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Modélisation numérique du procédé de frittage flash

�

�

�

�

�

�

�

�

�

�

�

�

�

�

Doctorat ParisTech

T H È S E

pour obtenir le grade de docteur délivré par 

l’École nationale supérieure des mines de Paris

Spécialité “�Mécanique Numérique”

�

Directeur de thèse : Michel BELLET 
Encadrement de la thèse : Luisa SILVA�

Jury 
M. Umberto ANSELMI-TAMBURINI, Professeur, Département de Chimie, Université de Pavia      

M. Jose CESAR DE SA, Professeur, IDMEC / FEUP, Université de Porto       

M. Frédéric BERNARD,  Professeur,   LRRS� Institut Carnot de Bourgogne, Dijon                   

M. Alain COURET, Directeur de Recherche CNRS, CEMES Toulouse      

M. Nikhil KARNATAK, Ingénieur de Recherche, Plateforme CEA MECACHROME, Vibraye 

                     

Rapporteur 

Rapporteur 

Examinateur 

Examinateur 

Examinateur

Ecole doctorale n° 364 : Sciences Fondamentales et Appliquées 

T

H

E

S

E





 

 !"#$%&'()*'#+,

!"# $%"& "%# %"&"%' "&"()#  %*() )*+) (,)+%"--"&"() . &*( / %"')"+% /" )01#" ! '0"-

2"--") ") &, '*3/ %"')% '" /" )01#" 4+ #, 5 -6,7 8" -"# %"&"%' " $*+% -" #*+) "(9 -"# '*(#" -#

") -"+% / #$*( : - );7 !"%' /" &<,6* % =+ /; ") '*(#" --;7 ! '0"-9 >" %,>*+)"%, +( =%,(/

&"%' $*+% -"# %"-"')+%"# & (+) "+#"# /+ &,(+#'% )7

8<,/%"##" &"# # ('1%"# %"&"%' "&"()# . ?%;/;% @+" 2"%(,%/ $*+% -<0*(("+% @+< - &<, A, )

/" $%;# /"% &*( >+%B7 8" %"&"%' " ;=,-"&"() 8*#; C"#,% D" 5, ") E&:"%)* F(#"-& G,&3

:+% ( /<,6* % ,''"$); /<H)%" -"# %,$$*%)"+%# /" '"))" )01#" , (# @+" F-, ( C*+%") ") I J0 -

K,%(,),J /<,6* % ,''"$); /" >+="% '"))" )01#"7

8" %"&"%' " ;=,-"&"() -<;@+ $" /+ CL!L59 8",(3M0 - $$" !*('0*+N9 4 #" D+%,(/ ")

$-+# $,%) '+- 1%"&"() G0*&,# O* # ( $*+% )*+# (*# ;'0,(="# #+% -" 5M57 G0*&,# &"%' 

$*+% )*+# -"# "##, # ") $*+% ), %;,') 6 );7

8" %"&"%' " ,+## !,% "3?%,(P* #"9 ?%,(P* #"9 Q"("6 16"9 ?-*%"('"9 C,%*-"9 !+% "--"9 2% = ))"

") 5B-6 "7

8" 6*+/%, # %"&"%' "% L& -"9 4,%: 9 Q%"=9 R,$09 5)"$09 K,% &9 I,/ ("9 S ,/9 ,6"' 6*+#

><, $,%),=; -"# 0,+)# ") -"# :,# /" -, )01#"9 /"# #* %;"#9 /"# 6,',('"#777 O*+# #,6"T . @+"-

$* () 6*)%" ,& ) ; , '*&$);7

8" %"&"%' " ,+## &, A,& --" $*+% -"+% #*+) "( ") -"+% , /" ") #+%)*+) -"+%# "('*+%,="3

&"()# /+%,() -, $;% */" /" %;/,') *(7 L(U(9 >" %"&"%' " -, $"%#*((" @+ #,(# "--" '"

)%,6, - (<,+%, ) $,# $+ H)%" ,''*&$- 9 &*( G*+) 9 &"%' $*+% )*+)"# -"# -*(=+"# "N$- ',3

) *(# ") / #'+## *(# #+% -, &;',( @+" ") -"# &,);% ,+N ") $*+% ,6* % ;); -.9 )*+) -" )"&$#7

V(+) -" /" )" / %" '*&: "( ), $%;#"('" &<"#)  (/ #$"(#,:-"7

!"%' 777



  



 !"#$ %& '%()$()*

 !"#$%&'(#)%"  

*)+,)%-$./01 2

3 *)+,)%-$./01 $45)46 7

 !" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,

 ! -&'*.// (./*&+0%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,

 !1 2./+/%3$*. /+$%.&+$4 5+/%'&6 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ""

 !7 8.*53$+/9/ ()&+$4 (.$/+:*3%+'$ ;6 <03&= ->3/93 <+$%.&+$4 ! ! ! ! ! ! ! ! "7

 !? <%3%. '@ %5. 3&% '@ %5. 0&'*.// /+9)>3%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "A

 !B C'$*>)/+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  D

*)+,)%-$./01 8 

8 9':4$)(., :%&4,)"- %; #04 (%'/,4& #04$:., 4,4(#$)(., /$%+,4:< 87

1!" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 7E

1! 8'$'>+%5+* 300&'3*5 )/.( +$ CimLibr ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 7"

1! !" F.G.> /.% 9.%5'( ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 7"

1! ! 8+H+$4 >3I/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 7 

1! !1 J$+/'%&'0+* 9./5 3(30%3%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 7 

1!1 8'(.>+$4 '@ %5. .>.*%&+*3> 0&';>.9 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 77

1!1!" K'G.&$+$4 .L)3%+'$/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 77

1!1! M.3= @'&9 3$( (+/*&.%+N3%+'$ '@ %5. .>.*%&+*3> 0&';>.9 ! ! ! ! ! ! ! 7?

1!1! !" O+/*&.%+N3%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 7?

1!7 8'(.>+$4 '@ %5. %5.&93> 0&';>.9 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 7B

1!7!" K'G.&$+$4 .L)3%+'$/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 7B

1!7!"!" P5.&93> ;')$(3&6 *'$(+%+'$/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 7B

1!7! M.3= @'&9 3$( (+/*&.%+N3%+'$ '@ %5. %5.&93> 0&';>.9 ! ! ! ! ! ! ! ! 7D

+++



 !  !"#$ %& '%()$()*

"#$#%#& ' ()*+, -., /0 # # # # # # # # # # # # # # # # # # # # # # # # # $1

"#2 3+., 04 56 7/89+ +:+),; <8=+* ).9 ,+(,( # # # # # # # # # # # # # # # # # # # $>

"#2#& <8=+* ).9 !.9 ?., /0 /@ AB=C( 9.D # # # # # # # # # # # # # # # # # # $>

"#2#&#& E/?+9 04 /@ 7/89+ B+., 04 /@ . ( 049+ =.,+* .9 # # # # # # # $>

"#2#&#% E/?+9 04 /@ 7/89+ B+., 04 /@ ,D/ =.,+* .9(  0 )/0,.), # # # 2&

"#F G =89., /0 /@ ,B+*=.9 +9+),* ).9 )/8H9 04 @/* . ( =H9 I+? GJG 4+/=+,*6 # # 2"

"#F#& <8=+* ).9 *+(89,(;  !"#$%&# '%()!"* # # # # # # # # # # # # # # # # # # 22

"#F#% K0L8+0)+ /@ ,B+ (/8*)+ ,+*= # # # # # # # # # # # # # # # # # # # # # # 2>

"#F#" <8=+* ).9 *+(89,(; +"*'"%,$-%" .&/$%&)-$&(0 # # # # # # # # # # # # # FM

"#F#$ K0L8+0)+ /@ ,B+*=.9 ?+H+0?+0)+ /@ HB6( ).9 H*/H+*, +( # # # # # # # F%

"#1 G =89., /0 /@ +9+),* ).9 ,B+*=.9 )/8H9 04; N/=H.* (/0 5+,D++0 ,D/ )/?+(

.0? +OH+* =+0,( # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # F$

"#1#& <8=+* ).9 *+(89,(;  !"#$%&#,! '%()!"* # # # # # # # # # # # # # # # # # FF

"#1#% <8=+* ).9 *+(89,(; +1"%*,! '%()!"* # # # # # # # # # # # # # # # # # F1

"#P N/0)98( /0 # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # 1"

 !"#!$%&'()* +,

- ./01&!2'# 0$31#!4% $5 ($631& 2$0('27!$4 ++

$#& K0,*/?8), /0 # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # 1>

$#% G,.,+ /@ ,B+ .*,; E/?+9 04 /@ H/D?+* ( 0,+* 04 # # # # # # # # # # # # # # # # 1>

$#" E/?+9 04 /@ ,B+ =+)B.0 ).9 H*/59+= # # # # # # # # # # # # # # # # # # # # # P%

$#"#& E/?+9 04 /@ ,B+ )/=H*+(( 59+ ,B+*=.9 ! ()/H9.(, ) 5+B.! /8* 5.(+?

/0 Q5/8.@ 9.D # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # P%

$#"#% E/=+0,8= +R8., /0 # # # # # # # # # # # # # # # # # # # # # # # # # # P2

$#"#%#& S+.T @/*=89., /0 .0? ? ()*+, -., /0 # # # # # # # # # # # # P2

$#"#" E.(( )/0(+*!., /0 # # # # # # # # # # # # # # # # # # # # # # # # # # # # P>

$#"#"#& S+.T @/*=89., /0 .0? ? ()*+, -., /0 # # # # # # # # # # # # P>

$#$ <8=+* ).9 ( =89., /0 /@ H/D?+* )/=H.), /0 # # # # # # # # # # # # # # # # # >M

$#$#& G =89., /0 /@ . H/D?+* @*++ 80 .O .9 )/=H*+(( /0 # # # # # # # # # # >&

$#$#&#& c .0? f )/0(,.0, # # # # # # # # # # # # # # # # # # # # # # # >&

$#$#&#% c .0? f 8H?.,+? D ,B ,B+ *+9., !+ ?+0( ,6 # # # # # # # # # >$

$#$#% G =89., /0 /@ . H/D?+* ? + )/=H.), /0 # # # # # # # # # # # # # # # # >2

$#$#%#& c .0? f )/0(,.0, # # # # # # # # # # # # # # # # # # # # # # # >2

$#$#%#% c .0? f 8H?.,+? D ,B ,B+ *+9., !+ ?+0( ,6 # # # # # # # # # >1



 

!"!"#"$ %&'( )*+&*,+-*, .' /012&-*, *33&'*45 " " " " " " " " " " " 67

!"!"$ 8',4109-', " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " 66

!": ;0(2&-4*1 9-(01*.-', '< 4'0312= 2124.&-4 .52&(*1 (245*,-4*1 3&'>12(9 =0&?

-,+ @A@ " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " BCC

!":"B D,.&'=04.-', " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " BCC

!":"# /E0*.-',9 *,= *1+'&-.5( '< .52 9-(01*.-', " " " " " " " " " " " " " " BCC

!":"$ F295 *=*3.*.-', G-.5 .''19 ('.-', " " " " " " " " " " " " " " " " " " BC!

!":"! @H((2.&H =02 .' +2'(2.&H " " " " " " " " " " " " " " " " " " " " " " BC:

!":": I232,=2,42 '< 4',=04.- -.-29 G-.5 3'G=2& &21*.- 2 =2,9-.H " " " " " BCJ

!"K 8',4109-', " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " BB$

 !"#!$%&'()* ++,

, -$./#!0% $1 1&!23!$0 .4&!0% 565 47!0% 3)/ 84#/&!'0 '((&$'2) ++9

:"B D,.&'=04.-', " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " B#B

:"# %&-4.-', 1*G " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " B##

:"#"B A'G=2&LM*11 <&-4.-', ('=219 " " " " " " " " " " " " " " " " " " " " " " B#!

:"#"# N-94'31*9.-4 <&-4.-', ('=21 <'& 3'G=2& 4'(3*4.-', " " " " " " " " " " B#:

:"$ F'=21-,+ '< <&-4.-', -, .52 /012&-*, (','1-.5-4 *33&'*45 " " " " " " " " " " B#K

:"$"B D,.&'=04.-', " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " B#K

:"$"# I294&-3.-', '< .52 (245*,-4*1 ('=21 " " " " " " " " " " " " " " " " " B#K

:"$"$ I294&-3.-', '< .52 /012&-*, ('=21 " " " " " " " " " " " " " " " " " " " B#J

:"$"! I294&-3.-', '< .52 )*+&*,+-*, ('=21 " " " " " " " " " " " " " " " " " B#6

:"$": ;0(2&-4*1 9.0=H '< .52 /012&-*, *33&'*45 " " " " " " " " " " " " " " B$B

:"$"K A'99->12 =2 21'3(2,.9 -, .52 /012&-*, ('=21 " " " " " " " " " " " " " B!C

:"! 8',4109-', " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " B!B

 !"#!$%&'()* +:;

< =0>/&7/ '0'#*7!7 '0. ('&'?/3/&7 !./03!@2'3!$0 +:,

K"B D,.&'=04.-', " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " B!J

K"# D=2,.-O4*.-', '< .52 >25* -'& 1*G 3*&*(2.2&9P Q2E0-&2= 2R32&-(2,.9 " " " " B!J

K"#"B D=2,.-O4*.-', '< 4',9-9.2,4H *,= 9.&*-, &*.2 92,9-.- -.H ', =2,92

(*.2&-*1 " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " B!7

K"#"# D=2,.-O4*.-', '< S>'0*< <0,4.-',9 " " " " " " " " " " " " " " " " " " " B!6

K"#"#"B T'. -9'9.*.-4 3&299-,+P -=2,.-O4*.-', '< f " " " " " " " " " " B:B



 !  !"#$ %& '%()$()*

"#$#$#$ %&!'(!') *+,-./00!+& 1!23 *+&02'&2 )'2/.') -./004./ # # # # 56$

"#$#7 8!,!2'2!+& +9 23/ :'2/.0+& ,'*3!&/ # # # # # # # # # # # # # # # # # # 56"

"#$#7#5 ;/0*.!-2!+& +9 :'2/.0+& ,'*3!&/ # # # # # # # # # # # # # # 56"

"#$#7#$ <4==/02/> /(-/.!,/&20 # # # # # # # # # # # # # # # # # # # # 56?

"#$#7#7 :./)!,!&'.@ /(-/.!,/&20 # # # # # # # # # # # # # # # # # # # 5"7

"#7 A>/&2!B*'2!+& +9 CD+4'9 94&*2!+&0 40!&= <:< # # # # # # # # # # # # # # # # # 5"6

"#7#5 <:< /(-/.!,/&20 '&> ,/'04./,/&20 # # # # # # # # # # # # # # # # # # 5""

"#7#$ E')!D.'2!+& +9 c '&> f 40!&= F'2)'D # # # # # # # # # # # # # # # # # # 5G6

"#7#$#5 C)=+.!23, 40/> !& F'2)'D # # # # # # # # # # # # # # # # # # 5GG

"#7#7 E')!D.'2!+& +9 23/ 9.!*2!+& *+/H*!/&2 # # # # # # # # # # # # # # # # # 5?5

"#7#I E+&*)40!+& # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # 5??

"#I J4,/.!*') 0!,4)'2!+& +9 23/ 0-'.K -)'0,' 0!&2/.!&= 2/02 # # # # # # # # # # # 5L$

"#I#5 ;/0*.!-2!+& +9 23/ ,+>/)0 # # # # # # # # # # # # # # # # # # # # # # # 5L$

"#I#$ M/04)20 # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # 5L"

"#6 E+&*)40!+& # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $N$

 !"#!$%&'()* +,-

. /$01#23!$0 '04 (5&3(516!753 +,.

 !"#!$%&'()* +89

:((504!; 8< ='65&3$0 (&5#!>!0'&* 65363 +8-



 !"# $% &!'()*"

 ! "#$ %$&'( )$*+%, -$*. 1970 %#// 20080 1 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  

2! 345#(&/ 6/6(%$#( (7$$68% +&96-*$.: &55/#6; #8 <=< 5$*(6::6:> ?&@ (*8:%&8%

ABC ?D@ "BC ?(@ 57/:6; AB &8; ?;@ 57/:6; AB E AB 0FG1 ! ! ! ! ! ! ! ! ! !  H

2!2 <5&$I =/&:.& <#8%6$#8) :6% 75 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !   

2!F J65$6:68%&%#96 :(,6.6 *- %,6 :6% 75 #8968%6; D4 K6#8%$&7D &8; J7:, 0LH1 !  2

2!G " -7//4 &7%*.&%6; %7886/M%456 :#8%6$#8) :4:%6. ;696/*56; D4  !"# $%&'(

)*+,#' -,.!/)*#0% 1+23 4).2 0 1 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  F

2!L N7.D6$ *- 57D/#(&%#*8: $6/&%6; %* :#8%6$#8) 78;6$ 6/6(%$#( (7$$68% 0FF1 ! ! !  F

2!O J6:#:%&8(6 :#8%6$#8) 5$*(6::6: ;6:#)8&%#*8 0FF1 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  G

2!P Q6(,&8#:.: *- :#8%6$#8) 02H1 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  L

2!R ST6(% *- 57/:6: *8 :#8%6$#8) .6(,&8#:.: 0GF1 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  O

2!U N6(I -*$.&%#*8 D6%+668 %+* 5&$%#(/6: &: ;6:($#D6; D4 3*I#%& 0GF1 ! ! ! ! !  P

2! H <6% 75 ;6:#)86; D4 V&8&)#:&+& &) 0%2 %* :%7;4 %,6 6T6(% *- :5&$I: *8 86(I

-*$.&%#*8 D6%+668 5*+;6$ 5&$%#(/6: 0LF1 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  R

2!  B*.57%&%#*8&/ ;*.&#8 (*8:#;6$6; D4 V*864& 6% &/! 0LG1 %* .*;6/ 6/6(%$#(&/

&8; %,6$.&/ 5$*D/6.: :7..&$#W6; :(,6.&%#(&//4 D4 X$$7 &) 0%2 0FF1! " 2A

&Y#&/ :4..6%$4 #: (*8:#;6$6; ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  U

2! 2 B*.57%&%#*8&/ ;*.&#8 (*8:#;6$6; D4 K&8) 6% &/! 0GR1 %* .*;6/ 6/6(%$#(&/

&8; %,6$.&/ 5$*D/6.: :7..&$#W6; :(,6.&%#(&//4 D4 X$$7 &) 0%2 0FF1 ! ! ! ! 2H

2! F B*.57%&%#*8&/ ;*.&#8 (*8:#;6$6; D4 Q&%:7)# &) 0%2 02O1 %* .*;6/ 6/6(%$#(&/

&8; %,6$.&/ 5$*D/6.: ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 2 

2! G B7$$68% ;#:%$#D7%#*8 #8 %,6 <=< &55&$&%7: (*.57%6; D4 "8:6/.#M3&.D7$#8#

&) 0%2 0F1 7:#8) %,6 (*..6$(#&/ :*-%+&$6 BZAM"ZSE > %,6 3D .*;6/ ,&:

35352 8*;6: +#%, ,6Y&)*8&/ &8; 5*/4)*8&/ (6//: ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 22

2! L =*+6$ ;#::#5&%6; D4 [*7/6 6T6(% (*.57%6; D4 "8:6/.#M3&.D7$#8# &) 0%2 *8

%,6 /6-% -*$ &/7.#8&\ &8; *8 %,6 $#),% -*$ (*556$ 0F1 ! ! ! ! ! ! ! ! ! ! ! ! ! 2F

2! O 36.56$&%7$6 )&5 D6%+668 %,6 (68%6$ *- %,6 :56(#.68 &8; %,6 ;#6 :7$-&(6

96$:7: %,6 %6.56$&%7$6 .6&:7$6; &% %,6 ;#6 :7$-&(6> B*.5&$#:*8 D6%+668

6Y56$#.68%: &8; :#.7/&%#*8 +,68 86)/6(%#8) *$ (*8:#;6$#8) %,6$.&/ (*8%&(%

$6:#:%&8(6 0LL1 7:#8) %,6 (*..6$(#&/ :*-%+&$6 "D&]7: ! ! ! ! ! ! ! ! ! ! ! ! 2G

9##



 !!!  !"# $% &!'()*"

"#$% &'()*+,-,!. +,)/++ (!+,)!01,!*2 !2+!(/ -314!2- 5-6 -2( .*77/) 506# &'()*8
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?@A -2( ,9/  -)!-,!*2 *> ,9/ ,/47/)-,1)/ !47*+/( -, ,9/ 3*L/) -2( 177/)

+1)>-./ *> H)-79!,/ +7-./)+ # # # # # # # # # # # # # # # # # # # # # # # # # # # BB

@#$N O/7)/+/2,-,!*2 *> ,9/ @= H/*4/,)' L!,9 -2 * /) !/L *2 ,9/ 4/+9 L!,9

-2!+*,)*7!. )/4/+9!2H -)*12( ,9/ 7*L(/)T(!/ !2,/)>-./ # # # # # # # # # # # BJ

@#$$ U2V1/2./ *> ,9/ /3/.,)!.-3 .*2(1.,! !,!/+ *2 ,9/ (!+,)!01,!*2 *> ,9/ 2*)4 *>
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T iAl ,*()21 1>1+H 10 , # # # # # # # # # # # # # # # # # # # # # # # # # # # # # SF

"#"F &'()*+ ,'- '. /01 4 ,/+ 63/ '- '. /1()1+*/3+1 *2'-= /01 >1+/ ?*2 *! , .'+
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=#:$ K,98&*!2,- ,. +51 )1*+!/&( )1(,/!+3 8(,++1' ,)1* +51 *&'!&( '!2+&-/1 S&+

z = 10mmQ *1' (!-1T .,* αf = 1.5 !- +51 P&6*&-6!&- 9,'1( &-' e = 1.07mm

!- +51 V0(1*!&- 9,'1( &-' .,* +4, /,-2!2+1-/!12 # # # # # # # # # # # # # # # :I"

=#:I X,,9 ,. +51 /5&*+ ,. Y!60*1 =#:$ &+ +51 *16!,- ,. +51 !-+1*.&/1 E1+411- +51

8,4'1* &-' E,0-'&*3 (&31* +, +51 +*&-2!+!,- ,. +51 )1*+!/&( )1(,/!+3 # # # # :I=

=#:" D!2+*!E0+!,- ,. +51 )1*+!/&( )1(,/!+3 /,980+1' 02!-6 +51 V0(1*!&- &88*,&/5

&-' & Z,,9 ,- +51 +*&-2!+!,- !-2!'1 +51 (&31* .,* αf = 1.5 # # # # # # # # # :I=



 !!  !"# $% &!'()*"

"#$" %&'()'&*+, +--.- )/!01 + 2-+//!.0 "#34 5.- αf = 0.7 &0, e = 2.2mm *+/*!01

,!6+-+0* (.0/!/*+0(!+/ K̃ !0 *7+ 8.)0,&-9 '&9+- # # # # # # # # # # # # # # # # $3:

"#$: ;&-!&*!.0 .5 *7+ /+'+(*+, K̃ <+-/)/ *7+ ,!6+-+0* 5-!(*!.0 (.+=(!+0* 5.- *7+

*7-++ > +, *7!(?0+//+/ @7+-+ 1!<+0 !0 AAB # # # # # # # # # # # # # # # # # # $3C

"#$C D7+ !0<+-/+ &'1.-!*7A )/+, 5.- *7+ !,+0*!>(&*!.0 .5 *7+ 2&-&A+*+-/ .5 *7+

5)0(*!.0/ f1 .- f2 .- f3E .0(+ !,+0*!>+, *7+ 5)0(*!.0 1!<!01 *7+ '.F+/* +--.-

!/ (7./+0 '&*+- .0 5.- )'*+-!.- F.-?/ # # # # # # # # # # # # # # # # # # # # # # $3G

"#$G D7+ !0*+-<&' .5 !0!*!&' ,&*& .5 x = (a, b, c) 5.- A!0!A!H!01 *7+ (./* 5)0(*!.0

.5 f3 # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $3G

"#$I J!6+-+0* /*&-*!01 2.!0*/E (./* 5)0(*!.0/ &0, !,+0*!>+, 2&-&A+*+-/ .5 *7+

5)0(*!.0 f3 # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $3I

"#KL J!6+-+0* /*&-*!01 2.!0*/E (./* 5)0(*!.0/ &0, !,+0*!>+, 2&-&A+*+-/ .5 *7+

5)0(*!.0 f3 # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $4L

:#$ M+N)!-+, + 2+-!A+0*/ !0 .-,+- *. !,+0*!59 *7+ 5.)- 5)0(*!.0/ .5 *7+ O8.)&5

A.,+' 5.- (.A2-+//!8'+ <!/(.2'&/*!(!*9 # # # # # # # # # # # # # # # # # # # # # $4G

:#K P &A2'+ .5 *7+ ()-<+ .5 /*-+// 2'.**+, .<+- *7+ /*-&!0 -&*+ 5.- & 1!<+0

*+A2+-&*)-+ # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $4I

:#3 Q*-+// 2'.**+, .<+- *7+ /*-&!0 -&*+ 5.- ,!6+-+0* *+A2+-&*)-+/# M+/)'*/ *&?+0

5-.A '!*+-&*)-+ # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $"L

:#4 R-+//)-+ &0, *+A2+-&*)-+ 2-.>'+/ &22'!+, !0 *7+ !,+0*!>(&*!.0 + 2+-!A+0*/ $"L

:#" S.* !/./*&*!( 2-+//!01 # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $"$

:#: D7+ -+'&*!<+ ,+0/!*9 2'.**+, .<+- *!A+ 5.- +&(7 (.)2'+ (T, P )# T+&/)-+U

A+0*/ !//)+, 5-.A !0*+--)2*+, *+/*/ &-+ !0*+-2.'&*+,E *7+ 5)0(*!.0/ &''.F

(.A2)*!01 *7+ ,+-!<&*!<+ ρ̇r &0, *7+ O8.)&5 5)0(*!.0 f V:W # # # # # # # # # $"3

:#C O8.)&5 5)0(*!.0 2'.**+, .<+- *7+ -+'&*!<+ ,+0/!*9 V:W # # # # # # # # # # # # # $"3

:#G D-!& !&' (.A2-+//!.0 *+/* F!*7 (.0/*&0* '&*+-&' 2-+//)-+ # # # # # # # # # # # $"3

:#I D7+ R&*+-/.0 A&(7!0+ '.(&*+, &* RX !0/*!*)*+ # # # # # # # # # # # # # # # # # $":

:#$L M+2-+/+0*&*!<+ /(7+A+ .5 *7+ R&*+-/.0 A&(7!0+ # # # # # # # # # # # # # # # $"C

:#$$ D7+ /+* )2 !0/!,+ .5 *7+ A&(7!0+ # # # # # # # # # # # # # # # # # # # # # # # $"C

:#$K D+A2+-&*)-+ &0, 2-+//)-+ &22'!+, !0 *7+ /!A)'&*!.0 .5 7.* !/./*&*!( (.AU

2-+//!.0 # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $"G

:#$3 ;&-!&*!.0 .5 *+A2+-&*)-+E 2-+//)-+ &0, 2.-./!*9 F7+0 *7+ /'.2+ .5 2-+//)-+

!/ 5MPa/s &0, *7+ /'.2+ .5 *+A2+-&*)-+ 0.1◦C/s # # # # # # # # # # # # # # $:L

:#$4 ;&-!&*!.0 .5 *+A2+-&*)-+E 2-+//)-+ &0, 2.-./!*9 F7+0 *7+ /'.2+ .5 2-+//)-+

!/ 5MPa/s &0, *7+ /'.2+ .5 *+A2+-&*)-+ 20◦C/s # # # # # # # # # # # # # # $:$

:#$" %.A2&-!/.0 .5 *7+ +<.')*!.0 .5 *7+ &<+-&1+ 2.-./!*9 F!*7 *!A+ F7+0 &2U

2'9!01 ,!6+-+0* A& !A)A 2-+//)-+ # # # # # # # # # # # # # # # # # # # # # # $:$

:#$: %.A2&-!/.0 .5 *7+ +<.')*!.0 .5 *7+ &<+-&1+ 2.-./!*9 F!*7 *!A+ 5.- ,!6+-+0*

(.+=(!+0*/ kf &0, α # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $:K



 !!!

"#$% & '()!*(+,-. /(0!1+ ')2'20(/ -, 3&4&5 ,2 !/(+,!67 892:6 6:+;,!2+0 :0!+1

,<( =-,()02+ *-;<!+( # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $">

"#$? @<-'( 26 ,<( 0-*'.( -6,() -''.7!+1 ,<( ')(00:)( A100MPaB ,<(+ 200MPaB

,<(+ 300MPa /:)!+1 30*!+ 62) (-;<C -, )22* ,(*'()-,:)(# D+!,!-. /(+0!,7

71.74% # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $"E

"#$F G<( 0(, :' H<(+ ,<( ( '()!*(+, !0 !+,()):',(/ -, 680◦CB ,<( ;!);.( 0<2H0

,<( ;)-;I ,<-, 2;;:)0 -+/ ;-:0(0 ,<( .(-I # # # # # # # # # # # # # # # # # # # $"J

"#KL G<( ( '()!*(+, 0(, :' H<(+ !+,()):',(/ -, 600◦C 9(;-:0( 26 ,<( -.:*!+!:*

;2M() 9)(-IB ,<( .(-I *-)I !0 M!0!9.( 2+ ,<( '<2,2 26 ,<( 92,,2* # # # # # # $""

"#K$ =<2,21)-'<0 26 ,<( ( '()!*(+,-. 0(, :'N φ = 8mmB φ = 36mm H!,< ,<(

1)-'<!,( 6(., 9(62)( <(-,!+1 -+/ φ = 36mm H!,< ,<( 1)-'<!,( 6(., -, t = 15

*!+ # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $"%

"#KK O!*(+0!2+0 26 ,<( 0-*'.(0 -+/ ,22.!+1# PQN ,<( <(!1<, 26 ,<( 0-*'.( !0

)(.-,!M( ,2 !,0 /(+0( 0,-,( -, ,!*(= 0 # # # # # # # # # # # # # # # # # # # # # $"?

"#K> @=@ ;7;.(0 -''.!(/ 2+ @-*'.( 8N h = 13.6mmB Φ = 8mm -+/ :0(/ !+ ,<(

!/(+,!R;-,!2+ ( '()!*(+,0 # # # # # # # # # # # # # # # # # # # # # # # # # # # $"?

"#KE @=@ ;7;.(0 -''.!(/ 2+ @-*'.( QN h = 8mmB Φ = 36mm -+/ :0(/ !+ ,<(

!/(+,!R;-,!2+ ( '()!*(+,0 # # # # # # # # # # # # # # # # # # # # # # # # # # # $"F

"#KJ @=@ ;7;.(0 -''.!(/ 2+ @-*'.( 3N h = 3mmB Φ = 36mm -+/ :0(/ !+ ,<(

!/(+,!R;-,!2+ ( '()!*(+,0 # # # # # # # # # # # # # # # # # # # # # # # # # # # $"F

"#K" S(')(0(+,-,!M( 0;<(*( 26 ,<( <(!1<, (M2.:,!2+ /:)!+1 ;2*'-;,!2+ # # # # # $%L

"#K% &M2.:,!2+ 26 ,<( ,)!-. ,(0, /!0'.-;(*(+, H!,< ,!*( H<(+ ,<( 0(, :' !0

;2*'20(/ 26 ,<( ,22.!+1 ;2))(0'2+/!+1 ,2 ,<( 0-*'.( 8 φ = 8mm -+/

hf = 13.6mm # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $%$

"#K? &M2.:,!2+ 26 ,<( ,)!-. ,(0, /!0'.-;(*(+, H!,< ,!*( H<(+ ,<( 0(, :' !0

;2*'20(/ 26 ,<( ,22.!+1 ;2))(0'2+/!+1 ,2 ,<( 0-*'.( Q φ = 36mm -+/

hf = 8mm # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $%K

"#KF &M2.:,!2+ 26 ,<( /!0'.-;(*(+, /:)!+1 ,<( ,)!-. ,(0, -+/ /:)!+1 0!+,()!+1 ,<(

φ8 0-*'.( H!,< -+/ H!,<2:, ;2))(;,!2+ # # # # # # # # # # # # # # # # # # # # $%K

"#>L & '()!*(+,-. )(.-,!M( /(+0!,7 '.2,,(/ 2M() ,!*( 62) ,<( /!T()(+, !+,()):',(/

;7;.(0 -+/ ,<( M-.:(0 *(-0:)(/ -, ,<( (+/ 26 ,<( ( '()!*(+,0 )(')(0(+,(/

H!,< - *-)1!+ 26 ())2) # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $%>

"#>$ 3:, !+ ,<( ,)-+0M()0( /!)(;,!2+ -, ,<( *!//.( 26 ,<( ,H2 0-*'.(0 !+ 2)/()

,2 *(-0:)( '2)20!,7 /!0,)!9:,!2+ 97 ,<( @&4 # # # # # # # # # # # # # # # # # $%E

"#>K =2)20!,7 /!0,)!9:,!2+ H<(+ ,<( ;7;.(0 -)( !+,()):',(/ -, T = 1050◦C -+/

T = 1110◦C 62) ,<( Φ36/h3 0-*'.( # # # # # # # # # # # # # # # # # # # # # # $%J

"#>> G)-+062)*-,!2+ 26 ,<( @&4 !*-1( ,2 9.-;I -+/ H<!,( :0!+1 ,<( 026,H-)(

U!*' # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # $%"

"#>E U)!/ ;2M()!+1 ,<( !*-1( :0(/ ,2 ;2*':,( ,<( '2)20!,7 )-,( )(')(0(+,(/ 97

,<( '();(+,-1( 26 9.-;I 0'-;( !+ ,<( 0V:-)(0 26 ,<( 1)!/ # # # # # # # # # # # $%"



 !"  !"# $% &!'()*"

#$%& '(!) *+",(!-. /0, !12., 34,) /+ *+153/, /0, 5+(+4!/6 2-) 5+(+4!/6 )!4/(!7

83/!+- (,5(,4,-/,) 34!-. 9(!.!- 4+:/;2(, 8,:+(, 2)<34/1,-/ $ $ $ $ $ $ $ $ $ =>>

#$%# ?@.+(!/01 34,) !- A2/@28 /+ !),-/!:6 ?8+32: :3-*/!+-4 34!-. /0, 2-2@6/!*

4+@3/!+- $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ =>B

#$%> C2(!2/!+- +: ?8+32: :3-*/!+-4 ;!/0 (,@2/!", ),-4!/6 :+( )!D,(,-/ 4,/ +: 527

(21,/,(4 kf αc $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ =>B

#$%E F"+@3/!+- +: /0, (,@2/!", ),-4!/6 :+( )!D,(,-/ 4,/ +: 52(21,/,(4 kf 2-) αcG

9- /+5 :+( /0, 4215@, φ8/h13.6 2-) 8+//+1 φ36/h8 $ $ $ $ $ $ $ $ $ $ $ $ =EH

#$%B F"+@3/!+- +: /0, !15+4,) ",@+*!/6 :+( )!D,(,-/ 4,/ +: 52(21,/,(4 kf 2-) αcG

9- /+5 :+( /0, 4215@, φ8/h13.6 2-) 8+//+1 φ36/h8 $ $ $ $ $ $ $ $ $ $ $ $ =E=

#$IH J+152(!4+- +: /0, ,"+@3/!+- +: (,@2/!", ),-4!/6 1,243(,) )3(!-. /0, )!D,(7

,-/ !-/,((35/,) *6*@,4 2-) *+153/,) ;!/0 A2/@28 ;0,- 34!-. /0, +5/!131

?8+32: :3-*/!+-4 Kkf = 1.3, αc = 10LG 2L M215@, ? φ8/h13.6N 8L 4215@, O

φ36/h8N *L 4215@, J φ36/h3 $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ =EP

#$I= F 5,(!1,-/2@ ",@+*!/6 2-) !/4 @!-,2(!Q2/!+- ;0,- /,15,(2/3(, (,2*0,4 /0,

660◦C !- /0, 1+3@) ,R3!"2@,-/ /+ 700◦C !- /0, *,-/(, +: /0, 5+;),( :+( /0,

4215@, φ8/h13.6 $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ =E%

#$IP F 5,(!1,-/2@ ",@+*!/6 2-) !/4 @!-,2(!Q2/!+- ;0,- /,15,(2/3(, (,2*0,4 /0,

660◦C !- /0, 1+3@) ,R3!"2@,-/ /+ 700◦C !- /0, *,-/(, +: /0, 5+;),( :+( /0,

4215@, φ36/h8 $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ =E%

#$I% M215@, Φ8/h13.6G S!4/(!83/!+- +: (,@2/!", ),-4!/6 1,243(,) , 5,(!1,-/2@@6

2-) *+153/,) ;!/0 :(!*/!+-@,44 *+-)!/!+- +( ;!/0 :(!*/!+- :+( αf = 1.5 2-)

:+( αf = 3.5G +- /0, @,:/ ;0,- /0, 4215@, 0,!.0/ !4 ,R32@ /+ 17.6mmN !-

/0, *,-/,( ;0,- /0, 4215@, 0,!.0/ !4 ,R32@ /+ 16mm 2-) +- /0, (!.0/ ;0,-

/0, 4215@, 0,!.0/ !4 ,R32@ /+ 14.8mm $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ =E#

#$II M215@, φ8/h13.6G J+152(!4+- +: ),-4!/6 .(2)!,-/N 12 !131 2-) 1!-!7

131 (,@2/!", ),-4!/6 !- /0, 4215@, :+( /0, , 5,(!1,-/2@ (,43@/4 2-) 4!17

3@2/!+-4 ;0,- 2 :(!*/!+-@,44 *+-)!/!+- !4 255@!,)N 2 :(!*/!+- ;!/0 αf = 1.5

2-) 2 :(!*/!+- ;!/0 αf = 3.5 $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ =E#

#$I& M215@, Φ36/h8G S!4/(!83/!+- +: (,@2/!", ),-4!/6 1,243(,) , 5,(!1,-/2@@6

2-) *+153/,) ;!/0 :(!*/!+-@,44 *+-)!/!+- +( ;!/0 :(!*/!+- :+( αf = 6.6 G +-

/+5 h = 9.6mmN +- /0, 8+//+1 h = 8.4mm $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ =EB

#$I# J+152(!4+- +: /0, )!4/(!83/!+- +: (,@2/!", ),-4!/6 !443,) :(+1 /0, , 5,(!7

1,-/ ;0,- 34!-. /;+ )!D,(,-/ .(!)4 !- 'TAUN /0, 4215@, !4 Φ8/h13.6 :+(

h = 16mmG 2L *+2(4, .(!)N 8LV-, .(!) $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ =BH

#$I> .,-,(2/,) 1,40 34,) !- /0, 4!13@2/!+- 2-) 2 Q++1 !- /0, (,.!+- +: /0,

4215@, 40+;!-. (,V-,) ,@,1,-/4 2(+3-) /0, 4215@,W12/(! !-/,(:2*,G 2L

4215@, Φ8/h13.6N 8L 4215@, Φ36/h8 $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ =B%

#$IE MUM 2552(2/34 2-) 2 Q++1 +- /0, 0,2/,) 2552(2/34 ;!/0 /0, .(250!/, :,@/

43((+3-)!-. /0, 1+3@) X%Y $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ $ =BI



 !

"#$% &'()'*'+,-,.!' */0'1' 23 ,0' 1245678)-(0.,' 3'5, .+,')3-/' # # # # # # # # # 9%$

"#:; &'8.2+* 23 ,0' 8'21',)< *.145-,'6 =0')' 1'*0 !'52/.,< .* /2+,)255'6 ,2

4(6-,' ,0' /22)6.+-,'* # # # # # # # # # # # # # # # # # # # # # # # # # # # # # 9%:

"#:9 >21(-).*2+ 23 ,0' )'845-,'6 ,'1(')-,4)' ,0' ' (').1'+, -+6 ,0' *.145-,.2+9%"

"#:? >21(-).*2+ 23 ,0' )'845-,'6 !'),./-5 *,)'** @',=''+ ,0' ' (').1'+, -+6

,0' *.145-,.2+ # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # # 9%A

"#:B >21(-).*2+ 23 ,0' '!254,.2+ 23 ,0' !'),./-5 !'52/.,< C-D -+6 -!')-8' )'5-,.!'

6'+*.,< C@D @',=''+ *.145-,.2+ -+6 -+6 ' (').1'+,* 32) *-1(5' Φ8/h13.6 # 9%E

"#:$ >21(-).*2+ 23 ,0' '!254,.2+ 23 ,0' !'),./-5 !'52/.,< C-D -+6 -!')-8' )'5-,.!'

6'+*.,< C@D @',=''+ *.145-,.2+ -+6 -+6 ' (').1'+,* 32) *-1(5' Φ36/h8 # # 9%%

"#:: F.*,).@4,.2+ 23 !'),./-5 !'52/.,< 32) *-1(5' Φ36/h8 -+6 - G221 2+ ,0'

,)-+*.,.2+ .+ ,0' @24+6-)< 5-<')H -D!'),./-5 !'52/.,< -+6 @D )'5-,.!' 6'+*.,< ?;;

"#:" F.*,).@4,.2+ 23 )'5-,.!' 6'+*.,< 32) *-1(5' Φ8/h13.6 # # # # # # # # # # # # ?;9

"#:A F.*,).@4,.2+ 23 )'5-,.!' 6'+*.,< 32) *-1(5' Φ36/h8 # # # # # # # # # # # # # ?;9



 !"  !"# $% &!'()*"
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,#$! )7 . 5*)%#&&'$0 *)-!# 7)* !"#&# '$!#*,#!.++'% .++)(& '& )7 5*',# ',5)*!.$%# 7)* !"#

/#4#+)5,#$! )7 !"#'* .55+'%.!')$& '$ #$0'$#&1 8"# /#4#+)5#/ 5*)%#&& &")-+/ #$".$%# !"#

5"(&'%.+ 5*)5#*!'#& )7 !"# ,.!#*'.+& %),5.*'$0 !) !"# %)$4#$!')$.+ 5*)%#&&#& .$/ &")-+/

9# %)&!6#:#%!'4#1

;$!#*,#!.++'% .++)(& .*# /'<%-+! !) 7)*, ='!" %)$4#$!')$.+ !#%"$'>-#& &-%" .& %.&!'$0

5*)%#&& /-# !) !"#'* /':#*#$! ,#+!'$0 !#,5#*.!-*#&1 ?-*'$0 &)+'/'@%.!')$3 &!*-%!-*.+ "#!6

#*)0#$#'!'#& )%%-* .$/ !"#&# .*# /#!*',#$!.+ 7)* ,#%".$'%.+ 5*)5#*!'#&1 ;$ !".! *#&5#%!3

5)=/#* ,#!.++-*0( ABCD '& . 4#*( 5*),'&'$0 *)-!# 7)* '$!#*,#!.++'% ,.!#*'.+& !) .4)'/ !"#

,.%*)6&#0*#0.!')$ .$/ *#/-%# &)+'/'@%.!')$ !#E!-*#1 F)=#4#*3 !"# %)$4#$!')$.+ 5*)%#&&#&

7)* 5)=/#* %),5.%!')$3 &-%" .& ")! '&)&!.!'% 5*#&&'$03 .*# #E5#$&'4# &'$%# !"#( *#>-'*#

$-,#*)-& !',# %)$&-,'$0 &!#5& 7*), *.= ,.!#*'.+& !) @$.+ %),5)$#$!&1
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"#$%&' () * +,-#./0 '0'.1&#. .%&&'21 3/4'56&78 /--0#'9 #2 :;: -&6.'88'8* </= .6281/21 >?@

<A= B?@ <.= -%08'9 >? /29 <9= -%08'9 >? C >? DEFG

H/1'&#/0 I2#1#/0 ;639'& :#J' "#2/0 K&/#2 :#J' "#2/0 K&/#2 :#J'

:;: (µm) ?624'21#62/0(µm)

Mg DE!G  L! µm LM N (!M(F

T iO2 D(G F! nm !)  

BaTiO3 D((G  E nm !)(ME E

+/A0' () * K&/#2 8#J' .67-/&#862 3O'2 %8#2$ :;: 6& .624'21#62/0 -&6.'88'8

3O#.O O'/18 1O' 7/1'&#/0 5&67 1O' 6%18#9' 16 1O' #23/&9 A, .629%.1#62) +O' .67A#2/M

1#62 65 &/-#9 O'/1#2$ <%- 16 400◦C/min /29 -688#A#0#1, 1000◦C/min= /29 O#$O -&'88%&'

&'8%018 #2 1O' 9'28#P./1#62 65 1O' -639'& /29 1O' &'9%.1#62 65 1O' -6&' 460%7' 2'/&0, 16

J'&6) +O' 8#21'&'9 8/7-0' #8 56&7'9 #2 /A6%1 P51''2 7#2%1'8) +O' 8O6&1 1#7' &'Q%#&'9

16 O'/1 %-R 8#21'& /29 .660 9632 1O' -639'& -&69%.'8 / 262 -6&6%8R 5%00, 9'28' 7/1'&#/0

3#1O 0#7#1'9 $&/#2 $&631O) +O' 8#21'&#2$ 1'7-'&/1%&'8 /&' /A6%1 200◦C 063'& 1O/2 #2

.624'21#62/0 -&6.'88'8) B1 1O' '29 65 1O' -&6.'88R 1O' -639'& O/8 / 81&%.1%&' .068' 16

1O' 6&#$#2/0 81&%.1%&') I29''9R '4'2 #5 1O' #2#1#/0 81&%.1%&' .O/2$'R 1O' $&/#2 8#J' '46M
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0'%$'+2)1 1*+ $%&'()*'1 .1((17.) .%221*/%,& B -,1 $#.4),1 M-$)+%$%: ;1-? '.4#,+)(7

(%,* NO)G( 1+ #(-$),1P *%,+ .%,*)&'2'* /%-2 .1++1 0'%$'+2)1: "1* 2'*-(+#+* %@+1,-* #>1.

A)$")@= -+)()*#,+ (8#//2%.41 $%,%()+4)3-1= *%,+ .%$/#2'* 1+ >#()&'* 02Q.1 B &1* 2'*-(+#+*

,-$'2)3-1* )**-* &- (%0).)1( A%$*%(: ;1 /(-*= .1* 2'*-(+#+* %,+ '+' >#()&'* #>1. &1* 2'7

*-(+#+* 1?/'2)$1,+#-? -+)()*#,+ (1 .4#,01$1,+ &1 /4#*1 #- ,)>1#- $).2%*+2-.+-2#(1 #9,
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/'2#+-21 &#,* (8'.4#,+)((%, 1*+ /2),.)/#(1$1,+ ),6-1,.'1 /#2 (# .%,&-.+)%, +412$)3-1 &-

02#/4)+1 3-) 1,+%-21 (8'.4#,+)((%,: ;1 /(-*= (# &)*+2)@-+)%, &1 (# +1$/'2#+-21 #-+%-2 &1

(8'.4#,+)((%, 1*+ &'/1,&#,+1 &1 *1* /2%/2)'+'* '(1.+2)3-1*: "1* 2'*-(+#+* &1 .1 .4#/)+21

$%,+21,+ 3-1 (# *)$-(#+)%, /#2 '('$1,+* 9,)* &- .%-/(#01 '(1.+2)3-17+412$)3-1 1*+ ,'.1*7

*#)21 /%-2 .%$/21,&21 (# &)*+2)@-+)%, &1 (# +1$/'2#+-21 /1,&#,+ (1 /2%.'&' &1 52)++#01

6#*4: A1* *)$-(#+)%,* &1>2#)1,+ /12$1++21 #-? ),0',)1-2* &1 $)1-? .4%)*)2 (# ,#+-21 &1*

$#+'2)#-? &1 (8%-+)((#01 #),*) 3-1 (1-2* 0'%$'+2)1*= #9, &1 2'&-)21 (1* 4'+'2%0',')+'* &1
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(+*%*1)*, #*+* ,/ 1/) $1&-0,* )#* (/:,*+ (/+/%$)=6 >*1&*? (#=%$&'- (+/(*+)$*% '+* )*.@

(*+')0+* ,*(*1,*1) A0) $1,*(*1,*1) /9 )#* (/:,*+ ,*1%$)=6 "#* B/0(-$12 A*):**1 )#*

*-*&)+$&@)#*+.'- (+/A-*. '1, )#* .*&#'1$&'- (+/A-*. $% )+*')*, -')*+ /1 $1 B#'()*+ "#+**6

4$20+* 567C "#*+.'-@*-*&)+$&'- &/0(-$12 %&#*.* ,0+$12 %('+3 (-'%.' %$1)*+$12 (+/&*%%

"#* '$. /9 )#$% &#'()*+ $% )/ %#/: )#* *D*&) /9 ,$D*+*1) (#*1/.*1' /1 #*')$12 '1, )*.@

(*+')0+* ,$%)+$A0)$/16 E1 9'&)? *8*1 $9 ') )#$% (/$1) )#* (/:,*+ $% &/1%$,*+*, '% ' ,*1%*

.*,$0. '1, &/0(-$12 :$)# ,*1%$;&')$/1 $% 1/) ./,*-*,? %*8*+'- .*&#'1$%.% $1)*+9*+* '1,

.'3* &/0(-$12 A*):**1 )#* *-*&)+$&'- '1, )#*+.'- (+/A-*. &/.(-*F6 G#=%$&'- (+/(*+)$*%

/9 )#* %'.(-* '+* ,$%&0%%*, ;+%)? $1 ('+)$&0-'+ *-*&)+$& &/1,0&)$8$)=6 "#*1 :* ,$%&0%% )#*

$1H0*1&* /9 )#*+.'- ,*(*1,'1&*? )/ ;1$%# :$)# ./,*-$12 #*') -/%%*% )#') /&&0+ )#+/02#

:')*+ &//-$12 '1, +',$')$/1 )/ )#* &#'.A*+ :'--% /9 )#* '(('+')0%6

"#* ./1/-$)#$& '((+/'&# $% (+*%*1)*,6 E) $% 0%*, )/ %$.0-')* )#* *-*&)+$&'- )#*+.'- &/0@

(-$12 ,0+$12 )#* IGI (+/&*%%6 4$+%)? )#* &/,* '% :*-- '% )#* 10.*+$&'- '((+/'&# '+*

$1)+/,0&*,6 "#* &/,* 0%*, $% B$.J$A ,*8*-/(*, ') BK<K46 I*&/1,-=? ):/ %*&)$/1% 9/--/:

)/ ,*%&+$A*? /1 )#* /1* #'1,? )#* ./,*- /9 )#* *-*&)+$& (+/A-*. '% :*-- '% )#* *-*&)+$&

&0++*1) :'8*9/+.% '((-$*, $1 IGI '1,? /1 )#* /)#*+ #'1,? )#* )#*+.'- ./,*- :$)# )#*

,$D*+*1) #*') )+'1%9*+ .*&#'1$%.%6 "#* ;1$)* *-*.*1) .*)#/, $% 0%*, )/ %/-8* )#*%*

(+/A-*.% '1, 9/+ *'&# /1* )#* ,$%&+*)$L')$/1 /9 )#* *M0')$/1% $% (+*%*1)*,6

N9)*+:'+,%? 10.*+$&'- )*%)% :$-- A* 0%*, )/ 8'-$,')* )#* *-*&)+$&'- *D*&) /1 )*.(*+')0+*?

(+/8$,*, A= O/0-* #*')$126 P*F)? ):/ IGI 2*/.*)+$*% '+* ./,*-*,? :* A*2$1 A= &/1%$,@

*+$12 %)'+)$12 :$)# ' ./,*- :#*+* A/01,'+= &/1,$)$/1% '+* %$.(-$;*, '1, 9/+ :#$&# :*

&/.('+* B$.J$A +*%0-)% :$)# NA'M0% +*%0-)% $%%0*, 9+/. )#* :/+3 /9 B/0M0*  ! "#$ ')
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"# #"$%&'()* +"(, '-* +"(,.%( (,)/$'& *)0)-*)-1) .2 (,) *"3)/)-( $'()/"'& 0'/'$)()/# (.

#(%*4 "(# "-5%)-1) .- ,)'("-67 8- ' #)1.-* #()09 ' $./) 1.$0&)() 6).$)(/4 "# 1.-#"*)/)*

+,)/) ,)'( &.##)# /)#0)1( (,) ):0)/"$)-('& 1.-*"(".-#7 ;)/)9 <"$="> /)#%&(# '/) 1.$?

0'/)* +"(, <.$#.& /)#%&(# +,"1, ,'@) >))- .>('"-)* >4 .%/ 1.&&)'6%)# "- 8A8B 0/.C)1( '(

<DEDB

 

7 F 1&.#)/ #(%*4 "# 1'//")* .%( 2./ (,) ()$0)/'(%/) *"#(/">%(".- 2./ (+. *"3)/)-(

$'()/"'&#G T iAl '-* '&%$"-'7

 !" #$%$&'()'* +,,-$+*) ./01 '% CimLib
r

 !"!# $%&%' (%) *%)+,-

H,) $'"- "*)' .2 (,) $.-.&"(,"1 '00/.'1, *)@)&.0)* "- CimLibr "# (,) %#) .2 .-) #"-6&)

$)#, 2./ (,) 1'&1%&'(".-#7 D"(,)/ *)'&"-6 +"(, .-) ./ #)@)/'& $'()/"'&#9 .-) $)#, "# *)I-)*

1.$0.#)* >4 (,) 1.$0%('(".-'& *.$'"- Ω7 E./) 0/)1"#)&49 6"@)- '- "-()/2'1) Γi >.%-*"-6

' /)6".- Ωi ⊂ Ω9 +) *)I-) ' 1.-("-%.%# *"#('-1) 2%-1(".- αi(
−→x , t) (,'( /)0/)#)-(# (,)

"-()/2'1) '# (,) #%/2'1) +,)/) αi(
−→x , t) = 07 H,) &)@)& #)( 2%-1(".- αi ,'# (,) 2.&&.+"-6

0/.0)/(")#G "2

−→x = (x1, · · · , xn) ∈ R
n

αi(
−→x , t) > 0 2./

−→x ∈ Ωi

αi(
−→x , t) < 0 2./

−→x /∈ Ωi JK7!L

αi(
−→x , t) = 0 2./

−→x ∈ ∂Ωi = Γi(t)

M-1) 1'&1%&'()*9 (,) &)@)& #)( 2%-1(".- *"#(/">%(".- '&&.+# %# (. *)I-) ' 0/)#)-1) 2%-1(".-

.2 (,) #%>#)( Ωi7 H,) 0/)#)-1) 2%-1(".- '##"6-# (. )'1, -.*) (,) @'&%) .-) ./ N)/. '11./*?

"-6 (. "(# &.1'(".- "-#"*) ./ .%(#"*) (,) #%>#)(7 F O#$..(,)*O ;)'@"#"*) 2%-1(".- H(αi)

"# %#)* "- (,"# +./P9 +,)/) ' (,"1P-)## εm "# I:)* "- (,) #%//.%-*"-6 .2 (,) "-()/2'1) "- '

+'4 (. '@."* -%$)/"1'& 0/.>&)$# 1.$"-6 2/.$ (,) *"#1.-("-%.%# >),'@"./ "- (,) (/'-#"(".-

/)6".-G

H(αi) = 1 "2 αi > εm

H(αi) =
1

2

(

1 +
αi

εm
+
1

π
sin

(
παi

εm

))

"2 |αi| ≤ εm JK7QL

H(αi) = 0 "2 αi < −εm

8- 1'&1%&'(".-#9 (,) @'&%) .2 εm "# 1,.#)- '11./*"-6&4 (. (,) $)#, #"N) "- ./*)/ (. '00/.'1,

' #,'/0 "-()/2'1) #.&%(".-7 8(# $"-"$%$ #,.%&* -.( >) &.+)/ (,'- (,) *.%>&) .2 (,) $)#,

#"N) "- (,) ./(,.6.-'& *"/)1(".- (. (,) "-()/2'1)7 R%/(,)/$./)9 1.-#"*)/"-6 ' -%$>)/ .2

#%>*.$'"-# Ωi9 )'1, .-) /)0/)#)-("-6 ' *"3)/)-( 0,'#) ./ $'()/"'&9 (,) .>C)1("@) "# (.
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-%%/#%/,-'( %/#%(/',(+3 4#/ '),+ /(-+#05 $,6,02 .-7+ -/( ,0'/#1&"(13

 !"!" #$%$&' ()*+

8,6,02 .-7+ -/( 1(90(1 -+ :&0"',#0+ #: ')( .(;(. +('3 <,=(/(0' (6%/(++,#0+ "-0 >( &+(1

'# "#$%&'( ')( ;-.&(+ #0 ')( (0',/( "#$%&'-',#0-. 1#$-,0 Ω3 ?,')(/ -0 -/,')$('," $(-0

#/ -0 )-/$#0," $(-0 ,+ ")#+(03 @0 ')( (.("'/," -01 ')(/$-. (A&-',#0+ 1,=(/(0' %)*+,"-.

%/#%(/',(+ 0((1 '# >( $,6(1 #0 ')( "#$%&'-',#0-. 1#$-,0 Ω +&") -+ ')( (.("'/," -01

')(/$-. "#01&"',;,',(+5 ')( +%(",9" )(-' "-%-",'* -01 ')( 1(0+,'*3 @0 :-"'5 ,' 7-+ +)#70

BCD ')-' :#/ ')( 1(0+,'* -01 +%(",9" )(-' "-%-",'* -0 -/,')$('," $(-0 2,;(+ $#/( -""&/-'(

/(+&.'+3 @: ')( ,01(6 i -01 j /(:(/ /(+%("',;(.* '# ')( +&>1#$-,0+ Ωi -01 ΩjE

ρ = H(αi)ρi + (1−H(αi))ρj FG3GH

cp = H(αi)cpi + (1−H(αi))cpj FG3 H

I+ ρ -01 cp -/( "#0+,1(/(1 ;,- ')(,/ ',$( 1(/,;-',;( '(/$ ')( )(-' '/-0+:(/ (A&-',#05 -01

1&( '# ')( :-"' ')-' ')(* ;-/* ,0;(/+(.* ,0 (-") $-'(/,-. F ρ ,+ .#7(/ :#/ ')( $-'(/,-.

)-;,02 - ),2)(/ cp :#/ T iAl -01 2/-%),'(H5 ,' ,+ >(''(/ '# $,6 ')(,/ %/#1&"' 1,/("'.* >(:#/(

,0'/#1&",02 ,' ,0 )(-' (A&-',#0E

ρcp = H(αi)ρicpi + (1−H(αi))ρjcpj FG3JH

K0 ')( #')(/ )-015 :#/ "#01&"',;,',(+5 -0 )-/$#0," -;(/-2( ,+ ")#+(05 -:'(/ BCD E

k =
(H(αi)

ki
+
1−H(αi)

kj

)−1
FG3CH

σe =
(H(αi)

σei
+
1−H(αi)

σej

)−1
FG3LH

M-'(/ #05 ,0 %-/-2/-%) G3J3N - ;-.,1-',#0 '(+' ,+ %/(+(0'(1 ,0 #/1(/ '# O&+',:* ')( ")#,"( #:

')( .-7 :#/ ')( "#01&"',;,'*3
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2)*%)6-'%,(8; =.%2$>7$%,(83 )% .5&$5 ,. $%#'%-$ ,#$ '--75'-8 '5.7%& ,#$ )%,$54'-$ '%&

.0,)/)?$ -./07,',).%'( ,)/$3 '% '%)2.,5.0)- '&'0,):$ /$2#)%* )2 '--./0()2#$& @A)*75$

!;BC;
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M =







ε2remI )4 |α| > e
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N

2e

)2

− ε2rem

)

A+ ε2remI $(2$+#$5$

+#$5$ A =
∇α⊗∇αT

‖ ∇α ‖2 @!;KC

+#$5$ N )2 ,#$ %7/9$5 .4 $($/$%,2 *$%$5',$& )% ,#$ ,#)-F%$22 2e '%& )% ,#$ &)5$-,).% .4

,#$ *5'&)$%, .4 ,#$ ($:$( 2$,3 '%& εrem )2 5$(',$& ,. ,#$ 9'-F*5.7%& /$2# 2)?$;
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N
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J

−→
J

−→
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−→
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−→
E σe U
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"#$%&'() &( *"*$+" &," -(&")&'%. U /

∇ · (−σe∇U) = 0 012334

5()6'*"7')8 Ω ⊂ R
3
&," +(9-$&%&'()%. *(9%') %)* Γ = ∂Ω '&6 :($)*%7;< &," "."+&7'+%.

-7(:."9 '6 6$99%7'="* %6 >(..(?6/

@')* U %& "%+, )(*" (> Ω 6$+, &,%& %& "%+, ')6&%)& t/
{
∇ · (−σe∇U) = 0 ') Ω

A($)*%7; +()*'&'() () Γ
0123B4

C) >%+&< ') &," 6'9$.%&'() "'&,"7 % D(.&%8" (7 %) "."+&7'+%. E$F '6 %--.'"*2 G,") % D(.&%8"

'6 %--.'"*< &," :($)*%7; +()*'&'() () Γ '6 ?7'&&")/

U = Uimp 012314

G,"7"%6< ?,") %) "."+&7'+%. E$F '6 +()6'*"7"*< &," :($)*%7; +()*'&'() () Γ '6 ?7'&&")/

−σe∇U · −→n = Φimp 0123 4
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C) (7*"7 &( 6(.D" &," "#$%&'()6 %:(D" :; &," H)'&" "."9")& 9"&,(*< ."& $6 *"H)" &,"

I(:(."D 6-%+" H1(Ω) (> >$)+&'()6 ?'&, 6#$%7" ')&"87%:." *"7'D%&'D"6< &," J":"68$" 6-%+"

L2(Ω)< %)* H1
0 (Ω) &," 6-%+" (> >$)+&'()6 ') H

1(Ω) ?'&, D%)'6,')8 D%.$"6 () &," :($)*%7;

Γ/
H1(Ω) = {ω ∈ L2(Ω),∇ω ∈ [L2(Ω)]3}
L2(Ω) = {ω,

∫

Ω

ω2dΩ <∞}
H1
0 (Ω) = {ω ∈ H1(Ω), ω = 0 () Γ}

K," D%7'%&'()%. 0(7 ?"%L4 >(79 (> &," "."+&7'+%. "#$%&'() '6 -(6"* %6 >(..(?6/







@')* U ∈ H1(Ω) 6$+, &,%&/

∫

Ω

σe∇U · ∇ωdΩ−
∫

Γflux

σe∇U · −→n ω dΓflux = 0 ∀ω ∈ H1
0 (Ω)

0123!4
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Ωh2 Ω '6 6$:6&'&$&"* :; % 6"& (> N "."9")&6< τh< :$'.& () &," )(*"6 (> &," *(9%') Ωh2

H1
h '6 *"H)"* %6 &," 6-%+" (> -'"+"?'6" -(.;)(9'%. >$)+&'()6< &," ')&"7-(.%&'() (7*"7 '6

n -"7 "."9")&2 @(7 &," "."+&7'+%. -7(:."9 ?" +()6'*"7"* n = 12 N")+"< H1
h = {ωh ∈

C0(Ωh), ωh |τh∈ P1} %)* &," *'6+7"&" >(79 '6/
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





"#$% Uh ∈ H1
h &'() *)+*,

∫

Ωh

σe∇Uh · ∇ωhdΩh +

∫

Γhflux

Φimpωh dΓhflux = 0 ∀ωh ∈ H1
0h(Ω)

-./0!1

ns2 *)3 $'4536 78 $7%3& #$ *)3 43&)2 #& *)3 %#43$&#7$ 78 *)3 9$#*3:%#43$&#7$+; &<+(3 H1
h/

=)3 5+&#& 78 *)#& &<+(3 #& {Ni}ns

i=1 >)363 Ni #& (7$*#$'7'& 7$ Ωh2 ;#$3+6 7$ 3+() 3;343$*

+$% Ni(sj) = δij2 sj $7%3 78 *)3 43&)/ ?7$&3@'3$*;A,

∀Uh ∈ H1
h(Ω) Uh =

ns∑

i=1

UiNi

+$% ωh ≡ Nj

 !" #$%&'()* $+ ,-& ,-&./0' 1.$2'&/

 !"!# $%&'()*)+ ',-./*%)0

=)3 B7C36$#$B 3@'+*#7$ 78 *)3 *)364+; <675;34 #& 5+&3% 7$ 3$36BA (7$&36C+*#7$ #$ >)#()

*)3 <)+&3 ()+$B3 *364 #& $3B;3(*3%,

∇ · (−k∇T ) + ρcp
dT

dt
= qe -./0D1

>)363 k #& *)3 *)364+; (7$%'(*#C#*A2 ρ *)3 %3$&#*A2 cp *)3 &<3(#9( )3+* +$% qe *)3 )3+*

&7'6(3/ =)3 )3+* &7'6(3 +$% *)3 (7'<;#$B 53*>33$ *)3 3;3(*6#(+; +$% *)364+; <675;34&

#$ *)3 EFE <67(3&& >#;; 53 %#&('&&3% #$ &3(*#7$ ./!/ G7637C362 #$ *)3 *)364+; <675;342

&#$(3 *)3 <67(3&& #& *+H#$B <;+(3 #$ + C+(''4 ()+45362 )3+* ;7&&3& 5A (7$C3(*#7$ +$%

(7$%'(*#7$ +63 $3B;3(*3%/ I;; ;+*36+; &'68+(3& )+C3 )3+* ;7&&3& 5A 6+%#+*#7$ *7>+6%& *)3

()+4536 >+;;&2 >)#() +63 &'<<7&3% *7 53 )3;% +* 6774 *34<36+*'63/ "'6*)3647632 *7

4#$#4#J3 )3+*#$B 6+*3& #$ *)3 EFE &3*'<2 *>7 K$(7$3; &<+(36& +63 #$ (7$*+(* >#*) *)3

B6+<)#*3 &<+(36& +$% +63 >+*36 (77;3%/ I& + (7$&3@'3$(32 )3+* ;7&&3& 78 *)3 *>7 3L*6343

'<<36 +$% ;7>36 K$(7$3; &'68+(3& (+$ 53 47%3;3% *)67'B) + (7$C3(*#C3 *A<3 )3+* M'L/

 !"!#!# $%&'()* +,-./)'0 1,./232,.4

5,./-132,. N)3$ *>7 57%#3& +63 #$ (7$*+(*2 )3+* *6+$&836 +<<3+6& 8674 *)3 63B#7$ >#*)

*)3 )#B)3&* *34<36+*'63 *7>+6%& *)3 (77;3&* 63B#7$ #$ 76%36 *7 +**+#$ )3+* 3@'#;#56#'4/

O3632 *)3 )7* K$(7$3; &<+(36 #& #$ (7$*+(* >#*) >+*36 >)#() #& &'<<7&3% *7 53 H3<* +* +

(7$&*+$* *34<36+*'63 Twater / =)#& <)3$743$7$ #& %3&(6#53% 5A *)3 87;;7>#$B 3@'+*#7$

(7$(36$#$B + (7$C3(*#C3 M'L,

Φconv = −k∇T · −→n = hconv(T − Twater) 7$ Γtop ∪ Γbottom -./0P1

>)363

−→n #& *)3 7'*>+6% '$#* $764+; >+*362 hconv #& *)3 )3+* *6+$&836 (73Q(#3$* (7$&#%363%

(7$&*+$*2 T *)3 ;7(+; &'68+(3 *34<36+*'63 78 *)3 K$(7$3; &<+(36&/



 !"! #$%&'()* $+ ,-& ,-&./0' 1.$2'&/  !

 !"#!$#%& "#$%#&%'( $)*+,%-)* &.) /.)('0)('( &.,'12. 3.%+. # .'& -'$4 )0%&* #($

/,'/#2#&)* )(),245 6( &.) 787 /,'+)** %& $)*+,%-)* &.) )(),24 9'**)* :,'0 &.) .)#&)$ &''9*5

"#$%#&%'( %* 0'$)9)$ -4 &.) :'99'3%(2 );1#&%'( '( &.) 9#&),#9 *1,:#+)<

Φrad = −k∇T · −→n = σBεr(T
4 − T 4wall) '( Γlateral =>5?@A

σB %* &.) 7&):#(BC'9&D0#((E* +'(*&#(&F σB = 5.6704× 10−8Wm−2K−4F εr &.) )0%**%G%&4

': &''9* #($ Twall &.) &)0/),#&1,) ': &.) +.#0-), 3#99*5 H)(+)F &.) &.),0#9 /,'-9)0 %*

*100#,%D)$ -4<

∇ · (−k∇T ) + ρcp
dT

dt
= qe '( Ω =>5IJA

−k∇T · −→n = Φconv '( ΓTop ∪ ΓBottom =>5I?A

−k∇T · −→n = Φrad '( ΓLateral

 '(!)*+  ! −k∇T ·−→n = Φ = 0 "# "$%"&"'%( ()#$%'%)# '"*+, -."(+ "#$ '/+ ()00+,-)#$%#1

,20!"(+ Γ %, %#,2."'+$3  ! '/+ 425 %, #+1"'%6+7 '/+ ,20!"(+ 0+(+%6+, +#+018 )# '/+ ()#'0"08

" -),%'%6+ 425 0+!+0, ') "# +#+018 .),,3

 !"!# $%&' ()*+ &,- -./0*%1.2&1.), )( 13% 13%*+&4 5*)64%+

7%0%9#,94 &' &.) )9)+&,%+#9 /,'-9)0F &.) */#+) H1(Ω) %* +'(*%$),)$ &' &,#(*:',0 &.) /#,&%#9

$%K),)(&%#9 );1#&%'( ': &.) &.),0#9 /,'-9)0 &' # G#,%#&%'(#9 :',05 L:&), 019&%/94%(2 -4

&.) &)*& :1(+&%'( ω ∈ H1
0 (Ω)F #($ %(&)2,#&%(2 -4 /#,&*F &.) 3)#M :',0 %* )N/,)**)$ #*

:'99'3*<







O%($ T ∈ H1(Ω) *1+. &.#&<

∫

Ω

ρcp
dT

dt
ωdΩ +

∫

Ω

k∇T · ∇ωdΩ−
∫

Γ

k∇T · −→n ωdΓ =
∫

Ω

qeωdΩ

∀ω ∈ H1
0 (Ω)

=>5IIA

L:&), +'(*%$),%(2 &.) +'($1+&%G) #($ ,#$%#&%G) .)#& P1N)*F &.) /,'-9)0 +#( -) 3,%&&)(<







O%($ T ∈ H1(Ω) *1+. &.#&<

∫

Ω

ρcp
dT

dt
ωdΩ +

∫

Ω

k∇T · ∇ωdΩ

+

∫

Γconv

hconv(T − Twater)ωdΓconv +

∫

Γrad

σBεr(T
4 − T 4wall)ωdΓrad =

∫

Ω

qeωdΩ

∀ω ∈ H1
0 (Ω)

=>5I>A

,-.-/-0 1#23)'$#4!$#%&

5#(' #&$'6)!$#%&+ L &%0) $%*+,)&%D#&%'( *+.)0) %* #**'+%#&)$ &' &.) */#+) $%*+,)&%D#B

&%'(5 Q#(4 :',019#&%'(* +#( -) :'1($ %( &.) 9%&),#&1,)5 H),)F &.) &3'B&%0) *&)/* *+.)0)
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"θ#$%&'(') *$ +$',- ./0 θ ∈ [0, 1] 1

θ
∂Tn+1
∂t

+ (1− θ)
∂Tn
∂t

=
Tn+1 − Tn

∆t
"234 )

5'6'7,*78 /7 9&' :;<+' /. θ- ;7 *(6<*%*9 /0 '=6<*%*9 $%&'(' %;7 >' %/7$*,'0',3 ?%&'(;9*#

%;<<@- A*9& ; .+7%9*/7 F (T )- 9&' 9'(6'0;9+0' Tn+1 ;9 ; 9*(' tn+1 %;7 >' '=60'$$', +$*78

; .+7%9*/7 /. Tn /. 9&' 60':*/+$ $9'6 tn ;7, 9&' %+00'79 9'(6'0;9+0' Tn+11

Tn+1 = Tn +∆t [(1− θ)F (Tn) + θF (Tn+1)] "234B)

C7 9&' 60'$'79 A/0D- ;7 *(6<*%*9 $%&'(' *$ %/7$*,'0', 9/ $/<:' 9&' 9&'0(;< 60/><'( A*9&

θ = 13

 !"#$ %&'$()"'%*&+ C7 9&' $;(' .0;('A/0D /. ; $9;7,;0, E;<'0D*7 ;660/=*(;9*/7- ;$

./0 9&' '<'%90*%;< 60/><'(- 9&' 9'(6'0;9+0' *$ '=60'$$', *7 9&' F7*9' $6;%' H1
h(Ω)- ;7, 9&'

9'$9 .+7%9*/7 ω *$ '=60'$$', *7 *9$ $+>$6;%' H1
0h(Ω)1

∀Th ∈ H1
h(Ω) Th =

ns∑

i=1

TiNi

;7, ωh ≡ Nj

C7 /0,'0 9/ $*(6<*.@ 9&' 0'$/<+9*/7 /. 9&' A';D ./0(- ;7 ;660/=*(;9*/7 *$ %/7$*,'0', ./0

9&' 0;,*;9*:' &';9 G+= /. 'H+;9*/7 23IJ1

Φrad = σBεr(T
4 − T 4wall) "234K)

= σBεr(T − Twall)(T + Twall)(T
2 + T 2wall)

= σBεr(T + Twall)(T
2 + T 2wall)

︸ ︷︷ ︸

h∗

(T − Twall)

L&' ,*$%0'9' ./0( *$ 9&'7 A0*99'71







M*7, Th ∈ H1
h(Ω) $+%& 9&;91

∫

Ωh

ρcp
Th
∆t
ωhdΩh +

∫

Ωh

k∇Th · ∇ωhdΩh −
∫

Γhconv

hThωhdΓhconv −
∫

Γhrad

h∗ThωhdΓhrad

=

∫

Ωh

qeωhdΩh +

∫

Ωh

ρcp
T

i
−1

h

∆t
ωhdΩh −

∫

Γhconv

hTwallωhdΓhconv −
∫

Γhrad

h∗TwallωhdΓhrad

∀ωh ∈ H1
0h(Ω)

 !"#! $%&'( )*+

∀ i,
ns∑

j=1

Ti

(∫

τh

ρcp
∆t

NiNj +

∫

τh

k∇Ni · ∇Nj −
∫

Γhconv∩τh
hNiNj −

∫

Γhrad∩τh
h∗NiNj

)

= −
ns∑

j=1

(∫

Γhconv∩τh
hTwallNj −

∫

Γhrad∩τh
h∗TwallNj +

∫

τh

qeNj +

∫

τh

ρcp
∆t

T ti−1
i Nj

) ,-./01



 !"! #$%&'() *+ ,-./$ $0$1&2 3.4$5'1%/ &$6&6  !

"#$ %#"&&'( )"*+,- ./)0/#1#*2 /3 /4+ 2'2*1) AT = b ."# 51 6+,**1# 7

aij =

∫

τh

ρcp
∆t

NiNj +

∫

τh

k∇Ni · ∇Nj −
∫

Γhconv∩τh
hNiNj −

∫

Γhrad∩τh
h∗NiNj 89:;<=

bj =

∫

τh

qeNj +

∫

τh

ρcp
∆t

T ti−1
i Nj −

∫

Γhconv∩τh
hTwallNj −

∫

Γhrad∩τh
h∗TwallNj 89:;!=

 !" #$%&'() *+ ,-./$ $0$1&2 3.4$5'1%/ &$6&6

># *?,2 .?"0*1+( 61 $,2.422 *?1 ./40&,#@ 51*611# *?1 1&1.*+,."& "#$ *?1+)"& 0+/5&1)2: >#

3".*( ./40&,#@ "001"+2( /# *?1 /#1 ?"#$( ,# *?1 2/4+.1 *1+) /3 *?1 1#1+@' 5"&"#.1 1A4"*,/#

89:;B= "#$( /# *?1 /*?1+ ?"#$( ,# *?1 0?'2,."& 0+/01+*,12 2,#.1 *?1' "+1 *1)01+"*4+1

$101#$1#*: C,+2*( *?1 2/4+.1 *1+) $12.+,512 *?1 0/61+ $,22,0"*1$ 5' D/4&1 1E1.*7

qe = σe‖▽U‖2 89:9B=

F?1 ?1"*,#@ /3 *?1 2")0&1 ,2 *?1# $,+1.*&' +1&"*1$ */ ,*2 1&1.*+,."& ./#$4.*,G,*'( 54* 6?,.?

"&2/ "E1.*2 *?1 0/*1#*,"& @+"$,1#*: H1./#$( 1&1.*+,."& ./#$4.*,G,*'( *?1+)"& ./#$4.*,G,*'(

201.,%. ?1"* ."0".,*' "#$ $1#2,*' "+1 *1)01+"*4+1 $101#$1#* "#$ *?1,+ 1G/&4*,/# )42*

51 *"I1# ,#*/ ./#2,$1+"*,/# */ 51**1+ 3/&&/6 *?1 *1)01+"*4+1 $,2*+,54*,/# "#$ 1G/&4*,/#:

># *?,2 .?"0*1+( 61 /#&' $1"& 6,*? *?1 *?1+)"& 1&1.*+,."& ./40&,#@ $4+,#@ *?1 0+/.122: F?1

0/6$1+ ,2 ./#2,$1+1$ "2 " $1#21 )1$,4) "#$ *?1 $,2*+,54*,/# /3 1&1.*+,."& .4++1#* "#$

*1)01+"*4+1 "+1 )/$1&1$: J"*1+ /#( ,#  !"#$%& 4( 61 6,&& 211 *?"* ./40&,#@ ,2 )4.?

)/+1 ./)0&1-( 6?1# *?1 ,#*1+".*,/# 6,*? *?1 )1.?"#,."& 0+/5&1) ,2 "$$1$: K1"*,#@

6,&& "E1.* $1#2,%."*,/#( 512,$12( 61 "+1 245L1.*1$ */ " G"+,"*,/# ,# *?1 G/&4)1 /3 *?1

./)0".* "#$ *?1 0/+/2,*': M/#21A41#*&'( ,# *?,2 ."21( 0?'2,."& 0+/01+*,12 "+1 ./#2,$1+1$

"2 34#.*,/#2 /3 *?1 0/+1 3+".*,/# "2 61&& "2 *1)01+"*4+1:

N* %+2*( #4)1+,."& *12*2 "+1 ."++,1$ /4* */ G"&,$"*1 D/4&1 ?1"*,#@ 5' ./)0"+,#@ 6,*?

"#"&'*,."& +124&*2:

 !"!# $%&'()*+, -+,).+/)01 02 34&56 ,+7

'()(*(* +,-%./01 ,2 3,4.% !%"$/01 ,2 " 5/01.% 6"$%&/".

O13/+1 2,)4&"*,#@ *?1 ./40&,#@ 3/+ *?1 20"+I 0&"2)" 2,#*1+,#@ 0+/.122( " 2,)0&1 *12* ,2

.?/21# 6?1+1 ?1"*,#@ 5' D/4&1 1E1.* /3 " 2D +1.*"#@4&"+ )"*1+,"& ,2 )/$1&1$: N2 211#

,# C,@4+1 9: ( /# *?1 */0 "# 1&1.*+,."& P4- ,2 ,)0/21$ ( J = 1.5 × 108A.m−2( "#$ /# *?1

5/**/) " Q1+/ 0/*1#*,"&: F?1 )"*1+,"& ,2 ./001+ "#$ ,*2 1&1.*+,."& ./#$4.*,G,*' "* +//)

*1)01+"*4+1 ,2 σe = 6×107Ω−1m−1: F?,2 2,)0&1 *12* ",)2 ,# G"&,$"*,#@ *?1 *12*( 1&1.*+,."&

*?1+)"& ./40&,#@: ># *?,2 0"+"@+"0?( G"&,$"*,/# ,2 &,),*1$ */ *?1 ./)0"+,2/# 6,*? "#"&'*,.

+124&*2:



2D

L

σeS
L

m σe Ω−1m−1 S m2

R Ω

I = JS

U = RI =
L

σeS
JS =

L

σe
J = 0.07 V

ρcp
∂T

∂t
= σe‖∇U‖2

σe
∆t = 1

∆T =
σe
ρcp

(∆U

∆L

)2

∆t = 109.196◦C

U Ω t







∇ · (−σe∇U) = 0 Ω

U = 0 ΓBottom

−σe∇U
︸ ︷︷ ︸

J

·−→n = Φe ΓTop



0.07 ΓTop ΓBottom

T Ω t







∇ · (−k∇T ) + ρcp
∂T

∂t
= qe Ω

−k∇T · −→n = ΦT Γ

109.196

2D

J = 5 × 107A.m−2

1 σe1 =

106Ω−1.m−1 ρ1 = 1850 kg.m−3 cp1 = 694 J.kg−1.K−1 2 σe2 = 6.105Ω−1.m−1

ρ2 = 8920 kg.m−3 cp2 = 385J.kg−1.K−1

2D
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 !"#$%&' ()#*%&)! "#$ %&%'( )$*+*%',-$ &. -&/0&,$,%* +, *$)+$* +* $12'( %& %#$ *2/ &.

%#$+) +,3+4+32'( )$*+*%',-$*5 R = Ri +Rj6 "#$ $($-%)+- 0&%$,%+'( +* %#$, $12'( %&5

V = (R1 +R2)I 78689:

= (R1 +R2)JS

= 1, 8666V

;#$)$ S 3$,&%$* %#$ %)',*4$)*$ *$-%+&, &. 3&/'+,* 1 ',3 26 "#$ 4')+'%+&, &. %#$ $($-%)+-

0&%$,%+'( '(&,< %#$ #$+<#% +* 3)';, +, =+<2)$ 86>6 "#$ $))&) ?$%;$$, ,2/$)+-'( )$*2(%*

',3 ','(@%+- )$*2(%* +* -'(-2('%$3 '.%$) %$*%+,< ', ')+%#/$%+- /+A+,< ('; ',3 ', #')/&,+-

/+A+,< ('; .&) %#$ $($-%)+-'( -&,32-%+4+%@6 "#$ <)'0#+- &. =+<2)$ 86B *#&;* %#'% %#$ #')C

/&,+- /+A+,< ('; )$32-$* %#$ $))&) ?@ 0.5%6

D&)$&4$)E -&,*+3$)+,< '* 0)$4+&2*(@ ', '3+'?'%+- #$'% F2AE %$/0$)'%2)$ 4')+'%+&, ?$C

%;$$, %;& %+/$ *%$0* -', ?$ *+/0(+G$3 ','(@%+-'((@ '* .&((&;*5

H+4$, ∆t = 0, 1s ',3 T0 = 20◦C5

D'%$)+'( 15 T1 =
σ1
ρ1cp1

‖∆V1‖2
(∆L)2

∆t+ T0 ≃ 214, 874◦C 7868 :

D'%$)+'( 25 T2 =
σ2
ρ2cp2

‖∆V2‖2
(∆L)2

∆t+ T0 ≃ 141, 329◦C 7868>:

"#$ )$*2(%* &. %#$ *+/2('%+&, ')$ +, 0$).$-% '<)$$/$,% ;+%# %#$ ','(@%+- *&(2%+&, '* *$$,

+, =+<2)$ 86I6

=+<2)$ 86>5 J')+'%+&, &. $($-%)+-'( 0&%$,%+'( '(&,< %#$ 4$)%+-'( 3+)$-%+&,



 !"! #$%&'()$*+ *, )-./%(' .'.0)/$0(' 0*&1'$+2 ,*/ ( 3$%1'$4.5 #6# 2.*%.)/7  !

"#$%&' !()* +#,-&#.%-#/0 /1 -2' -'34'&5-%&' 6

◦C7 #0 -2' -8/ 9/35#0,

"#$%&' !(:* ;/345&#,/0 /1 -2' </34%-5-#/05= '&&/&, /0 -2' '='<-&#<5= 4/-'0-#5= %,#0$

5&#-23'-#< 3#>#0$ =58 509 50 25&3/0#< 3#>#0$ =58 1/& -2' '='<-&#<5= </09%<-#?#-@

 !" #$%&'()$*+ *, )-./%(' .'.0)/$0(' 0*&1'$+2 ,*/ ( 3$%4

1'$5.6 #7# 2.*%.)/8

A45&B 4=5,35 ,#0-'&#0$ 4&/<',, <50 .' 544=#'9 -/ 9#C'&'0- B#09, /1 35-'&#5=,D <'&53#<, 5,

8'== 5, 3'-5=,( E2@,#<5= 4&/4'&-#', ?5&@ 1&/3 /0' 4/89'& -/ 50/-2'&( ;/0,'F%'0-=@D 9#1G

1'&'0<', 5&' 4'&<'#?'9 9%&#0$ 2'5-#0$ /1 -2' 5445&5-%, ',4'<#5==@ </0<'&0#0$ -'34'&5-%&'

$&59#'0-, #0,#9' -2' ,534=' 82#<2 5C'<-, 9'0,#H<5-#/0( I0 599#-#/0D -2'&35= 9'4'09'0<'

/1 -2',' 4&/4'&-#', '>4509, -2',' 9#C'&'0<',(

J2' 9#,-&#.%-#/0 /1 -'34'&5-%&' 9%&#0$ -2' AEA 4&/<',, #, 9#&'<-=@ &'=5-'9 -/ -2' 9#,G
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"#$%&"$'( ') *&##+(" ,-$*- $. /#."01 23+*"+4 %1 "-+ 5+'6+"#1 2(4 .+*'(401 %1 "-+ 7-1.$*20

7#'7+#"$+. ') "-+ 4$3+#+(" *'67'(+(". 2(4 62"+#$20. $(8'08+4 $( "-+ ,-'0+ .+"9&7: ;$)9

)+#+(" .2670+.< ,$"- 4$3+#+(" +0+*"#$*20 *'(4&*"$8$"$+. 2#+ ')"+( &.+4 $( "-+ 0$"+#2"&#+
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/#6' #. &'754'; P4'&' 7/ 701%/ (!.Q ?4'&' /4' /'6='&7/%&' 13 /4' .76=9' 'I5'';. /4' /'6<

='&7/%&' 13 /4' =#./12. .#25' #/ &'5'#:'. 4'7/#2$ 3&16 799 /4' $&7=4#/' #2 /4' .%&&1%2;#2$.

#2 7;;#/#12 13 E1%9' 4'7/#2$)

D4#. #. 61&' 59'7& #2 "#$%&' ()*R ?4'&' /'6='&7/%&' =&1K9'. 7&' =&'.'2/'; 31& 7 2#5G'9

.='5#6'2 72; '.='5#799C ?4'2 516=7&#2$ ()*RP0Q 72; ()*RP5Q) H/ 70 .A /4' /'6='&7/%&'

13 /4' 61%9; #. 4#$4'& /472 /4' /'6='&7/%&' 13 =#./12.)

"#$%&'. ()*S<()*T<()U!A =&'.'2/ /'6='&7/%&' =&1K9'. ?4#54 7&' 516=7&'; ?#/4 /41.' 13

O1%8%'  ! "#$ V(W #2 1&;'& /1 :79#;7/' 1%& CimLibr '9'5/&#579 /4'&679 61;'9) D'6='&7/%&'



 !"! #$%&'()$*+ *, )-./%(' .'.0)/$0(' 0*&1'$+2 ,*/ ( 3$%1'$4.5 #6# 2.*%.)/7  !

 !" #$%&'(!  )" *'+,-$

"#$%&' ()! * +',-'&./%&' '012%/#13 4#/5 /#,'6 ./ /5' 7'3/'& 18 /5' 9-'7#,'3 :r =

0mm, H = 5mm; .3< ./ /5' 7'3/'& 18 /5' -#9/13:r = 0mm, H = 10mm;

 !" t = 10s  )" t =

20s

 +" t = 70s  ." t =

300s

"#$%&' ()!=* +#,' '012%/#13 18 /',-'&./%&' <#9/&#>%/#13 :

◦C; 81& 3#7?'2 9.,-2'

#9 -21//'< .213$ /5' 0'&/#7.2 <#&'7/#13 13 /5' 9@,'/&@ .A#9 81& <#B'&'3/ /#,' 9/'-9) C

<#B'&'37' 18 20◦C #9 1>9'&0'< .8/'& 10 9 .3< #/ <'7&'.9'9 -&1$&'99#0'2@ %3/#2 &'9%2/9 ,./75)

 !"#$%&'!" D3 /5#9 9'7/#136 . 9#,-2#E'< '2'7/&#7 /5'&,.2 ,1<'2 #9 9#,%2./'< %9#3$ /5&''

,./'&#.29 .3< 45'&' /5' <'-'3<'37' 18 /5' -.&.,'/'&9 13 /',-'&./%&' #9 3'$2'7/'<) F'

1>9'&0'< /5./ 5'./#3$ >@ 713<%7/#13 #9 <1,#3.3/ #3 /5' 9#,%2./#139) G'9%2/9 .&' 71,H

-.&'< 4#/5 2#/'&./%&') C <#B'&'37' #3 /5' /5'&,.2 &'9%2/9 #9 1>9'&0'< #3 /5' E&9/ /#,'

9/'-96 514'0'&6 /5' ,.A#,%, &'.75'< /',-'&./%&' #9 /5' 9.,' 81& I#,J#> .3< C>.K%9



CimLibr

CimLibr



CimLibr

Uimp = 2.43

300

T = 1350◦C

785◦C



 !  !"#$%& '( )*+%&,-". +/0%.,12 /3 $!% -/*#.%0 $!%&+". %.%-$&,-". #&/4.%+5

"#$%&' ()*+, -.&#./#01 02 3456#7.8 3&03'&/#'6 02 1#79'8 :#/4 /';3'&./%&' <+*=

 !" #$%&'()$*+ *, -'-.)/$.(' )0-/%(' .*&1'$+23 4*%1(/5

$6*+ 7-)8--+ )8* .*9-6 (+9 -:1-/$%-+)6

>1 /4#6 6'7/#01? /4' :0&9 .770;38#64'@ ./ ABCB" %6#1$ A#;D#E #6 7012&01/'@ /0 /4' :0&9

.770;38#64'@ #1 ABCBF %6#1$ AGCFGD .6 :'88 .6 /4'#& 'H3'&#;'1/.8 :0&9)

COMSOLMultiphysicsr #6 . 70;;'&7#.8 6#;%8./#01 602/:.&') >/ #6 %6'@ 20& ;0@'8#1$

3&07'66? @'I1#1$ $'0;'/&#'6? ;'64#1$? 63'7#25#1$ 3456#76 3&0E8';6? 608J#1$ .1@ I1.885

J#6%.8#K#1$ &'6%8/6) "%&/4'&;0&'? /4' 70;3.&#601 #1J08J'6 /4' '8'7/&#7.8 /4'&;.8 70%38#1$

@%&#1$ /4' FLF 3&07'66) "0& /4' 6#;%8./#016? :' 7016#@'&'@ /4' #1/'&;'/.88#7 .8805 ./

/4' 7'1/'& 02 /4' >M>F 3&0N'7/) >/ #6 . /#/.1#%;O.8%;#1#%; .8805, T i49Al47Nb2Cr2) P4'

6#;%8./#016 .&' .860 7.&&#'@ 0%/ 20& .8%;#1.) Q'&'? /4'&;.8 E0%1@.&5 701@#/#016 &'63'7/

/4' 'H3'&#;'1/.8 0E6'&J./#016) R6 ;'1/#01'@? 0185 4'./ 8066'6 E5 &.@#./#01 .&' 7016#@'&'@

./ /4' 8./'&.8 6%&2.7'6 6#17' /4' 3&07'66 /.9'6 38.7' #1 . J.7%%; 74.;E'& 60 4'./ 8066'6

E5 701J'7/#01 .1@ 701@%7/#01 ./ /4#6 &'$#01 .&' 1'$8'7/'@) P4' ';#66#J#/5 02 $&.34#/' #6

.66%;'@ /0 E' 'S%.8 /0 0.8 #1 /4#6 6/%@5 <T=O<+(= .1@ /4' /';3'&./%&' 02 /4' 74.;E'& :.88

Twall #6 .66%;'@ /0 E' 'S%.8 /0 23◦C)

⊲ G1 /4' 8./'&.8 6%&2.7' 02 /4' .33.&./%6? /4' &.@#./#J' 4'./ U%H #6 #;306'@,

Φrad = σBεr(T
4 − T 4wall)



 !"! #$%&'()$*+ *, -'-.)/$.(' )0-/%(' .*&1'$+23 4*%1(/$5*+ 6-)7--+ )7* .*8-5 (+8 -91-/$%-+)5 !

"#$%&' ()**+ ,'-.'&/0%&' .&123' 4#5 K6 /315$ 07' /../&/0%8 9158#:'&#5$ / 5#9;'3 8.'9#-'5

<#07 07'&-/3 :'.'5:'50 .7=8#9/3 .&1.'&0#'8+ /6 t = 1 8> ?6 t = 5 8> 96 t = 300 8>

⊲ ,<1 @5915'3 8./9'&8 /&' -1:'33': /0 ?107 '5:8 1A 07' $&/.7#0' 8./9'&8 .#3'B%.)

,7'#& 7'#$70 #8 55mm> &/:#%8 30mm) ,7'= /&' </0'& 9113'8) ,7%8 7'/0 3188'8 ?=

915C'90#15 /&' #-.18': /315$ 07'#& 8%&A/9'8+

Φcond = hconv(T − Twater)

,7' 7'/0 0&/58A'& 91'D9#'50 hcond #8 'E%/3 01 880 W.m−2.K−4) F' /88%-' 07/0 07'

</0'& 0'-.'&/0%&' #8 ;'.0 91580/50 Twater = 23◦C) G5 07' 107'& 7/5:> A1& 07' '3'90&#9/3

.&1?3'- 'C'5 071%$7 1%& -1:'3 /331<8 9150&133#5$ 07' 0'-.'&/0%&' ?= / H@I 311.> 7'&'

#5 1&:'& 01 91-./&' <#07 07' <1&; 1A 1%& 9133'/$%'8 #5 07' .&1J'90> / 91580/50 C130/$' #8

/..3#':) ,7' (I $'1-'0&= .&'8'50': #5 "#$%&' ()*K #8 9158#:'&': #5 07' 8#-%3/0#15 1A 07'

'3'90&#9B07'&-/3 91%.3': .&1?3'-8) @0 91&&'8.15:8 01 07' LHL /../&/0%8 #580/33': #5 07'

MH3/0'BA1&-' N/0#15/3' :' "&#00/$' "3/87OPNQLM #5 ,1%31%8' 4HN"*OPNQLBRS,> H/%3

L/?/0#'& T5#C'&8#0=> ,1%31%8'> "&/59'6) ,7' LHL -/97#5' #8 / I&) L#50'& *UVU /../&/0%8

4L%-#01-1 P1/3 R#5#5$ P1)> W/./56) ,7' 010/3 5%-?'& 1A '3'-'508 #8 'E%/3 01 614 000)

,7' -'87 8#X' #5 07' .1<:'& #8 'E%/3 01 1.2mm /5: #5 07' 01138> #0 #8 'E%/3 01 6.4mm)

,7' .1&18#0= #5 07' .1<:'& #8 5'$3'90': #5 07#8 80%:=> /5: 07' .1<:'& #8 9158#:'&': /8

/ :'58' -':#%-) ,7' 7'#$70 1A 07' 8.'9#-'5 #8 6 -- /5: #08 &/:#%8 #8 18 --) ,7'

:#'> .#80158 /5: 8./9'&8 /&' -/:' 1A $&/.7#0' /5: 07'#& :#-'58#158 /&' 8.'9#2': #5 "#$%&'

()*!)

"%&07'&-1&'> /33 9150/90 8%&A/9'8 ?'0<''5 07' ./&08 1A 07' LHL /../&/0%8 /&' 9158#:'&':

#:'/3+ /8 / 9158'E%'59' 51 9150/90 &'8#80/59' #8 0/;'5 #501 /991%50) Y'8#:'8> /33 .&1.'&0#'8

/&' 0'-.'&/0%&' :'.'5:'50 07'#& C/3%'8 /&' $#C'5 #5 ,/?3' ()Z)



   !"#$%& '( )*+%&,-". +/0%.,12 /3 $!% -/*#.%0 $!%&+". %.%-$&,-". #&/4.%+5

!"#$%& '()'* +,-./%"0,1 ,2 3&-.&%/3$%& &4,5$3",1 6"37 3"-& 67&1 8,10"9&%"1# 8,103/13

.7:0"8/5 .%,.&%3"&0 ,% 3&-.&%/3$%& 9&.&19&13 .7:0"8/5 .%,.&%3"&0

 !"!# $%&'()*+, ('-%,.-/  !"#$%&#'! (%)*!"+

; 8,103/13 4,53/#& Uimp = 4.2 < "0 /..5"&9 "1 =,37 8/0&0( >1 !"#$%& '() ? 37& 9"03%"=$3",1

,2 37& 1,%- ,2 37& 8$%%&13 9&10"3: "0 .%&0&13&9( @&0$530 /%& 8,-./%/=5& 3, 37,0& ,2

37& .%&4",$0 0&83",1( A"8B&5 /19 T iAl 7/4& 37& 0/-& 8$%%&13 9"03%"=$3",1 9$& 3, 37&

8,-./%/=5& %/3", =&36&&1 37&"% &5&83%"8 8,19$83"4"3: /19 #%/.7"3& &5&83%"8 8,19$83"4"3:*

σeGraphite

σeNickel

=
6.3× 104

1.4× 107
= 4.5× 10−3

σeGraphite

σeTiAl

=
6.3× 104

1.7× 106
= 4.5× 10−2

C,6&4&%? "1 37"0 0&83",1? 37& "1D$&18& ,2 37&%-/5 9&.&19&18& ,2 37& .7:0"8/5 .%,.&%3"&0

"0 %&-/%B/=5& "1 37& 8/0& ,2 /5$-"1/( E7& &5&83%"8/5 8,19$83"4"3: ,2 /5$-"1/ "18%&/0&0

6"37 3&-.&%/3$%&( ;0 0&&1 "1 !"#$%& '()F? &4&1 37,$#7 37& &5&83%"8 8,19$83"4"3: ,2 T iAl

9&8%&/0&0? "3 %&-/"10 -$87 7"#7&% 37/1 #%/.7"3& 8,19$83"4"3:( !,% 37"0 %&/0,1? 1, 87/1#&

"0 ,=0&%4&9 "1 37& 9"03%"=$3",1 ,2 &5&83%"8 8$%%&13 "1 8/0& ,2 37& T iAl 0.&8"-&1( G1 37&

8,13%/%:? /5$-"1/ =&7/4&0 /0 / 1,1 8,19$83,% /3 5,6 3&-.&%/3$%&0( E7& &5&83%"8 8$%%&13

/4,"90 37& 0/-.5& /19 8,18&13%/3&0 "1 #%/.7"3&( ;23&%6/%90? 67&1 37& 3&-.&%/3$%& "1H

8%&/0&0 9$& 3, 7&/3 8,19$83",1? &5&83%"8/5 8,19$83"4"3: ,2 /5$-"1/ /33/"10 / 4/5$& ,2 37&

0/-& ,%9&% ,2 #%/.7"3&( ;19 0, "3 /830 5"B& / 8,19$83,% /19 6& 8/1 0&& 37& 8$%%&13 #,"1#

37%,$#7 37& 0/-.5& /19 8,10&I$&135: 37& 9&10"3: "0 9"03%"=$3&9 9"J&%&135: "1 37& 67,5&

/../%/3$0( >3 =&8,-&0 -,%& 7,-,#&1&,$0 "1 37& 8&13%/5 %&#",1 "1 37& 0$%%,$19"1# ,2 37&

0.&8"-&1 K !"#$%& '() =L /19 8LL(

!"#$%& '()MH /L .%&0&130 37& 4/%"/3",1 ,2 8$%%&13 9&10"3: "1 37& %/9"/5 9"%&83",1 2%,- 37&

8&13&% ,2 37& 0.&8"-&1 3,6/%90 37& -,$59 &9#&( NJ&83"4&5:? 2,% T iAl 37& 8$%%&13 4/%"/3",1

B&&.0 37& 0/-& 07/.& 7,6&4&% 37& 4/5$&0 9"J&% 0"18& 37& .7:0"8/5 .%,.&%3"&0 4/%: /19 37&



 !"! #$%&'()$*+ *, -'-.)/$.(' )0-/%(' .*&1'$+23 4*%1(/$5*+ 6-)7--+ )7* .*8-5 (+8 -91-/$%-+)5 !

"#$%&' ()*+, (- .'/0'1&2 %3'4 #5 16' 3#0%781#/53 9#16 16' 0'36 $'5'&81'4 854 8 ://0 #5

16' &'$#/5 /; 16' 380<7' 36/9#5$ 16' &'=5'4 '7'0'513 8&/%54 16' 380<7'>081&#? #51'&;8@'A

'7'@1&#@ <&/B7'0 #3 5/ 7/5$'& 3181#/58&2 @/51&8&2 1/ 16' <&'C#/%3 3#0<7#='4 0/4'7 96'&'

<&/<'&1#'3 9'&' D'<1 @/531851 E<8&8$&8<6 () )FA)

G'3#4'3H ;/& 87%0#58H #5 16' &84#87 4#&'@1#/5 8 08?#0%0 #3 &'8@6'4 #5 $&8<6#1' 81 t = 1 3

96#7' @%&&'51 #3 8B3'51 #5 16' 380<7') I1 t = 300 3H 16' @%&&'51 #3 &'781#C'72 6/0/$'5'/%3

#5 16' @'51&87 &'$#/5 E"#$%&') ()*JKBA)

 !"!# $%&'()*+, ('-%,.-/  !"#$%& '#()&"$

L6' 0/4'7 @/53#4'&'4 18D'3 #51/ 8@@/%51 6'81 7/33'3 B2 &84#81#/5 854 6'81 7/33'3 B2

@/5C'@1#/5 B'19''5 981'& 854 M5@/5'7)

N80' 1#0' 31'<3 8&' @6/3'5 1/ @/0<8&' 1'0<'&81%&' ='743 #33%'4 ;&/0 B/16 5%0'&#@87

@/4'3) "#&31H 1'0<'&81%&' C8&#81#/5 87/5$ 16' C'&1#@87 4#&'@1#/5 #3 @/0<8&'4 ;/& 4#O'&'51

1#0' 31'<3 #5 "#$%&' ()*P) M1 36/93 16' $//4 8$&''0'51 B'19''5 16' 16'&087 &'3%713 #3K

3%'4 ;&/0 Q#0R#B 854 QSTNSR) M5 844#1#/5 9681 #3 #51'&'31#5$ #5 16'3' @%&C'3 #3 16'

1'0<'&81%&' 4#31&#B%1#/5) L6' <#31/53 68C' 879823 16' 6#$6'31 1'0<'&81%&') M5 16' <&'K

C#/%3 0/4'7H 96'&' &84#81#/5 983 5/1 18D'5 #51/ @/53#4'&81#/5H 16' @'51&87 &'$#/5 /; 16'

8<<8&81%3 983 5/1 @//7'4 854 31/&'4 6'81 3/ 1681 #13 1'0<'&81%&' B'@80' 6#$6'& 1685 16'

<#31/53 1'0<'&81%&') L6#3 #3 5/ 0/&' 16' @83' 6'&'H 83 3''5 #5 "#$%&' ()*P) N#5@'H 4%&#5$

16' <&/@'33 1'0<'&81%&' 8O'@13 4#&'@172 3#51'&#5$ 854 0#@&/31&%@1%&'H 6'81 7/33'3 0%31 B'

0/4'77'4)

L6%3H 96'5 @/53#4'&#5$ &84#81#/5 854 981'& @//7#5$H 83 3''5 #5 "#$%&' ()*PH @/0<8&K

#3/53 8&' C'&2 381#3;2#5$) T/&' 31%4#'3 8&' @8&&#'4 /%1 #5 <8&1#@%78& #5 16' &'$#/5 /; 16'

3<'@#0'5K4#' #51'&;8@') L6' 'C/7%1#/5 /; 1'0<'&81%&' 4#31&#B%1#/5 #5 16' &84#87 4#&'@1#/5

#3 #5C'31#$81'4 ;/& T iAl 854 87%0#58)



 !  !"#$%& '( )*+%&,-". +/0%.,12 /3 $!% -/*#.%0 $!%&+". %.%-$&,-". #&/4.%+5

"#$%&' ()*+, -.'/0&#/1. /234%/0#5#06 27 08' $.291. :#;%.10'4 1::';9.6) <8' 4#='&'30 /2;>

?23'30: @#3/.%4#3$ 08' <#A. 4#:/ :1;?.' 10 08' /'30'&B /13 9' 4#:0#3$%#:8'4 08&2%$8 08'

4#:?.16 27 08' 4#:0&#9%0#23 27 08'#& '.'/0&#/1. /234%/0#5#06 @Ω−1 ·m−1B

 !" T iAl  !"#$%"&

'( t = 1  

)*+ ,-.%$&' '(

t = 1  

)#+ ,-.%$&' '(

t = 300  

 !"#$% &'()* +!,-$!.#-!/0 /1 -2% 3%0,!-4 /1 -2% %5%6-$!6 6#$$%0- 7A.m−28

9 65/,%$ 5//: ;- -2% -%<=%$;-#$% ;5/0" -2% $;3!;5 ;>!, !0,!3% -2% ,;<=5% ,2/?, -2;- -2%

-%<=%$;-#$% !, -2% 2!"2%,- !0 -2% 6%0-%$ ;03 3%6$%;,%, "$;3#;554 -/?;$3, -2% !0-%$1;6%

?!-2 -2% 3!%' 9, <%0-!/0%3 =$%@!/#,54A ,!06% -2% $;-!/ /1 %5%6-$!6;5 6/03#6-!@!-!%, 3/%,0B-

@;$4 ,!"0!C6;0-54 ;03 3#% -/ $;3!;-!/0A -%<=%$;-#$% ;- -2% %3"% /1 -2% "$;=2!-% </#53

,-;4, 5/?%$ -2;0 !0 -2% 6%0-%$ /1 -2% ,;<=5%'



 !"! #$%&'()$*+ *, -'-.)/$.(' )0-/%(' .*&1'$+23 4*%1(/$5*+ 6-)7--+ )7* .*8-5 (+8 -91-/$%-+)5 !

"#$%&'% ($)* +($,-). %/012%*&3&*4

5)*$,&). 6J/kg/K7 6W/m/K7

80%/0$. 344 + 2.50× 10−1T 10.09 + 1.57× 10−2T

9.2-&0) 850 39 500T−1.26

:,)#(&*$ 34.27 + 2.72T − 9.6× 10−4T 2 82.85 + 0.06T + 2.58× 10−5T 2

T iAl 583 + 0.094T 9.47 + 1.1910−2T

;.$%*,&%). ,$<&<*&3&*4 =$0<&*4

5)*$,&). 6Ω ·m7 6kg/m3
7

80%/0$. 9.82× 10−7 + 1.6× 10−10T 8430

9.2-&0) 8.7× 1019T−4.82 3899

:,)#(&*$ 2.14× 10−5 − 1.34× 10−8T + 4.42× 10−12T 2 1904− 0.01414T

T iAl 4.06× 10−7 + 6.45× 10−10T 3900

+)>.$ ?@?A +($,-). 1$#$01$0* #(4<&%). #,/#$,*&$< /B T iAlC 80%/0$.C D,)#(&*$ )01 ).2-&0)

E!F@ +$-#$,)*2,$ <(/2.1 >$ $G#,$<<$1 &0 H$.3&0 &0 *($<$ B/,-2.)<

I&D2,$ ?@JKA ;3/.2*&/0 /B *($ $.$%*,&%). %/012%*&3&*4 6

1
Ω·m7 /B D,)#(&*$C T iAl )01 ).2-&0)

L&*( *$-#$,)*2,$

+($ *$-#$,)*2,$ 1&<*,&>2*&/0 /B *($ ).2-&0) <#$%&-$0 &< -/,$ %/-#.$G@ +($ %/012%*&3&*4

/B ).2-&0) &0%,$)<$< 1,)-)*&%)..4 L&*( *$-#$,)*2,$ 6I&D2,$ ?@JK7@ +($0 &* >$%/-$< %./<$

*/ *($ D,)#(&*$ $.$%*,&% %/012%*&3&*4@ 9< ) %/0<$M2$0%$C *($ 1&<*,&>2*&/0 /B *($ %2,,$0*

3),&$< L&*( *&-$@ +($ *$-#$,)*2,$ &< 0/* (/-/D$0$/2< 12,&0D *($ "N" #,/%$<< )01

&*< #,/'.$ 3),&$< L&*( *&-$ )< #,$<$0*$1 &0 I&D2,$ ?@?J@ 80 *($ >$D&00&0DC L($0 *($

$.$%*,&%). %/012%*&3&*4 &< <*&.. ,$.)*&3$.4 ./LC *($ *$-#$,)*2,$ &< *($ (&D($<* )* *($ .)*$,).

<2,B)%$ /B *($ <#$%&-$0 )01 &* 1$%,$)<$< */L),1< *($ %$0*$,@ 9B*$,L),1<C >$%)2<$ *($

$.$%*,&%). %/012%*&3&*4 /B D,)#(&*$ 1/$<0O* &0%,$)<$ <&D0&'%)0*.4 L&*( *$-#$,)*2,$C *($ *L/

%/012%*&3&*&$< >$%/-$ $M2). )01 '0)..4 *($ $.$%*,&%). %/012%*&3&*4 /B ).2-&0) $G%$$1< *($



 !  !"#$%& '( )*+%&,-". +/0%.,12 /3 $!% -/*#.%0 $!%&+". %.%-$&,-". #&/4.%+5

 !" T iAl  #" $%&'()!

"#$%&' ()*+, -.&#./#01 02 /3' 4%&&'1/ 5'16#/7 .801$ /3' &.5#.8 5#&'4/#01 2&09 /3' 4'1/'& 02

6:'4#9'1 %: /0 /3' '5$' 02 /3' 5#' ;A/mm2
<

 !" *('+(# , *-.-/  #" *0'10% , *-.-2

"#$%&' ()*=, >09:.&#601 02 /3' ?.&#./#01 02 /'9:'&./%&' .801$ /3' ?'&/#4.8 .@#6 20& /3'

T iAl 6.9:8' '?'&7 10 6



T iAl

t = 10 t = 300

T iAl



 !  !"#$%& '( )*+%&,-". +/0%.,12 /3 $!% -/*#.%0 $!%&+". %.%-$&,-". #&/4.%+5

"#$ "% &'()*+,$- .*+/* 0"1+2$3 /"0)4$,$45 ,*$ 1+3,'+67,+"# "% ,*$ /7''$#, 1$#3+,5 (#1 3"

,*$ ,$0)$'(,7'$ 1+3,'+67,+"# +#3+1$ ,*$ 3)$/+0$#8

9*$ ,$0)$'(,7'$ *$,$'"&$#$+,+$3 +# ,*$ 3(0)4$ (:$/, 1+'$/,45 ,*$ 0$/*(#+/(4 )'"64$08

;"' ,*(, '$(3"#- 0"1$4+#& "% ,*$'0(4 $4$/,'+/(4 /"7)4$1 )'"64$03 17'+#& ,*$ <=< )'"/$33

+3 >$'5 +0)"',(#, +# )'$1+/,+#& 0+/'"3,'7/,7'$ (#1 1$#3+2/(,+"# *$,$'"&$#$+,+$38

 !" t = 10 #  $" t = 60 #

 %" t = 70 #  &" t = 80 #

 '" t = 100 #  (" t = 300 #

;+&7'$ ?8?!@ A('+(,+"# "% ,$0)$'(,7'$ +# ,*$ '(1+(4 1+'$/,+"# "% ,*$ (470+#( 3)$/+0$#

(%,$' BC 3 (#1 ?CC 3



 !"! #$%&'()*$%  !

 !" #$%&'()*$%

" #$%&'() *+(,-$.('(#*,/#0' !1 23/*( ('(-(3* 030'45/5 605 &,(5(3*() *$ 5/-%'0*( *+(

(7$'%*/$3 $8 #%,,(3* 03) *(-&(,0*%,( )%,/39 *+( :;: &,$#(55< " -$3$'/*+/# 0&&,$0#+

/5 #+$5(3 *$ -$)(' *+( ('(#*,/# 03) *+(,-0' &,$='(-5< >3( 5/39'( -(5+ ,(&,(5(3*5 *+(

#$-&%*0*/$30' )$-0/3 03) '(7(' 5(* 8%3#*/$35 0,( %5() *$ ,(&,(5(3* /3*(,80#(5 =(*6((3 *+(

)/?(,(3* -0*(,/0'5< @$%&'/39 /5 2,5* 70'/)0*() =4 #$-&0,/39 6/*+ 030'4*/# #0'#%'0*/$35

8$, 0 5/-&'( A1 *(5*<

" 5/-&'/2() !1 9($-(*,4 /5 -$)('() 03) ,(5%'*5 0,( #$-&0,() 6/*+ "=0B%5 ,(5%'*5 8,$-

'/*(,0*%,( C!D 8$, *+,(( 50-&'(5E 0'%-/30F 9,0&+/*( 03) 3/#G('< @$-&0,/5$35 0,( 50*/584/39

8$, =$*+ ('(#*,/#0' 03) *+(,-0' &,$='(-<

"3$*+(, 9($-(*,4 /5 -$)('()F 6+/#+ #$,,(5&$3)5 *$ 0 :%-/*$-$ :;: 0&&0,0*%5< H6$

50-&'(5 I0'%-/30 03 H/"'J 0,( #$35/)(,() 6/*+ *+( 50-( 9($-(*,4< H+( ,(5%'*5F 6+/#+

0,( #0'#%'0*() =4 *+( -(035 $8 @/-K/= %5/39 0 -$3$'/*+/# 0&&,$0#+F 0,( #$-&0,() 03)

70'/)0*() *+03G5 *$ 3%-(,/#0' ,(5%'*5 /55%() 8,$- @$-5$' 5$8*60,(< L(5/)(5F *+(5( '0**(,

,(5%'*5 6(,( 70'/)0*() 05 6('' =4 -0*#+/39 (M&(,/-(3*0' -(05%,(-(3*5 %5/39 *+( -/.

#,$5*,%#*%,( &+05( #+039(< N3 *+/5 5*%)4F *+( )/5*,/=%*/$3 $8 *(-&(,0*%,( /3 *+( 50-&'(

605 5+$63 *$ =( -0/3'4 0?(#*() =4 +(0* *,0358(, 8,$- 9,0&+/*( 5%,,$%3)/39 *+( 50-&'(<

H+/5 +(0* *,0358(, /5 /3O%(3#() =4 *+( ('(#*,/#0' #$3)%#*/7/*4 $8 *+( #$-&0#*< H+( ,(5%'*5

$8 *+/5 #+0&*(, 5+$6 *+0* *+( #$%&'() ('(#*,/#0'.*+(,-0' 23/*( ('(-(3* 5/-%'0*/$3 -04 =(

$8 9,(0* +('& /3 %3)(,5*03)/39 *+( *(-&(,0*%,( )/5*,/=%*/$3 )%,/39 *+( :;: &,$#(55< H+(4

5+$%') 0''$6 (39/3((,5 *$ =(**(, )(*(,-/3( *+( 30*%,( $8 *+( /37$'7() *$$'/39 -0*(,/0'5F

05 6('' 05 *+(/, 5+0&(5F *$ ,()%#( *(-&(,0*%,( +(*(,$9(3(/*/(5 03)F #$35(B%(3*'4F =(**(,

#$3*,$' -/#,$5*,%#*%,( 8$,-0*/$3<

N3 *+( 8$''$6/39 #+0&*(,F *+( -$)('/39 $8 *+( -(#+03/#0' &,$='(- /5 &,(5(3*() 0/-/39 *$

(3,/#+ *+( 23/*( ('(-(3* -$)(' 03) *+( #$%&'/39 +(3#( *$ 5/-%'0*( &$6)(, )(35/2#0*/$3<



 !  !"#$%& '( )*+%&,-". +/0%.,12 /3 $!% -/*#.%0 $!%&+". %.%-$&,-". #&/4.%+5



 !"#!$%&'()*

 !" #$ %&'()*+,-.*/01+&+2 3$ 4(&&.1+2 5$6$ 4.1.7.2 .&8 9$%$ :0&+1$ ;0&8.*(&<.)

+&=('<+>.<+?&' ?& <@( 'A.1B A).'*. '+&<(1+&>C'7&<@('+' A1?D('' ++$ *?8()+&> ?E D011(&<

.&8 <(*A(1.<01( 8+'<1+/0<+?&'$  !"#$%!&' ()%#*)# !*+ ,*-%*##$%*- .2 FGHI!FGJ!HK2

LMMN$

 L" -$ O?0A(P$ 3<./)(,'<./+)+P(8 Q&+<( ()(*(&< E?1 F8 E?1*+&> D.)D0).<+?&$ -(D@&+D.)

1(A?1<2 O6:6;2 !GGR$

 F" S$ O?0T0(2 O$ U?)V2 W$ :+&+(12 3$ W(>.))(<2 ;$ X(1&.182 .&8 4$ Y+D?).'$ -(*A(1.<01(

8+'<1+/0<+?& 801+&> <@( <1.&'+<?17 .&8 '<.<+?&.17 A@.'(' E?1 <@( ()(D<1+D Q()8 *.<(1+.)

A1?D(''+&> 'A' ?E D?&80D<+&> .&8 &?&,D?&80D<+&> *.<(1+.)'$ Z& /$0)##+%*-' 01 "2#

!+3!*)#+ /$0)#''%*- 10$ 403#& 15*)"%0*!&  !"#$%!&'6 7$#'+#*6 8#$9!*: 2 LMMK$

 H" S$ [+>?&&(<2 W$ 3+)=.2 .&8 -$ O?0A(P$ O+*)+/I % E0))7 A.1.))() .AA)+D.<+?& E?1 &0*(1+,

D.) '+*0).<+?&' /.'(8 ?& D?*A?&(&<' .''(*/)7$ Z& /$0)##+%*-' 01 "2# ;"2 <*"#$*!"%0*!&

=0*1#$#*)# 0* 459#$%)!&  #"20+' %* <*+5'"$%!& >0$9%*- /$0)#''#'6 /0$"06 /0$"5-!& 2

LMM\$

 N" O$ 410.0 .&8 -$ O?0A(P$ F8 <(<1.@(81.)2 0&'<10D<01(8 .&8 .&+'?<1?A+D *('@ >(&,

(1.<+?& ]+<@ .8.A<.<+?& <? &.<01.) .&8 *0)<+8?*.+& *(<1+D$ =09?5"#$  #"20+' <*

.??&%#+  #)2!*%)' .*+ ,*-%*##$%*-2 !GHIHGN!JHG\R2 LMMN$

 R" 6$ S.D@(*$ ("!@%&%A#+ >%*%"# ,&#9#*"  #"20+ 10$ B#!" C$!*'1#$ !*+ C5$@5&#*" >&0D'

%*'%+# <*+5'"$%!& >5$*!)#'$ ^@[ <@('+'2 6D?)( Y.<+?&.)( 30A_1+(01( 8(' :+&(' 8(

^.1+'2 LMMG$

 \" :.<'0>+ `$2 `01.*?<? S$2 S.<.7.*. -$2 .&8 a.&.>+'.]. b$ -(*A(1.<01( 8+'<1+/0,

<+?& .< '<(.87 '<.<( 0&8(1 D?&'<.&< D011(&< 8+'D@.1>( +& 'A.1B '+&<(1+&> A1?D('' ?E <+

.&8 .)L?F A?]8(1'$ E05$*!& 01 9!"#$%!&' ?$0)#''%*- "#)2*0&0-:2 !FHILLNJLFL2 LMMF$

 K" a?&(7. :$ .&8 ZB('@?c+ -$ % &0*(1+D.) D.)D0).<+?& *(<@?8 .8=.&<.>(?0' E?1 D?*A)(d

/?0&8.17 A1?/)(*' , .& .AA)+D.<+?& <? <@( A0)'( 8+'D@.1>( '+&<(1+&> A1?D(''$  !"#$%!&'

"$!*'!)"%0*'2 HLIL!RNJL!\!2 LMM!$

\N



 !  !"#!$%&'()*

"#$ %& '()*+,-. /& 012,+3. 4& %,)5. ,+3 6& 7(12*-& 8*9:*2,-12* ;(+-2() <+ =:,2> :),=9,

=<+-*2<+?@ 6+ A*9 ,::2(,;B&  !"#$%& !' ()*%&&"#+,. CDED@3(<FEDFEEGGHCDEDHEIGIJE.

CDED&

"ED$ K& '1+(L ,+3 M& 6+=*)9<N8,9O12<+<& 8*9:*2,-12* ,+3 =-2*== P*)3= *Q()1-<(+ 312<+?

=:,2> :),=9, =<+-*2<+? :2(;*==*=&  !"#$%& !' -%*)#.%&/ /0.)$0). IG@!GCRF!GJ#. CDED&

"EE$ 4& S,-B*). '& T*229,++. ,+3 U& V*;>*2-& 8*9:*2,-12* 3<=-2<O1-<(+ A(2 *)*;-2<;,))5

;(+31;-<Q* ,+3 +(+N;(+31;-<Q* 9,-*2<,)= 312<+? P*)3 ,==<=-*3 =<+-*2<+? WA,=-X&  !"#$%&

!' *1) )"#!2)%$ 0)#%-.0 /!0.)*,. C#@EIE#FEICG. CDD#&

"EC$ 7()<+ 4& K9<-B*))=& ()*%&/ #)')#)$0) 3!!4& 5th Y3<-<(+. E# !&

"EJ$ Z& [,+9**+=*). 6& /,:-*Q. 4& T*++<;>*. 4& [)*1?*)=. ,+3 \& Q,+ 3*2 V<*=-& '(3N

*))<+? (A -B* -*9:*2,-12* 3<=-2<O1-<(+ 312<+? P*)3 ,==<=-*3 =<+-*2<+?& 50*% (%*)#.%&.%.

GJ@IJ #FIJRR. CDDG&

"EI$ ]& U,+?. K&S& 7,=();(. %& ]1. ,+3 4&Y& %,2,5& ^<+<-* *)*9*+- 9(3*)<+? (A *)*;-2<;

;122*+-N,;-<Q,-*3 =<+-*2<+?@ 8B* *_*;- (A ;(1:)*3 *)*;-2<;,) :(-*+-<,). -*9:*2,-12*

,+3 =-2*==& 50*% (%*)#.%&.%. GG@J!EEFJ!CC. CDD &

"EG$ 4& `B,+?. 6& `,Q,)<,+?(=. '& Z2,*9*2. ,+3 4& %2(L,& a19*2<;,) =<91),-<(+ (A

-B*29,)N*)*;-2<;,) :B*+(9*+, <+ P*)3 ,;-<Q,-<(+ =<+-*2<+?& b+ 6#7 8,-2!/."- !$ (!79

)&.$+ *1) :)#'!#-%$0) !' ;$+.$))#.$+ 8*#"0*"#%& (%*)#.%&/< =!&!-3"/ >1.! . CDDC&



 !"#$%& '

()*%&+,"- *./%-+01 .2 #.3/%&

,.*#",$+.0

 !"#$"#%

 !" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,-

 !. /%0%1 '2 %31 0&%4 5'(16+$7 '2 8'9(1& :+$%1&+$7 ! ! ! ! ! ! ! ! ! ,-

 !; 5'(16+$7 '2 %31 <1*30$+*06 8&'=61< ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! >.

 !"!# $%&'()*+ %, -.' /%012'33)4(' -.'205( 6)3/%1(53-)/ 4'.56)%72 453'&

%* 84%75, (59 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :;

 !"!; $%0'*-70 '<75-)%* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :=

 !"!" $533 /%*3'265-)%* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :>

 ! ?)<1&+*06 :+<)60%+'$ '2 8'9(1& *'<80*%+'$ ! ! ! ! ! ! ! ! ! ! -@

 ! !# ?)07(5-)%* %, 5 1%9&'2 ,2'' 7*)5@)5( /%012'33)%* ! ! ! ! ! ! ! ! >#

 ! !; ?)07(5-)%* %, 5 1%9&'2 &)' /%015/-)%* ! ! ! ! ! ! ! ! ! ! ! ! ! ! >=

 ! !" A%*/(73)%* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! >>

 !A ?)<1&+*06 :+<)60%+'$ '2 *')861( 161*%&+* %31&<06 <1*30$+*06

8&'=61<: ()&+$7 /B/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "@@

 !=!# B*-2%&7/-)%* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #CC

 !=!; D<75-)%*3 5*& 5(+%2)-.0 %, -.' 3)07(5-)%* ! ! ! ! ! ! ! ! ! ! ! ! #CC

 !=!" $'3. 5&51-5-)%* 9)-. -%%(3 0%-)%* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #C 

 !=! ?E00'-2E &7' -% +'%0'-2E ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #C=

 !=!= F'1'*&'*/' %, /%*&7/-)6)-)'3 9)-. 1%9&'2 2'(5-)6' &'*3)-E ! ! ! #CG

 !C D'$*6):+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "";

  



 !  !"#$%& '( )*+%&,-". +/0%.,12 /3 #/40%& -/+#"-$,/1

 !"#$!

"#$% &' &(#)*+,'- .$ ),/%'$+' 0' 1.230' $41/,*54' &(.*%* ).4, %*140', 0' &.1).,+'1'$+

2' 0# ).42,' 24,#$+ 0' ),.&/2/ 2' 6,*++#7' 8#%(9 "4,#$+- 0# ).42,' #++'*$+ 2'% +'1)/,#:

+4,'% +,3% /0';/'% '$ 54'054'% 1*$4+'%- ).4, &'++' ,#*%.$- .$ &.$%*23,' 4$ &.1).,+'1'$+

;*%&.)0#%+*54' &.1),'%%*<0'9 =$' 0.* 2' )4*%%#$&' 2' >.,+.$:?.@ '%+ &(.*%*' ).4, 0#

1.2/0*%#+*.$ 24 &.1).,+'1'$+ ;*%&.)0#%+*54'- 1.2*A/' %'0.$ 0# 0.* 2BC<.4#6- ).4, +'$*,

&.1)+' 2' 0# &.1),'%%*<*0*+/ '+ ).4, 1.2/0*%', 0# 2'$%*A&#+*.$9 D' ),.<031' 1/&#$*54'

'%+ ),/%'$+/ #*$%* 54' %# 2*%&,/+*%#+*.$ )#, /0/1'$+% A$*%9 D' 1.230' '%+ ;#0*2/ #;'& 2'4E

+'%+% $41/,*54'%F 4$' &.1),'%%*.$ 4$*#E*#0' %*1)0' '+ 4$' &.1),'%%*.$ 2#$% 4$' 1#+,*&'

6',1/'9 G.4+ 2B#<.,2- 0'% 2'4E +'%+% %.$+ ,/%.04% '$ 4+*0*%#$+ 4$' #)),.&(' 0#7,#$7*'$$'9

D'% ,/%40+#+% %.$+ ;#0*2/% )#, &.1)#,#*%.$ #;'& 2'% %.04+*.$% #$#0H+*54'% '+ 2'% ,'%40+#+%

*%%4% 24 0.7*&*'0 IJK.09 D'% ,/%40+#+% %.$+ '$ +,3% <.$ #&&.,29 =$ +'%+ 2' &.1),'%%*.$ 2'

).42,' '$ 1#+,*&' 6',1/' '%+ '$%4*+' 1.2/0*%/ '$ 4+*0*%#$+ 4$' #)),.&(' '40/,*'$$'- '+ '$

&.$%*2/,#$+ 0' 1.40' '+ 0' )*%+.$ %4)/,*'4, &' 54* $.4% .<0*7' L *$+,.24*,' 2#$% 0' 1.230'

0'% 6.$&+*.$% 0';'0 %'+ '+ 0' 1#*00#7' #$*%.+,.)'9 D'% ,/%40+#+% *%%4% 2' 0B#)),.&(' '40/,*'$$'

%.$+ &.1)#,/% #4E %.04+*.$% #$#0H+*54'% '+ #4E ,/%40+#+% *%%4% 2' 0B#)),.&(' 0#7,#$7*'$$'9

=$' 6.*% 0B*1)0/1'$+#+*.$ 2' 0# 0.* 2' &.1).,+'1'$+ ;#0*2/'- .$ ),/%'$+' 0# %*140#+*.$ 24

&.4)0#7' /0'&+,*54' +(',1*54' 1/&#$*54' 24 ),.&/2/9 "#$% &' &(#)*+,'- 0'% &.$2*+*.$% #4E

0*1*+'% 24 1.230' 1/&#$*54' %.$+ '$&.,' 0*1*+/% L 0B#))0*&#+*.$ 2B4$' ;*+'%%' &.$%+#$+'

*1).%/' 2#$% 0'% .4+*0% &')'$2#$+ 2#$% 0' ),.&/2/ 0# ),'%%*.$ '%+ ,/740/' #;'& 4$ MN"9

D'% ),.),*/+/% )(H%*54'% 24 ),.<031' &.4)0/ 2/)'$2'$+ 2' 0# +'1)/,#+4,' '+ 2' 0# 2'$%*+/

,'0#+*;'9 D# 2/)'$2'$&' 2' 0# &.$24&+*;*+/ +(',1*54' L 0# 2'$%*+/ ,'0#+*;' '%+ 1.2/0*%/'

%'0.$ 0'% +,#;#4E 2' C,7'$+.9 O$%4*+'- 0# &.$24&+*;*+/ /0'&+,*54' '%+ 'E),*1/' 4+*0*%#$+

0# 0.* 2' P*'21#$$:Q,#$R9 "'4E %*140#+*.$% %.$+ '@'&+4/'% 2#$% &' &(#)*+,' ).4, +'%+',

0B*$84'$&' 2' 0# 2/)'$2#$&' L 0# 2'$%*+/ ,'0#+*;'9 S$ &.$%+#+' 0# 2*@/,'$&' 2'% +'1)/,#:

+4,'% $B'%+ )#% %*7$*A&#+*;'9 D'% %*140#+*.$% ),/%'$+/'% 2#$% &' &(#)*+,' %.$+ '@'&+4/'%

&.$%*2/,#$+ 4$ &.$+#&+ 70*%%#$+ '$+,' 0# ).42,' '+ 0' 1.40'9 T')'$2#$+- 0' 6,.++'1'$+

).42,'U.4+*0 ).4,,#*+ *$84'$&', 0# 2*%+,*<4+*.$ 2' 0# +'1)/,#+4,' '+ 2' 0# 2'$%*+/9



 !"! #$%&'()*%+'$  !

 !" #$%&'()*%+'$

"#$%&' ()*$+ ),*(-* (%&./$%&' )$01/((2 34%,/ 1#$$/&. 503( .4$0#'4 .4/ *))*$*.#(2 )036/$

%( (#78/1./6 .0 )$/((#$/ *)),%/6 9$0- .4/ )%(.0&(: ;& 0$6/$ .0 )$/6%1. .4/ 6/&(%<1*.%0&

/=0,#.%0& *&6 .0 4/,) 1400(%&' )$01/(( 10&6%.%0&( >(#14 *( )$/((#$/2 ./-)/$*.#$/2 .%-/?2

/()/1%*,,@ %& 1*(/ 09 10-),/A (4*)/(2 * -/14*&%1*, )$07,/- &//6( .0 7/ -06/,/6 .0 10-B

)#./ (.$/((/( '/&/$*./6 %& .4/ )036/$ *&6 .4/ =*$%*.%0& 09 .4/ 6/&(%.@: C0(. )*)/$(

6/*,%&' 3%.4 DED -06/,%&' *$/ ,%-%./6 .0 /,/1.$%1*, *&6 .4/$-*, -06/,%&': D0-/ 1*& 7/

90#&6 34/$/ .4/ -/14*&%1*, )$07,/- %( -06/,/6 7#. 10&(%6/$%&' * 6/&(/ -/6%#- 34/$/

.4/ 6/&(%<1*.%0& %( &0. 10-)#./6 FGHIBFJKIBFJHI: ;& 20112 D0&'  ! "#$ FJGI )$0)0(/6 *

10-),/./ -06/, 34/$/ * 10-)$/((%7,/ /,*(.0B=%(10),*(.%1 ,*3 %( #(/6 .0 90,,03 )036/$ 6/B

90$-*.%0&: L4/@ (.#6%/6 .4/ /M/1. 09 /A./$&*, ,0*6 0& 6%(),*1/-/&. </,6 *&6 0& )0$0(%.@

6%(.$%7#.%0&:

L0 -06/, )036/$ 6/&(%<1*.%0&2 .30 *))$0*14/( 1*& 7/ 90,,03/62 /%.4/$ * -*1$0(10)%1 0$

-%1$0(10)%1 *))$0*14: ;& .4/ -*1$0(10)%1 *))$0*142 .4/ )036/$ %( 10&(%6/$/6 *( * 10&B

.%&#0#( -/6%#- 14*$*1./$%N/6 7@ %.( )0$0(%.@ >0$ $/,*.%=/ 6/&(%.@? *&6 .4/ /O#*.%0&( 09

10&.%&##- -/14*&%1( 1*& 7/ #(/6: ;& .4/ ,%./$*.#$/2 -*&@ -06/,( 1*& 7/ 90#&6 90$ 40.

10-)*1.%0&: P =%(10),*(.%1 ,*3 %( 09./& #(/6 *,,03%&' -06/,%&' .4/ ',07*, 6/90$-*.%0& 09

)0$0#( )*$.( $/()/1.%&' .4/ $/*,%(.%1 10&6%.%0&( 09 .4/ )$01/(( >(.$/(( *&6 ./-)/$*.#$/?:

Q& .4/ 0.4/$ 4*&62 %& .4/ -%1$0(10)%1 *))$0*142 .4/ )*$.%1,/ 6/90$-*.%0& %( (.#6%/6 34%14

-*+/( %. -0$/ 6%R1#,.: ;& 9*1.2 -*&@ *((#-).%0&( &//6 .0 7/ 10&(%6/$/6 (#14 *( .4/ (4*)/

09 )*$.%1,/(2 .4/%$ (%N/ *&6 .4/%$ 6%(.$%7#.%0&: S(#*,,@ .4/ )*$.%1,/( *$/ 10&(%6/$/6 %6/&.%1*,

*&6 ()4/$%1*, 34%14 %( 6%M/$/&. 9$0- .4/ $/*,%.@: ;& *66%.%0&2 -0$/ )*$*-/./$( &//6 .0

7/ %6/&.%</6 %& .4/(/ -06/,( *&6 .4/@ *$/ ,%-%./6 .0 34*. 4*))/&( 7/.3//& )*$.%1,/(2 90$

%&(.*&1/2 -/14*&%(-( (#14 *( 6%(,01*.%0& *&6 6/90$-*.%0& %&(%6/ .4/ (.$#1.#$/:

;& .4%( 14*)./$2 <$(. * 7$%/9 $/=%/3 0& -06/,%&' )036/$ (%&./$%&' %( )$/(/&./6: ;& .4/

90,,03%&' (/1.%0&2 3/ 6/.*%, .4/ &#-/$%1*, -06/, .4*. %( #(/6 %& .4%( .4/(%( .0 (%-#,*./

)036/$ (%&./$%&' 6#$%&' DED: T$// #&%*A%*, 10-)$/((%0& ./(.( *&6 )036/$ 6%/ 10-)*1.%0&

./(.( *$/ .4/& 1*$$%/6 0#. .0 =*,%6*./ .4/ &#-/$%1*, -06/,: T%&*,,@2 * 10#),/6 /,/1.$%1

.4/$-*, -/14*&%1*, (%-#,*.%0& %( *14%/=/6: L4/ -/14*&%1*, $/(#,.( *$/ 6%(1#((/6 *( 3/,,

*( .4/ )$07,/-*.%1 09 .4/ '/0-/.$%1*, (@--/.$@ 6#$%&' .4/ DED )$01/((:

 !, -%.%/ '0 %1/ .&%2 3'(/4+$5 '0 6'7(/& 8+$%/&+$5

;& .4/ 9$*-/30$+ 09 DED )$01/((2 .4/ -0(. 10-),/./ 30$+ *70#. -06/,%&' .4/ -/14*&%1*,

7/4*=%0#$ 09 .4/ )036/$ %( .4/ 0&/ 09 Q,/=(+@ *&6 T$0@/& FGUI 34/$/ .4/@ -06/,/6 6%M/$/&.

)4/&0-/&* %&=0,=/6 %& DED: L4/@ 10&(%6/$/6 .4*. .4/ (.$*%& $*./ ./&(0$ %( .4/ (#- 09

.4/ (.$*%& $*./ ./&(0$ -06/,%&' '$*%& 70#&6*$@ -/14*&%(-( ε̇gb *&6 .4/ (.$*%& $*./ ./&(0$

10$$/()0&6%&' .0 .4/ 6/90$-*.%0& 09 )036/$ )*$.%1,/( 6#/ .0 .4/ -/14*&%(- 09 )03/$B,*3

1$//) ε̇cr:



 !  !"#$%& '( )*+%&,-". +/0%.,12 /3 #/40%& -/+#"-$,/1

"#$%&'() *+ ,*& -.-$/ .0123 45,$1/( 16 &*+3$/*+74 89:;) <$%$#1-$< 3,$ $=-/$&&*1+ 16

3,$ &*+3$/*+7 &3/$&& 3$+&1/ 0.&$< 1+ >&,0( <$61/?.3*1+ ?.-@

σij =
σ( ˙̄ε)
˙̄ε

(

ϕε̇crij +

(

ψ − 1

3
ϕ

)

Tr( ˙εcr)δij

)

+ PLδij ABCDE

F,$/$ σ( ˙̄ε) <$+13$& 3,$ $G$H3*%$ &3/$&& .+<

˙̄ε 3,$ $I2*%.#$+3 $G$H3*%$ &3/.*+ /.3$) PL *&

3,$ $G$H3*%$ &*+3$/*+7 &3/$&& <$-$+<*+7 1+ -1/1&*3( θ) ψ .+< ϕ 62+H3*1+& 16 -1/1&*3( /$-J

/$&$+3*+7 /$&-$H3*%$#( 3,$ 02#' .+< &,$./ ?1<2#2&C 5,$ &3/.*+ /.3$ 3$+&1/ H1//$&-1+<*+7

31 -1K$/ #.K H/$$- H.+ 0$ $=-/$&&$< 2&*+7 3,$ .01%$ $I2.3*1+C

"+ 3,$ 13,$/ ,.+<) "#$%&'( .+< L/1($+ 89 ; <$H1?-1&$ 3,$ 7/.*+ 012+<./( <*G2&*1+

&3/.*+ /.3$ ε̇gb *+31 3,/$$ H1+3/*023*1+&) ε̇gb = ε̇em + ε̇st + ε̇dl H1//$&-1+<*+7 31 3,$ 3,/$$

</*%*+7 61/H$& 61/ . <$61/?.3*1+ 0( 7/.*+ 012+<./( <*G2&*1+@

◦ > <$61/?.3*1+ 0( $#$H3/1?*7/.3*1+ <2$ 31 3,$ .--#*H.3*1+ 16 3,$ H2//$+3C

ε̇em = −δgbDgb

kT

Z∗eq
(G+ rp)2

1

‖∇U‖∇U ⊗∇U ABC9E

◦ > <$61/?.3*1+ 0( &2/6.H$ 3$+&*1+ 10&$/%$< .3 3,$ H1+3.H3 &2/6.H$& 16 -./3*H#$&C

ε̇st = −3δgbDgb

kT

Ω

(G+ rp)2
α

G

[ 1

rp
− 1

2G

]

I ABCME

◦ > <$61/?.3*1+ <2$ 31 3,$ #1.< .--#*$< <2/*+7 3,$ -/1H$&&C

ε̇dl =
δgbDgb

kT

Ω

(G+ rp)G2
σ ABCBE

K,$/$@

Z∗ @ 3,$ %.#$+H$ 16 . ?*7/.3*+7 *1+

eq @ 3,$ $#$H3/1+ H,./7$

δgb @ 3,$ 7/.*+ 012+<./( 3,*H'+$&&

Dgb @ 3,$ 7/.*+ 012+<./( <*G2&*1+ H1$NH*$+3

Ω @ 3,$ .31?*H %1#2?$

G @ 3,$ 7/.*+ &*O$

rp @ 3,$ -1/$ /.<*2&

α @ &2/6.H$ 3$+&*1+

U @ $#$H3/*H -13$+3*.#C

5,$&$ $=-/$&&*1+& /$I2*/$ 3,$ *<$+3*PH.3*1+ 16 . #./7$ +2?0$/ 16 -./.?$3$/&) 61/ $=.?-#$)

3,$ 7/.*+ 012+<./( 3,*H'+$&& δgb) 3,$ 7/.*+ 012+<./( <*G2&*1+ Dgb .+< .31?*H %1#2?$ ΩC

Q1/$1%$/) *+ 3,$ K1/' 16 "#$%&'( .+< L/1($+ 89 ;) . &32<( 61/ .#2?*+*2? *& .H,*$%$<

H1+H$/+*+7 3,$ .?-#*32<$ 16 $.H, H1+3/*023*1+ <$-$+<*+7 1+ 7/.*+ &*O$ .+< -1/1&*3(C >&

&$$+ *+ L*72/$ BCD 3,$ H1+3/*023*1+ 16 &2/6.H$ 3$+&*1+ *& 1+#( 10&$/%$< 61/ #1K 7/.*+ &*O$



 !"! #$%$& '( $)& %*$+ ,'-&./01 '( 2'3-&* 4/0$&*/01  !

"#$%&' ()!* + !"#$%&'($)" *'+ ,)- './*$"/* +)01!- +,- .

/01 234 53&36#789 4:'&'/6 ;3& :#$:'& $&/#0 6#<' /01 234 53&36#78 '2'=7&3>#$&/7#30 #6 >3&'

6#$0#?=/07) @'6#1'69 ;3& :#$: 53&36#789 7:' 'A7'&0/2 23/1 =307&#B%7'6 7:' >367 #0 7:' 1'C

;3&>/7#30)

D/08 /%7:3&6 %6'1 6#>#2/& 'A5&'66#306 #0 3&1'& 73 >31'2 7:' 5:86#=/2 >'=:/0#6>6 1%&#0$

6#07'&#0$) E/&7#=2'6 /&' F'&8 3;7'0 =306#1'&'1 #1'07#=/2) G&7< ,(.9 D/77:'46 ,-H.9 D=D''IC

#0$ ,-!. /01 J/3 ,HK. =306#1'&'1 5/=I'1 65:'&'6 #0 3&1'& 73 >31'2 1'06#?=/7#30) @3%F/&1

!( '.2 , . %6'1 /6 4'22 7:' $'0'&/2#<'1 'L%/7#30 3; M'&7< >31#?'1 B8 D/77:'46 ,-H. #0

3&1'& 73 >31'2 1'06#?=/7#30 1%&#0$ :37 #6367/7#= 5&'66#0$) N:#6 >31'2 #6 B/6'1 30 7:'

=307/=7 3; 743 '2/67#= 65:'&'6 /01 =3>52'7'1 B8 /0 '>5#&#=/2 'L%/7#30) O0 ;/=79 >31'26

%6'1 73 6#>%2/7' PEP 5&3='66 1'&#F' ;&3> =2/66#=/2 6#07'&#0$ 2/46 5&'F#3%628 %6'1 ;3& :37

5&'66#0$)

Q/F/2#/0$36 ,-(. /01 P30$ !( '.2 ,H-. 6#>%2/7'1 65/&I 52/6>/ 6#07'&#0$ 5&3='66 B8 =3%C

52#0$ 7:' 7:&'' 5:86#=/2 5&3B2'>6 R'2'=7&#=C7:'&>/2C>'=:/0#=/2S) N43 1#T'&'07 >31'26

4'&' %6'1 ;3& 7:' >'=:/0#=/2 0%>'&#=/2 6#>%2/7#30) Q/F/2#/0$36 ,-(. /1357'1 7:' >31'2

3; @3%F/&1 ,! . 4:'&' / >/=&36=35#= U'4730#/0 2/4 #6 =:36'0 ;3& 6#07'&#0$ 67&'669 7:'

67&/#0 &/7' 7'063& #6 4&#77'0*

ε̇ = ε̇gb + ε̇cr + ε̇el R()VS

4:'&' ε̇cr #6 7:' F#6=3%6 67&/#0 &/7' 7'063&9 ε̇el 7:' '2/67#= 67&/#0 &/7' 7'063& /01 ε̇s #6 7:'

/11#7#300/2 6#07'&#0$ 67&/#0 &/7' 'A5&'66'1 /6 ;322346*

ε̇gb = Ω(T )(ρr∞ − ρr)
n

R()WS

ρr∞ B'#0$ 7:' >/A#>%> &'2/7#F' 1'06#78 7:/7 =/0 B' &'/=:'1 1%&#0$ /0 #637:'&>/2 7'67)

P30$ !( '.2 ,H-. /263 %6'1 /0 '2/673CF#6=352/67#= >/=&36=35#= >31'2) N:' '2/67#= >31C

%2%6 /01 E3#6630X6 &/7#3 4'&' =/2=%2/7'1 /6 ;%0=7#306 3; &'2/7#F' 1'06#78 /01 #07&31%='1

#0 M33I'X6 2/4 ;3& 7:' '2/67#= 67&/#0 &/7' 7'063&) D3&'3F'& 7:' F#6=352/67#= B':/F#3& #6

>31'2'1 ;32234#0$ / >31#?'1 GB3%/; >/=&36=35#= >31'2 ,!. %6#0$ 7:' 43&I 3; Y#> !( '.2

,!Z.) GB3%/; >31'2 4#22 B' 1'F'235'1 #0 7:' ;32234#0$ 6'=7#30)



 !  !"#$%& '( )*+%&,-". +/0%.,12 /3 #/40%& -/+#"-$,/1

"#$%&' (&)*$+)$,-) ($./0 1&+ %+/. & 0$2 -3 24/ 0-2/*&2%*/ '$* 4$2 ,*/++-356 7$(/ &%24$*+

%+/. -2 &3. &,,0-/. -2 &+ -2 -+ 89: &3. 8;;:6 <$1/=/*> $24/*+ 0-?/ @/-3.*/&%  ! "#$ 8;A:B

8;C: &3. 72%2D  ! "#$ 8AA: &,,0-/. 24/ "#$%&' ($./0 &'2/* +$(/ ($.-E)&2-$3+ -3 $*./* 2$

)$**/+,$3. 2$ 24/-* ,*$)/++/+ '$* /F&(,0/ #G &..-35 24/ 4&*./3-356 H4-+ ($./0 +4$1/.

+&2-+'G-35 */+%02+ -3 +/=/*&0 1$*?+6 I-( &3. J/$3 8!K: )$(,&*/. "#$%&' &3. L)L//?-35

($./0+ 1-24 /F,/*-(/32+ '$* +-32/* '$*5-35 #G ,0$22-35 24/ &F-&0 &3. *&.-&0 +2*&-3 *&2/ MN-5B

%*/ C6!O> 24/G +4$1/. 24&2 "#$%&' ($./0 (&2)4/+ 1-24 /F,/*-(/32+ 14/*/&+ L)L//?-35

($./0 %3./*/+2-(&2/+ 24/ ./'$*(&2-$3 *&2/6

N-5%*/ C6!P Q$(,&*-+$3 $' 24/ /F,/*-(/32&0 &3. E3-2/ /0/(/32 */+%02+ #G 24/ ($./0+ $'

"#$%&' &3. L)L//?-35 -++%/. '*$( 24/ 1$*? $' I-( &3. J/$3 8!K:

Q$3+/R%/320G> "#$%&' ($./0 -+ =/*G )$(($3 -3 0-2/*&2%*/6 H4-+ ($./0 -+ /&+G 2$ +/2 %,

&3. .$/+ 3$2 */R%-*/ 24/ -./32-E)&2-$3 $' & 4-54 3%(#/* $' ,&*&(/2/*+6 H4-+ -+ 14G> -3 $%*

1$*?> 1/ )4$+/ "#$%&' ($./0 -3 $*./* 2$ +-(%0&2/ 24/ (/)4&3-)&0 ,*$#0/( .%*-35 7S7

,*$)/++6 7-3)/ (&3G (/)4&3-+(+ $))%* .%*-35 +,&*? ,0&+(& +-32/*-35 -3 24/ (/+$+)$,-)

+)&0/ &3. +-3)/ +)-/32-+2+ +2-00 4&=/ 0$2+ $' .$%#2+ )$3)/*3-35 24/ )$32*-#%2-$3 $' /&)4 $3/

$' 24/(> $%* 1$*? -+ 0-(-2/. 2$ 24/ (&)*$+)$,-) +)&0/6

 !" #$%&'()* $+ ,-& .&/-0)(/0' 12$3'&.

T3 24-+ +/)2-$3> 1/ ,*/+/32 24/ #/4&=-$%* $' 24/ ,$1./*> 24/ /R%&2-$3+ $' 24/ (/)4&3-)&0

,*$#0/( &3. 24/-* 3%(/*-)&0 */+$0%2-$3 #G E3-2/ /0/(/32 (/24$. &+ -2 -+ -(,0/(/32/. -3

CimLibr6



 !"! #$%&'()* $+ ,-& .&/-0)(/0' 12$3'&.  !

 !"!# $%&'()*+ %, -.' /%012'33)4(' -.'205( 6)3/%1(53-)/ 4'.56)%72

453'& %* 84%75, (59

"#$ %&' &( )* +$,$-*. % '*+$- )#%) /%0 1$ %..-&$+ )* +&2$3$0) 4$*'$)3&$( %0+ +&2$3$0)

'$)%--&/ '%)$3&%-(5 &0 % 6%7 )* .3$+&/) +$0(&8/%)&*0 %0+ %,*&+ #$)$3*4$0$&)&$( %0+ +$9$/)(

6#$0 '%0:9%/):3&04 &0+:()3&%- .%3)(; "#$ %..3*%/# /#*($0 &0 *:3 6*3< )* '*+$- .*6+$3

+$0(&8/%)&*0 &( &((:$+ 93*' )#$ 6*3< *9 =1*:%9 >?@; "#$ .*3*:( '%)$3&%- &( 3$.3$($0)$+

17 %0 $A:&,%-$0) /*0)&0::' '$+&:' %0+ /%0 1$ +$(/3&1$+ 17 )#$ $A:%)&*0( *9 /*0)&0::'

'$/#%0&/(; B) &( /*0(&+$3$+ %( %0 %,$3%4$ /*0)&0:*:( '$+&:' /#%3%/)$3&C$+ 17 &)( 3$-%)&,$

+$0(&)7 ρr 6#&/# &( )#$ 3%)&* *9 )#$ ,*-:'$ *9 )#$ '%)$3&%- 17 )#$ %..%3$0) ,*-:'$ *9 )#$

'$+&:'D

ρr =
Vmaterial

Vapparent
EF;GH

"#$ 3$-%)&,$ +$0(&)7 &( /*0($A:$0)-7 )#$ 93%/)&*0 *9 )#$ $A:&,%-$0) /*0)&0::' '$+&:'

*//:.&$+ 17 )#$ '%)$3&%- .%3)&/-$(; "#$ 93%'$6*3< &( )#$ (%'$ %( )#$ *0$ .3*.*($+ 17

I#&'% %0+ J7%0$ >!?@5 /*'.-$'$0)$+ 17 )#$ )#$3'*+70%'&/ K:()&8/%)&*0( *9 =1*:%9

>?@>L@; "#$ $A:&,%-$0) ()3$(( &( $M)$0+$+ %( 9*--*6(D

σ2 = 3cJ2 + fI21 EF; H

%0+ )#$ $A:&,%-$0) $2$/)&,$ ()3%&0 3%)$ &( )#$0 63&))$0 %( 9*--*6(D

ε̇
2
=

2

3c
ε̇ : ε̇+

(
1

9f
− 2

9c

)

Tr(ε̇)2 EF;NH

J2 &( )#$ ($/*0+ &0,%3&%0) *9 )#$ +$,&%)*3&/ ()3$(( )$0(*3 %0+ I1 &( )#$ 83() &0,%3&%0) *9 )#$

()3$(( )$0(*3D

J2 =
1

2
s : s

I1 = Tr (σ)
EF;?OH

P(&04 Q&0()$&0 (:''%)&*0 s : s = sijsij %0+ Tr (σ) = σii5 6#$3$ s +$0*)$( )#$ +$,&%)*3&/

()3$(( )$0(*3D

s = σ − 1

3
Tr (σ) I EF;??H

c %0+ f %3$ )6* +$/3$%(&04 9:0/)&*0( *9 )#$ 3$-%)&,$ +$0(&)7 ρr; B0 9%/)5 c &( +&3$/)-7 3$-%)$+

)* )#$ (#$%3 ()3$(( %0+ )* (#%.$ /#%04$ %0+ 4$)( &)( '&0&':' ,%-:$ 1 6#$0 ρr = 05 %0+

f &( 3$-%)$+ )* )#$ #7+3*()%)&/ .3$((:3$ %0+ )* ,*-:'$ /#%04$ %0+ &)( '&0&':' ,%-:$ &(

0 %( ($$0 &0 R&4:3$ F;!; B0 9%/)5 6#$0 +$0(&8$+ Eρr = 0H5 )#$ $A:&,%-$0) ()3$(( 3$+:/$( )*

)#$ :(:%- ,*0 S&($( ()3$((; ρc &0 R&4:3$ F;! &( +$80$+ %( )#$ '&0&':' 3$-%)&,$ +$0(&)7

)#%) /%0 1$ '$%(:3$+ 6#$0 .*6+$3 .%3)&/-$( %3$ *0-7 -&0<$+ 17 .:0/):%- /*0)%/)(; c

%0+ f %3$ )#$ *0-7 )6* .%3%'$)$3( 3$-%)$+ +&3$/)-7 )* )#$ 3$-%)&,$ +$0(&)7 6#&/# '*+$-

)#$ +$0(&)7 /#%04$ *9 )#$ .*6+$3; T*0($A:$0)-75 )#$ ()3$(( &( *0-7 &0U:$0/$+ 17 )#$($

)6* /*$V/&$0)( /*0/$30&04 &)( +$.$0+$0/7 *0 )#$ 3$-%)&,$ +$0(&)7; W$ %((:'$ )#%) )#$



 !  !"#$%& '( )*+%&,-". +/0%.,12 /3 #/40%& -/+#"-$,/1

"#$%&' !()* +,-'./0#, &'1&'2'30/0#43 45 0-' 6/&#/0#43 45 ,4'7,#'302 c /38 f 6'&2%2 0-'

&'9/0#6' 8'32#0:

6#2,419/20#, 8'54&./0#43 45 0-' .'8#%. #2 84.#3/30 /38 ;' ,-442' / <4&043=>4? 140'30#/9

Ω̃ #3 4&8'& 04 8'8%,' 0-' '@1&'22#43 45 0-' 20&/#3 &/0'*

Ω̃ =
m

m+ 1
K (T )

(
σ

K (T )
√
3

)m+1
m

A!(BCD

;-'&' m 8'340'2 0-' 20&/#3 &/0' 2'32#0#6#0: ,4'7,#'30 /38 K(T ) 0-' ./0'&#/9 ,432#20'3,:

/0 0-' 8'32' 20/0'( E,,4&8#3$ 04 EF4%/5 GCHI 0-' 'J%6/9'30 20&/#3 &/0'

˙̄ε A -'&'

˙̄ε #2

'J%#6/9'30 04 ε̇crD #3 0-' 14&4%2 20/0' 2-4%98 F' '@1&'22'8 0-' 2/.' /2 #3 0-' 8'32' 20/0'*

˙̄ε =
∂Ω̃

∂σ̄
A!(B)D

=

(

σ

K(T )
√
3
m+1

) 1
m

A!(B!D

K-' 20&/#3 &/0' 0'324& #2 0-'3 ;&#00'3*

ε̇ =
∂Ω̃

∂σ
A!(BLD

=
∂Ω̃

∂σ̄

∂σ̄

∂σ
A!(BMD

N'&#6#3$ !( I ;' -/6' *

∂σ̄

∂σ
=

1

σ

(
3

2
c s+ fI1I

)

A!(BOD

/38 ;' $'0 ε̇ =
1

σ

(

σ

K(T )
√
3
m+1

) 1
m (

3

2
c s+ fTr(ε̇)I1I

)

A!(B D



 !"! #$%&'()* $+ ,-& .&/-0)(/0' 12$3'&.  !

I "#$%&#' &(# )"#$&)&* &#$'%+, -#+#. ε̇ )' #/0)123#$& &% ε̇cr 4#$&)%$#" )$ 52+26+25( 7,8,

92:)$6 &(# &+2;# %< &()' #=5+#'')%$. )& )' 5%'')>3# &% )$1#+& )&. *)#3")$6 &(# #=5+#'')%$ %<

&(# '&+#'' &#$'%+ 2' 2 <0$;&)%$ %< &(# '&+2)$ +2&# &#$'%+?

σ = 3K(T )
(√

3 ˙̄ε
)m−1

(
2

3c
ε̇+

(
1

9f
− 2

9c

)

Tr(ε̇)I

)

@7,ABC

D#52+2&)$6 &(# '&+#'' &#$'%+ )$&% "#1)2&%+); 2$" 1%304#&+); ;%$&+)>0&)%$'. E# 6#&?

s = 3K(T )
(√

3 ˙̄ε
)m−1 2

3c
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'&+#'' 2553)#" >* &(# 62' &+255#" )$ &(# 5%+#' %$ &(# 52+&);3#', 9()' '&+#'' )' "#5#$"#$&

%$ &(# +#32&)1# "#$')&*,

P)$233*. E# '## &(2& &(# +#32&)%$ >#&E##$ &(# &E% ';232+ )$12+)2$&' )' &(# '24# 2' )$ &(#

"#$'# '&2&#?

σ̄ = K(T )
(√

3
)m+1

˙̄εm @7,87C

9% <2;)3)&2&# &(# $%&2&)%$ E# "#Q$# µ̄ = K(T )
(√

3 ˙̄ε
)m−1

,

 !"!# $%&'()*& '+*,)-%(

9(# $04#+);23 4%"#3 )' >2'#" %$ &(# <0$"24#$&23 #/02&)%$' %< ;%$&)$004 4#;(2$);'?

42'' ;%$'#+12&)%$ 2$" 4%4#$&04 #/02&)%$, P)+'&. &(# 5+%>3#4 E)33 ># 5+#'#$&#" )$ )&'

6#$#+23 <+24#E%+:. &(#$ "#5#$")$6 %$ &(# $04#+);23 &#'&. >%0$"2+* ;%$")&)%$' E)33 >#

")';0''#",

9(# 4#;(2$);23 5+%>3#4 )' 6%1#+$#" >* &(# 4%4#$&04 #/02&)%$?

∇ · σ + ρ−→g = ρ
d−→υ
dt

@7,8!C

E(#+#

−→υ "#$%&#' &(# 1#3%;)&*. σ &(# R20;(* '&+#'' &#$'%+. ρ &(# "#$')&* %< &(# ;%$&)$004

2$"

−→g &(# 6+21)&*, -#+#. )$#+&)2 2$" 6+21)&* #K#;&' ;2$ ># $#63#;&#" 2$" &(# 5+%>3#4 )'

+#"0;#" &%?

∇ · σ = 0 @7,8SC
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 !"# !$ %&' ()# #*#+(',+ !-. ()#'"!* /'&0*#"1 2# +&-$,.#' Ω ⊂ R
3
()# +&"/3(!(,&-!*

.&"!,- !-. Γ = ∂Ω ,($ 0&3-.!'45 6)# &07#+(,8# ,- (),$ $#+(,&- ,$ (& #9/'#$$ ()# 2#!:

%&'" &% ()# "#+)!-,+!* /'&0*#" ,- $3+) ! 2!4 ()!( ,( +&3*. 0# $&*8#. ,- ()# %'!"#2&': &%

! ;-,(# #*#"#-( 8#*&+,(4</'#$$3'# %&'"3*!(,&-5 6)# /'&0*#" (& 0# $&*8#. ,$ +&"/&$#. &%

(2& #=3!(,&-$ .#',8#. %'&" >=3!(,&- ?5@A !-. >=3!(,&- B5CC1 2),+) !'# '#.3+#. (& ()#

%&**&2,-D $4$(#"E







∇ · σ = 0

p+K(T )
(√

3 ˙̄ε
)m−1 1

3f
∇ · −→υ = 0

FB5CGH

I#( 3$ .#;-# ()# (#$( %3-+(,&-$

−→υ ∗ ∈ V !-. p∗ ∈ P 2)#'# V !-. P !'# ()# %3-+(,&-!*

!//'&/',!(# $/!+#$ .#;-#. !$E

V = {−→υ ∈ (H1(Ω))
3
/−→υ = −→υ imp &- Γ}

V0 = {−→υ ∈ (H1(Ω))
3
/−→υ = 0 &- Γ}

P = L2(Ω)

J%(#' ,-(#D'!(,-D 04 /!'($ ()# #=3,*,0',3" !-. ()# +&"/'#$$,0,*,(4 #=3!(,&-$ &- ()# .&"!,-

Ω1 ()# #=3!(,&-$ &% ()# $4$(#" B5CG +!- 0# 2',((#-E







∫

Ω

(∇ · σ(−→υ )) · −→υ ∗dΩ = −
∫

Ω

σ(−→υ ) : ε̇(−→υ ∗)dΩ +

∫

Γ

σ−→n · −→υ dΓ = 0
∫

Ω

(
3f

µ̄( ˙̄ε)
p+∇ · −→υ

)

p∗ = 0 ∀(−→υ ∗, p∗) ∈ (V ,P)
FB5CKH

L#$,.#$ ()# $('#$$ σ ,$ #9/'#$$#. !$ %&**&2$E

∫

Ω

σ(−→υ ) : ε̇(−→υ ∗)dΩ =

∫

Ω

(s(−→υ )− pI) : ε̇(−→υ ∗)dΩ FB5CMH

=

∫

Ω

s(−→υ ) : ε̇(−→υ ∗)dΩ−
∫

Ω

pI : ε̇(−→υ ∗)dΩ FB5ANH

L3( s(−→υ ) =
2µ

c



ε̇− 1

3
Tr(ε̇)
︸ ︷︷ ︸

∇·−→υ

I




FB5A@H

∫

Ω

σ(−→υ ) : ε̇(−→υ ∗)dΩ =

∫

Ω

2µ̄

c
ε̇(−→υ ) : ε̇(−→υ ∗)dΩ−

∫

Ω

2

3c
µ̄∇ · −→υ ∇ · −→υ ∗dΩ

−
∫

Ω

p∇ · −→υ ∗dΩ FB5ACH

L#$,.#$1 $,-+# ε̇(−→υ ∗) ,$ ! $4""#(',+ (#-$&'1 2# +!- 2',(#E

∫

Ω

2µ̄

c
ε̇(−→υ ) : ε̇(−→υ ∗)dΩ =

∫

Ω

2µ̄

c
ε̇(−→υ ) : ∇−→υ ∗dΩ FB5AAH

6)# 2#!: %&'"3*!(,&- &% ()# "#+)!-,+!* /'&0*#" ,$ ()#-E



 !"! #$%&'()* $+ ,-& .&/-0)(/0' 12$3'&.  !

"#$% (−→υ , p) ∈ (V ,P) &'() *)+* ,-. /+() #$&*+$* t0







∫

Ω

2µ̄

c
ε̇(−→υ ) : ∇−→υ ∗dΩ−

∫

Ω

2

3c
µ̄∇ · −→υ ∇ · −→υ ∗dΩ−

∫

Ω

p∇ · −→υ ∗dΩ−
∫

Γ

σ−→n · −→υ dΓ = 0
∫

Ω

(
3f

µ̄
p+∇ · −→υ

)

p∗ = 0 ∀(−→υ ∗, p∗) ∈ (V ,P)
123425

6)/ 7.&* -$/ #& *)/ 8/+9 ,-.: -, *)/ :-:/$*': /;'+*#-$3 6)/ &/(-$% /;'+*#-$ (-$&#&*&

-, *)/ 8/+9 ,-.: -, *)/ <-=':/*.#( >+.* -, *)/ (-$&*#*'*#</ /;'+*#-$3

 !"#$ %&'#($)&*")&+, ?-8 *)+* *)/ 8/+9 ,-.:'=+*#-$ #& >./&/$*/%@ 8/ +./ (+>+A=/

-, (-:>'*#$B *)/ &-='*#-$ 1

−→υ , p5 -, *)/ :/()+$#(+= >.-A=/: AC #$*.-%'(#$B + &>+*#+=

+>>.-D#:+*#-$ '&#$B *)/ 7$#*/ /=/:/$* :/*)-%3 6)/ %#&(./*#E+*#-$ AC 7$#*/ /=/:/$*

:/*)-% (-$&#&*& #$ %/*/.:#$#$B +$ +>>.-D#:+*/ &-='*#-$ #$ &'A&>+(/& -, 7$#*/ %#:/$&#-$3

6)/ (-:>'*+*#-$+= %-:+#$ Ω #& +>>.-D#:+*/% AC *)/ 7$#*/ &>+(/ Ωh3 Ω #& &'A&*#*'*/%

AC + &/* -, Ne /=/:/$*&@ τh3 6)/ &+:/ *.#+$B'=+*#-$ #& '&/% *- &-=</ *)/ </=-(#*C +$%

*)/ >./&&'./3 6)/ 7$#*/ &'A&>+(/& &)-'=% </.#,C *)/ F./EE#GF+A'&9+ (-$%#*#-$ HIJGHKJ3

6)#& (-$%#*#-$ #& $/(/&&+.C ,-. *)/ (-$&#&*/$(C -, *)/ /;'+*#-$&3 L-./ %/*+#=& +A-'* *)#&

(-$%#*#-$ (+$ A/ ,-'$% #$ HMIJ3 N/./ + 1P1+, P15 /=/:/$* 1+=&- (+==/% O:#$#G/=/:/$*O5

#& ()-&/$ 1"#B'./ 23253 P/=-(#*C 7/=% +$% >./&&'./ +./ #$*/.>-=+*/% =#$/+.=C A/*8//$ *8-

"#B'./ 2320 6/*.+)/%.+= P1+, P1 :#$#G/=/:/$*

$-%/& -, *)/ :/&)3 F/&#%/&@ *)/ </=-(#*C 7/=% #& /$.#()/% AC +%%#$B + <#.*'+= $-%/ #$

*)/ (/$*./ -, *)/ /=/:/$*@ (+==/% A'AA=/3 6)#& *C>/ -, /=/:/$* +==-8& + B--% (-:>.-:#&/

A/*8//$ (-:>'*+*#-$+= *#:/& +$% ./&'=*& +(('.+(C HMQJ3 R$-*)/. A/$/7* #& *)+* #* +==-8&

:/&)#$B </.C (-:>=/D &)+>/&3 6)#& /=/:/$* 8+& '&/% +* STLT" AC S-'>/E #$ *)/

,.+:/8-.9 -, <#&(->=+&*#( U-8 HMVJ +$% *)/$ AC F+&&/* HWJ 8)- #:>=/:/$*/% *)/ X*-9/&

&-=</. #$ CimLibr ,-. + :'=*#>)+&/ U-83 R& %/7$/% #$ S)+>*/. 4@ P1 #& *)/ =#$/+.

#$*/.>-=+*#-$ -$ *)/ /=/:/$*&3 Y/ %/7$/ *)/ 7$#*/ &>+(/&0

Ph = {ph ∈ C0(Ωh)/∀e ∈ τh, ph|Ωe
∈ P1(Ωe)} = H1

h(Ωh)

Lh = {−→v h ∈ (C0(Ωh))
3/∀e ∈ τh,−→v h|Ωe

∈ (P1(Ωe))
3
+$%

−→v h = vimp &'. ∂Ωv}
Bh = {−→b h ∈ (C0(Ωh))

3/∀e ∈ τh,
−→
b h|Ωe

i
∈ (P1(Ωe

i ))
3
+$%

−→
b h = 0 &'. ∂Ωe

i}
Vh = Lh ⊕ Bh

1234I5
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!" #"$%&" '"()"*&+,"-.

{
N l

i

}Ns

i=1
/$#

{
N b

i

}Ne

i=1
&0" 1/(+( %2 &0" 3$+&" ()/*"( Lh /$# Bh 4Ne

+( &0" $561"' %2 "-"6"$&(78 90" ,"-%*+&. 3"-# /$# &0" )'"((5'" /'" *%$(":5"$&-. ;'+&&"$<

∀−→υ h ∈ Vh,
−→υ h =

Ns∑

i=1

−→υ liN
l
i +

Ne∑

j=1

−→
b jN

b
j

∀ ph ∈ Ph, ph =
Ns∑

i=1

piN
l
i

4=8>?7

90" 1511-" 25$*&+%$ bh 0/( &;% 25$#/6"$&/- )'%)"'&+"(<

◦ bh ,/$+(0"( %$ "/*0 "-"6"$& 1%5$#/'.

◦ 90" @'/#+"$& %2 bh +( %'&0%@%$/- &% "/*0 &"$(%' ;0+*0 +( *%$(&/$& )"' "-"6"$&<∫

Ωe

∇νh : ∇bhdΩ = 0

90"(" )'%)"'&+"( /--%; 5( &% "A)'"(( &0" 6"*0/$+*/- )'%1-"6 4=8>=7 /( 2%--%;(<

B+$# (−→υ h, ph) ∈ (Vh,Ph) (5*0 &0/& 2%' "/*0 +$(&/$& t<







∫

Ωh

2µ̄

c
ε̇(−→υ l) : ∇−→υ ∗l dΩh −

∫

Ωh

2

3c
µ̄∇ · −→υ l∇ · −→υ ∗l dΩh −

∫

Ωh

ph∇ · −→υ ∗l dΩh

−
∫

Γh

σ−→n · −→υ ∗l dΓh = 0
∫

Ωh

2µ̄

c
ε̇(
−→
b h) : ∇

−→
b ∗hdΩh −

∫

Ωh

2

3c
µ̄∇ · −→b h∇ ·

−→
b ∗hdΩh −

∫

Ωh

ph∇ ·
−→
b ∗hdΩh = 0

∫

Ωh

(
3f

µ̄
ph +∇ · −→υ h

)

p∗h = 0 ∀(−→υ ∗h, p∗h) ∈ (Vh,Ph)

4=8>C7

 !"#$%&'#( #) &*! "+"&!, 90" 6/&'+A 2%'6 %2 &0" )'%1-"6 +( &0"$ ;'+&&"$<





Avv 0 Avp

0 Abb Abp

Apv Apb App









υlh
bh
ph



 =





Bl

0

0




4=8> 7

90" 1511-" &"(& 25$*&+%$ */$ 1" "A)'"(("# 5(+$@ &0" ("*%$# -+$" %2 &0" 6/&'+A =8> /$#

&0"$ (51(&+&5&"# +$ &0" &0+'# -+$"<

bh = −
(

Abb
)−1 (

Abpph
)

Apvυlh +
(

App − Apb
(

Abb
)−1

Abp
)

ph = 0

D%'" #"&/+-( /1%5& &0" 1511-" *%$#"$(/&+%$ */$ 1" 2%5$# +$ E?FGEH?FGEHCF8 90" 6/&'+A

2%'6 %2 &0" 6"*0/$+*/- )'%1-"6 +( '"#5*"# &%<

AX =

(

Avv Avp

Apv App − Apb
(

Abb
)−1

Abp

)

(

υlh
ph

)

=

(

Bl

0

)

= B 4=8>I7
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"# $%&'() *&+# +%,+ -# ,.# /,01*2 , *&* (1*#,. 3.&4(#56 1* /,0+ +%# +#.5 2µ̄ε̇(−→υ l
h) 1$ *&*

(1*#,. )'# +& µ̄ = K(T )
(√

3 ˙̄ε(−→υ )
)m−1

7 8%1$ 1$ -%96 µ̄ 1$ :;#) 4#/&.# #,0% k + 1 1+#.,+1&*

&/ +%# (1*#,. .#$&('+1&*7 <+ 1$ 0,(0'(,+#) ,$ , /'*0+1&* &/ +%# υk6 0&53'+#) ,+ +%# 3.#=1&'$

1+#.,+1&*7

 !"!" #$%% &'(%)*+$,-'(

8%# ,15 &/ +%# *'5#.10,( $15'(,+1&* 4#1*2 +& 3.#)10+ )#*$1:0,+1&* #$3#01,((9 1* 0&53(#;

$%,3#$6 -# *##) +& 5&)#( +%# #=&('+1&* &/ +%# .#(,+1=# )#*$1+9 1* +%# 3&-)#.7 >1*0# +%#

3.&4(#5 1$ +.#,+#) 1* , 5,0.&$0&310 $0,(#6 +%# )#*$1+9 -1(( 4# 0&53'+#) (&0,((9 ,+ #,0%

*&)# &/ +%# 0&53'+,+1&*,( )&5,1* Ω7 ?$ -# $,1) 1* +%# 3.#=1&'$ $#0+1&*6 +%# 5&)#( 1$

4,$#) &* +%# #@',+1&*$ &/ 0&*+1*''5 5#0%,*10$7 8%# #=&('+1&* &/ +%# .#(,+1=# )#*$1+9 1$

2&=#.*#) 49 5,$$ 0&*$#.=,+1&*A

∇ · (ρ−→v ) + ∂ρ

∂t
= 0 BC7CDE

8%# )#*$1+9 &/ +%# 3&-)#. ρ 1$ -.1++#*A ρ = ρ0ρr6 -%#.# ρ0 )#*&+#$ +%# )#*$1+9 &/ +%#

5,+#.1,( 1* 1+$ )#*$# $+,+#6 +%1$ 1$ -%9 +%# #@',+1&* &/ 5,$$ 0&*$#.=,+1&* 1$ .#)'0#) +&A

∇ · (ρr−→v ) +
∂ρr
∂t

= 0 BC7CFE

−→υ 1$ +%# =#(&01+9 0&53'+#) '$1*2 +%# 5&5#*+'5 #@',+1&* 3.#$#*+#) 3.#=1&'$(97 8%#

#@',+1&* 1$ 0&53&$#) &/ +%.## +#.5$A

◦ ? *&* $+,+1&*,.9 +#.5A

∂ρr
∂t

◦ ? 0&*=#0+1&* +#.5A

−→υ · ∇ρr

◦ ? .#,0+1&* +#.5A ρr∇ · −→υ

,*) 1+ 1$ $&(=#) 49 :*1+# #(#5#*+ 5#+%&) 1* CimLibr7

 !"!"!# $%&' ()*+,-&./)0 &01 1/23*%./4&./)0

8%# .#$&('+1&* &/ 5,$$ 0&*$#.=,+1&* #@',+1&* 1$ =#.9 $151(,. +& +%# .#$&('+1&* &/ +%# %#,+

#@',+1&* 3.#$#*+#) 1* G%,3+#. H7 <)#*+10,((96 &* +%# 0&53'+,+1&*,( )&5,1* Ω6 -# '$# +%#

/&((&-1*2 >&4&(#= $3,0#$A

H1(Ω) = {ω ∈ L2(Ω),∇ω ∈ [L2(Ω)]3}
L2(Ω) = {ω,

∫

Ω

ω2dΩ <∞}
H1
0 (Ω) = {ω ∈ H1(Ω), ω = 0 &* Γ}
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"#$%& '()$*+),*-. /, $0% #(-1$*2- $%3$ 4-5 $*'% *-$%.&4$*2- (3*-. 4- *'+)*1*$ 6()%& 310%'%7

$0% 8%49 #2&' 2# $0% '433 12-3%&:4$*2- %;(4$*2- *3 +23%5 43 #2))283<







=*-5 ρr ∈ H1(Ω) 3(10 $04$<

∫

Ω

ρtr
∆t
ρ∗dΩ +

∫

Ω

−→υ · ∇ρrρ∗dΩ +

∫

Ω

(∇ · −→υ )ρrρ∗dΩ =

∫

Ω

ρt−1r

∆t
ρ∗dΩ ∀ ρ∗ ∈ H1

0 (Ω)
>?@?AB

υ *3 12'+($%5 2- %410 -25% 2# $0% 52'4*- Ω 4-5 *3 5%31&*/%5 /, 4 )*-%4& *-$%&+2)4$*2- 2-

%410 %)%'%-$@ C0*3 *'+)*%3 $04$ *$3 5*:%&.%-1% *3 12-3$4-$ +%& %)%'%-$@ =2& $04$ &%432-7

/%#2&% *-$&25(1*-. $0% &%41$*2- $%&' *- $0% '433 12-3%&:4$*2- %;(4$*2-7 8% +&211%5 $2 4

-254) 3'22$0*-. 2# ∇ · −→υ <

 ! aP0 "# $%&#'(&' )*+ *,*-*&' .* /*0&* aP1 '1* ,"&*(+ !2&$'"%& (#3

aP1 =
1

∑

τh∈τh(ni)

| τh |

∑

τh∈τh(ni)

aP0 | τh | >?@?DB

τh 4*"&5 '1* *,*-*&'# "&'*+$*)'"&5 '1* &%/* ni6 (&/ | τh | '1*"+ 7%,2-*8

 !"#$%&!'(&!)* C0% '433 12-3%&:4$*2- *3 5*31&%$*E%5 $0% 34'% 84, 43 #2& $0% +&%:*2(3

%;(4$*2-3@ C0*3 *3 80, 8% 82-F$ .2 $0&2(.0 4)) $0% 5%$4*)3 12-1%&-*-. $0% G-*$% 3+41%3@

C0% 82&9 8*)) )%45 $2 $0% #2))28*-. '4$&*H #2&'<

aij =

∫

τh

1

∆t
NiNj +

∫

τh

−→υ · ∇Ni∇Nj +

∫

τh

(∇ · −→υ )NiNj >?@??B

bj =

∫

τh

1

∆t
ρti−1r Nj >?@?IB

 ! "#$%&'()* +'$#*),'-. -/ 0-12%& (-$0)(,'-.

J28 $04$ $0% %;(4$*2-3 04:% /%%- +&%3%-$%57 *- $0*3 3%1$*2- $0% :4)*54$*2- 2# $0% '25%)

8*)) /% 5*31(33%5@ =*&3$7 8% +&%3%-$ 4 3*'+)% (-*4H*4) $%3$ 2# +285%& 12'+41$*2- 4-5 8%

12'+4&% $0% &%3()$3 2# CimLibr 8*$0 4-4),$*1 &%3()$3 80%- "/2(4# 12%K1*%-$3 4&% 9%+$

12-3$4-$ 4-5 8*$0 LAM2) &%3()$3 80%- $0%, #2))28 $0% 5%-3*$, %:2)($*2-@ M%12-57 4 +285%&

5*% 12'+41$*2- *3 3*'()4$%5 4-5 3*'*)4&), &%3()$3 2# CimLibr 4&% :4)*54$%5 8*$0 4-4),$*1

32)($*2-3@ =2& $0%3% $82 $%3$37 4 N4.&4-.*4- 4++&2410 *3 (3%5@ C0% '%30 122&5*-4$%3

4&% (+54$%5 4$ %410 $*'% 3$%+ 4112&5*-. $2 $0% :%)21*$, G%)5 12'+($%5 *- $0% '%104-*14)

+&2/)%'<

Xt(x, y, z) = Xt−1(x, y, z) +
−→υ ∆t >?@?OB
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 !"#!$%& '() *"+()'%& ,"()-$-"(.

"#$ %&'()*$+ ,+$-$).$* () /(01+$ 234 (- %5)-(*$+$*3 "#$ 65..57 58 .#$ %&'()*$+ (- () %5).9%.
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
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
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
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σzz(t) = −K
(

3

c+ f

)
m+1

2
(

υimp

h(t)

)m

234557

"#$ -/.&$' *#/* #/-$ E$$% &'$8 :,< +,;>/<(',% /<$1
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 !"#$%&'!( )*+,**( CimLibr $(- $($./+&0 '!.1+&!( F()&<$ 34G '#,0' *#$ .(%$/<
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/%/.D*(+/..D4 F<,; K9&/*(,% 343 0$ #/-$1

ε̇rr = A(t) =
υimp

h

c− 2f

2(c+ f)
2345G7



 ! ! "#$%&'()* +'$#*),'-. -/ 0-12%& (-$0)(,'-.  !

"#$%&' ()*+ ,-./01%'- .2 34' /'&3#501 5.67.8'83 .2 /'1.5#39 08: /'1.5#39 /'53.&-+ 0; 03

t = 0 s 08: <; t = 15 s

"#$%&' ()=+ >'&3#501 -3&'-- ?#8 @0; 71.33': ./'& 3#6' 5.67%3': A#34 CimLibr 08: 080193B

#50119 A#34 c 08: f 5.8-3083

,8 0::#3#.8C #8 -#671' %8#0D#01 5.67053#.8+

ε̇rr =
∂υr
∂r

?()E=;

F9 #83'$&03#8$ 34'-' 3A. 'G%03#.8-C A' $'3+

υr |r=R=
∂R

∂t
=
υimp

h

c− 2f

2(c+ f)
R ?()EH;

"#80119C 34' #83'$&03#.8 .2 34#- 'G%03#.8 1'0:- 3.+

R(t) = R0

(

h0
h

)
c−2f
2(c+f)

?()E ;

,8 "#$%&' ()HC 34' &0:#%- #- 71.33': ./'& 3#6') I'-%13- 0&' 5.670&': <'3A''8 J#6K#< 08:
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= ρr(t = 0)
h(t = 0)

h(t = 0)− iυimp∆t
?()HIA

"4& .=#2 .'2.C :' 5#58J. =06' &'/4%&2' .4 K+L41 <4& /4730&#248C 2#8/' .=' 0801;.#/ 'G%0.#482
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1-.87%&4 %&3$6/3 $3"2# /5& H7#%72#"72 788%-715 "2 CimLibr> /5&2 <&9-%& .-:"2# /- /5&
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3%6-!%0 7%,8%%6 ,9% 3!@%$%6, 1.$.5%,%$0 .63 4.$!.7/%0' A% 3!0-#00 ,9% .11$2.-9 #0%3 ,2

-251#,% -263#-,!4!,!%0 89%6 ,9%: 3%1%63 2; ,9% 3%60!,: %42/#,!26' B9%6= ,9% ./"2$!,95

2; ,9% $%02/#,!26 !0 09286' C.,%$= ,9% 5%09 .3.1,.,!26 !0 3!0-#00%3 !6 .33!,!26 ,2 ,9%

52,!26 2; ,9% ,22/0'  !6.//:= ,9% $%0#/,0 $%4%./ ,9% !6D#%6-% 2; ,9% -2#1/!6" 7%,8%%6 ,9%

,9$%% 1$27/%50'

 !"!- ./*0&,(%1 0%) 023(',&45 (6 &47 1,5*20&,(%

E%$% 8% -260!3%$ ,9., . -#$$%6, "2%0 ,9$2#"9 ,9% FGF .11.$.,#0' H260%?#%6,/:= 9%.,!6"

!0 "%6%$.,%3 !6 ,9% .00%57/:' F!5#/,.6%2#0/:= . 4%/2-!,: I%/3 !0 .11/!%3 !6 ,9% #11%$ ,22/0

2; ,9% .11.$.,#0 "%6%$.,!6" 0,$%00%0 .63 3%60!,: %42/#,!26 !6 ,9% 1283%$' T iAl !0 -920%6

;2$ ,9% 0!5#/.,!26= !,0 %/%-,$!- .63 ,9%$5./ 1$21%$,!%0 9.4% 7%%6 "!4%6 !6  !"#$%& ''

(%)*%$&+ ",- .)/,-"&+ 0),-1$1),23 B9% "%25%,$: -260!3%$%3 !0 1$%0%6,%3 !6  !">

#$% &'(J' B9% ,21 .63 72,,25 <6-26%/ 01.-%$0 .$% 62, 523%/%3 !6 2$3%$ ,2 $%3#-% -25>
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"#$%&' () *+ ,'-.'/&0 -1 /2' 343 5'/6%7 8#/2 /2' $'9'&:/'; .'52 %5'; #9 /2' 5#.%<:/#-9

:9; : =--. #9 /2' &'$#-9 -1 /2' 5:.7<' 52-8#9$ &'>9'; '<'.'9/5 :&-%9; /2' 5:.7<'?.:/&#@

#9/'&1:A' B&:;#%5 -1 /2' 5:.7<' 18mmC -1 /2' .:/&#@ 35mmD

7%/:/#-9 /#.') E9 1:A/C 82'9 /:F'9 #9/- :AA-%9/C :9 :9#5-/&-7#A &'.'52#9$ 9'';5 /- G'

:;;'; G'/8''9 E9A-9'< :9; $&:72#/' 57:A'&5) E9 :;;#/#-9C 5#9A' %77'& /--<5 :&' ;#57<:A';

:/ ':A2 #9A&'.'9/C :9 #9A&'.'9/:< &'.'52#9$ .%5/ 1-<<-8 :/ ':A2 /#.' 5/'7) H2#5 8#<<

#9A&':5' 5#$9#>A:9/<0 /2' A-.7%/:/#-9:< /#.')

I-8'J'& E9A-9'< 'K'A/ #5 /:F'9 #9/- A-95#;'&:/#-9 G0 /2' /2'&.:< G-%9;:&0 A-9;#/#-95

/2:/ :&' #.7-5'; ;#&'A/<0 -9 /2' G-%9;:&#'5 -1 /2' /-7 :9; G-//-. $&:72#/' 57:A'&5) H2#5

A:9 G' ;-9' :5 1-<<-85+ L55%.#9$ : M%:5#65/:/#-9:&0 5/:/'C /2' 2':/ N%@ :/ /2' E9A-9'<

G-%9;:&0 #5 'M%:< /- /2' 2':/ N%@ /2&-%$2 /2' E9A-9'< 7:&/C :9; /- /2' 2':/ N%@ /2&-%$2

/2' #9/'&1:A' G'/8''9 E9A-9'< :9; $&:72#/') O-95#;'&#9$ /2' %77'& E9A-9'< 57:A'&C 8' A:9

8&#/' +

Φ = hcond (Tinco sup − Twater) :/ /2' E9A-9'< G-%9;:&0 A--<'; G0 8:/'& B()*(D

Φ = kinco
Tinco inf − Tinco sup

einco
#9 /2' E9A-9'< B()*PD



 !"  !"#$%& '( )*+%&,-". +/0%.,12 /3 #/40%& -/+#"-$,/1

#$$%&'() *( '+,*- ./,0&*- 12(.*1. 3'./ ./, )0*4/'., $4*1,05 3, /*6, Tinco inf = Tgr sup5

12($,7%,(.-89

Φ = kinco
Tgr sup − Tinco sup

einco
:;<==>

=
kinco
einco

(

Tgr sup −
(

Φ

hcond
+ Twater

))

?8 $%?$.'.%.'() Tinco sup :;<=@>

=
kinco

einco

(

1 +
kinco

eincohcond

) (Tgr sup − Twater) :;<=A>

=
hcond

hcond
einco
kinco

+ 1
(Tgr sup − Twater) :;<=B>

= heq (Tgr sup − Twater) :;<@!>

C. 1*( ?, $,,( ./*. %(+,0 $%1/ /842./,$'$5 * /,*. .0*($D,0 ?2%(+*08 12(+'.'2( 1*( ?,

*44-',+ +'0,1.-8 .2 ./, )0*4/'*., $4*1,0 %(+,0 * 12(6,1.'6, D20&5 %$'() *( ,7%'6*-,(. /,*.

,E1/*(), 12,F1',(. heq< G,0, hcond = 880W.m−2.K−1 '$ * 12($.*(. /,*. .0*($D,0 12,FH

1',(.5 kinco ./, C(12(,- ./,0&*- 12(+%1.'6'.85 einco '.$ ./'1I(,$$5 Tinco sup ./, .,&4,0*.%0,

2D ./, C(12(,- %44,0 ,+),5 Tinco inf = Tgr sup ./, C(12(,-J)0*4/'., '(.,0D*1, .,&4,0*.%0,

*(+ Twater ./, 3*.,0 .,&4,0*.%0, :*$$%&,+ 12($.*(. 296 K>< L20,26,05 ./, 4021,$$ .*I'()

4-*1, '( * 6*1%%& 1/*&?,05 /,*. -2$$,$ ?8 12(6,1.'2( *(+ 12(+%1.'2( *0, (,)-,1.,+< #--

-*.,0*- $%0D*1,$ /*6'() /,*. -2$$,$ ?8 0*+'*.'2( .23*0+$ 1/*&?,0 3*--$5 3/'1/ *0, /,-+ *.

022& .,&4,0*.%0, :300 K>5 * 0*+'*.'6, /,*. M%E '$ 12($'+,0,+9

Φrad = σBεr(T
4 − T 4wall) :;<@ >

3/,0, σB '$ ./, N.,D*(HO2-.P&*((Q$ 12($.*(.5 σB = 5.6704 × 10−8W.m−2.K−15 εr ./,

,&'$$'6'.8 2D .22-$ :*$$%&,+ .2 ?, ,7%*- .2 0.8 '( ./'$ $.%+8>5 R ./, -21*- .,&4,0*.%0, 2D

./, 6,0.'1*- ?2%(+*08 $%0D*1,$ *(+ Twall ./, .,&4,0*.%0, 2D ./, 1/*&?,0 3*--$< S( ./,

2./,0 /*(+5 * 12($.*(. 62-.*), '$ *44-',+ +%0'() ./, $'&%-*.'2($ Uimp = 3.6V< T%0./,0H

&20,5 *-- 12(.*1. $%0D*1,$ ?,.3,,( ./, 4*0.$ 2D ./, NUN *$$,&?-8 *0, 12($'+,0,+ '+,*-9

(2 12(.*1. 0,$'$.*(1, '$ .*I,( '(.2 *112%(.< R/, 423+,0 D2--23$ ./, 6'$124-*$.'1 -*3 D20

4202%$ &*.,0'*-$ *$ &,(.'2(,+ 40,6'2%$-8< O,$'+,$5 .22-$ *0, *$$%&,+ .2 ?, 0')'+ :$.0,$$,$

*0, (2. 1*-1%-*.,+ '($'+, )0*4/'.,> *(+ * D0'1.'2(-,$$ 12(.*1. '$ 12($'+,0,+ ?,.3,,( .22-$

*(+ 423+,0< C( D*1. '( ./, D0*&,320I 2D ./, &2(2-'./'1 *4402*1/ ./*. '$ %$,+5 &,1/*('1*-

12(.*1. 12(+'.'2($ *0, +,.*'-,+ '( V/*4.,0 W< # (%&,0'1*- 6'$12$'.8 *--23$ &2+,-'() D0'1H

.'2( 20 $-'+'() ?,.3,,( .22-$ *(+ 423+,0< L20,26,05 * 12($.*(. 6,-21'.8 2D 6×10−3mm.s−1
'$ *44-',+ .2 ./, %44,0 .22-'()5 3/,0,*$ ./, &2%-+ *(+ -23,0 .22-'() *0, 12($'+,0,+ XE,+<

R/, '('.'*- 4202$'.8 '( ./, T iAl 423+,0 '$ 12($'+,0,+ .2 ?, ,7%*- .2 Y!Z< R/, 12($'$H

.,(18 K(T ) *(+ ./, $.0*'( 0*., $,($'.'6'.8 m(T ) *0, ./,0&*- +,4,(+,(.5 ./,'0 6*-%,$ *0,

+,+%1,+ D02& -'.,0*.%0, ["=\5 3/,0, &,*$%0,&,(.$ 3,0, 1*00',+ 2%. 2( R'H;@#-H"V0H"]?<

N*&4-,$ 3,0, .,$.,+ D20 .,&4,0*.%0,$ ,7%*- .2 800◦C5 900◦C *(+ 1000◦C<
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 !"#$%&'( #$%& '()*%+$,&%-& +./0)1' %& 2/31.415 0, *$1 6/))/7%42 &,&*1' /6 18(9*%/4&:



























∇ · (−σe (T, ρr)∇U) = 0

∇ · (−k (T, ρr)∇T ) + ρrρ0cp (T )
∂T

∂t
= σe (T, ρr) ‖▽U‖2

∇ · σ = 0

∇ · (ρr−→v ) +
∂ρr
∂t

= 0

;<=>?@

A%2(.1 <= > 1B+)9%4& *$1 /.51. /6 *$1 &,&*1' .1&/)(*%/4= C* 19-$ *%'1 &*1+D *$1 1)1-*.%E

-9) +./0)1' %& &/)315 F.&*D *$14 +./3%5%42 *$1 &/(.-1 *1.' /6 $19* 18(9*%/4= G4-1 *$1

*1'+1.9*(.1 -/'+(*15D 9)) *$1.'9) 51+14514* +9.9'1*1.& 9.1 (+59*15= #$1 '1-$94%-9)

+./0)1' %& *$14 &/)315D 6./' 7$%-$ 71 515(-1 31)/-%*, 945 +.1&&(.1= #$1 31)/-%*, F1)5 %&

%4*./5(-15 %4 *$1 '9&& -/4&1.39*%/4 18(9*%/4D 945 41B* 71 -/'+(*1 *$1 .1)9*%31 514&%*,

945 (+59*1 *$1 +9.9'1*1.& 9H1-*15 0, %*& 39.%9*%/4= A%49)),D *$1 '1&$ %& .12141.9*15

0, (+59*%42 *$1 4/51& -//.5%49*1& 945 0, .1'1&$%42 *$1 41%2$0/(.$//5 /6 *$1 '/3%42

%4*1.69-1=

A%2(.1 <= >: I1&/)(*%/4 9)2/.%*$'

J16/.1 &$/7%42 945 949),&%42 *$1 .1&()*&D 71 1B+)9%4 $/7 *$1 '1&$ %& 959+*15 9* 19-$

&*1+ 9--/.5%42 */ *$1 31)/-%*, F1)5 945 71 5%&-(&& *$1 41-1&&%*, /6 '/51)%42 *$1 '/*%/4

/6 *$1 *//)& 945 *$1%. 1H1-* /4 *$1 &,''1*., /6 *1'+1.9*(.1 F1)5 945 514&%F-9*%/4=



 !"  !"#$%& '( )*+%&,-". +/0%.,12 /3 #/40%& -/+#"-$,/1

 !"!# $%&' ()(*+(+,-. /,+' +--0& 1-+,-.

#$%& '()&* +$% ,'-%.)/& /00.1/2$3 ()*&%4 4)(+/&2% 5'&2+)1&( /.% 4%6&%4 1& +$% ()&*-%

7%($ /( 7%&+)1&%4 8%51.%9 : -%;%- (%+ )( /((12)/+%4 +1 +$% 01<4%. /&4 /&1+$%. 1&% +1

+$% *./0$)+% +11-(9 =)&2% (0/2%.( /&4 0)(+1&( $/;% / ;%.+)2/- 4)(0-/2%7%&+3 +$%). 71+)1& )(

4%(2.)8%4 /+ %/2$ +)7% (+%0 8> +$% +./&(-/+)1& 15 +$%). -%;%- (%+ 5'&2+)1&(9 #$%& &%2%((/.>3

+$% .%7%($)&* 51--1<( +$% +./&(-/+)1& (1 +$/+ /&)(1+.10)2 %-%7%&+( /-</>( ('..1'&4 +$%

)&+%.5/2% 8%+<%%& +$% 01<4%.3 +$% 71'-4 /&4 0)(+1&9

?& +$% =@= 0.12%((3 +$% 0)%2%( /.% 0-/2%4 )& / ;/2''7 2$/78%.3 <$)2$ 7%/&( +$/+ 7)A)&*

-/<( 8%+<%%& +$% ;/2''7 /&4 +11-)&* /.% &%2%((/.> /( <%-- /( / 6&% /&)(1+.10)2 .%7%($)&*

/.1'&4 +$%(% )&+%.5/2%(9 :( / 21&(%B'%&2%3 +$% &'78%. 15 %-%7%&+( )&2.%/(%( ()*&)62/&+->

<$)2$ (-1<( 41<& +$% .%(1-'+)1&9 C1. +$/+ .%/(1&3 / 4)D%.%&+ /00.1/2$ )( /4/0+%49 C)*'.%

"9 E *);%( /& %A/70-% '()&* / 2D *%17%+.>3 <$%& +$% ;1)4 )( /44%4 F.%4 /.%/G +$% &'78%.

15 &14%( )&2.%/(%( 5.17 7000 +1 110003 51. / $171*%&%1'( 8/2H*.1'&4 7%($ ()I%9J$% ;1)4

<1&K+ 8% 21&()4%.%4 )& +$% *%17%+.> ()7'-/+%4 /&4 +$% 7%($ 1&-> 21;%.( +11-( /&4 01<4%.9

?& /44)+)1&3 /+ %/2$ +)7% (+%0 +$% &14%( 211.4)&/+%( /.% '04/+%4 /( 51--1<(L

−→
X t+∆t =

−→
X t +−→v t

mesh∆t F"9MNG

C)*'.% "9 EL ,A/70-% 15 / 2D *%17%+.> <)+$ /&4 <)+$1'+ +$% ;1)4 /.1'&4 +$% 71'-4

($1<)&* +$% /&)(1+.10)2 %-%7%&+( /44%49

O1.% 0.%2)(%->3 vmesh )( 6A%4 4'.)&* +$% ()7'-/+)1& /&4 4%0%&4( 1&-> 1& +$% )701(%4

;%-12)+> 1& +$% +11-)&*9 P1&(%B'%&+->3 )+ )( 4)D%.%&+ 5.17 / Q/*./&*)/& /00.1/2$3 <$%.%
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#$%&'( )* +, -(%$./0 .1 23( %(.4(2'5 0$4&672(8 93('( 4(03 :(6.;$25 $0 ;./2'.66(8 2.

&<872( 23( ;..'8$/72(0

23( /.8(0 7'( &<872(8 7;;.'8$/% 2. 23( :(6.;$25 =(68 ;.4<&2(8 $/ 23( 4(;37/$;76 <'.>6(4*

?('(@ vmesh $0 '(672(8 2. 23( ;37'7;2('$02$; 1&/;2$./ .1 23'(( 8$A('(/2 '(%$./0@ 70 0((/ $/

=%&'( )* +* B. $1 9( 8(/.2( ztop 23( z ;..'8$/72( .1 23( /.8( 1 7/8 zfixed 23( z ;..'8$/72(

.1 23( /.8( 2 .1 =%&'( )* +@ vmesh ;7/ >( 9'$22(/,

−→v mesh =
−→v imp $/  

−→v mesh =
−→v imp

z − zfixed
ztop − zfixed

$/ !

−→v mesh = 0 $/ "

C)*D)E

F3$0 (G<'(00$./ 9$66 766.9 23( 2'7/0672$./ .1 23( /.8(0 .1 23( 0<7;('0@ 7 6$/(7' 2'7/0$2$./

>(29((/ 23( 4.:$/% 0<7;(' 7/8 23( =G(8 4.&68 7/8 9$66 H((< 23( '(02 $/:7'$7/2* I./0(J

K&(/265@ 23( 4(03 1.66.90 23( 4.2$./ .1 23( 8$A('(/2 <7'20 9$23.&2 $/;'(70$/% ;76;&672$./

2$4( 93$;3 $0 78:7/27%(.&0 ;.4<7'$/% 2. 7 ;.4<6(2(65 L&6('$7/ 7<<'.7;3 93('( 4.'(

(6(4(/20 /((8 2. >( 788(8*

 !"! #$%%&'($ )*& '+ ,&+%&'($

M3(/ 23( &<<(' 2..60 4.:( 8.9/@ 23( 7G$76 0544(2'5 $0 6.02* I./0(K&(/265@ 2(4<('72&'(

=(68 $0 7A(;2(8* N/ #$%&'( )*O @ 23( 7G$76 2(4<('72&'( <'.=6(0 712(' 25 0 7/8 900 0 03.9

2372 ./;( 0544(2'5 $0 6.02@ 3(72$/% $0 /. 6./%(' 0$4$67' ./ >.23 0$8(0* M3(/ 23( <$02./

(/2('0 $/2. 23( 4.&68@ 23( 3($%32 .1 23( '(02'$;2(8 0(;2$./ C>(29((/ <.$/2  7/8 O .1

#$%&'( )* +E $0 04766('* I./0(K&(/265@ 23( '(%$./ 93('( 23( ;&''(/2 ;./:('%(0 $0 '(8&;(8

7/8 P.&6( (A(;2 $0 6(00 $4<.'27/2*

Q.'(.:('@ 0$/;( ;./8&;2$./ <6750 7 :('5 $4<.'27/2 '.6( $/ 3(72$/% 23( <.98('@ 23( 8$1J

1('(/;( .1 2(4<('72&'(0 >(29((/ 23( 29. <$02./0 70 0((/ $/ #$%&'( )*OO ;7&0(0 7 /./



 !"  !"#$%& '( )*+%&,-". +/0%.,12 /3 #/40%& -/+#"-$,/1

#$%&'( )*+!, -(%$./0 .1 23( %(.4(2'5 0$4&672(8 93('( 4(03 :(6.;$25 $0 ;./2'.66(8 2.

&<872( 23( ;..'8$/72(0, 7 =..4 ./ 23( 2.< ;.'/(' 93('( 23( <$02./ <(/(2'72(0 $/ 23(

4.&68

#$%&'( )*+ , >(4<('72&'( :7'$72$./ 76./% 23( :('2$;76 7?$0 1.' 23( >$@6 074<6( 1.' 8$A('(/2

2$4( 02(<0 03.9$/% 23( (A(;2 .1 23( 0544(2'5

0544(2'$;76 2(4<('72&'( %'78$(/2 $/0$8( 23( <.98('* @;2&7665B /./ 0544(2'$;76 2(4C

<('72&'( %'78$(/2 $/0$8( 23( <.98(' ;7&0(0 23( 8$0C0544(2'5 .1 23( 8$02'$D&2$./ .1 23(

;./0$02(/;5 .1 23( <.98('* @0 0((/ $/ #$%&'( )*+EB 23( ;./0$02(/;5 $0 $/:('0(65 <'.<.'2$./76

2. 2(4<('72&'(B D(0$8(0 23( '(672$:( 8(/0$25 $0 3$%3(' 93('( 23( <.98(' $0 6(00 ;./0$02(/2*

F/ ;./;6&0$./B 8(/0$25 $0 /.2 0544(2'$:76 7/8 $0 4.'( $4<.'27/2 93('( 23( 2(4<('72&'(

$0 3$%3*

F/ 17;2B 23( %(.4(2'$;76 0544(2'5 .1 23( 7<<7'72&0 $0 ./( <.$/2 2372 03.&68 D( 9(66

&/8('02..8* G3(/ 8(76$/% 9$23 67'%(' <7'20 23( 2(4<('72&'( %'78$(/20 9$66 D( 4.'(

$4<.'27/2 7/8 0. 8(/0$25 %'78$(/20* >3$0 $0 935B 8$0C0544(2'5 (A(;20 03.&68 D( ;./2'.66(8



 !"! #$%&'()*+ ,(%$+*-(./ .0 ).$1+&2 &+&)-'() -3&'%*+ %&)3*/()*+ 1'.4+&%, 2$'(/5 676 !"

#$%&'( )*++, -(./('01&'( $23405&(2 6$7 89 0:1(' 900 s ;<(7 1<( 2=..(1'= $2 73 537%('

'(2/(>1(?

13 3/1$.$@( 1<( A&05$1= 3: 1<( $7?&21'$05 /'3?&>12*

B3;(4('C $7 1<( DED 2(1 &/C 0>1&055= 1<( .3&5? .34(2 ?&'$7% DED /'3>(22 07? 1<$2 <(5/2

>372('4$7% 1<( 2=..(1'=* #'$>1$37 F(1;((7 1<( .3&5?C 1<( /0/=(G 07? /$21372 022&'(2

.0$710$7$7% 1<( .3&5? ;<$5( 0553;$7% $12 4('1$>05 .31$37*

H01(' 37C $7  !"#$%& 'C 1<( .31$37 3: 1<( .3&5? $2 .3?(55(? F= 0?0/1$7% 1<( .(2< $7

1<( 20.( 0//'30>< 02 /'(2(71(? /'(4$3&25= :3' &//(' 13352*

 !"!" #$%$&'$&($ )* ()&'+(,-.-,-$/ 0-,1 %)0'$2 2$34,-.$ '$&/-,5

I<(7 >3./0>1$7% 0 /3;?('C 1<( 435&.( 3: /3'(2 ?(>'(02(2* J3710>1 2&':0>(2 0'( .3'(

$./3'1071C <(7>(C (5(>1'$> 07? 1<('.05 K&G(2 ?$L&2( ?$L('(715= 1<'3&%< /0'1$>5(2*

D$7>( ;( .3?(5 ?(72$M>01$37 $7 0 .0>'32>3/$> 2>05(C 1<( >37?&>1$4$1$(2 2<3&5? '(/'(2(71

1<( .01('$05 02 0 >371$7&3&2 <3.3%(7(3&2 .(?$&. 10N$7% $7 >372$?('01$37 $12 /3'32$1=*

#3' 1<( 1<('.05 >37?&>1$4$1=C 1<( .3?(5 ><32(7 $2 F02(? 37 1<( ;3'N 3: O'%(713 PQR*

S7 <$2 ;3'NC O'%(713 ?(4(53/(? 1;3 7&.('$>05 .3?(52 ?(2>'$F$7% >37?&>1$37 07? '0?$01$37*

B( >37>5&?(? 1<01 $7 .(1055$> /3;?('2C '0?$01$37 $2 7(%5(>1(? >3./0'(? 13 >37?&>1$37*
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47+%,.-+(/- 2( 4$ '1/')( 4+0+,( (, 4$ *1&+,+1% 2( 4$ '1/')( *$- -$**1-, < 4$ *1/2-( >'(%,-.(

1/ 2.'$4.( 2$%& 4( 01/4(?8
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◦

τ < g υg = 0

τ = g ∃λ > 0 −→υg = −λ−→τ

g

τn

τ < αfτn υg = 0

τ = αfτn ∃λ > 0 υg = −λτ

αf

τ = −αf ·K · |υg|p−1 · υg
K p

m
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
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NO6PQ

:5/ 8$%&'%() &(/R&%/)' %2 */-/)*/)' () '5/ 1),9/ (8 8$%&'%()6 J' %2 /S-$/22/* 12 αf = tan φ

Nφ '5/ 8$%&'%() 1),9/Q6 cf */)('/2 '5/ &(5/2%() 3/'.//) -(.*/$ 1)* '((926

:$1)  ! "#$ = P? */B)/* '5/ 8$%&'%() 91. 2%0%91$94 8($ -(.*/$ &(0-1&'%() -$(&/22/2@ 8($ 1

&49%)*/$ 1)* T:T ,/(0/'$%/2@ .5/$/ '5/ -(.*/$ %2 &()2%*/$/* /912'(-912'%&6 :5/ -1$10/K
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σB
σrr(z)
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σT
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H
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σT
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.5/$/ σT 1)* σB */)('/ $/2-/&'%A/94 '5/ '(- 1)* 3(''(0 -+)&5 2'$/22/26 J) 81&'@ '5%2
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*/'/$0%)%), '5/ 8$%&'%() $1'/ +2%), 1 0/12+$/0/)' 242'/0 () 1 -(.*/$ *%/ &(0-1&'%()
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5.07(6 6$R('(4-(5 10' ?07 52'(55(5 ; M<)

S4 A:A('5 -$2(6 A'(D$0&5?3 2.( A076(' 7:5 402 5&CT(-2(6 20 .$%. 2(/A(':2&'(5 E.$%.(52

(U&:? 20 60◦C $4 ;K<G P .(4-( 2.( -046$2$045 :'( 402 -?05( 20 2.( 1':/(70'8 01 5A:'8 A?:5/:

5$42('$4% A'0-(55P C(5$6(5 A076(' 0C(35 ($2.(' A?:52$- 0' (?:520A?:52$- ?:7)

 !"!" #$%&'()*%+$& ,-$&+$'. /'01) ,'- ('201- &'/(*&+$'.

I&'$4% 5A:'8 A?:5/: 5$42('$4% A'0-(55P 2.( A076(' 10??075 : D$5-0A?:52$- C(.:D$0&' 7.$-.

(?$/$4:2(5 2.( '(52'$-2$04 60/:$4 01 A?:52$- /:2('$:?5) 9045(U&(42?3P $4 0'6(' 20 8((A 2.(

:4:?0%3 7$2. 2.( 1'$-2$04 ?:7P V0'204 A07(' ?:7 $5 -.05(4 :12(' C($4% /06$O(6 10' A0'0&5

/(6$:) H.( C(.:D$0&' 01 2.( /:2('$:? :2 2.( $42('1:-( $5 -045$6('(6 6(A(46(42 04 2.(

'(?:2$D( D(?0-$23 :46 04 2.( /:2('$:? A'0A('2$(5 5&CT(-2(6 20 2.( D$5-0A?:52$- 6(10'/:2$04)

S4 1:-2P 2.$5 ?:7 7:5 &5(6 $4 5(D(':? A:A('5)
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#$%  ! "#$ &'( )*+,-./01 . 2%3104 5%46*76 24%80))9 :$0 .-,+*7*,+ 2%3104 3*/$ . 8,2;

)$.20 60%+0/4< *) $0./01 ./ 400◦C .71 %=0<) /% . >*)8%2-.)/*8 *)%/4%2*8 8%+240))*=-0 -.39

? @%4/%7 -.3 *) ,)01 /% +%10- /$0 54*8/*%7 =0/3007 /$0 2%3104 .71 /$0 3.--A

−→τ = −αf ·K · A−
2
3 · | υg

A
1
3

|m−1 · −→υg BC9  D

3$040 A *) . 5,78/*%7 %5 /$0 40-./*>0 107)*/<9

E*+*-.4-<F G*7H.  ! "#$ &I( )*+,-./01 . 2%3104 5%46*76 24%80))9 ? )*+*-.4 0J240))*%7 *)

,)01 *7 3$*8$ /$0 2%304 %5 /$0 5,78/*%7 %5 /$0 40-./*>0 107)*/< *) 1*K0407/9 L7 %,4 3%4HF

/$0 0J240))*%7 /$./ *) ,)01 *) /$0 5%--%3*76 B. M,)/*N8./*7 8.7 =0 5%,71 *7 /$0 70J/ 2.60)F

)08/*%7 C9O9O

−→τ = −αf ·K · c−
m+1

2 · |υg|m−1 · −→υg BC9 !D

αf =0*76 /$0 54*8/*%7 8%0P8*07/F K /$0 8%7)*)/078< *7 MPa.s−mF m /$0 8%0P8*07/ %5

)07)*=*-*/< /% )/4.*7 4./0F .71 N7.--<F c ?=%,.5 8%0P8*07/ 10207107/ %7 /$0 40-./*>0 107)*/<9

Q%30>04F *7 /$0 8%+*76 /0)/)F c *) 8%7)*10401 8%7)/.7/ *7 %4104 /% )*+2-*5< /$0 >.-*1./*%7

/0)/9

L7 /$0 )*+,-./*%7) 8.44*01 %,/ 3*/$ /$0 R.64.76*.7 .224%.8$F 0J240))*%7 C9 ! *) 8%7)*104019

 !" #$%&'()* $+ +,(-.($) () ./& 01'&,(2) 3$)$'(./(- 245

4,$2-/

 !"!# $%&'()*+&,(%

L7 %4104 /% >.-*1./0 /$0 +0/$%1 10>0-%201 /% +%10- 54*8/*%7 =0/3007 2%3104 .71 /%%-;

*76F /$0 2%3104 1*0 8%+2.8/*%7 /0)/ *) 8$%)079 :$0 /$04+%+08$.7*8.- 8%,2-*76 *) 7%/

8%7)*10401 *7 /$*) )08/*%7F /0+204./,40 *) 8%7)*10401 8%7)/.7/ 1,4*76 /$0 24%80))9

:$0 +0/$%1 10N701 5%4 /$0 S,-04*.7 .224%.8$ *) >.-*1./01 =< /$0 8%+2.4*)%7) 3*/$ /$0

R.64.76*.7 40),-/) 3$040 /$0 54*8/*%7 8%71*/*%7 *) *+2%)01 1*408/-< %7 /$0 -./04.- =%,71.4<

%5 /$0 2%3104 ).+2-09

:$0 60704.- 24%=-0+ *) N4)/ 240)07/01 10)84*=*76 )02.4./0-< /$0 54*8/*%7 +%10-) 5%4 0.8$

.224%.8$9 E08%71F 40),-/) .40 1*)8,))01 3*/$ /$0 24%801,40 5%--%301 /% 60704.-*T0 /$0

54*8/*%7 S,-04*.7 +%10-9

 !"!- ./0+',1&,(% (2 &3/ 4/+35%,+56 4()/6

:$0 2%3104 *) 2-.801 *7 . +%,-1 %7 . NJ01 2-.70 3$*-0 . 8%7)/.7/ >0-%8*/< *) *+2%)01 *7

/$0 ,2204 2*)/%79 E*780 /$0 /$04+%+08$.7*8.- 8%,2-*76 *) 7%/ 8%7)*10401 *7 /$*) )08/*%7F

.-- 2.4.+0/04) .40 8%7)/.7/ 1,4*76 /$0 24%80))9 :$0 2%3104 5%--%3) /$0 8%+240))*=-0

>*)8%2-.)/*8 -.3 240)07/01 *7 /$0 240>*%,) 8$.2/049 L107/*8.--<F /$0 24%=-0+ +%10- *) =.)01



∇ · σ = 0

σ = s− pI

σ = 3K(T )
(√

3 ˙̄ε
)m−1

(

2

3c
ε̇+

(

1

9f
− 2

9c

)

Trε̇I

)

c = 6.463 f = 0.45 K = 3000MPa.sm m = 0.5

υ = (0, 0, 0.5)mm.s−1

Ω

1.2mm

e
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#$%&$$' %($ )*&+$, -'+ %($ .*/0+ 1234/,$ 56576 8(39 0-:$, *#$:9 %* %($ 9-.$ #$(-;3*/,

0-& -9 %($ )*&+$, -'+ (-9 - +3<$,$'% =*'939%$'=:6 8($ -3. 39 %* $>),$99 %($ 9($-, 9%,$99

3'93+$ %($ 0-:$, -'+ ,$0-%$ 3% %* $>),$993*' 56?6

234/,$ 565@ A=($.-%3= ,$),$9$'%-%3*' *B %($ #*/'+-,: 0-:$,

C==*,+3'4 %* 234/,$ 565D %($ 9($-, ,-%$ 3' %($ #*/'+-,: 0-:$, 39 $>),$99$+ -9@

γ̇ =
|−→υg |
e

156 ?7

A* %($ 9%,-3' ,-%$ %$'9*, =-' #$ &,3%%$'@

ε̇ =





0 υg
2e

0
υg
2e

0 0

0 0 0





 !"#$%

&'()* +,- -./0-''(1) 12 341562 -75(869-)+ '+06() 06+-: ;- ;0(+-<

˙̄ε =
1

ρr

(

2

3c
ė : ė+

1

9f
Tr (ε̇)2

) 1
2

=
1

ρr

(

4

3c

(−→υg
2e

)2
) 1

2

=
−→υg

ρre
√
3c

 !"#=%

3)> 4? '54'+(+5+()*

˙̄ε () +,- 4-,68(150 96; 12 -756+(1) !"#!: +,- '+0-'' +-)'10 (' -./0-''->

6' <

σ = 2Kc−
m+1

2

(−→υg
e

)m−1

ε̇  !"@A%

6)> B)699? ;- -.+06C+ +,- ',-60 '+0-'' () +,- 415)>60? 96?-0<

τ = 2Kc−
m+1

2

(−→υg
e

)m−1(−→υg
2e

)

 !"@#%

= −K
em
c−

m+1
2 |−→υg |m−1 · −→υg .  !"@@%

;,-0-6' D10+1) 20(C+(1) 96; 5'-> () +,- E6*06)*(6) 6//016C, (' ;0(++-)<

τ = −αf ·K · c−
m+1

2 · |−→υg |m−1 · −→υg  !"@F%



 !"! #$%&'()* $+ +,(-.($) () ./& 01'&,(2) 3$)$'(./(- 244,$2-/  !"

#$% &' ($)*%$ K̃ %+$ ,*)'-'%$),. */ %+$ 01.$23 %+$ 1-4 */ %+$ '%&(. -' %* ($5)$ 1 2$016

%-*) 7$%8$$) %+-' ,*)'-'%$),.3 %+$ %+-,9)$'' */ %+$ 01.$2 1)( %+$ /2-,%-*) ,*$:,-$)% &'-);

$<=2$''-*) >?@!AB 1)( >?@!!B@

C$),$3 (-D$2$)% %+-,9)$''$' 1)( /2-,%-*) ,*$:,-$)%' 12$ ,+*'$)@ E*2 $1,+ ,*&=0$ (αf , e)3

'-4&01%-*)' 12$ ,122-$( *&% %* 5)( %+$ ,*)F$)-$)% K̃@ G+-' K̃ '+*&0( ;$)$21%$ %+$ '14$

'+$12 -) %+$ H&0$2-1) 4*($0 1' -) %+$ #1;21);-1) 4*($0 8+$) 1==0.-); %+$ /2-,%-*) ,*)6

(-%-*) *) %+$ 7*&)(12. */ %+$ =*8($23 /*2 1 ;-F$) αf @ E*2 %+1% 2$1'*)3 %+$ 01.$2 -' 1(($(

1% %+$ 0$F$0 */ %+$ -)%$2/1,$ 1' '$$) -) E-;&2$ ?@I@ G+-' '%&(. 8-00 100*8 %* 1&%*41%-,100.

($(&,$ K̃ /2*4 %+$ F10&$ */ %+$ ,+*'$) %+-,9)$'' e 1)( %+$ ;-F$) αf 8+$) &'-); %+$

H&0$2-1) 1==2*1,+@

E-;&2$ ?@IJ K$*4$%2. */ %+$ '$% &= 8-%+ %+$ -)%$24$(-1%$ 01.$2 -),*2=*21%$( 7$%8$$) %+$

4*&0( 1)( =*8($2

L*2$*F$23 -) %+$ H&0$2-1) 4*($03 '-),$ 1 '-);0$ 4$'+ ,*F$2' %+$ 8+*0$ 1''$470.3 1 4-<-);

018 -' &'$( %* ,*4=&%$ %+$ ,*)'-'%$),. *) %+$ (*41-) Ω@ G+$ ,*)'-'%$),. */ %+$ =*8($2

Kpowder 1)( */ %+$ 01.$2 K̃ 12$ ,*4=&%$( *) %+$ ,*4=&%1%-*)10 (*41-) Ω &'-); 1 4-<-);

018 ($5)$( =$2 $0$4$)%J

K(Ωe) =
Kpowder|Ωe ∩ Ωp|+ K̃|Ωe ∩ ΩBL|

|Ωe|
>?@!MB

|Ωe| 7$-); %+$ F*0&4$ */ %+$ $0$4$)% Ωe3 Ωp %+$ (*41-) ,*F$2$( 7. %+$ =*8($2 1)( ΩBL

%+$ (*41-) ,*F$2$( 7. %+$ 7*&)(12. 01.$2@ N*)'$O&$)%0.3 %+$ =*8($2 1)( %+$ 01.$2 +1F$

%+$-2 1==2*=2-1%$ =2*=$2%. 1)( %+$ $0$4$)% -)%$2,$=%$( 7. %+$ -)%$2/1,$ +1' 1) 1F$21;$

,*)'-'%$),. 8$-;+%$( 7. %+$ F*0&4$'@

P$/*2$ =2$'$)%-); %+$ 2$'&0%' */ %+$ '%&(.3 %+$ #1;21);-1) 4*($0 -' ($',2-7$(@

 !"!# $%&'()*+),- ,. +/% 012(1-2)1- 3,4%5

C$2$3 %+$ 41-) (-D$2$),$ 8-%+ %+$ H&0$2-1) 1==2*1,+ -' %+1% %+$ ,*4=&%1%-*)10 (*41-)

Ω ,*F$2' *)0. %+$ =*8($2@ G**0' 12$ )*% 4*($0$( 1)( %+$ F$0*,-%. 5$0( -' -4=*'$( *) %+$
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#$%&'()* $+ ,-. '$/(0& ∂Ω = Γ1

203%). 4156 7.$/.,)* $+ ,-. 8(3)(&30(& /$'.9 :0,- ,-. '0/.&;0$&; $+ ,-. <$:'.) =*90&'.)

>$).$?.)@ ,-. #$%&'()* =$&'0,0$&; $+ ,-. <)$#9./ (). ;%//()0A.' (; +$99$:;6

υz = −0.003mm/s $& ΓUP B41C4D

υz = 0 $& ΓUP B41CED

&$ <.&.,)(,0$& =$&,(=, =$&'0,0$& $& ΓLat B41C5D

2)0=,0$& =$&'0,0$& $& ΓLat B41CFD

G-. +)0=,0$& =$&'0,0$& 0; '.;=)0#.' <).?0$%;9* 0& HI%(,0$& 41C!1 G-. &$J<.&.,)(,0$& =$&J

'0,0$& 0; '.,(09.' 0& K!L@ 0+ α(x, t) '.&$,.; ,-. ;03&.' '0;,(&=. +%&=,0$& ,$ ,-. /$%9'@ ,-.

=$&,(=, ;%)+(=. 0; '.M&.' (; 6

Γc(t) = {x ∈ Γ(t), α(x, t) > 0} B41CND

O&' ,-. =$&'0,0$& ).;<.=,;6

α(x, t) 6 0 ∀(x, t) ∈ Γc × R
+

B41!"D

O+,.) 90&.()0A(,0$& (&' '0P.).&,0(,0$& $+ ,-. +%&=,0$&@ ,-. &$J<.&.,)(,0$& =$&'0,0$& 0;

).;%/.' ,$6

α(x, t)

∆t
+ (−→υ −−→υm) ·

∇α
‖∇α‖(x, t) 6 0 ∀(x, t) ∈ Γc × R

+
B41! D

Q$&;.I%.&,9*@ ,:$ ;%)+(=. 0&,.3)(9 (). (''.' ,$ ,-. :.(R +$)/ $+ ,-. /.=-(&0=(9 <)$#9./@

(&' 0& ,-. 8(3)(&30(& (<<)$(=- ,-. <)$#9./ ,$ #. ;$9?.' 0; ;%//()0A.' (; +$99$:;6

20&' (−→υ , p) ∈ (V ,P) ;%=- ,-(, +$) .(=- 0&;,(&, t6









∫

Ω

2µ̄

c
ε̇(υ) : ε̇(υ∗)dΩ−

∫

Ω

2

3c
µ̄∇ · υ∇ · υ∗dΩ−

∫

Ω

p∇ · υ∗dΩ

+

∫

Γc

αf ·K · c−
m+1

2 · |υg|m−1 · υg · υ∗dΓc

+r

∫

Γc

[
αt

∆t
+ (υ − υm) ·

∇αt

‖∇αt‖

]+

υ∗ · ∇α
t

‖∇αt‖dΓc = 0
∫

Ω

(
3f

µ̄
p+∇ · υ

)

p∗ = 0 ∀(υ∗, p∗) ∈ (V ,P)

r

K̃(αf , e)

αf1 = 0.7 αf2 = 1.5 αf3 = 3.5

αf1 = 0.7 αf2 = 1.5

αf3 = 3.5

εrem
e

e/2



1.2mm

20

(ei, αf )

K̃(αf )

Pa.s−m

εrem = 2.5mm εrem = 2mm εrem = 1.5mm

e1 = 2.2mm e2 = 1.7mm e3 = 1.07mm ei
εrem



υz
y = 0 z = 10

υz y = 0

x = 17.5 y = 0 x = 9

m/s

K̃

e = 1.07mm

αf = 1.5 υz

K̃ = ccorrectionαfKe
m

ccorrection 1.1 10

1.94 2, 12 K̃

857 935 υz
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#$%&'( )*  + ,('-$./0 1(02.$-3 402--(5 21(' -6( 1('-$./0 5$7-/8.( 9/- r = 17.5mm: %'((8

0$8(;+ -6( '(7&0-7 $77&(5 <'2= ->2 7$=&0/-$287 &7$8% -6( ?&0('$/8 =25(0 <2' ->2 .287$7@

-(8.$(7 /85 / AB(5 -6$.C8(77 e = 1.07 == /'( .2=4/'(5 >$-6 -6( '(7&0-7 $77&(5 <'2= -6(

D/%'/8%$/8 =25(0 <2' αf = 1.5

-6( 1(02.$-3 A(05 $87$5( -6( E2&85/'3 0/3('* F6( -6$.C8(77 $8 -6$7 ?&0('$/8 7$=&0/-$28 >/7

7(- -2 1.07mm /85 -6( E2&85/'3 0/3(' $7 .(8-('(5 28 -6( $8-('</.(: >6$.6 =(/87 -6/- /

-6$.C8(77 2< 0.535mm .21('7 -6( 42>5(' (5%(* F6( 5/76(5 0$8( '(4'(7(8-7 -6( (5%( 2< -6(

0/3(': >6(8 .'277$8% -6( $8-('</.( -6( 7024( 2< -6( 1(02.$-3 =25&0( 5(.'(/7(7 7&55(803*

#$%&'( )* G+ H2=4/'$728 2< -6( 1('-$./0 1(02.$-3 402--(5 21(' -6( '/5$/0 5$7-/8.( 9/-

z = 10mm: '(5 0$8(; <2' αf = 1.5 $8 -6( D/%'/8%$/8 =25(0 /85 e = 1.07mm $8 -6(

?&0('$/8 =25(0 /85 <2' ->2 .287$7-(8.$(7



αf = 1.5

r = 10mm r = 17.5mm z = 10mm

Err = 100×

∑

i

(υz Eul(xi)− υz Lag(xi))
2

∑

i

υ2z Lag(xi)
+

∑

i

(υz Eul(zi)− υz Lag(zi))
2

∑

i

υ2z Lag(zi)

300 xi
zi
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#$%&'()* +*,&- ./$ +)%& '0 &/$ 1,203)%4 *)4$% '5 0,& (,05'3$%$3 6,% &/$ ()*(2*)&',0 ,6 &/$

$%%,%-

75'08 &/'5 $9+%$55',0: '& '5 +,55'1*$ &, 3%); 6,% $)(/ (,2+*$ (αf , e) &/$ #)%')&',0 ,6 &/$

$%%,% #$%525 &/$ #)*2$5 &$5&$3 6,% K̃: 6,% $9)<+*$ 6,% (αf , e) = (0.7, 2.2) &/$ #)%')&',0 '5

+%$5$0&$3 '0 ='82%$ >- >-

='82%$ >- >? @)*(2*)&$3 $%%,% 25'08 $9+%$55',0 >-!A 6,% αf = 0.7 )03 e = 2.2mm &$5&'08

3'B$%$0& (,05'5&$0('$5 K̃ '0 &/$ 1,203)%4 *)4$%

./$ )%%,; +,'0&5 ,2& &/$ *,;$5& $%%,% &/)& '5 %$)(/$3 6,% K̃ = 525MPa- C03 5, ,0: &/$

5'<2*)&',05 )%$ ()%%'$3 ,2& 6,% (αfi, ej) 20&'* K̃ 8'#$5 ) <'0'<2< $%%,%- D,%$ +%$('5$*4: 6,%

$)(/ αf : 3'B$%$0& &/'(E0$55 e )%$ (/,5$0 )03 &/$0 6,% $)(/ (,2+*$ 3'B$%$0& K̃ )%$ &$5&$3-

C5 ) %$52*&: &/$ (/)%& ,6 ='82%$ >- " ()0 1$ 3%);0- F& 52<<)%'G$5 &/$ K̃ (/,5$0 6,% $)(/

8'#$0 (,2+*$ (αfi, ej)-

F0 6)(&: )5 5/,;0 '0 &/$ H82%$: 6,% *,; 6%'(&',0 (,$I('$0&5: &/$ &/'(E0$55 3,$5 0,& )B$(&

5'80'H()0&*4 &/$ #)*2$5 ,6 &/$ 1,203)%4 *)4$% (,05'5&$0(4- =,% αf = 0.7 &/$ #)*2$5 ,6

K̃ (,0#$%8$ 6,% &/$ 3'B$%$0& &/'(E0$55$5 ;/$%$)5 ) 8)+ ,6 2300MPa '5 ,15$%#$3 1$&;$$0

K̃(e = 2.2) )03 K̃(e = 1.07) 6,% αf = 3.5- J,;$#$%: &/$ $#,*2&',0 ,6 &/$ 1,203)%4

*)4$% (,05'5&$0(4 #)%'$5 *'0$)%*4 6,% $)(/ &/'(E0$55 12& &/$ 5*,+$5 )%$ 3'B$%$0&- ./$ 5*,+$

'0(%$)5$5 ;'&/ &/$ &/'(E0$55-

F0 )33'&',0: &/$ (/)%& ,6 ='82%$ >- " 5/,;5 ) %$*)&',0 1$&;$$0 &/$ &/%$$ +)%)<$&$%5? K̃:

e )03 αf - =,% &/)& %$)5,0: 3'B$%$0& $9+%$55',05 )%$ &$5&$3 '0 ,%3$% &, $9+%$55 K̃ )5 )

620(&',0 f ,6 e: αf )03 &/$ +,;3$% (,05'5&$0(4 K- ./)& ;)4: '& ;,2*3 1$ +,55'1*$ &,

25$ &/$ <$&/,3 ,6 &/$ 1,203)%4 *)4$% *)&$% ,0 6,% ,&/$% +%,1*$<5 )03 +%,($55$5- C<,08

,&/$%5: &/$ 6,**,;'08 620(&',05 ;$%$ &$5&$3?

f1 = b ·K · αa
f · Exp(e) K>-!>L

f2 = αa
f · eb ·K K>-!"L

f3 = c · αa
f · eb ·K K>-!ML



 !"! #$%&'()* $+ +,(-.($) () ./& 01'&,(2) 3$)$'(./(- 244,$2-/  !"

#$%&'( )* +, -.'$./$01 02 /3( 4(5(6/(7 K̃ 8('4&4 /3( 7$9('(1/ 2'$6/$01 60(:6$(1/ 20' /3(

/3'(( ;<(7 /3$6=1(44(4 >3('( %$8(1 $1 ??@

A1 0'7(' /0 $7(1/$2B 60(:6$(1/4 aC b .17 cC $18('4( .1.5B4$4 $4 .DD5$(7* ”fminsearch”

2&16/$01 02 E./5.F $4 &4(7* A/ 7(/('?$1(4 /3( ?$1$?&? &4$1% /3( G(57('HE(.7 4$?D5(<

4(.'63 .5%0'$/3?C I3$63 $4 . 7('$8./$8(H2'(( 4(.'63 /(631$J&( K !L* M3( $18('4( .5%0'$/3?

$4 60?D04(7 02,

> M3( 7./. 02 /3( 63.'/ 02 #$%&'( )* + I3$63 .'( &4(7 .4 .1 $1D&/ 20' $18('4( .1.5B4$4

.17 /3(B .'( 7(10/(7 K̃cal*

> M3( 6014$4/(16$(4 6.56&5./(7 &4$1% 01( 02 /3( 2&16/$014 f1 0' f2 0' f3 >7(D(17$1% 01

I3$63 2&16/$01 I( .'( 0D/$?$N$1%@ 7(10/(7 K̃opt*

> M3( 604/ 2&16/$01 I3$63 $4 7(;1(7 .4,

Φ(x) =

∑

i

(

K̃i
opt(x)− K̃i

cal

)2

∑

i

K̃i2
cal

. >)*!O@

x F($1% /3( 8(6/0' 02 /3( 8.'$.F5(4 /3./ 1((7 /0 F( $7(1/$;(7 >aC b .17 c@* P4$1%

/3( .5%0'$/3? 02 #$%&'( )* "C /3( .$? $4 /0 ?$1$?$N( /3( 604/ 2&16/$01 .17 ;17 /3(

D.'.?(/('4 %$8$1% /3( ?$1$?&? (''0' 20' K̃opt*

A1 2.6/C 20' (.63 2&16/$01 fi /3( $18('4( .1.5B4$4 .5%0'$/3? $4 6.''$(7 0&/ ?&5/$D5( /$?(4

20' 7$9('(1/ 4/.'/$1% 7./.* M3( 8(6/0' x = (a, b) >0' x = (a, b, c) 20' f3@ $4 4(/ $1$/$.55B

./ 7$9('(1/ 8.5&(4* Q6/&.55BC .2/(' 0D/$?$N./$01 I( 10/$6( /3./ /3( '(4&5/4 0F/.$1(7 7$9('

7(D(17$1% 01 /3( $1$/$.5 8(6/0' xC .17 /3$4 F(6.&4( . 506.5 .5%0'$/3? $4 &4(7*
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#$%&'( )* +, -.( $/0('1( 23%4'$5.6 &1(7 84' 5.( $7(/5$9:25$4/ 48 5.( ;2'26(5('1 48 5.(

8&/:5$4/1 f1 4' f2 4' f3< 4/:( $7(/5$9(7 5.( 8&/:5$4/ %$0$/% 5.( 34=(15 (''4' $1 :.41(/ 325('

4/ 84' &35('$4' =4'>1

#$%&'( )* ", -.( $/5('023 48 $/$5$23 7252 48 x = (a, b, c) 84' 6$/$6$?$/% 5.( :415 8&/:5$4/

48 f3

@(/:(< 2/ $/5('023 $1 7(9/(7 21 1((/ $/ #$%&'( )* " 84' 5.( 8&/:5$4/ f3* -.( :44'7$/25(1

48 5.( :&A( 2'( :.41(/ 84' 5.( $/$5$23 7252* -.( '(1&351 48 5.( 4;5$6$?25$4/ 2'( %25.('(7

$/ 5.( 52A3( 48 #$%&'( )* B*

-.( :415 8&/:5$4/ 02'$(1 8'46 0.002 54 0.473< 5.$1 1.4=1 5.25 5(15$/% 7$C('(/5 152'5$/%

;4$/51 $1 /(:(112'D $/ 4'7(' 54 :.441( 5.( (E:$(/5 8&/:5$4/* -.( %'((/ 3$/(1 48 5.( 52A3(

'(8(' 54 5.( 34=(15 :415 8&/:5$4/ 5.25 :2/ A( 84&/7 84' 5.( 8&/:5$4/ f3 (F&23 54 0.002* G1



 !"! #$%&'()* $+ +,(-.($) () ./& 01'&,(2) 3$)$'(./(- 244,$2-/  !"

#$%&'( )* "+ ,$-('(./ 0/1'/$.% 23$./04 530/ 6&.5/$3.0 1.7 $7(./$8(7 21'19(/('0 36 /:(

6&.5/$3. f3

0((.4 $/ $0 '(15:(7 (15: /$9( 63' x = (1.255, 1, 152)*

#&.5/$3. K̃ ;$.$9&9 (''3'

K̃ = f1 = 0.234Kα1.27f Exp(e) 0.073

K̃ = f2 = α1.39f e0.245K 0.043

K̃ = f3 = 152α1.255f eK 0.002

<1=>( )* + ?7(./$8(7 6&.5/$3.0 1.7 /:($' 9$.$9&9 (''3'0 32/$9$@(7 =A $.B('0( 1.1>A0$0

<1=>( )* 0&991'$@(0 /:( '(0&>/0 36 /:( $.B('0( 1.1>A0$0 63' /:( 7$-('(./ 6&.5/$3.0*

?. 53.5>&0$3.4 /:( 7$-('(./ /(0/0 0:3C(7 /:1/ f3 %1B( /:( >3C(0/ (''3'* D(.5(4 /:( %(.('E

1>$@1/$3. 36 K̃ $0 (F2'(00(7 10 63>>3C0+

K̃ = 152α1.255f eK G)*!"H

 !"#$!%#&' %()%

<:'(( 0$9&>1/$3.0 1'( 51''$(7 3&/ &0$.% /:( I&>('$1. 937(> $. C:$5: (F2'(00$3. J*)K $0

122>$(7 53.0$7('$.% /:'(( 6'$5/$3. 53(L5$(./0* ?. 3'7(' /3 B1>$71/( /:( 9(/:374 '(0&>/0

1'( 53921'(7 C$/: /:( M1%'1.%$1. '(0&>/0 7(05'$=(7 2'(B$3&0>A* <1=>( )*N 2'(0(./0 /:(

53(L5$(./04 /:( 53.0$0/(.5A 36 /:( =3&.71'A >1A(' 1.7 /:( (''3' C:(. 53921'$.% C$/:

M1%'1.%$1. '(0&>/0*

<:( (''3' 63&.7 $. /:( B1>$71/$3. /(0/0 63' e = 2.24 C:(. K̃ $0 5392&/(7 C$/: '(6O/$>7(E

P(.('1>4 :1B( /:( 019( 3'7(' 10 /:( 3.( 5:30(. 2'(B$3&0>A $. #$%&'( )* ) G= 0.19 63' 525

;Q1H* #$%&'( )*NK 2'(0(./0 /:( B('/$51> B(>35$/A 2>3//(7 3B(' /:( '17$1> 7$0/1.5( 5392&/(7

C$/: /:( /:'(( 0$9&>1/$3.0 C:(. B1'A$.% /:( 6'$5/$3. 53(L5$(./ 1553'7$.% /3 <1=>( )*N*

<:( 710:(7 =>&( >$.( '(2'(0(./0 /:( >$9$/ 23C7('R=3&.71'A >1A('* S0 (F2(5/(74 /:( B1>&(



αf K̃(MPa.s−m) %

0.7 641 0.11

1.5 1669 0.206

3.5 4831 0.24

e = 2.2

K̃

3000MPa K̃/K αf = 0.7

f3

= 20



 !"! #$%&'()*$%  ! 

"#$%&'()(' &% e = 1.07mm *$' +,( $-./() #0 (1(.($+% &$ +,( +,&"2$(%% &% (3-*1 +# 10

4,()(*% 5)(6&#-%17 4*% 89(' +# 20: ;,( ())#) #0 +,&% <-1()&*$ %&.-1*+&#$ &% "*1"-1*+(' /7

+,( -%( #0 +,( =*>)*$>&*$ .#'(1 ?%*.( 5)#"('-)( *% 5)(6&#-%17@:

αf K̃(MPa.s−m) <))#) -%&$>  A (1(.($+% ?%@ <))#) -%&$> BA (1(.($+% ?%@

0.7 312 0.21 0.09

1.5 812 0.23 0.20

3.5 2350 0.22 0.18

;*/1( C:DE F)&"+&#$ "#(G"&($+H "#$%&%+($"7 #0 +,( /#-$'*)7 1*7() "*1"-1*+(' -%&$> (95)(%I

%&#$ J:CA *$' +,( ())#) )(%-1+&$> 0)#. +,( <-1()&*$ .#'(1 -%&$> 10 *$' 20 (1(.($+%

K% %(($ &$ ;*/1( C:DH (6($ +,#->, +,( ())#) &% %.*11() 4,($ -%&$> 20 (1(.($+%H +,( '&L()I

($"( &% $#+ ,&>, /(+4(($ /#+, %&.-1*+&#$%: M$ *''&+&#$H ())#)% 0#-$' 4,($ ",*$>&$> +,(

$-./() #0 (1(.($+% +# 10 *)( &$ +,( %*.( )*$>( #0 #)'() *% &$ +,( 5)(6&#-% +(%+%:

K$#+,() 0*"+#) +,*+ .&>,+ &$N-($"( +,( )(%-1+% &% +,( 5#%&+&#$ #0 +,( /#-$'*)7 1*7()

)(1*+&6(17 +# +,( &$+()0*"( /(+4(($ +,( 5#4'() *$' +,( .#-1': ;,( /#-$'*)7 1*7() .&>,+

/( .#6(' &$+# +,( .#-1' &$ * 4*7 +# "#6() 1(%% +,( 5#4'(): O#)(#6()H .*$7 #+,() 0*"+#)%

"#-1' /( %+-'&('H 1&2( +,( 5#4'() "#$%&%+($"7H +,( .&9&$> 1*4% ?P0 #) P1 +75(@ #) +,(

.(%, %&P(:

F-)+,().#)(H '-)&$> %5*)2 51*%.* %&$+()&$>H +,( +(.5()*+-)( 8(1' &% "#.5-+(': Q#$%(I

3-($+17H +,( +(.5()*+-)( &% ,(+()#>($(#-% #$ +,( '#.*&$ *$' %&$"( "#$%&%+($"7 &% +(.5()I

*+-)( '(5($'($+H (95)(%%&#$ J:CA 1(*'% +# * ,(+()#>($(#-% K̃: M$6()%( *$*17%&%H &$ Q,*5+()

CH *11#4% #5+&.&P&$> +,( 5)#5()+&(% #0 +,( /#-$'*)7 1*7():

 !" #$%&'()*$%

;,&% ",*5+() 5)(%($+% +,( $-.()&"*1 .#'(1 #0 0)&"+&#$ -%(' &$ +,( <-1()&*$ *55)#*",:

;,&% .#'(1 &% /*%(' #$ +,( /#-$'*)7 1*7() 5)&$"&51(: ;,&% +(",$&3-( "#$%&%+% &$ *''&$> *

+,&)' /#'7 ?* 1*7()@ /(+4(($ +,( .#-1' *$' 5#4'(): K "#$%&%+($"7 &% *%%#"&*+(' +# +,&%

/#-$'*)7 1*7() >($()*+&$> +,( %*.( 0)&"+&#$ (L("+% *% &$ * =*>)*$>&*$ *55)#*", 4,()(

* /#-$'*)7 "#$'&+&#$ &% &.5#%(' #$ +,( ('>( Γ #0 +,( 5#4'(): ;,( *&. &$ +,&% ",*5+()

&% +# '(8$( * )(1*+&#$ /(+4(($ +,( +,&"2$(%% #0 +,( 1*7()H +,( 0)&"+&#$ "#(G"&($+ *$' +,(

1*7() "#$%&%+($"7: F#) +,*+ )(*%#$H +(%+% *)( "*))&(' #-+ 6*)7&$> +,( +,&"2$(%% *$' +,(

0)&"+&#$ "#(G"&($+: F#) (*", "#-51( (e, αf )H '&L()($+ "#$%&%+($"&(% *)( %+-'&(': ;,($H

)(%-1+% "#))(%5#$'&$> +# (*", "#$%&%+($"7 &$ +,( <-1()&*$ .#'(1 *)( "#.5*)(' 4&+, +,(

)(%-1+% #0 +,( =*>)*$>&*$ .#'(1 "#.5-+(' 4&+, +,( %*.( 0)&"+&#$ "#(G"&($+: K$ ())#) &%

'('-"(' "#$%(3-($+17 +# +,( "#.5*)&%#$%: ;,( "#$%&%+($"7 >&6&$> +,( 1#4(%+ ())#) 0#) +,(
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#$%&'( (e, αf ) )* +,(- &)#.(/0 1,(*( 23'%(* 34( %*(/ )- 3- )-2(4*( 3-3'5*)* 3'6$4)+,7 )-

$4/(4 +$ (8+43#+ 3- (8&4(**)$- $9 +,( #$-*)*+(-#5 $9 +,( '35(4 K̃ 9%-#+)$- $9 e 3-/ αf 0

1,)* *+%/5 :3* 3#,)(2(/ :,(- *)7&')95)-6 *$7( #$-/)+)$-* *%#, 3* +,( ,(+(4$6(-()+)(*

$9 +(7&(43+%4( 3-/ ;<$%39 9%-#+)$-*0 =+ :$%'/ <( )-+(4(*+)-6 +$ +(*+ +,)* 7(+,$/ :)+,

+(7&(43+%4( /(&(-/(-#)(*0 =- 3//)+)$-> +,( (8&4(**)$- 9$%-/ 9$4 K̃ #$%'/ <( (8+(-/(/

<5 )-#'%/)-6 +,( /(&(-/(-#5 +$ +,( -%7<(4 $9 ('(7(-+ )-*)/( +,( <$%-/345 '35(4 3-/

&$*)+)$- +$ +,( '35(4 4('3+)2('5 +$ +,( &$:/(4 ?#(-+(4(/ $4 *,)9+(/ +$ +,( 7$%'/@0
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 !" #$%$ &'()*+,--. /$&$ 01234. (56 7$ 849()3$ : )152,5;;9 942316 <1' 9164-,5=

>;'<()4 245>,15$  !"#$%& !' (!)*"+%+,!$%& *-./,(/. !??@AABCABD. !EEF$

 F" G$ &',5)*9(55. H$ H(1. (56 I$ G,4=9;56$ : )19+,546 4JK4',9452(-L5;94',)(- >2;6M

1< 234 )19K()2,15 +43(N,1' 1< 5()-$ 0!123# 43(-$!&!5.. !ED@!EOCF?P. F??E$

 A" #$ &';)315. Q$ /,=15542. (56 I$ 71;K4R$ %>,5= ( >,=546 6,>2(5)4 <;5)2,15 <1' 234

>,9;-(2,15 1< 942(- <1'9,5= K'1)4>>4> @ S1'9;-(2,15 1< 234 )152()2 )156,2,15 (56

94>3 (6(K2(2,15$ <'19 ( -(='(5=,(5 (KK'1()3 21 (5 4;-4',(5 (KK'1()3$ 6$+3#$%+,!$%&

 !"#$%& '!# 7")3#,(%& 83+-!2 ,$ 9$5,$33#,$5. OTUFV@ET?C!??T. F??E$

 D" #$ W$ 731 (56 Q$ G$ #415=$ :KK-,)(2,15 1< ;KK4' +1;56 942316 21 234 K1X64'L

<1'=,5= 1< );KL>3(K46 (J,>M9942',) K'4<1'9> <1' 4>2,9(2,5= K;5)3 -1(6$ 6$+3#$%+,!$%&

 !"#$%& '!# 7")3#,(%& 83+-!2/ ,$ 9$5,$33#,$5. B!UDV@DFECDDT. F??!$

 B" #$7$ 7;55,5=3(9. Y$7$ G,5*(. (56 :$ 8(N(-,(5=1>$ :5(-M>,> 1< 2(+-42 )19K()2,15$

,$ )3('()24',R(2,15 1< 94)3(5,)(- +43(N,1' 1< K1X64' (56 K1X64'Z211-,5= <',)2,15$

 !"#$%& !' 0-%#)%(3"+,(%& :(,3$(3/. EAUTV@F?FFCF?AE. F??D$

 P" [$ /1'\9;> (56 ]$ [(N,4'$ S',)2,15 +43(N,1;' 1< (5 ,'15 K1X64' ,5N4>2,=(246 X3,23

2X1 6,^4'452> (KK('(2;>$ Y5 08 ;!#&2 (!$5#3//. K(=4> !!DC!!E. !EET$

 O" :$ S'()315$ 8!2<&,/%+,!$ 3+ :,)"&%+,!$ 7")<#,="3 23 &% >!)*#3//,!$ 3$ 8%+#,(3 23

0!"2#3/ 8<+%&&,="3/$ [3/ 234>,>. Y_[H. F??F$

 T" /L`L`$ H;M15)1;'2. #LQ$ IX446. :$ H1;=3. #$ /(X>15. (56 a$ [(224'$ 715>2,L

2;2,N4 6(2( (56 <',)2,15 94(>;'9452> 1< K1X64'> ;>,5= ,5>2';945246 6,4$ 0!123#

83+%&&"#5.. DD@FBCAF. F??!$

 E" :>31*( H$ 0$ #,5*(. `,)34- &4--42. (56 a,154- S1;'9452$ : 54X 23'44L6,945>,15(-

b5,24 4-49452 9164- <1' 234 >,9;-(2,15 1< K1X64' <1'=,5= K'1)4>>4>@ (KK-,)(2,15 21

312 <1'9,5= 1< KZ9 )1554)2,5= '16$ 6$+3#$%+,!$%&  !"#$%& '!# 7")3#,(%& 83+-!2/ ,$

9$5,$33#,$5. D?UF!V@AEBBCAEOT. !EEO$

!DA
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" #$ %&' ()*&+,+-./ 0'1' (&2)3/ +45 0'1' (&+622' 7248+98 :-398324 *3;<6+8324 34 =2>?

5)- 92;=+98324 =-29)** @+*)5 24 8&) =)4+68A +==-2+9&'  !"#$%!&' !() *#'%+(/

BCDEFG  CCH B  / B##I'

"  $ 0'1' (&2)3/ %'J'1' K3+@+4+L3/ 0'1' M+:+/ +45 %&' ()*&+,+-. N' O+5)P+-+4' 0 4)>

92;=<8+8324+6 +6P2-38&; :2- 9248+98 :-398324 ;25)634P 2: 6+-P) =6+*839 5):2-;+8324

34 =2>5)- 92;=+98324 =-29)**)*' ,("#$(!"%-(!& .-/$(!& -0 1-&%)' !() 1"$/2"/$#'/

!EDBFGBIQHR #/ B##C'

" B$ S' (2,+93L/ %' T;;)-/ S' K3)6)L/ +45 U' ()6)*3' TV)98 2: 92;=2*38324 24 :-398324

92)W93)48 2: 9<?P-+=&38) 92;=2*38)*' 3456/ BEXG! QH!B / B##I'

" R$ S'7' U+P+-3+*/ S' 0' 1))5*/ Y' Z' [-3P&8/ +45 \'T' [-3P&8' 724,)-P)49) =-2=)-83)* 2:

8&) ])65)-?Y)+5 %3;=6)^ ;)8&25 34 62> 53;)4*324*' 1,5 .-/$(!& -0 78"%9%:!"%-(/

CG  BH !Q/  CCI'

" !$ T' \+,3)- +45 \' _2-`;<*' a-398324 @)&+,32<- 2: +4 3-24 =2>5)- 34,)*83P+8)5 >&38&

8>2 53V)-)48* +==+-+8<*' N4 ,("#$(!"%-(!& 3-$';-8 -(  -)#&&%(+ -0  #"!& <-=)#$

>-$9%(+ <$-2#''#'/ =+P)* RRXHR!!/ S<6A  CCQ'

" X$ Y' 1+==+./ Y' K)66)8/ +45 Y' _),366)'  -)?&%'!"%-( (/9?$%@/# #( '2%#(2# #" +?(%# )#'

9!"?$%!/AB C$!%"? )#'  !"?$%!/A/ ,26<;)  #' \-)**)* \26A8)9&43b<)* )8 c43,)-*38+3-)*

12;+45)*/  CCI'

" E$ N'7' %34L+/ S'7' 7<4434P&+;/ +45 0' d+,+63+4P2*' 04+6A*3* 2: 8+@6)8 92;=+98324' 33'

e438) )6);)48 +4+6A*3* 2: 5)4*38A 53*8-3@<8324* 34 924,)^ 8+@6)8*' .-/$(!& -0 <;!$D

9!2#/"%2!& 12%#(2#'/ CRDIFGB#!#HB#XR/ B##!'

" Q$ O?Y' f3)4/ \?U' [</ [?Z' Z<+4P/ Y?a' (<2/ +45 7?0' 7&<' [+66 :-398324 ;)+?

*<-);)48 +45 92;=+98324 9&+-+98)-3*839* 2: @)482438) =2>5)-*' <-=)#$ C#2;(-&-+E/

 QRG !#H X / B##Q'

" I$ _?M' f-+4/ 1?[' U)>3*/ _?f' g)8&34/ +45 0?(' 0-3W4' ]<;)-39+6 ;25)634P 2:

=2>5)- 92;=+98324 =-29)**)*G 53*=6+9);)48 @+*)5 e438) )6);)48 ;)8&25' <-=)#$

 #"!&&/$+E/ REGBXQHBEE/  CCR'

" C$ K' [36L;+4/ Z' Z+PP@6+5/ +45 Y' J65)4@<-P' Y25)6634P 2: =2>5)-?>+66 :-398324 :2-

*3;<6+8324 2: 3-24 =2>5)- =-)**34P' N4 ,("#$(!"%-(!& 3-$';-8 -(  -)#&&%(+ -0  #"!&

<-=)#$ >-$9%(+ <$-2#''#'/ =+P)*  !CH XQ/ S<6A  CCQ'
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 !" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ",-

 !. #(/$%+0*1%+'$ '2 %3/ 4/315+'& 617 81&19/%/&:; </=)+&/( />?

8/&+9/$%: ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ",-

 !"!# $%&'()*+,()-' -. +-'/)/(&'+0 ,'% /(1,)' 1,(& /&'/)()2)(0 -' %&'/&

3,(&1),4 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #56

 !"!" $%&'()*+,()-' -. 78-9,. .9'+()-'/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #5:

 !"!; <)3)(,()-' -. (=& >,(&1/-' 3,+=)'& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #? 

 !@ #(/$%+0*1%+'$ '2 A4')12 2)$*%+'$: ):+$B CDC ! ! ! ! ! ! ! ! ! ! " E

 !;!# @>@ &AB&1)3&'(/ ,'% 3&,/91&3&'(/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #  

 !;!" C,4)81,()-' -. c ,'% f 9/)'D E,(4,8 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #F?

 !;!; C,4)81,()-' -. (=& .1)+()-' +-&G+)&'( ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #6#

 !;!5 C-'+49/)-' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #66

 !, F)9/&+*16 :+9)61%+'$ '2 %3/ :81&G 861:91 :+$%/&+$B %/:% ! ! ! "H.

 !5!# H&/+1)B()-' -. (=& 3-%&4/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #:"

 !5!" I&/94(/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #: 

 !E I'$*6):+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! .J.
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 !"  !"#$%& '( )*+%&,% "*"-.,/, "*0 #"&"1%$%&, /0%*$/23"$/4*

 !"#$!

#$%& '$ ()*+,-)* ($).,* /* 0* 01$(,.)*2 3% &4,%.5)*&&* $67 *7(5),*%0*& %50*&&$,)*& (36)

,/*%.,8*) '*& ($)$+-.)*& /* '$ '3, /* 03+(3).*+*%.9 #$%& '$ /*67,-+* ($).,* 3% ()5&*%.*

'$ &,+6'$.,3% /46% 0:0'* 03+('*. /* ;),..$<* =$&1 $>*0 '*& ($)$+-.)*& ,/*%.,85& *. 3% 03+?
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12$ Q:(=)? ?=%&+5(% f 58 %$&$88)39 +( 57$%+5?9 +2$ ?=%&+5(% c/ S5%&$ c 58 3$4)+$7 +(

+2$ 7$65)+(35& @)3+ (? +2$ 8+3$88 +$%8(3' <$ %$$7 )% $D@$35>$%+)4 +$8+ +2)+ $657$%&$8 +2$
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#$%&'( )*)+ ,-( '(./0$1( 2(34$05 6.700(2 71(' 0$8( 97' (/:- :7&6.( (T, P )* ;(/4&'(8(304

$44&(2 9'78 $30(''&60(2 0(404 /'( $30('67./0(2< 0-( 9&3:0$734 /..7= :786&0$3% 0-( 2('$1/>

0$1( ρ̇r /32 0-( ?@7&/9 9&3:0$73 f A)B

#$%&'( )*C+ ?@7&/9 9&3:0$73 6.700(2 71(' 0-( '(./0$1( 2(34$05 A)B

#$%&'( )*D+ ,'$/E$/. :786'(44$73 0(40 =$0- :7340/30 ./0('/. 6'(44&'(

2(1$/07'$: @(-/1$7' 79 0-( 67=2('* F3 0-$4 =7'G / 0'$/E$/. :786'(44$73 0(40 =$0- / :7340/30

./0('/. 6'(44&'( $4 :-74(3 07 $2(30$95 c H#$%&'( )*DI*
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#$% &'(%&& '%)&*( +& %,-(%&&%. /& 0*11*2&3 +) 451+).(+4/1 4**(.+)/'%& (r, θ, z)6

σ =





−P 0 0

0 −P 0

0 0 −F
S





789 :;

#$+& 1%/.& '*6

p = −1
3
(−2P + σzz) =

2

3
P − 1

3
σzz 789<=;

/).

s =





−1
3
P − 1

3
σzz 0 0

0 −1
3
P − 1

3
σzz 0

0 0 2
3
P + 2

3
σzz





789< ;

>) '$% *'$%( $/).3 '$% &'(/+) (/'% '%)&*( +& 2(+''%) /& 0*11*2&6

ε̇ =
1

σ̄

∂ϕ

∂σ̄

(

3

2
cs+ fTr(σ)I

)

789<<;

ε̇ =





ε̇rr 0 0

0 ε̇θθ 0

0 0 ε̇zz





789<?;

@)A*B+)C '$% 4*)&'+'D'+A% %ED/'+*) s = µ̄ė /). FED/'+*) 89< 3 +' 4/) G% )*'%. '$/' )%4%&H

&/(53 ε̇rr = ε̇θθ /). .%)*'+)C ε̇v = Tr ε̇ 2% C%'6

ε̇ =











ε̇v − ε̇zz
2

0 0

0
ε̇v − ε̇zz

2
0

0 0 ε̇zz











789<";

#$% I(%%) %ED+A/1%)' &'(%&& +& '$%) %,-(%&&%. /& 0*11*2&6

σ̄2 =
3c

2
s : s+ f(Trσ)2 789<!;

=
3c

2

[

2

(

P + σzz
3

)2

+
4

9
(P + σzz)

2

]

+ f (σzz − 2P )2 789<8;

= c (P + σzz)
2 + f (σzz − 2P )2 789<J;

/). '$% %ED+A/1%)' &'(/+) (/'% +& 2(+''%)6

˙̄ε2 =
2

3c
ε̇ : ε̇+

(

1

9f
− 2

9c

)

(Trε̇)2 789<K;

=
2

3c

[

2

(

ε̇v − ε̇zz
2

)2

+ ε̇2zz

]

+

(

1

9f
− 2

9c

)

ε̇2v 789<:;

=
1

3c

[

(ε̇v − ε̇zz)
2 +

(

1

9f
− 2

9c

)

ε̇2v + 2ε̇2zz

]

789?=;
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"#$ %&'$( )*' +,-$. /#$ ./(*,0 (*/$ /$0.&( '#,1# ,. '(,//$02

ε̇ =

(

σ̄1−m

k

)
1
m
(

fTr σI+
3

2
c s

)

3456 7

*082

∇ · υ = Tr ε̇ = 3f (σzz − 2P )

(

σ̄1−m

k

)
1
m

= ε̇v 345697

:0 /#$ &/#$( #*08; * ($)*/,&0 <$/'$$0 /#$ 1&=%&0$0/ &> /#$ ./(*,0 (*/$ /$0.&( *08 /#$

%($..?($ *08 /#$ -$(/,1*) ./($.. 1*0 <$ >&?08 ?.,0+ /#$ 8$-,*/&( &> /#$ ./(*,0 (*/$ /$0.&(5

"#$ 8$-,*/&(,1 %*(/ &> /#$ ./(*,0 (*/$ /$0.&( ,. '(,//$0 *. >&))&'.2

ė =









1

6
ε̇v −

1

2
ε̇zz 0 0

0 1
6
ε̇v − 1

2
ε̇zz 0

0 0 ε̇zz − 1
3
ε̇v









345667

*08

√
ė : ė =

√

3

2
| ε̇v
3
− ε̇zz | 3456@7

A?/

ė =
3c

2

(

σ̄1−m

k

)1/m

s 3456!7

/#?.

√
ė : ė =

3c

2

(

σ̄1−m

k

)
1
m √

s : s =

√

3

2
c

(

σ̄1−m

k

)
1
m

| P + σzz | 345647

"*B,0+ CD?*/,&0. 4569;456@ *08 4564 /#$ >&))&',0+ $E%($..,&0 ,. >&?082

3f (σzz − 2P )

c | P + σzz |
=

ε̇v

| ε̇v
3
− ε̇zz |

3456F7

G,01$ /#$ >?01/,&0 f ,. ,8$0/,H$8 H(./; c ,. 8$8?1$8 >(&= /#$ >&))&',0+ $E%($..,&02

c =
3f | ε̇v

3
− ε̇zz | (σzz − 2P )

ε̇v | P + σzz |
3456I7

"#$ .*=$ %(&1$8?($ *. ,0 JKL ,. >&))&'$85 "#$ ./(*/$+M /& ,8$0/,>M c 1*0 <$ .?==*(,N$8

*. >&))&'.2

O >&( $*1# 1M1)$ (T, P ) %$(>&(= ,0/$((?%/$8 1&=%*1/,&0 */ 8,P$($0/ /,=$ ti
O =$*.?($ /#$ -&)?=$ -*(,*/,&0 /& +$/ ε̇zz *08 ε̇v; B0&',0+ P *08 σzz
O 1*)1?)*/$ f B0&',0+ /#$ 8$8?1$8 ρr
O %)&/ c -$(.?. ρr
O ,0/$(%&)*/$ /#$ 1?(-$ ,0/& * >?01/,&0 c 8$%$08$0/ &0)M &0 ρr5
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 !"!# $%&%'('%)* )+ ',- .('-/0)* &(1,%*-

#$%& '(& )&$*& +,)&- .* .)&$'./&)0 '1, '&*'* 23& $&&)&) ', .)&$'.45 67,824 48$%'.,$* f

2$) c9 :(& /3*' '&*' %,$*.*'* .$ (&2'.$; '(& <,1)&3 2$) '(&$ 2<<-5.$; 2$ .*,*'2'.% <3&**83&

.$ '(& '(3&& ).3&%'.,$*9 :(& *&%,$) '&*' %,$*.*'* .$ (&2'.$; '(& <,1)&3 2$) '(&$ 2<<-5.$;

2 8$.2=.2- -,2) *.+8-'2$&,8*-5 1.'( 2 32).2- %,+<3&**.,$9 >,3 '(2' 3&2*,$0 '(& 8*& ,4

'(& ?2'&3*,$ +2%(.$& <3&*&$'&) .$ >.;83& "9@ .* .$'&3&*'.$; 2* <3&*&$'&) .$ '(& <232;32<(

7&-,19 :(& ?2'&3*,$ +2%(.$& .* %(,*&$ .$ ABAC <3,D&%' ', %2335 ,8' '(& &=<&3.+&$'* ,$

'(& <,1)&39 :(& +2%(.$& .* -,%2'&) 2' '(& .$*'.'8'& ??BAEF

 

-27,32',35 ,4 G$.H&3*.'I

)& ?,.'.&3* 2$) FJCE6 KFJCE6 7&.$; ,$& ,4 '(& <23'$&3* .$ ABAC <3,D&%'L9

>.;83& "9@M :(& ?2'&3*,$ +2%(.$& -,%2'&) 2' ?N .$*'.'8'&

 !"!#!$ %&'()*+,*-. -/ 01,&)'-. 21(3*.&

:(& ?2'&3*,$ +2%(.$& 12* %,$%&.H&) .$.'.2--5 ', *'8)5 '(& )&4,3+2'.,$ 2$) 3(&,-,;5 ,4

3,%O* .$ '(& /&-) ,4 ;&,-,;59 :(& ?2'&3*,$ +2%(.$& .* .$'&3&*'.$; 7&%28*& .' 2--,1* ', %2335

,8' '(& '1, O.$)* ,4 %,+<3&**.,$ '&*'* $&&)&)M (5)3,*'2'.% %,+<3&**.,$ 4,3 f 0 '3.2=.2-

%,+<3&**.,$ 4,3 c9 :(& *&' 8< ,4 '(& +2%(.$& .* <3&*&$'&) .$ >.;83& "9 P9 :(& 3&;.,$

<3&*&$'&) .$ <83<-& .* )&'2.-&) .$ >.;83& "9  9 :(& <3&%,+<2%'&) <,1)&3 .* *833,8$)&) 75

2$ 2-8+.$.8+ *(&&'0 '1, 2-8+.$2 *<2%&3* *&<232'& '(& 2-8+.$2 <.*',$* 2$) '(& *2+<-&9

:(& *&' .* <-2%&) .$*.)& 2$ .3,$ %,$'2.$&39 :(& %,$'2.$&3 .* '(&$ <-2%&) .$*.)& '(& +2%(.$&9
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#$% &'(%)*+, -'.$/,% '00+1* ' -'2/-3- 4)%**3)% +5 0.5GPa6 #$% )',7% +5 (%-4%)'(3)%

/* 8%(1%%, 20◦C ',9 1000◦C6 #$% -'2/-3- '2/'0 0+'9 /* 100 kN ',9 ($% -'2/-3- '2/'0

9/*40'.%-%,( /* 30mm6 #$% )',7% +5 ($% *()'/, )'(% /* 8%(1%%, 10−6 ',9 10−2 s−16 #$%

53),'.% 9+%*,:( 1+); 3,0%** ' -/,/-3- 4)%**3)% +5 50MPa /* )%'.$%96 #$% 9/'-%(%)* +5

($% *'-40% .+309 8% 7< 10 +) 15mm6 =( /* ,%.%**')> (+ %,.'4*30'(% ($% *'-40% +) %0*% /(

/* 9/?.30( (+ (';% /( +3( +5 ($% -+3096 @+1%A%)< ($% 4+19%) .', ,+( 8% 4+3)%9 9/)%.(0>

/, ($% '03-/,/3- .+A%)6 #$/* /* 1$>< /( /* 4)%.+-4'.(%9 /,(+ ' .>0/,9%) )%*4%.(/,7 ($%

.+))%*4+,9/,7 -%'*3)%* +5 ($% -'.$/,% 1/($ ' )%0'(/A% 9%,*/(> %B3'0 (+ 68%6

 !"!#!" $%&&'()'* '+,'-./'0)(

=, +)9%) (+ 9%C,% ($% ,%%9%9 %24%)/-%,(*< 1% .'))/%9 +3( ,3-%)/.'0 */-30'(/+,* 3*/,7 ($%

C,/(% %0%-%,( *+5(1')% DEF+0

 

6 #$% 4)%.+-4'.(%9 *'-40% $'* ', /,/(/'0 )'9/3* +5 7mm

',9 ', /,/(/'0 $%/7$( +5 20mm6 #$% /,/(/'0 )%0'(/A% 9%,*/(> /* *344+*%9 (+ 8% 74%6 #$%

T iAl .>0/,9%) /* *38G%.(%9 (+ ' $>9)+*('(/. .+-4)%**/+, '( 9/H%)%,( .>.0%* +5 (%-4%)'(3)%

',9 4)%**3)%6 #$% 4)%**3)% )',7% /* 5)+- 120 (+ 600MPa ',9 ($% $/7$%*( (%-4%)'(3)%

*/-30'(%9 /* 1000◦C6 #$% 8+3,9')> .+,9/(/+,* '440/%9 (';% /,(+ '..+3,( ($% .'4'./(/%* +5

&'(%)*+, -'.$/,%6 #$% $%'(/,7 )'(% ',9 ($% 4)%**3)% '440/%9 5+00+1 ($% .$')( +5 I/73)%

J6 E6 #$% 4)%**3)% /,.)%'*%* C)*(< 1$%, /( )%'.$%* 50MPa ($% /,.)%'*/,7 +5 (%-4%)'(3)%

8%7/,*6

I/73)% J6 EK #%-4%)'(3)% ',9 4)%**3)% '440/%9 /, ($% */-30'(/+, +5 $+( /*+*('(/. .+-4)%*L

*/+,

#$% -'(%)/'0 5+00+1* ($% .+-4)%**/80% A/*.+40'*(/. 8%$'A/+) 4)%*%,(%9 4)%A/+3*0>6 #$%

4')'-%(%)* )%0'(%9 (+ ($% 9%,*% *('(% k ',9 m ')% /**3%9 5)+- M/%$  ! "#$ NOP '* 9%*.)/8%9
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#$ %&'(#)$ *+,+ + -.& &/01&%%#)$% )2 c 3$4 f 31& 3% 2)55)6%7

f = kf
1− ρr
ρr − ρcrit

8*+9":

c = 1 + αf 8*+;<:

ρcrit =&#$> (.& 5)6&%( 1&53(#?& 4&$%#(@ (.3( '3$ =& 1&3'.&4A B/&4 () 0.65+

 !"#$!%$ &' ()$ *+&,$* &' ($-,$./(#.$ /!0 ,.$**#.$ C#1%(A (.& ')&D'#&$(% kf 3$4

α 31& E&0( ')$%(3$(7 kf = 0.4 3$4 α = 6+ -.& #$FG&$'& )2 (.& .&3(#$> 13(& 3$4 (.&

01&%%G1& #$'1&3%#$> 13(& 31& %(G4#&4+ H&%G5(% )2 (.& %#IG53(#)$% 31& 01&%&$(&4 #$ (.& (3=5&%

=&5)6+

J I3/ - I3/ K5)0& )2 J K5)0& )2 - -#I& $&&4&4 2)1 4&$%#B'3(#)$

400MPa 1000◦C 0.1MPa/s 20◦C/s 3137 s

1MPa/s 877 s

-3=5& *+ 7 L$FG&$'& )2 01&%%G1& %5)0& )$ 4&$%#B'3(#)$

J I3/ - I3/ K5)0& )2 J K5)0& )2 - -#I& $&&4&4 2)1 4&$%#B'3(#)$

400MPa 1000◦C 5MPa/s 0.1◦C/s 8391 s 8C#>G1& *+ 9:

20◦C/s 627 s 8C#>G1& *+ ;:

1◦C/s 1397 s

-3=5& *+,7 L$FG&$'& )2 (&I0&13(G1& %5)0& )$ 4&$%#B'3(#)$

M% %&&$ #$ (3=5& *+ A 6.&$ IG5(#05@#$> (.& %5)0& )2 (.& 01&%%G1& =@ 10A (.& 4&$%#B'3(#)$ #%

3.5 (#I&% 23%(&1 6.&1&3% 6.&$ IG5(#05@#$> (.& %5)0& )2 (&I0&13(G1& =@ 10 3% #$ (3=5& *+,A

(.& 4&$%#B'3(#)$ #% 6 (#I&% 23%(&1+ L$ ')$'5G%#)$A #( #% I)1& #$(&1&%(#$> () E&&0 .&3(#$>

13(&% 5)6 4G1#$> (.& #$(&11G0(&4 (&%(% #$ 3 63@ () I&3%G1& 4&$%#(@ &?)5G(#)$ #$ 3 531>&1

#$(&1?35 )2 (#I&+
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#$%&'( !) *+ ,-'$-.$/0 /1 .(23('-.&'(4 3'(55&'( -06 3/'/5$.7 89(0 .9( 5:/3( /1 3'(55&'(

$5 5MPa/s -06 .9( 5:/3( /1 .(23('-.&'( 0.1◦C/s

 !"#$!%$ &' ()*+(#( ,-$..#-$ ;9( 5:/3( /1 .9( 3'(55&'( $5 <=(6 -. 10MPa/s -06

.9( 5:/3( /1 .(23('-.&'( -. 0.1◦C/s4 .9( 2-=$2&2 3'(55&'( $5 >-'$(6 ./ 5.&67 $.5 $0?&(0@(

/0 6(05$<@-.$/0 89(0 .9( 2-=$2&2 .(23('-.&'( $5 1000◦C) A(5&:.5 -'( 3'(5(0.(6 $0 .-B:(

!)* -06 $0 #$%&'( !) C)

D-=$2&2 3'(55&'( ;$2( ./ '(-@9 1% /1 3/'/5$.7

120MPa 6851 s

150MPa 6031 s

200MPa 4971 s

400MPa 2487 s

600MPa 1237 s

;-B:( !)*+ E0?&(0@( /1 .9( 2-=$2&2 3'(55&'( /0 6(05$<@-.$/0

#/' :/8 3'(55&'(54 .9( @:/5$0% /1 3/'(5 $5 0/. '(-@9(6) ;9( 9$%9(' $5 .9( 2-=$2&2 3'(55&'(4

.9( 1-5.(' $5 6(05$<@-.$/0 -06 :/8(' 3/'/5$.$(5 -'( /B.-$0(6)

 !"#$!%$ &' /0&#)' '#!%1+&!. f )!2 c F&'$0% 9/. $5/5.-.$@ @/23'(55$/04 .9( @/(GH

@$(0. c 6/(50I. -J(@. 3/86(' 6(05$<@-.$/0) K$2&:-.$/05 -'( @-''$(6 /&. >-'7$0% 3-'-2(.('5

kf -06 α ./ >-:$6-.( .9( $0?&(0@( /1 LB/&-1 1&0@.$/05 /0 6(05$<@-.$/0)

#$%&'( !) ! 59/85 .9( (>/:&.$/0 /1 .9( '(:-.$>( 6(05$.7 8$.9 .$2( 1/' .9( 6$J('(0. 3-'-2H

(.('5) M9(0 .9( 3-'-2(.(' kf $5 9$%9('4 .9( 6(05( 5.-.( $5 '(-@9(6 1-5.(') E0 $5/5.-.$@

3'(55$0% .9( >/:&2( >-'$-.$/0 $5 6$'(@.:7 3'/3/'.$/0-: ./ .9( 1&0@.$/0 f ) ;9( >-'$-.$/0 /1

LB/&-1 1&0@.$/0 c 6/(50I. -J(@. .9( 6(05$<@-.$/0 6&'$0% NEO) #/' .9-. '(-5/04 .9$5 .(5.

$5 /0:7 &5(6 1/' .9( $6(0.$<@-.$/0 /1 f )
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#4 5MPa/s ,/5 -8' 49.2' .0 -'12'&,-%&' 20◦C/s
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5#='&'/- 1,>#1%1 2&'44%&'

 !"#$%&'!" ?8' 4#1%9,-#./4 ,99.7 -8' 2&'5#@-#./ .0 -8' -'/5'/@6 .0 -8' 2.&.4#-6 '<.9%A

-#./ 8.7'<'& #- 5.'4/B- 2&.<#5' ,/6 2&'@#4' <,9%'4( C.- #4.4-,-#@ 2&'44#/$ 4#1%9,-#./4 ,&'

@,&&#'5 .%- %4#/$3 0.& -8' T iAl 5'/4' 4-,-'3 2&.2'&-#'4 #44%'5 0&.1 -8' 9#-'&,-%&' DEF( G4
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;,(<;$(130 kf /19 α

9&'$1% 34( 3'/10$3,'7 .4/0( 84(1 3(-.('/3&'( /19 .'(00&'( /'( 03$66 $1;'(/0$1%) =(1;(>

34( ;,19$3$,1 ,2 34( ?/3('0,1 -/;4$1( /'( 1,3 $9(/6 2,' =@? A.'(00&'( /19 3(-.('/3&'(

1,3 ;,103/13 9&'$1% 9(10$B;/3$,1C /19 ./'/-(3('0 ;/11,3 D( $9(13$B(9 /1/673$;/667) #,'

34/3 '(/0,1 $3 $0 1(;(00/'7 3, &0( 1&-('$;/6 0$-&6/3$,1 8$34 34( (E.('$-(130 3, $9(13$27

$3('/3$5(67 34( ./'/-(3('0 kf /19 α 34',&%4 /1 $15('0( /1/670$0) F(0$9(0> ;,1;('1$1% 34(

$13(''&.3(9 ;7;6(0> $3 $0 -,'( $13('(03$1% 3, &0( 6,8 G$1(3$;0 2,' 9(10$B;/3$,1 3, $1;'(/0(

34( /;;&'/;7 ,2 34( '(0&630 /19 /5,$9 34( 0&99(1 ;6,0$1% ,2 .,'(0) #,66,8$1% 34(0( 0$-H

&6/3$,10> .'(6$-$1/'7 (E.('$-(130 8('( ;/''$(9 ,&3 /3 34( $103$3&3( ??I@JK 3, 3(03 34(

;/./;$3$(0 ,2 34( ?/3('0,1 -/;4$1( 84(1 &0(9 8$34 /1 $13('-(3/66$; .,89(') #',- 34(

0$-&6/3$,10 8( ;/''$(9 ,&3 /3 +KJK#> 34( 9(0$%1 (E.('$-(13 .'(0(13(9 $1 34( ;4/'3 ,2

#$%&'( !) L 8/0 0&%%(03(9*

• M4( -/E$-&- .'(00&'( $0 BE(9 /3 300MPa ,34('8$0( 34( 3(-.('/3&'(0 1((9(9 ;/1

1,3 D( '(/;4(9)

• #,' (/;4 -/E$-&- 3(-.('/3&'( 600◦C> 700◦C /19 800◦C> 2,&' $13(''&.3(9 3(030

04,&69 D( ;/''$(9 ,&3)

• N$1;(> 9&'$1% 34( 3(03 34( .'(00&'( $1;'(/0(0 B'03> 34( 3(030 04,&69 D( $13(''&.3(9

D(2,'( $1;'(/0$1% 34( 3(-.('/3&'( A?,$13 O #$%&'( !) LC)

• O1 $13(''&.3$,1 84(1 '(/;4$1% 34( %,/6 3(-.('/3&'(A?,$13 F #$%&'( !) LC)

• O1 $13(''&.3$,1 30 -$1 /23(' '(/;4$1% 34( %,/6 3(-.('/3&'(A?,$13 + #$%&'( !) LC)



 !"! #$%&'()*+'(,& ,- '.% /%.+0(,1 2+3 4+1+5%'%167 8%9:(1%$ %;4%1(5%&'6  !"

• #$ %$&'(()*&%+$ ,$ -+)( ,.&'( (',/-%$0 &-' 0+,1 &'2*'(,&)('34+%$& 5 6%0)(' !7 897

6%0)(' !7 8: ;<*'(%2'$&,1 ='>%0$ *(+*+>'= ,& ?;@;6 &+ %='$&%.A #B+). .)$/&%+$> )>%$0

&-' 4,&'(>+$ 2,/-%$'

 !"!#!# $%&'()(*+%, &-.&%()&*/0

C,2*1'> D'(' *('*,('= ,& E?F

 

7 #> 2'$&%+$'= *('G%+)>1AH &-' *+D='( /,$ $+& B' *+)('=

=%('/&1A %$ &-' >'& )* +. &-' 4,&'(>+$ 2,/-%$'7 4('I/+2*,/&'= >,2*1'> ,(' $''='= &+

/,((A +)& &-' '<*'(%2'$&>7 J'$/'H >,2*1'> ,(' /+2*,/&'= ,& E?F )$='( C4C /+$=%&%+$>7

5%K'('$& >'&> ,(' *('*,('= ,& E?F ,$= ,(' )>'= ,& 44LE@; &+ %='$&%.A &-' /+2*('>>I

%B1' B'-,G%+)( 1,D +. &-' *+D='(7 M-' ='&,%1> /+$/'($%$0 &-' *('*,('= >,2*1'> ,$= &-'

/+$=%&%+$> +. &-' *('1%2%$,(A &'>&> ,(' *('>'$&'= %$ #**'$=%<  7

N+,1 &'2*'(,&)(' E$&'(()*&%+$ E$&'(()*&%+$ E$&'(()*&%+$ E$&'(()*&%+$

# *+%$& F *+%$& ? *+%$& 5 *+%$&

600◦C ⋆ ⋆ ⋆ ⋆

700◦C ⋆ ⋆ ⋆ ⋆

800◦C ⋆ ⋆ ⋆ ⋆

M,B1' !7O: C)22,(A +. &-' '<*'(%2'$&> /,((%'= +)& +$ 4,&'(>+$ 2,/-%$' ,& &-' %$>&%&)&'

44LE@; 3&-' ('= >&,(> ('.'( &+ &-' ('0%+$ &-,& /,$ $+& B' '<*1+('=9

6+)( '<*'(%2'$&> ,(' /,((%'= +)& +$ 4,&'(>+$ 2,/-%$' ,& &-' %$>&%&)&' 44LE@;7

M,B1' !7O >)22,(%P'> &-' %$&'(()*&'= &'>&>7 M-' ('= >&,(> ('.'( &+ &-' ('0%+$ &-,& /,$

 

 !"#$!%#&$' &(%'$)&*+&,-&(!&$' .!$(#% )' /#0$1#1('2 345 6787 .95:;3(&<'$*&%= )' /#0$1#1('



 !"  !"#$%& '( )*+%&,% "*"-.,/, "*0 #"&"1%$%&, /0%*$/23"$/4*

#$% &' '()*$+',- .% +$$/ %'/)'+0%1+' 23'# %3' )+'441+' 54 5#6+'04', 1)%$ 300MPa

75#%'++1)%5$# 0% )$5#% .89 #$ ,'#45:60%5$# $661+4- ;$2'<'+9 %3' 4'6%5$# $= %3' 40/)*' 54

+',16', 0% %3' /5, $= %3' 3'5>3%9 04 4''# 5# ?5>1+' !- @-

?5>1+' !- @A B30)' $= %3' 40/)*' 0=%'+ 0))*C5#> %3' )+'441+' 7100MPa9 %3'# 200MPa9

%3'# 300MPa ,1+5#> 30 /5# =$+ '0638 0% +$$/ %'/)'+0%1+'- D#5%50* ,'#45%C 71.74%

E3' 5#%'++1)%5$# 0% %3' *'<'* $= )$5#% F 54 0635'<', =$+ %2$ /0(5/1/ %'/)'+0%1+'4A

Tmax = 600◦C 0#, Tmax = 700◦C- F$%3 '()'+5/'#%4 0+' 4%$))', &'6014' $= 0 6+06G %30%

0))'0+4 $# %3' 0*1/5#51/ 6$<'+ 23563 6014'4 0 *'0G 0#, ,0/0>'4 %3' /0635#'- E354

60# &' $&4'+<', 5# ?5>1+' !- H 0#, ?5>1+' !-IJ- E3' 5#5%50* /'041+', )$+$45%C =$+ %3'4'

%2$ '()'+5/'#%4 204 5,'#%560* 'K10* %$ 26% &1% %354 /'041+' /5>3% &' 2+$#> &'6014'

23'# 145#> .+635/L,' %'63#5K1' $+ 23'# 60*61*0%5#> &C /'041+5#> %3' 3'5>3% 0#, +0,5149

,'#45%5'4 $&%05#', 0+' #$% 'K10*- B5#6' %3' 40/' 6$#,5%5$#4 2'+' 0))*5',9 5% 54 ,5M61*% %$

'()*05# 23C %3' 6+06G 0))'0+4 5# $#' 604' 0% 600◦C 0#, 5# %3' $%3'+ 604' 0% 680◦C-

N# %3' $%3'+ 30#,9 2' $&4'+<', %30% %3' /0635#' 54 <'+C 4'#45%5<' %$ %3' 45O' $= %3'

40/)*'- . 4/0** +',16%5$# 5# %3' +0,514 70.1mm8 /5>3% >'#'+0%' 0 <$5, &'%2''# %3'

40/)*' 0#, 6$<'+ 60145#> 5%4 6+06G 04 5% 204 $&4'+<', 0% 680◦C- D# =06%9 45#6' %3'#9 %3'

=1+#06' 54 *'44 4%0&*'- ?$+ %30% +'04$#9 %3' '()'+5/'#%4 =$+ %'/)'+0%1+'4 35>3'+ %30#

600◦C 0+' 0&0#,$#',-

E3' '()'+5/'#% 6$++'4)$#,5#> %$ Tmax = 600◦C 54 +')'0%', 0#, 5#%'++1)%', 0&$1% 30*=

0# 3$1+ 0=%'+ +'0635#> %3' /0(5/1/ %'/)'+0%1+'- . +',16%5$# $= 4% 5# %3' )$+$45%C 54

/'041+', 25%3 0# 5#5%50* )$+$45%C 'K10* %$ 31%- ;$2'<'+9 %3' /'041+'/'#%4 ,1+5#> %3'

%'/)'+0%1+' 6$#4%0#% 4%0>' ,$#P% 43$2 0#C <0+50%5$# 5# %3' 3'5>3%-

Q+$&*'/4 '#6$1#%'+', ,1+5#> %3' 5,'#%5:60%5$# $= .&$10= =1#6%5$#4 +'41*% =+$/ %2$ 4$1+6'4-

E3' )+'R6$/)06%', 40/)*' 43$1*, 30<' )+'654' ,5/'#45$#4- S$% 0#C /5**5/'%+' 7*'44 $+

/$+'8 54 %$*'+0%',- E3' 4'6%5$#4 $= %3' 6C*5#,'+ #'', %$ &' )0+0**'*- E3' +0,514 0*$#> %3'

<'+%560* 0(' #'', %$ &' 6$#4%0#%- T3'# $#' $= %3'4' 6$#,5%5$#4 54 #$% +'4)'6%',9 %3' 3$%

6$/)06%5$# 25%3 Q0%'+4$# /0635#' 60# #$% &' 60++5', $1% &'6014' %3' 40/)*' 2$#P% :%

5# %3' 4'% 1) $+ 5% 2$#P% &' 4166'44=1* &'6014' $= 6+06G4- D# 0,,5%5$#9 %3' ,'#45%C $= %3'



 !"! #$%&'()*+'(,& ,- ./,0+- -0&*'(,&1 01(&2 343  !"

#$%&'( !) *+ ,-( .(/ &0 1-(2 /-( (30('$4(2/ $. $2/(''&0/(5 6/ 680◦C7 /-( 8$'89( .-:1.

/-( 8'68; /-6/ :88&'. 625 86&.(. /-( 9(6;

0'(<8:4068/(5 8=9$25(' $. 2:/ -:4:%(2(:&.) >(28(7 /-( 6009$86/$:2 :? $.:./6/$8 0'(..&'(

$25&8(. -(/(':%(2(:&. ./'(..(. $2 /-( .6409( 1-$8- 4$%-/ (3096$2 /-( .-60( :? #$%&'( !) @)

A2 /-( :/-(' -6257 /-( 86068$/$(. :? B6/('.:2 468-$2( 600(6'(5 /: C( 9(.. 8:2D(2$(2/)

,-( (30('$4(2/. 1('( ./6'/(5 6$4$2% /: '(68- 1000◦C ?:' 100MPa $2 6 16= /: '(.0(8/

/-( EBE 8:25$/$:2.) ,-( 0'(9$4$26'= /(./. .-:1(5 /-6/ /-( ?&'268( 8622:/ 6..&'( -$%-

/(40('6/&'( &29(.. /-( 0'(..&'( $. 6/ 9(6./ (F&69 /: 300MPa) GD(2 1$/- 300MPa7 /-(

463$4&4 '(68-(5 /(40('6/&'( 16. 680◦C) H2 8:289&.$:27 5(.0$/( /-( 5$I8&9/= /: .(/ &0

/-( B6/('.:2 468-$2( 1$/- /-( 8:2D(2$(2/ .6409(7 /-( '62%( :? /(40('6/&'( 625 0'(..&'(

/-6/ 862 C( 6009$(5 5: 2:/ 8:2?:'4 1$/- 1-6/ $. 6009$(5 5&'$2% EBE) ,-( /(40('6/&'(

.-:&95 C( 9:1(' /-62 600◦C 625 0'(..&'( -$%-(' /-62 300MPa) H2 /-6/ 86.(7 /-( 46/('$69

5:(.2J/ ?:99:1 6 D$.8:096./$8 096./$8 C(-6D$:&' 625 62= $2/('0:96/$:2 :? KC:&6? ?&28/$:2.

/: /-( 2((5(5 /(40('6/&'( 625 0'(..&'( 1$99 9(65 /: $2688&'6/( '(.&9/.)

,-&.7 /-( B6/('.:2 (30('$4(2/. 6'( 6C625:2(5 625 /-( $5(2/$L86/$:2 :? KC:&6? ?&28<

/$:2. $. 68-$(D(5 5$'(8/9= &.$2% /-( EBE 468-$2( 6..$./(5 1$/- 2&4('$869 .$4&96/$:2 625

$2D('.( 6269=.$.)

 !" #$%&'()*+'(,& ,- ./,0+- -0&*'(,&1 01(&2 343

,-( &.( :? B6/('.:2 468-$2( /: $5(2/$?= KC:&6? ?&28/$:2. 600(6'(5 /: C( $28:2D(2$(2/)

#:' /-6/ '(6.:27 (30('$4(2/. 6'( 86''$(5 :&/ 6/ MGNGE

 

5$'(8/9= :2 /-( EBE 468-$2( ?:'

$5(2/$L86/$:2) ,-'(( %(:4(/'$(. 6'( 0':0:.(5 ?:' /-( (30('$4(2/.) H2/(''&0/(5 EBE 8=89(.

6'( 688:409$.-(5) ,-( (D:9&/$:2 :? /-( 6D('6%( '(96/$D( 5(2.$/= $. 5(5&8(5) H2 655$/$:27

6 460 :? /-( 0:':.$/= 5$./'$C&/$:2 $. '(0':5&8(5 &.$2% /-( .8622$2% (9(8/':2 4$8':.8:0=

 

 !"!#$  %&'%( )*!+,-.(,'/.& )% ",'0(/,12 %' )*!'1)%3 #'(14'1(,+%3$ 56 (1% 7%,&&% ",(8/9$ :;

6<=<>$ =?@AA B.1+.13%  %)%2 <$ C(,&4%



 !!  !"#$%& '( )*+%&,% "*"-.,/, "*0 #"&"1%$%&, /0%*$/23"$/4*

"#$%&' !()*+ ,-' './'&#0'12 3'2 %/ 4-'1 #12'&&%/2'5 62 600◦C 7'86%3' 9: 2-' 6;%0#1#%0

89<'& 7&'6=> 2-' ;'6= 06&= #3 <#3#7;' 91 2-' /-929 9: 2-' 792290

?@ABC(

 !"!# $%$ &'(&)*+&,-. /,0 +&/.1)&+&,-.

,-' T iAl /945'& #3 3#12'&'5 %15'& @D@ 8915#2#913( E;; 2-' @D@ './'&#0'123 615 2-' '.F

/'&#0'126; 0'63%&'0'123 6&' 68890/;#3-'5 7G ,-9063 H9#3#1 62 2-' ;679&629&G IABA@(

,-' 068-#1' %3'5 #3 6 @%0#2909 )*J* 4-#8- #3 3#2%62'5 62 2-' KD;62':9&0' 162#916;'

5' :&#226$' L63-MINO@K #1 ,9%;9%3' "&618'( ,-' 6//;#'5 /&'33%&' #3 2&6130#22'5 29 2-'

/#32913 2-&9%$- 6 1%07'& 9: /#;'5 3/68'&3( ,-' '5$' 3/68'& #3 :&90 #1891'; 615 2-' 92-F

'&3 :&90 $&6/-#2'( E $&6/-#2' 09%;5 3%&&9%153 2-' /945'&( ,-' 3'2 %/ #3 /;68'5 #1 6

<68%%0 8-607'&( ,-' #1891'; 3/68'&3 6&' 462'& 899;'5( E $&6/-#2' :';2 #3 655'5 6&9%15

2-' 09%;5 4-'1 /945'& 5#60'2'& #3 'P%6; 29 36mm 29 &'5%8' -'62 ;933'3 7G &65#62#91(

Q1 "#$%&' !() > 2-' 249 3'2 %/3 6&' /&'3'12'5+ 4#2-9%2 2-' $&6/-#2' :';2 :9& φ = 8mm

615 4#2- 2-' $&6/-#2' :';2 :9& φ = 36mm( R'62#1$ #3 8912&9;;'5 <#6 6 DQS ;99/( ,-'

8912&9;;'5 2'0/'&62%&' #3 0'63%&'5 7G 61 9/2#86; /G&90'2'& 3mm 646G :&90 2-' 360/;'

:&90 6 -9;' 065' #1 2-' 09%;5 62 #23 0#5F-'#$-2( Q1 "#$%&' !() > 2-' 3P%6&' 8%2 #1 2-'

$&6/-#2' :';2 861 7' 973'&<'5( Q2 6;;943 0'63%&#1$ 2'0/'&62%&' 4#2- 2-' /G&90'2'&( S%&F

#1$ 2-' './'&#0'123> #2 #3 /933#7;' 29 0'63%&' 2'0/'&62%&'> 5#3/;68'0'12> ;965> #12'13#2G

615 <9;26$'( ,-' %3' 9: $&6/-#2' 299;#1$ 6;;943 &'68-#1$ 2'0/'&62%&'3 %/ 29 2000◦C 615

32&'33'3 %/ 29 200MPa(

,-&'' 5#T'&'12 5#0'13#913 6&' 8-93'1 :9& 2-' './'&#0'123 <6&G#1$ 2-' &62#9 -'#$-2M&65#%3

63 3''1 #1 "#$%&' !())( Q1 :682> 7':9&' 6761591#1$ D62'&391 './'&#0'123> 2-93' $'90'2&#'3



φ = 8mm φ = 36mm

φ = 36mm t = 15

h/D

φ hinitial hfinal



h = 13.6mm

Φ = 8mm

h = 8mm

Φ = 36mm

h = 3mm

Φ = 36mm

= 0

h = 13.6mm Φ = 8mm



h = 8mm Φ = 36mm

h = 3mm Φ = 36mm

600◦C 100◦C/min

25◦C/min



50MPa

600◦C

800◦C

df
hf d

ρr =
hf
h
= 1− df − d

df − d+ hf



φ = 8mm hf = 13.6mm

Φ8

2.5 kN 50 kN φ8/h13.6 φ36/h8

< 2min

φ36/h8

φ36/h8 φ8/h13.6

3mm



φ = 36mm hf = 8mm

φ8

931◦C

17.6mm AJ683 998◦C



Φ8/h13.6

Φ36/h8

16mm AJ682

1175◦C 14.8mm AJ819

1002◦C

9.6mm AJ818

1100◦C 8.4mm AK148

Φ36/h3

T = 1050◦C 3.4mm



T = 1110◦C 3.1mm

998◦C

15% 5.6%

9.4%



T = 1050◦C

T = 1110◦C Φ36/h3

cadj

cadj =
ρrmap

ρr exact

ρr exact ρrmap

ρr =
ρrmap

cadj

c f

50MPa





σzz = −
K

(√
3 ˙̄ε

)m−1

3

(

4

c
+
1

f

)

υimp

h(t)

φ8 φ36/h8 φ36/h3

700◦C



 !"  !"#$%& '( )*+%&,% "*"-.,/, "*0 #"&"1%$%&, /0%*$/23"$/4*

#$%&'()% )# '*+ +,,), -+'.++% &/0&$0/'+1 /%1 2,+3&,(-+1 3',+33+34 5# Kp6 Ki /%1 Kd /,+

'*+ 2,)2),'()%/06 (%'+7,/0 /%1 1+,(8/'(8+ &)%3'/%'36 υimp (3 .,(''+%9

υimp = Kp error +Ki

∫

t

error +Kd
∂error

∂t
:;4<=>

error = σcomputed − σprescribed :;4<;>

?+,+6 2/,/@+'+,3 /,+ AB+1 ') Kp = 56 Ki = 6 /%1 Kd = 04

C*+ ,+0/'(8+ 1+%3('D (3 &)@2$'+1 E%).(%7 '*+ *+(7*' 8/,(/'()% :E%).(%7 '*+ 8+0)&('D /%1

3) 1(320/&+@+%'> /&&),1(%7 ') +F$/'()% ;4< /%1 '*+3+ 8/0$+3 ρr comp(t) /,+ 3'),+14 G),

'*+ 3/@20+ H6 .+ */8+ D = 7mm /%1 e = 13.6mm6 #), '*+ 3/@20+ I6 D = 4mm /%1

e = 8mm /%1 #), 3/@20+ J D = 1.4mm /%1 e = 3mm4 c /%1 f /,+ &)@2$'+1 #), / 3+'

)# 2/,/@+'+,3 kf 6 αc9

f(ρr) = kf
1− ρr
ρr − ρc

c(ρr) = 1 + αcf :;4<!>

'*+% '*+ 3',+33 (3 &)@2$'+16 /%1 $3(%7 '*+ K5L6 '*+ %+. (@2)3+1 8+0)&('D4

5%8+,3+ /%/0D3(3 (3 &/,,(+1 )$' ') (1+%'(#D kf /%1 αc4 M !"#$%&'()M #$%&'()% )# N/'0/-

(3 $3+14 5' 1+'+,@(%+3 '*+ @(%(@$@ $3(%7 '*+ O+01+,PN+/1 3(@20+B 3+/,&* /07),('*@ Q<R4

C*+ +B2+,(@+%'/0 1/'/ )# '*+ ,+0/'(8+ 1+%3('D ρr exp /,+ $3+1 /3 /% (%2$' #), '*+ (%8+,3+

/%/0D3(34 C*+ ')'/0 #$%&'()% &)3' (3 '*+ 3$@ )# '*+ '*,++ #$%&'()%3 &/0&$0/'+1 #), +/&*

&D&0+9

f (A,B,C)
c =

∑

t

(ρr exp(t)− ρr comp(t))
2

∑

t

ρr exp(t)
:;4<">

/%1 Fc = fA
c + fB

c + fC
c 4 H %+. 3+' )# 2/,/@+'+,3 (3 '+3'+1 #), +/&* #)00).(%7 &D&0+ $%'(0

&)%8+,7+%&+ /3 2,+3+%'+1 (% '*+ /07),('*@ )# G(7$,+ ;4S;4

C*+ 7,/2*(& )# G(7$,+ ;4S! 3*).3 '*+ 8/,(/'()% )# '*+ #$%&'()%3 c /%1 f .('* '*+ ,+0/'(8+

1+%3('D #), 1(T+,+%' 3+' )# 2/,/@+'+,3 kf /%1 αc4 C*+ 8/,(/'()% )# '*+ #$%&'()%3 (3 @),+

(@2),'/%' .*+% '*+ 2/,/@+'+,3 /,+ *(7*+,4

C*+ (%8+,3+ /%/0D3(3 )% N/'0/-6 3*).+1 '*/' ,+3$0'3 /,+ %)' /T+&'+1 -D '*+ 8/,(/'()% )#

'*+ #$%&'()% c4 J)%&+,%(%7 '*+ 2/,/@+'+, kf 6 (' &)%8+,7+3 ') kf = 1.3 (%1+2+%1+%' )# '*+

8/0$+ )# αc4 5% #/&' /3 +B20/(%+1 2,+8()$30D (% '*(3 &*/2'+,6 c (3 ,+0/'+1 ') 3*+/, .*(&*

+B20/(%3 '*/' #), 1(+ &)@2/&'()% ('3 8/0$+ 1)+3%U' /T+&' '*+ ,+3$0'34 αc (3 AB+1 ') 104

G(7$,+ ;4S" /%1 G(7$,+ ;4SV 3*).3 ,+32+&'(8+0D '*+ +8)0$'()% )# ,+0/'(8+ 1+%3('D /%1 8+0)&P

('D #), 1(T+,+%' 3+' )# 2/,/@+'+,34 C*+ 2,+3&,(-+1 3',+33 (3 +F$/0 ') 50MPa4 C*+ 8+0)&('D

(3 &/0&$0/'+1 -D '*+ K5L 0))2 /%1 ('3 8/0$+ 1+2+%13 )% '*+ 2).1+, -+*/8(), .*(&* @+/%3

)% '*+ +8)0$'()% )# H-)$/# #$%&'()%34 H3 3++% (% '*+ 7,/2*(&36 '*+ 1+%3(A&/'()% (3 /&*(+8+1

#/3'+, .*+% '*+ #$%&'()% f (3 *(7*+,4 W3&(00/'()%3 '*/' )&&$, (% '*+ -+7(%%(%7 ), /' '*+



kf αc



kf αc

φ8/h13.6 φ36/h8

φ8/h13.6

8% AJ682 AJ673

kf αc



kf αc

φ8/h13.6 φ36/h8

φ8/h13.6 φ36/h8

3mm



 !"  !"#$%& '( )*+%&,% "*"-.,/, "*0 #"&"1%$%&, /0%*$/23"$/4*

#$%&'( )*+,- ./012'$3/4 /5 67( (8/9&6$/4 /5 '(926$8( :(43$6; 0(23&'(: :&'$4% 67( :$<('(46

$46(''&16(: =;=9(3 24: =/01&6(: >$67 ?2692@ >7(4 &3$4% 67( /16$0&0 A@/&25 5&4=6$/43

Bkf = 1.3, αc = 10C- 2C D2019( A φ8/h13.6E @C 32019( F φ36/h8E =C 32019( . φ36/h3

2>2; 5'/0 67( 0/&9: (:%( $:(46$=299; 23 :&'$4% 67( (G1('$0(463E &3$4% 2 HIJ 9//1* A6

(2=7 6$0( 36(1E 67( $01/3(: (9(=6'$=29 1/6(46$29 U $3 =29=&926(: 23 2 5&4=6$/4 /5 67( ('K

'/' @(6>((4 =29=&926(: 24: 1'(3='$@(: 6(01('26&'(* L7( '(%&926(: (9(=6'$=29 1/6(46$29 $3

2119$(: /4 67( &11(' %'217$6( (:%( 24: 2 =/436246 M('/ 1/6(46$29 $3 2119$(: /4 67( 9/>('

%'217$6( (:%(* A3 '(%2': 67( 9/2:E 23 2 N'36 211'/2=7 $4 67( 3$0&926$/4E 67( 9/2: $3 4/6

=/46'/99(: 8$2 2 HIJ 9//1E 3$4=( 67$3 6(=74$O&( $3 8('; 3(43$6$8( 24: '(O&$'(3 2 '(:&=(:

6$0( 36(1E /' (93( 67( :(3$'(: 3(6K1/$46 /5 50MPa >/4P6 @( '(31(=6(:*

L7( 2$0 @($4% 7('( 6/ :(N4( 24 28('2%( /5 5'$=6$/4E 67( 0(23&'(: :$3192=(0(46 /5 67( (GK

1('$0(463 $3 :$'(=69; $01/3(: $4 67( 3$0&926$/43* ?/'( 1'(=$3(9;E 24 (G1('$0(4629 8(9/=$6;

$3 :(:&=(: 5'/0 67( 0(23&'(: :$3192=(0(46* L7$3 /4( $3 67(4 9$4(2'$M(: 24: &3(: 23 24

$41&6 5/' 67( @/&4:2'; =/4:$6$/43 /5 67( 0(=724$=29 1'/@9(0 23 1'(3(46(: $4 #$%&'( )*+ 

5/' 67( 32019( φ8/h13.6 24: $4 #$%&'( )*+" 5/' 67( 32019( φ36/h8*

J(43$N=26$/4 362'63 >7(4 6(01('26&'( (G=((:3 700◦C* #/' 6726 '(23/4E 67( 0(=724$=29

1'/@9(0 $3 3/98(: /4=( 67( =/48(4$(46 6(01('26&'( $3 '(2=7(:*



660◦C 700◦C

φ8/h13.6

660◦C 700◦C

φ36/h8



























∇ · (−σe (T, ρr)∇U) = 0

∇ · (−k (T, ρr)∇T ) + ρrρ0cp (T )
∂T

∂t
= σe (T, ρr) ‖▽U‖2

∇ · σ = 0

∇ · (ρrv) +
∂ρr
∂t

= 0



 !"  !"#$%& '( )*+%&,% "*"-.,/, "*0 #"&"1%$%&, /0%*$/23"$/4*

#$% &'()% %*%+%') ,%-.*/)(.' .0 )$% -1-)%+ 23- 4,%-%')%5 (' 6$34)%, 7 3'5 6$34)%, "8

9.5%*(': 0,(;)(.' (- <3-%5 .' )$% 2.,= .0 6$34)%, >8 ? <./'53,1 *31%, ;.@%,- )$% (')%,03;%

<%)2%%' )$% 4.25%, 3'5 )$% +./*58 #$% )$(;='%-- .0 )$% *31%, (- ;.'-)3') (' )$(- -)/51A

elayer = 1mm8 #$% ;.'-(-)%';1 .0 )$% <./'53,1 *31%, (- ;.+4/)%5 3- 0.**.2-A

K̃ = 152α1.255f eK BC8>DE

F(';% 3 -(':*% +%-$ ;.@%,- )$% 2$.*% 3--%+<*1G 3 +(H(': *32 (- /-%5 ). ;.+4/)% )$%

;.'-(-)%';1 .' )$% 5.+3(' Ω8 #$% ;.'-(-)%';1 .0 )$% 4.25%, Kpowder 3'5 .0 )$% *31%, K̃

3,% ;.+4/)%5 .' )$% ;.+4/)3)(.'3* 5.+3(' Ω /-(': 3 +(H(': *32 5%&'%5 4%, %*%+%')A

K(Ωe) =
Kpowder|Ωe ∩ Ωp|+ K̃|Ωe ∩ ΩBL|

|Ωe|
BC8> E

|Ωe| <%(': )$% @.*/+% .0 )$% %*%+%') ΩeG Ωp )$% 5.+3(' ;.@%,%5 <1 )$% 4.25%, 3'5 ΩBL

)$% 5.+3(' ;.@%,%5 <1 )$% <./'53,1 *31%,8

I(J%,%') 0,(;)(.' ;.%K;(%')- 3,% )%-)%5 ). 5%5/;% )$% .'% )$3) :(@%- )$% -3+% .,5%, .0

5%'-()1 $%)%,.:%'%()(%- 3- (' )$% %H4%,(+%')-8 L%-/*)- 3,% 4,%-%')%5 0., )2. 0,(;)(.' ;.M

%K;(%')- αf = 1.5 3'5 αf = 3.5 3'5 0., 3 0,(;)(.'*%-- ;.'5()(.'8 #$% 3(+ (- ). ;.+43,%

)$% 5(-),(</)(.' .0 )$% ,%*3)(@% 5%'-()1 <%)2%%' )$% %H4%,(+%')- 3'5 )$% -(+/*3)(.' 3) )$%

)(+% 2$%,% )$% ;1;*%- 3,% (')%,,/4)%58

 !"#$% Φ8/h13.6& 6.';%,'(': )$% -3+4*% Φ8/h13.6G )$,%% (')%,,/4)%5 ;1;*%- 2%,% ;3,M

,(%5 ./)8 #$% ,%*3)(@% 5%'-()1 +34 (- :(@%' 2$%' )$% -3+4*% $%(:$) (- %N/3* ). 17.6mmG

2$%' () (- %N/3* ). 16mm 3'5 2$%' () (- %N/3* ). 14.8mm8 O(:/,% C8"7 -$.2- )$% 5(-),(</M

)(.' .0 ,%*3)(@% 5%'-()1 +%3-/,%5 %H4%,(+%')3**1 3'5 ;.+4/)%5 2()$ 0,(;)(.'*%-- ;.'5()(.'

., 2()$ 0,(;)(.' 0., αf = 1.5 3'5 0., αf = 3.58

P' 03;)G )$% %H4%,(+%')3* 5(-),(</)(.' .0 )$% ,%*3)(@% 5%'-()1 (- -(+(*3, 0., )$% )$,%% (')%,M

,/4)%5 ;1;*%-8 #$% $(:$%-) ,%*3)(@% 5%'-()1 (- .<-%,@%5 /'5%, )$% 4(-).'- 3'5 )$% *.2%-)

3) +(5 $%(:$) 3*.': )$% *3)%,3* 03;%- .0 )$% -3+4*%8

P' O(:/,% C8"7G 0., h = 17.6mmG )$% %H4%,(+%')3* 5(-),(</)(.' (- '.) -1++%),(; (' )$% @%,M

)(;3* 5(,%;)(.'8 #$(- ;./*5 <% %H4*3('%5 <1 3 '.' -1++%),(; +.)(.' .0 )$% +./*5 2$(;$

;3/-%- 3 '.' -1++%),(; 5(-),(</)(.' .0 )%+4%,3)/,%8 #$(- 23- 5(-;/--%5 (' 6$34)%, '

-%;)(.' 5.5.48





Φ8/h13.6

αf = 1.5 αf = 3.5

17.6mm

16mm 14.8mm

φ8/h13.6

αf = 1.5 αf = 3.5

αf = 1.5

ρmax − ρmin
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 !!  !"#$%& '( )*+%&,% "*"-.,/, "*0 #"&"1%$%&, /0%*$/23"$/4*

 !"#$% Φ36/h8& "#$%&'$($) *+& ,-./0& Φ36/h81 *2# ($*&''3/*&4 %5%0&, 2&'& %-''(&4

#3*6 7+& '&0-*(8& 4&$,(*5 .-/ (, )(8&$ 2+&$ *+& ,-./0& +&()+* (, &93-0 *# 9.6mm -$4

2+&$ (* (, &93-0 *# 8.4mm6 :$ ;()3'& <6=>1 *+& &?/&'(.&$*-0 '&,30*, -'& /'&,&$*&4 -,

2&00 -, *+& %#./3*&4 '&,30*,6 ;#' *+(, )&#.&*'51 43& *# (*, 0-')& ,&%*(#$1 #$05 *+& 0&@*

*#/ %#'$&' (, *'&-*&4 3,($) *+& ABC6 D$#2($) *+-* *+& 4(,*'(E3*(#$ #@ *+& 4&$,(*5 (,

,5..&*'(% -0#$) *+& '-4(-0 -$4 -?(-0 4('&%*(#$1 *+& .-/ (, %#./0&*&4 E5 43/0(%-*($) *+&

93-'*&'6 7+& 4(,*'(E3*(#$ #@ '&0-*(8& 4&$,(*5 @#' *+& +&()+* 9.6mm (, 3$&?/&%*&46 F00

*+& .-/,1 @#' Φ8/h13.6 -$4 Φ36/h8 ,+#2 - +()+&' 4&$,(*5 $&?* *# *+& /(,*#$, -/-'*

@'#. *+(, #$&6 F .(%'#,%#/(% '&-%*(#$ .()+* #%%3' 43'($) *+& /'#%&,, -$4 %-3,& *+&

4&$,(G%-*(#$ ($ *+& %&$*&'6 :* 2#304 +-8& E&&$ ($*&'&,*($) *# '&/&-* *+& &?/&'(.&$* -$4

%+&%H (@ *+& 4&$,(G%-*(#$ (, -%+(&8&4 (4&$*(%-0056 ;#' h = 8.4mm1 *+& '&0-*(8& 4&$,(*5 (,

93(*& +#.#)&$&#3,6 :* (, ,0()+*05 +()+&' 3$4&' *+& /(,*#$, 2(*+ - .-?(.3. )'-4(&$* &93-0

*# 0.4%6 :$ @-%*1 -@*&' &?/#'*($) *+& (.-)&, *# I:CJ1 *+& )'(4 *+-* (, 3,&4 *# %-0%30-*&

*+& %#$%&$*'-*(#$ #@ /#'#,(*5 ($K3&$%&, *+& 0#%-0 8-'(-*(#$ #@ 4&$,(*56 7+(, %#304 &?/0-($

*+& ,0()+* 4(L&'&$%& 2(*+ *+& ,(.30-*(#$,6

M3.&'(%-0 '&,30*, -'& /'&,&$*&4 ($ ;()3'& <6=> @#' - @'(%*(#$0&,, %#$4(*(#$ -$4 2(*+ @'(%*(#$

@#' αf = 6.66 7+& .-?(.3. )'-4(&$* #@ '&0-*(8& 4&$,(*5 #E,&'8&4 (, -E#3* 2% @#' E#*+

%#$4(*(#$,6 :$ @-%*1 *+& @'(%*(#$ &L&%* (, /'#/#'*(#$-0 *# *+& '-*(# h/D N O6 P+&$ 4&%'&-,($)

*+& '-*(# h/D1 *+& ($K3&$%& #@ @'(%*(#$ (, &0(.($-*&46

"#./-'($) *+& &?/&'(.&$*-0 -$4 ,(.30-*&4 4(,*'(E3*(#$, @#' h = 8.4mm1 *+& .-?(.3.

4&$,(*5 )'-4(&$* (, +()+&' ($ *+& ,(.30-*(#$,6 :$ @-%*1 -@*&' &?/#'*($) *+& (.-)&, *# I:CJ1

*+& )'(4 *+-* (, 3,&4 *# %-0%30-*& *+& %#$%&$*'-*(#$ #@ /#'#,(*5 ($K3&$%&, *+& 0#%-0 8-'(-*(#$

#@ 4&$,(*56 7+(, %#304 &?/0-($ *+& ,0()+* 4(L&'&$%& 2(*+ *+& ,(.30-*(#$, ,($%& *+& 0#2&,*

-$4 +()+&,* 8-03&, -'& 0#%-0(,&4 ($ - ,.-00 -'&- 3$4&' *+& /(,*#$, -$4 -* *+& 0-*&'-0 &4)&6

F %#./-'(,#$ 2-, .-4& E5 #3' %#00&)3&, -* "BCBA *# ,*345 *+& ($K3&$%& #@ *+& )'(4

,(Q& @#' *+& ,-./0& Φ8/h13.6 -* h = 16mm6 7+& .-/, -'& /'&,&$*&4 ($ ;()3'& <6=<6 F,

2& %-$ ,&&1 *+& )0#E-0 4(,*'(E3*(#$ (, (4&$*(%-01 +#2&8&'1 0#%-005 *+& 8-03& #@ *+& '&0-*(8&

4&$,(*5 %-$ 4(L&'6 P+&$ 3,($) - %#-',& )'(41 *+& '&,30* (, #@ %#3',& 0&,, /'&%(,&6

 !"!# $%&'()*+%&

A($%& *+& (4&$*(G%-*(#$ #@ FE#3-@ @3$%*(#$, 3,($) J-*&',#$ .-%+($& 2-, $#* %#./0&*&4 43&

*# *+& 4(L&'&$* /'#E0&., &$%#3$*&'&41 *+& (4&$*(G%-*(#$ (, -%+(&8&4 3,($) *+& AJA /'#%&,,6

7+'&& ,-./0&, -'& %#$,(4&'&4 2(*+ *+'&& 4(L&'&$* 4(.&$,(#$,6 R3'($) *+& &?/&'(.&$*,

*+& 4(,/0-%&.&$* &8#03*(#$ (, .&-,3'&46 :$ -44(*(#$ ($*&''3/*&4 %5%0&, -'& %-''(&4 #3* -$4

4&$,(*5 4(,*'(E3*(#$ (, .&-,3'&4 3,($) *+& ABC6 :$8&',& -$-05,(, -//0(&4 #$ - %#./0&*&

AJA %5%0& (, 8&'5 *(.& %#$,3.($)6 F, - G',* ,*&/1 - %-0(E'-*(#$ #@ *+& /-'-.&*&', (,

-%+(&8&4 2(*+ C-*0-E %#$,(4&'($) - +#.#)&$&#3, *&./&'-*3'& -$4 - @'(%*(#$0&,, %#$4(*(#$

*+-* 2-5 -$ -$-05*(% ,#03*(#$ %-$ E& &?/'&,,&46 7+& %-0(E'-*&4 /-'-.&*&', -'& *+&$

($*'#43%&4 ($ *+& $3.&'(%-0 ,(.30-*(#$ ($ "(.S(E6 7+& -(. E&($) *# 4&G$& *+& 8-03&



Φ36/h8

αf = 6.6 h = 9.6mm

h = 8.4mm



Φ8/h13.6 h = 16mm

f c

f(ρr) = 1.3
1− ρr
ρr − ρc

c(ρr) = 1 + 10f.

αf = 1.5

Φ36/h8
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 !"  !"#$%& '( )*+%&,% "*"-.,/, "*0 #"&"1%$%&, /0%*$/23"$/4*

 !" #$%&'()*+ ,(%$+*-(./ .0 -1& ,2*'3 2+*,%* ,(/-&'(/4

-&,-

 !"!# $%&'()*+),- ,. +/% 0,1%2&

#$% &'& %()%*+,%-./ 0- .$% .10 /2,)3%/ Φ8/h13.6 2-4 Φ36/h8 2*% /+,532.%4 5/+-6

7+,8+9: #$%/% 6%0,%.*+%/ 1%*% 23*%24; /+,532.%4 +- /%<.+0- =:>:>: #$% 4+?%*%-<% 9%.1%%-

.$% /+,532.+0-/ +- .$+/ /%<.+0- 2-4 .$% )*%@+05/ 0-% +/ .$% 905-42*; <0-4+.+0-/ +- .$%

,%<$2-+<23 )*093%,: A%*%B .$% 3024 +/ *%6532.%4 2<<0*4+-6 .0 2 )*%/<*+9%4 @235% 2/ +-

.$% %()%*+,%-./: #$% 6%0,%.*+%/ )*%/%-.%4 +- C+65*% =:"" 2*% <0-/+4%*%4: #$%; 2*%

*%)*%/%-.%4 1+.$ .$% ,%/$ +- C+65*% =:DEB 1+.$ 2 F00, 2. .$% *%6+0- 0G .$% /2,)3%:

70-<%*-+-6 .$% ,%/$ 0G /2,)3% Φ8/h13.6H

I.$% -5,9%* 0G -04%/ +/ %J523 .0 64870

I.$% -5,9%* 0G %3%,%-./ +/ %J523 .0 339488

I.$%*% 2*% 25 %3%,%-./ +- .$% .$+<K-%// 0G .$% *%,%/$%4 F0-%:

70-<%*-+-6 .$% ,%/$ 0G /2,)3% Φ36/h8H

I.$% -5,9%* 0G -04%/ +/ %J523 .0 59699

I.$% -5,9%* 0G %3%,%-./ +/ %J523 .0 321893

I.$%*% 2*% 20 %3%,%-./ +- .$% .$+<K-%// 0G .$% *%,%/$%4 F0-%:

#$% ,%/$ /+F% +/ +-4+<2.%4 +- C+65*% =:DE: L-<0-%3 /)2<%*/ +2. 90.$ %-4/ 0G .$% /.0<K 2*%

-0. ,04%3%4 +- 0*4%* .0 *%45<% <0,)5.2.+0- .+,%: L-<0-%3 %?%<. +/ .2K%- +-.0 2<<05-.

9; .$% .$%*,23 905-42*; <0-4+.+0-/ .$2. 2*% +,)0/%4 4+*%<.3; 0- .$% 905-42*+%/ 0G .$%

.0) 2-4 90..0, 6*2)$+.% /)2<%*/: M//5,+-6 2 J52/+I/.2.+0-2*; /.2.%B .$% $%2. N5( 2.

.$% L-<0-%3 905-42*; +/ %J523 .0 .$% $%2. N5( .$*056$ .$% L-<0-%3 )2*.B 2-4 .0 .$% $%2.

N5( .$*056$ .$% +-.%*G2<% 9%.1%%- L-<0-%3 2-4 6*2)$+.%: #$+/ 12/ 4+/<5//%4 +- 7$2).%* D

/%<.+0- D:O:": P- .$% 5))%* 2-4 301%* 6*2)$+.% /5*G2<%/B 2 <0-45<.+0- $%2. N5( +/ +,)0/%4H

Φ =
hcond

hcond
einco
kinco

+ 1
(Tgr sup − Twater) Q=:O>R

1$%*% hcond = 880W.m−2.K−1 +/ .$% <0-/.2-. $%2. .*2-/G%* <0%S<+%-.B kinco .$% +-<0-%3

.$%*,23 <0-45<.+@+.;B einco +./ .$+<K-%//B Tinco sup .$% .%,)%*2.5*% 0G .$% +-<0-%3 5))%*

%46%B Tinco inf = Tgr sup .$% +-<0-%3T6*2)$+.% +-.%*G2<% .%,)%*2.5*% 2-4 Twater .$% 12.%*

.%,)%*2.5*% Q2//5,%4 <0-/.2-. 296 UR: V0*%0@%*B .$% )*0<%// .2K+-6 )32<% +- 2 @2<55,

<$2,9%*B $%2. 30//%/ 9; <0-@%<.+0- 2-4 <0-45<.+0- 2*% -%63%<.%4: M33 32.%*23 /5*G2<%/

$2@% $%2. 30//%/ 9; *24+2.+0- .012*4/ <$2,9%* 1233/B 1$+<$ 2*% $%34 2. *00, .%,)%*2.5*%

QTwall = 300 URB 2 *24+2.+@% $%2. N5( +/ .$%- <0-/+4%*%4H

Φrad = σBεr(T
4 − T 4wall). Q=:ODR

εr .$% %,+//+@+.; 0G .003/ +/ %J523 .0 0.8:



Φ8/h13.6

Φ36/h8

εreq = 0.3

18mm

3mm

Kp = 1 Ki = 1.5 × 10−4 Kd = 10−7



 !"  !"#$%& '( )*+%&,% "*"-.,/, "*0 #"&"1%$%&, /0%*$/23"$/4*

#$%&'( )*"+, -.- /00/'/1&2 /34 / 5667 63 18( 8(/1(4 /00/'/1&2 9$18 18( %'/08$1( :(;1

2&''6&34$3% 18( 76&;4 <=>

#$%&'( )*"!, ?(0'(2(31/1$@( 2A8(7( 6: 18( 76&;4B%'/08$1( :(;1 $31(':/A(

/ .CD ;660 9$18 / 0'(2A'$E(4 21'(22 (F&/; 16 50MPa* G8( 21'(22 $2 7(/2&'(4 63 18( 160

6: 18( 2/70;(* G8( 21'(22 $2 A670&1(4 63 (/A8 (;(7(31* H3 /@('/%( $2 18(3 A/;A&;/1(4 63

/ 1'/32@('2/; 2(A1$63 63 18( 160 (4%( 6: 18( 0694('* I(3A(J 9( %(1 / 2A/;/' @/;&( σcomputed

18/1 9( A670/'( 16 σprescribed = 50MPa* H @(;6A$1K $2 A/;A&;/1(4 9$18 18( .CD ;660* G8(

'(%&;/1(4 @(;6A$1K $2 18(3 $7062(4 $3 18( 166;$3%* G8( @(;6A$1K $2 $7062(4 $3 / 9/K 16

A632('@( 18( %(67(1'$A/; 2K77(1'K 6: 18( 7/A8$3(* G8( 76&;4 $2 2&0062(4 16 76@( 9$18

/ @(;6A$1K (F&/; 16 18( 8/;: 6: 18( 63( $7062(4 16 18( 166;2* G66;2 /'( A632$4('(4 '$%$4*

G8( 7(A8/3$A/; 0'6E;(7 $2 26;@(4 63;K $3 18( 0694('*

C3 L8/01(' "J 18( 7(28 /4/01/1$63 9/2 4(1/$;(4* G8( 761$63 6: 18( 166;2 $2 4(2A'$E(4 /1

(/A8 1$7( 21(0 EK 18( 1'/32;/1$63 6: 18($' ;(@(; 2(1 :&3A1$632* M8(3 3(A(22/'KJ / '(7(28$3%

:6;;692 18( 1'/32;/1$63 26 18/1 /3$261'60$A (;(7(312 /;9/K2 2&''6&34 18( $31(':/A(2 E(19((3

0694(' /34 76&;4 A67063(312* C3 /44$1$63J H1 (/A8 1$7( 21(0 18( 364(2 A66'4$3/1(2 /'(

&04/1(4 /2 :6;;692, −→
X t+∆t =

−→
X t +−→v t

mesh∆t N)*OOP

−→v mesh $2 QR(4 4&'$3% 18( 2$7&;/1$63 /34 4(0(342 63;K 63 18( $7062(4 @(;6A$1K A/;A&;/1(4

EK 18( .CD* C1 $2 4$S('(31 :'67 / T/%'/3%$/3 /00'6/A8J 98('( 18( 364(2 /'( &04/1(4



z1 z2 z3 z4 z

1 2 3 4 −→v mesh

−→v mesh =
−→v imp

2
−→v mesh = −

−→v imp

2
−→v mesh =
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Modélisation numérique du procédé de frittage flash 

RESUME : Le SPS (Spark plasma sintering) ou frittage flash est une technique innovante de 

compaction de poudre. Ce procédé fait intervenir le courant électrique pour chauffer l’échantillon en 
appliquant simultanément une pression. Grâce à la vitesse de chauffage, le procédé SPS apparaît 
comme étant une technologie prometteuse dans le secteur aéronautique servant à produire des 
matériaux denses à microstructure fine, composés par des intermétalliques difficiles à fondre, à former 
et à usiner avec les procédés conventionnels. Cependant, la fabrication de formes complexes est 
problématique à cause des hétérogénéités en densité qui peuvent apparaître lors de la compaction et 
qui proviennent de la distribution de la température et des contraintes dans la poudre compactée. La 
distribution du courant, de la température et des contraintes, ainsi que leurs différents effets, font 
l'objet d'une large étude, étant responsables de l'homogénéité de la microstructure. Une modélisation 
numérique 3D du procédé est réalisée, dans le cadre de la librairie CimLib. Elle englobe trois 
problèmes physiques fortement couplés : électrique, thermique et mécanique. Nous utilisons une 
approche monolithique qui consiste à résoudre une équation pour chaque problème sur un maillage 
unique représentant outils et poudre. Tout d’abord le couplage électrique-thermique est modélisé et 
les simulations numériques sont validées. Une loi de comportement viscoplastique compressible 
s’appuyant sur un modèle d’Abouaf est utilisée pour modéliser la densification de la poudre de TiAl. 
Ce modèle est validé par plusieurs cas tests de compaction de poudre dans un contexte lagrangien 
puis eulérien avant de passer à une simulation complète de couplage électrique-thermique-
mécanique. Dans ce contexte monolithique, nous développons un modèle pour prendre en compte les 
effets du frottement entre la poudre et le moule. Enfin, la loi de comportement utilisée est identifiée 
pour la poudre intermétallique de TiAl. Le frittage par SPS d’échantillons de différentes tailles est 
simulé. Les résultats en termes de distribution de densité et déplacement sont validés grâce à une 
comparaison avec l’expérience.  

 

Mots clés : frittage de poudre, couplage électrique-thermique-mécanique, méthode des éléments 

finis, loi viscoplastique compressible d’Abouaf, identification de paramètres 

Numerical modeling of the spark plasma sintering process  

ABSTRACT : Spark plasma sintering process (SPS) is a breakthrough technology for producing high 

quality sintered materials. An electric current is applied simultaneously with a vertical load to sinter the 
powder placed in a graphite mould. Joule effect leads to high heating rates which are favorable for 
enhancing the microstructure and physical properties. However, manufacturing complex shapes is 
problematic due to heterogeneities in density distribution that may appeari during compaction. For that 
reason, the development of a numerical model to predict sintering is necessary. The model should 
help controlling temperature and stress distributions, which are responsible for the microstructure 
homogeneity. A 3D numerical model is developed to ensure a predictive tool for SPS using CimLib, a 
code developed at CEMEF. The numerical model presents three physical problems strongly coupled: 
an electric problem, a thermal problem and a mechanical problem. A monolithic approach is used 
which consists in solving one equation for each problem using one unique mesh for tools and powder. 
First the electric thermal coupling is modeled and the numerical simulations are validated by 
comparison with commercial codes. A viscoplastic compressible law based on Abouaf model is 
implemented to model the densification of TiAl powder. This model is validated by comparing the 
numerical results of different compaction tests with analytic solutions using a Lagrangian and Eulerian 
framework. Then a fully coupled electric-thermal-mechanical simulation is carried out. In the monolithic 
framework, a model is developed to take into account friction effects between powder and mould. 
Finally, the parameters of the selected material law are identified for TiAl powder using our numerical 
model and SPS experiments. Sintering of different samples is then simulated. Results are compared 
with the experiments in terms of density distribution and displacement. 

 

Keywords : powder sintering, electric-thermal-mechanical coupling, finite element method, 
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