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Abstract

In this thesis we focus on stability and instability issues in some classical inverse
problems for the Schrodinger equation and the acoustic equation in dimension d > 2.
The problems considered are the Gel’fand inverse boundary value problem, the near-
field and the far-field inverse scattering problems. Stability and instability results
presented in the thesis complement each other and contribute to a better understand-
ing of the nature of the aforementioned problems. In particular, we prove new global
stability estimates which explicitly depend on coefficient regularity and energy. In
addition, we consider the inverse boundary value problem for the Schrédinger equa-
tion at fixed energy with boundary measurements represented as the impedance
boundary map (or Robin-to-Robin map). We prove global stability estimates for
determining potential from boundary measurements in this impedance representa-
tion. Moreover, similar techniques also give a global reconstruction procedure for
this problem.

Résumé

Dans cette thése nous nous intéressons aux questions de stabilité et d’instabi-
lité dans certains problémes inverses classiques pour ’équation de Schrodinger et
I’équation acoustique en dimension d > 2. Les problémes considérés sont le probléme
inverse de Gel’fand de valeurs au bord et les problémes inverses de diffusion en champ
proche et en champ lointain. Les résultats de stabilité et d’instabilité présentés dans
cette thése se complétent mutuellement et contribuent & une meilleure compréhension
de la nature des problémes précités. En particulier, nous démontrons des nouvelles
estimations de stabilité globale qui dépendent explicitement de la régularité du co-
efficient et de I'énergie. En outre, nous considérons le probléme inverse de valeurs
au bord pour I’équation de Schrodinger a ’énergie fixée avec des mesures frontiéres
représentées comme 'opérateur frontiére d’impédance (ou 'opérateur Robin-Robin).
Nous démontrons des estimations de stabilité globale pour détermination du poten-
tiel a partir de mesures frontiéres dans cette représentation d’impédance. De plus,
des techniques similaires donnent aussi une procédure de reconstruction globale pour
ce probléeme.

ix






Introduction

This thesis consists of several papers in which we explore different aspects of some
classical inverse problems for the Schrédinger equation and the acoustic equation in
dimension d > 2. The problems in question are the Gel’fand inverse boundary value
problem, the near-field and the far-field inverse scattering problems.

According to problems under consideration, papers are divided into three groups.
The first deals with the Gel’fand inverse boundary value problem in the usual for-
mulation in which the boundary measurements are represented as the Dirichlet-to-
Neumann map.

A. M.I Isaev, R.G. Novikov, Energy and reqularity dependent stability esti-
mates for the Gel’fand inverse problem in multidimensions, J. of Inverse
and Ill-posed Probl., Vol. 20(3), 2012, 313-325.

B. M.I. Isaev, Ezponential instability in the Gel’fand inverse problem on the
energy intervals, J. Inverse I1l-Posed Probl., Vol. 19(3), 2011, 453-473.

C. M.L Isaev, Instability in the Gel’fand inverse problem at high energies, Ap-
plicable Analysis, 2012, DOI:10.1080,/00036811.2012.731501.

In the second group we continue to consider the inverse boundary value problem
for the Schrodinger equation but in the case when the boundary measurements are
treated as the impedance boundary map (or Robin-to-Robin map).

D. M.I. Isaev, R.G. Novikov, Stability estimates for determination of potential
from the impedance boundary map, Algebra and Analysis, Vol. 25(1), 2013,
37-63.

E. M.I. Isaev, R.G. Novikov, Reconstruction of a potential from the impedance
boundary map, Eurasian Journal of Mathematical and Computer Applica-
tions, Vol. 1(1), 2013, 5-28.

The third group of papers is devoted to inverse scattering problems.

F. M.IL. Isaev, R.G. Novikov, New global stability estimates for monochromatic
inverse acoustic scattering, STAM Journal on Mathematical Analysis, Vol.
45(3), 2013, 1495-1504.

G. M.I. Isaev, Fxponential instability in the inverse scattering problem on the
energy interval, Func. Anal. i ego Pril., Vol. 47(3), 2013, 28-36.

H. M.I. Isaev, Energy and reqularity dependent stability estimates for near-
field inverse scattering in multidimensions, Journal of Mathematics, Hin-
dawi Publishing Corp., 2013, DOI:10.1155/2013/318154.
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2 INTRODUCTION

Many physical processes are described by models consisting of systems of partial
differential equations. The coefficients of these equations describe the properties of
the medium where these processes take place. The so-called inverse problem lies
in finding unknown parameters of the model on the basis of the observed data.
Most of inverse problems are known to be ill-posed in general, see [8], [46] for
an introduction to this theory. This weakness constitutes a severe difficulty for
the numerical treatment. Theoretical stability and instability results enables us to
quantify ill-posedness of such problems.

One important example is the problem of reconstructing from boundary mea-
surements unknown potential v of the equation

where

D is an open bounded domain in R, d > 2,

0.2
02) with 0D € C?,

(0.3) v eL®(D).

Equation (0.1) can be considered as the stationary Schrodinger equation of quantum
mechanics at fixed energy E. Equation (0.1) at fixed E arises also in acoustics and
electrodynamics.

As the observed data we consider the Cauchy data set C,(E) defined by

Co(E) = Y| 8_¢ ) . for all sufficiently regular solutions 9 of
S Dy 1o ) equation (0.1) in D=DUadD [’

where v is the outward normal to 9D.
We consider the following inverse boundary value problem:

PROBLEM 1. Given C,(E), find v.

Problem 1 can be considered as the Gel’fand inverse boundary value problem for
the Schrodinger equation (see [30], [54]). Note that in the initial Gel'fand formu-
lation energy E was not fixed and boundary measurements were considered as an
operator relating 1|9p and g—fb[) for 1) satisfying (0.1). At zero energy this problem
can be considered also as a generalization of the Calderén problem of the electrical
impedance tomography (see [20], [54]).

Under additional assumption that

(0.4) E is not a Dirichlet eigenvalue for operator —A + v in D

the Cauchy data set C,(E) can be represented as the graph of the Dirichlet-to-
Neumann map ®,(E) defined by

bu(B) (Wlon) = 22 on

for all sufficiently regular solutions v of (0.1) in D.
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The usual formulation of Problem 1 is the following:
PROBLEM la. Given ®,(F), find v.

~ We consider different variations of this problem: the Dirichlet-to-Neumann map
®,(E) can be given either for some fixed energy F satisfying (0.4) or on the union

K
of the energy intervals S = |J I; such that condition (0.4) is fulfilled for any E € S.
j=1

There is a wide literature on Problem 1 (especially for Problem 1a). This includes,
in particular, the following issues: (a) uniqueness, (b) reconstruction, (c) stability.

Global uniqueness for Problem 1a in the case of energy intervals was obtained for
the first time by R.G. Novikov (see Theorem 5.4 in [37]). Some global reconstruction
method for Problem 1 was proposed for the first time in [37] also. Global uniqueness
theorems and global reconstruction methods in the case of fixed energy were given
for the first time in [54] in dimension d > 3 and in [16] in dimension d = 2.

Global stability estimates for Problem la were given for the first time in [1] in
dimension d > 3 and in [67] in dimension d = 2. A principal improvement of the
result of [1] was given recently in [65] (for the zero energy case): stability of [65]
optimally increases with increasing regularity of v.

Note that for the Calderén problem (of the electrical impedance tomography)
in its initial formulation the global uniqueness was firstly proved in [75] for d > 3
and in [50] for d = 2. Global logarithmic stability estimates for this problem were
given for the first time in [1] for d > 3 and [47] for d = 2. Principal increasing
of global stability of [1], [47] for the regular coefficient case was found in [65] for
d > 3 and [72] for d = 2. In addition, for the case of piecewise constant or piecewise
real analytic conductivity the first uniqueness results for the Calder6n problem in
dimension d > 2 were given in [26], [43]. Lipschitz stability estimate for the case of
piecewise constant conductivity was proved in [3], [6] and additional studies in this
direction were fulfilled in [11], [69]. An abstract general schema for investigating
similar stability questions in different inverse problems is given in [15].

The optimality of the logarithmic stability estimates of [1], [47] with their prin-
cipal effectivization of [65], [72] was shown in [48] (up to the value of the exponent).
Note also that similar instability results for the elliptic inverse problem concerning
the determination of inclusions in a conductor by different kinds of boundary mea-
surements and the inverse obstacle acoustic scattering problems were given in [24],
where some general scheme for investigating questions of this type of instability has
been also proposed.

Problem 1 can be also considered for the case when the observed data are given
only on a part of the boundary, see, for example, [2], [5], [17], [25], [40], [42] and
references therein. In addition, Problem 1 can be also considered in its versions on
manifolds, see, for example, [9], [10], [35], [38], [39], [73] and references therein.

On the other hand, it was found in [58], [60] (see also [63], [68]) that for inverse
problems for the Schrédinger equation at fixed energy F in dimension d > 2 (like
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Problem 1) there is a Holder stability modulo an error term rapidly decaying as
E — 400 (at least for the regular coefficient case). This phenomena of increasing
stability with respect to some parameter such as energy or wave number has been
also observed numerically (see, for example, [22] for the inverse obstacle scattering
problem).

In addition, for Problem 1a for d = 3, global energy dependent stability estimates
changing from logarithmic type to Holder type for high energies were given in [41].
However, there is no efficient stability increasing with respect to increasing coefficient
regularity in these results of [41]. An additional study, motivated by [41], [65], was
given in [51].

In Paper A we prove new global Holder-logarithmic stability estimates for Prob-
lem 1a in dimension d > 3 for the regular coefficient case. Our estimates are given in
uniform norm for coefficient difference and related stability efficiently increases with
increasing energy and/or coefficient regularity.

In order to formulate the necessary assumptions we consider the Sobolev spaces:

(0.5) W™ (RY = {v: 0’v e L'RY), |J| <m}, m € NU{0},

/]
where J € (NU{0})?, |J| = Z Ji, 070( Mah—% The norm in the Sovolev
107y

space W™1(RY) is defined by ||v||m1 = max [|07]||L1 (ga).-

[J]<m
Let

m—d m—d
Sg=———, S1=——, Sy=m—d.
m d

THEOREM 0.1 (Paper A). Let D satisfy (0.2), where d > 3. Let v; € W™!(R?),
m > d, suppv; C D and ||v]Hm1 < N for some N >0, j =1,2. Let vy, vy satisfy

(0.4) for some fized real E. Let ®1(E) and ®o(E) denote the Dirichlet-to-Neumann
maps for vy and vy, respectively. Then

(06) ||U2 — U1||]L°<>(D) § C (ln (3+ 5_1))78, 0<s S S1,

where C' = C(N,D,m,s,E) >0, § = ||®y(E) — él(E)H]Loo(aD)_)H_‘oo(aD). In addition,
for E>0, 7€ (0,1) and any o, € [0,81], a + 3 < 51,

(0.7) |02 — v1|Je(py < A(L+VE)S™ + B1+vVE)™ (In (3+467)) 77,
where A = A(N,D,m,7) >0 and B = B(N,D,m,7) > 0.

REMARK 0.1. Estimate (0.6) for s = s is a variation of the aforementioned
logarithmic stability result of [1] (see also [65]). This result was improved in [65]
for E = 0 and d = 3: estimate (0.6) holds for s = s5. A principal advantage with
respect to the result of [1] is that

s1 — oo and sy — +00  as m — +o0.
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In particular cases, Holder-logarithmic stability estimate (0.7) becomes coherent
(although less strong) with respect to results of [60], [63], [65]. Concerning two-
dimensional analogs of results of Theorem 0.1, see [58], [68], [71], [72].

The proof of Theorem 0.1 is technically very similar to the proof of estimate (0.6)
for s = s¢, see [1], [65]. The fundamental object used is a special family of sulu-
tions ¥ (z, k) of equation (0.1), depending on a complex parameter k € C? such that
k* = ki+ki+...+k% = E € R. These functions were introduced for the first time by
L.D. Faddeev [28], [29] in quantum scattering and are also called complex geomet-
rical optics solutions. The Faddeev functions are (non-analytic) continuation to the
complex domain of functions of the classical scattering theory for the Schrédinger
equation: their main property is an exponential asymptotic condition with a linear
phase depending on the complex parameter k.

We would like to mention that in the case of E = 0, under the assumptions of
Theorem 0.1, according to the aforementioned results of [48], estimate (0.6) can not
hold with s > m(2d — 1)/d for real-values potentials and with s > m for complex
potentials.

In Paper B we give an extention of the instability estimates of [48] to the case
of the non-zero energy as well as to the case of Dirichlet-to-Neumann map given on
the energy intervals.

Let us call interval I = [a,b] C R as a o-regular interval if for any potential
v € L>®(D) with ||v||Lepy < o and any E € I condition (0.4) is fulfilled. Let
B(z,r) denote the open ball of radius r centred at x.

THEOREM 0.2 (|[Paper B|). Let D = B(0,1) C R?, where d > 2. Let o > 0.
K

Let S = |J I; be the union of o-reqular intervals. Then for any m > 0 and any
j=1

p > 0 there is a constant 3 > 0, such that for any € € (0,0/3) and any real-valued

vy € C™(D) with ||vo||L=(py < 0/3 and suppvy C B(0,1/3) there exist real-valued

potentials vy,ve € C™(D), also supported in B(0,1/3), such that

sup (1191(B) = ®2(E) |- ) < exp (=€ 7)),
EeS

(0.8) o1 — va2||L= (D) > €,
v = vollempy < B, i =1,
||Ui_UO||IL°°(D) SE, 1 1

where Ci)l(E), Ci)g(E) are the Dirichlet-to-Neumann maps for vi and ve, respectively,
and H* = WH? denotes the standard Sobolev space on the sphere S%~1 = dD.

The proof of Theorem 0.2 is based on a purely topological argument, which goes
back to A.N. Kolmogorov and V.M. Tihomirov [44].

In addition to Theorem 0.2, we consider an explicit instability example with a
complex potential given in [48]. We show that it gives exponential instability even
in case of Dirichlet-to-Neumann map given on the energy intervals. Let us consider
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the cylindrical variables (ry,0,2') € Ry x R/277Z x R*2 where 2/ = (x3,...,14),
rycosf = x; and r1sinf = x,. We take some function ¢ € C°°(R?) supported in
B(0,1/3) N {x; > 1/4} such that ||¢|| -~ = 1.

THEOREM 0.3 ([Paper B]). Let D = B(0,1) C RY, where d > 2. For o > 0,
K

m > 0 and integer n > 0 consider the union S = |J I; of o-regular intervals and
j=1
define the complex potential
o

S e o, 1)),

Then ||vmn|[L~py = §n~™ and for every pu > 0 and m > 0 there are constants c, ¢
such that ||Vmn||lompy < ¢ and for every n

sup <||(i)mn(E) - (i)O(E)HH*#—»Hu) < C/Q—n/4’
EesS

Unm () =

m

where ®,,,(E), ®o(E) are the DIN maps for vny, and vy = 0, respectively.

In some important sense, this is stronger than Theorem 0.2. Indeed, if we take
e = Zn~™ we obtain (0.8) with exp(—Ce /™) in the right-hand side. An explicit
real-valued counterexample should be difficult to find from v,,,. This is due to
nonlinearity of the map v — ®,(E).

REMARK 0.2. For sufficient large i one can see that

191(E) = &a(E)|lue(op)—1=(00) < ¢ [|01(E) = Bo(E)|[ -0 -
So Theorems 0.2 and 0.3 imply, in particular, that the estimate

S

||[v1 = val|Lee(py < C sup (ln(3 + 5(E)_1))7 ,
EeS

where C' = C(N, D, m, S) and §(E) = ||®,(E) — ®2(E)||L~(2p) L~ (ap), can not hold
with s > 2m for real-valued potentials and with s > m for complex potentials. Thus
Theorems 0.2 and 0.3 show optimality of logarithmic stability results of [1], [47],
[65], [67], [72] in considerably stronger sense that results of [48].

Paper C is devoted to the substantiation of optimality of Holder-logarithmic
stability estimate (0.7). The main result is the following theorem:

THEOREM 0.4 (|Paper C|). Let D = B(0,1) C R, where d > 2. Then for any
fixed constants A, B,k, 7,6 > 0, m > d and s3 > m there exist some enerqgy level
E > 0 and some potential v € C™(D) such that condition (0.4) holds for potentials
v and vo = 0, simultaneously, supp v C D, ||v|lLempy < €, ||[0]lemp) < ¢, where
c=c(d,m) >0, but
FVE) O+ BAAVEP (n(3457)

v — Uo||1Lo<>(D

A1+
for any s € [0, s3], where ®(E), ®o(E) are the Dirichlet-to-Neumann maps for v and
vy, respectively, and § = ||P(E) — @o(E)||Le@D)—L>@D)-
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REMARK 0.3. Theorem 0.4 shows, in particular, that estimate (0.7) can not hold
for any «a, 6 > 0, a + 23 > 2m. In similar sense, as a corollary of Theorem 0.4, one
can obtain also an optimality of the stability results of [58], [60], [63], [68].

The proof of Theorem 0.4 is based on instability examples with complex poten-
tials. Examples of this type are considered in Theorem 0.3 and were given for the
first time in [48| for showing exponential instability in Problem 1 in the zero energy
case.

Now we consider another representation of the Cauchy data set C,(F). Let us
define the impedance boundary map M, ,(E) by

Ma,v(E) (W]a) = W]a—m
for all sufficiently regular solutions v of equation (0.1) in D = D U dD, where

(0.9) [V]a = [¥(2)]a = cosath(z) — sina g—%ap(x), redD, aeR

and v is the outward normal to D. One can show(see Lemma 3.2 in Paper D) that
there is not more than a countable number of @ € R such that F is an eigenvalue
for the operator —A + v in D with the boundary condition

(0.10) cosa|gp — sina %'813 =0.

Therefore, for any energy level E we can assume that for some fixed a € R
E is not an eigenvalue for the operator —A + v in D

(0.11) with boundary condition (0.10)

and, as a corollary, Ma,v(E) can be defined correctly.

We consider M%U(E) as an operator representation of all possible boundary mea-
surements for the physical model described by (0.1). Note that the impedance bound-
ary map M,,(F) is reduced to the Dirichlet-to-Neumann(DtN) map if o = 0 and
is reduced to the Neumann-to-Dirichlet(NtD) map if & = 7/2. The map M, ,(E)
can be called also as the Robin-to-Robin map. General Robin-to-Robin map was
considered, in particular, in [31].

Problem 1 can be formulated as follows:

PROBLEM 1b. Given MQ,U(E) for some fizred E and o, find v.

It should be noted that in most of previous works on inverse boundary value
problems for equation (0.1) at fixed E' it was assumed in one way or another that £
is not a Dirichlet eigenvalue for the operator —A+wv in D, see [1], [48], [54], [65], [67],
[68], [72]. Nevertheless, the results of [16] can be considered as global uniqueness
and reconstruction results for Problem 1b in dimension d = 2 with general «.

In Paper D we give global stability estimates for Problem 1b in dimension d > 2
with general a. The cases d > 3 and d = 2 are treated separately.
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For d > 3 we assume for simplicity that

(0.12) v e W™HRY) for some m > d, suppv C D,

where W™! denotes the Sobolev space of m-times smooth functions in L, see (0.5).

THEOREM 0.5 (Paper D). Let D satisfy (0.2), where d > 3. Let vy, vy satisfy
(0.12) and (0.11) for some fized E and a. Let ||vjl|ma < N, j = 1,2, for some

N > 0. Let My, (E), My, (E) denote the impedance boundary maps for vy and vs,
respectively. Then

(0.13) [o1 = vaLoe(py < Co (In (3+6,1)) ™, 0<s< (m—d)/m,
where Co, = Co(N,D,m, s, E), 6, = HMQM(E) — MQ’W(E)HLoo(aD)_)Loo(aD).

For d = 2 we assume for simplicity that

(0.14) v € C*(D), suppv C D.

THEOREM 0.6 (Paper D). Let D satisfy (0.2), where d = 2. Let vy, vy satisfy
(0.14) and (0.11) for some fized E and . Let ||vjl|c2(py < N, j = 1,2, for some

N > 0. Let My, (E), My, (E) denote the impedance boundary maps for vy and v,
respectively. Then

|01 = vallie(py < Ca (I (34 06) 7 (In (3l (3+6,1)))*, 0<s<3/4,
where Cy = Co(N, D, 8, E), S0, = || M, (E) = Mau, (E)||Loe@D) L (0D)

REMARK 0.4. In the case of & = 0 (DtN case) results of Theorems 0.5 and 0.6
are reduced to logarithmic stability estimates for Problem la. Estimate (0.13) with
a = 0 is a variation of the result of [1] (see also [65]). Theorem 0.6 for a = 0 was
given in [67] with s = 1/2 and in [70] with s = 3/4.

Theorems 0.5 and 0.6 imply the following corollary:

COROLLARY 0.7 (Paper D). Let D satisfy (0.2). Let vy, vy satisfy (0.12) or
(0.14) for d > 3 or d = 2, respectively. Then

o ford>3and 0 < s < (m—d)/m
(0.15) o1 = valroe(p) < min C, (In(3+4,1)) ",
o ford=2and 0 < s < 3/4,
[[or = vallie(py < min Co (In (346;1)) " (In (3In (3 +6,1)))°

where C,, and 0, at fired o are the same that in Theorem 0.5 or Theorem 0.6 for
d >3 ord =2, respectively.



INTRODUCTION 9

Actually, Corollary 0.7 can be considered as global stability estimate for deter-
mining potential v from its Cauchy data set C,(F) for equation (0.1) at fixed energy
E, where d > 2.

The proofs of Theorems 0.5 and 0.6 are based on the following identity:

THEOREM 0.8 (Paper D). Let D satisfy (0.2). Let two potentials vy, ve satisfy
(0.3), (0.11) for some fized E and «. Let My, = Myy (E), May, = Mo, (E)

denote the impedance boundary maps for vy, ve, respectively. Then

(0.16) / (v — v3) W1y dr = / [l (Mo, — Mo, elod
D oD

for all sufficiently regular solutions vy and )y of equation (0.1) in D with v = v,
and v = vy, respectively, where [1)], is defined by (0.9).

Identity (0.16) for o = 0 is reduced to Alessandrini’s identity (Lemma 1 of [1]).

In addition, an important role in the proofs of Theorem 0.5 and 0.6 is played by
the aforementioned Faddeev functions and their analogs for d = 2 which go back to
Bukhgeim’s paper [16].

REMARK 0.5. The stability estimates of Theorems 0.5 and 0.6 admit principal
improvement in the sense described in [65], [66], [72]. In particular, Theorem 0.5
with s = m —d (for d = 3 and E = 0) follows from results presented in Paper D and
results presented in Section 8 of [65]. In addition, estimates (0.13) and (0.15) for
s = (m — d)/d admit a proof technically very similar to the proof of Theorem 0.1.

Furthermore, proceeding from the methods used in the proofs of Theorem 0.5
and 0.6 (in particular, Theorem 0.8), one can obtain the following corollary:

COROLLARY 0.9 (Paper D). Under assumptions (0.2) and (0.3), real-valued po-
tential v is uniquely determined by its Cauchy data C,(E) at fized real energy E.

Actually, under additional assumptions (0.12), (0.14) for d > 3 and d = 2,
respectively, Corollary 0.9 follows from Corollary 0.7 immediately.

To our knowledge the result of Corollary 0.9 for d > 3 was not yet completely
proved in the literature.

We would like to note that the inverse scattering problem, i.e. the reconstruction
of a potential in the Schrédinger equation from its (generalised) scattering amplitude,
was proposed and studied much earlier then Problem 1. This problem comes initially
from quantum mechanics (see [29]), but afterwards it appeared in several other
context, for instance nonlinear evolution equations (see [7], [37, Chapter 1], [32] for
a survey of results).

In Paper E we give formulas and equations for finding (generalized) scattering
data from the impedance boundary map MQ,U(E) with general a. Combining these
results with results of [32], [33], [37], [50], [55]-[59], [60]-|64]|, [68]|, we obtain
efficient reconstruction methods for Problem 1 in multidimensions with general a.
To our knowledge these results are new already for the Neumann-to-Dirichlet case.
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Our approach for finding a potential v in the domain D from its impedance
boundary map M, ,(F) at fixed E and « is shown by the following schema:

(1) v° — S, M, 0(E) via direct problem methods,

(2) My 0(E), Myo(E),S% — Sp as described in Paper E,

(3) Sg — v as described in [32], [33], [37], [55]-[59], [60]-|64], [68],
where Sp and S% denote (generalized) scattering data for the unknown potential v
and some known base potential v°, respectively. Step (2) consists in solving Fredholm
linear integral equations of the second type and using explicit formulas (for more
detailed information, see Paper E).

In particular, in Paper E we give the first mathematically justified approach for

reconstructing coefficient v from boundary measurements for (0.1) for d > 3 via
inverse scattering without the assumption that E is not a Dirichlet eigenvalue for

—A+wvin D. In addition, numerical efficiency of related inverse scattering techniques
was shown in [4], [14], [18], [19]; see also [13].

Now we proceed to analyzing of some scattering problems. First, we consider the
three-dimensional stationary acoustic equation at frequency w in an inhomogeneous
medium with refractive index n

(0.17) A +wn(z)y =0, z€R w>0,
where
(1 —n) € W™ (R?) for some m > 3,
(0.18) Imn(z) >0, zeR’
supp (1 —n) C B,, for some r > 0,
where W1(R3) denotes the Sobolev space of m-times smooth functions in L' (see
for details (0.5)) and B, = B(0,r) is the open ball of radius r centered at 0.

Let G (x,y,w) denote the Green function for the operator A + w?n(x) with the
Sommerfeld radiation condition:

(A + an(x)) G+(x,y,w) = 5(I - y)a
OG™
lim |z| { =—(2,y,w) — iwGT(z,y,w ) =0,
(0.19) amf2 (a\xy (z,9,) (z,9,)
uniformly for all directions & = z/|x|,
z,y € R® w>0.
It is know that, under assumptions (0.18), the function G* is uniquely specified by
(0.19), see, for example, [36], [23].

We consider, in particular, the following near-field inverse scattering problem for
equation (0.17):

PROBLEM 2. Given G on 0B, X OB, for fited w > 0 and r > ry, find n on B,,.
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Consider also the solutions " (z, k), z € R3, k € R3, k? = w?, of equation (0.17)
specified by the following asymptotic condition:

, ilk ||
(2, k) = e — o2l (k yk|i> +o0 (i)
|z| ||

(0.20) i

. .z
as |z| — oo (unlformly in m) :
with some a priory unknown f.

The function f on M, = {k € R*,l € R®: k? = [> = w?} arising in (0.20) is the
classical scattering amplitude for equation (0.17). For more information on direct
scattering for equation (0.17), see, for example, [29] and [52].

In addition to Problem 2, we consider also the following far-field inverse scattering
problem for equation (0.17):

PROBLEM 3. Given f on M, for some fized w > 0, find n on B,,.

In [12] it was shown that the near-field data of Problem 2 are uniquely determined
by the far-field data of Problem 3 and vice versa.

Global uniqueness for Problems 2 and 3 was proved for the first time in [54]; in
addition, this proof is constructive. For more information on reconstruction methods
for Problems 2 and 3 see [4], [36], [49], [54], [60], [68] and references therein.

The main results of Paper F consist of the following two theorems:

THEOREM 0.10 (Paper F). Let N > 0 and r > ry be fized constants. Then
there exists a positive constant C' (depending only on m, w, r1, r and N) such
that for all refractive indices ny, ng satisfying |1 — nqllma, |1 — n2llm1 < N and
supp (1 — ny), supp (1 — ny) C B,,, the following estimate holds:

_ —s m— 3
(0.21) In1 — nollLe@sy <C (I (34+671)) 7, s= 3
where § = ||GY — G5 |lL20B,xom,) and G, G5 are the near-field scattering data for
the refractive indices ny, ns, respectively, at fived frequency w.

THEOREM 0.11 (Paper F). Let N > 0 and 0 < e < ™52 be fized constants.
Then there exists a positive constant C' (depending only on m, €, w, r1 and N)
such that for all refractive indices ny, ny satisfying |1 — nil|m.1, [|1 — nallm1 < N,
supp (1 —nyq), supp (1 — ny) C B,,, the following estimate holds:

_ —s+e m-—3
(0.22) |In1 — naljue@s) < C (In(3+671)) ", 5= —
where § = || fi — fa||lL2(my) and fi, fo denote the scattering amplitudes for the refrac-

tive indices ny, ng, respectively, at fized frequency w.
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REMARK 0.6. For some regularity dependent s but always smaller than 1 the
stability estimates of Theorems 0.10 and 0.11 were proved in [36]|. Possibility of
estimates (0.21), (0.22) with s > 1 was formulated in [36] as an open problem, see
page 685 of [36]. Our estimates (0.21), (0.22) with s = 2 give a solution of this

problem. Indeed,
m—3
§=—— — +00 as m — +0oQ.

3

The proofs of Theorem 0.10 and 0.11 use, in particular, properties of the Faddeev
functions for equation (0.17) considered as the Schrodinger equation at fixed energy
E = w? and the results of [36] consisting in reducing estimates of the form (0.22)
for Problem 3 to estimates of the form (0.21) for Problem 2.

We would like to note that logarithmic stability estimates for Problem 3 of the
form (0.22) (with the exponent s always smaller than 1) were obtained by P. Stefanov
in |74] earlier than in [36]. However, to guarantee some stability in Problem 3, he
used in [74] the special norm for the scattering amplitude f on M,, defined as follows:

. . ) . o 1/2
251 + 1 2j1+201 2js + 1 2j2+202 )
HfHUl,UQ = Z ew cw |aj1p1j2p2 (("J)’ )

J1,P1,J2,P2

where aj,p,jop, (W), 0 < j1, 1 <pr <251 +1, 0 < ja, 1 < py <242+ 1, denote the
coefficients in the basis of the spherical harmonics {Y}"' x Y2} in the space L*(5?):

1 k 2 l
r0 = S a2 ()2 (1)
j17p17j27p2
where S? = 9B; = 9B(0, 1) is the unit sphere in R3.
If a function f on M, is the scattering amplitude for some refractive indice n
satisfying (0.18) and supported in B(0, p), where 0 < p < ry, then

J1+3/2 J2+3/2
ewp ewp
. < Cw, ||l = nllpem) [ ——B— —
|@jiprjope (W)| < Clw, |1 = nf|Le (D)) ((le T 1)7“1) <(2j2 + 1)7~1)

and, therefore, ||f]|,, .0, < 00, see estimates of Proposition 2.2 of [74].
In Paper G we prove the following instability result:

THEOREM 0.12 (Paper G). Let D = B(0,1) € R3. Let I = [wy,ws] be the
interval in R, such that wy > 0. Then for any m > 0, s > 2m and any real o1, 09
there are constants 3 > 0 and N > 0, such that for any real-valued vy € C™(D)
with [|vo||Lepy < N, suppvg C B(0,1/2) and any € € (0,N), there are real-valued
vy, vy € C™(D), also supported in B(0,1/2), such that

SUII) (Hfl - f2|’01,02) é €xXp <_€_1/S) )
we

||v1 — vl |Leo(py > €,
||vi = vollLeepy <€, i=1,2,
|vi = vollempy £ B,  i=1,2,
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where f1, fo are the scattering amplitudes for refractive indices ny = 1 — vy and
ny = 1 — vg, respectively, for equation (0.17). In addition, in the case of fixed
frequency wy = wsy the condition s > 2m can be replaced by s > 5m/3.

The proof of Theorem 0.12 is based on a purely topological argument, which goes
back to A.N. Kolmogorov and V.M. Tihomirov [44]. Similar ideas was used in the
proof of Theorem 0.2, see also [24], [48].

REMARK 0.7. Theorem 0.12 implies, in particular, that for any real o; and o9
the estimate

|[n1 — no|Leepy < C SUIZI) (ln(?) + 501702(w)’1)) °
we

where C'= C(N,D,m,I) and 0,, o,(w) = || fi — f2||o1.04, can not hold with s > 2m
in the case of the scattering amplitude given on the interval of frequencies and with
s > 5m/3 in the case of fixed frequency. Thus Theorem 0.12 shows optimality of the
logarithmic stability result of [74]| (up to the value of the exponent). Taking into
account that Stefanov’s norm || fi — fa||s,,0, is stronger than norm || fi — follL2(me),
we obtain also the optimality of estimate (0.22) (up to the value of the exponent s).

Now we focus on inverse scattering problems for the Schrédinger equation
(0.23) Ly =Ey, L=-A+v(z), 2R d>2,
where
v is sufficiently regular real-valued function in R?
with sufficient decay at infinity.

These problems have a long history and there are many important results on this
subject, see [4], [7], [12], [14], [16], [18], [19], |21], [23], [27]-[30], [32]-[34], [36],
[37], [49], [52]-|63], [68], [74], [76]-[79] and references therein.

We consider the resolvent R(E) of the Schrédinger operator L in 1L2(R9):

R(E) = (L-E)", EeC\o(L),
where o(L) is the spectrum of L in L?(R?). We assume that R(z,y, F) denotes the
Schwartz kernel of R(E) as of an integral operator. We consider also
R*(z,y,F) = R(z,y, E +i0), z,yeR? EcR,.

We recall that in the framework of equation (0.23) the function R (z,y, E') describes
scattering of the spherical waves
a—2

Ri (2,4, F) = <£> 1, (VElz — ).

4\ 2nfx —

generated by a source at y (where H,Sl) is the Hankel function of the first kind of
order p1). We recall also that Rt (z,y, E) is the Green function for L — E, E € Ry,
with the Sommerfeld radiation condition at infinity.
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In addition, the function
S+(ZE7?JaE> = R+($7?Ja E) - Ra_(x7y7 E)7
€T,y c aBr, FE S R+, r e R+7

is considered as near-field scattering data for equation (0.23), where B, = B(r,0) is
the open ball of radius r centered at 0.

We consider, in particular, the following near-field inverse scattering problem for
equation (0.23):

PROBLEM 4. Given St on 0B, x B, for some fivted r,E € R, find v on B,.

This problem can be considered under the assumption that v is a priori known on
R?\ B,. Actually, in the present work we consider Problem 4 under the assumption
that v = 0 on R?\ B, for some fixed r € R,.

It is well-known that the near-field scattering data of Problem 4 uniquely and
efficiently determine the scattering amplitude f for equation (0.23) at fixed energy
E,| see [12]. Therefore, approaches of 4], [16], 18], [27], [37], [54], [56], |59], [60],
[74] can be applied to Problem 4 via this reduction.

In addition, it is also known that the near-field data of Problem 4 uniquely
determine the Dirichlet-to-Neumann map in the case when FE is not a Dirichlet
eigenvalue for operator L in B,, see [49], [54]. Therefore, approaches of [1], [16],
[41], [48], [54], [61]-]68], [70]-[72], [75] can be also applied to Problem 4 via this
reduction.

However, in some cases it is much more optimal to deal with Problem 4 directly,
see, for example, aforementioned logarithmic stability results of [36] and Paper F in
dimension d = 3 for Problem 2.

Motivated by results of [41], [51], [58], [60], [63], [68], [71] and Paper A (see
estimate (0.7) of Theorem 0.1), we study in Paper H the phenomena of increasing
stability for Problem 4 with respect to energy E.

In particular, in dimension d > 3 we prove the following Holder-logarithmic
stability estimate:

THEOREM 0.13 (Paper H). Let E > 0 and r > r; > 0 be given constants. Let
dimension d > 3 and potentials vi, vy be real-valued such that v; € Wm’l(]Rd), m > d,
suppv; C By, and ||vj||m1 < N for some N >0, j = 1,2. Let S{(E) and Sy (E)
denote the near-field scattering data for vy and vy, respectively. Then for T € (0,1)
and any s € (0, s1] the following estimate holds:

S

(0.24) vy — vt ||y < A1+ E)267 + BA+E) 7" (In(3+671))°,

where sy = 224§ = ||S{(E) — S5 (E)||r208,x08,), and constants A, B > 0 depend
only on N, m, d, r, T.

REMARK 0.8. The main feature of estimate (0.24) is the explicit dependence on
the energy E. This estimate consist of two parts, the first is Holder and the second
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is logarithmic; when F increases, the logarithmic part decreases and the Holder part
becomes dominant.

The proof of Theorem 0.13 is based on ideas and formulas used in the proofs of
Theorems 0.1, 0.5 and 0.10.

In addition, in dimension d = 2 we prove the following logarithmic stability
estimate:

THEOREM 0.14. Let E > 0 and r > r; > 0 be given constants. Let dimension
d = 2 and and potentials v1, vy be real-valued such that v; € C*(R?), suppv; C By,
and ||vj|lma < N for some N > 0, j = 1,2. Let S{(E) and S5 (E) denote the
near-field scattering data for vy and vy, respectively. Then

||U1 — UQ”]LOO(BT) S C (ln (3 + 6_1))73/4 (hl (3 In (3 + 5_1))>2 s
where 6 = ||ST(E) — S5 (E)||1205,xa5,) and C > 0 depends only on N, m, r.

The proof of Theorem (.14 is based on ideas and formulas used in the proofs of
Theorems 0.6 and 0.10.

Note also that the aforementioned Theorem 0.11 of Paper F also contributes to
the inverse scattering theory for the Schrodinger equation (0.23) at fixed anergy E.
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Energy and regularity dependent stability estimates for the
Gel’fand inverse problem in multidimensions

MIKHAIL I. ISAEV AND ROMAN G. NOVIKOV

ABSTRACT. We prove new global Holder-logarithmic stability estimates for the
Gel’fand inverse problem at fixed energy in dimension d > 3. Our estimates are
given in uniform norm for coefficient difference and related stability efficiently
increases with increasing energy and/or coefficient regularity. Comparisons
with preceeding results in this direction are given.

1. Introduction

We consider the Schrodinger equation

(L.1) A+ (@) = B, z €D,
where
(1.2) D is an open bounded domain in RY, d > 2,
' with 0D € C?,
(1.3) v e L>(D).
Consider the map ® = ®(F) such that
. 0
(1.4 B(E)(won) = 5 oo

for all sufficiently regular solutions 1 of (1.1) in D = DUAD, where v is the outward
normal to D. Here we assume also that

(1.5) E is not a Dirichlet eigenvalue for operator —A + v in D.

The map & = &(E) is called the Dirichlet-to-Neumann map and is considered as
boundary measurements.
We consider the following inverse boundary value problem for equation (1.1):

PROBLEM 1.1. Given @ for some fixed F, find v.
1
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This problem can be considered as the Gel'fand inverse boundary value problem
for the Schrodinger equation at fixed energy (see [10], [23]). At zero energy this
problem can be considered also as a generalization of the Calderon problem of the
electrical impedance tomography (see [6], [23]). Problem 1.1 can be also considered
as an example of ill-posed problem: see [18], [4] for an introduction to this theory.

Problem 1.1 includes, in particular, the following questions: (a) uniqueness, (b)
reconstruction, (c) stability.

Global uniqueness results and global reconstruction methods for Problem 1.1
were given for the first time in [23] in dimension d > 3 and in [5] in dimension d = 2.

Global logarithmic stability estimates for Problem 1.1 were given for the first time
in [1] in dimension d > 3 and in [30] in dimension d = 2. A principal improvement
of the result of [1] was given recently in [29] (for the zero energy case): stability of
[29] optimally increases with increasing regularity of v.

For the Calderon problem (of the electrical impedance tomography) in its initial
formulation the global uniqueness was firstly proved in [36] for d > 3 and in [21]
for d = 2. Global logarithmic stability estimates for this problem were given for the
first time in [1] for d > 3 and [19] for d = 2. Principal increasing of global stability
of [1], [19] for the regular coefficient case was found in [29] for d > 3 and [34] for
d=2.

In addition, for the case of piecewise constant or piecewise real analytic conduc-
tivity the first uniqueness results for the Calderon problem in dimension d > 2 were
given in [7], [16]. Lipschitz stability estimate for the case of piecewise constant con-
ductivity was proved in [2] and additional studies in this direction were fulfilled in
[33].

Due to |20] the logarithmic stability results of [1], [19] with their principal effec-
tivization of [29], [34] are optimal (up to the value of the exponent). An extention
of the instability estimates of [20] to the case of the non-zero energy as well as to the
case of Dirichlet-to-Neumann map given on the energy intervals was given in [12].

On the other hand, it was found in [25], [26] (see also [28], [31]) that for inverse
problems for the Schrodinger equation at fixed energy E in dimension d > 2 (like
Problem 1.1) there is a Holder stability modulo an error term rapidly decaying as
E — +oo (at least for the regular coefficient case). In addition, for Problem 1.1 for
d = 3, global energy dependent stability estimates changing from logarithmic type
to Holder type for high energies were given in [15|. However, there is no efficient
stability increasing with respect to increasing coefficient regularity in these results
of [15]. An additional study, motivated by [15], [29], was given in [22].

In the present work we give new global Holder-logarithmic stability estimates for
Problem 1.1 in dimension d > 3 for the regular coefficient case, see Theorem 2.1
and Remark 2.6. Our estimates are given in uniform norm for coefficient difference
and related stability efficiently increases with increasing energy and/or coefficient
regularity. In particular cases, our new estimates become coherent (although less
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strong) with respect to results of [29], [26], see Remarks 2.2, 2.3. In general, our
new estimates give some synthesis of several important preceeding results.

2. Stability estimates

In this section we assume for simplicity that

(2.1) v e W™H(RY) for some m > d, suppv C D,
where
(2.2) WmHRY) = {v: 0'v e LYRY), |J| <m}, m e NUO,
where
oMlu(z)

2.3 Je (Nu0y¥, |J Ji, 07v( —
(2:3) € 1= Z 8:61‘]1 ) .c%vjd
Let

(2.4) [[0llm1 = max 1070l 22 mey-

Let

2.5) ||A|| denote the norm of an operator

A L®(0D) — L=(D).
We recall that if vy, ve are potentials satisfying (1.3), (1.5) for some fixed E, then

(2.6) ®,(E) — ®4(E) is a compact operator in L=(8D),
where ®;, @, are the DtN maps for vy, vg, respectively, see [23], [27]. Note also that
(2.1) = (1.3).
Let
m—d m —d
(27) SOZT, SlzT, ngm—d.

THEOREM 2.1. Let D satisfy (1.2), where d > 3. Let vy, vy satisfy (2.1) and
(1.5) for some fized real E. Let ||v;]|ma1 < N, j=1,2, for some N > 0. Let &1(E)
and ®o(F) denote the DtN maps for vy and ve, respectively. Then
(28) H'UQ — UlH]LOO(D) S CI (hl (3 -+ (571)>_S, 0<s S S1,
where Cy = C1(N,D,m,s,E) > 0, § = ||®o(E) — &, (E)|| is defined according to
(2.5). In addition, for E >0, 7 € (0,1) and any s € [0, s1],

(2.9) IJva — v1|Lee(py < Co(1 +VE)S™ + Ca(1+ VE)*™™ (In (3+4671)) ",
where Cy = Co(N,D,m,7) >0 and C3 = C3(N,D,m,7) > 0.
REMARK 2.1. Estimate (2.8) for s = s is a variation of the result of [1] (see also

[29], [13]). One can see that estimate (2.8), s = s, of Theorem 2.1 is more strong
(as much as s; is greater than sy) than the aforementioned result going back to [1].
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REMARK 2.2. Estimate (2.8) for s = s, E =0, d = 3 was proved in [29]. One
can see that this estimate of [29] is more strong (as much as s, is greater than s)
than estimate (2.8), s = s1, of Theorem 2.1 for £ =0, d = 3.

REMARK 2.3. Using results of [26] one can obtain estimate (2.9) for s = 0, d = 3,
with s, in place of sp, for sufficiently great E with respect to N. One can see that
for this particular case the aforementioned corollary of [26] is more strong (as much
as s is greater than s1) than estimate (2.9) of Theorem 2.1.

REMARK 2.4. In a similar way with results of [13], [14], estimates (2.8), (2.9)
can be extended to the case when we do not assume that condition (1.5) is fulfiled
and consider an appropriate impedance boundary map instead of the Dirichlet-to-
Neumann map.

REMARK 2.5. Concerning two-dimensional analogs of results of Theorem 2.1, see
25], [31], [34], [35].

REMARK 2.6. Actually, in the proof of Theorem 2.1 we obtain the following
estimate (see formula (4.19)):

(2.10) |01 — vo|lLoe(py < Can/E + p2e*E6 + C5(E + p*) /2,
where L = m%§|x|, Cy = C4(N,D,m) >0, C5 = C5(N, D, m) > 0 and parameter
xe

p > 0 is such that E + p? is sufficiently large: E + p? > Cg(N, D, m). Estimates of
Theorem 2.1 follow from estimate (2.10).

The proof of Theorem 2.1 and estimate (2.10) is given in Section 4 and is based
on results recalled in Section 3. Actually, this proof is technically very similar to the
proof of estimate (2.8) for s = sg, see [1], [29], [13]. Possibility of such a proof of
estimate (2.8) for s = s;, £ = 0 was mentioned, in particular, in [32].

3. Faddeev functions

We consider the Faddeev functions G, ¢, h (see [8], [9], [11], [23]):

. z{m
(3.1) Gz, k) = e*g(x, k), g(z,k) /{2 n ;li’f
(3.2) wlak) = e 4 [ Gl = g Ryely)ly. D)y

where z € RY, k € C%, Imk #0, d > 3,

(3.3) h(k,1) = (2m)™ / ey (x)Y(z, k)d,

R4
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where
(3.4) k,l1eC% k*=1? Imk=1Iml #0.
One can consider (3.2), (3.3) assuming that

(3.5) v is a sufficiently regular function on R?
' with suffucient decay at infinity.

For example, in connection with Problem 1.1, one can consider (3.2), (3.3) assuming
that

(3.6) vel>®(D), v=0onR\D.
We recall that (see [8], [9], [11], [23]):
e The function G satisfies the equation
(3.7) (A +k)G(x, k) =6(2), = €R?Y keCl\ R
e Formula (3.2) at fixed k is considered as an equation for

(3.8) b = o, k),

where i is sought in L>°(R%);

e As a corollary of (3.2), (3.1), (3.7), ¢ satisfies (1.1) for E = k%

e The Faddeev functions G, 1, h are (non-analytic) continuation to the com-
plex domain of functions of the classical scattering theory for the Schrodinger
equation (in particular, h is a generalized "scattering" amplitude).

In addition, G, v, h in their zero energy restriction, that is for £ = 0, were
considered for the first time in [3]. The Faddeev functions G, 1, h were, actually,
rediscovered in [3].

Let

YSp={keC": K =k+.. . +kj=E},
(3.9) Op={keSp l €Sy : Imk =Imi},
k| = (|Rek|* + |Tm k|*)"/2.

Under the assumptions of Theorem 2.1, we have that:

(3.10) u(z, k) —1 as |kl — o0

and, for any o > 1,

(3.11) lu(z, k)| <o for |k|>r(N,D,m,o),
where z € R, k € Y

(3.12) o(p) = lim h(k,1) for any p € R,

(k1) €Op, k—1l=p
Im k| = [Im!| — oo
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c1(D, m)N?

0(p) — h(k, )] < for (k,1) € Op, p=k—1,

B+ P
(3.13) 2
Imk| = [Iml| = p, E+p°>ry(N,D,m),
P <AE +p?),
where
(3.14) 0(p) = (27T)d/eiva(a:)dx, p € R

Rti

Results of the type (3.10), (3.11) go back to [3|. For more information concerning
(3.11) see estimate (4.11) of [13]. Results of the type (3.12), (3.13) (with less precise
right-hand side in (3.13)) go back to [11]. Estimate (3.13) follows, for example, from

formulas (3.2), (3.3) and the estimate
IA="g(R)A™* |2 ra)—12(ma) = O(K] )

(3.15) Lo

as |k| — oo, keC\RY

for s > 1/2, where g(k) denotes the integral operator with the Schwartz kernel
g(x —y, k) and A denotes the multiplication operator by the function (1 + |x|?)"/2.
Estimate (3.15) was formulated, first, in [17]| for d > 3. Concerning proof of (3.15),
see [37].

In addition, we have that:

hxhw—hmhw=<%w%/¢ua—w@x@—wmwwaaka

(3.16)
for (k,1) € O, |Imk| = |[Iml| # 0,

and vy, vy satisfying (3.5),

ha(k, 1) — ha(k, 1) = (27) / iz, —1) [(@ . <i>1) e k)] (x)dx

(3.17) oD
for (k,1) € O, |Imk| = |[Iml| # 0,

and vy, vy satisfying (1.5), (3.6),
and, under assumtions of Theorem 2.1,

. . ca(D,m)N||vy — va||lLe (D)
[01(p) — V2(p) — ha(k, 1) + ha(k, 1) < (E + p2)1/2

for (k,l) € O, p=k—1, |Imk|=|Iml| = p,
E+p* 2 r3(N,D,m), p* < 4(E+p?),

(3.18)

where h;, ¢; denote h and 1 of (3.3) and (3.2) for v = v;, and ®; denotes the
Dirichlet-to-Neumann map for v = v;, where 7 =1, 2.
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Formulas (3.16), (3.17) were given in [24], [27]. Estimate (3.18) follows from
(3.2), (3.15), (3.16) in a similar way as estimate (3.13) follows from (3.2), (3.3),
(3.15).

4. Proof of Theorem 2.1

Let
LY (RY) = {u € L®(RY) : [Jull, < 400},
(+.1) lull, = ess sup (1 + [p|)*]u(p)], > 0.
pERA
Note that
m,1 d A 00 d d
(4.2) w e W™HRY) = w € L7(R) NC(R),

[@[l,e < es(m, d)|wllmy for p=m,

where W1, 1L°¢ are the spaces of (2.2), (4.1),

(4.3) w(p) = (ZW)d/ei”xw(m)dx, p € R

R4

Using the inverse Fourier transform formula

(4.4) w(z) = / e (p)dp, € RY,
Ra
we have that
[01 = vallLee(py < sup| [ e (02(p) — 01(p)) dp| <
(45) zeD e
< Ii(r) + I(r) for any r >0,

where
I(r) = / 8a(p) — 01(p)|dp,
(46) |p\§r
Iy(r) = / 6a(p) — b1(p)\dp.
|p|>7

Using (4.2), we obtain that

(4.7) |09 (p) — 01(p)| < 2¢e3(m, d)N(1+ |p))™, pe€R™
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Due to (3.18), we have that

ca(D,m)N||vy — va|lL (D)

|02(p) — 01(p)| < [ha(k, 1) = hu(k, 1] +

4.8 (E+ p?)'/2 ’
(4.8) for (k,1) € O, p=k—1, [Tmk| = [Tmi|=p,
E+p* > r3(N,D,m), p* <4(E+p?).

Let

cy = (27r)_d/dx, L= max |z,
(4.9) 6D -

§ = [|2(E) — d1(B)],

where ||®y(E) — ®1(E)|| is defined according to (2.5).
Due to (3.17), we have that

|ho (K, 1) — ha(k, D)| < el (-, =D)L ap) O [|¥02(-, k)l[L~(aD),

4.1
(4.10) (k,1) € O, |Imk| = |[Im!| # 0.

Using (3.11), we find that

|U(-, k)||Le(op) < 0 exp (|Im k:|L),
ke€Xg, |kl >ri(N,D,m,o).

(4.11)

Here and bellow in this section the constant o is the same that in (3.11).
Combining (4.10) and (4.11), we obtain that
|ho(k, 1) — hi (K, 1)| < cao®e®5,  for (k,1) € Op,
(4.12) p=|Imk| = |Iml|,
E +p*>r*(N,D,m,0).

Using (4.8), (4.12), we get that

A

A 2 _2pL c2(D, m)Nllv1 — valL=(p)
(4.13) |02(p) — 01(p)| < cao®e®d + RN ,

peRY p* <AE+p%), E+ p* > max{r? rs}.

Let

1 1/d
(414) € = (m) , C5 = / dp,

pERY,|p|<1
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and 74(N, D,m, o) > 0 be such that

E+p* > 1{(N,D,m,o0),
2
(4.15) E+p® > ri(N,D,m,o) = { E+p" 273N, D,m),

1

(=5 + p2)2d>2 < 4B+ ).

Let

(4.16) s — / dp.

pERY,|p|=1

Using (4.6), (4.13), we get that

(D, m)N v, — vzHLoo(D))
(E+ )7 |

r >0, 12 <4(E + p?),
E+p2 Z 7“4(N,D,m,0')-

I(r) < csr? <c4a262pL5 +
(4.17)

Using (4.6), (4.7), we find that, for any r > 0,

“+o00

(4.18) I(r) <2c3(m,d)Ncg /

T

dt 2¢3(m, D)Ne¢g 1
tm—d+1 S m —d ym—d’

Combining (4.5), (4.17), (4.18) for r = £(E + p?)2a and (4.15), we get that

||’Ul — UQH]Loo(D) < C7(N, D, m, O')\/ E+ p2 €2pL5_'_

m—d ].
(4.19) +cg(N, D,m)(E + p*)~ 22 + 5”“1 — Vol (D),
E+p2 2 7"4(N7D7m70->'

Let 7" € (0,1) and

(4.20) 8= 12_; , p=0BWm(3+057"),




10 A. ENERGY AND REGULARITY DEPENDENT STABILITY ESTIMATES

where § is so small that E + p? > r4(N, D,m, o). Then due to (4.19), we have that

1
§HU1 — vyl (p) <

< er(ND.mo) (E+ (B (3+07))°) " (3407 o4

(4.21) +cs(N, D,m <E+ Bln (340" ))2)7W:

_C7(ND m,o ( (ﬁln (3_|_5 )) )1/2 (14_35)177’57—/_‘_

_m=—d
+ es(N, D, m) (E+ Bln (3+671)) ) "
where 7/, 3 and 0 are the same as in (4.20).
Using (4.21), we obtain that
m—d
(4.22) o1 = valLee(py < co(N, D, E,m,o,7) (In (3+67")) ¢

for 6 = Hi)g — CI>1H < §1(N,D,E,m,o,7"), where d; is a sufficiently small positive
constant. Estimate (4.22) in the general case (with modified ¢g) follows from (4.22)
for 6 < 6;(N, D, E,m,o,7") and the property that

(423) HU]“]LOO < Clo(D m)N

This completes the proof of (2.8).
If £ > 0 then there is a constant dy = d2(N, D, m, o, 7") > 0 such that

E+(ﬁln(3—|—5‘1)) r4(N,D,m, o),
(424)  G€(0,0) = E+ (fln(3+067Y))° < ((1+\/_)51n(3+5 )),

Bln(3+467") >1

where [ is the same as in (4.20). Combining (4.21), (4.24), we obtain that for
se[0,(m—d)/d], ™€ (0,7") and 0 € (0, 2) the following estimate holds:

(4.25)  |Jva — v1]|z(p) < en(1+ VE)S™ + e1o(1+ VE) ™" (In (3+671))°,

where constants c¢1q, ¢12 > 0 depend only on N, D, m, o, 7/ and 7.

Estimate (4.25) in the general case (with modified ¢1; and ¢12) follows from (4.25)
for 6 < 05(N, D, m,o,7') and (4.23).

This completes the proof of (2.9)
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Exponential instability in the Gel’fand inverse problem on
the energy intervals

MiIKHAIL I. ISAEV

ABSTRACT. We consider the Gel’fand inverse problem and continue studies of
[Mandache,2001]. We show that the Mandache-type instability remains valid
even in the case of Dirichlet-to-Neumann map given on the energy intervals.
These instability results show, in particular, that the logarithmic stability es-
timates of [Alessandrini,1988|, [Novikov, Santacesaria,2010] and especially of
[Novikov,2010] are optimal (up to the value of the exponent).

1. Introdution

We consider the Schrodinger equation
(1.1) —AY+v(x)y = Ey, x €D,
where
(1.2) D is an open bounded domain in RY, d > 2, 9D € C?, v € L>(D).

Consider the map ®(E) such that

(1.3 B(E)(Wlon) = 2L lon

for all sufficiently regular solutions v of (1.1) in D = DUAD, where v is the outward
normal to D. Here we assume also that

(1.4) E is not a Dirichlet eigenvalue for operator —A + v in D.

The map ®(F) is called the Dirichlet-to-Neumann map and is considered as boundary
measurements.
We consider the following inverse boundary value problem for equation (1.1).

. K
PROBLEM 1.1. Given ¢ on the union of the energy intervals S = |J I;, find v.
j=1

Here we suppose that condition (1.4) is fulfilled for any F € S.
This problem can be considered as the Gel'fand inverse boundary value problem
for the Schrédinger equation on the energy intervals (see [5], [9]).
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2 B. EXPONENTIAL INSTABILITY IN THE GEL’FAND INVERSE PROBLEM

Problem 1.1 includes, in particular, the following questions: (a) uniqueness, (b)
reconstruction, (c) stability.

Global uniqueness for Problem 1.1 was obtained for the first time by Novikov
(see Theorem 5.3 in [6]). Some global reconstruction method for Problem 1.1 was
proposed for the first time in [6] also. Global uniqueness theorems and global recon-
struction methods in the case of fixed energy were given for the first time in [9] in
dimension d > 3 and in [3] in dimension d = 2.

Global stability estimates for Problem 1.1 were given for the first time in 2] in
dimension d > 3 and in [11] in dimension d = 2. The Alessandrini result of |2| was
recently improved by Novikov in [10]. In the case of fixed energy, Mandache showed
in 8] that these logarithmic stability results are optimal (up to the value of the
exponent). Mandache-type instability estimates for inverse inclusion and scattering
problems were given in [4], where some general scheme for investigating questions of
this type of instability has been also proposed. Although some of the main results
of this work can be represented within the general scheme of [4], it does not lead to
a significant simplification of its complete proof.

In the present work we extend studies of Mandache to the case of Dirichlet-
to-Neumann map given on the energy intervals. The stability estimates and our
instability results for Problem 1.1 are presented and discussed in Section 2. In Section
5 we prove the main results, using a ball packing and covering by ball arguments.
In Section 3 we prove some basic properties of the Dirichlet-to-Neumann map, using
some Lemmas about the Bessel functions wich we proved in Section 6.

2. Stability estimates and main results

As in [10] we assume for simplicity that

D is an open bounded domain in R, 9D € C?,

(2.1) v € WmH(R?) for some m > d, suppv C D, d > 2,
where
(2.2) WmHRY) = {v: 0'v € LY(RY), |J| <m}, m e NUO,
where
d
oMlu(z)
2.3 JeNu)d, [J =Y J, 0v(z) = ————L—.
23 HOO =30 00) = S
Let
J
(2.4) [0, = max 107 0]|L1 (ra)-

We recall that if vy, vy are potentials satisfying (1.4),(1.3), where E and D are fixed,
then

(2.5) d, — &y is a compact operator in L=(8D),

where @1, &, are the DtN maps for vy, vs respectively, see [9].
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Note also that (2.1) = (1.2).

THEOREM 2.1 (variation of the result of [2], see [10]). Let conditions (1.4), (2.1)
hold for potentials vy and vy, where E and D are fixed, dimension d > 3. Let
Nvjllm1 < N, j =1,2, for some N > 0. Let dy, &y denote DIN maps for v, vs
respectively. Then

(2.6) [[o1r = 2|y < er(In(3+ [y — dof[ 7)™,

where ¢ = ¢1(N, D, m), oy = (m —d)/m, ||<i>1 — Cf>2|| = ||(i>1 — éQHLoo(aD)_)]Loo(aD).
An analog of stability estimate of [2] for d = 2 is given in [11].
A disadvantage of estimate (2.6) is that

(2.7) ay < 1 for any m > d even if m is very great.

THEOREM 2.2 (the result of [10]). Let the assumptions of Theorem 2.1 hold.
Then

(2.8) [[o1 = va[ioe(p) < c2(In(3 + [[1 — o] 1)) 72,

where ca = co(N, D, m), ag =m —d, H<i>1 — <i>2|] = ||<i>1 — i)gHLoo(g)D)_)Loo(aD).
A principal advantage of estimate (2.8) in comparison with (2.6) is that

(2.9) ay — 400 as m — 400,

in contrast with (2.7). Note that strictly speaking Theorem 2.2 was proved in [10]
for E = 0 with the condition that suppv C D, so we cant make use of substitution
vg = v — F, since condition suppvg C D does not hold.

We would like to mention that, under the assumptions of Theorems 2.1 and
2.2, according to the Mandache results of [8|, estimate (2.8) can not hold with
ay > m(2d—1)/d for real-valued potentials and with ay > m for complex potentials.

As in [8] in what follows we fix D = B(0, 1), where B(x,r) is the open ball of
radius r centred at z. We fix an orthonormal basis in L2(S%"!) = L?(9D)

' fjp 1s a spherical harmonic of degree j,

where p; is the dimension of the space of spherical harmonics of order 7,

C(jtd—1\ [j+d—3
211 w= ()-8,

where
n nn—1)---(n—k+1)
. = >
(2.12) (k> o forn>0
and

(2.13) (Z) =0 forn<0.



4 B. EXPONENTIAL INSTABILITY IN THE GEL’FAND INVERSE PROBLEM

The precise choice of fj, is irrelevant for our purposes. Besides orthonormality, we
only need f;, to be the restriction of a homogeneous harmonic polynomial of degree
j to the sphere and so |z|? f;,(z/|x|) is harmonic. In the Sobolev spaces H*(S41)
we will use the norm

(214) Hzcjpfjpuils = Z<1+j>2s|cjp‘2-
Jp Jp
The notation (a;,;,) stands for a multiple sequence. We will drop the subscript

We use notations: |A| is the cardinality of a set A, [a] is the integer part of real
number a and (r,w) € R, x S are polar coordinates for rw = z € R%.

The interval I = [a,b] will be referred as o-regular interval if for any potential
v € L*®(D) with ||v||L~(py < 0 and any E € I condition (1.4) is fulfilled. Note that
for any F € I and any Dlrlchlet eigenvalue \ for operator —A in D we have that

(2.16) |[E— )\ >o.
It follows from the definition of o-regular interval, taking v = E — .
K
THEOREM 2.3. For o > 0 and dimension d > 2 consider the union S = |J I;
j=1

of o-reqular intervals. Then for any m > 0 and any s > 0 there is a constant
B >0, such that for any e € (0,0/3) and vg € C™(D) with ||vo||lLe(py < 0/3 and
suppvg C B(0,1/3) there are real-valued potentials vi,vy € C™(D), also supported
in B(0,1/3), such that

sup (11%1(B) = ®2(E) |-+ ) <exp (=€),
Bes
(2.17) |1 — vallLee(p) > €,
||UZ_UO||Cm(D Sﬁ L= 1a27
|lvi = vol|lLepy <€, i=1,2,

where ®1(E), ®3(E) are the DIN maps for vy and vy respectively.

REMARK 2.1. We can allow 3 to be arbitrarily small in Theorem 2.3, if we require
e < ¢y and replace the right-hand side in the instability estimate by exp(—ce’ﬁ),
with g > 0 and ¢ > 0, depending on f.

In addition to Theorem 2.3, we consider explicit instability example with a
complex potential given by Mandache in [8]. We show that it gives exponential
instability even in case of Dirichlet-to-Neumann map given on the energy inter-
vals. Consider the cylindrical variables (ri,0,2') € R, x R/27Z x R*2, with
v’ = (x3,...,24), T1co86 = xy and rysinf = xy. Take ¢ € C°°(R?) with support in
B(0,1/3) N {x; > 1/4} and with ||¢||L~ = 1.
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THEOREM 2.4. For o > 0, m > 0, integer n > 0 and dimension d > 2 consider
K

the union S = J I; of o-regular intervals and define the complex potential
i=1
O _m _ind /
(218) Unm(x) = gn € ¢(T17 ’l‘ |)

Then ||vmn||Lepy = §n~™ and for every s > 0 and m > 0 there are constants c, ¢
such that ||Vya||cmpy < ¢ and for every n

(2.19) sup (||yun(E) = So(B)lli-+re ) < 27704,
EeS

where CfDmn(E), @O(E) are the DtN maps for v, and vy = 0 respectively.

In some important sense, this is stronger than Theorem 2.3. Indeed, if we take
e = Zn~™ we obtain (2.17) with exp(—Ce™'/™) in the right-hand side. An explicit
real-valued counterexample should be difficult to find. This is due to nonlinearity of

the map v — ®.

REMARK 2.2. Note that for sufficient large s one can see that

(2.20) ||<i’1 — (i)ZH]L‘x(BD)Hle(BD) < CH(i)l - &)2||H*5—>H5~
So Theorem 2.3 and Theorem 2.4 imply, in particular, that the estimate
A A —Q3
(221) [l — walluwo) < essup (I3 + [[81(E) — a(B)[ )
€

where ¢ = ¢3(N, D, m, S) and [|®1(E) — ®5(E)|| = ||91(E) — P2(E)||L>(00)—L>(9D);
can not hold with a3 > 2m for real-valued potentials and with a3 > m for complex
potentials. Thus Theorem 2.3 and Theorem 2.4 show optimality of logarithmic
stability results of Alessandrini and Novikov in considerably stronger sense that
results of Mandache.

3. Some basic properties of Dirichlet-to-Neumann map

We continue to consider that D = B(0, 1) and also to use the polar coordinates
(r,w) € Ry x S with z = rw. Solutions of equation —Aw = Ev in D can be
expressed by the Bessel functions J, and Y, with integer or half-integer order «, see
definitions of Section 6. We state some lemmas about these functions (Lemma 3.1,
Lemma 3.2, Lemma 3.3).

LEMMA 3.1. Suppose k # 0 and k? is not a Dirichlet eigenvalue for operator —A
in D. Then
S a2 (k‘?")
_d—2 Vj+432
3]_ = 2 -2
( ) wU(T’ w) r J~+d—2 (k’)

J

fip(w)

is the solution of (1.1) with v =0, E = k* and boundary condition ¥|sp = fjp-
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REMARK 3.1. Note that the assumptions of Lemma 3.1 imply J, ( ) # 0.

LEMMA 3.2. Let the assumptions of Lemma 3.1 hold. Then system offunctzons
(3.2) {thjp(r,w) = Rj(k,7) fip(w) : j 2 0;1 < p < pj},
where
(33)  R(k,r) :r—%(yﬂ%(kmﬂ%(@ — Jjyaa (k)Y e (k:)),
is complete orthogonal system (in the sense of Ls ) in the space of solutions of equation

(1.1) in D' = B(0,1) \ B(0,1/3) with v = 0, E = k? and boundary condition
Ylr=1 =0.

LEMMA 3.3. For any C' > 0 and integer d > 2 there is a constant N > 3
depending on C such that for any integer n > N and any |z| < C

1 (2l/2)° 3 (12l/2)"
(34) 3Tt D) == STy
(3.5) ()] < 3%
1 B 3
(3.6) = (21/2)7"T(0) < Ya(2)] € - (121/2) T (a)
(3.7) YU < (/2 D+ )

where ' denotes derivation with respect to z, o = n + %2 and T'(z) is the Gamma
function.

Proofs of Lemma 3.1, Lemma 3.2 and Lemma 3.3 are given in Section 6.

LEMMA 3.4. Consider a compact W C C. Suppose, that v is bounded, suppv C

B(0,1/3) and condition (1.4) is fulﬁlled for any E € W and potentials v and vy,

where vy = 0. Denote Ay p = ®(E) — ®o(E). Then there is a constant p = p(W,d),
such that for any 0 < 3,1 <p <p;, 0<14,1<¢q <p,;, we have

(3-8) (A5 fip fiadl < p27 "V 0]l )l (=2 + v = B) |2y,

where ®(E), ®o(E) are the DIN maps for v and vy respectively and (—A+v — E)~!
15 considered with the Dirichlet boundary condition.

PrROOF OF LEMMA 3.4. For simplicity we give first a proof under the additional
assumtions that 0 ¢ W and there is a holomorphic germ VE for E € W. Since W
is compact there is C' > 0 such that for any z € W we have |z| < C. We take N
from Lemma 3.3 for this C'. We fix indeces j, p. Consider solutions ¢(E), 1(E) of
equation (1.1) with £ € W, boundary condition ¢|sp = f;, and potentials v and
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vo respectively. Then ¢ (FE) — 1y(F) has zero boundary values, so it is domain of
—A + v — FE, and since

(3.9) (—A+v—E) (Y(E) —o(E)) = —vh(E) in D,
we obtain that

(3.10) U(E) = Yo(E) = —(=A+ v — E) oty (E).
If 5 > N from Lemma 3.1 and Lemma 3.3 we have that

2

rildr <

2 2 e J*%( Er)

E = ; 2 -1 / —,/
H¢0< )||]L2(B(0,1/3)) ||fyp||]L (5971 0 ‘+%( E)
2

L d— 2 S d—
(311) /1/3 3(1B[2r/2y 5"\ (L(E?/2)
“Jo \2T@H+%2+1 2T+ %2 4+1)
3

18 2j+d—1 1 2 2j
—3 Jra=Ligr = - < 279,
/0 Y 2j+d<3>

For j < N we use fact that |[1o(E)||L2((0,1)) is continuous function on compact W
and, since N depends only on W, we get that there is a constant p; = p; (W, d) such
that

d—2

r- 2

<

<~

a <

rdr =

(3.12) %0 (E)||L2(0.1/3) < p1277.
Since v has support in B(0,1/3) from (3.10) we get that
(3.13) [U(E) — do(E)llL2so.1)) < o127 [[ollLe o |l(—A + v — E) Y |L2(p).-

Note that ¥(F) —1o(E) is the solution of equation (1.1) in D' = B(0,1) \ B(0,1/3)
with potential vy = 0 and boundary condition 9|,—; = 0. From Lemma 3.2 we have
that

(3.14) WE) ~bo(B) = Y cy(E)iy(E) in D

0<4,1<q<p;

for some c;4, where
(3.15) Vig(E)(r,w) = Ri(VE, 7) fig(w).
Since R;(VE,1) =0

8Rl(\/E, 7")
or

(3.16)

r=1
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For 7+ > N from Lemma 3.3 we have that
OR;(VE,r)

or r=1 — | |1/2 Yo/z(\/E) N J&(\/E)
(3.17) Yo(VE)Ja(VE) YaWE) Ju(VE)

va (UE[2/2"'Da +1) | (E[3/2°"'Da+ 1)\ _
< 615 ( (B[22 T () (B[22 (a) ) b,

I Yo VB e \ 5 [° (LUEr/2) T (o) dr
(3.18) ( YalVE) ) > [, (3Emre)

= (2-3)3 (Gerr)

(HT_QJa(\/ET)HLQ({l/Kx|<2/5})>2 ) /2/5 <3(|E|1/2r/2)°‘F(a)>2rdr
(3.19) 1

W) OB/ (a)
<(3-3)z6em"

where o = i + %2, Since N > 3 we have that o > 3. Using (3.18) and (3.19) we get
that

(3.20)

i Blleecusctei<zisy < (2 NI (s iova aroma) = L i jora
e ((5-9)3) (g senr) = o/

For i > N we get that

aRZ(\/E, T)
or

(3.21) <1000 (5/2) | [thiq (E)|L2({1/3< 2] <1})-

r=1

For + < N we use the fact that )%@

r—l‘ /|’wiq(E)HL2({1/3<|x|<1}) is continuous

function on compact W and get that for any ¢ > 0 there is a constant ps = po(W, d)
such that

BRZ(\/E, T)

(3.22) o

< p2 27| [Wig (B2 (1 /3<)0)<1})-

r=1
Proceeding from (3.14) and using the Cauchy-Schwarz inequality we get that
(3.23)

(6(E) = bo(E), vio(E) )

L2({1/3<]2[<1}) | [Y(E) — %(E)H]L?(B(o,n)
Hwiq(E)l‘1123({1/3<Iﬂc|<1})

’Ci (E)| =
a i (E)||L2(f1/3<]2]<1})
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Taking into account

O (E) — ¢o(E)) OR,(VE,r)

7iq:in
an> culE) or

(324) <Av,Efjp7 fzq) = <

ov .
and combining (3.22) and (3.23) we obtain that
(3.25) [{Ao,pfips fiag)| < p227 ' [[V(E) = vo(E)llL2(50.1)-

From (3.13) and (3.25) we get (3.8).

For the general case we consider two compacts
(3.26) Wy=Wn{z| £Imz >0}.
J. , a—2 (VET) Yj+#(\/ﬁ)

952
Note that T 4 2(VE) an Y.  4-2(VE)
7 AR

have removable singularity in £ = 0 or, more

Jj+

precisely,

Jj-‘r%(\/ﬁfr‘) N Tj+%

J; a2 (VE)
(3.27) Y;Jr%( Er) i

Y., a2(VE)

as & — 0.

Considering the limit as £ — 0 we get that (3.13), (3.25) and consequently (3.8) are
valid for W,.. To complete proof we can take p = max{p,,p_}. |

REMARK 3.2. From (3.1) and (3.10) we get that
(3.28) (Ay.Efjp, fig) 1s holomorphic function in W.

4. A fat metric space and a thin metric space

DEFINITION 4.1. Let (X, dist) be a metric space and ¢ > 0. We say that a
set Y C X is an enet for X; C X if for any x € X; there is y € Y such that
dist(z,y) < e. We call e-entropy of the set X; the number H,(X;) := log, min{|Y| : ¥
is an e-net for X }.

A set Z C X is called e-discrete if for any distinct z; € Z, 2o € Z, we have that
dist(z1,z2) > €. We call e-capacity of the set X; the number C, := log, max{|Z| :
Z C X, and Z is e-discrete}.

The use of e-entropy and e-capacity to derive properties of mappings between
metric spaces goes back to Vitushkin and Kolmogorov (see |7] and references therein).
One notable application was Hilbert’s 13th problem (about representing a function
of several variables as a composition of functions of a smaller number of variables).
In essence, Lemma 4.1 and Lemma 4.2 are parts of Theorem XIV and Theorem XVII
of [7], respectively.
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LEMMA 4.1. Let d > 2 and m > 0. For e, 3 > 0, consider the real metric space

Xmeg ={f € C™(D) | supp f C B(0,1/3), [|fllL=py < € || fllomp) < B},
with the metric induced by IL°°. Then there is a p > 0 such that for any 5 > 0 and
€ € (0, uf3), there is an e-discrete set Z C Xuep with at least exp (2_d_1(uﬁ/e)d/m)

elements.
Lemma 4.1 was also formulated and proved in [8|.

LEMMA 4.2. For the interval I = [a,b] € R and v > 0 consider ellipse Wy, C C

a+b+a—b
2

Then there is a constant v = v(C,~v) > 0, such that for every 6 € (0,e™'), there is
a 0-net for the space of functions on I with IL°°-norm, having holomorphic contin-
uation to Wt with module bounded above on Wiy, by the constant C', with at most
exp(v(Ind—1)?) elements.

(4.1) Wi, =A{ cosz | |[Imz| <~}

PROOF OF LEMMA 4.2.  Theorem XVII in [7]| provides asymptotic behaviour of
the entropy of this space with respect to 6 — 0. Here we get upper estimate of it.
Suppose ¢(z) is holomorphic function in W; ., with module bounded above by the
constant C. Consider the function f(z) = g(“t* + %2 cos z). By the choise of W,
we get that f(z) is 2m-periodic holomorphic function in the stripe |Im z| <. Then

for any integer n
27 )
/ e f(x)dx
0

Let ns be the smallest natural number such that 2rCe ™ < 67~ 2(n + 1)24 for any
n > ns. Taking natural logarithm and using Ind~! > 1, we get that

(4.3) ns < C'Iné ™t

where C’ depends only on C' and . We denote ¢’ = 37 2(ns + 1)726. Consider the
set

(4.4) Y; = 0Z(\[-2rC,2xC] + i - §'Z( )[~27C, 2xC].

2m
(4.2) len| = < / e " Cdx < 2rCe I,
0

Using (4.3), we have that
(4.5) V5] = (14 2[20C/8))* < C"62In* 67,

with C" depending only on C' and . We set
(4.6)

a+b

> x
Y = {Z d,, cos (n arccos a_bQ ) | d,, € Y5 forn <mng, d, =0 otherwise} .
n=0

2
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For given f(z) in case of n < ns we take d,, to be one of the closest elements of Y
to ¢,. Since |c,| < 2w C, this ensures |¢, — d,| < 2d". For n > ns we take d,, = 0. We
have then

(4.7) len — dy| < 6772 (n 4 1)726.

For n > ng this is true by the construction of ns, otherwise by the choise of ¢’. Since
f(z) is 2m-periodic even function, we get gy (x) € Y such that

o0 B [e.9] 1
(438) ll9(x) = gy (@)llL@n <Y len —dal <6726 — =6,
n=0 n=1

We have that |Y| = |Y;|". Taking into account (4.3),(4.5) and Ind~! > 1, we get
(4.9) Y] < (C"6 2671 < oxp (C" g 0" Ind™Y) < exp(v(Indt)?).

REMARK 4.1. The assertion is valid even in the case of a = b. As d-net we can
take

(4.10) Y = gz (-C.Cl+i- gz -¢.cl.

Consider an operator A : H=*(S471) — H*(S%"!). We denote its matrix elements
in the basis {f;,} by ajpiq = (Afjp, fig). From [8] we have that

(4.11) Al are < 4 sup (1 + max(j, 1))z .
]7p7Z7q
K
Consider system S = |J I; of o-regular intervals. We introduce the Banach space
j=1

Xew = { () || (wma )], = sup (14 max(i. 0 sup ag(B)]) < |
»S 7:P5%,q

Denote by B* the ball of centre 0 and radius 20/3 in L>°(B(0,1/3)). We identify in
the sequel an operator A(E) : H~*(S%71) — H*(S91) with its matrix (ajpiq(E)>.
Note that the estimate (4.11) implies that

(112) up [|AE) -+ e < 4 | (as0(B)) |

XS,S

We consider operator A, g from Lemma 3.4 as

(4.13) A:B* — {(ajpiq(E)>} ;

where a;p;,(E) are matrix elements in the basis {f;,} of operator A, .
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LEMMA 4.3. A maps B> into Xgs for any s. There is a constant n(S, s,d) > 0
such that for every 6 € (0,e™') there is a d-net Y for A(B*) in Xgs with at most
exp(n(Ind=1)24) elements.

PrROOF OF LEMMA 4.3. For simplicity we give first a proof in case of S consists of
only one o-regular interval I. From (4.1) we take W; = W}, where constant v > 0
is such as for any F € Wy there is E; in [ such as |E — E;| < ¢/6. From (2.16) we
get that

(4.14) |E = A =B = Al = |E = Ef| > 50/6,

with A\ being Dirichlet eigenvalue for operator —A in D which is closest to E. Then
for potential v € B> and E € W; we have that

(415)  [[(=A+v = E) 2y < (1A= B[ = 20/3)7" < (50/6 — 20/3)"" = 6/0
and

(4.16) 0]l (=2 +v = E)Hliz(p) < (20/3)(6/0) = 4,

where (—A + v — E)~! is considered with the Dirichlet boundary condition. We
obtain from Lemma 3.4 that

(4.17) |ajpig(E)| < 4p2_max(j’i)7

where p = p(W;,d). Hence ||(ajpiq(E))||xs, < sup;(1+1)*T¥4p27" < oo for any s
and d and so the first assertion of the Lemma 4.3 is proved.

Let l5s be the smallest natural number such that (1 + 1)25794p2~! < § for any
[ > ls,. Taking natural logarithm and using Ind~! > 1, we get that

(4.18) lis < C'Iné,

where the constant C’ depends only on s, d and I. Denote Y, is d;pi,-net from
Lemma 4.2 with constant C' = sup,(1+1)?**T¥4p 27!, where d,,;, = (1+max(j, 7)) 2~%.
We set
(4.19)

Y = {(apig(E)) | ajpiq(E) € Yipiq for max(j,7) < lss, ajpig(£) = 0 otherwise} .

For any (a;pi,(E)) € A(B™) there is an element (bj,,(£)) € Y such that

(4.20) (1 4+ max(j, ))28+d|ajmq(E) = bjpig(E)| < (1 + max(j, ))2S+d5]pu1 0,
in case of max(j,7) < lss and
(4.21) (1 +max(j, )% ]aspi0 (E) — bipig (E)| < (14 max(j, )2 +92p 2750 < 5

otherwise.

It remains to count the elements of Y. Using again the fact that Ind~! > 1 and
(4.18) we get for max(j,4) < lss
(4.22) |Vipi| < exp(v(Indy;,)*) < exp(v/(Ind=")?).

Jpiq
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From [8] we have that ns, < 8(1 + I5,)??~2, where ng, is the number of four-tuples
(4, p,1,q) with max(j,4) < lss. Taking n to be big enough we get that

Y| < (exp(v/(Iné~")?))™*
(4.23) <exp (V(Ind7")?8(1+ C'Ind 1)*"?)
<exp (n(lnd")*).

K

For § = |J I; assertion follows immediately, taking n to be in K times more and Y
j=1

as composition (Y;,...,Yy) of d-nets for each interval. |

5. Proofs of the main results
In this section we give proofs of Theorem 2.3 and Theorem 2.4.
PROOF OF THEOREM 2.3. Take vy € L>(B(0,1/3)), ||vo|lLepy < 0/3 and € €
(0,0/3). By Lemma 4.1, the set vy + X,,.3 has an e-discrete subset vy + Z. Since

for e € (0,0/3) we have vy + X3 C B>, where B* is the ball of centre 0 and
radius 20 /3 in L>°(B(0,1/3)). The set Y constructed in Lemma 4.3 is also d-net for

A(vo + Xinep). We take 0 such that 80 = exp <—e_ﬁ>. Note that inequalities of
(2.17) follow from

(5.1) oo + Z| > |Y].

In fact, if |vg + Z| > |Y|, then there are two potentials vy, vy € v + Z with images
under A in the same X ;-ball radius 0 centered at a point of Y, so we get from (4.12)

(52) sup |#1(E) = Sa(E)lr-rrr < A8y p — Al <86 = exp (e 20).
Ee

It remains to find [ such as (5.1) is fullfiled. By Lemma 4.3

2d
(5.3) [Y]<exp (77 (ln8 + Ffﬁ) ) < max <exp ((21n8)*"y) , exp (22dne_d/m) )
Now we take
(5.4) B> p ' max (0/3, nm/A3m %nm/de(ﬂn 8)2m)

This fulfils requirement € < 3 in Lemma 4.1, which gives
(5.5)

5.4
o0+ 2 = 2] > exp (274 (upfe)m) %

(5.3)
> max (exp (2—d—1(nm/d23m/6)d/m) exp (2—d_1(nm/d2m(2 n 8)2m)d/m) ) >y
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PROOF OF THEOREM 2.4. In a similar way with the proof of Theorem 2 of [8] we
obtain that

(5.6) ((®nn(B) = ®0(E)) fips Fia) =0

for j,1 < ["T’l} The only difference is that instead of the operator —A we consider
the operator —A — E. From (4.11), (4.17) and (5.6) we get

(5.7) [ Bpn (E) — Po(E)||g-s—ps < 16p sup (1 + 1)¥+d2~t < do/1,

>n/2

The fact that ||v,,,|
n

cm(p) is bounded as n — oo is also a part of Theorem 2 of [8].

6. Bessel functions

In this section we prove Lemma 3.1, Lemma 3.2 and Lemma 3.3 about the Bessel
functions. Consider the problem of finding solutions of the form ¢ (r,w) = R(r) fj,(w)
of equation (1.1) with v = 0 . We have that

(6.1) A > +(d—1)r* 0 +7r72A

. = —1)r——+r -
(Or)2 or s

where Aga-1 is Laplace-Beltrami operator on S4~!. We have that

(6.2) Aga-r fip=—=j(j +d = 2) fjp.

Then we have the following equation for R(r):

. (i d
(6.3) gl U g
r r
Taking R(r) = r~ = R(r), we get
. . d—o2\?\ .
(6.4) R’ +rR + (Er2 - (j + T) ) R=0.

This equation is known as Bessel’s equation. For £ = k? # 0 it has two linearly

independent solutions .J; s> (kr) and Y] =2 (kr), where

S VO
65 Ja - )
(65) Q ;F(m—Fl)F(mjLa—i-l)

Jo(2) cosmar — J_(2)

6.6 Y.(z) = fi Z,
(6.6) () sin o ora ¢
and

(6.7) Ya(2) = lim Yy (2) for a € Z.

The following Lemma is called the Nielsen inequality. A proof can be found in [12]



6. BESSEL FUNCTIONS 15

LEMMA 6.1.
_ (=/2)°
(68) ‘]CY(Z) - F( )(1 +0)7
8] < ex (||/4> |
p oo + 1 )

where |ag + 1] is the least of numbers |a + 1|, |a+ 2], |a + 3, ... .

Lemma 6.1 implies that r— 2 J; +%(lm‘) has removable singularity at » = 0.

Then, using the boundary conditions R(1) = 1 and R(1) = 0, one can obtain asser-
tions of Lemma 3.1 and Lemma 3.2, respectively.

PrOOF OF LEMMA 3.3 Formula (3.4) follows immediately from Lemma 6.1. We
have from [12] that

(6.9) Jo(2) = Jaa(2) = Sal2).

Further, taking o big enough we get

(6.10) |J.(2)| gua1<z)|+,gja(z)|§§<|Z|/2>“_1 3o (|21/2)" _ ,(I12l/2)*"

2 T(a) 22| Ma+1) = I'(a)
For a = n + 1/2 we have Y, = (—1)"*1J_,. Consider its series expansion, see (6.5).
 CD™E/2 2m—
A1 _al?) = = m(2/2)"m .
SR RANS i ekl S

Note that |¢,/¢mt1| = (m 4+ 1)jm — o+ 1] > n/2. As corollary we obtain that

o (Jz]/2)™ 1 .
Ya(2)| = m(l +0) = ;(\Z|/2) [(a)(1+0),

SVIER RN L
0| < — < ——m—
||_mz::1(2n —1—1z?/2n

For a« = n we have from [12] that

(6.12)

n—1

= 2o (5) -1

(2)2m n(n—m—1)!
2 m!
m=0

(6.13) _%i(_l) (2/2)2m+"( '(m+1) (m+n+1))

mlm+n) \Tm+1)  Tm+ntl)

- %Jn(»z) n (%) - % i Em(2/2)"" " = % > b(z/2)7mm

Using well-known equality I"(x)/T'(z) < lnz, z > 1, see [1], we get following esti-
mation for the coefficients b, are defined in (6.13).

1 1) +1 1 2 1
(6.14) b < Bmt+Dtntm+l) - 2Antm) 1

m!(n +m)! m!(n+m) ~ m!
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Note also that |¢,,/¢ni1| = (m+1)(n—m —1) > n/2. Combining it with (6.13) and
(6.14), we obtain that

Yol = ~(2l/2) T () (1 +6),
615 16l < 3(IZI/Q)F”(Inln z/2)| S (IZI ) IZI/2 " Z IZI/2
e (L2 o (o
S ¥ (7 B B T R
Formula (3.6) follows from (6.12) and (6.15). We have from [12] that
(6.16) Y/ (2) = Yai(z) — %Ya(z).

Taking n big enough, we get that

o ¥3(2)] < Yara (2)] + S Ya(2)] <

6.1 3 ot 3
< o (a2 ra = 1)+ L2 <a>) S

Combining reqirements for n, stated above, we get that for any n > N + 1 all
inequalities of Lemma 3.3 are fullfiled, where N such that

—(I21/2) 77 T (@ + 1),

N3,
(6.18) exp ]6 /4 —-1<1/2,
max (1, (0/2)”“) C? (C2)NeC?
(V) Tav—er Ty SV
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PAPER C
Instability in the Gel’fand inverse problem at high energies

MIKHAIL I. ISAEV

ABSTRACT. We give an instability estimate for the Gel’fand inverse boundary
value problem at high energies. Our instability estimate shows an optimality
of several important preceeding stability results on inverse problems of such a

type.

1. Introduction

In this paper we continue studies on the Gel’fand inverse boundary value problem
for the Schréodinger equation

(11) A+ (@) = By, z €D,
where
(1.2) D is an open bounded domain in R, d > 2,
' with 0D € C?,
(1.3) v e L>(D).
As boundary data we consider the map ® = ®(E) such that
- 0
(1.4 B(E)(Wla) = Solop

for all sufficiently regular solutions ¢ of (1.1) in D = DUAD, where v is the outward
normal to D. Here we assume also that

(1.5) E is not a Dirichlet eigenvalue for operator —A + v in D.

The map ® = ®(E) is known as the Dirichlet-to-Neumann map.
We consider the following inverse boundary value problem for equation (1.1):

PROBLEM 1.1. Given & for some fixed E, find v.

This problem is known as the Gel’fand inverse boundary value problem for the
Schrodinger equation at fixed energy (see [7], [19]). At zero energy this problem
can be considered also as a generalization of the Calderon problem of the electrical

1
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impedance tomography (see [5], [19]). Problem 1.1 can be also considered as an
example of ill-posed problem: see [14], [3]| for an introduction to this theory.

There is a wide literature on the Gel'fand inverse problem at fixed energy. In a
similar way with many other inverse problems, Problem 1.1 includes, in particular,
the following questions: (a) uniqueness, (b) reconstruction, (c) stability.

Global reconstruction methods for Problem 1.1 were obtained for the first time
in [19] in dimension d > 3 and in [4] in dimension d = 2.

Global logarithmic stability estimates for Problem 1.1 were obtained for the first
time in [1] in dimension d > 3 and in [25] in dimension d = 2. A principal improve-
ment of the result of [1] was obtained recently in [24] (for the zero energy case):
stability of [24] optimally increases with increasing regularity of v.

Note that for the Calderon problem (of the electrical impedance tomography)
in its initial formulation the global uniqueness was firstly proved in [30| for d > 3
and in [17] for d = 2. Global logarithmic stability estimates for this problem were
obtained for the first time in [1]| for d > 3 and [15] for d = 2. Principal increasing of
global stability of [1], [15] for the regular coefficient case was found in [24] for d > 3
and |28| for d = 2. In addition, for the case of piecewise real analytic conductivity
the first uniqueness results for the Calderon problem in dimension d > 2 were given
in [13]. Lipschitz stability estimate for the case of piecewise constant conductivity
was obtained in [2] (see [27] for additional studies in this direction).

The optimality of the logarithmic stability results of [1], [15] with their principal
effectivizations of [24], [28] (up to the value of the exponent) follows from [16]. An
extention of the instability estimates of [16] to the case of the non-zero energy as
well as to the case of Dirichlet-to-Neumann map given on the energy intervals was
obtained in [8].

On the other hand, it was found in [20], [21] (see also |23], [26]) that for inverse
problems for the Schrédinger equation at fixed energy E in dimension d > 2 (like
Problem 1.1) there is a Holder stability modulo an error term rapidly decaying as
E — +oo (at least for the regular coefficient case). In addition, for Problem 1.1 for
d = 3, global energy dependent stability estimates changing from logarithmic type
to Holder type for high energies were obtained in [12], [11]. However, there is no
efficient stability increasing with respect to increasing coefficient regularity in the
results of [12]. An additional study, motivated by [12], [24], was given in [18].

The following stability estimate for Problem 1.1 was recently proved in [11]:

THEOREM 1.1 (of [11]). Let D satisfy (1.2), where d > 3. Let v; € W™(D),
m > d, supp v; C D and ||v;||wmipy < N for some N >0, j =1,2, (where W™P
denotes the Sobolev space of m-times smooth functions in 1LP). Let vy, vy satisfy
(1.5) for some fited E > 0. Let ®1(E) and ®o(E) denote the DN maps for vy and
ve, respectively. Let sy = (m —d)/d. Then, for any T € (0,1) and any «, 5 € [0, s1],
a+ = sy,

(1.6) o2 — v1|ze(py < AL+ VE)S™ + B+ VE) ™ (In (3+467)) 7",
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where § = ||Py(E) — <i>1(E)||Loo(3D)_,Loo(aD) and constants A, B > 0 depend only on
N,D, m, .

In particular cases, Holder-logarithmic stability estimate (1.6) becomes coherent
(although less strong) with respect to results of [21], [23], [24]. In this connection
we refer to [11] for more detailed infromation. Concerning two-dimensional analogs
of results of Theorem 1.1, see [20], [26], [28], [29].

In a similar way with results of [9], [10], estimate (1.6) can be extended to the
case when we do not assume that condition (1.5) is fulfiled and consider an appro-
priate impedance boundary map (or Robin-to-Robin map) instead of the Dirichlet-
to-Neumann map.

In the present work we prove the optimality of estimate (1.6) in the sense that it
can not hold with a;, 3 > 0, a4+ 26 > 2m. Our related instability results for Problem
1.1 are presented in Section 2, see Theorem 2.1 and Proposition 2.1. Their proofs
are given in Section 4 and are based on properties of solutions of the Schréodinger
equation in the unit ball given in Section 3.

2. Main results
In what follows we fix D = B%(0, 1), where
(2.1) B2 p)={z e R: ||z — 2°|ge < p}, x0 €R?, p>0.

Let
||F|| denote the norm of an operator

F i L®(dD) — L=(D).
We recall that if vy, vy are potentials satisfying (1.3), (1.5) for some fixed £, then
(2.3) ®,(E) — ®4(E) is a compact operator in L=(dD),

(2.2)

where @, ®, are the DtN maps for v, vs, respectively, see [19], [22].
Our main result is the following theorem:

THEOREM 2.1. Let D = B%0,1), where d > 2. Then for any fived constants
A, Bk, 7,6 >0, m >d and so > m there exist some energy level E > 0 and some
potential v € C™(D) such that condition (1.5) holds for potentials v and vy = 0,
simultaneously, supp v C D, ||v|lL=py < €, |[v]|lempy < C4, where Cy = Cy(d,m) >
0, but

(2.4) [v — vol|zoe(p) > AL+ VE) 6™ + B(1 + VE)*¢=2) (In (3 +4671)) "

for any s € 0, so], where &, &y are the DIN map for v and vy, respectively, and
§=||P(E) — ®o(E)|| is defined according to (2.2).

Theorem 2.1 shows, in particular, the optimality (at least for potentials in the
neighborhood of zero) of estimate (1.6) (up to the values of the exponents «, 3), i.e.
Theorem 2.1 shows, in particular, that estimate (1.6) can not hold with «, 3 > 0,
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a + 26 > 2m. In similar sense, as a corollary of Theorem 2.1, one can obtain also
an optimality of the stability results of [20], [21], 23], [26].

In the present work Theorem 2.1 is proved by means of instability examples with
complex potentials. Examples of this type were considered for the first time in [16]
for showing the exponential instability in Problem 1.1 in the zero energy case. An
extention to the case of the non-zero energy as well as to the case of Dirichlet-to-
Neumann map given on the energy intervals was obtained in [8].

More precisely, using explicit potentials vy, of formula (2.6) given below, we
obtain that estimate (2.4) holds for v = v, for appropriate n, m, E depending on
A, B, K, T,e,m, $3,d (see the proof of Theorem 2.1).

Let us consider the cylindrical variables:

(r1,0,2") € Ry x R/2rZ x R%™2,
(2.5) ricosf = xq, risinf = wo,
¥ = (x3,...,7q9).

Take ¢ € C(R?) with support in B#(0,1/3) N {z; > 1/4} and with ||@||L~ = 1. For
integers m,n > 0, define the complex potential

We recall that
(2-7) ||Un7n||]L°° =n"", anmHC’" <y,

where Cy = Cy(d,m) > 0. Note that C is the same as in Theorem 2.1. Estimates
(2.7) were given in [16] (see Theorem 2 of [16]).
To prove Theorem 2.1 we use, in partucular, the following proposition:

PROPOSITION 2.1. Let D = B%(0,1), where d > 2. Let condition (1.5) hold with
V= Upm (of (2.6)) and v = vy = 0 for some E > 0 and some integers m > 0,
n > 20(1 4+ VE)?. Then, for any o > 0,

(2.8) [ @i (E) — @o(E) || o (gi-1y-poga-1) < Co(1+ Q + BEQ)27/4,
where Cﬁnm, <i>0 are the DIN map for vy, and vy, respectively, Cy = Cy(d, o) > 0,
(29)  Q=1(=A+v— E) 2)—r2p) + (=2 + vam — E) L2 (0)—12(0);

where (—A+vo—E)™, (=A+v,, — E)~! are considered with the Dirichlet boundary
condition in D and H*® = W*%2 denote the standard Sobolev spaces.

Analogs of estimate (2.8) (but without dependence of the energy) were given in
Theorem 2 of [16] for the zero energy case and in Theorem 2.4 of 8] for the case of
the non-zero energy and the case of the energy intervals.

We obtain Theorem 2.1, combining known results on the spectrum of the Laplace
operator in the unit ball (see formula (4.9) below), Proposition 2.1, estimates (2.7)
and the fact that

(2.10) HFHLoo(Sdfl)*)Loo(Sdfl) < ¢(d, O')HF”Hfa(gdfl)*)Ha(gdfl)
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for sufficiently large . The detailed proof of Theorem 2.1 and the proof of Proposi-
tion 2.1 are given in Section 4. These proofs use, in particular, results, presented in
Section 3.

REMARK 2.1. In a similar way with [16], [8], using a ball packing and covering by
ball arguments (see also [6]), the instability result of Theorem 2.1 can be extended
to the case when only real-valued potentials are considered and in the neighborhood
of any potential (not only vy = 0).

3. Some properties of solutions of the Schrodinger equation in the unit

ball

In this section we continue assume that D = B%(0, 1), where d > 2. We fix an
orthonormal basis in L?(S?1) = L?(9D)

' fjp is a spherical harmonic of degree j,

where p; is the dimension of the space of spherical harmonics of order 7,

S NG

where
n nn—1)---(n—k+1)

. = >
(3.3) (k> u forn>0
and
(3.4) (Z) =0 forn<0.

The precise choice of fj, is irrelevant for our purposes. Besides orthonormality, we
only need f;, to be the restriction of a homogeneous harmonic polynomial of degree
j to the sphere and so |z|? f;,(x/|z|) is harmonic. We use also the polar coordinates
(r,w) € Ry x S with z = rw € R%

LEMMA 3.1. Let D = B%0,1), where d > 2. Let potential v satisfy (1.3) and
(1.5) for some fived E. Let ||v||Lepy < N, for some N > 0. Then for any solution
Y € C(DUOD) of equation (1.1) the following inequality holds:

(35) s < (1+ (N +BDI(=A +v = B) o2 ) 1 o)

where f = Y|op, (—A+v— E)~! is considered with the Dirichlet boundary condition
i D.

PROOF OF LEMMA 3.1. We expand the function f in the basis { f;,}:

(3.6) f= Z CipJip-
Jop
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We have that

(3.7) “f”]iQ(aD) = Z ’ij|2-
Jp
Let
(3.8) Yo(x) = Z cjpr? fip(w).
Jp

Note that

|!¢o||i2(p) = Z |ij|2||rjfjp<w)||i2(D) =

2P
(3.9) 1
=Yl [ < Y e
Jp 0 Jp

Using (1.1) and the fact that vy is harmonic, we get that
(3.10) (—A+v—E)(¢ —th) = (E —v)th.
Since ¥|gp = Yolop = f, using (3.10), we find that
(3.11) 1% = Yollzop) < (N + [EDI(=A +v = E)Hlzm)—r2m) [¢oll2m)-
Combining (3.7), (3.9), (3.11), we obtain (3.5). ]

Let < -,- > denote the scalar product in the Hilbert space L?(9D):

(3.12) < fg>= [ f(x)g(z)dz,
/

where f, g € L2(0D).

LEMMA 3.2. Let D = B%0,1), where d > 2. Let potentials vy, vy satisfy (1.3)
and (1.5) for some fized E. Let vy, vy be supported in B(0,1/3) and ||v;||=p)y < N,
i =1,2, for some N > 0. Then for any j1,j2 € NU{0}, 1 <p; <pj, 1 <ps <pj,
and jpae = max{j, jo} > 10(1 + +/|E|)? the following inequality holds:

(313> ‘<fj1p17 (él(E) - éQ(E)) fj2p2>‘ S C(d)(]_ + (N + |E|)Q>2_jmax’
where
(3.14) Q= [I(=A+v — E) Meapy-r2(p) + (=2 +v2 = E)lea(py—r2(n),

d,, Dy are the DIN map for vy and v, respectively, and (A +v, — E)7L (-A+
vy — E)~1 are considered with the Dirichlet boundary condition in D.

Analogs of estimate (3.13) (but without dependence of the energy) were given in
Lemma 1 of [16] for the zero energy case and in Lemma 3.4 of [8] for the case of the
non-zero energy and the case of the energy intervals.
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We prove Lemma 3.2 for E # 0 in Section 5, using expression of solutions of
equation —Aw = Ev in B4(0,1)\ B%(0,1/3) in terms of the Bessel functions .J, and
Y, with integer or half-integer order a.

4. Proofs of Proposition 2.1 and Theorem 2.1

We continue to assume that D = B4(0,1), where d > 2 and to use the orthonor-
mal basis {f;, : j € NU{0}, 1 <p <p;}in L*(S?!) = L?(0D). The Sobolev spaces
H°(S%1) can be defined by

< —I—oo} ,
HO’

{chpfjp : H Z Ciptip
Jp Jip
2

H > cinfip e > (45 esl,
Jp ]

(4.1)

see, for example, [16].
Consider an operator A : H=7(S%1) — H(S%!). We denote its matrix elements
in the basis {f;,} by

(4'2) Ay pyjaps =< fj1p1> Aszpz >
We identify in the sequel an operator A with its matrix {a;,p,j.p, . In this section
we always assume that ji, jo € NU{0}, 1 <p; <p;, 1 <ps <pj,.
We recall that (see formula (12) of [16])
(4.3) Al o ga-1)~po(a-1y <4 sup (1+ max{j1, jo })* @i pyjaps |-
J1,P1,72,P2

PROOF OF PROPOSITION 2.1. In a similar way with the proof of Theorem 2 of [16]
we obtain that

(4.4) < Fiupr: (Bn(B) = @0(E)) frups >=0

n—1

for jmaee = max{ji, jo} < [T} (the only difference is that instead of the operator
—A we consider the operator —A— FE), where [-] denotes the integer part of a number.
Note that

—1
(4.5) {n 5 } +1>n/2> 1014+ VE)?  |vamllL~m < 1.

Combining (4.3), (4.4), (4.5) and Lemma 3.2, we get that
||(i)mn<E)_<i)0(E)HH*U(Sdfl)_;Ho(gdfg S
(4.6) < 4C(d)<1 +(1+ E)Q) sup (1 + Jmag) 242 Imes <

jmaxzn/2
< Co(d,0)(1+Q + EQ)27/*,
where

47 Q=I(=A+vo— E) r2py—r2(p) + (=2 + vom — E) " l2(p)—12(D)-
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Let N(p) denote the counting function of the Laplace operator in D
(4.8) N(p) = |[{\ < p® : X is a Dirichlet eigenvalue of —A in D},

where | -| is the cardinality of the corresponding set. We recall that according to the
Weyl formula (of [31]):

(4.9) N(p) < ex(d)p.

LEMMA 4.1. Let D = B4(0,1), where d > 1. Then for any p > 1 there is some
E = E(p) € (p*,2p?) such that the interval

(4.10) (E(p) = c2p™ % Ep) + c2p*™?)
does not contain Dirichlet eigenvalues of —A in D, where co = co(d) > 0.

PROOF OF LEMMA 4.1. We put ¢y = 2971 /(¢;(d) +1). Then we can select k disjoint
intervals of the length 2c,0%~¢ in the interval (p?,2p?), where

(411) = |gois] = [l + 0] > (o)

Thus, we have that at least one of these intervals does not contain Dirichlet eigen-
values of —A in D = B%(0,1). u

PROOF OF THEOREM 2.1. Let E = E(p) be the number of Lemma 4.1 for some
p > 1. Using (4.10), we find that the distance from E to the Dirichlet spectrum of
the operator —A in D is not less than cyp* 9. Using also that E € (p?,2p?), we get
that

1
(d-2)/2
C2p2_d S E /627

(4.12) 1(=A = E) li2py—12(p) <
where (—A — E)~! is considered with the Dirichlet boundary condition in D. Let

(4.13) n=1[20(1+VE)? +1.
Using (2.7) and (4.10), we find that the distance from E to the Dirichlet spectrum

of the operator —A + v,,,,, in D is not less than cop?>~¢ — n™™, where v,,, is defined
according to (2.6). Since m > d and E € (p?,2p?), using (4.13), we get that
|(=A 4 vpm — E)71H]L2(D)H]L2(D) < B2
(4.14) E=E(p), p=pi(dm)>1,
C3 — Cg(d, m) > O,

where (—A + vy, — E)7! is considered with the Dirichlet boundary condition in D.
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Combining Proposition 2.1 and estimates (2.10), (4.12), (4.14), we find that
§ = [|@pm(E) — Po(E)||poe(si-1)poo(a-1) < ca BYV2274,
E=E(p), p=p(dm)>1,
n=[201+vVE)]+1
cq = c4(d,m) > 0.

(4.15)

Since sy > m, taking p big enough and using (4.15), we obtain the following inequal-
ities:

(4.16) n " <e,

1
(4.17) A1+ VE) ™ < 5"

s 1
2(s—s2) -1 s S—m

(4.18) B(1+VE) (m(3+071) " < gn ™,

0 S S S 52,
where
(4.19) E=E(p), n=[201+VE)?+1.

Combining (2.6), (2.7), (4.16) - (4.19), we get that

AL+ VE)"§"+ B(1+VE)** ) (Iln(3+67)) " <

1 ., 1 .
< =N —I— —Nn = ||vnm — UOHILOO(D)
(4.20) 2 2
' [vnmllLoe(py =™ <,
||Unm||Cm(D) < 017

SUpp Vpm C D.

5. Proof of Lemma 3.2

To prove Lemma 3.2 we need some preliminaries. Consider the problem of finding
solutions of the form ¢ (r,w) = R(r)f;p(w) of equation (1.1) with v = 0 and D =
B4(0,1), where d > 2. We recall that:

2
(5.1) A= (887)2 + (d — 1)7’1% + 1772 Aga-1,

where Aga—1 is Laplace-Beltrami operator on S¢ 1,

(5.2) Aga-1fijp = —j(j +d —2)fjp.
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Then we obtain the following equation for R(r):

d—1 d—2
(5.3) ~R'— ——R'+ %

R =ER.

Taking R(r) = 7“’d2;2R(7“), we get

_ . d—9o\2%\ .
(5.4) rQR”+rR’+<Er2—(j+T> )R: .

This equation is known as the Bessel equation. For E = k? # 0 it has two linearly
independent solutions .J; a—» (kr) and Y] a2 (kr), where

e Z/2)2m+a

9.9

(5:5) mz:ofm—i—l Fm+a+1)
Jo(2) cosmar — J_(2)

5.6 Y, f Z,
(5.6) (2) = sin To or o ¢
and
(5.7) Yo(2) = lim Yy (2) for a € Z.

We recall also that the system of functions
{thjp(r,w) = Rj(k,7) fip(w) : j € NU{0}, 1 < p <pj},
is complete orthogonal system (in the sense of %) in the space
of solutions of equation (1.1) in D' = B(0,1) \ B(0,1/3)
with v = 0, E = k% and boundary condition t|,—; = 0,

(5.8)

where

(5.9) Rj(k;,fr):r*%(xg+%(kr)Jj+ﬁ(k>—JJ o (k)Y L(k;)).

2 2

For the proof of (5.8) see, for example, |8].

LEMMA 5.1. For any p > 0, integers d > 2, n > 10(p + 1)® and z € C, |z| < p,
the following inequalities hold:

(5.10) S < )] < 5 A
6.1 o) < E2,
(5.12) = ([21/2)T(@) < [¥a()] < -((2l/2)T(a)

(5.13) Y. (2)] < %(|z\/2)_°‘_11“(0z +1)

e —



5. PROOF OF LEMMA 3.2 11

where ' denotes derivation with respect to z, o = n + %2 and T'(z) is the Gamma
function.

In fact, the proof of Lemma 5.1 is given in [8] (see Lemma 3.3 of [8]). It was
shown in [8] that inequalities (5.10) - (5.13) hold for any n > ng, where ng is such
that

ng > 3,
2
p*/4
—-1<1/2
(5.14) P (n0+1) <1/2
1 2)2no+1 2 2)2n0 p?/4
['(no) 2ng — p ['(no)

(see formula (6.18) of [8]). The only thing to check is that ng = [10(p+1)?] —1 satisfy
(5.14), where [-] denotes the integer part of a number, The first two inequalities are
obvious. The third follows from the estimate

-1 no—1
(5.15) T'(no) = (ng — 1)! > (”“ ) .
The final part of the proof of Lemma 3.2 consists of the following: first, we
consider the case when F = k? # 0 and
(5.16) g1 = max{ji, j2} > 10(1 + |Kk|)%.

Let 1)1, 15 denote the solutions of equation (1.1) with boundary condition ©|9p =
fjop. and potentials v; and v, respectively. Using Lemma 3.1 for v; and vy, we get
that

(5.17) ln = Galluamy < 2(1+ (N +ENQ),
where
(518)  Q=(-A+v1— E) rxpy—r2p) + [(=A +v2 = E) " ||L2(p)—12(D)»

Note that 1; — 1), is the solution of equation (1.1) in D’ = B(0,1) \ B(0,1/3)
with potential v = 0 and boundary condition ¢|,—; = 0. According to (5.8), we have
that

(5.19) U=ty = ity in D

J:p

for some cj,, where

(5.20) bip(r,w) = B;(k,7) fip(w)-

Since R;(k,1) = 0, we find that

0 (rd%gRj(k, r))
or

8Rj (k, 7")

(5.21)
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For 7 > 10(1 + |k|)?, using Lemma 5.1, we have that

AR (k,r)
o | y/(k;)_JC;(k)’<
(5.22) Yo (k) Jo (k) Yo(k)  Jo(k)| =
(k2 "T(a+1) (k2 T+ DY _
§6‘k|( (|k]/2)T () + (|k|/2)°T(e) >—6 ;
||T—%Ya(kr>||L2({1/3<\x|<2/5}) 2
(5.23) ( / Yo (k)] ) 2
LUK/ D@ s (2 1YL
- /1/3 <3 (|’f|/2>‘aF(a)) rin= (5 3) 3 <3(5/2) ) ’
<||7“_d22 Ja(kr)||L2({1/3<z|<2/5})>2 <
(5.24) |Ja (k)]

25 0 (lk|r/2)°T(a)\? 2 1)1 )
< 3L ) rdr < [ 2 —2) = (3(2/5)%)7,
: /1/3 ( (Ik1/2)°T(a) ) = <5 3> 3 82/5)%)
where a = j + %2, Note that if j > 10(1+ |k|)? then j + %2 > 3. Combining (5.23)
and (5.24), we get that

[Yipll2(q1/3<tai<2/5p)

Ya(k)Ja(k)|

> ((2- é)%)m (36727 - 3@/5)°) > 16/

Combining (5.22) and (5.25), we find that
' 8RJ (k, T’)

(5.25)

(5.26)

5 < 10000(5/2) | [thjp (B ||L2({1/3< 21 <1})-

r=1

Proceeding from (5.19) and using the Cauchy-Schwarz inequality, we get that
<¢jp7 ¢1 - ¢2>

L2({1/3<lel<1)) | [V (E) — o(E)||L2(B(0,1)
’ij(E)anﬁ({1/3<|x|<1})

i (B)lL2((1/3<]21<1))

)™

ale (k‘,?“)
- fJ1p1 = Ciip;y T

(527) el =

Using (5.19), we find that
<fj1p“ (él(E) o (i)Z(E)) fj2p2> = <fj1p1= w

ale (k> T)
= fj1p17 T

(5.28)

r=1
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Combining (5.16), (5.26), (5.27) and (5.28), we obtain that

(529 (fims (91(B) = 82(B)) i) < Cd)27 1 = vnl oo

Combining (5.17) and (5.29), we get (3.13) for ji > j» and E # 0.
For j; < j, we use the fact that *(E) = &,(E) in order to swap j; and jo, where
(ID* denotes the adjoint operator to &,. Thus we complete the proof of Lemma 3.2

for the non-zero energy case.
Estimate (3.13) for the zero energy case follows from Lemma 1 of [16].
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Stability estimates for determination of potential from the
impedance boundary map

MiIKHAIL I. ISAEV AND ROMAN G. NOVIKOV

ABSTRACT. We study the impedance boundary map (or Robin-to-Robin map)
for the Schrodinger equation in open bounded domain at fixed energy in mul-
tidimensions. We give global stability estimates for determining potential from
these boundary data and, as corollary, from the Cauchy data set. Our results
include also, in particular, an extension of the Alessandrini identity to the case
of the impedance boundary map.

1. Introduction
We consider the Schrodinger equation
(1.1) —AYp +v(x)y =FEyp, ze€ D, EeR,
where

D is an open bounded domain in RY, d > 2,

1.2
(1.2) with 9D € C?,

(1.3) v eL>(D).
We consider the impedance boundary map Ma = MQVU(E) defined by

(14) Ma[w]a = [w]afﬂ/2
for all sufficiently regular solutions v of equation (1.1) in D = D U dD, where

(1.5) [V]a = [¥(x)]o = cosaip(z) —sina g—qup(l'), redD, aeR

and v is the outward normal to 9D. One can show(see Lemma 3.2) that there is
not more than a countable number of @ € R such that E is an eigenvalue for the
operator —A + v in D with the boundary condition

oY
1. —sina 22|, = 0.
(1.6) cos at|ap smaabe 0

1
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Therefore, for any energy level E we can assume that for some fixed a € R

Lo E is not an eigenvalue for the operator —A + v in D
(1.7) with boundary condition (1.6)

and, as a corollary, M, can be defined correctly.

Note that the impedance boundary map M, is reduced to the Dirichlet-to-
Neumann(DtN) map if @ = 0 and is reduced to the Neumann-to-Dirichlet(NtD)
map if @« = 7/2. The map M, can be called also as the Robin-to-Robin map.
General Robin-to-Robin map was considered, in particular, in [11].

We consider the following inverse boundary value problem for equation (1.1).

PROBLEM 1.1. Given M, for some fixed E and a, find v.

This problem can be considered as the Gel’fand inverse boundary value problem
for the Schrédinger equation at fixed energy (see [10], [20]). At zero energy this
problem can be considered also as a generalization of the Calderon problem of the
electrical impedance tomography (see 6], [20]).

Problem 1.1 includes, in particular, the following questions: (a) uniqueness, (b)
reconstruction, (c) stability.

Global uniqueness theorems and global reconstruction methods for Problem 1.1
with @ = 0 were given for the first time in [20] in dimension d > 3 and in [5] in
dimension d = 2.

Global stability estimates for Problem 1.1 with o = 0 were given for the first time
in [1] in dimension d > 3 and in [27] in dimension d = 2. A principal improvement
of the result of [1] was given recently in [25]| (for the zero energy case). Due to [18]
these logarithmic stability results are optimal (up to the value of the exponent). An
extention of the instability estimates of [18] to the case of the non-zero energy as
well as to the case of Dirichlet-to-Neumann map given on the energy intervals was
given in [13].

Note also that for the Calderon problem (of the electrical impedance tomography)
in its initial formulation the global uniqueness was firstly proved in [32| for d > 3
and in [19] for d = 2. In addition, for the case of piecewise constant or piecewise
real analytic conductivity the first uniqueness results for the Calderon problem in
dimension d > 2 were given in [7], [15]. Lipschitz stability estimate for the case
of piecewise constant conductivity was proved in 2| and additional studies in this
direction were fulfilled in [29].

It should be noted that in most of previous works on inverse boundary value
problems for equation (1.1) at fixed E' it was assumed in one way or another that £
is not a Dirichlet eigenvalue for the operator —A + v in D, see [1], [18], [20], [25],
[27], [28], [30]. Nevertheless, the results of [5] can be considered as global uniqueness
and reconstruction results for Problem 1.1 in dimension d = 2 with general a.

In the present work we give global stability estimates for Problem 1.1 in dimension
d > 2 with general a.. These results are presented in detail in Section 2.
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In addition, in the present work we establish some basic properties of the impedance
boundary map with general a.. In particular, we extend the Alessandrini identity to
this general case. These results are presented in detail in Section 3.

In [14] we give also global reconstruction method for Problem 1.1 in multidimen-
sions with general a.

2. Stability estimates

In this section we always assume that D satisfies (1.2).
We will use the fact that if vy, vy are potentials satisfying (1.3), (1.7) for some
fixed E and «, then

(2.1) My o, (E) — My, (E) is a bounded operator in L®(dD),

where M, ,, (E), My.,(E) denote the impedance boundary maps for vy, vy, respec-

tively. Actually, under our assumptions, My ., (E) — My, (E) is a compact operator
in L>°(0D) (see Corollary 3.1).
Let

|A|| denote the norm of an operator
A :L*>®(0D) — L*(0D).
Let the Cauchy data set C, for equation (1.1) be defined by:

(2.3) Y| ¢’ . for all sufficiently regular solutions 1) of
. o) equation (1.1)in D =DUoD |-

(2.2)

In addition, the Cauchy data set C, can be represented as the graph of the impedance
boundary map M, = M, ,(F) defined by (1.4) under assumptions (1.7).

2.1. Estimates for d > 3. In this subsection we assume for simplicity that

(2.4) v e W™HRY) for some m > d, suppv C D,
where
(2.5) WmHRY = {v: 0've L*RY), |J| <m}, m e NUO,
where

oMlu(z
(2.6) Je (NU0), |J| = }:4,&’ 557f%%§'
Let
(27) Holln = ma [[27e] 3 .

|J|<m
Note also that (2.4) = (1.3).
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THEOREM 2.1. Let D satisfy (1.2), where d > 3. Let vy, ve satisfy (2.4) and (1.7)
for some fized E and o. Let ||vj||m1 < N, j = 1,2, for some N > 0. Let My, (E)
and M, ,,(E) denote the impedance boundary maps for vy and vy, respectively. Then
(28) ||’Ul —UQHLoo(D) S Ca (ln (3—|—6;1))
where Co, = Co(N, D,m, s, E) and 8, = ||My, (E) — My, (E)|| is defined according
to (2.2).

REMARK 2.1. Estimate (2.8) with a = 0 is a variation of the result of [1]| (see
also [25]).

—S

, 0<s<(m—d)/m,

Proof of Theorem 2.1 is given in Section 5. This proof is based on results presented
in Sections 3, 4.
Theorem 2.1 implies the following corollary:

COROLLARY 2.1. Let D satisfy (1.2), where d > 3. Let potentials vy, vy satisfy
(2.4). Then

. — so(py < mi -1))° < (m—
(2.9) [lvr — va||L (D)_glelﬂgca (ln(3+5a )) , 0<s<(m—d)/m,
where C, and 0, at fized o are the same that in Theorem 2.1.

Actually, Corollary 2.1 can be considered as global stability estimate for deter-
mining potential v from its Cauchy data set C, for equation (1.1) at fixed energy F,
where d > 3.

2.2. Estimates for d = 2. In this subsection we assume for simplicity that
(2.10) v € C*(D), suppv C D.
Note also that (2.10) = (1.3).

THEOREM 2.2. Let D satisfy (1.2), where d = 2. Let vy, vy satisfy (2.10) and
(1.7) for some fived E and a. Let ||vj|lcepy < N, j = 1,2, for some N > 0.

Let My, (E) and M,,,(E) denote the impedance boundary maps for vy and vs,
respectively. Then
(2.11) ||vr — va]|oe(py < Ca (I (34 67)) " (In (3Im (34 5,1)))*, 0<s<3/4,

where Co = Co(N,D, s, E), 64 = ||Man,(E) — Mo, (E)|| is defined according to
REMARK 2.2. Theorem 2.2 for o = 0 was given in [27] with s = 1/2 and in 30|
with s = 3/4.

Proof of Theorem 2.2 is given in Section 7. This proof is based on results presented
in Sections 3, 6.
Theorem 2.2 implies the following corollary:
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COROLLARY 2.2. Let D satisfy (1.2), where d = 2. Let potentials vy, vo satisfy
(2.10). Then
(2.12)

o1 — 2| Lo () < gléﬂgCa (In(3+4,")) " (In(3ln(3+ 5;1)))2, 0<s<3/4,
where C, and 0, at fized o are the same that in Theorem 2.2.

Actually, Corollary 2.2 can be considered as global stability estimate for deter-
mining potential v from its Cauchy data set C, for equation (1.1) at fixed energy E,
where d = 2.

2.3. Concluding remarks. Furthermore, proceeding from the methods used
in the proofs of Theorem 2.1 and 2.2, one can obtain the following corollary:

COROLLARY 2.3. Under assumptions (1.2), (1.3), real-valued potential v is uniquely
determined by its Cauchy data C, at fixed real energy E.

Actually, under additional assumptions (2.4), (2.10) for d > 3 and d = 2, respec-
tively, Corollary 2.3 follows from Corollaries 2.1, 2.2 immediately.

To our knowledge the result of Corollary 2.3 for d > 3 was not yet completely
proved in the literature.

Let 0,,, denote the spectrum of the operator —A+wv in D with boundary condition

(1.6).

REMARK 2.3. In Theorems 2.1 and 2.2 we do not assume that E ¢ 0., U 040,
namely for a = 0 in contrast with [1], [25], [27], [28], [30]. In addition, in fact, in
Corollaries 2.1 and 2.2 there are no special assumptions on E and « at all. Actually,
the stability estimates of [1], [25], [27], [28], [30] make no sense for E € 7, U g,
and are too weak if dist(E, 0¢ ., U 0¢.4,) is too small.

REMARK 2.4. The stability estimates of Subsections 2.1 and 2.2 admit principal
improvement in the sense described in [25], [26], [31]. In particular, Theorem 2.1
with s = m —d (for d = 3 and E = 0) follows from results presented in Sections 3, 4
of the present work and results presented in Section 8 of [25]. In addition, estimates
(2.8), (2.9) for s = (m — d)/d admit a proof technically very similar to the proof of
Theorem 2.1, presented in Section 5. Possibility of such a proof of estimate (2.8) for
s=(m—d)/d, a =0, E =0 was mentioned, in particular, in [35].

REMARK 2.5. The stability estimates of Subsections 2.1 and 2.2 can be extended
to the case when we do not assume that suppv C D or, by other words, that v is
zero near the bounadry. In this connection see, for example, [1], [27].

In the present work we do not develop Remarks 2.4 and 2.5 in detail because of
restrictions in time.

Note also that Theorems 2.1 and 2.2 remain valid with complex-valued potentials
vy, vo and complex E, a. Finally, we note that in Theorems 2.1, 2.2 and Corollaries
2.1, 2.2 with real «, constant C,, can be considered as independent of «.
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3. Some basic properties of the impedance boundary map

LEMMA 3.1. Let D satisfy (1.2). Let potential v satisfy (1.3) and (1.7) for some
fized E and «. Let M, = M, ,(E) denote the impedance boundary map for v. Then

(sinaMa + cosaf) [V]a = ¥|op,

(3.1)
(cosona — sina_f) (V] = g—jf oD,
(32) S5z = [ 5

oD oD

for all sufficiently regular solutions v, YV, @ of equation (1.1) in D, where I
denotes the identity operator on 0D and [, is defined by (1.5).

Note that identities (3.1) imply that
(3.3)

<sin(a1 - ozz)J\Zfoé1 + cos(ay — a2)1> (sin(a2 — al)]\?[w2 + cos(ag — al)j> - j’

under the assumptions of Lemma 3.1 fulfilled simultaneously for a = a1 and o = as.
Note also that from (3.2) we have that

(3.4) Vo MalpPade = [ [0P]aMa[dM]ada
/ /

for all sufficiently regular functions ¢, $® on 9D. R
PROOF OF LEMMA 3.1. Identities (3.1) follow from definition (1.4) of the map M,,.
To prove (3.2) we use, in particular, the Green formula

&) )
(3.5) / (¢<1>5(;LV2 _ ¢<2>5§_:) dr — / (60262 — 6P A¢D) da,
oD D

where ¢(!) and ¢ are arbitrary sufficiently regular functions in D. Using (3.5) and
the identities

(3.6) w(l)Aw@) = (v — E)¢(1)w(2) — ¢(2)Aw(1) in D,

we obtain that

) (1)
(3.7) / (@b“) 7 _ @ e ) dzr = 0.

ov ov
oD
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Using (3.7), we get that

1) ©)
/ cosa M) — sinaaw sina @ + cos aaw dr =
ov ov

oD
(3.8) op®@ o
= / cosa® —sina sina M + cos a dx.
v v
oD
Identity (3.2) follows from (3.8) and definition (1.4) of the map M,. u

THEOREM 3.1. Let D satisfy (1.2). Let two potentials vy, va satisfy (1.3), (1.7)
for some fired E and o. Let My, = Moy (E), May, = Mo, (E) denote the
impedance boundary maps for vy, v, respectively. Then

(3.9 [ 1=yt = [ (Vas, ~ Vo) olads

D oD

for all sufficiently regular solutions 1y and 1y of equation (1.1) in D with v = v,
and v = vy, respectively, where [, is defined by (1.5).

PROOF OF THEOREM 3.1. As in (3.6) we have that
U1 Atpy = (v2 — E)hyhs,
YAy = (v1 — E)11s.
Combining (3.10) with (3.5), (3.1) and (3.4), we obtain that
0 0
/(Ul(x) — vo(x)) Y1 (2) e (z)dx = / <¢2% - w1%> dr =
D

oD

(3.10)

= / (sinoz]\%ow2 + COSOéf> [V2]a <cosoz]\>[a,v1 - sinozf) [V1]odr —
(3.11) op
—/ (sinoz]\%,v1 + cosaf) [V1]a (cosoz]\%w2 — sinaf) [ho]odr =
oD

= [k (¥, = 1, 0]

oD

REMARK 3.1. Identity (3.9) for a = 0 is reduced to Alessandrini’s identity
(Lemma 1 of [1]).
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Let Go(z,y, E) be the Green function for the operator A — v+ E in D with the
impedance boundary condition (1.6) under assumptions (1.2), (1.3) and (1.7). Note
that

(3.12) Go(z,y,E) = Goly, 2, E), xz,y€D.
The symmetry (3.12) is proved in Section 9.

THEOREM 3.2. Let D satisfy (1.2). Let potential v satisfy (1.3) and (1.7) for
some fized E and « such that sina # 0. Let Go(x,y, E) be the Green function for
the operator A — v+ E in D with the impedance boundary condition (1.6). Then for
x,y € 0D

COos &

1
P Ga(xnva)_

3.13 My (x,y, E) = — -
( ) (2.9, B) sin” « sin v

56D(x - y)a

where My (z,y, E) and dsp(z — y) denote the Schwartz kernels of the impedance
boundary map M, = M, ,(E) and the identity operator I on 0D, respectively, where
M, and I are considered as linear integral operators.

PrROOF OF THEOREM 3.2. Note that

1 . COS
(3.14) [Pla—rjo = —5— sina¢lap —

sin“ «v sin «

[0]a-

for all suffuciently regular functions ¢ in some neighbourhood of D in D. Since G|,
is the Green function for equation (1.1) we have that

313 )= [ (605200 B) ~ Galon DG @) ) o, gD,

oD

for all suffuciently regular solutions ¢ of equation (1.1). Using (3.15) and impedance
boundary condition (1.6) for G,, we get that

0G,
sina vy (y) = sina / (w(:v) 5
oD

(2,9, E) — Gala, v, E)a—%) dr =

ov
(3.16)

~ [W@Gals.y. Bz, ye .
oD
Due to (3.4) we have that

(3.17) My(z,y, E) = My(y,z, E), z,y € dD.
Combining (1.4), (3.14), (3.16) and (3.17), we obtain (3.13). n

COROLLARY 3.1. Let assumtions of Theorem 3.1 hold. Then
(3.18) My, (E) = My, (E) is a compact operator in L= (dD).
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SCHEME OF THE PROOF OF COROLLARY 3.1. Let G, (2,9, E) and Gg (2, y, E)
be the Green functions for the operator A —v+ F in D with the impedance boundary
condition (1.6) for v = v; and v = vy, respectively. Using (3.12), we find that

G (2,9, E) = / G (1.6, E) (D¢ — 19(6) + E) Gy (6,4, E) d,
D
G (39, E) = / (D¢ = 01(6) + E) Gany (2, €, E)Gans (6, . B) de,
(3.19) J
oG, . o
[ (6ol B2 60 ) = Gl BY 206 ) ) s =0,

8I/§
oD

x,y € D.

Combining (3.19) with (3.5), we get that
(3.20)

Gawl (ZL’, Y, E) - Goc,w (l’, Y, E) = / (?}1 (5) - U2(£)) Ga,m (l‘, 5, E)Ga,w (ga Y, E) df,

D
z,y €D.

The proof of (3.18) for the case of sina # 0 can be completed proceeding from
(3.3), (3.13), (3.20) and estimates of [16] and [4] on G,(x,y, FE) for v =0, E =0
(for more detailed information see Section 6 of [14]).

Corollary 3.1 for the Dirichlet-to-Neumann case (sin o = 0) was given in [20]. m

LEMMA 3.2. Let D satisfy (1.2). Let v be a real-valued potential satisfying (1.3).
Then for any fired E € R there is not more than countable number of a € R such
that E is an eigenvalue for the operator —A+wv in D with boundary condition (1.6).

PROOF OF LEMMA 3.2. Let 9V, 4 be eigenfunctions for the operator —A + v
in D with boundary condition (1.6) for a = a(!) and a = a®, respectively. Then

(3.21)
2 1
sin (o — o) /¢(1)¢(2)dx = sin oM sin a(Q)/ (@D(l)aw( L ) o )) dz = 0.
oD

ov ov
oD

Since in the separable space L>(0D) there is not more than countable orthogonal
system of functions, we obtain the assertion of Lemma 3.2. [ ]

REMARK 3.2. The assertion of Lemma 3.2 remains valid for the case of o € C.
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4. Faddeev functions

We consider the Faddeev functions G, ¢, h (see [8], [9], [12], [20]):

(4.1) vlak) = e+ [ Gla =y By,
R4
(4.2) Gl k) = ™ g(x, k), glx, k) / LS
. 9 — g 9 9 52 + 2]€£
where z € RY, k € C%, Imk # 0, d > 3,
(4.3) h(k,l) = (QW)_d/e_ile(fL‘)Q/J(ZL',k)dl’,
Rd
where
(4.4) k,l1eC% k*=1? Imk=1Iml #0.

One can consider (4.1), (4.3) assuming that
(4.5) v is a sufficiently regular function on R? with suffucient decay at infinity.

For example, in connection with Problem 1.1, one can consider (4.1), (4.3) assuming
that

(4.6) vel®(D), v=0onR\D.

We recall that (see [8], [9], [12], [20]):
e The function G satisfies the equation

(4.7) (A +k)G(x, k) =6(z), »€RY keCh\ R
e Formula (4.1) at fixed k is considered as an equation for
(4.8) U= ez, k),

where p is sought in L>°(R%);

e As a corollary of (4.1), (4.2), (4.7), ¢ satisfies (1.1) for E = k?

e The Faddeev functions G, 1, h are (non-analytic) continuation to the com-
plex domain of functions of the classical scattering theory for the Schrodinger
equation (in particular, h is a generalized "‘scattering"’ amplitude).

In addition, G, 1, h in their zero energy restriction, that is for £ = 0, were
considered for the first time in [3]. The Faddeev functions G, 1, h were, actually,
rediscovered in [3].

Let
Sp={keC": K =k+.. . +kj=E},

4.9
(49) Op={keXp l€Xp:Imk=1Iml}.
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Under the assumptions of Theorem 2.1, we have that:

(4.10) p(z, k) —1 as |Imk| — oo
and, for any o > 1,
(4.11) \p(z, k)| + | Vu(z, k)| <o for |Imk|>r(N,D,E,m,o),
where z € R, k € Yp;
(4.12) o(p) = lim h(k,1) for any p € RY,
(k1) € Op, k—1=p
Im k| = [Im!| — oo
Cl(D7 E7 m)N2

0(p) — h(k, )] <

for (k,1) € O, p=k—1,

p

(4.13) Im k| = [Im | = p > ro(N, D, E,m),
P’ <AE +p),

where

(4.14) 0(p) = (QW)_d/eipzv@)dL p € R

Rd
Results of the type (4.10) go back to [3]. Results of the type (4.12), (4.13) (with
less precise right-hand side in (4.13)) go back to [12]. In the present work estimate
(4.11) is given according to [22], [24]. Estimate (4.13) follows, for example, from the
estimate

IA™g(F)A™ [[2(re)—r2(rey = O([K|™!) s [k| — oo,
ke C\RY |k| = (Rek|* + [Tmk|*)"/2,
for s > 1/2, where g(k) denotes the integral operator with the Schwartz kernel
g(x —y, k) and A denotes the multiplication operator by the function (1 + |x|?)"/2.
Estimate (4.15) was formulated, first, in [17]| for d > 3. Concerning proof of (4.15),
see [34].
In addition, we have that:

ho(k, 1) — (k1) = (27)~ / (1) (va(@) — 01 () sl k)

(4.15)

(4.16)
for (k,1) € O, |Imk| = |[Iml| # 0,
and vy, vy satisfying (4.5),
ho(k, 1) — hy(k, 1) = (QW)_d/[@ZJl('a —1)]a (Ma,vg - Ma,m) (U2, K)]adz
(4.17) oD

for (k,1) € Op, |Imk| = |Im!| # 0,
and vy, ve satisfying (1.7), (4.6),
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where h;, 1; denote h and 9 of (4.3) and (4.1) for v = v;, and Maﬂ,j denotes the
impedance boundary map of (1.4) for v = v;, where j =1, 2.

Formula (4.16) was given in [21]. Formula (4.17) follows from Theorem 3.1 and
(4.16). Formula (4.17) for a = 0 was given in [23].

5. Proof of Theorem 2.1

Let
L*(RY) = {u € L®(RY) : [Jull, < 400},
(5.1) lull,, = ess sup (1 + [p])*|u(p)], u> 0.
peERA
Note that
m,1 d A [e's) d d
(5.2) w e W™H(R?) = w € L7(R*) N C(RY),

|||, < ca(m, d)||w|m,  for p=m,

where ™!, IL>¢ are the spaces of (2.5), (5.1),

(5.3) w(p) = (ZW)_d/eimw(:p)dz, p € R

Using the inverse Fourier transform formula

(5.4) w(zr) = /e_ipxw(p)dp, z € RY,
R4
we have that

o1 — v2llLec(p) <sup| [ e (0a(p) — D1(p)) dp| <
(5'5) zeD e

< Ii(r)+ I(r) for any r >0,

where
1(r) = / 8a(p) — 01(p)|dp,
(56) |p\§r
Iy(r) = / 18a(p) — 01 (p)]dp.
|p|>r

Using (5.2), we obtain that
(5.7) [62(p) — 01(p)| < 2¢2(m, A)N(1+ [p|)™™, p€R™
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Due to (4.13), we have that

A . 2%,(D, E, m)N?
60 (0) = 81 (0)] < [halks 1) — b (k, 1)] + 2D Em)

(58> peRd7 p:k_la (kal) €®E7
Imk| = [Im!l| = p > r5(N, D, E,m),
p* <4(E + p?).

)

c3 = (27r)_d/dx, L= max ||,
(5.9) 5D -

5a == HMQ,UQ(E) - val(E)H,

where || Mgy, (E) — My, (E)|| is defined according to (2.2).
Due to (4.16), (4.17), we have that

|ha(k, 1) = ha(k, D] < es|[1(; =D]allL=@p) 0a [I[¥2( F)lallL= @),

1
(5.10) (k.1) € Op, |Imk| = [Im1] £ 0.

Using (1.5), (4.11), we find that

N B)lallimon) < es(E) o exp (umm ; 1>),
keXg, Imk|>ri(N,D,E,m,o).

(5.11)

Here and bellow in this section the constant o is the same that in (4.11).
Combining (5.10) and (5.11), we obtain that

\ho(k, 1) — ha(k,1)| < ¢3(cs(E)o)? exp (2,0(L + 1)> Vv
(k,1) € ©p, p=|Imk| = |Im!l| > r (N,D,E,m,o0).

(5.12)

Using (5.8), (5.12), we get that

[22(p) = 01(p)| < 5 (ca(E)o)” exp <2p<L + 1))@ 4 22, f i

peRY p* <AE+p*), p>r3(N,D,E,m,0),

(5.13)

where r3(N, D, E,m, o) is such that
p>r(N,D,E,m, o),
(5.14) p>r3(N,D,E,m,0) = { p=12N,D, E,m),
p¥™ < A(E + p?).

13
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Let

(5.15) cs = / dp, c¢¢= / dp.

peR?,|p|<1 peRY, |p|=1

Using (5.6), (5.13), we get that

L(r) < esr? (03 (ca(E)o)? exp (Qp(L + 1)) Sa + 2a(D, f’ m)N2) :

T‘>O, T2 §4(p2+E)7 pZT3(N7D7E7m70->‘

(5.16)

Using (5.6), (5.7), we find that for any r» > 0

“+o00
dt 2¢5(m, D)N¢g 1
(517) [2(7”) < 262(m7d)NC6 / fm—d+1 <

T

Combining (5.5), (5.16), (5.17) for » = p/™ and (5.14), we get that

m—d rm—d’

m—d

”’Ul — Ug”]Loc(D) S C7(D, J)pd/mGZP(LH)(Sa + CS(N, D, E, m)p_Ti’

(5.18)
p>r3(N,D,E,m, o).

We fix some 7 € (0,1) and let

1—
(5.19) ﬂ_2(L—+Tl)’ p=pBIn (3455,

where 4, is so small that p > r3(N, D, E,m,0). Then due to (5.18), we have that

o — valle(py < er(D, o) (BIn (3467 )™ (34 6515 5.+

m—d

+cs(N, D, E,m) (BIn (3+6,")) =

= c7(D, o)™ (14 35,) 767 (In (3 + 6;1)) " +

m—d

+es(N, D, E,m)5~ " (In (3+6.1)) ™,

(5.20)

where 7, f and d,, are the same as in (5.19).
Using (5.20), we obtain that

(5.21) o1 = vallie(py < co(N, D, E,m, o) (In (3 +851)) 7

for 6, = |[Man, — Moo, || < 6O(N,D, E,m,0), where 60 is a sufficiently small
positive constant. Estimate (5.21) in the general case (with modified ¢g) follows from
(5.21) for 6, < 8©(N, D, E,m, o) and the property that ||v; ||y < c10(D, m)N.

Thus, Theorem 2.1 is proved for s = %1 and, since In (3+4,') > 1, for any
0<s< %1.
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6. Buckhgeim-type analogs of the Faddeev functions

In dimension d = 2, we consider the functions GZO,d)ZO,@EZO, Oh, of |27], going
back to Buckhgeim’s paper [5] and being analogs of the Faddeev functions:

hay(2,\) = X207 4 / G (2, ¢, N0(O)1s (¢, A) dReC dIm,

(6.1) N ) b -
B2, 4) = 20 / G (22 TN (O (¢ A) dReC dlmnC,
D

A (—20)2 47— 70)?

(o () = 1 /e (n—20)>+A(7—%0) dPEen dImn Me—20)?~X(C-)?

20\~ SH — )
(z=m(1—¢)

472
(6.2) J
z=x1+1ix9, 20 € D, A € C,
where R? is identified with C and v, D satisfy (1.2), (1.3) for d = 2;

(6.3) Oh., (M) = /IZZOJ(Z, =) (v2(2) — v1(2)) ¥y 2(2, A) dRezdlmz, X € C,

where vy, vy satisfy (1.3) for d = 2 and IZZOJ, 1,2 denote Uy sy of (6.1) for v =1,
and v = vy, respectively.
We recall that (see |27], |28]):

82
4%Gzo (Za Ca >‘) = 5(2 - g)’
4T85Gz0 (Za Ca >‘) - 5(2 - g)’

where 2,2z, € D, A € C and 0 is the Dirac delta function; formulas (6.1) at fixed
zp and A\ are considered as equations for v, 1., in L>(D); as a corollary of (6.1),

(6.2), (6.4), the functions v, @ZZO satisfy (1.1) for F = 0 and d = 2; dh,, is similar
to the right side of (4.16). B
Let potentials v, vy, vy € C?(D) and

[vllc2py < N, Nvjllezpy <N, §=1,2,

(0 (0= o)l =0, (1 — w5)lop = 0
1 2)loD = Y, ayvl V2)lop = U,
then we have that:
(6.6) Yo (2, A) = 0 (2 0), (2, 0) = 2ET L (2,0,
(6.7) Lo (2, A) = 1, fi(2,A) = 1 as [\ — oo

and, for any o > 1,
(6.82) |10 (2, )] 4 [V iz (2, )] < 0,
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(6.8b) [Hz (2, )| + [V (2, A)] < 0,
where V = (0/0x1,0/0x3), z = x1 + 129, 20 € D, A € C, |A\| > p1(N, D, 0);

2
(6.9) va(20) = v1(z0) = im —|A[h,(A)

for any zg € D,

eu (N, D) (In(3[A)))*
REE
for zo € D, |\ > p2(N, D).

2
(6.10) va(20) — v1(20) — ;\/\léhzO(A) <

Formulas (6.6) can be considered as definitions of i, fi.,. Formulas (6.7), (6.9) were
given in [27], [28] and go back to [5]. Estimate (6.10) was obtained in [27], [30].
Estimates (6.8) are proved in Section 8.

7. Proof of Theorem 2.2

We suppose that @ZZOJ(-, —A), Ysp2(5 A), 0hyy(A) are defined as in Section 6 but
with v; — E in place of v, j = 1,2. We use the identity

(7.1) My o(E) = My y_g(0).
We also use the notation Ng = N + E. Then, using (6.10), we have that

c11(Ng, D) (1n(3|)\|))2
REE
for zo € D, |\ > p2(Ng, D).

va(20) — v1(20) — %IMMZO(A)‘ <

(7.2)

According to Theorem 3.1 and (6.3), we get that
1 ~ ~ ~
Shey(N) = 715 [ Boga =Nl (Voa(B) = Mo (B)) [l A I,
7.3) T
( oD
A eC.

Let

1
1o = — [ |dz|, L =max|z|,
471'2/ 2€0D
(7.4) oD

0a = ||MC¥7U2(E) - Ma,m (E)“?

where || My, (E) — My, (E)| is defined according to (2.2).
Using (7.3), we get that

(7.5) 16720 (V)| < c1ol|[@20.1 (s =N]allL @) 0a | [r0.2(-s M), opy, A € C.
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Using (1.5), (6.8), we find that:

1B (s ~Mlalleon) < o exp (ww i 4L)),

(76) [[¥020,2(-; MlallLeap) < 0 exp (|/\|(4L2 + 4L))7

A€ (ca P\’ > pl(NEvDaJ)'

Here and bellow in this section the constant o is the same that in (6.8).
Combining (7.5), (7.6), we obtain that

|0h (N)] < 1202 exp (|)\|(8L2 + 8L)> O
A€ (C> ‘)\’ 2 pl(NEaDag)'
Using (7.2) and (7.7), we get that

(7.7)

en(Ne, D) (In(3[A))°
‘)\’3/4 ’
20 € D7 AE (Ca ’)“ > pS(NE>D7U) = HlaX{pl,,OQ},

We fix some 7 € (0, 1) and let

1—7
(79) PSS

where d, is so small that |A| > p3(Ng, D,0). Then due to (7.8), we have that

(7.8) |v2(20) — v1(20)| < 120 exp <|/\|(8L2 + 8L)>6a +

A=06In(3+4,"),

_ 8L2+48L
lv1r = va||Lee(py < C120° (3 + 5a1)6( " )504_"

(In (381 (3 +0,1)))°

+ Cll<NE7 D)
(BIn(3+5;1)
(710) 2 1-7
= C120 (1 + 3504) 5;+
s (In(38In (3 +9;1)))"

+011(NE,D>6 3
(In(3+0,1))*

where 7, 3 and J,, are the same as in (7.9).
Using (7.10), we obtain that

(7A1)  [jvr — vallen) < e13(Np, Do) (In (3+0651)) 7 (In (31n (3 +51)))°

for 8 = || My (E) — My (E)|| < 6©(Ng, D, o), where 6© is a sufficiently small
positive constant. Estimate (5.21) in the general case (with modified ¢;3) follows
from (7.11) for 6, < 6 (Np, D,0) and the property that ||v;||Le(py < c1a(D)N.

Thus, Theorem 2.2 is proved for s = 2 and, since In(3+d;!) > 1, for any

4
O<s§%.
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8. Proof of estimates (6.8)

In this section we prove estimate (6.8a). Estimate (6.8b) can be proved a com-
pletely similar way. Let
_ ou _
CHD) = cu, — € C(D
20)={usu gt e},

ou

(8.1)
lelleyioy = max (o, 152 leio) ) -

Due to estimates of Section 3 of [27], we have that, for any ; > 0,

(82) (N €CUD),  lia( Mlorpy 1421 for A= pa(N, D, 2y).
In view of (8.2), to prove (6.8a) it remains to prove that, for any ey > 0,

(8:3) Oz (A) € C(D), [10:p10 (- Mlleopy S €2 for [A| = ps(N, D, &),

where 0.1, (-, \) is considered as a function of z € D and 9, = 9/0z.
We have that (see Sections 2 and 5 of [27]):

1 _

(8.4> azﬂzo = ZHTZO,)\/U,UZW
1 u(()
(8.5) Mu(z) = —;/ = Z)QdReC dlm ¢,
D
_ e~ Mz—20)>+A(2—720)* eMC=20)?=A(¢~70)?
(86)  Tunulz) = — / T (¢)dReC dIm
s (—Z
D

where u is a test function, z € D.
In view of (8.2), (8.4) and Theorem 1.33 of [33], to prove (8.3) it is sufficient to
show that

A(D,s)

(8.7) 1T nulle, ) < WHUH@(D); Al >1, 2z €D,

for some fixed s € (0,1) and d(s) > 0, where Cy(D) is the Holder space,

Cs(D) = {ue C(D): |lulle,p) < +oo},
55) e, oy = max { el oy el b
|u(z1) — u(z)]
lulle  py = sup
Cs(D) 21,22€D,0< |21 —22|<1 ”Zl - 22‘8
Due to estimate (5.6) of [27], we have that
i (D) i
(8.9) 1Tz xulle) < lullexpy, A[=1, 2 €D.

- |/\|1/2
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Therefore, to prove (8.7) it remains to prove that

< Al(D, S)

(8.10) 1Tzt py < WHUH(J;(D)a A >1, 2 €D,

for some fixed s € (0,1) and 4(s) > 0
We will use that

B1) sl < lurlle oo + lullomlulep, 0<s<1

One can see that

(8.12) Tan = Fap aTF. 0,
where T = Tzo,o and F; » is the multiplication operator by the function
(8.13) F(z,20,)\) = eAME—20)2=A(Z—70)*

One can see also that

1 20, =Ml =1,

8.14 _
(8.14) 1EC, 200Nl < Ao(D, AP, N> 1, € D.

In view of (8.9), (8.11) - (8.14), to prove (8.10) it remains to prove that

_ A3(D 8)
(8.15) ITE o zulle,p) < - W&l )

lulleypy, A =1, 2 €D,

for some fixed s € (0, ) and d;(s) >
We have that

TTF g u(z1) — 7TF,, zu(2) :/ Fe 2 20: Z) Q) (= 71)dRe§ dlm ¢ =

(8.16) (C=2)(C %)

— zO,A,s(Zla Z2) + Jzo,)\,e(zla 22)7
where
(817> [zo,A,s(ZlaZQ) = / (C<§07 J)Eg)i 2) _l)dReC dIm C?

D\DZOx21a22»€

(8.18) Joone(21,22) = / (CE?’ 2)1)24)( ) )dRengmg

Dzo,zl,ZQ,E

2
where B, ={( € C: | — 2| <€}, Dy 2yzoe = D\ (U szﬁ).
=0
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We will use the following inequalities:

(8.19) e ZIC pyied
Z9 — 21
(8.20) (=2 —2)(C —20) < nalzg — 21|° ZK 22
0 22— 21
(8.21) a_c(<<—zn<<—zz><<—zo>>‘<”3‘22 Zl’zwc 2P

where s € (0,1), ny,ng9,ng > 0, 29, 21,22, € C and ( # z; for j =0,1,2.
Using (8.17), (8.19), we obtain that

(8.22) Loxe(z1,20) < ny(s)e' |z — 1%,
where n4(s) > 0, 29, 21, 22, € C and € € (0, 1). Further, we have that

(8.23) o
Tane(21,22) = — o= / G20 uld)Z=2)  jpoe gy =

2)\D ¢ (€ —21)(¢ = 22)(¢ — Z)
= J;O,,\,E(Zh ZQ) + JZ207)\’5(21) 22)7
where
8.24
( Jl ) (Z P ) _ _L / F(Csza)\)u(C)(ZQ - 21) d(
20,e VT =2/ 0N C—2)(C—2)(C—2)

JZZO,)\,a(ZhZZ) = i* / F(C,ZO,)\)i (( = = ) dRe( dIm ¢,

2\ 0 ¢—21)(¢—2)(¢ — 2)
Dzo,zl,zg,e
Using (8.20), (8.21), (8.24), we obtain that
Jhae(21,22) <IN Tns(D, s)e 0z — 21 |ul| oy

(8.25) J2 ae(z1,22) <A Tng(D, 8)e™ 0|20 — 2| |ullomy+

. _ s ou

+ A" tng (D, 8)e ™% 2o bE ,
ifel§>))

where zg, 21,29, A € C, |[A\| > 1, e € (0,1).
Using (8.16), (8.22), (8.23), (8.25) and putting £ = |A|7*/? into (8.22), (8.25), we
obtain (8.15) with d;(s) = (1 —s)/2.
9. Proof of symmetry (3.12)
Let D’ be an open bounded domain in R? such that
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e DCD,

o D' satisfies (1.2),

e F is not a Dirichlet eigenvalue for the operator —A + v in D’.
Here and bellow in this section we assume that v = 0 on D'\ D. Let R(z,y, F)
denote the Green function for the operator —A + v — E in D’ with the Dirichlet
boundary condition. We recall that

(9.1) R(z,y,E) = R(y,z,FE), z,yeD.
Using (3.5), (9.1), we find that for x,y € D

(9.2)

/(xsmaemE> Rl B) o (0,6 ) ) dé =

~ [ (R@.6.B) (8¢~ v+ BYR.€. ) = R(w.&,B) (B¢ — v+ B) R(w. &, B) ) dé =
D

= —R(x,y,E) + R(y,z, E) = 0.
Note that W = G, + R(FE) is the solution of the equation
(9.3) (—A, +v—E)W(z,y) =0, z,y€e D
with the boundary condition

(cosa W(z,y) — sina ng (z, Z/))

T

x€dD

OR
ayx (x’ y7 E))

Using (3.5) and (9.3), we find that for z,y € D

(9.4)

= (CosaR(x,y,E) —sina

) eD.
x€dD y

(9.5)
/( €n) 2" L (60) wie.) 2 <§x>) dé
= [ (W) Be =04 BYW(Eow) = W(E0) (e = 0+ B)W(E,))dg =0
Note that

(9.6) W(z,y) /ny (Ag—v+E)R(, z, E)dE, =x,y€eD.

Combining (3.5), (9.3) and (9.6), we obtain that

wa) =~ [ (Wieng (€ B) - R B <5y>)d5,

(9.7) S

r,y € D.
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Using (9.4) and (9.7), we get that
(9.8)
sinaW(x,y) =

= /W(ﬁ,y) (cosaW(f,x) - sinag—z/(f,x) - CosaR(g,:c,E)) d¢ —
3
oD

/R§ x, E) <cosozR(§ y, B )—smoza (§ x, E) —cosaW (¢, y)) dg,

x,y € D.
Combining similar to (9.8) formula for sina W (y, z), (9.2) and (9.5), we obtain that
(9.9) sinaW(z,y) —sinaW(y,z) =0, z,y€ D.
In the case of sina = 0, combining (9.4) and (9.7), we get that

W) = [ (—R(ﬁ,y,mg—i@,x, B)+ w<g,m>%§<g,y>) de.

(9.10) P

x,y € D.
Hence, one can get that for any «
(9.11) W(z,y) = W(y,

Combining (9.1) and (9.11), we obtain (3.12
We note that symmetry (3.12) for v = 0, F = 0, d > 3 was proved early, for
example, in [16].

x,y €D.

z),
)-
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Reconstruction of a potential from the impedance boundary
map

MIKHAIL I. ISAEV AND ROMAN G. NOVIKOV

ABSTRACT. We consider the inverse boundary value problem for the Schrodinger
equation at fixed energy with boundary measurements represented as the impedance
boundary map (or Robin-to-Robin map). We give formulas and equations

for finding (generalized) scattering data for the aforementioned equation from
boundary measurements in this impedance representation. Combining these
results with results of the inverse scattering theory we obtain efficient meth-
ods for reconstructing potential from the impedance boundary map. To our
knowledge, results of the present work are new already for the case of Neumann-
to-Dirichlet map.

1. Introduction

We consider the equation

(1.1) —AY +v(x)p =FEyp, z€ D, EcR,

where

(1.2) D is an open bounded domain in RY, d > 2,
' with 0D € C?,

(1.3) velL>®(D), v=nuo.

Equation (1.1) can be considered as the stationary Schrodinger equation of quantum
mechanics at fixed energy F. Equation (1.1) at fixed E arises also in acoustics and
electrodynamics.

Following [19], [26], we consider the impedance boundary map M, = M, ,(E)
defined by

(1.4) Mo[t)]a = [$]ar/2
for all sufficiently regular solutions v of equation (1.1) in D = D U dD, where

(1.5) [V]o = [¥(x)]o = cosap(z) —sina g—fbp(fﬁ), r€e€dD, a eR

1
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and v is the outward normal to dD. Under assumptions (1.2), (1.3), in Lemma 3.2
of [26] it was shown that there is not more than a countable number of o € R such
that F is an eigenvalue for the operator —A + v in D with the boundary condition

.0
(1.6) COS@¢|8D—SIHQ%|8D = 0.

Therefore, for any fixed E we can assume that for some fixed o € R

Lo E is not an eigenvalue for the operator —A + v in D
(1.7) with boundary condition (1.6)

and, as a corollary, M, can be defined correctly.

We consider M, = MQ,U(E) as an operator representation of all possible bound-
ary measurements for the physical model described by (1.1). We recall that the
impedance boundary map M, is reduced to the Dirichlet-to-Neumann(DtN) map if
a = 0 and is reduced to the Neumann-to-Dirichlet(NtD) map if @ = 7/2. The map
M, can be called also as the Robin-to-Robin map.

As in [26], we consider the following inverse boundary value problem for equation

(1.1):
PROBLEM 1.1. Given M, for some fixed E and a, find v.

This problem can be considered as the Gel'fand inverse boundary value problem
for the Schrodinger equation at fixed energy (see [18], [36]). Note that in the initial
Gel’fand formulation energy E was not yet fixed and boundary measurements were
considered as an operator relating ¢|sp and 22|,p for 1 satisfying (1.1).

Problem 1.1 for £ = 0 can be considered also as a generalization of the Calderon
problem of the electrical impedance tomography (see [13], [36]).

Note also that Problem 1.1 can be considered as an example of ill-posed problem:
see [4], [31] for an introduction to this theory.

Problem 1.1 includes, in particular, the following questions: (a) uniqueness, (b)
reconstruction, (c) stability.

Global uniqueness theorems and global reconstruction methods for Problem 1.1
with a = 0 (i.e. for the DtN case) were given for the first time in [36] in dimension
d > 3 and in [10] in dimension d = 2.

Global stability estimates for Problem 1.1 with o = 0 were given for the first time
in [1] in dimension d > 3 and in |[45] in dimension d = 2. A principal improvement of
the result of [1] was given recently in [44] (for E = 0). Due to [32] these logarithmic
stability results are optimal (up to the value of the exponent). An extention of the
instability estimates of [32] to the case of non-zero energy as well as to the case
of Dirichlet-to-Neumann map given on the energy intervals was obtained in [24].
An extention of stability estimates of [44] to the energy dependent case was given
recently in [27]. Instability estimates complementing stability results of [27] were
obtained in [25].
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Note also that for the Calderon problem (of the electrical impedance tomography)
in its initial formulation the global uniqueness was firstly proved in [51] for d > 3
and in [35] for d = 2. In addition, for the case of piecewise constant or piecewise
real analytic conductivity the first uniqueness results for the Calderon problem in
dimension d > 2 were given in [15], [28]. Lipschitz stability estimate for the case
of piecewise constant conductivity was proved in 2| and additional studies in this
direction were fulfilled in [48].

It should be noted that in most of previous works on inverse boundary value
problems for equation (1.1) at fixed E it was assumed in one way or another that
E is not a Dirichlet eigenvalue for the operator —A + v in D, see [1], [32], [36],
[44]-[49]. Nevertheless, the results of [10] can be considered as global uniqueness
and reconstruction results for Problem 1.1 in dimension d = 2 with general «.

Global stability estimates for Problem 1.1 in dimension d > 2 with general «
were recently given in [26].

In the present work we give formulas and equations for finding (generalized)
scattering data from the impedance boundary map M,, with general a. Combining
these results with results of [21], (23], [35], [37]-[39], [41]-[43|, we obtain efficient
reconstruction methods for Problem 1.1 in multidimensions with general a. To our
knowledge these results are new already for the NtD case.

In particular, in the present work we give the first mathematically justified ap-
proach for reconstructing coefficient v from boundary measurements for (1.1) via
inverse scattering without the assumption that E is not a Dirichlet eigenvalue for
—A+4wvin D. In addition, numerical efficiency of related inverse scattering techniques
was shown in [3], [9], [11], [12]; see also [8].

Definitions of (generalized) scattering data are recalled in Section 2. Our main
results are presented in Section 3. Proofs of these results are given in Sections 4, 5
and 6.

2. Scattering data
Consider the Schrédinger equation
(2.1) —AYp 4 o(x)p=Ey, xR d>2
where

(2.2) (1 + |z))" v (x) € L®(R?) (as a function of ), for some & > 0.

For equation (2.1) we consider the functions ¥t and f of the classical scattering
theory and the Faddeev functions v, h, 1., h., (see, for example, [6], [14], [16], [17],
120], [23], [33], [37))

The functions )+ and f can be defined as follows:

(2.3) wW%@-w%“ﬁ/Gﬂx—%kM@Wﬁ@%M%

Rd



4 E. RECONSTRUCTION OF A POTENTIAL FROM THE IMPEDANCE BOUNDARY MAP

(2.4) G (@ k) (27T> /§2 i

x,k:ERd, k>0,

where (2.3) at fixed k is considered as an equation for ¢* in L>°(R%);

(2.5) flk, 1) = (%)d/e‘“%*(x,k)v(x)dx,

Rd
kleR? k2 >0.

In addition: ¥ (z, k) satisfies (2.3) for E = k* and describes scattering of the plane
waves e**; f(k, 1), k? = [2, is the scattering amplitude for equation (2.1) for E = k2.
Equation (2.3) is the Lippman-Schwinger integral equation.

The functions 1) and h can be defined as follows:

(2.6) (o, k) = % / G — . Kyo(y)b(y, k)dy,
_ ngdé- ikx
(2.7) Gl b= (%) / 2k

z € RY, ke@d, Imk # 0,

where (2.6) at fixed k is considered as an equation for ¢ = e*®u(z, k), p €
L (R);

(2.8) Ik, 1) = (;ﬁ)d / e~ (z, k)v(z)da,

Rd
kleC% Imk=1Iml#0.

In addition, (z, k) satisfies (2.1) for F = k?, and ¢, G and h are (nonanalytic)
continuations of ¢, GT and f to the complex domain. In particular, h(k,l) for
k? = 12 can be considered as the "scattering" amplitude in the complex domain for
equation (2.1) for £ = k*. The functions 1, and h., are defined as follows:

v U (k) = Oz, k+07), R (k1) = h(k + 07,1 +07),

(29) vk, Ly € R A2 =1,

We recall also that

2.10
(2.10) z, k1 €RY k| > 0.
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We consider f(k,l) and h,(k,l), where k,l,v € R? k* = [*> = E, 4> = 1, and
h(k,l), where k,l € C% Imk = Iml # 0, k¥» = [> = E, as scattering data Sy
for equation (2.1) at fixed £ € (0,+00). We consider h(k,l), where k,l € C%
Imk = Iml # 0, k* = [> = E, as scattering data Sg for equation (2.1) at fixed
E € (—00,0].

We consider also the sets &, &,, €1 defined as follows:

(2.11a) s ¢ e C*\R? : equation (2.6) for k= isnot
S " | uniquely solvable for = ey with p € L®°(RY) [’
£ _ ¢ €RI\ {0} : equation (2.6) for k= (+i0y
(2.11D) T is not uniquely solvable for 1) = L°°(R?) ’
v eSS,
(2.11¢) o _ ¢ € R¥\ {0} : equation (2.6) for k= ( is not
e N uniquely solvable for 1 = L>°(R%) '

In addition, £ is a well-known set of the classical scattering theory for equation
(2.1) and €T = () for real-valued v satisfying (2.2) (see, for example, [6], [33]). Note
also that €% is spherically symmetric. The sets £, £, were considered for the first
time in [16], [17]. Concerning the properties of £ and &,, see [17], [22], [23], [30],
[33], [35], [38], [52].

We consider also the functions R, R,, R* defined as follows:

R<I7y7 k) = G(l’ - Y, k) + /G(‘T — Z, k)U(Z)R(Zuyv ]{Z)dZ,
(2.12) 2
r,y €RY ke Cl Imk #0,

where G is defined by (2.7) and formula (2.12) at fixed y, k is considered as an
equation for

(2.13) R(z,y,k) = (2, y, k),
where 7 is sought with the properties
(2.14a) r(-,y, k) is continuous on R%\ {y}
(2.14b) r(z,y,k) — 0 as |z| — oo,

T(w,y, k) = O(‘l’ - y‘Qid) as Tr — Y for d > 3,
(2.14c)

T(xay7k) = O(|1n ‘.Z’ _yH) as r — Uy for d = 27

R, (z,y,k) = R(z,y, k +i07),

(2.15) ?

z,y € RY ke R\ {0}, v €S,
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R+(33,y,k’) = Rk/|k|(x>yv k)a
r,y € RY ke R\ {0}.

In addition, the functions R(z,y, k), R,(z,y, k) and R*(z,y, k) (for their domains
of definition in k and ~) satisfy the following equations:

(A + E —v(z))R(z,y, k) = 6(x —y),
(2.17) (Ay + E—v(y)R(z,y, k) = d(z —y),
z,y e R, E =k

The function RT(z,y, k) (defined by means of (2.12) for k € R4\ {0} with G replaced
by G of (2.4)) is well-known in the scattering theory for equations (2.1), (2.17) (see,
for example, [7]). In particular, this function describes scattering of the spherical
waves G1(x — y, k) generated by a source at y. In addition R (x,y, k) is a radial
function in k, i.e.

(2.18) R*(z,y,k) = R*(z,y, [k[), 2.y €R’ ke R\ {0}

Apparently, the functions R and R, were considered for the first time in [38|.

In addition, under the assumption (2.2): equation (2.12) at fixed y and k is
uniquely solvable for R with the properties (2.13), (2.14) if and only if £ € C¢\ (R?U
£); equation (2.12) with k = ¢ +1i0v, ¢ € R*\ {0}, v € S, at fixed y, ¢ and v
is uniquely solvable for R, if and only if ¢ € R*\ ({0} U &,); equation (2.12) with
k= (+1i0¢/|C|, ¢ € RE\ 0, at fixed y and ( is uniquely solvable for R* if and only
if (e R\ ({0} UET).

(2.16)

3. Main results

Let v and " satisfy (1.3), (1.7) for some fixed £ and a. Let M,,(z,y, E),
M, o(z,y, E), z,y € 0D, denote the Schwartz kernels of the impedance bound-

~

ary maps M, ,, Ma’vo, for potentials v and v°, respectively, where Mam, Maﬂ,o are
considered as linear integral operators. In addition, we consider v° as some known
background potential.

Let h, ¥, f, ¥F, hy, by, €, ET, E, and A0, 0 [0 0, hg, 1/19/, g0 £, 52
denote the functions and sets of (2.3), (2.5), (2.6), (2.8), (2.9), (2.11) for potentials
v and v°, respectively. Here and bellow in this section we always assume that v = 0,
v* =0 on R4\ D.
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THEOREM 3.1. Let D satisfy (1.2) and potentials v, v° satisfy (1.3), (1.7) for
some fized E and . Then:

h(k,1) — hO(k,1) =

5 = () [ [0 0 (e~ Vo) 3. B Rt

oD oD
E1eCIN(EUEY, kK2 =1P=E,Imk =1Iml #0,

W, k)l = [0, K)o + / Aa(,y, )y k) ady,
(3.2) A
r€dD, ke CN\(EUE®), Imk#0,k*=FE
where
(3.3) Ao(z,y,k) = 1}50 Do R (2,&, k) (My,, — M 0) (€,y, E)dE,

oD

DOC,ERO(xa g: k) = [[Ro(x + EVy, g: k)]ﬁ,a]x,a =

(34) = cos’a —sinacosa 0 + 9 + sin® a
81/1 an

2

8%81/5

)Ro(x +evy, &, k),

x,§,y € 0D,

where R° denotes the Green function of (2.12) for potential v°, v, is the outward
normal to D at x. In addition, formulas completely similar to (3.1) - (3.4) are also
valid for the classical scattering functions f, ¥+, f°, 0 and sets ET, ET0 of (2.3),
(2.5), (2.11c) for v and v°, respectively, but with R™° in place of R° in (3.3), (3.4),
where R0 denotes the Green function of (2.16) for potential v°.

Theorem 3.1 is proved in Section 4.

Note that formula of the type (3.1) for h. is not completely similar to (3.1): see
formula (3.6) given below. In this formula (3.6), in addition to expected . (z, k),
we use also ¥, (z, k, 1) defined as follows:

b (2 k1) = 6 1 / G (x — g, K)oy (y, k, 1)y,

(3.5) " |
GW(Q:a k) = G(l‘, k+ 207)7

N eSS 2kl R K2 =12 >0,

where (3.5) at fixed v, k, [ is considered as an equation for ¢ (-, k,[) in L*°(R?), G
is defined by (2.7).
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PROPOSITION 3.1. Let the asssumptions of Theorem 3.1 hold. Let 1. (x, k) cor-

respond to v according to (2.9) and ¥° (-, k1) correspond to v° according to (3.5).
Then

’Y(kvl) - hg(kJ) =

h
(36) = (Qi) [ 180 M M) 0, ) e

m
0D oD
yeST keR\N\({0}UEUE), leR, K= =E.

In addition, formulas completely similar to (3.2) - (3.4) are also valid for the func-
tions Py (x, k), 3(x, k) and sets £, £ of (2.9), (2.11b) for v and v°, respectively,
but with RY in place of R® in (3.3), (3.4), where RY denotes the Green function of
(2.15) for potential v°.

Proposition 3.1 is proved in Section 4.

Note that (3.2) is considered as a linear integral equation for finding [¢)(x, k)],
x € OD, at fixed k, from M, — M0 and [2°(x, k)]a, whereas (3.1) is considered
as an explicit formula for finding A from k), My, — M0, [°(z, k)]s and [0(z, )]a-
In addition, we use similar interpretation for similar formulas for ¢, f and for ¢,
h., mentioned in Theorem 3.1 and Proposition 3.1.

Under the assumptions of Theorem 3.1, the following propositions are valid:

PROPOSITION 3.2. Equation (3.2) for [(z, k)]s at fived k € C4\ (R?UEC) is a
Fredholm linear integral equation of the second kind in the space of bounded functions
on 0D. In addition, the same is also valid for the equation for [Y*(x, k)|, at fived
k€ R\ ({0} UETD), mentioned in Theorem 3.1, and for the equation for [1.(z, k)]s
at fived v € S, k e RY\ ({0} U EY), mentioned in Proposition 3.1.

Proposition 3.2 is proved in Section 4.

PROPOSITION 3.3. For k € C%\ (R? U &%) equation (3.2) is uniquely solvable
in the space of bounded functions on 0D if and only if k ¢ E. In addition, the
aforementioned equations for [Vt (z,k)]a, k € R\ ({0} UETY), and [1, (2, k)]a,
ye ST ke R\ ({0}UE)), are uniquely solvable in the space of bounded functions
on OD if and only if k ¢ ET and k & &,, respectively.

Proposition 3.3 is proved in Section 5.

PROPOSITION 3.4. Let ¢ (x,y) be the solution of the Dirichlet boundary value
problem at fixed y € 0D, X € C:

— Asga(,y) = Adalz,y), x€D,

(3.7) bal(r,y) = (Moy — My o) (z,y,E), x€0D,
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where we assume that X is not a Dirichlet eigenvalue for —/A in D. Then

Aa(x> Y, k) = lim [R()(:U + eVy, 57 k)]x,a[(ba(g: y)]fyadg_

e—+0
(3.8) op
— Sln(l//[RO(ZL’ &, k)] za(v 0&) — E+4 N oo (€, y)dE, x,y € 0D,
D
where

(3.9)  [R(z+evs, &, k)]pa = (cosa - simoza8

Vg

) Rx+4ev,, £, k), v€0D, £€D,

6060l = (cosa - smai) bu(€ry) =

= cosa 6a(§,y) —sina (S(Nga(- 1)) (€). &y €D,
where A, is defined in (3.3), ®(\) = Moyo()\) is the Dirichlet-to-Neumann map for

(3.7). In addition, formulas completely similar to (3.8) are also valid for the kernels
AL (but with R§ in place of Ry) and Aq (but with RY in place of R°), arising in
the equations for "], and [y,]a, mentioned in Theorem 3.1 and Proposition 3.1.

(3.10)

Proposition 3.4 is proved in Section 4.

Note that, for the case when sina = 0, formula (3.8) coincides with (3.3). How-
ever, for sina # 0, formula (3.8) does not contain 9*R°/0v,0ve in contrast with
(3.3) and is more convenient than (3.3) in this sense.

Theorem 3.1, Propositions 3.1 - 3.4 and the reconstruction results from general-
ized scattering data (see [20], [21], [23], [37]-[39], [41]-[43], [47]) imply the following
corollary:

COROLLARY 3.1. To reconstruct a potential v in the domain D from its impedance
boundary map M, ,(F) at fixed E and « one can use the following schema:

(1) 00 — {89}, {R}, {[t"]a}, My via direct problem methods,
(2) {R"}, Ma,vo,Ma,u — {A,} as described in Theorem 3.1 and Propositions
3.1, 3.4,
(3) {4}, {[¥]a} — {[¥]a } as described in Theorem 3.1 and Proposition 3.1,
(4) {59, {[v o}, {[¥V]a}, Mo, M., — {Sg} as described in Theorem 3.1 and
Proposition 3.1,
(5) {Sg} — v as described in [20], [21], [23], [37]-[39], [41]-[43], [47],
where {S%} and {Sg} denote some appropriate part of h°, f hg and h, f, h,,
respectively, {[¢/°]o} and {[¢/]o} denote some appropriate part of [°],, [*°]4, [¥]a
and [¢]a, [¥1]a, [t4]a, respectively, {R°}, {A,} denote some appropriate part of R,
RO, RY, Ay, AL, Aay.
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REMARK 3.1. For the case when v° = 0, sina = 0, Theorem 3.1, Propositions
3.1 - 3.3 and Corollary 3.1 (with available references at that time at step 5) were
obtained in [36] (see also [34], [35]). Note that basic results of [36] were presented
already in the survey given in [23|. For the case when sina = 0 Theorem 3.1,
Propositions 3.1 - 3.3 and Corollary 3.1 (with available references at that time at
step 5) were obtained in [40].

REMARK 3.2. The results of Theorem 3.1, Propositions 3.1 - 3.4 and Corollary
3.1 remain valid for complex-valued v, v° and complex E, «, under the condition

that (1.7) holds for both v and v°.

REMARK 3.3. Under the assumptions of Theorem 3.1, the following formula
holds:

(3.11) Vo o(E) = Nyo(E) = (DJRY(E)) ™" — (DJR¥(E)) ™,

DoR*(E)u(z) = lim | Do R*(2,y, VE)u(y)dy,
oD

DR (Eyu(z) = lim [ Do R"(z,y, VE)uly)dy,
oD

(3.12)

x € 0D,

where D, is defined as in (3.4), R*(z,y, VE), R™(2,y,VE), VE > 0, are the
Green functions of (2.16) written as in (2.18) for potentials v, v°, respectively, u is
the test function. For the case when sina = 0, v° = 0, d > 3, formula (3.11) was
given in [34]. Using techniques developed in [26] and in the present work, we obtain
(3.11) in the general case.

4. Proofs of Theorem 3.1 and Propositions 3.1, 3.2, 3.4

In this section we will use formulas and equations for impedance boundary map
from [26]. These results are presented in detail in Subsection 4.1. Proofs of Theorem
3.1 and Propositions 3.1, 3.2, 3.4 are given in Subsections 4.2, 4.3.

4.1. Preliminaries. Let G, ,(z,y, E) be the Green function for the operator
A — v+ E in D with the impedance boundary condition (1.6) under assumptions

(1.2), (1.3) and (1.7). We recall that (see formulas (3.12), (3.13) of [26]):

(4.1) Gow(,y, E) = Gan(y,x, E), x,y€ D,
and, for sina # 0,
1 COoS (v
(42> MO{,’U(x7y7E) = 2 Ga,v<xay7E)_ . 63D(x_y)7 x7y€aD7

S1™ & Sin @«
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where M, (z,y, E) and dsp(z — y) denote the Schwartz kernels of the impedance
boundary map M, ,(E) and the identity operator I on 0D, respectively, where M,

and [ are considered as linear integral operators.
We recall also that (see, for example, formula (3.16) of [26]):

1 0
(4.3) U(x) = o /(cosaw(g) — sinaaw(é”))Ga,v(x,ﬁ,E)df, x €D,
oD

for all sufficiently regular solutions v of equation (1.1) in D and sin a # 0.
We will use the following properties of the Green function G, (z,y, F):

(4.4) Gan(7,y, E) is continuous in x,y € D, z # v,

|Ga’v(l’,y, E)| S C1(|I - y|2id)7 ‘T7y € D7 fOI' d Z 37
|G01ﬂ)(x7y7 E)| S C1<|hl |x _yH)7 13731 S D7 fOI' d: 27

where ¢; = ¢1(D, E,v,a) > 0.

Actually, properties (4.4), (4.5) are well-known for sinaw = 0 (the case of the
Direchlet boundary condition) and for cos @ = 0 (the case of the Neumann boundary
condition). Properties (4.4), (4.5) with d > 3, #2¢ < 0, v = 0 and E = 0 were
proven in [29]. For d = 2 see also [5]. In Section 6 we give proofs of (4.4), (4.5) for
the case of general o, v and E.

In addition, under assumptions of Theorem 3.1, the following identity holds (see

formula (3.9) of [26]):
(4.6 o=t = [0 (¥ — M) 0]

D oD

(4.5)

for all sufficiently regular solutions 1, ¥° of equation (1.1) in D for potentials v, v°,

respectively, where [¢],, [¢°], are defined according to (1.5).
Identity (4.6) for sina = 0 is reduced to the Alessandrini identity (Lemma 1 of

[1]).

We will use also that:
IR(k)ullcrtsy < ea(D, Q0 k, 6)||ullL=(p),
(4.70) Rkyu(e) = [ Roy.Ru)dy, €9,
D
keC'\ (RTUE),
IR (k)ul|ores iy < cs(D, 0, k,7,8)||ullL(p),
(4.7D) R 0u(e) = [ Bofe.Duo)dy, e 9
D

yeST ke R\ ({0}UE,),
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for u € L>(D), § € [0,1), where Q is such an open bounded domain in R? that
D C Q and C' denotes C' with the first derivatives belonging to the Hélder space
.

We will use also the Green formula:

(4.8) / (¢1% — 02 8¢1> /(¢1A¢2 — A1) du
D

oD

where ¢; and ¢, are arbitrary sufficiently regular functions in D.

4.2. Proof of Theorem 3.1 and Proposition 3.1. For the case when sina =
0, Theorem 3.1 and Proposition 3.1 were proved in [40]. In this subsection we
generalize the proof of [40] to the case sina # 0. We proceed from the following
formulas and equations (being valid under assumption (2.2) on v° and v):

" Bk, 1) — BO(k 1) = (2ﬂ> /1/1 e (), B)da,
k,le(Cd\(Eoué’), k* =12, |Imk| = [Iml| # 0,
vl k) =)+ [ B )~ @)k,
(4.10) J

reRY keCh\ (RIUEY,

where (4.10) at fixed k is considered as an equation for 1 = e**pu(x, k) with p €
L (R);

1 d
k1) — o>k )= — Oz, =) (v(z) — ()T (x, k)dx
w1) [k, D) = f(k, 1) <2W)R[w( )(v(z) — v (2)Y™ (2, k)
kE,le RE\ ({oyuetPuet), k2 =13
0 ) = )+ [ RO R)(ely) — o) 5. Dy,
(4.12) 2

reRY ke R\ ({0} UETD),
where (4.12) at fixed k is an equation for ¢ € L>®°(R%);

hy (k1) — b2 (k1) = 0 — z) — ")), (z, k)dx
(4.13) (k1) = il (27r) /w —D(v(z) — v (), (2, k)

7eSd LEeRIN\ (EJUE,), LeRY, K =1
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U, k) = 40, k) + / R (2, y. k) (u(y) — v°(4)) ¥ (v, )y,

zeRY, yes™ keRY\ ({o}ué)),

(4.14)

where (4.14) at fixed v and k is considered as an equation for 1, € L>(R?).

We recall that ¢, f, ¢, h, ¢, h, were defined in Sections 2, 3 by means of (2.3)
- (2.9), (3.5). Equation (4.12) is well-known in the classical scattering theory for the
Schrédinger equation (2.1). Formula (4.11) was given, in particular, in [50]. To our
knowledge formula and equations (4.9), (4.10), (4.14) were given for the first time in
[38], whereas formula (4.13) was given for the first time in [40].

In addition, under assumption (2.2) on v° and v:

equation (4.10) at fixed k € C*\ (R? U &) is uniquely solvable

(4.15) . d
for ¢ = "™ p(x, k) with p € L>(R?) if and only if k ¢ &;
(4.15b) equation (4.12) at fixed & € R?\ ({0} U E™Y) is uniquely
' solvable for 1™ € L>°(R?) if and only if k ¢ £T;
(4.150 equation (4.14) at fixed v € S** and k € R?\ ({0} U £Y)

is uniquely solvable for 1, € L™(R?) if and only if k ¢ &,.

Let us prove Theorem 3.1 for the case of the Faddeev functions 1, h. The proof
of Theorem 3.1 for the case of )", f and the proof of Proposition 3.1 are similar.
Note that formula (3.1) follows directly from (4.6) and (4.9).
Using (2.17) and applying (4.6) for equation (4.10), we get that
(4.16)

(o, k) — 0 k) = / / RO, &, K] (May — M) (€, s E) (g, k) addy.

8D 6D
reR\ D,

where

(4.17) [R(2,&, k)¢ = <cosa — sin ai) R(z,&, k).
61/5

Equation (3.2) follows from formula (4.16), definition (1.5) and the property that

) u(z +ev,) = [u(x)]a, x €D,

Vg

for u(z) = ¢(x, k) — ¢°(x, k).
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4.3. Proofs of Propositions 3.2 and 3.4. In this subsection we prove Propo-
sitions 3.2, 3.4 for the case of equation (3.2) for [¢],. The proofs of Propositions 3.2
and 3.4 for the cases of ¢ and 1), are absolutely similar.

PROOF OF PROPOSITION 3.2. The proof of Proposition 3.2 for the case of sinaw =0
was given in [40]|. Let us assume that sina # 0.
Using (4.2), we find that

1
(419) (Moam - a vo) (5 Y, ) Sln2 o (Gom) - avo) (6 Y, )7 67 Yy e oD.

Using (2.17), (4.1), (4.8) and the impedance boundary condition (1.6) for G, Ga .0,
we get that
(4.20)

/[Ro(m7€7 k)]a,ﬁ(Ga,v avo)(§ Y, ) d§ =

oD

= / ([RO(CL‘,f, k’)]aé (Ga,v - ocvo) (5 Y, )d&—

oD

- Ro(ilf,g, k)[(Ga,v - avo) (5 Y, )]a{) dg =

:sina/ (Ro(x7£> k>A§ (Ga,v - avo) (5 Y, )df_

D

- (Ga,v - oz’uo) (f Y, )AERO($7£7 k)) dé- -

—sina [ Rw6.8) (06 = 1°9) Ganlé.y )E, # € R4\ D, y € 0D,
D
Combining (4.16), (4.19) and (4.20), we obtain that

(4.21) Au(x,y, k) = lim (cosa — sinaaa ) Bu(z +evy,y, k), x,y € 0D,

e—40 Vg
where
&@%@Zﬁm@&WMWW—MwMM@%Z
oD
(4.22)

/ RO(,€, 1) (0(€) — 0°(6)) Gunl&, 1, ),

sin «

r€R*\ D, y€dD.
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Thus, we have that the limit in (4.21) (and, hence, in (3.3)) is well defined and
(4.23)

1
Aoz, y, k) =

sin o

/ RO, 6. ) ] (0(€) — 00(€)) G (€. E)E. .y € OD.

D

Let fla(k) denote the linear integral operator on 0D with the Schwartz kernel
An(z,y, k) of (3.3), (4.23). Using (4.5), (4.7), (4.23), we obtain that

Ao(k) : L=(8D) — C°(dD)

(4.24) . .
is a bounded linear operator.

~

As a corollary of (4.24), A, (k) is a compact operator in (D). n

PROOF OF PROPOSITION 3.4. Using (2.17), (3.7) and (4.8), we get that

0 0
/ (¢a(§’y)8_yfR0(x7§7 k) - RO<$’§7 k)a_yf¢a<§7y)) df =

oD

- / (6a(E, 1) AR (1, €, ) — ROz, £, k) Aea(E,y)) dE =

D

(4.25)

:/R%%QMW%Q—E+AWJ&W%,

D
r€R¥\ D, y € dD.

Combining (3.7), (4.22) and (4.25), we find that

(4.26)
Bu(a,y, k) = / R, €, k) Je wbo (€, y)dE =
oD
_ / RO, €, 1) ¢a(€. y)]e.adé — sina / RO, &, K)(W*(€) — E + \ul€, y)de,
oD D

r€R*\ D, yedD.

Combining (4.21) and (4.26), we obtain (3.8).
Formula (3.10) follows from (3.7) and the definition of ®.

5. Proof of Proposition 3.3

For the case when sin a = 0, Proposition 3.3 was proved in [40]. In this section
we prove Proposition 3.3 for sina # 0. We will prove Proposition 3.3 for the case of
equation (3.2) for [¢)],. The proofs for the cases of ¢)* and 1, are similar.
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According to (4.15), to prove Proposition 3.3 (for the case of v) it is sufficient
to show that equation (3.2) (at fixed k € C?\ (R? U £Y)) is uniquely solvable in the
space of bounded functions on 0D if and only if equation (4.10) is uniquely solvable
for 1 = e*®y(z, k) with p € L>®(R?).

Let equation (4.10) have several solutions. Then, repeating the proof of Theorem
3.1 separately for each solution, we find that [¢/], on D for each of these solutions
satisfies equation (3.2). Thus, using also (1.7) we obtain that equation (3.2) has at
least as many solutions as equation (4.10).

To prove the converse (and thereby to prove Proposition 3.3) it remains to show
that any solution [¢], of (3.2) can be continued to a continuos solution of (4.10).

Let 1 be the solution of (1.1) with the impedance boundary data [¢],, satisfying
(3.2). Let

(5.1)  n(x) = (x, k) + / R(z,y, k) (v(y) — ") (y)dy, xR

D
Using (4.7), we obtain that

(5.2) ¢y defined by (5.1) belongs to C'*°(R%), § € [0,1).
We have that

(5-3) (A +0°(2) = E)(z) = (°(2) —v(@)¥(z), = €D,

eA+wm—EWMﬁ‘/Jw—wmw—wwwwwz

(5.4)
= (0%(x) —v(2))Y(z), €D,
Combining (4.6) and (4.22), we get that

(5.5) /Ro(ﬂxy, k) (v(y) — v (y))e(y)dy = /Ba(ﬂf, v k)Y (y)lady, x € R\ D.

D oD

Using (3.2), (4.21), (5.2), (5.5), we find that

(5.6) Wﬂwh:WWL@h+/AAL%MW@mmFﬂw@h,xeaﬂ

oD

Using (5.3), (5.4) and (5.6), we obtain that
(5.7) (—A+ Uo(l’) — EY(x) —¢(x)) =0, x€D,
| () = (@))la =0, @€ aD.

Since v satisfies (1.7), we get that

(5.8) i(z) =Y(z), € D.
Combining (5.1), (5.2) and (5.8), we find that ¢ is a continuos solution of (4.10).
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6. Proofs of properties (4.4), (4.5)

As it was mentioned in Subsection 4.1, properties (4.4), (4.5) are well-known for
cos @ = 0 (the case of the Neumann boundary condition). To extend these properties
to the case of general o, v, E, we use the following schema:

(1) Gayw — Gayp by means of Lemma 6.1 given bellow (with sina; # 0 and

sin ap # 0),
(2) Gawy — Gaw, by means of Lemma 6.2 given bellow.

The proofs of steps 1, 2 are based on the theory of Fredholm linear integral equations
of the second kind.
Starting from (4.4), (4.5) for cos & = 0 and combining steps 1, 2 and the property

(61) Ga,v('>'7E) :Ga,v—E('a'ao)a

we obtain these properties for the case when sin o # 0.
As it was already mentioned in Section 4, properties (4.4), (4.5) are well-known
for sina = 0 (the case of the Dirichlet boundary condition).

LEMMA 6.1. Let D satisfy (1.2) and potential v satisfy (1.3), (1.7) for some fized
E and for a = o, a = oy simultaneously, where sinay # 0 and sinay # 0. Let G
denote the Green function Go, ., j = 1,2. Let Gy satisfy:

(6.2) G1(z,y, E) is continuous in x,y € D, x # y,

|G (z,y, E)| < a1|x — y|2_d for d > 3,

(6.3) |G1(z,y, E)| < ai|ln |z —y|| for d=2,
x,y €D.

Then:

(6.4) Gy(z,y, E) is continuous in x,y € D, x # y,

Ga(z,y, E)| < asle —y[*~* for d >3,
(6.5) |Ga(z,y, B)| < as|In |z —y|| for d=2,
z,y € D,

where ay = az(D, E,ay,v, a1, a9) > 0.

PROOF OF LEMMA 6.1. First, we derive formally some formulas and equations
relating the Green functions G; and G5. Then, proceeding from these formulas and
equations, we obtain, in particular, estimates (6.4), (6.5).

Consider W = G5 — (4. Using definitions of Gy, G and formula (4.3), we find
that:

(6.6) (A, +v(z) — EYW(x,y) =0, z,y€ D,
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(6.7)
ow
W — si =
(COSOZQ (x,y) — sinay o0, (x,y)) op
: oG
= —<cos as Gi(z,y, ) —sinay a—y:(x,y, E)) eon
= _ <cos as Gi(x,y, E) —sinay C?S @ G1(z,y, E)) —
sin ay 2€dD
:MGl(mayaE>‘ ) yEDa
sin ay 2€dD
(6.8
1 . oW
W(xvy) - SinO&l / <COS 061W<§,y) - Slnala_ljg(§7y)> G1(€7x7 E)d§7 T,y € D.

oD

Using (6.7) and (6.8), we find the following linear integral equation for W(-,y) on
0D:

(69) W(:?/) = WO('ay>+K1W('7y)> yeD,
where
(6.10) Wo(,y) = % [ Gl By E)e
oD
- _ sin(ag — )
o Fuu(o) = 2= [ 66, o, E)u(e)de,

oD
r € 0D, y € D, uis a test function.

In addition, for

(6.12) 5 W =W = ()W
j=1

equation (6.9) takes the form

(6.13) 5, W = (K1)"Wy 4 K16, W.

Our analysis based on (6.6)-(6.13) is given bellow.
Using (6.2), (6.3), we obtain that

(6.14) (K1)"Wy € C(0D x D) for sufficiently great n with respect to d,

(6.15) K, is a compact operator in C'(9D).
Let us show that the homogeneous equation

(6.16) u=Kyu, ueC(dD),
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has only trivial solution u = 0.
Using the fact that the potential v satisfy (1.7) for a = «, we define ¥ by

(—A+v(x) — E)p(x) =0, x€D,

(6.17) .o
cos algp — sin 041%\3,3 = u.

Due to (4.3), we have that

6.18)  w(z) = — / (cosalw(g)—smalg—f(g))el(m,mdg veD.

sin o
oD

Using (6.16), (6.18), we find that

sin(ag — ) .

Y(x) = Kyu(zr) = u(x), z € 0D.

(6.19)

sin aip

Therefore, we have that

(6.20) cos i (z) — sin a1%($) =

Since sin oy # 0 and sin ap # 0, using (6.20), we obtain that

sinfas =) oy e o,

sin oy

(6.21) cos aptp(z) — sin agg—?f(a:) =0

Taking into account the fact that the potential v satisfy (1.7) for a = ay, we get
that v =0 and u = 0.
Proceeding from

COS (9 sin(as — )

F:W(.%,y) and F/: W(.Z‘,y) Gl(xayaE)a

(6.22) sin v sin oy

x€dD, ye D,
found from (6.9), (6.13) and (6.7) (with F’ substituted in place of OW/dv,), we

consider

(6.23)
Wiz, y) =

sin ag

1

sin o

/ (cosole(&y) — sinqu’(&,y))Gl(é,x, EYd¢, z,y € D.

oD

Using (6.9) and properties of GGy (including formula (4.3)), we subsequently obtain
that

(6.24) liIEOW(x — ey, y) = F(z,y), x€dD, ye D,

(6.25) W satisfies (6.6),

9] _
(6.26) lim W(z —evy,y) = F'(z,y), x€0dD, yeD.

e—+0 Jv,
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From (6.2), (6.3), (6.10)-(6.16), (6.24)-(6.26) it follows that G5 defined as Gy =
G + W is the Green function for the operator A — v + E in D with the impedance
boundary condition (1.6) for & = ay and that G satisfies (6.4), (6.5). n

LEMMA 6.2. Let D satisfy (1.2) and potentials vy, ve satisfy (1.3), (1.7) for some
fired E and «. Let G; denote the Green function Ga,,, j = 1,2. Let Gy satisfy:

(6.27) Gi(z,y, E) is continuous in x,y € D, x # y,
|G1(x,y, E)| < aglz —y[*¢ for d> 3,
(6.28) |G1(z,y, E)| < as|ln |z —y|| for d=2,
x,y €D.
Then:
(6.29) Gy(z,y, E) is continuous in x,y € D, x # vy,

|Go(z,y, B)| < aglz —y[** for d> 3,
(6.30) Gale, 9, E)| < aaln fo —yl| for d=2,
z,y € D,

where ay = ay(D, E, ag, vy, vz, ) > 0.

PrROOF OF LEMMA 6.2. First, we derive formally some formulas and equations
relating the Green functions (G; and G,. Then, proceeding from these formulas and
equations, we obtain, in particular, estimates (6.29), (6.30).

Using (4.1), the impedance boundary condition for Gy, Go, we find that

Gi(z,y, E) = /Gl(a;,g,E) (Ag ~un(E) + E)G2(5,y,E) de,

Gg([E,]J,E) - /GQ(gaya E)(Aﬁ - Ul(g) + E>Gl(x7§7E> d57
(6.31)

D
/ (Gm,s, E)%—ij@,y, B) ~ Ga(é,y. E)%—f;@, ¢ E)) dé = 0,
" x,y € D.
Combining (6.31) with (4.8), we get that
(6.32) Go(y, E) — Gi(,y, E) = KxGo(y, E), y€ D,
where
(6.33) Rou(o) = [ (12(6) = 01(©) Galo, &, EJue)de.

D
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In addition, for

(6.34) 0,G =Gy =Y () 7'Gy
j=1

equation (6.32) takes the form

(6.35) 5,G = (Ky)"Gy + K50,G.

Our analysis based on (6.31)-(6.35) is given bellow.
Using (6.27), (6.28), we find that

(6.36) (K3)"G; € C(D x D) for sufficiently great n with respect to d,
(6.37) K, is a compact operator in C(D).

Let us show that the homogeneous equation
(6.38) u= Kyu, ueC(D),

has only trivial solution w = 0. Using (6.33), (6.38) and properties of the Green
function Gy, we find that

(—A + v (x) - Byulx) = / 5 — €) (1a(€) — wa(€)) u(€)de =

(6.39) = (v, — v)u(z), =€ D,
cos v u(x) — sina%(x) =0, ze€dD.

Using (6.27), (6.28), we find that v € C(D). Taking into account the fact that the
potential vy satisfy (1.7), we get that u = 0.

Proceeding from (6.27), (6.28), (6.36), (6.37) it follows that G5 found from (6.32),
(6.35) is the Green function for the operator A — v + E in D with the impedance
boundary condition (1.6) for v = vy and that G, satisfies (6.29), (6.30). n
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New global stability estimates for monochromatic inverse
acoustic scattering

MIKHAIL I. ISAEV, ROMAN G. NOVIKOV

ABSTRACT. We give new global stability estimates for monochromatic inverse
acoustic scattering. These estimates essentially improve estimates obtained in
[P. Hahner, T. Hohage, STAM J. Math. Anal., 33(3), 2001, 670-685] and can be
considered as a solution of an open problem formulated in the aforementioned
work.

1. Introduction

We consider the equation
(1.1) A +w*n(z)y =0, xR w>0,
where
(1 —mn) € W™ (R?) for some m > 3,
(1.2) Imn(r) >0, x¢cR?
supp (1 —n) C B,, for some r; > 0,
where W™ !(R?) denotes the standard Sobolev space on R? (see formula (2.11) of
Section 2 for details), B, = {z € R?: |z| < r}.
We interpret (1.1) as the stationary acoustic equation at frequency w in an inho-
mogeneous medium with refractive index n.

In addition, we consider the Green function G*(x,y,w) for the operator A +
w?n(z) with the Sommerfeld radiation condition:

(A + an(x)) G+($,y,W) = 5(‘1: - y)a
0G™
lim |z] [ =—(z,vy,w) —iwGT(z,y,w ) =0,
s i ol (G - G )
uniformly for all directions & = z/|x|,

z,y € R® w>0.

It is know that, under assumptions (1.2), the function G is uniquely specified by
(1.3), see, for example, [9], [6].
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We consider, in particular, the following near-field inverse scattering problem for
equation (1.1):

PROBLEM 1.1. Given G on 0B, x 0B, for some fixed w > 0 and r > r;, find n
on B,,.

We consider also the solutions ¢ (z, k), * € R3, k € R®, k* = w?, of equation
(1.1) specified by the following asymptotic condition:

il k|||
(2, k) = e — 92 < ' f (k, ]kl%) +o0 (i)

2] ||

(1.4)
. . x
as |z| — oo (unlformly in —) :

|z
with some a priory unknown f.
The function f on M, = {k € R*,l € R® : k* = [? = w?} arising in (1.4) is the
classical scattering amplitude for equation (1.1).
In addition to Problem 1.1, we consider also the following far-field inverse scat-
tering problem for equation (1.1):

PROBLEM 1.2. Given f on M, for some fixed w > 0, find n on B,,.

In [4] it was shown that the near-field data of Problem 1.1 are uniquely deter-
mined by the far-field data of Problem 1.2 and vice versa.

Global uniqueness for Problems 1.1 and 1.2 was proved for the first time in [17]; in
addition, this proof is constructive. For more information on reconstruction methods
for Problems 1.1 and 1.2 see [2], [9], [16], [17], [19], [23] and references therein.

Problems 1.1 and 1.2 can be also considered as examples of ill-posed problems:
see [15], [5] for an introduction to this theory.

The main results of the present article consist of the following two theorems:

THEOREM 1.1. Let C,, > 0, r > ry be fized constants. Then there exists a positive
constant C (depending only on m, w, ri, r and C,) such that for all refractive indices
ni, ny satisfying [|[1—nallwma(s), [|[1=nallwmigs) < Cn, supp (1—n1),supp (1—n2) C
B,,, the following estimate holds:

(1.5) 1 — nalfie@sy <C (I (3+671))°, s=——,

where § = ||GY — G5 |12, xom,) and G, G5 are the near-field scattering data for
the refractive indices ny, ng, respectively, at fived frequency w.

REMARK 1.1. We recall that if ny, ny are refractive indices satisfying (1.2), then
G{ — GF is bounded in L?(0B, x dB,) for any r > r;, where G{ and G5 are the
near-field scattering data for the refractive indices n; and ns, respectively, at fixed
frequency w, see, for example, Lemma 2.1 of [9].
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THEOREM 1.2. Let C,, > 0 and 0 < € < ’”T_S be fized constants. Then there
exists a positive constant C' (depending only on m, €, w, r1 and C,) such that for all
refractive indices ny, ny satisfying |1 —nq||wm.i(wsy, |1 —nallwmiwsy < Cy, supp (1 —
ny),supp (1 — ny) C B,,, the following estimate holds:

_ —s+e m—3
(16> ||n1—n2H]Loo(R3) SC(IH (3+(5 1)) , S= T’
where 6 = || f1 — fal|lL2my) and fi, fo denote the scattering amplitudes for the refrac-

tive indices ny, no, respectively, at fived frequency w.

For some regularity dependent s but always smaller than 1 the stability estimates
of Theorems 1.1 and 1.2 were proved in [9]. Possibility of estimates (1.5), (1.6) with
s > 1 was formulated in [9] as an open problem, see page 685 of [9]. Our estimates
(1.5), (1.6) with s = =2 give a solution of this problem. Indeed,

(1.7) s=mT3—>+oo as m — +oo0.

Apparently, using the methods of [21], [22] estimates (1.5), (1.6) can be proved for
s =m — 3. For more information on stability estimates for Problems 1.1 and 1.2 see
[9], [11], [24] and references therein. In particular, as a corollary of [11] estimates
(1.5), (1.6) can not be fulfilled, in general, for s > 2

The proofs of Theorem 1.1 and 1.2 are given in Section 3. These proofs use, in
particular:

(1) Properties of the Faddeev functions for equation (1.1) considered as the
Schrédinger equation at fixed energy E = w?, see Section 2.

(2) The results of [9] consisting in Lemma 3.1 and in reducing (via Lemma 3.2)
estimates of the form (1.6) for Problem 1.2 to estimates of the form (1.5)
for Problem 1.1.

In addition in the proofs of Theorem 1.1 and 1.2 we combine some of the afore-
mentioned ingredients in a similar way with the proof of stability estimates of [13].

2. Faddeev functions

We consider (1.1) as the Schrodinger equation at fixed energy E = w?:
(2.1) ~AY +o(z) = By, x€R3

where v = w?*(1 —n), £ = W

For equation (2.1) we consider the Faddeev functions G, v, h (see [7], 8], [10],
[17]):

. z{xd
(2.2) G(z, k) = elk‘rg(m, k), gz, k)=—(2m)" / . 2i£
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(2.3) (o, k) = / G — y, Kyo(y)b(y, k)dy,

RS

where 2 € R3, k€ C3, k> = E, Imk # 0,

(2.4) h(k,l) = (27r)_3/e_il$v(:v)w(x, k)dzx,
R3

where

(2.5) EleC K =PF=F, Imk=1Iml#0.

One can consider (2.3), (2.4) assuming that

(2.6) v is a sufficiently regular function on R3
' with suffucient decay at infinity.

For example, in connection with Problems 1.1 and 1.2, one can consider (2.3), (2.4)
assuming that

(2.7) velL®(B,), v=0onR*\B,,.
We recall that (see 7], [8], [10], [17]):

e The function G satisfies the equation
(2.8) (A+E)G(z,k) =6(x), z€R® keC\R* FE=Fk%
e Formula (2.3) at fixed k is considered as an equation for

(2.9) ¥ = o, k),

where p is sought in L>®(R3);

e As a corollary of (2.3), (2.2), (2.8), ¢ satisfies (2.1) for F = k?

e The Faddeev functions G, 1, h are (non-analytic) continuation to the com-
plex domain of functions of the classical scattering theory for the Schrédinger
equation (in particular, h is a generalized "‘scattering"’ amplitude).

In addition, G, v, h in their zero energy restriction, that is for £ = k? = 0, were
considered for the first time in [3]. The Faddeev functions G, 1, h were, actually,
rediscovered in [3].

Let

Sp={keC: K=k +k+ki=E},
[kl = (IRe k* + |Im k)2,
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Let
WmIR3) = {w: 07w € LYR?), |J| <m}, meNUO, ¢>1,
a\JIU( )
Je(NuU0)?, |J Ji, 07v( _
(21) € (NUOY, 1] = Z = ol ek onk

[|w]|m.q = ‘Iﬁgﬁ 1107 w||La ()

Let the assumptions of Theorems 1.1 and 1.2 be fulfilled:
(1 —mn) € W™ (R?) for some m > 3,
Imn(r) >0, x¢cR’

(2.12)
supp (1= n) € By,
1T =nm1 < C.
Let
(2.13) v=w*(l-n), N=udu’C, FE=u’
Then we have that:
(2.14) (e, k) =1 as |k| — o0
and, for any o > 1,
(2.15) lp(z, k)| <o for |k|] > M\(N,m,o,r1),
where z € R3, k € Xg;
(2.16) u(p) = o) e el,igr,Ilk—l:p h(k,1) for any p € R?
Im | = |Im | — oo
[6(p) — h(k,1)| < %ﬁ’—% for (k,1) € Op, p=Fk—1,
(2.17) Mkl =l =p, E+p* > M(N,m,r),
PP <AE+p%),
where
(2.18) o(p) = (2#)3/ wry(z)dz, pe R

R3
Results of the type (2.14), (2.15) go back to [3]. For more information concerning
(2.15) see estimate (4.11) of [12]. Results of the type (2.16), (2.17) (with less precise
right-hand side in (2.17)) go back to [10]. Estimate (2.17) follows, for example, from
formulas (2.3), (2.4) and the estimate

AT g(k)A™* |2y —12(RE) = O(lk|™1)

2.19
(2:19) as |k| — oo, ke C*\R?
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for s > 1/2, where g(k) denotes the integral operator with the Schwartz kernel

g(z —y,k) and A denotes the multiplication operator by the function (1 + |x|?)'/2,

Estimate (2.19) was formulated, first, in [14]. This estimate generilizes, in particular,

some related estimate of [25] for k* = F = 0. Concerning proof of (2.19), see [26].
In addition, we have that:

ha(k, 1) = ha(k, 1) = (27T)3/¢1(% —D)(va(x) — vi(2)) o, k)dx

(2.20)
for (k,l) € O, |Imk| = |Iml| # 0,

and vy, v satisfying (2.6),
and, under the assumptions of Theorems 1.1 and 1.2,

N N Cz(m, Tl)NHUl - UQHJLOO(BT )
[01(p) — 02(p) — ha(k, 1) + ha(k, )] < CEYOLE :

for (k,l) € O, p=k—1, |Imk|=|Iml| = p,
E+p* > X(N,m, ), p° <A(E+p%),

where ng, ¥; denote h and ¢ of (2.4) and (2.3) for v; = w?(1—n;), j = 1,2, N = w?C,,
E = w*.
Formula (2.20) was given in [18], [20]. Estimate (2.21) was given e.g. in [13].

(2.21)

3. Proofs of Theorem 1.1 and Theorem 1.2

3.1. Preliminaries. In this section we always assume for simplicity that r; = 1.
We consider the operators S;, j = 1,2, defined as follows

(3.1) §0)e) = [ Ge.pw)ol)dy, 0B, j=1.2
0B,

Note that

(3.2) ISt — Sall2(0m,) < IGT — G 2B, )x12(9B,)-

To prove Theorems 1.1 and 1.2 we use, in particular, the following lemmas (see
Lemma 3.2 and proof of Theorem 1.2 of [9]):

LEMMA 3.1. Assume r1 = 1 < r < ry. Moreover, ny, ny are refractive indices
with supp (1 — ny),supp (1 — ng) C By. Then, there exists a postive constant cs
(depending only on w, r, 1) such that for all solutions ¢, € C*(B,,) N1L*(B,,) to
A +w?ngp = 0 in B,, and all solutions 1y € C?*(B,,) NL*(B,,) to A+ w?nyp =0
in B,., the following estimate holds:

(3.3) /(711 — ng) 1 edr| < 03H§1 — §2”L2(8BT)leH]LQ(BTQ)”¢2H]L2(BT2)-

1B1
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Note that estimate (3.3) is derived in [9] using an Alessandrini type identity,
where instead of the Dirichlet-to-Neumann maps the operators S1, Ss are used, see

[1], 9]

LEMMA 3.2. Letr >r;=1,w>0,C, >0, u>3/2 and 0 < 0 < 1. Let ny,ny
be refractive indices such that ||(1 — n;)||mums) < Cy, supp(l —nj) C By, j = 1,2,
where H* = W2, Then there exist positive constants T and n such that

1 = follezmn)
(34> HGT - G;||I2L2(8B2TX8B27‘) - 77 eXp ( (_ n T’f] =

for sufficiently small || fi — fa|lL2(m,), where G;-", fj are near and far field scattering
data for n;, 3 = 1,2, at fived frequency w.

3.2. Proof of Theorem 1.1. Let
L (R?) = {u € L™(R?) : |lull, < +o0},

(35) lull, = ess sup (1+ [p])*|u(p)l, > 0.
pER3

Note that

(3.6) w € W™(R?) = w € L (R®) N C(R?),

@], < ca(m)||wllm,;  for p=m,

where W1, L are the spaces of (2.11), (3.5),

(3.7) w(p) = (2#)_3/eimw($)d$, p e R’
R3
Let
(3.8) N =w’C,, E=u’ vj=uw*(1-ny),j=12

Using the inverse Fourier transform formula
(3.9) w(z) = /e_ipxﬁ)(p)dp, r € R3,
R3

we have that

o1 = vallmy < sup | [ € (ia(p) ~ o100 dp| <
(3.10) B = e,

R3
< Li(k) + I(k) for any k>0,
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where
= / |@2( — U1 |dp,
(3.11) lp|<w
’i): / |@2( — U |dp
Ip|>k

Using (3.6), we obtain that

(3.12) [02(p) — 01(p)] < 2ca(m)N(1+ [p|)™, p R
Using (3.11), (3.12), we find that, for any ~ > 0,

87TC4 )N 1
m—3 kM3

(3.13) I (k) < 8meq(m N/ P IRS

Due to (2.21), we have that

N — oo
6a(0) — 1 ®)] < [hah, 1) — ha(, )] + 201 = vollioe

B+
(3.14) _ _ _
for (k,1) € ©p, p=k—1, |Imk|=|Iml| = p,
E+p* > X(N,m), p* <4(E+p?).
Let
ro be some fixed constant such that ry > r,
0= HGT - G;HHP(@BTXBBT),
(3.15)
cs = (2m)7° / dx.
B,

Combining (2.20), (3.2), (3.3) and (3.8), we get that
|ha(k, 1) = hi(k, )] <

(3.16) < esesw® V1 (s =Dl s,y) 0 1Y2( B) e s,,)
(k,1) € O, |Imk| = |Iml| # 0.

Using (2.15), we find that

405 (-, k) llLee(B,,) < 0 exp (]Im k;|r2>, j=1,2,

k € EE, |k3| Z )\1(N7m,0').

(3.17)

Here and bellow in this section the constant o is the same that in (2.15).
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Combining (3.16) and (3.17), we obtain that
|ho(k, 1) — hi (K, 1)| < czesw’a?e?720,
(3.18) for (k,l) € ©p, p=|Imk|=|Iml],
E+p* > X(N,m,0).

Using (3.14), (3.18), we get that

- 5 2 2 2pry ca(m)N vy — U?HLOO(Bl)
(3.19) [02(p) — 01(p)| < cscsw o"e™™?6 + EYILE ,

p € R?)? p2 S 4<E + )02), E + p2 Z maX{)\%, )\3}

Let

and A\y(N,m, o) > 0 be such that
E+p* > M(N,m,0),
2
(3.21) E+p? > M(N,m,0) = { B0 2X(N,m),
N\ 2
<5(E + p2)5) <4(E + p?).

Using (3.11), (3.19), we get that

S

2(m)N vy — U2||L°°(Bl))
(E 4 p?)1/2 ’
k>0, K2 <A(E+ p?),
E+p2 Z /\4(Nam70-)'

Ii(k) < §7m3 <0305w20262PT25 46
(3.22)

Combining (3.10), (3.13), (3.22) for k = e(E + p?)s and (3.21), we get that

”Ul - UQHLOO(BI) < CG(N,m,w, 0‘)\ /B + p2 €2p7"25+
m—3

1
(3.23) ter(N,m)(E +p*)~ 6 + §||U1 — Va||Lee (1),
E+p*> M (N,m, o).

Let 7 € (0,1) and

(3.24) ﬁ:l_T, p=pFm(3+5"),

27“2
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where § is so small that E + p? > A\y(IN,m, ). Then due to (3.23), we have that
1

§HU1 — VLo (By) <

< (N, m,w, o) (E+(51n 3+0° 1)>2

= co(N.m,w.0) (E+ (Bl (8+67))°) (1430 767+

-3

( )

(3.25) Fer(N,m) <E+ (Bln(3+ 6 1))2>*T _
( )
(

+ (N, m) (E+(mn 3+5—1))2) o

where 7, 3 and § are the same as in (3.24).
Using (3.25), we obtain that

m—3

(3.26) lv1 = V2L, < cs(N,m,w,0,7) (ln (3 + 5—1))— 3

for 6 = ||GT — G5 ||i208,x08,) < 01(N,m,w,0,7), where §; is a sufficiently small
positive constant. Estimate (3.26) in the general case (with modified cg) follows
from (3.26) for 6 < §;(N, m,w, o, 7) and the property that

(327) ||Uj||lL°°(B1) S Cg(TTL)N, j = 1,2
Taking into account (3.8), we obtain (1.5).

3.3. Proof of Theorem 1.2. According to the Sobolev embedding theorem,
we have that

(3.28) W™ R ¢ H™92(RY),
where H* = W2,

Combining (1.2), (1.5), (3.4) with 0 satisfying 0772 = ™2 — ¢, and (3.28), we
obtain (1.6) for sufficiently small ||f; — follL2(aa,) (analogously with the proof of

Theorem 1.2 of [9]). Using also (3.27) and (3.8), we get estimate (1.6) in the general
case.
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Exponential instability in the inverse scattering problem on

the energy interval

MIKHAIL I. ISAEV

ABSTRACT. We consider the inverse scattering problem on the energy interval
in three dimensions. We are focused on stability and instability questions for
this problem. In particular, we prove an exponential instability estimate which
shows optimality of the logarithmic stability result of [Stefanov, 1990] (up to

the value of the exponent).

1. Introdution
We consider the Schrodinger equation
(1.1) —AY +u(a) = By, @€ R,

where

v is real-valued, v € L®(R?),

(1.2) v(r) = O(|lz|*7), |z| — oo, for some e > 0.

Under conditions (1.2), for any k& € R?\ 0 equation (1.1) with F = k? has a

unique continuous solution " (x, k) with asymptotics of the form
A ilk| || k 1
e x
o) = e =2l (D) o ()
[ 7 \[k] ] ]

. .
as |z| — oo [ uniformly in — |,

]

where f(k/|k|,w,|k|) with fixed k is a continuous function of w € S2.

(1.3)

The function f(6,w,s) arising in (1.3) is refered to as the scattering amplitude
for the potential v for equation (1.1). (For more information on direct scattering for

equation (1.1), under condition (1.2), see, for example, [6] and [11].)

It is well known that for equation (1.1), under conditions (1.2), the scattering

amplitude f in its high-energy limit uniquely determines © on R? | where

(1.4) 0(p) = (27?)3/ e y(x)dr, pe R,

R3
1
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via the Born formula. As a mathematical theorem this result was given for the first
time in [5] (see, for example, Section 2.1 of [11] and Theorem 1.1 of [14] for details).
We consider the following inverse problem for equation (1.1).

PROBLEM 1.1. Given f on the energy interval I, find v.

In |7] it was shown that for equation (1.1), under conditions (1.2), for any E > 0
and § > 0 the scattering amplitude f(0,w,s) on

{p e R®| |p| < 2VE}.

This determination is based on solving linear integral equations and on an analytic
continuation. This result of [7] was improved in [14]. On the other hand, if v satisfies
(1.2) and, in addition, is compactly supported or exponentially decaying at infinity,
then 0(p) on

{peR®| |p| < 2VE}

uniquely determines 9(p) on {p € R? | |p| > 2v/E} by an analytic continuation and,
therefore, uniquely determines v on R3.

In the case of fixed energy and potential v, satisfying (1.2) and, in addition,
being compactly supported or exponentially decaying at infinity, global uniqueness
theorems and precise reconstructions were given for the first time in [12], [13].

An approximate but numerically efficient method for finding potential v from the
scattering amplitude f in the case of fixed energy was devoloped in [15]. Related
numerical implementation was given in [2].

Global stability estimates for Problem 1.1 were given by Stefanov in [17] (at
fixed energy for compactly supported potentials), see Theorem 2.1 in Section 2 of
the present paper. In [17], using a special norm for the scattering amplitude f, it
was shown that the stability estimates for Problem 1.1 follow from the Alessandrini
stability estimates of [1] for the Gel’fand-Calderon inverse problem of finding poten-
tial v in bounded domain from the Direchlet-to-Neumann map. The Alessandrini
stability estimates were recently improved by Novikov in [16].

In the case of fixed energy, the Mandache results of [10] show that logarithmic
stability estimates of Alessandrini of [1] and especially of Novikov of [16] are optimal
(up to the value of the exponent). In [8] studies of Mandache were extended to the
case of Direchlet-to-Neumann map given on the energy intervals. Note also that
Mandache-type instability estimates for the elliptic inverse problem concerning the
determination of inclusions in a conductor by different kinds of boundary measure-
ments and the inverse obstacle acoustic scattering problems were given in 3|, where
some general scheme for investigating questions of this type of instability has been
also proposed. Although the main result of this work can be represented within the
general scheme of [3], it does not lead to a significant simplification of its complete
proof.
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In the present work we apply to Problem 1.1 the approach of [10],[8] and show
that the Stefanov logarithmic stability estimates of [17] are optimal (up to the value
of the exponent). The Stefanov stability estimates and our instability result for
Problem 1.1 are presented and discussed in Section 2. In Section 3 we prove some
basic analytic properties of the scattering amplitude. Finally, in Section 5 we prove
the main result, using a ball packing and covering by ball arguments.

2. Stability and instability estimates
In what follows we suppose
(2.1) suppo(a) € D = B(0, 1),

where B(z, ) is the open ball of radius r centered at . We consider the orthonormal
basis of the spherical harmonics in L?(S?) = L?(dD):

(2.2) (Y1720, 1<p<2j+1}

The notation (aj,p,j,p,) stands for a multiple sequence. We will drop the subscript
Ogjlv 1§p1 §2.71+17

0<J2 1 <p2<2j2+1

We expand function f(0,w,s) in the basis {Y' x Y?}:

(2.4) FO0,8) = 3 iy ()V] OV ().

J1:P1,j2:P2

(2.3)

As in [17] we use the norm

(2.5)

) A 1/2
2j1+1 2j1+201 2j2+1 2j2+202
||f(~,-,s)||01,02={ > (25 - T

J1,P1,J2,p2

If a function f is the scattering amplitude for some potential v € L>°(D) supported
in B(0, p), where 0 < p < 1, then

J1+3/2 J2+3/2
esp esp
2.6 i <C o
26) () < Cslbllmo) (5505 ) T (5225)
and, therefore, ||f(-, -, $)||oy.0, < 00, see estimates of Proposition 2.2 of [17].
THEOREM 2.1 (see [17]). Let vy, vy be real-valued such that v; € L>°(D)NHI(R3),
suppv; C B(0,p), ||villLepy < N for i = 1,2 and some N > 0, ¢ > 3/2 and

0 <p<1. Let f1 and f5 denote the scattering amplitudes for vy and ve, respectively,
in the framework of equation (1.1) with E = s*, s > 0, then

(27) HU1 - U2H]L°°(D) < C<N7 p)¢5(||f1('7 K S) - f2('7 " S)||3/27—1/2>’

where ¢5(t) = (—Int)~° for some fived §, where, in particular, 0 < § < 1, and for
sufficiently small t > 0.
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The main result of the present work is the following theorem:

THEOREM 2.2. For the interval I = [s1, $3|, such that s > 0, and for any m > 0,
0 > 2m and any real o1, 09 there are constants f > 0 and N > 0, such that for any
vo € C™(D) with ||vo||lLe(py < N, suppvy C B(0,1/2) and any € € (0,N), there are
real-valued potentials vy, vy € C™(D), also supported in B(0,1/2), such that
_1
SUE) (Hfl(a '75) - f2('7 '7S)Ha'1,a'2) S €Xp (_6 5) )
ELS

(2.8) |1 — vallLe(p) > €
l|vi = vollLeepy <€, i=1,2,
llvi = vollempy £ B, i=1,2,
where f1, fo are the scattering amplitudes for vy, v, respectively, for equation (1.1).

REMARK 2.1. In the case of fixed energy s; = s, we can replace the condition
0 > 2m in Theorem 2.2 by § > 5m/3.

REMARK 2.2. We can allow 3 to be arbitrarily small in Theorem 2.2 if we require
e < ¢ and replace the right-hand side in the first inequality in (2.8) by exp(—ce_%),
with ¢g > 0 and ¢ > 0 depending on f3.

REMARK 2.3. Note that Theorem 2.2 and Remark 2.1 imply, in particular, that
for any real o, and o, the estimate

(2.9)  lon = vaffueipy < &N, pyms ) sup G ([ (55 5) = fols5)llon2)
EIS

can not hold with 4 > 2m in the case of the scattering amplitude given on the
energy interval and with 6 > 5m/3 in the case of fixed energy. Thus Theorem 2.2
and Remark 2.1 show optimality of the Stefanov logarithmic stability result (up to
the value of the exponent).

REMARK 2.4. A disadvantage of estimate (2.7) is that
(2.10) 0 < 1 even if m is very great.

Apparently, proceeding from results of [16], it is not difficult to improve estimate

(2.7) for

(2.11) d =m+o(m) as m — oo.

3. Some basic analytic properties of the scattering amplitude

Consider the solution " (z, k) of equation 1.1, see formula (1.3). We have that

(31) U k) = ot (2,0, 5),

where § € S%, k = s0 and pu*(x,0,s) solves the equation

B2 a0 = 1= [ G oy (.0.5)dy
R3
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where
(3.3) Gt (z,y,s) = ﬂ.

U Axfr =y
We suppose that condition (2.1) holds and, in addition, for some h > 0 we have that
(3.4) Im s| < h,
(3.5) c1(h, D)[[vl[L=(p) < 1/2,
where D = B(0,1),

e2hlz—yl

(3.6) c1(h,D) = :lelg/p mdy.

Then, in particular,

(3.7) ‘e*ise(wfy)ew\xfy\‘ < 2ol

Solving (3.2) by the method of succesive approximations in L>*(D), we obtain that
1

1= crl[vflLe oy

(3.8) " (2,0,5)] < , 0eS’ weD.

LEMMA 3.1. Let f be the scattering amplitude for potential v € 1L>°(D) such that
conditions (2.1) and (3.5) hold for some h > 0 and

(39> f<97 W, 5) = Z 1 p1jope (S)Y;zl)l (9»/][2)2 (w)
J1,P1,32,P2

be its expansion in the basis of the spherical harmonics {Y' x Y2 }. Then aj p, jyp, ()
is a holomorphic function in Wy, = {s | |Ims| < h} and

(3.10) |@j1priaps (8)] < ca(h, D)s € Wi,

PROOF OF LEMMA 3.1. We start with the well-known formula
(3.11) fll,w,s) = (27103 /R3 0%y (1)t (x, 0, 5)d.
Note that, since 6,w € S?,

(3.12) |eis0-w)z| < G2lmsllal

Combining it with (2.1), (3.5), (3.8) and (3.11) we obtain that
(3.13) |f(0,w,s)| < é(h,D) for s € W,

Using also that

(3.14) Ujrpriaps (8) = /s2><s2 f0,w, )Y (0)Y) (w)dodw

we obtain the result of Lemma 3.1. ]
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4. A fat metric space and a thin metric space

DEFINITION 4.1. Let (X, dist) be a metric space and € > 0. We say that a
set Y C X is an enet for X; C X if for any x € X; there is y € Y such that
dist(z,y) < e. We call e-entropy of the set X; the number H,(X;) := log, min{|Y| : YV’
is an e-net fot X;}.

A set Z C X is called e-discrete if for any distinct 21, 2o € Z, we have dist(zy, z2) >
€. We call e-capacity of the set X; the number C. := log, max{|Z| : Z C X; and Z
is e-discrete}.

The use of e-entropy and e-capacity to derive properties of mappings between
metric spaces goes back to Vitushkin and Kolmogorov (see [9] and references therein).
One notable application was Hilbert’s 13th problem (about representing a function
of several variables as a composition of functions of a smaller number of variables).
In essence, Lemma 4.1 and Lemma 4.2 are parts of Theorem XIV and Theorem XVII
of [9], respectively.

LEMMA 4.1. Let d > 2 and m > 0. For e, 3 > 0, consider the real metric space
Xomes = {v € C™(RY) | suppv C B(0,1/2), [[v|lee@ey < € |[v]lem@e < 5}
with the metric induced by IL>°. Then there is y > 0 such that for any 6 > 0 and

€ € (0, uf3), there is an e-discrete set Z C Xpep with at least exp <2_d_1(,u6/e)d/m>
elements.

LEMMA 4.2. Let
a+b a—0»
5 +

denote the ellipse € C, where I is some interval [a,b] in R and v > 0. Then there
is a constant v = v(C,vy) > 0 such that for any 6 € (0,e7') there is a §-net for
the space of functions on I with L°°-norm, having holomorphic continuation to Wy,
with module bounded above on W, by the constant C, with at most exp(v(Ind—1)?)
elements.

(4.1) Wiy ={ cosz | [Imz| <~}

REMARK 4.1. In the case of a = b, taking
J .0
(4.2) Y = 52(}[-@, C+i- 3L -¢.cl.
we get d-net with at most exp(rInd—!) elements.

Lemma 4.1 and Lemma 4.2 were also formulated and proved in [10] and [8],
respectively.

For the interval I = [s1, s9] such that s; > 0 and real 01,09 we introduce the
Banach space

13 X = { (6n) | |

(ajlpuém (S)) ‘

<0 ),
XI,o'l,o'Q
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where
(4.4)

2]'1 + 1 Jitoi1 2]2 + 1 joto2
’ (aj1p1j2p2<s)> ’ Xrrros = jlsllaljfz)vpz s s |aj1p1j2p2(5)| .
EIS

We consider the scattering amplitude f for some potential v € L°°(D) supported in
B(0, p), where 0 < p < 1. We identify in the sequel the scattering amplitude f(s, 0, w)

with its matrix aj1p1j2p2(s)> in the basis of the spherical harmonics {Y}* x Y}?

We have that
(45) up 17+ )los < €3] (@5 ()|

where 61 — 09 = 9 — 03 = 3 and ¢3 = ¢3(/) > 1. We obtain (4.5) from definitions
(2.5), (4.4) and by taking ¢3 > 1 in a such a way that

291+ 1\ " (2 + 1\ °
(4.6) 3 (‘7168 ) (7268 ) <

J1,P1,J2,P2

b
X1,61,59

For h > 0 we denote by A the set of the matrices, corresponding to the scattering
amplitudes for the potentials v € L°°(D) supported in B(0,1/2) such that condition
(3.5) holds.

LEMMA 4.3. For any h > 0 and any real 01,02, the set Ay belongs to X 4, 5,
In addition, there is a constant n = n(I, h,o1,09) > 0 such that for any § € (0,e7!)
there is a 0-net Y for Ay in X, 0, with at most exp (n (Iné1° (14 Inln 6‘1)2)
elements.
PROOF OF LEMMA 4.3. We can suppose that 01,0, > 0 as the assertion is stronger

in this case. If a function f is the scattering amplitude for some potential v € L.°°(D)
supported in B(0,1/2), we have from (2.6) that

2j1 + 1\ (240 + 1\ (2j1 +1)7 (252 + 1)
(4'7) ( cs ) cs ‘ajlpljépz (8)’ <y 9J1-+j2 )

where ¢, = ¢4(I, h) > 0. Hence, for any positive oy and oo,

18 ()] (qWHJW@MHw><m

2j1+7j2
and so the first assertion of the Lemma 4.3 is proved.
Let 54,0, be the smallest natural number such that ¢, (21 + 1)71792271 < § for
any | > ls 4, ,- Taking natural logarithm we have that

(4.9) —Iney — (o1 +02) (2 + 1) +1In2 > Iné ' for I > ls,, 0,
Using In6~! > 1, we get that
(4.10) lsor.0s < C'In6

< sup

X1,01702 J1,J2
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where the constant C’ depends only on h, o1, 03 and I = [sq1, s5]. We take W) =
Wi, of (4.1), where the constant v > 0 is such that W; C {s | Ims| < h}. If
max(Ji, j2) < lsoy.00, then we denote by Yj p, jops SOME 0,5, jp-net from Lemma 4.2
with the constant C' = ¢y, where the constant ¢, is from Lemma 3.1 and

Ji+o1 J2+o2
€51 €51
(4.11) Ojiprjape = < . ) ( : ) 0.
2j1 +1 275 +1
Otherwise we take Yj ;. 5,0, = {0}. We set
(4'12> Y = {(ajlpljzm (3)> | A j1p1jap2 (3) S Yj1p1j2p2} :

For any (aj1p1j2p2 (3)> € A, there is an element, <bj1p1j2p2(s)> € Y such that

2j1+1 Jj1+o1 2j2+1 Joto2
( ) Gaprsamn(5) — Brupusams ()] <

€S €S

(413) . j1+o0 . j2+0
231 + 1 J1 1 2]2 + 1 J2t02
< ( ) 5j1p1j2p2 <9

es es
in the case of max(ji, j2) < ls o, o, and

271+ 1 jitor 25y + 1 Jatoa
o — b <
( es ) es |1 prjaps (5) = Djiprjops (5)] <

N o1 : o2 . : o1+02
< (251 +1) ' (2]2 +1) < 04(2 maX(]la]?() + 1)
2J1+72 9omax(j1,j2)

(4.14)

<0,

otherwise.

It remains to count the elements of Y. We recall that |Y},,, j,p,| = 1 in the case
of max(ji, j2) > ls.,.0,- Using again the fact that Ind— > 1 and (4.10) we get in the
case of max(ji,72) < ls.oy 0
(415)  Wipim| < exp((indyh, )% < exp (# (10677 (14 Inns~')?).

J1p1Jj2p2

We have that n5., 0, < 2. 0 2lsoron + 1)? < (2s0,.0, + 1)*, where ngsy, 5, is the

6,01,02
number of four-tuples (j1, p1, j2, p2) with max(ji, jo) < lso, 0, Taking 7 to be big
enough we get that

Y] < (eXp (V' (o) (1+ 1111115—1)2))"5"’1702
(4.16) <exp (v (067" (14 s’ (14 20" ms™)*)

< exp (77 (ln (5*1)6 (1 +Inln 5*1)2) .
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REMARK 4.2. In the case of s; = s5, taking into account Remark 4.1 and using
it in (4.15) and (4.16), we get d-net Y with at most exp (n (In61)° (1 +Inln 5*1))

elements.

5. Proof of Theorem 2.2

We take N such that condition (3.5) holds for any ||v||L~py < 2N for some h > 0.
By Lemma 4.1, the set vg+ X,,.3 has an e-discrete subset vo+ Z. Since € € (0, N) we
have that the set Y constructed in Lemma 4.3 is also d-net for the set of the matrices,
corresponding to the scattering amplitudes for the potentials v € vy + X,,.3. We take

d such that 2¢3d = exp <—e‘§>, see (4.5). Note that inequalities of (2.8) follow from

(5.1) lvo + Z| > |Y],

where the set Y is constructed in Lemma 4.3 with ¢; = 01 + 3 and 5 = g9 + 3.
In fact, if |vg + Z| > |Y|, then there are two potentials vy, vy € vy + Z with the
matrices ( a;j,p,jop,(5) ) and ( bj,p, j2p2(s)> , corresponding to the scattering amplitudes

for them, being in the same X, ,,-ball radius ¢ centered at a point of Y. Hence,
using (4.5) we get that

sup ||f1(7 ) S) - fQ('7 ) S)||0'170'2 <c3
(52> sel

<

X1,61,59

‘ (ahmjwz(s)) - (bﬁmjng(s)) ’

< 2¢30 = exp (—e’é> )

It remains to find § such that (5.1) is fullfiled. By Lemma 4.3 for some n, =
na(LUl,U%a) >0

(5.3) Y] < exp (77 (1n(2¢s) +e-i)6 (1+mn (in(2e,) +e—;))2> < exp (e ).
Now we take
(5.4) B > p~ ' max (N, n&”/322m) :

This fulfils requirement € < 3 in Lemma 4.1, which gives

(5.4)
o0 + 2] = 2] > exp (274 fe)m) >

(5.5) (

—4/,,m/3692m / _\3/m 53)
> exp (242 o) Sy

This completes the proof of Theorem 2.2.
In the case of fixed energy s; = sq, using Remark 4.2 in (5.3), we can replace the
condition o > 2m in Theorem 2.2 by o > 5m//3.
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Energy and regularity dependent stability estimates for
near-field inverse scattering in multidimensions

MIKHAIL I. ISAEV

ABSTRACT. We prove new global Holder-logarithmic stability estimates for the
near-field inverse scattering problem in dimension d > 3. Our estimates are
given in uniform norm for coefficient difference and related stability efficiently
increases with increasing energy and/or coefficient regularity. In addition, a
global logarithmic stability estimate for this inverse problem in dimension d = 2
is also given.

1. Introduction

We consider the Schrodinger equation
(1.1) Ly =Ey, L=-A+v(z), 2R d>2,
where
v is real-valued, v € L*(R%),

(1.2) e
v(x) = O(|x|7*F), |z| — oo, for some e > 0.

We consider the resolvent R(E) of the Schrédinger operator L in L?(RY):

(1.3) REY=(L-E)!', EcC\o(L),

where (L) is the spectrum of L in L?(R%). We assume that R(z,y, E) denotes the
Schwartz kernel of R(E) as of an integral operator. We consider also

(1.4) R*(z,y,E) = R(z,y,E +i0), z,y€R? EcR,.

We recall that in the framework of equation (1.1) the function R*(x,y, F) describes

scattering of the spherical waves
d—2

(15) R (e,0,B) = — <£> 1, (VEl — y),

4\ 27)z —

generated by a source at y (where H,Sl) is the Hankel function of the first kind of
order p1). We recall also that R*(z,y, E) is the Green function for L — E, E € Ry,
with the Sommerfeld radiation condition at infinity.

1
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In addition, the function

S+(3773/7E> = R+(x7y7 E) - Rg(xvyu E)7

1.6
(16) x,y € 0B,, E€R,, reR,,

is considered as near-field scattering data for equation (1.1), where B, is the open
ball of radius r centered at 0.

We consider, in particular, the following near-field inverse scattering problem for
equation (1.1):

PROBLEM 1.1. Given S* on 0B, x 0B, for some fixed r, E € R, find v on B,.

This problem can be considered under the assumption that v is a priori known on
R?\ B,. Actually, in the present paper we consider Problem 1.1 under the assumption
that v = 0 on R?\ B, for some fixed r € R,. Below in this paper we always assume
that this additional condition is fulfilled.

It is well-known that the near-field scattering data of Problem 1.1 uniquely and
efficiently determine the scattering amplitude f for equation (1.1) at fixed energy
E, see |4]. Therefore, approaches of (2], [6], [7], [9], [13], [14], [23], [24], [26], [27],
[36] can be applied to Problem 1.1 via this reduction.

In addition, it is also known that the near-field data of Problem 1.1 uniquely
determine the Dirichlet-to-Neumann map in the case when F is not a Dirichlet
eigenvalue for operator L in B,, see [22], [23]. Therefore, approaches of [1], [6], [16],
[18], [21], [23], [28]-[33], [37] can be also applied to Problem 1.1 via this reduction.

However, in some case it is much more optimal to deal with Problem 1.1 directly,
see, for example, logarithmic stability results of [12]| for Problem 1.1 in dimension
d = 3. A principal improvement of estimates of [12] was given recently in [17]:
stability of [17] efficiently increases with increasing regularity of v.

Problem 1.1 can be also considered as an example of ill-posed problem: see [5],
[20] for an introduction to this theory.

In the present paper we continue studies of [12], [17]. We give new global Holder-
logarithmic stability estimates for Problem 1.1 in dimension d > 3, see Theorem 2.1.
Our estimates are given in uniform norm for coefficient difference and related stability
efficiently increases with increasing energy and/or coefficient regularity. Results of
such a type for the Gel’fand inverse problem were obtained recently in [16] for d > 3
and in [35] for d = 2.

The main feature of our new estimates is the explicit dependence on the energy
E. These estimates consist of two parts, the first is Holder and the second is logarith-
mic; when FE increases, the logarithmic part decreases and the Holder part becomes
dominant.

In addition, we give also global logarithmic stability estimates for Problem 1.1 in
dimension d = 2, see Theorem 2.2.
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2. Stability estimates
We recall that if v satisfies (1.2) and suppv C B,, for some r; > 0, then
(2.1) S*(E) is bounded in L?(0B, x 0B,) for any r > rq,

where ST(E) is the near-field scattering data of v for equation (1.1) with £ > 0, for
more details see, for example, Section 2 of [12].

2.1. Estimates for d > 3. In this subsection we assume for simplicity that

v e W™LRY) for some m > d,
(2.2) v is real-valued,

suppv C B,, for some r; > 0,

where
(2.3) W™ (R = {v: 07v e L'RY), |J| <m}, m e NUO,
where

ol (z
(2.4) Je (NU0), |J| = ZJZ, 87 v( W.
Let
(2.5) ol = max (1070l o)

Jl<m
Note that (2.2) = (1.2).

THEOREM 2.1. Let E > 0 and r > ry be given constants. Let dimension d > 3
and potentials vy, vy satisfy (2.2). Let ||vj||m1 < N, j =1,2, for some N > 0. Let
SF(E) and Sy (E) denote the near-field scattering data for vy and vy, respectively.
Then for T € (0,1) and any s € [0, s*] the following estimate holds:

(2.6) 2 — 01| ooy < Co(1+ E)36™ + Co(1 + B)* 7 (1n(3+5 S

where s* = =4 § = ||S](E) — S5 (E)||L208,x08,), and constants Cy,Cy > 0 depend
only on N, m, d, r, T.

Proof of Theorem 2.1 is given in Section 5. This proof is based on results presented
in Sections 3, 4.
2.2. Estimates for d = 2. In this subsection we assume for simplicity that

2.7) v is real-valued, v € C*(B,,),
' suppv C B,, for some r; > 0.

Note also that (2.7) = (1.2).
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THEOREM 2.2. Let E > 0 and r > r; be given constants. Let dimension d = 2
and potentials vy, vy satisfy (2.7). Let ||vj||c2p,) < N, j = 1,2, for some N > 0. Let

ST (E) and Sy (E) denote the near-field scattering data for vy and vo, respectively.
Then

(2.8) llor = val|pe(s,) < Cs (I (3+671)) " (In (310 (3+4671)))*,

where 6 = ||ST(E) — S35 (E)| 208, xo8,) and constant Cy > 0 depends only on N, m,
T

Proof of Theorem 2.2 is given in Section 7. This proof is based on results presented
in Sections 3, 6.

2.3. Concluding remarks.

REMARK 2.1. The logarithmic stability estimates for Problem 1.1 of [12] and
[17] follow from estimate (2.6) for d = 3 and s = s*. Apparently, using the methods
of [29], [30] it is possible to improve estimate (2.6) for s* =m — d.

REMARK 2.2. In the same way as in [12| and [17] for dimesnsion d = 3, us-
ing estimates (2.6) and (2.8), one can obtain logarithmic stability estimates for the
reconstruction of a potential v from the inverse scattering amplitude f for any d > 2.

REMARK 2.3. Actually, in the proof of Theorem 2.1 we obtain the following
estimate (see formula (5.20)):

(29) ||U1 — U2||IL°°(BT) S 04(1 + E)2\/ E —I— ,02 62p(7‘+1)5 + C5(E —f- p2)_m27:lal7

where constants Cy, C5 > 0 depend only on N, m, d, r and the parameter p > 0 is
such that F + p? is sufficiently large: E + p? > Cs(N,r,m). Estimate (2.6) follows
from estimate (2.9).

3. Alessandrini-type identity for near-field scattering

In this section we always assume that assumptions of Theorems 2.1 and 2.2 are
fulfilled (in the cases of dimension d > 3 and d = 2, respectively).
Consider the operators R;, 7 = 1,2, defined as follows

(3.1) Ryo)e) = [ Ri(ey EVowdy. o€ 0B, j=12
0B,

Note that

(3.2) IRy — Rollr2om,) < ST (E) — S5 (E) |20, x1208,)-

We recall that (see [12]) for any functions ¢, ¢, € C(R?), sufficiently regular in
R?\ OB, and satisfying

~A¢+v(x)p = B¢, in R\ IB,,
lim |:L‘|% (i —Z\/qu)) =0,

(3.3)
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with v = vy and v = vy, respectively, the following identity holds:

/(Uz — v1)p1¢adr =

B,
B Op1 09y ~ Ops O
- [ (G- 5] (- R) (52 - 52 e
o

r

(3.4)

where where v, and v_ are the outward and inward normals to 0B, respectively.

REMARK 3.1. The identity (3.4) is similar to the Alessandrini identity (see
Lemma 1 of [1]), where the Dirichlet-to-Neumann maps are considered instead of
operators R;.

To apply identity (3.4) to our considerations, we use also the following lemma:

LEMMA 3.1. Let E.r > 0 and d > 2. Then, there is a positive constant C
(depending only on v and d) such that for any ¢ € C(RY\ B,) satisfying

~A¢=FE¢, inR\ B,,

(3.5) lim |z]T <a| ¢ Z\/_gb)

|z| =400
¢lon, € H'(9B,),

the following inequality holds:
¢

(3.6) 5

< C:(1+ E)|9los, lw s, »

0B 111.2(8B,.)
where H'(0B,) denotes the standard Sobolev space on OB, .

The proof of Lemma 3.1 is given in Section 8.

4. Faddeev functions

In dimension d > 3, we consider the Faddeev functions h, ¥, G (see [10], [11],
[13], [23]):

(4.1) h(k,1) = (27r)—d/e—“%(x)¢(g;,k;)dx,
Rd
where k,1 € C¢, k> =12, Imk =Iml # 0,
(4.2) Y(z, k) = e** + /G(IB —y, k)v(y)Y(y, k)dy,
R4

4 zﬁxd
(4.3) Gla,k) = e™gla, k), glz,k) = —(2m)" / 52+2i£
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where z € RY, k € C?, Imk #0, d > 3,
One can consider (4.1), (4.2) assuming that

(4.4) v is a sufficiently regular function on R?

with suffucient decay at infinity.

For example, in connection with Theorem 2.1, we consider (4.1), (4.2) assuming that

(4.5) velL>®(B,), v=0onR\B,.
We recall that (see [10], [11], [13], [23]):
(4.6) (A4 E*)G(z, k) = §(z), z€RY keC\RY

formula (4.2) at fixed k is considered as an equation for

(4.7) Y= e p(a, k),

where p is sought in L°(R?); as a corollary of (4.2), (4.3), (4.6), 1 satisfies (1.1) for
E =k?; hof (4.1) is a generalized "‘scattering"” amplitude.

In addition, h, v, G in their zero energy restriction, that is for £ = 0, were
considered for the first time in [3]. The Faddeev functions h, 1, G were, actually,
rediscovered in [3].

Let

Sp={keC": K =k+.. . +kj=E},
(4.8) Op={keXp l€Xg:Imk=TIml},
k| = (JRek|* + |Tm k|?)"/2,

Let
(4.9) v satisfy (2.2), ||v||m1 < N,
(4.10) 0(p) = (27r)d/eip’“"v(a:)da:, p € R,
R
then we have that:
(4.11) (e, k) =1 as |k] — o0
and, for any o > 1,
(4.12) lp(z, k)| + |Vu(z, k)| <o for |k| > MN(N,m,d,r o),

where z € R, k € Yp;

(4.13) o(p) = lim h(k,1) for any p € R,
(k,)€Op, k—1l=p
Im k| = [Im!{| — oo
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2

0(p) — h(k,1)| < —Cé(Em;d[;%)f/i
Imk| = [Iml| =p, E+p*>> X(N,m,d,r),
P <A(E +pP).

Results of the type (4.11), (4.12) go back to [3|. For more information concerning

(4.12) see estimate (4.11) of [15]. Results of the type (4.13), (4.14) (with less precise

right-hand side in (4.14)) go back to [13]. Estimate (4.14) follows, for example, from
formulas (4.2), (4.1) and the estimate

AT g(B)A™* |2 (ra)—r2(Re) = O(lk|™)
as |k| — oo, k€ C*\R%

for (k,1) € O, p=k—1,
(4.14)

(4.15)

for s > 1/2, where g(k) denotes the integral operator with the Schwartz kernel
g(z —y,k) and A denotes the multiplication operator by the function (1 + |x|?)!/2,
Estimate (4.15) was formulated, first, in [19] for d > 3. Concerning proof of (4.15),
see [39].

In addition, we have that:

ho(k,1) — hy(k, 1) = (27r)_d/w1(a:, —1)(va(x) — vy (2))a(z, k)dx

(4.16)
for (k,1) € O, |Imk| = |[Im(| # 0,

and vy, vy satisfying (4.4),
and, under assumtions of Theorem 2.1,

N N CQ(mv d7 T>N“Ul - U2||LOO(B7')
|01(p) — V2(p) — ha (K, 1) + ha(k,1)| < (E+ )12

for (k,l) € O, p=k—1, [Imk|=|Iml| = p,
E+p* 2 M(Nym,d,r), p* <4(E+ p?),

where h;, 1; denote h and v of (4.1) and (4.2) for v =v;, j = 1,2.
Formula (4.16) was given in [25]. Estimate (4.17) was given e.g. in [16].

(4.17)

5. Proof of Theorem 2.1

Let
L(RY) = {u € L=(RY) : [Jul|,, < +oo},
(5-1) lull,, = ess sup (1 + [p])*|u(p)], w> 0.
pERA
Note that
(52) we W™ (R = w e LY (RY) N C(RY),

|||, < cs(m,d)||w][my  for p=m,
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where W1, 1L°¢ are the spaces of (2.3), (5.1),

(5.3) w(p) = (ZW)d/eimw(x)dx, p € R

Using the inverse Fourier transform formula

(5.4) w(z) = /eipxu?(p)dp, r € RY,
R4

we have that

[or = sl < sup | [ e P (0a(p) — 01(p)) dp| <
(5‘5) TEB, Rd

< Ii(k) + I3(k) for any x>0,

where
h) = [ 10a0) — into)p,
(5.6) lp|<w
L) = [ 1oalo) — in(o)ldp
lp|=2x
Using (5.2), we obtain that
(5.7) [62(p) — 01(p)| < 2¢3(m, d)N(1+ [p|)™™, p€R™
Let
(5.8) cq = / dp.
pER?,|p|=1
Combining (5.6), (5.7), we find that, for any x > 0,
“+oo
dt 2c3(m,d)Neg 1
(5.9) I(k) < 2¢c3(m,d)Ney / PR < T a

K

Due to (4.17), we have that

d,r)N|vs — oo
inlp) — 84(p)| < Il 1) — (k)| + LD el

5.10 (E+p*)'/? ’
(5.10) for (k,1) € O, p=k—1, [Imk| = [Imi| = p,
E+p22>\3(N7m7d7T)7 p2§4(E+p2)

Let

(5.11) 0 = ||ST(E) — Sy (E)l2(68,x08,)-
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Combining (3.2), (3.4) and (4.16), we get that

9p1  O¢n

—_— —_— ,

ov, Ov_ L2(B,) vy Ov_ 12(B,)
(k,1) € O, |Imk| = |Iml| #0,

ha(k, ) = ha(k, )] < 5‘ 96 96,

(5.12)

where ¢;, j = 1,2, denotes the solution of (3.3) with v = v;, satisfying
(5.13) oi(z) = v;(x, k) for z€B,.
Using (3.6), (4.12) and the fact that C'(0B,) C H'(9B,), we find that

09; _ 09
87/+ 3U,

< ocy(r,d)(1 + E) exp (|Im k|(r + 1)),

(5.14) ‘ L2(B,)

ke€Xg, |kl > MNN,m,d,r o), j=12.

Here and bellow in this section the constant o is the same that in (4.12).
Combining (5.12) and (5.14), we obtain that

|h2(k7 l) - hl(kf7 l)| S 020-2(1 + ‘E)262p(r-i,-1)57
(5.15) for (k,1) € O, p=|Imk| = |Iml|,
E+p* > XN, m,d,r,0).

Using (5.10), (5.15), we get that

|02(p) — 01(p)| < 2o®(1 + E)%e 15+

ca(m,d, )N |lv1 — va|Le(B))

(5.16) (E 1 )12 ’
peRY p* <AE+p?), E+p* > max{\], \s}.
Let
1 Hd
(5.17) °T (2cg(m, d, T)Nc6) 6T / ap.

PERY,|p|<1
and \y(N,m,d,r,0) > 0 be such that

E+p* > X(N,m,d,r,0),
(

2
(518) E+p22)\4(N,m7d77"’0'):> E+p 2)\3 N7m7d7r)7

(5(E + ,02)21d>2 < 4(E + p?).
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Using (5.6), (5.16), we get that

co(m, d,r)N|vi — U2||L°°(Bl)>
B )
k>0, K2 < 4(E + p?),
E+p* > M(N,m,d,r,0).

I (k) < cgr? <c5<7 (1+ E)2e0+1§ 4
(5.19)

Combining (5.5), (5.9), (5.19) for & = £(E + p*)2¢ and (5.18), we get that
o1 = val|Leem,y < er(N,m,d,r,0)(1+ E)*\/E + p2 5+

m— 1
(5.20) tes(N,m, d)(E + p?)~ "5 + Sl = vallies,),

E+p* > M(N,m,d,r,0).
Let 7" € (0,1),
1—-7

(5.21) ﬁ:m, p=pFm(3+5"),

and 9, = 6;(N,m,d,o,r,7") > 0 be such that

E+ (BIn(3+07))" > M(N,m,d,r,0),
E+(BmB+6))*<0+E) (fmB+s),

Then for the case when § € (0, d;), due to (5.20), we have that

1
§HU1 — VL (B,) <

(5.22)  6€(0,0,) = {

<cr(1+E)? (E—|— (ﬁln (3+5 )) )é (3+5_1)2B(r+1) 5
52 (B (@)
(14 B (E+ (5 (3+57)) )é(1+35)1‘“5f’+

m—

2d

o (E+ (B (3+067))%)

Combining (5.22) and (5.23), we obtain that for s € [0, s*], 7 € (0,7") and 6 € (0, 01)
the following estimate holds:
(5.24) |[vg — 1| LB,y < co(1+ E) 267 + (14 E) 2 (hl (3+071)) "
where s* = mT_d and c¢g, ¢19 > 0 depend only on N, m, d, r, o, 7" and 7.

Estimate (5.24) in the general case (with modified ¢g and ¢¢) follows from (5.24)
for 6 < 6;(N, m,d,o,r,7") and and the property that

(525) ||Uj||]Loo(BT) S cll(m,d)N.
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This completes the proof of (2.6)

6. Buckhgeim-type analogs of the Faddeev functions

Let us identify R? with C and use coordinates z = x1 + ixs, Z = Ty — 1T, Where
(71, 22) € R?. Following [31]-[34], we consider the functions G, 1., 1.,, 0h., going
back to Buckhgeim’s paper [6] and being analogs of the Faddeev functions:

Vo (2,0) = A0 / G (2, € \)0(C)ha (€, A) dReC dTmc,

61 , " .
B2, 4) = P20 / Gy (5, G 0(C)h (¢, A) dReC (.
B

( (: /\) 1 /6)\(7720)2+/_\(772_0)2d1%e77 dIHl?] 6)\(2_'20)2_5\(5_2_0)2,

(6.2) 42 (z =m) (7 —¢)
z=ux1 +1x9, 29 € B,, A € C,

where v satisfies (
(6.3) /wz() 1 v9(2) — v1(2)) Yy 2(2, A) dRez dlmz, X € C,

where vy, vy satisfy (2.7) and 1/12,071, 1,2 denote QZZO, ,, of (6.1) for v = v; and
v = vy, respectively.
We recall that (see [31], [32]):

e The function G, satisfies the equations

82
1o Giy(2,GA) = 0(z = ),

(6'4> 82
455Gl N = (2= 0),

where 2,29, € B,, A\ € C and ¢ is the Dirac delta function;
e Formulas (6.1) at fixed zy and X are considered as equations for 1., 1., in
L>(B,);
e As a corollary of (6.1), (6.2), (6.4), the functions 1., 1, satisfy (1.1) in B,
for E =0 and d = 2;
e The function 0h,, is similar to the right side of (4.16).
Let potentials v, vy, v, € C?(B,) and
[vllc2@y < N5 villezs,y) < N G=1,2,
(6.5) 0
(1 —vo)lop, =0, ——(v1 —v2)|om, =0,

ov
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then we have that:

(6.6) Vg (2,A) = X700 (2, 0), g (2,0) = T (2,0),

(6.7) Lo (2,A) = 1, [ (2,A) = 1 as |A] — oo

and, for any o > 1,

(6.8a) 120 (2, A)| 4 [Viz (2, )] < o,

(6.8b) |20 (2, M) + [ Vs (2, M) < 0,

where V = (0/0x1,0/0x3), z = 11 + ixa, 290 € B, A € C, |A| > p1(N,r,0);
2

(6.9) va(20) = v1(z0) = m —|A[h, (A)

for any zg € B,,

w@w—m@w—iuw%u>gcﬂNﬁ§£@w»

for zo € By, |A| > p2(N,7).

(6.10)

Formulas (6.6) can be considered as definitions of p,, fi.,. Formulas (6.7), (6.9) were
given in [31], [32] and go back to [6]. Estimates (6.8) were proved in [15]. Estimate
(6.10) was obtained in [31], [34].

7. Proof of Theorem 2.2

We suppose that 7:5%71(', =), Yup2(ss A), 0hyy(A) are defined as in Section 6 but
with v; — E in place of v;, j = 1,2. Note that functions 1, 1 (-, —A), ¥, 2(-, A) satisfy
(1.1) in B, with v = v;, j = 1, 2, respectively. We also use the notation Ny = N+ E.
Then, using (6.10), we have that

2 c12(Ng,r) (IH(B‘)‘D)2

- _z <
(7'1) U2(ZO) U1(20> 7r|/\|5hZO()‘) = ’)\‘3/4
for zo € B,, |\ > p2(Ng, ).

Let
(7.2) 0 = |[S{(E) — S5 (E)ll20B.x08,):
Combining (3.2), (3.4) and (6.3), we get that

|5hzo(A)|§5‘%—% ’%_% 7
(7.3) vy Ov_ 12(B,) v, Ov_ L2(B,)

(k,1) € ©p, |Imk| = |Iml| #0,
where ¢;, j = 1,2, denotes the solution of (3.3) with v = v, satisfying

(7.4) O1(2) = Vayr(,=N),  Go(x) = bz, N), for z € B,.
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Using (3.6), (6.8) and the fact that C'(9B,) C H'(9B,), we find that:
0¢; _ 09,

< 2
dvy  Ov_ < ocis(r)(L + E) exp (IAI(47~ + 4r)),

AeC, [N >m(Ng,ro), j=1,2.

(7.5) ‘

L2(B,)

Here and bellow in this section the constant ¢ is the same that in (6.8).
Combining (7.3), (7.5), we obtain that

|0h.y(N)| < c14(E, 7, 0) exp <|)\\(8r2 + 87")) 0,
)\E(Ca ’)\| 2p1<NE7T70>'

(7.6)

Using (7.1) and (7.6), we get that

|va(20) — v1(20)] < c14(E, 7, 0) exp (|)\|(8T2 + 8r))6+

(7.7 cra(N, 1) (In(3))°
LR

20 € B, A€ C, |\ > p3(Ng,r,0) =max{p1, p2}.

We fix some 7 € (0,1) and let

1—7
(78) I=5evsr

where 6 is so small that |[A| > p3(Ng,r,0). Then due to (7.7), we have that

A=pIn(3+467"),

o1 = val|Le(s,) < cra(E,r,0) (3+ 5‘1)5(8"2+8T) S+

(In(38In(3+071Y)))°
BmB+1)T

= cu(E,r o) (1+30) 707+

(In (381 (3 +671)))
(In (3 +0-1))%

+ Clz(NE, 7")
(7.9)

+ C12(NE>7’)67%

where 7, 5 and ¢ are the same as in (7.8).
Using (7.9), we obtain that

(7.10) |v1 = valLee(s,) < c15(N, E, 1, 0) (ln (3 + 5_1))_% (ln (31n (3 + 5_1)))2

for & = ||S7(E) — ST (E)||i208,x08,) < 02(Ng,r,0), where 0, is a sufficiently small
positive constant. Estimate (7.10) in the general case (with modified ¢5) follows
from (7.10) for § < 65(Ng,r,0) and the property that ||v;||L=(s,) < N.

This completes the proof of (2.8).
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8. Proof of Lemma 3.1

In this section we assume for simplicity that r = 1 and therefore 0B, = S¢ .
We fix an orthonormal basis in L?(9B,):

{fip:7>0; 1<p<p,},

(8.1) fjp 1s a spherical harmonic of degree j,

where p; is the dimension of the space of spherical harmonics of order j,

82 w= () - (R,

where
n nn—1)---(n—k+1)

. = >
(8.3) (k) 1 forn >0
and
(8.4) (Z) =0 forn<0.

The precise choice of fj, is irrelevant for our purposes. Besides orthonormality, we
only need f;, to be the restriction of a homogeneous harmonic polynomial of degree
j to the sphere B, and so |z} f;,(z/|z|) is harmonic pn R?. In the Sobolev spaces
H*(0B,) the norm is defined by

Z Cipfip
J:p

The solution ¢ of the exterior Dirichlet problem
—~A¢ =FE¢, inR*\B,,

(8.6) lim |z|T (i —z'\/Eqs) =0,

dlop, =u € H'(9B,),

can be expressed in the following form (see, for example, 4], [8]):

(8.7) ¢ = Z CipPips
Jip

2

(8.5)

= (14 )e;l.
J:p

Hs(B,)

where ¢, are expansion coefficients of w in the basis {f;, : 7 > 0; 1 <p <p;}, and
¢jp denotes the solution of (8.6) with u = fj,,
Gip(®) = hjp(l]) fip(/|2)),
Y hiplJal) = lo|~ A (VEl)
H i (VE)
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where H ;(Ll) is the Hankel function of the first kind. Let
(8.9) (@) = |2 772 i (/2]
Note that ¢? is harmonic in R? \ {0} and
. d—1 8 0 . 0 . d - 3
(8.10) |x|1i>HJ:oo |z| 2 (m i — Z\/Ed)jp) = for j + — > 0.

0

Using the Green formula and the radiation condition for ¢;p, ¢7,, we get that

/ By = / (MG 65 — Ay, d =

R4\ B, R4\ B,
(8.11)
Loy 0¢; d—3
_ Jp Jp 410 .
= / (614 Dip v, ¢]p) dx  for j + —5 0.

r

Due to (8.8) and (8.9), we have that

oo , :
(8.12) 871”%,6@ =(j+d—2) [ frde=j+d—2
By OB,
Using also the following property of the Hankel function of the first kind (see, for
example, [38]):

(8.13) ]ngl)(x)] is a decreasing function of z for z € Ry, u € R,
we get that
+oo
/ ¢jp¢?pdx = / tijidwhjp(t)tdildt =
d\B, 1
(8.14) e HYLWEY |
- _J_g(”?—dt S /t_J_th == T é 2
d—3

for j + —— > 0.
or j + 5

Combining (8.8), (8.9), (8.11), (8.12) and (8.14), we obtain that

h _
M‘§j+d—2+2E forj+u>0.
hj,(r 2

]P)

Let consider the cases when j + % <0.
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Case 1. j =0, d = 2. Using the property dH ( )/dt = H(l)(t), we get that
R H(l) B

(8.16) ﬂ = E%\/_)
) HOE)

We recall that functions H(gl) and H 1(1) have the following asymptotic forms (see, for
example [38]):

N
H@@mem)%ta+q

2 .
H(()l)(t) ~ 4/ Eel(t’”/‘l) as t— +oo,

HY) ~ —L(2/t) as t— +0,
T

2 .
Hfl)(t) ~ \/Ee’(t_%/‘l) as t — +oo.

Using (8.13) and (8.17), we get that for some ¢ > 0

(8.17)

HM (1
(8.18) tn( ) <c(l+1/t).
Hy (1)
Combining (8.16) and (8.18), we obtain that for j =0, d = 2
hip(r)
8.19 2l < e(1+ VE).
( ) hip(r) | — ol +\/_)
Case 2. 7 =0, d = 3. We have that
(1) _ 3 i(t—m/2)
(8.20) Hj+%(t) =\ e :
Using (8.8) and (8.20), we get that for j =0, d = 3
hip(r)
8.21 —1+VE.
( ) hm@”)

Combining (8.5)-(8.8), (8.15), (8.19) and (8.21), we get that for some constant
d=d(d) >

2

hip(r)
(8.22) H =Y & |- <Jd1+E)?Y (1+5)%*
s lop, iz om,) 321; 1 hip(r) sz:

Using (8.5) and (8.22), we obtain (3.6)
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