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Etude des EDS rétrogrades avec sauts et problémes de gestion du risque

Résumé : Cette thése traite d’'une part, de questions de gestion, de mesure et de transfert du
risque et d’autre part, de problémes d’analyse stochastique a sauts avec incertitude de modéle.

Le premier chapitre est consacré & I'analyse des intégrales de Choquet, comme mesures de risque
monétaires non nécessairement invariantes en loi. Nous établissons d’abord un nouveau résultat de
représentation des mesures de risque comonotones, puis un résultat de représentation des intégrales
de Choquet en introduisant la notion de distorsion locale. Ceci nous permet de donner ensuite
une forme explicite & 'inf-convolution de deux intégrales de Choquet, avec des exemples illustrant
I'impact de ’absence de la propriété d’invariance en loi.

Nous nous intéressons ensuite a un probléme de tarification d’un contrat de réassurance non pro-
portionnelle, contenant des clauses de reconstitution. Aprés avoir défini le prix d’indifférence relatif a
la fois & une fonction d’utilité et & une mesure de risque, nous I’encadrons par des valeurs facilement
implémentables.

Nous passons alors & un cadre dynamique en temps. Pour cela, nous montrons, en adoptant une
approche par point fixe, un théoréme d’existence de solutions bornées pour une classe d’équations
différentielles stochastiques rétrogrades (EDSRs dans la suite) avec sauts et a croissance quadratique.
Sous une hypothése additionnelle classique dans le cadre a sauts, ou sous une hypothése de convexité
du générateur, nous établissons un résultat d’unicité griace & un principe de comparaison. Nous
analysons les propriétés des espérances non linéaires correspondantes. En particulier, nous obtenons
une décomposition de Doob-Meyer des surmartingales non-linéaires ainsi que leur régularité en temps.
En conséquence, nous en déduisons facilement un principe de comparaison inverse. Nous appliquons
ces résultats a I’étude des mesures de risque dynamiques associées, sur une filtration engendrée a la
fois par un mouvement brownien et par une mesure aléatoire a valeurs entiéres, a leur repésentation
duale, ainsi qu’a leur inf-convolution, avec des exemples explicites.

La seconde partie de cette thése concerne ’analyse de I'incertitude de modéle, dans le cas particulier
des EDSRs du second ordre avec sauts. Nous imposons que ces équations aient lieu au sens presque-
stir, pour toute une famille non dominée de mesures de probabilités qui sont solution d’un probléme
de martingales sur I'espace de Skorohod.

Nous étendons d’abord la définition des EDSRs du second ordre, telles que définies par Soner, Touzi
et Zhang [112], au cas avec sauts. Pour ce faire, nous démontrons un résultat d’agrégation au sens
de [111] sur l'espace des trajectoires cadlag. Ceci nous permet, entre autres, d’utiliser une version
quasi-stire du compensateur de la mesure des sauts du processus canonique. Nous montrons alors
un résultat d’existence et d’unicité pour notre classe d’EDSRs du second ordre. Ces équations sont
affectées par I'incertitude portant a la fois sur la volatilité et sur les sauts du processus qui les dirige.

Mots-clés : mesures de risque convexes, intégrales de Choquet, capacités sous-modulaires, invari-
ance en loi, inf-convolution, réassurance non proportionnelle, clauses de reconstitution, tarification
par indifférence, équations différentielles stochastiques rétrogrades avec sauts, générateur & croissance
quadratique, décomposition de Doob-Meyer non linéaire, principe de comparaison inverse, équations
différentielles stochastiques rétrogrades du second ordre, agrégation sur I’espace de Skorohod, analyse
stochastique quasi-siire avec sauts.






Analysis of Backward SDEs with Jumps and Risk Management Issues

Abstract: This PhD dissertation deals with issues in management, measure and transfer of risk
on the one hand and with problems of stochastic analysis with jumps under model uncertainty on
the other hand.

The first chapter is dedicated to the analysis of Choquet integrals, as non necessarily law invariant
monetary risk measures. We first establish a new representation result of convex comonotone risk
measures, then a representation result of Choquet integrals by introducing the notion of local dis-
tortion. This allows us then to compute in an explicit manner the inf-convolution of two Choquet
integrals, with examples illustrating the impact of the absence of the law invariance property.

Then we focus on a non-proportional reinsurance pricing problem, for a contract with reinstate-
ments. After defining the indifference price with respect to both a utility function and a risk measure,
we prove that is is contained in some interval whose bounds are easily calculable.

Then we pursue our study in a time dynamic setting. We prove the existence of bounded solutions
of quadratic backward stochastic differential equations (BSDEs for short) with jumps, using a direct
fixed point approach as in Tevzadze [117]. Under an additional standard assumption, or under
a convexity assumption of the generator, we prove a uniqueness result, thanks to a comparison
theorem. Then we study the properties of the corresponding non-linear expectations, we obtain in
particular a non linear Doob-Meyer decomposition for g-submartingales and their regularity in time.
As a consequence of this results, we obtain a converse comparison theorem for our class of BSDEs.
We give applications for dynamic risk measures and their dual representation, and compute their
inf-convolution, with some explicit examples, when the filtration is generated by both a Brownian
motion and an integer valued random measure.

The second part of this PhD dissertation is concerned with the analysis of model uncertainty, in the
particular case of second order BSDEs with jumps. These equations hold P-almost surely, where P
lies in a wide family of probability measures, corresponding to solutions of some martingale problems
on the Skorohod space of cadlag paths.

We first extend the definition given by Soner, Touzi and Zhang [112] of second order BSDEs
to the case with jumps. For this purpose, we prove an aggregation result, in the sense of [111],
on the Skorohod space. This allows us to use a quasi-sure version of the canonical process jump
measure compensator. Then we prove a wellposedness result for our class of second order BSDEs.
These equations include model uncertainty, affecting both the volatility and the jump measure of
the canonical process.

Keywords : Convex risk measures, Choquet integrals, submodular capacities, law invariance,
inf-convolution, non-proportional reinsurance, reinstatement clause, indifference pricing, backward
stochastic differential equations with jumps, quadratic growth generator, non-linear Doob-Meyer
decomposition, converse comparison theorem, second order BSDEs, aggregation on Skorohod space,
quasi-sure stochastic analysis with jumps.
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1.1 Problémes récents de mesure et de gestion du risque

1.1.1 Des mesures de risque aux intégrales de Choquet

Dans la premiére partie de cette thése, nous aurons recours & de nombreuses reprises & des espérances
non linéaires, objets qui correspondent, au signe prés, soit a des mesures de risque, soit a des fonctions
d’utilité monétaires.

Nous commencerons par étudier les mesures de risque, en nous focalisant sur le cas particulier des
intégrales de Choquet, pour analyser des problémes de transferts de risque formulés & I'aide de ces
fonctionnelles.

Nous analyserons ensuite en section 1.1.2 un probléme de tarification par indifférence, faisant
intervenir & la fois une fonction d’utilité monétaire et une mesure de risque.

1.1.1.1 Mesures de risque

Ces derniéres années, une attention croissante a été portée aux méthodes permettant d’associer une
mesure chiffrée a un risque, ce risque pouvant étre issu d’une position financiére ou d’aléas assurés
par une compagnie d’assurance, ces derniers incluant des risques majeurs variés comme ceux des
catastrophes naturelles, des pandémies, ou encore des risques industriels.

Motivés par certaines imperfections de mesures traditionnelles de risque comme la Value-at-Risk
(VaR), Artzner et al [2] ont conduit une analyse axiomatique du capital de solvabilité requis et ont
introduit la notion de mesure de risque cohérente sur un espace de probabilité.
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Dans 'espace X' de toutes les positions financiéres, il existe un sous-ensemble A de positions qui
sont considérées comme acceptables, par exemple, du point de vue d’une autorité de régulation.
Supposons que si une position Y est acceptable et X <Y alors X est acceptable. On définit alors
le risque p(X) comme la somme minimale & adjoindre a la perte X et a investir de fagon stire, pour
que X devienne acceptable, on a donc :

p(X) =inf{m e R|IX —m € A}.

Adjoindre m € R & X revient & diminuer les pertes du montant deterministe m.

Il s’ensuit que p est une application définie sur 'ensemble X telle que p(X + ¢) = p(X) + ¢ pour
toute constante ¢, ¢’est la propriété de cash invariance, appellée également invariance par translation.
De plus, le risque augmente quand les pertes éventuelles augmentent, p(X) < p(Y) si X <Y.

Nous avons plus précisément la définition suivante. Soit (£2, F,P) un espace de probabilité fixé.

Définition .1 Une application p : X — R est dite :
e [MO] Monotone si X <Y p.s. implique p(X) < p(Y').
e [CI] Invariante par translation si Ve € R, p(X + ¢) = p(X) + c.
e [CO] Conveze si¥V0<A<1, pAX + (1 =N)Y) < Xp(X)+ (1 —X)p(Y).

e [PH] Positivement homogéne si ¥V X >0, p(AX) = Ap(X).

Une application vérifiant les propriétés [MO|, [CI] est appellée mesure de risque monétaire. Si elle
satisfait de plus [CO] alors elle est appellée mesure de risque convexe et si elle satisfait également
[PH]| alors nous parlerons de mesure de risque cohérente.

Nous faisons l'interprétation d’orientation suivante : les variables aléatoires que nous manipulerons
représentent des pertes lorsqu’elles prennent des valeurs positives. Nous considérons alors ici des
mesures de risque monotones croissantes, qui sont invariantes par translation avec un signe +.

Remarque .1 L’espérance mathématique relative a une mesure de probabilité P fixzée vérifie les pro-
priétés [MO], [CI], [CO] et [PH], du fait des propriétés de positivité et de linéarité de ’espérance.
Une mesure de risque cohérente p vérifie les mémes propriétés que espérance, sauf la linéarité.
Dans notre contexte, la définition d’espérance non linéaire coincide avec celle de mesure de risque
cohérente.

Les normes réglementaires européennes, comme Béle 2, ou Solvabilité 2, préconisent
l'utilisation de la "Value at Risk" (VaR) comme mesure de risque. Elle consiste & définir une position
X comme acceptable si la probabilité d’une perte est en dessous d’un seuil fixé 3, i.e P(X > 0) < 5.
La mesure de risque correspondante est alors donnée par :

VaR(X) = inf{m € R|P(X —m > 0) < §}.

C’est donc un quantile de la distribution de X. La VaR est une mesure de risque trés populaire mais
qui a l'inconvénient de ne pas étre convexe, cela signifie que la VaR peut pénaliser la diversification
d’une position bien qu’elle soit désirable.
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On définit formellement ’ensemble A des positions acceptables de la maniére suivante :
A= {X € X[ p(X) < 0}

Si 'ensemble A est convexe, alors I'application p est une mesure de risque convere. Si de plus la
classe A est un cone, alors p est une mesure de risque cohérente. La propriété de cone de A signifie
qu’une position X reste acceptable si on la multiplie par un facteur positif, méme trés grand.

Des représentations duales de type "Legendre-Fenchel" ont été démontrées pour les mesures co-
hérentes ainsi que pour les mesures convexes de risque. Une mesure de risque convexe s’écrira alors

p(X) = sup {Eq[-X] - a(Q)}
QeM;

ot M est 'ensemble de toutes les mesures de probabilité sur (£2, F). Une mesure de risque convexe
s’exprime donc toujours comme la "pire" des pertes moyennes a laquelle on retranche une pénalité,
sur une famille de scénarios.

Ces représentations duales ont été prouvées par Artzner & al [2| dans les cas des mesures de risque
cohérentes et par Frittelli et Rosazza Gianin [55] dans le cas convexe. Nous faisons référence a
louvrage [54]| pour plus de détails sur la théorie des mesures de risque.

1.1.1.2 Inf-convolution et transfert de risque optimal

Supposons que deux agents économiques, notés 1 et 2 pour simplifier, doivent se partager un risque
total représenté par une variable aléatoire X. Supposons également que ces agents utilisent respec-
tivement les mesures de risque convexes p; et ps. Nous supposerons, pour fixer les idées, que les
agents en question sont un assureur et un réassureur, mais les résultats énoncés sont évidemment
également valables dans un cadre plus général d’'un "acheteur" et d’un "émetteur". Le partage
optimal sera donné par la résolution de 'inf-convolution des mesures p; et ps.

Plus précisément, plagons nous comme dans [5] et [68] dans le cadre d’un modéle principal-agent.
L’exposition de ’assureur est modélisée par une variable aléatoire positive X. Si I’assureur souscrit
un contrat de réassurance, il prendra en charge les pertes X — F' et transférera au réassureur une
quantité F' ; pour cela, il doit s’acquitter d’une prime 7(F).

Nous supposons que ’assureur minimise son risque, sous la contrainte qu’une transaction ait lieu,
il résout donc :

ippf{pl(X — F + )} sous la contrainte po(F —7) < p2(0) = 0. (1.1.1)

La saturation de cette contrainte et I'invariance par translation de p2 nous donnent le prix optimal
= p2(F) — p2(0) = p2(F). 1l s’agit d’un prix d’indifférence pour le réassureur, c’est-a-dire du prix
auquel il est indifférent, du point de vue de la mesure de risque ps, entre entrer et ne pas entrer dans
la transaction.

En remplagant m = p(F') dans (1.1.1) et en utilisant la propriété d’invariance par translation de
p1, nous obtenons que le programme de ’assureur est équivalent &

nf{p1(X = F) + p2(F)} =: p10p2(X) (1.1.2)
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p10ps ainsi défini, est I'inf-convolution des mesures de risque p; et po.

Barrieu and El Karoui [6] ont montré que si I’assureur et le réassureur utilisent la méme mesure
de risque, mais avec des coefficients d’aversion pour le risque différents, alors le partage optimal de
risque est proportionnel.

Plus précisément, soient p une mesure de risque convexe et 71, y2 deux paramétres réels strictement

positifs. Nous définissons p; et pg par p;(X) := yl-p(%X ). Nous avons alors le résultat suivant :
72 g
1DQX=1< X>+PQ< X)'
pilea(X) =0 7+ 2 M+ 2
En d’autres termes, l'inf-convolution est exacte et est atteinte en F* := 22X Il s’agit 1a d’un

Y1+72
contrat classique en réassurance, qui prévoit que l'assureur prenne en charge une proportion fixe a X
1

des pertes et transfére au réassureur le risque résiduel (1—a)X avec0 < a < 1. Icia = 71?72 = LEL .
Y1 2

Si le paramétre vy, modélise ’aversion pour le risque de ’assureur, % représente alors la tolérance

pour le risque ou l’appétit au risque de I'assureur. Nous voyons alors que plus la tolérance relative

pour le risque d’un agent est grande, plus la part du risque qu’il prend en charge est importante.

Les transferts optimaux ne sont cependant pas toujours de type proportionnel. C’est notamment
le cas lorsque l'on relaxe I'’hypothése que les agents utilisent la méme mesure de risque avec des
coefficients d’aversion pour le risque différents. Cette recherche s’intéresse tout particuliérement
aux transferts non proportionnels qui sont notamment explorés dans [68|, sous les hypothéses de
comonotonie et d’invariance en loi.

Définition .2 Une mesure de risque p est dite invariante en loi si p(X) = p(Y') pour toutes variables
aléatoires X et'Y ayant la méme distribution.

Pour définir les mesures de risque comonotones, nous devons d’abord définir des variables comono-
tones :

Définition .3 Deux variables aléatoires X et'Y sur (2, F) sont dites comonotones si
V(w, o) € (X(w)—Xw)) (Y(w)—Y(w)) >0

Autrement dit, dans un langage économique, X et Y sont comonotones si on ne peut pas utiliser une
variable comme une couverture pour I'autre. Denneberg [40] a montré que X et Y sont comonotones
si et seulement si il existe une troisiéme variable aléatoire Z telle que X et Y s’ecrivent comme des
fonctions croissantes de Z.

Les variables X7 et Xs correspondant aux pertes a la charge de 'assureur et du réassureur dans
les contrats usuels de réassurance sont des variables comonotones. A titre d’exemple, X1 = aX et
X3 = (1 —a)X sont comonotones. C'est aussi le cas de X1 = X Ak et Xo = (X — k)", ot k est un
réel.

Définition .4 Une mesure de risque p est dite comonotone si

p(X +Y) = p(X)+ p(Y), pour toutes variables aléatoires X, Y qui sont comonotones.
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Une mesure comonotone est donc additive pour des variables aléatoires comonotones. L’interprétation
économique est la suivante : si les variables X et Y ne peuvent étre utilisées comme une couverture
I'une pour l'autre, alors combiner X et Y ne doit pas apporter de diversification. Dans ce cas, on
exige de la mesure comonotone de ne pas étre sous-additive mais simplement additive.

Jouini, Schachermayer et Touzi [68] ont prouvé que le partage de risque optimal entre des agents
utilisant des mesures de risque comonotones et invariantes en loi est donné par une somme de contrats
non proportionnels. Il s’agit d’une somme de contrats "stop-loss" dans la terminologie actuarielle.

Il est possible de relaxer 'hypothése de monotonie des mesures de risque dans 1’étude des transferts
optimaux.

Filipovi¢ et Svindland [53] ont montré que lorsque les mesures de risque sont invariantes par trans-
lation et invariantes en loi, il existe un partage optimal se faisant par un contrat dont le payoff est
défini comme une fonction lipschitzienne du risque total X. Les mesures de risque considérées par
Filipovi¢ et Svindland ne sont pas supposées monotones. Acciaio [1] traite également le probléme
du transfert de risque optimal pour des fonctionnelles non nécessairement monotones, sans faire
I’hypotheése de I'invariance en loi, en utilisant la meilleure approximation monotone d’une mesure de
risque non monotone introduite dans [85].

Nous nous référons a Burgert et Ruschendorf [20] et aux références qui y sont mentionnées pour
un apercu de I'importante littérature sur le partage optimal de risque.

1.1.1.3 Reésultats nouveaux

Les résultats nouveaux de cette partie de la thése concernent le cas particulier ou p est définie par
une intégrale de Choquet.

Définition .5 Une fonction d’ensemble ¢ : F — [0, 1] sera dite
1. Normalisée si c(0) =0 et c(2) = 1.
2. Monotone si ¢(A) < ¢(B) pour tout AC B, A, B € F.
3. Sous-modulaire si (AU B)+c¢(ANB) <c(A)+c¢(B),V A, BeF.

Les fonctions d’ensemble normalisées et monotones sont appelées capacités.

Définition .6 L’intégrale de Choquet d’une variable aléatoire X, par rapport & une capacité c est
définie par :

0 ]

/Xdc = / (c(X >z) — 1)d:r+/ (X > z)dr

—o0 0

Rappellons que nous avons fixé un espace de probabilité (2, F,P).
Notons déja que si ¢ = @) est une mesure de probabilité sur (2, F) alors 'intégrale de Choquet par

rapport a ¢ coincide avec 'espérance usuelle par rapport & la mesure Q.

Si nous définissons une mesure de risque p par p(X) := [ Xdc, alors p est monotone, invariante
par translation et positivement homogéne.
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D’autre part, si p est invariante en loi, alors il existe une fonction v définie sur [0, 1] telle que la
capacité ¢ s’écrive ¢(A) = ¥(P(A)) pour tout A dans F. Si de plus p est convexe, alors la capacité
¢ est sous-modulaire et la fonction ¢ est concave. Ces propriétés des intégrales de Choquet sont
développées dans [54].

Nous commencons par montrer que toute mesure de risque comonotone et convexe définie sur LP,
qui a des valeurs finies, s’écrit comme une intégrale de Choquet par rapport & une certaine capacité.
Ce résultat est montré sans ’hypothése de convexité dans [54], dans le cas des mesures définies sur
L™, c’est a dire avec des mesures de risques automatiquement & valeurs finies, et uniformément
continues sur L*°. Nous faisons ’hypothése supplémentaire de convexité, pour utiliser ’extension
par Biagini et Frittelli [10] du théoréme de Namioka-Klee : toute mesure de risque p : LP — R,
convexe, monotone et a valeurs finies est continue sur LP. Ce résultat nous permet d’utiliser le méme
type de démonstration que [54].

Définition .7 Une fonction croissante ¢ : [0,1] — [0, 1] telle que ¥(0) = 0 et (1) = 1 est appelée
fonction de distorsion.

Notre résultat le plus utile dans ce premier chapitre peut étre formulé ainsi : soit X une variable
aléatoire donnée, si p est une intégrale de Choquet par rapport a une capacité c, et si la fonction
x — ¢(X > z) hérite des intervalles de constance de z — P(X > x), alors p(X) coincide avec py, (X)
oll pyy est une intégrale de Choquet par rapport & une capacité qui s’écrit comme une distorsion de
P.

Autrement dit, méme si p n’est pas une intégrale de Choquet par rapport & une distorsion de
probabilité, il est possible de faire coincider p, en chaque variable X avec une intégrale de Choquet
par rapport & une distorsion. Cependant, la distorsion dépend de X et nous ’appellerons distorsion
locale.

Ce résultat nous permet d’abord d’écrire une mesure de risque comonotone comme intégrale sur
[0, 1] de quantiles pondérés. Ce type de décomposition avait été obtenu par Kusuoka [76] dans le cas
invariant en loi, la pondération des quantiles était alors donnée en fonction de la distorsion. Dans
notre cas, la pondération est donnée en fonction de la distorsion locale.

Enfin, ces résultats nous permettent de donner une représentation explicite de 'inf-convolution de
deux intégrales de Choquet par rapport & des capacités différentes. Le contrat optimal est donné par
une somme de tranches de réassurance et les niveaux des tranches correspondent & des quantiles du
risque total. Ceci est obtenu en comparant les distorsions locales sur l'intervalle [0, 1]. Les points o
elles sont égales correspondent & des points d’accord entre les deux agents et c’est en ces points que
sont calculés les quantiles permettant de définir les niveaux des tranches optimales.

1.1.2 Une problématique de tarification en Réassurance
1.1.2.1 Motivations

Le deuxiéme chapitre de cette premiére partie de thése traite d’'un probléme de tarification d’un
contrat de réassurance non proportionnelle contenant des reconstitutions.
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Commengons par introduire des éléments de contexte et quelques définitions.

Soit ug la richesse initiale d’une entreprise d’assurance et soit § son taux instantané de primes
reques. Nous représenterons la situation nette de la compagnie & une date ¢, R(t), différence entre
ce qu’elle doit et ce qui lui est dii, comme suit :

Ny
R(t) = u0+ﬁt_ZXi
i=1
ou {Ny, t > 0} est un processus de sauts, a valeurs entiéres, modélisant le nombre de sinistres
survenus jusqu’a la date ¢t et {X;, i € N*} est une suite de variables aléatoires indépendantes et
identiquement distribuées représentant les montants de sinistres. 25\21 X est alors le processus du
montant cumulé des sinistres que ’entreprise a réglés jusqu’a la date .

Un contrat de réassurance de type "Excess-of-Loss", que nous noterons simplement XL, prévoit
que le réassureur couvre les pertes liées & chaque sinistre qui sont comprises entre [ et [ + m. [ est
la rétention du contrat et m la limite. La valeur m correspond & ce que le réassureur rembourse au
maximum & chaque sinistre. Plus précisément, les parts respectives Z; et C; a la charge du réassureur
et de 'assureur sont données par

Zi=(X; =)= (X;—1l-m)tT={ X;—1, sil<X;<l+m (1.1.3)
msi X;>0+m
et
Ci=(XiAND)+(Xi—1-m)T=< 1, sil<X;<l+m (1.1.4)

X,—msi X;>1+m

Nous avons bien-str Z; + C; = X;.

Soit Z(t) la somme totale que devra rembourser le réassureur

Ny
Z(t):=> 7
=1

Cette valeur est générallement limitée & un montant maximal M. Lorsque M est un multiple du
remboursement maximal m de chaque sinistre, c’est-a-dire lorsque M = (k + 1)m, nous disons que le
contrat contient k reconstitutions. Dans ce cas, le remboursement total maximal du réassureur est

donné par Ry(t) := Z(t) A ((k + 1)m).
La couverture offerte par la j-iéme reconstitution est donnée par

rj := min [max(Z(t) — jm,0), m]

Pour acquérir cette couverture, la cédante paye une prime P; donnée par

1 1. .
P; = ¢jPo—Tj-1 = ¢jpo__ min max(Z(t) — (j — 1)m,0),m]
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ol pg est la prime initiale permettant d’entrer dans la transaction et ou les coefficients (c;) sont
compris entre 0 et 1 et spécifiés initialement dans le contrat.

Les reconstitutions successives se paient donc au pro-rata de la partie de la tranche qui a été
consommée précedemment.

Prenons un exemple concret, permettant de mieux comprendre le fonctionnement de ces contrats.
Supposons que 'entreprise d’assurance achéte un contrat XL & maturité un an, comprenant deux
reconstitutions et couvrant les pertes comprises entre 100 et 200 (I = 100 et m = 100). La prime
initiale requise par le réassureur s’éléve a pg = 10, la premiére reconstitution est payable a 80% de
la prime initiale et la seconde a 50% (c¢; = 0.8 et co = 0.5).

Supposons que les quatre premiers sinistres qui se produisent correspondent aux montants suivants

1. X7 =150, on a alors C7 = 100 et Z; = 50. La cédante doit reconstituer la moitié de la tranche,

pour cela elle s’acquitte du montant 50 ﬁ * 80% * 10 = 4.

2. X9 = 190, on a alors C; = 100 et Z; = 90. La cédante doit reconstituer 90% de la tranche.
Pour cela, elle utilise ce qui reste de la premiére reconstitution (50) et une partie de la seconde

reconstitution (40). Elle paye donc :

50 o5 * 80% * 10 + 40 * &5 * 50% * 10 = 6

3. X3 = 200, il faut reconstituer toute la tranche, mais seulement 60% de la seconde reconstitution
sont disponibles, la tranche est reconstituée seulement a cette hauteur et la cédante paye pour
cela : 60*%0*50%*1023.

4. X4 = 200, la compagnie d’assurance n’était plus couverte que pour les pertes comprises entre
100 et 160, on a donc ici Z4 = 60 et Cy = 140. Toutes les reconstitutions ont été consommeées,
le contrat s’arréte et la cédante n’est plus réassurée pour le reste de ’année.

La prime totale payée par la cédante s’éléve dans cet exemple & P = 10+4+6 +3 = 23. Ce montant
aurait pu étre plus faible si toutes les reconstitutions n’avaient pas été consommeées avant la maturité
du contrat.

La prime totale aléatoire payée par la cédante sur la période considérée s’exprime donc comme suit
k
Pt):=po |1+ 1 ZC‘ min [max(Z(t) — (j — 1)m,0), m]
. 0 m ~ 7 yU)y

1.1.2.2 Bornes de prix d’indifférence

Nous proposons une méthodologie permettant a la compagnie d’assurance de calculer des bornes de
prix d’indifférence pour les contrats avec reconstitutions. Cela fait intervenir a la fois une fonction
d’utilité et une mesure de risque de la cédante.

Uniquement pour les besoins de cette section, nous faisons I’hypothése d’orientation opposée a celle
qui a été prise dans le chapitre précedent sur les intégrales de Choquet. En effet, il sera plus simple



1.1. Problémes récents de mesure et de gestion du risque 9

de manipuler ici des variables aléatoires qui représentent des gains nets plutét que des pertes. Une
mesure de risque monétaire vérifiera donc les deux propriétés suivantes

e X <Y p.s. implique p(X) > p(Y).
e VceR, p(X +¢)=p(X)—c
Les propriétés de convexité et de positive homogéneité ne sont pas modifiées.

Comme cela est expliqué dans le premier chapitre, une mesure de risque p est utilisée par la
compagnie d’assurance pour calculer son montant minimal de réserves p(X). Si on définit une
fonction U par U(X) := —p(X), ol p est une mesure de risque convexe, on obtient alors une
fonction d’utilité croissante et concave, qui vérifie la propriété d’invariance par translation avec un
signe + :

e X <Y ps. implique U(X) < U(Y).
e VceR, UX+¢)=U(X)+c.

L’ensemble des positions acceptables A7, du point de vue de la fonction d’utilité U est constitué des
variables qui donnent une utilité positive

Ay ={X|U(X) >0}.

Cependant, si agent économique utilise une mesure p pour évaluer ses risques, rien ne 'oblige &
utiliser la fonction U = —p pour évaluer ses gains. U peut généralement étre différente de —p.

Le prix d’indifférence d’une tranche de réassurance, avec ou sans reconstitutions, relatif a une
fonction d’utilité monétaire U, est le prix auquel la compagnie d’assurance est indifférente entre
acheter ou ne pas acheter la tranche du point de vue de la fonction U.

Cependant, ’achat de la tranche a également un impact sur les réserves minimales de ’entreprise
d’assurance. Supposons que le colit du capital est donné par un taux 0 < ¢ < 1 et notons R la
situation nette de la cédante, sans une tranche XL donnée et RX” le gain net avec la tranche. Nous
définissons alors la prime initiale d’indifférence P, relative au couple (U, p) comme la solution de
I’équation

U R(t) ~ e p(R(1))] = U [R¥ (1) — ¢ p(R¥"(1))] (1.15)

Ce prix d’indifférence tient donc compte a la fois de la modification de 'utilité du fait de 'ajout de
la tranche et de la modification des réserves, par le biais du coiit du capital.

Dans le cas d’une tranche XL avec reconstitutions, la prime totale payée par la compagnie d’assuran-
ce pendant la durée de vie du contrat est une variable aléatoire, on ne peut alors pas utiliser
I'invariance par translation de U et de p pour isoler Py dans 'équation (1.1.5).

Cependant nous parvenons, en utilisant la concavité de U et la convexité de p, & borner le prix
d’indifférence ]50 par deux valeurs implémentables p; et ps. Les prix obtenus, pour des exemples
classiques de mesures de risque et de fonctions d’utilité sont proches des prix observés dans les
échanges réels de ce type de contrats de réassurance.
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Notons que lorsque ¢ = 0 et U(X) = EF[X], alors les bornes sont égales et le prix ainsi obtenu
correspond & la prime pure dans la terminologie actuarielle, c’est-a-dire au prix égal & la moyenne de
ce qui sera a la charge du réassureur. Sundt [114| a obtenu une formule pour la prime pure dans le
cas de contrats avec reconstitution ; cette formule coincide avec la notre dans ce cas particulier. Dans
[114] et [119], des formules sont également proposées pour d’autres principes de calcul de primes,
comme le principe de I’écart-type ou celui de la PH-transform. Par analogie avec le principe de
la prime pure, Mata [86] propose un prix de contrats avec reconstitutions qui doit étre solution
de Péquation p(—P(t)) = p(—Rk(t)). Dans le cas particulier ot ¢ = 0, alors ce prix correspond
dans notre cadre a py. En effet, 'approximation p(—X) ~ —p(X) est faite dans [86] en amont de
I’équation qui est posée. Si p est convexe et normalisée, nous nous contentons de remarquer que

p(—X) = —p(X).

En plus de tenir compte de Deffet sur les réserves, a travers le cotit du capital, les bornes que nous
proposons dépendent également de ce que la compagnie d’assurance a déja en position.

Pour les exemples numériques, nous effectuons des calculs sur la base de simulations de pertes. Nous
renvoyons a 'article [63] pour des approximations de la loi des pertes au dela d’un seuil, lorsque des

reconstitutions sont possibles.

1.2 Une étude des EDSRs quadratiques a sauts

L’objectif principal de ce chapitre est ’étude des équations différentielles stochastiques rétrogrades
(EDSRs dans la suite) avec sauts dont le générateur est a croissance quadratique. Avant de présenter
en détail ce sujet, nous introduisons le cadre classique d’analyse des EDSRs.

1.2.1 Préliminaires sur les EDSRs

1.2.1.1 En filtration continue

Nous nous plagons sur un espace de probabilité filtré (Q, F,F,[P), dont la filtration F = {F;}—,<p
est engendrée par un mouvement brownien B & valeurs dans R? et qui est augmentée des néglige;bies
pour P. Résoudre une EDSR avec générateur g et condition terminale £, consiste alors a trouver un
couple (Y, Z) de processus F-adapteés tels que

T T
Y, = 5—}—/ q(s,Ys, Zs)ds — / ZsdBs, P—a.s, t €[0,T] (1.2.1)
t t

ot les données (g, &) de 'équation sont telles que

e g:[0,7] x QxR xR% s R est une fonction mesurable par rapport & P x B(R) x B(R?), ou P
désigne la tribu prévisible de [0,7] x 2 et out T" est un horizon temporel fini et déterministe.

e ¢ est une variable aléatoire Fr-mesurable a valeurs dans R.
En s’intéressant aux méthodes de dualité et aux principes du maximum pour des problémes de

controle optimal stochastique, Bismut [15] a étudié une équation différentielle stochastique rétrograde
avec générateur linéaire. Pardoux et Peng [97| ont ensuite généralisé ces équations au cas d’un
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générateur non linéaire et lipschitzien et en ont montré 'existence et I'unicité dans le théoréme

suivant

Théoréme .1 (Pardoux et Peng [97]) Supposons que le générateur g soit une fonction lipschitzi-
enne en (y,z), uniformément en (s,w) et

P |:’§‘2 / ’ 2 :|
E + 9s(0,0)|7ds| < +o0.
0

Alors ’EDSR (1.2.1) admet une solution et une seule (Y, Z) telle que Z soit un processus de carré

intégrable.

Depuis ce résultat fondamental, une attention croissante a été portée aux EDSRs et a leurs ap-
plications, non seulement au contrdle stochastique, mais aussi aux jeux différentiels stochastiques, a
I’économie théorique ou aux mathématiques financiéres.

L’objet de trés nombreux articles, sur lesquels nous reviendrons en partie, a été d’affaiblir les

conditions portant sur le générateur g pour que I’équation (1.2.1) soit encore bien posée.

1.2.1.2 En filtration discontinue

Supposons maintenant que la filtration de ’espace probabilisé filtré (€2, F,F,P) est engendrée par un
mouvement brownien B & valeurs dans R? et une mesure aléatoire indépendante a valeurs entiéres
p(w, dt, dz) définie sur RT x E avec compensateur \(w,dt,dr), ou E = R¥\{0}. Nous supposons
Q := Q x RT x E muni de la tribu P := P x B(E), out P désigne la tribu prévisible sur Q x R*.

Afin de garantir I'existence du compensateur A(w, dt,dz), nous supposons que pour tout A dans
B(E) et tout w dans €, le processus X; := p(w, A, [0,t]) € Afgc, ce qui signifie qu’il existe une suite
croissante de temps d’arréts (7},) telle que T,, — +oo presque stirement et les processus arrétés XtT "

sont croissants, cadlag, adaptés et tels que E[X ] < 4o0.

Nous ferons I’hypothése dans tout le chapitre que A est absolument continu par rapport a la mesure
de Lebesgue dt, i.e. A(w,dt,dx) = vi(w,dx) dt. Enfin, nous notons i la mesure des sauts compensée

w(w,dz,dt) = p(w,dz, dt) — v (w, dz) dt.

Le processus Y défini par I’équation (1.2.1), fournit une généralisation possible de l'espérance
conditionnelle de &, puisque lorsque g est la fonction nulle, on a Y; = EF [¢|F;], et dans ce cas, Z
est le processus apparaissant dans la propriété de représentation prévisible de la (F;)-martingale
continue {EF [¢|F;], t > 0}.

Dans le cas d’un espace de probabilité filtré dont la filtration est engendrée a la fois par le mou-
vement brownien B et la mesure aléatoire u avec compensateur v, la représentation des martingales
pour {EF [¢|F], t > 0} devient

EF[¢|F] =/0 ZsdBg +/0 /Rd\{o} Ys(z)(n —v)(ds,dx),
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ol Z est un processus prévisible tel que

T
/ | Zy)? dt < +o0, P — a.s.
0

et ¥ : O — R est une fonction prévisible telle que

T
/ / 1Us(2)|? ve(dz)ds < +o0, P—a.s.
0 Jra\(o)

Cela conduit & généraliser de maniére naturelle I’équation (1.2.1) au cas a sauts de la maniére
suivante : nous dirons qu’'un triplet (Y, Z,U) de processus F-adaptés, est solution de 'EDSR avec
générateur g et condition terminale ¢, si, pour tout ¢ € [0,7], on a P- presque siirement

T T T
}/;f :£+/ g(S,}/S,ZS,US)dS—/ stBs _/ / US(ZE)([L— V)(dS,de'). (122)
t t t  JRA{0}

ot les données (g, &) de 'équation sont telles que

e g:[0,T] x QxR xR?x L?(v) — R est une fonction mesurable par rapport a P x B(R) x
B(R?) x B(L%(v)).

e ¢ est une variable aléatoire Fp-mesurable & valeurs dans R.

Dans ce contexte avec sauts, le générateur g dépend donc a la fois de Z et de U. U joue ici un role
analogue & celui de la variation quadratique dans le cas continu. Cependant, des différences sont
notables, en particulier pour chaque ¢, Uy est une fonction de £ dans R, c¢’est pourquoi le traitement
de la dépendance en u du générateur sera différent du traitement de la dépendance en z dans les
hypothéses que nous ferons.

Li et Tang [116] ont été les premiers & prouver l'existence et 1'unicité d’une solution a (1.2.2) dans
le cas d’un générateur g qui est Lipschitz en (y, z,u), uniformément en ¢ et w, généralisant ainsi le
résultat et la méthode de Pardoux et Peng [97]. Le théoréme de Li et Tang est démontré dans le cas
ol p est une mesure aléatoire de Poisson, ainsi dans ce cas le compensateur v ne dépend ni de ¢, ni
de w.

Hypothése .1 e Le générateur g : [0,T] x Q x R x RY x L2(v) — R est une fonction P x B(R) x
B(R?) x B(L*(v))-mesurable et satisfait

T
E U |gt(0,0,0)|2dt] < 400
0

o [l existe une constante K > 0 telle que
|90(y, 2,0) = 9oy 2 )| S K (ly =y + |2 = &'+ [Ju = w]])

pour tout 0 <t < T, y,y €R, 2,2/ € RY, u, v/ € L?(v).
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Théoréme .2 (Li et Tang [116]) Supposons que le générateur g satisfasse l’hypothése .1, il existe
alors un unique triplet (Y, Z,U) solution de l’équation (1.2.2) qui vérifie

1Y |2 := || sup |V < o0 (1.2.3)
0<t<T L2(P)

T

1Z]%: = E U |Zt|2dt} < 400 (1.2.4)
0
T 1/2

U)% =E V /Ut(x)Qu(dx)dt] < 0. (1.2.5)
0 E

Nous noterons B2 := 82 x H? x J? I'’ensemble des triplets (Y, Z, U) vérifiant (1.2.3), (1.2.4) et (1.2.5),
muni des normes ainsi définies. B2 est alors un espace de Banach.
1.2.2 Une approche par point fixe

La preuve des théorémes .1 et .2 se fait selon le schéma simplifié suivant, qui consiste & construire
une application ¥ de B? dans lui-méme, de sorte que (Y, Z,U) € B? est solution de 'EDSR (1.2.2) si
et seulement si (Y, Z,U) est un point fixe de ¥. Nous esquissons ce schéma dans le cadre avec sauts

(i) Pour (y, z,u) € B?, on définit (Y, Z,U) = 9(y, z,u) comme étant la solution de 'EDSR

T T T
Yt=§+/ gs(ys,zs,us)ds—/ stBs—/ / Us(2)(u — v)(ds, da).
t t t  JRN{0}

Le générateur de cette équation étant indépendant de (Y, Z,U), une solution appartenant & B? est
obtenue par une application du théoréme de représentation des martingales.

(74) En utilisant la formule d’It6, ainsi que ’hypothése que g est lipschitzienne, on montre que
est une contraction dans I'espace 3% muni d’une norme & poids bien choisie, équivalente & la norme
initiale. ¥ admet donc un unique point fixe, fournissant ainsi une solution unique a 'EDSR (1.2.2)
dans B?.

Dans notre cas, ou le générateur g est a croissance quadratique, nous suivrons le méme type de
schéma de preuve par point fixe, avec certaines différences sensibles. Nous étendons en fait le résultat
de Tevzadze [117], obtenu dans le cas quadratique en filtration continue. Plus exactement, nous ferons
I’hypothése suivante sur le générateur :

Hypothése .2 (Croissance quadratique) I] existe des constantes (o, 8,7) € Ry xRy xR% telles
que pour tout (w,t,y,z,u),

Y L. gl L.
—a=Blyl = 5 | = Zal—vw) S gy, zw) S at Blyl+ 5 o + S,
ot pour tout t, la fonction j; : L?(v) N1L®°(1vy) > R est définie par

gi(u) == /E <e“(x) —1- u(m)) v (dzx).
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Nous autoriserons, dans le chapitre 4, la constante o & étre un processus aléatoire.

Cette inégalité est I’extension naturelle de I’hypothése de croissance quadratique formulée dans le
cas continu lorsque g ne dépend pas de u. En effet, si 'on considére 'EDSR (1.2.2) avec ¢;(y, z,u) =
1 |z[2 + % Jt(~yu), alors par une application de la formule d’It6, on a

y, = iln (EF lexp(16)]) , P~ a.s.

et nous retrouvons alors I’expression de la mesure de risque entropique conditionnelle, qui correspond
. . L 2
dans le cas continu, & 'EDSR avec générateur 3 |z|”.

Pour que ceci soit cohérent, il faut bien-siir que la fonction j; soit bien définie, pour tout ¢. Re-
marquons que 'inégalité de Taylor nous garantit que si la fonction z — u(z) est bornée dvy-presque
partout, pour tout 0 <t < T, alors nous avons

0<e® —1 —wu(x) < Cu’(z), dy; — p.p. pour tout 0 <t < T
et j; est alors bien définie sur L?(v;) N1L>(1;), pour tout 0 <t < T.

Nous utilisons le schéma de preuve par point fixe mentionné plus haut pour montrer I'existence de
solutions (Y, Z,U) avec Y borné, les espaces de martingales BMO jouent alors un role particulier
dans ce cadre. Plus précisément, nous avons Y € 8 ou 8> désigne 1’espace des processus Y', F;
progressivement mesurables, & valeurs réelles, tels que

HY’ = sup HY;’HOO < H00.

s i= sup.

Introduisons également les espaces de processus suivants.

Nous noterons BMO D’espace des martingales M cadlag, de carré intégrable, a valeurs dans R,
telles que

|Mllgyo i= sup [EE [(Mr = 22| < o,
TGT(;T o0
ot T,L désigne 'ensemble des F; temps d’arrét a valeurs dans [0, 7.

J%MO désigne 'espace des processus U : Q x [0,T] x E, prévisibles et E-mesurables tels que

018, = | [ [ otoritas.ao

< +00.
BMO

HzBMO est espace des processus Z JF-progressivement mesurables a valeurs dans R? et tels que

2 L '
HZHHQBMO = H/o ZsdB, < 4o00.

BMO

L’utilisation de ces espaces est motivée par le fait que si (Y, Z, U) est une solution de 'EDSR (1.2.2)
avec g vérifiant I’hypothése .2 de croissance quadratique, Y € S et

T T
/ Zi2dt < o0 et / / \Us(2)? va(dz)ds < +o0, P— as.
0 o Jra\{0}
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alors Z € H3\ o et U € J30 N L (V).
Nous notons B := 8% x H&y ;o % I3y N L& (V).

Revenons maintenant au schéma de preuve mentionné plus haut. Nous remarquons déja que I’étape
(7) nécessite 'application du théoréme de représentation des martingales. Dans notre cas, puisque la
filtration I est engendrée & la fois par un mouvement brownien et une mesure aléatoire générale, nous
ferons I’hypothése que la représentation des F-martingales a lieu. Ceci sera vrai dans le cas particulier
d’une mesure aléatoire de Poisson d’une part ; nous exhiberons d’autre part dans le chapitre sur les
EDSR du second ordre, des exemples de compensateur v dépendant des variables (¢,w) pour lesquels

la représentation a lieu.

Dans ’étape (i7) nous ne pouvons plus utiliser le fait que g est lipschitzienne, mais seulement
I’hypothése .2 de croissance quadratique. Nous ne pouvons alors plus directement garantir que
I’application ¥ est contractante. Cependant, en se restreignant & une boule By C B de rayon R bien
choisi et a une condition terminale de norme assez petite, nous pouvons montrer que ¥(Br) C Br
et que ¢ est une contraction dans cette boule de rayon R. Ceci nous donne l'existence et 'unicité
d’une solution, pour une condition terminale de norme assez petite.

Pour prouver 'existence d’une solution pour une condition terminale bornée de norme quelconque,
nous nous inspirons a nouveau de Tevzadze [117]. Nous commengons par décomposer £ comme suit
: & = > &, ou chaque variable aléatoire & a une norme L assez petite. Nous avons donc
I’existence d’une solution de chaque EDSR avec condition terminale &. Nous procédons ensuite & un
recollement des ces solutions pour obtenir une solution & 'EDSR initiale, avec condition terminale
£. Ce procédé de recollement utilise des changements absolument continus de probabilité, dont la
dérivée de Radon-Nykodim est donnée par une martingale exponentielle de Doléans-Dade faisant
intervenir les dérivées en z et en u du générateur. Nous avons donc besoin, pour définir correctement
ces changements de probabilité, d’imposer des hypothéses supplémentaires, en particulier que g est
C? en z et deux fois différentiable au sens de Fréchet en u.

Nous parvenons donc & montrer 1'existence d’une solution a ’EDSR 1.2.2, lorsque le générateur g
est & croissance quadratique et vérifie certaines conditions sur sa dérivée en z et sa dérivée de Fréchet
en u. Ce faisant, nous perdons le caractére unique de la solution. Pour avoir une solution unique,
nous utilisons un théoréme de comparaison.

Dans ce contexte avec sauts, nous devons encore imposer une hypothése additionnelle pour montrer
un théoréme de comparaison. Ce théoréme permet de comparer les solutions Y7 et Y5 de deux EDSR,
lorsque 'on sait comparer les conditions terminales et les générateurs. La preuve de théoréme repose
encore sur un changement de probabilité, via une exponentielle de Doléans-Dade. Or dans le cas
continu, ’exponentielle de Doléans-Dade d’une martingale BMO est une vraie martingale uniformé-
ment intégrable, et surtout strictement positive par définition. La définition de I'exponentielle de
Doléans-Dade dans le cas avec sauts n’implique pas la positivité. En effet, si M est une martingale

locale nulle en 0, la formule exponentielle est définie par

1
E(M); := exp <Mt —5< M¢€, M€ >t> H(l + AM;) exp(—ADM;).

s<t
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On voit donc que si les sauts de M ne sont pas toujours supérieurs a —1, (M) n’est pas nécessaire-
ment positive. Pour garantir que le changement de probabilité utile dans la preuve du théoréme de
comparaison est bien défini, on impose I’hypothése suivante, introduite par Royer [106] et par Barles,
Buckdahn et Pardoux [4] sous la forme d’une égalité.

Hypothése .3 Pour tout (y,z,u,v’), il existe un processus (y;) prévisible et E-mesurable tel que

91y, z,u) = gely, z,u') < /E%(w)(u — ) (x)vy(da),

et tel qu’il existe des constantes Co > 0 et C1 > —1 + 0 pour un certain § > 0, indépendantes de
(y,z,u,u’) telles que
Cr(IAfz]) < w(x) < Ca(1 A fxl).

Cette hypothése n’est pas seulement artificielle et due & la méthode de démonstration puisque
Barles, Buckdahn et Pardoux [4] donnent un contre exemple du principe de comparaison lorsque cette
hypothése n’est pas satisfaite. Cette hypothése est également suffisante pour obtenir le théoréme de
comparaison dans notre cadre quadratique.

Ceci nous permet d’obtenir, sous cette hypothése, I'unicité de la solution a 'EDSR 1.2.2.

Cependant, cette hypothése n’est pas nécessaire, puisque nous parvenons & montrer un théoréme
de comparaison dans le cas ou le générateur g est convexe en (z,u). Nous prouvons donc un résultat
d’unicité dans le cas ou le générateur vérifie soit I’hypothése .3, soit une hypothése de convexité.
Cette derniére présente I'intérét de garder le caractére quadratique en z et en u, contrairement a
I’hypothése .3 qui implique que le générateur est Lipschitz en wu.

1.2.3 Applications aux mesures de risque dynamiques

1.2.3.1 Une décomposition de Doob-Meyer non linéaire

Commengons par une définition générale.

Définition .8 Soient £ € L>®°(P) et g tels que 'EDSR avec condition terminale & et générateur g
admet une solution unique et vérifie un principe de comparaison. Alors pour toutt € [0,T], on définit
la g-espérance conditionnelle de & comme suit

ElE) =Y,

ou (Y, Z,U) est solution de ’EDSR

T T T
Yi=¢ +/ 9t(Ys, Zs, Us)ds — / ZdB, — / / Us(z)p(ds,dx), P — a.s.
t t t JE

La théorie des g-espérances insiste donc sur le point de vue des EDSR comme généralisation possible
de l'espérance conditionnelle linéaire. Elle a été introduite par Peng [99] comme exemple d’espérance
non linéaire. Depuis, de nombreux auteurs ont généralisé ses résultats, les étendant notamment au
cas d'un générateur quadratique (Ma et Yao [84]). Une extension au cas d’une filtration discontinue
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a été obtenue par Royer [106] et par Lin [83|. En particulier, Royer [106] donne des conditions de
dominations suffisantes sous lesquelles une espérance non linéaire s’écrit comme une g-espérance.

11 est alors naturel d’utiliser ces espérances non linéaires pour définir des martingales non linéaires
de la maniére suivante.

Définition .9 X € 8 est appelé une g-sousmartingale (resp. surmartingale) si
EIXy] > (resp. <)Xs, P—a.s., pour tout 0 < s <t <T.
X est appelé une g-martingale si ce processus est a la fois une g-sousmartingale et une g-surmartingale.

Peng [100] a prouvé un théoréme de structure des g-sousmartingales dans le cas continu : toute
g-sous martingale se décompose comme la somme d’une g-martingale et d’un processus croissant.
Cela s’apparente donc & une décomposition de Doob-Meyer non linéaire.

Nous en donnons ici une extension dans le cadre & sauts avec générateur quadratique. Si Y est une
g-sousmartingale avec g soit convexe en (z,u), soit satisfaisant I’hypothése .3, et, vérifiant de plus
une hypothése de croissance quadratique, alors il existe un processus croissant A, prévisible, nul en
0 et des processus (Z,U) (vérifiant les hypothéses minimales pour que I’équation ci-dessous soit bien
définie) tels que pour tout t € [0, T

T T T
Y; = YT+/ gs(Ys,Zs,Us)ds—/ Z.dB, —/ / Us(z)u(ds,dx) — Ar + A, P—a.s.
t ¢ t JE

Au-dela de l'intérét théorique que ce résultat présente en lui-méme, il permet d’obtenir comme
corollaire simple un principe de comparaison inverse. Ce principe stipule que s’il est possible de
comparer les composantes Y7 et Y5 de deux solutions (Y1, Z1,U;) et (Yo, Z2,Us) & deux EDSR avec
comme générateurs g; et go et méme condition terminale, alors nous pouvons également comparer les
générateurs. Ce résultat est valide sous les hypothéses sur les fonctions g; qui permettent d’obtenir la
décomposition de Doob-Meyer des g;-sousmartingales. Nous supposerons de plus que g; est continue
a droite en t. (voir le corollaire 4.3.1 pour un énoncé précis).

1.2.3.2 Représentation duale et inf-convolution

Dans cette sous-partie, insiprés par Barrieu et El Karoui |7], nous adoptons le point de vue des
mesures de risque dynamiques sur les opérateurs (£7)¢>o.

Certaines propriétés sont inhérentes a &7, tandis que d’autres sont héritées du générateur g. Pour
toute fonction g telle que &/ est bien défini, £/ est une mesure de risque dynamique sur L™ qui est
monotone et consistante en temps. Plus spécifiquement,

o & > &, P-presque strement implique 7 (£1) > £7(&1), P-presque strement, pour tout 0 < ¢ <
T.

e Pour tous temps d’arrét bornés R < S < T et toute variable aléatoire £, Fp-mesurable,

£5 (E4(9)) = E4(©), P—p.s.
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&9 hérite notamment des propriétés suivantes du générateur g :
e Si g ne dépend pas de la variable y, alors £9 est invariante par translation.

e Si g est convexe en (y, z,u), alors £9 est convexe.

Ces propriétés permettent de construire de nombreux exemples de mesures de risque. Pour un
générateur indépendant de y et convexe en (z,u), £9 est une mesure de risque dynamique, monétaire,
. . .. Y2, 1
convexe et consistante en temps. Entre autres exemples, le fait de choisir g(z,u) := 3 |2[" + 2 je(u),
ou la fonction j est définie plus haut, nous donne la mesure de risque entropique conditionnelle, sur
la filtration engendrée par un mouvement brownien et une mesure aléatoire.

Dans la suite, nous traitons les deux points suivants : d’une part, ’analyse de la forme de la
représentation duale de ces mesures de risque dynamiques obtenues via des équations rétrogrades et
d’autre part, I’étude de 'inf-convolution de deux mesures de risque de ce type, obtenues via deux
générateurs différents.

Sur le premier point, nous étendons la représentation de type Legendre-Fenchel obtenue par Barrieu
et El Karoui dans le cas quadratique continu. Nous montrons que, pour une variable &7, Fp-
mesurable et bornée, E(&r) s’écrit encore comme la "pire" espérance (conditionnelle) moins une
pénalité. Cette derniére est obtenue & partir de la transformée de Legendre-Fenchel du générateur.
Plus précisément,

» T
&/ (ér) =  esssup {E?H’ {&F—/t GS(N87US)dS:|}

(1yv) EHZ 1o X A

ot Q" est la mesure de probabilité définie par

d%v =€ </0 psdBy +/0'/Evs(x)g(ds,da;)> ,

ou A désigne 'espace des applications v dans J2B o NL®(v) telles qu'il existe § > 0 tel que vy (x) >

—1+40, Pxdtxdv -p.s. et ou enfin, Gy est la transformée de Legendre-Fenchel de g définie comme
suit

Ge(p,v) := sup {< py 2z >Rn + < VU >12(,,) —gt(z,u)} , pEeR™, ve L?v).
z€R™ ueL?(vt)

Une fois cette représentation duale obtenue, nous nous concentrons sur le probléme de l'inf-
convolution des mesures £9' et £9° obtenues a partir de deux générateurs ¢g' et g2. La encore,
nous étendons le résultat valable dans le cas quadratique continu et qui peut se résumer de la
maniére suivante : I'inf-convolution de £9' et £9” est encore solution d'une EDSR quadratique dont
le générateur est donné par l'inf-convolution des générateurs g' et g2. Donc, plutét que de chercher
une solution dans I’ensemble des variables dans IL®°, il est possible de se ramener au probléme plus
simple de I'inf-convolution des générateurs déterministes.

Ceci permet de traiter plusieurs exemples pour lesquels nous donnons une représentation explicite
de 'inf-convolution. Comme dans le premier chapitre de cette thése, cela donne une repérentation du
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partage de risque optimal, mais cette fois-ci dans un cadre dynamique en temps, entre deux agents

o1 . 1 2 . L . .
utilisant les mesures de risque £9° et £9°. Par comparaison avec les résultats du premier chapitre,
nous donnons ici des exemples d’échange qui ont une forme ni linéaire ni non-proportionnelle.

1.3 Un saut dans les EDSRs du second ordre

1.3.1 EDSRSs et incertitude de modéle

Toute modélisation mathématique d’un phénoméne réel, qu’il soit de nature physique, biologique,
économique ou humain constitue intrinséquement une simplification de la réalité. Tout modéle
comporte donc de maniére inhérente une erreur, liée & ’écart entre ce que fournit le modéle et la
réalité. Est-il alors possible de mesurer le risque d’un écart jugé trop important et, dans quel sens 7
Considérer 'incertitude de modéle consiste a proposer des modéles dits "robustes", comprenant leur
propre incertitude de paradigme.

Récemment, des contributions importantes ont été apportées dans le cas particulier de la mod-
élisation stochastique, avec incertitude de volatilité (voir les références [100], [37] et [112]). Soner,
Touzi et Zhang [112] ont défini les équations différentielles stochastiques rétrogrades du second or-
dre, en imposant qu'une équation soit vérifiée P-presque stirement, pour tout P appartenant & une
famille non dominée de mesures de probabilité. Chaque mesure P représentant un scénario possible
de volatilité, la solution est alors robuste en termes d’erreur de modélisation de la volatilité.

Nous montrons dans cette partie comment étendre les travaux de Soner, Touzi et Zhang au cas
discontinu, et modéliser ainsi 'incertitude sur la mesure des sauts, a travers des EDSRs du second
ordre avec sauts.

Avant de nous intéresser véritablement aux EDSR du second ordre, nous introduisons un probléme
annexe extrémement important dans ce cadre, celui de I'agrégation de processus aléatoires.

1.3.1.1 La question de 1’agrégation

Une question cruciale dans la définition des EDSR du second ordre (2EDSR dans la suite) donnée
dans [112] est celle de l'agrégation de la variation quadratique du processus canonique B sur une
large famille de mesures de probabilité.

Soit P un ensemble non nécessairement dominé de mesures de probabilité et soit {XF, P € P}
une famille de processus stochastiques indéxés par P. On peut prendre par exemple une famille
d’intégrales stochastiques XF = fot HidBs, ou {H;,t > 0} est un processus prévisible. La
dépendance en P de X vient du fait que Uintégrale d’'Ito () f(f H,dB; est définie comme une limite
en probabilité sous P.

Le probléme de 'agrégation de la famille {X PpPe P} consiste alors a en trouver un représentant
universel au sens presque-siir. Plus précisément,

Définition .10 Un représentant universel de la famille { X", P € P} est un processus X tel que

X = XP P — p.s, pour tout P € P.
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Bichteler [11], Karandikar [69], ou plus récemment Nutz [95], ont montré sous différentes hypothéses
qu’il est possible de trouver un représentant universel des intégrales stochastiques (]P)fg HydB;. Une
conséquence directe en est la possibilité d’agréger la variation quadratique {[B, B]*, P € P}. En
effet, grace a la formule d’Itd, nous pouvons écrire

P) ot
[B,B)f = B;BI' — 2. B,-dBT
0

et puisque les intégrales stochastiques peuvent étre construites trajectoriellement, nous obtenons
l'existence d'un processus [B, B] tel que [B, B] = [B, B]¥, P-presque siirement, pour toute mesure P
dans P.

Afin de définir correctement la notion d’EDSR, du second ordre, nous avons besoin d’agréger non
seulement la variation quadratique de la partie martingale continue du processus canonique B, mais
aussi le compensateur de la mesure des sauts de B. Le compensateur dépend explicitement de la
mesure de probabilité sous laquelle il est construit et il n’est pas évident d’en trouver un représentant
universel de maniére directe, comme pour la variation quadratique. Pour résoudre ce probléme, nous
restreignons l’ensemble des mesures de probabilité, en suivant la méme approche que Soner, Touzi
et Zhang [111].

En particulier, nous imposons une forme particuliére aux mesures des sauts que nous considérons,
forme analogue a celle de la densité des variations quadratiques dans [111|. Partant d’une classe
simple de coefficients Ag, nous construisons une autre classe A de coefficients s’écrivant de la maniére
suivante :

“+00 400

vi(w) =D Y (@) @)Lz, () 20y ()

n=0 i=1

ol les mesures de sauts (/") appartiennent a Ay, (7,) est une suite de temps d’arrét prenant au
plus un nombre dénombrable de valeurs et pour chaque n, (EY) est une partition de Q. Nous dirons
alors que la classe A est engendrée par la classe Ag.

Les familles de mesures de probabilité P, le long desquelles nous cherchons a construire des représen-
tants universels, sont composées de solution a des problémes de martingales. En effet, un probléme
de martingale nous permet de construire de maniére naturelle une mesure de probabilité sous laquelle
le processus canonique B a une densité de variation quadratique a et un compensateur de mesures
des sauts v qui sont prescrits. Pour étre & méme de traiter le probléme de I'agrégation, nous devons
limiter la forme des coefficients («, v) a la forme décrite plus haut.

Nous nous limitons aux coefficients (a, v) dans Ay pour lesquels le probléme de martingales cor-
respondant a une solution unique. Nous montrons ensuite que ceci implique que le probléme des
martingales avec des coefficients dans une classe A, qui est engendrée par Ay a encore une solution
unique. Nous prouvons alors que tout procesus, qui satisfait une condition de cohérence minimale,
a un représentant universel. Cette condition de cohérence correspond a 'hypothése de compatibilité
avec la base stochastique présentée dans le premier chapitre de [45].
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1.3.1.2 Volatilité et mesures de sauts incertaines

Dans la continuité des travaux de Soner, Touzi et Zhang dans le cas continu, nous définissons une
classe I’EDSR avec sauts, en demandant que ces équations soient vraies P-presque stirement, pour
tout P dans une famille de mesures de probabilité construite & partir de solutions de problémes de
martingales. Chaque mesure P représente un scénario de volatilité et de mesures des sauts.

Nous étudions des EDSR du second ordre prenant la forme suivante

T T
yt:§+/ FS(YS,ZS,US,a,p)ds—/ Z,dB°
t t

T
_ / / Us() (g — 0)(ds, dz) + Kp — Ky, P*-p.s ,YP* € P, (1.3.1)
t E

ou (&,v) = (a,v), P¥Y-p.s ,VP*" € P.

Nous mentionnons dans la suite quelques différences fondamentales entre les EDSRs classiques et
le cas du second ordre, ainsi que les particularités liées a la présence de sauts.

(1) Premiérement, dans le cas du second ordre avec sauts, nous introduisons une équation similaire
a celle du cas classique, mais dont le générateur dépend & la fois de la variation quadratique de B¢
d’une part et du compensateur de la mesure des sauts de B¢ d’autre part, oit B¢ et B¢ désignent
respectivement la partie martingale continue et la partie purement discontinue de B. Rappellons
que le générateur d’'une EDSR classique ne dépend pas de la variation quadratique du processus
canonique, et que dans le cas du second ordre continu, le générateur ne dépend que de la variation
quadratique de la partie martingale brownienne. Dans notre cas, puisque nous avons un terme de
martingale & sauts additionnel dans 1’équation, nous aurons une dépendence additionnelle dans le

générateur.

(17) Une deuxiéme différence importante avec le cas classique est, comme nous 'avons indiqué
plus tot, que 'EDSR doit étre vraie au sens P-presque str, pour tout P dans une large famille de
mesures de probabilité. Sous chaque P, B¢ et B? ont respectivement une variation quadratique et
un compensateur de mesure des sauts qui sont prescrits. C’est pourquoi nous pouvons comprendre
intuitivement les EDSR du second ordre avec sauts comme des rétrogrades classiques avec incertitude
de modéle, ou 'incertitude affecte & la fois la volatilité et la mesure des sauts du processus qui dirige

I’équation.

(731) Une troisiéme différence majeure dans le cas du second ordre est la présence d’un processus
croissant additionnel K dans I’équation. Notons que la solution Y d’une EDSR du second ordre se
représente comme un supremum essentiel de solutions y* de rétrogrades classiques. Le processus K
maintient Y au dessus de toute solution classique y* avec variation quadratique et compensateur
de mesure des sauts donnés sous P. Le processus K est alors formellement analogue au processus
croissant apparaissant dans les EDSRs réfléchies (telles que définies dans [46] par exemple).
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1.3.2 Résultats nouveaux
1.3.2.1 Existence, unicité et représentation

L’étude de ’équation 1.3.1 que nous menons correspond au cas d'un générateur F' qui est Lipschitz
en (y,z,u). Nous commengons par montrer que si une solution existe, alors elle s’écrit comme un
P-supremum essentiel de solutions d’EDSR classiques, pour chaque P dans la famille de mesure de
probabilités que nous considérons : pour tout 0 <t < T et tout P dans P,

Y; = esssup’ {yftp ({)} , P—a.s., (1.3.2)
P €P(t,P)

ot P(t,P) désigne les probabilités P’ qui coincident avec P sur F; et ot y§ (€) est la valeur en ¢ de la
solution de 'EDSR classique sous P’ avec générateur F' et condition terminale &, F' étant défini par

~

F(y,z,u) := F(y, z,u,a,V).

Cette représentation est I’analogue du théoréme 4.4 [112] dans le cas continu. Elle décrit la solution Y
d’une EDSR du second ordre comme le représentant universel des P-supremum essentiels de solutions
d’EDSR classiques.

Cette représentation, couplée a certaines estimations a priori, nous permet d’établir que si une
solution & notre classe d’EDSR du second ordre existe, alors cette solution est unique.

Pour la preuve d’existence, nous adoptons la méme démarche que Soner, Touzi et Zhang [112].
L’outil principal utilisé est la distribution conditionnelle de probabilité réguliére (ou regular con-
ditional probability distribution, R.C.P.D) introduite par Stroock et Varadhan [113]. Lorsque le
générateur est nul, la composante Y d’une solution d'une EDSR peut étre écrite comme une es-
pérance conditionnelle. Par analogie avec ce cas simple, les r.c.p.d nous permettent de construire
des solutions d’EDSR trajectoriellement, contournant ainsi les problémes subtils liés aux ensembles
négligeables quand les mesures de probabilité sont singuliéres.

1.3.2.2 Une application a la maximisation d’utilité en modéle incertain

Nous considérons dans cette section la situation ot un agent économique a accés & un marché fi-
nancier. Il doit trouver une répartition optimale de sa richesse entre un actif non risqué et un actif
risqué dont le prix (S) est supposé gouverné par une diffusion.

Nous notons 7 le processus qui & chaque instant représente le montant de capital investi dans ’actif
risqué. C’est ce processus m qui est contrélé, il représente la stratégie de l'agent économique. Le

processus de richesse est alors donnée par :

tds
Xxﬂr = u7u7
¢ a:+/0 s S,

oll x représente la richesse initiale.

Une stratégie optimale, si elle existe, est obtenue par la maximisation de la fonction d’utilité U
de l'agent, supposée croissante et concave. Il s’agit donc de résoudre le probléme de maximisation
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suivant

V(e) = sup E° U (x77)],

ou A désigne I’ensemble des stratégies admissibles et 7' I’horizon du probléme.

Dans le cas particulier ou U est la fonction d’utilité puissance, S un mouvement brownien géométri-
que et ou aucune contrainte n’est appliquée sur les stratégies possibles, Merton [88] a résolu ce
probléme de maximisation par des techniques classiques de controle stochastique. Ce probléme a
ensuite progressivement été étendu au cas de fonctions d’utilité générales par Pliska [103], d’ajout de
cotits de transaction par Constantinides et Magill [31], de contraintes sur les stratégies admissibles
par Cvitani¢ et Karatzas [34] et Zariphopoulou [121], ou encore au cas de modéles généraux de
semi-martingales par Kramkov et Schachermayer |75].

C’est seulement au début des années 2000 qu'un lien est établi entre ce probléme de maximisation
d’utilité et la théorie des EDSR, dans les travaux de El Karoui et Rouge [51], qui étudient un
probléme lié a celui de la maximisation d’utilité, dans le cas d’'une fonction d’utilité exponentielle et
de stratégies admissibles contraintes & demeurer dans un ensemble convexe et fermé. Hu, Imkeller et
Miiller [] étendent ensuite ces résultats au cas des utilités puissance et logarithme. Dans ces travaux,
un lien est établi entre la fonction valeur du probléme de maximisation et des EDSR quadratiques.

Une généralisation possible des travaux précédents consiste a introduire de l'incertitude sur le
modeéle utilisé. Ceci peut étre fait en considérant non pas une mesure de probabilité P de référence
comme dans les approches précédentes, mais une famille de mesures de probabilité. Ceci signifie que
I’agent ne connait pas de maniére parfaite le modéle qui gouverne la dynamique de 'actif risqué S.
Dans ce contexte, le probléme de maximisation devient le suivant

L . P x,T
V(z):= iggﬁ&f)l@ U (X7M)],
oul P représente ’ensemble des mesures de probabilité possibles. L’agent se place donc dans la
pire des situations pour lui en termes de modéle, puis recherche une stratégie optimale dans ce
cadre. Lorsque l'ensemble P n’est pas dominé, le probléme devient techniquement difficile. Denis
et Kervarec [38] considérent une famille de mesures de probabilité correspondant & des modéles de
semi-martingales avec des scénarios différents de drift et de volatilité. En supposant alors la fonction
d’utilité de 'agent bornée, ils obtiennent d’une part, des résultats de dualité pour les fonctions valeur
robustes qu’ils analysent et, d’autre part, 'existence d’une stratégie optimale.

Matoussi, Possamai et Zhou [87] étudient aussi un probléme de maximisation d’utilité robuste avec
incertitude sur la volatilité. Ils étendent les techniques initiées par El Karoui et Rouge au cadre des
martingales non linéaires obtenues naturellement par 'utilisation de toute une famille de mesures de
probabilité. Ces travaux établissent donc un lien entre le probléme de maximisation d’utilité robuste
et une EDSR du second ordre particuliére.

Nous étendons un des résultats prouvés dans [87] au cadre avec sauts. En particulier, nous sup-
posons que lactif risqué S vérifie la dynamique suivante, pour tout P dans P

ds
S—t = btdt—f-dBtc—l—/ Be(z)ppga(dt,dx), P —p.s.
E

-
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ou b et B sont des processus prévisibles. Remarquons que I’écriture précédente comporte 'incertitude
de modéle sur la diffusion de S puisque d < B¢, B¢ >£P: altpdt, P-p.s. D’autre part, le compensateur
de la mesure des sauts du processus canonique change avec la mesure de probabilité considérée. Ceci
nous permet donc de modéliser 'incertitude portant a la fois sur la volatilité, sur les instants et sur
la taille des sauts.

Dans le cas de la fonction d’utilité exponentielle définie par U(z) := — exp(—nz), avec n > 0, nous
montrons que la fonction valeur V' de notre probléme de maximisation d’utilité robuste s’écrit V(x) =
—exp(—nz)Yp, ou (Y, Z,U) est la solution d’'une EDSR avec sauts du second ordre particuliére, avec
générateur Lipschitz. Nous montrons par ailleurs I'existence d’une stratégie 7* optimale. Pour
obtenir ce résultat, nous restreignons l’ensemble des stratégies admisibles & un ensemble compact.
Ceci nous permet de nous ramener, comme dans [82], & une EDSR avec générateur Lipschitz.
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2.1 Introduction

2.1.1 Choquet integrals

One possible generalization of the Lebesgue integral with respect to a (probability) measure is the

Choquet integral with respect to a capacity (definition 2.2.5). Thus, it provides in particular a

generalization of the mathematical expectation. It was first introduced by Choquet in 1953 (|29]).

Choquet asked the following natural question: what are the properties of a measure u that preserve

the interior regular approximation property: for each borelian B,

wu(B) = sup{u(K), K compact, K C B}.

He showed in [29] that additivity properties do not play any role, and that by contrast monotonicity

and continuity properties are crucial. That is how the additivity property u(AN B) + u(AU B) =
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w(A) + u(B) is dropped and replaced by property 3 in definition 2.2.4. Then Choquet introduced
a notion of integral with respect to set functions not having additivity properties (see [40] for a
monography).

Capacities and Choquet integrals were first developped and used in the potential theory. Then
Choquet integrals have been applied intensively as criteria in economic decisions under uncertainty
after the demonstrations by Greco [57] and Schmiedler [108] of Choquet integral representations of
increasing and comonotonic functionals, under additional continuity assumptions. Since then, an
important literature has developped on the study of economic beliefs and preference relations ([56]),
their representations using non-additive capacities ([43], [44], [26]) and the equilibria that it generate
(1241, 251, [21]).

We adopt in this chapter the point of view of convex risk measures and focus on risk measures that
we can represent as Choquet integrals, which are not necessarily law invariant. In [68], Jouini &
al. showed that the optimal risk sharing between two agents having law invariant and comonotonic
monetary risk measures is given by a sum of stop loss contracts. We extend their result in several
directions, since we consider law dependent, and cash sub-additive risk measures, and show that the
bounds of the stop loss contracts correspond to quantile values of the total risk. Moreover, we treat
the case of LP random variables, which is more suitable to real cases and theoretical examples than
bounded random variables. To achieve this, we first prove a quantile weighting result for general
choquet integrals, and using this result, we compute explicitely the inf-convolution of two Choquet
integrals and characterize the inf-convolution operator as a Choquet integral with respect to some
capacity.

2.1.2 Reinsurance and risk transfer

Reinsurance is a mecanism allowing an insurer to transfer a part of its subscribed risk to a reinsurer.
There are several types of reinsurance contracts. The insurer can transfer its risk in a proportional
or linear way, which means that he gives away a fixed percentage of its losses and of its premiums
to the reinsurer: for a loss represented by a positive random variable X, he leaves F' = aX with
0 < a < 1 to the reinsurer and supports X — F = (1 —a)X.
The insurer can also buy a non-proportional contract, which allows him to put a ceilling on its

losses since he will be exposed to X A k, the reinsurer taking the remaining part (X — k)T, with
ke Rt.

A very natural question for the insurer is how to optimally transfer its risk ?

Barrieu and El Karoui 6] studied the optimal contract design problem using inf-convolution tech-
niques, in particular they find again in a very simple framework a result of Borch [16], stating that
the optimal risk transfer is obtained through a linear quota-share contract. The insurer has to stay
exposed to a proportional part of its subscribed risk, with a coefficient equal to its relative risk
aversion coefficient over the total risk aversion of the two market players.

Attrition Versus Extreme Risk

In practice, a great majority of major risks reinsurance exchanges are done in a non-proportional way.
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To understand this fact in view of the previous proportional optimality result, we can distinguish the
risk that the insurer is facing, considering the following two components: an "attrition risk" which is
basically a high frequency / low severity risk, and the "extreme risk" that is encountered for example
in natural or industrial catastrophes and which is on the contrary a low frequency / high severity
risk.

The attrition risk is often considered as the heart of the insurer activity, this is the risk that he
knows best and he is in a position to develop a methodology and tools to manage it. In particular,
the premium that the insurer receives for the attrition risk is a major tool to manage it, as well as
proportional-type reinsurance contracts if the insurer wants to reduce it.

The extreme risk is the one that the insurer really wants to reduce, this risk is considered as the
heart of the reinsurer activity. The insurer and reinsurer do not have the same level of information
and knowledge on the extreme risk, and this is what justifies the exchange, which is done through
non proportional contracts in the majority of cases. See [22].

The criterion choice

A major issue for an insurance company in the design of its reinsurance policy is the choice of
its risk retention, that is to say the parameter k appearing in the payoff function X A k. In the
literature, two main criteria are used: maximizing the cumulative expected discounted dividends
(see Taksar [115] for a survey) or minimizing the ruin probability.

De Finetti ([35]) and then many authors have studied the first criterion (among them [109], [61],
[118], [60] and the references therein). The goal in these papers is to find, from the point of view
of an insurance company, an optimal strategy concerning both the reinsurance buying process and
the dividends distribution process. One of their main findings - using stochastic control techniques
- is the existence of a feedback optimal strategy for reinsurance on the one hand, and a "barrier"
type optimal strategy for dividends on the other hand, in which the insurance company does not pay
any dividends when its wealth process exceeds a certain known level. However in practice, dividends
decision are often separated from reinsurance decisions, the main issue of dividends being that it
sends a strong signal to the insurance industry and to financial markets concerning the company’s
financial health, making the barrier strategy hardly applicable.

The ruin theory is a standard branch of actuarial science, but it ignores the insurance company
economic value, and frictional costs generated by economic capital management. The ruin probability
minimization does not appear in the legal solvency II framework. There is a need for insurers to
introduce modern risk theory in the reinsurance optimization process.

We focus in this chapter on the non proportional reinsurance optimization, using convex risk
measures as a criterion. Indeed, convex risk measures constitute a flexible tool for optimization,
and it is suitable to the inf-convolution operator since the inf-convolution of monetary convex risk
measures is again a monetary convex risk measure (see [6]). We will discuss the criteria choices,
related to the market participants risk aversion.
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2.2 Preliminaries on Risk Measures

In this section we will give some definitions, properties and representation of convex risk measures,
and then state the reinsurance optimization problem using the introduced convex risk measures as

criterion.

2.2.1 Introduction
2.2.1.1 Axioms

Motivated by some imperfections of traditional risk measures such as value-at-risk (which is recom-
mended by the solvency I european regulatory requirement for insurance companies), Artzner & al.
[2] and then Follmer and Schied [54] and Frittelli and Rosazza-Gianin [55] introduced the notions of
coherent and convex risk measures. We will now recall their definitions, and some key properties. We
state the given results for a generic space X of random variables, typically we will take X = L (P)
or X = LP(P) with p > 1, where (2, F,P) is a fixed probability space. We will skip the subscript P
in the definition of X when there is no possible confusion.

Definition 2.2.1 An application p : X — R is called:

e [MO] Monotonic if X <Y a.s. implies p(X) < p(Y).

[CI] Cash-invariant if Ve € R, p(X 4 ¢) = p(X) +c.

[CO] Conver if YO < X<1, pAX + (1 = AN)Y) < Ap(X) + (1 = X)p(Y).

e [PH] Positively homogeneous if V A > 0, p(AX) = Ap(X).

An application verifying the azioms [MO], [CI] is called a monetary risk measure. If it furthermore
satisfies [COJ then it is called a convex risk measure, and if it also satisfies the axiom [PH] then we
say it is a coherent risk measure.

The cash-invariance property, also called translation invariance, gives to the value p(X) a monetary
unit: p(X) may be intuitively interpretated as the minimal capital amount to add to X, and to
invest in a risk free manner, to make the position X acceptable or risk free. Indeed p(X — p(X)) =

p(X) — p(X) =0.

The convexity axiom will describe the preference for diversity: it means that diversification should
not increase risk.

Note that here positive random variables represent losses, then we consider increasing risk measures,

and cash-invariant with a "+" sign.
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2.2.1.2 Dual representation

An important kind of results are the Fenchel-Legendre type dual representation theorems for risk
measures. It has been given in Artzner & al. [2] for coherent risk measures and Frittelli and Rosazza-
Gianin [55] for convex risk measures defined on L*°, and after that by Biagini and Frittelli [10] in
the case of convex risk measures defined on LP.

Since the dual space of L™ can be identified with the space M®® of finitely additive set functions with
finite total variation, the application of general duality theorems only gives the dual representation
with respect to the subspace of finitely additive set functions normalized to 1. For the representation
to hold with probability measures, we need the following additional property:

Definition 2.2.2 p satisfies the Fatou property if it is lower semi-continuous with respect to the
bounded pointwise convergence, i.e if for any bounded sequence X, of L*° converging pointwise to X,
we have

p(X) < liminf p(X,,).

Remark 2.2.1 The Fatou property is equivalent with continuity from above (see [5]]).

We can now state the representation result:

Theorem 2.2.1 ([55]) A convex risk measure p on L, satisfying the Fatou property, admits the
following dual representation:
p(X) = sup {EQ[X] - a(Q)} (2.2.1)
QeM;
where My denotes the set of all probability measures on F and o : M1 — RU {400} is a penalty
function given by:

a(Q) = sup {E9[X]—p(X)}
XeL>(P)

If we interpret any probability measure Q on (2, F) as a possible model, or possible weighting of
events, this representation tells us that every convex risk measure that is upper semi-continuous can

be seen as a worst case expectation over a family of models minus a penalty, the penalty representing
the likelihood of the given models.

In the case of risk measures p defined on LP, we need the additional property of finiteness of p
on LP. Indeed, Biagini and Frittelli [10] proved that any convex and finite risk measure on LP is
continuous with respect to the LP norm. Then a dual representation holds as in (2.2.1) in the classic
LP — L1 duality.

2.2.1.3 Examples

The Value-at-Risk

The Value-at-Risk is the main risk measure used in practice and it is the measure recommended by
the Solvency II european regulator for insurance companies. It consists in computing an a-quantile
of the risk X:

VaRy(X) = gx(a) = inf{x € R such that Fx(z) < a},
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where o € [0,1] and Fx denotes the tail cumulative distribution function of X. « is considered as
an "acceptable" bankruptcy probability, and then VaR,(X) represents the losses that are attained
only with that probability.

The measure p = VaR, is not convex, and then do not satisfy a dual representation, but the
following Average Value-at-Risk will.

The Average Value-at-Risk

To overcome the non-convexity of the monetary risk measure VaR,, we consider the following
Average Value-at-Risk at level a € (0,1] of a position X € X, given by:

1 e
AVaR,(X) = a/ x (u)du
0

The name Average Value-at-Risk is justified by the following equality, which holds if X has a contin-
uous distribution, it says that the quantity AVaR,(X) is an average of the losses greater or equal
to VaRy(X):

AVaRy(X) =E[X|X > VaR,(X)].
AVaR, is a coherent risk measure and its dual representation is given as follows:

AVaR,(X) = QSS\IZ {E9(X)—-a(Q)}, X e X

where the penalty function « only takes the values 400 or 0, it is given by the indicator function in
the sense of convex analysis of the following set:

d 1
Q::{QEMM%Sa}
Note that we have: 1
AVaRa(X) = qx(a) + aE (X —gx(a)*]

The Entropic risk measure

As mentionned before, the penalty function o appearing in the representation (2.2.1) account for
the likelihood of a given model Q. Suppose that we measure the likelihood of Q using the information
theoretic entropic function H(Q|P) defined by

H(Q|P) := EF [(21? log(ﬁ)} :

The corresponding risk measure

pe(X)= sup {EQX]-H(Q|P)}
QeM (P)

is called the entropic risk measure.
The variational principle for the entropic function H gives

pe(X) = log Ep[e™].
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The Worst case risk measure

The worst case risk measure is defined on L* by

pmax(X) ‘= sup X(w)
weN

It is a coherent risk measure, whose dual representation is given by

pma:r:(X): sup EQ[X]
QeM;,

It is the most conservative coherent risk measure. It represents in an insurance context, the total
insurable value of an insurance company if X denotes its total exposition.

The Semi-deviation risk measure

For 0 <§ <1and1<p< oo, we define the semi-deviation risk measure as follows :
p(X) = E[X] + SE [(B(X) — X)7]'/7.

p is a positively homogeneous law-invariant monetary risk measure. If we define U(X) := —p(—X),
we obtain the semi-deviation utility function, whose properties are studied in [68] for example. We
will use this utility function in the next chapter.

2.2.1.4 Inf-convolution

Given two convex risk measures p; and po with penalty functions a; and a9, we define their inf-
convolution in the following way:

pOpa(X) == inf {p1(X — F) + p2(F))} (22.2)

Barrieu and El Karoui [5] proved under the assumption p1p2(0) > —oo that p1[ps is a finite convex
risk measure. If p; is continuous from below, then p;ps is continuous from below and we have the
following dual representation :

p10p2(X) := sup {EQ[X] — (1 + a2)(Q)} (2.2.3)
QeM;

The inf-convolution operator appears naturally in optimal risk transfer problems as we will see
through the example of reinsurance optimization.

2.2.2 VaR Representation of Convex Risk Measures

Assumption 2.2.1 We suppose in the rest of the chapter that the probability space (Q, F,P) we
work with is atomless.

This assumption induces that our probability space supports a random variable with a continuous
distribution (see for instance Proposition A.27 in [54]). Its usefullness is mentioned in Example 2.2.1,
it is also important in the proof of Proposition 2.3.2.

The representation theorems stated above can be reformulated making use of Choquet integrals
and distortion functions, that we now introduce.
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Definition 2.2.3 Every nondecreasing function v : [0,1] — [0, 1] with ¢(0) = 0 and (1) = 1 will
be called a distortion function.

For a given right continuous distortion function v, we consider a [0, 1]-valued random variable A
whose law is given by:
0if x <0
PAy <z)=1< 9¥(x),if 0<z<1 (2.2.4)
lif z>1

We will use random variables in the form of A, to give an interpretation of the Choquet integral
and of convex risk measures.

Definition 2.2.4 A set function c: F — [0, 1] is called
1. Normalized if ¢(0) = 0 and ¢(2) = 1.
2. Monotone if ¢c(A) < ¢(B) whenever AC B, A, B € F.
3. Submodular if (AUB) 4+ c(ANB) <c(A)+c¢(B),V A, BeF.

4. Quter regular if for every decreasing sequence (Ay) of elements of F, we have

¢ (ﬂ An> = lim c(A4,). (2.2.5)

Normalized and monotone set functions are called capacities.

Definition 2.2.5 The Choquet integral of a random variable X, with respect to a capacity c is defined
by:

0 o0

/Xdc::/ (c(X>3:)—1)d$—|—/ (X > z)dx

—o0 0
Example 2.2.1 Using a distortion function v, we can define a capacity c, given by cy(A) =
Y(P(A)), VA € F. For y(z) = z, the Choquet integral [ Xdcy is just the expectation of X un-
der the probability measure P. The function 1 is used to distort the expectation operator Ep into

the non-linear functional py. It is known (see for example [54]) that when the probability space is
atomless, 1 is concave if and only if py is a sub-linear risk measure.

If we define ¥(u) := ¢ (¢_1(u) + a), with o > 0, where ¢ denotes the standard gaussian cumulative
distribution function, we obtain the Wang transform risk measure, which is popular in insurance
pricing (see Wang [120] for details on this particular Choquet integral).

Definition 2.2.6 We will say that a risk measure p is law invariant, if p(X) = p(Y) whenever X
and Y have the same law under P.
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The Choquet integrals with respect to capacities constructed from distortion functions as in the
previous example can be used as building blocks for any convex and law invariant risk measure which
is continuous from below. This is the result of Corollary 4.72 in [54]. This means that we can use
Choquet integrals instead of the usual linear expectation in the dual representation (2.2.1) of any
convex, law invariant and continuous from below risk measure p as follows

) =sup{ [ X ey~ | (2.2.6)

pel

where C denotes the set of concave distortion functions and

Y(Y) = Sup(P) {/Xdcw - p(X)} :

XeLe

In [76] and [54], a dual representation of law invariant convex risk measures is given in terms of
AVaR. We have the same representation in terms of VaR risk measures, at random levels of the
form Ay:

Proposition 2.2.1 A convez risk measure p is law invariant and continous from above if and only

if
p(X) = sup (Ep [VaRa,(X)] —7(¥))
with
W) = sup_(Bs [VaRy,(X)] - p(X)).
XeLo(P)
Proof.

We just notice that since {gx(Ay) > 2} = {Ay <P(X > 2)},
P(qx(Ay) > @) = P(Ay < P(X > 2)) = $(P(X > 2)) = (X > a).
Using this, we can rewrite the Choquet integral as :

0
—00

/Xdc¢ = / (P(@x(Ay) > ) —1)dx + / P(Gx(Ay) > z)dx = Ep [VaRAw (X)]
0
Now using the representation (2.2.6), we get the desired result. O

This proof enlights in particular that the Choquet integral of a r.v. X is a non linear operator,
that can be rewritten as a classic linear expectation of a quantile of X, evaluated at a random level.

Remark 2.2.2 (Link with AVaR representations) The dual representation of law invariant convex
risk measures, with AVaR as building blocks, is as follows:
p is convexr and law invariant if and only if

1
pX)= s ([ avaraouda) -+
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where

= s (| | AVaR, (X)p(da) - o))

XeL>(P)
and M1((0,1]) denotes the set of probability measures on (0, 1].

These two representations with VaR and AVaR risk measures, evaluated at random levels, lead to no
contradiction since

1
/0 AVaRy(X)u(da) = / Xdey =Ep [VaRy,(X)]

where 1 is the distortion function defined by cCth = tl %,u(ds), with p a given probability measure on

(0,1].

2.2.3 Optimal risk transfer and inf-convolution

Following the framework of [68] and [5], we consider the problem of optimal risk sharing between an
insurer and a reinsurer in a principal-agent framework.
The exposure of the insurer (the agent) is modeled by a positive random variable X. Both the insurer
and the reinsurer assess their risk using an increasing law invariant convex monetary risk measure
(resp. p1 and pg). For a given loss level X, the insurer will take in charge X — F' and transfer to the
reinsurer a quantity F', and for this he will pay a premium m(F).

The insurer (the agent) minimizes his risk under the constraint that a transaction takes place, he
solves :

}%fr{pl(X — F + )} under the constraint pa(F —m) < p2(0) =0 (2.2.7)

Binding this last constraint and using the cash-additivity property for po gives the optimal price
m = p2(F) — pr(0) = pr(F). This is an indifference pricing rule for the reinsurer, that is to say the
price at which he is indifferent (from a risk perspective) between entering and not entering into the
transaction.

Replacing m = po(F) in (2.2.7) and using the cash-additivity property of pj, the insurer program
becomes equivalent to the following one:

inf{pa(X = F) + pr(F)} =: paUpr(X)
We are left with the inf-convolution of p; and p2, problem for which we give some explicit solutions
in Theorem 2.3.3 and in Section 2.4.
2.3 The case of Comonotonic Risk Measures

We start this section with some definitions and properties related to the important notion of comono-
tonicity.
Let us begin with the definition of comonotonicity for random variables:

Definition 2.3.1 Two random variables X andY on (2, F) are called comonotone if

Y (w, ') € Q2 (X(w) = X()) (Y(w) - Y(w)) >0
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Otherwise said, X and Y are comonotone if we cannot use one variable as a hedge against the other.
Denneberg [40] proved that two variables X and Y are comonotone if there exist a third random
variable Z such that X and Y can be written as nondecreasing functions of Z.

The variables &1 and & corresponding to what is payable by the insurer and the reinsurer in most of
common reinsurance contracts correspond to comonotone random variables. For instance, if the total
loss is represented by a positive random variable X, £ = aX and & = (1 — a)X are comonotone.
This is also true for & = X Ak and & = (X — k).

The risk evaluation corresponding to an agregate position X + Y of comonotone variables X and
Y is then just the sum of the individual risks:

Definition 2.3.2 A risk measure p is called comonotonic if

p(X+Y)=p(X)+p(Y), whenever X, Y are comonotone random variables.
2.3.1 Representation results on L?

In [54], it is proved that a monetary risk measure p on L°°(P) is comonotonic if and only if there
exists a capacity ¢ such that

p(X) = /Xdc, (2.3.1)
and in this case, ¢ is given by ¢(A) = p(14).

We can extend the representation (2.3.1) to risk measures defined on LP spaces, but we will need
the additional requirement that p is convex. Indeed, we will need the continuity of the Choquet
integral on LP to prove the representation on LP, and it will be given by the following extended
Namioka-Klee theorem proved in [10] for convex functionals:

Theorem 2.3.1 (Biagini - Frittelli [10]) Any finite, convex and monotone increasing risk mea-
sure p: LP — R s continuous on LP.

Using this continuity result, we can state a representation on LP, which is a direct consequence of
Theorem 4.82 in [54]. Note that Kervarec [73], in the 3rd chapter of her PhD dissertation, also proves
a continuity result for coherent risk measures defined on a space analogous to L? in a situation with
model uncertainty, with a non dominated family of probability measures.

Theorem 2.3.2 Let p be a convex and comonotonic monetary risk measure on LP, and let C'(X) :=
[ X de, where ¢ is a capacity given by c(A) = p(1a). If p and C are finite on LP, then

p(X) =C(X) for any r.v X in LP. (2.3.2)

Proof.

Of course Theorem 2.3.1 applies and p is LP-continuous.
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First note that since p is comonotonic and since the pair (X, X) is comonotone, then p(2X) =
2p(X), by induction p(nX) = np(X) for n € N*, and this easily implies that p(¢X) = ¢p(X) for any
q € Q. We can use the LP-continuity of p to deduce that p(AX) = Ap(X) for any A € RT. We have
obtained that p is positively homogeneous, in particular p(0) = 0, and if we define ¢(A) := p(14) for
any A in F, then ¢ is a capacity (monotone and normalized), which is also submodular by convexity
of p.

We can define the Choquet integral C'(X) := [ X de. C is a convex (since ¢ is submodular) and
comonotonic monetary risk measure, so using the finiteness of C' on LP and Theorem 2.3.1, we obtain
the continuity of C' on LP.

Now, by Theorem 4.82 in [54], we know that C' and p coincide on L*°. By the continuity of p and
C on LP and density of L in LP, we have the desired result.

2.3.2 A quantile weighting result for general Choquet integrals

We denote by py, the Choquet integral with respect to the capacity ¢, constructed from a distortion
function . Recall that X = L*>® or X = LP.

Assumption 2.3.1 For any interval [a, b] such that x — P(X > x) is constant on [a,b], the function
x — ¢(X > x) is also constant on [a,b]. We will say that ¢x inherits the constant intervals of Fx.

Remark 2.3.1 If Q is a probability measure, then x — Q(X > x) inherits the constant intervals of

Fx if and only if the law of X under Q is absolutely continuous with respect to the law of X under
P.

Lemma 2.3.1 Let ¢ be a capacity on F. Let X be a random variable in X such that ¢x inherits the
constant intervals of Fx, then there exists a distortion function 1x such that the Choquet integral
with respect to ¢ coincides with py, at X :

/Xdc:/XdcwX

Furthermore, if the capacity c is outer reqular then x is right-continuous.

Proof. Recall that Gy (u) = inf{z € R|Fx(z) < u}. In particular gy (Fx(z)) < =.
Step 1: We first prove that for any real number x,
AfX >z} =c{X >7qx (Fx(z))}.

For any z such that Fx () is a point of continuity of gy, we have gx (Fx(z)) = z, so the claim is
obvious in that case. Then let z be such that Fx(z) is a discontinuity point for the function gy



2.3. The case of Comonotonic Risk Measures 39

We have Gy (Fx(z)) < o, and Fy is constant on the interval [gy (F x(z)), z], then by Assumption
2.3.1, ¢x is also constant on this interval which is the desired claim.

Step 2: For a given random variable X and a capacity ¢, we define
Ux(u) == (X > gx(u)). (2.3.3)
1x is a distortion function since ¢ is monotone and normalized, and using step 1 above, we have
Yx(P(X >z)) =c(X >qx(P(X > 2))) =c(X > 2).

And hence,

/O (c(X>a:)—1)da:+/oooc(X>a;)dx:/0 (cwX(X>x)—1)dx—i—/ooocwx(X>x)dm,

—0o0 —00
which is the desired result.

The proof that the outer regularity of ¢ implies the right continuity of ¢ x is as follows:
Since Gy is right-continuous and non increasing, for every non increasing sequence (u,) converging
to u, Gx(un) goes to Gx(u) and {X > Gx(unt1)} C {X > Gx(un)}. Then the application of the
property (2.2.5) with A,, = {X > G (u,)} gives the right continuity of ¢ x.

O

In [76], Kusuoka provided a representation of law invariant risk measures as an integral of weighted
quantiles. More precisely, he proved that p is a monetary risk measure which is law invariant and
comonotonic if and only if there exists a distortion function v such that for every X in L*°(P),

1
p(X) = /0 G () (w)du (2.3.4)

We can still write a quantile representation for a monetary risk measure which is comonotonic but
not necessarily law invariant:

Proposition 2.3.1 Let p be a monetary risk measure satisfying the Fatou property of Definition
2.2.2, which is comonotonic, and let X be in L. If x — p(1ix~s) inherits the constant intervals
of Fx, then there exists a distortion function 1x such that

1
p(X) = /0 G (W) (w)du (2.3.5)

Proof.

Since p is comonotonic, there exists a capacity ¢ such that p(X) = [ Xde. The Fatou property of p
is equivalent with its continuity from above ( Lemma 4.20 in [54]), and this implies that ¢(A) = p(14)
is outer regular. At the point X, p coincides by Lemma 2.3.1 with a right-continuous v x-distortion
risk measure, and we re-write it as follows:

0 [e's)
/ (cpx (X >2)—1)dx +/0 Cpx (X > x)dr = Ep [Gx (Aypy )]

—00
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and the last quantity, by definition of Ay, is equal to fol Gx (u)Yy (w)du, which ends the proof.
Remark that Ay, is well defined since ¢ x is right-continuous.

O

Remark 2.3.2 The same proof shows that the result is true for risk measures defined on LP, provided
that C(X) = [ X dc is finite, where c¢(A) := p(14).

In view of these results, the inf-convolution of comonotonic risk measures reduces to the inf-
convolution of Choquet integrals, the study of which will require some preliminary results that we
enonciate and prove in section 2.3.2. We will represent (2.3.8) the inf-convolution of two comonotonic
and cash additive functionnals as a Choquet integral in section 2.3.3.

2.3.3 Inf-Convolution of Choquet Integrals

As shown in the following proposition, the Kusuoka-type quantile representation (2.3.5) is stable
under inf-convolution. This extends a result in [67] to non necessarily law invariant measures.

Proposition 2.3.2 Let p; and ps be conver comonotonic risk measures satisfying the Fatou property
and let X € X. Assume that p10pa(0) > —oo and the functions x — pi(1{x~z}) inherit the constant
intervals of Fx.

If X = LP, we also assume that p; and its associated comonotonic risk measure is finite on LP,
1=1,2.

Then there exist two distortion functions gf( and gg( such that

1 Opa(X) = / Gx () (g A g3) (u) du (2.3.6)

where (gi* A g3°)(x) == min (g7 (), g5 (2)).

Proof. Since p; and p2 are convex and comonotonic, using either (2.3.1) or (2.3.2) we have the
existence of two submodular capacities ¢; and cp such that p1, ps are the associated Choquet integrals.
Let ¢12(A) :==min(c1(A),c2(A)), VA € F. The dual representation of p; and pg is given by:

p(X)= swp {Eo(X) - ai(Q)} (2.3.7)
QEMy ¢

with a;(Q) = 0 if Q € C; and +o0 if not.

C; is the core of ¢; defined by C; = {Q € M, #|Q(A) < ¢i(A), VA € F} and M, ; denotes the set
of finitely additive set functions. Now theorem 3.6 in [5] says that p10ps is a convex risk measure
with a penalty function given by &(Q) = a1(Q) + a2(Q), which equals 0 if Q € C=CNC = {Q e
M f|Q(A) < min(c1(A),c2(A)), VA € F} and +oo if not. @(Q) is the core of ¢1 2. ¢12 is obviously
a capacity, and using theorem 4.88 in [54], ¢; 2 is a submodular capacity (here the Assumption ?? of
atomless probability space is important) and we have

p10p2(X) = /Xdcl,z (2.3.8)
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Now since c; 2(X > z) inherits the constant intervals of Fx(z) (since ¢; and ¢y do), we can use
Lemma 2.3.1 to provide the existence of a distortion function g such that [ Xde; o coincides with
the Choquet integral with respect to the capacity g(P(.)) at X. We have

gu) = c12(X > qx (u) = e1(X > qx (u) A c2(X > G () = min (g5 (u), 3° (u))
with ¢ (u) = ¢;(X > gx(u)), i = 1, 2. This implies, as in the demonstration of Proposition 2.3.1,

that p10pa(X) = [Gx(w)(g5 A g55) (u) du (this is where the Fatou property is needed).

O

Remark 2.3.3 The formula (2.3.8) in the previous proof tells us that the inf-convolution p1Opa(X)
s again a Choquet integral with respect to the capacity

c12(A) = min(c1(A4), c2(A)).

In the particular case where c1 and co are constructed with distortion functions V1 and s as
in Example 2.2.1, then ci2 is also a distorted probability with respect to the function iy 2(u) =
min (1 (u), o (u)).

If at a given point u* in [0,1], we have 1 (u*) < 1pa(u*), then we can say that at the given quantile
level u*, agent 1 is less risk averse than agent 2, since he uses a less severe distortion of the a-priori
probability P at this point u*. Now the form of ¢ o suggests that the inf-convolution splits the total
risk X in many parts, which are asigned to the agent being the less risk averse on the corresponding
quantile intervals (see Theorem 2.3.3 and Section 2.4 for more details).

Using this result, we are able to solve explicitely the inf-convolution of convex Choquet integrals.
Recall that the core C; of the capacity ¢; is defined by
Ci={Q e Mis|Q(A) < ci(A), VA € F}
where M ; denotes the set of finitely additive set functions on (2.
In order to correctly formulate our next theorem, we need the following definitions.

Definition 2.3.3 We will say that a subset B of [0,1] is densely ordered if for any x,y in B with
x <y, there exists z in B such that x < z < y.

For instance the set Q N[0, 1] is numerable and densely ordered.

Definition 2.3.4 Let f be a real valued function defined on [0,1]. We define the changing sign set of
f by those u in (0,1) such that for every sequence (u,) increasing towards u and every sequence (vy,)
decreasing towards w, there is an integer N, such that Vn > N, sgn|[f(u,)] = —sgn[f(vn)], where as
usual, sgn(z) = —1 if <0 and sgn(x) =1 if z > 0.

The two previous definitions are used to formulate the following assumption on two distortion
functions.
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Assumption 2.3.2 Let 11 and 19 be two distortion functions and denote f := 11 —1o. The set of
changing sign points of f contains no densely ordered subset.

The economic interpretation of the previous assumption is as follows: it means that y; — 19 does
not change sign too often. Recall from the previous remark that these functions represent uncertainty
weighting, if 11 (u) > 9(u) for a certain point u, an economic agent using ; as a distortion function
asigns more uncertainty to the point u than an agent 2 using 3. Now when the sign of 1 — 9
changes, it means that the order of uncertainty weighting between agent 1 and agent 2 changes. If
it changes very often in the sense that Assumption 2.3.2 is not satisfied, this means that the agents
relative agreement on the probability weighting changes very often.

A sufficient condition for Assumption 2.3.2 to hold is that the distortions 1 and 19 are continuous
and have a finite number of crossing points. This will be the case in all the examples we consider.

Theorem 2.3.3 Let X be in L. Let p1 and pa be two comonotonic risk measures satisfying the
assumptions of Proposition 2.3.2. Suppose also that the associated local distortions gf( and gg( are
continuous and satisfy Assumption 2.5.2.

Then there exists a possibly infinite increasing sequence {k,, n < N} of real numbers corresponding
to quantile values of X, such that

p18p2(X) = p1 (X = Y7) + p2(Y™)

where Y* is given by:

N

V' = Z(X - ]‘6217)Jr — (X = k2p+1)+-
p=0

Remark 2.3.4 If the sequence {ky, n > 0} only takes two non zero values k1 and ka, then the first
agent (the insurer in that case) takes in charge X Ak + (X — k2)T and agent two (the reinsurer)
is exposed to (X — ki)™ — (X — ko)T. This is exactly the definition of the Excess-of-Loss contract,
denoted "A-XS-B", that we find in a large majority of catastrophe reinsurance market exchanges
(here B = k1 and A = ky — k).

Remark 2.3.5 This result means that the inf-convolution of law invariant and comonotonic risk
measures is given by a generalization of the Excess-of-Loss contract, with more treshold values. The
domain RY of attainable losses is divided in "ranges”, and each range is alternatively at the charge
of one of the two agents.

The case where N is infinite is of course impossible in practice, but it gives an additional conceptual
insight to the optimal structure of the risk transfer.
Proof.

We start by writing the representation (2.3.6) for the inf-convolution and divide it in two parts.
For X € X, let A:={z €[0,1]: ¢g{(z) < g5 (x)} (we will write g; and go instead of g;* and g3 for
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convenience),
1
PO (X) = [ ax)(on A g ) du

1 1
_ / G (u)g) (w)La () du + / G (u)gh () Lae () s
0 0

Since g1 and go satisfy Assumption 2.3.2 and are continuous, the following non increasing sequence
{tn, n > 1} is well defined: it corresponds to the points of equality of the functions g; and go defined
as follows :

up = 1; upy1 = sup{z < u, such that gi(z) = ga(z) and gi(z7) # g2(27)}

For each n we define k,, := G (uy).

Then we can write the set A as the numerable union of disjoint intervals A = J,,~¢ltn+1,unl,
where ug = 1, lim,_ 400 un = 0 and possibly there are integers k € N such that g;(z) = ga(z) for
any « € [ug41,ug). The non increasing sequence {u,, n > 1} corresponds to points of equality of the
functions g1 and gs. We can rewrite the inf-convolution

1
~|—Z/O qX(u)l(ugp+ggugu2p+1)g/1(u) du. (2.3.9)

Then we remark that

Tx ()L, <u<uy) = (@x (u) — Tx (u) " = (@x(u) — Tx (uit1)) "

We define the increasing sequence (k;) by k; := Gx (u;), and the random variables Z := (X — k;)™ —
(X — kiy1)" and Z; = 1{x -y}, then we have

Ix (W) Ly <u<uy) = Tz (W) = kit1Qyz,, (v) + kiGz, (u).

We can plug this equality into (2.3.9) to obtain

p1Opa(X) =p1 [ D (X — ko)™ — (X — kagpr1) ™

p>1

+ p2 Z(X — kap1) T = (X = kopi2)”

p>1

- <k2p+1p1(X > kapy1) = kappr (X > k2p))
p=1

-3 <k2p+2p2(X > kopta) — kapr1p2(X > /€2p+1))

p>1
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Where we denoted p(X > k) := p(1{x>k})-
Finally, by noticing that for any 4, p1(1(x>k,)) = g1(ui) = ga(ui) = p2(L(x>k,)), We obtain the
desired claim. O

The last proof shows in particular that the points k; defining the risk transfer are such that p; (X >
ki) = p2(X > k;). This is the counterpart on R of the equality at the points u; belonging to [0, 1] of
the local distortion functions g;* and g.

In Figure 2.1 below, we represented two possible functions g and g5 crossing twice on (0, 1), and
thus generating a layer as the optimal structure for the risk sharing. Assume that an insurer uses the
local distortion at X corresponding to the red curve, and that a reinsurer uses the one corresponding
to the green curve.

In the interval (w, 1), the reinsurer uses a more severe probability distortion, and thus all the risk
is assumed by the insurer in that region, since (w, 1) corresponds to losses X belonging to (0, k1),
with k1 = gy (w). The same thing happens for the interval (0, v) corresponding to losses belonging
to (ke,+00), with of course ky = Gx(v). Finally, the reinsurer assumes all the losses belonging to
(k1, k2), since he has a less severe distortion on the interval (v, w).

With the notations of the last proof, k1 and ko are the only two finite points such that we have the
"agreement" p1(X > k;) = po(X > k).

0.8

0.6 -

0.4

02

Figure 2.1: Example of configuration leading to a layer as optimal risk transfer

2.3.4 An extension to subadditive comonotonic functionals

2.3.4.1 Representation on L and LP

Proposition 2.3.3 p is an increasing, comonotonic and cash sub-additive functional on L>®(PP), if
and only if there exist a set function ¢ such that for each X in L>®°(P), p(X) = [, Xdc, where for
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A€ F, cis defined by c(A) = v.¢(A) and ¢ is a capacity on F. In that case v = p(1) = ¢(Q).

Proof.

First suppose that p is an increasing, comonotonic and cash sub-additive risk measure.
Using the monotony and cash sub-additivity of p, we have that p is continuous with respect to the
supremum norm since

X <Y+ [X =Yoo = p(X) < pY + X = Vo) < p(Y) +[[X = Ve,

Then |p(X) — p(Y)| < [|[X — Y|co. Lipschitz continuity and comonotonicity imply that p is posi-
tively homogeneous (see lemma 4.77 in [54]). Then p(0) = 0, and by comonotonicity and positive
homogeneity,

p(X +m) = p(X) + p(m) = p(X) +mp(1)

and p(1) < 1 by cash sub-additivity. So p is linear cash-subadditive. Set v := p(1) and define
p(X) := p(X), then p is increasing, comonotonic, and cash additive, using (2.3.1), we know that
there exist a capacity ¢ such that p(X) = [ Xdé. Setting c(A) = v.¢(A), we obtain p(X) = [ Xde.

Now suppose that p is the Choquet integral on L (P) with respect to a monotone set function ¢
such that ¢(©2) < 1, then it is proved in [40] that p is increasing and comonotonic. Furthermore,
p(X +m) = [ Xdec+ me(2) < p(X) +m.

O

Using the same arguments as in the proofs of Theorem 2.3.2 and Proposition 2.3.3, we can show
the following:

Corollary 2.3.1 Let p be an increasing, convex, comonotonic and cash sub-additive functional on
LP. Let C(X) := [ X dc where ¢ is the capacity given by c(A) := p(14). Assume that p and C are
finite on LP, then

o(X) :/Xdc, VX eI,

2.3.4.2 Sub-additive measures and intrinsic discounting factor

Definition 2.3.5 An application p is said to be cash sub-additive if for each m in RT,

p(X +m) < p(X) +m and p(X —m) = p(X) —m.

We will say that p is linear cash sub-additive if there is a fized parameter v in [0,1] such that
p(X +m) — p(X) = vm.

As stated in [50], the economic interest of such a property is to take into account the time value of
money. If p(X) represents the minimal capital required to hedge the risky position X with maturity

"I'im, where m is a

T, then the minimal capital needed to make (X — m) acceptable is p(X) — e~
deterministic amount and r is the riskless interest rate. In this case p is such that p(X —m) >

p(X) —m.
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We can associate to every cash sub-additive risk measure an intrinsic discounting factor given by
v(m) := W. Indeed, for each m,

p(X +m) = p(X) + v(m)m,

and 0 <v(m) < 1.

r

For linear cash sub-additive risk measures, v(m) = v is constant. For instance, if p = e~ Tp, where

T > 0, r is a risk free rate and p is cash additive, then v(m) = e "L,

For general cash sub-additive risk measures as in definition 2.3.5, v(m) can depend on m. This

means implicitely that the interest rate depends on the amount on which it is applied : for a
fixed maturity, capitalizing during the considered period an amount m is multiplying it by V&n) =

m . . e i
XM =p(X)? that is to say the ratio between the deterministic amount m, and the excess of regu

latory capital saved today. In this sense v(m) represents the internal cost of capital, for a company

using p as risk measure.

If p(X +m)—p(X) is a linear function of m, the capitalization factor #m) is independent of m, this
will be the case for comonotonic cash sub-additive risk measures. Otherwise, v(m) depends on m,
and on the current position X, to which an economic agent is already exposed. Said otherwise, we
can model an intrinsic capitalisation factor %, depending on the risk measure of the agent considered,
on what he is already exposed to, and on the amount invested.

Example 2.3.1 We consider here random variables in L?(IP). Let us suppose that an agent has an
initial economic endowment X following a centered standard gaussian law N(0,1), and that he uses
p(X) := Ep(X ™) as risk criterion. It is a classic example of cash sub-additive risk measure ([50]).
Following this particular risk vision, to have m at the end of the period, the agent needs the amount

v(m).m today, with

m2

m) = AL 2P _ gy 12T

m m

where ¢ denotes the cumulative distribution function of a standard gaussian law. We clearly see the
dependence of v(m) on the choice of p, on the law of X, and on the amount m.

Note that this coincides with the interpretation of El Karoui and Ravanelli [50] of p as a measure
with interest rate ambiguity since

p(X)= sup (Ep(D.X)|0<D<1).
DeL2(P)

2.4 Examples

2.4.1 AVaR Examples

1. Let o and $ be in (0,1) and consider p; = AVaR, and ps = AVaRg. Then we have

(AVaR,OAVaRg)(X) = AVaRans(X), VX € L.
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Indeed, AVaR, is the Choquet integral with respect to the distorted probability c(A) =
a(P(A)) where

Ya(u) =— AL

u
«
It is easy to see that if 3 < a, then 1 (u) < 1Pg(u) for any u in [0,1]. This means that the

distortion g is always more severe than the distortion v, and from Theorem 2.3.3 we know
that the agent using the less severe distortion assumes all the risk.

2. A classic measure used in reinsurance as a risk measure or as a pricing functional is the Pro-
portional Hazard transform, or PH-transform. It is defined by the following Choquet integral

ppa(X) = /Xdc, with ¢(X >2)=P(X >2z)", 0<r <1

Using Theorem 2.3.3, and the fact that the functions ¢, (u) = 2 A1 and ¢pg(u) = u” only

T«

1
coincide at the point ©* = aT-7, we obtain that

ppnOAVaR,(X) = ppu(X AK*) + AVaRa (X — k)1,

1

with £* =gy (aT7).

J—
0.8
0.6
— =
Yoy
0.4 — v,
024
0 T
0 02 04 06 08 1

Figure 2.2: PH-transform and AVaR,, distortions

We can take for example a = r = 1—10, in that case it leads to the distortion functions represented
1
in Figure 2.2 and u* = a7 = 0.0774. If X has a beta distribution with density fx(z) =

xv71(1_$)w7

B(o,w) 17 v =4 and w = 8, then £* = 0.53.

Assume that an insurance company is facing a peril corresponding to a random destruction
rate which has a (4, 8) distribution on [0, 1].If the total insurable value is given by M > 0,
then an insurer using the PH-transform Choquet integral will cede every losses above the value
0.53M to a reinsurer using the AVaR, as risk measure.
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2.4.2 Epsilon-contaminated capacities

Let v be the capacity given as the Epsilon-contamination of a given probability measure (), which
means that v is the submodular capacity defined by

v(A)=(1-¢)Q(A)+¢, 0<e<1l for AZ{0} andv({d}) =0

Let X be a bounded random variable, denote X* := sup X (w) and assume that X* > 0. Applying
the definition of the Choquet integral of X with respect to v, we get

/XdV:/OOO(V(X>$)—1)dm+/OX*V(X>:L’)d$+/+ooV(X>x)dl‘

*

—00

0 X*
:/ (1-2)(Q(X > z)— 1)d:n+/ (1= )Q(X > ) + ] da
0
= (1—-¢)EQ[X] +eX*.
In this case the Choquet integral is affected by the supremum of X.

By analogy with Dow and Werlang [43], we define the uncertainty aversion of a capacity v at A € F
by

e(v,A) :=v(A) +v(A°) — 1.

It is easy to check that an Epsilon contamination v of () is a constant uncertainty aversion capacity,
iee(v,A) =e¢, for any A # {0}, A # Q.

If two agents are using respectively an €1 and eo-contaminated capacities v and v, we will say
that agent one is more uncertainty averse than agent two if €1 > e5.

Remark 2.4.1 We give here slightly different definitions than Carlier, Dana and Shahidi [23] or
Dow and Werlang [/3]. This is due to the facts that we consider submodular instead of supermodular
capacities and that a positive random variable X represents losses for us, instead of gains, so a risk
averse agent seeks for instance to increase rather than decrease the expectation of X with respect to
the a priort probabilty measure.

Remark 2.4.2 A capacity v, given as an Epsilon-contamination of a probability measure Q) is not
a distortion of the probability Q in the sense of Example 2.2.1. In particular, if we define a capacity
v by

v(A) == 9(Q(A)), with given by ¥(0) =0 and (u) = (1 —e)u+e, 0 <u <1,
then v # v. Indeed, for a Q-negligible set B # {0}, we have

v(B)=0 and v(B)=c¢>0.

We will nonetheless write the Choquet integral with respect to v using local distortion functions.
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Since f X dv is affected by sup X(w), we only consider bounded random variables X, but the
simple uniform distribution on [0, 1] already provides an interesting example.

Recall that our a priori given probability space is (Q, F,P). We will write v(X > z) as % (P(X >
x)) for some local distortion function % .

We assume that agent one uses a Choquet integral with respect to the capacity vy, given as an
g1-contamination of a probabilty measure @, such that Q << P. Agent two uses a Choquet integral
with respect to o, the eo-contamination of P. Let us take 1 < £2. In other word we have

vi(A)=(1-¢e1)Q(A)+¢e1, with Q <<P for A# {0} and v ({0})=0,
va(A) = (1 —e9)P(A) +e2 for A#{0} and va({0})=0.

Notice that vy and v, are two different examples of submodular capacities which are not given by
a distortion of the probability measure P.

The following lemma gives an example of two different optimal risk transfers, with two random
variables having the same law.

Lemma 2.4.1 Let Z and Z' be two independent and uniformly distributed random variables on

(Q, F,P) with values in [0,1]. Let & > 0 be a given parameter and define Q as the 0-Esscher

transform of P, i.e % = %. We have

1 ol _ p(1—w)f
/Zdul = / VI P(Z > x)|de  where Y} (u) =e1+ (1 —e1) — 1 |
0 _
1
/ZdV2 = / V2[P(Z > x)|de  where 7 (u) =e2 + (1 —e2)u,
0
1
/Z’ dvy = / YAP(Z > z)|de where ¢ (u) =e1 + (1 —e1)u,
0
1
/Z’ dvy = / VE[P(Z > z)|de where ¢33 (u) = 7 (u) =e2+ (1 — e2)u.
0
As a consequence, we have the following optimal risk transfer structures:

p1bp2(Z) = p1 ((Z - k*)+> + p2(Z NEY)

with k* = @ (u*), where u* € (0,1) is the solution of the equation Y} (u) = 72 (u). Furthermore,
we have

p10p2(Z) = p1(Z"),
where we denoted by p1 and pa the Choquet integrals with respect to v1 and vs.

Proof. The functions v1(Z > z) and v2(Z > z) for x € (0,1) inherit the constant intervals of
P(Z > z) since P(Z > x) is never constant on (0,1), so there is nothing to check, and this is also
true for Z’ instead of Z.
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Then Lemma 2.3.1 gives that

1
/ZdVi :/ VH[P(Z > x)lde, with ¥%(u) =1 (Z > Gy(u)), i =1,2.
0
We calculate for instance, for 0 < u <1
vi(Z2>qz(u) = (1-1)Q(Z >gz(w) +e1 and ¢} (0) =0.

Moreover

0z > Bw) = F° 02 . 0 et
9z - EP[BGZ] {Z>5 W)} | = e —1

since gy (u) = 1 — u. This proves the first claim of the Lemma. The functions 92, ¢}, ¢2 are
computed similarly, and using the fact that Z is independent of Z’. The different optimal risk transfer
structures are direct applications of Theorem 2.3.3.

O
1 - 1
0.8 0.84
0.6 0.6
/
/
04/ 0.4
0.24 0.29
0 1 0
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
u u
Figure 2.3: The functions ¢} (green curve) and Figure 2.4: The functions ¢}/, (green curve) and
7 (red curve) 7 (red curve)

In Figures 2.3 and 2.4 above, we represented the local distortions 7/ and 17, i = 1,2, with
(61, €2, 9) = (0.3, 0.5, 6).

We clearly see in Figure 2.4 that for the r.v. Z’, there is no risk transfer, agent one will assume
all the risk, since he is less risk averse than agent two. Whereas Figure 2.3 shows that there is a
unique agreement point k* such that pi(Z > k*) = pa(Z > k*), and k* is approximatevily given by
75(0.067) = 0.932.

2.4.3 Volatility uncertainty

Computing the Choquet integral of a r.v X with respect to a submodular capacity is a way to inflate
the P-expectation of X, and hence to take into account the model uncertainty we have relatively to
the probability measure P.
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In the recent literature on model uncertainty, we can find important contributions to the particular
case of volatility uncertainty ([101], [37] or [112]). These papers all use probabilities of a certain form
that we now describe.

Let Q = C(R*,RY) be the canonical space of R%valued continuous paths defined on RT, equipped
with its Borel o-field, B the canonical process on €2 and Py the Wiener measure. Let o : RT — S;O
be a deterministic function such that fol || dt < 400, where S;O denotes the space of all d x d real
valued positive definite matrices.

We define the probability measure P on €2 by

t
P* =Pyo (X*) ™!, where X{:= / 041/2(3) dBs, t € [0,1], Py — a.s.
0

which means that P% is the law under Py of the process X¢. Then a key observation is that the P%-
distribution of B is equal to the Pg-distribution of X“. In particular, B has a P*-quadratic variation
which is absolutely continuous with respect to the Lebesgue measure dt with density «. Then for
different functions «, the measures P* offer a way to model the quadratic variation uncertainty, or
volatility uncertainty, for the canonical process B.

Assume that two agents use the same distortion function 1, but disagree on the volatility process.
More precisely, let ¢; and ¢y be two submodular capacities on F given by

C’L(A) = 1!}[1[])&1("4)]7 i1=1,2, A€ I,
where v is a given distortion function, and «q, ag are two different volatility processes. Let us

consider the corresponding Choquet integrals evaluated at Bi:

0 +oo
pi(By) = / [W(E(By > 2)) — dz + | $(P%(B1 > 2))de, i = 1,2,

—00 0

Since the probabilities are different we cannot use this form to find an optimal risk transfer between
agent 1 and agent two. Notice that the measures Py, P* and P*? are mutually singular. But we can
use local distortion functions, and do as if P is a reference measure.

Lemma 2.4.2 We have
p10pa(B1) = pi(=By ) + p2(By).
where, as usual, X~ = max(—X,0) and X = max(X,0).

Proof.
We can use Lemma 2.3.1, and write everything in terms of Po(B; > x) as follows.

Since B; under Py is a standard gaussian r.v, the function z — Po(B; > x) has no constant
intervals. By Lemma 2.3.1, there exist local distortion functions 1/1%1 such that

P(P*(By > ) = ¥ (Po(By > z)), x €Ri=1,2.
We have for example for agent one (i = 1)

Up, (u) = c1(B1 > q(u)) = P[P (By > )],
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where we denoted g(u) = 611;01 (u) for simplicity. Moreover, using the fact that B is a Pp-Brownian
motion, and the Dubins-Schwarz theorem, we get

1 _
0 251

L2

where F is the tail distribution function of the standard gaussian law. So we found that

q(u)

1/2
oz

w]lgl ()= |F HQ(U) , and of course %231 (u) =
@
L2

1/2’

L2

The functions w}gl and w?gl are equal on (0,1) only at u* = 1/2. Then using Proposition 2.3.2, we
get

p10pa(B1) = p1(Br AEK) + pa((X — k)T),

with k* = g(u*) = 0. This ends the proof.

O

In Figure 2.5 below, we represented these two local distortions, in the particular case where 1 (u) =
Vu, and the functions oy and g are constants respectively equal to 4 and 9.

Notice that the Choquet integrals p; and ps are convex, but the local distortions w}gl and 1/1]231
are not concave. This cannot happen for classic distorted probabilities since the Choquet integral
with respect to a distorted probability is convex if and only if the distortion is concave, provided the
probability space is atomless.

2.4.4 Involving the Entropic Risk Measure

Let us assume here that p; is the entropic risk measure, defined by:

1
pa(X) = nlnEp[exp (5X)], neR"

And define p; = AVaR, with « in (0, 1).

We cannot use theorem 2 to compute the inf-convolution pi[lps since the entropic risk measure is
not comonotonic, however it is shown in [68] that p1Opa(X) = p1(X Ak) + p2((X —k)™) for a certain
real value k. We retrieve here this result, and we extend it by computing explicitely the value of k.

Proposition 2.4.1
p10p2(X) = p1(X A k) + pa((X — K)T), (2.4.1)

where k =n —nlna + ¢, and ¢ is a constant defined by Ep (exp(%(X —c)—1)A (é)) =1.
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Figure 2.5: The functions ¢ (red curve) and 1% (green curve)

Proof.
We write the dual representation of p1po(X) using as penalty function the sum of penalty functions
of the dual representations of p; and ps:

1
p10p2(X) = sup <EP(ZX) —nEp(ZInZ); Z < —, Ep(Z) = 1)
o'

1
= sup <EP(ZX—77Z1nZ—cZ); 7z < a)

1
=Ep [Sup (ZX—nZan—cZ; 7 < >]
o

= Ep (Z.X — nZc1n Z.)

where

1 1
Ze =exp(—(X —¢) — 1) A(—) and c is such that Ep(Z,;) =1
n a

We denote by @ x the probability measure such that dd% = Z., and by H(Qx |P) the relative entropy
of Qx with respect to P. Since

.od 1
p10p2(X) = Eg (X) — nH(Qx|P) with —— < =

we have to find a r.v ® such that Qx € 07 p1(®), i.e Eg,(®) = AVaR,(®P), where we have denoted
0~ the subgradient operator.
Since
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with kepo =1 —nlna+c¢, we set & = X Vk, k € R and we search k such that Eg, (X V k) =
AVaRa(X V k).

1 1
Ep(Ze(X V kepya)) = Ep [kc,n,a eXP(H(X =6 = Dl(x<kepa) T o XL Xk ,0)

Using the fact that Ep(Z.) = 1, we deduce that

1
Be [expl( (X = ©) = Dlgxer, ] =1 2P (o)

where Fx denotes the survival function associated to X (i.e Fx = 1— Fx where Fyx is the cumulative
distribution function of X).

1~ 1
Ep(Zo(X V kepa)) = kena (1 — O[F)((lf(;%a)) + Ep (aXl(X>k’c,n,a)) .

Let us now compute the quantity AVaR,, (X Vk). We easily have that Vu € [0, 1], ¢xvi(u) = gx (u)VE,
so that:

1 1
AVaR,(X Vk)=— / gx (u) V kdu
1

Q -«

1
= = B [X VLt gx(1-a)]

1 _ 1
= —k(a — Fx(k)) + Ep [aXl(X>quX(1a))] :

«

Given that

1
Fx(bene) = (1= Be [epl( (X = 0) = Dgxar,,.0] ) <o
we have k.o > ¢x(1 — «). Using this, we can finally conclude that
EqQyx (X Vkepa) = AVaRo (X V kepa)

We denote k := ke, As pointed out in [68], the couple (X — X V k,XVE)=(—(X—-k)~",XVk)
is an optimal risk transfer. Using the cash-additivity property of ps and pgr, we see that for any
constant ¢ € R, if (X — F, F) is an optimal risk transfer then (X — F 4 ¢, F — ¢) is again optimal.
Since —(X — k)" + k=X Akand X Vk—k = (X — k)", the couple (X Ak, (X —k)*) is optimal.
Now rewriting Ep(Z.) = 1 using that ¢ = k —n + nlna gives (2.4.2) and the proof is complete.

We could actually directly check that p10pa(X) = p1(X Akepa) + p2([X = kenalT)-
Remark 2.4.3 k£ € R is such that

pA(X ANEk)=nln(a) + k. (2.4.2)
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A Reinsurance Pricing Problem
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3.1 Introduction

3.1.1 The collective risk theory

There are two different possible ways to apprehend the total loss of an insurance company in a given
period of time (typically one year). First, one can consider the individual claim amounts S;, that is
to say the loss corresponding to the policy of the i-th insuree, and then, take the sum I =37 | S;,
where n is the number of policies. This kind of individual model of risk dates back to Cramér [32].

This individual model is numerically difficult to implement. Let us however mention the De Pril
algorithm, which allows theoretically to obtain the law of I, but it is not widely used in practice (see
[98], page 129).

A second possible way to proceed is to consider a random number of claims N in the given period
and individual losses X;, regarless to which policy it is attached. Then the sum X = Zf\i 1 X; also
denotes the total loss of the insurance company. It is the traditional collective model way to see the
total loss (see [41] for a detailed account).

The collective risk model can be analysed dynamically in time, by writting

Nt
Xt = Z Xia
=1

where N is a Poisson process counting the number of claims in the interval [0,¢]. The variables (X;)
are traditionally assumed independent and identically distributed. In that case, X is a pure jump

Levy process, for which we have powerful analytic tools.
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The collective risk model is widely used among practitioners mainly because of its tractability.
Panjer’s recursion [96] is a popular technique to approximate the distribution function of the total
loss in the collective model.

In this chapter, we will see how this risk modelization is affected by the presence of non-proportional
reinsurance contracts.

3.1.2 Links with the existing literature

The indifference price p of a reinsurance layer is solution of an equation indicating that the utility of
an insurance company, when it buys the contract and pays the price p, is equal to its utility when it
does not enter the transaction. When the contract contains reinstatements, the total premium paid
is random (see equation (3.2.3)). This can complicate the calculation of the indifference price. In
the next sections we will bound this price by two easily computable values.

Despite the huge literature on reinsurance problems, there are little references concerning the pricing
of reinsurance contracts containing reinstatements. Sundt [114| obtained a formula for the pure
premium of contracts with reinstatements ; this formula coincide with ours in this particular case.
Sundt [114] and Wahlin [119] also give formulas corresponding to other premium principles, such that
the standard deviation principle or the PH-transform. Mata [86] studies the properties of different
pricing principles. Now that we better understand the properties and axioms of convex monetary
risk measures, we can compare it with the properties stated by Mata, who defines indifference prices
with respect to various comonotonic risk measures, but using the approximation p(—X) ~ —p(X). If
p is convex and normalized, we can only say that p(—X) > —p(X). That is why the values computed
in [86] correspond, in the particular case where there is no cost of capital, to our upper bound (py

appearing in equation (3.2.6)).

3.2 Pricing of Layers with Reinstatements

3.2.1 The contract payoff

Let ug be the initial surplus of an insurance company, and let 5 be the gross premium income per
time unit, so that the surplus process R without reinsurance is given at time ¢ by

Ny
R(t) = up + ft — ZXi
i=1

where {N;, t > 0} is a non decreasing integer valued pure jump process modelling the number of
claims up to time ¢, and {X;, i € N*} is a sequence of independent and identically distributed (i.i.d.)
random variables modelling the individual claim sizes of the insurance portfolio.

In an XL reinsurance contract with retention [ and limit m, the reinsurer covers the part of each
claim that exceeds [, up to the upper bound [ +m. The reinsurer’s part Z; and the insurer’s part Cj
related to a claim X; are then given by
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0if X; <1
Zi=(Xi =)= (Xs—1-m)T={ X;—Lif I<X;<l+m (3.2.1)
mif X;>1+m
and
X;if X; <l
CiZ(Xi/\l)+(Xi—l—m)+= LifI<X;<l+m (3.2.2)
Xz-—mif XZ‘ZZ-FTTZ
Let
Nt
Z(t):=Y_ 7
i=1

be the aggregate liability of the reinsurer. It is usually limited to a maximal amount M.

When M is a multiple of the individual maximum cover m, i.e when M = (k+1)m, we say that the
reinsurance contract contains k reinstatements. In that case the aggregate liability of the reinsurer
is given by Ry(t) := Z(t) A ((k+ 1)m).

The cover of the j-th reinstatement is given by

rj := min [max(Z(t) — jm,0), m]

For the j-th reinstatement, the cedent pays a premium P; given by

P; = cjp()% min [max(Z(t) — (j — 1)m,0), m]

Let us consider a concrete example, allowing to better understand these contracts payoffs. Assume
that the insurance company enters an XL contract with one year maturity, including two reinstate-
ments and covering the losses between 100 and 200 (I = 100 and m = 100). The initial premium
required by the reinsurer is given by pg = 10. The costs of the first and second reinstatements
correspond respectively to 80% and 50% of the initial premium (¢; = 0.8 and ¢ = 0.5).

Assume the first four losses correspond to the following amounts:

1. X7 = 150, we have then C; = 100 and Z; = 50. The insurance company has to reinstate half
of the layer, to do so it pays 50 * WIO * 80% x 10 = 4.

2. X5 =190, we have then C; = 100 and Z; = 90. The ceding company has to reinstate 90% of
the layer. For this, it uses what is left of the first reinstatement (50) and a part of the second
one (40). So it pays :

50 * 155 * 80% * 10 + 40 * 155 * 50% % 10 = 6

3. X3 = 200, in that case all the layer has to be reinstated, but only 60% of the second rein-
statement is available, the layer is then reinstated only up to this limit and the company pays:
60 * 155 * 50% * 10 = 3.
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4. X4 = 200, the insurance company was only covered for the losses between 100 and 160, we
have then here Z; = 60 and Cy = 140. All the reinstatements have been used, the contract
stops and the ceding company is not reinsured for the rest of the year.

The total premium paid in this example amounts to P = 1044 + 6 + 3 = 23. This value could have
been lower if all the reinstatements had not been used before the end of the contract.

We can write the random total premium paid by the cedent during the considered period in the
following way:

k
Pt):=po |1+ % ch min [max(Z(t) — (j — 1)m,0), m] (3.2.3)
j=1

and the wealth process of the cedent is given by

Ny
R(t) —U0+5t—zcz' — P(t)
i=1
Ny N
=ug+Bt—> Xi+ Y Zi—P(t)
=1 =1

In what follows, we will denote for simplicity

k
N(t) = 3 ¢ min [max(Z(t) — (j — 1)m, 0),m]

m
j=1

Finally, let us now consider the more realistic situation where the cedent has already bought
reinsurance contracts which are still running, and is considering to add a given layer [I,l + m] with
k reinstatements to its reinsurance program. Then we will denote by R(¢) the reference net result of
the cedent (without the additional layer) and we denote FX* the different quantities concerning the
additional XL layer.

We have for instance
Ny Ny Ny ‘L
R () =ug+Bt—> Xi+» Z;—P+> zX-P

i=1 i=1 i=1

Al XL

=R(t)+ Y zZX-P"7, (3.2.4)
i=1
where P is the total premium paid by the cedent’s company for the additional XL layer.

3.2.2 The pricing bounds

We assume that the cedent uses a concave monetary utility function U, and a convex monetary risk

measure p to compute its needed regulatory capital.
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Definition 3.2.1 We say that 130 is the indifference price of a given XL layer relatively to the pair
(U, p), if Py solves the equation

U (R(t) —2p(R(t)) = U (R*(t) —ep(R*"(1))) (3.2.5)
where € is a given cost of capital.

When the insurance company does not buy the XL layer, its net result is given by R(t), and its
regulatory needed capital is expressed by p(R(t)). If the XL layer is added to the current reinsurance
program, then the net result becomes RX*(t) and there is possibly a regulatory capital saving thanks
to the layer that we can write as p(R(t)) — p(RXE(1)).

Remark 3.2.1 If we define U(R) := U(R —¢p(R)), then we have
UR+m)=UR)+(1+c)m>U(X)+m,
and U is a cash super-additive utility function. This is analogous to the presence of a capitalization

factor, which is here given by ¢.

We have the following estimate for the indifference price of an XL layer with reinstatements

Proposition 3.2.1 If ]50 is the indifference price of a given XL layer relatively to the pair (U, p),

then
p1 < Py < pa, (3.2.6)
where
p1 = A p2 = A
YT UL NY T U+ N
and
Ny
A:=U (R(t) + Z Zi> —U(R(t)).
i=1
Proof.

RXL

We use the decomposition (3.2.4) of and the cash invariance property to deduce that equation

(3.2.5) is equivalent to

Ny Nt
U <R(t) +Y 2 - R(1+ N(t))) —cp (R(t) +3 Zi— Py(1+ ]\7(75)))

=1 =1
= U (R(t)) — ep(R(1)). (3.2.7)

We can use the fact that U is super-additive whereas p is subadditive, and that both are positively
homegeneous to write

Ny Ny
U (R(t) +Y 2z, - R(1+ N(t))) >U (R(t) +> Z¢> +PU (—(1 + N(t))) :

=1 i=1

Ny Ny
p (R(t) +3 Zi— Py(1+ N(t))) <p (R(t) +)° ZZ) + Pyp (—(1 + N(t))) .

i=1 =1
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By plugging this into (3.2.7) we obtain
By [U (1 +N@) —ep (-(1+N@))]

N Ny
<U(R®)-U (R(t) +) z@-) —¢ [p(R()) —p (R(t) +) Zi> (3.2.8)
' i=1

We notice that —(1+N (t)) < 0 a.s. and since U is monotone increasing and p is monotone decreasing,
we have

U(-(+N@)) —ep(-(1+N@)) <o.
Then we deduce from inequality (3.2.8) that p; < B,

To prove the other inequality, we start again from equation (3.2.7), and notice this time that since
U is super-additive whereas p is subadditive, we have U(X —Y) < U(X) - U(Y) and p(X - Y) >
p(X) — p(Y), for any bounded random variables X and Y. This gives

Ny Nt
U (R(t) +Y 7z - R+ 1\7@))) <U (R(t) +> ZZ) - PU (1 + N(t)) ,
=1

=1

=1

p (R(t) + % Zi — Py(1 + N(t))) > p (R(t) + % ZZ-> —Pyp (1 + N(t)) .
=1
By plugging this again into (3.2.7), and noticing that
U (1 + N(t)) _%p (1 + N(t)) >0,
we obtain ﬁo < po.

O

Remark 3.2.2 The monotonicity properties of U and p implies that 0 < pi. Furthermore, the
concavity and convezity properties of U and p implies that we have indeed p; < po.

In figures 3.1 and 3.2 below, we represented the upper and lower bounds p; and ps obtained for the
layers with retention equal to 10%(n + 1) euros and limit equal to 10% euros, for n varying from 0 to
32. In other words, we computed the bound prices for 33 XL contracts, with the same limit value,
for a retention ranging from one hundred million euros to 3.3 billion euros. All the contracts contain
k = 4 possible reconstitutions, and each reconstitution when it happens, is paid at ¢ = 100% of the
initial price. The prices are expressed as a percentage of m = 108, which correspond to rates on line

in the reinsurance terminology.

These reisurance contracts cover an insurance portfolio of risk of natural catastrophes type. The
calculationshave been made using 25000 years of simulations of losses from a portfolio of Axa.
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We took as a matter of example a utility function given by the semi-deviation utility with parameter
0= % and as risk measures, the AVaR, with o = 1/200 in Figure 3.1 and the Wang transform risk
measure with parameter v = —2 in Figure 3.2. Those functionals are defined in Chapter 2.
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Figure 3.1: Semi-deviation utility function and AVaR,, risk measure

We can see that the gap between p; and po is important for the first contracts. This is due to
the fact that the first contracts correspond to low retentions, for which all the reconstitutions are
systematically used. More precisely, if k£ = 4, the value N appearing in the definitions of p; and po
will be we very often equal to 4 for the contracts with a low retention, and the different quantities

—U(—=1—4) and U(1 + 4) will contribute considerably to the gap between p; and pa.

However for the contracts with a high retention, begining from 1.2 billion, the bounds are rather
satisfying.
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Figure 3.2: Semi-deviation utility function and Wang transform risk measure



CHAPTER 4

Quadratic Backward SDEs with Jumps
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4.1 Introduction

Motivated by duality methods and maximum principles for optimal stochastic control, Bismut studied
in [15] a linear backward stochastic differential equation (BSDE). In their seminal paper [97], Pardoux
and Peng generalized such equations to the non-linear Lipschitz case and proved existence and
uniqueness results in a Brownian framework. Since then, a lot of attention has been given to BSDEs
and their applications, not only in stochastic control, but also in theoretical economics, stochastic
differential games and financial mathematics.

In this context, the generalization of Backward SDEs to a setting with jumps enlarges again the
scope of their applications, for instance to insurance modeling, in which jumps are inherent. Li and
Tang [81] first proved the wellposedness of Lipschitz BSDEs with jumps, using a fixed point approach
simililar to the one used in [97].
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Given a filtered probability space (Q, F, {F;} ;<7 P) generated by an R-valued Brownian motion
B and a random measure p with Compensato{ V: solving a BSDE with generator g, and terminal
condition ¢ consists in finding a triple of progressively measurable processes (Y, Z,U) such that for
allt € [0,T], P — a.s.

T T T
Y; :§+/ gs(YS,ZS,US)ds—/ Z,dB; —/ / Us(z)(p — v)(ds, dz). (4.1.1)
t t t  JRA{0}

See Section 4.2.1 for more precise definitions and notations.
In this chapter, g will be supposed to satisfy a Lipschitz-quadratic growth property. More precisely,
g will be Lipschitz in y, and will satisfy the quadratic growth condition (iii) of Assumption 4.2.1.

When the filtration is generated only by a Brownian motion, the existence and uniqueness of
quadratic BSDEs with a bounded terminal condition has been first treated in Kobylanski [74], by
means of an exponential transform method, allowing to fall into the scope of BSDEs with a coefficient
having a linear growth, then the result for quadratic BSDEs is obtained by an approximation oper-
ation. Tevzadze [117] has also given a direct proof for the wellposedness in the Lipschitz-quadratic
setting. His methodology is fundamentally different, since he uses fixed-point approach to obtain
existence of a solution for small terminal condition, and then pastes solutions together in the gen-
eral bounded case. More recently, Briand and Hu [18] went beyond the bounded case to obtain an
existence result for quadratic BSDEs with a terminal condition having finite exponential moments.
In a similar vein, but using a forward point of view and stability results for special class of quadratic
semimartingales, Barrieu and El Karoui |7] generalized the above results.

Nonetheless, when it comes to quadratic BSDEs in a discontinuous setting, the literature is less
abounding. Until very recently, the only existing results concerned particular cases of quadratic
BSDESs, mainly with links to applications to utility maximization or indifference pricing problems.
Thus, Becherer 9] studied first bounded solutions to BSDEs with jumps in a finite activity setting,
and his general results were improved by Morlais [91], who proved existence of the solution to
a special quadratic BSDE with jumps, using the same type of techniques as Kobylanski. More
recently, Ngoupeyou [94], in his PhD thesis, extended partly the approach of 7] to the jump case.
Laeven and Stadje [77] proved recently a general existence result for BSDEJs with convex generators,
using verification arguments. We emphasize that our approach is very different and do not need any
convexity assumption, even though the two results do not imply each other. Finally, El Karoui,
Matoussi and Ngoupeyou [47] extended the approach of [7] to the jump case, and hence obtained
complete results for unbounded terminal conditions.

Our first aim in this chapter is to extend the fixed-point methodology of Tevzadze [117] to the case
of discontinuous filtration. We first obtain our result for a terminal condition £ having a |||/ ,-norm
which is small enough. Then the result for any ¢ in IL>° follows by splitting £ in pieces having a
small enough norm, and then pasting the obtained solutions to a single equation. Since we deal with
bounded solutions, the space of BMO martingales will play a particular role in our setting, this will
be the natural space for the continuous and the pure jump martingale terms appearing in the BSDE
(4.1.1), when Y is bounded.

In this framework with jumps, we need additional assumptions on the generator g for a comparison
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theorem to hold. Namely, we will use the Assumption 4.2.5, first introduced by Royer [106] in order
to ensure the validity of a comparison theorem for Lipschitz BSDEs with jumps. We extend here this
comparison theorem to our setting (Proposition 4.2.7), and then use it to give a uniqueness result.

This wellposedness result for bounded quadratic BSDEs with jumps opens the way to many possible
applications. Barrieu and El Karoui [6] used quadratic BSDEs to define time consistent convex risk
measures and studied their properties. We extend here some of these results to the case with jumps.
When the generator g is independent of y and convex in (z,u), we can define through the solution of
the BSDE a convex operator acting on the terminal condition. This operator, called g-expectation,
has been first studied by Peng [99], and then extended to the case of quadratic coefficients by Ma
and Yao [84], or to discontinuous filtrations by Royer [106] and Lin [83].

In this chapter, we go further in the study of quadratic BSDEs with jumps by proving a non-linear
Doob Meyer decomposition for g-submartingales. As a consequence, we obtain a converse comparison
theorem.

The last two results are dedicated to an explicit dual representation of the solution Y, when g
is independent of y and convex in (z,u). This allows to study some particular risk measures on a
discontinuous filtration, as the entropic risk measure, corresponding to the solution of a quadratic
BSDE. Finally, we prove an explicit representation for the inf-convolution of quadratic BSDEs, thus
giving the form of the optimal risk transfer between two agents using quadratic convex g-expectations
as risk measures. The inf-convolution is again a convex operator, solving a particular BSDE. We
give a sufficient condition for this BSDE to have a coefficient satisfying a quadratic growth property.

The rest of this chapter is organized as follows. In Section 4.2, we obtain our general existence and
uniqueness result, then in Section 4.3, we study general properties of quadratic g-martingales with
jumps, such as regularity in time and the Doob-Meyer decomposition. Finally, Section 4.4 is devoted
to the two applications mentioned above.

4.2 An existence and uniqueness result

4.2.1 Notations

Given a filtered probability space (2, F, {F; }y<,<7 , P) generated by a R?-valued Brownian motion B,
solving a BSDE with generator g, and terminal condition £ consists in finding a pair of progressively
measurable processes (Y, Z) such that

T T
Vi=¢+ / 9(8,Ys, Zs)ds — / ZsdBs, P —a.s, t €[0,T]. (4.2.1)
t t

The process Y we define this way is a possible generalization of the conditional expectation of &,
since when g is the null function, we have Y; = EF [¢|F;], and in that case, Z is the process appearing
in the (F;)-martingale representation property of {EF [¢|F], t > 0}.

In the case of a filtered probability space generated by both a Brownian motion B and a Poisson
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random measure y with compensator v, the martingale representation for {EF [¢|F;], t > 0} becomes

t t
EP[{’E] = / stBs + / / Us(x)/j(dl', dS),
0 0 JR4\{0}

where U is a predictable function, and g = p — v.

This leads to the following natural generalization of equation (4.2.1) to the case with jumps.

Definition 4.2.1 Let & be a Fp-measurable random variable. A solution of the BSDEJ with terminal
condition § and generator g is a triple (Y, Z,U) of progressively measurable processes such that

T T T
Y, :g+/ gS(Y;,ZS,Us)ds—/ zsst—/ / Uu(2)ji(dz, ds), 0 <t <T, P—a.s. (4.2.2)
t t t  JRA{0}

where g : Q2 x [0,T] x R x R? x A(E) — R is a given application and
A(E) = {u . RN\ {0} — R, B(R\{0}) — measurable} .

The processes Z and U are supposed to satisfy the minimal assumptions so that the quantities in
(4.2.2) are well defined, namely (Z,U) € Z x U, where Z denotes the space of all F-predictable
R?-valued processes Z with

T
/ | Zi|? dt < 400, P — a.s.
0

and U denotes the space of all F-predictable functions U with

T
/ / 1Us(2)|2 v(da)ds < +o0, P —a.s.
0 R4\ {0}

Notice that in this discontinuous setting, the generator g depends on both Z and U. Here U plays
a role analogous to the quadratic variation in the continuous case. However, there are some notable
differences, since for each t, U; is a function from E into R?\{0}, and that is why the treatment
of the dependence in u in the assumptions for the generator is not symmetric to the treatment of
the dependence in z, and in particular we deal with Fréchet derivatives with respect to u. See for
instance Assumption 4.2.3.

When we pass from the continuous setting to the discontinuous one, the natural analogue of the
integral with respect to the Brownian motion would be the integral with respect to a compensated
Poisson random measure. The compensator would then not depend on ¢, neither on w, by comparison
to the non dependence in w of the quadratic variation of the Brownian motion.

However we will allow the compensator of the jump measure that we will consider to depend on both
t and w. This will only slightly increase the complexity of our proofs, provided that the martingale
representation property of Assumption 4.2.2 holds true.

We consider in all this chapter a filtered probability space (Q,F s (Ft)o<i<t ,IP’), whose filtration
satisfies the usual hypotheses of completeness and right-continuity. We suppose that this filtration is
generated by a d-dimensional Brownian motion B and an independent integer valued random measure
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p(w, dt, dz) defined on R* x E, with compensator \(w, dt, dz), where E := R?\{0}. Q:=QxR*xE
is equipped with the sigma-field P := P x £, where P denotes the predictable o-field on Q x R™ and
£ is the Borel o-field on F.

To guarantee the existence of the compensator A(w, dt,dz), we assume that for each A in B(E)
and each w in €, the process X; := p(w, A, [0,t]) € .A;g .» Which means that there exists an increasing
sequence of stopping times (7},) such that 7,, — 400 a.s. and the stopped processes XtT” are

increasing, cadlag, adapted and satisfy E[X ] < +00.

We assume in all this chapter that A is absolutely continuous with respect to the Lebesgue measure
dt, i.e. ANw,dt,dx) = v4(w,dx)dt. Finally, we denote i1 the compensated jump measure:

w(w,dx,dt) = p(w, dz, dt) — v (w, dz) dt.

Notation 4.2.1 In the rest of the chapter, we will denote Ei(-) the conditional expectation with
respect to the filtration (F).

4.2.2 Standard spaces and norms
We introduce the following norms and spaces for any p > 1.

SP is the space of R-valued cadlag and JFi-progressively measurable processes Y such that

1Y% :=E" | sup Y| < +cc.

0<t<T

S is the space of R-valued cadlag and Fi-progressively measurable processes Y such that

1Y g := sup |[Yi[[oc < o0
0<t<T

HP is the space of R%valued and Fj-progressively measurable processes Z such that

T £
([ )
0

The three spaces above are the classical ones in the BSDE theory in continuous filtrations. We

HZH%p = EF < +o00.

introduce finally a space which is specific to the jump case, and which plays the same role for U as
HP for Z.

JP is the space of predictable and £-measurable applications U : © x [0,T] x E such that

(/ ' / |Us<x>|2us<d:c>ds)g

lUf, = E° < +o0.
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4.2.3 A word on cadlag BMO martingales

The recent literature on quadratic BSDEs is very rich on remarks and comments about the very deep
theory of continuous BMO martingales. However, it is clearly not as well documented when it comes
to cadlag BMO martingales, whose properties are crucial ingredients in this chapter. Indeed, apart
from some remarks in the book by Kazamaki [72], the extension to the cadlag case of the classical
results of BMO theory, cannot always be easily found. Our main goal in this short subsection is to
give a rapid overview of the existing literature and results concerning BMO martingales with cadlag
trajectories, with an emphasis where the results differ from the continuous case. Let us start by
recalling some notations and definitions.

BMO is the space of square integrable cadlag R%valued martingales M such that

| M|[gyo = sup HEE [(MT - MT—)2] H < 400,
TET(;T S

where 7'0T is the set of F; stopping times taking their values in [0, 7).

J%MO is the space of predictable and £-measurable applications U : Q2 x [0, T] x E such that

01y, = | [ vitonmtas,a

< +00.
BMO

]HIQBMO is the space of R%valued and F;-progressively measurable processes Z such that

< +00.
BMO

2 o '
122 = H/O Z,dB,

As soon as the process < M > is defined for a martingale M, which is the case if for instance M
is locally square integrable, then it is easy to see that M € BMO if the jumps of M are uniformly
bounded in ¢ by some positive constant C' and

Ef [« M >r —<M>/]| <C.

o0

sup
TG76T

Furthermore the BMO norm of M is then smaller than 2C.

We also recall the so called energy inequalities (see [72] and the references therein). Let Z € H3, 0,
Ue J%MO and p > 1. Then we have

(/OT \Zﬁds)p

(/OT/EUE(x)us(dx)ds>p] < 2p! (4|yUH§2BMO)”. (4.2.4)

Let us now turn to more precise properties and estimates for BMO martingales. It is a classical

E]P’

2 p
< 2p! (4\\2\\H2BMO) (4.2.3)

EP

result (see [72]|) that the Doléans-Dade exponential of a continuous BMO martingale is a uniformly
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integrable martingale. Things become a bit more complicated in the cadlag case, and more assump-
tions are needed. Let us first define the Doléans-Dade exponential of a square integrable martingale
X, denoted E(x). This is as usual (see for instance Protter [105]) the unique solution Z of the SDE

¢
thl—l—/ ZdXs, P—a.s.,
0

and is given by the formula

E(X)p =X 3> T (14 AX e 2%
0<s<t

One of the first results concerning Doléans-Dade exponential of BMO martingales was proved by
Doléans-Dade and Meyer [42]. They showed that

Proposition 4.2.1 Let M be a cadlag BMO martingale such that | M| gy < 1/8. Then E(M) is

a strictly positive uniformly integrable martingale.

The constraint on the norm of the martingale being rather limiting for applications, this result
was subsequently improved by Kazamaki [70], where the constraints is now on the jumps of the
martingale

Proposition 4.2.2 Let M be a cadlag BMO martingale such that there exists 6 > 0 with AM; >
—1+496, for allt € [0,T], P—a.s. Then E(M) is a strictly positive uniformly integrable martingale.

Furthermore, we emphasize, as recalled in the counter-example of Remark 2.3 in [72], that a
complete generalization to the cadlag case is not possible. We also refer the reader to Lépingle and
Mémin [79] and [80] for general sufficient conditions for the uniform integrability of Doléans-Dade
exponentials of cadlag martingales. This also allows us to obtain immediately a Girsanov Theorem
in this setting, which will be extremely useful throughout the chapter.

Proposition 4.2.3 Let us consider the following cadlag martingale M

t t
M, ;:/ 0sdBg +/ / vs(x)p(de, ds), P —a.s.,
0 0 JE

where (¢,7) € Hiyio X Jano N LP(v) and where there exists § > 0 with v > —1+§, P x dv — a.e.,
for all t € [0,T7.

Then, the probability measure Q defined by % =& (M), is indeed well-defined and starting from
any P-martingale, by, as usual, changing adequately the drift and the jump intensity, we can obtain
a Q-martingale.

We now address the question of the so-called reverse Holder inequality, which implies in the contin-
uous case that if M is a BMO martingale, there exists some r > 1 such that £(M) is L"-integrable.
As for the previous result on uniform integrability, this was extended to the cadlag case first in [42]
and [71], with the additional assumption that the BMO norm or the jumps of M are sufficiently

small. The following generalization is taken from [64]
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Proposition 4.2.4 Let M be a cadlag BMO martingale such that there exists 6 > 0 with AM; >
—1+496, for allt €]0,T)], P—a.s. Then E(M) is in L" for some r > 1.

We finish this short survey by considering the so-called Muckenhoupt condition. In [72], Kazamaki
showed that the BMO property a of continuous martingale M was equivalent to the existence of

( £(M), ) =
E(M)r

for some constant C), depending only on p. The generalization to the cadlag case has once more been
obtained by Kazamaki [71] who showed that

some p > 1 such that P — a.s.

sup EY
0<t<T

<G, (4.2.5)

Proposition 4.2.5 Let M be a cadlag martingale. Then

(i) If =1 < AM; < C for some constant C' and for every t, and if M satisfies (4.2.5) for some
p>1, then M is BMO.

(ii) If M is BMO, then there exists some a > 0 such that —1 < aAM; < C, and such that aM
satisfies (4.2.5) for some p > 1.

4.2.4 The non-linear generator

Recall the Definition 4.2.1 of backward SDEs with jumps. We need now to specify in more details
the assumptions we make on the generator g. The most important assumption in our setting in our
setting will be the quadratic assumption of Assumption 4.2.1 (ii) below. This assumption appears
in the paper by El Karoui, Matoussi and Ngoupeyou [47]. It is the natural generalization to the
jump case of the usual quadratic growth assumption in z. Before proceeding further, let us define
the following function

jelu) = /E (e“(x) 1 —u(:v)) v(dz).

This function j(u) plays the same role for the u variable as the square function for the variable z.
In order to understand this, let us consider the following "simplest" quadratic BSDE with jumps

T /s 1 T T
Y =& +/ < ]2:s|2 + j5(7u5)> ds — / zsdBg — / / us(z)p(de, ds), P — a.s.
t 2 Y t t E

Then a simple application of It&’s formula gives formally

T T
et =t —/ e zsdBs — / / er¥s— (e”“s(w) - 1) p(dx,ds), P —a.s.
t t JE
Still formally, taking the conditional expectation above gives finally
yr = —In (Et [67 D , P—a.s.,
Y

and we recover the so-called entropic risk measure which in the continuous case corresponds to a
BSDE with generator 3 ElR
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Of course, for the above to make sense, the function j must at the very least be well defined. A
simple application of Taylor’s inequalities shows that if the function x — u(z) is bounded dv; — a.e.
for every 0 <t < T, then we have for some constant C' > 0

0<e®) 1 u(z) < CuQ(x), dvy — a.e. for every 0 <t < T.
Hence, if we introduce for 1 < p < 400 the spaces
LP(v) := {u, E&-mesurable, such that uw € LP(1;) for all 0 <t < T},
then j is well defined on L?(v) N L>®(v).

We now give our quadratic growth assumption on the generator g

Assumption 4.2.1 [Quadratic growth/
(i) For fixed (y, z,u), g is F-progressively measurable.

(ii) g satisfies the following integrability condition. There exists some C' > 0 such that

</TT |9t(0,0,0)|dt>2] =E" (/OT 19¢(0,0,0)] dt>2

(ili) g has the following growth property. There exists (3,7) € Ry x R% and a positive predictable
process « satisfying the same integrability condition (4.2.6) as ¢4(0, 0, 0), such that for all (w, ¢, y, z,u)

esssup’ Ef
ety

<C. (4.2.6)

1. 1.
—ay = Blyl = g ol = (=) < 9oy 2 0) = 0(0,0,0) < a4 Blyl + 5 = + i)
(4.2.7)

Remark 4.2.1 We emphasize that unlike the usual quadratic growth assumptions for continuous
BSDEs, condition (4.2.7) is not symmetric. It is mainly due to the fact that unlike the functions |.|
and ].]2, the function j is not even. Moreover, by having this non-symmetric condition, it is easily
seen that if Y is a solution to equation (4.2.2) with a generator satisfying the condition (4.2.7), then
=Y is also a solution to a BSDE whose generator satisfy the same condition (4.2.7). More precisely,
if (Y,Z,U) solves equation (4.2.2), then (=Y,—Z,—U) solves the BSDEJ with terminal condition
=& and generator gi(y,z,u) := —gi(—y, —z,—u) which clearly also satisfies (4.2.7). This will be
important for the proof of Lemma 4.2.1.

We also want to insist on the structure which appears in (4.2.7). Indeed, the constant ~ in front of
the quadratic term in z is the same as the one appearing in the term involving the function j. As
already seen for the entropic risk-measure above, if the constants had been different, say respectively v1
and 73, the exponential transformation would have failed. Moreover, since the function y — v~ (yu)
is not monotone, then we cannot increase or decrease 1 and 7y, to recover the desired estimate (4.2.7).
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4.2.5 A priori estimates

We first prove a result which shows a link between the BMO spaces and quadratic BSDEs with
jumps. We emphasize that only Assumption 4.2.1 is necessary to obtain it. Before proceeding, we
denote for all ¢ € [0,7], T,F the collection of stopping times taking values in [t,7]. We also define

for every z € R and every n # 0
e —1—nx

n
The function h, already appears in our growth Assumption 4.2.1(ii), and the following trivial

hy(z) ==

property that it satisfies is going to be crucial for us

(&~ 1)?

hay (r) = 2

+ hy (). (4.2.8)

We also give the two following inequalities which are of the utmost importance in our jump setting.
We emphasize that the first one is trivial, while the second one can be proved using simple but
tedious algebra.

2<e®+e ¥ forallz e R (4.2.9)

(1—e)?

> <a(e® —1)%+
a

, for all (a,z) € R} x R. (4.2.10)
We then have

Lemma 4.2.1 Let Assumption 4.2.1 hold. Assume that (Y, Z,U) is a solution of the BSDE (4.2.2)

such that (Z,U) € Z x U, the jumps of Y are bounded and

esssup’ EF < 400, P—a.s. (4.2.11)

reTy

exp |2y sup Y| Vexp |4y sup £V,
T<t<T T<t<T

Then Z € Hy o and U € J3y0 N L®(v).

Proof. First of all, since the size of the jumps of Y is bounded, there exists a version of U, that is
to say that there exists a predictable function U such that for all ¢ € [0, T]]
‘2

/ ‘ﬁt(:{:) ~ Uy()| w(da) =0,
E

and such that
‘Ut(;v)‘ < C, for all ¢.

For the sake of simplicity, we will always consider this version and we still denote it U. For the
proof of this result, we refer to Morlais [91].

Let us consider the following processes

T T
/ >t Z,dB,; and / 2= <627Ut(x) - 1) p(dx, dt).
0 0
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We will first show that they are local martingales. Indeed, we have

T T
/ e47YtZt2dt <exp |4y sup Vs / Ztht < +o0, P—a.s.,
0 0<t<T 0

since Z € Z and (4.2.11) holds.

Similarly, we have

T T
/ / U (@) (dz)dt < exp (4’7 sup Yt) / / Ur(2)u(de)dt < too, P—a.s
o JE 0<t<T o JE

since U € U and (4.2.11) holds.

Let now (75,)n>1 be a localizing sequence for the P-local martingales above. By It6’s formula under
P applied to €27Y*, we have for every 7 € 76T

4 2 Tn Tn
;/ ehYt\Zt]th—i—?y/ /62’7‘41@27 (Us(2)) vy (dw)dt

-
Tn

™
=2 _ 72 2’)’/ e*1 9t(Ye, Zy, Up)dt — 2'7/ ez’YYtthBt

—/n/ e2Yi- (eQVUt(x) - 1) p(dx, dt)
T E

< Y =Y +27/ e <Oét +19:(0,0,0)| + B [Yi| + - |Zt| +/ hy (Ut(@)y’i(daj)) dt
. E

- 27/ e 7,dB, —/ / Y- (627Ut($) - 1) p(dz, dt).
T T E

Now the situation is going to be different from the continuous case, and the property (4.2.8) is
going to be important. Indeed, we can take conditional expectation and thus obtain

[ " AV Z,? dt + / / WY evUt@) ) yt(da:)dt]

<E7 </ (o + !gt(O,O,O)!)dt> + exp (27 sup Yt> + (CoB+7*) exp (47 sup Yt>
r<t<T r<t<T
<C <1 —I—E]f exp (27 sup Yt> V exp (47 sup Yt> ) ,
r<t<T r<t<T

where we used the inequality 2ab < a? + b2, the fact that for all x € R, |z|e® < Cpe?* for some
constant Cy > 0 and the fact that Assumption 4.2.1(ii) and (iii) hold.

Using Fatou’s lemma and the monotone convergence Theorem, we obtain

T T 2
r T E

< C |1+ esssup’ EIE exp | 2y sup Y: | Vexp | 4y sup Y;
reTl’ T<t<T T<t<T

) : (4.2.12)
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Now, we apply the above estimate for the solution (=Y, —Z,—U) of the BSDEJ with terminal
condition —¢ and generator ¢;(y, z,u) := —gi(—y, —z, —u), which still satisfies Assumption 4.2.1 (see
Remark 4.2.1)

T T 2
EIE |:72/ e—2’th |Zt‘2 dt _|_/ / e—Q’YYt (e_’YUt(Z) _ 1) Ut(dl')dt:|
T T E

exp (27 sup (—Yt)> V exp (47 sup (—Yt)>

< C[1+esssup” EX
T<t<T T<t<T

TETTL

) : (4.2.13)
Let us now sum the inequalities (4.2.12) and (4.2.13). We obtain

b T v v 5 v 2 v, 2
EF [/ A2 (627 Py em2Y t) | Zy| +/ 27V (e’YUt(QY) — 1) 4 e (e_VUz(z) — 1) Vt(dzv)dt}
E

T >'

Finally, from the inequalities (4.2.9) and (4.2.10), this shows the desired result. O

sup {exp (27Y;) V exp (47Y}) + exp (27 (Y1) V exp (47 (=Y2))}

< C(1+esssup® EE
T<t<T

T€7BT

Remark 4.2.2 In the above Proposition, if we only assume that

EF < 400,

exp |2y sup £Y; | Vexp |4y sup +Y;
0<t<T 0<t<T

then the exact same proof would show that (Z,U) € H? x J?. Moreover, using the Neveu-Garsia
Lemma in the same spirit as [7], we could also show that (Z,U) € HP x JP for all p > 1.

We emphasize that the results of this Proposition highlight the fact that we do not necessarily
need to consider solutions with a bounded Y in the quadratic case to obtain a prior: estimates. It
is enough to assume the existence of some exponential moments. This generalizes to the jump case
some of the ideas developed in [18] and [7]. Nonetheless, our proof of existence will rely heavily
on BMO properties of the solution, and the simplest condition to obtain the estimate (4.2.11) is
to assume that Y is indeed bounded. The aim of the following Proposition is to show that we can
control the §° norm of Y by the L norm of £. Since the proof is very similar to the proof Lemma
1 in [18], we will omit it.

Proposition 4.2.6 Let £ € L>°. Let Assumption 4.2.1 hold and assume that g(0,0,0) and « are
bounded by some constant M. Let (Y, Z,U) € 8 x H? x J? be a solution of the BSDE (4.2.2). Then
we have

B(T-t) _q
€ _
Vil < yM———— + 7" T |[¢]| -

g

4.2.6 Existence and uniqueness for a small terminal condition

The aim of this Section is to obtain an existence and uniqueness result for BSDEJ with quadratic
growth when the terminal condition is small enough. However, we will need more assumptions for our
proof to work. First, we assume from now on that we have the following martingale representation
property. We need this assumption since we will rely on the existence results in [4] or [81] which
need the martingale representation.
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Assumption 4.2.2 Any local martingale M has the predictable representation property, that is to
say, that there exists a unique predictable process H and a unique predictable function U such that
(H,U)e ZxU and

¢ t
M,; = M, +/ H,dB; +/ / Us(z)p(dz, ds), P — a.s.
0 0o JE

Remark 4.2.3 This martingale representation property holds for instance when the compensator v
does not depend on w, i.e when v is the compensator of the counting measure of an additive process
in the sense of Sato [107]. It also holds when v has the particular form described in Chapter 5, in
which case v depends on w.

Of course, we also need to assume more properties for our generator g.
Assumption 4.2.3 [Lipschitz assumption]

Let Assumption 4.2.1(1), (i) hold and assume furthermore that
(i) ¢ is uniformly Lipschitz in y.

‘gt(w,y,z,u) — gt(w,y',z,u)‘ <C ‘y — y" for all (w,t,y,y', z,u).
(ii) 3 u > 0 and ¢ € H3y,o such that for all (t,y, 2, 2', u)

00,92 0) — w0, 2 0) — iz — )| < ]z — 2] (1] + |<])
(iii) 3 p > 0 and 9 € J&y;o such that for all (¢,x)

CrA A Jz]) < ¢u(z) < Co(1 A z)),

where Cy > 0, Cy > —1+ ¢ where § > 0. Moreover, for all (w,t,y, z,u,u)
’gt(w’ywzau) - gt(w’ywzaul)_ < thvu - >t| < 1 HU - U/HLQ(Vt) (||u||L2(l/t) + HUIHL2(W)) )

where < u1,up >yi= [ u1(x)uz(x)1y(dz) is the scalar product in L?(ry).

Remark 4.2.4 Let us comment on the above assumptions. The first one concerning Lipschitz con-
tinuity in the variable y is classical in the BSDE theory. The two others may seem a bit complicated,
but they are almost equivalent to saying that the function g is locally Lipschitz in z and u. In the
case of the variable z for instance, those two properties would be equivalent if the process ¢ were
bounded. Here we allow something a bit more general by letting ¢ be unbounded but in H%MO. Once
again, since these assumptions allow us to apply the Girsanov property of Proposition 4.2.3, we do
not need to bound the processes and BMO type conditions are sufficient. Moreover, Assumption 4.2.3
also implies a weaker version of Assumption 4.2.1. Indeed, it implies clearly that

|gt(y,z,U) - gt(0,0,0) - ¢t.Z— < wbu >t| < C ‘y| + 1% <|Z|2 + HUH%Q(w)) .
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Then, for any u € L?(v) N L*>(v) and for any v > 0, we have using the mean value Theorem

7

1
e ) . T Alull oo 2
Lol lu)2y,,) < i) < 2@ 1= flullZag,,)

Therefore we deduce using the Cauchy-Schwartz inequality and the trivial inequality 2ab < a® + b?

2
o? Mellzeg 1 2eMullzoow)
9t(y, z,u) — g:(0,0,0) < | ;| + 2 oo lyl+(n+ B 21> + T]t(’ﬂt)

2
QS 2 HthLQ 1Z 1 QQ’YHUHL‘X’W) .
210 - (00,0 = = = ZEEECO gy (o 3 (16 - 2 ).

Then, since Assumption 4.2.1(ii) holds and since (¢,) € Hiyo X Jhnos we deduce from the energy

(/thr?dt) +(/T||¢t||% dt)2
0 0 L2(n)

Hence, we have obtained a growth property which is similar to (4.2.7), the only difference being that

inequalities (4.2.3)

T (e Il |
esssup’ EX / 9] + | tHLQ(W) dt < ZEF
rerd -\ 2 2 2

Q.

2

AN
+

the constants appearing in the quadratic term in z and the term involving the function j cannot, a
priori, be the same. This prevents us from recovering the structure already mentioned in Remark
4.2.1.

We now show that if we can solve the BSDEJ (4.2.2) for a generator g satisfying Assumption 4.2.3
with ¢ = 0 and ¢ = 0, we can immediately obtain the existence for general ¢ and . This will
simplify our subsequent proof of existence. Notice that the result relies essentially on the Girsanov
Theorem of Proposition 4.2.3.

Lemma 4.2.2 Define

gt(wayazau) = gt(w7yazau)_ < ¢t(w)7z ZRd — < wt(w)au ZL2(1) -

Then (Y, Z,U) is a solution of the BSDEJ with generator g and terminal condition & under P if and
only if (Y, Z,U) is a solution of the BSDEJ with generator g and terminal condition § under Q where

Lo ([ anr [ [ i),

T T T
vieet [ aizias— [ zas- [ [ vwtsa)
t t t E

Proof. We have clearly

T T
<:>Yt:§+/ gs<Ys,Zs,Us>ds—/ Z,(dB, — ¢yds)
t t

T
_ /t /E Us(z) (fi(da, ds) — s (2)vs(dz)ds).
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Now, by our BMO assumptions on ¢ and 1 and the fact that we assumed that ¢ > —1+ 4§, we can
apply Proposition 4.2.3 and Q is well defined. Then by Girsanov Theorem, we know that dBs — ¢sds
and i(dz,ds) — s(z)v(dx)ds are martingales under Q. Hence the desired result. O

Remark 4.2.5 [t is clear that if g satisfies Assumption 4.2.3, then g defined above satisfies Assump-
tion 4.2.3 with ¢ = ¢ = 0.

Following Lemma 4.2.2 we assume for the time being that ¢(0,0,0) = ¢ = ¥ = 0. Our first result
is the following

Theorem 4.2.1 Assume that

[€]l0e <

1
2v/15v/2670ue2CT"

where C is the Lipschitz constant of g in y, and p is the constant appearing in Assumption 4.2.3.
Then under Assumption 4.2.3 with ¢ = 0, ©» = 0 and ¢g(0,0,0) = 0, there exists a unique solution
(Y,Z,U) € 8% x Hi\ 1o X Jipo N L¥(v) of the BSDEJ (4.2.2).

Remark 4.2.6 Notice that in the above Theorem, we do not need Assumption 4.2.1(iii) to hold. This
is linked to the fact that, as discussed in Remark 4.2.4, Assumption 4.2.3 implies a weak version of
Assumption 4.2.1(ii1), which is sufficient for our purpose here.

Proof. We first recall that we have with Assumption 4.2.3 when ¢(0,0,0) =¢ =11 =0
19:(y, 2, w)| < Clyl+ plz* + pllulZ2q,,) (4.2.14)

Consider now the map @ : (y, z,u) € S x Ha\ o X J3yo N L®(v) — (Y, Z,U) defined by

T T T
Y, =¢ +/ 9s(Ys, zs, us)ds —/ ZsdBg —/ / Us(z)p(dx, ds). (4.2.15)
t t t JE

The above is nothing more than a BSDE with jumps whose generator depends only on Y and is
Lipschitz. Besides, since (z,u) € Hay\ o X Jiyo N L (), using (4.2.14) and the energy inequalities

(/ 100, 2005) ds)2

Hence, the existence of (Y,Z,U) € S? x H? x J? is ensured by the results of Barles, Buckdahn
and Pardoux [4] or Li and Tang [81] for Lipschitz BSDEs with jumps. Of course, we could have let

(4.2.3) we clearly have

EF < 400.

the generator in (4.2.15) depend on (ys, s, us) instead. The existence of (Y, Z,U) would then have
been a consequence of the predictable martingale representation Theorem. However, the form that
we have chosen will simplify some of the following estimates.

Step 1: We first show that (Y, Z,U) € 8% x H\ o X J3y0 N LZ(v).
Recall that by the Lipschitz hypothesis in y, there exists a bounded process A such that

gs(YSa ZSaUs) =AY + 95(07 Zs, Us)-
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S Audu

Let us now apply Itd’s formula to el |Ys|. We obtain easily from Assumption 4.2.3

T T
—EF [eftT Asdsg | / el M (N Y, 4 g4(0, 2, us))ds — / Agelt ’\“d“YSds}
t t

T T s
< EItP |:6ft )\Sdsg +N/ 6ft Audu <‘Zs’2 +/ u?(l‘)) d8:|
E

<€l +C (1213, , + lulls,,, ) -

Therefore Y is bounded and consequently, since its jumps are also bounded, we know that there is
a version of U such that

Ul ooy < 201Y llsoe -

Let us now prove that (Z,U) € Hyy;o X J3y0- Applying 1to’s formula to e |Yt]2 for some 1 > 0,
we obtain for any stopping time 7 € 76T

T T
e Y2 + EF [/ e | Z|? ds +/ / e"sUf(:r)us(dx)ds]
T T E

T T

= EF [e”Tf2+2 / €Y, g, (Ya, 2, us)ds — 1 / e"smwzds]
T T

T

T
<E? [6”T§2+(2C—n) [P as 2yl [ e"5|gs<o,z57us>\ds].

- . - . . 2 2 .
Choosing n = 2C, and using the elementary inequality 2ab < % + eb“, we obtain

|YT]2+EIE[/ \Z\ds+//U2 Yvs(dz)d }

2
< IET T g2 _|_g||Y||Soo + - (/ |gs(0,zs,us)|ds> ] .

Hence,

2 T 2 26277T
+ 1013, < €™ 1% + 642 — (I11le

BMO

(1 =) 1Y 5 + 1 Z1I552

BMO

+ Nl )

And finally, choosing ¢ = 1/2

2 2 2 4
IV 13 + 1215, + 1013, < 267 % + 25662 (|12l + lullls,, ) -

Our problem now is that the norms for Z and U in the left-hand side above are to the power 2,
while they are to the power 4 on the right-hand side. Therefore, it will clearly be impossible for us to
prevent an explosion if we do not first start by restricting ourselves in some ball with a well chosen

radius. This is exactly what we are going to do. Define therefore R = 5 \/ﬁ and assume that

1<l and that

vT)

OO—\/*lT

2 2 2 2 2
o3 + 12122+ Nl o+l < B2



4.2. An existence and uniqueness result 79

2 2 2 2 : 2 2
Denote A i= [V 3 + 121, + U1, + U1y We have, since U]y < 4]1Y 3~

A <5V )5 + 1215

BMO

I, <1067 el + 128052 (el + ully )

BMO
2

2R
< 4+ 3560p2e>T R

3
2R?> R?
=2 4 _—R2
3 + 3

Hence if By, is the ball of radius R in 8 x H3y ;o X J3y10NL>®(v), we have shown that ®(Bg) C Bg.
Step 2: We show that ® is a contraction in this ball of radius R.
For i = 1,2 and (y*, 2%, u*) € Bg, we denote (Y, Z, U?) := ®(y*, 2, u’) and

Sy =yl —y? 0z:=2' =22 du:=u' —u? Y =Y - Y?
57 = 2" — 72, 6U = U —U2, 5g = g(O,z yu') = g(0, 2%, w?).

Arguing as above, we obtain easily

T 2
16V e + 152125, + 150123, , < 462 sup (82] [ I5audas])
T

=

We next estimate that

T 2 T 2
<EE[/ |5gsds]> gz;ﬂ@f U |5zs|(|z;|+\z§\)ds]>
T
2 (B | [ 10ualagey (Il + 1020 2 ) s
A A e L VRN e A OOl FETON)
T T
< o2 (EE’_’ U |5ZS|2ds} kP [/ (|2} + |z§|)2d5]
T T 2 T T 2
488 | [ 10wl as | B2 | [ (lidlay + 2120, ]
T T
< 4R?* <EE [/ |5zs|2ds] + EF [/ /5ug(x)u(d:v)ds}>
T T E

2 2 2 2
< 828 (|61, + 15l )

2

From these estimates, we get

16Y 12 + 12125 +16U1%,  + 10U ) < 20 x 32R%2e7 (022 + ouly )

16
= o= (10l + 0wl ) -

Therefore @ is a contraction which has a unique fixed point. U

Then, from Lemma 4.2.2, we have immediately the following Corollary
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Corollary 4.2.1 Assume that

€]l <

1
2v/15v/2670ue3CT"

where C' is the Lipschitz constant of g in y, and u is the constant appearing in Asssumption 4.2.3.
Then under Assumption 4.2.3 with g(0,0,0) = 0, there exists a unique solution (Y,Z,U) € S x
H2\ 10 X Javo N L¥(v) of the BSDEJ (4.2.2).

We now show how we can get rid off the assumption that g;(0,0,0) = 0.

Corollary 4.2.2 Assume that

1
< )
o 2v/15v/2670pe3CT

where C' is the Lipschitz constant of g in y, u is the constant appearing in Asssumption 4.2.8 and D

T
€]l + D H [ 1at0.0.0) dtH

is a large enough positive constant. Then under Assumption 4.2.3, there exists a solution (Y, Z,U) €
S x Hi\io X Jano N L®(v) of the BSDEJ (4.2.2).

Proof. By Corollary 4.2.1, we can show the existence of a solution to the BSDEJ with generator
gt(y, z,u) == gi(y — fg 95(0,0,0)ds, z,u) — g¢(0,0,0) and terminal condition £ := & + fOT g:(0,0,0)dt.
Indeed, even though g is not null at (0,0,0), it is not difficult to show with the same proof as in
Theorem 4.2.1 that a solution (Y, Z,U) exists (the same type of arguments are used in [117]). More
precisely, g still satisfies Assumption 4.2.3(i) and when ¢ and v in Assumption 4.2.3 are equal to 0,
we have the estimate

2 2
+Clyl + pl2l” + pllullzz,) »

o0

T
Gy, 2,0)| < CH [ lo.0.0.0/a

which is the counterpart of (4.2.14). Thus, since the constant term in the above estimate is assumed
to be small enough, it will play the same role as [|£||, in the first Step of the proof of Theorem 4.2.1.

For the Step 2, everything still work thanks to the following estimate
900, 2", ut) = Gu(0, 2%, u?)| < |2t = 2| (|| + [#%))
+ g flut ~ “2HL2(W) (Hulew) + H“ZHB(W)) '
Then, if we define

t
()/taztaUt) = <Yt _/ gs(0,0,0)ds,Zt,Ut> ’
0

it is clear that it is a solution to the BSDEJ with generator g and terminal condition &. U

Remark 4.2.7 We emphasize that the above proof of existence extends readily to a terminal condition

which is in R™ for any n > 2.
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4.2.7 Existence for a bounded terminal condition

We now show that we can still prove existence of a solution for any bounded terminal condition.
Nonetheless, we will need to strengthen once more our assumptions on the generator, mainly by
assuming more regularity.

Assumption 4.2.4 (i) g is uniformly Lipschitz in y.
|gt(w7 Y, =, ’LL) - gt(W7 ylv 2, u)‘ <C ‘y - y/‘ fO?” all (w> 6y, ylv Zs U)

ii) g is C? in z and there is a constant 6 > 0 and a process (ri)o<i<T € Ha\iey, such that for all
<t< BMO
(t7w7y7 Z? u)’
|D2ge(w,y, 2,u)] <7+ 02|, [DZge(w,y, 2,u)] < 6.

(iii) g is twice Fréchet differentiable in the Banach space L?(v) and there are constants 6, § > 0,
Cy > —1+6, Cy > 0 and a predictable function m € J3\o such that for all (t,w,y, z,u, x),

| Duge(w,y, z,u)| (x) < my(x) + 0 lu(z)|, C1(1A |z]) < (Dugt(w,y, 2,u))(x) < Ca(1 A |z])
|D2g1(e0, 9. 2,0)]| ) < 0

Remark 4.2.8 The assumptions (ii) and (iii) above are generalizations to the jump case of the
assumptions considered by Tevzadze [117]. They will only be useful in our proof of existence and is
tatlor-made to allow us to apply the Girsanov transformation of Proposition 4.2.3. Notice also that
since the space L?(v) is clearly a Banach space, there is no problem to define the Fréchet derivative.

We emphasize here that Assumption 4.2.4 is stronger than Assumption 4.2.3. Indeed, we have the
following result

Lemma 4.2.3 If Assumption 4.2.4(ii) and (iii) hold, then so do Assumption 4.2.3(ii) and (iii).

Proof. We will only show that if Assumption 4.2.4(iii) holds, so does Assumption 4.2.3(iii), the
proof being similar for Assumption 4.2.4(ii). Since g is twice Fréchet differentiable in u, we introduce
the process ¢y := Dyg:(y, z,0) which is bounded from above by m and from below by C7 > —1+§
by assumption. Thus, ¢ € JZBMO. By the mean value theorem, we compute that for some A € [0, 1]
and with uy := A+ (1 — A\’

‘gt(yazvu) - gt(y,z,u’)— < Pr,u — u' >t| < HDugt(y,z,u,\) - ¢tH Hu - ulHLQ(w)
<O+ (1~ /\)“/Hp(yt) Ju — U’IHLQ(W) ;

by the bound on D2g. The result now follows easily. O

We can now state our main existence result.

Theorem 4.2.2 Let & € L>°. Under Assumptions 4.2.1 and 4.2.4, there exists a solution (Y, Z,U) €
S® x Ha\ 0 X Jayo N L¥(v) of the BSDEJ (4.2.2).



82 Chapter 4. Quadratic Backward SDEs with Jumps

The idea of the proof is to find a "good" splitting of the BSDE into the sum of BSDEs for which
the terminal condition is small and existence holds. Then we paste everything together. This is
during this pasting step that the regularity of the generator in z and u in Assumption 4.2.4 is going
to be important.

Proof.
(i) We first assume that g.(0,0,0) = 0.

Consider an arbitrary decomposition of &

§= ) & such that [|§| for all i.
; 2\ﬁ\/267 ueECT

We will now construct a solution to (4.2.2) recursively.

Step 1 We define g := g and (Y'!, Z1, U!) as the unique solution of

T
v :£1+/ gi(Ysl,Zi,Usl)ds—/ ZldB, / / fi(ds,dz), P — a.s. (4.2.16)
t t

Let us show why this solution exists. Since g' satisfies Assumption 4.2.4, we know by Lemma 4.2.3
that it satisfies Assumption 4.2.3 with ¢y := D,g:(y,0,u) and ¢4 := D,g:(y, 2,0), these processes
being respectively in H3y;o and J§o N L®(v) by assumption. Furthermore, we have ¢ (z) >
Ci(1 A |z|) with C; > —1 + 6. Thanks to Theorem 4.2.1 and with the notations of Lemma 4.2.2,
we can then define the solution to the BSDEJ with driver g' and terminal condition & under the
probability measure Q! defined by

dQl—s(/ ¢SdB+//ws dmds))

Thanks to Lemma 4.2.2, this gives us a solution (Y1, Z1 U') to (4.2.16) with Y'! bounded, which
in turn implies with Lemma 4.2.1 that (Z',U') € H3\;0 X JEpm0 N L (V).

Step 2 We assume that we have constructed similarly (Y7, Z7,U7) € 8 x H3\ o X J4y0 N L (V)
for 7 <i— 1. We then define the generator

; —i—1 —i—1 ——i—1 i—1 —i—1 i—1
gz = (Vi 9.2 420 +u) -0 (VL2000
where

Zi/tj, z 1 ZZf, z 1 ZUJ~

Notice that since g satisfies Assumptlon 4.2.1(111), we have the estimate
; —i—1 i—1 —i—1]2 —i—1]2
gi(y,z,u)§2at+ﬁ‘y+Y§ (+/3‘?§ ‘+7‘z+zi ) +7‘Z§ ‘

1 - 1 -
+ —Jt (7 <U+Uz 1)) + —Jt (’YU?& 1)
v Y
<20, +28|V; '+ 37|27 + (o) + g (257,7")

1 .
+ Byl +2v|2* + Rl (2yu),
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where we used the inequalities (a + b)? < a? + b% and (4.4.10) (with 41 = 72 := 1/(27)).

1 5i—1 75i—1

Then, since (Y ,Z" ,U ) € 8% x Hi o X Jmo N L®(v) , we know that the term which
does not depend on (y, z,u) above satisfies the same integrability condition as ¢;(0,0,0) in (4.2.6).
Therefore, since ¢*(0,0,0) = 0, we have one side of the inequality in Assumption 4.2.1(iii), and the
other one can be proved similarly. This yields that ¢* satisfies Assumption 4.2.1.

Similarly as in Step 1, we will now show that there exists a solution (Y, Z%, U?) € S x H%MO X
200 N L=(v) to the BSDEJ

T
Y =¢ +/ 9:(Yy, 25, U)ds — / Z'dB, — / / Ul(z)pi(dz,ds), P — a.s. (4.2.17)
t t
Since g satisifies Assumptions 4.2.4, we can define
. . —i—1 . . i—1
d);LS = ngz(gﬁoau) = ngt(y7 Zi au)a 17% = Dugi(yvzao) = Dugt(yvzaﬁz )
We then know that

|} Srt+9‘7i_1 , i) > CL(1 A |2]) > 1+ 6.

Z‘ <my+86 }Ui_l

+=i—1

Since by hypothesis (Zifl, U

Qb
y ([ an [ [ ot i)

Now, using the notations of Lemma 4.2.2, we define a generator g' from g¢’. It is then easy to

) € Hiyio X JByo N L (v), we can define a probability measure

check that g’ satisfies Assumption 4.2.3. Therefore, by Theorem 4.2.1, we obtain the existence of a
solution to the BSDE with generator §* and terminal condition ¢ under Q°. Using Lemma 4.2.2, this
provides a solution (Y, Z¢, U?) with Y bounded to the BSDE (4.2.17). By Lemma 4.2.1 and since
g' satisfies Assumption 4.2.1, the boundedness of Y implies that (Z¢,U?) € H3y;o X Jiyo N L2 (V)

7,4’1/47,

and therefore that (Y',Z",U") € 8 x H3\1o X I3y N LZ (V).

Step 3 Finally, by summing the BSDEJs (4.2.17), we obtain

ﬂ=€+/tTgs( U)ds—/tZdB // pldx, ds).

Since Y is bounded (because the Y are all bounded), Lemma 4.2.1 implies that (Z",U") €
HZ 0 X JEymo N L (v), which ends the proof.

(ii) In the general case g.(0,0,0) # 0, we can argue exactly as in Corollary 4.2.2 (see also Proposition
2 in [117]) to obtain the result. O

4.2.8 A uniqueness result

We emphasize that the above Theorems provide an existence result for every bounded terminal
condition, but we only have uniqueness when the infinite norm of £ is small enough. In order to have
a general uniqueness result, we add the following assumptions, which were first introduced by Royer
[106] and Briand and Hu [19]
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Assumption 4.2.5 For every (y, z,u,u’) there exists a predictable and E-mesurable process (y¢) such
that

0y, 2,u) — goly, ) < /E () — ) () (d),

where there exists constants Cy > 0 and C; > —1+446 for some 6 > 0, independent of (y, z,u,u’) such
that

CL(L A J2]) < 7(x) < Ca(1 A la]).

Assumption 4.2.6 g is jointly conver in (z,u).

We then have the following result

Theorem 4.2.3 Assume that £ € L°°, and that the generator g satisfies either
(i) Assumptions 4.2.1, 4.2.4(i),(ii) and 4.2.5.

(ii) Assumptions 4.2.1, 4.2.4 and 4.2.6, and that g(0,0,0) and the process a appearing in Assump-
tion 4.2.1(111) are bounded by some constant M > 0.

Then there exists a unique solution to the BSDEJ (4.2.2).

In order to prove this Theorem, we will use the following comparison Theorem for solutions of
BSDEJs.

Proposition 4.2.7 Let &' and €2 be two Fr-measurable random variables. Let g be a function
satisfying either
(1) Assumptions 4.2.1, 4.2.3(i),(ii) and 4.2.5.

(i) Assumptions 4.2.1, 4.2.3(i) and 4.2.6, and that g'(0,0,0) and the process o appearing in As-
sumption 4.2.1(ii1) are bounded by some constant M > 0.

Let g? be another function and for i = 1,2, let (Y, Z',U") be the solution of the BSDEJ with
terminal condition £ and generator g' (we assume that existence holds in our spaces), that is to say
for every t € (0,7

T T T
i+ [ amizuas- [ zas- [ [ viwitnds), P - s
t t t JE
Assume further that €' < €2, P—a.s. and g} (Y2, Z2,U?) < g2 (Y2, Z2,U?), P—a.s. Then Y,! <Y?,
P—a.s.

Moreover in case (i), if in addition we have Yy = Y&, then for all t, V' = Y2, Z} = ZZ and
Ult=U2 P—a.s
t - t B . .
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Remark 4.2.9 Of course, we can replace the convexity property in Assumption 4.2.5 by concavity
without changing the results of Proposition 4.2.7. Indeed, if Y is a solution to the BSDE with convex
generator g and terminal condition &, then —Y is a solution to the BSDE with concave generator
9(y, z,u) == —g(—y, —z, —u) and terminal condition —&. then we can apply the results of Proposition
4.2.7.

Proof.

Step 1 In order to prove (i), let us note

Y :=Y'—Y? 6Z:=2'— 2% 6U :=U' = U? 6¢:=¢ - ¢
591& = gtl(}/tQa Zt27 Ut2) - 93(1/1&27 Zt27 Utz)‘

Using Assumption 4.2.3(i), (ii), we know that there exists a bounded process A and a process 7
with
Ins| < (|12] +|22)
such that

T T T
5n:55+/ 5gsd8+/ A56Y5d5+/ (Ns + ¢)6 Zods
t t t

T
+/ g;ml,Z;,U;)—g;ml,Z;,UE)ds—/ /6U Yy (d)ds
t

- ' [ st — [ 52,48, - / [ oveitdn.as). @2is)

where v is the predictable process appearing in the right hand side of Assumption 4.2.5.

Define for s > ¢, ehs = elt ’\“du7 and

@ = </(ns+¢sdB+//% dxds))

Since the Z! are in ]HIQBMO, so is  and by our assumption on 7, the above stochastic exponential
defines a true strictly positive uniformly integrable martingale (see Kazamaki [70]). Then applying
It6’s formula and taking conditional expectation under the probability measure Q, we obtain

T
oY = E? [eATdf +/ eAségsds]
t

T
LEP [ | e (g;ml,z;,rf;) - g zh ) - | %(w)éUs(x)vs(dx)> ds] <0, (42.19)
t FE
using Assumption 4.2.5.

Step 2 The proof of the comparison result when (ii) holds is a generalization of Theorem 5 in [19].
However, due to the presence of jumps our proof is slightly different. For the convenience of the
reader, we will highlight the main differences during the proof.

For any 6 € (0,1) let us denote

§Y; =Y, —0Y?, 67, = Z! — 072, U, .= U} — U7, 6¢ := ¢! — 0¢2.
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First of all, we have for all ¢ € [0, 7]

(5Yt—5§—|—/ Gds—/ 0ZsdBs — / /(5U p(dx,ds), P —a.s.,

Gt = gtl(Y;flv Zzéla Utl) - 993(1@2, Zt2’ Ut2)

where

We emphasize that unlike in [19], we have not linearized the generator in y using the Assumption
4.2.3(1). It will be clear later on why.

We will now bound G; from above. First, we rewrite it as
G =Gy + G} + G},
where

Gt :g<Y;7Zt7Ut) glfl(}/;27Zt17Ut1)7 Gt ':g<Y;572t7Ut) 0751()/;‘,2721‘,27Ut2)
G3 :0( (Y?aZtQ?Ut)_th(Yf?ZtQ’UtQ))'

Then, we have using Assumption 4.2.3(i)

G (Y; 7ZtvUt) gtl(eYt2vztlaUt1)+gt1(9Y;52’ZtlvUt1) _gtl(Y?thl’Utl)

1

9t
< C ([6ye + (1= 0) |97]) - (4.2.20)
Next, we estimate G2 using Assumption 4.2.1 and the convexity in (z,u) of g*

0Zt Utl - 0Ut2>

02200 = gl (2,02 + 0 -0 2= v+ - P28

0Zy  oU,
< 0g; (Y7, 28, UF) + (1 = O)g; (Y?, T _;)

1-6.
<Og; (Y2, Z2,UP) + (1= 0) (2M + B |Y|) + ﬁ 1624 i (ZM) :

Hence

Gt < (1-0) (M + 8 |V2]) + 55 4L + i (1”_95@ | (12.21)

Finally, G® is negative by assumption. Therefore, using (4.2.20) and (4.2.21), we obtain

Y 9 1—-0 Y

Now we will get rid off the quadratic and exponential terms in z and u using a classical exponential
change. Let us then denote for some v > 0

P, =", Q= ve”57, Ri(z) == eVVe- (e”wt(“”) — 1) .
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By It6’s formula we obtain for every ¢ € [0,T], P — a.s.

T
Pt:PT+/ yP( |5Z| —jSV5U>ds—/ QsdBs — // wu(de,ds).
t

Now choose v = /(1 — 6). We emphasize that this is here that the presence of jumps forces us to
change a bit our proof in comparison with the one in [19]. Indeed, if we had immediately linearized
in y then we could not have chosen v constant such that the quadratic and exponentials terms in
(4.2.22) would disappear. This is not a problem in [19], since they can choose v of the form M/(1—6)
with M large enough and still make the quadratic term in z disappear. However, in the jump case,
the application v — y~1j;(yu) is not always increasing, and this trick does not work. Nonetheless,
we now define the strictly positive and continuous process

Dy :=exp <'y/0t <2M—|— (B+C) ‘Yﬂ + lfcﬁ |5YS|> d8> .
Applying It0’s formula to D;P;, we obtain
d(DsP;) = — vD,P; <GS — g 02> — %js(wSUS) —C|6Ys| 4+ (1—0)(2M + (B+C) \Yj\)) ds
+ D.QudB, + /E D, Ry(2)ji(dz, ds).

Hence, using the inequality (4.2.22), we deduce
DP, <E! [DpPr], P—a.s.,

which can be rewritten

1—46 T c
0Y; < S In (E]f [exp (7/15 <2M—|- (B+C) |V + 10 \(5Y5]> d3+ 5{)}) — a.s.

Next, we have

SE=(1-0)E +0(c —&) <(1—-0)¢".

Consequently, we have for some constant Cy > 0, independent of , using the fact that Y2 and ¢!
are bounded P — a.s.

dY; §1—79 (m(co) +1In (Ef’ [exp (109 /tT 0Y| ds)D) , P—a.s. (4.2.23)

We finally argue by contradiction. More precisely, let
A= {w e QY (W) > Y (w)},

and assume that P(A) > 0. Let us then call N the P-negligible set outside of which (4.2.23) holds.
Since A has a strictly positive probability, B := AN (2\N) is not empty and also has a strictly
positive probability. Then, we would have from (4.2.23) that for every w € B

-0

T
Y (w) < 1n(co)+f/ 16Ysllc 5 ds, (4.2.24)
t
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where |-, 5 is the usual infinite norm restricted to B.

Now, using the dominated convergence theorem, we can let § 1 17 in (4.2.24) to obtain that for
any w € B

1 2 C r 1 2
Vi) = V2w) < 5 [V =2 s

which in turns implies, since B C A

o e

But with Gronwall’s lemma this implies that HYtl - YtQHOO 5z = 0 and the desired contradiction.
Hence the result.

Step 3 Let us now assume that Y3 = Y and that we are in the same framework as in Step 1.
Using this in (4.2.19) above when ¢ = 0, we obtain

T
0=FEQ [eATcS{ —I—/ eAségsds}
0

T
+ EQ [/ el <g;(Y51,Z51,U81) —gtyl, z u?) —/ (SUS(.TU)’ys(.CU)Vs(dl‘)) ds} <0. (4.2.25)
0 E

Hence, since all the above quantities have the same sign, this implies in particular that

T
Mg +/ M dgds =0, P— a.s.
0

Moreover, we also have P — a.s.

T T
| et g zon - vt zhub)as = [ e ( / ws(xm(x)us(dx)) ds.
0 0 FE

Using this result in (4.2.18), we obtain with It6’s formula

5Y, / ([ vtaneta >us<dw>) is- [ L NS Z,(dBu — (. + 62)d5)
/ /e = 68U, (2)fi(dz, ds). (4.2.26)

The right-hand side is a martingale under Q with null expectation. Thus, since dY; < 0, this implies
that ;! = Y2, P — a.s. Using this in (4.2.26), we obtain that the martingale part must be equal to
0, which implies that §Z; = 0 and dU; = 0. U

Remark 4.2.10 In the above proof of the comparison theorem in case (i), we emphasize that it is
actually sufficient that, instead of Assumption 4.2.5, the generator g satisfies

g (YL, 2 U — gV, 21, U2) < / 7 (2)8U () (d),
F

for some s such that
Cr(1A |z]) < vs(x) < Co(1 A |zl).

Besides, this also holds true for the comparison Theorem for Lipschitz BSDFEs with jumps proved
by Royer (see Theorem 2.5 in [1006]).
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We can now prove Theorem 4.2.3
Proof. [Proof of Theorem 4.2.3| First let us deal with the question of existence.

(i) If g satisfies Assumptions 4.2.1, 4.2.4(i),(ii) and 4.2.5, the existence part can be obtained
exactly as in the previous proof, starting from a small terminal condition, and using the fact
that Assumption 4.2.5 implies that g is Lipschitz in w. Thus we omit it.

(ii) If g satisfies Assumptions 4.2.1 and 4.2.4, then we already proved existence for bounded terminal

conditions.

The uniqueness is then a simple consequence of the above comparison theorem. O

Remark 4.2.11 As a consequence of the nonlinear Doob-Meyer decomposition that we prove in the
next Section, we will obtain a reverse comparison Theorem in Corollary 4.3.1.
4.2.9 A priori estimates and stability

In this subsection, we show that under our hypotheses, we can obtain a priori estimates for quadratic
BSDEs with jumps. We have the following results

Proposition 4.2.8 Let (£1,£2) € L™ x L™ and let g be a function satisfying Assumptions 4.2.1,
4.2.5(i),(ii) and 4.2.5. Let us consider for i = 1,2 the solutions (Y, Z',U") € 8% x Hi\10 X Jimo0
of the BSDEs with generator g and terminal condition & (once again existence is assumed). Then
we have for some constant C > 0

V' = Y2, + U7 = 0%y < OlIET - €

12" = 2l + U =0, < CllE" - €

BM

Proof. Following exactly the same arguments as in Step 1 of the proof Proposition 4.2.7, we obtain
with the same notations

YV -Y2=E2[M(e -] <C|e - €Y. P-as.

Notice then that this implies as usual that there is a version of (U! — U?) (still denoted (U! — U?)
for simplicity) which is bounded by 2 HY1 — YQH 5. - This gives easily the first estimate.

Let now 7 € Ty r be a stopping time. Denote also
0gs := gs(}/slv Zsla Usl) - gs(i/fa Z327 Us2)

By Ité’s formula, we have using standard calculations

T T T
EF [/ \Z,|? ds +/ /EUSQ(QU)I/S(dx)ds} <EF [|€1 _ 52‘2 + 2/ (v) - Ysz)(sgsds]

T
<[j¢ ~ e+ - v¥s BT | [l as).
(4.2.27)
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Then, using Assumption 4.2.1, we estimate

69| < C | 19:(0,0,0)| + o + Z Y|+ \ZﬂQ +j: (VU') + je (—UY)
i—1,2

< C | 191(0,0,0) + en + > ¥ + 2" + |0 ] 72y | -
1=1,2

where we used the fact that for every x in a compact subset of R, 0 < ¥ — 1 — 2 < Cx?. Using this
estimate and the integrability assumed on ¢:(0,0,0) and oy in (4.2.27) entails

EF [/TT|Zs|2ds+/TT/EUE(x)ys(dx)ds]

<le =€l +elle =€l (1 +i21:2 Y s + 12 e, + 10752,
<Cle =€
which ends the proof. U

Proposition 4.2.9 Let (¢1,£2) € L™ x L™ and let g be a function satisfying Assumptions 4.2.1,
4.2.3(i) and 4.2.6 and such that g(0,0,0) and the process « appearing in Assumption 4.2.1(iii)
are bounded by some constant M > 0. Let us consider for i = 1,2 the solutions (Y, Z!,U%) €
S x HQBMO X J%MO of the BSDEs with generator g and terminal condition £ (once again existence
is assumed). Then we have for some constant C > 0

" =2l + 1T = Ul ey < CIE" = €l

12"~ 22 <0l =&, -

BMO

+ [t~ Ul

BMO

Proof. Following Step 2 of the proof of Proposition 4.2.7, we obtain for any 6 € (0, 1)

Y1—9Y2 1 T CY1—0Y2 1_92

A §VIH(ET exp<fy/ 2M—|—(5+C’)|Y52‘+—‘ i 7 S‘ ds—i—wgl 95) ,
] _ _

1-4
and of course by symmetry, the same holds if we interchange the roles of the exponents 1 and 2.

Since all the quantites above are bounded, we obtain easily after some calculations and after letting

011~
-y so(fe &+ [ V2 ds). P,
and symmetrically
vy <o(le -l [ -vl ). Poas
Hence, we can use Gronwall’s lemma to obtain t
V=2l <Cfe - €,

All the other estimates can then be obtained as in the proof of Proposition 4.2.8. U
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4.3 Quadratic g-martingales with jumps

The theory of g-expectations was introduced by Peng in [99] as an example of non-linear expectations.
Since then, numerous authors have generalized his results, extending them notably to the case of
quadratic coefficients (see Ma and Yao [84]). An extension to discontinuous filtrations was obtained
by Royer [106] and Lin [83]. In particular, Royer [106] gave domination conditions under which we
can write a non-linear expectation as a g-expectation. We refer the interested reader to these papers
for more details about these filtration-consistent operators, and we recall for simplicity some of their
general properties below.

Let us start with a general definition.

Definition 4.3.1 Let & € LL*° and let g be such that the BSDEJ with generator g and terminal
condition € has a unique solution and such that comparison in the sense of Proposition 4.2.7 holds
(for instance g could satisfy any of the conditions in Theorem 4.2.3). Then for every t € [0,T], we
define the conditional g-expectation of & as follows

‘S‘tg[g] =Y,

where (Y, Z,U) solves the following BSDEJ

T T T
Vi =€+ / 60(Ya Zo, U)ds — / Z.dB, - / / UL(2)fi(de, ds).
t t t E

Remark 4.3.1 Notice that £9 : L>®(Q, Fr,P) — L>(Q, F,P) does not define a true operator.
Indeed, to each bounded Fr-measurable random variable &, we associate the value Yy, which is defined
P-a.s., that is to say outside a P-negligible set N, but this set N depends on £. We cannot a priori find
a common negligible set for all variables in IL>°, and then define an operator £9 on a fized domain,
except if we only consider a countable set of variables & on which act £9.

We have a notion of g-martingales and g-sub(super)martingales.
Definition 4.3.2 X € 8% is called a g-submartingale (resp. g-supermartingale) if
EIXy] > (resp. <)X, P—a.s., forany0<s<t<T.
X is called a g-martingale if it is both a g-sub and supermartingale.

The following results are easy generalizations of the classical arguments which can be found in [99]
or [6], and are consequences of the comparison theorem. We therefore omit the proofs.

Lemma 4.3.1 {Etg}t>0 s monotonic increasing and time consistent, i.e.
o & > &, P-a.s. implies that E)(&1) > £ (&), P-a.s., Vt > 0.

e For any bounded stopping times R < S < 7 and F,-measurable random variable &,

EL(EY(E) = E(E) Pras (4.3.1)
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Definition 4.3.3 We will say that £9 is

(i) Constant additive, if for any stopping times R < S, any Fr-measurable random variable ng

and any Fs-measurable random variable £g,
EL(&s +nr) = EH(Es) + 1R, P-a.s.

(ii) Positively homogeneous, if for any stopping times R < S, and any positive Fr-measurable
random variable \,

ER(ALs) = AER(Es)-
(iii) Convez, if for any stopping times R < S, any random variables (¢4, &%) and any X € [0,1],

ESEL + (1 — N)EE) < AEL(EL) + (1 — NEL(ER).

The next Lemma shows that the operator £9 inherits the above properties from the generator g.
Lemma 4.3.2 (i) If g does not depend on y, then E9 is constant additive.
(ii) If g is positively homogeneous in (y, z,u), then 9 is positively homogeneous.

(1i1) If g is moreover right continuous on [0,T) and continuous at T, then the reverse implications

of (1) and (ii) are also true.
(v) E9 is convex if g is convex in (y, z,u).
(v) If g' < g2, P-a.s., then g9 < £9°, If g and g* are moreover right continuous on [0,T) and
continuous at T, then the reverse is also true.
Proof.
We adapt the ideas of the proofs in [6] to our context with jumps.

(i) The proof of the first property is exactly the same as the proof of Theorem 6.7.b2 in [6], so we
omit it.
(i) Let ¢*(t,y,2,u) == $g:(Ay, Az, Au). Then {%Sf()\fg)}po is a solution of the BSDEJ with

coefficient ¢* and terminal condition £g. If g = ¢* then

1
SELOEs) = £ (€s),
which is the desired result.
(iii) The reverse implications in (i) and (ii) are direct consequences of Corollary 4.3.1.

(iv) Suppose that g is convex in (y, z,u). Let (Y, Z%, U%) be the unique solution of the BSDE with
coefficients (g,£%), i = 1,2, and set

Vi =AY 4+ (1= NY2 Z = AZ+ (1= M) 22 and Uy(-) = AU () 4 (1 = NUZ().
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We have
—dY: = D (VH, 28 U8 + (1= N (Y2, 228, UP)] dt — (AZ} + (1= N Z}) dB,
- [ U@ + (1= NU @)t do)
E
- [gt(?t, Z,U) + k(Y Y2,z 22, Ul U2, /\)] dt — Z,dBy; — / Uy (2)i(dt, dz),
E
where
k(YL Y2 20, 22 UL UR N = Mg (Y 20U + (1= Nge (Y2, 22, UR) — 9e(Ye, 2, U,
is a non negative function. Then using Proposition 4.2.7 we obtain in particular
EIONES + (1 — NEZ) <Yy = NEJ(EL) + (1 — N)EV(€2).
(v) This last property is a direct consequence of the comparison Theorem 4.2.7. The reverse

implication is again a consequence of Corollary 4.3.1. U

Example 4.3.1 These easy properties allow us to construct examples of time consistent dynamic
convex risk measures, by appropriate choices of generator g.

o As already pointed out in Remark 4.2.4, defining g¢(z,u) == 3 ]zt|2 + %jt(vut), we obtain the
so called entropic risk measure on our particular filtration.

e As proved in [106], if we define
gu(zu) == 1|2l +7 / (1A [e)ut (@) (d) - Oy / (1A [zl (2)(dz),
E E

where n > 0 and —1 < C1 <0, then £Y is a convex risk measure with the following representa-
tion £J(€) = supEQ [¢], with
QeQ

Q= {Q, %Lﬂ =& </0t 1sdBg + /Ot/Evs(m)ﬁ(ds,dx)>

with i and v predictable, |us| < n, vi(z) <Nl Ax), vy (x) < CL(1A x)}
o [f we define a linear generator g by
gt(z,u) == az + B/ (LA |z))u(z)re(de), « € R, > =1+ for some § > 0,
E

then we obtain a linear risk measure, since £9 will only consist of a linear expectation with
respect to the probability measure Q, whose Radon-Nikodym derivative is equal to

% =¢£ (aBt + /Ot/Eﬂ(l A \a:|)ﬁ(ds,dx)> .

In the rest of this section, we will provide important properties of quadratic g-expectations and the
associated g-martingales in discontinuous filtrations, which generalize the known results in simpler
cases.
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4.3.1 Non-linear Doob Meyer decomposition

We start by proving that the non-linear Doob Meyer decomposition first proved by Peng in [100] still
holds in our context. We have two different sets of assumptions under which this result holds, and
they are both related to the assumptions under which our comparison theorem 4.2.7 holds. From a
technical point of view, our proof consists in approximating our generator by a sequence of Lipschitz
generators. However, the novelty here is that because of the dependence of the generator in u, we
cannot use the classical exponential transformation and then use some truncation arguments, as in
[74] and [84]. Indeed, since w lives in an infinite dimensional space, those truncation type arguments
no longer work a priori. Instead, inspired by [8], we will only use regularizations by inf-convolution,
which are known to work in any Banach space.

Theorem 4.3.1 LetY be a cadlag g-submartingale (resp. g-supermartingale) in S (we assume that
existence and uniqueness for the BSDEs with generator g hold for any bounded terminal condition).
Assume further either one of these conditions

(1) Assumptions 4.2.1 and 4.2.5 hold, with the addition that the process v does not depend on (y, z)
and that |g(0,0,0)| + o < M, where « is the process appearing in Assumption 4.2.1(iii) and
M > 0 s constant.

(i1) Assumptions 4.2.1, 4.2.3(i) hold, g is concave (resp. convex) in (z,u), |g(0,0,0)| + a« < M,
where « is the process appearing in Assumption 4.2.1(iii) and M > 0 is constant.

Then there exists a predictable non-decreasing (resp. non-increasing) process A null at 0 and processes
(Z,U) € H? x J? such that

T T T
Y, =Yr —i—/ 9s(Ys, Zs,Usg)ds —/ ZsdBy —/ / Us(z)p(dx,ds) — Ap + Ay, t € 10,T].
t t t JE

Remark 4.3.2 We emphasize that the two assumptions in the above theorem are not of the same
type. Indeed, Assumption 4.2.5 implies that the generator g is uniformly Lipschitz in w, which is
a bit disappointing if we want to work in a quadratic context. This is why we also considered the
convezxity hypothesis on g, which allows us to retrieve a generator which is quadratic in both (z,u).
We do not know whether those two assumptions are necessary or not to obtain the result, but we
remind the reader that our theorem encompasses the case of the so-called entropic generator, which
has quadratic growth and is convex in (z,u). To the best of our knowledge, this particular case which
was already proved in [94], was the only result available in the literature up until now.

Proof.

First of all, if Y is g-supermartingale, then —Y is a g~ -submartingale where

gt_(y7 Z, U) = _gt(_ya —Z, —’LL)

Since g~ satisfies exactly the same Assumptions as g, and given that g~ is convex when g is concave,
it is clear that we can without loss of generality restrict ourselves to the case of g-submartingales.
We start with the first result.

Step 1: Assumptions 4.2.1 and 4.2.5 hold.
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We will approximate the generator g by a sequence of functions (¢") which are uniformly Lipschitz
in (y,z) (recall that under the assumed assumptions, g is already Lipschitz in u). We emphasize
that unlike most of the literature on quadratic BSDEs, with the notable exception of [8] and [7], we
will not use any exponential change in our proof.

Building upon the results of Lepeltier and San Martin [78], we would like to use a sup-convolution
to regularize our generator. However, due to the quadratic growth assumption in z, such a sup-
convolution is not always well defined. Therefore, we will first use a truncation argument to bound
our generator from above by a function with linear growth. Let us thus define for all n > 0

Gy, 20 = gily, 7 w) A (M +nlz] = 2 |4°).

where the constants («, ) are the ones appearing in Assumption 4.2.4(ii).

It is clear that we have the following estimates
Y 2 L. ~n L.
M =Byl = 5[z = ;Jt(—W) < 9i'(y, z,u) < M + Byl +nlz| + i (yu),
and that g™ decreases pointwise to g.
We now define for all p > n Vv

9Py, z,u) = sup  {g{(w,v,u) —ply—w|—plz—v|}.
(w,0)€Q+1

This function is indeed well-defined, since we have for p > n

1.
Py, z,u) < M+ —ji(yu) +  sup  {B|w|+nlv| —ply —w|—plz —v|}
v (w,v)€QI+1

1.
=M+ Byl +nlz|+ ;Jt(vu)-

Moreover, by the results of Lepeltier and San Martin [78], we know that g™? is uniformly Lipschitz
in (y,z) and that ¢g™P(y, z,u) | ¢:(y, z,u) as n and p go to +o0o. Finally, we define

9t (y, z,u) =g, (y, 2, u).

Then the ¢g" are uniformly Lipschitz in (y, z,u) and decrease pointwise to g. Now, we want some-
how to use the fact that we know that the non-linear Doob-Meyer decomposition holds when the
underlying generator is Lipschitz. But this was shown by Royer only when the generator also satisfies
Assumption 4.2.5. Therefore, we will now verify that g" inherits Assumption 4.2.5 from g. First of
all, we show that this is true for g".

Let u!,u? € L>®(v) N L?(v) and fixe some (y, z) € R, Then if we have

gu(y 2, u") < M+nle| = 2|2 and gily,z,0%) < M +nz = T |2,

then

~Nn -~Nn

t (yazvul) — Gt (y,z,u2) = gt(yvzvul) - gt(ya Z,UZ),
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and the result is clear with the same process v as the one for g.
Similarly, if

_
2

2

gi(y, z,u') > M +n|z| — % 121> and g;(y, z,u?) > M +n |z — = 2%,

then
iy, zut) = G (y, 2,u*) = 0,
and the desired result also follows by choosing the process v in Assumption 4.2.5 to be 0.
Finally, if (the remaining case can be treated similarly)
2%,

gu(y.2,u") = M+ nlz| = 2|2 and gu(y,z.0%) < M +nlz| - 2|

then

~n ~n

T2
t <y7 2 ul) — O (ya Z, uZ) < M+n |Z’ - 5 ’Z‘ - gt(y7 Z,'LLQ) < gt(ya 2, ul) - gt(y7 Z,UQ),
and the desired result follows once more with the same process v as the one for g.

Next, we show that ¢g"™P inherits Assumption 4.2.5 from ¢g". Indeed, we have

§?7p(y)zvu1) _gjtn’p(yvzau2) S Sup {%(w)v)ul) _%(w7v7u2)} )
(w,v)€Qd+!

which implies the desired result since the process v in Assumption 4.2.5 does not depend on (y, 2).

Let now Y be a g-submartingale. We will now show that it is also a g"-submartingale for all n > 0.
Let now Y (resp. J™) be the unique solution of the BSDE with terminal condition Y7 and generator
g (resp. ¢g"). Since ¢g" satisfies Assumption 4.2.5 and is uniformly Lipschitz in (y, z,u), we can apply
the comparison theorem for Lipschitz BSDEJs (see [106]) to obtain

Y <V <Y, P—a.s.

Hence Y is a g"-submartingale. We can therefore apply the Doob-Meyer decomposition in the
Lipschitz case (see Theorem 1.1 in Lin [83] or Theorem 4.1 in Royer [106]) to obtain the existence
of (Z™,U™) € H? x J? and of a predictable non-decreasing process A™ null at 0 such that

T T T
Y;:YT+/ gg(y;,zg,Ug)ds_/ zgdBS_/ /Ug(x)ﬁ(dx,ds)— nA (432)
t t t E

Since Y does not depend on n, the martingale part of (4.3.2) neither, which entails that Z™ and
U™ are independent of n. We can rewrite (4.3.2) as

T T T
Yi=Yr +/ 9y (Ys, Zs,Us)ds — / ZsdBs — / / Us(x)p(dz,ds) — AT + A} (4.3.3)
t t t JE

Since g" converges pointwise to g, the dominated convergence Theorem implies that

T
/ (G (Yo, Zs,Us) — g5(Yer Zo, Us)) ds — 0, P — a.s.
0
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Hence, it holds P — a.s. that for all s € [0, T]

s

Ay 5 As =Y - Y —l—/ 9r (Y, Zp, Uy )dr — / Z.dB, — / / U, (x)p(dz, dr).
0 0 0 E

Furthermore, it is easy to see that A is still a predictable non-decreasing process null at 0.
Step 2: The concave case.

We have seen in the above proof that the main ingredients to obtain the desired decomposition
are the comparison theorem and the non-linear Doob-Meyer decomposition in the Lipschitz case.
As we have already seen in our comparison result of Proposition 4.2.7, Assumption 4.2.5 plays, at
least formally, the same role as the concavity /convexity assumption 4.2.6. Moreover, we show in the
Appendix (see Proposition A.0.3) that the non linear Doob-Meyer decomposition also holds in the
Lipschitz case under Assumption 4.2.6 instead of Assumption 4.2.5. We are therefore led to proceed
exactly as in the previous step. Define thus

o ._ Yz L.
P20 = ) A (M4l 4l = 3 12 = i )

Then ¢" is still concave as the minimum of two concave functions, converges pointwise to g and

verifies

Y 1.
—M =Byl -5 |27 - el (—yu) < g (y,z,u) < M+ Bly[ +nlz[ +nul 2, -
Thanks to this estimate the following sup-convolution is well defined for p > SV n

Bysw= s (@) —ply—ul = pls— ol = pllu =l
(w,v,r)EQd+1><L2(ut)

and is still concave as the sup-convolution of concave functions.

We can then finish the proof exactly as in Step 1, using the comparison theorem of Proposition
4.2.7 and the non-linear Doob-Meyer decomposition given by Proposition A.0.3. (]

Remark 4.3.3 Following the obtention of this non-linear Doob-Meyer decomposition, it is interest-
ing to wonder whether we can say anything about the non-decreasing process A (apart from saying
that it is predictable). For instance, since we are working with bounded g-supermartingales, we may
think that K can also be bounded. However, it is already known for classical supermartingales (corre-
sponding to the case g = 0) that this is not true. Indeed, let X be a supermartingale and let A be the
predictable non-decreasing process appearing in its Doob-Meyer decomposition. Then, the inequality
| Xt < M for all t only implies that

EF [(Ay)?] < p!MP, for allp > 1.

Since we have
Ef [X; — X7] = Ef [Ar — A{],

we may then wonder if there could exists another non-decreasing process Cy bounded but not neces-
sarily adapted such that

E; [X: — Xr] =Ef [Cr — Ci]. (4.3.4)
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This result is then indeed true, and as shown by Meyer [90], if X is cadlag, positive, bounded by
some constant M, then if we denote X the predictable projection of X, the non-decreasing process C
in (4.3.4) is given by

T c
t M — X, toa<T M — X,

where A° is the continuous part of A.

If we now consider a g-supermartingale Y satisfying either one of the assumptions in Theorem
4.8.1, then a simple application of Itd’s formula shows that

. t
Y; :=exp <7Yt +7Mt+%5’/ !YsldS) ,
0

is a bounded classical supermartingale, which therefore admits the following decomposition
Y=Yy + / Zsd By —l—/ / Us(z)p(dz,ds) + A, P—a.s., (4.3.6)
0 0 JE

for some (Z, (7) € H? x J? and some predictable non-decreasing process A. We can the apply Meyer’s
result to obtain
E; |V~ Vr| = Ef [Dr - Dy,

where D is given by (4.3.5).

Then, applying Ité’s formula to ln(f/t) in (4.3.6), we can show after some calculations that

T T T
Y;:YT—F/ gt(YS,ZS,US)ds—/ ZSdBS—/ /Us(x)ﬁ(da:,ds)+AT—At,
t t t FE

where (Z,U) € H? x J? and A is a predictable process with finite variation, and where (Z,U, A) can
be computed explicitly from (Z,U, A).

By uniqueness of the non-linear Doob-Meyer decomposition fro Y, A is actually non-decreasing,
and we have a result somehow similar to that of Meyer, using the relation between A and A. It would
of course be interesting to pursue further this study.

We end this section with a converse comparison result for our class of quadratic BSDEs, which is
a consequence of the previous Doob-Meyer decomposition.

Corollary 4.3.1 Let g' be a function satisfying either one of the assumptions in Theorem 4.3.1 and
g* be another function. We furthermore suppose that t +— gi(-,-,-) is right continuous in t € [0,T)
and continuous at T, for i = 1,2. For any £ € L, denote for i = 1,2, Yti’5 the solution of the
BSDEJ with generator g* and terminal condition & (existence and uniqueness are assumed to hold in
our spaces). If we have

YV <VA te0,T), VEe L®, P—a.s.,

then we have
9t (y, z,u) < g7 (y, z,u), ¥(t,y, 2, u), P — a.s.
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Proof. For any ¢ € L™, the assumption of the Corollary is equivalent to saying that Y2¢ is a ¢'-
supermartingale. Given the assumptions on g', we can apply Theorem 4.3.1 to obtain the existence
of (Z%5,U%¢, A%%) such that for any 0 < s <t < T

t o t t oo
Y26 = Yt275+/ gl (er’g’ Z2%, Uff) dr—/ Zf’gdBr—/ / U (2)fu(da, dr)+ AP* — A%E P—a.s.
s s s JE

(4.3.7)
Moreover, if we denote (y2,§ , 228 U ) the solution of the BSDEJ with generator g? and terminal
condition &, we also have by definition

t t t
V2 =y 4+ / g2 (yﬁﬁ,zfé,U,?vﬁ) dr — / Z>%dB, — / / U4 (z)i(dz, dr), P —a.s. (4.3.8)
s JE

S S

Identifying the martingale parts in (4.3.7) and (4.3.8), we obtain that P — a.s., Z2¢ = Z2%¢ and
U?€ = U?¢. Furthermore, this implies by taking the expectation that

t
[ B [ (v, 22,02

Now, we finish using the same argument as in Chen [27|. Let £ = X7 where for a given (s, yo, 20, uo),

1 t
- EP [g} (Y,?’g, Zf’g, UE,E)] dr <

t—s Jg

t—s

X is the solution of the SDE (existence and uniqueness are classical, see for instance Jacod [66])

t t t
Xi=1yo — / gz(Xr, 20, ug ) dr +/ 20d B, —i—/ / uo(z)p(dx, dr).
s s s JE

Letting t — s, we obtain g} (vo, 20, u0) < g2(¥0, 20, uo), which is the desired result. O

4.3.2 Upcrossing inequality

In this subsection, we prove the so-called upcrossing inequality for quadratic g-submartingales, which
is similar to the one obtained by Ma and Yao [84] in the case without jumps. This property is essential
for the study of path regularity of g-submartingales.

Theorem 4.3.2 Let (Xy) be a g-submartingale (reps. g-supermartingale) and assume that either
one of the following holds (as usual we assume existence and uniqueness for the solutions of BSDEJ
driven by g with any bounded terminal condition)

(i) Assumptions 4.2.1, 4.2.3(i),(ii) and 4.2.5 hold, with the addition that |g(0,0,0)| + o < M,

where « is the process appearing in Assumption 4.2.1(iii) and M > 0 is constant.

(i1) Assumptions 4.2.1, 4.2.3(i) hold, g is concave (reap. convex), with the addition that |g(0,0,0)|+
a < M, where « is the process appearing in Assumption 4.2.1(iii) and M > 0 is constant.

Set

BT
J = 'yMe

BT
+ve” || X Ipes -
5 D

Denote for any 6 € (0,1)

- - 0
Xe =Xy +k(J+1)t, Xy :=exp <k9(1 + J)t + 1’y_eXt> tel0,7],
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where k and kg are a well-chosen constants depending on 0, C, M, [ and -, the constants in
Assumption 4.2.1. Let 0 =ty <t < ... < t, =T be a subdivision of [0,T] and let a < b, we denote
UL[X,n], the number of upcrossings of the interval [a,b] by (X¢,)o<j<n. Then

e If (i) above holds, there exists a BMO process (A}, t € [0,T]) such that

X || g+ 2K(J
EP [U};[X,n]g (/0 (A" + &) dB, +/ /’ys fidz ds)ﬂ < 1Xlls +2b(_a+ DT + laf

where ¢ and ~y are defined in Assumption 4.2.3(ii) and 4.2.5, and such that

tn
EP [/ )\’;|2ds} <0y,
0

a constant independent of the choice of the subdivision.

e [f (ii) above holds, then for any 6 € (0,1)

exp(l QHXHScx;) —I—eXp( 0|a|)
exp ( 79 b) — exp (%a) .

P [Uj;[X, n]] <

Proof. As usual, we can restrict ourselves to the g-submartingale case.
Step 1: When (i) holds.

For any j € 1,--- ,n, we consider the following BSDE with jumps
: 2 . . . tj tj
Y/ :th—i—/ gS(YSJ,Zg,Ug)ds—/ Z1dB, / / U! (x)ji(dz,ds), 0 <t <t;, P—a.s. (4.3.9)
t t

From Proposition 4.2.6 one has

_ B(t; ) —
g < 7S e |,

3 J. (4.3.10)

ls <

We can rewrite (4.3.9) as follows

. t‘ . - . - .
Y/ = X, + / " 9a(Y2, Z0,U7) - gu(Y7,0,U7)] ds
t: ts
+/] [96(Y7,0,U7) — g5(0,0,U%)] ds+/J [9:(0,0,U7) — g,(0,0,0)] ds
t
tj ty
—i—/ gS(O,O,O)dS—/ Z1dBg —/ / U!(2)pi(dx,ds), 0 <t <t;, P—a.s.
t t

Then by Assumption 4.2.3(ii), there exist a bounded process ™ and BMO processes ¢, A" with

REmp

P—a.s.,Vtetj_1,tj],
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such that

tj

Yi= X, + /tj (A" + 65) 20 + Y] ds+/ [95(0,0,U7) — g,(0,0,0)] ds
+/t 95(0,0, O)ds—/t ZidB, - / /UJ ji(dz, ds)
= Xy, +/ [n2Y7 + g5(0,0,0)] ds+/ [95(0,0,U7) — g4(0,0,0)] ds
/ v / () U (@) (d)ds — /t Y 28 (dBs— (V" + 60)ds)
/ y / Ul () [fi(dz, ds) — s(a)vs(dx)ds]
< X, 4K+ 1)(tjt)/tt] zgng/tt]/EUg(x)ﬁl(ds,dm%

for some positive constant £ and where
t
B := By — / (AL + ¢s)ds and 3 (ds, dz) = p(dx,ds) — vs(z)vs(dz)ds.
0

With our Assumptions, we can once more use Girsanov’s theorem and define an equivalent proba-
bility measure P" such that

‘g:5</(v+¢s ) dB, +//’ys dmds))tn.

Taking the conditional expectation on both sides of the above inequality, we obtain
giq [th} = Y;j < Efm [th] + k?(J + 1)(t]’ — t), P—a.s.,Vt € [tjfl,tj] .
In particular, taking ¢t = ¢;_1 we have

Xo; o <& [Xe] <ES[Xy] 4RI+ 1)t —tj), P—as.

-1
Hence ()?tj )j=0.n is a P"-submartingale. Define now the quantities

up :=b+k(J+ 1)t and l; ;== a + k(J + 1)t.

Then, we can apply the classical upcrossing inequality for X , uwand [

- +
EP" [(XT . ZT> }
_ I Xl + 26(J + DT + Ja]

Notice then finally that U} [X,n] = U[X, n], which implies the desired result.
Step 2: When (ii) holds.
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Using the same arguments as in the proof of (ii) of Proposition 4.2.7, we can show, using the
concavity of g and Assumption 4.2.1, that for any 6 € (0,1)

—0 0
Ogu(y,2,w) < 91(0,0,0) + COly| + (1~ OM + =7 |of? 4+ - jt(l”_“e)

-0 . ([ ~vbu
< 2—0)M + ——62 .
<COly|+(2-9) +q 09 |2|? —I- 5 ]t<1_0>

Hence, considering as in Step 1 for any j = 0...n the solution Y7 of (4.3.9), we can use the same
exponential transformation as in Step 2 of the proof of Proposition 4.2.7 to obtain

~0 P ~0 2—0
exXp <1_0Y;J> S ]Et |:6Xp (1_9th + '}/mM(tj 1 _ 0 ‘Y]‘ ds
cJ
< exp (7 (19 + M2 - 9)> (t; — t)> EF {exp <179th>}
P gl
<exp (kg(1+ J)(t; —t))E; |exp 1_9Xt]. ,

for some constant kg depending on ~, C;, M and 6.

As in Step 1, choosing ¢t = t;_; and using the fact that X is a g-submartingale, we deduce that
(Xt;)j=0.n is a P-submartingale, where

> ~0
Xt = exXp <k9(1 + J)t + 1_0Xt>

Define now the quantities

ut9 ‘= exp <]<;9(1 + J)t+ 991)) and lf = exp (ke( + J)t+ 1%09 ) :

We apply the classical upcrossing inequality for X ,u? and 19

EF | (%7 - z9)+
o r—lf exp (2% X5 ) + exp (1 la])
E' U [X,n]] < T < ; ; ;
wp — Iy exp < X b) — exp <ﬁa)
which ends the proof, noticing that U;:f [X,n] = UY[X, n). O

With this upcrossing inequality in hand, we can argue exactly as in [84] (see Corollary 5.6) to
obtain

Corollary 4.3.2 Let g be as in Theorem 4.3.2. Then any g-sub(super)martingale X admits a cadlag
modification and furthermore for any countable dense subset D of [0,T], it holds for all t € [0,T]
that the two following limits exist P — a.s.

lim X, and lim X,.
rit, reD rlt, reD
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4.4 Dual Representation and Inf-Convolution

We generalize in this section some results of Barrieu and El Karoui [6] to the case of quadratic
BSDEs with jumps. We give a dual representation of the related g-expectations, viewed as convex
dynamic risk measures and then we compute in an explicit manner the inf-convolution of two convex
g-expectations.

4.4.1 Dual Representation of the g-expectation

We will assume in this section that g.(y, z,u) = g;(z,u) is independent of y and that the function g
is convex. We will prove a dual Legendre-Fenchel type representation for the functional £9, making
use of the Legendre-Fenchel transform of g. This problem has been treated by Barrieu and El Karoui
[6] in the case of quadratic BSDEs, we extend it here to the case of quadratic BSDEs with jumps.

In this section, £9 will correspond to a time consistent dynamic convex risk measures. Hence
&9 admits a dual representation, as in [6]. In this particular case of risk measures constructed
from backward SDEs, the penalty function appearing in the dual representation is an integral of
the Legendre-Fenchel transform of the generator g. The operator £9, viewed as a time-consistent
dynamic convex risk measure has interesting economic applications in insurance.

For € R? and v € L?(v), define the Legendre-Fenchel transform of g in (z,u) as follows

Gi(p,v) := sup {< Bz >gpa + <0, U >12,) —gt(z,u)} .
(z,u) ERIX L2 (1)

Let A denote the space of applications v € J,;5 N L>(v) such that there exists a constant § > 0
with v (x) > =146, P x dt x di -a.e.

Theorem 4.4.1 Let g be a given convex function in (z,u) and let Assumptions 4.2.1 and 4.2.4 hold
; assume that g(0,0,0) and the process o appearing in Assumption 4.2.1(iii) are bounded by some
constant M > 0 (then, the existence and uniqueness of the solution of the BSDEJ with generator g
and terminal condition & € L™ hold by Theorem 4.2.3 (ii)). We then have

(i) For any & € L™,

T
El(¢r) = esssup’ {E?u’v [&r - / Gs(us,vs)ds] } , P—a.s.,
¢

(M?’U)GH%MO xA

where Q*Y is the probability measure defined by

d%’v —¢ (/Ohusst+/0'/Evs(:c)ﬁ(ds,d$)>-

(ii) Moreover, there exist measurable functions n(w,t) and v(w,t,-) such that

o, T
& (&r) =B [éT —/t Gs(,us,vs)ds] , P—a.s. (4.4.1)
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Proof. Thanks to the Kazamaki criterion (see for instance Lemma 4.1 in [91]), we know that if
e H%MO and v € J%MO, then I, := d%# is a true martingale and the probability measure QY
is well defined.

&/ (&) is by definition solution of

e =g+ [ azvis— [ zan~ [ [ v

T
={r +/ [gs(Zs,Us) < sy Ls >pd — < Vg, U >L2(,,S)] ds

_/t Z,dB" _/ /U Y(ds,dzx), P—a.s., (4.4.2)

t . . .
where Bf = By — f() psds is a QMY-Brownian motion and

u’([0,t], A) == / / x)vs(dr)ds is a Q" — martingale.

By Lemma 4.2.1, Z € H3,,o and U € J3,;o- Let us prove that we also have (Z,.J) € H*(Q"") x
J2(Q#?). Indeed, using the number r > 1 given by Proposition 4.2.4

QMY r 2 _ P 4 2
E Z,)?ds| =EF Ty, [ |2 ds
0 0
1/q
1/r T 4
< (B [r}..]) (EP </ |Zs|2ds>]> < oo,
0

where 1/r + 1/q = 1 and where we used Proposition 4.2.4 and the energy inequality (4.2.3). The

proof for J is the same.

Moreover,

_Gt(#7v) == sup {<,u7 z>]Rd +<vu > L2(vt) _gt(zau)} < gt(())())a
(z,u)ERIX L2 (1)

which means that —Gy(p,v) is QY x dt-integrable. Using these integrability properties and the
definition of G, we take the conditional expectation in (4.4.2) to obtain

T
gtg(gT) < E;QIM’ |:§T - /t Gs(ﬂsa 'Us>d3:| . (443)

By our assumptions, g is C? in z and twice Fréchet differentiable in w, then dg(Z;, U;) contains a
unique element, where the subdifferential dg is defined by

99(Z,Up) = {(H,U) ER X L2 () st g(2 ) > ge(Z4, Up)— < 1, 2" — Zy >pa
— <, — Uy >12(0)s V(z’,u')}.
We take (11,v) € dg(Z¢, U). We have

91(Ze, Up) =< Hy, Zy >pa + <01, Up >12(,,) —Ge(i, 0r).
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We refer to 6] for the measurability of 7z and T with respect to the variable w. We use Assumption
4.2.3 (which holds, since it is implied by Assumption 4.2.4) to write

19:(z,w)| < 1g1(2,0)] + [ Dugi (2, )1 220 Il T2y + C llullT2 (0
< 19u(0,0)] + C |2 + € (1+ Jull3,,)
<CleP+C (14 ulfag, ) -

where C' is a constant whose value may vary from line to line. Putting the above estimation in G
leads to

G(fag,v) = sup {< By, 2z >pa + < T, u > 12, —gi(2,u) }
(z,u)EREX L2 (1)

> sup {< Uty u >12(,) —C = C ||u||%z(,,t)} + sup {< Ty 2 >pd —% ]z|2}
ueL?(vy) 2€R4

| 2

_ 1 _
ol172(,,y — C + 10 [P

_1
40

From this, we deduce that for ¢ < %,

1 _ _ L _ _
(36 —¢) (B2 + %) < Gl + € = [Tl <
= C = 91(Z0, Un)+ < 01, Up >12() =€ [0 720,

+ < T, Ze > — |

1 9 1 9
< C— gt(Ztv Ut) + @ HUtHLQ(y) + ZE ’Zt‘ .

Since |g¢(Zt, Ut)]% and U are respectively in H3), and J4,,, using the fact that

1 — 2 1 — 2 — 2
(16 - 2) 100y < (56— ) (I + ) and

1 —_ 2 1 — 12 — 2
<40 - €> ™ < <4C - 5) <HthL2(Vt) + || > ;
we obtain that 7 is in J%MO and [ is in H%MO.
Furthermore, by our assumptions, v = D,g > —149 and ¥ is bounded, then © € A. The inequality
(4.4.3) is thus an equality, and the representation (4.4.1) holds true. O
4.4.2 Inf-Convolution of g-expectations

Let gf (z,u) and g7(z,u) be two convex functions such that

10¢%)(¢,0,0) = inf ! 2(—p,—v)} > 0. 4.4.4
(6°0g")(1,0,0) = it {9 (n,v) + gi (—p, —v) } (4.4.4)

The aim of this Section is to compute the optimal risk transfer between two agents using £9" and
£9” as risk measures. The total risk is modeled by a Fpr-measurable random variable 7. The optimal
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risk transfer will be given through the inf-convolution of the risk measures £9 "and £9°. We will show
that, provided that all the quantities considered behave well enough and are in the right spaces, we
can identify the inf-convolution of £9" and £9° as the solution of a BSDE whose generator is the

inf-convolution of g' and g?. Furthermore, we will explicitly construct two Fr-measurable random

variables F%l) and Fj(?) such that Fj(}) + Fj(?) =& and

(€' 0eT) (er) = €7 (F)) + € (Fp).
We will say that (Fj(}), FF}Q)) is the optimal risk transfer between the agents 1 and 2.

For this purpose, and for the sake of simplicity, we will assume throughout this section that the
solutions to all the considered BSDEs exists. Notice that this is not such a stringent assumption.
Indeed, when it comes to the growth condition of Assumption 4.2.1, if we assume that ¢! has
quadratic growth in z and w and is strongly convex in (z,u), that is to say that there exists some
constant C' > 0 such that

C
1 2 2
gt (z0) = 5 (12 + lullFag, )

is convex, then, because g2 is convex, it is a classical result that ¢'[g? also has quadratic growth.

Furthermore, we are convinced that as in the classical results by Kobylanski [74] in the continuous
case, this growth condition should be enough to obtain existence of maximal and minimal solutions
to the corresponding BSDEs.

Remark 4.4.1 Notice that since our generators are defined on Q x [0,T] x R? x L2(v) N L®(v), a
quadratic growth condition on u is equivalent to the exponential growth assumed in Assumption 4.2.1.

Theorem 4.4.2 Let g' and g° be two given generators satisfying the assumptions of Theorem 4.4.1.
Denote (Etl’z(éT), Z;,Uy) the solution of the BSDE with generator g'0g? and terminal condition &,
and let (ZAt(l), Ut(l)) and (2§2), ﬁt(Q)) be four predictable processes such that

(g*0g?)(t, Ze, Uy) = gt (21, U + 222, 0P) dt x P — a.s. (4.4.5)
Then

(i) For any Fr-measurable r.v F' € L*,

g2 er) < &9 (er — F) + &7 (F), P— a.s., Yt € [0,T). (4.4.6)

T T T
FO . _ /0 (2D, 0®)ds + /O 2®aB, + /0 /E 0@ (2)7i(ds, dz),

and assume that the BSDEs with generators g' and g*> and terminal conditions &7 — Fj(?) and Fj(?)
have a solution.

If furthermore Z(® e HgBMO and U® e JQBMO, 1=1,2, then

(£9'0E9 ) (er) = &2 (6r) = & (er — FYD) + & (FY). (4.4.7)
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Proof. (Z® U®) is well defined and predictable thanks to Proposition 8.1 in [6]. For F' € L™,
1 2
&) (&r — F) + & (F) is solution of

d(E] (&r — F) + & () = (g1 (2}, U + g}(22.UD)) dt — (Z} + Z3)dB,
- [ W)+ v @)t do)
= (9/(Z — Z¢ Uy — UP) + g7 (2}, U})) dt — Z,d B
- /E Uy(2)fi(dt, dz)

and &2 (6 — F) + E2 (F) = 7.

Since g' satisfies the convexity Assumption 4.2.6, then the function (z,u) + g} (z — Z2,u — U?) —
g2(Z2,U?) is also convex, and we can apply the comparison theorem which directly implies inequality
(4.4.6).

Assume now that Z() e ]HI2BMO and U ¢ J%MO, i = 1,2, and define Ft(i) by by the following
forward equations

t
Y= 5(}72(&)—/ g;(2§1>,0§1>)ds+/ VB, +/ / UM (2)fi(ds, dx),
0

t
Y= / G223, U ds + / 2dB, + / / fi(ds, dz).
0
Then we have

. . T . A . A~ .
FO = FY 4 / g (29, 0D)ds — / 4B, / / 08 (x)ii(ds, dx),
t

and by uniqueness, Ft(i) = gfi (F}Z)) Moreover, by definition, we have Fj(wl) + FZ(FQ) =&rp.
Since
(¢*0)(t, Ze, Uy) = g2 (21, UMY + 222, 02) dt x P — as., (4.4.8)
we have the equality

2 (er) = &7 (FV) + &7 (FD).

We can conclude that the processes &/ (F(l)) + Eg (F F )) and &2(&7) are solution of the BSDE
with coefficients (g'Cg?, £7), by uniqueness we have that equality (4.4.7) holds. O

Remark 4.4.2 As already mentionned in Chapter 2, the optimal structure (Ff(pl), FZ(FZ)) 1s defined up

to a constant, more precisely, (Fp jois )+m F( ) m) with m € R is again an optimal structure. Indeed,
the cash-additivity property zmplzes that

59(()+m)+59(() m) = 557(())_‘_59(())'
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4.4.3 Examples of inf-convolution

In this Section, we use the previous result on the inf-convolution of g-expectations to treat several
particular examples.

4.4.3.1 Quadratic and Quadratic

We first study the inf-convolution of two dynamic entropic risk-measure. This example is treated by
Barrieu and El Karoui [6] by a direct method, they find that the optimal risk transfer is proportional
in the sense that there exists a € (0,1) such that

(E9°0ET)(er) = 9 (agr) + €7 (1 — a)ér).

We retrieve here this result using Theorem 4.4.2. For this, we first need to study the inf-convolution
of the two corresponding generators ¢, i = 1,2

; 1 u(@)
gi(z,u) == o 122 + %‘/E (e io—1— ufyx)) v (dx), (4.4.9)

where (y1,72) € R x R7.

Lemma 4.4.1 Let g' and g° be the two convex generators defined in equation (4.4.9). For any
bounded Fr-measurable random variable &, we have,

g*red? _ cgt n g 2
(909 )(ér) =€ <71+,72§T>+5 <71+,725T>-

Proof.

We can calculate
(¢'Og?)(t, 2, u)
1 1
= inf { o> + — |z — v|2}
v 2m 272

+igf{%/E (ew() - “’é?) vi(da) +72/E <e”w” - W) Vt(dx)} |

The first infimum above is easy to calculate and is attained for

* 7

v* =
Y1+ 72

Z.

For the second one, we postulate similarly that it should be attained for

* it
= Uu.
Y1+ 2

In order to verify this result, it is sufficient to prove that for all (x,y) € R?

x4 x_ Y
(1 +72) <671+g2 o T > <m <eﬁ -1- x) + 72 <6”y2 -1- y> : (4.4.10)
Y1+ 72 71 72
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Set X\ :=v1 /(71 +72), a:=x/v1, b:=y/y2 and h(x) := e* — 1 — z, this is equivalent to
h(Aa + (1 = X\)b) < Ah(a) + (1 — N)h(b),
which is clear by convexity of the function h.

Therefore, we finally obtain

1 2 2
O¢%)(t, 2,u) = ———— 2> + (1 + /‘Gwﬂ21>vdx.
(g g )( ) 2(71 T 72) ’ ‘ (71 72) 5 v + 72 t( )

Using the notations of Theorem 4.4.2, we can compute the quantity F:(r2)» giving the optimal risk

transfer
T
1 Ut (@) U(x)
ST T RN YIS T o
L, ; 1+wﬂﬂ (n W)E t +(dx)
+/ thBt+/ /Ut fi(dt dm))
0
e
P &r— &% (&r) ) -
We calculate similarly F}l) and obtain
O 4 _ 2 el .
T ’Y1+”Y2€T N (ér)
Now using Remark 4.4.2 with m = #5&’%@%), we obtain that the proportional structure

<71+72 ér, AY1+72 §T> is optimal.

4.4.3.2 Linear and Quadratic

Here, we assume that d = 1. We study the inf-convolution of a dynamic entropic risk-measure with
a linear one corresponding to a linear BSDE. In this case, we want to calculate the inf-convolution
of the two corresponding generators ¢g' and g2 given by

1 u(z)
ﬁ@ww:hﬁ+v/<ev—1—“@)wum,
2y E

v

and

g2 (z,u) == az + B/ (1A |z|)u(z)ve(dz),
E
where (v, a, ) € R} xR x [-1 + §,+00) for some ¢ > 0.

Lemma 4.4.2 Let g' and g* be defined in the two previous equations. We have, for any bounded
Fr-measurable random variable &7,

(€7 DE7 ) (&r) = €7 (V) + 7 (),
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where

O _e 1o g
£ =tr+ 5ot T4y [ [ (80 ALel) =In(1 + 5014 la))wr(da)it — v Br

T
. /0 /E In(1+ B(1 A |o])ldt, de),

and Fj(}) =& — Fq(?).

Remark 4.4.3 Notice that F}Q) has no longer the linear form with respect to & obtained in the
previous example. Now, the agent 2 receives the value & perturbed by a random value only depending
on the data contained in the filtration, i.e the Brownian motion B and the random measures u and

().

Proof. We start by computing the inf-convolution in (z,u) of the generators:
1
(@0t =t { L+ ae -0}
v 27y

+inf {7/]5 (ewf) . “’(f)) vi(da) +6/E(1 A lz]) (u(@) — w(z)) Vt(dx)} .

The first infimum above is easy to calculate and is attained for

v* = ay.

Similarly, it is easy to show that the function w — 7 (e% -1- %) + B(1 A |z|) (u(z) — w) attains
its minimum at w* := yIn(1 + S(1 A |z|)). Therefore, we finally obtain

C¥2
(6'09)t,2,0) =az = T+ [ B0 A lel)uo(do)

+ /Ev (BN |2]) = (L+ BN |2]) In(1 + BLA [2]))] v (dz).

Notice that all the quantities appearing in ¢'[Jg? are finite. Indeed, we first have for any u €
L*(v) N L>®(v)

BN [2))u(@)] < BN [2]*) + (u(2))?, (4.4.11)

and this quantity is therefore v-integrable for all t. Then, since § > —1 4 4, it is also clear that for
some constant C5 > 0

0<(I+BAAz]))In(T+BAA[x]) —BAA|z]) <Cs(1A |:C]2), (4.4.12)
and thus the second integral is also finite.

We can now compute for instance the quantity F:(p2), which is given after some easy calculations by
) T T T
FO — _ / <aZt + 5/ (1A \:U|)Ut(x)ut(d:v)> dt + / 2By + / / Uy (2)fi(dt, dr)
0 E 0 o JE
T
+ a?yT + ’yﬂ/ / (LA Jz|) In(1 4+ B(1 A |z|))ve(dx)dt — ayBr
o JE

T
—fy/o /Eln(1+ﬂ(1A |z|))p(dt, dx).



4.4. Dual Representation and Inf-Convolution 111

Recall that (Z,U) is part of the solution of the BSDE with generator g'[Jg? and terminal condition
&r
(2

Similarly, we can compute the value F(l), and using the fact that Fj(ﬂl) + Fp ) = &, we obtain
1 T
e =507+ [ [ (1480 Ale)) In(1 + 501 A Jal) = B(1A[o]) )
0
T T T
0 0 0o JE
And finally, we can conclude that the optimal risk transfer takes the form
(2) 1y g
B =¢r+ 50" T+ [ [ (80 Ala) ~ In(1 + (1A Jol))a(do)dt — o By
0 JE

T
_7/0 /Eln(l—i—ﬁ(l/\\x]))u(dt,dx).

4.4.3.3 Absolute value and Quadratic

Here, we study again the example of the entropic risk measure, i.e. we keep the generator g' given

by
1 u(@) u(z)
1 2
g; (z,u) = — |z +’y/ <€“f —1—>1/ dx),
Hew = g lal 4 [ ) (o)

where v > 0. The generator g? correspond to the second example of risk measure given in Examples
4.3.1, i.e.

B (zvu) = nlel 0 [ (L Alaut @n(de) - € [ (1ALl (2)oi(do),
E E
where n > 0 and —1+ § < Cy < 0 for some § > 0.
Then
1 .2 - 12
(¢ 0g%)(t, z,u) = ul}f{27 lv|* + 1|z —v|}

n irul)f{'y/E <e“’<f> - “’f;’”) vi(da) + 77/ (1A J2]) (u(z) — w(z)*) n(dz)

E

_ Cl/E(l Alal) (u() — w(z) ™) m(dn) }.

These infima are easy to calculate and are attained at (v*, w*) defined by

0" = 1Y oy — Y e pny 2Ly <o)
w*(z) = V1, )L u(@)> v} T Y(CL 2) @) <p©r,e)} T WE) Lo 0)<u(@) <)}
where ¢(r,z) := yIn (1 4+ r(1 A |z|)). We finally obtain

(9'09°)(t, 2,u) = A(z) + B(u),
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where

1 2
A(Z) N Q:u Y 1{z>,u'y} — | 2+ :u Y 1{z< ,LL’Y}+ ’YZ 1{ —py<z<pv}
B(u) := /E [CL(1 A J2]) (v 4+ u(z) — (CL2) (14 CLL A |2]) Ly <p(cy o)) ve(da)

+ /E (LA =) (v + w(@)) = (0, 2) (1 + 01 A 120) 1 u@)>pm0] veldo)

u(z) ulx
+ /E [V <€ it (7)> 1{w(cl,:c><u<x>s¢<n,w>}] vi(dz),

that is to say this inf-convolution is equal to a linear function outside a given set, and is quadratic
inside the set (in z and u). Notice that all the quantities appearing in B(u) are finite, thanks to the
inequalities (4.4.11) and (4.4.12) given in the previous example.

Now to have the optimal risk transfer, we calculate Fj(}) and Fj(?) using their definition. We obtain
(2)

for example for £
o _ [
Fr / (Y = BZ) 125y

// (I A fz]) ($ (0, 2) L, (@) >} + U(@) Loct, (@) <wne})

+ C1(1 A fa]) (Y(Cr2) 10,2y <)t + Ue(@)1gp(cy 0)<Ui (2)<0}) } vi(dz)dt

T
—i—/o /E <Ut(9€) — (0, )Ly, (2)>¢m.a)} T Y(C1 2) Ly, (@) <w(Cr2)}
+ U@L gy(on,0)<01 0y <oty ) i(dE de),

where (Z,U) is part of the solution of the BSDE with generator g'[Jg? and terminal condition &7.

And we have of course F =¢ér — ).

Remark 4.4.4 In this example, the optimal transfer has again no longer the proportional form found
in example 1. Moreover, this time we are only able to calculate Fj(wl) and F:(F2) in function of (Z,U),

where, as defined before, (53’2(&1), Z;,Uy) denotes the solution of the BSDE with generator g'0Og?
and terminal condition Er.
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5.1 Introduction

Recall from the previous chapter that (Y, Z,U) is a solution of the BSDE with jumps, with generator
F and terminal condition £ if for all ¢ € [0, T], we have P — a.s.

T T T
Y: :§+/ F(S,YS,ZS,US)ds/ stBs/ / Us(z)(p —v)(ds, dz), (5.1.1)
t t t  JRI\{0}

where p is an integer valued random measure with compensator v.

Our aim in this chapter is to generalize (5.1.1) to the second order, as introduced recently by Soner,
Touzi and Zhang [112]|. Their key idea in the definition of the second order BSDE is that the equation
defining the solution has to hold P-almost surely, for every P in a class of non dominated probability
measures. Furthermore, they prove a uniqueness result using a representation result of the 2BSDEs
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as essential supremum of standard BSDEs. We will extend these definitions and properties to the case
with jumps. For the sake of clarity, we will now briefly outline the main differences and difficulties
due to the presence of jumps.

(1) First, we will introduce an equation similar to (5.1.1), for which the driver F' depends also on the
quadratic variation of B¢ on the one hand, and on the compensator of the jump measure of B¢ on the
other hand, where B¢ and B? denote respectively the continuous and the purely discontinuous parts
of B. Recall that the generator of standard BSDEs does not depend on the quadratic variation of
the canonical process, and that in the continuous second order case it only depends on the quadratic
variation of the Brownian martingale part. In our case, since we have an additional jump martingale
term in the equation, we also have an additional dependence in the driver.

(77) A second major difference with (5.1.1) in the second order case, is, as we recalled earlier,
that the BSDE has to hold P-almost surely for every probability measure P lying in a wide family
of probability measures. Under each P, B¢ and B? have a prescribed quadratic variation and jump
measure compensator. This is why we can intuitively understand the second order BSDE with jumps
(2BSDEJ in the sequel) (5.3.3) as a backward SDE with model uncertainty, where the uncertainty
affects both the quadratic variation and the jump measure of the process driving the equation.

(731) The last major difference with (5.1.1) in the second order case is the presence of an additional
increasing process K in the equation. To have an intuition for K, one has to have in mind the
representation (5.4.1) that we prove in Theorem 5.4.1, stating that the Y part of a solution of
a 2BSDEJ is an essential supremum of solutions of standard backward SDEs with jumps. The
process K maintains Y above any standard solution 4* of a BSDE with jumps, with given quadratic
variation and jump measure under P. The process K is then formally analogous to the increasing
process appearing in reflected BSDEs (as defined in [46] for instance).

There are many other possible approaches in the literature to handle volatility and / or jump
measure uncertainty in stochastic models ([3], [39], [37], [14]). Among them, Peng [101] introduced
a notion of Brownian motion with uncertain variance structure, called G-Brownian motion. This
process is defined without making reference to a given probability measure. It refers instead to the
G-Gaussian law, defined by a partial differential equation (see [102] for a detailed exposition and
references).

Finally, recall that Pardoux and Peng [97] proved that if the randomness in g and ¢ is induced by
the current value of a state process defined by a forward stochastic differential equation, the solution
to the BSDE (4.2.1) could be linked to the solution of a semilinear PDE by means of a generalized
Feynman-Kac formula. Similarly, Soner, Touzi and Zhang [112| showed that 2BSDEs generalized
the point of view of Pardoux and Peng, in the sense that they are connected to the larger class of
fully non linear PDEs. In this context, the 2BSDEJs are the natural candidates for a probabilistic
solution of fully non linear integro-differential equations. Note that in a recent preprint, Bion-Nadal
[13], by taking a dual point of view, connects the probabilistic construction of time consistent convex
dynamic procedures in a non dominated setting, to a class of non local and fully non linear second
order partial differential equations.

The rest of this chapter is organised as follows. In Section 5.2, we introduce the set of probability
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measures on the Skorohod space D that we will work with. Using the notion of martingale problems
on D, we construct probability measures under which the canonical process has given characteristics.
Then we prove an aggregation result under this family. In Section 5.3, we define the notion of
2BSDEJs and show how it is linked to standard BSDEs with jumps. Section 5.4 is devoted to our
uniqueness result and some a priori estimates.

5.2 Issues related to aggregation

5.2.1 The stochastic basis

Let © := ([0, T], R?) be the space of cadlag paths defined on [0, T] with values in R? and such that
w(0) = 0, equipped with the Skorokhod topology, so that it is a complete, separable metric space
(see [12] for instance).

We denote B the canonical process, F := {Ft}ogth the filtration generated by B, F := {}';“ }O<t<T
the right limit of F and for any P, 7} := F," V NT(F,") where

NE(G) = {E € ), there exists E € G such that E C E and P(E) = 0} .

As usual, for any filtration G and any probability measure P, ?P will denote the corresponding
completed filtration. We then define as in [112] a local martingale measure P as a probability measure
such that B is a P-local martingale. Since we are working in the Skorohod space, we can then define
the continuous martingale part of B, noted B¢, and its purely discontinuous part, noted B¢, both
being local martingales under each local martingale measures (see [65]). We then associate to the
jumps of B a counting measure pga, which is a random measure on B(R™) x E (where E := R"\{0}
for some r € N*), defined pathwise by

ppa((0,t], A) := > 1liapicay, ¥t >0, VACE. (5.2.1)
0<s<t

We also denote by v/ (dt, dr) the compensator of uga(dt, dz), which is a predictable random mea-
sure, under P and by ﬁ%d (dt,dz) the corresponding compensated measure.

We then denote Py the set of all local martingale measures P such that P-a.s.

(i) The quadratic variation of B¢ is absolutely continuous with respect to the Lebesgue measure
dt and its density takes values in S;°.

(ii) The compensator v (dt,dz) under P is absolutely continuous with respect to the Lebesgue
measure dt.

In this discontinuous setting, we will say that a probability measure P € Py satisfies the martingale
representation property if for any (F]P,]P’)—local martingale M, there exists a unique Fp—predictable
processes H and a unique F]P—predictable function U such that (H,U) € HZ (P) x J? (P) (those
spaces are defined later) and

t t
M; = My + / H,dB¢ + / / Us(2)figa(ds, dz).
0 0 JE
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We now follow [111] and introduce their so-called universal filtration. For this we let P be a given
subset of Py, we define

Definition 5.2.1 (i) A property is said to hold P-quasi-surely (P-q.s. for short), if it holds P—a.s.
for allP € P.

(ii) We call P-polar sets the elements of Np := NpepNT (Foo).

Then, we define as in [111]

FP .= {ﬁf}tzo where F} := P(jp (ff” \//\/}:) :

Finally, we let T and TP the sets of all F and FP stopping times, and we recall that thanks to
Lemma 2.4 in [111] we do not have to worry about the universal filtration not being complete under
each P € P.

5.2.2 The main problem

A crucial issue in the definition of the 2BSDEs in [112] is the aggregation of the quadratic variation
of the canonical process B under a wide family of probability measures.

Let P C Py be a set of non necessarily dominated probability measures and let {X*, P € P} be
a family of random variables indexed by P. One can think for example of the stochastic integrals
XF = ® fg HdBs, where {H;, t > 0} is a predictable process.

Definition 5.2.2 An aggregator of the family {X¥, P € P} is a r.v. X such that

X=X P— as, for every P € P.

Bichteler [11], Karandikar [69], or more recently Nutz [95] all showed in different contexts, and
under different assumptions, that it is possible to find an aggregator for the It6 stochastic integrals
(P)fg H dB;. A direct consequence of this result is the possibility to aggregate the quadratic variation
process {[B, B, t > 0}. Indeed, using It6’s formula, we can write

t
(B, By = B;B} — 2/ B,-dBT
0
and the aggregation of the stochastic integrals automatically yields the aggregation of the bracket
{[B, B, t > 0}.

This also allows us to give a pathwise definition of the process @, which is an aggregator for the
density of the quadratic variation of the continuous part of B, by

1
a; := limsup— ((B¢), — (B, ),
¢ s (5%, = (%),

Soner, Touzi and Zhang [111], motivated by the study of stochastic target problems under volatility
uncertainty, obtained an aggregation result for a family of probability measures corresponding to the
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laws of some continuous martingales on the canonical space Q@ = C(R*,R?), under a separability
assumption on the quadratic variations (see their definition 4.8) and under an additional consistency
condition (which is usually only necessary) for the family to aggregate.

To define correctly the notion of second order backward SDEs with jumps, we need to aggregate not
only the quadratic variation [B, B] of the canonical process, but also its compensated jump measure.
However, this predictable compensator is usually obtained thanks to the Doob-Meyer decomposition
of the submartingale [B, B]. It is therefore obvious that this compensator depends explicitely on the
underlying probability measure, and it is not clear at all whether an aggregator always exists or not.
This is a first main difference with the continuous case. In order to solve this problem, we follow
the spirit of [111] and restrict our set of probability measures (by adding an analogous separability
condition for jump measures) so as to generalize some of their results to the case of processes with
jumps.

After these first notations, in the following subsection, in order to construct a probability measure
under which the canonical process has a given quadratic variation and a given jump measure, we will
use the notion of martingale problem for semimartingales with general characteristics, as defined in
the book by Jacod and Shiryaev [65] to which we refer.

5.2.3 Characterization by martingale problems

In this section, we extend the connection between diffusion processes and probability measures es-
tablished in [111] thanks to weak solutions of SDEs, to our general jump case with the more general

notion of martingale problems.

Let NV be the set of F-predictable random measures v on B(FE) satisfying
t t
/ /(1 A |z?)vs(da)ds < +oo and / / zvs(dr)ds < 400, Yw € Q, (5.2.2)
0 JE 0 Jlz|>1

and let D be the set of F-predictable processes a taking values in Sjo with

T
/ |ag|dt < +o0, for every w € .
0
We define a martingale problem as follows

Definition 5.2.3 For F-stopping times 11 and 12, for (a,v) € D x N and for a probability measure
Py on Fr,, we say that P is a solution of the martingale problem (Py, 71,72, a,v) if

(i) P=P; on Fy,.

(ii) The canonical process B on [11,T2] is a semimartingale under P with characteristics

<—/ /:L'1|x>1l/s(d$)d5,/ asds, Vs(d:v)ds>.
1 JE 1
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Remark 5.2.1 We refer to Theorem 11.2.21 in [65] for the fact that P is a solution of the martingale
problem (P, 71,72, a, v) if and only if the following properties hold

(i) P=P; on F.
(ii) The processes M, J and L defined below are P-local martingales on |11, T2]

M; := B; — Z 1jaB,>1ABs —l—/ /:U1|$>11/s(dx)ds 1<t<m

m<s<t

¢
Jy = 2—/ozsds—//$usdaz)d5 <t<m
Qt—// x)pp(ds,dx) // x)vs(dx)ds, 11 <t < 79, Vg€C+(Rd)

where CT(RY) is discriminating family of bounded Borel functions (see Remark 11.2.20 in [65] for

more details).

We say that the martingale problem associated to (a, ) has a unique solution if, for every stopping
times 71,72 and for every probability measure P, the martingale problem (Py, 7,72, a,v) has a

unique solution.

Let now Ay be the set of (a,v) € D x N, such that there exists a solution to the martingale
problem (P° 0, +00, o, /), where P? is such that PY(By = 0) = 1.

We also denote by A the set of (o,v) € Ay such that there exists a unique solution to the
martingale problem (Pq,0, +00, o, ), where Py is such that P;(By = 0) = 1. Denote P¢ this unique
solution. Finally we set

= {]P)ga (a,l/) € AW} .
Remark 5.2.2 We take here as an initial condition that By = 0. This does not generate a loss of
generality, since at the end of the day, the probability measures under which we are going to work

will all satisfy the 0 — 1 Blumethal law. Hence, By will have to be a constant and we choose O for

simplicity.

5.2.4 Notations and definitions

Following [111], for a,b € D and v, 3 € N, we define the first disagreement times as follows

t t
gt .= inf{tZO, / asds;é/ bsds},
0 0
t t
6, 5 = inf {t >0, / / xvg(dr)ds # / / :Uﬁs(dx)ds}
0o JE 0o JE

005 = 0" N O, 5.

For every 7 in FP . we define the following event
e (T MR

Finally, we introduce the following notion inspired by [111]
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Definition 5.2.4 Ag C Aw is a generating class of coefficients if

(i) Ag is stable for the concatenation operation, i.e. if (a,v),(b,B) € Ay x Ag then for each t,
(al[o,t] + bl[t,Jroo), vl + ,31[t’+oo)) € Ap.

a,v,b,8
Qt

(ii) For every (a,v), (b, ) € Ay X Ao, 03’2 is a constant. Or equivalently, for each t, equals

Q or (.

Definition 5.2.5 We say that A is a separable class of coefficients generated by Ay if Ag is a
generating class of coefficients and if A consists of all processes a and random measures v of the
form

“+o00 +o00

=3 a0 (W)L (W), () s (w)) ()

n=0 i=1
“+00 400

ZZI/nll l[Tn( )Tn+1)(t)7 (5.2.3)

n=0 =1

where for each i and for each n, (a™,v™") C Ay, T, and 7, are F-stopping times with 7o = 0, such
that

(i) T < Tp+1 on {7, < +00} and T, < Tpg1 on {7, < +oo}.
(i) inf{n >0, 7, = 400} + inf{n > 0, 7, = +oo} < co.

(iii) 7, and 7, take countably many values in some fized Iy C [0,T] which is countable and dense in

[0,77].

(iv) For each n, (E

)

)is1 C Fr, and (E})i>1 C Fz, form a partition of Q.

Remark 5.2.3 If we refine the subdivisions, we can always take a common sequence of stopping
times (Tp)n>0 and common sets (E")i>1n>0 for a and for v. This will be used throughout this section.
Moreover, the definition indeed depends on the countable subset Iy introduced above. We acknowledge
that as in [111] this set could be changed, but for the sake of clarity, it will be fized throughout the
chapter. We emphasize that will prove in Chapter 6 (see Section 6.2.4) that this has only a limited
impact on our results. For practical purposes, one could take for instance In = QN [0,T].

Remark 5.2.4 The form for a and v in Definition 5.2.5 is directly inspired by the so-called properties
of stability by concatenation and by bifurcation in the theory of stochastic control. As shown for
instance i [45], [48] or [17] (see Remark 3.1), this property of control processes is tailor-made to
be able to retrieve the dynamic programming principle, and is the least that once can expect. In our
case, 2BSDEs can be seen formally as a weak version of a stochastic control problem for which the
controls are a and v, and we will see in Proposition 6.2.2 in Chapter 6 that this form is exactly what

we need to recover the dynamic programming equation for our solution of a 2BSDE with jumps.
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Example 5.2.1 .Zo composed of deterministic processes a and v form a gemerating class of coeffi-
cients.

The following Proposition generalizes Proposition 4.11 of [111] and shows that a separable class of
coefficients inherits the "good" properties of its generating class.

Proposition 5.2.1 Let A be a separable class of coefficients generated by Ag. Then
(i) If Ao C Aw, then A C Aw .
(ii) A-quasi surely is equivalent to Ag-quasi surely.

(iii) If every P € {P%, (a,v) € Ao} satisfies the martingale representation property, then every
P e {P%, (a,v) € A} also satisfies the martingale representation property.

(iv) If everyP € {PS, (a,v) € Ao} satisfies the Blumenthal 0—1 law, then every P € {P%, (a,v) € A}
also satisfies the Blumenthal 0 — 1 law.

As in [111], to prove this result, we need two Lemmas. The first one is a straightforward general-
ization of Lemma 4.12 in [111], so we omit the proof. The second one is analogous to Lemma 4.13
in [111].

Lemma 5.2.1 Let A be a separable class of coefficients generated by Ag. For any (a,v) € A, and
any F-stopping time T € T, there exist T € T with T > 7, a sequence (a",v")p>1 C Ap and a
partition (Ep)p>1 C Fr of Q such that T > 7 on {1 < 400} and

ar(w) = Z af(w)lg, (w) and v (w) = Z v (w)lg, (w), t < T. (5.2.4)

n>1 n>1

In particular, E, C Q?_’”’an’”n which implies that UnQ?j”’an’”n = Q. Finally, if a and v take the
form 5.2.8 and T > T, then we can choose T > Tp41.

Proof. We refer to the proof of Lemma 4.12 in [111]. O

Lemma 5.2.2 Let 7,7 € T be two stopping times such that 71 < 79, and (a*,v%);>1 C Aw and
let {E;,i > 1} C Fr, be a partition of Q. Finally let P° be a probability measure on F,, and let
{IP!, i > 1} be a sequence of probabilty measures such that for each i, P’ is a solution of the martingale
problem (P°, 71,73, a’, ). Define

P(E) := ZIP”(E N E;) for all F-,,

i>1

ap = E a;lp, and v = g vilg,, t € [T, 7]
i>1 i>1

Then P is a solution of the martingale problem (P°, 11, 7o, a,v).



5.2. Issues related to aggregation 123

Proof. By definition, P = P? on F,,. In view of Remark 5.2.1, it is enough to prove that M, J
and @ are P-local martingales on [11, 72]. By localizing if necessary, we may assume as usual that all
these processes are actually bounded. For any stopping times 71 < R < S < 79, and any bounded
Fr-measurable random variable 7, we have

EP (Mg — Mpyy] = > EF [(Ms — Mp)nlp] = 3B [EF[(Ms — Mp)| Falils,| = 0.

i>1 i>1

Thus M is a P-local martingale on [11, 72]. We can prove in exactly the same manner that J and
@ are also P-local martingales on [71, 73] and the proof is complete. O

Proof of Proposition 5.2.1. The proof follows closely the proof of Proposition 4.11 in [111] and
we give it for the conenience of the reader.

(i) We take (a,v) € A, let us prove that (a,v) € Ay. We fix two stopping times 61,603 in 7. We
define a sequence (7, )n>0 as follows:

To:= 061 and 7, := (Tn \/91) ANby, n> 1.

To prove that the martingale problem (P°, 0y, 62, a,v) has a unique solution, we prove by induction
on n that the martingale problem (P, 7y, 7, a, ) has a unique solution.

Step 1 of the induction: Let n = 1, and let us first construct a solution to the martingale problem
(P°, %y, 71,a,v). For this purpose, we apply Lemma 5.2.1 with 7 = 7y and ¥ = 71, which leads to
ar =Y ;s ailg, and vy = > .o vilp, for all t < 71, where (a’,1') € Ay and {E;, i > 1} C F7, form
a partiti(_)n of Q. Fori > 1, let P%¢ be the unique solution of the martingale problem (P°, 7y, 71, a;, ;)
and define

PY(E) :=> PY(ENE) for all E € Fr,.

i>1

Lemma 5.2.2 tells us that P%¢ solves the martingale problem (P°,7y,7,a,v). Now let P be an
arbitrary solution of the martingale problem (P°, 7y, 71, a,v), and let us prove that P = P, We first
define

P{(E) :=P(ENE;) +P*(ENES), VE € F5,.

Using Lemma 5.2.2, and the facts that a’ = alg, + ailEic and /' = vlg, + I/ilEiC, we conclude that
P’ solves the martingale problem (PY, 7, 71, a’,%). This problem having a unique solution, we have
P? = P% on F;,. This implies that for each i > 1 and for each E € Fz, P{(ENE;) = PY(ENE;),
and finally

PO(E)=> PY(ENE) =) P(ENE;)=P(E), VE € F.
i>1 i>1

Step 2 of the induction: We assume that the martingale problem (P, 7y, 7,,, a,v) has a unique
solution denoted P". Using the same reasoning as above, we see that the martingale problem
(P", %, Tni1,a,v) has a unique solution, denoted P"*!. Then the processes M, J and @ defined
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in Remark 5.2.1 are P"*!-local martingales on [7,, 7,+1], and since P"*! coincides with P on F,,
M, J and @Q are also P"llocal martingales on [y, 7,]. And hence P""! solves the martingale
problem (PY, 7, 7,11, a,v). We suppose now that P is another arbitrary solution to the martingale
problem (P°, 7y, %,41,a,v). By the induction assumption, P* = P on F;,, then P solves the mar-
tingale problem (P",7,,%,11,a,v), and by uniqueness P = P"*! on F; +1- The induction is now
complete.

Remark that Fyp, = V,>1F%,. Indeed, since inf{n > 1, 7, = +oo} < 400, then inf{n > 1, 7, =
02} < +o0. This allows to define P*(E) := P"(F) for E € F3, and to extend it uniquely to Fp,.
Now using again Remark 5.2.1, we conclude that P> solves (P, 61,62, a,v) and is unique.

(ii) We now prove that A-quasi surely is equivalent to Ag-quasi surely.

We take (a,v) € A and we apply Lemma 5.2.1 with 7 = 400 to write a; = 2121 ailp, and
v = 2121 vilp, for all t > 0, where (a,v%) € Ag and {E;, i > 1} C F form a partition of Q. Take
a set E such that P4(E) = 0 for every (a,7) € Ay, then

PUE) =Y PUENE) =Y PL(ENE)=0.

i>1 i>1

(iii) By (i), since A C Ay, for any (a,v) € A, the corresponding martingale problem has a unique
solution, which is therefore an extremal point in the set of solutions. Hence, we can apply Theorem
I11.4.29 in [65] to obtain immediately the predictable representation property.

(iv) Take (a,v) € A of the form (5.2.3), in which we can take 79 = 0 without loss of generality. P¢
is the law on [0, 7] of a semimartingale with characteristics

t t
<—/ /:1:1|$|>1175(d:v)ds,/ asds, ﬂs(daj)d5>,
0 JE 0

a; = E ao’zlEé and 7y 1= E VO’ZlEé,

i>1 i>1

where

where {E{, i > 1} C Fy is a partition of Q. Since Fy is trivial, the partition is only composed of {2
and (), and then

ap := a(t)’1 and v = 1/?’1.
Then for E € Fy+, PA(E) = PL(E) = 0, since P satisfies the Blumenthal 0 — 1 law by hypothesis.
]

Remark 5.2.5 If Ay consists of deterministic mappings as in example 5.2.1, then P% is the law on
[0,71] of an additive process with non random characteristics, for which the Blumenthal 0 — 1 law
holds (see for instance [107]).

We now state the following Proposition which tells us that our probability measure coincide until
their first time of disagreement.
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Proposition 5.2.2 Let A be a separable class of coefficients generated by Ao, let Py = {P%, (a,v) € A}
and let (a,v) x (b,B) € Ax A.

(i) HZ:Z is an F-stopping time taking countably many values.
(ii) Moreover, we have the following coherence condition

P (EnQz™) =P (BN, vi e TP4, vE € FT4.

Proof. (i) Let us prove that {HZ’Z < tl} € Fi,, for any t; > 0.

We apply Lemma 5.2.1 for (a,v) and (b, 8) with 7 = ¢; to obtain the existence of (a}, v}*), (b}, 5}")
in Ap and E, C F;, forming a partition of €2, such that (a”,b", ", ") coincide with (a,b, v, 3) on
E, for t < 7, where 7 > t;. Then

{oss<u}=U{oot <u}nm,
n>1

a™,b"

By the constant disagreement times property of Ajg, {Gyn’ﬂn < tl} is either Q or (), and since

E, € F;,, then
{h <t} e m.

To show that 9‘;’2 takes countably many values, we apply again Lemma 5.2.1 with 7 = 9‘;72, to
obtain the existence of (af,v}), (b7, 6f) in Ag and E, C F, forming a partition of Q, such that
(a™, b™, "™, B™) coincide with (a, b, v, ) on E,, for t < 7, where 7 > 7. Since Gzn’gn is a constant and

given that 93’2 = 92:’?; on E,,, we have the desired result.

(ii) We write that for any E € FLA

- U <Em{%<ej’g}m{% t—nll}m{ejf’gt}).

m>1

IN v

Since {0%% <t} € Fi, we get that for any m > 1,
V?ﬁ

VN (Fy) € Fi VNT (Fy),

1 ~
Eﬂ{%<01‘f’g}ﬂ{%<t—} € FJ4 CF
' m
and then
b 7b7 IPG/
ENQhP ¢ Fyon VN (Foc).
From this last assertion, we deduce that there exist measurable sets Ef v Ef B belonging to Fpas,
v.B
i =1, 2, such that
E:(llvy C E m ngy7b76 C E;:V’ E:lfzﬁ C E m Q?7V’b7ﬁ C Egng
v R b b, b,
Ps (E5\E") = P (B3 \EY?) =o.
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We set B! := EPYu Ei”ﬁ and E? := ES’B N E?’B, then

FE' E? ¢ ]-'ea,g, E'c EnQ¢""P ¢ E? and P2 (E*\E') = Pj (E*\E') = 0.

This implies that
P° <E N Q‘;’”’b’ﬁ> — P(E?) and P} (E N Qi’”’b’ﬁ) — PY(E?),

but the solutions of the martingale problems (P, 0, OZ’Z, a,v) and (P°,0, 03’2, b, 5) are equal by defi-
nition. And since E? € Fyab, we have

v,B
b
Py (E?) = P3(E?)
which gives the desired result. O
We now have every tools we need to state and prove the main resut of this section, which generalizes

the aggregation result of Theorem 5.1 in [111]|. For this purpose, we use the more general aggregation
result of Cohen [30], that does not concern only volatility or jump measure uncertainty.

Theorem 5.2.1 Let A be a separable class of coefficients generated by Ag and P4 the corresponding
probability measures. Let

{X* (a,v) € A},

be a family of I@‘P—progressively measurable processes.
Then the following two conditions are equivalent
(i) {X*", (a,v) € A} satisfies the following consistency condition
Xo = X% Plas. on [0,037’2) for any (a,v) € A and (b, 5) € A.

(ii) There exists a P-q.s unique process X such that
X =X Pl-as., VY(a,v) e A

Proof. We first prove that (i) implies (ii). Using Lemma 3 in [30], we see that the definition of
the generating classes, together with Proposition 5.2.2, implies that the family P satisfies the Hahn
property defined in [30]. Now Theorem 4 of [30] gives the result. The fact that (ii) implies (i) is a
consequence of the unicity of the solution of the martingale problem (P, 0, 05”2, a,v) on [0, ng) O

Now that we have Theorem 5.2.1, we can answer our first issue concerning the aggregation of the
predictable compensators associated to the jump measure pgs of the canonical process. Indeed, let
A be a separable class of coefficients generated by Ag and P := {P2, (a,v) € A}. Then, for each
Borel set A € B(E) and for each t € [0, T] the family {Vfg (A)} (ap)ea clearly satisfies the consistency
condition above (because it is defined through the Doob-Meyer decomposition, see Proposition 6.6
in [111]), and therefore there exists a process v such that

Di(A) = v} (A), for every P € Py. (5.2.5)

We then denote
fga(dt,dz) = pga(dt,dz) — ve(dz)dt.



5.2. Issues related to aggregation 127

5.2.4.1 The strong formulation

In this Section, we will concentrate on a subset of Pyy. For this purpose, we define
Vi={ve~N, (Is,v) € Aw}.

For each v € V, we denote PV := P/¢ and for each a € D, we define

t
PY :=PY o (X*) !, where X := / al/2dBS + BE, PV — a.s. (5.2.6)
0

Let us now define,
Pg :={P*", (a,v) € Aw}.

Then « is the quadratic variation density of the continuous part of X and
dBS = o] 2dX 3,

under PY. Moreover, v;(dz)dt is the compensator of the measure associated to the jumps of X* and
AX$ = AB; under P¥. We also define for each P € Py, the following process

Ly =W} + B P—a.s., (5.2.7)
where W} is a P-Brownian motion defined by
t
wWE = / a;Y2aBe.
0
Then, Pg is a subset of Py and we have by definition
the P*"-distribution of (B,a,7, L") is equal to the P-distribution of (W%, o, v, B).  (5.2.8)

We also have the following characterization in terms of filtrations, which is similar to Lemma 8.1
in [111]

—P
Lemma 5.2.3 Pg = {]P’ € Py, FL' = IFP}

v

———P
Proof. By the above remarks, it is clear that o and B are FX® -progressively measurable. But
.- . . =P¥ =P . .
by definition, F is generated by B, thus we conclude easily that ' C FX® . The other inclusion
being clear by definition, we have

v Pv
F =FX°
X U v —Ppov
Now we can use (5.2.8) to obtain that FL” =
7‘1’”1@0,1/ _ma,v )
Conversely, let P € Py be such that FL® -7 . Then, there exists some measurable

function 3 such that B, = B(LF). Let v be the compensator of the measure associated to the jumps
of B under P. Define then,

_ d<B(B),B(B) >f

- dt ’

(677
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we conclude then that P = P&Y. O

Define now Ag := {(a,v) € Aw, P € Pg}. It is important to notice that in our framework, it is
not clear whether all the probability measures in Pg satisfy the martingale representation property
and the Blumenthal 0 — 1 law. Indeed, this is due to the fact that the processus LF does not
necessarily satisfy them. This is a major difference with [111]. Nonetheless, if we restrict ourselves
to a subset of Pg, we are going to see that we can still recover them. First, we have the following
generalization of Proposition 8.3 of [111].

Proposition 5.2.3 Let A be a separable class of coefficients generated by Ag. If Ay C Ag, then
AC ./45.

Proof. This is a straightforward generalization of the proof of Proposition 8.3 in [111], using the
same kind of modifications as in our previous proofs, so we omit it. O

Let us now consider the set introduced above in Example 5.2.1
Ay = {(a,v) € D x N which are deterministic}, Pi, = {}P’ff, (o,v) € /io} .

Ao is a generating class of coefficients, and it is a well known result that f{o C A (see Theorem
I11.2.16 in [65]) and that every probability measure in Pz satisfies the martingale representation
property and the Blumenthal 0 — 1 law, since the canonical process is actually an additive process
under them. Moreover we also have

Lemma 5.2.4 We have PAO C Ps.

Proof. Let P :=P¢ be a probability measure in P Ao As argued previously, we have P — a.s.
t
Bf = / al/2dLY¢ and ALY = AB,.
0

. . e =P  —7pr S
Since « is deterministic, it is clear that we have ' = FL" | which implies the result. ([

Finally, we consider A the separable class of coefficients generated by Ay and P ' j the corresponding
set of probability measures. Then, using the above results and Propositions 5.2.1 and 5.2.3, we have

Proposition 5.2.4 P ; C Ps and every probability measure in P 5 satisfies the martingale represen-
tation property and the Blumenthal 0 — 1 law.

Proof. Once we know that the augmented filtration generated by LF satisfies the martingale rep-
resentation property and the Blumenthal 0 — 1 law for every P € P 1, » We can argue exactly as in
the proof of Lemma 8.2 to obtain the results for P '1,- The result for P 7 then comes easily from
Proposition 5.2.1. O

Remark 5.2.6 In our jump framework, we need to impose this separability structure on both o and
v, in order to be able to retrieve not only the aggregation result of Theorem 5.2.1 but also the property
that all our probability measures satisfy the Blumenthal 0 — 1 law and the martingale representation
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property. However, if one is only interested in being able to consider standard BSDEs with jumps,
then we do not need the aggregation result and we can work with a larger set of probability measures
without restrictions on the . Namely, let us define

Pyim {Pa’”, aeD, (Iv) e ,Z} .

Then we can show as above that fﬂ C Ps and that all the probability measures in fg satisfy the
Blumenthal 0 — 1 law and the martingale representation property. This is going to be important in

Chapter 6.

5.3 Preliminaries on 2BSDEs

5.3.1 The non-linear Generator

In this subsection we will introduce the function which will serve as the generator of our 2BSDE
with jumps. Let us define the spaces
I? = ﬂ L*(v) and L' := ﬂ L'(v).
veN veN

For any C! function v with bounded gradient, any w € Q and any 0 < t < T, we denote ¥ the

function
v(e) == v(e +w(t)) —v(w(t)) — Lge<ny e (Vo) (w(t)), fore € E.
The hypothesis on v ensure that @ is an element of L!. We then consider a map

Hy(w,y,z,u,7,0): [0,T] x Qx Rx R? x L2 x Dy x Dy — R,

where D; € R%*? is a given subset containing 0 and Dy C L'nN *, where N** denotes the topological
dual of V.

Define the following conjugate of H with respect to v and v by

1
Fiw,y,z,u,a,v) := sup {Tr(a’y)—i— < 0,v > —Hy(w,y, z,u,’y,f))} ,
{’y,ﬁ}GDl X Do

for a € S7° and v € N, and where < 9, v > is defined by

<V, v >i= /Eﬁ(e)y(de). (5.3.1)

The quantity < ©,r > will not appear again in this chapter, since we formulate the needed hy-
pothesis for the backward equation generator directly on the function F. But the particular form of
< U,v > comes from the intuition that the second order BSDE with jumps is an essential supremum
of classical BSDEs with jumps (BSDEJs). Indeed, solutions to markovian BSDEJs provide viscosity
solutions to some parabolic partial integro-differential equations whose non local operator is given
by a quantity similar to < v, > (see [4] for more details). We define

~

Fi(y, z,u) := Fy(y, z,u,a, ) and ﬁto = ﬁt(0,0,0), Pi-q.s. (5.3.2)

We denote by D},t (9,2, v,z the domain of F' in v, for a fixed

(t,w,y,2,u). Asin [112] we fix a constant x € (1, 2] and restrict the probability measures in P C P4

the domain of F' in a and by D%t (
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Definition 5.3.1 Pf; consists of all P € P 5 such that

(i) EF [ I x%t(dx)dt} < +oo.
W 2
(i) o <@ <af, dt x dP — as for some ¥, a" € Sjo, and EF [(foT ‘ﬁto‘ dt) H] < 4o00.

Remark 5.3.1 The above conditions assumed on the probability measures in Pf; ensure that under
any P € Pf, the canonical process B is actually a true cadlag martingale. This will be important
when we will define standard BSDEs under each of those probability measures.

We now state our main assumptions on the function F' which will be our main interest in the sequel

Assumption 5.3.1 (i) The domains Dj,

Lyew) = D};t and D? = D%t are independent of
(W, y, 2, u).

Fi(y,z,u)

(ii) For fixed (y, z,a,v), F is F-progressively measurable in D};t X Dl%}'
(iii) The following uniform Lipschitz-type property holds. For all (y,v', z, 2, u, t, a,v,w)

).

|Ft(w7yvzau’a7 V) - Ft(waylvzlvua a, V)‘ < C (‘y - yl} + ‘CLI/2 (Z - Z,)

2

(iv) For all (t,w,y, z,u',u?, a,v), there exist two processes v and v’ such that

/ 51’2U(ZE)’Y£($)Z/(CZZE) < Ft(W, Y, Zaula a, V) - Ft(w7y7 Z,U2, a, V) < / 51’2U($)’7t(l')7/(d$’),
E E

where 612y 1= u! —u? and c1(1 A |2]) < vi(x) < ea(1 A |z]) with =146 < ¢; <0, ¢2 > 0, and
AN z])) <vi(x) < (L A|z|) with =146 < ¢} <0, ¢, >0, for some § > 0.

(v) F' is uniformly continuous in w for the Skorohod topology, that is to say that there exists some
modulus of continuity p such that for all (¢,w,w’,y, 2, u, a,v)

’Ft(w,y,z,u,a,l/) - Ft(w/7y727u>aay)| <p (dS(w-/\tvw.//\t)) ’

where dg is the Skorohod metric and where w a¢(s) := w(s A t).

Remark 5.3.2 The assumptions (i) and (ii) are classic in the second order framework ([112]). The
Lipschitz assumption (iii) is standard in the BSDE theory since the paper [97]. The hypothesis (iv)
allows to have a comparison theorem in the framework with jumps, it has been introduced in [106], it
is also present in [/ in the form of an equality. The last hypothesis (v) of uniform continuity in w
s also proper to the second order framework, it is linked to our intensive use of regular conditional
probability distributions in the next chapter to construct our solutions pathwise, thus avoiding complex
issues related to negligeable sets.
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Remark 5.3.3 (i) For k1 < ko, applying Holder’s inequality gives us
2 2
T K1 T )
EP (/ ’FE‘“ dt) < CE? (/ ‘Fto " dt) :
0 0

where C' is a constant. Then it is clear that Py is decreasing in k.
(ii) The Assumption 5.3.1, together with the fact that ﬁto < 400, P*"-a.s for every P*" € P,
implies that a; € D};t and Uy € D%} dt x P*Y-a.s., for all P“" € Pp;.

5.3.2 The Spaces and Norms

We now define as in [112|, the spaces and norms which will be needed for the formulation of the
second order BSDEs.

As in the previous chapter, we will use the following notation:

Notation 5.3.1 We will denote Ei(-) the conditional expectation with respect to the filtration F.

For p > 1, L}" denotes the space of all Fp-measurable scalar r.v. £ with
€11, = sup EF [[¢]P] < +o0.
H PePy
H7" denotes the space of all F*-predictable R?-valued predictable processes Z with

T z
</ ya}/zzt\th>
0

D" denotes the space of all F*-progressively measurable R-valued processes Y with

< +00.

| Z5p. := sup EP
H PEPY,

sup Y|P | < 4o0.

Pl — q.s. cadlag paths, and [|Y[|7,.x := sup EF
H PEP 0<t<T

J?f denotes the space of all F™-predictable functions U with

(/ ' / |Us<x>\2ﬁt<dx>ds)g

For each £ € L}L}”, P € Py and t € [0,T] denote

< 4o0.

||U|‘§p7*‘ = Sup E]P
H PePy

EZF(e] ;= esssup” EF [¢] where Py (t1,P) := {IP’I ePl:P =Pon .7-?}
P’ ePL (t+,P)

Then we define for each p > &,

LB = {§ e Ly I€lpx < +oo} where H£||£%N .= sup EF

PEPY 0<t<T

esssup® (Efl’P[ﬂ“])z] .
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Remark 5.3.4 L2" aside, the definitions of the previous spaces are classic, but the second order
framework induces the presence of an essential supremum over our family of probability measures.
As for LE" | it appears naturally in the a priori estimates, we refer to [112] for more details.

Finally, we denote by UCy(2) the collection of all bounded and uniformly continuous maps £ : Q —
R with respect to the Skorohod distance dg (defining the Skorohod topology), and we let

LB := the closure of UCy(£2) under the norm ||'H]L1;f, for every 1 < k < p.

For a given probability measure P € Py, the spaces LP(IP), DP(P), HP(P) and JP(PP) correspond to
the above spaces when the set of probability measures is only the singleton {P}. Finally, we have
HP

loc

(P) denotes the space of all F-predictable R?-valued processes Z with

T 5
(/ ’A/ Zt) dt> < +o0, P—a.s.
0

JP (P) denotes the space of all F-predictable functions U with

</OT/E\US(:U)I2$t(dx)ds>g oo, P—as.

5.3.3 Formulation

We shall consider the following second order backward SDE with jumps (2BSDEJ for short), for
0 <t <T and Pf-q.s.

:g+/ (YS,ZS,U)ds/ Z,dBE — // 2)figa(ds, dz) + Ky — K. (5.3.3)
t t

Definition 5.3.2 We say (Y, Z,U) € ID)H X HH X .JIH is a solution to 2BSDEJ (5.3.3) if

o Yr =¢, Pi-q.s.

o for all P € Pf; and 0 < t < T, the process K¥ defined below is predictable and has non-
decreasing paths P — a.s.

t
Kf =Y, —Yt—/ Fy(Ys, Zy, Uy )d8+/ ZsdB; + / / x)figa(ds,dx). (5.3.4)
0 0

o The family {KP,IP’ € 731’3} satisfies the minimum condition

KP = essinf® EF [Kﬂ L0<t<T, P—as., ¥PePL. (5.3.5)
P ePy (tt,P)

Moreover if the family {KP, Pe P’If}} can be aggregated into a universal process K, we call (Y, Z,U, K)
a solution of the 2BSDEJ (5.3.3).
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Remark 5.3.5 Since with our set Py we have the aggregation property of Theorem 5.2.1, and since
the minimum condition (5.3.5) implies easily that the family {KP,IP’ € 731’}} satisfies the consistency
condition, we can apply Theorem 5.2.1 and find an aggregator for the family. This is different from

[112], because we are working with a smaller set of probability measures. Therefore, from now on,

we will supress the dependence in P of K, when it will be clear that we are dealing with a solution to

a 2BSDE.

Following [112], in addition to Assumption 5.3.1, we will always assume

Assumption 5.3.2 (i) P}; is not empty.

(ii) The process FO satisfy the following integrability condition

2

T -

¢§f := sup EF |esssup” (Ef’P [/ ]FS[”ds]) < +o0
PePy, 0<t<T 0

5.3.4 Connection with standard backward SDEs with jumps
Let us assume that H is linear in v and 9, in the following sense
Huly, 2 w,7,2) = 3Tx ] + (5,0°) ~ fuly, 2,),
where v* € M. We then have the following result
Lemma 5.3.1 If H is of the form (5.3.7), then Dy, = {I;}, D3, = {v*} and
F(w,y,z,u,a,v) = Fi(w,y, z,u, [d,v*) = fi(y, z,u).

Proof. First notice that

(5.3.6)

(5.3.7)

Hy(w,9,%0,7,8) = sup {;Tr<afy>+ /OT / ’D(e)Vs(w)(dSvde)—5Id(a)—5u*(’/)}

(a,v)€S;OxN

- ft(ya Z,U)-

where 04 denotes the characteristic function of a subset A in the convex analysis sense.

By definition of F', we get
Fiw,y,2z,u,a,v) = fi(y, z,u) + H*(a,v),
where H** is the double Fenchel-Legendre transform of the function
(a,v) — 0rq(a) + 6 (v),
which is convex and lower-semicontinuous.
This then implies that

Ft(wa Y,z,u,a, V) = ft(y7 Z,’LL) + 6Id(a) + 51/*(”)’
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which is the desired result. O

If we further assume that EFv* [fOT |£:(0,0,0)|*dt| < +o0, then P§, = {P,+} and the minimality

condition on K = K®* implies that 0 = EF»* [K7|, which means that K = 0, P,«-a.s. and the
2BSDEJ is reduced to a classical backward SDE with jumps.

5.3.5 Connection with G-expectations and G-Lévy processes
5.3.5.1 Reminder on G-Lévy processes

In a recent paper [62], Hu and Peng introduced a new class of processes with independent and
stationary increments, called G-Lévy processes. This processes are defined intrinsiquely, i.e. without
making reference to any probability measure.

Let Q be a given set and let H be a linear space of real valued functions defined on (Nl, containing
the constants and such that |X| € H if X € H. A sublinear expectation is a functional E : # — R
which is monotone increasing, constant preserving, sub-additive and positively homogeneous. We
refer to Definition 1.1 of [102] for more details. The triple (Q, , ) is called a sublinear expectation
space.

Definition 5.3.3 A d-dimensional cadlag process {X;, t > 0} defined on a sublinear expectation
space (Q,”H,E) 18 called a G-Lévy process if:
(i) Xo=0.

(ii) X has independent increments: Vs, t > 0, the random variable (X4 — X¢) is independent from
(Xt Xy,), for eachn € N and 0 < t1 < --- < t, < t. The notion of independence used
here corresponds to definition 3.10 in [102].

(iii) X has stationary increments: Vs, t > 0, the distribution of (X+s — X¢) does not depend on t.
The notion of distribution used here corresponds to the definition given in §3 of [102].

(iv) For each t > 0, there exists a decomposition X; = X{ + X{, where {X¢, t > 0} is a continuous
process and {X{, t > 0} is a pure jump process.

(v) (X¢,X1) is a 2d-dimensional process satisfying conditions (i), (ii) and (iii) of this definition
and

1. A
lim ~& (yx;ﬁ) —0, B OXth <Ctt>0

t—0+
for a real constant C.
In [62], Hu and Peng proved the following Lévy-Khintchine representation for G-Lévy processes:

Theorem 5.3.1 (Hu et Peng [62]) Let {X;, t > 0} be a G-Lévy process. Then for each Lipschitz
and bounded function @, the function u defined by u(t,z) := I@(@[m+Xt]) is the unique viscosity
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solution of the following partial integro-differential equation:

Owu(t,z)— sup {/ [u(t,z + z) — u(t,x)|v(dz)+ < Du(t,z), B >
(b,a,v)eU E

1
+§Tr [D2u(t,x)aaT]} =0
where U is a subset of R% x R¥*? x MJFE satisfying

sup {/ |z| v(dz) + |b] + Tr [aaT]} < 400
(b,a,v)eU R4

and where ./\/lj{2 denotes the set of positive Radon measures on E.

Notice that Hu and Peng study the case of G-Lévy processes with a discontinuous part that is of
finite variation.

5.3.5.2 A connection with a particular 2BSDEJ

In our framework, we know that B¢ is a purely discontinuous semimartingale of finite variation under
P, if fOT f\x|<1 |z| vs(dx)ds < 400, Py-a.s. We give a function H below, that is the natural candidate
to retrieve the example of G-Lévy processes in our context.

Let N be any subset of A that is convex and closed for the weak topology on ME. We define
1 T
Hy(w,v,0) := sup {QTr(a’y) —|—/ / v(e)vs(de)ds — g, qa5)(a) — ‘5/\7(’/)} .
(a,v)€S; XN 0 JE

Since [a1, az] and N are closed convex spaces, Fi(w,a,v) is the double Fenchel-Legendre transform
in (a,v) of the convex and lower semi-continuous function (a,v) = (4, 4,](a) + 05 (¥) and then

Fi(w,a,v) = 6|4, ap](a) + 6 (¥).

If the second order BSDEs with jumps are connected to a class of fully non linear partial integro-
differential equations, with this particular function H and its transform F', the PIDE one would
expect to find is the one given in Theorem 5.3.1. If moreover Hy(w,~,0) = Hy(w,?) is independent
of ~, and N = {/\(5{1}, A1 < A < Ao} (which is convex and closed), then F; is independent of a and
we would obtain a 2BSDEJ giving a representation of the G-Poisson process.

5.4 Uniqueness result

5.4.1 Representation of the solution

We have similarly as in Theorem 4.4 of [112]

Theorem 5.4.1 Let Assumptions 5.3.1 and 5.3.2 hold. Assume £ € L?f and that (Y, Z,U) is a
solution to 2BSDE with jumps (5.3.3). Then, for any P € Pf; and 0 <t; <ty < T,
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Y;, = esssup’ y}i (t2,Y%,), P—a.s., (5.4.1)
P’ ePy (¢ ,P)

where, for any P € Py, Ft-stopping time 7, and FI-measurable random variable & € L2(P),
(¥ (1,€),25(7,€)) denotes the solution to the following standard BSDE on 0 <t < T

yi =& — / yf,zf,up)der/ 2LdB¢ + / / x)figa(ds, dx), P — a.s. (5.4.2)
t

Remark 5.4.1 We first emphasize that existence and uniqueness results for the standard BSDEs
(5.4.2) are not given directly by the existing literature, since the compensator of the counting measure
associated to the jumps of B is not deterministic. However, since all the probability measure we
consider satisfy the martingale representation property and the Blumenthal 0 — 1 law, it is clear
that we can straightforwardly generalize the proof of existence and uniqueness of Li and Tang [116]
(see also [9] and [33] for related results). Furthermore, the usual a priori estimates and comparison
Theorems will also hold.

Remark 5.4.2 It is worth noticing that, unlike in the case of 2BSDEs (see [112] for example), this
representation does not imply directly the uniquemess of the solution in Dif X H?f X J?f. Indeed,
by taking to = T in this representation formula, we have

Y; = esssup’ y}f/ (T,¢), t€[0,T], P—a.s., foralP € Pf,
P Py (t+,P)

and thus'Y s unique.

Then, since we have that d (Y, B¢), = Z;d (B®), , Pj;—q.s., Z is unique. However, here we are not
able to obtain that U and KT are uniquely determined. Nonetheless, this representation is necessary
to prove some a priori estimates in Theorem 5.4.4 which, as for the standard BSDEJs, insure the
uniqueness of the solution.

Before giving the proof of the above theorem, we first state the following Lemma which is a
generalization of the usual comparison theorem proved by Royer (see Theorem 2.5 in [106]). Its
proof is a straightforward generalization so we omit it.

Lemma 5.4.1 Let P € Py We consider two generators f1 and f? satisfying Assumption Heomp
in [106] (which is a consequence of our more restrictive assumptions). Given two non-decreasing
processes k' and k2, let £ and € be two terminal conditions for the following BSDEJs fori= 1,2,

v, =€+ /f ys,zs,u)ds—/ ZLdWy — // i(ds, dx) 4+ ki — ki, P—a.s.
t

Denote by (y*, 24, u') and (y?, 22, u?) the respective solutions. If & < &2, k' — k? is non-increasing
and fl(t,ytlvztl)u%) S fQ(tvyt)Zt’ %), then Vt € [OaT]vnl S }/tz'
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Proof of Theorem 5.4.1 The proof follows the lines of the proof of Theorem 4.4 in [112].

(i) Fix 0 < t; <ty < T and P € Pf. For any P' € Py (], P) and t; < t < t5, we have,

to - to to
n:yt2+/ FS(YS,ZS,US)ds—/ stBf;—/ /US(CL’)[LBd(ds,da:)
t t t E
+ K, — Ky, P —as.,

where K is the aggregator for the family of non-decreasing processes.

/

With Assumption 5.3.1, we can apply the above Lemma 5.4.1 under P’ to obtain Yy > y}i (t2,Yy,), P
a.s.. Since P =P on Fit, we get Yy, > yf (t2,Y3,), P— a.s. and thus

/
Yy, > esssup’ yy, (t2,Ys,), P—as.
P ePy (¢, P)

(ii) We now prove the reverse inequality. Fix P € Pj;. We will show in (iii) below that

CE = esssup’ Eltpl [(Kt2 —Ktl)z} < +o00, P —a.s.
P Py (t] P)

For every P’ € P& (t+,P), denote
oY =Y —of (t2,Ys,), 6Z :=Z — 2 (t2,Y},) and 6U := U — ¥ (t5,Y3,).

By the Lipschitz Assumption 5.3.1(iii), there exist two bounded processes A and 1 such that for all
1 <1<ty

to ta / , ~ / ’ /
(5Yt:/ (As(sysmsa;/?azs) ds+/ (Fs(yf P U) — By ok ))ds
t t
to

to ,
- 0ZsdB; — / / OUs(z)figa(ds,dx) + Ky, — Ky, P — a.s.
¢ t JE

Define for t; <t < t9 the following processes

t t
N ;:/ nsasl/2dB§+/ /E'ys(l‘)ﬂBd(dS, d.’L‘),
t1

t1
t
M; := exp </ )\st> E(N)y,
t1

where £(N); denotes the Doléans-Dade exponential martingale of N;.

and

By the boundedness of A and 7 and the assumption on 7 in Assumption 5.3.1(iv), we know that
M has moments (positive or negative) of any order (see [80] for the positive moments and Lemma
B.2.4 in the Appendix for the negative ones). Thus we have for p > 1

EE sup MY+ sup M, 7| <Cp, P —a.s. (5.4.3)
t1 <t<ts t1 <t<ts
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Then, by Ité’s formula, we obtain
d(M;6Y;) =M,_d(5Y;) + 6Y;_dM, + d [M, 5Y],
=M;— [<_>\t5Yt - ntatl/25Zt - ﬁt(ygplazlp/a Ui) + ﬁt(yf/7zf’/7uf’/)> dt
#6287+ [ (o) + 2(0)5U(0)) i, )|
+0Y, M, ()\tdt +nea, /*dBE + /E 'yt(x)/le(dt,dx))

+ Mt <7’]ta%/25tht —|—/ ’)’t(ZE)(SUt(QS‘)I//\t(dl‘)dt> — Mt,th.
E
Thus, by Assumption 5.3.1(iv), we have

to to
Y, < — / M, (5Zs+5Y5nSa;1/2) dBS+ | M,_dK,

t1 t1

- / "M, / (6U() + 8Ys7a(z) + 45 (2)8Us (2)) figa(ds, d).
t1 FE

By taking conditional expectation, we obtain

/ to
8y, < Ef [ Mtth} . (5.4.4)

t1

Applying the Hélder inequality, we can now write

§Yy, <Ef { sup (M) (Kﬁl’; —Kﬁ)}

11 <t<ts

/ 1/3 , , i\ 3727 2/3
< (B8 | sw on?|) (2| (xE - 52) )
t1<t<to
, 1/3
< 0(05)1/3 (EE‘; (K, — Kt1]> , P—a.s.

Taking the essential infimum on both sides finishes the proof.

iii) It remains to show that the estimate for Cf holds. But by definition, and the Lipschitz
t1
Assumption on F' we clearly have

sup E? [(K,, — Ktl)ﬂ <C (HYH;)Q,H 12020 + 1T 2en + gﬁf) < to0, (5.4.5)
PEPY, H H H

since the last term on the right-hand side is finite thanks to the integrability assumed on £ and
FY. We then use the definition of the essential supremum (see Neveu [93] for example) to have the

following equality

esssup’ [ [(KtQ — Ktl)Q] = sup EE” {(Kt2 —K;)?, P—as. (5.4.6)
P Py (t] P) n>1
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for some sequence (Pp,)n,>1 C P (t],P). Morevoer, in Lemma B.2.1 of the Appendix, it is proved
that the set P#(t],P) is upward directed which means that for any P,, P, € P (], P), there exists
P’ € Py (t,P) such that

/

/ P
EE |:(Kt2 - Kt1)2:| = max {Etll

/

P
[(Ktz - Kt1)2} ) Etf [(Ktz - Ktl)Q] } .
Hence, by using a subsequence if necessary, we can rewrite (5.4.6) as

esssup’ [y {(Km - Ktl)z} = lim TIEE" {(Km — Ktl)z} , P—a.s.
P ePr (tf ) oo

With (5.4.5), we can then finish the proof exactly as in the proof of Theorem 4.4 in [112]. O
Finally, the comparison Theorem below follows easily from the classical one for BSDEJs (see for
instance Theorem 2.5 in [106]) and the representation (5.4.1).

Theorem 5.4.2 Let (Y Z, U) and (Y', Z',U") be the solutions of 2BSDEJs with terminal conditions
¢ andf genemtors Foand F respectively (with the corresponding function H and H) and let
(¥, 28, uP) and (yF, 2", u'F) the solutions of the associated BSDEJs. Assume that they both verify
our Assumptions 5.8.1 and 5.8.2 and that we have

o Py C 73]’?[,.
o fg 5,; PIHJ —{q.s.
° Ft(yt ,zt , U Py < F (yt ,z;P,uQP’), P —a.s., for all P € Pp;.

ThenY <Y', P}, —q.s.

5.4.2 A priori estimates and uniqueness of the solution

We conclude this section by showing some a priori estimates which not only will imply uniqueness
of the solution of the 2BSDEJ (5.3.3), but will be useful to obtain the existence of a solution in the
next chapter.

Theorem 5.4.3 Let Assumptions 5.3.1 and 5.53.2 hold. Assume £ € L?f and (Y, Z,U) € ]D)?L}” X
Hif X JH is a solution to the 2BSDEJ (5.3.3). Let { (yF, 2, uF) }PG’P“ be the solutions of the
H

corresponding BSDEJs (5.4.2). Then, there exists a constant Cy such that

2 2 2 P 2 2 2,k
¥+ V20 + 1013+ sup B [1ErP| < G (Il 20 + 03)

50 {7+ 1y s 0 ().

Proof. As in the proof of the representation formula in Theorem 5.4.1, the Lipschitz assumption

2

|+

H (P)

5.3.1(iii) of F' implies that there exist two bounded processes A and 7 such that for all ¢, and P —a.s.

T
szsP:§+/ (Asstrns 1/2P+F(00u))d8—/ LdBe — / / x)figa(ds,dx).
¢ ¢
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Define the following processes

T T T
Ny :_/ nsa; /2dBe +/ /E'ys(x)ﬁBd(ds,d:v), and M; := exp (/ )\sds> E(N),
t t t

where £(N); denotes the Doléans-Dade exponential martingale of Ny. Then by applying It6’s formula
to My}, we obtain

T
yr =EF [MT§+/ M,F,(0,0, u} ds—/ /Ms% (2)Dg(dx)ds ]
t

Finally with Assumption (5.3.1)(iv), the Holder inequality and the inequality (5.4.3), we conclude
that there exists a constant C; depending only on x, T" and the Lipschitz constant of F', such that

for all P
P P KPS
‘yt ’ < CE; [‘ﬂn +/ s
t

This immediately provides the estimate for *. Now by definition of our norms, we get from (5.4.7)

]”“. 5.4

and the representation formula (5.4.1) that
IV 152 < Co (€2 +037) (5.4.8)

Now apply Itd’s formula to ]Y]2 under each P € Pf;. We get as usual for every € > 0

yYo\Q+/ ‘Amzt‘ dt+/ /|Ut )2 91 (dz) dt

T
P42 [ v (Vi 2Vt +2 [ Viod

—2/ Y, Z,d B¢ — // V@) + 29, Uil) ) it )

/ |th‘|Ft(n,Zt,Ut)|dt—|—2 sup |Y;5|KT
0<t<T

—2 /0 iz - /0 /E (10:(@)? + 2;-U(w) ) i (dt, d).

By our assumptions on F', we have

g s (i a1 o))
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With the usual inequality 2ab < %a? + eb?, Ve > 0, we obtain

T
EP [/ A1/2Zt‘ dt+/ /|Ut )|? l/t(dx)dt]
0
19 1/2
< CEF |£|2+/ |Yz| (‘F°‘+|lﬁl+’A/ Zt‘+</ |Ut(x)|2ﬁt(dx)> )dt]
E

T
v || |Yt-|th]
0

L . - ,
(1+> sup |Yi|? + (/ ‘FP‘dt) ])
€ ) o<t<T

+ ¢EF [/ Amzt dt+/ /]Ut 25, d:v)dt+|KT|] (5.4.9)
0

Then by definition of our 2BSDEJ, we easily have

< . P
_c(mm@+E

F [|KT|2} <CoE"

T
€* + sup |Yt2+/ \Amzt\ dt
0<t<T 0

/ / Uy ()| Dy (d)dt + </0T)ﬁt0’dt>2], (5.4.10)

for some constant Cp, independent of . Now set ¢ := (2(1 + Cp))~! and plug (5.4.10) in (5.4.9).
One then gets

T T T, . 2
EP U \Zith\zdt—l—/ /\Ut(a:)|2§t(dx)dt] <CEP ||eP + sup thm(/ ‘Fto‘dt) ]
0 0 E 0<t<T 0

From this and the estimate for Y, we immediately obtain

2 2,
1Zllz + 101z < € (N€lF2s + 677)

Then the estimate for K follows from (5.4.10). The estimates for 2 and u® can be proved similarly.

0

Theorem 5.4.4 Let Assumptions 5.3.1 and 5.53.2 hold. For i = 1,2, let us consider the solutions
(Y, ZL, U K*) of the 2BSDEJs (5.3.3) with terminal condition &°. Then, there exists a constant C,
depending only on k, T and the Lipschitz constant of F' such that

[¥! =Ygz < Gl = €

2
Ut - U2

12! = 2°||gr + sup EF [sup K} — K?°
PePy  |0<t<T

< Cullg" = €0z (€' luzpe + €0z + (657)

Consequently, the 2BSDEJ (5.3.3) has at most one solution in ID)%’,K X H?f X J?f.
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Proof. As in the previous Theorem, we can obtain that there exists a constant C\ depending only
on k, T and the Lipschitz constant of F', such that for all P

1
vt = v | < CuEF [J¢t - €27 (5.4.11)
Now by definition, we get from (5.4.11) and the representation formula (5.4.1) that

¥ ¥ < Ol € (5.4.12)

Applying [t6’s formula to |Y1 —Y? 2, under each P € Pj;, leads to

EP [/0 dt+/ /\Ut m)!zz’)t(d:c)dt]

gCEP[\gl \]+EP[/O Y, = V2| d(K] - Kf)}

1
af (2, - 7})

T
wo?[ [y - w2 (I -2+ it 2 - 20

([ 1ot - v gaoar) W) “

<O (lle" =z + ¥ =2l )

+ EP U a2z}~ z2) dt+/ /\Ut 2(2) 2 9y (de)dt
2

Z(K)D

The estimates for (Z! — Z?) and (U — U?) are now obvious from the above inequality and the
estimates of Theorem 5.4.3. Finally the estimate for the difference of the increasing processes is

1 2 P
+CO V=Y pes (IE

obvious by definition. O
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6.1 Introduction

The results of the previous chapter allowed us to find an aggregated version 7 of the compensator of
the jump measure of the canonical process. Furthermore, it is always possible to define an aggregated
version @ of the density with respect to the Lebesgue measure on R™ of the quadratic variation of
the continuous part of the canonical process. Equipped with the pair (a,7), we were able to define
a generator F depending on both @ and v, and to give a good formulation of second order BSDEs
with jumps (see equation (5.3.3)). With this definition, we proved some a priori estimates and a

uniqueness result.

Our aim in this chapter is to pursue the study undertaken in the previous one. More precisely,
we prove existence of a solution to equation (5.3.3) by a direct approach. We construct a solution
inspired by the representation obtained in Theorem 5.4.1, and using the tool of regular conditional
probability distributions. This gives complete wellposedness for second order BSDEs with jumps.
As an application of these results, in the spirit of [59] and [87], we treat a robust exponential utility
maximization problem in a market with jumps, under model uncertainty. The uncertainty affects
both the volatility process and the jump measure compensator. We prove existence of an optimal
strategy, and that the value function of the problem is the unique solution of a particular second
order BSDE with jumps.
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The last part of this study would be to establish a connection with partial integro-differential
equations (PIDEs for short). Indeed, Soner, Touzi and Zhang proved in [112] that Markovian second
order BSDEs, are connected in the continuous case to a class of parabolic fully non-linear PDEs. On
the other hand, we know that solutions to standard Markovian BSDEJs provide viscosity solutions to
some parabolic partial integro-differential equations whose non local operator is given by a quantity
similar to < 0, v > defined in (5.3.1) (see [4] for more details). Then in the Markovian case, second
order BSDEs are the natural candidate for the probabilistic interpretation of fully non-linear PIDEs.

6.2 A direct existence argument

In the article [112], the main tool to prove existence of a solution is the so called regular conditional
probability distributions of Stroock and Varadhan [113]. Indeed, these tools allow to give a pathwise
construction for conditional expectations. Since, at least when the generator is null, the y component
of the solution of a BSDE can be written as a conditional expectation, the r.c.p.d. allows us to
construct solutions of BSDEs pathwise. In the previous chapter, we have identified a candidate
solution to the 2BSDEJ as an essential supremum of solutions of classical BSDEs with jumps (see
(5.4.1)). However those BSDEs with jumps are written under mutually singular probability measures.
Hence, being able to construct them pathwise allows us to avoid the problems related to negligible-
sets. In this section we will generalize the approach of [112] to the jump case.

6.2.1 Notations

For the convenience of the reader, we recall below some of the notations introduced in [112|. Re-
member that we are working in the Skorohod space } = D ([0, T ],Rd) endowed with the Skorohod
metric which makes it a separable space.

e For 0 < t < T, we denote by Q) := {w e ([t,T],Rd)} the shifted canonical space of cadlag
paths on [t, T] which are null at ¢, B? the shifted canonical process. Let A/t be the set of measures
v on B(E) satisfying

T T
/ / (1A |z]*)vs(dz)ds < 400 and / / rvs(dz)ds < 400, Vo € O, (6.2.1)
t E t |z|>1

and let D! be the set of F'-progressively measurable processes a taking values in S;O with ftT las|ds <
+o00, for every @ € Q.

F! is the filtration generated by B’. We define similarly the continuous part of B?, denoted B%¢,
its discontinuous part denoted B%?, the density of the quadratic variation of B%¢, denoted at, and
ppt.a the counting measure associated to the jumps of B.

Exactly as in Section 5.2, we can define semimartingale problems and the corresponding probability
measures. We then restrict ourselves to deterministic (o, v) and we let A’ be the corresponding
separable class of coefficients and P z; the corresponding family of probability measures, which will
be noted P4%¥. Then, this family also satisfies the aggregation property of Theorem 5.2.1 in Chapter
5, and we can define ¥, the aggregator of the predictable compensators of B?.
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e For 0 < s<t<T andw € Q°, we define the shifted path w! € Q! by

b= wp —wy, Vr et T).

Wy

eFor0<s<t<Tandwe€ N we N we define the concatenation path w ®; w € Q° by
(w ¢ &})(T) = w?“l[s,t) (T‘) + (wt + E‘;T)l[t,T] (T)v Vr € [87 T]
e For 0 < s <t < T and a Fj-measurable random variable £ on 2%, for each w € €)%, we define the
shifted Fh-measurable random variable £ on Q' by
@) =Ewerw), Ve

Similarly, for an F®-progressively measurable process X on [s,7] and (t,w) € [s,T] x Q°, we can
define the shifted process {Xﬁ’w, r € t, T]}, which is Fi-progressively measurable.

e For a F-stopping time 7, we use the same simplification as [112]

WRr W= Wy W, £ 1= ﬁT(w)’“, X = XT@w,

e We define our "shifted" generator
ﬁ;""(@,y, z,u) = Fy(w ® @,y, 2,u,a4(@), 74(©)), Y(s,0) € [t,T] x Q.

’Ts

Then note that since F' is assumed to be uniformly continuous in w for the Skorohod topology, then
so is F'%“. Notice that this implies that for any P € P it

“\(]

for some w if and only if it holds for all w € Q.

K

Z/J’\;,w(o, 0, 0)"{ ds> < 400,

e Finally, we extend Definition 5.3.1 in the shifted spaces
Definition 6.2.1 P;’IH consists of all P := PHV ¢ PAt such that

a’ <at <@, dt x dP — a.s. for some d¥,@" € S;O

“|(/

For given w € ), F-stopping time 7 and P € P}, the r.c.p.d. of P is a probability measure P% on

ﬁst,w(()’()’())‘ﬁ ds) < +o0, for allw € Q.

Fr such that for every bounded Fpr-measurable random variable &
L [¢] (w) = EF¥ [¢], for P-ae. w.

Furthermore, P¥ naturally induces a probability measure P™* on f;(w) such that the P™*“-distributi-
on of B™®) is equal to the P¥-distribution of {B; — By, t € [T(w), ]} . Besides, we have

ET7 [¢] = EF7[€m).
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Remark 6.2.1 We emphasize that the above notations correspond to the ones used in [112] when
we consider the subset of Q0 consisting of all continuous paths from [0,T] to R? whose value at time
0 15 0.

We now prove the following Proposition which gives a relation between (a**,7%“) and (a',7?).

Proposition 6.2.1 Let P € Pj; and 7 be an F-stopping time. Then, for P-a.e. w € €1, we have for
ds x dP™*-a.e. (5,@) € [t(w),T] x Q7

AT (@) = at“(@), and DT (@, A) = 07D, A) for every A € B(E).

This result is important for us, because it implies that for P-a.e. w € € and for ds x dP** —
a.e. (s,w) € [t,T] x Q
F (UJ Xt &7 Y, z, u,as(w ¢ LAJ), I/)s(w Xt w)) = F; (UJ Xt aa Y, z, u,&\i(fu), /1/\5((:})) .

Whereas the left-hand side has in general no regularity in w, the right-hand side, that we choose
as our shifted generator, is uniformly continuous in w.

Proof. The proof of the equality for @ is the same as in Lemma 4.1 of [110], so we omit it.

Now, for s > 7 and for any A € B(E), we know by the Doob-Meyer decomposition that there exist
a P-local martingale M and a P™*“-martingale N such that

wpa([0,s], A) = M + /Os U (A)dr, P—a.s.
e[ (@), 8], A) = N, + / 9T (A)dr, P — g5,
T
Then, we can rewrite the first equation above for P-a.e. w € Q and for P™*-a.e. @ € Q™)
(e @ @, [0, ], A) = M7(@) + /0 ore (@, AYdr. (6.2.2)
Now, by definition of the measures pigs and pgr(w),a, we have

Kpd (w Sr Z‘Jv [07 8]7 A) = #Bd(w7 [07 7-]7 A) + HpBr(w),d (&37 [Ta 8]7 A)

Hence, we obtain from (6.2.2) that for P-a.e. w € Q and for P™*-a.e. & € Q)
o, [0,71,4) = [, A+ N@) - M7<@) = [ (7@, 4) - 7@, ) ) ar
0 T

In the left-hand side above, the terms which are F,-measurable are constants in Q7“) and using
the same arguments as in Step 1 of the proof of Lemma B.1.2, we can show that M™ is a P7%-
local martingale for P-a.e. w € . This means that the left-hand side is a P™“-local martingale
while the right-hand side is a predictable finite variation process. By the martingale representation
property which still holds in the shifted canonical spaces, we deduce that for P-a.e. w € 2 and for
ds x dP™%-a.c. (s,) € [1(w), T] x Q)

/ ) (agw(a, A) — 7@ (@, A)) dr =0,

which is the desired result. O
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6.2.2 Existence when ¢ is in UC,(2)

When ¢ is in UCL(Q2), we know that there exists a modulus of continuity function p for £ and F' in
w. Then, for any 0 <t < s < T, (y,z,v) €[0,T] x Rx R x V and w,w’ € Q, & € O,

€ @) — € @) < p (dsulw,w)

F\st’w <w7y7z7 u) - ﬁ;"w, (a7 y? Z,U)‘ S p (dS?t(w7WI)) ’

where dg¢(w,w’) := dg(w.as, w'y;), ds being the Skorohod distance.
We then define for all w €

T 1/2
A (w) := sup Ay (w):= sup sup (EP [‘ft’“f +/ ]Fg’w(O,O,O)]2d3}> : (6.2.3)
0<t<T 0<t<T pep, t

Now since F& is also uniformly continuous in w, it is easily verified that
A (w) < oo for some w € Q iff it holds for all w € Q. (6.2.4)

Moreover, when A is finite, it is uniformly continuous in w for the Skorohod topology and is therefore
Fr-measurable. Now, by Assumption 5.3.2, we have

At (w) < oo for all (t,w) € [0,7] x Q. (6.2.5)
To prove existence, we define the following value process V; pathwise

Vi(w) := sup YV, (T,¢€), for all (t,w) € [0,T] x Q, (6.2.6)
PePy”

where, for any (t,w) € [0,T] x Q, P € Pi* ty € [t1,T], and any Fy,-measurable 5 € L2 (P), we

denote yE’“’“’ (ta,m) = yz’tl’w, where (yp’tl’“’, zp’tl"”,uﬂn’tl’“) is the solution of the following BSDE

with jumps on the shifted space Qf under P

to to
Pti,w _ o t1,w ot1,w Piti,w Pti,w P,t1,w t1,c
ys Y =t +/ E9 g v ) dr — | 20 Y d B
s

to
—/ /Rd uf’tl’w(x)ﬁBtl,d(ds,dx), P—a.s., set,T], (6.2.7)

where as usual fig:, a(ds,dx) = pge,.a(ds,dz) — V! (dx)ds. In view of the Blumenthal zero-one law,
P,t,w
yt "y

Let us now show that V' inherits some properties from & and F'.

is constant for any given (¢,w) and P € P;f, and therefore the value process V' is well defined.

Lemma 6.2.1 Let Assumptions 5.3.1 and 5.3.2 hold and consider some & in UCL(Q2). Then for
all (t,w) € [0,T] x Q we have |V; (w)| < CAy(w). Moreover, for all (t,w,w') € [0,T] x 2,
Vi (w) = Vi ()] < Cp(dgt(w,w’)). Consequently, Vy is Fi-measurable for every t € [0,T].

Proof. (i) For each (t,w) € [0,7] x  and P € 77;’1”, let o be some positive constant which will
be fixed later and let n € (0,1). Since F' is uniformly Lipschitz in (y, z) and satisfies Assumption
5.3.1(iv), we have

iy, zu)| <

ﬁﬁ’“(0,0,0)‘ +C <y| + (62)1/2 z| + (/E u(m)\Qﬁz(dq:)>l/2) )
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Now apply It6’s formula. We obtain

2
+/ 1/2]P’tw‘ ds+//
t
T
—_ eaT ‘5t,w‘2 + 2/ easyf,t,wFﬁ,w<yﬂsm,t,w7Zg",t,wju]i",t,w)ds
t
T
—a/ e’
2
[ [ (e + i) s, )

T R 2 202 T
SeaT}Etw‘z / as Ftw(o 0 0)) d8+< +20+C_a>/
t

n
—1—77/ o0 1/2 ]P’,t,w‘ ds—i—n/ /
t

T 2
_2/ easyﬂ"_tw P,t,detc / / < ]P’tw th(x)+ )uf’t’w(flj)’ )ﬁBt,d(dS,dl’).
t

P.t,w
Yy

eoct

ul e (¢ ’ )| Di(dx)ds

9 T
P,t,w as, Pit,w P,t,w t,c
oF ‘ ds — 2 / yF dB!
t

2
yf“"} ds

ul e ( ‘ )| Di(dx)ds

Now choose n = 1/2 for instance and « large enough. By taking expectation we obtain easily
P
sl < claw)P

The result then follows from the arbitrariness of P.

(ii) The proof is exactly the same as above, except that one has to use uniform continuity in w of
& and F'*. Indeed, for each (¢,w) € [0,7] x Q2 and P € PY,, let o be some positive constant which
will be fixed later and let n € (0,1). By Itd’s formula we have, since F' is uniformly Lipschitz

2 T

t
aT)é-tw gtw +20/
20 / e — B |@)3 (20— ) ds

—1—20/ ]P’tw yg’tw‘</
R4

+2C/ ]P’tw_ ]P’,t,w”

yS
t

T
_ / /Eeas ( y]P’_tw yIP’_tw )(ulg,t,w - u[g,t,w ) + (uf,t,w _ uISP,t,w )2) ($)ﬁBt,d (ds, dm)
t

(&

S

at ‘ytpytyw _ yfatzwl

1 7|2 /
@) (&= [ e bt >2<m>at(dx>)ds

]P’tw P.t,w’ 2

—ys | ds

2 1/2
uE () — uE 1 ()| ag(dx)> ds

-~ ’
t, (yf,tvw’ Zf’,t,w’ uf’t’w) _ Fst,w (yﬂs”ﬂt,w7 Z?tw,u?t,w) ds

2 T
P,t,.w P,t,w’ P.t,w Pitw'y( Ptw P,t,w’ t,c
ys —Ys ’ dS—Q/ (y - y - )(Zs — Zs )st
t
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We then deduce

et yt]l)7t,w . yf’,t,w’

1 ’ 12 /
(@)2 (5" =) fp e (it -l >2<x>a§<dx>)d5

2 T
2 T
< aT’gtw étw‘ _|_/ as
+77/ e ( )1/2( Ptw IF’,t,w d8+77/ /
2 T
<2C’+C’2+C—a>/
n t

T
B 2/ as(ybbe Pty (Pt Peyggle
t

T
— / /Eeas ( ylP’itw yIP’jw )(uz’,t,w _ uf,t,w’) + (uf,t,w _ u]g’,t,w’)2> (%)ﬁBt,d (ds, dl‘).
t

ﬁtw( ]P’tw th IP’tw) ﬁtw’( th7zf,t,w,u]§,t,w)

2
‘ds

2
ubbe —uf’t’w/(:c)‘ Dt (dz)ds

P.t,w Pt,w’
ys _y

Now choose 1 = 1/2 and « such that v := a — 20 — C? — % > 0. We obtain the desired result
by taking expectation and using the uniform continuity in w of £ and F'. U

The next proposition is a dynamic programming property verified by the value process, which will
prove useful when proving that V' provides a solution to the 2BSDEJ with generator F' and terminal
condition £. The result and its proof are intimately connected and use the same arguments as the
proof of Proposition 4.7 in [110].

Proposition 6.2.2 Under Assumptions 5.3.1, 5.3.2 and for £ € UC(Q2), we have for all 0 < t; <
to < T and for all w € Q

Wl(w) —_ Sup yﬂ?’tl, (t ‘/;tlz )
Pepil”

The proof is almost the same as the proof in [110], with minor modifications due to the introduction
of jumps.

Proof. Without loss of generality, we assume that ¢t; = 0 and to = t. Thus, we have to prove

Vo(w) = Pség)ﬂ%%)
H

Denote (37, 25, uF) := (V¥(T, €), Z8(T, €),U* (T, €))

(i) For any IP € Pj;, we know by Lemma B.1.2 in the Appendix, that for P—a.e. w € €2, the r.c.p.d.
Pt € PEH. Now thanks to the paper of Li and Tang [116], we know that the solution of BSDEs on
the Wiener-Poisson space with Lipschitz generator can be constructed via Picard iteration. Thus, it
means that at each step of the iteration, the solution can be formulated as a conditional expectation
under P. By the properties of the r.p.c.d., this entails that

Y (w) = yf”t’“’t’“(T,g), for P—a.e. w e Q. (6.2.8)
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Hence, by definition of V; and the comparison principle for BSDEs with jumps, we get that yg <
VE(t,V;). By arbitrariness of P, this leads to

Vo(w) < sup Vg (£, V).
PEPY,

(ii) For the other inequality, we proceed as in [110]|. Let P € Pj; and € > 0. By separability of €,
there exists a partition (E});>1 C J; such that dg(w,w’); < /2 for any i and any w,w’ € E.
Now for each i, fix a ©; € E! and let P} be an e—optimizer of V;(&;). If we define for each n > 1,

P .= P™*¢ by

"(E) :=EF +P(EN Ef), where Ef = Uisn B, (6.2.9)

n .
ZEP; [ tw} 1
i=1

then, by Lemma B.1.3, we know that P" € Pj;. Besides, by Lemma 6.2.1 and its proof, we have

for any i and any w € E!

Viw) < Vi@:) + Cp(e) < V2T, €) + 2 + Cple)

Fistw BRSO 6) e 4+ Cp(e),

<VP(T ) + e+ Cple) = W

where we used successively the uniform continuity of V in w, the definition of P, the uniform
continuity of Y/ in w and finally the definition of P

Then, it follows from (6.2.8) that
Vi <yt +e+Cple), P" —a.s. on UL, El (6.2.10)

Let now (y", 2", u") := (y"™*=, 2™, u"™*) be the solution of the following BSDE on [0, t]

t t
Yo = [yfgP +5+CP(€)] 1U?_1Eti+Vt1§tn+/ E(y?, 2", r)dr—/ dBe
S s

/ / 2)figa(dr, dz), P" — a.s. (6.2.11)

By the comparison principle for BSDEs with jumps, we know that yg" (t,Vi) < yy. Then since
P™ = P on F;, the equality (6.2.11) also holds P — a.s. Using the same arguments and notations as
in the proof of Lemma 6.2.1, we obtain

2
ﬂ”‘ <CEP[5 +ple ‘Vt oF ’ 1En].
t

Then, by Lemma 6.2.1, we have
J&M@gﬁgﬁﬂuxmm@+wp%Dﬂsmwce+maHWM@®ﬂ-

Then it suffices to let n go to 400, use the dominated convergence theorem, and let € go to 0. O
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Now we are facing the problem of the regularity in ¢ of V. Indeed, if we want to obtain a solution
of the 2BSDE, then it has to be at least cadlag, Pj; — ¢.s. To this end, we define now for all (¢,w),
the F*-progressively measurable process

Viii= lim V.
reQnN(t,T],rdt

Lemma 6.2.2 Under the conditions of the previous Proposition, we have

V= lim V., Pg—q.s.
t reQn(t,T],rdt " H 9

and thus V1 is cadlag Py, —
Proof. For each P, we define VE=V - V(T €). Then, we recall that we have
Ve > 0, P—a.s.
Now for any 0 < t; < to < T, let (yPf2, 2Ptz oPt2) .= (VP (19, V4,), ZF (L2, V4,), U (t2, V3,)). Once

more, we remind that since solutions of BSDEs can be defined by Picard iterations, we have by the
properties of the r.p.c.d. that

yE (t2, Viy)(w) = ygtlyw’tl’w(t Vtt;’w), for P — a.e. w.

P,to

Hence, we conclude from Proposition 6.2.2 V4, >y, ™, P — a.s. Denote

=t =Y, B =a P - ZH(10), T = U (T.9).
Then XZHID > yt’ 2 and (gPt2, 30t aPt2) satisfies the following BSDE on [0, t5]

to
~Pt2_‘/t2 / fs @’E’tg’"fh uPtQ dS—/ "Ptzdwp / /]Rd IPtQ /vLBd dS dl’)

where

If(@,y,2,u) = Fy(w,y + VF (@),@ * (W)(2 + ZF (@), u + U (w))
- ﬁt("uvyfp(w)vzip(w)ﬂu}v(w))'

By the definition given in Royer [106], we conclude from the above that VP is a positive fE-
supermartingale under P. Since f¥(0,0,0) = 0, we can apply the downcrossing inequality proved in
[106] to obtain classically that for P — a.e. w, the limit

lim  VF(w)
reQuU(t,T],rlt

exists for all ¢t. Finally, since J* is cadlag, we obtain the desired result. O

We follow now Remark 4.9 in [110], and for a fixed P € P};, we introduce the following RBSDE
with jumps and with lower obstacle V™ under P

~ T o~ ~ o~ ~ ~
YE”:§+/ F(YE, ZE,UT, )ds—/ ZFdBS - / / @) figa(ds,dz) + Ky — K¥
t t

YP>VH 0<t<T, P—as.

T
/ (Ys]Pi - V;E) dKY =0, P - a.s.,
0

where we emphasize that the process KP is predictable.
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Remark 6.2.2 Ezistence and uniqueness of the above RBSDE under our Assumptions, with the
restrictions that the compensator is not random, have been proved by Hamadéne and Ouknine [58]
or Essaky [52]. However, their proofs can be easily generalized to our context.

Let us now argue by contradiction and suppose that Y® is not equal P — a.s. to V. Then we can
assume without loss of generality that }70[@ > V0+, P —a.s. fix now some € > 0 and define the following
stopping-time

—inf {t>0, ¥ < 1/;++s}.

Then Y7 is strictly above the obstacle before 7, and therefore KPis identically equal to 0 in [0, 7¢].
Hence, we have

yE —1—/ ﬁs(iP,Zf,ﬁf)ds—/ ZFdBe — / / x)piga(ds,dz), P—a.s.
¢ ¢

Let us now define the following BSDE on [0, 7¢]

£

T T€ T€
Fvie [ RGN — [srRans- [ ] a T @iplds de), B as
t t t E

By the standard a priori estimates already used in this chapter, we obtain that

%ngar’P—i—C P4 Ce,

by definition of 7¢. Following the arguments in Step 1 of the proof of Theorem 4.5 in [110], we can
show that yar P < VO+ which in turn implies

YE <Vt + Ce,

hence a contradiction by arbitrariness of . Therefore, we have obtained the following decomposition

v —£+/Tﬁs(v;+,éf,(7§’)ds —/ ZPaBe — / / ©)figa(ds,dz) + Ky — KF, P —a.s.
¢ ¢
Finally, we can use the result of Nutz [95] to aggregate the families
{Z°, Pepy} and {UF, PePy},
into universal processes Z and U.

We next prove the representation (5.4.1) for V and V', and that, as shown in Proposition 4.11 of
[110], we actually have V' = V't Py — g.s., which shows that in the case of a terminal condition in
UCp(2), the solution of the 2RBSDE is actually F-progressively measurable.

Proposition 6.2.3 Assume that £ € UCL(SY) and that Assumptions 5.3.1 and 5.5.2 hold. Then we
have

Vi = esssup® Vi (T,€) and V;¥ = esssup’ Y/ (T,€), P—a.s., VP € Py
P ePy (t,P) P’ ePy (t+,P)

Besides, we also have for all t, V; = V;r, P —
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Proof. The proof for the representations is the same as the proof of proposition 4.10 in [110], since
we also have a stability result for BSDEs under our assumptions. For the equality between V and
VT, we also refer to the proof of Proposition 4.11 in [110]. O

Therefore, in the sequel we will use V instead of V. Finally, we have to check that the minimum
condition (5.3.5) holds. Fix P in P}, and P' € P (tT,P). Then, proceeding exactly as in Step 2
of the proof of Theorem 5.4.1 in Chapter 5, but introducing the process 4" of Assumption 5.3.1(iv)

instead of ~, we can similarly obtain

/ / T — ! / —
Vi —yF >EP [/t M;dKE’] > EP [ inf M’(KT KF)}

t<s<T

where M’ is defined as M but with 4 instead of v. Now let us prove that for any n > 1

/ —-n ,
Ef [(KmETM’) < +oo, P —a.s. (6.2.12)
S

First we have

M} = exp (/ )\rdr+/ nea; V/2dBS — - / e |? dr+/ /% x)figa(dr dx))

x [ (C+(AB,))e 785,

t<r<s

Define, then A; =& (ft NGy 1/2dB§> and Cs = & ([ [, V(@) fipa(dr, dz)). Notice that both this
processes are strictly positive martingales, since n and 4" are bounded and we have assumed that '
is strictly greater than —1. We have

M = exp (/ )\Tdr> A C,.
t

Since the process A is bounded, we have
< inf M’) < C( inf A c) = c( sup (ASCS)1> :
t<s<T t<s< t<s<T

Using the Doob inequality for the submartingale (A;C5)~!, we obtain

1/2

( inf M’) n] < CEf [(Crar)™] < C (Ef [(Cr) "] B} [(Ar)7*]) " < +oo,

/
P
]Et

t<s<T

where we used the fact that since 7 is bounded, the continuous stochastic exponential A has negative
moments of any order, and where the same result holds for the purely discontinuous stochastic
exponential C' by Lemma B.2.4 in the Appendix B.
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Then, we have for any p > 1

B [RE - &7

[P’l , 1/p NP/ NIP’/ , —l/p
=s | () (R ) (ot )
-1
2

’ — — l/p ’ r__2 / 7 ~ I\ 2 pT
o o 50 2 s 7))

p—1

’ — _ I\ 2 2p / 1/p
<C| esssup’ EF [(K;EZ _K,]:P)> } (Vt—y}t?> ’
P’ ePy (tT,P)

_

IN

where we used (6.2.12). Arguing as in Step (iii) of the proof of Theorem 5.4.1, the above inequality
along with Proposition 6.2.3 shows that we have

essinf? EF {I?E_,P; —I??] =0,
P ePy (t+,P)

that is to say that the minimum condition 5.3.5 is satisfied. This implies that the family {[? P}P »
€PH

satisfies the consistency condition (i) of Theorem 5.2.1 in Chapter 5 and therefore can be aggregated
by this Theorem.

6.2.3 Main result

We are now in position to state the main result of this section

Theorem 6.2.1 Let & € E?{’“. Under Assumptions 5.5.1 and 5.8.2, there exists a unique solution
(Y, Z,U) € DY x H}, x I3 of the 2BSDEJ (5.3.3).

Proof. The proof follow the lines of the proof of Theorem 4.7 in [112], using the a priori estimates
of Theorem 5.4.4 in Chapter 5, therefore we omit it. O

6.2.4 An extension of the representation formula

So far, we managed to provide wellposedness results for 2BSDEs with jumps, by working under a set
a probability measures which, if restricted to the ones for which the canonical process is a continuous
local martingale is strictly smaller than the one considered in [112] or [104]. This is due mainly to the
fact that we had to restrict ourselves to processes « satisfying the separability condition defined in
the previous chapter in order to retrieve the aggregation result of Theorem 5.2.1, which was crucial
to our analysis since it allowed us to define an aggregator for the family of predictable compensators.

This is clearly not very satisfying, not only from the theoretical point of view, but also from the
practical one. Indeed, the set from which the processes a are allowed to be chosen corresponds
in financial applications to the set of possible volatility processes for the market considered. It
is therefore desirable to have the greatest possible generality. However, we emphasize that the
restrictions we put on the predictable compensators v are clearly not a problem from the point of



6.2. A direct existence argument 155

view of the applications. Indeed, our set of compensators is strictly greater than the one associated
to pure jump additive processes. Those processes, and more precisely the Lévy processes, being the
most widely used in applications, our set is not really restrictive.

The aim of this section is to show that under additional assumptions, we can show that the
representation formula (5.4.1) also holds for a larger set of probability measures for which there is no
longer any restrictions on the processes a.. In this regard, we recall the set of probability measures P i
defined in Remark 5.2.6. We recall that every probability measure in this set satisfy the Blumenthal
0 — 1 law and the martingale representation property. Moreover, exactly as in Definition 5.3.1, we
define and restrict ourselves to the subset f; of P - We define the following space for each p > &,

ya
Ly = {& el < +oo} where €]y, = sup]EP[a%supP(Effm§v1)”]’
Ln Peﬁz 0<t<T

and we let

L5 := the closure of UC,(Q2) under the norm H'Hﬁfv for every 1 < k < p.

We then have the following result, which is similar to Theorem 5.3 in [110]
Theorem 6.2.2 Let £ € Z?f and in addition to Assumptions 5.53.1 and 5.5.2, assume that

o F' is uniformly continuous in a for a € DF , and for all (t,w,y,z,u,a,v)
1/2
IB@@%me§C<HﬂmMm+M+M+(/ﬁwwﬂo +MWD.mm@
E

o Pi is dense in f’;[ i the sense that for any P € fz and for any € > 0, there exists
P € Py such that

T
E™ [/ [CHES —atl/2|2dt] <e. (6.2.14)
0

Then, we have

P P
Yo = sup yp = sup yp,
PePy PePYy

where under any P := P> € Py, (yF, 2F,u¥) is the unique solution of the BSDE.J

ying—i—/ F(ys,zs,us,as,us)ds—/ ZsdBS — / / ) figa(ds,dz), P — a.s.
t

Remark 6.2.3 A sufficient condition for (6.2.13) to hold is that F;(0,0,0,0,0,v) is bounded uni-
formly, since F' is already uniformly Lipschitz in (y,z,u) and is assumed to be uniformly continuous
in (w,a).

Proof. First, we remind that Remark 5.4.1 ensures existence and uniqueness of the solutions of our
BSDEs under any P € fz We will proceed in two steps.
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(i) £€UCHQ)
For any P := P® € Py and any ¢ > 0, let P° := P*¥ € Pf be given by (6.2.14). Using the
process L' defined in (5.2.7), we have P — a.s.

T
/ F B ysv s> saasaVs)dS—/ a;ﬂzgpd[/f’c
t

/ / prra(ds,dx) — vs(dz)ds) .
P =P P

Let now (y',z",u" ) denote the unique solution of the following BSDEJ under P,

T T
@f ={(XY) + / Fy(X* V,ylsp, zf,uf, Qs Vs)ds — / aéﬂfdeg
t

/ / ) (pa(ds, dz) — vy(dz)ds) .

By definition of P, we know that the distribution of y* under P is equal to the distribution of
7* under P,. Since the Blumenthal 0 — 1 law also holds, this implies clearly that we have

% = To-

Similarly, we define 4*~ and 7' . Then, using classical estimates from the BSDEJ theory (see [4]
for instance) we have

P Pe P 4?6
|?Jo — Y% ’2 = ’yo - |2

€ T £ 2
scmﬁvDaX?W>—5@¥?¢»P+i/ R 38 5 o) = B ) ]
0
Then, we have by (6.2.13)
R 58 2 05, m)| < € (1+ dsa(X,0) + (55 + I35 + |ag] )
< C (1+ds (X, 0) + (5] + 2] + o] /2)

+ € (dg (X2, X) o — o)

0<s<

C(1+ sup_ X+ 175 | + |7 \Hatlm)

+C ( sup | X2 — X&)+ |af — at1/2> : (6.2.15)

0<s<T

where we used in the last inequality the fact that the Skorohod distance is dominated by the uniform
norm (see for instance Billingsley [12]).
Using Doob’s inequality and 1t6’s isometry, it is easy to see that (6.2.14) implies that

2
<e.

1>
EP | sup ‘Xf v X
0<t<T
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Since £ is also uniformly continuous and bounded in w, we can apply the dominated convergence
Theorem in (6.2.15) to obtain

lim|ye — yb | = 0.

lim|yo —4o | =0

This clearly implies the result in that case.

(i) €€ Lo

— 0.

’EQ,)@
H n—+00
Then, we define ™" the solution of the BSDEJ with terminal condition &, and generator F(-, s, vs)

In that case, with the same ntations as above, let &, € UCL(Q2) such that ||£ —&,]

under P. Then, we have
sup yp " = sup yp". (6.2.16)
PPy, PPy

Moreover, using classical estimates for BSDEs, we can show that
P,n P 2 2
ISAREY{ e I NS LA
H

This shows that the convergence of yg ™ to yg is uniform with respect to P € fl;l Hence we can
pass to the limit in (6.2.16) and exchange the limit and the suprema to obtain the desired result. O

We finish this Section by recalling a result from [110] (see Proposition 5.4) which gives a sufficient
condition for the density condition (6.2.14)

Lemma 6.2.3 Assume that the domain of F' does not depend on t and that D}; contains a countable
dense subset. Then (6.2.14) holds.

Proof. It suffices to notice that in our framework, all the constant mappings belong to ﬁo, Then
Proposition 5.4 in [110] applies. O

6.3 Application to a robust utility maximization problem

We study in this part a robust exponential utility maximization problem in the spirit of [59] and
[87]. We consider the case of an agent maximizing the utility of his terminal wealth, over all possible
trading strategies. The agent also have at the terminal date T" a claim &, which is a Fp-measurable
random variable. We work in a setting with model ambiguity, due to the presence of the set Py,
composed of non dominated probability measures, accounting for the volatility uncertainty and jump
measure uncertainty (see also remark 6.3.2). In [51] and [59], the utility maximization problems are
solved by means of stochastic control techniques, and the value function is linked with some particular
BSDEs. In our case, since we work with a whole set of non dominated probability measures, our
value function will be linked to some second order BSDE with jumps, and the general martingale
optimality principle described in [51] is treated via the use of non-linear martingales.

6.3.1 The Market

P P

In this section, we will always assume that the matrices a := a" and @ :=a" are uniformly bounded

in P. In particular, this implies that we can restrict ourselves to the case where the parameter a in
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the definition of a generator F' is bounded. We consider a financial market consisting of one riskless
asset, whose price is assumed to be equal to 1 for simplicity, and one risky asset whose price process
(St)o<t<t is assumed to follow a mixed-diffusion

dSy

o= bidt + dBy + / By(x)pga(dt, dz), Py — q.s., (6.3.1)
t= E

where we assume that

Assumption 6.3.1 (i) (b;) is a bounded F-predictable process uniformly continuous in w for the
Skorohod topology.

(ii) (Bt) is a bounded F-predictable process which is uniformly continuous in w for the Skorohod
topology, verifies
T
sup/ / 8¢ (2)| v (de)dt < +o0, P — q.5.,
veNJo JE

and satisfies
Ci(1A |z]) < Bi(z) < Co(1 A |z|), Py — q.5., for all (t,x) € [0,T] x E,
where Cy > 0> Cy > —1+ 6, where § > 0 is fized.

Remark 6.3.1 The uniform continuilty assumption on w is here to ensure that the 2BSDFEs we will
encounter in the sequel indeed have solutions. The assumption on (3 is classical [82] and implies that
the price process S is positive.

Remark 6.3.2 The volatility is implicitly embedded in the model. Indeed, under each P € Py, we
have dB{ = /d%/QthP where W¥ is a Brownian motion under P. Therefore, a*/? plays the role of
volatility under each P and thus allows us to model the volatility uncertainty. Similarly, we have
incertitude on the jumps of our price process, since the predictable compensator associated to the
Jumps of the discontinuous part of the canonical process changes with the probability considered. This

allows us to have incertitude not only about the size of the jumps but also about their laws.

We then denote m = (m¢)o<i<7 a trading strategy, which is a 1-dimensional F-predictable process,
supposed to take its value in some compact set C. The process m; describes the amount of money

Uy

invested in the stock at time ¢. The number of shares is g*. So the liquidation value of a trading
.

strategy m with positive initial capital x is given by the following wealth process:

t
X7 ::1:—1—/ T (ng—i-bsds—l—/ ﬁs(:n),qu(ds,dm)>, 0<t<T, an —q.s.
0 E

The problem of the investor in this financial market is to maximize his expected exponential utility
under model uncertainty from his total wealth X7 — & where £ is a liability at time 7" which is a
random variable assumed to be Fp-measurable. Then the value function V of the maximization
problem can be written as

V() : =sup inf BF [~ exp (= (XJ — €))] = —inf sup BF [exp (—n (XF— ). (63.2)
reC PEPy; TEC ppt,
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where
C := {(m) which are predictable and take values in C'},

is our set of admissible strategies.

Before going on, we emphasize immediately, that in the sequel we will limit ourselves to probability
measures in Pp. We will recover the supremum over all probability measures in an at the end by
showing that Theorem 6.2.2 applies.

To find the value function V¢ and an optimal trading strategy 7*, we follow the ideas of the
general martingale optimality principle approach as in [51] and [59] but adapt it here to a nonlinear
framework. This is the same approach as in [87].

Let {R™} be a family of processes which satisfy the following properties

Properties I1.1 (i) R} = exp(—n(X]} —¢§)) for all m € C.
(ii) Rf = Ro is constant for all m € C.
(iii) We have

RT < esssup’ Ef [RE], VreC
P’ ePy (t+,P)

RT = esssup’ Ef [RE] for some 7 € C, P — a.s. for all P € Pf.
P'ePy (t+,P)

Then it follows

sup EF[U(XF — €)] > Ry = sup EF[U(XT —¢)] = —V&(x). (6.3.3)
PePY PEPY,

6.3.2 Solving the optimization problem with a Lipschitz 2BSDEJ

To construct R™, we set
R} = exp(—nX[)Y:, t €[0,T], m €C,

where (Y, Z,U) € ]D)%’,"i X ]HI%,” X J?f is the unique solution of the following 2BSDEJ

Y; =™ + / Fy( YS,ZS,U)ds—/ ZsdB; — / / x)piga(ds,dx) + Kp — K. (6.3.4)
t

The generator F is chosen so that R™ satisfies the Properties II.1. Let us apply [td’s formula to
exp(—nX[)Y; under some P € Py;. We obtain after some calculations

2
d(eXTY,) = ¢ XT [ nsbsYads + L 5 e Yeds — s Zads — Fu(Ya, Zs,Us)ds
/ —nmsBa(x) _ 1) (Ys + Us(2))0s(dx)ds + (Zs — nmsYs) dBS

/ e ) 1) (Y + Uy(w)) + Us(@)fipa(ds, dz) — dy | (6.3.5)
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Hence the appropriate choice for F

el

2
Fi(y, z,u,a,v) := inf {(—1717S + %ﬂa)wy —nraz + / (e‘"”ﬁs(w) - 1) (y+ u(m))u(dm)} .
E

First, because of Assumption 6.3.1, F' is uniformly Lipschitz in (y, z), uniformly continuous in w.
It is also continuous in a and since D} = [a,@), it is even uniformly continuous in a. Besides, it is
convex in a and v (since it is the infimum of a family of linear functions) and hence can be written as
a Fenchel-Legendre transform. Moreover, its domain clearly does not depend on (w, t,y, z,u) by our
boundedness assumptions. Besides, D}; clearly contains a countable dense subset. This in particular
shows that Theorem 6.2.2 applies here. Finally,

inf [ (e 00 1) (u(e) — o (2))(de) < Fu(w,y,2u,0,0) = Fyw,y, 2,0, a,0)
=0 E

Fy(w,y,2,u,a,v) — Fs(w,y, z,u,a,v) < sup/ (e_mﬁs(“”x) - 1) (u(z) — o/ (z))v(dx).
meCJE

Since C' is compact and S is bounded, it is therefore clear from the above inequalities that As-
sumption 5.3.1(iv) is satisfied. Therefore, if we assume that e € Ei}” (for instance if £ € L"), the
2BSDEJ (6.3.4) indeed has a unique solution and R™ is well defined. Let us now prove that it satisfies
the properties II1.1. The property (i) is clear by definition and (ii) holds because of Proposition 6.2.3
together with the Bluementhal 0 — 1 law. Now for any 0 <t < T, any m € C, any P € Pj; and any
P’ € Py (t+,P), we have from (6.3.5)

/ / T T
Ef [RE] — RT > —E; [ / e - dKS] . (6.3.6)
t
Let us now prove that for any = € C and for any [P, we have

/ T .
essinf® Ef [/ e_”Xdes] =0. (6.3.7)
P’ ePy (t+,P) t

This is similar to what we did in the proof of Theorem 5.4.1, and therefore we know that it is
sufficient to prove that for any p > 1

/

_ b

EY | sup e PXs
t<s<T

< Cp, (6.3.8)

for some positive constant C, depending only on p and the bounds for 7, b and 3. Let M be such
that —M <7 < M, we have

e~ XT < TMIblloo—Jy msdBS+M g [5]Bs (@)l pa (ds,dz)

— TMbllot3 Jo w2asds+M [ [1|85 (@) s (dz)ds+M [ [518s(@)|~In(1+]Bs(2)])Ps (dw)ds

<o ([ mans)e ([ 1.0 ipe(ds, o)
<oe(- [ t mans) e ([ 18u(@) ﬁBd<ds,dx>)M,

M
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where we used in the last inequality the fact that 7, @ and 8 are uniformly bounded and that

T
sup/ / |Be(x)| v (dx)dt < 400 and |Bs(x) — In(1 + Bs(x))| < C|BS(:C)|2.
veN JO E

Then (6.3.8) comes from the fact that above Doléans-Dade exponentials have moments of any order
(it is clear for the continuous one, and we refer again to Lemma B.2.4 for the discontinuous one).
Using (6.3.7) in (6.3.6), we obtain

RT < esssup’ Ej [RF)].
P’ ePr (t+,P)

Now, using a classical mesurable selection argument (see [36] (chapitre III) or [45] or Lemma 3.1
in [49]) we can define a predictable process 7* € C such that

o~ 2 *
Fy(Ys, 26, Us) = (=nbs + 5-mi)msYs — i + / (e7m5+ @) —1) (¥, + Uy (2)7s(da).
E

Using the same arguments as above, we obtain

* / *
RT = esssup’ E! [RE],
P’ ePy (t+,P)

which proves (iii) of Property II.1 holds.

We summarize everything in the following proposition

Proposition 6.3.1 Assume that exp(né) € Z?f. Then, under Assumption 6.8.1, the value function
of the optimization problem (6.3.2) is given by

VE(z) = —e 1Yy,

where Yy is defined as the initial value of the unique solution (Y, Z,U) € D?f X H?f X J?f of the
following 2BSDEJ

T T T
Yt_enf+/ FS(YS,ZS,Us)ds—/ stBg—/ /Us(:n)ﬁBd(ds,dx)—i—KT—Kt, (6.3.9)
t t t E

where the generator is defined as follows

~

Ft(w7y7 Z, U) = Ft<w7y7 z)u7at7ﬁt)a

where
2

Fi(y,z,u,a,v) := inf {(—nbt + n—ﬂa)ﬂ'y —nraz + / (67’7”5’5(‘”) - 1) (y + u(a:))u(da:)} .
meC 2 E

Moreover, there exists an optimal trading strategy m* realizing the infimum above.
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6.3.3 A link with a particular quadratic 2BSDEJ

In the case without uncertainty on the parameters, coming back to the paper of El Karoui and
Rouge [51], utility maximization problems in a continuous framework with constrained strategies
have usually been linked to BSDEs with a quadratic growth generator. The same type of results were
later proved by Morlais [92] in a discontinuous setting, that is to say when the assets in the market
are assumed to have jumps. More recently, Lim and Quenez [82| showed that when the strategies are
constrained in a compact set, then one only needed to consider a BSDE with a Lipschitz generator,
thus simplifying the approach of Morlais. Since we provided in this chapter a wellposedness theory
for Lipscitz 2BSDEs with jumps, we used the ideas of [82] in the previous section. Our aim in this
section is to show that with the result of Proposition 6.3.1 and by making a change of variables,
we can prove the existence of a solution to a particular 2BSDEJ, similar to the one in [92], whose
generator satisfies a quadratic growth condition.

Before proceeding with the proof, we recall that as for quadratic BSDEs and 2BSDEs, we always
have a deep link between the martingale part of the solution and the BMO spaces. So we need to
introduce the following spaces.

JQB%% denotes the space of predictable and £-mesurable applications U : © x [0,T] x E such that

/ / 2)fipa(ds, dz)

where ||-[[gypop is the usual BMO(P) norm under P.

U320, := sup

< +00,
IBano PP,

BMO(P)

H%'f\’ﬁ) denotes the space of all F-progressively measurable R%valued processes Z with

/ Z,dBe

We refer the reader to the book by Kazamaki [72| and the references therein for more information
on the BMO spaces.

< 4-o00.
BMO(P)

| Z]| 2,51 := sup
BMO PEPY

Proposition 6.3.2 Assume that exp(né) € £H and that & is bounded quasi-surely. Then, there
exists a solution (Y', Z',U") € ID)H X HH X JH to the quadratic 2BSDE.J

—§+/ Fl(z.,u!) ds—/ ZLdBS — / / x)figa(ds,dz) + K — K, (6.3.10)
t

where the generator is defined as follows

~

F(w,z,u) == F}(w, z,u,at, ), (6.3.11)

where

n 7_‘_(11/2_ <a1/2 bt“‘fEﬁt ( )>

2
/ inf 47 L —
F/(z,u,a,v) —;22{2 ali2 + 77] (n(u 77675))}

- (bt + / 5t(:c)l/(dac)> a1/, 1ot g B@vdnl®
E

2an
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where j(u,v) = [ (e“(“”) —1—wu(z)) v(dx). Moreover,

V) = esssup’ ¢,
P’ ePy (t+,P)

where y'* is the solution to the quadratic BSDE with the same terminal condition ¢ and generator
F'. Besides, Y' is also bounded quasi-surely.

Proof.
Step 1: As in Morlais [92], we can verify that the generator F’ satisfies the following conditions.

(i) F’ has the quadratic growth property. There exists (o, d) € Ry x R?% such that for all (¢, z,u),
P —q.s. ‘ﬁt’(0,0)‘ < a and

~ 5 2 1~ A R 2 1.
—|F5<o,o>\—5\ai/2z — G < Fi(zu) < B0 + 3 [a72] + S,
where 7 (u fE( 2 1 —u(z ) Di(dx).

(i) We have a "local Lipschitz" condition in z, du > 0 and a progressively measurable process
¢ € Hyv!T such that for all (¢, 2,2 ,u), Pf — q.5

(iii) For every (z,u,u) there exists a predictable and £-mesurable process () such that P, —q.s.,

B zw) = B w) = o@z 0220 | < |2 @2

(fat:] + fase=

Fl(zu) — Bl(20) / / ez /() Pu(da)ds

t
| [ @) (ute) = @) utdn)as < Fiev) - Fien),
0 JE
where there exists constants C1,C] > —1 and Cq, C% > 0, independent of (z, u, u’) such that

C1(1 A J2]) < w(z) < Co(1 Afz]), and CI(LA [2]) < vi(z) < Co(1 A Ja]).

In particular, v and +' are in JQB;[%

We know from [92], that under cach P, the BSDEJ with terminal condition & and generator F’

has a solution, that we denote (y'*, 2%, uF)

. Moreover, y'¥ is bounded and there exists a bounded
version of u’F (that we still denote u'F) , with the following estimates

‘ ’ ’
[e.e]

where C' > 0. Next by applying Itd’s formula, we have 3} = e”ylp, t € R*, where (y%, 2F, u") is the

/P

y /P

| < C0+lelle) and o] < 2]y

solution under P of equation (6.3.9). This gives that

e ¢ < y]tP> < eCl, teRT, C" eR.
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In particular y¥ is strictly positive and bounded away from 0, and by representation (5.4.1), so is
Y solving (6.3.9). Thus, we can make the following change of variables

1
Y/ = #Og (Y2).

Then by Ité’s formula and the fact that K has only predictable jumps, we can verify that the triple
(Y', Z',U") satisties (6.3.10) where

17, 1 U, t 1 1 AKY
Zl.==22 Ul :="lo (1+>, K! ::/ —dK¢ — “lo (1— 5.
S AR Y L Jo Y 2. n e Vs

0<s<t

In particular, K’ is predictable and nondecreasing with K’q = 0. Finally, due to the monotonicity
of the function %log(:v), we have the following representation for Y’

Y/ = esssup’ yfp .
P’ ePy (t+,P)

Step 2: Next, we will prove the minimum condition for K’. As in [104] for 2BSDE with quadratic
growth generator, we use the above representation of Y’ and the properties verified by F’in z and
u.

Fix P in P§, and P’ € Py (t+, P), denote
oY =Y —yF 67 =72 — 2% and U :=U" —

By the "local Lipschitz" condition (ii) of F' in z, there exist a process 1 with

/

| < ()ai/zZt) + ‘/diﬂz? D , P —a.s.

such that we have for all 0 < ¢ < T, P —a.s.

§Y, = /t T(ns+¢s) 267" ds — / 67! dBS — / / SUL(x) [figa(ds, dz) — . (x)D(dx)ds]

T
+/ [F;(z;, Ul) — ds - / / ve(z)oUL(z)v(dz)ds + Kl — Kj. (6.3.12)
t
Let us now prove that we have Z’ € H%’Z’;é, € JQB'X/[% and that U’ (or more precisely a version

of U’) is uniformly bounded. Actually, this can be proved using exactly the same arguments as in

!
—VY{ for

the proof of Lemma 3.3.1 in [104] on the one hand, that is to say applying It6’s formula to e
a well chosen v > 0. This allows then to get rid of the non-decreasing process K’ in the estimates.
Then on the other hand, one can use the same calculations as in the proof of Lemma 4.2.1 to obtain
that

7' € ng{\’f({), (€—5U' ) c J%ﬁ/fé and that U’ is uniformly bounded.

Then, using the mean value theorem, it is easy to show that for every ¢ € [0, 7] and every z € F,
there exists some ¢ € [—(U(z)) ™, (Us(x)) "] such that
1— 6_6U£(m)

Ul(x) = fe‘sc.
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Since ¢ is bounded, this clearly implies that U’ € J%’X/’[Ig). Then the process 1 defined above is also

in H%ﬁfé Since the process 7' is bounded and has jumps greater than —1 + §, Kazamaki criterion
(see [70]) implies that we can define an equivalent probability measure Q' such that

dQ’ ~ - S
d% :5</0 (ns + ¢s) 1/2dB§+/O /E’ys(a:),qu(ds,dx)>.

By taking conditional expectations in (6.3.12) and using property (iii) satisfied by F’, we obtain

Yt/ . y/]f/ > ]].39/ [Ké—v — Ké] .

For notational convenience, denote

t t
gl ¢ < / (s + ns)ag1/2ng> and €2 1= & < / / o (2)]i o (ds, d:c)) .
0 0 E

Let 7 > 1 be the number given by Lemma 3.2.2 in [104] applied to £!. Then we estimate

B [K'r — K]

1
/ g 2r—1 ’
<8 | L (wp-xp| " u

1
/ 1N\ =1
o (5 [(2)
T

<o (& [(xp)]) ™ o)t

r—1 r—1

, 2(2r—1)
ST

where we used in the last inequality Lemma 3.2.2 in [104] for the term involving £' and where we
used Lemma B.2.4 for the term involving £2 (this is possible because of the properties verified by

7).
With the same argument as in Step (iii) of the proof of Theorem 5.4.1, the above inequality along
with the representation for Y’ shows that we have

essinf’ EY [Kj — K}] =0,
P’ ePr (t+,P)

that is to say that the minimum condition 5.3.5 is verified. Indeed, the only thing to verify is that

esssup’ Y [(K{,’)ﬂ < +o0. (6.3.13)
P ePy (tT,P)

With the BMO properties satisfied by Z’ and U’ we can follow the proof of Theorem 3.2 in [104]
to show that
sup EF [(K’T)ﬂ < H00.
PePy

Then (6.3.13) can be obtained exactly as in the proof of Step (iii) of Theorem 5.4.1. O






APPENDIX A

Technical Results for Quadratic BSDEs
with Jumps

Proposition A.0.3 Let g be a function satisfying Assumption 4.2.1(1), which is uniformly Lipschitz
n (y,z,u). Let'Y be a cadlag g-submartingale (resp. g-supermartingale) in S*°. Assume further

that g is concave (resp. convex) in (z,u) and that
0 1.
9u(y, 2,0) 2 =M = Bly| = 3 2" = Zji(—yu).
(resp st 0) < 304 811+ J 1+ L) ).

Then there exists a predictable non-decreasing (resp. non-increasing) process A null at 0 and processes
(Z,U) € H? x J? such that

T T
Y, = YT+/ gs(Ys,Zs,U)ds—/ Z,dB, // Vii(dz,ds) — Ay + Ay, t € [0,T).
t

Proof. As usual, we can limit ourselves to the g-supermartingale case. Let us consider the following
reflected BSDEJ with lower obstacle Y, generator g and terminal condition Y

ﬁ—YT+/ gs(S U)ds—/ Z.dBs — // p(dx,ds) + Ap — Ay, t €10, T], P— a.s.
t t

Y, > Y, t€[0,T], P—a.s.
T ~

/ (st - st) dA, =0, P — a.s. (A.0.1)
0

The existence and uniqueness of a solution consisting of a predictable non-decreasing process A
and a triplet (Y, Z,U) € S x H? x J? follow from the results of [58] for instance, since the generator
is Lipschitz and the obstacle is cadlag and bounded.

We will now show that the process Y must always be equal to the lower obstacle Y, which will
provide us the desired decomposition. We proceed by contradiction and assume without loss of
generality that Yy > Y. For any € > 0, we now define the following bounded stopping time

Te ::inf{t>0, ﬁgY}%—a, P—a.s.}/\T.

By the Skorokhod condition, it is a classical result that the non-decreasing process A never acts
before 7.. Therefore, we have for any t € [0, 7¢]

E:}Zﬁ/ Egs(f/;,zs,ﬁs)ds—/ Z4dB, — / /U fi(dz,ds), P — a.s. (A.0.2)
t t
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Consider now the BSDEJ on [0, 7] with terminal condition Y;, and generator g (existence and
uniqueness of the solution are consequences of the result of [4] or [81])

Y, = Y. —i—/ gs(?s,és,ﬁs)ds—/ 7.dB, —/ / ﬁs(aﬁ)ﬁ(dx,ds), P—a.s. (A.0.3)
t t t JE

Notice also that since Y and ¢(0,0,0) are bounded, Y and Y are also bounded, as a consequence
of classical a priori estimates for Lipschitz BSDEJs and RBSDEJs. Then, using the fact that g is
convex in (z,u) and that

Y L.
gy, z,u) < M+ Bly| + 5 |2 + ;Jt(w),

we can proceed exactly as in the Step 2 of the proof of Proposition 4.2.7 to obtain that for any

6 e (0,1)
Yo — 6% < 1_91n<Eﬂ” [exp(y/E(M—i-C‘?t’—l—c i—&ﬁ)dw”(ﬁg—eyﬁ)ﬂ)
<(1—0)1n(C0)—|—C’</5 Y, — 0Y, ds+’}7T5—9YTE )
0 o0 o0

where C is some constant which does not depend on 6.

Letting 6 go to 1, and using the fact that by definition }7}5 — 0Y,.. < ¢, we obtain

Y, Y,

ds. (A.0.4)

[e o]

~ —~ Te
YE)—Y()SCE-FC/
0

But since Y is a g-supermartingale, we have by definition that }A/O < Yp. Since we assumed that
Yo > Y, this implies that Yy > Y. Therefore, we can use Gronwall’s lemma in (A.0.4) to obtain
0< % - }/}0 < 0187
for some constant C7 > 0, independent of ¢.

By arbitrariness of €, this gives us the desired contradiction and ends the proof. O



APPENDIX B

Technical Results for 2BSDEs with
Jumps

B.1 The measures P“”

Lemma B.1.1 Let 7 be an F-stopping time. Let w € Q and S be a bounded F™“) -stopping time.
There exists an F stopping time S, such that

S =57 (B.1.1)

Proof.
(B.1.1) means that

Ve @ S(@) = S(@) = S(w ®r(y) D).
We set
Vwi € Q, S(w) = S(wI(w)).
Using the fact that
for s > 7(w), (W @rw) @)T(w)(s) =w(T(w)) +w(s) —w(T(w)) —w(T(w)) = w(s),
we have that S satisfies (B.1.1) by construction, indeed

57 (@) = 8 [ (w @y ©)] = 5@).

Notice now that for any w € Q, S : Q — [7(w),T] is measurable as a composition of measurable
mappings.
Finally, let us prove that S is an F-stopping time.
For t < 7(w), {S <t} ={0} € F.
For ¢t > 7(w),
{S <t} = {w €] S™) <1}
— {w1 @, 0] € QI SW[™) <t}
— {w1 € Qwa(“) € A“}
(A¥).

—1
I
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where A% = {5 € 7@ | S@) < t} € F7“) and
Iy (9, F) — (QT(w),}}T(w)) is defined by IL () (w1) := wI(w). By definition of the measura-
bility of TT(,), we have {S < t} =TI_ (A*) € F. O

Lemma B.1.2 Let P € P and 7 be an FB-stopping time. Then
P e P;(w) for P—a.e. we .

Proof.
Step 1: Let us first prove that

(P,)™ = stﬂ), P,-a.s. on €, (B.1.2)

where (IP,)™* denotes a probability measure on 7, constructed from a regular conditional probability

(@)

distribution (r.c.p.d.) of P, for the stopping time 7, evaluated at w, and P+ is the unique solution
of the martingale problem (P!, 7(w), T, Id,v™), where P! is such that P}(BI = 0) = 1.

It is enough to show that outside a IP,-negligible set, the shifted processes M7, J7, Q7 are (P,)™*-
local martingales, where M, J and @ are defined in Remark 5.2.1. For this, for any w in €, take a
bounded F7)-stopping time S. By Lemma B.1.1, there exists a bounded F-stopping time S such
that S = S™. Then, following the definitions in Subsection 6.2.1,

ABG¥ (@) = ABs(w ®; @) = A(w ®, @)(S) = Awslig<,} + ADsligsry,
and that for S > 7
Bs(w @, &) = (w @, ©)(S) = wy + Ts = By(w) + BY(@).
From this we get

M3* (@) = Ms(w ®- &) =Bs(w @ @) — Y LA, (we,5)>1ABu(w ®- &)
u<S

/x1|m|>1l/uw®7- w)(dz) du

_BS —|—Bt Zl‘Aw >1Awu Z 1|ABZ(G)\>1ABZ(&7)

u<t T<u<S

/ /$1|g;|>1Vu )(dx) du+/ /x1|m|>1y’ w)(dx) du
=MI(

(@) + M- (w), Ywe Q.
And we can now compute
E®)™ (ME] = E®™ [MEY — M, (w)]
B (M7 ] - M)
= RE [Mg](w) — M;(w) = 0, for Py-a.e. w. (B.1.3)
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Since S is an arbitrary bounded stopping time, we have that M7™ is a (P,)™“-local martingale for
P,-a.e. w.

Notice that since M is a cadlag local martingale under P, we can find a P,-negligible set N, such
that for any bounded F-stopping times o1 < o, for any w outside of N, we have ELY [M,,] (w) =
My, (w). In particular, the negligible set appearing in the equality (B.1.3) is independent of the
choice of S.

We treat the case of the process J” analogously and write

Tg@) = (5@) -5 [ [ o [ ’ | ai @) )

— (M3@)* + (M) + 2@ M) = (5= 1)~ [ ’ | ai @) )
/ / vy (w)(dz)du — 7
=JL(@) + Jr (W) + 2MZ (D) My (w).
Then we can compute the expectation
E®)™ (3] = E®™ [J2¥ — 2MIM,(w)] — Jr(w) = 0, for P,-ae. w.

J7 is then a (P, )™“-local martingale for P,-a.e. w.. Finally, we do the same kind of calculation for

@7, and we obtain

Q5" (@ / / 2)pp(w @ @, dz, du) — / / &) (dzx) du
/ / x)pup(w,dr, du) + / / x)ppr (W, dx, du)
/ / x) vy (w)(dz)du —/ / w)(dx) du

—QS + Q‘r( )

And again we compute the expectation over the w € Q7, under the measure (P, )™

E(IP’V [QT] _ m(P,)™v [Qg,w _ QT(W)]
= EIE” [Qs](w) — Q- (w) = 0, for Pp-a.e. w.
We have the desired result, and conclude that (B.1.2) holds true. We can now deduce that for any
(,v) e A

T,W 4,7,

P e P;(w) P,-a.s. on . (B.1.4)

Indeed, if (o, v) € D x N, then (o™, v™) € DT x N7 because

T T T
/ / (1A |22)7 (@) (da)ds + / / 20T () (da)ds + / a7 ()| ds < oo,
T(w) JE 7(w) J|z|>1 7(w)



172 Appendix B. Technical Results for 2BSDEs with Jumps

Step 2: We define 7 := 70 X%, @™ := o"P(©) and 7™ = p7B(©) where S, is a measurable

map such that B = §,(X?), P,-a.s. Moreover, T is a stopping time, we have 7 = 7 o 3, and using
(B.1.4),

T,Ww

Pa"

T 77;1(“)) P*Y-a.s. on €.

Step 3: We show that

EF"" (¢ (Biyars - -+ Bionr) ¥ (Biys - -, Bi,))] = EF** (¢ (Biynrs - - -, Bipnr) 7]

for every 0 < t1 < --- < t, <T, every continuous and bounded functions ¢ and v and
Wy (w) = EE 7 [w(w(tl), o w(tk),w(t) + By, s w(t) + B
for t := 7(w) € [tg, ty1)-

Recall that P¢"“#™ is defined by P*"“#™ = Pyrw o (X&T’w)fl, then
7 (w) tk+1 ~ 1/2
0rl) = B [ (wlt). .t w) + [ (a220)  amry
t
tht1 . tn _ 1/2
b [ ]l s, da) = 25 dmyas), ot + [ (a75)  amgy
t E t
tn i
+/ / (e (ds, dx) — ug’ﬁa(w)(dx)ds))]
t JE
Then, Vw € Q, if t := T7(w) = 7 (X*(w)) € [tk trr1],
a P’ a Kas 7wyl 2 (w)\e
e (X)) = BE7 [ (X5, ()., XL (), XP(w) + / ( af*)"? a(B])
fett oW 1/2 F(w)\c
+ J"(HB‘F(W)(dSudx) — Vg’ (dl‘)d‘s)?’ B ) (B15>
t E

. /ttn /Ea:('uB*(“)(ds’dx) — y?“’(da:)ds))].

We remark that for every w € €2,
as(w) = as (w ®z(w) w%(“’)> = al¥ (w%(w))
and vs(w)(dx) = vs (cu ®(w) w?(w)) (dz) = v7¥ ( Fw )) (dx)

By definition, the (P,)7“-distribution of B7“) is equal to the (P, )¢-distribution of (B. — Bz )
(B.1.5) then becomes

r (X)) =B [ (XA @)oo X X0+ [ all (BB

tht1 . o do) — (s o, tna1/2 c c
+/t /E(MB(d,d> s(d)d>,---,Xt<)+/t s/ (B)d(B;)

+/t"/ z(pp(ds,dr) —Vs(dx)ds)ﬂ
t E
_g(®)2 [1/) (th, X Xy o ,Xﬁ)]

:EIP’V |:¢ t1? Xa Xa

tp) g1

,Xf;)\]:;} (w), P,-a.s. on Q.
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Then we have

EZ [0 (Buanrs -+ Boans) r] = B [0 X0 prs o, X pe ) 02(X)]
=B (Xm0 Xene JE™ [0(X5 . X0 X0 X0 )1
=B [o(Xgnes o X0 )0 (X0, X0 X0 XE )
=E" [¢ (Biyars -, Biunr) ¥ (B, -, By,,)] -

Step 4: Now we prove that P™* = PA" P Poas. on €.

By definition of the conditional expectation,
Ur(w) = EF™ | p(w(ty), ..., wte), w(t) + Btk+1’ Cw(t)+ B )|, PY-as.,

where t := 7(w) € [tk, tkt1[, and where the P*¥-null set can depend on (t1,...,t,) and 1, but we
can choose a common null set by standard approximation arguments.

Then by a density argument we obtain

TUJ Tw

EF™ ] = EF* [n], for P*"-a.e. w,
for every bounded and f;(w)—mesurable random variable 1. This implies P™* = PY"“#™" P_as. on
Q. And from the Step 1 we deduce that P™ € ft(w) O

Ve
Lemma B.1.3 We have P" € Py;, where P" is defined by (6.2.9).

Proof. Since by definition, P! € Pt and P € Py, we have Pi = P and P = P, for (af, ') € At
and (a,v) € A, i =1,...,n. Next we define

g = o, Ot)

Za 1pi(X —I—oleEn(Xa)] 1,7)(s), and

Vg 1= Vs]_[Ot

Zl/ 1E’L +V81En(Xa)] 1[t,T](S)

Now following the arguments in the proof of step 3 of Lemma B.1.2, we prove that for any 0 < t; <
- <tp =1 <tpy1 < t, and any continuous and bounded functions ¢ and 1,

EF* | 4(B,, ..., Bi,) ZEP%“[ (Bty,..., By Bi+ Bl ... ,Bt+Bfn)] 1E§-]

=E"" [¢(By,, ..., By, )(Byy, ..., By,

This implies that P"* = P%" € P 1+ And since all the probability measures P satisfy the requirements
of Definition 6.2.1, we have P"* = P*” € Py, O
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B.2 Other properties

B.2.1 Upward directed set

Lemma B.2.1 Fiz an arbitrary measure P = P*" in Pf,. The set Py (tT,P) is upward directed, i.e.
for each Py := POV and Py := PO2¥2 jn Pl(tT,P), there exists P € Pl (tT,P) such that Vu > t,

ﬂ“m—mﬂzmw@Pngmﬂwﬂmrﬂﬁ”. (B.2.1)
Proof.
We define the following F;-measurable sets
Byi={we B (K, - Ki)| (@) < B (K, - K0)?] (@)},
and Fy := Q\E;. Then for all A € Fr, we define the probability measure P’ by,
P'(A) := P (AN E)) +Py(AN Ey).

By definition, P’ satisfies (B.2.1). Let us prove now that P e Py (tT,P). As in the proof of claim
(4.17) in [112], for s € [0,T], we define the processes a* and v* as follows

(W) = as(W) o, () + (a5 (W)Lixack, ) (@) + ol (@) L{xacn,) (@) 1 1y(s),
Vi (W) = vs(w) Lo (8) + (v (W) Lxeem) (W) + V3 (W) ixack} (@) 17 (s),
where X is defined in (5.2.6). We have
O<ara'ra?<a*<ava' va?,

where o, @, o, @ are the lower and upper bounds of the processes o, a' and a?. Next, we have

T T T
| [anie®uisdn < [* ] @niafasd+ [ ] @nleflsd)
0 E 0 E 0 E
T
[ [ anlefdas,ds) < +ox,
0 E
and the same way we see that f(;[ f{‘x|>1} zvi(ds,dr) < +o0o. Then, we have therefore clearly

(o*,v*) € A, and we can define the element P " of Pj;.

Now using the same arguments as in the Step 3 of the proof of Lemma B.1.2, we obtain that for
any t] < - <t =1t <tpy1 <--- <ty and any bounded and continuous functions ¢ and ),

EPQ " [Qs(Btlu ... 7Btk)1/}(Bt17 ey Btn):|
:EWWM&W”J%KWWHWBWHW&M&+Bt ..., Bi+ BL )1,

tr4+17?

+ EF [(By,, ... s By, Bt + B§k+1’ o Bet Bg”)]lEz)} '

This shows that

(P V)% = (P)% for P*"* -almost every w in  and every ¢ > 0.
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Thus P' = P*"" ¢ P ;. To prove that P e Pi;, we compute

/ T 2 t 2 T 2 T
EF [/ ds]:EP[/ ds]+EP1 [/ dle1]+EP2 [/
0 0 t t

P T 2 P T 2 P T
<o [ [ @] v un [ [ 52 aenn] wen [
0 0 0

Since by construction P’ coincides with P on F;, the proof is complete.

2

~

£0 £ £ £

s

ds lEQ]

;0 70 0
Fs Fs Fs

2
ds lEQ} < +o00.

B.2.2 ["-Integrability of exponential martingales

Lemma B.2.2 Let 6 > 0 and n € N*. Then there exists a constant C,, 5 depending only on ¢ and n
such that
(14+2)™ =1+ nx < Cp 522, for all x € [~1+ 6, +00).

Proof. The inequality is clear for x large enough, let’s say x > M for some M > 0. Then, a simple
Taylor expansion shows that this also holds in a neighborhood of 0, that is to say for z € [—¢,¢] for
some € > 0. Finally, for x € (=149, —e) U (e, M), it is clear that we can choose C' large enough such
that the inequality also holds. O

Mémin [89] and then Lépingle and Mémin [80] proved some useful multiplicative decompositions of
exponential semimartingales. We give here one of these representations that we will use in the proof
of Lemma B.2.3.

Proposition B.2.1 (Proposition II.1 of [79]) Let N be a local martingale and let A be a pre-
dictable process with finite variation such that AA # —1. We assume Nyg = Ag = 0. Then there
exists a local martingale N with Ny = 0 and such that

E(N 4+ A) = E(N)E(A).

Lemma B.2.3 Let A > 0 and M be a local martingale with bounded jumps, such that AM > —149,
for a fized 6 > 0. Let V> be the predictable compensator of

W, = Z {(1+AMS)**— L+ AAM,|, t>0

s<t
We have
(i) EMNM) = EN+ A™) where

AA+1)
2

A = (M, MOYT VA N = AT+ W -V

(i) There exist a local martingale N~ such that
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Proof. First note that thanks to lemma B.2.2, for A > 0, (14 2)™* — 1+ Az < C2?, and thus W=
is integrable. We set

1
T, =inf{t >0 : EM); < —} and M;* = Miar,,.
n

Then M™ and £(M™) are local martingales, E(M™) > 1 and E(M™); = E(M); if t < T,. The
assumption AM > —1 shows that T}, tends to infinity when n tends to infinity. For each n > 1, we
apply It'l'g)%’s formula to a C? function f,, that coincides with 2~ on [%, +o0):

e, =1 [ Ce ), de (), + AAFY / L), (e,
0 2 0
+y [54(1\4")5 CETM MM, + AET M) AETN (MM,

t
=1 +/ E(M™),—dX™,
0

where

AA+1)

X7 = —AM] + >

(M™)° (M™)), + [(1 +AM) N — 1+ AAMS] ,
s<t

and then £~*(M") = £(X™). Let us define the non-truncated counterpart X of X"

20+

X =-\M
+ 2

(M€, M) + WA,
On the interval [0,T,[, we have X" = X and £ (M) = £(X), now letting n tends to infinity, we

obtain that £~*(M) and £(X) coincide on [0, +oo[, which is the point (i) of the Lemma.

We want to use the proposition B.2.1 to prove the point (ii), so we need to show that AA > —1.
We set
S=inf{t >0 : AA;* < —1}.

It is a predictable time. Using this, and the fact that M and (W~* — V=) are local martingales,
we have

AAG =B | AP Fs-| = E[AXs|Fs-] =B [(1+ AMs) | Fs-|
and since {S < +oo} € Fg-,
0>E [1{S<+oo}(1 + AA?)} =E [1{S<+o<>}(1 + AMS)_X} :

Then AMg < —1 on {S < 400}, which means that S = +00 and AA > —1 a.s. The proof is now
complete. O

We are finally in a position to state the Lemma on L" integrability of exponential martingales for
a negative exponent 7.

Lemma B.2.4 Let A > 0 and let M be a local martingale with bounded jumps, such that AM >
—1+96, for a fized § > 0, and (M, M), is bounded dt x P-a.s. Then

EP [E(M);A} <400 dtxP— as.
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Proof. Let n > 1 be an integer. We will denote jiys = uas — var the compensated jump measure of
M. Thanks to lemma B.2.3, we write the decompostion

- 1
S(M)_TL — g(N—TL)g <2n(n+ 1) < MC7MC > +V—n> 7

where N~ is a local martingale and V™" is defined as V~*. Using Lemma B.2.2, we have the

t
thg/ /C.’EQVM(dS,dl’)
0 JE

and using the previous representation we obtain

inequality

E(M);"™ < E(N~"),€ <;n(n 1) (MC, M€Y + /O | /E cx%M(ds,d:p)>

t

< £ ")rewp ((gntn-+ 1) +0) 01.30),

< CE(NT"); since (M, M), is bounded.

Let us prove now that the jumps of N™" are strictly bigger than —1. We compute

AN~ = AL where A™" is defined as in lemma B.2.4
1+ AA™
:w—l>—lsime — 1< AM < Band AV™" > —1.
14+ AV

This implies that &£ (N ~™) is a positive supermartingale which equals 1 at ¢ = 0. We deduce
E [£(M);"] < CE [5(N—")t} <.

We have the desired integrability for negative integers. We extend the property to any negative real
number by Holder’s inequality. O
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