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Étude des EDS rétrogrades avec sauts et problèmes de gestion du risque

Résumé : Cette thèse traite d’une part, de questions de gestion, de mesure et de transfert du
risque et d’autre part, de problèmes d’analyse stochastique à sauts avec incertitude de modèle.

Le premier chapitre est consacré à l’analyse des intégrales de Choquet, comme mesures de risque
monétaires non nécessairement invariantes en loi. Nous établissons d’abord un nouveau résultat de
représentation des mesures de risque comonotones, puis un résultat de représentation des intégrales
de Choquet en introduisant la notion de distorsion locale. Ceci nous permet de donner ensuite
une forme explicite à l’inf-convolution de deux intégrales de Choquet, avec des exemples illustrant
l’impact de l’absence de la propriété d’invariance en loi.

Nous nous intéressons ensuite à un problème de tarification d’un contrat de réassurance non pro-
portionnelle, contenant des clauses de reconstitution. Après avoir défini le prix d’indifférence relatif à
la fois à une fonction d’utilité et à une mesure de risque, nous l’encadrons par des valeurs facilement
implémentables.

Nous passons alors à un cadre dynamique en temps. Pour cela, nous montrons, en adoptant une
approche par point fixe, un théorème d’existence de solutions bornées pour une classe d’équations
différentielles stochastiques rétrogrades (EDSRs dans la suite) avec sauts et à croissance quadratique.
Sous une hypothèse additionnelle classique dans le cadre à sauts, ou sous une hypothèse de convexité
du générateur, nous établissons un résultat d’unicité grâce à un principe de comparaison. Nous
analysons les propriétés des espérances non linéaires correspondantes. En particulier, nous obtenons
une décomposition de Doob-Meyer des surmartingales non-linéaires ainsi que leur régularité en temps.
En conséquence, nous en déduisons facilement un principe de comparaison inverse. Nous appliquons
ces résultats à l’étude des mesures de risque dynamiques associées, sur une filtration engendrée à la
fois par un mouvement brownien et par une mesure aléatoire à valeurs entières, à leur repésentation
duale, ainsi qu’à leur inf-convolution, avec des exemples explicites.

La seconde partie de cette thèse concerne l’analyse de l’incertitude de modèle, dans le cas particulier
des EDSRs du second ordre avec sauts. Nous imposons que ces équations aient lieu au sens presque-
sûr, pour toute une famille non dominée de mesures de probabilités qui sont solution d’un problème
de martingales sur l’espace de Skorohod.

Nous étendons d’abord la définition des EDSRs du second ordre, telles que définies par Soner, Touzi
et Zhang [112], au cas avec sauts. Pour ce faire, nous démontrons un résultat d’agrégation au sens
de [111] sur l’espace des trajectoires càdlàg. Ceci nous permet, entre autres, d’utiliser une version
quasi-sûre du compensateur de la mesure des sauts du processus canonique. Nous montrons alors
un résultat d’existence et d’unicité pour notre classe d’EDSRs du second ordre. Ces équations sont
affectées par l’incertitude portant à la fois sur la volatilité et sur les sauts du processus qui les dirige.

Mots-clés : mesures de risque convexes, intégrales de Choquet, capacités sous-modulaires, invari-
ance en loi, inf-convolution, réassurance non proportionnelle, clauses de reconstitution, tarification
par indifférence, équations différentielles stochastiques rétrogrades avec sauts, générateur à croissance
quadratique, décomposition de Doob-Meyer non linéaire, principe de comparaison inverse, équations
différentielles stochastiques rétrogrades du second ordre, agrégation sur l’espace de Skorohod, analyse
stochastique quasi-sûre avec sauts.
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Analysis of Backward SDEs with Jumps and Risk Management Issues

Abstract: This PhD dissertation deals with issues in management, measure and transfer of risk
on the one hand and with problems of stochastic analysis with jumps under model uncertainty on
the other hand.

The first chapter is dedicated to the analysis of Choquet integrals, as non necessarily law invariant
monetary risk measures. We first establish a new representation result of convex comonotone risk
measures, then a representation result of Choquet integrals by introducing the notion of local dis-
tortion. This allows us then to compute in an explicit manner the inf-convolution of two Choquet
integrals, with examples illustrating the impact of the absence of the law invariance property.

Then we focus on a non-proportional reinsurance pricing problem, for a contract with reinstate-
ments. After defining the indifference price with respect to both a utility function and a risk measure,
we prove that is is contained in some interval whose bounds are easily calculable.

Then we pursue our study in a time dynamic setting. We prove the existence of bounded solutions
of quadratic backward stochastic differential equations (BSDEs for short) with jumps, using a direct
fixed point approach as in Tevzadze [117]. Under an additional standard assumption, or under
a convexity assumption of the generator, we prove a uniqueness result, thanks to a comparison
theorem. Then we study the properties of the corresponding non-linear expectations, we obtain in
particular a non linear Doob-Meyer decomposition for g-submartingales and their regularity in time.
As a consequence of this results, we obtain a converse comparison theorem for our class of BSDEs.
We give applications for dynamic risk measures and their dual representation, and compute their
inf-convolution, with some explicit examples, when the filtration is generated by both a Brownian
motion and an integer valued random measure.

The second part of this PhD dissertation is concerned with the analysis of model uncertainty, in the
particular case of second order BSDEs with jumps. These equations hold P-almost surely, where P
lies in a wide family of probability measures, corresponding to solutions of some martingale problems
on the Skorohod space of càdlàg paths.

We first extend the definition given by Soner, Touzi and Zhang [112] of second order BSDEs
to the case with jumps. For this purpose, we prove an aggregation result, in the sense of [111],
on the Skorohod space. This allows us to use a quasi-sure version of the canonical process jump
measure compensator. Then we prove a wellposedness result for our class of second order BSDEs.
These equations include model uncertainty, affecting both the volatility and the jump measure of
the canonical process.

Keywords : Convex risk measures, Choquet integrals, submodular capacities, law invariance,
inf-convolution, non-proportional reinsurance, reinstatement clause, indifference pricing, backward
stochastic differential equations with jumps, quadratic growth generator, non-linear Doob-Meyer
decomposition, converse comparison theorem, second order BSDEs, aggregation on Skorohod space,
quasi-sure stochastic analysis with jumps.
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1.1 Problèmes récents de mesure et de gestion du risque

1.1.1 Des mesures de risque aux intégrales de Choquet

Dans la première partie de cette thèse, nous aurons recours à de nombreuses reprises à des espérances
non linéaires, objets qui correspondent, au signe près, soit à des mesures de risque, soit à des fonctions
d’utilité monétaires.
Nous commencerons par étudier les mesures de risque, en nous focalisant sur le cas particulier des

intégrales de Choquet, pour analyser des problèmes de transferts de risque formulés à l’aide de ces
fonctionnelles.
Nous analyserons ensuite en section 1.1.2 un problème de tarification par indifférence, faisant

intervenir à la fois une fonction d’utilité monétaire et une mesure de risque.

1.1.1.1 Mesures de risque

Ces dernières années, une attention croissante a été portée aux méthodes permettant d’associer une
mesure chiffrée à un risque, ce risque pouvant être issu d’une position financière ou d’aléas assurés
par une compagnie d’assurance, ces derniers incluant des risques majeurs variés comme ceux des
catastrophes naturelles, des pandémies, ou encore des risques industriels.
Motivés par certaines imperfections de mesures traditionnelles de risque comme la Value-at-Risk

(VaR), Artzner et al [2] ont conduit une analyse axiomatique du capital de solvabilité requis et ont
introduit la notion de mesure de risque cohérente sur un espace de probabilité.
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Dans l’espace X de toutes les positions financières, il existe un sous-ensemble A de positions qui
sont considérées comme acceptables, par exemple, du point de vue d’une autorité de régulation.
Supposons que si une position Y est acceptable et X ≤ Y alors X est acceptable. On définit alors
le risque ρ(X) comme la somme minimale à adjoindre à la perte X et à investir de façon sûre, pour
que X devienne acceptable, on a donc :

ρ(X) = inf{m ∈ R|X −m ∈ A}.

Adjoindre m ∈ R à X revient à diminuer les pertes du montant deterministe m.
Il s’ensuit que ρ est une application définie sur l’ensemble X telle que ρ(X + c) = ρ(X) + c pour

toute constante c, c’est la propriété de cash invariance, appellée également invariance par translation.
De plus, le risque augmente quand les pertes éventuelles augmentent, ρ(X) ≤ ρ(Y ) si X ≤ Y .
Nous avons plus précisément la définition suivante. Soit (Ω,F ,P) un espace de probabilité fixé.

Définition .1 Une application ρ : X → R est dite :

• [MO] Monotone si X ≤ Y p.s. implique ρ(X) ≤ ρ(Y ).

• [CI] Invariante par translation si ∀c ∈ R, ρ(X + c) = ρ(X) + c.

• [CO] Convexe si ∀ 0 ≤ λ ≤ 1, ρ(λX + (1− λ)Y ) ≤ λρ(X) + (1− λ)ρ(Y ).

• [PH] Positivement homogène si ∀ λ ≥ 0, ρ(λX) = λρ(X).

Une application vérifiant les propriétés [MO], [CI] est appellée mesure de risque monétaire. Si elle
satisfait de plus [CO] alors elle est appellée mesure de risque convexe et si elle satisfait également
[PH] alors nous parlerons de mesure de risque cohérente.
Nous faisons l’interprétation d’orientation suivante : les variables aléatoires que nous manipulerons

représentent des pertes lorsqu’elles prennent des valeurs positives. Nous considérons alors ici des
mesures de risque monotones croissantes, qui sont invariantes par translation avec un signe +.

Remarque .1 L’espérance mathématique relative à une mesure de probabilité P fixée vérifie les pro-
priétés [MO], [CI], [CO] et [PH], du fait des propriétés de positivité et de linéarité de l’espérance.
Une mesure de risque cohérente ρ vérifie les mêmes propriétés que l’espérance, sauf la linéarité.
Dans notre contexte, la définition d’espérance non linéaire coïncide avec celle de mesure de risque
cohérente.

Les normes réglementaires européennes, comme Bâle 2, ou Solvabilité 2, préconisent
l’utilisation de la "Value at Risk" (VaR) comme mesure de risque. Elle consiste à définir une position
X comme acceptable si la probabilité d’une perte est en dessous d’un seuil fixé β, i.e P(X > 0) ≤ β.
La mesure de risque correspondante est alors donnée par :

VaR(X) = inf{m ∈ R|P(X −m > 0) ≤ β}.

C’est donc un quantile de la distribution de X. La VaR est une mesure de risque trés populaire mais
qui a l’inconvénient de ne pas être convexe, cela signifie que la VaR peut pénaliser la diversification
d’une position bien qu’elle soit désirable.



1.1. Problèmes récents de mesure et de gestion du risque 3

On définit formellement l’ensemble A des positions acceptables de la manière suivante :

A := {X ∈ X | ρ(X) ≤ 0}

Si l’ensemble A est convexe, alors l’application ρ est une mesure de risque convexe. Si de plus la
classe A est un cône, alors ρ est une mesure de risque cohérente. La propriété de cône de A signifie
qu’une position X reste acceptable si on la multiplie par un facteur positif, même très grand.

Des représentations duales de type "Legendre-Fenchel" ont été démontrées pour les mesures co-
hérentes ainsi que pour les mesures convexes de risque. Une mesure de risque convexe s’écrira alors
:

ρ(X) = sup
Q∈M1

{EQ[−X]− α(Q)}

oùM1 est l’ensemble de toutes les mesures de probabilité sur (Ω,F). Une mesure de risque convexe
s’exprime donc toujours comme la "pire" des pertes moyennes à laquelle on retranche une pénalité,
sur une famille de scénarios.
Ces représentations duales ont été prouvées par Artzner & al [2] dans les cas des mesures de risque

cohérentes et par Frittelli et Rosazza Gianin [55] dans le cas convexe. Nous faisons référence à
l’ouvrage [54] pour plus de détails sur la théorie des mesures de risque.

1.1.1.2 Inf-convolution et transfert de risque optimal

Supposons que deux agents économiques, notés 1 et 2 pour simplifier, doivent se partager un risque
total représenté par une variable aléatoire X. Supposons également que ces agents utilisent respec-
tivement les mesures de risque convexes ρ1 et ρ2. Nous supposerons, pour fixer les idées, que les
agents en question sont un assureur et un réassureur, mais les résultats énoncés sont évidemment
également valables dans un cadre plus général d’un "acheteur" et d’un "émetteur". Le partage
optimal sera donné par la résolution de l’inf-convolution des mesures ρ1 et ρ2.

Plus précisément, plaçons nous comme dans [5] et [68] dans le cadre d’un modèle principal-agent.
L’exposition de l’assureur est modélisée par une variable aléatoire positive X. Si l’assureur souscrit
un contrat de réassurance, il prendra en charge les pertes X − F et transfèrera au réassureur une
quantité F ; pour cela, il doit s’acquitter d’une prime π(F ).
Nous supposons que l’assureur minimise son risque, sous la contrainte qu’une transaction ait lieu,

il résout donc :

inf
F,π
{ρ1(X − F + π)} sous la contrainte ρ2(F − π) ≤ ρ2(0) = 0. (1.1.1)

La saturation de cette contrainte et l’invariance par translation de ρ2 nous donnent le prix optimal
π = ρ2(F )− ρ2(0) = ρ2(F ). Il s’agit d’un prix d’indifférence pour le réassureur, c’est-à-dire du prix
auquel il est indifférent, du point de vue de la mesure de risque ρ2, entre entrer et ne pas entrer dans
la transaction.
En remplaçant π = ρ2(F ) dans (1.1.1) et en utilisant la propriété d’invariance par translation de

ρ1, nous obtenons que le programme de l’assureur est équivalent à

inf
F
{ρ1(X − F ) + ρ2(F )} =: ρ1�ρ2(X) (1.1.2)
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ρ1�ρ2 ainsi défini, est l’inf-convolution des mesures de risque ρ1 et ρ2.

Barrieu and El Karoui [6] ont montré que si l’assureur et le réassureur utilisent la même mesure
de risque, mais avec des coefficients d’aversion pour le risque différents, alors le partage optimal de
risque est proportionnel.

Plus précisément, soient ρ une mesure de risque convexe et γ1, γ2 deux paramètres réels strictement
positifs. Nous définissons ρ1 et ρ2 par ρi(X) := γiρ( 1

γi
X). Nous avons alors le résultat suivant :

ρ1�ρ2(X) = ρ1

(
γ2

γ1 + γ2
X

)
+ ρ2

(
γ1

γ1 + γ2
X

)
.

En d’autres termes, l’inf-convolution est exacte et est atteinte en F ∗ := γ1
γ1+γ2

X. Il s’agit là d’un
contrat classique en réassurance, qui prévoit que l’assureur prenne en charge une proportion fixe aX

des pertes et transfère au réassureur le risque résiduel (1−a)X avec 0 < a < 1. Ici a = γ2
γ1+γ2

=
1
γ1

1
γ1

+ 1
γ2

.

Si le paramètre γ1 modélise l’aversion pour le risque de l’assureur, 1
γ1

représente alors la tolérance
pour le risque ou l’appétit au risque de l’assureur. Nous voyons alors que plus la tolérance relative
pour le risque d’un agent est grande, plus la part du risque qu’il prend en charge est importante.

Les transferts optimaux ne sont cependant pas toujours de type proportionnel. C’est notamment
le cas lorsque l’on relaxe l’hypothèse que les agents utilisent la même mesure de risque avec des
coefficients d’aversion pour le risque différents. Cette recherche s’intéresse tout particulièrement
aux transferts non proportionnels qui sont notamment explorés dans [68], sous les hypothèses de
comonotonie et d’invariance en loi.

Définition .2 Une mesure de risque ρ est dite invariante en loi si ρ(X) = ρ(Y ) pour toutes variables
aléatoires X et Y ayant la même distribution.

Pour définir les mesures de risque comonotones, nous devons d’abord définir des variables comono-
tones :

Définition .3 Deux variables aléatoires X et Y sur (Ω,F) sont dites comonotones si

∀ (ω, ω′) ∈ Ω2,
(
X(ω)−X(ω′)

) (
Y (ω)− Y (ω′)

)
≥ 0

Autrement dit, dans un langage économique, X et Y sont comonotones si on ne peut pas utiliser une
variable comme une couverture pour l’autre. Denneberg [40] a montré que X et Y sont comonotones
si et seulement si il existe une troisième variable aléatoire Z telle que X et Y s’ecrivent comme des
fonctions croissantes de Z.

Les variables X1 et X2 correspondant aux pertes à la charge de l’assureur et du réassureur dans
les contrats usuels de réassurance sont des variables comonotones. A titre d’exemple, X1 = aX et
X2 = (1− a)X sont comonotones. C’est aussi le cas de X1 = X ∧ k et X2 = (X − k)+, où k est un
réel.

Définition .4 Une mesure de risque ρ est dite comonotone si

ρ(X + Y ) = ρ(X) + ρ(Y ), pour toutes variables aléatoires X, Y qui sont comonotones.
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Une mesure comonotone est donc additive pour des variables aléatoires comonotones. L’interprétation
économique est la suivante : si les variables X et Y ne peuvent être utilisées comme une couverture
l’une pour l’autre, alors combiner X et Y ne doit pas apporter de diversification. Dans ce cas, on
exige de la mesure comonotone de ne pas être sous-additive mais simplement additive.

Jouini, Schachermayer et Touzi [68] ont prouvé que le partage de risque optimal entre des agents
utilisant des mesures de risque comonotones et invariantes en loi est donné par une somme de contrats
non proportionnels. Il s’agit d’une somme de contrats "stop-loss" dans la terminologie actuarielle.

Il est possible de relaxer l’hypothèse de monotonie des mesures de risque dans l’étude des transferts
optimaux.
Filipović et Svindland [53] ont montré que lorsque les mesures de risque sont invariantes par trans-

lation et invariantes en loi, il existe un partage optimal se faisant par un contrat dont le payoff est
défini comme une fonction lipschitzienne du risque total X. Les mesures de risque considérées par
Filipović et Svindland ne sont pas supposées monotones. Acciaio [1] traite également le problème
du transfert de risque optimal pour des fonctionnelles non nécessairement monotones, sans faire
l’hypothèse de l’invariance en loi, en utilisant la meilleure approximation monotone d’une mesure de
risque non monotone introduite dans [85].

Nous nous référons à Burgert et Ruschendorf [20] et aux références qui y sont mentionnées pour
un aperçu de l’importante littérature sur le partage optimal de risque.

1.1.1.3 Résultats nouveaux

Les résultats nouveaux de cette partie de la thèse concernent le cas particulier où ρ est définie par
une intégrale de Choquet.

Définition .5 Une fonction d’ensemble c : F → [0, 1] sera dite

1. Normalisée si c(∅) = 0 et c(Ω) = 1.

2. Monotone si c(A) ≤ c(B) pour tout A ⊂ B, A, B ∈ F .

3. Sous-modulaire si c(A ∪B) + c(A ∩B) ≤ c(A) + c(B), ∀ A, B ∈ F .

Les fonctions d’ensemble normalisées et monotones sont appelées capacités.

Définition .6 L’intégrale de Choquet d’une variable aléatoire X, par rapport à une capacité c est
définie par : ∫

Xd c :=

∫ 0

−∞
(c(X > x)− 1) dx+

∫ ∞
0

c(X > x)dx

Rappellons que nous avons fixé un espace de probabilité (Ω,F ,P).
Notons déjà que si c = Q est une mesure de probabilité sur (Ω,F) alors l’intégrale de Choquet par

rapport à c coïncide avec l’espérance usuelle par rapport à la mesure Q.

Si nous définissons une mesure de risque ρ par ρ(X) :=
∫
Xd c, alors ρ est monotone, invariante

par translation et positivement homogène.
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D’autre part, si ρ est invariante en loi, alors il existe une fonction ψ définie sur [0, 1] telle que la
capacité c s’écrive c(A) = ψ(P(A)) pour tout A dans F . Si de plus ρ est convexe, alors la capacité
c est sous-modulaire et la fonction ψ est concave. Ces propriétés des intégrales de Choquet sont
développées dans [54].

Nous commençons par montrer que toute mesure de risque comonotone et convexe définie sur Lp,
qui a des valeurs finies, s’écrit comme une intégrale de Choquet par rapport à une certaine capacité.
Ce résultat est montré sans l’hypothèse de convexité dans [54], dans le cas des mesures définies sur
L∞, c’est à dire avec des mesures de risques automatiquement à valeurs finies, et uniformément
continues sur L∞. Nous faisons l’hypothèse supplémentaire de convexité, pour utiliser l’extension
par Biagini et Frittelli [10] du théorème de Namioka-Klee : toute mesure de risque ρ : Lp → R,
convexe, monotone et à valeurs finies est continue sur Lp. Ce résultat nous permet d’utiliser le même
type de démonstration que [54].

Définition .7 Une fonction croissante ψ : [0, 1] 7→ [0, 1] telle que ψ(0) = 0 et ψ(1) = 1 est appelée
fonction de distorsion.

Notre résultat le plus utile dans ce premier chapitre peut être formulé ainsi : soit X une variable
aléatoire donnée, si ρ est une intégrale de Choquet par rapport à une capacité c, et si la fonction
x 7→ c(X > x) hérite des intervalles de constance de x 7→ P(X > x), alors ρ(X) coïncide avec ρψX (X)

où ρψX est une intégrale de Choquet par rapport à une capacité qui s’écrit comme une distorsion de
P.

Autrement dit, même si ρ n’est pas une intégrale de Choquet par rapport à une distorsion de
probabilité, il est possible de faire coïncider ρ, en chaque variable X avec une intégrale de Choquet
par rapport à une distorsion. Cependant, la distorsion dépend de X et nous l’appellerons distorsion
locale.

Ce résultat nous permet d’abord d’écrire une mesure de risque comonotone comme intégrale sur
[0, 1] de quantiles pondérés. Ce type de décomposition avait été obtenu par Kusuoka [76] dans le cas
invariant en loi, la pondération des quantiles était alors donnée en fonction de la distorsion. Dans
notre cas, la pondération est donnée en fonction de la distorsion locale.

Enfin, ces résultats nous permettent de donner une représentation explicite de l’inf-convolution de
deux intégrales de Choquet par rapport à des capacités différentes. Le contrat optimal est donné par
une somme de tranches de réassurance et les niveaux des tranches correspondent à des quantiles du
risque total. Ceci est obtenu en comparant les distorsions locales sur l’intervalle [0, 1]. Les points où
elles sont égales correspondent à des points d’accord entre les deux agents et c’est en ces points que
sont calculés les quantiles permettant de définir les niveaux des tranches optimales.

1.1.2 Une problématique de tarification en Réassurance

1.1.2.1 Motivations

Le deuxième chapitre de cette première partie de thèse traite d’un problème de tarification d’un
contrat de réassurance non proportionnelle contenant des reconstitutions.
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Commençons par introduire des éléments de contexte et quelques définitions.

Soit u0 la richesse initiale d’une entreprise d’assurance et soit β son taux instantané de primes
reçues. Nous représenterons la situation nette de la compagnie à une date t, R(t), différence entre
ce qu’elle doit et ce qui lui est dû, comme suit :

R(t) = u0 + βt−
Nt∑
i=1

Xi

où {Nt, t ≥ 0} est un processus de sauts, à valeurs entières, modélisant le nombre de sinistres
survenus jusqu’à la date t et {Xi, i ∈ N∗} est une suite de variables aléatoires indépendantes et
identiquement distribuées représentant les montants de sinistres.

∑Nt
i=1Xi est alors le processus du

montant cumulé des sinistres que l’entreprise a réglés jusqu’à la date t.

Un contrat de réassurance de type "Excess-of-Loss", que nous noterons simplement XL, prévoit
que le réassureur couvre les pertes liées à chaque sinistre qui sont comprises entre l et l + m. l est
la rétention du contrat et m la limite. La valeur m correspond à ce que le réassureur rembourse au
maximum à chaque sinistre. Plus précisément, les parts respectives Zi et Ci à la charge du réassureur
et de l’assureur sont données par

Zi = (Xi − l)+ − (Xi − l −m)+ =


0 si Xi ≤ l
Xi − l, si l ≤ Xi ≤ l +m

m si Xi ≥ l +m

(1.1.3)

et

Ci = (Xi ∧ l) + (Xi − l −m)+ =


Xi si Xi ≤ l
l, si l ≤ Xi ≤ l +m

Xi −m si Xi ≥ l +m

(1.1.4)

Nous avons bien-sûr Zi + Ci = Xi.

Soit Z(t) la somme totale que devra rembourser le réassureur

Z(t) :=

Nt∑
i=1

Zi

Cette valeur est générallement limitée à un montant maximal M . Lorsque M est un multiple du
remboursement maximal m de chaque sinistre, c’est-à-dire lorsque M = (k+ 1)m, nous disons que le
contrat contient k reconstitutions. Dans ce cas, le remboursement total maximal du réassureur est
donné par Rk(t) := Z(t) ∧ ((k + 1)m).

La couverture offerte par la j-ième reconstitution est donnée par

rj := min [max(Z(t)− jm, 0),m]

Pour acquérir cette couverture, la cédante paye une prime Pj donnée par

Pj := cjp0
1

m
rj−1 = cjp0

1

m
min [max(Z(t)− (j − 1)m, 0),m]
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où p0 est la prime initiale permettant d’entrer dans la transaction et où les coefficients (cj) sont
compris entre 0 et 1 et spécifiés initialement dans le contrat.
Les reconstitutions successives se paient donc au pro-rata de la partie de la tranche qui a été

consommée précedemment.

Prenons un exemple concret, permettant de mieux comprendre le fonctionnement de ces contrats.
Supposons que l’entreprise d’assurance achète un contrat XL à maturité un an, comprenant deux
reconstitutions et couvrant les pertes comprises entre 100 et 200 (l = 100 et m = 100). La prime
initiale requise par le réassureur s’élève à p0 = 10, la première reconstitution est payable à 80% de
la prime initiale et la seconde à 50% (c1 = 0.8 et c2 = 0.5).

Supposons que les quatre premiers sinistres qui se produisent correspondent aux montants suivants
:

1. X1 = 150, on a alors C1 = 100 et Z1 = 50. La cédante doit reconstituer la moitié de la tranche,
pour cela elle s’acquitte du montant 50 ∗ 1

100 ∗ 80% ∗ 10 = 4.

2. X2 = 190, on a alors C1 = 100 et Z1 = 90. La cédante doit reconstituer 90% de la tranche.
Pour cela, elle utilise ce qui reste de la première reconstitution (50) et une partie de la seconde
reconstitution (40). Elle paye donc :
50 ∗ 1

100 ∗ 80% ∗ 10 + 40 ∗ 1
100 ∗ 50% ∗ 10 = 6

3. X3 = 200, il faut reconstituer toute la tranche, mais seulement 60% de la seconde reconstitution
sont disponibles, la tranche est reconstituée seulement à cette hauteur et la cédante paye pour
cela : 60 ∗ 1

100 ∗ 50% ∗ 10 = 3.

4. X4 = 200, la compagnie d’assurance n’était plus couverte que pour les pertes comprises entre
100 et 160, on a donc ici Z4 = 60 et C4 = 140. Toutes les reconstitutions ont été consommées,
le contrat s’arrête et la cédante n’est plus réassurée pour le reste de l’année.

La prime totale payée par la cédante s’élève dans cet exemple à P = 10+4+6+3 = 23. Ce montant
aurait pu être plus faible si toutes les reconstitutions n’avaient pas été consommées avant la maturité
du contrat.

La prime totale aléatoire payée par la cédante sur la période considérée s’exprime donc comme suit

P (t) := p0

1 +
1

m

k∑
j=1

cj min [max(Z(t)− (j − 1)m, 0),m]


1.1.2.2 Bornes de prix d’indifférence

Nous proposons une méthodologie permettant à la compagnie d’assurance de calculer des bornes de
prix d’indifférence pour les contrats avec reconstitutions. Cela fait intervenir à la fois une fonction
d’utilité et une mesure de risque de la cédante.

Uniquement pour les besoins de cette section, nous faisons l’hypothèse d’orientation opposée à celle
qui a été prise dans le chapitre précedent sur les intégrales de Choquet. En effet, il sera plus simple
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de manipuler ici des variables aléatoires qui représentent des gains nets plutôt que des pertes. Une
mesure de risque monétaire vérifiera donc les deux propriétés suivantes

• X ≤ Y p.s. implique ρ(X) ≥ ρ(Y ).

• ∀c ∈ R, ρ(X + c) = ρ(X)− c.

Les propriétés de convexité et de positive homogéneité ne sont pas modifiées.

Comme cela est expliqué dans le premier chapitre, une mesure de risque ρ est utilisée par la
compagnie d’assurance pour calculer son montant minimal de réserves ρ(X). Si on définit une
fonction U par U(X) := −ρ(X), où ρ est une mesure de risque convexe, on obtient alors une
fonction d’utilité croissante et concave, qui vérifie la propriété d’invariance par translation avec un
signe + :

• X ≤ Y p.s. implique U(X) ≤ U(Y ).

• ∀c ∈ R, U(X + c) = U(X) + c.

L’ensemble des positions acceptables AU , du point de vue de la fonction d’utilité U est constitué des
variables qui donnent une utilité positive

AU := {X | U(X) ≥ 0} .

Cependant, si agent économique utilise une mesure ρ pour évaluer ses risques, rien ne l’oblige à
utiliser la fonction U = −ρ pour évaluer ses gains. U peut généralement être différente de −ρ.

Le prix d’indifférence d’une tranche de réassurance, avec ou sans reconstitutions, relatif à une
fonction d’utilité monétaire U , est le prix auquel la compagnie d’assurance est indifférente entre
acheter ou ne pas acheter la tranche du point de vue de la fonction U .
Cependant, l’achat de la tranche a également un impact sur les réserves minimales de l’entreprise

d’assurance. Supposons que le coût du capital est donné par un taux 0 < c < 1 et notons R la
situation nette de la cédante, sans une tranche XL donnée et RXL le gain net avec la tranche. Nous
définissons alors la prime initiale d’indifférence P̃0 relative au couple (U, ρ) comme la solution de
l’équation

U [R(t)− c ρ(R(t))] = U
[
RXL(t)− c ρ(RXL(t))

]
(1.1.5)

Ce prix d’indifférence tient donc compte à la fois de la modification de l’utilité du fait de l’ajout de
la tranche et de la modification des réserves, par le biais du coût du capital.

Dans le cas d’une tranche XL avec reconstitutions, la prime totale payée par la compagnie d’assuran-
ce pendant la durée de vie du contrat est une variable aléatoire, on ne peut alors pas utiliser
l’invariance par translation de U et de ρ pour isoler P̃0 dans l’équation (1.1.5).

Cependant nous parvenons, en utilisant la concavité de U et la convexité de ρ, à borner le prix
d’indifférence P̃0 par deux valeurs implémentables p1 et p2. Les prix obtenus, pour des exemples
classiques de mesures de risque et de fonctions d’utilité sont proches des prix observés dans les
échanges réels de ce type de contrats de réassurance.
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Notons que lorsque c = 0 et U(X) = EP[X], alors les bornes sont égales et le prix ainsi obtenu
correspond à la prime pure dans la terminologie actuarielle, c’est-à-dire au prix égal à la moyenne de
ce qui sera à la charge du réassureur. Sundt [114] a obtenu une formule pour la prime pure dans le
cas de contrats avec reconstitution ; cette formule coincide avec la notre dans ce cas particulier. Dans
[114] et [119], des formules sont également proposées pour d’autres principes de calcul de primes,
comme le principe de l’écart-type ou celui de la PH-transform. Par analogie avec le principe de
la prime pure, Mata [86] propose un prix de contrats avec reconstitutions qui doit être solution
de l’équation ρ(−P (t)) = ρ(−Rk(t)). Dans le cas particulier où c = 0, alors ce prix correspond
dans notre cadre à p2. En effet, l’approximation ρ(−X) ≈ −ρ(X) est faite dans [86] en amont de
l’équation qui est posée. Si ρ est convexe et normalisée, nous nous contentons de remarquer que
ρ(−X) ≥ −ρ(X).

En plus de tenir compte de l’effet sur les réserves, à travers le coût du capital, les bornes que nous
proposons dépendent également de ce que la compagnie d’assurance a déjà en position.

Pour les exemples numériques, nous effectuons des calculs sur la base de simulations de pertes. Nous
renvoyons à l’article [63] pour des approximations de la loi des pertes au delà d’un seuil, lorsque des
reconstitutions sont possibles.

1.2 Une étude des EDSRs quadratiques à sauts

L’objectif principal de ce chapitre est l’étude des équations différentielles stochastiques rétrogrades
(EDSRs dans la suite) avec sauts dont le générateur est à croissance quadratique. Avant de présenter
en détail ce sujet, nous introduisons le cadre classique d’analyse des EDSRs.

1.2.1 Préliminaires sur les EDSRs

1.2.1.1 En filtration continue

Nous nous plaçons sur un espace de probabilité filtré (Ω,F ,F,P), dont la filtration F = {Ft}0≤t≤T
est engendrée par un mouvement brownien B à valeurs dans Rd et qui est augmentée des négligeables
pour P. Résoudre une EDSR avec générateur g et condition terminale ξ, consiste alors à trouver un
couple (Y,Z) de processus F-adaptés tels que

Yt = ξ +

∫ T

t
g(s, Ys, Zs)ds−

∫ T

t
ZsdBs, P− a.s, t ∈ [0, T ] (1.2.1)

où les données (g, ξ) de l’équation sont telles que

• g : [0, T ]×Ω×R×Rd 7→ R est une fonction mesurable par rapport à P ×B(R)×B(Rd), où P
désigne la tribu prévisible de [0, T ]× Ω et où T est un horizon temporel fini et déterministe.

• ξ est une variable aléatoire FT -mesurable à valeurs dans R.

En s’intéressant aux méthodes de dualité et aux principes du maximum pour des problèmes de
contrôle optimal stochastique, Bismut [15] a étudié une équation différentielle stochastique rétrograde
avec générateur linéaire. Pardoux et Peng [97] ont ensuite généralisé ces équations au cas d’un



1.2. Une étude des EDSRs quadratiques à sauts 11

générateur non linéaire et lipschitzien et en ont montré l’existence et l’unicité dans le théorème
suivant

Théorème .1 (Pardoux et Peng [97]) Supposons que le générateur g soit une fonction lipschitzi-
enne en (y, z), uniformément en (s, ω) et

EP
[
|ξ|2 +

∫ T

0
|gs(0, 0)|2 ds

]
< +∞.

Alors l’EDSR (1.2.1) admet une solution et une seule (Y,Z) telle que Z soit un processus de carré
intégrable.

Depuis ce résultat fondamental, une attention croissante a été portée aux EDSRs et à leurs ap-
plications, non seulement au contrôle stochastique, mais aussi aux jeux différentiels stochastiques, à
l’économie théorique ou aux mathématiques financières.

L’objet de très nombreux articles, sur lesquels nous reviendrons en partie, a été d’affaiblir les
conditions portant sur le générateur g pour que l’équation (1.2.1) soit encore bien posée.

1.2.1.2 En filtration discontinue

Supposons maintenant que la filtration de l’espace probabilisé filtré (Ω,F ,F,P) est engendrée par un
mouvement brownien B à valeurs dans Rd et une mesure aléatoire indépendante à valeurs entières
µ(ω, dt, dx) définie sur R+ × E avec compensateur λ(ω, dt, dx), où E = Rd\{0}. Nous supposons
Ω̃ := Ω× R+ × E muni de la tribu P̃ := P × B(E), où P désigne la tribu prévisible sur Ω× R+.

Afin de garantir l’existence du compensateur λ(ω, dt, dx), nous supposons que pour tout A dans
B(E) et tout ω dans Ω, le processus Xt := µ(ω,A, [0, t]) ∈ A+

loc, ce qui signifie qu’il existe une suite
croissante de temps d’arrêts (Tn) telle que Tn → +∞ presque sûrement et les processus arrêtés XTn

t

sont croissants, càdlàg, adaptés et tels que E[X∞] < +∞.

Nous ferons l’hypothèse dans tout le chapitre que λ est absolument continu par rapport à la mesure
de Lebesgue dt, i.e. λ(ω, dt, dx) = νt(ω, dx) dt. Enfin, nous notons µ̃ la mesure des sauts compensée
:

µ̃(ω, dx, dt) = µ(ω, dx, dt)− νt(ω, dx) dt.

Le processus Y défini par l’équation (1.2.1), fournit une généralisation possible de l’espérance
conditionnelle de ξ, puisque lorsque g est la fonction nulle, on a Yt = EP [ξ|Ft], et dans ce cas, Z
est le processus apparaissant dans la propriété de représentation prévisible de la (Ft)-martingale
continue {EP [ξ|Ft] , t ≥ 0}.

Dans le cas d’un espace de probabilité filtré dont la filtration est engendrée à la fois par le mou-
vement brownien B et la mesure aléatoire µ avec compensateur ν, la représentation des martingales
pour {EP [ξ|Ft] , t ≥ 0} devient

EP[ξ|Ft] =

∫ t

0
ZsdBs +

∫ t

0

∫
Rd\{0}

ψs(x)(µ− ν)(ds, dx),
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où Z est un processus prévisible tel que∫ T

0
|Zt|2 dt < +∞, P− a.s.

et ψ : Ω̃ 7→ R est une fonction prévisible telle que∫ T

0

∫
Rd\{0}

|Us(x)|2 νt(dx)ds < +∞, P− a.s.

Cela conduit à généraliser de manière naturelle l’équation (1.2.1) au cas à sauts de la manière
suivante : nous dirons qu’un triplet (Y, Z, U) de processus F-adaptés, est solution de l’EDSR avec
générateur g et condition terminale ξ, si, pour tout t ∈ [0, T ], on a P- presque sûrement

Yt = ξ +

∫ T

t
g(s, Ys, Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
Rd\{0}

Us(x)(µ− ν)(ds, dx). (1.2.2)

où les données (g, ξ) de l’équation sont telles que

• g : [0, T ] × Ω × R × Rd × L2(ν) 7→ R est une fonction mesurable par rapport à P × B(R) ×
B(Rd)× B(L2(ν)).

• ξ est une variable aléatoire FT -mesurable à valeurs dans R.

Dans ce contexte avec sauts, le générateur g dépend donc à la fois de Z et de U . U joue ici un rôle
analogue à celui de la variation quadratique dans le cas continu. Cependant, des différences sont
notables, en particulier pour chaque t, Ut est une fonction de E dans R, c’est pourquoi le traitement
de la dépendance en u du générateur sera différent du traitement de la dépendance en z dans les
hypothèses que nous ferons.

Li et Tang [116] ont été les premiers à prouver l’existence et l’unicité d’une solution à (1.2.2) dans
le cas d’un générateur g qui est Lipschitz en (y, z, u), uniformément en t et ω, généralisant ainsi le
résultat et la méthode de Pardoux et Peng [97]. Le théorème de Li et Tang est démontré dans le cas
où µ est une mesure aléatoire de Poisson, ainsi dans ce cas le compensateur ν ne dépend ni de t, ni
de ω.

Hypothèse .1 • Le générateur g : [0, T ]×Ω×R×Rd×L2(ν) 7→ R est une fonction P×B(R)×
B(Rd)× B(L2(ν))-mesurable et satisfait

E
[∫ T

0
|gt(0, 0, 0)|2 dt

]
< +∞

• Il existe une constante K > 0 telle que∣∣gt(y, z, u)− gt(y′, z′, u′)
∣∣ ≤ K (∣∣y − y′∣∣+

∣∣z − z′∣∣+
∥∥u− u′∥∥) ,

pour tout 0 ≤ t ≤ T , y, y′ ∈ R, z, z′ ∈ Rd, u, u′ ∈ L2(ν).
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Théorème .2 (Li et Tang [116]) Supposons que le générateur g satisfasse l’hypothèse .1, il existe
alors un unique triplet (Y,Z, U) solution de l’équation (1.2.2) qui vérifie

‖Y ‖2S2 :=

∥∥∥∥∥ sup
0≤t≤T

|Yt|

∥∥∥∥∥
L2(P)

< +∞ (1.2.3)

‖Z‖2H2 := E
[∫ T

0
|Zt|2 dt

]
< +∞ (1.2.4)

‖U‖2J2 := E
[∫ T

0

∫
E
Ut(x)2ν(dx)dt

]1/2

< +∞. (1.2.5)

Nous noterons B2 := S2×H2×J2 l’ensemble des triplets (Y,Z, U) vérifiant (1.2.3), (1.2.4) et (1.2.5),
muni des normes ainsi définies. B2 est alors un espace de Banach.

1.2.2 Une approche par point fixe

La preuve des théorèmes .1 et .2 se fait selon le schéma simplifié suivant, qui consiste à construire
une application ψ de B2 dans lui-même, de sorte que (Y, Z, U) ∈ B2 est solution de l’EDSR (1.2.2) si
et seulement si (Y,Z, U) est un point fixe de ψ. Nous esquissons ce schéma dans le cadre avec sauts
:

(i) Pour (y, z, u) ∈ B2, on définit (Y, Z, U) = ψ(y, z, u) comme étant la solution de l’EDSR

Yt = ξ +

∫ T

t
gs(ys, zs, us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
Rd\{0}

Us(x)(µ− ν)(ds, dx).

Le générateur de cette équation étant indépendant de (Y, Z, U), une solution appartenant à B2 est
obtenue par une application du théorème de représentation des martingales.

(ii) En utilisant la formule d’Itô, ainsi que l’hypothèse que g est lipschitzienne, on montre que ψ
est une contraction dans l’espace B2 muni d’une norme à poids bien choisie, équivalente à la norme
initiale. ψ admet donc un unique point fixe, fournissant ainsi une solution unique à l’EDSR (1.2.2)
dans B2.

Dans notre cas, où le générateur g est à croissance quadratique, nous suivrons le même type de
schéma de preuve par point fixe, avec certaines différences sensibles. Nous étendons en fait le résultat
de Tevzadze [117], obtenu dans le cas quadratique en filtration continue. Plus exactement, nous ferons
l’hypothèse suivante sur le générateur :

Hypothèse .2 (Croissance quadratique) Il existe des constantes (α, β, γ) ∈ R+×R+×R∗+ telles
que pour tout (ω, t, y, z, u),

−α− β |y| − γ

2
|z|2 − 1

γ
jt(−γu) ≤ gt(ω, y, z, u) ≤ α+ β |y|+ γ

2
|z|2 +

1

γ
jt(γu),

où pour tout t, la fonction jt : L2(νt) ∩ L∞(νt) 7→ R est définie par

jt(u) :=

∫
E

(
eu(x) − 1− u(x)

)
νt(dx).
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Nous autoriserons, dans le chapitre 4, la constante α à être un processus aléatoire.

Cette inégalité est l’extension naturelle de l’hypothèse de croissance quadratique formulée dans le
cas continu lorsque g ne dépend pas de u. En effet, si l’on considère l’EDSR (1.2.2) avec gt(y, z, u) =
γ
2 |z|

2 + 1
γ jt(γu), alors par une application de la formule d’Itô, on a

Yt =
1

γ
ln
(
EP
t [exp(γξ)]

)
, P− a.s.

et nous retrouvons alors l’expression de la mesure de risque entropique conditionnelle, qui correspond
dans le cas continu, à l’EDSR avec générateur γ

2 |z|
2.

Pour que ceci soit cohérent, il faut bien-sûr que la fonction jt soit bien définie, pour tout t. Re-
marquons que l’inégalité de Taylor nous garantit que si la fonction x 7→ u(x) est bornée dνt-presque
partout, pour tout 0 ≤ t ≤ T , alors nous avons

0 ≤ eu(x) − 1− u(x) ≤ Cu2(x), dνt − p.p. pour tout 0 ≤ t ≤ T

et jt est alors bien définie sur L2(νt) ∩ L∞(νt), pour tout 0 ≤ t ≤ T .

Nous utilisons le schéma de preuve par point fixe mentionné plus haut pour montrer l’existence de
solutions (Y,Z, U) avec Y borné, les espaces de martingales BMO jouent alors un rôle particulier
dans ce cadre. Plus précisément, nous avons Y ∈ S∞ où S∞ désigne l’espace des processus Y ′, Ft
progressivement mesurables, à valeurs réelles, tels que∥∥Y ′∥∥S∞ := sup

0≤t≤T

∥∥Y ′t ∥∥∞ < +∞.

Introduisons également les espaces de processus suivants.

Nous noterons BMO l’espace des martingales M càdlàg, de carré intégrable, à valeurs dans Rd,
telles que

‖M‖BMO := sup
τ∈T T0

∥∥∥EP
τ

[
(MT −Mτ−)2

]∥∥∥
∞
< +∞,

où T T0 désigne l’ensemble des Ft temps d’arrêt à valeurs dans [0, T ].

J2
BMO désigne l’espace des processus U : Ω× [0, T ]× E, prévisibles et E-mesurables tels que

‖U‖2J2BMO
:=

∥∥∥∥∫ .

0

∫
E
Us(x)µ̃(ds, dx)

∥∥∥∥
BMO

< +∞.

H2
BMO est l’espace des processus Z Ft-progressivement mesurables à valeurs dans Rd et tels que

‖Z‖2H2
BMO

:=

∥∥∥∥∫ .

0
ZsdBs

∥∥∥∥
BMO

< +∞.

L’utilisation de ces espaces est motivée par le fait que si (Y, Z, U) est une solution de l’EDSR (1.2.2)
avec g vérifiant l’hypothèse .2 de croissance quadratique, Y ∈ S∞ et∫ T

0
|Zt|2 dt < +∞ et

∫ T

0

∫
Rd\{0}

|Us(x)|2 νt(dx)ds < +∞, P− a.s.
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alors Z ∈ H2
BMO et U ∈ J2

BMO ∩ L∞(ν).

Nous notons B := S∞ ×H2
BMO × J2

BMO ∩ L∞(ν).

Revenons maintenant au schéma de preuve mentionné plus haut. Nous remarquons déjà que l’étape
(i) nécessite l’application du théorème de représentation des martingales. Dans notre cas, puisque la
filtration F est engendrée à la fois par un mouvement brownien et une mesure aléatoire générale, nous
ferons l’hypothèse que la représentation des F-martingales a lieu. Ceci sera vrai dans le cas particulier
d’une mesure aléatoire de Poisson d’une part ; nous exhiberons d’autre part dans le chapitre sur les
EDSR du second ordre, des exemples de compensateur ν dépendant des variables (t, ω) pour lesquels
la représentation a lieu.

Dans l’étape (ii) nous ne pouvons plus utiliser le fait que g est lipschitzienne, mais seulement
l’hypothèse .2 de croissance quadratique. Nous ne pouvons alors plus directement garantir que
l’application ψ est contractante. Cependant, en se restreignant à une boule BR ⊂ B de rayon R bien
choisi et à une condition terminale de norme assez petite, nous pouvons montrer que ψ(BR) ⊂ BR
et que ψ est une contraction dans cette boule de rayon R. Ceci nous donne l’existence et l’unicité
d’une solution, pour une condition terminale de norme assez petite.

Pour prouver l’existence d’une solution pour une condition terminale bornée de norme quelconque,
nous nous inspirons à nouveau de Tevzadze [117]. Nous commençons par décomposer ξ comme suit
: ξ =

∑n
i=1 ξi, où chaque variable aléatoire ξi a une norme L∞ assez petite. Nous avons donc

l’existence d’une solution de chaque EDSR avec condition terminale ξi. Nous procédons ensuite à un
recollement des ces solutions pour obtenir une solution à l’EDSR initiale, avec condition terminale
ξ. Ce procédé de recollement utilise des changements absolument continus de probabilité, dont la
dérivée de Radon-Nykodim est donnée par une martingale exponentielle de Doléans-Dade faisant
intervenir les dérivées en z et en u du générateur. Nous avons donc besoin, pour définir correctement
ces changements de probabilité, d’imposer des hypothèses supplémentaires, en particulier que g est
C2 en z et deux fois différentiable au sens de Fréchet en u.

Nous parvenons donc à montrer l’existence d’une solution à l’EDSR 1.2.2, lorsque le générateur g
est à croissance quadratique et vérifie certaines conditions sur sa dérivée en z et sa dérivée de Fréchet
en u. Ce faisant, nous perdons le caractère unique de la solution. Pour avoir une solution unique,
nous utilisons un théorème de comparaison.

Dans ce contexte avec sauts, nous devons encore imposer une hypothèse additionnelle pour montrer
un théorème de comparaison. Ce théorème permet de comparer les solutions Y1 et Y2 de deux EDSR,
lorsque l’on sait comparer les conditions terminales et les générateurs. La preuve de théorème repose
encore sur un changement de probabilité, via une exponentielle de Doléans-Dade. Or dans le cas
continu, l’exponentielle de Doléans-Dade d’une martingale BMO est une vraie martingale uniformé-
ment intégrable, et surtout strictement positive par définition. La définition de l’exponentielle de
Doléans-Dade dans le cas avec sauts n’implique pas la positivité. En effet, si M est une martingale
locale nulle en 0, la formule exponentielle est définie par

E(M)t := exp

(
Mt −

1

2
< M c,M c >t

)∏
s≤t

(1 + ∆Ms) exp(−∆Ms).
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On voit donc que si les sauts de M ne sont pas toujours supérieurs à −1, E(M) n’est pas nécessaire-
ment positive. Pour garantir que le changement de probabilité utile dans la preuve du théorème de
comparaison est bien défini, on impose l’hypothèse suivante, introduite par Royer [106] et par Barles,
Buckdahn et Pardoux [4] sous la forme d’une égalité.

Hypothèse .3 Pour tout (y, z, u, u′), il existe un processus (γt) prévisible et E-mesurable tel que

gt(y, z, u)− gt(y, z, u′) ≤
∫
E
γt(x)(u− u′)(x)νt(dx),

et tel qu’il existe des constantes C2 > 0 et C1 ≥ −1 + δ pour un certain δ > 0, indépendantes de
(y, z, u, u′) telles que

C1(1 ∧ |x|) ≤ γt(x) ≤ C2(1 ∧ |x|).

Cette hypothèse n’est pas seulement artificielle et due à la méthode de démonstration puisque
Barles, Buckdahn et Pardoux [4] donnent un contre exemple du principe de comparaison lorsque cette
hypothèse n’est pas satisfaite. Cette hypothèse est également suffisante pour obtenir le théorème de
comparaison dans notre cadre quadratique.

Ceci nous permet d’obtenir, sous cette hypothèse, l’unicité de la solution à l’EDSR 1.2.2.

Cependant, cette hypothèse n’est pas nécessaire, puisque nous parvenons à montrer un théorème
de comparaison dans le cas où le générateur g est convexe en (z, u). Nous prouvons donc un résultat
d’unicité dans le cas où le générateur vérifie soit l’hypothèse .3, soit une hypothèse de convexité.
Cette dernière présente l’intérêt de garder le caractère quadratique en z et en u, contrairement à
l’hypothèse .3 qui implique que le générateur est Lipschitz en u.

1.2.3 Applications aux mesures de risque dynamiques

1.2.3.1 Une décomposition de Doob-Meyer non linéaire

Commençons par une définition générale.

Définition .8 Soient ξ ∈ L∞(P) et g tels que l’EDSR avec condition terminale ξ et générateur g
admet une solution unique et vérifie un principe de comparaison. Alors pour tout t ∈ [0, T ], on définit
la g-espérance conditionnelle de ξ comme suit

Egt (ξ) := Yt

où (Y, Z, U) est solution de l’EDSR

Yt = ξ +

∫ T

t
gt(Ys, Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
E
Us(x)µ̃(ds, dx), P− a.s.

La théorie des g-espérances insiste donc sur le point de vue des EDSR comme généralisation possible
de l’espérance conditionnelle linéaire. Elle a été introduite par Peng [99] comme exemple d’espérance
non linéaire. Depuis, de nombreux auteurs ont généralisé ses résultats, les étendant notamment au
cas d’un générateur quadratique (Ma et Yao [84]). Une extension au cas d’une filtration discontinue
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a été obtenue par Royer [106] et par Lin [83]. En particulier, Royer [106] donne des conditions de
dominations suffisantes sous lesquelles une espérance non linéaire s’écrit comme une g-espérance.

Il est alors naturel d’utiliser ces espérances non linéaires pour définir des martingales non linéaires
de la manière suivante.

Définition .9 X ∈ S∞ est appelé une g-sousmartingale (resp. surmartingale) si

Egs [Xt] ≥ (resp. ≤)Xs, P− a.s., pour tout 0 ≤ s ≤ t ≤ T .

X est appelé une g-martingale si ce processus est à la fois une g-sousmartingale et une g-surmartingale.

Peng [100] a prouvé un théorème de structure des g-sousmartingales dans le cas continu : toute
g-sous martingale se décompose comme la somme d’une g-martingale et d’un processus croissant.
Cela s’apparente donc à une décomposition de Doob-Meyer non linéaire.

Nous en donnons ici une extension dans le cadre à sauts avec générateur quadratique. Si Y est une
g-sousmartingale avec g soit convexe en (z, u), soit satisfaisant l’hypothèse .3, et, vérifiant de plus
une hypothèse de croissance quadratique, alors il existe un processus croissant A, prévisible, nul en
0 et des processus (Z,U) (vérifiant les hypothèses minimales pour que l’équation ci-dessous soit bien
définie) tels que pour tout t ∈ [0, T ]

Yt = YT +

∫ T

t
gs(Ys, Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
E
Us(x)µ̃(ds, dx)−AT +At, P− a.s.

Au-delà de l’intérêt théorique que ce résultat présente en lui-même, il permet d’obtenir comme
corollaire simple un principe de comparaison inverse. Ce principe stipule que s’il est possible de
comparer les composantes Y1 et Y2 de deux solutions (Y1, Z1, U1) et (Y2, Z2, U2) à deux EDSR avec
comme générateurs g1 et g2 et même condition terminale, alors nous pouvons également comparer les
générateurs. Ce résultat est valide sous les hypothèses sur les fonctions gi qui permettent d’obtenir la
décomposition de Doob-Meyer des gi-sousmartingales. Nous supposerons de plus que gi est continue
à droite en t. (voir le corollaire 4.3.1 pour un énoncé précis).

1.2.3.2 Représentation duale et inf-convolution

Dans cette sous-partie, insiprés par Barrieu et El Karoui [7], nous adoptons le point de vue des
mesures de risque dynamiques sur les opérateurs (Egt )t≥0.

Certaines propriétés sont inhérentes à Egt , tandis que d’autres sont héritées du générateur g. Pour
toute fonction g telle que Egt est bien défini, Egt est une mesure de risque dynamique sur L∞ qui est
monotone et consistante en temps. Plus spécifiquement,

• ξ1 ≥ ξ2, P-presque sûrement implique Egt (ξ1) ≥ Egt (ξ1), P-presque sûrement, pour tout 0 ≤ t ≤
T .

• Pour tous temps d’arrêt bornés R ≤ S ≤ T et toute variable aléatoire ξ, FT -mesurable,

EgR
(
EgS(ξ)

)
= EgR(ξ), P− p.s.
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Eg hérite notamment des propriétés suivantes du générateur g :

• Si g ne dépend pas de la variable y, alors Eg est invariante par translation.

• Si g est convexe en (y, z, u), alors Eg est convexe.

Ces propriétés permettent de construire de nombreux exemples de mesures de risque. Pour un
générateur indépendant de y et convexe en (z, u), Eg est une mesure de risque dynamique, monétaire,
convexe et consistante en temps. Entre autres exemples, le fait de choisir g(z, u) := γ

2 |z|
2 + 1

γ jt(γu),
où la fonction j est définie plus haut, nous donne la mesure de risque entropique conditionnelle, sur
la filtration engendrée par un mouvement brownien et une mesure aléatoire.

Dans la suite, nous traitons les deux points suivants : d’une part, l’analyse de la forme de la
représentation duale de ces mesures de risque dynamiques obtenues via des équations rétrogrades et
d’autre part, l’étude de l’inf-convolution de deux mesures de risque de ce type, obtenues via deux
générateurs différents.

Sur le premier point, nous étendons la représentation de type Legendre-Fenchel obtenue par Barrieu
et El Karoui dans le cas quadratique continu. Nous montrons que, pour une variable ξT , FT -
mesurable et bornée, EgT (ξT ) s’écrit encore comme la "pire" espérance (conditionnelle) moins une
pénalité. Cette dernière est obtenue à partir de la transformée de Legendre-Fenchel du générateur.
Plus précisément,

Egt (ξT ) = ess sup
(µ,v)∈H2

BMO×A

{
EQ

µ,v

t

[
ξT −

∫ T

t
Gs(µs, vs)ds

]}
où Qµ,v est la mesure de probabilité définie par

dQµ,v

dP
= E

(∫ .

0
µsdBs +

∫ .

0

∫
E
vs(x)µ̃(ds, dx)

)
,

où A désigne l’espace des applications v dans J2
BMO ∩L∞(ν) telles qu’il existe δ > 0 tel que vt(x) ≥

−1 + δ, P× dt× dνt -p.s. et où enfin, Gt est la transformée de Legendre-Fenchel de g définie comme
suit

Gt(µ, v) := sup
z∈Rn, u∈L2(νt)

{
< µ, z >Rn + < v, u >L2(νt) −gt(z, u)

}
, µ ∈ Rn, v ∈ L2(ν).

Une fois cette représentation duale obtenue, nous nous concentrons sur le problème de l’inf-
convolution des mesures Eg1 et Eg2 obtenues à partir de deux générateurs g1 et g2. Là encore,
nous étendons le résultat valable dans le cas quadratique continu et qui peut se résumer de la
manière suivante : l’inf-convolution de Eg1 et Eg2 est encore solution d’une EDSR quadratique dont
le générateur est donné par l’inf-convolution des générateurs g1 et g2. Donc, plutôt que de chercher
une solution dans l’ensemble des variables dans L∞, il est possible de se ramener au problème plus
simple de l’inf-convolution des générateurs déterministes.

Ceci permet de traiter plusieurs exemples pour lesquels nous donnons une représentation explicite
de l’inf-convolution. Comme dans le premier chapitre de cette thèse, cela donne une repérentation du
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partage de risque optimal, mais cette fois-ci dans un cadre dynamique en temps, entre deux agents
utilisant les mesures de risque Eg1 et Eg2 . Par comparaison avec les résultats du premier chapitre,
nous donnons ici des exemples d’échange qui ont une forme ni linéaire ni non-proportionnelle.

1.3 Un saut dans les EDSRs du second ordre

1.3.1 EDSRs et incertitude de modèle

Toute modélisation mathématique d’un phénomène réel, qu’il soit de nature physique, biologique,
économique ou humain constitue intrinsèquement une simplification de la réalité. Tout modèle
comporte donc de manière inhérente une erreur, liée à l’écart entre ce que fournit le modèle et la
réalité. Est-il alors possible de mesurer le risque d’un écart jugé trop important et, dans quel sens ?
Considérer l’incertitude de modèle consiste à proposer des modèles dits "robustes", comprenant leur
propre incertitude de paradigme.

Récemment, des contributions importantes ont été apportées dans le cas particulier de la mod-
élisation stochastique, avec incertitude de volatilité (voir les références [100], [37] et [112]). Soner,
Touzi et Zhang [112] ont défini les équations différentielles stochastiques rétrogrades du second or-
dre, en imposant qu’une équation soit vérifiée P-presque sûrement, pour tout P appartenant à une
famille non dominée de mesures de probabilité. Chaque mesure P représentant un scénario possible
de volatilité, la solution est alors robuste en termes d’erreur de modélisation de la volatilité.

Nous montrons dans cette partie comment étendre les travaux de Soner, Touzi et Zhang au cas
discontinu, et modéliser ainsi l’incertitude sur la mesure des sauts, à travers des EDSRs du second
ordre avec sauts.

Avant de nous intéresser véritablement aux EDSR du second ordre, nous introduisons un problème
annexe extrêmement important dans ce cadre, celui de l’agrégation de processus aléatoires.

1.3.1.1 La question de l’agrégation

Une question cruciale dans la définition des EDSR du second ordre (2EDSR dans la suite) donnée
dans [112] est celle de l’agrégation de la variation quadratique du processus canonique B sur une
large famille de mesures de probabilité.

Soit P un ensemble non nécessairement dominé de mesures de probabilité et soit {XP, P ∈ P}
une famille de processus stochastiques indéxés par P. On peut prendre par exemple une famille
d’intégrales stochastiques XP

t := (P)
∫ t

0 HsdBs, où {Ht, t ≥ 0} est un processus prévisible. La
dépendance en P de X vient du fait que l’intégrale d’Itô (P)

∫ t
0 HsdBs est définie comme une limite

en probabilité sous P.

Le problème de l’agrégation de la famille {XP, P ∈ P} consiste alors à en trouver un représentant
universel au sens presque-sûr. Plus précisément,

Définition .10 Un représentant universel de la famille {XP, P ∈ P} est un processus X̂ tel que

X̂ = XP, P− p.s, pour tout P ∈ P.
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Bichteler [11], Karandikar [69], ou plus récemment Nutz [95], ont montré sous différentes hypothèses
qu’il est possible de trouver un représentant universel des intégrales stochastiques (P)

∫ t
0 HsdBs. Une

conséquence directe en est la possibilité d’agréger la variation quadratique {[B,B]P, P ∈ P}. En
effet, grâce à la formule d’Itô, nous pouvons écrire

[B,B]Pt = BtB
T
t − 2 ·

(P)∫ t

0
Bs−dB

T
s

et puisque les intégrales stochastiques peuvent être construites trajectoriellement, nous obtenons
l’existence d’un processus [B,B] tel que [B,B] = [B,B]P, P-presque sûrement, pour toute mesure P
dans P.

Afin de définir correctement la notion d’EDSR du second ordre, nous avons besoin d’agréger non
seulement la variation quadratique de la partie martingale continue du processus canonique B, mais
aussi le compensateur de la mesure des sauts de B. Le compensateur dépend explicitement de la
mesure de probabilité sous laquelle il est construit et il n’est pas évident d’en trouver un représentant
universel de manière directe, comme pour la variation quadratique. Pour résoudre ce problème, nous
restreignons l’ensemble des mesures de probabilité, en suivant la même approche que Soner, Touzi
et Zhang [111].

En particulier, nous imposons une forme particulière aux mesures des sauts que nous considérons,
forme analogue à celle de la densité des variations quadratiques dans [111]. Partant d’une classe
simple de coefficients A0, nous construisons une autre classe A de coefficients s’écrivant de la manière
suivante :

νt(ω) =
+∞∑
n=0

+∞∑
i=1

νn,it (ω)1
Ẽin

(ω)1[τ̃n(ω),τ̃n+1)(t),

où les mesures de sauts (νn,it ) appartiennent à A0, (τ̃n) est une suite de temps d’arrêt prenant au
plus un nombre dénombrable de valeurs et pour chaque n, (Ẽin) est une partition de Ω. Nous dirons
alors que la classe A est engendrée par la classe A0.

Les familles de mesures de probabilité P, le long desquelles nous cherchons à construire des représen-
tants universels, sont composées de solution à des problèmes de martingales. En effet, un problème
de martingale nous permet de construire de manière naturelle une mesure de probabilité sous laquelle
le processus canonique B a une densité de variation quadratique α et un compensateur de mesures
des sauts ν qui sont prescrits. Pour être à même de traiter le problème de l’agrégation, nous devons
limiter la forme des coefficients (α, ν) à la forme décrite plus haut.

Nous nous limitons aux coefficients (α, ν) dans A0 pour lesquels le problème de martingales cor-
respondant a une solution unique. Nous montrons ensuite que ceci implique que le problème des
martingales avec des coefficients dans une classe A, qui est engendrée par A0 a encore une solution
unique. Nous prouvons alors que tout procesus, qui satisfait une condition de cohérence minimale,
a un représentant universel. Cette condition de cohérence correspond à l’hypothèse de compatibilité
avec la base stochastique présentée dans le premier chapitre de [45].
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1.3.1.2 Volatilité et mesures de sauts incertaines

Dans la continuité des travaux de Soner, Touzi et Zhang dans le cas continu, nous définissons une
classe d’EDSR avec sauts, en demandant que ces équations soient vraies P-presque sûrement, pour
tout P dans une famille de mesures de probabilité construite à partir de solutions de problèmes de
martingales. Chaque mesure P représente un scénario de volatilité et de mesures des sauts.

Nous étudions des EDSR du second ordre prenant la forme suivante

Yt = ξ +

∫ T

t
Fs(Ys, Zs, Us, α̂, ν̂)ds−

∫ T

t
ZsdB

c
s

−
∫ T

t

∫
E
Us(x)(µBd − ν̂)(ds, dx) +KT −Kt, Pα,ν-p.s , ∀Pα,ν ∈ P, (1.3.1)

où (α̂, ν̂) = (α, ν), Pα,ν-p.s ,∀Pα,ν ∈ P.

Nous mentionnons dans la suite quelques différences fondamentales entre les EDSRs classiques et
le cas du second ordre, ainsi que les particularités liées à la présence de sauts.

(i) Premièrement, dans le cas du second ordre avec sauts, nous introduisons une équation similaire
à celle du cas classique, mais dont le générateur dépend à la fois de la variation quadratique de Bc

d’une part et du compensateur de la mesure des sauts de Bd d’autre part, où Bc et Bd désignent
respectivement la partie martingale continue et la partie purement discontinue de B. Rappellons
que le générateur d’une EDSR classique ne dépend pas de la variation quadratique du processus
canonique, et que dans le cas du second ordre continu, le générateur ne dépend que de la variation
quadratique de la partie martingale brownienne. Dans notre cas, puisque nous avons un terme de
martingale à sauts additionnel dans l’équation, nous aurons une dépendence additionnelle dans le
générateur.

(ii) Une deuxième différence importante avec le cas classique est, comme nous l’avons indiqué
plus tôt, que l’EDSR doit être vraie au sens P-presque sûr, pour tout P dans une large famille de
mesures de probabilité. Sous chaque P, Bc et Bd ont respectivement une variation quadratique et
un compensateur de mesure des sauts qui sont prescrits. C’est pourquoi nous pouvons comprendre
intuitivement les EDSR du second ordre avec sauts comme des rétrogrades classiques avec incertitude
de modèle, où l’incertitude affecte à la fois la volatilité et la mesure des sauts du processus qui dirige
l’équation.

(iii) Une troisième différence majeure dans le cas du second ordre est la présence d’un processus
croissant additionnel K dans l’équation. Notons que la solution Y d’une EDSR du second ordre se
représente comme un supremum essentiel de solutions yP de rétrogrades classiques. Le processus K
maintient Y au dessus de toute solution classique yP avec variation quadratique et compensateur
de mesure des sauts donnés sous P. Le processus K est alors formellement analogue au processus
croissant apparaissant dans les EDSRs réfléchies (telles que définies dans [46] par exemple).
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1.3.2 Résultats nouveaux

1.3.2.1 Existence, unicité et représentation

L’étude de l’équation 1.3.1 que nous menons correspond au cas d’un générateur F qui est Lipschitz
en (y, z, u). Nous commençons par montrer que si une solution existe, alors elle s’écrit comme un
P-supremum essentiel de solutions d’EDSR classiques, pour chaque P dans la famille de mesure de
probabilités que nous considérons : pour tout 0 ≤ t ≤ T et tout P dans P,

Yt = ess supP

P′∈P(t,P)

{
yP
′

t (ξ)
}
, P− a.s., (1.3.2)

où P(t,P) désigne les probabilités P′ qui coincident avec P sur Ft et où yP
′

t (ξ) est la valeur en t de la
solution de l’EDSR classique sous P′ avec générateur F̂ et condition terminale ξ, F̂ étant défini par

F̂ (y, z, u) := F (y, z, u, â, ν̂).

Cette représentation est l’analogue du théorème 4.4 [112] dans le cas continu. Elle décrit la solution Y
d’une EDSR du second ordre comme le représentant universel des P-supremum essentiels de solutions
d’EDSR classiques.

Cette représentation, couplée à certaines estimations a priori, nous permet d’établir que si une
solution à notre classe d’EDSR du second ordre existe, alors cette solution est unique.

Pour la preuve d’existence, nous adoptons la même démarche que Soner, Touzi et Zhang [112].
L’outil principal utilisé est la distribution conditionnelle de probabilité régulière (ou regular con-
ditional probability distribution, R.C.P.D) introduite par Stroock et Varadhan [113]. Lorsque le
générateur est nul, la composante Y d’une solution d’une EDSR peut être écrite comme une es-
pérance conditionnelle. Par analogie avec ce cas simple, les r.c.p.d nous permettent de construire
des solutions d’EDSR trajectoriellement, contournant ainsi les problèmes subtils liés aux ensembles
négligeables quand les mesures de probabilité sont singulières.

1.3.2.2 Une application à la maximisation d’utilité en modèle incertain

Nous considérons dans cette section la situation où un agent économique a accès à un marché fi-
nancier. Il doit trouver une répartition optimale de sa richesse entre un actif non risqué et un actif
risqué dont le prix (St) est supposé gouverné par une diffusion.

Nous notons π le processus qui à chaque instant représente le montant de capital investi dans l’actif
risqué. C’est ce processus π qui est contrôlé, il représente la stratégie de l’agent économique. Le
processus de richesse est alors donnée par :

Xx,π
t := x+

∫ t

0
πu
dSu
Su

,

où x représente la richesse initiale.

Une stratégie optimale, si elle existe, est obtenue par la maximisation de la fonction d’utilité U
de l’agent, supposée croissante et concave. Il s’agit donc de résoudre le problème de maximisation
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suivant
V (x) := sup

π∈A
EP [U (Xx,π

T

)]
,

où A désigne l’ensemble des stratégies admissibles et T l’horizon du problème.

Dans le cas particulier où U est la fonction d’utilité puissance, S un mouvement brownien géométri-
que et où aucune contrainte n’est appliquée sur les stratégies possibles, Merton [88] a résolu ce
problème de maximisation par des techniques classiques de contrôle stochastique. Ce problème a
ensuite progressivement été étendu au cas de fonctions d’utilité générales par Pliska [103], d’ajout de
coûts de transaction par Constantinides et Magill [31], de contraintes sur les stratégies admissibles
par Cvitanić et Karatzas [34] et Zariphopoulou [121], ou encore au cas de modèles généraux de
semi-martingales par Kramkov et Schachermayer [75].

C’est seulement au début des années 2000 qu’un lien est établi entre ce problème de maximisation
d’utilité et la théorie des EDSR, dans les travaux de El Karoui et Rouge [51], qui étudient un
problème lié à celui de la maximisation d’utilité, dans le cas d’une fonction d’utilité exponentielle et
de stratégies admissibles contraintes à demeurer dans un ensemble convexe et fermé. Hu, Imkeller et
Müller [] étendent ensuite ces résultats au cas des utilités puissance et logarithme. Dans ces travaux,
un lien est établi entre la fonction valeur du problème de maximisation et des EDSR quadratiques.

Une généralisation possible des travaux précédents consiste à introduire de l’incertitude sur le
modèle utilisé. Ceci peut être fait en considérant non pas une mesure de probabilité P de référence
comme dans les approches précédentes, mais une famille de mesures de probabilité. Ceci signifie que
l’agent ne connait pas de manière parfaite le modèle qui gouverne la dynamique de l’actif risqué S.
Dans ce contexte, le problème de maximisation devient le suivant

V (x) := sup
π∈A

inf
P∈P

EP [U (Xx,π
T

)]
,

où P représente l’ensemble des mesures de probabilité possibles. L’agent se place donc dans la
pire des situations pour lui en termes de modèle, puis recherche une stratégie optimale dans ce
cadre. Lorsque l’ensemble P n’est pas dominé, le problème devient techniquement difficile. Denis
et Kervarec [38] considèrent une famille de mesures de probabilité correspondant à des modèles de
semi-martingales avec des scénarios différents de drift et de volatilité. En supposant alors la fonction
d’utilité de l’agent bornée, ils obtiennent d’une part, des résultats de dualité pour les fonctions valeur
robustes qu’ils analysent et, d’autre part, l’existence d’une stratégie optimale.

Matoussi, Possamai et Zhou [87] étudient aussi un problème de maximisation d’utilité robuste avec
incertitude sur la volatilité. Ils étendent les techniques initiées par El Karoui et Rouge au cadre des
martingales non linéaires obtenues naturellement par l’utilisation de toute une famille de mesures de
probabilité. Ces travaux établissent donc un lien entre le problème de maximisation d’utilité robuste
et une EDSR du second ordre particulière.

Nous étendons un des résultats prouvés dans [87] au cadre avec sauts. En particulier, nous sup-
posons que l’actif risqué S vérifie la dynamique suivante, pour tout P dans P

dSt
St−

= btdt+ dBc
t +

∫
E
βt(x)µBd(dt, dx), P− p.s.
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où b et β sont des processus prévisibles. Remarquons que l’écriture précédente comporte l’incertitude
de modèle sur la diffusion de S puisque d < Bc, Bc >P

t = aPt dt, P-p.s. D’autre part, le compensateur
de la mesure des sauts du processus canonique change avec la mesure de probabilité considérée. Ceci
nous permet donc de modéliser l’incertitude portant à la fois sur la volatilité, sur les instants et sur
la taille des sauts.

Dans le cas de la fonction d’utilité exponentielle définie par U(x) := − exp(−ηx), avec η > 0, nous
montrons que la fonction valeur V de notre problème de maximisation d’utilité robuste s’écrit V (x) =

− exp(−ηx)Y0, où (Y,Z, U) est la solution d’une EDSR avec sauts du second ordre particulière, avec
générateur Lipschitz. Nous montrons par ailleurs l’existence d’une stratégie π∗ optimale. Pour
obtenir ce résultat, nous restreignons l’ensemble des stratégies admisibles à un ensemble compact.
Ceci nous permet de nous ramener, comme dans [82], à une EDSR avec générateur Lipschitz.
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2.1 Introduction

2.1.1 Choquet integrals

One possible generalization of the Lebesgue integral with respect to a (probability) measure is the
Choquet integral with respect to a capacity (definition 2.2.5). Thus, it provides in particular a
generalization of the mathematical expectation. It was first introduced by Choquet in 1953 ([29]).
Choquet asked the following natural question: what are the properties of a measure µ that preserve

the interior regular approximation property: for each borelian B,

µ(B) = sup{µ(K), K compact, K ⊂ B}.

He showed in [29] that additivity properties do not play any role, and that by contrast monotonicity
and continuity properties are crucial. That is how the additivity property µ(A ∩ B) + µ(A ∪ B) =
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µ(A) + µ(B) is dropped and replaced by property 3 in definition 2.2.4. Then Choquet introduced
a notion of integral with respect to set functions not having additivity properties (see [40] for a
monography).

Capacities and Choquet integrals were first developped and used in the potential theory. Then
Choquet integrals have been applied intensively as criteria in economic decisions under uncertainty
after the demonstrations by Greco [57] and Schmiedler [108] of Choquet integral representations of
increasing and comonotonic functionals, under additional continuity assumptions. Since then, an
important literature has developped on the study of economic beliefs and preference relations ([56]),
their representations using non-additive capacities ([43], [44], [26]) and the equilibria that it generate
([24], [25], [21]).

We adopt in this chapter the point of view of convex risk measures and focus on risk measures that
we can represent as Choquet integrals, which are not necessarily law invariant. In [68], Jouini &
al. showed that the optimal risk sharing between two agents having law invariant and comonotonic
monetary risk measures is given by a sum of stop loss contracts. We extend their result in several
directions, since we consider law dependent, and cash sub-additive risk measures, and show that the
bounds of the stop loss contracts correspond to quantile values of the total risk. Moreover, we treat
the case of Lp random variables, which is more suitable to real cases and theoretical examples than
bounded random variables. To achieve this, we first prove a quantile weighting result for general
choquet integrals, and using this result, we compute explicitely the inf-convolution of two Choquet
integrals and characterize the inf-convolution operator as a Choquet integral with respect to some
capacity.

2.1.2 Reinsurance and risk transfer

Reinsurance is a mecanism allowing an insurer to transfer a part of its subscribed risk to a reinsurer.
There are several types of reinsurance contracts. The insurer can transfer its risk in a proportional

or linear way, which means that he gives away a fixed percentage of its losses and of its premiums
to the reinsurer: for a loss represented by a positive random variable X, he leaves F = aX with
0 < a < 1 to the reinsurer and supports X − F = (1− a)X.
The insurer can also buy a non-proportional contract, which allows him to put a ceilling on its

losses since he will be exposed to X ∧ k, the reinsurer taking the remaining part (X − k)+, with
k ∈ R+.

A very natural question for the insurer is how to optimally transfer its risk ?
Barrieu and El Karoui [6] studied the optimal contract design problem using inf-convolution tech-

niques, in particular they find again in a very simple framework a result of Borch [16], stating that
the optimal risk transfer is obtained through a linear quota-share contract. The insurer has to stay
exposed to a proportional part of its subscribed risk, with a coefficient equal to its relative risk
aversion coefficient over the total risk aversion of the two market players.

Attrition Versus Extreme Risk

In practice, a great majority of major risks reinsurance exchanges are done in a non-proportional way.
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To understand this fact in view of the previous proportional optimality result, we can distinguish the
risk that the insurer is facing, considering the following two components: an "attrition risk" which is
basically a high frequency / low severity risk, and the "extreme risk" that is encountered for example
in natural or industrial catastrophes and which is on the contrary a low frequency / high severity
risk.

The attrition risk is often considered as the heart of the insurer activity, this is the risk that he
knows best and he is in a position to develop a methodology and tools to manage it. In particular,
the premium that the insurer receives for the attrition risk is a major tool to manage it, as well as
proportional-type reinsurance contracts if the insurer wants to reduce it.

The extreme risk is the one that the insurer really wants to reduce, this risk is considered as the
heart of the reinsurer activity. The insurer and reinsurer do not have the same level of information
and knowledge on the extreme risk, and this is what justifies the exchange, which is done through
non proportional contracts in the majority of cases. See [22].

The criterion choice

A major issue for an insurance company in the design of its reinsurance policy is the choice of
its risk retention, that is to say the parameter k appearing in the payoff function X ∧ k. In the
literature, two main criteria are used: maximizing the cumulative expected discounted dividends
(see Taksar [115] for a survey) or minimizing the ruin probability.

De Finetti ([35]) and then many authors have studied the first criterion (among them [109], [61],
[118], [60] and the references therein). The goal in these papers is to find, from the point of view
of an insurance company, an optimal strategy concerning both the reinsurance buying process and
the dividends distribution process. One of their main findings - using stochastic control techniques
- is the existence of a feedback optimal strategy for reinsurance on the one hand, and a "barrier"
type optimal strategy for dividends on the other hand, in which the insurance company does not pay
any dividends when its wealth process exceeds a certain known level. However in practice, dividends
decision are often separated from reinsurance decisions, the main issue of dividends being that it
sends a strong signal to the insurance industry and to financial markets concerning the company’s
financial health, making the barrier strategy hardly applicable.

The ruin theory is a standard branch of actuarial science, but it ignores the insurance company
economic value, and frictional costs generated by economic capital management. The ruin probability
minimization does not appear in the legal solvency II framework. There is a need for insurers to
introduce modern risk theory in the reinsurance optimization process.

We focus in this chapter on the non proportional reinsurance optimization, using convex risk
measures as a criterion. Indeed, convex risk measures constitute a flexible tool for optimization,
and it is suitable to the inf-convolution operator since the inf-convolution of monetary convex risk
measures is again a monetary convex risk measure (see [6]). We will discuss the criteria choices,
related to the market participants risk aversion.
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2.2 Preliminaries on Risk Measures

In this section we will give some definitions, properties and representation of convex risk measures,
and then state the reinsurance optimization problem using the introduced convex risk measures as
criterion.

2.2.1 Introduction

2.2.1.1 Axioms

Motivated by some imperfections of traditional risk measures such as value-at-risk (which is recom-
mended by the solvency II european regulatory requirement for insurance companies), Artzner & al.
[2] and then Follmer and Schied [54] and Frittelli and Rosazza-Gianin [55] introduced the notions of
coherent and convex risk measures. We will now recall their definitions, and some key properties. We
state the given results for a generic space X of random variables, typically we will take X = L∞(P)

or X = Lp(P) with p ≥ 1, where (Ω,F ,P) is a fixed probability space. We will skip the subscript P
in the definition of X when there is no possible confusion.

Definition 2.2.1 An application ρ : X → R is called:

• [MO] Monotonic if X ≤ Y a.s. implies ρ(X) ≤ ρ(Y ).

• [CI] Cash-invariant if ∀c ∈ R, ρ(X + c) = ρ(X) + c.

• [CO] Convex if ∀ 0 ≤ λ ≤ 1, ρ(λX + (1− λ)Y ) ≤ λρ(X) + (1− λ)ρ(Y ).

• [PH] Positively homogeneous if ∀ λ ≥ 0, ρ(λX) = λρ(X).

An application verifying the axioms [MO], [CI] is called a monetary risk measure. If it furthermore
satisfies [CO] then it is called a convex risk measure, and if it also satisfies the axiom [PH] then we
say it is a coherent risk measure.

The cash-invariance property, also called translation invariance, gives to the value ρ(X) a monetary
unit: ρ(X) may be intuitively interpretated as the minimal capital amount to add to X, and to
invest in a risk free manner, to make the position X acceptable or risk free. Indeed ρ(X − ρ(X)) =

ρ(X)− ρ(X) = 0.

The convexity axiom will describe the preference for diversity: it means that diversification should
not increase risk.

Note that here positive random variables represent losses, then we consider increasing risk measures,
and cash-invariant with a "+" sign.
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2.2.1.2 Dual representation

An important kind of results are the Fenchel-Legendre type dual representation theorems for risk
measures. It has been given in Artzner & al. [2] for coherent risk measures and Frittelli and Rosazza-
Gianin [55] for convex risk measures defined on L∞, and after that by Biagini and Frittelli [10] in
the case of convex risk measures defined on Lp.
Since the dual space of L∞ can be identified with the spaceM ba of finitely additive set functions with

finite total variation, the application of general duality theorems only gives the dual representation
with respect to the subspace of finitely additive set functions normalized to 1. For the representation
to hold with probability measures, we need the following additional property:

Definition 2.2.2 ρ satisfies the Fatou property if it is lower semi-continuous with respect to the
bounded pointwise convergence, i.e if for any bounded sequence Xn of L∞ converging pointwise to X,
we have

ρ(X) ≤ lim inf ρ(Xn).

Remark 2.2.1 The Fatou property is equivalent with continuity from above (see [54]).

We can now state the representation result:

Theorem 2.2.1 ([55]) A convex risk measure ρ on L∞, satisfying the Fatou property, admits the
following dual representation:

ρ(X) = sup
Q∈M1

{EQ[X]− α(Q)} (2.2.1)

where M1 denotes the set of all probability measures on F and α : M1 → R ∪ {+∞} is a penalty
function given by:

α(Q) = sup
X∈L∞(P)

{EQ[X]− ρ(X)}

If we interpret any probability measure Q on (Ω,F) as a possible model, or possible weighting of
events, this representation tells us that every convex risk measure that is upper semi-continuous can
be seen as a worst case expectation over a family of models minus a penalty, the penalty representing
the likelihood of the given models.

In the case of risk measures ρ defined on Lp, we need the additional property of finiteness of ρ
on Lp. Indeed, Biagini and Frittelli [10] proved that any convex and finite risk measure on Lp is
continuous with respect to the Lp norm. Then a dual representation holds as in (2.2.1) in the classic
Lp − Lq duality.

2.2.1.3 Examples

The Value-at-Risk

The Value-at-Risk is the main risk measure used in practice and it is the measure recommended by
the Solvency II european regulator for insurance companies. It consists in computing an α-quantile
of the risk X:

V aRα(X) := qX(α) = inf{x ∈ R such that FX(x) ≤ α},
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where α ∈ [0, 1] and FX denotes the tail cumulative distribution function of X. α is considered as
an "acceptable" bankruptcy probability, and then V aRα(X) represents the losses that are attained
only with that probability.
The measure ρ = V aRα is not convex, and then do not satisfy a dual representation, but the

following Average Value-at-Risk will.

The Average Value-at-Risk

To overcome the non-convexity of the monetary risk measure V aRα, we consider the following
Average Value-at-Risk at level α ∈ (0, 1] of a position X ∈ X , given by:

AV aRα(X) =
1

α

∫ α

0
qX(u)du

The name Average Value-at-Risk is justified by the following equality, which holds if X has a contin-
uous distribution, it says that the quantity AV aRα(X) is an average of the losses greater or equal
to V aRα(X):

AV aRα(X) = E [X|X ≥ V aRα(X)] .

AV aRα is a coherent risk measure and its dual representation is given as follows:

AV aRα(X) = sup
Q∈M1

{EQ(X)− α(Q)}, X ∈ X

where the penalty function α only takes the values +∞ or 0, it is given by the indicator function in
the sense of convex analysis of the following set:

Q := {Q ∈M1 |
dQ

dP
≤ 1

α
}

Note that we have:
AV aRα(X) = qX(α) +

1

α
E
[
(X − qX(α))+

]
The Entropic risk measure

As mentionned before, the penalty function α appearing in the representation (2.2.1) account for
the likelihood of a given modelQ. Suppose that we measure the likelihood ofQ using the information
theoretic entropic function H(Q|P) defined by

H(Q|P) := EP
[
dQ

dP
log(

dQ

dP
)

]
.

The corresponding risk measure

ρe(X) = sup
Q∈M1(P)

{EQ[X]−H(Q|P)}

is called the entropic risk measure.
The variational principle for the entropic function H gives

ρe(X) = logEP[eX ].
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The Worst case risk measure

The worst case risk measure is defined on L∞ by

ρmax(X) := sup
ω∈Ω

X(ω).

It is a coherent risk measure, whose dual representation is given by

ρmax(X) = sup
Q∈M1

EQ[X].

It is the most conservative coherent risk measure. It represents in an insurance context, the total
insurable value of an insurance company if X denotes its total exposition.

The Semi-deviation risk measure

For 0 ≤ δ ≤ 1 and 1 ≤ p ≤ ∞, we define the semi-deviation risk measure as follows :

ρ(X) := E[X] + δE [(E(X)−X)p]1/p .

ρ is a positively homogeneous law-invariant monetary risk measure. If we define U(X) := −ρ(−X),
we obtain the semi-deviation utility function, whose properties are studied in [68] for example. We
will use this utility function in the next chapter.

2.2.1.4 Inf-convolution

Given two convex risk measures ρ1 and ρ2 with penalty functions α1 and α2, we define their inf-
convolution in the following way:

ρ1�ρ2(X) := inf
F∈X
{ρ1(X − F ) + ρ2(F ))} (2.2.2)

Barrieu and El Karoui [5] proved under the assumption ρ1�ρ2(0) > −∞ that ρ1�ρ2 is a finite convex
risk measure. If ρ1 is continuous from below, then ρ1�ρ2 is continuous from below and we have the
following dual representation :

ρ1�ρ2(X) := sup
Q∈M1

{EQ[X]− (α1 + α2)(Q)} (2.2.3)

The inf-convolution operator appears naturally in optimal risk transfer problems as we will see
through the example of reinsurance optimization.

2.2.2 VaR Representation of Convex Risk Measures

Assumption 2.2.1 We suppose in the rest of the chapter that the probability space (Ω,F ,P) we
work with is atomless.

This assumption induces that our probability space supports a random variable with a continuous
distribution (see for instance Proposition A.27 in [54]). Its usefullness is mentioned in Example 2.2.1,
it is also important in the proof of Proposition 2.3.2.

The representation theorems stated above can be reformulated making use of Choquet integrals
and distortion functions, that we now introduce.
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Definition 2.2.3 Every nondecreasing function ψ : [0, 1] → [0, 1] with ψ(0) = 0 and ψ(1) = 1 will
be called a distortion function.

For a given right continuous distortion function ψ, we consider a [0, 1]-valued random variable Λψ
whose law is given by:

P(Λψ ≤ x) =


0 if x ≤ 0

ψ(x), if 0 ≤ x ≤ 1

1 if x ≥ 1

(2.2.4)

We will use random variables in the form of Λψ to give an interpretation of the Choquet integral
and of convex risk measures.

Definition 2.2.4 A set function c : F → [0, 1] is called

1. Normalized if c(∅) = 0 and c(Ω) = 1.

2. Monotone if c(A) ≤ c(B) whenever A ⊂ B, A, B ∈ F .

3. Submodular if c(A ∪B) + c(A ∩B) ≤ c(A) + c(B), ∀ A, B ∈ F .

4. Outer regular if for every decreasing sequence (An) of elements of F , we have

c

(⋂
n

An

)
= lim c(An). (2.2.5)

Normalized and monotone set functions are called capacities.

Definition 2.2.5 The Choquet integral of a random variable X, with respect to a capacity c is defined
by: ∫

Xd c :=

∫ 0

−∞
(c(X > x)− 1) dx+

∫ ∞
0

c(X > x)dx

Example 2.2.1 Using a distortion function ψ, we can define a capacity cψ given by cψ(A) =

ψ(P(A)), ∀A ∈ F . For ψ(x) = x, the Choquet integral
∫
Xd cψ is just the expectation of X un-

der the probability measure P. The function ψ is used to distort the expectation operator EP into
the non-linear functional ρψ. It is known (see for example [54]) that when the probability space is
atomless, ψ is concave if and only if ρψ is a sub-linear risk measure.

If we define ψ(u) := φ
(
φ−1(u) + α

)
, with α > 0, where φ denotes the standard gaussian cumulative

distribution function, we obtain the Wang transform risk measure, which is popular in insurance
pricing (see Wang [120] for details on this particular Choquet integral).

Definition 2.2.6 We will say that a risk measure ρ is law invariant, if ρ(X) = ρ(Y ) whenever X
and Y have the same law under P.
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The Choquet integrals with respect to capacities constructed from distortion functions as in the
previous example can be used as building blocks for any convex and law invariant risk measure which
is continuous from below. This is the result of Corollary 4.72 in [54]. This means that we can use
Choquet integrals instead of the usual linear expectation in the dual representation (2.2.1) of any
convex, law invariant and continuous from below risk measure ρ as follows

ρ(X) = sup
ψ∈C

{∫
X dcψ − γ(ψ)

}
, (2.2.6)

where C denotes the set of concave distortion functions and

γ(ψ) := sup
X∈L∞(P)

{∫
X dcψ − ρ(X)

}
.

In [76] and [54], a dual representation of law invariant convex risk measures is given in terms of
AV aR. We have the same representation in terms of V aR risk measures, at random levels of the
form Λψ:

Proposition 2.2.1 A convex risk measure ρ is law invariant and continous from above if and only
if

ρ(X) = sup
ψ∈C

(
EP
[
V aRΛψ(X)

]
− γ(ψ)

)
with

γ(ψ) = sup
X∈L∞(P)

(
EP
[
V aRΛψ(X)

]
− ρ(X)

)
.

Proof.
We just notice that since {qX(Λψ) > x} = {Λψ ≤ P(X > x)},

P(qX(Λψ) > x) = P(Λψ ≤ P(X > x)) = ψ(P(X > x)) = cψ(X > x).

Using this, we can rewrite the Choquet integral as :∫
Xd cψ =

∫ 0

−∞
(P(qX(Λψ) > x)− 1) dx+

∫ ∞
0

P(qX(Λψ) > x)dx = EP
[
V aRΛψ(X)

]
Now using the representation (2.2.6), we get the desired result. �
This proof enlights in particular that the Choquet integral of a r.v. X is a non linear operator,

that can be rewritten as a classic linear expectation of a quantile of X, evaluated at a random level.

Remark 2.2.2 (Link with AVaR representations) The dual representation of law invariant convex
risk measures, with AVaR as building blocks, is as follows:
ρ is convex and law invariant if and only if

ρ(X) = sup
µ∈M1((0,1])

(∫ 1

0
AV aRα(X)µ(dα)− γ(µ)

)
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where

γ(µ) = sup
X∈L∞(P)

(∫ 1

0
AV aRα(X)µ(dα)− ρ(X)

)
andM1((0, 1]) denotes the set of probability measures on (0, 1].
These two representations with VaR and AVaR risk measures, evaluated at random levels, lead to no
contradiction since ∫ 1

0
AV aRα(X)µ(dα) =

∫
Xd cψ = EP

[
V aRΛψ(X)

]
where ψ is the distortion function defined by dψ

dt =
∫ 1
t

1
sµ(ds), with µ a given probability measure on

(0, 1].

2.2.3 Optimal risk transfer and inf-convolution

Following the framework of [68] and [5], we consider the problem of optimal risk sharing between an
insurer and a reinsurer in a principal-agent framework.
The exposure of the insurer (the agent) is modeled by a positive random variable X. Both the insurer
and the reinsurer assess their risk using an increasing law invariant convex monetary risk measure
(resp. ρ1 and ρ2). For a given loss level X, the insurer will take in charge X −F and transfer to the
reinsurer a quantity F , and for this he will pay a premium π(F ).
The insurer (the agent) minimizes his risk under the constraint that a transaction takes place, he

solves :
inf
F,π
{ρ1(X − F + π)} under the constraint ρ2(F − π) ≤ ρ2(0) = 0 (2.2.7)

Binding this last constraint and using the cash-additivity property for ρ2 gives the optimal price
π = ρ2(F )− ρR(0) = ρR(F ). This is an indifference pricing rule for the reinsurer, that is to say the
price at which he is indifferent (from a risk perspective) between entering and not entering into the
transaction.
Replacing π = ρ2(F ) in (2.2.7) and using the cash-additivity property of ρ1, the insurer program
becomes equivalent to the following one:

inf
F
{ρA(X − F ) + ρR(F )} =: ρA�ρR(X)

We are left with the inf-convolution of ρ1 and ρ2, problem for which we give some explicit solutions
in Theorem 2.3.3 and in Section 2.4.

2.3 The case of Comonotonic Risk Measures

We start this section with some definitions and properties related to the important notion of comono-
tonicity.
Let us begin with the definition of comonotonicity for random variables:

Definition 2.3.1 Two random variables X and Y on (Ω,F) are called comonotone if

∀ (ω, ω′) ∈ Ω2,
(
X(ω)−X(ω′)

) (
Y (ω)− Y (ω′)

)
≥ 0
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Otherwise said, X and Y are comonotone if we cannot use one variable as a hedge against the other.
Denneberg [40] proved that two variables X and Y are comonotone if there exist a third random
variable Z such that X and Y can be written as nondecreasing functions of Z.

The variables ξ1 and ξ2 corresponding to what is payable by the insurer and the reinsurer in most of
common reinsurance contracts correspond to comonotone random variables. For instance, if the total
loss is represented by a positive random variable X, ξ1 = αX and ξ2 = (1 − α)X are comonotone.
This is also true for ξ1 = X ∧ k and ξ2 = (X − k)+.

The risk evaluation corresponding to an agregate position X + Y of comonotone variables X and
Y is then just the sum of the individual risks:

Definition 2.3.2 A risk measure ρ is called comonotonic if

ρ(X + Y ) = ρ(X) + ρ(Y ), whenever X, Y are comonotone random variables.

2.3.1 Representation results on Lp

In [54], it is proved that a monetary risk measure ρ on L∞(P) is comonotonic if and only if there
exists a capacity c such that

ρ(X) =

∫
X dc, (2.3.1)

and in this case, c is given by c(A) = ρ(1A).

We can extend the representation (2.3.1) to risk measures defined on Lp spaces, but we will need
the additional requirement that ρ is convex. Indeed, we will need the continuity of the Choquet
integral on Lp to prove the representation on Lp, and it will be given by the following extended
Namioka-Klee theorem proved in [10] for convex functionals:

Theorem 2.3.1 (Biagini - Frittelli [10]) Any finite, convex and monotone increasing risk mea-
sure ρ : Lp → R is continuous on Lp.

Using this continuity result, we can state a representation on Lp, which is a direct consequence of
Theorem 4.82 in [54]. Note that Kervarec [73], in the 3rd chapter of her PhD dissertation, also proves
a continuity result for coherent risk measures defined on a space analogous to Lp in a situation with
model uncertainty, with a non dominated family of probability measures.

Theorem 2.3.2 Let ρ be a convex and comonotonic monetary risk measure on Lp, and let C(X) :=∫
X dc, where c is a capacity given by c(A) = ρ(1A). If ρ and C are finite on Lp, then

ρ(X) = C(X) for any r.v X in Lp. (2.3.2)

Proof.
Of course Theorem 2.3.1 applies and ρ is Lp-continuous.
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First note that since ρ is comonotonic and since the pair (X,X) is comonotone, then ρ(2X) =

2ρ(X), by induction ρ(nX) = nρ(X) for n ∈ N∗, and this easily implies that ρ(qX) = qρ(X) for any
q ∈ Q+. We can use the Lp-continuity of ρ to deduce that ρ(λX) = λρ(X) for any λ ∈ R+. We have
obtained that ρ is positively homogeneous, in particular ρ(0) = 0, and if we define c(A) := ρ(1A) for
any A in F , then c is a capacity (monotone and normalized), which is also submodular by convexity
of ρ.

We can define the Choquet integral C(X) :=
∫
X dc. C is a convex (since c is submodular) and

comonotonic monetary risk measure, so using the finiteness of C on Lp and Theorem 2.3.1, we obtain
the continuity of C on Lp.

Now, by Theorem 4.82 in [54], we know that C and ρ coincide on L∞. By the continuity of ρ and
C on Lp and density of L∞ in Lp, we have the desired result.

�

2.3.2 A quantile weighting result for general Choquet integrals

We denote by ρψ the Choquet integral with respect to the capacity cψ constructed from a distortion
function ψ. Recall that X = L∞ or X = Lp.

Assumption 2.3.1 For any interval [a, b] such that x→ P(X > x) is constant on [a, b], the function
x→ c(X > x) is also constant on [a, b]. We will say that cX inherits the constant intervals of FX .

Remark 2.3.1 If Q is a probability measure, then x→ Q(X > x) inherits the constant intervals of
FX if and only if the law of X under Q is absolutely continuous with respect to the law of X under
P.

Lemma 2.3.1 Let c be a capacity on F . Let X be a random variable in X such that cX inherits the
constant intervals of FX , then there exists a distortion function ψX such that the Choquet integral
with respect to c coincides with ρψX at X :∫

Xdc =

∫
XdcψX

Furthermore, if the capacity c is outer regular then ψX is right-continuous.

Proof. Recall that qX(u) = inf{x ∈ R |FX(x) ≤ u}. In particular qX(FX(x)) ≤ x.

Step 1: We first prove that for any real number x,

c{X > x} = c{X > qX
(
FX(x)

)
}.

For any x such that FX(x) is a point of continuity of qX , we have qX
(
FX(x)

)
= x, so the claim is

obvious in that case. Then let x be such that FX(x) is a discontinuity point for the function qX .
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We have qX(FX(x)) < x, and FX is constant on the interval [qX(FX(x)), x], then by Assumption
2.3.1, cX is also constant on this interval which is the desired claim.

Step 2: For a given random variable X and a capacity c, we define

ψX(u) := c(X > qX(u)). (2.3.3)

ψX is a distortion function since c is monotone and normalized, and using step 1 above, we have

ψX(P(X > x)) = c (X > qX(P(X > x))) = c(X > x).

And hence,∫ 0

−∞
(c(X > x)− 1) dx+

∫ ∞
0

c(X > x)dx =

∫ 0

−∞
(cψX (X > x)− 1) dx+

∫ ∞
0

cψX (X > x)dx,

which is the desired result.

The proof that the outer regularity of c implies the right continuity of ψX is as follows:
Since qX is right-continuous and non increasing, for every non increasing sequence (un) converging
to u, qX(un) goes to qX(u) and {X > qX(un+1)} ⊂ {X > qX(un)}. Then the application of the
property (2.2.5) with An = {X > qX(un)} gives the right continuity of ψX .

�

In [76], Kusuoka provided a representation of law invariant risk measures as an integral of weighted
quantiles. More precisely, he proved that ρ is a monetary risk measure which is law invariant and
comonotonic if and only if there exists a distortion function ψ such that for every X in L∞(P),

ρ(X) =

∫ 1

0
qX(u)ψ′(u)du (2.3.4)

We can still write a quantile representation for a monetary risk measure which is comonotonic but
not necessarily law invariant:

Proposition 2.3.1 Let ρ be a monetary risk measure satisfying the Fatou property of Definition
2.2.2, which is comonotonic, and let X be in L∞. If x → ρ(1{X>x}) inherits the constant intervals
of FX , then there exists a distortion function ψX such that

ρ(X) =

∫ 1

0
qX(u)ψ′X(u)du. (2.3.5)

Proof.
Since ρ is comonotonic, there exists a capacity c such that ρ(X) =

∫
Xdc. The Fatou property of ρ

is equivalent with its continuity from above ( Lemma 4.20 in [54]), and this implies that c(A) = ρ(1A)

is outer regular. At the point X, ρ coincides by Lemma 2.3.1 with a right-continuous ψX -distortion
risk measure, and we re-write it as follows:∫ 0

−∞
(cψX (X > x)− 1) dx+

∫ ∞
0

cψX (X > x)dx = EP [qX(ΛψX )]
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and the last quantity, by definition of ΛψX , is equal to
∫ 1

0 qX(u)ψ′X(u)du, which ends the proof.
Remark that ΛψX is well defined since ψX is right-continuous.

�

Remark 2.3.2 The same proof shows that the result is true for risk measures defined on Lp, provided
that C(X) =

∫
X dc is finite, where c(A) := ρ(1A).

In view of these results, the inf-convolution of comonotonic risk measures reduces to the inf-
convolution of Choquet integrals, the study of which will require some preliminary results that we
enonciate and prove in section 2.3.2. We will represent (2.3.8) the inf-convolution of two comonotonic
and cash additive functionnals as a Choquet integral in section 2.3.3.

2.3.3 Inf-Convolution of Choquet Integrals

As shown in the following proposition, the Kusuoka-type quantile representation (2.3.5) is stable
under inf-convolution. This extends a result in [67] to non necessarily law invariant measures.

Proposition 2.3.2 Let ρ1 and ρ2 be convex comonotonic risk measures satisfying the Fatou property
and let X ∈ X . Assume that ρ1�ρ2(0) > −∞ and the functions x→ ρi(1{X>x}) inherit the constant
intervals of FX .
If X = Lp, we also assume that ρi and its associated comonotonic risk measure is finite on Lp,

i = 1, 2.
Then there exist two distortion functions gX1 and gX2 such that

ρ1�ρ2(X) =

∫
qX(u)(gX1 ∧ gX2 )′(u) du (2.3.6)

where (gX1 ∧ gX2 )(x) := min
(
gX1 (x), gX2 (x)

)
.

Proof. Since ρ1 and ρ2 are convex and comonotonic, using either (2.3.1) or (2.3.2) we have the
existence of two submodular capacities c1 and c2 such that ρ1, ρ2 are the associated Choquet integrals.
Let c1,2(A) := min(c1(A), c2(A)), ∀A ∈ F . The dual representation of ρ1 and ρ2 is given by:

ρi(X) = sup
Q∈M1,f

{EQ(X)− αi(Q)} (2.3.7)

with αi(Q) = 0 if Q ∈ Ci and +∞ if not.
Ci is the core of ci defined by Ci = {Q ∈ M1,f |Q(A) ≤ ci(A), ∀A ∈ F} and M1,f denotes the set
of finitely additive set functions. Now theorem 3.6 in [5] says that ρ1�ρ2 is a convex risk measure
with a penalty function given by α̃(Q) = α1(Q) + α2(Q), which equals 0 if Q ∈ C̃ = C1 ∩ C2 = {Q ∈
M1,f |Q(A) ≤ min(c1(A), c2(A)), ∀A ∈ F} and +∞ if not. α̃(Q) is the core of c1,2. c1,2 is obviously
a capacity, and using theorem 4.88 in [54], c1,2 is a submodular capacity (here the Assumption ?? of
atomless probability space is important) and we have

ρ1�ρ2(X) =

∫
Xdc1,2 (2.3.8)
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Now since c1,2(X > x) inherits the constant intervals of FX(x) (since c1 and c2 do), we can use
Lemma 2.3.1 to provide the existence of a distortion function g̃ such that

∫
Xdc1,2 coincides with

the Choquet integral with respect to the capacity g̃(P(.)) at X. We have

g̃(u) = c1,2(X > qX(u)) = c1(X > qX(u)) ∧ c2(X > qX(u)) = min
(
gX1 (u), gX2 (u)

)
,

with gXi (u) = ci(X > qX(u)), i = 1, 2. This implies, as in the demonstration of Proposition 2.3.1,
that ρ1�ρ2(X) =

∫
qX(u)(gX1 ∧ gX2 )′(u) du (this is where the Fatou property is needed).

�

Remark 2.3.3 The formula (2.3.8) in the previous proof tells us that the inf-convolution ρ1�ρ2(X)

is again a Choquet integral with respect to the capacity

c1,2(A) = min(c1(A), c2(A)).

In the particular case where c1 and c2 are constructed with distortion functions ψ1 and ψ2 as
in Example 2.2.1, then c1,2 is also a distorted probability with respect to the function ψ1,2(u) :=

min(ψ1(u), ψ2(u)).

If at a given point u∗ in [0, 1], we have ψ1(u∗) < ψ2(u∗), then we can say that at the given quantile
level u∗, agent 1 is less risk averse than agent 2, since he uses a less severe distortion of the a-priori
probability P at this point u∗. Now the form of ψ1,2 suggests that the inf-convolution splits the total
risk X in many parts, which are asigned to the agent being the less risk averse on the corresponding
quantile intervals (see Theorem 2.3.3 and Section 2.4 for more details).

Using this result, we are able to solve explicitely the inf-convolution of convex Choquet integrals.

Recall that the core Ci of the capacity ci is defined by

Ci = {Q ∈M1,f |Q(A) ≤ ci(A), ∀A ∈ F}

whereM1,f denotes the set of finitely additive set functions on Ω.

In order to correctly formulate our next theorem, we need the following definitions.

Definition 2.3.3 We will say that a subset B of [0, 1] is densely ordered if for any x, y in B with
x < y, there exists z in B such that x < z < y.

For instance the set Q ∩ [0, 1] is numerable and densely ordered.

Definition 2.3.4 Let f be a real valued function defined on [0, 1]. We define the changing sign set of
f by those u in (0, 1) such that for every sequence (un) increasing towards u and every sequence (vn)

decreasing towards u, there is an integer N , such that ∀n ≥ N , sgn[f(un)] = −sgn[f(vn)], where as
usual, sgn(x) = −1 if x < 0 and sgn(x) = 1 if x > 0.

The two previous definitions are used to formulate the following assumption on two distortion
functions.
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Assumption 2.3.2 Let ψ1 and ψ2 be two distortion functions and denote f := ψ1 − ψ2. The set of
changing sign points of f contains no densely ordered subset.

The economic interpretation of the previous assumption is as follows: it means that ψ1 − ψ2 does
not change sign too often. Recall from the previous remark that these functions represent uncertainty
weighting, if ψ1(u) ≥ ψ2(u) for a certain point u, an economic agent using ψ1 as a distortion function
asigns more uncertainty to the point u than an agent 2 using ψ2. Now when the sign of ψ1 − ψ2

changes, it means that the order of uncertainty weighting between agent 1 and agent 2 changes. If
it changes very often in the sense that Assumption 2.3.2 is not satisfied, this means that the agents
relative agreement on the probability weighting changes very often.

A sufficient condition for Assumption 2.3.2 to hold is that the distortions ψ1 and ψ2 are continuous
and have a finite number of crossing points. This will be the case in all the examples we consider.

Theorem 2.3.3 Let X be in L∞. Let ρ1 and ρ2 be two comonotonic risk measures satisfying the
assumptions of Proposition 2.3.2. Suppose also that the associated local distortions gX1 and gX2 are
continuous and satisfy Assumption 2.3.2.
Then there exists a possibly infinite increasing sequence {kn, n ≤ N} of real numbers corresponding
to quantile values of X, such that

ρ1�ρ2(X) = ρ1 (X − Y ∗) + ρ2(Y ∗)

where Y ∗ is given by:

Y ∗ =
N∑
p=0

(X − k2p)
+ − (X − k2p+1)+.

Remark 2.3.4 If the sequence {kn, n ≥ 0} only takes two non zero values k1 and k2, then the first
agent (the insurer in that case) takes in charge X ∧ k1 + (X − k2)+ and agent two (the reinsurer)
is exposed to (X − k1)+ − (X − k2)+. This is exactly the definition of the Excess-of-Loss contract,
denoted "A-XS-B", that we find in a large majority of catastrophe reinsurance market exchanges
(here B = k1 and A = k2 − k1).

Remark 2.3.5 This result means that the inf-convolution of law invariant and comonotonic risk
measures is given by a generalization of the Excess-of-Loss contract, with more treshold values. The
domain R+ of attainable losses is divided in "ranges", and each range is alternatively at the charge
of one of the two agents.

The case where N is infinite is of course impossible in practice, but it gives an additional conceptual
insight to the optimal structure of the risk transfer.
Proof.

We start by writing the representation (2.3.6) for the inf-convolution and divide it in two parts.
For X ∈ X , let A := {x ∈ [0, 1] : gX1 (x) ≤ gX2 (x)} (we will write g1 and g2 instead of gX1 and gX2 for
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convenience),

ρ1�ρ2(X) =

∫ 1

0
qX(u)(g1 ∧ g2)′(u) du

=

∫ 1

0
qX(u)g′1(u)1A(u) du+

∫ 1

0
qX(u)g′2(u)1Ac(u) du.

Since g1 and g2 satisfy Assumption 2.3.2 and are continuous, the following non increasing sequence
{un, n ≥ 1} is well defined: it corresponds to the points of equality of the functions g1 and g2 defined
as follows :

u0 = 1; un+1 = sup{x < un such that g1(x) = g2(x) and g1(x−) 6= g2(x−)}

For each n we define kn := qX(un).
Then we can write the set A as the numerable union of disjoint intervals A =

⋃
n≥0[un+1, un],

where u0 = 1, limn→+∞ un = 0 and possibly there are integers k ∈ N such that g1(x) = g2(x) for
any x ∈ [uk+1, uk]. The non increasing sequence {un, n ≥ 1} corresponds to points of equality of the
functions g1 and g2. We can rewrite the inf-convolution

ρ1�ρ2(X) =
∑
p≥1

∫ 1

0
qX(u)1(u2p+1≤u≤u2p)g

′
1(u) du

+
∑
p≥1

∫ 1

0
qX(u)1(u2p+2≤u≤u2p+1)g

′
1(u) du. (2.3.9)

Then we remark that

qX(u)1(ui+1≤u≤ui) = (qX(u)− qX(ui))
+ − (qX(u)− qX(ui+1))+

− qX(ui+1)1{u≤ui+1} + qX(ui)1{u≤ui},

We define the increasing sequence (ki) by ki := qX(ui), and the random variables Z := (X − ki)+ −
(X − ki+1)+ and Zi = 1{X>ki}, then we have

qX(u)1(ui+1≤u≤ui) = qZ(u)− ki+1qZi+1
(u) + kiqZi(u).

We can plug this equality into (2.3.9) to obtain

ρ1�ρ2(X) = ρ1

∑
p≥1

(X − k2p)
+ − (X − k2p+1)+


+ ρ2

∑
p≥1

(X − k2p+1)+ − (X − k2p+2)+


−
∑
p≥1

(
k2p+1ρ1(X > k2p+1)− k2pρ1(X > k2p)

)
−
∑
p≥1

(
k2p+2ρ2(X > k2p+2)− k2p+1ρ2(X > k2p+1)

)
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Where we denoted ρ(X > k) := ρ(1{X>k}).
Finally, by noticing that for any i, ρ1(1(X>ki)) = g1(ui) = g2(ui) = ρ2(1(X>ki)), we obtain the

desired claim. �

The last proof shows in particular that the points ki defining the risk transfer are such that ρ1(X >

ki) = ρ2(X > ki). This is the counterpart on R of the equality at the points ui belonging to [0, 1] of
the local distortion functions gX1 and gX2 .

In Figure 2.1 below, we represented two possible functions gX1 and gX2 crossing twice on (0, 1), and
thus generating a layer as the optimal structure for the risk sharing. Assume that an insurer uses the
local distortion at X corresponding to the red curve, and that a reinsurer uses the one corresponding
to the green curve.

In the interval (w, 1), the reinsurer uses a more severe probability distortion, and thus all the risk
is assumed by the insurer in that region, since (w, 1) corresponds to losses X belonging to (0, k1),
with k1 = qX(w). The same thing happens for the interval (0, v) corresponding to losses belonging
to (k2,+∞), with of course k2 = qX(v). Finally, the reinsurer assumes all the losses belonging to
(k1, k2), since he has a less severe distortion on the interval (v, w).

With the notations of the last proof, k1 and k2 are the only two finite points such that we have the
"agreement" ρ1(X > ki) = ρ2(X > ki).

Figure 2.1: Example of configuration leading to a layer as optimal risk transfer

2.3.4 An extension to subadditive comonotonic functionals

2.3.4.1 Representation on L∞ and Lp

Proposition 2.3.3 ρ is an increasing, comonotonic and cash sub-additive functional on L∞(P), if
and only if there exist a set function c such that for each X in L∞(P), ρ(X) =

∫
ΩXdc, where for
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A ∈ F , c is defined by c(A) = ν.c̃(A) and c̃ is a capacity on F . In that case ν = ρ(1) = c(Ω).

Proof.
First suppose that ρ is an increasing, comonotonic and cash sub-additive risk measure.

Using the monotony and cash sub-additivity of ρ, we have that ρ is continuous with respect to the
supremum norm since

X ≤ Y + ‖X − Y ‖∞ ⇒ ρ(X) ≤ ρ(Y + ‖X − Y ‖∞) ≤ ρ(Y ) + ‖X − Y ‖∞,

Then |ρ(X) − ρ(Y )| ≤ ‖X − Y ‖∞. Lipschitz continuity and comonotonicity imply that ρ is posi-
tively homogeneous (see lemma 4.77 in [54]). Then ρ(0) = 0, and by comonotonicity and positive
homogeneity,

ρ(X +m) = ρ(X) + ρ(m) = ρ(X) +mρ(1)

and ρ(1) ≤ 1 by cash sub-additivity. So ρ is linear cash-subadditive. Set ν := ρ(1) and define
ρ̃(X) := ρ( 1

νX), then ρ̃ is increasing, comonotonic, and cash additive, using (2.3.1), we know that
there exist a capacity c̃ such that ρ̃(X) =

∫
Xdc̃. Setting c(A) = ν.c̃(A), we obtain ρ(X) =

∫
Xdc.

Now suppose that ρ is the Choquet integral on L∞(P) with respect to a monotone set function c
such that c(Ω) ≤ 1, then it is proved in [40] that ρ is increasing and comonotonic. Furthermore,
ρ(X +m) =

∫
Xdc+mc(Ω) ≤ ρ(X) +m.

�

Using the same arguments as in the proofs of Theorem 2.3.2 and Proposition 2.3.3, we can show
the following:

Corollary 2.3.1 Let ρ be an increasing, convex, comonotonic and cash sub-additive functional on
Lp. Let C(X) :=

∫
X dc where c is the capacity given by c(A) := ρ(1A). Assume that ρ and C are

finite on Lp, then

ρ(X) =

∫
X dc, ∀X ∈ Lp.

2.3.4.2 Sub-additive measures and intrinsic discounting factor

Definition 2.3.5 An application ρ is said to be cash sub-additive if for each m in R+,
ρ(X +m) ≤ ρ(X) +m and ρ(X −m) ≥ ρ(X)−m.
We will say that ρ is linear cash sub-additive if there is a fixed parameter ν in [0, 1] such that
ρ(X +m)− ρ(X) = νm.

As stated in [50], the economic interest of such a property is to take into account the time value of
money. If ρ(X) represents the minimal capital required to hedge the risky position X with maturity
T , then the minimal capital needed to make (X − m) acceptable is ρ(X) − e−rTm, where m is a
deterministic amount and r is the riskless interest rate. In this case ρ is such that ρ(X − m) ≥
ρ(X)−m.



46 Chapter 2. Choquet Integrals and Applications

We can associate to every cash sub-additive risk measure an intrinsic discounting factor given by
ν(m) := ρ(X+m)−ρ(X)

m . Indeed, for each m,

ρ(X +m) = ρ(X) + ν(m)m,

and 0 ≤ ν(m) ≤ 1.

For linear cash sub-additive risk measures, ν(m) = ν is constant. For instance, if ρ = e−rT ρ̃, where
T > 0, r is a risk free rate and ρ̃ is cash additive, then ν(m) = e−rT .

For general cash sub-additive risk measures as in definition 2.3.5, ν(m) can depend on m. This
means implicitely that the interest rate depends on the amount on which it is applied : for a
fixed maturity, capitalizing during the considered period an amount m is multiplying it by 1

ν(m) =
m

ρ(X+m)−ρ(X) , that is to say the ratio between the deterministic amount m, and the excess of regu-
latory capital saved today. In this sense ν(m) represents the internal cost of capital, for a company
using ρ as risk measure.

If ρ(X+m)−ρ(X) is a linear function of m, the capitalization factor 1
ν(m) is independent of m, this

will be the case for comonotonic cash sub-additive risk measures. Otherwise, ν(m) depends on m,
and on the current position X, to which an economic agent is already exposed. Said otherwise, we
can model an intrinsic capitalisation factor 1

ν , depending on the risk measure of the agent considered,
on what he is already exposed to, and on the amount invested.

Example 2.3.1 We consider here random variables in L2(P). Let us suppose that an agent has an
initial economic endowment X following a centered standard gaussian law N(0, 1), and that he uses
ρ(X) := EP(X+) as risk criterion. It is a classic example of cash sub-additive risk measure ([50]).
Following this particular risk vision, to have m at the end of the period, the agent needs the amount
ν(m).m today, with

ν(m) =
ρ(X +m)− ρ(X)

m
= φ(m)− 1− e−

m2

2

m
,

where φ denotes the cumulative distribution function of a standard gaussian law. We clearly see the
dependence of ν(m) on the choice of ρ, on the law of X, and on the amount m.

Note that this coincides with the interpretation of El Karoui and Ravanelli [50] of ρ as a measure
with interest rate ambiguity since

ρ(X) = sup
D∈L2(P)

(EP(D.X) | 0 ≤ D ≤ 1) .

2.4 Examples

2.4.1 AVaR Examples

1. Let α and β be in (0, 1) and consider ρ1 = AV aRα and ρ2 = AV aRβ . Then we have

(AV aRα�AV aRβ)(X) = AV aRα∧β(X), ∀X ∈ L∞.
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Indeed, AV aRα is the Choquet integral with respect to the distorted probability c(A) =

ψα(P(A)) where

ψα(u) =
u

α
∧ 1.

It is easy to see that if β < α, then ψα(u) ≤ ψβ(u) for any u in [0, 1]. This means that the
distortion ψβ is always more severe than the distortion ψα, and from Theorem 2.3.3 we know
that the agent using the less severe distortion assumes all the risk.

2. A classic measure used in reinsurance as a risk measure or as a pricing functional is the Pro-
portional Hazard transform, or PH-transform. It is defined by the following Choquet integral

ρPH(X) =

∫
X dc, with c(X > x) = P(X > x)r, 0 < r < 1.

Using Theorem 2.3.3, and the fact that the functions ψα(u) = u
α ∧ 1 and ψPH(u) = ur only

coincide at the point u∗ = α
1

1−r , we obtain that

ρPH�AV aRα(X) = ρPH(X ∧ k∗) +AV aRα((X − k∗)+),

with k∗ = qX(α
1

1−r ).

Figure 2.2: PH-transform and AV aRα distortions

We can take for example α = r = 1
10 , in that case it leads to the distortion functions represented

in Figure 2.2 and u∗ = α
1

1−r = 0.0774. If X has a beta distribution with density fX(x) =
xv−1(1−x)w−1

β(v,w) , v = 4 and w = 8, then k∗ = 0.53.

Assume that an insurance company is facing a peril corresponding to a random destruction
rate which has a β(4, 8) distribution on [0, 1].If the total insurable value is given by M > 0,
then an insurer using the PH-transform Choquet integral will cede every losses above the value
0.53M to a reinsurer using the AV aRα as risk measure.
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2.4.2 Epsilon-contaminated capacities

Let ν be the capacity given as the Epsilon-contamination of a given probability measure Q, which
means that ν is the submodular capacity defined by

ν(A) := (1− ε)Q(A) + ε, 0 < ε < 1 for A 6= {∅} and ν({∅}) = 0

Let X be a bounded random variable, denote X∗ := sup X(ω) and assume that X∗ > 0. Applying
the definition of the Choquet integral of X with respect to ν, we get∫

X dν =

∫ 0

−∞
(ν(X > x)− 1) dx+

∫ X∗

0
ν(X > x)dx+

∫ +∞

X∗
ν(X > x)dx

=

∫ 0

−∞
(1− ε) (Q(X > x)− 1) dx+

∫ X∗

0
[(1− ε)Q(X > x) + ε] dx

= (1− ε)EQ[X] + εX∗.

In this case the Choquet integral is affected by the supremum of X.

By analogy with Dow and Werlang [43], we define the uncertainty aversion of a capacity ν at A ∈ F
by

e(ν,A) := ν(A) + ν(Ac)− 1.

It is easy to check that an Epsilon contamination ν of Q is a constant uncertainty aversion capacity,
i.e e(ν,A) = ε, for any A 6= {∅}, A 6= Ω.
If two agents are using respectively an ε1 and ε2-contaminated capacities ν1 and ν2, we will say

that agent one is more uncertainty averse than agent two if ε1 > ε2.

Remark 2.4.1 We give here slightly different definitions than Carlier, Dana and Shahidi [23] or
Dow and Werlang [43]. This is due to the facts that we consider submodular instead of supermodular
capacities and that a positive random variable X represents losses for us, instead of gains, so a risk
averse agent seeks for instance to increase rather than decrease the expectation of X with respect to
the a priori probabilty measure.

Remark 2.4.2 A capacity ν, given as an Epsilon-contamination of a probability measure Q is not
a distortion of the probability Q in the sense of Example 2.2.1. In particular, if we define a capacity
ν̃ by

ν̃(A) := ψ(Q(A)), with ψ given by ψ(0) = 0 and ψ(u) = (1− ε)u+ ε, 0 < u ≤ 1,

then ν 6= ν̃. Indeed, for a Q-negligible set B 6= {∅}, we have

ν̃(B) = 0 and ν(B) = ε > 0.

We will nonetheless write the Choquet integral with respect to ν using local distortion functions.
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Since
∫
X dν is affected by sup X(ω), we only consider bounded random variables X, but the

simple uniform distribution on [0, 1] already provides an interesting example.

Recall that our a priori given probability space is (Ω,F ,P). We will write ν(X > x) as ψνX(P(X >

x)) for some local distortion function ψνX .

We assume that agent one uses a Choquet integral with respect to the capacity ν1, given as an
ε1-contamination of a probabilty measure Q, such that Q << P. Agent two uses a Choquet integral
with respect to ν2, the ε2-contamination of P. Let us take ε1 < ε2. In other word we have

ν1(A) = (1− ε1)Q(A) + ε1, with Q << P for A 6= {∅} and ν1({∅}) = 0,

ν2(A) = (1− ε2)P(A) + ε2 for A 6= {∅} and ν2({∅}) = 0.

Notice that ν1 and ν2 are two different examples of submodular capacities which are not given by
a distortion of the probability measure P.

The following lemma gives an example of two different optimal risk transfers, with two random
variables having the same law.

Lemma 2.4.1 Let Z and Z ′ be two independent and uniformly distributed random variables on
(Ω,F ,P) with values in [0, 1]. Let θ > 0 be a given parameter and define Q as the θ-Esscher
transform of P, i.e dQ

dP = eθZ

EP[eθZ ]
. We have

∫
Z dν1 =

∫ 1

0
ψν1Z [P(Z > x)]dx where ψν1Z (u) = ε1 + (1− ε1)

(
eθ − e(1−u)θ

eθ − 1

)
,∫

Z dν2 =

∫ 1

0
ψν2Z [P(Z > x)]dx where ψν2Z (u) = ε2 + (1− ε2)u,∫

Z ′ dν1 =

∫ 1

0
ψν1Z′ [P(Z ′ > x)]dx where ψν1Z′(u) = ε1 + (1− ε1)u,∫

Z ′ dν2 =

∫ 1

0
ψν2Z′ [P(Z ′ > x)]dx where ψν2Z′(u) = ψν2Z (u) = ε2 + (1− ε2)u.

As a consequence, we have the following optimal risk transfer structures:

ρ1�ρ2(Z) = ρ1

(
(Z − k∗)+

)
+ ρ2(Z ∧ k∗)

with k∗ = qPX(u∗), where u∗ ∈ (0, 1) is the solution of the equation ψν1Z (u) = ψν2Z (u). Furthermore,
we have

ρ1�ρ2(Z ′) = ρ1(Z ′),

where we denoted by ρ1 and ρ2 the Choquet integrals with respect to ν1 and ν2.

Proof. The functions ν1(Z > x) and ν2(Z > x) for x ∈ (0, 1) inherit the constant intervals of
P(Z > x) since P(Z > x) is never constant on (0, 1), so there is nothing to check, and this is also
true for Z ′ instead of Z.
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Then Lemma 2.3.1 gives that∫
Z dνi =

∫ 1

0
ψνiZ [P(Z > x)]dx, with ψνiZ (u) = νi

(
Z > qPZ(u)

)
, i = 1, 2.

We calculate for instance, for 0 < u ≤ 1

ν1

(
Z > qPZ(u)

)
= (1− ε1)Q

(
Z > qPZ(u)

)
+ ε1 and ψν1Z (0) = 0.

Moreover

Q
(
Z > qPZ(u)

)
= EP

[
eθZ

EP[eθZ ]
1{Z>qPZ(u)}

]
=
eθ − e(1−u)θ

eθ − 1
,

since qPZ(u) = 1 − u. This proves the first claim of the Lemma. The functions ψν2Z , ψν1Z′ , ψ
ν2
Z′ are

computed similarly, and using the fact that Z is independent of Z ′. The different optimal risk transfer
structures are direct applications of Theorem 2.3.3.

�

Figure 2.3: The functions ψν1Z (green curve) and
ψν2Z (red curve)

Figure 2.4: The functions ψν1Z′ (green curve) and
ψν2Z′ (red curve)

In Figures 2.3 and 2.4 above, we represented the local distortions ψνiZ and ψνiZ′ , i = 1, 2, with
(ε1, ε2, θ) = (0.3, 0.5, 6).
We clearly see in Figure 2.4 that for the r.v. Z ′, there is no risk transfer, agent one will assume

all the risk, since he is less risk averse than agent two. Whereas Figure 2.3 shows that there is a
unique agreement point k∗ such that ρ1(Z > k∗) = ρ2(Z > k∗), and k∗ is approximatevily given by
qPZ(0.067) = 0.932.

2.4.3 Volatility uncertainty

Computing the Choquet integral of a r.v X with respect to a submodular capacity is a way to inflate
the P-expectation of X, and hence to take into account the model uncertainty we have relatively to
the probability measure P.
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In the recent literature on model uncertainty, we can find important contributions to the particular
case of volatility uncertainty ([101], [37] or [112]). These papers all use probabilities of a certain form
that we now describe.
Let Ω = C(R+,Rd) be the canonical space of Rd-valued continuous paths defined on R+, equipped

with its Borel σ-field, B the canonical process on Ω and P0 the Wiener measure. Let α : R+ → S>0
d

be a deterministic function such that
∫ 1

0 |αt| dt < +∞, where S>0
d denotes the space of all d× d real

valued positive definite matrices.

We define the probability measure Pα on Ω by

Pα = P0 ◦ (Xα)−1, where Xα
t :=

∫ t

0
α1/2(s) dBs, t ∈ [0, 1], P0 − a.s.

which means that Pα is the law under P0 of the process Xα. Then a key observation is that the Pα-
distribution of B is equal to the P0-distribution of Xα. In particular, B has a Pα-quadratic variation
which is absolutely continuous with respect to the Lebesgue measure dt with density α. Then for
different functions α, the measures Pα offer a way to model the quadratic variation uncertainty, or
volatility uncertainty, for the canonical process B.

Assume that two agents use the same distortion function ψ, but disagree on the volatility process.
More precisely, let c1 and c2 be two submodular capacities on F given by

ci(A) := ψ[Pαi(A)], i = 1, 2, A ∈ F ,

where ψ is a given distortion function, and α1, α2 are two different volatility processes. Let us
consider the corresponding Choquet integrals evaluated at B1:

ρi(B1) =

∫ 0

−∞
[ψ(Pαi(B1 > x))− 1]dx+

∫ +∞

0
ψ(Pαi(B1 > x))dx, i = 1, 2.

Since the probabilities are different we cannot use this form to find an optimal risk transfer between
agent 1 and agent two. Notice that the measures P0,Pα1 and Pα2 are mutually singular. But we can
use local distortion functions, and do as if P0 is a reference measure.

Lemma 2.4.2 We have

ρ1�ρ2(B1) = ρ1(−B−1 ) + ρ2(B+
1 ).

where, as usual, X− = max(−X, 0) and X+ = max(X, 0).

Proof.
We can use Lemma 2.3.1, and write everything in terms of P0(B1 > x) as follows.

Since B1 under P0 is a standard gaussian r.v, the function x → P0(B1 > x) has no constant
intervals. By Lemma 2.3.1, there exist local distortion functions ψiB1

such that

ψ(Pαi(B1 > x)) = ψiB1
(P0(B1 > x)), x ∈ R i = 1, 2.

We have for example for agent one (i = 1)

ψ1
B1

(u) = c1(B1 > q(u)) = ψ[Pα1(B1 > x)],
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where we denoted q(u) := qP0
B1

(u) for simplicity. Moreover, using the fact that B is a P0-Brownian
motion, and the Dubins-Schwarz theorem, we get

Pα1(B1 > x) = P0 (Xα1
1 > x) = P0

(∫ 1

0
α

1/2
1 (s) dBs > x

)
= F

 q(u)∥∥∥α1/2
1

∥∥∥
L2

 ,

where F is the tail distribution function of the standard gaussian law. So we found that

ψ1
B1

(u) = ψ

F
 q(u)∥∥∥α1/2

1

∥∥∥
L2

 , and of course ψ2
B1

(u) = ψ

F
 q(u)∥∥∥α1/2

2

∥∥∥
L2

 .
The functions ψ1

B1
and ψ2

B1
are equal on (0, 1) only at u∗ = 1/2. Then using Proposition 2.3.2, we

get

ρ1�ρ2(B1) = ρ1(B1 ∧ k∗) + ρ2((X − k∗)+),

with k∗ = q(u∗) = 0. This ends the proof.

�

In Figure 2.5 below, we represented these two local distortions, in the particular case where ψ(u) =√
u, and the functions α1 and α2 are constants respectively equal to 4 and 9.
Notice that the Choquet integrals ρ1 and ρ2 are convex, but the local distortions ψ1

B1
and ψ2

B1

are not concave. This cannot happen for classic distorted probabilities since the Choquet integral
with respect to a distorted probability is convex if and only if the distortion is concave, provided the
probability space is atomless.

2.4.4 Involving the Entropic Risk Measure

Let us assume here that ρ1 is the entropic risk measure, defined by:

ρA(X) = η lnEP[exp (
1

η
X)], η ∈ R+

And define ρ2 = AV aRα with α in (0, 1).

We cannot use theorem 2 to compute the inf-convolution ρ1�ρ2 since the entropic risk measure is
not comonotonic, however it is shown in [68] that ρ1�ρ2(X) = ρ1(X∧k)+ρ2((X−k)+) for a certain
real value k. We retrieve here this result, and we extend it by computing explicitely the value of k.

Proposition 2.4.1
ρ1�ρ2(X) = ρ1(X ∧ k) + ρ2((X − k)+), (2.4.1)

where k = η − η lnα+ c, and c is a constant defined by EP

(
exp( 1

η (X − c)− 1) ∧ ( 1
α)
)

= 1.
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Figure 2.5: The functions ψ1
B1

(red curve) and ψ2
B1

(green curve)

Proof.
We write the dual representation of ρ1�ρ2(X) using as penalty function the sum of penalty functions

of the dual representations of ρ1 and ρ2:

ρ1�ρ2(X) = sup

(
EP(ZX)− ηEP(Z lnZ); Z ≤ 1

α
, EP(Z) = 1

)
= sup

(
EP (ZX − ηZ lnZ − cZ) ; Z ≤ 1

α

)
= EP

[
sup

(
ZX − ηZ lnZ − cZ; Z ≤ 1

α

)]
= EP (ZcX − ηZc lnZc)

where
Zc = exp(

1

η
(X − c)− 1) ∧ (

1

α
) and c is such that EP(Zc) = 1

We denote by QX the probability measure such that dQXdP = Zc, and by H(QX |P) the relative entropy
of QX with respect to P. Since

ρ1�ρ2(X) = EQX (X)− ηH(QX |P) with
dQX
dP

≤ 1

α
,

we have to find a r.v Φ such that QX ∈ ∂−ρ1(Φ), i.e EQX (Φ) = AVaRα(Φ), where we have denoted
∂− the subgradient operator.
Since

EP(ZcΦ) = EP

[
Φ

(
exp(

1

η
(X − c)− 1) ∧ (

1

α
)

)]
= EP

[
Φ exp(

1

η
(X − c)− 1)1(X≤kc,η,α) +

1

α
Φ1(X>kc,η,α)

]
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with kc,η,α = η − η lnα + c, we set Φ = X ∨ k, k ∈ R and we search k such that EQX (X ∨ k) =

AVaRα(X ∨ k).

EP(Zc(X ∨ kc,η,α)) = EP

[
kc,η,α exp(

1

η
(X − c)− 1)1(X≤kc,η,α) +

1

α
X1(X>kc,η,α)

]
.

Using the fact that EP(Zc) = 1, we deduce that

EP

[
exp(

1

η
(X − c)− 1)1(X≤kc,η,α)

]
= 1− 1

α
F̄X(kc,η,α).

where F̄X denotes the survival function associated to X (i.e F̄X = 1−FX where FX is the cumulative
distribution function of X).

EP(Zc(X ∨ kc,η,α)) = kc,η,α

(
1− 1

α
F̄X(kc,η,α)

)
+ EP

(
1

α
X1(X>kc,η,α)

)
.

Let us now compute the quantity AVaRα(X∨k). We easily have that ∀u ∈ [0, 1], qX∨k(u) = qX(u)∨k,
so that:

AVaRα(X ∨ k) =
1

α

∫ 1

1−α
qX(u) ∨ k du

=
1

α
EP
[
X ∨ k1(X>qX(1−α))

]
=

1

α
k(α− F̄X(k)) + EP

[
1

α
X1(X>k∨qX(1−α))

]
.

Given that
F̄X(kc,η,α) = α

(
1− EP

[
exp(

1

η
(X − c)− 1)1(X≤kc,η,α)

])
≤ α,

we have kc,η,α ≥ qX(1− α). Using this, we can finally conclude that

EQX (X ∨ kc,η,α) = AVaRα(X ∨ kc,η,α)

We denote k̃ := kc,η,α. As pointed out in [68], the couple (X −X ∨ k̃, X ∨ k̃) = (−(X − k̃)−, X ∨ k̃)

is an optimal risk transfer. Using the cash-additivity property of ρA and ρR, we see that for any
constant c ∈ R, if (X − F, F ) is an optimal risk transfer then (X − F + c, F − c) is again optimal.
Since −(X − k̃)− + k̃ = X ∧ k̃ and X ∨ k̃ − k̃ = (X − k̃)+, the couple (X ∧ k̃, (X − k̃)+) is optimal.
Now rewriting EP(Zc) = 1 using that c = k̃ − η + η lnα gives (2.4.2) and the proof is complete.

�
We could actually directly check that ρ1�ρ2(X) = ρ1(X ∧ kc,η,α) + ρ2([X − kc,η,α]+).

Remark 2.4.3 k ∈ R is such that

ρA(X ∧ k) = η ln(α) + k. (2.4.2)
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A Reinsurance Pricing Problem

Contents
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.1.1 The collective risk theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.1.2 Links with the existing literature . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.2 Pricing of Layers with Reinstatements . . . . . . . . . . . . . . . . . . . . . . . 62

3.2.1 The contract payoff . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.2.2 The pricing bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.1 Introduction

3.1.1 The collective risk theory

There are two different possible ways to apprehend the total loss of an insurance company in a given
period of time (typically one year). First, one can consider the individual claim amounts Si, that is
to say the loss corresponding to the policy of the i-th insuree, and then, take the sum I =

∑n
i=1 Si,

where n is the number of policies. This kind of individual model of risk dates back to Cramér [32].

This individual model is numerically difficult to implement. Let us however mention the De Pril
algorithm, which allows theoretically to obtain the law of I, but it is not widely used in practice (see
[98], page 129).

A second possible way to proceed is to consider a random number of claims N in the given period
and individual losses Xi, regarless to which policy it is attached. Then the sum X =

∑N
i=1Xi also

denotes the total loss of the insurance company. It is the traditional collective model way to see the
total loss (see [41] for a detailed account).

The collective risk model can be analysed dynamically in time, by writting

Xt =

Nt∑
i=1

Xi,

where N is a Poisson process counting the number of claims in the interval [0, t]. The variables (Xi)

are traditionally assumed independent and identically distributed. In that case, X is a pure jump
Levy process, for which we have powerful analytic tools.
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The collective risk model is widely used among practitioners mainly because of its tractability.
Panjer’s recursion [96] is a popular technique to approximate the distribution function of the total
loss in the collective model.

In this chapter, we will see how this risk modelization is affected by the presence of non-proportional
reinsurance contracts.

3.1.2 Links with the existing literature

The indifference price p of a reinsurance layer is solution of an equation indicating that the utility of
an insurance company, when it buys the contract and pays the price p, is equal to its utility when it
does not enter the transaction. When the contract contains reinstatements, the total premium paid
is random (see equation (3.2.3)). This can complicate the calculation of the indifference price. In
the next sections we will bound this price by two easily computable values.

Despite the huge literature on reinsurance problems, there are little references concerning the pricing
of reinsurance contracts containing reinstatements. Sundt [114] obtained a formula for the pure
premium of contracts with reinstatements ; this formula coincide with ours in this particular case.
Sundt [114] and Wahlin [119] also give formulas corresponding to other premium principles, such that
the standard deviation principle or the PH-transform. Mata [86] studies the properties of different
pricing principles. Now that we better understand the properties and axioms of convex monetary
risk measures, we can compare it with the properties stated by Mata, who defines indifference prices
with respect to various comonotonic risk measures, but using the approximation ρ(−X) ≈ −ρ(X). If
ρ is convex and normalized, we can only say that ρ(−X) ≥ −ρ(X). That is why the values computed
in [86] correspond, in the particular case where there is no cost of capital, to our upper bound (p2

appearing in equation (3.2.6)).

3.2 Pricing of Layers with Reinstatements

3.2.1 The contract payoff

Let u0 be the initial surplus of an insurance company, and let β be the gross premium income per
time unit, so that the surplus process R without reinsurance is given at time t by

R(t) = u0 + βt−
Nt∑
i=1

Xi

where {Nt, t ≥ 0} is a non decreasing integer valued pure jump process modelling the number of
claims up to time t, and {Xi, i ∈ N∗} is a sequence of independent and identically distributed (i.i.d.)
random variables modelling the individual claim sizes of the insurance portfolio.

In an XL reinsurance contract with retention l and limit m, the reinsurer covers the part of each
claim that exceeds l, up to the upper bound l+m. The reinsurer’s part Zi and the insurer’s part Ci
related to a claim Xi are then given by
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Zi = (Xi − l)+ − (Xi − l −m)+ =


0 if Xi ≤ l
Xi − l, if l ≤ Xi ≤ l +m

m if Xi ≥ l +m

(3.2.1)

and

Ci = (Xi ∧ l) + (Xi − l −m)+ =


Xi if Xi ≤ l
l, if l ≤ Xi ≤ l +m

Xi −m if Xi ≥ l +m

(3.2.2)

Let

Z(t) :=

Nt∑
i=1

Zi

be the aggregate liability of the reinsurer. It is usually limited to a maximal amount M .

WhenM is a multiple of the individual maximum cover m, i.e whenM = (k+1)m, we say that the
reinsurance contract contains k reinstatements. In that case the aggregate liability of the reinsurer
is given by Rk(t) := Z(t) ∧ ((k + 1)m).

The cover of the j-th reinstatement is given by

rj := min [max(Z(t)− jm, 0),m]

For the j-th reinstatement, the cedent pays a premium Pj given by

Pj := cjp0
1

m
min [max(Z(t)− (j − 1)m, 0),m]

Let us consider a concrete example, allowing to better understand these contracts payoffs. Assume
that the insurance company enters an XL contract with one year maturity, including two reinstate-
ments and covering the losses between 100 and 200 (l = 100 and m = 100). The initial premium
required by the reinsurer is given by p0 = 10. The costs of the first and second reinstatements
correspond respectively to 80% and 50% of the initial premium (c1 = 0.8 and c2 = 0.5).

Assume the first four losses correspond to the following amounts:

1. X1 = 150, we have then C1 = 100 and Z1 = 50. The insurance company has to reinstate half
of the layer, to do so it pays 50 ∗ 1

100 ∗ 80% ∗ 10 = 4.

2. X2 = 190, we have then C1 = 100 and Z1 = 90. The ceding company has to reinstate 90% of
the layer. For this, it uses what is left of the first reinstatement (50) and a part of the second
one (40). So it pays :
50 ∗ 1

100 ∗ 80% ∗ 10 + 40 ∗ 1
100 ∗ 50% ∗ 10 = 6

3. X3 = 200, in that case all the layer has to be reinstated, but only 60% of the second rein-
statement is available, the layer is then reinstated only up to this limit and the company pays:
60 ∗ 1

100 ∗ 50% ∗ 10 = 3.
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4. X4 = 200, the insurance company was only covered for the losses between 100 and 160, we
have then here Z4 = 60 and C4 = 140. All the reinstatements have been used, the contract
stops and the ceding company is not reinsured for the rest of the year.

The total premium paid in this example amounts to P = 10 + 4 + 6 + 3 = 23. This value could have
been lower if all the reinstatements had not been used before the end of the contract.

We can write the random total premium paid by the cedent during the considered period in the
following way:

P (t) := p0

1 +
1

m

k∑
j=1

cj min [max(Z(t)− (j − 1)m, 0),m]

 (3.2.3)

and the wealth process of the cedent is given by

R(t) = u0 + βt−
Nt∑
i=1

Ci − P (t)

= u0 + βt−
Nt∑
i=1

Xi +

Nt∑
i=1

Zi − P (t).

In what follows, we will denote for simplicity

Ñ(t) :=
1

m

k∑
j=1

cj min [max(Z(t)− (j − 1)m, 0),m]

Finally, let us now consider the more realistic situation where the cedent has already bought
reinsurance contracts which are still running, and is considering to add a given layer [l, l +m] with
k reinstatements to its reinsurance program. Then we will denote by R(t) the reference net result of
the cedent (without the additional layer) and we denote FXL the different quantities concerning the
additional XL layer.

We have for instance

RXL(t) = u0 + βt−
Nt∑
i=1

Xi +

Nt∑
i=1

Zi − P +

Nt∑
i=1

ZXLi − PXL

= R(t) +

Nt∑
i=1

ZXLi − PXL, (3.2.4)

where PXL is the total premium paid by the cedent’s company for the additional XL layer.

3.2.2 The pricing bounds

We assume that the cedent uses a concave monetary utility function U , and a convex monetary risk
measure ρ to compute its needed regulatory capital.
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Definition 3.2.1 We say that P̃0 is the indifference price of a given XL layer relatively to the pair
(U, ρ), if P̃0 solves the equation

U (R(t)− c ρ(R(t))) = U
(
RXL(t)− c ρ(RXL(t))

)
(3.2.5)

where c is a given cost of capital.

When the insurance company does not buy the XL layer, its net result is given by R(t), and its
regulatory needed capital is expressed by ρ(R(t)). If the XL layer is added to the current reinsurance
program, then the net result becomes RXL(t) and there is possibly a regulatory capital saving thanks
to the layer that we can write as ρ(R(t))− ρ(RXL(t)).

Remark 3.2.1 If we define U(R) := U(R− c ρ(R)), then we have

U(R+m) = U(R) + (1 + c)m ≥ U(X) +m,

and U is a cash super-additive utility function. This is analogous to the presence of a capitalization
factor, which is here given by c.

We have the following estimate for the indifference price of an XL layer with reinstatements

Proposition 3.2.1 If P̃0 is the indifference price of a given XL layer relatively to the pair (U, ρ),
then

p1 ≤ P̃0 ≤ p2, (3.2.6)

where

p1 :=
A

−U(−1− Ñ)
, espacep2 :=

A

U(1 + Ñ)
,

and

A := U

(
R(t) +

Nt∑
i=1

Zi

)
− U(R(t)).

Proof.
We use the decomposition (3.2.4) of RXL and the cash invariance property to deduce that equation

(3.2.5) is equivalent to

U

(
R(t) +

Nt∑
i=1

Zi − P̃0(1 + Ñ(t))

)
− c ρ

(
R(t) +

Nt∑
i=1

Zi − P̃0(1 + Ñ(t))

)
= U (R(t))− cρ(R(t)). (3.2.7)

We can use the fact that U is super-additive whereas ρ is subadditive, and that both are positively
homegeneous to write

U

(
R(t) +

Nt∑
i=1

Zi − P̃0(1 + Ñ(t))

)
≥ U

(
R(t) +

Nt∑
i=1

Zi

)
+ P̃0 U

(
−(1 + Ñ(t))

)
,

ρ

(
R(t) +

Nt∑
i=1

Zi − P̃0(1 + Ñ(t))

)
≤ ρ

(
R(t) +

Nt∑
i=1

Zi

)
+ P̃0 ρ

(
−(1 + Ñ(t))

)
.
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By plugging this into (3.2.7) we obtain

P̃0

[
U
(
−(1 + Ñ(t))

)
− c ρ

(
−(1 + Ñ(t))

)]
≤ U(R(t))− U

(
R(t) +

Nt∑
i=1

Zi

)
− c

[
ρ(R(t))− ρ

(
R(t) +

Nt∑
i=1

Zi

)]
(3.2.8)

We notice that −(1+Ñ(t)) < 0 a.s. and since U is monotone increasing and ρ is monotone decreasing,
we have

U
(
−(1 + Ñ(t))

)
− c ρ

(
−(1 + Ñ(t))

)
< 0.

Then we deduce from inequality (3.2.8) that p1 ≤ P̃0.

To prove the other inequality, we start again from equation (3.2.7), and notice this time that since
U is super-additive whereas ρ is subadditive, we have U(X − Y ) ≤ U(X)− U(Y ) and ρ(X − Y ) ≥
ρ(X)− ρ(Y ), for any bounded random variables X and Y . This gives

U

(
R(t) +

Nt∑
i=1

Zi − P̃0(1 + Ñ(t))

)
≤ U

(
R(t) +

Nt∑
i=1

Zi

)
− P̃0 U

(
1 + Ñ(t)

)
,

ρ

(
R(t) +

Nt∑
i=1

Zi − P̃0(1 + Ñ(t))

)
≥ ρ

(
R(t) +

Nt∑
i=1

Zi

)
− P̃0 ρ

(
1 + Ñ(t)

)
.

By plugging this again into (3.2.7), and noticing that

U
(

1 + Ñ(t)
)
− c ρ

(
1 + Ñ(t)

)
> 0,

we obtain P̃0 ≤ p2.

�

Remark 3.2.2 The monotonicity properties of U and ρ implies that 0 ≤ p1. Furthermore, the
concavity and convexity properties of U and ρ implies that we have indeed p1 ≤ p2.

In figures 3.1 and 3.2 below, we represented the upper and lower bounds p1 and p2 obtained for the
layers with retention equal to 108(n+ 1) euros and limit equal to 108 euros, for n varying from 0 to
32. In other words, we computed the bound prices for 33 XL contracts, with the same limit value,
for a retention ranging from one hundred million euros to 3.3 billion euros. All the contracts contain
k = 4 possible reconstitutions, and each reconstitution when it happens, is paid at c = 100% of the
initial price. The prices are expressed as a percentage of m = 108, which correspond to rates on line
in the reinsurance terminology.

These reisurance contracts cover an insurance portfolio of risk of natural catastrophes type. The
calculationshave been made using 25000 years of simulations of losses from a portfolio of Axa.
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We took as a matter of example a utility function given by the semi-deviation utility with parameter
δ = 1

2 and as risk measures, the AV aRα with α = 1/200 in Figure 3.1 and the Wang transform risk
measure with parameter γ = −2 in Figure 3.2. Those functionals are defined in Chapter 2.

Figure 3.1: Semi-deviation utility function and AV aRα risk measure

We can see that the gap between p1 and p2 is important for the first contracts. This is due to
the fact that the first contracts correspond to low retentions, for which all the reconstitutions are
systematically used. More precisely, if k = 4, the value Ñ appearing in the definitions of p1 and p2

will be we very often equal to 4 for the contracts with a low retention, and the different quantities
−U(−1− 4) and U(1 + 4) will contribute considerably to the gap between p1 and p2.

However for the contracts with a high retention, begining from 1.2 billion, the bounds are rather
satisfying.
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Figure 3.2: Semi-deviation utility function and Wang transform risk measure
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4.1 Introduction

Motivated by duality methods and maximum principles for optimal stochastic control, Bismut studied
in [15] a linear backward stochastic differential equation (BSDE). In their seminal paper [97], Pardoux
and Peng generalized such equations to the non-linear Lipschitz case and proved existence and
uniqueness results in a Brownian framework. Since then, a lot of attention has been given to BSDEs
and their applications, not only in stochastic control, but also in theoretical economics, stochastic
differential games and financial mathematics.

In this context, the generalization of Backward SDEs to a setting with jumps enlarges again the
scope of their applications, for instance to insurance modeling, in which jumps are inherent. Li and
Tang [81] first proved the wellposedness of Lipschitz BSDEs with jumps, using a fixed point approach
simililar to the one used in [97].



64 Chapter 4. Quadratic Backward SDEs with Jumps

Given a filtered probability space (Ω,F , {Ft}0≤t≤T ,P) generated by an Rd-valued Brownian motion
B and a random measure µ with compensator ν, solving a BSDE with generator g, and terminal
condition ξ consists in finding a triple of progressively measurable processes (Y,Z, U) such that for
all t ∈ [0, T ], P− a.s.

Yt = ξ +

∫ T

t
gs(Ys, Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
Rd\{0}

Us(x)(µ− ν)(ds, dx). (4.1.1)

See Section 4.2.1 for more precise definitions and notations.
In this chapter, g will be supposed to satisfy a Lipschitz-quadratic growth property. More precisely,

g will be Lipschitz in y, and will satisfy the quadratic growth condition (iii) of Assumption 4.2.1.

When the filtration is generated only by a Brownian motion, the existence and uniqueness of
quadratic BSDEs with a bounded terminal condition has been first treated in Kobylanski [74], by
means of an exponential transform method, allowing to fall into the scope of BSDEs with a coefficient
having a linear growth, then the result for quadratic BSDEs is obtained by an approximation oper-
ation. Tevzadze [117] has also given a direct proof for the wellposedness in the Lipschitz-quadratic
setting. His methodology is fundamentally different, since he uses fixed-point approach to obtain
existence of a solution for small terminal condition, and then pastes solutions together in the gen-
eral bounded case. More recently, Briand and Hu [18] went beyond the bounded case to obtain an
existence result for quadratic BSDEs with a terminal condition having finite exponential moments.
In a similar vein, but using a forward point of view and stability results for special class of quadratic
semimartingales, Barrieu and El Karoui [7] generalized the above results.

Nonetheless, when it comes to quadratic BSDEs in a discontinuous setting, the literature is less
abounding. Until very recently, the only existing results concerned particular cases of quadratic
BSDEs, mainly with links to applications to utility maximization or indifference pricing problems.
Thus, Becherer [9] studied first bounded solutions to BSDEs with jumps in a finite activity setting,
and his general results were improved by Morlais [91], who proved existence of the solution to
a special quadratic BSDE with jumps, using the same type of techniques as Kobylanski. More
recently, Ngoupeyou [94], in his PhD thesis, extended partly the approach of [7] to the jump case.
Laeven and Stadje [77] proved recently a general existence result for BSDEJs with convex generators,
using verification arguments. We emphasize that our approach is very different and do not need any
convexity assumption, even though the two results do not imply each other. Finally, El Karoui,
Matoussi and Ngoupeyou [47] extended the approach of [7] to the jump case, and hence obtained
complete results for unbounded terminal conditions.

Our first aim in this chapter is to extend the fixed-point methodology of Tevzadze [117] to the case
of discontinuous filtration. We first obtain our result for a terminal condition ξ having a ‖·‖∞-norm
which is small enough. Then the result for any ξ in L∞ follows by splitting ξ in pieces having a
small enough norm, and then pasting the obtained solutions to a single equation. Since we deal with
bounded solutions, the space of BMO martingales will play a particular role in our setting, this will
be the natural space for the continuous and the pure jump martingale terms appearing in the BSDE
(4.1.1), when Y is bounded.

In this framework with jumps, we need additional assumptions on the generator g for a comparison
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theorem to hold. Namely, we will use the Assumption 4.2.5, first introduced by Royer [106] in order
to ensure the validity of a comparison theorem for Lipschitz BSDEs with jumps. We extend here this
comparison theorem to our setting (Proposition 4.2.7), and then use it to give a uniqueness result.

This wellposedness result for bounded quadratic BSDEs with jumps opens the way to many possible
applications. Barrieu and El Karoui [6] used quadratic BSDEs to define time consistent convex risk
measures and studied their properties. We extend here some of these results to the case with jumps.
When the generator g is independent of y and convex in (z, u), we can define through the solution of
the BSDE a convex operator acting on the terminal condition. This operator, called g-expectation,
has been first studied by Peng [99], and then extended to the case of quadratic coefficients by Ma
and Yao [84], or to discontinuous filtrations by Royer [106] and Lin [83].

In this chapter, we go further in the study of quadratic BSDEs with jumps by proving a non-linear
Doob Meyer decomposition for g-submartingales. As a consequence, we obtain a converse comparison
theorem.

The last two results are dedicated to an explicit dual representation of the solution Y , when g

is independent of y and convex in (z, u). This allows to study some particular risk measures on a
discontinuous filtration, as the entropic risk measure, corresponding to the solution of a quadratic
BSDE. Finally, we prove an explicit representation for the inf-convolution of quadratic BSDEs, thus
giving the form of the optimal risk transfer between two agents using quadratic convex g-expectations
as risk measures. The inf-convolution is again a convex operator, solving a particular BSDE. We
give a sufficient condition for this BSDE to have a coefficient satisfying a quadratic growth property.

The rest of this chapter is organized as follows. In Section 4.2, we obtain our general existence and
uniqueness result, then in Section 4.3, we study general properties of quadratic g-martingales with
jumps, such as regularity in time and the Doob-Meyer decomposition. Finally, Section 4.4 is devoted
to the two applications mentioned above.

4.2 An existence and uniqueness result

4.2.1 Notations

Given a filtered probability space (Ω,F , {Ft}0≤t≤T ,P) generated by a Rd-valued Brownian motion B,
solving a BSDE with generator g, and terminal condition ξ consists in finding a pair of progressively
measurable processes (Y,Z) such that

Yt = ξ +

∫ T

t
g(s, Ys, Zs)ds−

∫ T

t
ZsdBs, P− a.s, t ∈ [0, T ]. (4.2.1)

The process Y we define this way is a possible generalization of the conditional expectation of ξ,
since when g is the null function, we have Yt = EP [ξ|Ft], and in that case, Z is the process appearing
in the (Ft)-martingale representation property of {EP [ξ|Ft] , t ≥ 0}.

In the case of a filtered probability space generated by both a Brownian motion B and a Poisson
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random measure µ with compensator ν, the martingale representation for {EP [ξ|Ft] , t ≥ 0} becomes

EP[ξ|Ft] =

∫ t

0
ZsdBs +

∫ t

0

∫
Rd\{0}

Us(x)µ̃(dx, ds),

where U is a predictable function, and µ̃ = µ− ν.

This leads to the following natural generalization of equation (4.2.1) to the case with jumps.

Definition 4.2.1 Let ξ be a FT -measurable random variable. A solution of the BSDEJ with terminal
condition ξ and generator g is a triple (Y, Z, U) of progressively measurable processes such that

Yt = ξ+

∫ T

t
gs(Ys, Zs, Us)ds−

∫ T

t
ZsdBs−

∫ T

t

∫
Rd\{0}

Us(x)µ̃(dx, ds), 0 ≤ t ≤ T, P− a.s. (4.2.2)

where g : Ω× [0, T ]× R× Rd ×A(E)→ R is a given application and

A(E) :=
{
u : Rd\{0} → R, B(Rd\{0})−measurable

}
.

The processes Z and U are supposed to satisfy the minimal assumptions so that the quantities in
(4.2.2) are well defined, namely (Z,U) ∈ Z × U , where Z denotes the space of all F-predictable
Rd-valued processes Z with ∫ T

0
|Zt|2 dt < +∞, P− a.s.

and U denotes the space of all F-predictable functions U with∫ T

0

∫
Rd\{0}

|Us(x)|2 νt(dx)ds < +∞, P− a.s.

Notice that in this discontinuous setting, the generator g depends on both Z and U . Here U plays
a role analogous to the quadratic variation in the continuous case. However, there are some notable
differences, since for each t, Ut is a function from E into Rd\{0}, and that is why the treatment
of the dependence in u in the assumptions for the generator is not symmetric to the treatment of
the dependence in z, and in particular we deal with Fréchet derivatives with respect to u. See for
instance Assumption 4.2.3.

When we pass from the continuous setting to the discontinuous one, the natural analogue of the
integral with respect to the Brownian motion would be the integral with respect to a compensated
Poisson random measure. The compensator would then not depend on t, neither on ω, by comparison
to the non dependence in ω of the quadratic variation of the Brownian motion.

However we will allow the compensator of the jump measure that we will consider to depend on both
t and ω. This will only slightly increase the complexity of our proofs, provided that the martingale
representation property of Assumption 4.2.2 holds true.

We consider in all this chapter a filtered probability space
(

Ω,F , (Ft)0≤t≤T ,P
)
, whose filtration

satisfies the usual hypotheses of completeness and right-continuity. We suppose that this filtration is
generated by a d-dimensional Brownian motion B and an independent integer valued random measure
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µ(ω, dt, dx) defined on R+×E, with compensator λ(ω, dt, dx), where E := Rd\{0}. Ω̃ := Ω×R+×E
is equipped with the sigma-field P̃ := P ×E , where P denotes the predictable σ-field on Ω×R+ and
E is the Borel σ-field on E.

To guarantee the existence of the compensator λ(ω, dt, dx), we assume that for each A in B(E)

and each ω in Ω, the process Xt := µ(ω,A, [0, t]) ∈ A+
loc, which means that there exists an increasing

sequence of stopping times (Tn) such that Tn → +∞ a.s. and the stopped processes XTn
t are

increasing, cádlág, adapted and satisfy E[X∞] < +∞.

We assume in all this chapter that λ is absolutely continuous with respect to the Lebesgue measure
dt, i.e. λ(ω, dt, dx) = νt(ω, dx)dt. Finally, we denote µ̃ the compensated jump measure:

µ̃(ω, dx, dt) = µ(ω, dx, dt)− νt(ω, dx) dt.

Notation 4.2.1 In the rest of the chapter, we will denote Et(·) the conditional expectation with
respect to the filtration (Ft).

4.2.2 Standard spaces and norms

We introduce the following norms and spaces for any p ≥ 1.

Sp is the space of R-valued càdlàg and Ft-progressively measurable processes Y such that

‖Y ‖pSp := EP

[
sup

0≤t≤T
Y p
t

]
< +∞.

S∞ is the space of R-valued càdlàg and Ft-progressively measurable processes Y such that

‖Y ‖S∞ := sup
0≤t≤T

‖Yt‖∞ < +∞.

Hp is the space of Rd-valued and Ft-progressively measurable processes Z such that

‖Z‖pHp := EP

[(∫ T

0
|Zt|2 dt

) p
2

]
< +∞.

The three spaces above are the classical ones in the BSDE theory in continuous filtrations. We
introduce finally a space which is specific to the jump case, and which plays the same role for U as
Hp for Z.

Jp is the space of predictable and E-measurable applications U : Ω× [0, T ]× E such that

‖U‖pJp := EP

[(∫ T

0

∫
E
|Us(x)|2 νs(dx)ds

) p
2

]
< +∞.
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4.2.3 A word on càdlàg BMO martingales

The recent literature on quadratic BSDEs is very rich on remarks and comments about the very deep
theory of continuous BMO martingales. However, it is clearly not as well documented when it comes
to càdlàg BMO martingales, whose properties are crucial ingredients in this chapter. Indeed, apart
from some remarks in the book by Kazamaki [72], the extension to the càdlàg case of the classical
results of BMO theory, cannot always be easily found. Our main goal in this short subsection is to
give a rapid overview of the existing literature and results concerning BMO martingales with càdlàg
trajectories, with an emphasis where the results differ from the continuous case. Let us start by
recalling some notations and definitions.

BMO is the space of square integrable càdlàg Rd-valued martingales M such that

‖M‖BMO := sup
τ∈T T0

∥∥∥EP
τ

[
(MT −Mτ−)2

]∥∥∥
∞
< +∞,

where T T0 is the set of Ft stopping times taking their values in [0, T ].

J2
BMO is the space of predictable and E-measurable applications U : Ω× [0, T ]× E such that

‖U‖2J2BMO
:=

∥∥∥∥∫ .

0

∫
E
Us(x)µ̃(dx, ds)

∥∥∥∥
BMO

< +∞.

H2
BMO is the space of Rd-valued and Ft-progressively measurable processes Z such that

‖Z‖2H2
BMO

:=

∥∥∥∥∫ .

0
ZsdBs

∥∥∥∥
BMO

< +∞.

As soon as the process < M > is defined for a martingale M , which is the case if for instance M
is locally square integrable, then it is easy to see that M ∈ BMO if the jumps of M are uniformly
bounded in t by some positive constant C and

sup
τ∈T T0

∥∥∥EP
τ [< M >T − < M >τ ]

∥∥∥
∞
≤ C.

Furthermore the BMO norm of M is then smaller than 2C.

We also recall the so called energy inequalities (see [72] and the references therein). Let Z ∈ H2
BMO,

U ∈ J2
BMO and p ≥ 1. Then we have

EP

[(∫ T

0
|Zs|2 ds

)p]
≤ 2p!

(
4 ‖Z‖2H2

BMO

)p
(4.2.3)

EP

[(∫ T

0

∫
E
U2
s (x)νs(dx)ds

)p]
≤ 2p!

(
4 ‖U‖2J2BMO

)p
. (4.2.4)

Let us now turn to more precise properties and estimates for BMO martingales. It is a classical
result (see [72]) that the Doléans-Dade exponential of a continuous BMO martingale is a uniformly
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integrable martingale. Things become a bit more complicated in the càdlàg case, and more assump-
tions are needed. Let us first define the Doléans-Dade exponential of a square integrable martingale
X, denoted E(x). This is as usual (see for instance Protter [105]) the unique solution Z of the SDE

Zt = 1 +

∫ t

0
Zs−dXs, P− a.s.,

and is given by the formula

E(X)t = eXt−
1
2
<Xc>t

∏
0<s≤t

(1 + ∆Xs)e
−∆Xs .

One of the first results concerning Doléans-Dade exponential of BMO martingales was proved by
Doléans-Dade and Meyer [42]. They showed that

Proposition 4.2.1 Let M be a càdlàg BMO martingale such that ‖M‖BMO < 1/8. Then E(M) is
a strictly positive uniformly integrable martingale.

The constraint on the norm of the martingale being rather limiting for applications, this result
was subsequently improved by Kazamaki [70], where the constraints is now on the jumps of the
martingale

Proposition 4.2.2 Let M be a càdlàg BMO martingale such that there exists δ > 0 with ∆Mt ≥
−1 + δ, for all t ∈ [0, T ], P− a.s. Then E(M) is a strictly positive uniformly integrable martingale.

Furthermore, we emphasize, as recalled in the counter-example of Remark 2.3 in [72], that a
complete generalization to the càdlàg case is not possible. We also refer the reader to Lépingle and
Mémin [79] and [80] for general sufficient conditions for the uniform integrability of Doléans-Dade
exponentials of càdlàg martingales. This also allows us to obtain immediately a Girsanov Theorem
in this setting, which will be extremely useful throughout the chapter.

Proposition 4.2.3 Let us consider the following càdlàg martingale M

Mt :=

∫ t

0
ϕsdBs +

∫ t

0

∫
E
γs(x)µ̃(dx, ds), P− a.s.,

where (ϕ, γ) ∈ H2
BMO× J2

BMO ∩L∞(ν) and where there exists δ > 0 with γt ≥ −1 + δ, P× dνt− a.e.,
for all t ∈ [0, T ].

Then, the probability measure Q defined by dQ
dP = E (M.) , is indeed well-defined and starting from

any P-martingale, by, as usual, changing adequately the drift and the jump intensity, we can obtain
a Q-martingale.

We now address the question of the so-called reverse Hölder inequality, which implies in the contin-
uous case that if M is a BMO martingale, there exists some r > 1 such that E(M) is Lr-integrable.
As for the previous result on uniform integrability, this was extended to the càdlàg case first in [42]
and [71], with the additional assumption that the BMO norm or the jumps of M are sufficiently
small. The following generalization is taken from [64]
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Proposition 4.2.4 Let M be a càdlàg BMO martingale such that there exists δ > 0 with ∆Mt ≥
−1 + δ, for all t ∈ [0, T ], P− a.s. Then E(M) is in Lr for some r > 1.

We finish this short survey by considering the so-called Muckenhoupt condition. In [72], Kazamaki
showed that the BMO property a of continuous martingale M was equivalent to the existence of
some p > 1 such that P− a.s.

sup
0≤t≤T

EP
t

[(
E(M)t
E(M)T

) 1
p−1

]
≤ Cp, (4.2.5)

for some constant Cp depending only on p. The generalization to the càdlàg case has once more been
obtained by Kazamaki [71] who showed that

Proposition 4.2.5 Let M be a càdlàg martingale. Then

(i) If −1 < ∆Mt ≤ C for some constant C and for every t, and if M satisfies (4.2.5) for some
p > 1, then M is BMO.

(ii) If M is BMO, then there exists some a > 0 such that −1 < a∆Mt ≤ Ca and such that aM
satisfies (4.2.5) for some p > 1.

4.2.4 The non-linear generator

Recall the Definition 4.2.1 of backward SDEs with jumps. We need now to specify in more details
the assumptions we make on the generator g. The most important assumption in our setting in our
setting will be the quadratic assumption of Assumption 4.2.1 (ii) below. This assumption appears
in the paper by El Karoui, Matoussi and Ngoupeyou [47]. It is the natural generalization to the
jump case of the usual quadratic growth assumption in z. Before proceeding further, let us define
the following function

jt(u) :=

∫
E

(
eu(x) − 1− u(x)

)
νt(dx).

This function j(u) plays the same role for the u variable as the square function for the variable z.
In order to understand this, let us consider the following "simplest" quadratic BSDE with jumps

yt = ξ +

∫ T

t

(
γ

2
|zs|2 +

1

γ
js(γus)

)
ds−

∫ T

t
zsdBs −

∫ T

t

∫
E
us(x)µ̃(dx, ds), P− a.s.

Then a simple application of Itô’s formula gives formally

eγyt = eγξ −
∫ T

t
eγyszsdBs −

∫ T

t

∫
E
eγys−

(
eγus(x) − 1

)
µ̃(dx, ds), P− a.s.

Still formally, taking the conditional expectation above gives finally

yt =
1

γ
ln
(
EP
t

[
eγξ
])
, P− a.s.,

and we recover the so-called entropic risk measure which in the continuous case corresponds to a
BSDE with generator γ

2 |z|
2.
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Of course, for the above to make sense, the function j must at the very least be well defined. A
simple application of Taylor’s inequalities shows that if the function x 7→ u(x) is bounded dνt − a.e.
for every 0 ≤ t ≤ T , then we have for some constant C > 0

0 ≤ eu(x) − 1− u(x) ≤ Cu2(x), dνt − a.e. for every 0 ≤ t ≤ T .

Hence, if we introduce for 1 < p ≤ +∞ the spaces

Lp(ν) := {u, E-mesurable, such that u ∈ Lp(νt) for all 0 ≤ t ≤ T} ,

then j is well defined on L2(ν) ∩ L∞(ν).

We now give our quadratic growth assumption on the generator g

Assumption 4.2.1 [Quadratic growth]

(i) For fixed (y, z, u), g is F-progressively measurable.

(ii) g satisfies the following integrability condition. There exists some C > 0 such that

ess supP

τ∈T T0
EP
τ

[(∫ T

τ
|gt(0, 0, 0)| dt

)2
]

= EP

[(∫ T

0
|gt(0, 0, 0)| dt

)2
]
≤ C. (4.2.6)

(iii) g has the following growth property. There exists (β, γ) ∈ R+ × R∗+ and a positive predictable
process α satisfying the same integrability condition (4.2.6) as gt(0, 0, 0), such that for all (ω, t, y, z, u)

−αt − β |y| −
γ

2
|z|2 − 1

γ
jt(−γu) ≤ gt(ω, y, z, u)− gt(0, 0, 0) ≤ αt + β |y|+ γ

2
|z|2 +

1

γ
jt(γu).

(4.2.7)

Remark 4.2.1 We emphasize that unlike the usual quadratic growth assumptions for continuous
BSDEs, condition (4.2.7) is not symmetric. It is mainly due to the fact that unlike the functions |.|
and |.|2, the function j is not even. Moreover, by having this non-symmetric condition, it is easily
seen that if Y is a solution to equation (4.2.2) with a generator satisfying the condition (4.2.7), then
−Y is also a solution to a BSDE whose generator satisfy the same condition (4.2.7). More precisely,
if (Y, Z, U) solves equation (4.2.2), then (−Y,−Z,−U) solves the BSDEJ with terminal condition
−ξ and generator g̃t(y, z, u) := −gt(−y,−z,−u) which clearly also satisfies (4.2.7). This will be
important for the proof of Lemma 4.2.1.

We also want to insist on the structure which appears in (4.2.7). Indeed, the constant γ in front of
the quadratic term in z is the same as the one appearing in the term involving the function j. As
already seen for the entropic risk-measure above, if the constants had been different, say respectively γ1

and γ2, the exponential transformation would have failed. Moreover, since the function γ 7→ γ−1jt(γu)

is not monotone, then we cannot increase or decrease γ1 and γ2 to recover the desired estimate (4.2.7).
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4.2.5 A priori estimates

We first prove a result which shows a link between the BMO spaces and quadratic BSDEs with
jumps. We emphasize that only Assumption 4.2.1 is necessary to obtain it. Before proceeding, we
denote for all t ∈ [0, T ], T Tt the collection of stopping times taking values in [t, T ]. We also define
for every x ∈ R and every η 6= 0

hη(x) :=
eηx − 1− ηx

η
.

The function hη already appears in our growth Assumption 4.2.1(ii), and the following trivial
property that it satisfies is going to be crucial for us

h2η(x) =
(eηx − 1)2

2η
+ hη(x). (4.2.8)

We also give the two following inequalities which are of the utmost importance in our jump setting.
We emphasize that the first one is trivial, while the second one can be proved using simple but
tedious algebra.

2 ≤ ex + e−x, for all x ∈ R (4.2.9)

x2 ≤ a (ex − 1)2 +
(1− e−x)

2

a
, for all (a, x) ∈ R∗+ × R. (4.2.10)

We then have

Lemma 4.2.1 Let Assumption 4.2.1 hold. Assume that (Y,Z, U) is a solution of the BSDE (4.2.2)
such that (Z,U) ∈ Z × U , the jumps of Y are bounded and

ess supP

τ∈T T0
EP
τ

[
exp

(
2γ sup

τ≤t≤T
± Yt

)
∨ exp

(
4γ sup

τ≤t≤T
± Yt

)]
< +∞, P− a.s. (4.2.11)

Then Z ∈ H2
BMO and U ∈ J2

BMO ∩ L∞(ν).

Proof. First of all, since the size of the jumps of Y is bounded, there exists a version of U , that is
to say that there exists a predictable function Ũ such that for all t ∈ [0, T ]∫

E

∣∣∣Ũt(x)− Ut(x)
∣∣∣2 νt(dx) = 0,

and such that ∣∣∣Ũt(x)
∣∣∣ ≤ C, for all t.

For the sake of simplicity, we will always consider this version and we still denote it U . For the
proof of this result, we refer to Morlais [91].

Let us consider the following processes∫ T

0
e2γYtZtdBt and

∫ T

0
e2γYt−

(
e2γUt(x) − 1

)
µ̃(dx, dt).
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We will first show that they are local martingales. Indeed, we have∫ T

0
e4γYtZ2

t dt ≤ exp

(
4γ sup

0≤t≤T
Yt

)∫ T

0
Z2
t dt < +∞, P− a.s.,

since Z ∈ Z and (4.2.11) holds.

Similarly, we have∫ T

0

∫
E
e4γYtU2

t (x)νt(dx)dt ≤ exp

(
4γ sup

0≤t≤T
Yt

)∫ T

0

∫
E
U2
t (x)νt(dx)dt < +∞, P− a.s.,

since U ∈ U and (4.2.11) holds.

Let now (τn)n≥1 be a localizing sequence for the P-local martingales above. By Itô’s formula under
P applied to e2γYt , we have for every τ ∈ T T0

4γ2

2

∫ τn

τ
e2γYt |Zt|2 dt+ 2γ

∫ τn

τ

∫
E
e2γYth2γ (Ut(x)) νt(dx)dt

= e2γYτn − e−2γYτ + 2γ

∫ τn

τ
e2γYtgt(Yt, Zt, Ut)dt− 2γ

∫ τn

τ
e2γYtZtdBt

−
∫ τn

τ

∫
E
e2γYt−

(
e2γUt(x) − 1

)
µ̃(dx, dt)

≤ e2γYτn − e−2γYτ + 2γ

∫ τn

τ
e2γYt

(
αt + |gt(0, 0, 0)|+ β |Yt|+

γ

2
|Zt|2 +

∫
E
hγ (Ut(x)) νt(dx)

)
dt

− 2γ

∫ τn

τ
e2γYtZtdBt −

∫ τn

τ

∫
E
e2γYt−

(
e2γUt(x) − 1

)
µ̃(dx, dt).

Now the situation is going to be different from the continuous case, and the property (4.2.8) is
going to be important. Indeed, we can take conditional expectation and thus obtain

EP
τ

[
γ2

∫ τn

τ
e2γYt |Zt|2 dt+

∫ τn

τ

∫
E
e2γYt

(
eγUt(x) − 1

)2
νt(dx)dt

]
≤ EP

τ

[(∫ τn

τ
(αt + |gt(0, 0, 0)|) dt

)2

+ exp

(
2γ sup

τ≤t≤T
Yt

)
+
(
C0β + γ2

)
exp

(
4γ sup

τ≤t≤T
Yt

)]

≤ C

(
1 + EP

τ

[
exp

(
2γ sup

τ≤t≤T
Yt

)
∨ exp

(
4γ sup

τ≤t≤T
Yt

)])
,

where we used the inequality 2ab ≤ a2 + b2, the fact that for all x ∈ R, |x| ex ≤ C0e
2x for some

constant C0 > 0 and the fact that Assumption 4.2.1(ii) and (iii) hold.

Using Fatou’s lemma and the monotone convergence Theorem, we obtain

EP
τ

[
γ2

∫ T

τ
e2γYt |Zt|2 dt+

∫ T

τ

∫
E
e2γYt

(
eγUt(x) − 1

)2
νt(dx)dt

]
≤ C

(
1 + ess supP

τ∈T T0
EP
τ

[
exp

(
2γ sup

τ≤t≤T
Yt

)
∨ exp

(
4γ sup

τ≤t≤T
Yt

)])
. (4.2.12)
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Now, we apply the above estimate for the solution (−Y,−Z,−U) of the BSDEJ with terminal
condition −ξ and generator g̃t(y, z, u) := −gt(−y,−z,−u), which still satisfies Assumption 4.2.1 (see
Remark 4.2.1)

EP
τ

[
γ2

∫ T

τ
e−2γYt |Zt|2 dt+

∫ T

τ

∫
E
e−2γYt

(
e−γUt(x) − 1

)2
νt(dx)dt

]
≤ C

(
1 + ess supP

τ∈T T0
EP
τ

[
exp

(
2γ sup

τ≤t≤T
(−Yt)

)
∨ exp

(
4γ sup

τ≤t≤T
(−Yt)

)])
. (4.2.13)

Let us now sum the inequalities (4.2.12) and (4.2.13). We obtain

EP
τ

[∫ T

τ
γ2
(
e2γYt + e−2γYt

)
|Zt|2 +

∫
E
e2γYt

(
eγUt(x) − 1

)2
+ e−2γYt

(
e−γUt(x) − 1

)2
νt(dx)dt

]
≤ C

(
1 + ess supP

τ∈T T0
EP
τ

[
sup
τ≤t≤T

{exp (2γYt) ∨ exp (4γYt) + exp (2γ (−Yt)) ∨ exp (4γ (−Yt))}

])
.

Finally, from the inequalities (4.2.9) and (4.2.10), this shows the desired result. �

Remark 4.2.2 In the above Proposition, if we only assume that

EP

[
exp

(
2γ sup

0≤t≤T
± Yt

)
∨ exp

(
4γ sup

0≤t≤T
± Yt

)]
< +∞,

then the exact same proof would show that (Z,U) ∈ H2 × J2. Moreover, using the Neveu-Garsia
Lemma in the same spirit as [7], we could also show that (Z,U) ∈ Hp × Jp for all p > 1.

We emphasize that the results of this Proposition highlight the fact that we do not necessarily
need to consider solutions with a bounded Y in the quadratic case to obtain a priori estimates. It
is enough to assume the existence of some exponential moments. This generalizes to the jump case
some of the ideas developed in [18] and [7]. Nonetheless, our proof of existence will rely heavily
on BMO properties of the solution, and the simplest condition to obtain the estimate (4.2.11) is
to assume that Y is indeed bounded. The aim of the following Proposition is to show that we can
control the S∞ norm of Y by the L∞ norm of ξ. Since the proof is very similar to the proof Lemma
1 in [18], we will omit it.

Proposition 4.2.6 Let ξ ∈ L∞. Let Assumption 4.2.1 hold and assume that g(0, 0, 0) and α are
bounded by some constant M . Let (Y,Z, U) ∈ S∞×H2×J2 be a solution of the BSDE (4.2.2). Then
we have

|Yt| ≤ γM
eβ(T−t) − 1

β
+ γeβ(T−t) ‖ξ‖L∞ .

4.2.6 Existence and uniqueness for a small terminal condition

The aim of this Section is to obtain an existence and uniqueness result for BSDEJ with quadratic
growth when the terminal condition is small enough. However, we will need more assumptions for our
proof to work. First, we assume from now on that we have the following martingale representation
property. We need this assumption since we will rely on the existence results in [4] or [81] which
need the martingale representation.
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Assumption 4.2.2 Any local martingale M has the predictable representation property, that is to
say, that there exists a unique predictable process H and a unique predictable function U such that
(H,U) ∈ Z × U and

Mt = M0 +

∫ t

0
HsdBs +

∫ t

0

∫
E
Us(x)µ̃(dx, ds), P− a.s.

Remark 4.2.3 This martingale representation property holds for instance when the compensator ν
does not depend on ω, i.e when ν is the compensator of the counting measure of an additive process
in the sense of Sato [107]. It also holds when ν has the particular form described in Chapter 5, in
which case ν depends on ω.

Of course, we also need to assume more properties for our generator g.

Assumption 4.2.3 [Lipschitz assumption]

Let Assumption 4.2.1(i),(ii) hold and assume furthermore that

(i) g is uniformly Lipschitz in y.∣∣gt(ω, y, z, u)− gt(ω, y′, z, u)
∣∣ ≤ C ∣∣y − y′∣∣ for all (ω, t, y, y′, z, u).

(ii) ∃ µ > 0 and φ ∈ H2
BMO such that for all (t, y, z, z′, u)∣∣gt(ω, y, z, u)− gt(ω, y, z′, u)− φt.(z − z′)

∣∣ ≤ µ ∣∣z − z′∣∣ (|z|+ ∣∣z′∣∣) .
(iii) ∃ µ > 0 and ψ ∈ J2

BMO such that for all (t, x)

C1(1 ∧ |x|) ≤ ψt(x) ≤ C2(1 ∧ |x|),

where C2 > 0, C1 ≥ −1 + δ where δ > 0. Moreover, for all (ω, t, y, z, u, u′)∣∣gt(ω, y, z, u)− gt(ω, y, z, u′)− < ψt, u− u′ >t
∣∣ ≤ µ ∥∥u− u′∥∥

L2(νt)

(
‖u‖L2(νt)

+
∥∥u′∥∥

L2(νt)

)
,

where < u1, u2 >t:=
∫
E u1(x)u2(x)νt(dx) is the scalar product in L2(νt).

Remark 4.2.4 Let us comment on the above assumptions. The first one concerning Lipschitz con-
tinuity in the variable y is classical in the BSDE theory. The two others may seem a bit complicated,
but they are almost equivalent to saying that the function g is locally Lipschitz in z and u. In the
case of the variable z for instance, those two properties would be equivalent if the process φ were
bounded. Here we allow something a bit more general by letting φ be unbounded but in H2

BMO. Once
again, since these assumptions allow us to apply the Girsanov property of Proposition 4.2.3, we do
not need to bound the processes and BMO type conditions are sufficient. Moreover, Assumption 4.2.3
also implies a weaker version of Assumption 4.2.1. Indeed, it implies clearly that

|gt(y, z, u)− gt(0, 0, 0)− φt.z− < ψt, u >t| ≤ C |y|+ µ
(
|z|2 + ‖u‖2L2(νt)

)
.
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Then, for any u ∈ L2(ν) ∩ L∞(ν) and for any γ > 0, we have using the mean value Theorem

γ

2
e−γ‖u‖L∞(ν) ‖u‖2L2(νt)

≤ 1

γ
jt(±γu) ≤ γ

2
eγ‖u‖L∞(ν) ‖u‖2L2(νt)

.

Therefore we deduce using the Cauchy-Schwartz inequality and the trivial inequality 2ab ≤ a2 + b2

gt(y, z, u)− gt(0, 0, 0) ≤ |φt|
2

2
+
‖ψt‖2L2(νt)

2
+ C |y|+

(
µ+

1

2

)(
|z|2 +

2eγ‖u‖L∞(ν)

γ2
jt(γu)

)

gt(y, z, u)− gt(0, 0, 0) ≥ −|φt|
2

2
−
‖ψt‖2L2(νt)

2
− C |y| −

(
µ+

1

2

)(
|z|2 − 2eγ‖u‖L∞(ν)

γ2
jt(−γu)

)
.

Then, since Assumption 4.2.1(ii) holds and since (φ, ψ) ∈ H2
BMO×J2

BMO, we deduce from the energy
inequalities (4.2.3)

ess supP

τ∈T T0
EP
τ

(∫ T

τ

(
|φt|2

2
+
‖ψt‖2L2(νt)

2

)
dt

)2
 ≤ 1

2
EP

[(∫ T

0
|φt|2 dt

)2

+

(∫ T

0
‖ψt‖2L2(νt)

dt

)2
]

< +∞.

Hence, we have obtained a growth property which is similar to (4.2.7), the only difference being that
the constants appearing in the quadratic term in z and the term involving the function j cannot, a
priori, be the same. This prevents us from recovering the structure already mentioned in Remark
4.2.1.

We now show that if we can solve the BSDEJ (4.2.2) for a generator g satisfying Assumption 4.2.3
with φ = 0 and ψ = 0, we can immediately obtain the existence for general φ and ψ. This will
simplify our subsequent proof of existence. Notice that the result relies essentially on the Girsanov
Theorem of Proposition 4.2.3.

Lemma 4.2.2 Define

gt(ω, y, z, u) := gt(ω, y, z, u)− < φt(ω), z >Rd − < ψt(ω), u >L2(νt) .

Then (Y,Z, U) is a solution of the BSDEJ with generator g and terminal condition ξ under P if and
only if (Y, Z, U) is a solution of the BSDEJ with generator g and terminal condition ξ under Q where

dQ
dP

= E
(∫ T

0
φsdBs +

∫ T

0

∫
E
ψs(x)µ̃(dx, ds)

)
.

Proof. We have clearly

Yt = ξ +

∫ T

t
gs(Ys, Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
E
Us(x)µ̃(dx, ds)

⇔ Yt = ξ +

∫ T

t
gs(Ys, Zs, Us)ds−

∫ T

t
Zs(dBs − φsds)

−
∫ T

t

∫
E
Us(x)(µ̃(dx, ds)− ψs(x)νs(dx)ds).



4.2. An existence and uniqueness result 77

Now, by our BMO assumptions on φ and ψ and the fact that we assumed that ψ ≥ −1 + δ, we can
apply Proposition 4.2.3 and Q is well defined. Then by Girsanov Theorem, we know that dBs−φsds
and µ̃(dx, ds)− ψs(x)ν(dx)ds are martingales under Q. Hence the desired result. �

Remark 4.2.5 It is clear that if g satisfies Assumption 4.2.3, then g defined above satisfies Assump-
tion 4.2.3 with φ = ψ = 0.

Following Lemma 4.2.2 we assume for the time being that g(0, 0, 0) = φ = ψ = 0. Our first result
is the following

Theorem 4.2.1 Assume that
‖ξ‖∞ ≤

1

2
√

15
√

2670µe
3
2
CT

,

where C is the Lipschitz constant of g in y, and µ is the constant appearing in Assumption 4.2.3.
Then under Assumption 4.2.3 with φ = 0, ψ = 0 and g(0, 0, 0) = 0, there exists a unique solution
(Y,Z, U) ∈ S∞ ×H2

BMO × J2
BMO ∩ L∞(ν) of the BSDEJ (4.2.2).

Remark 4.2.6 Notice that in the above Theorem, we do not need Assumption 4.2.1(iii) to hold. This
is linked to the fact that, as discussed in Remark 4.2.4, Assumption 4.2.3 implies a weak version of
Assumption 4.2.1(iii), which is sufficient for our purpose here.

Proof. We first recall that we have with Assumption 4.2.3 when g(0, 0, 0) = φ = ψ = 0

|gt(y, z, u)| ≤ C |y|+ µ |z|2 + µ ‖u‖2L2(νt)
. (4.2.14)

Consider now the map Φ : (y, z, u) ∈ S∞ ×H2
BMO × J2

BMO ∩ L∞(ν)→ (Y, Z, U) defined by

Yt = ξ +

∫ T

t
gs(Ys, zs, us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
E
Us(x)µ̃(dx, ds). (4.2.15)

The above is nothing more than a BSDE with jumps whose generator depends only on Y and is
Lipschitz. Besides, since (z, u) ∈ H2

BMO × J2
BMO ∩ L∞(ν), using (4.2.14) and the energy inequalities

(4.2.3) we clearly have

EP

[(∫ T

0
|gs(0, zs, us)| ds

)2
]
< +∞.

Hence, the existence of (Y,Z, U) ∈ S2 × H2 × J2 is ensured by the results of Barles, Buckdahn
and Pardoux [4] or Li and Tang [81] for Lipschitz BSDEs with jumps. Of course, we could have let
the generator in (4.2.15) depend on (ys, zs, us) instead. The existence of (Y,Z, U) would then have
been a consequence of the predictable martingale representation Theorem. However, the form that
we have chosen will simplify some of the following estimates.

Step 1: We first show that (Y, Z, U) ∈ S∞ ×H2
BMO × J2

BMO ∩ L∞(ν).

Recall that by the Lipschitz hypothesis in y, there exists a bounded process λ such that

gs(Ys, zs, us) = λsYs + gs(0, zs, us).
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Let us now apply Itô’s formula to e
∫ s
t λudu |Ys|. We obtain easily from Assumption 4.2.3

Yt = EP
t

[
e
∫ T
t λsdsξ +

∫ T

t
e
∫ s
t λudu(λsYs + gs(0, zs, us))ds−

∫ T

t
λse

∫ s
t λuduYsds

]
≤ EP

t

[
e
∫ T
t λsdsξ + µ

∫ T

t
e
∫ s
t λudu

(
|zs|2 +

∫
E
u2
s(x)

)
ds

]
≤ ‖ξ‖∞ + C

(
‖z‖2H2

BMO
+ ‖u‖2J2BMO

)
.

Therefore Y is bounded and consequently, since its jumps are also bounded, we know that there is
a version of U such that

‖U‖L∞(ν) ≤ 2 ‖Y ‖S∞ .

Let us now prove that (Z,U) ∈ H2
BMO × J2

BMO. Applying Itô’s formula to eηt |Yt|2 for some η > 0,
we obtain for any stopping time τ ∈ T T0

eητ |Yτ |2 + EP
τ

[∫ T

τ
eηs |Zs|2 ds+

∫ T

τ

∫
E
eηsU2

s (x)νs(dx)ds

]
= EP

τ

[
eνT ξ2 + 2

∫ T

τ
eηsYsgs(Ys, zs, us)ds− η

∫ T

τ
eηs |Ys|2 ds

]
≤ EP

τ

[
eηT ξ2 + (2C − η)

∫ T

τ
eηs |Ys|2 ds+ 2 ‖Y ‖S∞

∫ T

τ
eηs |gs(0, zs, us)| ds

]
.

Choosing η = 2C, and using the elementary inequality 2ab ≤ a2

ε + εb2, we obtain

|Yτ |2 + EP
τ

[∫ T

τ
|Zs|2 ds+

∫ T

τ

∫
E
U2
s (x)νs(dx)ds

]
≤ EP

τ

[
eηT ξ2 + ε ‖Y ‖2S∞ +

e2ηT

ε

(∫ T

τ
|gs(0, zs, us)| ds

)2
]
.

Hence,

(1− ε) ‖Y ‖2S∞ + ‖Z‖2H2
BMO

+ ‖U‖2J2BMO
≤ eηT ‖ξ‖2∞ + 64µ2 e

2ηT

ε

(
‖z‖4H2

BMO
+ ‖u‖4J2BMO

)
.

And finally, choosing ε = 1/2

‖Y ‖2S∞ + ‖Z‖2H2
BMO

+ ‖U‖2J2BMO
≤ 2eηT ‖ξ‖2∞ + 256µ2e2ηT

(
‖z‖4H2

BMO
+ ‖u‖4J2BMO

)
.

Our problem now is that the norms for Z and U in the left-hand side above are to the power 2,
while they are to the power 4 on the right-hand side. Therefore, it will clearly be impossible for us to
prevent an explosion if we do not first start by restricting ourselves in some ball with a well chosen
radius. This is exactly what we are going to do. Define therefore R = 1

2
√

2670µeνT
, and assume that

‖ξ‖∞ ≤
R

√
15e

1
2 ηT

and that

‖y‖2S∞ + ‖z‖2H2
BMO

+ ‖u‖2J2BMO
+ ‖u‖2L∞(ν) ≤ R

2.
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Denote Λ := ‖Y ‖2S∞ + ‖Z‖2H2
BMO

+ ‖U‖2J2BMO
+ ‖U‖2L∞(ν). We have, since ‖U‖2L∞(ν) ≤ 4 ‖Y ‖2S∞

Λ ≤ 5 ‖Y ‖2S∞ + ‖Z‖2H2
BMO

+ ‖U‖2J2BMO
≤ 10eνT ‖ξ‖2∞ + 1280µ2e2νT

(
‖z‖4H2

BMO
+ ‖u‖4J2BMO

)
≤ 2R2

3
+ 3560µ2e2νTR4

=
2R2

3
+
R2

3
= R2.

Hence if BR is the ball of radius R in S∞×H2
BMO×J2

BMO∩L∞(ν), we have shown that Φ(BR) ⊂ BR.

Step 2: We show that Φ is a contraction in this ball of radius R.

For i = 1, 2 and (yi, zi, ui) ∈ BR, we denote (Y i, Zi, U i) := Φ(yi, zi, ui) and

δy := y1 − y2, δz := z1 − z2, δu := u1 − u2, δY := Y 1 − Y 2

δZ := Z1 − Z2, δU := U1 − U2, δg := g(0, z1, u1)− g(0, z2, u2).

Arguing as above, we obtain easily

‖δY ‖2S∞ + ‖δZ‖2H2
BMO

+ ‖δU‖2J2BMO
≤ 4e2ηT sup

τ∈T T0

(
EP
τ

[∫ T

τ
|δgs| ds

])2

.

We next estimate that(
EP
τ

[∫ T

τ
|δgs| ds

])2

≤ 2µ2

(
EP
τ

[∫ T

τ
|δzs|

(∣∣z1
s

∣∣+
∣∣z2
s

∣∣) ds])2

+ 2µ2

(
EP
τ

[∫ T

τ
‖δus‖L2(νs)

(∥∥u1
s

∥∥
L2(νs)

+
∥∥u2

s

∥∥
L2(νs)

)
ds

])2

≤ 2µ2

(
EP
τ

[∫ T

τ
|δzs|2 ds

]
EP
τ

[∫ T

τ
(
∣∣z1
s

∣∣+
∣∣z2
s

∣∣)2ds

]
+EP

τ

[∫ T

τ
‖δus‖2L2(νs)

ds

]
EP
τ

[∫ T

τ

(∥∥u1
s

∥∥
L2(νs)

+
∥∥u2

s

∥∥
L2(νs)

)2
ds

])
≤ 4R2µ2

(
EP
τ

[∫ T

τ
|δzs|2 ds

]
+ EP

τ

[∫ T

τ

∫
E
δu2

s(x)ν(dx)ds

])
≤ 32R2µ2

(
‖δz‖2H2

BMO
+ ‖δu‖2J2BMO

)
From these estimates, we get

‖δY ‖2S∞ + ‖δZ‖2H2
BMO

+ ‖δU‖2J2BMO
+ ‖δU‖2L∞(ν) ≤ 20× 32R2µ2e2νT

(
‖δz‖2H2

BMO
+ ‖δu‖2J2BMO

)
=

16

267

(
‖δz‖2H2

BMO
+ ‖δu‖2J2BMO

)
.

Therefore Φ is a contraction which has a unique fixed point. �

Then, from Lemma 4.2.2, we have immediately the following Corollary
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Corollary 4.2.1 Assume that

‖ξ‖∞ ≤
1

2
√

15
√

2670µe
3
2
CT

,

where C is the Lipschitz constant of g in y, and µ is the constant appearing in Asssumption 4.2.3.
Then under Assumption 4.2.3 with g(0, 0, 0) = 0, there exists a unique solution (Y,Z, U) ∈ S∞ ×
H2

BMO × J2
BMO ∩ L∞(ν) of the BSDEJ (4.2.2).

We now show how we can get rid off the assumption that gt(0, 0, 0) = 0.

Corollary 4.2.2 Assume that

‖ξ‖∞ +D

∥∥∥∥∫ T

0
|gt(0, 0, 0)| dt

∥∥∥∥
∞
≤ 1

2
√

15
√

2670µe
3
2
CT

,

where C is the Lipschitz constant of g in y, µ is the constant appearing in Asssumption 4.2.3 and D
is a large enough positive constant. Then under Assumption 4.2.3, there exists a solution (Y, Z, U) ∈
S∞ ×H2

BMO × J2
BMO ∩ L∞(ν) of the BSDEJ (4.2.2).

Proof. By Corollary 4.2.1, we can show the existence of a solution to the BSDEJ with generator
g̃t(y, z, u) := gt(y −

∫ t
0 gs(0, 0, 0)ds, z, u)− gt(0, 0, 0) and terminal condition ξ := ξ +

∫ T
0 gt(0, 0, 0)dt.

Indeed, even though g is not null at (0, 0, 0), it is not difficult to show with the same proof as in
Theorem 4.2.1 that a solution (Y , Z, U) exists (the same type of arguments are used in [117]). More
precisely, g̃ still satisfies Assumption 4.2.3(i) and when φ and ψ in Assumption 4.2.3 are equal to 0,
we have the estimate

|g̃t(y, z, u)| ≤ C
∥∥∥∥∫ T

0
|gs(0, 0, 0)| ds

∥∥∥∥
∞

+ C |y|+ µ |z|2 + µ ‖u‖2L2(νt)
,

which is the counterpart of (4.2.14). Thus, since the constant term in the above estimate is assumed
to be small enough, it will play the same role as ‖ξ‖∞ in the first Step of the proof of Theorem 4.2.1.

For the Step 2, everything still work thanks to the following estimate∣∣g̃t(0, z1, u1)− g̃t(0, z2, u2)
∣∣ ≤ µ

∣∣z1 − z2
∣∣ (∣∣z1

∣∣+
∣∣z2
∣∣)

+ µ
∥∥u1 − u2

∥∥
L2(νt)

(∥∥u1
∥∥
L2(νt)

+
∥∥u2
∥∥
L2(νt)

)
.

Then, if we define

(Yt, Zt, Ut) :=

(
Y t −

∫ t

0
gs(0, 0, 0)ds, Zt, U t

)
,

it is clear that it is a solution to the BSDEJ with generator g and terminal condition ξ. �

Remark 4.2.7 We emphasize that the above proof of existence extends readily to a terminal condition
which is in Rn for any n ≥ 2.
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4.2.7 Existence for a bounded terminal condition

We now show that we can still prove existence of a solution for any bounded terminal condition.
Nonetheless, we will need to strengthen once more our assumptions on the generator, mainly by
assuming more regularity.

Assumption 4.2.4 (i) g is uniformly Lipschitz in y.∣∣gt(ω, y, z, u)− gt(ω, y′, z, u)
∣∣ ≤ C ∣∣y − y′∣∣ for all (ω, t, y, y′, z, u).

(ii) g is C2 in z and there is a constant θ > 0 and a process (rt)0≤t≤T ∈ H2
BMO, such that for all

(t, ω, y, z, u),
|Dzgt(ω, y, z, u)| ≤ rt + θ |z| , |D2

zzgt(ω, y, z, u)| ≤ θ.

(iii) g is twice Fréchet differentiable in the Banach space L2(ν) and there are constants θ, δ > 0,
C1 ≥ −1 + δ, C2 ≥ 0 and a predictable function m ∈ J2

BMO such that for all (t, ω, y, z, u, x),

|Dugt(ω, y, z, u)| (x) ≤ mt(x) + θ |u(x)| , C1(1 ∧ |x|) ≤ (Dugt(ω, y, z, u))(x) ≤ C2(1 ∧ |x|)∥∥D2
ugt(ω, y, z, u)

∥∥
L2(νt)

≤ θ.

Remark 4.2.8 The assumptions (ii) and (iii) above are generalizations to the jump case of the
assumptions considered by Tevzadze [117]. They will only be useful in our proof of existence and is
tailor-made to allow us to apply the Girsanov transformation of Proposition 4.2.3. Notice also that
since the space L2(ν) is clearly a Banach space, there is no problem to define the Fréchet derivative.

We emphasize here that Assumption 4.2.4 is stronger than Assumption 4.2.3. Indeed, we have the
following result

Lemma 4.2.3 If Assumption 4.2.4(ii) and (iii) hold, then so do Assumption 4.2.3(ii) and (iii).

Proof. We will only show that if Assumption 4.2.4(iii) holds, so does Assumption 4.2.3(iii), the
proof being similar for Assumption 4.2.4(ii). Since g is twice Fréchet differentiable in u, we introduce
the process ψt := Dugt(y, z, 0) which is bounded from above by m and from below by C1 ≥ −1 + δ

by assumption. Thus, ψ ∈ J2
BMO. By the mean value theorem, we compute that for some λ ∈ [0, 1]

and with uλ := λu+ (1− λ)u′∣∣gt(y, z, u)− gt(y, z, u′)− < ψt, u− u′ >t
∣∣ ≤ ‖Dugt(y, z, uλ)− ψt‖

∥∥u− u′∥∥
L2(νt)

≤ θ
∥∥λu+ (1− λ)u′

∥∥
L2(νt)

∥∥u− u′∥∥
L2(νt)

,

by the bound on D2
ug. The result now follows easily. �

We can now state our main existence result.

Theorem 4.2.2 Let ξ ∈ L∞. Under Assumptions 4.2.1 and 4.2.4, there exists a solution (Y,Z, U) ∈
S∞ ×H2

BMO × J2
BMO ∩ L∞(ν) of the BSDEJ (4.2.2).
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The idea of the proof is to find a "good" splitting of the BSDE into the sum of BSDEs for which
the terminal condition is small and existence holds. Then we paste everything together. This is
during this pasting step that the regularity of the generator in z and u in Assumption 4.2.4 is going
to be important.

Proof.
(i) We first assume that gt(0, 0, 0) = 0.

Consider an arbitrary decomposition of ξ

ξ =
n∑
i=1

ξi such that ‖ξi‖∞ ≤
1

2
√

15
√

2670µe
3
2
CT

, for all i.

We will now construct a solution to (4.2.2) recursively.

Step 1 We define g1 := g and (Y 1, Z1, U1) as the unique solution of

Y 1
t = ξ1 +

∫ T

t
g1
s(Y

1
s , Z

1
s , U

1
s )ds−

∫ T

t
Z1
sdBs −

∫ T

t

∫
E
U1
s (x)µ̃(ds, dx), P− a.s. (4.2.16)

Let us show why this solution exists. Since g1 satisfies Assumption 4.2.4, we know by Lemma 4.2.3
that it satisfies Assumption 4.2.3 with φt := Dzgt(y, 0, u) and ψt := Dugt(y, z, 0), these processes
being respectively in H2

BMO and J2
BMO ∩ L∞(ν) by assumption. Furthermore, we have ψt(x) ≥

C1(1 ∧ |x|) with C1 ≥ −1 + δ. Thanks to Theorem 4.2.1 and with the notations of Lemma 4.2.2,
we can then define the solution to the BSDEJ with driver g1 and terminal condition ξ1 under the
probability measure Q1 defined by

dQ1

dP
= E

(∫ T

0
φsdBs +

∫ T

0

∫
E
ψs(x)µ̃(dx, ds)

)
.

Thanks to Lemma 4.2.2, this gives us a solution (Y 1, Z1, U1) to (4.2.16) with Y 1 bounded, which
in turn implies with Lemma 4.2.1 that (Z1, U1) ∈ H2

BMO × J2
BMO ∩ L∞(ν).

Step 2 We assume that we have constructed similarly (Y j , Zj , U j) ∈ S∞×H2
BMO×J2

BMO∩L∞(ν)

for j ≤ i− 1. We then define the generator

git(y, z, u) := gt

(
Y
i−1
t + y, Z

i−1
t + z, U

i−1
t + u

)
− gt

(
Y
i−1
t , Z

i−1
t , U

i−1
t

)
,

where

Y
i−1
t :=

i−1∑
j=1

Y j
t , Z

i−1
t :=

i−1∑
j=1

Zjt , U
i−1
t :=

i−1∑
j=1

U jt .

Notice that since g satisfies Assumption 4.2.1(iii), we have the estimate

git(y, z, u) ≤ 2αt + β
∣∣∣y + Y

i−1
t

∣∣∣+ β
∣∣∣Y i−1

t

∣∣∣+ γ
∣∣∣z + Z

i−1
t

∣∣∣2 + γ
∣∣∣Zi−1

t

∣∣∣2
+

1

γ
jt

(
γ
(
u+ U

i−1
t

))
+

1

γ
jt

(
γU

i−1
t

)
≤ 2αt + 2β

∣∣∣Y i−1
t

∣∣∣+ 3γ
∣∣∣Zi−1

t

∣∣∣2 +
1

γ
jt

(
γU

i−1
t

)
+

1

2γ
jt

(
2γU

i−1
t

)
+ β |y|+ 2γ |z|2 +

1

2γ
jt (2γu) ,
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where we used the inequalities (a+ b)2 ≤ a2 + b2 and (4.4.10) (with γ1 = γ2 := 1/(2γ)).

Then, since (Y
i−1
, Z

i−1
, U

i−1
) ∈ S∞ × H2

BMO × J2
BMO ∩ L∞(ν) , we know that the term which

does not depend on (y, z, u) above satisfies the same integrability condition as gt(0, 0, 0) in (4.2.6).
Therefore, since gi(0, 0, 0) = 0, we have one side of the inequality in Assumption 4.2.1(iii), and the
other one can be proved similarly. This yields that gi satisfies Assumption 4.2.1.

Similarly as in Step 1, we will now show that there exists a solution (Y i, Zi, U i) ∈ S∞ ×H2
BMO ×

J2
BMO ∩ L∞(ν) to the BSDEJ

Y i
t = ξi +

∫ T

t
gis(Y

i
s , Z

i
s, U

i
s)ds−

∫ T

t
ZisdBs −

∫ T

t

∫
E
U is(x)µ̃(dx, ds), P− a.s. (4.2.17)

Since g satisifies Assumptions 4.2.4, we can define

φit := Dzg
i
t(y, 0, u) = Dzgt(y, Z

i−1
t , u), ψit := Dug

i
t(y, z, 0) = Dugt(y, z, U

i−1
t ).

We then know that∣∣φit∣∣ ≤ rt + θ
∣∣∣Zi−1

t

∣∣∣ , ∣∣ψit∣∣ ≤ mt + θ
∣∣∣U i−1

t

∣∣∣ , ψit(x) ≥ C1(1 ∧ |x|) ≥ −1 + δ.

Since by hypothesis (Z
i−1
, U

i−1
) ∈ H2

BMO × J2
BMO ∩ L∞(ν), we can define a probability measure

Qi by
dQi

dP
= E

(∫ T

0
φisdBs +

∫ T

0

∫
E
ψis(x)µ̃(dx, ds)

)
.

Now, using the notations of Lemma 4.2.2, we define a generator ḡi from gi. It is then easy to
check that ḡi satisfies Assumption 4.2.3. Therefore, by Theorem 4.2.1, we obtain the existence of a
solution to the BSDE with generator ḡi and terminal condition ξi under Qi. Using Lemma 4.2.2, this
provides a solution (Y i, Zi, U i) with Y i bounded to the BSDE (4.2.17). By Lemma 4.2.1 and since
gi satisfies Assumption 4.2.1, the boundedness of Y i implies that (Zi, U i) ∈ H2

BMO × J2
BMO ∩L∞(ν)

and therefore that (Y
i
, Z

i
, U

i
) ∈ S∞ ×H2

BMO × J2
BMO ∩ L∞(ν).

Step 3 Finally, by summing the BSDEJs (4.2.17), we obtain

Y
n

= ξ +

∫ T

t
gs(Y

n
s , Z

n
s , U

n
s )ds−

∫ T

t
Z
n
s dBs −

∫ T

t

∫
E
U
n
s (x)µ̃(dx, ds).

Since Y n is bounded (because the Y i are all bounded), Lemma 4.2.1 implies that (Z
n
, U

n
) ∈

H2
BMO × J2

BMO ∩ L∞(ν), which ends the proof.

(ii) In the general case gt(0, 0, 0) 6= 0, we can argue exactly as in Corollary 4.2.2 (see also Proposition
2 in [117]) to obtain the result. �

4.2.8 A uniqueness result

We emphasize that the above Theorems provide an existence result for every bounded terminal
condition, but we only have uniqueness when the infinite norm of ξ is small enough. In order to have
a general uniqueness result, we add the following assumptions, which were first introduced by Royer
[106] and Briand and Hu [19]
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Assumption 4.2.5 For every (y, z, u, u′) there exists a predictable and E-mesurable process (γt) such
that

gt(y, z, u)− gt(y, z, u′) ≤
∫
E
γt(x)(u− u′)(x)νt(dx),

where there exists constants C2 > 0 and C1 ≥ −1+δ for some δ > 0, independent of (y, z, u, u′) such
that

C1(1 ∧ |x|) ≤ γt(x) ≤ C2(1 ∧ |x|).

Assumption 4.2.6 g is jointly convex in (z, u).

We then have the following result

Theorem 4.2.3 Assume that ξ ∈ L∞, and that the generator g satisfies either

(i) Assumptions 4.2.1, 4.2.4(i),(ii) and 4.2.5.

(ii) Assumptions 4.2.1, 4.2.4 and 4.2.6, and that g(0, 0, 0) and the process α appearing in Assump-
tion 4.2.1(iii) are bounded by some constant M > 0.

Then there exists a unique solution to the BSDEJ (4.2.2).

In order to prove this Theorem, we will use the following comparison Theorem for solutions of
BSDEJs.

Proposition 4.2.7 Let ξ1 and ξ2 be two FT -measurable random variables. Let g1 be a function
satisfying either

(i) Assumptions 4.2.1, 4.2.3(i),(ii) and 4.2.5.

(ii) Assumptions 4.2.1, 4.2.3(i) and 4.2.6, and that g1(0, 0, 0) and the process α appearing in As-
sumption 4.2.1(iii) are bounded by some constant M > 0.

Let g2 be another function and for i = 1, 2, let (Y i, Zi, U i) be the solution of the BSDEJ with
terminal condition ξi and generator gi (we assume that existence holds in our spaces), that is to say
for every t ∈ [0, T ]

Y i
t = ξi +

∫ T

t
gis(Y

i
s , Z

i
s, U

i
s)ds−

∫ T

t
ZisdBs−

∫ T

t

∫
E
U is(x)µ̃(dx, ds), P− a.s.

Assume further that ξ1 ≤ ξ2, P− a.s. and g1
t (Y

2
t , Z

2
t , U

2
t ) ≤ g2

t (Y
2
t , Z

2
t , U

2
t ), P− a.s. Then Y 1

t ≤ Y 2
t ,

P− a.s.

Moreover in case (i), if in addition we have Y 1
0 = Y 2

0 , then for all t, Y 1
t = Y 2

t , Z1
t = Z2

t and
U1
t = U2

t , P− a.s.
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Remark 4.2.9 Of course, we can replace the convexity property in Assumption 4.2.5 by concavity
without changing the results of Proposition 4.2.7. Indeed, if Y is a solution to the BSDE with convex
generator g and terminal condition ξ, then −Y is a solution to the BSDE with concave generator
g̃(y, z, u) := −g(−y,−z,−u) and terminal condition −ξ. then we can apply the results of Proposition
4.2.7.

Proof.

Step 1 In order to prove (i), let us note

δY := Y 1 − Y 2, δZ := Z1 − Z2, δU := U1 − U2, δξ := ξ1 − ξ2

δgt := g1
t (Y

2
t , Z

2
t , U

2
t )− g2

t (Y
2
t , Z

2
t , U

2
t ).

Using Assumption 4.2.3(i), (ii), we know that there exists a bounded process λ and a process η
with

|ηs| ≤ µ
(∣∣Z1

s

∣∣+
∣∣Z2

s

∣∣) ,
such that

δYt = δξ +

∫ T

t
δgsds+

∫ T

t
λsδYsds+

∫ T

t
(ηs + φs)δZsds

+

∫ T

t
g1
s(Y

1
s , Z

1
s , U

1
s )− g1

s(Y
1
s , Z

1
s , U

2
s )ds−

∫ T

t

∫
E
δUs(x)γs(x)νs(dx)ds

+

∫ T

t

∫
E
δUs(x)γs(x)νs(dx)ds−

∫ T

t
δZsdBs −

∫ T

t

∫
E
δUs(x)µ̃(dx, ds), (4.2.18)

where γ is the predictable process appearing in the right hand side of Assumption 4.2.5.

Define for s ≥ t, eΛs := e
∫ s
t λudu, and

dQ
dP

:= E
(∫ s

t
(ηs + φs)dBs +

∫ s

t

∫
E
γs(x)µ̃(dx, ds)

)
.

Since the Zi are in H2
BMO, so is η and by our assumption on γs the above stochastic exponential

defines a true strictly positive uniformly integrable martingale (see Kazamaki [70]). Then applying
Itô’s formula and taking conditional expectation under the probability measure Q, we obtain

δYt = EQ
t

[
eΛT δξ +

∫ T

t
eΛsδgsds

]
+ EP

t

[∫ T

t
eΛs

(
g1
s(Y

1
s , Z

1
s , U

1
s )− g1

s(Y
1
s , Z

1
s , U

2
s )−

∫
E
γs(x)δUs(x)νs(dx)

)
ds

]
≤ 0, (4.2.19)

using Assumption 4.2.5.

Step 2 The proof of the comparison result when (ii) holds is a generalization of Theorem 5 in [19].
However, due to the presence of jumps our proof is slightly different. For the convenience of the
reader, we will highlight the main differences during the proof.

For any θ ∈ (0, 1) let us denote

δYt := Y 1
t − θY 2

t , δZt := Z1
t − θZ2

t , δUt := U1
t − θU2

t , δξ := ξ1 − θξ2.
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First of all, we have for all t ∈ [0, T ]

δYt = δξ +

∫ T

t
Gsds−

∫ T

t
δZsdBs −

∫ T

t

∫
E
δUs(x)µ̃(dx, ds), P− a.s.,

where
Gt := g1

t (Y
1
t , Z

1
t , U

1
t )− θg2

t (Y
2
t , Z

2
t , U

2
t ).

We emphasize that unlike in [19], we have not linearized the generator in y using the Assumption
4.2.3(i). It will be clear later on why.

We will now bound Gt from above. First, we rewrite it as

Gt = G1
t +G2

t +G3
t ,

where

G1
t := g1

t (Y
1
t , Z

1
t , U

1
t )− g1

t (Y
2
t , Z

1
t , U

1
t ), G2

t := g1
t (Y

2
t , Z

1
t , U

1
t )− θg1

t (Y
2
t , Z

2
t , U

2
t )

G3
t := θ

(
g1
t (Y

2
t , Z

2
t , U

2
t )− g2

t (Y
2
t , Z

2
t , U

2
t )
)
.

Then, we have using Assumption 4.2.3(i)

G1
t = g1

t (Y
1
t , Z

1
t , U

1
t )− g1

t (θY
2
t , Z

1
t , U

1
t ) + g1

t (θY
2
t , Z

1
t , U

1
t )− g1

t (Y
2
t , Z

1
t , U

1
t )

≤ C
(
|δyt|+ (1− θ)

∣∣y2
t

∣∣) . (4.2.20)

Next, we estimate G2 using Assumption 4.2.1 and the convexity in (z, u) of g1

g1
t (Y

2
t , Z

1
t , U

1
t ) = g1

t

(
Y 2
t , θZ

2
t + (1− θ)Z

1
t − θZ2

t

1− θ
, θU2

t + (1− θ)U
1
t − θU2

t

1− θ

)
≤ θg1

t (Y
2
t , Z

2
t , U

2
t ) + (1− θ)g1

t

(
Y 2
t ,

δZt
1− θ

,
δUt

1− θ

)
≤ θg1

t (Y
2
t , Z

2
t , U

2
t ) + (1− θ)

(
2M + β

∣∣Y 2
t

∣∣)+
γ

2(1− θ)
|δZt|2 +

1− θ
γ

jt

(
γ

1− θ
δUt

)
.

Hence

G2
t ≤ (1− θ)

(
2M + β

∣∣Y 2
t

∣∣)+
γ

2(1− θ)
|δZt|2 +

1− θ
γ

jt

(
γ

1− θ
δUt

)
. (4.2.21)

Finally, G3 is negative by assumption. Therefore, using (4.2.20) and (4.2.21), we obtain

Gt ≤ C |δYt|+ (1− θ)
(
α+ (β + C)

∣∣Y 2
t

∣∣)+
γ

2(1− θ)
|Zt|2 +

1− θ
γ

jt

(
γ

1− θ
δUt

)
. (4.2.22)

Now we will get rid off the quadratic and exponential terms in z and u using a classical exponential
change. Let us then denote for some ν > 0

Pt := eνδYt , Qt := νeνδYtδZt, Rt(x) := eνδYt−
(
eνδUt(x) − 1

)
.
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By Itô’s formula we obtain for every t ∈ [0, T ], P− a.s.

Pt = PT +

∫ T

t
νPs

(
Gs −

ν

2
|δZs|2 −

1

ν
js(νδUs)

)
ds−

∫ T

t
QsdBs −

∫ T

t

∫
E
Rs(x)µ̃(dx, ds).

Now choose ν = γ/(1− θ). We emphasize that this is here that the presence of jumps forces us to
change a bit our proof in comparison with the one in [19]. Indeed, if we had immediately linearized
in y then we could not have chosen ν constant such that the quadratic and exponentials terms in
(4.2.22) would disappear. This is not a problem in [19], since they can choose ν of the formM/(1−θ)
with M large enough and still make the quadratic term in z disappear. However, in the jump case,
the application γ 7→ γ−1jt(γu) is not always increasing, and this trick does not work. Nonetheless,
we now define the strictly positive and continuous process

Dt := exp

(
γ

∫ t

0

(
2M + (β + C)

∣∣Y 2
t

∣∣+
C

1− θ
|δYs|

)
ds

)
.

Applying Itô’s formula to DtPt, we obtain

d(DsPs) =− νDsPs

(
Gs −

ν

2
|δZs|2 −

1

ν
js(νδUs)− C |δYs|+ (1− θ)

(
2M + (β + C)

∣∣Y 2
s

∣∣)) ds
+DsQsdBs +

∫
E
Ds−Rs(x)µ̃(dx, ds).

Hence, using the inequality (4.2.22), we deduce

DtPt ≤ EP
t [DTPT ] , P− a.s.,

which can be rewritten

δYt ≤
1− θ
γ

ln

(
EP
t

[
exp

(
γ

∫ T

t

(
2M + (β + C)

∣∣Y 2
t

∣∣+
C

1− θ
|δYs|

)
ds+

γ

1− θ
δξ

)])
, P− a.s.

Next, we have
δξ = (1− θ)ξ1 + θ

(
ξ1 − ξ2

)
≤ (1− θ)

∣∣ξ1
∣∣ .

Consequently, we have for some constant C0 > 0, independent of θ, using the fact that Y 2 and ξ1

are bounded P− a.s.

δYt ≤
1− θ
γ

(
ln(C0) + ln

(
EP
t

[
exp

(
C

1− θ

∫ T

t
|δYs| ds

)]))
, P− a.s. (4.2.23)

We finally argue by contradiction. More precisely, let

A :=
{
ω ∈ Ω, Y 1

t (ω) > Y 2
t (ω)

}
,

and assume that P(A) > 0. Let us then call N the P-negligible set outside of which (4.2.23) holds.
Since A has a strictly positive probability, B := A ∩ (Ω\N ) is not empty and also has a strictly
positive probability. Then, we would have from (4.2.23) that for every ω ∈ B

δYt(ω) ≤ 1− θ
γ

ln(C0) +
C

γ

∫ T

t
‖δYs‖∞,B ds, (4.2.24)
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where ‖·‖∞,B is the usual infinite norm restricted to B.

Now, using the dominated convergence theorem, we can let θ ↑ 1− in (4.2.24) to obtain that for
any ω ∈ B

Y 1
t (ω)− Y 2

t (ω) ≤ C

γ

∫ T

t

∥∥Y 1
s − Y 2

s

∥∥
∞,B ds,

which in turns implies, since B ⊂ A∥∥Y 1
t − Y 2

t

∥∥
∞,B ≤

C

γ

∫ T

t

∥∥Y 1
s − Y 2

s

∥∥
∞,B ds.

But with Gronwall’s lemma this implies that
∥∥Y 1

t − Y 2
t

∥∥
∞,B = 0 and the desired contradiction.

Hence the result.

Step 3 Let us now assume that Y 1
0 = Y 2

0 and that we are in the same framework as in Step 1.
Using this in (4.2.19) above when t = 0, we obtain

0 = EQ
[
eΛT δξ +

∫ T

0
eΛsδgsds

]
+ EQ

[∫ T

0
eΛs

(
g1
s(Y

1
s , Z

1
s , U

1
s )− g1

s(Y
1
s , Z

1
s , U

2
s )−

∫
E
δUs(x)γs(x)νs(dx)

)
ds

]
≤ 0. (4.2.25)

Hence, since all the above quantities have the same sign, this implies in particular that

eΛT δξ +

∫ T

0
eΛsδgsds = 0, P− a.s.

Moreover, we also have P− a.s.∫ T

0
eΛs
(
g1
s(Y

1
s , Z

1
s , U

1
s )− g1

s(Y
1
s , Z

1
s , U

2
s )
)
ds =

∫ T

0
eΛs

(∫
E
δUs(x)γs(x)νs(dx)

)
ds.

Using this result in (4.2.18), we obtain with Itô’s formula

δYt =

∫ T

0
eΛs

(∫
E
δUs(x)γs(x)νs(dx)

)
ds−

∫ T

t
eΛsδZs(dBs − (ηs + φs)ds)

−
∫ T

t

∫
E
eΛs− δUs(x)µ̃(dx, ds). (4.2.26)

The right-hand side is a martingale under Q with null expectation. Thus, since δYt ≤ 0, this implies
that Y 1

t = Y 2
t , P− a.s. Using this in (4.2.26), we obtain that the martingale part must be equal to

0, which implies that δZt = 0 and δUt = 0. �

Remark 4.2.10 In the above proof of the comparison theorem in case (i), we emphasize that it is
actually sufficient that, instead of Assumption 4.2.5, the generator g satisfies

g1
s(Y

1
s , Z

1
s , U

1
s )− g1

s(Y
1
s , Z

1
s , U

2
s ) ≤

∫
E
γs(x)δUs(x)νs(dx),

for some γs such that
C1(1 ∧ |x|) ≤ γs(x) ≤ C2(1 ∧ |x|).

Besides, this also holds true for the comparison Theorem for Lipschitz BSDEs with jumps proved
by Royer (see Theorem 2.5 in [106]).
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We can now prove Theorem 4.2.3

Proof. [Proof of Theorem 4.2.3] First let us deal with the question of existence.

(i) If g satisfies Assumptions 4.2.1, 4.2.4(i),(ii) and 4.2.5, the existence part can be obtained
exactly as in the previous proof, starting from a small terminal condition, and using the fact
that Assumption 4.2.5 implies that g is Lipschitz in u. Thus we omit it.

(ii) If g satisfies Assumptions 4.2.1 and 4.2.4, then we already proved existence for bounded terminal
conditions.

The uniqueness is then a simple consequence of the above comparison theorem. �

Remark 4.2.11 As a consequence of the nonlinear Doob-Meyer decomposition that we prove in the
next Section, we will obtain a reverse comparison Theorem in Corollary 4.3.1.

4.2.9 A priori estimates and stability

In this subsection, we show that under our hypotheses, we can obtain a priori estimates for quadratic
BSDEs with jumps. We have the following results

Proposition 4.2.8 Let (ξ1, ξ2) ∈ L∞ × L∞ and let g be a function satisfying Assumptions 4.2.1,
4.2.3(i),(ii) and 4.2.5. Let us consider for i = 1, 2 the solutions (Y i, Zi, U i) ∈ S∞ ×H2

BMO × J2
BMO

of the BSDEs with generator g and terminal condition ξi (once again existence is assumed). Then
we have for some constant C > 0∥∥Y 1 − Y 2

∥∥
S∞ +

∥∥U1 − U2
∥∥
L∞(ν)

≤ C
∥∥ξ1 − ξ2

∥∥
∞∥∥Z1 − Z2

∥∥2

H2
BMO

+
∥∥U1 − U2

∥∥2

J2BMO
≤ C

∥∥ξ1 − ξ2
∥∥
∞ .

Proof. Following exactly the same arguments as in Step 1 of the proof Proposition 4.2.7, we obtain
with the same notations

Y 1
t − Y 2

t = EQ
t

[
eΛT (ξ1 − ξ2)

]
≤ C

∥∥ξ1 − ξ2
∥∥
∞ , P− a.s.

Notice then that this implies as usual that there is a version of (U1 − U2) (still denoted (U1 − U2)

for simplicity) which is bounded by 2
∥∥Y 1 − Y 2

∥∥
S∞ . This gives easily the first estimate.

Let now τ ∈ T0,T be a stopping time. Denote also

δgs := gs(Y
1
s , Z

1
s , U

1
s )− gs(Y 2

s , Z
2
s , U

2
s ).

By Itô’s formula, we have using standard calculations

EP
τ

[∫ T

τ
|Zs|2 ds+

∫ T

τ

∫
E
U2
s (x)νs(dx)ds

]
≤EP

τ

[∣∣ξ1 − ξ2
∣∣2 + 2

∫ T

τ
(Y 1
s − Y 2

s )δgsds

]
≤
∥∥ξ1 − ξ2

∥∥2

∞ + 2
∥∥Y 1 − Y 2

∥∥
S∞ EP

τ

[∫ T

τ
|δgs| ds

]
.

(4.2.27)
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Then, using Assumption 4.2.1, we estimate

|δgt| ≤ C

|gt(0, 0, 0)|+ αt +
∑
i=1,2

∣∣Y i
t

∣∣+
∣∣Zit ∣∣2 + jt

(
γU i

)
+ jt

(
−γU i

)
≤ C

|gt(0, 0, 0)|+ αt +
∑
i=1,2

∣∣Y i
t

∣∣+
∣∣Zit ∣∣2 +

∥∥U it∥∥2

L2(ν)

 ,

where we used the fact that for every x in a compact subset of R, 0 ≤ ex − 1− x ≤ Cx2. Using this
estimate and the integrability assumed on gt(0, 0, 0) and αt in (4.2.27) entails

EP
τ

[∫ T

τ
|Zs|2 ds+

∫ T

τ

∫
E
U2
s (x)νs(dx)ds

]

≤
∥∥ξ1 − ξ2

∥∥2

∞ + C
∥∥ξ1 − ξ2

∥∥
∞

1 +
∑
i=1,2

∥∥Y i
∥∥
S∞ +

∥∥Zi∥∥H2
BMO

+
∥∥U i∥∥J2BMO


≤ C

∥∥ξ1 − ξ2
∥∥
∞ ,

which ends the proof. �

Proposition 4.2.9 Let (ξ1, ξ2) ∈ L∞ × L∞ and let g be a function satisfying Assumptions 4.2.1,
4.2.3(i) and 4.2.6 and such that g(0, 0, 0) and the process α appearing in Assumption 4.2.1(iii)
are bounded by some constant M > 0. Let us consider for i = 1, 2 the solutions (Y i, Zi, U i) ∈
S∞×H2

BMO× J2
BMO of the BSDEs with generator g and terminal condition ξi (once again existence

is assumed). Then we have for some constant C > 0∥∥Y 1 − Y 2
∥∥
S∞ +

∥∥U1 − U2
∥∥
L∞(ν)

≤ C
∥∥ξ1 − ξ2

∥∥
∞∥∥Z1 − Z2

∥∥2

H2
BMO

+
∥∥U1 − U2

∥∥2

J2BMO
≤ C

∥∥ξ1 − ξ2
∥∥
∞ .

Proof. Following Step 2 of the proof of Proposition 4.2.7, we obtain for any θ ∈ (0, 1)

Y 1
t − θY 2

t

1− θ
≤ 1

γ
ln

(
EP
t

[
exp

(
γ

∫ T

t

(
2M + (β + C)

∣∣Y 2
s

∣∣+
C
∣∣Y 1
s − θY 2

s

∣∣
1− θ

)
ds+

γ(ξ1 − θξ2)

1− θ

)])
,

and of course by symmetry, the same holds if we interchange the roles of the exponents 1 and 2.

Since all the quantites above are bounded, we obtain easily after some calculations and after letting
θ ↑ 1−

Y 1
t − Y 2

t ≤ C
(∥∥ξ1 − ξ2

∥∥
∞ +

∫ T

t

∥∥Y 1
s − Y 2

s

∥∥
∞ ds

)
, P− a.s.,

and symmetrically

Y 2
t − Y 1

t ≤ C
(∥∥ξ1 − ξ2

∥∥
∞ +

∫ T

t

∥∥Y 1
s − Y 2

s

∥∥
∞ ds

)
, P− a.s.

Hence, we can use Gronwall’s lemma to obtain∥∥Y 1 − Y 2
∥∥
S∞ ≤ C

∥∥ξ1 − ξ2
∥∥
∞ .

All the other estimates can then be obtained as in the proof of Proposition 4.2.8. �
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4.3 Quadratic g-martingales with jumps

The theory of g-expectations was introduced by Peng in [99] as an example of non-linear expectations.
Since then, numerous authors have generalized his results, extending them notably to the case of
quadratic coefficients (see Ma and Yao [84]). An extension to discontinuous filtrations was obtained
by Royer [106] and Lin [83]. In particular, Royer [106] gave domination conditions under which we
can write a non-linear expectation as a g-expectation. We refer the interested reader to these papers
for more details about these filtration-consistent operators, and we recall for simplicity some of their
general properties below.

Let us start with a general definition.

Definition 4.3.1 Let ξ ∈ L∞ and let g be such that the BSDEJ with generator g and terminal
condition ξ has a unique solution and such that comparison in the sense of Proposition 4.2.7 holds
(for instance g could satisfy any of the conditions in Theorem 4.2.3). Then for every t ∈ [0, T ], we
define the conditional g-expectation of ξ as follows

Egt [ξ] := Yt,

where (Y,Z, U) solves the following BSDEJ

Yt = ξ +

∫ T

t
gt(Ys, Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
E
Us(x)µ̃(dx, ds).

Remark 4.3.1 Notice that Eg : L∞(Ω,FT ,P) → L∞(Ω,Ft,P) does not define a true operator.
Indeed, to each bounded FT -measurable random variable ξ, we associate the value Yt, which is defined
P-a.s., that is to say outside a P-negligible set N , but this set N depends on ξ. We cannot a priori find
a common negligible set for all variables in L∞, and then define an operator Eg on a fixed domain,
except if we only consider a countable set of variables ξ on which act Eg.

We have a notion of g-martingales and g-sub(super)martingales.

Definition 4.3.2 X ∈ S∞ is called a g-submartingale (resp. g-supermartingale) if

Egs [Xt] ≥ (resp. ≤)Xs, P− a.s., for any 0 ≤ s ≤ t ≤ T .

X is called a g-martingale if it is both a g-sub and supermartingale.

The following results are easy generalizations of the classical arguments which can be found in [99]
or [6], and are consequences of the comparison theorem. We therefore omit the proofs.

Lemma 4.3.1 {Egt }t≥0 is monotonic increasing and time consistent, i.e.

• ξ1 ≥ ξ2, P-a.s. implies that Egt (ξ1) ≥ Egt (ξ2), P-a.s., ∀t ≥ 0.

• For any bounded stopping times R ≤ S ≤ τ and Fτ -measurable random variable ξτ ,

EgR(EgS(ξτ )) = EgR(ξτ ) P-a.s. (4.3.1)
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Definition 4.3.3 We will say that Eg is

(i) Constant additive, if for any stopping times R ≤ S, any FR-measurable random variable ηR
and any FS-measurable random variable ξS,

EgR(ξS + ηR) = EgR(ξS) + ηR, P-a.s.

(ii) Positively homogeneous, if for any stopping times R ≤ S, and any positive FR-measurable
random variable λ,

EgR(λξS) = λEgR(ξS).

(iii) Convex, if for any stopping times R ≤ S, any random variables (ξ1
S , ξ

2
S) and any λ ∈ [0, 1],

EgR(λξ1
S + (1− λ)ξ2

S) ≤ λEgR(ξ1
S) + (1− λ)EgR(ξ2

S).

The next Lemma shows that the operator Eg inherits the above properties from the generator g.

Lemma 4.3.2 (i) If g does not depend on y, then Eg is constant additive.

(ii) If g is positively homogeneous in (y, z, u), then Eg is positively homogeneous.

(iii) If g is moreover right continuous on [0, T ) and continuous at T , then the reverse implications
of (i) and (ii) are also true.

(iv) Eg is convex if g is convex in (y, z, u).

(v) If g1 ≤ g2, P-a.s., then Eg1 ≤ Eg2. If g1 and g2 are moreover right continuous on [0, T ) and
continuous at T , then the reverse is also true.

Proof.
We adapt the ideas of the proofs in [6] to our context with jumps.

(i) The proof of the first property is exactly the same as the proof of Theorem 6.7.b2 in [6], so we
omit it.

(ii) Let gλ(t, y, z, u) := 1
λgt(λy, λz, λu). Then

{
1
λE

g
t (λξS)

}
t≥0

is a solution of the BSDEJ with
coefficient gλ and terminal condition ξS . If g = gλ then

1

λ
Egt (λξS) = Egt (ξS),

which is the desired result.

(iii) The reverse implications in (i) and (ii) are direct consequences of Corollary 4.3.1.

(iv) Suppose that g is convex in (y, z, u). Let (Y i, Zi, U i) be the unique solution of the BSDE with
coefficients (g, ξiS), i = 1, 2, and set

Ỹt = λY 1
t + (1− λ)Y 2

t , Z̃t = λZ1
t + (1− λ)Z2

t and Ũt(·) = λU1
t (·) + (1− λ)U2

t (·).
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We have

−dỸt =
[
λgt(Y

1
t , Z

1
t , U

1
t ) + (1− λ)gt(Y

2
t , Z

2
t , U

2
t )
]
dt−

(
λZ1

t + (1− λ)Z2
t

)
dBt

−
∫
E

(λU1
t (x) + (1− λ)U2

t (x))µ̃(dt, dx)

=
[
gt(Ỹt, Z̃t, Ũt) + k(t, Y 1

t , Y
2
t , Z

1
t , Z

2
t , U

1
t , U

2
t , λ)

]
dt− Z̃tdBt −

∫
E
Ũt(x)µ̃(dt, dx),

where

k(t, Y 1
t , Y

2
t , Z

1
t , Z

2
t , U

1
t , U

2
t , λ) := λgt(Y

1
t , Z

1
t , U

1
t ) + (1− λ)gt(Y

2
t , Z

2
t , U

2
t )− gt(Ỹt, Z̃t, Ũt),

is a non negative function. Then using Proposition 4.2.7 we obtain in particular

Egt (λξ1
S + (1− λ)ξ2

S) ≤ Ỹt = λEgt (ξ1
S) + (1− λ)Egt (ξ2

S).

(v) This last property is a direct consequence of the comparison Theorem 4.2.7. The reverse
implication is again a consequence of Corollary 4.3.1. �

Example 4.3.1 These easy properties allow us to construct examples of time consistent dynamic
convex risk measures, by appropriate choices of generator g.

• As already pointed out in Remark 4.2.4, defining gt(z, u) := γ
2 |zt|

2 + 1
γ jt(γut), we obtain the

so called entropic risk measure on our particular filtration.

• As proved in [106], if we define

gt(z, u) := η |z|+ η

∫
E

(1 ∧ |x|)u+(x)νt(dx)− C1

∫
E

(1 ∧ |x|)u−(x)νt(dx),

where η > 0 and −1 < C1 ≤ 0, then Eg is a convex risk measure with the following representa-
tion Eg0 (ξ) = sup

Q∈Q
EQ [ξ], with

Q :=
{
Q,

dQ
dP
|Ft = E

(∫ t

0
µsdBs +

∫ t

0

∫
E
vs(x)µ̃(ds, dx)

)
with µ and v predictable, |µs| ≤ η, v+

s (x) ≤ η(1 ∧ x), v−s (x) ≤ C1(1 ∧ x)
}
.

• If we define a linear generator g by

gt(z, u) := αz + β

∫
E

(1 ∧ |x|)u(x)νt(dx), α ∈ R, β ≥ −1 + δ for some δ > 0,

then we obtain a linear risk measure, since Eg will only consist of a linear expectation with
respect to the probability measure Q, whose Radon-Nikodym derivative is equal to

dQ
dP

= E
(
αBt +

∫ t

0

∫
E
β(1 ∧ |x|)µ̃(ds, dx)

)
.

In the rest of this section, we will provide important properties of quadratic g-expectations and the
associated g-martingales in discontinuous filtrations, which generalize the known results in simpler
cases.
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4.3.1 Non-linear Doob Meyer decomposition

We start by proving that the non-linear Doob Meyer decomposition first proved by Peng in [100] still
holds in our context. We have two different sets of assumptions under which this result holds, and
they are both related to the assumptions under which our comparison theorem 4.2.7 holds. From a
technical point of view, our proof consists in approximating our generator by a sequence of Lipschitz
generators. However, the novelty here is that because of the dependence of the generator in u, we
cannot use the classical exponential transformation and then use some truncation arguments, as in
[74] and [84]. Indeed, since u lives in an infinite dimensional space, those truncation type arguments
no longer work a priori. Instead, inspired by [8], we will only use regularizations by inf-convolution,
which are known to work in any Banach space.

Theorem 4.3.1 Let Y be a càdlàg g-submartingale (resp. g-supermartingale) in S∞ (we assume that
existence and uniqueness for the BSDEs with generator g hold for any bounded terminal condition).
Assume further either one of these conditions

(i) Assumptions 4.2.1 and 4.2.5 hold, with the addition that the process γ does not depend on (y, z)

and that |g(0, 0, 0)| + α ≤ M , where α is the process appearing in Assumption 4.2.1(iii) and
M > 0 is constant.

(ii) Assumptions 4.2.1, 4.2.3(i) hold, g is concave (resp. convex) in (z, u), |g(0, 0, 0)| + α ≤ M ,
where α is the process appearing in Assumption 4.2.1(iii) and M > 0 is constant.

Then there exists a predictable non-decreasing (resp. non-increasing) process A null at 0 and processes
(Z,U) ∈ H2 × J2 such that

Yt = YT +

∫ T

t
gs(Ys, Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
E
Us(x)µ̃(dx, ds)−AT +At, t ∈ [0, T ].

Remark 4.3.2 We emphasize that the two assumptions in the above theorem are not of the same
type. Indeed, Assumption 4.2.5 implies that the generator g is uniformly Lipschitz in u, which is
a bit disappointing if we want to work in a quadratic context. This is why we also considered the
convexity hypothesis on g, which allows us to retrieve a generator which is quadratic in both (z, u).
We do not know whether those two assumptions are necessary or not to obtain the result, but we
remind the reader that our theorem encompasses the case of the so-called entropic generator, which
has quadratic growth and is convex in (z, u). To the best of our knowledge, this particular case which
was already proved in [94], was the only result available in the literature up until now.

Proof.
First of all, if Y is g-supermartingale, then −Y is a g−-submartingale where

g−t (y, z, u) := −gt(−y,−z,−u).

Since g− satisfies exactly the same Assumptions as g, and given that g− is convex when g is concave,
it is clear that we can without loss of generality restrict ourselves to the case of g-submartingales.
We start with the first result.

Step 1: Assumptions 4.2.1 and 4.2.5 hold.
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We will approximate the generator g by a sequence of functions (gn) which are uniformly Lipschitz
in (y, z) (recall that under the assumed assumptions, g is already Lipschitz in u). We emphasize
that unlike most of the literature on quadratic BSDEs, with the notable exception of [8] and [7], we
will not use any exponential change in our proof.

Building upon the results of Lepeltier and San Martin [78], we would like to use a sup-convolution
to regularize our generator. However, due to the quadratic growth assumption in z, such a sup-
convolution is not always well defined. Therefore, we will first use a truncation argument to bound
our generator from above by a function with linear growth. Let us thus define for all n ≥ 0

g̃nt (y, z, u) := gt(y, z, u) ∧
(
M + n |z| − γ

2
|z|2
)
,

where the constants (α, γ) are the ones appearing in Assumption 4.2.4(ii).

It is clear that we have the following estimates

−M − β |y| − γ

2
|z|2 − 1

γ
jt (−γu) ≤ g̃nt (y, z, u) ≤M + β |y|+ n |z|+ 1

γ
jt (γu) ,

and that g̃n decreases pointwise to g.

We now define for all p ≥ n ∨ β

g̃n,pt (y, z, u) := sup
(w,v)∈Qd+1

{g̃nt (w, v, u)− p |y − w| − p |z − v|} .

This function is indeed well-defined, since we have for p ≥ n

g̃n,pt (y, z, u) ≤M +
1

γ
jt(γu) + sup

(w,v)∈Qd+1

{β |w|+ n |v| − p |y − w| − p |z − v|}

= M + β |y|+ n |z|+ 1

γ
jt(γu).

Moreover, by the results of Lepeltier and San Martin [78], we know that g̃n,p is uniformly Lipschitz
in (y, z) and that g̃n,p(y, z, u) ↓ gt(y, z, u) as n and p go to +∞. Finally, we define

gnt (y, z, u) := g̃n,nt (y, z, u).

Then the gn are uniformly Lipschitz in (y, z, u) and decrease pointwise to g. Now, we want some-
how to use the fact that we know that the non-linear Doob-Meyer decomposition holds when the
underlying generator is Lipschitz. But this was shown by Royer only when the generator also satisfies
Assumption 4.2.5. Therefore, we will now verify that gn inherits Assumption 4.2.5 from g. First of
all, we show that this is true for g̃n.

Let u1, u2 ∈ L∞(ν) ∩ L2(ν) and fixe some (y, z) ∈ Rd+1. Then if we have

gt(y, z, u
1) ≤M + n |z| − γ

2
|z|2 and gt(y, z, u2) ≤M + n |z| − γ

2
|z|2 ,

then
g̃nt (y, z, u1)− g̃nt (y, z, u2) = gt(y, z, u

1)− gt(y, z, u2),



96 Chapter 4. Quadratic Backward SDEs with Jumps

and the result is clear with the same process γ as the one for g.

Similarly, if

gt(y, z, u
1) ≥M + n |z| − γ

2
|z|2 and gt(y, z, u2) ≥M + n |z| − γ

2
|z|2 ,

then
g̃nt (y, z, u1)− g̃nt (y, z, u2) = 0,

and the desired result also follows by choosing the process γ in Assumption 4.2.5 to be 0.

Finally, if (the remaining case can be treated similarly)

gt(y, z, u
1) ≥M + n |z| − γ

2
|z|2 and gt(y, z, u2) ≤M + n |z| − γ

2
|z|2 ,

then

g̃nt (y, z, u1)− g̃nt (y, z, u2) ≤M + n |z| − γ

2
|z|2 − gt(y, z, u2) ≤ gt(y, z, u1)− gt(y, z, u2),

and the desired result follows once more with the same process γ as the one for g.

Next, we show that g̃n,p inherits Assumption 4.2.5 from g̃n. Indeed, we have

g̃n,pt (y, z, u1)− g̃n,pt (y, z, u2) ≤ sup
(w,v)∈Qd+1

{
g̃nt (w, v, u1)− g̃nt (w, v, u2)

}
,

which implies the desired result since the process γ in Assumption 4.2.5 does not depend on (y, z).

Let now Y be a g-submartingale. We will now show that it is also a gn-submartingale for all n ≥ 0.
Let now Y (resp. Yn) be the unique solution of the BSDE with terminal condition YT and generator
g (resp. gn). Since gn satisfies Assumption 4.2.5 and is uniformly Lipschitz in (y, z, u), we can apply
the comparison theorem for Lipschitz BSDEJs (see [106]) to obtain

Yt ≤ Yt ≤ Ynt , P− a.s.

Hence Y is a gn-submartingale. We can therefore apply the Doob-Meyer decomposition in the
Lipschitz case (see Theorem 1.1 in Lin [83] or Theorem 4.1 in Royer [106]) to obtain the existence
of (Zn, Un) ∈ H2 × J2 and of a predictable non-decreasing process An null at 0 such that

Yt = YT +

∫ T

t
gnt (Ys, Z

n
s , U

n
s )ds−

∫ T

t
Zns dBs −

∫ T

t

∫
E
Uns (x)µ̃(dx, ds)−AnT +Ant . (4.3.2)

Since Y does not depend on n, the martingale part of (4.3.2) neither, which entails that Zn and
Un are independent of n. We can rewrite (4.3.2) as

Yt = YT +

∫ T

t
gnt (Ys, Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
E
Us(x)µ̃(dx, ds)−AnT +Ant . (4.3.3)

Since gn converges pointwise to g, the dominated convergence Theorem implies that∫ T

0
(gns (Ys, Zs, Us)− gs(Ys, Zs, Us)) ds→ 0, P− a.s.
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Hence, it holds P− a.s. that for all s ∈ [0, T ]

Ans → As := Ys − Y0 +

∫ s

0
gr(Yr, Zr, Ur)dr −

∫ s

0
ZrdBr −

∫ s

0

∫
E
Ur(x)µ̃(dx, dr).

Furthermore, it is easy to see that A is still a predictable non-decreasing process null at 0.

Step 2: The concave case.

We have seen in the above proof that the main ingredients to obtain the desired decomposition
are the comparison theorem and the non-linear Doob-Meyer decomposition in the Lipschitz case.
As we have already seen in our comparison result of Proposition 4.2.7, Assumption 4.2.5 plays, at
least formally, the same role as the concavity/convexity assumption 4.2.6. Moreover, we show in the
Appendix (see Proposition A.0.3) that the non linear Doob-Meyer decomposition also holds in the
Lipschitz case under Assumption 4.2.6 instead of Assumption 4.2.5. We are therefore led to proceed
exactly as in the previous step. Define thus

g̃nt (y, z, u) := gt(y, z, u) ∧
(
M + n |z|+ n ‖u‖L2(νt)

− γ

2
|z|2 − 1

γ
jt(γu)

)
.

Then g̃n is still concave as the minimum of two concave functions, converges pointwise to g and
verifies

−M − β |y| − γ

2
|z|2 − 1

γ
jt (−γu) ≤ g̃nt (y, z, u) ≤M + β |y|+ n |z|+ n ‖u‖L2(νt)

.

Thanks to this estimate the following sup-convolution is well defined for p ≥ β ∨ n

g̃n,pt (y, z, u) := sup
(w,v,r)∈Qd+1×L2(νt)

{
g̃nt (w, v, r)− p |y − w| − p |z − v| − p ‖u− r‖L2(νt)

}
,

and is still concave as the sup-convolution of concave functions.

We can then finish the proof exactly as in Step 1, using the comparison theorem of Proposition
4.2.7 and the non-linear Doob-Meyer decomposition given by Proposition A.0.3. �

Remark 4.3.3 Following the obtention of this non-linear Doob-Meyer decomposition, it is interest-
ing to wonder whether we can say anything about the non-decreasing process A (apart from saying
that it is predictable). For instance, since we are working with bounded g-supermartingales, we may
think that K can also be bounded. However, it is already known for classical supermartingales (corre-
sponding to the case g = 0) that this is not true. Indeed, let X be a supermartingale and let A be the
predictable non-decreasing process appearing in its Doob-Meyer decomposition. Then, the inequality
|Xt| ≤M for all t only implies that

EP [(At)
p] ≤ p!Mp, for all p ≥ 1.

Since we have
EP
t [Xt −XT ] = EP

t [AT −At] ,

we may then wonder if there could exists another non-decreasing process Ct bounded but not neces-
sarily adapted such that

EP
t [Xt −XT ] = EP

t [CT − Ct] . (4.3.4)
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This result is then indeed true, and as shown by Meyer [90], if X is càdlàg, positive, bounded by
some constant M , then if we denote Ẋ the predictable projection of X, the non-decreasing process C
in (4.3.4) is given by

CT − Ct = M

1− exp

(
−
∫ T

t

dAcs
M − Ẋs

) ∏
t<s≤T

(
1− ∆As

M − Ẋs

) , (4.3.5)

where Ac is the continuous part of A.

If we now consider a g-supermartingale Y satisfying either one of the assumptions in Theorem
4.3.1, then a simple application of Itô’s formula shows that

Ỹt := exp

(
γYt + γMt+ γβ

∫ t

0
|Ys| ds

)
,

is a bounded classical supermartingale, which therefore admits the following decomposition

Ỹt = Ỹ0 +

∫ t

0
Z̃sdBs +

∫ t

0

∫
E
Ũs(x)µ̃(dx, ds) + Ãt, P− a.s., (4.3.6)

for some (Z̃, Ũ) ∈ H2×J2 and some predictable non-decreasing process Ã. We can the apply Meyer’s
result to obtain

EP
t

[
Ỹt − ỸT

]
= EP

t [DT −Dt] ,

where D is given by (4.3.5).

Then, applying Itô’s formula to ln(Ỹt) in (4.3.6), we can show after some calculations that

Yt = YT +

∫ T

t
gt(Ys, Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
E
Us(x)µ̃(dx, ds) +AT −At,

where (Z,U) ∈ H2 × J2 and A is a predictable process with finite variation, and where (Z,U,A) can
be computed explicitly from (Z̃, Ũ , Ã).

By uniqueness of the non-linear Doob-Meyer decomposition fro Y , A is actually non-decreasing,
and we have a result somehow similar to that of Meyer, using the relation between Ã and A. It would
of course be interesting to pursue further this study.

We end this section with a converse comparison result for our class of quadratic BSDEs, which is
a consequence of the previous Doob-Meyer decomposition.

Corollary 4.3.1 Let g1 be a function satisfying either one of the assumptions in Theorem 4.3.1 and
g2 be another function. We furthermore suppose that t 7→ git(·, ·, ·) is right continuous in t ∈ [0, T )

and continuous at T , for i = 1, 2. For any ξ ∈ L∞, denote for i = 1, 2, Y i,ξ
t the solution of the

BSDEJ with generator gi and terminal condition ξ (existence and uniqueness are assumed to hold in
our spaces). If we have

Y 1,ξ
t ≤ Y 2,ξ

t , t ∈ [0, T ], ∀ξ ∈ L∞, P− a.s.,

then we have
g1
t (y, z, u) ≤ g2

t (y, z, u), ∀(t, y, z, u), P− a.s.
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Proof. For any ξ ∈ L∞, the assumption of the Corollary is equivalent to saying that Y 2,ξ is a g1-
supermartingale. Given the assumptions on g1, we can apply Theorem 4.3.1 to obtain the existence
of (Z̃2,ξ, Ũ2,ξ, A2,ξ) such that for any 0 ≤ s < t ≤ T

Y 2,ξ
s = Y 2,ξ

t +

∫ t

s
g1
r

(
Y 2,ξ
r , Z̃2,ξ

r , Ũ2,ξ
r

)
dr−

∫ t

s
Z̃2,ξ
r dBr−

∫ t

s

∫
E
Ũ2,ξ
r (x)µ̃(dx, dr)+A2,ξ

t −A2,ξ
s , P−a.s.

(4.3.7)
Moreover, if we denote (Y 2,ξ, Z2,ξ, U2,ξ) the solution of the BSDEJ with generator g2 and terminal

condition ξ, we also have by definition

Y 2,ξ
s = Y 2,ξ

t +

∫ t

s
g2
r

(
Y 2,ξ
r , Z2,ξ

r , U2,ξ
r

)
dr −

∫ t

s
Z2,ξ
r dBr −

∫ t

s

∫
E
U2,ξ
r (x)µ̃(dx, dr), P− a.s. (4.3.8)

Identifying the martingale parts in (4.3.7) and (4.3.8), we obtain that P − a.s., Z̃2,ξ = Z2,ξ and
Ũ2,ξ = U2,ξ. Furthermore, this implies by taking the expectation that

1

t− s

∫ t

s
EP
[
g1
r

(
Y 2,ξ
r , Z2,ξ

r , U2,ξ
r

)]
dr ≤ 1

t− s

∫ t

s
EP
[
g2
r

(
Y 2,ξ
r , Z2,ξ

r , U2,ξ
r

)]
dr.

Now, we finish using the same argument as in Chen [27]. Let ξ = XT where for a given (s, y0, z0, u0),
X is the solution of the SDE (existence and uniqueness are classical, see for instance Jacod [66])

Xt = y0 −
∫ t

s
g2
r (Xr, z0, u0)dr +

∫ t

s
z0dBr +

∫ t

s

∫
E
u0(x)µ̃(dx, dr).

Letting t −→ s+, we obtain g1
s(y0, z0, u0) ≤ g2

s(y0, z0, u0), which is the desired result. �

4.3.2 Upcrossing inequality

In this subsection, we prove the so-called upcrossing inequality for quadratic g-submartingales, which
is similar to the one obtained by Ma and Yao [84] in the case without jumps. This property is essential
for the study of path regularity of g-submartingales.

Theorem 4.3.2 Let (Xt) be a g-submartingale (reps. g-supermartingale) and assume that either
one of the following holds (as usual we assume existence and uniqueness for the solutions of BSDEJ
driven by g with any bounded terminal condition)

(i) Assumptions 4.2.1, 4.2.3(i),(ii) and 4.2.5 hold, with the addition that |g(0, 0, 0)| + α ≤ M ,
where α is the process appearing in Assumption 4.2.1(iii) and M > 0 is constant.

(ii) Assumptions 4.2.1, 4.2.3(i) hold, g is concave (reap. convex), with the addition that |g(0, 0, 0)|+
α ≤M , where α is the process appearing in Assumption 4.2.1(iii) and M > 0 is constant.

Set

J := γM
eβT − 1

β
+ γeβT ‖X‖D∞ .

Denote for any θ ∈ (0, 1)

X̃t := Xt + k(J + 1)t, X̂t := exp

(
kθ(1 + J)t+

γθ

1− θ
Xt

)
t ∈ [0, T ] ,
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where k and kθ are a well-chosen constants depending on θ, C, M , β and γ, the constants in
Assumption 4.2.1. Let 0 = t0 < t1 < ... < tn = T be a subdivision of [0, T ] and let a < b, we denote
U ba[X̃, n], the number of upcrossings of the interval [a, b] by (X̃tj )0≤j≤n. Then

• If (i) above holds, there exists a BMO process (λnt , t ∈ [0, T ]) such that

EP
[
U ba[X,n]E

(∫ T

0
(λns + φs) dBs +

∫ T

0

∫
E
γs(x)µ̃(dx, ds)

)]
≤
‖X‖S∞ + 2k(J + 1)T + |a|

b− a
,

where φ and γ are defined in Assumption 4.2.3(ii) and 4.2.5, and such that

EP
[∫ tn

0
|λns |

2 ds

]
≤ C1,

a constant independent of the choice of the subdivision.

• If (ii) above holds, then for any θ ∈ (0, 1)

EP
[
U ba[X,n]

]
≤

exp
(
γθ

1−θ ‖X‖S∞
)

+ exp
(
γθ

1−θ |a|
)

exp
(
γθ

1−θ b
)
− exp

(
γθ

1−θa
) .

Proof. As usual, we can restrict ourselves to the g-submartingale case.

Step 1: When (i) holds.

For any j ∈ 1, · · · , n, we consider the following BSDE with jumps

Y j
t = Xtj +

∫ tj

t
gs(Y

j
s , Z

j
s , U

j
s )ds−

∫ tj

t
ZjsdBs−

∫ tj

t

∫
E
U js (x)µ̃(dx, ds), 0 ≤ t ≤ tj , P−a.s. (4.3.9)

From Proposition 4.2.6 one has

∥∥Y j
∥∥
S∞ ≤ γM

eβ(tj−tj−1) − 1

β
+ γeβ(tj−tj−1)

∥∥Xtj

∥∥
S∞ ≤ J. (4.3.10)

We can rewrite (4.3.9) as follows

Y j
t = Xtj +

∫ tj

t

[
gs(Y

j
s , Z

j
s , U

j
s )− gs(Y j

s , 0, U
j
s )
]
ds

+

∫ tj

t

[
gs(Y

j
s , 0, U

j
s )− gs(0, 0, U js )

]
ds+

∫ tj

t

[
gs(0, 0, U

j
s )− gs(0, 0, 0)

]
ds

+

∫ tj

t
gs(0, 0, 0)ds−

∫ tj

t
ZjsdBs −

∫ tj

t

∫
E
U js (x)µ̃(dx, ds), 0 ≤ t ≤ tj , P− a.s.

Then by Assumption 4.2.3(ii), there exist a bounded process ηn and BMO processes φ, λn with

|λnt | ≤ µ
∣∣∣Zjt ∣∣∣ , P− a.s.,∀t ∈ [tj−1, tj ] ,
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such that

Y j
t = Xtj +

∫ tj

t

[
(λns + φs)Z

j
s + ηns Y

j
s

]
ds+

∫ tj

t

[
gs(0, 0, U

j
s )− gs(0, 0, 0)

]
ds

+

∫ tj

t
gs(0, 0, 0)ds−

∫ tj

t
ZjsdBs −

∫ tj

t

∫
E
U js (x)µ̃(dx, ds)

= Xtj +

∫ tj

t

[
ηns Y

j
s + gs(0, 0, 0)

]
ds+

∫ tj

t

[
gs(0, 0, U

j
s )− gs(0, 0, 0)

]
ds

−
∫ tj

t

∫
E
γs(x)U js (x)νs(dx)ds−

∫ tj

t
Zjs (dBs − (λns + φs)ds)

−
∫ tj

t

∫
E
U js (x) [µ̃(dx, ds)− γs(x)νs(dx)ds]

≤ Xtj + k(J + 1)(tj − t)−
∫ tj

t
ZjsdB

n
s −

∫ tj

t

∫
E
U js (x)µ̃1(ds, dx),

for some positive constant k and where

Bn
t := Bt −

∫ t

0
(λns + φs)ds and µ̃1(ds, dx) = µ̃(dx, ds)− γs(x)νs(dx)ds.

With our Assumptions, we can once more use Girsanov’s theorem and define an equivalent proba-
bility measure Pn such that

dPn

dP
= E

(∫ ·
0

(λns + φs) dBs +

∫ ·
0

∫
E
γs(x)µ̃(dx, ds)

)
tn

.

Taking the conditional expectation on both sides of the above inequality, we obtain

Egt
[
Xtj

]
= Y j

t ≤ EPn
t

[
Xtj

]
+ k(J + 1)(tj − t), P− a.s.,∀t ∈ [tj−1, tj ] .

In particular, taking t = tj−1 we have

Xtj−1 ≤ E
g
tj−1

[
Xtj

]
≤ EPn

tj−1

[
Xtj

]
+ k(J + 1)(tj − tj−1), P− a.s.

Hence (X̃tj )j=0..n is a Pn-submartingale. Define now the quantities

ut := b+ k(J + 1)t and lt := a+ k(J + 1)t.

Then, we can apply the classical upcrossing inequality for X̃, u and l

EPn [Uul [X̃, n]] ≤
EPn

[(
X̃T − lT

)+
]

uT − lT
≤
‖X‖S∞ + 2k(J + 1)T + |a|

b− a
.

Notice then finally that Uul [X̃, n] = U ba[X,n], which implies the desired result.

Step 2: When (ii) holds.
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Using the same arguments as in the proof of (ii) of Proposition 4.2.7, we can show, using the
concavity of g and Assumption 4.2.1, that for any θ ∈ (0, 1)

θgt(y, z, u) ≤ gt(0, 0, 0) + Cθ |y|+ (1− θ)M +
γ

1− θ
θ2 |z|2 +

1− θ
γ

jt

(
γθu

1− θ

)
≤ Cθ |y|+ (2− θ)M +

γ

1− θ
θ2 |z|2 +

1− θ
γ

jt

(
γθu

1− θ

)
.

Hence, considering as in Step 1 for any j = 0...n the solution Y j of (4.3.9), we can use the same
exponential transformation as in Step 2 of the proof of Proposition 4.2.7 to obtain

exp

(
γθ

1− θ
Y j
t

)
≤ EP

t

[
exp

(
γθ

1− θ
Xtj + γ

2− θ
1− θ

M(tj − t) +
γC

1− θ

∫ tj

t

∣∣Y j
s

∣∣ ds)]
≤ exp

(
γ

(
CJ

1− θ
+M(2− θ)

)
(tj − t)

)
EP
t

[
exp

(
γθ

1− θ
Xtj

)]
≤ exp (kθ(1 + J)(tj − t))EP

t

[
exp

(
γθ

1− θ
Xtj

)]
,

for some constant kθ depending on γ, C, M and θ.

As in Step 1, choosing t = tj−1 and using the fact that X is a g-submartingale, we deduce that
(X̂tj )j=0..n is a P-submartingale, where

X̂t := exp

(
kθ(1 + J)t+

γθ

1− θ
Xt

)
.

Define now the quantities

uθt := exp

(
kθ(1 + J)t+

γθ

1− θ
b

)
and lθt := exp

(
kθ(1 + J)t+

γθ

1− θ
a

)
.

We apply the classical upcrossing inequality for X̂, uθ and lθ

EP[Uu
θ

lθ [X̂, n]] ≤
EP
[(
X̂T − lθT

)+
]

uθT − lθT
≤

exp
(
γθ

1−θ ‖X‖S∞
)

+ exp
(
γθ

1−θ |a|
)

exp
(
γθ

1−θ b
)
− exp

(
γθ

1−θa
) ,

which ends the proof, noticing that Uuθ
lθ

[X̂, n] = U ba[X,n]. �

With this upcrossing inequality in hand, we can argue exactly as in [84] (see Corollary 5.6) to
obtain

Corollary 4.3.2 Let g be as in Theorem 4.3.2. Then any g-sub(super)martingale X admits a càdlàg
modification and furthermore for any countable dense subset D of [0, T ], it holds for all t ∈ [0, T ]

that the two following limits exist P− a.s.

lim
r↑t, r∈D

Xr and lim
r↓t, r∈D

Xr.
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4.4 Dual Representation and Inf-Convolution

We generalize in this section some results of Barrieu and El Karoui [6] to the case of quadratic
BSDEs with jumps. We give a dual representation of the related g-expectations, viewed as convex
dynamic risk measures and then we compute in an explicit manner the inf-convolution of two convex
g-expectations.

4.4.1 Dual Representation of the g-expectation

We will assume in this section that gt(y, z, u) = gt(z, u) is independent of y and that the function g
is convex. We will prove a dual Legendre-Fenchel type representation for the functional Eg, making
use of the Legendre-Fenchel transform of g. This problem has been treated by Barrieu and El Karoui
[6] in the case of quadratic BSDEs, we extend it here to the case of quadratic BSDEs with jumps.

In this section, Eg will correspond to a time consistent dynamic convex risk measures. Hence
Eg admits a dual representation, as in [6]. In this particular case of risk measures constructed
from backward SDEs, the penalty function appearing in the dual representation is an integral of
the Legendre-Fenchel transform of the generator g. The operator Eg, viewed as a time-consistent
dynamic convex risk measure has interesting economic applications in insurance.

For µ ∈ Rd and v ∈ L2(ν), define the Legendre-Fenchel transform of g in (z, u) as follows

Gt(µ, v) := sup
(z,u)∈Rd×L2(νt)

{
< µ, z >Rd + < v, u >L2(νt) −gt(z, u)

}
.

Let A denote the space of applications v ∈ J2
BMO ∩ L∞(ν) such that there exists a constant δ > 0

with vt(x) ≥ −1 + δ, P× dt× dνt -a.e.

Theorem 4.4.1 Let g be a given convex function in (z, u) and let Assumptions 4.2.1 and 4.2.4 hold
; assume that g(0, 0, 0) and the process α appearing in Assumption 4.2.1(iii) are bounded by some
constant M > 0 (then, the existence and uniqueness of the solution of the BSDEJ with generator g
and terminal condition ξ ∈ L∞ hold by Theorem 4.2.3 (ii)). We then have

(i) For any ξT ∈ L∞,

Egt (ξT ) = ess supP

(µ,v)∈H2
BMO×A

{
EQµ,v
t

[
ξT −

∫ T

t
Gs(µs, vs)ds

]}
, P− a.s.,

where Qµ,v is the probability measure defined by

dQµ,v

dP
= E

(∫ .

0
µsdBs +

∫ .

0

∫
E
vs(x)µ̃(ds, dx)

)
.

(ii) Moreover, there exist measurable functions µ(w, t) and v(ω, t, ·) such that

Egt (ξT ) = EQµ,v
t

[
ξT −

∫ T

t
Gs(µs, vs)ds

]
, P− a.s. (4.4.1)
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Proof. Thanks to the Kazamaki criterion (see for instance Lemma 4.1 in [91]), we know that if
µ ∈ H2

BMO and v ∈ J2
BMO, then Γµ,v := dQµ,v

dP is a true martingale and the probability measure Qµ,v

is well defined.

Egt (ξT ) is by definition solution of

Egt (ξT ) = ξT +

∫ T

t
gs(Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
E
Us(x)µ̃(ds, dx)

= ξT +

∫ T

t

[
gs(Zs, Us)− < µs, Zs >Rd − < vs, Us >L2(νs)

]
ds

−
∫ T

t
ZsdB

µ
s −

∫ T

t

∫
E
Us(x)µ̃v(ds, dx), P− a.s., (4.4.2)

where Bµ
t := Bt −

∫ t
0 µsds is a Qµ,v-Brownian motion and

µ̃v([0, t], A) := µ̃([0, t], A)−
∫ t

0

∫
A
vs(x)νs(dx)ds is a Qµ,v −martingale.

By Lemma 4.2.1, Z ∈ H2
BMO and U ∈ J2

BMO. Let us prove that we also have (Z, J) ∈ H2(Qµ,v) ×
J2(Qµ,v). Indeed, using the number r > 1 given by Proposition 4.2.4

EQ
µ,v

[∫ T

0
|Zs|2 ds

]
= EP

[
Γµ,v

∫ T

0
|Zs|2 ds

]

≤
(
EP [Γrµ,v])1/r

(
EP

[(∫ T

0
|Zs|2 ds

)q])1/q

< +∞,

where 1/r + 1/q = 1 and where we used Proposition 4.2.4 and the energy inequality (4.2.3). The
proof for J is the same.

Moreover,

−Gt(µ, v) = − sup
(z,u)∈Rd×L2(νt)

{
〈µ, z〉Rd + < v, u >L2(νt) −gt(z, u)

}
≤ gt(0, 0),

which means that −Gt(µ, v) is Qµ,v × dt-integrable. Using these integrability properties and the
definition of G, we take the conditional expectation in (4.4.2) to obtain

Egt (ξT ) ≤ EQµ,v
t

[
ξT −

∫ T

t
Gs(µs, vs)ds

]
. (4.4.3)

By our assumptions, g is C2 in z and twice Fréchet differentiable in u, then ∂g(Zt, Ut) contains a
unique element, where the subdifferential ∂g is defined by

∂g(Zt, Ut) =
{

(µ, v) ∈ Rd × L2(νt) s.t gt(z′, u′) ≥ gt(Zt, Ut)− < µ, z′ − Zt >Rd

− < v, u′ − Ut >L2(νt), ∀(z
′, u′)

}
.

We take (µ, v) ∈ ∂g(Zt, Ut). We have

gt(Zt, Ut) =< µt, Zt >Rd + < vt, Ut >L2(νt) −Gt(µt, vt).
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We refer to [6] for the measurability of µ and v with respect to the variable ω. We use Assumption
4.2.3 (which holds, since it is implied by Assumption 4.2.4) to write

|gt(z, u)| ≤ |gt(z, 0)|+ ‖Dugt(z, 0)‖2L2(νt)
‖u‖2L2(νt)

+ C ‖u‖2L2(νt)

≤ |gt(0, 0)|+ C |z|2 + C
(

1 + ‖u‖2L2(νt)

)
≤ C |z|2 + C

(
1 + ‖u‖2L2(νt)

)
,

where C is a constant whose value may vary from line to line. Putting the above estimation in G
leads to

Gt(µt, vt) = sup
(z,u)∈Rd×L2(νt)

{
< µt, z >Rd + < vt, u >L2(νt) −gt(z, u)

}
≥ sup

u∈L2(νt)

{
< vt, u >L2(νt) −C − C ‖u‖

2
L2(νt)

}
+ sup
z∈Rd

{
< µt, z >Rd −

γ

2
|z|2
}

=
1

4C
‖vt‖2L2(νt)

− C +
1

4C
|µt|

2 .

From this, we deduce that for ε < 1
4C ,(

1

4C
− ε
)(
‖vt‖2L2(νt)

+ |µt|
2
)
≤ Gt(µt, vt) + C − ε ‖vt‖2L2(νt)

− ε |µt|
2

= C − gt(Zt, Ut)+ < vt, Ut >L2(ν) −ε ‖vt‖2L2(ν)

+ < µt, Zt > −ε |µt|
2

≤ C − gt(Zt, Ut) +
1

4ε
‖Ut‖2L2(ν) +

1

4ε
|Zt|2 .

Since |gt(Zt, Ut)|
1
2 and U are respectively in H2

BMO and J2
BMO, using the fact that(

1

4C
− ε
)
‖vt‖2L2(νt)

≤
(

1

4C
− ε
)(
‖vt‖2L2(ν) + |µt|

2
)

and,

(
1

4C
− ε
)
|µt|

2 ≤
(

1

4C
− ε
)(
‖vt‖2L2(νt)

+ |µt|
2
)
,

we obtain that v is in J2
BMO and µ is in H2

BMO.

Furthermore, by our assumptions, v = Dug ≥ −1+δ and v is bounded, then v ∈ A. The inequality
(4.4.3) is thus an equality, and the representation (4.4.1) holds true. �

4.4.2 Inf-Convolution of g-expectations

Let g1
t (z, u) and g2

t (z, u) be two convex functions such that

(g1�g2)(t, 0, 0) = inf
(µ,v)∈Rd×L2(νt)

{
g1
t (µ, v) + g2

t (−µ,−v)
}
> 0. (4.4.4)

The aim of this Section is to compute the optimal risk transfer between two agents using Eg1 and
Eg2 as risk measures. The total risk is modeled by a FT -measurable random variable ξT . The optimal
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risk transfer will be given through the inf-convolution of the risk measures Eg1 and Eg2 . We will show
that, provided that all the quantities considered behave well enough and are in the right spaces, we
can identify the inf-convolution of Eg1 and Eg2 as the solution of a BSDE whose generator is the
inf-convolution of g1 and g2. Furthermore, we will explicitly construct two FT -measurable random
variables F (1)

T and F (2)
T such that F (1)

T + F
(2)
T = ξT and

(Eg1�Eg2)(ξT ) = Eg1(F
(1)
T ) + Eg2(F

(2)
T ).

We will say that (F
(1)
T , F

(2)
T ) is the optimal risk transfer between the agents 1 and 2.

For this purpose, and for the sake of simplicity, we will assume throughout this section that the
solutions to all the considered BSDEs exists. Notice that this is not such a stringent assumption.
Indeed, when it comes to the growth condition of Assumption 4.2.1, if we assume that g1 has
quadratic growth in z and u and is strongly convex in (z, u), that is to say that there exists some
constant C > 0 such that

g1
t (z, u)− C

2

(
|z|2 + ‖u‖2L2(νt)

)
,

is convex, then, because g2 is convex, it is a classical result that g1�g2 also has quadratic growth.

Furthermore, we are convinced that as in the classical results by Kobylanski [74] in the continuous
case, this growth condition should be enough to obtain existence of maximal and minimal solutions
to the corresponding BSDEs.

Remark 4.4.1 Notice that since our generators are defined on Ω× [0, T ]× Rd × L2(ν) ∩ L∞(ν), a
quadratic growth condition on u is equivalent to the exponential growth assumed in Assumption 4.2.1.

Theorem 4.4.2 Let g1 and g2 be two given generators satisfying the assumptions of Theorem 4.4.1.
Denote (E1,2

t (ξT ), Zt, Ut) the solution of the BSDE with generator g1�g2 and terminal condition ξT ,
and let (Ẑ

(1)
t , Û

(1)
t ) and (Ẑ

(2)
t , Û

(2)
t ) be four predictable processes such that

(g1�g2)(t, Zt, Ut) = g1
t (Ẑ

(1)
t , Û

(1)
t ) + g2

t (Ẑ
(2)
t , Û

(2)
t ) dt× P− a.s. (4.4.5)

Then

(i) For any FT -measurable r.v F ∈ L∞,

E1,2
t (ξT ) ≤ Eg

1

t (ξT − F ) + Eg
2

t (F ), P− a.s., ∀t ∈ [0, T ]. (4.4.6)

(ii) Define

F
(2)
T := −

∫ T

0
g2
s(Ẑ

(2)
s , Û (2)

s )ds+

∫ T

0
Ẑ(2)
s dBs +

∫ T

0

∫
E
Û (2)
s (x)µ̃(ds, dx),

and assume that the BSDEs with generators g1 and g2 and terminal conditions ξT − F (2)
T and F (2)

T

have a solution.

If furthermore Ẑ(i) ∈ H2
BMO and Û (i) ∈ J2

BMO, i = 1, 2, then

(Eg1�Eg2)t(ξT ) = E1,2
t (ξT ) = Eg

1

t (ξT − F (2)
T ) + Eg

2

t (F
(2)
T ). (4.4.7)



4.4. Dual Representation and Inf-Convolution 107

Proof. (Ẑ(2), Û (2)) is well defined and predictable thanks to Proposition 8.1 in [6]. For F ∈ L∞,
Eg

1

t (ξT − F ) + Eg
2

t (F ) is solution of

d(Eg
1

t (ξT − F ) + Eg
2

t (F )) =
(
g1
t (Z

1
t , U

1
t ) + g2

t (Z
2
t , U

2
t )
)
dt− (Z1

t + Z2
t )dBt

−
∫
E

(U1
t (x) + U2

t (x))µ̃(dt, dx)

=
(
g1
t (Zt − Z2

t , Ut − U2
t ) + g2

t (Z
2
t , U

2
t )
)
dt− ZtdBt

−
∫
E
Ut(x)µ̃(dt, dx)

and Eg
1

T (ξT − F ) + Eg
2

T (F ) = ξT .

Since g1 satisfies the convexity Assumption 4.2.6, then the function (z, u) 7→ g1
t (z − Z2

t , u− U2
t )−

g2
t (Z

2
t , U

2
t ) is also convex, and we can apply the comparison theorem which directly implies inequality

(4.4.6).

Assume now that Ẑ(i) ∈ H2
BMO and Û (i) ∈ J2

BMO, i = 1, 2, and define F (i)
t by by the following

forward equations

F
(1)
t := E1,2

0 (ξT )−
∫ t

0
g1
s(Ẑ

(1)
s , Û (1)

s )ds+

∫ t

0
Ẑ(1)
s dBs +

∫ t

0

∫
E
Û (1)
s (x)µ̃(ds, dx),

F
(2)
t := −

∫ t

0
g2
s(Ẑ

(2)
s , Û (2)

s )ds+

∫ t

0
Ẑ(2)
s dBs +

∫ t

0

∫
E
Û (2)
s (x)µ̃(ds, dx).

Then we have

F
(i)
t = F

(i)
T +

∫ T

t
gis(Ẑ

(i)
s , Û (i)

s )ds−
∫ T

t
Ẑ(i)
s dBs −

∫ T

t

∫
E
Û (i)
s (x)µ̃(ds, dx),

and by uniqueness, F (i)
t = Eg

i

t (F
(i)
T ). Moreover, by definition, we have F (1)

T + F
(2)
T = ξT .

Since

(g1�g2)(t, Zt, Ut) = g1
t (Ẑ

(1)
t , Û

(1)
t ) + g2

t (Ẑ
(2)
t , Û

(2)
t ) dt× P− a.s., (4.4.8)

we have the equality
E1,2
t (ξT ) = Eg

1

t (F
(1)
T ) + Eg

2

t (F
(2)
T ).

We can conclude that the processes Eg
1

t (F
(1)
T ) + Eg

2

t (F
(2)
T ) and E1,2

t (ξT ) are solution of the BSDE
with coefficients (g1�g2, ξT ), by uniqueness we have that equality (4.4.7) holds. �

Remark 4.4.2 As already mentionned in Chapter 2, the optimal structure (F
(1)
T , F

(2)
T ) is defined up

to a constant, more precisely, (F
(1)
T +m,F

(2)
T −m) with m ∈ R is again an optimal structure. Indeed,

the cash-additivity property implies that

Eg
1

t (F
(1)
T +m) + Eg

2

t (F
(2)
T −m) = Eg

1

t (F
(1)
T ) + Eg

2

t (F
(2)
T ).
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4.4.3 Examples of inf-convolution

In this Section, we use the previous result on the inf-convolution of g-expectations to treat several
particular examples.

4.4.3.1 Quadratic and Quadratic

We first study the inf-convolution of two dynamic entropic risk-measure. This example is treated by
Barrieu and El Karoui [6] by a direct method, they find that the optimal risk transfer is proportional
in the sense that there exists a ∈ (0, 1) such that

(Eg1�Eg2)(ξT ) = Eg1(aξT ) + Eg2((1− a)ξT ).

We retrieve here this result using Theorem 4.4.2. For this, we first need to study the inf-convolution
of the two corresponding generators gi, i = 1, 2

git(z, u) :=
1

2γi
|z|2 + γi

∫
E

(
e
u(x)
γi − 1− u(x)

γi

)
νt(dx), (4.4.9)

where (γ1, γ2) ∈ R∗+ × R∗+.

Lemma 4.4.1 Let g1 and g2 be the two convex generators defined in equation (4.4.9). For any
bounded FT -measurable random variable ξT , we have,

(Eg1�Eg2)(ξT ) = Eg1
(

γ1

γ1 + γ2
ξT

)
+ Eg2

(
γ2

γ1 + γ2
ξT

)
.

Proof.
We can calculate

(g1�g2)(t, z, u)

= inf
v

{
1

2γ1
|v|2 +

1

2γ2
|z − v|2

}
+ inf

w

{
γ1

∫
E

(
e
w(x)
γ1 − 1− w(x)

γ1

)
νt(dx) + γ2

∫
E

(
e
u(x)−w(x)

γ2 − 1− u(x)− w(x)

γ2

)
νt(dx)

}
.

The first infimum above is easy to calculate and is attained for

v∗ :=
γ1

γ1 + γ2
z.

For the second one, we postulate similarly that it should be attained for

w∗ :=
γ1

γ1 + γ2
u.

In order to verify this result, it is sufficient to prove that for all (x, y) ∈ R2

(γ1 + γ2)

(
e

x+y
γ1+γ2 − 1− x+ y

γ1 + γ2

)
≤ γ1

(
e
x
γ1 − 1− x

γ1

)
+ γ2

(
e
y
γ2 − 1− y

γ2

)
. (4.4.10)
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Set λ := γ1/(γ1 + γ2), a := x/γ1, b := y/γ2 and h(x) := ex − 1− x, this is equivalent to

h(λa+ (1− λ)b) ≤ λh(a) + (1− λ)h(b),

which is clear by convexity of the function h.

Therefore, we finally obtain

(g1�g2)(t, z, u) =
1

2(γ1 + γ2)
|z|2 + (γ1 + γ2)

∫
E

(
e

u(x)
γ1+γ2 − 1− u(x)

γ1 + γ2

)
νt(dx).

Using the notations of Theorem 4.4.2, we can compute the quantity F (2)
T , giving the optimal risk

transfer

F
(2)
T =

γ2

γ1 + γ2

(
−
∫ T

0

[
1

2(γ1 + γ2)
|Zt|2 + (γ1 + γ2)

∫
E

(
e
Ut(x)
γ1+γ2 − 1− Ut(x)

γ1 + γ2

)
νt(dx)

]
dt

+

∫ T

0
ZtdBt +

∫ T

0

∫
E
Ut(x)µ̃(dt, dx)

)
,

=
γ2

γ1 + γ2

(
ξT − E1,2

0 (ξT )
)
.

We calculate similarly F (1)
T and obtain

F
(1)
T =

γ1

γ1 + γ2
ξT +

γ2

γ1 + γ2
E1,2

0 (ξT ).

Now using Remark 4.4.2 with m = γ2
γ1+γ2

E1,2
0 (ξT ), we obtain that the proportional structure(

γ1
γ1+γ2

ξT ,
γ2

γ1+γ2
ξT

)
is optimal.

�

4.4.3.2 Linear and Quadratic

Here, we assume that d = 1. We study the inf-convolution of a dynamic entropic risk-measure with
a linear one corresponding to a linear BSDE. In this case, we want to calculate the inf-convolution
of the two corresponding generators g1 and g2 given by

g1
t (z, u) :=

1

2γ
|z|2 + γ

∫
E

(
e
u(x)
γ − 1− u(x)

γ

)
νt(dx),

and
g2
t (z, u) := αz + β

∫
E

(1 ∧ |x|)u(x)νt(dx),

where (γ, α, β) ∈ R∗+ × R× [−1 + δ,+∞) for some δ > 0.

Lemma 4.4.2 Let g1 and g2 be defined in the two previous equations. We have, for any bounded
FT -measurable random variable ξT ,

(Eg1�Eg2)(ξT ) = Eg1(F
(1)
T ) + Eg2(F

(2)
T ),
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where

F
(2)
T =ξT +

1

2
α2γT + γ

∫ T

0

∫
E

(β(1 ∧ |x|)− ln(1 + β(1 ∧ |x|)))νt(dx)dt− αγBT

− γ
∫ T

0

∫
E

ln(1 + β(1 ∧ |x|))µ̃(dt, dx),

and F (1)
T = ξT − F (2)

T .

Remark 4.4.3 Notice that F (2)
T has no longer the linear form with respect to ξT obtained in the

previous example. Now, the agent 2 receives the value ξT perturbed by a random value only depending
on the data contained in the filtration, i.e the Brownian motion B and the random measures µ and
(νt).

Proof. We start by computing the inf-convolution in (z, u) of the generators:

(g1�g2)(t, z, u) = inf
v

{
1

2γ
|v|2 + α(z − v)

}
+ inf

w

{
γ

∫
E

(
e
w(x)
γ − 1− w(x)

γ

)
νt(dx) + β

∫
E

(1 ∧ |x|) (u(x)− w(x)) νt(dx)

}
.

The first infimum above is easy to calculate and is attained for

v∗ := αγ.

Similarly, it is easy to show that the function w → γ
(
e
w
γ − 1− w

γ

)
+ β(1 ∧ |x|) (u(x)− w) attains

its minimum at w∗ := γ ln(1 + β(1 ∧ |x|)). Therefore, we finally obtain

(g1�g2)(t, z, u) =αz − α2γ

2
+

∫
E
β(1 ∧ |x|)u(x)νt(dx)

+

∫
E
γ [β(1 ∧ |x|)− (1 + β(1 ∧ |x|)) ln(1 + β(1 ∧ |x|))] νt(dx).

Notice that all the quantities appearing in g1�g2 are finite. Indeed, we first have for any u ∈
L2(ν) ∩ L∞(ν)

|β(1 ∧ |x|)u(x)| ≤ β2(1 ∧ |x|2) + (u(x))2, (4.4.11)

and this quantity is therefore νt-integrable for all t. Then, since β ≥ −1 + δ, it is also clear that for
some constant Cδ > 0

0 ≤ (1 + β(1 ∧ |x|)) ln(1 + β(1 ∧ |x|))− β(1 ∧ |x|) ≤ Cδ(1 ∧ |x|2), (4.4.12)

and thus the second integral is also finite.

We can now compute for instance the quantity F (2)
T , which is given after some easy calculations by

F
(2)
T =−

∫ T

0

(
αZt + β

∫
E

(1 ∧ |x|)Ut(x)νt(dx)

)
dt+

∫ T

0
ZtdBt +

∫ T

0

∫
E
Ut(x)µ̃(dt, dx)

+ α2γT + γβ

∫ T

0

∫
E

(1 ∧ |x|) ln(1 + β(1 ∧ |x|))νt(dx)dt− αγBT

− γ
∫ T

0

∫
E

ln(1 + β(1 ∧ |x|))µ̃(dt, dx).
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Recall that (Z,U) is part of the solution of the BSDE with generator g1�g2 and terminal condition
ξT .

Similarly, we can compute the value F (1)
T , and using the fact that F (1)

T + F
(2)
T = ξT , we obtain

ξT =
1

2
α2γT + γ

∫ T

0

∫
E

((1 + β(1 ∧ |x|)) ln(1 + β(1 ∧ |x|))− β(1 ∧ |x|)) νt(dx)dt

−
∫ T

0
g2
t (Zt, Ut)dt+

∫ T

0
ZtdBt +

∫ T

0

∫
E
Ut(x)µ̃(dt, dx).

And finally, we can conclude that the optimal risk transfer takes the form

F
(2)
T =ξT +

1

2
α2γT + γ

∫ T

0

∫
E

(β(1 ∧ |x|)− ln(1 + β(1 ∧ |x|)))νt(dx)dt− αγBT

− γ
∫ T

0

∫
E

ln(1 + β(1 ∧ |x|))µ̃(dt, dx).

�

4.4.3.3 Absolute value and Quadratic

Here, we study again the example of the entropic risk measure, i.e. we keep the generator g1 given
by

g1
t (z, u) :=

1

2γ
|z|2 + γ

∫
E

(
e
u(x)
γ − 1− u(x)

γ

)
νt(dx),

where γ > 0. The generator g2 correspond to the second example of risk measure given in Examples
4.3.1, i.e.

g2
t (z, u) := η |z|+ η

∫
E

(1 ∧ |x|)u+(x)νt(dx)− C1

∫
E

(1 ∧ |x|)u−(x)νt(dx),

where η > 0 and −1 + δ ≤ C1 ≤ 0 for some δ > 0.
Then

(g1�g2)(t, z, u) = inf
v

{
1

2γ
|v|2 + η |z − v|

}
+ inf

w

{
γ

∫
E

(
e
w(x)
γ − 1− w(x)

γ

)
νt(dx) + η

∫
E

(1 ∧ |x|)
(
u(x)− w(x)+

)
νt(dx)

− C1

∫
E

(1 ∧ |x|)
(
u(x)− w(x)−

)
νt(dx)

}
.

These infima are easy to calculate and are attained at (v∗, w∗) defined by

v∗ = µγ1{z>µγ} − µγ1{z<−µγ} + z1{−µγ≤z≤µγ}

w∗(x) = ψ(η, x)1{u(x)>ψ(η,x)} + ψ(C1, x)1{u(x)≤ψ(C1,x)} + u(x)1{ψ(C1,x)<u(x)≤ψ(η,x)}.

where ψ(r, x) := γ ln (1 + r(1 ∧ |x|)). We finally obtain

(g1�g2)(t, z, u) = A(z) +B(u),
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where

A(z) :=

(
µz − 1

2
µ2γ

)
1{z>µγ} −

(
µz +

1

2
µ2γ

)
1{z<−µγ} +

1

2γ
z21{−µγ≤z≤µγ}

B(u) :=

∫
E

[
C1(1 ∧ |x|)(γ + u(x))− ψ(C1, x)(1 + C1(1 ∧ |x|))1{u(x)≤ψ(C1,x)}

]
νt(dx)

+

∫
E

[
η(1 ∧ |x|)(γ + u(x))− ψ(η, x)(1 + η(1 ∧ |x|))1{u(x)>ψ(η,x)}

]
νt(dx)

+

∫
E

[
γ

(
e
u(x)
γ − 1− u(x)

γ

)
1{ψ(C1,x)<u(x)≤ψ(η,x)}

]
νt(dx),

that is to say this inf-convolution is equal to a linear function outside a given set, and is quadratic
inside the set (in z and u). Notice that all the quantities appearing in B(u) are finite, thanks to the
inequalities (4.4.11) and (4.4.12) given in the previous example.

Now to have the optimal risk transfer, we calculate F (1)
T and F (2)

T using their definition. We obtain
for example for F (2)

T

F
(2)
T =

∫ T

0
(µ2γ − µZt)1{|Zt|>µγ}dt

−
∫ T

0

∫
E

[
η(1 ∧ |x|)

(
ψ(η, x)1{Ut(x)>ψ(η,x)} + Ut(x)1{0<Ut(x)<ψ(η,x)}

)
+ C1(1 ∧ |x|)

(
ψ(C1, x)1{Ut(x)<ψ(C1,x)} + Ut(x)1{ψ(C1,x)<Ut(x)<0}

) ]
νt(dx)dt

+

∫ T

0

∫
E

(
Ut(x)− ψ(η, x)1{Ut(x)>ψ(η,x)} + ψ(C1, x)1{Ut(x)≤ψ(C1,x)}

+ Ut(x)1{ψ(C1,x)<Ut(x)≤ψ(η,x)}

)
µ̃(dt, dx),

where (Z,U) is part of the solution of the BSDE with generator g1�g2 and terminal condition ξT .

And we have of course F (1)
T = ξT − F (2)

T .

Remark 4.4.4 In this example, the optimal transfer has again no longer the proportional form found
in example 1. Moreover, this time we are only able to calculate F (1)

T and F (2)
T in function of (Z,U),

where, as defined before, (E1,2
t (ξT ), Zt, Ut) denotes the solution of the BSDE with generator g1�g2

and terminal condition ξT .
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5.1 Introduction

Recall from the previous chapter that (Y,Z, U) is a solution of the BSDE with jumps, with generator
F and terminal condition ξ if for all t ∈ [0, T ], we have P− a.s.

Yt = ξ +

∫ T

t
F (s, Ys, Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
Rd\{0}

Us(x)(µ− ν)(ds, dx), (5.1.1)

where µ is an integer valued random measure with compensator ν.

Our aim in this chapter is to generalize (5.1.1) to the second order, as introduced recently by Soner,
Touzi and Zhang [112]. Their key idea in the definition of the second order BSDE is that the equation
defining the solution has to hold P-almost surely, for every P in a class of non dominated probability
measures. Furthermore, they prove a uniqueness result using a representation result of the 2BSDEs
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as essential supremum of standard BSDEs. We will extend these definitions and properties to the case
with jumps. For the sake of clarity, we will now briefly outline the main differences and difficulties
due to the presence of jumps.

(i) First, we will introduce an equation similar to (5.1.1), for which the driver F depends also on the
quadratic variation of Bc on the one hand, and on the compensator of the jump measure of Bd on the
other hand, where Bc and Bd denote respectively the continuous and the purely discontinuous parts
of B. Recall that the generator of standard BSDEs does not depend on the quadratic variation of
the canonical process, and that in the continuous second order case it only depends on the quadratic
variation of the Brownian martingale part. In our case, since we have an additional jump martingale
term in the equation, we also have an additional dependence in the driver.

(ii) A second major difference with (5.1.1) in the second order case, is, as we recalled earlier,
that the BSDE has to hold P-almost surely for every probability measure P lying in a wide family
of probability measures. Under each P, Bc and Bd have a prescribed quadratic variation and jump
measure compensator. This is why we can intuitively understand the second order BSDE with jumps
(2BSDEJ in the sequel) (5.3.3) as a backward SDE with model uncertainty, where the uncertainty
affects both the quadratic variation and the jump measure of the process driving the equation.

(iii) The last major difference with (5.1.1) in the second order case is the presence of an additional
increasing process K in the equation. To have an intuition for K, one has to have in mind the
representation (5.4.1) that we prove in Theorem 5.4.1, stating that the Y part of a solution of
a 2BSDEJ is an essential supremum of solutions of standard backward SDEs with jumps. The
process K maintains Y above any standard solution yP of a BSDE with jumps, with given quadratic
variation and jump measure under P. The process K is then formally analogous to the increasing
process appearing in reflected BSDEs (as defined in [46] for instance).

There are many other possible approaches in the literature to handle volatility and / or jump
measure uncertainty in stochastic models ([3], [39], [37], [14]). Among them, Peng [101] introduced
a notion of Brownian motion with uncertain variance structure, called G-Brownian motion. This
process is defined without making reference to a given probability measure. It refers instead to the
G-Gaussian law, defined by a partial differential equation (see [102] for a detailed exposition and
references).

Finally, recall that Pardoux and Peng [97] proved that if the randomness in g and ξ is induced by
the current value of a state process defined by a forward stochastic differential equation, the solution
to the BSDE (4.2.1) could be linked to the solution of a semilinear PDE by means of a generalized
Feynman-Kac formula. Similarly, Soner, Touzi and Zhang [112] showed that 2BSDEs generalized
the point of view of Pardoux and Peng, in the sense that they are connected to the larger class of
fully non linear PDEs. In this context, the 2BSDEJs are the natural candidates for a probabilistic
solution of fully non linear integro-differential equations. Note that in a recent preprint, Bion-Nadal
[13], by taking a dual point of view, connects the probabilistic construction of time consistent convex
dynamic procedures in a non dominated setting, to a class of non local and fully non linear second
order partial differential equations.

The rest of this chapter is organised as follows. In Section 5.2, we introduce the set of probability
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measures on the Skorohod space D that we will work with. Using the notion of martingale problems
on D, we construct probability measures under which the canonical process has given characteristics.
Then we prove an aggregation result under this family. In Section 5.3, we define the notion of
2BSDEJs and show how it is linked to standard BSDEs with jumps. Section 5.4 is devoted to our
uniqueness result and some a priori estimates.

5.2 Issues related to aggregation

5.2.1 The stochastic basis

Let Ω := D([0, T ],Rd) be the space of càdlàg paths defined on [0, T ] with values in Rd and such that
w(0) = 0, equipped with the Skorokhod topology, so that it is a complete, separable metric space
(see [12] for instance).

We denoteB the canonical process, F := {Ft}0≤t≤T the filtration generated byB, F+ :=
{
F+
t

}
0≤t≤T

the right limit of F and for any P, FP
t := F+

t ∨N P(F+
t ) where

N P(G) :=
{
E ∈ Ω, there exists Ẽ ∈ G such that E ⊂ Ẽ and P(Ẽ) = 0

}
.

As usual, for any filtration G and any probability measure P, GP will denote the corresponding
completed filtration. We then define as in [112] a local martingale measure P as a probability measure
such that B is a P-local martingale. Since we are working in the Skorohod space, we can then define
the continuous martingale part of B, noted Bc, and its purely discontinuous part, noted Bd, both
being local martingales under each local martingale measures (see [65]). We then associate to the
jumps of B a counting measure µBd , which is a random measure on B(R+)×E (where E := Rr\{0}
for some r ∈ N∗), defined pathwise by

µBd([0, t], A) :=
∑

0<s≤t
1{∆Bds∈A}, ∀t ≥ 0, ∀A ⊂ E. (5.2.1)

We also denote by νPt (dt, dx) the compensator of µBd(dt, dx), which is a predictable random mea-
sure, under P and by µ̃P

Bd
(dt, dx) the corresponding compensated measure.

We then denote PW the set of all local martingale measures P such that P-a.s.

(i) The quadratic variation of Bc is absolutely continuous with respect to the Lebesgue measure
dt and its density takes values in S>0

d .

(ii) The compensator νPt (dt, dx) under P is absolutely continuous with respect to the Lebesgue
measure dt.

In this discontinuous setting, we will say that a probability measure P ∈ PW satisfies the martingale
representation property if for any (FP

,P)-local martingale M , there exists a unique FP-predictable
processes H and a unique FP-predictable function U such that (H,U) ∈ H2

loc(P) × J2
loc(P) (those

spaces are defined later) and

Mt = M0 +

∫ t

0
HsdB

c
s +

∫ t

0

∫
E
Us(x)µ̃PBd(ds, dx).
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We now follow [111] and introduce their so-called universal filtration. For this we let P be a given
subset of PW , we define

Definition 5.2.1 (i) A property is said to hold P-quasi-surely (P-q.s. for short), if it holds P−a.s.
for all P ∈ P.

(ii) We call P-polar sets the elements of NP := ∩P∈PN P(F∞).

Then, we define as in [111]

F̂P :=
{
F̂Pt
}
t≥0

where F̂Pt :=
⋂
P∈P

(
FP
t ∨NP

)
.

Finally, we let T and T̂ P the sets of all F and F̂P stopping times, and we recall that thanks to
Lemma 2.4 in [111] we do not have to worry about the universal filtration not being complete under
each P ∈ P.

5.2.2 The main problem

A crucial issue in the definition of the 2BSDEs in [112] is the aggregation of the quadratic variation
of the canonical process B under a wide family of probability measures.

Let P ⊂ PW be a set of non necessarily dominated probability measures and let {XP, P ∈ P} be
a family of random variables indexed by P. One can think for example of the stochastic integrals
XP
t := (P)

∫ t
0 HsdBs, where {Ht, t ≥ 0} is a predictable process.

Definition 5.2.2 An aggregator of the family {XP, P ∈ P} is a r.v. X̂ such that

X̂ = XP, P− a.s, for every P ∈ P.

Bichteler [11], Karandikar [69], or more recently Nutz [95] all showed in different contexts, and
under different assumptions, that it is possible to find an aggregator for the Itô stochastic integrals
(P)
∫ t

0 HsdBs. A direct consequence of this result is the possibility to aggregate the quadratic variation
process {[B,B]t, t ≥ 0}. Indeed, using Itô’s formula, we can write

[B,B]t = BtB
T
t − 2

∫ t

0
Bs−dB

T
s

and the aggregation of the stochastic integrals automatically yields the aggregation of the bracket
{[B,B]t, t ≥ 0}.

This also allows us to give a pathwise definition of the process â, which is an aggregator for the
density of the quadratic variation of the continuous part of B, by

ât := lim sup
ε↘0

1

ε

(
〈Bc〉t − 〈B

c〉t−ε
)
,

Soner, Touzi and Zhang [111], motivated by the study of stochastic target problems under volatility
uncertainty, obtained an aggregation result for a family of probability measures corresponding to the
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laws of some continuous martingales on the canonical space Ω = C(R+,Rd), under a separability
assumption on the quadratic variations (see their definition 4.8) and under an additional consistency
condition (which is usually only necessary) for the family to aggregate.

To define correctly the notion of second order backward SDEs with jumps, we need to aggregate not
only the quadratic variation [B,B] of the canonical process, but also its compensated jump measure.
However, this predictable compensator is usually obtained thanks to the Doob-Meyer decomposition
of the submartingale [B,B]. It is therefore obvious that this compensator depends explicitely on the
underlying probability measure, and it is not clear at all whether an aggregator always exists or not.
This is a first main difference with the continuous case. In order to solve this problem, we follow
the spirit of [111] and restrict our set of probability measures (by adding an analogous separability
condition for jump measures) so as to generalize some of their results to the case of processes with
jumps.

After these first notations, in the following subsection, in order to construct a probability measure
under which the canonical process has a given quadratic variation and a given jump measure, we will
use the notion of martingale problem for semimartingales with general characteristics, as defined in
the book by Jacod and Shiryaev [65] to which we refer.

5.2.3 Characterization by martingale problems

In this section, we extend the connection between diffusion processes and probability measures es-
tablished in [111] thanks to weak solutions of SDEs, to our general jump case with the more general
notion of martingale problems.

Let N be the set of F-predictable random measures ν on B(E) satisfying∫ t

0

∫
E

(1 ∧ |x|2)νs(dx)ds < +∞ and
∫ t

0

∫
|x|>1

xνs(dx)ds < +∞, ∀ω ∈ Ω, (5.2.2)

and let D be the set of F-predictable processes α taking values in S>0
d with∫ T

0
|αt|dt < +∞, for every ω ∈ Ω.

We define a martingale problem as follows

Definition 5.2.3 For F-stopping times τ1 and τ2, for (α, ν) ∈ D ×N and for a probability measure
P1 on Fτ1, we say that P is a solution of the martingale problem (P1, τ1, τ2, α, ν) if

(i) P = P1 on Fτ1.

(ii) The canonical process B on [τ1, τ2] is a semimartingale under P with characteristics(
−
∫ ·
τ1

∫
E
x1|x|>1νs(dx)ds,

∫ ·
τ1

αsds, νs(dx)ds

)
.
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Remark 5.2.1 We refer to Theorem II.2.21 in [65] for the fact that P is a solution of the martingale
problem (P1, τ1, τ2, α, ν) if and only if the following properties hold

(i) P = P1 on Fτ1.

(ii) The processes M , J and L defined below are P-local martingales on [τ1, τ2]

Mt := Bt −
∑

τ1≤s≤t
1|∆Bs|>1∆Bs +

∫ t

τ1

∫
E
x1|x|>1νs(dx)ds, τ1 ≤ t ≤ τ2

Jt := M2
t −

∫ t

τ1

αsds−
∫ t

τ1

∫
E
x2νs(dx)ds, τ1 ≤ t ≤ τ2

Qt :=

∫ t

τ1

∫
E
g(x)µB(ds, dx)−

∫ t

τ1

∫
E
g(x)νs(dx)ds, τ1 ≤ t ≤ τ2, ∀g ∈ C+(Rd),

where C+(Rd) is discriminating family of bounded Borel functions (see Remark II.2.20 in [65] for
more details).

We say that the martingale problem associated to (α, ν) has a unique solution if, for every stopping
times τ1, τ2 and for every probability measure P1, the martingale problem (P1, τ1, τ2, α, ν) has a
unique solution.

Let now AW be the set of (α, ν) ∈ D × N , such that there exists a solution to the martingale
problem (P0, 0,+∞, α, ν), where P0 is such that P0(B0 = 0) = 1.

We also denote by AW the set of (α, ν) ∈ AW such that there exists a unique solution to the
martingale problem (P1, 0,+∞, α, ν), where P1 is such that P1(B0 = 0) = 1. Denote Pαν this unique
solution. Finally we set

PW := {Pαν , (α, ν) ∈ AW } .

Remark 5.2.2 We take here as an initial condition that B0 = 0. This does not generate a loss of
generality, since at the end of the day, the probability measures under which we are going to work
will all satisfy the 0 − 1 Blumethal law. Hence, B0 will have to be a constant and we choose 0 for
simplicity.

5.2.4 Notations and definitions

Following [111], for a, b ∈ D and ν, β ∈ N , we define the first disagreement times as follows

θa,b := inf

{
t ≥ 0,

∫ t

0
asds 6=

∫ t

0
bsds

}
,

θν,β := inf

{
t ≥ 0,

∫ t

0

∫
E
xνs(dx)ds 6=

∫ t

0

∫
E
xβs(dx)ds

}
θa,bν,β := θa,b ∧ θν,β .

For every τ̂ in F̂P , we define the following event

Ωa,ν,b,β
τ̂ :=

{
τ̂ < θa,bν,β

}
∪
{
τ̂ = θa,bν,β = +∞

}
.

Finally, we introduce the following notion inspired by [111]
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Definition 5.2.4 A0 ⊂ AW is a generating class of coefficients if

(i) A0 is stable for the concatenation operation, i.e. if (a, ν), (b, β) ∈ A0 ×A0 then for each t,(
a1[0,t] + b1[t,+∞), ν1[0,t] + β1[t,+∞)

)
∈ A0.

(ii) For every (a, ν), (b, β) ∈ A0×A0, θ
a,b
ν,β is a constant. Or equivalently, for each t, Ωa,ν,b,β

t equals
Ω or ∅.

Definition 5.2.5 We say that A is a separable class of coefficients generated by A0 if A0 is a
generating class of coefficients and if A consists of all processes a and random measures ν of the
form

at(ω) =
+∞∑
n=0

+∞∑
i=1

an,it (ω)1Ein(ω)1[τn(ω),τn+1(ω))(t)

νt(ω) =

+∞∑
n=0

+∞∑
i=1

νn,i1
Ẽin

(ω)1[τ̃n(ω),τ̃n+1)(t), (5.2.3)

where for each i and for each n, (an,i, νn,i) ⊂ A0, τn and τ̃n are F-stopping times with τ0 = 0, such
that

(i) τn < τn+1 on {τn < +∞} and τ̃n < τ̃n+1 on {τ̃n < +∞}.

(ii) inf{n ≥ 0, τn = +∞}+ inf{n ≥ 0, τ̃n = +∞} <∞.

(iii) τn and τ̃n take countably many values in some fixed I0 ⊂ [0, T ] which is countable and dense in
[0, T ].

(iv) For each n, (Eni )i≥1 ⊂ Fτn and (Ẽni )i≥1 ⊂ Fτ̃n form a partition of Ω.

Remark 5.2.3 If we refine the subdivisions, we can always take a common sequence of stopping
times (τn)n≥0 and common sets (Eni )i≥1,n≥0 for a and for ν. This will be used throughout this section.
Moreover, the definition indeed depends on the countable subset I0 introduced above. We acknowledge
that as in [111] this set could be changed, but for the sake of clarity, it will be fixed throughout the
chapter. We emphasize that will prove in Chapter 6 (see Section 6.2.4) that this has only a limited
impact on our results. For practical purposes, one could take for instance I0 = Q ∩ [0, T ].

Remark 5.2.4 The form for a and ν in Definition 5.2.5 is directly inspired by the so-called properties
of stability by concatenation and by bifurcation in the theory of stochastic control. As shown for
instance in [45], [48] or [17] (see Remark 3.1), this property of control processes is tailor-made to
be able to retrieve the dynamic programming principle, and is the least that once can expect. In our
case, 2BSDEs can be seen formally as a weak version of a stochastic control problem for which the
controls are a and ν, and we will see in Proposition 6.2.2 in Chapter 6 that this form is exactly what
we need to recover the dynamic programming equation for our solution of a 2BSDE with jumps.
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Example 5.2.1 Ã0 composed of deterministic processes a and ν form a generating class of coeffi-
cients.

The following Proposition generalizes Proposition 4.11 of [111] and shows that a separable class of
coefficients inherits the "good" properties of its generating class.

Proposition 5.2.1 Let A be a separable class of coefficients generated by A0. Then

(i) If A0 ⊂ AW , then A ⊂ AW .

(ii) A-quasi surely is equivalent to A0-quasi surely.

(iii) If every P ∈ {Pαν , (α, ν) ∈ A0} satisfies the martingale representation property, then every
P ∈ {Pαν , (α, ν) ∈ A} also satisfies the martingale representation property.

(iv) If every P ∈ {Pαν , (α, ν) ∈ A0} satisfies the Blumenthal 0−1 law, then every P ∈ {Pαν , (α, ν) ∈ A}
also satisfies the Blumenthal 0− 1 law.

As in [111], to prove this result, we need two Lemmas. The first one is a straightforward general-
ization of Lemma 4.12 in [111], so we omit the proof. The second one is analogous to Lemma 4.13

in [111].

Lemma 5.2.1 Let A be a separable class of coefficients generated by A0. For any (a, ν) ∈ A, and
any F-stopping time τ ∈ T , there exist τ̃ ∈ T with τ̃ ≥ τ , a sequence (an, νn)n≥1 ⊂ A0 and a
partition (En)n≥1 ⊂ Fτ of Ω such that τ̃ > τ on {τ < +∞} and

at(ω) =
∑
n≥1

ant (ω)1En(ω) and νt(ω) =
∑
n≥1

νnt (ω)1En(ω), t < τ̃ . (5.2.4)

In particular, En ⊂ Ωa,ν,an,νn

τ̂ which implies that ∪nΩa,ν,an,νn

τ̂ = Ω. Finally, if a and ν take the
form 5.2.3 and τ ≥ τn, then we can choose τ̃ ≥ τn+1.

Proof. We refer to the proof of Lemma 4.12 in [111]. �

Lemma 5.2.2 Let τ1, τ2 ∈ T be two stopping times such that τ1 ≤ τ2, and (ai, νi)i≥1 ⊂ AW and
let {Ei, i ≥ 1} ⊂ Fτ1 be a partition of Ω. Finally let P0 be a probability measure on Fτ1 and let
{Pi, i ≥ 1} be a sequence of probabilty measures such that for each i, Pi is a solution of the martingale
problem (P0, τ1, τ2, a

i, νi). Define

P(E) :=
∑
i≥1

Pi(E ∩ Ei) for all Fτ2 ,

at :=
∑
i≥1

ait1Ei and νt :=
∑
i≥1

νit1Ei , t ∈ [τ1, τ2].

Then P is a solution of the martingale problem (P0, τ1, τ2, a, ν).
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Proof. By definition, P = P0 on Fτ1 . In view of Remark 5.2.1, it is enough to prove that M , J
and Q are P-local martingales on [τ1, τ2]. By localizing if necessary, we may assume as usual that all
these processes are actually bounded. For any stopping times τ1 ≤ R ≤ S ≤ τ2, and any bounded
FR-measurable random variable η, we have

EP [(MS −MR)η] =
∑
i≥1

EPi [(MS −MR)η1Ei ] =
∑
i≥1

EPi
[
EPi [(MS −MR)|FR]η1Ei

]
= 0.

Thus M is a P-local martingale on [τ1, τ2]. We can prove in exactly the same manner that J and
Q are also P-local martingales on [τ1, τ2] and the proof is complete. �

Proof of Proposition 5.2.1. The proof follows closely the proof of Proposition 4.11 in [111] and
we give it for the conenience of the reader.

(i) We take (a, ν) ∈ A, let us prove that (a, ν) ∈ AW . We fix two stopping times θ1, θ2 in T . We
define a sequence (τ̃n)n≥0 as follows:

τ̃0 := θ1 and τ̃n := (τn ∨ θ1) ∧ θ2, n ≥ 1.

To prove that the martingale problem (P0, θ1, θ2, a, ν) has a unique solution, we prove by induction
on n that the martingale problem (P0, τ̃0, τ̃n, a, ν) has a unique solution.

Step 1 of the induction: Let n = 1, and let us first construct a solution to the martingale problem
(P0, τ̃0, τ̃1, a, ν). For this purpose, we apply Lemma 5.2.1 with τ = τ̃0 and τ̃ = τ̃1, which leads to
at =

∑
i≥1 a

i
t1Ei and νt =

∑
i≥1 ν

i
t1Ei for all t < τ̃1, where (ai, νi) ∈ A0 and {Ei, i ≥ 1} ⊂ Fτ̃0 form

a partition of Ω. For i ≥ 1, let P0,i be the unique solution of the martingale problem (P0, τ̃0, τ̃1, ai, νi)

and define

P0,a(E) :=
∑
i≥1

P0,i(E ∩ Ei) for all E ∈ Fτ̃1 .

Lemma 5.2.2 tells us that P0,a solves the martingale problem (P0, τ̃0, τ̃1, a, ν). Now let P be an
arbitrary solution of the martingale problem (P0, τ̃0, τ̃1, a, ν), and let us prove that P = P0,a. We first
define

Pi(E) := P(E ∩ Ei) + P0,i(E ∩ Eci ), ∀E ∈ Fτ̃1 .

Using Lemma 5.2.2, and the facts that ai = a1Ei + ai1Eci and νi = ν1Ei + νi1Eci , we conclude that
Pi solves the martingale problem (P0, τ̃0, τ̃1, a

i, νi). This problem having a unique solution, we have
Pi = P0,i on Fτ̃1 . This implies that for each i ≥ 1 and for each E ∈ Fτ̃1 , Pi(E ∩ Ei) = P0,i(E ∩ Ei),
and finally

P0,a(E) =
∑
i≥1

P0,i(E ∩ Ei) =
∑
i≥1

Pi(E ∩ Ei) = P(E), ∀E ∈ Fτ̃1 .

Step 2 of the induction: We assume that the martingale problem (P0, τ̃0, τ̃n, a, ν) has a unique
solution denoted Pn. Using the same reasoning as above, we see that the martingale problem
(Pn, τ̃n, τ̃n+1, a, ν) has a unique solution, denoted Pn+1. Then the processes M , J and Q defined
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in Remark 5.2.1 are Pn+1-local martingales on [τ̃n, τ̃n+1], and since Pn+1 coincides with Pn on Fτ̃n ,
M , J and Q are also Pn+1-local martingales on [τ̃0, τ̃n]. And hence Pn+1 solves the martingale
problem (P0, τ̃0, τ̃n+1, a, ν). We suppose now that P is another arbitrary solution to the martingale
problem (P0, τ̃0, τ̃n+1, a, ν). By the induction assumption, Pn = P on Fτ̃n , then P solves the mar-
tingale problem (Pn, τ̃n, τ̃n+1, a, ν), and by uniqueness P = Pn+1 on Fτ̃n+1 . The induction is now
complete.

Remark that Fθ2 = ∨n≥1Fτ̃n . Indeed, since inf{n ≥ 1, τn = +∞} < +∞, then inf{n ≥ 1, τ̃n =

θ2} < +∞. This allows to define P∞(E) := Pn(E) for E ∈ Fτ̃n and to extend it uniquely to Fθ2 .
Now using again Remark 5.2.1, we conclude that P∞ solves (P0, θ1, θ2, a, ν) and is unique.

(ii) We now prove that A-quasi surely is equivalent to A0-quasi surely.

We take (a, ν) ∈ A and we apply Lemma 5.2.1 with τ = +∞ to write at =
∑

i≥1 a
i
t1Ei and

νt =
∑

i≥1 ν
i
t1Ei for all t ≥ 0, where (ai, νi) ∈ A0 and {Ei, i ≥ 1} ⊂ F∞ form a partition of Ω. Take

a set E such that Pãν̃(E) = 0 for every (ã, ν̃) ∈ A0, then

Paν(E) =
∑
i≥1

Paν(E ∩ Ei) =
∑
i≥1

Pa
i

νi(E ∩ Ei) = 0.

(iii) By (i), since A ⊂ AW , for any (a, ν) ∈ A, the corresponding martingale problem has a unique
solution, which is therefore an extremal point in the set of solutions. Hence, we can apply Theorem
III.4.29 in [65] to obtain immediately the predictable representation property.

(iv) Take (a, ν) ∈ A of the form (5.2.3), in which we can take τ0 = 0 without loss of generality. Paν
is the law on [0, τ1] of a semimartingale with characteristics(

−
∫ t

0

∫
E
x1|x|>1ν̃s(dx)ds,

∫ t

0
ãsds, ν̃s(dx)ds

)
,

where

ãt :=
∑
i≥1

a0,i1Ei0
and ν̃t :=

∑
i≥1

ν0,i1Ei0
,

where {Ei0, i ≥ 1} ⊂ F0 is a partition of Ω. Since F0 is trivial, the partition is only composed of Ω

and ∅, and then

ãt := a0,1
t and ν̃t = ν0,1

t .

Then for E ∈ F0+ , Paν(E) = Pãν̃(E) = 0, since Pãν̃ satisfies the Blumenthal 0− 1 law by hypothesis.
�

Remark 5.2.5 If A0 consists of deterministic mappings as in example 5.2.1, then Paν is the law on
[0, τ1] of an additive process with non random characteristics, for which the Blumenthal 0 − 1 law
holds (see for instance [107]).

We now state the following Proposition which tells us that our probability measure coincide until
their first time of disagreement.
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Proposition 5.2.2 Let A be a separable class of coefficients generated by A0, let PA := {Paν , (a, ν) ∈ A}
and let (a, ν)× (b, β) ∈ A×A.

(i) θa,bν,β is an F-stopping time taking countably many values.

(ii) Moreover, we have the following coherence condition

Paν
(
E ∩ Ωa,ν,b,β

τ̂

)
= Pbβ

(
E ∩ Ωa,ν,b,β

τ̂

)
, ∀τ̂ ∈ T̂ PA , ∀E ∈ F̂PAτ̂ .

Proof. (i) Let us prove that
{
θa,bν,β ≤ t1

}
∈ Ft1 , for any t1 ≥ 0.

We apply Lemma 5.2.1 for (a, ν) and (b, β) with τ = t1 to obtain the existence of (ant , ν
n
t ), (bnt , β

n
t )

in A0 and En ⊂ Ft1 forming a partition of Ω, such that (an, bn, νn, βn) coincide with (a, b, ν, β) on
En for t < τ̃ , where τ̃ > t1. Then{

θa,bν,β ≤ t1
}

=
⋃
n≥1

{
θa

n,bn

νn,βn ≤ t1
}
∩ En

By the constant disagreement times property of A0,
{
θa

n,bn

νn,βn ≤ t1
}

is either Ω or ∅, and since
En ∈ Ft1 , then {

θa,bν,β ≤ t1
}
∈ Ft1 .

To show that θa,bν,β takes countably many values, we apply again Lemma 5.2.1 with τ = θa,bν,β , to
obtain the existence of (ant , ν

n
t ), (bnt , β

n
t ) in A0 and En ⊂ Fτ forming a partition of Ω, such that

(an, bn, νn, βn) coincide with (a, b, ν, β) on En for t < τ̃ , where τ̃ > τ . Since θa
n,bn

νn,βn is a constant and
given that θa,bν,β = θa

n,bn

νn,βn on En, we have the desired result.

(ii) We write that for any E ∈ F̂PAτ̂

E ∩ Ωa,ν,b,β
τ̂ ∩

{
θa,bν,β ≤ t

}
= E ∩

{
τ̂ < θa,bν,β

}
∩
{
θa,bν,β ≤ t

}
=
⋃
m≥1

(
E ∩

{
τ̂ < θa,bν,β

}
∩
{
τ̂ ≤ t− 1

m

}
∩
{
θa,bν,β ≤ t

})
.

Since
{
θa,bν,β ≤ t

}
∈ Ft, we get that for any m ≥ 1,

E ∩
{
τ̂ < θa,bν,β

}
∩
{
τ̂ ≤ t− 1

m

}
∈ F̂PA

t− 1
m

⊂ F+
t− 1

m

∨N Paν (F∞) ⊂ Ft ∨N Paν (F∞),

and then

E ∩ Ωa,ν,b,β
τ̂ ∈ F

θa,bν,β
∨N Paν (F∞).

From this last assertion, we deduce that there exist measurable sets Ea,νi , Eb,βi belonging to F
θa,bν,β

,
i = 1, 2, such that

Ea,ν1 ⊂ E ∩ Ωa,ν,b,β
τ̂ ⊂ Ea,ν2 , Eb,β1 ⊂ E ∩ Ωa,ν,b,β

τ̂ ⊂ Eb,β2

Paν (Ea,ν2 \E
a,ν
1 ) = Pbβ

(
Eb,β2 \E

b,β
1

)
= 0.
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We set E1 := Ea,ν1 ∪ Eb,β1 and E2 := Eb,β2 ∩ Eb,β1 , then

E1, E2 ∈ F
θa,bν,β

, E1 ⊂ E ∩ Ωa,ν,b,β
τ̂ ⊂ E2 and Paν

(
E2\E1

)
= Pbβ

(
E2\E1

)
= 0.

This implies that

Paν
(
E ∩ Ωa,ν,b,β

τ̂

)
= Paν(E2) and Pbβ

(
E ∩ Ωa,ν,b,β

τ̂

)
= Pbβ(E2),

but the solutions of the martingale problems (P0, 0, θa,bν,β , a, ν) and (P0, 0, θa,bν,β , b, β) are equal by defi-
nition. And since E2 ∈ F

θa,bν,β
, we have

Paν(E2) = Pbβ(E2)

which gives the desired result. �

We now have every tools we need to state and prove the main resut of this section, which generalizes
the aggregation result of Theorem 5.1 in [111]. For this purpose, we use the more general aggregation
result of Cohen [30], that does not concern only volatility or jump measure uncertainty.

Theorem 5.2.1 Let A be a separable class of coefficients generated by A0 and PA the corresponding
probability measures. Let

{Xa,ν , (a, ν) ∈ A} ,

be a family of F̂P-progressively measurable processes.

Then the following two conditions are equivalent

(i) {Xa,ν , (a, ν) ∈ A} satisfies the following consistency condition

Xa,ν = Xb,β, Paν-a.s. on [0, θa,bν,β) for any (a, ν) ∈ A and (b, β) ∈ A.

(ii) There exists a P-q.s unique process X such that

X = Xa,ν , Paν-a.s., ∀(a, ν) ∈ A.

Proof. We first prove that (i) implies (ii). Using Lemma 3 in [30], we see that the definition of
the generating classes, together with Proposition 5.2.2, implies that the family P satisfies the Hahn
property defined in [30]. Now Theorem 4 of [30] gives the result. The fact that (ii) implies (i) is a
consequence of the unicity of the solution of the martingale problem (P0, 0, θa,bν,β , a, ν) on [0, θa,bν,β). �

Now that we have Theorem 5.2.1, we can answer our first issue concerning the aggregation of the
predictable compensators associated to the jump measure µBd of the canonical process. Indeed, let
A be a separable class of coefficients generated by A0 and P := {Paν , (a, ν) ∈ A}. Then, for each
Borel set A ∈ B(E) and for each t ∈ [0, T ] the family {νP

a
ν

t (A)}(a,ν)∈A clearly satisfies the consistency
condition above (because it is defined through the Doob-Meyer decomposition, see Proposition 6.6

in [111]), and therefore there exists a process ν̂ such that

ν̂t(A) = νPt (A), for every P ∈ PA. (5.2.5)

We then denote
µ̃Bd(dt, dx) := µBd(dt, dx)− ν̂t(dx)dt.
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5.2.4.1 The strong formulation

In this Section, we will concentrate on a subset of PW . For this purpose, we define

V := {ν ∈ N , (Id, ν) ∈ AW } .

For each ν ∈ V, we denote Pν := PIdν and for each α ∈ D, we define

Pα,ν := Pν ◦ (Xα
. )−1 , where Xα

t :=

∫ t

0
α1/2
s dBc

s +Bd
t , Pν − a.s. (5.2.6)

Let us now define,
PS := {Pα,ν , (α, ν) ∈ AW } .

Then α is the quadratic variation density of the continuous part of Xα and

dBc
s = α−1/2

s dXα,c
s ,

under Pν . Moreover, νt(dx)dt is the compensator of the measure associated to the jumps of Xα and
∆Xα

s = ∆Bs under Pν . We also define for each P ∈ PW the following process

LP
t := W P

t +Bd
t , P− a.s., (5.2.7)

where W P
t is a P-Brownian motion defined by

W P
t :=

∫ t

0
â−1/2
s dBc

s.

Then, PS is a subset of PW and we have by definition

the Pα,ν-distribution of (B, â, ν̂, LPα,ν ) is equal to the Pν-distribution of (Wα, α, ν, B). (5.2.8)

We also have the following characterization in terms of filtrations, which is similar to Lemma 8.1

in [111]

Lemma 5.2.3 PS =

{
P ∈ PW , FLPP = FP

}

Proof. By the above remarks, it is clear that α and B are FXαPν -progressively measurable. But
by definition, F is generated by B, thus we conclude easily that FPν ⊂ FXαPν . The other inclusion
being clear by definition, we have

FPν
= FXαPν .

Now we can use (5.2.8) to obtain that FLPα,ν P
α,ν

= FPα,ν
.

Conversely, let P ∈ PW be such that FLPα,ν P
α,ν

= FPα,ν
. Then, there exists some measurable

function β such that B. = β(LP
. ). Let ν be the compensator of the measure associated to the jumps

of B under P. Define then,

αt :=
d < β(B), β(B) >ct

dt
,
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we conclude then that P = Pα,ν . �

Define now AS := {(α, ν) ∈ AW , Pαν ∈ PS}. It is important to notice that in our framework, it is
not clear whether all the probability measures in PS satisfy the martingale representation property
and the Blumenthal 0 − 1 law. Indeed, this is due to the fact that the processus LP does not
necessarily satisfy them. This is a major difference with [111]. Nonetheless, if we restrict ourselves
to a subset of PS , we are going to see that we can still recover them. First, we have the following
generalization of Proposition 8.3 of [111].

Proposition 5.2.3 Let A be a separable class of coefficients generated by A0. If A0 ⊂ AS, then
A ⊂ AS.

Proof. This is a straightforward generalization of the proof of Proposition 8.3 in [111], using the
same kind of modifications as in our previous proofs, so we omit it. �

Let us now consider the set introduced above in Example 5.2.1

Ã0 := {(α, ν) ∈ D ×N which are deterministic} , PÃ0
:=
{
Pαν , (α, ν) ∈ Ã0

}
.

Ã0 is a generating class of coefficients, and it is a well known result that Ã0 ⊂ AW (see Theorem
III.2.16 in [65]) and that every probability measure in PÃ0

satisfies the martingale representation
property and the Blumenthal 0 − 1 law, since the canonical process is actually an additive process
under them. Moreover we also have

Lemma 5.2.4 We have PÃ0
⊂ PS .

Proof. Let P := Pαν be a probability measure in PÃ0
. As argued previously, we have P− a.s.

Bc
t =

∫ t

0
α1/2
s dLP,c

t and ∆LP
t = ∆Bt.

Since α is deterministic, it is clear that we have FP
= FLPP, which implies the result. �

Finally, we consider Ã the separable class of coefficients generated by Ã0 and PÃ the corresponding
set of probability measures. Then, using the above results and Propositions 5.2.1 and 5.2.3, we have

Proposition 5.2.4 PÃ ⊂ PS and every probability measure in PÃ satisfies the martingale represen-
tation property and the Blumenthal 0− 1 law.

Proof. Once we know that the augmented filtration generated by LP satisfies the martingale rep-
resentation property and the Blumenthal 0 − 1 law for every P ∈ PÃ0

, we can argue exactly as in
the proof of Lemma 8.2 to obtain the results for PÃ0

. The result for PÃ then comes easily from
Proposition 5.2.1. �

Remark 5.2.6 In our jump framework, we need to impose this separability structure on both α and
ν, in order to be able to retrieve not only the aggregation result of Theorem 5.2.1 but also the property
that all our probability measures satisfy the Blumenthal 0− 1 law and the martingale representation
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property. However, if one is only interested in being able to consider standard BSDEs with jumps,
then we do not need the aggregation result and we can work with a larger set of probability measures
without restrictions on the α. Namely, let us define

PÃ :=
{
Pα,ν , α ∈ D, (Id, ν) ∈ Ã

}
.

Then we can show as above that PÃ ⊂ PS and that all the probability measures in PÃ satisfy the
Blumenthal 0 − 1 law and the martingale representation property. This is going to be important in
Chapter 6.

5.3 Preliminaries on 2BSDEs

5.3.1 The non-linear Generator

In this subsection we will introduce the function which will serve as the generator of our 2BSDE
with jumps. Let us define the spaces

L̂2 :=
⋂
ν∈N

L2(ν) and L̂1 :=
⋂
ν∈N

L1(ν).

For any C1 function v with bounded gradient, any ω ∈ Ω and any 0 ≤ t ≤ T , we denote ṽ the
function

ṽ(e) := v(e+ ω(t))− v(ω(t))− 1{|e|≤1} e.(∇v)(ω(t)), for e ∈ E.

The hypothesis on v ensure that ṽ is an element of L̂1. We then consider a map

Ht(ω, y, z, u, γ, ṽ) : [0, T ]× Ω× R× Rd × L̂2 ×D1 ×D2 → R,

where D1 ⊂ Rd×d is a given subset containing 0 and D2 ⊂ L̂1∩N ∗, where N ∗ denotes the topological
dual of N .

Define the following conjugate of H with respect to γ and v by

Ft(ω, y, z, u, a, ν) := sup
{γ,ṽ}∈D1×D2

{
1

2
Tr(aγ)+ < ṽ, ν > −Ht(ω, y, z, u, γ, ṽ)

}
,

for a ∈ S>0
d and ν ∈ N , and where < ṽ, ν > is defined by

< ṽ, ν >:=

∫
E
ṽ(e)ν(de). (5.3.1)

The quantity < ṽ, ν > will not appear again in this chapter, since we formulate the needed hy-
pothesis for the backward equation generator directly on the function F . But the particular form of
< ṽ, ν > comes from the intuition that the second order BSDE with jumps is an essential supremum
of classical BSDEs with jumps (BSDEJs). Indeed, solutions to markovian BSDEJs provide viscosity
solutions to some parabolic partial integro-differential equations whose non local operator is given
by a quantity similar to < ṽ, ν > (see [4] for more details). We define

F̂t(y, z, u) := Ft(y, z, u, ât, ν̂t) and F̂ 0
t := F̂t(0, 0, 0), PÃ-q.s. (5.3.2)

We denote by D1
Ft(y,z,u) the domain of F in a and by D2

Ft(y,z,u) the domain of F in ν, for a fixed
(t, ω, y, z, u). As in [112] we fix a constant κ ∈ (1, 2] and restrict the probability measures in PκH ⊂ PÃ
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Definition 5.3.1 PκH consists of all P ∈ PÃ such that

(i) EP
[∫ T

0

∫
E x

2ν̂t(dx)dt
]
< +∞.

(ii) aP ≤ â ≤ āP, dt× dP− as for some aP, āP ∈ S>0
d , and EP

[(∫ T
0

∣∣∣F̂ 0
t

∣∣∣κ dt) 2
κ

]
< +∞.

Remark 5.3.1 The above conditions assumed on the probability measures in PκH ensure that under
any P ∈ PκH , the canonical process B is actually a true càdlàg martingale. This will be important
when we will define standard BSDEs under each of those probability measures.

We now state our main assumptions on the function F which will be our main interest in the sequel

Assumption 5.3.1 (i) The domains D1
Ft(y,z,u) = D1

Ft
and D2

Ft(y,z,u) = D2
Ft

are independent of
(ω, y, z, u).

(ii) For fixed (y, z, a, ν), F is F-progressively measurable in D1
Ft
×D2

Ft
.

(iii) The following uniform Lipschitz-type property holds. For all (y, y′, z, z′, u, t, a, ν, ω)∣∣Ft(ω, y, z, u, a, ν)− Ft(ω, y′, z′, u, a, ν)
∣∣ ≤ C (∣∣y − y′∣∣+

∣∣∣a1/2
(
z − z′

)∣∣∣) .
(iv) For all (t, ω, y, z, u1, u2, a, ν), there exist two processes γ and γ′ such that∫

E
δ1,2u(x)γ′t(x)ν(dx) ≤ Ft(ω, y, z, u1, a, ν)− Ft(ω, y, z, u2, a, ν) ≤

∫
E
δ1,2u(x)γt(x)ν(dx),

where δ1,2u := u1 − u2 and c1(1 ∧ |x|) ≤ γt(x) ≤ c2(1 ∧ |x|) with −1 + δ ≤ c1 ≤ 0, c2 ≥ 0, and
c′1(1 ∧ |x|) ≤ γ′t(x) ≤ c′2(1 ∧ |x|) with −1 + δ ≤ c′1 ≤ 0, c′2 ≥ 0, for some δ > 0.

(v) F is uniformly continuous in ω for the Skorohod topology, that is to say that there exists some
modulus of continuity ρ such that for all (t, ω, ω′, y, z, u, a, ν)∣∣Ft(ω, y, z, u, a, ν)− Ft(ω′, y, z, u, a, ν)

∣∣ ≤ ρ (dS(ω.∧t, ω
′
.∧t)
)
,

where dS is the Skorohod metric and where ω.∧t(s) := ω(s ∧ t).

Remark 5.3.2 The assumptions (i) and (ii) are classic in the second order framework ([112]). The
Lipschitz assumption (iii) is standard in the BSDE theory since the paper [97]. The hypothesis (iv)
allows to have a comparison theorem in the framework with jumps, it has been introduced in [106], it
is also present in [4] in the form of an equality. The last hypothesis (v) of uniform continuity in ω
is also proper to the second order framework, it is linked to our intensive use of regular conditional
probability distributions in the next chapter to construct our solutions pathwise, thus avoiding complex
issues related to negligeable sets.
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Remark 5.3.3 (i) For κ1 < κ2, applying Hölder’s inequality gives us

EP

(∫ T

0

∣∣∣F̂ 0
t

∣∣∣κ1 dt) 2
κ1

 ≤ CEP

(∫ T

0

∣∣∣F̂ 0
t

∣∣∣κ2 dt) 2
κ2

 ,
where C is a constant. Then it is clear that PκH is decreasing in κ.

(ii) The Assumption 5.3.1, together with the fact that F̂ 0
t < +∞, Pα,ν-a.s for every Pα,ν ∈ PκH ,

implies that ât ∈ D1
Ft

and ν̂t ∈ D2
Ft
dt× Pα,ν-a.s., for all Pα,ν ∈ PκH .

5.3.2 The Spaces and Norms

We now define as in [112], the spaces and norms which will be needed for the formulation of the
second order BSDEs.

As in the previous chapter, we will use the following notation:

Notation 5.3.1 We will denote Et(·) the conditional expectation with respect to the filtration F.

For p ≥ 1, Lp,κH denotes the space of all FT -measurable scalar r.v. ξ with

‖ξ‖p
Lp,κH

:= sup
P∈PκH

EP [|ξ|p] < +∞.

Hp,κ
H denotes the space of all F+-predictable Rd-valued predictable processes Z with

‖Z‖pHp,κH := sup
P∈PκH

EP

[(∫ T

0
|â1/2
t Zt|2dt

) p
2

]
< +∞.

Dp,κH denotes the space of all F+-progressively measurable R-valued processes Y with

PκH − q.s. càdlàg paths, and ‖Y ‖pDp,κH := sup
P∈PκH

EP

[
sup

0≤t≤T
|Yt|p

]
< +∞.

Jp,κH denotes the space of all F+-predictable functions U with

‖U‖pJp,κH := sup
P∈PκH

EP

[(∫ T

0

∫
E
|Us(x)|2 ν̂t(dx)ds

) p
2

]
< +∞.

For each ξ ∈ L1,κ
H , P ∈ PκH and t ∈ [0, T ] denote

EH,Pt [ξ] := ess supP

P′∈PκH(t+,P)

EP′
t [ξ] where PκH(t+,P) :=

{
P
′ ∈ PκH : P

′
= P on F+

t

}
.

Then we define for each p ≥ κ,

Lp,κH :=
{
ξ ∈ Lp,κH : ‖ξ‖Lp,κH < +∞

}
where ‖ξ‖pLp,κH := sup

P∈PκH
EP

[
ess sup
0≤t≤T

P
(
EH,Pt [|ξ|κ]

) p
κ

]
.
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Remark 5.3.4 Lp,κH aside, the definitions of the previous spaces are classic, but the second order
framework induces the presence of an essential supremum over our family of probability measures.
As for Lp,κH , it appears naturally in the a priori estimates, we refer to [112] for more details.

Finally, we denote by UCb(Ω) the collection of all bounded and uniformly continuous maps ξ : Ω→
R with respect to the Skorohod distance dS (defining the Skorohod topology), and we let

Lp,κH := the closure of UCb(Ω) under the norm ‖·‖Lp,κH , for every 1 < κ ≤ p.

For a given probability measure P ∈ PκH , the spaces Lp(P), Dp(P), Hp(P) and Jp(P) correspond to
the above spaces when the set of probability measures is only the singleton {P}. Finally, we have
Hp
loc(P) denotes the space of all F+-predictable Rd-valued processes Z with

(∫ T

0

∣∣∣â1/2
t Zt

∣∣∣2 dt) p
2

< +∞, P− a.s.

Jploc(P) denotes the space of all F+-predictable functions U with

(∫ T

0

∫
E
|Us(x)|2 ν̂t(dx)ds

) p
2

< +∞, P− a.s.

5.3.3 Formulation

We shall consider the following second order backward SDE with jumps (2BSDEJ for short), for
0 ≤ t ≤ T and PκH -q.s.

Yt = ξ +

∫ T

t
F̂s(Ys, Zs, Us)ds−

∫ T

t
ZsdB

c
s −

∫ T

t

∫
E
Us(x)µ̃Bd(ds, dx) +KT −Kt. (5.3.3)

Definition 5.3.2 We say (Y, Z, U) ∈ D2,κ
H ×H2,κ

H × J2,κ
H is a solution to 2BSDEJ (5.3.3) if

• YT = ξ, PκH-q.s.

• For all P ∈ P κH and 0 ≤ t ≤ T , the process KP defined below is predictable and has non-
decreasing paths P− a.s.

KP
t := Y0 − Yt −

∫ t

0
F̂s(Ys, Zs, Us)ds+

∫ t

0
ZsdB

c
s +

∫ t

0

∫
E
Us(x)µ̃Bd(ds, dx). (5.3.4)

• The family
{
KP,P ∈ PκH

}
satisfies the minimum condition

KP
t = ess infP

P′∈PH(t+,P)
EP′
t

[
KP′
T

]
, 0 ≤ t ≤ T, P− a.s., ∀P ∈ PκH . (5.3.5)

Moreover if the family
{
KP,P ∈ PκH

}
can be aggregated into a universal processK, we call (Y,Z, U,K)

a solution of the 2BSDEJ (5.3.3).
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Remark 5.3.5 Since with our set PκH we have the aggregation property of Theorem 5.2.1, and since
the minimum condition (5.3.5) implies easily that the family

{
KP,P ∈ PκH

}
satisfies the consistency

condition, we can apply Theorem 5.2.1 and find an aggregator for the family. This is different from
[112], because we are working with a smaller set of probability measures. Therefore, from now on,
we will supress the dependence in P of K, when it will be clear that we are dealing with a solution to
a 2BSDE.

Following [112], in addition to Assumption 5.3.1, we will always assume

Assumption 5.3.2 (i) PκH is not empty.

(ii) The process F̂ 0 satisfy the following integrability condition

φ2,κ
H := sup

P∈PκH
EP

ess sup
0≤t≤T

P
(
EH,Pt

[∫ T

0
|F̂ 0
s |κds

]) 2
κ

 < +∞ (5.3.6)

5.3.4 Connection with standard backward SDEs with jumps

Let us assume that H is linear in γ and ṽ, in the following sense

Ht(y, z, u, γ, ṽ) :=
1

2
Tr [Idγ] + 〈ṽ, ν∗〉 − ft(y, z, u), (5.3.7)

where ν∗ ∈ N . We then have the following result

Lemma 5.3.1 If H is of the form (5.3.7), then D1
Ft

= {Id}, D2
Ft

= {ν∗} and

Ft(ω, y, z, u, a, ν) = Ft(ω, y, z, u, Id, ν
∗) = ft(y, z, u).

Proof. First notice that

Ht(ω, y, z, u, γ, ṽ) = sup
(a,ν)∈S>0

d ×N

{
1

2
Tr(aγ) +

∫ T

0

∫
E
ṽ(e)νs(ω)(ds, de)− δId(a)− δν∗(ν)

}
− ft(y, z, u).

where δA denotes the characteristic function of a subset A in the convex analysis sense.

By definition of F , we get

Ft(ω, y, z, u, a, ν) = ft(y, z, u) +H∗∗(a, ν),

where H∗∗ is the double Fenchel-Legendre transform of the function

(a, ν) 7→ δId(a) + δν∗(ν),

which is convex and lower-semicontinuous.

This then implies that

Ft(ω, y, z, u, a, ν) = ft(y, z, u) + δId(a) + δν∗(ν),
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which is the desired result. �

If we further assume that EPν∗
[∫ T

0 |ft(0, 0, 0)|2 dt
]
< +∞, then PκH = {Pν∗} and the minimality

condition on K = KPν∗ implies that 0 = EPν∗ [KT ], which means that K = 0, Pν∗-a.s. and the
2BSDEJ is reduced to a classical backward SDE with jumps.

5.3.5 Connection with G-expectations and G-Lévy processes

5.3.5.1 Reminder on G-Lévy processes

In a recent paper [62], Hu and Peng introduced a new class of processes with independent and
stationary increments, called G-Lévy processes. This processes are defined intrinsiquely, i.e. without
making reference to any probability measure.

Let Ω̃ be a given set and let H be a linear space of real valued functions defined on Ω̃, containing
the constants and such that |X| ∈ H if X ∈ H. A sublinear expectation is a functional Ê : H → R
which is monotone increasing, constant preserving, sub-additive and positively homogeneous. We
refer to Definition 1.1 of [102] for more details. The triple (Ω̃,H, Ê) is called a sublinear expectation
space.

Definition 5.3.3 A d-dimensional cadlag process {Xt, t ≥ 0} defined on a sublinear expectation
space (Ω̃,H, Ê) is called a G-Lévy process if:

(i) X0 = 0.

(ii) X has independent increments: ∀s, t > 0, the random variable (Xt+s−Xt) is independent from
(Xt1 , . . . , Xtn), for each n ∈ N and 0 ≤ t1 < · · · < tn ≤ t. The notion of independence used
here corresponds to definition 3.10 in [102].

(iii) X has stationary increments: ∀s, t > 0, the distribution of (Xt+s −Xt) does not depend on t.
The notion of distribution used here corresponds to the definition given in §3 of [102].

(iv) For each t ≥ 0, there exists a decomposition Xt = Xc
t +Xd

t , where {Xc
t , t ≥ 0} is a continuous

process and {Xd
t , t ≥ 0} is a pure jump process.

(v) (Xc
t , X

d
t ) is a 2d-dimensional process satisfying conditions (i), (ii) and (iii) of this definition

and

lim
t→0+

1

t
Ê
(
|Xc

t |
3
)

= 0, Ê
(∣∣∣Xd

t

∣∣∣) ≤ Ct, t ≥ 0

for a real constant C.

In [62], Hu and Peng proved the following Lévy-Khintchine representation for G-Lévy processes:

Theorem 5.3.1 (Hu et Peng [62]) Let {Xt, t ≥ 0} be a G-Lévy process. Then for each Lipschitz
and bounded function ϕ, the function u defined by u(t, x) := Ê (ϕ[x+Xt]) is the unique viscosity
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solution of the following partial integro-differential equation:

∂tu(t, x)− sup
(b,α,ν)∈U

{∫
E

[u(t, x+ z)− u(t, x)]ν(dz)+ < Du(t, x), B >

+
1

2
Tr
[
D2u(t, x)ααT

]}
= 0

where U is a subset of Rd × Rd×d ×M+
R satisfying

sup
(b,α,ν)∈U

{∫
Rd
|z| ν(dz) + |b|+ Tr

[
ααT

]}
< +∞

and whereM+
R denotes the set of positive Radon measures on E.

Notice that Hu and Peng study the case of G-Lévy processes with a discontinuous part that is of
finite variation.

5.3.5.2 A connection with a particular 2BSDEJ

In our framework, we know that Bd is a purely discontinuous semimartingale of finite variation under
Pν if

∫ T
0

∫
|x|≤1 |x| νs(dx)ds < +∞, Pν-a.s. We give a function H below, that is the natural candidate

to retrieve the example of G-Lévy processes in our context.

Let Ñ be any subset of N that is convex and closed for the weak topology onM+
R. We define

Ht(ω, γ, ṽ) := sup
(a,ν)∈S>0

d ×N

{
1

2
Tr(aγ) +

∫ T

0

∫
E
ṽ(e)νs(de)ds− δ[a1,a2](a)− δÑ (ν)

}
.

Since [a1, a2] and Ñ are closed convex spaces, Ft(ω, a, ν) is the double Fenchel-Legendre transform
in (a, ν) of the convex and lower semi-continuous function (a, ν) 7→ δ[a1,a2](a) + δÑ (ν) and then

Ft(ω, a, ν) = δ[a1,a2](a) + δÑ (ν).

If the second order BSDEs with jumps are connected to a class of fully non linear partial integro-
differential equations, with this particular function H and its transform F , the PIDE one would
expect to find is the one given in Theorem 5.3.1. If moreover Ht(ω, γ, ṽ) = Ht(ω, ṽ) is independent
of γ, and Ñ = {λδ{1}, λ1 ≤ λ ≤ λ2} (which is convex and closed), then Ft is independent of a and
we would obtain a 2BSDEJ giving a representation of the G-Poisson process.

5.4 Uniqueness result

5.4.1 Representation of the solution

We have similarly as in Theorem 4.4 of [112]

Theorem 5.4.1 Let Assumptions 5.3.1 and 5.3.2 hold. Assume ξ ∈ L2,κ
H and that (Y,Z, U) is a

solution to 2BSDE with jumps (5.3.3). Then, for any P ∈ PκH and 0 ≤ t1 < t2 ≤ T ,
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Yt1 = ess supP

P′∈PκH(t+1 ,P)

yP
′

t1 (t2, Yt2), P− a.s., (5.4.1)

where, for any P ∈ PκH , F+-stopping time τ , and F+
τ -measurable random variable ξ ∈ L2(P),

(yP(τ, ξ), zP(τ, ξ)) denotes the solution to the following standard BSDE on 0 ≤ t ≤ τ

yPt = ξ −
∫ τ

t
F̂s(y

P
s , z

P
s , u

P
s )ds+

∫ τ

t
zPs dB

c
s +

∫ τ

t

∫
E
uPs (x)µ̃Bd(ds, dx), P− a.s. (5.4.2)

Remark 5.4.1 We first emphasize that existence and uniqueness results for the standard BSDEs
(5.4.2) are not given directly by the existing literature, since the compensator of the counting measure
associated to the jumps of B is not deterministic. However, since all the probability measure we
consider satisfy the martingale representation property and the Blumenthal 0 − 1 law, it is clear
that we can straightforwardly generalize the proof of existence and uniqueness of Li and Tang [116]
(see also [9] and [33] for related results). Furthermore, the usual a priori estimates and comparison
Theorems will also hold.

Remark 5.4.2 It is worth noticing that, unlike in the case of 2BSDEs (see [112] for example), this
representation does not imply directly the uniquemess of the solution in D2,κ

H × H2,κ
H × J2,κ

H . Indeed,
by taking t2 = T in this representation formula, we have

Yt = ess supP

P′∈PκH(t+,P)

yP
′

t (T, ξ), t ∈ [0, T ], P− a.s., for all P ∈ PκH ,

and thus Y is unique.

Then, since we have that d 〈Y c, Bc〉t = Ztd 〈Bc〉t , PκH−q.s., Z is unique. However, here we are not
able to obtain that U and KP are uniquely determined. Nonetheless, this representation is necessary
to prove some a priori estimates in Theorem 5.4.4 which, as for the standard BSDEJs, insure the
uniqueness of the solution.

Before giving the proof of the above theorem, we first state the following Lemma which is a
generalization of the usual comparison theorem proved by Royer (see Theorem 2.5 in [106]). Its
proof is a straightforward generalization so we omit it.

Lemma 5.4.1 Let P ∈ PκH . We consider two generators f1 and f2 satisfying Assumption Hcomp

in [106] (which is a consequence of our more restrictive assumptions). Given two non-decreasing
processes k1 and k2, let ξ1 and ξ2 be two terminal conditions for the following BSDEJs for i = 1, 2,

yit =ξi +

∫ T

t
f is(y

i
s, z

i
s, u

i
s)ds−

∫ T

t
zisdWs −

∫ T

t

∫
E
uis(x)µ̃(ds, dx) + kiT − kit, P− a.s.

Denote by (y1, z1, u1) and (y2, z2, u2) the respective solutions. If ξ1 ≤ ξ2, k1− k2 is non-increasing
and f1(t, y1

t , z
1
t , u

1
t ) ≤ f2(t, y1

t , z
1
t , u

1
t ), then ∀t ∈ [0, T ], Y 1

t ≤ Y 2
t .
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Proof of Theorem 5.4.1 The proof follows the lines of the proof of Theorem 4.4 in [112].

(i) Fix 0 ≤ t1 < t2 ≤ T and P ∈ PκH . For any P′ ∈ PκH(t+1 ,P) and t1 ≤ t ≤ t2, we have,

Yt =Yt2 +

∫ t2

t
F̂s(Ys, Zs, Us)ds−

∫ t2

t
ZsdB

c
s −

∫ t2

t

∫
E
Us(x)µ̃Bd(ds, dx)

+Kt2 −Kt, P
′ − a.s.,

where K is the aggregator for the family of non-decreasing processes.

With Assumption 5.3.1, we can apply the above Lemma 5.4.1 under P′ to obtain Yt1 ≥ yP
′

t1 (t2, Yt2), P′−
a.s.. Since P′ = P on F+

t1
, we get Yt1 ≥ yP

′

t1 (t2, Yt2), P− a.s. and thus

Yt1 ≥ ess supP

P′∈PκH(t+1 ,P)

yP
′

t1 (t2, Yt2), P− a.s.

(ii) We now prove the reverse inequality. Fix P ∈ PκH . We will show in (iii) below that

CP
t1 := ess supP

P′∈PκH(t+1 ,P)

EP′
t1

[
(Kt2 −Kt1)2

]
< +∞, P− a.s.

For every P′ ∈ PκH(t+,P), denote

δY := Y − yP
′
(t2, Yt2), δZ := Z − zP

′
(t2, Yt2) and δU := U − uP

′
(t2, Yt2).

By the Lipschitz Assumption 5.3.1(iii), there exist two bounded processes λ and η such that for all
t1 ≤ t ≤ t2,

δYt =

∫ t2

t

(
λsδYs + ηsâ

1/2
s δZs

)
ds+

∫ t2

t

(
F̂s(y

P′
s , z

P′
s , Us)− F̂s(yP

′

s , z
P′
s , u

P′
s )
)
ds

−
∫ t2

t
δZsdB

c
s −

∫ t2

t

∫
E
δUs(x)µ̃Bd(ds, dx) +Kt2 −Kt, P

′ − a.s.

Define for t1 ≤ t ≤ t2 the following processes

Nt :=

∫ t

t1

ηsâ
−1/2
s dBc

s +

∫ t

t1

∫
E
γs(x)µ̃Bd(ds, dx),

and

Mt := exp

(∫ t

t1

λsds

)
E(N)t,

where E(N)t denotes the Doléans-Dade exponential martingale of Nt.

By the boundedness of λ and η and the assumption on γ in Assumption 5.3.1(iv), we know that
M has moments (positive or negative) of any order (see [80] for the positive moments and Lemma
B.2.4 in the Appendix for the negative ones). Thus we have for p ≥ 1

EP′
t1

[
sup

t1≤t≤t2
Mp
t + sup

t1≤t≤t2
M−pt

]
≤ Cp, P

′ − a.s. (5.4.3)
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Then, by Itô’s formula, we obtain

d(MtδYt) =Mt−d(δYt) + δYt−dMt + d [M, δY ]t

=Mt−

[(
−λtδYt − ηtâ1/2

t δZt − F̂t(yP
′

t , z
P′
t , Ut) + F̂t(y

P′
t , z

P′
t , u

P′
t )
)
dt

+δZtdB
c
t +

∫
E

(δUt(x) + γt(x)δUt(x)) µ̃Bd(dt, dx)

]
+ δYt−Mt−

(
λtdt+ ηtâ

−1/2
t dBc

t +

∫
E
γt(x)µ̃Bd(dt, dx)

)
+Mt

(
ηtâ

1/2
t δZtdt+

∫
E
γt(x)δUt(x)ν̂t(dx)dt

)
−Mt−dKt.

Thus, by Assumption 5.3.1(iv), we have

δYt1 ≤−
∫ t2

t1

Ms

(
δZs + δYsηsâ

−1/2
s

)
dBc

s +

∫ t2

t1

Ms−dKs

−
∫ t2

t1

Ms−

∫
E

(δUs(x) + δYsγs(x) + γs(x)δUs(x)) µ̃Bd(ds, dx).

By taking conditional expectation, we obtain

δYt1 ≤ EP′
t1

[∫ t2

t1

Mt−dKt

]
. (5.4.4)

Applying the Hölder inequality, we can now write

δYt1 ≤ EP′
t1

[
sup

t1≤t≤t2
(Mt)

(
KP′
t2 −K

P′
t1

)]
≤
(
EP′
t1

[
sup

t1≤t≤t2
(Mt)

3

])1/3(
EP′
t1

[(
KP′
t2 −K

P′
t1

)3/2
])2/3

≤ C(CP
t1)1/3

(
EP′
t1 [Kt2 −Kt1 ]

)1/3

, P− a.s.

Taking the essential infimum on both sides finishes the proof.

(iii) It remains to show that the estimate for CP
t1 holds. But by definition, and the Lipschitz

Assumption on F we clearly have

sup
P∈PκH

EP
[
(Kt2 −Kt1)2

]
≤ C

(
‖Y ‖2D2,κ

H
+ ‖Z‖2H2,κ

H
+ ‖U‖2J2,κH + φ2,κ

H

)
< +∞, (5.4.5)

since the last term on the right-hand side is finite thanks to the integrability assumed on ξ and
F̂ 0. We then use the definition of the essential supremum (see Neveu [93] for example) to have the
following equality

ess supP

P′∈PκH(t+1 ,P)

EP′
t1

[
(Kt2 −Kt1)2

]
= sup

n≥1
EPn
t1

[
(Kt2 −Kt1)2

]
, P− a.s. (5.4.6)
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for some sequence (Pn)n≥1 ⊂ PκH(t+1 ,P). Morevoer, in Lemma B.2.1 of the Appendix, it is proved
that the set PκH(t+1 ,P) is upward directed which means that for any P′1, P

′
2 ∈ PκH(t+1 ,P), there exists

P′ ∈ PκH(t+1 ,P) such that

EP′
t1

[
(Kt2 −Kt1)2

]
= max

{
EP′1

t1

[
(Kt2 −Kt1)2

]
, EP′2

t1

[
(Kt2 −Kt1)2

]}
.

Hence, by using a subsequence if necessary, we can rewrite (5.4.6) as

ess supP

P′∈PκH(t+1 ,P)

EP′
t1

[
(Kt2 −Kt1)2

]
= lim

n→∞
↑ EPn

t1

[
(Kt2 −Kt1)2

]
, P− a.s.

With (5.4.5), we can then finish the proof exactly as in the proof of Theorem 4.4 in [112]. �
Finally, the comparison Theorem below follows easily from the classical one for BSDEJs (see for

instance Theorem 2.5 in [106]) and the representation (5.4.1).

Theorem 5.4.2 Let (Y,Z, U) and (Y ′, Z ′, U ′) be the solutions of 2BSDEJs with terminal conditions
ξ and ξ

′ , generators F̂ and F̂
′ respectively (with the corresponding function H and H

′), and let
(yP, zP, uP) and (y′P, z′P, u′P) the solutions of the associated BSDEJs. Assume that they both verify
our Assumptions 5.3.1 and 5.3.2 and that we have

• PκH ⊂ PκH′ .

• ξ ≤ ξ′ , PκH − q.s.

• F̂t(y′Pt , z′Pt , u′Pt ) ≤ F̂ ′t (y′Pt , z′Pt , u′Pt ), P− a.s., for all P ∈ PκH .

Then Y ≤ Y ′, PκH − q.s.

5.4.2 A priori estimates and uniqueness of the solution

We conclude this section by showing some a priori estimates which not only will imply uniqueness
of the solution of the 2BSDEJ (5.3.3), but will be useful to obtain the existence of a solution in the
next chapter.

Theorem 5.4.3 Let Assumptions 5.3.1 and 5.3.2 hold. Assume ξ ∈ L2,κ
H and (Y,Z, U) ∈ D2,κ

H ×
H2,κ
H × J2,κ

H is a solution to the 2BSDEJ (5.3.3). Let
{

(yP, zP, uP)
}
P∈PκH

be the solutions of the
corresponding BSDEJs (5.4.2). Then, there exists a constant Cκ such that

‖Y ‖2D2,κ
H

+ ‖Z‖2H2,κ
H

+ ‖U‖2J2,κH + sup
P∈PκH

EP
[
|KT |2

]
≤ Cκ

(
‖ξ‖2L2,κ

H
+ φ2,κ

H

)
sup
P∈PκH

{∥∥∥yP∥∥∥2

D2(P)
+
∥∥∥zP∥∥∥2

H2(P)
+
∥∥∥uP∥∥∥2

J2(P)

}
≤ Cκ

(
‖ξ‖2L2,κ

H
+ φ2,κ

H

)
.

Proof. As in the proof of the representation formula in Theorem 5.4.1, the Lipschitz assumption
5.3.1(iii) of F implies that there exist two bounded processes λ and η such that for all t, and P−a.s.

yPt =ξ +

∫ T

t

(
λsy

P
s + ηsâ

1/2
s zPs + F̂s(0, 0, u

P
s )
)
ds−

∫ T

t
zPs dB

c
s −

∫ T

t

∫
E
uPs (x)µ̃Bd(ds, dx).



140 Chapter 5. Second Order Backward SDEs with Jumps

Define the following processes

Nt :=

∫ T

t
ηsâ
−1/2
s dBc

s +

∫ T

t

∫
E
γs(x)µ̃Bd(ds, dx), and Mt := exp

(∫ T

t
λsds

)
E(N)t,

where E(N)t denotes the Doléans-Dade exponential martingale of Nt. Then by applying Itô’s formula
to Mty

P
t , we obtain

yPt = EP
t

[
MT ξ +

∫ T

t
MsF̂s(0, 0, u

P
s )ds−

∫ T

t

∫
E
Msγs(x)uPs (x)ν̂s(dx)ds

]
.

Finally with Assumption (5.3.1)(iv), the Hölder inequality and the inequality (5.4.3), we conclude
that there exists a constant Cκ depending only on κ, T and the Lipschitz constant of F , such that
for all P ∣∣∣yPt ∣∣∣ ≤ CκEP

t

[
|ξ|κ +

∫ T

t

∣∣∣F̂ 0
s

∣∣∣κ ds]1/κ

. (5.4.7)

This immediately provides the estimate for yP. Now by definition of our norms, we get from (5.4.7)
and the representation formula (5.4.1) that

‖Y ‖2D2,κ
H
≤ Cκ

(
‖ξ‖2L2,κ

H
+ φ2,κ

H

)
. (5.4.8)

Now apply Itô’s formula to |Y |2 under each P ∈ PκH . We get as usual for every ε > 0

|Y0|2 +

∫ T

0

∣∣∣â1/2
t Zt

∣∣∣2 dt+

∫ T

0

∫
E
|Ut(x)|2 ν̂t(dx)dt

= |ξ|2 + 2

∫ T

0
YtF̂t(Yt, Zt, Ut)dt+ 2

∫ T

0
Yt−dKt

− 2

∫ T

0
YtZtdB

c
t −

∫ T

0

∫
E

(
|Ut(x)|2 + 2Yt−Ut(x)

)
µ̃Bd(dt, dx)

≤2

∫ T

0
|Yt| |F̂t(Yt, Zt, Ut)|dt+ 2 sup

0≤t≤T
|Yt|KT

− 2

∫ T

0
YtZtdB

c
t −

∫ T

0

∫
E

(
|Ut(x)|2 + 2Yt−Ut(x)

)
µ̃Bd(dt, dx).

By our assumptions on F , we have

∣∣∣F̂t(Yt, Zt, Ut)∣∣∣ ≤ C (|Yt|+ ∣∣∣â1/2
t Zt

∣∣∣+
∣∣∣F̂ 0
t

∣∣∣+

(∫
E
|Ut(x)|2 ν̂t(dx)

)1/2
)
.
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With the usual inequality 2ab ≤ 1
εa

2 + εb2, ∀ε > 0, we obtain

EP
[∫ T

0

∣∣∣â1/2
t Zt

∣∣∣2 dt+

∫ T

0

∫
E
|Ut(x)|2 ν̂t(dx)dt

]
≤ CEP

[
|ξ|2 +

∫ T

0
|Yt|

(∣∣∣F̂ 0
t

∣∣∣+ |Yt|+
∣∣∣â1/2
t Zt

∣∣∣+

(∫
E
|Ut(x)|2 ν̂t(dx)

)1/2
)
dt

]

+ EP
[∫ T

0
|Yt− | dKt

]
≤ C

(
‖ξ‖L2,κ

H
+ EP

[(
1 +

C

ε

)
sup

0≤t≤T
|Yt|2 +

(∫ T

0

∣∣∣F̂ 0
t

∣∣∣ dt)2
])

+ εEP
[∫ T

0

∣∣∣â1/2
t Zt

∣∣∣2 dt+

∫ T

0

∫
E
|Ut(x)|2 ν̂t(dx)dt+ |KT |2

]
. (5.4.9)

Then by definition of our 2BSDEJ, we easily have

EP
[
|KT |2

]
≤C0EP

[
|ξ|2 + sup

0≤t≤T
|Yt|2 +

∫ T

0

∣∣∣â1/2
t Zt

∣∣∣2 dt
+

∫ T

0

∫
E
|Ut(x)|2 ν̂t(dx)dt+

(∫ T

0

∣∣∣F̂ 0
t

∣∣∣ dt)2
]
, (5.4.10)

for some constant C0, independent of ε. Now set ε := (2(1 + C0))−1 and plug (5.4.10) in (5.4.9).
One then gets

EP
[∫ T

0
|â

1
2
t Zt|2dt+

∫ T

0

∫
E
|Ut(x)|2 ν̂t(dx)dt

]
≤CEP

[
|ξ|2 + sup

0≤t≤T
|Yt|2 +

(∫ T

0

∣∣∣F̂ 0
t

∣∣∣ dt)2
]
.

From this and the estimate for Y , we immediately obtain

‖Z‖H2,κ
H

+ ‖U‖J2,κH ≤ C
(
‖ξ‖2L2,κ

H
+ φ2,κ

H

)
.

Then the estimate for K follows from (5.4.10). The estimates for zP and uP can be proved similarly.
�

Theorem 5.4.4 Let Assumptions 5.3.1 and 5.3.2 hold. For i = 1, 2, let us consider the solutions
(Y i, Zi, U i,Ki) of the 2BSDEJs (5.3.3) with terminal condition ξi. Then, there exists a constant Cκ
depending only on κ, T and the Lipschitz constant of F such that∥∥Y 1 − Y 2

∥∥
D2,κ
H
≤ Cκ

∥∥ξ1 − ξ2
∥∥
L2,κ
H∥∥Z1 − Z2

∥∥2

H2,κ
H

+ sup
P∈PκH

EP

[
sup

0≤t≤T

∣∣K1
t −K2

t

∣∣2]+
∥∥U1 − U2

∥∥2

J2,κH

≤ Cκ
∥∥ξ1 − ξ2

∥∥
L2,κ
H

(∥∥ξ1
∥∥
L2,κ
H

+
∥∥ξ2
∥∥
L2,κ
H

+ (φ2,κ
H )1/2

)
.

Consequently, the 2BSDEJ (5.3.3) has at most one solution in D2,κ
H ×H2,κ

H × J2,κ
H .
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Proof. As in the previous Theorem, we can obtain that there exists a constant Cκ depending only
on κ, T and the Lipschitz constant of F̂ , such that for all P∣∣∣yP,1t − y

P,2
t

∣∣∣ ≤ CκEP
t

[∣∣ξ1 − ξ2
∣∣κ]1/κ . (5.4.11)

Now by definition, we get from (5.4.11) and the representation formula (5.4.1) that∥∥Y 1 − Y 2
∥∥2

D2,κ
H
≤ Cκ

∥∥ξ1 − ξ2
∥∥2

L2,κ
H
. (5.4.12)

Applying Itô’s formula to
∣∣Y 1 − Y 2

∣∣2, under each P ∈ PκH , leads to

EP

[∫ T

0

∣∣∣∣â 1
2
t (Z1

t − Z2
t )

∣∣∣∣2 dt+

∫ T

0

∫
E

∣∣U1
t (x)− U2

t (x)
∣∣2 ν̂t(dx)dt

]

≤ CEP
[∣∣ξ1 − ξ2

∣∣2]+ EP
[∫ T

0

∣∣Y 1
t − Y 2

t

∣∣ d(K1
t −K2

t )

]
+ CEP

[ ∫ T

0

∣∣Y 1
t − Y 2

t

∣∣ (∣∣Y 1
t − Y 2

t

∣∣+ |â
1
2
t (Z1

t − Z2
t )|

+

(∫
E

∣∣U1
t (x)− U2

t (x)
∣∣2 ν̂t(dx)dt

)1/2
)
dt
]

≤ C
(∥∥ξ1 − ξ2

∥∥2

L2,κ
H

+
∥∥Y 1 − Y 2

∥∥2

D2,κ
H

)
+

1

2
EP
[∫ T

0

∣∣∣â1/2
t (Z1

t − Z2
t )
∣∣∣2 dt+

∫ T

0

∫
E

∣∣U1
t (x)− U2

t (x)
∣∣2 ν̂t(dx)dt

]

+ C
∥∥Y 1 − Y 2

∥∥
D2,κ
H

(
EP

[
2∑
i=1

(
Ki
T

)2]) 1
2

.

The estimates for (Z1 − Z2) and (U1 − U2) are now obvious from the above inequality and the
estimates of Theorem 5.4.3. Finally the estimate for the difference of the increasing processes is
obvious by definition. �
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6.1 Introduction

The results of the previous chapter allowed us to find an aggregated version ν̂ of the compensator of
the jump measure of the canonical process. Furthermore, it is always possible to define an aggregated
version â of the density with respect to the Lebesgue measure on R+ of the quadratic variation of
the continuous part of the canonical process. Equipped with the pair (â, ν̂), we were able to define
a generator F̂ depending on both â and ν̂, and to give a good formulation of second order BSDEs
with jumps (see equation (5.3.3)). With this definition, we proved some a priori estimates and a
uniqueness result.

Our aim in this chapter is to pursue the study undertaken in the previous one. More precisely,
we prove existence of a solution to equation (5.3.3) by a direct approach. We construct a solution
inspired by the representation obtained in Theorem 5.4.1, and using the tool of regular conditional
probability distributions. This gives complete wellposedness for second order BSDEs with jumps.
As an application of these results, in the spirit of [59] and [87], we treat a robust exponential utility
maximization problem in a market with jumps, under model uncertainty. The uncertainty affects
both the volatility process and the jump measure compensator. We prove existence of an optimal
strategy, and that the value function of the problem is the unique solution of a particular second
order BSDE with jumps.
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The last part of this study would be to establish a connection with partial integro-differential
equations (PIDEs for short). Indeed, Soner, Touzi and Zhang proved in [112] that Markovian second
order BSDEs, are connected in the continuous case to a class of parabolic fully non-linear PDEs. On
the other hand, we know that solutions to standard Markovian BSDEJs provide viscosity solutions to
some parabolic partial integro-differential equations whose non local operator is given by a quantity
similar to < ṽ, ν > defined in (5.3.1) (see [4] for more details). Then in the Markovian case, second
order BSDEs are the natural candidate for the probabilistic interpretation of fully non-linear PIDEs.

6.2 A direct existence argument

In the article [112], the main tool to prove existence of a solution is the so called regular conditional
probability distributions of Stroock and Varadhan [113]. Indeed, these tools allow to give a pathwise
construction for conditional expectations. Since, at least when the generator is null, the y component
of the solution of a BSDE can be written as a conditional expectation, the r.c.p.d. allows us to
construct solutions of BSDEs pathwise. In the previous chapter, we have identified a candidate
solution to the 2BSDEJ as an essential supremum of solutions of classical BSDEs with jumps (see
(5.4.1)). However those BSDEs with jumps are written under mutually singular probability measures.
Hence, being able to construct them pathwise allows us to avoid the problems related to negligible-
sets. In this section we will generalize the approach of [112] to the jump case.

6.2.1 Notations

For the convenience of the reader, we recall below some of the notations introduced in [112]. Re-
member that we are working in the Skorohod space Ω = D

(
[0, T ],Rd

)
endowed with the Skorohod

metric which makes it a separable space.

• For 0 ≤ t ≤ T , we denote by Ωt :=
{
ω ∈ D

(
[t, T ],Rd

)}
the shifted canonical space of càdlàg

paths on [t, T ] which are null at t, Bt the shifted canonical process. Let N t be the set of measures
ν on B(E) satisfying∫ T

t

∫
E

(1 ∧ |x|2)νs(dx)ds < +∞ and
∫ T

t

∫
|x|>1

xνs(dx)ds < +∞, ∀ω̃ ∈ Ωt, (6.2.1)

and letDt be the set of Ft-progressively measurable processes α taking values in S>0
d with

∫ T
t |αs|ds <

+∞, for every ω̃ ∈ Ωt.

Ft is the filtration generated by Bt. We define similarly the continuous part of Bt, denoted Bt,c,
its discontinuous part denoted Bt,d, the density of the quadratic variation of Bt,c, denoted ât, and
µBt,d the counting measure associated to the jumps of Bt.

Exactly as in Section 5.2, we can define semimartingale problems and the corresponding probability
measures. We then restrict ourselves to deterministic (α, ν) and we let Ãt be the corresponding
separable class of coefficients and PÃt the corresponding family of probability measures, which will
be noted Pt,α,ν . Then, this family also satisfies the aggregation property of Theorem 5.2.1 in Chapter
5, and we can define v̂t, the aggregator of the predictable compensators of Bt.
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• For 0 ≤ s ≤ t ≤ T and ω ∈ Ωs, we define the shifted path ωt ∈ Ωt by

ωtr := ωr − ωt, ∀r ∈ [t, T ].

• For 0 ≤ s ≤ t ≤ T and ω ∈ Ωs, ω̃ ∈ Ωt we define the concatenation path ω ⊗t ω̃ ∈ Ωs by

(ω ⊗t ω̃)(r) := ωr1[s,t)(r) + (ωt + ω̃r)1[t,T ](r), ∀r ∈ [s, T ].

• For 0 ≤ s ≤ t ≤ T and a FsT -measurable random variable ξ on Ωs, for each ω ∈ Ωs, we define the
shifted F tT -measurable random variable ξt,ω on Ωt by

ξt,ω(ω̃) := ξ(ω ⊗t ω̃), ∀ ω̃ ∈ Ωt.

Similarly, for an Fs-progressively measurable process X on [s, T ] and (t, ω) ∈ [s, T ] × Ωs, we can
define the shifted process

{
Xt,ω
r , r ∈ [t, T ]

}
, which is Ft-progressively measurable.

• For a F-stopping time τ , we use the same simplification as [112]

ω ⊗τ ω̃ := ω ⊗τ(ω) ω̃, ξ
τ,ω := ξτ(ω),ω, Xτ,ω := Xτ(ω),ω.

• We define our "shifted" generator

F̂ t,ωs (ω̃, y, z, u) := Fs(ω ⊗t ω̃, y, z, u, âts(ω̃), ν̂ts(ω̃)), ∀(s, ω̃) ∈ [t, T ]× Ωt.

Then note that since F is assumed to be uniformly continuous in ω for the Skorohod topology, then
so is F̂ t,ω. Notice that this implies that for any P ∈ PÃt

EP

(∫ T

t

∣∣∣F̂ t,ωs (0, 0, 0)
∣∣∣κ ds) 2

κ

 < +∞,

for some ω if and only if it holds for all ω ∈ Ω.

• Finally, we extend Definition 5.3.1 in the shifted spaces

Definition 6.2.1 Pt,κH consists of all P := Pt,α,ν ∈ PÃt such that

aP ≤ ât ≤ aP, dt× dP− a.s. for some aP, aP ∈ S>0
d

EP

(∫ T

t

∣∣∣F̂ t,ωs (0, 0, 0)
∣∣∣κ ds) 2

κ

 < +∞, for all ω ∈ Ω.

For given ω ∈ Ω, F-stopping time τ and P ∈ PκH , the r.c.p.d. of P is a probability measure Pωτ on
FT such that for every bounded FT -measurable random variable ξ

EP
τ [ξ] (ω) = EPωτ [ξ], for P-a.e. ω.

Furthermore, Pωτ naturally induces a probability measure Pτ,ω on Fτ(ω)
T such that the Pτ,ω-distributi-

on of Bτ(ω) is equal to the Pωτ -distribution of
{
Bt −Bτ(ω), t ∈ [τ(ω), t]

}
. Besides, we have

EPωτ [ξ] = EPτ,ω [ξτ,ω].
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Remark 6.2.1 We emphasize that the above notations correspond to the ones used in [112] when
we consider the subset of Ω consisting of all continuous paths from [0, T ] to Rd whose value at time
0 is 0.

We now prove the following Proposition which gives a relation between (ât,ω, ν̂t,ω) and (ât, ν̂t).

Proposition 6.2.1 Let P ∈ PκH and τ be an F-stopping time. Then, for P-a.e. ω ∈ Ω, we have for
ds× dPτ,ω-a.e. (s, ω̃) ∈ [τ(ω), T ]× Ωτ(ω)

âτ,ωs (ω̃) = âτ(ω)
s (ω̃), and ν̂τ,ωs (ω̃, A) = ν̂τ(ω)

s (ω̃, A) for every A ∈ B(E).

This result is important for us, because it implies that for P-a.e. ω ∈ Ω and for ds × dPt,ω −
a.e. (s, ω̃) ∈ [t, T ]× Ωt

Fs (ω ⊗t ω̃, y, z, u, âs(ω ⊗t ω̃), ν̂s(ω ⊗t ω̃)) = Fs
(
ω ⊗t ω̃, y, z, u, âts(ω̃), ν̂ts(ω̃)

)
.

Whereas the left-hand side has in general no regularity in ω, the right-hand side, that we choose
as our shifted generator, is uniformly continuous in ω.

Proof. The proof of the equality for â is the same as in Lemma 4.1 of [110], so we omit it.

Now, for s ≥ τ and for any A ∈ B(E), we know by the Doob-Meyer decomposition that there exist
a P-local martingale M and a Pτ,ω-martingale N such that

µBd([0, s], A) = Ms +

∫ s

0
ν̂r(A)dr, P− a.s.

µBτ(ω),d([τ(ω), s], A) = Ns +

∫ s

τ
ν̂τ(ω)
r (A)dr, Pτ,ω − a.s.

Then, we can rewrite the first equation above for P-a.e. ω ∈ Ω and for Pτ,ω-a.e. ω̃ ∈ Ωτ(ω)

µBd(ω ⊗τ ω̃, [0, s], A) = M τ,ω
s (ω̃) +

∫ s

0
ν̂τ,ωr (ω̃, A)dr. (6.2.2)

Now, by definition of the measures µBd and µBτ(ω),d , we have

µBd(ω ⊗τ ω̃, [0, s], A) = µBd(ω, [0, τ ], A) + µBτ(ω),d(ω̃, [τ, s], A).

Hence, we obtain from (6.2.2) that for P-a.e. ω ∈ Ω and for Pτ,ω-a.e. ω̃ ∈ Ωτ(ω)

µBd(ω, [0, τ ], A)−
∫ τ

0
ν̂r(ω,A)dr +Ns(ω̃)−M τ,ω

s (ω̃) =

∫ s

τ

(
ν̂τ,ωr (ω̃, A)− ν̂τ(ω)

r (ω̃, A)
)
dr

In the left-hand side above, the terms which are Fτ -measurable are constants in Ωτ(ω) and using
the same arguments as in Step 1 of the proof of Lemma B.1.2, we can show that M τ,ω is a Pτ,ω-
local martingale for P-a.e. ω ∈ Ω. This means that the left-hand side is a Pτ,ω-local martingale
while the right-hand side is a predictable finite variation process. By the martingale representation
property which still holds in the shifted canonical spaces, we deduce that for P-a.e. ω ∈ Ω and for
ds× dPτ,ω-a.e. (s, ω̃) ∈ [τ(ω), T ]× Ωτ(ω)∫ s

τ

(
ν̂τ,ωr (ω̃, A)− ν̂τ(ω)

r (ω̃, A)
)
dr = 0,

which is the desired result. �
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6.2.2 Existence when ξ is in UCb(Ω)

When ξ is in UCb(Ω), we know that there exists a modulus of continuity function ρ for ξ and F in
ω. Then, for any 0 ≤ t ≤ s ≤ T, (y, z, ν) ∈ [0, T ]× R× Rd × V and ω, ω′ ∈ Ω, ω̃ ∈ Ωt,∣∣∣ξt,ω (ω̃)− ξt,ω′ (ω̃)

∣∣∣ ≤ ρ (dS,t(ω, ω′)) , ∣∣∣F̂ t,ωs (ω̃, y, z, u)− F̂ t,ω′s (ω̃, y, z, u)
∣∣∣ ≤ ρ (dS,t(ω, ω′)) ,

where dS,t(ω, ω′) := dS(ω.∧t, ω
′
.∧t), dS being the Skorohod distance.

We then define for all ω ∈ Ω

Λ (ω) := sup
0≤t≤T

Λt (ω) := sup
0≤t≤T

sup
P∈PtH

(
EP
[∣∣ξt,ω∣∣2 +

∫ T

t
|F̂ t,ωs (0, 0, 0)|2ds

])1/2

. (6.2.3)

Now since F̂ t,ω is also uniformly continuous in ω, it is easily verified that

Λ (ω) <∞ for some ω ∈ Ω iff it holds for all ω ∈ Ω. (6.2.4)

Moreover, when Λ is finite, it is uniformly continuous in ω for the Skorohod topology and is therefore
FT -measurable. Now, by Assumption 5.3.2, we have

Λt (ω) <∞ for all (t, ω) ∈ [0, T ]× Ω. (6.2.5)

To prove existence, we define the following value process Vt pathwise

Vt(ω) := sup
P∈Pt,κH

YP,t,ω
t (T, ξ) , for all (t, ω) ∈ [0, T ]× Ω, (6.2.6)

where, for any (t1, ω) ∈ [0, T ] × Ω, P ∈ Pt1,κH , t2 ∈ [t1, T ], and any Ft2-measurable η ∈ L2 (P), we
denote YP,t1,ω

t1
(t2, η) := yP,t1,ωt1

, where
(
yP,t1,ω, zP,t1,ω, uP,t1,ω

)
is the solution of the following BSDE

with jumps on the shifted space Ωt1 under P

yP,t1,ωs = ηt1,ω +

∫ t2

s
F̂ t1,ωr

(
yP,t1,ωr , zP,t1,ωr , ν

)
dr −

∫ t2

s
zP,t1,ωr dBt1,c

r

−
∫ t2

s

∫
Rd
uP,t1,ωs (x)µ̃Bt1,d(ds, dx), P− a.s., s ∈ [t, T ], (6.2.7)

where as usual µ̃Bt1,d(ds, dx) := µBt1,d(ds, dx)− ν̂ts(dx)ds. In view of the Blumenthal zero-one law,
yP,t,ωt is constant for any given (t, ω) and P ∈ Pt,κH , and therefore the value process V is well defined.
Let us now show that V inherits some properties from ξ and F .

Lemma 6.2.1 Let Assumptions 5.3.1 and 5.3.2 hold and consider some ξ in UCb(Ω). Then for
all (t, ω) ∈ [0, T ] × Ω we have |Vt (ω)| ≤ CΛt (ω). Moreover, for all (t, ω, ω′) ∈ [0, T ] × Ω2,
|Vt (ω)− Vt (ω′)| ≤ Cρ (dS,t(ω, ω

′)). Consequently, Vt is Ft-measurable for every t ∈ [0, T ].

Proof. (i) For each (t, ω) ∈ [0, T ] × Ω and P ∈ Pt,κH , let α be some positive constant which will
be fixed later and let η ∈ (0, 1). Since F is uniformly Lipschitz in (y, z) and satisfies Assumption
5.3.1(iv), we have∣∣∣F̂ t,ωs (y, z, u)

∣∣∣ ≤ ∣∣∣F̂ t,ωs (0, 0, 0)
∣∣∣+ C

(
|y|+ |

(
âts
)1/2

z|+
(∫

E
|u(x)|2 ν̂ts(dx)

)1/2
)
.
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Now apply Itô’s formula. We obtain

eαt
∣∣∣yP,t,ωt

∣∣∣2 +

∫ T

t
eαs
∣∣∣(âts)1/2zP,t,ωs

∣∣∣2 ds+

∫ T

t

∫
E
eαs
∣∣∣uP,t,ωs (x)

∣∣∣2 ν̂ts(dx)ds

= eαT
∣∣ξt,ω∣∣2 + 2

∫ T

t
eαsyP,t,ωs F̂ t,ωs (yP,t,ωs , zP,t,ωs , uP,t,ωs )ds

− α
∫ T

t
eαs
∣∣∣yP,t,ωs

∣∣∣2 ds− 2

∫ T

t
eαsyP,t,ω

s− zP,t,ωs dBt,c
s

−
∫ T

t

∫
E
eαs
(

2yP,t,ω
s− uP,t,ωs (x) +

∣∣∣uP,t,ωs (x)
∣∣∣2) µ̃Bt,d(ds, dx)

≤ eαT
∣∣ξt,ω∣∣2 +

∫ T

t
eαs
∣∣∣F̂ t,ωs (0, 0, 0)

∣∣∣2 ds+

(
1 + 2C +

2C2

η
− α

)∫ T

t
eαs
∣∣∣yP,t,ωs

∣∣∣2 ds
+ η

∫ T

t
eαs
∣∣∣(âts)1/2zP,t,ωs

∣∣∣2 ds+ η

∫ T

t

∫
E
eαs
∣∣∣uP,t,ωs (x)

∣∣∣2 ν̂ts(dx)ds

− 2

∫ T

t
eαsyP,t,ω

s− zP,t,ωs dBt,c
s −

∫ T

t

∫
E
eαs
(

2yP,t,ω
s− uP,t,ωs (x) +

∣∣∣uP,t,ωs (x)
∣∣∣2) µ̃Bt,d(ds, dx).

Now choose η = 1/2 for instance and α large enough. By taking expectation we obtain easily

∣∣∣yP,t,ωt

∣∣∣2 ≤ C |Λt(ω)|2 .

The result then follows from the arbitrariness of P.

(ii) The proof is exactly the same as above, except that one has to use uniform continuity in ω of
ξt,ω and F̂ t,ω. Indeed, for each (t, ω) ∈ [0, T ]×Ω and P ∈ PtH , let α be some positive constant which
will be fixed later and let η ∈ (0, 1). By Itô’s formula we have, since F̂ is uniformly Lipschitz

eαt
∣∣∣yP,t,ωt − yP,t,ω

′

t

∣∣∣2 +

∫ T

t
eαs
(∣∣∣(âts) 1

2 (zP,t,ωs −zP,t,ω
′

s )
∣∣∣2+

∫
E e

αs(uP,t,ωs −uP,t,ω
′

s )2(x)ν̂ts(dx)

)
ds

≤ eαT
∣∣∣ξt,ω − ξt,ω′∣∣∣2 + 2C

∫ T

t
eαs
∣∣∣yP,t,ωs − yP,t,ω′s

∣∣∣2 ds
+ 2C

∫ T

t

∣∣∣yP,t,ωs − yP,t,ω′s

∣∣∣ ∣∣∣(âts) 1
2 (zP,t,ωs − zP,t,ω′s )

∣∣∣ ds
+ 2C

∫ T

t
eαs
∣∣∣yP,t,ωs − yP,t,ω′s

∣∣∣ (∫
Rd

∣∣∣uP,t,ωs (x)− uP,t,ω′s (x)
∣∣∣2 ν̂ts(dx)

)1/2

ds

+ 2C

∫ T

t
eαs
∣∣∣yP,t,ωs − yP,t,ω′s

∣∣∣ ∣∣∣F̂ t,ωs (yP,t,ωs , zP,t,ωs , uP,t,ωs )− F̂ t,ω′s (yP,t,ωs , zP,t,ωs , uP,t,ωs )
∣∣∣ ds

− α
∫ T

t
eαs
∣∣∣yP,t,ωs − yP,t,ω′s

∣∣∣2 ds− 2

∫ T

t
eαs(yP,t,ω

s− − yP,t,ω
′

s− )(zP,t,ωs − zP,t,ω′s )dBt,c
s

−
∫ T

t

∫
E
eαs
(

2(yP,t,ω
s− − yP,t,ω

′

s− )(uP,t,ωs − uP,t,ω′s ) + (uP,t,ωs − uP,t,ω′s )2
)

(x)µ̃Bt,d(ds, dx).
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We then deduce

eαt
∣∣∣yP,t,ωt − yP,t,ω

′

t

∣∣∣2 +

∫ T

t
eαs
(∣∣∣(âts) 1

2 (zP,t,ωs −zP,t,ω
′

s )
∣∣∣2+

∫
E e

αs(uP,t,ωs −uP,t,ω
′

s )2(x)ν̂ts(dx)

)
ds

≤ eαT
∣∣∣ξt,ω − ξt,ω′∣∣∣2 +

∫ T

t
eαs
∣∣∣F̂ t,ωs (yP,t,ωs , zP,t,ωs , uP,t,ωs )− F̂ t,ω′s (yP,t,ωs , zP,t,ωs , uP,t,ωs )

∣∣∣2 ds
+ η

∫ T

t
eαs
∣∣∣(âts)1/2(zP,t,ωs − zP,t,ω′s )

∣∣∣2 ds+ η

∫ T

t

∫
E
eαs
∣∣∣uP,t,ωs (x)− uP,t,ω′s (x)

∣∣∣2 ν̂ts(dx)ds

+

(
2C + C2 +

2C2

η
− α

)∫ T

t
eαs
∣∣∣yP,t,ωs − yP,t,ω′s

∣∣∣2 ds
− 2

∫ T

t
eαs(yP,t,ω

s− − yP,t,ω
′

s− )(zP,t,ωs − zP,t,ω′s )dBt,c
s

−
∫ T

t

∫
E
eαs
(

2(yP,t,ω
s− − yP,t,ω

′

s− )(uP,t,ωs − uP,t,ω′s ) + (uP,t,ωs − uP,t,ω′s )2
)

(x)µ̃Bt,d(ds, dx).

Now choose η = 1/2 and α such that ν := α − 2C − C2 − 2C2

η ≥ 0. We obtain the desired result
by taking expectation and using the uniform continuity in ω of ξ and F . �

The next proposition is a dynamic programming property verified by the value process, which will
prove useful when proving that V provides a solution to the 2BSDEJ with generator F and terminal
condition ξ. The result and its proof are intimately connected and use the same arguments as the
proof of Proposition 4.7 in [110].

Proposition 6.2.2 Under Assumptions 5.3.1, 5.3.2 and for ξ ∈ UCb(Ω), we have for all 0 ≤ t1 <

t2 ≤ T and for all ω ∈ Ω

Vt1(ω) = sup
P∈Pt1,κH

YP,t1,ω
t1

(t2, V
t1,ω
t2

).

The proof is almost the same as the proof in [110], with minor modifications due to the introduction
of jumps.

Proof. Without loss of generality, we assume that t1 = 0 and t2 = t. Thus, we have to prove

V0(ω) = sup
P∈PκH

YP
0 (t, Vt).

Denote (yP, zP, uP) := (YP(T, ξ),ZP(T, ξ),UP(T, ξ))

(i) For any P ∈ PκH , we know by Lemma B.1.2 in the Appendix, that for P−a.e. ω ∈ Ω, the r.c.p.d.
Pt,ω ∈ Pt,κH . Now thanks to the paper of Li and Tang [116], we know that the solution of BSDEs on
the Wiener-Poisson space with Lipschitz generator can be constructed via Picard iteration. Thus, it
means that at each step of the iteration, the solution can be formulated as a conditional expectation
under P. By the properties of the r.p.c.d., this entails that

yPt (ω) = YPt,ω ,t,ω
t (T, ξ), for P− a.e. ω ∈ Ω. (6.2.8)
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Hence, by definition of Vt and the comparison principle for BSDEs with jumps, we get that yP0 ≤
YP

0 (t, Vt). By arbitrariness of P, this leads to

V0(ω) ≤ sup
P∈PκH

YP
0 (t, Vt).

(ii) For the other inequality, we proceed as in [110]. Let P ∈ PκH and ε > 0. By separability of Ω,
there exists a partition (Eit)i≥1 ⊂ Ft such that dS(ω, ω′)t ≤ ε/2 for any i and any ω, ω′ ∈ Eit .

Now for each i, fix a ω̂i ∈ Eit and let Pit be an ε−optimizer of Vt(ω̂i). If we define for each n ≥ 1,
Pn := Pn,ε by

Pn(E) := EP

[
n∑
i=1

EPit
[
1t,ωE

]
1Eit

]
+ P(E ∩ Ênt ), where Ênt := ∪i>nEit , (6.2.9)

then, by Lemma B.1.3, we know that Pn ∈ PκH . Besides, by Lemma 6.2.1 and its proof, we have
for any i and any ω ∈ Eit

Vt(ω) ≤ Vt(ω̂i) + Cρ(ε) ≤ YPit,t,ω̂i
t (T, ξ) + ε+ Cρ(ε)

≤ YPit,t,ω
t (T, ξ) + ε+ Cρ(ε) = Y(Pn)t,ω ,t,ω

t (T, ξ) + ε+ Cρ(ε),

where we used successively the uniform continuity of V in ω, the definition of Pit, the uniform
continuity of YP,t,ω

t in ω and finally the definition of Pn.

Then, it follows from (6.2.8) that

Vt ≤ yP
n

t + ε+ Cρ(ε), Pn − a.s. on ∪ni=1 E
i
t . (6.2.10)

Let now (yn, zn, un) := (yn,ε, zn,ε, un,ε) be the solution of the following BSDE on [0, t]

yns =
[
yP

n

t + ε+ Cρ(ε)
]

1∪ni=1E
i
t

+ Vt1Ênt
+

∫ t

s
F̂r(y

n
r , z

n
r , u

n
r )dr −

∫ t

s
znr dB

c
r

−
∫ t

s

∫
E
unr (x)µ̃Bd(dr, dx), Pn − a.s. (6.2.11)

By the comparison principle for BSDEs with jumps, we know that YP
0 (t, Vt) ≤ yn0 . Then since

Pn = P on Ft, the equality (6.2.11) also holds P − a.s. Using the same arguments and notations as
in the proof of Lemma 6.2.1, we obtain∣∣∣yn0 − yPn0

∣∣∣2 ≤ CEP
[
ε2 + ρ(ε)2 +

∣∣∣Vt − yPnt ∣∣∣2 1
Ênt

]
.

Then, by Lemma 6.2.1, we have

YP
0 (t, Vt) ≤ yn0 ≤ yP

n

0 + C
(
ε+ ρ(ε) +

(
EP
[
Λ2
t 1Ênt

]) 1
2

)
≤ V0 + C

(
ε+ ρ(ε) +

(
EP
[
Λ2
t 1Ênt

]) 1
2

)
.

Then it suffices to let n go to +∞, use the dominated convergence theorem, and let ε go to 0. �



6.2. A direct existence argument 151

Now we are facing the problem of the regularity in t of V . Indeed, if we want to obtain a solution
of the 2BSDE, then it has to be at least càdlàg, PκH − q.s. To this end, we define now for all (t, ω),
the F+-progressively measurable process

V +
t := lim

r∈Q∩(t,T ],r↓t
Vr.

Lemma 6.2.2 Under the conditions of the previous Proposition, we have

V +
t = lim

r∈Q∩(t,T ],r↓t
Vr, PκH − q.s.

and thus V + is càdlàg PκH − q.s.

Proof. For each P, we define Ṽ P := V − YP(T, ξ). Then, we recall that we have

Ṽ P ≥ 0, P− a.s.

Now for any 0 ≤ t1 < t2 ≤ T , let (yP,t2 , zP,t2 , uP,t2) := (YP(t2, Vt2),ZP(t2, Vt2),UP(t2, Vt2)). Once
more, we remind that since solutions of BSDEs can be defined by Picard iterations, we have by the
properties of the r.p.c.d. that

YP
t1(t2, Vt2)(ω) = YPt1,ω ,t1,ω

t1
(t2, V

t1,ω
t2

), for P− a.e. ω.

Hence, we conclude from Proposition 6.2.2 Vt1 ≥ y
P,t2
t1

, P− a.s. Denote

ỹP,t2t := yP,t2t − YP
t (T, ξ), z̃P,t2t := â

−1/2
t (zP,t2t −ZP

t (T, ξ)), ũP,t2t := uP,t2t − UP
t (T, ξ).

Then Ṽ P
t1 ≥ ỹ

P,t2
t1

and (ỹP,t2 , z̃P,t2 , ũP,t2) satisfies the following BSDE on [0, t2]

ỹP,t2t = Ṽ P
t2 +

∫ t2

t
fPs (ỹP,t2s , z̃P,t2s , ũP,t2s )ds−

∫ t2

t
z̃P,t2s dW P

s −
∫ t2

t

∫
Rd
ũP,t2s (x)µ̃Bd(ds, dx),

where

fPt (ω, y, z, u) : = F̂t(ω, y + YP
t (ω), â

− 1
2

t (ω)(z + ZP
t (ω)), u+ ŪP

t (ω))

− F̂t(ω,YP
t (ω),ZP

t (ω),UP
t (ω)).

By the definition given in Royer [106], we conclude from the above that Ṽ P is a positive fP-
supermartingale under P. Since fP(0, 0, 0) = 0, we can apply the downcrossing inequality proved in
[106] to obtain classically that for P− a.e. ω, the limit

lim
r∈Q∪(t,T ],r↓t

Ṽ P
r (ω)

exists for all t. Finally, since ȲP is càdlàg, we obtain the desired result. �

We follow now Remark 4.9 in [110], and for a fixed P ∈ PκH , we introduce the following RBSDE
with jumps and with lower obstacle V + under P

Ỹ P
t = ξ +

∫ T

t
F̂s(Ỹ

P
s , Z̃

P
s , Ũ

P
s , ν)ds−

∫ T

t
Z̃P
s dB

c
s −

∫ T

t

∫
E
ŨP
s (x)µ̃Bd(ds, dx) + K̃P

T − K̃P
t

Ỹ P
t ≥ V +

t , 0 ≤ t ≤ T, P− a.s.∫ T

0

(
Ỹ P
s− − V

+
s−

)
dK̃P

s = 0, P− a.s.,

where we emphasize that the process K̃P is predictable.
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Remark 6.2.2 Existence and uniqueness of the above RBSDE under our Assumptions, with the
restrictions that the compensator is not random, have been proved by Hamadène and Ouknine [58]
or Essaky [52]. However, their proofs can be easily generalized to our context.

Let us now argue by contradiction and suppose that Ỹ P is not equal P− a.s. to V +. Then we can
assume without loss of generality that Ỹ P

0 > V +
0 , P−a.s. fix now some ε > 0 and define the following

stopping-time
τ ε := inf

{
t ≥ 0, Ỹ P

t ≤ V +
t + ε

}
.

Then Ỹ P is strictly above the obstacle before τ ε, and therefore K̃P is identically equal to 0 in [0, τ ε].
Hence, we have

Ỹ P
t = Ỹ P

τε +

∫ τε

t
F̂s(Ỹ

P
s , Z̃

P
s , Ũ

P
s )ds−

∫ τε

t
Z̃P
s dB

c
s −

∫ τε

t

∫
E
ŨP
s (x)µ̃Bd(ds, dx), P− a.s.

Let us now define the following BSDE on [0, τ ε]

y+,P
t = V +

τε +

∫ τε

t
F̂s(y

+,P
s , z+,P

s , u+,P
s )ds−

∫ τε

t
z+,P
s dBc

s −
∫ τε

t

∫
E
u+,P
s (x)µ̃Bd(ds, dx), P− a.s.

By the standard a priori estimates already used in this chapter, we obtain that

Ỹ P
0 ≤ y

+,P
0 + C

∣∣∣V +
τε − Ỹ P

τε

∣∣∣ ≤ y+,P
0 + Cε,

by definition of τ ε. Following the arguments in Step 1 of the proof of Theorem 4.5 in [110], we can
show that y+,P

0 ≤ V +
0 which in turn implies

Ỹ P
0 ≤ V +

0 + Cε,

hence a contradiction by arbitrariness of ε. Therefore, we have obtained the following decomposition

V +
t = ξ +

∫ T

t
F̂s(V

+
s , Z̃

P
s , Ũ

P
s )ds−

∫ T

t
Z̃P
s dB

c
s −

∫ T

t

∫
E
ŨP
s (x)µ̃Bd(ds, dx) + K̃P

T − K̃P
t , P− a.s.

Finally, we can use the result of Nutz [95] to aggregate the families{
Z̃P, P ∈ PκH

}
and

{
ŨP, P ∈ PκH

}
,

into universal processes Z̃ and Ũ .

We next prove the representation (5.4.1) for V and V +, and that, as shown in Proposition 4.11 of
[110], we actually have V = V +, PH − q.s., which shows that in the case of a terminal condition in
UCb(Ω), the solution of the 2RBSDE is actually F-progressively measurable.

Proposition 6.2.3 Assume that ξ ∈ UCb(Ω) and that Assumptions 5.3.1 and 5.3.2 hold. Then we
have

Vt = ess supP

P′∈PH(t,P)

YP′
t (T, ξ) and V +

t = ess supP

P′∈PκH(t+,P)

YP′
t (T, ξ), P− a.s., ∀P ∈ PκH .

Besides, we also have for all t, Vt = V +
t , PκH − q.s.
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Proof. The proof for the representations is the same as the proof of proposition 4.10 in [110], since
we also have a stability result for BSDEs under our assumptions. For the equality between V and
V +, we also refer to the proof of Proposition 4.11 in [110]. �

Therefore, in the sequel we will use V instead of V +. Finally, we have to check that the minimum
condition (5.3.5) holds. Fix P in PκH and P′ ∈ PκH(t+,P). Then, proceeding exactly as in Step 2

of the proof of Theorem 5.4.1 in Chapter 5, but introducing the process γ′ of Assumption 5.3.1(iv)

instead of γ, we can similarly obtain

Vt − yP
′

t ≥ EP′
t

[∫ T

t
M ′sdK̃

P′
s

]
≥ EP′

t

[
inf

t≤s≤T
M ′s

(
K̃P′
T − K̃P′

t

)]
,

where M ′ is defined as M but with γ′ instead of γ. Now let us prove that for any n > 1

EP′
t

[(
inf

t≤s≤T
M ′s

)−n]
< +∞, P′ − a.s. (6.2.12)

First we have

M ′s = exp

(∫ s

t
λrdr +

∫ s

t
ηrâ
−1/2
r dBc

s −
1

2

∫ s

t
|ηr|2 dr +

∫ s

t

∫
E
γ′r(x)µ̃Bd(dr, dx)

)
×
∏
t≤r≤s

(1 + γ′r(∆Br))e
−γ′r(∆Br).

Define, then As = E
(∫ s

t ηrâ
−1/2
r dBc

s

)
and Cs = E

(∫ s
t

∫
E γ
′
r(x)µ̃Bd(dr, dx)

)
. Notice that both this

processes are strictly positive martingales, since η and γ′ are bounded and we have assumed that γ′

is strictly greater than −1. We have

M ′s = exp

(∫ s

t
λrdr

)
AsCs.

Since the process λ is bounded, we have

(
inf

t≤s≤T
M ′s

)−n
≤ C

(
inf

t≤s≤T
AsCs

)−n
= C

(
sup
t≤s≤T

(AsCs)
−1

)n
.

Using the Doob inequality for the submartingale (AsCs)
−1, we obtain

EP′
t

[(
inf

t≤s≤T
M ′s

)−n]
≤ CEP′

t

[
(CTAT )−n

]
≤ C

(
EP′
t

[
(CT )−2n

]
EP′
t

[
(AT )−2n

])1/2

< +∞,

where we used the fact that since η is bounded, the continuous stochastic exponential A has negative
moments of any order, and where the same result holds for the purely discontinuous stochastic
exponential C by Lemma B.2.4 in the Appendix B.
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Then, we have for any p > 1

EP′
t

[
K̃P′
T − K̃P′

t

]
= EP′

t

[(
inf

t≤s≤T
M ′s

)1/p (
K̃P′
T − K̃P′

t

)(
inf

t≤s≤T
M ′s

)−1/p
]

≤
(
EP′
t

[
inf

t≤s≤T
M ′s

(
K̃P′
T − K̃P′

t

)])1/p(
EP′
t

[
inf

t≤s≤T
M
′− 2

p−1
s

]
EP′
t

[(
K̃P′
T − K̃P′

t

)2
]) p−1

2p

≤ C

(
ess supP

P′∈PκH(t+,P)

EP′
[(
K̃P′
T − K̃P′

t

)2
]) p−1

2p (
Vt − yP

′

t

)1/p

,

where we used (6.2.12). Arguing as in Step (iii) of the proof of Theorem 5.4.1, the above inequality
along with Proposition 6.2.3 shows that we have

ess infP
P′∈PκH(t+,P)

EP′
[
K̃P′
T − K̃P′

t

]
= 0,

that is to say that the minimum condition 5.3.5 is satisfied. This implies that the family
{
K̃P
}
P∈PκH

satisfies the consistency condition (i) of Theorem 5.2.1 in Chapter 5 and therefore can be aggregated
by this Theorem.

6.2.3 Main result

We are now in position to state the main result of this section

Theorem 6.2.1 Let ξ ∈ L2,κ
H . Under Assumptions 5.3.1 and 5.3.2, there exists a unique solution

(Y, Z, U) ∈ D∞H ×H2
H × J2,κ

H of the 2BSDEJ (5.3.3).

Proof. The proof follow the lines of the proof of Theorem 4.7 in [112], using the a priori estimates
of Theorem 5.4.4 in Chapter 5, therefore we omit it. �

6.2.4 An extension of the representation formula

So far, we managed to provide wellposedness results for 2BSDEs with jumps, by working under a set
a probability measures which, if restricted to the ones for which the canonical process is a continuous
local martingale is strictly smaller than the one considered in [112] or [104]. This is due mainly to the
fact that we had to restrict ourselves to processes α satisfying the separability condition defined in
the previous chapter in order to retrieve the aggregation result of Theorem 5.2.1, which was crucial
to our analysis since it allowed us to define an aggregator for the family of predictable compensators.

This is clearly not very satisfying, not only from the theoretical point of view, but also from the
practical one. Indeed, the set from which the processes α are allowed to be chosen corresponds
in financial applications to the set of possible volatility processes for the market considered. It
is therefore desirable to have the greatest possible generality. However, we emphasize that the
restrictions we put on the predictable compensators ν are clearly not a problem from the point of
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view of the applications. Indeed, our set of compensators is strictly greater than the one associated
to pure jump additive processes. Those processes, and more precisely the Lévy processes, being the
most widely used in applications, our set is not really restrictive.

The aim of this section is to show that under additional assumptions, we can show that the
representation formula (5.4.1) also holds for a larger set of probability measures for which there is no
longer any restrictions on the processes α. In this regard, we recall the set of probability measures PÃ
defined in Remark 5.2.6. We recall that every probability measure in this set satisfy the Blumenthal
0 − 1 law and the martingale representation property. Moreover, exactly as in Definition 5.3.1, we
define and restrict ourselves to the subset PκH of PÃ. We define the following space for each p ≥ κ,

Lp,κH :=
{
ξ, ‖ξ‖Lp,κH < +∞

}
where ‖ξ‖p

Lp,κH
:= sup

P∈PκH
EP

[
ess sup
0≤t≤T

P
(
EH,Pt [|ξ|κ]

) p
κ

]
,

and we let

Lp,κH := the closure of UCb(Ω) under the norm ‖·‖Lp,κH , for every 1 < κ ≤ p.

We then have the following result, which is similar to Theorem 5.3 in [110]

Theorem 6.2.2 Let ξ ∈ L2κ
H and in addition to Assumptions 5.3.1 and 5.3.2, assume that

• F is uniformly continuous in a for a ∈ D1
Ft
, and for all (t, ω, y, z, u, a, ν)

|Ft(ω, y, z, u, a, ν)| ≤ C

(
1 + dS,t(ω, 0) + |y|+ |z|+

(∫
E
u2
s(x)ν(dx)

)1/2

+
∣∣∣a1/2

∣∣∣) . (6.2.13)

• PκH is dense in PκH in the sense that for any Pα,ν ∈ PκH and for any ε > 0, there exists
Pαε,ν ∈ PκH such that

EPν
[∫ T

0
|(αεt )1/2 − α1/2

t |2dt
]
≤ ε. (6.2.14)

Then, we have
Y0 = sup

P∈PκH
yP0 = sup

P∈PκH
yP0 ,

where under any P := Pα,ν ∈ PκH , (yP, zP, uP) is the unique solution of the BSDEJ

yPt = ξ +

∫ T

t
Fs(y

P
s , z

P
s , u

P
s , âs, νs)ds−

∫ T

t
ZsdB

c
s −

∫ T

t

∫
E
uPs (x)µ̃PBd(ds, dx), P− a.s.

Remark 6.2.3 A sufficient condition for (6.2.13) to hold is that Ft(0, 0, 0, 0, 0, ν) is bounded uni-
formly, since F is already uniformly Lipschitz in (y, z, u) and is assumed to be uniformly continuous
in (ω, a).

Proof. First, we remind that Remark 5.4.1 ensures existence and uniqueness of the solutions of our
BSDEs under any P ∈ PκH . We will proceed in two steps.
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(i) ξ ∈ UCb(Ω)

For any P := Pα,ν ∈ PκH and any ε > 0, let Pε := Pαε,ν ∈ PκH be given by (6.2.14). Using the
process LP defined in (5.2.7), we have P− a.s.

yPt = ξ(B.) +

∫ T

t
Fs(B., y

P
s , z

P
s , u

P
s , âs, νs)ds−

∫ T

t
â1/2
s zPs dL

P,c
s

−
∫ T

t

∫
E
uPs (x) (µLP,d(ds, dx)− νs(dx)ds) .

Let now (yP, zP, uP) denote the unique solution of the following BSDEJ under Pν

yPt = ξ(Xα,ν
. ) +

∫ T

t
Fs(X

α,ν
. , yPs , z

P
s , u

P
s , αs, νs)ds−

∫ T

t
α1/2
s zPsdB

c
s

−
∫ T

t

∫
E
uPs (x) (µBd(ds, dx)− νs(dx)ds) .

By definition of Pα,ν , we know that the distribution of yP under P is equal to the distribution of
yP under Pν . Since the Blumenthal 0− 1 law also holds, this implies clearly that we have

yP0 = yP0 .

Similarly, we define yPε and yPε . Then, using classical estimates from the BSDEJ theory (see [4]
for instance) we have

|yP0 − yP
ε

0 |2 = |yP0 − yP
ε

0 |2

≤ CEPν
[
|ξ(Xα,ν

. )− ξ(Xαε,ν
. )|2 +

∫ T

0

∣∣∣Ft(Xα
. , y

P
t , z

P
t , αt, νt)− Ft(Xαε

. , yPt , z
P
t , α

ε
t , νt)

∣∣∣2 dt] .
Then, we have by (6.2.13)∣∣∣Ft(Xαε

. , yPt , z
P
t , α

ε
t , νt)

∣∣∣ ≤ C (1 + dS,t(X
αε,ν , 0) + |yPt |+ |zPt |+ |αεt |1/2

)
≤ C

(
1 + dS,t(X

α,ν , 0) + |yPt |+ |zPt |+ |αt|1/2
)

+ C
(
dSt(X

αε,ν , Xα,ν) + |αεt − αt|
1/2
)

≤ C

(
1 + sup

0≤s≤T
|Xα,ν

s |+ |yPt |+ |zPt |+ |αt|1/2
)

+ C

(
sup

0≤s≤T

∣∣Xαε,ν
s −Xα,ν

s

∣∣) + |αεt − αt|
1/2

)
, (6.2.15)

where we used in the last inequality the fact that the Skorohod distance is dominated by the uniform
norm (see for instance Billingsley [12]).
Using Doob’s inequality and Itô’s isometry, it is easy to see that (6.2.14) implies that

EPν

[
sup

0≤t≤T

∣∣∣Xαε,ν
t −Xα,ν

t

∣∣∣2] ≤ ε.
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Since ξ is also uniformly continuous and bounded in ω, we can apply the dominated convergence
Theorem in (6.2.15) to obtain

lim
ε→0
|yP0 − yP

ε

0 | = 0.

This clearly implies the result in that case.

(ii) ξ ∈ L2,κ
H

In that case, with the same ntations as above, let ξn ∈ UCb(Ω) such that ‖ξ − ξn‖L2,κ
H
−→

n→+∞
0.

Then, we define yP,n the solution of the BSDEJ with terminal condition ξn and generator Ft(·, âs, νs)
under P. Then, we have

sup
P∈PκH

yP,n0 = sup
P∈PκH

yP,n0 . (6.2.16)

Moreover, using classical estimates for BSDEs, we can show that∣∣∣yP,n0 − yP0
∣∣∣2 ≤ C ‖ξn − ξ‖2L2,κ

H
.

This shows that the convergence of yP,n0 to yP0 is uniform with respect to P ∈ PκH . Hence we can
pass to the limit in (6.2.16) and exchange the limit and the suprema to obtain the desired result. �
We finish this Section by recalling a result from [110] (see Proposition 5.4) which gives a sufficient

condition for the density condition (6.2.14)

Lemma 6.2.3 Assume that the domain of F does not depend on t and that D1
F contains a countable

dense subset. Then (6.2.14) holds.

Proof. It suffices to notice that in our framework, all the constant mappings belong to Ã0. Then
Proposition 5.4 in [110] applies. �

6.3 Application to a robust utility maximization problem

We study in this part a robust exponential utility maximization problem in the spirit of [59] and
[87]. We consider the case of an agent maximizing the utility of his terminal wealth, over all possible
trading strategies. The agent also have at the terminal date T a claim ξ, which is a FT -measurable
random variable. We work in a setting with model ambiguity, due to the presence of the set PκH ,
composed of non dominated probability measures, accounting for the volatility uncertainty and jump
measure uncertainty (see also remark 6.3.2). In [51] and [59], the utility maximization problems are
solved by means of stochastic control techniques, and the value function is linked with some particular
BSDEs. In our case, since we work with a whole set of non dominated probability measures, our
value function will be linked to some second order BSDE with jumps, and the general martingale
optimality principle described in [51] is treated via the use of non-linear martingales.

6.3.1 The Market

In this section, we will always assume that the matrices a := aP and a := aP are uniformly bounded
in P. In particular, this implies that we can restrict ourselves to the case where the parameter a in
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the definition of a generator F is bounded. We consider a financial market consisting of one riskless
asset, whose price is assumed to be equal to 1 for simplicity, and one risky asset whose price process
(St)0≤t≤T is assumed to follow a mixed-diffusion

dSt
St−

= btdt+ dBc
t +

∫
E
βt(x)µBd(dt, dx), PκH − q.s., (6.3.1)

where we assume that

Assumption 6.3.1 (i) (bt) is a bounded F-predictable process uniformly continuous in ω for the
Skorohod topology.

(ii) (βt) is a bounded F-predictable process which is uniformly continuous in ω for the Skorohod
topology, verifies

sup
ν∈N

∫ T

0

∫
E
|βt(x)| νt(dx)dt < +∞, PκH − q.s.,

and satisfies

C1(1 ∧ |x|) ≤ βt(x) ≤ C2(1 ∧ |x|), PκH − q.s., for all (t, x) ∈ [0, T ]× E,

where C2 ≥ 0 ≥ C1 > −1 + δ, where δ > 0 is fixed.

Remark 6.3.1 The uniform continuity assumption on ω is here to ensure that the 2BSDEs we will
encounter in the sequel indeed have solutions. The assumption on β is classical [82] and implies that
the price process S is positive.

Remark 6.3.2 The volatility is implicitly embedded in the model. Indeed, under each P ∈ PκH , we
have dBc

s ≡ â
1/2
t dW P

t where W P is a Brownian motion under P. Therefore, â1/2 plays the role of
volatility under each P and thus allows us to model the volatility uncertainty. Similarly, we have
incertitude on the jumps of our price process, since the predictable compensator associated to the
jumps of the discontinuous part of the canonical process changes with the probability considered. This
allows us to have incertitude not only about the size of the jumps but also about their laws.

We then denote π = (πt)0≤t≤T a trading strategy, which is a 1-dimensional F-predictable process,
supposed to take its value in some compact set C. The process πt describes the amount of money
invested in the stock at time t. The number of shares is πt

St−
. So the liquidation value of a trading

strategy π with positive initial capital x is given by the following wealth process:

Xπ
t = x+

∫ t

0
πs

(
dBc

s + bsds+

∫
E
βs(x)µBd(ds, dx)

)
, 0 ≤ t ≤ T, PκH − q.s.

The problem of the investor in this financial market is to maximize his expected exponential utility
under model uncertainty from his total wealth Xπ

T − ξ where ξ is a liability at time T which is a
random variable assumed to be FT -measurable. Then the value function V of the maximization
problem can be written as

V ξ(x) : = sup
π∈C

inf
P∈PκH

EP [− exp (−η (Xπ
T − ξ))] = − inf

π∈C
sup
P∈PκH

EP [exp (−η (Xπ
T − ξ))] . (6.3.2)
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where
C := {(πt) which are predictable and take values in C} ,

is our set of admissible strategies.

Before going on, we emphasize immediately, that in the sequel we will limit ourselves to probability
measures in PκH . We will recover the supremum over all probability measures in PκH at the end by
showing that Theorem 6.2.2 applies.

To find the value function V ξ and an optimal trading strategy π∗, we follow the ideas of the
general martingale optimality principle approach as in [51] and [59] but adapt it here to a nonlinear
framework. This is the same approach as in [87].

Let {Rπ} be a family of processes which satisfy the following properties

Properties II.1 (i) RπT = exp(−η(Xπ
T − ξ)) for all π ∈ C.

(ii) Rπ0 = R0 is constant for all π ∈ C.

(iii) We have

Rπt ≤ ess supP

P′∈PκH(t+,P)

EP′
t [RπT ], ∀π ∈ C

Rπ
∗
t = ess supP

P′∈PκH(t+,P)

EP′
t [Rπ

∗
T ] for some π∗ ∈ C, P− a.s. for all P ∈ PκH .

Then it follows

sup
P∈PκH

EP[U(Xπ
T − ξ)] ≥ R0 = sup

P∈PκH
EP[U(Xπ∗

T − ξ)] = −V ξ(x). (6.3.3)

6.3.2 Solving the optimization problem with a Lipschitz 2BSDEJ

To construct Rπ, we set
Rπt = exp(−ηXπ

t )Yt, t ∈ [0, T ], π ∈ C,

where (Y, Z, U) ∈ D2,κ
H ×H2,κ

H × J2,κ
H is the unique solution of the following 2BSDEJ

Yt = eηξ +

∫ T

t
F̂s(Ys, Zs, Us)ds−

∫ T

t
ZsdB

c
s −

∫ T

t

∫
E
Us(x)µ̃Bd(ds, dx) +KT −Kt. (6.3.4)

The generator F̂ is chosen so that Rπ satisfies the Properties II.1. Let us apply Itô’s formula to
exp(−ηXπ

t )Yt under some P ∈ PκH . We obtain after some calculations

d
(
e−ηX

π
t Yt
)

= e−ηX
π
t−

[
−ηπsbsYsds+

η2

2
π2
s âsYsds− ηπsâsZsds− F̂s(Ys, Zs, Us)ds

+

∫
E

(
e−ηπsβs(x) − 1

)
(Ys + Us(x))ν̂s(dx)ds+ (Zs − ηπsYs) dBc

s

+

∫
E

(
e−ηπsβs(x) − 1

)
(Ys− + Us(x)) + Us(x)µ̃Bd(ds, dx)− dKt

]
. (6.3.5)
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Hence the appropriate choice for F

Fs(y, z, u, a, ν) := inf
π∈C

{
(−ηbs +

η2

2
πa)πy − ηπaz +

∫
E

(
e−ηπβs(x) − 1

)
(y + u(x))ν(dx)

}
.

First, because of Assumption 6.3.1, F is uniformly Lipschitz in (y, z), uniformly continuous in ω.
It is also continuous in a and since D1

F = [a, a], it is even uniformly continuous in a. Besides, it is
convex in a and ν (since it is the infimum of a family of linear functions) and hence can be written as
a Fenchel-Legendre transform. Moreover, its domain clearly does not depend on (ω, t, y, z, u) by our
boundedness assumptions. Besides, D1

F clearly contains a countable dense subset. This in particular
shows that Theorem 6.2.2 applies here. Finally,

inf
π∈C

∫
E

(
e−ηπβs(ω,x) − 1

)
(u(x)− u′(x))ν(dx) ≤ Fs(ω, y, z, u, a, ν)− Fs(ω, y, z, u′, a, ν)

Fs(ω, y, z, u, a, ν)− Fs(ω, y, z, u′, a, ν) ≤ sup
π∈C

∫
E

(
e−ηπβs(ω,x) − 1

)
(u(x)− u′(x))ν(dx).

Since C is compact and β is bounded, it is therefore clear from the above inequalities that As-
sumption 5.3.1(iv) is satisfied. Therefore, if we assume that eηξ ∈ L2,κ

H (for instance if ξ ∈ L∞,κH ), the
2BSDEJ (6.3.4) indeed has a unique solution and Rπ is well defined. Let us now prove that it satisfies
the properties II.1. The property (i) is clear by definition and (ii) holds because of Proposition 6.2.3
together with the Bluementhal 0− 1 law. Now for any 0 ≤ t ≤ T , any π ∈ C, any P ∈ PκH and any
P′ ∈ PκH(t+,P), we have from (6.3.5)

EP′
t [RπT ]−Rπt ≥ −EP′

t

[∫ T

t
e−ηX

π
s−dKs

]
. (6.3.6)

Let us now prove that for any π ∈ C and for any P, we have

ess infP
P′∈PκH(t+,P)

EP′
t

[∫ T

t
e−ηX

π
s−dKs

]
= 0. (6.3.7)

This is similar to what we did in the proof of Theorem 5.4.1, and therefore we know that it is
sufficient to prove that for any p > 1

EP′
t

[
sup
t≤s≤T

e−pX
π
s

]
≤ Cp, (6.3.8)

for some positive constant Cp depending only on p and the bounds for π, b and β. Let M be such
that −M ≤ π ≤M , we have

e−X
π
s ≤ eTM‖b‖∞−

∫ t
0 πsdB

c
s+M

∫ t
0

∫
E |βs(x)|µ

Bd
(ds,dx)

= eTM‖b‖∞+ 1
2

∫ t
0 π

2
s âsds+M

∫ T
0

∫
E |βs(x)|ν̂s(dx)ds+M

∫ T
0

∫
E |βs(x)|−ln(1+|βs(x)|)ν̂s(dx)ds

× E
(∫ t

0
πsdB

c
s

)
E
(∫ t

0
|βs(x)| µ̃Bd(ds, dx)

)M
≤ CE

(
−
∫ t

0
πsdB

c
s

)
E
(∫ t

0
|βs(x)| µ̃Bd(ds, dx)

)M
,
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where we used in the last inequality the fact that π, â and β are uniformly bounded and that

sup
ν∈N

∫ T

0

∫
E
|βt(x)| νt(dx)dt < +∞ and |βs(x)− ln(1 + βs(x))| ≤ C|βs(x)|2.

Then (6.3.8) comes from the fact that above Doléans-Dade exponentials have moments of any order
(it is clear for the continuous one, and we refer again to Lemma B.2.4 for the discontinuous one).
Using (6.3.7) in (6.3.6), we obtain

Rπt ≤ ess supP

P′∈PκH(t+,P)

EP′
t [RπT ].

Now, using a classical mesurable selection argument (see [36] (chapitre III) or [45] or Lemma 3.1

in [49]) we can define a predictable process π∗ ∈ C such that

F̂s(Ys, Zs, Us) = (−ηbs +
η2

2
π∗s âs)π

∗
sYs − ηπ∗s âs +

∫
E

(
e−ηπ

∗
sβs(x) − 1

)
(Ys + Us(x))ν̂s(dx).

Using the same arguments as above, we obtain

Rπ
∗
t = ess supP

P′∈PκH(t+,P)

EP′
t [Rπ

∗
T ],

which proves (iii) of Property II.1 holds.

We summarize everything in the following proposition

Proposition 6.3.1 Assume that exp(ηξ) ∈ L2,κ
H . Then, under Assumption 6.3.1, the value function

of the optimization problem (6.3.2) is given by

V ξ(x) = −e−ηxY0,

where Y0 is defined as the initial value of the unique solution (Y,Z, U) ∈ D2,κ
H × H2,κ

H × J2,κ
H of the

following 2BSDEJ

Yt = eηξ +

∫ T

t
F̂s(Ys, Zs, Us)ds−

∫ T

t
ZsdB

c
s −

∫ T

t

∫
E
Us(x)µ̃Bd(ds, dx) +KT −Kt, (6.3.9)

where the generator is defined as follows

F̂t(ω, y, z, u) := Ft(ω, y, z, u, ât, ν̂t),

where

Ft(y, z, u, a, ν) := inf
π∈C

{
(−ηbt +

η2

2
πa)πy − ηπaz +

∫
E

(
e−ηπβt(x) − 1

)
(y + u(x))ν(dx)

}
.

Moreover, there exists an optimal trading strategy π∗ realizing the infimum above.
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6.3.3 A link with a particular quadratic 2BSDEJ

In the case without uncertainty on the parameters, coming back to the paper of El Karoui and
Rouge [51], utility maximization problems in a continuous framework with constrained strategies
have usually been linked to BSDEs with a quadratic growth generator. The same type of results were
later proved by Morlais [92] in a discontinuous setting, that is to say when the assets in the market
are assumed to have jumps. More recently, Lim and Quenez [82] showed that when the strategies are
constrained in a compact set, then one only needed to consider a BSDE with a Lipschitz generator,
thus simplifying the approach of Morlais. Since we provided in this chapter a wellposedness theory
for Lipscitz 2BSDEs with jumps, we used the ideas of [82] in the previous section. Our aim in this
section is to show that with the result of Proposition 6.3.1 and by making a change of variables,
we can prove the existence of a solution to a particular 2BSDEJ, similar to the one in [92], whose
generator satisfies a quadratic growth condition.

Before proceeding with the proof, we recall that as for quadratic BSDEs and 2BSDEs, we always
have a deep link between the martingale part of the solution and the BMO spaces. So we need to
introduce the following spaces.

J2,κ,H
BMO denotes the space of predictable and E-mesurable applications U : Ω× [0, T ]× E such that

‖U‖2J2,κ,HBMO

:= sup
P∈PκH

∥∥∥∥∫ .

0

∫
E
Us(x)µ̃Bd(ds, dx)

∥∥∥∥
BMO(P)

< +∞,

where ‖·‖BMO(P) is the usual BMO(P) norm under P.

H2,κ,H
BMO denotes the space of all F+-progressively measurable Rd-valued processes Z with

‖Z‖
H2,κ,H
BMO

:= sup
P∈PκH

∥∥∥∥∫ .

0
ZsdB

c
s

∥∥∥∥
BMO(P)

< +∞.

We refer the reader to the book by Kazamaki [72] and the references therein for more information
on the BMO spaces.

Proposition 6.3.2 Assume that exp(ηξ) ∈ L2,κ
H and that ξ is bounded quasi-surely. Then, there

exists a solution (Y ′, Z ′, U ′) ∈ D2,κ
H ×H2,κ

H × J2,κ
H to the quadratic 2BSDEJ

Y ′t = ξ +

∫ T

t
F̂ ′s(Z

′
s, U

′
s)ds−

∫ T

t
Z ′sdB

c
s −

∫ T

t

∫
E
U ′s(x)µ̃Bd(ds, dx) +K ′T −K ′t, (6.3.10)

where the generator is defined as follows

F̂ ′t(ω, z, u) := F ′t(ω, z, u, ât, ν̂t), (6.3.11)

where

F ′t(z, u, a, ν) := inf
π∈C

{
η

2

∣∣∣∣πa1/2 −
(
a1/2z +

bt +
∫
E βt(x)ν(dx)

a1/2η

)∣∣∣∣2 +
1

η
j (η(u− πβt))

}

−
(
bt +

∫
E
βt(x)ν(dx)

)
a1/2z −

|bt +
∫
E βt(x)ν(dx)|2

2aη
,
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where j(u, ν) :=
∫
E

(
eu(x) − 1− u(x)

)
ν(dx). Moreover,

Y ′t = ess supP

P′∈PκH(t+,P)

y′Pt ,

where y′P is the solution to the quadratic BSDE with the same terminal condition ξ and generator
F̂ ′. Besides, Y ′ is also bounded quasi-surely.

Proof.
Step 1: As in Morlais [92], we can verify that the generator F̂ ′ satisfies the following conditions.

(i) F̂ ′ has the quadratic growth property. There exists (α, δ) ∈ R+×R∗+ such that for all (t, z, u),
PκH − q.s.

∣∣∣F̂ ′t(0, 0)
∣∣∣ ≤ α and

−
∣∣∣F̂ ′t(0, 0)

∣∣∣− δ

2

∣∣∣â1/2
t z

∣∣∣2 − 1

δ
ĵt(−ηu) ≤ F̂ ′t(z, u) ≤

∣∣∣F̂ ′t(0, 0)
∣∣∣+

δ

2

∣∣∣â1/2
t z

∣∣∣2 +
1

δ
ĵt(γu),

where ĵt(u) :=
∫
E

(
eu(x) − 1− u(x)

)
ν̂t(dx).

(ii) We have a "local Lipschitz" condition in z, ∃µ > 0 and a progressively measurable process
φ ∈ H2,κ,H

BMO such that for all (t, z, z
′
, u), PκH − q.s.∣∣∣F̂ ′t(z, u)− F̂ ′t(z

′
, u)− φt.(â1/2

t z − â1/2
t z

′
)
∣∣∣ ≤ µ ∣∣∣â1/2

t z − â1/2
t z

′
∣∣∣ (∣∣∣â1/2

t z
∣∣∣+
∣∣∣â1/2
t z

′
∣∣∣) .

(iii) For every (z, u, u′) there exists a predictable and E-mesurable process (γt) such that PκH − q.s.,

F̂ ′t(z, u)− F̂ ′t(z, u′) ≤
∫ t

0

∫
E
γs(x)

(
u(x)− u′(x)

)
ν̂t(dx)ds

∫ t

0

∫
E
γ′s(x)

(
u(x)− u′(x)

)
ν̂t(dx)ds ≤ F̂ ′t(z, u)− F̂ ′t(z, u′),

where there exists constants C1, C
′
1 > −1 and C2, C

′
2 > 0, independent of (z, u, u′) such that

C1(1 ∧ |x|) ≤ γt(x) ≤ C2(1 ∧ |x|), and C ′1(1 ∧ |x|) ≤ γ′t(x) ≤ C ′2(1 ∧ |x|).

In particular, γ and γ′ are in J2,κ,H
BMO.

We know from [92], that under each P, the BSDEJ with terminal condition ξ and generator F̂ ′

has a solution, that we denote (y′P, z′P, u′P). Moreover, y′P is bounded and there exists a bounded
version of u′P (that we still denote u′P) , with the following estimates∥∥∥y′P∥∥∥

∞
≤ C(1 + ‖ξ‖∞) and |u′P| ≤ 2

∥∥∥y′P∥∥∥
∞
,

where C > 0. Next by applying Itô’s formula, we have yPt = eηy
′P , t ∈ R+, where (yP, zP, uP) is the

solution under P of equation (6.3.9). This gives that

e−C
′ ≤ yPt ≤ eC

′
, t ∈ R+, C ′ ∈ R.
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In particular yP is strictly positive and bounded away from 0, and by representation (5.4.1), so is
Y solving (6.3.9). Thus, we can make the following change of variables

Y ′t :=
1

η
log (Yt) .

Then by Itô’s formula and the fact that K has only predictable jumps, we can verify that the triple
(Y ′, Z ′, U ′) satisties (6.3.10) where

Z ′t :=
1

η

Zt
Yt
, U ′t :=

1

η
log
(

1 +
Ut
Yt−

)
, K ′t :=

∫ t

0

1

ηYs
dKc

s −
∑

0<s≤t

1

η
log
(

1− ∆Kd
s

Ys−

)
.

In particular, K ′ is predictable and nondecreasing with K ′0 = 0. Finally, due to the monotonicity
of the function 1

η log(x), we have the following representation for Y ′

Y ′t = ess supP

P′∈PκH(t+,P)

y′Pt .

Step 2: Next, we will prove the minimum condition for K ′. As in [104] for 2BSDE with quadratic
growth generator, we use the above representation of Y ′ and the properties verified by F̂ ′ in z and
u.

Fix P in PκH and P′ ∈ PκH(t+,P), denote

δY ′ := Y ′ − y′P
′
, δZ ′ := Z ′ − z′P

′
and δU ′ := U ′ − u′P

′
.

By the "local Lipschitz" condition (ii) of F̂ ′ in z, there exist a process η with

|ηt| ≤ µ
(∣∣∣â1/2

t Zt

∣∣∣+
∣∣∣â1/2
t zP

′

t

∣∣∣) , P′ − a.s.
such that we have for all 0 ≤ t ≤ T , P′ − a.s.

δY ′t =

∫ T

t
(ηs + φs)â

1
2
s δZ

′
sds−

∫ T

t
δZ ′sdB

c
s −

∫ T

t

∫
E
δU ′s(x)

[
µ̃Bd(ds, dx)− γ′s(x)ν̂(dx)ds

]
+

∫ T

t

[
F̂ ′s(z

′
s, U

′
s)− F̂ ′s(z′s, u′s)

]
ds−

∫ T

t

∫
E
γ′s(x)δU ′s(x)ν̂(dx)ds+K ′T −K ′t. (6.3.12)

Let us now prove that we have Z ′ ∈ H2,κ,H
BMO, U

′ ∈ J2,κ,H
BMO and that U ′ (or more precisely a version

of U ′) is uniformly bounded. Actually, this can be proved using exactly the same arguments as in
the proof of Lemma 3.3.1 in [104] on the one hand, that is to say applying Itô’s formula to e−νY ′t for
a well chosen ν > 0. This allows then to get rid of the non-decreasing process K ′ in the estimates.
Then on the other hand, one can use the same calculations as in the proof of Lemma 4.2.1 to obtain
that

Z ′ ∈ H2,κ,H
BMO,

(
e−δU

′ − 1
)
∈ J2,κ,H

BMO and that U ′ is uniformly bounded.

Then, using the mean value theorem, it is easy to show that for every t ∈ [0, T ] and every x ∈ E,
there exists some c ∈ [−(Ut(x))−, (Ut(x))+] such that

U ′t(x) =
1− e−δU ′t(x)

δ
eδc.
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Since c is bounded, this clearly implies that U ′ ∈ J2,κ,H
BMO. Then the process η defined above is also

in H2,κ,H
BMO. Since the process γ′ is bounded and has jumps greater than −1 + δ, Kazamaki criterion

(see [70]) implies that we can define an equivalent probability measure Q′ such that

dQ′

dP′
= E

(∫ ·
0

(ηs + φs) â
−1/2
s dBc

s +

∫ ·
0

∫
E
γ′s(x)µ̃Bd(ds, dx)

)
.

By taking conditional expectations in (6.3.12) and using property (iii) satisfied by F ′, we obtain

Y ′t − y′
P′

t ≥ EQ′
t

[
K ′T −K ′t

]
.

For notational convenience, denote

E1
t := E

(∫ t

0
(φs + ηs)â

−1/2
s dBc

s

)
and E2

t := E
(∫ t

0

∫
E
γ′s(x)µ̃Bd(ds, dx)

)
.

Let r > 1 be the number given by Lemma 3.2.2 in [104] applied to E1. Then we estimate

EP′
t

[
K ′T −K ′t

]
≤ EP′

t

[
ET
Et
(
K ′T −K ′t

)] 1
2r−1

EP′
t

[(
Et
ET

) 1
2(r−1) (

K ′T −K ′t
)] 2(r−1)

2r−1

≤
(
δY ′t
) 1

2r−1

(
EP′
t

[(
E1
t

E1
T

) 1
r−1

]) r−1
2r−1

(
EP′
t

[(
E2
t

E2
T

) 2
r−1

]
EP′
t

[(
K ′T −K ′t

)4]) r−1
2(2r−1)

≤ C
(
EP′
t

[(
K ′T
)4]) r−1

2(2r−1) (
δY ′t
) 1

2r−1 ,

where we used in the last inequality Lemma 3.2.2 in [104] for the term involving E1 and where we
used Lemma B.2.4 for the term involving E2 (this is possible because of the properties verified by
γ′).

With the same argument as in Step (iii) of the proof of Theorem 5.4.1, the above inequality along
with the representation for Y ′ shows that we have

ess infP
P′∈PκH(t+,P)

EP′ [K ′T −K ′t] = 0,

that is to say that the minimum condition 5.3.5 is verified. Indeed, the only thing to verify is that

ess supP

P′∈PκH(t+,P)

EP′
t

[(
K ′T
)4]

< +∞. (6.3.13)

With the BMO properties satisfied by Z ′ and U ′ we can follow the proof of Theorem 3.2 in [104]
to show that

sup
P∈PκH

EP
[(
K ′T
)4]

< +∞.

Then (6.3.13) can be obtained exactly as in the proof of Step (iii) of Theorem 5.4.1. �





Appendix A

Technical Results for Quadratic BSDEs
with Jumps

Proposition A.0.3 Let g be a function satisfying Assumption 4.2.1(i), which is uniformly Lipschitz
in (y, z, u). Let Y be a càdlàg g-submartingale (resp. g-supermartingale) in S∞. Assume further
that g is concave (resp. convex) in (z, u) and that

gt(y, z, u) ≥ −M − β |y| − γ

2
|z|2 − 1

γ
jt(−γu).(

resp. gt(y, z, u) ≤M + β |y|+ γ

2
|z|2 +

1

γ
jt(γu)

)
.

Then there exists a predictable non-decreasing (resp. non-increasing) process A null at 0 and processes
(Z,U) ∈ H2 × J2 such that

Yt = YT +

∫ T

t
gs(Ys, Zs, Us)ds−

∫ T

t
ZsdBs −

∫ T

t

∫
E
Us(x)µ̃(dx, ds)−AT +At, t ∈ [0, T ].

Proof. As usual, we can limit ourselves to the g-supermartingale case. Let us consider the following
reflected BSDEJ with lower obstacle Y , generator g and terminal condition YT

Ỹt = YT +

∫ T

t
gs(Ỹs, Z̃s, Ũs)ds−

∫ T

t
Z̃sdBs −

∫ T

t

∫
E
Ũs(x)µ̃(dx, ds) +AT −At, t ∈ [0, T ], P− a.s.

Ỹt ≥ Yt, t ∈ [0, T ], P− a.s.∫ T

0

(
Ỹs− − Ys−

)
dAs = 0, P− a.s. (A.0.1)

The existence and uniqueness of a solution consisting of a predictable non-decreasing process A
and a triplet (Ỹ , Z̃, Ũ) ∈ S2×H2× J2 follow from the results of [58] for instance, since the generator
is Lipschitz and the obstacle is càdlàg and bounded.

We will now show that the process Ỹ must always be equal to the lower obstacle Y , which will
provide us the desired decomposition. We proceed by contradiction and assume without loss of
generality that Ỹ0 > Y0. For any ε > 0, we now define the following bounded stopping time

τε := inf
{
t > 0, Ỹt ≤ Yt + ε, P− a.s.

}
∧ T.

By the Skorokhod condition, it is a classical result that the non-decreasing process A never acts
before τε. Therefore, we have for any t ∈ [0, τε]

Ỹt = Ỹτε +

∫ τε

t
gs(Ỹs, Z̃s, Ũs)ds−

∫ τε

t
Z̃sdBs −

∫ τε

t

∫
E
Ũs(x)µ̃(dx, ds), P− a.s. (A.0.2)
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Consider now the BSDEJ on [0, τε] with terminal condition Yτε and generator g (existence and
uniqueness of the solution are consequences of the result of [4] or [81])

Ŷt = Yτε +

∫ τε

t
gs(Ŷs, Ẑs, Ûs)ds−

∫ τε

t
ẐsdBs −

∫ τε

t

∫
E
Ûs(x)µ̂(dx, ds), P− a.s. (A.0.3)

Notice also that since Y and g(0, 0, 0) are bounded, Ŷ and Ỹ are also bounded, as a consequence
of classical a priori estimates for Lipschitz BSDEJs and RBSDEJs. Then, using the fact that g is
convex in (z, u) and that

gt(y, z, u) ≤M + β |y|+ γ

2
|z|2 +

1

γ
jt(γu),

we can proceed exactly as in the Step 2 of the proof of Proposition 4.2.7 to obtain that for any
θ ∈ (0, 1)

Ỹ0 − θŶ0 ≤
1− θ
γ

ln

(
EP
[
exp

(
γ

∫ τε

0

(
M + C

∣∣∣Ŷt∣∣∣+
C

1− θ

∣∣∣Ỹs − θŶs∣∣∣) ds+
γ

1− θ
(Ỹτε − θYτε)

)])
≤ (1− θ) ln(C0) + C

(∫ τε

0

∥∥∥Ỹs − θŶs∥∥∥
∞
ds+

∥∥∥Ỹτε − θYτε∥∥∥∞
)
,

where C0 is some constant which does not depend on θ.

Letting θ go to 1, and using the fact that by definition Ỹτε − θYτε ≤ ε, we obtain

Ỹ0 − Ŷ0 ≤ Cε+ C

∫ τε

0

∥∥∥Ỹs − Ŷs∥∥∥
∞
ds. (A.0.4)

But since Y is a g-supermartingale, we have by definition that Ŷ0 ≤ Y0. Since we assumed that
Ỹ0 > Y0, this implies that Ỹ0 > Ŷ0. Therefore, we can use Gronwall’s lemma in (A.0.4) to obtain

0 < Ỹ0 − Ŷ0 ≤ C1ε,

for some constant C1 > 0, independent of ε.

By arbitrariness of ε, this gives us the desired contradiction and ends the proof. �



Appendix B

Technical Results for 2BSDEs with
Jumps

B.1 The measures Pα,ν

Lemma B.1.1 Let τ be an F-stopping time. Let ω ∈ Ω and S be a bounded Fτ(ω)-stopping time.
There exists an F stopping time S̃, such that

S = S̃τ,ω. (B.1.1)

Proof.
(B.1.1) means that

∀ω̃ ∈ Ωτ(ω), S(ω̃) = S̃τ,ω(ω̃) = S̃(ω ⊗τ(ω) ω̃).

We set

∀ω1 ∈ Ω, S̃(ω1) := S(ω
τ(ω)
1 ).

Using the fact that

for s ≥ τ(ω), (ω ⊗τ(ω) ω̃)τ(ω)(s) = ω(τ(ω)) + ω̃(s)− ω(τ(ω))− ω̃(τ(ω)) = ω̃(s),

we have that S̃ satisfies (B.1.1) by construction, indeed

S̃τ,ω(ω̃) = S
[(
ω ⊗τ(ω) ω̃

)τ(ω)
]

= S(ω̃).

Notice now that for any ω ∈ Ω, S̃ : Ω → [τ(ω), T ] is measurable as a composition of measurable
mappings.
Finally, let us prove that S̃ is an F-stopping time.
For t < τ(ω), {S̃ ≤ t} = {∅} ∈ Ft.
For t ≥ τ(ω),

{S̃ ≤ t} = {ω1 ∈ Ω |S(ω
τ(ω)
1 ) ≤ t}

=
{
ω1 ⊗τ(ω) ω

τ(ω)
1 ∈ Ω |S(ω

τ(ω)
1 ) ≤ t

}
=
{
ω1 ∈ Ω |ωτ(ω)

1 ∈ Aω
}

= Π−1
τ(ω) (Aω) .



170 Appendix B. Technical Results for 2BSDEs with Jumps

where Aω := {ω̃ ∈ Ωτ(ω) |S(ω̃) ≤ t} ∈ Fτ(ω)
t and

Πτ(ω) : (Ω,Ft) →
(

Ωτ(ω),Fτ(ω)
t

)
is defined by Πτ(ω)(ω1) := w

τ(ω)
1 . By definition of the measura-

bility of Πτ(ω), we have {S̃ ≤ t} = Π−1
τ(ω) (Aω) ∈ Ft. �

Lemma B.1.2 Let P ∈ PÃ and τ be an FB-stopping time. Then

Pτ,ω ∈ Pτ(ω)

Ã for P− a.e. ω ∈ Ω.

Proof.
Step 1: Let us first prove that

(Pν)τ,ω = Pτ(ω)
ντ,ω , Pν-a.s. on Ω, (B.1.2)

where (Pν)τ,ω denotes a probability measure on Ωτ , constructed from a regular conditional probability
distribution (r.c.p.d.) of Pν for the stopping time τ , evaluated at ω, and Pτ(ω)

ντ,ω is the unique solution
of the martingale problem (P1, τ(ω), T, Id, ντ,ω), where P1 is such that P1(Bτ

τ = 0) = 1.

It is enough to show that outside a Pν-negligible set, the shifted processes M τ , Jτ , Qτ are (Pν)τ,ω-
local martingales, where M,J and Q are defined in Remark 5.2.1. For this, for any ω in Ω, take a
bounded Fτ(ω)-stopping time S. By Lemma B.1.1, there exists a bounded F-stopping time S̃ such
that S = S̃τ,ω. Then, following the definitions in Subsection 6.2.1,

∆Bτ,ω
S (ω̃) = ∆BS(ω ⊗τ ω̃) = ∆(ω ⊗τ ω̃)(S) = ∆ωS1{S≤τ} + ∆ω̃S1{S>τ},

and that for S ≥ τ

BS(ω ⊗τ ω̃) = (ω ⊗τ ω̃)(S) = ωτ + ω̃S = Bτ (ω) +Bτ
S(ω̃).

From this we get

M τ,ω
S (ω̃) = MS(ω ⊗τ ω̃) =BS(ω ⊗τ ω̃)−

∑
u≤S

1|∆Bu(ω⊗τ ω̃)|>1∆Bu(ω ⊗τ ω̃)

+

∫ S

0

∫
E
x1|x|>1νu(ω ⊗τ ω̃)(dx) du

=Bτ
S(ω̃) +Bt(ω)−

∑
u≤τ

1|∆ωu|>1∆ωu −
∑

τ<u≤S
1|∆Bτu(ω̃)|>1∆Bτ

u(ω̃)

+

∫ τ

0

∫
E
x1|x|>1νu(ω)(dx) du+

∫ S

τ

∫
E
x1|x|>1ν

τ,ω
u (ω̃)(dx) du

=M τ
S(ω̃) +Mτ (ω), ∀ω ∈ Ω.

And we can now compute

E(Pν)τ,ω [M τ
S ] = E(Pν)τ,ω

[
M τ,ω
S −Mτ (ω)

]
= E(Pν)τ,ω

[
M τ,ω

S̃τ,ω

]
−Mτ (ω)

= EPν
τ [MS̃ ](ω)−Mτ (ω) = 0, for Pν-a.e. ω. (B.1.3)



B.1. The measures Pα,ν 171

Since S is an arbitrary bounded stopping time, we have that M τ is a (Pν)τ,ω-local martingale for
Pν-a.e. ω.
Notice that since M is a càdlàg local martingale under Pν , we can find a Pν-negligible set N , such

that for any bounded F-stopping times σ1 ≤ σ2, for any ω outside of N , we have EPν
σ1 [Mσ2 ] (ω) =

Mσ1(ω). In particular, the negligible set appearing in the equality (B.1.3) is independent of the
choice of S̃.

We treat the case of the process Jτ analogously and write

Jτ,ωS (ω̃) =
(
M τ,ω
S (ω̃)

)2 − S − ∫ τ

0

∫
E
x2νu(ω)(dx)du−

∫ S

τ

∫
E
x2ντ,ωu (ω̃)(dx)du

= (M τ
S(ω̃))2 + (Mτ (ω))2 + 2M τ

S(ω̃)Mτ (ω)− (S − τ)−
∫ S

τ

∫
E
x2ντ,ωu (ω̃)(dx)du

−
∫ τ

0

∫
E
x2νu(ω)(dx)du− τ

=JτS(ω̃) + Jτ (ω) + 2M τ
S(ω̃)Mτ (ω).

Then we can compute the expectation

E(Pν)τ,ω [JτS ] = E(Pν)τ,ω
[
Jτ,ωS − 2M τ

SMτ (ω)
]
− Jτ (ω) = 0, for Pν-a.e. ω.

Jτ is then a (Pν)τ,ω-local martingale for Pν-a.e. ω.. Finally, we do the same kind of calculation for
Qτ , and we obtain

Qτ,ωS (ω̃) =

∫ S

0

∫
E
g(x)µB(ω ⊗τ ω̃, dx, du)−

∫ S

0

∫
E
g(x)ντ,ωu (ω̃)(dx) du

=

∫ τ

0

∫
E
g(x)µB(ω, dx, du) +

∫ S

τ

∫
E
g(x)µBτ (ω̃, dx, du)

−
∫ τ

0

∫
E
g(x)νu(ω)(dx)du−

∫ S

τ

∫
E
g(x)ντ,ωu (ω̃)(dx) du

=QτS(ω̃) +Qτ (ω).

And again we compute the expectation over the ω̃ ∈ Ωτ , under the measure (Pν)τ,ω

E(Pν)τ,ω [QτS ] = E(Pν)τ,ω
[
Qτ,ωS −Qτ (ω)

]
= EPν

τ [QS ](ω)−Qτ (ω) = 0, for Pν-a.e. ω.

We have the desired result, and conclude that (B.1.2) holds true. We can now deduce that for any
(α, ν) ∈ Ã

Pα
τ,ω ,ντ,ω ∈ Pτ(ω)

Ã Pν-a.s. on Ω. (B.1.4)

Indeed, if (α, ν) ∈ D ×N , then (ατ,ω, ντ,ω) ∈ Dτ(ω) ×N τ(ω), because∫ T

τ(ω)

∫
E

(1 ∧ |x|2)ντ,ωs (ω̃)(dx)ds+

∫ T

τ(ω)

∫
|x|>1

xντ,ωs (ω̃)(dx)ds+

∫ T

τ(ω)
|ατ,ωs (ω̃)| ds <∞.
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Step 2: We define τ̃ := τ ◦ Xα, α̃τ,ω := ατ̃ ,βα(ω) and ν̃τ,ω := ν τ̃ ,βα(ω) where βα is a measurable
map such that B = βα(Xα), Pν-a.s. Moreover, τ̃ is a stopping time, we have τ = τ̃ ◦ βα and using
(B.1.4),

Pα̃
τ,ω ,ν̃τ,ω ∈ Pτ(ω)

Ã Pα,ν-a.s. on Ω.

Step 3: We show that

EPα,ν [φ (Bt1∧τ , . . . , Btn∧τ )ψ (Bt1 , . . . , Btn)] = EPα,ν [φ (Bt1∧τ , . . . , Btn∧τ )ψτ ]

for every 0 < t1 < · · · < tn ≤ T , every continuous and bounded functions φ and ψ and

ψτ (ω) = EPα̃τ,ω,ν̃τ,ω
[
ψ(ω(t1), . . . , ω(tk), ω(t) +Bt

tk+1
, . . . , ω(t) +Bt

tn)
]
,

for t := τ(ω) ∈ [tk, tk+1).

Recall that Pα̃τ,ω ,ν̃τ,ω is defined by Pα̃τ,ω ,ν̃τ,ω = Pν̃τ,ω ◦
(
X α̃τ,ω

)−1, then

ψτ (ω) = EPτ(ω)
ν̃τ,ω

[
ψ
(
ω(t1), . . . , ω(tk), ω(t) +

∫ tk+1

t

(
ατ̃ ,βα(ω)
s

)1/2
d(Bc

s)
τ(ω)

+

∫ tk+1

t

∫
E
x(µBτ(ω)(ds, dx)− ν τ̃ ,βα(ω)

s (dx)ds), . . . , ω(t) +

∫ tn

t

(
ατ̃ ,βα(ω)
s

)1/2
d(Bc

s)
τ(ω)

+

∫ tn

t

∫
E
x(µBτ(ω)(ds, dx)− ν τ̃ ,βα(ω)

s (dx)ds)
)]
.

Then, ∀ω ∈ Ω, if t := τ̃(ω) = τ (Xα(ω)) ∈ [tk, tk+1[,

ψτ (Xα(ω)) = EPτ̃(ω)
ντ̃,ω

[
ψ
(
Xα
t1(ω), . . . , Xα

tk
(ω), Xα

t (ω) +

∫ tk+1

t

(
ατ̃ ,ωs

)1/2
d(Bτ̃(ω)

s )c

+

∫ tk+1

t

∫
E
x(µBτ̃(ω)(ds, dx)− ν τ̃ ,ωs (dx)ds), . . . , Xα

t (ω) +

∫ tn

t

(
ατ̃ ,ωs

)1/2
d(Bτ̃(ω)

s )c

+

∫ tn

t

∫
E
x(µBτ̃(ω)(ds, dx)− ν τ̃ ,ωs (dx)ds)

)]
.

(B.1.5)

We remark that for every ω ∈ Ω,

αs(ω) = αs

(
ω ⊗τ̃(ω) ω

τ̃(ω)
)

= ατ̃ ,ωs

(
ωτ̃(ω)

)
and νs(ω)(dx) = νs

(
ω ⊗τ̃(ω) ω

τ̃(ω)
)

(dx) = ν τ̃ ,ωs

(
ωτ̃(ω)

)
(dx)

By definition, the (Pν)τ̃ ,ω-distribution of Bτ̃(ω) is equal to the (Pν)ωτ̃ -distribution of (B· − Bτ̃(ω)).
(B.1.5) then becomes

ψτ (Xα(ω)) =E(Pν)ωτ̃

[
ψ
(
Xα
t1(ω), . . . , Xα

tk
(ω), Xα

t (ω) +

∫ tk+1

t
α1/2
s (Bc)d(Bc

s)

+

∫ tk+1

t

∫
E
x(µB(ds, dx)− νs(dx)ds), . . . , Xα

t (ω) +

∫ tn

t
α1/2
s (Bc)d(Bc

s)

+

∫ tn

t

∫
E
x(µB(ds, dx)− νs(dx)ds)

)]
=E(Pν)ωτ̃

[
ψ
(
Xα
t1 , . . . , X

α
tk
, Xα

tk+1
, . . . , Xα

tn

)]
=EPν

[
ψ
(
Xα
t1 , . . . , X

α
tk
, Xα

tk+1
, . . . , Xα

tn

)
|Fτ̃
]

(ω), Pν-a.s. on Ω.
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Then we have

EPα,ν [φ (Bt1∧τ , . . . , Btn∧τ )ψτ ] = EPν
[
φ
(
Xα
t1∧τ̃ , . . . , X

α
tn∧τ̃

)
ψτ̃ (Xα)

]
= EPν

[
φ
(
Xα
t1∧τ̃ , . . . , X

α
tn∧τ̃

)
EPν

[
ψ
(
Xα
t1 , . . . , X

α
tk
, Xα

tk+1
, . . . , Xα

tn

)
|Fτ̃
]]

= EPν
[
φ
(
Xα
t1∧τ̃ , . . . , X

α
tn∧τ̃

)
ψ
(
Xα
t1 , . . . , X

α
tk
, Xα

tk+1
, . . . , Xα

tn

)]
= EPα,ν [φ (Bt1∧τ , . . . , Btn∧τ )ψ (Bt1 , . . . , Btn)] .

Step 4: Now we prove that Pτ,ω = Pα̃τ,ω ,ν̃τ,ω , P-a.s. on Ω.

By definition of the conditional expectation,

ψτ (ω) = EPτ,ω
[
ψ(ω(t1), . . . , ω(tk), ω(t) +Bt

tk+1
, . . . , ω(t) +Bt

tn)
]
, Pα,ν-a.s.,

where t := τ(ω) ∈ [tk, tk+1[, and where the Pα,ν-null set can depend on (t1, . . . , tn) and ψ, but we
can choose a common null set by standard approximation arguments.

Then by a density argument we obtain

EPτ,ω [η] = EPα̃τ,ω,ν̃τ,ω [η] , for Pα,ν-a.e. ω,

for every bounded and Fτ(ω)
T -mesurable random variable η. This implies Pτ,ω = Pα̃τ,ω ,ν̃τ,ω , P-a.s. on

Ω. And from the Step 1 we deduce that Pτ,ω ∈ Pτ(ω)

Ã . �

Lemma B.1.3 We have Pn ∈ PκH , where Pn is defined by (6.2.9).

Proof. Since by definition, Pit ∈ PtH and P ∈ PH , we have Pit = Pαi,νi and P = Pα,ν , for (αi, νi) ∈ Ãt

and (α, ν) ∈ Ã, i = 1, . . . , n. Next we define

αs := αs1[0,t)(s) +

[
n∑
i=1

αis1Eit(X
α) + αs1Ênt

(Xα)

]
1[t,T ](s), and

νs := νs1[0,t)(s) +

[
n∑
i=1

νis1Eit(X
α) + νs1Ênt

(Xα)

]
1[t,T ](s).

Now following the arguments in the proof of step 3 of Lemma B.1.2, we prove that for any 0 < t1 <

· · · < tk = t < tk+1 < tn and any continuous and bounded functions φ and ψ,

EPα,ν
[
φ(Bt1 , . . . , Btk)

n∑
i=1

EPα
i
t,ν
i
t
[
ψ(Bt1 , . . . , Btk , Bt +Bt

tk+1
, . . . , Bt +Bt

tn)
]
1Eit

]
= EPα,ν [φ(Bt1 , . . . , Btk)ψ(Bt1 , . . . , Btn)] .

This implies that Pn = Pα,ν ∈ PÃ. And since all the probability measures Pi satisfy the requirements
of Definition 6.2.1, we have Pn = Pα,ν ∈ PκH . �
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B.2 Other properties

B.2.1 Upward directed set

Lemma B.2.1 Fix an arbitrary measure P = Pα,ν in PκH . The set PκH(t+,P) is upward directed, i.e.
for each P1 := Pα1,ν1 and P2 := Pα2,ν2 in PκH(t+,P), there exists P′ ∈ PκH(t+,P) such that ∀u > t,

EP′
t

[
(Ku −Kt)

2
]

= max
{
EP1
t

[
(Ku −Kt)

2
]
,EP2

t

[
(Ku −Kt)

2
]}

. (B.2.1)

Proof.
We define the following Ft-measurable sets

E1 :=
{
ω ∈ Ω : EP2

t

[
(Ku −Kt)

2
]

(ω) ≤ EP1
t

[
(Ku −Kt)

2
]

(ω)
}
,

and E2 := Ω\E1. Then for all A ∈ FT , we define the probability measure P′ by,

P
′
(A) := P1(A ∩ E1) + P2(A ∩ E2).

By definition, P′ satisfies (B.2.1). Let us prove now that P′ ∈ PκH(t+,P). As in the proof of claim
(4.17) in [112], for s ∈ [0, T ], we define the processes α∗ and ν∗ as follows

α∗s(ω) := αs(ω)1[0,t)(s) +
(
α1
s(ω)1{Xα∈E1}(ω) + α2

s(ω)1{Xα∈E2}(ω)
)
1[t,T ](s),

ν∗s (ω) := νs(ω)1[0,t)(s) +
(
ν1
s (ω)1{Xα∈E1}(ω) + ν2

s (ω)1{Xα∈E2}(ω)
)
1[t,T ](s),

where Xα is defined in (5.2.6). We have

0 < α ∧ α1 ∧ α2 ≤ α∗ ≤ α ∨ α1 ∨ α2,

where α, α, αi, αi are the lower and upper bounds of the processes α, α1 and α2. Next, we have∫ T

0

∫
E

(1 ∧ |x|2)ν∗s (ds, dx) ≤
∫ T

0

∫
E

(1 ∧ |x|2)νs(ds, dx) +

∫ T

0

∫
E

(1 ∧ |x|2)ν1
s (ds, dx)

+

∫ T

0

∫
E

(1 ∧ |x|2)ν2
s (ds, dx) < +∞,

and the same way we see that
∫ T

0

∫
{|x|>1} xν

∗
s (ds, dx) < +∞. Then, we have therefore clearly

(α∗, ν∗) ∈ Ã, and we can define the element Pα∗,ν∗ of PÃ.

Now using the same arguments as in the Step 3 of the proof of Lemma B.1.2, we obtain that for
any t1 < · · · < tk = t < tk+1 < · · · < tn and any bounded and continuous functions φ and ψ,

EPα∗,ν∗
[
φ(Bt1 , . . . , Btk)ψ(Bt1 , . . . , Btn)

]
= EPα,ν

[
φ(Bt1 , . . . , Btk)

(
EPα1,ν1 [ψ(Bt1 , . . . , Btk , Bt +Bt

tk+1
, . . . , Bt +Bt

tn)]1E1

+ EPα2,ν2 [ψ(Bt1 , . . . , Btk , Bt +Bt
tk+1

, . . . , Bt +Bt
tn)]1E2

)]
.

This shows that

(Pα
∗,ν∗)ωt = (P

′
)ωt for Pα

∗,ν∗-almost every ω in Ω and every t > 0.
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Thus P′ = Pα∗,ν∗ ∈ PÃ. To prove that P′ ∈ PκH , we compute

EP′
[∫ T

0

∣∣∣F̂ 0
s

∣∣∣2 ds] = EP
[∫ t

0

∣∣∣F̂ 0
s

∣∣∣2 ds]+ EP1

[∫ T

t

∣∣∣F̂ 0
s

∣∣∣2 ds1E1

]
+ EP2

[∫ T

t

∣∣∣F̂ 0
s

∣∣∣2 ds1E2

]
≤ EP

[∫ T

0

∣∣∣F̂ 0
s

∣∣∣2 ds]+ EP1

[∫ T

0

∣∣∣F̂ 0
s

∣∣∣2 ds1E1

]
+ EP2

[∫ T

0

∣∣∣F̂ 0
s

∣∣∣2 ds1E2

]
< +∞.

Since by construction P′ coincides with P on Ft, the proof is complete.

�

B.2.2 Lr-Integrability of exponential martingales

Lemma B.2.2 Let δ > 0 and n ∈ N∗. Then there exists a constant Cn,δ depending only on δ and n
such that

(1 + x)−n − 1 + nx ≤ Cn,δx2, for all x ∈ [−1 + δ,+∞).

Proof. The inequality is clear for x large enough, let’s say x ≥M for some M > 0. Then, a simple
Taylor expansion shows that this also holds in a neighborhood of 0, that is to say for x ∈ [−ε, ε] for
some ε > 0. Finally, for x ∈ (−1 + δ,−ε)∪ (ε,M), it is clear that we can choose C large enough such
that the inequality also holds. �

Mémin [89] and then Lépingle and Mémin [80] proved some useful multiplicative decompositions of
exponential semimartingales. We give here one of these representations that we will use in the proof
of Lemma B.2.3.

Proposition B.2.1 (Proposition II.1 of [79]) Let N be a local martingale and let A be a pre-
dictable process with finite variation such that ∆A 6= −1. We assume N0 = A0 = 0. Then there
exists a local martingale Ñ with Ñ0 = 0 and such that

E(N +A) = E(Ñ)E(A).

Lemma B.2.3 Let λ > 0 and M be a local martingale with bounded jumps, such that ∆M ≥ −1+δ,
for a fixed δ > 0. Let V −λ be the predictable compensator ofW−λt =

∑
s≤t

[
(1 + ∆Ms)

−λ − 1 + λ∆Ms

]
, t ≥ 0

 .

We have

(i) E−λ(M) = E(N−λ +A−λ) where

A−λ =
λ(λ+ 1)

2
〈M c,M c〉T + V −λ, N−λ = −λMT +W−λ − V −λ.

(ii) There exist a local martingale Ñ−λ such that

E−λ(M) = E(Ñ−λ)E(A−λ).
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Proof. First note that thanks to lemma B.2.2, for λ > 0, (1 + x)−λ− 1 + λx ≤ Cx2, and thus W−λ

is integrable. We set

Tn = inf{t ≥ 0 : E(M)t ≤
1

n
} and Mn

t = Mt∧Tn .

Then Mn and E(Mn) are local martingales, E(Mn) ≥ 1
n and E(Mn)t = E(M)t if t < Tn. The

assumption ∆M > −1 shows that Tn tends to infinity when n tends to infinity. For each n ≥ 1, we
apply Itï¿1

2 ’s formula to a C2 function fn that coincides with x−λ on [ 1
n ,+∞):

E−λ(Mn)t =1− λ
∫ t

0
E−λ−1(Mn)s−dE(Mn)s +

λ(λ+ 1)

2

∫ t

0
E−λ−2(Mn)s−d 〈(E(Mn))c〉s

+
∑
s≤t

[
E−λ(Mn)s − E−λ(Mn)s− + λE−λ−1(Mn)s−∆E−λ(Mn)s

]
=1 +

∫ t

0
E(Mn)s−dX

n
s ,

where
Xn
t := −λMn

t +
λ(λ+ 1)

2
〈(Mn)c, (Mn)c〉t +

∑
s≤t

[
(1 + ∆Ms)

−λ − 1 + λ∆Ms

]
,

and then E−λ(Mn) = E(Xn). Let us define the non-truncated counterpart X of Xn:

X = −λM +
λ(λ+ 1)

2
〈M c,M c〉+W−λ.

On the interval [0, Tn[, we have Xn = X and E−λ(M) = E(X), now letting n tends to infinity, we
obtain that E−λ(M) and E(X) coincide on [0,+∞[, which is the point (i) of the Lemma.

We want to use the proposition B.2.1 to prove the point (ii), so we need to show that ∆A > −1.
We set

S = inf{t ≥ 0 : ∆A−λt ≤ −1}.

It is a predictable time. Using this, and the fact that M and (W−λ − V −λ) are local martingales,
we have

∆A−λS = E
[
∆A−λS |FS−

]
= E [∆XS |FS− ] = E

[
(1 + ∆MS)−λ|FS−

]
,

and since {S < +∞} ∈ FS− ,

0 ≥ E
[
1{S<+∞}(1 + ∆A−λS )

]
= E

[
1{S<+∞}(1 + ∆MS)−λ

]
.

Then ∆MS ≤ −1 on {S < +∞}, which means that S = +∞ and ∆A > −1 a.s. The proof is now
complete. �

We are finally in a position to state the Lemma on Lr integrability of exponential martingales for
a negative exponent r.

Lemma B.2.4 Let λ > 0 and let M be a local martingale with bounded jumps, such that ∆M ≥
−1 + δ, for a fixed δ > 0, and 〈M,M〉t is bounded dt× P-a.s. Then

EP
[
E(M)−λt

]
< +∞ dt× P− a.s.
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Proof. Let n ≥ 1 be an integer. We will denote µ̃M = µM − νM the compensated jump measure of
M . Thanks to lemma B.2.3, we write the decompostion

E(M)−n = E(Ñ−n)E
(

1

2
n(n+ 1) < M c,M c > +V −n

)
,

where Ñ−n is a local martingale and V −n is defined as V −λ. Using Lemma B.2.2, we have the
inequality

V −nt ≤
∫ t

0

∫
E
Cx2νM (ds, dx)

and using the previous representation we obtain

E(M)−nt ≤ E(Ñ−n)tE
(

1

2
n(n+ 1) 〈M c,M c〉+

∫ ·
0

∫
E
Cx2νM (ds, dx)

)
t

≤ E(Ñ−n)t exp

(
(
1

2
n(n+ 1) + C) 〈M,M〉t

)
≤ CE(Ñ−n)t since 〈M,M〉t is bounded.

Let us prove now that the jumps of Ñ−n are strictly bigger than −1. We compute

∆Ñ−n =
∆N−n

1 + ∆A−n
where A−n is defined as in lemma B.2.4

=
(1 + ∆M)−n

1 + ∆V −n
− 1 > −1 since − 1 < ∆M ≤ B and ∆V −n > −1.

This implies that E(Ñ−n) is a positive supermartingale which equals 1 at t = 0. We deduce

E
[
E(M)−nt

]
≤ CE

[
E(Ñ−n)t

]
≤ C.

We have the desired integrability for negative integers. We extend the property to any negative real
number by Hölder’s inequality. �
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