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Stochastic expansion for the diffusion processes and applications to option pricing

Abstract: This thesis deals with the approximation of the expectation of a functional (possibly depend-
ing on the whole path) applied to a diffusion process (possibly multidimensional).

The motivation for this work comes from financial mathematics where the pricing of options is re-
duced to the calculation of such expectations. The rapidity for price computations and calibration proce-
dures is a very strong operational constraint and we provide real-time tools (or at least more competitive
than Monte Carlo simulations in the case of multidimensional diffusions) to meet these needs.

In order to derive approximation formulas, we choose a proxy model in which analytical calculus
are possible and then we use stochastic expansions around the proxy model and Malliavin calculus to
approach the quantities of interest. In situation where Malliavin calculus can not be applied, we develop
an alternative methodology combining It6 calculus and PDE arguments. All the approaches (from PDEs
to stochastic analysis) allow to obtain explicit formulas and tight error estimates in terms of the model
parameters. Although the final result is generally the same, the derivation can be quite different and we
compare the approaches, first regarding the way in which the corrective terms are made explicit, second
regarding the error estimates and the assumptions used for that.

We consider various classes of models and functionals throughout the four Parts of the thesis.

In the Part I, we focus on local volatility models and provide new price, sensitivity (delta) and implied
volatility approximation formulas for vanilla products showing an improving accuracy in comparison to
previous known formulas. We also introduce new results concerning the pricing of forward start options.

The Part II deals with the analytical approximation of vanilla prices in models combining both local
and stochastic volatility (Heston type). This model is very difficult to analyze because its moments can
explode and because it is not regular in the Malliavin sense. The error analysis is original and the idea
is to work on an appropriate regularization of the payoff and a suitably perturbed model, regular in the
Malliavin sense and from which the distance with the initial model can be controlled.

The Part III covers the pricing of regular barrier options in the framework of local volatility models.
This is a difficult issue due to the indicator function on the exit times which is not considered in the
literature. We use an approach mixing It6 calculus, PDE arguments, martingale properties and temporal
convolutions of densities to decompose the approximation error and to compute correction terms. We
obtain explicit and accurate approximation formulas under a martingale hypothesis.

The Part IV introduces a new methodology (denoted by SAFE) for the efficient weak analytical
approximation of multidimensional diffusions in a quite general framework. We combine the use of a
Gaussian proxy to approximate the law of the multidimensional diffusion and a local interpolation of
the terminal function using Finite Elements. We give estimates of the complexity of our methodology.
We show an improved efficiency in comparison to Monte Carlo simulations in small and medium
dimensions (up to 10).

Keywords: Stochastic expansion, diffusion process, weak approximation, financial mathemat-
ics, option pricing, stochastic analysis, Malliavin calculus, partial differential equation, local volatility
model, stochastic volatility, hitting time, barrier option, finite elements.




Développement stochastique pour les processus de diffusion et applications a la
valorisation d’options

Résumé: Cette these est consacrée a I’approximation de 1’espérance d’une fonctionnelle (pouvant
dépendre de toute la trajectoire) appliquée a un processus de diffusion (pouvant étre multidimensionnel).

La motivation de ce travail vient des mathématiques financieres ou la valorisation d’options se réduit
au calcul de telles espérances. La rapidité des calculs de prix et des procédures de calibration est une
contrainte opérationnelle tres forte et nous apportons des outils temps-réel (ou du moins plus compétitifs
que les simulations de Monte Carlo dans le cas multidimensionnel) afin de combler ces besoins.

Pour obtenir des formules d’approximation, on choisit un modele proxy dans lequel les calculs
analytiques sont possibles, puis nous utilisons des développements stochastiques autour de ce modele
proxy et le calcul de Malliavin afin d’approcher les quantités d’intérét. Dans le cas ou le calcul de
Malliavin ne peut pas étre appliqué, nous développons une méthodologie alternative combinant calcul
d’1t6 et arguments d’EDP. Toutes les approches (allant des EDPs a 1’analyse stochastique) permettent
d’obtenir des formules explicites et des estimations d’erreur précises en fonction des parametres du
modele. Bien que le résultat final soit souvent le méme, la dérivation explicite du développement peut
étre tres différente et nous comparons les approches, tant du point de vue de la maniere dont les termes
correctifs sont rendus explicites que des hypotheéses requises pour obtenir les estimées d’erreur.

Nous considérons différentes classes de modeles et fonctionnelles lors des quatre Parties de la these.

Dans la Partie I, nous nous concentrons sur les modeles a volatilité locale et nous obtenons des
nouvelles formules d’approximation pour les prix, les sensibilités (delta) et les volatilités implicites des
produits vanilles surpassant en précision les formules connues jusque-la. Nous présentons aussi des
nouveaux résultats concernant la valorisation des options a départ différé.

La Partie II traite de I’approximation analytique des prix vanilles dans les modeles combinant volatil-
ité locale et stochastique (type Heston). Ce modele est tres délicat a analyser car ses moments ne sont
pas tous finis et qu’il n’est pas régulier au sens de Malliavin. L’analyse d’erreur est originale et 1’idée est
de travailler sur une régularisation appropriée du payoff et sur un modele habilement modifié, régulier
au sens de Malliavin et a partir duquel on peut contrdler la distance par rapport au modele initial.

La Partie III porte sur la valorisation des options barrieres régulieres dans le cadre des modeles a
volatilité locale. C’est un cas non considéré dans la littérature, difficile a cause de I’indicatrice des temps
de sorties. Nous mélangeons calcul d’Itd, arguments d’EDP, propriétés de martingales et de convolutions
temporelles de densités afin de décomposer I’ erreur d’approximation et d’expliciter les termes correctifs.
Nous obtenons des formules d’approximation explicites et trés précises sous une hypothese martingale.

La Partie IV présente une nouvelle méthodologie (dénotée SAFE) pour I’approximation en loi
efficace des diffusions multidimensionnelles dans un cadre assez général. Nous combinons I’utilisation
d’un proxy Gaussien pour approcher la loi de la diffusion multidimensionnelle et une interpolation
locale de la fonction terminale par éléments finis. Nous donnons une estimation de la complexité de
notre méthodologie. Nous montrons une efficacité améliorée par rapport aux simulations de Monte
Carlo dans les dimensions petites et moyennes (jusqu’a 10).

Mots clés: Développement stochastique, processus de diffusion, approximation en loi, mathé-
matiques financieres, valorisation d’options, analyse stochastique, calcul de Malliavin, équation aux
dérivées partielles, modele a volatilité locale, volatilité stochastique, temps d’atteinte, option barriére,
éléments finis.
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CHAPTER 1

Introduction

The Sections 1.1, 1.2 and 1.3 of this introduction Chapter have been published in the Chapter "Asymp-
totic and non asymptotic approximations for option valuation" of the book "Recent Developments in
Computational Finance Foundations, Algorithms and Applications", Thomas Gerstner and Peter Kloe-
den (Ed.) 2012, World Scientific Publishing Company.

Contents
1.1 Application context and overview of different computational approaches ... .. .. 3
1.2 Notations used throughout the introduction Chapter . . . . . ... ........... 5
1.3 Anoverview of approximationresults . . ... ... ... ... 0t 6
1.3.1 Large and small strikes, at fixed maturity . . . ... ... ... ... ....... 7
1.3.2 Long maturities, at fixed strike . . . . . . . ... L0000 8
1.3.3 Long maturities, with large/small strikes . . . . . . ... ... ... ... ..... 9
1.3.4 Non large maturities and non extreme strikes . . . . . ... ... ... ... ... 9
1.3.5 Asymptotic expansion versus non-asymptotic expansion . . . . . . . . .. . ... 17
1.4 Structure of thesisand mainresults . . ... ................. .. ..., 18

The aim of this thesis is to provide analytical approximations of the law of (X;):c[o,r] solution of the
following stochastic differential equation (SDE):

! !
X = xo +f b(s,Xs)ds+f o (s, X)dWy, (1.1)
0 0

with applications to financial mathematics, where W is a Brownian motion (possibly multidimensional)
and b and o are functions which the regularity is not specified for the moment. More precisely we want
to obtain explicit approximation formulas of the expectation of a functional ¢ possibly involving the
whole trajectory of X on [0,7T]:

Elp(X;: 0<t<T)]. (1.2)

These problems are connected to the pricing of financial derivative products which prices can be rep-
resented with expectations of the form (1.2). Apart from some particular cases of processes X or func-
tionals ¢, the explicit calculus of (1.2) is not possible. Among them we cite the case where ¢ is a
function of the terminal value of the process X and where the density of Xr (like in the Gaussian or log-
normal models) or its characteristic function (like in the affine models) are explicitly known. Otherwise
one must turn to numerical methods like PDE techniques or Monte Carlo simulations. The principal
drawback of these numerical methods is that there are time-costing whereas the rapidity in the different
computations and calibration procedures is a very strong operational constraint in the financial industry.
An other approach to obtain real-time and explicit formulas is to derive analytical approximations. The
approximations can be of very different nature: asymptotic or non-asymptotic approach, large choice of
parameters under consideration, methodology used (rather stochastic analysis or rather PDE)...In Sec-
tion 1.3 we give a broad overview of approximation methods to derive analytical formulas for accurate
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and quick evaluation of option prices. We compare different approaches, from the theoretical point of
view regarding the tools they require, and also from the numerical point of view regarding their perfor-
mances. We nevertheless mention some limitations of certain methods quoted further that we would like
to circumvent:

e The approximation is oftenly explicit under a condition of time-homogeneity of the coefficients
b and o of the diffusion (see (1.1)), because its determination involves time-change of variable-
change techniques or necessitates the explicit resolution of elliptic PDEs.

e Some works perform an asymptotic expansion which the accuracy is given in terms of a small
parameter €. However this accuracy may depend on the regularity of the functional ¢ and on the
magnitude of the diffusion coefficients b and o-. Thus there might be a competition between these
parameters and €, what rises some problems of interpretation of the obtained theoretical accuracy.

e Sometimes, only the existence of an expansion is proven without the explicit calculation of the
coefficients. On the contrary an heuristic expansion can be performed using formal calculations
but rigorous error estimates are not provided (especially in the difficult cases of irregular diffusion
coefficients or non smooth terminal functions).

To overcome these drawbacks, Benhamou, Gobet and Miri [Benhamou 2009] provide a new non asymp-
totic methodology, the so called "proxy principle". The idea is to:

1. choose a proxy model in which analytical calculus are possible,
2. find a way to establish a connexion between the initial model and the proxy model,

3. perform a non asymptotic expansion to approach the quantities of interest. The expansions take
the following generic form (written in the particular case where ¢ is a function of Xr):

El(X7)] = Elp(X})] +Zwa 02! e, Elp(X] +©]lezo + Error,
where:
5';'1 e lE[go(X’TJ +€)]le=0 are sensitivities in the Proxy model,

e w, are explicit and depend on b, o-and T'.

4. Estimate Error according to the magnitude of b, o~ and their derivatives as well T and the regularity
of .

The choice of the proxy is left to the expertise of the user. As an evidence of the efficiency of this
approach, we cite some cases where it has been possible to handle the pricing of European and exotic
options with very accurate and real-time approximation formulas:

e in local volatility models [Benhamou 2010a], taking as proxy the Black-Scholes model obtained
by freezing the local volatility at spot,

e possibly incorporating Gaussian jumps [Benhamou 2009] choosing as proxy the Merton model
[Merton 1976] or incorporating Hull & White type interest rates [Hull 1990] handled with the
Black model proxy [Black 1976],

e in time-dependent Heston model [Benhamou 2010b] (see [Heston 1993] for the Heston model)
using a suitable Black-Scholes model proxy obtained by vanishing the volatility of volatility,
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e in general average options like Asian or Basket options [Gobet 2012a] taking as proxy Gaussian
averages.

This thesis proposes to continue these works and to deepen them in several directions:

e improvement of the approximations in the local volatility models: freezing the local volatility
function at different points that the spot, implied volatility expansions, analytical formulas for the
sensitivities, choice of more accurate proxy models. .. Forward implied volatility expansions for
the pricing of forward start options,

e approximation formulas for models combining local and stochastic volatility,
o expansion formulas of some path-dependent products like Barrier options,
e weak approximations and efficient calculations in multidimensional diffusions,

and thus to contribute to the development of real-time stochastic tools allowing to provide risk manage-
ment indicators on advanced models or sophisticated products.

This introduction Chapter is organized as follows. In Section 1.1 we develop the application context and
we list the different computational approaches. We give in Section 1.2 some useful notations repeatedly
used throughout this Chapter and sometimes utilized in the remainder of the thesis. Section 1.3 of this
Chapter gives an overview of asymptotic and non-asymptotic results: wing formulas, long maturity be-
havior, large deviations type results, regular and singular perturbation for PDEs, asymptotic expansions
of Wiener functionals and other stochastic analysis approaches. The choice of the small/large parameter
is of course crucial and is usually left to the expertise of the user. In particular, we compare in Subection
1.3.5 the asymptotic and non-asymptotic approaches and we show that there might be a competition
between different small/large parameters and the accuracy order might not be the natural one. This mo-
tivates for deriving non asymptotic results and this is our emphasize throughout the next Chapters of the
thesis. Besides we already provide a brief presentation of the "proxy principle" in Subsection 1.3.4.4.
The outline and the main results of the thesis are given in Section 1.4.

1.1 Application context and overview of different computational ap-
proaches

In the two last decades, numerous works have been devoted to designing efficient methods in order to
give exact or approximative pricing formulas for many financial products in various models. This quest
of efficiency originates in the need for more and more accurate methods, when one takes into account an
increasing number of sources of risk, while maintaining a competitive computational time. The current
interest in real-time tools (for pricing, hedging, calibration) is also very high.

Let us give a brief overview of different computational approaches. While explicit formulas are
available in simple models (Black-Scholes model associated to log-normal distribution [Black 1973],
or Bachelier model related to normal distributions [Bachelier 1900] for instance), in general no closed
forms are known and numerical methods have to be used. As a numerical method, it is usual to perform
PDE solvers for one or two-dimensional sources of risk (see [Achdou 2005] for instance) or Monte Carlo
methods for higher dimensional problems [Glasserman 2004]: both approaches are popular, efficiently
developed and many improvements have been proposed for years. However, these methods are not
intrinsically real-time methods, due to the increasing number of points required in the PDE discretization
grid or due to the increasing number of paths needed in the Monte Carlo procedure. Not being real-time
method means, for example, that when used for calibration routine based on data consisting of (say) 30
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vanilla options, it usually takes more than one minute (in the most favorable situations) to achieve the
calibration parameters. The approaches presented below are aimed at reducing this computational time
to less than one second.

The class of affine models (such as Heston model, exponential Levy model ...) offers an alternative
approach related to Fourier computations: on the one hand, in such models the characteristic function
of the marginal distribution of the log-asset is explicitly known; on the other hand, there are general
relations between Call/Put prices and the characteristic function of the log-asset. These relations write
as follows.

e Following Carr and Madan [Carr 1998b], consider the difference z7(k) between the Call price in

a given model and that price in an arbitrary Black-Scholes model (with volatility o), both with
maturity 7 and log-strike k. For zero interest rate (to simplify), it is equal to z7(k) = E(eX” — ey, —
CallBS(k), where X is the logarithm of the asset. A direct computation gives explicitly the Fourier
transform z7(v) in the log-strike variable:

OX(1+iv) - OBS(1 +iv)

(1l +iv)

GF0)= [ Martodk ,
R

where (1)¥’BS(M) :=E(e"X7) is either computed in the X model or in the Black-Scholes model. Since

CD)T((-) is required to be known, we get the X-model Call price z7 (k) + CallBS(k) simultaneously for

any log-strike using a Fast Fourier Transform.

o Alternatively, following the Lewis approach [Lewis 2000, Chapter 2], let @ > 0 be a damping con-
stant, set ii(y) = (¢ — K) e~ 1+ which belongs to L*(R,Leb.) and assume that E(e!!*®X7) < 4oo:
from the Parceval-Plancherel identity, assuming that the density py, of X7 w.r.t. the Lebesgue
measure exists, we obtain

E(e"T —K), = f B py (y)dy
R

1 — —
=5 f h(=&[e1* px, ()(E)dE
T IR

1 e~ (@+i®)log(K)

_ b . .
om R(i$+a)(i§+a+1)(DT(l+“+l§)d§.

The final identity still holds without assuming the existence of density: this can be proved by
adding a small Brownian perturbation (considering Xy + eWr instead of X7), and taking the limit
as the perturbation & goes to 0. From the above formula, using an extra numerical integration
method (to compute the &-integral), we recover Call prices. For higher numerical performance,
Lewis recommends a variant of the formula above, obtained through the decomposition (eX7 —
K), = X" —min(e7, K): it finally writes

1 [ B-i©)logK)

B -K), =So—— | ———
(e )+ 0 271_ R %+§2

qf;(% +i&)dé. (1.3)
Regarding computational time, both Fourier-based approaches perform well, since they are essentially
reduced to a one-dimensional integration problem. But they can be applied only to specific models for
which the characteristic function is given in an explicit and tractable form: in particular, it rules out the
local volatility models, the local and stochastic volatility models.

The last approach consists of explicit analytical approximations and this is the main focus of this
thesis: it is based on the general principle of expanding the quantity of interest (price, hedge, implied
volatility. ..) with respect to some small/large parameters (possibly multidimensional). The parameters
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under consideration may be of very different nature: for instance in the case of Call/Put options of
strike K and maturity 7, it ranges from the asymptotic behavior as K is small or large, to the case of
short or long maturity 7', passing through coupled asymptotics, or small/fast volatility variations, and
so on... A detailed description with references is presented in Section 1.3 of this introduction Chapter.
Due to the plentiful and recent litterature on the subject, it is likely that we will not be exhaustive in
the references. But we will do our best to give the main trends and to expose whenever possible what
are the links between different viewpoints; we will compare the mathematical tools to achieve these
approximations (rather PDE techniques or stochastic analysis ones), in order to provide to the reader a
clarified presentation of this prolific topic.

1.2 Notations used throughout the introduction Chapter

> Models. In all this Chapter, financial products are written w.r.t. a single asset, which price at time ¢
is denoted by S;. The dynamics of S is modeled through a filtered probability space (Q,F,(F7)i0,P)
where (F7)>0 is the natural filtration of a standard linear Brownian motion W, augmented by the P-null
sets. The risk-free rate is set! to 0; most of the time and unless stated otherwise, S follows a local
volatility model, i.e. it is solution of the stochastic diffusion equation

dSt = S[O'(Z,St)dW[, (14)

where the dynamics is directly under the pricing measure. Assumptions on the local volatility o are
given later. We assume that the complete market framework holds and that an option with payoft 4(S 1)
paid at maturity 7" has a fair value at time O equal to E(h(S 7)).

For positive S, we define the log-asset X = log(S) which satisfies

1
dX; = a(t,X,)dW, — Ea2(t,x,)c1t, (1.5)

where a(t, x) = o(¢,e”).
> Call options. Let us denote by Call(S, T, K) the price at time O of a Call option with maturity 7 and
strike K, written on the asset S. "Price" usually means the price given by a model on §, that is

Call(So,7T,K) =E(Sr — K)+. (1.6)

This Model Price should equalize the Market Price taken from Market datas (calibration step). As usual,
ATM (At The Money) Call refers to Sg ~ K, ITM (In The Money) to S > K, OTM (Out The Money)
to Sy« K.

> Black-Scholes Call price function. For convenience of the reader, we give the Black-Scholes Call
price function depending on log-spot x, total variance y and log-strike z:

CallBS(x,y,z) =e*N(di(x,y,2)) — N(dr(x,,2)) (1.7)
where:
N " N N’ e
<x>—f_w (u)d, ="

Ifor non-zero but deterministic risk-free rate, we are reduced to the previous case by considering the discounted asset; see
also the discussion in [Benhamou 2012] for stochastic interest rates.
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x—z 1
dl(x,)’,Z) :W + 5 \/yv d2(x7yaz) :dl(x7y’z) - \/y

This value Call®S(x, v,z) equals Call(e*, T, €%) in (1.6) when the volatility in (1.4) is only time-dependent
and y = J(;T o%(t)dr. Note that Call®® is a smooth function (for y > 0) and there is in addition a simple
relation between its partial derivatives:

1 1
9, Call® (x,.2) = (8% = 0)Call® (x.y,2) = (0% — 0)Call* (x,,2). (1.8)

In the following, xop =1og(S o) (which is the initial value of the process X defined in (1.5)) will represent
the log-spot, k = log(K) the log-strike, x4y = (xo+k)/2 = log( VS oK) the mid-point between the log-spot
and the log-strike, m = xo —k = log(S o/ K) the log-moneyness.

The reader can find in Proposition 2.6.1.2 of Chapter 2 Section 2.6 the definition of Vega®®, Vomma
and Ultima®S which are the first three derivatives of Call®> w.r.t. a volatility parameter.

BS

For (x,T,z) given, the implied Black-Scholes volatility of a price Call(e*,T,e*) is the unique non-
negative parameter oy(x,T,z) such that

Call®®(x,03(x, T,2)T, z) = Call(e*, T, €°). (1.9)

> Bachelier Call price function. We now recall the Bachelier Call price as a function of spot §, total
variance Y and strike Z:

S-Z S-Z
CallPA(S,Y,2) =(S - 2ON(=—=) + VYN (—X), (1.10)
C L))
which coincides with Call(S,7,Z) when the volatility in (1.4) is such that xo(t,x) = 2(t) and Y =
fOT ¥2(¢)dt. The function CallB? is smooth (for Y > 0) and we have:

1 1
dyCallPA(S,Y,2) = §8§2CallBA(S, Y,Z) = §6§2CallBA(S, Y, 7).

We frequently use the notation S 4, = (So + K)/2 and M = S — K for the Bachelier moneyness. Propo-
sition 2.6.2.2 postponed to Chapter 2 Section 2.6 defines the sensitivities of Call®* w.r.t. the volatility
parameter: VegaP?, VommaP* and Ultima®”.

For (S,T,Z) given, the implied Bachelier volatility of a price Call(S, T, Z) is the unique non-negative

parameter Z1(S, 7, Z) such that
CallPA(S,22(S,T,2)T, Z) = Call(S, T, 2). (1.11)

Black-Scholes and Bachelier implied volatilities are compared in [Schachermayer 2008].

1.3 An overview of approximation results

The increasing need in evaluating financial risks at a very global level and in a context of high-frequency
market exchanges is a significant incentive for the computational methods to be efficient in evaluating
the exposure of large portfolio to market fluctuations (VaR computations, sensitivity analysis), in quickly
calibrating the models to the market data. Hence, in the two last decades, many numerical methods have
been developed to meet these objectives: in particular, regarding the option pricing, several approxima-
tion results have been derived, following one or another asymptotic point of view. We give a summary
of these different approaches, stressing the limits of applicability of the methods.
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1.3.1 Large and small strikes, at fixed maturity

The Call price Call(Sg,T,K) as a function of strike is convex and its left/right derivatives are related
to the distribution function of S7 [Musiela 2005, Chapter 7]: d,Call(So,T,K) = -P(S7 > K) and
8}Call(S 0,1, K)=—-P(S 7 > K). Beyond the important fact that the family of Call prices {Call(S¢,T,K) :
K > 0} completely characterizes the marginal distribution of S 7, this relation also shows that the tails
of the law of S 7 are intrinsically related to the decay of Call(S¢,7,K) as K — +oo. In terms of implicit
volatility, the heuristics is the following: the larger the implied volatility of OTM options, the larger
the right tail of S7. This is similar for small strikes K, using Put options. Lee [Lee 2005] has been
the first one to quantify these features relating the behavior of implied volatility to the tails of S 7, with
an encoding of the tails through the existence of positive/negative moments. These are model-free re-
lations, that can be applied to any model with E(S 1) < +co and not only to local volatility ones like in
(1.4). The well-known Lee moment formulas write as follows, using the log-variables xy = log(S () and
m=1log(So/K) = xo— k.

Theorem 1.3.1.1. Define

o the maximal finite positive moment order pg :=sup{p > 0 : E(S 1T+p) < +o00},

e the maximal finite negative moment order* py := sup{p > 0 : E(S ;p ) < +oo}. Then, the right tail-wing
of the Black-Scholes implied volatility defined in (1.9) is such that

Ta'I2 (x0,T,x9—m)

lim sup = ¢(pr) := Pk,
m——oo |m|
while the left tail-wing is such that
 Toj(x,T,x0 —m)
limsup — = d(p1) =B

where ¢(x) =2 —4(Vx2+x—x) €[0,2].

Proof. We refer to [Lee 2005] for a detailed proof. We only give the two main arguments for proving
the right tail-wing, the left one being similar.

e The first argument relies on a tight connection between moments and asymptotics of Call/Put as
K — +00. Indeed, on the one hand, convexity inequalities give (s — K), < ;:1] ( ﬁ)p K—ll (for p > 0), and
taking the expectation yields

1
E(S?)(—p )”L. (1.12)
p+1 "p+1° KP

Call(So,T,K) <

In other words, the more integrability of S, the faster the decay of Call(S¢,T,K) as K — +co. Con-
versely, the Carr formula states that the Call/Put prices form a pricing generating system for any payoff
equal to a difference of convex functions: making this principle particular to the power payoff, we obtain

(S, = f p(p+ DKP™'Call(S, T, K)dK, (1.13)
0
i.e. the faster the decreasing of Call(S o, T, K) as K — +oo, the higher the integrability of S 7.

e The second argument is based on exponential decreasing behaviors of Call/Put in terms of Black-
Scholes implied volatility, as the log-moneyness m — +oco. Reparameterizing the implied volatility

21+ pg and py, are respectively called right-tail and left-tail indices.
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o1(xo, T,xo —m) = +/BIm|/T with g € (0,2] (8 is interpreted as a slope of the total variance per log-
moneyness), we obtain

Call®S (xo, Blml, x0 — m) = S oN (= \f-(B)Iml) — S o " N (= [ £+ (B)Iml)

where f.(8) = é +§ + 1. Then, a direct computation shows a dichotomic behavior related to :
lim e~ Call®S (xo,B|m|, xo —m) = +oollesr g2 (1.14)
m-—-—00 ?

Comparing (1.12-1.13-1.14) and setting pr := f-(Br)/2 (or equivalently Sg = ¢(pr)) yields the tail-wing
formulas. O

Since the original contribution of Lee, several improvements to Theorem 1.3.1.1 have been estab-
lished. For instance, the lim sup can be removed by a simple limit, under the additional assumptions that
S 7 has a regularly varying density, see [Benaim 2009]. More recently, Gulisashvili [Gulisashvili 2010]
and his co-authors have proved refined expansions of the form

V2 ! !
o1(xo, T, k) \/7[ 08 OgCall(So,T,K) 2 B0k Call(S0,7.K)

] 1 | o
~ Jlog——— — ~loglog ————— log ——— )72
\/Og GG, 7K 2w |t Ense )

as K becomes large, which allows precise asymptotics of o(xg, T,k) through those of Call(S¢, 7, K).

These kinds of asymptotics are now well-known for most of the usual models, like CEV models
(no right tail-wing), Heston model (tail-wing depending on the maturity). ..see [Gulisashvili 2012] for
more references. Different models may have the same strike asymptotics. We can use this information
on extreme strikes in different manners: first, comparing with the asymptotic market implied volatility
smile, it allows for selecting a coherent model. Second, it helps the calibration procedure by setting
approximately some parameter values (those having an impact on the tails). Third, it can be used to
appropriately extrapolate market data.

In practice, these asymptotic formulas refer to far OTM or ITM options, for which the accuracy of
market data is really questionable (large bid-ask spread, low liquidity). Thus, a direct application is
usually not straightforward.

1.3.2 Long maturities, at fixed strike

Another asymptotics is large maturity. It has been studied by Rogers and Tehranchi, see
[Tehranchi 2009] and [Rogers 2010], proving the following.

Theorem 1.3.2.1. Assume that S remains positive with probability 1. Then, for any A > 0,
1030, T, %0 = m) = A/ $IIn(E(S 7 A So))| =0.

As before, the proof is based on the careful derivation of asymptotics of Black-Scholes formula
(1.7). The above limit states that for strikes in a fixed neighborhood of the spot S, the implied volatility

IimrS 4o SUP|yi<a

behaves like \/ %I In(E(S 7 A So))| for large maturity, and thus it does not depend on the strike. In other
words, the implied volatility surface flattens as maturity becomes large, which is coherent with market
data. There are also some refined and higher order asymptotics: assuming that the a.s. large-time limit
of the martingale S is 0, then

TO'%()C(), T,k) =8|In(E(S 1 A £))| —4In(|In(E(S 7 A E))l) + 4ln(£) +o(1),
So So nSo

where the reminder is locally uniform in the log-moneneyss m = xg — k.
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1.3.3 Long maturities, with large/small strikes

In view of the preceeding results, the asymptotics of the smile for large maturity becomes very simple
regarding the strike variable, unless one allows the strike to be large/small together with the maturity.
Indeed to recover interesting information at the limit, we should consider strikes of the form K = §ge*”
with x # 0, or equivalently k = xp + x7T". From the linearization of the payoff, one obtains

Call(So,T,S0e) =E(S 715, 55,07) —Soe PS> Spe'")

1 1
=S PS (7 log(S7/S0) 2 x) - soexTP(7 10g(S7/S0) 2 x)

where the new measure P is the one associated to the numéraire S. Under this form, it appears clearly
that for x large enough (say larger than the asymptotic P-mean or P®-mean of %log(S 7/S0) whenever
it exists), both probabilities above correspond to the evaluation of large deviation events. The role of
Large Deviation Principle satisfied by the sequence (% log(S7/S0))r>0 as T — +co has been outlined in
[Forde 2011] in the case of Heston model, and in [Jacquier 2011] for more general affine models. Saddle
point arguments combined with Lewis formula (1.3) have been performed in [Gatheral 2011] for the He-
ston model, to recover the Stochastic Volatility Inspired parameterization of Gatheral [Gatheral 2004]:
the squared implied volatility O'IZ(XQ, T, xo + xT) has the simple asymptotic shape

o2 (x) = %(l+w2px+ \/(w2x+p)2+1—p2). (1.15)

For more general affine models like Heston model, without or with jumps, or Bates model, or Barndorft-
Nielsen-Shephard model (see [Duffie 2003] and [Jacquier 2011]), it is possible to derive similar limits.
Let A/(u) = log(E(S})) be the exponent of the moment generating function, which is convex in u: in
the aforementioned model we can define and compute its asymptotic average A(u) = lim,—c %A,(u),
which still satisfies to the convexity feature. We associate its Fenchel-Legendre transform A*(x) =
sup,,cg(ux — A(u)) and it turns out that ( % log(S 7/S0))r>0 satisfies a LDP under P (resp. PS) with rate
function x — A*(x) (resp. x = A*(x) — x).

Theorem 1.3.3.1. Under some assumptions (see [Jacquier 2011]), for any x € R, the asymptotic implied
volatility o« (x) is given by

1im 010, T 0 +7) = V2[sgn(A’(1) = x) VA*(x) = x + sgn(x = A'(0)) VA* ().

In the Black-Scholes model with constant volatility o, one has A(u) = %(u2 —u), A*(x) = #()ﬁ

"72)2, and we get obviously o« (x) = 0. For Heston model, A is explicit as well and we finally recover the
SVI parsimonious parameterization (1.15). Here again, different models may have the same asymptotic
smiles, see [Jacquier 2011].

1.3.4 Non large maturities and non extreme strikes

To obtain approximation formulas in that situation, the asymptotics should originate from different
large/small parameters that are rather related to the model and not to the contract characteristics (matu-
rity and strike). These different asymptotics are generally well intuitively interpreted. For the sake of
clarity, we spend time to detail a bit the arguments, in order to make clearer the differences between the
further expansion results and the tools to obtain them. To the best of our knowledge, such comparative
presentation does not exist in the literature and the reader may find it interesting.
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1.3.4.1 Small noise expansion

This is inspired by the Freidlin-Wentzell approach [Freidlin 1998] in which the noise in the Stochastic
Differential Equation of interest is small. Denote by Y the scalar SDE under study (which can be X or §
in our framework), solution of

dYt = l,l(t, Y;)dt + V([, Yt)dWl, YO giVen. (1 16)

Assume that v is small, or equivalently that v becomes ev with £ — 0: after making this small noise
parameterization, the model writes

dY? = u(t, YO)di + ev(t, YO)AW,, Y =Y.

For € = 0, it reduces to an ODE
!
Y? = you = Yo+ f u(s,yo,s)ds (1.17)
0

and this deterministic model serves as a zero-order approximation for the further expansion. Under
smooth coefficient assumptions [Freidlin 1998], we can derive a stochastic expansion of Y* in powers of
&
& _ 1 2 2
Y; —yo’,+sY1’[+§8 Y2, +0(e%). (1.18)

For instance Y; solves a linear Gaussian SDE

! ! r
Yi, = f Oxft(5,Y0.5)Y1 5ds + f V($,0.5)dW; = f el Drryondry s yo AW,
0 0 0

Similarly, Y, solves

! !
Yo, = f [axﬂ(s,yo,x)Yz,s+6§ﬂ(s,yo,s)Y12,s]dS+ f 20.v(s,y0,5)Y1,sdWy
0 0
4 1
= f o Outryodr (921 (s, y0,5) Y5 (ds +20,(s,¥0.5) Y1, sdWy).
A :

Higher order expansions are available under higher smoothness assumptions. The notation o(g?) in
(1.18) means that the related error term has a LP-norm (for any p) that can be neglected compared to &>
as € — 0. The stochastic expansion (1.18) becomes a weak expansion result when we compute E(h(Y7))
for a test function A.

> THE casE OF sMOOTH A. If /i is smooth enough, we obviously obtain
E(h(Yr)) =h(yo,r) + &’ (yo,r)E(Y1,1)
’ Y25 1 ’’
+7 (W 00.B(—7) + 5 Gon)E(Y] 1) + 0(e?).

Observe that E(Y;7) = 0 since Y; 7 is a Wiener integral. To make the above expansion fully effec-
tive in practice, it is necessary to make the coeflicients E(Y>r) and E(YIZT) explicit: this is quite
straightforward thanks to the linear equations solved by Y;_ and Y3 . The L?-isometry property
of the Wiener integral yields E(le’t) = fotezfsl OX“(””O”)drvz(s,yoys)ds. In addition, we have E(Y,,) =

fot efxt a""‘(r’yov’)d’('))cht(s, Yo.s)E(Y lz’s)ds. The coefficients computation is reduced to the evaluation of nested
time-integrals which are simple to compute using standard n-points integral discretization, with a com-
putational complexity? of order n. The above expansion analysis is a regular perturbation analysis,
using a stochastic analysis point of view.

30bserve that although the time integrals are multidimensional, we are reduced to iterative one-dimensional computations
since the function to integrate is separable in all its variables.
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To derive this expansion in powers of &, we could alternatively use a PDE point of view based on
Feynman-Kac representation, which states that u® : (7, x) — u®(z, x) = E(h(Y7)|Y} = x) solves the perturbed
PDE

Ou®(t, x) + u(t, x)0,u®(t, x) + %821/2(1‘, x)Puf(t,x)=0 fort<T,
ué(T, x) = h(x).

Setting L% =9, +ud, + %32"28;% = Lo+ &> Ly, the above PDE writes £L%u® =0 plus boundary conditions
at time 7. Seeking an expansion of the form u® = ug + eu; + %82142 +0(&?), we obtain

1
.[:()u() + 8.£0u1 + 82[§£0u2 + Lzuo] + 0(82) =0.
A formal identification of each coefficient of ' (i =0, 1...) to 0, we obtain a system of PDEs:

1
Loup =0, Lou; =0, E.ﬁouz + Louy =0,

with the boundary conditions uy(7T,.) = h(.),u1(T,.) = up(T,.) = 0. The justification of this kind of expan-
sion and its related error analysis can be made under appropriate smoothness assumptions on 4, u and
v; we refer to [Fleming 1986, Theorem 5.1], [Fournié 1997, Theorem 3.1] or [Fouque 2011, Chapter 4]
where a similar error analysis is made. The PDE solutions are then given by

T
uo(t,x) =h(yz"),  w =0,  wa(t,x) = f 2Loug(s,y5)ds
t

where (y;*),s; stands for the solution of the ODE (1.17) with initial condition (¢, x). Under this form of
system of PDEs, the derivation of an explicit expression for u; is not as easy as within the stochastic
analysis approach. However, we can obtain the same expansion (fortunately!), i.e. the same formula for
uy at (0, Yy):

u2(0,Yo) = ' (yo.r )E(Ya,r) + 1 (yo.r)E(Y7 7) (1.19)

with E(Y27) and E(YIZT) given as before. To see this, start from /£, and write up(t,x) =

T ’
ft VA(s, Y5 )05uo(s, 5 )ds. We have O,ug(t,x) = (1,705 and djuo(t,x) = I (1,y5)0%0y;" +

h"(t,y’T”‘)(axytT”‘)z. Then to recover (1.19), use the notation yg; = y?’Y", the flow property yi,’yo” = yo.5 for

s > t, and the explicit expressions for d,y5" and 62y;*: for instance d,y;" = 1+ ft SO, Y0 dr =

el Oty dr e skip further details. This completes the PDE approach to derive a regular perturbation
analysis. Observe that the derivation of explicit formula is delicate because of the system of PDEs to
solve (more complicate than solving the system of SDEs arising within the stochastic analysis approach).

> THE cASE OF NON-sMOOTH /. The previous derivation which involves 4’,h’" and possibly higher deriva-
tives is mathematically incorrect if £ is not smooth. This fact is clear using the stochastic analysis
approach. It is also clear using PDE arguments: indeed, it would involve the perturbed PDE solution
(z,x) = E(h(Y$)|Y? = x), that is not uniformly smooth (because the regularization parameter & shrinks to
0). If h(x) = 1,>¢ (like digital payoff), i.e. we evaluate p® = P(Y% > K), and yor # K, large deviation
arguments [Azencott 83] show that the probability p® is exponentially close to 0 or 1 w.r.t. 1/£> (i.e.
log(p®) ~ —c/&* if yo 7 < K), and thus an expansion in power of & provides zero coefficients at any order.
To get a non degenerate and interesting situation, we should consider the case K is close to yo r in the
sense K =yor+4 &, that is

Y7 —yor

p°=P(Y5>yor+Ae) =P > Q).
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In other words, to overcome the difficulty of the singularity of 4, we have leveraged a homogeniza-
tion argument (singular perturbation), by considering the rescaled variable (usually called fast variable)
z7 = @ =Y+ %SYZJ +o(e). If the law of Y} 7 is non degenerate (for instance Gaussian law with non-
zero variance), the latter quantity can be expanded in powers of €. Actually, for less specific functions
h, Watanabe [Watanabe 1987] has developed a Malliavin calculus-based machinery to establish a gen-
eral expansion result of E(h(Z7)) in powers of &, available even for Schwartz distributions /, assuming

stochastic expansions in Malliavin sense of
78 =Zor +eZir+ o+ + € Zyr + O™
for any n > 1 and asymptotic (in &) non-degeneracy in Malliavin sense of Z7.:

limsup||1/det(y)|,, < +oo (1.20)

&—0

for any p > 1, where 7 is the Malliavin covariance matrix of a random variable Z. The Watanabe result
states the existence of random variables (y)x>1 such that for any polynomially bounded function s, we
have

n
B(h(Z5)) = Bh(Zor)+ Y & Bh(Zor)m) + O™, Vn>1. (1.21)
k=1
Compared to the non-smooth case, the possibility to get an expansion result is due to the non-degeneracy
condition which has a (asymptotic) regularization effect on the non-smooth function 4. With our previ-
Yi-yor

ous notation Z? =I——=Vr+ %sYz’T + o(¢g), the asymptotic non-degeneracy (1.20) implies that the

Gaussian random variable Y} 7 has a non-zero variance, i.e. fOT ezfxra‘”(”y‘“)d’vz(s, yo.s)ds > 0: in the
case of time-independent coefficient u(s,y) = u(y), v(s,y) = v(y), it reads v(yo.7) # 0. The converse result
(v(yo.r) # 0 implies (1.20)) holds true in the case of time-independent coefficient and in a multidimen-
sional setting, see [Watanabe 1987, Theorem 3.4]. Yoshida [ Yoshida 1992b, Theorem 2.2] has weakened
the assumption (1.20) into a localized version allowing degeneracy on a set of polynomially small prob-
ability measure. This approach has been successfully applied to different pricing problems in finance,
mainly by Yoshida, Takahashi and their co-authors: see [ Yoshida 1992a, Uchida 2004, Kunitomo 2001]
or the unpublished work [Osajima 2007]. Their methodology consists in expanding the density of the
random variable Z7. = @ using the Gaussian density as the zero-order term, and then going back
to E(h(Y7)) by suitable integration computations. The advantage of this approach is that the expansion
result (1.21) holds in a large generality, provided that we assume infinitely differentiable coefficients and

uniform non degeneracy. However, observe two difficulties or restrictions:

e within usual financial models like Heston model, the required regularity assumption is not satisfied
and we even know that the Malliavin differentiability of high order may fail, see [Alos 2008].

o the existence of the Malliavin weights (m); does not provide an explicit and numerically com-
putable expansion: very involved additional computations are required to obtain explicit formu-
las. One might compare these tricky computations to those necessary to solve the aforementioned
system of PDE:s.

Last, this approach usually leads to normal approximations of financial models (Bachelier prices)
whereas log-normal approximations (Black-Scholes prices) might be more accurate (numerical evi-
dences are given in Chapter 2 Section 2.5).

After this presentation of singular perturbation using stochastic analysis, we now turn to the PDE
approach. It has been developed in the financial context by Hagan and co-authors [Hagan 1999,
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Hagan 2002]. To be as close as possible to the quoted work, assume that the drift coefficient is u = 0. In
the case of Call payoff, the original valuation PDE u® writes

0:u(t, x) + %821/2(1‘, x)aj%ug(t, x)=0 fort<T,
u*(T,x) = (x—K)4;

now, if we consider ATM strikes (K — Yy = O(e) similarly to before), we should consider the fast variable
y = (x— K)/e and the rescaled solution v*(t,y) = éug(t, K + ey) which solves

{ et y) + 5V (1, K +£))dv*(1,y) =0 forr < T, (1.22)

VE(T,y) = y+.
At this stage, the analysis follows the routine similar to before, by seeking a solution under the form
Ve = vy +evy +0o(g) (1.23)

solving £V = 0 where £* = 8, + 3v*(1,K + £y)0? = Lo +&L1 +0(e) with Loy = 0, + 5v*(1, K)d2, L
w(t,K )y@%. A formal identification leads to a system of PDEs:

Lovo =0, vo(T,y)=ys+ and Lovi+Livo=0, vi(T,y)=0.

The solution vy is obviously given by the Call price in a Bachelier model (1.10) dXBA
v(t, K)dW, with time-dependent diffusion coeflicient, and the first correction is given by v(¢,y)
E( ftTLWO(s,XEA)dle,BA =y). Although the new terminal function A(y) = y, is not infinitely smooth,
non-zero function v induces a smoothing effect due to a non-degenerate heat kernel (this feature is anal-

ogous to the previous non-degeneracy in the Malliavin sense): hence, vy is smooth with derivatives
possibly blowing up as time gets close to 7' and a careful analysis shows that v is well defined too. Here
again, the explicit computation of v; is not an easy exercise and it requires some tricks. Finally v; can be
written as the weighted sum of derivatives of vg (interpreted as Greeks). In Chapter 2 Sections 2.1 and
2.3, we provide a more direct and generic way to compute this kind of correction terms using stochastic
analysis instead of PDE arguments.

Regarding the careful justification of the above PDE regular expansion with error estimates, quite sur-
prisingly we have not been able to find literature references when the terminal condition is non-smooth
(like y — y,). We nevertheless cite the works of Fouque et al. [Fouque 2003, Fouque 2004] in which
error estimates are provided for Call options in the homogenization framework (see below). But these
estimates are obtained at the cost of loss of accuracy during the regularization step of the payoff function.
Once obtained the expansion of v® for a given local volatility function o(.,.) (i.e. v(t,y) =y o(t,y)), one
can derive an expansion of the Black-Scholes implied volatility o by identifying the previous expan-
sion with that in the case (vi(¢,y) =y o7): see [Hagan 1999] where the analysis is successfully performed
for time-independent volatility o (¢,y) = o(y) (or separable function o (z,y) = o(y)a(t) by a simple time-
change). It is possible that the case of general time-dependent volatility has been considered out of reach
by the authors of [Hagan 1999, Hagan 2002] using PDE arguments, whereas we will see later how much
stochastic analysis tools are suitable even in the case time-dependent coefficients.

1.3.4.2 Short maturity

In this asymptotics, the terminal time 7" is small. When one has to evaluate E(h(Y7)) for Y solution
of the SDE (1.16) and for /& smooth (say infinitely differentiable with bounded derivatives), iterative
applications of Itd’s formula give

T
E(h(Yr)) = h(Yo) + j(; E([Lh](z,Y)dt



14 Chapter 1. Introduction

T !
= h(Yo) + T[LA](0,Yo) + f f E([Lh](s,Y,))dsdr
0 Jo

where L is the infinitesimal generator associated to Y. Iterating the procedure, we obtain an expansion
in powers of T':
n Tk
B(h(Yr) = ) o7 [Lh10.Y)+ 0™, nzo0.
k=0

The numerical evaluation of such formula is straightforward. We refer the reader to [Kloeden 1995,
Chap. 5] for a more comprehensive exposure of related Itd6-Taylor expansions.

As in the case of small noise expansion, the case of non-smooth £ requires a different treatment
because L¥h is not defined. For this, we transform the problem of small terminal time with fixed coef-
ficients into a problem of fixed terminal time with small coefficients, by leveraging the scaling property
of the Brownian motion. Actually, having T small is equivalent to replace T by T with & — 0: then,
starting from the SDE (1.16), we consider the time-rescaled process (Y,2,)o<;<r Which has the same
distribution as (¥} )o<<r defined as the solution of

dY? = (e’ YE)dt + ev(e’t, YE)AW,,  Y§ = Yo, (1.24)

see [Watanabe 1987, p.17]. Observe that this leads to a different parameterization compared to the small
noise case (in particular, the drift coefficient is multiplied by £%). However the expansion methodology
is similar: in the case of non-smooth function, it is more appropriate to rescale the process by setting

Yo-
ZF = ,Tym = Y1, + 3&Ya, +0(e), where

Yi;=05Y{le=0 = v(0,Yo)W,,
!

Vg = ¥l = 200 Yo+ 20,00, [ AW,
0

= 20(0, Yo)t + B, v(0, Yo (0, Yo ) (W2 ).

Once the fast variable is selected, observe that we are reduced to a regular perturbation problem, that
can be handled using stochastic analysis tools (namely Watanabe approach [Watanabe 1987]) or using
PDE tools. We skip details since it is similar to what have been presented before. See also the book by
Henry-Labordere [Henry-Labordere 2008], where short-time asymptotics of density functions are de-
rived through geometry considerations or the work of Gatheral et al. [Gatheral 2012] where the authors
obtain approximations of European Call option prices and of implied volatilities for small maturities in
local volatility models.

Parametrix approach and Fourier methods. We also mention the so called parametrix approach of
Pascucci et al. [Corielli 2010] based on PDE tools and heat kernel expansions. The method consists
in decomposing the density of the underlying process as a series of time iterated integrals of heat ker-
nels. Then the authors propose an approximation of the density by truncating the series and performing
approximations in short maturity framework. That leads to explicit results which are accurate if the
maturity 7 is small.

In [Pagliarani 2011], Pascucci and Pagliarani revisit the work of Hagan and Woodward [Hagan 1999] to
derive an expansion of the transition density in local volatility models in the context of small maturity.
Pascucci, Pagliarani et al. extend the framework to local volatility-Lévy jumps models
[Pagliarani 2013b] and local-stochastic volatility with Lévy jumps [Pagliarani 2013a] and provide ex-
pansions of the characteristic function. Pricing formulas are obtained using Fourier methods. We also
mention the recent work of Lorig, Pascucci and Pagliarani [Lorig 2013b] in which the authors provide
a general explicit approximation formula based on Taylor expansions at any order and in any dimension
for local and stochastic volatility models.
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1.3.4.3 Fast volatility

Since the end of the nineties, another popular approximation approach has been developed by Fouque,
Papanicolaou and Sircar, see [Papanicolaou 1999, Fouque 2000]. It emphasizes that the asset volatility
(01)>0 has usually slow variations compared to the variations of the asset itself (multiscale modeling).
This is achieved in two different ways.

o Either the natural time scale of stochastic volatility is short, which leads to a model of the
form (1.24) for (o7),, while the asset dynamics is unchanged. Thus, at order zero, we obtain a
Black-Scholes model with a constant volatility equal to the initial stochastic volatility o, see
[Papanicolaou 1999, Section 2].

o Or the fluctuations of the stochastic volatility (o), are so fast that they give the appearance of a
constant (in time) volatility, when considered at a longer time scale. This second point of view has
been much developed by Fouque, Papanicolaou and Sircar and their co-authors, in many respects,
and this is presented below.

As an illustration of their methodology, we consider the asset model dS; = S,0,dW; and an Ornstein-
Uhlenbeck process for modeling (o, = (%)), with

1 = 2
dE, = —(200 —Z[)dt+ 1% deBt
& €

For instance in the Scott model [Scott 1987], f(x) = ¢* and (W, B) is a standard bi-dimensional correlated
Brownian motion (d(W, B), = pdf). As time goes to infinity, the random variable X, weakly converges

to the stationary Gaussian distribution with mean Y and variance (v \/g)z/ (2%) = 2. In other words,
although the fluctuations are fast (the characteristic time being ), the distribution remains the same (at
least for time larger than ). It allows the application of ergodic theorem to obtain large-time asymptotics
of integrals of the realized volatility: for any polynomially bounded function ¥, we have

. 1 T 1 _ _f 2 22 2
lim Tfo \P(as)ds=fR‘P(eY) Nor 02l /@y 1= o

in the almost sure sense and in the L'-sense. For ¥(y) = y*, we obtain a constant large-time approxi-
mation of % fOT o2ds to be used as a zero-order approximation in a Black-Scholes formula. To derive
correction terms, the authors employ singular pertubation PDE techniques: indeed, the price function
u®(t,x,y) = E(W(S IS = x,%; = y) solves L%u® = 0 with

1 2 1 —
L8 =0+ 52 20005, + \/jpvxf(y)é‘i + =028+ Ce = 1)y)
2 £ Yoe Y

=Lo+ %£1 + éLz-
As in the previous approaches, by decomposing u? in powers of /e and by gathering the contributions
of the same order, we obtain a system of PDEs characterizing the main order term and the correction
terms. Actually the analysis is quite intricate because one has to take into account the ergodic property
of o (which leads to solving elliptic PDEs of the form of Poisson equation): see [Fouque 2000, Chapter
5] where the error analysis is made for smooth payoffs and [Fouque 2003] for the Call options case. The
final approximation pricing formula writes

E(S 7= K)4 = Call®(log(S o), o, log(K)
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+ V& x linear combination of &', Call®®(log(S o), T, log(K)) for i = 2,3 +...

with some explicit coefficients as the factors for the Greeks. Consequently, the approximation formula
is straightforward to evaluate on a computer since Black-Scholes price and Greeks are known in closed
form and available in any pricing software. In this analysis and similarly to any PDE approaches,
assuming time homogeneous coefficients simplifies much the derivation of explicit formula. In the
context of fast volatility, some extensions are possible, see [Fouque 2004].

1.3.4.4 Proxy expansion

We complete our overview section by presenting a different point of view, which is going to be developed
further in the next Chapters of the thesis. As a difference with previous works, this is rather a non-
asymptotic approach, relying on the a priori knowledge of proxy of the model to handle; for this reason,
it may appear as more understandable and more intuitive for practioners. Consider the model (1.4) on
S:

ds;=S,0(,S,)dw,,

and assume that by expertise, S behaves closely to a Gaussian model, i.e. the fluctuations of S;0(¢,S;)
are small. Then, it is reasonable to take the Bachelier model S ¥ with parameter (X, = Soo(£,5)); as a
proxy, that is

ds tP =X, dW;,, S g =So. (NorRMAL PrOXY)

The Call price in S model should be close to that in the proxy; since this approximation may be too
crude, it is recommended to add correction terms.

Alternatively, one could guess that S rather behaves as a log-normal model with parameter (a,);, i.e.
X =1log(S) may be approximated by

1
de = —Eatzdt +a,dW;, Xg = Xp. (LoG-NorMAL ProxY)

The proxy volatility may be taken to a; = a(t, xo) = o°(¢,S o) for instance, but another point could be cho-
sen (for instance, the strike K or the mid-point (K + S5 ¢)/2). This description does not put an emphasize
on a specific asymptotic, but one has to quantify how S,07(t, X;) = X, or a(t, X;) = a;.

To compute correction terms to the relation E(S 7 — K). ~ E(ST - K), or E(e*T — K),, it is necessary
to derive a convenient representation of the distance to the proxy Sr — S? or Xr —Xi . The linear
interpolation X? = X; +n(Xr - X;) does not lead to illuminating computations. It is much better to
consider the following interpolation: for nj € [0, 1], define

1
AX] =~ (. X))t + (e X)AW,), - X[ = xo. (1.25)

Note that 77 is not a small parameter but an interpolation parameter. Observe also that this parameteriza-
tion is different from that in small time or small noise asymptotics.

A direct computation shows that th =X, X? = x¢ and 8,7X7|,7=0 = fota(s, xo)[dW; — %a(s,xo)ds]:
this shows that X; —Xf’ = th - (X? + (9,,X,"|,]:o) writes as a Taylor formula at order 1. Thus, the natural
candidate for the first contribution in X; — X7 is %(9,2]X§7 l=0. The above interpolation is equivalent to

. 1 N . A
dX,77 = —Eaz(t, X0+ n(Xt" —x0))dt + a(t, xo + 77(X;7 —x0))dW,, Xg = X0, (1.26)

which is related to X by the relation X' = xo + n()A(t'] —xp). We refer the reader to Chapter 4 for a
discussion on the choice of the proxy process and of the parameterization to link the initial process and
its proxy.
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1.3.5 Asymptotic expansion versus non-asymptotic expansion

Deriving an asymptotic expansion sheds the light on the crucial role of one model parameter compared
to the other ones, to explain and approximate the option prices: for instance, in small noise expansion,
we focus only on the volatility by putting an ¢ in front of the dW-term, and so on. It finally leads to a
generic expansion of the form

1
u€:u0+su1+§82u2+... 1.27)

or in powers of /e in the fast volatility framework. Our previous discussion has shown how this ex-
pansion is obtained in a Markovian framework using PDE (regular or singular pertubations), or more
generally using Malliavin calculus (Watanabe approach).

Actually, it is important to observe that writing such an expansion implicitly means that apart of the
parameter related to &, the other parameters have no important asymptotics for the problem under con-
sideration. Below we consider a simple toy example to show that there might be a competition between
all the model parameters, and moreover there is a necessary trade-off with the payoff regularity. In other
words, deriving (1.27) does not necessarily mean that the first order approximation ug + gu; is really
accurate and taking more terms do not necessarily improve the accuracy, because of the possible cru-
cial influence of other large or small parameters. Our toy example is the following perturbed Brownian
model:

X‘lg =0 Wl + \/EB 1

where (W, B) is a two-dimensional Brownian motion, and o is positive. This toy model can be viewed
as the simplest way to perturb a volatility model (we could have taken B = W without changing the
conclusion of the discussion below) and thus, it is quite realistic compared to the further situations to
handle.

1. Case h(x) =1+ x*. We have E[A(X?)] = 1 + 07 +& = E[A(X))] +&.

2. Case h(x) = 1+ x,. By a scaling argument, we have:
1 2
BIAGX))] = 1+ Vo2 +E[(W1)* T =Elh(X{)]+ 5 ZBIWD) 1+ O(=).
o o
3. Case h(x) = 1y<x,. We have:

2
ey = N[0 ) o A (RO A (R0 20 &
E[h(Xl)]_N( \/0.24_8) N(o-) N (0')0'20'24-0(0'4)'

These simple computations show that the expansion order depends on the relative magnitude of & and
o, and also on the regularity of the function 4. For instance, if o is also small, say & = 0> — 0, then the
expansion order w.r.t. o in the case (1), (2), (3) is respectively equal to 3, 2 and 1. These subtleties do
not appear in the expansions (1.21) of Watanabe type or (1.23) of PDE type, because the focus is made
only on a single small parameter &.

It means that in some situations, asymptotic expansions may be misleading or may not give the
best possible approximations; then, we should take into account the influence of all (or many) model
parameters. In the context of fast volatility, multi-scale modeling and its related asymptotic analysis are
very recently developed in [Fouque 2011, Chapter 4]; see also [Kevorkian 1985, Chapter 3 and Section
4.4].

In the sequel of this thesis, we consider non asymptotic expansions, mainly for local volatility models
(except in Part II of the thesis where the case of model combining local and stochastic volatility is
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investiguated), and analyse the approximation error taking into account several parameters at the same
time, in order to determine in which extent they play complementary or opposite roles. For instance, it
is informative to see the simultaneous influences of maturity, of volatility amplitude or of derivatives of
volatility function on the option prices. Their impacts depend on the payoff smoothness: the accuracy is
expected to be improved for smooth payoff compared to non-smooth payoffs.

Final considerations. After this (hopefully complete) overview, the reader may wonder what is the
best approximation method among those presented. Of course, it depends on the required accuracy and
the computational time allowed for the numerical evaluation. From this point of view, all methods are
not equivalent. The choice of relevant asymptotics/approximations guarantees to catch the main features
of the pricing problem, and as a consequence, it will likely lead to an expansion of low order to achieve a
good accuracy (with low computational time or complexity). In these respects, the proxy expansion has
immediate advantages: the better or the more intuitive the proxy, the smaller the number of correction
terms.
One should also take care of the preservation of some model properties in the approximation.

e One of them is the martingale property of § = ¢X (serving as a base for Call/Put parity relation).
For instance, a small noise approximation of X defined in (1.5) does not maintain the martingale
property since the volatility coefficient is scaled by & while the drift remains unchanged: as a
result, the final approximation may suffer from numerical arbitrage. On the contrary the tran-
sition density approximations provided in [Pagliarani 2011] integrate to one, thus avoiding the
introduction of arbitrage opportunities.

e Another property is positivity of §. Taking a Normal Proxy for § may give wrong results if
the values of S close to 0 have a prominent role in the computation of E(A4(S 7)) (for instance,
Call/Put with small strikes). The inadequacy of the Normal Proxy is also widely examined in
[Pagliarani 2011].

These kinds of consideration may help to choose between different methods, with the additional help of
comparative numerical tests.

1.4 Structure of thesis and main results
The thesis contains four Parts which deal with different problematics and models:

o The Part I provides new expansion formulas for the local volatility models for vanilla products
and introduces new results concerning the pricing of forward start options.

o The Part II deals with the analytical approximation of vanilla prices in models combining both
local and stochastic volatility (Heston type).

o The Part III covers the pricing of regular barrier options.

e The Part IV gives a new methodology for the efficient weak analytical approximation of multidi-
mensional diffusions.

> Part I. This Part is divided into three chapters. Chapter 2 deals with local volatility models (see
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Equations (1.4)-(1.5)) and the aim is to revisit the Proxy principle and to provide new analytical ap-
proximations for Call options and the delta of the options which is defined as the first sensitivity w.r.t.
the spot So:

0= 350C311(S0, T, K) = HSOE(ST - K)+.

As seen in Subsection 1.3 of this Chapter, the literature on this subject is very profuse. Using the
Proxy principle presented in Subsection 1.3.4.4, which seems to us to be an intuitive methodology and
providing very accurate results, we develop new approximation formulas. We show that for the pricing
of Call options in local volatility models, a good proxy is to consider Gaussian models with the local
volatility frozen at mid-point between the strike and the spot:

1
dX? =~ ~d*(t,log(\/SoK))dr + a(t,log(SoK))dW;, X5 =xp  (LoG-NormaL ProxY),

2
So+K
dsP =, O;r

)dw;, S g =Sy. (NorMAL Proxy),

and that efficient approximations of the Call option are given by:

6
E(eXT ~K)i + ) mila;log(VS oK)y &', B(eT ~ K), +Error.x,
— i=1 0
B(S7-K)s =

6
So+K
B(SE—K).+ ) Gz =
i=1

T)g agéE(S’; ~ K), +Errory,

where:

o the weights 7 (respectively £) in front of the Greeks w.r.t. the log-spot (respectively the spot) are

multiple time-integrals of a(.,log(VSoK)) and its spatial derivatives (respectively (., 5 °2+ £Y).

e Error N (respectively Errory) is an error term estimated w.r.t. the magnitude of a (respectively
Y) and its derivatives as well the maturity 7. Basically if we denote by M(a) a control on a
and its derivatives, Errorpy is of order (M(a) \NT )" with m = 3 (order 2 expansion) or 4 (order 3
expansion).

These new results are resumed in Theorems 2.1.3.2 and 2.3.2.1. To obtain more tractable (and hope-
fully more accurate) formulas, we also provide expansions of the implied volatility (of type Black-
Scholes or Bachelier, see (1.9)-(1.11)) to say that the price approximation is simply a Black-Scholes
(or Bachelier) Call price with a suitable volatility parameter. For example with the Log-Normal Proxy,
our implied volatility expansions read as polynomials of order one or two w.r.t. the log-moneyness
log(S—K") with an error of order 3 or 4 (see Theorems 2.1.4.1-2.3.3.1). In addition we give approxima-
tions of the option delta (see Theorems 2.4.0.2-2.4.0.3 ). We prove throughout many numerical exper-
iments the extreme accuracy of our formulas, greatly improving the previous expansions (developed in
[Benhamou 2010a]) with the local volatility at spot and outperforming standard approximations given by
Hagan [Hagan 1999] and Henry-Labordere [Henry-Labordere 2008]. That confirms the duality played
by the variables spot and strike and that there is a theoretical (symmetric formulas with sometimes some
reductions) as well a practical (extreme accuracy) interest to use the local volatility at mid-point.

We also propose an alternative technique of proof to derive the formulas based on arguments mixing It6
calculus and PDE tools instead of a pure stochastic analysis point of view. We compare the different
approaches and give early stages for a third method involving only PDE arguments in Section 2.2.
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In Chapter 3, we focus on the pricing of a forward start option, which can be view as a forward on
an option. More precisely, if #; > 0 denotes the forward date and #; + T with T > O the expiration date, we
are interesting by the accurate numerical evaluation of:

Call SAS 0,1, T,K) = BI(EL —K)+] = Bl - eb). ],
Call™>B(S 0,6, T,K) = BI(S a7 =S 1K)+ ] = BI(€¥7 — &), ],

where S is the solution assumed to be positive of the stochastic diffusion equation (1.4) and X = log(§)
(see (1.5)). For (xo,t;, T, k) given, the forward implied Black-Scholes volatilities of type A and B are the
unique non-negative parameters oy r.a(xo,t,T,k) and o (x0,;,T,k) such that:

Call™*(e,1;, T,e") = Call®>(0,07y, , (x0,4, T, )T k),
Call™B(e%, 1, T, k) = Call®®(xp, 0% 5 (x0.1:, T.K)T, x0 + k).

Using a conditioning argument and the results of vanilla implied volatility expansions developed in
Chapter 2, we express the price of the forward start option of type A as an expectation of the Black-
Scholes price function with a volatility depending on the local volatility function frozen at some stochas-
tic point involving X;,, plus an error. Then we provide forward implied volatility of type A approxima-
tions by performing a volatility expansion to freeze the local volatility function at some deterministic
point. The results are obtained under a uniform (w.r.t. time and space variables) ellipticity condition:
inf(; vye[o,71xr a(t,x) > 0 . Forward implied volatility of type B approximations are obtained employing
a change of probability measure argument. Numerical results confirm the very good accuracy of the
developed approximation formulas.

In Chapter 4 which concludes this Part, we discuss and give insight about two essential facts in the

Proxy Principle: the choice of the parameterization to link the initial and the Proxy processes, and the
choice of the Proxy process. All parameterizations and approaches are not equivalent and even if they
can lead to the same result, the difficulty in the intermediate calculations and the required assumptions
can be quite different. We illustrate this fact with some examples and we notably show how to consider
a Log-Normal proxy with a direct suitable parameterization of the initial process S itself rather than its
logarithm X (see Theorem 4.2.0.2).
The choice of the Proxy process is also crucial and relies both on the initial process and on the practi-
tioner intuition. So far, only zero order Proxy processes have been studied (Normal or Log-normal), i.e.
capturing the behaviour of the local volatility only throughout its value at a specific spatial point. Order
one Proxy processes can be considered by incorporating the knowledge of the skew (i.e. the first deriva-
tive of the local volatility frozen at some suitable point) in their dynamic. The most natural surrogate is
probably the following Displaced Log-Normal process in the time-homogeneous framework:

dSf =[Z(S0) +ZV(S (ST - S0)ldW,,  S{ = So. (1.28)

We give means to link S and S¥ using an appropriate transformation of the model and we provide in
Theorem 4.3.0.3 2nd and 3rd Call options approximations using the Displaced Log-Normal Proxy S7*.
Interestingly, the obtained expansions contain less terms than those using zero order Proxy processes
and consequently seem more tractable. We also show with some numerical tests how this approach
looks promising.

> Part II. This Part contains two chapters. In Chapter 5 we focus on models combining both

local and stochastic volatility:

1
dX; = o(t,X,) \V,dW, - Ecrz(z,x,)v,dt, Xo = Xo, (1.29)
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dV, = aydr +&+\JV,dB;, Vo = vy, (1.30)
&KW, B); = p.d.

where:
e X, is the logarithm of the asset price,

e V, is the stochastic variance modelled with a square-root process,

vo is the initial square of volatility,

«a is the drift parameter of the stochastic variance,

¢ is the volatility of volatility,
e p is the correlation.

Notice that the general form of the local volatility allows (owing to a suitable space-change) to cover
the case of a CIR process for the stochastic variance dV; = «,(6; — V,)dt + & \/V;dB; where « is the mean
reversion parameter and 6 the long-term variance level. In this Chapter we aim at:

e providing an accurate analytical approximation of non only Call-Put options but also all vanilla
options (depending on X7) writing as E[#(X7)] with & a Lipschitz bounded payoff function,

o valid for both short and long maturities and covering general local volatility functions, non-null
correlation as well time-dependent parameters,

e achieving a computational time close to zero on the contrary to very time consuming Monte Carlo
simulations,

e providing a complete mathematical justification.

To achieve this we use as Proxy the time-dependent Black-Scholes model obtained by vanishing the
volatility of volatility and by freezing spatially the local volatility at xq:

1
dX; =or(t, x0) Vv dW; — 502(% Xo)vdt,

t
Vs =v0+fozxds.
0

To link the initial process (1.29)-(1.30) with the above proxy process, we introduce a two-dimensional
parameterized process given by:

1
dXt" =o(t, 77X;7 + (1 —n)x0) V:’dW, - Eaz(t, nX," +(1- n)xO)thdt, Xg = X0,

thn :a’[d[+7]§[ \’V;]dBt, Vo,

where 7 is an interpolation parameter lying in the range [0, 1], such that forp =1, X! = X, and V! =V,
and for n = 0, X° = X” and V? = v,. The derivation of an expansion and its justification is far from
straightforward due to the irregularity of the square root coefficient in the stochastic variance (1.30) and
due to the function /4 supposed to be only Lipschitz. In spite of the inspiration by [Benhamou 2010a], the
mathematical analysis must be quite different since the model (1.29)-(1.30) is not smooth in the Malli-
avin sense (because of the square-root process, see [Alos 2008, De Marco 2011]). We briefly explain
how we overcome this major problem: we use Malliavin calculus for a suitably perturbed payoft 45 and a
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suitably perturbed random variable X7. We consider the Gaussian regularization hs(x) := E[A(x + 5W7)]
for an independent Brownian motion W and a small parameter § > 0 suitably fixed. Then write the
decomposition:

E[h(X7)] ~ E[hs(X7)] = E[hs(XP)] + E[R5(XD) (X7 — XP)] + ...

1) Since h is Lipschitz, the first approximation is easily justified if ¢ is small enough and if X7 and
Xr are close enough in LP-sense.

ii) The last expectation is computed (eventually up to an error) using the Malliavin calculus and can
be expressed as a linear combination of sensitivities in the Proxy model.

iii) The hard part of the analysis is related to the global error control, which enlightens the right choice
of 6 and X7. To account for non-smooth payoffs we use an integration by parts formula, which
relies on the non-degeneracy of the interpolated random variable X* := AX7 + (1 — /l)X; (for any
fixed A €]0,1[). This excludes to take X7 = X7 that is not sufficiently Malliavin differentiable.
Alternatively, we select a X7 € D® which on the one hand, is close enough to X7 in L?, and which
on the other hand, is such that X* is uniformly non-degenerate or at least non-degenerate with high
probability under the sole assumption fOT a(t, xo)v,dt > 0 (which reads as a pointwise ellipticity
assumption). By construction, X7 is potentially not uniformly non-degenerate what does not allow
the use of an integration by parts formula. To handle this last problem we use a splitting noise
property by writing hs(x) = E[h; / G+ oW r )]. Thus X' +6W r is uniformly non-degenerate and
we can obtain nice estimates provided that ¢ is not too small.

A precise tuning of ¢ and a construction of X7 are possible without loss of accuracy in the regularization
step and the final approximation formula (see Theorem 5.2.2.1) takes the form of an explicit Gaussian
representation under a local non-degeneracy condition:

6
E[h(X7)] = EIRXD)1+ ) 110, BIAXT)] + Brrors
£

1

where:
e 7; 1 are integral operators depending on (61 ,0(.sX0))je(0,1,2)> P, € v and T,

e the error is estimated as Errors ;, = O(Ly M(0)[M(0) +§Sup]3 TZ) where Ly, is the Lipschitz constant
associated to & and M(o) denotes a control on o and its derivatives. This reads as a multi-
parameter estimate.

From the price expansion formula, we also derive for the particular case of Call options (for which
the results are valid owing to the Call/Put parity) an expansion of the implied volatility with the local
volatility frozen at mid-point (see Theorems 5.4.2.1):

E[(eX" - €)1 =Call® (x0, 53 T, k) + Error},
where:
o 031 =mor+mr (x0—k)+m7 (X0 —k)?,
e ;1 are integral operators depending on <ai oG, XOTH{)) jeto,12, P& v.and T,

o Error} = O(¢* M(0)[M(0) +&qup P T2).
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Numerical experiments show that our formulas, in addition to be computable in quasi real-time, present
an accuracy turning out to be excellent.

In Chapter 6, we provide numerical results concerning the smile and the skew behaviors in the
CEV-Heston model. We notably study the impact of the volatility of volatility, the correlation and the
skew parameter of the CEV part on the implied volatility represented as a function of the log-moneyness
and the maturity.

> Part III. In Chapter 7, we look at the efficient price approximation of regular down Bar-

rier options, price which can be written as:

Eh(XD)L inf x, > pl = EI(X7) 10,571,
€107}

where:

X is the log-asset process solution to X; = xo + fot o(s,Xs)(dW; - @ds},

b < xg is the level of the barrier,

h is a locally Lipschitz payoff function such that h(x) =0, Vx < b,
o 7, =inf{t > 0: X, = b} is the first hitting time of the level b for the process X.

As usual we use a Gaussian proxy process (X7).jo.7] obtained by freezing the space variable in the
function o:

o(s,xp)

!
X;D = x0+f o(s,xp)(dW; — ds),
0
and we introduce 7} = inf{r > 0: X[ = b} the first hitting time of the level b for X”. At first glance we
replace the unknown joint law of (X7, 1{1ng : X,) by that of (X£, 1[ng , XIP ) fully specified and to derive
1€l0, r€l0,

corrective terms, we represent the error E[A(X7)1,,>7]— E[h(XITJ)]lT}fﬂ] using the PDE associated to the
Proxy:

VPl (1 x) = BlA(X])1 S xP s b|X,P = x].
B se[t,7] *

Under an intermediate ellipticity condition (uniform in the time variable for x = xp): inf,c[0,77 0 (%, X0) >
0, vop’; € C*([0, T[X[b, +oo[) and is the explicit solution of the Cauchy-Dirichlet problem:

1
Orvy7(t.0) + 5006 x0) (0 = vy (1.0) =0, (1,3) € [0, TIX[b, +ool.

vor(t,b)=0, t€[0,T],
Vf’;ﬁ(T, x)=h(x), x€]b,+ool.

Then using the regularity of the payoff, the ellipticity assumption, the It6’s formula for voP ’?(T ATy, XTAt,)
and simplifications coming from the above PDE, we establish a Robustness-type formula:

Bl hXr)Loor 1 =BIACGL ]
~ —_————
=2 (T ATH X1 Ar,) P 0,%0)

1 T AT
+5E| f (02, X)) = (1, 20) (3, = Dx)vy 7 (1. X)),
0 o
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Then combining expansions of o, nested Robustness fomulas, Itd calculus, PDE arguments, martingale
properties ( (a;nvf’;(z A T,’; ,thj\ TP))l‘E[O,T[ is a martingale for any integer n ) and convolution of densities,
= b

we finally derive analytical price approximations writing as:
E[h(X7)Le,>7] =ElAX7)Lrsr] + D i3 x0)g Oy, 1) e
i

. T oi Ph, P
_ Z E[]lesTm(o', xO)Tga;vg’T(Tb s X)|x=p ] + Errory p,
i

where:

. 17,-(_(7;x0)fY are integral operators between the dates s < ¢ belonging to [0,7'] and depending on
(81 705 x0)) jefo,1,2)- Notice that if xo = b, all the corrective terms vanish what is coherent with the
fact that E[A(X7)1.,>7] =0.

e Errory,;, = O([M(o) T 1) with j = 3 (order 2 expansion, see Theorem 7.2.2.1) or j = 4 (order 3
expansion, see Theorem 7.2.3.1).

Besides, we provide some corollaries related to the particular case of Barrier Call options pricing. First
we derive expansion formulas with the local volatility at mid-point between the strike and the spot (see
Theorem 7.5.2.1). Second if all the expansion coefficients remain explicit up to a numerical integration
of the terms written as an expectation involving Tf , we show that if o is time-independent, we get very
simple formulas involving only Gaussian cumulative and density functions owing to nice convolution
properties of densities (see Proposition 7.5.3.1). Last but not least we give numerical examples of the
excellent accuracy of our approximation formulas.

> Part IV. In this Part which contains two Chapters, we are interesting by the weak approxima-

tions and the efficient calculations in multidimensional diffusions in a quite general framework. Our
goal is to provide a generic methodology applicable to a large class of terminal functions in order
to broaden the scope of application beyond financial mathematics. We introduce in Chapter 8 a new
method called Stochastic Approximation Finite Elements (SAFE for short) which combines the use
of a Gaussian proxy to approximate the law of a multidimensional diffusion and a local interpolation
of the terminal function applied to the diffusion using Finite Elements. More formally, considering for
d > 1 a d-dimensional stochastic differential equation (SDE) defined by:

q s ) t
Xp=xo+ ) f o (5. X,)dW! + f b(s,X,)ds,
oo 0

where (W;);>0 is a standard Brownian motion in RY, o is a d X ¢ matrix and b is a d-dimensional vector,
we aim at providing an analytical approximation of

E[A(X7)],

for a given function 4, at least Lipschitz continuous. As usual we begin with an approximation of the law
of X by considering the Gaussian proxy process obtained by freezing at x = xg the diffusion coefficients:

q t ) t
le = xo+Zf aj(s,xo)dW§+f b(s, xp)ds.
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Adapting the stochastic tools developed in the previous Parts of the thesis to the multidimensional case,
we derive a weak approximation in the form (see Theorem 8.2.1.1):

E[A(X)] ~ B+ ) wardel o, (BIXT +D)]

<3

where a € {1,...,d}” is a multi-index and w, r are weights depending explicitly on the SDE coefficients.
Most of the time, although the law of X; is known, the explicit calculus of the main term E[h(X; )] and of
the sensitivities 8'5;'1 e (E[h(X;’ + e)])|€:0 is not possible due to the general form of 4. However a simple
expectation form can li;e derived for straightforward Monte Carlo simulations (see Theorem 8.2.1.2)
always faster than Monte Carlo simulations on the initial diffusion owing to the lack of discretization
for the proxy simulation. The idea is to use the Malliavin calculus to express the sensitivities as an
expectation of h(X’T)) weighted with an explicit random variable. One has for an explicit Malliavin
weight W:

E[AXDI+ Y Wordel e, (BIRXT + o).y = BRI +W)].

la|<3

To obtain fully analytical formulas, an other ingredient is needed: we suitably approximate the function
h. Using interpolations based on Finite Elements, we get the final structure of approximation:

E[A(X)] ~ B+ ) wardel ., BIRXT +D)]

<3

where & denotes the resulting interpolation of 4 (based on multilinear or multi-quadratic Finite Elements
of type Lagrange, see Theorems 8.2.2.1 and 8.2.4.1). The interpolation procedure is done in such a
way ( is build depending on the law of X;’) that the calculus of the above expectations becomes fully
explicit with very simple formulas involving the one-dimensional Gaussian cumulative function and
its derivatives. We also provide an accuracy analysis (see Theorems 8.2.2.2-8.2.3.1) according to the
h-regularity and show how tune the interpolation parameters (size of the grid, grid mesh) to obtain a
global error of order at most equal to:

&= [M(o,b) VTP,

where M(o, b) denotes a control on the diffusion coefficients. We finally give estimates of the complexity
of our methodology (see Corollaries 8.2.3.1-8.2.4.1) and show an improved efficiency in comparison to
Monte Carlo simulations in small and medium dimensions (up to 10). The theoretical performance of
our algorithm is confirmed throughout various numerical experiments. For high dimensions (from 20 to
100) we also show the efficiency of the Monte Carlo simulations based on the proxy (exact and without
discretization) which present a speed gain by a factor 100 (whatever is the dimension) in comparison to
Monte Carlo simulations of the initial diffusion.

In Chapter 9, we provide additional numerical results concerning the pricing of multi-asset products
(Basket, Geometrical mean, Worst of and Best of Put options) in multidimensional CEV models using
the SAFE method.
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Publications and submissions. Every Part of this thesis has been or should be published. More pre-

cisely:

Sections 1.1, 1.2 and 1.3 of this introduction Chapter and Chapter 2 have been published in
the Chapter "Asymptotic and non asymptotic approximations for option valuation" of the book
"Recent Developments in Computational Finance Foundations, Algorithms and Applications",
Thomas Gerstner and Peter Kloeden (Ed.) 2012, World Scientific Publishing Company. This is a
joint work with my supervisor Emmanuel Gobet.

Chapter 3 "Forward implied volatility expansions in local volatility models" is in preparation to
be submitted soon. This is a common work with Julien Hok.

Chapter 5 "Price expansion formulas for model combining local and stochastic volatility" will be
the subject of a forthcoming publication.

Chapter 7 "Price expansions for regular down barrier options" is too in preparation for an upcom-
ing submission.

Chapter 8 "Stochastic Approximation Finite Element method: analytical formulas for multidi-
mensional diffusion process" have been submitted in SIAM Journal of Numerical Analysis.
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CHAPTER 2

Revisiting the Proxy principle in local
volatility models

Published in the Chapter "Asymptotic and non asymptotic approximations for option valuation" of
the book "Recent Developments in Computational Finance Foundations, Algorithms and Applications”,
Thomas Gerstner and Peter Kloeden (Ed.) 2012, World Scientific Publishing Company.

Contents

2.1 Approximationbased onproxy . . . . . . . .t ittt it e e e e e e 30
2.1.1 Notations and definitions . . . . . . . . . .. ... 30
2.1.2  Proxy approximation: a primer using the local volatility atspot. . . . . . . .. .. 31

2.1.3  Towards Call option approximations with the local volatility at strike and at mid-
POINL . . . . e e 34
2.1.4  Second order expansion of the implied volatility . . . ... ... ......... 37
2.2 Proofs: a comparative discussion between stochastic analysis and PDE techniques . . 39
2.2.1 A pure stochastic analysis approach . . . . . . ... ... oL 40
2.2.2  Mixing stochastic analysisand PDE . . . . . . ... ... ... L. L. 41
223 ApurePDEapproach . . .. ... ... .. ... 44
2.3 Higher-order proxy approximation . .. ... ... ...ttt ittt 45
2.3.1 Third order approximation with the local volatility at spot and at strike. . . . . . . 45
2.3.2  Third order approximation with the local volatility at mid-point. . . . . . . . . .. 46
2.3.3  Third order expansion of the implied volatility . . . ... ... ... ... ... 51
2.4 ApproximationoftheDelta . . . . . . . . ... ... ittt 53
2.5 Numericalexperiments . . . . . . . . . . ittt vttt ittt 55
2.5.1 Thesetoftests . . . . . . . . . . 55
252 Analysisofresults . . . . .. .. .. 57
2.5.3 CEV Deltaapproximations . . . . . . . . . . . .. ... 59
26 AppendiX . . . . .o i i e e e e e e e et e e e e e e e e e e e 61

2.6.1 Computations of derivatives of Call®® w.r.t the log spot, the log strike and the total
VATIANCE . . o o v v v v e e e e e e e e e e e e 61
2.6.2 Derivatives of Call®* w.r.t the spot, the strike and the total variance . . . ... .. 63
2.6.3 Derivatives of 655 w.r.t the log spot, the log strike and the total variance . . . . . . 64
2.6.4 Proofof Lemma2.1.2.1 . . . ... ... 64
2.6.5 Applications of the expansions for time-independent CEV model . . . . ... .. 65

We develop in this Chapter the principle of high order approximations related to an intuitive proxy
and in the case of local volatility models with general time-dependency, we derive new formulas in terms
of both prices and implied volatilities using the local volatility function at the mid-point between strike
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and spot: in general, our approximations outperform previous ones by Hagan and Henry-Labordere. We
also provide approximations of the option delta.

Here is the outline of the Chapter. In Section 2.1, we consider the simplest case of second order ap-
proximation in local volatility models, using log-normal or normal proxys. We give pedagogic proofs.
Section 2.2 is devoted to a more detailed analysis: we first give arguments based on stochastic analysis
(martingales, Malliavin calculus). We compare this derivation with a method mixing stochastic analysis
and PDE, and with a pure PDE approach: we show in which respect our methodology is different. In
Section 2.3, we provide various high-order approximation using proxys. In Section 2.4, approxima-
tions of the option delta are provided. Section 2.5 is gathering numerical experiments illustrating the
performance of our formulas compared to those of Hagan et al. [Hagan 1999] and of Henry-Labordere
[Henry-Labordere 2008]. Some intermediate and complementary results are postponed to Section 2.6.
In all this Chapter, we keep the notations introduced in the previous Chapter 1 Section 1.2.

2.1 Approximation based on proxy

2.1.1 Notations and definitions

The following notations and definitions are repeatedly used in this Chapter and the next Chapter 4.

> Differentiation. If these derivatives have a meaning, we write lgi)(x) = 6; .l(t, x) for any function [ of
two variables.

> Integral Operator. The integral operator w’ is defined as follows: for any measurable and bounded

function [/, we set
T
o = f Ldu,
t

for t € [0,T]. Its n-times iteration is defined analogously: for any measurable and bounded functions
(1, ,1n), we set

oy, L)} = oo, L)Y,
fort€[0,T].

> Time reversal. For any measurable and bounded function /, we denote by 1 the functionZ = ly_; for
any ¢ € [0, T]. Notice the relation

(s by s )Y = (s Lt 1) (2.1)

available for any measurable and bounded functions (/y,---,l,): in other words, reversing the time of
integrands is equivalent to change the order of integration.

> Quadratic mean on [0, 7']. For any measurable function (I(z, X)), xe[0,r1xr Of two variables, bounded
w.r.t. the time variable for any x € R, we denote by [, its quadratic mean on [0, 7] at the spatial point z

defined by:
- 1,
lZ = ? \f(; lt (Z)dt

This notation is frequently used for the function a at the points z = xo,k, x4, and for the function X at
= So,K,San.

> Assumptions on a and .
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e (H%): ais a bounded measurable function of (f,x) € [0,T] xR, and five times continuously differ-
entiable in x with bounded! derivatives. Set

Mi(a) =max  sup |6;l-a(t, x)| and Mp(a) = max  sup Iﬁi,-a(t, x)|.
1<i<5 (1, x)e[0,TIxR 0<i<5 (1, x)€[0,TIxR

In addition, there exists a constant ¢, > 0 such that |a(¢, x)| > ¢, for any (¢,x) € [0, T] X R.

o (HS): assume (H?) by replacing the last uniform ellipticity by the single condition
' latt,2)Pde > 0.
The above hypothesis will be considered at z = x0,z = k Or z = Xgyg.
We define similarly (H*) or (H>) by replacing a by T in (H“) and (H?). Then the hypothesis will be
considered at z =S¢,z =K or z =5 4.
> Constants. Our next error estimates are stated following the notation below.
e "A = O(B)" means that |A| < CB: here, C stands for a generic constant that is a non-negative

increasing function of 7', M;(a), My(a) and of the oscillation ratio % @if (H?) is fulfilled) or

% (if (HY) is fulfilled).
[ lat.z

If (H*) or (HZ) is satisfied, in the above dependence a has to replaced by X.

Usually, a generic constant may depend on S, xg, K and k; nevertheless, it remains uniformly
bounded in these variables: it is possible to derive exact dependency but we skip it to keep the
analysis short.

o Similarly, if A is positive, A <, B means that A < CB for a generic constant C.

2.1.2 Proxy approximation: a primer using the local volatility at spot

> Log-normal proxy. Assume by expertise that the model (1.4) introduced in the Chapter 1 Section
1.2 behaves closely to a log-normal model, in the sense that a log-normal approximation seems to be
reasonable. For instance, in the case of CEV type model (see [Cox 1975] and [Emanuel 1982])

So(t,8) = v, S”, (2.2)

a log-normal heuristics is associated to 8 close to 1. Some numerical illustrations are given later.
As a first log-normal approximation, we freeze the volatility in space to the initial spot value: re-
garding the log-asset X defined in (1.5) Chapter 1 Section 1.2, it writes

1
dx? = —zaz(t, x)dt +a(t, xo)dW,,  X{ = xo.

We refer to this proxy model as log-normal proxy with volatility at spot. The evaluation of the next
correction terms requires a suitable representation of the distance between the model and the proxy: for
this, we use the interpolated process (1.25) given by

1
dx; = n(—zaz(t,X?)dH at,X)dW,),  X] = xo.

for an interpolation parameter 7 € [0,1]. Under (‘Hjjo), the three first derivatives of i — in are well
defined (a.s. simultaneously for any ¢, see [Kunita 1984, Theorem 2.3]). Denote by XZ: and X;, the i-th
derivative respectively at  and 1 = 0. Direct computations yield

1
dXj, =~ 5az(z, Xt +a(t,X)dW, +nX{ (~[ad.al(t, X,)dt + 0,a(t, X)dWy),  X{, = 0. (2.3)

Ithe boundedness assumption of a and its derivatives could be weakened to LP-integrability conditions, up to extra works.
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dX7, =2X (~[ad.al(r,X)dt + dxa(t, X])AW:) +nX] (~[adral(t, X[ )dr + 0. a(t, X[ )dW,)

+n[X] PP (=0.lad.al(t, X])dt + 83a(t, X])AW,), X5, =0. (2.4)
dX3, =3X (~[ad.al(t,X])di +8.a(t, X )AW,) +3[X] 1 (~0xlad.al(t, X])dt + 87a(t, X])AW)),

+nX; (~ladsal(t, X)d +8.a(t, X )AW,) + 3n1X] 11X 1(~0xlad,al(t, X])dt + 83a(t, X])AWr)

+nlX] P (~831ad,al(t, X])dt + 83a(t, X])AW:), X7 =0. 2.5)

Observe that X;'|,=o = xo, thus the derivatives at n = 0 have simpler expressions:
__1- _qyP
dX; = 2a (t, x0)dt + a(t, xo)dW, = dX, ,
dXo, =2X1 (—[adxal(t, xo)dt + dxa(t, x0)dW,),

with X; o =0 for i > 1. Then notice that XtP = xo + X1, hence

1
Xr— X2 =X] - (xo+ X1 1) = f (1-2)X3 ,da (2.6)
0
1 Ta-a2
= —Xor+ f qule/l 2.7)
2 ’ 0 2 ’

using the Taylor expansion formula. As a consequence of the above representation, we obtain an ap-
proximation of E(h(Xr)) for a smooth function 4:

Xor

E[h(X7)] = E[A(XF +

+..)] = E[h(XD)] + E[h(l)(Xﬁ)%

1+... (2.8)

The first term is related to a log-normal model and thus, it is expected to be easily computable numeri-
cally. The second term is more delicate: actually, we transform it into a weighed sum of sensitivities of
]E[h(X; +¢)] w.r.t. € =0. To achieve this transformation, we use a key lemma which proof is given in
Subsection 2.6.4

Lemma 2.1.2.1. Let ¢ be a C}; function and (1;); be a measurable and bounded deterministic function.
Let N > 1 be fixed, and consider measurable and bounded deterministic functions t = l;; fori=1,...,N.
Then, using the convention dW,1 =dW; and dW,O =dt, for any (I1,...,1Iy) €10, 1N we have:

E(e( f ' 4dW,) f ' Iniy f " IN-1iy-1 -+ f " hndW,E AWt dw,Y)
0 0 0 , 0
= w(ly,.... I VB fo AW, +8)) =0, (2.9)
where Iy = Iy if It = 0 and Iy := Adyy if I = 1.
Now, apply the above identity to ¢(-) = hV(xo - 1 fOT a(t, xo)dt + ), A; = a(t, xo) and

X T
%= fo ( fo (—Eaz(tl,xo)dfl+Cl(f1,XO)de))(—[aaxa](lz,xo)dfz+3xa(f2,xo)thz),

to get

X 3 1
BV (X)) = Ciax0) (0 = 507 + 5 0BT +£))e=0
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where the operator C; is defined by:

T T
Ci(1;2)) = w(P @), IV ()] = f 12(z) f 1)1 (2)dsdr. (2.10)
0 t
Combine this with (2.8) to obtain that E(4(X7)) can be approximated by
3 1
BIAXT)]+ Ci(@ X0)g (833 = 507 + 500)B(h(XT +8))leo-

So far, the payoff function % is smooth and this does not fit the Call/Put setting; actually, an extra
regularization argument and a careful passing to the limit enables to extend the previous formula to any
locally Lipschitz h. Additionally, some error estimates are available (see [Gobet 2012a, Theorem 2.2]).
All the results are gathered in the following theorem.

Theorem 2.1.2.1. (2nd order log-normal approximation with local volatility at spot). Assume (Hy,).
Assume that h is locally Lipschitz in the following sense: for some constant Cp, > 0,
h(y)—h ,
Bl < G, POTID o Gt gy 2 ),
y—x

Then
3 1 3
E[A(X7)] = BIAKX)1+C1(a;%0)0 (3 = 507 + 5 0)BR(XT +&)]le=0 + OMi @I Mo(@)IT?).

where the operator Cy is defined in (2.10) and O depends notably of the constant C,.

This formula is referred to as a second order approximation because the residual term is of order
three with respect to the amplitude of the volatility coefficient.

Remark 2.1.2.1. The reader should notice that the expansion formulas are exact for the particular
payoff function h(x) = e* (indeed E[h(XT)] = E[h(XITJ)] = 82 ,.E[h(XITJ +&)]le=0 = €™ and the sum of the
corrective terms is equal to zero). This notably implies that the Call/Put parity relationship is preserved
within these approximations, which is an essential property. The reader can verify in Section 2.3 that
this martingale property is preserved for higher order approximation formulas.

Under the current assumptions ( fOT a*(t,xp)ds > 0), the law of X; is a non-degenerate Gaussian r.v.
and thus, the above derivatives are meaningful even for non-smooth 4. Following [Gobet 2012a], the
Lipschitz regularity can be weakened to Holder regularity but error estimates in the case of discontinuous
function A are not available so far under the current set of assumptions.

> Normal proxy. Alternatively to a log-normal proxy, we could prefer the use of normal proxy on the
asset S: for CEV-type model described in (2.2), it can be justified for 8 close to 0. The same analysis
can be done by considering the normal proxy with diffusion coefficient computed at spot: it writes

ds? =x(,So)dWw,,  S§=So.
Then, the distance to the proxy is represented through the interpolation process
ds’ =nx@,Shdw,, Sg =So.

All the previous computations are very similar, and even simpler because there is no dz-term. We skip
details and state directly the result (see [Gobet 2012a, Theorem 2.1]).
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Theorem 2.1.2.2. (2nd order normal approximation with local volatility at spot). Assume (?{;20).
Assume that h is locally Lipschitz in the following sense: for some constant Cp, > 0,
ol < 1D, O <O b)Yy # 0.
Then
E[h(S 1)] = ELA(S )] + C1(2:8 )5 PAE[A(S § +&)lo=0 + OMI (DIMo(E)PT2).

Remark 2.1.2.2. As for the log-normal proxy (see Remark 2.1.2.1), the approximation formulas in-
volving the normal proxy do not suffer from numerical arbitrage when using Call/Put payoffs: in-
deed they are exact for the particular payoff function h(x) = x (indeed E[h(S 1)] = E[h(S ’T))] =89 and
8LiE[h(S ’T) +&)|le=0 =0, Vi > 2). This property holds again when considering higher order expansions
(see Section 2.3).

Applying two previous results to the pricing of Call option (i.e. h(x) = (e* — K); in the case of
log-normal proxy, and A(x) = (x — K)+ in the case of normal proxy), we obtain two different expansions
using respectively Black-Scholes formula and Bachelier formula.

Theorem 2.1.2.3. (2nd order approximations for Call options with local volatility at spot). Assuming
(HS,) and using the log-normal proxy, one has

3., 1
Call(e", T, ¢") =Call™ (x0,3, T, k) + C1(a; x0); (97 = 507 + 50.)Call> (x0,7, T, k)

+OM (@I Mo(@PT?),
Assuming (‘HSEO) and using the normal proxy, one has

Call(So, T, K) =Call®(S 0,5 T. K) + C1(Z: S 0){ 83, Call®*(S ¢, Z5 T.K)
FOMIEMETT).

2.1.3 Towards Call option approximations with the local volatility at strike and at mid-
point

For general payoff functions, the most natural choice seems to choose a proxy with the local volatility
frozen at spot. When we are dealing with Call or Put payoffs, the spot and strike variables play a
symmetrical role [Dupire 1994], and there is a priori no reason to advantage one or the other one. A first
attempt to exploit this duality in proxy expansion is analysed in [Gobet 2012b]. In this subsection, we
briefly recall the expansion formulas with a local volatility at strike and then we present new expansion
formulas with a local volatility at mid-point x4, = (xo +k)/2 = log VSoK or S 4 = (So + K)/2. We
detail the analysis only for the log-normal proxy. The proofs for the normal proxy are very similar and
are left as an exercise to the reader.

To directly obtain expansions formulas with local volatility frozen at strike, the idea is to follow the
Dupire approach [Dupire 1994], using explicitly the PDE satisfied by the Call price function
(T,K)— Call(§¢,T,K) =E[(S7— K)+]. Indeed we have that:

OrCall(So, T, K) = 50*(T, K)K*8%,Call(S o, T, K),
Call(S¢,0,K) = (So— K),.
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Thus we do not consider anymore a PDE in the backward variables (¢, S) with a Call payoff as a terminal
condition, but we now handle a PDE in the forward variables (T, K), with a put payoff as initial condition.
This dual PDE has a probabilistic Feynman-Kac representation:

Call(S,T,K) = E[(So —€'T), ], (2.11)

where (k;)scr0,77 1s the diffusion process defined by:
dk; = a(T —t,k;)dW, — —a 2(T =t,k)dt, kg =k = log(K),

where we recall that a(z,z) = o(¢,e*). Thus we are in a position to apply Theorem 2.1.2.1 for the Put
payoff function A(z) = (e™ — €*), with log-strike xg = log(S(), with a log-normal proxy starting from
K = ¢* and with the local volatility a(t,z) = a(T —t,z). In the same way, we can apply Theorem 2.1.2.2
with a normal proxy. As a result, we obtain a variant of Theorem 2.1.2.3 where the Greeks w.r.t. the
kr-variable are naturally transformed into Greeks w.r.t. the strike variable. The final statement is the
following result.

Theorem 2.1.3.1. (2nd order approximations for Call options with local volatility at strike). Assuming
(H})) and using the log-normal proxy, one has

3 1
Call(e®, T, e") =Call®® (xo,a; T, k) + C\ (@ k) (8 — 55; + EaZ)CaluBS(xo,zziT, k)
3
+OMI(@[Mo(@)°T?).
Assuming (‘HIE) and using the normal proxy, one has

Call(S o, T, K) =CallP*(S ¢, % T, K) + C1(Z: K)§ 03, Call®* (S 0, £ T, K)
+OMI(DIMEPT?).

Now, in order to obtain approximation formulas for the mid-points x4y, or S 4, We perform a Taylor
expansion of the local volatility function around these mid-points. We start from the expansions at spot
and strike given in Theorems 2.1.2.3 and 2.1.3.1, we consider the average of these expansions and we
transform each term to freeze the local volatility function at x4, or S,,,. We only give details for the
log-normal proxy. We first analyze the corrective terms.

Lemma 2.1.3.1. Assume (7—(“ )- (7-( D (H* ). We have:

Xavg
lc (a;x0)1 (8> —Eaz +la YCall®S (xo,a2 T k)+1c @ik’ —562 +la YCall®S (xo,a>T, k)
21,00x32x22x 0sUxy L 21’023212 2z 0,4t
1 3 1 3
=3[ C1@:xa0) = C1 @ ) (0% = 5% + 500CallP (0.7, T.K) + OMI@IMo(@PT?).

Proof. We begin with the xy-Greeks. Perform a zero order Taylor formula for the function
Y P (@ = 30% + 30)Call® (xo,y,k) at y = @3 T = w(a*(xo))] around y = a3, T = w(a*(xavg)){ and
VYt € [0, T], for the function x a,z(x) at x = xo around x = X, to obtain:

3
Ci(a:x0) (0% — =07 + = 8X)CallBs(x0,a T,k)

=[C1(a; Xavg)] + Rl][(633 - —322 + —ax)CauBS(xo,aiw T,k)+R;]

3

=C1(a: Xang)y (B = 505 + = 6X)CallBs(x0, a>

Xav, a

3 1 _
r oK)+ (0 - Eaiz + Eax)CauBS(xo,ai TR +Ci(a; x0)§ Ra,
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where:
<xo—k> !
R =—— <axcl<a;x)£ Me=xo+(1-2xag A,

2 BS
R, =T(@;, -a,) f @ =500+ LR )Cal %0, ¥, Oly=r (a2 +(1-222,, 44

2
(xo k)

T(L_lio )— f (axw(az(x))o )lx Axp+(1— /l)xa‘gd/l

xmg
In view of the definition (2.10) of Cy, the identity (1.8) in Chapter 1 Section 1.2, Corollary 2.6.1.1 and
(H)-(HE,,), we readily obtain

0% - 50% + = a)CallBS(xo,‘Za T, k)R, |

1
g§|(a* —§a§2+ S0)Call® (xo,a2, T, k)(xo k)| f (0xC1(a; ) M e=arg+(1- x4
0

<@, T Mi@[Mo@PT? <c Mi(@[Mo(@)*T?,

1
|C1(a; x0)§ Ra| < [IMo(@P Miy(@T> Mo(@) My ()T f (T2, +(1- a2, ) "2da
0
< Mi@IMo(@PT3.

Similarly, using in addition (H}') we show that:

3 1
C1(@ k) (8 — —82 + —8Z)CallBS(x0, a;T,k)

= CV@ (@~ 205 4 30 (30, TR+ OMy @I Mo(@PT),
= —C1(@; Xavg)f (0 — %éﬁz + Eax>CauBS<xo,a§m,g T, k) + OM (@[ Mo(@) P T?),

where we have used at the last equality the relation (2.49) in Proposition 2.6.1.3. That completes the
proof. O

Second, we analyze the leading order of the formula given in Theorems 2.1.2.3 and 2.1.3.1:

Lemma 2.1.3.2. Assume (7—()?0)—(‘]—(]?)—(7-(?“%). We have:

;[CallBS(xo,a T, k) + Call®S(xo,a. T, k)] = CallBS(xo,Zziavg T, k) + O(M; (@) [Mo(@)*T?).

Proof. Apply a first order Taylor formula twice; ﬁrstly for the function y — Call®S(xg,y,k) at y = a’ v

around y = a2 T and secondly, for the function x - q; 2(x) at x = xo around x = Xavg, V1 €[0,T]. It glves

Call® (xo, @y, T, k) =Call®® (xo,a3, T,k) +0,Call® (xo,&;, T, k)T (a5, - @, )+Ri,
=Call®®(xo, &, T, k) +0,Call®® (xo, a5, T, k)w(a(xarvg)a" (xag) g (¥0 = k) + Ry + Ry

where:

1
=T%@;, -as, )’ fo (% Call®® 0,y KDh—r a2, v1-az,,, (1 = DA,
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x0—k 2 1
Ry = 9,Call®>(xy,a2 T,k)% f (0% (@ (%)) emarg (1= (1 = D)dA.
0

Xavg

Similar arguments previously employed in the proof of Lemma 2.1.3.1 easily lead to:

1
IR1| < IMi(@ [Mo(@)]*T? fo (T2, +(1- 0, )]"2dd <c Mi(@[Mo(@)T?3,

3
IRa| <My (@[ Mo(@)’T>.
Similarly we have:
Call®® (xo,a, T, k) =Call®(xo, @, T,k) - 8,Call®® (x0, &}, T, k)w(a(Xarg)a" (xarg) ) (X0 — k)
3
+OM(@IMo(@T’T?).
We are finished. o

Lemmas 2.1.3.1 and 2.1.3.2 lead to the following Theorem for the log-normal proxy, while similar
arguments apply for the normal proxy.

Theorem 2.1.3.2. (2nd order approximations for Call options with local volatility at mid-point). Under
(HE)-(HD-(HZ, ), we have

avg

Cl(a;Xavg)(]; -C (Zi; xavg)g 3 1 .
3 (0% = 39% + 50)Call*S (x0. a3, T.k)

+OMy (@[ Mo(@)PT?), (2.12)

Call(e™, T, ") =CallBS(xq, a2 T+

Xav,

Under (7{?0)-(7{12()-(?{ Szmg), we have

C1(Z;S vl = C1(Z: S ag)}
2
+OMI(DIMDTPT?). (2.13)

Call(S,T,K) =CallBA(S o, igm T,K)+ 83,CallPA(S, igm T,K)

Remark 2.1.3.1. If a (and consequently X) is time-independent or has separable variables, observe that
the corrective terms vanish and we obtain remarkably simple formulas: the expansion formulas (2.12)
and (2.13) reduce to only a Black-Scholes price and a Bachelier price, with the local volatility function
frozen at the mid-point.

2.1.4 Second order expansion of the implied volatility

Interestingly, the previous expansions of Call price (Theorems 2.1.2.3,2.1.3.1 and 2.1.3.2) can be turned
into expansions of Black-Scholes and Bachelier implied volatility defined respectively in (1.9) and (1.11)
(see Chapter 1 Section 1.2). To achieve this, we use the relations between Greeks postponed in Propo-
sitions 2.6.1.3 and 2.6.2.3 in order to write the different approximation formulas in terms of the Vega.
For example consider the second order log-normal expansion formula based on the ATM local volatility
(Theorem 2.1.2.3): thanks to (2.49) in Proposition 2.6.1.3, it becomes:

X k BS,. =2 BS,. =2 Ci(a;xo)ym 23
Call(e". T, ) =Call®®(x0.22, T.) = Vega™ (20,8, T. ) —— 50—+ OMi @[ Mo(@)T3),
axO
Ci(a; xo)!
- BS = VY0 N2
~Call (xo,(ax() =12 m) T,k),

X0

where m is the log-moneyness m = xg — k = log(S ¢/ K). We have paved the way for the following result:
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Theorem 2.1.4.1. (2nd order expansions of the implied volatility). Assuming (H' fjo)-(ﬂlf)-(ﬂfavg) and
using the log-normal proxy, we have

_ Cilasxo) |
o1(xo, T, k) =Gy, — Wm + Errorz,XO, (2.14)
@ k)
o1(xo, T, k) =ay + ¢l s 0 m+Err0r2k, (2.15)
A
(Ci(a; xavg)g -Ci(a; xavg)g)

o1(xo, T, k) =axavg +

m + Error} . 2.16
2, T 1o

Assuming (7{50)-(7-([2()-(7-(?%) and using the normal proxy, we have

S (S0 T.K) =55, - LES00 e
180, T,K) = SO—W + rrorzs,
. GEK] :
ZI(SO, T, K) :ZK + WM + Errorz’K,
(Cl (E;Savg)g -Cy (Z;Savg)g

21(S0,T,K) =X, + NG
vg

av,

I
M+ Errorz’savg,

where S 4, = S";K and M =S¢—

Remark 2.1.4.1. We retrieve in our implied volatility approximation formulas the well-known properties
that at the money (i.e. m = 0) and for short maturity, the value of the implied volatility is equal to the
value of the local volatility function and the slope of the local volatility function is twice the slope of
the implied volatility. We justify this assertion for the Black-Scholes implied volatility, the work being
similar for the Bachelier one. If T < 1, in view of (2.14) and the definition (2.10) of C1, assuming that
a(t, xo) and a'V(t, xo) are continuous at t = 0, we obtain:

[o1(x0, T, k)]lk=x, ~ a(0, xo),
_ ( a, 0)0
Oklo1(x0, T, k) lk=xo ~ Okl lli=xo — Tak [(x0 = ©)]lk=x, = O+

X0

@(0.30)aV(0.x0)%  aM(0, xo)
a3(0,x0)T? - 2 '

We obtain the same estimates starting from (2.15) and (2.16), we skip details.

To conclude this paragraph, we estimate the residual terms of the above implied volatility expan-
sions, in terms of Mg(a), M;(a) and so on. Since the Vega is very small for far OTM/ITM Call options,
deriving error bounds on implied volatility from Theorems 2.1.2.3, 2.1.3.1 and 2.1.3.2 gives poor esti-
mates for extreme strikes. Actually, in the further numerical experiments, we also observe inaccuracies
for extreme strikes. To obtain accurate theoretical error bounds, we restrict to log-moneyness m (resp
moneyness M) belonging to a small ball by assuming that |m| < EMy(a) \NT (resp. |M| < EMy(X) \T)
for a given & > 0.

For the sake of brevity, we only analyze the expansion (2.14), the other approximations being treated
similarly. We assume in addition that Mg(a), M;(a) and T are globally small enough to ensure that

Ci(azx)! . . ... . . .
Qyy — la(f ;02)0 m > 0. Note that at the money (i.e. m = 0), this condition is automatically satisfied. A first

order expansion readily gives

Ci(a;
;—TO)O )’T, k) =Call®S (xo,a> Tk —

X0 X()

(70)0

Call®S (xy, (@, — ¥

mVegaBS(xo, ay,T,k)
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Ci(a:x0)}

1
2 BS 2
— m) fo Vomma®S (x0T, ¢ uep (1=A)dA
Xo

a=dy,— 212 m
X0

+(

—CallBS (x,, 2(xo,T )T, k) + OMy (@) [Mo(@)*T?)

m) f Vomma®® (xo,a’T,k)| e (1-2)da,

a=a
X0~ 0T2

applying Theorem 2.1.2.3 and using the definition of the Black-Scholes implied volatility. Expanding

_ Ci(a;xo)T .
ar CallBS(xo,azT, k) at a = o1(xp, T, k) around a = a,, — lai 7 Lm gives:
0
1
I BS 2
Error, f Vega™ (xo,a T, Kl ¢t . da
0 a=dy,— ‘7.3x0 2 m+A Errorz’x0

Ci(a; xo)}

SOMi@IMo@P T = (—

1
m)* fo Vomma®S (xo,a®T, k)| ACWO)T (1-2)dA.

a=ay,—

2
OT

In view of the expression of VegaBS (see (2.42) in Proposition 2.6.1.2) and (2.45) in Corollary 2.6.1.2,
the hypotheses made on m, My(a), M;(a) and T guarantee the existence of a constant C > 0 (depending
on S) such that:

1
f Vega®S (x,a>T, k)| craol] d1>CT >0.
0

= _ 1
a=ady, 5)3( 2 m+A Errorzv 0
0

In addition (2.46) and (H,) readily yield

Ci(a;xo0)T 1
|(Mm)2 f VommaPS (xo, T, k)| craor (1= A1)
&?COTZ 0 a=ly; =1 13 2tm
0T
\NT 3
< Mi@Mo(@) VT o S MI@IMo@PT?,
> 0

infer0,1)8x) = A——73
X()

where the generic constant depends in an increasing way on ¢ (and on the oscillation ratio
Mo(@) ). That finally implies:

c (a;xo)g

infle[oJ]aXO_/l 32
0

Errorlz,x0 = O(M;(@)[Moy(a)]*T).

In view of the above upper bound, we interpret our implied volatility formulas as second order expansion
ones.

2.2 Proofs: a comparative discussion between stochastic analysis and
PDE techniques

In this section, our aim is to show how three different techniques ranging from stochastic analysis to
PDE may lead to the same formulas given in Theorem 2.1.2.1. Although the final result is the same, the
derivation is quite different, first regarding the way in which the expansion coeflicients are made explicit,
second regarding the error estimates and the assumptions used for that.
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We shall admit that our preference is for the stochastic analysis approach, because it is flexible regard-
ing the model and the functionals under consideration, and it is slightly less demanding regarding the
assumptions (pointwise ellipticity versus uniform ellipticity for instance). But the reader may argue dif-
ferently, depending on its own fields of expertise.

As an illustration of flexibility of the stochastic analysis approach, it has been possible to handle
Call/Put/digital options in local volatility models with Gaussian jumps [Benhamou 2009], Call/Put op-
tions in local volatility models with stochastic Gaussian interest rates [Benhamou 2012], Call/Put op-
tions in time-dependent Heston model [Benhamou 2010b], general average options (including Asian
and Basket options) in local volatility models [Benhamou 2010a], and more recently local stochastic
volatility models (we refer to Chapter 5 of the thesis).

2.2.1 A pure stochastic analysis approach

This is basically the derivation that we have performed in Subsection 2.1.2.

Smooth payoff #. We first deal with the case of infinitely differentiable function /# with exponentially
bounded derivatives. Resuming from (2.6-2.7-2.8) and using Taylor’s formula, write

1
E[h(X7)] =E[A(XD)]+E[ADXE) (X - XD)] + f E[h@ (XL + A(X7 — XD) (X7 — X2)2|(1 - D)dA
0

1 2
=E[h(xi)]+E[h<”(X’T’)%]+ f E[h(”(Xi)(1 ) X{,]da

0 2
1 1
+ fo E[AP(XE + (X7 - XD))( fo X7 (1 =mdn)*](1 - da
._ P (1) yP Xor
=E[h(X})]+E[h (XT)T] + Error, (h). 2.17)
The first correction term E[h(”(Xi)%] is made explicit using the key Lemma 2.1.2.1, and it is equal
to a weighted summation of sensitivities GQE[h(X; +&)]|s=0 for i = 1,2,3 (see the statement of Theorem
2.1.2.1).

The evaluation of Error,(h) requires to estimate the LP-norms of X3 . and X3 ;. (uniformly in
A €[0,1]). Direct and standard stochastic calculus inequalities from (2.3-2.4-2.5) yield

X5 7lp <e Mi@Mo@T, X371, <c Mi(@[Mo(@)T?? (2.18)

for any p > 1 and any 4 € [0,1]. Combining these estimates with Holder and Minkowski inequalities
readily gives Errory(h) = O(Ml(a)[Mo(a)]zT%), which completes the proof if & is smooth as above.
Observe that we have only required the coefficients to be smooth enough, and nothing has been imposed
on the non-degeneracy of a.

Locally Lipschitz function #. 'We now extend the analysis to functions satisfying conditions of The-
orem 2.1.2.1 (thus almost everywhere differentiable), assuming additionally (H,): observe that the

pointwise ellipticity condition fOT a’(t,xp)dt > 0 is necessary to ensure that X”'-Greeks are well defined.
The analysis below shows that the condition is also sufficient to obtain the expansion.

The new ingredient consists in appropriately smoothing 4 and in using integration-by-parts formula
from Malliavin calculus to get rid of the derivatives of 4; this follows the arguments of [Gobet 2012a].
Let B be another scalar Brownian motion independent of W and for ¢ > 0, set

hs(x) := E(h(x+6Bar)) = E(hy, 5(x+6Br)).
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For any ¢ > 0, the function A; is smooth and its derivatives are exponentially bounded, so that we can
apply the previous expansion to /s instead of 4 in order to obtain:

3 1

Elhs(Xr)] =Elhs(XP)]+ C1(a; x0)) (0 = 502 + 5 0)B[hs(X +)lo=0 + Brrora(hy).

Take 6 = M, (a)[Mo(a)]*T: then replacing E(hs(Xr)) and E(h(g(X;)) by E(h(X7)) and ]E(h(X’T’)) readily
yields an extra error O(M(a) [Mo(a)]zT%) which has the right magnitude regarding the expected global
error. Moreover using (), we can also prove that computing the sensitivities with respect to / or to
hs does not deteriorate the global accuracy (see [Gobet 2012a, Lemma 4.2]). It remains to prove that
Error,(hs) = O(Ml(a)[Mo(a)]zT%). An inspection of the representation (2.17) of Error,(hs) shows im-
mediately that the first contribution with hgl) isaOM, (a)[Mo(a)]zT% ), by simply using the exponential
growth condition on 4" and the finiteness of exponential moments of Xg .The second contribution with
h$) is the integral over (171,12, ) € [0, 1> of (1 —11)(1 = 12)(1 — ) times

E[A (X} + A(X7 - X])XT X0 ] :E[hgz/) BT+ A = X7) +6Br)X] X ]

:E[hfsl/)\/j(xi + A X7 — XITJ) + 6B7“)Hf’m le,/l]‘

The first equality follows from the definition of A5, whereas the second one is an integration by parts
formula from Malliavin calculus [Nualart 2006, Proposition 2.1.4]. We do not enter into the deriva-
tion details, we only emphasize two points: first, it is allowed since X; + A X7 — XITJ) + 8By is a non-
degenerate random variable (in Malliavin sense) thanks to the additional perturbation 6 Br, and its Malli-
avin matrix has an inverse of order ( fOT a*(t,x0)d)~" in LP-norms, owing to the ellipticity assumption
in (7-(;‘0). Second, the Malliavin norms of XZT can be estimated similarly to (2.18) and it finally gives

that (Ele’m’m’Alz)l/ 2= O(Ml(a)[Mo(a)]zT%). This finishes the proof. Slight modifications in the above
arguments would enable to handle functions with local Holder smoothness.

Arbitrary function .. Here, we do not assume any regularity on 4, only exponential growth. The
analysis is similar but the regularization step for 4 is more complex, see [Benhamou 2009]: the expan-
sion analysis has been done under the uniform ellipticity condition on (#“), and not only under the
pointwise ellipticity in (HY,).

As a conclusion to this stochastic analysis approach:
o the derivation of expansion coefficients is direct and easy;
o the error analysis relies on delicate Malliavin calculus estimates;

e it applies to general function /4 under mild non-degeneracy condition.

2.2.2 Mixing stochastic analysis and PDE

Here, we directly prove the expansion result for locally Lipschitz function A. We represent the error
E[h(X7)] - E[h(X’T))] using the PDE associated to the proxy:

ul(t, x) = BIh(XD) X" = x]

Our methodology presents analogies with the decomposition approach of Alos [Alos 2012] who com-
bines PDE arguments and the It6 calculus to obtain approximation formulas in the Heston model.
To get a smooth solution u”, assume that a(t, xg) # O for any ¢ € [0,7] (7{;10), which is stronger that
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T . . . L .
fo a*(t, xo)dt > 0 considered in (H %)+ The generic constants appearing in our next error estimates de-

pend in an increasing way on the oscillation ratio M@ Thep,
1[1(}1; ]a(t, X0)
t€l0,

0P (1, x) + 3 (t, x0)(0%, — D" (1,x) =0, fort<T, (2.19)
uP(T, x) = h(x), |
T
0% (2, x)] <. M f a*(s,x0)ds) " . 220
t

The estimates (2.20) directly follow from the differentiation of the Gaussian density of X; conditionally
to X’ = x, taking into account the exponential growth of 4. Then, apply It6’s formula to ubh(t, X;)
between 7 = 0 and ¢ = T, combine this with simplifications coming from the PDE solved by u"; it gives

T
E[h(X7)] =E[h(X’T’>]+%E[ f (@ (t,X,) — a*(t,x0))(0% — du (1, X,)d1] (2.21)
0
T
=E[h(x’;>]+% f 0. [a®1(t, x0)B| (X, = x0)(0% — D)™ (2, X,) |de
0

T
+ %E[ fo [a%(t,X,) — @ (1, X0) = D[a®1(t, X0)(X, = x0)(02, — D)l (1. Xde|.  (2.22)

Remark 2.2.2.1. The equality (2.21) says that if h is smooth (infinitely differentiable with compact
support), then the approximation B[h(X1)] = E[h(X;)] is already of order 2 and thus there is no need to
additional corrective terms . We namely have in this case:

T
3
[E[A(XT)] - EIh(XP)]| <. f Mo(@Mi (@)X, = xoladt <c Mi(@)[Mo(@°T?. (2.23)
0
In light with Chapter 1 Subsection 1.3.5, we retrieve the fact that to achieve a target order error, the

expansion strongly depends on the regularity of the function h. With the stochastic analysis approach, a
straightforward and naive estimate using a Taylor expansion gives:

1
[E[h(Xr)] - E[R(XD)]| <. | fo E[hD(XF + A(X7 - XP)(Xr — XP)]dA| = OMi (@) Mo(@)T).

However, we can refine the above estimate using the h-smoothness by writing h(l)(Xé3 + A X7 —X;)) =
"D (xo) + KO XE + AXr - XP)) = D (x0) to get:

1
[ELA(X7)] - E[RX)]| =[x ELXT — X711+ fo E[(hV(X] + X7 — X7)) = B (x0)) (X7 - X§)]dA|
< (Voo + 1) My (@I Mo(@ T2,

using the fact that B[X7 — XF] = -1 E| fOT(a,Z(X,) —a?(xp))dt] = OM; (@) Mo(@)T?) and that
|h(1)(X$ +A(Xr —X;f)) - h(l)(xo)| < Ih(z)lw(lX§’ —xo|l +1Xr —XITJI). We finally retrieve the estimate (2.23).

Taking advantage of (2.20), we can easily bound the last term in (2.22) by

T T 3
C fo Mo(a)Mi (@)X, — xol5( f a*(s, x0)ds) " 2dt = O(M (@) [Mo(a)]*T?)
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using standard increment estimates and uniform lower and upper bounds on a®. Observe that the Lips-
chitz regularity of & gives rise to singular terms of the form (7 —1¢)~ 2, which are fortunately integrable
at7.

Regarding the second term in (2.22), we have to approximate ]E[(Xt - xo)(ﬁi2 — A uP(, X,)] for any
€ [0,T[: we apply again the previous decomposition by replacing 7" by ¢ and h(x) by ¢,(x) =
(x—xo)(a —0,)uP(t,x). We denote by v, ¢(s X) = (;3,(XP)|X1D = x] the solution of the system (2.19)

on [0, #[XR but with terminal condition ¢,. The term under study is thus equal to

!
El¢:(X])] + %E[ f (@*(5.Xs) — a*(5,x0))(0% — 0)v; (s, X,)ds].
0

It remains to make explicit vtp’qj(s, x) in order to compute the first term and to estimate the second. For
this, the trick lies in the observation that for any k > 0, My, = ('chku}[”h(t,X;D ) is a martingale for t < T
this directly follows from the application of It6’s formula, combined with (2.19) and (2.20). Hence,
successive applications of the equalities E[Mk,tle =x]= a’;kuf’ (s, x) for s < t and of the Lemma 2.1.2.1
give:

v (s,2) =B (X7 - x0)(@%, - d0u™ (e, XP)XT = x|
=(x = x0)B| (0% - 0™ (1, X)X} = x|+ E[(X] = X)(0% - 0w (1, X])IX] = x]

=(x = x0)(% = )u"" (s, 9-2 f (&, %0)dEE| (6% — 0.0u™ (1, X)IXT = x|
1 !
+E|( f al€, x0) AW )@ — D (1 x — 5 f a*(é,x0)dé + f a(¢,x0)dW,)|X! = x|
=(x—xo><a§z—ax>u””1(s,x)—% f a* (€, x0)dE(0%, — 0. )u" (s, x)

t
+ f a*(€,x0)dEE| (0%, — 0% )uP (e, XD)IXE = x|

N

)@ =050+ [ @@ - S+ So0u s

In particular the above calculus yields E[¢,(X")] = vi*(0, xo) = fot a’(s, xo)ds(63 362 18.0uP(0, xo)

and by multiplying by 1 70xla 21(t, xo) and integrating over ¢ € [0, 7] in (2.22), we recover the correction
terms from Theorem 2.1.2.1.

On the other hand, combining (2.20) and the ellipticity assumption ( %,)» we easily obtain
|@% = d.v) ’¢(s,Xs)|p <lXs = Xolp| (0L — 207 + % )uP (s, X, )|2 +|(26% - 302, + ax)u”’h(s,xs)|p

f a* (€, x0)dé|(9 - 54 +207, - 8i2)up’h(s,Xs)|p
Vs 1

+
2 ; 2 -
1nf a (s, xo)(T—s)2 Sellf&fﬂa (s, x0)(T —s)

s€[0,

<

forany p>1,t€[0,T], s € [0,2]. Consequently we obtain for the final error:
T ¢
i f 0.[a*1(t, x0)E f (@(5,X) = (5, x0))(@% = v, (5, X )ds ||
0 0

T
Sch(a)Mo(a)f f | X5 — xol2[ \/E T+ 1dsdz
0 Jo (T-s5)2 T-3)
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<M (@[ Mo(@)PT?.

We have retrieved the error estimate provided in Theorem 2.1.2.1. Once again, we would like to point
out that the singular terms (7 — s) >/ and (T — 5)~! appearing in the above time iterated integral remain
integrable.

As a conclusion to this approach mixing stochastic analysis and PDE:

o the error analysis relies on usual estimates of derivatives of heat equations (PDE satisfied by the
proxy) and it may be considered easier; however for digital options, the singularities arising in
iterated time integrals are not integrable and the current approach seems to be inappropriate.

e this approach requires stronger non-degeneracy assumptions compared to the previous stochastic
analysis approach;

o the explicit derivation of expansion coeflicients is tricky and relies on appropriate combination of
martingale properties and Itd calculus;

e we nevertheless mention that this approach could be potentially used in a framework where the
Malliavin calculus fails, e.g. for barrier options: see Chapter 7 of the thesis.

Actually for higher order expansion, the latter explicit martingale computation is harder to write down,
whereas a direct application of Lemma 2.1.2.1 remains direct.

2.2.3 A pure PDE approach

Alternatively, inspired by the interpolation (1.25-1.26) (see Chapter 1 Subsection 1.3.4.4), consider the
solution of the PDE

Ol (1, x) + 3a°(t,x0 +n(x — xo))(afc2 —0)ul(t,x) =0, fort<T,
u'l(T, x) = h(x).

Observe that 1! (0, xp) coincides with E(h(X7)) whereas u°(0, x) coincides with E(h(XIT))). This PDE has
similarities with that of Hagan (1.22) (see Chapter 1 Subsection 1.3.4.4) but it differs here, because the
space variable has not been rescaled around the strike. In addition the solution of the principal PDE in
the Hagan approach is a Call price in a Bachelier model, whereas u°(0, x) is a Call price in a Black-
Scholes model.

To derive the correction terms, we shall apply a regular perturbation analysis by writing
ul=uy+nuy+..., with ug =u0, and

1 1
L7 = 0y + a1, %0+ n(x = X))@ = 0x) = Lo + 150+l 10, x0)(x = %0)(0 5 = 0) + ...

A formal identification of the system to PDEs to solve gives

1 1
[a, + Eaz(t’ xo)(ai2 - ax)]uo(t, x)=0, Lou = _Eax[az](t, Xo)(x— Xo)(aiz =0, )ug

with uo(T, x) = h(x) and u (T, x) = 0. As mentioned before, in our opinion, an explicit resolution of u;
is difficult to exhibit without knowing the solution. However, after tedious calculus involving Gaussian
kernels and convolutions, we can retrieve the corrective terms of Theorem 2.1.2.1.

Also, a PDE error analysis (which we have not been able to find in the literature in the case of irreg-
ular /) may presumably give error estimates only in powers of n (which equals 1 here!) and not as
oM, (a)[Mo(a)]zT%). Additionally, due to the form of the proxy, our intuition is that the error at (0, xg)
(where we aim at computing the solution) is smaller that the error at arbitrary (¢, x). All these reasons in-
dicate that a PDE approach to derive correction terms and error analysis in our proxy setting is probably
irrelevant.
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2.3 Higher-order proxy approximation

In this section, we give several expansions formulas with a third order accuracy. First, we recall without
proof results obtained in [Benhamou 2010a] and [Gobet 2012b] for expansions based on local volatility
at spot and at strike. Second we introduce a new expansion with local volatility frozen at mid-point.
Finally new expansions of implied volatility are provided.

2.3.1 Third order approximation with the local volatility at spot and at strike.

We define some integral operators useful to state the next theorems.

Definition 2.3.1.1. If the derivatives and the integrals have a meaning, we define for a two variables
function [ the above operators:

C1(;2)8 =w(P(2), 1)V (2))], Ca(ls2)8 =w(P(2), IV (2))* + 1P (2)F,
Cs3(l;2)) =0(P(2),P(2), AV @) +IIP @), Call;D)h =w((@), ()P @), ()P (@)} -

We frequently use some linear combinations of these operators:

D] Gl GGl Calts2)]

AT _
(o) = 3C1(L2)g . Co(l:2)f . 5C3(l2)) . TC4(l:2)) . [Ci(:2) 1P
*+70 2 2 4 2 8 ’
3[C1(;2) D)2
(20 =Ci(ls2)y —2C3(52)5 —6Ca(l;2)h - TO,
13[C1(1;2)T 12
na(;2)) =C3(L:2)T +3Ca(2)! + TO’
3[C1 (L) P [Ci(;2) P
ns(l;2)h = %, n6(1;2)} :TO’
Cal; )T
HL2)h = > 2 &l 2)) =Cil ),
[C1(52)D)?
L)Y =C3L )T +3C4t )], Lo(ln)h =——0—

2

Theorem 2.3.1.1. (3rd order approximations for Call options with the local volatility at spot). Assum-
ing (H%) and using the log-normal proxy, one has

6
Call(e™, T, e*) =Call®S (xo, a3 T, k) + Z ni(a; x0) 0" ,Call®® (xo, a3, T.k) + OMy (@) [Mo(@)1 T?).
i=1

Assuming (H*) and using the normal proxy, one has

Call(So, T, K) =Call® (S0, 53 T.K) + " £i(%:80)f 0, CallPA(S 0,53 T, K) + OM (DIMo(D)T?).
i€{2,3,4,6}

The operators {; and n; in the above expansions are defined in Definition 2.3.1.1.

The magnitude of the residual terms in the previous formulas justifies the label of third order ap-
proximations.
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The above theorem is a straightforward application of [Benhamou 2010a, Theorems 2.2, 2.3 and
4.2], taking into account that we slightly modify the notations of the Greek coefficients. Namely, for
convenience we merge certain w operators: for instance the reader can easily check that:

[C152)8 1 = [wl@)% LIV @)1 = 4wl(2)*, 1), 1)V (), L)V ()]
+20(l(2)*, 1)V (), [2) %, 1)V ()]

We should mention that it seems possible to relax the strong hypothesis (#“) which appears in
[Benhamou 2010a, Theorems 2.2 and 4.2]. As for the second order approximations, (7{;‘0) may be
sufficient.

Using the duality argument introduced in Subsection 2.1.3 and [Benhamou 2010a, Theorems 2.2,
2.3 and 4.2], approximations using the volatility at strike are available too.

Theorem 2.3.1.2. (3rd order approximations for Call options with the local volatility at strike). As-
suming (H?®) and using the log-normal proxy, one has

6
Call(e™, T, e*) =Call®S (xo,a; T, k) + Z ni@ k) 0L, Call®® (x0,a; T, k) + OMi (@[ Mo(@)PT?),
i=1

Assuming (H*)and using the normal proxy, one has

Call(So, T, K) =CallPA(§ , 22T, K) + Z G K)f 0L, CallBA(S 0, 22T, K) + O(M; (D) [ Mo(2)1PT).
i€{2,3,4,6}

The operators {; and n; in the above expansions are defined in Definition 2.3.1.1.

2.3.2 Third order approximation with the local volatility at mid-point.

We now state a new result related to third order expansions based on the local volatility at mid-point
Xavg OT S 4g. For a clearer proof, we change the presentation of the corrective terms in comparison with
Theorems 2.3.1.1 and 2.3.1.2: instead of gathering them according the order of the Greeks, we put them
together according to the operators C; introduced in Definition 2.3.1.1.

Theorem 2.3.2.1. (3rd order approximations for Call options with the local volatility at mid-point).
Assuming (H?) and using the log-normal proxy, one has

Ci(a; xavg)g -Ci(a; xavg)g
2

3 1 i}
@ - 58)2@ + Eax)CallBS(xo, a, T-k)

X,

Call(e™, T, ") =Call®S (xo, i, T.k)+

+ C2(a;xavg)g +Ca(a; xavg)g(l
2 2
+ CS(a;xavg)g +Cs(a; xavg)g
2
Ca(a; X)L + Ca(@; Xave) X 7 1
+ 4( avg)O > 4(~ avg)o (3814 _ 6613 + Eaiz _ Eax)callBS(xO’aiwg T, k)

+ [Cl(a§xavg)g]2+[Cl(&;xavg)g]z(la6 B
2 276 27 g

1 1
= (00 =K Cs(@: Xaug) (5% = 50)Call™ (0.3, T.K)

g x

1 1 1 _
— (0 = k)* Co(a; Xag)§ (Za; - Ea; + Zaiz)CallBS(xo,aiw T,k)

+OM(@IMo(@)PT?), (2.24)

82

x2

1
Ea,,)(:auBS(xo, a’ )

Xa

5, |1 _
(@ =207 + 0% = 700Call ™ (xo,a7,, T.K)

3 1
Za; + §a§2)CallBS(x0, i, T.k)

4
ax4_
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where the operators C; for i =1...4 are defined in Definition 2.3.1.1 and where the time reversal invari-
ant’ operators Cs and Cg are defined by:

Cs(lz2) = (V@) +1IP @), Coll2)y = @M@, UM @)
Assuming (H>)and using the normal proxy, one has

C1(Z;S vt = C1(Z:S )}
2

Call(So, T, K) =Call®*(S 0,25 T.K)+ 3:Call’ (S 0,25 T,K)

, &S g + Ca(Z;S avg)}
4

C3(Z:S we)l + C3(Z3 S ao) _

" avg’o 2 avg’o 834(S0,2§{WgT,K)

Ca(Z;S vt +Ca(Z:S )} B}
+3 . J34(S0,25, T.K)
[C1(Z:S ang)E 12 +[C1(Z S ag)) 12

4
2 CS(Z;Savg)g
8
2 C6(Z;Savg)g
4
+OM (D) Mo(D)PT?).

e, Call’A (S 0,25 T,K)

+

854(S0.55, T. K)

—(xo—k) G5, Call’ (S 0,55 T.K)

— (x0—k) 934(S0,%5, T.K)

Proof. We only prove the result for the log-normal proxy. The case of normal proxy is similar, and it
is left to the reader as an exercise. The idea is again to consider the average of the third order formulas
in spot and strike provided in Theorems 2.3.1.1 and 2.3.1.2 and to perform an expansion around the
mid-point.

> Step 1: expansion of the leading term. Firstly we aim at showing that:

(Call®® (xo, a3, T, k) + Call® (xo,a; T, k))/2
(x0 — k)

=Call®(xo,a;, T,k)+ C5(a; Xavg )y 0,Call® (xo, a3, T, k)

X,
+ (%0 = k)*Co (@3 Xang )y 0 Call® (x0, a5, T, k) + OMi (@[ Mo(@)F T?), (2.25)
where the operators Cs and Cy are defined in Theorem 2.3.2.1. Perform Taylor expansions to obtain:

Call®® (xo, a3, T,k) =Call®® (xo, a3, T, k) +0,Call®® (xo,a3, T,0)T (@, -3, )
+ %5),2(:311}38()60, a, T.o0T@;, —a;, ) +R
=Call®®(xo, a3, T,k)+8,Call®®(xo,a3, T, k)w(a(xavg)a' (Xang)) (x0 = k)
+ %ayCallBs(xo, aim T,k)Cs(a; Xavg)t (x0 — k)*
+ 8§2CallBS(x0, iy, T-k)Co(@; Xavg)g (X0 = k)* + R1 + Ry + Rs, (2.26)
where we have used the relations Bzw(lz(z))g = 2w(l(z)l(1)(z))g , a;w(F(z))T = 2C5(l;z)g ,

0
[w(I(2)IV(2))I1? = 2C6(l;2)] and where Ry, R and Rj are defined by:

1 2
3,=2 -2 3 3 S (1 _ /1)
R, =T (axO — Clxavg) jo‘ (ay3 CaHB (Xan, k))l}:T(/lZl,%O +(1_,1)a§avg) —2 da,

2that is C5(5;2)) = Cs(;2)F and Ce(T;2)! = C(l;2)! using (2.1).
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o} [ 1- 1)
R2 :ayCaHBS(Xo,C_ljzcavg T, k)% L (aiw(az(x))g)lx:/lx0+(l—/l)Xavg ( 2 ) d/l’

Xav

1 _ (xo—k)?* (!
R =507,Call™ (x0, 2 gT,k>°T f (070(@ (X)) =g (1A (1 = DA
0

x| L n b fo 1<aiw(a2<x»5 Da= g (1Dt (1 = DAL+ 20(@(Xavg)a™ (ang)) (x0 = ).
Using (1.8) in Chapter 1 Section 1.2, Corollary 2.6.1.1 and (H“) we obtain
IR1 + R + R3] <c Mi(@)[Mo(@)’T>.
Similarly, we show that:
Call® (xo, @ T, k) =Call®(x0, dix,,,, k) — 8,Call®® (x0, a3, T, K)(a(xavg)a" (Xang)) (x0 = k)
+ i(’)yCallBs(xo, iy, T-k)C5(a; xang) (x0 — k)
+ 8§2CallBS(x0, iy, T,k)C6(a; Xavg)§ (X0 = k)* + OMi (@) Mo(@) T?).

Combine this with (2.26) to obtain (2.25).

> Step 2: expansion of the corrective terms. Firstly we treat the corrective terms with the opera-
tors Cp, C3, C4 and [C;]? in Theorems 2.3.1.1 and 2.3.1.2. We let the reader verify that in the for-
mula with volatility at spot (respectively in strike), we can replace the point xq (respectively k) by the
point x4y in all the corrective terms involving these operators: indeed it induces an extra error of order
Mi(@)[Mo(a))PT?. This is very similar to the proof of Lemma 2.1.3.1 so we skip it. Then we can
replace derivatives w.r.t. z with derivatives w.r.t. x in Call®® thanks to Proposition 2.6.1.3, equations
(2.49)-(2.51)-(2.52)-(2.53). That leads to:

1 1 1 1 1 1
=Ca(a; x0)y (Eaiz - 5ax)cml]-*'s(xo,afm T.k)+5Co(@; 91 (Eajz - 5aZ)CamBS(xO,a,%T, k(227

2
1 5 1 _
+5C5(a; x0) (0% —20% + Zaiz - Zax)CauBS(xo,aio T,k)

1 5 1
+5C3(@ k)g (0% =207 + Zafz - Zaz)CallBs(xo, aT,k)
1 7 1
+ 5 Cal@;x0)g (303 = 607, + 507, = 50.)Call™ (x0, 2, T, k)
1 7 1
+5Cu(@ kg (352, - 607 + 5‘932 - 5aZ)CaHBS(xO,a,%T, k)
1 1 3 13 3 1
+ E[Cl(a;xo)g ]2(5036 - 56; + ?914 - Za; + gaiz)CallBs(xo,aio T,k)
1 1 3 13, 3
+ E[CI(E; k)§]2(§5§6 - 55; + gazl - 153
_ Cl(a;xuvg)g +Ca(a; xuvg)g (132
N 2 27
4 C3(a;xavg)g +C3(a; xavg)g
2
4 C4(a;xavg)g +Cy(a; xavg)g
2
+ [Ci(a; xavg)g]z +[Ci(a; xavg)g]z (l
2 2
+OM (@I Mo(@ T?),

1
+ ga; )Call®S (xo,a; T, k)

723

X,

1
- 5ax)c:mBS(xo, i, Tk

X,

5, 1
(&% =207 + 500 = 200Call P (xo,a3,, T.6)

7 1
(307 =607, + 507 = 50.)Call ™ (xo, @y, T,

Xa

3 13 3 1 _
>+ ga‘* &+ gaiZ)CallBS(xo,az LT

()
g x* 4 X3 Xq

xﬁ_z x5
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Secondly, we pass to the corrective terms in which appears the operator C;. For the sake of clarity, we
introduce the following notation A, = 63’63 - %8)252 + %(% and A, = 823 - %852 + %8Z. For example 0,A,

stands for the differential operator (9;‘x3 - %6;2 + %agx and similarly for aizﬂx. We recall the following

relation A, Call®S = —ﬂZCallBS (see (2.49) in Proposition 2.6.1.3). Our purpose is to prove that:

1 1
5Ci@ x0)¢ ACall®S (xo, a3 T, k) + 561@ kg A Call®s (xo,a; T, k) (2.28)
1
=5(C1(@; Xavg)g = C1(@ Xavg ) ACall™ (x0T, K)
—k
L Xo=k)

Xa

T 14C6(@ Xarg)g + Cald; Xavg)y + Co(@ Xavg) 1ACall™ (x0, 3, T, )

+[Ca(a; xavg)g +Cy(a; xavg)g + w(a(xavg)a(l)(xavg)a a2<xavg), a(xavg)a(l)(xavg))g]
X (x0 = k)0, ACall®® (xo, a3, T, k) + OMi(@)[Mo(@’T?).

Perform a second order Taylor expansion for the function y — A xCallBS(xo, y,k)aty= 6_1%0 T= w(az(xo))g

around y = Zl)ZCMT = w(a*(xavg))} and for the function x — Cj(a;x)] at x = xo around x = xqg:

C1(a; x0) ACall®> (xo, a3 T, k) (2.29)
(x0—k)

=(C1(@xag)y + Ox(Cr(@ 2 smy 5 +R1)

X (ACall®® (xo, a3, T,k) + 8, ACall®® (xo,a3, T,0T (@3, a3, )+ Ra)

xo—k
={C1(a; Xavg)$ +0x(C1(a; ) )'(OT)

X {ALCall® (xo, a3, T,k) +Rs + Ry + 8, A Call®® (x0, a3, T, K)w(a(xavg)a' (Xang))§ (x0 = )}

Xavg
=C1(a; Xavg ) ACall® (xo,a3, T,k)

+R1}

X,

~k
+0.:(C1(a3 X)) v %%Can“(m, i, T.k)

Xa
+ C1(@; Xarg) Oy ALCall®® (x0,a3, T, k)@(¥avg)a™ (Xavg) ) (x0 = k)
+R,

where:

R =Ci(a;x0)§ [R3 + Ryl + RiACall® (xo,a3, T,k)

X,

xo—k
(50~ Ry ACAS (20,8, T Ko@) g [Rs +9lC1 a0 e 2o,

x0—k 2 1
R =20 fo (@Po(Cr @ s 1, (1 — DL,

1
Ry =T*@}, - a,,,)’ f (@ ACAN (00, Y. D=7 (122, 12y (1 = DAL,
0

_ (xo—k)? !
R; =0, A,Call® (x0,a2, T.k)— Z (0%(@(@ () x= 1ty (1= Dy (1 = DA
0
On the one hand, we have:

3:(C1(1;2)0) = 2Ce(l; 20 + Ca(L;2)8,
C1(1 2 0@V @) = 2C4(U;2)§ + w0V (2), P (2), )V (2)],

and on the other hand, with (1.8) in Chapter 1 Section 1.2, Corollary 2.6.1.1 and (H*¢), it comes:
IRl <c Mi(@[Mo(@)IT?.
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We skip further details. Consequently we can write (2.29) as follows:

C1(a; x0) ACall®® (xo, a3, T, k) (2.30)

(x0 — k)
2
+[2C4(; Xang ) + W(@(Xarg )8 (Xarg): @ (Xavg), A(Xang)a" (xang) g 1(x0 = )y ACall®® (o, a5, T, )

+OM (@I Mo(@)’T?).

=C1(@; Xavg)y ALCall®® (xp,a;, T,k)+ [2C6(a; Xavg ) + Ca(a; Xavg)§ JACall® (xo, a3, T, k)

Then using the relation A,Call®> = —A_Call®3, the time reversal invariance of / — Ce(/, z)g and
I w(l(@)IV(z), lz(z),l(z)l(l)(z))g (for any z), one obtains similarly:

C1@; k) A.Call®s (xo,a3, T, k) 031)
—k

=—Ci(q; Xavg)gﬂxCaHBS (x0, a)zcavg r.l+ (xoz )
+ [2C4(@ Xavg)g +(a(Xarg)a (Yavg). @ (Yavg). a(Xarg)a (Xarg) ) 1 (30 — K)Oy ALCall™ (x0. a3, T.K)

+OM(@IMo(@)T?).

[2C6(a; Xavg ) + C2(@; Xarg)§ JACall® (xo, a3, T, k)

Compute the average of (2.30) and (2.31) to complete the proof of (2.28).

> Step 3: mathematical reductions. We gather terms coming from (2.25) and (2.28). In view of (1.8)
in Chapter 1 Section 1.2 and equations (2.48) and (2.49) in Proposition 2.6.1.3, we have:

(%o ; b2 C5(a: Xavg ) 0y Call®S (x0,2, T.k)+ =R a; Xavg) + C2(@; Xarg) 1ACall® (xo,@7, T, k)
_(xo—h)? 0,Call™ (r0, 2. T.0)(Cs(a xmg ! ~2 [CZ(a;xavg)§ + Cz(i; Xavg)y) ])
w(a”(Xavg))
:MaycauBS(xo, aiwg T,k)(Cs5(a; Xavg)p — 2C5(a; Xavg)y)
= 0 e g 02~ 0S50, T (232

where we have used at the second equality the relation Cs(1;2)] w(I*(2))} = C2(l;2)8 + Cg(l~;z)g obtained
easily with (2.1). Then (1.8) in Chapter 1 Section 1.2, (2.48) and (2.49) yield

2()6() - k)

Oy ACall® (xo,a;, T,k) =,((~ d,)Call®S (xo,y, k)|

—72
Y=gy T

dxg—k) OCall®>(xo,a%, T.k)
= (Zxo ) T[ y . x ; B 822CallBS(x0’a)2cav T, k)],
w(a (xavg))o w(a (xavg))o y 4

and straightforward calculus allows to obtain with (2.1):
Co(l: ) w(X(2))§ = Cal:2)§ + Ca(l:2)§ + (I (2), P (2). 1)V (2)5 -
These two intermediate results give:

(X0 = k)Co(a; Xavg ) [ALCall® (x0, &7, T, k) + (x0 = k)(9§2CallBS(xo, i, Tk

+[Ca(a; xavg)g +Cy(a; xavg)g + w(a(xavg)a(l)(xavg)a a2<xavg)’ a(xavg)a(l)(xavg))g]
X (x0 = k)3 AL Call® (x0, (@ (Xavg))gy - 6)
(xo—k)*

=2 = Cela; X))l 8,CallBS (xg,a% T,k
(.L)(az(Xavg))g 6( “"g)O Y (0 o )
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+ (%0 — k)2 Co (a3 Xavg)h 552 Call®® (xo, a3, T,k)

2()60 - k)

T

+(xo—k)[Ce(a; Xan)gw(az(xan))g] m

8, Call®S (xo, (@ (Xavg))] . K)

— 0% Call™ (x0, (@ (Xang))g - k)]

w(az(xavg))g
=— (x0 = k)2 Co(@; Xavg ) a§ZCallBS(x0, aim T,k)
=- (xo_k)ZC( XD (0%, = 20%, +6%,)CallBS (xg,a> T, k) (2.33)
= 4 64a; Xavg ) O 4 3 X2 a Xo,axwg s K). .
Finally, sum the relations (2.25-2.28-2.27) taking into account the simplifications (2.32-2.33) and apply
Theorems 2.3.1.1 and 2.3.1.2 to obtain the announced result (2.24). O

2.3.3 Third order expansion of the implied volatility

We define extra integral operators in order to state a new result about third order expansions of the
implied volatility.

Definition 2.3.3.1. Provided that the derivatives and the integrals below have a meaning, we define the
following operators for a two variables non-negative function [ such that [, > 0:

- Gl Gl Gl 3Gl [Cil?
yol;2)§ =l + 0 _ 0 _ 90 _ LI 0

27 4T 72 L1 8172
3112 P2
+—,
2173
Ci(2)) C3(ba)l Calin)l  3IC1UL2)IT
71(l;z)§ =_3—20, y2(l;z g == 43 > ¢ - 7 =
; LT3 LT3 LT
yo; 28 +yo(l;2) Y12 —yi2)Y
mo(l;2)p = v > O mal = v 5 2,
+ nGDY @)l Gl Colia))
m(l:2)y = -t
2 8L.T 412
g = O Gy 3Caf  3ICiGgP
XO(Z’ Z)() _lZ + - - 3 - 3 + -5 1)
2l,T L.T? L.T? 2073
x1(l:2)g =y1(2) s x2(l:2)g =22
_ xo: b +x0l _
Eo(li2)) = 0 5 L By =m0l Bl = ml).

Theorem 2.3.3.1. (3rd order expansions of the implied volatility). Assume (H*). We have:

o1(x0, T.k) =yo(a; xo)§ —y1(a: X0)y m+y(a: xo)g m* + Errory (2.34)

o1(xo, T, k) =yo(@; k) +y1@;k)§m+y2(@:k)§m* +Errory (2.35)

o1(xo, T, k) =ro(a; xavg)g +mi(a; xavg)gm +my(a; xavg)gm2 + Errorg’xavg. (2.36)
Under (H*) we have

1S 0, T, K) =x0(Z:S0)) —x1(Z:S0)g M +x2(2;S0)y M* + Errory g, (2.37)
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1(S0.T, K) =x0(Z: K)§ +x1(Z: K) M + x2(Z; K)§ M + Errory y , (2.38)
Z1(S 0, T, K) =E0(Z:S ang)y +E1(Z:S ang)y M +Ea(E:S )y M* + Errory g . (2.39)

The operators y;, mt;, x; and E; used in the above expansions are defined in Definition 2.3.3.1.

Remark 2.3.3.1. We have obtained Black-Scholes (respectively Bachelier) implied volatility approxi-
mations which are written as a quadratic function w.r.t. the Black-Scholes log-moneyness (respectively
w.r.t. the Bachelier moneyness). At the money, observe that the corresponding approximations are not
equal to the local volatility function computed at spot. However, in view of the definition of the operators
C1, Cy, C3 and Cy (see Definition 2.3.1.1) and the operators yg and xq (see Definition 2.3.3.1), we easily
obtain the estimate:

Yo(@; Xo0)g = Gyl + Yo(@; X0)g = iyl + l0(Z3S 0) = s | + o (Z;S0) = s, <. T.

It shows that when the maturity tends to zero, our implied volatility approximations at the money become
equal to the local volatility function frozen at spot. We therefore interpret the difference between our
implied volatility approximations ATM and the local volatility function frozen at spot as a maturity bias.

Proof. We first focus on the formula (2.34), the treatment of (2.35-2.37-2.38) being similar. Start from
Theorem 2.3.1.1 and apply Proposition 2.6.1.3 in order to write the Greeks w.r.t. x (for each operator
C;) in terms of the Vega®® and the Vomma®3. Thus the third order expansion formula based on the ATM
local volatility with log-normal proxy can be transformed into:

Call(e™, T, ")

Ci(a:xo)ym Cya;x0)y  Ca(asxo)fm* C3(a;xo)g

=Call®(xo,a2, T k) + Vega® (x0.@3, T, k)| -

ai() T2 2C_le T axO T3 a.s;c() T2
, 3Cua: x)gm*  3Ca(aixo)y C4<a;xo>§+[cl<a;xo>g]2 3[Ci(a; xo0)f 1P 3[Cl(a-xo>§]2m2]
a3, T3 a3 T? 4a,,T 8a3, T2 2a3,T3 al T*

;x0)pm
—020) +OM @[ M@ T?)
a T

1
+ 2VommaBS(xo,a T,k)(
X0

=Call® (xo,a3, T, k) + Vega® (x0, @3, T, k) yo(a; x0)) —ax, —¥1(a; X0)g m +ya(a; xo)g m’]
1
+ 5 Vomma® (xo, @3, T, K)[y1(a; xo)g ml” + OMi (@I Mo(@)'T?)
~Call®S (xo, [yo(a; x0)8 —¥1(@; x0) m+y2(a; x0)s m?*1 T, k).
This reads as an expansion of the implied volatility and achieves the proof of (2.34).
Now we give the main lines of the derivation of the error estimate in (2.36), while (2.39) is left to

the reader. Again, we apply Theorem 2.3.2.1 and Proposition 2.6.1.3 in order to replace the xo-Greeks
with the Vega®S and the Vomma®S. One obtains similarly:

Call(e™, T, ") (2.40)

Yo(a; xavg)g + 70(5; xavg)g _ Y1 (a; xavg)g -vi(a; xavg)g

=Call®(xo,a3, T.k) + Vega® (xo,a3, T.k)| > ~ay,, + >

+ yl(a;xavg)g +y2(a; xavg)g 2 Cs (a;xavg)g 2 Ce(a; xavg)g 2, C6(a;xavg)g ) CG(a;xavg)g 4]
m- — m m m- —
2 83, T 4a3 T? l6ay,,, T 4a3, T3

Xavg

[y1(a; xavg)g]2 +[n (a; xavg)o 2)

1 BS _2 2
+ EVomma (xo,axng, k)m ( 7
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+O(Mi (@) [ Mo(@)PT?).

Xavg )b 12 ;asz ;(ZVT_ ;asz §avT §avT2
Then Write ([’yl(aaxatg)o] 42'[)’1(5)6 g)o] ) — (yl(ax g)() 271(ax g)()) +(71(5X g)();"yl(ax g)o) , use the faCt that

(see the definition (2.43) of VommaP®® and the definition of 1 in Definition 2.3.3.1)

y1(a; xavg)g +71(a; xavg)g

1 BS,. -2 2 2
EVomma (xo,ay, T, kom™( > )
BS ) T T\2 m? m’
=Vega™ (xo, Ay g T,k)(Ci(a; xavg)o +Ci(a; xavg)o ) [= 326_15%,&, 73 + 86_1)9ng 75 1,

and finally, use the above identity (obtained with the definitions of C1,Cg and with the relation (2.1)):

(C1I20)] +C1 (100 =2[wP@)) 1PCo(l;2)f = 4w(PP(2), P(2)f @I (2), )™M (2)h
=4[V (), 1)V (@), P(2), P@)F + w(P(2), 2(2), () @), 1)V ()
+ w(?(2), 1)V (@), 1)V (2), P (@) + 0@V (2), P (2), P(2), 1)V (2))g)
+w(PP(2), 1)V (@), P(2), [P (@) + wl@IV(2), (@), 1)1V (2), F (@) 1,

Colaxag)y o Colaxa)l 4 1 BS _
TGy T > T, T m” and > Vomma (x0,a

(2.40). That achieves the proof of (2.36). O

to cancel the terms

T T
2 2 71(47;xavg)() +71(a;xavg)0 2 .
g L ROM( 5 )" in

In addition to these implied volatility expansions, one can under additional technical assumptions
upper bound the residuals terms. For instance, let us consider (2.34), for which we can prove

Errory . = OOM (@[ Mo(@T?), (2.41)

which justifies the label of third order expansion. This is available under the assumptions that

|m| < EMo(a) \T (for a given £ > 0) and that My(a), M;(a) and T are globally small enough to ensure
that the implied volatility approximation yo(a;xo)g -v1 (a;xo)g m+ yz(a;xo)g m? is bounded away from
0. The method of proof is analogous to that in Subsection 2.1.4, by performing a third order expansion
of the Black-Scholes price w.r.t. the volatility, using the estimate (2.47) on Ultima®® (see Corollary
2.6.1.2), and carefully gathering terms and evaluating their magnitudes.

2.4 Approximation of the Delta

In this section, we investigate the approximation of the delta of the Call price, i.e. the derivative w.r.t.
the spot, by deriving similar expansion formulas. For the sake of brevity we present only results using a
log-normal proxy. The results are new.

To achieve this goal, we follow again the Dupire approach taking advantage of the symmetry between
spot and strike. We start from the Feynman-Kac representation (2.11) which leads to a nice expression
for the delta:

8(S0,T,K) = ds,E[(So— €)1 = P(e" < S ) = P(kr < x0).

Thus we are reduced to compute the price of a binary option on the fictitious asset (k;);. This binary
payoft is not anymore differentiable, but we can however apply directly [Benhamou 2010a, Theorems
2.1, 2.2 and 4.3] to obtain
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Theorem 2.4.0.2. (Ist and 2nd order approximations for delta using local volatility at strike). Assume
(H?). Then we have:

3 1
5(e*, T, ¢") =6"(x0,8; T, k) + C1 (@ k) (9% = 50% + 50:06° (x0, 2. T, ) + OMi(@Mo(@)T),

6
5(e™,T,¢") =6" (x0, 83T K) + ) i@k} 9,65 (0, 32T, k) + OMy (@ Mo(@)PPT?),
i=1

where 585 is Black-Scholes delta function defined by (5Bs(x, v,z2) = N(di(x,y,z2)), with x the log-spot, y
the total variance and z the log-strike.

Remark 2.4.0.2. In view of the error estimate, observe that the corresponding second and third order
formulas for vanilla payoffs are respectively first and second order approximations for binary payoffs.
This is due to the lack of regularity of the payoff (see our discussion in Chapter 1 Subsection 1.3.5).

Like in the previous price approximation formulas, it is possible to perform additional Taylor expan-
sions in order to obtain similar formulas using local volatility function frozen at spot or at mid-point.
We announce two Lemmas which proof is very similar to those of Lemmas 2.1.3.1 and 2.1.3.2 and The-
orem 2.3.2.1 and consequently is left to the reader. Extra technical results are postponed in Appendix,
Subsection 2.6.3.

Lemma 2.4.0.1. Let x € {x0, Xag}. Assume (H®), then we have

6B (x0, @} T, k) =655 (x0, @3 T, k) + 20,655 (x0, @3 T, k) (k — x)C7(a; %)) + O(Mi(@Mo(@)T),
=685 (x0, @5 T, k) + [2(k — x)C7(a; )8 + (k= x)*Cs(a; x)118,655 (x0, @57, k)
+ 462,65 (x0, T, )k = x)2Cola; )], + OM (@I Mo@PT?),

where C7(l;Z)g = w(l(Z)l(l)(Z))g-

Lemma 2.4.0.2. Let x € {x0, Xavg}. Assume (H®), then we have

3 1 3 1 _
C1(@ k) (0% = 50% + 096" (x0, T, k) =C1 @ ) (0% = 5% + 505 (30,87, K) + OMi@Mo(@)T),
6 6

D i@ k) 6,85 (o, @ T, k) = i@ 1) 0,6 (x0, @1, k)
i=1 i=1

3 1 _
+[2C6(@ x)g + Ca(@ x)g )k = )05 = 507 + 50267 (xo, a;T.k)

+2(k=x)C1(@; x); C1(@; ) (3, - %a;z + %5§Z)5BS(XO,5§T, k)
+OMI@Mo(@IPT?).
Then remark that:
C1(@ x) C1(@;x)) = 2C4(@;x); + Cy(@ x)g,
where the operator Cg is defined as follows:

Cs(b2) = Cs(2)F = wl@IM(2), (), 1)V ()]

An application of Proposition 2.6.3.2 finally yields the theorem below.
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Theorem 2.4.0.3. (Ist and 2nd order approximations for delta using local volatility at spot and mid-
point). Assume (H®) and let x € {x0, Xa4}. We have:

8(e™, T, ) =65 (x0, @, T, k) + C1 (@ x)§ (8 — 5652 —az)éBS(xo,aiT, k)

+ (k= x)Cr(a; )§ (0% = )55 (x0, 8T, k) + O(Mi (@ Mo(@)T),

6
8(e™,T,¢*) =65 (xo, @ T, k) + Y i@ ) 0,6% (x0, @37, )
i=1 '
o, (k=x) e T a2 BS,, =2
+ (k - x)[C7(a’ x)() + TCS((L x)() ](aZZ - 02)6 (x07 axT7 k)
+ (k= x)*Co(a; X)§ (0%, =207 + 822)6Bs(x0,_2T k)
+ (k= x)[2C6(@; x)§ + C2(@; x); 132 2 &t aaéBS(xo, 2T.k)
+ (k= 0)[2C4(@ x)g +Cs(@ 2510 - 5@ +20% - 56@)6‘35@0,5?, k)

+OMy (@) Mo(@)]*T?).

2.5 Numerical experiments

2.5.1 The set of tests

For the numerical experiments, we consider a CEV model with constant parameters: o(z,S) = vS#!.
We choose a spot value S equal to 1 and we test two values of v (a parameter interpreted as a level of
volatility): firstly we set v = 0.25 and we consider either 8 = 0.8 (a priori close to the log-normal case) or
B =0.2 (a priori close to the normal case). Then we investigate the case of a larger volatility with v = 0.4
and 8 = 0.5. For the sake of completeness, we give in Appendix 2.6.5 the expressions of corrective
coeflicients allowing the computation of our various approximation formulas proposed throughout the
Chapter.

We compare the accuracy of different approximations, for various maturities and various strikes
gathered in 5 categories. The strikes evolve approximately as Soexp(cv VT) where ¢ takes the value

Table 2.1: Set of maturities and strikes for the numerical experiments

T/K far ITM I™ ATM O™ far OTM

3M | 070 0.75 | 0.80 0.85 090 | 095 1.00 1.05]| 1.10 1.15 125|130 135
6M | 065 0.75 | 0.80 0.85 090|095 1.00 1.05| 1.10 120 125 | 1.35 1.50
1Y 0.55 065]075 080 090 |09 100 105|115 125 140 | 1.50 1.80
1.5Y| 050 0.60 | 0.70 0.75 0.85] 095 1.00 1.10]| 1.15 130 150 | 1.65 2.00
2Y | 045 055|065 075 085|090 1.00 1.10| 1.20 135 1.55| 1.80 2.30
3y | 035 050|055 070 0.80 | 090 1.00 1.10 | 1.25 145 1.75|2.05 2.70
5Y 025 0401|050 0.60 0.75] 085 1.00 1.15]| .35 1.60 2.05 | 2.50 3.60
10Y | 0.15 025|035 050 0.65] 080 1.00 1.20]| 1.50 195 275 | 3.65 6.30

of various quantiles of the standard Gaussian law (1%-5%-10%-20%-30%-40%-50%-60%-70%-80%-
90%-95%-99%) which allows to cover far ITM and far OTM options. We report in Tables 2.2, 2.3 and

2.4 the Black-Scholes implied volatilities corresponding to the exact Call prices with constant parameters
[Schroder 1989].



56

Chapter 2. Revisiting the Proxy principle in local volatility models

Table 2.2: CEV model (3 = 0.8,v = 0.25): BS implied volatilities in %.

3M 2590 25.73 25.56 25.41 25.26 25.13 25.00 24.88 2476 24.65 24.45 2435 2426
6M  26.09 25.73 25.56 25.41 2527 25.13 25.00 24.88 24.76 2455 24.45 2426 24.00
1Y 2653 26.10 25.73 25.56 2527 25.13 25.00 24.88 24.65 24.45 24.17 24.00 23.56
1.5Y 2678 2630 2591 2573 25.41 25.13 25.00 24.77 24.66 2435 24.00 23.77 2331
2Y  27.06 2653 26.10 25.73 25.41 2527 25.01 2477 2455 2426 23.92 23.56 22.98
3Y 2773 26.78 2653 2591 25.57 2527 2501 2477 24.45 24.09 23.63 23.25 22.60
5Y  28.64 27.38 2679 2631 25.74 25.42 2501 24.66 2427 23.85 2326 2279 21.94
10Y 30.08 28.66 27.75 26.80 26.12 25.59 25.02 24.57 24.02 2339 22.57 21.92 20.69
Table 2.3: CEV model (3 =0.2,v = 0.25): BS implied volatilities in %.
3M  28.75 28.00 27.31 26.67 26.08 25.53 25.01 24.53 24.07 23.64 22.84 22.48 22.13
6M  29.59 28.02 27.32 26.69 26.09 25.54 25.02 24.53 24.08 23.24 22.85 22.13 21.18
1Y 31.54 29.62 28.05 27.35 26.12 25.56 25.04 24.55 23.66 22.87 21.81 21.19 19.60
1.5Y 32.71 30.57 28.83 28.07 26.74 25.58 25.06 24.11 23.68 22.51 21.20 20.36 18.73
2Y 34.03 31.62 29.69 28.10 26.76 26.16 25.08 24.13 23.29 22.18 20.92 19.62 17.62
3Y 37.34 32.84 31.70 28.92 27.46 26.21 25.12 24.17 2293 21.55 19.88 18.56 16.40
5Y 42.07 35.80 33.00 30.82 28.27 26.91 25.20 23.80 22.26 20.71 18.59 17.01 14.38
10Y 47.85 41.60 37.46 33.14 30.08 27.76 25.38 23.53 21.41 19.09 16.35 14.32 10.99
Table 2.4: CEV model (8 =0.5,v = 0.4): BS implied volatilities in %.
3M  43.69 4297 42.29 41.67 41.08 40.53 40.02 39.53 39.07 38.63 37.82 37.45 37.09
6M 4451 4299 42.31 41.68 41.10 40.55 40.03 39.55 39.09 38.23 37.84 37.10 36.11
1Y 46.38 44.55 43.03 42.35 41.13 40.58 40.06 39.58 38.68 37.86 36.78 36.13 34.45
1.5Y 4749 4546 43.80 43.06 41.75 40.61 40.10 39.14 38.71 37.51 36.15 35.27 33.52
2Y 48.73 46.47 44.63 43.10 41.79 41.20 40.13 39.17 38.31 37.17 35.87 34.49 32.31
3Y 51.76 47.62 46.55 4390 42.48 41.26 40.18 39.22 3797 36.54 34.79 33.36 30.97
5Y 55.94 50.30 47.73 45.69 43.27 41.95 40.28 38.87 37.30 35.69 33.42 31.68 28.66
10Y 60.86 5520 51.48 47.60 44.80 42.63 40.36 38.55 36.41 33.98 30.97 28.64 24.51

The purpose of the numerical tests is to compare the following approximations:

1.

ImpVol (AppPricelN(2,z)) and ImpVol (AppPriceN(2,z)): the BS implied volatility of the
second order expansions based respectively on the log-normal and normal proxy with local volatil-
ity frozen at point z, z being respectively equal to xo, k or x4,¢ and to S, K or §4,,. See Theorems
2.1.2.3-2.1.3.1-2.1.3.2.

. AppImpVolLN(2,z) and AppImpVolN(2,z): the second order implied volatility expansions

(Theorem 2.1.4.1). All the results are converted into Black-Scholes implied volatility. Namely,
for the normal proxy, once we have computed Bachelier implied volatility expansions, we first
evaluate the price with the Bachelier formula and then compute the related implied Black-Scholes
volatility.

. ImpVol (AppPricelLN(3,z)) and ImpVol(AppPriceN(3,z)): the implied volatility of the

third order expansions (Theorems 2.3.1.1 and 2.3.1.2). In addition for the log-normal proxy,
we test the average of approximations based on strike and on spot and we denote it by
Av.ImpVol (AppPricelLN(3,.)).

. AppImpVolLN(3,z) and AppImpVolN(3,z): the third order implied volatility expansions (The-
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orem 2.3.3.1). We use the notation Av.AppImpVolLN(3,.) for the average of the expansions in
strike and in spot.

5. Hagan and Henry-Labordere formulas denoted by (HF) and (HLF) in the following: benchmark
implied volatility approximations of Hagan et al. [Hagan 1999, formula (7) p.149] and Henry-
Labordere [Henry-Labordere 2008, formula (5.41) p.141]. For the sake of completeness, we recall
these well-know implied volatility approximations in the CEV model:

K 1-8)(2 -K - )21 K
Ty =S K (1 BB S0 K GV SR )
1=B8)log(5e — 12,2
it Ty = S B T S0t K (HLF)

1-8 1-
R

We recall that these formulas are essentially available for time-independent volatility, while our
formulas allow time dependency.

Our goal is to demonstrate the interest of our approximation formulas in comparison to those of
Hagan and Henry-Labordere. We are rather exhaustive with our numerical experiments in order to, on
the one hand, select the best approximation formulas among ours, and on the other hand to show that
our methods with log-normal proxy involving the mid-point generally outperform Hagan and Henry-
Labordere formulas. Full details allow the reader to easily reproduce the results.

In Tables 2.7 and 2.9, we report the errors expressed in bps (basis points) on implied volatility
for (8,v) = (0.8,0.25) using the second and the third order price expansions. Tables 2.8 and 2.10
give results for the second and the third order implied volatility expansions. Next in Table 2.11,
we report the errors in bps obtained with the averaged expansions Av.ImpVol (AppPricelN(3,.))
and Av.AppImpVolLN(3,.) and the benchmarks (HF) and (HLF). Then in Table 2.12, we compare
Av.ImpVol (AppPriceLN(3,.)), ImpVol(AppPriceLN(3,xay,)), Av.AppImpVolLN(3,.) and
AppImpVolLN(3, x,,) with the benchmarks (HF) and (HLF).

After we analyse the case (8,v) = (0.2,0.25) and we report in Tables 2.13 and 2.14 the errors
using ImpVol (AppPriceLN(3,x4,¢)), ImpVol(AppPriceN(3,S4,)), AppImpVolLN(3,x4,),
AppImpVolN(3,S 4) and the benchmarks (HF) and (HLF). Because the other methods in general give
globally less accurate results, we just report and compare the best approximations.
Finally in Tables 2.15 and 2.16 we establish a comparison between ImpVol (AppPriceLN(3, xue)),
AppImpVolLN(3, x4,) and the benchmarks Hagan and (HLF) for (8,v) = (0.5,0.4).

For example, on the first row of Table 2.7, the value —12 corresponds to the approximation error of
ImpVol (AppPricelLN(2,xg)) for the first strike of the maturity 7 = 3M (i.e. K =0.7), whereas on the
second row, the value -3 corresponds to the approximation error of ImpVol (AppPricelN(2,k)) for
the third strike of the maturity 7 = 6M (i.e. K = 0.8). If the price approximation does not belong to
the non-arbitrage interval for Call options (it may happen for extreme strikes) we just report ND in the
tabular.

2.5.2 Analysis of results

> Influence of 7 and K. We notice in Tables 2.7, 2.8, 2.9, 2.10 that errors are increasing w.r.t. T
for all the different approximations: this is coherent with the 7>/ or T?-factor of our theoretical error
estimates. For ATM options, all the approximations are excellent and errors remain small for a large
range of strikes and maturities: with the log-normal proxy, usually smaller than 10 bps up to 10Y for
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strikes corresponding to the Gaussian quantiles range [10%,90%].

> Influence of the proxy. As expected, approximations based on log-normal proxy perform better than
approximations based on normal proxy. On the one hand, we obtain simpler approximation formulas
with the normal proxy: on the other hand, the errors become significant when considering slightly OTM
or ITM options, even for short maturities and for advanced methods (order 3, local volatility frozen at
the mid-point. . .).

> Influence of the order. Regarding firstly Tables 2.7-2.9 and then Tables 2.8-2.10, we notice that
as expected, third order approximations are more accurate than second order ones. In addition, for
the log-normal proxy case, second order approximations in spot or strike often underestimate the
true implied volatility values whereas third order approximations in spot overestimate the true values
for OTM options and yield underestimation for ITM options; the converse occurs for the third order
approximations in strike. Because the errors have approximately the same magnitude but with opposite
signs, approximations are improved by considering the average between the approximations. It is
discussed below.

> Influence of the point. Unquestionably, methods using the local volatility at mid-point sys-
tematically give the best results. With ImpVol (AppPriceLN(2,x4y,)) (Table 2.7), errors do not
exceed 15 bps for the whole set of strikes and maturities, which is already really good, whereas
ImpVol (AppPriceLN(3,x4,¢)) and AppImpVolLN(3,x,,) provide errors close to 0 proving an
extreme accuracy.

> Price expansions vs implied volatility expansions. Generally speaking, the implied volatility
expansions are more precise and stable. This can be easily observed by comparing on the one hand
Tables 2.7 and 2.8 and on the other hand Tables 2.9 and 2.10. Sometimes, especially for extreme strikes,
a simple direct second order second implied volatility expansion is more accurate than the corresponding
third order price expansion. Since in addition the formulas are easier to compute, we recommend the
use of implied volatility expansions. Moreover, the difference between ImpVol (AppPriceLN(3, xu,¢))
and AppImpVolLN(3, x,,) is not clear, both methods giving similar and excellent results (see Tables
2.12 or 2.13) although the direct implied volatility expansion remains more stable especially for 5 = 0.2
and/or for large maturities. Last, when the local volatility function is frozen at spot or at strike, there
is really an improvement in using implied volatility expansions instead of the corresponding price
expansions.

> Comparison with the benchmarks. In Table 2.11, we report the performance of the methods
Av.ImpVol (AppPriceLN(3,.)), Av.AppImpVolLN(3,.) and the benchmarks (HF) and (HLF).
Errors on the implied volatility are equal to zero bp for the whole range of maturities and strikes for
Av.AppImpVolLN(3,.) and the (HLF) approximation, whereas Av.ImpVol (AppPricelLN(3,.))
and (HF) provide errors smaller than 45 and 70 bps in absolute value respectively. In Ta-
ble 2.12, we compare Av.ImpVol(AppPriceLN(3,.)), ImpVol(AppPriceLN(3,xuy)),
Av.AppImpVolLN(3,.) and AppImpVolLN(3,x,y,) with the benchmarks (HF) and (HLF). In
order to observe more clearly the accuracy of the different methods, we partially gather the results and
we report the average of errors for different categories of strike (far ITM, ITM, ATM, OTM and far
OTM, see Table 2.1), using a scientific notation for the errors. Computing the average per categories
of strikes gives an advantage to methods which errors have non constant sign. These methods may be
more reliable than those giving a systematic over/under-estimation.

The best method is clearly AppImpVolLN(3, x4,) which yields errors of 1073 bps for short maturities
and 1072 bps for long maturities. The method gives better results than the excellent approximation
proposed by Henry-Labordere (errors of 10~* bps for short maturities and 10~! bps for long maturities).
ImpVol (AppPricelLN(3,x4,¢)) seems to be slightly better than (HLF) but is less robust for extreme
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strikes than AppImpVolLN(3, x,,). Significantly better results are obtained by averaging the expan-
sions in spot and strike, thanks to the symmetrical roles played by these two variables. The results are
close to those of the corresponding expansions with the mid-point, but they remain less accurate and
less robust for extreme strikes. The problem of this averaging method is the risk of huge inaccuracy
if one of two approximations in spot and strike fails. (HF) is clearly less accurate than all the other
approximations.

> Influence of 8. In the Table 2.13, as expected the log-normal proxy provides larger errors than for
B =0.8. Although the results of the normal proxy are better in comparison with the case 8 = 0.8, they
remain less accurate and less robust than those obtained with the log-normal proxy. Up to the maturity
5Y, AppImpVolLN(3, x,,) yields errors in bps smaller than 7 bps which is truly excellent. (HLF) gives
comparable results. (HF) seems less accurate and cruder for extreme strikes. For the maturity 10Y,
we observe that AppImpVolLN(3, x,4,) (maximal error close to 159 bps) behaves better than (HLF)
(maximal error close to 271 bps) for very small strikes, whereas for very large strikes (HLF) is slightly
better (=5 bps for AppImpVolLN(3, x,,) versus —1 bp for (HLF)). Surprisingly (HF) yields the smallest
maximal error (close to 112 bps) but is more inaccurate for OTM. (HLF) and AppImpVolLN(3, xae)
give excellent results with errors of the order of 10™3 bps for short maturity (3M) and 10~! bps for the
maturity 3Y. We nevertheless notice that ATM, (HLF) is better.

> Impact of v. The level of volatility v plays a similar role to VT, and in Tables 2.15 and 2.16,
we analyse the impact of a larger volatility on our approximations. We take v = 40% and g8 = 0.5.
We notice that up to the maturity 5Y, the errors in bps do not exceed 6 bps for the methods
ImpVol (AppPriceLN(3,x4,)) or AppImpVolLN(3,x,,) with a maximal error of 92 bps for the
maturity 10Y. Their accuracy is better than those of (HF) or (HLF) for short and long maturities. (HLF)
is much more inaccurate ITM for the maturity 10Y (maximal error of 286 bps). In Table 2.16, we
aggregate the results per categories of strike up to the maturity 3Y and we observe a good accuracy of
ImpVol (AppPriceLN(3, x4,¢)) and AppImpVolLN(3, x4e): 1073 bps for the maturity 3M and 1071
for the maturity 3Y. In particular we notice that ATM, (HF) and (HLF) are less accurate.

In view of all these tests, we may conclude that ImpVol (AppPriceLN(3, x4,)) and particulary
AppImpVolLN(3,x4,) give very satisfying results, being at least as good as the Henry-Labordere for-
mula in the worst situations (8 = 0.2 or v = 0.4) and being often better in the case 8 = 0.8. The different
current tests prove that our direct implied volatility approximations outperform the corresponding price
approximations. In addition, a normal proxy seems not to be the most appropriate for the approximation
of a CEV model, in view of the large errors obtained especially for very small strikes. This presumably
explains why the Hagan formula is much less accurate than our approximations with log-normal proxy
and than that of Henry-Labordére. The Hagan formula is namely close in the spirit to our approximation
formulas with normal proxy.

To conclude, our approximations maintain very tight error estimates and allow to deal naturally with
general time-dependent local volatility (or with stochastic interest rates, see [Benhamou 2012]) which is
a significant advantage compared to other approaches.

2.5.3 CEYV Delta approximations

Now we test our approximation formulas for the deltas, by choosing again a CEV model with spot value
S =1 and constant parameters. We test the values (8,v) = (0.8,0.25) and (8,v) = (0.2,0.25). We report
in Tables 2.5 and 2.6 the exact delta values for the set of maturities and strikes defined in Table 2.1.
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Table 2.5: CEV model (8 = 0.8,v = 0.25): deltas in %.

3M  99.75 98.89 96.38 90.83 81.18 67.67 51.99 36.60 23.57 1391 3.78 1.76 0.76
6M  99.20 95.10 90.44 83.56 74.58 64.05 52.82 41.80 31.77 1633 11.09 4.64 1.01
1Y  99.09 96.04 88.90 83.53 69.78 61.97 53.98 46.15 31.98 20.75 9.76 5.55 0.82
1.5Y 98.76 95.68 89.46 85.06 74.11 61.40 54.88 42.35 36.62 22.35 10.35 544 1.03
2Y  98.75 9594 90.58 82.55 72.45 66.93 55.63 44.75 34.97 23.04 12.30 5.15 0.75
3Y  99.13 9536 93.13 83.51 75.22 66.13 56.88 47.99 36.04 2346 11.44 525 0.86
5Y 99.23 9593 91.89 86.53 76.75 69.63 58.86 48.70 36.85 25.21 12.05 5.54 0.79
10Y 99.13 97.10 93.95 87.68 80.34 72.60 62.46 53.06 40.92 27.19 12.88 5.57 0.54

Table 2.6: CEV model (8 =0.2,v = 0.25): deltas in %.

3M  99.37 98.08 95.04 89.11 79.43 66.09 50.50 34.98 21.76 12.08 2.60 1.01 0.34
6M  98.13 9297 88.01 81.08 72.24 61.88 50.71 39.59 29.35 13.70 8.60 2.85 0.35
1Y  97.34 93.15 85.45 80.09 66.66 58.97 51.00 43.08 28.51 17.00 6.39 291 0.14
1.5Y 96.23 92.03 85.29 80.89 70.22 57.76 51.23 38.45 3250 17.73 620 235 0.13
2Y 9571 91.77 85.84 77.85 68.06 62.67 51.43 40.30 30.09 17.68 7.29 1.81 0.04
3Y 95.62 90.10 87.57 77.87 69.86 61.01 51.76 42.61 30.02 16.82 553 136 0.03
5Y 9470 89.45 84.88 79.47 70.04 63.12 52.32 41.69 2891 16.52 453 0.87 0.00
10Y 94.37 90.36 86.11 79.22 71.81 64.05 53.52 43.32 29.65 14.59 2.76 0.23 0.00

We test the 6 following approximations:

1. AppDeltalN(1,xq), AppDeltalLN(1,k) and AppDeltalN(1, x,,): first order delta expansions
based on the log-normal proxy with local volatility frozen at point xo, k and xyg.

2. AppDeltalN(2,xo), AppDeltaLN(2,k) and AppDeltalN(2, x4,): second order delta expan-
sions based on the log-normal proxy with local volatility frozen at point xo, k and X4yg.

Tables 2.17-2.18 (respectively 2.19) give errors on deltas (expressed in bps) using all the approximations
with 8 = 0.8 (respectively 8 = 0.2).

Regarding the results, the accuracy for 8 = 0.8 is excellent because, except for AppDeltalN(1, xp), we
obtain a maximal error (in absolute value) equal to 36 bps. Generally speaking, approximations with
local volatility at spot are not as good as related approximations at strike. In addition, for second order
formulas, we do not observe any symmetry between the spot and strike approximations (which often
overestimate the exact delta), whereas the symmetry slightly appears for the first order expansions (not
exactly with the same magnitude but opposite signs). Maybe in this situation, the optimal expansion
point is not exactly the convex combination x,,, = (xo +k)/2. However the methods with the mid-point
are truly excellent, in particular AppDeltaLN(2, x,,) which yields a maximal error (in absolute value)
close to 1 bps. From Table 2.18, we observe that in average, the errors for AppDeltalN(2, x,,,) range
from 1073 for short maturities to 107! for long maturities.

In Table 2.19 (8 = 0.2), without surprise the errors are larger compared to 5 = 0.8. The best ap-
proximation is still AppDeltalN(2, x,,) which provides errors smaller than 27 bps up to 5Y with a
global maximal error of 157 bps, which remains quite good. Curiously, for ATM options, the first order
approximation may give better estimates even if the related errors quickly increase for large or small
strikes in comparison with the second order approximations.
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2.6 Appendix

2.6.1 Computations of derivatives of Call®>> w.r.t the log spot, the log strike and the total
variance

In the following Proposition, we make explicit the formula for the derivatives at any order of Call®S
w.r.t. x and z:

Proposition 2.6.1.1. Let x,z € R and y > 0. For any integer n > 1, we have:

k—1 Hk—l(dl (xsy’ Z))
y% ,

Hy-1(d2(x,y,2))

y§ ’

n—1
-1
o Call®S (x,7,2) =" N(d1(x,3, )+ sz €N (di(%,3,2) ) | (n k )(—1>
k=1

n—1
-1
2 Call® (x,y,2) == N(da(x,y,2) + L2 €N (da(x,7,2)) ) (n k )
k=1

where (Hy)ren are the Hermite polynomials defined for any n € N and for any x € R by:
Hy(x) = (=1)"e" 2, (e 12)

Proof. For n =1 the formulas are easy to obtain. For n > 2, apply the Leibniz formula to the products
e*N(di(x,y,2)) and e*N(d>(x,y,2)). O

We deduce a very useful Corollary:

Corollary 2.6.1.1. Let x,z € R and y > 0. For any integers n > 1 and m > 1, we have:

05 Call® (x,y,2)|+ |9 Call®S (v, 2)| < y 2

xn

I—n+m

lx — 20 Call®S (x,y,2) — e N(d1 (.3, D)) <y 7,

X

e — 21”10 CallPS (x,y,2) + N (da(x, 3, D) <e y 30
where the generic constants depend polynomially on y.

Remark 2.6.1.1. In practice the two last estimates are used when we want to bound
n

n n
(x—z)mZa/i@;,.CallBS(x,y,z) or (x—z)mZaia;CallBS(x,y,z) (with Za/,- =0) by a power of y with the

i=1 i=1 i=1

highest possible degree.

Proof. We recall that for any polynomial function £, x — P(x)N’(x) is a bounded function. Then the
first inequality follows directly from Proposition 2.6.1.1. For the second and the third, write (x —z) =
di(x,y,2)\Jy - %y =da(x,,2)\y + %y and conclude similarly. m]

In the next Proposition, we provide the formulas of the first, the second and the third derivatives of
Call®S w.rt. a positive volatility:

Proposition 2.6.1.2. Let x,z€ R, v>0and T > 0. We have:

Vega®S(x,v?T, z) =0,Call® (x,v*T,2) = ¢ VT N'(di(x,v*T,2)) = € VTN (do(x,V°T,2)),  (2.42)

Vi BS 3 ZT’
cga (%, Z)dl(x,va,z)dz(x,va,z)

VommaBS(x, V2T, 2) :(9VVegaBS(x, VT, z) =

_ Vega®S(x, va,z)[(x—z)2 B 1/2_T]
B v V2T 4 7

(2.43)
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VegaBS(x, V2T,z7)

Ultima®S (x,vT, 7) =3, Vomma®S (x,v*T,z) = — [d1do(1 —dyda) +d> +d3)(x,V°T,2)

2
1%
VegaBS(x 12T, _23 227 4 A2
__ Vega ()zcv z)[(x 2) (x2 2) +__(x 2) B ! (2.44)
% 2 V2T 4 VT2 16
The above Proposition directly implies the following result:
Corollary 2.6.1.2. Let x,z€R, v>0and T > 0. We have the following estimates:
0 < Vega®S(x,v*T,z) <. VT, (2.45)
T
[VommaP®S (x,v*T, 7)| sci, (2.46)
v
|Ultima®S (x,v* T, 2)| <. (2.47)

2
where the generic constants depend polynomially of v.

We finally state relations between the derivatives w.r.t. x or z, the Vega®S and the VommaP®S. These
relations allow on the one hand to replace derivatives w.r.t. z with derivatives w.r.t. x and on the other
hand to write the differential operators w.r.t. x or z in terms of the VegaB® and the Vomma®S. The
verification of these identities is tedious but without mathematical difficulties. For instance, we have
used Mathematica to check these relations.

Proposition 2.6.1.3. Let x,z€R, v>0and T > 0. We have:

(6%, = 0,)Call® (x,v°T, 2) =(8%, - 8,)Call®> (x,v*T, )

er VegaBS(x, V2T, 7)
N (dy(x,V’T, 7)) = , (2.48)
y\/_ vT
@ - Eaiz += éx)CallBS(x, ViT,2) == (0% - —a% + —6Z)CallBS(x, V’T,2)
A G Z)N /(dy (62T, 2)) = —VegaPS (x, 2T, 2 22 > 2.
T2
% Tz
(2.49)
(~ a; —Ea; +- 622)CallBS(x V2T, 2) =(3 a“ - —a* +- 622)CallBs(x V2T, 2)
(x—2)? 1 1
=e*N'(dy(x,v*T, 7)) -
[4v5T2 16v VT 4v3T%]
-z)? 1 1
VegaPS(x 2T, o) S22 - 2.50
e Tl sy 6T T mArEh (2:50)
5 1 5 1
4 3 2 BS 2 _ a4 3 2 BS 2
(O =205 + 307 = 700CaP (62T, 2) (3 = 20% + 50% = 70Call™ (x,1°T2)
2
- 1
:exN'(dl(x,va,z))[(x ZS) -—1
VT2 V3T2
2
- 1
~VegaBS (x 2T, 1) T2 1, (2.51)

VT3 4372
7 1 7 1

(30, - 60, + Eaiz - Eéx)CallBS(x, ViT,2) =30 - 607 + 56; - 5(';az)c:mBS(x, V?T,2)

(x-2* 3 1

= N (dy(x,V°T, 2)[3
: [ VT3 3T 4vNT
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(x—-2> 3 1

_ BS,, 2 - -
= Vega™ (x,v°T,2)[3 SBT3 BT 4T

(186 _3 S

13 3 1
0% -3 x5+_a4 —-a;+§a§2)CauBS(x,v2T,z)

1 3 13 3 1
=(50% = 50%+ 2 — 0% - 8§3+§8§2)CallBs(x,v2T,z)
4 N2 N2 | 3
VP Oy ) aame MG Y A B
2972  85T2 VIT2  83T2 2572
2 2
—VeoaBS(yr 2 (x—2) 1 3 1 s, o (x=2)
=Vega™ (x,v°T,z)[ — T4 +8v3T2+2v5T3]+§V0mma (x,v T’Z)W'

2.6.2 Derivatives of Call®? w.r.t the spot, the strike and the total variance

Proposition 2.6.2.1. Let S,Z € R and Y > 0. For any integer n > 1, we have:

S-7
S-z S-z Hy2(357)
A, CallBAS, Y, Z) =1, N F Lo N (—) (-1 2 —
4 ( ) 1 (\/_) >2 (\/_)( ) =)
S -7 nZ(\F)
8%, CallPAS,Y,Z) =—1,.- N( )+]1n N'( )
7! 1 \/— >2 \/? Yz

Corollary 2.6.2.1. Let S,Z e R and Y > 0. For any integers n > 2 and m > 1, we have:

IS — Z|™(|10%, CallBA(S, ¥, Z)| + |0/, CallBA
where the generic constants depend polynomially on Y.

Proposition 2.6.2.2. Let S,Ze€R, V>0and T > 0. We have:

S-7
VegaPA(S, V2T, Z) =8y CallPA(S, V2T, Z) = VTN'(—=),

VAT
VommaPA(S, V2T, Z) =9y VegaPA(S, V2T, Z) = Vega® (S, V*T.2) (S ~2)°
b 9 b 9 V V2T b

VegaBA(S,V2T,Z) 3(S -2 (S -2)*

I,

UltimaPA(S, V2T, Z) =8y, VommaPA (S, V?T,Z) = — 3 [ i

Corollary 2.6.2.2. Let S,Z€ RV >0and T > 0. We have the following estimates:
0 < VegaPA(S, V2T, Z) <. VT,

\T

[Vomma®A (S, V2T, Z)| <

\T

. BA 2
[Ultima®>(S, V-T,Z)| SCW’

where the generic constants depend polynomially on V.
Proposition 2.6.2.3. Let S,Z€ RV >0and T > 0. We have:

VegaPA (S, V2T, Z7)
VT ’

03,CallP (S, V?T,Z) = - 8),Call® (S, V*T, Z) = —Vega® (S, VT, Z)

03, Call® (S, V*T,Z) = 0,Call®*(x, V’T. Z) =

(S-2)
v3T2 '’

(2.52)

(2.53)

1.
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S-27 1
03, CallPA(S, V2T, 2) =0, CallPA(S, V*T, Z) = Vega® (S, V2T, -l
8%,CallP (S, V2T, 2) =85,Call® (S, VT, Z) = Vega® (S, V, T Z)[—6(S ~ 2 — |
S6 bl ) - Z() ’ ) - g , V, y V7T4 V5T3

(s -2y

BA 2
+ Vomma (S VT, Z)6—T4

2.6.3 Derivatives of 6%5 w.r.t the log spot, the log strike and the total variance

Proposition 2.6.3.1. Let x,z € R and y > 0. For any integer n > 1, we have:

H,_1(d(x,y,2))
y? ’

34655 (x,y,2) == N'(di (x, y,z))—" 1(d;§x ::2))

856" (x,y,2) =(= 1" N'(dy(x,,2))

Corollary 2.6.3.1. Let x,z€ R and y > 0. For any integers n > 1 and m > 1, we have:

= 21" (10736%5 (x, 3, D)l +100:6°5 (x, 3, 2)I) <oy

x)'l
where the generic constants depend polynomially on y.
Proposition 2.6.3.2. Let x,z€ R and y > 0. We have:

N/(dl(x,y,Z))

2 dr(x,y,2).

1
05673 (x,y,2) = (0% = 0067 (x,y,2) = =

2.6.4 Proof of Lemma 2.1.2.1

We proceed by induction. The key is to prove the above technical result:

Lemma 2.6.4.1. Let (m;)c(0,11 be a square integrable and predictable process, (A;)[0.11 be a measur-
able and bounded deterministic function and ¢ be a C; function. Then, we have:

T T T T
E(( f 2,dW)) f mdW,;) = E(p( f ,dW,) f Am,dt).
0 0 0 0

Proof. We propose two proofs: firstly we employ a PDE argument and secondly we show that this is
a straightforward application of the Malliavin calculus theory. In the two points of view, we use the
common notation for the diffusion process (Z;):cr0.17 = ( fot AsdW)iero,r1 and we recall that (F;)efo.1]
denotes the augmented filtration of the Brownian motion W.
> PDE argument. We introduce u(t, x) = E[¢(Zr)|Z; = x] which solves the following PDE with terminal
condition:

Auu(t,x)+ 32202 u(t,x) =0, (t,x) €]0,T[xR

w(T,x)=¢(x), xeR.

Thanks to the above PDE and the assumption on ¢, ¥i € N, 5;,-(M(I,Zt))te[0,r] is a martingale and
Yt € [0,T], we have:

!
&' u(t.Z,) = Bl (Zp)|1F] =Bl (Zr)] + f 0" u(s, Z) A AW,
0
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Then applying the Lz—isometry for the product u(7, Z7) fOT mdW, = o(Zr) fOT m,dW,, it readily comes:

T T T
B(ezr) [ maw) = [ o zotmia =5 zr) [ dmdi),
0 0 0

where at the last equality we have used the martingale property of 0,(u(t, Z;))c[o,17-

> Malliavin calculus approach. The result directly comes from the duality relationship of Malliavin
calculus (see [Nualart 2006, Lemma 1.2.1]) identifying the 1t6 integral j(; m;dW; with the Skorohod
operator and observing that (go(l)(ZT)/l,),e[o,T] is the first Malliavin derivative of ¢(Zr). m]

Lemma 2.6.4.1 is a particular case of Lemma 2.1.2.1 for N =1 and Iy = 1 noting that Vi € N,
E(go(i)( fOT /ltdW,)) = aiiE(go( fOT A, dW, +£))|g:0, thanks to the regularity of ¢. For N = 1 and Iy = 0, there
is nothing to prove. Suppose that the formula (2.9) is true for N > 2. Then apply Lemma 2.6.4.1 if
In+1 = 1 to obtain:

T T IN+1 53 / p p
E(e( f 2,dW,) f IN+Liye, f Ingy - f L dW, . dW/¥dwrr)
0 0 0 0

/ T TA IN+1 IN 5] J J
=E(p v ( fo 2,dW,) fo IN+1ay,1 fo INy fo fo hadW, . dW/¥dy,)

T T T __ N 1 ; .
=E(p v ( f 2dW,) f ( f In+1.5d8) vy f f hadW, . .dwY),
0 0 N 0 0

where at the last equality we have used the fact that fOT fiZ,dt = fOT( ft ’ fsds)dZ, for any continuous semi-
martingale Z starting from 0 and any measurable and bounded deterministic function f (apply the It&’s
formula to the product ( fl ! fsds)Z;). We easily conclude with the induction hypothesis and leave the
details to the reader.

2.6.5 Applications of the expansions for time-independent CEV model

We specify in this section the results and the practical calculus of the various expansion coefficients
when the volatility has the form:

o(S) =vSA1,

i.e. a CEV-type time-independent volatility with a level v and a skew 8 < 1. Although the volatility
and its derivatives are not bounded, we expect that our expansions can be generalized to that model.
Alternatively, to fit our assumptions, we would need to modify the CEV volatility function o near 0
and +oo, so that the ellipticity and regularity conditions are met. The impact of such a modification has
been studied in the case of Limited CEV model in [Andersen 2000] where the authors show a very small
impact on prices. Observe in addition that the correction terms in our expansions do no depend on the
modification of o at 0 and +oco.

To apply our different expansion theorems, we need to give the expressions of the coefficients
(Ci)1<i<s defined in Definition 2.3.1.1, in Theorem 2.3.2.1 and in Lemmas 2.4.0.1-2.4.0.2. A straight-
forward calculus leads to:

a(x) :Vex(ﬂ—l)’ a(l)(x) =(B— Da(x), a(Z)(x) —(B- 1)261()6),
(o) =vSg a(k) =vK*", a(xarg) =S oK) T,
2(5) =vS”, =0(s) =B¥’ =A(S) =B~ 1)%,
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2(S¢) =vS¥,

Y(K) =vKP,

So+K
S8 ayg) =V °+ ¥

Thus for S € [0, 1], the magnitudes of My(a) and M;(a) are mainly linked to those of v and v(8—1). At
the limit case 8 = 1, the model coincides with the log-normal proxy and M;(a) = 0. In the same spirit,
v and v are respectively linked to My(Z) and M;(Z). At the limit case 8 = 0, the model coincides with

the normal proxy and M;(Z) = 0.

Finally, the expression of the coefficients (C;)<;<g are:

T2

Ci(a; 0)p =B~ 1>a“<x>7,
T3
Cs(a;x) =(B- 1>2a6(x>?,

Cs(a; 0)p =2(B—1)°a*(0)T,

Cr(a; 0} =B-1)a*(x)T,
24(5) T2
2 b

Y08 13
C3(E:8)F =B2B—1) ( )z

Ci(Z:8)) =B

2 S
Cs(5:8)] BB~ D=5 T,

22(S )

C1(:8)) =B

where x = xo,k, X4y and § =850, K, S 4.

Ca(a; )8 =(B-1)2a* (T2,
3
Cala: )] =C(a )] = (B— 1)2a6(x)%,
T2
Co(a; X)) =(B- 1)2a4(x)7,

>4S) T?
Co(E:5)] =B2B—1) ( ) =,
208 13
Ca(%:8)f =Cy(%:8)) =ﬁ27?,
TS T?
Co(Z:8)y =B =57

We now give the expressions of the coefficients y;, m;, x; and E; defined in Definition 2.3.3.1 useful

to compute the implied Volatility expansions:

r_B-D°

Jo 2

B-1)
12

@ ()Tl

Yo(a; x

a(x),

ya(a; 0} =

mi(a; x)f =0,

r _BX(S)
X1(ZiS8)y ==
_BB-2)
252 25D
BB+1)
2482

X2(Z:8)) =

Ea(%;8)) =-

x(S),

-1
yi(a; x)§ =('82 )

a(x),

mo(a; X =yola; x)g

—1)?
m(a; x) = - %a(x),
w8 LD,

Eo(Z:8)g =xo(Z:9)7,

E(Z;8)] =0.

For example, the second and third order Black-Scholes and Bachelier implied volatility expansions based

on the mid-points are explicitly given by:
130, T, ) ~ V(S oK) T,

1000, T.K) = V(S oK) T [1 +
So+ K)ﬁ,

K
S0+ )ﬁ[l+

24
21(S0,T,K) = v(

(S0, T, K) » v(——

(ﬁ 1)2 2T

:B(ﬂ_z)VZT SO+K)2ﬁ_2_ﬁ(,B+1) So—

VT(SoKP  (B-1)%., , So

(SoKP1(1- )— log*(=)].

4 24 K

K
( 1.

24

2 6 S()+K
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which are very simple formulas. The last formula coincides with the intermediate equation (A.28b) in
[Hagan 1999].
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Table 2.7: CEV model (8 = 0.8, v = 0.25): errors in bps on the BS implied volatility using the
6 second order price approximations ImpVol(AppPriceLN(2,xp)), ImpVol (AppPricelN(2,k)),
ImpVol (AppPricelN(2, x4)), ImpVol (AppPriceN(2,S0)), ImpVol (AppPriceN(2,K)) and
ImpVol (AppPriceN(2,S ).

3aM -12 -6 -2 -1 0 0 0 0 0 -1 -3 =5 -8
-17 -7 -3 -1 0 0 0 0 0 -1 -2 -4 =7
0 0 0 0 0 0 0 0 0 0 0 0 0
=577 =719 -18 -1 2 2 2 2 2 0 -22 44 -73
-124 -59 -20 -2 2 2 2 2 2 1 -21 =53 -125
21 14 9 6 3 2 2 2 3 4 9 11 15
6M -13 -3 -1 -1 0 0 0 0 0 -1 -2 -4 -15
-17 -4 -2 -1 0 0 0 0 0 -1 -2 -4 -11
1 0 0 0 0 0 0 0 0 0 0 0 1
-269 -18 0 5 5 4 3 4 4 1 -5 -35 -117
-138 -26 -4 4 5 4 3 4 4 3 -2 -30 -238
33 16 11 7 5 4 3 3 4 8 10 16 26
Yy -23 -8 -2 -1 0 0 0 0 0 -1 -4 -8 =37
-34 -9 -2 -1 0 0 0 0 0 -1 -4 =7 =23
1 1 0 0 0 0 0 0 0 0 0 0 1
-848 -48 6 10 8 7 6 7 9 6 -21 =59 -235
-240 -69 -1 8 8 7 6 7 9 9 -9 —45 ND
64 36 20 14 8 7 6 7 9 13 22 29 54
1.5y -28 -11 -3 =2 -1 0 0 0 -1 =2 -6 -12 =50
-41 -12 -4 -2 -1 0 0 0 -1 -2 =5 -10 =30
2 1 0 0 0 0 0 0 0 0 0 1 2
-644 -50 10 16 14 10 9 11 12 10 =31 -95 -299
-291 -90 -4 10 14 10 9 11 12 13 -9 =71 ND
89 52 30 23 14 10 9 11 12 19 32 44 74

2Y -36 -14 -5 -2
-56 -17 -6 -2
2 1 0 0
ND -65 12 22 18 15 -138 —418
=373 -129 -13 18 18 15 13 14 17 18 -1 -107 ND
119 72 44 27 17 15 13 14 17 25 39 60 105
3y 64 -18 -11 -3 -1 -1 -1 -1 -1 -3 -10 -27 -141
-122 -21 -13 -3 -1 -1 -1 -1 -1 -3 -9 -21 =57
4 1 1 0 -1 -1 -1 -1 0 0 1 1 3
ND -43 6 35 28 22 19 20 25 17 -62 -208 -534
-638 -154 -68 27 28 22 19 20 25 27 -8 -159 -2260
208 102 81 41 28 21 19 20 25 37 61 87 146
5Y -106 -31 -13 -6 -2 -1 -1 -1 -2 -5 -17 45 472
-256 -38 -14 -6 -2 -1 -1 -1 -2 -5 -15 -32 -88
7 2 1 0 -1 -1 -1 -1 -1 0 1 2 5
ND -41 53 64 49 39 32 35 41 25 -116 -334 -753
-1000 =295 =55 34 48 39 32 35 43 47 -4 -249 ND
377 183 119 80 49 38 32 34 43 60 99 140 233
190y -172 -69 -30 -10 -4 -3 -2 -2 -4 -9 -35 -103 ND
ND -95 -34 -10 -4 -3 -2 -2 -4 -9 -28 -61 -159
15 6 2 0 -2 -2 -2 -2 -1 0 2 5 10
ND 40 158 146 109 82 67 70 80 32 =271 -625 -1100
-1531-762 -232 75 103 82 67 70 85 95 16 -781 ND
786 451 289 166 108 80 67 68 84 120 192 267 439

|
—_

-1
-1

|
—_

-1 -1 -—2 -6 -18 -9l
-1 -1 -2 -6 -14 -44

o
()
|
L
()
()
(e)
()
-
[\

._
w
—_
~
—_
|
—_
w
|
[\
=3
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Table 2.8: CEV model (8 = 0.8, v = 0.25): errors in bps on the BS implied volatility using the 6 second
order implied volatility approximations AppImpVolLN(2,xo), AppImpVolLN(2,k), AppImpVolLN(2,x4,),
AppImpVolN(2,S¢), AppImpVolN(2,K) and AppImpVolN(2,S 4,).

M -1 -1 0 0 0 0 0 0 0 0 0 -1 -1
-1 -1 -1 0 0 0 0 0 0 0 0 -1 -1
0 0 0 0 0 0 0 0 0 0 0 0 0
27 18 12 7 4 2 2 2 3 5 11 15 19
29 19 12 7 4 2 2 2 3 5 11 15 18
21 14 9 6 3 2 2 2 3 4 9 11 15
6M -2 -1 -1 0 0 0 0 0 0 0 -1 -1 -1
-2 -1 -1 0 0 0 0 0 0 0 -1 -1 -1
1 0 0 0 0 0 0 0 0 0 0 0 1
41 20 13 9 5 4 3 4 5 10 13 21 36
44 21 14 9 6 4 3 4 5 9 12 20 33
33 16 11 7 5 4 3 3 4 8 10 16 26
1y -3 -2 -1 -1 0 0 0 0 0 -1 -1 -2 -3
—4 -2 -1 -1 0 0 0 0 0 -1 -1 -1 -3
1 1 0 0 0 0 0 0 0 0 0 0 1
79 44 24 17 9 7 6 7 10 16 28 39 74
88 48 25 17 9 7 6 7 10 15 27 36 67
64 36 20 14 8 7 6 7 9 13 22 29 54
1.5Y -4 -3 -1 -1 -1 0 0 0 -1 -1 -2 -2 -4
-5 -3 -2 -1 -1 0 0 0 -1 -1 -2 -2 -4
2 1 0 0 0 0 0 0 0 0 0 1 2
108 64 36 27 15 10 9 11 13 23 42 59 104
123 69 38 28 15 10 9 11 13 22 39 54 91
89 52 30 23 14 10 9 11 12 19 32 44 74
2Y -6 -4 -2 -1 -1 -1 -1 -1 -1 -1 -2 -3 -6
=7 -4 -2 -1 -1 -1 -1 -1 -1 -1 -2 -3 -5
2 1 0 0 0 0 -1 0 0 0 0 1 2
145 87 52 31 19 15 13 14 19 30 50 80 149
167 97 55 32 19 15 13 14 18 29 47 72 127
119 72 44 27 17 15 13 14 17 25 39 60 105
3y -10 -5 -4 -2 -1 -1 -1 -1 -1 -2 -3 -5 -9
-12 -6 -4 =2 -1 -1 -1 -1 -1 =2 -3 -4 =7
4 1 1 0 -1 -1 -1 -1 0 0 1 1 3
249 121 96 47 31 22 19 20 28 45 80 120 212
301 136 105 49 31 22 19 20 28 43 73 106 176
208 102 81 41 28 21 19 20 25 37 61 &7 146
5Y -18 -9 -5 -4 -2 -1 -1 -1 -2 -3 -5 -8 -14
-23 -10 -6 -4 -2 -1 -1 -1 -2 -3 -5 =7 -11
7 2 1 0 -1 -1 -1 -1 -1 0 1 2 5
443 216 140 92 52 39 32 35 48 74 132 196 352
571 252 155 98 53 40 32 35 47 69 117 167 277
377 183 119 80 49 38 32 34 43 60 99 140 233
10y -33 -19 -12 -7 -4 -3 -2 -2 -3 -6 -10 -16 -29
-47 =24 -14 -7 -4 -3 -2 -2 -3 -5 -9 -12 =21
15 6 2 0 -2 -2 -2 -2 -1 0 2 5 10
904 522 333 188 117 82 67 70 94 149 264 394 725
1289 660 390 203 120 83 67 70 91 137 224 313 510
786 451 289 166 108 80 67 68 84 120 192 267 439
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0.8, v =0.25): errors in bps on the BS implied volatility using the 6 third order price

Table 2.9: CEV model (8

approximations ImpVol (AppPriceLN(3,x0)), ImpVol (AppPricelLN(3,k)), ImpVol (AppPriceLN(3, xu,)),

ImpVol (AppPriceN(3,S¢)), ImpVol (AppPriceN(3,K)) and ImpVol (AppPriceN(3,S ).

-1

3M

=22

-1

6M

-12
-12

-13

1Y

-56
45

-15

—62
~34

-12

=5

13

-2

1.5Y

-83
-98

14

=23

11

-2

—4

-100 -23
-36

21

10

2Y

-177
—243
-12

17

-38

14

-36 -8 -1

-163
-63

14

31

16
-10

3Y

11

=275
ND

16
=23

-69

29
-19

41

52
-2

-250

-24
-18

39
=21

5Y

23

=522
ND

57 -10
-38
=76

12

-103 -26 -7

ND

=597

—143

17

65

90

147
-59

-5

—34

10Y

28

109 -222 -987

—94

42
-13

6 -4

-16

-340 -83

ND

ND

—588
-28

49
-3

230

=7

-1200 —42
-214 -29

ND
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0.8, v = 0.25): errors in bps on the BS implied volatility using the 6 third

Table 2.10: CEV model (8

order implied volatility approximations AppImpVolLN(3,xo), AppImpVolLN(3,k), AppImpVolLN(3,x4,),

AppImpVolN(3,S0), AppImpVolN(3,K) and AppImpVolN(3,S ).

3M

6M

-3

-10

1Y

=25

17
=30

14

-2 -1

-10

0

1.5Y

-43

-15

10
-17

25
-49

22

2Y

24  -79

-9

16
-29

37
=80

35

14

-2

-9

3Y

—20 -47 -143

=5

23 15
-28

77
-214 -48

55

23

11

12

5Y

-108 -350

—47

-10

-2

50 22

160
—-618

102
21

43

22

1

-15

-130 -47

36

-1

10Y

-368 -—1307

-153
53

-34

—4

16

155 68
—216 —44

362
-2195 -631

231
70

102
21

14

-6

34 10

113
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0.25): errors in bps on the BS implied volatility using the 4 approximations

08, v=

Table 2.11: CEV model (8

Av.ImpVol (AppPricelLN(3,.)), Av.AppImpVolLN(3, .), (HF), and (HLF).

3M

6M

1Y

0

1.5Y

2Y

3Y

5Y

~14

-5 -2

—24

44

-3 -1

10Y

—44

~14

-6

—24 -8

-69
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Table 2.12: CEV model (8 = 0.8, v = 0.25): average per categories of strikes of errors in bps on the BS im-
plied volatility using the 6 approximations Av.ImpVol (AppPriceLN(3,.)), ImpVol (AppPricelLN(3, x4,)),
Av.AppImpVolLN(3,.), AppImpVolLN(3, x4 ,), (HF), and (HLF).

far ITM I™ ATM OT™M far OTM

3M 6.7E-2 1.4E-4 -7.9E-6 1.8E—4 1.5E-2
-24E-4 —-14E-5 -1.3E-5 -1.3E-5 -9.9E-5

4.3E-4 9.1E-5 —8.2E-6 7.3E-5 2.6E-4

-34E-5 -9.6E-6 -1.3E-5 —8.7E-6 -1.7E-5
-9.1E-2 —8.6E-3 2.0E-4 -7.3E-3 —4.8E-2
—-6.4E-5 1.7E-4 24E-4 1.5E-4 -9.8E-6

6M 3.6E-2 1.6E-4 —-4.3E-5 1.5E-4 3.2E-2
-3.0E-4 —-4.3E-5 -5.3E-5 -3.6E-5 -2.4E-4

1.0E-3 1.5E-4 —-4.3E-5 1.4E-4 7.8E—4

—6.5E-5 -4.3E-5 -5.3E-5 -3.5E-5 -4.9E-5
-1.6E-1 -79E-3 9.2E-4 —8.6E-3 -1.3E-1

2.5E-4 8.6E—4 9.5E—-4 7.1E-4 1.3E-4

1Y 9.6E-2 5.1E-4 -1.9E-4 4.4E-4 1.9E-1
-1.1E-3 -1.8E-4 -2.1E-4 -1.4E-4 -1.1E-3

4.2E-3 4.3E-4 -1.9E-4 5.5E-4 3.0E-3

—-2.5E-4 -1.8E-4 -2.1E-4 —-1.4E-4 -2.1E-4
-6.3E-1 -2.2E-2 3.8E-3 -3.6E-2 -5.1E-1

1.2E-3 3.7E-3 3.8E-3 2.8E-3 4.4E-4

1.5Y 9.2E-2 1.2E-3 -3.9E-4 7.5E-4 2.8E-1
-1.8E-3 -4.0E-4 —4.5E—-4 -3.2E-4 -2.1E-3

8.5E-3 1.1E-3 -3.9E-4 1.1E-3 6.1E-3

-4.9E-4 -3.9E-4 —4.5E-4 -3.0E-4 -4.0E-4
-1.2E+0 -5.5E-2 8.3E-3 ~7.3E-2 -9.9E-1

3.9E-3 8.4E-3 8.6E-3 6.2E-3 1.1E-3

2Y 1.4E-1 1.7E-3 —6.4E—4 1.4E-3 8.7TE-1
-3.1E-3 -7.1E-4 -7.9E-4 -5.3E-4 -4.7E-3

1.5E-2 1.8E-3 -6.4E-4 1.7E-3 1.1E-2

—-89E-4 -7.1E-4 -7.9E-4 -5.1E-4 -8.1E-4
-2.0E+0 -9.6E-2 1.5E-2 -1.0E-1 -1.9E+0

7.5E-3 1.5E-2 1.5E-2 1.1E-2 1.2E-3

3Y 5.8E-1 2.5E-3 -1.5E-3 1.9E-3 1.5E+0
-9.9E-3 -1.6E-3 -1.7E-3 -1.1E-3 -9.4E-3

3.7E-2 5.3E-3 -1.5E-3 3.8E-3 22E-2

-2.4E-3 -1.5E-3 -1.7E-3 -1.1E-3 -1.6E-3
-5.2E+0 -3.5E-1 34E-2 —2.6E-1 -3.8E+0

1.8E-2 3.5E-2 3.5E-2 24E-2 3.1E-3

5Y 1.2E+0 6.2E-3 —-3.6E-3 1.2E-3 4.5E+0
-3.0E-2 -4.0E-3 -4.2E-3 -2.7E-3 —27E-2

1.0E-1 1.2E-2 -3.5E-3 9.4E-3 54E-2

—7.2E-3 -3.9E-3 —-4.3E-3 -2.5E-3 —4.4E-3
—-1.5E+1 —-6.9E-1 9.4E-2 —6.7E-1 -9.1E+0

6.5E-2 1.1E-1 9.7E-2 6.3E-2 7.6E-3

10Y -2.1E+0 —4.6E-2 -1.1E-2 -3.2E-2 2.2E+1
-9.7E-2 -1.1E-2 -1.2E-2 -7.5E-3 -1.3E-1

2.8E-1 3.8E-2 -1.1E-2 2.9E-2 1.7E-1

—-23E-2 -1.1E-2 -13E-2 —-6.9E-3 -1.8E-2
—4.6E+1 -3.1E+0 3.8E-1 —2.4E+0 —2.9E+1

44E-1 4.8E-1 4.0E-1 2.3E-1 22E-2
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errors in bps on the BS implied volatility using the

CEV model (8 = 0.2, v = 0.25):

Table 2.13:

6 approximations ImpVol(AppPriceLN(3,x4,)), AppImpVolLN(3,x,,), ImpVol (AppPriceN(3,S ),

AppImpVolN(3,S ), (HF) and (HLF).

3M

6M
1Y

-1

1.5Y

2Y
3Y

-15

=37

5Y

13
13
-26

47

50

-117

=31

-12

-6

-3

-9

ND

-13

12
12
45

84 41

85

148

10Y

41

159
530
541

109 21 11
111

18
65

221

21 11

45

224

-112 -6

=33 -73

=17

12
14

18
29

123

271
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Table 2.14: CEV model (8 = 0.2, v = 0.25): average per categories of strikes of errors in bps on the
BS implied volatility using the 6 approximations ImpVol (AppPriceLN(3, X)), AppImpVolLN(3,Xu,),

ImpVol (AppPriceN(3,S4)), AppImpVolN(3,S 4¢), (HF) and (HLF).

far ITM I™ ATM O™ far OTM

3M -5.4E-2 -4.0E-3 —-3.4E-3 -3.3E-3 —-2.9E-2
-9.3E-3 -3.1E-3 -3.4E-3 -1.9E-3 -4.1E-3

2.5E-2 6.3E-3 1.8E-3 3.7E-3 8.9E-3

3.9E-2 7.2E-3 1.8E-3 4.5E-3 1.6E-2

-3.8E-1 -3.9E-2 7.9E-5 -2.9E-2 -1.6E-1
-2.1E-2 —4.6E-3 3.2E-4 —2.6E-3 -7.9E-3

6M —6.9E-2 -1.5E-2 —-1.4E-2 -7.5E-3 —7.4E-2
-2.1E-2 -14E-2 —-1.4E-2 -7.2E-3 -1.1E-2

6.8E-2 1.6E-2 6.9E-3 9.6E-3 2.5E-2

9.0E-2 1.7E-2 6.9E-3 1.0E-2 4.3E-2

-7.2E-1 —4.5E-2 1.5E-3 -3.9E-2 —4.3E-1
—5.6E-2 -7.4E-3 1.8E-3 -5.4E-3 -2.2E-2

1Y -2.5E-1 —6.6E-2 -5.5E-2 -2.8E-2 -3.8E-1
-9.9E-2 —6.6E-2 -5.5E-2 —2.6E-2 —4.6E-2

3.2E-1 6.4E-2 2.8E-2 3.5E-2 7.8E-2

4.1E-1 6.7E-2 2.8E-2 3.8E-2 1.5E-1

-3.0E+0 -1.4E-1 8.2E-3 -1.5E-1 -1.6E+0
—-2.6E-1 —-23E-2 8.8E-3 -1.9E-2 -7.2E-2

1.5Y —-4.4E-1 —-1.6E-1 -1.2E-1 —-6.2E-2 -7.4E-1
—-24E-1 -1.6E-1 -1.2E-1 —5.6E-2 —8.8E-2

74E-1 1.7E-1 6.2E-2 7.1E-2 1.5E-1

8.8E-1 1.8E-1 6.2E-2 7.8E-2 2.9E-1

-5.6E+0 -3.5E-1 1.7E-2 -3.0E-1 -3.0E+0
-5.6E-1 -5.8E-2 1.9E-2 -3.5E-2 -1.3E-1

2Y —8.0E-1 -3.1E-1 -2.2E-1 -9.6E-2 -1.9E+0
—-4.9E-1 -3.1E-1 -2.2E-1 -9.0E-2 -1.8E-1

1.5E+0 3.2E-1 1.2E-1 1.1E-1 2.1E-1

1.7E+0 3.3E-1 1.2E-1 1.2E-1 5.1E-1

-1.0E+1 —6.1E-1 3.0E-2 —4.3E-1 —5.5E+0
-1.1E+0 —-9.2E-2 3.6E-2 -5.5E-2 -2.1E-1

3Y -2.3E+0 —8.0E-1 —4.8E-1 —2.0E-1 —4.3E+0
-1.4E+0 —8.0E-1 —-4.8E-1 -1.7E-1 -3.5E-1

4.8E+0 9.8E-1 2.8E-1 24E-1 34E-1

5.4E+0 1.0E+0 2.8E-1 2.6E-1 9.3E-1

—2.7E+1 -2.1E+0 8.9E-2 —-1.0E+0 -9.9E+0
-2.7E+0 -2.7E-1 9.7E-2 -1.1E-1 -3.7E-1
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0.4): errors in bps on the BS implied volatility using the 4 approximations

0.5, v=

Table 2.15: CEV model (B

ImpVol (AppPricelN(3, xue) ), AppImpVolLN(3, x4e), (HF) and (HLF).

3M

6M

1Y

0

1.5Y

2Y

-10

—-13

3Y

-19

5Y

—43

~14

=5

—88

10
22
22
69
79

12
40
40
76

15

61

25

13
13
54
56

92

10Y

61

91
-58

—118

—44

-17

23 15
16

31

42

54

31 23

42

173 120

286
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Table 2.16: CEV model (8 = 0.5, v = 0.4): average per categories of strikes of errors in bps on the BS implied
volatility using the 4 approximations ImpVol (AppPriceLN(3, x4,)), AppImpVolLN(3, x4,¢), (HF) and (HLF).

far ITM I™ ATM OT™M far OTM

3M -6.9E-3 -5.3E-3 -5.4E-3 —-3.6E-3 -3.2E-3
—4.6E-3 -5.3E-3 -5.4E-3 -3.6E-3 -2.2E-3

-3.8E-1 —-29E-2 1.1E-2 -2.4E-2 -1.8E-1

-5.9E-3 8.0E-3 1.1IE-2 5.4E-3 -3.0E-3

6M —-23E-2 —-23E-2 -2.1E-2 -1.5E-2 -1.1E-2
-2.1E-2 —-23E-2 -2.1E-2 -1.5E-2 -8.3E-3

—6.8E-1 4.2E-3 4.4E-2 -1.1E-2 —4.8E-1

1.1E-2 4.4E-2 4.5E-2 2.8E-2 —-3.4E-3

1Y —-9.9E-2 —-9.5E-2 —-8.2E-2 -53E-2 —4.2E-2
-9.5E-2 -9.4E-2 -8.2E-2 —-53E-2 —2.8E-2

—2.6E+0 8.3E-2 1.8E-1 -5.3E-2 -1.8E+0

8. 7TE-2 2.0E-1 1.8E-1 1.0E-1 -1.5E-2

1.5Y -2.3E-1 -2.1E-1 -1.7E-1 -1.1E-1 -7.9E-2
—-2.2E-1 -2.1E-1 -1.7E-1 -1.1E-1 -5.2E-2

—4.7E+0 2.0E-1 4.1E-1 -7.7E-2 -3.5E+0

34E-1 5.0E-1 4.1E-1 24E-1 —2.5E-2

2Y -4.0E-1 -3.6E-1 -2.9E-1 -1.8E-1 -1.5E-1
-3.9E-1 -3.6E-1 —-2.9E-1 -1.8E-1 —-8.1E-2

-8.2E+0 4.3E-1 7.6E-1 -3.7E-2 —-6.7E+0

8.1E-1 9.7E-1 7.7E~1 4.2E-1 —6.8E-2

3Y -7.0E-1 -7.2E-1 -5.7E-1 -3.3E-1 —-3.0E-1
—6.6E-1 -7.2E-1 -5.8E-1 -3.3E-1 -1.4E-1

—2.1E+1 7.9E-1 1.8E+0 —-2.2E-1 -1.3E+1

3.0E+0 2.6E+0 1.8E+0 8.8E-1 -1.2E-1
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errors in bps on the deltas using the 6 approximations

Table 2.17: CEV model (8 = 0.8, v = 0.25):

AppDeltalN(1,x), AppDeltalN(1,k), AppDeltalN(1,x,,), AppDeltalN(2,xq), AppDeltalN(2,k) and

AppDeltalN(2, xae).

3M

6M

1Y

-15

-13

7

1.5Y

-18  -20

-12

2Y

-28 =32

-19

-11

12 10

12

3Y

-18 -34 51 -61
-15

-10

=5

10
-10

17 13
-13 -14

16

5Y

-2

=5

10

=76 —-118 -145
=17

=37

-19

12
-9

16
-17

21
-26

26

-26

24
-16

10Y

=23

13

20

36
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Table 2.18: CEV model (8 = 0.8, v = 0.25): average per categories of strikes of errors in bps on the deltas using

the 2 approximations AppDeltalN(1, x,,) and AppDeltalN(2, xayg).

far ITM I™ ATM OT™M far OTM
3M -3.1E-2 7.1E-2 -1.9E-3 -8.0E-2 4.0E-2
—-1.8E-3 24E-4 3.6E-3 4.7E-4 —24E-3
6M -1.1E-2 2.3E-1 —6.0E-3 —-23E-1 4.8E-2
—4.6E-3 5.0E-3 1.1IE-2 4.4E-3 —6.1E-3
1Y —4.0E-2 4.5E-1 -1.9E-2 —-4.5E-1 7.9E-2
-1.4E-2 1.7E-2 3.0E-2 1.2E-2 -1.6E-2
1.5Y -1.9E-2 6.8E-1 -1.2E-1 —6.6E—-1 1.4E-1
—24E-2 2.8E-2 5.3E-2 24E-2 -3.2E-2
2Y -24E-2 8.7TE-1 —4.8E-2 -9.6E-1 2.1E-1
-3.6E-2 4.4E-2 7.9E-2 3.9E-2 —49E-2
3Y 3.9E-2 1.2E+0 -9.4E-2 -1.4E+0 3.6E-1
-5.7E-2 6.7E-2 1.4E-1 6.2E-2 -9.5E-2
5Y 6.3E-2 2.0E+0 -1.9E-1 -2.3E+0 6.5E—1
-1.2E-1 1.4E-1 2.8E-1 1.2E-1 -2.1E-1
10Y 8.9E-2 3.4E+0 —5.6E-1 —4.3E+0 1.5E+0
-3.4E-1 2.5E-1 6.2E-1 2.3E-1 —6.1E-1
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Table 2.19: CEV model (8 = 0.2, v = 0.25): errors in bps on the deltas using the 6 approximations
AppDeltalN(1,x), AppDeltalN(1,k), AppDeltalN(1,x,,), AppDeltalN(2,xq), AppDeltalN(2,k) and
AppDeltalN(2, xae).

3M 19 27 25 18 11 6 0 -6 -1 -17 =30 =31 =27
9 -1 -10 -13 -9 -3 0 3 7 9 -3 =7 -6
-1 -1 0 2 2 2 0o -2 -2 -1 0 0 0
5 3 2 1 1 0 0 0 0 1 2 3 5
3 3 2 0 0 0 0 0 0 0 1 0 -1
0 0 0 0 0 0 0 0 0 0 0 0 0
6M 51 45 34 24 16 9 0 -8 -15 -31 -41 -59 -58
=7 -29 27 -19 -10 -3 0 4 9 17 13 -6 11
-2 2 4 5 5 3 0 -2 -4 3 -2 0 1
10 3 2 2 1 1 1 1 1 2 2 5 13
10 3 1 1 1 1 1 1 0 1 2 3 -2
-1 0 0 0 1 1 1 1 1 0 0 0 0
1Y 99 90 59 46 24 13 1 -10 -32 -53 -93 -117 -113
-54 -69 -52 -37 -11 -3 1 5 19 32 12 -14 -9
-3 3 9 11 8 5 1 -3 =7 =7 -2 1 1
24 10 5 4 3 2 2 2 3 4 7 12 41
28 9 2 2 2 2 2 2 1 1 6 6 -4
-2 0 1 1 2 2 2 2 1 1 0 -1 0
1.5Y 146 126 86 70 43 16 2 =26 -38 =77 -140 -183 -180
-123 -114 -81 -60 -23 -3 2 13 21 45 12 =27 -10
-2 7 15 17 15 7 2 =7 -9 -10 -3 1 1
35 16 10 8 5 4 4 4 4 7 13 24 72
37 12 3 3 4 4 4 3 2 2 11 7 -6
-3 0 2 3 4 4 4 3 3 1 -1 -1 -1
2Y 189 163 17 81 51 36 3 -29 =58 -102 -173 -254 -224
-197 -164 -115 -63 -23 -11 3 14 33 58 23 40 -4
0 11 20 23 19 14 3 =7 -13 -13 -5 2 1
50 24 15 11 7 6 5 6 7 11 18 40 125
45 15 5 5 6 6 5 3 3 14 4 3
-4 0 3 5 6 6 5 5 4 2 -1 -2 -1
3Y 262 218 188 118 82 45 6 -33 86 -—-157 -286 -393 -354
=377 =245 -204 -93 -40 -10 6 18 49 82 -3 -54 -3
0 24 30 36 31 20 6 -7 -19 -18 -4 3 1
95 36 29 19 14 11 10 10 13 0 35 77 230
51 13 9 9 11 11 10 8 5 6 26 -4 2
-8 2 5 9 10 10 10 9 6 3 -2 -4 -1
5Y 373 323 253 197 131 &5 11 -61 -148 -258 —-497 -684 -592
-641 -409 -276 -169 -60 -19 11 34 84 121 -43 =59 0
0 43 59 64 53 38 11 -13 -30 -28 -3 4 0
156 62 47 39 28 23 20 20 26 38 73 170 533
-156 -19 3 15 22 23 20 15 8 13 38 =22 0
=27 2 13 19 22 21 20 17 12 5 -6 -6 0
10Y 390 381 325 262 06 134 18 -102 -269 =529 -1075-1477 -1164
—-174 -486 —-447 -269 -123 -36 18 56 49 175 —127 =23 0
=71 =8 39 76 78 58 18 -21 -53 -44 0 4 0
75 =5 3 25 32 34 38 43 57 88 189 536 1725
-1252 =598 -237 -43 18 7 38 32 15 47 5 =21 0
=157 =97 -49 -3 23 34 38 36 26 6 -16 -10 0
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In this Chapter, we provide analytical approximations to efficiently price forward start option on eq-
uity in the local volatility model. We use a conditional argument to represent the price as an expectation
of a Black-Scholes formula computed with a stochastic implied volatility depending on the value of the
equity at the forward date. Then we perform a volatility expansion to derive analytical approximations
of the forward implied volatility with a precise error estimate. We also illustrate the accuracy of our
formulas with some numerical experiments.

3.1 Introduction

> The forward volatility risk and associated derivative products. The volatility allows to quantify
the risk associated to the return of an underlying asset. Many products are actively traded on financial
markets to manage the observed volatility smile and skew whereas a lot of models (as the local volatility
model [Dupire 1994], the stochastic volatility model [Heston 1993] or a mixture of both of them known
as the stochastic local volatility model [Britton-Jones 2000]) have emerged in the two last decades to
try to reproduce these phenomena. Thus practitioners and researchers began to have a good intuition of
the implied volatility behaviour associated to the pricing of plain vanilla options with the Black-Scholes
(see [Black 1973]) formula. Despite the significant research on implied volatility asymptotics, only a
few studies have been carried out on the asymptotic of the forward smile. The forward volatility risk is
harder to manage and forward skew and smile shapes are still open to research. Recently a large class
of new exotic options have emerged in order to take a bet or to hedge its exposure on the behaviour of
the forward volatility surface, as the family of cliquet options which are commonly interpreted through
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levels of implied volatility at some future date and at some future level of the underlying asset. The
evaluation and the hedging of such products are by far not trivial and the market has not yet settled for
an agreed reference model. In this article, we focus on the pricing for the forward start option, which
constitutes the building block for more complex cliquet structures as the Napoleons, the Multiplicative
cliquets or the reverse cliquets (see [Gatheral 2006]). Basically it can be considered as a forward on an
option. More precisely this is an option which begins at some specified future date # > 0, the forward
date and with an expiration further in the future ¢; + T with T > 0, the premium being paid in advance at
the initial date 7y = 0. Denoting by S the price at time ¢ of the underlying asset, we can distinguish two
types of payoffs:

. (Sg:T —K), (type A) for a given strike K > 0. It is essentially an option on the return of the asset

between the dates tiand ; +T.

o (S;+7—KS)+ (type B) with K > 0, which can be view as an option with a stochastic strike which
will be determined at the forward date #;. This looks like a spread option with the same underlying
but considered at different dates.

From these payoffs one can build more complex structures of derivatives products. For instance a serie
of consecutive forward start options creates a cliquet option with payoffs of the forms:

n n
Si+1
E ( ki _Ki)+ or E (St,'+1_KiSt,')+7
= Su i=1

the valuation of such products being easily obtained summing the value of every legs.

>Literature review on the forward start options pricing. Regarding the pricing of forward start op-
tions, many approaches could be considered as in the plain vanilla case. Basically on has to choose the
mathematical modelling employed for the underlying asset (local volatility model, stochastic volatility
model etc) and the analytical approximation methodology to be performed, closed-form formulas being
available only in some very particular cases like in Gaussian or log-normal models. However it seems
that many authors to have been interested by the pricing of forward start options have mainly consid-
ered the case of models with stochastic volatility like the Heston model: see for instance [Lucic 2003],
[Hong 2004] or [Kruse 2005]. Brigo and Mercurio consider in the context of interest rates the Hull-
White model in [Brigo 2006]. In all these works, owing to the properties of the affine models, it is
possible if the model parameters are time-homogeneous to compute the forward characteristic function
using the tower property for conditional expectations. Thus one can derive, up to numerical integration,
(semi) analytical formulas. We also cite the work of Glasserman an Wu [Glasserman 2011] where the
authors investigate the notion of forward implied volatility in the framework of stochastic volatility mod-
els applied to the currency markets. Then using the analytical approximation of the implied volatility in
the SABR model (see [Hagan 2002]) and the asymptotic expansion for the bivariate density of both the
underlying and its stochastic volatility developed in [Wu 2010], they provide tools for fast computation
of the conditional expectations arising in the estimation of the forward implied volatility.

An alternative modeling is the use of Lévy processes proposed for instance in [Beyer 2008]. If the sim-
ple exponential Lévy model induces the same forward volatility curve for all futures times, a non trivial
subordinator changes its dynamic. The authors derive the forward characteristic function and employ a
Fourier transform machinery to obtain analytical pricing formulas for forward start options in various
models including the Variance Gamma model and the NIG model subordinated by a CIR process. We
also cite the work of Keller-Ressel and Kilin [Keller-Ressel 2008] who derive a semi-analytical formula
for the pricing of forward start option in the Barndoff-Nielsen-Stephard (see [Barndorff-Nielson 2001])
model using its affine property.
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We finally mention the very recent work of Jacquier and Roome [Jacquier 2012] in which is provided
an expansion formula of the forward implied volatility using calculations based on the forward charac-
teristic function and large deviations techniques. Remarkably their results can be applied for both small
and large maturities in a large class of models, from the Heston model passing to the time-changed ex-
ponential Lévy processes.

In the class of models mentioned above, we start with a price process or a joint process price-volatility
and deduce more and less the dynamic of the future volatility. To get a better control on the dynamic
of the implied volatility, the most natural modeling approach is to model directly the implied volatility
surface. This idea has been explored by Schonbucher [Schonbucher 1999]. But the method has been
hampered by the difficulty of ensuring no arbitrage in future smiles or skew. To overcome the difficulty,
Bergomi modelises jointly the dynamic for the forward variance swap and the spot consistently and dis-
cuss about the calibration and pricing in [Bergomi 2005], [Bergomi 2008].

Such an enthusiasm for the stochastic volatility models or more generally for two or more factors models
in the literature can be explained by at least two reasons:

o At first glance the use of local volatility models, in which the volatility is a deterministic function
of the random asset price, could seem inadequate to price forward start options which values
appear to depend specifically on the random nature of the volatility itself. In addition it is well
known that Skew/Smile generated by the non-constant local volatility function flattens for long
maturities. As the forward start option depends on o™ (¢, S /)se[s,1,+7], WE can expect it to be almost
constant in S for large forward date ¢;.

o The stochastic volatility models seem to induce more forward smile on [#;,1; + T], which depends
on the time-averaged stochastic volatility on [#;,#; + T'], than the implied volatility curve on [0, #; +
T1]. Besides the availability of closed-form formulas is very attractive for practical uses.

Such important quantity of theoretical and practical studies show that we are far from having a reference
model and that the model uncertainty associated to the pricing and hedging for the forward start option
is high. We find important to consider a family of models, which are intuitive to the user and are able to
replicate the market observed skew-smile as much as possible, in order to quantify properly the model
risk. Indeed, Glassermann and Wu in ([Glasserman 2011]) show that the observed implied volatility does
not contain relevant information for the future volatility. Moreover, even perfectly calibrated models
can give quite different prices for exotic products, especially for the forward start option, because they
generally generate different transition probabilities.

So it seems to us that there is a theoretical and a practical interest to provide analytical formulas for
the forward implied volatility generated by local volatility models. First this is a challenge because as
previously mentioned there is no closed-form formula and only few authors have been focused on the
question. Second there is a risk of underestimation of the forward smile which can adversely affect when
pricing forward start options too cheap as mentioned in [Gatheral 2003]. The purpose of this work is
to overcome these drawbacks and to propose an accurate and tractable analytical approximation of the
forward implied volatility in local volatility models with a precise estimation of the error.

>Formulation of the problem and contribution of our study. In this work, we consider financial
products in a world with null interest rate written w.r.t. a single asset which price at time ¢ denoted by
S, assumed to pay no dividend. We consider a linear Brownian motion defined on a filtered probability
space (Q, T, (F71)>0,P) where ()0 is the completion of the natural filtration of W. We suppose that S
follows the local volatility model under the measure P, i.e. it is solution of the next SDE:

dS; =S,0(,S,)dW;, Sp > 0. 3.1
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We assume that S is positive, we define the log-asset X by posing X = log(S) which satisfies:
1
dX; = a(t, X;)dW, - Eaz(t, Xp)dt, xp=1og(So), a(t,x)=o(t,e). 3.2)

We are interested by the price at time O of a forward start call option of type A and B written as:

S+ -
{ CaHFS’A(SO,Ti,T, K) = E[(SI_,T -K),]= E[(eXfi+T X, _ek)+], (3.3)

Call™>5(S¢,6,T.K) = BI(S ;47— S ,K)4] = B[(e¥ — 50, ],

where #; > 0 is the forward date, T > 0 the forward maturity and K = e > 0 the strike and E stands for the
expectation operator. Notice that if S follows a log-normal model with deterministic volatility (o)sc[o,77
we have an analytical formula for the price of the forward start Call option of type A. The price is given
in term of the Black-Scholes formula by:

S ti+T

ti+T
BCE - K. = caro, [ otk (3:4)
t; 1

where Call®S(x,y,z) denotes the Black-Scholes Call price function depending on log-spot x, total vari-
ance y and log-strike z and defined by:

Call®3(x,y,2) =e*N(d1(x,y,2)) — €N (da(x,y,2)),

X e—u2/2 xX—7z 1
N(x) =f Nor du, di(x,y,2)= W + 2 VY, da(x,y,2) =di(x,,2) — ).
—00 JT

For forward start options of type B in the Black-Scholes framework, we readily have using the tower
S

property for the expectations, the Markov property of S and the independence of ;’:T and S,

S T S T ti+T
EI(S o7~ KS )] =[S (== = K] = B[S B[(—— ~ K)IS 1] = ELSJCall* (0, f ode, k)
ti ti ti
ti+T ti+T
=S oCall®S(0, f o2dt, k) = Call®S (xo, f o2dt, xo + k). (3.5)
t; t;

with xg = 1og(So). As a conclusion, the log-normal assumption on § leads to analytical formulas us-
ing the Black-Scholes pricer with the quadratic mean of the deterministic volatility on [#;,#;+ T]. If the
choice of a local volatility model allows to take into account the implied volatility skew usually observed
on the equity market, no closed-form formulas are available in general even for the plain vanilla case (i.e.
t; = 0). Instead of resorting to time-costing (especially for large forward maturity 7") numerical method
like PDE techniques or Monte Carlo simulations, we aim at providing an accurate analytical approxima-
tion involving the same computational time than the application of the Black-Scholes formula. For this,
we use the proxy principle introduced in [Benhamou 2009] and [Benhamou 2010a]. A broad overview
of this non-asymptotic methodology as well comparisons with existing approximation methods to derive
analytical formulas for quick an accurate evaluation of option prices is given in Chapters 1 and 2 of the
thesis. We notably provide in Chapter 2 new approximations of the implied volatility very accurate and
this is the starting point of our work. To derive an approximation of the forward implied volatility for
the pricing of forward start option of type A, we use a conditioning argument and the results of Chap-
ter 2 to express the price (3.3) of the forward start option as an expectation of the Black-Scholes price
function with a stochastic volatility argument involving the local volatility function frozen at X;,, plus
an error. Then we perform a volatility expansion to consider the local volatility function frozen at some
deterministic point. A change of probability measure argument allows to adapt the results and to deduce
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forward implied volatility of type B approximations.

The Chapter is organised as follows. First we give in Section 3.2 some usefull notations. Then we
expose in Section 3.3 the main results of the Chapter with a second and third order forward implied
volatility expansions of type A provided in Theorems 3.3.1.1-3.3.2.1 and forward implied volatility ap-
proximations of type B in Theorem 3.3.3.1. Section 3.4 is devoted to numerical experiments illustrating
the behaviour of the forward implied volatilities and the accuracy of our approximations. We give in Ap-
pendix 3.5 some technical results and proofs as well as the explicit form of the forward implied volatility
approximations in the context of time-independent local volatility function.

3.2 Notations

> Assumptions on a. (H,): a is a bounded measurable function of (¢, x) € [0,T +#;] XR, and five times
continuously differentiable in x with bounded derivatives. Set

Mi(a) = max sup |8;l.a(t, x)| and Mp(a) = max sup |c9i .a(t, x)|.
1<i<5 (1, 0)€[0,T+1,]xR 0<i<5 (1,0)€[0,T+,]xR

In addition, there exists C, €]0, 1] such that |a(z, x)| > C,Mo(a) > 0 for any (¢, x) € [0, T +1;] X R.

> Temporal shift of the local volatility function a. We introduce the time-shifted local volatility
function « defined by a(t, x) = a(t + t;, x) for any (¢,x) € [0, T] X R.

> Time-space shifted local volatility process. We introduce the time-space shifted local volatility
process starting from O defined for any x € R by the following SDE:

1
dzZ* = a(t,ZF + x)dW, - za/z(t, ZF+x)dt, z0=0. (3.6)

> Integral operators. For any n > 1, any /,,..,/, measurable and bounded functions of t € [0, T +¢;], any
0<s<t<T+t, we set:

! t t
w(ll,..,ln));:f l](l’])f lz(l‘z)...f ln(rn)drndrn_l..drzdrl.
s T

I'n—1

> Quadratic mean and total variance. We define the quadratic mean for any bounded measurable
function g of (t,x) € [0,T +t;] XR and for any non empty [s,¢] C [0,7T +¢;] at the spatial point x on [s,]

by setting:
!
= Lj‘gz(r,x)dr.
o t—s Jy

For any bounded measurable function g of (¢, x) € [0,T + ;] X R and for any non empty [s,] C [0,T + 1],
we define the total variance of g at x on [s,?] as:

f
V(g;x), = f & (r,x)dr = (@) (1~ s).

We finally introduce some integral operators C, v and r already used in Chapter 2:

Definition 3.2.0.1. If the derivatives and the integrals have a meaning, we define for any non empty
[s,] € [0,T +¢;] and for any bounded measurable function (I(t,2))q ;)e[0,7+:;1xR the next operators:

C1(5:2), =0(P(2), [()IV(2))., Co(l;2)s =w(P(2), (V@) + )P (2)).,
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C3(1:2), =0(P(2), P, (V@) + 1P @), Calls2), =(P(2), 1)V (), 1)V (2)).,
Cs(;2)s =((IV(2))* + 1P )}, Co(l;2)!, =0 ()M (2), ()M (2))],
C1(1:2)s =) (2));

We can define similarly the reverse operators C obtained by changing the order of integration. For

example C,(1;2)!. = w((z)[V(2), 2(2))".
Supposing in addition that | is non-negative such that Z;t > 0, we define the following operators:

G2y Calay G2y 3G, (GG | BICE)P
20 t—s) AL -s) CRe-s2 @CPU-92 8@ PU-52 20 V-s?

yo(l;2)% :Zj” +

e Y A 1) S UL S (U5
s (Zz”)3(l‘—s)2 s (Z;J)s(t_s)3 (7;’t)5(l‘—s)3 (75’1)7(1‘—5)4
[ !+ l; ! 5 l; t_ l; t
”0(Z§Z)’s:)/0( Z)S;VO( 23 n1(l;z)§=71( Z)S271( J
;)L + 72l 2)! - ) N
ma(toy, 2NN Csay | Colbay
? § ) 4@

where the reverse operatorsy are obtained using the reverse operators C.

Remark 3.2.0.1. Any of the previously defined operators applied with the function a and the spatial
point x € R between the dates 0 and T gives the same result as that obtained with a and x between the
dates t; and T +t;. For example:

T T
C1(a; 0! =w(@?(x),a(x)aV(x)! = f a’(x) f as (0P (x)dsdr
0 t

T T T+t; T+t
= f a,2+,i(x) f asﬂi(x)a(slr)t’_(x)dsdt: f atz(x) f as(x)a‘(vl)(x)dsdt
0 t t; t

=w(a(x),a(x)aP (), " = Ci(a; ), .

> Forward implied Black-Scholes volatility of type A and B. For (xy,?;, T, k) given, the forward im-
plied Black Scholes volatilities of type A and B are the unique non-negative parameters oy g a(xo,, T, k)
and o1 rB(x0,%, T, k) such that:

{ Call™A(e",1;, T,e") = Call®>(0,07y , (x0,, T, )T k), 37

Call™#(e,1;, T,e") = Call® (xo, 07 (%0, 4, T, K)T, X0 + k).

If a does not depend on the spatial component (Black-Scholes framework), we have

1 it —ti,ti+T _ =0T
o1FA(xo. 1, T,k) = o (0.1, T, k) = \/Tf a?dt =g =",
1

> New log-strike and new mid-point. We use the notation &k’ = ’% and x7,, = xo+k" = xo + %

> About the constants. All our error estimates are stated throughout the paper using the notations:

e "A = O(B)" means that |A| < CB where C stands for a generic constant that is a non-negative
increasing function of T, t;, My(a), Mi(a) and the oscillation ratio éa.

e Similarly, if A is non-negative, A <, B means that A < CB for a generic constant C.
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3.3 Second and third order forward implied volatility expansions

3.3.1 Second order forward implied volatility expansion of type A

We provide in the next Theorem a second order forward volatility expansion of type A:

Theorem 3.3.1.1. (2nd order expansion of the forward implied volatility of type A). Assume (H,;) and
suppose that My(a), Mo(a), T, t; and |k| are globally small enough to ensure the existence of Ci(k) >0
and C»(k) > 0 such that:

@y’ —kmy(a; ) =@t —kmy(a;0); > CLkOMo(a) >0, Vx€R, (3.8)
2 ] | Coa; X))
(TIFAg(xo,t,,T k) = ’IMT:’ z%q}(a X0 — kry (@ X, > Co(k)Mo(a) >0, (3.9)
xmg

2 S
where the operator my is defined in Definition 3.2.0.1. Then oy F‘”g (x0,;, T, k) is a second order approxi-
mation of o1r.a(Xo,t,T,k) in the following sense:

Call™S4(e*, 4, T, ") =Call®(0, (5, F"/;"(xo,ti,T,k))QT,k)+O(M1(a)[Mo(a)]2 VT (Vi + VT)?), (3.10)
where the constant in the above estimate notably depends on C1(k) and C, (k).

Remark 3.3.1.1. If T tends to 0, the error in (3.10) becomes null. This is coherent with the fact that

T+[

c
CallA(e%,1,,0,¢*) = (1 — €),. If t; tends to 0 (or M, (a) tends to 0) the term —%%ry(a xo)
a 4
vanishes. We namely have: ¢
1 C1(@:30); ™
R T’iva V(@ x0)l| <e Mi@[Mo(@)1rs (3.11)
xa\g

Hence for xg = 0, we retrieve the expansion of the vanilla case (see Theorem 2.1.4.1 in Chapter 2). This
additional term due to the forward start is therefore interpreted as a forward bias.

C T+I )
Remark 3.3.1.2. In view of the magnitude of the term —%%W(d;xo)g (see (3.11)) and owing

X, g

to the Lemma 3.5.1.1, one can replace (V(a;xo) by V(a; x, ) without changing the magnitude of the

avg/(
error. Thus the approximation of the forward implied volatility with the local volatility frozen at x;,,

reads:

e 1671@ xavg)THI , T+1;
O—IFA(XO’tl,T k) ~d t(/ng E at‘ T‘HzT (V(a;xavg) kﬂ']((l xavg) " (312)
x;wg
Proof. We use the Markov property of the process X to get:
Call'A (™, 1;, T, &) = E[E[(eX+7 X1 — ¥, X, 1]. (3.13)

Then using the deterministic time change ¢ — ¢ +¢; for any ¢ € [0, 7] and [Revuz 1999, Propositions 5.1.4
and 5.1.5], we easily see that under the conditional knowledge of X;,, X;+7 — X;, has the same law that

Z;("' where (Z])¢[0,7] 1s the solution of the SDE (3.6). Hence we can write:

Xi;
E[(eX" i — ), 1X,] = E[(e” —")41X,]. (3.14)
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Next remark that E[(ez;([i - ek)+|X,i] is nothing else but the price of a Call option at time 0 with maturity
T, strike €, spot 1 written on the log-asset Z;(”' with local volatility function (¢, x) — a(t, x + X;,).

Then owing to the assumed positivity of @Q’T —km(a; x)g , Yx € R, we can follow the proof of Theorem
2.1.4.1 in Chapter 2 and one easily obtains with Lemma 3.5.1.1:

E[(e o b, 1X, ] = CallBS(0, (a/k,+X —kry (@ K+ X,)D)?T, k) + Errory 4 (X;,), (3.15)

where &2;1& — kri(a; k" + th.)g is the order 2 implied volatility expansion and where a.s.

|Err0r2’kf (th.)| <c Ml(a)[Mo(a)]zT% (see remark 3.3.1.3 below). Then the price (3.13) can be written
as:

Call™4(e, 4, T, ) =E[Call®S(0, (@)}, —kmi(:K +X,)0)°T, k)] + O(M, @IMo@PPT?)  (3.16)

=E[CalI®(0, (a;;,f;’l ki (az K + X)) T,k)] + OM (@) [Mo(a)*T?).

Then we apply Taylor expansions twice: firstly for the smooth function v > Call®3(0,?T,k) at v =

Zz]t(’,T”’ —kmi(a;k +X,,); " around v = @ " — kmry (a3 x),,,); " and secondly for the functions x - @’ "
and x — m1(a; x)TH’ atx=k"+X, around x=k+xy= xavg
E[CauBS(o,(a;;;f;fl k(@K + X)L k)] (3.17)
=Call®$(0, (a’f T~ ey (3,001 )T
+ Vega®S(0, (a’tf”t ki (a3 X)) )T, k)
xE[(ag,f;" a’f,”’f + k(i (a; X )p T = mi(ask + X))+ Ry,
=Call®$(0,(a"; f*’l ki (@3 X, )t YT k)
)T+t,
+Vega®$(0, (@ — ki (a; ), )T, k)_;T+ [(X;, — x0)]
8 axmg 'T
+R1 +R2 +R3,
BS

where the operator C7 is defined in Definition 3.2.0.1, Vega®®, Vomma®S in Lemma 3.5.1.1 and where:

IT 1 _IT 1 T 1 T 1
R E[(a;,g —a; i k(@ Xt T - (@K + X))
BS 2
X j; Vomma®$(0, T,k _,_ et A ka4, (1-2da],

R, =E| Vega® (0, @y’ T~ k(a3 X)) TP R)(X, — Xo) f Py e, + (- (1 - DA,
R3 =E[Vega®(0, (a" =kt (@) T Rk ~ X)) f D1 (a; X)) et %, +(1- 2o,
i 0
Then using Equations (2.18)-(2.6) of Chapter 2, one has the following weak approximation:

1 ,
E[X;, - x0] = E[X1,,] + OMi(@)Mo(a)ti) = - E(V(a; x0)5 + OMi (@ Mo(a)t), (3.18)

where (X1 /)ie[0,7+4 18 the corrective (Gaussian) process defined by:

1
dX;, =a(t, xo)dW, - Eaz(z, xo)dt, X1 =0. (3.19)
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Then using Lemma 3.5.1.1 we easily get with (3.18):

a;x., )T+t,
Vega® (0,(@5" " ~ ki (a: X )y, ™)'T, k) - Tﬂg EL(X;, — x0)] (3.20)
xéug
)T+t,
=— EVegaBS(O (at’ ?H’ kmy(a; xavg)T“’) T, k)t’T—ivth(V(a;xo)g +OM, () [Mo(a))?t; \/T).
xmg

Next we bound the remainders. We readily have using Lemma 3.5.1.1:
Ri =0OMi@IMo@Pt VNT), Ry =0OMi(@IMo@PPVT), Ry =OMi (@[ Mo(@)]* VET).

Combining these estimates with (3.16)-(3.17)-(3.20) and using (3.11) and Lemma 3.5.1.1 finally yields
to:

CallPA(e, 1;, T, &) =Call®3(0, (a" TH ki (a; 5, )E TP T, )

avg/t;
1 (Cl )T+t,
—~ EVegaBs(O, (leiVT:t" — ki (a; X)) T, k)—; Tivtg V(a;xo),
xéwg
+O(Mi(@)[Mo(@)> VT (Vi + NT)?)
_ 1 Crla; Xy ™
=Call®*(0, (@5 *" - E#q/m x0) — ki (a; X)) )T k)
xa\g

+ O(M(@)[Mo(@)* VT (Vi + NT)).

Remark 3.3.1.3. In can be easily proven that the error Errors i (X,,) defined in (3.15) involves a depen-
dence w.r.t. Xy, only throughout the local volatility function a (as a shift parameter) and its derivatives
which are bounded functions. One can notice that the employed conditional argument seems a priori
inadequate to handle stochastic volatility models like the Heston model. A carefully introspection of the
work of Gobet et al. [Benhamou 2010b] namely reveals that the error in the Heston Call price approx-
imation depends on v(;p with vy the initial variance process value and p > 1. In the context of forward
start options, we may bound negative moments of v;, which can explode, see [Bossy 2007, Lemma A.1].

O

3.3.2 Third order forward implied volatility expansion of type A
We announce the main result of the Chapter:

Theorem 3.3.2.1. (3rd order expansion of the forward implied volatility of type A). Assume (H,;) and
suppose that Mi(a), Mo(a), T, t; and |k| are globally small enough to ensure the existence of Cz(k) > 0
and Cy(k) > 0 such that:

s x0)f =7t (a; 00T = mo(a; 08 —kmi (@0 +EPma(@:0f > C3(k)Mo(a) >0, VYxeR,  (3.21)

G (e, 1, T, K) (3.22)
C(a: x)0 " | |
=r*(a; X)) T+ ﬁ[—w;x@)g +Ci(a; x0);] (3.23)
xavg
C5(a X )T+t, C6(a X )T+t,

avg/t, avg’t,

14 20 . t;
2at’,T+t’T (_Z/THI)STZ 1[V(a; X()) + (V (a,xo)o]
avg

Xavg
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)T+n

[ K2 (ﬂk(a Xivg tTH")zT Co(a; xy,

(mk(a; X ) T T 4 ]<a’l T*“)anw Xpe)t T2

V(a; xo);

k CZ(a xavg)T-Hl _CZ(a xavg [T+ti + C7(Cl xavg [T-Hl(cl(a xavg)T+tl _Cl(a xavg)T+tl)
2 z(af, T+f,)3T2 2(02 T+t )5T3
>Ca(k)Mo(a) > 0,

1V(a; xo), ™

3,x
where the operators m, my, 72, Cs, C¢ and C7 are defined in Definition 3.2.0.1. Then &, F“‘g (x0,1;,T,k)
is a third order approximation of o1 g aA(X0,t,T,k) in the following sense:

Call™* (e, 4, T, ) =Call®|0, (aI F“‘g(xo,t,,T k))*T. k) + OMi (@I Mo(@) P VT (Vi + VT)?), (3.24)

where the constant in the above estimate notably depends on C3(k) and Cy4(k).

Remark 3.3.2.1. Ift; = 0, the above forward implied volatility approximation reduces to ﬂk(a,xavg)TH’

what is the approximation of the implied volatility expansion given in Theorem 2.3.3.1 of Chapter 2.
Owing to their magnitude, all the new terms due to the forward start can be considered with the local

volatility frozen at x;,,, instead of xo without changing the magnitude of the final error, thanks to Lemma
3.5.1.1.

Proof. Using the assumption on nk(a;x)tf”", we can apply Theorem 2.3.3.1 of Chapter 2 and using the
same methodology previously employed for the second order, we get

Call™>4(e®, 1, T, ") = E[Call®S (0, (" (a: k' + X,,); YT, k)] + OM (@[ Mo(@) P T). (3.25)
Then apply a Taylor expansion for the smooth function v Call®3(0,V2T,k) at v = n¥(a; k' + X))y, T+
around v = 7 (a; x,,,);
E[Call®S(0, (7 (a; k' + X, T*’t) T,k)] (3.26)
=Call®S(0, (n(a; x/,); )T, k)
+ Vega®$(0, (n(a: 5,01 MV T B[ (@: K + X)) T = (@], ]
1 .
+ 5 Vomma® (0, (s, )y ) T B[ (@K + X, )™ = 7@ )y, ™))
+R.
where:
_E[(nk(a K+ X)), i _ gk (a; xavg)TH’)
. BS/ .2 (1-2)?
X fo Um0, T, _ et bt Td/l],

and where Ultima®S is defined in Lemma 3.5.1.1. First notice that we readily have using Lemma 3.5.1.1:

3
R =O0Mi(@)[Mo(@)*t> NT). (3.27)
Then we expand the functions x — a’ It , x b mo(a; x)TH’ a THi and x - ni(a; x)TH’ € {1,2}. We

announce three technical Lemmas, the proofs being postponed to Appendix 3.5.2. First we give in the
next Lemma expansion results for a’
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Lemma 3.3.2.1. (Expansion of " T*+i) Under the hypotheses of Theorem 3.3.2.1, we have:

VegaBS(O (ﬂk(a T+l‘,)2T k)E[al‘, T+t _ c-lt,';T+t,']

B avg)

K +X;, -~
7( )T+t,
a; Xqy ) ‘
=Vega®(0, (7" (a; ¥, ) )T K i T+iT [ = Vi@;xo); + Cr(a:xo)g)
xfwg
Cs(a; x! )TH’ Ce(a;x, )T“’ . .
2t ;l:iT (_t, T+6;})g3T2 [[V(a; xO)’z + (VZ(a;xo)g]} + O(Ml(a)[Mo(a)Ptiz ﬁ),
z’nq xfwg
1 ] .
> Vomma®S (0, (' (a: )] )T BLGE ! —alsT))
l ( )T+f, (a )T‘Fl,
i 4 Xay > av
=§V0mmaBS(0 (' (a; xavg)tTHl)zT’k){( tT+f Vi xo)g )’ +2 @ )gz V(a; xo) }
x:zvg an

+OM (@I Mo(@T 12 V).

T+t
We now announce an expansion result for 7y (a; x);, i

T+t;

Lemma 3.3.2.2. (Expansion of mt\(a;x), ). Under the hypotheses of Theorem 3.3.2.1, we have:

THN2T OKE[7 (a3 x

T+t; T+t;
wey | —mi(ask + X)), ]

T+t
Co(@; X7, "~ Cya Xave )t

2@ T3 T2

Vega®™ (0, (" (a; x,,,);,

T+t

=Vega®S(0, (a3 ) )T, ok S Viaxo), ™|

avg/t,

T+t T+t ~ T+t;
C7(a; x0);. (C1(@; x0,0), " — C1(@5Xg0),. )

3 2@ T T 1+OMi @I M@ ).

Last, we show that all the remaining terms are negligible. The following Lemma summarises the
results:

Lemma 3.3.2.3. Under the hypotheses of Theorem 3.3.2.1, we have:
Vega®S(0, (" (a; X))t )T, k)

x E[mo(a; K’ +Xi);. T+ —aZ,’f;l‘ —rmola; x,

< MU@IMo@P VT (Vi + VT),

Vomma®$ (0, (7" (a; ), ) T )E[(n*(@: K + X,)] T = (@ k) ) —(ag,f;jt—-gaZ;*")Z]

<M1 (@IMo(@)P NT(VE + NT)>.

avg

T+t -t, T+t; 2 T+t; T+t;
), +a y +k”(m2(a; k'+X,l —mo(a; xavg " )]

Combining (3.25)-(3.26)-(3.27), Lemmas 3.3.2.1-3.3.2.2-3.3.2.3 and identity (3.38) yields that:

Call™4(e* 1, T, 5 (3.28)
=Call®S(0, (7" (a; x,,,)) )T k)
)T+t,
+Vega®S(0, (t(a: x],,)r )T, k){ s Ta:iT [ - V(a;x0)g + Ci(a; xo);]
xmg
Cs(@xiug), " Colaiayyy)y, ™" 1 .
+1 o o V@ xo) + Vi@ xo)g)

2at, T+t,T (—fl T+t,)3T2
X xz,zvg

Xavg
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+[ S (nk(a xavg)TH’) T] Cola: xavg)Tﬂl V(a; xo)"
s A0

(ka5 Xing)y YT 4 (@ P X )y, T2 ’

k CZ(a xavg)T-Hl _CZ(a xavg [T-Hi + C7(a xavg)T-Ht(Cl(a xavg)T-Hl _Cl(a xavg)T+tl)](V(a X )T+l‘,}

2 2(a[, T+[,)3T2 z(aié T+f,)5T3

1 )T+n

i >Tav . i 2
+ 2VommaBS(0 (T (a0 )T, k)(ﬁ(\/(a,xo)g)
xa\g

+OM (@M@ P VT (Vi + NT)?),

what allows to easily achieve the proof using Lemma 3.5.1.1 and the magnitude of the terms. O

3.3.3 Forward implied volatility expansions of type B

In this Subsection we provide approximations of the forward implied volatilities related to the pricing of
forward start options of type B. We introduce the stopped process (Xtt" )ie10.4+T1 = (Xiar)re0,,+1] and we

—;
e ’l

T Xi; . . . = .
interpret = eex; as a Radon-Nikodym derivative of a new measure P w.r.t. P on 7 under which

tAL;
W, =W; —f o(s,S s)ds, (3.29)
0
is a standard Brownian motion. Thus we can write the value of a forward start call option of type B as:

Call’SB(S g, 1;, T, K) = B[(eX*T — %), ] = B[e%i7 (X=X — ¢¥), ] = eE[(eX7 %1 — b, ], (3.30)

Thus we are reduced to compute similar expectations that those involved by the forward start options of
type A but under the new measure P. This leads to the next Theorem, the proof being given in Appendix
3.5.3:

Theorem 3.3.3.1. (2nd and 3rd order expansions of the forward implied volatility of type B). Assume
(H,) and suppose that Mi(a), Mo(a), T, t; and |k| are globally small enough to ensure the existence of
Ci(k) >0, Cs5(k) > 0, C3(k) > 0 and Cg(k) > 0 such that:

c"y —kmi(a; x)o =a i _ km(a;x),T,”" >Ci1(k)Mp(a) >0, VYxeR,

T+
2, %vg gl T+ 1C(a; xﬂ"g) l
loa (x07tl’T k) ~

LF.B Xavg 2 gl

’
Xavg

s x)f =7t (a; 00T = mo(a; 08 —kmi (@0 +EPma(@:0f > C3(k)Mo(a) >0, Vx€eR,

V(a; x0)i —kmy(a; Xt > Cs()Mo(@) > 0, (3.31)

’i av,
IFBg(xo’tl’T k) (3.32)
C7(a,x )T+t, . |
=nh (@3 x)r T+ - Ta_:‘fT [+V(a;x0)j + C1(a; x0)q] (3.33)
xavg
Cs(a; xavg)TH’ Co(a: X )p . ) )
2at’ T+iq (—t, T+t,)3T2 1[V(a; X()) + (V (a;xo)o]
Xavg
K2 (ﬂk(a xavg tT+fi)2T Co(a: xavg)TH,

- V(a; x0)g
[(ﬂ'k(a xavg)TH,) T 4 ](at, T+t’)27rk(a xavg)THl T2 0
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k CZ(a xavg)T-Hl _CZ(a xavg [T+ti + C7(Cl xavg)T-Hl(Cl(a xavg)T-Hl _Cl(a avg)T+tl)
2 z(af, T+f,)3T2 2(&2 T+t )5T3
>C6(k)M()(a) > 0.

](V( ax )T+t,

Then O'I F.B g s (x0,%i, T, k) and & oy F‘”g (x0,1;, T, k) are respectively a second and a third order approximation
of o1rB(x0,1,T,k) in the followmg sense:

Call™SB(e*, 1;, T, ) =Call® (xo, (75 (xo, 13, T, k)2 T x0 +k) + O(Mi (@) Mo(@)* VT (V5 + NT)?),

LF.B
(3.34)
Call™B (e, 1, T, ) =Call® (x0, (&) 15 (x0, 16 T, )T, 30 + K) + OMy (@[ Mo(@T? VT(VE + VT)?),
(3.35)

where the constants in the above estimates notably depend on C1(k), C3(k), Cs(k), and C¢(k).

3.4 Numerical Experiments

To illustrate the accuracy of our formulas, we choose the time-homogeneous CEV model for the stock
value which the dynamic is given by:

s, =vS§Paw,, s¢ >0,

with 8 € [0,1]. Although the asset price S; can reach O with a probability strictly positive and although the
hypotheses of boundedness and ellipticity are not fulfilled, we reasonably expect that our approximation
formulas remain valid for this model and we consider a fictitious log-asset with local volatility given by

a(x) = vePDx,

Thus our forward implied volatility approximation formulas read applying Proposition 3.5.4.1:

2,x, Bl -1 Vzti _
Ty c (X014, T, k) =v(S§K) 2 {1+(1C:B_1C:A)—(ﬁ 2) Sé(ﬂ Dy, (3.36)
2 2 1\8-1 2
& T _ B-DH’T, , TSP p-1?2
(@3 = ST {14 o (SR (1 - ) - F o log (K,
av ) 3(B-— I)Vzti _
IFCK(XO’ZI’T k) ﬂk(a, avg)l1+T (Bz SII(S K) {ﬁ 21co A+(ﬂTsé(ﬂ 1)
B S A G b 337
k(a; Xy )i (ki (a; )i TR 4 ’ '

VC € {A, B}. From the formula (3.36), it seems that at least around the money (i.e. K = 1) and for short
maturity (i.e. T << 1), the forward implied volatility of type A is higher than the corresponding vanilla
implied volatility (i.e. #; = 0) which is itself greater than the forward implied volatility of type B. From
the third order approximation formula (3.37), we can expect that for options reasonably far from the
money, the forward implied volatility of type A still remains higher than the forward implied volatility of
log?(K) B (*(a; )cmg)ZJfT)2
(k@i PT 4
far from the money. This may suggest that it is possible for the forward implied volatility of type B to
be higher than the vanilla implied volatility far from the money. All these features are confirmed by the

type B. The term | ] is negative around the money but can become positive



94 Chapter 3. Forward implied volatility expansions in local volatility models

following numerical tests.

For numerical experiments, we choose the values S¢ =1, v =20%, 8 = 0.5 and we allow the maturities,
the forward dates and the strikes to vary. We test the forward dates 0, 1M, 3M, 6M and 1Y and the
maturities vary from 3M to 10Y. Then the strikes approximately behave as e VT where q denotes the
value of various quantiles of the standard Normal law (from 1% to 99%) to cover around the money as
well far from the money options. The set of strikes are given w.r.t. the set maturities in Table 3.1.

As a benchmark, we use Monte Carlo methods using the conditional argument which is the central idea
of our proofs. More precisely for each sample path, we simulate with an Euler scheme the process:

1
dXx, = ve DX aw, — 5ve<ﬁ—1)Xtc1t),

under both the probabilities P and P up to the forward date #;. Then we evaluate for the whole set of
strikes and maturities E[(eX’z‘” Xy _K )+1X;,] and E[(ex'i+T‘X'i - K)|X;] using the closed-form formula of
a Call in the CEV model provided by [Schroder 1989], using as level of volatility ve DX This method
allows a quick and accurate estimation of the whole set of forward implied volatilities. For instance, us-
ing 10° sample paths and a time discretization of 300 steps by year, we obtain, using C++ on a Intel(R)
Core(TM) i5 CPU@2.40GHz with 4 GB of ram, all the estimations of the forward implied volatilities
for a given forward date with a computational time smaller than 2h and with confidence interval widths
reduced to less than 1 bp! for all the strikes and maturities. We report in Tables 3.2-3.3 the estimations
of the forward implied volatilities without indicating the confidence intervals for the sake of brevity and
taking into account that errors on these estimates are lower than +1 bp. On Tables 3.4, 3.5, we report
the errors using the third order formulas. These errors as estimated by subtracting to the value obtained
by the approximation formula the bound of the confidence interval of the Monte Carlo estimator cor-
responding to the worst case. That is if the value estimated by the approximation formula is greater
(respectively lower) than the Monte Carlo estimator we subtract to this value the lower (respectively
higher) bound of the confidence interval.

>Behaviours of the forward implied volatilities. From Table 3.2, we notice that the forward implied
volatility of type A is always higher than the vanilla implied volatility and is growing with #;. Far from
the money, the forward volatility is even greater: more than 1% of difference between t;, =0 and ¢, = 1Y.
Regarding Table 3.3, we see that the forward implied volatility of type B decreases with #; at the money
and is increasing with # far from the money and is always smaller than the forward implied volatility of
type A.

>Accuracy of the approximation formulas. We notice in Table 3.4 that for the forward implied volatil-
ity of type A, the results are very good with a maximum error of 11.39 bps for 7 = 10Y and ¢, = 1Y. The
errors become higher when #;, T or |k| increase. Up to maturity 5Y, we observe that the approximation
formula generally overestimates the true forward implied volatility for small values of #; and then yields
to an underestimation for large #;. For the maturity 10Y, there is almost always an overestimation. The
results are also very satisfying for the forward implied volatility of type B with a maximum error of
17.21 bps for T = 10Y and #; = 1Y. The magnitudes of the errors are very close but we nevertheless ob-
serve a fairly frequent overestimation with slightly underestimations around the money for small value
of T and medium values of ¢;.

11 bp (basis point) is equal to 0.01%.
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Table 3.1: Set of maturities and strikes for the numerical experiments

T\K| 1% 5% 10% 20% 30% 40% S50% 60% 70% 80% 90% 95%  99%
3M | 070  0.75 0.80  0.85 090 095 1.00 1.05 1.10 1.15 1.25 1.30 1.35
6M | 0.65 0.75 0.80  0.85 090 095 1.00 1.05 1.10 1.20 1.25 1.35 1.50
1Y | 0.55 0.65 0.75 0.80 090 095 1.00 1.05 1.15 1.25 1.40 1.50 1.80
1.5Y| 050 060 070  0.75 0.85 0.95 1.00 1.10 1.15 1.30 1.50 1.65 2.00
2Y | 045 0.55 0.65 0.75 0.85 0.90 1.00 1.10 1.20 1.35 1.55 1.80 230
3y | 035 0.50  0.55 0.70  0.80  0.90 1.00 1.10 1.25 1.45 1.75 2.05 2.70
5Y | 025 040 050 0.60 0.75 0.85 1.00 1.15 1.35 1.60  2.05 2.50 3.60
10Y | 0.15 0.25 0.35 0.50  0.65 0.80 1.00 1.20 1.50 1.95 2.75 3.65 6.30

3.5 Appendix

3.5.1 Results on Vega, the Vomma and the Ultima

We announce a technical result related to the Vega, the Vomma and the Ultima very useful for the proofs
of the expansions .

Lemma 3.5.1.1. Let x,k€ R, v>0and T > 0. For any integer m > 0, we have:

lx — k" Vega®S (x, 2T, k)| <. VT(vVT)™,
|x — k" |VommaP®S (x,v*T, k)| <. T(v NT)",
x — k" UltimaBS (x, v2 T, k)| <, T2 (v VT)"2,

where the generic constants depend polynomially on v VT.

Proof. For the first inequality, apply Proposition 2.6.1.3 of Chapter 2 to write that Vega®S(x,v*T,k) =
vT(@i2 — 8,)CallBS(x,v2T, k) and conclude with 2.6.1.1. For the second use Proposition 2.6.1.2 to write
that:

VegaPBS (x,v2T, k) [(x -k)? VAT

Vi BS(x. /2T k) =
omma > (x, Vv ) AT )

] (3.38)

and conclude again with Proposition 2.6.1.3 and Corollary 2.6.1.1.
The last inequality is handled similarly using Propositions 2.6.1.2, 2.6.1.3 and Corollary 2.6.1.1. |

3.5.2 Proofs of Lemmas 3.3.2.1-3.3.2.2-3.3.2.3

> Proof of Lemma 3.3.2.1 We begin with the first assertion. Expand @' 1o write:

T+t;
C7(a; xp00);. 1
—t;,T+t; =t;,T+ti7 _ >ravg’l; 2 —t;, T+t 2
Bl x, ~ @, " = By~ xo)l + 5058 e, UK, = x0)" ]+ Ry, (3.39)
Xvg
. T+t; . T+tiy2 . T+t . T+t
2 —1‘,‘,T+l‘[ Cs(a’x;vg Ii ! [C7(a9x2wg)ti l] Cs(a’x;vg)t[ ' C6(a7x21vg)[i '
000y X=Xy T T, T n T+ T T 2 . (340)
8 ah tT (al’ 1)3T2 atta tIT (au 1)3T2
x:wg xt’zvg xtlzvg xl’l\fg
1 2
3 3 b, T+, (1-4)
R, =E[(Xt,- - X0) f 053" " L=+, +(1-Dx0 Tdﬂ],
0
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where the operators Cs5, C¢ and C7 are defined in Definition 3.2.0.1. We readily have using Lemma
3.5.1.1: ,
RiVegaPS (0, (n*(a; x[,, )1 2T, k) = OMi(@)[Mo(@) 1} VT).

avg)t,

Then introducing the corrective process (X3 ;)re[0,7+1] depending on the Gaussian process X; (see (3.19)):
dX, =2a"V(t, x0)X1,,(dW; — a(t, x0)d?), X2 =0,
we obtain using Equations (2.3)-(2.6)-(2.7)-(2.18) of Chapter 2 the following weak approximations:
1 3
BIX;, = x0] =E[X1, ]+ 3B [Xa ] + OMi @[ Mo(@))17)

1 o 5
== 5 Vi@ o) - fo a(xo)a" (x0)EL X 1dt + OOM; (@) [ Mo(@)]*1)

=— %(V(a;xo)g + %Cl(a;xo)g +O(M1(a)[Mo(a)]2ti%), (3.41)
E[(X;, — x0)°] =E[X} 1+ O(Ml(a)[Mo(a)]zti%)

_ fo " a; (x)E[X1 ,]dt + V(a; xo) + O(M, (a)[Mo(a)]zti%)

:%(Vz(a; x0)g +V(a; xo)g + O(Ml(a)[Mo(a)]zti%). (3.42)

Combining (3.39)-(3.40)-(3.41)-(3.42) and Lemma 3.5.1.1 leads to the announced result.
We now pass to the second equality. Similarly we write using (3.42):

T4 =t T2 C7(a;x:1vg)tf+ti 2 2
E[(a,;;%i’ —a; D) ]:(—-t,-,m-T ) E[(X;, — x0)"]1+ Ra,
g
C7(a;x:tvg)£+[i 21,0 fi fi 43
=(w) (Z(V (a;x0)y +V(a; x0)y) + OMi(@)[Mo(@)]'t}) + Rz
a l; 1
xavg
Cr(a; Xjpe); " o Cela:xl,) ™" | 3
=(——————V(a; x0)})” + 2—————V(a; x0)f + OM (@) [Mo(@)]*1?),
2a ™T @y "PT? :
(3.43)
Cr(a; X, )1t s
Ry =E[R; + 2Ry —— ot — (X, — x0)] = OMu (@[ Mo(@)1*1}),
g
R3 =(X,, — xo)° f 028" oo ax, 41 -2 (1 = DA,
0
We achieve the proof with (3.43) and Lemma 3.5.1.1.
> Step 2: Expansion of 7;(a; x)tf”" . We have using the definition of 7;:
Elmi(a:k + X)) " = mi(@:x,)f 1 =01 (@ x)] il v, BIX, — x0] + Ry (3.44)
L G@o, T Cilax)
6x771(a;x)t7;+t' :E(ax _t;, T+t —- X _t;,T+t; : )’ (3.45)
@2 @ T
Cila;x)[ ™ Cala;x)] ™ +2Ce(a: )] ™ Co(ax)) "Cr(azx)]
= d i3 d L (3.46)

@ty @y @y
Ry =E[(X,, - x0)*
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1
X f 3)2@” 1(a; X)Z;Hi|x:k’+/lX,i+(1—/l)x0(1 —)d4].
0
=OM(@)[Mo(@)I*1)). (3.47)
Hence using (3.18)-(3.45)-(3.46)-(3.47) and the symmetry of the operator Cg, we get for (3.44):

T+t T+t
Elmi(ask" +Xy,), ™ = m1(a; Xg0),. " ']

~. T+t; . T+t; . T+t; . T+t; ~. T+t;
~ 1(V ' T+,i[Cz(a,x;vg)ti = Ca(a; xy,,),. ’+3C7(a,xiwg i (Cr@; X, = C1(@; xy,,),. ’)]
T2 (@ x0), 1, T+ 32 =1, T+i\S T3
2(ax )‘T 2(ax ) T

+OM (@) Mo(a)]*t:).

We conclude with an application of Lemma 3.5.1.1.
> Proof of Lemma 3.3.2.3 Although the explicit form of the residuals is tedious to write, there is no
extra difficulty so we let it as an exercise to the reader.

3.5.3 Proof of Theorem 3.3.3.1

We only detail the main differences with the proof of Theorems 3.3.1.1-3.3.2.1. First notice that:
ti+T 1 ti+T . 1
Xl‘,'+T _Xl‘[ = f a(t’XI)(dWl‘ - Ea(t’ Xl)dt) = Xl‘1+T _Xl,' = f a(tv Xl‘)(dWl - Ea(t’xt)dt)’
t t
in view of the definition of W (see (3.29)). Thus combining this observation with (3.30), the same
conditional expectation argument previously employed yields:
Call™*(e*, 1, T, ¢") =E[Call®® (xo, (@]} 5" — ki (a:K + X))’ T, x0 + k)] + O(Mi (a) [Mo(@)]*T2,

=E[Call®S (xo, (T (a: K’ + X,)} )T, x0 + k)] + OMy (@) [ Mo(@) P T?).

Next few changes occur after the volatility expansion when computing the expectations
E[(X;, — x0), E[(X;, — x0)?]. The dynamic of (X;)se[0,;,; under P is given by :

~ 1
dXt = a(t, Xt)(dW[ + Ea(t, Xt)dt), X() = X0.

dX1, = a(t, x0)dW, + 1a2(t, x0)dt, X10=0,

The followi k imati ith ~
e following weak approximations come wi { dXp,; = 2a"V (1, x0)X1 (dW; + a(t, x0)d1), X20 =0,

— — 1 )
ELX;, = xo] =E[X1 1]+ OMi (@ Mo(@)ti) = +5 V(@ xo)j + OMi (@) Mo(a)t)

— 1— 3 1 1 . 3
=E[X1]+ 5 EX2, ]+ OMi@IMo(@P1) = +5V(@ x0) + 5 Ci(@s x0) + OM @I Mo(@F 17 ),
— — 3001 , . 3
EI(X, = x0)°] =EIX] , ]+ OMi @[ Mo(@F'1}) = V(@ x0)5 + V(@ x0)g + OMi (@I Mo(@)T ).

Taking into account these modifications allows to easily complete the proof.

3.5.4 Forward implied volatilities in time-independent local volatility models

We give in this Subsection the explicit form of our forward implied volatility expansions given in Theo-
rems 3.3.1.1-3.3.2.1-3.3.3.1 when « is time-independent.
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Proposition 3.5.4.1. Under the hypotheses of Theorems 3.3.1.1-3.3.2.1-3.3.3.1, one has if a is time-
independent for any C € {A, B}:

2., , Ly
01 ¢ (0,10, ToK) =a(00) + (Le=p = Le=a) 50 (o )a (o) (3.48)
k. AT a@a®®) gy 1 W 5aP) @)
07 =a(of 1 + T[———— - —+ +k - , (349
a0} =ao 1+ T~ @0 + =5 a2t I} 349
(v 1
3., ;< a "’ (xg,,) a(xp)a™V (xp)t;
O'L;’Cg (X0, 13, T, k) =n* (a3, )i T + az(XQ)li{%[(]IC:B —lc-a)+ %
+a(2)(xzwg)[1 . a2(xo)t; .\ (01(1)(962%,))2 [ k2 ~ (nk(a;xfwg)gﬂ")zT]}
2 40 amk@ixly)) T (T (as X T T 4

(3.50)
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Table 3.2: CEV model (8 =0.5,v =0.2): BS forward implied volatilities of type A in % estimated by

Monte Carlo.

T

ti\K

1%

5%

10%

20%

30%

40%

50%

60%

70%

80%

90%

95%

99%

3M

0

IM
3M
6M
1Y

21.84
21.96
2221
22.59
23.35

21.48
21.56
21.75
22.03
22.59

21.14
21.20
21.34
21.54
21.95

20.83
20.87
20.97
21.12
2141

20.53
20.57
20.64
20.75
20.96

20.26
20.29
20.34
2043
20.60

20.00
20.03
20.08
20.16
20.31

19.76
19.78
19.84
19.92
20.09

19.53
19.56
19.63
19.73
19.93

19.31
19.35
19.44
19.56
19.82

18.91
18.97
19.11
19.32
19.74

18.72
18.80
18.97
19.23
19.75

18.54
18.64
18.85
19.17
19.80

6M

0

IM
3M
6M
1Y

22.24
22.33
22.53
22.83
2343

21.48
21.53
21.66
21.84
22.20

21.14
21.19
21.28
21.42
21.71

20.83
20.86
20.94
21.05
21.28

20.54
20.56
20.63
20.72
20.91

20.26
20.29
20.34
20.42
20.59

20.00
20.03
20.08
20.16
20.31

19.76
19.79
19.84
19.92
20.08

19.53
19.56
19.62
19.71
19.88

19.11
19.14
19.22
19.34
19.58

18.91
18.95
19.05
19.19
19.47

18.54
18.60
18.73
18.93
19.32

18.04
18.14
18.34
18.64
19.24

1Y

0

IM
3M
6M
1Y

23.15
23.24
2343
23.72
24.29

22.24
22.30
22.43
22.63
23.01

21.48
21.52
21.61
21.75
22.01

21.15
21.18
21.26
21.37
21.59

20.54
20.57
20.63
20.71
20.88

20.27
20.29
20.34
2043
20.58

20.01
20.03
20.08
20.16
20.32

19.77
19.79
19.84
19.92
20.08

19.32
19.34
19.40
19.49
19.67

18.91
18.95
19.02
19.12
19.34

18.37
18.42
18.52
18.67
18.97

18.05
18.11
18.23
18.42
18.79

17.21
17.31
17.53
17.85
18.49

1.5Y

0

IM
3M
6M
1Y

23.69
23.77
23.95
24.21
24.74

22.68
22.74
22.86
23.05
23.42

21.85
21.89
21.98
22.12
22.39

21.49
21.52
21.60
21.72
21.95

20.84
20.87
20.93
21.02
21.20

20.27
20.30
20.35
20.43
20.59

20.01
20.04
20.09
20.17
20.32

19.54
19.56
19.62
19.70
19.86

19.32
19.35
19.40
19.49
19.65

18.73
18.76
18.83
18.93
19.14

18.05
18.10
18.20
18.34
18.64

17.61
17.67
17.80
17.98
18.36

16.74
16.84
17.04
17.35
17.96

2Y

0

IM
3M
6M
1Y

24.29
24.37
24.54
24.81
25.33

23.16
23.22
23.35
23.54
23.91

22.25
22.30
22.39
22.53
22.81

21.49
21.53
21.60
21.71
21.92

20.84
20.87
20.93
21.02
21.19

20.55
20.57
20.63
20.71
20.88

20.02
20.04
20.09
20.17
20.32

19.54
19.57
19.62
19.70
19.85

19.12
19.14
19.20
19.29
19.46

18.55
18.58
18.65
18.75
18.96

17.90
17.94
18.04
18.17
18.45

17.22
17.28
17.41
17.60
17.99

16.13
16.24
16.46
16.80
17.46

3Y

0

IM
3M
6M
1Y

25.76
25.85
26.03
26.32
26.88

23.71
23.76
23.88
24.06
24.42

23.18
23.22
23.33
23.48
23.80

21.87
21.90
21.98
22.09
22.30

21.17
21.19
21.26
21.35
21.53

20.56
20.58
20.64
20.72
20.88

20.02
20.05
20.10
20.18
20.33

19.55
19.57
19.63
19.70
19.86

18.93
18.95
19.01
19.09
19.26

18.22
18.25
18.32
18.42
18.63

17.35
17.39
17.49
17.63
17.92

16.64
16.70
16.83
17.03
17.42

15.45
15.56
15.78
16.11
16.76

5Y

0

IM
3M
6M
1Y

27.83
27.92
28.11
28.39
28.96

25.01
25.06
25.18
25.37
25.73

23.73
23.78
23.87
24.02
24.30

22.72
22.76
22.84
22.95
23.19

21.52
21.55
21.61
21.71
21.89

20.87
20.89
20.95
21.03
21.20

20.04
20.06
20.12
20.19
20.35

19.35
19.37
19.42
19.50
19.65

18.57
18.60
18.65
18.74
18.90

17.77
17.80
17.87
17.97
18.17

16.65
16.69
16.79
16.93
17.22

15.79
15.85
15.98
16.18
16.57

14.29
14.40
14.63
14.97
15.66

10Y

0

IM
3M
6M
1Y

31.20
31.28
31.46
31.72
3223

2791
27.97
28.10
28.29
28.67

25.86
2591
26.01
26.16
26.46

23.79
23.82
23.90
24.02
24.25

22.33
22.36
22.43
22.52
22.71

21.23
21.25
21.31
21.39
21.56

20.08
20.10
20.15
20.23
20.38

19.17
19.19
19.24
19.32
19.47

18.10
18.12
18.18
18.26
18.42

16.89
16.92
16.99
17.09
17.29

15.40
15.45
15.54
15.69
15.98

14.25
14.31
14.45
14.66
15.07

12.21
12.33
12.60
12.99
13.77
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Table 3.3: CEV model (8 = 0.5,v =0.2): BS forward implied volatilities of type B in % estimated by
Monte Carlo.

T t\K| 1% 5% 10% 20% 30% 40% 50% 60% T0% 80% 90% 95%  99%
3M | O 21.84 2148 21.14 20.83 20.53 20.26 20.00 19.76 19.53 1931 1891 1872 18.54
IM | 21.92 2153 21.17 20.84 2053 2025 1999 19.75 19.53 1932 1894 18.77 18.61
3M | 22.10 21.64 2123 20.86 20.54 2024 1998 19.74 1953 19.34 19.01 1888 18.76
6M | 2236 21.80 21.32 20.90 20.54 2022 1995 19.72 1953 1936 19.12 19.04 1897
1Y | 22.85 22.11 2149 2097 2053 20.18 1990 19.68 1952 1941 1932 1934 19.38
6M | 0 2224 2148 21.14 20.83 20.54 20.26 20.00 19.76 19.53 19.11 1891 1854 18.04
IM | 2229 2150 21.15 20.83 20.53 2025 20.00 19.75 1953 19.11 18.92 1857 18.11
3M | 2242 2155 21.17 20.83 20.52 2024 1998 19.74 1952 19.13 1895 18.64 18.25
6M | 2259 21.62 21.21 20.84 20.51 2022 1996 19.72 1951 19.15 1899 1874 1845
1Y | 2293 21.74 2126 20.84 2048 20.17 1990 19.67 19.48 19.18 19.07 1892 18.83
1Y | O 23.15 2224 2148 21.15 20.54 2027 2001 19.77 1932 1891 1837 18.05 17.21
IM | 23.20 2227 2149 21.15 2053 2026 20.00 19.76 1931 1891 1839 18.08 17.28
3M | 2331 2232 2150 21.15 20.52 2024 1998 19.74 1931 1892 1843 18.14 17.44
6M | 2348 2239 2153 21.15 2050 2022 1996 19.72 1929 1893 1848 1823 17.66
1Y | 23.78 2254 2156 21.15 2046 20.17 1990 19.67 1927 1894 1858 18.40 18.09
1.5Y| 0 23.69 22.68 21.85 2149 20.84 20.27 20.01 1954 19.32 1873 18.05 17.61 16.74
IM | 23.73 2270 21.86 2149 20.83 20.26 20.00 19.53 1932 18.73 18.07 17.64 16.81
3M | 23.82 2275 21.87 2149 20.82 2025 1999 1952 1930 18.73 18.10 17.71 16.96
6M | 2396 2282 2190 21.50 20.81 2022 1996 1950 19.29 18.74 18.16 17.80 17.17
1Y | 2422 2294 2193 2150 20.77 20.17 1991 1945 1925 1875 1825 1798 17.58
2Y | O 2429 23.16 2225 2149 20.84 2055 2002 19.54 19.12 1855 1790 1722 16.13
IM | 2433 23.18 2226 2149 20.84 2054 20.01 1954 19.11 1855 1791 1725 16.21
3M | 2442 2323 2228 2149 20.82 2053 1999 1952 19.10 18.56 1794 1732 16.38
6M | 2455 2330 2230 2149 20.81 2050 1997 1950 19.09 18.56 1799 1742 16.62
1Y | 2480 2342 2234 2147 20.76 2045 1991 1945 19.06 18.57 18.07 17.62 17.08
3y | O 25776 2371 23.18 21.87 21.17 2056 20.02 19.55 1893 1822 17.35 16.64 1545
IM | 25.80 23.72 23.19 21.87 21.16 20.55 20.02 19.54 1892 1822 1737 16.67 1553
3M | 2590 23.76 2321 21.86 21.15 2053 20.00 19.53 1891 1823 1740 16.75 15.70
6M | 26.05 23.81 2325 21.86 21.13 2051 1997 1951 1890 1824 1745 1685 1594
1Y | 2632 2391 2331 2185 21.09 2046 1992 1945 18.87 1825 1755 17.06 16.40
5Y | O 27.83 25.01 2373 2272 2152 2087 20.04 1935 1857 17.77 16.65 1579 14.29
IM | 27.87 25.02 2374 2272 2152 2086 20.03 1934 1857 17.77 16.67 1582 14.38
3M | 2796 25.06 2375 2272 2150 2085 20.01 1932 1856 17.78 16.70 1590 14.56
6M | 28.10 25.11 23.77 2272 2149 2082 1999 1930 1855 17.79 16.76 16.01 14.82
1Y | 2835 2520 23.80 2271 21.44 20.77 1993 1925 1852 17.80 16.86 16.22 1532
10Y| O 31.20 2791 2586 2379 2233 2123 2008 19.17 18.10 16.89 1540 1425 1221
IM | 31.23 2793 2586 23.79 2233 2122 20.07 19.16 18.09 1690 1542 1429 12.31
3M | 31.30 2796 2588 23.78 2231 21.20 20.05 19.15 18.09 1690 1547 1438 12.53
6M | 31.39 28.00 2589 23.77 2229 21.18 20.02 19.12 18.07 1692 1553 1450 12.85
1Y | 31.56 28.08 2592 23.75 2225 21.12 1996 19.07 18.04 1693 15.65 14.75 13.46




3.5. Appendix 101

Table 3.4: CEV model (8 = 0.5,v = 0.2): error in bps on the BS forward implied volatilities of type A
using the third order formula.

T t\K| 1% 5% 10% 20% 30% 40% 50% 60% T70% 80% 90% 95%  99%
3M | O 0.00 0.00 000 000 000 000 000 000 000 000 000 000 0.00
M 065 049 038 030 024 021 020 021 023 026 037 045 054
3M | -0.26 -033 -035 -034 -032 -030 -029 -029 -030 -031 -031 -029 -0.24
6M | -0.87 -099 -096 -086 -0.75 -0.68 -0.65 -0.66 -0.71 -0.78 -0.88 -0.87 -0.78
1y | -2.00 -224 -2.05 -1.69 -133 -1.07 -098 -1.04 -123 -149 -194 -196 -1.78
6M | 0 0.00 0.00 000 000 000 000 000 000 000 000 000 000 0.00
M 053 035 029 025 023 021 020 020 021 025 028 036 052
3M | -031 -035 -034 -033 -031 -030 -029 -029 -029 -030 -031 -030 -0.21
6M | -096 -094 -086 -0.78 -0.72 -0.67 -0.65 -0.66 -0.68 -0.76 -0.80 -0.85 -0.71
1Yy | -2.19 -195 -168 -140 -1.18 -1.04 -099 -101 -1.11 -143 -1.60 -1.85 -1.65
1Y | 0 0.00 001 001 001 001 001 001 0.01 0.01 0.01 0.00 0.00 -0.01
1M 053 038 029 026 022 021 021 020 021 024 029 035 057
3M | -0.29 -035 -034 -033 -031 -030 -030 -029 -029 -030 -030 -0.28 0.29
6M | =093 -096 -086 -080 -0.71 -0.68 -0.66 -0.66 -0.68 -0.73 -0.80 -0.80 -0.45
1y | -2.10 -2.02 -1.62 -142 -1.12 -1.04 -101 -1.02 -1.13 -133 -1.64 -1.75 -1.09
1.5Y| 0 002 003 002 002 002 001 001 001 001 001 001 001 -001
M 052 039 030 027 023 021 021 021 021 024 029 036 056
3M | -0.28 -034 -034 -034 -032 -030 -030 -029 -029 -030 -029 -026 0.33
6M | -091 -096 -088 -0.82 -0.74 -0.68 -0.67 -0.67 -0.68 -0.72 -0.78 -0.76 -0.35
1Yy | =205 -199 -166 -149 -121 -105 -103 -1.05 -1.10 -131 -1.60 -1.67 -0.87
2Y | O 005 006 005 004 003 003 002 002 002 002 002 001 -0.03
M 056 042 033 028 024 023 022 021 022 024 029 037 063
3M 026 -033 -034 -033 -031 -030 -029 -029 -029 -029 -028 -023 049
6M | -0.86 -095 -0.89 -0.80 -0.73 -0.71 -0.67 -0.67 -0.68 -0.72 -0.76 -0.71  0.64
1y | =195 -198 -1.71 -142 -1.19 -1.11 -1.04 -1.05 -1.13 -131 -154 -1.58 1.16
3y | O 0.15 0.15 013 009 007 006 005 005 004 004 003 001 -0.06
1M 073 049 044 033 028 026 024 023 024 025 031 038 0.63
3M 048 -026 -028 -030 -029 -028 -028 -028 -028 -028 -025 -0.18 0.60
6M | -0.60 -0.89 -0.89 -0.80 -0.74 -0.70 -0.67 -0.66 -0.68 -0.71 -0.72 -0.62  0.93
ly | -1.50 -190 -1.81 -145 -125 -1.12 -1.06 -1.06 -1.14 -131 -1.51 -1.40 1.82
5Y | O 075 055 042 032 022 018 015 0.12 011 009 006 0.02 -0.18
M 139 090 069 055 043 037 033 030 029 030 034 041 0.68
3M 123 061 043 033 025 022 -021 -022 -023 -023 -020 024 095
6M 1.09 -056 -0.67 -0.69 -066 -064 -062 -062 -064 -066 -064 -043 184
1Y 1.05 -156 -157 -143 -121 -1.11 -1.04 -105 -1.13 -128 -139 -1.03 393
10Y| O 7.81 433 281 170 1.15 084 062 049 039 030 0.17 -0.03 -0.80
M 857 474 3.09 191 1.33 1.02 078 066 056 049 046 045 0.65
3M 875 450 280 1.65 111 083 062 050 039 031 029 044 203
6M 919 420 237 124 076 052 034 -032 -041 -047 -040 055 495
1Y 10.86 410 194 082 -049 -061 -070 -0.78 -092 -1.10 -099 086 11.39
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Table 3.5: CEV model (8 = 0.5,v = 0.2): error in bps on the BS forward implied volatilities of type B
using the third order formula.

T t\K| 1% 5% 10% 20% 30% 40% 50% 60% T70% 80% 90% 95%  99%

3M | O 0.00 0.00 000 000 000 000 000 000 000 000 000 000 0.00
1M 054 037 025 017 012 -0.14 -0.14 -0.13 0.11 015 027 035 044
3M 058 038 028 022 -021 -021 -021 -021 -020 020 028 036 047
6M 139 079 048 033 -031 -032 -032 -032 -030 029 052 076 1.13
1Y 557 3.4l 220 157 127 114 110 1.11 1.19 138 234 326 457

6M | 0 0.00 000 000 000 000 000 000 000 000 000 000 000 0.00
M 041 022 017 013 -0.13 -0.14 -0.14 -0.14 -0.12 0.14 0.17 025 043
3M 044 026 022 -021 -021 -021 -021 -021 -020 0.19 021 027 047
6M 091 041 032 -032 -033 -033 -032 -032 -031 -027 031 0.49 1.09
1Y 3.80 1.94 1.54 1.31 1.18 1.12 1.09 1.09 1.12 1.31 1.50 220 434

1Y | O 0.00 001 001 001 001 001 0.01 0.01 0.01 0.01 0.00 0.00 -0.01
1M 040 025 016 0.13 -0.13 -0.14 -0.14 -0.14 -0.12 0.12 0.19 024 048
3M 045 028 022 -021 -021 -021 -021 -020 -0.20 -0.19 022 026 058
6M 0.89 045 -031 -033 -033 -033 -032 -032 -031 -029 034 047 141
1Y 364 208 145 1.30  1.15 1.11 1.09 1.09 1.11 1.21 1.60 210 525

1.5Y| 0 002 003 002 002 002 001 001 001 001 001 001 001 -001
M 038 025 017 015 -0.12 -0.13 -0.13 -0.13 -0.12 0.12 0.19 025 047
3M 043 029 023 022 -021 -020 -020 -020 -0.19 0.19 022 028 059
6M 0.81 044 -031 -033 -033 -032 -032 -031 -031 -029 034 051 1.42
1Y 328 201 146 133 1.18  1.11 1.10  1.08 1.09 1.18 158 220 5.16

2Y | O 005 006 005 004 003 003 002 002 002 002 002 001 -0.03
M 041 028 020 015 012 -0.12 -0.12 -0.12 -0.11 0.13 0.18 027 054
3M 047 032 025 023 021 0.21 020 019 019 019 0.21 0.30  0.77
6M 084 047 033 -033 -032 -032 -031 -031 -030 -0.28 0.31 0.56 1.89
1Y 330  2.06 1.52 1.28 1.17 1.14 1.10 1.08 1.09 1.16 147 236 648

3y | O 0.15 015 013 009 007 006 005 005 004 004 003 001 -0.06
M 055 035 030 020 016 014 013 012 013 015 020 028 054
3M 0.67 039 034 028 025 024 023 022 021 020 023 033 0.86
6M 1.16 050 042 032 -030 -029 -029 -028 -028 -026 035 063 212
1Y 399 199 172 132 122 116 1.13 1.10  1.09 1.15 1.57 252 697

5Y | O 075 055 042 032 022 018 015 012 011 009 006 002 -0.18
M .18 075 056 043 031 026 022 020 019 020 024 031 058
3M 137 078 060 049 040 036 032 029 026 024 027 039 1.18
6M 193 088 064 052 043 040 036 033 029 028 040 076 3.02
1Y 499 240 1.83 1.55 1.36 1.29 1.21 1.15 1.11 1.15 1.63 281 922

10Y| O 7.81 433 281 .70 1.15 084 062 049 039 030 0.17 -0.03 -0.80
IM 827 455 295 1.80 123 092 069 056 047 040 036 035 054
3M 864 462 298 186 132 102 079 066 053 043 040 056 223
6M 943 478 302 187 135 1.06 083 069 055 045 058 120 6.17
1Y 13.11  6.65 434 293 231 1.97 170 151 1.33 1.28 191 385 17.21
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In this Chapter, we discuss the choice of the parameterization and of the proxy model. First we
show that different parameterizations can lead to the same expansions and we compare their advantages
and drawbacks. Then we see how to directly obtain a log-normal proxy model without performing
the classical exponential change of function for the payoft function and for the diffusion coefficients.
This allows a comparison between the use of a normal proxy on the log-asset and the use of a log-
normal proxy on the asset. Next we investigate the use of a displaced log-normal proxy in the time
homogeneous framework and we finally gather some numerical results illustrating our discussions. We
keep the notations of the Chapters 1 (see Section 1.2) and 2 (see Subsection 2.1.1 and Definition 2.3.1.1).

4.1 Revisiting the parameterization

In this section we assume that the local volatility function a is bounded, infinitely differentiable with
bounded derivatives. We recall the interpolated process used to link the initial model and the proxy:

1
AX] =~ (1. X)di+a(. X)W, X[ = xo. (4.1)

for an interpolation parameter 7 lying in [0, 1]. We have seen that the Gaussian proxy process (obtained
by freezing at xj the local volatility function a) is equal to X” = X? + 8, X]"y=0 and thus we approximate

n
1 .
at the order n the difference X, — X” with the partial sum Zﬁ(ag XDl=o0-

=2
We could consider instead of X;, the following interpolated process:

A 1 A A A
dX;7 = —Eaz(z‘, X0+ 17(X;7 —x0))dt + a(t, xo + 17(X;7 —Xxp))dW;, Xg = Xp. “4.2)

Observe that this parametization is more user friendly because there is no need to derive w.r.t. 7 to see
the link between X, and X”. Actually X, is nothing else but X! whereas X = X°. This parameterization
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seems more natural than (4.1) and simply consists in doing an interpolation of the spatial argument of
the local volatility function between X; and xo.

The question is: do the two interpolated processes lead to the same approximations? The answer is yes
because the two processes are related by the relation in =x0+ n(X;’ — xp). Posing Y," =X+ 77(}2;7 - X0),
an application of the Itd’s formula namely yields to:

. 1 . A
dY" =ndX" = n(—iaz(t, x0+1(X] = x0))dt + a(t, xo + n(X] — x0))dW,)
1
=n(=5a* (6 Y)dt+a(t, Y)dW), ¥/ =0.

We retrieve exactly the dynamic (4.1) with the same initial condition and we conclude with an unique-
ness argument.
Thus we have: X? =0, (3,X])l=0 = X° — x0 = X — x0 and for any i > 2:

(0 XDly=0 = 19! (K] = x0) =0 = i(9) -, XMy0-

Consequently, if one considers a n-th order expansion, one has:

n n—1
1 1w
P
X, -X; ~ § F(ajﬂ.xf)b,:o: § ﬁ(ajﬂx,”)h,:o.
=27 =17

An other advantage of this equivalent parameterization (4.2), is that to perform a n-th order expansion,
one only needs to compute the n first derivatives of )A(? w.r.t. 7 (the n-th is for the error estimate)
instead of the n+ 1 first derivatives of X/ w.r.t. 1. As a consequence, it is sufficient to assume that
the local volatility function is C"*!(R,R) instead of being C"™2(R,R) (see [Kunita 1984, Theorem 2.3]).
For all these advantages, it seems better to use the interpolated process (4.2) and we use a similar
parameterization in the next Parts of the thesis.

There are doubtless many other suitable parameterizations allowing to perform similar expansions. For
example we mention:

dX! = —%(naz(t, X+ (1 =ma(t, x0)dt + (pa(t, X) + (1 - pa(t, x))dW,,  X]=x.  (4.3)

We have obviously X; = X, and X? = Xf . But this interpolation is less convenient than (4.2) because the
first corrective process (8,,)?;7 )ly=0 is not explicit. We have indeed with the notation (8,,)?;7 Np=0 = X 1.6

3 1 N
dX;, = —E(az(t, X[) = (¢, x0))de + (a(t, X[) - a(t, x0))dW;, X[ =0.

One could approximate X; ; by X; ; solution of:
dXy, = —a(t, x0)aV (1, x0)(X[ = x0)dt +a V1, x0) (X[ = x0)dW,, X!, =0.

A careful analysis of the SDE satisfied by the difference process (X 1= X 1.0)re0.77 leads without difficulty

to the estimate sup IIXIJ —)A(l,,llp = O(Ml(a)[Mo(a)]zT%) for any p > 1, what is the magnitude of the
1€[0,T]
error when performing a second order expansion.

It finally seems more straightforward to directly consider the interpolated process (4.2).
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4.2 Normal proxy on log(S) or Log-normal proxy on S

To consider a log-normal proxy, we worked in Chapter 2 with the log-asset X = log(S) where § is
assumed to be a positive process solution of the next SDE:

dS;=S80(1,5)dW;,  So=¢" >0, (4.4)

and we envisaged a Gaussan proxy process for X. One had to carefully change the volatility function (a
in (4.1) is defined by a(t, x) = o°(¢,e*)) and the payoff function: E[g(S 1)] = E[h(X7)] with A(x) = g(e*).
As a result, we have obtained an expansion formula with corrective terms which are sensitivities w.r.t.
the X-variable. We recall the second order formula with the volatility frozen at xq:

Theorem 4.2.0.1. (2nd order log-normal approximation with Greeks w.r.t. to the X-variable). Assume
(HS,) and suppose that h is locally Lipschitz with exponential growth in the following sense: for some

constant Cp, > 0,

h(y)—nh
|h(x)| < CpeCiH, |M| < eGP (yy 2 x),

y—x
Then
BIh(X)] =EIHXD)] + [ f (1, x0)( f als 1) (5, s\, ~ 3% + 30, JEIHOKE))
FOM@OIMo@PT?).

One could prefer an expression in terms of (usual) Greeks w.r.t. the S-variable (this is done for
instance in [Gobet 2012b] up to the third order formula). We define the log-normal proxy S”, proxy
model of the process S by:

ds? = 5Po(1,50)dw,. 4.5)

One has:
P xP S? X X Si P
O0x E[h(X7)] = 0x,Elg(e’1)] = aon[g(S—Oe N=e OasoE[g(S—oSo)] =S800s,E[g(S )]

Using the Faa di Bruno’s formula (see [Faa di Bruno 1857]), one obtains more generally for any n > 1:

n—! Z?=lkja j=1 /
n (k0 Sk
ket erin [ =1 K7D 5]
Z,’;:] Jkj=n

a;SE[h(ng)] = Elg(SD1. (4.6)
Applying this formula to the expansion proposed in Theorem 4.2.0.1, we obtain:

Theorem 4.2.0.2. (2nd order log-normal approximation with Greeks w.r.t. to the S-variable). Assume
(HY,) and suppose that h = g oexp is locally Lipschitz with exponential growth (in the sense described
in Theorem 4.2.0.1). Then:

T T
E[g(S7)] =Elg(S )] +[ fo (1,5 0)( f fT(S,So)SofT(l)(S,So)ds)df](sgagg+%S%3§§)E[ Xp]
t 0

+OMy (@) Mo(@)]*T?).
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We would like to find a parameterization directly on the process S allowing to retrieve the results of
the above Theorem. In the spirit of the interpolated process (4.2), we propose an interpolation based on
the geometrical mean between S, and S in the function o~ and we define for any 7 € [0, 1]:

ST =870t (TS, AW, ST =" >0, 47

sothat S! = S, and SO = S”. It’s not hard to verify that (¢X/),cjo.7] (see (4.2)) follows the dynamic (4.7)
and hence that S 7 =X for any t € [0,T] and any n € [0,1]. If we work with h(f(;), we retrieve the
results of the Theorem 4.2.0.1 (see Section 4.1). To directly obtain the corrective terms of the expansion
proposed in Theorem 4.2.0.2, we focus on S”. Assume:

° (7—(_‘9’0): o is a bounded measurable function of (¢,5) € [0,T] xR™", and five times continuously
differentiable in S with bounded derivatives. Set

Mi(@)=max  sup  |9},0(:.8) and Mo(c) = max  sup  [d%,0(5,S).
1<i<5 (1.§)€[0.TIxR* 0<i<5 (1,9)€[0,T1xR*

In addition we assume that fOT (1,8 0)dt > 0.
A straightforward differentiation of (4.7) w.r.t.  gives using the notation S ’17 ;= 0S &
ds?, = {87 o(t. (S8 s+ ST Ve, (STS ST o IRT - x0) +nRT AW, ST =0,
and thus we get for 7 = 0, noting S 1, = (8,5 )ly=0:
dS 1= {S140(1.50) + S 00V (2.S 0)(XT ~x0)}dW,,  S10=0.

This linear equation can be solved in closed-form (see [Protter 2004, Theorem 52]):
!
S, =8F f S0 V(5,8 0)(XF = x0)(dW; — (5,5 0)ds).
0

For the formal following calculus, we assume that g is a smooth function with compact support (on can
relax this assumption and apply a regularization argument, we skip details). One has to compute the
corrective term E[g"(ST)S 1 7]. We have:

e using the Malliavin duality relationship,
o identifying the It integrals with the Skorokhod integrals,
e using that for any t < T, and any n,m > 1,

Dy(g™(SDYSEY™) =g DS EYS LY Di(SF) + mg™ (S PSPy D (S F)
=(g" VS EYS LY + mg (S PYS DYy or (2,8 o),

that:
T
ElgV(SP)S 171 =E[gV(SD)sE f S0V, S 0)(XF — x0)dW,]
0
T
B (sh)s? f (5, 50150V (1, S ) (X  x0)dr]
0

T
_E[(g?(SE)SEY + gV (S DS E) f (1,508 V(1 S 0)(XP = x0)dr]
0
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T
B (Sh)S? f o (5,50)5 0V (1, S ) (X  x0)dr]
0
T
=E[g@(SP)(ST)? f o (t,50)S 00 V(1,8 0)(XF — x0)dr]
0

Then we write using the 1t6’s formula for the product (XtP ) ft r (5,50)S 0V (s, 8 g)ds:

T T T
f 7 (t.80)S oo V(1. S 0)(X] — x0)dt = f ( f 7(5.50)S 0V (5,50)ds)dX; — x0)
0 0 t

T T
= f ( f o-(s,SO)SOO'(”(S,So)ds)(—%a'z(t,So)dHra(t,So)th).
0 t

Thus we obtain applying again the same tools:
T
E[g@(SF)(SF)? fo o (t,50)S 00V (1,8 0)(XF — x0)dr]
1 T T
==3 f (1,5 0)( f 0 (5,50)S 0 V(5,8 0)ds)dE[g P (S )(S £)?]
0 t
T T
+E[gP(SF)(sEy? f ( f 0(s5,50)S 00"V (s, S 0)ds)o (2, S )dW,]
0 t
1 T T
=-3 f (1,5 0)( f 0 (5,80)S 00 V(5,8 0)ds)dE[g P (S (S 1)*
0 t
T T
+E[gP S S +2¢@ (S DS D)) f ( f 0(5,50)8 0 V(5,8 0)ds)o (1,5 0)dr]
0 t

T T
3
= fo (1, 0)( f c(s,so>soa“><s,So>ds)dt(E[g<3><S5)(5’;)3]+EE[g@)(SfT’)(S’T’)z]).

The final trick lies in the observation that

sk sk
I, Ele(S I = gL Elg V(S )51 = -+ = Blg (S P50

for any n > 1. We exactly retrieve the corrective terms of Theorem 4.2.0.2.

We nevertheless mention that the explicit derivation of the expansion coefficients is a little bit more
tricky. First, the corrective processes ((’)Z,,S Mly=0 are not anymore a sequence of iterated Wiener inte-
grals but a sequence of nested processes solutions of linear SDEs. If an explicit form remains available,
the manipulation of such processes seems a little less tractable. Second one has to carefully apply
the Malliavin calculus on log-normal processes. Finally the identification of the Greeks is slightly less
straightforward and relies on knowledge of martingales properties (for any n € N, ((S)"0%,v(¢,S tP Drefo, 11
is a martingale where v(z,S) = E[g(S)ISF = S1) or flow properties.

If we wanted to perform a rigorous error analysis in terms of My(o),M;(c), T and the growth assump-
tions on the function g (a good hypothesis could be to assume that g has polynomial growth), it would
be necessary to estimate the L” norms of S, - S -§ ﬁ = j(;l(l - n)éf}zS dn and the Malliavin derivatives

of §,—SF = fol Sg”tdn. Although the methodology is the same as that previously employed with the
Gaussian proxys, the calculus seem a little bit more tedious similarly to the corrective terms derivation
step.

Finally we should mention that the parameterization (4.7) is not very natural without the knowledge of
the interpolated process (4.2) for the log-asset. This parameterization (4.7) fortunately allows an explicit
calculus of the expansion terms (this is its raison d’étre) but this is not obvious to guess it directly.



108 Chapter 4. Discussion on the parameterization and on the proxy model

As a conclusion, when considering a proxy process which is a function of a Gaussian process (as the
log-normal process), it seems more convenient to apply a transformation on the initial process and on
the payoff function to go back to Gaussian proxys.

4.3 Towards a displaced log-normal proxy

So far we only have considered Gaussian and log-normal proxys. Such proxys are obtained with a zero
order approximation of the diffusion coeflicients. In order to reduce the number of corrective terms
in the expansions, we could envisage higher order proxys. In the context of time-homogeneous' local
volatility, a natural surrogate is the displaced log-normal proxy obtained with a first order expansion of
the diffusion coefficients. We consider the solution of the following SDE:

dS, =2(S)dwW;, So>0, 4.8)
where we assume that X satisfies:

° (f{ 2): ¥ is a bounded measurable function of S € R*, and five times continuously differentiable
with bounded derivatives. Set

Mi(Z) = max sup I=0(8)] and Mo(Z) = max sup I=0(S)l.

SISS §eR+* <ISS §eR*

In addition, there exists a constant ¢y > 0 such that min(Z"V(S 0),Sinﬂg 2(8)) > c3.
€ +
Then the corresponding displaced log-normal proxy is defined by:
dSt = [=(S0) +ZV(S o) ST ~S0)1dW,, S{=S¢ (DispLacep Log-NorMAL ProxY). (4.9)

Remark 4.3.0.1. We assume that V(S ) # 0, otherwise the proxy (4.9) is equivalent to the Gaussian
proxy. We suppose w.l.g. that SV (S o) > 0, the case V(S o) < 0 being handled similarly.

Using standard inequalities and Gronwall’s Lemma, one easily obtains the estimate sup ||S; —
1€[0,T]

Sf I, = O(Ml(a')[Mo(a')]zT%), for any p > 1. This error magnitude means that when considering a
payoff function g locally Lipschitz with polynomial growth, the approximation E[g(S )] ~ E[g(S )] is
already of order 2 w.r.t. the model parameters. A closed-form formula is available for E[g(S f’ )] because
(Sf7 )ier0.7] 1s connected to a log-normal process (YtP )ieq0.77 through the relations:

YF =2(80)+ V(S 0)(ST - So), (4.10)
dy? == 0)dst ==V (so)vFaw,,  ¥E =2(So). (4.11)

As discussed in the Section 4.2, to find a interpolated process allowing to connect S and S” and to
compute corrective terms in order to improve the approximation E[g(S )] = E[g(S f) )] seems not to be
an easy task at first glance.

>A direct approach. A first attempt could be to consider the next parameterization:
dS7 =S+ A -IS o) +EV (S 0)(ST -So)}dW,,  S§=So.
With the notation (9,S ;’)l,,:() =S, it comes:

dS 1, = (ZPS0)S 1, + 2T - [2(S0) + TV (S 0)(SF =S o)}dW,,  S10=0.

'We consider time-independent parameters to make explicit the calculus using the displaced log-normal proxy.
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The solution of this linear SDE does not lead to illuminating computations. In view of the discussion at
the end of the Section 4.1, we consider:

?(So)

dS1,={ZV(S0)S 1+ (57 =S0)’)dW;, S10=0,
and once again classical inequalities combined with the Gronwall’s Lemma yield to the estimate

sup IS 1, =S 1.4l, = OM1()[Mo(0)1>T?). Then we write in closed-form S, using (4.11) and (4.10):
1€[0,T]

t
51,t=Y,‘°f(Yf)—‘2 (SO)(SP S0)2(@dW, —=1(S 0)ds)

=S
=v! f )™ Z(E(I)ESO;)Q(Y;D—Z(So))z(dWs—E(”(So)ds).

For the formal following calculus, we assume that the function g is smooth with compact support. Using

the fact that and D, Y7, P =3xS 0)Yr P and DS P = % =Y, P for any t < T (see (4.10)) and the Malliavin

tools developed in the Section 4.2, we obtain without dlfﬁculty.

@S o)

Mg PG —
B GDS 1= 35w

T
BP0 dsl
0
But how to continue the computation is not clear because Y satisfies a linear equation as a log-normal
process and consequently the application of the same arguments would be endless. An idea could be to
consider a Gaussian approximation of (Y?)~'(Y? —2(5¢))>.

>Using a transformation on the model. As an alternative, as explained in Section 4.2, we could apply
a transformation to the payoft function and to the initial process.

The heuristic is the following: if S is closed to the displaced log-normal process S”, the process Y =
(S o) +ZM(S0)(S,—So) behaves closely to the log-normal process Y”. Y is solution of the next SDE:

t—E(SO)

M M ()] =
dY; =2Y(S)dS; =2V (S0)Z(S AW, = (S 0)2(So + SD(S )

AW, Yo =2(So). (4.12)

Then assuming that Y is strictly positive, we define the process (X; = log(Y;))se[o0,r] solution of:

1
dX; = a(X,)(dW, - Ea(X,)dt), xo = log(Z(S0)). (4.13)
where a(x) = e *ZW(§)Z(S o + e;(—l)z(gso(;))‘ Now assume (H?). Straightforward calculus show that:
&) 1) ?) (S 0)ZP(S o)
a(xp) =X (So), a ’(xo) =0, a”’(x0) =——r o

(S o)

Thus if we want to price a Call option written on the asset S with strike K, we write using the strict
positivity of Z(V(S):

__ 1 X7 ()
E[(St-K)+]= mE[(e —[Z(S0)+Z ' (So)K—S0)D+]
Next we suppose that the new strike K; = [ZDS (K = So)+Z(S0)] > 0 (this is the case for OTM and
ATM options) otherwise the price is equal to So— K and we apply the Theorem 2.3.1.1 of Chapter 2
Section 2.3 to directly obtain the following result:
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Theorem 4.3.0.3. (2nd and 3rd order displaced log-normal approximations for Call options). Assume

(HE) and (H?) where a(x) = e V(S 0)Z(S o + & (1i(SSO))) Suppose that

Ky =[ZD(S o) (K =S0)+2(S0)] > 0 and let x; = xo =10g(Z(S o)), aqg = a(xg) = ZV(S ), and kg = log(Ky).
Then we have using the displaced log-normal proxy:

Call(So,T,K) :2(1)(80)CallBS(xd,aflT,kd) + OM(@)[Mo(@)PT?), (4.14)
1 BS ) Cra;xa)y 1 1, Bs )
_mcm (xd,adT,kd)+W(—§6x+Eaxz)Call (x4,aT, kq) (4.15)
Cy(a;xa)y 1 2 3 a4 BS 32
+ W —Zax Zaxz —26 +0 4)Call (Xd,a T,kd)+O(M](a)[M()(a)] T ),

where:
T T? 3 2) T? 1) 25(2)
Ca(a; xa), =5 (xa)a”(xq) = 5 2(S0)E T (S0)Z(So),
r T s r’ (D s @)
Cs(a; xa), =5 (xa)a = (xq) = 5 2(So)E(S0)Z(S0).

We notice that the above expansions contain less terms (owing to the fact that a'"(xq) = a'V(x,) = 0)
than the corresponding order 2 and order 3 approximations using the log—normal proxy. The second
order formula (4.14) reduces to only a suitably rescaled Black-Scholes price = Call®S (x4, a> T ka).
The simplicity of the formulas is a significant advantage.

In addition, if Z? is null (i.e. if T is affine and thus (! is constant), the corrective terms are equal to
zero what is coherent because the initial model coincides with the displaced log-normal proxy model.
Moreover the error term is obviously equal to zero because in this case, for any x € R, we have:

X _ X _
=20 siyg, 4 £ S0)
T(M(S)) ZM(So)

z<1>(s )

d'(x) = =2D(S g)e ™ X(S o + )=-2D(S0)+ZV(S0) =0,

and hence M;(a) = 0. Numerical tests of these approximations and comparisons with the normal and
log-normal proxys are postponed to Subsection 4.4.2.

4.4 Numerical experiments

4.4.1 Comparison of the implied volatility behaviors in the displaced log-normal and
CEYV models

In this Subsection, we compare the behaviors of the implied volatility in the displaced log-normal and
the CEV models and the accuracy of the approximation formulas developed in Chapter 2. We consider
the processes S ¢ (displaced log-normal) and S ¢ (CEV) solution of:
dsd =v(1-p+pSHhaw,, Si=1,
ds¢ =S, sd=1,
for 8 €[0,1] and v > 0. With the notation £4(S) = v(1 =B+ S), aq(x) = v(1 =B+ Be e, Z.(S) = vSP
and a.(x) = veBD* we readily have:
L=y, T M= IP1) =0, a0 =v, a @) =vB-1), a0 =v(1-p)
L=y, M=, PO =BE-1, a®=v, a’O)=vB-1), a0 =vB-1y.
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We deduce from these simple calculus that the two models induce a similar short term implied volatility
ATM because the corresponding local volatility functions are equal at spot (directly connected to the
level of the implied volatility ATM for short maturity) and have the same slope at spot (approximately
equal to the double of the slope of the implied volatility ATM for short maturity). Besides the order 2
approximations (see Theorem 2.1.2.3 of Chapter 2 Section 2.1) give the same price approximations for
the two models. However the curvature of the local volatility functions at spot are different and we can
consequently expect a different behaviour far ITM and far OTM and/or for long maturities.

For the numerical experiments, we set v = 0.25 and we consider either 8 = 0.8 (a priori close to the
log-normal case) or 5 = 0.2 (a priori close to the normal case) and compare the true values of the implied
volatility in the two models as well their approximations with the order 2 and 3 price approximations at
spot (and then evaluating the corresponding implied volatilities) using the normal and log-normal proxys
(see Theorems 2.1.2.3 and 2.3.1.1 of Chapter 2 Section 2.1) for various maturities and strikes.

We use the following maturities 7: 6 months, 1 year, 2 years and 5 years and the strikes evolve approxi-
mately as S gexp(cv VT) where ¢ takes the value of various quantiles of the standard Gaussian law from
1% to 99% in order to cover far ITM and far OTM options.

We report in Tables 4.1-4.2-4.3-4.4 for the value 8 = 0.8 (one table for each maturity):

o The true values of the implied volatility in the displaced log-normal model denoted by True LND,
the implied volatility approximations obtained with the second order price approximation at spot
with the normal and log-normal proxys using the notations AppN, and AppLN, and with the third
order price approximation at spot with the normal and log-normal proxys denoted by AplegLN and
AppLN3™Y,

e The true values of the implied volatility in the CEV model denoted by True CEV, the implied
volatility approximations obtained with the second order price approximation at spot with the
normal and log-normal proxys using the notations AppN, and AppLN; (similar to the displaced
log-normal model) and with the third order price approximation at spot with the normal and log-
normal proxys denoted by AppNS™ and AppLNSFY,

We do the same work in Tables 4.5-4.6-4.7-4.8 for the value 5 =0.2. When the price approximation does

not belong to the non-arbitrage interval (S — K)+,S o[, we just report ND in the tabular.

Table 4.1: True Implied Black-Scholes volatilities (%) for the displaced log-normal and CEV models and order
2 and 3 approximations using normal and log-normal proxys for v = 0.25, 3=0.8 and T = 6 M.

Strikes 065 075 080 0.85 090 095 1 1.05 1.10 120 125 135 1.50
True DLN 26.24 25.80 25.61 25.44 25.28 25.14 25.01 24.89 24.78 24.58 24.49 24.32 24.11
AppN; 2341 25.54 25.56 25.46 2531 25.17 25.03 2491 24.81 24.56 24.39 2391 22.83
AppLN; 25.96 25.69 25.55 25.40 25.26 25.13 25.00 24.88 24.76 24.54 24.43 24.21 23.85
AppNI3)LN 26.17 25.76 25.60 25.44 25.28 25.14 25.01 24.89 24.78 24.59 24.50 24.35 23.93

AppLNI;LN 26.19 25.79 25.61 25.44 25.28 25.14 25.01 24.89 24.78 24.58 24.49 24.34 24.16
True CEV 26.09 25.73 25.56 25.41 25.27 25.13 25.00 24.88 24.76 24.55 24.45 24.26 24.00

AppN; 2341 25.54 25.56 25.46 2531 25.17 25.03 2491 24.81 24.56 24.39 2391 22.83
AppLN; 25.96 25.69 25.55 25.40 25.26 25.13 25.00 24.88 24.76 24.54 24.43 24.21 23.85
AppNgEV 2592 25.69 25.55 25.41 25.27 25.13 25.00 24.88 24.76 24.56 24.47 24.30 23.88

AppLNgEV 26.09 25.73 25.56 25.41 25.27 25.13 25.00 24.88 24.76 24.55 24.45 24.26 24.01
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Table 4.2: True Implied Black-Scholes volatilities (%) for the displaced log-normal and CEV models and order
2 and 3 approximations using normal and log-normal proxys for v =0.25,=0.8 and T = 1Y.

Strikes 055 065 075 080 090 095 1 1.05 1.15 125 140 1.50 1.80
True DLN 26.83 26.26 25.81 25.62 2530 25.15 25.02 24.90 24.69 24.50 24.26 24.12 23.78
AppN; 18.04 25.62 25.79 25.67 2535 25.20 25.07 24.95 24.74 24.51 23.96 2341 21.21
AppLN; 26.29 26.02 25.71 25.55 25.26 25.13 25.00 24.88 24.65 24.44 24.13 23.93 23.19
AplegLN 26.47 26.14 2579 25.61 2530 25.15 25.02 24.90 24.69 24.51 24.31 24.18 23.05

AppLNgLN 26.69 26.22 25.80 25.62 2530 25.15 25.02 24.90 24.69 24.50 24.27 24.15 23.93
True CEV 26.53 26.10 25.73 25.56 25.27 25.13 25.00 24.88 24.65 24.45 24.17 24.00 23.56

AppN; 18.04 25.62 25.79 25.67 2535 25.20 25.07 24.95 24.74 24.51 23.96 23.41 21.21
AppLN, 26.29 26.02 25.71 25.55 25.26 25.13 25.00 24.88 24.65 24.44 24.13 23.93 23.19
AppNgEV 2591 2595 25771 25.56 25.27 25.13 25.00 24.88 24.66 24.46 24.24 24.10 23.00

AppLNgEV 26.51 26.09 25.73 25.56 25.27 25.13 25.00 24.88 24.65 24.45 24.17 24.00 23.59

Table 4.3: True Implied Black-Scholes volatilities (%) for the displaced log-normal and CEV models and order
2 and 3 approximations using normal and log-normal proxys for v =0.25, 3 =0.8 and T = 2Y.

Strikes 045 055 065 0.75 085 090 1 .10 1.20 135 155 1.80 2.30
True DLN 27.63 26.86 26.29 25.84 25.48 25.32 25.05 24.81 24.61 24.35 24.07 23.80 23.39
AppN, ND  25.88 26.22 2595 25.59 25.42 25.13 2491 24.72 24.39 23.65 22.18 18.80
AppLN; 26.69 26.39 26.05 25.71 25.41 25.26 25.00 24.76 24.54 24.24 23.86 23.39 22.07
AppNgLN 26.59 26.56 26.21 25.82 25.47 25.32 25.05 24.82 24.62 24.38 24.20 23.86 21.25

AppLNO™Y 2734 26.76 26.25 25.83 25.47 25.32 25.05 24.82 24.62 24.37 24.11 23.89 23.81
True CEV 27.06 26.53 26.10 25.73 25.41 25.27 25.01 24.77 24.55 24.26 23.92 23.56 22.98

AppN; ND  25.88 26.22 25.95 2559 25.42 25.13 2491 24.72 24.39 23.65 22.18 18.80
AppLN, 26.69 26.39 26.05 25.71 25.41 25.26 25.00 24.76 24.54 24.24 23.86 23.39 22.07
AppNgEV 2543 26.17 26.02 25.72 25.41 25.27 25.00 24.77 24.55 24.29 24.07 23.73 21.21

AppLNgEV 27.02 26.53 26.10 25.73 25.41 25.27 25.01 24.77 24.55 24.26 23.93 23.57 23.08
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Table 4.4: True Implied Black-Scholes volatilities (%) for the displaced log-normal and CEV models and order
2 and 3 approximations using normal and log-normal proxys for v =0.25, 3 =0.8 and T = 5Y.

Strikes 025 040 050 0.60 075 085 1 .15 135 1.60 2.05 250 3.60
True DLN 30.59 28.25 27.33 26.66 25.93 25.56 25.12 2477 24.41 24.07 23.62 23.31 22.83
AppN; ND 2697 27.32 2695 26.23 25.81 25.33 25.01 24.68 24.11 22.10 1945 1441
AppLN; 27.58 27.07 26.66 26.25 25.72 2541 25.00 24.65 24.25 23.81 23.09 22.33 17.23
AplegLN ND 27.38 27.04 26.56 2590 25.54 25.12 24.78 24.44 2420 24.09 22.83 16.74

AppLNgLN 29.12 27.89 27.17 26.58 2590 25.54 25.12 24.78 24.43 24.11 23.76 23.63 24.13
True CEV 28.64 27.38 26.79 26.31 25.74 2542 25.01 24.66 24.27 23.85 23.26 22.79 21.94

AppN; ND 2697 27.32 2695 26.23 25.81 25.33 25.01 24.68 24.11 22.10 19.45 1441
AppLN, 27.58 27.07 26.66 26.25 25.72 25.41 25.00 24.65 24.25 23.81 23.09 22.33 17.23
AppNgEV ND 26.35 26.52 26.24 25.72 25.41 25.01 24.67 24.28 23.97 23.83 22.69 16.72

AppLNgEV 28.46 27.36 26.78 26.31 25.74 25.42 25.01 24.66 24.27 23.86 23.26 22.81 22.33

Table 4.5: True Implied Black-Scholes volatilities (%) for the displaced log-normal and CEV models and order
2 and 3 approximations using normal and log-normal proxys for v =0.25,8=0.2 and T = 6 M.

Strikes 065 075 080 0.85 090 095 1 1.05 1.10 120 125 135 1.50
True DLN 29.73 28.09 27.37 26.72 26.11 25.55 25.03 24.55 24.09 23.27 22.89 22.20 21.29
AppN; 29.66 28.08 27.37 26.72 26.11 25.55 25.03 24.55 24.09 23.27 22.88 22.16 21.15
AppLN; 28.07 27.54 27.10 26.59 26.05 25.51 25.00 24.51 24.04 23.10 22.57 21.15 ND

AppNI3)LN 29.73 28.09 27.37 26.71 26.11 25.55 25.03 24.55 24.09 23.27 22.89 22.20 21.28

AppLNgLN 29.34 28.03 27.35 26.71 26.11 25.55 25.03 24.55 24.10 23.28 2291 22.31 22.37
True CEV 29.59 28.02 27.32 26.69 26.09 25.54 25.02 24.53 24.08 23.24 22.85 22.13 21.18

AppN; 29.66 28.08 27.37 26.72 26.11 25.55 25.03 24.55 24.09 23.27 22.88 22.16 21.15
AppLN; 28.07 27.54 27.10 26.59 26.05 25.51 25.00 24.51 24.04 23.10 22.57 21.15 ND
AppNgEV 29.60 28.02 27.33 26.69 26.09 25.54 25.02 24.53 24.08 23.24 22.85 22.13 21.18

AppLNgEV 29.28 27.98 27.31 26.68 26.09 25.54 25.02 24.54 24.08 23.24 22.86 22.21 22.13

Table 4.6: True Implied Black-Scholes volatilities (%) for the displaced log-normal and CEV models and order
2 and 3 approximations using normal and log-normal proxys for v =0.25,8=0.2and T = 1Y.

Strikes 055 065 075 080 090 095 1 1.05 1.I5 125 140 1.50 1.80
True DLN 31.83 29.79 28.13 27.41 26.15 25.59 25.06 24.58 23.69 22.92 21.90 21.31 19.83
AppN; 31.72 29.76 28.13 27.42 26.15 25.59 25.07 24.58 23.70 22.92 21.88 21.24 19.49
AppLN, 28.96 28.57 27.70 27.16 26.05 25.51 25.00 24.51 23.59 22.68 21.04 19.15 ND

AppNI.D,)LN 31.82 29.79 28.13 27.41 26.15 25.59 25.06 24.58 23.69 22.92 21.90 21.31 19.70

AppLN]s?LN 31.00 29.61 28.09 27.39 26.14 25.58 25.06 24.58 23.70 22.94 21.99 21.58 23.43
True CEV 31.54 29.62 28.05 27.35 26.12 25.56 25.04 24.55 23.66 22.87 21.81 21.19 19.60

AppN; 31.72 29.76 28.13 27.42 26.15 25.59 25.07 24.58 23.70 22.92 21.88 21.24 19.49
AppLN; 28.96 28.57 27.70 27.16 26.05 25.51 25.00 24.51 23.59 22.68 21.04 19.15 ND
AppNgEv 31.57 29.65 28.06 27.36 26.12 25.56 25.04 24.55 23.66 22.86 21.80 21.18 19.62

AppLNgEV 30.90 29.51 28.02 27.34 26.11 25.56 25.04 24.56 23.67 22.88 21.86 21.37 23.04
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Table 4.7: True Implied Black-Scholes volatilities (%) for the displaced log-normal and CEV models and order
2 and 3 approximations using normal and log-normal proxys for v =0.25,3=0.2 and T = 2Y.

Strikes 045 055 065 0.75 085 090 1 .10 1.20 135 1.55 1.80 2.30
True DLN 34.59 31.96 29.89 28.22 26.83 26.22 25.13 24.18 23.34 22.26 21.07 19.86 18.06
AppN; 34.48 31.93 29.89 28.23 26.84 26.23 25.13 24.18 23.35 22.27 21.03 19.68 17.30
AppLN; 30.08 29.74 28.90 27.79 26.62 26.05 25.00 24.05 23.16 21.85 19.67 ND ND

AplegLN 34.59 31.95 29.89 28.22 26.83 26.22 25.13 24.18 23.34 22.27 21.07 19.86 17.87

AppLNgLN 33.13 31.53 29.75 28.16 26.80 26.20 25.12 24.19 23.37 22.32 21.24 20.90 25.77
True CEV 34.03 31.62 29.69 28.10 26.76 26.16 25.08 24.13 23.29 22.18 20.92 19.62 17.62

AppN; 34.48 31.93 29.89 28.23 26.84 26.23 25.13 24.18 23.35 22.27 21.03 19.68 17.30
AppLN, 30.08 29.74 28.90 27.79 26.62 26.05 25.00 24.05 23.16 21.85 19.67 ND ND
AppNgEV 34.16 31.69 29.73 28.12 26.77 26.17 25.08 24.13 23.28 22.16 20.90 19.61 17.65

AppLNgEV 3298 31.36 29.62 28.07 26.74 26.15 25.08 24.14 23.30 22.21 21.01 20.39 25.32

Table 4.8: True Implied Black-Scholes volatilities (%) for the displaced log-normal and CEV models and order
2 and 3 approximations using normal and log-normal proxys for v =0.25,8=0.2 and T = 5Y.

Strikes 025 040 050 0.60 075 085 1 1.1I5 135 1.60 2.05 250 3.60
True DLN 44.35 36.83 33.65 31.24 28.50 27.07 25.32 23.91 22.40 2091 18.96 17.56 15.36
AppN; 44.17 36.81 33.66 31.26 28.52 27.09 25.33 23.93 22.41 2091 18.77 16.97 13.50
AppLN; 31.86 31.87 31.02 29.81 27.85 26.63 25.00 23.60 21.95 1990 ND ND ND

AppNIa)LN 4433 36.82 33.65 31.24 28.50 27.07 25.32 23.91 22.40 20.92 18.97 17.51 14.36

AppLNI;LN 38.18 35.47 33.04 30.89 28.34 26.97 25.30 23.94 22.48 21.09 19.84 21.57 29.94
True CEV 42.07 35.80 33.00 30.82 28.27 2691 25.20 23.80 22.26 20.71 18.59 17.01 14.38

AppN; 44.17 36.81 33.66 31.26 28.52 27.09 25.33 23.93 22.41 2091 18.77 16.97 13.50
AppLN; 31.86 31.87 31.02 29.81 27.85 26.63 25.00 23.60 21.95 1990 ND ND ND
AppNgEV 43.13 36.20 33.23 30.94 28.33 26.94 2521 23.80 22.24 20.65 18.53 17.04 14.21

AppLNSFY 37.93 35.11 32.72 30.65 28.18 26.85 25.19 23.82 22.31 20.80 19.09 20.42 29.37

We observe as expected that whatever is the value of 8, the behaviors of the true implied volatilities
of the displaced log-normal and the CEV models are very similar for short maturity and around the
money. We notice a negative skew (the implied volatilities are larger ITM than ATM and smaller OTM
than ATM) and the relative skew (w.r.t. the relative strikes) becomes more important when the maturity
increases or when the slope of the local volatility function at spot (connected to S — 1) increases (in
absolute value) corresponding to values of 5 close to 0 as 8 = 0.2.

However we can remark that the skew and the general level of the implied volatility seem more important
for the displaced log-normal model. The difference is notably significant for long maturity and/or for
far ITM or far OTM options. For the two values of 8 and for the maturity 5Y, the implied volatility
corresponding to the displaced log-normal model far ITM (respectively far OTM) is approximately 200
bps? higher (respectively 100 bps higher) than the implied volatility corresponding to the CEV model.
This divergence for high maturities and very large moneyness in absolute value can be deduced from
the difference in the curvatures of the local volatilities function. More precisely, if we refer to Theorem

21 bp (basis point) is equal to 0.01%.
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2.3.3.1 of Chapter 2 Section 2.3, the third order Black-Scholes implied volatility at spot reads:
a1(x0, T, k) = yo(a; xo)g —y1(a; xo)g m+y2(a; xo)g m*

where we recall that xp is the log spot, k the log-strike and m = xy — k the log moneyness. Using the
definition of the coefficients y (see Definitions 2.3.1.1 and 2.3.3.1 of Chapter 2 Section 2.3), one obtains
that:

I . . 20414
1. the contribution of a®(xp) in yq is exactly M

>

2. the contribution of a'®(xp) in y; is null,

_ . . @
3. the contribution of a'®(xg) in y» is exactly “T(XO).

Now using af)(O) =v(l-58)> aﬂz)(O) =v(5—- 1)2 > 0 for any S € [0, 1], we deduce that the maturity bias
is higher in the displaced log-normal model (i.e. the smile is shifted from maturity to maturity with a
higher value) as well the moneyness bias (i.e. the implied volatility in the displaced log-normal model
is higher ITM and OTM than the corresponding CEV implied volatility).

The fact that the displaced log-normal model induces more skew yields to less accurate approximation
formulas what can be observed in the tests especially for 8 = 0.8. As the order 2, the approximations (for
both normal and log-normal proxys) generally underestimate the true CEV implied volatility, the results
are even less accurate for the displaced log-normal model which induces higher implied volatility than
the CEV model. For the order 3 approximation with log-normal proxy, we observe for the maturity 5Y
errors greater than 100 bps when considering the displaced log-normal proxy for a maximal error of 39
bps for the CEV model.

For = 0.2, curiously the order 2 approximation with normal proxy is closer to the true displaced implied
volatility than the true CEV volatility far ITM but closer to the true CEV volatility far OTM. We similarly
observe that the corresponding order 3 approximations yield to small errors far ITM (2 or less bps) for
the displaced log-normal model and to large errors far OTM (up to 100 bps for T = 5Y), the converse
being realised for the CEV model.

4.4.2 Comparison of the Gaussian, log-normal and displaced log-normal proxys for the
CEV model

In this Subsection we compare the performance of the approximations at spot using a normal, a log-
normal and a displaced log-normal proxy for the pricing in the CEV model. Note that for any g € [0, 1],
any S €]0,1] and any K > 0 we have X(So) = S%, £V(§¢) =855 ~" > 0 and
K;=2(S0)+ZM(So)K-S0) =BK + Sﬁ —BSo > BK+(1-pB)So > 0 as required in the hypotheses of
Theorem 4.3.0.3.

For the numerical experiments, we set again v = 0.25, §o = 1 and we allow 8 to vary by choosing the
two values 8= 0.8 and 8 = 0.2. We keep the same sets of maturities and strikes and report in Tables
4.9-4.10-4.11-4.12-4.13-4.14-4.15-4.16:

o The true value of the implied volatility in the CEV model denoted by True CEV.

e The implied volatility approximations obtained with the second order price approximations using
the normal, the log-normal and the displaced log-normal proxys (see Theorem 4.3.0.3 equation
(4.14)) denoted respectively by AppNSEY, AppLNS® and AppDLNSEY.

e The implied volatility approximations obtained with the third order price approximations using
the normal, the log-normal and the displaced log-normal proxys (see Theorem 4.3.0.3 equation
(4.15)) denoted by AppNS™', AppLNS™" and AppDLNS®'.
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Table 4.9: True Implied Black-Scholes volatilities (%) for the CEV model and order 2 and 3 approximations
using normal, log-normal and displaced lognormal proxys for v =0.25, 3 =0.8 and T = 6 M.

Strikes 065 075 080 0.85 090 095 1 1.05 1.10 120 125 135 1.50
True CEV 26.09 25.73 25.56 25.41 25.27 25.13 25.00 24.88 24.76 24.55 24.45 24.26 24.00
AppNgEv 2341 25.54 25.56 25.46 2531 25.17 25.03 2491 24.81 24.56 24.39 2391 22.83

AppLN‘Z:EV 25.96 25.69 25.55 25.40 25.26 25.13 25.00 24.88 24.76 24.54 24.43 24.21 23.85
AppDLNgEV 26.24 25.80 25.61 25.44 25.28 25.14 25.01 24.89 24.78 24.58 24.49 24.32 24.11
AppNgEV 25.92 25.69 25.55 25.41 25.27 25.13 25.00 24.88 24.76 24.56 24.47 24.30 23.88
AppLNgEV 26.09 25.73 25.56 25.41 25.27 25.13 25.00 24.88 24.76 24.55 24.45 24.26 24.01
AppDLNgEV 26.11 25.73 25.57 25.41 25.27 25.13 25.00 24.88 24.76 24.55 24.44 24.25 23.98

Table 4.10: True Implied Black-Scholes volatilities (%) for the CEV model and order 2 and 3 approximations
using normal, log-normal and displaced lognormal proxys for v =0.25,8=0.8 and T = 1Y.

Strikes 055 065 075 0.80 090 095 1 1.05 I1.I5 125 140 1.50 1.80
True CEV 26.53 26.10 25.73 25.56 25.27 25.13 25.00 24.88 24.65 24.45 24.17 24.00 23.56
AppNgEV 18.04 25.62 25.79 25.67 2535 25.20 25.07 24.95 24.74 24.51 23.96 23.41 21.21

AppLNgEV 26.29 26.02 25.71 25.55 25.26 25.13 25.00 24.88 24.65 24.44 24.13 23.93 23.19
AppDLN‘Z:EV 26.83 26.26 25.81 25.62 2530 25.15 25.02 24.90 24.69 24.50 24.26 24.12 23.78
AppNgEV 2591 2595 25.71 25.56 25.27 25.13 25.00 24.88 24.66 24.46 24.24 24.10 23.00
AppLNgEV 26.51 26.09 25.73 25.56 25.27 25.13 25.00 24.88 24.65 24.45 24.17 24.00 23.59
AppDLNgEV 26.58 26.12 25.74 25.57 25.27 25.13 25.00 24.88 24.65 24.44 24.16 23.98 23.51

Table 4.11: True Implied Black-Scholes volatilities (%) for the CEV model and order 2 and 3 approximations
using normal, log-normal and displaced lognormal proxys for v =0.25,3=0.8 and T =2Y.

Strikes 045 055 065 0.75 0.85 090 1 1.10 1.20 135 155 1.80 2.30
True CEV 27.06 26.53 26.10 25.73 25.41 25.27 25.01 24.77 24.55 24.26 23.92 23.56 22.98
AppNgEV ND 25.88 26.22 25.95 2559 25.42 25.13 2491 24.72 24.39 23.65 22.18 18.80

AppLNgEV 26.69 26.39 26.05 25.71 25.41 25.26 25.00 24.76 24.54 24.24 23.86 23.39 22.07
AppDLNgEV 27.63 26.86 26.29 25.84 25.48 25.32 25.05 24.81 24.61 24.35 24.07 23.79 23.39
AppNgEV 2543 26.17 26.02 25.72 25.41 25.27 25.00 24.77 24.55 24.29 24.07 23.73 21.21
AppLNgEV 27.02 26.53 26.10 25.73 25.41 25.27 25.01 24.77 24.55 24.26 23.93 23.57 23.08
AppDLNgEV 27.18 26.59 26.13 25.74 25.42 25.27 25.01 24.77 24.55 24.25 23.90 23.51 22.81
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Table 4.12: True Implied Black-Scholes volatilities (%) for the CEV model and order 2 and 3 approximations

using normal, log-normal and displaced lognormal proxys for v = 0.25, 3= 0.8 and T =5Y.

Strikes 0.25 040 050 0.60 0.75 0.85 1 1.15 135 1.60 2.05 250 3.60
True CEV 28.64 27.38 26.79 26.31 25.74 2542 25.01 24.66 24.27 23.85 23.26 22.79 21.94
AppNgEv ND 2697 27.32 26.95 26.23 25.81 25.33 25.01 24.68 24.11 22.10 19.45 14.41
AppLNSEY 27.58 27.07 26.66 26.25 25.72 25.41 25.00 24.65 24.25 23.81 23.09 22.33 17.23
AppDLNSEY 30.59 28.25 27.33 26.66 25.93 25.56 25.12 24.77 24.41 24.07 23.62 23.31 22.83
AppNgEV ND 26.35 26.52 26.24 25.72 25.41 25.01 24.67 24.28 23.97 23.83 22.69 16.72
AppLNgEV 2846 27.36 26.78 26.31 25.74 2542 25.01 24.66 24.27 23.86 23.26 22.81 22.33
AppDLNS®Y 29.25 27.61 2691 26.38 25.77 2543 25.01 24.66 24.25 23.81 23.15 22.57 21.18
Table 4.13: True Implied Black-Scholes volatilities (%) for the CEV model and order 2 and 3 approximations
using normal, log-normal and displaced lognormal proxys for v =0.25,8=0.2 and T = 6 M.
Strikes 0.65 0775 080 0.85 090 095 1 1.05 1.10 120 125 1.35 1.50
True CEV 29.59 28.02 27.32 26.69 26.09 25.54 25.02 24.53 24.08 23.24 22.85 22.13 21.18
AppNgEV 29.66 28.08 27.37 26.72 26.11 25.55 25.03 24.55 24.09 23.27 22.88 22.16 21.15
AppLNgEV 28.07 27.54 27.10 26.59 26.05 25.51 25.00 24.51 24.04 23.10 22.57 21.15 ND
AppDLNSHY 29.73 28.09 27.37 26.72 26.11 25.55 25.03 24.55 24.09 23.27 22.89 22.20 21.29
AppNSEY 29.60 28.02 27.33 26.69 26.09 25.54 25.02 24.53 24.08 23.24 22.85 22.13 21.18
AppLNgEV 29.28 27.98 27.31 26.68 26.09 25.54 25.02 24.54 24.08 23.24 22.86 22.21 22.13
AppDLNSEY 29.62 28.03 27.33 26.69 26.09 25.54 25.02 24.53 24.08 23.23 22.85 22.12 21.15
Table 4.14: True Implied Black-Scholes volatilities (%) for the CEV model and order 2 and 3 approximations
using normal, log-normal and displaced lognormal proxys for v=0.25,8=0.2and T = 1Y.
Strikes 055 065 075 080 090 095 1 105 1.15 125 140 1.50 1.80
True CEV 31.54 29.62 28.05 27.35 26.12 25.56 25.04 24.55 23.66 22.87 21.81 21.19 19.60
AppNSEY 31.72 29.76 28.13 27.42 26.15 25.59 25.07 24.58 23.70 22.92 21.88 21.24 19.49
AppLNgEV 28.96 28.57 27.70 27.16 26.05 25.51 25.00 24.51 23.59 22.68 21.04 19.15 ND
AppDLNSEY 31.83 29.79 28.13 27.41 26.15 25.59 25.06 24.58 23.69 22.92 21.90 21.31 19.83
AppNSEY 31.57 29.65 28.06 27.36 26.12 25.56 25.04 24.55 23.66 22.86 21.80 21.18 19.62
AppLNgEV 30.90 29.51 28.02 27.34 26.11 25.56 25.04 24.56 23.67 22.88 21.86 21.37 23.04
AppDLNgEV 31.61 29.66 28.06 27.36 26.12 25.56 25.04 24.55 23.66 22.86 21.80 21.16 19.52

>Second order approximations. For 8 = 0.8, the results of the second order approximation using
the displaced log-normal proxy are very close to the results of the second order approximation using the

log-normal proxy. Generally the use of the log-normal proxy underestimates the true implied volatility
whereas the use of the displaced log-normal proxy overestimates the true implied volatility. We remark
that up to the maturity 5Y, the log-normal proxy yields to smaller errors far ITM and to larger errors

OTM than those obtained with the displaced log-normal proxy.

For 8 = 0.2, the behaviour of the displaced log-normal proxy is closed to the behaviour of the normal
proxy. Although the use of the Gaussian proxy yields to slightly better results, the use of the displaced
log-normal proxy remains a good alternative.
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Table 4.15: True Implied Black-Scholes volatilities (%) for the CEV model and order 2 and 3 approximations
using normal, log-normal and displaced lognormal proxys for v =0.25,3=0.2 and T =2Y.

Strikes 045 055 065 0.75 085 090 1 .10 1.20 135 1.55 1.80 2.30
True CEV 34.03 31.62 29.69 28.10 26.76 26.16 25.08 24.13 23.29 22.18 20.92 19.62 17.62
AppNgEv 34.48 31.93 29.89 28.23 26.84 26.23 25.13 24.18 23.35 22.27 21.03 19.68 17.30

AppLN‘Z:EV 30.08 29.74 28.90 27.79 26.62 26.05 25.00 24.05 23.16 21.85 19.67 ND ND

AppDLNgEV 34.59 31.96 29.89 28.22 26.83 26.22 25.13 24.18 23.34 22.26 21.07 19.86 18.06
AppNgEV 34.16 31.69 29.73 28.12 26.77 26.17 25.08 24.13 23.28 22.16 20.90 19.61 17.65
AppLNgEV 3298 31.36 29.62 28.07 26.74 26.15 25.08 24.14 23.30 22.21 21.01 20.39 25.32
AppDLNgEV 3421 31.71 29.74 28.13 26.77 26.17 25.08 24.13 23.28 22.16 20.88 19.54 17.39

Table 4.16: True Implied Black-Scholes volatilities (%) for the CEV model and order 2 and 3 approximations
using normal, log-normal and displaced lognormal proxys for v =0.25,3=0.2 and T =5Y.

Strikes 025 040 050 0.60 075 085 1 1.15 135 1.60 2.05 250 3.60
True CEV 42.07 35.80 33.00 30.82 28.27 2691 25.20 23.80 22.26 20.71 18.59 17.01 14.38
AppNgEV 44.17 36.81 33.66 31.26 28.52 27.09 25.33 23.93 22.41 2091 18.77 16.97 13.50

AppLNgEV 31.86 31.87 31.02 29.81 27.85 26.63 25.00 23.60 21.95 1990 ND ND ND

AppDLN‘Z:EV 44.35 36.83 33.65 31.24 28.50 27.07 25.32 23.91 22.40 2091 18.96 17.56 15.36
AppNgEV 43.13 36.20 33.23 30.94 28.33 2694 25.21 23.80 22.24 20.65 18.53 17.04 14.21
AppLNgEV 37.93 35.11 32.772 30.65 28.18 26.85 25.19 23.82 22.31 20.80 19.09 20.42 29.37
AppDLNgEV 43.29 36.24 33.24 30.95 28.33 26.94 2521 23.79 22.23 20.64 18.41 16.68 13.49

>Third order approximations. The observations are similar to the second order case.

For 8 = 0.8, the results of the displaced log-normal proxy are almost so good as the results of the
log-normal proxy. The use of the log-normal proxy yields to underestimation ITM and overestimation
OTM, the converse being realised for the displaced log-normal proxy.

Similarly for 8 = 0.2, the use of the displaced log-normal proxy yields to errors almost of the same
magnitude than those obtained with the normal proxy. The approximation with the displaced log-
normal overestimates I'TM the true implied volatility and underestimates OTM the true implied volatility.

Consequently the approximation formulas using the displaced log-normal proxy yield to very good

results for large as well for small values of 8 and we never obtain price outside the non-arbitrage bounds.
This stability is a significant advantage because it is safe to use a method which is competitive in all sit-
uations instead of employing an approximation which is excellent in some situations but leads to poor
results in other situations. In addition we pay attention to the simplicity of the second order approxi-
mation using the displaced log-normal proxy which reduces to a suitable rescaled Black-Scholes price.
The third order approximation using the displaced log-normal proxy contains less terms than the cor-
responding formulas using the normal and log-normal proxys. For all these advantages the use of the
displaced log-normal proxy is very promising.
It could be interesting to adapt for the displaced log-normal proxy some heuristics developed in the
previous Chapter 2 (to freeze the local volatility at some intermediate point between the strike and the
spot, to translate the price approximation in volatility expansion. . .) in order to achieve better numerical
accuracy. These extensions are left for further research.
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This Chapter consists in introducing an option price expansion for model combining local and
stochastic volatility with tight error estimates. The local volatility part is considered as general but
has to satisfy some growth and boundedness assumptions. For the stochastic part, we choose a square
root process, which is usually used for modelling the behaviour of the variance process. In the particular
case of Call options, we also provide expansions of the Black-Scholes implied volatility which allow to
obtain very simple and rapid formulas in comparison to the Monte Carlo approach while maintaining a
very competitive accuracy.

5.1 Introduction

Models combining local and stochastic volatility have emerged in the last decade to offer more flexibility
in the skew and smile management. This includes for instance the well known SABR model introduced
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by Hagan et al. in [Hagan 2002] or more recently the CEV-Heston model studied notably by Forde et
al. [Forde 2012b] (see [Cox 1975] for the CEV model and [Heston 1993] for the Heston model). If the
interest of such models is increasing, their use is still challenging because of the lack of closed-form
formulas. The price to be paid for the more realistic dynamic is the use of time costly numerical meth-
ods like PDE engine or Monte Carlo simulations. In this work we focus on models with general local
volatility function and a stochastic variance modelled by a square root process and in a perspective of
real time calibration procedures, we aim at providing analytical approximations.

>Comparison with the literature. In the two last decades, an impressive number of papers have been
devoted to the analytical approximations and their applications to finance. Although the large body of
the existing literature is mainly focusing on pure local volatility or pure stochastic volatility models, we
count recently some studies focusing on hybrid local and stochastic volatility models. We cite among
them regrouping the similar approaches:

Geodesic approach and small maturity expansions: we refer to Hagan et al. [Hagan 2002], Beresty-
cki et al. [Berestycki 2004], Henry-Labordere [Henry-Labordere 2005]-[Henry-Labordere 2008] and
Lewis [Lewis 2007] who used an explicit computation of the geodesic distance in the SABR model to
derive short maturity implied volatility expansions. More recently we cite the work of Jordan et al.
[Jordan 2011] who utilise the WKB or ray method (see [Keller 1978]) and boundary layer corrections
to derive the asymptotic behavior of the density function in the SABR model for small maturities. We
finally cite Forde et al. [Forde 2012a]: using small noise expansions inspired by [Freidlin 1998] and
large deviation arguments, the authors provide small-time implied volatility expansions in general local
and stochastic volatility models but under restrictive conditions: null correlation, strong hypotheses of
the stochastic volatility coeflicients (excluding square root processes) and uniform ellipticity condition
for the local volatility function. Drawbacks of the geodesic approach are: 1) accuracy restricted to short
maturities; 2) validity only for time homogeneous parameters.

Long maturities point of view with fixed strike/large strike regime: Forde et al. study in
[Forde 2012b] the large-time asymptotic of SABR and CEV-Heston models in different regime of strikes
using the large deviation theory and saddlepoint methods. But limitations are: 1) only available for time-
independent parameters; 2) limited to null correlation.

Ergodic approach: see Fouque et al. [Choi 2010] where an asymptotic expansion w.r.t. a fast mean
reversion parameter of the volatility is performed in a particular hybrid model built on a CEV-type local
volatility and a stochastic volatility driven by an Ornstein Uhlenbeck process.

Perturbation methods: we cite the very recent paper of Pascucci et al. [Pagliarani 2013a] which pro-
vides an expansion of the characteristic function in a general local and stochastic volatility model (pos-
sibly incorporating also Lévy jumps). To perform the approximation of the characteristic function, the
authors used their so-called Adjoint Expansion PDE method which is inspired of the well-known singu-
lar perturbations in the work of Hagan et al. [Hagan 1999] for the CEV model. Then they obtain option
price approximation formulas using Fourier methods. Drawbacks of the method are: 1) error estimates
only available under condition of uniform parabolic PDEs; 2) necessary to perform finely numerical
integrations in the Fourier inversion step.

Some improvements of the methodology have been proposed in [Lorig 2013a]: 1) more general expan-
sions are considered extending the framework to the multidimensional case; 2) expansion coefficients
are fully explicit without numerical integration; 3) analytical approximation of implied volatilities are
provided.

As a difference with several quoted papers which doesn’t satisfy all the following conditions, we
aim at giving an explicit and accurate analytical formula:

1. covering both short and long maturities,
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2. handling general local volatility function, non-null correlation as well time-dependent parameters,
3. with computational time close to zero,
4. with complete mathematical justification.

To achieve this, we use the so called Proxy principle introduced in [Benhamou 2009] and
[Benhamou 2010a] to perform a non-asymptotic expansion with the help of a Proxy process.

>Comparison with previous works and contribution of the Chapter. The approach still consists
in expanding the price w.r.t. parameters of the model using a smart parameterization and in comput-
ing the correction terms using Malliavin calculus in the Gaussian framework. As a difference with the
work on Heston models [Benhamou 2010b] for which one can use a conditioning argument to represent
the price as a simple expectation related to the variance process, we follow a direct approach like in
[Benhamou 2010a] or [Benhamou 2009], with a suitable parameterization of both the price and variance
processes. We provide an explicit third order formula order w.r.t. the interest parameters, the leading
term being a suitable Black-Scholes price, while the other terms are sensitivities in the Black-Scholes
framework weighted with functionals of the model parameters. This allows in particular to retrieve the
results of [Benhamou 2010a] for pure local volatility models and of [Benhamou 2010b] for pure Heston
models. To go even further than the cited references, we also provide implied volatility expansions for
the particular case of Call options.

Note also that the Malliavin differentiability of local and stochastic volatility models is not standard and
may fail for high order (see [Alos 2008] for Heston models). To overcome this difficulty, we use the
Malliavin calculus on smooth processes very close in L” to the initial one in order to prove the accuracy
of our formulas.

>Formulation of the problem. We are given a maturity 7 > 0 (typically the maturity of the financial
product we attempt to price) and we consider the solution of the stochastic differential equation (SDE):

1
dX; = (0, X) VVidW, = 2021, X Vidr, Xo = x, (5.1)
AV, = aydr +&\JV,dB;, Vo = vy, (5.2)

d(W, B); = p,dt,

where (B, Wy)o<i<r 1S a two-dimensional correlated Brownian motion on a filtered probability space
(Q,F,(Fr)o<i<r,P) with the usual assumptions on the filtration (¥;)o<;<r. In our setting, (X;)re[o.7] 18
the log of the forward price, o the local volatility function and (V;)«[o.77 is a square root process with
an initial value vy > 0, a measurable, positive and bounded drift function (a@;).[o,r] and a measurable,
positive and bounded volatility of volatility function (&)e[0,77-

We work with the model of stochastic variance (5.2) for the sake of clarity in the calculus, but the results
developed throughout the Chapter can be adapted for a time-dependent CIR process:

dY; = k6, — Y)dt +y; \/YtdBt-

A simple space-change y — e %45y, allows us namely to retrieve the formulation (5.2). See details in
Appendix 5.6.1.
Our aim is to give an accurate analytical approximation of any European option price of the form:

E[A(X7)], (5.3)

where E stands for the standard expectation operator (under a risk neutral probability measure) and A
is a given Lipschitz bounded payoff function. To accomplish this, we choose a proxy model in which
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analytical calculus are possible. At first glance we approximate the process (X;, Vi)iejo,r] defined in
(5.1)-(5.2) by the following Gaussian process:

1
dX? =0 (1, x0) Vv dW, — 502@, xo)v,dt, (5.4)
t
Vi =Vo +f ads. (5.5)
0

Such an approximation can be justified if one of the two following situations holds: i) the volatility of
volatility is quite small leading to the approximation V; = v; (which is realistic in practice) and the local
volatility function o (z,-) has small variations, which means that o (¢, X;) ~ o(t, xp); ii) the local part of
the diffusion component is small (i.e. |0, small) which implies X; = xy, and thus o (z,X;) = o (¢, xp).
Besides we expect to have additionally better approximations for small maturities (leading to X; = xg
and V; = vy, t € [0,T]).

Remark 5.1.0.1. The proposed Proxy is one-dimensional and thus its single use without correction
term does not capture the effect of the correlation. It could be interesting to consider a two-dimensional
Gaussian Proxy. This is left for further research.

To link the initial process (5.1)-(5.2) and the proxy process (5.4)-(5.5), we introduce a two-
dimensional parameterized process given by:

1
dX] =o(t.nX] + (1=mx0) |V dW; = S0(nX] + (L= mxo)Vde, X( = xo, (5.6)

dVy =a,dr+né \[V/dB,, v, (5.7

where 7 is an interpolation parameter lying in the range [0, 1], such that on the one hand for n = 1,
X! = X, and V! = V,, and on the other hand for n = 0, X° = X and V? = v,. This parameterization is
only a way to connect X and the proxy model X” and to derive successive corrective processes in order
to obtain a tractable approximation formula.

>Qutline of the Chapter. The Chapter is organised as follows. In Section 5.2 we present a third
order price approximation formula in Theorem 5.2.2.1 which is the main result of the Chapter. We also
provide the magnitude of the error term. The result is followed by an outline of the proof to present
in an heuristic way the methodology to perform the expansion and to draw the attention of the reader
to the main difficulties. The explicit calculus of the expansion coefficients is postponed to Appendix
5.6.2. Section 5.3 is devoted to the complete proof of the error estimate. Analyse the accuracy of the
formula is far from straightforward and constitutes the technical core of the Chapter. In the Section 5.4
we apply our expansion formula to the particular case of Call/Put options to derive implied volatility
expansions with local volatility frozen at spot and at mid-point between the strike and the spot. Results
are stated in Theorems 5.4.1.1 and 5.4.2.1. Section 5.5 is gathering numerical experiments illustrating
the performance and the rapidity of our implied volatility formulas in comparison to the Monte Carlo
simulations. In Appendix 5.6, we give intermediate and complementary results.

5.2 Main Result

5.2.1 Notations and definitions

The following notations and definitions are frequently used in the following.

>Extremes of deterministic functions. For measurable and bounded functions f : [0,7] —» R
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and g : [0,T] xR — R, we denote f,; = tei[ng]ﬁ’ Ssup = s[lolr; ]ﬁ, lgleo = [OSITJ]p ng(t, x)| and ginf =
) tell, tel0,1 ],xe

inf 1, Xx).
te[O,T],xeRg( )

>Differentiation and Integration. If these derivatives have a meaning, we write: 1ﬁ§’j (x) = 6;i¢ﬁ(t, x) for
any measurable function ¢ of (¢, x) € [0,T] X R th;n considering the spatial point xg, we oftenly use if
unambiguous the notations ¥, = ¥,(x) and w;’) = ;.//gl)(xo).

Definition 5.2.1.1. Integral Operator. The integral operator ' is defined as follows: for any integrable

function I, we set:
T
o = f Ldu,
t

forte[0,T]. Its n-times iteration is defined analogously: for any integrable functions (I1,--- ,1,), we set:
w(ly, b = oo, L)),
fortel0,T].

Definition 5.2.1.2. Greeks. Let Z be a random variable and h a payoff function. The i-th Greek for the
variable Z is defined by the quantity (when it has a meaning):

O'E[WZ + x)] |
axi x=0"

h
g i (Z)=
Given appropriate smoothness assumptions concerning h, one also has:

G!(2) =E[hY(2)].

>Assumptions on o and (V,),<7.

) (?{fg)): o is a bounded measurable function of (¢,x) € [0,7] XR and three times continuously
differentiable w.r.t. x with bounded' derivatives. Set

M (o) = max |8°,0(t, X)|eo and Mo(o") = max |0 ,0(f, X)|co-
I<i<3 ¥ O<i<3 ¥

In addition, we assume the following ellipticity condition: fOT a?v,dt > 0 (local non-degeneracy
condition).

e (P): a and € are measurable, bounded on [0, 7] and positive. In addition &jpr > 0 and 2(§%)mf > 1.

Remark 5.2.1.1. Because there exists a unique process (Vy)<r satisfying the SDE (5.2), (Hy) guar-
antees the existence and the uniqueness of a solution for (5.1), considering generalized stochastic in-
tegration w.r.t. semi-martingales (see [Protter 2004, Theorem 6 p. 249]). In addition (P) implies that
Vnel0,1], P(Vt€[0,T]: Vt77 > 0) =1 (See Lemma [Benhamou 2010b, Lemma 4.2], and replace in the
original paper k by 0 and «6; by a;).

We define the stochastic volatility process:

Definition 5.2.1.3. A7 = \/V", V1 € [0,T], ¥y € [0, 1].

!the boundedness assumption of o~ and its derivatives could be weakened to LP-integrability conditions, up to extra works.
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In addition, we introduce (4;)c[0,7] defined for any ¢ € [0,T] by:
A=A = V0= o = {[vo+ f a,ds. (5.8)
0

>Assumptions on the payoff function 4. We denote by C’(R), the space of real-valued infinitely
differentiable functions with compact support. For practical applications in finance, assuming that

h € Cy (R) is too strong and we introduce Lipy(R), the space of Lipschitz bounded real-valued functions
in the following sense: for some positive constants Cj, and Ly:

|h(x)| < Cy, Vx€eR,
MO <Ly V(xy) eR%x £y,

This space includes the classical Put payoft function x — (K — e*), with strike K. Assume that A
and/or its first derivative (defined a.e.) is exponentially bounded could lead to technical difficulties
in the LP-estimates because exponential moments of integrated square root processes explode (see
[Andersen 2006]).

>Generic constants and upper bounds. We keep the same notation C for all non-negative constants
depending on: universal constants, on a number p > 1 arising in L”-estimates, in a non decreasing way
on Egp, Mo(o), Mi(0), T, lT‘T(E’VT - and agyp. Usually, a generic constant may depend on vy (and notably
depends on negative powerso of[ Vto)- A generic constant does not depend on xy or remains uniformly
bounded in this variable.

We frequently use the short notation A <. B for positive A which means that A < CB for a generic con-

stant C. Similarly "A = O(B)" means that |A| < CB for a generic constant C.

>Miscellaneous. The LP-norm of a random variable is denoted, as usual, by ||.||,

5.2.2 Third order approximation price formula
We state the main result of the Chapter:

Theorem 5.2.2.1. (3rd order approximation price formula.) Assume (H7) and (P). Then for any
h € Lipp(R), we have:

6

E[h(Xr)] = BIX)1+ ) mirGl(XF) +Errors ,, (5.9)
i=1

where:
! i I !
Cl,T Cz,T C3,T C4,T

— _ _Cls ,
mr== 2 4 2 LT

I 1 1 1 I \2
3Cl,T Cz,T 5C3,T 7C4,T (CI,T) _Cf,T

=— + + + +
T 2 2 4 2 8 2
Cs Cls Cls Cls Cls
3,T Is 2.T 3,7 Is 5T 6,T
+—+C7 +—+——+C, + ——+—,
4 Mo AT 2 g
3(Cl )2 Cs Cs Cs
l [ ! LT LT 2.T 3.T
m,r =C1,T - 2C3,T — 6C4,T — 1 + )
Is I I I [
B 3C2fT B 3C3S,T B 5C4S,T Is 3C6S,T B CI,TCIY,T

2 2 2 5T 4 4
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i i 13(Cll T)2 C; T C3Y T I
nar =C3,T + 3C4 r+ A — + 2’ + 4 szT
3Cls Clv Cls (Cs )2
4T 5T 6,7 1.T 1 s
+C3T+ + > + 2 + 5 +C1,ch,r’

[ \2 2 i
_ 3 (©P 5,0
N5, > 2 2 )
I 2 2 1
€ € GGy
n6,T_ 2 8 2 )

and:

Cll’T = w(O'ZV,O'O'(l)V)g,

Cé’T = w(o-zv, o-zv, ((0'(1))2 + 0'0'(2))\/)5,
C3 7 = wlptav.péc.a™).

Clst = w(péov, oy, 0'0'(1))T
M

Cé = w(o-zv ((0'(1))2 + 0'0'(2))v)g,

(1 (1

v, 00 Cir= w(pf(rv,az)g,

CIIST = w(péov,ooV

ClT—w(O'VO'O' Ve,
2

Cg’T = (1)(6 V,O- ’O- )07

CésT = w(a'zv,pfav,av(l))g,

(1)

T
)O’

CffT = w(pfav,O'Z,O'O'(l)v)g,

Clsz = w(péov,o0v,o )0, CéfT = w(o-zv,pfcr v,o-z)g.

Then the approximation error is estimated as follows:

Errors y = O(Lylor|eo €3y + M1 (0)(Mo(0) + Exup)*1T7). (5.10)

Remark 5.2.2.1. Under (Hy)), X; is a non-degenerate normal random variable and consequently, what-
ever is the regularity of h, the Greeks QZ(XITJ) introduced in (5.2.1.2) exist and are well defined for any
integer i. Note also that on the contrary to [Benhamou 2010b, Theorem 2.2 ], we do not assume anymore

that the correlation is bounded away to —1 and 1.

Remark 5.2.2.2. The magnitude of Errorsy provided in (5.10) justifies the label of third order ap-
proximation formula because using the notation M = max(Mo(c),&sup), we readily have Erroryp =
oM \NT Y. Besides, making reference to the introduction, we retrieve that if |0l = 0 or
max(M(0),&up) = 0 or T =0, the approximation formula (5.9) is exact (the model and the proxy
coincide and the C coefficients vanish). In addition if L, = 0 (i.e. h is constant), the error is equal to
zero as well the sensitivities.

Remark 5.2.2.3. If one prefers to restrict to a second order approximation, it simply writes:

S

1 3 ¢
E[A(X7)] =E[AX )]+ C) 715 G1(X7) = 5G5(X7) + G5 (X7)] + %[—%(X?) +Gh(X])]

+O(Lplorlool € + My (@) (Mo(0) +Eup)IT?).

We let the reader verify that the additional corrective terms of the expansion (5.9) are bounded up
to generic constants by Lh|<r|w[g§up + Mi(o)(My(o) + fsup)]T% using standard upper bounds for the
derivatives of the Gausssian density and the magnitude of the additional coefficients C.

5.2.3 Corollaries and outline of the proof

>Particular cases of pure local volatility models and pure stochastic volatility models.

a) Observe that if &y, is equal to zero, all the coeflicients C* and C Is are null and then we exactly retrieve
the expansion of the pure local volatility model proposed in [Benhamou 2010a] (taking into account the
contribution of 1,). The terms C! therefore read as purely local contributions.
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b) If M;(0) =0 (case of pure Heston model), all the coefficients C "and C' are equal to zero: we retrieve
the development that was found in [Benhamou 2010b] (with the contributions of o, and considering that
k = 0 whereas k6, = a;). To see this, one has to transform the sensitivities w.r.t. the total variance which
appear in [Benhamou 2010b, Theorem 2.2] in terms of sensitivities w.r.t. the log-spot.

¢) Finally we interpret the coefficients C* as a mixture contribution of both the local and stochastic parts
of the volatility. All these terms notably depend on the correlation.

In case of independence of W and B, all the coefficients are equal to 0 except the C’ terms and C;iT

>Applications to Call payoff function. One can directly apply this Theorem for the Put payoft function
h(x) = (K —e");. The reader should remark that the above expansion formula is exact for the particular
payoff function (x) = exp(x) (indeed E[2(X7)] = E[A(XF)] = G; " (X}) = ¢* and the sum of the corrective
terms is equal to zero). This implies that the expansion remains valid for the Call payoff function
h(x) = (¢* — K), although & ¢ Lipy(R) (one can replace Cj, and L, by the strike K) and that the Call/Put
parity relationship is preserved within these approximations.

>QOutline of the proof. We present here a sketch of proof in order to fix the main ideas and to point the
finger at the principal difficulties.

The first step is to construct corrective processes to approximate X7 in L”. Consider the parameterized
process defined in (5.6)-(5.7). We recall that the Gaussian proxy process (X;D )icro,7] defined in (5.4) is
obtained by setting 7 = 0. The next corrective processes (X; 1):e(0.71-(Vi.)refo.11-(Ais)eefo, 17 for i € {1,2}
are obtained by a formal i-times differentiation of (5.6)-(5.7) w.r.t. n and by taking n = O thereafter. For
the first corrective processes, we obtain:

dX1, =[(XF = x0)r V4 + Ay o AW — 0, AdD),  Xp =0, (5.11)
t
Vl,t:ffs/lsst’ (512)
Vlt
A= 5.13
1:= 2/lt ( )

The second corrective processes are:

dXo, ={ALXF = x0)20® +2X1,0 0]+ 2(XF = x0)A 1,0V} (AW, - 07, ,d0) (5.14)

Vos
+{ A0 dW, = [(XF = x0) V10V + (X = x0)2 (V)2 + =2 5 o21dr}, X20=0,

%
VZ,—f& 4B, (5.15)
2
V2t Vlt
= Lt 5.16
2T20 T 4)? 10

The reader will notice that under (H ) these corrective processes (X 1)sef0,71-(Vi)refo,11-(Air)ref0.r) for
i €{1,2} are well defined.

The second step is to compute the corrective terms. Assuming that 4 € C7(R), we perform a third order
Taylor expansion for the function £ at x = X7 around x = X’TJ :

E[h(X7)] =E[A(XD)]+ B[R (XD (X7 - XP)] + E[h@)(x (X7 — X5 (5.17)
( n)

E[(X7 — X7)? f ROXE +n(Xr - XT)) dn]

1
=E[h(X))] +E[hV (X)X, 7] +E[h<‘)(X§’) Ly 5E[h@)(xi)xiT] +Errors p,
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2
X; 1
Errors =BV (X])(Xr — ) =001+ 5B XD)(Xr = X7 = X1,0)(Xr = X7 +X17)]
i !
j—O
P\3 B3)(yP Py (1= '7)2
E[(X7 - X7) h X7 +n(X7 = X)) ——=—dn],
with the convention X} = X9 = X, 7. Then we transform the terms E[A"(XP)X, 7], B[AD(XE )X”]

1E[h(2)(XP )X o] into a Welghted sum of sensitivities. To achieve this transformation, we apply a key
lemma which proof is postponed to Appendix 5.6.2:

Lemma 5.2.3.1. Let ¢ be a C7(R) function and (f1); be a measurable and bounded deterministic func-
tion. Let N > 1 be fixed, and consider measurable and bounded deterministic functions t — l;; for
i=1,...,N. Then, using the convention dW0 ds, dW1 dW; and sz dB,, for any

(I1,....Iy) € {0,1,2}N we have:

T T IN 153 P ] ]
E(¢( f £dWy) f Inay f IN- Lyl -+ f Ly dW . dwh-1aw! N)
0 0 0 0

T
= (01 ING 0/ fo fdWy), (5.18)

lks ifI, =0,
where li; =3 filks ifly=1,

fiodis i I =2

Details of the complete derivation of the corrective terms appearing in (5.9) are given in Appendix
5.6.2. Remind that these weighted sensitivities are well defined even if /4 is not smooth.
Last but not least, one has to estimate the residual term. In the smooth case, owing to (5.17), it is

l
X .

sufficient to estimate the LP-norms of the residual processes X7 — Z;'T for i € {1,2}. Under the sole

4 j!

Jj=0
assumption that / € Lipp(R), the reflex is to regularize / and to try to employ some Malliavin integration
by parts formula like in [Benhamou 2010b]. But a straightforward application of this methodology using
the representation (5.17) fails because the random variable X;’ +n(Xr — X’T)) does not belong to the space
D for nn # O:

o The coefficient function of the square root model does not satisfy the standard assumptions. Malli-
avin differentiability is studied by hand in [Alos 2008] up to the second order.

e There are moments explosion for processes having a stochastic volatility part and a local volatility
function at least linear. See for instance the Heston model in [Andersen 2006].

To overcome this difficulty, the trick is to replace X7 by the smooth random variable (in Malliavin sense)
XP + X1 + 227 (lose to X7 in LP. Considering a regularization hs of & (which will be specified in (5.37)),
we can wrlte.

X 2
Elhs(Xr)] =Elhs(X7 + X1, + )]+ E[(Xr - it =) f B((1 - n)Z —i= +nX7)dn]
j= O
=E[hs(XD)] +E[A (XD)(X1 1 + X—’)] + -E[h@)(xi)x2 71+Errors,, (5.19)
2 XZ

Errorss, =E[(Xy = ). 47 f e )Z]—+nXT>dn]+ SEU 0 X7+ 2]
Jj=0 j=0
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X L (1-n)? X
+E[(X1r+ ;Tﬁ f ( 2") hg”(x;’m(xl,ﬂ%))dn]. (5.20)
0

As h is supposed Lipschitz bounded, the first term of (5.20) which involves only the first derivative of
hs can be handled without Malliavin calculus. The two last terms of (5.20) contain higher derivatives
of hs with the random variables XZ, X1 7 and X» 7 belonging to D™ but X’T’ +n(X1 1+ %) suffers from
degeneracy (in the Malliavin sense) for 7 # 0. To fix this last problem, we use a standard Malliavin
Calculus routine which consists in adding a small noise perturbation (see for instance [Gobet 2005] or
[Gobet 2012a]). A nice feature of our methodology is that the regularization of / is done in such a way
that there is no loss of accuracy.

The complete analyse of the error is given in the following subsection.

5.3 Error analysis

We establish the estimate (5.10) in several steps:
1. LP-norms estimates of the residual processes,
2. small noise perturbation to smooth the function A,

3. careful use of Malliavin integration by parts formulas to achieve the proof.

5.3.1 Approximation of X, V, A and error estimates
Approximation of V, A and error estimates

Definition 5.3.1.1. Assume (P). We introduce for i € {0,1,2} the A-residual processes defined by

i
Aj,
(RY = A — ij,)ze[o,n
= I’

where by convention Ao = A; and the corrective processes ((Aj,t)tE[O,T])je{l,z} are defined in (5.13)-(5.16).
Replacing A by V, we define similarly the V-residual processes using the notation R" .

Proposition 5.3.1.1. Assume (P). Then for any p > 1, we have:

Vo < Aing < Asup < fVo + T syp, 5.21)

sup [|All, <c Gp VT, Vi€ (1,2}, (5.22)
t€[0,T]

sup IRM <. (Eup V)™, Vi€ {0,1,2). (5.23)
o] P

Proof. (5.21) is obvious in view of (5.8). The proofs of (5.22) and (5.23) can be found in
[Benhamou 2010b, Propositions 4.6, 4.7 and 4.8 ] replacing in the original paper k by zero and «6;
by a;. |

Corollary 5.3.1.1. Assume (P). Then one has for any p > 1:

Vo < Vinf < Vsuyp SVo + Ta'sup’ (5.24)

sup [[Villp <c1+wo, (5.25)
t€[0,T]
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sup [IVill, <c(wp VT)', Vi€ (1,2}, (5.26)
t€[0,T]
sup IR}, i, <cup VT)*!, Vie {0,1,2). (5.27)

te[0,T

Proof. The proof of (5.24) and (5 .25) are easy. (5.26) are obtained readily with (5.12), (5.15) and (5.22).
Proofs of (5.27) are available in [Benhamou 2010b, Corollary 4.9] replacing in the original paper « by
zero and «6; by a;. O

Approximation of X and error estimates.

Definition 5.3.1.2. Assume (H3). We introduce for i € {0, 1,2} the X-residual processes defined by

X;
(RY, =X, - Z—t)ze[o 7]
=

where by convention Xo; = X,0 = X,P and the corrective processes ((Xj:)eo,11) jel12) are defined in (5.11)-
(5.14). When writing a Taylor expansion of o4(.) at x = X; around x = xg, we denote by R, »(X;) the n'h
Taylor residual:

(Xz Xo) (i)

Ry (X)) = (X)) = Z (5.28)
Replacing o by o, we use the similar notation R, -2 (Xy).
Standard computations involving Burkholder-Davis-Gundy and Hélder inequalities yield:
I1X; = xoll) <cr27! fo o X, VVillpds +7! fo t lo2 (Xl ds
<t Vo lh, fo IE[Vf/z]ds+tp‘1|o-|§f fo tE[Vf]ds < (ol VTP, (5.29)

for any p > 2, where we have applied the estimate (5.25) at the last line. We now intend to handle
X-residual processes, and the next results are intermediate steps. In the next Lemma, we provide L”-
estimates of XP —x0, X1, and X5 ;.

Lemma 5.3.1.1. Assume (H3)) and (P). For any p > 1:

sup [1X7 - xoll,, <clorleo VT, (5.30)
t€[0,T]
sup [1Xil <cloloolELyp + M1 (@) Mo(0) +Equp) 1T, Vi€ (1,21, (5.31)
te

Proof. (5.30) is similar to (5.29). For (5.31) i = 1: starting from (5.11), the same computations as before
give:
IX1.lp <e Mi(@) VT(1+ Mo(o) VT) sup [1X/ = xollp +1oleo VT (1 + Mo(0) VT) sup [IVyllp.
1€[0,T] 1€[0,T]

We conclude using (5.30) and (5.26). For (5.31) i = 2, one has from (5.14):

1X2.lp <eMi(@) VT (1 + Mo(a) VT)( sup (XS = x0)’l,, + Sup X1l

t€[0,T]
+|0rloo VT (1 + Mo(o) VT) sup V2l + 17k ~/T Sup ||V1,,||,,

€0,

+ My (@) VT (1 + Mo(o) VT) sup IxF - X0||2p sup ||v1,||z,,
t€[0,T]

We conclude using (5.30), (5.31) i = 1 and (5.26). ]
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We give in the following Lemma the explicit equations solved by the X-residual processes:

Lemma 5.3.1.2. Assume (H})) and (P). One has:

1
ARy, =[A4R0.+ (X)) + o (X)R) 1AW, - 5 iRy 2 (X0) + o7 (X)Ry Jdt, RY =0, (5.32)
dRY, =[AR1 (X)) + A1 Ro.o (X)) + T (XDRY, + L,V RY 1AW,
1
= 3R 2 (X0) + V1R 2 (X) + o2 (X)RY, +2vio o RS Jdt, Ry =0, (5.33)

(2)
Ao, 1
dRY, =[R20 (X)) + A1 (R J(Xf)+7fRo,g<Xt)+m(xt)R + 4,0 \VRY, + 4, 5 R (X, +X7)

Vo,
+ Aoy R 1AW, - 5 [V,R2 XD+ ViR, o2 (X)) + TR0 2 (X)) + TP (X)Ry  +2vi00 RY,
(2 + P )R (X, + XD) + 2V oo VRY 11, RY ) =0. (5.34)

Proof. The verification of these identities is tedious but without mathematical difficulties. For conve-
nience, we detail some computations. To obtain (5.32), start from (5.1) and (5.4) and write:

dRY, =[o(X) A, = o7, A, 1AW, — %[a?(x,)vt — o2y ]dr
=[A(0(X)) — 1) + /(X ) (A, — )| dW; — ! [v,(o-, (X)) =) + 2 (X)(V; —v,)]dr
=[ARo.o(X;) + o((X)R) 1AW, - [v,RO -2(X) + 07 (X)Rg, 1dt.
Similarly for (5.33), using (5.32) and (5.11), we get:
dRrY, =dRy,—dX,,
=[ARo.o(X;) + o (X)R) 1AW, — : VR0 2 (X0) + 0 7 (X))Rg,1dt
—[(XF = xp)o'Va, + Al,tat](dw, — o A,d0)
=[A4R0 +(X) + A1 Ro (X)) + o (X)R} JAW, — [vtRo,(,z (X)) + V4R, 02 (X)) + 07 (X)RY 1dt

— (X = x0)0 VA, (AW, — o 4,d0)
—Wel (X)) + A1 Ro o (X) + 0 XORY, + 4,0 RY 1AW,

- 5[vtzewz (X)) + ViiRy o2(X) + 0HX)RY , +2v,0 0\ VRY 1dt.
Now consider (5.34). Start from (5.33)-(5.14) and write:

1
X X
AR}, =dRY, - dXa,
=[4R1 .o (X)) + A1 Roo(Xp) + 0 XORY, + .0 RY 1AW,

1
= DRy 2 (X0) + V1 R 2 (X) + T (X)RY, +2vior VRS 1dt

1

- 5{A,[(X}” —x0)20® +20 X, )+ 2(XF - xo)A 1,0V} AW, - o, ,d0)

1 Vo,
—E{Az,mdwt—[(Xf’—xo)vl,tcr Yo+ (XF = x0)? (0 V)P + =L 5 o2]dz)

As,
=[AR1 (X)) + A1 R0 o (X;) + T’Rog(xt) + 0 (XORY, + Lol RY 1AW,
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1 Vs,
~[ViRy 2 (X)) + Vi Ro 2 (X)) + —2 Ro 2 (X)) + T (XDRY, + 2,00 )RX dr

2
1

= X =20’ + 2X] = xo) A AW, — o)
1

+ 21T —x) V107V + (X = xo) (0 )Pvilde

A (2)
=[R2, (X)) + A1 R0 o (X;) + R00-<Xt)+crf<xt>R + 4,0 RY, a2 R§,<X1+XP>]th

1 Vau 2 M2, @ P
[V[Rz o-2 (X[) + V] [RO o-2 (X[) + RO o-2 (X[) + O-t (X[)R + vt((O't ) + O-Z O-[)RO,Z(X[ + Xt )

+2v,00 RY Jdt = (XF = x0)A 1,07 (AW, — 0, ,de) + E(X,” —x0)V10Vodr

(2)
_ & 1) px X P
=[ARo, o (Xy) + A1,R1,0(Xp) + 3 Ro o (X1) + U't(Xt)R + 4,0, R t /lt 2 Ro X+ X))

1 %
+ Aot VRY 1AW, — SR 2 (X + ViR, 2 (X)) + %Ro,o_z (X)) +0HX)RY, +2v,o0\RY,

+v(()? + aﬁ%,)k (Xi+XP)+2Vy 00 VRY 1dt.
O

An intermediate result is the estimates of R, »(X;) and R, ;2(X;). Assuming (H g)), from the Taylor-
Lagrange inequality, we have |R,, »(X/)| <¢ [X; — xo/"*! My (o) and |R,, ;2 (X/)| <¢ [X: — x0/" " Mo(a) M (o).
Combined with (5.29), this readily gives Vp >2 and Vj € {0, ..,2}:

sup [IR;o(Xnll, <c (07l VD) ' Mi(@), sup [IR; 2 (XD, <c (7o VIV Mo(@IMi (). (5.35)
1€[0,T] 1€[0,T]

We now state the result related to the estimates of the residuals processes:

Proposition 5.3.1.2. Assume that (HY,) and (P) hold. Then for any p > 1, we have:

SUP IR l, < oo {Ey + M (@) (Mo(0r) +§sup)]}T2+1 Vj€{0,1,2}. (5.36)
tel0,
Proof. We leverage the explicit equations solved by the residuals (R}(t)te[(),T] (see Lemma 5.3.1.2). We
begin with Ré( .- Starting from (5.32) and using standard inequalities, it readily follows:

IRY ||, <c VT [sup IR0, (XDl +lerleosuplIRG I 1+ T[suplIRg o2 (X0, + lorlZsup IRG, AL

t<T t<T t<T t<T

We conclude using (5.35)-(5.23)-(5.27). Similarly for Rf , given in (5.33), we obtain:

IRYN, <e VT{SUpIIRyo (XD, + sup A1 R0 XDl +lorlssup T, + M (@)suplRy I,
t<T

t<T t<T

T{sup|IR; 2(X)Il , + sup V1R (Xl , + ICTIOOSUPIIRL,IIP + IO'IDOMl(O')SUPIIRf{,Ilp}-
t<T <T t<T t<T

Then, plugging in the above upper bound the estimates (5.22)-(5.23)-(5.26)-(5.27)-(5.35)-(5.36) i = 0

we complete the proof of (5.36) for i = 1. Finally for R2 ,» starting from (5.34), we readily have:

IRSM, e VT{suplIR2 (X, + SUplIALR1Lr (XD, + SUPIIAL R0 (XD, +10losuplIRy I,

t<T t<T t<T

+M1(U)SUP||R Al +M1((T)SUPIIR t(Xt+XtP)”p+M1(0-)Sup”Al,tR0’t||p}
i<T
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+T{SUp IRy 2 (O, + SUPIV1 Ry 2 X, + SUpIIV2 Ro g2 (K|, +lrfsup RS,
< < 1<

1<T
+ ol Mi(o)sup IR ||+ Mi(a)Mo(o)sup IR (X; + XDl +1olee Mi(a)suplIVi R I ).
<t P <T p 1<T P
The proof is completed as before using (5.22)-(5.23)-(5.26)-(5.27)-(5.35)-(5.36) i =0 and 1. ]

5.3.2 Regularization of the function / by adding a small noise perturbation

To overcome some problems of degeneracy in the Malliavin sense and to compensate the lack of smooth-
ness of the payoff function 4, we introduce an extra scalar Brownian motion W independent of W and B
even if it means enlarge the initial filtration and the initial sigma field. Then we define:

hs(x) = E[h(x + SW7)]. (5.37)

for a small parameter ¢ > 0. Clearly the function /s is of class C*(R) thanks to the smoothness of the
Gaussian density and remarkably we can notice that using a conditioning:

hs(x) = E[hy, \/j(x+6Wg)]. (5.38)

In addition & € Lipy(R) = hs € Lipp(R) with Cp,; < Cj, and Ly, < Lj,. The next Lemma estimates the error
in terms of ¢ induced by considering /s instead of 4 in the calculus of expectations and sensitivities
which appear in the Theorem 5.2.2.1.

Lemma 5.3.2.1. Let 6 > 0. Assume that h € Lipp(R) and that (7'()‘;)) is satisfied. Then we have:

[E[R(X)] - Elhs(Xp)]| + [E[A(XI)] — E[hs(XI)]| <cLad VT,
|0 BIA(X, + x)]|x=0 — 0 Elhs(X5. + 2)]lx=0| scLhTé—ﬁ, Vi>1.
(j(; o 2v,dt)il2

Proof. The first estimate is obvious using the lipschitzianity of 4 and classical estimates for the auxiliary
Brownian motion. For the second write:
(-0’

T 5 ST 2
(o tht _ e 2y ofvedt

Elhs (] +0) = [ Efhy— T Wy,

R

27 fOT ov,dt

to obtain:

0" BIA(X + x)]lx=0 — 0 E[hs(X] + 0)]lx=0

)2
T - T 5 _ (%_—xz)
f o tht [— f o V[dt . e Zfo ovedt
— [ Elh= 2 6 iy 2T ot
R

o Yt
2 2 \/ 27 fOT vt

Then we complete the proof using again the lipschitzianity of & and standard upper bounds for the
derivatives of the Gaussian density. |

In view of the magnitude of the coefficients C ll 7> Clpand C f‘T defined in Theorem 5.2.2.1, applying
Lemma 5.3.2.1, we readily obtain :

6
[Exrors p| =[B[A(Xr)] - EI(XP)] = Y nirGHXD)|
i=1
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<[E[h(X7)] - Elhs(Xp)]| + [Elhs(X?)] - ELR(XD)]|

6
+ > il Gl XD — G (XP)| + [Errors |
i=1

<:Lpo VT + ’Error3,h5|.

Assume now without loss of generality that M; (o) +&up # 0. We prove the estimate (5.10) if we choose
as value for d:

8 = |oleo[€3p + Mi(@)Mo(0) + Equp)*] T3 (5.39)
and establish that:
[Errors p,| <¢ Lilolool&3yp + Mi(0)(Mo(0) + Eap) 1T, (5.40)

This is the purpose of the next Subsection.

5.3.3 Malliavin integration by parts formula and proof of estimate (5.40)

We write W, = fotpsst + jg V1- ,o?stl where (B} )o<;<r is a Brownian motion independent of B;
and we consider the calculus of stochastic variations w.r.t. the three-dimensional Brownian mo-
tion (B, B+, W), the Malliavin derivative operator w.r.t. B,B* and W being respectively denoted by
(D}(.)),G[O,T],(D,z(.)),e[oj] and (D?(.)),E[O,T]. For the second derivatives, we use the obvious notation
(D™ (:))s,re10,7) Tor 7, j € {1,2,3} and so on for the higher derivatives. We freely adopt the notations of
[Nualart 2006] for the Sobolev space DkP associated to the norm IIllk. p-

In the following Lemma, we provide estimates of the Malliavin derivatives of (X,P )ee0.77> (X1,6)re0,77 and

(X2, )ref0,7]-

Lemma 5.3.3.1. Assume that (7-()‘{0) and (P) hold. Then, ¥t € [0,T], XtP,XL,, Xo4 Vigand Vy, € D3>,
Moreover, we have the following estimates, ¥ p > 1, uniformly in q,r,s,t € [0,T]:

IDXF N, + DXL 1|, <c [o7leos (5.41)
n—1
1Dy AWl + DS Vil <c €8, T 7, Yn € (1,2}, (5.42)
1D} Xl + 1D X dll, < lorloo[Elyy + Mi(@)Mo() +Equp)" " 1T2, Yn € {1,2) (5.43)
D3 Ao dll, + 1Dy Vol e Eups (5.44)
i J — n-1
DD Xl <e ool + M@ (Mo() + £wp)" ™ 1T, V€ (1,2}, (5.45)
i,je{1,2}

DXl < 1ol €210 + Mi(@)(Mo(@) +Ewup)]. (5.46)

i,j,ke{1,2}

Proof. Tt is obvious that all the variables are in D>* because by construction we take face to multiple
Wiener integrals and temporal integrals of multiple Wiener integrals (see (5.4)-(5.11)-(5.14)-(5.12)-
(5.15)). Then the calculus of the derivatives and the L”-estimates are classical so we skip details. In
particular, all the derivatives w.r.t. the third Brownian motion W are null as well as the derivatives of
Vies Arg, Vo and Ay, wort. B O

We now state the result related to integration by parts formulas which is proven later:
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Lemma 5.3.3.2. Assume (7’()‘;)) and (P). For any n € [0,1], we define the random variable Gg = X}T) +
nXyr+ %) +6WT/2. Then for any Y in DY there exist random variables Yo, and Y3, in Npsi LP
such that Vi € {2,3}:

E[Yh(’) (G”)] =E[Y;,h") \F(G")], (5.47)

where for any p > 1 and any i € {2,3}:

T
sup WVl < 71y oy [ i (5.48)
B 0

n€l0,1]
We are now in position to achieve the proof of (5.40). Consider Errors p, explicitly written in (5.20).
The first term of (5.20) is handled easily using (5. 36) i = 3. For the second term of (5.20), using (5.38),
applying the Lemma 5.3.3.2 with Y = X1 r Xo 1 + = L and using (5.31)-(5.43), we obtain:

X? X3,
B[P (XD)X1 7 Xo, + %)Jl = [El) (GO Xor + —) I =[BlA]) SGOY10]|

<cLallY1l1 2 f viofd) ™2 <o Liloleol €y + Mi(@)(Mo(0) + Equp) 1T

The last term of (5.20) is handled similarly; apply the Lemma 5.3.3.2 with Y = (X 7 + 5 )3 and use
(5.31)-(5.43)-(5.45)-(5.46) to obtain the announced result. To complete the proof, it remains to establish
the Lemma 5.3.3.2. This is done in the following Subsection.

5.3.4 Proof of Lemma 5.3.3.2

XP is a non-degenerate random Variable with Malliavin covariance matrix equal to fOT o?v,dt > 0 thanks
to (7{”) but G"7 = XP +n(X1,r + X ) is degenerate for 7 > 0 and this is the second reason to have
introduced the small perturbatlon 5WT/2 Consider the random variable GT] G+ 6WT/2 defined in
Lemma 5.3.3.2: clearly it belongs to D>* with Malliavin covariance matrix obv1ously invertible:

= TD"G'ﬂd 52T— 52T 52T 0
')/GZ—Z A ( t ) 1+ E—’)/Gﬂ‘l‘ §> E> .

Then with (5.39)-(5.41)-(5.43)-(5.45)-(5.46) it readily comes for any i € {1,2} and any p > 1:
I(D'G1,D*GI, D*GD)lip <clolea VT (5.49)

Hence, applying [Nualart 2006, Proposition 1.5.6 and Proposition 2.1.4] and using (5.49) we get the
existence of Y5, and Y3, such that for any i € {2,3} and any p > I:

Yigllp <cl¥li_y pyt IDG]II| (5.50)

-1, 1p(2p+1)”7 |l 1,21 p2p+1)

<cllYlli_y 1 (oo VTl ||

i—1,p+5 i-1,2 1 p(2p+1)°

It remains to finely estimate the norms related to the inverse of the Malliavin covariance matrix YG!-
First notice that using the definitions of G” and yg» we have:

2 T
; ; Xor
P ,
=
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" o (T Xor. 5 (7 ; Xor
= | opvde+i? Y| DXz + —Pdr+ ) | omDixir+ —Lar
0 i=1 0 i=1 0

and hence estimates (5.41)-(5.43), (H ) and (P) easily yield to:
4 2 2 2
sup [lyor= [ ou], <. o Eup + M @D, (5.51)
nel0,1] 0
for any p > 1. This intermediate estimate allows to prove the next Lemma:

Lemma 5.3.4.1. Assume (HZ) and (P). Then (ng)—‘ € D> and we have for any p > 1:

T
sup )y <c( [ o 5.52)
n€l0,1] 0
. T
sup > IDirg) ™y <eMi(@) + Ep ) f opvdn, (5.53)
1€[0,T], nel0.1];672) 0

.. T
wp 3 P0G Iy <+ MM b [t 554
s.1€[0.T], nel0.11; iery o) 0

Proof. For the sake of brevity, we only prove (5.52) and (5.53) because there is no extra difficulties for
(5.54). For (5.52), we have forany p > 1 and ¢ > 1:

BlO6) "1=Bl0G) "L, 1 (7 2,0] +ELG) L ]

1 (T 2
qu>§f0 oy de

L)
T T ovde 1 T B
< ((52—)_”P(f U,zv,dt—y(;n > fo—tt)+(—f 0't2vtdt) p
2 o 2 2 J,
T B T . T B
<c (62T)_p(f o-,zv,dt) q”’)/(}n—f U';Zthf”qu(f O'tzvtdt) p
0 0 0

T T T
Sc (f O-ZZV[dl‘)_p [(62T)_p(f O'tzvtdt)_q*'P”qu - f o-tzvtdt”Z] + 1],
0 0 0

where we have used the Markov inequality at the second inequality. Then choosing g = 6p and using
(5.39)-(5.51), we readily obtain:

T 3
v ™ llp <c( fo i)™ |(10leo[Ep + Mi (@I Mo(@) + Eaup) 1T2) > (TIo2) (10T Esup + Mi(@)1T2)° +1]

T
SC(f 0',2\/,dt)_1 .
0

(5.53) is a straightforward application of [Nualart 2006, Lemma 2.1.6]; we have V¢ € [0,T], Vi € {1,2}:

., Dhg _['IDIG"DI\G"+ D2G"DI2G du.
Diyg ™ = ——st = 2 2
o
ng ')/GZ

Then using (5.41)-(5.43)-(5.45)-(5.52) we get readily Vp > 1:

T
sup 1D{(re2)” <o TR My @)+ up) [ v
t€[0,T] 0

which leads to the announced result. m]

Now plug (5.52)-(5.53)-(5.54) in (5.50) to complete the proof.
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5.4 Expansion formulas for the implied volatility

In this section we apply our third approximation formula to the particular payoff function
h(x) = (¢* —K),, i.e. a Call payoff function with strike K for which the expansion remains valid
(see Subsection 5.2.3). The risk-free rate and the dividend yield2 are set to 0. In order to obtain more
tractable and accurate formulas, we aim at extracting implied volatility expansions from the price
approximation formula. It has been shown in Chapter 2 that, in addition to their simplicity, direct
implied volatility expansions are more accurate than the corresponding price formulas.

Notations.

> Call options. We denote by Call(Sg, 7, K) the price at time 0 of a Call option with spot Sy = e,
maturity 7 and strike K, written on the asset S = ¢X that is Call(S, T, K) = E(eX” — K),. As usual, ATM
(At The Money) Call refers to So = K, ITM (In The Money) to S¢ > K, OTM (Out The Money) to
So< K.

> Black-Scholes Call price function. For the sake of completeness, we give the Black-Scholes Call
price function depending on log-spot x, total variance y and log-strike k:

Call®S(x,y,k) = e*N(d1(x,y,k)) — " N(da(x,y,k)) (5.55)
where:
N(x)—fx N (wdu,  N'(u) = 2y k) =2 e L ey =di (v, - B
. £ \/E ’ 1 ayv \/y 2 y» 2 ’y7 1 ’yv y

In the following, xo = log(S¢) will represent the log-spot, k = log(K) the log-strike, x4y, = (x0 +k)/2 =
log( VSoK) the mid-point between the log-spot and the log-strike, m = xy — k = log(S/K) the log-
moneyness. The value Call®S(x, fOT o2v,dt,k) = E[(e¥7 — eb),] equals Call(So,T,K) = E[(¥" — K),]
when M, (0) = &yp = 0. For (x,T, k) given, the implied Black-Scholes volatility of a price Call(e*, T, )
is the unique non-negative volatility parameter oj(x, T, k) such that:

Call®(x,07 (x, T, k)T, k) = Call(e*, T, e"). (5.56)

The reader can find in Proposition 5.6.3.2 the definition of Vega®® and Vomma®S which are the first two

derivatives of Call®® w.r.t. the volatility parameter.

>Quadratic mean of the volatility on [0, 7']. For any spatial point z € R, we denote by o, the quadratic
mean on [0, 7] of (074(z) Vi):eq0,r] defined by:

1 T
o= A= f o2(Z)v,dr. (5.57)
T Jo

This notation is frequently used for the points xo and x,,,. When applied in xo, we simply write & if
unambiguous.

2 Adaptation of the results for non-zero but deterministic risk-free rate and dividend yield is straightforward by considering
the discounted asset.
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5.4.1 Implied volatility expansion at spot

We introduce new corrective coefficients useful for the implied volatility expansions:

Definition 5.4.1.1. Assume (HY)). We define the following corrective coefficients:

Cs
_ 1,7
Y0a,7 =0+ —=,
46T
1 1 1 s s s s s )2
y C9,T ClO,T SCIO,T C2,T C2,T C3,T C3,T 3(C1,T)
0b,T =

- - + - - - +
253T2 45372 G573 86T 253T? 166T 45372 85573
1 1 l I l l 1 [

n CSS,T _ C4S,T _ 3C4S,T _ CSTT _ CSS,T _ CGS,T n (CI,TCT,T) " S(CI,TCf,T)
G372 8T 25372 86T 25372 25372 85372 25573
C! Cs

1,7 1,7

YiaT =7 532 ™ 25372
K K 2 Is Is s l [ K
_ C;,T 4 3(Cf,T) _ CZY,T + C3TT _ C4‘,T _ CﬁfT i 3(C1,TC;,T)
YIbT == 5532 T 8es TS 25372 25372 45372 45573
[ [ [ K S S 2 1 s
G 3Gy N Cior  Cor N Cir _ 3C 7 P+ (Y
V2T = oS3 T 5573 T U GITA T 25573 T 45573 4o T 55T3
[ l l [
" 3C4fT " CSfT " Cﬁs,‘T _ 3(C1,ch,T)
255T3 25573 25573 bl IR

where (C,{,T)lsig'(cir)151’33'(@})15:’36 are defined in Theorem 5.2.2.1 and Cé T'Cio T—CésT are defined
by:

(1))2
(D

Cl9 T =a)(0'2v, (o + 0'0'(2))1), 0'2v)g, Cio T :w(azv, 0'0'(1)1/, 0'0'(1)\), azv)g,

CéfT =w(péov,o0 ,a'zv)g .

To obtain an implied volatility expansion, we use the relations between the Greeks w.r.t. the log-spot
which naturally appear when applying the expansion of Theorem 5.2.2.1 and the sensitivities w.r.t. the
volatility parameter. These relations are available on Appendix 5.6.3. Applying Proposition 5.6.3.3, the
third order approximation formula (5.9) can be transformed into:

Call(S,7T,K) (5.58)
c! C! C! C! C! 3¢
_ BS =2 BS -2 1L,T 2,T 3,7 37 2 4T 4,17
=Call®® (xo, 67T k) + Vega® (x0, 67T, k)| - St r T st e T r
! [ 2 [ 2 [ 2 3 ) s 3 Y
3C4,T 2 (CI,T) 3(CI,T) 3(CI,T) 2 Ci,T Ci,T Cé,T C%,T C%,T

+ + -~ + -~ + -~ -~
Hr3" T8 T oo gird " T agr  200r2 " T 8eT 26912 25912
s K K K S 2 K 2 K 2 s
Cr . Cir B Cir N Cir 2 3(CY ) N 3(C ) e 3(Ci ) I Cir
26573 166T 463T?2 46573 85573 85573 457T4 oT
(CYp+Chp)  (CE+CYp)  (CE+CYp) | Cip 3CP,  Cy 3CS,

+

2 2

+ - - - —
T2 25312 T T 3 " T ReT 25912 2312 2
1 1 1 1 1 1 [ s [ K
CSS,T C5fT CSfT 2 C63,‘T C6fT C63,‘T 2 (Cl,TCIS,T) 3(C1,TCIS,T)

- -~ + -~ -~ + + +
86T 20372 255T° 26912 46372 26573 | 85312 26573
I s I
3(C1,Tci,T) 3(C1,T 1Y,T) 2
1

45573 T T

1 BS,, =2 Cir 2, s \2 m I o I m’ m
+§Vomma (x9,0 T’k)[(dTTz) m +(C1Y’T) (——+m) +(C1’TC;’T)(W_W)]

25372
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+O(K |0oo[E34p + Mi(@)(Mo(0) + Equp)*] T).
Using the following relations easy to establish:

I 2
Cip)
2 9

s 2T _Als ls Ls [ 2.NT _ Al [ l 2.N\T _ Al
Cl’Ta)(O' V) —C2’T+C3’T+C&T, CZ’Ta)(O' v)) —C95T+2C3!T, C4,Ta)(a' Vo _CIO,T+

we can write that:

l [ l l 1 1 1
Cir B Cor+Cir  Cyr Cor B Cr  Cor
T a31? 3T 26T &3T% 253T%
1 I 12 1 I 12 [ I 1 [ 12 1 [
_ C4,T [CI,T] _ 3C4,T 3[CI,T] _ CIO,T _ 3C10,T C4,T _ S[CI,T] _ 3C4,T CIO,T
46T 83372 3T  25°T3 46312 57137 ~55T3  &T FT3 T FTY

and finally obtain for (5.58):

Call(So, T, K)
=CallBS(x, 52T, k) + Vega®S (xo, 7> T, k) (Yoa.r + Yob.1) — T+ Yia1 +Yip1)m+y2 7m’]

1
+ 5 Vomma® (xo, T, k)07 = & +Y1a,7m1” + OK [0los[E5yy + My () Mo(@) +&up)*] T7)
~Call®® (xo, [(You.r +Yob.1) + Viax +Yi60)m+y2,rm? T k),
This reads as an expansion of the implied volatility and proves the next Theorem:

Theorem 5.4.1.1. (3rd order expansion of the implied volatility). Assume (H3,) and (P). We have:

a1(x0, T, k) =Yoa1 +Yoo.r + ViaT +YVibT)M+ Y2 rm* + Erroré,xo. (5.59)

At fixed maturity T, the implied volatility approximation is written as a quadratic function w.r.t. the
log-moneyness m with the coefficients y defined in Definition 5.4.1.1.

Corollaries of Theorem 5.4.1.1.

>Estimates of ErrorI3 %o+ I addition to the above implied volatility expansion, one can under additional

technical assumptions upper bound the residual terms. Assume that |m| < K|o|e VT for a given K > 0
and that M, (o), Mo(0), &up and T are globally small enough to ensure that
Y =Y0a1 +Yob.T + (ViaT +Y167)M+ yz,Tmz > 0. Under these assumptions, one can prove that:

|Err0r£,x0| = O(IO-IOO [‘fgup + Ml (U)(MO(O') + fsup)z]T%)a

where the generic constant depends in an increasing way on K, what justifies the label of third order
expansion. Although tedious to write, the proof does not contain huge mathematical difficulties and is
performed in Chapter 2 Subsection 2.1.4 in the case of pure local volatility models for the second order.
For the sake of brevity we leave it as an exercise to the reader giving only the outline: perform a second
order expansion of o — CallBS(xo,a'zT, k) at y around &, a zero order expansion at oy(xg, T, k) around
v, apply Theorem 5.2.2.1, use classical estimates for ag,lCallBS(xo,(TzT, k) for n = 1,2,3 (see Chapter 2
Corollary 2.6.1.1) and carefully gather terms and evaluate their magnitude.

>Short maturity skew and smile behaviours. We analyse the behaviour of the approximation formula
(5.59) at the money (i.e. m = 0) and for short maturity (i.e. 7 < 1). In view of (5.59) and the various
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coefficients C!, C*, C* and v (see Definition 5.4.1.1 and Theorem 5.2.2.1), assuming that o, o-fl) and
(riz) are continuous at ¢t = 0, we obtain for the level, the slope and the curvature ATM:

[o1(x0, T, k) lk=xy *Y0a,1 +Yob,r = 00 VV0,
(@)]
oy Vo N poéo
2 4w

oy o Loy Py o3 &
- - + (5.61)
3 60 0

Oklo1(x0, T, )] lk=xy ® = Y147 = Y16, ® V14T * (5.60)

O [o1(x0, T, k) lk=x, 2y2.7 =

3 30
2400v;  1200v;

where we have used the following estimate:

[Yoa,7 +Yoo,r =l +y1prl <c T,

and consequently neglected these terms considered as maturity bias. We observe that:

1) In case of null correlation, our approximation coincides with [Forde 2012a, Theorem 4.1]. Otherwise,
we notice that the terms C'* involving simultaneously po, & and Uél) vanish and that the slope of the
implied volatility is modified. The correlation is therefore interpreted as a skew parameter and there
might be a competition between O'E)]) and p in the calibration procedures.

2) For pure local volatility models (i.e. &sup = 0), we retrieve the results of Theorem 2.3.3.1 of Chapter
2.

3) For pure Heston models (i.e. M;(c) = 0), we recover the expansion given in [Forde 2009, Theorem
2.5]. In the case of zero correlation, the approximation formula (5.59) becomes for short maturity:

G O 3 2o0T o2voT 2
o1(x0, T, k) = 6 — — - 3L 3T 2~ 2070 ool f_og 2
16T 453T? 45573 24\vg 4 2dorgr
0

We have retrieved that an uncorrelated Heston model induces a symmetric smile w.r.t. the moneyness.
The implied volatility ATM is slightly smaller than the local volatility function ATM and becomes larger
ITM or OTM, the smile increasing with the volatility of volatility &y. If we consider a negative correla-
tion, in view of (5.60) (the slope becomes negative and increases in absolute value with |pg|) and (5.61)
(the curvature is decreasing until reaching zero for |pg| = V2/5 = 0.63), the center of the short maturity
smile is shifted to the right and the smile changes from a symmetric shape to a negative skew. The
converse is realised for a positive correlation.

>Calibration issues for time independent parameters. Generally the local volatility function is com-
pletely determined by a level and a slope parameters identified respectively with the local volatility and
its first derivative ATM. This is for instance the case of the CEV model (see (5.71)). For general local
and stochastic volatility models, the level of the volatility can be fixed throughout the local volatility
function whereas the stochastic variance process can be normalised with an initial value vg equal to 1.
We have seen that for an uncorrelated local and stochastic volatility model:

i) The level parameter of the local volatility is linked to the short time implied volatility ATM,

ii) The skew parameter of the local volatility is connected to the short time slope of the implied volatility
ATM,

iii) Once the local volatility function is identified, the volatility of volatility parameter is linked to the
short time curvature of the implied volatility ATM.

These features allow us to suggest good surrogates for these three parameters in view of a calibration
procedure by simply estimate the market implied volatility curve for short maturity. But we have ob-
served that the correlation modify the short term skew and it is well known that the mean reversion
parameter of a CIR process plays a similar role than the volatility of volatility but in the inverse way.
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Thus we can find models having different parameters but reproducing the same smile for one maturity:
like for the Heston model, the calibration with a single maturity is an ill-posed problem.

5.4.2 Implied volatility expansion at mid-point

It has been empirically proven in Chapter 2 Section 2.5 throughout exhaustive numerical experiments
that for the pure local volatility case, expansions with local volatility function frozen at mid-point
Xavg = (X0 +k)/2 =log( VS oK) give better results. First we introduce new notations and definitions.

Notations.

> Corrective coefficients frozen at mid-point. The coefficients C!, C*, C** and y was naturally defined

in Theorem 5.2.2.1 and Definition 5.4.1.1 for the local volatility function o at log-spot xg. To consider

the same coeflicients but with local volatility function frozen at point z where z is generally equal to x,y,

or xp, we use the notations C' l’ 72, C(2),C fST(z) and y; 7(2).

> New ellipticity assumption at x,,,. We define similarly (?(gwg) and (H %) by replacing xo by Xayg.
2

The generic constant in the further estimates will depend in an increasing way on ———=—— (=Y S

Iy o Ceavgvedt

> Time reversal. For the coefficients Cf 7(Xavg), we introduce the notation Ef 7(Xavg) Which means that

we have inverted the order of integration of the integrands. For example

5{’T(xavg) = w(o_(xavg)o—(l)(xavg)ve O'Z(Xavg)v)g instead of Cé,T(xavg) = w(o'z(xavg)va O'(Xavg)a_(l)(xavg)v)g-
Definition 5.4.2.1. Assume (H, vg). We define the following corrective coefficients:
ﬂOa,T(xavg) =V0a,T(xavg),

TTob,T (xavg) =Y0b,T (xavg)s

aé,T(xan) - Cé,T(xavg) CT’T(xavg)

ﬂla,T(xavg) =

253, T? 253, 7%
716,17 (Xavg) =Y 16,7 (Xavg) + CIIS_T Vi) CéX_T ) - CifT(xmg) . CéS_T Cne) Cllso’T(xavg)’
464, T 80, T 853, T?
3 aé’T(xavg) + Cé’T(xavg) 3(5411’7" (Xavg) + Czll,T (Xavg)) Cé,T (Xavg) Cé,T (Xavg)
727 (ag) = 263, T? B 253, T° 80y, T 453,17
ClorCavg)  C3r(Xag)  Chp(avg)  3(CY 1 (hang))®  Cp(Xang) + C5p (Yave)
5-)7€avg T 26—§ng T3 46—§favg T ) 40_-)7‘1"75' T O_—)SC""A’ I’
3Cr(tag)  CEp(avg)  Cer(Xang)  3(CY rC Pavg)  CFp(avg)  Co'p(ang)
203, T3 203, T 255, T3 oL, Tt 200, T? 453, T?
3 Cis’T(xavg) + CéS’T(xan) + CIISO,T (xavg)
453, T3 |

where Cé’T(xavg), C é’T(xavg), CéfT(xavg) and C IISO’T(xan) are defined by:

Cl 1 (Xavg) =0(( V) + TN (xagV)G s Ch 7 (Xavg) =(0(Xang)o D (Xavg)V, 0 (Xang )P (Xang V) »

CéfT(xavg) =w(p§0_(l)(xavg)v, Uz(xavg))g’ CllS()’T(xavg) =w(0—(xavg)0—(1)(xavg)v’p§0-(xavg)‘}, O'z(xavg))g-
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To obtain a new implied volatility approximation, we consider the formula 5.59 and we perform a
Taylor expansion around the mid-point. First we analyse the leading term &, of 5.59:

Lemma 5.4.2.1. Assume (H' o) (7{‘7 ) and suppose that |m| < K|o|w \/_for a given K > 0. Then we
have:

(@ FaV)]  Csplar)) , Cor(Xay)
20_—xang " 80_-Xang " 4 3 T‘2

Xmg

m? + (oo Mo(a) 2 My ()T ), (5.62)

Oxp =0 xg T

where Cé,T and Céj are defined in Definition 5.4.2.1.

Proof. First notice that (H %)—(ija vg) implies the strict positivity of uﬁ'io +(1- ”)E)anvg for any u € [0, 1].

2 T
Then apply the Taylor formula twice: firstly for the function y = /y aty = M around
2
y= m and secondly for the function x = o7 2(x) at x = xo around x = Xavg, for any t € [0,T]. I
gives:
_|e@?owyy (@ (x0)V)§ = (> (XavgV) (> (x0)V)] = (0> (Xavg V)G 1P
Ty =\—— = Oy + - - > +R;
T 20, T 80'xmgT
w((o_o—(l))(xavg)v)g 4 w(((o_(l))Z + Uo_(z))(xavg)v)g ) [(’-)((0—0_( ))(xavg)v)g]z )
=0y, — m - m°— m
Xavg 20—erng SO'XH‘VgT 80_-)3Cavg T2
+R{+Ry+R;3,
where:
1 2
3 (1-uw)
R =l = o0 [ —— ",
0 8T3(uoy, +(1—uo ng)
(1-u)
Ry = 160—xmg f 832 (LL)(O' (X)V)O = uxo+(1=)xag & 3 ——du,
e (@((x0)V)g = (0 Xavg)V)g + M (0T D) (Xayg)V)g) m?
’ 853, T? 4

1
x fO B (02N sy 1y (1 — )

Next remark that w(((0V)? + 00 @) (xXang )W) = CL . (xavg) and that (o) (xaye)T1* = 2CL  (Xavg).
Then we readily obtain with the assumption on m and (?{g)—(ﬂgvg) that

Ry + Ry +R3 = O] Mo(0)2 My ()T ). -
Second we analyse the corrective terms:

Lemma 5.4.2.2. Assume (7-(%)-(7-(2@) and suppose that |m| < Kol VT for a given K > 0. Then we
have:

Y0a,1(X0) = O xy + YV1a,7(X0)M (5.63)

Clng(xavg) + 2C11S’T(xavg) w(o'(xavg)o'( )(xavg)V)Tcs (xavg)

=70a,T(xavg) = O Xavg + 85'xm T m— So_xavg T2 m+ 71a,T(xat’g)m

m2

CZQ’T(xavg) + ZCé’T(xavg)mz 43 w(o—(xavg)o_(l)(xavg)V)TCll’T(xavg) 2 CéfT(xavg) + 2CIIS’T (Xavg)
253, T? 255, T3 40, T?

Xavg
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W(o(Xqy )0_(1)(xav )V)TCS (Xavg) ;
+3 e O IE + M@ Mo(@) + Eup 1T,

Yob,7(X0) + 16,7 (X0)m + 2,7 (x0)m’ (5.64)
=07 (Xavg) + Y15, Cang M+ Y2, g + Ol oo [EDyp + M (Y Mo(0) + Exup)?1T).

Proof. The above expansions can be proved similarly than the expansion of Lemma 5.4.2.1 with long
and tedious computations. Since there is no extra difficulty, we skip further details. m|

Lemmas 5.4.2.1 and 5.4.2.2 lead to the next Theorem:

Theorem 5.4.2.1. (3rd order expansion of the implied volatility at mid-point). Assume (H)-(H; .
and (P). We have:

o1(xo,T,k) =mtoa,r (xavg) + 7Tob, T (xavg) + (ﬂ'la,T(xavg) + ﬂlb,T(xavg))m + 7T2,T(xavg)m2 + EI‘I’OI‘I&XM , (5.65)
where the corrective coefficients m are defined in Definition 5.4.2.1.
Proof. We gather terms coming from Lemmas 5.4.2.1 and 5.4.2.2. First notice that:
w((o—o—(l))(xavg)v)gw(Uz(xavg)V)g = Cll,T(xavg) + Ezl,T(xavg)-
to get:

w((o-a(l))(xavg)v)g 3 Cll’T(xavg) B EII’T(xan) - CII’T(-xavg)

m m=
5 =3 2 =3 2
ZO-XH"K T O-xavg T zo-xavg r

(5.66)

Second remark that:
(0 (Xavg) V) CavgV)§ 1 7-(Favg) =C3p(Xavg) + C§ 7 (Xavg) + C1 7 (Xavg)» (5.67)
(0 (Xavg)TD (XangV) €} 7 (Xavg) =2C}y 7 (Xavg) + (T D) (Xarg)V, % (Xavg )V, (0T ) (xang)v) . (5.68)
Then use the following relation easy to verify:

Ch 1+ (Xang ) (0 (Xang V)G . C4 a0 FargVIG T Ch 7 (Xavg) + Ch 7 (Xavg)
2 4 B 2 ’

i
C3’T(xavg) -
to write that:

Cé’T(xavg) 2 Cé,T(xavg) 2 Cé’T(xavg)n/l2 _ Cé’T(xavg) + gé,T(xan)mZ B Cé’T(xavg)mz (5.69)
53, T 253 T2 80+, T 253,13 805, T .

Xavg

Next, take advantage of the identity:

w((o—o-(l))(xavg)v, O—Z(Xavg)va (UO-(I))(xavg)V)g - Cé,T(xavg)w(o_z(xavg)V)g = _[Cij(xavg) + 6-ELT(xavg)],
to obtain:

Ci’T(xavg) 3 [ZCELT(xavg) + ‘U((O_O—(l))(xavg)v’ O_Z(Xavg)v, (0_0—(1))(xavg)v)g]

— +
O_-iavg T3 2 0_-“5ru"£' T3
B Cé’T(xdvg) _ Cl6,T(4xan)

0_-)3Cavg T2 a_-im’g T2

[CL . (Xave) + CL - (xave)]  CL . (Xave)
__3 4,7\ Mavg 4,7\Pavg + 6,T3 avg ‘ (5.70)

265 T3 473, T?
avg avg

Finally sum the relations (5.62)-(5.63)-(5.64) and take into account the mathematical reductions (5.66)-
(5.67)-(5.68)-(5.69)-(5.70) to obtain the announced result. O
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5.5 Numerical experiments

>Model and benchmark. Here we give numerical examples of the accuracy of our implied volatility
approximation formula with local volatility at mid-point (see (5.65) in Theorem 5.4.2.1). We consider a
time-independent CEV-Heston model:

dS, =uS? Y, dw,, S¢ = e®, (5.71)
dY, =x(6 - Y,)dt + \Y,£dB,, Yy = v,
d(W, B), =pdt.

This model is applied directly to the asset price and we apply our various expansion results by con-
sidering a fictive log-asset with local volatility function o-(x) = ue®®=1*. Using Proposition 5.6.4.2 in
Appendix 5.6.4, the implied volatility formula (5.65) writes explicitly:

pEu(SoK)'T RST , BP0k | 2(SoKP VT

o1(x0. T.K) ~u(SoK)' T V{1 + = = (1 - ) (5.72)
o - s )
2 szf(;;l_) cRy SR L) S Ko,
LB Do) T T R + (S oK P! vT(R—“_—IiSn
% 8 48v
+lw02—é;ﬁzl_2[—lis+<ﬁ DS P T L - 2:_)] £C2)
it DB g S0 - O e S
2.0 P N2 2 ps
T B 2 10230 4 Wlog%%)},

where the coefficients v, R, R}, R; and Rlzs are defined in Proposition 5.6.4.1 of Appendix 5.6.4. Note
that if the correlation is equal to zero, many terms vanish and the formula becomes very simple.

As a benchmark, we use Monte Carlo methods with a variance reduction technique. The simulated
random variable is (S — K), using an Euler scheme (see [Glasserman 2004, Section 3.4]) and in or-
der to reduce the statistical error, we use the Heston control variate (S I}l - K); —E[(S '}I — K).] where
S IH )iero.77 follows (5.71) with g fixed at 1. The latter expectation is computed using the Lewis formula
[Lewis 2000]. In [Benhamou 2010b], the authors have studied the numerical accuracy of price approxi-
mations w.r.t. k, 8, & and p in the context of Heston models whereas the influence of the parameters 8 and
4 has been considered in details in Chapter 2 of the thesis in the case of pure local volatility models. This
is the reason why we decide to freeze at realistic values the set of model parameters (with an important
negative skew) and allow the maturity and the strike to vary in order to see the global accuracy. In all
the tests we use the values:

So=1, wu=025 p=05 wv=1, 6=12, k=3, &=15 p=-70%, (5.73)

and we execute the Monte Carlo simulations with 107 sample paths and a time discretization of 300
steps by year. Using the Heston control variate, this number of simulations allows to obtain confidence
intervals with width reduced to a few bps® for a large range of strikes and maturities. All the following
computations are performed using C++ on a Intel(R) Core(TM) i5 CPU@2.40GHz with 4 GB of ram.

31 bp (basis point) is equal to 0.01%.
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>Accuracy of the implied volatility formula (5.65). In Tables 5.1, 5.2, 5.3, 5.4, 5.5 and 5.6 (corre-
sponding to the maturities 6M, 1Y, 2Y, 3Y, 5Y and 10Y) we give for various strikes the Black-Scholes
implied volatilities estimated by Monte Carlo (1C), the bounds of the 95%-confidence interval of the
Monte Carlo estimator (MC- and MC+) and the implied volatilities given by the approximation formula
(5.72) (AF(xayg)). We use the parameters as in (5.73) and the strikes are chosen to be approximately
equal to Sge? VT \here q takes the value of various quantiles of the standard Gaussian law (1%-5%-
10%-20%-30%-40%-50%-60%-70%-80%-90%-95%-99%) which allows to cover far ITM and far OTM
options. For the sake of completeness, we indicate the computational time to perform the Monte Carlo
simulations.

Regarding the results, we see that our approximation formula (5.72) is very accurate, giving errors on
implied volatilities smaller than 20 bps for a large range of strikes and maturities. The results for ATM
options are truly excellent but we nevertheless observe inaccuracies for extreme strikes, especially for
OTM options (however for such strikes the accuracy of the Monte Carlo estimates is less good) and for
short maturity. This asymmetry in the errors is probably due to the important correlation. Higher errors
for short maturities is a counterintuitive fact with our error estimate (5.10) which was already observed
in [Benhamou 2010b] for Heston models. This could be explained by the convergence of the stochastic
variance to its stationary regime for long maturities whereas the skew is very important for short ma-
turities owing to the correlation. Thus we observe a maximal error for the whole range of strikes and
maturities of approximately 150 bps in Table 5.1 realized for the maturity 6M and the extreme strike
0.65. For long maturities (3Y, 5Y and 10Y), errors on implied volatility are smaller than 15 bps if we
except the largest strike for which the Monte Carlo estimate is questionable because of the very large
confidence interval. For instance we sometimes report ND in the tabulars corresponding to the maturi-
ties 5Y and 10Y meaning that the corresponding prices are outside the non-arbitrage bounds.

Last but not least, regarding the computational cost, we observe that we need approximately 2m30s per
month of the maturity for the Monte Carlo simulations (4h54m27s for the maturity 10Y!), whereas the
whole set of implied volatilities is computed in less than 1 ms with the implied volatility approximation
formula. This is a very significant advantage allowing real-time calibration procedures.

As a conclusion our implied volatility approximation provides very good accuracy with a computational
cost close to real-time and is able to deal naturally with general time-dependent local volatility functions.

Table 5.1: Implied Black-Scholes volatilities (%) for the Monte Carlo simulations (execution time:
17m02s) and the approximation AF(x,,,) expressed as a function of strikes for 7 = 6 M.

Strikes 0.65 0.75 0.80 0.85 0.90 0.95 1 1.05 1.10 1.20 1.25 1.35 1.50
MC 3486 31.86 3049 29.18 2794 26774 25.61 2452 2350 21.64 2082 1945 18.01
MC- 3485 31.86 3049 29.18 2793 26.74 25.61 2452 2350 21.64 2082 1944 17.95

MC+ 3487 31.87 3049 29.18 2794 26775 2561 2453 2350 21.64 2083 1946 18.07
AF(xayg) 35.04 3193 3052 29.19 2793 2674 2560 2452 2348 2153 2061 18.86 16.45
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Table 5.2: Implied Black-Scholes volatilities (%) for the Monte Carlo simulations (execution time:
31m33s) and the approximation AF(x,,,) expressed as a function of strikes for 7' = 1Y.

Strikes 0.55 0.65 0.75 0.80 090 095 1 1.05 1.15 1.25 1.40 1.50 1.80
MC 36.36 3349 31.01 29.89 2785 2691 2602 2517 2361 2222 2043 1944 1732
MC- 36.34 3348 31.01 29.89 27.84 2690 2601 2517 2361 2222 2043 1943 17.16

MC+ 36.37 3349 31.02 2990 2785 2691 2602 2517 23.62 2223 2044 1945 17.47
AF(Xayg) 36.56 3358 31.05 2992 27.85 2690 2600 2515 2357 2212 20.16 1897 15.83

Table 5.3: Implied Black-Scholes volatilities (%) for the Monte Carlo simulations (execution time:
1h4m11s) and the approximation AF(x,,,) expressed as a function of strikes for 7 = 2Y.

Strikes 045 055 065 075 085 090 1 1.10 1.20 1.35 1.55 1.80 230
MC 37.22 3446 32.19 3026 2859 27.83 2644 2520 24.07 2258 2089 19.16 16.72
MC- 3720 3445 3218 3026 2859 2783 2644 2519 24.07 2258 2088 19.14 16.26

MC+ 37.24 3447 3220 3027 28.60 27.84 2645 2520 24.08 2259 2089 19.18 17.05
AF(Xavg) 37.32 3452 3222 3028 28.59 27.83 2643 2518 2404 2252 20.76 18.87 15.84

5.6 Appendix

5.6.1 Change of model

In this section, we justify why we work without loss of generality with the model (5.1)-(5.2). If we
consider a general time-dependent CIR process, the formulation becomes:

2(t, X)) VY,
dX, =2(1, X,) Y, (dW, - (—2)‘/—

dr), Xo = xo,
dY; =k,(6;, — Yy)dt + 7y, Y:dB,, Yo = vy >0,

with a correlation (o;):c[0,r] between W and B. We assume the next hypothesis:
(P)’: k, 6 and vy are positive, measurable and bounded on [0, T'] with y;,s > 0, and 2(;(,—2)inf > 1. Now set

V= el xdsy, ;. A direct application of the Itd’s formula leads to:
AV, = (eh95k,0,)dr + (2 h ) \[V,dB,, Vo = vy >0,

while the dynamic of X becomes:

1 1t
: 2t X,)e 2 hsds
dX, = 2(1, X,)e~ 2 h 95 [V, (dw, - (¢, Xp)e 5 ‘/_’dz), Xo = xo.

Setting a; = efot’“dxk,et and & = e%for"sdsyt for any ¢ € [0,T], o(t,x) = Z(¢, x)e_%fot"sds for any (¢,x) €
[0, T] xR, we obtain a formulation equivalent to (5.1)-(5.2). Observe that (P") < (P) and that the local
volatility functions o and X have the same space regularity.

5.6.2 Explicit computation of the corrective terms of Theorem 5.2.2.1

We give the full derivation of the corrective terms in the approximation (5.9) of Theorem 5.2.2.1. We
begin with the proof of Lemma 5.2.3.1 and next we give the details of the computation of the corrective
terms.
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Table 5.4: Implied Black-Scholes volatilities (%) for the Monte Carlo simulations (execution time:
1h31m44s) and the approximation AF(x,,,) expressed as a function of strikes for 7 = 3Y.

Strikes 0.35 050 055 070  0.80 0.90 1 1.10 1.25 1.45 1.75 2.05 2.70
MC 39.08 3473 3359 30.74 29.19 2784 2665 2557 2416 2255 2057 1897 1632
MC- 39.04 3471 3358 30.74 29.19 2784 2664 2557 2415 2254 2055 1894 1558

MC+ 39.11 3474 3360 30.75 2920 27.85 2665 2558 2416 2255 2058 19.00 16.79
AF(Xavg) 39.13 3476 33.62 30.76 29.20 27.85 26.65 2558 24.15 2252 2049 18.82 15.97

Table 5.5: Implied Black-Scholes volatilities (%) for the Monte Carlo simulations (execution time:
2h29m18s) and the approximation AF(x,,,) expressed as a function of strikes for 7 = 5Y.

Strikes 0.25 040 050 0.60  0.75 0.85 1 1.15 1.35 1.60 2.05 2.50 3.60
MC 41.27 36.15 33.81 3193 29.68 2844 26.86 2552 2401 2245 20.25 18.53 15.59
MC- 41.21 36.12 33.79 3191 29.67 2843 26.85 2551 24.01 2245 2023 1848 ND

MC+ 41.33 36.18 33.82 3194 29.69 2845 26.86 25.53 24.02 2246 2027 1857 16.76
AF(Xavg) 4127 36.16 33.82 3194 29.69 2845 26.87 2553 2403 2246 2024 1851 1544

5.6.2.1 Proof of Lemma 5.2.3.1
We proceed by induction. One needs the following technical result:

Lemma 5.6.2.1. Let (M;)c[0,1] be a square integrable and predictable process, (fi)ie[o,1) be a measur-
able and bounded deterministic function and ¢ € Cy(R). Then, we have:

T T T T
(e [ saw [ aaw) =5l gaw [ pigar)
0 0 0 0

T T T T
o [ fiaw [ maz) =B faw [ o)

Proof. These results directly come from the duality relationship of the Malliavin calculus (see Lemma
1.2.1 in [Nualart 2006]). O

If N =1 and Iy = 0, there is nothing to prove. If N =1 and Iy € {1,2}, Lemma 5.6.2.1 is a particular
case of Lemma 5.2.3.1 noting that Vi € N, E(go(i)( fOT ﬁdW,)) =G%( fOT f,dW,), thanks to the regularity of
©. Suppose that the formula (5.18) is true for N > 2. Then apply Lemma 5.6.2.1 if Iy € {1,2} to obtain:

T T IN+1 15) / p /
E(( f £dW,) f IN+ Ly, f INgy - f L dW, . dW/rdwr)
0 0 0 0

T TA IN+1 N 5] J I
ZE((,D(]IIN“*O)(I ftth)f lN+1JN+1f lN,th f ll,flde] ...thIf]leNH)
0 0 0 0 0
T T T tn r , ]
=B v170)( f fdW)) f ( f Ine1.5d8) v sy f f L dW . .dW),
0 0 N 0 0

where at the last equality we have used the fact that fOT g7, dt = fOT( ftT gsds)dZ; for any continuous
semi-martingale Z starting from O and any measurable and bounded deterministic function g (apply the
Itd’s formula to the product ( ft ’ gsds)Z;). We conclude without difficulty with the induction hypothesis
and leave the details to the reader.
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Table 5.6: Implied Black-Scholes volatilities (%) for the Monte Carlo simulations (execution time:
4h54m27s) and the approximation AF(x,,e) expressed as a function of strikes for 7" = 10Y.

Strikes 0.15 0.25 0.35 0.50  0.65 0.80 1 1.20 1.50 1.95 2.75 3.65 6.30
MC 4471 39.62 3640 33.11 30.77 2897 27.09 2559 2381 21.79 19.28 17.33 1531
MC- 44.60 39.56 36.36 33.08 30.75 2895 27.07 25.58 23.80 21.78 19.25 17.22 ND

MC+ 4483 39.69 36.44 33.14 30.79 2898 27.10 25.60 23.82 21.81 1931 1743 16.28
AF(Xavg) 44.69 39.63 3641 33.12 30.78 2898 27.10 2561 2383 21.81 1928 17.30 13.70

5.6.2.2 Calculus of the corrective terms

We recall our order 3 approximation:
E[h(XD)]+ERDXD) X, 7]+ E[h“)(XP) Ly E [H® (X)X 7]

We compute each correction term separately, and pay attention to the different nature contributions in
these corrections (pure local volatility part, pure stochastic volatility part and both local and stochastic
part).

>Step 1: contribution with X; 7. Apply the Lemma 5.2.3.1 to ¢(-) = AV (xo— 1 fOT ol dt+2), fi = o4,
and:

r 72 o, A
Xl,T Zf (0-12 )AIZI o-tl/ltl (thl _ Z]Z 71 dtl) 2/1 f é:t]/ltldBfl)(dWIQ O-Iz/ltzdtz) (574)
0 0 15}
to get:
1), vP i h hoPy o L ok P Cf hyyP

E[n(Xp)Xirl = C| 7165 (XF) - QZ(XT) + EQI(XT)] [GA(XP) - Gh(x D], (5.75)

where:

C‘f’T = w(pfav,az)g, CII’T = w(c?v, a'a'“)v)g.

>Step 2: contribution with X, 7. In view of (5.14)-(5.12)-(5.13)-(5.15)-(5.16), we have:

1 (7 oD
AT - f AP = x0)?0® +2X1,0 V1AW, - o7y 4,d0) + 5| &7 20)V1,—— (W, =207 4,dr)
0 0 A

L (T op_ a0 L (T Va LTV
— EL (Xl —xo) (O-l ) tht+ Zjo‘ /lt O—t(th O—t/ltdt)— g\fov /l? O—[th,

where applying the 1t6’s formula:

(XP_XO)Z o l] On 12 ' 2
- O—tl ﬂtl (thl 2 dtl))o_tzﬂtz (thZ 2 dt ) + 0-1‘1 th dtl s (576)

(X[P_XO)Vl,l:f (f §S|/1A‘1dBS|)O-tz/ltz(dle_ t22 2 dtZ)
0 0

! 153 O-tl /11‘1 !
+ ( O—Il/ltl (thl - Tdtl))gsz/lSZstz + é:t]ptlo-tlvtldtla (577)
0 0 0

[ £
Vo, = f ( f £y, dBy) 2By, (5.78)
0 0 52
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(5.74)-(5.76)-(5.77)-(5.78) and applications of Lemma 5.2.3.1 allow to obtain:

D)/ yP Xor 1 )/ yP Tvlz,t 2
E[h (XT)T]+§]E[h (XT)L V—to-tdt] (5.79)
5GhxXD) Ghxb)
=l [GX]) = 2G4X]) + =2 = =)+ 2L IGAXT) - Gl (X))
5GH(XD) GhxD) Gh(xh) gh( XP)
+CllGHXD) - — == +2G3(X]) - =1+ Cp [ = — GR (X)) + ]
GiXp)  SG4XT) g’%xﬁ gh( P)
+(CéfT+CéfT)[ 42 4 ] CésT[ _gh(X )]
gh( ) Cla Cs
+ Cly -G + G0y - T 220 G Ty 2T Gh Gl
where:
Char = (0™, <<r<”>2v>§ . Chyr=w@v,oe®vy, Chor = (@0, 02, (VYW
CébT = w(o?v,0?v, 0@, CfLT = w(o*v,c0Mv, 00!, Cs = w(péav, péo, a7,
Ci'r = wpéov,coV)g, C5'r = wipéov,a?v,ao0 ), CYr = w(o?v.péov,ao ),

CfﬁT = w(péov, 0'2,0'0'(1)v)g.
>Step 3: contribution with Xf - Starting from (5.14) and applying the It6’s formula we have:

V10

1 T
~Xir= f X1 ((XF = x0)0r V2 + =AW, — o ,d0) (5.80)

2 ’ 0 2/1[
2
L T P M 1TV,
+— ((X; —x0) (o; )i+ (X, —x0)V1000,7)de+ = —odt,
2 0 8 0o Wt

where:

( til)_xo)vl,tlo—tl
2,

!
1
dry)+ f [(XE — x0)o, v,
0

!
X1,(XF = x) = f [(XF = x0 0Py, + 1dW,, — o7y, A, dty)
0

0-11/11‘1

t
+fX1,llo-ll/lt](dWl‘|_ tlo-tzl]dt], (581)
0

1,

2
2

Vl,t| oy

t !
](th1 - O-tl/ltl dtl) + f Xl,tlftl/ltldBtl
24, 0

Vl l] O-l‘|

T
X1V :f [(X,}I) —Xo)Vl’nO’E]l)/ltl +
0

f Prénl(XE = x0)o vy, + 1dr, (5.82)

Vi, =2 f f &1 A4 dBy )é, A, dBy, + f Ev,dt (5.83)

From Lemma 5.2.3.1 and (5.81)-(5.76)-(5.74)-(5.77) it follows that:

T
E[hP(XE) f X1,(XF = x0)or "V A,(dW, — 07, 4,d1)] (5.84)
0

13G4X]) GhxD)
=Cl14,712G6(X7) ~ 6G5(X]) + ——5— = 3G3(X7) + =51+ C, 7IGHXT) 263 (X]) + G5 (X])]

gh(X”) _5GAXD) Gh(xD) Gh(xP) g”( xD)
54 +Gh(XE) - 34T] ’ST[4 -G (XD +

]

+(C7aT bT)[
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13G(xE) 3GhxE) GhxP) Ghxt) 5GMXE)
+CliprlGe(X7) = 3GEXD) + —— = = == + =+ Oy =0 - =2+ GUXY)
gh( ) 3GAXD)  GhxD)  Cip
)+ Cl I Gh D) ~ =5+ T+ G ~ GRX))
where:
C{la,T = w(o-zv,(fzv, (0'0'(1))\/, (0'0'(1))\/)5, C{ T = w(0'2v, (a’a(l))v, a?v, (0'0'(1))v)g,
Césaj = w(péov, 0'2\1,0'2,0'0'(1)\/)5, Césb’T = w(a'zv,pfav,a'z,(ro-“)v)g,
CéSC’T = w(péov, 0'2,0'2v,0'0'(1)v)g.
Similarly, using Lemma 5.2.3.1 and (5.82)-(5.77)-(5.83)-(5.74), we have:
T X1,V
%E[h@)(xi) f %”Ut(dwt—o-ﬂltdt)] (5.85)
0 t
GiXT) 5GUXP) Gy(X7) L(XT) Gh(X%)
_(C7dT CéeT) 62T - 54 +Gl(X7 )——T] Césr[—z‘z -GhXD) + 22T]
cs C
4”[g6<X”> 2gh<XP)+g4(XP>]+—[g (X7)—2G5(X7) +Gh(XD)]
- Ghxb) 5§h(XP) Qh( ) CS
+ [ = 5 - FGUXD) — =]+ G ~ 264X + GHX )]
Qh(XP) 3§h(XP) Gh(xh) Cs
+Corl= S e g4<X$> GHXD.
where:
CE’T = w(péov,péa, a'z)g, C;T = w(fzv, 0'2,0'2)5,
Cja’T = w(péov,Epva, 0'2,0'2)3, Cib’T = w(pévao, a'z,pfa'v,crz)g,
CéfT = w(péov,ooVy, 0'2)5, CéfT = w(o?v, péo Dy, 0'2)5,
Cé‘Yd,T = w(pfav,olv, ooy, a'z)g, Cése’T = w(0'2v,p§o'v,0'0'(l)v,0'2)g,
Césf,T = w(?v, 00V, péov, 0'2)5.
Then using again Lemma 5.2.3.1 and (5.76)-(5.77) it comes:
T
(AP f (X] = x0) 2 (@) vy + (X[ = x0)V1 00y )] (5.86)
0
gh(X”) C’a ) gh(X”) _ghaxh  cp
=C, rG4XD) ~GAXD) + =21+ 5L GAXD) + (Cop +Chpl I+ STGHD).
Finally, we sum the contributions (5.84)-(5.85)-(5.86) to obtain in view of (5.80):
1 1 TVi,
EE[h(z)(X’T’)XIZ,T]—gE[h(z)(Xi) fo —’o-,zdt] (5.87)
13Q (XP) 3Ghxh)  Gghxh)
:(2Cllla,T+C 1bT)[g6(X;) 3G5(X7) + 4 32 L+ 24 =]
7G45(X7) 3gh<XP) 3G5(X7)  Gh(XE)
+Cir 264X - —5— 1+ CilGhX) - =5+ =]
Qh(XP) 5Qh(XP) Ghxh)
+(Ch p+Ch  + C o+ O+ C 4 CF I 54 +Gh(xEP) - 34T]
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Q"( 7) Q’“( 7. G G

+ O = GAXD) + =51+ — T IGHXD) 2G4 (XT) + GA XD+ — - [GHXD) ~ GA(X)]
gg(xﬁ gg’oq’) GiXD) o GiXD) 3GHXD)  GhXD)
+(2CaT+CbT) R + ) 1+Ce 7l R + 1 ]
Ghx) Céar ghxh) Ghxp CP

T ~h,yP
xP).
1 2 7 1T 67

>Step 4: some mathematical reductions. There are some relations between the expansion coeffi-
cients.The reader can easily verify that:
(C} )? (C 1)
5 =2Ca1 + Clp 1 2

I s Is Is Is Is Is Is
CirClr=Crr+Cor+Cor+Coyr+Cor +Cpr.

+CL, r[GH(X7) - GA(XT) +

1+

GHXP) +(Chr+CY I

!
=2C 101+ Cllb T

The first identity is proved in [Benhamou 2010b, section 5.4] and the others are similar. In addition we

I _ ol i I _ I
set C2 C2a T +C2bT and C3 C3a T +C3b T

>Final step. Taking advantage of the above simplifications and gathering the different contributions
(5.75)-(5.79)-(5.87) of steps 1 —2 — 3, we obtain the announced formula (5.9), putting together the cor-
rective terms according to the order of the Greeks.
5.6.3 Computations of derivatives of Call>> w.r.t the log spot and the volatility
In the following Proposition, we give the derivatives at any order of Call®S w.r.t. x:
Proposition 5.6.3.1. Let x,k € R and y > 0. For any integer n > 1, we have:
( )( 1! Hj 1(d1(x y,k))
J yz

8", CallPS (x,y,k) =e* N (d1(x,y,k)) + L2 €N (d (x, y,k))z
j=1

where (H)) jen are the Hermite polynomials defined by H j(x) = (—l)jexz/zaij(e_"z/z) Y(j,x) e NxR.
In the next Proposition, we provide the formulas of the Vega®S and the VommaP®S:
Proposition 5.6.3.2. Let x,keR, 0> 0and T > 0. We have:
VegaPS(x,0? T, k) =8,Call®S(x,0T, k) = " VT N’ (d (x,0°T, k),
VegaBS(x, 2T, k)
o

Vomma®S (x, 0T, k) =8, Vega®> (x,0* T, k) = d\(x,0°T, k)da(x,0°° T, k)

_ Vega®S(x,0T, k) (&= k? o°T
B o o?T 4

].

We finally state relations (obtained with Mathematica) between the derivatives of Call®® w.r.t. x and
the Vega®S and the Vomma®S:

Proposition 5.6.3.3. Let x,keR, 0> 0and T > 0. We have:

Vega®S(x,0%T, k)
oT ’

3 1
@ - Ea){z + 5ax)c.auBS(x, 02T, k) = —VegaBS (x, 0T, k)

5 1
Zaiz - Zax)CallBS(x, 02T, k) = Vega®S (x, 0T, k)|

(0% = 0,)Call®S (x,0 T, k) =

(x—k)
o372’
(x—k)? 1

oST3 o312

(0% —20% + I
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(38%, —68°, + Zaz - 16 )Call®S (x, 0> T, k) = VegaBS (x,0*T k)[3(x_k)2 R ]
o T e e R VAT RO S T 2 AT
1 3 13 3
(zaiﬁ - Ea; . —a%, - Za; —8iZ)CallBS(x, o?T,k)
i BS, 2 (x—k)? 1 3 1 BS, o . (x—K)?
=Vega ™ (x,0°T,k)[ — = + 5372 + 20_5T3]+§V0mma (x,0°T,k) o7
3 2 BS 2 BS 2 (x—k) 1
(26x3 - —(9 2)Call (x,0°T, k) = Vega™ (x,0°T,k)[— 23T + m],
4 3 BS,. 2 BS,. 2 (X k1 1 (x—k)
( a - —a 3 )Call®S (x, 0T, k) = Vega®S (x, T, k)] i 203T2],
(x— k)2 1 1

(7 a“ ——a* —GiZ)CallBS(x,O'ZT,k) Vega®S (x,0 T, k)| 1,

405T3  160T 40372
3 (x—k)2 1 (x—k)

4 3 2 BS 2 BS 2
Ou=505+3 L)CallPS (1,07 T.K) = Vega® (x,0°T. O] ST o372 20572
3<x 23 -k 1

oST3 20372 20372 80T

G a“ - 563 +0%)Call®s (x, 0T, k) = Vega®® (x,0° T, k)| 1,

1
(Eagﬁ iaxs 9% - Za;)CauBS(x,g T, k)

(x—k)? 3 .\ 3(x—k) s 1
o’T* 20573 405T3  803T2
. VommaP®S (x, 02T, k) (x—k)? (x—k)]

2 l oST4 20473
1

1
(gaﬁﬁ 4ax5+ aj;)CauBS(x o?T,k)

=Vega®S(x,o? T, k)[-3

]

(x—k)? 3 3(x—k). VommaPS(x,o2T,k) _(x=k) 1

=Vega™ (x,0T,k)[-3 + + +
cga (6, 0T, k)= 407T*  855T3 ' 8573 2 203T2 40T

1°.

5.6.4 Applications of the implied volatility expansion at mid-point for time-independent
local and stochastic volatility models with CIR-type variance

We specify in this section the form of the implied volatility approximation at mid point when considering
the time-independent local and stochastic volatility model with CIR-type variance:

X)VY,
dX; = (X)) \Y,[dW, - %ﬂdﬂ, Xo = X0,
dY, = k(0 Y,)dt +£[Y,dB,, Yo = vp,
d(W, B); = pdt.

In view of 5.6.1, we can apply our different price and implied volatility expansion theorems by consid-
ering in the various corrective coefficients C (defined in Theorem 5.2.2.1 and Definitions 5.4.1.1 and
5.4.2.1) the time dependent volatility function o (¢, x) = o(x)e™ 2, the time dependent deterministic vari-
ance function v, = vy + 6(e¥’ — 1) and the time-dependent volatility of volatility function & = fe%t. Thus
the coefficients are obtained by simple iterated integrations of exponential functions. Using Mathemat-

ica, we derive the following explicit expressions:
Proposition 5.6.4.1. For o(t,x) = O'(x)e_%, vi=vo+0(e—1), &= fe%’ and p; = p, one has:

() T?
2 b

T
jo‘ vie ¥dt =vT, Cll,T( X) =
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2 (1)\2 (2) =22 4 (1)y2 2) —373
g ([ +oo ) (x)vT a"()[()y +oc Y (x)v'T
Cl 1 (x) = 5 . G =Ch(x) = c :
)M T3 O () (M2 (vt T4
Cyr(x) = , Clor() = :
; 6 : 24
_ [co D20V T2
Cs 1 (0) =[(@)* + 5PN T, Cor(0) =——7—,
ng’S(X)RSTZ p2§20'4(X)RST3
Cl () =————. Cp(0) =————,
520'4(x)RS T3 péa?(x)c V(xRS T?
i) ="————, Ciir(0) =Cgr(x) = —
‘ , péat (DR T? , , péot(x)cV()REST?
Cor(0) =C57(x) = ——— G =C{r(0 =Clyz(x) = —
,o§(7'4(x)0'(1)(x)RlST3
Clr(x) =Gy () = Sam—
where:
e~ T (—1 + eKT)
v =(vo—6) - +0,
K
i e T ( 2kT +2eT — 2) e kT (ZKTEKT =2 + 2)
RS =(vg—6) ) +0 73 ,
i e (<3kT (T +2)+6¢T —6) ™7 (6T (KT —2) + 6kT + 12)
RS =(vo—0) = +0 = ,
i e 2T (=6 TkT +3¢*T =3) 72T (12647 +36>T (2T - 3) - 3)
RS =(vo—6) = +0 e ,
3 _
R :W{e 2T (yo — 0)(vo(3 + 2kT) — O(5 + 2kT)) + 2T (8> (4 + KT (6 + kT))
— Ovo(=2 + KT (4 +KT)) = 2v§) + 6 (4kT — 13) +46vy + v},
3 _ _
ls :W{ —e T (vy— 0)? + e T (07 (=4 + KT (=2 + KT)) — Ov(=2 + KT (=4 + kT)) — 2kTV?)
+6%(5+ KT (=4 +KT)) +20v(=2 + kT) + v},
3
b= (2T (v — ) (vo(3 +2kT) — O(5 + 2kT)) — 4T (vy — 26)*
26373

+67(11 + 26T (=4 +KT)) + 46vo(=2 + kT) +v§}.

We have in addition the relation:
2 ls s Is\T3
B RTT B (R1 +R2S +R33)T

— = < (5.88)

Using the relation (5.88), one gets without difficulty:

Cyr(x) 3Cng(x) Clr(x) ngT(x) 3(C} +C} () _(CII,TCf’T)(x)

— + = 5

F3T? 25372 25372 257372 253713 253713
C"T(x)_C’ST(x) (C} +C} () C”T(x) (C} 7C; ()
8a,T  80,T 83T 80T 8a3r?

(C’S +CE)  CPr() Corx) 3(C§,TCf’T)(x) C”T(x) (Ci,TCf’T)(x)
— — + =
25372 203T? 45312 46373 45372 46373

B
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(Cng+Cng)(x) 3Cng(x) Cng(x) ngT(x) 3(C11’TCf’T)(x)

—

a3 25373 205T3 25373 T
Cir0  Cir(o) ~ Cior(0)+C5(x) + Cf (%) (CIT 1.0
45T 85,T 85372 20073
Gy Gy Cly0+ Ol Clyto)
253T2 45372 45313

Then the above mathematical reductions allow to obtain the following expressions for the coefficients y
and 7 defined in Definitions 5.4.1.1 and 5.4.2.1:

Proposition 5.6.4.2. For o(t,x) = O'(x)e_%, vi=vo+0(e—1), &= fe% and p; = p, one has:

8v ’

oV(xp) PR}
20(x0) 4o (xo)v*

@ "
Yob,1(X0) =0(x0) ﬁ{ﬁ[% —(0'“))2(x0)(i+0- (;Cg)vT)]
22 532 2 — 2 5 2
i 3(R1) ey (xovT 1 & TR (xo)T

2 Iy TR TR 24+ % |

L pEa V)T R RY R
T[ 3 Lo (xo )VT(E_3_2)]}’

PPET 3R’ Ry per V)T Ry RY

Yib.1(X0) O'(Xo)‘/_{ 2 [32_ —E]—f[E F]}

0P _@VPw) P8 R SR ER;
60(x0)  1202(x0)  2(xp)V° 1216V 2402(x)7

Your(x0) =07 (x0) V¥{1 +

Yia1(x0) =0 (x0) V¥ -

y2.1(x0) =07 (x0) V¥

Rv
TTla T(xavg) = O-(Xavg) \/_L,

O_(xavg)v
2.2 2 ps ) s Is
p*ET 3(R)) Ry péo'V(xag)T Ry R,
b T(xavg) O-(xavg) \/_{ v2 [ 30y 12 + = 16 24v }7
= 0P (xang) () (xang) 222 Ry 3R} ER;
ﬂZ,T(xavg) :O-(Xavg) W{ avg) avg + pE K 1 3

— |+
280 (Xavg) 1202 (Xavg)  02(xag)® 12 16V T 2402 (x,)0°






CHAPTER 6
Smile and Skew behaviors for the
CEV-Heston model

The aim of this Chapter is to study the impact of the CEV-Heston model parameters on the smile and
the skew behaviors w.r.t. the maturity and the strike in order to illustrate numerically the discussion of
the previous Chapter 5 Section 5.4. This is done for time-independent parameters using the third order
implied volatility approximation formula at mid-point (see Chapter 5 Theorem 5.4.2.1 and Equation
5.72). We use our approximation formula for the sake of brevity instead of performing various time
costing Monte Carlo simulations and we are confident with the fact that although not perfectly equal to
the true implied volatilities, the estimations provided by our expansion formula are enough accurate to
give a good overview of the influence of the model parameters.

We mainly focus on the volatility of volatility &, the skew parameter 8 and the correlation p. We allow
these parameters to vary (independently or simultaneously) and we fix during all the tests the values of
X0, U, Vo, 6 (connected to the level of the long term variance at spot) and « (which plays a similar role
that the volatility of volatility but in the inverse way). We choose the following values:

xo =0, u=25%, vy =1, 0=1.2, K =3.

The maturity varies from 7 = 3M to T = 10Y and the log-moneyness to m = —0.8 to m = 0.8. We
start from the symmetrical situation given with the choice of the values £ = 1.5, §=1 and p = 0 and
then we study the impact of modifications of these values on the smile and the skew. The approximation
of the implied volatility surface in this symmetrical situation is given in Figure 6.1 and we notice a
marked smile symmetric w.r.t. the log-moneyness for short maturity (this confirms the property proved
in [Renault 1996]). The smile flattens for long maturity and the long term volatility converges to the
value 1 VO ~ 27.40% as it is proved in [Lewis 2000, Chapter 6].
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40,00
38,00
36,00
34,00
32,00
30,00
28,00
26,00
24,00

Implied volatilities (in %)

Log-Moneynes

Figure 6.1: Implied Black-Scholes volatilities written as function of log-moneyness and maturities.
Parameters: £ =1.5,8=1and p =0.

>Impact of the skew parameter 5. We remark from the figure 6.2 that:

e When 8 decreases, the center of the short maturity smile is shifted to the right and a negative skew
progressively appears.

e For long maturities and small values of 8, we observe an important negative skew whereas the
curvature decreases. That justifies the name of "skew parameter”" because § induces a negative
skew at both short and long maturity.

Implied volatilities (in %)
Implied volatilities (in %)
Implied volatilities (in %)

Figure 6.2: Implied Black-Scholes volatilities written as function of log-moneyness and maturities (on

the left for § = 0.8, at the center for 8 = 0.5 and on the right for 8 = 0.2). Other parameters: & = 1.5 and
p=0.
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>Impact of the correlation p. We notice on figure 6.3 that:

e For negative values of p and short maturity, the impact of the correlation is close to the impact
of the skew parameter 5. We nevertheless mention that when p increases in absolute value, the
curvature quickly decreases and for p close to —1, the curve seems to become concave.

o For positive values of p, the center of the short maturity smile is shifted to the left. More p is close
to 1, more the smile shape changes from a symmetric smile to an inverted skew slightly concave.

e For all the correlations, we observe for long maturity an almost flat curve approximately equal to
u V6 ~ 27.40%. We therefore interpret p as a short term skew parameter.
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Figure 6.3: Implied Black-Scholes volatilities written as function of log-moneyness and maturities (from
left to right and from top to bottom: p = —20%, p = —50%, p = —70%, p = 20%, p = 50%, p = 70%).
Other parameters: ¢ =1.5and 8= 1.

>Impact of the volatility of volatility £. We notice on figure 6.4 that:

e For small values of &, the short term implied volatility is not far from a flat surface. When &
increases, the smile for short maturity progressively appears and we notice a U shape.

e For long maturities , the implied volatility flattens to the value u V6 ~ 27.40% whatever is the
volatility of volatility. This confirms that £ is a short term smile or curvature parameter.
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~
B
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5}

28,00
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26,00 44.00
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25,00 34,00

24,00 24,00

Log-Moneynes Log-Moneynes

Figure 6.4: Implied Black-Scholes volatilities written as function of log-moneyness and maturities (on
the left for &€ = 0.6 and on the right for & = 3). Other parameters: 8= 1 and p = 0.
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>Joint impact of £ and 8. We notice on figure 6.5 that:

e For small values of £ and 8, we observe an important negative skew at both short and long maturity.
The surface is close to an inclined plane and we retrieve the features of pure local volatiliy models.

e For large ¢ and small 3, we observe for short maturity and negative log-moneyness a negative skew
(the curvature seems less emphasized in this left side) whereas the smile is more noticeable on the
right side: the curve is pulled up with a strong convexity. For long maturity only the influence of
[ is visible and we observe a quite important negative skew.
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Figure 6.5: Implied Black-Scholes volatilities written as function of log-moneyness and maturities (on
the left for &€ = 0.6 and on the right for & = 3). Other parameters: 8= 0.2 and p = 0.

>Joint impact of £ and p. We notice on figure 6.6 that:

e For ¢ close to 0 and p close to —1, there is an important negative skew for short maturity, skew
which vanishes for long maturity.

e When £ increases, the negative skew is more emphasized for short maturity what seems to indicate
that, when p is large enough (in absolute value), its impact prevails over the influence of & and

that increasing & emphasizes the skew. As expected the implied volatility curve flattens for long
maturity.
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Figure 6.6: Implied Black-Scholes volatilities written as function of log-moneyness and maturities (on
the left for & = 0.6 and on the right for & = 3). Other parameters: =1 and p = —0.7.

>Joint impact of p and 5. We notice on figure 6.7 that:

e For small 8 and p close to —1 we observe for short maturity a very important negative skew as if

the influence of 8 and p were added. At long maturity, it remains only the influence of 8 and the
skew is less emphasized.
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e For p close to zero, the influences of 8 and & prevail. We are close to the behaviour observed on
figure 6.5 right-side.

e For p close to 1, we notice for short maturity a positive skew du to the important correlation which
the influence dominates the impact of 5 and at long maturity an important negative skew due to
. We thus observe a twisted implied volatility surface and we do not know if this behaviour may
correspond to something observable in financial markets.
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Figure 6.7: Implied Black-Scholes volatilities written as function of log-moneyness and maturities (from
left to right and from top to bottom: p = —=70%, p = —50%, p = —20%, p = 20%, p = 50%, p = 70%).
Other parameters: ¢ = 1.5 and 8 =0.5.
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>Joint impact of &, p and 8. We notice on figures 6.8 and 6.9 that:

e When ¢ is close to 0, p close to 1 and 8 = 0.5, we observe an almost flat curve for short maturity
as if the impact of p (reduced by the small value of £) was of the same magnitude of the impact of
[ but in the opposite way, so that the both influences are cancelled. For long maturities, a negative
skew appears due to (.

e When we fix p to 0.7, the more £ is large and the more £ is close to 1, the more the positive skew
is important for short maturity. For long maturity the negative skew seems to depend only on .

e When we fix £ to 3 and B to 0.5 and allow p to vary from —0.6 to —0.3 (10% per 10%), the
short-term negative skew progressively becomes less emphasized and a smile with center slightly
centred on the right progressively appears. It remains a negative skew for long maturities only due

to B.
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Figure 6.8: Implied Black-Scholes volatilities written as function of log-moneyness and maturities.
From left to right and from top to bottom: (£ =0.6,0=0.7,8=0.5), (6 =2.5,p=0.7,=0.5), (£ =1.5,
p=07,=02),¢=25p=07,6=0.2).
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We introduce in this Chapter option price expansions for regular barrier options focusing on the
down and out case and deducing from it the down and in case. In the framework of time-dependent
local volatility models, we derive new formulas using a method mixing Itd calculus and PDE approach.
We choose a Gaussian proxy model and express the difference with the local volatility model using
the PDE associated to the Gaussian proxy process. Then we smartly combine expansion of the local
volatility function, It6 calculus, key relations (involving martingales, convolution simplifications) and
PDE arguments to obtain the approximation formulas with tight error estimates using the derivatives of
the Gaussian proxy kernel. The presence of the hitting times complicates the analysis and this framework
has not been very studied in the literature even with pure PDE point of view (because only the joint use of
stochastic analysis and PDE arguments may presumably lead to the key reductions). In order to simplify
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this already quite delicate analysis, we assume that the risk-free rate and the dividend yield are equal to O
and consider martingale assets. The excellent accuracy of our formulas is illustrated throughout various
numerical experiments.

7.1 Introduction

Barrier options belong to the most popular path-dependent derivatives. For example a down and out
option with level of barrier equal to B, written on the underlying S starting from an initial value greater
than B and with terminal payoff 4 at the maturity 7 pays to its owner A(S 1) at time T if the barrier
has not be reached by the underlying by that time. If the asset price hits the barrier, the option expires
worthless. On the contrary, a down and in option expires worthless unless the underlying reaches the
barrier before expiry. Analogously we can define the upper barrier options. Note that in this work we
only consider the case of regular barrier option, i.e. with payoff function equal to zero beyond the level
of the barrier. This is for example the case of a down and out/in Call option with strike greater than the
barrier level. These options present the particularity to have a bounded delta.

>Comparison with the literature. The literature on pricing and hedging barrier options is very profuse
and it is obvious that we will not pay tribute to it in just few references. Explicit formulas are available
for the Black-Scholes or Bachelier models because the joint law of the asset price and its running mini-
mum (or maximum) is known. We refer to Reiner et al. [Reiner 1991] for straightforward computations
or to the works of Carr et al. [Carr 1998a] and El Karoui et al. [El Karoui 1999] where the authors use
the reflection principle, which can be seen as a symmetry property of the Brownian motion, to deduce
prices and hedges of barrier options.

In general no closed-form formulas are available for time-dependent local volatility models. If the joint
law of the asset price and its running minimum is not known or if, in a dual point of view, one can
not solve the associated PDE with boundary conditions, one needs to use numerical methods like finite
difference approaches (see Boyle et al. [Boyle 1998]) or sophisticated Monte Carlo simulations (see
Pham [Pham 2010] or Gobet [Gobet 2009] for general reviews). In addition to not being real-time meth-
ods, their application in the context of barrier option is quite delicate in comparison to the plain-vanilla
framework. For example, it is well known that the usual Euler scheme in Monte Carlo simulations
yields to approximations overestimating the exact value because there is no control of the diffusion path
between two successive discrete dates. As a consequence, if we consider a n-time discretization with
the step % we obtain an error between the real barrier option price and the price obtained by the Euler

scheme of order \/% instead of the classical order % for standard European options (see [Gobet 2010]).
This is the reason why we find in the literature advanced Monte Carlo schemes (as in the previous cited
references) to improve the discretization order of convergence like Brownian bridge techniques to take
into account eventual exits of the diffusion outside the domain between two consecutive discretization
dates (see [Baldi 1995] or [Gobet 2001]) or methods of shifting the barrier inside the activation zone
of the option to compensate the overestimation bias (see Costantini et al. [Costantini 2006], Gobet and
Menozzi [Gobet 2010] or the works of Broadie et al. [Broadie 1997, Broadie 1999] where on the con-
trary the authors use a continuity correction to price discrete barrier options with continuous barrier
formulas).

An other point of view consists of deriving explicit analytical approximations of continuous-time barri-
ers and this is the purpose of the Chapter. We adapt the Proxy principle developed in [Benhamou 2009]
and [Benhamou 2010a] (which consists roughly speaking in performing a non-asymptotic expansion
of the quantity of interest around a Proxy model) in order to avoid the use of the stochastic analysis
which seems inadequate to handle the hitting times. As a result we provide explicit and accurate ana-
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lytical formulas with tight error estimates (written in terms of the magnitude of the model parameters
and the maturity) for the pricing of regular down barrier options written on an asset following a time-
inhomogeneous diffusion. We firstly concentrate on the down and out case and then easily deduce the
down and in case. By symmetry, all the results can be transposed for regular up barrier options. To the
best of our knowledge, no other analytical and tractable approximation of barrier options prices allowing
to deal with general time-dependent local volatility models is available in the literature. We mention the
very recent work of Kato et al. [Kato 2012] who perform an asymptotic expansion of the solution of
the PDE with Cauchy-Dirichlet boundary condition associated to the expectation to approximate. But
as mentioned before, results are available only for time-homogeneous diffusions and as discussed in
Chapter 2 of the thesis, a PDE error analysis (which is far from straightforward) gives error estimates
only in power of the perturbation parameter € considering that the other model parameters (magnitude
of the volatility, skew of the local volatility function...) and the maturity have no important asymptotic
whereas the influence of the regularity of the payoff function is not taken into account.

An other approach, very developed in the last decade, is the dual problem of the research of an exact
or at least approximate static hedge which consists to compute or approximate the price of a barrier
option with an European-type contingent claim of the same maturity. See for instance Andersen et al.
[Andersen 2002], Giese et al. [Giese 2007], Maruhn et al. [Maruhn 2009] or Ilhan et al. [Ilhan 2009].
However it has been shown in Bardos et al. [Bardos 2002] that exact static hedging strategies may not be
available although the authors show the existence of an approximate static hedge for any smooth enough
diffusion model, approximate static hedge which has to be computed numerically as in many quoted ref-
erences. More recently, we cite Carr et al. [Carr 2011] in which the authors find for time-homogeneous
diffusions an explicit analytical expression for the payoff function allowing the static hedge under some
regularity assumptions. Some limitations of these methods are: 1)once the payoff function is found, it
remains for pricing issues to effectively compute the price of the vanilla option, which is possible only
if the law of the asset price is known and thus this generally leads to untractable formulas; 2)results
are oftenly available only for time-independent coefficients due to the use of the Laplace transform and
Sturm-Liouville equations (we refer to [Davydov 2001] or [Davydov 2003]).

>Formulation of the problem. In this Chapter, we consider financial products written on a single asset
which the log price at time t is denoted by X;. We model the dynamic of X through a linear Brownian
motion defined on a filtered probability space (Q, 5, (F;)o<i<7,P), where T > 0 is a fixed terminal time
and (;)o<s<r 1s the completion of the natural filtration of W. We consider that the risk-free rate and the
dividend yield are equal to 0 ' and we directly model the log asset by setting:

o(s,Xs)
—d
2

!
X =xp +f (s, X)(dW, — s). (7.1)
0

Our main objective is to give an accurate analytic approximation of a down and out regular barrier
option, written as:

Er(XDL it x, > pl = EIMX7)1757], (7.2)
1€10.T]

where E stands for the standard expectation operator under the risk neutral probability, b < xg is the level
of the barrier, £ is a locally Lipschitz payoff function such that 4(x) =0, Vx < b and 75, = inf{t > 0: X, = b}
is the first hitting time of the level b for the process X.

Following the proxy approach developed in [Benhamou 2009] [Benhamou 2010b], the idea is to use a
Gaussian proxy process (X’ )cj0.7] obtained by freezing the space variable in the coefficient o:

o(s,xg)

!
XP =xo+ f o (s, x0)(dW, — ds). (7.3)
0

I'The case of non trivial cost of carry seems not to be a straightforward extension and this is left for further research.
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Similarly, we introduce the first hitting time of the level b for the proxy process X’: Tf: =inf{r>0:
X? = b}. The practical interest of this proxy is that the joint law of (XZ, l[ng | X,P ) is known. Heuristi-
tel0,

cally, this law is expected to be close to the law of (X7, 1[ng | X;) if the spatial derivatives of the local
t€|0,

volatility function o are small, or if |0 is small, or if the maturity T is short. But we do not only
replace (Xr, 1[1ng ] X,) by (X2, 1[1ng ] Xf ), we also provide correction terms in order to achieve a higher
rel0, t€[0,

accuracy (see Theorems 7.2.2.1 and 7.2.3.1).

>Comparison with previous works and contribution of the Chapter. As a difference with pre-
vious works using the proxy approach [Benhamou 2009], [Benhamou 2010b], [Benhamou 2010a],
[Benhamou 2012] or Parts I and II of the thesis, we do not use a parameterization to link the initial
model and the proxy model and we do not employ the stochastic analysis to justify our expansions.
There are two difficulties: firstly the hitting times are not smooth w.r.t. regular perturbations and sec-
ondly one can not directly apply the Malliavin calculus on them because of the indicator function on the
minimum (see [Nualart 2006]) whereas even the minimum of a Brownian motion is only once Malliavin
differentiable (see [Nualart 2006]).
To overcome these difficulties, we follow an approach presented in Chapter 2 Subsection 2.2.2 mixing
It6 calculus and PDE. The idea is to represent the error E[A(X7)1,>7] - E[h(XIT))]lT]f>T] using the PDE
associated to the proxy:

vou(t,x) = BIA(X])1 cf xP s b|X,P = x].
N sel,T] °
Then we smartly combine expansion of the local volatility function, Itd calculus, martingale proper-
ties and PDEs to obtain approximation formulas. The calculus of the corrective terms is not anymore
performed using the Malliavin integration by parts formula, which can be view as a static operation
focusing only on the law of a random variables (typically XlT)), but we follow an approach involving
all the dynamic structure of the processes (X;)scj0,r] and (X,P )icro,7]- If the tools remain more standard,
the explicit derivation of the expansion coefficients is a rather tricky and one has to carefully combine
martingale properties and Itd calculus (this is somewhat related to Bismut-Elworthy-Li formula like in
[Thalmaier 1998] and [Delarue 2003]).
We provide explicit second and third order formulas which coincide with [Benhamou 2010a, Theorems
2.1 and 2.2] if the level of the barrier b tends to —co. In case of non trivial barrier level, the corrective
terms are composed of new terms of the form E[]ITZSTJ)(ml , ..,mn)TT,,(?; ivf”;(TbP ,b)], where @ is an inte-
gral operator defined in the following Subsection and (11 (?), .., m,(f)):c[0,7] are functions depending on
o2 and its spatial derivatives computed at x = xo.

>Qutline of the Chapter. The Chapter is organised as follows. In Section 7.2, we state our main ap-
proximation results: in the general time-dependent local volatility framework, we provide order 2 and
order 3 approximations of regular down and out barrier options prices (see Theorems 7.2.2.1-7.2.3.1)
with an estimation of the error justifying the order. Section 7.3 is devoted to the derivation of the ex-
pansion and the justification of the error magnitude. We give in Section 7.4 Corollaries on the pricing
of regular down and in barrier options prices (see Theorems 7.4.0.1-7.4.0.2). Then in Section 7.5 we
apply our approximation formulas to the particular case of regular down barrier Call options and derive
new expansions with the local volatility frozen at mid-point between the log-spot and the log-strike.
In addition, we show that in the time-homogeneous framework, our expansion formulas reduced to to-
tally explicit and very simple expressions and we finally gather numerical experiments illustrating the
high-performance of our approximation formulas. In Appendix 7.6.1 we give some additional results
concerning the Gaussian density and the Gaussian hitting times density (relations between their partial
derivatives and convolution properties). Appendices 7.6.2 and 7.6.3 are devoted to the proof of technical
results.
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7.2 Derivation of the expansion

7.2.1 Notations and definitions

The following notations and definitions are repeatedly used in this Chapter.

>Differentiation. For any measurable function f of (z,x) € [0,T] X R, we write if these derivatives have
a meaning: fi(x) = f(t,x) and )‘t(i)(x) = 8; f(t,x). When considering the spatial point xy, we omit if
unambiguous the dependence w.r.t. the spatial component and write f; = f(#,xo) and ft(D = E); J (@, x0).
For instance we have o := o(t, x9) and O'Ei) = 6;1.0'(1, X0)-

>Total variance. We define the local variance function by X,(x) = O',Z(x). Then we define the total
variance for the process X* on the period [#,T] for any ¢ € [0,T] by ‘VtT = ft ! Xds.

> Integral Operator. We define the integral operator & as follows: for any measurable and bounded
function [/ of t € [0, T], for any s <t < T, we set:

!
(), = f 1 du
S

For any measurable and bounded functions (I, - - ,1,), we define its n-times iteration by:
(B<ll7 Tt ln)lv = (7)(11('3(127 ) ln)q)tw Vs<t<T.

The reader should pay attention to the fact that the Definition of the operator & is different from the

previous Chapters. We adopt here a forward convention instead of a backward convention due to the
new methodology employed in the Chapter. For instance, d’)(ll,lg)g = fOT Li(0)( fot l>(s)ds)dt instead of

the old Definition w(l, 1)} = [ L0 [ La(s)ds)dr.
> Assumption (771)‘;) on 0. o is a bounded measurable function of (z,x) € [0,T] X R, and three times

continuously differentiable in x with bounded derivatives. Using the notation |o|c =  sup  |o(¢, x)|,
(t.x)€[0,TIXR
we set:

Mi(0) = max  sup |8;,-0'([, x)| and My(o) = max(|o|e, M (0)).
1<i<3 (4 %)e[0,T]xR

In addition, there exists a constant C, > 0 such that ojne(xg) = 1[ng ]0',(x0) >C,.
te|l,

The reader can notice the stronger ellipticity assumption assumed for the proxy process in comparison
to the previous Chapters where we supposed (H,): fOT 0?(xg)dt > 0 (which implies that X’TJ is a non-
degenerate Gaussian variable). Our dynamic approach leverages all the trajectory of the proxy process
and our assumption ensures that V¢ € [0, 7], X,P defined in (7.3) is a non-degenerate Gaussian variable.

> Assumptions on the payoff function . & belongs to Lip(R,b) the space of real valued locally Lips-
chitz functions such that #(x) = 0 for any x < b. There exists a constant Cj, > 0 such that:

h(y) — h(x)
y—x

C
|h(x)] < CpeC, | | < Che? (DD (yy 2 x).

In particular, / is a.e. differentiable with [V (x)| < Ce€HM™

h(x) = (¢* — &), with log-strike k > b.

. This space includes the Call payoff function

Remark 7.2.1.1. By symmetry, all the results of the Chapter are naturally extended to regular up barrier
options, i.e. for any payoff function h € Lip(R, b) the space of real valued functions locally Lipschitz null
on [b,+co]. This space notably includes the Put payoff function h(x) = (e* — e*), with log-strike k < b.



172 Chapter 7. Price expansions for regular down barrier options

> Constants and error estimates. We use the following notations to state our error estimates throughout
the Chapter:

e "A =O(B)" means that |A| < CB where C stands for a generic constant that is a non-negative
()

increasing function of 7', My(o), M;(0) and of the oscillation ratio ot
e Similarly, if A is positive, A <. B means that A < CB for a generic constant C.

e The LP-norm of a random variable Z is denoted as usual by ||Z]|, = E[lle]i.

>Differential operators. Some specific differential operators are frequently utilized in this Chapter. For
convenience we introduce notations to denote them:

Definition 7.2.1.1.
L5=0, - %I, L3 =0% -0,
§=£’2€o£f:6i3—%8i2+%x, L =L50L3=0)-20%+0%,
y=L30Lf=0- %a; +20°, - %aﬁz, L=L30Ly=0%-305+30% -,

where I denotes the identity operator. We have in addition the following relations easy to obtain:
1 1
LioL] =£§+ZI, LioL; =£Z+Z£x,

1
LioLi=LyoLy=1}, LioLi=Liv1 L]

> Density of the Proxy and its hitting times. The Gaussian Proxy process at time ¢ € [0, T']
XP=xg— 3V + fot o sdW, has the explicit density:

(y=xp+ % ’V6)2
- ]
2‘1/0

e
DF(0,1,x0,y) := D 0,1,y - x0) =
27V,
With the conditional information that X = x for 0 < s <7 < T, the conditional law of X’ is given by the
density:
o-x+Fvi)?
2V

DP(s,t,x,y) = DP (s, t,y—x) = (7.4)

\ 2V

2
e 2

We use the notation N(x) = f_ xoo \/Tﬂdy for the cumulative Gaussian function at point x and we denote
2
by N(x)=1-N(x) = fx £ \/227 dy its associated complementary function. The derivative of N which is

a2
e 2

the standard Gaussian density is naturally denoted by N’(x) = ot
We define the first hitting time of b for X” after time s € [0, T[ by:

™, =inf{r>s: X[ =b), (1.5)
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with the convention Tg b= TbP . The density of the hitting times for a drifted Brownian with constant

volatility is well known (see [Karatzas 1991]). Using a regular time-change thanks to (77{;{)) (see
[Revuz 1999]) on can deduce the time-inhomogeneous case. The first hitting time TbP for the level b < xg
for the Gaussian proxy process X’ has the density J7:

(b— x0+2(V0 5

_ 2V
TP, x0,6) = TP, 1= x0) = 5 2 xle _z, 00

Vo 27V Vo

for any ¢ > 0. Consequently with the conditional information that X¥ = x > b for s < T, the density of
the first hitting time Tf , Of the level b after the time s is given by:

TPstx.b) = TP(s.t.b—x) = z,(xrv b)

DF(0,1,b - xp),

DP(s,8,b— x) 155, (7.6)

N

for any t € [s, T]. We summarize in Appendix 7.6.1 some useful properties of D, 7 and N.

>Proxy pricing kernel. We introduce the proxy pricing kernel for the down and out option defined for
any x > b and any t < T by:

ng}r'(f,x) E[h(X7)1 P>TIXP = x]. (1.7)

We denote similarly by v;’h(t, X) = E[h(X; )IX? = x] the proxy pricing kernel for the plain vanilla option.
We prefer work firstly with the down and out case because vi’?(t, x) is naturally connected to a Cauchy-

Dirichlet problem. Under the ellipticity assumption (77( ) sWhatever is the regularity of the payoff func-
tion A, the proxy pricing kernel is C*([0, T[X[b, +oo[) and satisfies the following parabolic PDE with
Dirichlet boundary condition and with Cauchy terminal condition (see [Cattiaux 1986]-[Cattiaux 1991]):
('3tv0 P20+ 5 2 L o7 (X)) =0, (t,0) € [0, T[X[b, +ool,
VPl (t,b) = 0, €[0,T], (7.8)
VP (T, x) = h(x),  x €lb,+oo[.

The solution in closed-form is given Y(z, x) € [0,T] X [b, +oo[ by:

_2(=b)(y-b)

han= [ hoxa-e D a Ty -0
= b

- f YD (1, Ty = x)dy - D) f h)DP (1 T,y + x—2b)dy, (7.9)
b b

where D is the density of the Proxy defined in (7.4). If h € Lip(R,b), we can consider the integration
on the whole real axis (because 4(x) = 0, Yx < b) and the first term in the r.h.s. of (7.9) is exactly equal
to vIT)’h(t, x) classical solution of the system (7.8) without the boundary condition.

Our further calculations are based on two key Lemmas of these kernels of pricing. The first Lemma
gives relations for the sensitivities w.r.t. x computed at the barrier:

Lemma 7.2.1.1. Assume (‘ﬁ;f)). For any t € [0,T[, we have:

LvPI(t.b) =0, Vne(2,4,6) (7.10)
LwPh(e,b) =2.Lv7"(t.b),  Yne{1,3,5), (7.11)

where we recall that the differential operators L are defined in Definition 7.2.1.1.
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Proof. The PDE solved by vi’?(t, X) (see (7 8)) and the Definition 7.2.1.1 allow to interpret L P’};(t b),
Vn €{2,4,6}, as iterated derivatives of v (t x) w.r.t. t at x = b. Besides we have v (t b)=0,vYte[0,T[

(see the boundary condition in (7.8)). For (7.11), it is sufficient in view of the Deﬁmtlon 7.2.1.1 to show
that Lx B (t b)y=0 xvf’%(t b) = 2.£x (t, b) which can be proven by a straightforward calculus. m]

The second Lemma is a Martingale property which can be proven using standard arguments involv-
ing Itd’s formula and PDE simplifications (see [Thalmaier 1998] and [Delarue 2003]):

Lemma 7.2.1.2. Assume (77;%)- VO<s<t<T,Vx>bandforanyneN, we have:

B[ i ATh X, )|XP = x] = &}V (s, %).

The above Lemmas are oftenly used to decompose sensitivities computed before TbP in a martingale
part and a part (eventually null) With sensitivities computed at (Tb , b) For example we have, Vr € [0, T,
XD s, = i3 AT) X D=L vy, b) and B[O, 7.t ATH, XD = 0,220, x0).

7.2.2 Second order expansion

Applying the Itd’s formula to v T(t X;) between 0 and T A 7, where vPh is the proxy pricing kernel
defined in (7.7) and (X¢)re[o,1] defined in (7.1) we obtain:

Ve (T ATh, X1ar,) (7.12)

T ATy

T ATp 1
=v.0, x0) + f Ti(X)A v (1, X)AW, + f @1+ 32X Ly)vyp (1, X)dr
- 0 - 0
T ATy T/\Tb Y
:E[h(X¥)175>T]+f O-I(Xt)axv (f X)dW; + f (Z:(Xp) — 2t)~£x 5;(1,Xt)df,
0 0

where we used the fact at the second equality that vf:’} follows the PDE (7.8) on ]0,T[X]b,+oo[. Then
notice that: -

Ve (T AT X1 pm) = Vg (T, X1 7 + V5 3T D) gyt = Vi (T X)o7 = H(X7) Lo,
N’
=0

tAT)

and that ( f o(X; )axvoT(s X)dWs),ci0.77 18 @ true (Fp)ejo.r)-martingale owing to (7—(") and to
Lemma 7.3.1.3 postponed to Section 7.3. Thus taking the expectation in (7.12), we finally get:

Proposition 7.2.2.1. (Robustness-type formulation). Assume (7?{;;). For any h € Lip(R, D), we have:

1 T ATy
E[h(X7)1r,>7] =E[h(X])1 7]t E[fo (Zt(Xt)_Et)Lévgz};(t,Xt)dt]- (7.13)

Remark 7.2.2.1. We have obtained some kind of Black-Scholes robustness formula w.r.t. the log-asset
like in [El Karoui 1998]. This expresses the difference between the barrier prices in the local volatility
model and in the proxy model, or equivalently the expectation of the tracking error when we try to hedge
with the proxy model a barrier option with real underlying following the SDE (7.1). The result indicates
that the error is the expectation of a temporal integral of sensitivities (involving the operator L3) of the
proxy pricing kernel computed along the path of the initial process X, sensitivities which are weighted
with the difference of the instantaneous variances in the two models.
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Employing a first order expansion for the function X;(.) at x = X; around x = xg gives:
E[h(X7)Lg,>7] =E[R(XP) L rop] + 5 E f (X, = x0)Z;" L3ve g (1, X)) gyl

T ATy
+ %]E[ fo (X; — x0)*{ j; (1= )P (x0 + (X, = x0))da} L3VIT (1, X)dr].  (7.14)

We consider the last term as an error which will be analysed later. The second term can not be computed
in closed-form because of the presence of (X;,7,) which law is not known. Observe that we can switch
the expectation and the temporal integral owing to the Lipschitz regularity of 4 which gives rise to sin-
gular terms of the form (7 — t)_% but integrable at T (see Lemma 7.3.1.3) and to the integrability of X
thanks to (H H %) (see Lemma 7.3.1.1).

To approximate E[(Xt xo)Z(l)Lx Ph 7, X,)]lTPt] for any ¢ € [0, T'[, we use similar arguments and Propo-

sition 7.2.2.1 by replacing T by ¢ and h(x) by ¢:(x) = (x—x0)L3v, T(t, x). We introduce:

Vo (5,2) = EIg(X) Lo IX7 = 1], (7.15)

for any s € [0, ¢] and any x > b the solution of the system (7.8) on ]0, £[X]b, co[ but with terminal condition
¢;. We interpret v, ¢’ as the price function of a new down and out barrier option with maturity ¢ and the
regular payoff ¢, (thanks to Lemma 7.2.1.1 equation (7.10), ¢,(b) = 0).

The methodology previously employed leads to:
1 T
SEl f (X — x0)Z{ Ly (1, X,>11Tb>,dr]
0
L ) ! gy, o L S (TS
=2, 2, Elg(X)1q,50dr = 3 2 Elv,, (¢, X)17,>,]dr =2, X, 'Elvy, (¢ ATp, Xing,)1de

:lf =D P¢f(0x)dr+1f zﬁ“E[f Tb(z (X5) —Z) Lyver" (5. X,)ds]dr. (7.16)
2 Jo 4 Jo 0

The last term is again neglected and the explicit calculus of the first term is given in the Lemma 7.3.2.1.
We have paved the way to the next Theorem which proof of the error estimate is postponed to Section
7.3.3:

Theorem 7.2.2.1. (2nd order approximation price formula for down and out regular barrier options).
Assuming (HY)), we have for any h € Lip(R,b) and for any xo > b:

BIA(X7)Le,>7] = BIAXL p 7]+ Cory o + Cora g + Ol My (@) Mo(o)T?), (7.17)

where the differential operator L3 is defined in Definition 7.2.1.1 and where:

1, 1
Cori, =5w(z<1>,2)5£§v§f;(o,xo), Corsg == B[l e ®ED, D) L3 P;(Tb,b)]

Remark 7.2.2.2. The above price approximation is the sum of three terms:

1. E[h(XP )1 P>T] The leading order which is the price of a regular down and out barrier option
in the Black Scholes model which corresponds to the case of space-independent local volatility
function o. There is a closed-form formula for Call options and one can apply a numerical
integration for general payoff functions.

2. Cory: This term is a weighted sum of sensitivities w.r.t. the log-spot xo at the initial date. We
interpret it as a correction due to the spatial dependence of the local volatility o. This corrective
term is similar to the volatility correction terms of [Benhamou 2010a, Theorem 2.1].
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3. Cory,: This correction term reads as a barrier correction and we can interpret it as a sensitivity
w.rt. the barrier level. For the Call payoff, we compute it easily with a numerical integration
on the segment [0,T], the density of the hitting times being known (see (7.0)) and the sensitivity
Ly f}T’(t X))|x=p being available in closed-form for any t € [0,T[. Owing to (H. %) the weighted

sensitivities ]ng’STa)(Z(l),E)TTP.Eg‘ fl}(Tb,b) are well defined and this term does not explode when
b =
T]f — T (see below).

Remark 7.2.2.3. The reader can notice that if b tends to —oo, the correction term Cor, , vanishes. We

have indeed applying the Lemma 7.3.1.3 postponed to Section 7.3 owing to (‘}7‘7
ICora,l e ol M (@) Mo(@)B[L o (T =) (V)™ ] < Mi(@)Mo()TR(r; < T,

the above probability tending to 0 as b — —oco. We have in addition convergence of the leading term
[h(XP)]lTP>T] and the sensitivities L" (O xo) in Cory, towards v[;h(O Xxo) and L"v;h(O Xp). As a

concluszon we exactly retrieve the expanszon of [Benhamou 2010a, Theorem 2.1] if b — —oo.

If b = xo, we have Tb 0 a.s. and thus E[hW(X7)1,>7] = [h(XYIf)]ngﬂ] = 0 whereas Cory o +Cors, = 0.

Our price approximation is coherent with the fact that the price becomes equal to zero if b = x.

7.2.3 Third order expansion

We start from the robustness formula (7.13) which we recall the expression:

1 T ATp
BUA(X7)Lo,o7) =B 7] + 5B fo (S/(X) — £ LV (1, X,)dr).

Perform a second order expansion for the function X at x = X7 around x = xg:

1 T AT 1
ELA(Xr)Le,>7] =BT L. p] + B f (X = x0)%;” + 5 (X, = x0) 57 Lyvy 7. X)dr]
2 0 i)

1 T Aty 3 1 (1 —(1)2 3) P
+5E] fo (X; — x0)* fo = (1~ a)xo + aXda) Lvg 7 (. X)di). (7.18)

The last term is considered like an error. For the second term we introduce YO <t < T the payoff function
Ui(x) = (x— xo)zl?z‘vg’;(t, x). Then following the arguments previously employed in the Section 7.2.2,
we obtain that the second term of the r.h.s. of (7.18) is equal to:

1 (@)

T )
5 f {z<‘)E[¢t(Xt)1lT,,>,]+%E[%(XI)L,,»]}dt

(@)

%,
{z“)E Vot (0. X0 ey ] + == Elvgy (1. X)) Lo, ]dt

T AT}
f (= v (0.30)+ 5 lso, (0, xo))dt+411f Zfl)E[f (Zo(X,) = Zo) Lyt (5. X,)ds]de
0 0

AT
g f | f (Z(Xo) — Z)L3vEY (5, X )ds]dr, (7.19)
0 0
where for any 0 < s <t < T and any x > b:
vyt (5.2 = EW(X))Ler L IX{ = ], (7.20)

is the solution of the system (7.8) on ]0,#[x]b, co[ but having as terminal condition the regular payoff
function ;. The magnitude of the last term will be analysed later. To obtain a global error of amplitude
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4 w.r.t. the interest parameters, we need to approximate the second term. We write performing a first
order Taylor expansion:

1 T | IATh P
i f ([ f (Zs(Xy) = Z) L3v (s, X,)ds]dr
0 0 -

1 T | IAT) | P
= f ([ f (X5 = x0)Z5" L3y, V" (5. X )ds]dr (7.21)
0 0

T IAT)
+% f | f { f EP((1 - a)xo +aX,)(1 - a)dal(X, — x0)* Lyves (5. X,)ds]dr.
0 0 0

Then we neglect for the moment the last term and we refine the second term. Using the same methodol-
ogy we introduce Y0 < s < t < T the payoff functions p(x) = (x — xo)L’z‘vff’(s, x). Note that p;(b) =0
(see (7.39) in Lemma 7.3.2.3) and as previously, for any 0 <u < s <t < T and x > b we denote by:

v (u,) = Elpg (X Ler XY = ¥, (7.22)

the solution of (7.8) on ]0, s[X]b, co[ associated to the regular payoff function p, ;. Thus we get:
1 T AT
f | f (X5 —x0)Z8) L3I (5, X )ds]dr (7.23)

4
1 T t SATp
f =( f =OVER(0, x0)ds)dr + - : f = f sDE[ f (Zu(X) = Z) L3 (u, X, )duds)dr.
0 0 0

The explicit calculus of the new corrective terms coming from the r.h.s. of (7.19)-(7.23) is given in
Lemma 7.3.4.4 whereas the error analysis is performed in Section 7.3.5. This leads to the following
Theorem:

Theorem 7.2.3.1. (3rd order approximation price formula for down and out regular barrier options).
Assuming (HY), we have for any h € Lip(R,b) and any xo > b:

5
BU(X7)Le,o1] = B L o1+ | Corng + Ol Mi(@)Mo(e)PT2), (7.24)

where the corrective terms Cory , and Cor,, are defined in Theorem 7.2.2.1, where:

1

1 1
Cors =70 S, )l Lz f’;(o,xo>+—w(z<2),z,2>§<ﬁ+—L’C)vfjf;(o,xo)

1
+ 6 &M,z HlGLr+ Lx)voT(O xo)+ *2(2(“ ) (LE+ Lx)voT(O x0)s

1 - - - - -
Coryg =7 (x0= b)E[]lT;;g{z[w(zm, z“))fp + &P, Z)T,, + w(z“)){w(z“),z%b ((vob) "Ly

P P
+[2aE®,xM Z)T +aEM,x z“))T +aEWD, 2) BED, D) (VT LI, b)),
1 T
Corso =7 fo (V) 28ED) L3+ aED, D) LI (r,b)
P P P
XE[ Ly AGED. 2,V (V) - 3@, g -V aE D)D" (7). 0)fdr,

and where the differential operators L* are defined in Definition 7.2.1.1.

Remark 7.2.3.1. The reader will notice that if b — —oo, then Cor, , +Cory o, +Cors , — 0 and we retrieve
the results of [Benhamou 2010a, Theorem 2.2 ], whereas if xo = b, according to Lemma 7.2.1.1 equation
(7.10), all the corrective terms vanish.



178 Chapter 7. Price expansions for regular down barrier options

7.3 Calculus of the corrective terms and error analysis

7.3.1 Preliminary results

We begin with classical but useful estimates easily obtained with standard inequalities:

Lemma 7.3.1.1. Assume (7—( w)- For any p > 1, we have:

2
sup [1X; — xoll, <cloleo VT, sup [le™]|, <e0eCrloteT
1t€[0,T] te[0,T]
1 _
sup  [Z (0] <clorleo My (0), sup =P 0] <eMo(a)My (o),
(t,x)€[0,TTxR (t,x,0)€[0,TIxRx{2,3}

for a constant C,, depending only on p.
We recall well known properties of the Gaussian cumulative and density functions:

Lemma 7.3.1.2. In this Lemma, P denotes an arbitrary polynomial function and C an arbitrary positive
constant.
o x> P(x)e“*N'(x) is a bounded function.

N (x) (respectively N(x) < X (x) =) and con-

e For any x < 0 (respectively x > 0), we have N(x) <
sequently x — |xIN(x) and x — Ix|leMA (x) ( respectzvely x> xN (x) and x — xerN (x)) are
bounded functions on ] — 00,0] (respectively [0; +oo[).

We now announce a Lemma related to the spatial derivatives of vf”;(t, x) and their estimates.

Lemma 7.3.1.3. Assume (77{;{)) and that h € L_ip(R, b). Y(t,x) € [0, T[X[b,+oo[ and ¥n > 1, we have:

v 2, 0] <V (7.25)
for a generic constant independent of x. We easily deduce that Vt € [0,T[ and for any p > 1:
~(n— _nzl
||V§:¥(I,X,)]l7-b>t||p <c Co.(n l)(T -1z, (7.26)

Proof. Starting from (7.9), a straightforward calculus leads to the following expressions for the spatial
derivatives of vf’fT’(t, x), for any h € Lip(R,b), Yn > 1, Y(t,x) € [0, T[X[b, +oo[:

Sy (8, %)
=0 [ 004000, Ty)dy= e [ HID 0Ty 200y
L b f KDy = 0)DP (1, T,y — 2b)dy}
R
-x+5V)
v

1 T
et ”)Z( )( = S WO (Y e 7y e 2y
vH5 \/(VTT
(VY2 f 17 h<‘><y+x——vT>Hn TN ()dy — e f eyt MO = x+2b——vT>N’<y>dy
T VT

VIS [ HOH,( D0 Ty=0)dy=e? [ h)D (. T.y+x-2b)dy
R R
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DA 1 :
et b)Z( )(fvr)) ﬁwg(v,f WO =24 2b= 5 VDHA N O, 720

where H, denote the n'* Hermite polynomial defined for any x € R by:

Hy(x) = =(1)e" 28", (e 12). (7.28)

7
—b+x+—
2 >0

e

Then using the assumption on £ and the fact that x > b, one obtains for any y >

T 1%
|e(x_b)h(l)(y —x+2b- Tt)| + |e(x_b)h(y —x+2b- 7t)| <, eCrM(1+2Cn(=b) ,Chy

Then, making the change of variable z = x— b, we show that for any k € {1,...,n}
7> 120z f 147 e\ Hy_1(y)IN’(y)dy is a bounded function on R, tending to 0 as z tends to oo (i.e.

W
1T
b tends to —oo). For z enough large we indeed have |Hy_1(y)| < €€ for any y > Zi/z% and then we can
write e(1t2Cn)2 f LyT N (y)dy = e1+2Cnze 2N (ZJr 2V 2Cy). We conclude with Lemma 7.3.1.2.
W
The result (7.25) follows without difficulty from these observations. Using the Lemma 7.3.1.1, (7.26) is
a straightforward consequence of (7.25). |

Remark 7.3.1.1. The above Lemma shows that the spatial regularity of the payoff function h allows to
obtain a first spatial derivative of vf”; bounded at maturity. Then the next derivatives explode at maturity

with the speed (T — t)%. If h is not a regular payoff (h(b) # 0) but still remains a.e. differentiable, the
first spatial derivative of vf"Tl becomes equal for any t <T and any x > b to:

vy Pht,x) = f KOy +x) D (1, T, y)dy — ¥ fb h)DP @, T,y +x—2b)dy
+eb) fb KOy =)D (1, T,y - 2b)dy + h(D)| D (1, T,b - x) + 2 DF (1, T, x - b)).
+x
If h is not anymore a.e. differentiable, the derivative writes for any t < T and any x > b:
VD
vi

+(VT) 260D f o)
b

P 1) =(VI) f o D (1. T,y - x)dy— " f h)DF(,T.y+ x—2b)dy
= b b

+x=2b+3VD)

DP(t, T,y +x—2b)dy,
v

Consequently, whatever is the regularity of h, v (t X) explodes at maturity and at the barrier with the

speed VT —t . For instance, we could replace ((VT) = by ((VT) 2 in (7.25) for a non regular payoff.

7.3.2 Calculus of vif’ and estimate of its spatial derivatives

The first step is to make explicit v defined in (7.15) and to link it to the derivatives of the Proxy kernel

I)l

pricing V(I: ’% This is the purpose of the next Lemma:
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Lemma 7.3.2.1. Assume (?7;{)) and that h € Lip(R,b). YO < s <t < T and Vx > b, we have:
Vot (5.0 =(x = x0) L3vy (5.0 + VL3 (5.0 ~ElLer V0, Lyl bIXS =1 (729)

We deduce that for any xo > b, we have:

1
5 fo V0, x0)dt = —w(E(l) )5 L3ve7(0,x0) - E[]l e @ED, ), L3y RACTROIN
Remark 7.3.2.1. In the expression (7.29), we retrieve the fact that VO < s <t < T, vf;’f’(s, b)=0. By

Lemma 7.2.1.1 equation (7.10), we indeed have sz‘vg’?(s, b) = 0 and the fact that Tf p=Sas. if Xf =
allows to cancel all the remaining terms of the r.h.s. of (7.29).

Proof. By definition, we have, Yx > b (we trivially obtain 0 if x = b):

V' (5,0) =Ble (X)) IXT = x] = EI(X] - x0) L3V ’;(z,X{’)nTP IXP =]

=E[(X" xo).Lx Ph(t/\TS p X0 . NXE = x]—(b- 0)E(Lr < L3V Ph(rs 2 DIXE = x]

mP

=E[(X],

Ph P P
ine, _XO)LX (t/\Tvb’X P)|X =x],

[/\T
where we used at the last line the fact that ¢,(b) = 0 (see (7.10)). Then apply the It6’s Lemma for the

product (X[P —x0)L3v Bh T(t/\ Ty b,XP , ) to obtain:

xr

P
l‘/\T _xO)Lx T(t/\st,X P)

t/\TP
=(xP —x0) L3V, Ph s, XD+ f (XP — x0)(0, 0£2)v0T(u X"y, dw,
N
t/\Tf,b
+ f (XF = x0)(@; + 5 z WL3) L3ve (u, X5 du
t/\‘rp o intl,
+ f " L3 o, X))o dWy = = du) + f (@0 L3)vi 3., X1)Z, du.

Then taking the expectation with the conditional information that X¥ = x > b, the simplifications coming
from the PDE solved by v (7 8) on the domain ]0, T[X]b, oo[ and the fact that

(R I oLl =LioL] = Lx (see Definition 7.2.1.1) yield:

E[(X"

t/\T

,
—x0) Ly X Ix? Bl [ 2P X, dul X" =
OLEG(UATE,, o I = 2] =(r—x0) L Ve (5,2) + B L3, X))Z,dul XS = x].
) o

For the second term we use again a decomposition to get:
t/\‘r
E[ f L h(u XDz, dul Xt = x] = E[ f o LAY Bh o7 (i X)), du|X? = x]

=E[ f LAty PMP )zudu|xf = x| -E[ f Lo o L3y 7 (el YT, dul X = x]

_(VZ‘LX Ph(S x) E x Ph(st,b)lxp_x]

&V
s,.b

where we applied at the last equality the Lemma 7.2.1.2. That achieves the proof of the first statement
of the Lemma. The second statement easily follows. O
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The next Lemma provides the estimate of L;E[]l ’ <,(Vt .£x Ph (TS b b)lXP =x]:

Lemma 7.3.2.2. Assume (H$) and that h € Lip(R,b). Y0 < s <t < T, Vx> b, we have:
LE[Lr <,fV’ Ly Tl DIXY = x] =E[Lr (2L +(V’T€bLg‘)vf n@h. b)XE = xl. (7.30)
In addition, we have the following estimates VO < s <t<T, Vx> b:
(LB ey, < Vi Livgp(r0p DIXS = ] < VIV (Vi (7.31)
(x=b)|L3E[L» <,(V’ Ly Fa o (T DIXY = x| < e (VY2 4 (VT ((VH, h, (7.32)

where the generic constants are independent of x.
Proof. For the first part, using the explicit form of density of the hitting times (7.6) and the relation
(7.62) of Proposition 7.6.1.1, a straightforward calculus leads to, VO < s <t < T and Vx > b:

LEIV, Lo Ly 7@l DIXS = x1= L5 f TP (5,7, %, D)V1LWE] (1, b)dr
s,b 5,0

!
- f g;{j%,r,x,b)}(vgzgv;’;’;(r,b)dr =2 f 20T (s, x, D)) VLIV ’;(r b)dr.

N

Then we perform an integration by parts, using the fact that J7(s,r, x,b) (respectively WﬁLg‘vZ/}(r, b))
tends to 0 as r tends to s (respectively to ), to obtain:
' h
LE[L <;vf Ly Ty DIXE = x] =-2 f 2 T (s, 2, D)0V LIV (r. b)) dr
s o
t !
:f JF(s,r,x,b)2T - Z—‘Vﬁ(?r)Lx ()T(r bydr :f TP (s, r,x,0)2T + VL) Ly PT(r x)dr,
S r N

!
- f jP(s,r,x,b){2L§+(v§1:§}v‘g°;’;(r,b)dr,

using the PDE (7.8) solved by v and the Definition of £ = L3 o L] (see Definition 7.2.1.1). That
achieves the proof of (7.30). Note that up to a passing to the hmit, the formula (7.30) remains valid if x
tends to b: one has to remove the expectations and replace Ti » by 5.

For (7.31), we suppose that x > b, otherwise a straightforward application of Lemma 7.3.1.3 gives:

[LHEILr, < Vin Lv7 (T DIXY = lllms] =[2L3ve7 (5.0) + VLIV 7 (5.D)|
<NV + VUV < MV

Now, assuming that x > b, we only show the estimate for L ! TP, rx, b)Lg‘voP’};(r, b)dr, the treatment of
the term with £ being similar. We could use the estimate (7.25) to directly get:

|E[]l7.l: < x Ph(TS b,b)lXP — x]l <. P(T b < < t|XP — x)echlxl((vT)— < eCthl((VT)_

but problems will arise in the error estimate of Theorem 7.2.2.1 because
fo fo (T —t)"'dsdt = fo T’ dt = co. To overcome this difficulty we split the domain of integration [s,f]
by writing [s,#] = [s, 2] U [, ¢]. For the first part, we apply Lemma 7.3.1.3 to obtain:

S+t

2 t+
| f jP(s,r,x,b)Lgvgf;(r,b)dr| <P, < Tlef =x)ech|x|(q,% <, echm(q,% 333

N
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For the second one, use the estimate (7.65) in Proposition 7.6.1.2, the estimate (7.25) and the Cauchy
Schwarz inequality to get:

| :r (5,7, ,b) L3 (r, b)dr] (7.34)

1 1 ! s+t
<M f SV (VI dr <. Ol \/ f er;)-zdr\/ f (VI 2dr <, OV E )y (VA

what allows us to conclude. It remains to show the bound (7.32). First we have similarly to (7.33) using
(7.65):

s+r m

| f (=0T (s,r.x.0) L3y 5 b)dr] <e €AMWV f SV 3dr <, VL) Ve,
(7.35)

Then we refine the estimate (7.34) to achieve the proof:

t !
| f =0T (5,10, 0) L3y, 7 (rb)dr] < € f ) SV 2V N dr <. CM YTy 2. (7.36)
v 2

O
We now state in the following Lemma the estimate of £ ff”(s, X):
Lemma 7.3.2.3. Assume (7’-7;{)) and that h € Lip(R,b). YO < s <t <T and Vx > b, we have:
L35 (5.0] <c €Ml = xol(VTYE 4 (VD) @V Iy 4 Vi a3

where the generic constant is independent of x. We deduce that for any 0 < s <t < T and for any p > 1:

NT 1 1 1

L3V (5. X)Ll <c €2 + (7.38)
2 b>slip { T_S)% T_S \/(Z‘T‘\/_t T (S+t)}
In addition, we have:
Lyvid(s,b) = (7.39)
Proof. Combining Lemmas 7.3.2.1 and 7.3.2.2, we easily get VO< s <t < T and Yx > b:
L3V, (5,%) =2(LY 0 LIWEL(5, %)+ (x = X0)(L3 0 LYVEL(5,3) + V(L3 0 LW (5,%)
—E[1. <,(2L)‘+(v’ Lx)vo ral bIXE = x]
=2.L3v0 h(s x)+(x— xo).£4 o (5,0 + VI LIV (5,%)
~E[Lr <,(2£‘+(vf Lx)voT(Ts P bIXE = xl, (7.40)

using the Definition 7.2.1.1 of the differential operators L*. Then the estimate (7.37) is easily obtained
with the estimates (7.31) of Lemma 7.3.2.2 and (7.25) of Lemma 7.3.1.3. The estimate (7.38) directly
follows from (7.37) using the Lemma 7.3.1.1. For (7.39), use the Lemma 7.2.1.1 equation (7.10) to write
that Lx Ph (s b) = 0 and the result becomes obvious. |



7.3. Calculus of the corrective terms and error analysis 183

7.3.3 Proof of the error estimate in Theorem 7.2.2.1

Assuming (77;’;) and that & € Lip(R,b), we obtain in view of (7.14) and (7.16) that the error term in
Theorem 7.2.2.1 is equal to:

TAtP
Errorz,hzéE[ fo " (X, = x0)? f (1= @)ZP (1 - a)xo + aX,)da} L3vE7 (1, X,)di]

1 T | t/\T}I: P
t7 f | f (Bs(Xy) = Zg) Lave (5, X)ds]dr. (7.41)
0 0 -

Then use Lemmas 7.3.1.3 and 7.3.1.1 and standard inequalities to get for first term of the r.h.s. of (7.41):
T/\‘rf 1
[E( f (X, = x0)’{ f (1= )2 (1 - @)xo + aX,)da} L3v7(t, X)di]|
0

< Mi(@)Mo() sup 11X, - ol f 10 L3028 2, X,)lod

t€[0,T]

< MMy 2,TC;! < [Tl My () Mo(a)T 2.

Regarding the second term of the r.h.s. of (7.41), utilize the Lemma 7.3.2.3 equation (7.38) to get:
! P,
| f = VE[ f s L 2915, X, )ds]d
0

< M@ sup [E5(Xe)—Zel c-szft{ vr ! ! L dsdr
= 1 ) - 2
‘ s€[0,T] e ’ 7 0 Jo (T—s)% T—s 1/(1‘— AT —¢ T (s+t)

sc[/vu(a)]Z' C' T7 <, |0l Mi()]PT 2.

o

We have finished the proof.

\/7+1 1 1

. +
(=53 T75 ° Na=NT—1 T3

appearing in the above double integral remains fortunately integrable. For non regular payoff func-
tions (Call payoffs with strike lower than the barrier for instance) or for digital options, the first spatial
derivative of vf g may explode at maturity and the singularities arising in iterated integrals are not any-

Remark 7.3.3.1. We would like to point out that the singular term

more integrable. Our approach seems inappropriate and this is the reason why we restrict ourself to
regular and a.e. once time differentiable payoff function.

In case of trivial barrier level (b tends to —oo) and assuming the strong ellipticity condition
( )i[%fT] o(t,x) >0 (H?), the reader familiar with the Malliavin calculus will notice that Malliavin
t,x)e xR

integration by parts could be performed to handle terms of the form E[(X; — xo)kZ(J )(X,)L" P};(t X1 by

Bh 7 and thus to treat the

case of binary payoff functions and retrieve the results of [Benhamou 2010a, Theorem 2.1 and 4.3].

reducing the order (and thus the irregularities) of the derivatives applied to v

7.3.4 Calculus of vot s Vo, ‘;“ and estimates of their derivatives
We begin with the calculus of v Y defined in (7.20):

Lemma 7.3.4.1. Assume (7—( v,) and that h € L1p(R b).YO<s<t<Tand Vx> b, we have:

Pw‘(s x) ={(x— x0) Lx+(\/t£x+2(x x0) VLS + (2,2 (2L + L")} T(s,x)
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+2(30 = D)E[ Ny, Vi Liv Pl DIXT = x]. (7.42)

Proof. We follow the proof of Lemma 7.3.2.1. By definition of v
equation (7.10) gives forany 0 < s <t <7 and Vx > b:

ot , an application of Lemma 7.2.1.1

vt (s,x) =E[(X" ,

e, —xo)2£§ Ph (t/\st,XP , )|XP—x]

XP - ) and simplifica-

The application of the Itd’s formula for the product (XIP aeh T xo)z.Ex Ph TN TS b

tions coming from PDE (7.8) yield:

BI(X, . = %0) 2Ly AT X OIX] =]
l/\T
=(x = x0) L3V (s,3) + 2E[ f " xP — x0)(L} 0 LyViT(u, X)) Z,dul X} = x]
t/\rﬁh
+E[f L Ph(u f)Zudu|Xf:x].
N

Using the fact that Lgvf”;(u, b) =0 and the Lemma 7.2.1.2, the last term of the r.h.s. is obviously equal to

(V’S.E’zcvfjl;(s, x). For the second term, use the Definition 7.2.1.1 to write L} o L5 = L3, then the classical
decomposition, the Itd’s Lemma, the PDE (7.8) and the Lemma 7.2.1.2 give:

t/\T
E[ f xt - x0) Lyve 3, X2, du| X! = x]

=(x0 — b)E[ 1+ <;vf Lx p h(TSb,b)|XP = x]+ (x— x) VL LIV h(s x)

! Ty,
E[ f Z( f b(f{ o LYWL (r, XP)Z,dr)dulX] = x].

Then the relations L7 o L3 = L + }1.[?2“ (see Definition 7.2.1.1) and (£ + %Lg)vf};(rf » ) =0 (see
Lemma 7.2.1.1 equation (7.10)) give that the last term of the above r.h.s. is equal to
D) (L + %L;)v%’(s, x). Combining all the contributions achieves the proof. O

Lemma 7.3.4.2. Assume (77)‘(’(;) and that h € Lip(R,b). YO < s <t < T and Vx > b, we have:

| L3 (5,20 el = xo PV 4 = xol VD) 4+ (VI = xolVE )RV (7.43)
FIVE)? +1x = xo] ((Vm) .

for a generic constant independent of x. We deduce that VO < s <t<T, Vx> b and forany p > 1:

T T 1 T T
L5y Pw’(s X Leyssllp <c C + VT + + vr + VT 3 (7.44)
b p 3 (s+1)
(T-s)> T=s NT-t ~i-sNT-t T-%2

Proof. Using Lemmas 7.3.4.1 and 7.3.2.2, we easily obtain VO < s <t < T, Vx > b:
L3P (5,0) ={0r = x0)2 (L3 0 L£3) + 4(x — x0) (L] 0 L) + 2L+ V(LS 0 L) +2(x — x0)V(La 0 L)
+AVI(LY 0 L3) + B, D) 2L 0 L) + (L"OL’C)]}VZ(S, x)
+2(x0 = H)E[L,r <t(21:’€+(v’ L")vo T(th,b)IXf = x].

Then writing xo —b = x — b + x¢ — x, the announced estimates (7.43) and (7.44) directly follow from
Lemmas 7.3.2.2, 7.3.1.3 and 7.3.1.1. We skip further details. O



7.3. Calculus of the corrective terms and error analysis 185

In the next Lemma, we give a useful Martingale property of vm :

Lemma 7.3.4.3. For any h € Lip(R,b), forany0<u<s<t<T, for any x > b and for any n e N, we
have:

[0 vy (s ATh, X . )|XP—x] IV (u, x).

Proof. The proof is similar to the proof of Lemma 7.2.1.2, so we skip it. m|

We now give the explicit calculus of v, s” defined in (7.22) in the following Lemma which proof, a
little bit tedious to write, is postponed to Appendix 7.6.2:

Lemma 7.3.4.4. Assume( )andthatheLlp(R b).YO<u<s<t<T,Vx=>b, we have:
Vi (1, )
=(r = x0){(2L5 + (x = x0) Ly + VLYV, 3., x) ~ E[1 » <,(21:x+(vf L")vf @l bIXE = x1)
+V 3L+ —L’z‘ +(x—x0) LI+ Vi (Li+ —.Ej)}vo’T(u, x)
+(xo—b)E[1, P <S(VS Lx PT(TM b,b)lXP =x]+(x-b)E[1 o <S(2£x+(Vt Lx)voT(Tub,b)lef =x]

- V. LEL, P els. z](2£x + (Vt Lx)vo T(Tu p DXy = ]

E[ﬂffibﬁs(vi;ib f (VF’P Dz ,.r.0)2L] +(V§L§)vg’;(r,b)dr|xf=x], (7.45)
s Tu,b

where using the relation (7.64) in Propositian 7.6.1.1,
V. LE[, P els, 0L +(Vt L")vo T(Tu b,b)lX,f = x] is equal to:

s (g (x=b)? DP(u,r,b— x)2.LE+V LYW (r,b)d
u s V(VZ— ((Vl,;)z) (M,r, _x)( 3+ r S)VQ,T(r’ ) r.

We deduce that for any xo > b, using the Definition of the corrective terms Cory,, in Theorem 7.2.3.1:

1 T 0
1 f S0, x0)dr + 5 f = f (D fi’”(o,xo)ds)dt:Zcm,g. (7.46)
0 n=3

We finally provide an estimate of L3v,, ’; *'(u, x), the proof being performed in Appendix 7.6.2.

Lemma 7.3.4.5. Assume (‘ﬁ;z) and that h € LipR,b). YO<u <s<t<T and VYx > b, we have the
following estimate:

3 ) 747

<M x = xoP VD) + e xollVE) 2+ (V) VD (1,7 (V!
VIV VL) VT VD) VLT (VDI VL)
HVi) TV T+ (V] BV,

where the generic constant is independent of x. We deduce thatVO<u<s<t<T,Vp=>1:

L3V (s X)Lyl (7.48)
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5 T VT VT \NT \NT
<.C,7| =+ st - + —+ .
(T-w>: T=-7) @-w2NT-t C-wWT-7) s—uT-H):
1 1 1 1 T%
+ + + + +

(T2 (-wNT—t Vs—uT~3)  (s—u)i(T-1)3 (s—u)%(T—z)%‘}'

7.3.5 Proof of the error estimate in Theorem 7.2.2.1

Assuming (?7;)) and that & € Lip(R, b), we obtain in view of (7.18)-(7.19)-(7.21)-(7.23) that the error
term in Theorem 7.2.2.1 is equal to:

1 T 5 (T A-a)? g Ph
Errors =§E[f (X; —x0) {f th‘ (1 = a)xo + aXy)da} Lyv (1, X )dt]
0 0 =
1 T ) AT P
+—f 3 )E[f (Zo(Xs) =) L3V, Y (5. X )ds]dt
8 Jo 0
1 T | AT}, 1 ) P
t7 f ([ f { f EP((1 - a)xg + @X,)(1 - @)dah(Xs - x0)* L3vi L (s, X,)ds]dr
0 0 0 -
1 T | t | SAT) P
t3 f = f SVE[ f (Zu(X) = ) L3ve5 (u, X, )du]ds)dr. (7.49)
0 0 0

We easily bound the first term of the r.h.s. of (7.49) using Lemmas 7.3.1.3 and 7.3.1.1 and (771;:)):

A 3 (1-a)* Ph
|E[L (X¢ — x0) {L > —% ((1- CY)XO"‘CYXt)da’}Lx T, Xt)dt”

dr

T
< MU(AMo(@o T2 C;! f <e My Mo(o)lor2, T2,
0

For the second term of (7.49), we utilize the Lemma 7.3.4.2 to obtain:

T
| f ZVE[ f (Z5(X,) = Zo) Lver (5. X)ds]ds|
0
< M@ Moo li, VT C!

T oo VT 1 VT VT
Xf (f{ -+ + + + lds)dr
0o Jo (T-s)2 T-5s ~NT-t ~i—sVT—-t T-82

2
< AMU@P Moo T?

We now pass to the third term of (7.49) and to treat it, we use the Lemma 7.3.2.3 to get:

T
| f N | f { f EP((1 = a)xo +aX,)(1 - a)da}(X, — x0)* Lyves (5. X,)ds]d]
0

t o NT 1 1

1
d
0{(T—s)%+T—S \/(Z‘T\/_t T_ b+t)}s)t

<M @) Mol 3,TC,? f (
0
< AIM(@) P Mo(0)|ole T?

We finish with the last term of (7.49). An application of Lemma 7.3.4.5 yields:

T t
| f = f =R f (Zu(X) = Z)LIVEE" (u, X, )du]ds)di|
0 0
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< IMi(@)Plolt, NTC? f ( f f \/ztﬁ ﬁ
(T - ,,,)z (T=-5) (t-w:NT -t

+ ) !
(t—u)(T—‘;) 1/_3 u(T - (T_W)z (t—u)\/T—t
! ! + il - }du)ds)dr

T a(T - i (s—u)%(T—z)% (s—u)i(T —1)5
< IMi(0)] |<r|ooT2.

That achieves the proof.

7.4 Applications to the pricing of down and in barrier options

We denote by v, T(t Xx) = E[h(XP)]l P<T|XP =x] ,¥(t,x) € [0,T] X [b,+0co[ , the proxy pricing kernel for
the down and in option and the 0bv10us relation:

VERX) + v (1, 0) = v (e, ), (7.50)

allows us to deduce results for the down and in case from the down and out case, applying the results of

[Benhamou 2010a] for the plain-vanilla part. For & € L_ip(R, b),
_26-b)-b)
vf’ f(l, x) = th(y)e Vi DP(t,T,y - x)dy which is the second term of the r.h.s of (7.9). We easily

deduce from the relation (7.50) the next Lemma:

Lemma 7.4.0.1. Assume (77 ;g) and that h € L_ip(R, b). For any t € [0,T], we have:
Lgvf by =LV, b), Vne(2,4,6), (7.51)
LivEb) = - Livi"(,b) = ——Lx PLeb), ¥nef1,3,5), (7.52)

We now announce directly the main results:

Theorem 7.4.0.1. (2nd order approximation price formula for down and in regular barrier options).
Assume (‘H;]). Then for any h € Lip(R, b), we have for any xo > b:

E[R(X1)Lo,<r] =EIRX7)1pop] + Cori i+ Corz i+ 0ol M (OMo()T?), (7.53)
where:
1
Cory :563@(1), %! Lg‘vp;l(o, X0), Cory; =~ E[]l,ggz)(z(”, Z)ZPL’gvPﬁ(T,f, b)].
b

Proof. We write E[W(XT)1;,<7] = E[A(XT)] - E[h(XT)1;,>7] and we apply [Benhamou 2010a, Theorem
2.1] for the plain vanilla part and the Theorem 7.2.2.1 for the down and out option to readily obtain:

1
ELA(X7)Lr,<7] =E[A(XT)] = B p 7] + 5 BED, D)0 L3 070,06 = vy 70,20 ey

Vi (0,0
1 5 3
+ 2B BED, D) Livy 717 )]+ Ol Mi (@) Mo(@)T ).

Then by Lemma 7.4.0.1 equation (7.52), we have .[jxv T(Tb ,b) = 21:" (T ,b) = —2.5" Fh (T}[; ,b). O
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Remark 7.4.0.1. Observe that if xo = b, we take face to a plain vanilla option and owing to Lemma
7.4.0.1 we are coherent with [Benhamou 2010a, Theorem 2.1], whereas if b — —co, all the term of the
expansion vanish.

Theorem 7.4.0.2. (3rd order approximation price formula for down and in regular barrier options).
Assuming (HY), we have for any h € L_ip(R, b) and any x¢ > b:

5
BLAXr) e, <r] = B L pr] + Y Cori+ Ol Mi(@)Mo()PT2), (7.54)

n=1

where the corrective terms Cor,; are obtained by replacing vf’}r’(O, xo) by vll.J ’7{'(0, Xxo) and

vil}(r, b) = 2v}T)’h(r, b) by ZVS#(F, b) = —2v§’h (r,b) Vr €[0,T] in the various corrective terms Cory, defined
in Theorem 7.2.3.1. 7

Remark 7.4.0.2. If xo = b, Cory; = Cors; = 0 and owing to Lemma 7.4.0.1 equation (7.51),
szﬁ'(o,xo) = L;vl;’h(o,xo), VYn € {2,4,6). We are consistent with [Benhamou 2010a, Theorem 2.2].
Ifb — —oo, all the corrective terms vanish.

7.5 Applications to regular down and out Call options

In this section, we apply our various price approximations to the particular case of regular down Call
options. The payoff function is now equal to A(x) = (¢* — ), with min(xp, k) > b. In order to obtain
more accurate approximations (see Chapter 2), we derive new expansions with the local volatility frozen
at mid-point x4, = x°2+ k. Then we show that if the local volatility function is time-homogeneous, our

prices expansions reduce to totally closed-form formulas with a numerical cost close to zero.

7.5.1 Notations

> Barrier Call options. We denote by Call(S, 7, K) the price at time O of a Call option with spot
S, maturity T and strike K, written on the asset S = X that is Call(S,T,K) = E(eX" - K),. We
use the notation DoCall(S ¢, T, K, B) (respectively DiCall(S¢,7, K, B)) for the price at time O of a reg-
ular down and out (respectively in) barrier Call option with barrier level B = e’ < min(K, S) that is
DoCall(S, T, K, B) = E[(eX" — K),1.,>7] (respectively DiCall(S, T, K, B) = E[(eX" — K), 1,<r]).
As usual, ATM (At The Money) Call refers to xy ~ k, ITM (In The Money) to xg > k, OTM (Out The
Money) to xg < k.

> Barrier Black-Scholes Call price function. For the sake of completeness, we give the Black-Scholes
Call price function depending on log-spot x, total variance y > 0 and log-strike :

Call®S(x,y,k) = e*N(di (x,y,k)) — " N(da(x,y,k)) (7.55)
where:
Aoyl ="+ L 5 dr(x,y,k) =d; (x,y,k) = \}y
1 ’ys - \/y 2 )’, 2 ay, =] 7ya y

We recall that we have the simple following relation:

1 1
8,Call®S (x,y, k) = EL’Z‘CallBS(x, y,k) = EL’;cmlBS(x, k). (7.56)
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We use the notation DoCallBS (x,y,k,b) (respectively DiCallBS(x, v,k, b)) for the price of a regular down
and out (respectively in) barrier Call option in the Black-Scholes model with log-barrier equal to b. For
convenience, we recall that we have the following formulas:

DiCall®S(x,y,k,b) = Call®S(b,y, x + k—b), DoCallBS(x,y,k,b) = CallBS(x, y, k) — DiCall®S(x, y,k, b).
(7.57)

Notice that 9,DiCall®S(x, y, k, b) = 9;Call®S(b, y, k)|x=x+1—» and the facts that

LXCallBS(x,y,k) = LECallBS(x,y, k) for n € {2,4,6) whereas £XCallBS(x,y,k) = —L£XCall®S(x,y,k) for

n € {3,5} (see Chapter 2 Proposition 2.6.1.3) allow to retrieve the results of Lemmas 7.2.1.1 and 7.4.0.1.
The expansions of Theorems 7.2.2.1-7.2.3.1 and Corollary 7.4.0.1 remain valid for the regular

Call payoff replacing in the various corrective coefficients Cor the sensitivities by the corresponding

derivatives w.r.t. x of the functions DoCallBS(x, v,k,b) or DiCallBS(x, v,k,b).

In the following, x¢ = log(S o) will represent the log-spot, k = log(K) the log-strike, b = log(B) < k the

log-barrier and x4, = (x0 +k)/2 = log( VS oK) the mid-point between the log-spot and the log-strike.

> Total volatility at x,,,, T}[:’x"”’g and (ﬂgvg). When freezing the local volatility and local vari-

ance functions o and X in x,,, we denote by (V,T (Xavg) = ftT 2(xag)ds the total variance at point
Xavg On the period [7,7]. We extend this notation for the integral operator ¢ acting on X and its
derivatives computed at x,,, and we introduce the notation Coryo(xayg) to denote the same correc-
tive terms introduced in Theorem 7.2.3.1 but with the local volatility frozen at x,,,. For instance we have
@(2(1)’2)5(&4%) = 67)(2(1)()601,8,), z:(xa\qg))(]; and Corl,g(xavg) = %0_5(2(1), E)g(xavg)LgDOCEl]lBs(an (Vg(xavg)’ k,b).
Similarly we introduce the new proxy process (Xf g )iefo,1 Which is a Gaussian process defined like in
(7.3) but with the local volatility frozen at x,,,. For this process we introduce the first hitting time of

the level b: TbP’x”Vg =inf{r>0: X,R " = b). We denote by D¥ex the density of XtR % and by J*e the

density associated to the hitting timgs of (XtR Tavg )ie[0,T] - _
Finally we define the assumption (W)?;Vg) similarly to () replacing xo by Xxay in (HY).

7.5.2 Regular down barrier Call option approximations with the local volatility at mid-
point.

To obtain new expansions with the local volatility frozen at x,,, we perform an expansion of the local
volatility in the approximation formulas given in Theorems 7.2.2.1-7.2.3.1 and Corollary 7.4.0.1. The
results are summarised in the following Proposition proven in Appendix 7.6.3.

Proposition 7.5.2.1. Assume (HJ)-(HS, ). We have for any b < min(xo, k):

DoCallPS (xo, VT, k,b) =DoCall®S (xg, VI (Xavg): ks b) + Core o (Xavg) + Ol Mi () Mo(0) T ?)
=DoCall® (xo, V§ (Xaug),k, b) +(Cors o + Cory o) (Xang) + O oo My () Mo() P T?),

Coryy =Cor o(Xavg) + Ol My () Mo(0)T?) = (Cory o +Cors o) (Xavg) + (Tl M1 ()Mo ()P T?),
Coryy =Cory o(Xavg) + O(|o e M1 (@)Mo()T?) = (Corap+C0ro o) (Xavg) + Ol Mi () [Mo ()P T?),

5 5
D Cotng = ) Cornp(Xarg) + Ol Mi (@) IMo()PT?),
n=3 n=3

where:

1
Coreo(Xavg) =7 (X0 - DSED (xavg))E L3DoCallBS (xo, V (xang), k. b),



190 Chapter 7. Price expansions for regular down barrier options

1 - X, X

Coryo(Yavg) =7 (X0 - RHBE® )t L3+ BED, T (x000) L3 DoCallB (xg, VE (xavg), k. b),
1 JY - X

Cors o(Xarg) =7 (X0 - {BED, N+ BEP, D) (xag) L3

= 1 =
+[aE, 2D, 0] + 5“’(2(”’2’ )1 (Xag) LEDOCaIPS (x0, VI (Xang), k, b),

Pxavg

1 - -
Cor.o(Xavg) == 7 (%0 = DE[L rua <T{[w(z<1>,z<1>)f +@B(E?, 2>fmg
b b

Pxavg 1
- T > - >
+BED) BED) g J ) L+ 1BED 2 D), + 38EDZIO)
b b b

1 N TP,Xavg . .
+56E) w(z(”,zg:mg](xavng}DoCauBS(bfvT (Xavg)s k. D).

P.xavg
T

We easily deduce from Proposition 7.5.2.1 the next Theorem:

Theorem 7.5.2.1. (2nd and 3rd order approximations for regular down barrier Call options with local
volatility at x,,,).
Assume (W%)—(W)‘;L,g). Then for any b < min(xg, k), we have:

DoCall(S o, T, K, B) =DoCall® (xo, V§ (Yaye) k. b)+ " Corng(avg) + Ol Mo(@)Mi ()T )
nefl1,2,6}

9
=DoCall® (xo, V{ (Xavg), k,b) + > Con o (Xavg) + Ol Mo(@) P My (0)T?),

n=1

where the corrective coefficients Cory,, are defined in Theorems 7.2.2.1-7.2.3.1 and in Proposition
7.5.2.1. Under the same hypotheses, one has:

DiCall(S o, T, K, B) =DiCall® (x0, V{ (xaye) kD) + ) | COryi(Favg) + Ol Mo()My ()T )
ne{l,2,6}

9
=DiCall® (x0, V{ (arg)s . b) + D COrni(ang) + O oo Mo(@) P M (0)T),

n=1

where we define Cor, i(xag), n € {1,..,9} by replacing in Coryo(xavg) DoCallBS(xo,(Vg (Xavg),k,b) by
DiCallBS(xo,(Vg(xavg),k, b), n€{1,3,6,7,8} and by setting them equal to —Cory, o(Xavg), n € {2,4,5,9}.

7.5.3 Reductions in the time-homogeneous framework

The various formulas of Theorems 7.2.2.1-7.2.3.1-7.5.2.1 and Corollary 7.4.0.1 are explicit up to a
numerical integration of the terms expressed as an expectation involving the first hitting time of the
barrier. Remarkably, these formulas are available in closed-forms through an expression containing only
Gaussian functions if the local volatility is time-independent (extension to local volatility functions with
separable time and space variables is straightforward). To see this, we leverage convolution properties
of the Gaussian hitting times density postponed to Proposition 7.6.1.4. That leads to the following
Proposition proven in Appendix 7.6.3.

Proposition 7.5.3.1. We suppose that the local volatility function is time-homogeneous and we assume
(7'()‘;))-(7{;2%). Then for any b < min(xo,k), we have for any z € {xo, Xayg}:

Cors4(2)
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() “xo—k i, Y
Lm0 - a0, 25— 20,
? > NS

0
COI’40(Z)

z? (z)

2b—xg—k_ sort_, V0O
—)e 2

JVE@ ;

ED(z) 5 1 " gty
S0 0= BI3 + SV @)+ a0 =0 + k- 2DIN(Z e

V@)

+[2(k—b)* + (k= b)(x0—b) = VE ()2 + %(xo —b)(xg—k) + %(vg @) DF4(0,T,2b - xg —k)},

=—e b(xo = b)(k— b) {(vo (2)DP(0, T, 2b — xo — k) — (xo — BIN(

+ %eb(xo —b)k-Db)

COY‘S’Q(Z)
(12 _ -
Lo b3tk — ) E D g - N R T 050,720 - 30—
xg+k (VZ;(Z)

+ <v0<z>>2ez A

-k
(= gHs N = AN’ () + N ()=~ () + N + N (D) |
2 (Vg (2) VT @
Coro (@)
2 +k ’VT
=1k b (Z){(Xo N T 0,7, 2 30— )

\/(VT(Z)
EV @), 1

20 [z (VO()+ (2b x0 —k)(k—b)+ (fvo(z)) DP0,T,2b— x0 — k)

1 2b—xo—k_ o+ _, VE©
~(o=b)1+ 5V OIN(EEEE e b5

JVE @

Remark 7.5.3.1. We remarkably obtain very simple second order formulas with the local volatility at
mid-point. Combining the explicit forms of Cor o, Corz, and Corg, (see Propositions 7.5.2.1-7.5.3.1),
we easily get:

+ ieb(xo —k)(k—b)

DoCall(S, T, K, B) =DoCall®® (xo, Z(x44) T, k, b) + Corio, + Ol Mo(IM()T'?), (7.58)
DiCall(S o, T, K, B) =DiCall®S (x0, X(xuue)T, k. b) —Cor10,0 + Ol Mo(@)M(T?),  (7.59)

l 2(1) X 2b_ _k VT (xave)
Corio, :_M(k_b)(xo _b)N($)exavg_ Ly

2 2(xavg) m

The expansions formulas (7.59) and (7.58) reduce to a suitable regular down barrier Call option price
with the local volatility frozen at Xy, plus or minus a simple and explicit term Coryo,, symmetric w.r.t.
the variables xo and k. Notice that if b = xo or b = k, this additional term vanishes. In particular if b =k,
owing to (7.57), the expansion formula (7.59) is simply a Black-Scholes Put price with log-spot xy, log-
strike b and total variance equal to X(x4,¢)T, whereas the approximation formula (7.58) is the difference
of a Black-Scholes Call price and a Black-Scholes Put price with the same features, i.e. ¢ —e?. We let
the reader verify that the third order formulas also give these very simple approximations if b = k.
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7.5.4 Numerical experiments

>Model and benchmark. Here we give numerical examples of the accuracy of our third order ap-
proximation with local volatility at x,,, (see Theorem 7.5.2.1), denoted by App(3, Xag), for regular
down out barrier Call options in the time-homogeneous framework because of the high simplicity of our
formulas owing to Proposition 7.5.3.1. As a benchmark model, we consider a time-independent CEV
model:

ds, =vS, Pstdw,, So = e®, (7.60)

with a spot spot value So = 100, a level of volatility v =25% and a skew parameter 8 = 0.5. This model
is applied directly to the asset price and we apply our results by considering a fictive log-asset with local
volatility function o(x) = ve®®=D>=%)  Although the local volatility function as well its derivatives are
not bounded, the following tests nevertheless prove the excellent accuracy of our formula. An advantage
of this model widely used by the practitioners in the industry of finance is that Call options prices (see
[Schroder 1989]) are available in closed-form as well as barrier Call options prices. Davydov et al.
derived in [Davydov 2001] closed-form formulas for the Laplace transforms of barrier options prices
under the CEV diffusion. Then they developed in [Davydov 2003] eigenfunctions expansions to invert
the Laplace transform. Alternatively, and this is the methodology chosen in this work, the Laplace
transform inversion can be performed with the Abate and Whitt algorithm (see [Abate 1995]).

>Set of parameters. We study the accuracy of App (3, x4,) for various maturities, strikes and levels of
barrier. We report in Table 7.1 the maturities and the strikes evolving approximately as S oexp(cv VT)
where ¢ takes the value of various quantiles of the standard Gaussian law (1%-5%-10%-20%-30%-40%-
50%-60%-70%-80%-90%-95%-99%) to cover both far ITM and far OTM options. We report in Table
7.2 the maturities and the corresponding levels of barrier evolving similarly to the strikes (but with
quantiles lower than 50% because the level of barrier has to be smaller than the spot 100). For the sake
of completeness we also consider the case B = 0 (pure vanilla case) associated to the quantile 0. Then
we report in Tables 7.3 and 7.4 the values of the down out barrier Call option prices for the whole set
of maturities, strikes and barriers (keeping only the strikes greater than the barriers to consider regular
options) obtained with the closed-form formula and in Tables 7.5 and 7.6, the errors on prices using
App(3, xavg) .

>Analysis of the results. The Tables 7.5 and 7.6 show that App (3, x4y¢) is extremely accurate for all the
maturities, strikes and barriers. The maximum error in absolute value for the whole set of parameters
is about 1072 obtained for the largest maturities. For small maturities (see Table 7.5), the errors are
generally of magnitude 10~ — 107> (with smallest errors of magnitude 107 !) and for large maturities
(see Table 7.6), of magnitude 1073 = 10~* (with smallest errors of magnitude 107° 1). The errors are
increasing w.r.t. T and at fixed maturity, are globally of the same magnitude according to K and B.
In particular we notice that the barrier prices approximations are as accurate than those of the vanilla
prices. This reinforces our belief that the accuracy of the expansion strongly depends on the regularity
of the involved functionals which are comparable in the case of regular barrier options and plain vanilla
options. We nevertheless remark that the errors are slightly smaller for very OTM options (certainly
because the price is close to 0) and are very small for ITM options with K = B (at most 107). As
noticed in Remark 7.5.3.1, K = B is a particular situation with a price approximation given by S¢— K
what is very close to the real price as seen in Tables 7.3 and 7.4.



7.6. Appendix 193

Table 7.1: Set of maturities and strikes for the numerical experiments

T\K| 1% 5% 10% 20% 30% 40% S50% 60% 70% 80% 90% 95%  99%
3M | 70 75 80 85 90 95 100 105 110 115 125 130 135
6M | 65 75 80 85 90 95 100 105 110 120 125 135 150
1Y | 55 65 75 80 90 95 100 105 115 125 140 150 180
1.5Y| 50 60 70 75 85 95 100 110 115 130 150 165 200
2Y | 45 55 65 75 85 90 100 110 120 135 155 180 230
3y | 35 50 55 70 80 90 100 110 125 145 175 205 270
5Y | 25 40 50 60 75 85 100 115 135 160 205 250 260
10Y | 15 25 35 50 65 80 100 120 150 195 275 365 630

Table 7.2: Set of maturities and barriers for the numerical experiments

T\B| 0% 1% 5% 10% 20% 30% 40% 45%  49%
3M 0 70 75 80 85 90 95 97.5 99.5
6M 0 65 75 80 85 90 95 97.5 99.5
1Y 0 55 65 75 80 90 95 97.5 99.5
1.5Y| O 50 60 70 75 85 95 97.5 99
2Y 0 45 55 65 75 85 90 97.5 99
3Y 0 35 50 55 70 80 90 95 99
5Y 0 25 40 50 60 75 85 90 98.5
10Y | O 15 25 35 50 65 80 90 98

7.6 Appendix

7.6.1 Properties of the Gaussian density, the Gaussian cumulative function and the
Gaussian hitting times density

We give in the following Propositions some simple relations between the partial derivatives of D and
7P, some estimates of their derivatives and integration results for N

Proposition 7.6.1.1. Assume (7’?{;{)). Forany 0 < s<t<T, forany x,y € R and any b < x, we have:

hI >
8,DF (s, t,x,y) = 7£§DP (s.,x,), 0, D"(s,t,x,y) = é@DP (5,1, x,y), (7.61)
pI >
859" (5,1, x,b) = — 7£§Jp(s,t, x,b), 0. J"(s,t,x,b) = gﬂz‘ff"(s, t,x,b), (7.62)
T (5,t,,b) = =2 LID"(s,1,x,b), (7.63)
1 (x-b)? %, (x=>)
X P P P P
-Elj (Sat’x’b) ZZ[(%_W)D (s,l‘,x,b)= V{YD (S,t’x’b)_ng (s,t,x,b)
1 1
=-Z(L5+ ZI)Z)P (s,t,x,b) = —(20, + ZE,I)Z)P(S, t, x,b). (7.64)

Proposition 7.6.1.2. Assume (‘]T()‘CTO). Using the fact that for any polynomial function P, x — P(x)N’(x)
is a bounded function, we have for any 0 < s <t < T, for any (x,y) €] — 00,0] XR and any integers n and
m:

m-n—1 m—n—=2

" |05 DF (s, 1, 3)] (V)2 x| TP (5,2, 20| < 2V 2 (7.65)

The results remain valid if we assume (?{gwg) and consider D as | Jhxavg, Zi(Xavg) and Vi(Xayg).
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Table 7.3: Down out barrier Call options prices in the CEV model (8 = 0.5,v = 0.25) obtained with the
closed-form formula for the maturities 7 =3M,T =6M, T =1Y and T = 1.5Y.

B\K | 1% 5% 10% 20% 30% 40% S50% 60% 70% 80% 90% 95%  99%
0% | 30.02 25.07 2022 1561 1141 7.82 498 2.94 1.59 079 015 006  0.02
1% | 30.00 25.06 2022 1561 1141 7.82 498 2.94 1.59 079 015 0.06 0.02

5% 25.00 20.20 15.60 11.41 7.82 498 2.94 1.59 079 015 0.06 0.02
10% 20.00 1554 1139  7.81 4.98 2.93 1.59 079 015 0.06 0.02
20% 15.00 11.17 7.74 496  2.93 1.59 079 015 006  0.02
30% 10.00  7.18 472 284 1.56 078  0.15 0.06  0.02
40% 500 351 2.23 129 067 0.14  0.05 0.02
45% 1.75 1.1 072 039 009 004 001
49% 048 034 021 0.12 003 0.01 0.00

0% | 35.08 2546 2095 1676 1299 974 705 491 3.29 132 079 025 0.03
1% | 35.00 2545 2094 1675 1299 974 7.05 491 3.29 132 079 025 0.03

5% 25.00 20.73 16.66 1295 972 7.04 4091 3.29 132 079 025 0.03
10% 20.00 1627 1275  9.63 7.00 489 3.28 132 079 025 0.03
20% 15.00 12.00 9.21 6.77 478 323 1.31 078  0.25 0.03
30% 10.00 7091 597 431 297 124 075 024 0.03
40% 500 394 295 2.11 094 059 020 0.03
45% 1.83 1.41 1.04 049 031 0.11 0.02
49% 049 038 029 014 009 0.03 0.01

0% | 45.15 3558 2668 2262 1551 1253 995 777 450 244 086 040 0.03
1% | 45.00 3555 26.67 22.61 1551 12.53 995 777 450 244 086 040 0.03

5% 35.00 2650 2252 1548 1252 995 7777 450 244 086 040 0.03
10% 25.00 21.54 15.10 1229 9381 7.69 448 243 086 040 0.03
20% 20.00 1435 11.79 949 749 440 240 085 039 0.03
30% 10.00 850  7.07 5.5 356 203 076 036 0.03
40% 5.00 425 354 229 136 054 026 0.02
45% 1.88 1.59 1.06  0.65 027 0.13 0.01
49% 049 042 028 0.18 007 004 0.00

0% | 50.27 40.83 32.04 2798 20.70 14.69 12.18 8.11 6.52 3.18 1.06 0.43 0.04
1% | 50.00 40.75 32.01 2796 20.70 14.69 12.18 8.11 6.51 3.18 1.06 0.42 0.04

5% 40.00 31.71 27.78 20.63 14.66 12.17 8.11 6.51 3.17 1.06 042  0.04
10% 30.00 26.57 20.06 1441 1200 8.04  6.47 3.16 1.06 042  0.04
20% 25.00 19.19 1397 1169 7.89  6.37 3.14 1.06 042  0.04
30% 15.00 1141 974 680 558 2.85 099 040 0.04
40% 500 440 326 275 .52 058 025 0.03
45% 1.90 1.44 123 070 028 0.12 0.01
50% 098 074 064 037 015 007 0.01

Proposition 7.6.1.3. Using standard properties of the Hermite polynomials defined in (7.28), we have
VneNandVxeR:

x 1
f Hy Ny == (Hne1 (CON () + Ha(ON (x)). (7.66)

n+
We summarize in the next Proposition some useful convolution properties of D and J:

Proposition 7.6.1.4. Assume (77)‘;)). One has for any 0 < r <t < T and for any a,b < 0:

f TP, 5,00 T (s,1,b)ds =T (r,t,a +b), (7.67)

t
f TP, 5,0)DF (s,1,b)ds =DF (r,t,a +b), (7.68)
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Table 7.4: Down out barrier Call options prices in the CEV model (8 = 0.5,v = 0.25) obtained with the
closed-form formula for the maturities 7 =2Y, T =3Y, T =5Y and T = 10Y.

B\K | 1% 5% 10% 20% 30% 40% S50% 60% T0% 80% 90% 95%  99%
0% | 5535 4596 37.17 2922 2230 1926 1405 994 684 3.69 148 041 0.02
1% | 55.00 4584 37.13 2921 2230 1926 1405 994 684  3.69 1.48  0.41 0.02
5% 45.00 36.76 29.05 2223 1922 1403 994 6.83 3.69 1.48 041 0.02

10% 35.00 28.12 21.76 18.89 1387 987 680  3.68 1.48 041 0.02

20% 25.00 19.87 1745 13.06 942  6.57 3.60 146 041 0.02

30% 15.00 1343 1041 7.75 556 3.5 1.33 038  0.02

40% 10.00 794 6.04 442 258 1.12 033 0.02

45% 4.48 350 262 1.58 072 022 001

49% 098 078 060 037 018 0.06 0.00
0% | 6537 5145 47.09 3509 2817 2220 17.17 13.05 836 437 147 044  0.02
1% | 65.00 5136 47.03 3508 2817 2220 17.17 13.05 836 437 147 044  0.02
5% 50.00 46.04 3472 2799 2211 17.13 13.03 836 437 147 044  0.02

10% 45.00 3425 27.73 2197 17.05 12.99 834 436 147 044  0.02

20% 30.00 2494 20.19 1595 1231 8.03  4.26 1.46 044  0.02

30% 20.00 16.62 1344 1059  7.10  3.87 1.37 042  0.02

40% 10.00 834 677 473 2.71 1.02  0.33 0.02

45% 459 379 271 1.60 063 0.21 0.01

49% 098 082 060 036 0.15 0.05 0.00
0% | 7555 6190 5347 4571 3544 2954 2208 16.17 1037 5.70 1.74 047  0.01
1% | 75.00 61.72 5339 4568 3543 2953 2208 16.17 1037 5.70 1.74 047  0.01
5% 60.00 5238 4508 35.16 2938 2201 16.14 1036  5.69 1.74 047  0.01

10% 50.00 4349 3431 28.83 21.73 16.00 1030  5.68 1.74 047  0.01

20% 40.00 32.19 27.33 20.85 15.50 10.08  5.59 1.73 047  0.01

30% 25.00 21.75 17.15 13.11 878  5.03 1.61 0.45 0.01

40% 15.00 12.16 954  6.60  3.91 1.32 038  0.01

45% 875 696 491 2.97 1.04  0.31 0.01

49% 1.47 120 088  0.55 0.21 0.07  0.00
0% | 86.12 77.50 69.43 5841 4871 4028 3090 2341 1512 7.53 1.97 039 0.00
1% | 85.00 76.87 69.06 5823 48.62 4024 30.88 2341 1512 7.53 197 039  0.00
5% 75.00 67.80 57.53 4822 4001 30.77 2335 1510 752 197 039  0.00

10% 65.00 55.75 47.09 3929 3038 23.14 15.01 7.50 197 039  0.00

20% 50.00 43.03 3644 28.63 2207 1451 7.34 195 038  0.00

30% 35.00 3028 2437 19.18 1293 6.74 1.85 037  0.00

40% 20.00 16.58 1340 937 510 149 032  0.00

45% 9.16 755 543 307 095 0.21 0.00

49% 1.97 1.65 1.21 0.71 023  0.05 0.00

r

[

r

VipP(s,t,b)ds = (a+b)N(\/—_) SV L VD (1 a+ b,
yr

f 2. DF(r, 5,0)DF (5,1, b)ds =N(

a+b

r

r

!
R Y
JV r

A
f I, s,a)V TP (s,1,b)ds =—Z,bDF (r,t,a+b),

!
f Il 5,a) VD (s,1,b)ds =VIDP

r

_(ath)
2

Lyt
V.
b

~5=5Vi P (s,1,b)ds,

(7.69)

(7.70)

(7.71)

(7.72)
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Table 7.5: Errors on down out barrier Call options prices in the CEV model (8 = 0.5,v = 0.25) using
App (3, Xavg) for the maturities 7 =3M, T =6M,T =1Y and T = 1.5Y.

B\K 1% 5% 10% 20% 30% 40% 50% 60% 70% 80% 90% 95% 99%
0% | -8E-7 —-6E-7 —4E-7 -3E-7 —-6E-7 -1E-6 —-1E-6 -9E-7 -6E-7 -3E-7 -3E-7 —4E-7 -5E-7
1% | -5E-7 -5E—-6 -5E-6 8E-7 —6E—-6 7E-6 -2E-7 —6E-7 -6E-7 -3E-7 -3E-7 -4E-7 —-5E-7
5% -3E-6 —-2E-5 1E-5 1E-5 6E-7 2E-6 3E-7 —4E-7 -3E-7 -3E-7 —4E-7 -5E-7
10% —2E-5 -2E-5 2E-5 3E-5 3E-5 |1E-5 4E-6 |1E-6 -3E-7 —4E-7 -5E-7
20% -1E-5 -1E-5 5E-6 4E-5 4E-5 3E-5 1E-5 1E-6 -6E-8 -4E-7
30% —-1E-5 —-4E-6 4E-6 1E-5 2E-5 2E-5 ©6E-6 2E-6 4E-7
40% -1E-5 1E-5 7E-6 -3E-6 -9E-6 -8E-6 -5E-6 -3E-6
45% 2E-6 8E-6 4E-6 -2E-6 —-1E-5 -8E-6 —-6E-6
49% -6E-6 2E-6 2E-6 7E-7 -2E-6 -3E-6 -2E-6
0% | —-4E-6 —-2E-6 —2E-6 -3E—6 -5E-6 -6E-6 —-6E-6 —-5E—6 -4E-6 -2E-6 —-1E-6 —2E—-6 —2E—6
1% | —-6E-7 4E-5 9E-5 8E-5 4E-5 2E-5 [1E-6 -3E-6 -3E-6 -2E-6 —-1E-6 —2E-6 -2E—6
5% -1E-6 —4E-5 2E-5 1E-4 2E-4 2E-4 1E-4 7E-5 |1E-5 5E-6 -7E-7 -2E-6
10% 8E-7 -5E-6 4E-6 8E-5 1E-4 2E-4 1E-4 6E-5 3E-5 6E-6 -2E-6
20% 3E-6 2E-5 2E-5 3E-5 6E-5 9E-5 8E-5 G6E-5 2E-5 4E-7
30% -1E-8 4E-5 4E-5 2E-5 1E-6 -1E-6 2E-6 4E-6 -3E-7
40% 8E-7 3E-5 4E-5 3E-5 -2E-5 -4E-5 -5E-5 -2E-5
45% 5SE-6 2E-5 2E-5 3E-6 -1E-5 -3E-5 -2E-5
49% -2E-6 4E-6 6E-6 3E-6 -3E-7 -6E-6 -6E-6
0% | —2E-5 -1E-5 -1E-5 -2E-5 -3E-5 -3E-5 -3E-5 -3E-5 -2E-5 -1E-5 -6E-6 -8E-6 -1E-5
1% | -9E-6 -5E-5 4E-4 4E-4 1E-4 6E-5 2E-5 —6E-6 -2E-5 -1E-5 —-6E-6 —8E—6 -1E-5
5% —2E-5 -1E-4 2E-4 7E-4 7E-4 6E-4 4E-4 2E-4 5E-5 2E-6 -6E-6 -1E-5
10% —2E-5 1E-5 4E-5 2E-4 4E-4 6E-4 6E-4 4E-4 1E-4 4E-5 -1E-5
20% -1E-5 7E-5 5E-5 9E-5 2E-4 3E-4 3E-4 2E-4 9E-5 -6E-6
30% —2E-5 1E-4 2E-4 2E-4 2E-5 -1E-4 -1E-4 -1E-4 -3E-5
40% -1E-5 8E-5 1E-4 1E-4 3E-6 -1E-4 -2E-4 -7E-5
45% IE-5 4E-5 6E-5 4E-5 -4E-5 -7E-5 -5E-5
49% —4E-6 TE-6 2E-5 1E-5 —6E-6 —2E-5 -1E-5
0% | —-6E-5 -3E-5 —-4E-5 -6E-5 -8E-5 -9E-5 -9E-5 -8E-5 -7E-5 -3E-5 -2E-5 -2E-5 -3E-5
1% | 3E-5 -3E-4 1E-3 1E-3 8E-4 3E-4 2E-4 3E-6 -2E-5 -3E-5 -2E-5 —2E-5 -3E-5
5% 3E-5 -4E-4 1E-4 1E-3 2E-3 1E-3 9E-4 6E-4 2E-4 7E-6 -2E-5 -3E-5
10% 3E-5 9E-5 1E-5 6E-4 1E-3 1E-3 1E-3 9E-4 2E-4 6E-5 -3E-5
20% 2E-5 2E-4 1E-4 3E-4 7JE-4 8E-4 8E-4 4E-4 1E-4 -2E-5
30% IE-5 4E-4 4E-4 1E-4 3E-5 -1E-4 -9E-5 -5E-5 -3E-5
40% IE-5 1E-4 2E-4 2E-4 6E-5 —2E-4 -3E-4 -2E-4
45% 2E-5 1E-4 1E-4 7E-5 -7E-5 -1E-4 -1E-4
49% SE-6 5E-5 6E-5 S5E-5 -2E-5 -6E-5 -5E-5
' 2 P t P atb. _@h_1q
fjp(r,s,a)((\/g)j (s,t,b)ds ==2bV,. D" (r,t,a+b)—X;abN( t)e 778 (7.73)
r r

3

f D (r, 5,a)V D (s5,1,b)ds (7.74)

P
:l(v;e—@—%q’i{/v(x) i) [N )+ N O _ e

2 q}i = W

(ath) y Loyt ft a | e Llqs st op

ez "8 [ EN( Je 278V D (s,t,b)ds (7.75)
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Table 7.6: Errors on down out barrier Call options prices in the CEV model (8 = 0.5,v = 0.25) using

App (3, Xavg) for the maturities 7 =2Y, T =3Y, T =5Y and T = 10Y.

B\K 1% 5% 10% 20% 30% 40% 50% 60% 70% 80% 90% 95% 99%
0% | -1E-4 -7E-5 -8E-5 -1E-4 -2E-4 -2E-4 -2E-4 -2E-4 -1E-4 -7E-5 -3E-5 -5E-5 -5E-5
1% | -2E-6 -9E-4 2E-3 2E-3 1E-3 1E-3 3E-4 4E-5 -6E-5 -6E-5 -3E-5 -5E-5 -5E-5
5% 8E-6 -8E-4 O9E-4 3E-3 3E-3 2E-3 2E-3 8E-4 2E-4 2E-5 —-4E-5 -5E-5

10% 3E-6 -1E-4 2E-4 8E-4 2E-3 2E-3 2E-3 1E-3 4E-4 3E-5 -5E-5

20% 6E-6 5E-4 4E-4 2E-4 4E-4 8E-4 1E-3 7E-4 2E-4 -4E-5

30% 7E-6 4E-4 TE-4 4E-4 4E-5 -4E-4 -4E-4 -2E-4 —-6E-5

40% SE-6 5E-4 6E-4 3E-4 -2E-4 —-6E-4 —-6E-4 -1E-4

45% 2E-4 3E-4 4E-4 1E-4 -3E-4 -5E-4 -2E-4

49% 3E-6 6E-5 9E-5 7E-5 -2E-5 -1E-4 -6E-5
0% | -4E-4 -2E-4 -2E-4 -4E-4 -4E-4 -5E-4 -5E-4 -4E-4 -3E-4 -2E-4 -8E-5 -1E-4 -1E-4
1% SE-5 4E-4 3E-3 4E-3 2E-3 1E-3 2E-4 -1E-4 -2E-4 -2E-4 -8E-5 -1E-4 -1E-4
5% 1IE-5 -8E-4 4E-4 4E-3 6E-3 6E-3 5E-3 2E-3 7E-4 4E-5 -1E-4 -1E-4

10% 2E-5 -8E-4 1E-3 4E-3 6E-3 6E-3 4E-3 2E-3 3E-4 -7E-5 -1E-4

20% 1E-5 1E-3 6E-4 4E-4 8E-4 2E-3 2E-3 1E-3 4E-4 -1E-4

30% 1IE-5 1E-3 1E-3 8E-4 -1E-4 -6E-4 -4E-4 -2E-4 -1E-4

40% 3E-6 8E-4 1E-3 8E-4 -2E-4 -1E-3 -1E-3 -3E-4

45% 2E-4 6E-4 7E-4 2E-4 -6E-4 -9E-4 -3E-4

49% 9E-6 1E-4 2E-4 1E-4 -7E-5 -2E-4 -1E-4
0% | -1E-3 -7E-4 -8E-4 -1E-3 -1E-3 -2E-3 -2E-3 -1E-3 -9E-4 -5E-4 -3E-4 -4E-4 -3E-4
1% 6E-6 -1E-3 1E-2 1E-2 8E-3 4E-3 6E-4 -5E-4 -7E-4 -5E-4 -3E-4 -4E-4 -3E-4
5% 2E-5 -4E-3 -2E-3 1E-2 2E-2 2E-2 1E-2 S5E-3 2E-3 -6E-5 -4E-4 -3E-4

10% 2E-5 -2E-4 -4E-4 4E-3 1E-2 1E-2 1E-2 7E-3 1E-3 -2E-4 -3E-4

20% 1E-5 2E-3 7E-4 1E-3 5E-3 8E-3 8E-3 3E-3 4E-4 -3E-4

30% 6E-6 3E-3 3E-3 2E-3 -8E-4 -2E-3 -8E-4 -4E-4 -2E-4

40% 2E-6 2E-3 3E-3 1E-3 -2E-3 —-4E-3 -3E-3 -5E-4

45% 1IE-3 2E-3 2E-3 -9E-5 -3E-3 -3E-3 -6E-4

49% 3E-5 3E-4 4E-4 3E-4 -3E-4 —-6E-4 -2E-4
0% 7E-5 1E-3 -3E-4 -3E-3 -5E-3 -6E-3 -6E-3 -5E-3 -4E-3 -2E-3 -1E-3 -2E-3 -4E-4
1% | -4E-6 -4E-2 1E-2 7E-2 6E-2 3E-2 1E-2 2E-3 -1E-3 -1E-3 -1E-3 -2E-3 -4E-4
5% lIE-5 -2E-2 -3E-3 S5E-2 7E-2 6E-2 4E-2 1E-2 2E-3 -9E-4 -2E-3 -4E-4

10% IE-5 -8E-3 -6E-3 2E-2 S5E-2 6E-2 4E-2 2E-2 8E-4 -2E-3 -—-4E-4

20% -5E-7 7E-3 2E-3 3E-4 9E-3 2E-2 3E-2 8E-3 -8E-4 -4E-4

30% 3E-6 9E-3 9E-3 3E-3 -5E-3 -4E-3 4E-4 -1E-3 -4E-4

40% 4E-6 7TE-3 9E-3 4E-3 -8E-3 -1E-2 -8E-3 -5E-4

45% 2E-3 5E-3 5E-3 2E-5 -9E-3 -8E-3 -6E-4

49% 1E-4 8E-4 1E-3 8E-4 -1E-3 -2E-3 -2E-4

=%((V§)%{ - éHz(X)N(X) - éHz(X)N'(X) + %N'(X) +

(a-
2V,

b)

v

[(H(x) + 2N @)+ XN O] _ass -

where H, denote the n™ Hermite polynomial defined in (7.28). The results remain valid if we assume

(?{;’; vg) and consider DYz, TP¥s and the local variance function frozen at xqy,.

Remark 7.6.1.1. There are some natural intuitions of the equalities (7.67)-(7.68) if we consider the case
of the standard Brownian motion. By independence of the increments we have that T, +Tp = Ta4p in law.
Similarly we have P(W; < a+b) = E[1,,«P(W,_;, <b)].

Proof. We introduce the auxiliary process (Z; = fot O'SdWs)ze[o,TJ and fory<0and0<r<t<T, we set
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2 =inf{s>r: Z,—Z, = v}. Z;,—Z, and 7Z. admit the densities:
ry 1y

2
2V

e
D(r,t,z) = , J,s,y) = SD(r s, s, = X0 Z)(r S,V Lgsp. (7.76)
2V 2
We aim at showing that O and J satisfy equivalent convolution properties and then we will conclude
52 12
using the fact that —(a+2(3f 2 (b};/ S = —2”—(‘2/5 - % - @ - é(Vi .

First for (7.67) we have using the definition of J and the independent increments of Z:
f J(r,s5,a+b)ds =P/, <1)= E[lz, <,P(TZZ <]
!
=f P(Tib <0 J(r,s,a)ds = f (f T (s,u,b)du)J (r,s,a)ds.
r r S

Then derive w.r.t. t to get frtj(r, s,a)J(s,t,b)yds = J(r,t,a+Db).
Then for (7.68) utilize (7.76) and (7.67) to get by integration:

f J(r,s,a)D(s,t,b)ds —f J(r,s,a)(=— f J (s, t,x)dx)ds

b
(f J(r,s,a)J (s,t,x)ds)dx = Zi f Jrt,a+x)dx=D(r,t,a+b)
—00 r 1 J—0oo

Similarly we deduce (7.69) from (7.68) using again an integration. The proof of (7.70) is analogous
using (7.66) and (7.69). We skip details. For (7.71), we use (7.68) and write

3 !
f g, s,a)(Vﬁj(s,t, b)ds = —Etbf J(r,s,0)D(s,t,b)ds = =X,bD(r,t,a+Db).

Then by integration it comes:
b

!
f J(r, s,a)(VtSZ)(s,t, b)ds = —f xD(r,t,a+ x)dx

(%)

b b
b
—f (a+x)Z)(r,t,a+x)dx+af Z)(r,t,a+x)dx=(V£D(r,t,a+b)+aN(%).

r

We now pass to (7.73). Use (7.72) to get:

a+b

N

f I, 5,a) (V2T (s,1,b)ds = —% bf J(r,5,0)V D(s,1,b)ds = =, bVLD(r,t,a+ b) — Z,abN( ).

Then by integration, starting from (7.72) and using (7.66), one obtains:

A a
f 2.D(r, s, a)ﬂ/ﬁl)(s, t,b)ds = f (VLD(r,t,x+b) + xN()i/L_bt))dx
P —o0 %

r
a+b

=VINC D f Ve o

a+b a+b a+b a+b +b b (a+b) a+b a+b
=VIN = N N'( N( )+ N( )]
H (\/_) [ 2(‘/_) (\/_ \/_) \/_5)] (Vi[ v v v )
:%(Vﬁ{N(a+b)+(a b)[(a+b)N(a+b a+b mn

N NG AN N AN
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Finally, we get using (7.74) and (7.66):

! a | y+b_  (y=b) (y+b)  y+b y+b
5 N(—2 )V D(s.1,b)ds = f FVINC D+ N D N
fr NG w2 N A SV SV RN 4V 1/_

1 N ’ * _ 2b ’
VNN W+ [ o TN N ORI

[Hz CON) + XN (x) +2N(x0)]

ZE(Vﬁ)%{xN(x)+N'(x)+( —b
2 2

1 X
-3 f (NG + YN () + 2NV e
_oco \/thr

:%((Vi)% XN+ N (x) + ;a —_ bz [Hay ()N (x) + xN'(x) + 2N (x)]

r

- é[H3 (ON(x)+ Hy ()N (x) = 3N (x) + 6xN(x) + 6N’(x)]}|x:ﬂ

N
:—((V’) {6 —x° +3x]N(x)+ x2+4]N'(x)+;a_bz [Hz(x)N(x)+xN'(x)+2N(x)]}|x=M

7.6.2 Proof of Lemmas 7.3.4.4-7.3.4.5.

>Proof of Lemma 7.3.4.4. As L’zcvf’?’(u,b) =0 for any u € [0, T[ (see Lemma 7.3.2.3 equation (7.11)),
we have following the proof of Lemma 7.3.2.1 and using Lemma 7.3.4.3 that forany 0 <u<s<t<T
and any x > b:

v (u,x) =BI(XY,

S/\T

—x0)L3y whsaTh,, X" P XY =] (7.77)

S/\T
p SATE, r
=(x = x0) L3V ¥ (u, x) + E[ f Lyt (n XD)ZdriX] = x]

=(x = x0) LIVe L (1, ) + V3 LIV (1, ) ~ B[V LVl bIXE = x1.

T<s

Pps,

We now intend to express v," ' (u, x) in term of derivatives of vh T First, we have with (7.40):

(= x0) L3V 7" (1, X) =Cx = x0){2.LY + (x = x0) L} + Vi, LI (1, ) (7.78)
—(r=x0)E[Lr (2L3 +‘V’ Lx)vo L@l bIXE = x].
Then write L’{ ot (u x)=(Ljo LX)VP¢’(u x) and use Definition 7.2.1.1 to obtain on the one hand:
Vi Ly (%) =V LY 0 QL3 + (x = x0) L+ Vi LW (1, ) (7.79)
~V.LElr Q2L +er Lx)vo nal, bYIXE = x]
=VS(3L5+ EL" +(x—x0) L2+ Vi(LE+ —Lj)}v;’;’;(u,x)
ViLiE[Lr (2L +(v‘ LX)VO bk bIXE = ),
and on the other hand with Lemma 7.2.1.1:

BllLyp, o Vi L3751 (Tl DIXG = 1
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=(b=x0)ElLer Vi L3V 70, DX, =]

T<S

—E[1.» YV, lim L{E[Lr <t(2ﬂ+q/’ .[:x)v h @l DX = yll|XE = x]. (7.80)

Tub (r, y)—)(TP ,b)
Then using the relation (7.64) of Proposition 7.6.1.1, we obtain:

ElLys Ve, i, | LBy g QL Vg L0y, DX = = 4
t 2
=E <V i
MepyesVar, W0 ), 2~ V7, )?

)DP (Xl )Ly + Vi LIV, b)dr|XE = x]

u,b u,h
=E[1, f v, o Dl LY+ VLYV b (r,b)dr|X? = x] (7.81)
uh
S 2
+UmE[Lr V,, f ) Zr((vrp @, 7 VD (2,1, 0Ly + Vi LIV (rb)dr|X) = x].
’ u,b ub

We now treat the second term of the above r.h.s.. Write that (V S = (V’ +V?, use again the Proposition
u 17

7.6.1.1 and utilize the convolution results postponed to Proposition 7. 6 1 4 to get:

S 1 2
hmE[]lTp <S(VS,,;, fr"’h Er(W ((V’ 7 )Z)P(Tu p1E2LY +(Vt£x)v (7 b)dr|X,iD = x|
Tu,b b

u

_hmf jP(u 6,b— x)(Ve(f r((V’ - ((V’)Z )Z)P(Q r, e)(ZLX +(V’£")v(, r(r, b)dr)do
_11mf (2£x+‘V[£x)v0T(r b)(f JPu,0,b-x)Z,(1- —)Z)P(G r,e€)dg)dr

+1i%1 f (Vﬁ(2L§+(V£L’5‘)vg:T(r, b)((—0c — EI) f j”(u,e,b—x)jp(e, r,€)df)dr
= 11%1 f QL+ (vgzg)vgf;(r, DD P (u,r,b—x+€)+ eI  (u,r,b—x+€)ldr

$ 1
+ liTrgf VL + (VﬁLg‘)vf:}T’(r, b)(—0. — EI)jP(u, r,b—x+e€)dr

:limfs(2L§+(Vt£X)th (I" b)[Z Z)P(u r, b—x+e){1 +(VS(L - M)}+ejp(u r b—x+€)]dr
€0 J, r= e Tt " T T (V)2 o
= f S(zﬁmﬂﬁ)v 7 (r, DY, D" (u,r,b - x){1+(VS(L— (= b)z)}dr
Y 3 r<5 (Vr ((V )2
S 2 2
= L 2L +(V££§)vf’l}(r, LD (u,r,b —x){(x (Vlr?) S(% - (ZC(V{,? )dr
={(x=D)I +V,L])E[1» <S(2£”+(v’ Lx)voT(rub,bnxf = x]. (7.82)

Regrouping the intermediate results (7.81)-(7.82) leads to:

Bl s Ver, i, DBy QL5+ Vi LV (7 DIXT = VIHXG = ]
ub ry—)‘r

“E[1, Y f v T DP (L )L+ VLIV (r b)dr|X] = 2]
u,b™— ub

+H(x-bIT+VLIE [ 0, <LV LY Pl DIXE = x]. (7.83)
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Combine (7.77)-(7.78)-(7.79)-(7.80)-(7.83) to achieve the proof of (7.45). We now pass to the proof of
(7.46). First use Lemma 7.3.4.1 to get for the contributions coming from v, w’.

1
1 f = ff’f(o,xo)dz Lx i }T'(o x0) f 2(2)(tht+ 5(x0=b) f @R[ P<,(vf Lk ;@b,b)
0

+ 5(£j+ Zzg)vf’;(o,xo) f SP@(E,ydr
1
=70, D) L3v,7(0.50) + (xo DIEIL 7 GE, D), Lyv o (Tb)]
1
+ 563(2(2),2,2)0 L3+ Zzg)vg’;’;(o,xo). (7.84)

For v(,f ', we have:

1 T t
Zf zﬁ”(fz“)vf@’“(o x0)ds)dt = — ZT(P””, (7.85)
0 0

Ppsy

where T'1(v,s™") is equal to:

GLi+ 1: P10, x0) f = f (1)des)dt+(LX+ .L)voT(O X0) f Dt f Vids)de
=3, 20 HIGLr+ Lx)voT(O x0)+ Lo, D)0(LE+~ LX)vf’T’(o X0),

Pps,

where T2(v,s™") is equal to:

T !
(x0 — b) fo s fo 22”15[11753;\/3 Liv PT(Tb,x)]dsdt—(xo b)E[1L p<Tw(Z(1) =M z) L3y PT(Tb,b)]

Pps,

where T3(v,’s™") is equal to:

(x0—b) f =( f =VE[1 p<v(2£3+(V’P.£x)voT(Tb,b)]ds)dt
=(xo - b)E[1 p<T{2w(Z<1> Y £x+(a)(2(1) (M Z)T +aEh,z,zM)] )LX} UT( b)),

Py

where T4(v,s™") is equal to:

2
_f = f A f r(ql/r ()Egvi) )D7(0,1,b = x0) L3 +V, L3y, 7.(r, b)dr)ds)de

=— f o aED, Dp2aEM] L3+ 3ED, D) L7 (nD)DP (O, r,b - xo)dr
0 0
P P
+ (0 = DE[L o BEY, ) (Vi) RBED), L5+ BE D, D), L3y 7 (17 b)),

Ppss

and where T'5(v,;™") 1s equal to:

T ! !
fo =( fo zﬁ”E[n,fSSq/jf f Zr((Vig)_IDP(TbP,r,O)(Zﬁg‘ +v§£§)v§:’;(r,b)dr]ds)dt
T

= f z,{zcr)(z(“)ZLg‘+63(2“),2),T£g‘}vf}};(r,b)E[]l,cht)(z“),Z)ZP(W;P)*Z)P(T,,P,r,O)]dr
0 = a b b
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Then we write that:

P
b

(V"V’

T

aEW, D) (Ve ) =aE®, =) (Vo) "+a3E, D),

P
Th

TP T
_aev(D) syl [ 7 ) ry—1 0 Vo
BED, Dy (VD) S| Vs v+ BED, 2y, 0
0 ; ,(V”V’

P
b

fv"vrp ‘

T

P T N "
=G DV —1BED. D + Ve BED) VYT +BED. B,

In addition, up to a passing to the limit, an application of Proposition 7.6.1.4 relation (7.68) yields:
E[L,r, D (1}.1,0)] = fo r J70,6,b - x0)D"(8,r,0)d6 = D”(0,r,b - xo).
The two above mathematical reductions allow us to obtain for the sum T4(v0? "V +Ts (v0§ *):
(x0 = D)E[1p 7 B, 2)35 ((vg'f )! {2@(2“)){51:)3‘ + a)(z“),Z)Tngg bop(ty.b)]
+ fo ' (Vo) RaEM)] L+, D) L, b)E[]lTiSr{@(zm,Z);gvg’f (vgf)‘l
—BED, 5 —fvgfa)(zﬂ));g JOF (28, r,0)]dr (7.86)

Combine (7.84)-(7.85)-(7.86) and the expressions of 7, (vO’S) * for n = 1,2,3 to finish the proof.
>Proof of Lemma 7.345. Let0<u<s<t<T and x> b. In view of (7.45), we have

a/v)”(u x) = Z®n(u s,1,x) where:

e
O (u, 5,1,x) = L3{(x = x0)[2L3 + (x = x0) L + V', L] (7.87)

FVIBL 5 L+ ) L5+ VL + T LD,
©O2(u, 5.1, %) = = L3{(x = x0)El L, ,(2L5 + (vf,, LYWLl bIX] = x1l, (7.88)
O3t 51,%) =(xo =D L3y V3 L3V, T(rub,b)p(” = x], (7.89)
©u(u, 5,1,x) =Lo{(x = D)E[L 7 <§(2£"+(V’ LX)VOT(TM P obIXE = x1, (7.90)
Os(ut,5,1,) == V(L3 0 LBy 1o 1LY+ Vi .[:x)voT(Tub,b)|X5 = x], (7.91)

—D (), 0Ly + VLY (rb)dr|X] = x|, (7.92)

Op(u, s,t,x) =— LIE[1, , <S(VS f v,
ub
With Lemma 7.3.1.3, we easily obtain for (7.87):
101t 5,1, 0] <c €M x = xoP(VI) 3 4 1x = 2ol (VD) 24+ (VI)73) (7.93)
We now pass to (7.88). We have O, (u, s,, x) = @r,(u, 5, ¢, x) + 2025 (u, s, t, x) with:

O, (u, 5,1, x) = —(x— xo).ExE[]lTp <t(2.£x+(Vt .EX)V T(Tu b,b)IXP—x]
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Oop(u, 5,1,x) = —L{BE[1 <t(2£‘+(v’ LX)VOT(TM P DIXE = x]

For ®y,(u, s,t,x), following the proof of Lemma 7.3.2.2, split the domain of integration by writing
[u,t] = [u, LU [%E, 7] to get using Proposition 7.6.1.1 relation (7.62), Lemma 7.3.1.3, an integration
by parts, the Cauchy-Schwarz inequality and estimates (7.47)-(7.65):

|®24(ut, 5,2, X)|

u+t

t
=x— xo| f %0, TP (w1, x, D)LY + VLYV p (r, b)dr + f LI, r,x,b) QLS+ VLIV (r,b)dr]
u MTH‘ 4]
+1
<clx=xolll T, T TR QL + Vi LA b))

u+t

+| f s TP, x,b)d, (LY + Vi LYV (rb)}dr| + M f (V) 2V dr)

u+t

< |x— x0|ech'X‘{(fv S (fvw) L f ’ j”(u,r,x,b)(fv;’f)—zdr+(fv? )y 2( V) 1)

u

<= 2le V)T VE) T+ V)24V, ) H VD),
For ®yp(u, s,t, x), use Proposition 7.6.1.1 relation (7.64) to obtain with the same arguments:
|®2b(u $,1,%)|

=| f (20, + —I)Z)P(u R, D) 2Ly + VLYV (r,b)dr + f LiT (w1, x,b) QLY +V, L) 3.(r, b)dr|

t

’DP(M , X, b)(2.£x + (V[u+t Lx) o, T( “v b)’

u+t

!
+] f DF (u,r,x,b)@, + =, D|2L3 +(v;Lg)v§:’;(r,b)}dr| + Gl f . (VY2 (V) ldr
u 7

u+t

<Oy, )—fmﬂ) L+ f C 5D x BV 2+ (V)T VI

u
_1 L S _1

< ST z((vu+,) v (fvw) 24 (V2 ) (v,
Thus with the above intermediate results, one deduces:

Chlx| ) L I N |

1©2(u, 5,1, X)| <ce {Ix xol((V ) ((Vw) +lx— XOI((VW) +x=xol(V,* ) 2(V, )2
_ _1

VY ((v,m) VY (Vi)™ VY V), (7.94)

For O3(u, s, ¢, x), following the proof of Lemma 7.3.2.2, we easily obtain with an integration by parts:

®s3(u, s,1,x) = (x0 — b)E[]lTp <S(21:)‘+(V‘ Lx LX)VOT(TM P oDIXE = x].

Then we write xo —b = x— b — (x — xp) and we readily obtain using Lemma 7.3.1.3, the Cauchy-Schwarz
inequality and (7.47)-(7.65):

1®3(u, 5,1, %)] (7.95)

uts

2
<c(lx= bl +[x = xol)| f TP (w1, %, D)L +Vy Ly 0 L3)ve7.(r, b)dr|

u
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S
+ (Jx = b| + |x = xo])| f TP, x,D)QLI+ VI L0 Lg)v;’:’;(r, b)dr|

< eCh'X'{((Vm) [((V’) 3+ lx—xol T (u, r,x, b)1dr + f 3 VY2 4= xol (VDY (VD) 2dr)
)
<PV HVT D+ (VL) 2= ol + (VD) E 4= xgl(V, )3V 3,
Then we focus on (7.90). We have O4(u, 5,t,x) = O4,(u, 5,1, X) + O4p(u, s, t, x) With:
Oua(u, 5,1,x) = (x=b) LE[1 » <S(2£x+fvf .Cx)voT(Tub,b)IX,f = xl,
Oup(u,5,1,0) = 2L1B[Lr  (2L5 +fvjih1:")v§’;( P DXL =x].
Using integrations by parts, one gets for @4,(u, 5,1, x):

Oua(, 5,1,%) =(x=bYZT TP, 5,5, DY QLYW (5,6) + Vi LIV (5,D))
+ - DB[Ler AL+ YV Lo o LV (h DIXY = 21,

and thus we easily obtain using similar arguments employed for ®3(u, s, 1, x):
O, 5.1,0] < eHHYV,HIVE) 24 VI e (V) hvIyT,
Then using notably Proposition 7.6.1.1 relation (7.64), one obtains for @4 (u, s, ¢, x):
@4 (u, 5,1, %)

uts 1 &)
< f : (2a,+Zz,f)z)”(u,r,x,b)(zﬁg‘ +VELY (rb)dr] + | f L1 rx,b)QLY + VELI (1, b)dr|
” o

u+s

<D, 22 x, h)| 2L+ fvaﬂf‘) . T(

+| f DP(u,r,x,b)(O, +Z,){(2£x+(V’£")v0T(r b)}dr| + e f AV 2 (VD) ldr

.b)|

u

uts

< eCh'X'{((v 7 )—a(fvw) Ly f ’ er)P(u,r,x,b)(ﬂ/,T)—zdr+(fv? y 2 (v

u

<V VLY VIV, vy,
Combining the estimates for @4,(u, 5,1, x) and O4p(u, 5,1, x) leads to:

Oultt, 5,1,%) < (V) H VT 4 (V73 ((vw) 24 (VT 2) (7.96)
Next we treat (7.91). Again the same tools previously employed yield:

1®s5(u, s,t,x)| (7.97)

S+t

=V f 2 (L350 LNT (u,r,x,0)2 L5 +q/5£g‘)v§f;(r, b)dr

f
o [ (Lo Lpg ok LT VLI by
% it]

s+t

<VUZ L1, 5,x,0) 2L + VLIV (s.D)| +25+, L7, 20y b)(2ﬂ+q/i+,ﬂ) . ’;( )|}
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S+t

2
+VS f

u|
s

!
S LE T, x, D)OAQRLE + VELIV L (. b)Ydr| + e f SV (V) dr

STH
< NS @93 ( YTy Ty F )“((VH,) Ly f (VI 2+ VOV VT
<MV VL) T VI VT VD),

We finally estimate Og(u, 5,1, x) defined in (7.92). Perform an integration by parts with and use Holder
inequalities to obtain :

@6 (u, 5,1, %)|

' t Ph ' P (Vls P
= f QL+ VLY, 7(r,b)| f LI wlxb) 75D (I,,0)dl}dr]
N - u i

(V P
D (1,r,0)}dl}dr|

t S
<| f 5, QL+ VLIV b f 7w

< Gl f = (VY f Sjp(u,l,x,b)((Vl’)_%dl}dr

<.y f (V! (Vi)™ 2dr+ f (VDY 2((1/’) (V) 3dlydr)

<o [mvitani [zevitants e[zt [ zopraia
< ech'x'{((vT)‘wqu)—%+<fﬁ>‘§ f = (VI (V)i dr

< eCh'X'{((vT)—z(fvw)”+(ﬂ/ i f (VD)3 ( f =, (V) hdnidr)
<MV VTV E VD), (7.98)

We conclude combining the estimates (7.93)-(7.94)-(7.95)-(7.96)-(7.97)-(7.98) which remain valid if x
tends to b with a passing to the limit.

7.6.3 Proof of Propositions 7.5.2.1-7.5.3.1.

>Proof of Proposition 7.5.2.1. We skip the proof for the leading term DoCallBS(xo, ' k,b) and for
the corrective terms Cory, and Cor3,, the proof being very similar to the proof of Lemmas 2.1.3.1
and 2.1.3.1 and Theorem 2.3.2.1 of Chapter 2. For instance for the part Call®S(b,y,xo + k—b) in
DoCallBS(xo, v,k,b), we have |xo — k| < xo + k—2b for b < min(xg,k) and an application of Corollary
2.6.1.1 of Chapter 2 allows to easily estimate the residuals in the expansions.

We now prove the expansion for Corp,. Let y > 0. By Lemma 7.2.1.1, we have
L;DoCallBS(x,y,k,b)lxzb = 2£xCallBS(b v,k) and by Proposition 2.6.1.3 of Chapter 2, we have

L3CallPS (b, y, k) = PSP 7 (P2 zi;z}
y2

(7.6)), we can write J P’X(O,Tb’x, b—xy) = e‘bZ,(x)Lg‘CallBs(x, (VO” (x), X0)|x=p to get:

). Consequently in view of the density of the hitting times (see

Coryy =~E[Lp 7 B3(EY, z)T LiCall®S (b, (v ,k,b)]

=—¢? f %, L3Call*S (b, Vh, x0)d(EV, £)! £3Call®s (b, VI k)dr.
0
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Perform a Taylor expansion of A, : z > —e™?%,(2) L3Call® (b, V!\(2), x))(ED, £)] (2) L3Call® (b, VT (2), k)
at z = xo around z = x4, to obtain with (7.56):

E[ILT§<T¢¢3(Z(1),E)TT££’3‘CallBS(b,‘VTT’,:,k)]

Pxavg
b

=Bl e _p BED,T) i, (g LCAIP D, (vT (Xavg) ks b)]
1 5 5
+ E(XO - k)E[llexm,gJ{ [ED, 2(1)):}[:%% + P, Z)Zf:’”‘”g 1(xavg) L3

1
HBED VD) + SBED IO 1) LA (0, VY, (), 6]
b b

Pxavg
T

e—b T .

+ (=) f LECABS (b, V! (Xrg), x0)[E BED, £) 1) LICAIES (b, VT (), K)dt
0

-b

e

T
+ (0 =k) fo 6y{£)3‘CallBS(x,y,xo)lx:;,}Iy:(y(z)(xwg)[2,&5(2(1))663(2(1),E),T](xavg)ljg“CallBs(b,(VtT(xavg),k)dt

+R,

where R = 1(xo— k) [ { f (1~ DA (@xarg + (1 = @)xo)dadr. Using the decomposition
(xo —k) = xo — b+ b —k, the hypotheses (W%)—(Wgwg), standard inequalities and Corollary 2.6.1.1 of
Chapter 2, one obtains R = O(|o|ce M () [ Mo(c)]>T?). Besides we easily show that:

E[LyprBED,2)], L3CallPS (b, V7, K]
b b

P.xavg
b

=E[L ey BED D) Can) LCAP 0.V, (). D]+ Ol M@ M@ T?).
Th T

Then write Z;(xaug)dy{LCall®S (x,y, X0 x=b =1 (1) = O{ L3Call®S (x, V! (Xayg), X0)lx=»} and perform
an integration by parts to get with (7.56) and Lemma 7.2.1.1:

T
e f 9y L3Call®S (x, y, xo)lx:b}lyzng(xavg)[ZtcT)(Z(l))ch‘)(Z(l),Z),T](xavg).ﬁgCallBS(b,(V,T (Xavg),K)dt
0

T
=—e? f LECABS (b, V! (xang), X0)[Z BED, 2) 1(Xa00) LECAIES (b, VT (x0), k)t
0

P.xavg Pxavg
b b

Pv\‘avg 1
+E[11T5x{,vg<Ta(z“>>gh FaNBED) s, ) L3 + 5 BE, 3) (xavg)Lg‘}CallB%b,(vf;xm (Xavg)-K)].
Combine the intermediate results to achieve the proof. Although tedious to write, the proofs for Cor3 ,,
Cory, and Cors, are very similar and do not contain huge mathematical difficulty so we left it as an
exercise to the reader.
>Proof of Proposition 7.5.3.1. We begin with Cor; ,(z). First using Proposition 2.6.1.3 of Chapter

2, we can write Lg‘CallBS(x, (VT,,_Z (2), k)| =p = %j P, ’Z(‘r,f’z, T,b - k) and then by definition (see Theorem
Tp

7.2.2.1), one has Cor () = ~ &5 5@V @) )| TP(0.1.b — xo)(T ~ 02Tt T.b~ k)dr. One con-
cludes with Proposition 7.6.1.4 Relation (7.73).
We now pass to Cory,»(z). By definition we have (see Theorem 7.2.3.1):

1 1
Cory(z) = (x0 - b)[§C0r4a,g(Z) + gCOT4b’g(Z)], (7.99)
where:

Coraap(2) = ]E[]ng,st{Z(z)Z(z)(z)(T — )+ ED T =7y TYLICaPS (b, VT, (2), 0],



7.6. Appendix 207

Corao(2) = E[L v ZRE) (YT - )} (T — 1)) T} LECalPS (b, q/’ .(2),0)].

Using Proposition 7.6.1.4 relations (7.73) and (7.71), we easily get:

(2) — — xp+k (Vg z
Corsao(2) =€ (k- HE [V{@D"(0,T,2b - xo — k) — (xo — b) N Xk ot 20 )
@) JVi@
EV’@) :
el (k=)0 @ V§@D(0,T,2b - x0 k). (7.100)

Then a straightforward calculus yields:

LICaIPS (b, V!,,.(2)), k) = (L3 0 L)Call®> (x, V7. (2), K] (7.101)
b b

(k—by’ (k=b) 1 (k=b)
((VT @F (V@2 4V

=e"| VO, T, b—k).

Thus it comes with Proposition 7.6.1.4 relations (7.67)-(7.68)-(7.72)-(7.74):

(k—b)’

(1 Pz\3 RZ e
E[1 " 2 p2(2) (X P @UT - o) (T - )T}((VTTRZ)3(Z)

D), T,b—k)]

(1)32 T
:(k—b)z—(zzzz )(Z) f TP20,1,b - x){(k— D)D" (t,T,b— k) + TT"(t,T,b—k)}dt
Z 0
(1))2
=(k=b)’ (Ezi )(Z) {(k=b)D"*(0,T,2b—x0— k) + TT (0, T,2b - xo — k)}
<
(1)y2
=(k—b)* (2222 )(Z)DP’Z(O, T,2b—xo—k)[2(k—b) + (xo — b)];

(k—b)

B0 ey ZQED R QIT = 15 + (T - an

DA T,b~k)
ED)(2)

20
v (1))2 2b—xn—k ot Vi@
O Q) 5T () DPH(0, T, 2 - xo— k) - (xo ~ BIN(FE20 K -,

2@ Vi@

T
=(k—b) f TH0,1,b = xp){ VI (2) + VE (@) D*(t, T, b - k)dt

=(k—=b)

B[ re o ZQ@ED@UT = 7,5 +(T - ”Z)zT} k- f))DP% o5 T,b—k)]
EN@ (" b T T P
=(k-b) P f T0,1,b - x0)VI )2V (2) - ViV D"*(t, T,b - k)dt
0
— (2(1))2(Z) ! T Pz Pz T Pz
=(k—b) 20 RVEI@DTP(0,1,b - x0) = Z(2)(x0 — HYDP3(0,1,b — x0)} V! () D1, T, b k)dt
0
(152
=(k—b) & zz)@ (V8 @D"0,T,2b - xo— k)[l(xo —b)(xo—k)+2V{ (2)]
2b k
+ E(xo—b)N($) b= (xo k)(2b - xo — k) = 5V )1}.

JVi@

Combining the intermediate results gives with (7.101):

Corap»(2)
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EM)2(z) 5 1 b sty
0 0=+ TV @+ 50 =R+ k= 2N (e 0

VYo @

+[2(k = b)* + (k= b)(xo— b) — (Vg(z)(6 + é(xo —b)(xp—k)+ %(Vg(z))]DP’Z(O, T,2b—xo—k)},

=e’(k—b)

what leads to the announced result with (7.99)-(7.100).
Next we treat Cors ,(z). We have by definition (see Theorem 7.2.3.1):

1
sCorsp o(2), (7.102)

1
CO"S,Q(Z) = _ECO"Sa,g(Z) - 3

where:

Corsa,(2) = j‘x@@mf@a*mz%mﬁ%bvﬁakm[r<rb@“@ ,1,0)]dr.

’ZDRZ(T}I:’Z, r,0)]dr

‘r<r

&mﬂ)IZ%ﬂ%%M‘Nﬁ&W%V%Mm
Then, applying the Proposition 7.6.1.1 relation (7.69), it comes up to a passing to the limit:

ZQEMfk;?Dmﬁ?mﬁﬂjm—MHmjﬁ@mmﬁ$—mﬂfﬁanmw
- 0

~(x0~ DN 40,
JVo@

Thus we easily get on the one hand using relation (7.70):

Cor Sa,g(z)

y(1))2 0b Ly
= (xy—by(k— b D ;(@H)f‘N(b 2 )e s VO DE( T b~ kydr
Z(2) Vi(2)

ED ()
22(2)

2b k xwo# , Vio
{wﬁ@ﬂﬁ%asz—m—ky4m+k—2mNL——fi—q R

Vi@

and on the other hand using relations (7.69)-(7.70)-(7.75) and equation (7.101):

=e?(xo— b)(k—b)

Corspo(2)

(2(1))2(Z) T b—xo xob ‘q/’(z)

N(——)e 2
zZZ(Z) 0 /(V(r)(z)

xKk—mjﬂ%nnb—m—sﬂgzﬂ%nﬂb—@—lzgnﬂ@ﬂf%nnb—mmr

=e(xp - b)(k — b)

(1)y2 —xo—k
(0 - bk~ D - w2k, Hor P 0. 1.2 x0 -k
z (Z) ,(VT(Z)
300+ k- 2pN(CEIROTK ) o T VI (= N~ LN’ () + SA(0)
VY@
(_xO — k) xg+k (V ()

—-—————(Hxn+2»«@+xN(@D| gre T TR,
2,V Vo

That achieves the proof. We leave the proof for Corg,(z) defined in Proposition 7.5.2.1 to the reader
which is very similar to that of Cors ,(z).
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We derive an analytical weak approximation of a multidimensional diffusion as coefficients or time
are small. Our methodology combines the use of Gaussian proxys to approximate the law of the diffusion
and a Finite Element interpolation of the terminal function applied to the diffusion. We call this method
Stochastic Approximation Finite Element (SAFE for short) method. We provide error bounds of our
global approximation depending on the diffusion process coefficients, the time horizon and the regularity
of the terminal function. Then we give estimates of the computational cost of our algorithm. This shows
an improved efficiency compared to Monte-Carlo methods in small and medium dimensions (up to 10),
which is confirmed by numerical experiments. For high dimensions (greater than 10) we can perform
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Monte-Carlo simulations on the proxy and this shows a speed gain by a factor 100 in comparison to
Monte-Carlo methods applied on the diffusion owing to the exact simulation without discretization of
the proxy.

8.1 Introduction

Motivation and contribution of the Chapter. We consider for d > 1 a d-dimensional stochastic dif-
ferential equation (SDE) defined by:

q t ) t
x,=x0+Z f o (s, Xs)dW! + f b(s, X,)ds,

where (W,),>0 is a standard Brownian motion in R? on a filtered probability space (Q, 5, (F)r=0,P) with
the usual assumptions on the filtration (7;),>0. Here, o is a d X ¢ matrix and b is a d-dimensional vector,
their entries being regular and bounded functions. We are interested in deriving analytical approxima-
tions of

E[h(X7)] (8.1

for a given function A, at least Lipschitz continuous, and a fixed time horizon T > 0. The explicit calculus
of (8.1) is most of the time impossible because the marginal law of the diffusion X is not known and
because of the general form of the function 4. Hence it is usual to perform a numerical method. For low
dimension (say d < 3), we may use PDE schemes since (xg, T) — E[2(X7)] solves a linear parabolic PDE
but the complexity is increasing very quickly with the dimension d. For higher dimension, Monte-Carlo
methods are preferred, but although almost insensitive to the dimension, they only evaluate the above
expectation for a single (xg,7). The aim of this work is to provide an alternative numerical method,
based on analytical approximation, and we highlight an approach suiting well to general functions A
without specific form (under reasonable conditions) and to rather general diffusion models. The quick
and efficient approximation of SDE distributions is fundamental, it is widely used as a cornerstone of
probabilistic algorithms related to the dynamic programming problems which necessitate the evaluation
of many nested conditional expectations (for instance, see [Bally 2003] for optimal stopping problems
and [Lemor 2006] for Backward SDEzs).

Our subsequent numerical method (called Stochastic Approximation Finite Element, SAFE for short)
relies both on the weak approximation of the marginal law of X7 and on the approximation of the
function h. Firstly, to approximate the law of X, we consider the Gaussian proxy process obtained by
freezing at x = xp the diffusion coeflicients:

q ¢ ) ¢
X{’:xo+z f o (5, x0)dW! + f b(s,x0)ds. (8.2)
“=iJo 0

Using the Proxy principle of [Gobet 2012a] , we derive a weak approximation in the form (see Theorem
8.2.1.1):

E[A(X)] ~ B+ ) warder ., (BIXT +D)] (8.3)

la|<3

where @ € {1,...,d}l"! is a multi-index, w, 1 are weights depending explicitly on the SDE coefficients
and where the sensitivities 6'31'1 e (E[h(XIT) + e)])L:O are well defined as soon as the law of X;’ is non
degenerate. Apart from few spegi‘ﬁc cases of functions & (for example if 4 has separable variables
combined with the independence of the X; components), the representation (8.3) can not be directly



8.1. Introduction 213

computed in closed forms: however, it can be rewritten in a simple expectation form suitable for simple
and direct Monte-Carlo simulations (see Theorem 8.2.1.2). To obtain fully analytical formulas, another
ingredient is needed. The second step is to approximate the function & by a local interpolation based on
suitable shape functions of Finite Element Methods (see Theorems 8.2.2.1-8.2.2.2-8.2.4.1). Denoting
by / the resulting interpolation of /, the final structure of approximation becomes

E[A(XD)] ~ B+ ) wardel o, (BIRXT +eD)]

|or|<3

which accuracy and complexity are given in Theorems 8.2.3.1-8.2.4.1 and Corollaries 8.2.3.1-8.2.4.1.
The convergence holds as b,0 or T go to O in a suitable sense. The key feature in this methodology
is that the interpolation procedure is done in such a way that the calculus of the above expectations is
fully explicit and reduces to computations involving the c.d.f. of a one-dimensional Gaussian r.v. and its
derivatives (see Subsection 8.2.2). The flexibility and the accuracy of our formulas allow their use as it
stands or alternatively it could serve as a control variates tool to improve Monte-Carlo methods.

Background results. We briefly describe the main known approaches to approximate the distribu-
tion of a SDE. Time discretization schemes are broadly described in [Kloeden 2010]: they consist in
replacing X by an approximation X easier to simulate, the evaluation of E(h(X7)) is then made using
Monte-Carlo simulations. The balance between discretization and integration errors is described in
[Duffie 1995].

Alternatively, the cubature on Wiener space by Kusuoka-Lyons-Victoir [Kusuoka 2004, Lyons 2004]
is a well-established theory. It is based on a smart discrete approximation of the Wiener measure,
which leads to solving ODEs in order to approximate X. The splitting method by Ninomiya-Victoir
[Ninomiya 2008] also reduces to solving ODEs. Clearly, these approaches are different from ours.

The quantization method [Graf 2000] is aimed at approximating the distribution of X7 with a fixed
number of points, optimally w.r.t. a LP-norm; for applications to stochastic processes, see for instance
[Bally 2003]. This differs from the current work.

The use of asymptotic methods has been much developed during the recent years, mostly in the fields
of mathematical finance. As opposed to our setting, the related works deal mainly with one-dimensional
processes and specific 4. Mathematical approaches are numerous, see [Fouque 2011, Lorig 2013a] and
the Chapter 2 of the thesis among others. We nevertheless count some studies devoted to the multidi-
mensional case in the framework of averaged diffusions. Among them we cite the work of Pascucci et
al. [Foschi 2013] for the pricing of Asian options in local volatility models, the work of Tankov and
Gulisashvili [Gulisashvili 2013] concerning the asymptotic approximation for sums of log-normal r.v.
with application to basket option approximations and the work of Avellaneda et al. [Avellaneda 2003]
in which is provided an asymptotic formula of the implied volatility in the framework of basket options
assuming that each stock follows a one-factor risk-neutral process (with eventually a correlation between
the assets).

Here, we address the multi-dimensional case with general functions /4 and general diffusions X,
extending much the setting of previous references.

Organization of the Chapter. In the following, we introduce notations and assumptions that are used
throughout the paper. We state in Section 8.2 the main results of the Chapter:

e We first provide in Theorem 8.2.1.1 a second order weak approximation of E[A(X7)] using the
Gaussian proxy, the magnitude of the error being estimated w.r.t. the SDE coefficients and the time
horizon T. The previous approximation, involving correction terms as expectation sensitivities,
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has an interesting representation as a simple expectation, much suitable for direct Monte-Carlo
simulations, see Theorem 8.2.1.2.

e We then perform a suitable multilinear interpolation of the function % in Theorem 8.2.2.1, the
accuracy results being given in Theorem 8.2.2.2 according to the regularity of 4. The resulting
formulas are fully explicit.

e We finally establish a final approximation combining both the weak expansion and the interpola-
tion of & in Theorem 8.2.3.1, providing tight error estimates as well a complexity analysis (Corol-
lary 8.2.3.1).

e Results are extended in Theorem 8.2.4.1 and Corollary 8.2.4.1 considering multiquadratic finite
elements.

The proof of the error estimates of Theorems 8.2.1.1 and 8.2.2.2 are respectively given in Sections 8.3
and 8.4. Numerical experiments illustrating the performance of our algorithm in comparison to Monte-
Carlo methods are presented in Section 8.5. Appendix 8.6.1 is devoted to the explicit derivation of the
corrective terms of the weak expansion provided in Theorem 8.2.1.1.

Notations, definitions and assumptions.

>Linear algebra. The j-th column of a matrix A will be denoted by A (or A, if A is a time-dependent
matrix) and its i-th row by A’. A* denotes the transpose of A and if it is a squared matrix, det(A) stands
for its determinant. 7, denotes the m-dimensional identity matrix, {-,-) the inner product on R and |- |
is the Euclidean norm on R™.

> Functions. As usual, C*(0;, 0,) stands for the set of functions g : O1 — O, that are k-times contin-

uously differentiable, where O, 0, are some subsets of Euclidean spaces. Let p;, p» be in N\{0}. For

any function g = (g1,...,8p,)" : [0,T]xRP" — RP?, we denote |g|c = sup lg(t, x)|. If g is suffi-
(t,x)€[0,TIxRP1

ciently differentiable w.r.t. the variable x, its gradient which takes values in R”2 @ R”! is simply denoted

Vg(t,x) = (04,82, X),... ,axm g(t,x)); when p, = 1, we denote its Hessian matrix by

H(g)(t,x) = (8§[_,xjg(t,x))i, jell,..p1}-  Furthermore, we often use the short notation 0%g(t,x) for

BI;ZI]WXH‘ ‘ g(t,x), i.e. the partial derivative of g w.r.t. a multi-index @ according to the space vari-

able. We denote by Lipp(RY,R) the space of Lipschitz functions 4 : R — R satisfying CrLips =

[h()—h()|
SUP,yeRd xty —amy - < TOO

> About the Gaussian proxy. Whenever unambiguous, we use the notations o := o (¢, xo) and

b, := b(t,xp) for any ¢ € [0,T] and we denote by X, := 0,07 the d-dimensional non-negative definite
covariance matrix at time ¢ associated to the Gaussian process X” defined in (8.2). We start with an easy
result, which notations are used throughout the work.

Proposition 8.1.0.1.

C e . . T . . T
1. The distribution of X}J is normal with mean m? =xp+ fo b,dt and covariance matrix V ; = fo 2 dr.

2. There is a d-dimensional orthogonal matrix U~ such that (V; = %(VZ);(LI:VI where
Z)}T) = diag(/l%T, .. ,/lflT) is a d-dimensional diagonal matrix containing the eigenvalues of W’;.
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> Assumption (7-(;21’) on o and b.

(H. ;To’b)-i) o and b are bounded measurable functions from [0, 7] xR“ to R%? and R respectively, they
are twice continuously differentiable w.r.t. x, with uniformly bounded derivatives, and their second
derivatives are locally « € (0, 1]-Holder continuous w.r.t. x. We set:

Mi(o,b) = Z (1090 |e +10“Dls)  and  Moy(or,b) = max(|0|co, [bloo, My (07, b)).

a:1<|e|<2
To avoid uninteresting situations, we assume My(o,b) > 0.

(“H;’(;’b)-ii) There is a constant C-y > 1 such that

CyMoy(o,b)> max A;> min A; > (Cy) ' Mo(o,b).
i€{l,....d} i€{l,....d}

In particular, the matrix V ; is positive definite.
From (H ;;b) and Property 8.1.0.1 we easily deduce
Proposition 8.1.0.2.

1Py pPy-1 P
— 5 (x=m5)* (V)7 (x—m7)
2 T T T ..

, such that for any multi-index o

1. The distribution of X; has a density fF(x) = ¢

@n)f \det(‘VE)
0% £709] = CoaMoterb) VI @i~ 1T (8.4)
- ’ CodlMo(o,D)PT” '

for a constant Cy 4 > 0 that depends in a non-decreasing way on T, My(o,b) and Cq.

2. For any measurable function ¢ : R? — R exponentially bounded, define
EP ceeRi ap(e) = E[gb(XITJ +¢€)]. Then 513 is of class C* and all the derivatives
6';'1 i |(EP(O) = C')léf,ll e lap(fﬂe:o exist for any multi-index e € {1,...,d}1%.

> Miscellaneous. We use the following notations to state our error estimates throughout the Chapter:

e "A =0(B)" means that |A| < CB where C stands for a generic constant that is a non-negative non-
decreasing function of the parameters d, T, Mo(c,b), Mi(o,b) and C,. Unless made explicit, a
generic constant may depend on the test function A.

o Similarly, if A is non-negative, A <, B means that A < CB for a generic constant C.

Lastly, forarv. Y eR"™ (m>1) and for p > 1, ||Y||, = (EIYlP)% stands for its L”-norm.

8.2 Main results

8.2.1 Second order weak approximation and Monte Carlo simulations on the Proxy

The model proxy has the advantage to have an explicit Gaussian law and the accuracy of the approxi-
mations o (¢, X;) = o(t, xo) and b(¢t, X;) = b(t, xo) can be justified if M;(c,b), Mo(o,b) and T are globally
small enough (see Lemma 8.3.1.1). Nevertheless, we can not reasonably expect
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—p
ElA(X7)] = h (0) = E[h(X;)] to be solely accurate enough and we provide correction terms. To derive
them, we make an intensive use of the next interpolated process:

q t ) t
X!'=x0+ ) f o j(s,mX? + (1 =m)xo)dWi + f b(s.pX!+(1-mxo)ds, €011, (8.5)

so that X' = X and X" = X*. Under (HZ")-i), almost surely for any #, 5+ X/ is C2([0, 1],R%),
see [Kunita 1997]. The dynamics of the two first derivatives (X;7 = a,,xf )r=0 and (X;7 = OZZX:]),ZO are
obtained by a straight differentiation of the SDE satisfied by X":

q t .
X7 =Zf Vo (s, x0 + n(X{ = x)) (X7 — xo +nX)dW;
=10
!
+ f Vb(s, xo +1(X{ = x0))(Xy = x0 +1X])ds, (8.6)
0
.. L q t . ) .
X' = Z f (X = x0 +7X$)"H(0™)(s, X0 +1(X{ = x0))(X{ = x0 +1X)
=10
+ Vo (5,30 + (X = x0))2X] +nX])|dW]
!
+ f (X = xo +nXJ)" H(b")(s, %0 +1(X{ = x0))(X] = x0 +nXY)
0

+ VB (s, x0 + (X7 = x0))2XT +nX1)]ds, Yiell,...,d}. 8.7
Setting o-}t := Vo (t,x0), Z;t := VX(t,x0) and b; := Vb(t, xp), X := X" is solution of the SDE:

4q t . t
Xi=> fo o, (XP = xo)dW] + fo b, (XF = xo)ds. (8.8)
=1

Then combining Taylor expansions for the interpolated process X" and the function % (here assumed to
be smooth enough for the sake of brevity), we propose the following weak stochastic approximation:

E[h(X7)] = E[h(X})] +E[VA(X})X1] +Errory’, (8.9)

where the explicit calculus of the corrective term E[Vh(X’TJ)XT] is performed in Proposition 8.6.1.1
whereas the estimate of the error Errorglz is postponed to Section 8.3. This leads to the following
Theorem (stated for only Lipschitz function 4).

Theorem 8.2.1.1. (Second order weak approximation using the Gaussian proxy).
Assume (‘H}E’b) and suppose that h € Lipy(RY,R). Then we have:

E[h(X)] =E[A(XP)] + Corz,, + Errory), (8.10)
where:
—_P T 4 d _p T ! 1 T t
Coray =VH'©) [ bi( [ biasyars Y a2 5O [ ([ ziasare s [ [ pasa
0 0 = 0 0 2J0 "o
1 & . P T t
+§.;a€i,wh 0) fo =)' ( fo S,ds)dr, 8.11)
L, J,K=

recalling b; = Vb(t, x) and (2; )= V[O'O'*];(l‘, x0). The stochastic approximation error term is estimated
as follows:

)

[Error s < CLipaMi (0 b)IMo(o. b))’ T?. (8.12)

[NT]
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Remind that Cor,, is well defined whatever the smoothness of % (see Property §8.1.0.2).

Remark 8.2.1.1. The weak approximation is constituted by a leading order EP(O) plus a sum of weighted
sensitivities, i.e. derivatives of EP at zero, up to the third order. The error is of order 3 w.r.t. the standard
deviation My(o,b) VT and is null if My(o,b) =0 or if CLip, = 0 (i.e. his constant). That justifies the
label of second order weak approximation. When h(x) = ¢(Z?:1 nix;) with n; > 0, the above expansion
coincides with that of [Gobet 2012a, Theorem 2.1 Jrelated to averaged diffusions.

Although the density of the Gaussian proxy is known, the approximation formula (8.10) does not
reduce to fully explicit calculations, due to the general form of 4. Nevertheless, we can derive another
representation as an expectation of h(X;) modified by an explicit weight: this is easily obtained by

transferring the e-differentiation of the expectation ﬁp(s) (associated to correction terms) into a differen-
tiation of the proxy Gaussian density f7. This is a somewhat standard argument, in particular regarding
the Malliavin calculus applications [Nualart 2006, Section 6.2], we skip details of the derivation. The
advantage of this representation as an expectation is to make possible its evaluation by standard Monte-
Carlo methods involving only simulations of the Gaussian proxy X’T) (exact and without discretization),
see our subsequent numerical experiments.

Theorem 8.2.1.2. Under the notations and assumptions of Theorem 8.2.1.1, the main terms of the
stochastic approximation are

E[h(X7)] +Cora, = E[h(xi){l + WIZ, by xolg (VETT1(XF - mi))}], (8.13)

where we set, for Y € R4,

T !
WIZ, by x0lg (V) =< Y, f b)( f byds)dr >
0 0

d

o BN T . t 1 (T o ‘
+i; Yy’ - virHiy fo b)'( fo %jods)dr+ 5 fo @ )( fo byds)dr]

1

d T t
1 o L . L . L -
b3 2 PPV - VT - PV - v fo =) ( fo 5 ds)dr.
i jk=1

As an alternative to a Monte-Carlo evaluation based on (8.13), we provide in the following Sub-
section a new numerical method to approximate the expansion formula (8.10) taking advantage of a
multilinear interpolation with hat functions, which theoretical accuracy is given according to the A-
smoothness. The extension to multiquadratic interpolation is presented afterwards.

8.2.2 An efficient algorithm using multilinear finite elements

We define the hat function AL with center z € R and size parameter u > 0 by:

y—(z—p) ZHU—Yy
Alzl()’) = T]lye[z—ﬂ,z[ t+—

ez z4p- (8.14)
Observe that E(A’; (G1)) is known in explicit form when G, is a scalar Gaussian r.v. (like the proxy):
therefore, replacing / by a linear interpolation / (using the Af-function) leads to a fully explicit formula
for (8.10). To extend to the d-dimensional case, we wish to use tensor products of such a function
basis in all directions to provide an interpolation of 4. However remark that for any (G1,G,) Gaussian
vector and any z;,2p,U1,M2, the calculus of IEZ[A’;I1 (Gl)A’;z2 (G,)] is not tractable, except in the case of
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zero correlation; thus an additional ingredient is necessary to maintain explicit formulas. In order to
be placed in a situation of uncorrelated Gaussian r.v., we introduce an affine transformation A of the
space, composed of a rotation using the d-dimensional diagonal matrix U« (involved in the diagonal
decomposition of (VITD ) and a translation of vector mi (the expectation of X; ). The following presentation
is aimed at providing the construction of the right grid (nodes, directions, size).

> Description of the methodology. We consider a finite product grid in R? defined by:

Y = O0Dipeltaicio.ny. ¥l =-Ri+joi, Ri=RUVT, &=064VT, &= ZWR (8.15)
where we recall that /ll.zT are the eigenvalues of the covariance matrix (Vi and where the grid parameters
R and ¢ are to be specified according to the final approximation accuracy desired. We assume N € N*.
The grid Y contains N small hypercubes and their vertices are the nodes with coordinates (yj O v y )"
for any ji,...,jq € {0,...,N}. Then we define a new grid X = (x/!>/¢)
transformation A : x - Ax = my + Uy x:

..........

xj| ..... jd:(x{I ----- jd x(jjl ----- ]d)* = ﬂ(yjl’.”,yéd *
The convex hull of Y is the hypercube D”, and let us introduce its image D by A:
D = [-R|,R{]X---X[-RaRyl, DF .= A(DP). (8.16)

Then we define the multilinear interpolation of /& based on the grid X by setting, for any x € R?,
h(x) = h(x) := Z h(x/tJd) 1_[1\‘S (U, Yx— mT)) . (8.17)

Notice that / is continuous, vanishes outside the domain A([-R; —&1,R; +611%---X[-Rg—84,Ra+64]),
and the restriction of & to D is Lipschitz continuous with a Lipschitz constant at most equal to CLip,h-
The above construction is very similar to multilinear Lagrange finite elements on d-parallelotope, see
[Brenner 2008] for a general reference.

> Explicit approximation. Using (8.17) and taking the expectation, we get for the leading order of
the expansion (8.10):

d
EXP]~ B = > e[| | A‘j;.i(((u;} XE—mbyh], (8.18)

J1serja€l0,...N} i=1

where (LL‘VI (X;f - mi) has the centered Gaussian law with independent components. Thus combining
independence and scaling argument, setting

YO—(YO)Je{l ..... N+1) := (=R + jO) je(-1,...N+1 (8.19)

and using (8.14)-(8.15)-(8.19), a straightforward calculus leads to

d d

d d
E[ﬂAi}i((fu;(X;’ —mp))] = &l A‘5 (ANTWh] = [B[A2, WD) =] [B,00,  (820)
i=1 i 0 i=1

i=1 i=1 i
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where

2

1y _op(y) Jj=1 Y eT7
POy V72O A0 ) o N N, NG i f ——dy=F (. 82D)
o V21

0

B(v0) :=

Next for the corrective terms (8.11), we similarly replace i by h, which gives Coryj, = Corzjl. For any

TP
multi-index @ € {1,...,d}", we get for the derivatives of 4 using (8.18)-(8.20):

d

=P

| p — 12w Jd ) 5l 6i 1 —1 i

d he= > hadeingd EQ‘M]_[E[A}J[_(Ai VTW! +(U; e,
JtsesJa€{0,...N} i=1 i

((UZVIE)")

ANT 7

BN (U NTW] + (U ) =EIA° o (W] =5 (-
i Yo~ A VT

Thus it is sufficient to compute the perturbed coefficients 8° as in (8.21) according to the new translated
. Uy e . . . - .
grid yo — (/1- f/;) and then to differentiate w.r.t. € at € = 0, which leads to explicit calculations. The next

result summarizes the previous analysis, in combination with Theorem 8.2.1.1.

Theorem 8.2.2.1. (SAFE method with multilinear finite elements).
Assume (W,‘;)’b) and suppose that h € Lipy(RY,R). Define

—P e (U e)
ho= > hi]]80-—=)-
J1reenja€l0,...,N} i=1 7 ‘/T
where the weight functions ,Bi_ and the grid yy are respectively defined in (8.21) and (8.19). Then we
have
—P
E[h(X)] =h (0)+ Cor, j, +Error3’, + Error,"", (8.22)
where

—p T ¢ d —pP T f 1 T . !
Cor, ;, =Vh (0) ) b;(f(; bsds)dt+zaé’6jh (0)[](; (b;)'(fo‘ Zj,sds)dt"'if(; (E'j’,)'(‘fov bsds)dt]
ij=1

1< ;7P r !
+3 DR (0) fo (=) ( fo Si.5ds)dr,

i,j,k=1

and where the error using the multilinear finite elements approximation is defined by:
—P TP
Error, " :=h (0)—h (0)+ Cory,, —Cor, . (8.23)

> Accuracy results. The accuracy of multilinear interpolation depends on the smoothness of the func-
tion A to approximate. Our goal is not to be exhaustive in this respect but rather to give few settings
relevant for the practical applications that we have in mind. For a detailed exposure on Finite Elements
accuracy, see [Brenner 2008]. We distinguish three kinds of increasingly strong assumptions:

(H1) : h € Lipy(RY,R).

(H2) : h € Lipy(RY,R), piecewise C?, in the sense that there are an integer N;, € N*, N;, domains (non
empty open connected sets of RY) (Di)ie{l N,)» such that:

.....
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1. Vie{l,...,Ny,)}, either the domain D' has a compact boundary AD' of class C%, or D' is a

half-space,
i=Nj

2. R = UE,
i=1

3. Vie{l,...,N,)}, the restriction of 4 to D!, which is denoted by h;, is a Cz(ﬁ, Rd)—function
with bounded derivatives.

(H3) : h e C*(R?,R) with bounded derivatives.
We state the accuracy results in the following Theorem, which proof is postponed to Section 8.4.

Theorem 8.2.2.2. (Accuracy of SAFE method with multilinear finite elements).
Assume (7{)‘;’1’) and suppose that h satisfies at least (H1) . Recalling the density f* of X; in (8.4) and
the domain D in (8.16), for any multi-index a set

gf Lygprh )3 (£ = )] Ly, Qf LegrhO (=N oy 824

a, T
h

QZ’I ) so that Cory, = Corg Wt CorI2 , proceed similarly with QZT QZI Corg P and Cor; - Then the
multilinear finite elements error (8.23) is decomposed as ’ ’

—p
Then, define Corg , (respectively CorI2 ) replacing in Cory j, the sensitivities 3*h (0) by G, (respectively

ErrorfEL = ErrorI;EL’T + ErrorgEL’I,

where the Truncation Error
Error, " = E[(h(X}) - h(X2))1 xeepe] ¥ Cor} , - Corgﬁ
strongly depends on the size parameter R introduced in (8.15), and where the Interpolation Error on D

ErrorZEL’I = E[(h(X; )— IQ(XIT) N1 XP prlt Corlz’ N Corlzjl

depends on the grid mesh 5. On the one hand, for h € Lipy(RY,R), the truncation error is such

|Error, "] < (Ih(m5)| + CLip.n) exp(—R?/4). (8.25)
On the other hand, the Interpolation Error is estimated as follows, according to the regularity of h:
CLipioMo(o, b) \NT under (HI) ,
ErrorzEL’I < {CLip,h + isNglgj(m:z |6"hi|oo}6/\/(o(0', b) ﬁ[& + My(o,b) \/T] under (H2) , (8.26)
(Igl}jlp:>2|a<’h|m [ Mo(o,b) VT2 under (H3),

where the generic constant c in case (H2) depends on the domains.

8.2.3 Final approximation and complexity of the SAFE algorithm based on multilinear
finite elements

Combining Theorems 8.2.1.1 (weak approximation with the Gaussian proxy) and 8.2.2.2 (suitable in-
terpolation of 4 using the hat functions), we derive a final approximation of E[A(X7)] with a choice of
parameters R and ¢ (see (8.15)) allowing to obtain a global error of order at most equal to

& = [Mo(o,b) VT,

The proof of the following Theorem is left to the reader.
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Theorem 8.2.3.1. Assume (7'(,‘;’1’) and suppose that h satisfies at least (HI) . Consider the local
approximation h of h defined in (8.17) with parameters R and 8 set as follows:

[max; 4; VT2 under (HI) ,
R :=2+/log(1/8), §:=c{ max; 4 VT under (H2) ,
[ max; A; \/T]% under (H3) ,

for an arbitrary fixed constant c. Then, the global error is of order 3 w.r.t. Mo(o,b) VT:
E[h(X7)] = E[A(X)] + Cor, j, + O(IMo(0,b) VTT?).

Now, let us analyze the algorithm complexity w.r.t. the target error &, according to the regularity of
h.

Denote by C(d) the computational cost for the elementary operations at each node x/!>~/ of the
local approximation: apart from the evaluation of 4(x/!>~/¢), computations are mainly dedicated to the
calculus of the 5 weights defined in (8.21) and their derivatives, which is simple and can even be made
off-line. Therefore, the total computational cost of the algorithm is CFEL =~ = O(C(d)(N + l)d). Since

calculus
N =2R/4, the complexity of the algorithm to reach the target error & = [My(0, b) VT3 can be evaluated
in the following manner.

Corollary 8.2.3.1. With the previous notations and assumptions, as & — 0 we have

O(llog(1/E))2&%)  under (HI) ,
CrEL s =1 O(llog(1/E))2E7%)  under (H2) (8.27)
O(llog(1/E)12E7%)  under (H3) .

Let us briefly discuss the theoretical efficiency of our algorithm in comparison to a direct Monte-
Carlo method. If we perform M simulations of the diffusion X7 via an Euler scheme X%f with time
step At, the total computational cost is of order M X (T /At), whereas the mean square error is (see
[Duffie 1995])

2
Var[h(X3') 1M~ + (E[h(X7)] - E[A(X{")]) .

The first term (statistical error) is approximately equal to
Varlh(Xp)IM ™" = Var[h(Xr) — h(x0)IM ™" = O([CLipsMo(c, D) VTP M ™).

The second error term (discretization error) is a bit delicate to analyze under our assumptions: Kebaier
shows in [Kebaier 2005, Proposition 2.2] that for any « € (%, 1], there is a Lipschitz function 4 so that the
discretization error is O((Af)®). In [Talay 1990, Bally 1996], the order a = 1 is established for smooth
h or for uniform (hypo)-elliptic o, but these assumptions are not fulfilled in our setting. To encompass
general results, we rather use strong convergence estimates, and we specialize them to our setting:

[E[r(Xr)] - EIR(X3)| < CLiphEIX7 — X2 < CLipa[Mo(0,0)1* VT VAt

We now tune the parameters to achieve a L?-error of the same order as the SAFE method when & — 0, i.e.
to have a mean square error & =[My(o,b) \NT 1°: this is achieved by taking M ~1 < [My(o,b) \NT 1*= 8%
and At ~ [Mo(o,b)]*T? = E3T. Therefore, the computational cost is Clcv;zcculus =0(E™), independently

of the dimension. Thus, in view of (8.27) and neglecting logarithmic factors, the SAFE method with
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multilinear finite elements is (in the sense of this theoretical comparison) more competitive than Monte-
Carlo methods up to the dimension

d =3 under (H1), d=6under (H2), d =12 under (H3).

We now analyse the efficiency of the SAFE methodology with multilinear finite elements in comparison
to Monte-Carlo simulations on the Gaussian proxy X; (see (8.13)). The simulation of X‘YT3 is exact and
without discretization, and thus similar arguments to those previously employed lead to a computational
cost CM PO — O(M) = O(E3). Consequently, in view of (8.27), the SAFE method with multilinear

finite elements presents a better theoretical efficiency than Monte-Carlo simulations on the proxy up to
the dimension:

d =2 under (H1), d =4 under (H2), d =8 under (H3).

Subsequent experiments are coherent with these rules.

8.2.4 SAFE with multiquadratic finite elements

For smooth functions at least of class C*(R¢,R), we propose an extension using multiquadratic finite
elements [Brenner 2008, Section 3.5] allowing to reach a given accuracy with a lower computational
cost. We define two basis functions of center and size parameters z € R and u > 0:

N S P el Sl ) THU—Y Tty
Kf(y) = (2( )_ l)ﬂye[z—,u,z[ + (2( )_ 1)]lye[z,z+,u],
H H H

- O=(-—p) +u=-y)

:ét(y) = u Iy ]lye[z—/l,z+;1]~
To obtain a multiquadratic interpolation of &, for any i € {1,...,d} and any j € {0,.. — 1} we denote

. 1

by. yéﬁr =-R+(j+ 2)6 and yj T=-Ri+(j+ 2)6 the middles of respectively the segments [yO, / H] and
[y{ , y{ +1] Then we naturally extend
X = (x1mddy . €04 N-LN) = (ﬂ(y{l, ,yd) )j J1oenja€10.5 o N=1 ) and the multiquadratic interpola-
tion of 4 is defined by
Q= h(x/t-3t) ]—[ £ (U (=) Vim0 + :i,”((fu (x=mp))ajz1p ],

Jtnja€{0,53 ... N= 3 .N}

which is a continuous approximation, piecewise quadratic in all directions on D” and vanishing outside
the domain A([-R; —1,R; +61]1 X -+ X [-Ry— 64,Ry +d4]). A direct computation (a little bit tedious
but without mathematical difficulty) yields:

(U XE—mb) =y o
[( 8 ) Uy (x7 —mbyyielyit it
]:+1 1oyP Pyyi
X —
Py =280
5i (U XE—mE)elyl yI*) Ji 0%

E[g‘?;;.((m‘ (X7 —mp))] = 485 (v0) = B3, (0,
[”5'/ A(Usy X7 =mp))] = =285200) + 287 00),
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where the function 8 is defined in (8.21) and where:

BuMY =By =268 (v) . 5 )
o) = O0p )=80p ) (y0>’ B(x):zf B(u)du:(x + DN (x) + xN’(x)

e 5 ,  (8.28)
,3()/]+1/2) 2ﬁ(y )+,8(yj 1/2 (yj+1/2) B(yj 1/2) 2(5/2)8,0} )
P 0 512 Y . 0
ﬂ(s (vo) := 52 , Bj (yo) := (6/2)2

We are now in a position to announce the following Theorem, which proof is very similar to those of
Theorems 8.2.2.1-8.2.2.2 and is thus left to the reader.

Theorem 8.2.4.1. (SAFE using multiquadratic finite elements ).
Assume (?{%’b) and suppose that h € C3(RY,R) with bounded derivatives. Define

. i rL(—l i
ahP<e):=. | > h(xﬂ ----- fd)]_[[485y - \/;)) ﬁ;i.(yo—(;v_;) ))L2ji=o0r2

(U ) (Usy €
+(—28§i/2( /li—\/f)+2ﬁ‘(;"/2(y0_ /L'q‘//; ))]lzjizl[z]],

where the weight functions B‘;, Bf’/ 2, ﬁ; and ,Bi/ 2 and the grid yg are defined in (8.28), (8.21) and (8.19).
Then

E[h(X7)] =@QI (0) + Cors.qn + O(CLipaMi (0, D)L Mo(0, B)IPT? ) + Errort 2T + Errort P,

FEQ,T .
where the truncation error Error, Q.

the multiquadratic interpolation is estimated as follows: ErrorFEQI O(8*[My(o, b)NTP).

is estimated as in (8.25) and where the interpolation error using

In order to achieve a global accuracy & = [Moy(o,b) VT7?, we conclude as for Corollary 8.2.3.1:
namely, take R =2 4/log(1/E) and ¢ = ¢ for an arbitrary fixed constant ¢ > 0. It leads to the following
complexity result, which demonstrates a better asymptotic theoretical efficiency compared to Monte-
Carlo methods in any dimension.

Corollary 8.2.4.1. With the previous notations and assumptions, as & — 0 we have
CrEe . =0(log(1/6)1?).

calculus

For functions mixing various local regularity properties, we have better to use different shape func-
tions and different mesh sizes, and possibly sparse grids [Bungartz 2004]. It can be done easily according
to the examples to handle, we do not develop further this adaptive viewpoint.

8.3 Proof of the error estimate in Theorem 8.2.1.1

The estimate of Errorgﬁ provided in (8.12) is proved in three steps:
1. LP-estimates of the interpolated process X7 and of its derivatives;
2. Gaussian regularization of 4 with a small Brownian perturbation;
3. Malliavin integration by parts formula.

We may stress that the step 2 with Gaussian regularization is a crucial ingredient for a secured use of
Malliavin calculus integration by parts under the sole pointwise ellipticity (' Z;b).
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8.3.1 L”-norm estimates of X" — xo, X" and X"

Lemma 8.3.1.1. Assume (7'(;{[7)- We have the following estimates Vp > 1:

sup  IX] = xoll, <c Mo(o,b) VT, (8.29)
1€[0,T1,7€[0,1]
. .. 3
sup ||X7||p <e Mi(o,b)My(o, )T, sup IIX,UIIp < Mi(0,b)[Mo(o,b)1*T2.  (8.30)
t€[0,T],n€[0,1] t€[0,T],ne[0,1]

Proof. W.l.o.g. we can assume p > 2. The estimate (8.29) is standard using classic inequalities and the
upper bounds on b and o in (chf;b). Regarding the estimate of X", start from (8.6): usual computations
based on Burkholder-Davis-Gundy inequalities and the Gronwall lemma lead to

EIX])P <.(Mi(c,b) ‘/ﬂ”,s[‘gl; ] EIX! - xol”,
€[,

with some generic constant ¢ uniform in ¢ € [0,7] and 7 € [0,1]. Then plug the estimate (8.29) into
this inequality to conclude. Finally for the last estimate of (8.30), start from (8.7) and apply the same
inequalities to obtain:

EIX/IP <«(Mi(o.b) VT)?{ sup BIX! - xo"” + sup EIX/P”+ sup EIX/\"};
t€[0,T] t€[0,T] t€[0,T]

using the previous estimates easily achieves the proof. m|

8.3.2 Regularization of / with a small noise perturbation

Let W be an extra independent d-dimensional Brownian motion defined on the same probability space,
suppose that M, (o, b) # 0 w.l.o.g. and define the small parameter & = M (o, b)[ Mo(o, )T > 0 and the
C*(R?,R)-function :

he(x) = E[h(x+EWT)] = Elh,, \@(x+§v_vg)]. (8.31)
Replacing h by h¢ in our expansion analysis (8.10) induces extra errors quantified below.

Lemma 8.3.2.1. Assume (W;;b). For any h e Lipb(Rd,R) and any multi-index a, we have:

Ih=heloo <CLipaMi (o, D) Moo, DT,
677" (0) ~ 0T (0)] <.CLipaMi (@, BIMo(e, BT 3 (Mol ) VT) ™.

Proof. The first estimate readily follows from (8.31) and & € Lipb(Rd,R). About the second estimate,
using the density f* of X; (see (8.4)), write

T (0) -3 (0) = fR 1)~ RO (= )yl

and complete the proof by combining the first estimate with standard upper bounds for the derivatives
of fF (see Property 8.1.0.2). m|

An important consequence of the above lemma is a nice control of correction and error terms w.r.t.
h and hg. The proof is straightforward and we skip it.
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Corollary 8.3.2.1. Under the assumptions of Lemma 8.3.2.1, we have
|Cors = Cota.| e M (e, bYPIMo (o bYPT?,
[Error$) — Error3’ | = [BIACX)] ~ BU(X])] = Cors j — (BlAe(Xr)] ~ Elhe(X])] - Cora )
<e Mi( D)IMo(o )T,
Hence, proving the error estimate (8.12) is reduced to prove the following Proposition:

Proposition 8.3.2.1. Under previous assumptions, we have |Err0r§%| <¢ CLipaMi (o, b)[Mo(o, b)]zT%.

8.3.3 Malliavin integration by parts formula and proof of Proposition (8.3.2.1)

This step is aimed at deriving error estimates related to /¢, depending only on CLip,hf < CLip,» and not on
higher derivatives of A, thanks to Malliavin integration by parts formula: we make it possible because
of the extra independent noise EWr /2 in (8.31) which plays an important role on the degeneracy event
(see Lemma 8.3.4.1). This ingredient is crucial to make our error analysis available.

Let us detail the argumentation. We consider the Malliavin calculus w.r.t the (g + d)-dimensional
Brownian motion (W, W), the Malliavin derivatives associated to W (respectively W) being denoted by
D (respectively l_)). We refer to [Nualart 2006] for the related theory and the notations. First we extend
the estimates provided in Lemma 8.3.1.1 to the norms || - || , related to the Sobolev space DkP k=1,2.

Lemma 8.3.3.1. Under (7-(;)’[7), foranyne|0,1],ie{l,...,d}andt €[0,T], (X?)i e D** and
(X! € DY, In addition we have the following estimates for any p > 1:

DX, <cMo(a,b), ID2, XN, <Moo, )My (0, b), (8.32)
DX, <M (o, b)Mo(o,b) VT, (8.33)

uniformly in r,s,t € [0,T], i €{1,...,d} and n € [0,1].

Proof. The inclusions in D'* and D>* are standard to justify under our assumptions, we skip it and
we focus on the LP-estimates. W.1.0.g. we assume p > 2. We only detail the computations for X;'. Start
from (8.6) to get V¢t € [0,T], Vr € [0,¢], V(i,k) € {1,...,d} x{1,...,q}:

(D, XD =V (rxo + (X! = x0)(X) = x0 + X))

q s .
e 3 [ =0 D HO 30+ 1CK] 20D X,
e
q t ) . .
e ) [ Vo0 0K - ) DXL+ 0D KW
e
! . .
[ Ot DY HO a0+ 00X~ )N X
,
!

+ f Vb (1, x0 +1(X;) = x0)) (D, X + 7D, X edut.
,

Then apply the Young, Burkholder-Davis-Gundy and Holder inequalities combined to the Gronwall
lemma: it gives

EI(D, X)Wl < LM (o, b)IP{BIX) — xol” + EIX]IP + sup EI(D, X2 TP/

u€l0,T]
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><( sup +/EIX!—xo/?” + | sup ElXZIzP) + sup E|(D,.X])ilP Tp/z}.
u€l0,T] u€l0,7T] u€l0,7T]
In view of (8.29), (8.30) and (8.32), the announced result (8.33) is proved. m|

We now state the key result to establish Proposition (8.3.2.1).

Proposition 8.3.3.1. Assume (7'{;{[7)- For n €10,1], we consider the d-dimensional random variable:
F"= X7 +n(X7 = Xp) +EWr. (8.34)
Then for any Y e DY® and any i, j € {1,...,d), there exists a random variable Y, € Npx1LP such that
E[0%, ;1) 3 (F)Y1 = El0ghy, (F)Y ],
where |[Yiyll, <c Y1l 3,(Mo(o,b) VT)™Y, uniformly in n € [0, 1], for any p > 1.
Before proving it, let us complete the proof of Proposition 8.3.2.1. Define the residual processes
0 X 1 . 1 X . 1 ..
Ry :=Xr-Xy :f X7dn, R :=Xr-X7-Xr :f (1-mX7dy, (8.35)
0 0
which enable us to represent the error (8.9) as follows:
1
Error3’y =E[Vh(X[)R;™] +E( f (1= RYT"H(he)(XT + (X7 - XP)RY dyy). (8.36)
: 0
The first error term is easily handled combining (8.35), Lemma 8.3.1.1 and CLip,h§ < CLipa:
3
E[Vhe(XP)R; 1 = O(CLip s(Mi (0, b)[Mo(0, D) T?).

T

For the second error term of (8.36), use (8.31), apply for any i, j € {1,...,d} the above Proposition 8.3.3.1
with Y = (R())‘t)i(Rgt)j and use Lemmas 8.3.1.1 and 8.3.3.1 combined with (8.35) to get:

1 1
E| fo (1=mIRF* T Hhe)XT +n(Xr = XP)Ry dy| = fo (1=mE[ R} T H(hy ) FRY |dn
= O(CLips Mi(@: D) Mo(@, H)T?).

Proposition 8.3.2.1 is proved.

8.3.4 Proof of Proposition 8.3.3.1

It is clear that under (W;;h), F" defined in (8.34) is in D>* and is non degenerate since its Malliavin
covariance matrix yg» is such that

T i T T
V= fo DXT +n(Xr = X7)) [DAX7 +n(Xp = XD)'dt+ £ 2042 £ 510, (837)

T —
ypo =V5 +§2514 > (Cy) 2 [Mo(o, D))*T I, (8.38)
Then [Nualart 2006, Propositions 2.1.4 and 1.5.6] proves the existence of Y, such that for any p > 1,
1Y inllp <c 1N 3plyzallispl(DF. DE DI 3p <e 1Y 3plyzallispll Mo(o b) VT,

where we have used (8.32) and the value of £. To complete the proof of Proposition 8.3.3.1, apply the
following estimates related to y;}]:
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Lemma 8.3.4.1. Assume (H. fcf)’b). For any p > 1 and any n € [0, 1], we have:

lidet™" (ypn)ll, <c(Mo(or,b) VT) ™, (8.39)
I Enillp <c(Mo(ob)NT) 2, sup [ID(y)illp ScMi(.b)Y(Mo(onb)VT) 2, (8.40)

t€[0,T]
uniformly in n € [0, 1].
Proof. Here we rely much on the assumption (7'{;:)’1’) about the oscillation of eigenvalues of (V’T) . All the

next generic constants are uniform in 77 € [0, 1]. Using the definition of yg» (8.37), write

T
YPr—Yro =1 f {DXTID/Xr = XD)T* + DXy = XD[DiX] +nDy(Xr — XP)] "}t
0

Then, combining (8.35), (8.32) and (8.33), it readily follows (Vp > 1)

3

lyrs =y pollp <cMi(a,DIMo(0. DT, lyeilly <cMo(as ) VT2 (8.41)
Thus, it is an easy exercice (using the Leibniz formula for determinant) to deduce

|| det(ypn) — det(y po)ll, . Mi(@.5)[Mo(o, B)2T3 (Mo(a, b) NT)2@-D

<c < My(,b) VT. 8.42
det(ypo) Mo(b) VT4 < Mi(o,b) (8.42)

We are in a position to prove (8.39). For any given p>1land m > 1,

E[det™”(y)] =E[det™? (y )1 1+ E[det™” (ym)1

det(ypo)
— )

det(ypn)< L det(y o) det(y > det(y )]

<(ET) PP(det(ypo) - det(ypm) 2 det™(ypo)
<(IMy (0, D) Moo, B)I* TP det ™™ (y po)E[| det(y n) — det(y o)™ + (Mo(or, b) VT ) ~2P4
<(IMi(o, D) IMo(a, DI T3P (M (0, b) VTY™ + (Mo (o, b) VT) 2P,

where we have notably used (8.37) at the first inequality, the Markov inequality, the definition of & and
(8.38) at the second one and (8.42) at the last one. Then choose m = 4pd to readily obtain:

E[det_p (’yFW)] Sc(MO(O-’ b) ﬁ)_zpd'

The first estimate of (8 40) readily follows from (8.39)-(8.41). Regarding the second one, it is a con-
sequence of D,(yF,, = Zi =1 VF )’ (y_l)l Dy(yFn)]" (see [Nualart 2006, Lemma 2.1.6]) and of the

estimate ||D;(ygn)" ||p Ml((r b)[My(o, b)]zT which comes from (8.32). O

8.4 Proof of Theorem 8.2.2.2

FEL,T

8.4.1 Truncation Error Error A

>Estimate of E[(h— fz)(XITJ)]l ngl-jp]. By construction of h, we have
T

|h(x)] < sup, e (0] < [h(mf)] + CLip s Vdmax; R;, which becomes
()| < |h(mE)] + VdZXRiCy s lx —mb| for x ¢ D. Besides, [h(x)| < [A(m?)| + Cripalx — mb]. Therefore

min; R;

1) — B0l < 2Ahomd)|+ (14 VAR

ey NClipalx—mfl,  Vxg¢D'. (8.43)
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Then using the Cauchy-Schwarz inequality and Lemma 8.3.1.1, we get:
— 1
[ELh~ D)X Lyr el <c IGmDIPXT ¢ D)+ CuipaMo(o ) VT|B(XT ¢ DP)|.
By the definition (8.16) of the domains D” and D, we have

—_ 2
P(xL ¢ DP) = P(W; ¢ [-R,R]Y) <d P(W!| > R) <2de” T (8.44)

using a standard Gaussian concentration inequality. Finally, we have proved
A _R?
[EL(h = IXP) o)l <c (AGmp)|+ CLipn)e™ . (8.45)

>Estimate of Cor{h - Corg i Starting from the definition (8.24) and using the inequality (8.43), the
estimates (8.29)-(8.44) and the Holder inequality, we derive that ’QZT - QZT| is bounded by

[ tarbor-iol ol [ ¢ orae ¢ o-ol f rroaf{ [ 1 ool

< (Jh(mP)|+ CLips) (Mo(or,b) VT) =3

2
which easily leads to |Cor{ n= Corg izl <c (Ih(mITJ))I + CLip,h)e‘RT. Combining this last estimate with (8.45)
achieves the proof of (8.25).

FEL,I

8.4.2 Interpolation Error Error,

For any ji,...,js €{0,...,N — 1} we denote by DPJi-Ja the hyperrectangle [y{‘,y{'“] XXy
and we set DP/1-id = A(DP1-Jd),

>Estimate of E[(h — iz)(Xi)]l Xr <l cases (H1) and (H3) . Our local approximation consists in
using a tensor product finite elements of order 1 on d-parallelotope. We have for any
Jiseeosja €10,...,N—1}

Ja | Ja+1
P

diam(DP/-ity ;= max  |x—x'| = diam(D"1i4)

x,x'€DPi1--Jd
d 1 d
=(2,07) =o( 2, 47)

i=1 i=1

D=

< := Cy VdSMo(o,b) NT.  (8.46)

Hence an application of [Brenner 2008, Theorem 4.6.14] yields that

sup  sup |h(x) —ﬁ(x)’ <c CLip H: case (HL), (8.47)
Jseeesjd xe DPI1+dd - (Zflildlﬁlaahl“’) ’uz’ case (H3)’ .
where cg is a universal constant. This obviously leads to :
N CLin 1 0Mo(0, b) VT, case (H1),
E[(h— )XY p 51| <c P 4
L= XX T gepr]| < { (Zatol=2107hle )22 Mo(e, ) VT2, case (H3). (849

>Estimate of E[(h — fz)(Xi)]l wreprls case (H2) . We denote by 7 the set of integers
T

i=U1,...ja) € {0,...,N}¥ such that DPJi-a does not intersect U?g’l oD': for j € , the restriction of h
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to DPJi--Jd coincides with a C2-function, to which we can apply the estimate (8.47) in the case (H3).
Otherwise, we can nevertheless use the estimate in the case (H1). It gives

<cp Z E(,u2 R, }( Z 0% hiloo) 1 XPeDPI- j,,) +co Z E(,UCLip,h]l XPeDPit-ia )

E[(h—h)(XP)Lyrcpr]
jeg T " ailal=2 jeT

Moreover, by the definition of u (see (8.46)), x € DPJi-Jd for some j ¢ J implies that d(x,dD’) < u
for some i: therefore, Yj¢ o P(X}’ e DPJ ""jd) < »M P(d(XE,0D") < ). An application of the following
lemma finally leads to

[ELG: = XD Lyrepe]] <c (CLip,h+i€max (Y 107Rile))6* Mo(0, b) VT (8.49)

1,...,N
{ W a:lal=2

Lemma 8.4.2.1. Assume (‘chf)’b) and (H2) , let u = Coy NdSMy(o,b) VT. Then Vi € {1,...,Ny}, we
have:

P(d(X%,0D") < ) <. 6.

Proof. We give here a proof in the particular case where D' is a half-space of the form
Di={xeR? x; >0}. Using the bound (8.4) for the density of X?, we have

o ey =nb)y 2
P(d(X%,0D") < ) f 1 e Eoa e d fﬂ o Coa Moo ;
’ SH) = p<xsy T ———=—dx <, —dxy,
¢ Ja I e N o Moo ) VT

2u
, Mo(aD)NT
map D' into a half-space by using local charts, so that we are reduced to the first case. We skip these

standard computations and refer for instance to [Gobet 2001]. ]

the last integral being obviously bounded by <. 0. For the general case, the idea is to locally

>Estimate of Corlz’h - Corlzjl. Using the definition (8.24), the estimates (8.47) of |1 y€5p(h - fz)(y)l,
the upper bounds (8.4) on % fF, we easily get:

CLipa0(Mo(or,b) VT)! 7, cases (H1) and (H2),
63" =G5 1< [ D) 10" M) Moo ) VTP, case (H3).
a:lal=2
It readily follows that
CLipsd(Mo(o,b) VT2, cases (H1) and (H2),
[Cory = Cory il <4 { ) 10°he )Mo b) VTP, case (H3).
a:la|=2

Gathering the above estimate with (8.48)-(8.49) yields the announced result (8.26).

8.5 Numerical experiments

8.5.1 Model and set of parameters

For the numerical tests, we consider the case of d independent one-dimensional elliptic diffusions

.....

all diffusions: for any i € {1,...,d}, set

X

. 1 . . . . .
T = Ev20-<“(x;))a(x;)dz+ vo(XHdW!, X} = xo.

ox)=1-
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We easily check that o takes values in [%,2] and is of class C* with bounded derivatives, the first
derivative vanishing at +1. A key feature of this diffusion model is that (owing to the Lamperti transform,
see [Karatzas 1991, p. 294-295]) X§ = g(f(xo) + ut+ vW,i) where g is the inverse function of

f(x)= fox% :x+%log(1+x2).

Thus, using numerical inversions of f to evaluate g, we can exactly simulate X7 without discretization
scheme to get our reference values. We consider four types of terminal functions from the most regular
case to the less regular one:

1004 X1
1+eiZim
ho(x) ~100e7 Zi1 % (C*™, case (H3) with unbounded derivatives),

(C™ with bounded derivatives, case (H3)),

h3(x) :17(‘)[0(2:%) . (Lipschitz, case (H2)),
=
h4(x) =100max(xy,...,xs) (Lipschitz, case (H1)).
Besides, we investigate three sets of parameters:
(P1): x0 =0, v=20%, u =0 (standard situation);
(P2): x0 =0, v=pu=20% (large drift);
(P3): x0 =1, v =20%, u = 0, (small magnitude and variations of o).
In all the numerical tests, we set 7 = 1 and the purpose is to compare the following approximations:

1. SAFE Lin (H1) - (H2) - (H3) : the SAFE method using multilinear finite elements (see
Theorem 8.2.2.1) and fixing its parameters as follows (according to Theorems 8.2.2.2-8.2.3.1):
R =4 and 6 = [vo(x0)]?, 6 = vo(xp) and 6 = [va'(xo)]% for respectively (H1) - (H2) - (H3) .

2. SAFE Quad 1-2-3-4-5: the SAFE method using multiquadratic finite elements (see Theorem
8.2.4.1)usingR=4and 6=0.5,6=1,6 =2, =4 and 6 = 8 for respectively 1-2-3-4-5. The
methods SAFE Quad 4-5 using large steps are only investigated in dimension 10.

3. MC: the estimation by Monte-Carlo simulations without discretization scheme. Keep in mind that
the execution times reported in the test tables should be multiplied by about a factor 100 to take
into account the usual time discretization effort. In all the tests we use 107 sample paths. The
value in parentheses is the half-width of the related 95%-symmetric confidence interval.

4. MC Proxy: the estimation by Monte-Carlo simulations of the stochastic approximation formula
(8.10) (see Theorem (8.2.1.2)). In all the tests we use 107 sample paths. We provide additional
tests to show the efficiency of this method (which is always faster than MC) in high dimensions
(greater than 20 and up to 100) for which the SAFE methods seem too slow to be applied.

8.5.2 Results

We study both the accuracy and the speed of the SAFE method in comparison to Monte-Carlo simulations
up to dimension 10. For high dimensions (from 20 to 100) we show the accuracy of MC Proxy which is
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Table 8.1: Estimation of the expectations in dimension 2 with MC, MC proxy, SAFE methods (set of
parameters (#1)) and execution time.

method / function hy hy h3 hy exec. time

MC 49.47 98.99 4.89 9.70 1m2s
(¥x2.3E-2) (+9.0E-3) (+4.5E-3) (+9.5E-3)

MC Proxy 49.49 99.01 4.84 9.67 43s
(x1.1E-2) (£2.3E-2) (+5.5E-3) (x1.1E-2)

SAFE Lin (H1) | 49.49 99.02 4.85 9.70 <107%s

SAFE Lin (H2) | 49.49 99.02 4.86 9.71 <107%s

SAFE Lin (H3) | 49.49 99.05 4.97 9.79 <107%s

SAFE Quad 1 49.49 99.02 4.85 9.66 < 107%s

SAFE Quad 2 49.49 99.01 4.87 9.55 <107%s

SAFE Quad 3 49.49 99.01 4.86 9.24 <107%s

Table 8.2: Estimation of the expectations in dimension 3 with MC, MC proxy, SAFE methods (set of
parameters (#1)) and execution time.

method / function hy hy h3 hy exec. time

MC 49.47 98.62 3.84 15.01 1m40s
(x1.9E-3) (£74E-3) (+3.7E-3) (*8.2E-3)

MC Proxy 49.48 98.64 3.78 14.98 1m12s
(z1.3E-2) (£2.7E-2) (*4.6E-3) (x1.1E-2)

SAFE Lin (H1) | 49.48 98.66 3.80 15.02 16s

SAFE Lin (H2) | 49.48 98.67 3.81 15.04 0.1s

SAFE Lin (H3) | 49.49 98.69 3.87 15.17 0.02s

SAFE Quad 1 49.48 98.66 3.79 14.96 0.08s

SAFE Quad 2 49.48 98.66 3.81 14.78 0.02s

SAFE Quad 3 49.49 98.66 3.85 14.18 <107%s

always faster by a factor 100 than MC whatever is the dimension. In Tables 8.1-8.2-8.3-8.4-8.5-8.6-8.7-
8.8-8.9-8.10-8.11-8.12-8.13, we report the results in dimensions 2-3-4-5-6-7-8-9-10-20-30-50-100, with
execution times, for all methods and all terminal functions using the set of parameters (#;). In Tables
8.14-8.15 we give the results in dimension 4 using the sets of parameters () and (#3). We finally plot
in Figure 8.1 the relative errors (compared to the MC Proxy estimator) given by SAFE Lin and SAFE
Quad w.r.t. log(N), using R = 5, in dimension 4, for the four terminal functions. All these computations
have been coded in C++ on a Intel(R) Core(TM) i5 CPU @2.40GHz with 4 GB of ram.

>Influence of the SAFE method. Regarding the Tables 8.1-8.2-8.3-8.4-8.5, first we notice that the
values obtained by MC and MC Proxy are close to each other (error smaller than 1% in absolute value)
which indicates a very good accuracy of the stochastic approximation of Theorems 8.2.1.1 and 8.2.1.2.
The mesh size ¢ is larger for SAFE Quad than for SAFE Lin; nevertheless we remark that SAFE Lin
and Quad give close results and give good deterministic approximations of the values obtained by MC
Proxy (the value towards which we expect convergence) and MC (the target value). Their relative errors
in comparison to MC Proxy are often smaller than 1% in absolute value.
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Table 8.3: Estimation of the expectations in dimension 4 with MC, MC proxy, SAFE methods (set of
parameters (#1)) and execution time.

method / function hy hy h3 hy exec. time

MC 49.47 98.45 3.22 18.30 2mls
(*x1.7E-3) (*64E-3) (+3.2E-3) (+7.4E-3)

MC Proxy 49.49 98.50 3.16 18.25 1m23s
(x1.5E-2) (£3.1E-2) (+4.0E-3) (x1.1E-2)

SAFE Lin (H1) | 49.48 08.48 3.17 18.28 1h16m

SAFE Lin (H2) | 49.48 98.49 3.18 18.31 7s

SAFE Lin (H3) | 49.48 98.50 3.23 18.47 0.3s

SAFE Quad 1 49.48 08.48 3.17 18.20 3s

SAFE Quad 2 49.48 98.48 3.17 17.98 0.2s

SAFE Quad 3 49.48 98.49 3.22 16.92 0.02s

Table 8.4: Estimation of the expectations in dimension 5 with MC, MC proxy and SAFE methods (set
of parameters (#1)) and execution time.

method / function hy hy h3 hy exec. time

MC 49 .47 98.34 2.78 20.63 2m38s
(x1.5E-3) (£5.8E-3) (x2.8E-3) (*6.9E-3)

MC Proxy 49.49 08.38 2.74 20.53 Im51s
(x1.7E-2) (£3.4E-2) (+3.6E-3) (*=1.2E-2)

SAFE Lin (H2) | 49.47 98.37 2.76 20.60 4m44s

SAFE Lin (H3) | 49.48 98.39 2.81 20.79 4s

SAFE Quad 1 49.47 98.37 2.74 20.47 2m2s

SAFE Quad 2 49.48 98.37 2.73 20.21 2s

SAFE Quad 3 49.48 98.38 2.78 18.62 0.5s

Table 8.5: Estimation of the expectations in dimension 6 with MC, MC proxy and SAFE methods (set
of parameters (#1)) and execution time.

method / function hy hy h3 hy exec. time

MC 49 .47 98.27 2.47 22.42 2m58s
(x1.3E-3) (+5.3E-3) (+2.5E-3) (+6.6E-3)

MC Proxy 49.47 98.29 243 22.25 2m?2s
(x1.9E-2) (£3.7E-2) (+3.3E-3) (*1.3E-2)

SAFE Lin (H2) | 49.47 98.30 2.44 22.33 4h56m

SAFE Lin (H3) | 49.48 98.31 2.49 22.54 2m7s

SAFE Quad 1 49.47 98.29 2.43 22.19 1h30m

SAFE Quad 2 49.48 98.30 2.43 21.90 1m30s

SAFE Quad 3 49.48 98.31 2.46 19.77 2s
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Table 8.6: Estimation of the expectations in dimension 7 with MC, MC proxy and SAFE methods (set
of parameters (#1)) and execution time.

method / function hy hy h3 hy exec. time

MC 49.47 98.22 2.23 23.85 3m38s
(*x1.3E-3) (#49E-3) (+2.3E-3) (*+6.3E-3)

MC Proxy 49.46 08.22 2.18 23.61 2m36s
(£2.0E-2) (+4.0E-2) (+3.1E-3) (*1.4E-2)

SAFE Lin (H3) | 49.47 98.26 2.24 23.93 47m7s

SAFE Quad 2 49.47 98.24 2.19 23.24 34m22s

SAFE Quad 3 49.48 98.25 2.20 20.62 21s

Table 8.7: Estimation of the expectations in dimension 8 with MC, MC proxy and SAFE methods (set
of parameters (1)) and execution time.

method / function hy hy h3 hy exec. time

MC 49.47 98.17 2.03 25.04 3m57s
(x1.2E-3) (#4.6E-3) (+2.1E-3) (*+6.1E-3)

MC Proxy 49.46 98.18 1.99 24.74 2m4ls
(£2.2E-2) (+4.3E-2) (x2.9E-3) (*1.5E-2)

SAFE Quad 3 49.48 98.21 2.00 21.29 3m39s

Table 8.8: Estimation of the expectations in dimension 9 with MC, MC proxy and SAFE methods (set
of parameters (#1)) and execution time.

method / function hy hy h3 hy exec. time

MC 49.47 98.14 1.87 26.05 4m40s
(#2.0E-3) (+4.3E-3) (*2.1E-3) (*+5.9E-3)

MC Proxy 49.46 98.15 1.83 25.69 3mo6s
(£2.3E-2) (+4.6E-2) (x2.8E-3) (x1.7E-2)

SAFE Quad 3 49.48 98.18 1.83 21.85 36m25s

>Influence of the number of points in SAFE methods. We observe in Tables 8.1-8.2-8.3-8.4-8.5
that as expected, with fewer points (SAFE Lin (H3) orQuad 3), we globally lose accuracy.

>Influence of the dimension and the terminal function. Generally speaking, for Ay, h;,h3 the
accuracy is very good whatever the dimension is. For A4, results get worse as d increases. We no-
tice in Tables 8.5-8.6-8.7-8.8-8.9-8.10-8.11-8.12-8.13 that in high dimension, the SAFE methods and
MC Proxy give more accurate results for A3 (probably because the average of the r.v. induces smaller
fluctuations) but less accurate for A4 (certainly due to the regularity breakdown of the function max in
high-dimension).

>Speed results. Regarding the execution times, we notice that in dimension 2, the use of SAFE is
almost instantaneous versus 1 or 2 minutes for accurate Monte-Carlo simulations. For the dimension 3,
all the method take less than 1s except SAFE Lin (H1) which need 16s what remains very quick.
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Table 8.9: Estimation of the expectations in dimension 10 with MC, MC proxy and SAFE methods (set
of parameters (#1)) and execution time.

method / function hy hy h3 hy exec. time

MC 49.47 98.12 1.73 26.93 4m50s
(x1.0E-3) (#4.1E-3) (*1.9E-3) (*+5.8E-3)

MC Proxy 49.49 98.18 1.70 26.52 3ml5s
(x24E-2) (+4.8E-2) (x2.7E-3) (*1.8E-2)

SAFE Quad 3 49.47 98.15 1.69 22.35 5h49m

SAFE Quad 4 49.48 98.16 1.82 13.32 Im

SAFE Quad 5 49.48 98.17 1.60 21.05 0.39s

Table 8.10: Estimation of the expectations in dimension 20 with MC, MC proxy and execution time.

method / function hy hy h3 hy exec. time

MC 49.47 98.00 1.01 32.18 9m35s
(x74E-4) (£29E-3) (x1.2E-3) (*5.0E-3)

MC Proxy 49.50 98.10 0.99 31.28 6m33s
(£3.4E-2) (+6.8E-2) (+£1.8E-3) (+2.8E-2)

Table 8.11: Estimation of the expectations in dimension 30 with MC, MC proxy and execution time.

method / function h hy h3 hy exec. time

MC 49.47 97.97 0.70 3491 14m38s
(£6.0E-4) (£2.3E-3) (+9.2E-4) (+4.7E-3)

MC Proxy 49.49 98.03 0.69 33.59 9m52s
(xz4.2E-2) (£83E-2) (x1.7E-3) (*3.6E-2)

Table 8.12: Estimation of the expectations in dimension 50 with MC, MC proxy and execution time.

method / function hy ) h3 hy exec. time

MC 49.47 97.94 0.42 38.07 23m50s
(¥x4.7E-4) (#1.8E-3) (+6.3E-4) (+4.3E-3)

MC Proxy 49.48 98.00 0.41 36.17 16m12s
(£z54E-2) (+1.1E-1) (x1.3E-3) (*5.0E-2)

In dimension 4, it takes 1h16 for SAFE Lin (H1) , 7s for SAFE Lin (H2) and less for the other
SAFE methods. Even if 1h16 seems to be quite important, it is still faster than MC (taking into account the
discretization effort) but slower than MC Proxy. We notice that in dimension 5 SAFE Lin (H2) and
Quad 1 need 4m44s and 2m2s, a performance which is close to MC Proxy. In dimension 6, SAFE Lin
(H2) takes almost 5h which is comparable to MC. SAFE Quad 1 takes 1h30 but SAFE Lin (H3)
(2m7s), Quad 2 and 3 (Im30s ands 2s) are very competitive. In dimension 7, SAFE Lin (H3) ,
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Table 8.13: Estimation of the expectations in dimension 100 with MC, MC proxy and execution time.

method / function h ) h3 hy exec. time

MC 49.47 97.92 0.17 41.94 47m37s
(£z3.3E-4) (+£1.3E-3) (+3.3E-4) (£3.9E-3)

MC Proxy 49.46 97.94 0.17 39.12 33m10s
(#7.7E-2) (£1.5E-1) (+9.0E-4) (£7.8E-2)

Table 8.14: Estimation of the expectations in dimension 4 with MC, MC proxy, SAFE methods (set of
parameters (#,)) and execution time.

method / function h ) h3 hy exec. time

MC 54.26 119.15 17.27 34.55 2mls
(+x14E-3) (+£6.5E-3) (+5.3E-3) (*6.7E-3)

MC Proxy 54.15 118.56 16.86 3291 1m23s
(x24E-4) (£5.5E-2) (x1.3E-2) (+2.4E-2)

SAFE Lin (H1) | 54.20 118.70 16.91 33.01 1h16m

SAFE Lin (H2) | 54.19 118.68 16.90 33.04 7s

SAFE Lin (H3) | 54.18 118.68 16.91 33.21 0.3s

SAFE Quad 1 54.19 118.68 16.90 32.91 3s

SAFE Quad 2 54.19 118.66 16.89 32.63 0.2s

SAFE Quad 3 54.18 118.64 16.88 31.62 0.02s

Table 8.15: Estimation of the expectations in dimension 4 with MC, MC proxy, SAFE methods (set of
parameters (#3)) and execution time.

method / function h hy h3 hy exec. time

MC 73.08 272.43 100.00 113.76 2mls
(+8.1E-4) (£1.1E-2) (*4.1E-3) (*5.8E-3)

MC Proxy 73.09 272.44 100.00 113.75 1m23s
(x8.3E-4) (+1.1E-2) (*4.2E-3) (%6.0E-3)

SAFE Lin (H1) | 73.07 272.37 99.97 113.71 7h10m

SAFE Lin (H2) | 73.07 272.38 99.98 113.73 35s

SAFE Lin (H3) | 73.08 272.41 99.99 113.81 0.6s

SAFE Quad 1 73.08 272.41 99.99 113.67 3s

SAFE Quad 2 73.08 272.40 99.99 113.54 0.2s

SAFE Quad 3 73.07 272.39 99.98 113.04 0.02s

Quad 2 and 3 respectively necessitate 47m, 34m and 21s. In higher dimension (> 8), only SAFE Quad
3 is competitive with very satisfying results except for the max terminal function. It takes 3m39s in
dimension 8 (close to MC Proxy), about 36m in dimension 9 and almost 6h in dimension 10 (comparable
to MC). Of course, this huge amount of computations can be easily split among parallel processors: this
is a nice feature of the SAFE method. Also, the efficiency may be much improved by using sparse grids
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Figure 8.1: Relative errors (in %) in comparison to MC Proxy of SAFE Lin and Quad w.r.t. log(N) in
dimension 4 (from left to right and from top to bottom: terminal functions 41, hy, h3 and hy).

[Bungartz 2004], this is left to further investigation. With very few points, SAFE Quad 4-5 give in
dimension 10 very good results for /; and /,, good results for /3 (relative errors of order 5%) and pretty
poor results with A4, for execution times of respectively 1m and less than 1s. This shows that for smooth
functions, we may reach very high accuracies with few points.

When the dimension becomes high (> 20) the SAFE methodology is probably less competitive and we
may prefer to use MC Proxy which presents a speed gain by a factor 100 in comparison to MC due to the
lack of discretization. Besides the accuracy is very good for the terminal functions A;, sy and h3 and
remains satisfying for h4 (relative errors for h4 are or order —3%,—4%,—5% and —7% for respectively
dimensions 20, 30, 50 and 100). The calculations are performed in approximately 6m, 10m, 16m and
33m in respectively dimensions 20, 30, 50 and 100 what is promising.

As a conclusion, for small and medium dimensions (< 10) and enough smooth functions the use of
SAFE is very efficient and for high dimensions (> 10), the utilization of MC Proxy is a good alternative
which gives rise to very good approximations and to always faster calculations than MC whatever is the
dimension.

>Convergence results of SAFE. We notice from Figure 8.1 that the convergence is quite fast for
both SAFE Lin and Quad. Moreover the more regular the terminal function, the faster the convergence.
For large regularity of 4, only few points are needed to achieve convergence. On the contrary for the
function max, the convergence speeds are similar (taking into account that the computational cost at
fixed N is higher for SAFE Quad).

>Influence of the drift and the initial point. Table 8.14 (parameters (¥,)) shows that the accuracy
is worsened as the drift gets larger, inaccuracies increasing with the irregularity of the terminal function.
This transport term probably increases the deviations of the diffusion and worsens the accuracy of the
proxy. On the contrary, considering an initial point at 1 which induces for o small variations and
magnitude leads to better results as presented in Table 8.15 (parameters (#3)), notably for the function
hs3. All these observations are coherent with our error estimates in Theorems 8.2.1.1-8.2.3.1-8.2.4.1.
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8.6 Appendix

8.6.1 Computation of the correction terms in Theorems 8.2.1.1 and representation as
sensitivities

We follow the routine of [Gobet 2012a], with some adaptations due the multidimensional setting. We
first provide integration by parts formulas useful for the explicit derivation of the correction terms. In
the following, ¢, : [0,T] — R4 C,:[0,T] » R™4 are square integrable and predictable processes,
A; 1 [0,T] — R®™4 is a square integrable and deterministic process and ¥, Y1, ..., : R? = R are smooth
functions with bounded derivatives.

Lemma 8.6.1.1. One has:

T T T T
E[y( f AdW) f ¢, dW,] =E[Vys( f AdW) f Accrdt], (8.50)
0 0

T T T d
Bl [ AdWpwa [ aaw) [ Caw)- P f AdW)) f ACHiar. 851
0 0 0

i,j=

Proof. We begin with (8.50). The process A being deterministic, the Malliavin derivative Dy fOT A dW,
is equal to AyLyer and y( )| A,dW,) € D' with Dy[y( [, AdW)] =9/ ([; AdW)A,1,<r. Then identify

f d ¢, dW, with the Skorohod operator and apply the duality relationship [Nualart 2006, Definition 1.3.1
and Proposition 1.3.11]. To derive (8.51), apply (8.50) with ¢; = C! for any i € {1,...,d}:

E[(y1( f AdWy), ... pd( f A dW,)) f CdW;] = > E[Vii( f A dW)) f A(Chy*dr]
E[Bx,;ﬁi(f AtdW,)f (A,C;‘){dt].
: o 5

We are now in a position to prove:

Proposition 8.6.1.1. Assume (7{;’(;”). For any smooth function ¢ : R? + R with bounded derivatives, we
have:

E[Vé(X7)Xr] =Cory 4,
where Cory 4 is defined in (8.11).

Proof. In the proof, we repeatedly use the identity E((’)"gb(X; ) = 6"51)(0) for any multi-index a. In view
of (8.9) and (8.8), one has to transform E[V(;S(XIT))XT] = I + I, with

T
=E[Va(XL) f b, (XF - xp)dt], L :=E[V¢(XT) f Zaﬂ(x” xo)dW/].
0

We begin with 1. Writing X"~ xo = [J o7,dW, + [} b,ds, we obtain I = I1, +I1 with

T t T !
1o :=E[Vo(XP) f bl( f byds)dt] = V' (0) f b/( f byds)dt,
0 0 0 0
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T t T t
o =E1v00) [ [ oawoad = [ Bveced( [ vloawlar
0 0 0 0

The contribution Iy, is in its final form. Regarding I;;, for any ¢ € [0,7] apply formula (8.51) with
W1 . ) (X) = VP(mE + %), (Ag)seo.11 = (05)seqo.r1 and (Cs)sefo,r) = (Ls<ib,07s)sefo,7) to directly obtain:

d T t
1o =B[ 3 82, 6(XD) f ( f oty dsian= 3 2, 70) fo b)'( fo 5 ds)dr

i,j=1 ij=1

We now handle the term 1. Let D, be the d-dimensional square matrix whose j-th column is equal to
0';'1 (XtP — Xxp): using again (8.51), we derive

T .
Za XD fo (:D})ldr]

i,j=1

d
=F| Z P HXP) f ol D di|=B[ > & 6(X) f [07] 8,1, x0)(XT = x0)'d1].

i,j,k=1 i,j,k,l=1

L, =E[V¢(XF) f D, dW,] =

Thanks to the symmetry of the Hessian matrix H(¢), we also have

Z P S f (085,07 + o]0, 018, x0)(XT — x0)'d1]
ljkl 1

T
Z & oK) f 00Tt x0) X — x0)'dr] = Za S [ =

i,j,l=1 i,j=1

From this point, the computations are similar to those for I} ; briefly, writing X*' — xo = fot o dW+ fot bds,
we decompose I, = %(Igu + Ipp) with

d T t

2 ::E[,-,,Z‘l 0y, $XT) j; =5)'( f byds)dt] = Za g (0) f )'( fo bsds)dr,
d T

o =B ) 8% o (X]) f ) ( f o dWy)d] = f Za LX) fo (&) osdW,)]dr
i,j=1

Then use (8.50) and the symmetry of Z, in order to get

by = f ZV(a DX f oS[(Z,) o] ds)]ds

i,j=1

d T /
=E[ZV<a§i,x,.¢)(X§’>] [z
T t
- 3.0l f ( f s yrat= Y 8, 70 [ @[ s

i,j,k=1 i,j,k=1

Gathering all the contributions achieves the proof. O



CHAPTER 9
Price approximations in multidimensional
CEYV models using the SAFE methods

The purpose of this Chapter is to present additional numerical tests for the pricing of multi-asset products
(Basket, Geometrical mean, Worst of and Best of Put options) in multidimensional CEV models using
the SAFE methods. We apply the results of the previous Chapter 8.

.....

modelling the log-assets defined by the SDEs:
. . o1 . S
dX; =o(X)[dW, - EO'(X;)dZ], Xy = x, = log(100), 9.1)

with o(x) = 0.2¢70-2x~102(100) " We are interesting by the pricing of multi-asset Put options with payoffs:

d d
1 1
(K- ; exp(x), (Basket), (K —exp( ;: X))+ (Geo. mean)
(K— min exp(x;))+ (Worst of), (K— max exp(x;))+ (Best of),
i€fl,...d) iefl,...d)

where the strike K takes the values 90,95,100,105 and 110. In all the tests, we set 7 = 1 and the aim of
the numerical experiments is to compare the following approximations:

1. SAFE Lin (H1) - (H2) - (H3) : the SAFE method using multilinear finite elements (see
Theorem 8.2.2.1) and fixing its parameters as follows (according to Theorems 8.2.2.2-8.2.3.1):
R=4and 6= (0.2)>,6 =0.2and 6 = (0.2)% for respectively (H1) - (H2) - (H3) .

2. SAFE Quad 1-2-3-4-5: the SAFE method using multiquadratic finite elements (see Theorem
8.24.1)usingR=4and 6=0.5,6=1,6 =2, 6 =4 and ¢ = 8 for respectively 1-2-3-4-5. The
methods SAFE Quad 4-5 using large steps are only investigated in dimension 10.

3. MC : the estimation by Monte-Carlo simulations using in all the tests a time discretization of 300
steps by year and 107 sample paths. The value in parentheses is the half-width of the related 95%-
symmetric confidence interval. Note that in dimension 1, one can use the closed-form formula
(see [Schroder 1989]) denoted by True Price.

4. MC Proxy: the estimation by Monte-Carlo simulations of the stochastic approximation formula
(8.10) (see Theorem (8.2.1.2)). In all the tests we use 10’ sample paths. In dimension 1, the
stochastic approximation formula (8.10) is explicit and we denote its calculus by Proxy Price.
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Table 9.1: Estimation of the Put prices with the closed-form formula, the proxy method, SAFE method
and execution time.

payoft method / strikes 90 95 100 105 110 exec. time

Put True Price 3.66 5.56 7.97 10.87 14.22 <107%s
Proxy Price 3.66 5.56 7.97 10.87 14.22 <1074
SAFE Lin (H1) | 3.66 5.56 7.96 10.86 14.22 <107%s
SAFE Lin (H2) | 3.66 5.55 7.93 10.85 14.21 <1074
SAFE Lin (H3) | 3.80 5.65 8.11 10.98 14.34 <107%s
SAFE Quad 1 3.68 5.56 7.99 10.87 14.25 <1074
SAFE Quad 2 3.55 5.67 8.06 10.87 14.06 <1074
SAFE Quad 3 4.13 5.88 8.21 11.40 14.59 <1074

Results. In Tables 9.1-9.2-9.3-9.4-9.5-9.6-9.7-9.8-9.9-9.10, we report the results in dimensions 1-2-3-
4-5-6-7-8-9-10, with execution times, for all methods, all payoffs and all strikes. For all these computa-
tions, we used C++ on a Intel(R) Core(TM) i5 CPU @2.40GHz with 4 GB of ram.

>Influence of the method and of the number of points. We notice on Tables 9.2-9.3-9.4-9.5-9.6
that the values obtained by MC and MC Proxy are very close to each other whatever the strike is (1 or 2
bps of error) and that all the SAFE methods provide results very close to MC Proxy. As expected, the
methods with more points give better results. It seems that globally the results are a little bit better than
those obtained for the elliptic diffusion in Chapter 8.

>Influence of the dimension, the payoff and the strikes. We remark on Table 9.1 that in di-
mension 1, Proxy Price and True Price are extremely close with errors smaller than 1 bp. The best
SAFE methods (SAFE Lin (H1) -SAFE Lin (H2) -SAFE Quad 1) yield to error reduced to few
bps. For the other dimensions, the Basket and the Geo. Mean payoffs present very good accuracy
whatever the strike is. The results for the more irregular payoffs (Worst of and Best of) get worse as
d increases.

>Speed results. We retrieve the same results that those obtained with the elliptic diffusion in
Chapter 8 except that all the execution times are a little bit more important because there are 5 strikes
to compute per payoff (and for MC, we have to use discretization which greatly increases the execution
time):

e SAFE Lin (H1) is more competitive than MC Proxy up to the dimension 3 and than MC up to
the dimension 4,

e SAFE Lin (H2) -SAFE Quad 1 are close to MC Proxy in dimension 5 and are comparable to
MC in dimension 6,

e SAFE Lin (H3) -SAFE Quad 2 are close to MC Proxy in dimension 6 and are comparable to
MC in dimension 7,

e SAFE Quad 3 is more competitive than MC Proxy up to the dimension 8 and than MC up to the
dimension 10,

e SAFE Quad 4-SAFE Quad 5 are faster than MC Proxy in dimension 10.
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Table 9.2: Estimation of the Put prices in dimension 2 with MC, MC proxy, SAFE methods and execu-

tion time.
payoft method / strikes 90 95 100 105 110 exec. time
Basket MC 1.83 3.39 5.65 8.61 12.18 2h20m
(2.7E-3) (3.7E-3) (4.8E-3) (5.8E-3) (6.7E-3)
MC Proxy 1.82 3.39 5.64 8.60 12.17 2m40s
(2.8E-3) (3.8E-3) (4.9E-3) (5.9E-3) (6.8E-3)
SAFE Lin (H1) | 1.82 3.39 5.64 8.60 12.17 <107%s
SAFE Lin (H2) | 1.83 3.40 5.66 8.61 12.18 <107%s
SAFE Lin (H3) | 1.87 3.46 5.73 8.67 12.22 <107%s
SAFE Quad 1 1.82 3.39 5.65 8.60 12.17 <1074
SAFE Quad 2 1.82 341 5.65 8.62 12.16 <107%s
SAFE Quad 3 1.85 3.55 5.47 8.67 12.08 <107%s
Geo. Mean | MC 2.05 3.74 6.14 9.23 12.92
(2.8E-3) (3.9E-3) (5.0E-3) (6.0E-3) (6.8E-3)
MC Proxy 2.04 3.73 6.13 9.22 12.91
(3.0E-3) (4.0E-3) (5.1E-3) (6.1E-3) (7.0E-3)
SAFE Lin (H1) | 2.04 3.73 6.13 9.22 1291
SAFE Lin (H2) | 2.05 3.75 6.13 9.23 12.92
SAFE Lin (H3) | 2.11 3.83 6.24 9.32 12.99
SAFE Quad 1 2.04 3.73 6.13 9.22 1291
SAFE Quad 2 2.05 3.76 6.15 9.25 12.91
SAFE Quad 3 2.05 3.82 6.15 9.35 12.90
Worst of MC 6.61 9.69 13.34 17.45 21.91
(5.4E-3) (6.4E-3) (7.3E-3) (7.9E-3) (8.4E-3)
MC Proxy 6.60 9.68 13.33 17.45 21.90
(8.7E-3) (6.7E-3) (7.6E-3) (8.3E-3) (8.8E-3)
SAFE Lin (H1) | 6.60 9.68 13.33 17.44 21.90
SAFE Lin (H2) | 6.62 9.70 13.37 17.47 21.91
SAFE Lin (H3) | 6.82 9.80 13.51 17.56 22.03
SAFE Quad 1 6.63 9.67 13.34 17.42 21.89
SAFE Quad 2 6.41 9.74 13.36 17.40 21.69
SAFE Quad 3 7.04 9.93 13.40 17.74 22.09
Best of MC 0.71 1.43 2.60 4.28 6.54
(1.7E-3) (2.5E-3) (3.5E-3) (4.5E-3) (5.6E-3)
MC Proxy 0.71 1.43 2.59 4.28 6.53
(1.7E-3) (2.5E-3) (3.5E-3) (4.5E-3) (5.6E-3)
SAFE Lin (H1) | 0.71 1.43 2.60 4.28 6.54
SAFE Lin (H2) | 0.71 1.45 2.63 4.31 6.54
SAFE Lin (H3) | 0.78 1.50 2.71 4.40 6.66
SAFE Quad 1 0.73 1.46 2.64 4.32 6.60
SAFE Quad 2 0.70 1.59 2.76 4.33 6.44
SAFE Quad 3 1.22 1.84 3.02 5.05 7.08
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Table 9.3: Estimation of the Put prices in dimension 3 with MC, MC proxy, SAFE methods and execu-

tion time.
payoft method / strikes 90 95 100 105 110 exec. time
Basket MC 1.11 2.46 4.62 7.63 11.36 3h44m
(1.9E-3) (29E-3) (4.0E-3) (5.0E-3) (5.8E-3)
MC Proxy 1.11 245 4.61 7.62 11.36 3ml6s
(2.0E-3) (3.0E-3) (4.1E-3) (5.1E-3) (5.9E-3)
SAFE Lin (H1) | 1.11 2.45 4.61 7.62 11.36 46s
SAFE Lin (H2) | 1.12 2.46 4.62 7.63 11.36 0.4s
SAFE Lin (H3) | 1.16 2.51 4.66 7.66 11.37 0.05s
SAFE Quad 1 1.11 2.45 4.61 7.62 11.36 0.2s
SAFE Quad 2 1.11 2.45 4.62 7.62 11.36 0.03s
SAFE Quad 3 1.17 2.51 4.59 7.57 11.36 <107%s
Geo. Mean | MC 1.36 2.90 5.28 8.51 12.43
(2.1E-3) (3.1E-3) (4.2E-3) (5.2E-3) (5.9E-3)
MC Proxy 1.35 2.89 5.28 8.50 12.42
(2.2E-3) (3.3E-3) (4.3E-3) (5.3E-3) (6.1E-3)
SAFE Lin (H1) | 1.35 2.89 5.27 8.50 12.42
SAFE Lin (H2) | 1.36 2.90 5.29 8.51 12.43
SAFE Lin (H3) | 141 2.97 5.34 8.57 12.46
SAFE Quad 1 1.35 2.89 5.27 8.50 12.41
SAFE Quad 2 1.36 2.87 5.29 8.49 12.43
SAFE Quad 3 1.37 2.97 5.34 8.41 12.45
Worst of MC 9.03 12.82 17.12 21.74 26.56
(5.8E-3) (6.6E-3) (7.2E-3) (7.5E-3) (7.8E-3)
MC Proxy 9.01 12.81 17.11 21.74 26.56
(6.3E-3) (7.1E-3) (7.7E-3) (8.2E-3) (8.4E-3)
SAFE Lin (H1) | 9.01 12.81 17.10 21.73 26.55
SAFE Lin (H2) | 9.03 12.84 17.14 21.76 26.57
SAFE Lin (H3) | 9.26 12.94 17.28 21.85 26.67
SAFE Quad 1 9.02 12.78 17.09 21.69 26.51
SAFE Quad 2 8.74 12.79 17.04 21.62 26.32
SAFE Quad 3 9.14 12.77 16.85 21.62 26.38
Best of MC 0.17 0.44 1.01 1.99 3.51
(7.1E-4) (1.2E-3) (2.0E-3) (2.9E-3) (3.9E-3)
MC Proxy 0.17 0.45 1.01 1.99 3.51
(7.2E-4 (1.2E-3) (2.0E-3) (2.9E-3) (3.9E-3)
SAFE Lin (H1) | 0.17 0.45 1.01 1.99 3.51
SAFE Lin (H2) | 0.17 0.45 1.03 2.01 3.51
SAFE Lin (H3) | 0.20 0.49 1.09 2.10 3.63
SAFE Quad 1 0.18 0.47 1.04 2.04 3.58
SAFE Quad 2 0.18 0.56 1.14 2.02 3.45
SAFE Quad 3 0.42 0.64 1.28 2.58 3.88
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Table 9.4: Estimation of the Put prices in dimension 4 with MC, MC proxy, SAFE methods and execu-

tion time.
payoft method / strikes 90 95 100 105 110 exec. time
Basket MC 0.74 1.92 4.00 7.06 10.94 4h34m
(1.4E-3) (24E-3) (3.5E-3) (4.5E-3) (5.2E-3)
MC Proxy 0.74 1.91 4.00 7.05 10.93 3ms40s
(1.5E-3) (2.5E-3) (3.5E-3) (4.5E-3) (5.3E-3)
SAFE Lin (H1) | 0.74 1.91 4.00 7.05 10.93 2h35m
SAFE Lin (H2) | 0.75 1.92 4.00 7.06 10.93 17s
SAFE Lin (H3) | 0.77 1.96 4.04 7.08 10.93 0.7s
SAFE Quad 1 0.74 1.91 4.00 7.05 10.93 7s
SAFE Quad 2 0.74 1.92 4.00 7.06 10.93 0.5s
SAFE Quad 3 0.74 1.91 3.97 7.02 10.88 0.03s
Geo. Mean | MC 0.98 2.39 4.77 8.10 12.19
(1.6E-3) (2.7E-3) (3.7E-3) (4.7E-3) (5.4E-3)
MC Proxy 0.97 2.38 4.76 8.09 12.18
(1.7E-3) (2.8E-3) (3.9E-3) (4.8E-3) (5.5E-3)
SAFE Lin (H1) | 097 2.38 4.75 8.09 12.18
SAFE Lin (H2) | 0.98 2.39 4.76 8.10 12.19
SAFE Lin (H3) | 1.02 2.45 4.81 8.13 12.20
SAFE Quad 1 0.97 2.38 4.76 8.09 12.18
SAFE Quad 2 0.98 2.38 4.76 8.10 12.19
SAFE Quad 3 0.99 2.43 4.81 8.13 12.19
Worst of MC 11.02 15.27 19.90 24.74 29.68
(5.9E-3) (6.5E-3) (6.9E-3) (7.1E-3) (7.2E-3)
MC Proxy 11.01 15.26 19.89 24.74 29.68
(6.5E-3) (7.2E-3) (7.7E-3) (8.0E-3) (8.2E-3)
SAFE Lin (H1) | 11.00 15.25 19.88 24.72 29.66
SAFE Lin (H2) | 11.03 15.28 19.91 24.75 29.68
SAFE Lin (H3) | 11.25 15.38 20.05 24.84 29.79
SAFE Quad 1 11.00 15.21 19.85 24.66 29.61
SAFE Quad 2 10.69 15.14 19.73 24.55 29.42
SAFE Quad 3 10.72 14.83 19.26 24.17 29.09
Best of MC 0.04 0.15 0.42 1.00 2.02
(3.2E-4) (6.6E-4) (1.2E-3) (1.9E-3) (2.9E-3)
MC Proxy 0.04 0.15 0.42 1.00 2.02
(3.3E-4) (6.5E-4) (1.2E-3) (1.9E-3) (2.8E-3)
SAFE Lin (H1) | 0.04 0.15 0.42 1.00 2.02
SAFE Lin (H2) | 0.04 0.16 0.44 1.01 2.02
SAFE Lin (H3) | 0.06 0.18 0.47 1.10 2.12
SAFE Quad 1 0.05 0.16 0.45 1.04 2.09
SAFE Quad 2 0.06 0.22 0.51 1.01 2.01
SAFE Quad 3 0.15 0.22 0.60 1.42 2.25
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Table 9.5: Estimation of the Put prices in dimension 5 with MC, MC proxy, SAFE methods and execu-

tion time.
payoff method / strikes 90 95 100 105 110 exec. time
Basket MC 0.52 1.56 3.58 6.68 10.67 5h43m
(5.7E-3) (2.0E-3) (3.1E-3) (4.1E-3) (4.8E-3)
MC Proxy 0.52 1.56 3.58 6.68 10.67 4mlls
(1.2E-3) (2.1E-3) (3.2E-3) (4.2E-3) (4.9E-3)
SAFE Lin (H2) | 0.52 1.56 3.58 6.68 10.66 14m25s
SAFE Lin (H3) | 0.54 1.59 3.61 6.69 10.65 15s
SAFE Quad 1 0.52 1.56 3.58 6.68 10.67 5m10s
SAFE Quad 2 0.52 1.56 3.58 6.68 10.67 11s
SAFE Quad 3 0.54 1.55 3.57 6.67 10.66 0.5s
Geo. Mean | MC 0.73 2.04 4.41 7.84 12.06
(1.3E-3) (2.3E-3) (3.4E-3) (4.3E-3) (4.9E-3)
MC Proxy 0.73 2.04 4.40 7.83 12.06
(1.4E-3) (2.4E-3) (3.5E-3) (4.5E-3) (5.1E-3)
SAFE Lin (H2) | 0.74 2.04 4.41 7.83 12.05
SAFE Lin (H3) | 0.76 2.08 4.46 7.87 12.07
SAFE Quad 1 0.73 2.03 4.39 7.82 12.05
SAFE Quad 2 0.73 2.04 4.38 7.83 12.05
SAFE Quad 3 0.72 2.05 4.44 7.84 12.04
Worst of MC 12.70 17.23 22.04 26.97 31.95
(5.9E-3) (6.4E-3) (6.6E-3) (6.7E-3) (6.7E-3)
MC Proxy 12.68 17.21 22.02 26.95 31.93
(6.7E-3) (7.2E-3) (7.6E-3) (7.8E-3) (8.1E-3)
SAFE Lin (H2) | 12.69 17.23 22.03 26.96 31.94
SAFE Lin (H3) | 1291 17.33 22.17 27.06 32.05
SAFE Quad 1 12.65 17.14 21.95 26.87 31.85
SAFE Quad 2 12.33 17.01 21.79 26.71 31.65
SAFE Quad 3 11.95 16.37 21.01 25.98 30.94
Best of MC 0.01 0.05 0.19 0.52 1.21
(1.5E-4) (3.6E-4) (7.3E-4) (1.3E-3) (2.1E-3)
MC Proxy 0.01 0.05 0.19 0.52 1.21
(1.5E-4) (3.5E-4) (7.1E-4) (1.3E-3) (2.0E-3)
SAFE Lin (H2) | 0.01 0.06 0.20 0.54 1.21
SAFE Lin (H3) | 0.02 0.07 0.22 0.61 1.30
SAFE Quad 1 0.01 0.06 0.20 0.56 1.27
SAFE Quad 2 0.02 0.09 0.24 0.52 1.24
SAFE Quad 3 0.05 0.08 0.30 0.83 1.36
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Table 9.6: Estimation of the Put prices in dimension 6 with MC, MC proxy, SAFE methods and execu-

tion time.
payoff method / strikes 90 95 100 105 110 exec. time
Basket MC 0.38 1.31 3.27 6.41 10.50 6h52m
(9.1E-4) (1.8E-3) (2.9E-3) (3.8E-3) (4.5E-3)
MC Proxy 0.38 1.30 3.27 6.41 10.50 4m36s
(9.5E-4) (1.8E-3) (29E-3) (3.9E-3) (4.6E-3)
SAFE Lin (H2) | 0.38 1.31 3.27 6.41 10.49 8h2m
SAFE Lin (H3) | 040 1.33 3.29 6.41 10.47 4m47s
SAFE Quad 1 0.38 1.30 3.26 6.41 10.50 3h2m
SAFE Quad 2 0.38 1.30 3.26 6.41 10.50 3m25s
SAFE Quad 3 0.38 1.32 3.26 6.40 10.47 Ss
Geo. Mean | MC 0.57 1.78 4.14 7.65 11.98
(1.1IE-3) (2.1E-3) (3.2E-3) (4.1E-3) (4.6E-3)
MC Proxy 0.56 1.78 4.13 7.64 11.98
(1.2E-3) (2.2E-3) (3.3E-3) (4.2E-3) (4.8E-3)
SAFE Lin (H2) | 0.57 1.79 4.14 7.65 11.97
SAFE Lin (H3) | 0.60 1.82 4.19 7.68 11.99
SAFE Quad 1 0.56 1.78 4.13 7.64 11.97
SAFE Quad 2 0.56 1.77 4.13 7.64 11.97
SAFE Quad 3 0.58 1.76 4.16 7.62 11.98
Worst of MC 14.12 18.82 23.72 28.69 33.68
(5.9E-3) (6.2E-3) (6.3E-3) (6.3E-3) (6.4E-3)
MC Proxy 14.09 18.80 23.70 28.67 33.66
(6.7E-3) (7.2E-3) (7.5E-3) (7.8E-3) (8.0E-3)
SAFE Lin (H2) | 14.11 18.81 23.71 28.67 33.66
SAFE Lin (H3) | 14.31 18.93 23.84 28.79 33.78
SAFE Quad 1 14.05 18.72 23.62 28.58 33.57
SAFE Quad 2 13.73 18.55 23.42 28.39 33.36
SAFE Quad 3 12.94 17.56 22.33 27.32 32.31
Best of MC 32E-3 0.02 0.08 0.28 0.75
(7.5E-5) (2.0E-4) (4.6E-4) (9.1E-4) (1.6E-3)
MC Proxy 32E-3 0.02 0.08 0.28 0.75
(7.5E-5) (2.0E-4) (4.5E-4) (8.8E—4) (1.5E-3)
SAFE Lin (H2) | 3.3E-3 0.02 0.09 0.29 0.75
SAFE Lin (H3) | 5.1E-3 0.03 0.10 0.35 0.81
SAFE Quad 1 39E-3 0.02 0.09 0.31 0.80
SAFE Quad 2 8.1E-3  0.04 0.12 0.27 0.80
SAFE Quad 3 1.8E-2  0.03 0.17 0.50 0.84
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Table 9.7: Estimation of the Put prices in dimension 7 with MC, MC proxy, SAFE methods and execu-

tion time.
payoff method / strikes 90 95 100 105 110 exec. time
Basket MC 0.28 1.11 3.03 6.21 10.38 7h43m
(7.5E-4) (1.6E-3) (2.6E-3) (3.6E-3) (4.3E-3)
MC Proxy 0.28 1.11 3.03 6.21 10.38 5m9s
(7.9E-4) (1.6E-3) (2.7E-3) (3.7E-3) (4.4E-3)
SAFE Lin (H3) | 0.30 1.14 3.04 6.20 10.34 1h36m
SAFE Quad 2 0.28 1.11 3.02 6.20 10.38 1h2m
SAFE Quad 3 0.29 1.12 3.02 6.18 10.36 46s
Geo. Mean | MC 0.45 1.58 3.93 7.52 11.94
(9.6E-4) (1.9E-3) (3.0E-3) (3.8E-3) (4.3E-3)
MC Proxy 0.45 1.58 3.93 7.51 11.93
(1.0E-3) (2.0E-3) (3.1E-3) (4.0E-3) (4.6E-3)
SAFE Lin (H3) | 047 1.62 397 7.54 11.94
SAFE Quad 2 0.44 1.58 3.93 7.51 11.93
SAFE Quad 3 0.43 1.57 3.94 7.52 11.92
Worst of MC 15.32 20.14 25.09 30.07 35.07
(5.8E-3) (6.0E-3) (6.0E-3) (6.1E-3) (6.1E-3)
MC Proxy 15.30 20.11 25.06 30.05 35.05
(6.8E-3) (7.2E-3) (7.5E-3) (7.8E-3) (8.1E-3)
SAFE Lin (H3) | 15.51 20.25 25.20 30.18 35.18
SAFE Quad 2 14.94 19.83 24.76 29.74 34.73
SAFE Quad 3 13.77 18.53 23.38 28.37 33.37
Best of MC 89E-4 0.01 0.04 0.15 0.47
(3.7E-5) (1.2E-4) (3.0E-4) (6.4E-4) (1.2E-3)
MC Proxy 9.3E-4  0.01 0.04 0.16 0.47
(3.8E-5) (1.1IE-4) (29E-4) (6.2E-4) (1.2E-3)
SAFE Lin (H3) | 1.6E-3 0.01 0.05 0.21 0.52
SAFE Quad 2 33E-3 0.02 0.06 0.14 0.54
SAFE Quad 3 6.3E-3  0.01 0.10 0.31 0.53
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Table 9.8: Estimation of the Put prices in dimension 8 with MC, MC proxy, SAFE methods and execu-

tion time.
payoft method / strikes 90 95 100 105 110 exec. time
Basket MC 0.21 0.96 2.83 6.05 10.30 9hl1m
(6.2E-4) (1.4E-3) (2.5E-3) (3.4E-3) (4.0E-3)
MC Proxy 0.21 0.96 2.83 6.05 10.29 5m36s
(6.6E-4) (1.5E-3) (2.5E-3) (3.5E-3) (4.2E-3)
SAFE Quad 3 0.22 0.96 2.82 6.03 10.28 6m36
Geo. Mean | MC 0.36 1.42 3.76 7.41 11.91
(8.3E-4) (1.7E-3) (2.8E-3) (3.7E-3) (4.1E-3)
MC Proxy 0.36 1.42 3.76 7.41 11.90
(8.9E-4) (1.8E-3) (2.9E-3) (3.8E-3) (4.4E-3)
SAFE Quad 3 0.36 1.43 3.76 7.41 11.90
Worst of MC 16.37 21.26 26.23 31.22 36.22
(5.7E-3) (5.8E-3) (5.8E-3) (5.8E-3) (5.8E-3)
MC Proxy 16.35 21.23 26.20 31.20 36.20
(6.8E-3) (7.2E-3) (7.5E-3) (7.8E-3) (8.1E-3)
SAFE Quad 3 14.50 19.34 24.24 29.24 34.24
Best of MC 2.5E-4 27E-3) 0.02 0.09 0.30
(1.9E-5) (6.7E-5) (1.9E-4) (4.6E-4) (9.2E-4)
MC Proxy 2.8E-4 28E-3 0.02 0.09 0.30
(1.9E-5) (6.6E-5) (1.9E-4) (4.4E-4) (8.9E-4)
SAFE Quad 3 22E-3 34E-3 0.06 0.19 0.33
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Table 9.9: Estimation of the Put prices in dimension 9 with MC, MC proxy, SAFE methods and execu-

tion time.
payoft method / strikes 90 95 100 105 110 exec. time
Basket MC 0.16 0.84 2.67 5.92 10.24 9h47m
(5.3E-4) (1.3E-3) (2.3E-3) (3.3E-3) (3.9E-3)
MC Proxy 0.16 0.84 2.67 5.92 10.23 6m10s
(5.6E-4) (1.3E-3) (2.4E-3) (3.4E-3) (4.0E-3)
SAFE Quad 3 0.17 0.84 2.66 591 10.22 1hSm
Geo. Mean | MC 0.29 1.29 3.63 7.33 11.90
(7.2E-4) (1.6E-3) (2.7E-3) (3.5E-3) (3.9E-3)
MC Proxy 0.29 1.29 3.62 7.33 11.89
(7.8E-4) (1.7E-3) (2.8E-3) (3.7E-3) (4.2E-3)
SAFE Quad 3 0.29 1.30 3.61 7.32 11.88
Worst of MC 17.29 22.22 27.20 32.20 37.20
(5.5E-3) (5.6E-3) (5.7E-3) (5.7E-3) (5.7E-3)
MC Proxy 17.27 22.19 27.18 32.18 37.18
(6.8E-3) (7.2E-3) (7.5E-3) (7.9E-3) (8.2E-3)
SAFE Quad 3 15.14 20.04 24.98 29.98 34.97
Best of MC 72E-5 1.1E-3  0.01 0.05 0.19
(8.8E—-6) (4.0E-5) (1.3E-4) (3.3E-4) (7.1E-4)
MC Proxy 7.6E-4 1.1E-3  0.01 0.05 0.19
(9.5E-5) (3.8E-5) (1.2E-4) (3.1E-4) (6.8E-4)
SAFE Quad 3 7.8E-3 12E-3 0.04 0.12 0.21
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Table 9.10: Estimation of the Put prices in dimension 10 with MC, MC proxy, SAFE methods and
execution time.

payoff method / strikes 90 95 100 105 110 exec. time
Basket MC 0.13 0.74 2.53 5.82 10.19 10h1m
(4.5E-4) (1.2E-3) (2.2E-3) (3.2E-3) (3.7E-3)
MC Proxy 0.13 0.74 2.53 5.82 10.19 6m?28s
(4.8E-4) (1.2E-3) (2.3E-3) (3.3E-3) (3.9E-3)
SAFE Quad 3 0.13 0.74 2.53 5.80 10.17 10h24m
SAFE Quad 4 0.16 0.81 2.46 548 9.76 1m45s
SAFE Quad 5 0.10 0.66 2.73 6.41 10.35 0.7s
Geo. Mean | MC 0.24 1.18 3.51 7.27 11.89
(6.4E-4) (1.5E-3) (2.6E-3) (3.4E-3) (3.7E-3)
MC Proxy 0.24 1.18 3.51 7.27 11.88
(6.9E-4) (1.6E-3) (2.7E-3) (3.5E-3) (4.0E-3)
SAFE Quad 3 0.24 1.19 3.49 7.27 11.88
SAFE Quad 4 0.21 1.26 3.63 7.28 11.81
SAFE Quad 5 0.21 1.19 3.39 7.33 11.96
Worst of MC 18.11 23.06 28.05 33.05 38.05
(5.4E-3) (5.5E-3) (5.5E-3) (5.5E-3) (5.5E-3)
MC Proxy 18.08 23.03 28.02 33.02 38.02
(6.8E-3) (7.2E-3) (7.6E-3) (8.0E-3) (8.3E-3)
SAFE Quad 3 15.14 20.04 24.98 29.97 34.97
SAFE Quad 4 14.25 18.80 23.53 28.53 33.53
SAFE Quad 5 11.55 12.81 15.55 20.55 25.55
Best of MC 3.1E-5 45E-4 44E-3 0.03 0.13
(6.1E-06) (2.6E-5) (8.7E-5) (2.4E—-4) (5.6E-4)
MC Proxy 22E-5 4.0E-4 42E-3 0.03 0.13
(4.5E-06) (2.2E-5) (7.8E-5) (2.2E-4) (5.3E-4)
SAFE Quad 3 0.0 0.0 0.0 0.00 0.00
SAFE Quad 4 0.0 0.0 0.0 0.00 0.00
SAFE Quad 5 0.0 0.0 0.0 0.00 0.00
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