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Synopsis

In this thesis we study some problems arising within the context of continuum mechanics in the
description of multi-phase physical situations. This analysis is carried out by means of tools from
the theory of dynamical systems More precisely, we consider the following three problems: (I)
the flow of binary mixtures, (II) p-n junctions in semiconductors under strain and (IIT) fatigue

in polycrystalline metals.

On the flow of binary mixtures. The flow of binary mixtures can be described by two
variables: the velocity of the medium u and an order parameter . This last represents the
difference in the relative concentrations of the two constituents of the mixture. The basic model

we consider is the well known model H

o+ (u-V)u=—Vr + V- (r(Du,v) — eV - (Ve ® Vo) + g(t)
V-u=0

onb+ (u- V) = V- (MVp)

i= e (W) — eA.

Here f(1)) is a double-well potential describing the natural separation tendency of the two com-
ponents of the fluid. This system is an example of a diffuse interface model for binary flows,
a class of models, which has been proven to be effective for numerical simulations and applica-
tions. In Chapter 1, we account for the models considered and we briefly review the theory of
infinite-dimensional dynamical systems used in the rest of the first part. In particular, we prove

the following
e For non-newtonian fluids (shear-thickening fluids of Ladyzhenskaya type) on a bounded do-
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main of R? and for a singular (i.e. logarithmic) double-well potential, we prove the existence

of solutions and the existence of a trajectory attractor (Chapter 2).

e For the original model H on a bounded domain of R? with a polynomial potential, we show
the existence of a pullback exponential attractor. In particular, we explicitly account for
arbitrarily fast growth of the potential at infinity. Although we are able to deduce results on
the asymptotic behaviour of the system without limitations on the growth of the potential,
the estimates we deduce are not strong enough to pass to the limit for regular potentials

converging towards singular ones (Chapter 3).

e We then enquiry the effects of a reaction term on the behaviour of the binary fluid. This
can be seen as a model describing chemically reacting fluids, whose average composition
might vary over time. In particular, we prove the existence and the uniqueness of solutions
on bounded domains of R? for polynomial potentials. Moreover, we deduce the existence of
a robust (with respect to the rate of the chemical reaction) family of exponential attractors

(Chapter 4).

e Finally we consider a non-local version of the Cahn-Hilliard equation with a singular inter-
action kernel. This is a preliminary step in the study of a non-local model H with singular
kernels. In the case of bounded domains in R® with a singular potential, we prove the
existence of variational solutions satisfying natural boundary conditions and study their
regularity. Although the natural boundary conditions for the phase variable seems difficult
to characterise in this setting, we are able to show that for regular solutions they reduce to

the usual homogeneous Neumann (no flux) boundary conditions (Chapter 5).
Several interesting but challenging issues remain open, for instance:

e the study of the regularity properties and in particular the regularity up to the boundary

for the non-local Cahn-Hilliard equation considered in Chapter 5;

e the investigation of the well-posedness properties and the asymptotic behaviour of the non-

local model-H with singular kernel;

e a further study of the long-term properties of the Navier-Stokes-Cahn-Hilliard-Oono sys-
tem already treated in Chapter 4. In particular, the problem of the convergence towards

stationary states for this system seems particularly worth investigation.

On the effects of strain on semiconductor-based p-n junctions. Semiconductor devices

essentially operate using the differences in the physical properties of two sharply separated regions,
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one rich in electrons and one rich in holes (or, equivalently, lacking of electrons), which can ideally
be considered as two phases of a continuum. However, with respect to the previous part, in this
case the position of the interfaces is in general a priori given by the knowledge of the doping
profile of the semiconductor.

Here we are interested in studying how deformations affect the properties of semiconductors.

Our line of reasoning is based on the following approach:

e we start by reviewing fundamental semiconductor physics both for intrinsic and for doped

silicon (Chapter 6).

e we then derive the drift-diffusion model and investigate which of its parameters depend on
strain. Moreover, we give explicit models for the effects of strain on the band-gap width,
on the mobilities and on the concentration of minority carriers in doped semiconductors

(Chapter 7).

e we derive the Shockley relation in dependence of strain. In particular, we discuss the
relevance of the reverse coupling of electronic properties on mechanical deformations through

Maxwell stresses and conclude that it can be neglected at first approximation (Chapter 8).
The analysis has shown that several questions have still to be answered as, for example:

e the construction of a complete thermodynamically consistent continuum model for the cou-

pled electro-mechanical effects in semiconductors;
e a rigourous treatment through perturbation analysis of the strain at the p-n junction;

e applications to other device architectures such as transistors and sensors.

On the lifetime estimate in high cycle fatigue regime for alloys. In the last part, we
apply the theory of finite-dimensional dynamical systems to the field of lifetime predictions of
polycrystalline metals in the high cycle fatigue regime. The model we consider is based on a
homogenisation procedure which will relate local strains and stresses in the elastic and plastified
grains at the microscopic level with the global strain and stress at the scale of the structure.
The fatigue predictions are carried out using techniques from dynamical systems to track the
progress of the accumulated plastic deformation in the grains. The proposed model for fatigue
lifetime predictions offers greater flexibility in accommodating experimental data than those al-
ready presented in the literature. At the same time, it remains amenable to explicit analytical
treatment.

Some possible developments of these results are:
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e the investigation of the effects of stochastic terms and, in particular, the treatment of the

resulting models within the framework of stochastic dynamical systems;

o the study of other loading regimes, such as quasiperiodic loadings or nondeterministic load-

ings;

e the extension to shape memory alloys accounting for the phase change occurring in these

materials.

Publications

Most of the results of this thesis are contained int he following research articles:

e S. Bosia, Analysis of a Cahn-Hilliard-Ladyzhenskaya system with singular potential, J.
Math. Anal. Appl. 397 (2013) 307-321, Chapter 2;

S. Bosia, M. Grasselli, A. Miranville, On the longtime behavior of a 2D hydrodynamic model
for chemically reacting binary fluid miztures, Math. Methods Appl. Sci. (2013), Chapter 4;

S. Bosia, A. Constantinescu, Fast time-scale average for a mesoscopic high cycle fatigue

criterion, Int. J. Fatigue 45 (2012), 39-47, Chapter 9;

S. Bosia, S. Gatti, Pullback exponential attractors for a Cahn-Hilliard-Navier-Stokes system
in 2D, arXiv:1304.0933 (2013), submitted, Chapter 3

e H. Abels, S. Bosia, M. Grasselli, Cahn-Hilliard Equation with Nonlocal Singular Free Ener-
gies, arXiv:1311.3642 (2013), Chapter 5.

e S. Bosia, A. Constantinescu, M. Jabbour, N. Triantafyllidis, On the modelling of strained

semiconductors, in preparation, Chapters 7-8.


http://dx.doi.org/10.1016/j.jmaa.2012.07.053
http://dx.doi.org/10.1002/mma.2832
http://dx.doi.org/10.1016/j.ijfatigue.2012.06.015
http://arxiv.org/abs/1304.0933
http://arxiv.org/abs/1311.3642

Sinthése

Cette thése est dédiée a ’étude de certains problémes de la mécanique des milieux continu qui
apparaissent lors de la modélisation de systémes multi-phase. Cette analyse est conduite grace aux
instruments de la théorie des systémes dynamiques. Plus précisément, les trois problémes suivant

sont considérés : (I) lécoulement de fluides binaires (II) les jonctions p-n & semi-conducteur

soumises a déformations et (IIT) la fatigue dans les métaux polycristallins.

Sur 1’écoulement de fluides binaires. L’écoulement d’'un fluide binaire peut étre décrit
par deux variables : la vitesse du milieux u et un paramétre d’ordre 1. Ce dernier représente
la différence entre les concentrations relatives des deux composants du mélange. Le systéme
fondamental que nous considérons est connu sous le nom de modéle H et peut étre ecrit comme
il suit :

ou+ (u-Viu=-Vr+ V- (r(Du,¢)) —eV- (Vi ® Vi) + g(t)

V-u=0

o+ (u- V) = V- (MVp)

w=e (W) - eAp.

Ici f(¢)) est un potentiel & double puits qui décrit la tendance naturelle a la séparation des deux
composants du fluide. Ce systéme est un exemple d’'un modéle & interface diffuse pour fluides
binaires, une famille de modeéles qui s’est démontrée efficace pour les simulations numériques et
pour les applications. Le premier chapitre de cette thése présente les modéles considérés tout en
fournissant une vue générale sur la théorie des systémes dynamiques infini-dimensionnels utilisée

au cours du reste de la premiére partie. Plus précisément, on prouve les résultats suivants :
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e pour des fluides non-newtoniens (fluides rhéoépaississant du type de Ladyzhenskaya) dans
un domaine borné de R et dans le cas d’un potentiel singulier (c’est-a-dire logarithmique),

on prouve lexistence de solutions et 'existence d’un attracteur de trajectoires (Chapitre 2) ;

e dans le cas du modéle H originaire donné sur un domaine borné de R? avec un potentiel
polynomial, on prouve l'existence d’un attracteur pullback exponentiel. Plus précisément,
on tien compte d’une croissance arbitrairement rapide du potentiel & I'infini. Tout en pou-
vant déduire ces résultats de dynamique asymptotique sans limitations sur la croissance du
potentiel, les estimations que nous dérivons ne sont pas suffisamment fortes pour passer a la

limite pour suites de potentiels singuliers convergents & un potentiel singulier (Chapitre 3);

e successivement, on étudie les effets d’un terme de réaction sur le comportement du fluide
binaire. Ceci représente un modeéle qui décrit des fluides réagissant chimiquement, dont la
composition moyenne peut changer dans le temps. Plus précisément, en des domaines bornés
de R? et pour des potentiels polynomiaux, on prouve lexistence et l’'unicité de solutions.
On déduit aussi 'existence d’une famille robuste (par rapport a la vitesse de la réaction

chimique) de attracteurs exponentiels (Chapitre 4) ;

e enfin, on considére une version non-locale de I’équation de Cahn-Hilliard qui présente un
noyau d’interaction singulier. Ces résultats représentent un passage préalable pour I'étude
d’un model H non-local avec noyaux singuliers. Dans le cas d’un domaine borné en R?
avec un potentiel singulier, on prouve l'existence de solutions variationelles satisfaisant les
conditions aux limites naturelles et on étudie leurs régularité. Méme si ces conditions aux
limites naturelles pour le parameétre d’ordre semblent difficiles & caractériser, on démontre
que, pour des solutions réguliéres, elles se réduisent aux usuelles conditions de Neumann

homogénes (Chapitre 5).
Plusieurs problémes intéressants et difficiles restent sans solution. Parmi ceci on rappelle :

e 1’étude des propriétés de régularité et en particulier la régularité jusqu’au bord pour 1’équa-

tion de Cahn-Hilliard non-locale considérée au Chapitre 5;

e la réponse a la question si le modéle H non-locale est bien posé ou pas et ’examen de son

comportement asymptotique;

e une investigation ultérieure des propriétés asymptotiques du systéme de Navier-StokesCahn-
Hilliard-Oono déja étudié aux Chapitre 4. Plus précisément, le probléme de la convergence

des solutions aux états stationnaires parait particuliérement intéressant.
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Sur les effets des déformations sur les jonctions p-n a semi-conducteur. Les dispositifs
électroniques travaillent on exploitant les différences entre les propriétés physiques de deux régions
nettement séparées, 'une riche en électrons et autre riche en trous (ou bien, pauvre en électrons),
qui idéalement peuvent étre considérées comme deux phase d’un méme milieu continu Tout-de-
méme, par rapport a la partie précédente de cette thése, dans ce cas la position des interfaces est
généralement donnée grace a la connaissance du profil de dopage du semi-conducteur.

L’objet principal de notre étude est la compréhension de comment les déformations affectent

les propriétés des semi-conducteurs. Notre approche se base sur les phases qui suivent :

e on commence par présenter les éléments de physique des semi-conducteurs soit pour le

silicium intrinséque, soit dopé (Chapitre 6) ;

e par la suite, on dérive le modéle de diffusion-dérive et on étudie quels de ses paramétres dé-
pendent des déformations. On donne aussi des lois explicites pour les effets des déformations
sur l'intervalle de bande, sur les mobilités des porteurs de charge et sur les concentrations

des porteurs de minorité dans les semi-conducteurs dopés (Chapitre 7) ;

e on obtient la loi de Shockley en dépendance des déformations. En particulier, on discute
I'importance des effets du couplage inverse entre les propriétés électroniques et les déforma-
tions mécaniques (contraintes de Maxwell) et on déduit que ceux-ci peuvent étre négligés

en premiére approximation (Chapitre 8).
Nos analyses laissent ouverte des nombreuses questions comme, par exemple :

e la construction d’'un modéle continu complet, thermodynamiquement consistent pour les

effets électromécaniques couplés dans les semi-conducteurs ;
e un traitement rigoureux des déformations a la jonction p-n par la théorie des perturbations ;

e les applications a autres dispositifs comme transistors et senseurs.

Sur I’estimation de la durée de vie des alliages en fatigue & grand nombre de cycles.
Dans la derniére partie, on utilise la théorie des systémes dynamiques fini-dimensionnels dans le
contexte des prédictions de la durée de vie des métaux polycristallins suomis & un grand nombre de
cycles de chargement. Le model que I’'on considére se base sur une procédure de homogénéisation
qui lie les contraintes et les déformations locales dans les grains élastiques et plastiques au niveau
microscopique avec les déformations et les contraintes a 1’échelle de la structure. Les prédictions
de fatigue sont menées en utilisant des techniques de la théorie des systémes dynamique qui

permettent de tracer I’évolution des déformations plastiques cumulées dans les grains. Le modéle
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de fatigue proposé offre, en comparaison avec les résultats déja connus, une plus grande flexibilité
pour accommoder les données expérimentales. Au méme temps, il reste accessible & une analyse
explicite.

Des possibles développements de ces résultats sont :

e I’étude des effets de termes stochastiques et, en particulier, le traitement des modéles résul-

tant dans le contexte de la théorie des systémes dynamiques stochastiques;

e l'examen d’autre genre d’histoires chargement, comme les chargements quasipériodiques ou

les chargements non-déterministe ;

e l'extension de ces techniques aux alliages & mémoire de forme tenant compte des transition

de phase qui se vérifient dans ces matériaux.

Publications

La plus grande partie des résultats de cette thése sont contenus dans les articles suivants :

e S. Bosia, Analysis of a Cahn-Hilliard-Ladyzhenskaya system with singular potential, J.
Math. Anal. Appl. 397 (2013) 307-321, Chapitre 2;

S. Bosia, M. Grasselli, A. Miranville, On the longtime behavior of a 2D hydrodynamic model
for chemically reacting binary fluid miztures, Math. Methods Appl. Sci. (2013), Chapitre 4;

e S. Bosia, A. Constantinescu, Fust time-scale average for a mesoscopic high cycle fatigue

criterion, Int. J. Fatigue 45 (2012), 39-47, Chapitre 9;

S. Bosia, S. Gatti, Pullback exponential attractors for a Cahn-Hilliard-Navier-Stokes system
in 2D, arXiv :1304.0933 (2013), soumis & comité de lecture, Chapitre 3

H. Abels, S. Bosia, M. Grasselli, Cahn-Hilliard Equation with Nonlocal Singular Free Ener-
gies, arXiv :1311.3642 (2013), soumis a comité de lecture, Chapitre 5.

S. Bosia, A. Constantinescu, M. Jabbour, N. Triantafyllidis, On the modelling of strained

semiconductors, en préparation, Chapitres 7-8.


http://dx.doi.org/10.1016/j.jmaa.2012.07.053
http://dx.doi.org/10.1002/mma.2832
http://dx.doi.org/10.1016/j.ijfatigue.2012.06.015
http://arxiv.org/abs/1304.0933
http://arxiv.org/abs/1311.3642

Sintesi

Lo scopo di questa tesi é lo studio di alcuni problemi che traggono origine dalla descrizione di
processi fisici multifase nel contesto della dinamica dei continui e che possono essere affrontati
con strumenti della teoria dei sistemi dinamici. In particolare verranno considerate le seguenti tre
situazioni: (i) la dinamica di fluidi binari (ii) le proprieta dei semiconduttori inorganici sottoposti

a deformazioni e (iii) la fatica in metalli policristallini.

Della dinamica dei fluidi binari. Lo scorrimento di un fluido binario pud essere descritto
tramite due variabili: la velocita del mezzo, di seguito indicata con il simbolo u, e un parametro
d’ordine per cui verra utilizzato il simbolo v e che rappresenta la differenza tra le concentrazioni
relative dei due componenti della miscela. Il modello fondamentale considerato in questo lavoro

¢ il modello H che puo essere scritto come segue

du+ (u-Viu=—-Vr+ V- (r(Du,v)) —eV- (VY ® V) + g(t)
V-u=0
onp+ (- V) = V- (MVp)

p=ctf(p) —eAy.

Qui f (1) & un potenziale a doppio pozzo che descrive la naturale tendenza delle due componenti
del fluido a scindersi. Osserviamo che questo sistema ¢ un esempio di modello a interfaccia diffusa
per la descrizione del flusso di fluidi binari. In particolare, i modelli a interfaccia diffusa si sono
rivelati particolarmente efficienti sia dal punto di vista numerico sia per le loro applicazioni.

Nel Capitolo 1 esamineremo in dettaglio questo modello per poi passare in rassegna la teoria dei
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sistemi dinamici infinito dimensionali usata in tutta la prima parte di questo lavoro. In particolare

dimostreremo i seguenti risultati:

e nel caso di fluidi non-newtoniani (fluidi dilatanti o fluidi ispessenti al taglio del tipo di
Ladyzhenskaya) su domini limitati di R® e per un potenziale a doppio pozzo singolare (in
particolare di tipo logaritmico) dimostreremo che esistono soluzioni deboli e che il sistema

dinamico associato al modello considerato ammette un attrattore di traiettorie (Capitolo 2);

e considereremo poi il modello H originario su un dominio limitato di R? con un potenziale
a doppio pozzo polinomiale. In questo caso dimostreremo ’esistenza di un attrattore pull-
back esponenziale tenendo conto in modo esplicito della crescita polinomiale all’infinito del
potenziale che potra essere arbitrariamente rapida. Benché i risultati relativi alla caratte-
rizzazione del comportamento asintotico siano qualitativamente indipendenti dalla crescita
del potenziale, le stime dedotte non sono sufficientemente forti da permettere il passaggio

al limite per potenziali regolari che approssimino un potenziale singolare (Capitolo 3);

e indagheremo poi gli effetti di un termine di reazione sul comportamento del fluido binario.
Questo termine puo, ad esempio, modellare fluidi che reagiscono chimicamente in cui una
delle componenti puo trasformarsi nell’altra e viceversa e la cui composizione media, quindi,

N . . . , e s ..
puo variare nel tempo. In particolare, dimostreremo ’esistenza e 1'unicita delle soluzioni nel
caso di domini limitati di R? e per potenziali polinomiali. Inoltre, proveremo I’esistenza di
una famiglia di attrattori esponenziali robusta rispetto alla costante cinetica della reazione

chimica (Capitolo 4);

e infine, studieremo anche una versione non-locale della equazione di Cahn-Hilliard con un
nucleo di interazione singolare. Questa indagine rappresenta un passaggio preliminare per lo
studio di un modello H non-locale con nuclei singolari. Piu precisamente, nel caso di domini
limitati di R3 con un potenziale a doppio pozzo singolare (i.e. logaritmico), dimostreremo
Iesistenza di una soluzione variazionale che soddisfa condizioni al contorno di tipo naturale e
ne studieremo la regolarita. Benché in questo contesto le condizioni al contorno naturali per
il parametro di fase sembrino difficili da caratterizzare, mostreremo che, nel caso di soluzioni

regolari, queste si riducono all’'usuale condizione di Neumann omogenea (Capitolo 5).

I risultati di questa parte lasciano aperti diversi ulteriori problemi interessanti e al contempo

difficili. Tra questi ricordiamo:

e lo studio delle proprieta di regolarita (e in particolare della regolarita fino al contorno) per

I’equazione di Cahn-Hilliard non-locale analizzata nel Capitolo 5;
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e l'indagine della buona-positura e del comportamento asintotico del modello H non-locale

con potenziali singolari;

e una analisi ulteriore delle proprieta asintotiche del sistema di Navier-Stokes-Cahn-Hilliard-
Oono gia affrontato nel Capitolo 4, con particolare riferimento all’interessante problema

della convergenza delle soluzioni a singoli stati stazionari.

Dell’effetto delle deformazioni sulle giunzioni p-n. I dispositivi elettronici basati su ma-
teriali semiconduttori operano sfruttando le differenze nelle proprieta fisiche di due domini net-
tamente separati: i primi sono ricchi in elettroni; i secondi abbondano in lacune (o, equivalente-
mente, mancano di elettroni). Benché queste diverse zone possano essere considerate idealmente
come due diverse fasi di uno stesso mezzo continuo, a differenza di quanto visto nella prima parte
della presente tesi, in questo caso la posizione delle interfacce é generalmente nota a priori grazie
alla conoscenza del profilo di drogaggio del semiconduttore.

La motivazione principale del nostro lavoro € lo studio degli effetti delle deformazioni sulle
proprieta fisiche dei semiconduttori. In particolare, I’approccio da noi proposto all’analisi del

problema ¢ il seguente:

e inizieremo con una breve revisione dei fondamenti della fisica dei semiconduttori dedicando

particolare attenzione al caso del silicio intrinseco e del silicio drogato (Capitolo 6);

e ripercorreremo poi la deduzione del modello di diffusione e trasporto evidenziando in parti-
colare quali dei suoi parametri dipendano dalle deformazioni. Introdurremo, inoltre, modelli
quantitativi per descrivere gli effetti delle deformazioni sulla banda proibita (band gap), sulle
mobilita e sulla concentrazione dei portatori di carica minoritari nei semiconduttori drogati

(Capitolo 7);

e infine, derivereremo la relazione di Shockley per giunzioni p-n evidenziandone la dipendenza
dalle deformazioni. In particolare, discuteremo 'importanza dell’accoppiamento inverso
relativo agli effetti delle proprieta elettroniche su quelle meccaniche tramite la valutazione
degli sforzi di Maxwell. I nostri risultati permetteranno di concludere che, almeno in prima

approssimazione, questo accoppiamento inverso puo essere trascurato (Capitolo 8).

Le nostre analisi lasciano senza risposta numerosi quesiti interessanti, tra cui riportiamo, a

titolo di esempio, i seguenti:

e la costruzione di un modello continuo termodinamicamente consistente per i fenomeni

elettro-meccanici nei semiconduttori;



Sintesi-4

e una trattazione rigorosa tramite la teoria degli sviluppi perturbativi dei campi di deforma-

zione in prossimita delle giunzioni p-n;

e l'applicazione dei risultati fin qui ottenuti ad altre architetture circuitali come transistor e

sensori pitt complessi.

Della stima della durata di vita per leghe sottoposte ad un alto numero di cicli di
carico. Nell’ultima parte del presente lavoro, applicheremo la teoria dei sistemi dinamici finito-
dimensionali al campo della predizione di vita dei metalli policristallini sottoposti al regime di
fatica materiale ad alto numero di cicli. Il modello da noi considerato é basato su una procedura di
omogeneizzazione che lega tra loro gli sforzi e le deformazioni locali nei grani elastici o deformati
plasticamente a livello microscopico con le analoghe quantita globali definite macroscopicamente
alla scala della struttura studiata. Le stime della durata di vita del materiale possono essere
ottenute tramite tecniche tratte dalla teoria dei sistemi dinamici che permettono di tenere conto
dell’avanzamento della deformazione plastica cumulata nei grani. Il modello proposto per la
predizione della durata di vita per materiali sottoposti ad un grande numero di cicli di carico
offre una maggiore adattabilita nei confronti dei dati sperimentali rispetto a quelli presenti in
letteratura rimanendo tuttavia trattabile in modo esplicito dal punto di vista analitico.

Alcuni possibili sviluppi dei risultati ottenuti in questa parte della tesi sono i seguenti:

e lo studio degli effetti di termini stocastici e in particolare il trattamento dei modelli risultanti
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“When people thought the earth was flat, they were wrong. When people thought the
earth was spherical, they were wrong. But if you think that thinking the earth is
spherical is just as wrong as thinking the earth is flat, then your view is wronger than

both of them put together.”

(Isaac Asimov — The Relativity of Wrong)






Part 1

Long term analysis of two fluid flows






SUMMARY

The fist part of this thesis is devoted to the study of several model describing the evolution of
a binary fluid flow. The evolution partial differential equations considered belong to the class of
diffuse interface models and can be seen as generalisations of the well-known model H. Formally,
these equations can be seen as the result of the coupling between the Cahn-Hilliard equation
for phase separation and the Navier-Stokes equation describing the flow of the fluid. The gener-
alisations considered concern non-newtonian Ladyzhenskaya-type fluids and chemically reacting
mixtures. Non-local interactions between the constituents of the mixture are also partially con-
sidered.

The main results obtained concern the well-posedness of the systems studied as well as some
characterisation of the large-time behaviour of the solutions. In particular many of the known
techniques in the theory of infinite-dimensional dynamical systems find here an application.

Among these we recall, trajectory attractors, exponential attractors and pullback attractors.






CHAPTER 1

Introduction to two-phase fluid flows models

OUTLINE

In this chapter the mathematical literature concerning diffuse interface models for binary
fluids is reviewed. This is the source of the main motivation of the first part of the present
manuscript. In particular, the so-called model H and some of its generalisations are intro-
duced. A brief review of the main instruments used in describing the large-time dynamics
of evolution equation is given. Finally, the common notation, which will be used throughout

this part of the present work, is introduced and discussed.

HE mathematical modeling of multi-phase flows is particularly challenging and crucial for
applications (see, e.g., ( ); ( );

( ); ( ); ( ) and references therein). One of the most

interesting (and essentially still open) issue concerns efficient approaches to track the evolution

of the interfaces between the different phases of the flow. This problem has been traditionally

tackled from two different and complementary perspectives:

Sharp-interface models In this family of models, perfect immiscibility of the constituents of
the mixture is assumed. From the mathematical viewpoint, this corresponds to solving
for each constituent a suitable evolution equation in an unknown evolving domain, whose
boundary corresponds with the sharp interface itself. Concerning theoretical results, only
little regularity of the evolving boundaries can be expected in general (see e.g.,

( ); ( ) and references therein). Moreover, sharp-

5
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interface modelling leads to severe numerical difficulties, in particular related to topological
reconnections of the interfaces themselves, occurring, for example, during coalescence phe-

nomena.

Diffuse-interface models This case accounts for a partial miscibility between the different
constituents of the fluid mixture. This leads to models in which a unique continuum is
described through a finite family of order-parameter fields (one order parameter in the case
of binary fluids) giving the local composition of the mixture. An archetype of this class
of models is given by the model H, which will be described in detail in Section 1.1 below.
These models seem to be much more flexible from the numerical point of view and therefore

relevant for applications (see ( ) and references therein).

In the first part of this thesis, we will focus on the second class of models, discussing in
particular the large-time behaviour of several “variations” of the classical model H. We start this
introductory chapter by briefly reviewing both the model H and some of its modifications as well

as the theory of attractors for evolution equations.

1.1 Motivation—The model H

The so called model H was first proposed in ( ) and ( )
and then rigorously derived in ( ). The corresponding differential system appears
to be the coupling between the Navier-Stokes equation for fluid mechanics and the Cahn-Hilliard
equation describing, in the simplest case, the evolution of a mixture of two constituents, such as
an alloy. Before introducing the full model we briefly review both these equations and the main

mathematical questions related to them.

1.1.1 On the Cahn-Hilliard equation

The Cahn-Hilliard equations were first derived at the end of the 50s to model spinodal decom-
position and coarsening of metallic alloys during quenching (see ( );
( )). During cooling of a metallic alloy, the originally stable uniform composition becomes
unstable. This leads to phase separation and to the appearance of complex patterns in which
domains having different chemical composition can be recognised (see Figure 1.1).

The spinodal decomposition differs significantly from phase transitions involving nucleation
and growth of one phase in another one (e.g., during the cooling and solidification of water into
ice). In the latter case, a thermodynamical barrier between the two phases of the continuum

involved in the transition has to be overcome. This leads to phase transitions starting in a
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Figure 1.1: The microstructure of a steel alloy after quenching.

very localised portion of the material (selected by stochastic fluctuations) and then invading all
the domain. Pertinent models for these phenomena can be found in the literature devoted to
free-boundary problems (see Meirmanov (1992); Visintin (1996)).

On the other hand, spinodal decomposition is not associated with nucleation phenomena,
but to a transition happening throughout the domain as soon as the homogeneous composition
state becomes thermodynamically unstable. This instability is seen to occour as soon as the
temperature of the mixture 6 falls below a critical temperature 6.. The microscopic explanation
of the phase separation phenomena observed during spinodal decomposition is to be found in
diffusion mechanisms of the different constituents of the mixture, which fails to lead to a stable

uniform composition for temperatures below the critical one.

In the mathematical model proposed by Cahn and Hilliard, spinodal decomposition of a binary
allow is modeled through a single order parameter field v representing the difference of the relative
concentrations of the two chemical species involved in the phase separation. Physically relevant
values for ¢ thus belong to the interval [—1,1]. A temperature dependent potential energy F'(1)
can then be introduced. In order to consistently describe the physical situation just introduced,
F is assumed to be a temperature-dependent quadratic perturbation of a super-quadratic convex

function Fj so that for § < 6. global convexity is lost:

0—6.

) = Fow) + 5 —v?

Moreover, an energy functional is associated to the configuration of the order parameter field

accounting for both the phase separation and the “energetic cost” of the mixing regions. This
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leads to the following assumption

Bp(w) = 5 | [VoePax+ 2 | Fwi)dx (1.1.1)
2 Jo € Ja
Here, the first term penalises the size of the transition areas between the different domains of
(almost) pure composition, while, for under-critical temperatures, the second favours the phase
separation between the two constituents. The parameter € appearing in this last expression is
seen to be related with the thickness (oc4/€) of the transition region between different phases.
Having introduced an energy for the order parameter field, the next step comnsists in the
derivation of an associated evolution equation describing spinodal decomposition. This goal can
be achieved by considering a gradient flow approach in a suitable Hilbert space. Choosing as

ambient space (H'(Q))* (see Section 1.4 below for the notation generally used in this part), the

resulting system of partial differential equations is

Oop ==V (MVp)
p=—eAy+ L1f'(y).

(1.1.2)

Here, the variable i is usually called chemical potential, while the quantity M is known as mobility
and will be kept positive and constant for all the extent of this work (see ( );

( ) for an account of the physical relevance of degenerate mobilities). This
system is usually supplemented with homogeneous Neumann boundary conditions both on the

order parameter field ¥ and on the chemical potential u.
Ontp = Onp = 0.

The boundary condition on % corresponds to the physically relevant case of no-flux boundary

conditions leading to the conservation of the mean composition of the mixture

L b(t), dx — Lwto)dx,

while the assumption on the chemical potential is consistent with the observation that isolines of
equilibrium solutions are orthogonal to domain boundaries.

One of the major challenges associated with the Cahn-Hilliard equation is given by the an-
alytical form of the potential F'. The derivation of the model from thermodynamical principles
leads to a singular expression for the potential F'(¢), being bounded, but defined only on the
interval [—1,1] (see ( )):

0e

F(y) = 5 ((1+$) (1 +9) + (1= ¢) In(l =) = 9% (1.1.3)

N D

However, the associated potential term f () appearing in (1.1.2) is not bounded thus leading to

some difficulties in the theory of the well-posedness and asymptotic behaviour of the Cahn-Hilliard
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system. A popular alternative to (1.1.3) is given by regular potentials of the form
F(y) = ¢P — 92, with p > 2 (and often p = 4).

These double-well smooth potentials are qualitatively similar to the theoretically relevant singular
potential introduced above featuring two symmetric minima separated by an energy barrier.
However, they lead to a much simpler well-posedness theory based exclusively on compactness
methods (see, e.g., ( ) for a general introduction to these techniques). Moreover, smooth
potentials are much easier to implement in numerical simulations (see the seminal paper

( ) as well as the references in ( )). However, being the Cahn-
Hilliard equation a fourth order evolution equation, no comparison principle is available and
hence, when using smooth potentials, no guarantee is given that the solution will remain in the
physically significant interval [—1,1]. Indeed, in simulations it is observed that this is not the
case. This justifies the interest in precise information on the behaviour of solution for smooth
potentials approximating the regular ones. This issue will be partially addressed in Chapter 3

(see also ( ,a)).

Finally, another important open problem associated with the singular potential F' is the so
called “separation from pure phases property”. Indeed, for solutions of the Cahn-Hilliard equation
on bounded domains in R?, it can be seen that after a sufficiently long time (which is however
uniform with respect to the norm of the initial data) the order parameter field 4 is uniformly
separated from the pure phases 1 and —1 (see ( )). This property is still
unknown in the three-dimensional case and the techniques used in its proof do not seem to be
carried over in a physically significant way to the full model H. We refer the interested reader
to ( ) for a recent thorough review of the mathematical theory associate to the

Cahn-Hilliard equation.

1.1.2 On the Navier-Stokes equations

In order to describe the flow of an incompressible fluid, one of the best known models is given
by Navier-Stokes equations. These model linear viscous fluids where the stress tensor o linearly

depends on the (symmetric part of) velocity gradient Du through a relation of the form
T =—nl+ 2vDu. (1.1.4)

Here and in the following, the velocity of the fluid will be denoted by u, while m will be the

isotropic component of the stress (pressure) and v the viscosity coefficient. This gives rise to the
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following system of partial differential equations

ou+ (u-Vi3u—vAu=Vr+g
(1.1.5)

V-u=0.

Natural boundary conditions are given by the no-slip boundary conditions
u=20

Although the Navier-Stokes equations are among the most studied equations of mathematical
physics (see ( ) for an thorough introduction), very little has been discovered on their
well-posedness after the seminal work of Leray in the 30’s (see ( )). The situation, as

known today for bounded domains, is as follows

2D case In this case, the Navier-Stokes equations are well posed in the Hadamard sense. By
this we mean that for square integrable initial data and forcig term g, there exists a unique
weak solution, which depends continuously on these data. Moreover, for more regular initial

conditions, also strong solutions can be constructed and these are unique as well.

3D case On bounded domains in R3, equation (1.1.5) admits a weak solution starting from
square-integrable initial data. However, this solution is not known to be unique. Nonethe-
less, one can show the following “strong-weak” uniqueness property: if a strong solution
exists (i.e., a solution belonging to L?(0,T;H?(Q2)) n C([0,T]; H*(Q))—see Section 1.4 for
the notation), then it is unique in the class of weak solutions. The question whether strong

solutions exist for any regular (i.e. H(Q)) initial datum remains still unanswered.

For a thorough introduction to the mathematical theory of Navier Stokes equations, we refer the

interested reader to the monographs ( , ).

1.1.3 Coupling Cahn-Hilliard and Navier-Stokes models

Having briefly reviewed the Cahn-Hilliard and the Navier-Stokes equations, we can now introduce
the system of partial differential equations resulting from the physical description of a binary fluid.
As stated before, we will discuss the so called model H, which can also be seen as arising from
the coupling of the two models just discussed. This model has been rigourously derived in the
works by Gurtin et al. ( ), by Hohenberg and Halperin

( ) and, more recently, in the works by Morro ( ) and Heida ( ).
One of the fundamental assumptions in its derivation is that both constituents have the same

density (see ( ) for the “unmatched densities” case).
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The resulting system, which will be the object of investigation in the next four chapters is

ou+ (u-Viu=-Vr+ V- (r(Du,y)) —eV- (VY ® V) + g(t)
V-u=0

(1.1.6)
o+ (u- V) =V (MVp)

p=e"tf'(4) — ey

We use here a notation consistent to the one described for the Cahn-Hilliard and the Navier-
Stokes equation earlier in this section. However, we emphasise the exact meaning, which has to
be given to the velocity u in this setting. In principle, one can assume that a velocity can be
assigned to each fluid constituting the mixture (and, indeed, this can be done in the derivation
of the model from basic principles of continuum mechanics). In the case of “matched densities”
fluids considered here, u is the averaged velocity of the two constituents of the mixture. We
also observe that in system (1.1.6) the coupling between the Navier-Stokes equations and the

Cahn-Hilliard equation occours in three places:

e in the additional convective term (u- V)1 appearing in the evolution equation for the order

parameter field (cf. equation (1.1.2));

e in the Korteweg force V- (Vi ® Vi) giving rise to an additional bulk force in the Navier
Stokes equations. We note that, up to a gradient term (which can however be easily reab-

sorbed in the pressure ), this term can also be conveniently written as uV or as —¥Vy;

e in the viscous term of the momentum equation in the form of an order-parameter-dependent

viscosity 7 = v(¢)Vu (cf. equation (1.1.5)).

Finally, system (1.1.6) is usually supplemented by no-slip boundary conditions on the velocity

field and by no-flux boundary conditions on the order-parameter field and chemical potential:

u=0, hy=0, hu=0, on 0€). (1.1.7)

and by a given initial datum

u(0) = up, ¥(0) = vy, in Q.

In the case of Newtonian fluids (i.e. for 7(Du) = 2vDu), the well-posedness of the model H
(also referred to as Cahn-Hilliar-Navier-Stokes system—CHNS—in the following) has been widely
investigated in the literature (see also ( ) for contributions to a very similar
model). As can be easily expected from our preliminary discussion of the Cahn-Hilliard and

Navier-Stokes equations, when discussing existence results for the model H, the space dimension
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and the hypothesis on the double-well potential play a crucial role. System (1.1.6)—(1.1.7) has
been firstly studied in ( ) for @ = R? and regular potential. Then, in the case

of bounded domains in R? and for non-constant viscosity v = v(1), global existence results for

both weak and strong solutions were obtained in ( ) (see also ( ) as well
as ( ) for the compressible case). More recently, the case of logarithmic
potentials has been considered in ( ) (see also ( )), where, in the absence

of non-gradient external forces, the convergence of solutions to a single equilibrium has been
established. This issue has also been investigated in ( ) for smooth potentials. A
further related contribution (see ( )) proves the existence of a (weak) global attractor
(which is strong in dimension two—see Section 1.3 for pertinent definitions). A rather complete
picture of the longtime behavior in the case of bounded domain in R? can be found in

( ). Finally, in the case of 3D bounded domains and assuming time-dependent
external forces, existence of trajectory attractors has been demonstrated in
(2010D).

Essentially, in all the above contributions to this field, the well-posedness results obtained
for the model H are equivalent to those known for the uncoupled Navier-Stokes equations. In
particular well-posedness in the Hadamard sense is obtained in the case of bounded domains in
R2, while only partial information as described in Section 1.1.2 above is available in the case of
bounded domain in R3.

The effectiveness of model H for numerical simulations has also been widely assessed. We
refer the interested reader to, among others, ( ); ( );

( ); ( ) and references therein.

1.2 Some generalisations of the model H

Having reviewed the standard model H, we now introduce some of its generalisations that will
be discussed in the present work. These essentially involve two terms appearing in (1.1.6): mod-
ifications in the viscosity term V-7 with respect to the linear assumption (1.1.4) lead to the
so called non-Newtonian fluid models; changes in the description of the interaction between the
constituents of the mixture, may lead to chemically reacting and/or non-local interactions. We

will briefly discuss these phenomena in this section.

1.2.1 Non-newtonian fluids

The so-called Ladyzhenskaya model for non-Newtonian fluids was proposed in the 60’s (see

( )) both on physical and mathematical grounds. Through the introduction of
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a suitable non-linearity in the stress-velocity gradient relation, both shear-thinning (as lava or
blood) and shear-thickening fluids (like cornstarch—water mixtures or soaked sand) can be effec-
tively modeled. These materials exhibit smaller and smaller (respectively greater and greater)
resistance to motion as the gradient of the deformation rate becomes larger. In particular, for

binary fluid flows, the following non-linear constitutive relation for the fluid may be assumed
7(Du,¥) = (1(¢) + v2(¢)|Duf’~?) Du (1.2.1)

where 11 and vs are suitable positive and sufficiently smooth functions and where the exponent p
is assumed to be larger than 1. The case p < 2 corresponds to a concave relation between stress
and velocity gradient and can model shear thinning fluids. On the contrary, for p > 2, 7 is a
convex function of Du and therefore, shear-thickening fluids are described. In the case p = 2 the
standard Navier-Stokes equations are recovered.

Concerning the mathematical theory of single component Ladyzhenskaya fluids, many inter-
esting results have been obtained in recent years (see ( ) for a recent
review on the subject). In particular, focusing on the case of bounded domains of R? and for
shear-thickening fluids, it has been shown that full well-posedness in the Hadamard sense can be
recovered. This is in contrast to what happens for the standard Navier-Stokes equations. Indeed,

in the regime p > 15—1, existence and uniqueness of weak solutions can be proven for the system

ou+ (u-Viu=-Vr+V-(r(Du)) + g

V-u=0

with homogeneous Dirichlet boundary conditions u = 0 (see ( ); ( ).
The key point for obtaining these enhanced well-posedness results lies in a change of the functional
setting where solutions are searched: instead of the usual weak regularity L*(Hj 4, (9)), one
can now look for weak solutions belonging to LP (Wé:ﬁiV(Q)) (see Section 1.4 for the notation
used here). This allows testing the equation against a solution obtained through any suitable
approximation method (or through monotonicity arguments, like in ( )) thus deducing
energy identities for the solution as well as suitable continuous dependence estimates.
Concerning the system arising from (1.1.6) with (1.2.1) (which may be called Ladyzhenskaya-
Cahn-Hilliard—or LCH—system), some results are already available in the literature. In par-
ticular, the case of a regular double well potential F' has been studied in ( ) and
well-posedness results obtained, that are analogous to those just discussed in the case of a single
fluid. A complete overview of the regular case can be found in ( )s
where also the large-time behaviour of the system is studied and the existence of global as well

as exponential attractors proven (see Section 1.3 below).
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One could expect the situation to be similar also in the case of singular potentials. However, as
we shall see in Chapter 2, for the LCH system with singular (i.e., logarithmic) potential a complete
well-posedness theory seems to be out-of-reach. This is due to the worsening in the time regularity
of the velocity field when p becomes larger (see the Remark 2.5.1). In particular we will discuss
existence results as well as a characterisation of the large-time behaviour of solutions through

trajectory attractors (see Section 1.3 below).

1.2.2 Oono reaction term

The model H can also be suitably modified to account for possible transitions between the two
components of the mixture. This is particularly relevant in the case of chemically reacting fluid
flows (see ( ) ); ( ); ( )). Usually,
the corresponding modified Cahn-Hilliard equation for describing the phase separation process in

the presence of chemical reaction is known as the Cahn-Hilliard-Oono equation—CHO—see

( ). Moreover, such an equation also arises in slightly different contexts (e.g., phase
separation in diblock polymers) with other names (see, for instance, ( );
( ) and references therein). In particular, the resulting CHO system is

O + €(th —co) = =V - (MVp)
p=—eAp+ 2 f(Y).

(1.2.2)

where € is proportional to the reaction rate and cq is the thermodynamical equilibrium composition
of the mixture considered. As for the boundary conditions, the usual no-flux boundary conditions

used in the Cahn-Hilliard equation can be retained also in this case.

Several features distinguish the solutions of the usual Cahn-Hilliard equation from those of
the CHO system. First, the equilibria of the CHO equation display some clear periodic patter,
such as dots or lamellee according to the relative equilibrium concentration of the constituents (see
Figure 1.2). Secondly, the mean composition of the mixture is not fixed by the initial condition (as
happens, e.g., for an alloy), but changes with time converging to the prescribed thermodynamical
equilibrium ¢( (see equation (1.2.4) for the analogous result for the full variation on the model H

below).

Coupling the CHO system with the Navier-Stokes equations and proceeding exactly as in

the derivation of the model H, one obtains the following system of Partial differential equations
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Figure 1.2: Pattern formation in a mixture of diblock copolimers. Observe the regular dotted
regions and the lamellee appearing as a consequence of small local fluctuations of the mean

composition of the mixture. Compare with the pattern arising in alloys (see Figure 1.1).

usually called the Navier-Stokes-Cahn-Hilliard-Oono system (or NSCHO system, for short)

omu+ (u-V)u—V-(v(y)Du) = Vr + uVep
V-u=0
(1.2.3)
O+ (u- V) + e(y —co) = Ap
p=—Ay + f().

This system can be supplemented by the same boundary conditions used for the model H itself
(see (1.1.7)).

As anticipated above for the simpler CHO system, an important feature of the NSCHO model
concerns the evolution of the mean composition of the mixture. Indeed, integrating the third
equation in (1.2.3) over the domain  and taking (1.1.7) into account, we obtain the following

evolution equation for the (spatial) average (¢)

oY) + €((h) — co) = 0,

from which we deduce
W) (t) = co + e ({to) — co)- (1.2.4)

Hence, if {10y = cp, then the total mass is conserved as in the classical Cahn-Hilliard equation.
Otherwise, we are in the off-critical mixture case, i.e. the order parameter average at steady state

differs from (3o (cf. ( ) where numerical simulations are performed in 2D by taking
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periodic boundary conditions). This feature leads to interesting problems for the description of
the long-term behaviour of solutions.
In Chapter 4, we will study the well-posedness as well as robustness of the asymptotic be-

haviour of solution with respect to the parameter e.

1.2.3 Non-local models

The Cahn-Hilliard equation derived from the potential energy (1.1.1) implicitly assumes that the
interactions between the components of the mixture are short-ranged (i.e., local). However, we
may also assume that the interaction energy between two particle of the mixture at points x and

y is given by a Kac potential of the form
YK (v|x —yl) with v > 0.

In this case, a statistical mechanical derivation of the model leads to the following non-local total

energy for the system (see ( , )

Bp(0) = 5 | | K(x=yDlwx) — vly) dxdy
v [ | Kl ¥hu - v0) dxdy + 2 [ Pl dx

Q

The resulting Cahn-Hilliard equation is then given by

o ==V - (MVp)
p=cap —eK k9 + Lf'(y).

where a(x) is defined by

a(x) = | K(x—yl)dy
Q

and where %} denotes the convolution operator. In the case of smooth interaction kernels K,
this system has been studied in ( ); ( ). We also
note that the non-local model can be reduced to the classical local one by suitably rescaling the
interaction kernel K so that its mass is concentrated around the origin.

An interesting problem related to this non-local formulation of the Cahn-Hilliard equations is
given by its effects on the properties of the full model H when it is substituted to the local Cahn-
Hilliard one. In the case of regular interaction kernels, this issue has recently been addressed in
a series of research papers (see ( ); ( ,b)). In particular,
in these papers, well-posedness results have been obtained and a description of the asymptotic

behaviour of the system has been given.
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However, not only regular kernels can be studied, but also singular ones are of great interest
for applications. This choice leads to operators somehow similar to the so-called s-Laplacian,
although defined on bounded domains (see ( ) for an introduction to these operators
on the whole space). We will give some preliminary results on the well-posedness of the Cahn-
Hilliard equation with non-local interactions described by a singular kernel in Chapter 5. These
have to be considered a preliminar work towards the study of the full nonlocal model H with

singular kernels.

1.3 Large-time behaviour for solutions of parabolic systems

We now wish to review some of the theory of (infinite dimensional) dynamical system introducing
the tools that will be used to describe the large-time behaviour of solutions to evolution equations.
We refer the interested reader to the monographs ( ); ( ) for a more
comprehensive introduction to the subject (see also the review ( )). After
briefly recalling the basic theory of global attractors we shortly discuss some of its generalisations,
which are needed to study the behaviour exhibited by evolution equations arising in examples of
practical interest. In order not to break the exposition into pieces, we refer to Section 1.4 for a
detailed description of the notation used in this section and in the remaining of this part of the

present manuscript.

1.3.1 Short overview of the classical theory of attractors

The theory of attractors for infinite-dimensional dynamical systems was originally developed by
Ladyzhenskaya, Vishik and collaborators in the 70s (see ( ) for an early
account on the subject). For the sake of clarity, we will briefly discuss here only the case of
autonomous systems referring to Section 1.3.4 for the discussion of the pertinent setting for the
non-autonomous case (see also Section 3.2 as well as ( ) and the references
therein).

The starting point of the theory of (global) attractors is an abstract reinterpretation of the
structure of the solutions of an evolution equations through the notion of (possibly non-linear)

semigroup.

Definition 1.3.1. Let H be a metric. A family of operators {S(¢)},cg+ s.t. S(¢): H — H for all

t = 0 is called semigroup if the following properties hold
e S(0)=1I

o S(t+s)=5(t)oS(s) for all non-negative s, ¢ (semigroup property).
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The variable ¢ is usually called time.

Remark 1.3.1. For the purposes of this work we will always assume that H is an Hilbert or a

Banach space.

One of the main goals of the contemporary theory of dynamical systems is to prove significant
properties on the solutions of an evolution equation after large time. Among many others, natural
question are whether the solutions eventually regularise (this may also happen after a finite time,
e.g., in the case of parabolic systems as those which will be studied in the present work), how
complex the asymptotic behaviour of the system can be and how fast this significant regime can
be reached (at least from a practical point of view). The theory of (global) attractors for evolution
PDES tries to give an answer to these question by constructing “small” sets in the phase space H,
which contain the eventual evolution of the system. Moreover, precious quantitative information
may be deduced from the fractal dimension of these sets and from the rate at which they attract
all other physically possible initial data.

From the abstract semigroup description just introduced, the answers to the above questions
can be translated in simple properties of the semigroup in the phase space. In particular, reg-
ularising properties are epitomised in the requirement that there exists a compact subset of H

which absorbs all solutions in the sense made precise by the following definition.

Definition 1.3.2. Let {S(t)},cr+ be a semigroup on a metric space H. A subset B is absorbing
for the semigroup {S(t)}4g+ if for all bounded sets U — H, there exists a time ¢ = #(B) such
that

SHU<B  Vt>1.

In order to describe more precisely (and quantitatively) the behaviour of solutions we will also
need to use the metric structure of the phase space H. In particular, we introduce the Hausdorff

semi-distance between sets

Definition 1.3.3. Let H be a metric space with distance d: H x H — R. Given two sets A and

B the Hausdorff semi-distance between A and B is given by

disty (A4, B) = sup inf d(z, y).
zeA yeB

We can now introduce the main object of interest of this section.

Definition 1.3.4. Let {S(¢)};er+ be a semigroup on a metric space H. The global attractor for
{S(t)}ter+ is a set A = H such that

e A is compact;
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e A is invariant (i.e. S(t)A = A, for all ¢ > 0);
e A attracts all bounded subsets B ¢ H. By this we mean that

tlirglo disty (S(t)B, A) =0 for all B < H with B bounded.

It is easy to see that, if the (global) attractor exists, then, by invariance, it has to be unique.
Loosely speaking, the attractor contains all the “relevant” information for understanding the
persistent dynamics of the evolution equation (or semigroup) of interest. To give examples re-
lated to the questions introduced before, the complexity of the asymptotic dynamics can be
measured through the evaluation of the fractal dimension of the (global) attractor. Moreover,
the rate at which solutions approach the asymptotic regime(s) corresponds to the rate at which
dist g (S(t)B,.A) goes to 0.

We only recall the following fundamental existence result for (global) attractors (cf. ( ,

, Theorem 1.1))

Theorem 1.3.1. Let {S(t)}icr+ be a (non-linear) semigroup acting on a metric space H. Assume
that S(t) is continuous for any t = 0 and that there exists a compact absorbing set B < H. Then,
{S(t)}ier+ has a (compact) global attractor A. Moreover
— "
A= UJsw®B
s=0t=s

holds.

1.3.2 Trajectory attractors

The simple picture of global attractors just introduced, although appealing, cannot in general
be used as it is to deal with the solution semigroups arising from applications. Without any
attempt of completeness, we would now like to bring to the attention of the reader some of its
possible extensions and the subjacent reasons for their development. In particular, we will focus
on possible cures to the lack of uniqueness (also related to possible issues with the continuity of
the semigroup), on the problems related with the rate of decay of solutions towards the attractor
itself and on a possible extension of the theory of global attractors to the non-autonomous case.
We start here by addressing the issue related to non-uniqueness.

In the case when uniqueness of solutions is not known, a possible approach to the description of
the asymptotic behaviour is given by the theory of trajectory attractors developed by Chepyzhov
and Vishik (see ( ) )). This theory was introduced to address,
among others, the issues related to the lack of information concerning uniqueness of solutions for

the Navier-Stokes equations on 3D domains. The key ingredient of this approach is a different
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interpretation of the phase space. Solutions are no longer considered as points evolving in the
phase space H, but represented as trajectories (i.e. whole functions from R* taking values in H),
which are translated (with respect to time) by the actions of the semigroup. More rigourously,

one can define the phase space to be

@+ - LP

w,loc loc

(RJHH))

for some p > 1, endowed with a suitable (weak) topology (see Section 2.6 for more details on this

technique). The corresponding translation semigroup acting on 9::.,10(: is then simply defined by
T(h): u(-) —u(- +h) Vue Oy .-

It is easy to see that, if the evolution equation studied is well-posed and a continuous semigroup
can be defined on the original phase space, the classical and the trajectory semigroup approach
are equivalent. The trajectory attractor is then defined as the usual (global) attractor in this
novel functional setting.

We briefly comment on some technical issues related to the technique of trajectories attractors.
First, one could wonder how the compactness required in Theorem 1.3.1 is recovered in this new
setting. However, the required compactness can usually be easily deduced by Aubin-Lions’ type
lemmata (for the details in a practical functional setting see, e.g., Lemma 2.6.2 below). Moreover,
in the case both are well defined, the relation between this attractor in the space of trajectories
and the (global) attractor of the previous section seems unclear. However, one can easily prove
(see ( )) that in this case the attractor in the trajectory space can
be defined for all real times ¢ € R (and not only for positive ones) and that it is invariant with
respect to time-shifts. Moreover, the global attractor defined before coincides with sections at
fixed time of the trajectory attractor just introduced.

Finally, we note that the theory of trajectory attractors can also be extended to the case
of non-autonomous dynamical systems. This leads to some regularity assumptions on the time-
dependent terms, which are mainly related to compactness requirements in the theory. We refer
again the interested reader to the results contained in ( ) as well to
Chapter 2 below.

In Chapter 2, we will use the theory of trajectory attractors to describe the asymptotic

behaviour of solutions of the LCH model briefly discussed in Section 1.2.1

1.3.3 Exponential attractors

In general, no information can be obtained on the rate of convergence of solutions towards the

attractor when working in the framework of global attractors. Indeed, counterexamples are well-



1.3. LARGE-TIME BEHAVIOUR FOR SOLUTIONS OF PARABOLIC SYSTEMS 21

known also in the simpler case of finite-dimensional dynamical system. For example, consider the

ordinary differential equation

v'(z) = —5y%(x),  y(0)=yo

which admits the global attractor A = {0}, but whose solutions

1
V=T

are easily seen to decay polynomially fast to 0.

C=0

Since the global attractor as defined before is unique, if one wishes to ensure an exponential
attraction property, some other requirements on the attractor itself have to be loosened. Moreover,
in order to lead to significant results, the sought exponentially attracting object should also be

finite-dimensional. One is thus led to the following definition of exponential attractor (see

(1994); (2000, 2005)

Definition 1.3.5. Let {S(¢)},cr+ be a semigroup on a metric space H. An exponential attractor

for {S(t)}ier+ is a set B < H such that
e B is positively invariant (i.e. S(¢)B < B, for all ¢ > 0);
e B is compact and has finite fractal dimension;

e 3 attracts all bounded subsets B — H exponentially fast. By this we mean that there exist

two positive constants C' = C'(B) and « such that
distz (S(t)B,B) < Ce™ "
holds.

In the Banach-space theory proposed by Efendiev, Miranville and Zelik, exponential attractors

can be shown to exist for a semigroup {S(¢)}+>0 as soon as the following two conditions are met:

i) the semigroup satisfies the so-called smoothing property. If Hy is a compact subspace of H,

this is equivalent to asking that there exists an absorbing set B and a time ¢ such that
S(t)Os5(B) < B

and

[S(t)u — SEt)v|a, <Clu—v|g for all u,v € Os(B)

hold, where Os5(B) = {ve V | infyep |v — w|m, < &} is a J-neighbourhood of the set B in
Hy;
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ii) the semigroup is Holder continuous in time, i.e., there exist positive C' and v € [0, 1] such
that
[S(t)u — ull g, < CJE[” for all u e Os(B)

holds.

Concerning the results known for the model H, we refer the interested reader to
( ), where the authors prove the existence of exponential attractors for system (1.1.6)-
(1.1.7) on bounded domain in R? and for smooth double-well potentials. We also refer to (see
also ( ) ( , ); ( ) for related contributions).
We will discuss the existence of exponential attractors for some variations on the model H in

Chapters 3 and 4.

1.3.4 Pullback attractors

We now wish to enquire the third and last question introduced before, concerning possible exten-
sions of the theory of global attractors to the case of non-autonomous forcing terms. In particular,
among the many possibilities, we will give here a brief account of the theory of pullback attractors
(see Section 3.2 for further details and ( ) for a comprehensive introduction to
this subject). We recall that this theory was first introduced in the context of stochastic differen-
tial equations in ( ) and then brought to deterministic dynamical systems in the
works by Kloeden, who also introduced the terminology pullback attractor, see ( ).
Pullback attractors theory gives a somehow different physical interpretation of the meaning of
the attracting set. However, before delving into some of the details, we would like to recall that
some other simple extensions of the standard theory of global attractors are also available.

The first issue one has to deal with in the non-autonomous setting is that the solution operator
no longer naturally generates a semigroup. Indeed, in order to predict the evolution of a non-
autonomous system, one not only needs to know the time that passed by, but also the time at
which the system was “started”. This leads to a generalisation of the notion of semigroup which

goes under the name of process.

Definition 1.3.6. Let H be a metric. A family of operators {U(s,t)}s>er, s.t. U(s,t): H > H

for all s =t > 0 is called process if the following properties hold
o U(s,s) =1 for all s = 0;
o U(s,t) =U(s, 7)o U(r,t) for all non-negative s, 7 and ¢ such that s = 7 > t (composition
property).

However, processes can often be reduced to semigroups by suitably extending the phase space

on which they are defined. Assume that the time-dependence is summarised in only one (e.g.



1.3. LARGE-TIME BEHAVIOUR FOR SOLUTIONS OF PARABOLIC SYSTEMS 23

forcing) term defined on the whole real axis (X is here a suitable Hilbert or Banach space)

frR=>X 0 f() b= f(D).

If the natural phase space for the evolution problem is H, then we can define an extended phase
space H as follows

H=HxR,

Moreover, the process {U(s,t)}s>ter, naturally gives rise to a semigroup {g(t)},geR+ on H:

St): HxRy —» H xRy  St)(u,s) = (Ut +s,s)u,t+s)
A second difficulty now appears evident. This is related to the compactness usually required in
order to deduce the existence of a global attractor (see Theorem 1.3.1 above). Unless quite strong
assumptions are set on the forcing term f, the existence of a global attractor cannot be deduced
in general. One possibility is to assume f to be translation compact in X i.e.

Jir@} ce x

teR
(Here cc denotes compact inclusion—see Section 1.4). For further details, we refer the interested
reader to ( ). See also ( ) for an example of application of
this technique in the case of quasi-periodic non autonomous terms.

On the other hand, the theory of pullback attractors gives a different interpretation to the
physical meaning of the attractor itself. Instead of considering it as a representation of the final
evolution of the system studied, the attractor is seen as describing the present state of the system
arising from the past after an arbitrary long evolution. This change of viewpoint is summarized
both in a slight change in the definition of the process (now {U(s,t)}s>: has to be defined for
s,t < T where T € R is the present time) and in the reformulation of the attraction property as

follows.

Definition 1.3.7. Let {U(s,t)i<s<7} be a process on a metric space H. The pullback attractor
for {U(s,t)i<s<r} is a family of sets {A(¢)};<r < 2 such that

e A(t) is compact for all t < T}
e A(-) is invariant with respect to U(-, -), i.e.

U(s,t)A(t) = A(s) holds for all t < s < T

e A(-) pullback attracts all bounded subsets, i.e., for all B ¢ H there holds

lim disty(U(t, s)B, A(t)) =0 for all t < T

§—>—00
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e A(-) is minimal, i.e., if {C(¢)}+<r is another family of sets satisfying the above properties,
then
A(t) = C(t) forallt <T.

A few remarks are necessary. First, due to time-invariance, the definition of pullback and
global attractor are equivalent for autonomous evolution equations. However, in the general case
the two notions may differ significantly (see, e.g., the account of the Haraux example in

( )). Finally, in contrast again with the autonomous case, the fourth requirement in
the definition of the pullback attractor is not redundant with invariance, but necessary in order
to guarantee uniqueness.

Among the many existence results known for pullback attractors, we only recall this simple

analogue of Theorem 1.3.1 (see ( , , Theorem 2.12))

Theorem 1.3.2. Let {U(s,t)}i<s<r be a (non-linear) process acting on a metric space H. As-
sume that U(s,t) is continuous for any s = t and that for any t there exists a compact set B(t) ¢ H

pullback-attracting bounded subsets of H. Then, {U(s,t)}+<s<T has a pullback attractor {As}i<r.

Moreover -
A= | MNUYUsnB
BcH T<st<T
B bounded
holds.

The theory of pullback attractors for non-autonomous evolution equations is still undergoing
vigourous development. In particular, recent results suggest that, in comparison with other
proposals, it is effective in giving insight on the structure and properties of the attracting set
with detail similar to that achieved by the theory of global attractors in the autonomous setting
(see ( ) and references therein for an account of the state-of-the-art of the
theory).

We will give some results on the existence of (exponential) pullback attractors for the model H

in Chapter 3.

1.3.5 Convergence to stationary states

Finally, we also recall that a complementary approach to attractors is available in the study of
the asymptotic behaviour of the solutions of infinite dimensional dynamical systems. Studying
the convergence to stationary states of a dynamical system means looking for an answer to the
questions: “What happens to the system if all external energy source is switched off 7, “Does it
settle down to some equilibrium state?” and “Can we get rid of a priori possible, non-converging

evolutions also in the case of dissipative systems?”
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Although these queries may seem trivial when looking from the point of view of finite-
dimensional dynamical systems, subtleties may (and do often) arise in the infinite-dimensional
setting. For example, the Cahn-Hilliard equations admit a continuum of non-isolated equilibria
making the answer to the above questions delicate. Usually, one has to invoke some t.ojasiewicz-
Simon type inequality (see ( ); ( )) to deduce convergence of a solution to
a single stationary state.

In the case of the model H, convergence of solutions to stationary states under various as-

sumptions has been deduced, e.g., in ( ); ( );

(2009).

1.4 Notation

In this section we review the general notation used throughout the first part of the present
manuscript. Additional specific notation might be introduced when needed in subsequent chap-

ters.

1.4.1 General notation

We will use the symbol = in an expression as A = P where A is a symbol and P is any well
formed expression, to indicate how the quantity appearing on the left hand side is defined.
We will assume that the notion of set (equivalently, family or collection) and of element of a

set are known to the reader. Given a set A and an element z we will write
reA respectively r¢ A

if 2 belongs to A (respectively if 2 does not belong to A). If all the elements of a set A belong

also to a set B we will say that A is included in B and we will wite
Ac B.

If A is any set, the notation 2 will stand for the set consisting of all the possible subsets of A.

Given a topological space X and a set A ¢ X, we will denote by A% its closure with respect to
the topology of X. When clear from the context the superscript X might be dropped to simplify
notation. Moreover, 0A will be the set of boundary points of A. If a subset A of X is compact
with respect to the topology of X we will write

Acc X

With the symbol R™ we will denote the n-dimensional Euclidean vector space endowed with

the topology generated by the Euclidean metric. We also introduce the notation R, for the set



26 CHAPTER 1. TWO PHASE FLUID FLOWS

of non-negative real numbers. Moreover, by R} we will denote the n-dimensional half space
R} = {xeR" |z, > 0}.

In general, Q2 < R™, n = 2,3 will be a smooth bounded domain on which the differential
problem is given. The regularity of €2 will be specified from time to time, but, as a general rule,

it will always be large enough to justify all computations performed. We will also write
Qtiﬂx [Out) Qt,siQX [t,S)

to denote the parabolic domain on which the considered evolution PDEs is given.

In general, scalars will be denoted by normal fonts (like in f or o), while we will use bold for
vectors and second rank tensors (e.g., f or o) leaving to the context the distinction between these
quantities. The components of a vector u € R™ will be denoted by w;, while the components of
a rank two tensor o will be identified by the symbol o;;. The trace of a rank two tensor on R"
will be denoted by .

trA = Z A

i=1
The usual scalar product in R™ will be written as

n
u-v= Z U ;.
i=1

For the composition of rank two tensors on R™ we will write

A-B or AB  where (AB); = )] AyBy;.
k=1

We also introduce a scalar product on the space of rank two tensors (also called saturation) by
the following rule .
A:B=tr(AB) = ) A;;B;.
i,j=1
We will denote by a prime p’ the conjugate exponent to any given real number p € [1,c0]. In
particular p’ is defined by
1

1
-+ =1 forpe (0,0)
p p

and is set equal to 1 (respectively o0) for p = o0 (respectively 1).

Derivatives with respect to time will be denoted by ¢d;f. Concerning spatial derivatives, we
will use standard notation for the gradient of a scalar or vector valued function (e.g., Vf), the
divergence of a vector or tensor field (e.g., V- f) and for the Hessian matrix of any function (e.g.,
VV f). Moreover, we will denote by Af =V - (Vf) =tr(VVf) the Laplace operator.

Given a regular domain 2, we will denote by n its outward pointing normal. Moreover, given
a regular function f defined on 2, we will denote by 0nf the normal derivative of the function

on the boundary.
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We also introduce a special notation for the convolution operator. Indeed, given a set 2 = R™

a function f defined on it and a kernel defined on the whole Euclidean space R™ we set

(K % f)(x fof (v)dy.

In all the computations the symbol C' will denote a generic constant, which may change from
line to line or from passage to passage. The constant C will depend only on the domain €2, and
on the physical parameters of the model considered. In particular, unless otherwise stated, C' will
always be assumed independent of time. However, for the sake of clarity, all possible dependencies

of C' on other quantities will be explicitly accounted in each of the subsequent chapters.

1.4.2 Functional spaces

Given a Banach or a Hilbert space X we will denote the norm of one of its element f € X by the
symbol || f|x. The dual space of X will be denoted by X*. If a sequence {z,}neny © X converges
strongly to z in X we will write

T, >z inX.

Weak and weak-star convergences will be denoted by
* .
Ty, = or T, —x in X.

The spaces LP(Q2) will be the usual Banach spaces of p-integrable, Lebesgue-measurable func-
tions defined on the set €2, where p belongs to [1,00]. We shall use the bold symbols L?(Q2) for
the corresponding spaces of vector valued functions. We will use the special shorthand notation
| -|p for the norm in LP(Q) spaces, 1 < p < o0.

The Sobolev-Hilbert space, which consists of k-times differentiable functions in the sense
of distributions with square integrable derivatives, will be denoted by H¥(Q). Again, the bold
symbols H*(2) will be reserved to the corresponding spaces of vector valued functions. Moreover,
we will denote by W#P(Q) the non-hilbertian Sobolev space, which consists of k-differentiable
functions in the sense of distributions with LP integrable derivatives. As above, a bold symbol
WFP(Q) will be used for spaces of vector-valued functions. We also introduce consistent notation
for the fractional Sobolev spaces, by letting the index k take any positive real value: in this
case we will usually write H*(Q2) and W*?(£2) (and we will introduce analogous notation for the
vector-valued case) to emphasize that s can also be non-integer. Concerning the norms used for

vector valued spaces we will adopt the following convention

' n f 2
2 - < -
ALY | L rweg = > |

1,7=1

ofi P

0x;
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We will denote with an additional subscript 0 to the above notations (e.g., H¥(€2)) the spaces
of functions belonging to the “base” functional space (e.g., H*(Q)) and vanishing at the boundary
of Q in the sense of distributions. In the case the domain ) has infinite measure, the subscript

loc as in LY. (Q2) will denote the local spaces for whose elements

loc

IflzeBy < Cr VB cc Q

holds. Analogous notations will be used for Sobolev spaces (as H{_(£2) or WiE(€)).

loc

Moreover, the mean value f a function over the domain {2 will be denoted by
D= | 7
= — X.
9 Jo
Additionally, the mean free part of f will be denoted by
F=F=<.

We will also use the additional subscript (m) for the (affine) subspaces of a given functional space

consisting of prescribed mean functions:
Xmyc X Xy = {f € X [{f) =m}.

In order to study the velocity field, we introduce the usual spaces of divergence-free (solenoidal)

functions. These will be denoted by a div subscript. In particular, let
V={peC”(LR") | V¢ =0}

be the usual space of divergence-free test functions. The divergence-free spaces are defined by

H;, (Q) = V7@,
_r2
LﬁlV(Q) = VL (Q) = Hgiv(Q)a
W@ =V,

for s > 0, p = 1. Analogously, also the corresponding spaces with homogeneous Dirichlet bound-
ary conditions (as H§ 4, (€2)) will be used. In view of the study of the equation for the velocity
field, we also introduce the Leray projector P: L(Q) — L2, (£2) mapping every element of L?(£2)
to its divergence-free part.

The dual spaces of hilbertian and non-hilbertian Sobolev spaces will be denoted by
H™*(Q) = (H§(Q) and W' (Q) = (W57()*

whenever these notations make sense. Analogous notations will be used for the space of divergence

free functions.



BIBLIOGRAPHY 29

Moreover, we will denote by {f, g> both the scalar product in L?(€2) (or L2(2)) and the duality
pairing between H~1(Q2) and H}(Q2) (or their vector valued analogues), the exact meaning being

clear from the context. When needed we will also use the notation

X*<.f7 g>X

to denote the duality pairing between g € X and f € X* and the notation

<f7 g>Q

when referring to the scalar product in L?*(Q) or to the duality pairing between H~!(Q) and
HY(Q).

We also introduce notation for the classical spaces of k-times continuously differentiable func-
tions defined on a set © and taking values in X: C¥(Q, X). This space will be endowed with
the usual maximum norm. We will usually drop the exponent k& when referring to continuous
functions (i.e., when k = 0). Moreover, when X = R or when it will be clear from the context we
will also use the shorten notation C¥(Q). As before a subscript 0 (as in CE(£2)) will denote the
subset of those functions vanishing at the boundary, while a subscript ¢ (e.g., C¥(€2)) will refer
to those functions having support compactly contained in €.

Finally we also introduce suitable notation for the Bochner spaces, i.e., for Banach valued LP
spaces. In particular, if X is a Banach space and s, t are real numbers such that s > ¢, we will
denote by

LP(t, s; X)
the set of all p-integrable Lebesgue-measurable functions defined on the interval [¢, s] and taking

values in X. The norm in this space will be given by

s 1p
e = ( [ 1o dr)

When no misunderstanding is possible, we will also use the shorthand notation LP(X) for

LP(t,s; X). We will also use the notation
Li(t, ;. X)

to refer to translation bounded spaces. In this case the norm will be defined by

T+1 o
Ixlzee,sixy) = sup (J |x(s)|§(ds) )

T€e[t,s—1] T
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CHAPTER 2

Analysis of a Cahn-Hilliard-Ladyzhenskaya system with singular potential

OUTLINE

In this chapter we study a model for the evolution of a mixture of two incompressible
and (partially) immiscible fluids in a domain of R®. The model we consider is given by
Ladyzhenskaya-Navier-Stokes type equations for the (average) fluid velocity coupled with a
convective Cahn-Hilliard equation with a singular (e.g., logarithmic) potential. The former
is endowed with no-slip boundary conditions, while the latter is subject to no-flux boundary
conditions so that the total mass is conserved. We first prove the existence of a weak solu-
tion in three-dimensions and some regularity properties. Then we establish the existence of
a weak trajectory attractor for a sufficiently general time-dependent external force. Finally,
taking advantage of the validity of the energy identity, we show that the trajectory attractor

actually attracts solutions with respect to the strong topology.

E start our mathematical analysis of possible variations on the model H introduced

in the previous chapter (see equation (1.1.6) in previous chapter), by considering a

special class of non-newtonian fluids. In particular, we investigate the mathemat-

ical implications of choosing the following, apparently regularising, constitutive relation for the

stress-strain rate relation, which is commonly used to describe shear thickening fluids (e.g. corn
starch):

T(Du, ) = (v1(¢) + v2(¥)|Dul’~?) Du. (2.0.1)

Here v; and v, are given positive constants and p > 1. Moreover, Du is the symmetrized

gradient. This relation, when used in the derivation of Navier-Stokes equations in place of its
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standard linear counterpart, 7(Du) = 2v(y))Du, gives rise to the well-known Ladyzhenskaya
model (see ( )), which has been widely investigated in the case of single fluids
(see, e.g., ( ) and its references). Using this relation in the initial boundary
value problem

ou+ (u-Viu=-Vr+ V. (r(Du,¢)) — V- (VY Vy) + g(t)

Vou=0

o+ (u- V) = Ap

p=f) - Ay

u=0, Oqtp =pu =0 on 09 x (0,00)

u(0) = ug, ¥(0) = 1o in Q

(2.0.2)

we obtain the system which will be the main objective of our investigation in this chapter. As
usual, here u is the velocity field, v is the order parameter field, while 7 stands for the pressure. In
order to simplify notations as much as possible, with respect to system (1.1.6), we tooke = M = 1.
Motivated by the above discussion, we will call system (2.0.2) Ladyzhenskaya-Cahn-Hilliard—or
LCH—system.

This kind of system has been recently analyzed in ( ) in the case of
regular potentials, periodic boundary conditions, g time independent and v;, i = 1,2, depending
on 1. Well-posedness results and regularity results have been obtained for p > % (see also

( )). Then, using the short trajectory approach, the existence of global and exponential

attractors has been established. Here we want to analyze the singular potential case, namely

F(r) = g (Q+r)In(l+r)+1Q—-r)In(l —7)) — %72, (2.0.3)

with a non-autonomous external force and no-slip and no-flux boundary conditions as in
(2009c).

The plan of our analysis goes as follows. We first establish the existence of a weak solution.
Contrary to the case of single fluids (see ( ); ( )) or
regular potentials (cf. ( )), uniqueness seems a rather challenging issue.
Indeed, observe that, in comparison with the Cahn-Hilliard-Navier-Stokes case (i.e., vo = 0)
considered in ( ), dru is less regular. This fact influences, through the convective
term, the smoothness of ¢ so that, even in the 2D case, the Korteweg force is not always as
smooth as needed to guarantee uniqueness when p is large (see also Remark 2.5.1 below). In
order to characterize the asymptotic behavior of system (2.0.2) since uniqueness of solution is not
known, we resort to the theory of trajectory attractors according to ( )

(cf. Section 1.3.2 and see also ( ) and ( ) for earlier contributions to
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this field). This approach considers as phase space the set of the solutions on the interval [0, c0) for
the system endowed with a suitable topology so that the dynamical system generated by (2.0.2)
reduces to a shift operator on this space. Working within this framework, in Sections 2.6 we
establish the existence of a trajectory attractor in a suitably chosen weak topology on the space
of trajectories. Finally, observing that any weak solution satisfies the energy equality, we can

show that the attraction property holds with respect to the strong topology.

2.1 Functional setting

In this chapter (2 is a given bounded domain in R with smooth boundary (say of class C?). We
recall the notation Q; = Q x [0,t), Qs = Q x [t1,t2) introduced in Section 1.4.1 for parabolic

domains.

To study the velocity field, we introduce the usual space of solenoidal test functions
Vo ={peCI(ER) |V ¢ =0}

as well as the distribution spaces L 4;,(Q), H§ 4;, () and W7, () (cf. Section 1.4.2). Moreover,

to simplify notation we also define
V() = Wi, ().

As far as the order parameter is concerned, on account of mass conservation, we use Sobolev

spaces with fixed mean value as L%m)(Q), H (Sm)(Q) and W(S’;f) (©). Moreover, we use a similar

notation for dual spaces whenever it makes sense. Consistently with Section 1.4.2, we define

H{H (@) = (Hy) ()",

We end this section by recalling a simple result, which will be used in the proofs below (see

also ( ) , Lemma 1)).

Lemma 2.1.1. Let Q < R be an open subset (not necessarily bounded) and let {f,} < L*(Q)
be a sequence such that |fu|o < C and f, — f strongly in L?(). Let {gn} = LP(Q2) be another
sequence such that g, — g weakly in LP(Q). Then fngn — fg weakly in LP(Q).

Proof. The statement can be easily proved using the density of C¥(Q) in L?(Q2) and the estimate

|fngn|p < |fn|oo|gn|p- O
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2.2 Main assumptions and weak formulation

Here we list some properties of the stress tensor that will be assumed in this chapter. In particular,
7(S, 1) will be a function acting on S x R with values in S (here S is the space of symmetric 3 x 3

tensors) such that

7(0,9) =0

(T(S1,0) = T(S2,¢)) : (S1 = S2) = v (1 +[S1] +[S2])"* |81 — S,

[7(81.9) = T(S2,9)| < OV* (1+[Su] +[S2)" " [S1 — Sl

[7(S,01) = (S, 2)| < Cv¥# (1+[S))" ™ |io1 — 2]
for all v, p; €R,i=1,2and for all S, S; € S, i = 1,2, where vy, v*, v# € R are strictly positive
constants and where p is assumed to be greater than 2. Under these assumptions, 7 induces
an operator, still denoted by 7, acting on L?(Q) x M(2) with values in L? (Q) (here M(Q) is
the space of measurable functions on §2). Moreover, the operator 7( -, ) is hemicontinuous from
L?(2) into L (Q) for any fixed ¢ € M(f).

In the case of the constitutive law (2.0.1), all the above properties are implied by the assump-

tion
v; e CHR,R)
by setting
min [vi(y)] > vi > 0, max |vi(y)| < v*, max|vi(y)| < v
The reader is referred to ( ) or ( , , Section 7.1.1) for a

more thorough discussion of the above assumptions and their possible generalisations.
As far as the potential F' is concerned, following ( ), we will assume that F €

C([-1,1]) n C%((~1,1))) and
F(s) = Fy(s) — §s2 + s
Fo(0) = fo(0) =0
[lim F(t)eR

tLHJr,rll f(t) = £

for some 8 = 0, v € R.

Remark 2.2.1. We observe that the logarithmic double-well potential (2.0.3) satisfies the above

assumptions.

Let us now introduce the total energy associated with our system:

B(w) = Epl) + 5 | v dx
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where Ep (1)) is the potential energy for the Cahn-Hilliard equation as given in Section 1.1.1 (cf.
equation (1.1.1))

!
Ep() = 5 | Vo) dx+ | Flu(x)dx.
We can now give the definition of weak solution to problem (2.0.2).

Definition 2.2.1. Let (uo, %) € L§ 4, () x H,

©) (Q) and let T' > 0 be given. A triplet (u,, )

such that

ue LP(0,T5V,) n W' (0,T; V)
b e L7(0,T; H) () n H' (0, T Hig ()
F@¥) e L*(0,T; L*(92))

pe L*(0,T; H'(Q))
is called a weak solution to (2.0.2) on (0,7T) if

(0, ¥, + (- V), +{(r(Dut). Dv)y,

= UV, Vg, + (8 VDo, ¥V ECP([0,T);V) (2.2.1)
@b gy +(0-V, 6, = — (V1 V),
(1) gy = (). E)g, + (V9. VE)g,

for all ¢ and & in C*([0,7); H*(R)) and if the energy inequality
B (), u(t) + [Vul2sq,, ) + CralVuldag,, o + CralVall g
< E(W(to),u(to)) + CH%H%?(H%)

holds for a.e. tg € [0,T") and all ¢ € [to, T).

Remark 2.2.2. Note that any weak solution is such that u e C([0, T]; L§ 4;,(2)). Moreover, it is

easy to deduce that ¢ € L%(0,T; H?(f2)). Furthermore, we will see that ¢ € C([0,77; H(lo)(Q)).

Remark 2.2.3. We observe that due to the assumptions on the singular potential F (namely
limy, 41 f(t) = £o0), the requirement f()) € L*(0,T; L*()) in the definition of weak solutions

immediately implies that |¢)| < 1 a.e. in Q.

Remark 2.2.4. Since the Cahn-Hilliard equation with homogeneous Neumann boundary condi-
tions on the chemical potential y conserves the total mass of the order parameter SQ Pwd3x, a

suitable shift in the values of the order parameter field is sufficient to ensure that

J Pt)dPx =0 V=0 (2.2.2)
Q
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holds as soon as SQ 1o d3x = 0. This choice for the values of the order parameter can always
be made compatible with the above assumptions on the potential F' (namely Fy(0) = 0 and
fo(0) = 0) by suitably adjusting the constant - in the decomposition of the potential F' and by
adding an uninfluential constant to F itself. Therefore, in the remaining part of this chapter we

will assume that (2.2.2) holds true.

In this chapter, C' will always be a generic constant, which may change from line to line or
from passage to passage, depending only on the domain €2, and on the physical parameters of the
model (v1, vy and on the potential F'). In particular C' will always be assumed independent of

time.

2.3 The convective Cahn-Hilliard equation

Here we report a result from ( ) on the convective Cahn-Hilliard equation. Let us

consider the following problem

o+ (v(t)- V)Y =Ap  in Q x (0,0)
w=f)— Ay in Q x (0,00
®) (0 0) (2.3.1)
and} = an,UJ =0 on 0N
¥(0) = v in O
where the velocity field v is given.
Definition 2.3.1. Let ¢ € H(lo)(Q) and let T > 0 be given. A pair (¢, u) such that
Ve LP(0,T5 Hiy () dvpe L2(0,T3 Hygy (2))
je L2(0,T5 H'(9))
F(p(t) e LY(Q)  qo. te[0,T]
is a weak solution on the interval [0, T] to (2.3.1) if, for a.e. t € [0,T7], it satisfies
(Outh, ) +{(v(1)- V), &) + (Y, Vo) =0 Voe H'(Q)
(m) = (F(),m) + (V, Vi) ¥ne H'(Q)
¥(0) = o
Under rather general assumptions problem (2.3.1) is well posed. Indeed we have
Theorem 2.3.1 (( , , Theorem 6)). Let Q be a regular domain in R® and let v €

L% ([0,00); Vo) n L*([0, 0); L%)div(ﬂ)). Then for any 1o € H(lo)(Q) with Ep (1) < o there is a
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unique weak solution v of the Cahn-Hilliard system (2.3.1) with ¢ € BC([0, o0); (O)(Q)). This

solution satisfies the energy equality

Ep(y(t)) + J \Vul? dxdt = Ep (i) — J (v - V) dxdt Vi=0 (2.3.2)

t t

and the energy estimates

2 2
117 ([0,00); Hly) T Haﬂ/fﬂp (0,003 H D) +IVuliz (0.0)L2)

<C (EP(%) +[vIZa (o, oo);L2)) )
190172 (10,000 wa TI@ Wiz ((0.00yiLr) < O<EP(¢0)+HVHL2 ([0,0); L2)+1)

where the constants C' do not depend on either v or 1g. Also, it fulfills the regularity properties

YeY = L3 ([0,00); W?(Q)) n Hioo ([0, 0); H g ().

Moreover, the solution depends continuously on the data (¢o,v) in H'(Q) x Lj, ([0, 0); L 4, (2))
such that Ep(Yo) + [ V[ z2(j0,00);m1) < R, with respect to the weak topology of Y and the strong
topology of H' () x L120C([O,oo);L%7div(Q)).

2.4 Some results on the Ladyzhenskaya model

In this section we summarize some of the results known on the well-posedness of the Ladyzhen-

skaya model. We start by recalling that the Ladyzhenskaya model for non-Newtonian fluids is

du+ (u-Viju=—-Vp+ V- (r(Du)) +£(t) in Q x (0,00)
V-u=0 in 2 x (0, 0)
(2.4.1)
u=0 on 05}
u(0) = ug in Q2

where T is given by (2.0.1).

The well posedness of system (2.4.1) has been extensively studied in the literature. In the
shear-thickening case (i.e. p > 2), existence and uniqueness of solutions have been obtained as
soon as p = & (see, for instance, ( ) and references therein). Although
we will not use directly the results of this section in our results, we observe that the same mathe-

matical difficulties (i.e. uniqueness is an open issue for p < ) hold both for the Ladyzhenskaya

model as well as for the coupled model we are studying.

Definition 2.4.1. Let ug € L 4, () and let T > 0 be given. A function u such that

ue LP(0,T;V,(Q)  due LP (0,T; (V,(Q)*)
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is a weak solution on the interval [0, 7] to problem (2.4.1) if for a.e. t € [0,T]

(@, @) +{(u-V)u,¢) + (7(Du), Do) +(E(t),¢)  Ype V,(Q)
u(0) = up.

Definition 2.4.2. A function u such that

ue L2 ([0,0); V,(Q)  dmue LE ([0, 0); (V,(2))*)

loc
is a global weak solution to problem (2.4.1) if it is a weak solution on [0,T] for any T > 0.

Then, thanks to the results in ( , , Chapter 7.1) (see also

( ) for some more detailed results), we have

Theorem 2.4.1. Letp > 2. Iff € HL _([0,00); H™Y(Q)). Then there exists a unique global weak

5
solution u to problem (2.4.1) which satisfies

ue L7([0,0); Lg,div(Q)) n L},

loc

([0,0); V) n WiLZ ([0, 00); V).

loc

Moreover u also satisfies the following energy equality

——|ul3 +J 7(Du) : Dudx = f f udx.
Q Q

2.5 Weak solutions and energy estimates

Here we prove the existence of a weak solution to problem (2.0.2) revisiting the fixed-point

argument devised in ( , , Theorem 9).

Theorem 2.5.1. Let p > % and let g € Lﬁ;c([(),oo);V;). Then, for any given T > 0, there

exists a weak solution (u,, u) to problem (2.0.2). In addition, ¢ € C([0,T7; H(lo)(Q)).

Proof. We will first prove the existence of solutions for the following approximated problem:
ou+ (Pu-Viu=-Vr+ V- (r(Du,y)) — V- (VY@ V) + g(t)

V-u=0

Oy + (- V) = Ap

p=f)— Ay

u=0, Oqtp =pu =20 on 09 x (0,00)

u(0) = wo, $(0) =wo  in Q.

(2.5.1)

The operator ®. appearing above is a suitable regularization defined as

O w = P,(¢pe * W)
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where ¢(x) = e 3¢(x/e) € C*(R?), € > 0 is a smoothing kernel and where P, is the bounded
analogue of the Leray’s projector from the spaces LP(€2) to V,, (see the results on the Helmholtz
decomposition in ( , , Section 11)). The definition of weak solution for the ap-
proximated system (2.5.1) reads as Definition 2.2.1 with the only slight change in (2.2.1) due to
the introduction of the regularization.

The existence of weak solutions for the approximated problem can be shown by a fixed point

argument. We will consider
X = LP(0,T;V,) n Wh'(0,T; VE)

and

Y = L0, T; Wy () n H'(0,T; Hig) (2))

as functional spaces for the velocity and the order parameter field respectively. The fixed point
map ¥: X — X is defined by first finding the solution 1 to problem (2.3.1), where the velocity
field v is assumed to be known, and then by determining the solution u to the system

-

ou—V-(r7(Du,¢)) = =Vp+h(t) inQr
V-u=0 in Qr
3 (2.5.2)
u=0 on 002 x [0,7)
u(0) = ug in Q.

with
h(t) = —(®v-V)v—-V - (VY ® V) + g(t).

The map V¥ is the operator associating to the velocity field v the solution u of (2.5.2), i.e.
U:vi—u
Theorem 2.3.1 ensures that Scg : v — 1 is strong-weak continuous from X to Y. On the

other hand, by Aubin-Lions’ lemma, we have that
Y cc L*(0,T; C*(Q)).

Using Theorem 2.3.1 again, we obtain that Scp is bounded with values in Y n L*(0, T H(lo)(Q))
so that V¢ = VScu(v) € L40,T;L4(Q)) and Vi ® Vip € L2(0,T;L3(Q)). From this we also
deduce that the mapping

v =V - (VY ®Vy) — (dv-V)v

is continuous and compact from X into Lp,(O, T; V). Since 7(Du, 1) is uniformly monotone and

hemicontinuous (w.r.t. ¥ € M(Q)) a standard application of the theory of monotone operators
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(see ( )) shows that the solution operator to problem (2.5.2) Sp: (h(t), ) — u is well

defined and continuous from LF (0, T; V) x L*(0,T; L7,(9)) into X.

By the above discussion we conclude that the operator
\IJ(V) = Sp ] SCH(V).

is continuous being a composition of continuous mappings and is precompact thanks to Aubin-
Lions’ lemma as shown above.
In order to apply the Leray-Schauder fixed point theorem and conclude our proof we still need

a suitable a priori bound on the solutions of the equation
sU(u) =u s€[0,1].
By multiplying the above equation by u and integrating over €2, we obtain
S Juf3 + O [Vl + Ova|Vulf < $2Clgllys — sC (V6 @ Vo), Vu)
Recalling the useful vector identity

((u- V), ) = (VY ® V¢), Vu) (2.5.3)
and energy equality (2.3.2), we get

sE(W,u) + 5| Vili2q,) + (D)3 + Cra|VulZag, + Cral Vulf, g,

(1/}07 UO) + SQCHgHLp (Vp)

which in particular entails an a priori estimate on |Vul| Le(v,) which is uniform with respect to
s and independent of e.
Thanks to Theorem 2.3.1 we can also obtain uniform estimates for Ve in L®(L?(2)) and in

L?(L*(£2)). Thus |ovu] o ((v,)#) can be uniformly (w.r.t. s) bounded as follows

-9 3
5;. 6 B5p—6 )p r 5;. 6
HatuHLp ((v CHUHL@ L?)HuHLgplsp{G( H(I) u L*(L2) H(I) u“ G(Vp)
+ Cv* HuHLp V,) + CHvd’Hz/oc(Lz)kuE o + HgHLp/((v yE)*
L*P (W23) v
as soon as
9/ 3 < e < 11
Pep—6 P & P

Moreover we observe that this bound is uniform also in € for p > % This concludes the proof of
the existence of solutions for the approximate problem (2.5.1).

We now want to pass to the limit for ¢ — 0 and recover solutions for the original model as

11

soon as p = =. By considering the weak solutions to problem (2.5.1) (ue, e, ptc) on the time
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interval [0,T,), T. = % and extended to zero for times greater than 7, the above discussion gives

a sequence €, — 0 such that

loc

(
(
(
7(Dug, ) — x in L¥ (
(
[
(

Moreover, Aubin-Lions’ lemma implies that uc — u strongly in Li ([0,00); L 4, (€)) for all
qg< ?i—pp so that

(Peu.-V)u. — (u-Viu in LV

10c([07 OO); V;)
as soon as p > 1—51 By using Aubin-Lions’ lemma once more, we also have that 1. — 1 strongly in

2
Lloc

([0, 00); H(lo)(Q)). This in turn implies strong convergence of 9, to 1 in Li ([0, 00); LE‘O)(Q))
and
Ve ® Vibe = Vo ® Vo in L ([0, 0); L(2),

loc

In order to pass to the limit in the stress term, we observe that for all v e V,, we have

<v ’ (T(Duevwe))v V> = <v ’ (T(Dueu "/Je) - T(Duevw))7v> + <v ’ (T(Duéu 1/1))7 V>

By the assumptions on 7 we have

T
f KV - ((Due ) — 7(Due, 4)).v)] < j e — 6| (14 |Du)’ " [Vv],  (25.4)

0 Qx[0,T]
which is easily seen to converge to 0 by using Lemma 2.1.1 up to a subsequence after noting that
(14]Du|)?~" is bounded in L? (0, T} V), that ¢ converges strongly to 1 in L?(0,T; L%O)(Q)) for
any T > 0 and that || < 1 a.e. in  x [0,0). Using again a standard monotonicity argument
(see ( , , Chapter 2)), we can now identify the limit y with 7(Du, 1) and pass to the
limit in all the terms in the linear momentum equation.

We can also easily pass to the limit in the Cahn-Hilliard equation thanks to the continuous
dependence results in Theorem 2.3.1 and to the strong convergence of u in Li, ([0, 0); L 4, ()
obtaining therefore that ¥ and p satisfy the order parameter equation with convective term u - V.
This proves that (u,, i) satisfies system (2.0.2) in a weak sense.

In order to have a weak solution we still have to show that our candidate solution (u,, p)

satisfies the energy inequality. However this easily follows by noting that the approximate so-

lutions (ue, e, pe) satisfy an analogous equality and that from the strong convergence of u. in
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LIQOC([O,OO);L(Q)VdiV(Q)) and of ¢, in L?

loc

([0, 00); H(lo)(Q)) we have strong convergence of uc(t) in
L3 4iv () and of (t) in H () for almost every positive ¢. Finally we conclude thanks to the

weak lower semicontinuity of norms. O

As a consequence (cf. also Remark 2.2.2), we can say that there exists a global weak solution
to problem (2.0.2) (i.e. defined on (0,0)). We now show that any (global) weak solution satisfies
an energy equality. This fact will play a basic role in the subsequent analysis of the longtime

behavior (see the next sections).

Theorem 2.5.2. Any weak solution (u,, 1) to problem (2.0.2) satisfies the following (differen-
tial) energy equality, for a.e. t > 0:

d
GE@w + [ 7(Duw): Dtk | f@)wdx+ [Vu + Vol
Q Q

= (&), w+ (u,9) . (2.5.5)

Proof. Let (u, 1, u) be any (global) weak solution to problem (2.0.2). Before starting, we recall
the following identity (see ( , , Proposition 4.2))

1 d
| v =5 | Ger@ +vu).

Testing now the linear momentum balance by u and the evolution equation for the order parameter

by p, recalling identity (2.5.3) and adding the resulting estimates together, we obtain

d

&E(u,w) + f 7(Du,v) : Dudx + |Vu|3 = (g(t),u)
Q

Multiplying the equation for the chemical potential in (2.0.2) by ¢ and integrating over 2, we

also get

(0:0) = Vo + | rwydx
from which the claim easily follows. O
Corollary 2.5.3 (( ) , Theorem 3.1)). Any global weak solution to prob-

lem (2.0.2) satisfies the following dissipative estimate, for a.e. t > 0:
d
ZE(,0) + cE(,w) + [ Vul + c|Vul? + | Vul} < € (HgHQ o 1) . (2.5.6)
div

where the positive constants ¢ and C' depend only on the structural parameters of the model and

on .
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Proof. The viscous term in (2.5.5) can be estimated from below owing to the monotonicity of

7(-, %) for fixed ¥. The term arising from potential F' can be handled easily as follows

L F()wdx JQ folth) dx — BJQ G2 dx+ L bdx

290 B 2
> | A= [ vtax= | Po)ae-§ [ vtax

Q Q

where we used the convexity of Fy and Fy(0) = 0 (see page 40). The dissipativity estimate then

follows from Poincaré’s inequality. O

Remark 2.5.1. Due to the low time regularity of the acceleration field u; for large p, in general
we cannot ensure uniqueness even in the 2D case. In particular this lower regularity prevents
us from obtaining a suitable time-regularity for the order parameter field (e.g. boundedness of
¥ in L*([0, 00); W(lo’)Oo )) needed to prove uniqueness of solutions for system (2.0.2). This issue is
related to the presence of the singular potential in our model (see ( )

for a thorough discussion of the regular case).

2.6 A weak trajectory attractor

In this section we define a (trajectory) dynamical system associated with problem (2.0.2) and then
we establish the existence of a trajectory attractor by using the general results of
(2002).

We start by recalling the main pertinent definitions to our case. The set of all non-autonomous
terms appearing in (2.0.2), considered as functions from R™ = [0, o0) into a suitable Banach space
=, will be called the symbol of the equation and will be denoted by ¢ (in our case, o = g). The
space of all admissible symbols will be called the symbol space and will be denoted by X. It is
possible to define a natural semigroup on the symbol space, the translation semigroup {T(t)};cr+

that simply translates in time the non-autonomous symbols:
[T(t)o](s) =a(t+s) Vs > 0.

In order to guarantee good asymptotic properties one usually needs the symbol space to
be positively translation invariant (i.e. positively invariant under the action of the translation

semigroup, T'(t)X < ¥ V¢ > 0). In particular we will assume that:

S = H(oo) = [TW)oo | LERTT

where og(s) is a suitable translation compact function in Z. In our case oy = go will be a

2
loc

translation compact function in L2 (R; Hy! (Q)). We recall the following useful proposition.
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Proposition 2.6.1 (( , , Proposition V.3.3)). Let E be a Banach space.

A function o(s) is translation compact in LY. (R; E) if and only if:

loc

t+h
{J a(s)ds|t€R}

2. there exists a function a(s), lim,_,g+ a(s) = 0" such that

1. for any h > 0 the set

18 precompact in E;

t+1
J lo(s) —o(s + D|Lds < a(l)  VteR.
t

We can now introduce the trajectory space, that is the set of all (weak) solutions to prob-

lem (2.0.2) for any given pair (o, ¥0) € L 45, () x H ) ().

Definition 2.6.1. The set

o

o € X given by

K ={(a(-),v(),p(-)) | (w9, u) is a weak solution to (2.0.2) with symbol o

g

p
ue Ll

([0,20); V) 0 L2([0,20); L3 45 (2)) 0 WH([0,00); V),
W € L([0,00); Hlgy () 0 H ([0, 0); Hg) (),

F() € L,o([0,00); L)),

pe Lo ([0,00); H'(9)) }

is the trajectory space to problem (2.0.2) with symbol o.

Definition 2.6.2. The set
K=k

oeX

is the united trajectory space associated with problem (2.0.2).

On account of the previous section, we know that KI is non-empty for any o € ¥. Moreover,

ngr can be embedded in a natural ambient space, namely:

Fioe = {u(-),0(-),u(-)) |
ue LP(0,T; V,) n L?(0,T; L 4, (Q)) 0 W' (0,T; V), VT > 0,
¢ e L*(0,T; Hipy () n H'(0,T; H(;J;(Q)), VT > 0,
f(@) € L*(0,T; L°(2)),VT > 0,
pwe L?(0,T; HY(Q)),VT > 0}.
Furthermore we introduce a suitable topology on the enveloping space ]-"l‘gc, which will be inherited

by the trajectory space. In this section we consider the following
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Definition 2.6.3. The sequence {(W,,¥n, fin)}tnen < Fif, is said to converge to (u, 1, u) € F!

loc

in the local weak sequential topology ©7F , if

w,loc
u, —u in LP(0,T5V))
u, > u in L*(0,T; L 4;, ()

du, — du  in LF(0,T;VY)
P S in L*(0,T; Hy, (2))
Ovpn — 0 in L0, T Hg ()

Ly — [ in L2(0,T; H*(Q))
for all T > 0.

In what follows we will also assume that the family of trajectory space {K }yex is translation
coordinated, i.e. T()KT < K;r(t)g, for all t = 0. This readily follows from the action of time
shifts in equation (2.0.2) and from the definition of the translation semigroup 7'(-). Let us now

introduce a notion of closedness in the space of trajectories.

Definition 2.6.4. The family of trajectory spaces {K,}oex is (O]

w,loc?
U K5 x {0}

oeX

Y)-closed if the set

is closed in O, x ¥ endowed with the standard product topology.

w,loc

We can prove that our trajectory space is closed. Indeed we have

¥)-closed in Fy

loc”

Lemma 2.6.2. The trajectory space KX, o€ ¥ is (0

o w,loc?

Proof. Let {(un,¥n, fin)}neny be any sequence of solutions of (2.0.2) with symbol o, € ¥ such

that (Wn,vn, pn) — (0,9, p) in ©F | and 0, — o in L} ([0,00); Hy (©2)). We only have to

loc
show that (u,, u) is a global weak solution to problem (2.0.2) with symbol o.

Thanks to the regularity results of the previous sections we know that (up to subsequences)
1, converges to 1 weakly in L%(0, T’ W(20’)6) and strongly in L*(0,T; W(lo’;l(ﬂ)) (see the proof of
Theorem 2.5.1). Thus we can pass to the limit in the non-linear coupling term in the momentum

equation. Moreover a standard estimate (see, e.g., ( )) shows that

J J(u-V)w-quxdt < |blpv, VW plul o s .
T Jo P2’

4p—6

From the weak convergence of u,, we know that {u,} is bounded in L?(V,) n L*(L?(f2)) and,

thanks to Aubin-Lions’ lemma, it is also precompact in L?*(L?) so that u, — u strongly in
_p_ 3p

Lr=2(L4—6 (1)) as soon as p > L. We can therefore pass to the limit also in the convective

term of the momentum equation.
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Possibly extracting a further subsequence, we can also assume that 1, — 1 a.e. QxR* so that
by the dominated convergence theorem 1), converges strongly to ¢ in L4 (L‘(IO) (Q)) forallg € [1, 0).
We can therefore pass to the limit also in the convective term in the order parameter equation.
From the equation for y and the boundedness of y,, in L2(H'(Q)) and of v, in L?(W?25(Q)), we
deduce that f(¢,) is bounded in L?(L%(€2)). Therefore, we also have f(1,) — x in L?(L%(Q))
up to a subsequence. We want to show that x = f(¢). From the convergence of v, to ¥ a.e in
Q x RT, for a.e. t > 0 and any m € N we can find a subset of measure Q| — 5= on which ¢, — 1
uniformly. Thanks to the regularity assumed for the potential F', for almost every time ¢ and any
m € N, we can also find § > 0 and a set of measure Q| — 5 on which [¢| < 1 — . Therefore,
for a.e. t > 0 we can find a subset of Q of measure |Q2] — L on which [1),| < 1 — § definitively
so that f(1,) — f(¢) a.e except on a set of measure % By taking the union of such sets over
m we deduce that f(¢,) — f(¢) a.e. so that f(1) = x by the uniqueness of weak and pointwise

a.e. limits.

We still have to pass to the limit in the viscous part of the linear momentum equation. Thanks
to the boundedness of T as an operator acting on LP(0,7T; V) into Lp,(O, T;Vy) for any T > 0,
we can assume that 7(u,, 1) weakly converges to x € V;’j up to a subsequence. As in the proof
of Theorem 2.5.1, using the continuity of 7(Du, ) with respect to ¢ (see estimate (2.5.4)), the
uniform (w.r.t. ¢) monotonicity of 7( -, ) and the convergence of the other nonlinearities previ-
ously discussed (see ( , , Chapter 2)), we can identify the limit point x with 7(Du, )
and pass to the limit in all the terms of the equation. Finally, a standard contradiction argument

gives the convergence of the whole sequence. O

In addition, a straightforward consequence of the above definition of trajectory space and of

the action of the semigroup {T'(h)}r>0 on it is

Lemma 2.6.3. The translation semigroup is continuous on the extended phase space @:‘U loe X 2.

Having defined the trajectory space and studied its main topological properties, we now in-
troduce a suitable notion of dissipativity. We start by considering the linear subspace of ]-"f;c of

uniformly bounded functions, ;'

FE = () () nl)) |
e L2([0,50); V) A L([0,50); L3 450 (2)) A W ([0,90); VE),
e L([0, 00); Hiy) () ~ HL([0,0); HH (),
e LE([0,00); H'())}
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endowed with the norm

(CRENDI P
=lullgto.00vy) + [l ocoyrzie) + 1l (o o) vs)

Wl Lo 0,00y, @) + 1 a1 0,000 1151 0y + 11822 0,001 ()

where we recall (see Section 1.4.2)

t+1 e
X) = Kd :
Wlagie. s ([ e as)

=

Arguing as in the proof of Lemma 2.6.2 above, we immediately deduce that sets of trajectories

+

w loc: YWe NOW introduce the main dissipativity

bounded in ]-"J are automatically compact in ©

notion for non-autonomous trajectory attractors.

Definition 2.6.5. A set By < © is uniformly (w.r.t. o € ¥) absorbing for the family of trajectory
spaces {K}},ex in the topology © if for any set B < Ky, bounded in F; there exists a time

t1 = t1(B) > 0 such that T'(t)B < By for all t > t;.

Lemma 2.6.4. The set

By = {(u,9, 1) € K3 | (w, ¢, )| 7+ < Ro}

where

Ro = C(Q,5,v) (HgHLg(HJ£> * 1)

i

+

is uniformly (w.r.t. o € $) absorbing for the trajectory space K5, in O loc-

Proof. The proof consists in showing that, for a sufficiently large time, all the norm appear-

ing in the definition of ;' are bounded by a constant times HgHLg(Hgl) + 1. We start by

i

applying Gronwall’s lemma to the energy estimate (2.5.6) getting a suitable bound for u €

Ly([0,0); V) 0 L*([0,0); Lg 45, (), ¥ € L*=([0,90); Hig (), F(¥) € L*([0,0); L'(€2)) and

pe L2([0,00); HY(2)). From this results we also deduce that also Ep(¢)) is definitely bounded

by a constant times HgHLg(Hglv) + 1.

Starting now from a sufficiently large time ¢, which however depends only on the norms of the
original initial conditions and on the norm of the forcing term g, Theorem 2.3.1 gives the desired
estimates on ¢ € L2 ([0, 0); W(QO)G(Q)) n HL([0, o0); H(B)l(Q)) Finally, directly from the equation
for the linear momentum we can control the time derivative of u obtaining the absorbtion property

for we WP ([0,00); V). O

Moreover, on account of the preceding analysis, we have
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Lemma 2.6.5. The absorbing set By defined above is positively invariant and compact.

Proof. The invariance is an immediate consequence of the definition of By and of the translation
semigroup. In order to prove the compactness, we can repeat the same argument used in the

proof of Lemma 2.6.2 above. o

We can now recall a couple of basic definitions (see ( )

Definition 2.6.6. A set B; < © is uniformly (w.r.t. o € 3) attracting for the family of trajectory
spaces {K}}yes in the topology © if for any set B Ky bounded in ;" and for any neighbour-
hood O(Bj) of By in ©, there exists a time ¢, = 1 (B, O(By)) > 0 such that T'(¢t)B < O(B;) for

all t > tl.
Definition 2.6.7. A set A, c K7 is the weak trajectory attractor for problem (2.0.2) if

1. it is compact in @z loe and bounded in ]-"J;

2. it is uniformly (w.r.t. o € ¥) attracting in O |

3. is strictly invariant, i.e. T(t)As = As, Vt = 0.

We can now recall the general existence result for the trajectory attractor of an abstract

evolution equation

Oru = Ag(t) (u), teR. (261)

Theorem 2.6.6 (( , , Theorem XIV.3.1)). Let ¥ be a compact metric
space and let a continuous translation group {T(t)}er act on X, T()X < X. Assume that the
family of trajectory spaces {K}}opes, KT < Ff

loc
: +
coordinated and (O ..,

corresponding to equation (2.6.1) is translation
Y)-closed. Assume further that there exists a uniformly (w.r.t. c € )
absorbing set B for {Kt},ex in @z loe Such that B is compact in @z loe @nd bounded in ]-"J.

Then the translation semigroup {T(t)}+=0 acting on Kf possesses the uniform (w.r.t. o € X)

trajectory attractor Ay, < ngr N B.
In our case we deduce

Theorem 2.6.7. Let g(t) be translation compact in L% ([0,00); H L (Q)). Then system (2.0.2)
has the uniform (with respect to o € ¥ = H(g)) trajectory attractor As.

Proof. The claim follows from Lemmata 2.6.2, 2.6.3, 2.6.4 and 2.6.5. o
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2.7 A strong trajectory attractor

Here we exploit the energy equality (2.5.5) which allows us to use the argument devised in
( ), to prove that the weak trajectory attractor actually attracts trajectories with respect
to the strong topology. More precisely, the attraction property also holds in the strong local

convergence topology defined below.

Definition 2.7.1. A sequence {(Wy, ¥n, tin)}nen < Fyl, converges to (u,, ) € F,"_ in the strong

loc

+

sloc if, for any T > 0, we have

local convergence topology ©

Jim Ju, —uzrorv,) =0, Jim lopap = 0Vl Lo o, mva) = 0
e =20 rimy @) =0, im0 — 0l 2o 1)) = O

nlgrolo |pen — pll 200,711 ()) = 0.
Indeed, we now prove the following

Theorem 2.7.1. Let g(t) be translation compact in L% ([0,00); HyL(Q)). Then the uniform

loc
(w.rt. o € X = H(g)) trajectory attractor As, is the strong uniform (w.r.t. o € X = H(g))

+

trajectory attractor, i.e. it attracts trajectories in the strong topology 95,100‘

Proof. In order to prove this result it is sufficient to show that, whenever {(u,,, ¥n, fin)}neny < Bo
is a weakly convergent sequence of solutions of equation (2.0.2), then it also converges strongly

for sufficiently large times. Indeed, if this is true, the weak compactness of the attractor implies

+

T 1oc and the weak attraction property is carried over to

its compactness in the strong topology ©
the strong topology as well.

Therefore, the proof reduces to showing that, whenever {(Wn, ¥, tin) }nen © Bo N K weakly
converges to (1, 1$, i), then T(1)(un, ¥n, un) — T(1)(1, 1$, 1) strongly on any bounded interval
sufficiently far from the origin. In the computations below for the sake of simplicity we will

consider the time interval [1,2].

We now multiply (2.5.5) by the time t and integrate it from 0 to 2 obtaining, for all n € N,

1 2 1 2 2
2E(1/)n(2),un(2))f§L |un|§dt—§L |V1/)n|§dtfjo LF(q/)n)dxdt

2 2 2
+J t{T(Du,, ), Du,) dt—i—JO JQ tf (Vn)tn dxdt—i—fo t|V |3 dt

0

2 2 2
+JO t|V¢n|§dt=J0 g (), 1) dt+J E(ms ) . (2.7.1)

0
We observe that the limit solution (1, 0, i) satisfies an analogous identity.
We now want to pass to the limit in (2.7.1). We recall that, on account of the regularity of

weak solutions, using Aubin-Lions’ compactness lemma and the dominated convergence theorem,
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the first three integrals on the left hand side of (2.7.1) converge to their limiting counterparts.
Arguing as in the proof of Lemma 2.6.2 we deduce that f(¢,,) is bounded in L?(L%). By the
strong convergence of 1, in L?(L?) we see that we can also pass to the limit in the other term
arising from the potential F. By compactness we can also easily pass to the limit in the two

terms on the right hand side of (2.7.1). Therefore, only the following four terms are left

2 2
@R V@), j V2 dt, f £ (- (D, ), D) dt.
0 0

Thanks to the monotonicity of 7 we have for a.e. (x,t) € Q x [0, 2]
(T(Duna 1/171) - "'(Dﬁﬂ/)n)) : (Dun - Dﬁ) = 0.

Multiplying by ¢, integrating on Q x [0, 2] and using Lemma 2.1.1, we deduce

2 2
J t<-r(Dﬁ,1/)),Dﬁ> dtgliminff t{r(Duy, ), Duy) dt.
0

n—aoo 0
Analogously, from the weak lower semicontinuity of norms we deduce
2 2
J t|Vil3dt < liminff |V 1|3 dt
0 n=w Jo
[6(2)[3 < lim inf [u, (2)[3
n—o0
V()3 < lim inf [V (2)]3

n—o0

In order to conclude the proof we need the following elementary lemma

Lemma 2.7.2. Let {an}nen and {by}nen be sequences of real numbers such that

a < liminf a, b < liminf b,
n—0o0 n—0o0
and
lim a, + b, = a+b.
n—0o0
Then
lim a, = a, lim b, = b.
n—0o0 n—0o0

Applying this result to the sum

2 2
a2+ [Ven@B + [ Vit + | t<r(Dun ), Dun) de
0 0
appearing on the left hand side of (2.7.1) we deduce

Tim Jun (2)]3 = [6(2)[3

lim |V (2)]3 = [V4(2)13

nlgfgo HVMnHL§(0,2;L2(Q)) = HVMHL$(0,2;L2(Q))

2 2 ~
lim | (T (Dun, ), Duy) dt = J t<-r(Dﬁ,1/)),Dﬁ> dt.
0

n—ao0 0
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The last limit and the assumptions on the stress tensor, combined again with Lemma 2.1.1

(see ( ), give

2
J HVu, — VAl dt < f Hr(Dup, ) — 7(DB, ) : (Dup — D) dx dt
0 Qx[0,2]

+ J t(r(Dd, ) — 7(DG, ¥,)) : (Du,, — D) dx dt
Qx[0,2]

where the right hand side converges to zero as n — c0. Thus, on account of the uniform convexity
of the Bochner spaces involved (see, e.g., ( , , Proposition 3.32) we can deduce the
desired strong convergences on the time interval [0, 2] with weight t. However, we note that this
weight is nondegenerate on [1, 2] so that the strong convergence holds in the original un-weighted
space on the interval of interest [1,2]. Finally, by the arbitrariness of ¢ = 2 as upper bound in
the time integration, we also infer the strong convergence of u,, in L5 (1, o0; L%)div(ﬂ)) thanks

to the continuous injection LP(V,) n L’ (V¥) = C(L§ 4;,(2)). Also we can immediately deduce

the strong convergence and of ¢y, in L, (1,905 H (). O

loc

Remark 2.7.1. Actually, one can show a slightly stronger convergence for the order parameter
field. Indeed, by recalling the results of the previous section we know that the trajectory attrac-
tor attracts the ¢ component of solutions also in the weak-* topology of L*([0,0); H (10)). By

standard interpolation results we have

2 p=2
Hwn - 1z)HLP(H(lo)) < C‘W)n - 7/}|‘£2(H(10))H1/}n - 1/’“[}1;(}[(10))

p

so that strong attraction in Lj_,

([0, c0); H(lo)) for any p € [2, 0) for the order parameter field 1) is
easily seen to hold.

Remark 2.7.2. A more subtle question seems to be whether the attraction of the order parameter
field holds also in the strong topology of L*([0, oo);H(lo)) or not. This would be implied by
some additional time-regularity (e.g. Holder continuity) of the order parameter field seen as a
continuous function of time with values in H (10). However, this regularity seems to be out of reach

on account of our present knowledge.

This chapter has been dedicated to the study of a particular variation on the model H,
accounting for non-Newtonian fluid dynamics of the fluid mixture described. As discussed, the
incomplete knowledge on the uniqueness of weak solutions led us to using trajectory attractors
theory in order to give a description of the long term behaviour of solutions of system (2.0.2). We
now wish to bring our attention back to the original model H on a bounded domain in R? and
study the behaviour of its solutions under the action of non-autonomous forcing bulk force. In
doing this we will assume a regular double-well potential and we will pay special care in dealing
with its growth at infinity. This will lead us to the use of the theory of exponential pullback

attractors, which will also be reviewed in the next chapter.
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CHAPTER 3

Pullback exponential attractors for a Cahn-Hilliard-Navier-Stokes system

in 2D

OUTLINE

We consider a model for the evolution of a mixture of two incompressible and partially immis-
cible Newtonian fluids in a two dimensional bounded domain. More precisely, we address the
well-known model H consisting of the Navier-Stokes equation with non-autonomous external
forcing term for the (average) fluid velocity, coupled with a convective Cahn-Hilliard equa-
tion with polynomial double-well potential describing the evolution of the relative density
of atoms of one of the fluids. We study the long term behavior of solutions and prove that
the system possesses a pullback exponential attractor. In particular, the regularity estimates
we obtain depend on the initial data only through fixed powers of their norms and these
powers are uniform with respect to the growth of the polynomial potential considered in the

Cahn-Hilliard equation.

E started the previous chapter by introducing a possible variation on the model H,
useful to describe shear-thickening fluids. We ended our analysis of the system
considered there by proving the existence of trajectory attractors in a suitable

sense. Resort to this technique was motivated by partial knowledge on the well-posedness of the
system and in particular by the lack of definite information concerning the uniqueness of weak
solutions to the system considered.

We now take a break from the flow of “variations” on the model H. In this chapter we want to

61
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give some insight on a different possible approach to the description of the long-term dynamics
of an evolution system. In particular, we are interested in studying the Cahn-Hilliard-Navier-
Stokes equations with a non-autonomous forcing term. In doing this, we will use the theory of
pullback exponential attractors. This is a new instrument recently introduced in the literature
(see ( )). The related theory combines both the advantages of pullback attractors
for non-autonomous dynamical systems (cf. Section 1.3.4 for a quick overview on this approach
and ( ) for a comprehensive introduction to the theory of pullback attractors)
and of the exponential attractors in Banach spaces in their most general form known today
(see ( ) and cf. Section 1.3.3).

More precisely, given a bounded and smooth domain < R2?, assuming that the viscosity of

the mixture is a constant v > 0, we will consider the system (cf. equation (1.1.6))

du+u-Vu—vAu=Vr+uVip+g, inQ,
V-u=0, in{,

(3.0.1)
o+ (u-V)o = MAp, in Q,

p=—eAP+1f(4), inQ.

As in Chapter 1, here p is the so called chemical potential with constant mobility M > 0, g is a
time-dependent bulk force, f is the derivative of a double-well potential F' while 7 is the pressure.
In particular, as we discussed in Section 1.1, € is related with the small but not negligible thickness
of the interface.

As usual, we complement this system with homogeneous Dirichlet boundary conditions on the
velocity field, no flux boundary conditions on the order parameter field and chemical potential,
namely,

u=0, =0 and Jhu =0, on 0f. (3.0.2)

Being the problem non-autonomous, we specify the initial values at a given time 7 € R for the

state variables, that is,
u(7) = uo, ¥(1) = Yo, in

and assume that (3.0.1) holds in Q,r for T > 7 (with T possibly equal to +c0). We recall that,
in this model, the chemical potential of the binary mixture y is given by the variational derivative

of the free energy functional for the Cahn-Hilliard equation (cf. equation (1.1.1))

Ee) = | (SI7009P + 2P0 ax

where F(v) is a suitable double-well potential characterizing the phase decomposition of the

mixture. Since F’' = f, the fourth equation in (3.0.1) follows.
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In the original setting of spinodal decomposition and coarsening during quenching of alloys, the
thermodynamically consistent double-well potential F' appearing in the Cahn-Hilliard equation is
naturally seen to be logarithmic (see ( ) and references therein). However, this singular
form for the potential causes major difficulties in the numerical and theoretical study of the
Cahn-Hilliard system so that in applications it is often replaced by a polynomial approximation
like

F(y) = C(1 — ).
In this context, a possible approach to deal with the physically relevant case consists in suitably
approximating the singular potential by polynomials of increasing order (see
( ,b) for an application of this technique to a system closely related to the model H). In this
chapter we consider a polynomial potential F' of arbitrary order p + 3, for p > 1 (in fact, lower
order growth are much easier to analyse) and focus on the dependence on the exponent p of the
a priori estimates relevant for system (3.0.1).

The main result in this chapter is the proof of existence of a pullback exponential attractor
for the system (3.0.1)-(3.0.2). As a byproduct, we derive several regularity estimates for the
solutions to the Cahn-Hilliard-Navier-Stokes system. These have an interest of their own due to
their uniform structure with respect to the growth of the double-well potential F'. Indeed, if the
potential f(v)) is assumed to satisfy |f(1)] < C(|9|P*2 + 1), we are able to control the solutions
only by suitable powers of the norms of the initial data independent of p. This is not an easy task
since the computations repeatedly involve f(1) and its derivatives, which are naturally estimated
as

(P +2)/2 (p+2)/2

[f()lg < C(WIE? +1) < Clvly A, +1),

carrying the polynomial character of F' directly into play. This obstacle is circumvented by
suitably handling the nonlinear terms so that the dependence on the “shape” of the potential is
confined to the multiplicative constants appearing in our results.

Therefore, these estimates can be seen as a preliminary step forwards an effective approximat-
ing procedure able to deal with the more physically relevant case given by the singular potential.

The plan of the chapter goes as follows. In Section 3.1 we introduce the functional setting
required to study system (3.0.1) and the main results obtained in this chapter. After recalling
the theory of pullback exponential attractors in Section 3.2, we first derive basic energy estimates
(Section 3.3) and then higher order regularity estimates (Section 3.4): in particular, our results
are uniform w.r.t. the shape of F' in the sense made precise above. We then derive continuity
results and time regularity for solutions in Sections 3.5 and 3.6. Finally, in Section 3.7 we are
able to check for system (3.0.1) all the assumptions of the abstract results of Section 3.2, thus

concluding the proof of our main theorem.
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3.1 Functional setting and main results

In this chapter, Q will be a smooth bounded domain of R2. In order to study the velocity field u

we introduce the usual space of divergence-free test functions
Vo = {¢e CL(KR?) |V ¢ =0}

and the related distribution spaces L 4;,(Q2) and Hg 4, (€2) (cf. Section 1.4.2. We also introduce
the Leray projector P: L?(Q) — L%)diV(Q) mapping every element of L?(Q) to its divergence-free
part. Furthermore, we will indicate by H7! () the dual space of H{ 4;,(Q). In Hj(Q) and

H{ 4, (Q) we will consider the following norms

Wl = 1975 = 3] | P iy, o = VB = 3 [ 6P

ij=1
Since the second equation in (3.0.1) together with the boundary condition imply that the bulk

integral of the order parameter is preserved by the evolution, we need to suitably account for this

feature. We recall from Section 1.4.2 the notation for the mean value of f over the domain 2

o1
<f>:ﬁj;zfdxu

and the definition of its mean free part
F=f=<pH.

Without loss of generality, only a shift of the order parameter field being required, we can always
assume that the mean of v is zero at the initial time and, due to the conservation of mass enforced
by the Neumann boundary conditions, this will remain true for all positive times. Then the order
parameter will belong to the spaces L?O)(Q) and H (ko)(Q) consisting of functions with zero mean.

We will use Poincaré’s inequality (and some of its variants) at several stages when estimating

the Sobolev norms of . Indeed, the boundary conditions and the above definitions imply that

f¢=0, Ony = 0 on 092, wa= OnY =0, A =0 on 0f.
Q Q o0

Therefore, all the norms ||[¢|zi, j = 1,...,4 are equivalent to the L2-norms of the derivatives of

order j. Moreover, Korn’s inequality holds. Thus we have

|9l ~ [VOl2, [l ~ A%l (@l ~ VAU, 9] ~ [A%)].

Finally, the functional spaces for the whole solution (u, ) are

Ho = L3, (Q) x H(10) () Hy = H(l),div(Q) x H(Qo) (),
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which arise naturally in the study of the process generated by the solution of system (3.0.1).
We can now list the assumptions on the potential F'(¢), which will be used in this chapter.

We start with some hypotheses concerning its regularity and growth:
(A.1) FeC3R).
(A.2) F(y) grows at most polynomially fast at infinity, namely
" ()] < Cr(L+ [yl?),
for some positive constants p and CY.

(A.3) The potential is coercive, i.e. there exist positive real numbers ¢ and ¢y such that
F(y) = cs (lyP**—1)

holds for all y € R.

Recalling that the potential F' appears in system (3.0.1) only through its derivative, without loss

of generality we can further assume that
(A.4) the functional F is strictly positive, i.e. F(y) > 0, Vy € R.

We now give some additional assumptions concerning the shape of the double-well potential F.
(A.5) F(y) is a quadratic perturbation of a regular convex function defined on the whole R, that

is,

F(y) = Fo(y) — oy® + 9y + B,
where F € C?(R) is convex and « € R is a positive constant.

(A.6) Up to a suitable choice of the constants 8 and v in Assumption (A.5), the convex part of

the potential Fj satisfies:
Fy(0) = F}(0) = 0.

In order to obtain higher order estimates having uniform structure with respect to the growth of

f, we will assume that F' behaves as a polynomial at infinity. In particular we will suppose

(A.7) The relation ¢ = p + 1 holds in Assumptions (A.2) and (A.3). Moreover, for any k =

0,1,2,3,4 there exists a positive constant c; such that

W) <er[l+ Fy)” ™" o] vyeR. (3.1.1)
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Remark 3.1.1. We will use Assumption (A.7) in order to estimate the L™ norm of the derivatives
of the potential F' in terms of some L® norm of the potential itself. In particular, when dealing
with higher order estimates we will often use the immediate consequence of Assumption (A.7)

1F® ()20 < o1+ |[F()h),

pr2—Fk

for any 1 such that F(v) € L1(2) and for some constant C' depending on k and .

Remark 3.1.2. Throughout this chapter, we will always assume that p > 2, being much easier
the case when the potential F(y) grows at most as y° at infinity. In particular, all estimates in
the following sections hold for p > 1, except for (3.5.5) below. However, note that a suitable
estimate for this term can be produced also in the case p € [1,2) (cf. Remark 3.5.1) under the

assumption

f™@y)y<Cc VYyeR.

The case p = 1 is particularly relevant for applications since the polynomial potential F(y) =

(y? — 1)2, which is often used in numerical simulations, falls in this setting.

Finally, we assume the non-autonomous forcing term (symbol) g appearing in equation (3.0.1)

satisfies the following conditions:

(B.1) ge L2, (R; L3, ().

loc

(B.2) ge L% (—oo,t; L3, (), for any t € R, that is,

uloc

Mg (t) = supf lg(s)3ds < w0, VteR.

r<t Jr—1

(B.3) There exist o € R and g > 2 such that g € LY, (—o0,to; L3, (), namely,

uloc

Mg q(to) = SUPJ lg(s)|%ds < oo.

r<to Jr—1
In this chapter we will prove the following main results:

Theorem 3.1.1. Assume that g satisfies (B.1) and (B.3) and let Ug(t,7): Ho — Ho be the
solution operator for the system (3.0.1). Then there exists a family MUg = {MUg (t): t < to} of
nonempty compact subsets of Hi, which is a pullback exponential attractor for system (3.0.1) (see

Theorem 3.2.2 below) in the topology of Hi.

Corollary 3.1.2. Under the same assumptions of Theorem 3.1.1, if, moreover, g satisfies (B.3)
uniformly for to € R (as in (B.2)), then the process Ug(t,T): H1 — H1 has a family ./\/ZUg =
{./r\\/lJUg (t): t € R} of nonempty compact subsets of H1, which is a pullback exponential attractor
for system (3.0.1) (see Theorem 3.2.3 below) in the topology of H.
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3.2 Exponential pullback attractors

In this section we briefly review the theory of exponential pullback attractors as developed
in ( ). Below, (H,|-|) and (V, || - ||) will be two Banach spaces such that V' is com-
pactly embedded in H. Both spaces have a metric structure therefore, given any two nonempty
subsets D1, Dy of the metric space X = H,V, the Hausdorff semidistance and distance are well
defined respectively as

distx (D1, D3) = sup in£ v — v x

v1€D1 v2€L)2

and

diSt?m(Dl, DQ) = Inax{distx (Dl, DQ), dlStX (DQ, Dl)}

As in the usual case of exponential attractors (cf. ( )) the key point of the
argument is the introduction of a set of mappings which enjoy a suitable “smoothing property” (see
also Section 1.3.3). This is responsible for the exponential convergence of the trajectories of the
system to an exponentially attracting finite-dimensional compact set (an exponential attractor)
as soon as the trajectories have entered a sufficiently small neighbourhood of the attractor itself.
Let 0, K € R be positive constants and let B be a bounded and closed subset of V. Define
Ss,i(B) to be the class of mappings S: V' — V such that the smoothing property holds on a
d-neighbourhood (in V') of B, i.e.

S(Os(B)) c B
and

[Svy — Sva| < K|v; — v for all vy, ve € Os5(B),

where Os(B) = {ve V| infyep ||v — w|| < §} is a J-neighbourhood of the set B in V.

We introduce a suitable class of family of mappings, which are the abstract, discrete-time,
dynamical system representation of the evolution equations we will be interested in. In particular,
let ng € Z be fixed and consider the class Uy(V, ng) of all families U = {U(m,n) | n,m € Z,n <

m < ng} of mappings U(m,n): V — V such that
1. U(n,n) = Id for all n < ng;
2. U(m,k)U(k,n) = U(m,n) for any n < k < m < ng.

When dealing with pullback attractors, only the evolution of the system up to the “present” time
ng is of interest. The key question is how perturbations of the system in the past affect the
present dynamic and what actually is the state of the system observed. This is the reason why
elements belonging to the class Uy(V, ng) are defined up to time ng and not necessarily beyond.

We can say that element of the discrete time class Uy (V, 79) possess a discrete time pullback

exponential attractor in the sense made precise by the following theorem
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Theorem 3.2.1 (( , , Theorem 2.1)). Letng e Z, 6 >0, K > 0 and B < V be
fixed with B bounded and closed in V. Then, there exist positive constants C1, Cs, € and o only

depending on'V, H, 6, K and B, such that, for each U € Ug(V,ng) satisfying
U(n,n—1) € Ss,x(B) for all n < no,
there exists a family My = {My(n) | n < no}, of nonempty subsets of V', which satisfies
a) My is positively invariant i.e.

U(m,n)My(n) c My(m) for all n < m < ny,

b) My(n) < B is a compact subset of V, with finite fractal dimension estimated by
1

logy Ne(My(n), V) < Cilogy — + Cy  for all 0 < e <€ and any n < ny,
€

where Ne(My(n),V) is the minimal number of e-balls in V, which are necessary to cover

My(n),
¢) My attracts B exponentially in a pullback sense i.e.

disty (U (m,n)B, My (m)) < Cre~®m=m) for all n < m < nyg,

d) for every integer k <0
My(n+k) = Mpun) for all n < ny,
where TU (m,n) =U(m + k,n + k).

Remark 3.2.1. The results in ( ) also include robustness of a discrete-time expo-
nential pullback attractor w.r.t. to a suitable metric in the space of discrete time processes. For
simplicity we do not mention all the pertinent details here. However, we recall that this result
is important in deducing the analogue continuous-time theory and, in particular, in obtaining

continuity in time of an exponential pullback attractor.

Having in mind the more relevant continuous-time setting, we now introduce a suitable ana-
logue of the class Uy(V, ng). Let tg € R be any time, and consider the class U(V, 1) of all families
U={U(t,s)]|s teR,s<t<ty} of mappings U(t,s): V — V such that

1. U(s,s) = Id for all s < to;

2. U(t,r)U(r,s) =Ul(t,s) for any s <r <t < 1.
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In this setting, a natural way to introduce a smoothing property is to consider only those families

U e U(V,tg) such that there exists a positive time span 7y for which
U(t,t —10) € Ss.x(B) (3.2.1)
holds for all ¢ < ty. Thanks to Theorem 3.2.1, for any t < to the family U? € Uy(V,0) given by
Ut(m,n) = U(t + mmo,t +nr) foralln <m <0

possesses a discrete time exponential pullback attractor.
In order to obtain a satisfactory dynamical description of the system also in the continuous-
time case, we will need some additional assumptions on the time regularity and continuous de-

pendence of the family U € U(V, ty). In particular we will assume

(H.1) Continuity w.r.t. the forcing terms: there exist real positive constants Cp, €y and ~ such

that eg < 79 and that for all ¢ < to, 70 < 7 < 279, 0 < s < ¢p and v € Os(B)

U@t —r)v—U(t—s,t—r—s)| <Cols|”.

(H.2) Past continuous dependence on initial data: there exists a positive constant Cp such that
Ut —s)v—U(t,t— s)w| < Cplv—w|
for all v,w € B and any ¢t < tg, 0 < s < 27g.

(H.3) Time continuity of solutions: there exist positive constants C{j and +' such that for all ¢ < ¢,

To<r<2mn,0<s<e¢andveB

Ut —r)o — Ut — s,t — o] < Clls| .

We can now state the main result on exponential pullback attractors

Theorem 3.2.2 (( , , Theorem 2.2)). If U € U(V,ty) satisfies (3.2.1) and As-
sumption (H.2), with B <V bounded and closed in V', then the family My = {Muy(t) | t < to},
defined by

My (t) = U U(t,t — s — 10)Mpi-s— (0) for all t < to,

s€[0,70]
satisfies

a) U, ") My (1) € My(t) for all T < t < to,

b) Mr__u(t) =Myt —7) for all 7 =0 and any t < to, where T_ U(t,s) =U(t — 1,8 —T),
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¢) for all =0 and any t < to

disty (U(t,t — 7)B, My (t)) < Ce o7,

d) if, for any D < V bounded, there exists a time sp > 0 such that
U(t,t —sp)D c B for all t < tg
then

disty (U(t,t — 7)D, My (t)) < Ce®Pe 4T for all ™= sp and any t < tg.  (3.2.2)

If, moreover, U also satisfies Assumptions (H.1) and (H.3), then
e) My(t) is a compact subset of V', with finite fractal dimension, for all t < to,
f) for all0 < r < € and any t < to,

dist™ (My (), My (t — 7)) < Clr[7.

Finally consider the case of processes on V. Let U be a family U = {U(¢t, s) | s,t € R, s < t}
of mappings U(t,s): V — V such that

1. U(s,s) = Id for all s € R;
2. U(t,r)U(r,s) =Ul(t,s) for any s < r < t.

This corresponds to a dynamical system defined not only up to the present time ¢y, but also
for positive times. Considering processes corresponds to investigating what the eventual fate of
the system under scrutiny will be. Therefore, it is interesting to investigate the relation between
this eventual fate and the present state of the system, which is itself, in a way of speaking, the
outcome of an arbitrary long evolution.

We will need the following additional assumption, which is a slight modification of (H.2)

(H.4) Future continuous dependence on initial data: for any ¢ > ¢y and Dy, Dy bounded subsets

of V, there exists a positive constant L(¢, D1, Dy) such that

|U (¢, to)v — U(t, to)w| < L(t, D1, D2)|lv — w| for all v e D1, w e Ds.

Theorem 3.2.3 (( , , Theorem 2.3)). Assume that U is a process on V and, for
some tyg € R, the subfamily of U given by the operators U(t,s) when s < t < to satisfies (3.2.1)
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and Assumption (H.2), with B < V bounded and closed in V. Under these assumptions, the
family My = {My(t) | t € R} defined by

~ M ] ~ 1
Ry (t) = u(t) if t <to
U(t,tQ)MU(tQ) ift > to,

where My is the family given in Theorem 3.2.2, satisfies:
a) U(t,7)My(1) € My(t), for all 7 < t,
b) Mr _u(t) = My(t—7) for all 7 =0 and any t < to and
My _y(t) € My(t—r) for all 7 = 0 and any t > to,
where T_;U(t,s) =U({t — 7,5 — 7).
If in addition (H.}) holds, then
¢) if, for any D < V bounded, there exists a positive time sp such that
U(t,t—s)D c B for all s = sp and any t < tg,
then My satisfies (3.2.2) for all t <ty and
disty (U(t, t — 7)D, My (t)) < L(t, B, My (tg))e®(sp+t—to) =67
for allt > tg and any T = sp +t — tg.
Moreover, if U also satisfies Assumptions (H.1) and (H.3), then
d) MU(t) is a compact subset of V with finite fractal dimension for allt € R,
e) for all0 <r < € and any t < &

disty™ (M (1), My (t — 1)) < Clr[7.

Remark 3.2.2. We recall that in ( ) also explicit estimates on a fractal dimension
of the pullback exponential attractor have been derived. For the sake of simplicity, we neglect

them here.

3.3 Existence results and basic energy estimate

In this section we recall some basic energy estimates, which are obtained naturally when proving
existence of solution to system (3.0.1). First of all, for the sake of simplicity, we set e = M =1

and we write the definition of weak solution to system (3.0.1).
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Definition 3.3.1. Let zg = (ug, %) € L2, () x H}

©) (Q) and let 7 € R. Then a couple z = (u, )

such that

ue L2(T7 T; Hé,div(Q)) N Hl(Tv T; H;}/(Q))
Y e L1, Ty H(Q) 0 H (1, T H(2))

is called a weak solution to (3.0.1) if

@ru(t), vy +{(u(t) - V)u(t),v) + @Vu(t), Vv) = (u(t)V(t), v)
(), @) + Cult) - V(t), o) = — (Vpu(t), Vo)

hold for a.e. t € [1,T], for all v e V and for all ¢ in C* (), if

u(t) = f((t)) — Ap(t)
holds for a.e. t € [7,T] in HY(Q) with p e L?(r,T; H*(Q)) and if

lim u(t) =ug in L3 (Q), lim ¢(t) = in H(lo)(Q).

t—T1t t—T1+t

The well-posedness for problem (3.0.1)-(3.0.2) is justified in a suitable Galerkin scheme, thanks

to the following a priori estimates and the subsequent Lemma 3.5.1(see e.g. ( );

(2010a)).

Theorem 3.3.1. Let assumptions (A.1)-(A.6) hold. If g satisfies (B.1) and zo = (ug,%0o) € Ho,
then there exists a unique weak solution z(t) = (u(t),¥(t)) departing at time T from the initial

datum zg.

We now obtain the first basic energy estimates that will be the basis for the estimates of the

following sections.

Lemma 3.3.2. If g satisfies (B.1) and z(t) = (u(t),¥(t)) is the solution departing at time T
from the initial datum zo = (o, o) € Ho, denoting by u(t) the corresponding chemical potential,

there holds

t

[a(6)[3 + [V + 2AF (1)) + f |Vl , o + V()3 ds (33.1)
t
<[uol2 + [Vol2 + 2P ()]s + C j 15(5) 3 ds.
Besides, there hold
t t t
f |w<s>|§ds+j [F(())]1 ds + f |Ag(s)2 ds (33.2)

t
< (fuolt + (90l + 217 )l + [ le(e)3as) +Cla=1)
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as well as

J Av(s)]d ds (3.3.3)

t
< (Iuolg + 1Vl + 21wl + | (o) ds)

t
+C(t—7) <|u0|§+ [Vbol3 + 2| F (¢0)h +f Ig(s)lids)-

Proof. In order to obtain our first (dissipative) a priori estimate, we multiply the first equation
in (3.0.1) by u and the third by p. Recalling the antisymmetric property of the convective term

in the Navier Stokes equation and exploiting the useful vector identity

(atwu /1’) = (6t¢a A¢) + (f(z/])u aﬂ/’)

LD 19w + (), o)

(IVY]5 + 2| F(¥)]h)

1
S 2dt
we obtain

1d
5 (B + VI3 + 2 () + vVl + [Vl = (g ). (33.4)
Poincaré’s inequality for u and integration with respect to time give (3.3.1).

We now have to “complete the norms” on the left hand side of (3.3.4). From the definition of

the chemical potential p (i.e. from the fourth equation in (3.0.1)) we have

(1, 9) = VO[5 + (¥, f(v)) .-

Since, by assumption, v is mean free, we also deduce

(1,6) = (1 — ) ) < 3Vl + Lo,

where C' is a constant, which only depends on the domain Q. From assumption (A.5) on the

potential F' we further deduce

(f(), %) = (fo(¥), ¥) — 20]¢l3,

being fo = F{. Taking into account the convexity of Fy we can also bound the right hand side of

this identity from below:
(fo(¥), ) = [Fo(¥) — Fo(0)1.

Putting the last four estimates together and recalling Assumption (A.6G), we obtain
[Vul3 + Cll3
=|Vy[5 + |Fo(¥) — Fo(0)l — 2aly[3
=|VY[3 + [F()l — all3.
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Therefore we get
IVY[3 +|F(@)h < |Vul3 + Clel3 < [Vul3 + 831 + C,

where ¢ is a positive real number, § is a (small) positive constant, which will be determined later,
and C is a positive constant, which depends only on the domain 2 and is independent of the

exponent g as soon as q¢ = q > 0.

Remark 3.3.1. We observe that under assumption (A.7) we immediately have ¢ > 2 so that in

our case the constant C really depends only on (2.

By adding this last estimate and (3.3.4) together, choosing ¢ small enough, we finally deduce
the basic energy estimate for system (3.0.1)-(3.0.2)

d
X (luf3 + Vo5 + 2[F(@)h) + C (IVul3 + VoI5 + 2| F ()11 + [Val3)
<C(1+1gl3). (3.3.5)

Integrating with respect to time from 7 to ¢, we then obtain the first part of estimate (3.3.2).

Noticing that

Vi, V) = =, Apy = |Apl3 — (f (1), Ay = [Ap[5 + {f (@) Vb, Vb = |Ay|3 — 20| VY3,

we have

|AY[5 < |Vpl2| Vil + 2| V3, (3.3.6)

which, integrated in time, on account of the above estimate (3.3.1), gives the second part of
estimate (3.3.2).

In order to prove (3.3.3), we square (3.3.6), obtaining
[AYly < C(IVHBIVYIE + [VYl3) < CIVuBIVEE + [VEI3IAY[3).
By an integration in time, in view of (3.3.1) and (3.3.2) we accomplish our purpose. O

Corollary 3.3.3. If g satisfies (B.1) and (B.2) and z(t) = (u(t),¥(t)) is the solution departing

at time T from the initial datum zo = (g, o) € Ho, the following dissipative estimate holds

[a()[3 + [Vo@)]3 + 2/ F (1)) (3.3.7)

< (Juol3 + | Vebo|3 + 2| F (o)1) e =T + C (1 + Mg(t)), Vt =T

Proof. The claimed dissipative estimate easily follows from the basic energy estimate (3.3.5) using



3.4. HIGHER REGULARITY ESTIMATES (0]

Poincaré’s and Gronwall’s inequalities as well as the known estimate

t
e=Ct f e lg(s)[3 ds
*CtZJ Crlg(s)[Zds < =" 3 Ol ">supf g(s)|2 ds

(n+1) n=0 r<t Jr—1

<0supj Je(s) s

r<t

which holds for g € L2, _(—c0,t;L?(Q)). O

uloc

Remark 3.3.2. A bound on VA in L2(7, T; L%(£2)) can also be easily deduced by computing the
L? norm of the gradient of the equation for the chemical potential p in (3.0.1) thus leading to
the regularity of the order parameter field required by Definition 3.3.1. However, this estimate
cannot be easily made uniform with respect to the shape of the potential F' (and in particular

with respect to the growth exponent p).

Remark 3.3.3. From the above computations we deduce the following regularity for weak solutions

of system (3.0.1)

ue LOO (Tv T; ng(ﬂ)) N Lz(Tv T; Hé,div(Q))
Ye LO(r,T; HY(Q)) n L(, T; H*(Q))
F(y) e L*(r,T; L'(2))

Vue L*(1,T;L%())

forany Te R, T > 7.

3.4 Higher regularity estimates

In order to obtain estimates having uniform structure with respect to the growth exponent of
f, we henceforth assume that F' satisfies (A.7). Although all exponents and norms that appear
in this and in the following sections are independent of p, the general constant C' will quickly
become larger as p grows.

In particular, Assumption (A.7) and Lemma 3.3.2 imply

FOWO) pse < CUPOE) +1) (3.4.1)
c <|uo|% #1903 + 2o + [ [e(s)Bds + 1) |

being (u(t),v(t)) the solution to (3.0.1)-(3.0.2) departing from (ug,%o) € Ho at time .
The goal of this section is to improve “by one order” the basic regularity result already obtained.

In particular, under suitable assumptions, we will get to u e L*(Hg 4;, () n L*(HF 4, (€2)) and
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Y e LP(H?(Q)) n L2(H*(Q)). This will be achieved in several steps gaining before spatial
regularity for f(v¢) and p and later time regularity as well: first in Lemma 3.4.1 we will deduce
f) e L2(L3(2)) and p € L*(L3(R2)); then f(¢) € L?(L4(Q)) and Ay € L2(L4(S2)) for any ¢ > 1,
as shown in Lemma 3.4.2; this will give u € L®(L?(Q2)) (cf. Lemma 3.4.3) and the final result
(see Lemma 3.4.4).

Notation. In order to simplify notation, we will denote by A; , the quantity
¢
A = Ut Juol} + V6l + 2Pl + | [g(s) s
T

which depends only on the initial data ug, 19, on the forcing term g and on the times ¢ and 7.
Besides, C stands for a generic positive constant depending only on 2 and possibly on p and is

allowed to vary even in the same line.

Lemma 3.4.1. If z(t) = (u(t),v(t)) is the solution departing at time T from the initial datum

zo = (ug, %) € Ho, denoting by p(t) the corresponding chemical potential, there holds

t
[ U@ + o)) ds < €42, + €t~ 1), (3:42)
foranyt =71, TeR.

Proof. Remark 2.1 allows to bound the mean value of f(¢) as

[KF@DI < Clf(@)]pes < O+ [E@)h),

for some C' > 0 depending on p only through the constant ¢y in Assumption (A.7). Recalling the

equation defining the chemical potential in (3.0.1) and estimate (3.3.6), we further deduce

[f() = @D 3 < 20— G 13 + 21893 < C| Va3 + 40| VY[3.

Therefore, we gain full control on the L2-norm of f(¢), bounding its time integral as

f FGi(s)3 ds

T t t t
<c j IV a(s)2 ds + 4o f V() ds + C j (1+ [F((s)))? ds
SCA; .+ C(t—7)A 7,

where we used (3.3.1) and (3.3.2) from Lemma 3.3.2. The second part of estimate (3.4.2) follows

from

lul3 < 2012013 + £ ()13,

the above bound and (3.3.2). O
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As announced before, the integrability of f(¢)) can be further improved in two steps.

Lemma 3.4.2. If z(t) = (u(t),¥(t)) is the solution departing at time T from the initial datum
zo = (ug,%o) € Ho, then, for any b > 0 there exists Cp > 0 such that

¢
| 17N + 180 ) ds < G+ Cult = 1) A
meaning that f(), Ay e L2(1,t; LP*2(Q)), for any b > 0.

Remark 3.4.1. We note that this estimate extends to singular functional f, without appealing to

approximation arguments as in ( ) but with the same order of control.

Proof. Multiplying the equation for the chemical potential by f(1)|f(1)|® and integrating over

Q, we have
C FOFWI) = 11 (@)1 = A%, F)IF W) (3.4.3)
We now exploit assumption (A.5) on F, proving after an integration by parts

— (DY, FOIF)7) = b+ 1) /() [F () PIVY[?) = —2a(b + 1) {|f ()", [VY[*).

Replacement of this estimate in (3.4.3) above leads to

(@72 < 2a(b+ D)@ V) + (ul, 1 F ().
Holder’s and Young’s inequalities then provide
)BT < 2000+ DIF@Esal ViRea + ool 7T < @IS + o (VIS + llf13)
Recalling that from standard interpolation the inequality
A5 15 < Col I3 1Al G,

holds, we end up with
F@)15E5 < Co (VUIBIAGLS + [l ) - (3.4.4)

A further application of Young’s inequality then gives

b b
P < Co (V0 21AQE7 " 4l 2 (9l " + a3

< Cy (VY + |AY3 + |3 + Vi)

Finally, integration with respect to time, leads to

j F(s) g ds < G f (V) + [Ap(s)E + ()3 + [Vuls)2) ds,
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thus Lemmata 3.3.2 and 3.4.1 provide the first part of the desired estimate. To complete our
argument, it is sufficient to exploit the equation for the chemical potential x4 and this last estimate

together with Lemmata 3.3.2 and 3.4.1:

[AYLE s <2 (Julye + 1F () 512) <2 (I0l3 + [Val + F()]2) - .

Remark 3.4.2. Provided that F satisfies (A.7), estimates (3.3.1) and (3.1.1) entail (cf. Re-
mark 3.1.1)
@) € L2 (r,t; L+ @+ ().

Besides, the above Lemma 3.4.2 implies f(¢) € L%(7,t; L**2(Q)) for any b > 0. Being (p+3)/(p+
2) > 1, by the interpolation inequality

b(p+ 3)

h h h here 6 =
|l < | |+3| b5, where 2p+2b+p+1)°

b+2)(p+1)

deduce that, when 4(1 —0) = 4
we deduce that, when 4(1 —6) 2bp +2b+p + 1)

=2, thatis, b=1+p,

T)?

[rwentas <@ [ 15060
3

<CA{, +C(t— T)Am

On account of (3.1.1), Lemmata 3.3.2 and 3.4.2, it thus follows f() € L*(r,t; L?(2)) and, in
particular,

|F @ L r a2y < CAL, + Ot —7) A

Lemma 3.4.3. If z(t) = (u(t),¥(t)) is the solution departing at time T from any initial datum
zo = (g, %o) € H1 so that pg = f(bo) — Avpg € L3(2), then there exists C > 0 depending only
on p such that the chemical potential u is bounded in L®(7,T; L?()) n L?(r,T; H*(Q)) for all
T > 7 and there hold

(O < C (DI + A3, + (8 = 7) Ay ) O D)
and
| (MR < OB+ AL + (- )AL (AL, + (- 7)AL,) LAt nAL),
Proof. The evolution of the chemical potential p is governed by
Op = f'()Ap— f' (W) (- V)i — A%+ A((u-V)o)),

as can be seen by formally differentiating with respect to time the last equation in (3.0.1) and

by taking into account the third one. The product of this equality by p gives rise to three terms



3.4. HIGHER REGULARITY ESTIMATES 79

from the right hand side: in order to exploit the lower bound on f’, the first one can be written

(F1 @) A,
== {F' @)V, Vi) = {f" )V, uV )
= (P WV IR) — 3 ()T V()
=~ (PO iy + 5 () 12 + 3 (57 0) [V 2

Thanks to the incompressibility condition, the second one reads as

—{f' @) (- V), uy = {f(¥),u-Vpy.

Finally, noticing that the third equation in (3.0.1) and the boundary conditions (3.0.2) imply
On(Ap —u-Vp) = 0p0it) = 0 on 012, the last term is

— (A% = A(u- V), py = —|Apl3 + u- Vi, Ay
These computations lead us to

<1l + 1Al
= <f/(7/1)vﬂv V.U> + % <f”(1/))A1/),,u2> + % <f’”(1/)) |V1/}|2 aH2> + (), Vi)
+{(u- V), Apy. (3.4.5)

By Assumption (A.5) on the potential F', the first term on the right hand side of identity (3.4.5)
is easily controlled by 2a|V |3 while the last one can be bounded by

K(u- V)0, Al
<[uls|Vebla| Apl2
<Cluly® [Vl [Vl | Ap] | Apl
<13 + Clulo Tl Vyls A

We are left to consider the other terms in (3.4.5). Having in mind (3.4.1), we prove

) A, )
< W)ess | A sl
<" ()]s |86 sl
<COUF"(0) s |8 s (1 + bl Arke)

1
<glAuB + O (1 (0)an +1) (AL 5 + DIl
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Analogously we have
S K @IV, )
<G W) e IV alily
<CI" ()] pea |AY 3 |l 70
<CIf" ()] 23 1AV (pl3 + 12| Apl2)
<A + OO @)s + DAV +1)]u
There also holds
KF(),u- Vi)
<|f(7/1)|g$g [ula(p+3) | Vitl2prs)
<OV ) pas [ Vulol il
<1 + CITuE + CIf (W) [ Tull
Collecting the above estimates and recalling (3.4.1), we have
10 + 1Al < Hlul3 + 9, (346
where
h= C(L+ [F()[)(1+ [AUlS + AV, )
9 =CIVul3 + Clul2|Vul2| VY 2| Avlz + C(1 + [F(¥)]1)*Vul3.
In view of (3.3.3), Lemmata 3.3.2 and 3.4.2, h and g are integrable quantities. Indeed, we have

t
J h(s)ds < C (AL + (t—7)42.) .

t
J g(s)ds < C (A?)T +(t—7)Arr).
By Gronwall’s lemma we further deduce

o < (Inf + [

T

t t

g(s)ds) exp (J h(s)ds)

T

that is,
()3 < C (In(r) + AL, + (t = 1) Ay ;) e+,

Moreover, integrating (3.4.6), from the estimates above we also deduce

t
| 1auBas

t t

h(s)|u(s)2 ds + j o(s) ds

T

<lu(r)lg + |

T

<C () + A2, + (t—m)Auz) (AL, + (£ — 1) AD,) O HE-DIAL), 0
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Remark 3.4.3. The above Lemma has several consequences. First of all, from the third equation
of (3.0.1) we easily obtain 093 < C(|Ap|3 + |ul2|Vul2|[V|2|At)]s). Thus, Lemmata 3.3.2
and 3.4.3 yield

t
J |0sp(s)]3 ds

SO (B + A3, + (t—1)Ary) (AL, + (t —7)A3 ) CHL=DAL)  (3.4.7)
Besides, by (3.4.4) with b = 2, we have

[F()l3 < CUVYBIAYE + [uly + |13 Val3),

hence Lemmata 3.4.1 and 3.4.3 entail f(v) € L*(7,t; L*(Q)), with

j FGo(s)[4 ds

SO (Ipm)E+ A3, + (t— 1) Aer) (A2, + (t = T) Ay, ) CALHEDALD) - (34.8)

Remark 3.4.4. Actually, even more uniform estimates can be deduced from the above Lemmata.

For example, from (3.4.4), using Ladyzhenskaja inequality and interpolation estimates, we deduce

[F@)[F < O (IVO[3] A[S + |uls + |1l Val3)
< C (|VY[3|AY[3 + |ul3 + |ul5Aul3),

ie. f(v) e L8(7,t; L*(Q)). In particular,
Lil [f((s)ids < CJ (IV9 ()21 A% ()3 + [1(s)3 + [u(s)[S|Au(s)[3) ds (3.4.9)

t—1

4 4
SO (Ip(t =13+ A7,_y)" Af, e,

Thanks to our assumptions on f and to the previous results, we can now obtain estimates on
the higher norms of the solution, which have uniform structure w.r.t. the shape of the potential.
Dependence on the growth of the potential F' is limited to the constants C', which appear in the

estimate.

Lemma 3.4.4. Given any initial datum zo = (ug, ) € Hi1 so that po = f(ho) — Abg € L*(Q),

the solution departing at time T from zy satisfies

l2(t) 13,

4 _ A3
< C (lzol3, + |nol3 + A} L + (t—7)Avr) (A7, + (t — T)AL ) C(AL +(t=m)AL ) (3.4.10)
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for some constant C' > 0 depending on the exponent p and on the domain  but independent on

the initial data. Moreover,

f (1A% (s)3 + [Au(s)]5) ds

T

4 3
< C (Jzol3, + lnol3 + A3, + (¢ =) Arr) (AT, + (£ = T) A ) O+ 0D,
Proof. In this proof, we will exploit the following inequality

I+l <CO+1fw), WyeR,

which can be easily obtained from Assumptions (A.3), (A.4), (A.5), (A.6) and (A.7) by means of

the Young’s inequality. In particular, we will take advantage of its straightforward consequence

L' D)a + 1" (W)la < C A+ [f()]4).
Adding together the product of the first equation in (3.0.1) by 2Au = —2PAu and of the third
one by 2A%y), we obtain
d
I (IVul3 + |A¢[3) + 2v]Aul3 + 2|A%p|3 (3.4.11)

=2(g, Auy — 2{(u- V)u, Au)y + 2(uV, Au) — 2{(u- V), A%)) + 2(Af (1), A%

The first two terms arising from Navier-Stokes equations can be dealt with by writing

|—2{(u- V)u, Au) + 2 (g, Au)|
<C(July’|Vuls|Auly” + |g|2|Auls)

v
<glAul; + Clu|Vul; + Clgf3.
Since (uV), Auy = —(AYPpV, Au), from the Agmon’s inequality we easily have

12(uVe), Au)|
<L2|AY||Vp|2] Aula
<C|AGL|AZ] V]| Auly
<ElAuf + 3[A%f3 + CIVyIAuE.
Then, by Ladyzhenskaja inequality and standard estimates
[2{(u- V), A%p)]
<2[ula| Vi a| A%
<Clul*[Vuly” |Vl | AvL | A%,
<51A%[3 + CluIvulg + CIVUBIAVE.
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We are left to consider the last term in (3.4.11), for which we exploit

|Ap|a| VAY|y < CIVY[2| A%,

namely,

2[(Af(), A%p)|

= [2f/ (W) A, A% + 2" ()| VY2, A%

SO+ £ () (| ABla + [Vl VPla) A%

<O+ [f@)) (AP [VAPLS + V9|3 (VAL [Vl | Avl ) A%y
<C1+ £ () (V1A% + [Vl |A%0]5) A%

|A%9]5 + C(1+ ()DL + [Vl5).

<

Wl

We finally deduce the differential inequality
(Va3 + 1A0[3) + vlAuf + A% (3.412)
<Clu3|Vul}
+C (Juf3|Vulz + (1 + [F@)D)(IVY]3 + 1) + (IVYlz + DIAYE + [gl3) -
Introducing
h = Clu3IVul}
g =C ([u3[Vul3 + (1 + [f() DV + 1) + (V3 + DAYI3 + [gf3) .

the above differential inequality reads as

d
3713 < hlzli, + 9. (3.4.13)

Thus Gronwall’s lemma gives

t
el < (1t + [ o(o)as) oo
where, by (3.4.8) and Lemma 3.3.2 we have

t
J h(s)ds < CA7,

T

t
J g(s)ds < C (In(r)3 + A3, + (t = T)Ars) (AL, + (t = T)AL,) et (oA

T

and the estimate (3.4.10). Moreover, integrating (3.4.12), we also have

[ (8708 + 12u)B) as

T

4 _)A3
< C (J20l3, + 103 + A3, + (t = 1) Arr) (A], + (t —7)AS ) C(AL+0-DAL) -
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In the case of regular initial data, i.e. zg € Hi, we thus have the sought higher regularity for

solutions:

ue L*(r,T; H(l),div(Q)) N Lz(Ta T Hg,div(Q))
¢ e L*(r,T; H*(Q)) n L*(7,T; H*(Q))

oy e L3 (1, T; L*(2))

Corollary 3.4.5. Given any symbol g satisfying (B.1) and (B.2) and any to € R, there exists
a positive constant Cg(to) such that, for any bounded set D < Hy, there exists T = T(|D|) > 0

depending only on |D| = max{1, sup,.p |z],} such that
l2() 3, + [u(®)l2 < Cglto),  t<to, T<t—4=T(DI),

where z(t) is the solution to the problem with symbol g, departing at time 7 from the initial datum
zo € D, and u(t) is the corresponding chemical potential. Besides, the following integral estimates

hold true .
L P ds < Q(My(to))

—1
fort <tg, 7 <t—4—-T(|D|), and, fort <to, T <t—5—T(|D|),

¢
| (18w + 18%0()B) ds < Qg ()
t—1
for some nonnegative increasing function QQ depending on p only through a multiplicative constant.

Proof. In order to prove the claim, we divide our argument in several steps. At each step, thanks
to the estimates of the previous sections, we will be able to improve the regularity of the solution
of (3.0.1)-(3.0.2) by letting the system evolve for a time interval sufficiently large (with the only
exception of the initial step, however, all time steps will be taken equal to 1).

Firstly, thanks to Corollary 3.3.3, for any ty € R, any symbol g as above and any bounded set
D < Hy, there exists T = T(]D|) > 0 such that

2(8)13,, + 2F W) < 1+ C(1+ My(to)) < C(1L+ Mylty), t<to, T<t—T,
for any zo € D. Moreover integrating (3.3.5) and (3.3.6), for t < to
¢
| () +19(6)B) ds < €O+ Mylto) + (e = DIy, + 2P = D), 7 <21,

—1

so that, provided that 7 <t —1 — T, we deduce

Ll (I2(s)[3, + [Vu(s)[3) ds < C(1 + Mg(to))

as well as

At75 <C(1+Mg(t0)), T+T<t*1 <S<t<t0 (3414)
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It thus follows from Lemmata 3.3.2, 3.4.1 and 3.4.2
t
J (1A% (s)I3 +1A%(s)[54s + |u(s)[3) ds < CAF,_; < C(1+ Mg(to)), T<t—1-T,
t—1
allowing to prove that the functions h and g in the differential inequality (3.4.6), for 7 + T <

t—1 <t <ty, satisfy
t t
f h(s)ds < CAL, | < C(1+ Mi(to), f g(s)ds < CAZ, | < C(1+ M3(to).
t—1 t—1
Hence, by the Uniform Gronwall’s lemma and (3.4.14), it follows
()2 < C (1+ M3(t)) COTMal0) - - LT 42 <t <t (3.4.15)
as well as

t
J |Ap(s)3ds < C (1+ MZ(t)) eCOFMal) - 4 T4 3 <t <t
t—1

Then the first claimed integral estimate follows from (3.4.9) and (3.4.15), while the functions h
and ¢ in (3.4.13) satisfy

Jt h(s)ds < C (1+ Mé(to)) Jt g(s)ds < C(1+ Mgg(to)) ec(l“‘/[xg(t“))7

provided that 7+ T 4+ 3 < ¢ < tg. Therefore, applying the Uniform Gronwall’s lemma to (3.4.13)
we deduce

lz(t)|5, < Ca(to), T+T+4<t<to,

where

C2(to) = C (1 4+ ME(to)) e[+ Met0),
Finally, provided that 7 <t — 5 — T, integrating (3.4.12) over (t — 1,t) we obtain

t
J (JAu(s)[3 + [A%P(s)[3) ds < C (1 + MR (to)) oC(1+Mg (1)) 0
t—1

3.5 Continuous dependence

In this section we obtain continuous dependence estimates of the solutions w.r.t. initial data and
forcing terms (see Lemmata 3.5.1 and 3.5.2).

In order to address the first issue and to simplify notation, throughout the section we indicate
by symbols with no subscripts the difference between quantities denoted by subscripts 1 and 2,
ie.,

f=hn-re.
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From (3.0.1)-(3.0.2) we easily see that the difference between two solutions z; = (uy, ;) and

Zo = (ug,1)9) satisfies the system

ou+ (u-Viug + (uz-Vi)u—vAu = 11 Vihy — uoViho + g

V-u=0

Oh +u-Vy +up - Vb = Ap in Q, (3.5.1)
p=—A%+ f(¥1) = f(th2)

P(T) = o1 — o2, u(T) = g1 — U2

with the boundary conditions
u=0, =0, Onu=0, on o).

Lemma 3.5.1. Let zo1,zo2 € Ho be any pair of initial data and let g1,82 € LE (—o0,t; L3, (Q))

loc

be any pair of symbols. Then there exists a constant C' such that, if z;(t), i = 1,2, are the solutions

of (3.0.1)-(3.0.2) with initial data zo; at time T and symbol g;, then the following estimates hold

t . I
Hz(t)H?_[D < <|z0|§{0 +J lg(s))3 ds> oC (A +(t-7)A7")

and

[ (9a+1v80()B) as

T

t
—6 —5 w6 _r TS
<C <|z0|§_[0 +J |g(s)|§ds) (B + (¢ = A" ) O T,

where Ay, is defined by Ay = Atﬂ-(l) + At,f(z) and At,‘r(i) is the quantity corresponding to the

initial datum z; and the forcing term g;, for i =1,2.

Proof. Recalling that, thanks to the incompressibility assumption on the velocity fields u;, for

i =1,2, we have

<ﬂivwi7 ui>
= — (AP Vi, w) + (f (i) Vbi, i) = — (A Vs, ui) + (VEF (1), u;)
= —(AY; Vi, ;).

Moreover, the product of the first equation in (3.5.1) by 2u gives

S uf? + 20Vl + 200 )u, w) = —2(A0T )~ 2AGLT 0 + 25w, (352)
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Noticing that

(Ap, Ay
= (A[=AY + f(¥r1) = f(ih)], Av)
=|VAY[ + (f (W) A, Ap) + ([ (1) = f' (12)]| Ao, At
+ (W) VO (Vb + Vi), A + ([f" (1) = [ (2)][Vie|*, Avp)
2| VAY[; = 2a]AP[3 + {[f' (1) = ' ($2)] A, AY)
+ (P W)V (Vbr + Vi), Ay + ([ (1) — [ (2)]|Via]*, Agp)

the product of the third equation in (3.5.1) by —2A yields
|V¢|z+2|VA¢|z = 2{(u- V)¢, Ay — 2{(uz - V)1, Ap)

<40¢|A¢|2 = 2{[f" (W) = f'(¥2)]Ata, Atp)
- 2<f”(7/11)V1/’(V1/)1 + Vipo), Apy — 2{[f"(1h1) — " (¥2)]|Vep2|?, A .

Adding this last inequality to (3.5.2) we have

d
7 (U3 +[V[5) + 2v|Vul3 + 2[VAY[; (3.5.3)

<da]Ay|3 — 2< F@1) = ' (2)] A, Ay — 2 f" (1) Vp(Vihy + Vo), Atp)
—2{[f"( F W)V, Ay + 2{(u - V)b, Ag)

Since |AY|3 < |[V|2|[VA|2, we immediately obtain

1
4a|AY[3 < 4a| V| [VAY|y < 3|VA1/)|§ + C|Vy3.

Before dealing with the terms arising from the double-well potential F', we introduce some
useful estimates for terms of the form | f*) (1) — f(*) (1)3)|. Indeed from the fundamental theorem

of calculus and by assumptions (A.7) and (A.5) we have

P9 en) = 1 as)
1
f f(k“)(s) ds

<C (14 P00 4 Pn) ™9 [y = ],

b2

(1 + F(s)”“’“ﬂwi’»)) ds

2
< f ‘f(’”l)(s)‘ ds< C

P1
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Moreover, we can estimate suitable L? norms of this difference as follows

FE @) = FO W2)]_psa (3.5.4)

N

P +2=0)/;p +3)
C( (1+ F(yn) +F<w2>><‘°“ P w“’“vwwdx)

(0 +1=k)p+3) Yo +3)
( (1 + F(n) + F(is) d ) ( hin w2|f’+3dx)
Q

(p 1—k) (p+1—k)
C (14 [F@Ol ™ )y [,

//\

In light of this bound, we can now resume the estimation of the terms in the right hand side

of (3.5.3). We have

2{(f/( £/ (W2)) Atpa, A
<2/f'(¢1) — f’(1/)2)|27ﬁ |Atha|pr3|AY|pis
<C (14 IF@OI ™ + [F@a) 1) VL2l Aol 3| VAG]

1 P »
<IVAYE +C (14 F@O 4 [F@ ) 18l o Vol
Analogously we also obtain

=2 (f" (1) = " (b)) [Vb2|?, Av)|
<L) = £ (2| s | V2 25 A
<c(1+|F< o G I [Vl | A BV AG,

(P =D/)p+3 —“D/p+3
<3 IVAGB+C (14 F@OIT ™ 4 Rl 0) [ a 4Vi3

The last term involving the potential F' and its derivatives can be dealt with in a similar way.

Again the assumptions on F' provide

=2 {f" (1) Vi (Vipr + Vo), Ap)|
<20f" (1) | exs [V lprs (IVY1lpes + [Vi2lpis) [Avlpes
<C (1+ [F@)[ ) |Aul (A1 |2 + |Ada]2) VA,
<C (1+ [F@OI" ) V01 IV AU (18011, + | Avs],) VAV,

1
<SIVAYLE + O (1+ [F(en)l1) (180l + | Aal3) [Vol5.

We also bound the last four terms on the right hand side of (3.5.3), which arise from the linear
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momentum equation. Thanks to Agmon’s inequality, we have |[Vi|2 < C|V|2| VA2, and thus

12 (uz - V), Ay — 2{(u- V)b, Adin))
<L2[u2| VY 0| Al 4 2[ul2| Vi) x| At |2
<Cluz|2|ViEla| VAY]2 + Clulo| Vi[5 VAY [ Ay
<£IVAYR + 51V} + Ol + [ Ad ) Vol3

holds. Finally, by Ladyzhenskaja inequality, it follows
|_2 <(u : v)u17 u> +2 <g7 U.>|
<Clulf|Vuilz + Clg|2[Vul

<C|ul2|Vul2|Vuy |z + C|gl2|Vul2

<z IVul} + C|Vui BJuf} + Clef3.
Replacing the above estimates in (3.5.3), we see that ||z(t)[3,, = [u(t)|5 + |Vi(t)|3 satisfies
el + vIVul3 + (VAU < Claf} + hlal,.
where h is given by

h=C (1+ |Vu |3+ [Vu[3)
+ C (L4 [Fn)[] + [F(2)li) (18%13 + [Aal3 + [Avpal}5) -
By the results of the previous section we deduce
¢
f hs)ds < O (A, + (- 1) A"

so that Gronwall’s lemma finally gives the claimed estimates. O

In order to apply the abstract framework described in Section 3.2, we also need the following

higher order continuous dependence estimate.

Lemma 3.5.2. Let zo1, Zo2 € Hi be any pair of initial data so that jo; = f(boi) — Avo; € L2(8),

2
loc

C such that, if z;(t), i = 1,2 are the solutions of (3.0.1)-(3.0.2) with initial data zo; at time T

i=1,2 and let g1, 82 € L% (—o0,t; L3, (Q)) be any pair of symbols. Then there exists a constant

and symbol g;, then the following estimate holds
t
l2()3,, < eQ(Ae 7 t=7) (1420113, +l202(3, +po13+moz(3) <|Z0|%1 +J |g(5)|§ds> ,
.

where Q) is a nonnegative increasing function of its arguments.
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Proof. We start by multiplying the first equation in (3.5.1) by 2Au = —2PAu, getting
d
E|Vu|§ + 2v| Aul?
=—2{(u-V)uy, Au) — 2{(uz - V)u, Au) — 2{A¢1 V)1, Au) + 2{A2 V)2, Au) + 2{g, Au).
The product of the third equation in (3.5.1) by 2A24), after an integration by parts, provides
g3+ 210%)3

=—2<u-w1,A2¢>—2<ug-w A%y — 2 f' (1) VAY, VAY)

—2([f J (02) [V A, VAY) — 2 f" (1) VY Apy, VAY)
= 2{[f" (1) = " ($2) V2 Ay, VA1/)> — 2{f"(2) Vip2 A, VAY)
—4{f" (W) V21V, VAY ) — 4 {(f" (1) — f"(12)) V1 Vipa, VAY )

— A" () VR Veha, VAL — 2 < F" (b1 Vo [V |2 VA1/)>
—2{f" 1)V Vi - (Vi1 + Vipp), VAY)
= 2([f" (1) = [" (2)]Vih2|Vipo|*, VAY).

Adding together the two equations, by Assumption (A.5) we obtain

d
T (HUHHl st |A¢|§> + 2V|Au|igiv(sz) + 2| A%,

<= 2{(u- V)ur, Awy — 2{(ug - V)u, Aw) - 20V, Au) - 2( AV, Au)
+2(g, Au) — 2<u-V1/}1,A2 Yy —2(uy- Vo, A% + 4a|VAY[3
= 2{[f () — [ ()] V Az, VAG) = 2( (1) VA1, VAY)
= 2{[f" (W) = [ (W) [V lhibr, VAW) = 2{f" (42) Vibo A, TAG)
—4{f" () v%mvw, VAG) = 4{(f" () = £ (1)) V21 Vi, VAY)
— A" (W) V2V, VAD) = 2 (1) VY [Ven * VY )
— 2" (1) V2V - (Viby + Viba), VAY)
= 2{[f" (1) = £ ()] Va| Vo2, VAY).

We now show that all the eighteen terms on the right hand side of the last inequality can be
bounded by
n (vl + 1A0B).
where h is an integrable quantity. Standard computations for the Navier-Stokes equation lead to
|-2{(u-V)uy, Au) — 2{(uz- V)u, Au)|
<Clul3" | Aul"|Vuy |y Auly + Cluol,”[Vua ]| Vul” | Aul)”
<z l4ul + CVwifful} + Clusff| Vsl Vul.
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Exploiting Agmon’s inequality and the interpolation inequality |¢|s, < C|¢|2/ 3H¢H H3s We can

bound the following three terms

|~2(APV1, Au) — 2(A¢p Vi, Au) + 2(g, Au)|

<2|AY|oo| Vb1 ]2 + [Aalo| Viploo + |gl2] | Auly

<2[|A¢|;/2|A2¢|;/2|w1|2 + | Ao o[ VEIF| A1 + |gl,] Aul,
<Z1Auf + 2823 + OV AV + ClAY VYl + Clel3

as well as the next two

=2V, A% — 2{us - Vi), A%))|
<2[uloo Vb1 2| A% + 2| us|a| Vi o A%lo
<Cluly?| Auly? [V |, A, + Clualo[ V]3| A%
<ZJAul + 1A% + IV il + Clusf3I Vel

The terms arising from the double well potential can be treated using similar techniques.

interpolation, we have

1
10|V AG3 < ZIA%[3 + ClAVE,
while, by (3.5.4), we obtain

=241/ I (W2) ]V A, VA)|
<2/f'(¢1) — f’(¢2)|%§|VA1/’2|p+3|VA1/J|p+3
<C (14 IF@OL T + [P @)} ) [V, A% )51 A%,

|A2¢|2+C(1+ [FW0)]y + [F()]1)* 1A%02[5 VY .

Using also Korn’s inequality, from Assumptions (A.2) and (A.3) we deduce

| =2 (" (1) Vo Apr, VAY Y — A f" (1h1)V22h1 Vip, VAY)|
<C|f”(¢1)|p_ga|V¢|p+3|A¢1|p+3|VA¢|p+3
<O+ [F@OI" )| A || A [p 43| A%
<FIAZl, + O (1+ [P 180 2| A0,

By

Arguing as in the proof of Lemma 3.5.1, namely, exploiting (3.5.4) for the first two terms, and
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Assumptions (A.2) and (A.3) for the second two, as well as Korn’s inequality again, we obtain

=2 (" (1) = " (02) ]V pr, VAY) — 4 (f"(41) = ["(2)) V1 Vho, VAY)
—2 <f”(¢z Vi Ay, VAY) — 4 <f”(¢2)V2¢V¢2, VAY)|
<C (1+ [F@)y 7 4 @)y |Avslal Al 5| VUl A%,
+C (1 @) 1802l VAL, A%,
<HIAWE+ O (14 [F@OR + [FW)R) |60 BlAv 2| Vi3
+C(L+ |F(2)11) |Avsl3] Avl3.

We are left to consider

|~2f" (4 www VAYY — 2{f" (1) Vi Vb - (Vibr + Via) , VAY) (3.5.5)
—2[f" (1) = [ ($2)[ V2| Vipo|?, VAY))|

<C(1+ [Fy)ly ””“”)(mm + | A1 ||| Agha], + | Aha[3)| Apl| Ay,
+C (L4 IF@) 7 4 Bl 70 |Ava3IVela A%y,

|A2w|2 + C(L+ [F() ) (180 [} + [ Ao |) | Av[3
+C (1+ [F(0) + [F(42)3) [ Aval§| Ve 3.

Remark 3.5.1. In the case p € [1,2), under the assumption f{*)(y) bounded for y € R we can

still derive the estimate for the term

(" (Wr) = [ W) V2| Voo VAY) < CIVUL5| Ao HVAY 5.

which gives the same result as above.

From the above inequalities, collecting terms we obtain

(Va3 + 1A0R) + vl + %3
<Clgl3 + C (Vs + [Vwils + [ugf3| Vua3) [Vul3
+C (ol + [89af3 + (14 [P0 + F@)R) (16%625 + 801§ + 1802 B1Aw 2.)) (V03
O+ (Vo8 + (L4 P E) (1Al + [Avald + At 2yg) + (14 [FWolt) [Aval2) AVE.

Denoting by

h=C (1 + |V1/11|§ + |112|g + |V111|421 + |u2|§|VuQ|§ + |A1/)2|g
+ (14 [F@)[F + [F(2)F) (1A%0]5 + [Aa[3 + [Adhs 3] Adh |2, 5)
+ (L +1F@)IT) ([A%1]3 + [Aels + [AP1 2 5) + (1+ [F(v2)[1) |Athal3)
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the above differential inequality reads as
d
2@l < hOI2(0)]%, + Cla®)l (3.5.6)

and depends on p only through the constants C' included in the definition of h. Therefore, the

estimate obtained by Gronwall’s lemma below has the structure
2 Q(A¢ - t—7) (1+]z01 |3, +1Zo2]13,, +1ro0113+10213) 2 ' 2
Hz(t)Hﬂl <e t,r s t—T 201134, TIIZ02l3¢, TIHO1[2T|H02(2 HZ0HH1 +f |g(s)|2ds
-

where, for any potential F satisfying the assumptions (A.1)—(A.7), the function @ depends on
A; - only through some of its powers, which, in particular, do not depend on the growth exponent

p (i.e. the shape) of F. O

3.6 Time regularity

In this section we evaluate the distance in Hy between the solution and the initial datum in terms
of the time span (Lemma 3.6.1), and we show a smoothing property for difference of solutions
(Lemma 3.6.2). This will be crucial to show that Assumptions (H.1) and (H.3) in Theorems 3.2.2
and 3.2.3 hold true for system (3.0.1).

Lemma 3.6.1. Given any symbol g satisfying (B.1) and (B.2), there exists a positive constant
C' such that the solution z(t), departing at time T from an arbitrary initial datum zg € Hi, so

that po € L?(2) satisfies
|2(t) — 203,
4 _ 3
<VE=7 (ol + lwol3 + A3, + (¢ = 7)Aur) (A, + (8 = 7)A] ) eCLAE+0mnA),
for T <t < ty.

Proof. The different features of the Navier-Stokes and the Cahn-Hilliard equations force to handle
separately the two variables. We preliminarily observe that, denoting the solution and the initial

datum as z(t) = (u(t),¥(t)) and zg = (ug, 1o), respectively,

t
[u(t) — uolz < f oru(s)|2ds < VET [0l zarans (@,

div
meaning that we only need to properly bound the last norm. The product of the first equation

in (3.0.1) by 20;u gives
d
I/E|VU|§ +2|0pul3 = —2(u-V)u, d;u) + 2{(uVep, du) + 2{g, d;u).
Here, having observed that

12V, )| = |2V, )| < 2V palal ]l drulz < C|Vply 15| AGLS* |0l
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the right hand side can be controlled as

|—2{(u-V)u, dpu) + 2{uVip, dyu)y + 2{(g, dyu)|

<[owuf + Cluly|Vul3uluz

0,div

(@) T CIVul3[l2|Av]; + Clgf3.
Replacing this estimate in the differential equality above, we have

d
y=|Vuf} + loruf} < C (Jula [Vl

0,div

(@) + [VHBlehlav] + gl

thus, integrating in time over (7,t), thanks to Lemmata 3.3.2 and 3.4.4, we deduce

¢
J |8tu(s)|§ds

t t
< (wvwn% +C [ 1g@)Bds + € [ 1TMEBISE) L 10O e + [a) Bl , o) ds)
<CAvr (|20, + ()3 + AL, + (t— 1) Ayr) (AL, + (t — 1) A, ) eCLALr AL,

which provides the desired estimate. We now turn our attention to the order parameter. By

interpolation, exploiting (3.4.7) and Lemma 3.4.4 again, we obtain
[t 7) = Yol 3 ()
<[Pt 7) — Yol2l¥(t, 7) — Yol 20
NG f ot r)3ds) s e
<OVE=T (12() By, + () + A2, + (8= 1) Aur) (AL, + (8 = )AL, S+ 0m04).
The following smoothing property is crucial to show that our problem fits in the theoretical

setting of ( ), which was presented in Section 3.2.

Lemma 3.6.2. There exists a positive function Q( -, -), increasing in both arguments, such that,
given a pair of symbols g1, g satisfying (B.1) and (B.2) and any pair of initial data zo1,2z02 € Ha
s0 that po; € L2(Q), i = 1,2, there holds

(t —7)=z(t)]3,
t -
< <|ZO|%O LSOO+t T)J |g(s)|§d5) QA7 =) (1201132, + 02 134, +lro1 3+ 1moz13)
.

where z;(t) stands for the solution to problem (3.0.1)-(3.0.2) corresponding to symbol g; originat-

ing at time T from the initial datum z;.
Proof. Multiplying (3.5.6) by (¢ — 7), we obtain the differential inequality

(= la)lBe,)

<[z®)[3, +Ct—Dlg®)I3 + h(t)(t — 7)l2(t)]3,,
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where the function h is given as in the proof of Lemma 3.5.2. By the second estimate in

Lemma 3.5.1, we deduce

t t
— 6 — 5 w6 _r TS
J |2(s)]3, ds < C <|z0|%_[0 +J |g(s)|§ds> (Am + (¢t —T7) A, )ec(At,T =) A)

while the integral of h can be bounded as in Lemma 3.5.2. Thus, the Gronwall’s lemma entails

(¢~ 7)lz(t) 3,
t —6 —-—5
<0 (Il + (0= [ eI ds ) (A4 (0= 7)) SO 00T

eQ(At,nt*T)(HHZm I3, +lzoz 3, +po1 \§+\#02\§)7

which is, the desired estimate. O

3.7 Proof of the main results

In this section we show how, properly choosing the spaces and the operators, relying on the results
of previous sections, we can apply Theorem 3.2.2; and subsequently Theorem 3.2.3, to our system
so to prove Theorem 3.1.1 and Corollary 3.1.2.

Let V and H be the spaces H; and Hg respectively. Observe that, whenever the symbol g
satisfies assumptions (B.1) and (B.2), thanks to Theorem 3.3.1 and Lemma 3.5.1 the solution
operator associated to system (3.0.1)-(3.0.2) is well-defined and continuous on H. Moreover,
thanks to Corollary 3.4.5, in studying the asymptotic behavior of solutions of (3.0.1)-(3.0.2) we

can further restrict our attention to the bounded subset of V' given by
B={zeV||zfu, +|ul2 < Cg(to)},

which is uniformly (w.r.t. the diameter of the set of initial data) absorbing for the solutions
of (3.0.1)-(3.0.2). Since the constraint |uls = |f(¢) — Ayl < C' is closed w.r.t. the topology of

V', we can further restrain our attention to the set
05 (B) = 0s(B) n {|ul2 < Cglto)}

when discussing the exponential decay of solution towards an exponential pullback attractor.
Let 7 € R be given and let g satisfy (B.1) and (B.3) (so that (B.2) holds true as well for ¢ < ¢,
which is enough for our scopes), we denote by Ug(t, T) the solution operator to problem (3.0.1)-
(3.0.2) at time ¢ > 7 with symbol g and initial data in V. Thanks to Lemmata 3.4.4 and 3.5.2
the process Ug(t,7): V' — V is well-defined and continuous on Of. Therefore, if ¢y is the time

appearing in assumption (B.3), the restricted family {Ug(t,7): 7 <t < to} belongs to the class
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U(V,to). Since the set OF is uniformly absorbing for the family {Ug(t,7)}, fixing § = 1 and the
time span

T =5+ T(l0{(B)]),

we deduce by Corollary 3.4.5 and Lemma 3.6.2 that Ug(t,t — 79) € S1,1,(B), where the constant
L depends increasingly on 7y, Cg(to) and Mg(to).

In this framework we can now verify assumptions (H.1)—(H.3) for system (3.0.1)-(3.0.2). In-
deed, (H.2) is a straightforward consequence of Lemma 3.5.2. The coupling between the Navier-
Stokes and the convective Cahn-Hilliard equations makes more involved the validation of as-
sumptions (H.1) and (H.3). In order to avoid further requirements over the symbols but (B.3),
we exploit Lemma 3.6.1 and interpolation, thanks to a smoothing in the solution. The technical

details of our argument are contained in the following lemma.

Lemma 3.7.1. Assume that g satisfies (B.1) and (B.3). Then there exists a positive constant C

depending on the exponent q in (B.3) such that, for any initial datum zo € Of(B), the solution
z(t) = (u(t),¥(t)) = Ug(t, T)zo satisfies

F(Olg gy + 1O e < C. (37.)
0,div ( )
foranyt<to—1land T <t—1-—10.

Proof. In this proof, we consider the two equations separately: first, as in ( ), we

apply the Giga-Sohr argument (see ( )) to the equation
oiu — vVPAu = h,

where

h=-Pu-Vu+PuVy +g.
By Holder’s and Gagliardo-Nirenberg’s inequalities, we obtain
lu-Vuls < Cluly|Vulag, o < C[Vuly" |Aull".
Moreover, recalling that f(¢)Vy € L2(Q) and f(v)Vi € L3, ()1
PuVile < [A9VY> < ClAGL" A%yl

(actually this estimate is not optimal but, due to the previous estimates on the velocity field above,
this does not have any influence on the final outcome) then Corollary 3.4.5 and assumption (B.3)
ensure

t
f IRl < QMg (t). Tt 6-T(O[(B)) =t~ 1,
t—
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which is identical to ( , , Equation (84)). From this estimate, arguing as in

( ) we deduce the bound on u

H u(t) H HSZ,LTVQ)/(' Q) <@ (ngq (to)) )

which is the first part of (3.7.1).
We now turn our attention to the Cahn-Hilliard equation. The product of the third equation

in (3.0.1) by —2A0:%) leads to
d
| VAV +2[Vay3
= —2u- Vo, Ay + 2(f'(Y)VAY, V) + 2 f" (V) VA, Vi)
+Af W)V, Vo) + 2 f" () VY|VY[*, Vo).

By Ladyzhenskaja inequality and interpolation, the first term on the right hand side can be

controlled as

|~2¢u- Vo, Ag)|
<2[ula| AG[4| Va2
<Cluly?|Vul | Ayl | A% ] Vo
<7 IVOw + 18703 + Cluly |Vl | Ayl

and, similarly, the second one is
2 () VAY, Vo))

<2/ f () s | VAL Vs |2

<CIf ()14 AYL | A% [ [V o],

<7IV0uh + 18%f3 + O () BlAv.

Taking advantage also of Agmon’s and Korn’s inequalities, we compute

2" (W) VAP, Vo) + A f" () VV2e, Vo )|
<21 () 4| V|0 | A4 Va2 + A f" ()4 V|| V4] 4| VOr1h)] 2
<CIf"()]al Vol [V A A1V AY L Vo),
<OIf"()]a| V1| Ao A2 | Vo],
<71V + 18213 + Ol () IV 3l auly

Finally,

2" W)V, Vaw)| < CLF" ()| AVEIVawL: < TIVAWI + O17" (6) RIAvIS
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Collecting the above estimates, we obtain

d

—|VAY|3 <h
where

h=C (1820 + £/ (W) 1AL + [l IVl A + | @)AIVYBIAGY + 17 (@)ElAavS)
Having observed that by Assumption (A.6) we have

[/ (D)a + 1F(@)|a + 1" ()]s < f@)la,

then Corollary 3.4.5 provides
L tl B(s)ds < Q(Mylto)), T <t—5-T(OKB))),
by the Uniform Gronwall’s lemma, we deduce
VA1) < Q(Mg(to)) t=>7+5+T(|0F(B)]). 0

We can now show that (H.1) holds true. Having fixed g satisfying (B.1) and (B.3), we
denote by C' a generic positive constant depending only on Mg 4(to). Then we observe that by
Corollary 3.4.5 there holds

sup  |Ug(t, T)zolla, < C
ZoEO“(B)

for t < tp and 7 <t — 7. Besides, Corollary 3.3.3 entails
A <C, t<ty, T<t—m70, Vz0€ Of(B). (3.7.2)
Therefore, arguing as in Lemma 3.6.1, for any initial datum z, € O} (B), we have
|Ug(t, 720 — Uglt = 5, 7)o, < O/, (3.7.3)

fort <tg—1,0< s <1and 7 <t—7. To proceed in our argument, we need to consider the two
variable separately: thus, for any initial datum zg € O} (B), we set (u(t, 7),¢(t, 7)) = Ug(t, 7)zo.
Provided that t <tp— 1,0 < s <1, 1o < r < 279, by interpolation and Lemma 3.7.1, we have

lut,t —r) —u(t —s,t —s— 7”)HH5 1o ()
<Clu(t,t —r) —u(t — s, t — )HLz 2)5/2()2(’72) [u(t,t —r) —u(t —s,t —s— T)Hq/(é‘j 735{(9)

H (a — 2)/(2q —2)

<Clu(t,t —r) —u(t —s,t—s ) ,

as well as
Hd}(tatfr)7¢(t757t7577ﬁ)“H2(Q
<Cl(t,t =) = plt —s,t =5 = 1) @ [t t =) = (t — 5,8 =5 = 1) s

<Clp(tt —r) —(t = 5,6 — 5= 1)| i (0
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Thus we are left to control a Hp-norm which can be split into two parts as

|Ug(t,t — )20 — Ug(t — 5,8 — s — 7)2Z0 | 240
<|Ug(t,t —1)20 — Ug(t — 5, — )20 |30 + |Ug(t — s,t — )20 — Ug(t — s,t — 5 — 7)20]| 24,

<Cvs + |Ug(t — s,t —1r)zg — Ug(t — s,t — s — 1) 20340

thanks to (3.7.3). In order to control the last term, we observe that, by (3.3.7) with initial datum

Ug(t —r,t — s — 1)z, it follows

At—s,t—r

t—s

t—r

. <1+ ot =t =5 = ), + 2F( =t =5 =)l + | |g<s>|%ds>

<C ((1+ llzol3, + 21F (vo)l1)e ™" + Mg(to))

<CO(1 + Myg(to)).

Exploiting Lemma 3.5.1 with z; = z¢ and zy = Ug(t — s,t — s — r)z¢ together with 7y < r < 279

and (3.7.2), the desired norm can be written as

|Ug(t — s,t —r)zg — Ug(t — s,t — s — )20 %4,
=|Ug(t — s,t —r)zg — Ug(t — s,t —1)Ug(t — 1, t — s — )20 |,

<Cl|zo — Ug(t —r,t — s —1)z0 HHOeC(HMg(tU)ﬁ).
Finally, we can use Lemma 3.6.1 and (3.7.2) so to obtain
20 — Ug(t =yt =5 = P)zollag < OVs (lult —s = )3 + Ay o) AT oy peHrimr,
where the first term on the right hand side is bounded by

lu(t —r —s)|5 < C2(to)

as a consequence of Corollary 3.4.5 and of the absorbing set considered. This together with the

Holder’s inequality and (3.7.2) yields the uniform estimate
At—r,t—s—r < C(l + Mg(to))
forallt <ty —1,0<s<1and g <r < 27m. We thus obtain

|zo — Ug(t — r,t — s — r)zo|n, < CVs,
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which, replaced in the above inequalities, gives

|Ug(t,t = r)z0 — Ug(t — s,t — s — )20 2,
<C|‘Ug(t, t— T‘)Zo - Ug(t —5,t—8— T)ZO HE:[(: 2)/2(¢ — 1)

<O 4 Clag — Uglt — 7yt — s — )zl 7Y

(@ —2) -
<OS /4(q 1),

for any zp € Of(B) and t <tp—1,0< s <1=eg, 70 <r < 279, so that (H.1) holds true.
We now turn our attention to (H.3), whose proof is now straightforward and follows from

interpolation, Lemmata 3.7.1 and 3.6.1: indeed, for any zo € B,
|Ug(t,t — )20 — Ug(t — 8, — 7)20 |11, < Cs'" ™ P/1ta=1,

for any t < tg, 70 < r < 279, 0 < s < 1 = ¢g. This end the proof of Theorem 3.1.1.

Finally, if (B.3) holds uniformly for ¢y € R (exactly as (B.2)), then it is easy to see that the
above argument applies for all times to the process Ug(t, 7). In particular, (H.4) follows from
Lemma 3.5.2. This proves Corollary 3.1.2.

In this and in the previous chapter, we studied the large-time behaviour of solutions of a
given dynamical system, making use of the theory trajectory attractors or exponential pullback
attractors depending on the setting of the problem. In both the case studied, all parameters of
the system were considered given and kept fixed. However, in practice, the parameters of a model
are only known up to a certain uncertainty. Therefore, a great importance has to be given to
the question of the sensitivity on these parameters of the description of the asymptotic behaviour
of the systems considered. This study is generally known under the name of “robustness” of the
attractors under perturbations of the parameters of the model. We will tackle this problem in a

special situation in the next chapter.
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CHAPTER 4

A 2D hydrodynamic model for chemically reacting binary fluid mixtures

OUTLINE

A 2D diffuse interface model for a chemically reacting incompressible binary fluid in a
bounded domain is considered. The corresponding evolution system consists of the Navier-
Stokes equations for the (averaged) fluid velocity which are nonlinearly coupled with a con-
vective Cahn-Hilliard-Oono type equation for the difference v of the two fluid concentrations.
The effects of a (reversible) chemical reaction is represented in the latter equation by an ad-
ditional term of the form e(¢) — co), € > 0. Here co is the stationary spatial average of v,
provided that, e.g., no-slip and no-flux boundary conditions are considered. The mass is not
necessarily conserved unless the spatial average of the initial datum for 1 coincides with co.
When € = 0 (i.e. in the absence of chemical reaction) the model reduces to the well-known
model H. The global dynamic behavior of the system can be shown to be robust with respect
to €. More precisely, a family of exponential attractors is constructed, which is continuous

with respect to e.

s we saw in Chapter 1, the phase separation of a binary mixture of incompressible
and (partially) immiscible fluids (e.g., polymers) can be described through a diffuse
interface model (cf., for instance, ( ) and references therein). If,

in addition, a (reversible) chemical reaction takes place, then the model H, usually used in this

setting (cf. Section 1.1 and in particular equation (1.1.6) with M = ¢ = 1) can be modified as

103
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follows (see ( , ) and references therein)

du+ (u-Viu—V-(v(¢)Du) = Vi + uVi
V-u=0

Oy + (u-V)ih + e(y —co) = Ap
p=—Ay+ f(y)

(4.0.1)

in Q x (0,0), © being a bounded domain in R?. Consistently with the notation used elsewhere,
u is the (averaged) velocity of the two fluids, v is the difference of the two fluid concentrations, v
is the viscosity and 7 is the pressure, the symbol Du denotes the symmetric gradient of u defined
as Du = %(Vu + Vu”). Moreover, the constant ¢ > 0 is proportional to the reaction rates, while
co is the stationary spatial average of 1. We recall that p, known as chemical potential, is the
first variation of a Ginzburg-Landau functional Ep(¢)) characterized by a double-well potential
F whose derivative is f (see equation (1.1.1)). In this chapter, we will assume the potential F’
to be regular, growing at most polynomially at infinity (see also Section 4.1 below). A physically
reasonable set of boundary conditions is given by no-slip for u and no-flux for the (convective)

Cahn-Hilliard-Oono equation, namely,
u=0, 0Ohtv=0apu=0 ondQ x (0,0). (4.0.2)

Observe that, if € = 0, then system (4.0.1) reduces to the well-known model H or Cahn-
Hilliard-Navier-Stokes system (1.1.6), which has been widely studied (see also Chapter 3 for some
results concerning the asymptotic behaviour of its solutions). Moreover, if we take u = 0 in
the last two equations, then (4.0.1) we obtain the so-called Cahn-Hilliard-Oono system (see, e.g.,

( ) ( ) and the discussion in Section 1.2.2).

Some relevant information on the mean of the order parameter field (i.e., on the average
composition of the fluid considered), can be easily deduced from (4.0.1). Indeed, integrating
the third equation in (4.0.1) over the domain © and taking (4.0.2) into account, we obtain the

following evolution equation for the (spatial) average (1) of the order parameter field

oY) + e((P) — o) = 0, (4.0.3)

from which we deduce
@) () = co + e (o) — o). (4.0.4)

Hence, if {(1p9) = cp, then the total mass is conserved as in the classical Cahn-Hilliard equation.
Otherwise, we are in the off-critical mixture case, i.e. the order parameter average at steady state
differs from (1) (cf. ( ) where numerical simulations are performed in 2D by

taking periodic boundary conditions).
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System (4.0.1) endowed with (4.0.2) dissipates energy (cf. Theorem 4.1.1 below). However,
the set of stationary states can have a complex structure. For instance, if ¢y does not coincide
with the pure phases (say ¢ = +1), then oscillations can be induced between the phases. This
happens even in the case u = 0 (see ( )). Thus, in case of a binary fluid, the
picture might get more complicated (see Remark 4.1.3 below). In particular, it does not seem
possible to prove the convergence to a single equilibrium of a given trajectory like in the case
e=0 (cf. ( ); ( ); ( )), provided that f is real

analytic, unless some rather strong restrictions (e.g., on the size of Q) are imposed.

Nonetheless the global non-transient behavior of (4.0.1)-(4.0.2) can be analyzed within the
theory of infinite-dimensional dynamical systems. In particular, it is possible to find sufficiently
small (i.e. compact) invariant objects in the phase space which attract all the evolutions of
bounded sets of initial data (see, e.g., ( ) and references therein). More
precisely, here we establish the existence of the global attractor and of an exponential attractor
for (4.0.1)-(4.0.2). As discussed in Section 1.3, the former is fully invariant (hence unique),
while the latter is only positively invariant and uniqueness does not hold. However, exponential
attractors have finite fractal dimension, they attract solutions exponentially fast and they are
robust with respect to perturbations (e.g., of some parameter). In addition, the existence of the
global attractor (of finite fractal dimension) follows, as a by-product, from the existence of an

exponential attractor.

The existence of exponential attractors for (4.0.1)-(4.0.2) with € = 0 in 2D has been proven
in ( ). We recall that the existence of a robust family of exponential
attractors for the Cahn-Hilliard-Oono equation has been obtained in ( ). Here
the main goal is to construct a family of exponential attractors {£.} for (4.0.1)-(4.0.2), which is
robust (i.e. continuous) with respect to e. In order to achieve this, we need to show first that
(4.0.1)-(4.0.2) generates a (nonlinear) semigroup S¢(¢) which acts on a suitable phase-space and
possesses a bounded absorbing set. The required existence and the pertinent dissipative estimate
are deduced in Section 4.2. This semigroup is also Lipschitz continuous with respect to the initial
data and € as shown in Section 4.3. In Section 4.4 we then obtain some higher-order dissipative
estimates which entail the existence of a suitable smooth invariant set. Starting from this set,
in Section 4.5, we show some further features of Sc(t) (e.g., the so-called smoothing property).

Thanks to a suitable abstract result, such properties allow us to finally prove our main result.
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4.1 Functional setting and main results

The aim of this section is to introduce the specific notation, which will be used throughout this
chapter, as well as to state the results proven in the following sections (cf. Theorems 4.1.1, 4.1.3
and 4.1.9 below).

We will denote by Q a smooth bounded domain of R%. As usual, we will use the standard
spaces of solenoidal distributions Lj 4, and H 4, to study the velocity field u (see Section 1.4.2).
We also need the affine subspaces of LP(Q) and H*(Q) consisting of functions with prescribed
average. We recall the pertinent notation introduced before:

LP

(@) ={velP(Q) ) =c},  H{(Q) ={ve H(Q)|{v)=¢}.

In this chapter we will assume that the potential F(v), whose derivative f (1)) = F'(1)) appears
in (4.0.1), is assumed to be a quadratic perturbation of a regular convex function defined on the

whole real line R, that is,
F() = Fo(y) — ay?

where Fyy € C3(R) is convex and a € R is a positive constant. We will also assume that F grows

at most polynomially fast at infinity, namely

W)l < Cr(1+ [y]")

for some positive constants 7 and C'y. Moreover, the potential will be coercive, i.e. there exist

positive real numbers ¢ and ¢y such that
F(y) = ¢ (ly**1—1) (4.1.1)

holds for all y € R.

We suppose that the order-parameter-dependent viscosity satisfies the bounds
O0<v <v(y) <y <+ Yy eR, (4.1.2)
with v; and vy strictly positive. In addition, we assume that v € C1!(R) with
V(y)l <v*  VyeR,

for some v* > 0.
We can now introduce the definition of weak solution for system (4.0.1) that will be used in

this chapter.
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Definition 4.1.1. Let (uo, tho) € L§ 4, () x H'(Q). Then a triplet (u, ), u) such that

ue L*(0,T; H(l),div(Q)) N HY0,T;HZ; (Q))
¢ e L*(0,T; H*(Q) n H'(0,T; H ()

pe L2(0,T; H'()
is called a weak solution to (4.0.1) if

@ru(t), vy +{(u(t) - V)u(t), v) + vy (t)) Du(t), Vv) = (u(t)Vip(t), v)
@up(t), ) + u(t) - Vi (t), ¢) + € (Y (t) = co, @) = = (Vpu(t), Vo)
(u(t),€) = (f (¥ (1)), &) + (Vy(t), VE)

hold for a.a. t € [0,T], for all v € V, for all ¢,£ in C¥(Q) and for all T > 0 and if

lim u(t) =up in L 4, (), lim () =y in H'(Q).

t—0+t t—0+

In order to study the well-posedness and asymptotic behavior of system (4.0.1) it is convenient

to introduce the mean-free component of :
Y==Y.

Since the behavior of the average of ¢ is explicitly known (see equation (4.0.4)) we can rewrite
system (4.0.1) as
du+ (u-V)u— V- (v(¥)Du) = Vp + uVip
V-u=0

B o (4.1.3)
Oy + (u-V)Y +ep = Ap
p= =0y + f().

This formulation is particularly convenient since we can use Poincaré’s inequality (and some of

its variants) at several stages when estimating the Sobolev norms of +. Indeed, the boundary

conditions (4.0.2) and the above definitions imply that

=0, 0nty=0onoQ, J AYp=| =0, nA¢ =0 on oN.
Q Q o0

Therefore, all the norms |[¢|z;, j = 1,...,4, are equivalent to the L?-norms of the derivatives of

order j. Moreover, Korn’s inequality holds. Thus we have

[Pl ~ IVl2, [l ~ (AL, [Glas ~ VAL, []as ~ [A%P]s.

The main results we will prove in this chapter are the following.
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Theorem 4.1.1. Let (ug, o) € L§ 4;,(Q) x H'(Q). Then there exists at least a weak solution
(u, 9, ) to system (4.0.1). Moreover, all weak solutions satisfy the dissipative estimate

d
= (g ok +2 [ F@) + 0 (I9uf+ 198 + (908 + [ F0)
Q

Q

< Cy (J Fleo) + (o) — co0)? + 1) + CoF((o)) + Coy (4.1.4)
Q

where the generic positive constants C1 and Co only depend on the domain € and on the poten-

tial F'.

Thanks to the dissipative estimate (4.1.4), weak solutions can always be extended up to any

time 1" > 0.

Corollary 4.1.2. Let (ug,v0) € Lf 4, () x H'(Q). Then there exists a global weak solution
(u, 9, ) to system (4.0.1) defined for all positive times.

Remark 4.1.1. Existence of a global weak solution can also be proven in dimension three with

some growth restrictions on F (in the case € = 0 see, e.g., ( ), cf. also
( ) for singular potentials).

In the following we will assume that the viscosity is constant v(y) = v > 0 for all y € R. This

assumption seems essential in order to obtain uniqueness of (weak) solutions within the present

framework. However, the higher order dissipative estimate, from which Lemma 4.1.5 below is

deduced, may still be derived even by assuming a nonconstant viscosity. In addition, we will also

fix ¢p € [-1,1] and let € € [0, 1].

Theorem 4.1.3. Let (ug1,%0,1) and (ug 2, 10,2) be two pairs of initial data in L%,div(ﬂ) x H* ()
and let €1, €9 € [0,1]. Then any two weak solutions (uy,v1, p1) and (g, P2, p2) satisfying (4.0.1)
with initial data (ug1,%0,1) and (g 2,%0,2) and with parameter € equal to €; and ez, respectively,

also satisfy the following estimate

s (t) — w2 ()3 + [91(8) — v2(0)7p

t
< (Juo,1 — wo2l3 + [vo1 — Yo 2]51)eCt + (€1 — €2)? GCtJ [Vap1(s)[3 ds
0

for all t = 0, where C = 0 depend only on the domain ), the potential F', the norms of the initial

data and on max{ey, €2}.
We thus deduce uniqueness of weak solutions.

Corollary 4.1.4. Let (ug,v0) € Lg 4;,(Q) x H'(Q). Then there exists a unique weak solution
(u, v, n) to system (4.0.1).
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Thanks to the well-posedness results in Theorems 4.1.1 and 4.1.3, it is possible to define on
the phase space Lj 4;, () x H'(Q) the semigroup Sc(t) associated with the solution operator of
system (4.0.1). The dissipative estimate (4.1.4) shows that there exists a bounded absorbing set
in the phase space, which uniformly attracts all solutions. Moreover, it is possible to show that
a compact absorbing set exists entailing the existence of the (connected) global attractor for our

system. Indeed we have

Lemma 4.1.5. System (4.0.1) possesses a compact absorbing set By defined as follows
By = {(u,9) € L§ 4, (Q) x H'(Q) | [l + [9[F + LF(UJ) < po}-

Moreover, we have:

t+1

t+1 t+1
f |Au(s) ds + j |A2p(s)2 ds + j 12053 ds < po
t t t

for any time t greater than an entry time tg which depends only on the norms of the initial data.

Here pg is a positive constant depending on ), F', v only.

Remark 4.1.2. Note that, in the case e = 0, for any fixed physically significant ¢ € [—1,1], the

existence of a bounded absorbing set is ensured in L 4;, () x H(,,(Q) as well.

For every fixed ¢, Lemma 4.1.5 implies that system (4.0.1) has the global attractor. Sys-
tem (4.0.1) also possesses a robust (w.r.t. €) family of exponential attractors. This can be proved
by means of the following abstract results (see ( , , Proposition 5.1) and references

therein)

Proposition 4.1.6. Let H and Hy be two Banach spaces such that Hy is compactly embedded in
H, let B be a bounded subset of H and let L.: B — B, € = 0, be a family of operators such that:

e for every x1,29 € B and every e = 0
|Lewy — Lewa |y < Cllwy — 22|
holds, where the constant C is independent of €;
o for every €1,€2 = 0, for every i € N and every x € B
|Lt,x = Li,z|m < Cler — e
holds, where the constant C is independent of €1 and es.

Then, there exists a robust family M. < B such that M. is an exponential attractor for the

discrete dynamical system generated by L i.e.
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o the set M. has finite fractal dimension and is positively invariant

LeMe < Me;

e the set M. attracts B exponentially fast
disty(L'B,M,) < Ce % ieN,C >0
where disty denotes the Hausdorff semidistance between sets;
e the family M. is Hélder continuous at every e, i.e. there exist some « € (0,1) such that
distsym, i (Me,, Me,) < Cler — €3],
where distsym, g denotes the Hausdorff symmetric distance between sets.

We note that for our system, the following two lemmata, which will be proved in Section 4.5

hold

Lemma 4.1.7 (Smoothing property). Let (ug1,%0,1) and (g2, %0,2) be two pairs of initial data
belonging to the absorbing set By defined in Lemma 4.1.5 and let € € [0,1] be fized. Then any
two weak solutions (ui, 11, pu1) and (Ug, ¥a, ug) satisfying (4.0.1) with initial data (ug1,0,1) and

(uo,2,%0,2) also satisfy the following estimate
— — — — C
[Vuto)[3 + [V (to)l3 + [AP(t0) [ + e[ib(to)l3 < C ([wol3 + [0l 7n) + — (o)?,

where tg > 0 is a fived positive time and where the constant C' = 0 depends only on the domain

Q, the potential F' and the norms of the initial data.

Lemma 4.1.8. Let (u, ¢, 1) be any weak solution belonging to the set By for all times. Then for
any T >0, (w,9): [0,T] — L§ 4, () x H'(Q) is an Hélder continuous function with respect to

time.

Using the abstract result contained in Proposition 4.1.6 and the two above Lemmata, we can

prove the main result of this chapter.

Theorem 4.1.9. For every e > 0 the semigroup Sc(t) acting on Lg,div(Q) x H' possesses an
exponential attractor M. (i.e. a bounded positively invariant, finite dimensional exponentially

attracting subset of the phase space). Moreover, the family M. is robust, i.c.,

diStsym,Lgydiva1 (MEUM€2) < C|61 - 62|aa Q€ (07 1)
Furthermore, if we restrict the phase space to L%),div(Q) X H(lc()), then the family of exponential

attractors M. is also robust at the origin, that is,

diStsym L2 .. xH! (M57 MO) < Cea, [N (O, 1).
R »H0,div (co)
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Remark 4.1.3. System (4.1.3) can be rewritten into the form (assuming, for simplicity, constant

viscosity)

-

o+ (u-V)u— vAu = Vp+ iV — e(~A) " () VY
V.ou=0

o + (- V)§ = Afi

fi= —A + f(@) + e(—2)7 (@)

where (—A)~! is the inverse of the laplace operator with homogeneous boundary conditions.
This system is formally equivalent to the standard Cahn-Hilliard-Navier-Stokes system but for
the additional nonlocal forcing term e(—A)~'(¥))V. Let us assume that ¢y is not a pure phase
and 1 be a solution which does not converge to cg as t goes to co. Then it cannot converge to
a pure phase due to (4.0.4). Moreover, the coupling term in the momentum equation might not
vanish and therefore u might not converge to 0 as it happens in the case ¢ = 0. Indeed, the
system does not seem to have any Lyapunov functional. From the energy identity (4.2.1) where

the term (¢ — co) f(¢) apparently has no well-defined sign.

4.2 Existence and dissipation

In this section and in the following one, we discuss the proofs of the main results summarized
above. We start by proving our an existence result, Theorem 4.1.1. The a priori estimates
obtained in our argument will provide a dissipative estimate which will be essential in the following

proofs.

Proof of Theorem J.1.1. In order to prove the existence of solutions to equation (4.0.1), a stan-
dard Galerkin scheme may be used. The finite dimensional vector spaces generated by the first
eigenfunctions of the Stokes operator constitute suitable approximation spaces for the velocity
field. Moreover, equation (4.0.4) suggests to chose a constant function plus a basis of L%O)(Q) to
approximate the order parameter field. In this section we will only derive the a priori bounds
needed to justify the convergence of the Galerkin scheme, leaving the straightforward technical
details to the interested reader. We only observe that existence of solutions to system (4.0.1) is
equivalent to proving the existence of solutions to system (4.1.3). Therefore we will work with

the latter, which leads to simpler considerations.

In order to obtain our first (dissipative) a priori estimate, we multiply the first equation
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in (4.1.3) by u and the third by u. Recalling the useful vector identity

O =— | OpAY+ | f(¥)ord
Q Q Q

1d,_—,
~3 19T+ [ 1o+ e - eo) [ 1)

14 (wg = F(d))) #el@—a) [ Fw)

we obtain

%% (IU@ + V|3 + 2L F(w)) + L v(¥) | Duf® + | V2
T (1) + () — co) fQ F) = 0.

From the definition of the chemical potential u we also have

(@, 11) = [V + f TEW)
Q

which further implies the following energy balance

1d _ _
2a@ ('“'3 + Vg2 Fw)) # | w0 IDul? + 19 + I

+ eﬁz(w —c)f(¥)=0. (4.2.1)

In order to obtain the sought dissipative estimate, only the last term in this relation requires
some additional care. We observe that this factor represents the interplay between the chemical
reacting term, which drives the system towards the 1) = ¢y equilibrium, and the phase separation
potential F', which pushes the dynamics toward the two pure phases. Thanks to the assumptions

on the structure of the potential, by the convexity of Fy, we have

Fo(v) < Fo(co) + (¥ — co) fo(¥)

and hence

F(1) < F(co) + (¥ — co) f(¥) + = (¥ — o).

|2

Therefore, recalling also equation (4.1.2), we deduce
1d 2 MK 2 2 2
o \[ul2 +[Velz +2 QF(w) +wvi|Duls + [Vpuls + €[ V|3 + ¢ QF(w)
o 2
<e| F(co) +e=|tp —cols
) 2

We can further estimate the last term on the right hand side by resorting to the coercivity

assumption (4.1.1) on F' and to the known evolution law (4.0.4) for (1)) as follows

[ — col3 < 20913 + 2(W) — c0)?|9 < §[Pl515 + O + C((Wo) — o).
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Here 6 is a small positive constant and all the other constants depend only on the domain Q and

on the features of the potential F'. Therefore, we obtain
1d 2 2 2 2 712
gag|WTHV¢E+QQFW)‘*HWUE+WWE+4VW2+€QFW)

<0 ([ Flen) + (= e +1).

In order to get a dissipative estimate, we still have to “reconstruct the norm” on the left hand

side. Testing the fourth equation in (4.1.3) by ¢ we find

(1, 0) = [VYI3 + (f(),9) .

Using the structure of the potential F' and arguing as above we can deduce

(10).5) + 508+ | P > | P

so that
| P+ 1998 < (179) + 5 0B + it ().

Since 1 has zero mean, we also have

(1, ¥) = (m,0) < O3 + Va3

and hence
L F(y) +|VY[3 < C[Pl3 + CF(W)) + [Vuls. (4.2.2)
Moreover, we note that

V5 < 8lPlaLg + C(2,9)

where 0 is a small constant, which will be chosen later. By substituting in (4.2.2), recalling the

coercivity assumptions on the potential F' and fixing §, we finally infer

L F() + VTR < C (1+ F()) + [Vul2)

where all the constants depend only on € and on the structural constants of F. Moreover, from

the monotonicity of (1)) (see (4.0.4)) and from the regularity assumptions on F, we also have

F(($)) < CF({¢o)) + C

where the constants only depend on the potential F'. Putting all these estimates together and

recalling Korn’s inequality, we finally obtain estimate (4.1.4). O

Besides the existence of global solutions for system (4.0.1), a few further consequences may
be deduced from this result. For example, a straightforward use of Gronwall’s inequality gives

the following lemma.
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Lemma 4.2.1. There exists a constant py such that the system (4.0.1) admits an absorbing set

By © L 4, () x H'(Q) defined by:

By = {(u,) € Lf 4 () x H'(Q) | [ul3 + |7 + L F(y) < pa}-

Moreover we have
t+1 t+1
| wugass [ vuts)Eas < po
t t

for any time t greater than an entry time ty depending only on the norms of the initial data.

Remark 4.2.1. An immediate implication of the above lemma is that

t+1 .
| s as
t

is uniformly bounded for any time ¢ greater than to. It suffices to compute the L?-norm of the

last equation in (4.1.3) and observe that the average of p and f (1) over Q are equal and bounded.

Remark 4.2.2. Tt is also easy to deduce that

t+1 o
f VA3 ds
t

is uniformly bounded for any time t greater than ¢y. This indeed follows straightforwardly by

computing the L2-norm of the gradient of the last equation in (4.1.3).

Remark 4.2.3. More generally, from the above estimates we can deduce that any solution (u, )

to (4.0.1) is uniformly bounded (w.r.t. the norm of the initial conditions) in

ue LQ(Oa T? Hé,div(Q)) N LOO(O, T? Lg,div(Q))

Ye L*(0,T; H*(Q)) n L®(0,T; H'(Q2))

for any T > 0.

4.3 Continuous dependence

Having obtained existence of global solutions for system (4.0.1) and uniform bounds on the
energy norms of the solutions, we can now prove the continuous dependence result stated in
Theorem 4.1.3. Since our main goal is to obtain robustness of the dynamics of system (4.0.1)
with respect to perturbations of the parameter €, we will study continuous dependence of solutions
not, only with respect to the initial data, but also with respect to this kinetic parameter e. We
recall that from this section onward the viscosity v() will be considered constant: v(¢)) = v > 0

for all ¥ € R. In order to simplify our argument we will further assume v = 1.
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Remark 4.3.1. We underline that all our results on the asymptotic dynamics for system (4.0.1)
remain valid also in the original setting. Indeed, in the general setting, one can prove uniqueness
of strong solutions following ( ). Onme can easily see by adapting the results of the
following section (in particular the proof of Lemma 4.1.5) that the solutions to (4.0.1) regularize
(uniformly) in finite time. Therefore, the general robustness results follow by arguing as in the
constant viscosity case analyzed here, as soon as the solution semigroup starts from any positive

time tg > 0.

Proof of Theorem J.1.3. We will denote by (u1, 1) and (usg,12) two solutions to system (4.0.1)
originating from the initial conditions (ug 1,0,1) and (ug2,%0,2) and satisfying (4.0.1) with e
equal to €1 and es respectively. In order to shorten notation, we will also denote by u (with no
subscript!) the difference between u; and us (i.e. u = u; — uy). Analogous notation will be used
for the other functions appearing in the computations below. Moreover, we will assume €; to be
greater than e so that € =¢; — ez = 0.

By taking the difference of the “mean-free” equations satisfied by (ui, 1) and (ug,v2) we

obtain
.

du+ (u-V)ug + (uz-V)u— Au = Vp + uVi; + u2Vp

V-u=0

Y _ L B (4.3.1)
Orp + (0- V), + (ug - V)¢ + ety + eat) = Ap

p=—0Y + f(y1) = f(2).

Before going through the main estimates involving this system, we immediately observe that also
the difference (¥ between the average of 11 and of 15 can easily be controlled by equation (4.0.3),

which gives
0ty + €2 (P = €(co — (Y1)

This in turn implies the continuous dependence (indeed stability if €; and e are both different

from zero) of (1) (t) with respect to initial data

W)y (t) = e (co — (Yr0)) — e (co — (¢0))
= (e_elt — e—qt) (CO - <’t/110>) + 6_62t <’t/10> (432)

We consider now the difference system (4.3.1) and multiply the first equation by u and the

third by —A% obtaining respectively

——|u2 +{(u-V)uy,u) + |Vuli = <NVE1, u> + <MQVE, u>
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and

d, _— — — [ — — _
<1V~ (- VB, AT) — (o VB, AT) — < Ty, AT + 02| VD
= (8, AT) = ~[VATR + (V7 () ~ 1), VAT,

Summing these two identities and reordering terms we get

S (a3 + [VB3) + [Vl + [VATR + ol V3
= —{(u-V)uy,u) + {uVipy,u) + {2V, u) + {u- Voo, Ay

We now have to estimate the seven terms appearing on the right hand side of the last equality.

The first estimate is immediate:
1
[{(u- V)ur,uy| < [uff|Vuy |y < Clulz|Vuls[Vuy |, < §|Vu|§ + C|Vuy[3]ul3.

Indeed, recall that, thanks to the results of Lemma 4.2.1, the coefficient |Vu;|3 is integrable.

Some more work is needed to estimate the second term in (4.3.3). We have
[ iV )| = [y Vi u) [ <[Vilzlulali, |4
1/2 127 11/2|o7 (1/2
<[Valaluly [ Valy (9115 V, 5™ (4.3.4)
By the last equation in (4.3.1) we can bound the chemical potential term |Vu|2 by

(Vilz < [VAY]2 + [V (f (1) = f(#2))]2-

A direct computation also gives

V(f(1) = f(2)) = f'(¥1) Vi1 — f(2) Vs
= F'(0)VY + (f'(h2) — ['(£2)) Vg = f' (1) VY + [ ()Y,

where we have used the mean value theorem and £ is a suitable function bounded by max{1, 11}

from above and by min{t1, 12} from below. We then have

IVul2
<IVABL + £/ (1) VL2 + | () Vs
<IVATBL + £/ (W1)]a VBl + [1s|VBalal £(€)s
<IVADy + CIf (Wn)]a| VOISV AL
+ C Vo3 *| A%, |5 £ (©)ls |Vl + ()
<2AVAGL, + C (1 @0l + 198l 2148, 131 (©)ls ) IV9,

+ CIV Pyl A, 521 (€)]s (0
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Substituting this estimate in (4.3.4) and using Young’s inequality, we get

| </LVE1a u> |
<gIVul3 + o [VATE +C (3 81771 3) i3
+C (170 + IVTalal AT, 1 (OR) IVTB
+ C (IValol Aol /7 (€)1F) (0
where all the coefficients enclosed in parenthesis are easily seen to be integrable thanks to
Lemma 4.2.1 and where (¢) is a known bounded function of time depending only on {i10),

{120y, €1 and on €3 (see equation (4.3.2)). We can now consider the remaining terms on the right

hand side of (4.3.3). The third one gives

| {p2Vip, ) |
<|ula| Ve|4p2l2

<Cluly?|Vuly? [V 3 VALY ol

1 1 — _
<gIVul + 55 IVAGE + Clpzf3fuf3 + Clual3 VT3,
while the fourth and fifth can be estimated as

|<U'VE17AE>|
:| <U'VA%E1>|
<[ula| VAD|2[$y]4
<Cluly®|Vuly |V A, [, |4

1 1 — _
<Vl + 1o [VATE + Ol
and

| (uz - Vi, Ay |
=|{uz - VAP, )|
<|uz|a| VAY|o|l4
<Cluz|y? Va3V AG], | V3],

1 — _
<E|VA1/JI§ + (Jugly[Vualy) [V[3.
Moreover we have

_ _ _ _ _ 1 _
| VY1, Vo) | < €|V, [2| V]2 < eIV 3 + Z|V1/’|§
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Arguing as for the second term above, the last term in (4.3.3) is bounded by

[V (f(@1) = f(42)), VAD) |
=[{F' W)V + " (€)Y, VAY) |
IVl o0l V ATl + |£7(©) sl sV 4 [V AT
<3 VAT +C (17 @I + VPl ATl OR) 1973

+C (|VE2|2|AE2|2|JC”(§)|§) <7/J>2 .

We can now combine all the above estimates in order to infer from (4.3.3) the following

inequality

d — — _
3 (0l + V) + [Vuls + VAV + & VUl
<C (|Vuif3 + [F1 BV 3 + lual3 + 9]3) 3
+C (11 @OIF° + VDol ADolol /(€13 + a2l + ua]o Vul, ) [V

+ O (1+ |V || AT o £/ () 3) (0
+ €|V, |3 (4.3.5)

from which continuous dependence of solutions can easily be deduced. In particular, thanks to
Lemma (4.2.1) again, we observe that, for solutions to (4.0.1) starting from the same initial datum

with different €’s, the continuous dependence estimate reduces to
t
2 712 2 Ct 12
ulp + V9 < e | V3
0

which will be essential when studying the continuity of the family of exponential attractors as a

function of e. O

4.4 Higher-order dissipative estimate

Our next goal will be to obtain suitable higher-order dissipative estimates for system (4.0.1). In
particular we will show the existence of a compact absorbing set, which absorbs all the solutions
to system (4.0.1) in a finite time depending only on the size of the initial data (see Lemma 4.1.5).
As above we will proceed through formal estimates, which can be made rigorous using the ap-
proximation scheme given by the Galerkin method on the basis made up by the eigenfunctions of
the Stokes operator. We recall that these eigenfunctions {¢, }neny < V are regular and that A,
is divergence-free. Moreover, the identity (¢ - Vi, Ap) = 0 holds for any function v in Lgﬁ aiv ()

for which Av is also divergence-free as is the case of Stokes eigenfunctions. For the following
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estimates to hold, we will also assume that the solution has already entered the absorbing set By

introduced in Lemma 4.2.1.

Proof of Lemma /4.1.5. The first step in our argument is to multiply the first equation in (4.1.3)
—Au and to integrate the resulting equation over €. After some integrations by parts, we

obtain

SITuE (- Vu dw + [ v
= —(uVi, Auy — (V' (@)VY - Vu,Auy.  (4.4.1)
We immediately observe that the convective term vanishes due to the well-known properties of
the trilinear form in the case of Dirichlet (or periodic) boundary conditions in R? (see, e.g., the

proof of ( , , Theorem I11.3.10)). Next we multiply the third equation in (4.1.3) by
A% thus obtaining

5 ST + (u- V5, A7) + T3 = (A(-AT + f(9)), A%)

Simple computations then give

5 dt|A1/f|2 +e|AYJ3 + [A%Y[3

= —u- Vi, A% + (f"(W)|[VY [, A% + (f' () A, A% ). (4.4.2)

Summing (4.4.1) and (4.4.2) together, we get

d — — _
5 (V93 + AT) + | vw) 18P + AT + A%

N =

= —(uV, Auy — (/' ()Vip- Vu, Au)y — (u- Vi), A%))
+{f" W)V, AT + (f (W) A, A%y . (4.4.3)

We now only have to estimate the five terms appearing on the right hand side of the last
equality. We recall that, thanks to Lemma 4.2.1, 1 is bounded in H!(Q2) and u is bounded in

L3 4, (Q). Since Lemma 4.2.1 implies

fu= AG+ | Fw) = | rw) <o)
Q Q Q

Q

and since the fourth equation in (4.1.3) gives

lulo < |AY]s + [F()]2 < |VOIS|1AZG], +
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the first term can be estimated as

| (uV, Au) |

< | A2 VP4l

< C|Aulo | VP AZD1 uly* (1 + [V uly)

< C[Aul,| VR[5 | A%y + Claul,| Vil | A%l |V )y
+ C|Aul, |\ V[ |AZY]Y + Claul, Vel | A%g1y |V )y

v 1 — —
< g 18uf} + AT + O+ (VI + [Vply).

Here, the L2-norm of V% is already known to be bounded. Moreover the L-norm of Vpu is

integrable and uniformly bounded

t+1
sup [ [Vu(o)Eds < o
t

t=to

The next two terms can be easily handled using Holder’s and Young’s inequalities

|V ($)VE -V, Au) |
<U¥ VY 0| Vulo| Auls
<C|VY[3% 1A%y [l | Auly

%41 1 — _
<ZH|Aul} + S| AT + Clulf VS
and

| <u -V, A2E> |
<| A% Vs ]ulos
<C|AZP|y| VP, |uly*|Auly”

121 1 — _
<\l + 1A% + Ol

where the last terms in both the above estimates are bounded for sufficiently large times. The

fourth and fifth terms in (4.4.3) thus give

| F ()| VB2, AT |
< ()| VOI% | A%
<C|f" () || V[5 | A%

1 — —
< S A%T3 + Ol (IS VS
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and

|[{F (9)AP, A% |
<If (W)]alAYLa|A%P]2
<CIf W)Vl A%
<7 A% + O () 41V
Again the terms on the right hand side of the above estimates can either be reabsorbed in the

left hand side of equation (4.4.3) or are bounded by the results of Lemma 4.2.1.

Substituting the above estimates in (4.4.3) and reordering we obtain
(V0 + | ATE) + Al + AT + 473
< C(L+ VL)1 + [Vuly) + Clulf VI3 + Clulg VoS
+ Ol (W) BIVY L5 + CIVELEIf ()]s
where all the terms on the right hand side except the first are easily seen to be bounded. Poincaré’s
inequality implies
(I + A7) +C ((Vul} + |ATE) < Va3 +

where all the constants C' are positive. A standard application of Gronwall’s inequality yields the

sought higher regularity estimate
[Va(®)[ + A0t

t
< (IVulto)fs +[Ad(to)3) e ™)+ C | [Vpu(s)e 0 ds + C.

to

Here the integral term involving the chemical potential is bounded since |Vu(s)|3 is translation
bounded in time. Thanks to Lemma 4.2.1, we finally deduce the existence of the compact absorb-
ing set By defined above. A simple integration in time from ¢ to ¢+ 1 finally entails the remaining

uniform bound of Lemma 4.1.5 thus concluding our proof. O

Remark 4.4.1. With the results obtained so far, we can conclude that, for fixed ¢ > 0, sys-
tem (4.0.1) possesses the (compact) global attractor in L 4, () x H'(Q). In the case € = 0, we

recover the known result in the phase space L§ 4;, () x HSCO)(Q).

4.5 A robust family of exponential attractors

The final section of this chapter is devoted to the proof of the existence and robustness with
respect to € of exponential attractors for system (4.0.1) (Theorem 4.1.9). However, before giving

the proof of our main result we prove Lemmata 4.1.7 and 4.1.8.
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Proof of Lemma 4.1.7. In order to establish the required smoothing property, we will consider
again the approximation scheme given by the Galerkin method on the space generated by the
eigenfunctions of the Stokes operator. We start by (formally) multiplying by —Au the first equa-
tion of system (4.3.1) with €1 = €2 = € and integrating the resulting identity over 2. Therefore,

we obtain

1d
§E|Vu|§ —{(u-V)uy, Au) — {(uz - V)u, Au) + |Aul3

= —(mV, Auy — (uVipy, Auy. (4.5.1)

Then we consider the third equation in (4.3.1), we multiply it by —A and we integrate once

again over () getting

2 dt |V1/’|2 <ll1 ! vwv AE> - <U. ! vw% AE> + €|VE|§ = <AM7 AE> .

Thanks to the fourth equation in (4.3.1), we can rewrite the forcing term in the right hand side

of the last identity as
—{(Ap, Ay =V, VA ) = —[VAP[3 + (f'(1h1) Vi1 — [/ (1h2) Vipa, VAY)
thus obtaining
5 dt|v¢|2 + €| VY|3 + [VAY[3
={uy -V, AP ) + (a-Viby, Ay + (f' (1) Vi — f'(102)Vip, VAY Y. (4.5.2)

Considering the third equation in (4.3.1) once more, multiplying it by 0;¢ this time and integrating

over (2, we further deduce
00B13 + (s - V5, 208y + (u- Viby, 0 + 5|01 = (A, 0¥ (4.5.3)

Using once more the definition of the chemical potential 1 (see the last equation in (4.3.1)) we

see that the right hand side of the last equation can be rewritten as follows

<AN, 0t$> = <M7 Aat@> =3 dt|A1/)|2 + <f (Y1) — f(¥2), Aat@>

— _§E|A¢|2 +(Af(¥1) = Af(42), 000

Summing the three above identities (4.5.1), (4.5.2) and (4.5.3), after reordering of the terms
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and some computations, we get

1d
2

—{(u- V)ur, Aw) + ((us - V)u, Awy — (i Vi, Auy = (uVi,, Au)
+ <u1 -V, A@ +{u- Vi, AP)
+{(f F'(@2)) Vi, VAY) + (f'(12) VY, VAY)
+ <111 -V, 0t1/1> + (u-Vipy, 040 ) + {(f" (1h1) — " (¥2)) IV, *, 060y
+ <f”(wz)VE1 NP, 000 + (" (2) Vi - Viby, 0,0)
+{(f P W) Ay, 05 ) + (f' (1) A, 0y .

[Vul3 + VO[3 + [AY[5 + elv]3) + [Aul3 + [VAQE + 0013 + e[ VI3

123

(4.5.4)

We now have to bound the 15 terms appearing on the right hand side of this last identity. For

brevity, we will refer to them with the roman numbers I to XV estimating them according to the

order specified above. The bounds obtained will always be of the form:

8| Auf3 + 8|VAPIS + 60013 + C ()| Vul3 + O VY3 + COIAGS + C(t) (w)”

where the d’s are suitable small positive constants and where the time-dependent constants are

integrable. The first four terms can be estimated as follows

1 = [{(u-V)u;, Au)|
< |u|oo|Vu1|2|Au|2
< Cluly?|Vuy || Auly?

< S18uf + CVufVul,

1] = [{(uz - V)u, Auy |
< |II2|4|VU.|4|A11|2
C|UQ|1/2|V112|1/2|V11|1/2|A |3/2

< gIAulg + Clua[3|Vua 3| Vul3,

|IH| = |<M1VE, Au>|
< 1|4 Vp|a]| Auly
< Clm 1/2Hu1|\1/2|V¢|3/4IVA¢|1/4|Au|2

< SIAu3 + SIVATE + Cln |21V
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[1V] = [ (a9, Au)|
< |2 |V, oo Al
<O (IF @) = F(2)l2 + [A0L) [V |3 *| VAT, |y | Aul,
< C (I ©)oltly + VPR VAT [Vl [V AT, |32 |Aul,
< 1A + SIVATI + CIVT, BV AT, BVl

+ CLF (€)% Voo VA |5 () + CIF(€) 5 Vibalo VAT, | VI3

where ¢ is a function bounded by max{i1, 12} from above and by min{yy, 2} from below.

far as the fifth to the twelfth are concerned we have

V] = | {us - Vi, AD) |
< Juy 4| V|4 | A,
< Clw |32V 52 VP15 | Ay
< ClAYS + Clui 3| Vw3 VY3,

VI| = [ {u- Viby, AD) |
< |u]4|Vipy|4| At
< C|Vul,| Vi, |5 A, |5 % A,
< IVl + C|Vy o ATy o AT,

IVIT| = [{(f' (1) — [/ (1b2))V,, VA |
<)o |12V oo VA
< Ol ()| V15 2 [V AG 512 VAP 2

< %|VAM2 + C|If"(€) goIV%IzIVA%M@Z) + Ol ()14 IV, |, VAY, |, V3,

VI = | (7' (42) 99, VAT) |
< 1 () VLIV AT
< SIVATE + CIf () VT3
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1X| = | (uy - V5, 0,9 |
< |y 4|V 4]0:90)2
< Clw |3 [Va VOl |1 A0l 0:0l,

< 0 + CIATE + Cluy BIVw BIVE,

IX| = | (u-Viby, &) |
< |u|4|VE2|4|0tE|2
< CIVuly| V|| AP]5 %10,

< S0 + CIVTLLI AT 2 Vul,

IXI| = [{(f" (1) = f" ()| Vs 2, 00 |
< "o V1 5[] 1000]
< 11—4|8t@|§ + CIF" (€)% VI )* + CLF" (€)% IV 5 VI3

IXII| = [{f" (%) Vi, - Vb, 0 |
<" (02) o0 V1 |0 [ V|21 013))] 2
< 1 100B + I W) LV 2 VTR,
The remaining terms can be bounded exactly in the same way giving

XTI = [ {f"(42) V- Viby, 01 |

1 .- — —
< 1013 + Ol W) 5[V 2 [V I3,

IXIV] = [{(F' (1) = f'(2) Ay, 0 |
< (O loo 14| A%, 110,301
< CIF Ol 2 1Y 1A |52 VAT 20
< OOl (W) + VL) 1A%, |52V AY, 5?0701,
< ﬁwtm% + C1f" (€)% APy 1o VAT, |, W) + CIf(€)[2| AT 2| VAT, o[ V3,
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XV = [{f"(2) A, 0:) |
< |f'(W2) 0| AP 2| 03)]
< 10 + OIF (o) 2| AT,
Having successfully bounded all the terms on the right hand side of (4.5.4), we can use the above
estimates to deduce the following inequality
% (IVul3 + VO[3 + [AY[5 + €[¢13) + [Auf3 + [VAD + |0]5 + | VI3
<C (14 [V |3 + (w23 V|3 + [Vio|o| A, |2) [Vul3
+ C(lml Ml + £ @V Balo VAT, + |V, BIVAT, 3 + | AT
+ w3 Vwl3 + [NV o[ VA, |y + £ (2) 5 + [f" (1% VI3,
+ 1 (W2) LIV + 1f7 ()5 Vo] + 7€) EOIA%IQIVAWz)IV@I%
+ O (1+ |V |a | Aoy + [ (2)]7) AP
+ C(If(&)lioIV%IQIVA%Iz + 1OV 2| VAP, |
OV + |1 (€) B AT LI VAT |, ) (9)?
It is easy to see that all the coefficients multiplying the quantities |Vul3, [V§|2, |A%|3 and (¥)°
on the right hand side of this last estimate are (uniformly w.r.t. €) integrable as soon as the
solution to system (4.0.1) belongs to the compact invariant set B introduced above. Recalling

that from (4.3.2) we have () (t) = e ' (1), we can apply the uniform Gronwall inequality
(see ( ) , Lemma II1.1.1)) obtaining

V(b + VT3 + [AT0)E + T
t
< ([ (va)8 + TR + TR + TR) ds + 5-os®) .

for any positive time ¢. However, by the continuous dependence estimate (4.3.5) we also know

that
t
| (7 + 953 + 1AT(6)E + i) s < (fuol + [l).
which gives the sought smoothing property. O

Proof of Lemma 4.1.8. We prove here the uniform (w.r.t. ¢) Holder time-continuity for solutions
of equation (4.0.1). In particular, we are interested in showing that this holds on B;. We just

recall that

lg(®) = g(m)llx < (t = 7)1 09 ] 12(r,1:x)



4.5. A ROBUST FAMILY OF EXPONENTIAL ATTRACTORS 127

where X is a Banach space and ¢t > 7. For our purpose, it will be sufficient to estimate the
L2((H§ g5,)*)-norm of dju and the L*(L?)-norm of dy3p. In particular, from the first equation
in (4.1.3) we have

[0vall ey )%
< Vyuly % + [1Au] @y o« + 16V g o

<[ul] + C|Vuly + Cluls| V],

1/2 12—
<C (JulylVul, + Vuly + |ul3* 1V uly V91,

where the right hand side is easily seen to be square integrable. Analogously, starting from the

third and fourth equation in (4.1.3) we obtain

00>
<l Vilo + €ldls + [A%)] + [VF(9)]2
<[ualy |V, + Py + 1A%F]y + | @)V + 11 (@) AT,
<(Ial3 V1 Vuly 2| ADL > + efil, + A7),

17" @) [P AZBL, + |f ()| P15 2 A%013%).

From the above estimates we deduce that (u, 1)) is Holder continuous with respect to time with
values in (H§ 4;,(2))* x L2(€2). On the other hand, we also know that (u, ) is uniformly bounded
in Hé, aiv X H 2(Q). Thus, by interpolation, we deduce that the solution is Holder continuous with

values in Lf 4, () x H'(Q). O

Proof of Theorem 4.1.9. In order to prove our result we only need to verify that all the as-
sumptions of Proposition 4.1.6 are satisfied by our system. This will give us a robust family of
discrete-time exponential attractors. In order to complete the proof deducing the existence of
a family of continuous-tie exponential attractors, as in ( , , Theorem 5.1), we will
only need the uniform Holder time-continuity for the solution semigroup of system (4.0.1), which
has been proved in Lemma 4.1.8.

We start our argument by noticing that by the results of the previous section (in particular

by Lemma 4.1.5) system (4.0.1) possesses a positively invariant absorbing set, which is given by

B = U U Se(t)Bl

€20 \ t=nTy
neN

where Sc(t) is the solution semigroup associated with system (4.0.1) with the reaction parameter

equal to e. In this expression T} is the absorbing time of the set B; into itself and may depend
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on €. However, inspecting the dissipative estimates obtained so far, it is easy to see that this
absorbing time Tj can be increased so to be uniform (with respect to € in a bounded interval).
We already obtained the continuous dependence estimate w.r.t. initial data and € in Sec-
tion 4.3. Therefore, we are only left with verifying that the solution semigroup {S.}:>o satisfies
the required uniform smoothing property and the above mentioned time regularity. However, in
the case € > ¢y > 0 on the phase space Lj 4, () x H'(Q) the required smoothing property is
showed by Lemma 4.1.7. From this we deduce the existence of a robust (w.r.t. € > 0) discrete-
time exponential attractor. Moreover, arguing as in ( , , Theorem 5.1), the Holder
time continuity proved in Lemma 4.1.8 gives the existence of a robust family of continuous-time
exponential attractors. Finally, the other case addressed in Theorem 4.1.9 (namely robustness

up to € = 0) easily follows by the same computations. O
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CHAPTER b

Cahn-Hilliard Equation with Nonlocal Singular Free Energies

OUTLINE

A Cahn-Hilliard equation, which is the conserved gradient flow of a nonlocal total free en-
ergy functional, is considered on a bounded domain. This functional is characterised by a
Helmholtz free energy density, which can be of logarithmic type. As a consequence, the equa-
tion for the chemical potential contains an integral operator with singular kernel acting on the
order parameter, instead of the usual Laplace operator. First the existence and uniqueness of
a weak solution and some regularity properties are established. Then the existence of a (con-
nected) global attractor for the system considered is proved. Due to the lack of information
concerning the regularity of solutions up to the boundary, the differential formulation of the
weak problem considered is not fully known. However, a Neumann-like boundary condition
can be recovered for the order parameter field provided that it is supposed to be regular

enough.

N this chapter we conclude the presentation of our results concerning the model H and some
of its generalisation by reporting some preliminary results about a nonlocal version of the
Cahn-Hilliard equation. In particular, this can be seen to arise as a conserved gradient flow

of the first variation of the following nonlocal total free energy functional E

B) = 3 | | 0@ = 0Pk pa =) dady + | 0@

where 2 « R™ is a bounded domain with C2?-boundary 02 (n € {1,2,3} in applications), k is the

interaction kernel and f is the (singular) Helmholtz free energy deunsity.
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The chemical potential p is the first variation of £ and the Cahn-Hilliard equation can be
then written as follows

Oy =V - (MVp),

where M is the so-called mobility. Therefore we consider the following problem

o) = Ap in  x (0,0) (5.0.1)
pw=~Lc+ f'(¥)  inQx(0,0) (5.0.2)
Onpt =0 on 092 x (0,00) (5.0.3)
Yli=o = o in Q. (5.0.4)
where L is a non-local linear operator defined as follows

£u(w) = p.v. | (ule) = u(w)) (.2 = 5) dy (505)

= lim (u(z) = u(y))k(z,y, x —y) dy,

0 Ja\B. (.,

and k: R™ x R™ x (R™\{0}) — R is assumed to be (n + 2)-times continuously differentiable and

satisfies the following conditions (see ( )):
k(z,y, z) = k(y, z, —2), (5.0.6)
050702k (2, y, 2)| < Cpysl2| 7710, (5.0.7)
colz| TV < k(myy, 2) < Colz| 7" (5.0.8)

for all z,y,z € R", z # 0 and 3,7,0 € Njj with |3] + |y| + |6] < n + 2 where « is the order
of the operator. Unless specified otherwise, throughout this chapter we will always consider the
case @ € (1,2). An example of a kernel k(-, -, -) satisfying the above assumptions is given
by k(z,y,2) = w(z,y)|z| ™" with w € C;"?(R"). Note that the definition of the operator £
depends on (2. Formally, in the case Q2 = R™ and k(z,y, z) = |2|7" % one has £ = C x (—A)%
where (—A)% is a fractional power of the Laplace operator. If  is a bounded domain, the
operator £ has the same form as the generator of a censored stable process, cf., e.g.,
( ) and is also known as reginal fractional Laplacian.

The well-posedness of the weak formulation of problem (5.0.1)—(5.0.4) together with a natural
boundary condition for 1, which will be part of the weak formulation itself, is the main result
of this chapter. In the above (strong) formulation (5.0.1)—(5.0.4), a boundary condition for the
variable v is missing. A further result is concerned with the characterisation of such a condition,
provided that the weak solution is smooth enough (say, ¢» € C%#(Q)) and k fulfills suitable

assumptions. More precisely, we prove that

VU)(QTO) gy = 0,
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where ng, depends on the interaction kernel k (see (5.5.2) below).

This condition reduces to the usual homogeneous Neumann boundary condition for ¢ for
symmetric kernels (cf. Theorem 5.5.1 and Remarks 5.5.2 and 5.5.3 below). Unfortunately, we are
unable to prove that a weak solution is indeed as regular as it is required for this characterisation.
Nonetheless, the weaker regularity results presenter here is sufficient to prove that the dissipative
dynamical system generated by (5.0.1)-(5.0.4) has a (connected) global attractor.

This chapter is organised as follows. In Section 5.1 we introduce some basic notation and
function spaces as well as we account for some preliminary results. Section 5.2 is essentially

devoted to the computation of the subgradient of the (convex) functional

F(y) = lj ((x) — p() k(e .z —y) dedy + [ S()) da
2 QJQ Q

and to the characterisation of its domain (see Theorem 5.2.3 below). Here ¢ is the convex part
of f (see Assumption 1). Combining the results of Sections 5.1 and 5.2 we give the proof of the
well-posedness theorem (Theorem 5.1.1) in Section 5.3. The existence of the global attractor is
established in Section 5.4. Finally, in Section 5.5 we show that a regular weak solution ¢ does

satisfy the above boundary condition.

5.1 Basic tools and well-posedness

Given a set M, its power set will be denoted by 2(M). Moreover, we denote R} = {r € R™ |
T, >0} and Ry = RL. If X is a (real) Banach space and X* is its dual, then

o= x+lfox =fl9), feX* geX,

denotes the duality product. Moreover, if H is a (real) Hilbert space, (-, -), will indicate its

inner product. In the following, all Hilbert spaces will be separable.

5.1.1 Function spaces

Throughout this chapter < R" will be a bounded domain with C2-boundary. Let LP(Q),
1 < p < o0, be the set of p-integrable (or essentially bounded) functions f: @ — R and set

|“lp = llr()- In the case of the L?(£2) Hilbert space, we will use the simplified notation

(f,9) = (f:9) 12(q) Vf g€ L*(Q)

to indicate the inner product when no ambiguity from the context may arise. Moreover, H™ (),
m € N, indicates the usual L?-Sobolev space of order m and H{*(€2) is the closure of CF(f2) in

H™ ().
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Given f € L1(), we set

!
)= [ Qf(fl?)dx

and, for m € R we define
Ly (@) = {f € LX(Q) | {f) = m},

so that Pyf = f — m(f) denotes the orthogonal projection onto L%O)(Q).

We then introduce
Hiyy = H,(Q) = {¢ € H'(Q) | () = 0}

equipped with the inner product
(c, d)H(lo)(Q) = (Ve,Vd) 12 (g, c,de H(lo) (€).

Observe that H(lo) (Q) is a Hilbert space due to Poincaré’s inequality. Moreover, let H, (B)l =

H(_)l(Q) = H;,(2)* and consider the Riesz isomorphism R: H (Q2) — H(B)l () given by

Hg) (Re, d>H(10) = (c, d)H(lo) = (Ve,Vd) 2, c,de H(lo) (€),

i.e., R = —Ay is the Laplacian with Neumann boundary conditions in the variational sense.

Therefore we equip H (B)l (Q) with the inner product

(£:9)u = (VAR L, VAN 9) 2 = (AN AN 9)my, -

Moreover, we embed H{y () and L) (2) into H(B; (92) in the canonical way, that is,

w @Oy, = | cpladn,  Voe Hl@).ce Ly @,

Finally, we need to introduce the so-called fractional L2-Sobolev-Slobodeckii spaces as follows.

Let s € (0,1). Then, for any u € L?(Q2), set

2 . 2 [u(z) — u(y)®
Ul s ) = (U3 + f ———=—dxdy
H HH () | |2 0Ja |$ 7 y|n+25

and
H*(Q) = {f € L2() | | =) < 0}

Let us denote by HE(2) the closure of CF(Q) in H*(f2), while H*(Q2) and H(Bf(ﬂ) will be the

dual spaces of H*(?) and H (50)((2), respectively. We refer the reader to ( ) for the

interpolation results for such spaces which will be used hereafter.
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5.1.2 Weak formulation and main result

Before introducing a weak formulation of our problem we state our assumptions on f. As already

mentioned, these assumptions are motivated by the so called regular solution model free energy

suggested by Cahn and Hilliard ( ):
0 Oe
) = S (U+ @)W +9)+ (1= 9) (1 —4) - 202, wel-11] (L)

where 6,6, > 0, a = —1, b = 1. Here the logarithmic terms are related to the entropy of the
system. This free energy can be justified rigourously within the framework of statistical mechanics
(see ( , )). Moreover, we note that f is convex if and only if
0 > 0.. In this case the mixed phase is stable. On the other hand, if 0 < § < 6., the mixed phase
is unstable and phase separation occurs.

Namely, we suppose

Assumption 1. f: [a,b] > R, a < 0 < b, is a continuous function, which is twice continuously

differentiable in (a,b), such that

lim f/(s) = —oo, lim f/(s) = oo,

s—a s—b

and f”(s) = —d for some d > 0.

Since f is defined on an interval [a, b], we also extend f(x) by +o0 if x ¢ [a, b]. Hence E(c) < o
implies ¢(z) € [a,b] for almost every = € . Note that, although f is in general non-convex, it
can be considered as a perturbation of a convex potential. Indeed, thanks to Assumption 1, we
have that there exists a positive number d > 0 and a continuous, convex and twice continuously
differentiable in (a,b) function ¢: [a,b] — R such that the potential f can be decomposed as
f(s) = o(s) — gSQ. This will be the key point in the following analysis, which is based on a
decomposition of the associated operators in a monotone operator plus a Lipschitz perturbation.
The condition lim._,, ¢'(¢) = —o0, lim.,; ¢'(c) = oo will force ¢ to take values in the interval
[a, b] and ensures that the subgradient of the associated functional is single-valued with a suitable
domain.

Let us introduce the symmetric bilinear form associated to £

fun) = 3 [ ] () = u) 0@ —v@)kGe.pa — ) dody

for all u,v e H*(Q).
The notion of weak solution to problem (5.0.1)-(5.0.2) is given by

Definition 5.1.1. Let 1)y € H*?(Q) such that E(¢)g) < o be given. A pair (i, 1) is a global

(weak) solution to (5.0.1)-(5.0.4) if u e L2(0,T; HY(Q)) for all T > 0, ¢ € Lw(RJr;H(aO/;(Q)) and
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oub e L2(Ry; H(;J; (Q)) hold, if (¢, i) satisfies

a0,y = — (Vu(t), Vi) (5.1.2)
(1(t), @)z = EW(1), @) + (f (1)), )12 (5.1.3)
for all n € H(lo) (Q), all p € H*(Q) and a.e. t > 0, and if

lim(t) =  in H7(Q).

t—0

The main result of this chapter is the following.

Theorem 5.1.1. Let Assumption 1 hold. For every 1o € H?(Q) with E(vy) < o, there is a
unique (global) solution v € BC([0,0); H*(Q)) to (5.0.1)-(5.0.4) in the sense of Definition 5.1.1

which satisfies the energy identity

T
E@/(T)) + f V()22 lt = E(t0) (5.1.4)

for all T > 0. Furthermore, the following reqularity properties hold

k¢! (c) € L (Ry; L*(2)),
kpe LP(R; HY(Q)), and

kére e L% (Rys Hgl(92)) 0 L2 (Ry; Hip (9)),

where k(t) = (#t) . In addition, if n < 3, then there is some 8 > 0 depending only on n, such
that

ke L*(R,; CP(Q)).

Finally, setting Z,, = {zze HR(Q) | E(iz) < o0, <1Z> = m}, where m € (a,b) is given, the map-
ping Zmy 3 o — P(t) € H(’Ym)(ﬂ), v < § is strongly continuous.

5.1.3 Evolution equations with monotone operators

We refer, e.g., to Brézis ( ) and Showalter ( ) for results in the theory of
monotone operators. In the following we just summarise some basic facts and definitions. Let H
be a real-valued and separable Hilbert space. Recall that A: H — P(H) is a monotone operator
if
(w—z,2—y)g =0 for all w € A(x),z € A(y).

Moreover, D(A) = {z € H | A(z) # &}. Now let p: H — Ru {+0} be a convex function. Then
dom(y) = {x € H : p(x) < oo} and ¢ is called proper if dom(y) # . Moreover, the subgradient
dp: H — P(H) is defined by w € dp(x) if and only if

0(&) = p(x) + (w, € —x)g for all ¢ € H.
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Then 0y is a monotone operator and, if additionally ¢ is lower semicontinuous, then dy is maximal
monotone, cf. ( , , Exemple 2.3.4).
The proof of Theorem 5.1.1 is based on the following result for the evolution problem associated

to Lipschitz perturbations of monotone operators (see, e.g., ( ) , Theorem 3.1))

Theorem 5.1.2. Let Hy, Hy be real, separable Hilbert spaces such that Hy is densely embedded
into Hy. Moreover, let p: Hy — R u {40} be a proper, convex and lower semicontinuous
Sfunctional such that ¢ = @1+p2, where 2 = 0 is convexr and lower semicontinuous, dom ¢, = Hy,
and p1|m, is a bounded, coercive, quadratic form on Hy and set A = 0p. Furthermore, assume
that B: Hy — Hy is a globally Lipschitz continuous function. Then for every ug € D(A) and
f € L%(0,T; Hy) there is a unique uw € H*(0,T; Ho) n L®(0,T; Hy) with u(t) € D(A) for a.e.
t > 0 solving
—u(t) + A(u(t)) > Bu(t))+ f(t) forae te(0,T) (5.1.5)
u(0) = wo (5.1.6)

Moreover, o(u) € L*(0,T).

5.1.4 Results on the nonlocal operator £
Assumptions (5.0.6)—(5.0.8) allow us to deduce the following norm equivalence results.

Lemma 5.1.3. Let ue H*?(Q). Then there exist two positive constants ¢ and C such that

sy < 1P+ Ew ) < Clulbngy Ve H@).

Corollary 5.1.4. The following norm equivalences hold:

2 /2

ECuyu) + [y 2 ~ [l YH(Q). (5.1.8)

We now consider the variational extension of the nonlocal linear operator £ (see (5.0.5)). More

precisely, abusing the notation, we define £: H**(Q) — H~"?(Q) by setting
sz (LU @) sz = Eu, ) for all g e H?(€).

In particular we have
Lu, 1)y = E(u,1) =0
by definition.

Remark 5.1.1. This definition of £ agrees with (5.0.5) as soon as u € HZ _(Q) n H*?(Q) and
pe CP(Q), cf. ( , , Lemma 4.2).
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We will also need the following regularity result, which essentially states that the operator £

is of lower order with respect to the usual Laplace operator.

Lemma 5.1.5. Let g € L?O)(Q) and 0 > 0. Then the unique solution u the problem

- HJ Vu -V + E(u, ) = (g,¢) in Q, (5.1.9)
Q

for all p € H(lo)(Q), belongs to HZ () N H(lo)(Q) and satisfies the estimate

0 Vuliz + [ulF.. < Clglze,
where C' is independent of 8 > 0.

Proof. Existence and uniqueness of a solution v € H (10) (Q)to (5.1.9) easily follow from the con-
tinuity and coercivity of the bilinear form £(-, -) through the Lax-Milgram theorem. Also, the
estimate can be obtained by choosing ¢ = u. The claimed inner regularity u € HZ () can be

shown by arguing as in ( , , Lemma 4.3). O

The following regularity result is more involved. Its proof is obtained by using ideas of the

proof of ( , , Lemma 5.4).
Lemma 5.1.6. Let 0Q of class C? and let uw € H**(Q) such that ¢'(u) € L*(Q) and
E(u, o)+ | ¢ (uw)pdx = J g dx Ve H7(Q) (5.1.10)
Q Q

for some given g € H'(Q). Then u e CP(Q) for some B € (0,1) depending only on n and there is

a constant C > 0 independent of u and g such that

HUHCB(Q) <C (HQHHI(Q) + [ul Her(Q) T H¢,(U)HL2(Q)) . (5.1.11)

Proof. First, let us consider first the case of the half-space {2 = R’}. By approximating the
tangential derivatives by difference quotients, we will prove that u € H**(R,; H'(R"1)) n

L?*(Ry; H'**2(R™"1)). Then, using the interpolation inequality

2s 1—2s
HfHHHS(R"*l) < CHfHﬁlﬂ/z(ﬂgn—l)HfHHl((]]Rn—l)
and direct estimates, one obtains

we HP(Ry; HYR') A L2(Ras HY PR

= HP7* Ry HH(R') = CF(Ry, HH (R') — CP(RT),

forany 0 < s’ <s< g — %, where we have used ( , , Corollary 26).
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We denote
Tisf(2) = flx +sej), AL f(x) = nf(@) = f(z), Ap,f(x) = f(2) = 7j-nf(2),

for h > 0, where e; is the jth canonical unit vector, j = 1,...,n — 1. Replacing ¢ by —h_SA;hcp
with s € [0,1], 7€ {1,...,n— 1} in (5.1.10), we obtain that v}, = h*SA;fhu solves

Ewne) +17° [ AL @Ipds = ~Enlmaung) - [ ha;,pde
Q Q

for all ¢ € CF (), where &; , is the bilinear form with kernel h=*(k(z+he;, y+he;, z)—k(z, y, 2)).
Note that by (5.0.7) the latter kernel is bounded by C|z|~?~* uniformly in A > 0.

First we discuss an auxiliary estimate, which will be needed to deal with some terms in the

localisation procedure. To this end let s € (3,%). Then choosing ¢ = vy, using (5.1.8) and

| Ao agud -
L (¢ (u( + hey)) — & (u(@))) (u(e + he;) — u(z)) de > 0

we conclude

thﬁw(m) <C (HQHLz(Rp IR~ A o] Le@n) + |\Uh”2L2(R1) + Huﬁ{a/z(m))
We now use the inequality
[h=* AT wl 2@y < Clwlas@n) < Clw| o),

which follows from interpolation of \|h71Aj,thL2(R1) < C|w|prgn) and the simple estimate

HAj,thLz(]Ri) < 2HwHL2(Ri) Hence, we have

—2s( A+ )2
e AL S Bl < € (19l + il )
which implies that u € L*(Ry; B33, (R"™1)) — L*(R; HY(R"1)) (cf. ( ,
, Theorem 6.2.5)). Also, we get
o ol ey < © (lolaqay) + Il
Next we choose s = 1 in the definition of v;, and we obtain similarly
[on] ey S C (j_ SuPn_l Haﬂﬂngﬂ(Ri) + HUhHL2(]Ri) + [l H“/E(Ri))
< C (j-l?.l.l.l,)n—l H(azjgv azju)HLz(Ri) + [ul HQ/E(R1)> :

Hence vj, = hflAIhu, h > 0, is uniformly bounded in H"2(R%) and therefore 0,,u € H*(R?).
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In order to prove the statement for a bounded domain 2, it is sufficient to show that for every
x €  and for some open neighbourhood U of & we have that u e C#(Q n U). Let Uy be an open
neighbourhood of  and F: R® — R™ be a C2-diffeomorphism which maps Uy n Q onto @ N Vo
for some open set Vj. Moreover, let x € CF(Up) with x = 1 on some neighbourhood U; € Uy of
z, let V4 be an open set such that Vi n RT = F(U; n Q) and let F*I(z) = [(F(z)) denote the
pull-back of I by F. For ¢ € CF(R"}) we obtain that v = F*~!(yu) € H" (R%) solves

Evp)+ ] dpwda
= £l FH(9) = Eln xF* () + (12 X, F(0)seqey
= (g xF* (@) 2 + (1L, x]u, F* ()2 (0)
G + (L X P (@)iaey

where
o= [ | (6@~ e0) @)~ xW)i(w.p.2 ~ y)dody (6112)
Fr,,2) = K@), P (), Ale, )2)o(a)ey), (5.113)
and

Az, y) = L DF7Y((1 — s)y + sx)ds,

§(@) = g(F ' @)w(x),  w(z) = det DF ' (a).

Moreover, L denotes the integral operator associated to E. Tt is not difficult to prove that
k e K*(R') for some R = R'(R,F). Now all terms on the right-hand side of the equation
above define a functional on L?(R%) (see ( , , Lemma 3.6)). Hence
ve L?(Ry; HY(R" 1)) by the first arguments in the case R”.. Choosing now another x € C¥(Uy)

such that y = 1 on an open neighbourhood Uy € U of z, one obtains that v = F*~1(yu) solves

E(v, ) = (7, @)L?(Ri)) — (nu, [£7X]F*(@))L2(Q) + (£, x](1 = n)u, F*(<P))L2(Q)

= (9, @)L?(Ri) — (7v, [Ea )2]<P)L2(R1) + ([£, x](1 = n)u, F*(Sﬁ))m(sz)
for all p € CF(R7), where n € CF(Uy) with n =1 on supp x, and x = F*~!(x),7 = F*~(n).
Let us replace ¢ by —hilA;hcp. We obtain
B~ 850 + 1 [ A0 ) da
= (WA G = 7h(¢' (0)h AT w, ) 2mny — (KTTAT, (), £, X1e) 2 e

+ (v, h’il[A;ha [Za Xleo)ra@n) + (hilAIhF*’fl([La xXJ(1 = n)u), @) r2(wy)-
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Observe now that
WA = (O Al < C (1nsdlliacen) + 16/ 0)sea)
< O (lglar@) + 1" (w2 () -
On the other hand, since s, (7jv), 0z, g € L*(R%), then h™*AT, (fv) and h='AT, g are bounded
in L?(R" ). Moreover, we have
(£ X]A =n)u)(z) = —x(@)(LA —n)u)(z)
| %@ = nt) it pa =) dy

because of x(1 —n) = 0, where x(1 —n)k € C}(Q x Q) since supp x n supp(l —7n) = & and
k(z,y,z — y) is continuously differentiable for x # y. Therefore ([£, x](1 — n)u) € C}(Q) and

LA PR (L, X (1 - n)u) € LA(RY)
is uniformly bounded. Finally,
(AL LRl = (L0 AT e + [% (£ AT e
= [L,hN AT —nle + XL ],

where Zj_h is the integral operator with kernel h=!(k(x + hej,y + hej,z) — k(x,y,z)) and by
(5.0.7) the latter kernel is bounded by C|z|~%~% uniformly in h > 0. This implies that

I AL L2 el 2@y < Clelmee

uniformly in A > 0. Hence choosing ¢ = h_lAIhv one obtains arguing as in the half-space case
that d,,v € H°P(R?), j =1,...,n— 1. This entails Holder continuity of u in a neighbourhood of

x. Estimate (5.1.11) thus follows from the estimates obtained in this proof. O

5.2 Subgradients

Let ¢: [a,b] — R be a continuous function and set ¢(z) = +oo for = ¢ [a,b]. Then fix § > 0 and

consider the functional
0
Fo(v) = 5 L V|2 de + E(, ) + . oY (x)) dz (5.2.1)
where

domF, = {veH(Q) L%, (Q): ) e Ll(Q)} ,

domF, = H'Q)ndomF, iff>0.
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for a fixed m € (a,b). Moreover, let

Eo(u,v) = OJ Vu-Vodr + E(u,v)
Q

for all u,v e H'(Q) if @ > 0 and u,v e H*(Q) if § = 0.
We denote by 0Fp(¢): L%m)(Q) - ’P(L?O)(Q)) the subgradient of Fy at ¢ € dom F' in the
sense that w € dFy () if and only if

(w,c = ¢)p2 < Fy(d) — Fy(¢) V' € L{,,) ().

Note that L%m)

standard definition of JF for functionals on Hilbert spaces does not apply. But the definition

() is an affine subspace of L*(Q) with tangent space L7 (2). Therefore the

above is the obvious generalisation to affine subspaces of Hilbert spaces.

First of all let us prove the following

Lemma 5.2.1. Let ¢: [a,b] — R be a continuous and convex function. Then, for any 6 = 0, Fy

defined as in (5.2.1) is a proper, lower semicontinuous, convex functional.

Proof. We only need to prove the lower semicontinuity. The case § > 0 may be handled as
in ( , , Lemma 4.1). On the other hand, if § = 0, let vy, € L%m) (Q) be such
that limy_o ¥, = ¥ in L%(Q) and liminfx_o Fp(1) < 0. By adding a suitable constant to
¢, we can reduce to the case ¢ = 0. Up to a subsequence, we can assume that i, € dom Fy
and 1, — ¥* in H*?(Q). Hence ¢, — * in L?(Q) and almost everywhere in Q. Thus we
get ¢ = ¢*. Moreover, Fatou’s lemma and the (weak) continuity of £ imply ¢ € dom Fy and
Fy(¢) < liminfy o0 Fy(1br). [

Corollary 5.2.2. Let ¢ and Fy be as in Lemma 5.2.1 and let m = 0. Then, for any 6 = 0, 0Fy

1s a mazimal monotone operator on H = L%O)(Q).

Proof. In view of Lemma 5.2.1, this fact follows from Corollary 1.2 and Lemma 1.3 in (

, Chapter IV). O
We now state our main result on the following characterisation of dF (¢)):

Theorem 5.2.3. Let ¢: [a,b] — R be a convex function that is twice continuously differentiable
in (a,b) and satisfies lim,_,, &' (x) = —o0, lim,_, ¢'(x) = +00. Moreover, we set ¢'(x) = +00 for

x ¢ (a,b) and let Fy be defined as in (5.2.1). Then

D(0F,) = {1/; € Ho(Q) n H*P(Q) 0 LF,,(Q) : ¢'(v) € L*(Q),3f € L*(Q) :

(m

Ewe)+ | dWIpds = | fodn e mH@)
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if 0 =0 and
D@F) = {weHR(Q) n H (@) n LY, (Q): ¢/(4) € LA(Q),3] € LA(Q)
&)+ | FWipds = | fods voer' @)
Q Q
if 0 > 0 as well as
OFy(Y) = —0AY + Ly + Py¢' (v)  in D'(Q) for 6 = 0.
Moreover, the following estimates hold

Ollclzr + el

b 16/ I < C (10Fa(w)I3 + el + 1) (5:22)
| | @) = ¢ i) — )it va - ) drdy
< C (R + [elf +1)

0 [ 0" @)ITUP dz < C (R + Ief3 + 1)
Q
for some constant C' > 0 independent of v € D(0Fy) and 6 = 0.

Proof. We will follow the same strategy as in ( , , Theorem 4.3). Let us
introduce first some technical tools and simplifications. If we replace v (z) by ¥(z) = ¥ (x) —m
and ¢ by ¢(1) = ¢(¢p + m), we can assume w.l.o.g. that m = 0 € (a,b). Moreover, replacing
(1) by d() = ¢p(1) + bip(x) + bz, bj € R means changing F only by an affine linear functional,
for which the subgradient is trivial. In this way, we may also assume that ¢'(0) = ¢(0) = 0.
Furthermore, we define ¢ (1) = ¢() if § > 0, ¢ (1) = 0 if ¢ < 0 and §_ (1) = B() — 6+ ().
Then ¢4 : R —> R U {400} are convex functions, which are continuously differentiable in (a, b).
In the following, we would like to evaluate the directional derivative of Fy(v) along ¢'(v).
Formally, this requires the estimate of ||¢’(1)|2, but we cannot do this directly due to the sin-
gular behaviour of ¢. Therefore we approximate ¢. (and analogously ¢’ ) from below by a
sequence f,I of smooth potentials as follows. Since ¢’ is continuous and monotone, ¢'(0) = 0,
and limy_,, ¢'(¢) = +o0, for every n € N sufficiently large there is some v, € (%, b) such that

@' () = n. Therefore we can define

¢’ () for ¢ € [§,n)
f;(d}) = n+¢”(¢n)(¢—¢n) for ¢ = ¥y,
0 for v <0

for ¢ ¢ (0, g) Moreover, we can extend f,7 to R such that f: R — R are C''-functions with
+ < ¢/, and with first derivative bounded by M,, = supgc, <y, ¢" ().
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We have to work in the subspace L(o) (©). Then we will use “bump functions” supported in
suitable sets to correct the mean value of functions. For this let ¢ € H, 0)((2) be fixed and let
I < [a,b] be an interval such that |[{1)(x) € I}| > 0. We say that ¢ is a bump function supported in
{pel}yifoe HY(Q) N L®(Q), ¢ =0, p(x) = 0if (z) ¢ I and if m(p) = 1. Such a function can
be constructed as follows. Choose a smooth function ¢: R — [0, 1] with bounded first derivative
such that ((s) =0 if s ¢ I and ((s) > 0 otherwise. Then ¢ = % has the stated properties.
Furthermore, we note that, if I = [a,a’] with @’ € (a,b), then we can choose ¢ such that ¢'(s) < 0.

This implies that the constructed function ¢ has the property

(Vi), V) r2() = m . (W) |VY)>dz <0 (5.2.3)
as well as
1
£6.9) = 57275 )., |, (¥10) = @) = @)k = 9) dady
1 9 B .
= 33D >L J;z —Y(y)°k(z,y,z —y)dedy <0 (5.2.4)

where £(z,y) is a measurable function which is bounded above and below by max{i(x), ¥ (y)}
and min{¢)(z),(y)} respectively. Given such a bump function ¢, we define M,: L?(Q2) —
HY(Q) n L®(Q) by

(M f)(x) =m(f)p,  feL*Q).

Then f — M, f € L, () and

IMyflem < CUQf(:c) dz v feL*Q). (5.2.5)

Observe now that

o) —a> 8l <1 | W) -a)ds -

t

for t > 0 since ¢ € L?O)(Q). This implies that [{¢ < }| > |2] > 0. Hence the interval

b+2\a|
I = [a,%) is admissible for the construction of bump functions supported in {1 € (a, 9)}.
After these preliminary considerations, let ¢ € D(0Fy). We define Jt( ), 0 <t< =,z

as solution of

V(@) = $(x) = L} ((@)), (5.2.6)
which exists by the contraction mapping principle. Then Jt(x) = ¢(x) if Y(x) < 0 since
f+ () = 0 in this case. Moreover, we have that 0 < ¢y () = 1(z) — tf (Ue(2)) < () if
¥(z) = 0. More formally, 1, can be expressed in the form iy (z) = F'(¢(z)), where F*: [a,b] —
[a,b] is a continuous differentiable mapping with F}*(z) — x, (F}*)(x) — 1 as t — 0+ uniformly
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in [a,b]. Hence, if # > 0, ¢, € HY(Q) and 9y —_0 1 in H'(Q) and almost everywhere. If else
6 =0, we deduce ¥ € H*2(Q) and ¢y —;_0 ¢ in H2(Q) and almost everywhere.

Since, in general, Jt(:t) ¢ L%O)(Q), we set ¥y = Uy + th(f;(Jt)), where ¢ is a bump function
supported in {1(z) < 2} satisfying (5.2.3) and (5.2.4). Then t; € L2 )(§2). Furthermore, ¢y (z) =

(x
de(z) and f;F(We(x)) = [ (@) if (@) > & and (@) = Yo(x) + M, (f (1)) € [a, 20] if
P(x) < % and if 0 <t < ﬁ where M), = supg<,<p f,7 (t)]¢]o. We denote dy = My (f, ( t))-

We now assume that w € 0Fy(1)). Thus we have

Fo(1h) — Fo(wr) < t(w, ;7 () — di) 12(0n.

Moreover, if ¢ > 0 is sufficiently small, a direct computation involving the definition of F' and the

above construction gives
Fy(¢) — Fo(¢)
= Jﬂw(wx» — (W (@))) Az + 0LV, V£, (1)) 12 — Otm(f;F (1)) (Y, Vip) 12

2 ~

6 IV ) = dla — £ — bt — )

1 f (@) — £ @) () — 0())k(a, 3,7 — y) dady
QJQ

1 {gr0) | ﬁ (@) = 0) (01a) = V)k(, .z = ) dady

Therefore, we deduce
Fy() = Folt)
St GG ) ot | (0(() - 6((e) + td) da
(H(@)>L} {

P(x)<5}
ap (¢<w< ) = G(Bule) + 1)) o+ BH(TY, V£ (50))
{&4<y(z
T f f+ (Bu(@)) — £ ) (@) — b(y)k(z,y, — y) dady
QJQ

—E(W) — e — ) — eguvw(@) —di)[7s.

Hence

~ 2 ~
S| L) e 0T, A B0) - 05 IV () - i)
{v(2)>3}

! {e<y(z)<y} (0((2)) = o((2) + tdy)) daw = E( =y, = )
|| @e@) = £ G ) (@) = b(y)k(,y,x —y) dedy,
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where we have used that ¢(¢)) — @(4r) = ¢/ (1) (¥ — ) and by < if ¥ > &, ¢ () = f,F (1hr) as

well as (5.2.3), (5.2.4) and ¢(¢) — ¢(yp +tdy) = 0if o < § and ¢ <

< o M . Hence we deduce

(w, f;f () — di)r2(0)
> | £ @u))? o + (99, V£ () — 02 [V (5 () — do)
{¢(z)>4}
| [ @) - £ @) @) o0k y.o ) dody
QJQ
g(f:(it) de, £, (¢t) dt)

which yields for t — 0
(w, f: (¥) — Mw(f;(%/f)))m(sz)

= J X 2d$
> f{ )
+ f & (0(@)(FF () — M(fF (1)) da
{2<y(z)<y}

+0 (VY VL (Y))
+ ﬁ l Q(fmw(x)) — FF W) (@) — $(y))k(z, y,z — y) dady

since limy_,o ¢y = ¢ in HY(Q) for § > 0 (in H*2(Q2) for # = 0) and almost everywhere and since

¢(v) is continuously differentiable in [, 2b]. Observe now that
0 (Ve V1 ej () (6()) V(@) 2 dz > 0,
| ] @) = £ @) @) ~ o).y~ v) dody
QJQ
~ [ [ 5@ ~ vk pr ) dady >0
QJQ

where £(z,y) is a measurable function which is bounded above and below by max{(x), ¥ (y)}
and min{y(z), ¥ (y)}, respectively, and use the fact that | M, (f,F (¥))]2 < C|f,f (¥)|l2 on account
of (5.2.5). Therefore, we get

1 )2y + 0 L(f:y(wx)nwmﬁ du
+ j f (@) — fF @) () — ¥(y)k(e,y,z — y) dedy
QJQ

<C (leim) + J |0 (4 (@))[* dar + 1)
{g<v(@)<b)

<C' (Ll + [ W@l s +1)
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by Young’s inequality and letting n — o0 we infer

9", (¥ HL2 () +9f o (Y(2)) |V (2) ] do
# [ [ 600D — 6, ) — Gk v —y) dedy
<C (uwuiz(m +ef2 + 1) (5.2.7)

by Fatou’s lemma. By symmetry the same is true for ¢_ instead of ¢ and therefore also for ¢.

In particular, ¢'(v)) € L?(Q2) implies (z) € (a,b) almost everywhere in Q. Thus |{y)(z) €
(a +6,b—48)}| > 0 for sufficiently small § > 0. Because of this, we can use a bump function ¢
supported in {¢)(x) € (a + §,b — §)} for some fixed § > 0. Moreover, let (pr: R — [0,1], M € N,
be smooth functions such that (ar(s) = 01if |s| = M + 1, Cu(s) = 1 if |s| < M, and |}, (s)] < 2.
Set xar (%) = Car(¢' (¥(x))). Then xar € HY() and xa(x) = 0 if ¢'(¢(x)) = M + 1. Moreover,

XM — M- 1 almost everywhere and in LP(2), 1 < p < c0. On the other hand, we have

(Vi, Vixm Q)2 = (Vo, xm V) 2 ()

j & () [V2p() PO (@) Cor (& ()

for all ¢ € C*(Q) if > 0. Since ¢”(v)|V¥|? € L1(Q) due to (5.2.7) and ¢}, (¢’ (¥(x))) —>m—o 0

almost everywhere, we conclude

A}[iglw(VWV(XMC))L?(Q) = (Vy, V)2 V(e C?(Q) (5.2.8)

as soon as § > 0. Analogously, for all ¢ € C*(Q), we also have

¢7XM<
J f m(2)¢(x) = xm () (Y)k(x,y, x — y) dedy
QJQ

=5 | | @) = )ar@)€) — kg~ y) dady
3 | | 0@ = 0wt = x)whte. .o - ) dady,
Recalling that ¢’ is monotone and |¢},(s)| < 2, for any positive and bounded ¢ we have
(W) = ¥ (y) (xar (2) = xas W)Wk, y, 2 — y)
<2(¢(x) = YW))(¢' (¥(x)) — ¢ @)Wk, v, 2 — y)

and therefore we deduce

(¥(x) = () Oear (&) = xar(¥))C(W)k(z, y, 2 — y) € L' (Q x Q).
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Moreover, xa(z) — xa(y) — 0 almost everywhere in © x € and xp(z) — 1 almost everywhere

in , so that by the dominated convergence theorem we obtain, for all 6 > 0,
Jim £ Q) = EW,Q) (e CHA). (5.2.9)

We now set M = 1 — txa¢ +tMy(xm(), (€ C*(Q), t >0, M € N. Then ¢} € dom Fy for
sufficiently small ¢ > 0 (depending on M) and

t (w, xar¢ — Myp(xa€))
>Fp (1) — Fy(v)

_ f (6(0()) — W (2))) dz + (T, V(xarC — Mp(xarC)) e
{¢'((x))<M+1}

= 9 ear = MO

— 2 (xm¢ — Myp(xm€), X ¢ — Myp(xm€))

1 j f O (@)C(@) — xr W)W V(@) — B(w))k (e, . = — ) dady
QJIQ
b ) f f (p(@) — () ((2) — V() k(v @ — y) dedy.
QJI0

Dividing by ¢ and passing to the limit ¢ — 0, we conclude

(w, xm ¢ — My(xn¢))

fcﬁ D€ — Mo(xar€)) da + 0(V, V(xar€ — Mo(xarC))) 12
n f f O (@)C(@) — xr W)W V(@) — B(w))k (e, v, = — ) dady
QJQ
~ ) f f (@) — o) (@) — p()k(x,y,7 — y) dady
QJQ

for all ¢ € C*(Q). Replacing ¢ by —(, we obtain equality in the above inequality. Finally, letting

M — o0, we get
(w,Q)r2) = (@' (), O r20) + 0(VY, V) 2y + £, Q)
for all ¢ € C®(%), (¢> = 0, where we have used (5.2.5), (5.2.8), (5.2.9), and
Jim . xmGde = lm Q(XM —1)¢dz=0  ifm(() =0.

Hence —0ANY + L) = w— Pyd/ () € L%o) (Q). Using Lemma 5.1.5 we deduce "2 € HZ _(Q2),
Y e HE (Q) n H?(Q) and

0% |9 i + [9] gor < Cl¢']2 + Cluwls.
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Using this last estimate and (5.2.7), we obtain (5.2.2). Moreover, the previous observations imply
that 0Fp(¢) = —0AY + L1y + Py () is single-valued and D(0Fy) is contained in the set on the
right-hand side of the identities for D(0Fy) (see statement of this theorem).

Conversely, recalling the definition of subdifferential, the properties of coercive bilinear forms
(Vu, Vo) and E(u,v) as well as the convexity of ¢, it can be easily checked that —0Ay + L +
Py¢' (1) € 0Fy(v)) for any 1 in the set on the right-hand side of the identities for D(0Fy). This
finishes the proof. O

Corollary 5.2.4. Let 6 > 0 and let the functional Fy be defined as above. FExtend Fy to a

functional Fy: H(B)l(Q) — R U {+m} by setting Fo(1) = Fp(eh) if ¢ € dom Fy and Fp(1h) = +o0

else. Then Fy is a proper, convex, and lower semicontinuous functional, 0Fy is a mazximal

monotone operator with 8F~'9(1/)) = —ANOFy(¢¥) and

D(0Fy) = {1 € D(OFy) | 0Fy(v)) = —0A) + L3 + Pogy (v) € H{g) ()} (5.2.10)

Proof. The lower semicontinuity is proved in the same way as in Lemma 5.2.1. Then the fact that
6% is a maximal monotone operator follows from Corollary 1.2 and Lemma 1.3 in ( ,

, Chapter IV).
First, let ¢ € D(&F;) and w € 817“;(1/)), ie.,

(w, 9 =) 1 < Fp(0') = Fp(w)  for all ' € Higl(Q). (5.2.11)
Then let p19 = —Az'w and choose ¢ € L2(Q2). Thus we have

([Lo, 1/)/ - 1/})[/2
= — (Vuo, VAR W = ¥))r2 = (VAR w, VAR (¥ — )2
=(w,t =)oy < Fp(') = Fo(¢) = Fo(w') — Fo(4)

for all ¢’ € L?(Q). Hence g = —0AY + Ly + Py¢' () € D(0Fy). On the other hand, ug =
~Ajwe H(lo) (€). This implies that 0Fy (1)) = —AndFp(¢) and

D(0F) < {¢ e D(OFp) | o = —0AY + L4 + Pod' (1) € H(lo)(Q)} .

Conversely, let 1 € D(0Fy) such that po = —0AY + LY+ Pod' () = 0Fy(¢) € H(lo)(Q). Then one
easily verifies that w = —Ap g satisfies (5.2.11) arguing as above. Hence ¢ € D(0Fy) and (5.2.10)
follows. O
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5.3 Existence of unique solutions

We first prove the existence of a weak solution. Let us consider the regularized (formal) problem

Oty = Apg in Q x (0,0)
po = —0AYg + Lopg + f'(1g) in 2 x (0, 0)
(5.3.1)
Ouhg = Opihg =0 on 09 x (0,00)
Voli=0 = Yoo in
where 6 > 0 is a (small) positive real number.
Without loss of generality we suppose
(o) = Yoo dz = 0. (5.3.2)

IQI o

As in the previous section we can reduce to this case by a simple shift. Since (5.3.2) and the

definition of £ imply that any solution of (5.3.1) as in Theorem 5.1.1 satisfies

EJ "/’9(557t) dr = f Apgdz =0,

we conclude (¢y(t)) = 0 for almost all ¢ > 0.

Problem (5.3.1) can be formulated as follows (see ( , , Theorem 1.2))
Orbo + Ag(vo) + Bihp =0, t>0, (5.3.3)
Yolt=o = Yoo (5.3.4)
where

et (Aoo). )y = (V. Vg)ix  with g = —0Awy + Liig + 6/ (1)
i Bve, o) = d(Vipo, Vo) 2
for all p e H}y () and
D(A0) = {0 € HE(Q) n H'(®) | ¢(@) € [a,8] Vo < 0,6/ (0) € L2(Q),
L @) — )@@ — )k~ ) dody < o0
(W)IV6I € LX), 2Fs(w) € H'(Q), atlon = 0}
D(B) = H(lo) Q) c H(O) Q).

In other words

Ag(¥) = —AN(—0AY% — LY + Po¢' (), By = —dAny,
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where Ay : H(lo) Q) < H(B)l Q) - H(B; (Q) is the Laplace operator with Neumann boundary

conditions as above, which is considered as an unbounded operator on H (6; (©). Moreover, the
initial datum o9 appearing in (5.3.1) is a regularisation of the given original datum for prob-

lem (5.0.1)—(5.0.4). In particular, we need g9 to satisfy

{og) = (o), éi_r}r}) 01| =0 and éi_r)%woe = ¢ in H*(Q).

This can be obtained by considering 1og = W(g) * to where ¥, is a suitable mollifier (e.g., a
gaussian kernel) and €(6) is chosen to be sufficiently slowly convergent to 0 if § — 0. Finally, we

also introduce a suitable regularized energy for system (5.3.1), namely,

Eo(t) = (1, ) + L (@) de.

In order to apply Theorem 5.1.2 for € strictly positive we recall that, on account of Corol-

lary 5.2.4, A = 3?@ is a maximal monotone operator with ﬁ‘; = 1 + @2,
0
P) = 3 | VU@ de+ E@,v),  dompr = Hip) (),

pa(¥) = . o(¥(x)) da,
dom gy = domp = {¢p € H(lo)(Q) | ¥ € [a,b] a.e. in Q}

Obviously, ¢1] H}y) () is a bounded, coercive quadratic form on H (10)((2).

We apply Theorem 5.1.2 with H; = H(lo)(Q), Hy = H(B)l(ﬂ), f =0, and 1,2 as above,
where we assume that ¢(¢)) = 0 without loss of generality. As a consequence there exists a
unique solution v: [0,00) — Hp to (5.3.3)-(5.3.4) such that ¢ € H'(0,T; Ho) n L*(0,T; Hy),
o) € L*(0,T) for every T > 0 and o (t) € D(Ay) for almost all ¢ > 0.

In order to prove the equivalence of (5.1.4), namely

¢
Eg(1(t)) + Jo |Vig(s)|3ds = Eg(thog) for all t >0, (5.3.5)

we take advantage of the identity

Ey(ao(1)) = Falun(t)) — 3120(0)3

Because of Lemma 4.3 in ( , , Chapter IV), we have

d

EE(W@)) = (0Fp(yo(t)), 0o (t)) = —Hatibe(f)ﬂfn[& — (B (t), 0bo(t)) -1 -

(0)

Moreover, we have

(BYo(t), 0o (8)) i = —d(Anto(t), Gt (1)) gt = d(Vepe(t), VAN 0o (t)) 2

dd
g Puo(0), 6o (D) m, = —5 g 1o (0B
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due to ( , , Proposition 23.23) and H&ﬂ/}g(t)HH(B; = HAN/LB(t)HH(*O; = H;Lg(t)HH(lo). Hence

an integration over [0, ¢] yields

9 t
EWo(t):v0(t)) + 51 Va(t)]3 + \ f(Wo(x,1)) dz +L Vo (s)]2ds
= &, vun) + 51Vouold + [ F(6na(w))d
Q
In particular, this implies
dbg = Anpg € L*(Ry; H (), 074 € L®(Ry; Hg ().

(©

In order to derive higher regularity, we apply o to (5.3.3) and take the inner product with

oMpg in H(B)l(Q), where 0] f(t) = +(f(t + h) — f(t)), t,h > 0. For any 0 < s < t, this gives

t t
%Hafwe(t)HQ ot 9f (Vore(r), Vorye(r)) e dr + J E(0bo(7), 0 g (7))dr
t
1
<d£ |081pe ()25 d7 + 5”5?1/}9(5)“2(,0;

t
<2 | 1ot

t
1
2 h 2 Lian 2
2 4+ C [ 1 un( sy dr + 10 )y

where we have used Ehrling’s Lemma applied to H(ao/i (Q) >— L?o) Q) — H(B)l(Q) and

(01 Ao (Yo (7)), 0700 (7)) g1 = 00700 (7), 0o (7)) + E(0f'1bo(7), 0} 1bo (7))

Here 19 > 0 is such that &(u,u) = o |ul?

e Furthermore, since ;09 € L*(R,; H, .1 (Q)), there
©
holds

(0)

1 s+h
oo Mgy < [ 1owto(r) iy d o Iy

©)
for almost every s > 0 and H&fz/)ng(RﬁH&);) < H(?ﬂ/)ng(RﬁH(?ﬁ). Hence 9”‘9?7/’9‘@2(5,1&;}1(10))’
|ORabg HL?(s,t;HE}/f)(Q)) and H@fwg(t)HH(B; are uniformly bounded in & > 0, for all 0 < s < ¢. On the

other hand, we have

Ofbg —n—0 Orthe

in Lz(R+;H@)1(Q)). Therefore, the uniform (w.r.t. A > 0) bounds on o1y yield that d;1 €

L?(s,t; H(Qo/i(Q)) N L®(s,t; H(B)l(Q)) for every 0 < s < t.

In order to derive the estimate near t = 0, we again apply o to (5.3.3) and take the inner

product with t0lys. This gives

t t
S0 03,y +0 | IV vorI G+ | €@ bolr). Dol o

t
< OJ (1 + 7)[0f g (1) |2 dr.
0



5.3. EXISTENCE OF UNIQUE SOLUTIONS 153

Proceeding as above, we get

£'20,p € L2(0, 13 Hygs () 0 L*(0, 1; H g} ().

This implies rpg = kAN 040 € LP(Ry; H (). Thus (5.2.2) yields £¢'(1hp) € L*(Ry; L*(Q2))
since KOFy(Y) = kpe + kdibg € LP(Ry;L%(Q2)). All these norms are uniformly bounded in
6 e (0,1].

We are now ready to pass to the limit for § — 0 in (5.3.3). Indeed, for any 6 > 0 we have

proven that there exist (unique) functions ¢y (t) and pg(t) satisfying

Org = AN fug

(o, Q)2 + 0(Vbo, V)2 + E(Yo, C) + (¢ (V), ()2 = d(ve, ()12

(5.3.6)

for all ( € H (10)((2) and for almost every ¢ > 0. Moreover, from the previous estimates, for all

6 € (0,1], we have

o € L*(Ra: H ()
0'74pg € L”(Ry; H'())
woube € L (Ry; Hig) (@) 0 LA (R Higi ()
we € L*(0,T; HY())  forall T >0
wpg € L (Ry; HY(Q))

k¢! () € L*(Ry; L*(Q2))

where all the bounds deduced are uniform with respect to #. Therefore, there exists a sequence
{01} nen, O0n —n—ow 0 such that vy, , pe, and ¢ (v, ) converge weakly (or weakly*) in the above
spaces to v, u and x respectively as 6 vanishes. More precisely, by a suitable diagonal argument
on intervals of the form [0,m], we can assume that also ps, — p in L%(0,m; H*(Q)) for any

m € N. We can easily pass to the limit in the first equation of (5.3.6) deducing

oub(t) = Ap(t)  in H@; (Q), for a.e. t >0

Let ¢ € C*(Q) and let s > 0. Thanks to the convergences listed above, for almost any ¢ > s we

can pass to the limit for # — 0 in the second equation in (5.3.6) to find

(1), Q) L2y + E(E), Q) + (x(t), O r2(0) = d(¥(t), (L2

for almost all £ > 0 since s can be taken arbitrarily small.
In order to prove the existence of a weak solution for (5.0.1)—(5.0.4) on R*, we only have to

identify the (weak) limit x = lim, o &' (¢, ). Let 0 < s < ¢t and m € N be fixed. Thanks to
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Aubin-Lions Lemma, 019, € L?(0, T} H(B)l(Q)) and vy, € L*(0,T; HEZ;(Q)) uniformly in n for

all T > 0 imply the convergence g, — g, (up to a subsequence) in C([0,T); L?O)(Q)) for any
T > 0. Therefore, we deduce vy, (t) — 1(t) almost everywhere in . On the other hand, thanks
to Egorov’s theorem, there exists a set €2, < Q such that |[Q,,| > |Q| — 5= and on which v, — 1
uniformly. We now use the (uniform with respect to 6 > 0) estimate on ¢'(1g, (t)) in L*(Q). By
definition, the quantity

Msn = [{x € Q| [y, ()] > 1 -4}

is decreasing in 6 for all n € N. Since ¢'(y) is unbounded for y — +1, we set

Vs = inf  |¢' ()] —s-0 ©,

=15

and we have the uniform Tchebychev inequality
\ |0 (v0,,)]* do = 5| M5

From the uniform (with respect to 6) estimate on the norm of ¢/(1g, ) in L?(2) we obtain

|Ms.n| — 0 for § — 0, uniformly in n € N.
Therefore, we deduce

§%|{$EQ| [te, ()] >1—106} =0 uniformly in n € N.

Thus there exists 6 = d(m), independent of n, such that

|{:1ceQ||¢9n(:1c)|>1—5}|<i Vn € N.

2m

Consider now N € N so large that by uniform convergence we have |[¢g, — 9| < %, Vn > N on

O, and let ) < Q,, be defined by
Q= n{xe Q| |y (z)] <15}

By the above construction we immediately deduce that [, | > || — L and that [¢, (z)| <1—3
for all n = N and for all € Q,. Therefore, by the regularity assumptions on the potential
¢’ we deduce that ¢'(1pg,) — ¢'(¢) uniformly on €2/ ,. Since m and s are arbitrary we have
@' (Yg,) — ¢'(¥) almost everywhere in  x RT. Finally, the uniqueness of weak and pointwise

limits gives x = ¢/() as claimed.

Let {fn}nen be a sequence of functions such that f, — f in LP(Q) and that f,(z) — g(z) for a.e. z € Q.
Assume that f # g on a set of finite positive measure Qp < €2 on which g is bounded. By Egorov’s theorem there
exists a set of positive measure 1 < g such that f, — g uniformly in Q. Therefore, f, — g in LP(21) and
hence fp — g in LP(Q1). This contradicts the uniqueness of weak limits and therefore implies f = g throughout

Q.
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We now prove uniqueness of weak solutions. To this end let 7,/)6 € Zp, j = 1,2, and let 9;(¢)
be weak solutions to (5.3.3) with initial values v;(0) = 7,/13. Set ¥ = 1)1 — tho and p = p1 — po.
Then multiplying the equation

o = Anp

by ¥(t) in H, )(Q) we deduce

2dt”¢( )H o TEWM, (D) + (' (1)), v() = dly(t)l.
Using the inequality

4/(2 + ) H Hzo‘/(Z + a)

o < Cellwlzyr + ellwl;

wl3 < [ul ”

and the coercivity of £, that is,

%IWJ()HH/z SEW®),v(®) + (¢' (), ¥(¢)) ,

we infer
1
2 il 2
5 IO + SO < COIE, .

Hence Gronwall’s lemma implies
2 L 20t 2

which entails uniqueness whenever 1§ = 2.

Let us now prove the energy identity (5.1.4). First we observe that by taking n = (—Ax) "1
and ¢ =% in (5.1.2) and (5.1.3) respectively we deduce (5.1.4) for almost any ¢ > 0 in the same
way as in ( , , Proof of Theorem 1.2). In order to obtain the energy identity for
all times, we observe that any weak solution can be approximated by a family of functions {t¢}g~0
defined by (5.3.1). From the regularity of the solution 1, we know that ¢ € C([0,T]; H?(Q))
for all B < §, Moreover, for all positive times ¢, we have ¢y € C([0,T]; H °2(Q)) and therefore
Ye(t) € H*(Q) with uniform bound in 6. Passing to the limit for # — 0 and arguing by
contradiction, we deduce v (t) € H*?(Q) for all positive times. Finally, since solution departing

from () € H*?(Q) are unique and since we already know that the energy identity holds for

almost all times, for any ¢ > 0 we can find # > ¢ such that the two following identities hold
T
B@@®) + | [Vu(s)fds = E(wn)
0

E@() + f Viu(s)[3 ds = E((1)).

Taking the difference we deduce for any time ¢

E@(1)) + f V()3 ds = E(ho),
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which is the desired energy identity for all ¢t > 0.
We still have to prove the continuity of the map 1y — 1 (t). Observe that the strong continuity
in H (B)l (Q) is an immediate consequence of the continuous dependence estimate (5.3.7). Moreover,

since

Zy 3 1p0 > () € Hiso(Q) 0 Hig ()

is a bounded mapping, interpolation yields the continuity o — ¥ (t) with respect to the H (VO) (Q)-
norm with v < §. Because of the boundedness of [0,00) 3 — () € H(O(‘J)(Q), this mapping is
also weakly continuous.

Finally, note that the energy equality holding for all ¢ > 0 entails the continuity of solutions
¥ (t) with values in H(ao/§ (©) so that (t) =10 %o in H(ao/§ (©) using that weak convergence plus
convergence of norms imply strong convergence. This finishes the proof.

5.4 Long-time behaviour

Here we describe the global asymptotic behaviour of the dynamical system associated with (5.1.2)—
(5.1.3). As above we can reduce to the case that 1y has mean value zero by adding a suitable

constant. Let us define the (metric) phase-space

X = {zEH(QO/;(Q) | fle)de < oo}
Q

endowed with the metric

) = o~ alg oy + || S0~ [ sea)a

Thanks to Theorem 5.1.1 and inequality (5.3.7), we can define a closed semigroup (see
( )) on X by setting S(t)1g = 1(t), where ¢ is the unique weak solution to (5.1.2)—(5.1.3)
with initial datum .

Our result is the following
Theorem 5.4.1. The dynamical system (X, S(t)) has a (connected) global attractor.

Proof. Let us show first that the dynamical system has a bounded absorbing set. Consider
equation (5.1.3) defining the chemical potential and choose ¥ as test function. From this we

deduce that

EW(1),¢(1) + (f (1), (1) = (u(t),v(t)) = (u(t) — u(t)) (1))

1
<C | |Vu(z, t)|dz < 5|w|§ +C (5.4.1)
Q
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holds for almost every ¢t > 0. Here we used the fact that ¢ (¢) has zero mean and that it is

pointwise bounded. Moreover, from the assumptions on the potential f we have

F) = 6(4) - 547

where ¢ is convex. By the convexity of ¢ we deduce

¢'(s)s = d(s) —d(0) Vs

and therefore we can write

(P 0), @) = (&), ) — dl(t) 2
f¢ ) de — 906(0) — djis(t |2—Jf ) d — C.

Substituting this estimate from below in the inequality (5.4.1) above we get

Ew(0.6(0) + |00 de < 5ITu) +

We now consider the energy identity (5.1.4) and differentiate it with respect to time. This gives

4 (cve.vo) + |

Q

f(w(t))d:v> VAR <0,

Summing the last two inequalities together, we infer

%(sww,w(tm wa(t))dx) + e, 60) + [ S <o

for almost every t > 0. Gronwall’s Lemma thus gives

). ve) + [ Fw0) s < (swo,wo) +] f(wo)dw) e

where the constant C' appearing on the right hand side is independent of the initial datum ).
This proves that there is a bounded absorbing set B in X.

On account of ( , , Theorem 2), we only need to prove that there exists
a divergent sequence {t,} such that «(S(t,)B) = 0 as n goes to co. Here a(FE) denotes the
Kuratowski measure of noncompactness. Actually we prove more, that is, «(S(¢)B) = 0 for all
t>0.

Let {ton} = X be bounded and set ¢, (t) = S(t)tbon. From estimates analogous to those
deduced in our proof of existence of solutions in Section 5.3 and thanks to the existence of the

absorbing set deduced above, we have the following (uniform with respect to n) estimates:

Yn € L0, T; Hp(92)) for all T > 0
Ovbn € L*(s,T + s; H (Q)) uniformly in s > e > 0, for all T > 0
pin € L?(5,T + s; HY() uniformly in s > 0, for all ' > 0

f'(¥n) € L®(e, T; L*(Q)) forall T > e > 0.
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Arguing as in the proof of existence, up to a subsequence, we deduce that there exist functions

1, p satisfying for any fixed € and T

P S e in L%(0,T; H ()
Ortpn — 0y in L2(s, T + 5 Hy ()
Ly — [ in L%(s, T + s; H'(Q))
F'(n) = f'(9) i L®(e, T5 L*(42))
as n — oo. Here ¢ and p satisfy (5.1.2)—(5.1.3). On the other hand we also know that
¥ € C([0,T); HZ(Q)  forall T >0

(0)

with a uniform bound in n. Moreover, the estimate on 1), implies that the family {1y, }nen
is also equicontinuous with values in H (Qo/i(Q) Indeed, this follows from the following simple

computation

[4n (t)

J |10t (T

Moreover, we know that

n( )l °/2 ()

Q/z t— 3 1/2 (J Ha{lﬂn

Lp(t) = u(t) — [/ ((t) € L (Q)

1/2
Q/z dT) .
(0)

holds for almost any ¢ > 0. In particular, in the last expression, the right hand side is uniformly
bounded for all t > € > 0. Since L%O)(Q) cc H(B(;/z (€2) and since £7!

from H(o)/ (Q) to H(ao/i(Q) we deduce that

is continuous as an operator

U(t) e K. cc H2(Q)

©) forae. t>=€e>0

holds with K. independent of t. Moreover, thanks to the continuity of the solutions 1, taking

o/ () this is true for all ¢ >

values in H ©

e > 0. Appealing to the Ascoli-Arzela Theorem (see,

for instance

C(le, T); H

the form [

)

) ( , , Theorem 4.43)), this implies that, up to a subsequence, ¥, — ¥ in
(Q uniformly on the interval [e,T]. Applying the above argument to intervals of
1 m], m € N and performing a diagonal selection procedure, we finally obtain

in H?

P (t) — 2(t) (0 (), for all £ > 0.

We now consider the convergence

ffwm»hafﬂwmm
Q Q

for all ¢t > 0.
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This follows as a consequence of the dominated convergence on account of the boundedness of f
and pointwise convergence almost everywhere in Q of {f(¢,(-,t))}. The latter is implied by the
strong convergence of ¥, (¢) in H(ao/i (©). Summing up we have that, up to a subsequence, ¥y, (¥)
converges to (t) in X for any ¢ > 0. Therefore we are in a position to apply ( ,

, Theorem 2 and Proposition 4) to conclude the proof. O

Remark 5.4.1. In order to prove the connectedness of the attractor, in ( )
(see comments after Theorem 2) it is assumed that balls of the phase space X’ are connected.
However, connectedness of the attractor can be obtained by assuming only that the whole phase
space is connected as was shown in ( , , Theorem 4.2 and Corollary. 4.3) (cf. also

( )). In our case, although connectedness of the balls of X does not seem evident, nonetheless

the d-convexity of F' implies that X is connected.

5.5 Boundary conditions for variational solutions

In this section we want to discuss the natural boundary condition satisfied by the weak solution

u to the problem
Ew,¢) = (9,0)  ¥Ce Hy(9). (5.5.1)

Here g is a given function with m(g) = 0. Of course, we can confine ourselves to consider the
linear nonlocal equation neglecting the derivative of the potential f. Note that (5.5.1) also holds
true for all ¢ € H/*(2) since both sides vanish on constants. For simplicity we only consider the
case {2 = R . But the case of a bounded sufficiently smooth domain can be reduced to this case
by standard techniques.

The main theorem is a conditional result, namely,

Theorem 5.5.1. Let Q@ = R} and 1 < p < o such that « — 1 > %. Let a0 > % and let
u € H(ao/i(ﬂ) N HE () be a solution to (5.5.1) with g € L?O)(Q). Suppose that u € CYP(Q). If

n = 2, we assume that the following limit exists

iy = lim 57| (0= 9)(os(a) = sl (o ) dody (552)

and is non-zero, where

1—@ if |z — x| < 0

ps(x) =
0 otherwise.

Ifn =1, let ng, = 1. Then we have

Vu(zo) mg, =0 Y o € 09). (5.5.3)
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Remark 5.5.1. Observe that (5.5.1) holds in particular for any ¢ € CF(€2). Arguing as in (

, , Lemma 4.2) (see also ( , , Lemma 3.5)), we have

—lim 1 j (2) — uy)) (@) — CW)k(z, vz — ) dady
{la— u|>e}mﬂ

e—0 2
g | [ () - u)C @k~ g) dody
e—0 2 Q\B. (z)
wlims [ ] ()~ u)@k(ay — o) dody
=02 Jo Jo\B.(

e—0

~tim [ | Z\Bé(x)wcr) — u(y)k(zy, 7 — y) dy C(w)da

= | Lu(x)((z)dx
Q
provided that u € HZ2 () n H*?(Q). Therefore,

(Lu, ) = (9,¢)

holds for all ( € CP (). This implies that the weak solution u to (5.5.1) satisfies the equation
Lu(z) = g(z) a.e. x € ().

Hence Lu € LP(Q2) since g € LP(Q2). Unfortunately, we cannot say anything on the boundary
condition due to the lack of information about the regularity of u. More precisely, we cannot
3

answer to the question: Does u belong to H ("6)(9) with a > 5. In addition, assuming that the

limit (5.5.2) exists, we do not know if
Vu(zg) ng =0

holds on 0f2 in the sense of traces under general assumptions.
We can thus just conjecture that w should satisfy (5.5.3).

Remark 5.5.2. The limit (5.5.2) exists in many examples of interaction kernel which are interesting
for applications. Among them there are kernels given by a homogeneous principal part of order

« perturbed by lower order terms. For instance

C
k(%y,fﬂ*y) = |

—_ —y| e 5.5.4
s ol =y (5.5.4)

or, more generally,

9(z,y)
k(x,y,xfy)=m o(|lz —yl

n—aoa

with g € C(Q x Q). In the latter cases a simple calculation using the homogeneity of |z — y|~

and the continuity of g in (xg,xo) yields

Jnfnx* (p1(z) = @1(y))k(z0, T0, ¥ — y) dady.
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Remark 5.5.3. In the case (5.5.4), using the higher-order term symmetry, we have
= [ [ @001 = e )b, 0.~ y) dody. = C
+ YRy

where v is the unit outward normal to the boundary and C' # 0. Therefore, in this case we

recover the usual Neumann boundary conditions.

5.5.1 Proof of Theorem 5.5.1: case n =1

Before proving Theorem 5.5.1 in the case n > 2, we first discuss the simpler one-dimensional case.
For R"} with n > 2 the same general strategy applies with the required changes (see Section 5.5.2).
Throughout this section we assume that u is as in the assumption of Theorem 5.5.1 and n = 1.

Consider the cut-off function at z = 0 defined by
1—2% forzel0,0),
0 otherwise.

Observe also that the function ¢s is Lipschitz continuous and hence belongs to H7(2) for any
v € [0,1] and thus to H**().
Using (5.5.1), we obtain

[ s@esterar

0

€ (u, 5)] =

< lglplesly < Clglpo™ = O(@E")  as s — 0.
We now consider the quantity £(u, ps) in more detail. We have

E(u

(u, 05)
=% Jooo JOoo(u(:zc) —u(y))(ps(x) — s (y))k(z,y, v — y) dody

=§£ﬂ?m@u@»«1§)O%Wk@ﬂ@”dmy
0 o

3] | @@ - (
6 oo

[ oo

=1 + I, + Is. (5.5.5)

e 8
N———— N———

The first integral reduces to

5 6
L = % Jo Jo (u(z) —u(y)(y — x)k(z,y,x — y) dady.
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By using Taylor series expansion near 0 for u, this integral can be estimated by
1 (% 9
h~gs | [ 0O =0 - o)k p - ) dsdy
o Jo
cr 1+
5 (x—y) "y — 2)k(z,y,z — y) dedy
o Jo

5 pd
- Luo j j (2 — y)%k(z,y, @ — y)dady + 0>+,
20 0 Jo

Here the notation A ~ B means that the quantities A and B are equivalent for § — 0, i.e., that,
for ¢ sufficiently small, there exist two positive constants ¢ and C' such that ¢cB < A < CB.
Indeed, notice that by assumption (5.0.8), (x — y)'T*k(x,y,z — y) is uniformly bounded away
from zero from below and from above.
In the sequel, w(47) indicates a quantity which is asymptotical to §7 in the following sense
g(0) € w(d7) if  e< 1i%nﬁi(r)1f % < 1iglj(1)1p % < C, ¢,C > 0.

From the above computations we deduce
I = =/ (0)w(6°~) + O(5°+7~).

The remaining two terms Iy and I3 in (5.5.5) are equivalent. Thus it suffices to observe that
) y
b= [ ] () = @)+ w @) =) (1= %) bl - ) dady
0
s

+ L (LOO(Z/ —o)k(z,y,x —y) dx) v (y) (1 _ %) dy.

However, the first of these two terms are of order O(62#~%), while we can easily estimate the
inner integral appearing in the second one as

o0 o0
L (v — D)k(a,y, — y) de ~ L (v — o)la -y~ da

~ [ 6
5

where we used the fact that x > y always when I3 will be computed. Therefore we deduce

9
b~ | @-w ) (1= ) ay + o)
1 5
- JO (6 — y)>ou'(0) dy + 0827

1 / (5 B y)gia
gu (0) 33—«

g
+O(8*H7) ~ —u/(0)8*7* + O(8*TF 7).
0

Combining all the above estimates we obtain, for some positive constants ¢ and C,

—Cu/(0)6°~* — C&*HP7* < E(u, ps) < —cu/(0)6>* + C&HF~,
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Because of (5.5.1), we have
00
Elue) = [ glo)es(a)da
0

so that
—u'(0)6%7 + O(8F=2) = 0(8'"")  as § — 0.

However, since o« — 1 > %, one readily sees that this is possible only if «/(0) = 0.

5.5.2 Proof of Theorem 5.5.1: case n > 2

Here we consider the case n > 2 in the statement of Theorem 5.5.1. In this section, unless
otherwise stated, we will denote by B; the half ball of centre zo € JR”} contained in the half-
space R’ and having radius J. Before giving the details of the proof we prove a useful technical

lemma.

Lemma 5.5.2. Let r be a real number such that r > —1 —n. Then the following relation holds
I, = f f lz —y|" ||z—xz0| — |[y—m0|| dzdy = w(sFT7T2") for § — 0.
B JBS

Proof. First of all by a simple translation we can reduce to the case zyg = 0. Then using the

change of variable x = 0%,y = J§ we obtain

Ir _ 51+r+2nJ f |$L' _ y|r ||.’L'| _ |y|| dxdy,
B JBY

where the last integral can be estimate as

f j ufmwurﬂwdmm<f f o~y dady < o0
B JBf B JBf

since r + 1 > —n. Since the integral on the left-hand side is obviously positive, the statement

follows. O

The main idea of our proof is to consider an appropriate family of test functions concentrating

at one point of the boundary. Let us consider the bilinear form
1
o) =3 | | @)~ um) ) — o)k, - y)dedy
+ VRL

Let zo be a point belonging to the boundary of R and consider the test function ps € C(R%) n
HY(R%) < H*(R?) defined by

1— %% if |z — x| <0 and z € RY,
ps(x) =

0 otherwise.
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In particular, we have by (5.5.1)

1€, 5)] = < lglze@nyllwsl Lo g -

| s@psto)as

+

Moreover, there holds

’ 1/p’
— |:E - .%'0| b n,/p/
H905HLP(R1) = (J‘B; (1 - T dx ~ 0 .

Observe now that

(u, @s) Jn J Y)(ps(x) — @s(y)k(z,y, 2 — y) dedy

5], LJ“(I) —u(y)) (jz o] — |y — w0l) k(e y. 2 — y) dady

ST TIPS -
T3 JB; fs;s () = uly) (1 - W) k(z,y,x —y) dedy

=J1 + Jo + Js. (5.5.6)

Here B: s denotes the set

B:5£{16R1||x—x0|>6}.

We must evaluate the asymptotic behaviour of Jy, Jo and J3 as § — 0. Concerning the first one,

using Taylor expansion, up to the first order we can write
u(@) —u(y) = Vu(zo) - (x —y) + O(87)[x —y|  for z,y € B
where we have used

u(z) —u(y) — Vu(xo) - (z — y)

=L (Vu(z + s(y — ) — Vu(zg)) - (x — y) ds

=0(8")|z -y
for all x,y € Bs. Therefore, we obtain

Ji = —Vu (o) J J ) |z = zo| = |y — @o|) k(z,y, 2 — y) dzdy
B} JB}
n O(5l+ﬂ+n—a)'

We are now left to analyse Jo and Js (see (5.5.6)). This can be done similarly as in the case
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n = 1. Indeed, we have

e T ) (e e L EL
=%vu(x0). JB; <f3i5 (@ —y) (1 N —5:60|) k(z,y, 2z — y)dx) dy
+ 0(6%) Lﬁ (Lﬁ |z — 1y (1 - @) k(z,y,z —y) d:v) dy

=Joq+ Joo

Thus, in this case, we only have to bound integrals of the form

Ty iJ J |z — y[lmen (1 - |x_$0|) dy | dz
s \UJnt, 0
:J <1 - |xx0|> J |z —y|'* " dy | da.
B} 0 B,

T TR A
.

>8

Let us set

and observe that

+00
Iy < f " dy = j pdp~ (6~ )"
>(5—|x|)

d—|z|
Then we have

1
J4 < OEJ\ (5 _ |x|)2—a dr = O51+n—aJ (1 o t)2_atn_l dt ~ 51+n—o¢.
0 Jmy 0

From such estimates we deduce
Jo = J271 + 0(51+ﬁ+n7a¢).

The quantity J3 is controlled in the same way, just interchanging the role of z and y.

Recalling that

E(u,ps5) = Jn Lu(x)ps(x) dzx

and using the above estimates for Ji, Jo and J3, we get

o) [ |, = 0(ei) — skt ) aoay

+ 0(61+B+n a _ O(é"/p ).

Since the double integral belongs to w(§'*"~%) by Lemma 5.5.2, on account of (5.

l+n—a< ﬁ (which is equivalent to a — 1 > ﬁ), we finally deduce

Vu(zo) - ng, = 0.

165

5.2), and
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Part 11

Strain deformation in p-n junctions






SUMMARY

The second part of this thesis studies the coupling mechanisms between mechanical deformations
and electronic properties in semiconductors. The description of these phenomena is of outmost
importance for the development of thin film electronics such as sensors and solar cells. As it is
the case of most semiconductor-based electronic devices, the concentration of charge carriers (i.e.
electrons ad holes) shows sharp transitions and carriers separation at the boundaries between
differently doped regions in the devices.

First of all, the classical drift-diffusion model is reviewed. The mobilities of the charge carriers,
the band gap and the minority carriers equilibrium concentrations are then identified as the terms
with the most relevant strain dependency and models for these quantities proposed. Finally, the

Shockley relation for the p-n junction under deformations is deduced.
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Notation used in Part Il

jump through a surface ....... .o i p-189
doping profile, specific number of dopants (kg™ ). ... p-191
electrons’ diffusion constant (M?/8) .. ........oouiiiiiiiii p.191
electrons’ diffusion constant tensor (mM?/8) ..........ooiiiiiiiiiiiiiii i p.192
holes’ diffusion constant (2/8)........ooouiiii p.191
holes’ diffusion constant tensor (m2/8)...........ooiuiiiiiiieiiiiii . p.192
electric displacement field (C/m?) .. ... ittt p.189
Young modulus (Pa) ... p.219
energy of the conduction band (JoreV) ... p.177
Fermi level (J or V) ... oo p.184
energy gap in the semiconductor (Jor eV) ...... ..o p.178
energy of the valence band (Jor eV) ... p.177
electric field (V/m) .. ... p.189
total current density (A/mM?) ... ...ooii i p.190
electrons’ current density (A/m2).. ... ...t p.189
holes’ current density (A/m?2) .. ... .o it p.190
saturation current density for a p-n junction (A/m?) .......... ... p.217
Boltzmann constant (8.617 x 107° eV/K = 1.380 x 107 C V/K) ................ p.193
weighted number of valleys in the conduction band (number)..................... p-202
rest mass of a free electron (9.1 x 1073 kg) ... p.200
effective mass of charge carriers (Kg) ... p.180
specific number of acceptors (kg ™1) ... ... i p-191
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NOTATION USED IN PART II

effective specific number of states in the conduction band (kg ™) ................. p.201
specific number of donors (kg ™) ... ... p.191
effective specific number of states in the valence band (kg™")..................... p.201
specific number of free electrons’ (kgfl) .......................................... p.188
normal versor to a given surface......... .. .. p-189
thermal equilibrium specific number of carriers (m=2) ............................ p-193
specific number of free holes” (kg ™') ... ... p.188
electric polarization field (C/m?) .. ... ...t p-190
elementary charge (1.6 x 1071 C) ... p.189
volumetric recombination rate (™1 m™3) ... p-190
volumetric electrons’ recombination rate (s™ m™3) ... ... p-189
volumetric holes’ recombination rate (st m™3)......... . ... p.190
tangent versor to the boundary of a given closed surface.............. .. .. . ... p-189
vacuum permittivity (8.85 x 1072 C/V ) .....oooviiiiiiiiiiii i p-190
relative permittivity (number). ... .. ... p-190
semiconductor’s relative permittivity tensor (number) ........... .. ... o p.191
semiconductor’s permittivity (C/V m)........ooooiiiiiiiiiiiiiiii i, p-190
total charge density (C/m3).........oiii i p.189
absolute temperature (K) ..... ... o i p.193
electrons’ mobility (I2/V 8) .. ...ttt p.191
electrons’ mobility tensor (M?/V 8) ... ..ottt p.192
holes’ mobility (IN2/V ). .ottt p.191
holes’ mobility tensor (M2/V ). ......uiiii e p.192
exterior pointing normal versor to 02 (number) .......... .. .. i p.189
mass density (Kg/M ™) .. ..o p.189
asurface in R ... .. . p.189
electrons’ mean recombination time (S7) ... p.193
holes’ mean recombination time (s7™1) ...... ... o p-193
electric potential (V). ... p.188
electric susceptibility (number)....... ... p-190

domain in R2 or R3 ... .. . i p.188



CHAPTER O

Statement of the problem with an overview of semiconductor physics

OUTLINE

The main problem considered in the second part of this thesis is presented in this chapter
and its relevance for application is discussed. Challenges and open questions in the modelling
of strained semiconductors are outlined. Moreover, a brief review of semiconductor’s solid
state physics and band structure is also given. The band structure of silicon is discussed and
its influence on macroscopic electric properties reviewed. These will be used in later chapters

in order to understand the effects of deformations.

N the latest years commercial thin films electronic devices have lost their status of fancy
science-fiction gadgets and have started to play an important role in the electronic market.
Many promising technologies, both based on organic and inorganic materials, have been

developed recently and show properties interesting for mass-market applications (we refer the
interested reader to ( ) and references therein for a recent overview of the state
of the art).

Traditional semiconductors are very sensible to mechanical deformations and usually are not
able to sustain deformations larger than 1% before breaking and loosing their electronic properties.
Therefore, in the development of flexible electronic devices only two approaches seem possible:
either using new semiconducting materials which have better mechanical properties (such as
polymers) or devising special microstructured components, which can accomodate large strains.

Particular film architectures can be designed such that the electronic material has to sustain
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only a small fraction of the global strain (see ( ) for an example). In thin films
electronics, this can be achieved, e.g., by moving the active part of the device as near as possible

to the neutral surface of the film, which is not stretched during bending (see ( ))-

Possible applications of flexible electronic devices include wearable electronics, enhanced non
planar sensors (like CCD sensors) or solar cells. In particular, the size of these lasts and the rel-
evance of the bulk properties of the semiconducting material suggest a treatment of the coupling
effects between electronic and mechanical properties within the framework of continuum mechan-
ics. Furthermore, in the case of inorganic electronic materials, if the construction of the device is
done with precaution, typical deformation of the active electronic components range at most to a
fraction of 1%. However, experimental evidence suggests that many relevant electronic properties
vary significantly within this range of deformations (see ( ) and references therein).

Therefore, a consistent, continuum-mechanics-based modelling of the strain effects on the
electronic properties of semiconductors under small strains (i.e. |¢|] < 1%) seems to be critical in
the description and improvement of these new classes of electronic devices.

Among different silicon-based technologies, we recall three main options. Silicon displays
interesting semiconducting properties both in its amorphous phase as well as in its polycrystalline
and crystalline phase. Due to the simpler description one can give to crystalline silicon over
amorphous one, we will consider, in this first attempt to model this problem, that all the device
considered is made up by crystalline silicon. From the microscopical point of view, in a crystalline
semiconductor the forbidden band (band gap, see below) is essentially empty of energy levels.
This leads to a description of the conducting properties of the semiconductor in terms of charge
carriers only (the so called drift-diffusion model, see, e.g., ( )). On the other
hand, in the case of amorphous silicon, the number of energy levels populating the band-gap is
much higher, so that a description of the continuum through the number of electrons and holes
only is no longer satisfactory. Therefore, a more precise model taking into account the probability
distribution of charges in the band-gap and the so called deep states is required (see

( ); ( ) or ( )). The case of polycrystalline In order to keep
our arguments as simple as possible, we will consider here only the case of crystalline silicon.

Our strategy in tackling this problem will be as follows. First, in this chapter, we will review
the standard modelling of solid state semiconductors focusing, in particular, on silicon. In Chap-
ter 7, we will introduce the well-known drift-diffusion model, describing the electronic properties
of a semiconductor. We will also discuss on which terms of this model the effects of strain are
important. Finally in Chapter 8, we will study the p-n junction and will deduce A simple 1D
model predicting the characteristic curve of this device.

Our preliminary results can be summarised as follows: by the end of Chapter 8 we will have
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identified the most relevant coupling mechanisms and will be able to give a qualitative as well as

quantitative evaluation of the strain effects on the I-V curve of a p-n junction.

6.1 On the physics of semiconductors

A semiconductor is a material, whose electric conductivity is between the one of a conductor
(such as metals) and the one of an insulator (such has ceramics or glass). Typical examples of
semiconductors include both pure substances (as silicon), compounds (such as gallium arsenide)
as well as organic materials (such as polyacetylene). In this section we will follow a standard
approach to the description of the electronic properties of semiconductors. The interested reader
can find more detailed accounts in ( ); ( ); ( )
among other books on this subject.

Most of the electric properties of a semiconducting material can be understood from its elec-
tronic band structure. This band structure is the result of the interaction of the electronic energy
levels of all the atoms constituting the solid (often a crystal) being studied. When one considers
the interaction between a very large number of atoms, the initially sharply defined admissible
electronic energy levels associated to each atom blur. As a result, instead of a discrete number
of well spaced energy states admissible for the electrons of a given crystal, the energy diagram
shows clustering of admissible electronic levels, which become undistinguishable one from the
other as the number of atoms constituting the crystal becomes infinite. The typical situation
is represented in Figure 6.1. In all these diagrams the absolute zero temperature state (i.e. the
bands occupancy at 0 K) is depicted, with electrons always occupying the lowest possible energy
levels. The occupied energy levels in this fundamental state make up the valence band(s) while
the free energy levels constitute the conduction band.

In the case of conductors, the highest energy level occupied by electrons is in the middle of
an energy band. Therefore, a small amount of energy is needed in order to promote one electron
stuck in the full valence band to a free conduction energy level. Therefore, even at temperatures
of a few Kelvin degrees, when the classical physics description of conductivity looses its validity,
the number of electrons free to move through the crystal is very large and hence the solid is a
conductor.

The case of insulators is drastically different. In this case, between the valence and the con-
duction bands there is a large band gap of prohibited energy levels, where no electron can stand.
The size of the band gap can be evaluated more precisely by comparing it to the thermal energy
of electrons, but usually its order of magnitude is of a few eVs. Referring to Figure 6.1 again,

we will denote by FEy the highest energy among those of the energy levels in the valance band.
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Figure 6.1: Simplified representation of the energy band structure of conductors, semiconductors
and insulators. The difference in the macroscopic electric behaviour can be understood in terms
of the energy required by electrons to be promoted to a free (conduction) level compared to the
thermal agitation energy. Here Ec and Ey are the energies of the conduction and valence bands

respectively (see text for more details).

Similarly, E will be the energy of the lowest energy level in the conduction band. Obviously,

the band gap will be defined by

E,=Ec—Ey

In the case of insulators, the energy gap has a width proportional to several times the mean
energy of electrons of the crystal. Thus, although even in this case some electrons get promoted
from the valence to the conduction band due to thermal agitation, the number of carriers in the
conduction band is so small that it can be neglected when compared to the conductor case.
Semiconductors have intermediate properties between these two classes of materials. Although
their energy band diagram resembles the one of insulators, the band gap is small when compared
to the mean thermal energy of electrons. This results in a significant number of electrons being
promoted to the conduction level. However, their number is not sufficient to guarantee properties
comparable to the conductors’ ones. Although only electrons are free to more in usual semicon-
ductor crystals and although in principle a description of the electronic state of a semiconductor
is possible in terms of the electrons’ energy occupancy levels only, it is often a useful conceptual
tool to think that every electron being promoted from the valance to the conduction band leaves
behind him a “gap” in the electronic structure of lower energy levels, where an expected electron is
missing. Therefore, a description of the charge carriers in the valence band is possible in terms of
virtual positive charges called holes, which represent missing electrons in the sense just specified.

From the microscopic point of view, an hole moving in the valence band of a semiconductor can
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Figure 6.2: A representation of the crystalline structure of silicon. The diamond cubic crystalline
structure is clearly visible on the left hand side of the picture, with the coordination number

equal to four apparent on the right part of the picture.

be thought as an empty seat at the end of a otherwise full row of seats in a theatre, with people
(electrons) sliding along the row one seat at a time to occupy it. However, from a macroscopic
point of view a hole can be thought as a virtual particle on its own right having its equivalent

mass and subject to laws of motion in all aspects analogous to those obeyed by electrons.

6.1.1 Energy bands

As a result of the previous discussion, a more detailed understanding of the electronic properties
of semiconductors involves a finer description of the energy bands. In particular, this involves a
brief discussion of the crystalline structure of semiconductors. Though this information is today
known for most semiconductors used in applications, w e will focus here on the case of silicon. As
represented in Figure 6.2, silicon (as well as gallium arsenide) exhibits a diamond cubic crystalline
structure with coordination number equal to four. An eight of its Brillouin zone (i.e. its basic
crystallographic element in the space of wave vectors) is represented in Figure 6.3. In this section,
I will be the centre of the Brillouin zone, X will be its border in the A direction (this corresponds
to the directions [100] and symmetric ones), while L will be its border in the A direction (i.e. in
the [111] direction).

In order to better account for the band structure of a semiconductor, one has to give a
description of the energy of electrons in the crystal as a function of their wave vector. In principle,
the energy levels should be known for any point in the Brillouin zone introduced above. Due to
symmetry reasons, for most practical considerations it is enough to know the behaviour of energy

levels along the symmetry axis A and A only. The band structure of crystalline silicon and of
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Figure 6.3: An eight of the Brillouin zone for a silicon crystal.

gallium arsenide is depicted in Figure 6.4.

A first major difference between the two diagrams in Figure 6.4 is evident: in the case of
gallium arsenide, the maximum of the valence band and the minimum of the conduction band
are located at the same point in the Brillouin zone (in particular both these extremal values are
reached at T, i.e. for the wave vector [0,0,0]). On the other hand, in silicon, the maximum of the
valence band is attained at I' again, but this does not hold for the minimum of the conduction
band. Indeed, due to symmetry, the conduction band has six minima, two along each of the
three A directions. Semiconductors as gallium arsenide showing corresponding extrema in the
conduction and valence are called direct band gap semiconductor, while those like silicon, having
“mismatched” extrema are called indirect band gap semiconductors.

Not only the level of the energy bands at a certain wave vector is important, but also the
curvature of the isoenergetic levels of the bands plays a crucial role in determining the macroscopic
electrical properties of a semiconductor. Indeed, the curvature of these bands is associated to the
electric resistance of the material through the effective mass (m*) of the charge carriers. This
last can be interpreted as a parameter summarising the interaction of a charge with a periodic
(lattice) potential: charges moving in a periodic crystal essentially behave as free particles as soon
as one considers a different value for their mass. In particular, the (density-of-states) effective

mass tensor of the carriers is given by the formula (see ( , , Section 1.3))

1 1 ?E(K)
(Tﬂ*)ij B ﬁ 8/@101@ ’ (611)

Together with the models introduced later in Chapter 7, which describe the relation between

effective mass and mobility (see Section 7.3.5), this implies that the higher the curvature of the
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Figure 6.4: The energy band diagram for silicon and gallium arsenide. See text for a discussion.

bands, the higher the conductivity of the medium. In the case of the conduction band of silicon,
the effective mass of electrons is given by .92my in the longitudinal direction and by .19my in the
transversal one. Here my is the rest mass of electrons (see Vv.Aa. for these and other material
properties of silicon and common semiconductors).

As mentioned before, in this work we will focus on crystalline silicon electronics. Let us briefly
describe in greater detail the band structure of this semiconductor. As it has already been stated,
the conduction band in crystalline silicon shows six minima oriented in the three A directions.
These can be described my means of the six-valley model (see Sze and Ng (2007) and references
therein) in which the isoenergetic curves at all these minima have the same ellipsoidal shape
(cf. Figure 6.5a). In particular, the isoenergetic curve at these minima can be approximated by
revolution ellipsoids having the major axis directed towards the [000] wave vector and two minor
axis orthogonal to the first one.

On the other hand, the structure of the valence band is more complex. Near the maximum
energy point in the valence band, at least two different energy bands are seen to interact. As it
is apparent from Figure 6.4, the two interacting bands have different curvature at the maximum
point (T'). Recalling the formula (6.1.1), these two bands are called the light holes band (LH—
the more sharply peaked one) and heavy holes band (HH—the more shallow one). These bands

strongly interact with each other. Therefore, a simple description of the resulting energy levels
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by means of quadratic forms, as it was the case for the minima of the conduction band, is not
possible (see Figure 6.5b for a representation of the isoenergetic levels at the maximum of the
valence band). Moreover, at energies slightly beneath the edge of the valence band, a third
band exists. This is known as split-off band and also has a maximum for k = [000], which is
however slightly lower than the top of the valence band (44meV lower in silicon, see ).
The closedness of the split-off band to HH and LH bands causes strong interactions between the
three, in particular a strong warping of the resulting valence band under small strains. This, in
turn, implies a strong effect on the effective masses of holes and therefore on their mobility.

In order to model the shape of these degenerate energy band, a quantum mechanical descrip-

tion is required. The valence band can be calculated from a perturbation theory argument giving

rise to the Luttinger Hamiltonian (see ( ); ( )
[-P-Q L M 0 L —vaM |
L* -P+Q 0 -M V2Q  —y/3L
—M* 0 —P+Q —L  —4/3L* —2Q

, o PG EMr Lis (6.1.2)
V2

—L*
LLr VIQr 3L VAM -P-A 0
—VEM* -\ f31r —vaQr LI 0  —P-A

where

h2
P= (k2 + k2 + k2
2mo Fyl( T y + z)

h2
= — (k2 + k2 — 2k?
Q 2mo 72( T y z)

V3R?

L= ky —iky)k.
mo ¥3( iky)
\/3h? 2 12 -
M= — T (v2 (k3 — ky) — 2iy3kgky).

Here, mg is the rest mass of the electron, the 7;s are the Luttinger parameters, while A is the
split-off energy (see ( ) for a description of the parameters of this model). Significant
values for the parameters appearing in these and in the above expressions defining the Luttinger

Hamiltonian are (see ( , , Table II))
YA 422, 4~ 039 and s ~ 1.44. (6.1.3)

The eigenvalues of the above Hamiltonian, which depends on k, represent the energy level of
the three bands making up the valence band of Si. The values prescribed are relative to the top
of the conduction band. Indeed, a straightforward computation shows that for k = [000], there
are four coinciding 0 eigenvalues corresponding to the HH and LH bands and two eigenvalues

equal to —A which describe the split-off band.
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Figure 6.5: The shape of the isoenergetic surfaces in wave vector space for the energy bands
of crystalline silicon. In the picture the conduction band can be modelled through a six-valleys
model. On the right hand side, strong interaction between different bands belonging to the valence
energy levels is observed, resulting in irregular isoenergetic surface. Image 6.5b credits (Sun et al.,

2009, Figure 4.33).

Finally we recall that a possible, simpler model can be obtained from the Luttinger Hamil-
tonian above by considering only the interactions between HH and LH bands. This amounts
to keeping only the 4x4 north-western extracted Hamiltonian from the previous expression. In
particular, one can deduce the following expression for the edge of the valence band as a function

of the wave vector

E(k) = —P++/Q? + L? + M2,

6.1.2 Doping

The relevance of semiconductor to technology is essentially due to another aspect beyond their
particular band structure. Indeed, the number of the freely moving electrons in the conduction
band and the number of holes in the valence band can easily be modified through the introduction
in a pure silicon crystal of small fraction of suitably chosen chemical elements. This technique is
called doping, and the resulting semiconductor is called doped.

The typical doping concentrations are very low (usually no more than a few atoms of dopant
every million atoms of silicon). In doping silicon, usually elements from the ITIB (like boron) and
VB groups (like phosphorus) are used. If a boron atom is added to a silicon crystal lattice, the

resulting effect will be a missing electron in the valence band or, describing this situation from
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Figure 6.6: The effects of doping on the energy levels of a semiconductor. The dashes represent

the additional energy states introduced through doping.

the reciprocal point of view, an additional hole. The situation can be depicted as on the left hand
side of Figure 6.6. The introduction of boron atoms creates additional unoccupied energy levels
in the band-gap near to the border of the valence band corresponding to electrons sequestrated
from the valence band and newly introduced holes. The resulting doped semiconductor, showing

a higher density of holes, is called p-doped semiconductor.

Similarly, an addition of phosphorus atoms to crystalline silicon supplies a larger number of
electrons in the conduction band. Again this is explained in terms of additional energy levels
in the band gap near the border of the conduction band, which, due to thermal agitation, free

electrons directly to the adjacent conduction band. The resulting semiconductor is called n-doped.

We will always assume that the doping concentrations in the semiconductor are not too
high. By this we mean that all doped atoms can be considered ionised. Therefore, in p-doped
semiconductors a net negative charge will be considered attached to the lattice, while in n-doped
semiconductors, ionised phosphorus atoms will give to the lattice a net positive charge. Obviously,
the overall charge of the semiconductor will remain balanced: only a bias is the relative abundance
of fixed and moving charge carriers is introduced through doping.

A further comment is important at this point. By changing the energy distribution of charge
carriers, doping also affects the Fermi level (Er) of the semiconductor. This is the theoretical
energy level which would have 50% of probability of being occupied at any given time at thermo-
dynamical equilibrium. In a pure semiconductor, considerations from statistical mechanics (see,
e.g., ( )) imply that the Fermi level is near the middle of the band gap.
On the other hand, in doped semiconductors, the newly introduced energy levels push it towards
the edge of the band gap: up towards the conduction band for n-doped semiconductors and down
towards the valence band for p-doping.

The Fermi energy levels will be of crucial importance in understanding the functioning of

semiconductor devices such as the p-n junction, which will be thoroughly studied in Chapter 8.
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CHAPTER [

The Drift-Diffusion model and strain

OUTLINE

The drift-diffusion model for electronic effects in semiconductors in considered. The micro-
scopic effects of strain on the electronic properties of solid state semiconductors are discussed
and those relevant at a macroscopic level are identified. In particular, the case of crystalline
silicon is studied. Among others, the changes in the band gap and in the shape of the va-
lence and conduction bands are discussed and their effects on the main parameters of the
drift-diffusion model estimated. Finally, simple macroscopic models for the strain-dependent

mobilities and band gap are proposed.

HE drift-diffusion (DD) model for semiconductors was first derived in
( ) in 1950. Since then the DD model has enjoyed a wide popularity due to both
its simplicity and its effectiveness in describing electronic properties under quite a large
range of standard working conditions for electronic devices (see ( , , Section 1.8) for
an introduction overview of this model). In particular, only three quantities are used to describe
the state of the semiconductor: the electric potential through the device and the concentrations of
the two change carriers, electrons and holes. Moreover, the DD model offers a simple explanation

of the working mechanism of some of the key electronic devices such has p-n junctions (see

187
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Chapter 8 for a discussion of this kind of devices). The standard DD system reads as follows

V- (esV®) =gp((n—Np)—(p— Na))
qat(pn) =V-J, - an(nap) Jn = anV(pn) — G pnV P (701)
q0t(pp) = =V -Jp —qRp(n,p) I = gDV (pp) + qppppVe.

Here the unknown quantities are the electric potential (®), as well as the specific number of
electrons and holes (i.e. the number of carriers per unit mass) denoted by n and p respectively.
Moreover, p will be the density of the continuum considered. This slightly unusual choice for
the meaning of the relevant quantities n and p can be justified keeping in mind the macroscopic,
continuum-mechanical description of strained semiconductors, which is one of the main goal of
our research and which will be addressed in great detail in a forthcoming paper (see ).
We refer to Section 7.1 for a comprehensive description of all other physical constants appearing
in (7.0.1).

From the point of view of applications, the DD model is particularly well-suited for the
description of the behaviour of crystalline semiconductors where valence bands are well separated
(see Chapter 6) and only a few energetic levels populate the band-gap. Moreover, this model
can also be given firm theoretical grounds: it was rigourously derived in the context of statistical
mechanics in ( ) through a perturbation argument inspired by the works of Hilbert.
We refer the interested reader to ( , , Section 2.2) for a brief discussion of
this argument.

In order to clarify the phenomena described by the drift-diffusion system, we only discuss in
Section 7.1 the original derivation of this model due to Van Roosbroek (see also
( )). After reviewing the standard DD model, we discuss in Section 7.3 the possibile influences
of strain on the electronic properties of a semiconductor. We will focus on crystalline silicon and
we will identify which parameters of the DD model require modelling in order to account for
strain effects. Moreover, modelling of the relevant quantities as functions of strain will be given

in the case of uniaxial traction and compression.

7.1 Derivation of the DD model

We will assume that our continuum occupies a region 2 ¢ R™ with n = 2 or n = 3. As it is the
case for many phenomenological physical models, the drift-diffusion system is the composition
of general physical laws with constitutive equations accounting for the particular phenomena
observed in the considered system. In particular, for the DD model, the physical laws involved

reduce to the Gauss law, to the Maxwell law and to the charge conservation laws. Together
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with three constitutive equations for the polarisation of the semiconductor, for the charge density
and the current flow through the device, these lead to the closed-form system (7.0.1). We start
this section by briefly reviewing these fundamental relations; later we deduce from these the DD
system stated above as well as we introduce some additional constitutive equations which are

usually verified in practical situations.

The electrostatic equation Let d be the electric displacement field. Gauss law in finite form

can be written as (see e.g. ( )

J d.ud(;:f 0.d0 (7.1.1)
o Q

where O is the total charge density and v is the outward pointing unit vector normal to the

boundary of 2. Localisation of this equation gives
V-d=06 and n-[d] =0.

The first of these relations holds where the field d is regular and the second is true at its discon-
tinuities. Here, n denotes a normal unit vector to the discontinuity surface ¥ and [ -] denotes the

jump through the discontinuity surface.

Maxwell law  We also introduce the Maxwell law to derive the system (7.0.1). In the absence

of magnetic fields, Maxwell equation in finite form can be written as

f e-tdl=0
ox

where ¥ is a closed surface in R3, t is the tangent versor to the boundary of ¥ and e is the electric

field. Hence, through localisation, we deduce
Vxe=0 and n x [e] =0.

If the electric field is regular and if the domain €2 is simply connected, these last relations imply
that e admits a potential ¢ satisfying
e=-Vo (7.1.2)

The continuity equation The third fundamental law of physics necessary to derive the DD
model is the continuity equation or conservation of charge. By writing the change in the elec-
trons’ number density as the sum of a bulk source term (recombination) and of the charge flow
contribution, we have

1
Oi(pn) = — R, + EV'Jn-
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Here ¢ denotes the elementary (positive) charge, p is the mass density of the continuum being
described, R, is the volumetric electrons’ recombination rate while J,, represents the electrons’
current density. We use here the following (slightly) nonstandard notation that is motivated
by the continuum mechanics framework we would like to comply with: n represents the specific
number of free electrons (i.e. the number of free electrons per unit mass in the solid). An analogous

equation also holds for the holes’ number density, namely
1
o(pp) = —R, — EVJI}.

Here all the quantities with a p-subscript instead of a n-subscript refer to holes instead of elec-
trons. The change in the sign in front of the flow term conforms to the widely agreed upon sign
conventions for the currents.

In order to guarantee the conservation of charge we will further assume that
R=R,=R, (7.1.3)

so to ensure that the total charge is conserved. Moreover, we will also assume that the reaction
term R only depends on the carrier concentrations pn and pp and (possibly) on the position x.
Indeed, equation (7.1.3) easily implies the following law for the evolution of the total charge in

the semiconductor:
@0 (p(p —n)) = =V -J.

Here the total current density J is defined by

J=J,+7,

The electric displacement equation This equation relates the electric displacement to the
electric field and is the first constitutive relation we introduce. We will assume that the semi-
conductor (usually silicon for our purposes), behaves as a linear dielectric. Denoting by p the

electric polarisation of the medium, e, d and p are related by (see ( , , Section 4.3))
d=ce+p
where ¢ is the vacuum permittivity. If we assume that the dielectric is linear and isotropic, i.e.
P = €oxe.
Here the quantity x is the electric susceptibility. Collecting terms we deduce

d = ¢pee
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where ¢, is the relative permittivity given by €, = x + 1. In the case of silicon, the relative
permittivity is approximately equal to 11.68. In order to simplify the notation we also introduce

the permittivity of the semiconductor e, given by
€s = €0€r

In the general situation, when the crystalline structure has fewer symmetries (e.g. under
strain), the relative dielectric permittivity (and hence the dielectric permittivity) can be repre-
sented by a second rank tensor €,. In this case, the constitutive relation for the electric displace-
ment takes the form

d = ¢pee.

The charge density equation Two contributions make up the total charge in the continuum:
lattice charges and free charges. As discussed in Chapter 6, apart from the clouds of free electrons
and holes, one has to account for the lattice charges associated to polarised doping atoms. By
denoting by N4 and Np the specific number of acceptors and donors respectively, under the
assumption of total polarisation of dopants, the total charge in the semiconductor © appearing

in (7.1.1) can be written as

©=—gp((n—Np)—(p—Na)).

It is convenient to introduce the doping profile C'(x), which summarises the distribution of dopants
throughout the domain considered. In particular, the doping profile depends on the position and
can be define as

C(x) = Np — Na

thus leading to the following form for the charge density equation
©=-gp(n—p-0C).

We will always assume here that the doping profile C' is a given data of the problem we are
interested in,. On the other hand, the specific numbers of charges n and p will be unknown. This

relation is the second constitutive relation needed in the derivation of the DD model.

The current density equation We now introduce the third and last constitutive equation we
need. Indeed, in order to obtain a system in closed form, we still lack a suitable link between the
currents and the other physical variables of the model. The particular form of this constitutive
relation is one of the reasons for the simplicity and success enjoyed by the DD model in the last

decades. We will assume that only two phenomena account for the total current densities: a
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drift current and a diffusion current. To keep the initial model as simple as possible, as a first
approximation, we will assume this constitutive law to be linear in its arguments. Taking into

account the usual sign conventions we write

J = qunpne + qD,V(pn) (7.1.4)

Jp = qupppe — qDpV(pp)
where fi,, (resp. j1,) is the electrons’ mobility (resp. the holes’ mobility) and D,, (resp. D)) is the
electrons’ diffusion constant (resp. the holes’ diffusion constant).
In the general setting, when the crystalline structure cannot be considered isotropic, the
mobility and diffusion constants can be replaced by the more significant mobility and diffusion

tensors u,, and D,, (as well as p), and D))

The resulting model We have now introduced all the relations needed in order to write the
full DD system. Some simple computations give the following system of differential equations

describing the evolution of an isotropic semiconductor

V- (esV®) =qp(n—p—0C)
oi(pn) = V- (D V(pn) — pnpnV®) — R(n,p, p) (7.1.5)
d¢(pp) = V- (DpV(pp) + ppppV®) — R(n,p, p).

In the case of a homogeneous body with constant density this system further simplifies to

AP =gp(n—p—C)
otn = DpAn — 41, Vn - VO — 1, nAd — %R(n,p, p)
dp = DpAp + 11, Vp- VP + 11,pA® — L R(n,p, p).

We recall that, in the general case (e.g. when the semiconductor is deformed), D,, Dy, pn,
tp and €4 are tensor quantities, which can possibly depend on the strains imposed to the solid.
Indeed, for a deformed silicon crystal, some symmetries are lost and anisotropic behaviour is

possible. We refer to Section (7.2) below for a discussion of these phenomena.

The recombination term A few comments are still necessary before system (7.1.5) can be
of practical use for applications. In particular, in order to start the analytical and numerical
study of the solutions of system (7.1.5) we need some explicit expression for the recombination
term. Depending on the band structure and operating conditions of the semiconductor considered,
several recombination mechanisms might be relevant. In the case of silicon (and more generally
for indirect semiconductors—see Chapter 6) a satisfactory expression for R(n,p) is given by the

Shockley-Read-Hall model (see ( ).
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The Shockley-Read-Hall model, denoted shortly as SRH in the sequel (see

( ) and ( )), is particularly relevant when the recombination process involves
carriers having different wave vectors, as it is the case in silicon (and in indirect semiconduc-
tors). This recombination mechanism invokes the existence of energy states in the middle of the
band gap (the so called deep levels, which correspond to lattice defects in the crystal). These
act as catalysers of the recombination reaction. In particular, in order to ensure momentum
conservation, a recombination event in an indirect band semiconductor has to be a three particle
event, which involves, besides the two carriers, also an interaction with the crystal (e.g. through
a phonon). The just mentioned deep levels model this interaction. After some probabilistic ar-
gument, one can deduce the following expression for the recombination term given by the SRH
model:

np — n;n;
Tp(n + nl) + Tn (p + nl)

R(n,p,p) =p (7.1.6)

where 7,, and 7, are the mean recombination times for electrons and holes and where n; is the
thermal equilibrium specific number of carriers. In order to derive this expression for the (net)
recombination rate, only thermal effects were taken into account (while other contributions, like

radiative ones, were discarded).

We observe that the expression (7.1.6) corresponds to a source term in the conservation law for
electrons and holes as soon as the concentrations of carriers are low (in particular when np < n?),
while it acts naturally as a recombination term at higher concentrations of carriers (namely when
np > n?). It might also be helpful to note that the numerator of this reaction term is exactly
equal to the one, which would be expected in the description of a chemical reaction between two
chemical species. In this framework, the denominator can be interpreted as a slowdown of the
recombination rate due to the above-described three particle interaction mechanism involved in
the SRH model.

The thermal equilibrium specific number of carriers n; for both electrons and holes varies
upon the doping of the semiconductor. For pure (undoped) silicon at room temperature (300 K)

the typical value for n; is pn; ~ 1.6 x 106 m=3.

Einstein’s relation Finally, we also discuss a relation between the coefficients appearing
in (7.0.1), which leads to an important reduction in the number of parameters to be experi-
mentally determined in the model. This is widely known under the name of Einstein’s relation
and states a connection between the diffusion constant and the mobility of elctrons (an analogous
relation holds also for holes). Indeed, when the carriers’ concentration is not too high and the

doping is not too strong (that is when the semiconductor is nondegenerate), one can show that
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(see ( , , Section 1.5.5))

kgt

D 1%
q

(7.1.7)

holds both for electrons and for holes. Here kp is the Boltzmann constant, while 6 is the absolute
temperature of the medium. In the case of silicon, typical values for the electrons’ and holes’

mobilities are given by
pn ~ 145 x 107 m?/Vs and p, ~5x 1072 m?/Vs.

We observe that an analogous identity also holds for the tensor quantities.

The rationale behind this relation is that the average propagation speed of charged particles
depends on the lattice properties of the crystal. These are responsible, through collisions, both
for the braking of the charged particles accelerated by an electric field and for the scattering of
diffusing electrons and holes. This microscopic link between drift and diffusion is the underlying

reason for (7.1.7) to hold.

7.2 A brief history of strain effects on SCs’ properties

The effects of strain on the electronic properties of semiconductors have been reported in pioneer-
ing results since the '50s (see ( ) and ( )). These coupling
mechanisms were initially employed for the manufacturing of high-precision miniaturised sensors
(see ( ) for an early account of piezoresistance effects in silicon).

Later in the 90s, strained semiconductors became particularly attractive for a wider range
of applications when geometrical scaling of the current CMOS technology started to reach its
physical limits (see ( ) for an overview on the theoretical and technological issues
involved). In order to stick with Moore’s law, geometric scaling alone became insufficient and
other strategies effective in enhancing the properties of the electronic circuits had to be devised.
In particular, pre-strained semiconductors were found to be particularly effective in enhancing
the mobilities of carriers in the channel of CMOS. Intel introduced the new concept of strain-
enhanced electronic devices already in 2002 (see ( ) as well as
( ) for an account on the introduction of the first commercial feature-enhanced devices into
the market) and since then strained CMOS technology has become the standard technique to
attain even higher density integrated circuits.

However, most of the research was focused on understanding and controlling the properties
of silicon (or other semiconductors) at fixed strain. This is largely justified by the fact that the

current silicon wafer technology does not easily allow the development and the construction of
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deformable electronic circuits (sensors are the only notable exception to this otherwise general
rule). The newly developed soft electronic technologies pose several questions concerning the
effects of large mechanical deformation on the electronic properties of semiconductor circuits.
The goal of the remaining part of this chapter is to give an account of these effects, which can
be more easily understood in terms of the band structure of semiconductors (and in particular of

silicon) discussed in Chapter 6.

7.3 Strain effects in silicon

Among the mechanisms responsible of the change of the electronic properties of a strained semi-
conductor with respect to the unperturbed situation, we will discuss the shift in the energy bands
and in the Fermi levels as well as the changes strain induces on the mobilities and on the effective
masses of carriers. In turn, these effects imply other macroscopically relevant phenomena, such
as changes in the amplitude of the band-gap and in the thermal equilibrium number of carriers.
Moreover, the above mentioned effects are both qualitatively and quantitatively easily described

taking into account the energy band structure discussed in the previous chapter.

7.3.1 Shift of the energy bands

From an atomistic point of view, the conduction and valence band in a semiconductor can be
seen to arise as follows. The atomic bonds between two atoms of the same specie usually involve
the combination in even number of electronic orbitals belonging to the two atoms and having
the same energy. Due to fundamental quantum properties of the wave function, from an even
number of orbitals of the original atoms, an equal number of molecular orbitals is expected to
arise. However, these molecular orbitals do not have the same energy: usually one with lower
energy than the original atomic one appears (bonding orbital) together with one with higher
energy (anti-bonding orbital). We illustrate this schematically in Figure 7.1.

When considering the situation of a crystal, a similar scheme can be thought to occur, with
molecular orbitals replaced by non-localised wave functions extending over the whole crystal.
Thus the bonding orbital corresponds to the valence band, while the anti-bonding one to the
conduction band.

We now investigate how the energy levels of the just introduced molecular orbitals depend
on the relative distance of the atoms involved. One can reasonably expect that, the farther the
atoms, the weaker the interaction and therefore the more the molecular orbitals should resemble
to the original atomic ones. Thus as the atoms are brought apart from their equilibrium bonded

position, the bonding and anti-bonding molecular orbitals should near. Viceversa, upon the closer
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Figure 7.1: Schematic representation of the molecular orbitals arising from the interaction of two
atomic orbitals having the same energy. The bonding orbital can be thought to correspond to the
valence band of a semiconductor crystal, while the anti-bonding one to the conduction band. The
effects of compression in the lattice direction and the consequent enhanced interaction between

wave functions are represented in red. See text for description.

they are pushed, the wider the resulting gap should be.

This simple picture should also translate to corresponding relative displacement in the con-
duction and valence bands of a semiconductor crystal upon traction and compression. Although
the basic phenomena occurring are explained by this argument, one should remember that a
crystal is a three dimensional structure much more complicated than a simple linear molecule.

We consider the case of silicon atoms and start our analysis by focusing on the conduction
band only. For the sake of simplicity, assume that the crystal is uniformly stretched along the
[100] direction and that it is free to deform in the other directions. Since the Poisson ratio of
silicon is positive (from experimental results v ~ 0.25), we expect a contraction of the crystal in
the [010] and [001] directions. Recalling the six-valleys model for the conduction band introduced
in Chapter 6, one can expect the two valleys in the [100] direction to lower its energy, while the
other four will move to (slightly) higher energies. Obviously, an opposite behaviour is to be
expected in the case of compression along the [100] direction—see Figure 7.2.

Although the conduction band of silicon presents six different minima, from the above ar-
gument one can expect a linear behaviour of the energy level of each of them with respect to
deformations. To be more quantitative, for each valley, the so called deformation potentials =

can be introduced giving rise to the following approximate law
AEC = Eijeij.

Here AFE¢ represents the shift in the energy level of one of the valleys is the conduction band.

We also note that, from the macroscopic point of view we are interested in, the deformation
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Figure 7.2: The effects of uniaxial compression and deformation on the conduction band of

cystalline silicon.

potentials Z;; are material parameters, which have to be determined either experimentally or
from atomistic computations. Due to the symmetries of the conduction band for the valley in
the k = [100] direction, the tensor E can only depend on two independent variables. These are
known in the literature as =4 for the pure dilation component and =, for the pure shear one

(see Herring and Vogt (1956)). Therefore, we can write

== 0 E¢ O
0 0 Eg
For silicon, pertinent values for these deformation potentials are (see Fischetti and Laux (1996)
and references therein)
Ed =1.1eV
=, = —10€V.

From these values we can estimate the shift in the edge of the conduction band as
AEC ~ 0.1eV

for strains of approximately 1%.
The study of the energy shift of the valence band seems to be more complicated. In order to
asses the change in this part of the electronic structure of silicon under deformations, it is necessary

to resort to the Luttinger Hamiltonian introduced in Section 6.1 above (see equation (6.1.2)).
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Under strain, to each of the four terms P, ), L and M, a “deformation” counterpart has to be

added. The suitable corrections are

P. = —ay(€zz + €yy + €22)

b
QE *5( xTx + Eyy - 2622)

L. = —d(ey, —i€y,)

3
M, = %b(em — €yy) — idegy.

Significant values for the parameters appearing in these expressions are (see equation (6.1.3) as

well as ( , , Table II))
ay ~ 2.46 eV, brx —2.1eV and d=~ —4.8¢€V.

We refer the interested reader to ( ) and references therein for a more detailed
description of the model just introduced.

In contrast to the case of the conduction band of silicon, for the valence band, no explicit com-
putation seems to be available to compute the effects of strain. However, due to the degeneracy of
the bands, one can expect that strain has only little effects on the energy level of the conduction
band. Indeed an explicit computation in the case of the reduced 4 x 4 Luttinger Hamiltonian

gives the following expression for the energy levels as a function of the wave vector

E(k)=~P =P £/|Q+ QP + L+ L +[M + M.P

For k = 0 and for uniaxial deformations of the form

1 0 0
e=|0 —v 0 |¢€ (7.3.1)
0 0 -—v
this expression reduces to
b
E([0,0,0]) = a,(1 —2v)e £ 5(1 + v)e.

If € is of the order of 1%, the resulting shift of the energy bands amounts to 10 -+ 20meV, which
can be considered smaller than the effects on the conduction band (of the order of 100meV for
similar strains as discussed above).

As a result of the preceding discussion, in the following we will ignore the energy shifts of the
valence band due to strain and consider only those of the conduction band. In particular, due

to the six-valley model for the conduction band, for uniaxial deformation of the form (7.3.1) the
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Figure 7.3: The effects of strain on the energy level of the valence band in silicon. On the left side
the unstressed energy bands; only the HH and LH bands are shown for simplicity. On the right
hand side the conduction band configuration for moderate uniaxial tensile strain (approximately

0.8%). Image credits ( ).

resulting shift of the edge of the conduction band AFE¢ is given by

(1=-20)Eg+Eu) e~ -9V e
AEc = AE, =

(1 =223 —VE,)e~ —1.5eV-¢

fore >0

otherwise

As a consequence of the above discussion, this is also equal to the change in the energy gap, AE,.

7.3.2 Changes in effective masses

We now discuss the effects of strain on the effective masses of charge carriers. As seen in equa-
tion (6.1.1), these quantities are strictly related to the shape of the energy bands. In particular,

one can write
1 i 82E(k)
m} 72 0kiok;

for the tensor valued mass and

for the resulting effective mass in the direction of the unit vector v.

As it was the case for the effects of strain on the shift of the band edges of silicon, also for
effective masses the description of the conduction band is simpler than the one of the valence
band. Indeed, in the case of the conduction band, the band warping is very slight. Hence one can
consider the curvature of the energy bands to be constant under small deformations. Moreover,

symmetry constraints impose the energy levels near the six energy minima (valleys) along the A
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directions to be ellipsoids of revolution with two equal semiaxis. Considering, for example, the
valley in the [100] direction, this implies that the longitudinal and transverse electronic effective
masses m; and m; may be (and in practice are) different. We have already seen that, when
the semiconductor is stretched along one of the symmetry axes, two of the six valley lower,
while the other four rise. These relative shifts of energy minima trigger a redistribution of free
electrons among the valleys, therefore changing the overall electrons’ mass tensor, which has to
be calculated as the weighted mean over the six valleys of the effective masses in a given direction.
As a first approximation, we can therefore assume that the change of the electrons’ effective mass

under small strains is linear in the deformation. Therefore we will have

my O 0
m = 0 me 0
0 0 mye

at the minimum of the conduction band in the [100] direction. As a consequence, the density of
states effective mass of each valley, that is the geometric mean of the eigenvalues of m, will be
equal to

Man = (mymy)"® (7.3.2)

for the six valleys and will remain constant under small deformations. For silicon, the longitudinal

and transverse effective masses are given by
m; ~ 0.98mg and m; ~ 0.19m,

where mg is the rest mass of a free electron.

The situation for the valence band is much more complicated. As we saw above, the in-
teractions between the HH, LH and split-off bands causes a strong warping of the bands and
consequently a strong dependence of the holes’ effective mass on deformations. These interac-
tions are not only very significant but also strongly nonlinear as can clearly be seen by inspecting
the shapes of the energy levels for the conduction band (see Figure 7.4). In order to get a precise
picture of strain effects on the effective mass of holes, a solution (either approximate or numerical)
of the Luttinger Hamiltonian is necessary.

Once the new holes’ effective masses for the three interacting bands have been evaluated, the
total density of states effective mass for the holes can be evaluated as (see ( , ,
Equation 1.25))

m;/; _ wlhm%z n whhmf;/; + wsomi;/j (7.3.3)

where mgp, mpn, and mg, represent the density of states effective mass respectively for the light

h

holes, heavy holes and split-off bands and w!'?, w™* and w*® are suitable weights given by the
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Figure 7.4: The effects of strain on the isoenergetic curves of the valence band in silicon. The
very interaction between light and heavy holes bands causes significant band warping. Image

credits (Sun et al.; 2009, Figure 4.33).

Boltzmann statistic:

w' = e%.
Here the relative energies of the valence bands AE%, are measured with respect to the edge of
the valence band itself.

We also emphasise that the density of states effective mass will be relevant in what follows
in two main respects: first, in Section 7.3.3, we will use it to evaluate the change in the Fermi
level of doped semiconductors; then, in Section 7.3.5, we will discuss its effects on the mobilities
of the carriers. We anticipate that the effects on the Fermi levels can be neglected at first
approximation (see below), while the effects on the mobilities are relevant. Since due to the
difficulties encountered in this section, we do not have an explicit estimate of the effective mass
for holes in the valence band of silicon, we will introduce suitable approximate models for holes

mobilities in the following.

7.3.3 Shift of the Fermi level

As discussed in Section 6.1, the Fermi level of a semiconductor is the median energy of the
electrons populating its valence and conduction bands. We recall that the Fermi level for an
intrinsic semiconductor is given by (see (Sapoval and Hermann, 1990, Equation IV.25))

1 3 m
Ep = —(E.+ E,) + ~kpfln —2. 7.3.4
F=g5(Ee+ By + 1 kpfln — (7.3.4)
In what follows, we will focus on p-n junctions, which are realised by juxtaposing two differ-
ently doped semiconductors. Therefore, in this section we will consider the effects of strain on

the Fermi level of doped silicon only. In particular, in this setting, the relation (7.3.4) can be

rewritten as (compare (Sapoval and Hermann, 1990, Equations IV.30 and IV.38) or (Sze and Ng,



202 CHAPTER 7. THE DRIFT-DIFFUSION MODEL AND STRAIN

, Equations 1.44 and 1.47))

N
Ep = Ec + kgfln =2 (7.3.5)
N¢
for n-doped semiconductors
Ny
Ep = Ey + kpfln —~ (7.3.6)
Na

in the p-doped case. Here, Ny and N are the effective specific number of states in the valence
and conduction bands respectively. In order to evaluate this unknown quantities, we recall two
further equations (see ( , , Equations IV.16 and IV.18) as well as (

, , Equations 1.18 and 1.24))

2rmanks0 "

Ne =2 <7T””‘;L1723) Mc (7.3.7)
2rmapkp0\ "

Ny =2 <7”m;§ B ) (7.3.8)

where M¢ is the weighted number of valleys in the conduction band of the semiconductor. In

the case of silicon, M¢ is defined by
Me = i S_%,
i=1
where AE}, are the relative energies of the six valleys measured with respect to the edge of
the conduction band. We note that in the unstrained case, all AE}, are equal to zero and this
expression reduces to the expected M¢c = 6, as expected for the six valleys model.

We now try to estimate the effects of deformations on the Fermi level. Indeed, in the case
of n-doped silicon, only the above expressions for the conduction band are relevant. Since from
Section 7.3.2 the density of states effective mass mg, is not affected by deformation, we need to
evaluate only the changes to the Fermi level due to the weighted number of valleys M. However,
due to the six-valleys model discussed before, this changes from six to four or two depending on
the particular stress state imposed to the material. Since this factor enters in (7.3.5) through a
logarithm, we can estimate the maximum shift in the Fermi level with respect to the conduction
band edge as

Amax(Er — E¢) = kpf1n 3 ~ 28meV

which is small when compared to the global shift in the conduction band (which is of the order
of 100meV as discussed above).

In the case of the valence band, a different effect has to be taken into account. In particular,
in this case the effective mass mg, is greatly decreased by strain due to the decoupling of the

HH and LH valence bands. From the data in Figure 7.3 (see also ( )), we can
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trace down to a factor 2 +— 3 this reduction (note however, that due to the high anisotropy of the
isoenergetic curves, this factor might be much larger along selected directions). This corresponds
to a maximum shift in the Fermi level with respect to the valence band edge of a few tens of
meVs, which can again be neglected when compared to the overall changes in the size of the

band-gap.

7.3.4 Changes in the thermal equilibrium specific number of carriers

We can now discuss the effects of strain on the thermal equilibrium specific number of carriers n;.
These are a consequence of the changes in the effective specific number of states of the valence
and conduction bands as well as in the size of the band gap. Due to the Fermi-Dirac distribution
of electrons in the semiconductor, these effects can be summarised by the following expression

for n; in terms of the (see ( , , equation IV.22))
_ By
nf = N¢oNye 07,

From the analysis above, the variation of term at exponent is approximately given by

AE,

s
while the effects on the effective specific number of states bring each a reduction of a factor 3
to the thermal equilibrium specific number. Altogether these effects roughly compensate. As a

consequence we will neglect the effect of strain on n; and hence on the reaction term R appearing

in the DD system (7.0.1).

7.3.5 Changes in mobilities

Finally, we investigate the effects of the strain upon the mobilities of the charge carriers. This
requires to delve again in the electronic structure of silicon. As before, the situation for the
conduction and the valence bands is quite different.

Two main effects contribute to the mobility changes in the deformed conduction band: redis-
tribution of electrons in the different valleys due to energy shift of the minima of the conduction
band and changes in the scattering of electrons between valleys (see ( )). In order

to evaluate the first contribution we write
6 . .
Hn = Z sz’;
i=1

where p!, represents the mobility tensor for the i-th valley of the conduction band, while 7* is the

fraction of free electrons in the i-th valley. The 7%s may be easily computed from the Boltzmann
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statistics and are given by

AE}
exp ( kBOC)

_26 AEL\"
=1 %P %50

On the other hand, the tensor mobilities p!, can be written as the product of a scalar mobility

and a scaled inverse mass tensor (see ( ) , Equations 5-7))
i ~i\~1
MKy = Hns (mn) .

Here the mass matrix are different for the different valleys. Up to symmetries we have

my O O
. 1
ml% = — 109 m o
mo
O O my

as well as analogous expressions for the minima in the [010] and [001] directions. The electrons’
scalar mobility u,s summarises here all the contributions due to scattering phenomena. Among
these, momentum relaxation due to intravalley scattering, intervalley scattering and impurity
scattering should be considered. We recall that the intervalley scattering depends on the shift of
the conduction bands, while the impurity scattering is sensible to the doping concentration. For
the sake of simplicity we will assume this scalar mobility to be constant throughout the material

and we will set
_
mo

Hns

where t,, is a suitable relaxation time summarising all scattering events. Assuming this parameter
to be independent of strain, from the discussion of the preceding paragraphs, due to the relative
shifts of the valleys in the conduction band, we conclude that, in silicon, the mobility-strain
relation is not differentiable for zero strains. However, in the case of uniaxial stresses, a reasonable
first approximation is to consider u, as a piecewise linear function of the deformation, with a
kink at the origin (cf. Figure 7.5). In particular, for strains of the form (7.3.1), and for e small
(up to 1%) we will assume

tno + e for e >0
fn(€) = (7.3.9)
lno + Be  otherwise

where 1,0 is the electrons’ (longitudinal) mobility in the unstrained case and is given by
Lno &~ 1.45 x 1071 m2/V S.
The parameters a and 8 can be estimated from Figure 7.5 as follows

ax~15x10'm?/Vs and B~5m?/Vs.
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Figure 7.5: An semi-empirical computation of the electrons’ and holes’ mobilities in uniaxially
strained silicon. the dots refer to to the longitudinal mobilities, while the circles to the transverse
ones. The triangles corresponds to results obtained following a different approach (see

( )). Image credits ( ) , Figure 10).

The dependence of the holes’ mobility with respect to strain is again more complicated due
to the strong effect of band warping on the final mobility. A possible approach, which explicitly
accounts for scattering kernels, can be found in ( ) (see, in particular
Equations 16 and 19). From the qualitative point of view, we observe that as soon as the
semiconductor is strained, the HH and LH bands decouple, hence leading to a reduced effective
mass for the carriers and to an enhanced mobility. Incidentally, we remark that this (relevant)
effect has been one of the main reasons for the study of the properties of strained p-doped silicon
for applications to very large scale integration (VLSI) in the ’90s.

The most relevant results of the approach in ( ), which can be used
both for electrons and holes, are summarised in Figure 7.5. In particular, in the case of the

uniaxial strain given by (7.3.1), we will assume
11p(€) = pipo + 0l (7.3.10)
where py,0 is the holes’ mobility in the unstrained case and is given by
fpo = 5 x 1072 m?/V s,
Moreover, the parameter ' can be estimated again from Figure 7.5 as follows
o ~1.5x%x 10" m?/Vs.

Summarising the discussion of this section, the strain effects on the electronic properties of a

semiconductor described by the DD model can be modelled through suitable expressions for the
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mobilities of electrons and holes. In the next chapter we will investigate what are the consequences
of this coupling for a fundamental electronic component as the p-n junction. In particular we will
study how the characteristic of the junction is affected by strain and whether the reverse coupling

between electronic and mechanical properties is relevant or not in this kind of applications.
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CHAPTER 8

P-N junctions under strain

OUTLINE

We study the effects of strain on the electronic properties of the p-n junction. After reviewing
the physics of this electronic device, the Shockley relation for strained junctions is deduced.
Hence a simple (semi-empirical) expression for the strain-dependent characteristic curve of a
p-n junction is obtained. The assumptions leading to this result are then verified a posteriori.
This enables us to evaluate also the Maxwell stresses at the interface between p- and n-
doped semiconductors. As a result we conclude that Maxwell stresses as well as the reverse
coupling between electronic effects and mechanical properties can be neglected at a first

approximation.

N contemporary solid state electronics technology, p-n junctions (also known as diodes) rep-
resent a simple, but at the same time fundamental device. This can easily be seen as one of
the few basic bricks constituting most of the electronic devices being developed today. From

a macroscopic point of view, a p-n junction is an “asymmetric” device, enabling a current flow

only in one direction and being essentially an open circuit in the opposite one (see Figure 8.4).
The basic functioning of diodes was first understood by Shockley in the '40s (see

( ) and ( )). Since then the theory has developed along many different

directions both proposing refined models describing the behaviour of p-n junction in particular

settings and deducing the Shockley relation in more rigourous way from the general models

describing semiconductors. Among these we recall the approaches through rigourous asymptotics
in ( ).
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In this section we will focus on the relation between strain and the current-voltage characteris-
tic of the p-n junction. As it has been discussed in the previous chapter, the mechanical coupling
may take place through the variation in the band gap, through the changes in the equilibrium
electrons’ and holes’ number densities ng and p? as well as through the diffusion (or mobility)
constants. From equations (8.2.6) and(8.2.8) below, in order to understand the dependence of n;)
and p? on strain we further have to discuss the dependence on deformations of the energy bands
and Fermi levels as well as of the effective masses of electrons and holes. In order to simplify the
following discussion and to keep in touch with our main application to solar cells, we will focus
on the case of doped silicon only (see ( ).

The plan of this chapter is as follows. In Section 8.1 we briefly review the physics explaining
the functioning of p-n junctions. Then we derive the Shockley relation for a uniaxially strained
junction. Our approach involves several ansatz, which are motivated by physical consideration.
Finally, in Section 8.3 we verify that all our assumptions are verified in the present setting.
Moreover we discuss the possible reverse coupling describing the mechanical effects of the strong

electric fields encountered in the device.

8.1 P-N junctions in operation

A p-n junction is an electronic device built by matching two differently doped semiconductors. In
the simplest design, a p-doped and a n-doped semiconductor are combined. In practice, this can
be achieved by diffusing some dopants (e.g. donors) on top of a uniformly doped (e.g. p-doped)
silicon. This leads to a (sharp) gradient in the doping profile of the device (see, e.g., ( )
for an overview of integrated circuits fabrication technologies).

Due to the properties of doped semiconductors discussed in Section 6.1.2, the concentrations
of electrons and holes in a p- and in a n-doped semiconductor are significantly different. When
such materials are at contact, diffusion will cause electrons originating from the conduction band
in the n-doped semiconductor to flow towards the p-doped domain. At the same time, their hole
counterparts will diffuse in the opposite direction in compliance with the concentration gradient.
The net imbalance of charges through the interface will then generate an electric field at the
junction, which will prevent the flow of further charges through the contact. In particular, the
process reaches a stationary configuration when the relative energies (Fermi levels) of the charge
carriers at both sides of the junction are equal. In Figure 8.1 we have depicted the stationary
equilibrium state for an unperturbed p-n junction. The drift effects are here easily visualised
recalling that in Figure 8.1b, the electrons move downward while the holes naturally try to rise

in the energy diagram.
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(a) Isolated p- and n- doped silicon (b) A p-n junction at equilibrium

Figure 8.1: A representation of the ideal sharp p-n junction. On the left hand side, the energy
diagram for the isolated doped semiconductors, on the right hand side the resulting energy di-
agram for the whole junction. In these diagrams, electrons are represented as blue dots, while
holes as red ones. Note that in this diagram, electrons tend to lower energy levels due to electric
drift, while holes move in the opposite direction. A net difference of potential (built-in potential)

develops through the device. The hatched area indicates the depletion zone. See text for details.

As a result of the net movement of charges between the differently doped semiconductors, an
electric field develops through the junction. Eventually, the n-doped semiconductor will have an
higher potential than the p-doped one (recall that, according to the usual sign conventions, the
electric potential is opposite to the energy bands for electrons depicted in figure 8.1b). Recalling
the expressions for the Fermi level in a doped semiconductor (see equations (7.3.5) and (7.3.6)),

the built-in potential difference through the junction is given by

E, kpf  NaNp
i =—+—1In .
% q q NcNp

Since in a nondegenerate semiconductor the doping concentrations N4 and Np are smaller than
the density of states No and Np, we immediately see that the build-in potential is (slightly)
smaller than the bandgap. For a silicon p-n junction and for standard doping profiles, ¢y; is
approximately given by 0.7 V.

We can think that the resulting (strong) electric field at the junction is able to wipe away
all remaining free charges near the interface between the n- and the p-doped semiconductor.
Therefore a region depleted of electrons and holes arises at the junction, which is called depletion
zone. Therefore, we can approximate the electric field at a p-n junction at equilibrium by assuming
that, in the depletion zone, the specific charge density is given by Np on its n-doped side and by

N4 on the other one. A simple 1D computation assuming a piecewise constant right hand side in
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Figure 8.2: The approximate solution for the electric field e and for the electric potential ® at a

p-n junction given by equation (8.1.1).

the first equation of (7.0.1) leads to the following approximate expression for the electric field e

— 9N (4 @) for z € [—d,, 0],
e | an (Hdy) (=, ] (8.1.1)

%(w—dn) for x € [0,d,].

Here d,, (resp. d,) is the depth of the depletion zone in the n-doped (resp. p-doped) part of the
device. These are given by (see ( , , Section VII.2)

d = <2606r¢>1/2( Ny >1/2
" ap Np(N4 + Np)

4 — <2eoer¢>l/2( Np >1/2
b ap N4(Na + Np)

where ¢ is the difference of the electric potential through the junction. As a first approximation,

the total width of the junction is therefore given by

2q¢r¢)V2<Aal+sz)lﬁ
ap NaNp '

%+%=(

In particular we observe that this quantity is closely related to the Debye length

I eoe,Ur
Debye = - =
g qpC

which arises naturally in the nondimensionalisation of the Gauss equation for the electric potential

(see the first equation of (7.0.1) again). Here Uy is the thermal voltage given by

kg6
Ur = “B7 ~ 25mV at room temperature.
q

and C is the characteristic value of the doping profile. Indeed, in the case of a symmetric junction,

Na+Np
NaNp

is equal to 2 and therefore, d,, + d, is proportional to the Debye length up

the quantity =
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Figure 8.3: The effects of an external bias on the energy bands diagram of a p-n junction. In the
case of direct external voltage (i.e., when the potential of the p-doped region is lifted), the energy
barrier is reduced and hence many more charge carriers can diffuse through the junction. In the

case of reverse bias the opposite phenomenon occurs.

to the substitution of the external electric field with the thermal voltage. We also recall that the
Debye length (or Debye radius) arises in the context of multi-body interactions as a measure of
the radius of the nonlocal electromagnetic interaction among charges (electrons and holes) within

the semiconductor (see ( ) for an introduction to plasma physics).

We conclude this section by quickly reviewing the effects of an external applied voltage between
the two extrema of the p-n junction. We will denote by ¢, this external applied voltage. In
particular, ¢, will be positive if it raises the potential of the p-doped region with respect to the
one of the n-doped domain. In order to understand the effects of this applied potential on the
operations of the p-n junction we refer to Figure 8.3. When ¢, is positive we will say that the
junction is directly biased. The applied voltage opposes to the built-in potential and therefore,
the drift current at the junction is significantly reduced. As we will discuss quantitatively in the
next section, the resulting effect is an exponentially increasing current through the junction as a

function of the external voltage (see equation (8.2.7)).

In the opposite case, for ¢. < 0 (reverse bias), the field at the interface is strengthened.
Electrons could easily move from the p side to the n side of the junction (and holes move in the
reverse direction), but only very few such charge carriers are available there. Therefore, only a
little current is seen to flow through the junction at reverse bias (this is the so called saturation

current).

The usual characteristic curve for a p-n junction (diode) as given by equation (8.2.7) is rep-

resented in Figure 8.4.
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A e

Figure 8.4: Characteristic curve for a p-n junction. Remark the different behaviour under direct
and reverse external voltage. The saturation current density Js is clearly identifiable for reverse

applied external voltages.

8.2 The Shockley relation with strain effects

We will now discuss the operation of the biased p-n junction in more detail. In particular, in
this section we will derive the current-voltage characteristic of this device (the so called Shockley
relation). In doing this we will be careful in underlying the possible effects of strain on our
arguments. Our approach will be a standard physical one (see, e.g.,
( )). We refer also the interested reader to ( ) for a different perspective
on this problem based on rigourous asymptotic expansions of the solution near the interface.
We will assume that the material properties of the p-n junction can be modeled though the
drift-diffusion system (7.0.1) described in the previous chapter. We also assume that the domain
representing the area occupied by the device is divided into two adjacent parts on which the
doping profile is (essentially) constant. The doping profile will change abruptly (we do not make
assumptions on whether continuously or with a jump) at the contact between the two domains.

In order to derive the Shockley relation, in this section we make the following two assumption:

e a depletion region exists. By this we mean that there is a region surrounding the boundary
between the p- and n-doped regions of the device where the two fields n and p appearing
in (7.0.1) are small with respect to the reference values of the doping profile. Moreover, we
will assume that the concentration of charges, n and p, as well as the electric potential ®

vary quickly in this area;
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e in the remaining part of the device the zero charge approximation holds. Our assumption is
that the Gauss law for the electric potential (the first equation in (7.0.1)) can be substituted
by the simpler algebraic relation

n—p—C=0.

As it was discussed in the previous chapter, in order to capture the most relevant effects of strain
on the functioning of the p-n junction, one has to assume strain-dependent mobilities and band
gap. In the case of an unknown displacement field, this implies that these quantities may depend
on the position. To fix ideas we will assume that the strain field through the junction is uniform
plus a perturbation, which is localised near the junction. Moreover, we will assume that the
density is constant (for example, considering a linear elastic continuum). This accounts for the
possible inverse coupling effects linking the strong electric fields to additional mechanical stresses
on the material. We will check in Section 8.3 that the implicit assumption of smallness for these
terms is verified a posteriori using the results we will deduce in this section.

The first step in our argument moves from the assumption that a depletion region exists.
We assume that the junction coincides with x = 0, that the n-doped region extends for positive
values of the coordinate x and that for z < 0 the semiconductor is p-doped. The depletion zone
will extend from x = —d, to z = d,,. Outside this region we will assume that the zero charge
approximation (essentially) holds (see Figure 8.3).

In particular, in the depletion zone we expect a sharp gradient in the variables n, p and .

Recall the constitutive equation for the electrons’ current
Jn = pp (kg0Vn — qnV o)

From the above discussion on the form of the electric potential through the junction, we expect the
drift and the diffusion currents to be opposite and much larger than the total resulting electrons’

current. In particular we assume
|Jn| « |ppgnVO| ~ |upkpdVn| (8.2.1)

In the 1D case, the above current equation reduces to

pp (kpbn' — qnd®’) ~ 0 (8.2.2)
which is satisfied for any p = u(x) if
kgn' = qnd’.
Upon integration this relation gives
n(x) = Cexp a®() (8.2.3)

kpb
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where the constant C' can be determined by the “boundary conditions” for n and ® at the limits
of the depletion zone. From (8.2.3) we further deduce

—q(®(dn) — (=dy))
kpf

n(—d,) = n(dy,) exp

We recall that the potential difference through the junction is given by ®(d,) — ®(—d,) = ¢ —
¢.. Moreover, at x = d,, the concentration of electrons has essentially reached the equilibrium
value imposed by the doping concentration of donors, i.e. n(d,) = Np holds. Therefore the

concentration of electrons on the p-side of the junction is

Q(¢bi — ¢6)

R (8.2.4)

n(—dp) = Npexp —

We note that in this passage, no information is required on the size of the depletion zone, except
that it exists.

We estimate the electrons’ current through the junction by evaluating the effect of the just
computed electron density being injected on the p-side of the junction. To do this we derive a
suitable approximation of the drift-diffusion system holding true in the bulk of the n- and p-doped
regions. In particular, linearising the conservation of charge for holes around the state p = Np

we deduce the equation

0
n—n
Dnn” _ b _ 0
Tn
where ng is the equilibrium specific number of electrons in the p-doped semiconductor. It is

important to emphasise that this approximation holds true only if the concentration of the injected

minority carriers is small when compared to the doping profile, i.e., when
ng & Ny and respectively ) « Np (8.2.5)

hold in the n-doped (resp. p-doped) parts of the domain. We also recall that the general expression
for the equilibrium concentration of carriers is and is given by (see ( , ,
equation IV.15))

(8.2.6)

As discussed before, here we assume that the mobilities (and hence the diffusion terms) are
constant with respect to the space variable (uniform strain). From this equation and from the
boundary data n(—d,) computed above we deduce the following expression for the profile of the

density of the injected electrons in the p-doped part od the device

—d, —
VDn1,

In this part of the device, from the zero space charge approximation we deduce that the electric

n(z) = nd + (n(—d,) —nl) exp —

o » for x < —d,.

potential has to be linear. Moreover, we assume that it varies slowly with respect to the space



8.2. THE SHOCKLEY RELATION WITH STRAIN EFFECTS 217

variable. Therefore, the expression for the electrons’ current reduces to

Jn = Dpgpr/.
Hence, at © = —d,, we obtain
[ Dy,
In(=dp) = qp T_(n(_dp) - ng)

0

Some care is now needed to rewrite the term n(—d,) —n; in order to simplify this expression.

0

In particular we would like to factor out the term n,

. Indeed, evaluating expression (8.2.6) on

both sides of the junction, we obtain

”_g NCp EC;D - ECn
n% Ncn k36‘

where we have used the fact that the Fermi level is the same at the two side of a junction
at equilibrium. We also observe that the difference F¢, — Ecy, is proportional to the voltage
difference through the junction equilibrium ¢y; and that n% = Np. Since the strain in the device
is assumed to be constant plus perturbation concentrated in the depletion zone, we can further
assume that the specific number of states N¢,, and N¢p, though possible different from the

unstrained values, are equal at both sides of the junction. Therefore, we deduce

qPe
Np = o_,0
D = N, = n,exp —kB 0
so that the electrons’ current can be rewritten as
D qPe
Tn(=dyp) = gpripy| == (™57 —1).
n

We emphasise that this result is independent of the particular profile of the mobility as soon as
u does not vary too much in the depletion zone and that the approximation (8.2.2) holds true.
We will check this assumption a posteriori in Section 8.3.

An analogous expression can be deduced for the current of the holes through the junction.

Taking into account the usual sign conventions we have

Jp(dn) = qpppa | =L (e¥e? —1).

Therefore, the total current through the biased junction is given by

D’ﬂ D dPe qdPe
J=Jn+Jp=qp (ngq / — +p T—p> (e’“gﬂ —-1)= Js(e’“g" —1). (8.2.7)
n V 7p

Here J; is the so called saturation current and corresponds to the theoretical maximum current

density that can flow through a p-n junction under reverse bias and is given by

D, D
Js =qp (”?NT— +P7014/T—p> .
n P
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Figure 8.5: The ratio of the normalised saturation current density Jg(e)/Js(0) versus the strain

€ in the case of a p-n junction under uniaxial strain. See text for description.

Relation (8.2.7) is known as Shockley relation. In particular, it follows from the above discus-
sion that it may depend upon strain only through the mobilities (or diffusion coefficients) and
through the changes in the equilibrium specific number of minority carriers in the bulk of the
semiconductor. These last are given by (8.2.6) and by

Er — By

. (8.2.8)

p’ = Ny exp —

Moreover, in order to assess the effects of strain on the characteristic curve of the p-n junction,
we should take into account (7.3.7) and (7.3.8) as well as (7.3.9) and (7.3.10). The resulting
dependence of Jg on strain in the case of a uniaxial load is depicted in Figure 8.5.

We observe that the effects of enhanced mobilities and reduced band-gap, both contribute to
the increase of the saturation current. However, this is more relevant in the case of tension rather
than under compression. This prediction of our model is due both to the asymmetric behaviour
of the electrons’ mobility and to the stronger reduction of the band-gap under traction rather
than under compressione. Experimental verification of the model proposed is currently under

investigation.

8.3 Maxwell stresses and reverse coupling

In this section we will check a posteriori all the assumptions that let us derive the Shockley
relation (8.2.7) for a strained p-n junction. We can evaluate the reverse coupling contribution of
electric on mechanical properties introducing the so called Maxwell stresses (see ( , ,

Chapter 15). In the case of a linear dielectric and neglecting the contribution of the displacement
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current (stationary case), the Maxwell stresses can be written as
€0 2
opm =¢€(2¢, —1l)e®e — §|e| I

In order to estimate the order of magnitude of these stresses and compare them to the usual
loads experienced by real thin film devices, we have to derive an estimate for the maximum
value of the electric field e. However, this can be easily achieved by considering the approximate
expression (8.1.1) deduced above. In particular, the maximum electric field at the junction is

given by
apNa apNp
|€|max = dy, =

€€ © €oEr

d,.

We recall that the relative permittivity of silicon is €, = 11.9. Moreover, for standard doping
concentrations, we may assume that pN4 and pNp do not exceed 10%° m~3, while the built in
potential ¢p; is approximately equal to 0.7 V. This leads to the following approximations from

below for the size of the depletion zone

dp ~ dp ~ 1078 m,
for the maximum value of the electric field

le|max ~ 108 V/m
and for the intensity of Maxwell stresses

|0 01 |max ~ 2€0€,|€]2,. ~ 2 MPa.
Recalling that the Young modulus of silicon is approximately given by
E ~ 150 GPa
the electric field induced strains can be estimated by
em ~107°.

These are at least a couple of order of magnitude smaller than the usual strains considered for
flexible electronic devices (usually up to 1% deformation).

Our assumption that the strain field through a strained p-n junction can be considered uniform
plus a small perturbation localised at the interface is therefore a posteriori verified. However,
we still have to check whether assumption (8.2.1) holds true and if the injected minority carrier
concentrations are small with respect to the doping profile (see equation (8.2.5)).

Concerning the concentrations of injected minority carriers, from equation (8.2.4) we have

pn(—dp,) ~ 10" m™3,
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Moreover, an analogous estimate also holds for the injected holes on the n-side of the junction.
These values are much smaller than the typical concentrations of dopants in the current silicon
based technology, which usually range in the interval 10! = 10%°> m~3. Therefore, also assump-
tion (8.2.1) is verified a posteriori

Finally, we have to consider the relative sizes of the drift and diffusion current densities.
We recall that the typical values for the mobilities of carriers in silicon range in the interval
0.5+ 5x 107! m2/V s. Therefore, considering the electrons concentration at the middle of the

junction given by (8.2.3) (n ~ 10'®), we have
Jdrift ~ 106 A/m2.

Moreover, by construction, the diffusion current has a similar order of magnitude. On the other
hand, recalling that the typical life-time for carriers in silicon is 7,, ~ 107 s, the current densities

as given by equation (8.2.7) can be estimated as
J ~ 1075 A/m?.

Again, the a priori assumption (8.2.1) seems to be widely confirmed a posteriori.

Therefore, we conclude that the reverse coupling effects of the electronic properties on the
mechanical deformations in a semiconductor can be neglected at first approximation. However,
an energetic framework seems necessary in order to assess the thermodynamical consistency of
the models considered in this chapter and in the previous one. This would also lead to a firmer
justification of the computations proposed in this section. Such a development will be the focus

of further investigation (see ).
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Part 111

High cycle fatigue in alloys






SUMMARY

In the third part of this manuscript is dedicated to a possible dynamical system approach to the
estimate of the time to failure in alloys subjected to periodic loading. The proposed model, though
introducing some additional flexibility with respect to the existing literature, is still amenable to
explicit analytical study.

From the point of view of applications, the model considered conjugates both a greater flexi-
bility in accommodating experimental data with only a small overhead in computing time when

compared to similar explicit methods known in the literature.

225



226



Notation used in Part Il

Q T »

a

max

localisation tensor (MUMDET) .. ... ...t p.232
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amplitude of the mesoscopic resolved shear stress (pascal) ........................ p.244
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CHAPTER 9

Fast time-scale average for a mesoscopic high cycle fatigue criterion

OUTLINE

This chapter discusses the lifetime prediction of structures in high-cycle fatigue based on
the two-scale fatigue criteria of Dang Van type and several of its extensions in finite lifetime
regime. The main assumptions for this criteria are (i) the material is polycrystalline and
undergoes localised plasticity in one of the misoriented grains and (ii) crack initiation arises
as a consequence of cumulated plasticity in this grain.

The model proposed has two distinguishing features. On the one hand a generalisation of
mesoscopic plasticity model is presented, on the other a fast time scale average is introduced
for tracking the cyclic material behaviour and the subsequent evolution of damage. The
tracking method is based on the split between a quick quasi-periodic response of the system
to the cyclic load and a slow evolution of the internal hardening and damage parameters of
the material at the mesoscopic scale. Moreover, a comparison between predicted and exper-
imental lifetimes is presented. The results are discussed in terms of prediction capabilities

and also in terms of the identification procedure of parameters of the mesoscopic model.

CLASS of fatigue prediction models for the cyclic behaviour of structures is based
on multiscale analysis. These try to bridge the gap between the fine evolution of
the defects at the scale of the microstructure and the load transmitted from the
macroscopic scale of the structure. The analysis usually involves homogenisation techniques for
the smaller scales and is based on the concept of shakedown. This amounts to characterising

the cyclic behaviour through an asymptotic limit cycle, which is either plastic or elastic denoting

229
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respectively presence or absence of dissipation.

This chapter addresses the question of finite lifetime in the high cycle fatigue (HCF) regime
for metallic polycristalline materials. Within HCF, it is common to assume that the structure is
in elastic shakedown at the macroscospic scale but undergoes elastic or plastic shakedown at the
mesoscale (i.e. scale of the grains) for infinite or finite lifetime respectively. In the case of finite

lifetime, we will refer to the time to failure of the material with the expression lifetime.

In this general framework, the fatigue criterion proposed by Dang Van (DVK) in
( ) (and extended in ( ) , ); ( );

( )) has been highly successful in predicting failure or endurance of structures.
The DVK fatigue criterion decides whether or not the structure will have an infinite lifetime by
considering the shakedown limit of the slip system in the different grains. This approach was ex-
pressed later in a more general term through the Melan-Koiter shakedown theorem (see
( ); ( ) and references therein). The hydrostatic stress is considered in order to
account for the local heterogenous structure. This has only recently been justified using a precise

homogenisation procedure ( ) ( ).

In order to give quantitative estimates of the lifetime, several extensions of the DVK criterion
have been proposed. Among others we recall the models of Morel ( , ) and of Mai-
tournam et al. ( ); ( ). In the first case, a simple mesoscopic
plastic model is introduced. The evolution of the cumulated plastic strain up to final failure at the
mesoscopic level is evaluated to effectively predict lifetime under cyclic and variable loading. The
second model differs from this approach by (i) proposing a mesoscopic plastic model depending
on the hydrostatic stress component to account for the damage process; (ii) estimating the plastic
shakedown cycle at the mesoscopic scale using a classical fatigue criterion based on the range of
plastic strain.

The extension discussed in this chapter is constructed under similar assumptions to those of
Morel’s model ( , ). However, it is grounded on a generalisation of the mesoscopic
plasticity model and introduces a new fast time scale average for tracking the cyclic material
behaviour and the subsequent evolution of damage. This separation of time scales is justified by
the great number of cycles usually considered in HCF experiments (10*-107 cycles). The cyclic
material behaviour can be viewed as the succession of (a) a short hardening (or softening) transient
up to a saturation point, (b) a long phase close to a stable cycle and (c) a final brief softening
leading to failure. The long transient observed in the second phase above can be described through
the theory of dynamical systems as the presence of a saddle-node ghost (see ( ) and

references therein) and is therefore amenable to precise analytical study.

The chapter starts with a short presentation of the two scale model used in the HCF theory.



9.1. THE MODELS AT THE MESOSCOPIC SCALE 231

We then introduce three different constitutive laws and the relative techniques to compute life-
times. In particular we discuss: (i) Maitournam’s et al., (ii) Morel’s and (iii) the present model.
Sections 2 and 3 discuss the main analytical tools from dynamical systems theory, namely sep-
aration of time-scales and saddle-node ghost estimates. In Section 4 the identification method
for the parameters of the model is detailed. Finally Sections 5 and 6 present the prediction ca-
pabilities for experiments extracted from literature and conclusions. An appendix completes the

presentation with an extended computation of the lifetime using the saddle-node ghost estimates.

9.1 The models at the mesoscopic scale

In the framework of HCF for metallic polycristalline materials, one can assume that only a few
grains of the material undergo plastic deformations whilst most of the material remains elastic. We
can therefore consider the material point at the macroscopic scale as a representative elementary
volume (REV) at the mesoscopic scale. This volume is a non-homogeneous medium, which can
be assimilated under the given assumptions to an elastic matrix and an elasto-plastic inclusion
(grain).

The loading of the REV, i.e. macroscopic stresses 3 and strains E, can be computed in
the framework of the standard continuum theory (macroscale) and will be considered as given
here. In order to evaluate the mesoscopic state, i.e. mesoscopic stresses o and strains €, several
homogenisation techniques have been considered in the literature. The models of Bui, Lin-Taylor,
Kroner-Budansky-Wu and Sachs have been described in relation with the DVK fatigue criterion
for example in (2004); (1999); (2000); (2011).

Without restraining the generality, we shall adopt here the Lin-Taylor homogenisation scheme,

which is based on the equality of macroscopic and mesoscopic strain:
e=E.

As pointed out by Dang Van (see ( , ) and references therein), when dealing
with the description of HCF, Lin-Taylor’s approximation is particularly effective as it permits
to accept the existence of mesoscopic plastic strain and residual stress fields. Therefore, we will
limit the presentation to this particular case.

Let us denote by C and c the macroscopic and mesoscopic elasticity tensor, and by L and 1 the
macroscopic and mesoscopic compliance tensors. For completeness reasons we also introduce both

the mesoscopic plastic strain tensor €” and the macroscopic plastic strain tensor EP. However,

as in HCF the structure is in elastic shakedown at the macroscopic level, it follows that

E? = 0.
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Figure 9.1: Path of the macroscopic shear stress on the material plane identified by n at the
point O and the corresponding path of the macroscopic resolved shear stress T acting on a glide

direction.

With this notation the main assumptions of Lin-Taylor model are equality of macroscopic and

mesoscopic elasticity tensors and equality of the respective strains:
C=¢ E==¢e

Assuming that the behaviour at the macroscopic scale is purely elastic, from the expressions of

the elastic Hooke’s law at the macroscopic and mesoscopic scale we deduce
o =AY —AC(e’ — EP) (9.1.1)
where the fourth-order tensor A is the localisation tensor defined by
A=c:L

The next step in the modelling is the introduction of a suitable material behaviour at the
mesoscopic scale in order to take into account fatigue. The experimental evidence leads to consider
a three-phase model involving an initial hardening (or softening) phase, followed by a stable
saturation phase and a final softening ( ); ( , ) as schematically
displayed in Figure 9.2. Under these assumptions, failure corresponds to vanishing mesoscopic
yield limit. As the yield limit is directly related to the cumulated plastic mesostrain, denoted

by T' hereafter (see equation (9.1.8) below), one can also express failure as limit of cumulated
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Figure 9.2: Scheme for the evolution of the yield limit (continuous line) and of the damage
(cumulated plastic mesostrain—dashed line) in function of the number of cycles. The material
behavior involves a hardening phase (I), a saturation phase (II) and a final softening (III). Recall

that under periodic loading, number of cycles and time are equivalent up to a constant factor.

plastic mesostrain I

r=r.

We recall that cumulated plastic mesostrain is a monotonic increasing function of the number
of loading cycles the system has endured and that the plastic models considered here are rate
independent. Therefore, it can be appropriately chosen as an independent variable to represent
the evolution of the yield limit instead of time or of number of cycles. This approach will be
followed in the present formulation (see also Figure 9.3 later on).

Assuming further that only one glide plane is active for any plastically deforming inclusion of
the medium (grain), it has been shown in ( ) that relation (9.1.1) for a perfectly
elastic matrix can be reduced to

7=T— pv’m (9.1.2)
where T and 7 are the macroscopic and mesoscopic resolved shear stresses acting along the slip
direction m of the plane identified by its normal n and p is the shear modulus of the A, ; Lamé
constants ( ); ( ). Explicitly the later are defined
by:

T=(m®n:X)m
T=(mQ®n:o)m.

Denoting by b the mesoscopic kinematical hardening vector and by 7, the shear limit of a

crystal, the mesoscopic plastic model is now determined by defining:

o the yield function f(7,b,7,)
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e the hardening rule, assumed to be in the general form
7, = g(T)T (9.1.3)
which implies by integration that
1, = G(T) (9.1.4)
where G is a suitable primitive function of g.

If this plastic model is brought into the three-phase description of cyclic material behaviour
previously introduced, one has to require G to be a concave function increasing when I' is small
and decreasing for larger values of the mesoscopic shear plastic strain. Moreover there will be a

unique value for the cumulated plastic mesostrain denoted by I for which the following hold:
aI) =0, GI) <o. (9.1.5)

In this terms, the lifetime defined as the failure of the REV, or equivalently as the initiation of

a macroscopic crack is defined as the unique time instant ¢ for which
r(?) =T.

As a consequence of the definition of f‘, one can equally express the lifetime by a vanishing plastic

yield at the mesoscale (see (9.1.4)).

A large panel of choice for the definition of the yield function f and for the evolution of the
yield limit 7, is possible. Among the different models proposed in the literature, we shall only

recall the proposals of Maitournam et al. and the one of Morel.

Maitournam’s model ( )

The proposal of this model is to consider a plastic material behaviour at the mesoscale with a
dependence of the yield function not only on the deviatoric part of the stress but also on the
hydrostatic part. A kinematic hardening under the assumptions of associative plasticity is also

considered. The mesoscopic yield function can therefore be written as

o, o) =\ o~ e < (o ) — k(p)

with

— ifp>0
Kp)=Boap(t) o k=i T PZ
B—vp ifp<0

and where p is the mesoscopic hydrostatic stress, € is the deviatoric part of the mesoscopic

plastic strain tensor and «, 3, v and h are suitable parameters.
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The underlying hypothesis of this model consider that the mesostructure can be computed
from the macroscopic structure. Fatigue will then be determined from the plastic shakedown
cycle and from a phenomenological fatigue law linking lifetime and cumulated mesoscopic plastic
strain €

N = g(eP*).

which is a Manson-Coffin type fatigue criterion.

Morel’s model ( ), ( )

This model considers a complete description for the mesoscopic plastic yield limit as introduced
above. Three sharply separated phases account for the hardening of the mesoscopic inclusion.
The dependence of the yield limit on plastic strain is piece-wise linear (see Figure 9.3). Moreover,
the yield function is defined in terms of the resolved shear stress and has both isotropic and

kinematic hardening terms:

f(r,b, 1) = (be)-(be)ij (9.1.6)

In this case, the three phase of the plastic inclusion are defined as:

gf‘ during hardening;
Ty = 0  during the saturation phase; (9.1.7)
—hD during softening;

b= (:7'7)

where P is the mesoscopic shear plastic strain, c is the kinematic hardening parameter and T is

the cumulated plastic mesostrain given by

[ =4/~P - ~P. (9.1.8)

Power law model

The model proposed here replaces the piecewise-linear dependence in the evolution of the yield
limit with a power law. When compared with the model of Morel, one immediately notices the
advantages arising from the piecewise-linear description. Indeed, in this latter case, for periodic
macroscopic loadings it is possible to obtain explicitly the lifetime (see ( )). However,
the hardening rule (9.1.7) is a rough approximation of the actual behaviour of materials, for
which the sharp transitions between hardening and saturation regimes as well as from saturation

to softening regimes are difficult to justify.
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Figure 9.3: The three-phase evolution of the plastic yield limit. Comparison between the piecewise

linear model (Morel—continuous line) and the power model (dashed line).

An alternative model is given by the following constitutive power law

L AT, DT

Gr) = 50 - S

(9.1.9)

with a > 1, which naturally satisfies the constraints of concavity and monotonicity introduced
above (see Figure 9.3). Th term AT[ appearing in the last relation is the amplitude of the
macroscopic resolved shear stress on the critical plane for limit loading.

When compared with the piecewise linear model of Morel, one cannot hope to retrieve exact
lifetime estimates for this model. However, as we shall see below, precise a-priori analytical
estimates can be derived in this setting under mild regularity assumption on the behaviour of the
function G, which are satisfied by the power law (9.1.9). Before delving into the details of such
estimates, we will derive a suitable approximation for the just introduced constitutive laws in the
case of periodic loadings. In particular we now want to consider a time-average over each cycle

of the loading.

9.2 Separation of time scales

In the regime of HCF we can distinguish between a quick quasi-periodic response of the system
to the cyclic charge and a slow evolution of the inner parameter describing the hardening and
damage of the material itself. This separation of time scales is justified by the great number of
cycles usually considered in HCF experiments (10* — 107 cycles). It seems therefore sound to
look for a slowly-varying approximation for this internal variable and for the cumulated plastic
mesostrain I', by averaging out the periodic behaviour of the system. This process is also known

as “time-homogenization” (see ( ); ( ))-
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By differentiating the yield function (9.1.6) with respect to time we obtain:
f=2(r—b)-7+2(b—7) b—27,7,

Since during plastic deformations the yield function f is constant (f = 0), by recalling rela-
tion (9.1.2), we deduce

T — 3P — cyp = g(D)T

where we have set

P = ~+Pm.
From definition (9.1.8) we have
I = |y7|
and therefore .
S E=n

which represents the evolution law for the cumulated plastic mesostrain during plastic deforma-
tions. Obviously I' is constant during the elastic part of the loading so that we can deduce the
following ordinary differential equation describing the evolution of the cumulated plastic mesos-

train

3 - when f =0
= g(D)+ctp (921)

0 when f < 0.
We recall that the cumulated plastic mesostrain I' is a nondecreasing function of time also if the
resolved plastic mesostrain «? oscillates. Indeed, I" accounts for all the plastic deformations the
material has endured up to the current time.

We now want to simplify the evolution law (9.2.1) in the special case of cyclic loadings. By the
above discussion it is easy to see that under a periodic loading of equivalent amplitude comparable
to ATy, the plastic mesostrain changes only slightly during one charge/discharge cycle. Therefore,
the increase per cycle of the cumulated plastic mesostrain is small when compared with the
variation of the mesoscopic strain. This justify us stating that the evolution of cumulated plastic
strain is slow with respect to the evolution of the mesoscopic strain. As a consequence, we can
assume that ' constant during each cycle.

By considering I'" as constant during one period of the forcing term, we can decouple the
quick dynamic of the elasto-plastic response of the material to the external loading and the slow
evolution of the internal damaging mechanism (i.e. the slow drift of I'). We denote by AT the
amplitude of the macroscopic resolved shear stress. In order to integrate (9.2.1) on a single cycle,

we observe that during a complete unloading-loading phase from —AT'/2 to AT /2, the mesoscopic
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Figure 9.4: Illustration of the relation between the periodic resolved plastic shear stress and the
evolution of the cumulated plastic mesostrain. Notice that only the heavily thickened part of the
loading cycle contributes to plastic deformations. The amplitude of the hatched regions has been

emphasise for clarity of expositions.

inclusion will be in elastic regime (f < 0) up to T' = —AT/2 + 27,. therefore, we obtain (see
Figure 9.4 and ( , , Appendix A))
. AT AT
f T=T—(—T+2Ty)=AT—2Ty.
=0

1
By taking into account the second half of the loading cycle (i.e. the transition of T from AT/2
to —AT/2), and using this result in (9.2.1) we finally have

. 4 AT
=[P (3T
v cycle ,LL+C+g(F) 2 Y

where Agyclel’ represents the (small) change in I' during a single complete loading cycle.
The behaviour of the simple system we are studying can therefore be reduced to a system of

an ordinary differential equation and a difference equation
_ 4 AT
AcyclcF = ,quTg(F) (T - Ty(r))

7, = g(D)L.

If we consider an adimensionalized time period equal to 1 for the cycle forcing term Acyclet = 1
(i.e. if we measure time by the number of cycles of the periodic loading the system has undergone),
we can average the evolution equation for the cumulated plastic mesostrain getting the following

ordinary differential equation system

I'w ~ Acyael _ 4

AT
~ Acyatet — ptctg(T) (T - Ty(r))

Ty = g(I)T.
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Figure 9.5: The dependence of the mesoscopic hardening law on the the “flatness” parameter «.

Note that for larger as (dashed line) the plateau is longer.

Recalling the integral relation (9.1.4) for the shear limit 7,, we finally get the following ordinary
differential equation describing the evolution of our medium

4 <£ _ G(F)> . (9.2.2)

:u+c+g(1“) 2

We recall that the proposed power law model for mesoscopic hardening is determined by 5
parameters. As we will discuss later, of these AT; can be directly identified by knowing the
characteristic of the loading. Of the remaining parameters, o has a clear physical significance
representing the “flatness” of the hardening law (see Figure 9.5). This parameter with the other

remaining three, namely I'g, 5 and the sum p 41- c will be identified through a fitting procedure.

9.3 Lifetime estimates in HCF

In the discussion of the previous section no explicit reference to the analytic form of the consti-
tutive relation G(I") has been made. We now want to particularize the above results by choosing
as constitutive hardening relation the power model (9.1.9) introduced above.

In this case, equation (9.2.2) exhibits a threshold behaviour controlled by the value of AT. If
AT

= is smaller than

ATy
2

(i.e. if it is smaller than the maximum value attained by G(T")), then the
system will undergo elastic shakedown and be in an infinite endurance regime. If, otherwise, %
is above this value, then the material will eventually fail (i.e. G(I') — 0).

Due to the hypothesis of concavity and regularity on G(I'), for values of AT near the threshold
value, the system will show a very long transient regime, which is proceeded and followed by two

phases of faster evolution. The time span of this transient regime will constitute the fundamental

element for our estimate of the lifetime of the material in HCF regime. Incidentally, we observe
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that this kind of estimates will essentially be unaffected by changes of the expression of G(I") far
away from its maximal value.

Starting from (9.1.9), we immediately deduce
o a—1
g(T') = _B|F_FO| sgn(I' —T')

so that our model (9.2.2) reduces to

i AT—AT [T—Tp|™
I = ALy [l )

4
pte—GT—To[*Tsgn(T—To) ( (931)

T(0) = 0.

From the mathematical theory of dynamical systems an explicit lower (i.e. conservative)

estimate can be deduced for the lifetime of the material (see Section 9.4):

l-a
P Jont H17(nt0) gy (AT - ATD) Tl 1 But9na (g5,
Yopt  2asin 2 dla—1)Yopt —1  4(a—1)

where vt is given by

a=1 a-1
2 @ a? 2 o T
” (7B<AT—ATO>) t \/ TBla—1)(to) (B(AT—ATo)) Sy
Yopt = — . (9.3.3)
2 o a? s
T (7B<AT—ATO>> T Bla—uro M

In order to get some insight in this expression, we can consider its limit for great values of «,

that is when the plateau of the saturation phase becomes flat. This corresponds to the setting of

Morel’s works (see ( ) and ( )). Indeed, we obtain
. 2+ 25(AZ;CAT0)
algrolo Yopt = 5 _ AT—ATo ~ 1
ptc
and
hmt~>%pt+1 pte 11 N 2(pu + c)
Q=0 Yopt AT — ATO 4 Yopt — 1 AT — ATQ

where the approximations at the end of the previous computations hold for small AT — ATp.
This estimate corresponds to ( , , Equation (A9)).
Unfortunately, no simple and efficient expression could be derived for an analytical upper

bound on the lifetime for our model.

9.4 A priori estimates

In this section we will derive the bound (9.3.2), (9.3.3) for the dynamical system (9.3.1). In order

to simplify the notation and focus on the main analytical argument, we will consider the following
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equivalent Cauchy problem

o - e+ Aly|*
y=nh(y) = T-Blyl*Tsgny

y(0) = yo.

with yo < 0. We observe that all the results of this section can be readily adapted to our original

model (9.3.1) by setting:

(9.4.1)

4 AT - ATy

6_,u+c 2

a- 21
ptcp

p-_L @
ptcp

yo = —To.

We start by rigourously defining the lifetime for our system.

Definition 9.4.1. The lifetime for system (9.4.1) is the time tfjo that is necessary for any solution

to travel from yo to £ where £ is the vertical asymptote of h, given by the (unique) real root of
1— Bl¢|* tsgné = 0.

Before stating the main estimate, we recall an elementary result, which will be very important

in the following. (see ( , , Exercise 4.3.10)).

Theorem 9.4.1. The time required for a solution of the differential equation
Uy =€+ Ay~

to go from —oo to +00 is given by

tfoogz A e a,

Consider now equation (9.4.1). In order to estimate the lifetime from below (conservative
estimate of the endurance of the material) we will consider the following approximation from
above of h:

e+ Aly|* ify<0
hy) < h(y) = { y(e+ Aly|*) if0<y<mz
+a0 otherwise

where x; is defined by:

v(e + Alx1|*) = h(z1), 1€ (0,8) ie x = (7—1) o (9.4.2)
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and v will be determined later. Since solutions of the dynamical system associated to T travel

slower than those of (9.4.1), we immediately deduce that
0 70 7
tf}o =1y, + 1! +t§01 =21y, +ig
where with # % we denote the time required by a solution of the dynamical system
y=h(y)

to travel from a to b.
We start by estimating ¢ 50, always from below. We consider the further approximation

~

= ha(y) = Ayl (9.4.3)

Reasoning as above, we deduce

0 _7o0 0
tyo :tfooityfooo =ty —ta zooo
By symmetry, Theorem 9.4.1 implies
~ ™ 1 11—«
L oo
~*  asinZ
whereas a direct integration of equation (9.4.3) gives
= 1 1
t Yo _ — 11—«
A —0 Ao — 1|y0|
from which we deduce
~ 7T 11—« 1 1
o> Tae e — ———|yo|te.
Yo asing Aa71|y0|

We now consider the lower approximation of the travelling time & 8 from 0 to ¢ (failure).

Arguing as before we deduce:

F§ige—fatr-—L _abem L1

A o _—xl—a
YA x1 s T _ 1
aysin yAa—1

Using the definition of x; given above (see (9.4.2)) we finally get

;¢ ™ _1 l-o B 1
t 0 2 771,14 aEg & = —
aysin > Ala—1)v—1
which is minimised when
A a—1 A a—1
[e% [e] [e% 3 ™
LT +\/”Bﬁ(:) sin g
7 = TYopt = Ay o=t
a (o3 : s
W(?) - a—lBSlnE

for € small enough.



9.5. IDENTIFICATION OF PARAMETERS FROM FATIGUE EXPERIMENTS 243

Figure 9.6: The approximations to the function h(y) used in deriving the lower bound on the

failure time for system (9.4.1).

Putting all the above results together we finally obtain the following estimate from below to
the lifetime of our model:

’Yot'i‘l e _1 l1-a B 1 1 1 —a
g5 LTy Ll

age a —

Yopt asin T Alae = 1) vopt — 1 Aa

After substitution of the values for A, B, € and y( arising in our model, we finally deduce the

desired estimate on the lifetime.

9.5 Identification of parameters from fatigue experiments

In the constitutive relation (9.1.9) for G(I') and in equation (9.2.2), five different parameters
appear: namely u+c, ATy, Iy, o and 8. Moreover, since our model is essentially one-dimensional,
AT has also to be evaluated starting from each 3D macroscopic loading state of interest.

In order to evaluate AT and ATy we adopt the same approach used by Morel in ( ).
Starting from the Dang Van criterion (see ( ) and ( )), we assume

that the material undergoes elastic shakedown if

AT + ASH

max

<B

)

where S’ is the maximum value reached by the mesoscopic (and macroscopic) hydrostatic stress

max



244 CHAPTER 9. A HCF CRITERION

during the periodic loading, while AT is a suitable measure of the resolved shear stress acting
along the most solicited slip direction plane. In particular, we will use the following definition

(see Morel ( ) and Papadopoulos ( )
AT = max T5(6, 9)

where

T0(97 ¢) = \/J;) ’ (Td(ev b, ¢))2 de.

Here 6 and ¢ are angular variables used to identify the plane orthogonal to the versor

sin @ cos ¢
n=| sinfsing |,

cosf

in the physical space, ¥ is an angle parametrizing all possible direction m in the slide plane
identified by n and 7, (0, ¢,v) is the amplitude of the variation of the mesoscopic resolved shear
stress 7 defined above.

The material parameters A and B can be related to the fatigue limits under fully reversed
tension compression f_1, and under fully reversed torsion ¢_i:

A:M, B=\/Et,1.

3

In the simple case of sinusoidal loading, that is for loadings in the form

om + 0, sin(wt) 78, sin(wt +¢) 0
= 7 sin(wt+g) 0 0 (9.5.1)
0 0 0

m

7 is the mean normal stress in the z direction, ¢¢, and 7

for a suitable reference frame, where o Ty

are the amplitude of the normal and shear stresses, AT and AT can be explicitly computed and

are given by the following expressions:

e In phase tension and torsion (¢ = 0°)

tflffl — (t, - %) 0’211

ATy = ;
_ agl
f-1+ (Ll - Tl) Teie
22" 4 (ra,)?
AT — toafoa—(toa—L2)ern,

fr((og,)2 4 (e, ) ) +2 (11— 552 ) (01,2

(02)2+(ry)? a 2 a )2 @ 2 a )2
) T f(08,)2 (72, 2+ (08,) 2 —3(78, )]
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e Out of phase tension and torsion (¢ = 90°)

om )2

(08)% + (75)? 2 a \2 _ 3(ra )2
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+ (75,2

We now consider the other modelling parameters. We observe that the kinematic hardening
parameter ¢ and the Lamé shear modulus p may in principle be considered material constants
already known from other experiments. However, here we will identify them together with the
other material constants appearing in (9.1.9) and (9.2.2): Ty, @ and . We note, moreover, that
p and ¢ always appear together in the above expressions (in particular, see equation (9.2.2)) so
that only a joint estimate of the sum x4+ ¢ can be obtained with this model. The identification of
these four remaining parameters will be achieved through optimisation of a suitable cost function

(see e.g. ( )). Two choices seem natural in this context:

e minimising the sum of the squared errors between the experimental lifetimes and the sim-

ulated ones;

e minimising the sum of the squared relative errors between the experimental lifetimes and

the simulated ones.

These two approaches have led to very similar results in the experimental validation of our model
of the next sections. Following ( ), we will therefore report only the results

using the first of the two approaches.

9.6 Results and discussion

In order to assess the efficiency of the estimate for the predicted lifetime obtained above, we
compared the numerical solution of system (9.2.2) describing the evolution of the cumulated
mesoscopic plastic strain, to the analytical approximation of lifetime given by estimates (9.3.2)
and (9.3.3). The complete integration of (9.2.2) was performed using a high-order Runge-Kutta
scheme (in particular a Runge Kutta (4,5) method was used—see ( , )
routine ode45)). We emphasise that the estimate (9.3.2) is a lower bound for the lifetime and
therefore it is a theoretical conservative estimate.

On account of the many different tests done, we report in Figure 9.7 the results of some nu-
merical experiments showing a good agreement of approximation (9.3.2) for physically meaningful

parameters, when the “flatness” parameter « is large enough. In order to assess the efficiency of
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Figure 9.7: The dependence of the efficiency ratio 7 (ratio between the analytical estimate (9.3.2)
and the lifetime obtained by numerical integration of (9.3.1), see text) vs. the load AT — ATy

for different values of the parameter o of the model. See text for description.

the analytical approximation deduced previously, we introduce the following efficiency ratio

lifetime given by (9.3.2)

"= Tifetime obtained by numerical integration of (9.3.1)

We observe that values of 77 near 1 correspond to eflicient estimates and that if n < 1 the analytical
bound is conservative. In particular, as soon as « is greater than 4 or 5, the approximation is
efficient for all the values of AT — AT, which arise in experiments and which can be accounted for
with this kind of model (usually AT — ATy ~ 10° = 103MPa for metallic materials). In order to
keep the discussion as simple as possible, only integer values of a were considered here. However,
« can be any real number greater than 1.

In Figure 9.7 the behaviour of n with respect to the load AT — AT} is shown. The different
lines correspond to the representative values for o, @ = 2,3,4 and 6. All other parameters
are physically relevant and have been kept constant to ease comparison. In particular we have
considered I'y = 66, 1 + ¢ = 2800000MPa, 3 = 70000MPa~! AT, = 445MPa. The horizontal line
at height 1 represents a perfect estimate. As expected, the analytical estimate derived above is
confirmed to be conservative.

We have finally checked the effectiveness of our model in fitting experimental results and
in predicting failure. To this end, we use some of the experimental data which can be found

in the literature (see ( ); ( ); ( ); ( );
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Figure 9.8: The computed versus observed lifetimes from different fatigue tests. The data used to
fit the model for each material are highlighted in red (training points) while the other observations

used to check the validity of the approximation are in blue (control points).

( )). In each case, we have used the data coming from simple
tension compression tests (called training points in the sequel) to fit the parameters of the model
and to make predictions for the other observations. The results of these experiments (predicted
endurance limit vs. experimental values) can be found in Figure 9.8. Data used to fit the model
(training points) are highlighted in red, while the remaining observation used to check the model
(control points) are in blue. In this plot the diagonal represents perfect agreement between the
model and the experimental values, whereas the two dashed limes represent a factor 2 acceptable

tolerance.

As can be seen from Figure 9.8, the agreement between estimated and observed lifetimes is
quite satisfactory. Most of the experimental points fall between the two dashed tolerance lines
for a wide range of the experimental parameters and a variety of materials considered. Scatter
of experimental data up to 3-5 times that of the fatigue curve is indeed typical of HCF, which is
due to individual properties of the material local zones. That is why, scatter of data presented
in Figure 9.8 can be considered as regular if individual properties of the specimen are not taken

into account.
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9.7 Conclusions

We have proposed a new model for the lifetime of materials in the HCF regime. This model
is a refinement of the one introduced by Morel in ( ) based on the DVK criterion.
In oarticular, it provides a more thorough understanding of the basic phenomena and gives an
explanation of the long transient behaviour observed in material between the initial accomodation
and the final breakdown (or crack initialisation).

Our approach allows us to consider a richer mesoscopic hardening rule than already done in
the literature. As in ( , ) our model involves an initial hardening, a long saturation
phase and a final softening leading to failure. The nonlinear power law proposed depends on 5
different parameters. The a priori analysis and the numerical tests reveal that the most relavant
among the parameters is «, which describes the “flatness” of the hardening law. Moreover, «
is directly related to the lifetime estimate (9.3.2). All the parameters of the mesoscopic model
can be estimated using a simple and efficient least-square optimisation procedure. Nevertheless,
study of the relations between more refined microscopic models and the parameters should be
performed in the future.

The additional detail of description introduced has only a minor impact on the computational
cost of the model. Indeed, when studying crack initiation problems, the main computational tasks
are related to the solution of stresses and strains on the whole structure of interest. Therefore,
any algebraic criterion for failure detection (in opposition to more complex local relations) is
practically equivalent from the point of view of computational costs.

The lifetime estimates obtained account well for the experiments. The residual unpredicted
variability is consistent with the usual scattering of HCF experimental data.

The main advantage of the proposed method based on dynamical systems techniques is the
possibility of extending it to a large class of local material behaviour involving not only plasticity,
but also crack and damage evolution, while keeping a simple closed-form formula for the prediction
of the lifetime.

Finally we note that the extension of this approach to more complex periodic and quasi-
periodic multiaxial loadings and to a larger base of materials constitute interesting fields of

research, which are relevant for applications and which remain still largely unexplored.
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Summary

This work discusses a series of modelling problems in continuum mechanics. The first part is devoted to the mathematical analysis of some
diffuse interface models in phase separation of binary mixtures (e.g., coarsening of alloys or bistable polymeric fluids). The second part
discusses the function of electronic devices (in particular p-n junctions) under mechanical deformations. The third part presents a model for
lifetime predictions in polycrystalline metals under periodic loading.

A typical phase separation model is the well-known model H, constructed by coupling the convective Cahn-Hilliard equation with the
Navier-Stokes system through the so-called Korteweg force. Here we consider some variants of the model which account, e.g., for shear
dependent viscosity or chemically reacting components. We first study basic issues like existence, uniqueness and regularity of solutions.
Then we analyze the long-time behaviour of the infinite dimensional dissipative dynamical systems generated by the systems studied.
More precisely, we prove the existence of global attractors, exponential attractors, pullback attractors and trajectories attractors for the
corresponding dynamical systems. Also, we discuss the robustness of such invariant sets with respect to perturbations of some parameters
of the model. The results obtained represent natural extensions of the properties known for single fluid flows, whose features are considered
a benchmark for all new techniques proposed in the literature. Finally, as a more realistic description of phase separation phenomena, we
introduce a Cahn-Hilliard equation accounting for nonlocal interactions through a singular kernel. In this case some well-posedness and
regularity results are demonstrated.

The second part of this work is devoted to the study of the coupling effects between mechanical and electronic properties in semiconduc-
tors. The modelling of the electronic device is based on the drift-diffusion model for electrons and holes. The device is viewed as a standard
macroscopic continuum and the objective is to understand the effects of mechanical strain on the electronic properties of the semiconductor
and in particular its effects on the characteristic curve of a p-n junction. This permits to propose a variational formulation of the classical
drift-diffusion system and to derive a thermodynamically consistent model for the coupled electromechanical phenomena. The strain mainly
influences the mobility coefficients and the generation/recombination term. Two approximate solutions are discussed, one based on only
physical assumptions and one involving asymptotic expansions. This part of the work is a preliminary step towards the understanding of the
properties of flexible electronic devices.

The final part of the thesis presents an application of the theory of dynamical systems to predict the lifetime of polycrystalline metals

undergoing a high cycle fatigue regime. A new model is proposed and compared with the existing literature.

Résumé

Ce travail de thése affronte I’étude de divers problémes surgissant de la mécanique du milieu continu. La premiére partie du manuscrit est
dédiée a ’étude mathématique de certains modéles a interfaces diffuses qui décrivent la séparation de phase de mixtures binaires (par exemple,
le grossissement de la taille des grains dans un alliage ou bien 1’écoulement des fluides polymériques bistables). La seconde partie examine
le fonctionnement de certains dispositifs électroniques, comme les jonctions p-n, sous l'effet de déformations mécaniques. La troisiéme partie
présente un model pour la prédiction de la durée de vie pour des métaux polycristallins en régime de chargement cyclique.

Un modeéle typique de séparation de phase est le modéle H, qui est constitué d’une équation de Cahn-Hilliard convective couplée avec
le systéme de Navier-Stokes par la force dite de Korteweg. On considére des variations de ce modéle qui tiennent compte, par exemple,
d’une viscosité du fluide dépendante du cisaillement ou de constituants réagissant chimiquement entre eux. Tout d’abord, on étudie des
questions de base comme l’existence, 'unicité et la régularité des solutions. Par la suite, on analyse le comportement asymptotique des
systémes dynamiques infini-dimensionnels générés par les systémes étudiés. Plus précisément, on démontre ’existence d’attracteurs globaux,
d’attracteurs exponentiels, d’attracteurs pullback et d’attracteurs de trajectoires pour les systémes dynamique correspondants. On discute
aussi la robustesse de ces ensembles invariants par rapport a des perturbations de certains paramétres du modéle. Nos résultats constituent
une extension naturelle des propriétés connues pour le cas de I’écoulement d’un fluide simple qui représentent le cas de référence pour toute
nouvelle technique proposée en littérature. Enfin, comme description plus précise des phénoménes de séparation de phase, on considére une
équation de Cahn-Hilliard modélisant des interactions non-locales & travers un noyau singulier. En ce cas, des résultats d’existence et de
régularité sont donnés.

La seconde partie de cette thése est dédiée a I’étude des effets de couplage entre les propriétés mécaniques et électroniques des semi-
conducteurs. La modélisation des dispositifs électroniques choisie se base sur le modéle de diffusion et transport pour les électrons et les
trous. Le dispositif est décrit comme un continu macroscopique standard avec, pour objectif, la compréhension des effets des déformations
sur les propriétés électroniques du semi-conducteur et, en particulier, sur la caractéristique d’une jonction p-n. Ceci permet de proposer une
formulation variationelle du systéme classique de diffusion et transport et de dériver un modéle thermodynamiquement consistent pour les
effets électromécaniques couplés. Les déformations ont des effets en particulier sur les coefficients de mobilité et sur le terme de génération
et recombinaison des porteurs. Deux solutions approximées sont étudiées : une développé & partir d’hypothéses physiques et ’autre qui
comporte une expansion asymptotique. Ces résultats constituent une étape préalable pour la compréhension des dispositifs électroniques
flexibles.

La derniére partie de la thése présente une application de la théorie des systémes dynamiques a la prédiction de la durée de vie des métaux
polycristallins sous chargement périodique pour grand nombre de cycle de chargement. Un nouveaux model est proposé et ses prévisions

comparées avec les résultats connus dans la littérature.
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