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J(a) = J(0)

c a—0 h(a)

- @ Topology optimization.

DJ = lim

C

@ Inverse problems.
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Overview on topology optimization & the level-set method

Topology optimization

A topology optimization problem can be cast as follows:

Find the stiffest structure w C
belonging to an admissible set U,q,
which solves the problem

Jomin, J(w, u(w)),

where u(w) is the displacement field
arising in w due to prescribed excita-

tions (f,g).

u =10
W\

\




Overview on topology optimization & the level-set method

Topology optimization methods

Density based Boundary variations

Homogenization [Murat and Tartar, Level set+Shape sensitivity analysis
1985], [Bendsge and Kikuchi, 1988] [Allaire et al., 2002], [Wang et al., 2003]

Phase field [Chambolle and Bourdin,

SIMP [Bendsge, 1995] 2000]
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@ Allows naturally topology
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Overview on topology optimization & the level-set method

Topology optimization methods

Density based Boundary variations
Homogenization [Murat and Tartar, Level set4Shape sensitivity analysis
1985], [Bendsge and Kikuchi, 1988] [Allaire et al., 2002], [Wang et al., 2003]

Phase field [Chambolle and Bourdin,
SIMP [Bendsge, 1995] ase field [Chambolle and Bourdin

2000]
Characteristics Comparative advantages
@ No need of remeshing. @ Clear contour of the shape.
o Allows naturally topology o Easy definition of geometrical
changes. parameters.
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The Level-set method

@ Introduced by [Osher and Sethian, 1988].
o Definition of the level set function 1 : Q — R, with Q C R? (d = 2,3)

Y(r)=0& x € dw, Y >0 Q
P(x) <0& rcw, Nw
P(z) >0 ze€Q\w.

Y =0
@ Evolution of the shape w(t),t € R Ow
Level-set function v (z,t) Shape w(t)
to al to




The Level-set method

@ If the shape evolves according to a velocity field 6(x,t) defined on
with normal component V(z,t)

Q (Id+ 0)w

Figure: Deformation of w Figure: Zoom around z



The Level-set method

@ If the shape evolves according to a velocity field 6(x,t) defined on
with normal component V(z,t)

Q (Id + 0)w

Figure: Deformation of w Figure: Zoom around =

@ One can show that the evolution equation satisfied by ¢ reads

WL VIV =0 x€Q,t>0,
=1y xe€Qt=0
=0 m€89t>0



Overview on topology optimization & the level-set method

Shape sensitivity analysis

Definition [Hadamard, 1908], [Simon and Murat, 1976]

Consider the following type of variations of w C 2
(Id+0)(w) :={z +6(z) for z €w},b € Whoo(Q; RY)

The shape derivative of a function J(w) is defined as the Fréchet
derivative in W1>°(Q; R?) at 0 of the application § — J((Id + 0)w), i.e.

J((Id+ 6)w) = J(w) + J' () (8) + o(8).
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Shape sensitivity analysis

Definition [Hadamard, 1908], [Simon and Murat, 1976]

Consider the following type of variations of w C (2
(Id +6) (w) == {z + 0(z) for z € w},0 € WhHe(QR?)

The shape derivative of a function J(w) is defined as the Fréchet
derivative in W1>°(Q; R?) at 0 of the application § — J((Id + 0)w), i.e.

J((Id+ 0)w) = J(w) + J'(w)(6) + o(6).

Proposition
Suppose w and J regular, then there exists a continuous linear form [ such
that

J'(@)(6) = (8 n)aw) = /8 (6 - n)jds




Overview on topology optimization & the level-set method

Coupling the level set method and shape derivative

@ The objective is to find a normal descent direction V* such that

to, - = w

{%gﬁm )= A 7 J(wA) — J(w) <0
oY .
54’]} ‘VTM =0; te {to,toJrAﬂ,CCEQ

10
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Overview on topology optimization & the level-set method

Coupling the level set method and shape derivative

@ The objective is to find a normal descent direction V* such that

77b(t07 ) = w Aty _ ,
{ Wito L AL = wht = J(w?) —J(w) <0
oY .
54’]} ‘VTM =0; te [to,toﬂLAﬂ,x Y
@ This direction can be deduced from the solution of the variational
problem

<V*,’U>H1(Q) = —I(v),Yv € H'(Q), I(v)=J (w)(vn),

Indeed, for At small enough
J() — J(w) = At x J'(W)(0) +o(At), 6 =V*n
= At x (V") 4 o(At)
= —Atx|[V*7nq +o(At) <0

10



Overview on topology optimization & the level-set method

The level set method for topology optimization

e Optimization of a triangular car suspension (courtesy of G. Allaire).

Figure: Iteration 1

Linear elasticity:

Figure: Iteration 26 Figure: lteration 100

min  J(w), J(w):/ g-uds
in Q wCQ,|w|=c 'y



Optimal design of composite materials
Outline

© Optimal design of composite materials
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Multi-phase optimal design

@ Design variable: shape of each phase (n level-sets — 2" materials)

0, Uy <0
Uy <0

Uy >0 Uy >0

/\I/-2<U F\p2>0

S~ Ui<0 S

Wy >0

Figure: Multi-phase material via
Figure: Level-set functions ¥, Uy superposition of ¥y, U,

13



Multi-layered optimal design

@ Design variables: shape of each ply ¥; (continuous) & stacking
sequence £ (discrete)

Stack center

Figure: Multi-layered configuration
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Multi-layered optimal design

@ Design variables: shape of each ply ¥; (continuous) & stacking
sequence ¢ (discrete)

Stack center

Figure: Orthotropic plies.
Figure: Multi-layered configuration Reinforced fibers in orientations
—45°,90°,0°, 45°
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The buckling problem

Figure: Buckling under compression

Figure: Buckled wing
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The buckling problem

Figure: Buckling under compression

Figure: Buckled wing

Q : Hold-all domain
g : in-plane loads
I'y : Neumann BC
I'p . Dirichlet BC
€ : Thickness of each ply
2h : Total thickness laminate
A : extensional stiffness
L D : bending stiffness

15



The buckling problem

N
A = 252 (xi.Ai +(1- Xi)AO>, X' : characteristic function
i=1
D = 253%(?@1)‘“))( A4 (1 - Z’)AO)
- T3 — X X

Q : Hold-all domain
g : in-plane loads
I'y : Neumann BC
I'p . Dirichlet BC
€ : Thickness of each ply
2h : Total thickness laminate
A : extensional stiffness
L D : bending stiffness

15



Optimal design of composite materials

The buckling problem

N
A = 252( AN+ Xi)AO), X' : characteristic function
D = Q‘SZ)’N(i3(i1)3)<z‘A¢+(1 z’)AO)
- T3 — X X

The multi-layered design problem becomes a multi-phase design problem.

Q : Hold-all domain
g : in-plane loads
I'y : Neumann BC
I'p . Dirichlet BC
€ : Thickness of each ply
2h : Total thickness laminate
A : extensional stiffness
L D : bending stiffness

15



Optimal design of composite materials

The linearized buckling problem

Definition (von Kdrman plate model)

Let u € H'(Q;R?) be the in-plane displacement and solves

—div(Ae(u)) =0
u=20
Ae(u) -n = 2hg,

in €,
on FD,
on I'y.

16
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Optimal design of composite materials

The linearized buckling problem

Definition (von Kdrman plate model)

Let w € H?(S2) be the vertical displacement. Consider the eigenvalue
problem

V2 : (DVZw) = Me(u) : V2w in 2,
w=0,Vw-n=0 on I'p,
(DV2w)py =0 on 'y,

V- (DV*w) - n+ Z(DV*w),, = \2hg-Vw  on Ty,
Let u € H'(Q;R?) be the in-plane displacement and solves

—div(Ae(u)) =0 in Q,
u =0 on I'p,
Ae(u) -n =2hg, onIy.

We chose A\ = )1, the smallest positive eigenvalue, as the critical
buckling load.




Optimal design of composite materials

Elastic transmission conditions (ETC)

Sharp interface formulation

A=A+ Hp) (A — AY

Al A% . Elastic phases
H : Heaviside function.

.AO

17
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Elastic transmission conditions (ETC)

Sharp interface formulation

A=A+ H()(A® — A { AL, A% Elastic phases

H : Heaviside function.

Transmission conditions on 1) = 0 ([-] denotes the jump through Jw):
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[(DV?w)yn] = 0,
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Optimal design of composite materials

Elastic transmission conditions (ETC)

Sharp interface formulation

A=A+ H()(A® — A { AL, A% Elastic phases

H : Heaviside function.

Transmission conditions on 1) = 0 ([-] denotes the jump through Jw):
[w] =0, [Vw-n]=0, { [u] =0, [Ae(u)-n]=0
[(DV?w)n,] =0,

[-A1(Ae(w) : Vw) - n + div(DV2w) - n + £ (DV3w),.] =0



Optimal design of composite materials

Elastic transmission conditions (ETC)

Sharp interface formulation

A=A+ H()(A® — A { AL, A% Elastic phases

H : Heaviside function.

Smooth interface formulation

A:Al—FHE(dw)(.AO—Al) - .

Al

H, : Regular approximation H )
€ : Interpolation width. .




Optimal design of composite materials

Elastic transmission conditions (ETC)

Sharp interface formulation

A=A+ H()(A® — A { AL, A% Elastic phases

H : Heaviside function.

Smooth interface formulation

A= Al —|—H€(dw)(¢40 —Al) - .
H, : Regular approximation H )
€ : Interpolation width. . A
Signed distance function: —d(z,0w) fzcw,
dy(x) =< 0 if r € Ow,

d(z,0w) ifzxeQ\w,

17



Optimal design of composite materials

Composite optimization problem

Definition (Lightweight design problem)
Find the best composite structure (O, ¢), with:

18
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Optimal design of composite materials

Composite optimization problem

Definition (Lightweight design problem)
Find the best composite structure (O, ¢), with:

Collection of ply-shapes: O = {w;},_; u Stacking sequence: &

{(V(0)|G(0,¢) <0},

min
O€ Uyq,,€Y

where:

18
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Composite optimization problem

Definition (Lightweight design problem)
Find the best composite structure (O, ¢), with:

Collection of ply-shapes: O = {w;},_; u Stacking sequence: &

i V(O)|G(0,8) <0 here:
OG{E?&EY{ (0)|G(0,¢) <0}, where

Total weight: V(O) Failure constraint: G(O,¢)
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Optimal design of composite materials

Composite optimization problem

Definition (Lightweight design problem)
Find the best composite structure (O, ¢), with:

Collection of ply-shapes: O = {w;},_; u Stacking sequence: &

min where:

O€ Uga . £€Y {(V(0)IG(0,¢) < 0,

Total weight: V(O)
Admissible shapes: U,

Failure constraint: G(O,¢)
Admissible stacking: Y
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Optimal design of composite materials

Composite optimization problem

Definition (Lightweight design problem)
Find the best composite structure (O, ¢), with:

Collection of ply-shapes: O = {w;},_; u Stacking sequence: &

i V(0)|G(0,£) <0 here:
OGIZET&EY{ (O)IG(0,8) <0}, where

Total weight: V(O) Failure constraint: G(O,¢)
Admissible shapes: U4 Admissible stacking: Y

Related works:

e Stacking sequence optimization: Giirdal, Haftka & co-workers (90's-)

e Fiber orientation tailoring: Lund & co-workers (2005-).



Optimal design of composite materials

Composite optimization problem

»I%
[ (5

Figure: Transversal cut. Multi-phase
structure.

Figure: Each ply has its own shape
Wi

Related works:

e Stacking sequence optimization: Giirdal, Haftka & co-workers (90's-)

e Fiber orientation tailoring: Lund & co-workers (2005-).
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Optimal design of composite materials

Bi-level formulation

Proposition
The mixed lightweight design composite problem can be equivalently
written as

Juin {V(O)M(O) <0},

where M constraint margin function M(O) := Emﬁr/l G(0,¢).
€

19
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Optimal design of composite materials

Bi-level formulation

Proposition
The mixed lightweight design composite problem can be equivalently
written as

Juin {V(O)M(O) <0},

where M constraint margin function M(O) := Emﬁr/l G(0,¢).
€

Optimization algorithm

Let O° € U,q be an initial feasible point. For k > 0, iterate until
convergence

{ 1) Solve ¢k = argmingeyG((’)k,g).

2) Find OF*! such that V(OF!) < V(OF) and G(OF L, ¢k) <.

1) Integer programming solver 2) Level-set method.
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Optimal design of composite materials

Multi-phase shape sensitivity analysis

o Introduce the general criterion J(w) = [, j(x, u) dx
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Optimal design of composite materials

Multi-phase shape sensitivity analysis

o Introduce the general criterion J(w) = [, j(x, u) dx

@ Some formulae of J'(w)(#) in englneerlng literature are incorrect.

@ In a multi-phase framework, three shape derivative formulae arise:

Proposition [Allaire, Dapogny, Delgado & Michailidis (2014)]
I. Continuous sharp interface

The shape derivative of J reads

J (w)(0) = — j D(u,p) 0 -nds, with

D(u,p) = —0(p)nn : [e(Wnn] — 20(D)nr : [e(Wnr] + [o(u)rr] : e(D)rr

where g(v) = Ae(v) and p is the adjoint state, solution of

—div (Ae(p)) = —j'(z,u) in Q, Ae(p)-n=0onTx, p=0onTp.

20



Optimal design of composite materials

Multi-phase shape sensitivity analysis

Proposition [Allaire, Dapogny, Delgado & Michailidis (2014)]
[l. Discrete sharp interface
Let 5, be a conformal simplicial mesh of  and wuy, p;, the finite element

approximations of u, p, respectively. Suppose that dw is never aligned with
the face of an element of £2,. Then the discrete shape derivative of
Jn(w) = [q, 7(z,up)dz reads

T (@)(6) = — /8 [Ale(un) : e(pn) - nds.

() -n® # o (u}) - !
W =l

A* = pA® 4 (1 — p) AL

21




Optimal design of composite materials

Multi-phase shape sensitivity analysis

Proposition [Allaire, Dapogny, Delgado & Michailidis (2014)]
[1l. Smooth interface
Consider the smooth interface frame A = A! + H.(d,,)(A° — A'), with d,,

the signed distance function. Then the function J is shape differentiable in
the sense of Gateaux, and

T80 =~ [

Ow

1

0(z) - n(x) Y fi(x)d,

J=0

fi(z) = / H (d(2)) (A" = A)e(u)(2) : e(p)(2)(1 + d(2)r)dz.
LAY g, () )

22




Optimal design of composite materials

Multi-phase shape sensitivity analysis

Proposition [Allaire, Dapogny, Delgado & Michailidis (2014)]
[1l. Smooth interface
Consider the smooth interface frame A = A! + H.(d,,)(A° — A'), with d,,

the signed distance function. Then the function J is shape differentiable in
the sense of Gateaux, and

T80 =~ [

Ow

1

0(z) - n(x) Y fi(x)d,

J=0

fi(z) = / H (d(2)) (A" = A)e(u)(2) : e(p)(2)(1 + d(2)r)dz.
LAY g, () )

7 (1)()52(-’17))/'
o< (‘I‘)
.%sz(fl‘)\

rayse (

x)
N *
R 7
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Optimal design of composite materials

Multi-phase shape sensitivity analysis

Proposition [Allaire, Dapogny, Delgado & Michailidis (2014)]
[1l. Smooth interface
Consider the smooth interface frame A = A! + H.(d,,)(A° — A'), with d,,

the signed distance function. Then the function J is shape differentiable in
the sense of Gateaux, and

T80 =~ [

Ow

1

0(z) - n(x) Y fi(x)d,

7=0

fi(z) = / H (d(2)) (A" = A)e(u)(2) : e(p)(2)(1 + d(2)r)dz.
LAY g, () )

Proposition (Convergence)

lim J/(w)(6) = J'()(6), V0 € Who(2R?)

22




Test case formulation: Composite fuselage skin panel
e O ={zel0,2] x[0,1]}. Symmetric multi-layered plate (16 plies).

e Each ply is composed of two phases (one of them “void").
@ A shear load g is applied.

Z

Figure: Approximative flat model. Figure: Composite test case.
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Test case formulation: Composite fuselage skin panel

e O ={zel0,2] x[0,1]}. Symmetric multi-layered plate (16 plies).
e Each ply is composed of two phases (one of them “void").
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Test case formulation: Composite fuselage skin panel

e O ={zel0,2] x[0,1]}. Symmetric multi-layered plate (16 plies).
e Each ply is composed of two phases (one of them “void").
@ A shear load g is applied.

Figure: Approximative flat model.

@ Optimization problem:

min
OeUyq,,€Y

{vion©.g <1},

Z

Figure: Composite test case.

V(0) = V(O)+yP(O), 7 > 0.
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Test case formulation: Composite fuselage skin panel
e O ={zel0,2] x[0,1]}. Symmetric multi-layered plate (16 plies).

e Each ply is composed of two phases (one of them “void").
@ A shear load g is applied.

Z

Figure: Approximative flat model. Figure: Composite test case.

@ Optimization problem:

pmin_ (Vo ©o.9 <1}, 7(0)=v(©0)+1P©), 1 >0,

@ Continuous algorithm: Sequential linear programming.
@ Discrete algorithm: Outer approximation method. 23
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Test case results
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Test case results

o
<

Figure: Initial configuration

’ o ] =
— 5

Figure: Final configuration (45 iter.)
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Topological derivative

Brief overview of the state of the art

*[Sokolowski & Zochowski99]

Theory *[Masmoudi98]

@ Purpose: Measures the sensibility of a cost function J defined on
Q C R? w.r.t. the creation of a virtual inclusion B, of size a << 1

C
C : Physical properties €
C* : Physical properties B,
c*
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Brief overview of the state of the art

*[Sokolowski & Zochowski99]
*[Masmoudiog|

*Bubble method [Schumacher, 1996]

Topology Optimization | *Hard kill method [Nov02]
*Level-set method [Ams04],[Alla05]

*Flaw identification [Bon11],[Guz06]
*Medical imaging [Ammari07]

Theory

Inverse problems

Terme source N, / ‘ ‘
Conditions de Dirichlet .‘I

Figure: Topology Optimization

Figure: Inverse problems [Guz06] .
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Topological derivative

Brief overview of the state of the art

Theory

*[Sokolowski & Zochowski99]
*[Masmoudiog|

Topology Optimization

*Bubble method [Schumacher, 1996]
*Hard kill method [Nov02]
*Level-set method [Ams04],[Alla05]

Inverse problems

*Flaw identification [Bon11],[Guz06]
*Medical imaging [Ammari07]

Criteria

*Energy functionals

*Displacement-based functionals
*Von-mises yield criterion

Novelty of this work

*General anisotropic framework
*Stress-based functionals

27



Topological derivative

The topological derivative in 3D elastostatics

@ Let uy,u be the perturbed and non-perturbed elastic displacements
within €.

- r . .
9 =TpUly D C : Elastic tensor in

L C* : Elastic tensor in B,
7 f,g: Volume & Surface loads
z: Center of B,
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Topological derivative

The topological derivative in 3D elastostatics

@ Let uy,u be the perturbed and non-perturbed elastic displacements
within €.

- r . .
9 =TpUly D C : Elastic tensor in

L C* : Elastic tensor in B,
7 f,g: Volume & Surface loads

z: Center of B,
Iy '9

o where W = {v e H'(;R?)[v=00nTp C N} and uq,u € W are
solutions of:

/Vu: Ca:Vvda::/f-vda;+/ g-vds, YveW,
Q Q I'n

for Co, = C*xp, + C(1 — xp,) and Cy = C, respectively.



Topological derivative

The topological derivative in 3D elastostatics

@ Let uy,u be the perturbed and non-perturbed elastic displacements
within €.

@ The cost function will take the form

J (g, Vug) == / d(x,ug, Vug)dx + O (2, uq, Vug)dz
O\B, Ba

where ¢, ¢* are twice differentiable and 8%(1), afjgb* € 0%, a € (0,1).
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Topological derivative

The topological derivative in 3D elastostatics
@ Let uy,u be the perturbed and non-perturbed elastic displacements
within Q.

@ The cost function will take the form

J (g, Vug) == / d(x,ug, Vug)dx + O (2, uq, Vug)dz
O\B, Ba

where ¢, ¢* are twice differentiable and 8%(1), ijgb* € 0%, a € (0,1).

Definition
Let the cost functional J be and assume that it can be expanded in the
form

J (g, Vug) — J(u, Vu) = a®DJ(2) + o(a®).

Then DJ(z) is called the topological derivative of J at z € Q.
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Topological derivative

How to compute u, for a small inhomogeneity?

Lemma

Consider the auxiliary problem of an inhomogeneity (B, C*) centered at

the origin, embedded in an infinite elastic medium (R3,C) subjected to an
uniform remote strain Vu(z),z € €.

ug : perturbed displacement in R3
u® : unperturbed displacement in R?
u® = Vu(z) - z,z € R?

Suppose that B, = z + al3, then the following near-field development

stands —
& Z) + o(a).

ua:u—i-a(ulg—uoo)(
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Elastic moment tensor (EMT)

@ More generally known as Polarization tensor [Nazarov, 2009].
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Elastic moment tensor (EMT)

@ More generally known as Polarization tensor [Nazarov, 2009].

@ Depends on the geometry B and the elastic law C* of an inclusion
embedded in an elastic medium C.

@ Important ingredient in the computation of the topological derivative.

Definition

Let up denote the perturbed solution of the free-space transmission
problem. The elastic moment tensor (EMT) £ is defined for any value of
Vu(z) as

E:Vu(z) = /B (C*—=C) : Vugdz.
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Topological derivative

Main result

Proposition [Delgado and Bonnet, 2014 (review)]

Suppose B is an ellipsoid. The topological derivative at z of J(ug, Vi)
reads
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Main result

Proposition [Delgado and Bonnet, 2014 (review)]

Suppose B is an ellipsoid. The topological derivative at z of J(ug, Vi)
reads

DJ(z) = =Vp(2):€:Vu(z) + |B|(¢" — ¢)(2, u(2), Vu(2))
+ 04(0" — ¢)(z,u(z), Vu(z)):/Bva(x)da:

+ Q(Z,va(m))dm—i-/Q*(Z,va(a:))da:.
R3\B B
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Main result

Proposition [Delgado and Bonnet, 2014 (review)]

Suppose B is an ellipsoid. The topological derivative at z of J(ug, Vi)
reads

DJ(z) = =Vp(2):€:Vu(z) + |B|(¢* — ¢)(z,u(2), Vu(z))
+ 04(0" — ¢)(z,u(z), Vu(z)):/Bva(x)da:

+ Q(Z,va(x))dm—i-/Q*(Z,va(a:))dx.
R3\B B

@ The function p € W is the adjoint state.
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Topological derivative

Main result

Proposition [Delgado and Bonnet, 2014 (review)]

Suppose B is an ellipsoid. The topological derivative at z of J(ug, Vi)
reads

DJ(z) = =Vp(2):€:Vu(z) + |B|(¢* — ¢)(z,u(2), Vu(z))
+ 04(0" — ¢)(z,u(z), Vu(z)):/Bva(x)da:

I G(z, Vup(x))dz + / G*(z, Vug(z))dx.
R3\B B
@ The function p € W is the adjoint state.

e v = up — u™ represents the free-space perturbation.
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Main result

Proposition [Delgado and Bonnet, 2014 (review)]

Suppose B is an ellipsoid. The topological derivative at z of J(ug, Vi)
reads

DJ(z) = =Vp(2):€:Vu(z) + |B|(¢" — ¢)(2, u(2), Vu(2))

+ 04(¢" — P)(z,u(z), Vu(z)): g Vop(z)dz

+/RS\B (Z,va(x))dm—i—/s 2, Tl ) s

@ The function p € W is the adjoint state.

e v = up — u™ represents the free-space perturbation.

@ The function (respectively ) is defined as

d(z,u(2), Vu(z) +d) — ¢(z,u(z), Vu(z)) — 040(2,u(z), Vu(z)) :d
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Topological derivative

Main result

Proposition [Delgado and Bonnet, 2014 (review)]

Suppose B is an ellipsoid. The topological derivative at z of J(ug, Vi)
reads

DJ(z) = =Vp(2):€:Vu(z) + |B|(¢" — ¢)(2, u(2), Vu(2))

+ 04(¢" — P)(z,u(z), Vu(z)): g Vop(z)dz

+/R3\B (z,VvB(:z:))dm—i—/B 2, Tl ) s

@ The function p € W is the adjoint state.

e v = up — u™ represents the free-space perturbation.

@ The function (respectively ) is defined as
d(z,u(2), Vu(z) +d) — ¢(z,u(z), Vu(z)) — 040(2,u(z), Vu(z)) :d

@ Similar results: [Amstutz et al., 2012], [Schneider and Andra, 2013]. N
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Main result: remarks

@ The choice of B as an ellipsoid allow us to use the following result
[Eshelby, 1957]
Vug = Cst, inside B
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Topological derivative

Main result: remarks

@ The choice of B as an ellipsoid allow us to use the following result
[Eshelby, 1957]

Vug = Cst, inside B

@ The computation of the EMT the follows as
E=|BIC:(C+AC:S)"':AC; S =S5(C,B) : Eshelby tensor.

@ New terms appearing in DJ are due to the dependence of J on Vu,.

@ In particular the evaluation of the term

G(z,Vug(x))dx
R3\B

is numerically expensive to integrate.
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Numerical applications in non-destructive control

@ Objective: Detection of an elastic default or anomaly in an
anisotropic medium.
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Numerical applications in non-destructive control
@ Objective: Detection of an elastic default or anomaly in an
anisotropic medium.

@ Cost functional: Full-field kinematical measurements over a set of
control volumes w C

J(Vug) = /V Ug — 0 Cq: V(ug —u*)de.

@ u, is the virtual perturbed displacement.
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Topological derivative

Numerical applications in non-destructive control

@ Objective: Detection of an elastic default or anomaly in an
anisotropic medium.

@ Cost functional: Full-field kinematical measurements over a set of
control volumes w C €

J(Vug) /V Ug — 0 Cq i V(ug —u")dz.

@ u, is the virtual perturbed displacement.

@ u* corresponds to the measured data.

Q
(w, u*)

Figure: Full-field measurement setting
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Topological derivative

Numerical applications in non-destructive control

@ Objective: Detection of an elastic default or anomaly in an
anisotropic medium.

@ Cost functional: Full-field kinematical measurements over a set of
control volumes w C €

J(Vu,) = /V Ug — 0 Cq: V(ug —u*)dz.

@ u, is the virtual perturbed displacement.
@ u* corresponds to the measured data.

Figure: Full-field measurement setting

@ Some examples: Magnetic resonance elastography [Yuan et al., 2012],

Digital image correlation via X-ray tomography [Bay et al., 1999].
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Numerical applications in non-destructive control

o Let z € Q. Suppose that either a) w = Q or b) z ¢ w:

Q Q

Figure: w =Q Figure: z ¢ w
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Numerical applications in non-destructive control

o Let z € Q. Suppose that either a) w = Q or b) z ¢ w:

Q Q

Figure: w =Q Figure: z ¢ w

@ Then the topological derivative formula simplifies

DJ(z) = —Vp(z): £ : Vu(z)
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Topological derivative

Numerical applications in non-destructive control

o Let z € Q. Suppose that either a) w = Q or b) z ¢ w:

Q Q

Figure: w =Q Figure: z ¢ w

@ Then the topological derivative formula simplifies
DJ(z) = —Vp(z): £ : Vu(z)

@ The goal is to find the places z where DJ attains the most negative
values.
34



Topological derivative

First application: 2D framework, w = (2

@ Objective: Identify each inclusion.

i o g=1
EREERRARRENRRY
52 z3 = (1,7.65)
H=1 B, 2y = (1,0.65) Bs
z1 = (0.3,-0.35)
@ = 0008) —

Figure: Orthotropic medium C (Fy = 0.1, E; = 1,112 = 0.3, G12 = 0.03) with
three inclusions: By, Bs are softer (C* = 0.5C) while By is harder (C* = 2C).



Topological derivative

First application: Results

Figure: Values of DJ using as test
material C* = 0.5C.

Isovaluc
H-1.0
m-0.5
o 0.0

Figure: Values of DJ using as test
material C* = 2C.
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Topological derivative

Second application: 3D composite framework, w C €2

@ Objective: Detect the failure point

2.4 %1071
1.8 x 101

1.2:x1071

1.3x10-3

Figure: Multi-layered cube made of  Figure: Elastic displacements after the
three orthotropic materials application of the loads g1, g.
C1,Cs,C3. Failure point
C*=10"°xC
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Topological derivative

Second application: Results

Figure: w = U{w; }i=1,... 4.

: D.J iso-surfaces around its minimum value —1.3 x 1073,
Gray: Show the correct location of the failure point.
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Topological derivative

Second application: Results

Figure: w = U{w; }i=1,... 729-

: D.J iso-surfaces around its minimum value —6.9 x 1072,
Gray: Show the correct location of the failure point.
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Outline

@ Conclusions and perspectives
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design in industry via the level-set technology.
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Conclusions and perspectives

Conclusions
@ This thesis was set as an exploratory work to ameliorate composite
design in industry via the level-set technology.

@ The level-set method was extended to a multi-phase & multi-layered
composite framework.

e Various approximations of the shape derivative (sharp, smeared &
discrete) were given in an anisotropic multi-phase framework.

@ The topological derivative for anisotropic materials was studied for a
large class of criteria.
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Conclusions and perspectives

Perspectives
@ Enrich the composite problem with a more realistic shell model &
other manufacturing constraints for industrial applications.

@ Introduce the topological derivative in the topology optimization loop
of the level-set algorithm.

@ Perform a robustness and sensitivity analysis of the topological
derivative for non-destructive control.

@ Extend the computation of the topological derivative to an
elastodynamic framework.
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Thank you for your attention!
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Communications
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Mutli-phase structural optimization via a level-set method. ESAIM:
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e M. BONNET, G. DELGADO. The topological derivative in
anisotropic elasticity. Quarterly Journal of Mechanics and Applied
Mathematics (2013).

o G. DELGADO, M. BONNET. The topological derivative of
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(2014).

o G. ALLAIRE, G. DELGADO. Stacking sequence and shape
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preparation (2014).
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