (4.36)

Now we write (), t) in the form

a(At) = / / e~ SEOTHN (¢, 1) p(C, N, £)dReCdImd
C

and compute its derivative with respect to time :

da(n 1) = [[ e SO0 (¢ A, DdReCdImC+
C

+ [[ e SO )0 ¢ A, t)dReCAImC . (4.37)
C

Substituting (0.5) and (4.36) into (4.37), integrating the resulting expression by parts and
taking into account that —49:0zp + vy = Ep, we obtain

0\ 1) = 3i(VEP (X - %) (a(), 1) — 9(0)), (4.38)

where 9(0) = [[ v({)dRe(dIm( (see subsection A.2 of Appendix for a detailed derivation of this
C
formula). Formulas (4.9), (4.38) yield (4.11).

Similarly, we write 3(\,t) in the form

B(At) = / / SEEsmEOCHN (¢ 1) o(C, N, £)dReCdIme
C

and compute its derivative with respect to time :

AN t) = / / e SFESECHN 3,0 (¢ 1)p(C, A, £)dReC dImC +
C

+ [[ SEEOSN(C 1)ap(C, A, )dReCdTMC. (4.39)
C

Substituting (0.5) and (4.36) into (4.39), integrating the resulting expression by parts and
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Chapter II. Existence/absence of solitons for the NV equation

taking into account that —49:0zp + vy = E¢, we obtain

9B\ 1) =i(VE)? <A3 + 1y (sgnF) <7\3 + %)) B\ t) + 3i(VE)? </\3 -

. i) b\, 1) (4.40)

\3
(see subsection A.2 of Appendix for a detailed derivation of this formula). Using formula (4.10),
we obtain (4.12). O

5 Absence of conductivity type solitons at £ = 0

The study of the Novikov-Veselov equation at zero energy presents, in a certain sense, a more
difficult case in comparison with the case of nonzero energy due to the fact that the scattering
data of the associated two-dimensional stationary Schrédinger equation at zero energy have a
logarithmic singularity at the origin. Thus even the small-norm assumption on the potential does
not guarantee the solvability of the direct scattering equations (see Section 2). However, there
exists a class of potentials, the so-called conductivity type potentials, for which the scattering
data are everywhere well-defined. The importance of this class of potentials is two-fold : they
arise in physical applications and they exhibit some interesting mathematical properties. In the
present Section, using the property of nonsingularity of the scattering data for the conductivity
type potentials, we prove that the Novikov-Veselov equation at zero energy does not possess
solitons of conductivity type localized as O (|z|7>7¢), |x| — oo, for Ve > 0. Note that there
exist, however, localized nonsingular soliton solutions of the Novikov-Veselov equation at zero
energy which are not of conductivity type. For example, in [6] a nonsingular rational stationary
solution of (0.5) at £ = 0 is presented :

1 1
v(z,t) =U (—z,t) , w(z,t) = -3V (52,15) , where

2
2402z
Utz 1) = - (302222 + 1)2
36002122 — 12072
V(z,t) = e :

(302222 + 1)
Note that |w(z)| = O (]z|7?) as |z] — .
Recall the definition of the conductivity type potentials given in Section 2.

Definition. A potential v € LP(R?), 1 < p < 2, is of conductivity type if v = v~ Y2A~yY2 for
some real-valued positive v € L>(R?), such that v > 0y > 0 and V42 € LP(R?).

Potentials of conductivity type arise naturally when the Calderén conductivity problem
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5. Absence of conductivity type solitons at £ =0

is studied in the context of the inverse scattering problem for the 2-dimensional Schrodinger
equation at zero energy. The problem of recovering an electrical conductivity from boundary
measurements, voltage and current proposed by A.P. Calderén in [5] consists in the following.
Let 2 be a bounded domain in R™ n > 2, and let v be a real-valued function in L>()
with a positive lower bound. The corresponding Dirichlet-to-Neumann map is the operator
A, HY2(0Q) — H1/2(00Q)

Ay f =Vu-vlge,

where f € H'Y2(0Q), v is the outer normal to 9 and u is the unique H'(f2) solution of the
Dirichlet problem
V(")/VU) =0 in Q,u‘ag = f (51)

Equation (5.1) represents the conservation of the electrical charge on € if the voltage f is
applied to 02, and A, f is the current flux at the boundary. The Calderén problem consists in
finding v in € given operator A,.

One of the first and most studied strategies to solve Calderéon problem is to substitute
@ = u,/7 into (5.1) to obtain

A
(—A+v)u=0in Q with v = —ﬁ (5.2)
val
If we define the Dirichlet-to-Neumann operator
Avf =V - I/|ag, (53)

where f € H'/2(9Q) and 4 is the unique solution of the Dirichlet problem for (5.2) with value f
on the boundary, then it can be related to A, in the following way : A, = 12 (A7 + %%) 12,
Thus the Calderén problem can be reduced to the inverse scattering problem for the two-
dimensional Schrédinger equation (5.2), i.e. to finding the potential of the Schrédinger operator
of (5.2) given the associated Dirichlet-to-Neumann operator (5.3). In this form the problem was

first posed by .M. Gelfand in [16].

There exists a vast range of works devoted to the Gelfand-Calderén problem (we note,
in particular, paper [48], where the first reconstruction algorithm was proposed) ; the reader
may refer, for example, to [57] for a review of related results. In this work we will be mostly
interested in the result of [46] which states that the scattering data for the Schrodinger operator

with potential v of conductivity type are nonsingular.

Potentials of conductivity type exhibit some interesting mathematical properties related to
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Chapter II. Existence/absence of solitons for the NV equation

the Novikov-Veselov equation. In [41] it was shown that the Novikov-Veselov equation at zero
energy preserves the conductivity property of solutions. In [55] it was noted that the solutions of
the Novikov-Veselov equation of conductivity type are exactly the range of the solutions of the
modified Novikov-Veselov equation (a member of the Davey-Stewartson II integrable hierarchy
and a (2 + 1)-dimensional analog of mKdV) under a Miura-type transformation proposed by
L.V. Bogdanov in [2].

In this Section we prove that the Novikov-Veselov equation does not have conductivity
type solitons localized stronger than O (|z|~2), |z| — oco. More precisely, in this subsection we

are concerned with the solutions of the Novikov-Veselov equation that satisfy the following

conditions :
ev,we C(R*x R), v(-,t) € C*(R?) VteR; (5.4)
. t
o |0v(x,1)] < %, j = (j1,42) € (NUO0)?, j1+ j» < 3, for some q(t) > 0,e > 0;
(5.5)
o |lw(xz,t)] — 0, when |z| - o0, teR. (5.6)

The main result of the present Section consists in the following theorem.
Theorem 5.1. Let (v,w) be a traveling wave solution of (0.5) of conductivity type satisfying
conditions (5.4)-(5.6). Then v =0, w = 0.

The proof of the theorem is based on the ideas proposed in [51]. First we present a lemma

that describes the scattering data corresponding to a shifted potential.

Lemma 5.1. Let v(z) be a potential satisfying (1.2) with the scattering data b(X\). The scattering
data b,(X\) for the potential v,(z) = v(z —n) are related to b(\) by the following formula

by(A) = XTADB(N) A e C\0, neC. (5.7)

Proof. We note that ¢(z —n, \) satisfies (2.1) with v,(2) and has the asymptotics ¢(z —n, ) =
e (140(1)) as |2| — 0o. Thus 9, (2, A) = e?h(z—n, A) and p,(z,\) = p(z—n, \). Finally,

we have

ba(N) = [ 0500, (C)pag ¢, A)dReCdImC =

C
- / / Dy (¢ — )ue(¢ — n, A)dReCdIm¢ = efMHADp( ),
C
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5. Absence of conductivity type solitons at £ =0

O

As for the time dynamics of the scattering data, in [3], [27] it was shown that if the solution
(v,w) of (0.5) at ' = 0 exists and the scattering data for this solution are well-defined, then

the time evolution of these scattering data is described as follows :
b(A, 1) = SN 0), AeC\0, teR. (5.8)

Now we are ready to give the proof of Theorem 5.1.

Proof of Theorem 5.1. Since (v,w) is a soliton solution of (0.5) at £ = 0, the dynamics of its
scattering data b is described by (5.8) and by (5.7) with n = ¢t for some ¢ € C. From (5.7), (5.8),
continuity of b(\) on C\0 and the fact that the functions A, X, A, A?, 1 are linearly independent
in the neighborhood of any point, it follows that b = 0. Equation (2.8) implies that in this case
function p(z, A) is holomorphic on A, A € C\0. Using items 4 and 3 of Statement 2.1 we apply
Liouville theorem to obtain that g = 1. Then (2, \) = €** and from (2.1) it follows that
v=0. U
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Chapter 111

Large time asymptotics for solutions of the

Novikov-Veselov equation

6 Large time asymptotics for transparent potentials for

the Novikov-Veselov equation at positive energy

In this Section we study the large time asymptotics of the solutions to the Cauchy pro-
blem for the Novikov-Veselov equation at positive energy. We consider the Cauchy problem for
equation (0.5) at F > 0 with the initial data

v(z,0) =vo(z), w(z,0)=we(x). (6.1)
We will assume that function vy(z) satisfies the following conditions

® Uy = Uy, i.e. vy is a real-valued function, (6.2a)
e the integral equations of direct scattering for the 2-dimensional Scrodinger equation

(1.1) with the given potential vy(z) are everywhere uniquely solvable,

(6.2b)
e 1y € §(R?), where 8 denotes the Schwartz class, (6.2¢)
e vy is transparent for (1.1) . (6.2d)

As for function wy(z), we will assume that it is a continuous function decaying at infinity and
determined using d;wy(z) = —30,vp(x) from (0.5).
Condition (6.2b) is equivalent to non-singularity of scattering data for vy(z). Conditions

(6.2) define the class of initial values for which the direct scattering equation (1.21) and the
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6. Large time asymptotics for transparent potentials for the NV equation at £ > 0

inverse scattering equation (1.38), together with items 1, 3 of Statement 1.2 and the time
dynamics given by (4.10), are everywhere solvable and the corresponding solution v of (0.5)
belongs to C*°(R?, R). Note that the Novikov-Veselov equation does not preserve the property
of strong space localization, since its solutions, satisfying conditions (6.2) at the initial moment
of time, are localized as O (|z|™3), |z| — oo, at any subsequent moment of time (see [25]). Our
choice to study transparent potentials is motivated, in particular, by our interest in the question
of existence of solitons for the Novikov-Veselov equation and by the result of [51] which says
that solitons of the Novikov-Veselov equation at positive energy are transparent potentials (see
Lemma 4.3).

We will call a solution (v(z,t), w(x,t)), constructed from (vo(z), wp(x)) via the inverse scat-
tering method, an “inverse scattering solution” of (0.5). The main result of this Section consists
of the following (see also Theorem 6.1) : we show that for the “inverse scattering solution”
v(z,t) of (0.5), (6.1), where £ > 0 and v(x,0) = wvo(x) satisfies (6.2), the following estimate

holds :
const(vg) In(3 + [¢t])

1+ |t ’

vz, t)] < t € R, uniformly on z € R?, (6.3)

Estimate (6.3) implies that there are no isolated soliton type waves in the large time asymp-
totics for v(x,t), in contrast with large time asymptotics for solutions of the KdV equation with
reflectionless initial data.

Estimate (6.3) is proved using the stationary phase method (see, for example, Chapter 111
of [12]), techniques developed in [25] and [38] and an analysis of some cubic algebraic equation

depending on a complex parameter.

6.1 Preliminaries

Counsider

I(t,2) = / / F(O) exp(iS(C, 2, ))dRe¢ dImd,

- ; (6.4)
T(1:2) = =3 [[ £1(Q) exp(iS(C, 2, 1))dReCdTmg.
C
where f(¢) € L*(C), S is defined by
__1 DNl S I
SOz 1) = — <</\+ X) 5+ (H A) z> n <)\ F+A +X3> , (6.5)

and z € C, t € R.
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Chapter III. Large time asymptotics for solutions of the NV equation

If v(z,t) = I(t, 2), w(z,t) = J(t, z), where

(I¢1 +1¢I7) £ (¢) € LH(T)

as a function of {, and, in addition,

ey _ 1
PO =£(-0) andjor 7O =-Iel*f (~)
then v, w satisfy the linearized Novikov—Veselov equation (0.5) with £ = 1. In addition,
i(p,t)=0 for |p| <2, teR,

where 0(+,t) is the Fourier transform of v(-, t), that is v(-, t) is transparent in the Born approxi-

mation at energy £ =1 for each t € R.

The goal of the following subsection will be to give, in particular, a uniform estimate of the

large-time behavior of integral (¢, z) of (6.4) under assumptions that

fec=(0),
O(I¢I™) as || =00

I f(C) = (6.6)
O(I¢I®)  as ¢ =0,

0 f(Q)lig=1 =0

for all m,n > 0.

We can integrate I(t,z) by parts in a similar way as in Lemma 2.1 in Chapter IIT of [12]
using (6.6) and the fact that

%R(A) # 0, %R(/\) #0, for |\| #1, X#0,
where R is
mmzﬁ+ﬁ+%+%.
Thus we obtain
I(t,2) =0 <ﬁ> tooo, neN, (6.7)

uniformly on z € K, where K is any compact set of the complex plane. Nevertheless, this is

not sufficient to guarantee the absence of soliton—type waves in the large time asymptotics of
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6. Large time asymptotics for transparent potentials for the NV equation at £ > 0

the potential v(z,t) = I(t, z). So our further reasoning will be devoted to obtaining an estimate

like (6.7) for n = 1 uniformly on z € C.

For this purpose we introduce parameter u = % and write the integral I in the following
form
I(t,u) = / / F(¢) exp(itS(u, ¢))dRe¢ dImC, (6.8)
C
where . - . .
S(u,g):—§<Cu+Cﬁ+%+%>+<C3+C3+5—1—E>. (6.9)

We will start by studying the properties of the stationary points of the function S(u, ().

These points satisfy the equation
Si=——+-5+3C -5 =0 (6.10)

The degenerate stationary points obey additionally the equation

12
g’cz—%+6g+?:0. (6.11)
We denote & = (2 and ]
U
Q(Uaf):—§+%+3f—?-

For each &, a root of the function Q(u,&), there are two corresponding stationary points of

S(U,C), ¢= :E\/E.

Function S{(u, () can be represented in the following form

3

= @(@—CS(U))(@—Cf(U))(@—C’S(U)). (6.12)

Se(u, €)
We will also use hereafter the following notations :
U= {u=06(2e"%+¢e*%), p € [0,2m)}

and
U= {u=re¥: r<|6(2e7% +e*?)|, ¢ € [0,2m)},

the domain limited by the curve U (see also Figure III.1).

Lemma 6.1.
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Chapter III. Large time asymptotics for solutions of the NV equation

1. Ifu=18¢"5", k=0,1,2, then

_ mik

Co(u) = Gi(u) = Go(u) =€ 3

and S(u, ) has two degenerate stationary points, corresponding to a third-order root of
_ 2mik

the function Q(u,§), & =e 73 .
2. Ifuel (ie u=06(2e"%+e*) ) and u # 18e

2nik

5, k=0,1,2, then

Go(u) = Ci(u) = €%, G(u) =e ™.

Thus S(u, ) has two degenerate stationary points, corresponding to a second-order root

of the function Q(u,§), & = €, and two non—degenerate stationary points corresponding
to a first-order root, &, = e~ %%,

3. If u € intU, then
Gu)=e%, and ((u) # ¢(u) for i# ],

In this case the stationary points of S(u, () are non-degenerate and correspond to the roots

of the function Q(u,§) with absolute values equal to 1.
4. If u € C\U, then

Co(u) =(1+ w)ei‘p/Q, Glu)=e ™ Gu)=(1 +w)’1ei‘p/2

for certain ¢ and w > 0.

In this case the stationary points of the function S(u,() are non-degenerate, and cor-
respond to the roots of the function Q(u,&) that can be expressed as & = (1 + 7)e',
G=e, G=>0+7)"e? (1+7)=(1+w)?

Lemma 6.1 is proved in subsection 6.4.
Formula (6.12) and Lemma 6.1 give a complete description of the stationary points of the
function S(u, ().

In order to estimate uniformly on u, A € C the large-time behavior of the integral

I(t,u,\) = / / F(CN) exp(itS (u, ¢))dRe¢dIm, (6.13)
C

where f satisfies assumptions (6.6), in the following subsections we will use the following general
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6. Large time asymptotics for transparent potentials for the NV equation at £ > 0

scheme.

1. Consider D., the union of disks with a radius of € and centers in singular points of function
f(¢, \) and stationary points of S(u, ().

2. Represent I(t,u,\) as the sum of integrals over D, and C\ D, :

[(t u, )\) = Lipt + [ezta where

Ly = / [ 762 explitS (u, €))dRe¢dIme,
(6.14)

Lot = / / F(C, ) explitS(u, ¢))dReCdIm .

C\D.
3. Find an estimate of the form
| Iine] =0 (%), as e—=0 (a>1)
uniformly on u, A, t.

4. Integrate I.,; by parts using Stokes formula

dReCdIm( —

633

f(¢, N exp ztS(u ()) fE(CA) exp(itS(u, €))
i 2t/ 0) d<_7\// C St(u,¢)

/ f(CA) exp(itS(u, €))SEe(u, ¢)
(S¢(u,¢))?

dReCdIm¢ =
(C\DE

—%(11 L —I). (6.15)

5. For each I; find an estimate of the form

(a) |1;] :O<1n§> or (b)|L] :O<€iﬂ), as € — 0.

6. In case (a) set ¢ = — which yields the overall estimate

It]
In([t])
2

1(t,u, )] :o(

), as ¢t — oo0.
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Chapter III. Large time asymptotics for solutions of the NV equation

In case (b) set € = where k(a + ) = 1, which yields the overall estimate

1
£+

1

1]

|I(t,u,)\)\:O< ), as t— oo.

6.2 Estimate for the solution of the linearized equation

Using the scheme presented in the previous subsection we obtain, in particular, the following

result

Lemma 6.2. Under assumptions (6.6) the following estimate is valid for I1(t,u) defined by

(6.8) :
In(3 + |¢])

1+ ¢

|I(t,u)|:O< ) for teR

uniformly on u € C.

Proof. We take D, to be the union of disks with a radius of € centered in the stationary points
of S(u, (). The integral I;,; (as in (6.14) with f(¢,\) = f(() satisfying properties (6.6)) is

estimated as

| Lint| = f(¢) exp(itS(u, ¢))dReCdIm(| < const dRe(dIm(| = O(&?).
/ /

The estimate for I.,; (as in (6.14) with f(¢, ) = f(() satisfying properties (6.6)) is proved
separately for u € U and u € C\U.

. ueU:
In this case all ( € D, lie in the e-neighborhood of the unit circle. Consequently, from
the fact that b(-,t) € §(C) and from property 9 of Statement 1.2 it follows that for any
N € N and any ¢ € (0,1/2] there exists C' = C(gg, V) such that

FOI< O, 1701 < Cp"

forall ( € D,, p < eo.
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The function S{(u, () can be estimated as

6
[SL(u, C)| > % for ¢ € C\Ds,, and

|S¢(u, Q)| =3 for( € dD,, &< p<eo.

ICI4

Taking N = 5 results in the following estimate for I;

1 £ (Ol

I < ;
<3 | 18w o

ARG\ const /\g|4dg
8DE
N

ele
<const?(1+€) =0(1), ase—0.

When estimating I, and I3 we integrate separately over D, \D. and C\D. :

L Jf

Do \De

¢) exp(itS(u, )
S¢(u, €)

dReCdIm(¢ <

7<) o ns<u <>>’
)

C\Dy

€0 N
const/p 'Odp—I—const // 1£(O)]|¢"dRe¢dIm¢ = O(1), as & — 0,
C\De,

= Jf |1

Dey\D:

¢) exp(itS(u, ) dReCdIm¢+
)

(S¢(u, ()

P e
C\ D¢,

)5¢c(u, C)‘
2

const/p dp + const // 1F(OlICCdRe¢dIm¢ Y= O(1), as e — 0.
C\D=,

Setting finally ¢ = |71‘ yields

uniformly on u € U.

II. we C\U :
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o4

Let us divide the complex plane into six sets, each containing one and only one stationary
2
point of S(u,() : C = U (Z,jUZ,;). We define the set Zi as the set of points of the
k=0

complex plane to which the stationary point 4 is the closest :

Zf ={CeC: (-

2 ¢ =Gl 1€+l
Z, ={¢eC: (=Gl >

> |C— Gl 4,7€{0,1,2}},
CH+Gl, ¢+l =]

C+Ck;|a iaje{071’2}}

where k € {0,1,2}. We will estimate the integral over each Z," separately. The integrals
over Z, are treated similarly.
Let us first take ¢ € Z;". Using the definition of Z;" and the property that all ( € D. N Z;
lie in the e-neighborhood of the unit circle one can see that the scheme of reasoning for
the case I is applicable.
Now let us consider ¢ € Z; U Z5 .
(A) First, we will study the set of values of parameter w for which (3(u), —(o(u) lie
outside the 2eg—neighborhood of zero, i.e. H% > 2e.
We will consider ¢ € Z; (the case ¢ € Z is treated similarly). If ¢ € Z§ N D., (for a

certain &g), then it can be represented as
C=(14w)e??4+pe  p<ep.

f(Q)
Se(Cu)
then all ¢ € Z; N D., belong to the 3ey—neighborhood of ¢;. The following estimates
hold :

Let us estimate the ratio in D,,. If ¢y belongs to the 2¢p—neighborhood of (i,

C+GI =230, [(+Gl>2—c0 [(+G[>1+e. (€Zf()Dsy. (6.16)

Further, we note that for any N € N there exists a function f (¢) satisfying properties
(6.6), such that | £(¢)| < ¢ — G|N|F(C)]| for ¢ belonging to the 3y-neighborhood of ;.
This and (6.16) imply that

f(©)

F(OII¢I*
S (6.17)

¢ = GlI¢ = Gol

‘ < const

A similar reasoning holds for the case when (, belongs to the 2ep—neighborhood of —(;.
Now if {y does not belong to the 2eg—neighborhood of ¢; and —¢;, then [ — (1| > &g
and |+ (1| = g for all ¢ € Z§ N D.,. Two last estimates of (6.16) hold and thus (6.17)
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holds with f(¢) = f(¢).
The difference | — (3| can be estimated

~—

1 2
(=Gl = §|Co—C2I:°;((1% Cezyf. (6.18)

w)’

In order to get rid of this member in the denominator, let us represent f (¢) by the

Taylor formula in the neighborhood of (1 + w)ei#/?

Q) = f(e? + we?) + f'(e"/? + we™/? + 5¢?)p, s = \p for some A € [0, 1],
where ’ denotes the derivative with respect to s and where A depends, in particular, on
p.

For an arbitrary value of w the following estimates hold :

| £(e/? + we™/?)| < const|w|Y, (6.19)

<
| (/% + we™/?)| < const|w|Y. (6.20)

This finally yields

N 4 £ ip)2 ip/2 £1( ip)2 ip/2 i0
F©li¢] ‘gconst(me Twet)| |t w4 Ape >|p)g

¢ — Gll¢ = Go “2’((1215))|C—C0| pl¢ = Gol
const
< R g € Z+ DEo-
¢ — Gl o
Now we are ready to estimate [ :
/ f(©) ex})(ztS(U,C))‘ J€ < const / )
+ SC(“)C) |€_§0|
Z5 N oDe z§ oD
For I; we note that the estimate
fé(C) const
/ ~ ) C € Z+ D€07
Swo| STe-a <<%N
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f(©)

. Thus
St(u, €)

can be obtained using the same reasoning as for the ratio

I

Zi\D-

JE(C) exp(itS(u, €))
S¢(u,; ¢)

‘dReCdImC < Constg / / |£L(Q)][¢|*dReCdTmC +

o \D=

dReCdIm( |\
+ // =Gl )—O(l) as ¢ — 0.
Z5 (D<o \ D<)

f(©)
(5¢(u, €))?

f(C ) up to the second order :

In order to estimate in D., we take the members in the Taylor formula for

~ ~ ) o~ . 1, . ) )
F(Q) = f(e"/? + we™?) + /(€% + we'?)p + if"(e“"/2 +we 4 \pe®)p?. (6.21)
From formulas (6.17)—(6.21) it follows that

| f(©)
(5¢(u, )

FOUCP  (1Fei#r? + wetor?)
STC=GPIC—GP = M ()T e

P92+ we'??)| p | |F'(e/ + wei#l? 4 Ape >|p2) _

(522)"Ic = GoP 2071 = GoP
const
X 7~ 59 Zy DEO.
|¢ = Col? cesifl
Thus
// ‘ ) exp(itS(u, €))S¢:(u, ¢) ‘ dRe(dIm(¢ <
(S¢(u,())>? )
Z+n Dso\DE

d €
< const @ _ const In -2,
€

Setting ¢ = |71‘ yields I3 = O(In(|t])), as t — oo.

1
(B) Now let . < 2¢o.

o6
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If ¢ € Zy N D.,, then the following estimates hold

1 1
|CiC1|/—_1_€Oa |§:tc2|/—_350, |€+€0|>2—50.
€0 €0

Consequently,
const

> e

and the part of the integral I.,; over Z; for this case can be estimated, proceeding as

In([¢])
0 ), t — o0.

If ¢ € Z§ N D.,, then the following estimates hold

|Sé< ) |C C0| CGZOJFHDEO'

in the previous item, as O (

|Ci€1|>1_3507 |Ci€0|>1_3507

and thus
const

|S¢(u, )] 2 T

¢ = Gal|C + Caf-

1
We can estimate | + (| = (] = 1o Now let us expand f(¢) into Taylor formula
w
in the neighborhood of 1-e*/? :

f(C)=f<1j_ 1“0/2)+f< oy Z“"/Q%—)\pew)p, A€ [0,1].

For an arbitrary value of w > 0 (satisfying H% < 2¢9) the following estimate holds :

‘f (1 +w w/2>

1 N
< const ‘
14w

This yields

‘ f(©)
S¢(u, €)

< const |f(p+” i¢/2)| + |f,(1+%eiw2 + /\pei‘9)|p < const
) rsl¢ — Gl PIC = G| ¢ -G
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In the same manner

FONSP F(2eier?)]
TICHGPIC -G T const((lw) = C2|2jL
|f,(1_,1_w w/2)|p ‘f”(H__wez<P/2_|_)\pei6)|p2
(7)1 - &P 20°1C — G

Following further the reasoning from the case (A) we obtain that

‘ f©)
(5¢(u, €))?

In(#))

Io,t = O
' < ]

), as ¢t — o0

uniformly on u € C.

6.3 Estimate for the “inverse scattering solution”

In this subsection we prove estimate (6.3) for the solution v(x,t) of the Cauchy problem
for the Novikov—Veselov equation at positive energy with the initial data v(z,0) satisfying
properties (6.2) or, in other words, for v(z, t) constructed by means of (1.39)—(1.41) with (1.38b),

(1.38c).

We proceed from the formulas (1.40), (1.41) for the potential v(z, t) and the integral equation

(1.39) for p(z, A, t).
We write (1.39) as
M(Z’ A, t) =1+ (Az,tu)(za A, t)’

where

const

STE—GE

(6.22)

(Ao f)N) = 71 (1 () exp(itS (u, A) FOV) = —— / / ) exp( ”S (I yRecamme

and S(u, () is defined by (6.9), u = —

Equation (6.22) can be also written in the form

p(z, A t) =1+ A, - 14 (A2 ) (2, A, ).

According to the theory of generalized analytic functions (see [62]), equations (6.22), (6.23)

o8

(6.23)
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have a unique solution for all z,¢. This solution can be written as
plz A\ t) =1 —AZ,) ' (1+ A, - 1) (6.24)
Equation (6.24) possesses a formal asymptotic expansion
plz, M) =T+ A2, + A2, +.. )1+ A, - 1) (6.25)

From estimate (6.31) given below it follows that (6.25) converges uniformly for sufficiently large

t. We will also write formula (6.25) in the form
plz,\t) =1+ A,,- 1+ R, (6.26)

where R = <§ Ag’i) (1+A,,-1).
k=1
In addition to A,; we introduce another integral operator B, defined as

B, f= Z / r(C) exp(itS (u, ¢)) F(C)dReCdIme (6.27)

To study (6.25) we will need some estimates on the values of operators A, ; and B, ;.

Lemma 6.3. Under assumption that b(-,t) € 8(C) and for b(-,t) properties 8, 9 of Statement
1.2 hold, the following estimates are valid :

(a)

1
B, 1] =0 LD (6.28)
’ ]
uniformly on u € C;
(b) 1
t
|B.t- Ay -1 :O< n|(l||)> , as t— oo (6.29)
uniformly on u € C;
(c) ;
(A2, - V)] < e it > 1, (6.30)
where 3 is a constant independent of u and X ;
(d)
anl
[n/2]/14° it > 1, (6.31)

(A2 DO <
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where | s| denotes the integer part of s ;
(¢)
A" In(3 +|t])

n—1
|Bz,t ' Az,t ’ ]'| < |t‘1+L(n72)/2J/14 ’

It > 1. (6.32)

Proof of Lemma 6.3. We proceed according to the scheme described in subsection 6.1 (page
51).

(a) This item follows from Lemma 6.2.

(b) As (A..-1)(A) € C(C), we take D, to be the union of disks of a radius ¢ centered in the
stationary points of S(u, (). We note that (A,;-1)(A) = O(1) uniformly on u (or, equi-
valently, on z) and \. Thus the integral I;,,; (as in (6.14) with f(¢, \) = r(¢)(A., - 1)(C))
can be estimated as

I, = // Yexp(itS(u, O))(Aur - 1)(C)dReCdIm¢ = O(<2).

Now let us estimate the integral I.,; (as in (6.14) with f(¢,A) = 7(¢)(A.:- 1)(¢)). For
this purpose we apply the Stokes formula (as in (6.15)) taking into consideration that
Ox(Aze - [)(A) = r(A) exp(itS(u, A)) f(A) -

// ¢) exp(itS(u, ¢))(A. ;- 1)(¢)dRe¢dIm¢ =

A\D. iy r(C) exp(i;igf,( u))cwdg_
8D, G\
: \/D/ ri(C) exp zzfg;u(ué )C))(WdRengmgju
+<c\/D/s S (i”)c)((U,ng) SR QdReCdImC -

Now, proceeding as in the proof of Lemma 6.2, we obtain (6.29).
(c) In this case we build D. as the union of disks with a radius of ¢ and centers in A

and stationary points of S(u, (). The integral I;,; over D. (as in (6.14) with f({,\) =
1Az - 1D(C)
s C—A

) behaves asymptotically as O(g). When estimating the integral I,
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over C\ D, we use (6.12), (6.15) and the following inequalities

IC=Al>e [(—=Gl=¢

(¢; are stationary points of S(u, ()) which hold for all ¢ € C\D,. Thus we obtain that the

asymptotical behavior of I, is at most O . Then, as proposed by the scheme, we

|t|613
choose e = [t|7'/1* and obtain the required estimate.

(d) This item is proved by induction. As in item (c¢), D, is the union of disks with a radius
of € and centers in A and stationary points of S(u, ().

For the integral I;,; we have

eXp ztS (u,())

[ Lint| = (A7 T 1)(¢)dRe¢dIm¢| <

(6.34)

exp ztS (u,()) prle
|t|Ln [le=D7207 dRe¢dlmG < GG zy7ay7m

To estimate I.,; we use the following representation

// ) exp(itS(u, C))deengmC _

C— )\

C\D.

d¢—

_ / r(6) exp(itS(u, Q) (AZ;" - 1)(¢)
s 20— N)S(w, )

// re(¢ eXp 2755 (u, O)) (AT 1)(C)
s — A)S¢(u, ¢)

) explitS ()AL D(O S (w,)
Z\/D/E HC = N0

[l ztS(u O)PALE DO
) ESVCACNS

) exp(itS (u, ) (A2 - 1)(C)
+// it = N)?SL(u, Q)

dReCdIm( +

dRe(dIm(—

dReCdIm(+

dReCdImC = Jl + Jz + Jg + J4 + J5. (635)
C\D.
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The integrals J; can be estimated in the following way

671—2 Bn_l 1
‘J1| ~ | ‘ |t|L” 1)/2]/14 87 / ‘ ‘dC = |-|t|L(”—1)/2J/14 ?

Similarly, - 1
| 2| < It - |t|ﬁn—1)/2j/14 7’
n—1
|J5] < TR |t|ﬁn1)/2j/14 5%3’
n—1
‘J4| < |t| . |t|ﬁn—2)/2j/14§’
n—1
/5] < - |t|ﬁn2)/2J/145_18’
Thus,

anl
‘t| . |t|L(”_2)/2J/14 . 613'

‘[e:vt| <
Now we set ¢ = |t|~'/* and obtain the overall estimate

Bn—l Bn—l

‘(Az,t ) 1)()‘)‘ S ‘t|1/14‘t|[(n72)/2J/14 o tln/2]/14¢

(e) Proceeding from (d) this item is proved similarly to (b). O

Lemma 6.4. Under assumptions of Lemma 6.3, we have that :

(a) A, 1= al(“ +O<|/\‘2) for X\ — oo, where

|0.a1(z,t)| = O <%> , as t— 00 (6.36)

uniformly on z € C.
(b) A2, 1—“2(“ +O()\L) for X — oo, where

|0.as(z,t)| = O <w>, as t— o0 (6.37)

1

uniformly on z € C.
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(¢) R= q(” +O(/\L) as A — oo, where

|0.q(z,t)] = O <M> , as t— o0 (6.38)

1

uniformly on z € C.

Proof of Lemma 6.4. The asymptotics for A, - 1, Ait -1 and R follow from the definitions of
A, and R, formula (1.41), property b(-,t) € 8(C) and item 8 of Statement 1.2. The rest of the

proof consists in the following.
(a) Estimate (6.36) follows from (6.28) and the formula

// ) exp(itS(u, ¢))dRe(dIm( = B, ; - 1.

(b) Estimate (6.37) follows from (6.29) and the formula

/ / ¢) exp(itS(u, () (A, - 1)(Q)dRe¢dlm¢ = B, , - A, - 1.

(¢) We note that ¢(z,t) = %O: ai(z,t) where ay(z,t) is defined
k=2

ag(z,t)

1
(- = 250 4o <W> |

Next,
// ) exp(itS(u, ¢))(AL;" - 1)(¢)dRe¢dImC.

Thus, proceeding as in item (e) of Lemma 6.3, we obtain that as(z,t)+as(z,t) = O (m‘(%)
and the rest of the members form a geometric progression that converges to the sum of

order O ( | t??ﬂflﬂ . ) O

Formulas (1.40), (1.41), (6.26) and Lemma 6.4 imply

Theorem 6.1. Let v(z,t) be a solution of the Novikov—Veselov equation (0.5) with E = 1,
constructed via (1.39)-(1.41) with (1.58b), (1.38¢) under assumption that b(-,0) € 8(C) and
for b(-,0) properties 8, 9 of Statement 1.2 hold. Then

const(v) In(3 + |¢|)
1+ [t]

lv(z,t)] < r € R%:teR. (6.39)

Y
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Corollary. Let (v,w) be a solution to the Cauchy problem for the Novikov-Veselov equation
(0.5) at E =1 with initial data (vg, wo) satisfying properties (6.2). Then estimate (6.39) holds.

6.4 Properties of stationary points (proof of Lemma 6.1)

Proof. Under the additional assumption that £ # 0 the system of equations (6.10)—(6.11) is

equivalent to the following system

3 U ¢2 u
— R+ 2 —-1=0,
{ 53 oS e (6.40)
§&—56+2=0.
We claim that £ = & corresponds to a degenerate stationary point of (6.9), iff
the polynomial P(£) = &> — Efz + Eﬁ — 1 can be represented
6 6 (6.41)

in the form P(§) = (£ —&)*(€ — &)

Indeed, if £ = & # 0 is a zero of the function Q(u,&) = —% + 26 T 38 — 5% = 3P(£)/&%,
then Q(u, €) is holomorphic in a certain neighborhood of £ = &; and can be expanded into the

following Taylor series
Qu,&) = 1§ = &) + 2§ —&)* +es(€ = &) + ..
Thus S; can be represented as
Se(u, ¢) = e1(¢® = &) + ca(CP = &1)* + e3(CP = &1)° + ...
After differentiating with respect to { we obtain
SEe(u, €) = 2¢1¢ + 4ea(C? — &)¢ + 6e3(¢C* — &1)°C+ ...

The stationary point corresponding to & = &; can be degenerate if and only if ¢; = 0.

So for the polynomial P(&) we get the following representation in the neighborhood of £ = &;
P(§) = ca(§ = &)*E + Ol = &)

As P(€) is a third—order polynomial, it follows that P(£) = (£ — &)%*(€ — &).

Expanding the expression for P({) and equating coefficients for the corresponding powers
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of £ results in the following system

26 +& =%,
2616+ & = > (6.42)
16 = 1.

Excluding u from the system yields

26,65 + € = 26, + &,

26,1 (6.43)

We represent ¢; in the form & = re®. Then from the second equation in (6.43) we get that
& = r~2e 7% Substituting this into the first equation of (6.43) yields

(r* —r 2)e* = (r —r He ™. (6.44)

For r = 1 equation (6.44) holds for all . In addition, if  # 1, > 0, then equation (6.44)
can be rewritten as
(r+r1)e* =2

and has no solutions for real .

Using now the second equation in (6.42) one can see that the set of u values, for which
(6.43), (6.42) are solvable and (6.41) holds, is a curve on the complex plane described in the
parametric form by

u = 6(2e" + *¥)

(see Figure III.1). This curve has three singular points corresponding to ¢ = %, k=0,1,2.

For these values of ¢ we have that e = & = & = 2%, and P(£) can be represented in the
form P(¢) = (€ — &)*. For ¢ # ZE k= 0,1,2, we have that P(¢) = (€ — &)%(€ — &) where

e =& # & = e 2%, The first two statements of the Lemma 6.1 are proved.
Let us now fix £ = ¢ and find the set of u for which this £ is a root of the polynomial P(&).

One can see that ¢ is the root of P(§) iff

5% - 52% =1-¢. (6.45)
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Ui

Figure II1.1 — The curve U on the complex plane.

We now solve the homogeneous equation
=0 (6.46)

with respect to u to find the plausible perturbations of u for which & = €% remains a root of
P(g).

From (6.46) we get % = ¢, and thus u = se’#/? for s € R. So for all u that belong to the
line

u(ip, s) = 6(2e7% + %) + 5e¥/2 seR (6.47)

one of the roots of P(€) is equal to .

Now we note that the tangent vector to U
%(QG_W + e¥%) = 2i(e?¥ — ™)
2mik

3
(6.47) is the tangent line to U passing through the point 6(2e™% + ¢2/¢).

is collinear to the perturbation vector se’¥/? for all ¢ # , k=0,1,2. Thus u(yp, s) given by

We note that for each u € intU there exist two different tangents to the curve U passing
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through this u. Indeed, note that the tangent lines to the curve U passing through the points

2mik

u=18e"3 , k=0,1,2, divide the domain intU into three parts

UO = {U = rew, 0 < r<< 6(2671’4‘0 + eZi(p)) _?Tr S (2 S g}7

Uy ={u=re% 0<r <62+ %), % < p <7},

, , : 5
Uy={u=re% 0<r <62 %+e) r<p< %}

(see Figure II1.1). We first study Uy. Let us consider Ky; and Kye which are the sets of points

of the following pencils of tangent lines :

4 4 4 2
Ko = {u € C:u=06(2"%+ %) + 5%  scR, —% Sp< O},

‘ 4 , 2
Ko = {u €C:u=06(2"%+e") +se¥? scR, 0<p< ?ﬁ}
It is easily seen that Uy C Ky, Uy C Kgs, i.e. each point from Uy is covered by a certain tangent
line from both pencils Ky and K. It can be shown similarly that each point of U;, j = 1,2,

is covered twice by the corresponding tangent lines.

Thus every point from intU is covered twice which means that for each u in the domain
limited by the curve U there exist two different roots of P(&) equal to 1 in absolute value. As
the product of the roots of the polynomial P(£) is equal to 1, the third root of the polynomial
is also equal to 1 in absolute value. We do not consider the values u from the boundary of U
which means that the above—mentioned roots correspond to non—degenerate stationary points.

Thus the third statement of Lemma 6.1 is proved.

Now suppose u € C\U. We note that every such point u belongs to one and only one tangent
line to the curve U. That means that for every v € C\U one of the roots of the polynomial
P(&), &, is such that [&| = 1. Asu € U, & # &1, & # & Besides || # 1 because otherwise
there would be two different tangent lines passing through the corresponding point w. That
means that for every u € C\U there exists a root of the polynomial P(§), namely £ = &g, such
that || # 1.

Considering equation (6.45) and its conjugate yields the following system of linear equations

for v and
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Whereazg,b:—%,c:1—§3f0reach§€(3, €| #1, £ #0. Thus

ca—cb  E-EP+E -8 (1 - g)
i ! €E(1 — €€) B §+§+£_
for each £ € C, €| # 1, £ # 0.

Now let us consider £ = & = (1+7)e™, 0 < 7 < +00. Then the corresponding value of the

parameter u is

2
u=06 (26” + % 4 T—e“") )
1+7

In addition to & = &, for this value of the parameter u polynomial P(£) has also a root
£ =& = e ?%. Indeed, if u = 6(2¢7" + €%%), then & = e 2% is a root of the polynomial P(¢),
and the plausible perturbation of this u for which & remains a root of P(€) is equal to se™ .

In addition, as the product of the roots of P is equal to 1, the third root is & = (1+7)7 e,

The fourth statement of Lemma 6.1 is proved. O

7 Large time asymptotics for solutions of Cauchy pro-
blem for the Novikov-Veselov equation at negative

energy

In this Section we consider a problem similar to that studied in the previous Section, but
for the case of negative energy. More precisely, we consider the Cauchy problem for equation
(0.5) at £ < 0 with the initial data

v(z,0) = vo(x), w(z,0)=wy(z), (7.1)
where function vg(x) satisfies the following conditions

® Uy = U, i.e. vy is a real-valued function, (7.2a)
e the integral equations of direct scattering for the 2-dimensional Scroédinger equation

(1.1) with the given potential vy(z) are everywhere uniquely solvable,
(7.2b)

e uy € 8(R?), where 8 denotes the Schwartz class. (7.2¢)
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7. Large time asymptotics for solutions of the NV equation at £ < 0

As for function wg(x), we will assume that it is a continuous function decaying at infinity and
determined using dzwy(z) = —30,v(x) from (0.5).

The main result of this Section consists in the following (see also Theorem 7.1) : we show
that for the “inverse scattering solution” v(z,t) of (0.5), (7.1), where £ < 0 and v(zx,0) = vo(z)
satisfies (7.2), the following estimate holds

const(vg) In(3 + [t])
(e

vz, t)] < t € R, uniformly on z € R% (7.3)

The proof of estimate (7.3) is based on the scheme developed in the previous Section. The
main difference arises from the fact that item 9 of Statement 1.2, essentially used in the proofs
of the previous Section, does not hold in the case of negative energy. This property also results
in the slower convergence of the “inverse scattering solution” to zero in the case of negative
energy. We show that for £ < 0 estimate (7.3) of the rate of convergence is optimal in the sense

that for some initial values v(z,0) and for some lines z = wt, w € S!, the exact asymptotics of

const
(L+[el)>/

v(z,t) along these lines is as [t| — oo (where the constant is nonzero).

7.1 Estimate for the solution of the linearized equation

Counsider

1(t2) = [[ 1(Q) exp(S(C, 2 1)) dReCdmnC,

- ; (7.4)
J(t,2) =3 / / £/ (Qe(S(G. 2 1)) dReCdimC,
C

where z € C, t € R, f(¢) € L'(C), S is defined by

S(/\,z,t):%<</\—%)2— (X—%) z>+t<)\3+%—/_\3—%>. (7.5)

We will also assume that f(() satisfies the following conditions

fec=(D,), feC=D.), (7.62)

62”8?f(§) = O(¢]™)  asf¢] = oo, for all m,n > 0, (7.6Db)
O([¢]*) as[¢] =0,

where

Dy={CeC:0<[¢|<1}, D-={CeC:|>1}, (7.7)
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Chapter III. Large time asymptotics for solutions of the NV equation

and D, =D, UT,D_=D_UT with T ={¢ € C: |¢| =1}.

Note that if v(z,t) = I(t, 2), w(z,t) = J(t, z), where
(I1C12+ |<|7*) f(¢) € L*(CT) as a function of ¢,

and, in addition,

T = 7(—¢) andfor Q= —I¢|f (%)

then v, w satisfy the linearized Novikov—Veselov equation (0.5) with £ = —1.

Let us introduce parameter v = % and write the integral I in the following form

I(t,u) = / / F(C) exp(tS(u, ¢))dReCdIme, (7.8)
C

S(u,@)z%(((—%)ﬁ—<§—%>u>+<§3—€3+é—é>. (7.9)

We will start by studying the properties of the stationary points of the function S(u, ) with

where

respect to (. These points satisfy the equation

) _ U U 3
Si=5 gt - m=0 (7.10)

The degenerate stationary points obey additionally the equation

” 12
SCC:%+6Q+E ~0. (7.11)
We denote & = (2 and B ;
Q&) =5~ 3¢ +%~

For each &, a root of the function Q(u,&), there are two corresponding stationary points of

The function S (u, ) can be represented in the following form

3¢ = G - ) (e - Gw). (7.12)

Selu, ) = C
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7. Large time asymptotics for solutions of the NV equation at £ < 0

We will also use hereafter the following notations :

and

U= {u=—6(2e"%+¢e*%): p €[0,2m)}

U= {u=re": ¢y =Arg(—6(2e % + e*?)), 0 <7 < [6(2e™ + e 2%)|, v € [0,27)},

the domain limited by the curve U.

Lemma 7.1 (see Lemma 6.1).

2nik

1. Ifu=—-18e"3 , k=0,1,2, then

2. Ifuel (ie u=—6(2e""%+¢e??) ) and u # —18e

ik

Golu) = Gi(u) = Ga(u) = 5 (7.13)

and S(u, ) has two degenerate stationary points, corresponding to a third-order root of
2mik

the function Q(u,§), & =€ 3 .

2mik

3, k=0,1,2, then

Co(u) = C1(u) = e /2 Co(u) = €. (7.14)

Thus S(u, () has two degenerate stationary points, corresponding to a second-order root of

the function Q(u,§), & = e, and two non—degenerate stationary points corresponding

to a first-order root, & = €%¥.

If u € intU = U\OU, then
Gi(u) = e ™ for some real @;, and (i(u) # (u)  for i+ j. (7.15)

In this case the stationary points of S(u, () are non-degenerate and correspond to the roots

of the function Q(u,&) with absolute values equal to 1.
If w e C\U, then

Co(u) = (14+w)e ™2 Gu) =%, (Gu) = (14 w) te /2 (7.16)

for certain real values ¢ and w > 0.
In this case the stationary points of the function S(u,() are non-degenerate, and cor-

respond to the roots of the function Q(u, &) that can be expressed as & = (1 + 7)e ™,
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Chapter III. Large time asymptotics for solutions of the NV equation

51:€2i¢, fg (1—|—7') 1 —W’ (1+T)I(1+W)2

Formula (7.12) and Lemma 7.1 give a complete description of the stationary points of
function S(u, ¢).

In order to estimate uniformly on u, A € C the large-time behavior of the integral

I(t,u,\) = / F(CN) exp(tS(u, ¢))dRe¢dImC, (7.17)
C

where f satisfies assumptions (7.6), in the following subsections we will use the following general

scheme.

1. Consider D., the union of disks with a radius of € and centers in singular points of function

f(¢, \) and stationary points of S(u, () with respect to (.

2. Represent I(t,u,\) as the sum of integrals over D, and C\ D, :

I(t,u, N) = Lips + Leyy,  where

Zm—ﬂfgxwmwwommwmg
(7.18)

Lo = / [ £(¢. %) exp(tS (u, ¢))dReCdimC.

c\D.
3. Find an estimate of the form
|Iine]| = O (%), as e—0 (fora certain a > 0)

uniformly on u, A, t.

4. Integrate I.,; by parts using Stokes formula

/fCAe@tﬂuou@_

ewt

24t St(u, ¢) St(u, €)

T\D.
J(C,A) exp(tS(u, Q) S¢e(u, ¢)
t S’ (u,())?

C\D:

1 / (f+(§ A — fo (C,)\))exp(tS(u,C))dg__// JL(C ) exp(tS (u, O)dReCdImC-I—
C\D-

1

where fi((,\) = (lslg(l)f((’(l F4),\), €T and T is defined by T'={\ € C: |\ = 1}.
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7. Large time asymptotics for solutions of the NV equation at £ < 0

5. For each I; find an estimate of the form

1
|I;| = O <—> , ase—0 (for a certain 8 > 0).

eh
1 . . .
6. Set ¢ = TG where k(o + ) = 1, which yields the overall estimate
1
[t u, N =0 ——=], as [{|—=oc.
L+t

Using this scheme we obtain, in particular, the following result
Lemma 7.2. Let a function f satisfy assumptions (7.6) and, additionally,
flr=0, T={NeC: |\ =1}

Then the integral I(t,u) of (7.8) can be estimated

const(f)In(3 + |t])
(14 [¢])>

[1(t,u)| < for teR

uniformly on u € C.

A detailed proof of Lemma 7.2 is given in subsection 7.4.

7.2 Estimate for the “inverse scattering solution”

(7.20)

(7.21)

In this subsection we prove estimate (7.3) for the solution v(x,t) of the Cauchy problem

for the Novikov—Veselov equation at negative energy with the initial data v(x,0) satisfying

properties (7.2).

We proceed from formulas (1.40), (1.41) for potential v(z, t) and the integral equation (1.39)

for p(z, A t).
We write (1.39) as
M(Z’ A, t) =1+ (Az,t/l)(za A, t)’

where

eXp (S(u, C)) (©)

(A f)(N) = 05 (r(N) exp(tS(u, A)) :__//

(7.22)

dRe(dIm(¢
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Chapter III. Large time asymptotics for solutions of the NV equation

and S(u, () is defined by (7.9), u = %

Equation (7.22) can be also written in the form
p(z, A t) =1+ A, - 14 (A2 ) (2, A, ). (7.23)

According to the theory of generalized analytic functions (see [62]), equations (7.22), (7.23)

have a unique bounded solution for all z,¢. This solution can be written as
p(z M t) = (I —AZ) (14 A, - 1). (7.24)
Equation (7.24) implies the following formal representation
p(z\t) =T+ A2, + AL, + .. )1+ A, - 1). (7.25)

From results of Lemma 7.3 it follows that the series in (7.25) converges for large values of ¢.

We also introduce functions v(z, A\, t) = 0,u(z, A\, t) and n(z, A, t) = Ozpu(z, A\, t). In terms of

these functions potential v(z,t) is obtained by the formula
v(z,t) = =2v_4(z,1), (7.26)

where v_1(z,t) is defined by expanding v(z, A\, t) as |A\| — oo :

v_1(z,t) 1
=) .
o) W

v(z,\t) =

The pair of functions v(z, A, t), n(z, A, t) satisfies the following system of differential equa-

tions : 5 )t
WEND (e 0 a0 0+ (2 AT,
a1 _ _ (7.27)
# = 0,r(z, \, t)u(z, A\, t) +r(z, A\, t)v(z, A\ t).
Equations (7.27) can also be written in the integral form
v(z, \t) = (Bogp)(z, A\ 1) + (A.m) (2, A, 1), (7.28)
n(z, A t) = (Boap)(z, A\ 1) + (AL v) (2, A\ 1),
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7. Large time asymptotics for solutions of the NV equation at £ < 0

where operator B, ; is defined

(B.af)(N) = 05 (01 (2, A, ) FOV) = —% / / azr(?c_’i) (© tRecdmme. (7.29)
C

Thus for function v(z, \,t) we obtain equation
v= (Bt + A.4B.4)pu+ Agvty,
or the following formal representation
v=T+A, + A+ . N(Bey+AsuB.)) I+ A2, + AL+ )(1+ A, - 1)), (7.30)

We will write this formula in the form v = B, ;- 1+ A, B, -1+ R, +(\). From results of Lemma

7.3 it follows that the series in (7.30) converges for large values of ¢.

Lemma 7.3. Let f(A, z,t) be an arbitrary testing function such that

C C
|f|<m, |aAf|<W VAeC,zeCteR

with some positive constant cy independent of A\, z, t and some 6 > 0. Then :

1. The following estimates hold for B, - f :

(Boy- f)N) = ﬁl(;’t) Yo <ﬁ> for A — o0,

where .
Bi(z,t) = - //C 0.7(z,(, 1) f((, z,t)dRe(dIm(,

and R
BierIn(3 + [t])

B1(2, )] < T (7.31)
in addition, .
BoceIn(3 + |t
(B O] < LS for e T, (732)
where T'= {\ € C: |\| =1}, and
(Boi- [N < —2 VA eC. (7.33)

T+ D7
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Chapter III. Large time asymptotics for solutions of the NV equation

2. The following estimates hold for A, - B, f :

ag(z,t)

(ALt B.i- f)(N) = T’ +o0 <‘i|> for A — oo,

where
a.r(
(z,t) = ——//dReQdImQT ,C, 1) // Ff(n, z,t)dRen dImn,
and
ozlcf
i (z,1)] < T

in addition,
CAKQCf

[(Azp - Bey - [)(M)] <

3. The following estimates for A7, - f hold :

n (2 0) 1
@t 0 =250 10 (1) Jor e

where

nlent) = [[ (e ¢ O D dReCdtng

C

and R
(%)"Cf

n Z7t < n— Y
(2 D)l < (14 [¢]) T2 1+2

where [s| denotes the smallest integer following s. In addition,

" (F2)"cs
(A% f)(A)I<( T )i VAeC.

4. The following estimate holds for R, :

1
R.:(\) = ;) +o<|/\|> for A — oo,

and .
q(cy)

V)| < ———=a0-
|q<Z, )‘ (1—|—|t|)9/10

A detailed proof of Lemma 7.3 is given in subection 7.4.
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7. Large time asymptotics for solutions of the NV equation at £ < 0

From formulas (7.26), (7.30) and Lemma 7.3 follows immediately the following theorem.

Theorem 7.1. Let v(x,t) be the “inverse scattering solution” of the Cauchy problem for the
Novikov-Veselov equation (0.5) with E = —1 and the initial data v(z,0) = vo(z) satisfying
(7.2). Then

const(vg) In(3 + |t])

2
1+ 1) , reRteR.

vz, )] <

7.3 Optimality of estimates for the velocity of decay

In this subsection we show that estimates (7.3) and (7.21) are optimal in the following sense :

there exists such a line z = 4t that along this line I(z,t) from (7.21) behaves asymptotically

const
(L+e])37

corresponding solution v(z,t) behaves asymptotically as

as with some nonzero constant; there exist such initial data satisfying (7.2) that the

const
()7

when |t| — oo, along the line

z = ut, where the constant is nonzero.

7.3.1 Optimality of the estimate in the linearized case

Let us consider the integral

1(t,u) = [[ () exp(tS(u, ¢))dReCdlmC, (7.41)
C
where | §E|
Tl —
f(¢) = Wb(f), (7.42)

with b(() satistying (7.6), and S(u, () is defined by (7.9), for u = & = —18. As shown in Lemma
7.1 for this value of parameter u the phase S(i, () = S(¢) has two degenerate stationary points
¢ = +£1 of the third order.

To calculate the exact asymptotic behavior of I(¢,1) we will use the classic stationary
method as described in [12]. First of all, we note that f(¢) is continuous, but not continuously

differentiable on C. Thus we will consider separately the integrals

1) = [[ 1) exp(tS(Q))dRecdim¢,  1-(1) = [[ () exp(tS())dRedlme,

where D, and D_ are defined in (7.7).
Let us introduce a partition of unity x4(¢) + x0(¢) + x=(¢) = 1, such that 0 < x; < 1,
x; € C*(C), j € {0,+,—}, x£(¢) = 1 in some neighborhood of { = =£1, respectively, and
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Chapter III. Large time asymptotics for solutions of the NV equation

X+ (¢) = 0 everywhere outside some neighborhood of ( = +1, respectively.

Counsider

- / F(Ox;(€) exp(tS(¢))dReCdIme,  j € {0,+, —}.

Applying the Stokes formula we obtain

) - F(Oxo(C) exp(tS(¢ dC——// <eXp(tS(C))dReCdIm€+

2@1% St(¢)

f )x0(¢ exp(tS(C))S (9
il

o7 dReCdIm¢, (7.43)

where T'={\ € C: |\| = 1}.

From property (7.6) of function b it follows that all integrands in (7.43) are well-defined and
bounded in D N suppyo. Thus

10(t) :O<%>, as t — 00,

and

L(t) = IF(t) + I-(t) + O <ﬁ> as [t = oo.

First we will estimate I (t). We note that for the phase S(¢) the following representation

is valid

where P(() is a holomorphic function defined by

P(g):—9g—§+g3+$+16

in addition, Pe(¢) = 5¢(¢) = &(¢ — D3¢ + 1%

Note that P({) can be written in the form P(¢) = p(¢)(¢ — 1)*, where p(¢) = 42+ng<+1 and
%irr% p(¢) # 0. For the function p(¢) the expression (p(¢))*/* can be uniquely defined in some
—

neighborhood of ¢ = 1. Further, we define the transformation ¢ — 7 :

n=(p(¢)""*(¢—1).
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7. Large time asymptotics for solutions of the NV equation at £ < 0

Since we have that

g_’g =V (7.44)

the inverse transformation ( = ¢(n) is defined in some small neighborhood of n = 0. In terms

of the new variable 17 the phase can be represented
S =n"—17"
Now if we denote x = Ren, y = Imn, the integral I (¢) becomes

It // fla+iy) x4 (z + iy) expBitzy(2® — y*)|0pe(x + iy) *dzdy,

+

where f = fop, X4+ = x4+ 0o p and A, = {(z,y) € R%: 2 < 0}, i.e. A, is the half-plane
containing the image of D, N B.(1) under the transformation z + iy = p~1(¢).

The integral I{(t) can be written in the form

It / dcexp(3itc) / fl@ + )Xy (z +iy) |0z + iy)|*dws,

YeNA 4

where dwg is the Gelfand-Leray differential form, defined as
dS N dws = dx A\ dy (7.45)

and in the particular case under study equal to

—(2* = 3ay?)dx + (32*y — y°)dy
(1»2 + y2)3 ’

de =
7. is an oriented contour consisting of points of the set {S(x,y) = ¢} with the orientation

chosen so that (7.45) holds.

As x4 (z +1y) is equal to zero outside some Bg(0), a disk of radius R centered in the origin,
then there exists such ¢, > 0 that the set {S(z,y) = ¢} lies outside Bg(0) for any ¢ < —c,
¢ > ¢,. Thus the integral I (¢) can be written

[+ / dcexp(3itc) / f x+zy)X+(x+2y)\3n¢($+ly)|2dws

YeNA4
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Performing the change of variables

1/4

r— e,y cty for e >0,

v (=), y— (—c)Yty forc<0

yields
7 de exp(3itc) " de exp(3itc)
II(t):/TF+(c)+ / g @,
0 —Cx
where
Fi(c) = / Fle,z,y)dws, F_(c)= / F(—c,z,y)dws, (7.46)
vin{c/ 4z y)eAs} v-N{(=)/*(zy)eAt}

Y+, 7— are oriented contours consisting of points of the sets {S(z,y) = 1}, {S(x,y) = —1}
correspondingly with orientation chosen so that (7.45) holds and

Fle,z,y) = f(e (@ +iy) X+ (@ +iy)|Opo(c (w + iy)) .

For any fixed positive ¢ the integrals in (7.46) converge because the set {S(z,y) = 1} is separated
from zero and, consequently, the denominator does not vanish, and because y, is a function
with a bounded support and thus the domains of integration in (7.46) are, in fact, bounded.

Besides, since A, is a conic set, the functions F (¢) and F_(c) can be expressed as follows

F.(c)= /”J"(c,x,y)dwg, F_(¢) :/ff(—c,:c,y)dwg, (7.47)

Y+NAL y-NAL

In some neighborhood Uy of ¢'/*(z + iy) = 0 containing the support of ¥, the function

f(01/4($ +iy)) can be represented as
Fe @ +iy)) = F(1) + 670 fo, (1)(w + iy) + e fo. (1)(x = iy)le" + g(}(w +iy)),

where ¢ fp, (1) = lim Ocf, Oz fp, (1) = lim Oz f and, in addition, g is a function that can be
¢(eD+ CeD+

(1 1
estimated

lg(c /M (x +1iy))| < K|z +ay)|'Te, M +iy) € U (7.48)

with some constants o > 0, K > 0. Using (7.42), we note that f(1) = 0, 0. fp, (1) = 9¢ fp, (1) o
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7. Large time asymptotics for solutions of the NV equation at £ < 0

fp, (1) and thus
f(e (@ +iy)) = 67V [ (D™ + g(V (@ +1iy)), ¢V (x +iy) € Uo.
Taking into account (7.44) we obtain
F(e,z,y) = yf,’:,+(1)xcl/4 + (M +1y)), Mz +iy) € U, (7.49)

where v = 673/ and § is a function satisfying an estimate similar to (7.48).

It follows then that functions Fl(c) behave asymptotically as
Fi(c) = 7fb+(1)J§+(:|:c)l/4 + R(c), when ¢ — 0,

where

JA, = /xdws, Jr, = /xdws

Y+NAL y-NAL

and R(c) denotes the remainder.

The integrals Jir converge because the set {S(z,y) = £1} represents a combination of
curves which do not pass through zero and converge either to lines |y| = |z| or to the coordinate

axes with velocities |y| = # and |z| = ‘y% correspondingly.

The remainder R(c) behaves asymptotically as o (cl/ 4) because we can estimate

R(O)] < K05 [ gy o]
(V+Uv-)NAL
and the integral converges due to the properties of the set {S(z,y) = £1} explained above.
Thus I (t) behaves asymptotically as (see [12, Chapter I11, §1])

13 1 1

y 3 13 _
If(t) = Wfb+(1)F (1) JX+ exp (?) + JA, exp (—?)] e, +o0 (W) ;

where I' is the Gamma function.

Let us perform the same procedure for I7(t). In this case we will define P(¢) as P(¢) =

—9¢ — % + 3+ CLS — 16 and obtain

2 —4¢+1

PO = o+ 00 ="

81



Chapter III. Large time asymptotics for solutions of the NV equation

Since p(—1) = —6, we will define the following transformation { — 7 in the neighborhood
of ( = —1:n=(—p(O))"4(C + 1) (note that g—z T v/6). Then S(¢) can be represented
S(¢) = —n* + 7" and integral I (t) becomes

/ fla@ +iy) X (z + iy) exp(=3itwy(a® — y*))[ 0y (x + iy) [dedy,

where A_ = {(z,y) € R?: z > 0} and functions f, ¥_, ¢ are defined similarly to the case of
I7(t). The mtegral I (t) can also be written

/ dcexp(—3itc) / fl@+iy)x_(z + iy) |0z + iy)*dws,
YeNA_

where 7. and dwg are the same as for the case of I (). Performing further the same procedure
as for the case of I (t) and taking into account that JA —JL Ja, = —Ja_, we obtain the

following asymptotic expansion for I () :

_ v 3 i3 3 1 1
L0 = =g o, (0 (3) 4, o (=) + 5, o0 (50| g + o ()

Considering the case of I_(t) we note that in order to get an asymptotic representation for
I*(t) and I~(t) we need to replace Dy — D_, Ay - A A_ — A, in the formulas for I} (¢)
and I (t) correspondingly. Taking into account that f5,, (1) = —f5 (1), fp, (=1) = —fp_(=1),
we obtain

C 1
[t) =g +o <t3/4)

where

o 30 () 10 5w () 5w ()
fp. (=1) (JX+ exp (—?) + J5, exp (?))) (7.50)

Thus we have shown that the linear approximation of the solution wv(z,t) of (0.5), when

z = —18t, behaves asymptotically as tg% when t — oo.

Note that on the set v, U~v_ the differential form dwg is positive. Thus JK are some negative
constants, and expressions JX exp (”3> + J;+ exp ( ”3> JXJr exp ( ”3) + Jx A, €XD (”3) do
not vanish. On the other hand, from property 8 of Statement 1.2 and (7.42) it follows that
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7. Large time asymptotics for solutions of the NV equation at £ < 0

fo, W)/ fp (1) = b(1)/b(1). Thus, in the general case the constant C' from (7.50) is nonzero.

We have proved the optimality of estimate (7.3) in the linear approximation.

7.3.2 Optimality of the estimate in the nonlinear case

Now we show that for certain initial values v(z, 0) the corresponding solution v(z,t) of (0.5)
behaves asymptotically as -7 along the line z = —18t for some ¢ # 0. Let us show that the
integral (7.34) with f =1 and z = —18t behaves as 373

We can represent a;(—18¢,¢) in the form (7.41) with f(¢,t) = r(¢,t)p(C,t), where

— // O.r(n, 2,1)] Z_flgthendReQ.
T

In other terms,

wl1-¢dl,

f(C) = f(C,t) = 2|§|2

w b () exp(tS(0))] -

oz [
We proceed following the scheme of estimate for I(¢) until formula (7.48). Then we represent

1
X (@ + i) |y (@ + iy)) P = —= + ke M@+ iy) + b (@ + iy)),

V6

where k is some coefficient and h(c'/*(x +iy)) satisfies an estimate of type (7.48). Consequently,

for F(c, x,y) we can write
Fle,a,y) = F(U)(6 ke (a4iy))+6~ [0 fo, (1) (a+iy)+0: fo, (1) (@—iy)lc/ +g (e (z-+iy)),

where §(c'/*(z + iy)) satisfies an estimate of type (7.48). This allows us to obtain in the end

Oél(—18t, t) =

A () consty B(fe(ED), fi(ED) o]

t1/2 t1/4 t3/4 W) 3 t — OO, (751)

where [;(f(£1)) is a linear combination of the limit values of f as ( tends to 1 and —1 from
inside and outside of the unit circle, and lo(f¢(£1), fe(£1)) is a linear combination of the limit

values of f; and fz as ¢ tends to 1 and —1 from inside and outside of the unit circle.

Now let us consider the potential vy corresponding to the scattering data b, where § € R
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Chapter III. Large time asymptotics for solutions of the NV equation

is some small parameter. In a way similar to which (7.51) was obtained it can be shown that

|f(:i:17t>| < ma |f((:l:17t)‘ < 62927 ‘f&(i17t>| < 6202

for sufficiently large values of ¢, where ¢y, c5, c3 are some constants independent of ¢ and §. When
0 — 0 and t — oo, the linear approximation of vy behaves as O (t?,%), while the expression
a1 (—18t,t) behaves as O (tﬁ%) (it can be shown that the member o (ﬁ) in (7.51) depends
quadratically on 0).

Finally, from (7.30) and Lemma 7.3 it follows that for § small enough and for z = —18¢,

= Co ! t
UG(Za)_th_'_O W ) — 00,

where Cy is some nonzero constant. Thus we have shown that the estimate (7.3) is optimal.

7.4 Estimates for intervening integrals (proofs of Lemmas 7.2, 7.3)

Proof of Lemma 7.2. The proof follows the scheme described in Section 7.1 and is carried out
separately for four cases depending on the values of the parameter u. In all the reasonings that
follow we denote by D. the union of disks with the radius ¢ centered in the stationary points

of S(u, () and we denote by T the unit circle on the complex plane :
T={)eC:|\=1} (7.52)

in addition, const will denote an independent constant and const(f) will denote a constant

depending only on function f.
Case 1. uelU
In this case all the stationary points belong to 7" and due to assumptions (7.6) and (7.20)

of Lemma 7.2 we can estimate
|f(¢)| < const(f)e for ¢ € D.. (7.53)

Now we estimate the integral I;,; (as in (7.18)) as follows

| Lint| = f(Q) exp(tS(u, ¢))dRe¢dIm¢| < const(f) - & [[ dReCdIm( < const(f)e®.
J y
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7. Large time asymptotics for solutions of the NV equation at £ < 0

The estimate for I.,; (as in (7.18)) is proved as follows.

We note that the function S (u, () can be estimated as

e
|S¢(u, ¢)| = const-—2- for ( € C\D,,, and

|€|4 (7.54)
|S¢(u, ¢)| = constw for( € 0D,, €< p<e,.
Similarly, we can estimate
S : 4
(w6 < const@ for ( € C\D.,, and
(5¢(u, €))? €0
SRS I (70
‘(Sé(u, iE < constp—é for( € 90D,, e < p < ey.

Thus we obtain the following estimate for I; from (7.19)

1 /(O

1 const(f)
2.0 15¢(u, ) '

|[1‘ X
e

||dg| \Const— / IC|41dC] < const(f)§(1+g)4<

0D,

Due to assumption (7.20) of Lemma 7.2 the integral I from (7.19) is equivalent to zero.
When estimating /3 and [, from (7.19) we fix some independent 5 > 0 and integrate
separately over D, \D. and C\D,, :

m\ﬂf%“p<0> OO e <
S¢(u, )
Dey\De C\D¢,
< const(f) [ Ldp+const ([ 1£(Q)lI¢ dRecdtn¢ < <)
/ C\é[o : €
X S
L] < // )e p ug)))) cclu, C)‘dReCdImC—i—
Doy \D.
f(¢ eXp u, §))S¢(u, ¢)
+ / / ‘ C)) ‘dReQdImgg
C\D¢,
3 const( f)
< const( f / dp—I—const / / | (O)||¢°|dRe(dIm¢ < S—

C\Dx,
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Chapter III. Large time asymptotics for solutions of the NV equation

Setting finally € = yields

1
(1[e[)/4

const( f)
I(t < —

G0 S
uniformly on u € U.

Case 2. u € C\U and w from (7.16) satisfies wy < 775 <1 —w; for some fixed independent
positive constants wy and wy (i.e. the roots (y, (o from (7.16) are separated from T, defined by

(7.52), and the root (5 is separated from the origin)

In this case the we can estimate

1S¢(u, Q) = CO|I€1|S;C'O for ( € 0D,
St(u, C) const|(]*
A
g < rceon,

Using these estimates and proceeding as in case 1, we obtain
1
|Iine| < const(f)e?, |I| <const(f), I, =0, |I3]<const(f), |4 < const(f)In-.
€

Setting ¢ = we obtain that

1
1+t

In(3 + [¢])

I(t,u) < const(f) e

uniformly for the considered values of the parameter u.

Case 3. u € C\U and 17 < wy (i.e. the roots (o and (; from (7.16) lie in some neighborhood
of T from (7.52))

Lemma 7.4. For any t > ty with some fived ty > 0 and any w > 0 one of the following

conditions holds
(a) 0 <w<

(b) w>
(c) In:

2 .
T

1+|t\>1/8 /

2 o L .
(1+\t|)7n+1/(2+27n+1) <w< (1+‘t|)~m/(2+27n+1)7 where Vsl = 3771 + 5 M= :
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7. Large time asymptotics for solutions of the NV equation at £ < 0

Proof. We note that

Yn+1 N 1
242V 4
Tn < Tn
2+ 27n+1 2+ 27n,
T 1

<
2"‘2’72 8

Thus the intervals from the cases (a), (b), (¢) Vn € N cover the whole range 0 < w < +00. O

We will prove the result separately for three different cases depending on the value of

parameter w

(a) 0<w<25:W

In this case estimates (7.53), (7.54), (7.55) hold and so the reasoning of the case 1 can be

carried out to obtain that

const( f)
(1 [¢])>

uniformly for the considered values of the parameter u satisfying

I(t,u) <

2

0< < — .
N CENTIE

(b) w > 51/3 = W
In this case we estimate |I;,;| < const(f)e2.

Further, we note that the derivative of the phase is estimated as

const ew?

|Sé(u, Q) = T

for ( € 0D..

Thus for I; we obtain |I;] < const(f) 7.

(7.56)

(7.57)

In order to estimate the integral /3 we use the following estimate of the derivative S; for

(€0D, whene < p<ep:

constpu.)2

|Sé(u7 €)| > K‘4 ) 1f;0 < W,
|SE(u, ¢)| = CO&?ZPS, if p> w.

It allows to derive |I3| < const(f) 7.

(7.58)
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Chapter III. Large time asymptotics for solutions of the NV equation

Finally, we proceed to the study of the integral I,. We use the following estimates

Ste(u, C) const|¢]*
(5’ (w, Q)] = puw?
and
< const(f)w, if p < w,
£(O] < const()w, it p 750
| F(Q)] < const(f) p, if p>w
After integration we obtain the estimate || < const(f)=r.
Setting finally ¢ = W, we obtain
const( f)
I(t,u) < ————
S T
uniformly for the considered values of the parameter u satisfying
N (7.60)
w>— :
(14 [2)/®

(c) emt < w < 2™, where ¢ = (1+\t|)1/(++27"+1) and Y11 = 29, + 3, 71 = 1 (note that
Yo — 1)
We proceed similarly to the case (b). Evidently, I;,; can be estimated | I;,¢| < const(f)e*™m.
Employing the estimate (7.57) we obtain |I;| < const(f) =S

2"/n+1 °

Using (7.58) in order to estimate I3 we obtain |/3] < const(f)

1
etn+1*

Finally, to estimate I, we use (7.59) and

const|¢|*
‘ S P R A
Gl P | S| it s

to obtain |I| < const(f)%_

2Vn+1

Setting ¢ = yields

(1+|t‘)1/(2+2"/n+1)

const(f) In(3 + |t]))
(1+ [¢])3/4

11t u)] <

uniformly for the considered values of the parameter u satisfying

1 2

(1+ |t|)7n+1/(2+2%+1) <w< i+ |t|)7"/(2+27"+1). (7.61)
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7. Large time asymptotics for solutions of the NV equation at £ < 0

Finally, from Lemma 7.4 it follows that we have proved the required estimate uniformly on
the values of parameter u € C\U such that s < Wo.
Case 4. u € C\U and o> 1l—w (i.e. the roots (s, —(3 lie in the w;—neighborhood of the
origin)
1

This case is treated similarly to the previous one. We denote w = - Then we use estimates

[F (O] < ()@ +pl,

constp? const pw
|52(U>C)| > W or |52(U7 Q) = W;
‘ S¢e(u, ¢) < const|¢[* o ‘ S¢e(u, ¢) const|¢[*
(St(w, Q)2 = 4° (Se(u, O]~ pP@
which hold for ¢ € D, to obtain the necessary estimates. O

Proof of Lemma 7.5. 1. The proof of inequality (7.31) repeats the proof of Lemma 7.2. The
proof of inequality (7.32) also follows the scheme of the proof of Lemma 7.2. In this case
we take D, to be the union of disks of the radius € with centers in the stationary points
of S(u, () and in the point A.

For the case when A\ ¢ T, where T is defined by (7.52), an estimate weaker than (7.32)
can be obtained via a simplified reasoning. Indeed, I, as in (7.18), can be estimated
| Iint| < O (;) Using estimates (7.54), (7.55) and

(1+[2])°
¢ = Al = pfor ¢ € 0D, (7.62)
we obtain that |l..¢| < O (W) Setting € = W we get the estimate (7.33).

2. In order to obtain estimates (7.35), (7.36) we proceed according to the scheme outlined
in Section 7.1. In this case the integral I; does not annul. On the other hand, when the
variable of integration belongs to 7', the estimate (7.32) on the integrand of I, is stronger

than the estimate (7.33) for the general case. Thus we obtain for a4(z,t)

2 1 )
[ lint| < O (%) . LI <O (ﬁ) . | <O (ﬁ) ,
(L4 [¢))>*s (L + [¢])F7 e (L+[t])raes
1 1
L<O[——— |, |[L<OoO|————.
<0 (i) 14 <0 (Gea)

7 yields the required estimate. The estimate (7.36) is obtained similarly.

: _ 1
Setting ¢ = T
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Chapter III. Large time asymptotics for solutions of the NV equation

3. We will give the scheme of the proof for estimate (7.37). The estimate (7.38) is obtained
similarly.
We will prove (7.37) by induction. Suppose that (7.37) holds for all n = 1,2,... N.
Then following the scheme of Section 7.1 and taking into account that 8,\m =
(AZ7'- f)(N), we obtain for n = N + 1 :

€ 1
IZTZ < O n— ) ‘[ < O n— )
il < <(1 + |t|)6+éf711> S ((1 + |t|)6+é(71153>

1 1
I < O n—1 I I < O n—2 Y
= ((1+|t|)5+%(7154> s ((1+|t|)5+%(7153>

1
LI<O0 ).
11 <0 (i)

W we obtain the required estimate.

Setting ¢ =

4. We represent R, (\) as the sum of the following members

R\ =BA+A+ A+ . ) 1+ AB(A+ A2+ A% +..) 1+
A+ A2+ A+ JABI+ A+ A% +..)-1=R.,(\) + RZ,(\) + R2,(N).

The convergence of the series at sufficiently large times follows from the estimate (7.38).

Now let

iz, t 1

q(i )+0<W>, as A — 00.

From (7.32) and (7.38) it follows that |g;(z, )| < %. From (7.35) and (7.38) we

obtain that |gs(z,t)| < % Finally, from (7.36), (7.37) and (7.38) it follows that
e/ 4717

3(z, 1) < %. This yields the required estimate. O
g (L]¢) 72777

Ri,t(/\) -
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Conclusion

In the present work we investigated the Novikov-Veselov equation, a nonlinear integrable
evolution equation which is a (2 + 1)-dimensional analog of the celebrated Korteweg-de Vries
equation. The Novikov-Veselov equation is integrable via the inverse scattering transform me-
thod for the 2-dimensional stationary Schrodinger equation and we used this method to study
the large time asymptotics of its solutions and the question of existence or absence of solitons
for this equation.

We showed that in the nonsingular case, i.e. when the scattering data for the associated
2-dimensional Schrodinger equation are everywhere well-defined, the solution of the Cauchy
problem for the Novikov-Veselov equation at nonzero energy from the Schwartz class (and
simultaneously a transparent solution in the case of positive energy) decreases uniformly with
time and thus, in particular, does not have solitons in the large time asymptotics. Thus the
above result at £/ > 0 highlights a significant difference between the Novikov-Veselov equation
and its (141)-dimensional analog : recall that KdV possesses well-known exponentially localized
reflectionless solitons.

Results of the present work demonstrate that in the nonsingular case the Novikov-Veselov
equation does not possess solitons. Thus solitons may arise only if the scattering data have
some singularities. This is precisely what happens in the case of Grinevich-Zakharov potentials :
the poles of the scattering function give rise to multisoliton solutions of the Novikov-Veselov
equation at positive energy as was demonstrated in the present work.

The present work demonstrates that the space localization of Grinevich-Zakharov potentials
(as O (Jz|~2) when |z| — o) is almost the optimal that can be obtained for the solitons of the
Novikov-Veselov equation. We show that in the case of nonzero energy the space localization

stronger than O (|z|~®) is already impossible. For the case of zero energy we have shown that
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Conclusion

if we restrain ourselves to solutions that are obtained from solutions of the modified Novikov-
Veselov equation via Miura type transformation, then the existence of solitons localized stronger

than O (|z|72) is not possible.
The technique developed in the present work can be applied to other problems of the soliton

theory in dimension 2 + 1.
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Appendix

A.1 Behavior of w(z) as z - o

Statement A.1. Let v € C*(C) and

0707 v(2)] < W, J1,J2 €{0UN}, j =71 +j2 < 4

forVz € C and some q¢ > 0, ¢ > 0. Let w be defined by

Osw = —30,v,

w(z) = 0 as z = 00.

Then
~30(0) 1
w(z) = — +0 <\z|3> , as z — 00,
69(0 1
dw(z) = — ;}23) +0 (W) , as z — 00,

where 0(0) = [ v(¢)dReldIm(.
c

Proof. Let z = % and W (&) =w (%) If W e C3(U), where U is some neighborhood of £ = 0,

then

W (€) = W (0)€ + O (0)E€ + %agvv(o)g? + 00 (0)€E + %agvv(())gﬂ +0(lgP), ¢—o.
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Appendix

First, let us prove that the first order derivatives of W vanish at £ = 0. Indeed,

1\ 1 -
oW (0) = hm (8 w <£> §> = 3;LI£lOZ2aZU(Z) =0

due to property (A.1). Similarly,

O:W(0) = ;LIEIOZ J,w(z) - lim 2 // dR ¢dImc.
szz =—(C—z+ C% and noting that
/ / ¢O2v(¢)dReCdIm¢ = 0, / / 920(¢)dReCdIm¢ = 0, (A.4)
C2 )

we obtain that ;W (0) = 0.

Now we calculate the second order derivatives of W :

W (0) = lim (=32"9.0:v — 62°0.v) = 0,

Z—r00

0:0:W (0) = ZIL@O(_3‘Z|483'U) =
due to assumption (A.1). In addition,
RW(0) = ;Lrgo(z48§w + 2230, w).

4

Using representations CZTSZ =—22—(z2—-C+ CCTSZ, Ciz =2 (2 -2+ <<T4z it is possible
to show that

Hw// g_ Z90) Recdim g_——//gacv dRengmg_——2 (0)

and

Z—00 1

lim > / / @ 4” ) Recdlme = — % / / CBOPu(¢)dReCdIm¢ = 1—5@(0),
C

which yields
BEW(0) =
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Finally, it is not difficult to verify that under assumption (A.1) the third order derivatives
of W are well-defined in some neighborhood of £ = 0 and thus the following representation
holds :

o(lgl*), €—0,

which proves (A.2).
In order to prove (A.3) we note that d,w(z) = =29 and that under assumption (A.1)

the following representation holds :

0eW (€) = ZW(0)6 + 00 (0)6 + O(I€), € — 0.

A.2 Derivation of formulas for 0,«, 0,

Here we present a detailed derivation of formulas (4.38), (4.40) proceeding from represen-
tations (4.37), (4.39), respectively.

Derivation of (4.38). Consider expression (4.37). For 0,v and 0, appearing in this expression,
we will use representations (0.5) and (4.36), correspondingly. Note, however, that this produces

the following integrals

—2F // e‘iéﬁ(’\G%)acwcdeeQ dlm¢, —2F //e
c c

which are not, strictly speaking, convergent. Thus we will understand (4.37) in the following

sense

da(At) = lim Q / OGN0 (¢, (€, A, t)dReCdIm +

ol

where Bp is a disk on the complex plane with radius R.
Substituting (0.5) and (4.36) into (A.6) yields

v(C,t)0pp(C, A, t)dReCdImC) , (A.6)
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00 98y o dRe¢ dIm(+

0.0 (3
2 ffe D e o +2 JfE S vt s
e
_9E //
e

+ 2// e_zg(AC’Li)vwaccp dReC dIm( + 2// e~ BEOD) vw Jzp dRe( dIm(+

-v @ dReC dlm( + 8//6_

e NEOHD dzw ¢ dReC dIm(—

2B / / e~ 5505 9.0 o dReC dTm(+

v 83<p dReC dIm( + 8 // HEOHD) 834,0 dRe( dIm(+
Br

R
1 i =
+i(VE)® ()\3 + F) // e PO v dRe( dIm¢+
Br

+VE (AB )\3) //

We start by integrating Iy by parts. Note that due to assumptions (4.2) the integrals over

14

%) v 1 dReC dImC) = lim Z L. (A7)

the boundary of By vanish as R — co. Thus we obtain

A Ty = )\3 //

1E E [0t siopanec e s [

6F WE (\F
v dRe( dIm( + — 32 // e~ SO Ocv p dReC dIm(+

In this way it can be obtained that

hm ([1 -+ [2 -+ [9 —+ [10 —+ [13) =
R—o0

12iVE
A

- / / e~ 0 90 dRe dIm( + / / e=FEOGHS) 520 dReC dImC+
C C

FBEN / / e~ 5F 0T 90 dReC dIm( + 12iVEA / / e OGS 920 o dReC dIm(. (A.8)
C C

Integrating I;; by parts we obtain
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Jim (i + I7) = =2 / / BEOGHS) 9w w o dReC dImC+
+ I%im (Z\/_ // —2EOHD) 4 pdRe( dlm( — 2F // ~BEOCH )6 w @ dReC dImC)
—00

—2//

v Ocw ¢ dRe( dIm.

Consider

- WE i :
I = Z\Z\_ //e_ \2@()‘C+§)vw<deeCdIm§.
B

Taking into account that —49:0;p + vy = E¢ we obtain that

R/

Applying the Stokes theorem to I (2) we get that

~n
||

4 o
)w o dRe dImC+ “/_ / [ e 52055 w0 dReC dim¢ = Ty +l,

5 2 i R —  4iVE E s
Iy = —T\/_ SEOCD) 0 9 d “A/_ /[ o (e@@“%)w) Oep dReC dIm(,  (A.9)
Br

Cr

where Cg is the boundary of Bpg.

Note that
Oz0(z,\) = i\gﬁ)\eiéﬁ()‘”f) <% ()\5 — %z) +1+ 0(1)) , as z — 00. (A.10)
In addition, note that - o
qde _ S, A.
/ e 0, e 0 (A.11)

Thus from Statement A.1, (A.10), (A.11) it follows that as R — oo the first summand in the
right-hand side of (A.9) vanishes. We apply the Stokes theorem to the second summand :

4iVE WE (\F E )
— Zj\/_ // O¢ (e_@()‘ﬁ% w) Fp dReC dIm( = Z— e~ MO wd(—
Br CR
2VE

A
Cr

WE s 4ivVE E (\¢
B0 9w dC + Z( /[ oo (e_ “fuﬁ%w) pdRe¢dIm(. (A.12)
Br
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From Statement A.1 and asymptotics of p(z,A) as z — oo it follows that the second summand

in the right-hand side of (A.12) vanishes as R — oo. For the first summand we obtain

_32'(\/@)3
IR y ¢ 7\

B i = E)3 30 d

)\2
Cr

0(0) as R — oo.

Finally, for I, + I; we obtain that

Jim (I+17) = —2//

122\7 // ~EO0) 92 4 o dRe¢ dIm — 2 // ~2E055) 4 9w o dReC dImC +

/ / HEOGHS) 9,0 o dReC dImC —

Thus it can be obtained that

}%lm (I3+]4+]5+16+]7+]8+111+Il2):
_i 12
// NE(A+5) 8<vgdee§dImC— Z\/_ //

_6EN / / e~ 5F 0TS 9 o dReC dIm¢ — 12iVEA / / e 200 920 o dRe( dIm(—

_3i(VE)? </\3 - %) 5(0). (A.13)

Finally,

Jim I = 3i(VEY (¥ - Al )atn 1 (A.14)

and thus from (A.7)-(A.14) we obtain formula (4.38).

Derivation of (4.40). We proceed similarly to the derivation of formula (4.38). Substituting
(0.5) and (4.36) into (4.39) yields

B 1) = lim “FEsECCHS) 53 o dRe¢ dImc+8 [ [ B ECHS) 934 & dRe¢ dTmC +
vy ¢
B

+2 // e“{sgnE(M’L?) Ocvw ¢ dRe( dIm( + 2/ SESECCHS) Ocw ¢ dRe( dIm({+
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+2 // e@sgnE(Xﬁg) Ozvw p dReC dIm( + 2 // e@sgnE(Xﬁ% v Oz ¢ dRe( dIm(—
Br Br

—2F // ¢ SPsmEOCH) Ocw ¢ dRe( dIm( — 2F // ¢ SPsEOCHS) Ozw o dRe¢ dlm(+
Br Br

48 / / ¢ BOHD) ) 9B dReC dTmC + 8 / / ¢ B0 ) 920 dReC dIm+
Br Br

P // ei‘éﬁsgnE(XCJr%) vw Ocp dRe¢ dIm¢ + 2 /e@sgnE(XCJr%) v 8590 dRe( dIm(+
Br Br

1 i . 3 q
+ Z(\/E)g ()\3 + E) // Q@SgnE(A“’%) ) gdeeg dImC—}-
Br

+ 3i(VE)? ()\3 _ %) /[

where Bpg is a disk on the complex plane with radius R.

BEsmBEOCHS) 1o dReC dI = i 3 J,. (A.15
v dReCding | = lim 377, (A9

Integrating Jy by parts yields

lim Jo = Mi(VE) (sgnE) [[ ¢ F#mEOHD) 4 o dReC dI

dim Jo = A%(VE) (sgnE) [[ e x v dReC dlm(+
C

+6\2E // o s EOCH) dev p dReC dIm¢ —12X\ivV E(sgnE) // o DEEsenB(C+) 920 ¢ dReC dIm¢ —
C C

-8 // eiéﬁsgnE(j‘Hg) 8?1) ¢ dReC dIm(.
C
In this way it can be obtained that
1 < 1
(Jl + Jz + Jg + Jlo + Jlg) = Z(\/E)g ()\3 + =+ (SgnE) ()\3 + ;)) 5(/\, t)‘l—

lim
R—o0 )\3

6EN? / / e“FERHS) 4 o dRe¢ dim¢ —12iVE (sgnE) A / / 5
C C

L senE(AC+$) 3?1} ¢ dRe¢ dIm(+

+ 65\—6 // ¢ “FEsEnEOCHS) Ogv ¢ dReC dIm( — 1225:/E (sgnk) // ¢ s EOCHS) 8%1} ¢ dRe¢ dIm(.
c C
(A.16)

Integrating .J1; by parts we obtain

I%im (Ju+J7) = —2//ei B OC+H) Ocvw ¢ dReC dIm¢+
— 00
c
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+ I%im (—i\/ﬁ(sgnE)/_\ /e@SgHE(S‘H%) vw p dRe( dlm(—
—00

—2F // eiéﬁsgnE(Xﬁg) Ocw ¢ dRe( dImQ) -2 /e@sgnE(j‘Hg) v Ocw ¢ dRe( dIm.
C

Consider )
J = —iVE(sgnE)X // eSSBS 4y, @ dRe( dIm(.
B

Taking into account that —49:0;¢ + vy = E¢ we obtain that

¢ SE B0 4y o dReC dIm( —

J= —i(\/E)B(sgnE)S\//
— 4iVE(

w 8485<p dRe( dIm( = j(l) + j(2)

Applying the Stokes theorem to j(g) we get that

J(g) 2ﬁ(sgnE /\

Jw Oz d¢+

" 4¢\/E(sgn E)A / / o (e@ (sgnE)(A¢+$) w) Oz dReC dIm¢ = Jia1) + Jia2).
B

where Cp is the boundary of Bg.
Transform j(gl) into the following form

2w .
ip_ | Re "%
)

J21 = 2\/_ E(sgnE)\ (Rew)a P(C)l¢=Rere (— iRe™)dyp =

27
= sgnE /
0

Note that from Statement A.1 and asymptotics (A.10) it follows that

0

3i0(0)E

47

q(R, ) — ()\Qefzi“’ — 1) exp (@R (1 + (sgnE)%) ((sgnE)S\ew + )\ei‘p)> ,
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as R — oo uniformly on ¢. Thus
21

~ _ i E 1 _ . .

Jo1) — 2\/E(sgnE)/\/exp <§R (1 + (SgnE)ﬁ) ((sgnE))\e“" + /\ew>> fle)de, as R — oo,
0

where f(p) is a smooth function of . Note that the resulting integral is an integral of stationary

phase type and thus j(gl) — 0 as R — oo.

Now let us apply the Stokes theorem to j(22) :

j(22) = 2@(SgnE)5\ / eiéﬁ(sgnE)(’_\H%) Ocw p dC+
Cr

BN / " F )0 1y o d — 4iVE (sgnE) A / / 0.0; (ei?@gn@@“%)w) o dRe¢ dIm.
Cr Bgr

(A.17)

Treating the first two summands in the right-hand side of (A.17) in the similar way as we

treated j(gl), we obtain that

j@) ~ j(22) ~ —4i\/E(sgnE)5\// 0c0¢ <e@(sgnE)(j‘C+§) w) @ dRe( dIm(, as R — oc.
Br

Finally, for Ji; + J; we obtain that

iVE Yo &
27 senBACH) Ocvw p dRe dIm¢—

s =2 ff

—6EN? //eiéESgnE(ng)agvgodReC dImC—I—l%@(sgnE)/_\//ei\ﬁ
C C

L sen E(C+$) a? v dReC dIm( —

-2 // ei\éﬁsgnE(j‘H%) v Ocw ¢ dRe( dIm.
o

Thus it can be obtained that

(J3+J4+J5+J6+J7+J8+J11+J12):

lim
R—o0

C C
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6L i Ser & 121V E —E (3048
aSY) // e@SgHE(ACJr%) agv @ dRe( dIm({ + Z_\/_(sgnE) // e\/giE(/\CJr%) aCZU ¢ dRe( dImc.
C A C
(A.18)
Finally,
. : 1
lim iy = 3i(VE)? ()\3 - F) b\, 1) (A.19)

and thus from (A.15)-(A.19) we obtain formula (4.40).
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