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Résumé. Cette thése présente I’étude de divers problémes mathématiques en modélisation
des solides, tant & 1’échelle atomique qu’a I’échelle macroscopique. Les modéles correspon-
dants sont trés simplifiés, mais présentent tout de méme des comportements qualitatifs
acceptables, et permettent, du fait de leur simplicité, de pousser ’analyse mathématique
plus loin que dans le cas de modéles plus réalistes.

Une premiére partie (chapitres 2, 3, 4) est consacrée a ’étude de 'origine de la struc-
ture cristalline. Ce probléme peut étre posé de la facon suivante : les modeéles étudiés ici
rendent-ils compte du fait qu’a température nulle, la matiére est ordonnée? ou, de fagcon
équivalente, I’état de minimum d’énergie de N atomes identiques ressemble-t-il, pour N
grand, a une structure périodique? Ce type de probléme est relié au probléme de limite
thermodynamique, dont certains aspects sont également étudiés ici.

Dans un deuxiéme temps, nous étudions au chapitre 5 le cas ol précisément, la matiére
n’est pas ordonnée : dans le cas d'un systéme périodique, il est possible de définir I’énergie
du systéme pour les modeles utilisés ici par le processus de limite thermodynamique. Nous
étudions ce méme processus dans un cas non-périodique, donnant des hypothéses générales
qui permettent de mener 3 bien une telle étude.

Les chapitres 6 et 7 sont consacrés a 1’étude du lien possible entres des théories macrosco-
piques des solides et ces modéles microscopiques, le premier dans le cas de comportements
mécaniques, le deuxiéme dans le cas du comportement en présence d’un champ électrique.
Enfin, le dernier chapitre présente une bréve introduction & certaines techniques utilisées
en numeérique des solides, pour des modéles beaucoup plus élaborés que ceux des chapitres
précédents.

Abstract. We investigate in this thesis various mathematical problems in solid-state mod-
elling, at the atomic scale as well as the macroscopic one. The models we use here are
highly simplified (compared to standard quantum models), but exhibit acceptable quali-
tative behaviours. In addition, their simplicity allows one to go further in their rigourous
mathematical analysis.

The first part (chapters 2, 3, 4) is devoted to the study of the origin of crystalline symmetry.
This problem may be stated as follows: do the models we study here account for the fact
that at zero temperature, matter is ordered? or, equivalently, does the ground state of N
identical atoms converge to some periodic structure as N goes to infinity? This kind of
problem is related to the problem of thermodynamic limit, which is studied here in some
particular cases.

In a second part, we study the case when matter does not show any order: if the system
is periodic, the definition of its energy for the models we use here is possible through the
thermodynamic limit process. We study it in the case when the system is not periodic,
and give general hypotheses allowing to carry out the corresponding study.

In chapters 6 and 7, we study the possible link between these microscopic models and
macroscopic solid-state theories, for mechanical features in the first case, and for electro-
static ones in the second. Finally, the last chapter presents numerical technics in use in
the modelling of electronic structure in solids.
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Chapitre 1

Introduction et présentation des
résultats

Depuis une vingtaine d’années, les problémes mathématiques de la chimie quantique
ont fait une entrée (d’abord timide, mais qui prend progressivement de ’ampleur) dans le
paysage des mathématiques appliquées francaises. En témoignent diverses théses soutenues
sur ce type de sujet [3, 5, 13, 18, 19, 35].

Cette thése se situe dans le prolongement de ces derniéres, avec une dominante théo-
rique, bien que certains aspects numériques soient étudiés au chapitre 8. Une deuxiéme
spécificité consiste dans le fait que nous nous intéresserons ici exclusivement a des modéles
de chimie quantique des solides, donc en particulier & des systémes comportant une infinité
de particules.

Les problémes évoqués ici sont essentiellement de deux types : d’'une part, dans les
chapitres 2, 3, 4, nous nous intéressons a l’origine de la structure cristalline : pourquoi les
solides observés dans la nature sont-ils le plus souvent ordonnés? Le mot “ordonné” sera
traduit ici par “périodique”, bien que ce dernier ne recouvre pas la méme généralité. D’autre
part, le deuxiéme type de questions, évoquées aux chapitres 6, 7, peut se poser sous la forme
suivante : de ces modéles de chimie quantique, donc microscopiques, peut-on déduire pour
les solides considérés des propriétés macroscopiques, telles que le comportement mécanique
ou électrique d’un échantillon cristallin? Ce type de probléme est intimement lié a la
notion de limite thermodynamique, qui consiste en un passage & la limite pour déduire
d’un modéle comportant un nombre fini de particules le modéle équivalent pour un nombre
infini de particules. Ce procédé est (relativement) aisé dans le cas ou la périodicité de cette
infinité de particules est supposée. Toutefois, celle-ci n’est pas toujours démontrée, ni méme
physiquement acceptable. C’est pourquoi le chapitre 5 est consacré a I’étude de ce probléme
de limite thermodynamique dans un cadre non périodique.

Avant de présenter les résultats de cette thése dans les sections qui suivent, nous dé-
finissons dans la section 1 les modéles que nous utiliserons dans la suite. Notons que ces
modéles, bien que trés rudimentaires du point de vue physique, présentent ’avantage de
permettre un traitement mathématique plus complet, tout en gardant certaines propriétés
qualitatives acceptables.
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1 Description des modéles : Thomas-Fermi et Thomas-Fermi-
von Weizsicker

Nous donnons dans cette section un bref apercu des modéles que nous utilisons dans
la suite, et de leur lien avec des modéles plus élaborés, tels que par exemple ’équation de
Schrodinger. Pour plus de détails sur ces liens, nous renvoyons a [5] et aux références qui
y sont citées, ainsi qu’aux ouvrages de référence de chimie, tels que [23, 29, 28, 24].

1.1 Une approximation de I’équation de Schrédinger
1.1.1 L’équation de Schrédinger

Considérons un systeme composé de N électrons de positions z;, et M noyaux, de
positions Xj. La mécanique quantique décrit ce systéme par sa fonction d’onde ¢ =
o(z1,...xn,X1,...,Xn). Nous négligeons ici les variables de spin par souci de clarteé,
bien qu’il soit facile d’adapter ce qui va suivre pour prendre en compte ces variables sup-
plémentaires. En ne considérant que les interactions électrostatiques, ce qui constitue une
bonne approximation & 1’échelle moléculaire, I’hamiltonien du systéme est alors :

M
1
= _Z% X — Z Ag; — sz %

=1 k=1
7.7,
+5 (1)
;;W —$9| ;%pﬁc—)ﬂ

ol my, est la masse du noyau k et Z; sa charge, dans un systéme d’unités dit atomique,
qui vérifie en particulier :

me et e étant respectivement la masse et la charge d’'un électron, et gy la permittivité
diélectrique du vide. Notons que dans le cas ol le systéme n’est pas isolé, vient s’ajouter
dans (1) un terme traduisant U'interaction du systéme moléculaire avec son environnement,
par exemple un potentiel extérieur Vet . Les électrons étant des fermions, la fonction d’onde
est supposée antisymétrique par rapport aux variables z;, ce qui signifie que pour toute
permutation o de I’ensemble {1,...,N},

(P('Ta(l)a' . .ZEU.(N),Xl,. .. ,XM) = 6(0’)(,0(.771,....’13]\7,)(1, PN ,XM),

e(o) étant la signature de o. De plus, la fonction d’onde ¢ est supposée étre de carré
sommable, car la fonction |p|? est interprétée comme une densité de probabilité de présence,
donc doit étre normalisable. Ceci se traduit par le fait que 1’espace fonctionnel auquel
appartient ¢ est donc :

N
"=\ L*(R?C)® L*(R*,C).
=1
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Nous nous intéresserons a [’état fondamental du systéme (bien entendu, il est possible
d’étudier la dynamique d’un tel systéme, mais ce n’est pas notre propos), c’est-a-dire la
solution du probléme :

inf{«o,Hw, o, ||so||H=1}. @

La quantité (p, Hyp) est physiquement interprétée comme ’énergie du systéme. Le pro-
bléme de minimisation (2) revient donc a trouver I’état de minimum d’énergie. On peut
également s’intéresser (nous ne le ferons pas ici) aux états stationnaires de cette fonction-
nelle d’énergie, c’est-a-dire aux vecteurs propres de H :

Hy = Eop. (3)

Les solutions de (2) sont en particulier des solutions de (3), avec E le plus petit possible.
Les autres états stationnaires sont dits excités.

En fait, le probléme (2) n’admet pas de solution dans le cas d’un systéme isolé, du
fait de 'invariance par translation de H (voir [34]). Il faut donc briser cette invariance
par translation, par exemple en fixant le centre de masse du systéme. L’approximation de
Born-Oppenheimer, que nous détaillons ci-dessous, est également un moyen de briser cette
invariance.

1.1.2 L’approximation de Born-Oppenheimer

Le probléme (2) est posé sur un espace difficile & décrire, et il est parfois nécessaire de le
simplifier. C’est le cas en particulier quand on désire calculer numériquement les solutions
de (2), mais également dans certains cas d’étude théorique ot une description trés précise
des solutions est nécessaire.

Une premiére simplification consiste & considérer que, comme les noyaux sont nette-
ment plus lourds que les électrons (de trois ordres de grandeur au moins), ils peuvent
étre traités comme des particules classiques. C’est ce qu’on appelle ’approximation de
Born-Oppenheimer. Cette intuition peut étre justifiée rigoureusement, au sens ol quand le
quotient z; des deux masses tend vers 0, la dynamique associée a I’hamiltonien H converge
en un certain sens vers celle ol I’on a remplacé les noyaux par des particules classiques
[17]. Dans ce cas, on obtient un hamiltonien électronique, qui s’écrit :

1
22% sz SARE sz—xﬂ 4)

=1 k=1 =1 j#i

et le systéme est décrit, dans son état fondamental', par (X1,... Xp) € (R})M et 9 €
/\Z-]\i1 L?(R3, C), I'énergie totale s’écrivant :

E({Xxh<k<m,¥) = (4, Heyp) + Z |XZk_ZlX| (5)
22 Xk — X

!dans le cas dynamique, on doit rajouter la vitesse des noyaux.
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On peut alors séparer la recherche du fondamental en deux étapes : le probléeme électro-
nique d’une part, qui consiste a minimiser (5) par rapport a 9, les X}, étant fixés (notons
que dans ce cas, I’hamiltonien électronique a effectivement un fondamental, tout au moins
pour les systémes neutres ou chargés positivement, car le potentiel engendré par les noyaux
brise l'invariance par translation, et qu’il est en fait confinant [33]). La fonction qui aux
X}, associe ce minimum constitue alors une fonctionnelle d’énergie dont on peut chercher
un éventuel minimum : c’est le probléme de 1'optimisation de géométrie.

Cette premiére approximation simplifie le probléme, mais espace He = A, L*(R?, C)
reste trés complexe, et le probléme électronique doit encore étre approximé. Pour cela, deux
approches sont essentiellement utilisées. La premiére, dite de Hartree-Fock, consiste a utili-
ser un sous-espace de H, que ’on espére représentatif, plutot que H, lui-méme. La seconde,
appelée fonctionnelle de la densité, consiste tout simplement & changer d’inconnue : au lieu
de considérer I’énergie comme une fonction de 1, on la considére comme une fonction de
la densité d’électrons py (), définie par

py(z) =N [ (x, 2, ..., zN)[Pdzodzs . .. dzy. (6)
(RS)N—I

1.1.3 Le modéle de Hartree-Fock

Le modéle de Hartree-Fock consiste a construire la plus simple fonction d’onde électro-
nique antisymétrique (i.e appartenant a H.) a partir de N fonctions d’ondes individuelles
¢; € L*(R?). Ceci consiste & écrire le produit antisymétrisé des ¢;, c’est-a-dire :

N
1
Y(T1, T2, - - Z il;[lébi(wa(i)) i det(¢i(z;)), (7)

JESN

ou Sy est le groupe symétrique d’ordre N. Le facteur ﬁ est présent pour assurer la

normalisation de 1, dans la mesure ol les ¢; sont également normalisées. L’expression (7)
est appelée déterminant de Slater. Elle est invariante si I’on multiplie le vecteur (¢1, ... ¢n)
par une matrice unitaire, et I’on peut donc se restreindre au cas ou ces fonctions sont
orthonormées, donc a ’espace

Hr = {(¢i)1§i§Na ¢z € L2(R3), ¢17¢] = Z]} (8)

L’énergie électronique devient alors :

N
(W, Hey)) = %Z/ Vil - Zz/azﬁlqim

=1 k=1

¢ (=) 185 ()
SRS [ P

|SN ¢iz)o S,
/Rs/Rs |z — yl e
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ou ¢* désigne le complexe conjugué de ¢. Le probléme électronique consiste alors & mini-
miser cette énergie sur 'espace Hp. Ceci conduit & une systéme de N équations d’Euler-
Lagrange qui s’écrit :

N
Foi=> Xijdj,
=1

ou la matrice A = ();;) est le multiplicateur associé aux contraintes d’orthogonalité pré-
sentes dans la définition de Hp, et est donc hermitienne. L’opérateur F' est I’opérateur de
Fock :

_ o Z |¢z )
(FO) = 3800 gm—xu *Z/ ey

N

R® Ix—m

En diagonalisant la matrice A des multiplicateurs, et en notant U la matrice de passage
correspondante, on obtient alors, en posant (1;) = U(¢;), les équations de Hartree-Fock :

Fi; = €1;.

Ces équations sont non-linéaires, non locales, et fortement couplées, ce qui implique un
traitement mathématique difficile (voir [5, 22, 20]). Notons que les quantités &; sont les N
plus petites valeurs propres de 'opérateur de Fock F.

Ce modéle est beaucoup utilisé dans les simulations numériques actuellement, éventuel-
lement amélioré (par exemple en élargissant I’espace grace a 'utilisation d’une combinaison
linéaire de déterminants plutdét qu’un seul, mais ce n’est pas la seule méthode). Le cha-
pitre 8 donne un apercu rapide des méthodes correspondantes dans le cas de solides.

1.1.4 La théorie de la fonctionnelle de la densité

L’approximation de type fonctionnelle de la densité (en anglais DFT, pour Density
Functional Theory), consiste & utiliser comme inconnue, non plus la fonction d’onde élec-
tronique 1, mais la densité p définie par (6). Bien entendu, il n’est pas clair que I’énergie
s’écrive comme une fonction de p. C’est ’objet du théoréme qui suit, établi par Hohenberg
et Kohn en 1964 :

Théoréme 1.1 (Hohenberg et Kohn, [16])
(a) Soient deuz potentiels extérieurs Vi et Vs, et soient Hy et Hy les hamiltoniens de N
électrons respectivement dans ces deuz potentiels (H, = —% DAL+ Ei;ﬁj m +
Vp), dont on suppose qu’ils admettent des états fondamentauz 11 et 1pa. Soient pj =
py; les densités électroniques correspondantes, définies par (6). Si p1 = po, alors
Vi — V4 est constant.
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(b) II existe une fonctionnelle F, définie sur l’ensemble des densités électroniques pos-
sibles, et indépendante de Vi, telle que la densité de l’état fondamental de [’hamilto-
nien Hq ci-dessus soit solution de :

inf{f(p)+/ Vi, peI'R®), p>0, /pzN}.
R3 R3

Ce théoréme donne une justification théorique & la stratégie de la fonctionnelle de la
densité, dans le cas de la recherche du fondamental. Ce n’est pas le cas en revanche pour la
recherche des états excités ou a fortiori la dynamique, bien que les résultats correspondants
soient en général physiquement acceptables [29, 24]. De plus, la valeur de ce théoréme n’est
que théorique. En effet, elle assure l'existence d’une fonctionnelle F, mais sans donner le
moindre moyen de la calculer ni de 'approcher. Ainsi, tous les calculs correspondant &
cette théorie utilisent une fonctionnelle F plus ou moins empirique. Nous ne détaillerons
pas ici les fonctionnelles standard, renvoyant & [5] et aux références qui y sont citées pour
plus de détails.

Un cas particulier de fonctionnelle F est la fonctionnelle de Thomas-Fermi, qui, bien
qu’antérieure au théoréme de Hohenberg et Kohn, procéde d’une démarche similaire. Elle
contient un terme d’approximation de ’énergie cinétique d’une part, et un terme d’inter-
action électrostatique des électrons avec eux-mémes d’autre part :

Flp) = CTF/R3 PP+ %/RC” /R3 %dxdy, (10

ou C'rr est une constante strictement positive. Cette approximation de ’énergie cinétique
est valable dans le cas de densités p imporantes, mais ne variant pas trop vite (ceci peut
étre justifié mathématiquement dans certains cas [21, 4]). Certaines améliorations peuvent
étre apportées, en particulier ’ajout du terme de von Weizsicker, donnant la fonctionnelle
de Thomas-Fermi-von Weizsacker :

Flp) = Crr /R Pt /R VAP + /R 3 /R 3 —pg)_p(y_?/') dvdy (11)

ol a > 0. Notons que ce modéle peut également étre vu comme le premier ordre du
développement en puissances de /i (qui vaut 1 dans notre systéme d’unité, mais qui est en
fait présent en facteur de ’énergie cinétique) de ’énergie cinétique d’origine. En fait, le
terme en puissance est une approximation valable pour N grand (& volume fixé), et le terme
en gradient est exzact dans le cas contraire, ¢’est-a-dire N = 1. Ces modéles de type Thomas-
Fermi sont trés peu utilisés pour les calculs, car trop rudimentaires. Néanmoins, une forme
corrigée de la fonctionnelle TFW peut donner des résultats relativement satisfaisants [6].
Les constantes a et Ctp n’ont pas ici beaucoup d’importance, et nous les fixerons égales &
1.
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1.2 Notations

Dans la suite, nous nommerons énergie TF 1’énergie totale de Thomas-Fermi, c’est-a-

dire
E™(p,{Xi}) = / Z/Rg |x_X|d S /R3/R3 Ix—yl
Z |X X il 1

z;e]

et énergie TFW I'énergie totale de Thomas-Fermi-von Weizsdcker :
TFW . _ 5/3 4 2
S W Z/ |x_X|
d dy + - 13
3 o Jo B Z|X ST

Dans (12) et (13), X; et Z; désignent respectivement la position et la charge du noyau .
Dans les deux cas, on note ETF(W)({X;}) ’énergie minimale par rapport & p, i.e I'énergie
de la solution du probléme électronique :

B (X)) = int{ E™ (0, {X:}), p > 0, p € I' N IP(RY), /

Rsp:N}, (14)

ETV({X;}) = inf{ BTV (p, {X}), p > 0, p € H'(R?), / p=N}. (15
RS

F(W

Enfin, nous noterons I ) les problémes d’optimisation de géométrie correspondants :

ITF = inf{ETF({Xi}), X; ¢ R3}, (16)
IIFW inf{ETFW({Xi}), X; € R3}, (17)

1.3 Propriétés mathématiques
1.3.1 Le cas moléculaire

Nous rappelouns ici les propriétés mathématiques connues des modeles TF et TFW. La
premiére chose est que sous une condition liant la charge totale des noyaux Z = )_ Z; et
le nombre N d’électrons, les problémes électroniques admettent une unique solution. Ceci
est essentiellement di & la stricte convexité (par rapport a p) de ces modeles. Ces résultats
sont démontrés dans [21] pour le cas TF, et dans [2] pour le cas TFW. Nous regroupons
ces deux résultats dans les théorémes suivants :
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Théoréme 1.2 (Etat fondamental TF, Lieb et Simon [21])

(i) Soient {Xi}1<i<m M wvecteurs de R® deuz & deuz distincts, et soient {Z;}1<i<m
M

des entiers positifs. Alors, si N < ZZZ-, le probléme électronique TF (14) admet
i=1
une unique solution p > 0. Cette solution est & support compact, sauf dans le cas
M M

neutre N = Z Zi. St N > ZZi, ce probléme n’a pas de solution.
i=1 i=1

(i) Dans le cas neutre (N = Z Z;), le probléme d’optimisation de géométrie TF (16)
=1
n’admet pas de solution. Plus précisément, ce minimum n’est atteint que lorsque les
X; sont a linfini les uns des autres.

La partie (ii) de ce théoréme est connue sous le nom de lemme de Teller, ou propriété de
“no binding”. Elle affirme en particulier que les molécules ne sont pas stables pour le modéle
TF. A ce premier aspect non physique du modéle s’ajoute le fait que la densité devient
infinie au voisinage des noyaux (p se comporte comme m), alors qu’elle reste finie
dans le cas de solutions de 1’équation de Schrodinger, et le fait qu’elle décroit (dans le cas
neutre) comme une puissance a 'infini, alors que la décroissance devrait étre exponentielle.
Notons également que la propriété (i) implique la non-existence d’ions négatifs. Ces aspects
non physiques sont (au moins qualitativement) corrigés par la présence du terme de von
Weizsédcker. Nous avons en particulier :

Théoréme 1.3 (Probléme électronique TFW, Benguria, Brézis et Lieb, [2])

Soient {X;}1<i<m M vecteurs de R® deuz a deuz distincts, et soient {Z;}1<i<mr des entiers
M

positifs. Alors il existe A, > Z Z; tel que :
i=1
- Si N < X, alors le probléeme électronique TFW (15) admet une unique solution.
Cette solution est strictement positive.
- 81t N > X, alors ce probléme n’a pas de solution.

Le probléme d’optimisation de géométrie TFW a été étudié dans [10] :

Théoréme 1.4 (Optimisation de géométrie TFW, Catto et Lions [10]) Dans le
M

cas neutre N = Z Z;, le probléme d’optimisation de géométrie TFW (17) admet au moins
i=1
une solution.

Les équations d’Euler-Lagrange des problémes électroniques TF et TFW s’écrivent :

—A¢+( (¢ —0) ) —47TZZ<5X

3/2
dans le cas TF, ol p = (%((ﬁ — 0)+) , 0 est le multiplicateur associé a la contrainte de

masse, et la partie positive traduit la contrainte p > 0. Dans le cas TFW, posant u = ,/p,
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nous avons

—Au+§u7/3— (%L—UZ*i—Fﬁ)u:O
' T\ T ’

ol @ est le multiplicateur associé a la contrainte de masse. Cette équation peut également
se réécrire comme

5
—Au + §u7/3 — ¢u =0,

M
—A¢ =4nw (Z Zj(SXj — u2>.

j=1

1.3.2 Le probléme de limite thermodynamique

Les propriétés rappelées ci-dessus concernent des modéles moléculaires. Nous allons
maintenant voir comment de tels modéles peuvent étre généralisés au cas de solides cris-
tallins. Pour toute la suite nous ne considérerons que des systémes neutres.

Nous supposerons que le solide considéré est un cristal parfait, c’est-a-dire que les
noyaux atomiques sont répartis sur un réseau périodique £. Une méthode pour déduire du
modéle moléculaire le modéle des solides correspondant est de considérer un nombre fini N
d’atomes, dont les noyaux sont répartis sur un sous-ensemble A du réseau £, de résoudre le
probléme électronique (neutre) correspondant, puis de passer a la limite N — 400, avec
la contrainte que A remplisse (en un certain sens) le réseau £.

Pour simplifier, nous supposons que tous les atomes sont identiques, bien qu’il soit
possible de généraliser au cas de plusieurs types d’atomes; également par souci de clarté,
nous supposons que leur charge est égale & +1, la généralisation étant 1a aussi facile. En
termes mathématiques, ceci se traduit comme suit : soit une suite d’ensembles A,, C ¢
telle que U A, = £. Considérons la densité électronique correspondante py, , solution de

neN
(14) dans le cas TF, de (15) dans le cas TFW, avec N = |A,| égal au cardinal de A,, (cas

neutre). La question est alors :
ETF(W)(An)

[An]
trement dit quand n — 00) ?

(ii) la densité py, converge-t-elle également vers un certain pg ?

(iii) la densité p, est-elle f-périodique, et peut-elle étre caractérisée comme solution
d’un probléme variationnel £-périodique du méme type que le modéle moléculaire
d’origine 7

Ces questions ont été étudiées dans [21] pour le cas TF, et dans [8, 9] pour le cas TFW.

Dans les deux cas, sous réserve d’hypotheéses techniques naturelles sur la convergence de
A vers £ (revenant a supposer essentiellement que le “bord” de A est négligeable devant sa
partie intérieure), nous avons :

(i) lénergie par particule a-t-elle une limite ETFW)(¢) quand A,, — ¢ (au-

Théoréme 1.5 (Limite thermodynamique TF et TFW, [21, 9]) Les questions (i)-
(ii)-(ii1) ci-dessus admettent des réponses positives dans le cadre TF et dans le cadre TFW.
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De plus, Uénergie ETFW)(£) admet la forme suivante :

E™ W (0) = inf{ T (p,0), peH; ™, p>o, / p=1f, (18
Q)

avec HyE = L3(Q)), HIFV = H}o.(Q(€)) (ensemble des fonctions de H'(Q(L)) £-
périodiques), Q(f) étant une cellule unité du réseau €. L’énergie ETFW)(.,0) sécrit :

ETF(W)(p’e) — / p5/3 (+/ |V\/_|2) / Gup

/Q . / 2)Ge(z — y)ply)dedy, (19)

le potentiel d’interaction Gy étant une version £-périodique du potentiel Coulombien ‘?1‘, a
savoir la solution de
-AGe = (Y 6) -
kel (20)

1
lim (Ge() ~ =) = 0.
Il est & noter que ce résultat consiste essentiellement a passer a la limite dans I’équa-
tion d’Euler-Lagrange du probléme électronique et & démontrer ’unicité de la solution de

I’équation limite a savoir (u = /p) :

—Au + gu”?’ —u¢p =0,

“A¢= 47r(2 5;— u2), (21)
jel

u > 0.

2 Optimisation de géométrie et “Crystal problem”

2.1 Optimisation de géométrie périodique

Les modéles de solides décrits dans la section précédente permettent d’associer & un
réseau £ une énergie ETF(W)(£). Une question naturelle est I’existence d’un éventuel mini-
mum & cette fonctionnelle d’énergie dans 1’ensemble des réseaux. Cette étude fait 1’objet
du chapitre 3, dont le résultat principal est le suivant :

Résultat 1 (Optimisation de géométrie périodique, X. B. [P3]) Notons I"TF(W) e
probléme de minimisation suivant :

TEEW) = inf{ETF(W) ), te £3(R3)}, (22)
ot ETFW)(¢) est définie par (18), et L3(R3) est l’ensemble des réseaus de R3.

Dans le cas TFW, ce probleme a au moins une solution. Dans le cas TF, ce probléme n’a
pas de solutions, et le minimum n’est atteint que lorsque tous les noyaux se sont infiniment
éloignés les uns des autres.



2- Optimisation de géométrie 21

Remarquons que ce résultat est similaire au cas moléculaire : on peut l'interpréter
comme un résultat de “binding” (dans le cas TFW) ou de “no-binding” (dans le cas TF)
des cristaux : les cristaux périodiques sont stables pour le modéle TFW, instables pour le
modéle TF.

La démonstration de ce résultat pour le cas TFW repose sur ’étude des suites mini-
misantes du probléme (22). Nous montrons dans le chapitre 3 qu’elles sont bornées, donc
compactes, car la variété des réseaux périodiques de R? est de dimension finie. Supposons
par exemple que l'on se restreigne au cas de réseaux rectangulaires (la généralisation aux
réseaux quelconques n’étant en fait qu'un probléme technique), c’est-a-dire aux réseaux du
type £ = R1Zey + RoZey + R3Zes, ot (e1,e2,e3) est la base canonique de R3. On peut de
plus supposer sans perte de généralité que 0 < Ry < Rs < Rj3. Une suite minimisante de
cette forme peut alors avoir essentiellement quatre comportements :

(a) Ry — +00;

(b) Ry — +o00 et Ry converge (& extraction pres);

(c) R3 — 400 et Ry et Ry convergent (& extraction prés);

(d) £ est compacte.

F1G. 1 — Le comportement (¢) (R3 — 00) décrit ci-dessus.

Pour montrer que les trois premiers cas ne peuvent se produire, nous étudions la li-
mite de ’énergie dans chacun des cas, et montrons que la convergence a lieu par valeurs
inférieures. Par exemple dans le premier cas, on comprend aisément que I’énergie converge
vers 'énergie atomique TFW, c’est-a-dire (17) avec M =1, X; =0, N = Z; = 1. Une
étude treés fine de la solution de ce probléme, et en particulier de sa décroissance & 'infini,
permet alors de conclure que la limite a lieu par valeurs inférieures, ce qui exclut ce premier
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cas. Pour exclure de la méme facon les autres cas, nous sommes donc amenés a étudier les
problémes limites correspondants, que nous appelons modéle de polyméres dans le cas (b)
puisque les atomes sont répartis périodiquement sur une droite, et modéle de film mince
dans le cas (c) puisque les atomes sont répartis périodiquement dans un plan. C’est 'objet
du chapitre 2, qui présente un processus de limite thermodynamique pour justifier puis
étudier ces modeles. Ici encore, & des hypothéses techniques prés (qui sont précisées au
chapitre 2) sur la facon dont on fait tendre I’ensemble des positions des noyaux vers le
réseau correspondant, nous avons :

Résultat 2 (Limite thermodynamique : polyméres, X. B., C. Le Bris [P1])
Pour tout réseau périodique £ = aZ de dimension 1, les questions (i), (ii), (iii) ci-dessus
admettent des réponses positives, et la densité limite py est solution du probléme :

BV (@) =inf{E™V(0,6), p>0, Vb€ Hp(Q),

og2 +lahp e '@, [ =1}, @)

1
B0 = [ ovala [ o0 [ g [ @G - v)pt)dody
Q) Q) Q) (JORZO

Q) = {tatz, —% <i< % z e {a)'}.

Gy est ici le potentiel d’interaction coulombienne associé au réseau £, i.e 'unique solution
de :

_AGZ = Z 5/60,,
kEZ

lim (Ge(.’v) - ﬁ) =0, (24)

2
Gy(z) ~ Tl log|z'| quand |z'| = oo,

ouzr =z NL.
la]

Résultat 3 (Limite thermodynamique : films minces, X. B., C. Le Bris [P1])
Pour tout réseau périodique £ = aZ + bZ de dimension 2, les questions (i), (ii), (i) ci-
dessus admettent une réponse positive, et la densité limite py est solution du probléme :

inf{ETFW(p, 0, p>0, peH.L(QU), |zlpe Ll(Q(e))}, (25)
ETFW () 0) = V.52 5/3 G 1 Gl — dndy
o= [ rwvete [ o[ ey [ ] s vty

QO ={tat st t,se[—%,%), v e {0},
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le potentiel Gy étant l'unique solution de :

—AGr = Okatsbs
k,jEZ

lim (Ge(w) — m) =0, (26)

2T
Gg(l') ~ _la A bl |$”|

quand|z”| — oo,

aAb
lanb|*

ot x'" est défini par : x" =z -

Les résultats 2 et 3 sont également vrais pour le modeéle TF.
Remarquons que la preuve du Résultat 2 utilise le résultat suivant, également démontré
dans le chapitre 2 :

Résultat 4 (X. B., C. Le Bris, [P1]) Soit 1 une mesure positive sur R3, périodique en
la troisieme variable x3, de période 1, et telle que :

(a) Supp u est compact en (x1,x2),

(b) 0 < p({Jz3] < 1}) < oo.
Alors le systéme

CAut 3T g =0,
—A$ = d(p —u?), (27)
u >0

. . 7/3
admet une unique solution (u,¢) € (L2 . NL / )(R3) x L}

- 1 (R3). De plus, cette solution
est x3-périodique de période 1, et vérifie :

u€ L®R?), ¢ecIf (R®, Vp<3.

unif

(O rappelle. que I2,(9) = {f € To(®),  subyeq |fllzr@n @) < o0}

En effet, ce systéme d’EDP est & la fois I’équation d’Euler-Lagrange du probléme (23)
et la limite des équations vérifiées par le couple (up, ) solution du probléme fini. Des
bornes naturelles sur (up, ¢a) permettent d’obtenir la compacité de cette suite, puis de
passer & la limite dans 1’équation d’Euler-Lagrange dont elle est solution. Par unicité, on
en déduit la convergence de toute la suite, et le fait que la limite est solution du probléme
convexe (23). Et bien qu’un tel théoréme ne soit pas disponible dans le cas des films minces,
des techniques similaires permettent de démontrer un résultat plus faible mais qui suffit &
démontrer le résultat 3.

2.2 Le “Crystal problem”

Jusqu’a ce point, nous avons posé la périodicité comme une donnée exogéne de notre
probléme. La question se pose également de savoir si cette périodicité est inscrite d’une
fagcon ou d’une autre dans le modéle que nous étudions. Autrement dit, considérant la
solution du probléme d’optimisation de géométrie pour N atomes identiques, les positions
des noyaux tendent-elles & remplir un réseau périodique quand N tend vers 'infini ?
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F1G. 2 — L’ensemble A et la cellule unité Q@ = Q(£) dans le cas des polymeéres (a gauche)
et des films minces (& droite).

Physiquement, cela correspond & se demander pourquoi la matiére est cristalline &
température nulle?. Ce probléme est identifié par les anglophones par le terme “crystal
problem”. Méme pour des modéles trés simples comme des interactions & deux corps, ce
probléme n’est essentiellement résolu qu’en dimension 1 [15, 36, 26, 27, 30, 32|, ou en
dimension 2 pour des cas trés particuliers [31].

Nous avons donc commencé par poser ce probléme pour le modele TEFW en dimension
1. Le résultat suivant est démontré dans le chapitre 4 :

Résultat 5 (“Crystal problem” en dimension 1, X. B., C. Le Bris, [P4]) Soit
(o, {XN Yi<i<n) une solution du probleme IFV d’optimisation de géométrie TFW (17)

en dimension 1, avec Z; =1 et M = N. Alors nous avons :
ITFW . . e
converge vers la valeur du probleme d’optimisation de géométrie pério-

— la suite

; TEW |
dique Ing ™ ;
— 1l existe une suite i d’indices telle que

(a} 1m iN N—1>I4I-loo( iN) = +00;

(b) Il emste un réseau £ = RZ solution du probléme d’optimisation de géométrie
périodique (22) tel que, notant pg la densité électronique associée, on ait :

Vj € Z, hm xN .. — XN =R,

iN+j IN

. N N
VK  compact, Ngaf_loo lon (- = XiN) — pe(- — XiN)HL‘X’(K) =0.

Notons que pour ce modéle mono-dimensionnel, il est nécessaire dans I’expression de
I’énergie de remplacer le Coulombien de dimension 3 ﬁ par celui de dimension 1, & savoir
—%|w|, et d’adapter de facon similaire la définition de Gy. Tout ceci est précisé dans le
chapitre 4. La démonstration de ce résultat est essentiellement basée sur le théoréme de
Cauchy-Lipschitz (ce qui explique qu’elle n’est pas du tout adaptable telle quelle aux cas de

2Rappelons que dans tous les modéles évoqués ici la température est nulle.
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dimension supérieure). En effet imaginons que nous soyons dans le cas TF2. La solution du
probléme d’optimisation de géométrie vérifie alors les équations d’Euler-Lagrange associées,
qui s’écrivent, & des coefficients prés que nous ne précisons pas ici,

N
P+ 9% = Z OxN
=1
/ N + 1 ! N — 1
¢n(Xim ) =5 en(Xi T) =3,
ol ¢y = p}\{a est le potentiel électrostatique total du systéme, et « un réel fixé. La premiére
équation traduit 'optimalité de la densité py, la deuxieéme celle des XZ-N . Cette derniére
peut étre retrouvée en remarquant que les noyaux doivent étre & 1’équilibre, donc que le
champ électrique subi par X", a savoir V(¢N+%|x—XiN|), doit étre nul. Ainsi, ¢y (z+X7)
et pn(—z + XV) sont toutes les deux solutions de ¢ = ¢* a droite de 0, avec la méme
donnée de Cauchy. Elles sont donc égales tant qu’elles vérifient cette équation. En d’autres
termes, ¢ est symétrique par rapport a XiN . Comme Xﬁ_l est le premier point & droite
de X}V ot la dérivée de ¢y atteint 3 (car ¢, > 0 sur |X ]N , X ﬁl[), ceci implique que
XN — XN = XZ-N — Xﬁ 1- Le cas TFW est plus technique, mais se traite avec les mémes

i+1 7

outils.
| | |

T T T
N N N
X

i—1 i Xi+1

F1G. 3 - La fonction ¢V est symétrique par rapport & XiN , car de méme valeur et de pentes
opposées de part et d’autre de XZ-N

Le méme probléme en dimension 2 n’est pas résolu & ce jour, méme pour des modéles
d’interaction & deux corps. Cependant, des expériences numériques que nous avons menées
(voir section 5) semblent indiquer que pour des potentiels confinants comme par exemple
le potentiel de Lennard-Jones (W (z) = ﬁ — #) ou le potentiel de Morse (W (z) =

e~8(lzl=1) _ 2¢=4(2/=1)) 1a configuration minimisant 1’énergie

1
E({Xihi<icn) =5 Z W(X; - X;),
i#]
ressemble, pour N grand, a un sous-ensemble du réseau hexagonal (voir figure 4). Ce com-
portement n’est bien entendu que qualitatif, et peut évidemment étre 1ié & des phénomeénes
purement numeériques.

3Dans ce cas, il n’y a pas de solution & Ioptimisation de géométrie, et il faut confiner artificiellement le
systéme, par exemple en imposant | X7 | < N



26 Chapitre 1 - Introduction et présentation des résultats

De méme, dans le cas d’un potentiel purement répulsif (qui correspond au modéle TF
en dimension 2, comme indiqué dans la section 4 du chapitre 6), le méme probléme avec
condition aux bords (hexagonales)-périodiques donne comme solution le réseau hexagonal.
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F1G. 4 — Le résultat d'un calcul de gradient conjugué sur le cas du potentiel de Morse (le
point de départ est une configuration aléatoire).

3 Limite thermodynamique non périodique

Nous venons de voir que, bien que cela soit communément admis, le fait que la périodi-
cité découle des modéles eux-mémes n’est pas démontré pour l'instant, sauf dans certains
cas trés particuliers. Ceci nous ameéne & un autre probléme : la définition de I'état fonda-
mental électronique pour ces modeéles de type Thomas-Fermi est possible dans le cas d’une
infinité périodique de particules; qu’en est-il dans le cas ou cette hypothése de périodi-
cité est levée ? Comme remarqué dans [9], le cas presque périodique? est traitable avec les

4Une fonction presque périodique est par exemple la somme de deux fonctions périodiques de périodes
incommensurables, comme cos(z) + cos(v/2z).
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mémes outils que le cas périodique. Mais dans un cas plus général, ceci est beaucoup moins
clair.

Une autre motivation & cette question est le fait que, méme si le cristal parfait est dans
certains cas une bonne approximation de la géométrie réelle des noyaux, il arrive (souvent !)
que ce ne soit pas le cas. Il est par exemple connu [1] qu’un cristal parfait est également un
conducteur parfait, et que c’est la présence de défauts, comme par exemples des lacunes
dans le réseau cristallin ou des impuretés, qui lui donne une conductivité finie.

Cette étude fait I’objet du chapitre 5, ol nous démontrons en particulier les résultats
suivants :

Résultat 6 (X. B., C. Le Bris, P.-L. Lions, [P5]) Soit {X;}ien un ensemble de
points deuz a deuz distincts de R satisfaisant les hypothéses suivantes :
(H1) sup #{i e N / |z—X;| <1} < +o0
z€R3

.1, :
(H2) lim Ewlean?’#{ZEN / |z—X;|<R}=+00

R—o0
(H3) pour tout n € N, la limite suivante, en tant que mesure en h = (hy,...hy) €
(R3)n .
l (hl, - hn) = Rh_{r;o @ Z e Z 5(Xi0—Xil,---Xio—Xin)(hl’ - ,hn),

Xig€Br  Xi,€BR

eziste et est une mesure localement bornée.
Notons alors A({X;}ien) Uespace vectoriel engendré par les fonctions f de la forme

f(iL‘): Z Z Z (p(.’B—Xil,.r—Xiz,...,x—Xin),

11EN 22N in €N

avec ¢ € D(R"), et notons A¥P({X;}ien) (respectivement AP({X;}ien)) la fermeture de

. k
cet espace vectoriel pour la norme Wb

B (respectivement LP ..). Nous avons alors :

1
— toute fonction f dans A¥P admet une valeur moyenne (f) = lim —— f;
R— |BR| Bg
~ toute solution (u,$) dans L™ x L. .. du systeme TFW (29) ci-dessous appartient a
A%P x AP pour tout p < 3. De plus, p = u? est alors solution du probléeme variationel

(28).

Ce résultat nécessite quelques précisions. Tout d’abord, I’ensemble A! est la plus petite
algébre fermée pour la norme Lllmif engendrée par les fonctions du type

f@) = el — X)), ¢ecD®RY.

1EN

Dans le cas particulier ou {X;};en est un réseau périodique, il s’agit en fait de l'es-
pace Lll,er des fonctions L11Oc périodiques. L’espace A*P joue donc le réle des fonctions

“{X;}-périodiques” de régularité correspondante. L’hypothése (H3) permet d’assurer que
la construction de A®P est possible, ainsi que I'existence de la moyenne (f) de f pour
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f € AFP_Toute la difficulté réside dans le fait que, contrairement au cas périodique, nous
n’avons pas de caractérisation simple de I'appartenance d’une fonction a AP,

De plus, prolongeant le paralléle avec le cas périodique, puisque l'intégrale d’une fonc-
tion périodique sur la cellule de périodicité est égale a la valeur moyenne de cette fonction,
on peut espérer que le probléme variationnel limite sera :

BN = b {{VVH) + (07 = (Wo) + 5ol = ).
p>0, pe ALQ({X,},-EN)}, (28)

ol les deux derniers termes de 1’énergie sont précisés au chapitre 5 et représentent une valeur
moyenne de U'interaction électrostatique (formellement, il s’agit de la valeur moyenne de
V%, ot ¢ est défini par la deuxiéme équation de (29)). On est alors tenté d’utiliser les
mémes techniques que pour le cas périodique, qui consistent essentiellement & passer a
la limite dans le systéme d’équation d’Euler-Lagrange du probléme fini, puis de montrer
I'unicité des solutions du systéme limite, a savoir (u = /p) :

—Au + gu7/3 —ugp =0,

—A¢ = 471'(2 Ox; — ’UIQ), (29)
1€EN

u >0

Cette unicité est assurée par les hypotheses (H1) et (H2) (voir [9]). Cependant, le probléme
(28) est en fait mal posé en général, et une solution de (28) peut ne pas satisfaire (29). En
revanche, la réciproque est vraie dans la mesure o "appartenance & l’espace variationnel
A2 est assurée. De plus, une version locale de cette minimisation d’énergie est possible,
et en fait équivalente a (29). Ainsi, en passant a la limite thermodynamique, on obtient
une solution de (29), qui donc appartient a I’espace A2 d’aprés le résultat 6, et est en fait
solution de (28).

Le point essentiel de la démonstration consiste & démontrer que la solution de (29)
appartient effectivement & 1’espace A"2. Donnons un apercu de cette démonstration dans
le cas TF, qui correspond & oublier le terme —Awu dans la premiére équation de (29).
Supposons de plus que la mesure qui définit les noyaux est régularisée, remplagant ) . dx;,
par m = »_ mo(- — X;), ol my est réguliére & support compact. Il s’agit donc de montrer
que

Si meAY?, —Ap+¢*2=m=pec AV

Pour cela, il suffit de contruire une suite de fonctions de A2 convergeant vers ¢. Nous
utilisons pour ce faire ’algorithme suivant :

¢0 - 07
A1+ Mepi1 = M, — ¢

Le parameétre de “shift” M est choisi pour que sur lintervalle [0, |[¢||z=], la fonction ¢
Mt — #3/2 soit croissante. Il est alors facile de montrer par récurrence que la suite ¢, est
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croissante et comprise entre 0 et ¢; ce qui permet ensuite de conclure qu’elle converge
uniformément vers ¢. Le cas TFW est un peu plus difficile, mais repose sur des techniques
similaires, associées au théoréme des fonctions implicites.

Remarquons enfin que les hypothéses (H1)-(H2)-(H3) permettent effectivement de trai-
ter des cas non périodiques, comme les exemples du chapitre 5 le montrent.

Il apparait également dans la preuve du résultat précédent le résultat suivant :

3
Résultat 7 (X. B., C. Le Bris, P.-L. Lions, [P6]) Soit f € L? ..(R?), p> 5 Alors
les deuz propriétés suivantes sont équivalentes :

(i) il existe une fonction ® € L®(R?) telle que —A® = f, au sens des distributions
(ii) sup

(au moins)
R
— z)dz
2R3, 0<R<+00| B (z0) Aw|x — x9| 4mR

Quand elle existe, la fonction ® est unique & constante additive prés dans la classe des

fonctions bornées, et appartient a Wfr’fi’f(R?’).

< 400

Ce résultat permet de donner une condition nécessaire et suffisante sur p pour pouvoir
définir ¢ solution de la deuxiéme équation de (29). Ici encore, cette condition est simple
dans le cas périodique : pour que (i) soit vrai, il faut et il suffit dans ce cas que (f) = 0.
Cette condition n’est pas suffisante dans le cas général. Le résultat 7 est démontré dans
Pannexe du chapitre 5, et est assorti de diverses extensions possibles. Le fait que (i) implique
(ii) est une simple application de la formule de Green, tandis que la réciproque repose
sur 1’équivalence de semi-normes, qui permet d’obtenir la convergence d’approximations
naturelles de la solution ®.

4 Changements d’échelles

La derniére partie de la thése concerne le lien possible entre les modéles microscopiques
des sections 2 et 3 et certains modéles macroscopiques.

4.1 Modéles de mécanique des milieux continus

Le chapitre 6 présente un passage & la limite qui permet, moyennant une remise a
I’échelle de la distance caractéristique du modeéle moléculaire, d’obtenir des modéles de
mécanique des milieux continus.

Pour cela, considérons d’abord une configuration de référence 2 (qui est un ouvert
régulier de R?), dans laquelle les atomes sont répartis suivant un réseau e/, oil € est la
distance interatomique. Autrement dit, les positions {X;} des atomes satisfont {X;} =
e N . Si par exemple ’énergie du systéme est définie par une interaction & deux corps de
potentiel W, I’énergie par particule vaut alors

1 1
X)) = — Xi— X;) = — —9).
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L’entier N est ici égal au nombre de particules, & savoir N = #(ef N Q). Si maintenant
nous appelons § la portée du potentiel, de sorte que W (z) = Wy (%), nous avons alors :

SN =gy X Wo(USD),

pAgElNiQ

Enfin, si le solide est déformé par un difféomorphisme u et si l’on suppose que les particules
sont déplacées de la méme maniére, ’énergie du systéme s’écrit alors :

Eoslu) = 5 S wo(UR ey (30)

p;éqEEO Q

Le résultat suivant est démontré au chapitre 6 :

Résultat 8 (X. B., C. Le Bris, P.-L. Lions, [P8, P7]) Soit Wy un potentiel lipschit-
zien sur {x € R3, |z| > R}, pour tout R > 0, et tel qu’il existe C > 0 et a > 0 tels
que |[Wy(z)| < \w\% Soient Q un ouvert régulier de R3 et u un C*®-difféomorphisme de
Q dans R3. On considére & 5(u) définie par (30). Alors

(i) Sie =24, alors

lim &, 5(u |/ > Wo(Vu()j)da. (31)

e—0
Jea{o}

(ii) Sie < 6, et si Wy € LY(R3),

(i) g (fom) [y @

(iii) Si § < € et si pour tout p > 0, |z|PWo(z) est borné a Uinfini, alors pour tout
)
p >0, lim(g)pé’s,(s(u) = 0. S’il existe p > 0 tel que |z[PWy(z ) ait une limite a quand

|z| tend vers linfini, alors hm( / Z
jee\{0}

Remarquons que le cas physiquement le plus raisonnable est le cas (i), ou la portée du
potentiel est proportionnelle & la distance des particules dans leur état d’équilibre. Dans ce
cas, on retrouve précisément une forme d’énergie hyperélastique utilisée dans des modéles
de mécanique des milieux continus [12].

Ce résultat est également vrai dans le cas de modéles de type Thomas-Fermi, comme
précisé dans le chapitre 6 (théoréme 3.2). Dans ce cas, il est nécessaire de prendre en
compte les constantes physiques présentes dans le modeéle (et fixées égales a 1 jusqu’a
présent par l'utilisation d’un systéme d’unités adéquat). L’analyse dimensionelle de ces
constantes permet alors de déterminer la valeur de 6.

Il est également possible de considérer les limites ci-dessus comme les premiers termes
d’un développement asymptotique en puissances de €. En effet, le centre de la démonstra-
tion de ce résultat est une formule de Taylor : dans le cas € = § par exemple, il est clair

IVu JIP
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FiG. 5 — La configuration de référence et la configuration déformée.

que w = Vu(ep) - (¢ — p) + o(1). L’'invariance par translation du réseau £ et les
hypotheses de régularité sur Wy permettent alors d’écrire

Eosl) = 5 30 D0 Wo(Vulep) <) + (1),

peetn jee\ {0}

dont le terme dominant peut étre identifié comme une somme de Riemann approximant
la limite (31). On peut donc pousser le développement aux ordres supérieurs, et on trouve
alors a l'ordre 1 en € un terme de surface, et & I’ordre deux un terme volumique faisant in-
tervenir les dérivées secondes de u. Ceci est également précisé au chapitre 6 (théoréme 2.3).

4.2 Champ électrique extérieur constant

Nous présentons dans le chapitre 7 I’étude du comportement de 1’état fondamental
électronique d’une plaque (autrement dit d’un cristal occupant le domaine de R? défini
par {|z3| < 1}) sous champ électrique constant. Ici encore, nous faisons tendre la distance
interatomique € vers 0. En supposant que le champ électrique est porté par le troisiéme
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vecteur ez de la base canonique de R? (donc perpendiculaire 4 la plaque), I'interaction des
électrons avec ce champ est modélisée par 'ajout dans I’énergie TFW d’un terme qui vaut :
Echamp () — J Ex3p, ou E est lintensité du champ. L’énergie correspondante par unité
de surface, qui s’ajoute & ’énergie TF'W de film mince apparaissant dans le résultat 3 est
alors :
B () = [ Basp,
Qe

ot Q: =[5, 5) xR est la cellule unité associée a la géométrie des noyaux (nous supposons
¢ = €72 pour simplifier). Nous avons alors :

Résultat 9 (X. B., R. Monneau, [P9]) Soit l’ensemble de noyauz €Z3 N {|z3| < 1}.
Soit 0 < E < %, et soit p U'état fondamental électronique correspondant. Notons pgzs l'état
fondamental TFW sans champ du réseau Z3, et ¢zs le potentiel effectif associé (\/Pzs et
$zs sont solutions de (21) avec £ = Z3.) Il existe alors deus constantes Cy et Cy telles que

[lz3|—1]

Z Z _
23] < 1= Ip(a) — pzo ()| + 1 Buon — Va(5)] < Cre €7,

ot Eyoy = Fes + V¢ est le champ électrique total du systéme.

do

Q

F1G. 6 — L’ensemble des noyaux et la cellule Q. (projetés dans le plan {zo = 0}).

Ce résultat implique donc en particulier que dans la limite ¢ — 0, a 'intérieur du
cristal, ’effet du champ électrique s’annule, et la densité ressemble de plus en plus a celle
du cristal infini. D’autre part, la couche limite ol l'effet du champ n’est pas négligeable
est d’épaisseur comparable & €.

Il est & noter cependant que 1’état fondamental étudié ici est ionisé : la présence du
champ expulse une partie des électrons. Cet aspect du modéle est discutable, puisqu’il est
connu physiquement que cela ne se produit pas, sauf dans le cas de champs électriques
intenses.

Remarquons également que méme dans le cas E = 0, ce résultat comporte un intérét :
il montre que dans la limite € — 0, la densité & U'intérieur du cristal devient égale a la
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densité du cristal périodique infini, donnant 1a aussi une estimation de 1’épaisseur de la
couche limite au-dela de laquelle cet effet de peau disparait.

5 Perspectives

Bien entendu, ce bref exposé laisse un large éventail de problémes non explorés. Nous
en citons quelques-uns qui nous semblent intéressants.

Parmi les problémes évoqués ci-dessus, le “crystal problem” en dimension 2 n’est pas
résolu : méme dans le cas d’une interaction & deux corps, les seuls résultats connus sont
trés particuliers [31]. L’approfondissement de I’étude numérique de ce probléme est en
cours avec A. Auger (CERMICS et CMAP), et A. Ben Haj Yedder (CERMICS). Les
techniques classiques d’optimisation donnent des résultats relativement satisfaisants dans
certains cas, mais il apparait que pour un grand nombre de particules, la fonctionnelle
d’énergie présente plusieurs minima locaux, et il est probable que 'utilisation d’algorithmes
génétiques, éventuellement couplés avec des méthodes standards®, améliore sensiblement
ces résultats.

Egalement, un prolongement naturel du résultat 8 est I’étude des modéles de mécanique
des milieux continus obtenus, et en particulier des termes correctifs (le cas du terme d’ordre
zéro est étudié par exemple dans [11, 14]). Considérant par exemple le terme d’ordre 2, on
peut se demander §’il exhibe les propriétés régularisantes des termes d’ordre 2 postulés dans
la littérature [25], et qui permettent d’expliquer en partie la présence de microstructures
dans les solides hyperélastiques. Méme si, comme remarqué dans la section 5 du chapitre 6,
cela peut étre le cas en dimension 1, il n’est pas du tout clair que ce comportement persiste
en dimension supérieure. Une collaboration sur ce sujet est en cours avec P.-L. Lions.

Il est également & noter que tous les résultats que nous avons évoqués ici sont des
modéles statiques. Que deviennent ces questions dans un cadre dynamique ? Par exemple,
le probléme de limite thermodynamique a-t-il un équivalent dynamique? Bien entendu,
il est nécessaire pour cela d’utiliser un modeéle dépendant du temps, par exemple “Time
dependent Hartree-Fock” (TDHF), qui s’écrit :

i0ip = Fdg, V1< k<N,

ou F' désigne l'opérateur de Fock (9). Il s’agit donc de trouver un moyen de décrire ce
systéme de N équations quand N devient infini. Ici encore, l'infinité de particules ne peut
plus étre “quotientée” par une quelconque périodicité (méme si cette derniére est postulée
a lorigine de temps, il n’est pas clair que la dynamique la conserve), comme c’était le
cas pour des modéles statiques. L’enjeu est donc de trouver une alternative & ce type
d’hypotheése. Nous avons sur ce sujet un projet de collaboration avec C. Bardos, F. Golse
et N. Mauser.

Ce probléme est a rapprocher du probléme de modélisation sous champ électrique

constant. En effet, comme évoqué & la section 4.2, un champ électrique constant, méme

®Rappelons que dans le cas d’une interaction & deux corps, nous avons une expression analytique du
gradient de la fonctionnelle d’énergie, ce qui permet un gain en temps de calcul appréciable.
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faible, provoque l'ionisation en régime statique, ce qui n’est pas physiquement acceptable.
Une parade possible serait d’étudier le méme type de probléme pour un modéle dynamique,
puis d’utiliser des techniques similaires & celles du chapitre 7 pour passer a la limite ¢ — 0,
dont le préliminaire est bien entendu la limite thermodynamique correspondante.

Enfin, notons que le résultat 8 repose sur I’hypothése simplificatrice que les atomes
du cristal subissent la déformation macroscopique imposée, ce qui est discutable. 11 serait
bon de savoir étudier des cas plus généraux ou l'on relaxe ce lien entre la déformation
macroscopique et la déformation microscopique, par exemple par des techniques de type
I'-limites. 11 s’agit dans ce cas de libérer la déformation microscopique, et de considérer que
d’une certaine facon elle minimise localement 1'énergie. Cette suite de minimiseurs devra
ensuite converger (faiblement en général) vers la déformation macroscopique. Nous avons
sur ce sujet un projet de collaboration avec S. Miiller et A. Schlomerkemper (MPI Leipzig).
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Chapitre 2

Modéles de polymeéres et films minces

Ce chapitre reprend l'intégralité d’un article écrit en collaboration avec C. Le Bris
et publié dans Advances in Differential Equations [P1]. Nous y présentons ’étude d’un
processus de limite thermodynamique pour des polymeéres (ou les atomes sont arrangés
périodiquement le long d'une ligne plongée dans R3) et des films minces (ou les atomes
sont répartis périodiquement dans un plan plongé dans R?). Cette étude est un préliminaire
au chapitre 3.
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Thomas-Fermi type theories for polymers and thin
films
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Abstract We define a Thomas-Fermi-von Weizsécker model for polymers and thin films
through a thermodynamic limit process. Our argument makes use of standard techniques
for elliptic PDEs, such as maximum principles or supersolution methods. In the course of
our work, we establish some existence and uniqueness results for a system of non-linear
PDEs.
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1 Introduction

In [6], I. Catto, P.L. Lions and one of us have studied the problem of thermodynamic
limit for a three-dimensional crystal in the Thomas-Fermi-von Weizsiacker (TFW in short)
setting. Given a finite set of nuclei represented by a set of points A C R3, each one of
charge +1, the TFW model associates to this set an electronic density, denoted by pa,
which minimizes the so-called TFW energy, that is :

_ 2 5/3 p(z) -
B = [ Vet [ o %AS|$_k|d

1 p(z)p(y)
4—§/R3 /R3 7|$_y| dxdy. (1)

In other words, the density pp is a solution to the following minimization problem :

. 1 1

Iy = 1nf{EA(P) + 2 Z |k) — | p =0, \/f_) € HI(R3)7/3P = |A|}7 (2)
k£jEA J R

where |A| denotes the cardinal of the set A. The case of smeared nuclei can be also

considered ; that is when the measure defining the nuclei in (1) is replaced by a smooth

measure m, having compact support and total mass one. In this latter case, (1) and (2)

become :

m _ 2 5/3 m 1
) = [ 9vaEe [ o= [ s

X
1
L1 / / p(2)p(y) . dy.
2 Jrs Jrs |z —yl

where mp = ), m(- — k), and x is the convolution product over R3,

1
mo— inf{ErAn(p)+_ / mA@)mAW) g0
2 JrsJrs |z

p20 VieH®), [ =i}, 3)

It is well-known that the problem (2) (respectively (3)) has a unique minimizer (see
for instance 2], [10] or [12]), basically because the energy functional E is convex with
respect to p.

The thermodynamic limit problem is the following : letting A be a subset of a periodic
lattice, determine the behaviour of Iy and pp as A progressively fills in the entire lattice.

In order to tackle this problem mathematically, we introduce the notion of Van Hove
sequences :

Let A = (Ap)nen be a sequence of subsets of Z", having cardinal |A|. A is a Van Hove
sequence of Z" if it satisfies the following :
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(An) For any finite subset A of Z", there exists hg € N such that for all h > hy, A C Ay,.

(Bn) Denoting by T' the unit cube centered at the origin, by T'(A) the set Ugep (T + k), by
A® the set {x € R™ /d(z,0I'(A)) < a}, where d is the Euclidean distance in R", and
by |A%| the Lebesgue measure (in R™) of the set A}, we have, for all a > 0, the Van
Howve condition, that is :

AR
1 = 4
A TR, ) @)

The thermodynamic limit problem studied in [6] consists then in answering the following
questions, for any Van Hove sequence A of Z3 :

(L1) Does the energy per cell |ITA‘ converge as |A| goes to infinity ?
(L2) Does the density pa converge to a limit poo as |A| goes to infinity ?
(L3) Does the limit po have the same periodicity as that of the lattice ?

In this article, we study questions (L1), (L2), (L3) in two cases that do not satisfy
conditions (A3) and (B3) :

(a) The first case is the thermodynamic limit of a lineic molecule, that is A = {(0,0)} x A3
will be a subset of {(0,0)} x Z, such that A is a Van Hove sequence of Z*,

(b) The second case is the same problem concerning a thin film : A = Ay x {0} is a
subset of Z% x {0}, and the sequence As is a Van Hove sequence of Z?.

1.1 Lineic molecules

X

[ ]

[ ]

[ ]
.‘\..

, e o o
ro V e o o /
K ° '

Figure 1: The set A in the case of polymers (on the left) and thin films (on the right)

In this case, to which Section 2 is devoted, we are going to answer affirmatively the
questions (L1), (L2), and (L3). More precisely, we introduce the following notation :

(i) we denote by Iy = R%2x] — 1, 1] the periodic cell of the problem, and by I'(A) the
set Ugeal'o + k.



42 Chapitre 2 - Polyméres et films minces

(ii) For any functional space S, Sper(I'o) denotes the set of elements of Sj,.(R?) N S(T)
that are periodic with periodic cell T'y.

We introduce the following variational problem :

Iper = inf{Eper(p)ap >0, \/ﬁ € Xpera / p= 1}1 (5)
To

where Xpe, is a subspace of Hp,, (o) to be made precise later on (see formula 29), and
Ep, is defined by :

Byerp) = [ 19V3l" + / - [ 6oy / / (v — y)dudy.  (6)

The potential G, which is not to be confused with the potential G appearing in [6] (it
is its 1-D analogue), is the periodic potential modeling the Coulombian interaction in the
periodic lattice {(0,0)} x Z. (In the smeared nuclei case, the only necessary change is to
take G xr, m instead of G in the third term of the energy (6).) From the conclusions of
[11], it is natural to introduce :

1

R Ay
G(z) = —2log]| |+Z<|x kes| /—é |$_(y+k)e3|)’ "

kEZ

where we denote by z' the vector (z1,3), and by (ey, s, e3) the canonical basis of R3. Tt
is easy to check that G is periodic, with periodic cell 'y, and that it satisfies :

—AG =47 Gey-
kEZ

The constant M is defined by follows :

e In the point nuclei case, M = lim,_,q (G(:c) — ﬁ)

e In the smeared nuclei case, M = [. [, m(z)m(y) (G(z —y) — Icv—iyl)

The main result of Section 2 is the following theorem :

Theorem 1.1 Let A be a Van Hove sequence in the third dimension, in the sense made
precise above, and pp the minimizing density of the TFW energy. Then we have :

(i) limp_e0 (TA‘ = Ler + 2.

(i) The density pp converges to ppey uniformly on any subset of the form R? x K, K
being a compact subset of R.
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The strategy of the proof is as follows : we first write down I’s Euler-Lagrange equa-
tion, that is : (setting pa = u} and ma = Y_,cp m(- — k), m being either & in the point
nuclei case, or a smooth function in the smeared nuclei case)

5 1

—Aup + guzﬁ — ((mA —u?) % m)uA = —Orup,

where 65 denotes the Lagrange multiplier associated to the mass constraint in 5. Hence,
denoting by ¢a the function (mp — u3) * ﬁ — 0, we get a solution of the system :

—Aup + guj\/?’ — uA¢A =0,
—App = dm(mp — u}), (8)

up > 0.

As in [6], we then establish bounds on ua and ¢, so that we can pass locally to the
limit in the above system. Next, we show the following uniqueness result :

Theorem 1.2 Let u # 0 be a non-negative measure with compact support with respect to
(z1,22). Assume that p is periodic with periodic cell Ty, and that u(To) = 1. Then the
following system

—~Au+ 307 —up =0,
—A¢ = dm(p— u2)7 (9)
u >0

has a unique solution (u, ) € (Lim-f N LZ/S(R?’)) x L}

o um-f(R?’). In addition, this solution
satisfies the following properties :

(i) u € L®(R?), and u(z) < C > 0 being a constant independent of x.

C
L(af+a3)*/*’
1 € LP . (R?) for all p < 3, and there exists a constant 0,e, such that ¢ = G *r

uni f p 0

(1 — 'U'2) — Oper-
(iii) fTo uw? =1.

The space L2, (R?) is {f € L3o(R?) / subyers £l o(sy+a) < 00}
Once this result is established, applying it to the case pu = ), zsm(- + k), we may
therefore identify the limit of ua as the unique solution of this system.
Concerning the proof of Theorem 1.2, the strategy consists in showing that any solution
of system (9) is periodic, with periodic cell [y, hence that p = u? is a critical point of I,
with nuclei defined by m = p on I'y, and next showing that this problem is strictly convex,
so that p is necessarily its unique minimizer. In order to show that I,., is convex, we

introduce the bilinear form D¢ defined by :

De(f.g) = /F [ 1@)9w)6(a ~y)dzdy - / (f 10 G)g,

To
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and we rewrite Epe, as :

1 1
Eper(p) =/F IV\/ﬁl2+/ p** + 5Dg(m — p,m — p) — 5 Da(m,m).
0

To
Of course, this is possible only in the smeared nuclei case, or equivalently if m is smooth.
If it is not, we introduce the characteristic function of the unite cube, denoted by 1¢, and
write :

1 1
Eper(p) = - |V\/l_)|2 +/ 105/3 + §DG(1Q -plg—p) — EDG(lQa 19)
0

To
+ /1"0 ((1Q — m) *To G)p

In both cases, the point is that, by studying closely the potential G, we find that Dg is
positive on a set that includes m — p and 1g — p as far as /p lies in X, and p has total
mass one over I'g. So D¢ is a convex functional on that set. Hence I, becomes a convex
problem.

Those results answer questions (L2) and (L3). Next, we use them as in [6] to show the
convergence of the energy, answering question (L1).

All these results give a TFW model for any molecule which nuclei are periodically
ditributed with respect to z3, and contained in a cylinder having vertical axis. This is the
case for many polymers, and for DNA molecules.

1.2 Thin films

The second part of our work concerns problem (b).

As above, we denote by I’y the periodic cell of the problem, which is now | — %, I’xR,
and by I'(A) the set Ugealo + k. The notation Hp,,.(T') follows as in the one-dimensional
case.

Here again, we introduce a periodic potential, that we still denote by G, though it is

neither the same as in [6] nor as in (7) :

G(z) = —27|z3| + Z (ﬁ - /K L) (10)

keRTR(0) {0} [T —y — K|
where K is the unit square of R2, namely ] — %, %[2 We notice that G satisfies the equation
~AG =41 > &
keZ2x {0}

The energy Epe, is defined by (6), and the problem I, by (5). We also define the
constant M exactly in the same way as in the polymers case.

We do not have here a convergence result as general as that of the preceding section,
although we suspect it to hold. In fact, in order to be able to show a convergence theorem
as Theorem 1.1, we need the additional assumption that A is symmetric with respect to
z1 and zo. However, it is only a technical hypothesis, and the convergence result that is
stated in Theorem 1.3 below is likely to be true for any Van Hove sequence.
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Theorem 1.3 Let A be a Van Hove sequence in the first two directions. Assume that A
is symmetric with respect to x1 and xo. (In the smeared nuclei case, m is also supposed to
be symmetric.) Then, we have :

(Z) lim|A|—>oo |IA_A‘ = Iper + %

(it) pa uniformly converges to ppe, on any set of the form K x R, K being a compact
subset of R2.

As in the preceding section, we start by proving the second assertion of Theorem 1.3,
the first one being a consequence of it. For this purpose, we use exactly the same strategy
as above, showing first that the Euler-Lagrange equation passes to the limit, and then that
such a solution is a critical point of I,.,. The same positiveness property holds concerning
D¢, and so the proof carries through. The only difference is that, for technical reasons,
we are not able to show a uniqueness result similar to that of Theorem 1.2 : such a result
would hold only (so far as we know) to a solution coming from the thermodynamic limit
process for a sequence of symmetric domains.

This model remains valid for any set of nuclei which is periodic and has compact support
with respect to x3. This is the case in practice for thin films, which contain a few layers
of nuclei.

Remark 1.4 The thermodynamic limit problem may also be investigated in the case of
a semicrystal, that is when the set of nuclei fills in a half-space (in view of adsorption
problems.) In this case, which we have studied, an analogous result as that of Theorem 1.2
holds, and it is possible to show that in the inner cells of the semicrystal, the density tends
to be periodic and looks like that of a full crystal.

Remark 1.5 In all the results we have stated above, we have used the Coulombian in-

teraction potential, that is V(z) = |17| Another choice is possible, namely the Yukawa
potential :
Vi) - (1)
)= —,
||

where a > 0.
Then (1) and (8) become :

B = [ovEt [ =3 [ ve-n)

keA
1
+3 | ox Ve (12)
R3
—Aup + 30 —upgr =0,
—App + a’pp = dm(mp —ul), (13)
up > 0.

In this case, we have stronger results that are briefly exposed (without proofs) in Section
4, together with uniqueness results for some related semi-linear PDEs.
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2 Polymers

We study here the thermodynamic limit problem in one dimension, that is to say the limit
of a line growing to infinity. More precisely, we consider a sequence A = {(0,0)} x A3 C
{(0,0)} X Z, such that A3 is a Van Hove sequence of Z. We recall that T is the periodic cell

of the problem, i.e Ty = R?x] — %, %], and I'(A) = Upep Do + k. Putting z = (21, 22, 73)

a point in R3, we denote by r = r(z) the quantity \/z? + z3. For all A, we denote by :

_ 2 5/3 _ m *i 1 *i
EA(”)_/RS Vbl +/Rsp /Rg( A |x|)p+2/RS(p |$|)p (14)

the Thomas-Fermi-von Weizsécker energy. Here mp = ), 0x. In the case of smeared
nuclei, d; will be replaced by m(- — k), where m is the measure defining the shape of a
nucleus. In this case, m will be considered to be in D(R3), such that its support lies in
T'g. We will denote by I, the minimization problem :

. 1

Iy =inf{Er(p) + T >0, \p€ Hl(Rs),/ p=|A[}. (15)
k£jEA J R?

We will denote by pa the solution of the problem I,.

We also recall the Euler-Lagrange equation of problem (15) :

5
—Aup + gux/f‘ — ppup =0, (16)

where upy = \/p, and ¢p = (ma — u%) * ﬁ — 0, 05 € R being the Lagrange multiplier
associated to the constraint in (15). Hence ¢, satisfies

—App = 4n(my — ul). (17)

Let us begin with some a priori estimates.

2.1 A priori estimates
2.1.1 Energy bounds

First of all, we establish some bounds on pp and ¢,. For this purpose, we follow exactly
the proof of [6], Chapter 3, Section 3.2, which carries through here since it does not depend
on the sequence A, and we get :

Theorem 2.1 (Catto, Le Bris, Lions, [6]) There exist various positive constants C
such that, for any sequence A C Z3, we have :

(i) |Ia] < C|A],
(i) Jga IVual? < CIAl,

(iii) lloalle < CIAI'VP for allp < 3,
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() 0 < [gs dapa < C|A|,

(v) 0<0) <C,

(vi) |Zk;ﬁje/\|k—ij‘ — Jrs PA(mA*ﬁH < CIA|.

In the case of smeared nuclei, we also have :

(vii) D(mp — pa,ma — pa) < C[A], e [5s|Véal|* < C|A|

2.1.2 L bounds

Next, we may obtain L* bounds, still exactly as in [6], Section 3.2. Here again, the proof
does not depend on the sequence A, so we have :

Theorem 2.2 (Catto, Le Bris, Lions, [6]) There ezist positive constants C independent
of A such that, for all A C Z3, we have :

(i) llpallpe(msy < C.
(i) In the smeared nuclei case, |[¢al[rs) < C.

In the point nuclei case, we have :
(i5°) ||¢allLeo(@a)e)y < C, where Q(A) = Ugea@ + k, Q being the unit cube of R3 and :

(iii’) H(‘ZSA”LIM)nif(RS) <C, foralll <p<3.

The norm || - HLﬂnU(RP’) is defined by sup,egs || - || 2r (@ +B,)-

Remark 2.3 Let us point out that the proof of Theorem 2.2 is based only on the Euler
Lagrange equations (16)-(17), and the fact that the measure m is positive, bounded, and
has compact support. Hence it holds for any such solutions, and in particular if my is
replaced by Mmoo = Y cq m(- — ke3), or by any To-periodic measure with compact support
in the direction (x1,22). This will be useful in the proof of the uniqueness Theorem 2.16
below.

2.1.3 Asymptotic estimates

As the set of nuclei remains confined in a subset of R? which is bounded with respect to r,
we expect the above uniform bounds not to be optimal. More precisely, we expect, at least
concerning the density pa, a decay as r goes to infinity. For this purpose, we use Solovej’s
method [14] (see also [1]).

Let er be the ground state of the Laplacian with homogeneous Dirichlet boundary
conditions on the ball By of radius R centered at the origin, normalized by the condition

llerllr2 = 1, and prolonged by 0 outside Bg. That is, eg(z) = % on Br. Then we

have ||Veg| 2 = 7/R. We set gg = €%.
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Lemma 2.4 (Benguria, Lieb, [1]) Let Q be any open subset of R®. If upn € H(Q) is
positive and satisfies (16) with ¢x € L%(Q) + L>®(Q) satisfying (17), then for all z € Q
such that d(x,0Q) > R, we have :

Gr* P < QR*’U/i/s +m2R72 (18)
And if Br + = does not contain any nuclei, i.e my =0 in Bgr + x, we have :
Pa(z) < gr* P (). (19)

Proof : For the sake of consistency, we reproduce here the proof of this lemma. Since up
is positive, and u satisfies (16), it is the ground state of the operator H = —A—I—ui/ s oA

with Dirichlet condition on €2. Hence, for all w € H}(f2), we have :
/ |Vw|? + / (uy? = ga)w?® > 0. (20)
Q Q
We now apply this inequality to w = eg(z — ), and we get (18), provided d(z,9Q) > R.

Let us now show (19) : if ¢ satisfies (17) and Br+x contains no nuclei, ¢, is subharmonic
on Bg + z, hence applying the mean-value inequality (see for instance [9]), we get :

R R
sneon@) = [ ([ oxte=nan)ontryar > [ anrox@antr)ar = 4r(2)
because gg is of total mass one. ¢

Now we turn to the estimate at infinity :

Theorem 2.5 For any solution (up,Pp) of the system (16)-(17) satisfying upn > 0, we
have :

< V> 1,
or < 14 r2 =
C
< -
0<ua 1+7r3/2 7

where C' denotes various positive constants independent of the measure m .
Furthermore, in the smeared nuclei case, i.e when m in (17) is supposed to be smooth,
the first inequality holds everywhere in R>.

Remark 2.6 The first estimate is not efficient for A fized : dp = (ma —u3) x |71| — 0y is
negative at infinity, since 05 is positive (see [14]). However, the point is that this estimate
does not depend on the measure mp, hence is independent of the sequence A, as far as it
satisfies the hypotheses we have required at the beginning of this section.

Proof :
We apply Lemma 2.4, with Q = R3, and get :

2
43
gR * PA SQR*UA/ +ﬁ,
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for all R > 0. We define ¢ = gp * ¢pp — and get, using Jensen’s inequality :

R27
~ 4/3
$ < grxu)® < (grxud)??.

Now, convoluting (17) on both sides, we get :

—A(gr * ¢n) = Am(ma * gr — u} * gR),

that is,
—Ad+ (9 < am(ma x gr).
Now, we may assume, without loss of generality, that the support of m lies in {r < 1}.
So we have mp xgr = 0 on Cry1 = {r > R+ 1}, hence —Ag% + (qz)i/2 < 0 on that set.

We are going now to use a comparison argument on ¢, in the spirit of [4]. For that
purpose, we fix an R’ > R + 1 and introduce the function

a bR

U =
(r2 _ R2)2 + (R’2 _ |:1:|2)4’

where a and b are positive constants to be determined later on. In particular, we need U

to be a supersolution of the differential inequality satisfied by ¢, that is, —AU + U3/ 2> 0.
One easily computes :
R? + 2r? 43R + 7|z?
—AU = —8a———57 — 8bR" —————. 21
NGO (B — )8 .

Using the inequality (o 4+ 3)%/2 > a3/ + 83/2 which is valid for all a, 8 > 0, one finds :

a(v/a - 88A27)  yR(\BR? — 24R™ — 56|z[2)

~AU +U3? > +
(r* — R?)? (R — |z]2)8

(22)

We want this quantity to be positive on C'R+1 N Bprr, which is true as soon as a > (16 +

2412 and b > 80%. We also need that U > ¢ on dCg+1 N By, i.e R 2 || zo. The

latter quantity exists because ¢ € Lum- 7 and gg is smooth with compact support. So we
can choose a large enough to ensure all those properties, together with a < cR2, ¢ being a
universal constant.
We then have :
~A(G-U)+(§)Y* -T2 <.

Hence, using Kato’s inequality :
- ~\3/2
A(¢—U)y < —sgn (¢ - U)(P)Y* - U%?) <0
We use now the maximum principle to conclude that on the set Cry1 N Bry,

cR? bR

¢ < (r2 — R?)? + (R’2 — |$|2)4'
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This holds for any R’ > R + 1, with ¢ and b being universal constants. So, by letting R’
go to infinity, we find :
3 < cR?
= (r2 = R2)2
on CR+1.
Furthermore, from Lemma 2.4, we know that on this set, (19) holds. Therefore, we
finally get :
¢ < i + 7r_2
A= (rZ—R2)2 ' RZ’
This inequality holds whenever R > 0 and » > R+ 1. So if r is fixed and larger than 2,
we may choose R = r/2, and we find

4C+4:7T

Vr > 2, ¢A< 3
T

Pointing out that ¢ € L*°({r > 1}), we infer that

Vr >1 < .
rzldrs s

And in the smeared nuclei case, we know that ¢ € L, so this inequality holds on R3.

We now turn to the second assertion, namely the estimate on up. For this purpose, we
use the above inequality and (16), and write :

5 d
—Aup + u7/3§ %,VTZL

3 T
Now, there exists a constant ¢ such that for all a,b > 0, ab < %a7/3 + ¢b™/*. So we have,

on the set {r > 1} :
7/3 Cd
We are now going to use the same comparison argument as above, introducing the function
13/2
V=S5t ® bR| |/)3/2 Computing —AV, and using (here again) that (o + 3)7/3 >

a3 + B7/3 we find that

4a*3 9 bR'>/?
_ 7/3>L___ 9T 247302 12 2
AV + V 7/2( 3 DT (R” — a2 )7/2( b*°R"™ — 9R"" — 6|z|”).
Thus, choosing a > |lual||z~ so that 0&(4“2/3 ) > cd and b*/3 > ‘i—‘r’, we have :

_AV + 3V7/3 > —Auy + 3u7/3.

So by the same argument as above, we conclude that up < V on the set {r > 1}. Since
up € L®(R3), this concludes the proof. ¢
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2.1.4 Compactness

The next step consists in proving the compactness of the sequence p,, i.e the fact that no
electrons escape at infinity. Mathematically, this will be stated as :

1

— pr — 1 as A — oo (23)
Al Jray

We start with the smeared nuclei case, and next generalize the result to the point nuclei
case :

Proposition 2.7 In the smeared nuclei case, (23) holds.

Proof : The key-point of the proof is, as in [6], that we have, for all h € H!(R?),

1 1/2
[ (ma = pa)hl < s Dlma = px.ma = ) Vs (24)

(We recall that D(f,g) = [gs Jrs ! ?ilgﬁ) dzdy.) This inequality holds because mp —
pa € LY3(R3) ¢ H-'(R3) : it is exactly the Cauchy-Schwarz inequality in H~' x H',
through the Fourier transform.

Now, we know from Theorem 2.5, that D(mp — pa,ma — pa) < C|A|.

Next, we choose h = hy : we put ha(z) = fa(r)ga(zs), where :

o fa(r) =1— (%) if r <R, 0 otherwise, with 1 > a > 0, and R = R(A) > 0 being
chosen below.

e gr € D(R), gr = 1 on the set {z € R/d(z,A3) < £}, 0 on the set {z € R/d(z,A3) >
1},0<ga <1 and |g}| <4.

(We recall that A = {(0,0)} x A3, and that [A%| = {t € R, d(t,0(Uken,[k—1/2,k+1/2])) <
h}.)

For such an hy, we compute :

/ |VhA|2 = / gf\(xg)QfA(r)Q%rrdrdwg-i-/ gA(.rg)ij\(T)227rrdrd:B3
R3 R2x]0, R2x[0,00[

,r2a—1

[0,00]

1 R " a2 R 2
C|A3|/0 (1= (5)) rdr+C’|A|/0 R
C(R*|A}| + alA)).

IA

AN

Al
1A%]

R|A£1,,|1/2 < |A|1/2. Thus, we find that ||VhA||L2(R3) < C(y/alA| 4+ o(+/|A])), hence

1/4
We now choose R = ) , so that we have R — oo as |A| = oo, together with

1

A1l ma = o)l < OV o).
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Now, because hy < 1, fR3 mpaha < |A]. On the other hand,

r
/ mpaha > |A] —/ mA(E)"‘.
R3 R3

And [gsma(%)® < CJA|/R*, so we have :

1

— hy — 1.
A] Jrz M

Furthermore,

/ pahy = / PA_/ PA(%)a‘i‘/ paha
R? T(A)N{r<R} T(A)N{r<R} T(A)e
T

~ [ mroumih- [ o) [ or.
T'(A) T'(A)N{r<R} T'(A)N{r>R}

because fF(A)C hapa < C|AL| fOR lrf::, < C|A}], according to Theorem 2.5.

Concerning the remaining terms of the right-hand side of the above equality, we have :

o< [ meci [ Teollan
P(A)N{r>R} r>RT R

and :

T |A] [ rott |Al
OS/ pr(5)* < C— dr < C— < |A],
T(A)N{r<R} (R R* Jo 1+73 R 1A
because 3 —a—1> 1.
Collecting all those convergence results, we get :

1
1 W/m)’“' < Cva+oll).

Letting |A| — oo, this implies that

A—o00

1
limsup|1——/ prl < Cva.
IA[ Jrea

Here C does not depend on « > 0, so letting a — 0, we find (23). ¢

Let us now turn to the point nuclei case. The only difference between this case and the
preceding one is that D(mp —pa, ma —pa) does not exist. So we are going to replace my by
Lo(a), @(A) denoting [ J,c , @+F, where @ is the unit cube in R3. The function Lo(a) lies in
L'NL%(R?) and have compact support, so that the existence of ﬁD(lQ(A) —pa, Loy —pA)
is ensured. The point is then to prove that this quantity is bounded independently of A,
so that the smeared nuclei case proof will apply. Since this is only a technical adaptation
of [6], Section 3.3.4, we skip this proof.

Proposition 2.8 In the point nuclei case, (23) holds.
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Proof: In order to prove that
D(1ga) — pas Loy — pa) < ClA| (25)
where C' does not depend on A, we write again it as :
D(1gy — pas gy —pa) = D(lgw, lom)) — Ua
+ 2(%UA - /VAPA‘|‘ %D(PA,PA))

+ 2[/VAPA_D(PAa1Q(A))]

(where we have set Vi = my * | £ and Uy = Zk#eA “c—ij‘) We already know, from
Theorem 2.1, (iv) and (vi), that the second term is of order |A|. Concerning the other
terms, We are gomg to use the following result shown in [11] (see also [6]) : denoting by
flz) = |$| fQ i y‘, where @ is the unit cube in R3, we have :

1
f(z) = O(W) as |z — oo (26)
We first consider the first term :
dxdy 1
Do, o) — Un| = )/ )/ _ ___fw
Do), L) — Ual o Joun To =1l k;;Jk_ﬂ
dxdy 1
B //I:v—y+k—1| Z Ik—jl‘
kjeA Q k£jEA
_ Z/ / dzdy
Pyt [z —y|

+Z/ 2 |x+k - |kij|)dy‘

keA’ @ j#£k jeA

DD

Yy
keA ]EA];Ek/|x+k y — Jl |k y—]|‘

22 /Q| Py y| |k:—y|‘

keA jeN,j#k

CIA[+C) Z

keEAN jEN,j#k

1
CIA|+CIA] > i

JEZ, 0

I
Q
>

IA

_,7|4

IN

IA

ClA|
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Next, we consider the last term, and write it as :

z)dzdy

,;A/Rsu—m Jo o B |
=
|z — k| Q|$— —

/R;

< /R3 F(x)pa(z)dz

where F' is the function defined by F(z) = ), .z f(z — kes), which belongs to Lumf(R?’) N
L*({r > 1}) because of (26). Thus, we have :

‘/ VAPA—D(PAalQ(A))‘ =
R3

IN

pa(x)dz

‘/1{3 Vapa — D(pa, 1Q(A))‘ < C[A]

because pp is of total mass |[A| and py € L*°. This implies (25), and concludes our proof.

0

2.2 Uniqueness for the system of PDE-Identification of the limit

Now that we have bounds on the sequence pp, we may pass locally to the limit (up to a
subsequence) in the system (16)-(17). Denoting by ps = u2, and ¢o the corresponding
limits, we get a solution to the system :

5 7/3 _ _
A¢oo = 47r(moo —ug,),

where the measure m is equal to ) ;5 ke, in the point nuclei case and to ), ., m(-—kes3)
in the smeared nuclei case. In both cases, my is periodic and its periodic cell is T'y.

The aim of this section is to show a uniqueness result on the system, so as to identify
the limit (U0, Poo) as the solution of the system (27). The first step will be the periodicity
of the solution. Next, when the solution is shown to be periodic, we will compare it with
the solution of the periodic variational problem :

Iper = inf{Eper(P)ap >0,y/p € Xpera/ p =1}, (28)
T'o
Xper being defined by :

Xper = {u € HL, (o), (log(2 + |z)))*u € L(To)}, (29)

The energy E,,, is defined by :
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Bperlp) = fr VA2 + /F P13 — /F (G +ry m)p (30)
+ /F g G(z — y)p(z)p(y)dzdy.

(We denote by f *Fo g the convolution product over I'y for periodic functions, that is,

f *T'o g fFO )dy )
The potentlal G is the periodic potential defined by (7).
We first study this periodic potential.

2.2.1 The potential G

We recall that in this section,
1 2 dy
Gle) = —2loglr *,%;(m “wi L roos D)
Lemma 2.9 We have :
(0) G is smooth on R3\ Zes.
(i) G(z) = |+C’+O(|ﬂc|)asx—>0
(ii) G(z) = —2log(r) + O(2) asr — oo, uniformly with respect to x3.

Proof :
First of all, we prove that the sum defining G does exist on R3\ {r = 0} : indeed,

1
denoting by f(z) the quantity ‘z‘ ff% |z_d#3|, we have, for |x|] — o0, and r # 0 :

1 _/ dt
1 \/|:1:|2 —2t:v3+t2

? x/ 2t
|| J1- 2 4
t.’L‘3 1

= " |m|/; o2 O

1
~ ap

(31)

so this shows that ), ., f(z + ke3) is normally convergent on any compact subset of
R3\ {r = 0}. This proves our claim, and that G is smooth on this set, and periodic with
periodic cell T'y.
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We now turn to the proof of (i) : we isolate the interesting terms, and write G as :

1
1 2 dt
G(.’B) = —210g(7") +m - / ) m (32)
2
1
1 /5 dt )
+ — [ ]
g;*(m-keﬁ A fe— @+ Rel
Now, we compute, with x — 0, £ # 0 :
1 1_ 1
/2 _dar Argsh(2 :1:3) + Argsh(2 +$3)
-1 |z — tes] T T
1 (.’L‘g + 2+ 4/r2+ (z3 + %)2)
= log
m3 — 5+ /17 + (23— 3)?
T3+ 5+ /12 + (w3 + §)? )
= 10 7
g(:vg — % + %(1 — 2x3 + 2|z|2 — 222 + O(|z)3))
because
1 1
r2 4+ (.’1}3 — 5)2 = 5\/ 1—4z3 —|—4|.’E|2
1 1
Hence
/% dt__ o (1+0(z)
o —tes] — CE\r2 1 O([a])
— —2log(r) + O(la]).
So we may write
1 1 2 dt
= — - - O
¢@) =1 *,g;*(u = o) / ) Ol

as |z| — 0.
Now, all the terms of the remaining sum are clearly defined on I'y, so using the estimate
(31) on f, we conclude that this series defines a smooth function on I'y. With the periodicity

1
of G, this shows (o) and (i), with C' =}, 5. <|—}c| -3 %)
2
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We now turn to the proof of (ii), which results only in showing that :

Sl [ e < . (33

= |z —kes| J_1 |z — (k+t)es]

as r — oo, uniformly with respect to zs.
Using the function f defined above, this expression may be written as: >, ., f(z—ke3).

So, as we know that
C
< —
1@< o

we have :

|Zf$-k€3 SZ +|]€|3’

kEZ kEZ

for r sufficiently large. Now, we have

> o St Y g <
3 3 = .3 3/211.13/2 = ,3/2°
PRl L A S 12|k|3/2 = 73/

This proves (33). O

Now that we know the behaviour of G, we turn to a positiveness property for Dg. We
recall that :

= / f(2)g(y)G(z — y)dzdy. (34)
T'o JTo

Since D¢ appears in the expression of the energy and is a bilinear form, its positiveness
(in the sense of bilinear forms) will ensure its convexity, hence the convexity of the energy.

In the following Proposition, we assume that Supp(m) C {r < 1}, since this may be
done without loss of generality

Proposition 2.10 The bilinear form Dg is positive on the set Yper = {f € peT(FO)/
VIfl € per(ro N{r > 1}), fr = 0and log(2 + |z|)f € L}(Ty)}.

Where the space H},,.(I'o N {r > 1}) is defined as the set of functions lying in H}. ({r >

per

1}) N HY(To N {r > 1}) that are periodic with respect to x3, of period 1.
Proof :
We define on Sy, (Tp), that is, the set of functions that are C* on R3, periodic with

periodic cell I'y, and decaying faster than any power of 7 as r — oo, the Fourier transform
fr— fas:

fA(f, ) f( ) —i2n(z’ f—{—zgn)dm’ (35)

To
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where z = (2,z3), 2,6 € R?, and n € Z. It is easy to check out that this Fourier
transform has the isometry-property of the classical Fourier transform, that is :

RCTOLEDY |, Femaemas (36)

Hence it may be prolonged to S}, (I'g). We also have :

Vf € 8h..(To), 8;F(€,n) = i2né;f(€,n), §=1,2.

And o ~
Vf € 8}er(To) and g € Sper(To), f*r, g = f9-

So, since we know that —AG = 47wdy on I'y, we deduce :
4 (|€]° + n*)G (¢, n) = 4.

Hence when n # 0, @({ ,n) = W Now for n = 0, G becomes the classical Fourier

transform of log |z'| on R?. Indeed, we have, putting Go(z) = G(z) + 2log(r),

* Golw)das = 0. (37)

N[ =

1
Because computing —A [2?, Go(z)dzs, with = € Ty, one finds :
2

A [ Go@)des = / * _A(Go(z))das

D=

== 47(/5 (5() — 57«:0)d.1‘3

1
2

= 47((5,«:() - 6T:0) =0.

So the left-hand side of (37) is the expression of a harmonic function, which lies in L
because of Lemma 2.9, hence is a constant. But, still because of Lemma 2.9, Gy goes to 0
as r goes to infinity, so (37) holds.

The classical Fourier transform of log |z| on R? is equal to vp(#) + ady, with a > 0,

and where vp(#) is defined as follows (see [13]) :

1 . o(x) loge
<vp(-—3),¢ >= lim (/ —=dz + / v ). (38)
|$|2 e=0t \J|z|>¢ |$|2 € |z|=¢
(In fact, vp(#) = div(lﬁi‘@'w) in D'(R?).)

So we have :

G(e,0) = vp(@) + ad.
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Now, we compute, for all f € Y, :

De(f.f) = / (G sty 1)
- Z/ g (&, m) i€, m)de

neZ
1 ~
= dé+ < vp(=s), (f(£,0))?
EZj/R G der < (i) (e 0)
since f ffo = 0. So we only need to show that Vf € Yp,,, < vp(#), (/\(5,0))2 >> 0.

From the fact that f € Ype,, we have :

~

If(&0)] =

/ (=27 _ 1) f(z)d
To

[ e @de s [ e f(a)ds
I‘gﬁ{r>ﬁ} FOO{K\/E}

2
log(2 + L) log(2 + r)| f(z)|dx

IA

il /F"”{”ﬁ}
4 / 2/|[€11f (@) de.
Ton{r< L }

€]

Hence :

~ 4
0l < ot / log(2 + le) (o)l + I / 1f(e)ds

IA

Y 39
|log I¢]| 39

as €] — 0.
Hence, (39) implies that f(|§| ) ¢ 12 (Tg), and that 10% fng f(€,0)? vanishes as e — 0.
Since f(, 0) € L?(R?), we conclude from (38) that we have :

e as [ TEO?

g V&7 >= | “iep

~

loc

< vp(

This concludes the proof. ¢

Remark 2.11 Let us point out that the important property of f is that its integral vanishes.
For example, if f = Oge, + 0_ke, on Lo, f being periodic with periodic cell Ty, one may
compute that, for k > 0 large enough, we have Dg(f,f) ~ —logk < 0. And we may
even convolute f with a regularizing kernel, so as to get a C™° function g, having compact
support, and such that Dg(g,g) < 0.
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We now turn to our main result : the uniqueness of the solution of the system (27), which
will be stated more precisely in Theorem 2.16 below. We consider a positive measure
with compact support, periodic with periodic cell I'y, such that u # 0, and the system :

—Au+ 3u"3 —up =0,
—A¢ = dm(p — u?), (40)
u > 0,

and intend to prove a uniqueness result for this system.

We write
M= Zm( - ke3)a
keZ

with m having its support in I'y. With no loss of generality, we may assume that Suppm C
{r < 1}, and that m(Iy) = 1. We first need some a priori estimates on the solution of the
system. It is the aim of the following section.

2.2.2 A priori bounds

Proposition 2.12 Let (u, ¢) be a solution of (40), with u € L°(R?) and ¢ € L11,mif(R3)'
Then for any R > 0, there exists a constant v > 0 such that inf,.pu > v.

Proof : First of all, we remark that, by elliptic regularity, the fact that ¢ € L}mi 7 implies
that u € Wj;blif, hence belongs to H! ..(R?). So ¢ € H;’mf({r > 1}) € L®({r > 1}, and

unif
u lies in L® N C%*({r > 1}) for some a > 0. Moreover, the fact that ¢ € L}mif(Rg’) and
A is a uniformly locally bounded measure, we deduce that ¢ € LP(R3), for all p < 3.
We argue by contradiction, and suppose that the above property is false, i.e that there

exists R > 0 such that :

inf v = 0. (41)
<R
This means in particular that there exists a sequence (z,),>0 such that r(z,) < R and
u(zn) — 0 as n — 00. So, denoting by wu, and ¢, the functions u(- + z,,) and ¢(- + z,)
respectively, we have that

un(0) — 0asn — oo. (42)

Now, we may write T, = k,+z2, with k, € Zes and 20 € T'y. Since r(z,) = r(z)) < R,
we may extract a subsequence so as to have 10 — zY for some z% € T, satisfying
r(z°) < R.

But from (40), (42) and Harnack’s inequality (see for instance [9]), we deduce that
up — 0 uniformly on any compact subset of R3. Considering the bounds on u and ¢,
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we may pass locally to the limit, up to a subsequence, in (40). We then get ¢ € L}mi Ix!
solution to :

~A¢ = drp(- + ). (43)
Hence, denoting by 4 the function ¢(- — z°), we have 9 € L}mi 7 satisfying :

With no loss of generality, we may assume that r(z°) = 0, so that —A4) has its support
in {r < 1}.

We are now going to use a scaling argument to show that the fact that % is a solution
to (44) is in contradiction with its belonging to L} . s- The first thing is that 4 is harmonic
on the set {r > 1}, hence continuous on this set, and thus belongs to L*({r > 1}).

Let & € C*(R), such that §& = 1 on [—1,1], & = 0 on [—2,2]¢, and |¢[]| < 4. Let
« €]0,1] and ng : R? — R be the solution of —An =0 on {1 < |z| < R*} with boundary
conditions n =1 on {1 =|z|}, n =0 on {|z| = R*}. Namely, we have

| loglz|

nr(z) = alog R

on the set {1 < |z| < R*}. We prolong it by 1 on {1 > |z|}, 0 on {|z| > R*}. We set
Er(z) = nr(')&(%2), for all z € R3.
And we compute :
<_A¢a£R> = 47r<,U’7§R>
= Z < m(-+ kes),&r >

kEZ

= Y [ e®

keZ,|k|<2R ¥ Lo

> [

keZ,|k|<Rr L0

Vv

So we conclude that :
< —Ay,€r >> 2R. (45)

On the other hand, we have, denoting by Qg the set {r < R%,|z3] < 2R} and by wg
the set {r < 1,|z3] < R},

/ N S B
R3

- /Q L

0 0
- - [ s [ vk [ yon
Qr\wr r=R%,|z3|<2R or r=1,|z3|<2R or
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We know that Aér = 7ynr(r)é) (%) on the set Qg \ wg, so we have :
| wac 1

R il

Qr\wr R?

3

/;ZR\LUR ¢"7R(T) 6,( R )

4
< I
< /QR¢
< Yion=crR1 <R

because 9 € L' . and a < 1.

unif
Next, we compute that

%r _ &(F)
or arlogR’

so we also have, using the fact that 1 belongs to L ({r > 1}) and is smooth on this set :

O&r CRo™! CR
< = R. 46
[_Ra,w3|<2R¢ or |~ aR*logR logR < (46)
And :
O&r CR
— | <—% <R 47
o | < e &

So we conclude that
|< _A¢a€R >| < Ra
reaching a contradiction with (45). This concludes the proof. ¢

We now have a lower bound on u, and intend to get upper bounds :

Proposition 2.13 Let (u,$) be a solution of (40), satisfying u € L™ and ¢ € L}mif.
Then we have :

(i) ¢ < H—% Vr > 1;and

Proof : The proof follows exactly the same pattern as that of Theorem 2.5. Indeed, this
proof only uses the fact that the measure ma has its support in {r < 1} and that the
functions uy, ¢ are solutions of the system (16)-(17). So the whole proof carries through
to this case. ¢
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2.2.3 Periodicity of the solutions

We are now going to show that the solutions of the system (40) are necessarily periodic.
For this purpose, we denote, for any function f defined on R?2,

7f(z) = f(z + e3). (48)
We then have, if (u, ¢) is a solution to (40),
—A(1¢ — ¢) = dm(u? — Tu?). (49)

Hence, from elliptic regularity, (7¢ — ¢) € C° N L®(R3).
Proposition 2.14 Let (u,¢) € L®(R?) x L! .. (R?) be a solution of (40). Then

1 1
]
=[xl
And o
— <

for some constant C independent of x3.

Proof : The first thing is to check out if this convolution product exists : Since we have

C
2
<
“=7 + 3
and
1 1 223 + 1]
=l <
lz| |z |z||z + es|(|z] + |z + es])
1 1

+
|z[(|z] + |z +es]) |z +es|(|z] + |z + es])’
this is easy to check. Moreover, we have :

, 1 1 1 dy
wr(r— =) < 3
|| |a] re 1 +7(y)? |z —y +esl(|z —yl + |z —y + es)

-I-/ 1 dy
re 1+7®)3 |z —yl(lz —yl + |z —y +e3|)

1 dy
< 2 3 :
rs 1+ 7(y)° [z —y[(|z —y| + [z -y +es])
We split this integral into two others, and write, with r(z) > 2 :

/ 1 dy
re L+7(y)3 |z —yl(lz —yl + ]|z —y + e3])

_/ 1 dy
a—yl<2 1+ 7()? |z —y[(|lz —y| + [z —y + e3])

+/ 1 dy
wey>2 1 +7W)3 |z —yl(lz —y| + |z —y +es])



64 Chapitre 2 - Polyméres et films minces

So that we have, denoting by A(z) and B(xz) respectively the terms of this sum,

C
Az) < ma

because

dy

/ e, <c
w—yl<2 |2 —yllz —y +es| <2 [ylly +es| ~ ’

and because the fact that |z —y| < 2 together with r(z) > 2 imply that 1 L - <¢

where C' does not depend on z.

r(y) I+r(x)®”

Concerning B, we have, for an R < r(z) = |z| that will be chosen later on :

B(x) s/‘ ¢ 4y
re L+7(y)3 1+ |z —yl?

Lorm L )
re LHYP\Ur 1+ 2 —¢)?+ |z —y3]?

o dy'

/ 1 C d ,_/ ay
e 1+ Pl =y " Jee A+ o —yP) |y

C dy'

L+ —o') |y]

dy'

C dy'

S / ! 1|3 _?{—i_/

wi<e L+ =y P) Y] Jiy>r(

! 1 1

S/ di/ / 3+_/ ; 13

wi<r Y1+ (2| - R)?* R Jyspl+lz’ =y
. cr ¢
~ 1+ (2| -R)?3® R’

|2’

where C'is a constant independent of z. Finally, we choose R = 5+, so as to have :

C
B(z) < —.
r(z)
Now, collecting (50) and (51), we get :
1 1 C
[ * (r= — =) < =
[ el T
Finally, since u? % (Tﬁ - ﬁ) is continuous, (52) implies :
1 1 C
2
w2 w (r— — )| < ——.
‘ ( |z |$|)‘_1+r

(51)

(52)

(53)

So there only remains to prove that this expression is indeed equal to 7¢ — ¢. In order to

do so, we compute its Laplacian, and find :

1
AW (-~ Ly — e et - L
lz| |z lz|  |=|

)) = u? % (85 — 0g) = TU® — u?.

2
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So the function 7¢ — ¢ — u® (’Tﬁ - ﬁ) is harmonic. But since, from (53), it lies in

L>(R3), it must be a constant. Hence

1 1
T¢—¢:u2*(7'm—m)+a- (54)

Now, considering (53), we know that for some R large enough,

1 la]

1
|U2*(T— )| < 03

|z ||
on the set {r > R}. So we have

a—%éﬂﬁ—sbécw%

on this set, which implies that, for all n € N, we have :

76— 4] >l

on {r > R}. So

o
2y, > [ - o znly|Bl
B1+2Re;

This is valid for all n € N, so we reach a contradiction with the fact that ¢ € L}mi I unless
a = 0. This concludes the proof. ¢

Next we turn to a uniqueness result that will ensure the periodicity of u, hence of ¢.

Lemma 2.15 Let (u, ) and (v,v) be two solutions of system (40), both lying in L™ X
L! such that |¢ — | < % for some constant C. Then u =v and ¢ = 1.

unif’

Proof : The proof follows exactly the same pattern as the uniqueness Theorem of [6],
Section 5.3 : we are going to collect all the former results, and then use a scaling argument
on u and ¢.

First of all, we know from Proposition 2.12 that there exists a positive function 7,
independent of x3, such that :

u,v > 1. (55)
Next, denoting by w the function u — v, we get, substracting the two systems :
—Aw +uT? =" — (fu —yv) =0. (56)
and :

~A(p—y) =v" —u’. (57)
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Hence, for any ¢ € D(R?), we have :
VwV(wé?) + / (W3 — o) we? — / (pu — Pv)wE? = 0. (58)
R3 R3 R3
The first term of this sum may be rewritten as :
vov(e) = [ VP - [ wveP (59)
R3 R3 R3

Now, from (55), we deduce that there exists a positive function v(r) such that :

W3 — oY —v) > %(u4/3 + o) — )2 + v(u— v)2.
That is,
W73 — Ty > %(u4/3 + ot Yu? 4 . (60)
On the other hand, we write
bu — v = (¢+¢)’w+ (</> ¥)(u +v). (61)

We denote by L the operator —A + %(u4/3 +v4/3) — (¢ +9), and deduce from (58),
(60) and (61) that :

Lwehwe >+ [ vt < [ p-pd e+ [ wvet 62

We claim that the operator L (with homogeneous Dirichlet boundary conditions on a
bounded set) is positive. Indeed, we may write it as

L= (A +u* = )+ (~A +07 —9)) = (L + L),

and the only thing to prove is that L; and Lo are positive. This comes from the first
equation of (40) : denoting by A; the first eigenvalue of L; on Q, and by f; the associated
eigenvector, satisfying f1 > 0 on {2, we have :

/sz—Af1U+[2U4/3f1U—/QfﬁflU:/Q)\lflu-

Integrating by parts and using the first equation of (40), we find :

—/Q %‘l‘ f1 —Al/flu

Since the second term of the left-hand side is 0, and because of Hopf’s Lemma, which
shows that % < 0 on 99, we infer that Ay > 0, hence that L; is positive. Lo may be
dealt with exactly in the same way, so our claim is proved.
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So the equation (62) implies :

1
242
| <5 [ -ne =g [ vl (63)

We now go back to (57), and use it to rewrite the first term of (63)’s right-hand side

as :
1

- _ _ 2:_3 _ 2 l N2 2
5 [ 0-0a0-0e =3 [ Ve-nelrg [ @-vrivet
So the inequality (63) becomes :
242 B 2 2 oe2 , L N2 |2
[otes [ vo-wor< [ wtver+g [ o-wrwer o

Since this holds for any ¢ € D(R?), we may apply it to a sequence &, converging to

1
(A + a3 (L + )PP

¢(z) =

With @ > 1, 8> 0 and a+ 8 < 1. We then get (64) for this choice of £&. Now, for this
function &, it is clear, from the hypotheses on « and 3, and from Proposition 2.13, (ii) that
we have [ps w?¢? < 0o and [Ra(¢ — 1)%¢? < 0.

We are now going to use a scaling argument on the inequality (64). We define & as :

€e(w) = E(ex). (65)
We then compute :
2 2
Ve = 6;:6' ‘a ﬂ82$3
(1+e2r2)5HD(1 4+ 23)% (14 €2r2)7 (1 4 222)(5 D)
_ g glr? Lo elx3
B (1+ &2r2)(B+2) (1 + z3) (14 &2r2)B(1 4 2z%)(e+2)
< B e +a? e
- (14 £2r2)B(1 + e223)> (14 £2r2)B(1 + £213)
2-20—2
Ce2—20-28 _ 082_2(1_2/352' (66)

(14 z2)2(1 +r2)B

Now we consider inequality (64) together with (66), and find :

/ 1/1112662 < Qg2 2028
R3

Fixing R > 0, we also have :

infg, v
/ vw?e? > %/ w? > infu/ w?.
R3 1 + € R Br Bgr Br
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Letting € go to 0, and using the fact that o + 8 < 1, we deduce that

/ w? =0,
Br

hence w = 0. Now, since u,v > 0, we also conclude, from the first equation of (40), that
p=1. 0

This Lemma, together with Proposition 2.12, Proposition 2.13 and proposition 2.14,
allows us to assert that any solution of (40) is periodic, with periodic cell T'y. Now, we are
going to complete the proof of our uniqueness theorem.

2.2.4 Uniqueness for the system

We intend to prove the following theorem :

Theorem 2.16 Let u be a periodic positive measure, with periodic cell T = R2x] — %, %]
such that :

(a) Supp pu C {r < 1}.
(b) (To) = 1.
Then the system (40), that is :

—Au + gu”?’ —u¢p =0,
~A¢ = dm(p—u), (67)
u > 0.
has a unique solution (u, @) in (Lme ﬂL7/3(R3)) (R?). Moreover, this solution is
periodic with respect to x3, of period 1, and we have :

um if

(i) u € L®(R?), and there exists a constant C > 0 and a positive function v depending

only on r, such that 0 <v <u < T 3/2 ; and

(i3) there ezists a constant 6 such that ¢ = G *p, (u —u?) + 0 ; and
e 2 _
(iti) [p, v’ =1.

Remark 2.17 Of course, in properties (a)-(b), the number 1 may be replaced by any
positive real. That is, those assumptions could be replaced by :

(a’) u has compact support with respect to (z1,z2).
(b)) w#0.

And in this case, the conclusion (iii) would become :

(ii’) Jp,u® = p(To).
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Remark 2.18 In the three-dimensional case, that is if A is a Van Hove sequence of Z3,
this uniqueness result holds provided p satisfies weaker condition of the kind (Hy) — (H2) of
Theorem 4.1. Here we are not able to adapt our proof to those kind of u’s. The periodicity
is a necessary condition of our proof. However, in the Yukawa case, such a result holds
(see Section 4).

Proof : We give here two technical results that we will need in the course of the proof,
their proof being postponed until the end of the present one :

3/2

Lemma 2.19 Let ¢ € Lfmif(RQ) N Hy,. (Bg,) for some Ry > 0, and denote by g the

function 1 — ﬁ f|$|=R¢' Assume that (—Ay)g is bounded in Ll(Bf%) independently of
R. Then Vi) € L*(B%,).

Lemma 2.20 Let v € Zper = {g € S'(T), Jp, log(2 + [z|)|g] < oo, Jr, g = 0}, such that
v € LL (Ton{r>1}) and |[v| < <5 on {r > 1}. Then G *p, v € L. . .(To).

1473 unif

The proof of the existence is a straight-forward adaptation of the thermodynamic limit
process, using the measure m instead of a smooth function or dy. One checks easily that
the point nuclei case proofs generalizes to any bounded measure with compact support.
And the associated variational problem I has been studied in [10].

We refer the reader to [6], Section 5.3.2 for the belonging of u to L*°. The proof also
gives the information that ¢ € Lfmif(R?’) NL*®({r > 1}), for all 1 < p < 3. This comes
from elliptic regularity results.

Now, we know that whenever u € L®°(R3) and ¢ € Lzlmif(R?’) satisfy (40), Lemma 2.15
and Propositions 2.12, 2.13 and 2.14 show that u and ¢ are periodic, with periodic cell T'y,
and that (i) holds.

Now that the periodicity of u and ¢ is ensured, we introduce the variational problem
(28), that is :

Iper = inf{Eper(p), /P € Xpers / p=1}
To

Where E,, is defined by (30), i.e

Brrlp) = Jo 1932+ [ 9= [ Gy ulo

0 Lo
+ %/FO /FO p(@)p(y)G(z — y)dzdy.

Here G is the periodic potential defined in (7), and X, is the functional space :

Xper = {v € Hyer(To), (log(2 + [a))' v € L2(Ty)}.

The first observation is that u € Xper. Indeed, we already know from (i),the second
equation of (40) and the fact that ¢ € L] .., that :

unif?

773 c

| = Aullo(y1a) = | = v + dull Loy 10) < 1+ ()32
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(We recall that r(z) = |2'| = /2% 4+ 73.) The same inequality holds for u instead of Au,
so by standard elliptic regularity results, and taking p large enough, we deduce that

C
< —~.
|Vu| < 5,372 (68)
Hence u € H'(Ty). Since u is periodic, this shows that
U € Xper-

The next step is to show that u is a critical point of the problem I.,. So we write the
Euler-Lagrange equation of this problem :

—Au + §u7/3 — (G *r, (1t — u?))u = Ou, (69)
for some @ € R. The point is then to show that
¢ = G *r, (1 — u?) +d, (70)
with d € R. We set :
1/2
Y= p(z)dzs,
~1/2

and
1/2
f= / %)das.
1/2
Those functions are defined on R?, and since we have —A = f Y 2 —A¢= [ 1{22 =

from the periodicity of ¢, the first Laplacian being a two- dlmensmnal one, and the second
one a three-dimensional one, we have :

~Ay = f

on R2.

We want here to apply Lemma 2.19 with Ry = 1. For that purpose, we only need to
show that [[(—Av¥)Yr||1(p;) is bounded independently of R. So, denoting by Q the unit
cube of R3, we write :

/B§|f¢R| = ) /Q+1ch|f¢R|

ke(Z2)*
< > 1 lnegrr YRl (B
ke(Z2)*
Y&l (8o
< Z unlf
— 3
ke(Z2)* 1+ K]
f|:v|—R¢
< . -
< Cllglipy ,f(31)+0§gi 9 R
< Clidley, qr>1p) + Cllllzer>y)-

'll/I’L'L



2 - Polymers 71

So we may apply Lemma 2.19 to 1, deducing that V¢ € L?(R2). Knowing this, we
are going now to prove that :
/132. (71)
To

~A¢=0.

To

This will follow from :

And, since this last property may be written as :

—Ap =0, (72)
R2

we focus on this last equation. Let (g be a cut-off function, in the following sense :

Cr(z) = ((%), with :

e (€DR),0<¢< 1 [¢[ L2
o ((t)=1Vte[-1,1].
o ((t) =0Vte[-2,2].

We have, for all R > 1 :

|, -avn = [ vivie

1/2 1/2
‘ |, ~avea| < ( / |V¢|2) ( / |ng|2) -
R? R<r<2R R<r<2R
And, since
2 11, |33| 2 C
= — 1 < —
|VCR| R2 C R ~ R27
we conclude that
1/2
‘ |, ~vcn sc( / |V¢|2) -
R?2 r>R

The right-hand side of this inequality vanishes as R goes to infinity, since V4 € L?(BY).
Hence we get (72), that is (71), or (iii).

Now, we are going to prove (70). In order to do so, we compute the Laplacian of
¢ — G *r, (1 — u?), and find, from the equality

—AG =) bes

kEZ
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that ¢ — G r, (4 — u?) is harmonic. On the other hand, we set v = y — u?, hence we have
fro v =0,v € S, (To) and v is smooth on {r > 1}, satisfying |v| < H% Hence, applying
Lemma 2.20, we deduce that

G xry (1= u?) € L. (73)

Now, since a harmonic function belonging to Ltm- g s necessarily a constant, we conclude
that (70) holds.

Thus, we know that u € X, that u? has total mass one on I'y, and that it satisfies
the Euler-Lagrange equation of Ip.,. Since this problem is convex, because the quadratic
form Dg is positive, hence convex with respect to p, we conclude that u must be a solution
of Ijer. Hence u is unique, and so is ¢. ¢

We now give proofs of the two lemmas that we have stated at the beginning of our
proof :

Proof of Lemma 2.19 : This result seems to be a standard one, but since we have found
no proof in the literature, we provide one for the convenience of the reader.

We first notice that g € Lim.f(RQ), since 9 € L?mif(RQ).

We fix an R > Ry. Let £ be a cut-off function, that is, ég € D(R?), such that
¢r(x) = 1 on Br \ Bag, and 0 on Bf,, U Bg,, 0 < &g <1, and [|Vég|re <1+ %

We have :

IN

C (74)

‘ / —AYrYRéER
R2

[ vunvichon| <

This implies :

/ V(rer)? < C+ / WAIVER
R? R?
C + CR, (75)

A

from the fact that ¢r € L2, ;(Bf,. We also have :

unif

/ Vrer) > / Vepr[263 + 2 / PRVRERVER
R? R? R?2

> [ 1VenPe
1/2 1/2
2 [ wuePei) ([ 1verPui)
1/2
> [ 1vvals - 20vR( [ 1vvnres)
1
>

3 |, 1vinls - R
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This, together with (75), shows that

[ wee=
Br\B:g, Bgr\Bar

for some constant C independent of R. We also have, integrating by parts over Bg \ Bag,,

b — o [ o
/BR\BZRO( A= /BR\BZRO Vo /I:cIZR v or " /IwIZZRo vr or (77)

And from Poincaré inequality, we know that :

(L) <a(].

This, together with (77) and (74), gives :

Vil < / Vyrl’€4 < CR, (76)
R2

0

O
06

2) 1/2. -

2\ 1/2 ¢ 2\ 1/2
Br\Ban, @ =r| Or R\Jz=r| 00
R R
S\
2 Jjz=r 2 Jjz=r

Cy being a constant bounding ‘f|$|:2RO 1/JR?9—11{’ + fBR\BZRO (—AYR)Yr
So, letting g be the function

g(R) = / V2 — Co,
Br\B:2rg,

we get the differential inequality :

Hence
L (g0(R) = 75 (Rg'(R) ~ 29(R)) > 0.

So, integrating from R; > Ry to R, we get, for all R > Ry,

R
9(R) > g(R%I)RQ.

If there exists at least one R; such that g(R;) > 0, we reach a contradiction with (76).

Hence g < 0, that is
[ weP<an
Br\B2g,

Which implies that Vi € L*(B, ). O
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Proof of Lemma 2.20 : We already know that G'xr, v lies in Lloc(PO)v so the only thing
to check out is that it is bounded as 7 — oo.
We now write :

Guryv = | v()(Glo 1)+ 2Noglra — )y
0
- [ 20)10g(r(z =) ~1og(r())dy.
0
We first consider the first term of this expression : from Lemma 2.9, we know that

G(z) + 2log(r)| <

21Q

for ¢ € 2I'y. Hence :

/ v(y)(G(w—y)+2log<r<w—y)))dy‘ < of Wl

o 7(Z —y)
< C lv(y)|dy
Ton{r(z—y)>1}
> vl
Ton{r(z—y)<1} T(Z — )
< Cc+cC / Ay
lysl<2r(y)<1 T(Y)
< C. (79)
Now we rewrite the second term as :
/
v
[ 2tlotr(a =) = doxtr@)ldy < 0 [ oo 2 = ey (50
0
I I
<of el s - Lllayro [ jow)|os L - L \dy. (81)
ronily|<m) | 17| | | Ton{|y'|[> R} | | ']
Where R = R(z) satisfies R < |z/|. So we may write, for |y/| < R :
! ! 112
y 1 2x'y Y| R
log| - — V|| = Ljog (1 - 22¥ — O(=2).
ool ~ | = afos (1~ o+ )| = 0
Which implies :
I !
Y CR
ot og| 5 - 2l < T o(y)dy
/ron{|yf|<R} [ Ja| 1Z'| Jron{y <R}

CR 00@ c
o] Jgp 7 = |

IA
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Concerning the remaining term of (81), we integrate first over the set
Lo N{ly'| > R} n{la' —¢/| > 1} = D,

then over the set
LoN{ly'| > R} n{|z’ —4'| <1} = Ek.

On the first one, we have :

|log|— — —

| < Clog<1 LY |) (82)

The second one is a compact subset of R?, so, as log|z'| € LlOC(R?’), we may bound the

integral of |v(y)|‘log‘% — over Ex by %_

PySAJUI

[2]
And coming back to (82), we write :

! !

/ |mw%——y
Ton{ly'|>R}

E

log(l—l— ||y :)‘d +£

o |log(1 + 1)l C
< C/R — T+
C [ |log(1+1)] C
< = Tt +
1Z'| J Ryt
c (la'|log(1 + %)
< N
<@ml—= )
Lo a o
2’| Jryw t(1+1)  R3
C C C
S W TR (83)

All this is bounded as |z'| — oo, so this ends the proof. ¢

Remark 2.21 Looking closely at inequality (83), we notice that the bound may be %,

for any o < 1. (Just take R = |z'|*.) On the other hand, the same kind of computation
could be done in (79), by developing ‘w, as |z'| — oo. One would find the same kind

of inequality, namely C in (79) would be replaced by \w'|a' So we may in fact assert that

¢ =¢o+d, withd € R and ¢y € L} satisfying

unif’

C
|go < EIck Va < 1.

We may also notice that, in the course of our proof, we have found a solution to the
problem I, and hence ensured that this problem is well-posed :

Remark 2.22 As a corollary of Theorem 2.16, one may state the result that the periodic
problem Ip, is well-posed. Of course, this result could be proved without using the above
theorem, by using standard variational methods, but it is not our point here.
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2.2.5 Convergence and identification of the limit

Now that we have a uniqueness result for the system (40), we are able to show the conver-
gence of the sequence py :

Proposition 2.23 The sequence up converges to uper in H'(Ty).

Proof : The proof only consists in collecting the preceding results, as pointed out above.

O

Actually, as in [6], we establish in Theorem 2.25 below a much stronger convergence
result. In order to do so, we introduce what we will in this context call interior domains :

Definition 2.24 Let A C {(0,0)} x Z be a Van Hove sequence in the third direction. A’
will be said to be a sequence of interior domains, denoted by A' CC A, if it satisfies the
following properties :

(i) A" C A.
(i) For any finite subset A of Zes, there exists an hg € N such that Yh > ho, A C A}.
(iii) X} — 1 as A - co.
() d(A',0T(A)) — oo as A — 0.
Theorem 2.25 For any sequence A' CC A and any R > 0, we have :

||UA - Uper||L°°(P(A’))7 —0 (84)

oA — Pper |l (AN fr<ry) — 0, (85)
as A — co. (We recall that ¢per = G *ry (m — une,) — Oper )
Proof : We follow step by step, here again, the proof of [6]. We only provide a proof of
(84), the proof of (85) following exactly the same pattern. We argue by contradiction, and

suppose that (84) does not hold. This implies that there exists, extracting a subsequence
if necessary, a sequence z in I'(A’), such that :

|IU'A(-7"A) - uper(fEA)l > %, (86)

for some € > 0. On the other hand, we have :

C

lup(zA) — Uper(za)| < Tr @)

Hence r(zp) is necessarily bounded. Now we write zp = ya + kpes, with yy € Ty and
kx € Z. Since the sequence r(zy) is bounded, so is yp. We then may assume that this
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sequence is convergent, and that the limit 7 lies in I'y. We then have, using (86), and
taking |A| large enough,
_ €
|UA(xA) - uper(y)| > 1 (87)

We denote by @y the function ua (- + x4 ), and by ¢, the function ¢4 (-+x4). One may
then rewrite (16)-(17) as :

_AEA + gﬂj\/s - HAaA = Oa (88)
—Adp =4r(mp(- +zp) — ﬂ?\)

The bounds on up and ¢ hold for up and_aA, so we may pass locally to the limit in
the system (88) above, and denoting by % and ¢ the corresponding limits, we have :

{ ~Au+ 5u? — gu =0,

_Aa = An (Mmoo (- +7) — ﬂ2), (89)

because ma(- + zA) — Meo(- + 7) in D'(R3?) as A — oo. Indeed, we have, for any
¢ € D(R?), K being its support :

<mpa(-+zA),p> = Z<m(-+x/\+k),<p>
kEA

= Z <m,p(-—xp —k) >.
keAN(To—K—xp)

Using Definition 2.24-(iv), we have that the set AN(T'g— K —z) becomes ZesN(T'y—K —x4)
when A is large enough, because in this case, I'y— K —z comes to be included in A. Hence,

<mp(+xp), o> = Y <mp(-—zp—k) >
ke€Zes
= <Moo, @+ —YA) >—< Moo(- +7),0 > .

Now, from Theorem 2.16, we know that (89) implies that

U = Uper (- + 7)-
Hence
ﬂA — uper(' + y)
in L? .(R?). On the other hand, from the bounds we have on Vuy (see formula (68)), we

deduce that the above convergence is point-wise, reaching a contradiction with (87).
Now, concerning (85), the only change is the fact that we do not need to show that yp
is bounded, all the other steps of the proof carrying through. ¢
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2.2.6 Convergence of the energy

We are now going to answer the only question of the problem of thermodynamic limit that
we have left aside so far, namely the convergence of the energy per unit volume.

Theorem 2.26 For any Van Hove sequence, we have :

Iy

A I =
|A| — per‘l' 9
as A — oo.

Proof : Here again, our proof is an adaptation of [6]’s, using the compactness result (23),
and the decay we have obtained on Vu in (68), that is :

|[Vup| < W
The strategy of proof is to study one by one the terms of the energy, and to split the
integrals over R3 into integrals over T'(A'), T'(A) \ I'(A’) and T'(A)¢, for some A’ CC A, the
first being dealt with using the convergence result of Theorem 2.25, the second using the
bounds we have on uye, and uy, and the third one using the compactness result (23). We
refer the reader to [6] for more details. ¢

3 Thin films

This section is devoted to the thermodynamic limit problem in two dimension, that is
to say, the problem of the thermodynamic limit concerning thin films. Throughout this
section, A = Ag x {0} C Z2? x {0} will denote a Van Hove sequence in the first two
dimensions, i.e such that Ay is a Van Hove sequence of Z2. T'y will denote the periodic cell
of the problem, that is, | — %, %]2 x R, and T'(A) = Upep To + k. For such a A, we define
as in the preceding section the energy Ej(p) and the minimizing problem I by formulas
(14) and (15).
The unique minimizer py = u% satisfies here again :

5
—Auy + guj\/?’ — paup =0, (90)

2

where ¢p = (mp —u3) * = —

2] 0, satisfies :

—App = dm(my —u?). (91)

Following exactly the steps of Section 2, we start with some a priori estimates.
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3.1 A priori estimates
3.1.1 Energy bounds and L* bounds

We have exactly the same results as in Section 2, namely Theorems 2.1 and 2.2. Here
again, as in Section 2, we notice that the proof of theorem 2.2 is only based on equations
(90)-(91), and on the fact that the measure my is non-negative, bounded and has compact
support with respect to x3. Hence it will hold for any such solutions, and in particular if
we replace mp by me = Y,z m(- —kes), or by any I'g-periodic measure having compact
support with respect to z3.

3.1.2 Asymptotic estimates

As in Section 2, we now derive bounds at infinity, that is estimates of the decay of up as
|z3| — oo, which are uniform with respect to A. As in Section 2, we use Lemma 2.4 to
prove the following estimates :

Theorem 3.1 For any solution (up,pp) of the system (90)-(91) satisfying up > 0, we
have :

C
—, Vv >1
¢A 1+|.’L‘3|2, |‘T3| -
c
0< —
S UA 1+|:E3|3/2

where C' denotes various positive constants independent of the measure m .
Furthermore, in the smeared nuclei case, i.e when m in (91) is supposed to be smooth,
the first inequality holds everywhere.

Proof : The proof is only a copy of that of Theorem 2.5. We only point out the necessary
changes in that proof : the function gg is unchanged, and so is ¢. In all the inequalities
and definition of sets, r becomes |z3|. Hence Cgy1 is now the set {|z3| > R+ 1}, and U

is the function : .
a bR

+ .
(lzs]> — R?)> (R — |z3]2)*
Computations follow exactly the same pattern, and we find in U the desired supersolution,
the only change being the constants m and b. The whole proof carries through, and

U=

we finally get the desired conclusion. ¢

3.1.3 Compactness

We now study the compactness of the sequence pp, namely we are going to show that :
Proposition 3.2 For any sequence A C Z? x 0, being a Van Hove sequence in the first
two dimensions, we have :

1

— pr — 1 as A — oo. (92)
Al Jray
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Proof : Here again, we provide only a smeared nuclei case proof, referring to [6] for the
generalization to the point nuclei case. We start exactly as in Proposition 2.7, writing that
for all h € H'(R?), we have :

1
|/R3(mA ~ b < G Dlma = pavma = ) Vs (93)

We then choose h = hp : we set hp(z) = fa(zs)ga(z1,z2), with :
e falt)y=1-— % if [t| < R, 0 otherwise, where R = R(A) will be chosen later on.

® gr € D(R?),0< gp <1, gp =1 on the set {z € R?/d(z,As) < %}, 0 on the set
{z € R?/d(z,\2) > 1}, and satisfying |Vga| < 4.

(We recall that A = Ay x {0}, that A} = {t € R?, d(t, Ugea, (k+] — 3, 5]?)) < 1}, and that
the Van-Hove hypotheses imply |Ad| < |A].)
We have, for such an hy :

/ VP = / Fh(23)gn(a!)2da des + / Fa(e3)?|Vga (2! da' das
R

< C|A|/ +C|A2|/ (1 — )i
Al

< C—= +CR|A

< R |A3l.
We now choose R = (%)1/2, so that we have % < |A|, and R|A}| < |A|. Hence, we

2
have :
VAl 2R3y = o(|A))- (94)

Thus, since we already know from Theorem 2.1 (vii) that D(ma — pa, ma — pa) < C|A|,
(94) implies :

1

— (mpa — pa)hp — 0 (95)
|A] Jrs

as A — oo.
On the other hand, since hp < 1, we have ng mpaha < |A|. We also have :

|3
ha > |A| — —
/Ram“—' | / TR

|A]

and 0 < fR3 mA% < &, hence we infer that :
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1

—_— maha — 1. (96)
|Al Jra

Next, we compute :

/ paha = / pA—/ PA |$3|+/ paha
R3 T(A) T(A){jzs|<R} B T(A)e

_ / . (97)
r(A)N{|z3|>R}

Concerning the second term of the right-hand side, we write :

|A|/ tdt_ Al
A
1—|—t3_ R <AL

We then deal with the third term as follows :

ALY B tde AL
§C|R2|/ <C| 2|<<|A|.
0

lzs]|

/1“(A)ﬂ{w3|<R}

h
PATA 1+~ R

r(a)e

Turning to the fourth one, we have :

© tdt |A|
pr < ClA <C= KA
/F(A)n{z3|>R} | | r 1 + 13 R | |
Hence (97) implies :
1 1
[A] Jrs pafa = [A] /F(A) o+ ofl) ©8)

Thus, collecting (95), (96) and (98), we conclude that (92) holds. ¢

3.2 Identification of the limit

Following the steps of Section 2, and we are now able to pass locally to the limit in the
system (90)-(91), getting solutions uy and ¢, of the system :

5 7/3 _
—Aug + - 'U'oo?oo =0, (99)
—Apoo = 47r(mOO —ug,)-

Moo being the measure ), > m(- — k), and in particular a periodic measure. We suspect
a uniqueness result similar to that of Section 2 to be true in this case, but we did not
manage to prove it. However, we are going to prove a convergence result for the sequence

PA-
We first need some preliminary results on the periodic potential G.
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3.2.1 The potential G

In this section, we denote by G the function

G(z) = —2m|z3| + ( /|x—y k|>

keZ?

Where K denotes the unit square of R?, that is, K =] — %, 12
First of all, we check out that this sum clearly defines G :

N

Proposition 3.3 The sum defining G is convergent over the set R3 \ (Z? x {0}), and
normally convergent on any compact subset of this set.

Proof : Here again, we develop the integrand as |z| — oo :

‘o) i_/diy

|zl Jk |z =yl

Ry
V2 — 2wy + ly|?

B ? |-’17|/ 1_2wy+\|

B

Ty 1
= — - — 1+ +O0(—5))dy
o Tl 0 O
1 1
- - — 4 0(=)
2l o] (|x|3)

. . 1
And this concludes our proof, since ), > THRP does converge. ¢

We now prove the analogue of Lemma 2.9 :

Lemma 3.4 We have :
(i) G(z) = ﬁ +C +o(1) as || — 0.

(i) G(z) = —2m|z3| + O(|x ‘a) as |z3| — o0, for any a < 1, uniformly with respect to

z' = (z1,12).

Proof : We rewrite G as :

0w = —2alas) + o = [ P (|a:—k:| L) o

From the computation of the preceding proposition’s proof, we know that the remaining
sum converges normally on a neighborhood of 0. Hence it is continuous on that neighbor-
hood. On the other hand, z +— [ K ‘szyy‘ is continuous on R3, and this concludes the proof

of ().

ke(Z2)*
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We now turn to (ii). We intend to show that :

1 d:
> e Lt e 1oy
ke(Z2)* $ K |7 y 3
Considering the function f defined above, we know that |f(z)| < % So we may

write :
C C
2 WIS 2 kR S 2 Rl

ke(Z2)* ke(Z2)* ke(Z2)*
We now use Young’s inequality, finding that for all @ < 1, we have :
B[ + [¢° > ClkPP~ ¢
So we infer that :
C

C
Z |f($_k)|§|x3|a Z W

ke(Z2)* ke(z2)

Since « < 1 implies 3 — a > 2, we conclude that (101) holds. ¢

Let us now establish a positiveness property on the operator Dg (We recall that it is
defined by D¢g(f,9) fFo fl“o )G(z — y)dzdy = fro(G *r, f)g). We assume here
that the support of m is contalned in {r < 1}. (This implies no loss of generality).

Proposition 3.5 The bzlmearform Dg is positive on the set Yper = {f € Ly.,.(To)/\/|f] €
HL.(Ton{|zs| > 1}), fr =0, and (1+|z|)f € LY(To)}-

per

Where the space H},.(To N {|z3| > 1}) is defined by the set of all functions belonging to
H} ({|lzs] > 1}) N HY (Do N {|z3| > 1}) that are periodic of periodic cell T'y.
Proof : We introduce, as in Section 2, the Fourier transform on I'y, defined by :

fln,€) = f( Jem (st tna) gy, (102)

where ¢ € R, n € Z? and z = (2',z3). By a straightforward computation, one finds
that for this Fourier transform, Parceval’s and Plancherel’s formulas hold, so that we may
prolong it to S, (T'9). We also have :

Vf € 8her(To), 85f (n,€) = i2mEf(n, €). (103)

And — ~
Vf € per( ) Vg € SPET(PO) f*ro g= fg

So, since —AG = 4wy on 'y, we deduce :

4x*(€ + In]*)B(n, &) = 4r.
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Thus, when n # 0, we have G(n £) = W Concerning the case n = 0, we notice

that G(0, &) is exactly equal to the classical Fourier transform of —2r|x3| over R. Indeed,
putting Go(z) = G(z) + 27|z3|, we notice that [, Go(z)dz’ is a harmonic function, which
goes to zero as |z3| — 0o, from Lemma 3.4. So it is necessarily 0.

Furthermore, the Fourier transform of —2m|z3| is shown to be 47rvp(§%) + adp in [13],

where vp(g%) is defined by :

< vp(

I (6
ghe> = dm ([ Ea o0+ o)

+(loge) (¢'(e) — w’(—e)))- (104)

In fact, vp(z%) = —(log|z|)"” in D'(R). Now let f € Ype,. We have :

Da(f.f) = / (G sy 1)
- /G*ro (. ) F (k. €)de

keZ?
== ]? 78 ' F
-2 [ ) e+ am < vol ), (F10.0)7 >

So the only thing to show is that < vp( ), (f(O €))? >> 0. We notice that the belonging

of f to Ype, implies that 17(0,6)] < Cl¢] as € — 0, so that (f—(g’f)—)z € L'(R), and (104)
implies that

~

- (7(0,6))2
<vp(§><< ©)? —/RTdazo.

This concludes the proof. ¢

3.2.2 Periodicity of the limit

We will say from now on that a function w is symmetric with respect to z; if it satisfies
the equality :

u(.Tl,.fUQ,.'I),?,) :U(—.T]_,.’L‘Q,.’L'g,). (105)

And the sequence A will be said to be symmetric if 1py) is
For all function f, we denote by 7 f the function :

mf(z) = f(z + e1). (106)
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Proposition 3.6 Assume that A is symmetric with respect to 1, in addition to the hy-
potheses we have required so far. In the smeared nuclei case, m s also required to be
symmetric. Let (u,$) be the limit of (ua, $p). Then u € L®(R3), ¢ € L}Lm-f(R?’), and we
have :

C

. 107
T+ 3] (107)

|71 — | <

Proof : The belonging of (u,$) to L*(R?) x L}

i f(R?’) comes directly from the bounds
of Theorem 2.2. Moreover, we have :

—A(11¢ — ¢) = dm(u? — Tu?).

Hence (11¢ — ¢) € Wj;gf(R‘?) for all p > 1, and in particular it lies in L>®(R?), so the
bound (107) need only to be shown on the set {|z3] > 2}. Hereafter, we assume that
|.733| > 2.

Now we are going to show this estimate for (ua, ¢ ), uniformly with respect to A, and
hence deduce it for (u, ¢).

From the uniqueness of uy, we know that vy = ma — u3 is symmetric with respect to

x1. Hence we have :

Y1
oa(y) L dy = 0, 108
/;R A(y)lylk Y ( )

for all k < 4 and R > 0.
We split the expression of 9y = 71¢p — ¢ into two terms :

1 1 yl
Ya(z) = / vA(y ( - ——)dy
@ = ) "N\ ral oy WP

1 1 Y1
H - - By
le—y|>R lz —y+el| lz—yl |/

where R = @ We call a(x) the first term, b(z) the second one. We notice that

/' foa ()|
|z—y|<2

m - ﬁ + ﬁ;ﬁ lies in L'(By + ) and is bounded independently of z in this
space. So we may as well restrict ourselves to integrals over |z —y| > 2, which is equivalent
to replacing |z —y| by 1+ |z —y| in the integrals. The same remark holds concerning terms

of the form @—‘ which will be replaced by ﬁy‘

1 1 Y1
lz —y+el [z—yl |y

< ¢

because

On the other hand, we may bound |m — ﬁ| by C[LT;' on {|z| > 2}, for a uni-

versal constant C. Hence we have, £’ and 3y’ denoting the variables (z1,z2) and (y1,y2)
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respectively :

1 1 U1

la(z)| - -
lz—y+el| |z—yl |yP

IA

/ C

/ C |z1 — 41 y
o—yl<r 1+ 1ysP 1+ ]z —yl?

—I—/ 9 |y y
a—yl<r 1+ Y331+ [y

C dy’
a(z)| < —————R/ W
@) < =R ) e TH 0P

N CR / dy'
(|$3| - R)3 |z’ —y'|<R 1+ |y,|2
CRlogR CR? 1
(sl - B (fws| — R)? (] - B)?
C

2

(109)

Concerning b(z), we split it again into two terms, writing :

1 ]. y]_
o) = | m@( - ——Q@
@—y|>Ry|y|<R' lz—y+el| |z—yl |y

1 1 Y1
+f o) - ),
le—y|>Rily|>R' le —y+el |z—yl |yl

where R’ = |z|*, for some a < 1.

We call respectively ¢(z) and d(z) those two terms. In order to bound c¢(x), we write,
for |y| < R' < |z] :

1 1 —21  3(1-23;\ 2y1—1 R
_ _ il O(2). 110
T yral -y JaP 2( alt ) ap TOp)- (0
This implies :
1 1 CR' CR"®
B < 2 3
lz—y+el |z—yl|~ | ||

On the other hand, we notice that (108) allows us to convert the term containing f;ﬁ into

)yl

- / vA(Y) T3 Y
lz—y|<R,|y| <R’ ly|
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and we have already bounded such a term when dealing with a(z). So we have :

1 CR 1 CR?®
c(z) < / ———dy +/ —= =y
[e(@) wi<r 1+ [ys]3 |z]? i< 1+ |ys|® |z[?

CR' , CR? ,
<o Ly T
v | <R/ ly'| <R/
RI3 RI5
< o= 42
< Clap t p)
C C
223 + zp5a (111)
We now turn to d(z). Knowing that we have
1 1 1 — Y1 < C
z—y+el lz-yl |le—yP|” 24—yl
on the set {|z —y| > R, |y| > R'}, we infer that :
C
@l < [ dy
a—yl>Ry>r (L+1ys?)(2 + |z —y]?)
+/ c |21 dy
a—y>Ry>r 1+ ys® [z —y[?
¢ Y1 Y1
+/ — Ly (112)
oyl>Rly>r L+ |y llz —ylP [y

Here we point out that bounding the second term, which we denote by di(z), will be
sufficient to bound the first one. In order to bound d;(z), we use the inequality |z — y| >
|lz| — |y||, and write :

Cd
jdi(@)| < fail — 3
oy >Ry >R (1+[ys>)(1 + |l=| - |y]|")
|z| Cdz
=l , .
|2 J)2 o> > (14 |2 ) (1 + |1 2]]°)
C
< W’ (113)

where we have set y = |z|z.

We now bound the third term of (112), which we call do(z). In order to do so, we
write :
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moowmlo |z —y[* —|yl*

lz—y[®  |yf3 lz = yPPlyl*(lz — y[ + [y])
o Nz = 9P = P(= — o + 1y*)
- 2z —yP(lz — y[ + |yl)
< ol2ry- z*|(lz =yl + |y])
- lyl?|z — y[?
< oyl + 1z —y)?
- Y2z —yI?

1 1
< Cm( + )
N\ T=oF T Pl =y

Hence we see that dy(z) may be bounded by the sum of two terms, the first one being
equivalent to di(x), and the second one, which we call d3(z), being dealt with as follows :

C |z|
d@)| < [ dy
le—y|>Ry>r 1+ [y 1+ [y[?|z — y
ﬂ C dz
T 2P e B s B L 2P 1 221~ ]|
C
< P (114)
Hence, collecting (112), (113) and (114), we find that
C
|d(z)| < Pk (115)
Thus, gathering (115) and (111), we find that
C C C
b < —.
[b(x)] < 230 + |z[3—5a + 22
Choosing now an « such that a < % and a < %, we find that
C
b(z)| < - (116)
||

There only remains to collect (109) and (116) to conclude that (107) holds for ¢5. Now,
since this bound is uniform with respect to A, ¢ inherits it. ¢

We now need a lower bound on u, which is the aim of the following proposition :

Proposition 3.7 Let (u,$) be a solution of (99), such that u € L*®(R?), u > 0, and
¢ €Ll . (R?). Then for any R > 0, there exists a constant v > 0 such that infjg, cru > v.

unif
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Proof : We follow exactly the steps of Proposition 2.12, and arguing by contradiction,
build ¥ € L} .. (R?) solution to :

~AY = drpu(- + 20). (117)

This is exactly where the proof differs : we are going to use here again a scaling
argument, but the scaling function needs to be chosen differently.

Let & € C®(R), such that & = 1 on [—1,1], & = 0 on [—2,2]¢, || < 4, and
0 <& < 1. Let ng : R — R be defined by follows :

- ng =1 on [-1,1].
“r(t) =1+ it 1< |t < R.
- ng =0 on [—R, R]“.

We denote by £g the function {gr(z) = nr(73)&0(%)- And we compute :

< _A'lpaé-R > = 4dr < moowfR >

= Y < m(-+k),£o(}%) >
keZ?

r
> 4r Y < m(-+ k), &o(5) >
kEZ2,k|<2R
> CR2 (118)
On the other hand, we have, denoting by Qg the set {r < 2R, |z3| < R} and by wg the
set {r < R,|z3| <1} :

< Apbr> = /Q Ve

R R
- —A OsR iy
/QR\wR ¢( €R) * /|$3|:R,r<2R v on * /|x3:1,r<R¢ on

Since —A&r = —nr(w3)Ab(F) = 1r(23) (7r&0 () — 7260 (%)), the first term may be
dealt with as follows :
1 / 19 (z)|
— P -I-/ ——dx
R? QR| | Qr\wr TR

/Q RS
R3 C ) 1/2 2R d‘l“ 1/2
Cﬁ*ﬁ%w'w') (/R R?)

RS/ 1/2 2
OR+ O~ (Rlog2)"/* < R”. (119)

IA

AN

VAN
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Concerning the remaining terms, we have :

O0&r C R2 )
P < / P|= < C— < R 120
‘/z3|:R,r<2R 6373 |w3|:R,T<QR| |R R ( )
And :
O¢r C R2 )
P < / h|= < C— < R 121
/|w3|:1,r<R Ox3 |z3|=1,r<R | |R R (121)

Hence, collecting (118), (119), (120) and (121), we infer that (117) is in contradiction
with the belonging of ¥ to qumz'f' O

We now state a uniqueness lemma that will allow us to conclude that u and ¢ are
periodic.

Lemma 3.8 Let (u,$) and (v,1) be solutions to the system (99), satisfying the following :
(i) u,v € L°(R3), and ¢,9 € L}mif(R?’).

(i) There ezists a function U € L*(R) such that |¢ — 1| + |u — v| < U(zs).
Then v = v and ¢ = 1.

Proof : The firsts steps of the proof are exactly those of Lemma 2.15. We thereby skip
it, and start with equation (64), that is :

[owres [ urvepss [ @—vrioe (122

where v is a positive function depending only on z3, w = u — v, and £ is any smooth
function with compact support.
We apply inequality (122) to a sequence &, converging to ¢ defined by follows :

o {(z)=1- % on the set {r < R}.
o {(z) = 0 elsewhere.

where R > 0 and a > 0. Hence (122) is valid for this choice of €. For such a £, we compute

that
,,,20572

R2a *

/z/w2§2 §/ OFﬁU(ng)2
R3 - 2 R3 R2a

3 R 2,,.20471
5||U||L2(R)/0 e

3

VEP = o

So we have :

N

VAN

IN
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We let now R go to infinity, deducing, from the monotone convergence theorem, that we
have :

3
/R3 vw? < §7ra||U||L2(R).

Since this holds for any a > 0, we let now « go to zero, and find that :

/ vw? = 0.
R3

This implies that w = 0, since v is positive, hence that ¢ = 9. O

3.2.3 Convergence and identification of the limit

We recall the periodic variational problem I, :

Lyer = inf{ Eyer (), /5 € Xper, /F p=11, (124)
0
where Ep,, and Xp,, are defined as follows :

1
Xper = {v € Hpe, (To), (1+|z])2v € L*(To)}.

Boerp) = Jog Vol + [ 97~ [ (Gorg maclp
To To
1
+ 3 / / p(z)p(y)G(z — y)dzdy.
Ty JTo
We are now able to state the following theorem :

Theorem 3.9 Let A = Ay x{0} be a Van Hove sequence in the first two directions, that is,
Ay is supposed to be a Van Hove sequence of Z?. Assume in addition that A is symmetric
both with respect to x1 and with respect to xo (in the smeared nuclei case, we also assume
that the measure m 1is symmetric with respect to 1 and x9). Denote by pp = u?\ the
solution of In. Then up converges to upey in H(Lo), pper = u]%er being the minimizer of
the periodic problem Ip... Moreover, we have the following estimates :

(1) Uper(x) < W for some constant C > 0.

(ii) There exists a positive function v depending only on x3 such that we have : v < Upg,.

Proof : We know that (ua,¢s) is bounded in H'(To) x L, ;-(R?), for all p < 3. Hence
we may pass locally to the limit in the system (90)-(91). Denoting by (u,¢) € H'(To) x
. f(R3) the corresponding limit, we find a solution to the system (99), that is :
—Au+ 3uT/3 —up =0,
—A¢ = 4An(me — u?).
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From the a priori bounds shown in Theorem 3.1, which shows in particular that u <

ToL 72 H;’;P 73, and from Proposition 3.6, we know that, applying Lemma 3.8, we find :

T1$ = .

On the other hand, all the symmetries being also satisfied with respect to zs, we deduce,
denoting by 79¢ the function ¢(- + es),

T2 = ¢.

This implies that ¢, hence u, are periodic with periodic cell T'y.
From the estimate of Theorem 3.1, we also deduce that u € X,.,. We are now going

to prove that
/ u? = 1. (125)
To

In order to do so, we introduce the functions :

¢($3) = /[1 1 ¢(w)daz1da:2.

and
flas) = /[ ., 5moe(z) — i)
~33
Those functions satisfy the differential equation
"=

since f[_l 192 (227‘5 + g%’)d:cldm = ( from the periodicity of ¢.
272 1 2
Furthermore, ¢ € L*®({|z3| > 1}), hence ¢ € L*®°([—1,1]°), so from the estimates on
u, we deduce that
Py € L'([-1,1]°).
On the other hand, ¢'(t) — ¢'(1) = flt f, for all ¢ > 1. Hence we infer that
' € L*([1,00)).

Those two properties, together with the equality

t t 9
/ P = P (8) — (1) (1) — / W2,
1 1

show that
P € L*([1,00)).

Repeating the same argument for ¢ < —1, replacing 1 by —1, we conclude that

W' € L2([~1,1]°).
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But ¢’ has a limit at infinity, namely (1) + [° f, so this limit must be 0. The same

results holds concerning its limit at —oo, so that we have :
/ " =limvy’ — limy' = 0.
R o —0oQ

This implies fl“o —A¢ = 0, hence (125).
The next step is to show that

¢ = G *r, (moo—u2)+d,

(126)

for some d € R. Noticing that ¢ — G, (Moo — u?) is harmonic over R?, and periodic with

periodic cell Ty, we conclude that it is sufficient to show that G *r, (me —u?) € L
And from Lemma 2.9, we know that

(G(m) 1y 27r|sc3|> € L®(Ty).

]

So we only need to prove that

and

@3] %1 (Moo — 47) € Ly ¢(To).

'zlmif(ro)-

(127)

(128)

(127) has been shown in the course of Lemma 2.20, so we only provide a proof of (128) :

Since we already know that the convolution product arising in (128) lies in
we only need to bound it as |z3| — oo. (125) implies that we have :

/ (100 — u?)(y)\z3 — ysdy = / (oo — u?) () (|23 — ys| — los])dy.
To To

Letting R = +/|z3|, we have, for |ys| < R, and |z3| — oo,

R2
|z3 — y3| — |z3| = —y3 + 0(@) = —y3+ O(1).
Hence we may write :
23] %7 (oo —02)| < / M0 — 62| ()| |55 — ys — |s]|dy
Ton{|ys|>R}
+ 00 — u2|() (lys] + C)dy
Ton{lys|<R}
< / iMoo — u?|(y)|ys — =3 + z3|dy
Ton{|ys|>R}

+ / Clmos — u?|(y) (1 + lys|)dy.
Ton{lys|<R}

Lllgc(ro)a
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Those two terms are bounded because u € Xper, so this concludes the proof of (128), hence
of (126).

Now, this implies that u? is a solution of the Euler-Lagrange equation of the problem
Iper, namely :

5
—Ayp + 507/6 - <G *ry (Moo — p) + 91)67“) Vo =0.

(Oper is the Lagrange multiplier associated with the constraint in Ie,.)

On the other hand, the problem I, is convex because Dg is, since it is bilinear and
positive, on the set of the test-functions of I,... So u is the solution of I, which is
unique. Thus, the convergence does not only occur for a subsequence of uy, but for the
whole sequence. ¢

3.2.4 Convergence of the energy

This paragraph is the exact analog of the corresponding one in Section 2. We start with
the definition of interior domains, which is exactly the same as in Section 2.

Definition 3.10 Let A C Z2? x {0} be a Van Hove sequence in the first two directions. A’
will be said to be a sequence of interior domains, denoted by A' CC A, if it satisfies the
following properties :

(i) A" C A.
(ii) For any finite subset A of Z2, there exists an ho € N such that Vh > hg, A C A},.
(iti) b —1 as A - oco.

(iv) d(A',0T'(A)) — oo as A — 0.

For now on, we assume that the sequence A satisfies the hypotheses of Theorem 3.9,
that is, in addition to the Van Hove hypotheses, A is supposed to be symmetric with
respect to z1 and z9, and so is m.

Next, we state the following theorem :

Theorem 3.11 For any sequence A' CC A and any R > 0, we have :

lua — uperll oo (rearyy — 0, (129)

[¢a — bperll Lo (AN {|zs|<r}) — Os (130)
as A — co. (We recall that ¢per = G *ry (M — une,) — Oper )

Proof : The proof starts exactly as that of Theorem 2.25, except that Theorem 2.16 is
not available here. Hence, we slightly modify the proof in the following way : u, will not
be up (- + zp), but :

up = up(- + (z4)3e3).
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Hence, the same convergence argument hold, except that we notice that ma = ma(- +
(zA)ses) defines a Van Hove sequence, since zp € ['(A’), and that it is symmetric with
respect to both z; and zo. Hence the proof carries through, replacing the use of The-
orem 2.16 by that of Theorem 3.9, or (equivalently) by the fact that I, has a unique
solution. ¢

We end up by stating the energy convergence Theorem for thin films :

Theorem 3.12 For any Van Hove sequence, symmetric with respect to x1 and xo, we have

Ip

M
WHIPCT—I—_

2

as A — oo.

Proof : Here again, the proof is not different from that of Theorem 2.26, the only thing
to check being that we have :

C
Vaup| < ———+.
| Al — 1+|.’L‘3|3/2

And this easy to prove from elliptic regularity, together with the bounds we have on up
and ¢p. ¢

4 The Yukawa case

We give here without proof some results that can be obtained on the Yukawa case.
Replacing the Coulombian interaction potential = by the Yukawa potential defined in

||
(11), we get :

—AUA + g’ll/z/:; — 'U'A¢A = 0,
—App + a’Pp = dm(mp —uX), (131)
up > 0.

The limit system (9) being modified in an analogous way. Next, we notice that in this
system, we have added a coercive term in the second equation. This fundamental difference
allows us to show stronger uniqueness results, as the following one :

Theorem 4.1 Let 1 be a nonnegative measure, having its support in the set {|zs| < 1},
and satisfying the following :

(H1) supgemrx o} #4(B1+ ) < +o0.

(Hz2) limpg o0 infyer2 oy “(LR'M) = 400.
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Then the system

—Au + gu7/3 — ¢u =0,
_Ap+ap = b — u?), (132)
u > 0.

has a unique solution (u,$) in the set

{(u,¢) € L/* N L2, (R%) x LL,;;(R?), Vh > 0, . ir|1fh}u > 0}.
r3|<

Furthermore, this solution belongs to Wj;f;f(Rg’) x [P

unif

(R?) for all p < 3, and there eists

a constant C such that u < W

A similar theorem is also valid in the one-dimensional case. This implies that we have
convergence results in both cases (namely thin films and polymers), at least for the density,
provided the finite problem I, with Yukawa potential has a unique solution pa. This is
the case for instance (see [6]) if a is small enough.

On the other hand, the use of the Yukawa potential destroys the compactness of the
sequence pp (in the sense of (23) and (92)). In fact, this potential is too weak at infinity
to prevent some of the electrons from escaping at infinity. Thus, the periodic variational
problems I, in addition to the potential change, will bear a different mass constraint.

Alternatively, in the spirit of the results displayed in [6], Chapter 4, we have :
Theorem 4.2 (Here Ty denotes | — %, 112 xR, and r the cylindrical radius \/z? + z3.) Let
p > 1, T aTg-periodic potential lying in L] (R3?) for some q > 2;’—52, such that TT < #
as |zg| — oo. Assume that there exists R > 0 such that the first eigenvalue of the operator
—A—T" with periodic boundary conditions with respect to (x1,x2) and homogeneous Dirichlet
conditions with respect to x3 on T'o N {|z3| < R} is negative. Then the equation

—Au+uP —Tu=0 (133)
has a unique nonnegative non trivial solution in the set
{u€ H. (R?) /Vz € R u € H(Ty+z)}.

This solution satisfies :
C
u(z) < ———,
1+ |z3|r-T

for some constant C > 0.
Here again, a similar result may be stated in the one-dimensional case.
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Chapitre 3

Optimisation de géométrie pour les
cristaux périodiques

Ce chapitre, écrit en collaboration avec C. Le Bris, présente 1’étude du probléme de
I’optimisation de géométrie pour un cristal périodique dans le cadre de la théorie TFW
des solides. Le corps du chapitre a été publié dans Communications in Partial Differential
Equations [P3]. Nous incluons en préambule une note aux Comptes Rendus de ’Académie
des Sciences [P2]| qui présente ’ensemble des chapitres 2 et 3.
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Optimisation de géométrie dans le cadre des
théories de type Thomas-Fermi pour les cristaux
périodiques

X. Blanc!? & C. Le Bris!

1 CERMICS, Ecole Nationale des Ponts et Chaussées,
6 & 8, avenue Blaise Pascal, Cité Descartes,
Champs sur Marne, 77455 Marne-La-Vallée Cedex

2 Ecole Normale Supérieure,
45, rue d’Ulm, 75230 Paris Cedex 05

Résumeé. Nous présentons dans cette Note I’étude du probléme de ’optimisation de
géométrie pour un cristal périodique dans le cadre du modéle TFW, c’est-a-dire le probléme
de minimisation de l’énergie de ce modéle en fonction du réseau qui définit le cristal. Nous
montrons l'existence d’un tel minimum, définissant au passage des modéles de polymeéres
linéiques et de films minces pour cette théorie.

Geometry optimization
for Thomas-Fermi type theories for solids

Abstract. We study here the problem of geometry optimization for a crystal in the
TFW solid-state setting, i.e the problem of minimizing the TFW energy with respect to
the periodic lattice defining the positions of the nuclei. We show the existence of such a
minimum. One step of our work consists in derivating TFW-type models for polymers and
thin films.

Abridged English Version - We consider here the Thomas-Fermi-von Weizsécker
model of solids as defined in [9, 10], which associates to a periodic lattice £ of basis
(a1,a2,a3) an energy E(£), recalled in equations (1)-(4). We investigate the problem of
minimizing the energy with respect to the periodic lattice, as stated in (5). Note that
the energy we want to minimize here is an energy per cell, that is per unit mass. This is
consistent with the fact that it is the energy per unit mass which allows to derive macro-
scopic elasticity constants [2].

Referring to Teller’s Lemma (see [16] or [19]), it is possible to show that in the TF case,
such a problem have no solution, whereas in the TFW case, the stability theorems proved
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in [11] indicate that the question is relevant.
In [6], we show the following :

Theorem Any minimizing sequence of problem (5) is compact, up to extracting a sub-
sequence. Therefore, this problem has at least one solution.

For this purpose, we first show that the radii R} = |a| of any basis (af,a3,a%) of a
minimizing sequence £, are bounded away from 0. This is based on Teller’s Lemma (see [19]
or [16]), and on the fact that the TFW energy is bounded from below by the TF energy.
Next, we use the results of [12] to bound away from 0 the angles between the vectors of
the basis. Hence, there only remains to show that the sequence of radii is bounded from
above. Then, noticing that we may assume, without loss of generality, that R} < Rj < RY
for all n, we first show that R} must be bounded by investigating the behaviour of £(¢,)
as RY goes to infinity :

Proposition As R} goes to infinity, the energy £(£,) converges to the energy ILEW of
the atomic TFW model defined in (6) and (7).

The proof of this Proposition is based firstly on the fact that the potential defined in
(4) does converge to the potential |71|, weakly in L%OC, and secondly on bounds we obtain
on this potential and on the associated electronic density.

Furthermore, by taking a particular sequence (aT,a%,a%) (see Proposition 3.5 below
concerning its exact definition) satisfying R} — oo as n — o0, it is possible to show the
bound (9), where Cy > 0 is a universal constant, and m is the square root of the Lagrange
multiplier of problem (6)-(7). Now, it is shown in [15] that this multiplier is positive. Hence
we have shown that for any minimizing sequence, R must be bounded from above.

The final step of the proof consists in showing that the radii Ry and RY must be
bounded. The strategy is basically the same, comparing here the energy with some polymers
and thin film models defined respectively in (10)-(12), where the polymer is defined by a set
of nuclei reading {ka, k € Z}, and (13)-(15), where the set of nuclei is {ka + jb, k,j €
Z}. In both cases, the energy reads exactly like (2)-(3). We derivate these models from a
thermodynamic limit process and we show that they are mathematically well-posed in [7].
The same type of convergence as that of the above Proposition holds in this case, together
with estimates of type (9). This concludes the proof of the Theorem.

It is to be emphasized that no additionnal property of the minimizer is known (uni-
queness, symmetry, ...) and that many related questions remain open.

1 Introduction

Dans [9, 10], des modeéles de type Thomas-Fermi-von Weizsicker pour les cristaux ont
été étudiés et justifiés par un procédé de limite thermodynamique & partir des modéles mo-
léculaires correspondants. Fixant la position des noyaux par le choix d’un réseau périodique
de R3, I'énergie fondamentale du cristal et la densité électronique associées sont définies
comme les solutions d’'un probléme de minimisation posé sur la maille élémentaire du ré-
seau. Une telle étude fait suite & des travaux analogues menés dans le cadre Thomas-Fermi
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par E.H. Lieb et B. Simon [15, 16]. Nous nous intéressons ici au probléme d’optimisation
de géométrie dans ce cadre, c’est-a-dire, considérant 1’énergie fondamentale comme une
fonction du réseau définissant les positions des noyaux, nous nous posons la question de
savoir s’il existe un réseau minimisant cette énergie. Nous considérons ici l’énergie par
noyau, i.e par unité de masse du point de vue macroscopique, ce qui correspond & l'idée
physique de considérer un nombre fixé (mais trés grand) de particules, et de chercher le
meilleur arrangement possible de ces particules en les supposant réparties périodiquement.
Cette énergie massique permet en particulier de déterminer au niveau microscopique des
constantes d’élasticité du cristal (voir [2]).

Considérant le théoréme de Teller (voir [19] ou [16]), selon lequel aucun systéme mo-
léculaire n’est stable dans le cadre de la théorie de Thomas-Fermi (TF en abrége), il est
possible de montrer (nous en fournirons une preuve dans [6]) que l'existence d’un tel ré-
seau optimal ne peut avoir lieu dans le cadre TF. En revanche, dans le cas de la théorie
de Thomas-Fermi-von Weizsécker (TFW), les théorémes de stabilité des molécules établis
par I. Catto et P.-L. Lions [11] rendent pertinente 1’étude d’une telle question. Bien que
la généralisation au modéle Thomas-Fermi-Dirac-von Weizsécker soit envisageable, nous
nous restreindrons ici au cas TFW.

2 Le modéle de Thomas-Fermi-von Weizsacker pour les cris-
taux

On représente un réseau périodique propre £, i.e un sous-groupe discret de R3 engendré
par trois vecteurs libres, par une base (a1,a2,a3) de ce réseau vérifiant les propriétés
suivantes :

(i) Les rayons R; = |a;|, i =1,2,3 satisfont Ry < Ry < R3,

(ii) Les angles ay; entre a; et a; sont tous dans U'intervalle [5, 5] pour @ # j.

Nous renvoyons & [12] pour une preuve de l'existence d'une telle représentation. Nous
noterons I'(¢) la cellule périodique du réseau associée a cette base, i.e le domaine défini
par :

11

(0 = {our +yao 500, a0z € -3 11} 0

Fixant un tel réseau, nous définissons a ’aide de [9, 10] I'énergie TEFW qui lui est associée :

e = ue{Bdp). p20, Vre Hi ), [ e 1}, @)

ou ’énergie Ey est définie par :

1
Ey(p) = / VAP + / o [ apat // Gelo — y)p(@)ply)dedy,  (3)
r'(¢) () () 2 JJre

et le potentiel d’interaction Gy est I'unique solution £-périodique du systéme :
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—AGy = (Zkee 5k) IF(E)\

ou |I'(¢)| désigne le volume de la cellule I'(£). Pour ce qui concerne l'existence de £(¥) et
de sa solution py, nous renvoyons a [9]. Nous étudions donc le probléme de minimisation
suivant :

I= inf{é’(é),f € £3(R3)}, (5)

ot nous désignons par L£3(R?) ’ensemble des réseaux propres de R3.

3 Résultat et esquisse de démonstration

Nous démontrons dans [6] le résultat suivant :

Theorem 3.3 Les suites minimisantes du probléme (5) sont compactes & extraction preés.
En conséquence, ce probléme admet au moins une solution.

La premiére des choses a démontrer est que pour toute suite minimisante £, définie
par R" = (R}, R%, RY) et o" = (a5, o5, ;) satisfaisant (i) et (ii) ci-dessus, il existe un
rayon minimal 7y tel que :

Vn € N, R? > 7g-

Cette propriété se démontre essentiellement en minorant ’énergie TFW du cristal par son
énergie TF, et en utilisant le théoréme de Teller.

Ensuite, puisque o™ varie dans un compact ne contenant ni 0 ni 7, il suffit donc de
montrer que R" est bornée. Pour cela, on commence par examiner la limite de 1’énergie
quand R? tend vers 400 :

Proposition 3.4 Si R} tend vers +o00, alors E(£y,) tend vers l’énergie du modéle atomique
TFW, a savoir :

1 —ut{ BV, 20 vren'®), [ p-1l, (6)
R3
) = [ vvape [ o [ Lag [ ] B @
VP R3 |$| Rr3 JR3 |$—y|
De plus, la densité électronique associée p, converge vers l'unique minimiseur pq: de IZ;F W

Pour établir cette proposition, on commence par démontrer que la convergence faible sui-
vante a lieu pour le potentiel Gy, = Gy, :

1
Gn—\m dans L} .(R®), quand n — oo, (8)
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ce qui se fait en utilisant ’expression de G,, sous forme de série de Fourier. Comme cette
convergence n’est pas suffisante pour passer & la limite dans 1’expression de I’énergie, on
établit ensuite des bornes asymptotiques sur la densité électronique p,, dans l'esprit de
[18], et sur G,, qui permettent de controler les restes d’intégrales apparaissant dans les
termes électrostatiques. Grace a ces bornes, il est alors possible de passer & la limite dans
Pénergie. La suite p, apparaissant alors comme une suite minimisante (& restriction preés)
du probléme atomique TFW, on obtient aussi sa convergence.

Ayant ainsi identifié la limite de £(4,), nous montrons alors 'existence d’un réseau
propre dont I’énergie est strictement inférieure & celle du modéle atomique :

Proposition 3.5 Sio" = (5,7, %) et Rf = Ry = R} — o0, alors, pour n grand, on a :
E(ln) < If"™ — mCpe™ ™M + o(e™ ™M), (9)

avec Cy > 0, et m = /Oy, 04t Etant le multiplicateur de Lagrange associé o pg: solution

TFW
de I,;"".

Comme il a été montré dans [15] que 8,; > 0, cette proposition permet alors de conclure
que ’hypothése de la proposition 3.4 ne peut étre satisfaite pour une suite minimisante.
La suite R} est donc nécessairement bornée.

Il reste ensuite & établir de la méme facon que les deux derniéres composantes de
R™ sont elles aussi nécessairement bornées. Pour cela, on utilise la méme stratégie, en

considérant des modéles de polyméres linéiques (noté IZO? W) et de films minces (noté
Iﬁﬂ’v ). Dans [7], nous définissons ces modeéles avec précision sous une forme académique,
bien que de nombreuses variantes soient possibles, en les justifiant par un procédé de limite
thermodynamique, et nous prouvons qu’ils sont mathématiquement bien posés. Nous les
introduisons ici rapidement :

Etant donné un réseau monodimensionnel ¢ de R? défini par le vecteur a, on pose :

I;€W<e>=e<e>=inf{Ee<p>, p>0, Jpe HL (D), log<2+|m|)peL1<r(e>)},
(10)

F(é)z{ta—kx, ——<t< %, xE{a}J‘}, (11)

1
2
ou Ej s’écrit exactement comme (3), en transposant les notations, et en utilisant le potentiel

défini par :

—AGy = Zkez Okas
limg_,o(Gy(z) — ﬁ) =0, (12)
Gy(z) ~ —% log || quand |z'| — oo,

ouz =z A%,
la
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TFW
Ipol

définissant un réseau bidimensionnel de R3, toujours noté ¢,

Le modele est défini de la méme fagon : étant donné deux vecteurs libres (a, b)

Ifim (6) = £(6) = inf{Ee(p), p>0, p€Hy(TW), lzlpe LI(F(@)}, (13)

L) = {ta+sb—l—x, t,s € [—%, %[, z € {a, b}L}, (14)

avec un potentiel Gy défini par :

_AGE = Zk,jez 5ka+jba

limg_,0(Ge(z) — 7) =0, (15)
Gy(x) ~ —‘(12/7&1‘ |z”| quand|z”| — oo,
N oo oo Ab
ou z" est défini par : 2" =z - 222

11 est alors possible d’établir les mémes résultats de convergence que celui de la Propo-
sition 3.4 :

Proposition 3.6 Nous avons les propriétés suivantes :
(i) Si R} tend vers Ry et si R} tend vers +o0o quand n tend vers 4+oo, alors E(£y,)
converge vers l’énergie I:Z;IfW(Rl) d’un polymere linéique dont les noyauz sont espacés
de la distance R;.
(i1) Si (R}, RY) tend vers (R1, R2) et si afy tend vers aiz, alors E(£y) converge vers
l’énergie Iﬁﬁy(Rl,Rz,au) d’un film mince dont les noyauzx sont répartis sur le

réseau bidimensionnel défini par (Ry, Ro, a12).

Aprés quoi on conclut, en établissant un résultat similaire & celui de la proposition
3.5, et qui nécessite d’établir la stricte positivité du multiplicateur pour ces modéles de
polymeéres et films minces. Le théoréme 3.3 est alors démontré.

Remarquons également que le théoréme 3.3 assure l'existence d’un réseau périodique
minimisant, mais ne fournit absolument aucun renseignement sur ses propriétés (symeétries,
invariances) ni sur son unicité, a part le fait qu’il s’agit d’un réseau propre. Des approches
numériques pourraient peut-étre répondre partiellement & ces questions.

L’existence d’un réseau minimisant pose la question d’un probléme de type limite ther-
modynamique & géométrie optimisée : au lieu de considérer au départ des noyaux répartis
sur certains points d’un réseau périodique, on considére un nombre N de noyaux répartis
de telle facon que I’énergie de la molécule qu’ils forment soit minimale (voir [11]). La ré-
partition des noyaux devient-elle périodique & la limite N — oo, et si oui, le réseau limite
est-il un minimiseur du probléme ci-dessus ? De telles questions restent ouvertes.
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Geometry Optimization for crystals in
Thomas-Fermi type theories of solids

X. Blanc

CERMICS, Ecole Nationale des Ponts et Chaussées,
6 & 8, avenue Blaise Pascal, Cité Descartes,
Champs sur Marne, 77455 Marne-La-Vallée Cedex

and

Ecole Normale Supérieure,
45 rue d’Ulm,
75005 PARIS

Abstract. We study here the problem of geometry optimization for a crystal in the
TFW solid-state setting, i.e the problem of minimizing the TFW energy with respect to
the periodic lattice defining the positions of the nuclei. We show the existence of such a
minimum, and use for that purpose the TFW models of polymers and thin films defined
in a previous work [7].
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1 Introduction

We are interested here in the Thomas-Fermi-Von Weizsécker (TFW) theory of solids, and
more precisely in the geometry optimization problem, which may be stated in the following
way : given the energy functional which to a periodic lattice associates its TF'W energy
(defined in [9]), does there exist a periodic lattice minimizing this energy 7

Let £ be a proper periodic lattice of R?, that is, a subgroup of (R3,+) generated by
three linearly independent vectors a,b, and c¢. We define the TFW energy of this lattice
with respect to basis (a,b,c), i.e the TFW energy of a neutral crystal of lattice £, with
each nucleus of charge +1 :

8(£)=inf{E3;§Y5<p>, p20, Vpe,o, [ pzl}, (16)
(a,b,c)

where we used the following notation :

11
1—‘(a,b,c) = {ta +sb+re, trs€ [_57 5[}7 (17)

H;er( ) = {f € HL(R?), f is £— periodic}, (18)

and, skipping here the subscript (a,b,c) for Ty =T :

El5N () = /IV\/P / o3 — /Gep+// ))Go(z — y)dzdy,  (19)

the potential G4 being the ¢-periodic solution of :

{ —~AGy = 47T((Zke£ Ok) — m)’ (20)

limg_,0(Ge(z) — ﬁ) =0.

A preliminary observation is that these notations do not depend on the choice of the
basis (a,b,c). This is stated in Proposition 2.2 below : equations (16), (19) and (20) do
not depend on the choice of a basis of £, but only on 4.

We now make precise the problem we are studying : denoting by L3(R?) the set of
proper periodic lattices of R3, does the problem

T= inf{g(e), le £3(R3)} (21)

have a solution ?
Our main result is :
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Theorem 1.1 Any minimizing sequence of problem (21) is relatively compact. Therefore,
this problem has at least one solution.

In order to show this result, we begin with recalling in Section 3 the definition and
basic properties of what we call degenerate cases of the above solid state theory (16)-(19),
namely the atomic model (26)-(27), and the linear polymer (31)-(33) and thin film (62)-
(64) models. We refer to [4] and [11] for a study of the atomic model, and to [7] for a study
of polymer and thin film models. Moreover, we show in Section 3 some further results
similar to those of [11] : in particular we show the positiveness of the associated Lagrange
multiplier, and give sharp estimates on the decay at infinity of the density. These estimates
will be of crucial importance in the sequel.

In Section 4, we investigate the behavior of the minimizing sequences of problem (21).
Up to rather technical complications that will be dealt with below but that we prefer to
skip in this simplified presentation, it is sufficient to consider minimizing sequences of the
form :

¢, = {iR;la + jRSb + kR%ec, i,5,k € z}, (22)

with 0 < R} < R} < Rf%, and (a, b, c) is a fixed basis such that |a| = |b] = |¢| = 1.
Hence, showing Theorem 1.1 amounts to prove that R is bounded both from above
and away from 0, for all 2 = 1,2, 3. For this purpose, we show the following proposition :

Proposition 1.2

(i) If R} goes to infinity as n goes to infinity, then the energy £(€,) converges to the
atomic TFW energy.

(it) If R converges to some Ry > 0, and R} goes to infinity as n goes to infinity, then
E(£y,) converges to the TFW energy of a linear polymer defined by Ria.

(i13) If (RY, R3) goes to (Ri,R2), with Ri, Ry > 0, and R goes to infinity as n goes to
infinity, then £(£y,) converges to the TFW energy of a thin film defined by (Ria, Rab).

Once this proposition is proved, we show with the help of the results of Section 3 that
for any of the atomic, polymer and solid film TFW energies, there exists a proper lattice
having strictly lower energy than those limits. This is done in Section 5, through the fact
that the limits of Proposition 1.2 are asymptotically approached from below. Note that the
positiveness of the Lagrange multiplier plays a key-role here. We also show in this Section,
in order to complete the proof of Theorem 1.1, that the radii R are bounded away from 0,
with the help of Teller’s Lemma [15]. As a by-product of these proofs, we finally prove that
in TF theory, any proper lattice has greater energy than the atomic TF energy, which shows
that the analogue of problem (21) in the TF setting has no solution. This corroborates the
fact that our whole argument in the TFW case is based on the positiveness of the Lagrange
multiplier in the degenerate problems (atomic, polymer and solid film cases). Indeed, one
may check that in the atomic TF model, the Lagrange multiplier is 0.
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Remark 1.3 Let us point out that here, we have used a different normalization than in
[15] and [10, 9] for the potential Gy. This is due to the fact that the constant M appearing
in [15] and [10, 9] depends in fact on £. Our renormalization (20) cancels M, or more
precisely includes it in the expression of Gy. This allows us to write E(£) as the exact limit
of the energy per nuclei in the thermodynamic limit process, as may be seen in (99).

Let us mention that the results detailed here have been announced in [8].

2 Notation and representation of lattices
Throughout this paper, we will use the following notation :

Definition 2.1

(i) A subset £ of R? will be said to be a proper lattice, or a lattice of dimension 3 (or
of rank 3), if there exists three independent vectors (a,b,c) such that £ = {ia + jb+
ke, 1,7,k € Z}. We denote by L3(R?) the set of proper lattices of R3.

(ii) A subset of R? of the form {ia + jb, 4,j € Z}, with a,b linearly independent will
be called a lattice of dimension 2. The set of 2-dimensional lattices will be denoted

by £2 (R3) .

(ii3) A subset £ of R® will be said to be a lattice of dimension 1 if there ezists a € R®\ {0}
such that £ = {ia, i € Z}. We denote by L1(R?) the set of lattices of dimension 1.

Identifying £3(R3?) with the quotient group GL3(R)/GL3(Z), we define on L3(R3?) a
topology. (We denote by GL3(Z) the set of matrices belonging to GL3(R), having integer
entries, and such that their inverse have integer entries.) For this topology, £3(R3) is a
separated locally compact manifold. After having checked out that £ is well-defined on
L3(R?), we then study its continuity on this manifold :

Proposition 2.2 The function £ defined in (16) and the potential defined in (20) do not
depend on the choice of the basis (a,b,c).

Proof : We choose two different basis (a,b,c) and (a’,b,c') of the same proper lattice
¢, and denote respectively by £ and &£’ the associated energy. We know that there exists
M in GL3(Z) such that o' = Ma, b = Mb, and ¢ = Mc. M being invertible in the set
Ms3(Z) of integer 3 x 3-matrices, its determinant must be invertible in Z, so we have :

|det M| = 1.

This implies in particular that |['(qpc)| = [T(a p,e)l, S0 that the potential defined from
(a,b,c) in (20) must be equal to the one defined by (a’, ¥, ). Next, we notice that for any
{-periodic function f, we have :

[ s- .
L(ab,e) Tat vt e
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This implies, for any p > 0 such that \/p € H),,.(£) :

E{qpie) () = B iy oy (), (23)

/ p= / p- (24)
1—‘(a,,b,c) r(a’,b' <)

(23) and (24) then imply that £ =&'. ¢

and

Remark 2.3 Note that one easily proves in the same fashion that for any orthogonal
matriz M, the energy is unchanged under M, that is, E(£) = E(ML). This will be useful in
the sequel.

Note also that up to minor modifications, Proposition 2.2 also holds for polymers and
thin films models defined in Section 3.

Now that the function £ is well-defined, we may show that it is continuous :

Proposition 2.4 The function &£ is continuous with respect to the quotient topology of
L3(R3?).

Proof : The only thing to show here is that £ is continuous as a function defined on
GL3(R). This is easy to do by changing variables in the expression of E(T;IZVX) and noticing

that if (a,b,c) is close enough to (a', ¥/, ), then the norm |G, - Gellpi(r,, O UT w4 1)) 15
small. (Here we denote by £ and ¢ respectively the lattices of basis (a, b, c) and (a’,V',c').)
%

We now state a result on the representation of a lattice by one of its basis, referring to
[12] for its proof :

Theorem 2.5 (Engel, [12]) For any periodic lattice £ of rank 3, there exists a basis
(a,b,c) of £ such that :

la| <16 < e,
{ (a,b),(a,c), (b,c) € [, 5], (25)

—

where (z,y) denotes the angle between = and y.

We thus see that, according to Proposition 2.2 and Theorem 2.5, we may reduce any
minimizing sequence to the form (22), up to the fact that (a,b,c) will not be fixed but
satisfy conditions (25).

3 Preliminary results on the degenerate cases

We recall in this section the definitions of what we call here the degenerate models, namely
thin film models, polymers models and atomic model in the TFW setting. We refer to [7]
concerning precisions on the first two models, and to [15] and [11] for the latter. In the thin
film and polymer cases, we also show further results, mainly on the asymptotic behavior
of the density far away from the nuclei.
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3.1 TFW theory of atoms

We first recall the definition and the main properties of the TFW theory of atoms : the
ground state of an atom consisting of a point nucleus of charge +1 located at 0 and of an
electron is determined by its electronic density, unique solution of the problem :

I£FW:inf{E£FW(p), p>0, pe HY(R?), /Rsp:1}, (26)

where the energy functional ELFW is defined by :

B = [ovet s [ [ s [ [ G e o)

Problem (26) has a unique solution pg; (see [15] or [4]), which is positive, and which
square root ug = 1/par satisfies the following Euler-Lagrange equation, with a Lagrange
multiplier 8 = 6, > 0 :

1
—Augs + u7/3 + (—l—

1
3 7] +usy * m)uat + Oattiar = 0. (28)

It is shown in [11] that the following estimates hold :

a _
par(a) ~ Tze 2V0lal - as Ja| — oo, (29)

where a is a positive constant. The effective potential ¢q = 77 — pat * | | satisfies :

- le

a  _ T
¢at( ) 0| |2 2\/_| |, as |$| — Q. (30)

3.2 TFW theory of polymers

We now consider the TFW model of polymers, as defined in [7], and which we recall here.
Considering a periodic lattice of rank 1, that is some £ € £1(R?), we may assume with no
loss of generality that it is located on the vertical axis; that is, £ = ZRes, with R € R7..
We define its TF'W energy as follows :

EO =10 = wt{BTVG) 520, VEE o)
log(2-+[al)p € L'(T(@). [ (@pzl}, (31)
where I'(¢) = {z € R®, =z3€[-Z &},

H;er(@—{felec(R%Hl(r(e)), s e—periodic},
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E{F W reads :

Ef™ () = / VAl + / ol [ G

+ /F(Z /F(z y)Ge(z — y)dzdy, (32)

the periodic potential Gy being defined by :

R
9 1 1 P dt
_ _ 2 ! - = _—
G@(ZE) CZ R Og|$ | +Z(|.’L’—k€3| R/;E |$— (k)+t)e3|)

i ( zg—l—m -£)

2
_ Cg——log|z|+— 3 / T e, (33)

keZ\{O} e

and the energy

the constant C; being chosen so that we have limg_,0(Gy(z) — ﬁ) = 0, and 7' denoting
the vector (z1,z2). We recall a few properties of the potential Gy shown in [7] :

Proposition 3.1 We have :
(i) Gy is smooth on R3\ £,
(1) Ge(z) = ﬁ + O(|z|) as z — 0,
(iii) Ge(z) = —%logl|a’| + Cp+ O(|$—1,|) as |z'| = oo, uniformly with respect to xs.
We now show the following :
Proposition 3.2 For any R > 0, the problem (31) has a unique solution pg. The function
ug = /p¢ 8 a solution of :

5
—Auy + guz/?’ + (u% *rp) Ge — Go)ug + Opuy = 0, (34)

where *p(g) denotes the convolution product over the set T'(¢). Moreover, the Lagrange
multiplier 0, is positive.

Proof : We refer to [7] for the proof of the existence and uniqueness of p;. Moreover, we
recognize in (34) the Euler-Lagrange equation of problem (31). We now prove that 6, is
positive.

Denoting by ¢, the function

2
¢ = Gy —uy »r, Gy,

it is possible to show the following a priori estimates (see [7], Proposition 2.5) :

< -
0<up < 1+|$,|3/2,
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b=00< rm on {Ie]> 1), (30)
We claim that
¢¢ — 0 as |z'| = oo. (37)
In order prove our claim, we denote by G2 the potential Gy — Cy, and notice that we have :
¢e = G§ —ug xr(p) Gy-

Hence, we have :
dla) = [ (G4(a) - Gila - )i )y,
NG

/ (GY(z) — Gz — y))ul(y)dy
LE@N{ly'|<|z'|1/2}

+ (6Y(z) - 6w — ))uf ().
rOn{ly’|>|2"|'/2}
If || < |z'|'/? < |2'| as |2!| — oo, we have, from Proposition 3.1-(iii) :

G3(a) ~ G — 1) =~ (1o8(la') ~Togll’ ~¥') ) + O

||

Developing this expression with respect to Y we find :

|2']

C
Gox—GOw—y)UQ d‘g—. 38
/F(E>m{y'|<w'|l/2}( (@) = Grlw =) Jutlvd| < g (3)

In order to deal with the second term, we use (35) and show that :

i

Clog |z

A

A

(G2<m) e y)>ug(y)dy

/F(f)ﬂ{y’>|$'1/2}
This, together with (38), proves (37). Using estimate (36), we infer that
0y, > 0.

We assume from now on that we have 8, = 0, and try to reach a contradiction, which will
conclude the proof.

Since there is no ambiguity here, we skip the subscript £ for the rest of the proof. From
the uniqueness of u and the definition of ¢, these functions depend on z’ only through
|z'| = r. We set

%

3r) =3 [, #trsoa)dan,

Xk
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and
R
_ 1 [z
p(r) = E/_ﬂ p(r, z3)dzs3
2
From the definition of ¢, we have :
— 1-—
_ ”__¢,:_47Tp
T
on Ry \ {0}. Hence, using (35) :
—1 C
0<(ré) < - (39)

This shows that (r¢ )’ is integrable on a neighborhood of +co. We now integrate (39) from
r > 0 to oo, and get :

rg (r) = lim (t6'(1)) < 0.

Denoting by [ the limit limtﬂoo(tal(t)), which exists in virtue of (39), and assuming it to
be different from 0, we deduce that al(t) ~ % as t goes to infinity. This implies that ¢ goes

to oo at infinity, which is a contradiction with estimate (36). Hence, 5, is non-positive
at infinity, which implies, in view of (37), that

¢>0 for r>r. (40)

It follows that :

R R

IRy >0, Vr>Ro, 3Jwz€[-7,5[,

¢(r,z3) > 0. (41)

On the other hand, we have, using Holder estimates, for any ball B of radius 1, and any
v € C%%(B) for some a > 0, (see [14] or [13])

90lleoy iy < 71800y + oo )

where %B denotes the ball of radius % having the same center as B, and 7 being a universal
constant. Hence, from a scaling argument, we deduce that for any ball B, of radius a > 0,
and any v € C%%(B,),

1
IVollgog1p,y < 7<a||AU||CO(Ba) + E”'U“C’O(Ba))' (42)

Applying this inequality to ¢, we find, for any ball B, of radius ¢ > 0 not containing 0 :

1
196lcns 5 <7 (allllcosn + 216lcocsa ) (13)
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Using estimate (35) and the fact that ¢ is periodic and bounded as r — oo, and applying
B

(43) with a = ‘12‘, . centered at z, we thus find :

|Vo| < ¢ as 1 —> o0.
T
In particular, we have this bound on |95¢|. Hence, from property (41), we infer that :
R
$(r) > ——— as 1 —> 0.

T

Inserting this information in (43), and using again (41), we find that ¢ > —r% for sufficiently
large r, hence, again from (36) :

|p(z)] S% as 1 — 00.

We now apply again (43) on ¢, but with B, = B ;(z), and find that ¢ > —TSQ. Hence,
using (36), we have :

Q
Tl Q

——= < ¢(x) < as 1 — oo. (44)
With this result, we are going to show that V = gu4/3 —¢ < %2
This estimate, in the spirit of a work by Benguria and Yarur [5], will imply that u > %,
which contradicts (35).
In view of equations (34) and (44), and the fact that 8 = 0, we infer that

on the set {r > 7o}, for some 79 > 0. Hence, denoting by ug the function IOTLS/Q, one
computes easily :
~A(u — e - > (2 - ()Y — =,

Since § — 3()7/3 > 0, it is then clear that there exists an r; > 0 such that on the set

{r > r}, v =u — uop satisfies the following :
Av < g(u”3 —uy™?).

Defining F' = {r > r1} N {v < 0}, we now show the following assertions :
(a) F is unbounded,

(b) F has no bounded connected component strictly included in {r > r}.
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In order to show (a), we assume that F' is bounded, and notice that then there exists
r9 such that v > 0 on {r > r2}. Hence, on this set,

6w
Ap > —.
¢ 5r3
This means in particular :
—1, _ 6T
> —.
Integrating this inequality from r to +00, one finds 5, < —56T—”2, hence
—_ bm
¢ Z =
r

which is in contradiction with estimate (36).

We now show (b) by supposing that F’ has at least one bounded connected component
Fy such that {r = 11} N Fy = 0. On Fy, Av < 0, and v = 0 on dFy. Hence from the
maximum principle, v must be non-negative on Fj, which is contradictory.

Using (a) and (b), we deduce that (41) holds for —v :

R R 3
3Ry >0, Vr>Ro, 3Jwz€[-5, 5[ ulrzs)< 10r3/2°

Now, from the equation satisfied by wu, it is clearly possible to show, using the same Hélder
estimate as for ¢, that

C

This implies that, as 7 — oo, u < 57«%, and in particular :
)
V==CullPog< =
3 ¢ < r2
The final step of the proof is merely a copy of Benguria and Yarur’s proof [5] : u(r) =
R
J 2& u(r, z3)dz;s satisfies :
2

1 1
—a' — '+ Su >0,
r r
whenever 7 > Ry, for some R; > 0. Denoting by w the function u — %, where « is chosen
so that w > 0 somewhere in |Ry, 00, we see that

1 1
—w" — —w'+ 5w >0 (46)

T T
on this set. And if w is negative at some point of | Ry, 00|, it must have a negative minimum,
which is in contradiction with (46). This shows that u > % This is in contradiction with

(35). O
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Proposition 3.3 The unique solution p; of problem (31) satisfies the following, where
ag > 0 depends only on £ :

e—%/ﬂr
pe(r,z3) ~ ay , as r — o0. (47)
T

Moreover, setting ¢ = G¢ — Goxp(g) pe the effective potential, there exists a finite set of
complex numbers A\ depending only on £ such that :

) -2Vl—e)r
gelroos) — > MRS,y (r)] < by , as T—o00, (48)
0<7|k|<RV8, " vr

for all € > 0. The constant by > 0 depends only on £ and €, and W, denotes the Yukawa
potential of parameter a > 0 in R2, i.e the solution of —Af + a®f = 4ndy in R? vanishing
at infinity.

Proof : We begin with a few properties of the Yukawa potential W, of R?, with a > 0 :
W, is the unique solution vanishing at infinity of :

— AW, + a*W, = 4ndp. (49)
The potential W, is spherically symmetric and satisfies the differential equation :
" 1 ! 2
W, —I—;Wa—a W,=0

on R}. Here ’ denotes the radial derivative in R2. For all the following properties, we use
the notation of [1], in which one may find these results. We refer to [20] concerning their
proofs. The modified Bessel functions Iy and K are defined by :

Iy(t) = Z (;:;)2,

n>0

0=t 0+ Z(35) )

n>1

where v = limy, 00 (37 J — logn) denotes the Euler constant. We have :

(a) The potential W, is equal to the modified Bessel function Kj :
W, (t) = 2Ky(at).
(b) We denote by W, the potential
Wo(t) = 2Ky(at) + 2nIy(at).

It is a solution of (49).
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(c) The functions W, and W, are respectively decreasing and increasing, and satisfy the
following estimates :

Wal(t) ~ %T”e:/;t as t— 0o, (50)
Wo(t) ~ —2log(t) as t— 0.
T 2m et
Ka(t) ~ 7% as t— oo, (51)
Wa(t) ~ —2log(t) as r—0

— 15957 47

W Wg W W, = FE (52)

Keeping these results in mind, we may now begin our proof.
We denote by V; the /-periodic Yukawa potential with parameter /8 :
—V0¢|z—k]|
e

Vile) =) (53)

Comparing it with W, 5, (r), where r = /2 + 3, and noticing that

e VOi(r*+2%)
W z(r)= | ————dz,
Vi) = T
v,

W\/@

[ 27 e=Voer
é( ) \/52 \/; ( )
as r goes to infinity.

Denoting by fy the function gu[l/ 3 _ ¢y, and using the bounds we have on uy and ¢y,
namely (35) and (44), we deduce that

one shows through a basic computation that — 1 as r — 00, hence :

| fel <

C

on {r > Ry}, for some Ry > 0. Hence, we have there

C
—Aug+ (0 — T—g)w < —Aug + (fo+ g)ue = 0.

e_\/qr

T

C 20, —1—-C 2 2
_A’U—I_(OZ_T_Z)’U:( 24 L o

Now, denoting by v the function e "/ one easily finds that :

r r3 4
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Hence, choosing p > 486\7_1, we have :

—Av+ (0 — %)v >0

on some set {r > R;}. Next, by a similar computation, setting w(z) = \/—ef(lwl B e~ Tal )
one easily shows w satisfies the same estimate. Hence, taking v + w as a supersolutlon
and letting then R go to infinity, one can show that this implies :

ug < C’U,
for some constant C' > 0. In particular, we have

ugﬁ%efmr, at infinity, (56)

for some a > 0. Now, an easy computation, in the spirit of [11], Proposition A.1, shows
that, from this estimate, together with (54) and (55), we have :

e_mr
(—feug) *r(e) Vo ~ Vay NG as 1 — 00,
with v/a, = ™ eVOicost gy fF — feug. Note that this right-hand side is positive, since
—foup = —Au@ + 0puy. Hence, convolutmg —Aug + Opuy = — foup on both sides with Vy,

one finds (47).
We now prove (48) : we define a partial periodic Fourier transform by :

Fa' k) = [ fla)e2mhoads,, (57)

_R
2

for any Ll20c and f-periodic function f. Applying this to ¢, and using the fact that
—Ad¢y = 4n(dp — pg) in ['(£), one finds :

—Arde(a k) + 4n? —(ﬁg(.T k) = 4n(b,—o — pela’, k)), (58)

for all k € Z, where Ar denotes the Laplacian with respect to z’. We first notice that

6—2\/547‘

[pe(a',0)] < C——\ (59)

—2\/5[/‘

since ¢y(-,0) is a radially symmetric function in R? satisfying (re(r,0)")" ~ age
Moreover, if |k| # 0, convoluting (58) with W, nlil, Ve have :

¢e |k\ — WQW% *R2 Po-

We use here the following Lemma, which proof is postponed until the end of the present
one :



3 - Preliminary results 121

Lemma 3.4 Let a be a positive real, and let W, and W, be the potentials defined in
(a) and (b) above. Then, for any spherically symmetric function v € L}, (R?) such that
vW, € L'(R?) and v has a trace on any circle of R?, we have :

vx Wo(z) = 872 [Wa(w) /|y|>|w| oW + W, (2) ( /mqua— B vWa>]. (60)

Applying this result to a = 2%% and v = pg(-, k), which is spherically symmetric in

R?, and using estimates (47), (50) and (51), one easily finds :

whenever 27r— < 24/8,. Thus, for such a k, setting A\, = R o fRZ ng2 el

k$3

ggg(x', k) = RA]CWZW%(T)GZMT + O</| | ﬁé)
' |>r

i 23 e—%/ﬂ?
= RMNW, 1k (r)e” ® + O( )
R

Jr

We next use Plancherel’s formula and write :

1 - ke
bela) = Y poda KR
kEZ
kx
= > MW, wmETE YT —¢z(37 k)X R
0<n|k|<R\8, 7r|lc\>R\/_

0 e—Zmr
" ( Jr )

Denoting by 1 the function
1 -
Yo=Y phla k)R,
w|k|> R0,

proving (48) amounts to show that

e—(?v 9;—e€)r
< -
|II/JZ| — CE \/77 ’

for all € > 0. For this purpose, we notice that, using (60) again, we have, for all |k| > R—){aﬁ :

—2\/>47‘
\/7_«

[Pe(a! k)| = | (s, k)| < CZ
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On the other hand, from the fact that Ay is smooth and that 1, is bounded on {r > 1},
g is bounded in CP(I'(¢) N{r > 1}), for all p € N, so that we have :

1

7 !
< _
|’lﬁg($ ak)| = Cp|k|17’

for all p > 0, with C, depending only on p. Those two bounds, together with the definition
of 1)y, allow to write, for any 8 < 1 :

[, Wy = 5 Y R

7|k|>RVE,
—48v0,Ro (2—28) —4v8,Ro
<oty G .
R |k|P(2_2/B) Ry
m|k|>Vv8,

This is valid for all Ry sufficiently large. We then choose =1 — 2\;5 and p > ﬁ, and
4

finally conclude through elliptic regularity and the fact that |Ayy| < C % O

Proof of Lemma 3.4 : We denote by F'(x) the function defined in (60). F' is spherically

symmetric, and using estimates (c) above, one easily shows that F' vanishes at infinity.

Hence, it is sufficient to prove that —AF + a>F = 872v. For this purpose, we notice that :

—~AF = —F" — iF'.

||

We then compute :

Pel) =Wl [ oWrwiel) ([ oma [ ow),

Thus, we have :

_AF = —AW, vWa—AWa( / wWo — vWa)
yl>le| lyl<]al Rr
+W, W, — W! / W,
yl=le| lyl=le|

This implies the following :
—AF + a®F = v2r|z|(W, W, — W!W,).

We then use (52) and conclude the proof. ¢

Estimate (48) has been proved for ¢, but what will be really useful is the same estimate
on the partial derivative 0,¢¢, with 7 = y/z? + 2. Since the estimates we have used on py
also hold for 0,p¢, an easy adaptation of Proposition 3.3 shows :
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Proposition 3.5 Let py be the unique solution of problem (31), and ¢y = G¢— Goxry) pe
There exists a finite set of complex numbers uy, depending only on £ such that :

—(2\/@4—6)7‘

Orde(r,ws) — > uk””””Vwm()Sbm——;f—ﬂ

0<7|k|<RVE,

as r— o0, (61)

or all € > 0, the constant bl, ~depending only on £ and .
4,e

3.3 TFW theory of thin films

We recall the TFW model for thin films defined in [7] : considering a periodic lattice £ of
rank 2, we may assume that it is included in the plane generated by the two first vectors
of the canonical basis (e1, ez, e3). In other words, there exists R; > 0 and b = bye; + boeq,
such that a = Rje; and b generate £ :

¢ = {ia+jb, 1i,j € Z?}.
We define its TFW energy by :

£l) = ITEY = {EFW(/)), >0, /p e HL (),
(+lmshperime), [ pzl}, (62)
ING)
where I'(£) = {ua + vb + wes, u,ve[—%,%[, w € R},
H;er()={feHlic(R3)mH1(F(6)), fois e—periodic},

and the energy EEF W reads :

Ef™(p) = / VAl + / ol [ G

/ / y)Ge(z — y)dzdy, (63)
r) Jre

the periodic potential Gy being the analogue of (33), with a A b denoting the inner product
of the two vectors a and b :

dy
Gelw) = Ce- Ab||m3|+2( Y |aAb|/ ety 17— E = y|>

kel

2171' (k-z+x3€)

= G- lel s o > [ S (64

keex\{0}

where Cy is chosen so that limy_,o(Gy(z) — m) = 0, and ¢* is the reciprocal lattice to

¢ in the plane (e1,es), that is, £* is the periodic lattice generated by the basis (a’,b') of
{z3 =0} defined by a-a' =b-% =1,and a-b' =b-a’ =0.
Here again, we have the analogue of Proposition 3.1, proven in [7] :
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Proposition 3.6 We have :

(i) Gy is smooth on R?\ £,

(ii) Go(z) = ﬁ + O(|z]) as ¢ — 0,
(113) Gy(z) = —|u277rbl|$3| +Cr+ O(@) as |z3| — oo, uniformly with respect to (x1,z2).
We also have the following :
Proposition 3.7 For any basis (a,b) of the plane generated by (e1,ez), the problem (62)
has a unique solution py. Setting ue = \/pg, ug s a solution of :

—Auy + guz/g + (u? *r(e) Go — Go)ug + Opug = 0, (65)

with 6, > 0.

Proof : We skip this proof, since it is a straightforward adaptation of Proposition 3.2’s.

0

Next, we mimic the proof of Proposition 3.3 and find :

Proposition 3.8 The solution py of problem (62) satisfies the following estimate, where
ayg 1s a positive constant depending only on £ :

pe(z) ~ age 205l g5 |zg| — oo. (66)

Denoting by ¢pp = Gy — G *rg) pe the effective potential, there exists complex numbers
such that, for all € > 0,

83(]51{(7‘, 1123) — Z ukeQiﬂk-w'e—2ﬂ|kHw3| < be,ee—(Q\/az—e)|$3|’ (67)
0<7|k|<V8y kel

as |x3| = oo, with bye > 0 depending only on £ and e.
Proof : The only necessary change is to show the above estimate for the Yukawa potential :

— 2 VO3]
I/vﬁ(x) - kzez |$ — kl \/@ee as |$3| — 00,

which is easy to prove by comparing it to the one-dimensional Yukawa potential with
respect to x3, namely %e*\/ﬂlwsl‘ The partial Fourier transform defined in (57) is adapted
as follows :

Flk,t) = / f(@)e 2 !, (68)
T(0)n{z3=t}

for all k € £*. And the role of W, is played here by e®sl. ¢
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4 Behavior of unbounded sequences

We investigate in this section the behavior of the TFW energy of unbounded sequences.
By unbounded sequences, we mean sequences of periodic lattices for which some sequence
of basis satisfying (25) is unbounded.

We first establish some bounds on the electronic density p, that are uniform with
respect to £.

4.1 Bounds on p, for £ € L3(R3)

Throughout this section, £ denotes a proper lattice, and I'(£) is a cell of £ associated to a
basis (a;)1<i<3 satisfying (25), and the following :

< min |g;| = min R;.
O<R0_igf§1’3|az| Z,LIE%RZ (69)

In the spirit of [3] and [18], we define, for a radius R > 0, the ground state eg of the
Laplace operator with Dirichlet condition on Bg, and set ggr = eZR.

Lemma 4.1 For all R > 0, uy and ¢y denoting the solutions of the Euler-Lagrange equa-
tion of (16), namely

5 —
{ —Aug+ 2, — ppup = 2, (70)
—Ady = 4Am (Y opeq Ok — wid),
we have, x denoting a convolution product over R3 :
5 4/3 7T2
gr* o) < gIR* U (z) + ik (71)

for all x € T'(€). Moreover, if 0 & x + Bg, i.e if |z| > R, ¢o(z) < (gr * ¢¢)(x).

Proof : We simply copy here the proof of [18], pointing out that it does not depend on £.
Since uy is non-negative and satisfies (70), the operator —A+%uz4/ 3 — by, with homogeneous
Dirichlet boundary conditions on Bg + =, is positive. Hence, for all x € H¢(Bg + ),

5
/ Vx| ‘|'/ (Sug’® = do)x? > 0.
r(¢) e 3

We apply this inequality with x = egr(x — -), and find (71).
Assuming that |z| > R, ¢ is then subharmonic on Bg + z, hence from the mean-value
inequality and the fact that [ps gr =1, de(z) < (gr * d¢)(2). O

Proposition 4.2 For any solution (ug, ¢¢) of (70), we have the following estimate, valid
in T(0) N {|z| > 2} -

hle) < o+ X (72)

a,b > 0 being universal constants.
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Proof : Here again, we merely check out that [18]’s proof carries through this case, with
minor modifications. Using estimate (71), together with Holder inequality, we have :

71-2 5 ) 2/3
gR* g — S 3(9R*ue ) .

Denoting by ¢ the function ¢p = gr * ¢g —
gr *ug?), hence :

R2’ we then have —Ady = A (D opeo gr(-— k) —

~Ade+ (¢ 5037 <an'S gal- — k).
kel

We now introduce the corresponding periodic TF-potential gz/S\g, that is, the positive solution
of :

~ 5 ~3/2
Ao+ 58 =17y gr(- ~ k).
kel

It is thus clear, from a comparison argument, that we have : qﬁg < ¢g Now, on the one
hand, from Theorem V.12 of [16], we know that by < D oker #(- — k), where @ is the solution
of :

~ 5 ~
—A¢+ 2(9)*? = dmgn.
On the other hand, Lemma 11 of [18] shows that
~ a
¢ < 2l on {|z| >R+ 1},
where @ > 0 is a universal constant. Collecting those results and taking, for |z| > 2,
R = 1|z|, we find (72). ¢

Proposition 4.3 For any solution (ug, ¢¢) of (70), we have the following estimate, for
zel@)n{|z| >2} -

4/3

kEZ

where a',b' > 0 depend only on Ry defined in (69), and not on the R;.

Proof : We first remark that the proof of Propositions 3.5 and 3.10 of [9] do not in fact
depend on the periodic lattice, as far as its radii R; satisfy (69), and that we thus have :

0 <up <c,

where ¢ > 0 is a constant depending on Ry, and not on £. We define the function :

/32 L SR

4 2 2 2\2 "
£ ] k| |2 " (|22 = R?)
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An easy but tedious computation shows that :

j«|* + R

12
~Af > 52 —?—12512 (e~ RO

kEIZ

We also have :

0 62R,4
05 B Y e

kelZ kel

Hence, choosing v > 6, 8 > 12 and 6 > 24, we have, in Bpg: :
~Af+f*>0. (74)

Now, we also have : A(ué/?’) > 3(3 2}/3 be)u, 43 . Thus, denoting by S the set § = {u4/3

f}, which is open, bounded and included in {|:C| > 2N BR: as far as 8 > 16¢, from the
definition of f and (72), we notice that on S, u4/ 3 > W) 4, Hence

= sup( ab

43 _ 4(5 sup(a,b) 4/3\2
A 25(3 nf(5, ))(““ )y

In addition to the above conditions on 8 and v, we may impose the inequality 8,y >
2sup(a,b), so that, on S :

Ay, = f) > ()2 = 2> 0.
4/3

The function u,"” — f is thus subharmonic on S, and cancels on 4S. From the maximum

principle, we infer that ué/ - f is non-positive on S, which is impossible. Hence, S = §.
Letting then R’ go to infinity, we find (73). ¢

4.2 Convergence of G,

Considering unbounded sequences, we investigate here the behavior of the associated po-
tential Gy.

4.2.1 The Thin film case

We consider here the case of a sequence (£,)n>0 such that only one of its radii R}’ is
unbounded, and the others are bounded away from 0 as well as bounded from above.
That is, we consider a sequence (¢, )nen such that for all n € N, £, has a basis (a])1<i<3
satisfying the conclusion of Theorem 2.5 together with :

(1) at — a1 # 0 as n goes to infinity,
(2) a — a2 # 0 as n goes to infinity,

(3) |a%| = R§ — oo as n goes to infinity.
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Moreover, we may assume, changing the system of coordinates if necessary, that for all
n > 0, the plane generated by (a7, a?) as well as the one generated by (a1, a2), is included
in (hence equal to) the one generated by (e, e2). Note that since the angle between af
and ay is confined in [, 7], so is the angle between a; and a3, and these two vectors must
be linearly independent.

We denote by G, the periodic potential associated to £,, defined in (20), and which

may be written as :

1 62i7rk:-$

Cn(@) = Cn 5] o

(75)
ke \{0}

where C,, = m fF(Zn) Gy, is such that lim,_,0(Gy, (z) — ﬁ) =0, and £}, is the periodic
lattice reciprocal to £, i.e the lattice of basis (b, by, b%) satisfying :

G,Z-n : b;-l = 6ij, Vi, j € {1, 2,3}.

The potential G, denotes the potential associated to the lattice £, generated by
(a1,a2), as defined in (64). We now show the following :

Proposition 4.4 The potentials G, and G satisfy, for all z € T'(4,,) :
|Gn(7) — Goo(z)| < C(1 + |a3]), (76)
where C > 0 is a constant independent of n.

Proof : The strategy of the proof is the following : writing G,, through its Fourier series,
we isolate singular terms, and deal with them separately, whereas in the remaining terms,
we recognize a Riemann sum converging to the Fourier coefficients of G, as defined in
(64).

We denote by (a}') the renormalized basis associated to (af'), that is, @}’ = ;—% = \er
We thus have, setting d,, = |a} - (@} A a%)| = | det(a},ay,ay)]|
1 2im (k1b} kb3 +ksbl)-o
Gu(z) = Ch (77)

o TRTRyRYS, TbG + kol + BB ®

keZ3\{0}

Hence, isolating the terms where k; = k9 = 0, and denoting by Bg the vector l;g = R3b% :

. b0
2imks 3~
R3

R’n
G = C 3 =
n(IC) n T R’fRS(Snk = k?2,|bgl|2
3

1 2iw(k1b{‘+k2b§+k3;—%)-w

+ n RN RN 3

bn
TRIRERSOn (1 Semn (o) kees [R1b? + kab] + kagrl?
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Next, considering the fact that (a1, a9) is a basis of the plane generated by (e, e2), together
with the definition of b, we infer that Eg = A\pe3, with A\, € R bounded away from 0 as
well as bounded from above. Next, we notice that the first sum is easily computable, since
> _kez\{0} 2,:;“ = % + 2m2|t|(|t| — 1) for |t| < 5. Hence, for all z € T'(¢) :

B T RY 23 27|zs|
Gnl@) = Ot spempose ¥ S RIRERE  RURDO.

2z7r((k1b’f+k2b") T+ Aggﬁ)

1
t o D Z Ao
TR RSO0 1 koo (o) Ko F10E + Fab + ks e l?

We denote by G(gr qp) the thin film potential associated to the lattice of basis (aT,a%).
Denoting by G, the function

. . 2 1 e2im (k1T +k2b} )-z+Ex3)
R

— |z _l_ ,
R?Rgxn5n| 3 TREREMdn g S [Rb] + kabf + Eea?
with C,, chosen so that G, (z) — ﬁ cancels at 0, and computing its Laplacian, we find that
Gn — G(a7 ap) 1s harmonic, bounded (from Proposition 3.6-(iii)), has value 0 at the origin.
Thus, G, = G(ap,a)- We then have, denoting by Fy, the function G, — Goo

Fo(z) = G(a?,ag)(iﬂ) — Go() = Cpn + O
TRY 27r:c§

* 3RRESZ TS RIRLRD

2i7r§.’£3

I Z o2 (k1b+k2b%)-x </
n RN 3 2
TRYRE 6, Ay, (1 A 2(0.0) |k1b7 + Kobl + Ees)

Ankgzg
n>3%3

2

)\n e 3
— E 78
Rn 3 kycZ |k1bT + k2bl + k3 “pet )‘ne?’ |2) (7%)

Using estimate (ii) and (iii) of Proposition 3.6, it is clear that

< O+ as3)) (79)

‘GW; (@) — Goo(2)

in T'(£,), for n sufficiently large. We now deal with the sum appearing in (78) : we denote
it by F}(z), omitting the factor W since it is bounded, and write F, = F}! + F2,
where :

()\_n _ (k3+3 ﬁe%wws(ﬁ AR,L )df> 2im( klb"—l—kzb“—k—%%e;;)-x

(80)

7 k )\n 2 ,
(k1,k2)#(0,0) k3€Z |k'1b +k‘2b 3 es |
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(k3+ % 1
F2(g) — 2im (k17 +kab3)- / (
n( ) Z Z |k1bn + kan ksz%n 63|2

(F1,k2)#(0,0) ksez ) (ka—3 *%
1 2iméxs
e d¢. 81
|klb§’+k2b3+§63|2) ¢ (81)
1 — A sin(m ’\1"%3) .
And we have F,(z) = Fn(a:)(R—ZL — ——zs. ), With

2z7r(k1bn+k2b"+ Rg es)-x

=1
Fn(m) = Z Z ~
(k1,k2)#(0,0) ks€EZ k167 + kol + —3—63|2

One computes easily :

I, I72(r(e,)) = C(RE)?
(k1,k2)#(0,0)

1
QL ZE klbn+k2bn k32"63|4’

and since the sum over k3 is a Riemann sum converging to fR EibT T k’jgn TEest < T b"sz AR
1 2 1 2
as RY goes to infinity, we infer that :

_1 n
| Fllz2(re,y) < CRS,
where C does not depend on n. This implies :
1Fpll L2,y < C, (82)

with C independent of n. We now turn to F2 : noticing that

1y
‘/(k?’—i—z)RQ ( 1 _ 1 )einfw:sdé‘
(ks—1)2n \ [k1b] + kobB + k32[‘ e32  |kibT + kobly + Ees)?

2 1
<Cl=-
- ( Tl) |k1b?+k2bn+k3)‘”6 |3

we deduce, according to (81), that we have :

A 12 1 2
IRy < R (6 )
nllL2(r () (kl,kg(o,m ]%2;0 Ry |k1b7 + kbl + ks)\ne NE

IN

‘wr Y
)2 2 2)2°
(R) (k1 h)2(0,0) (ki + k3)

This shows that

c

IEZ |20, < Ry
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with C independent of n. With (82), we get :
1Fpll2rien)) < C, (84)

the constant C' not depending on n. Next, since F, is harmonic in I'(4,,), standard elliptic
regularity results show that F) is necessarily bounded in L*(T'(4,)). Since F,(0) = 0, this

also shows that Cp, — C(gn 4n) + % is bounded, and we finally get (76). ¢

Next, looking closely at F}, we notice that its L*(T'(¢,) N {|z3| < R}) norm satisfies

sin(m 22%p3 =

R C
3
T3 | S (R

s, S0 that (82) then

(83), for any fixed R > 0. Indeed, if |z3| < R, |i\z_§ - 7)

becomes :

C

1

HFn ||L2(F(£n)) < (RQ)Q .

Hence, with the help of (78),the last bound we have obtained may be improved :

C,— T, + — T

U . ) 85
SRIRIMdn (85)

This implies the following :
Proposition 4.5 As n goes to infinity, we have, for any fited R > 0 :
1Gn — GosllLoo (P (6){|ws|<R}) — 0 as n — oo.

Proof : From the above remark (85), we only need to improve (79), and show that this
quantity is not only bounded, but goes to zero as n goes to infinity when |z3| is bounded.
In order to do so, we only need to show it for the Fourier series, since the term of the form
ap|z3| does converge. And the Fourier series may be dealt with in the same way as F)..
This completes the proof. ¢

Remark 4.6 In all the above bounds, we have omitted for simplicity the factor ﬁ, since

it is bounded from above. Rigorously, it should appear in all bounds, so that in fact (76)
may very well read :

T3
II)’

(86)
with C' independent of n. This will be useful in the sequel.

4.2.2 The polymer case

We use here the same notation as in Section 4.2.1, except that only R} is bounded. In
other words, we have :

(1) a} — a1 # 0 as n goes to infinity,

(2) R} — oo as m goes to infinity,



132 Chapitre 3 - Optimisation de géométrie périodique

3) R? — oo as n goes to infinity.
3

Changing coordinates if necessary, we may assume that a is collinear to e3, for all
n € N. Next, we may rotate the system of coordinates so that the angle between af and
T

er is lower than . Hence, from (25), the angle between a% and ej is necessarily bounded,

and there exists a constant C' independent of n such that :
lay - e1| > CRy, and |aj -e3] > CRY.
Here the lattice £, is the one generated by a; = Rjes3, and G, is thus defined by (33).

Proposition 4.7 There ezists a constant C independent of n such that for all z in T'(£,),
we have :

(Gue) — Ga(o)] < 0 (1+ 22 1 1og(z 4127 ). &7
2
Moreover, G, — Goo goes to 0 in L*®(L'(£,) N {r < R}), for any R > 0.

Proof : Writing G,, through its Fourier coefficients, we argue exactly as in the proof of
Proposition 4.4 concerning the Fourier series F,,. The argument carries through this case.
Hence, we only study the residual term, that is,

o2im (k2b} +k3b% )-w

1
A" (.’L‘) = n PN RPN Z n 7|2
2
Ry

+Cp — Can + = 10g |2'| + Gan (#) — Goo(x),
where Ggp is the polymer potential associated to a lattice of basis (a?), and Cqn the

corresponding constant appearing in (33). We use estimates (ii)-(iii) of Proposition 3.1 to
deal with Ggn () — Geo(z), finding :

< C(1+1log(2 + |2'])), (88)

1

‘Gan (z) — Goo()

in I'(£4,,). Next, we need a bound on the remaining term. Unfortunately, we do not have,
as in the preceding case, an exact expression of this Fourier series. But we know that it
depends only on z’ = (1, z2), since a7 is collinear to ez, and we may compute its Laplacian
in the plane {z3 = 0} :

o2im(k2b% +hgbl)-x 1

1
_A( n RPN Z 70 n2>:47r(60_ n n)’
TRIRY S0 |kab? + k3by| R'RY

and this function is periodic. Its periodic cell is defined by the basis (a},a%) reciprocal to
(b, b%). It is thus clear that @y and @4 are respectively the projection of a§ and a% on the
plane {x3 = 0}, so that their norms R} and R} go to infinity as n goes to infinity. Two
cases are then possible :
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Case 1 : R} /RY is bounded. We reduce this case to R} = R} = R™, the general case
being a rather technical adaptation of this one. We then have, denoting by By (z') the

above function,

.Z‘I

i)
where B is the function B, with R® = 1. Hence, we have, denoting by T, the set {ta} +
wal, —-i<tu<i}:

By(z') = B(

m/
| B, + 21log | n|||Loo(f‘n) = [|B +2log |33I|||Loo(RLnfn) <G,

R

C being a constant independent of n. This gives a bound on A, (z) — Cy, + Cqp —log(R") in

L>®(T'(£,)), hence on Gy, — G — Cp + Cop —log(R™). Pointing out that G, — G cancels

at 0, we thus deduce a bound on —Cj, + Cyr — log(R"), and conclude the proof of (87).
If now RQ # R?, we may re-scale by ~2 in the same way as above, and thus get a

periodic Green function on a periodic cell of the form %f‘n. The above bounds are then

still valid, since the domain is bounded independently of n.

Case 2 : ]%3 / fm’g is unbounded. We may then assume that this quotient goes to infinity.
Re-scaling by R% as in Case 1, we then have a problem of the same kind as Proposition
4.5’s, except that it is in two dimensions and not in three. Nevertheless, it may be dealt
with in the same way. As pointed out in Remark 4.6, we then get the right coefficient with
|z2|. This concludes the proof of (87).

The L* convergence is then proved by pointing out that the same remarks as in
Proposition 4.5’s proof are available. ¢

Remark 4.8 Here again, we have omitted the coefficient R%L in front of all terms, but it
will be useful to keep in mind that it is implicit in the constant C of (87).

4.2.3 The atomic case
We now consider the case when all radii go to infinity :
Ry > R} > R} — oc.

We assume (changing coordinates if necessary, here again) that a7 is collinear to e;, and

that the angle between ay and ez is not larger than §. This also implies that the angle

between a3 and e3 is bounded, and that :
la5 - ea] > CRy, and |aj -e3| > CRj.
In this case, we have the following :
Proposition 4.9 There exists a constant C' independent of n such that :

log(2 + |2']) | ||
: 89
R R (89)

1
Gplz)— —| < C(1+
Gula) = ol < €

1 : 00 3
Moreover, Gy, — [] converges to 0 in LlOC(R ).
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Proof :We ﬁrst assume that 2—% is bounded. In this case, we may assume that this ratio,

together with & an converge. Thus, denoting by G, the function
Gn(z) = R{Gn(R}x), (90)

a direct corr}bputatlon shows that G, is the periodic potential associated to the lattice of
basis (i R R%, Rn) Next, we notice that G, ﬁ has its Laplacian identically equal to 1 in
R—?I‘(é ) and that Gy, is bounded in L?(I'(¢,)) (from its Fourier coefficients), independently
of n, so that we have :

— 1
‘ G, L <o
[l zoe (erea))
This implies :
1
Gn T S %a
2| oo r(enyy ~ B
and (89) follows, as well as the LjS convergence.

We next consider the possibility :

n R’n
— — o0, with —2  bounded.

R" R}
Here again, we rescale the potential G,, with respect to R}, according to (90), and find
ourselves in the case of Proposition 4.4, and using the same tricks, we show (76) for G,
and R?G (R}z). Next, we notice that, from the same reasons as in the first case,

1 C
T T
_ <« =
in I'(¢,,). Therefore :
1 |$3|

Here again, this shows (89) as well as the LjS convergence.
The last case is the following :

RZ R%
ﬁ —> 00, and — —* 00
1

Here again, we rescale and find the polymer case. Adapting the corresponding proof, our
Proposition is proved. ¢

Remark 4.10 Formally, the above estimates assert that the convergence of G, to G
is a good one if it is isotropic. When it is not, the convergence defect behaves like the
corresponding intermediate potential. For example, in the case of the convergence towards
|$\ , it Gp ﬁ converges to 0 in L*(I'(¢,)) if R = RS = R, whereas if R? = R} < Rj,
a residual term appears, which has the same behavior as the thin film potential associated
to the basis (af,al).
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4.3 Convergence of the energy

According to the bounds we have shown in the preceding sections, we are now in position
to show the following :

Theorem 4.11 Let £, be a sequence of proper lattices, with basis (a]') satisfying conclu-
sions of Theorem 2.5. Assume in addition that there exists an Ry such that

Vn >0, Vi=1,2,3, R} =|a}|> Ry.
Then we have :
(i) If RY — oo and a! — a;, © # 3, as n — oo, then the energy E(£,) converges to
E(lso), where Lo 1is the periodic lattice of rank 2 generated by (a1, as),
(i) If RS — oo as n — oo, and if ab converges to some ay # 0, then E(£y,) converges
to the energy E(Lso) of the polymer defined by aq,

(ii3) If R} — oo as m — oo, then E(£,) converges to the atomic energy ILFW.

Proof : We first prove (i) : in this case, we may assume (as has been done in the proof of
Proposition 4.4) that af and af belong to the plane {z3 = 0}. We first show that :

limsup&(£,) < E(Ly)- (91)

n—o0

For this purpose, we fix a p > 0, such that /p € C™(R3), /P has compact support with
respect to z3, and is £y -periodic, and has total mass one over I'({,). We denote by M,
the unique matrix satisfying :

Mya} =a;, i=1,2, and M,e3 =es3.

It is clear that M,, converges to the identity matrix as n goes to infinity. Moreover, if n is
large enough to ensure that Suppp C {|z3| < R%Y}, pp, = | det My, |p o M, is a test-function
for the variational problem I,, defining £(4,). Hence :

EZLFW(pn) > E(Ly).

We then study separately the four terms appearing in EeTnF Wipn).
Considering the term fr(en) |V\fpn|2, we notice that we have V,/p = |det M,|'\? M, -
V(y/p) © My, so that, changing variables in this term, we have :

2
[ovval= [ M9y
F(Zn) P(eco)

which converges to fF(Eoo) |V\//_)|2 as n goes to infinity. The second term may be dealt with
exactly in the same way, and we then turn to the electrostatic terms :

/ pnGn = / pGnpo Mq;l
T'(n) ['(feo)

:/ p(GnoMnl—GoooMan/ pGoc o M, .
T'(loo) T'({o)
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Since fF(Eoo) pPGoo 0 M1 = fr(en) | det My |(p o M;)G o, the fact that G is bounded in
L? (T'(¢,)) together with the convergence of p, towards p in L?(I'(£s)) and the fact that

loc
p has compact support with respect to 3, shows that

/ pGoooMn_l—>/ p G-
I'(€o) I'(€)

On the other hand, we have, choosing R so that Suppp C {|z3| < R} :

/(e )|p(Gn°Mn_1_G°°°Mn_l)| < (Gn = Goo) © My || oo (m(ea)n{ 25| < RY)

IN

|G — Gooll Lo (0()n{ 23| <R})»

which vanishes as n — oo from Proposition 4.5. Since the remaining term of the energy
follows then exactly in the same way, we have proved that

limsup £(£) < ELT" (p).

n—0Q

This is valid for all {o-periodic p such that \/p € C*°(R?) and Suppp is compact with
respect to 3. Since this subspace of H,,,(f) is dense, we conclude that (91) holds.
The next step consists in showing :
liminf £(£,) > &(foo). (92)

n—oo

We denote by pp, the unique solution of problem (16) defining £(£y), and by u, = /p, its
square root. From (91), we know that the energy EZLF W(pn) is bounded. Moreover, if we

fix an R > 2 and choose n large enough to have T'(4,) N {|z3| > R} # (), we have :

/ PnlGn — Goo| < ||Gn = GoollLoo () {23 < RY) +/ Pn|Gn — Gool-
(e P(en){Jos|> R

We infer from Propositions 4.3 and 4.4 :

3/2
<
p"_C(I |2+Z kl4) - (I ? Z|$—]Rne3|2)

in I'(4,) N {|z3| > R}, hence :

3/2

n G’n - Goo S Gn _ Goo o 3 .
/mn)p | L= o0 (P(en)n s < RY)

R} 3/2
+C/R (t2 +Zt2ﬂ an) dt.
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Using the convergence result of Proposition 4.5, we thus have :

By /11 \3?
_ < a4
/F(en)pn|Gn G| < 0(1)+0/R t<t2+th> dt
< SN B M S S
< 0(1)—|— /R t(W—F (Rgt)3/4)
c c
< L2

where o(1) denotes a function which goes to 0 as n goes to infinity. Letting n, then R, go
to infinity, this shows that :

/ (G — Gog) — 0. (93)
I'(4n)
Repeating exactly the same kind of argument, one easily shows :
[ bu@emu)(Gae ) - Goolo ~ )dsdy — 0. (94)
(6, JT(ln)

Now, it is not difficult, from estimate (73) of Proposition 4.3 together with Proposition 3.6-
(ii)-(iii), to show that the quantities fr(zn) prnGoo and fr(en) fr(en) P () pn(y) Goo (z—y)dzdy
are bounded independently of n. With the fact that EZZF W(pn) is bounded, this implies

that uy, is bounded in H, lloc(R?’). Extracting a subsequence if necessary, u, then converges

weakly to some \/p = u € H} (R?). Then, letting Q@ CC I'({s), we have, taking n large

enough to have Q C T'(¢,),
/ Va2 > / |V,
T'(€n) Q

liminf/ |V, |2 zliminf/ |V, |* > / |Vul|?.

This is valid for any Q CC I'(¢y), so that :

so that

liminf/ |V, |2 z/ |Vul?. (95)
n=00 Jr(e,) I'(£oo)
With a slight adaptation of this argument, we have :
liminf/ p2/3 2/ p°13. (96)
n—00 T'(4n) T'(lo)

2

i,c> Up to extracting a subsequence,

The weak convergence in H}  implies a strong one in L
so that, with estimate (73), it is easy to show that :

/ pnGoo —> PGoos (97)
I'(¢n) I'(loo)
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with a similar result concerning the convolution term. Hence, collecting (93), (94), (95),

(96) and (97), and pointing out that the total mass of py is conserved from the L7,

convergence and estimate (73), we prove (92). This concludes the proof of (i).

The proofs of (ii) and (iii) follow exactly the same pattern : we show (91), by the very
same argument. Showing (92) in cases (ii)-(iil) requires sharper estimates, precisely those
shown in Propositions 4.7 and 4.9. ¢

5 Compactness of the minimizing sequences

We show in this Section our main result, namely Theorem 1.1, that we recall here :

Theorem 5.1 Let £ be the functional defined by (16), and denote by T the minimization
problem (21), that is :
I= inf{é‘(ﬁ), le ,cg(R3)}.

Then any minimizing sequence of T is relatively compact in L3(R3), so that this problem
has at least one solution.

In order to show this compactness result, we consider a minimizing sequence £,, and
intend to prove that there exists a basis (al) of £, satisfying (25), together with :

2

(a) The sequences R} = |a}'| are bounded from below : IRy > 0,s.t Vi =1,2,3, Vn € N,
R > Ry.

(b) The sequences R} are bounded from above, i.e AR; > 0, s.t Vi = 1,2,3, Vn € N,
R} < R;.

We start with the proof of assertion (a).

5.1 Bound from below

Proposition 5.2 Let £ € L3(R?), and (a;)i=1,2,3 one of its basis. Denote by R; = |a;| the
associated radii, and assume that Ry < Ry < Rs. Then we have the following :

E() > == +a, (98)
the constant a € R being independent of £.

Proof : We go back to the thermodynamic limit process (see [9, 10]), and recall that
taking A, = {Z?:l kiai, ki € {—n,—n+1,...,n,n +1}}, we have :

E(0) = lim 22—, (99)
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where |A,| = (2n + 2)3 is the cardinal of A,, and Iff W is the TFW energy defined by :

. 1 1
K = mf{EKfW(P)"'i Z w— P20

with

E{F"(p) = /RS IV\/5|2+/ kg /RS |w—k|

1
+_/ / dedy.
2 Jrs Jrs |z —

In particular, we may bound this energy from below by the corresponding TF energy :

B0 2 B = [ 0 2/ |a:—k|d "t /R/R |a:—y|ddy’

so that

v > IRy,
I?;f being defined by
A = wt{B )y X i 620
2 k£j€AR [k =3l

p € L' N L3R, / p=(2n +2)3}.
R3

We now invoke Teller’s Lemma [16], which we recall here :

Lemma 5.3 (Teller) Let A = A, U Ay be a finite subset of R3, with (A4, Ay) a partition
of A. Then we have :
7> IiF + I

Separating A,, into 4(n +1)3 sets of two points which distance is equal to R;, as shown
in Figure 1 we then have :

Y > ¥ > 4+ DPIL,

with Ag = {0, a1 }. Hence considering (99), it is sufficient to prove (98) for I TF ,1.e:

E%;fm}(p) >a, Vp€ L'n L5/3a /R3 p=2, (100)
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Figure 1: The set A, and its subdivision into diatomic molecules (in only two dimensions).

with @ independent of a;. In order to do so, we notice that ﬁ € L?O/CZ (R?), and thus :

1 , 3/5 , 3/5
/ —ps/ p+ (8) /5(/ 95/3) <2+ (87) /5(/ ;05/3) :
R? |7 2>1 /<1 RS

This implies that :
3/5
P13 _ 9(8m)2/5 (/ p5/3> —4>a,
R3

() > [
R3
for some universal constant ¢ € R. This implies (100), and thus concludes the proof. ¢
At this stage, we would like to make some comment on the Thomas-Fermi case (see
[15, 16]). It is worth noticing that we may use directly Teller’s Lemma on the TF energy,
in order to obtain (since the analogous result to (99) is valid in the TF setting, see [16]),
that

at

N
ETF(0) = lim > EI?;OF > ILF

where I{OF is the TF energy of the diatomic molecule with nuclei at positions 0 and aj,
and IL! is the atomic TF energy (defined exactly as in (26)-(27), but without the gradient
term). Since the same convergence results as those of Theorem 4.11 may be shown in the
TF setting, we have the following :

Theorem 5.4 In the Thomas-Fermi case, problem (21) has no solution. Moreover, for
any £ € L3(R3), £(¢) > TLFW.

A direct consequence of Proposition 5.2 is the following :

Proposition 5.5 For any minimizing sequence (by)nen of problem (21), any sequence of
basis (a') of ¢, satisfy :
dRy > 0, |af| > Ry.
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5.2 Bound from above

We now turn to the proof of (b). We assume that there exists an unbounded minimizing
sequence (£,)neN, and try to reach a contradiction. For that purpose, we denote by (a}')
a basis of £, given by Theorem 2.5, by R? = |a]| the corresponding radii, and notice that,
up to extracting a subsequence, only three cases may occur :

(1) R} goes to infinity as n goes to infinity,
(2) af converges to some a; and R} goes to infinity as n goes to infinity,

(3) (af,ay) converges to some (a1,a2) and RY goes to infinity as n goes to infinity.

Using Theorem 4.11, we know that respectively in case (1), (2), (3), £(¢,) converges to
the atomic energy, the polymer energy associated to a1, or the thin film energy associated
to (a1,a2). It is thus sufficient to prove that in all three cases, there exists a proper lattice
having a lower energy than those limits. This is our aim in the following subsections.

5.2.1 The thin film case

We show here that for any £ € L3(R3?), £(£) cannot be a minimum of £, therefore excluding
occurrence (3).

Proposition 5.6 For any £ € Lo(R3), there exists an £y € L3(R3) such that :
E(ly) < E(L).

Proof : We fix an £ € L5(R3), of basis (ay,az), that we may assume to be in the plane
{z3 = 0}. For any R > 0, we define £z € L3(R?) the proper lattice of basis (a1, az, Re3).
We intend to show the following :

E(lg) <E() — Ce VR 4 o(e VIR as R —» oo, (101)

with C > 0, and where 6, > 0 is the Lagrange multiplier of problem (62). For this
purpose, we denote by p the unique electronic density associated to the lattice £, and set

PR = ”pnplf(%. Since p is even with respect to x3, pr is £r-periodic, thus is a test
Li(r(eg

function for the variational problem defining £(¢g). Denoting by er = fr(z)n (lus|>R} P We
have, from Proposition 3.8,

al/\ag _ _
Kl |6 \/agR:ae \/agR’

2v/6,

We now study each terms of the energy functional :

ER~Q as R — oo.

1
[ vl < [ va < (e [ VB o). (102
T'(¢r) —ER JT(0) I'(e)
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Likewise,
5
/ PP < (14 geR)/ 23 4 ofen). (103)
I'(Lr) r()
We then turn to the electrostatic terms : setting
EZBFW’el(PR) = —/ PrGiy + / / r(Y)Gep (z — y)dzdy,
I'(¢r) I'(¢r) ZR
and denoting by hgr the function Gy — Gy, , we have :
B on) = [ onGerg [ [ on@enty)Gute —v)dedy
I'(¢r) I'(¢r) A‘fR
+/ prhR — —/ / r(Y)hr(z — y)dzdy
T'(¢R) I'(¢r) F(ZR
+O(ER).

Hence, developing in the same fashion as above :

B o) = ~(+en) [ [ PGt / § )pRhR
R

+€R/ / y)Ge(z — y)dzdy

KR) F(KR

5| pr@prthnte ~ pdsdy + ofer).
I'(¢g) JT(¢R)

We are now going to show that :

- / / / y)Gola — y)dedy <
F(ZR) KR r(ZR

—/ pGp+ - / / y)Ge(z — y)dzdy (104)
() ) r(z)

and

/F o P / » /F o, PR s —g)dzdy < ofer) (105)

We begin with (104), and write the difference of these two expressions as :

—/ pGy + / / y)Ge(z — y)dzdy

T'(¢R) T'(¢r) ER)

—I—/ pGy — / / y)Ge(z — y)dzdy
T(0)

_ / p(Ge— EGK *r(e) (Pr(ex) + P))-
T(O\'(¢r)
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Hence, proving that G¢— 3G, *r(e) (Pr(eg) +p) < 00on T(£)\T'(£g), for R sufficiently large,
will conclude the proof of (104). For this purpose, we use Proposition 3.6 and write :

—alzs| + B - % < Gy(z) < —alzs| + B + % (106)

in I‘(ﬁ) where «, 8 and 7y are positive constants independent of R. From this and the fact

that 3(p + p‘p(@R)) has total mass 1 — & over I'(£), we deduce that :
—a(l — )[zs| + B(1 - ) — % < $Gerr) (p+ P\r(zR)I)
3Gexr (p+ pipem) < —al = F)lzs| + AL — ) + &,

with a constant 4’ > 0 independent of R. This, together with (106), proves that

1
Ge = 5Gexrw (Pres) + ) < (1= —)(5 —alzs]) <0
whenever |z3| is sufficiently large. This proves our claim, and thus completes the proof of
(104).
We now turn to (105), and set ¢r = Gy — Ge*p(g) pr- We have :

—A¢r = 4n (8 — pRr)-

Since hg cancels at 0, and —A¢r = pr — dp,we have :

1
- / prhn + * / / pr(@)pr(y)hr (e — y)dady
I'(¢r) T(tr) JT(¢R)

= 5 o fo e 0 (-a0n(@)) (~2dutw) ) dsay
I(¢r) JI(LR)
We now integrate by parts this expression, and find :

1
- / prhr + / / pr(@)pr(y)hi(c — y)dedy
I‘(ZR) @R éR

o 0
= 5 L e, B G Whate — )iy
ar(er) Jor(eg) on on

From the £-periodicity of ¢g, this boundary integral reduces to an integral over the set
Ol'(lr) N {|z3| = 12_2} And using the fact that ¢r and hg are even with respect to z3, we
thus have :

- / prhe + 3 [ / (9)hr(z — y)dudy
T'(¢r) T'(¢r) F(ZR
= / / A3¢r(2)03¢r(y)hr(z — y)dz'dy
{z3=2}nT(@) J {ys=2}T(Q)

- / / (@)l ~ )i dy.
{w3=2}nT(2) -

Riy!
2}
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In order to bound this term, we write :

€R

1 .
¢R=¢+1_€Rp|r(eR)c*Ge—1 pxGe=¢+ ¢r,
where the convolution products are over I'(£), and ¢ = Gy — p*x Gy. We are going to prove
(105) for all those terms. The second one may be dealt with as follows : we first notice
that

lox Gl = £ )| < CR, (107)
and
(o= Gom =550 = |f p)Galo ~ )23 = +5)
LR)° e 3==xT5 = \T — 3 = IT—
e 2 {lysl>£}nr(er) 2
/ p(y) dy
{lys 1> Z}nr(¢g) |7 = Y]
+/ p(y)|z — yldy
{lys|> 23T (eR)
< CRep. (108)
(107) and (108) imply that :
. R
|pr(z3 = iE)| < CReg. (109)

On the other hand, | — A¢r(z3 = +8)| < |pr(zs = £8)| < Ceg, so that we have :
- R
|V¢R(£C3 = :IZE)| S CRER.

Since we also know that |V¢(zs = +£)| < Ce %, for some a > 0 independent of R, (105)
is proved for ¢ and for the crossing term. Thus, the proof of (105) amounts to show :

/ / 034(2)03p(y)hr(z — y)dz'dy’
{za=5}n0(0) J{ya=%}nr(0)

- / / Bsp(2)05(y)hr(z — y)da'dy’ > oler).  (110)
{zs=5}INT(€) J{

g ys=—S}NT(0)
To prove this, we expand hg as a Fourier series with respect to z’. Using (64) and (75),

one easily computes :

S
ekam

W Z e*|k|2’lr‘$3*k3R|’ (111)

k3€Z\{0}

he(z) = Hy(z3) —c )

keex\{0}
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with |Hg(t)| < C(1 + |t|), C being independent of R, and ¢, > 0. Here we have used the

fact that o;
e?imes 2T o Hllas]
5 2d§ —e
R |k|*+¢ k|

and the corresponding periodic equality, that is :

ks
21 eQMT % T3

- = Z €—|k\27r\z3—k3R\
A .

K] ksez [E2 + 55 ksez
We then insert (111) into the left-hand side of (110), which we denote by Ag, and find :

| , [, s8()000(0) (s — o) dy
= Y3s=75

/ / 03¢(x)03¢(y) Hr(x3 — y3)dz'dy’
z3=2 Jys=—
_cez(agqs )05, 2 Ze—%lknkslfﬂ)

N\::

ket k370
9= (k R Oadb(—k _E —2m|k|[1-k3| R
+CZZ 3¢( ’ 2) 3¢( ) 2)2(6 ) )
kel* k3#0

where the ™ -transform is defined by (68). We next use estimate (67)of Proposition 3.8,
with € < v, to show that the first two integrals of the above sum may be bounded by
O(R2e_2(\/5‘»’_€)R) = o(eR), and that up to terms of the same order, the sum reduces to a
sum over K = £* N {0 < w|k| < v;}. We thus have, u;, being defined in (67) :

Ap = —¢ Z Z ukﬂ_ke—2n|k\R(e—2ﬂ'|k\\k3|R - e—27r\lc||1—k3|R) + O(6R)
kEK k3#0
= —c¢ Y ppiope”"FE(—1+ eI 4 o(ep).
keK

Then, noticing that since 03¢ is a real-valued function, we infer that u_r = @y, so that we
may write the above sum as :

Ap =cy Z |uk|26727r|k|R(_6727r\k|R + 1) >0,
keK

for R large enough, since K does not depend on R. This proves (110), hence (105).
We now collect (102), (103), (104) and (105), and find :

)
B on) < BTG ven( [ 190R 5 / o
()

/ Gep-i-/ / Y)Ge(z — )dwdy) + o(eg).
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Integrating the Euler-Lagrange equation of the minimization problem defining £(¥), we
find that :

/ Vp | + = / / Ggp—i-/ / (y)Ge(z — y)dzdy = —by,
IN( ) ING)

so that we infer that :
E(KR) < 5(@ - €R9g + 0(€R).

This concludes the proof. ¢

5.2.2 The polymer case

We now turn to case (2) :
Proposition 5.7 For any £ € L1(R3), there exists £y € L3(R3) such that :
Ely) < E(L).

Proof : We use exactly the same trick as for Proposition 5.6, defining £ as the lattice of
basis (Rej, Res,a), where a is the basis of £, and is collinear to eg (this is always possible
to do by change of coordinates). We intend to show estimate (101) in this case. We define
pr and eg exactly in the same way, so that (102) and (103) follow immediately. (Note
that from Proposition 3.3, e satisfies exactly the same estimate as in the thin film case.)

A straightforward adaptation of (104)’s proof shows that this estimate also holds (just
replace |z3| by log|z'|). To prove (105), the same @r-trick works, and we are here again
reduced to show bounds on integrals over the set {|z1| = £} U{|z2| = £}. Here again, the
same type of estimates are available, namely (33), (75) and (61), so that the above proof
can be easily adapted, replacing the function e~3l by W, (z') defined in (49) ¢

5.2.3 The atomic case

We deal here with case (3) :

Proposition 5.8 There exists an £ € L3(R?) satisfying the following :
() < ILFW.

Proof : We follow step by step the proof of Proposition 5.6, with £z = RZ3, and find out
that difficulties might only occur in the electrostatic terms. We introduce here again the
function ¢p = ﬁ — |—glc| * PR|T(¢5), @nd using the same tricks, conclude the proof. Note that
here, the proof is simpler since the eigenmodes appearing in the polymer and thin film case

with coefficients uy vanish, so that the proof of (105) is simplified. ¢

This concludes the proof of Theorem 1.1, since, considering a minimizing sequence £,
of problem (21), Proposition 5.5 shows that there exists an Ry > 0 such that for any basis
(af)i=1,2,3 of £, we have :

lai'| > Ry, Vie{1,2,3},Vn € N.
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On the other hand, Theorem 4.11 together with Propositions 5.6, 5.7 and 5.8, show that
there exists a sequence of basis of £, which is bounded in R?, and hence is relatively
compact.
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Chapitre 4

Le “Crystal Problem” en dimension 1

Ce chapitre a été écrit en collaboration avec C. Le Bris, et accepté pour publication
dans Nonlinear Analysis T.M.A. [P4]. Nous y étudions le modéle de Thomas-Fermi-von
Weizsédcker en dimension 1, et montrons que la solution du probléme d’optimisation de
géométrie converge vers une géométrie périodique.
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Periodicity of the infinite-volume ground state of a
one-dimensional quantum model
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Abstract We study a one-dimensional molecular system consisting of NV nuclei and N elec-
trons, modeled by a quantum mechanical model, namely the Thomas-Fermi-von Weizsicker
(TFW) model. For each N fixed, we consider the ground state of this system. Then we
investigate its behavior in the limit N — oco. We show that the system converges to a
periodic system, and that its energy per atom converges to the energy of a periodic TFW
model. This implies that for any periodic configuration of nuclei (with an arbitrary number
n of identical atoms per cell), the minimum of energy per atom is reached for the periodic
configuration with one atom per cell.

Key words: quantum chemistry, periodicity, crystalline order, ground state, nonlinear.
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1 Introduction

It is an unsolved problem in the study of matter to understand why matter is in a crystalline
state at low temperature [14]. So far as we know, this “crystal problem” has been tackled
by Radin [13, 8] in a classical framework and in one dimension. Our aim here is to address
the same kind of problem when we take into account the quantum feature of the electrons.

We consider a set of N identical pointwise nuclei, of charge +1 and positions {X; }1<i<n,
together with NV electrons, defined through their density p. We assume that the system is
in its ground state, which means that it is a solution of:

Iy = inf{ETFW(pa {Xi}), p>0, \/ﬁ € HI(R)’ |lz|p € LI(R)’ Ap = N}7 (1)

where the energy ETFW is defined by:
AR
BV xh = [ [ o+ [ Sle- Xilpleyds
R R — Jr 2

- 3 L le - vpasay - S FIFL

i<j

z]

The potential —=* is the Coulombic interaction potential in one dimension, and the ex-
ponent p is strictly greater than one. Note that since the term [ pP is a homogeneous
gas approximation of the kinetic energy, p should be equal to % = # = 3 in this
one-dimensional model. On the other hand, if one considers that we deal with a three-
dimensional model which is invariant with respect to two variables, then p should be equal
to % Both cases are contained in the present study. The minimization problem (1) with

respect to p, with {X;} fixed, is called the electronic problem:

1) =it B (o, (X)), p2 0. V€ 'R, ape IR, [ p=n}, )

The global one, also equal to

In = inf{f({x,-}), X; € R}, (4)

is called the geometry optimization problem. The first point is, one can reorder the nuclei
so that X; < X4, for all 4 € {1,...,N — 1}. Next, a straightforward adaptation of
[1] (see also [3]) shows that the electronic problem (3) is convex with respect to p, and
has a unique solution. Also, adapting the proofs of [7] to this one-dimensional case, one
easily shows that the geometry optimization problem (1) has a solution. Our interest lies
in showing that in the limit N — oo, the system converges (in some sense to be made
precise below) to a periodic system. For this purpose, we introduce the following periodic
geometry optimization problem:

R
her = nt{ LR (), R>0, 20 vpemlMuR). [p=1}
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where HI}GT(]O R]) is the set of Hloc functions which are periodic of period R, and the

energy ELEW is defined by:
By (p) = / (VP ') / /R dx
2

per,R
+§/ /R z)Gr(z — y)p(y)dzdy, (6)

2

R
2

N\:c
N\::

where the potential G represents the coulombic interaction between neutral R-periodic
distribution of charges. Actually, we have:

2imkx

€ R
Gr(z) = Ry (7)
k0

Here again, the minimization problem (5) may be splitted into electronic and geometry
optimization problem, namely:

R
IPETR - lnf{ ;ZI;V}[{( )’ p > O’ \/_ € per(]o RD /0 p= 1}5 (8)

Iper = 1nf{ per,R, R > 0}. (9)

As shown in [3], problem (8) is convex with respect to p and has a unique solution pg.
Moreover, (9), has at least one solution R, by [4, 2].
Our first result is the convergence in energy:

Theorem 1.1 The sequence IWN which models the energy per atom converges to the periodic
energy Iper.

Next, we show a convergence result on the electronic density and on the nuclei positions:

Theorem 1.2 Let (pn, {XN}) be any solution of problem (1). Then there ezists a se-
quence (iN)NeN such that:

(i)iN—)OO, N — iy — 00,

(i1) There ezists a solution (pr, R) of (5) such that Vj € Z, ijyvﬂ Xi]yv — jR, and

pn (- — XZZIVV) — pr(-— XZJIVV) converges to 0 uniformly on any compact subset of R.

Note that it will become clear in the course of the proof of Theorem 1.2 (Section 4)
that condition (i) is in fact a necessary condition, implied by (ii).

Before entering the details of the proofs, let us point out that similar results were
obtained by Gardner and Radin [8, 12] in a classical framework, where the atoms are
supposed to interact with each other through a Lennard-Jones type two-body potential.
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In the same spirit, Nijboer and Ventevogel [16, 10, 11] obtained an analogous result to
that of Corollary 5.1 (see below) in this case. In [12], Radin also proves that a ground
state configuration of IV particles, in the limit N — oo, is indeed a ground state in a local
sense: assuming that the energy of the system S is defined by a density of energy e(S), an
infinite system & is a local ground state if for any interval I and any system 7 equal to S

on R\ I, we have:
/Ie(T) > /Ie(S).

In the present case, the existence of e, i.e the local feature of the energy, is not that obvious
because of the electrostatic terms, although it may be re-written in a local form (this is in
fact what is done in the proof of Theorem 1.1).

2 A priori estimates

We first show that two nuclei can never have the same position, and study the Euler-
Lagrange equations of problem (1).

Proposition 2.1 The minimization problem (1) has at least one solution (py,{X}N}).
Without loss of generality, we may assume that this solution satisfies XZ-N < XZ-{VH, for all
1 <4< N —1. Moreover, any such solution satisfies:

XN < XN <... < X¥, and

XN, XN o 1
/ pN =1, / PN =/ PN = 5. (10)

Proof: Consider any solution of (1), which we denote by (pn,{X}¥}). In particular, px
is the solution of the minimization problem with {X/V} fixed. It consequently satisfies the
Euler-Lagrange equation of the corresponding problem, namely, setting un = \/py:

N
_ 1 1
e (5 Dl = X = Halxad Jun +Ou =
=1

where x denotes the convolution product over R, and 6 is the Lagrange multiplier associated
to the constraint fR pn = N. Using Harnack inequality, one then easily shows that uy
never cancels. Moreover, since \/p, € H L(R), pwn is a continuous and bounded function.
Next, differentiating the function ETFW with respect to XZ-N on theset {XN <--- < X JZ\\,T 1
one finds :

aETFW

N 1 N 1 al N N
T o X = 3 [ sen(XY (e — 5 Y Segn(x - X)), ()

i=1
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where sgn denotes the sign function, with the convention that sgn(0) = 0. Since X}V <
XN, 3 Z;\;l sgn(X;¥ — X V) =i — L. Hence, one easily finds that
82 ETFW

oxXN?

82 ETFW

= XN, 7:0 ) '.
PN( % ) BXZNaXJN 7’7é.7

This in particular shows that ET¥W is strictly convex with respect to {X/¥}. Next,
consider the system {Y;} defined by (10): it satisfies ¥; < Y;y1, and it is a critical point of
ETEFW (pn,-). Hence, it is the unique solution of the convex variational problem defining
{XN}. As a consequence, X}¥ =Y;, hence X}V < Xﬁl, for all 4, and (pn,{X}V}) satisfies
(11), for all 5. Summing these inequalities, we find (10). ¢

Studying the Euler-Lagrange equation satisfied by py, we define

N
1 1
on = spowxlel = 5 3 le - XN -0, (12)

=1

and thus have:
" 2p—1 _
—Upn -I-puN _¢NUN —0, (13)
—¢y = Zz’l\;l 5ng — Uy

Proposition 2.2 For any (py = u3,{XN}) solution of (1), denoting by ¢n the func-
tion defined in (12), uy € C*(R), ¢n € C®R\ {X}}), and ¢n admits left and right

derivatives at X}, which satisfy:

. - 1
Vi, dy(XN) = (X)) = 5. (14)
Moreover,

1.2 2

3 N TN =dnon Fuly (15)
Proof: The regularity of uy and ¢y follow from standard elliptic regularity and equations
(13). Let z €] — oo, X{'[. According to (13), ¢/y(z) = [* _ ui(t)dt, so that using (10),
P XN ) = % Due to the presence of a Dirac mass at X{V, one immediately deduces that

(XN +) = —1. Next, we carry on this integration procedure until X', then X4, and so
on, to finally get (14). We then turn to the proof of (15): multiplying the first equation of
(13) by 'y and the second one by ¢/, we substract the results and get, on each interval
]Xz'N J Xz']il[: .

2
—uuly +pud T uly — pnunuly + P g = undly,

which implies:

1,9 149, 1,9 1 !
<—§’U,IN + iu]\? + Z(]ﬁIN - §¢NU?V> =0.
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Its derivative being identically 0, this function is thus a constant on each of the intervals
XN ,XZ-JYH[. Moreover, since u'y, un, ¢n are continuous, and since, according to (14),
(¢y)? is continuous at X}V, —u'N2 + u%’ + %QS'N2 — ¢nu? is constant on R. To show that
this constant is 0, we only need to show that lim o (—uly” + u3 + %q’)’NQ — ¢nud) = 0.
In order to do so, we point out that uy — 0 at infinity since uy € H'(R). Next, writing
Py () = ffoo u%(t)dt, one easily shows that the same property holds for ¢%. Next, we
point out that, for + <y < X}V,

y rt z Y
oxt) =@ = [ [ st =w-o) [ i+ [w-ouko,
x —0o0 —0oQ xr
So that, using the fact that |z|u3, € L'(R),

Y
én(y) — b ()] < / it~ ylud ()t — 0 as y - —oo.

—0

This implies that ¢n has a limit at infinity, hence is bounded on a neighborhood of —occ.
Hence ¢nuy vanishes at —oo, and from the first equation of (13), u'I'V2 is integrable on a

neighborhood of —oco. Hence, u/y goes to 0 at —oo. ¢

Corollary 2.3 Let (pn, {X}N}) be a solution of (1), and ¢n be the effective potential (12).
Then we have:

(i) |¢'y| < %, and this value is reached only at the XNs,

) 1/
(Z’L) PN < (S(p—lfl)) pa
(i) XN, = XN > (8(p—1))"", foralli € {1,...,N —1}.

Proof: Since ¢y satisfies the second equation of (13), ¢% is strictly positive on each

]XN, XN [, which means that ¢y is strictly increasing on these intervals, and thus ranges
T

from —1 to 3 monotonically. Next, on | — 0o, X{¥[, knowing that ¢y(z) = / ux(t)dt,
—00

we find that ¢y ranges monotonically from 0 to % on this interval. Using the same kind

of argument on |X¥, 00|, this proves (i). We turn to the proof of (ii): ux is a positive

C? bounded function vanishing at infinity. Hence, there exists a point zy € R which is

the maximum of ux. Moreover, at this point, u}, cancels and u' is non-positive. Hence,
¢ (x0)p (w0) > ppi (wo), and $y” (o) + Py (z0) = ¢ (x0)pn (wo). Tt follows that:

(0~ 1)y (wo) < 5’ (o). (16)

Using (i), this implies (ii). Then, using (10), we have ||p||pe (Xit1 — X;) > f))é”l p =1,
from which (iii) follows. ¢
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Proposition 2.4 Let (u3,{XN}) be a solution of (1), and ¢ the corresponding effective
potential (12). Let (in)nen be a sequence of indexes (such that 0 < iy < N). Then, for
any L > 0, there exists a constant Cr, independent of N such that

||¢N||L<><>(X!V —L,XN +1) < Cr (17)

ZN ZN
Proof: Let Jy denote the interval [Xz];iV — L,Xi];iv + L]. The first step of the proof is to
show that u'y is bounded. Indeed, let zy be the point where it reaches its maximum (since

u’y — 0 at infinity, as the proof of Proposition 2.2 shows, such a point exists). Then
uy(zo) = 0, so that using (13), ¢npny = pply. Hence, using (15), one finds that

bl

ool —

(u)?(a0) = (1 = P)Re(w0) + 5 ()2 (a0) <

which proves our claim. We next show (17). Such a bound clearly holds for a general
Cp, depending on N, since ¢y has a limit at infinity and satisfies the second equation of
(13). We now assume that it does not hold uniformly with respect to N. We then have an
interval [a,b] C Jy on which |¢n| —> 00 as N — oo. Since ¢y is bounded independently
of N, either ¢y —> 400 on Jy, or ¢y —> —oc on the whole interval Jy. We now set
ON = o [, n. We then have

— 1
168 — énlloo(rn) < 1N llLoo(ay) < >

Hence, ¢ypn = %(,ZS'NQ + o — u’N2 — (¢n — ¢n)pn is bounded on Jy. As a consequence,
PN — 0 in LOO(JN).

This also implies that v’y and v, converge to 0 in D'(Jx). Using (13), this implies that
¢nuny — 0 in D'(Jy). A similar result then holds for gxpn. Using (15), we then have

1
§¢'N2 —uh? =0 in D'(Jn).

On the other hand, 2(unu’ + u'N2) = ply — 0 in D'(Jy). Since we already know that
unuly, = pu%’ — ¢npn satisfies this property, we deduce that

20 in D'(Jw).

This contradicts the fact that ¢ +dxyv = py — 0in LOO([XZ-ZYV — (e,XZ-]YV + ¢]) for any
0<e<(8p—1)7r. ¢
Remark 2.5 Note that in the case where 1 < p < 2, it is possible to adapt the technics

used in [15] to show that there exists a constant C independent of N such that |¢pn| < C
on the whole real line.
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3 Convergence of the energy

We start by showing that the energy per atom does converge to some real number:
Proposition 3.1 Let Iy be defined by (1). Then the sequence IWN converges.

Proof: The point is that the sequence Iy satisfies:
Inyp <Iy+1Ip, VN,PeN. (18)

This follows from an easy adaptation of the proofs of [7] or [2], and consists roughly in
pointing out that if a system of N + P atoms divides into two parts of respectively N and
P atoms, its energy converges to the sum of the energies of the subsystems. Then, fixing
a P € N, we have, for all N € N, N = PQ + R, with R < P. Using (18), we infer:

Iy < QIP-I'IR.

Hence, IWN < P%If 7+ IWR. Letting N go to infinity, we get: lim supIWN < %’. We deduce
from this that lim sup IWN < lim inf IWN O

We are now in position to prove Theorem 1.1:
Proof of Theorem 1.1:We first show that:

I
lim FN < Iper, (19)

N—oo

where I,e, is defined in (5). Consider R € R a solution of Iper, and define YN = (i -
N)R, i=1,...,2N. Consider the density py = nn solution of the electronic problem
with nuclei Y;, together with its energy Jon. An easy adaptation of [5, 6] shows that
J22—]{,V converges to I, 5 = Ipey. Moreover, the system (n, {Y;N}) is a test system for the

minimization problem I, hence
Ly _ Jon
— < —— — Lper.
2N ~ 2N per
This proves (19). We now show:
I
lim FN > ey (20)

N—o0

In order to do so, we re-write the energy In: let (pn,{X}V}) be a solution of Iy, and ¢y
the associated effective potential (12). Then,

Iy =B (o 50 = [ (Vom0 + [ g [ @

according to the definition of ¢x. Thus, we have:

= n2 1 ! \2 oo n2 1 ! \2
Iy = / (Von )* + oy + 5 () +/XN (Von )* + oy + 5(¢)
N-1 Xﬁ-l 1 !
w3 [ e

i=1 i
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First, we prove that for any ¢ € {1,...,N — 1},

X% 1
o2 B R+ GO 2 D (21)
In order to do so, we introduce Y;" as the unique point in ] X7V, XZ-]YH[ such that ¢y (V;N) =

. It exists since ¢’y ranges monotonically from —3 to 5 on | X;*, X\ ;[. We then consider
0. It exists si 'y Tang tonically f 2 to & on ]XN, XN [ We th id
the function p; defined by:

pn(z) if XzN <z< YiN’
i(T) =

22
pn(XN —z) if 2XN - VN <z < XN (22)

This defines a function p; on 2X¥ — Y}V, Y] satisfying periodic boundary conditions (see
figure 1). We define ¢; in the same way, namely

o) = {Mw) it X <2<V

23
on(XN —z) if 2XN YN <z <XV, (23)

and prolong these two functions by periodicity. Thanks to (14), one then easily finds that
—¢i" = dxn — p; on 22X — YV Y], together with periodic boundary conditions. This
implies, from the definition of Gy~ _yny (7), that

¢ilz) = (G2<X5V —YP) T PR (N —x M) v —x ) Go(x —Yﬁ)) (z+X) +a,

where a is a constant. Thus, the derivatives of these two effective potentials are equal, and

v 1 IR 1
[ W@ = [ R 56
X 2N YN

SE (00 >

9 perR P Iper, with R:YZ'N —X,L-N.(24)

N —

A similar treatment may be done concerning the integral over [YZN ,Xﬁl], which proves
(21).

= 1 1
We then prove that / (Von )2+ o+ 5((;5']\,)2 > 511. Consider the function pg
defined by -
@) pn (z) if z<XxV,
xTr) =
Po pv(XN —z) if z> XN

Define ¢ in the same way from ¢ny. We then have ¢f = XN~ PO, and ¢g converges to

some constant at infinity. This implies in particular that ¢y = ¢8 + a, where a € R and

= %pl * || — %|a: — XN|. As a consequence, ¢y’ = ¢J', hence

= 1 1 1, o
[ gl = 5 [ W @)
—00 R

1 1
= iETFW(PlaXfV) 2 50
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2X-|Yi XI YI
1 1 1
T T T
2X Y Xj Yi

Figure 1: The symmetrisation process described by equations (22) and (23): above, the
true density py, and below, the symmetrised one.

I. Together with (21), this shows that

N | =

+00 1
Likewise, /N (VPN I)2 + pzjjv + §(¢IN)2 >
XN

IN > (N = Dlper + 1.

Dividing this inequality by N and letting N go to infinity, we find (19). ¢

4 Convergence of the density

This section is devoted to the proof of Theorem 1.2.
We know from [2] that I1 > I,,,. We also know that, I, g being defined by (8),
Rlim Iper,r = Ii. This implies in particular that there exists an Rg > 0 such that
— 00

1
VR > Ry, Iperr> E(Ipe,« + Il). (25)

Remark 4.1 Inequality (25) also shows that the set of solutions R of problem (9) is

bounded from above.

Next, we notice that inequality (24) may be improved, since %E;f,vg(pi) > Iperr is an
equality only if p; is the solution of I, g, due to the strict convexity of this variational
problem [3]. Thus, denoting by Ay the number of indexes i in {1,..., N} such that
XN, — XN > Ry, we have:

A A
IN > TN(II'FIper)‘f‘(N_ TN - l)Iper+I1-
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We thus have & — I, + I”” Lo Lmlper A—N, which implies, according to Theorem 1.1
N b i N o)
and the fact that Iy > I, that

Ay =0o(N), as N — oc. (26)

Next, denote by By the number of indexes ¢ € {1,..., N} such that

XN 1
lim inf n2 Y URY I
im in /xgv (VN )"+ Py + 5(88)" > Tper
For the same reason, By also satisfies (26). Hence, one can find a sequence (i) of indexes
such that:

1) iy — N—’iN—>OO
(1) : ,

(i) X\ 41—

N
XiN < R07

eee XiN+1 N2 1 I \2

) [P et 0P D

xN

Changing the origin if necessary, we may assume without loss of generality that XZ-I;[V =0.
From (iii) and Corollary 2.3, we deduce that \/p,; is bounded in H} N L*®. Using (iii)
and Proposition 2.4, similar bounds may be obtained for ¢n. Hence, we may extract a
subsequence so that (px,¢n) converges to some (poo, Poo) strongly in all L} , and that
X ]JVV 41 converges to B < Ry. We may also assume that YZN converges to some r < R.

3

Then,
R

R
| P+ 00 < it [P+ 4 ) = L (20)

Moreover equation @7, = pn passes to the limit, together with the fact that ¢y (0) =

-5 = —¢’ (X% 41) and ¢y (Y;N) = 0, so that ¢(o(0) = —¢(R) = —3, and ¢ (r) = 0.
Hence using the same tricks as in the proof of Theorem 1.1, we have:

/Orwr.o')%pp L6 > Sl (28)

l\')lb—t

B 1 1,
| W 4 B+ ) > T (29)

and equality holds in (28), respectively (29), only if pu, is the solution pper o, of the periodic
problem I o, respectively the solution pyero(r—r) Of Iper2(r—r)- On the other hand, (27)
implies that equality does hold in these two equations, showing that poo = pper,2r on [0, 7]
and peo = Pper2(r—r) 00 [r; R]. Hence, setting 4o = y/Poo, the functions (uco, o) are
solutions of the system (13) on |0, R[, namely

{ —ull —I—pu2p - Doolioo = 0, (30)
~4% =
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Consequently, ¢oo = Pper,2r 01 [0, 7], where @peror = Gor — Gor * pper2r- Hence, (too, hoo)
and (y/Pper,2r, Pper,2r) share the same values and the same derivatives at 0, and satisfy the
same differential equation on ]0, R[. According to Cauchy-Lipschitz theorem, together with
the fact that the function (u, ) — (pu?’~! — ¢u, —u?) is locally lipschitz continuous from
R? to R?, this implies that they are equal on the whole interval [0, R]. Since the unique
point at which ¢;)er,21' reaches % is 2r, this implies that R = 2r is a solution of problem
Iper, and that poo = pper,r- Next, we point out that (30) is also satisfied on the right of R,
so that, still using Cauchy-Lipschitz theorem, (poo, $o0) = (Pper,R> Pper,r) on the right of
R. Hence, the unique point satisfying ¢, = % on the right of R is 2R, which means that
X; N v+2 — 2R as N goes to infinity. Carrying on this process on both sides of the interval

[0, R] we conclude our proof. ¢

5 Consequences and extensions

We give in this section some side-remarks and extension to the Thomas-Fermi (TF) case.
First of all, an adaptation of the above proof shows that:

Corollary 5.1 (a) Let {X;}icz be a periodic configuration of nuclei, in the sense that
Xien = X; + L, for some fixed N,L. Then the minimum of energy per nuclei,
as defined in (31) below, is reached only for the equidistant configuration (X;11 =
Xi+ %).

(b) Let (p,{X;}) be a system such that 0 < X; < Xp < ..+ < Xy < L, and p satisfies
periodic boundary conditions on ]0,L[. Assume in addition that this system is a
minimizer of the following energy:

B = [ [y [ @

where ¢ is a solution of —¢" = > dx, — p with periodic boundary conditions. Then
Xip1 =X + %, for all 3.

An illustration of Corollary 5.1 is shown in figure 2. In (a), the periodic TFW energy is
defined by (we assume that X, = 0):

BV (p, (X)) =/ / ;- Z/ Grla — X;)p(x)de

<3

/ / z)Gr(x — )p(y)dwdy—i—% Z GL(X; — Xj),

i lgl<g

wlh

where G, is defined by (7), and the electronic ground state is:

N _ . e) mTEW . L _
B =t BV D), 920, Veem 002D, [ =N} @
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Figure 2: Two periodic distributions of nuclei, with N = 9. Corollary 5.1 states that the
first one has strictly lower energy than the other.

and the energy per nuclei is equal to I’%T’L

Using similar techniques as for the TFW case, one can show that Corollary 5.1 holds
in the TF case, where one forgets the term [ (vp' )2 in the energy. On the contrary,
Theorem 1.2 does not hold in this case since problem (1) has no solution [9]. More precisely,
In = NI in this case, and this value is reached only in the limit X;.1 — X; — oo, for all
i. The proof is more simple in fact, since (10) is still valid, and (13) reads:

{ ¢+ ()7 Tgrn = 2 o,
¢ =pp"~ L.

And the analogue of (15) is —%¢'2 +(p — 1)(%(;5)?%1 = a, where a is a constant (not

necessarily 0). Hence, thanks to the fact that ¢'2 has a fixed value at Xj;, so does ¢, and
we may apply Cauchy-Lipschitz theorem to show that the configuration is indeed periodic
with one atom per cell.
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Chapitre 5

Energie et état fondamental de
systémes infinis non périodiques

Ce chapitre, écrit en collaboration avec C. Le Bris et P.-L. Lions [P5], traite du probléme
de limite thermodynamique dans le cas d’'une géométrie de noyaux non périodique. Nous
définissons par ce biais une notion d’état fondamental que nous étudions, en lien avec
une notion de minimisation locale d’énergie. En annexe a ce chapitre, nous présentons un
résultat utilisé dans la section 3, consistant & caractériser les fonctions dont le potentiel
newtonien est borné [P6].
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A definition of the ground state energy for systems
composed of infinitely many particles

X. Blanc!, C. Le Bris! & P.-L. Lions 2

! CERMICS, Ecole Nationale des Ponts et Chaussées,
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place du Maréchal de Lattre de Tassigny,
75775 Paris cedex 16

Abstract We introduce here one possible definition of the energy of an infinite non-periodic
system of particles. We investigate the minimization of it, and the link with standard
definitions of local ground state for such systems. The specific models under study are
issued from Quantum Mechanics (namely from Density-Functional type theories) but our
construction and analysis can be adapted to treat other cases.
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1 Introduction

The purpose of this work is to contribute to the difficult problem of defining the energy
of a system composed of an infinite number of particles. Our goal is to determine in some
sense the most general set of infinite systems for which a ground state energy may be
defined in a rigorous mathematical way. Of course, by the word energy for an infinite
system, we mean energy per unit volume as it is well known that energy is an extensive
quantity, and therefore that if some energy can be defined, it is only by considering it per
unit volume (or per unit mass, or per particle). The systems we deal with here consist of
an infinite number of nuclei (treated classically in the framework of the Born-Oppenheimer
approximation), together with the “same” infinite number of electrons modeled through a
Quantum Density Functional theory. Our analysis is however likely to be adapted to treat
other infinite systems.

When an infinite system exhibits a specific geometric property of long range order, such
as periodicity, or any mild extensions of periodicity (quasi-periodicity, almost periodicity),
the question of defining its energy is not that difficult.

To illustrate this fact, let us recall that the simple Thomas-Fermi model defining the
ground state energy of a neutral system of N nuclei of unit charge located at {X;} together
with N electrons described through their density p in the setting of quantum mechanics

R N = L Z/w e xi
R Zm (1

ITF({X&)=inf{ETF<p,{Xi}), pe @) NIPRY), p20, [ 3p=N}. @

can be extended, when {X;} goes to Z3, to define the ground state energy of an infinite
periodic system of the same kind in the following manner:

ELE(p) = / 3 4 / / — y)ply)dwdy — /Q Gp, (3)

~AG =) & -1, (4)

keZ3

TF . TF
1 — mf{Epem, p>0, pelHQ), /Q pzl}. 5)

To define the above minimization problem requires essentially one and only one property
: we have assumed that the locations {X;} of the nuclei fill in exactly the whole lattice
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Z3, whose unit cell is above denoted by Q. As a consequence, a) the potential ruling the
interactions between particles, which is the Coulomb potential in (3) has been transformed
into its periodic analogue (4), and b) the integrals over the whole space R? in (3) have
turned, for periodic functions, into integrals on the unit cell @ in (5). The infinite character
of the system is completely enclosed in this transformation.

It may be enlightening, in this expository section, to see that in the case where the nuclei
are smeared out, which is just a question of regularization of the measure Z o(- — Xg)

k
defining the nuclei (convolute it with some nonnegative normalized C§°(R3) function m),

the above transformation going from (1)-(2) to (3)-(4)-(5) may be written

ITF({Xi})zinf{ [ g [ Iver et ®)np AR,
R3 2 Jgrs

p =0, /Rsp:N,QEHl(R?’), —Aq):m—p}. (6)

1
yields I = inf{/ PPl + 5/ VO, peLylQ), p>0, / p=1,
Q Q Q

B € Hio(Q) ~AB=m—p}. (7

The mathematical analysis needed to lay all the above definitions on a sound ground,
as well as extensions of it, have been detailed in [5]. The key notion involved there is that
of the thermodynamic limit process, a notion to which we shall come back later on in this
article (see Section 3.5).

Suppose now that we wish to define the energy of a system of the same kind, again
with some simplified model such as the Thomas-Fermi one, in the case when the {X;}ien
are a rather general set of points spread in R3, and not necessarily Z3. It is clear that it
will not be possible for pathological cases of {X;}ien (think of sets with infinitely large
holes, for instance), but one may ask the question : what kind of sets {X;}ien allow to
define in a rigorous mathematical way such an energy? As the models above feature not
only the set of nuclei, but also the electronic density that is a consequence of it, it is clear
that this question embodies a preliminary question : what are the properties awaited from
the electronic density once the form of the set of nuclei is prescribed?

What we learn from the above periodic example (and from its extensions described in
[5]) is that the form of the electronic density is expected to reproduce the form of the set of
nuclei. Periodicity of the nuclei implies periodicity of the ground state electronic density,
e.g., even if it is not so simple to prove it rigorously (see [5]). Next, we learn that we need
to be able to manipulate the density. Typically we need to use powers of the density and
we need to convolute it (look at (1)). We also learn we shall need to define averages of
functionals of the density. It suggests that we need to define for each convenient set of
nuclei {X;};en an algebra (at least !) of electronic densities, and next choose properly the
properties of the set {X;};en so that the whole construction holds.
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Typically, in view of (7), what we have in mind is to build some model of the following
type

_ 1
I£F=1nf{<p5/3)+§<lv‘1>|2), p>0, (=1, —M):m—P}’ (8)

where we have denoted by (-) an average that needs to be defined. Then, we shall say that
an electronic density minimizes this minimization problem if it belongs to the right func-
tional space where all the averages above are well defined, and if it satisfies the associated
Euler-Lagrange equation. It will turn out that this is enough to effectively minimize (8),
as will be seen in Section 3.4. Of course, all this is only formal so far, and we shall make
it precise in the sequel.

The article is organized as follows. We introduce in Section 2 a list of properties that
we require to be true on the set of nuclei {X;};cN, and then define an algebra of functions,
which is to be the set of functions where electronic densities are defined. Our definitions
are illustrated by simple examples of sets and algebra that are covered by our general
framework. In Section 3, we apply our construction to the Thomas-Fermi type theories.
The simple Thomas-Fermi case is first dealt with. We next turn to the Thomas-Fermi-von
Weizsédcker model. In both cases, our strategy is to choose a set of nuclei which obeys
to the properties pointed out in Section 2, then show that the electronic density that is
a solution the Euler-Lagrange equation associated to the energy functional (in which the
locations {X; };en appear as parameters) indeed belongs to the algebra defined in Section 2.
All the properties needed to define the energy are therefore fulfilled. We also exhibit the
connections between our notion of energy minimizer with another one, more familiar to
the community of physicists, namely that of local minimizer.

2 Definition of the functional spaces

2.1 The natural space: its necessary properties

We investigate in this subsection the necessary properties, given an infinite set of nuclei
{Xi}ien, of the function space which we expect the corresponding electronic density to
belong to. We indicate here only formal arguments, the rigorous ones being given in the
following subsections.

The first natural property is the fact that the density should reflect the geometry of
the nuclei. Typically, this is the case for any function p of the form:

p(z) =) ol - X)),
1€EN

with ¢ € D(R3).
The next natural condition is, since we deal with nonlinear PDEs, that the space should
be stable under product. Hence, we enlarge the preceding space by taking all functions of
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the form:

p(a:):Z---Z<pn(a:—Xio,a:—Xil,...m—Xin), (9)

10N in €N

with ¢, € D(R3") and n € N.

The set of functions which may be written in this way being not a vector space, we
need to consider the vector space generated by all such functions. For any such function,
we need to be able to compute its average over the space:

Definition 2.1 Given p € L. ..(R3), we shall say that it has an average if the following

unif
limit exists:

The scalar {(p) will then be called the average of p.

Saying that p of the form (9) has an average amounts to assuming that the set {X;}ien
satisfies the following kind of properties: for any n € N, any (h1,ha,...h,) € R?", the
following limit should exist:

1
ln(hl,hg, .- hn) = lim —#{Xio, .- -Xin S BR/ Xio — Xik =hg, 1 <k < TL}
R—o0 |BR|

Here, #A denotes the cardinal of the set A. In such a case, the average of p given by (9)
is

(p) = / o(z,x — h1, ¢ — hoy...x — hy)l"(h1,... hyp)dhy ... dhydx.
R3”

In fact, the preceding two formulas are not exactly true, and need to be in some sense
regularized, as we shall see below in Definition 2.3. But the essential ideas are present
here: we need some kind of n-body correlation for the set of nuclei.

This vector space being constructed, there only remains to close it for a suitable norm
(which should be uniform, at least in order to preserve the average property). The next
subsection presents a rigorous version of this construction.

Remark 2.2 Let us point out that although the above construction seems to depend on
the center (which is 0 here), it does not. Another way of stating it is that the properties
exposed above are indeed invariant under translation.

2.2 Construction of the functional space

We start by stating the properties we expect the set of nuclei to satisfy in order to construct
the adequate functional spaces.

Definition 2.3 We shall say that a set of points {X;}ien is admissible if it satisfies the
following:
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(H1) sup #{ie N / |z—X;| <1} < +o0
z€R3

1 .
(H2) Iggxéoﬁwlenés#{zeN / |z —X;| <R} =+00

(H3) for any n € N, any (h1,ha,...h,) € R® and any positive § sufficiently small, the
following limit exists:

1"(h1, ha,. .. hn, 8) =

, 1
Jim_ W#{Xio, ... Xi, € Br/Xi, — X;, € Bs(hg),1 <k <n}.

We have used here the convention that if n = 0, [0 is the constant function equal to

]_
0 H N

The properties of the above definition deserve some comments.

First, the properties (H1)-(H2) are exactly the hypotheses of the existence and unique-
ness theorem of the TFW electronic density [5], and therefore certainly are necessary con-
ditions. Nevertheless, we shall see in the sequel that they also play a role in the definition
of the functional spaces A*P.

Next, let us point out that (H1), (H2) and (H3) are not logically linked, as will be
proved in section 2.3.

Another point is that hypothesis (H3) may be seen as a n-body correlation function,
and therefore is rather natural in view of the existence of averages. However, in particular
cases there might be no need of higher order correlations, as for instance in the case where
the energy is defined by a two-body potential: in such a case, only (H3) for n = 1 is
needed (if one computes the energy per unit volume. For the energy per particle, one
needs in addition (H3) for n = 0.) In the cases we address below, namely quantum models,
nonlinearities imply the need of (H3) for all n € N.

In order to be able to define these averages, what is really relevant is the limit of [" as
0 goes to 0:

Proposition 2.4 Let {X;},en be a set of points satisfying (H1) and (H3). Then for any
n € N, there exists a non-negative uniformly locally bounded measure, that we denote by
di™, such that for all ¢ € C.(R3"),

lim [ @k, ko, )" (h1, by b 8)dh = | @(h1, hay - .. hy)dI™(he, hay - . . hy).
6—0 R3n R3n
(11)

Here C.(R3") denotes the set of continuous functions on R3™ having compact support.
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Proof: Let ¢ € C.(R3"). We first show that

/ (p(hl,hQ,...hn)l"(hl,hg,...hn,5)dh
R3"
is a Cauchy sequence (with respect to §). Indeed, noticing that

I"(h1,ha,. .. hn,8) =

1
lim

1
A E D 3 TR e (-,

Xq;OEBR Xi,€Br

and noticing that for d fixed, the function ¢(hq,...hy)I" (hi,... h,,d) satisfies the hypothe-
ses of the dominated convergence theorem, we deduce that

1 1
MI™(h.6)dh = i S
[Rsﬁ”” (h0)dh = Jom 1mn D DL By

XiOEBR Xi,€EBR

/ o(h)dh.
Hz:l B5(Xi0 _Xlk)

Next, we denote by A the radius of some ball containing the support of ¢, and point out
that the above sums, except for the first one, reduce to sums over points belonging to
Br N Bats(Xi,), which is a finite sum, the number of term being bounded independently
of R, thanks to (H1). Thus, our claim reduces to prove that

)
| Bs|™ TT7, Bs(Xio—Xi,)

o(h)dh

is a Cauchy sequence. Since, ¢ being uniformly continuous, it converges to ¢(X;, —
Xiyy--r Xiy — Xi,), uniformly with respect to the X, ’s, this is trivially true. This proves
our claim. In order to conclude our proof, we point out that if we replace ¢ by the function
1B, (he), for some fixed hg € R3", an argument similar to the above one shows that

17, 8)llg. . momy < C

with C independent of §. This shows that up to a subsequence, I"(h,d) converges to some
non-negative uniformly locally bounded measure in the sense of (11). Now, in view of the
Cauchy property of the sequence, the whole sequence converges. ¢

Remark 2.5 The above proof also shows that, under hypotheses (H1) and (H3), the fol-
lowing limit exists

.1 n
hm @ Z Z 6(Xi0—Xi1,---XiO—Xin)(h’l""7h’n):l (hl,...,hn),

R—o0
XiOEBR Xi,€EBRr

and is a non-negative uniformly locally bounded measure. This is an alternative definition

of I™.
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Remark 2.6 Let us also point out that in the periodic case, that is if {X;}ieN is a periodic
lattice £, then the hypotheses (H1), (H2), (H3) are satisfied, and the measure ™ is simply
the corresponding sum of Dirac masses:

I"(hi,...,h Z Z 6h1,h2, shn)s

hlef hn €L

where V is the volume of the primitive cell of the lattice £.
Proposition 2.4 allows us to directly define averages of functions of the type (9):

Proposition 2.7 Let {X;},en be a set of points satisfying (H1) and (H3). Then for any
© € D(R?"), the function

Z Z Xigyo ooz — X5)

11EN in€N

admits an average which satisfies:
() :/ / (2,5 — . 5 — by )" (B, . 1 )d (12)
R3 JR3(n—1)

Proof: The point here is to write

1
— | fla)dz = |BR|Z >

|BR| Br i1 EN in€N

N |BR| 22

11 EN inEN
oz — (X

n

/ 117 ..,x—Xin)d.’II
Bpg

/ — (X, — Xiy),- -+
Br— X’Ll
i ))dx

Note that since ¢ has compact support, there exists some A > 0 such that for any
(Y1,---yn) € (R®)", max|y;| > A = ¢(y1,...yn) = 0. Hence, the only indexes i; that
have a non-zero contribution to the sum are those for which X;, belongs to Bria. A
similar remark holds for the sums over 49, i3, etc... Therefore,

1

= [ f@)ds =

|BR| Bgr
1

Bgl > / (@0 — (Xip — Xiy) .-, @ — (X, — Xiy))dz.
R Xiy€Brta  Xi, €Brya Br— X’IOB“‘

Here, we point out that, according to (H1), the number of indexes i1 such that X;, € Bgya
and Br — X;, does not contain the ball B4 is asymptotically negligible compared to the
total number of points X;, in Bg. Hence, the integral is, at leading order, equal to the
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integral over By, that is to say over R3. We thus have

! flx)de = 1 Z Z /(p(:c,x—(Xi —Xi),---

|BR| Bg |BR| Xi, €EBRrya Xin€Brya
oz — (X, — Xiy))dz + o(1)

_ /((p(:(;,x byt — By )y mmsa(hL, o))z + (1),

where the measure mpya is:

mR+A(h1a---hn—1):m Z Z 0(Xs, XiyoonXs,—Xi) (P15 Bnm1).
Xiy €EBRyaA Xin,€BRr+A

In order to conclude, one may alternatively use Remark 2.5, or approximate the measure
mpya by replacing the Dirac masses by the functions ——1p Xiy—Xs,) and use Proposi-

| Bs|
tion 2.4. ¢
We are now in position to define the functional spaces we are going to use:

Definition 2.8 Let {X;}icn be an admissible set, and denote by A({X;}) the vector space
generated by the functions of the form

f(m):Z Z"'ZQo(x_Xila-Z'_Xiza"'aI_Xin)a (13)

11EN i2€N in€N

with ¢ € D(R3™). Then, for any k € N and any p € [1,4+00), we denote by ASP({X;}),
or simply A¥P when there is no ambiguity, the closure of A({X;}) for the norm || - Iy %0 5

unif
where

17z, = 90 17w 2y

When k = 0, we use the notation AP for A%P.

The closure of A for the norm || - || Lo (rs) being a set of continuous functions, we will
denote it by Ae.

Finally, we call A® the closure for the L (R?) norm of the space of functions of the
form (13), with ¢ € L®(R3) having compact support.

Remark 2.9 Let us point out that our construction of the spaces A¥P({X;}ien) is the
closure for the corresponding norm of the algebra generated by the functions of the form

fl@) =) ¢l—X;), ¢eDR, (14)

€N

since any function of the form (13) may be approzimated by functions of the form (14).
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2.3 Examples and extensions

We now give a few examples of the set A*P in some simple cases.

The periodic case. Assume that the set {X;};en is a periodic lattice, for instance Z3. Then
the space AFP is the space of W*® periodic functions. In particular,

AP =P (Z°) ={f e L} (R®), VEeZ® f(-+k —f()=0 ae}

loc

when 1 < p < +o0, and

Ac=Cpu(2®) = {f € C°(R?), VKEZ’, [(+k)—f()=0}

The almost periodic case. If the set {X;}ien is almost periodic (see [12]), then the sets
AP contain only almost periodic functions. And in some sense, the functions in A*? share
the almost periodicity of the set of nuclei: indeed, any almost-period of such a function
is an almost-period of the measure of the nuclei, and vice versa (see [12] or [3] for the
corresponding definitions).

The case of a compactly perturbed periodic system. We consider now the case where
{X;}ien is a periodic set, except for a finite number of points. For instance, Z3 \ {0},
or Z3 U {(0,0, 5)} satisfy this condition. Then it is possible to show that we have:

AP({Xi}) = Lo (Z°) + LE(RY), (15)

where LH(R?) = {f € IP _(R?), lim | Il z»(B+z) = 0}- Let us give the ideas of the proof

loc |z| =00
for the example Z3\ {0}: consider the function ¢(z) = sin(rz1) sin(mz2) sin(7x3) 19 953 (7),
and define f(z) = 3y ez (0 (z—k). Clearly f € A', and in fact f = —¢. Now, as shown
in the next subsection (Proposition 2.11), this implies that for any a > 0, |f|* € A!. Let
@ go to zero, this implies that 1jg 13 € A'. Since A! is stable under translations and is a
vector space, this implies that any compactly supported function of LIIOC(R?’) belongs to
Al. The closure with respect to the L ..(R3) norm allows to conclude that L§(R3) C A"

unif
Next, using this fact, the same computations allow to show that L. (Z*) C A'. Since the
sum of these sets is closed for || - || .1 (R3), this shows (15).

In other words, in this case, the spaces A*P consist of periodic functions up to local per-
turbations, clearly reflecting the geometry of the set of points {X;}. On the other hand, the
presence of these local perturbations implies the presence in AP of compactly supported
functions, thereby preventing for instance the function (|-|) from being a norm on this space
(whereas it is a norm in the previous case). Note indeed that Vf € LA(R?), (|f]) = 0.
We shall come back to this difficulty later on.

The case of two semi-crystals glued together. Another example is the case when the set
{Xi}ien is equal to some lattice £; on a half space, and to some other lattice £, on the
other half space: {X;}ien = (s N HT)U (boN H™), where HY = {z € R3,z-a > 0} and
H~= = {z € R3,z - a < 0}, for some vector a # 0. Such a set clearly satisfies (H1), (H2),
(H3) of Definition 2.3. More generally, separating R? into n intersections of half-spaces



2 - Definition of the functional spaces 179

of the form H*, and defining {X;} to be equal to some lattice on each of them gives an
admissible set.

As announced in Subsection 2.2, we now prove that hypotheses (H1), (H2), and (H3)
are not logically linked to one another: consider first the set {X;};en defined by

{Xitien N (2Q) = 2° N (2Q),
{Xitien N (2PTIQ\ 27Q) = Z2 N (27H1Q\ 2%Q)  if p>1
{Xi}ien N (2PQ\ 2P71Q) = 22° N (27Q\ 2%71Q) if p>1,

where (Q = [—%, %[ is the unit cube of R3. This set of points clearly satisfies 2Z> C
{Xi}ien C Z3, so that (H1) and (H2) are satisfied. On the contrary, the sequence
5%;#{1' /X € 2"Q} may be shown to oscillate between two different values, corresponding
to the evenly indexed and oddly indexed subsequences. This prevents (H3) from being
satisfied.

Consider now the set {X;}ien composed of all the points of Z* except those in the set
n@Q + 2"e;, where n is any integer, @@ the unit cube of R3, and e; the first vector of the
canonical basis of R®. Such a set satisfies (H1) and (H3), but (H2) is not fulfilled (note
that {X;}ien = 0 is also a counter-example to this case).

The preceding counter-example gives the idea to construct the last one: consider the
set {X;}ien defined by

{Xi}ien = nLEJN((Z”el +Q)N %ZS).

This set satisfies (H2) and (H3), but sup #{i/X; € By + z} = c0.
z€R3

A third point is, one may ask whether the hypotheses we have chosen, in particular
(H3), are necessary in order to ensure the existence of mean values for elements of the
spaces AFP. We answer this question in the following lemma:

Lemma 2.10 Let {X;}ieN be a set of points in R3, satisfying (H1). Then (H3) of Defi-
nition 2.3 is satisfied if and only if any element of A({X;}ien) has an average.

Proof: The fact that (H1) and (H3) implies that any f € A({X;}ien) has an average
is contained in the proof of Proposition 2.7. The reverse implication is shown as follows:
let ¢ € D(R?) having compact support, and such that [¢ = 1. The function f(z) =
> o(z — X;) belongs to A, and we have, using (H1),

_ _ . . 2
/BRf_%;/BRJFXi@_#{zEN,XZEBR}+O(R ).

Hence, if f has an average, (H3) is satisfied for n = 0. Next, consider the function f = fi fo,
with f1 and fo defined by

fi(z) =) @iz - Xy),

1€EN
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with ¢; > 0 enjoying the same properties as ¢ above. Then, we have

1 1
f = @ZZ/BRgol(x—Xi)gaz(:c—Xj)dx

|Brl /By iEN jEN

= 1
= m Z Z /Rs(pl(x_Xi)(’02($_Xj)d$+mO(RZ)

Xq;EBR XjGBR

= > > ilJ(Xj—Xi)JrO(%),

XiEBR X]'EBR

with 9 = (¢1(—x)) * 2. Since the above quantity converges to the average of f, we thus
see that the measure ﬁ > X,€Bn > X,;€Bx dx;—x; converges to some measure I, defined
on all functions in C.(R3) which are convolution products of two functions in L!. There
only remains to point out that this set is dense in C,(R?) to conclude that (H3) holds with
n = 1. Finally, we repeat the preceding argument with a product of n functions, and show
that (H3) holds for any n € N. {

What we have been looking for so far is a way of ensuring that a function f has an
average, in the sense of Definition 2.1. We now briefly investigate other similar conditions
that ensure that, some f € L being given:

(1) f has an average, i.e lim f exists;

R—o0 |BR| BR

1
(2) — f converges, uniformly with respect to zg;
|BR| Br-+zo
1
(3) for any open bounded set A, Rh_r)rgo TRA s f exists;
1
(4) for any open bounded set A, lim —— f exists and is independent of A.
R—o00 |RA| RA
We then have the following implications:
2 = @)
" 4
1) <= 3),

any other implication being false. Indeed, it is clear that (1) cannot imply (3). Think of
the example (in dimension 1) f(z) = sin(log(1+z)) + cos(log(1+z)) — 1 when z > 0, with
f(=z) = —f(x). This function clearly has an average, which is 0. However, a primitive of
fis F(z) = (1 + z) sin(log(1 4+ z)) on (0,+00), so that

R
%/0 F(t)dt = 1;Rsin(log(1+R)),

which has no limit as R goes to infinity. Thus, (1) does not imply (3), so that it can neither
imply (2) nor (4).



2 - Definition of the functional spaces 181

The fact that (3) does not imply (4) is shown by the example of the Heaviside function
= 10,400) = 1(~00,0)-
Finally, in order to show that (4) does not imply (2), we use the function f(z) =

1 Rb
cos(+/[t]) + sin( \/t| , for which R f(t)dt converges to 0 for any a,b € R, whereas
Ra

1 R2+R
i f(t)dt has no limit.

Of course, one may require these properties (2), (3), (4) for the set A*P. The preceding
analysis (and the subsequent one) apply to these cases, provides one changes accordingly
the hypothesis (H3) (for instance, (2) would require (H3) to be true uniformly with respect

to the center of the ball.)

The last remark of this section is that the construction of the space AFP does not
depend on the dimension. Hence, one may consider the following construction:

Let {Xi}tien = {(X},X2,...X™} be set of m-uplets of points in R3. Consider the
hypothesis (H3) made on the set {X;}ien in (R3)™, that is,

" (Bin Figs - o ,5) -

lim BRr)* /X, — Xi, € Bs(hg),1 <k < 1

R1—>oo |BR||B<5|” #{ ( R) / 1k € (5(h’k)? = k = n} ( 6)
exists for any n € N, any (hi, ha, ... hy,) € (R*)™)". Here, the ball By is a ball in (R?)™
Under this hypothesis, one may construct, using the same technics as above, the algebra
generated by functions of the form:

Z 0@ — X;), (17)

1EN
where ¢ € D((R?*)™), and T = (z,%,...z). (see remark 2.9.) Denoting by By, ({Xi}ieN)
the corresponding algebra (of course, B is the algebra A of the preceding section), one
easily checks using (16) that any f € By, has an average. The corresponding spaces BEP
are constructed in the same way. This extension allows to construct, when {X;}ien and
{Y;}ien are given satisfying (H3), an algebra of functions containing the set of product of
functions of A({X;}ien) by functions of A({Y;}ien), namely Bo({Z; }ien), with {Z; }ien =
{(Xi,Y;) }ien. Note however that this space is in general larger than the set A({X;}ien U
{Yi}ien) when it exists, i.e when the set {X;}ien U {Yi}ien satisfies (H3). This is shown
by the example of {X;}ien = 2Z, {Yi}ien = 2Z + 1. Since {X;}ien U {Yitien = Z, the
space A({X;}ienw U{Y;}ien) is a set of 1-periodic functions, whereas a function of the form
(17) is not necessarily 1-periodic.

2.4 Properties of the spaces AP

Note that A is stable under products, hence so is A*, for any k € N. Moreover, since,
in view of Proposition 2.7, any function belonging to A admits an average satisfying (12),
and since the norms || - || L Dreserve this property, any function belonging to A*? has an
average. We collect these Tesults in the following:
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Proposition 2.11 For any admissible set {X;}ien in the sense of Definition 2.3, the
functional spaces A¥P({X;}) satisfy the following:

(i) For any p € AP and € A9, with L+ 5 = 1, pm € A7 (p,1f,r € [1,00])
() For any p € AL, (p) = lim —— p(z)dz exists.

(iii) If f € CO(R), then for all p € AP, f(p) € A®. Moreover, if f satisfies, for any
t,s € R, |f(t) — f(s)| < C(|t — s| + [t — s|P), for some constant C, then for any
peE AP, f(p) € A

Proof: We skip the easy proofs of (i) and (ii), and we focus on (iii). We first point out
that according to (i), (iii) is true if f is a polynomial which cancels at 0. In order to show
that it is true for any polynomial, we show that 1 € A®. For this purpose, we point out
that n(z) = Ze“’”‘X"P belongs to A*. There exists @ > 0 such that n > «, in view
€N
of (H2). Now, let @ > 0, and let g be the function defined on R* by g(t) = t*. Such a
function may be uniformly approximated on [0, [|7]| ;- (r3)] by a sequence g,, of polynomials
canceling at 0. Thus, g,(n) € A*. Letting n go to infinity, this implies that n® € A.
This being valid for any a > 0, we may let a go to zero, and the fact that n > a > 0
implies that n® uniformly converges to 1 as a goes to 0. Hence, 1 € A%, and thus for
any polynomial f, p € A implies f(p) € A*. In order to conclude that this is valid for
any continuous f, we only need to point out that on [~[|p||zee(w3), [0l oo (r3)]; f may be
uniformly approximated by a polynomial. This proves the first part of (iii). The second
part of (iii) is easily proven using Holder inequality. ¢
We have shown in the course of the above proof the following corollary:

Corollary 2.12 Let {X;}ien be an admissible set. Then 1 € A>.
An easy adaptation of Proposition 2.11 also shows the following;:

Proposition 2.13 Let {X;}icN be an admissible set, let k € N andp > 1. Let f € C*¥(R)
such that

Vi<k, 3C;>0 [ |f9@)—f9s)| < Ci(Jt - s| + [t — s]P).
Then for any n € AP, f(n) € ARL.

The spaces A*P are thus stable under any regular enough local transformation. Now,
they are also stable under some non-local transformations, and in particular convolutions:

Proposition 2.14 Let {X;}ien be an admissible set, and let W € LI (R?®) be a potential
satisfying |W(z)| < kvl%” outside a ball, for some v > 0. Then, setting p = q_il the
conjugate exponent of q, we have

Vn € ABP, nxW e A,

where (1 W) () = [gs n(z — y)W (y)dy.
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Proof: We prove the statement in the case k = 0, the generalization to k positive being
easy. We first point out that the convolution product does exist, and satisfies, for some
constant C depending only on W':

W sl Lo sy < Clinllee  (ws)- (18)
Indeed,

W@ < X [ -l Wy < Y 1W s o lllzg, 0
keazs Btk keaZ?

the constant o > 0 being chosen so that R? = U Bi+k. (a= % fulfills this condi-
keaZ3

tion.) Now, assuming that |W(z)| < le%*” for |z| > R, we have

C
Z ||W||L‘1(B1+k) < Z ||W||LQ(B1+/€) + Z |k|3+a < Cla (19)

keaZ3 k€aZ3NBg keaZ3nB§

which proves our claim. Let then 7, be an L? .. approximation of n belonging to A, and
let W, be an L? approximation of W in D(R?). Then clearly W, *7, € A, and (18) shows

that W, * n, converges to W xn in L*®(R?). ¢

Remark 2.15 Note that in the special case p = oo, the condition W € L*(R?) is sufficient
for the above result to hold. However, we will need it in some other cases (typically p = g}
In addition, it is not sufficient when p # oo: even if W € L' N L, this hypothesis does

not allow to show that the left-hand side of (19) is a converging series, which is necessary
for (18) to hold.

The previous Proposition asserts that the belonging to A®P({z;}icn) is stable under
convolution products. In the same spirit, we have the following:

Proposition 2.16 For any k € N and any p > 1, we have:

A ({XiYien) N WEB(R®) = AP ({X;}ien).

unif
Proof: The fact that A*P({X;}ien) is included in A'({X;}ien) and Wfr’ff(R:*) is clear.
The reverse inclusion is easily seen using a regularization procedure: assuming that f
belongs to A!, we know that there exists a sequence (f,)nen belonging to A, converging
to f in L. ..(R®). w being a non-negative function in D(R?), we have f, * w € A, for all
n € N, and
faxw— fxw in WEP(R?).

unif
Hence, f *w € AFP for any w € D(R3). Next, we use for w an approximation of dg, for
instance w.(z) = e Pwp(Z), with wy > 0, wg € D(R?) and [wy = 1. The convolution
product f x w. then converges to f in wke (R?), showing that f € AFP. O

unif
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3 Application to Thomas-Fermi type theories

In this section, we apply the above results to the case of Thomas-Fermi theory (see [10]
for instance).

3.1 Thomas-Fermi energy: the molecular and periodic cases

We recall here that the Thomas-Fermi (TF) model is defined by (1) and (2) when dealing
with a finite system, and that in the case of an infinite periodic system, it may be shown
to converge in some sense to the model defined by (3)-(5)-(4), of which we give here a
generalization in the case of any lattice £:

1
B0 = [ w0y [ @Gl - petw)dady — [ G,
Qo) Q) JQ(Y) Q)

where Q(¢) is a unit cell of the periodic lattice ¢, and Gy is defined up to an additive
constant by

1
—AGg:Z&C—W

kel

on Q(£), with periodic boundary conditions. Hence, the electronic density p is the solution
of

0 = we{ B0, 920, perfi@e). [ =1}
Q)

Here, Lb.,(Q(¥)) is the set of functions belonging to L (R3) which are £-periodic. We

loc
also recall the Euler-Lagrange equation of this problem: setting ¢ = g p*/3, we have

—Ag+ (56) = Y & (20)

kel

The periodic energy (3) may be defined as the average energy of the system, i.e

B(6,p) = (6°) + 3 (0(Ge vqup ) — (6Ge), (21)

where *g(s) is the convolution product over the periodic cell Q(£), that is: (f *q
9)(z) fQ 0 f(y)g(z — y)dy. The quantity Gy *g(g p may be interpreted as the Coulomb
potentiai ¢ generated by the density p, defined by

1
Tk

¢ satisfying periodic boundary conditions on Q(£).
All the above statements carry through if one replaces Coulomb interactions by Yukawa
e—alz—yl

pr for some a > 0 in the

potential, which means replacing m by Wy(x —y) =
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molecular model (1), and Gy(z) by W°(z) = > f 4;7: ]f|| In such a case, equation (20)
should be replaced by

—A¢+a2¢+ 8 =3 4. (22)

kel

3.2 The non-periodic case

We give in this subsection a study of a possible generalization of the preceding results to
non-periodic geometries enjoying the properties exposed in section 2. The set of nuclei
{X;} is thus here an admissible set in the sense of Definition 2.3. The electronic density p
will be assumed to belong to A%?({X;}). For such a density, we need to define the average
TF energy. The kinetic part is easily defined as

K(p) = <p5/3>7

which exists by virtue of Proposition 2.11. On the contrary, the electrostatic terms are
not so easy to define. We start with the Yukawa case, which is rather straightforward, and
next tackle the case of Coulomb interaction.

3.2.1 The Yukawa case

If the interaction potential is W, (z) = %“;'l, for some positive a, then it is easily seen that

Yien Wal(z — X;) belongs to AP for any p < 3. Moreover, according to Proposition 2.14,
p*x W, € A®. As a consequence, one can define the following Thomas-Fermi energy:

BV (p,{Xi}) = (o) + %(/)(p * Wa)) = (pW5°) + Ma({Xi}ien), (23)

where the convolution product is taken on R3, and W is defined similarly to the periodic

case by
= Wz — X;) = Wo * (Z‘S&-)-

ieN iEN
The constant M, ({X;}ien) is the interaction of the nuclei, that is, M, = [ W,(z)d(I' —

do)(z), or equivalently hm Y Bl B " Z W,(z; — X;), where we sum over indexes i and j such

i#£]j
that X; € Br and Xj € Bp.

3.2.2 The Coulomb case

Trying to reproduce the preceding analysis in the Coulomb case, one is faced with the
fact that the Coulomb potential generated by a density p is not so easy to define. Not
only may it not be computed through a convolution product, but compatibility conditions
are needed for the potential to exist. The example of the periodic case is interesting and
lightening: if p is Z3-periodic, the existence of a solution to

—Ad=p
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implies that fQ p =0, where Q is the unit cube or R3.

We derive here this kind of compatibility conditions for non-periodic densities p, and
then give a way of defining the TF energy: let f be a function belonging to A*°. What
condition should we impose on f so that the problem

D¢ =

has a solution in A%, or at least in L*°? A possible answer is given in Theorem 1 of [2],
which we reproduce here for the sake of consistency:

Lemma 3.1 ([2]) Let f € LP . (R3), for some p > % Then the following two properties

unif
are equivalent:

(i) There exists ¢ € L®(R3) such that —A¢ = f,

(ii) There exists a constant C > 0 such that for any o € R3, and for any R > 0,

‘/ (L) f(@)ds| < C.
B

r(z0) |.T - .’L'()l B R

Moreover, such a ¢ is unique up to an additive constant, and if f € AP({X;}ien), for some
admissible set {X;}ien, then ¢ € AC({ X }ieN)-

Remark 3.2 As noticed in [2], a necessary condition for f to satisfy (i) or equivalently
(#) is that (f) = 0. This condition is sufficient if f is periodic, but is not in the general
case when f € A'({X;}ien), as the following example shows: {X;}ien = 2N U Z*, and

f=1(—00,0) = L(0,400)-

Remark 3.3 Note that the above Lemma is valid independently of the dimension, replacing

the Newtonian potential ﬁ - % in (i) by the corresponding one, that is, |z|?>~% — R?>~4 if

d # 2, and log|z| — log R if d = 2. Other possible generalizations are presented in [2].

We are now in position to properly define a non-periodic TF energy in the Coulomb
case. The first point is to define the electrostatic potential generated by the nuclei. We
first consider the case of smeared out nuclei, that is, when the measure which define them is
not a sum of Dirac masses, but a regular measure g = Y ;o mo(-+X;), with mg € D(R3),
mo > 0, [mg = 1. In such a case, for p € AP/3({X;}ien) such that p — p satisfy (i) of
Lemma 3.1, we may define the TF energy by

E™(p,{X:}) = (°°) + %(IWSIQ), ~Ap=p—p, ¢€L*R), (24)

and ask the question of the well-posedness of the problem

ﬂTR&D=ﬂM{E”@dX&L peA%MXnENﬁ, (25)
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where the set A‘é/s({Xi}ieN) is the set of functions belonging to A%3({X;}ien) and sat-
isfying (ii) of Lemma 3.1.

We are now going to define in the same way the TF energy in the case of point nuclei.
In order to do so, one needs to screen the nucleic charge (in the periodic case, it is screened
by a uniform charge, but it might not be possible to do so here.) Let mg be a smooth
non-negative function with compact support, which is radially symmetric, and such that

J mo = 1. Define
W= Z mO(‘ —
1€EN
the Coulomb potential generated by dp —myg, one notices

Considering ¢O = —myg*

1
Arn|x| i |$|
that it has no quadrupole moment, and thus decays faster than W‘ at infinity, so that

(@)= 3 dole — X))

1€EN

exists and is the Coulomb potential generated by > (dx, —mo(-—X;)). Moreover, it belongs
to AP({X; }ien) for any p < 3, so that the average of pW exists. Next, consider p — p, and
assume it satisfies (ii) of Lemma 3.1. Then, one can define the potential ¢ generated by
p—p, and ¢ € A®({X;}ien), so that here again (p¢) exists.

This allows us to define a mean TF energy, on a subset of A%3({X;}ien), which we
define in the following definition:

Definition 3.4 The set {X;}ien being admissible, let mg be a smooth compactly-supported
radially symmetric function such that [mo = 1. Denote by m the function u(z) =
Yien Mo(z — X;). We will say that p is an admissible test function for the Coulomb TF

energy, and we will note p € Ag/s’({Xi}ieN) if f = p — p satisfies (ii) of Lemma 3.1. For
such a non-negative function p, we define the Thomas-Fermi energy by

BT (o, {(X1}) = (5%%) — (W) + (61— p) (26)
Where W, ¢ € L. .(R?) are defined by

—AW = Z5Xl—m0 = ox,—p, (W)=0,

t€EN 1EN
—Ap = "mo(-— Xi) —p=p—p, (¢) =0.
1EN

The first point is that ETF is well defined in this way, for a fixed m, since all the functions
here belong to A!({X;}ien), so that their averages exist. Next, one also needs to show
that this definition does not depend on u.

Proposition 3.5 For any admissible set {X;}ien, the set Afé/S({Xi}ieN) is independent
of mg. Moreover, given two smooth radially symmetric compactly supported functions myg
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and my, the difference of the TF energy functions are equal up to a constant, i.e there

erists C depending only on u and p' such that for any non-negative p in A%f({Xi}ieN),

(67%) —Wo) + 5 ((n— ) = (%) — (W'o) + S (# —p) +C, (2D

where the ' indicates that the function is defined using my, instead of my.

Proof: In order to see that A‘Z/s’ ({Xi}ien) is independent of u, we take two functions my
and my, satisfying the hypotheses of Definition 3.4, and point out that —AV =y’ — p has
at least one solution in L>®°(R3), that is, W — W'. Hence, if —A¢ = p — p has a solution
¢ € L®(R?), then ¢' = ¢ + V € L®(R?) is a solution of —A¢' = ' — p.

We next prove (27). One easily shows using the fact that (p—pu) = 0 that the difference
between the two energies is

(0%%) —Wo) + (60— 1) — (6°%) +{W'p) — (6 (0 — )
= S W)~ 2 (p(W — W) + 5 (1 — ).

Now, going back to the definition of the average, one easily shows by integrating by part and
estimating boundary terms through standard elliptic regularity results that (¢'(p' — u)) =
((p — p")(W — W")), finding (27) with C = L((W' — W)(u + p')), which concludes the

proof. ¢
Now that we have defined an energy, which is well defined in the sense that it depends

on u only through an additive constant, and thus that its possible minimizers do not depend
on i, we are going to investigate the existence and uniqueness of these minimizers.

3.3 Minimizing the energy

3.3.1 The (almost)-periodic case

We recall here some results of [5] and [10], where the periodic and almost-periodic cases
were tackled.

Theorem 3.6 (Existence and uniqueness of the electronic ground state, [5])
Assume that the set {X;}ien of nuclei is periodic. Then the sets AP({X;}ien) are the
corresponding set of periodic functions. Moreover, the minimization problem

I7F ({{Xi}ien) = inf{ETF<p, (Xhiew), p20, pe Azéi”({xi}iem}

has a unique solution.

Of course, such a result also holds in the Yukawa case as well as in the almost peri-
odic case. Note that the set Ag/s’({Xi}ieN) is equal to the set of function belonging to
A%3({X;}ien) which average is equal to 1.
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3.3.2 A non-uniqueness case

We now deal with a case where there is no uniqueness of the ground state: consider a set
{X;}ien composed of a compactly perturbed lattice £, i.e such that there exists R > 0
satisfying {X;}ien N BS = £N BS. Although the following results are valid in this general
case, we shall take {X;};en = Z3\ {0} to fix the ideas. Then, as pointed out in Section 2.2,
we have

AP(Z°\ {0}) = L5.(Q) + Ly(R?),
where LPer(Q) is the set of L?

loc functions satisfying periodic boundary conditions in @,
and

LR?) = {f € I}, .(R?), \wl\igloo £l 2o(B112) = 03

We then have the following:

Proposition 3.7 Let {X;}ien = Z3 \ {0}, or any compactly perturbed lattice. Then, for
any p € AE/S({Xz'}ieN), there exists n € -A?;/S({Xi}ieN) such that n # p and ETF (p) =
ETT(n).

Proof: According to the above remark, any ¢ € D(R?) belongs to A%3({X;}ien). More-
over, it is easily seen, since £ * ‘17‘ is well defined, that for such a &, p € .Ag/s’ ({Xi}tien)

implies é+4p € A‘ré/s ({Xi}ien)- Now, the average of a function is not changed by an addition
of a function in L{(R?). Thus, ET¥(p+ &) = ETF(p). ¢

Note that the same result holds in the Yukawa case. The above result clearly prevents
any solution the minimization problem I’ from being unique. In fact, the presence of
compactly-supported functions in the variational space also raises difficulties concerning
the existence of solutions.

We thus investigate a more local notion of ground state in the following section. Note
that it also provides a solution of I1F.

3.4 A notion of local ground state

Since, according to the preceding section, a minimization of the average energy with respect
to the electronic density does not give a well-defined density p in general, we show here that
minimizing locally the corresponding energy gives a unique density p, and show that it may
be characterized by a Thomas-Fermi type PDE such as (20). This will give a particular
solution of I'F, namely

1 =t B, (XD, o€ A5(Xdien), 920, (9 =0)  @9)
in the Yukawa case, where {¥ is defined by (10), and ET¥ by (23), and
1 =t BE (0. (XD, o€ AL Xdien), 920, (29

in the Coulomb case, with Egg defined by (26). Note that in order to avoid complications
raised by the presence of Dirac masses (and thus singularities of the potential), one may
also deal with the smeared nuclei case (24)-(25).
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3.4.1 The Yukawa case
Following [13], we define now a notion of local ground state:

Definition 3.8 Let a be a positive constant, and let {X;};eNn be an admissible set. We
will say that p € Li{l?f(R3) is a local ground state of the system if p > 0 and:

Yo eDR?®) / p+¢9>0 and =0
R3
/ (o + 9)*/3 — o°3) — / oW + / / (@) Walz — y)ply)dedy
R3 R3 R3 JR3

+ % /Rs /R3 p(z)Wa(z — y)p(y)dzdy > 0.

efa‘ﬁ‘

Here, W, (z) = is the Yukawa potential, and W °(z) = Z Wo(z — X;). In addition,
€N
we say that p is a neutral local ground state if (p) ewists and is equal to 1.

47|z|

Note that since we deal here with a notion of local minimization of the energy, we also
need to deal with local neutrality, imposing [ ¢ = 0 so that the total mass of p is preserved
locally. Otherwise one would end up with the overall local minimizer, and not only the
one with prescribed mass.

We now have the following proposition:

Proposition 3.9 Let {X;}ien be an admissible set of points in R®. Then, p > 0 is a local
ground state in the sense of Definition 3.8 if and only if there exists 8 € R such that,
setting ¢ = W.° — px Wg, we have

~Ap+apt (Sp-0)1)" =3 ox, (30)
1EN

Proof: We first prove that a local ground state satisfies (30). In order to do so, consider a
test function ¢ which support is included in the set {p > 0}. Then, Definition 3.8 implies
that for any ¢ € R,

5
/ —p2/3<p—/ chogo—l—/ (p*Wa)p+ O(t) > 0.
R3 R3 R3

This clearly implies that on the set {p > 0}, gpQ/ 3 WX+ pxW, = —6, for some constant

0. Hence, ¢ — 0 > 0 and p = (%(qﬁ — 0))3/2 on this set, and consequently (30) holds on
{p > 0}. Next, considering a ¢ such that ¢ > 0 on the set {p = 0}, one has, with the same
kind of computation, and using the preceding result,

— W§°<p+/ p*Wa<,0+/ Op + O(t) > 0.
{p=0} {p=0} {p=0}
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As a consequence, on the set {p = 0}, WX 4+ p* W, + 6 > 0, so that here again,

(%(qb - 0)+)3/2 = 0 = p. This achieves the proof of (30). Consider now a non-negative
function p such that ¢ = W — p «+ W, satisfies (30). Then, using the convexity of the
function ¢ + °/3 on R¥, we have, for any ¢ € D(R?) such that [¢ =0 and p+ ¢ > 0,

/ ((p+ ) = p°) > / 23y,
R3 R3 3

This, setting

AZ/RS((P+<,0)5/3—p5/3) —/Rs soW;OJr/RS /R (@) Wa(z — y)p(y)dzdy +

% /Ra /Rg p(@)Wa(z — y)e(y)dzdy,

that
5 o0
AZ/ w(ng/?’—Wa +p*Wa)+/ / P(z)Wo(z — y)p(y)dzdy
R3 R3 JR3
=/ / o(z)Wa(z — y)e(y)dzdy,
R3 R3

since in view of (30), gp2/3 — W + px W, = 0. The remaining term being a positive
bilinear form with respect to ¢, we have A > 0. And in fact A > 0 unless ¢ = 0. ¢

The existence, for each 8 € R, of a solution of (30), is easily shown using techniques
similar to that of [4]. As stated in the following theorem, the solution of (30) is unique for
each 6. However, we have not assumed so far in this section that the functions we deal with
belong to some AP({X;}ien), which is not ensured by this uniqueness (except of course in
the particular case where the X;’s are periodic). We are now going to show indeed that
any solution of (30) belongs to A%?({X;}ien).

Theorem 3.10 Let {X;}ien be an admissible set of points, and let 0 be a constant. Then,
the unique solution in Liﬁf(R:s) of
3 3/2
~Ag+a’p+ (56 -0):)"" =Y dx,
1€EN
belongs to AY?({X;}ien).

Proof: We prove the uniqueness of the solution through supersolution methods: ¢; and
¢2 being two solutions, we set ¥ = ¢1 — ¢9, so that:

3

—Ay +a’yp = (%((152 ~0),)*? - (g((bl ~0),)*%.

Hence, standard elliptic regularity results show that 1 € L®(R?). Define now Q = {¢ <

A inh
0}. On this set, we have —A + a?¢ > 0. Using f(z) = —— it sin (a|$|)’ with A =
sinh(aR) |z
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|9l oo (m3), One easily sees that f is satisfies —A f +a?f=0,and f < on O(QNBg). As
a consequence, ¥ > f on 2N Bpg, so that, letting R go to infinity, we reach a contradiction.
Hence, Q = (), and 9 > 0. Since the role of ¢; and ¢y are symmetric, this also shows that
1 < 0, so that ¥ = 0.

The proof of the fact that ¢ € A%2({X;}ien) is an easy adaptation of the more involved
proof of Theorem 3.15 below. {

Remark 3.11 Looking closely at the above proof, it is easily seen that we have in fact
shown the following: if 61 > s, then, ¢1 and ¢y being the corresponding solutions of (30),
we have ¢1 < ¢o a.e in R3, this inequality being strict if 6, # 0y. More precisely, we have

in this case:
01 — 0,

a2

$1— ¢ >

which implies in particular (¢1) > (p2) when 61 > Oa.

1{¢1 >01,02>02}>

Corollary 3.12 Let {X;}ien be an admissible set of points, and let A\ be a non-negative
constant. Then there exists a unique local ground state of mass A, i.e satisfying (p) = A,
and this ground state belongs to A>3 ({X;}ien). It is therefore a solution of ITY (28).

Proof: The first point is that for any # € R, a solution ¢ of (30) exists and is unique.

What we need to show here is that the function which to 6 associates ((2(¢ — 0)+)3/2) is
bijective. Remark 3.11 easily shows that it is injective. We now show that it is surjective.
Equation (30) implies that

—Ap+a’p <) dx,,

tEN

which shows that ¢ — 8 < W — 6. Hence, (((¢ — 0)+)3/2) < (W - 9)+)3/2), which
goes to zero as 6 goes to infinity. Hence:

lim (((¢ - 0)4)*%) = 0.

f—00

Consider now the case where 8 goes to —oo. Assuming 6 < 0, on the set where ¢ is positive,
we have —Ag¢+a?p < 3, N Ox, — (—20)3/2. Convoluting this inequality with W, and then
M (=307

taking the average of each size, one gets (¢) < .7, where M is the average
of > ien0x;, 1.e 10 of Definition 2.3. Going back to (30), and taking the average of this

~3g)3/2

equation, this shows that ((2(¢ — 9)+)3/2) >M-—M 4 CE0™  and thus:

47 ’

Jim (9= 6)+)™%) = +oc.

Since p = (g(qﬁ - 9)+)3/ 2, and since its average is a continuous function of @, this shows
that any non-negative A is reached by (p), thereby proving the existence of a local ground
state of any prescribed average A.

The fact that p € A%3({X;}ien) is ensured by the fact that ¢ € A%2({X;}ien) and
Proposition 2.11. ¢.
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3.4.2 The Coulomb case

We generalize in this subsection the results of the Yukawa case to the Coulomb case. Let
us start by the equivalent of Definition 3.8:

Definition 3.13 Let {X;}ien be an admissible set, and let p € .AZ/S({Xi}ieN). We will
say that p is a local ground state of the TF Coulomb model if

Vo e DR?) |/ p+e>0 and /(p:(),
R3

5/3 _ 5/3 1 *i
/RB((p+<p) p )+/R3¢so+2/Rs<p(so |m|)20, (31)

where * denotes the convolution product over R3, and ¢ is the effective potential, namely
a solution in LY ..(R®) of
~Ap=) bx, —p
1€EN

Note that the hypotheses imposed on the test functions ¢ allow to define the difference
(31). Indeed, even though ¢ is only defined up to an additive constant, since [ ¢ = 0, the
left-hand side of (31) is not changed by the addition of such a constant. Also, as in the
Yukawa case, this constraint may be seen as a local conservation of charge.

Let us now show that a density p is a local ground state if and only if it satisfies the
equivalent of equation (30):

Proposition 3.14 Let {X;}icN be an admissible set of points, and let p € A3 ({X;}ien).
Then p is a local ground state in the sense of Definition 3.13 if and only if there exists
¢ € LY?(R3) such that ¢ = 3p*/3 and

—A¢+ ( 3/2 Z 0x;- (32)

1EN

Proof: Let p > 0 be a local ground state. Then, following the computations of Proposi-

tion 3.9, and replacing W° — W, * p by v, which is any solution of —A = Z 0x;, —pin
tEN

(R3), one finds that there exists a constant @ such that

um if

2P =~ 6)

3
Setting ¢ = 1 — @, this implies
5
P4 = 502/3a and  — A+ ( 3/2 25)(

1€N

We are now going to show that this implies in fact that ¢ > 0, thereby concluding the
proof. Assume that this is not true. Then a = inf¢ < 0, and there exists a sequence
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(Yn)nen such that ¢(y,) — a as n goes to infinity. We then denote by ¢, the function
¢(- + yn), getting:

3
_A¢"+(g¢n 3/2 2:5)(z un =M+ yn) = my,
1€EN

where m is the measure Z 0x;- Now, fixing R > 0, the set K,(R) = {X; — yn}ien N Br,
€N
is finite according to (H1) of Definition 2.3. Hence, extracting a subsequence if necessary,
we may assume that each of these X; —y,, converges to some Y; € Bg as n goes to infinity.
Repeating this operation and using diagonal extraction, one easily sees that m, locally
converges to some measure Mq,, which a sum of Dirac masses of points (¥;);en satisfying
(H1) and (H2) of Definition 2.3. Next, ¢, being bounded in L5{ff(R3), its Laplacian is
a uniformly locally bounded measure, so that ¢, is bounded in Lu 1f(R3) and V¢, is

bounded in LP/?

unlf(R?’) for any p < 3. Extracting a subsequence again, one may assume

that it converges strongly in L?O/CQ (R?) to some ¢, which will be a solution of
3 2
~Adoo + (305)"7 =D by,
1€EN

and satisfying doo > ¢oo(0) = a Now, on the set = {¢o < 0}, to which no Y; belongs,
since at Y;, ¢ behaves like ﬁ with b; > 0 (Y; may coincide with several Y}’s, so b;
may be greater than 1, but not less), ¢ is harmonic, implying that either ¢, is constant,
or 0 € 012. Both cases are excluded, so that we may conclude that ¢ > 0.

We next follow exactly the computations of the proof of Proposition 3.9 to show the

reverse implication. ¢

Theorem 3.15 Let {X;}ien be an admissible set of points, and let ¢ be the unique positive
1.3/2

o Solution of

—A¢+ $)*? =3 sx,. (33)

1EN

Then ¢ € AS?({X;}ien). Moreover, setting p = (g¢)3/2, p is a local ground state in the
sense of Definition 3.13. It is therefore a minimizer of ITF defined in (29). Conversely,
for any local ground state p, ¢ = 2/3 is a solution of (33)

Proof: The fact that the solution ¢ is unique is shown in [4]. We are now going to approx-
imate this ¢ by a sequence belonging to A%2({X;}icN), and show that this convergence
occurs in Li{l?f(R3). The first step is to prove that, if one replaces the measure ) dx, by a
smooth function m = 3" mg(- — X;), where my is a non-negative function in D(R?), then
¢ € A®({X;}ien)- Considering ¢ the corresponding solution, that is,

A+ ()= m,

5
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then ¢ € L®(R3), as shown in [4]. Let M > 0 be a constant such that

3/2
M> ;(g) NTIT— (34)

We now define the sequence (¢y,)nen by:

¢0 = 07
{ ~Agnir + Mgy =m— (36n) + Moo, dni1 € L(RP).

For any n € N, if ¢, € A°({Xi}ien), then m — (2¢n)** + Mg, € A®({Xi}ien), s0

that ¢p+1 € A®({X;}ien), thanks to Proposition 2.14, since it is the convolution of the
Yukawa potential W, 77 with m — (%¢n)3/ M ¢n. We are now going to show by induction
that for any n € N, we have:

0<én <9, (35)

¢n < ¢n+1- (36)

The first point is clearly true for n = 0, and computing ¢1, one finds ¢1 = m * W 77,

where W, /57 is the Yukawa potential of parameter v/M ,which is positive, so that ¢; > 0,
implying (36) for n = 0. Next, we point out that on the interval [0, ||§|| e r3)], the function
t— Mt — (%t)3/ % is increasing, thanks to (34). Hence, assuming that (35) holds, one gets
0< -Appy1 + Mppy1 <m— (%¢)3/2 + M¢p = —A¢ + M¢. Convoluting this equation
with W /37, this implies 0 < ¢p+1 < ¢, concluding the proof of (35). Next, the proof of
(36) follows exactly the same pattern: computing —A(¢pt2 — Pn+1) + M(Pnto — dnt1),
one finds that assuming ¢n4+1 > ¢ép, this quantity is non-negative, thereby showing (36).

This proves that (¢,)nen converges almost everywhere, to some limit %. But passing
to the limit in the relation between ¢, and ¢,+1, one shows that ¢y = ¢. We next show
that the limit is in fact uniform: we have, for n > 1:

—A( — duir) + M8 = busr) = M(8— ) — (2)(6 - 61,

and ¢%/2 — ¢/% > 361%(9 — $1) > 361/%(¢ — dn) > 0§ — ¢n), where @ = inf g1 > 0, a
property which follows from the definition of ¢; and the fact that {X;};en is admissible.
Thus,

_A(¢ - ¢n+1) + M(¢ - ¢n—|—1) < (M - :8)(¢ - ¢n)a

where 3 > 0. Convoluting with W /37 and applying Young’s inequality, this implies, using
the fact that [W ;; = =,

M-p
16 = GnrillLee sy < —5 716 = ¢nllLeoms).
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This clearly shows that the convergence occurs in L®(R3?), and therefore that ¢ belongs
to the space A®({X;}ien)-

We next show that as mg converges to dg in the sense of measures, the corresponding
¢’s converge to the solution of —A¢ + (%45)3/ 2 = > 0x;. We thus consider a sequence
mk of smooth functions converging to &y (for instance m&(z) = k3mg(kz), with mg > 0,
belonging to D(R?) and of total mass 1), and denote by ¢ the corresponding sequence,
i.e the solutions of 3

~Adit (5o0)" = mh = Y mf(- - Xo).
1EN
The first point is to show the desired convergence in the linear case: let W and W° be
the corresponding Yukawa potential, i.e the solutions of

—AW® + W™ =) “bx;,,
1€EN
— AW + W = mk.

Then, since in fact W2° = mE + W, standard functional analysis results show that wee

converges to W in Lﬁnif(R3) for any p < 3 as k goes to infinity. Since these functions

carry the singularity of ¢, we are now going to use their convergence in order to show
that ¢y does converge: setting 9y, = ¢, — W.° and ¥ = ¢ — W, we have:

{ — A+ (3 (n + W) = Wi,
—AP+ (4 + W) =W,

We next substract these two equations, multiply by £2( — ), where £ € D(R3), getting

LV (@ =00OF + )Y [ (4 W) = e+ W) — )
R3 R3

= [ =W -+ [ - h Ve,
R3 R3
We deal with the nonlinear term through the following inequality:

(b + W) — (g, + W) (9 — i) > a(tp — o) — (W) *2[We —W°|, (37)

for some constants ¢ and b independent of k. This inequality is easily shown using the
following one

(9 + W32 — (g + W)Y (9h + W™ — gy — WE°) > et + W — 1y, — WE°)2,

for some constant a > 0 independent of k. This latter inequality is a direct consequence of
the convexity of the function ¢ — ¢3/2 and the fact that, thanks to Harnack inequality [9],
P+ W as well as 1y, + Wg* are bounded from below by a positive constant not depending
on k. Using (37), we thus have:

g/ft3(¢_¢k)£2 : C/RS(WOO)?’/252|W°°—W1?°I+/Rg(w—z/)k)2|vg|2.
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We now choose £(z) = exp(—+/%|z — zo|), so that |[V&|*> = €2, hence

%exp(—\/g)/B G- <] [ wowie<c [ W)l -we
“+xo R R

Next, using the convergence result we have on W;>°, one easily shows that the right-hand
side goes to zero as k goes to infinity, uniformly with respect to zy. This proves that
1y converges to 1 as k goes to infinity, in L2 ,;(R*). Consequently, ¢ € A?({X;}ien),
so that ¢ € A%2({X;}ien). Next, we point out that in fact ¢ € Liﬁf(R?’), so that ¢ €
A2 ({Xi}ien)- O

Remark 3.16 The general scheme developed in the preceding proof is clearly adaptable
to the Yukawa case, therefore proving Theorem 3.10. The point is that the function t —

Mt — (%t)?’/2 — a®t is non-decreasing on a compact subset of RT for M large enough.

3.5 Thermodynamic limit

We give in this Section a few remarks on the notion of thermodynamic limit, and on the
link between this scheme and the present work.

The thermodynamic limit is a way of deriving a solid-state model from a molecular one
through a limit process. We refer to [5] for a detailed presentation of this topic. Roughly
speaking, the thermodynamic limit problem is the following: wanting to derive a model
with an infinite number of atoms, one approximates it by a finite system, then lets the
number of particles go to infinity in a suitable way and passes to the limit. Here, we
have an infinite number of nuclei denoted by {X;}ien, and we will approximate it by
Ar = {X;}ien N Bg. In the Thomas-Fermi setting, we thus need to study the following
problem:

Inginf{ETF(p,AR), p >0, /3p=|AR|}a
R

where |Ag| denotes the cardinal of the set Ag, and where ETF (p, AR) is the Thomas-Fermi
energy (1), or the corresponding one in the Yukawa case. Denoting by pgr the unique
minimizer of the above problem, we address the following questions:

TF

(L1) Does the energy per unit volume |I converge as R goes to infinity?

1g_
Bg|
(L2) Does the density pr converge to a limit ps, as R goes to infinity?

(L3) Does the limit ps share the symmetries of the set of nuclei {X;}ien, in other words,
do we have po, € AP({X;}ien) for somep > 17

In the special case of a periodic set {X;};eN, these questions are exactly those addressed
in [5]. Now, the methods developed to deal with such a problem are the following:

e First, derive bounds on the density pg;

e next, using these bounds, pass to the limit in the Euler-Lagrange equation of IEF;
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e show a uniqueness theorem on the limit equation, and show that the corresponding
unique solution belongs to the desired space (i.e, here, AP({X;}ien).

Now, looking at the proofs given in [5], it is clear that the first point makes no use of
the periodicity, but is rather based on hypotheses (H1) and (H2) of Definition 2.3. They
are therefore applicable to the present case. The next step is also clearly straightforward,
and the last step has been dealt with in Subsections 3.3 and 3.4, answering positively to
the questions (L1), (L2), (L3).

3.6 Thomas-Fermi-von Weizsicker theory: a non-local model

We now turn to the case of Thomas-Fermi-von Weizsécker (TFW) theory, which consists in
adding to the kinetic energy term [ p3 the term [ |V,/p|?, so that formula (1) translates

into:
BV X)) = [ IVvEE+ / v
’ 2 Jrs Jrs 4n|z — y|

_Z/R3 47r|:v—X| Z47r|X ek (38)

and similarly for subsequent formulas. All the preceding results apply to this case, including
thermodynamic limit properties (see [5] for the periodic case), except for Theorem 3.15.
Indeed, the Euler-Lagrange equation may not be, as was the case in the TF model, recast
into a local PDE. It becomes a nonlocal one, reading (here, u = /p):

1
—Au+ u <Z|$—X| uQ*m—l-H)u:O,

whenever these terms (in particular the sum and the convolution product) make sense.
One may also write it as a system of PDEs:

—Au + gu7/3 —¢u =0,
—A¢p=m —u?, (39)
u > 0,

where m denotes the measure defining the nuclei, namely ) dx,, and ¢ is the effective
potential of the system. Since, as pointed out above, up to questions which have been
already dealt with in [5], the thermodynamic limit problem may be reduced to the question
of uniqueness of the solution of (39) and of its belonging to AP({X;}ien) for some p > 1,
we give here only the proof of this fact. Note that the uniqueness for system (39) has been
shown, under hypotheses (H1) and (H2), in [5].

Aiming at showing that if { X, };en is admissible, then the unique solution (u, ¢) of (39)
belongs to A®({X; }ien) x A ({Xi}ien), we start by replacing the Coulomb potential by
the Yukawa potential, yielding

—Au + §u7/3 —Vu+ (W xu)u =0,



3 - Application to Thomas-Fermi type theories 199

where V(z) = 0 — > W(z — X;), and W is the Yukawa potential %“ml, with a > 0; We
now introduce a coupling parameter A in order to deal with the nonlocal term, studying
the set of equations:

—Au+ gu7/3 ~Vu+ AW *u’)u = 0. (40)

We are going to treat these equations through an implicit function theorem approach. The
first point is, when A = 0, the technics used in the proof of Theorem 3.15 apply (for now
on, we drop the irrelevant factor % in the equations):

Proposition 3.17 (TFW theory: the non-interacting case) Let {X;}ien be an ad-
missible set of points in R3. Consider V. € AP({X;}ieN) for some p > 2,71, and satisfying
the following

JRy >0, VreR3 M\ (-A-V,Bg,+1)<0.

Then, any solution of the problem

_ 73 _ v, —
{ Au+u Vu=0, (41)

u>0, u#0.

belongs to A®({X;}ien). Moreover, such a solution is unique and is bounded from below
by some positive constant.

Here, A\1(H, Q) denotes the first eigenvalue of the operator H on © with homogeneous
Dirichlet boundary conditions.

Proof: The question of uniqueness is easily dealt with by the same arguments of [5]
(Lemma 4.17).

The fact that any solution of (41) is bounded from below by a positive constant is an
easy adaptation of the proof of Lemma 4.17 of [5].

We now focus on the proof of the fact that u € A*°. We will give here only a proof in
the regular case, that is, when we assume that V € A*({X,}ien), the generalization to
the non-regular case being only a technical matter that we skip here. In such a case, we
use the same algorithm as the one used in the proof of Theorem 3.15, except that here,
0 is a fixed point of the algorithm, so that we will need to start from a supersolution of
the equation and then decrease towards u. The constant A = ||V+||i/£ is easily shown to
satisfy these conditions. Next, we denote by M the constant

M= [V ey + A,

which ensures that the function t — Mt + Vit — t7/3 is non decreasing with respect to ¢ on
[0, 4], a.e in . We define the following sequence of functions

ug = A,
—Aupt1 + Muy+1 = Mu, — u,71/3 + Vug,.
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It is then easy to show, using the same arguments as in the proof of Theorem 3.15, that
Vz € R3, u(r) < upi1(z) < un(z) < A. Tt thus converges point-wise. In order to show
that the convergence is in fact uniform, we set v, = u,—u > 0, we have, using the convexity
of t =t/ on RT, (A + M)vgy1 = (M +V)v, — (uZL/3 —u"B3) < (M +V)v, — %u4/31)n.
Hence,

4
§u4/3vn + (~A+ M)vni1 + (=A +u?? = Vv, < (=A+ M)vy,. (42)

Now, (=A + M)vpy1 = (A + M)upy1 — (A + M)u = Muy, + Vuy, — ulf? — (Mu +

Vu —u'/?) >0, so that ((=A + M)vpt1)vn > ((—A + M)vy)vy,. Hence, multiplying (42)
by ¢?v,, where ¢ is a smooth compactly-supported function, and integrating over R3, we
have

%a/go%g +/((—A+M)vn+1)<p21jn+1
+ /((—A +ul3 — Vv, ) v, < /((—A + M)vy)*vn,  (43)

where o = infu?/3 > 0. We next remark that since u >0 and —Au + WP —Vu = 0,
M (=A +u*3 — V) >0, so that, integrating by parts the third term of (43), we find

[Gas? =19 < [((-a+ Mpm)ePon— [ ((~A+ Myvass)oPonia.

Summing these inequalities for 0 < n < N we deduce

N

4
> [Gad? = 1vePid < [(-A+ Mg~ [(~A+ MyuyigPonia
n=0

IA

/(—A 1 M)Uo<p2v0.

2,
il
)

We now point out that this being valid for any ¢ € D(R?), we can take p(z) =
so that V|2 = 2¢? and thus, using the monotonicity of u, (i.e of vy,), we have

2?ae\/?(n +1) /

W2 < / IV (o) 2 + M3,
B

This shows that [Jvn||z2(p,) < %, for some constant C' depending only on u and V. Now,

the same argument may be repeated with ¢(z — z¢) instead of ¢(x) with no change, so
that we have:

C

lonllzz  (re) < NG

. . 2
which shows the convergence in L% ..

in L* by pointing out that the scheme we use is regularizing. ¢

(R?). We then show that it is in fact a convergence
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Remark 3.18 Note that the condition imposed on the first eigenvalue of —A+V is in fact
a necessary condition for the existence of a solution of (41) isolated from 0, i.e bounded from
below by some positive constant. Moreover, such a condition is easily shown to be satisfied
for instance by V.= m x W, — 0, where m = ) dx, and W, is the Yukawa potential of
parameter a > 0, for 6 € R small enough.

We then treat the case A > 0:

Proposition 3.19 Let {X;}ien be an admissible set of points in R3, and let A > 0.
Consider V € AP({X;}ien) for some p > &, such that

JRy >0, VreR3 M\(-A-V,Bg,+1)<0.

Then, any solution of the problem

_ /3 _ 2y, —
{ Au+u Vu+ AW xu?)u =0, (44)

u>0, u#0.
belongs to A®°({X;}ien). In addition, this solution is unique and bounded away from 0.

Proof: The bound from below and the uniqueness are ensured by the results and technics
of [5]. The case A = 0 is contained in Proposition 3.17. We therefore concentrate on the
case A > 0. Moreover, and as in the proof of Proposition 3.17, we may very well assume
that V is, say, in A, the generalization to less regular potentials being easy.

We consider the function F from Hgnif X R to Lﬁnif, defined by

Flu, \) = —Au+ [u|Pu— Vu + A\W * u?)u.

Remark that if u € A?2({X;}ien), then F(u,\) € A%({X;}ien)- Next, consider the first

derivative of F, which is a bounded operator from Hgnif to Lﬁnif:
Gh := %(u, A)h =—-Ah+ §|u| uh — Vu+ MW % u®)h + 2A\(W * (uh))u.

In [5] (section 4.3.4), this operator is shown to be bijective from H2 ;i to L .. for any
(u, A) satistying (44) such that u is bounded away from 0 . We now claim it is bijective
from A%? to A%. We only need to show that it is surjective: given ¢ € A?, we need to

show that G~'¢ € A%2. For this purpose, define 9 the solution to

{ %J;%fp.)::(pé.
We claim that:
vVt >0, p(t,:) € A% (45)
and
lim ¢ =G ' in L3 (R?) (46)

t—+4o0



202 Chapitre 5 - Energie de systémes non périodiques

In order to show (45), we write G = G1 + G2 + G3, with G1 = —A, Gy = %|u|1/3u -V+
AW xu?, and Gsh = 2A\(W * (uh))u, and apply Trotter’s formula [8]. It is indeed easily
seen that these operators satisfy the hypotheses of [8, chap XVII, Part. B, 6, Corollary 4],
so that we have

N
. G, —Lt -
]\}lm (e NG1e~nG2e NG3) p=ce tG(p, in L2
—00

(R?).

unif

Now, e~ *@1¢ is the solution of the heat equation with initial condition ¢, that is, a con-

volution of ¢ with the heat kernel. Consequently, e *“1¢ € A2 for any ¢t > 0. Next,

e tG2 = e_t(z|“‘1/3”_v+’\w*”2), so that e *92¢p € A%, Finally, G3 is a bounded operator
mapping A? onto A2, so that e *“3 may be defined by its series expansion tG?’) ,
which ensures that e tG3<p € A?. Consequently, we have:

VE>0, e e A2({Xi}ien)-

t
Hence, pointing out that % = / e *%pds, this proves (45)

0
We next show (46). This amounts to prove that G~ly = fooo e~%Cyp, which means
exactly that tlim e %y = 0. Although this seems to be a well-known fact, we provide a
—00

proof of it for the convenience of the reader. Denote by v the function ¢ = ¢ — G~1¢.
Then, we have

opp = —Gp.
Fixing ¢ € D(R?), multiplying this equation by ¢24) and integrating over R3, we have:

1d 326 = -0 T [V 2\,72¢2
M(/ 5)_/R3at¢£ = [ oAb [ Gl =V sty

-2 /R3 (W * (m/;))uzk?
= ([, @R+ @ - v aw ety

-5 L e [ dve
-2 (W * (m/;))u'tpﬁ2
R3

Now, the first eigenvalue of the operator —A + u*/3 —V + /\(W * u2) with homogeneous
Dirichlet boundary condition on €2 is non-negative, on any domain 2, because u is a positive
solution of (44). Using in addition the fact that v > v > 0, we deduce that there exists
«a > 0 such that

2dt(/Rg¢§>< 0‘/ ¢€+/ P |\VEP - 2/\/ mpg

Next, define v = W * (uw): the last term is equal to

=2\ [ v((-A +a*)v)€® = —2Xa® / —2/\/ V(v€) |2+2>\/ V2| VE|?,

R3
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so that

L d )2¢2 7242 7212 2 242 21 e |2
§E</I{3¢§>S—a/RS¢§ +/RS¢|V£| —2Xa /Rsfug +2/\/Rsfu|v§|_

We now take for £ a sequence converging to e Al with 0 < 82 < min(2, a?), so that

PR
1d 7242 a 7242
5@(/}{3¢§>§—5 R3¢fa

which proves that ||4)|| 2(By) < Ce°! converges to 0. Pointing out that the argument may

be repeated with e~#!#=%0l involving exactly the same constants, this proves (46).

Consequently, G~1¢ € A2. Since in addition we know that G—1¢ € H&nif’ we have
G 'y € A?? according to Proposition 2.16.

We are now in position to complete the proof of Proposition 3.19: at any point (u, A)
satisfying (44) and u € A%2, we may apply the implicit function theorem, which implies
that on a neighborhood of A, any solution of (44) belongs to A%?. A standard connexity
argument allows one to conclude. ¢

We now finally turn to the Coulomb case:

Theorem 3.20 (TFW theory: the interacting case) Let {X;}ien be an admissible
set, and let (u, ) be the unique solution in L>®(R3) x L} ..(R3) of the system

unif

—Au+u"3 — pu =0,

A= bx, — (47)
1€EN

u > 0.

Then, u € A>2({X;}ien), and ¢ € AP({X;}ien) for any p < 3.

—alz|

|z

Proof: Let us consider fora > 0and 60 > 0, Vg9 = Z W (z—X;) —60 where W(z) = £
€N
There exists some bounds ag > 0 and 6y > 0 such that for any 0 < a < ag and 0 < 8 < 6y,
we have A\(—A — Vo 9,Bg + z) < 0 for any z € R3. For any such (a,8), the positive
solution u of
—Au+u"? = Vu+ (W *u?)u =0,

belongs to A%*2 by virtue of Proposition 3.19. The multiplier § = 6, being fixed, we now
let a go to zero: u is also a solution of

—Au+u"? — pu =0,
~Ap+ap = dei —u? + a%6.
1EN

Here, standard elliptic regularity results allow to show (see [5] for the details) that

lullzs, sy + I8l sy < C VP <3,
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for some constant C' independent of a. Therefore, we may assume convergence of u in
Hlloc, and weak convergence of ¢ in L120c‘ Passing to the limit in the above system, we see
that the limit is a solution of (47). What we need to show then is that the convergence is
in fact uniform. In order to do so, we argue by contradiction, exactly as in the proof of

Proposition 3.14. ¢
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Caractérisation des fonctions de R® & potentiel
newtonien borné

X. Blanc!, C. Le Bris! & P.-L. Lions 2

! CERMICS, Ecole Nationale des Ponts et Chaussées,
6 & 8, avenue Blaise Pascal, Cité Descartes,
Champs sur Marne, 77455 Marne-La-Vallée Cedex 2

2 CEREMADE, CNRS UMR 7534, Université Paris-Dauphine,
place du Maréchal de Lattre de Tassigny,
75775 Paris cedex 16

Résumeé. Nous présentons dans cette Note une caractérisation des fonctions f définies

sur R? (ou plus généralement sur RY) pour lesquelles il existe une fonction ® € L™ telle
que —A® = f.

Characterization of functions on R? with bounded newtonian potential

Abstract. We present in this Note a necessary and sufficient condition for a function
f defined on R3 (or more generally on RY) to have a bounded Newtonian potential, i.e for
the existence of ® € L such that —A® = f.

Abridged English Version - The aim of this work is to derive a characterization
of the functions f defined on R for which there exists some ® € L*(RY) such that
—A® = f. Our interest in this question stems from our work on the definition of the
ground state energy for systems composed of infinitely many particles when the positions
of these particles are not necessarily periodic, nor almost periodic [1]. A distribution f
of charges (respectively of masses, in the language of gravitation) being given, we would
like to rigorously define the coulombian (resp. newtonian) potential ® (resp. —®) that
it creates. For this purpose, we need to impose some condition on f (that will then be
fulfilled using some renormalization procedure). Indeed, when f is periodic, the necessary
and sufficient condition for the potential & to exist and be bounded is simple, and only
states that the mean value of f over its periodic cell vanishes. On the other hand, when
f exhibits no periodic feature, the condition is less simple. The purpose of this work is to
state and prove such a necessary and sufficient condition. It is contained in the following
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Theorem 0.1 Let f € LF (RY), with N > 3 and p > % Then the following two
assertions are equivalent :

(i) there exists ® € L¥(RYN) such that —A® = f
(ii) sup

1 1
— — vy ) f(z)dz
zo€RN ,0<R<+00 /BR(wo)(|37—iBo|N 2 RN 2) (z)

When such a ® emists, it is unique up to an additive constant in L®(RYN), and belongs to
the space W22, (RN).

unif

< +00.

The proof of this result follows from two observations. The first one consists in proving that
the quantity appearing in (ii) defines a seminorm for ® that is equivalent to the oscillation
norm for bounded functions. Then, we build the solution ® by regularizing the potential at
infinity and passing to the limit. Various extensions of the results are collected in Section 3.
In particular, the dimension N may be equal to 1 or 2 using the corresponding fondamental
solution, and we may allow f to belong to other functional spaces than the simple Lﬁnif
space. Likewise, other truncations at infinity may be used, and therefore other equivalent
conditions in the spirit of (ii) of Theorem 1 may be given.

The result will be used in [1], which is a sequel to the works [5, 6, 7] devoted to the

periodic case.

1 Motivation et Résultat principal

Nous présentons dans cette Note une maniére de caractériser les fonctions f définies
sur RV qui peuvent s’écrire f = —A® avec ® € L®(R"). De facon standard, en relation
avec la théorie de la gravitation, la fonction —® est appelée le potentiel newtonien de f, ou,
ce qui revient au méme dans le langage de la théorie de I’électrostatique, ® est le potentiel
coulombien de f.

Cette question est motivée par nos travaux sur la définition de 1’énergie fondamentale
d’un ensemble “quelconque “ formé d’un nombre infini de particules dans R”, lesquelles
interagissent entre elles par des interactions plus ou moins simples (potentiel & deux corps,
interactions de nature quantique, ...). Par “ensemble quelconque” nous entendons que les
positions z; de ces particules forment un ensemble présentant les propriétés les plus na-
turelles et les plus générales possibles. Quand cet ensemble forme un réseau périodique, il
est simple de définir son énergie. D’autres cas, extensions naturelles de la géométrie pério-
dique, peuvent étre traités par des techniques similaires. En revanche, si toute hypothése
liée de prés ou de loin & de la périodicité est levée, la question de définir I’énergie d’un
nombre infini de particules est largement moins simple. Tout ceci est détaillé dans [1], qui
fait suite aux études des cas périodiques menées dans [5, 6, 7].

Si la discussion précédente est traduite en termes de I’équation de Laplace, elle prend la
forme suivante. Donnons-nous une fonction f définissant la position des particules. Quelle
propriété devons-nous exiger sur cette distribution f pour pouvoir définir le potentiel ®
qu’elle crée?

Le cas ou la fonction f est périodique est & cet effet instructif. Il est facile de voir que

p
loc

3
le résultat suivant est vrai. Soit f € LI (R?), p > 3 (par exemple), f périodique, alors il
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existe une fonction ® € L®(R3), unique a constante additive prés, périodique, telle que
—A® = f si et seulement si la moyenne (f) de f sur sa cellule de périodicité est nulle.
Pour passer au cas ol la géométrie de ’ensemble des points x; n’est plus périodique,
on doit comprendre la généralisation de ce résultat au cas de fonctions f non périodiques.
C’est ’objet du résultat principal de cette Note.
Notons Bg(z) la boule de centre = et de rayon R, et désignons par LP .. (R3) l'en-

unif
semble des fonctions f € L% (R?) telles que || f||1r(p,(x)) €st bornée indépendamment de

2 o .
z. L’espace W (R?) se définit de maniére analogue. Nous avons :

3
Théoréme 1.1 Soit f € Lﬁnif(R?’), p> 3" Alors les deux propriétés suivantes sont équi-

valentes :
(i) il existe une fonction ® € L®°(R?) telle que —A® = f, au sens des distributions
(au moins)
1 1
(ii) sup / ( - )f(:v) dr| < +4oo
zo€R3, 0<R<+ool/ Br(zo) Am|z — zo|  4ATR

Quand elle existe, la fonction ® est unique & constante additive prés dans la classe des

fonctions bornées, et appartient a Wfr’fi’f(R?’).

La Section 2 de cette Note est consacrée a la preuve de ce résultat. Différentes extensions
et remarques sont regroupées dans la Section 3. En effet, par souci de clarté, nous avons
énoncé notre résultat dans le cas ou

— la dimension de ’espace ambiant est N = 3,

— la fonction f est choisie dans I'espace fonctionnel LP ..(R3),

1

— la troncature a 'infini (ce terme sera expliqué plus bas) est (—— — ——
( pHaue p ) (47r|x| 47TR)+

et chacun de ces points peut étre généralisé sans peine.
Comme annoncé ci-dessus, ’étude [1] présentera une utilisation de ce résultat.

2 Preuve du théoréme 1.1

La preuve du Théoréme 1.1 se fait en deux étapes. Il s’agit d’abord de remarquer que le
supremum de la formule (ii) définit en fait une semi-norme pour ®, équivalente a la norme
de oscillation. La seconde étape consiste alors en la construction de la fonction ®.

2.1 Premiére étape : Equivalence de semi-normes

Soit f € LP_..(R?) avec p > 3/2. Supposons que f s’écrive f = —A®d avec ® € L®(R3),

unif
et donc @ € Wfr’fi’f(R?’). Soient zg € R3 et R > 0. Une simple application de la formule de
Green montre que

1 1 1
— z)dr = ®(xg) — / 0] 48
/BR(QCO)(47r|:E — zo| 47rR)f( ) (o) AT R? /9B (wo) (48)
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11 est clair que le membre de droite reste borné quand xg et R varient. Nous pouvons donc
définir sur L*>°(R3) la fonction

1
N(®) = sup D(zp) — —/ D|. 49
() To€ERS3, 0<R<+oo| (o) AmR? 9BRr(%0) ‘ (49)

Cette fonction A coincide sur les fonctions ® € W2 (R?) avec

1 1
— AdD(z) dx
/BR(:co) (47r|x — x| 47TR) (z) dz,

La premiére étape de la preuve du Théoréme 1.1 consiste a étudier cette fonction N.

Lemma 2.2 La fonction N(®) introduite en (49) définit sur L®(R3) une semi-norme,
nulle exactement pour les fonctions ® constantes, équivalente & la semi-norme de l’oscilla-
tion

sup : (50)

z0€R3, 0<R<+00

Osc(®) = sup @ — inf &. (51)
z€R3 zER3

Preuve du Lemme 2.2

La majoration N'(®) < Osc(®) étant claire, on se concentre sur la minoration de N(:)
par Osc(-).

On raisonne par contradiction, en supposant qu’on dispose d’une suite ®,, de fonctions
de L* telles que N (®,) tend vers zéro quand n tend vers l'infini, alors que Osc(®,) =1
pour tout n.

Remarquons alors que les deux fonctions N (-) et Osc(-) sont invariantes sous les trois
transformations suivantes : (a) on ajoute une constante & @, (b) on translate @, i.e. on
change ® en ®(- + a) pour a € R3 fixé, et (c) on dilate ®, i.e. on change ® en ®(\-) pour
A > 0 fixé.

Ces trois invariances nous permettent de supposer, sans perte de généralité,

— que la suite ®,, est uniformément bornée en norme L, et que le suprémum de @,

vaut 1, pour tout n,
~ que l'infimum de ®,, (qui vaut 0, pour tout n) est “essentiellement” atteint en zéro,
ie. que ®,(0) < 2
— que le suprémum de ®,, est “essentiellement” atteint sur la sphére unité, i.e. que
®p,(zy) > 1 — L pour un certain =, tel que |z,| = 1.

De plus, le fait que N'(®,,) tende vers zéro entraine, en intégrant entre les deux rayons

a et b > a que, uniformément en zy € R3,

3 n—+0o00
P, - P, 0. 52
‘ ('TO) 47T(b3 - CI,3) /a<|:c—zo|<b ‘ - ( )

Quitte & extraire une sous-suite, nous pouvons toujours supposer que la suite @,

converge pour la topologie L™ faible-* vers un certain ®. De plus, la suite fa <|z—o|<b P,
est équicontinue en x( et converge pour tout xg vers fa <|z—0|<b ®. De (52), on déduit alors
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que @, converge vers ® uniformément sur tout compact, que ® est continue et égale & ses
moyennes sphériques, pour toute sphére. La fonction @ est donc harmonique. Comme elle
est bornée, il s’ensuit qu’elle est constante. Ceci est contradictoire, puisque la convergence
uniforme sur la boule unité fermée implique que ®(0) = 0 et que ® vaut 1 en un certain
point de la sphére unité.

L’équivalence des deux semi-normes est donc démontrée. Le fait qu’elles soient nulles
exactement pour les fonctions constantes est donc immeédiat, et le lemme est donc prouvé.

¢

Remark 2.3 Mentionnons ici, en anticipant un peu sur la Section 3, que dans le cas
monodimensionnel, [’équivalence des semi-normes est immédiate. En effet, ’analogue mo-
nodimensionnel de la formule (49) est

1
N(®) = sup |® (o) — 5(@(:50 + R) + ®(zo — R))‘ (53)
zo€R3, 0< R<+00
A cause des invariances citées dans la preuve, il est toujours possible de supposer qu’il
existe T, — 0 telle que ®(z,) — 1 =sup® et &(z, + 1) — 0 =inf . On a alors
1 1

E(q)(wn) = ®(z, — 1)) + 5(2(zn) — (20 + 1)),

N(®) > 5

et on passe & la limite inférieure pour trouver N'(®) > 10sc(®) (cette minoration est
optimale ; il suffit pour le voir de considérer la fonction de Heaviside). La majoration
N(®) < Osc(®) étant toujours immédiate, le résultat est facilement prouvé.

2.2 Deuxiéme étape : construction de ¢

La premiére étape ci-dessus montre facilement que, dans le Théoréme 1.1, (i) implique
(ii). Nous nous concentrons donc désormais sur l'implication réciproque. Fixons f comme
dans le Théoréme, vérifiant (ii). Nous allons construire un @ convenable.

Fixons € > 0 et définissons

e
b, = fx i (54)

qui est solution de
—AD, +£20, = f. (55)

La condition (ii) étant vérifiée par f, l'inégalité de Young permet de montrer qu’elle est
aussi vérifiée par la fonction

(56)

9 67€|$|

4|z
de €. 11 en résulte, par linéarité, que la fonction —A®, = f — e2®, vérifie aussi la condition

et ce uniformément en ¢, car la norme L' de la fonction est en fait indépendante
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(i) uniformément en e. D’apres la premiére étape (formule (48) et Lemme 1), on sait donc
que la suite ®. est bornée pour la semi-norme de 'oscillation.
Posons alors

P, = B, — inf D, (57)

La suite 1. est donc bornée dans L. A extraction d’une sous-suite prés, on peut supposer
qu’elle converge dans L faible-x, vers 1.

Pour la suite du raisonnement, on considére d’abord le cas ou la fonction f appartient
a L*°. On indiquera ensuite comment procéder dans le cas général.

Par application du principe du maximum sur ’équation (55), on sait

|e? inf @ | < |||z, (58)

et on peut donc supposer, en extrayant si nécessaire une sous-suite, que cette suite de réels
converge vers un réel .
En passant & la limite ¢ — 0 dans 1’équation vérifiée par 1),

—Atpe + 52¢s =f- e inf @, (59)
on obtient donc
“AYp=f—A (60)

Comme 9 € L™ et f vérifie (ii), on en déduit par linéarité que la constante A vérifie aussi
la condition (ii). Or ceci ne peut étre que si la constante est nulle (laisser tendre R vers
I'infini). On en déduit donc —Aw = f, et la fonction 1 est donc la fonction L* cherchée.
La preuve du Théoréme 1.1 est terminée pour le cas f € L. Pour un f non borné, on
construit d’abord la solution ), de —At, = f, ou f;, = f*wy, est une régularisation L* de
f (wy =n3w(n-) pour n > 0 petit et w € D(R?) fixée). D’aprés la construction précédente,
la norme L* de 1, ne dépend pas de 1 mais seulement de la quantité apparaissant dans
(ii), laquelle ne dépend que de f. On peut donc supposer que 1, converge dans L faible-,
vers un 9 qui vérifie —Aw = f. Ceci conclut la preuve. &

3 Remarques et extensions

Comme annoncé, plusieurs points peuvent étre généralisés dans ce qui précéde.

Il est clair que la dimension de l’espace ne joue pas de roéle particulier. Nous avons

dans

énoncé et démontré le Théoréme 1.1 dans le cas de R3, et donc du potentiel pr
7|z

(ii). Le méme résultat tient en dimension N > 4 en remplacant —— par

A7 |z|
27TN/2
ol ay = N(N — 2wy, wy = F(N) étant le volume de la boule unité de RY. Cest
2

1 1
donc - ui figure alors dans (ii). Pour ’hypothése f € L ..
CI,Nl.T—LL‘0|N72 (1NRN72 q & ( ) yp f unif

an|z|N-2

la
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N
condition p > 3/2 est remplacée par la condition p > 5 Cette hypothése d’intégrabilité

LP ne sert en effet qu’a bien définir

1 1
/BR(zo) (aN|ac — x|V 2 o aNRN—2> f(z)dz (61)

de maniére uniforme en zy. On utilise bien siir pour cela I'inégalité de Holder et le fait que

N N
7|x|N*2 € L;IOC(R ) pour ¢ < 5.

Lescas N = 1 et N = 2 sont comme d’habitude particuliers. Pour N = 1, c’est
T—z R 1 log R
—|270| + 2 qui figure dans (ii). Pour le cas N = 2, c’est ~3- log |z — zo| + 2g .
T T
On peut aussi étendre ’espace fonctionnel ou considérer f en utilisant que, pour N > 3,

1 N .
HW appartient a I’espace de Lorentz L¥-2"°(RM). Il s’ensuit que I’hypothése f €
T

L%’I(RN ) convient.

Enfin, on peut étendre le résultat au cas ol f est une mesure uniformément localement
bornée en remplagant alors la condition (ii) par une condition régularisée ou f*w remplace
f dans (ii) pour un noyau de régularisation w fixé. L’assertion (i) est alors remplacée par
il existe une mesure uniformément localement bornée ® telle que —AP = f au sens des
distributions.

Une autre généralisation repose sur 1'observation suivante. On peut réécrire (ii) ainsi

1 1
sup / ( - ) flz)dz| <400 (62)
2o€ERS3, 0<R<+oo‘ R3 \47|T —x9| 4TR +
. . .. . 1 1 .
ou t+ = max(t,0) désigne la partie positive de t. Il est alors clair que | —— — —= ] joue
dr|z| 4R/ |

le role d’une troncature & I'infini de la solution élémentaire du Laplacien. Dans nos travaux,
c’est précisément de cette troncature dont nous avons besoin. Cependant, n’importe quelle
autre troncature conviendrait pour la caractérisation des fonctions & potentiel borné. Ainsi,
par exemple, on peut remplacer (ii) par

e—E|m—z0|
—— f(x) dz
/Rs Ar|z — $0|f( )
La preuve de ’équivalence est en fait contenue dans la Section 2 ci-dessus, puisqu’on voit
explicitement apparaitre la fonction f*®. et que la condition (63) exprime que les @, sont
uniformément bornées en ¢ pour la norme L*°. Une autre formulation est de dire qu’on a
en fait prouvé I’équivalence entre les deux assertions suivantes
(i) il existe une solution L®(R3) de —A® = f
(ii’) les ®. solutions de —A®, + £2®, = f sont bornées dans L°°(R3) uniformément
en ¢.

sup < 400 (63)

zo€ER3, >0

Terminons par une remarque.
On l’a vu, la condition (ii) généralise au cas de fonctions non périodiques la condition
de moyenne nulle pour les fonctions périodiques.
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Dans le cas non périodique, on pourrait espérer que la condition (ii) soit en fait équi-
valente & ’extension “naturelle” de la condition de moyenne nulle, & savoir

3
i
R—l)n—fl—oo 47 R3 Br(zo)

f(z)dz =0, (64)

pour un zo € R3 et donc pour tous. Cette équivalence n’est pas vraie. Certes (ii) implique
(64), il suffit pour le voir d’utiliser ’équivalence avec (i) et d’intégrer —A® = f sur la boule
Bpg(zg), mais la réciproque est fausse (pour f non périodique). En effet, on le montre (par
exemple) en dimension 1 en considérant la fonction de Heaviside f = 1(9,100) = 1(=00,0)-

. 2 )
Les solutions de —®" = f se comportent comme —Z- en 400, et ne sont donc pas bornées.

Meéme lorsque ’on impose la condition que la limite dans (64) soit uniforme en z( (ce
qui est aussi nécessaire), on ne peut pas conclure que (ii) est vraie. Cette fois, c’est le cas

de la fonction ®(x) = (1+22)%* en dimension 1 qui constitue un contre-exemple possible.
zo+R

On a bien lim — ®"(z) dz = 0, la limite étant uniforme en zy, et pourtant ®
R—+o00 2R z0—R

n’est pas bornée, & aucune fonction harmonique (i.e. affine) pres.
On peut méme montrer que renforcer la convergence uniforme vers 0 dans (64) en im-
1
posant que, en dimension N, RN / f(z) dz tende vers 0 comme un O(1/R) uniforme
Br(zo)
en 2o € RY ne suffit pas a entrainer (i). Un contre-exemple est fourni en dimension 1 par

1
flz) = — 1 les solutions de —®” = f sont alors ®(z) = —z arctan(z) + 1 log(1 +z?) +
x
ax + b, dont aucune n’est bornée.
Dans le méme esprit, on peut montrer que la condition (64) n’est méme pas suffisante
quand on considére des fonctions f presque périodiques. Ainsi, soit (a,)neN une suite de
réels positifs telle que

ag =0, E ap < 400, E na, = 400,
n>0 n>0

et posons f(z) = ), < ancos(). Cette fonction est presque périodique, et vérifie méme la
ro+R - 1
propriété — f= 0(1_2) uniformément en zg. Cependant, les solutions de —A® = f
o
s'écrivent ®(z) = — Y, -0 n’an cos(Z) + az + b, dont aucune n’est bornée en 0.
Il semble donc qu’aucune condition de type (64) ne s’avére correcte dans un cadre non

périodique, et que le bon point de vue soit celui du Théoréme 1.1.
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Chapitre 6

Des modéles moléculaires a la
mécanique des milieux continus

Ce chapitre a été écrit en collaboration avec C. Le Bris et P.-L. Lions [P8], et traite
du passage de modéles moléculaires (aussi bien & deux corps que Thomas-Fermi) vers
des modéles de mécanique des milieux continus. Le préambule consiste en une note aux
Comptes-Rendus de I’Académie des Science [P7] qui présente le corps du chapitre.
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Convergence de modéles moléculaires vers des
modeéles de mécanique des milieux continus

X. Blanc!, C. Le Bris! & P.-L. Lions?

! CERMICS, Ecole Nationale des Ponts et Chaussées,
6 & 8, avenue Blaise Pascal, Cité Descartes,
Champs sur Marne, 77455 Marne-La-Vallée Cedex

? CEREMADE, CNRS UMR 7534, Université Paris-Dauphine,
place du Maréchal de Lattre de Tassigny,
75775 Paris cedex 16

Résumeé. Nous présentons dans cette Note un travail visant a faire le lien, pour des ma-
tériaux cristallins, entre des théories microscopiques modélisant les interactions atomiques
et une description macroscopique de leurs propriétés mécaniques. Ce lien apparait comme
une asymptotique en la distance inter-atomique du cristal considéré. Des modéles macro-
scopiques existant sont justifiés, des modeéles (apparemment) nouveaux sont introduits et
étudiés.

From molecular models to continuum mechanics

Abstract. The work we present here is focused on the justification of continuum me-

chanics as a natural asymptotic of molecular theories when the interatomic distance goes

to zero. We give a sound theoretical ground to existing models, and derive and next study
(apparently) new ones.

Abridged English Version - We present in this Note a rigorous mathematical de-
rivation of various formulas commonly used in the literature of mathematical continuum
mechanics [3, 17, 24, 53| to model the behaviour of cristalline hyperelastic materials through
their macroscopic stored energy. In addition, taking into account higher order terms, our
mathematical argument allows us to derivate (apparently new) energy functionals which
give rise to interesting mathematical phenomena that seem to reproduce some realistic
mechanical behaviours.

Our starting point is a microscopic model for the energy of a crystal, either defined
by a two-body interaction (formulas (3) and (4)), or by a more general model issued from
quantum mechanics (formulas (7) and (8)). By letting both the characteristic length of
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the lattice € and the characteristic range of the potential § go to zero, following different
regimes depending on the fact that ¢ ~ d, € K d or § < &, we obtain a precise Taylor
expansion of the macroscopic energy of the material experiencing a deformation u from a
reference configuration state (2. Note that although we deal here with simple lattices, the
same analysis carries through the case of multilattices.

These expansions are detailed in Theorem 2.1 (at order 0 for two-body potential),
Theorem 2.2 (at order 0 for quantum models), and Theorem 2.3 (at higher orders in
the two-body potential case). These theorems are valid under relatively weak technical
hypotheses that allow us to treat a large variety of interaction at the microscopic level.

Each associated variational problem will be studied in [10] : existing studies will be
completed, new models will be analyzed. Even in the one-dimensional case (see formula
(14)), interesting phenomena like convexification of the non-convex 0-order energy occur.

All the results announced here will be proved and completed in [10].

1 Introduction

L’étude des propriétés mécaniques des matériaux cristallins introduit des formes d’éner-
gies internes liées a la géométrie du cristal considéré, comme dans [3, 17, 24, 53], et en
particulier & sa structure microscopique. Voir également [19, 39] pour les applications de
ces théories. Cependant, le lien entre de telles théories macroscopiques et 1’échelle ato-
mique sous-jacente semble incomplétement connu (voir cependant [4, 5, 13, 40]). Cette
Note présente une contribution sur ce sujet.

Dans le cadre de ces modéles macroscopiques, 1’énergie interne du solide (dite hyper-
élastique [18, 33]) est en générale supposée de la forme suivante :

£(u) = /Q B(Vu(z))ds, (1)

ou u est la déformation et € le domaine occupé par le solide dans I'état de référence. La
fonctionnelle E est supposée refléter les symétries du cristal & 1’échelle microscopique placé
au point x macroscopique, donc satisfaire aux propriétés suivantes, ot G est le groupe
d’invariance du réseau cristallin :

VM € GL{(R), VQ€e G, VRe SOsR), E(RMQ)=E(M). 2)

GLj (R) désigne ici 'ensemble des matrices carrées inversibles de taille 3 dont le déter-
minant est positif, sur lequel E est définie. Beaucoup de propriétés mécaniques (et en
fait de difficultés mathématiques) sont liés a cette invariance [24, 53|, appelée régle de
Cauchy-Born.

Pour simplifier cet exposé introductif, partons du modéle atomique le plus simple pos-
sible : 'interaction & deux corps par un potentiel W. Dans ce cas, I’énergie de N atomes
aux positions X; est définie par

B{X:}) = 5 S W (X~ X)), (3
i#]
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Nous cherchons & comprendre quel est le lien exact entre W et ’énergie E de (1). La méme
question se pose lorsque l'énergie & deux corps est remplacée par une expression plus
compliquée, comme par exemple des énergies de type Thomas-Fermi pour les électrons
[14].

Dans la configuration de référence, les atomes du cristal sont placés sur un réseau
¢, que Ion prend égal & £Z3 pour fixer les idées, bien qu’il puisse étre quelconque, voire
multiple (cas ot chaque maille élémentaire ne contient pas un atome, mais plusieurs). Deux
parameétres vont jouer un réle : le parameétre e représente la distance inter-atomique du
cristal, et est destiné a tendre vers 0 dans la limite macroscopique. Sous la déformation w,
les positions des atomes deviennent égales & X; = u(ek;), avec k; € Z3 et ek; € . Outre ¢,
le second parameétre important est la portée caractéristique du potentiel d’interaction W,
que nous noterons §, de sorte que W (x) = Wy(%), ot Wy est de portée 1. Cette distance
tendra elle aussi vers 0. Ainsi, on obtient pour I’énergie par particule du cristal

£ustu) = gy o (U, (@)

ou la somme porte sur tous les points de Z> qui sont dans éQ, et N est le nombre d’atomes
présents dans ’échantillon. Asymptotiquement, N ~ |Q|e~3. L’énergie “homogénéisée” &
du cristal est la limite de & 5 quand € (et ¢) tend(ent) vers 0.

FiG. 1 — La configuration de référence et la configuration déformée.

Suivant le scaling de § par rapport & €, on obtient différents régimes asymptotiques :
(i) Sie~ 4, alors & 5 converge vers une énergie du type (1), ou E(F) = Z Wo(Fj).
J€Z3\{0}

(L’échelle macroscopique garde mémoire de la structure cristalline ; on constate que
les invariances (2) sont vérifiées.) Notons que ce cas est physiquement plus accep-
table que les autres : il est normal que I'espacement atomique de la configuration de
référence soit comparable & la portée du potentiel.

(ii) Sie < 4, alors, en renormalisant multiplicativement de fagon appropriée, 1’énergie
converge vers une énergie du type (1), avec E(F) = m : la structure microsco-

pique a disparu. Ce phénoméne est dii au fait qu’on a ici une limite “haute densité”.
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Cependant, cette énergie limite est reconnue [44] comme une énergie décrivant un
fluide, ce qui peut sembler étrange.

(iii) Sié K € et que Wy est a décroissance rapide a l'infini, alors ’énergie converge vers

0 plus vite que toute puissance de g. L’énergie dégénére car la distance inter-atomique
devient infiniment plus grande que la portée du potentiel d’interaction.

Dans le cas mentionné plus haut d’une interaction plus complexe entre les atomes,
comme un modéle de type Thomas-Fermi, il est en général possible de faire apparaitre une
longueur caractéristique du modéle, et ’analyse précédente reste valable.

Les considérations ci-dessus donnent la limite de I’énergie, c’est-a-dire l'ordre 0 d’un
développement en puissances de ¢. Il est possible de calculer les ordres supérieurs de ce
développement. En particulier, le terme d’ordre 1 ne posséde qu’un terme de bord qui peut,
dans certains cas lever en partie les dégénerescences associées a (2) mises en évidence dans
[24]. Le terme d’ordre 2 fait apparaitre des termes de volume et peut régulariser en un
certain sens l’énergie. La suite de cette Note présente quelques résultats significatifs, qui
seront justifiés, détaillés et complétés dans [10].

2 Du modéle atomique au continuum

2.1 A l’ordre 0
2.1.2 Cas du potentiel 4 deux corps
Nous montrons dans [10] le théoréme suivant :

Théoréme 2.1 Soit Wy un potentiel lipschitzien sur {x € R, |z| > R}, pour tout
R > 0, tel que pour tout réseau £ de RY, Z [Wo(5)| < oo. Soient Q un ouvert régulier
jea{o}
de R? de volume 1 et u un C®-difféomorphisme de Q dans R%. On considére Ee 5(u) défini
par (4), ot la somme porte sur tous les couples de Z4 N %Q Alors
(i) Sie =24, on trouve a la limite une énergie du type (1) :

. 1 .
o) =3 [ Y WolVu()de 9
JeZ\{0}

(ii) Sie < 6, et si Wy € L'(R%),

tm((5)%e:000) = 5 ( [ ¥0) | raserwaay )

)

(11i) Sid < e et si pour tout p > 0, |z|PWy(z) est borné a Uinfini, liII(l)(—)pgg,(;(’U,) =0,
e~>0"¢

quel que soit p > 0. S’il existe p > 0 tel que |x|PWy(x), ait une limite a quand |z

tend vers linfini, alors gi_l)l(l)(g)pgg’(j(u) = . Z md:ﬂ.
JE€Z4\{0}
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1

Notons que le changement d’inconnue v = =" conduit & une expression de 1’énergie

(6) de la forme
£(u) = %(/R WO) /um) | det(Vo(s))2ds,

qui est polyconvexe (donc quasi-convexe), tout comme (6).

Les hypothéses de régularité sur Wy étant faibles, elles permettent d’appliquer ce qui
précéde & des potentiels classiques utilisés pour modéliser I'interaction des particules d’un
solide : le potentiel de Lennard-Jones, qui décrit de fagon satisfaisante les cristaux de gaz
nobles [2], satisfait aux hypotheéses de (i) et (iii) ; le potentiel de Morse permet d’appliquer
(1), (ii) et (iii) ; d’'une fagon générale, la plupart des potentiels “raisonnables” (Buckingham,
Stillinger-Weber, Yukawa, ...) entre dans les hypothéses de (i). Méme pour un potentiel de
spheéres dures, (i) reste valable.

Remarquons également que dans le cas d'un potentiel radial (ce qui est généralement
le cas), et sous ’hypothése (i), il est clair que l'invariance (2) est vérifiée.

D’autre part, dans le cas (ii), le fait que les atomes soient distribués sur un réseau dans
la position de référence n’est pas indispensable, et en particulier toute suite équirépartie
de points de 2 donnerait le méme résultat. Ceci permettrait donc de traiter des cas ou les
atomes ne sont pas considérés comme fixes, mais aléatoirement répartis, avec une certaine
homogénéité, sous 'effet de la température par exemple, ou encore le cas de quasi-cristaux,
avec le méme résultat.

Enfin, interprétation des positions €5 comme des positions d’atomes n’est pas rigide,
et on peut également se placer & une échelle intermédiaire ot les particules du solide sont
des “grains” de matiére mésoscopique et interagissent suivant le potentiel Wy. Dans ce cas,
le potentiel ne sera peut-étre plus radial, mais le théoréme ci-dessus reste valable.

2.1.2 Le cas d’un modéle quantique

Sauf cas exceptionnel (indiqué dans [10]), la section précédente ne couvre pas la situa-
tion ou le caractére quantique des électrons est pris en compte : dans ce cas, nous allons
supposer que les électrons sont dans leur état fondamental, c’est-a-dire dans une configura-
tion qui minimise une certaine énergie. Un modéle trés simple dans ce cadre est le modéle
de Thomas-Fermi [14]. Les électrons sont alors définis par leur densité p, qui minimise
I’énergie de Thomas-Fermi

h? e? p(z)
ETF(, x,) = 5/3 — / P
(o X3) m Rap +47r50 EJ: R3 |:1:—Xi|daC
1 p(z)p(y) 1 1
YTV A T
2 e Temul Y R LR g

sous ’hypothése que p € L5/3(R3), p > 0, et que ngp = N, nombre de noyaux. A
est la constante de Planck, m la masse de 'électron, e la charge élémentaire et ¢ la
permittivité du vide. Nous supposons ici le cristal constitué d’atomes de numéro atomique
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1,1a génézralisation a un cas plus réaliste étant facile. La distance caractéristique du systéme
est 0 = %. L’analogue de (4) est alors :

Esclu) = nt{ BT (o (ulei))), 20, peBP®), [ p=n) )

{u(ei)} désigne ici I’ensemble des u(ei), tels que i € Z> et i € Q. Une analyse ma-
thématique plus lourde mais reposant sur les mémes idées permet d’établir la version
correspondante du Théoréme 2.1 :

Théoréme 2.2 Soit Q un ouvert régulier de R3, de volume 1, et soit u un C*®-difféomor-
phisme défini sur Q. On a alors :
2
(i) Sid=c¢, et si % = g2, la limite obtenue est du type (1) :

lim &5 . (u) = /Q BLF (Vu(z)Z%)dz, (9)

e—0

. - TF .. . I . . , o
ot B, (£) désigne, pour un réseau £, l’énergie de Thomas-Fermi du réseau £ définie

comme dans [14], et rappelée ci-dessous dans (11).
(i1) Sie <K 0, et si %2 = €2, alors

3 dx
lim &5 (u) = - ' ;
Jim Eo.c(u) 5/9 | det(Vu(z))[2/3 "

(111) Sid < e, et si %2 = 62, alors E5¢(u) converge vers une constante non nulle indé-
pendante de u. Cette constante peut de plus étre identifiée comme l’énergie atomique
Thomas-Fermi [14].

L’expression de 'énergie de Thomas-Fermi périodique ELE

per (£), pour un réseau £ est :

BEE© =t Bp). p20. peIPQU), / (@,,:1}, (1)

ol Q(£) est une cellule unité du réseau ¢, et 1’énergie Ey(p) s’écrit :

1
Ey(p) = / P — / Gep+ 5 / / p(@)Ge(z = y)p(y)dady.
Q) Q) o Jaw

Le potentiel Gy est ici une version £-périodique du potentiel Coulombien.

Aux ordres supérieurs

Nous nous limitons dans cette section au cas de la modélisation par un potentiel & deux
corps, et donnons les expressions des termes d’ordre 1 et 2 du développement de &, en
puissance de €.

Théoréme 2.3 Soit Wy un potentiel lipschitzien sur {x € R®, |z| > R}, pour tout
R > 0, et sommable & linfini (voir théoréme 2.1). Soit Q un ouvert réqulier de R? de
volume 1, et u un C*®°-difféomorphisme défini sur Q. Es.(u) étant défini par (4), on a :
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(i) Sid = e, alors

Ese(u /ZWO (Vu(z dx——/anz Y Wo(Vu(@)j)do(z)

]750 121 jeZiNw(z,i)
o |2 D WVu@)i) (D?uta) ), D) )
@20
+e2Fy(u) + O(e%), (12)
avec w(zr,i) = {z € R, zn(z) > d(—Vu(z)n(z)i, Vu(z)T'(z))}, n(z) étant la
normale extérieure a Q en x, et I'(x) l'orthogonal de n(x). De plus, le terme Fy(u)

ne contient que des termes de bord.
(ii) sie < 0, et si Wy € L'(RY), alors

E5.(u) = fR‘;WO /Q po w /6 ) / ( WO(Vu(w)z)dz)dyda(w)

2
_6_4 ~/Q Rd DQWO(Vu("E)y) (D2u(a:) (v, 9), D2u($) (y,v))dydz
e B + 0, (13)

ot w(z,y) est défini comme au (i), et ou Fo ne contient que des termes de bord.

Il est possible de procéder de la méme facon pour des modéles quantiques comme ceux
évoqués ci-dessus.

Notons que dans le cas particulier ou n(xz) est le premier vecteur de la base canonique et
Vu(z) I'identité, 'ensemble w(z,7) devient trés simple, et 'intégrande du deuxiéme terme

de (12) s’écrit Z Z Wo(j), qui peut s’'interpréter comme une énergie de surface du
i>1 jezd ji>i
cristal.

3 Problémes variationnels associés

Les divers régimes examinés dans la section précédente ont fait apparaitre des énergies
limites pouvant servir de définitions & des énergies macroscopiques de matériaux cristallins
(formules (5), (6), (9), (10), (12), (13)). Soulignons encore une fois que les énergies obte-
nues “a4 l'ordre 0” apparaissent explicitement dans la littérature mécanique [53, 44| et les
problémes variationnels qui leur sont associés ont été étudiés mathématiquement [24, 17].
Nous présenterons dans [10] une extension de ces études, et les conséquences des formules
explicites (5), (6), (9), (10).

En revanche, il semble que les formules aux ordres supérieurs (12) et (13) soient nou-
velles. Il est tentant d’étudier les problemes variationnels auxquels elles donnent naissance.
Méme en dimension 1, des phénomeénes intéressants apparaissent déja : apparition d’une
couche limite due aux termes de bord, convexification du terme quasi-convexe d’ordre 0,
etc...
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Donnons ici un seul exemple (qui sera largement complété dans [10]) : en dimension 3,
la formule (13) peut se réécrire sous la forme suivante, en posant v = u~! et en négligeant
les termes de bord :

ew 5[ m) [ o (T

Si maintenant on suppose que u ne dépend que de z1, donc que v(&1, €2, €3) = (w(é1), &2, &3),
le terme d’ordre 2 de la formule ci-dessus se simplifie en

82

E(u) = —— zf@uWo(z)dz/

2
w(€)2dé = & / |22 Wo () dz / w"(€1)2de.
24 g3 u(Q) 6 Jrs u(Q)

(14)

Ainsi, sous la condition / |2|*Wy(2)dz < 0, vérifiée par certains Wy comme par exemple
R3

le potentiel de Morse, ce terme convexifie I’énergie globale, et peut comme le montre
S. Miiller dans [36] limiter la taille des micro-structures apparaissant naturellement dans
les problémes de minimisation quasi-convexes [3].

4 Remarques et compléments

Plusieurs aspects n’ont pas été pris en compte dans l’approche simpliste présentée ici.
Citons-en quatre comme exemples de piste o du travail mathématique reste & faire.

Tout d’abord, un solide réel n’est pas purement périodique, et présente en général des
défauts, qui ont souvent un impact important sur les propriétés macroscopiques du solide.
La présence de ces défauts est également la base de la théorie des dislocations, qui explique
la plasticité des matériaux par 'apparition de défauts sous l’effet d’efforts mécaniques. La
prise en compte de ces défauts pourrait se faire soit en les prenant en compte & 1’échelle
moléculaire, soit en perturbant a posteriori les modéles macroscopiques. Egalement, le
travail présenté ici peut probablement étre étendu au cas des polycristaux, ol en un point
magcroscopique sont présents plusieurs réseaux et non un seul comme nous 1’avons supposé
ici.

Un deuxiéme aspect est 'effet de la présence d’une surface sur la géométrie du cristal.
La structure, donc le réseau du cristal, évolue de facon nette en fonction de la distance au
bord du cristal, faisant apparaitre ainsi une couche limite. Ce phénoméne pourrait peut-étre
étre expliqué par une approche de type optimisation de géométrie (voir [7]).

Nous avons aussi supposé ici que la déformation u était la méme & 1’échelle microsco-
pique qu’a I’échelle macroscopique. Cette hypothése simplificatrice pourrait étre remise en
question, et en particulier, dans 'esprit de [25], on pourrait introduire une déformation
microscopique u. dépendant de € et qui convergerait (en un certain sens a préciser) vers la
déformation macroscopique u.
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Enfin, un quatriéme aspect important est l'effet de la température, déterminant dans
I’étude des propriétés mécaniques des cristaux, et qu’il serait souhaitable de savoir prendre
en compte.
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Abstract We present here a limiting process allowing us to write some continuum me-
chanics models as a natural asymptotic of molecular models. The approach is based on the
hypothesis that the macroscopic displacement is equal to the microscopic one. We carry
out the corresponding calculations in the case of two-body energies, including higher order
terms, and also in the case of Thomas-Fermi type models.
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1 Introduction

It is commonly admitted in the continuum mechanics literature that the stored energy of
an elastic crystal is of the form:

E(u) = /Q E(Vau(x))ds, (15)

where Q C R3 is the reference configuration of the solid, and u is the deformation to which
the solid is subjected. Moreover, the stored energy density £ is assumed to reflect the
microscopic symmetries of the crystal [3, 17, 24, 53], in addition to the standard frame
invariance [18, 33|. In other words, denoting by G the invariance group of the underlying
crystalline structure, we have:

VM e M¥3, V¥Qe€G, VReSO(3), E(RMQ)=EM), (16)

where M_:"’_X?’ denotes the set of three by three matrices having positive determinant, on
which the energy density F is supposed to be defined. This invariance property is at the
origin of many important properties of crystalline solids, as well as mathematical difficulties
in the use of energies of the form (15). See for instance [17, 24, 53]. However, an exact
expression, or even an approximation for F is rarely available. Closely linked with this
problem is the question of the associated functional space: to what space A should u belong
in order to properly define the minimization problem

I4 =inf{&(u), wue A}

The definition of A should include, in addition to regularity properties, suitable boundary
conditions.

In order to answer these questions, a rigorous derivation of (15) and (16) is needed,
starting from the atomic level, since it is the scale at which the crystalline lattice is present.
A standard approach to this kind of problem is I'-convergence [21], which assumes implic-
itly that at an intermediate level, the microscopic (or mesoscopic) deformation, which is
not necessarily equal to the macroscopic deformation u, should locally minimize the energy.
Roughly speaking, this approach consists in setting a microscopic version of the minimiza-
tion problem I4 in term of the microscopic deformation u., depending on the interatomic
distance e. Letting this distance go to zero, this yields a (weak) limit deformation u = ug
together with an energy, possibly of the form (15). However, it is far from clear what should
be the microscopic counterpart of I4: what regularity should the deformation exhibit at
this level, and how should the boundary conditions (which are by nature macroscopic)
be translated microscopically? This kind of strategy is used in [13, 41] in the case of a
two-body finite range energy. In [25], the case of a more complex microscopic model is
considered.

Another (and seemingly more naive) approach is the following: the whole point is in
fact to link the macroscopic deformation u appearing in (15) with the deformation truely
experienced by the atoms of the solid, that is, a sort of microscopic deformation. Since
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this link is far from being clear physically, let us assume the simplest link, that is, equality.
This is the approach used in [4, 5|, and also the one we adopt here.

Let us give the example of a two-body interaction, in order to fix the ideas: the energy
E({X;}) of N identical atoms of positions X; is then given by

E{XY) = ) W(Xi— X)), (17)

1<i<j<N

where W is the interaction potential. Let us now assume that a solid is defined by a
domain €2, and a lattice £, and that the interatomic distance is equal to € > 0, which in
fine will tend to zero. Assuming that the solid experiences a deformation u, which is a
C*°-diffeomorphism defined on (2, then the positions of the atoms of the deformed solid
are

Xi=u(X)), {Xhv=¢eNQ,

the set of points {X}} being the reference state. Consequently, the energy per atom of the
deformed configuration is:

E(u(elNQ)) = % S Wolulei) — u(es)). (18)
i#jelnia

Figure 2: The reference configuration and the deformed one.

Next, considering the potential W, its characteristic length § should be comparable with
e. In other words, considering the reference configuration, which minimizes the energy (17),
its atomic spacing should be proportional to §. (This is clear since if {XZQ} is a ground
state for W, {6X?} is a ground state for W(;).) We will however also study other cases
apart from the € = § case, that is, cases when ¢ < § and § < €, respectively. The total
energy of the deformed system is thus equal to:

Eslw) =5 Y %(M) (19)
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where N = #(£N %Q) is the total number of atoms, and Wy is the rescaled potential, and
does not depend on € nor on §. The energy £ appearing in (15) should then be the limit,
as € and 0 go to zero, of & s:

E(u) = lim & 5(u). (20)

€,0—0

Despite the seemingly crude assumption we make in this strategy (namely, the micro-
scopic deformation being equal to the macroscopic one), one can find some advantages in
this approach:

First of all, the above limiting process (20) is clearly not linked with the fact that
the energy originates from a two-body interaction. Indeed, we will see in Section 3 below
that the case of more complex microscopic models, taking (at least partially) the quantum
nature of the electrons into account, give rise to the same kind of convergence results. This
allows to hope that similar results will hold for more complex microscopic theories.

Another point is that since it is a mere limiting process, involving no I'-convergence
properties, one may very well go further: considering the limit as a zero-order term in the
development of the energy with respect to ¢, it is possible to compute the next orders.
This is what is done in Theorem 2.3.

Finally, let us point out that for numerical purposes, this approach gives a way of
computing the sum (18) in the limit ¢ — 0, which is the exact expression of the energy,
u being the microscopic deformation. Of course, there still remains to know its link with
the macroscopic one, but independently of this link, the above limit (20) may be seen as a
good approximation in the case where € is small, hence N large, circumventing any direct

computation of (18), which indeed may be out of reach of computer facilites for very large
N.

Finally, let us point out that our approach is intimately linked with the concept of
thermodynamic limit [30, 14], as explained in Section 3, which is a I'-limit process, although
standardly not presented as such.

The article is organized as follows: Section 2 gives the computation of the limit (20),
together with the corresponding development, up to order two with respect to € (Theo-
rem 2.3). Section 3 then studies the limit (20) in the case of Thomas-Fermi type theories,
which are quantum models. We give a few possible extensions of the present work in Sec-
tion 4, while the last section is devoted to the derivation of a few simple properties of the
computed elastic energies, these aspects being more completely studied in a forthcoming
work [11].

Most of the results detailed here have been announced in [9)].

2 The simplest case: two-body potentials

We present here the homogenization scheme described in Section 1 in the simplest case,
that is, when the microscopic energy is defined by a two-body potential. In other words,
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we study the limit (20), with the energy &, ; being given by (19), that is:

=gy 3 (M),

i#]EEﬂEQ

We recall that, assuming that the reference configuration is an equilibrium state, i.e that
an infinite system with minimal energy is periodic, it is physically reasonable to assume
that  and € have comparable size, i.e that in the limit process ¢ — 0, we should take
¢ = &. We will nevertheless study the other possible cases, that is, when ¢ € § and § < ¢,
respectively. Note also that the fact that the equilibrium configuration is periodic is not
proven, so far as we know, except in one dimension [8, 27, 50, 37, 38, 45, 47], or in very
simple cases in two dimensions [46].

2.1 Zero-order term

Hereafter, we denote by € a sequence of positive real converging to zero, and § = d(¢)

also going to zero. The property ¢ < ¢ means that liII(l) % =0, and 0 < € means that
E—r
8(e)

liII(l) ——= =0, these limits being taken along the corresponding sequence.
£—> 3

Theorem 2.1 Let Wy be a function defined on R4\ {0}, which is Lipschitz on the exterior
of any ball Bg, with R > 0, and such that there exists C > 0 and a > 0 such that
Wy (z)| < M%‘L‘" Let Q be a bounded Lipschitz open subset of RY, and let u be a C™-

diffeomorphism defined on Q, with values in R®. Consider &5 the energy defined by (19).
Then we have:

(i) If e =6, then

lim &, 5(u / > Wo(Vu(z)j)da. (21)

e—0
je{o}

(i) If e K 8, and if Wy € L*(R3), then

im(5) )= 57 ([, 75) f i .

(iii) If § < €, and if for some p € R, | l‘im |z|PWo(z) = a, then
T|—00

iy (5) et =5 [,

65\{0}

z)j I” (29
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Proof: We first prove (i). Note that this result seems to be well-known, but since we
found no rigorous proof of it in the literature, we provide the reader with one. Consider
equation (19), with € = ¢, that is:

fol) =gy X WMD),

i#jeinia

€

We first split this sum into two sums, using a cut-off radius A > 0, which in fine will go
to infinity:

55,(5(11):% 3 WO(M%F% D WO(M) (24)

€
li—jl<A

both sums being reduced to couples (7, j) in (%Q N £)2 such that ¢ # j. The deformation u

being a C*°-diffeomorphism, we have ali —j| < M < Bli—j|, for some constants «

and 8 depending only on u. Consequently, the second sum in (24) is easily seen to vanish

as A goes to infinity, uniformly with respect to €. Turning to the first term, we use a Taylor

expansion to write:

u(ei) — u(ej)
€

< CAZ%,

— Vu(ei)(j — 1)

where C depends only on u. Then, using the fact that Wy is Lipschitz on the exterior of
any ball, and that ad({) < ali — j| < W(EZ)EM for any 7 and j appearing in the sum,
where d(¢) is the minimal distance between two points of the lattice £, we may write:

u(et) — u(ejg Ny
‘Wo(%) — Wy (Vu(sz)(j - z))‘ < Cd(a)AQE.
Using this inequality in (24), we thus have:

El) 5 S S Wo(Vulei) — )

ienla  0<[i—j|<A

< Cya) A" + R(A), (25)

where R(A) corresponds to an upper bound of the second term of (24), and may thus
be chosen equal to R(A) = ﬁ E|i_j|>A ﬁ < %, where C are various constants
independent of e. Next, the sum in (25) may be written as

v DY Wo(Vuei),

il 0<|j|<A

where the sum over j is restricted to j € £ (as well as in (25)). Next, using the regularity
of u, we may write |Vu(ei)j| > «|j|, where @ does not depend on € and i. Consequently,
the sum over j is, up to a term going to zero as A goes to infinity, uniformly with respect
to &, the sum over the whole lattice:
& _ L Wo(Vu(ei)j)| < CumA>He +
o) = o > Wo(Vuleii)| < CawA™ e + 5.
ieenta  jee\{o}
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The last step is to point out that since N = #ef N 2, the sum over ¢ is a Riemann sum,
converging to the desired integral since the function z Z Wy(Vu(z)j) is Lipschitz on
J#0
Q. Choosing A = 6_%_1, and then letting ¢ go to zero, we prove (i).
Let us now prove (ii). For the sake of simplicity, we restrict ourselves to the case of a
finite-range potential, the generalization to the present case being only a technical matter,
similar to the cut-off trick in the proof of (i). We then have, for 4,j € £ 1€,

lu(ei) — u(ej)] €. .
—_— " > a=t —
5 > asli—gl,
for some constant « depending only on u. Consequently, given ¢ € £N %Q, the number of
terms in the sum over j contributing to the energy is of order g—j, in view of the inequality

li—j|<C g. Consequently, one easily shows, using the fact that Wy and u are Lipschitz,
that:

¢Y o (UE) —ulEd) u(e )—USJ //Wo ())davdy <C(6 byl

z#]EEﬂEQ

where C depends only on Wy, u and 2. Now, changing variables in the integral, we have:

0677
//% dm’/m/|wwu K%wawmﬁm

a7 Vol

Next, we use the fact that as § goes to infinity, converges to a Dirac mass

5d fRd W() 5)

at zero, so that

N o (557)
52 [ oy .o OO T

‘(AJ%)LQMawﬁf%mwz(éﬂm)ﬂﬁagﬁmr

Putting all this together, we thus have:

Ne2d 1 dr
lim —— == e —
cdm 5 Eeo(u) 2</Rd WO) /Q|det(Vu(x))|

|

Observing that, at leading order, N = Wiﬁ)l’ where |Q(£)| is the volume of the unit cell

Q(¢) of £, this proves (ii).
We next prove (iii): fixing a positive parameter o (which in the end will go to zero),
we know that for |z| large enough, |Wy(z) — Using the regularity of y, we thus

a
wrl < wre
have, for § large enough,

u(ei) — u(ej) adP Cad?
— <
‘”“( 5 ) f(es) —ale)P | < i g
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where C depends only on u. Hence, we deduce easily that
e\? 1 aeP 1 1 1
= & — v . —|<Caz—» ——<C —. (26
(5) et N 2 Tate) —w@P| < o 2w <O 2 e

jee{o}
We next apply (i) with Wy(z) = # to conclude that the second term of the right-hand

side of (26) converges to the desired formula. There only remains to point out that (26) is

valid for any a > 0, as far as § is chosen large enough, which concludes the proof. ¢

Remark 2.2 The regularity assumption we have made on u could be slightly relazed. In-
deed, u being a C'-diffeomorphism is clearly sufficient to make the above proof available.
However, and although this assumption is reasonable (see [18]), the Taylor expansion we
use here could not be carried out if only lower regularity was assumed. If for example we
allow jumps in the gradient, it might be possible to obtain a concentration of energy on the

Jump set (see [13]).

2.2 Higher order terms

We have studied in Subsection 2.1 the limit of the energy as € and ¢ go to zero, that is, the
zero order term of a development of this energy in powers of €. We give now a derivation
of higher order terms of this development, limiting ourselves to order two, although the
computations could be carried out at any order.

Before stating this result in Theorem 2.3 below, we need some definition. Let 2 be a
piecewise C' open bounded subset of R%, and let = € 9. Denote by I'(z) the tangent
plane at z, and define

Br(z),e = lim (Edl Z Ng(k)ék) s (27)

with A;(T(z)) = {d(4, IT(z)), i€ £ni(T(z)~NQ)}, the number N (k) is No(k) = #{i €
(NI (z)~NQ), d(i,10(z)) = k}, the set T'(z)~ being equal to ['(z)~ = {z+v(z)t, t€
(—=00,0), z€TI'(x)}, where v(z) is the outer normal of 2 at z.

Theorem 2.3 Let Wy be a function defined on R\ {0}, such that for all z # 0, Wy(z) =
Wo(—=x), which is smooth on the exterior of any ball Bg, for any R > 0, and such that
there exists C > 0, Ry > 0 and a > 2 satisfying

c

(28)

Let Q be a piece-wise C' open bounded subset of R%, and let u be a C®-diffeomorphism

defined on Q, with values in RY. We assume in addition that there exists a sequence €, > 0
converging to zero such that, for all integer n, we have #(e,£NQ) = %, where |Q(£)]

is the volume of the unit cell of the lattice £. Consider 5. the energy defined by (19).
Then we have, restricting € to the sequence ey :
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(i) If 6 = ¢, then

/Z Wo(Vu(z)(j))dz

jen{o}
2|Q| 59 (/ Z Wo(Vu(z )dﬂr(x),e(k))da(x)

j€L, ju>k

|/ Y D*Wo(Vu(@)))(D*u(x)(j, 5), D*u(x)(j, §))dz + € Fi (u) + o(e?),
jee{o}
(29)

where I'(z) is the tangent plane of 0Q at x, and the non-negative measure dur (k)
is defined by (27) In addition, Fy(u) contains only boundary terms;

(i) If e < 8, and if Wy € L' (R3), then

(%)d&,(s(w = I%ngro /Q | det( é:?u ()]

-l /an/ (/ Wo(Vu(z)z)dpra),e(2 ))dydo(x)

_i// D*Wo(Vu(z)y)(D*u(z)(y,y), D*u(z)(y,y))dydz+e” Fy(u)+o(e?)
24|19 Jqo Jra k2 , (, |
30

the measure dyrp(g e being defined as in (i), and the term Fy(u) containing only
boundary terms.

Let us point out that, although formulas (29) and (30) seem rather complicated, the
special case where Q is the unit cube of R%, and the lattice £ is equal to Z%, in which
case the plane I'(z) is exactly the face of the cube to which z belongs, and the measure
dfir(y),za is easily computed to be Z d0p, the sum involving only p € N. Consequently, in

p>1
this case, the integrand of the second term of (29) reads:

Y Y Wo(Vul@))),

k>1 jeZ4, jn>k

which may be interpreted, when Vu is the identity matrix, as the surface energy of a
crystal. In a more general setting, the measure dur(;) ¢ may be seen as the average number
of points in £ and in the half-space containing ) which are at distance k from I'(xz).

Proof: We only give the proof of (i), the proof of (ii) following the same line of arguments.
For the sake of simplicity, we assume that the constant a of (28) satisfies ¢ > 8. This is
only a technical assumption, which allows to simplify the argument below in the present
proof. We will next indicate how to deal with the general case (a > 2).
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We use a cut-off radius A > 0, as in the proof of Theorem 2.1, writing

Es(u) = %( 3 ¥ Wo( u(es )—u(eg))

ienia  0<li—jl<A

YR w(HEE), (31)

icnia  |i—j[>A

where all the sums over j concern only j € £. Using (28), the second sum is easily bounded
by a term of the form F? so that, taking A = ¢ #, With < B < 4, which is possible
since a > 8, this sum is of strictly lower order than &2. Next we use a Taylor expansion of
the expression WO(M)

£

WO(M) W0<V (e )(j—z’))—I—%VWO(Vu(ez')(j—z’)) (D%(ez‘)(j—i,j—z‘))
[ D*Wy ( Vu(e ]_Z)<D2u(ez‘)(j—i,j—z’),D%(ez’)(j—i,j—i))

(Vutei) =) DPutei) G — 5 55 =)

[= R

s
+ Do, (Vu(ez)(j - z)) (DQu(ez')(j — g — ), Dulei) (j — i,j — i, - z‘))

g3 A%
+0 (m) (32)

where the term O (U—E’iii%) involves constants depending only on Wy, v and 2. Since
the term depending on j may be summed up £ uniformly with respect to ¢, this will lead,
when summed up with respect to i and j, to a quantity of order O(e3 A*) = o(?). We next
study the term of order three: we need to show that, summed with respect to ¢ and j, it
remains of lower order than €2. For this purpose, we estimate it as follows:

Z D*w, (Vu(ez')(j — i)) (DZU(si)(j —i,5 —1),D3u(ei)(j — 4,7 — 4,5 — i)) ‘

0<|j—i|<A
C s C C
< DL ezl = > jaras < Zasr (33
0<|j|<A 0<|j|<A

This shows that the third-order term in (32) is of order Ai—s_g, which is neglectable compared
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€2, thanks to the definition of A. We may thus write the energy as:

Es(u) = % > > [%(Vu(sz’)(j—i))

ienia  0<li—jl<A

+ETWo (Vu(ei)(j - z')) (DZ“@')(J' whT i))

+%2VWO (Vu(ez')(j - i)>D3u(€i)(j — i, —i,§ — 1)
+%2D2W0 (Vu(gz')(j - i)) (D2u(ei)(j —i,j —1i), D?u(ei) (j — 1,4 — Z))]
+o(e?). (34)

We now notice that in the terms of order €2, we may sum up over all j € £\ {i} since the
missing terms sum up to a lower order term. We may in fact do the same thing for the
term of order e. Indeed, the missing terms may be estimated as follows:

=y ww (Vu(sz) )92 ‘ > ﬁﬂ{i = ( Af_l) =o(e),  (3)

lil>A JjlzA

from the definition of A. This estimate is valid for ¢ far enough from the boundary of %Q,
since otherwise the sum is truncated not at A4, but at d(i, 2€). On the other hand, these
terms are easily seen, through the same kind of estimate, to be boundary terms of higher
order.

We leave the first term as it stands for now, dealing with it afterwards. The other
terms are easily seen to be Riemann sums, converging, up to higher order boundary terms,
to the corresponding integrals. We thus have:

E5lu) = % > > W0<Vu(az')(j—i))

ienla  0<li—jj<A

i |/ > IWo(Vu())) (D*u(2)(j, 5)) da

jee\{0}

n [ I/ > VWo(Vu(@)j)DPu(z)(5, 4, §)dz
jee{o}

/ S D*Wo(Va(@)i)(D*u()(j, ), D*ule) (G, ) de

jee\{o}
+ 52F1 (u) + 0(6 ), (36)

where Fj(u) is a boundary term. Integrating by parts the first part of the term of order

€2, one easily sees that it is exactly the corresponding term of (29). Turning to the term

of order €, we see that its integrand is an exact derivative with respect to z, so that it is
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equal to:

/ S YWy (Vu(@)) (Du(=) G, ) dx_/ S Wo(Vu(@)i)(jn)do(z).  (37)
je\{o} 9 jeo\{o}

Using the fact that Wy(z) = Wy(—z), together with the fact that the set £\{0} is symmetric
with respect to 0, we see that this term cancels. We now deal with the term of order zero:
it will naturally give the zero-order term of (29), and also approximating terms of order 1
and 2 a priori. The point here is to show that these terms give the boundary term of (29).
Denoting by Eg,d(u) the zero-order term of (36), we write:

525(u) = % Z Z Wo(Vu(ei)j) :v—— Z ZWO Vu(ei)(j — 1))

ieenla jel\{o} zeem Q j¢lo

1 Ny
Y Y WVulei) - i), (39)
i€1Q jelanBa(i)
Here, all the sums are restricted to points belonging to £. The third term is easily bounded
as follows:

‘2N Z Z Wo(Vu(ei)(j — 1) ‘< C Z |J|a+d < 1 :0(52).

ienlQ jelonB,(i)e lj]>A

The two remaining terms will respectively give the terms of order zero and one in (29).
In order to prove this claim, we denote by f the function f(z) = >7,. Wo(Vu(z)j), and
write it as:

1 1 .
e L 1E) = g /Q flayde + oo Z /WQ (f(ed) — f(z))d,

EIZO Q €N ©

+ / / (39)
Z (ei+eQ(2 )ﬂQC Z (ei+eQ ()N

ienla icenloe

where Q(#) is the primitive unit cell of £. We next make a Taylor expansion of the second
term, that is, f(ei) — f(x) = Vf(ei)(i — ) — D%2f(ei)(z — i,x — i) + O(e?). The first term
of this expansion is linear with respect to £ — ¢, and thus cancels when integrated over
el + 6Q(€). We thus have

2|Q| z fed) = |Q|/f 2|Q| Z 2f(ei)(y, y)dy + O(E?).

Efﬂ Q Efﬂ Q Q(Z

We recognize here again in the second term a Riemann sum, so that it may be replaced,
up to terms which are neglectable before €2, by €2 [ fQ 0 D?f(z)(y,y)dydz. This term
being an integral of a derivative with respect to x, it Wlil give only a boundary term of

order 2. We now turn to the last terms of (39), which are boundary terms, since they
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clearly involve only terms such that d(z, %89) < 2e. Next, we notice that each term of this
difference is a Riemann sum of the boundary, and thus may be replaced, up to boundary
terms of order €2, by the corresponding integrals, which are equal.

We finally deal with the remaining term, that is, the second term of (38). Since
the treatment of this term is rather delicate, we provide a proof in the case when € is
a polyhedron. The extension to the general case follows the same argument with some
straightforward technical adaptations that we omit. The first point is that, since j is
restricted to belong to %QC, and using once again that Vu~! is bounded uniformly on Q,
we may reduce this sum to terms which are not far from the boundary:

> S Wo(Vulei)G i) = 5 O O Wo(Vulei) —i)) + ole?),

ieinlajgl €090 jg¢ 10

where 0.Q = {y € éQ, d(y, 8(%9)) < %} This expression shows that this is going to
be a boundary term. Next, we separate the boundary of €2 into P different faces, denoted
by I'p, with 1 < p < P. We now consider only one face, putting all them together in the

end:
Epp = Z Z W() (VU(EZ) )

163”” j+ieinlqe

where T'; is the set of points in %Q which are at distance smaller than % from %I‘p.
Now considering the set to which j belongs, it may be described, up to a term of order
2 by the constraints j € £ and (j + i — Tip, (i))v > 0, where v is the outer normal of

the face I'p, and = ip, is the orthogonal projection on the hyper-plane ng. Now, since
d(i, %Fp) = (F%FP (1) — i)v, this property also reads jv > d(i, %I‘p). Hence,

Er,(u) Z Z Wo (Vu(ei)j) + O(?).

zemre JeL, jn>d(i,1Tp)

We next approximate, up to order €, the sum over j by the same one where €1 is replaced
by 7, (ei). This may be done using a Taylor expansion, and the correcting term is shown
to be of order €2 when summed up with respect to 7 using the fact that a > 2. The term
we want to treat now is thus:

Er, (u) Z > Wo (Vu(nr, (€6))5) + O(e?).

’Emrs J€L, jn>d(i, 1 1'p)

Assume for a While that Vu is constant and equal to F' on I',. Then, we now define the
set AZ(Tp) = {d(i, ¢ Iry), ie€en I}, and NE(k) = #{i € r,ne, d(, %Tp) = k}, and

using these notatlons, we write the above energy as

Br,(u)=—5= Y NP(k) Y Wo(Fj)+O().

keAP(rp) J€L, jn>k
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There only remains to point out that the number N (k) is equal to the number |T,|N; (k)
appearing in (27), up to a correcting term of order ¢2~%. Here |T,| is the d — 1-dimensional
measure of the face I',. We therefore conclude in this special case:

Br,0) =~ [T Wa(Vulon) ) dury o)

jel, in>k

which matches exactly the second term of (29). Here, z is any point of I'p. In order to
conclude, we only need to point out that if Vu is not a constant on I'y, a similar but more
tedious analysis leads to the second term of (29) through a Riemann sum over I',. Next,
using an approximation of {2 by a polyhedron, we conclude in the general case.

We now explain how the above argument may be adapted to the case where a < 8.
Note that the points where we have used the assumption a > 8 concern only the bulk
term, and not the surface terms. In the bulk term, the point is the choice of 3, i.e of
A, the cut-off radius used in (31). One needs 8 > 2 so that the remainder term in (31)
be of order strictly lower than 2. If @ < 8, this implies that the remainder of (32) is
no more of order o(e2). Hence, one needs to expand at an order higher than 2, say q.

And the remainder, which is of order O(ﬁ%), leads, when summed up over j, to a

term of order O(¢7~1=8%). Hence, if B is chosen strictly lower than 1, which possible since
a > 2, this term is of order strictly lower than €2 for ¢ large enough. There only then
remains to deal with the additional terms of the development, which is done using their
exact expression, as was done in (33) for the term of order three. ¢

Note that as it is clear in the above proof, the development could be carried on at any
order. However, even the surface term of order ¢ is a little cumbersome to establish, and
its expression seems to be difficult to use except in special cases. This indicates that higher
order surface terms are likely to be hard to compute and to use. On the contrary, if one
only looks for bulk terms, the development is within reach. (In such a case, the assumption
(28) would involve a > ¢, ¢ being the order at which we want to develop.)

Another point is that the term of order € is a boundary term, even if the assumption
Wo(xz) = Wy(—=x) is dropped. However, in this case, the right-hand side of (37) would
appear in addition to the term of (29).

Finally, let us point out that this order one term shows a minus sign because (and it is
apparent in the above proof) it is the correction of the bulk term of order zero, to which we
have added terms in order to have the whole sum over £ when z is close to the boundary.
It may be therefore interpreted as the opposite of the surface energy of the crystal.

3 Thomas-Fermi type models

We deal in this Section with Thomas-Fermi type models, where the quantum nature of the
electrons is (partially) taken into account, whereas the nuclei are supposed to be classical
particles.

We first present the Thomas-Fermi-von Weizsicker (TFW) model, define it for molecu-
les, and then explain how it translates into TFW theory for infinite periodic (solid-state)
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systems through the thermodynamic limit process [14]. We also show the link between this
thermodynamic limit process and the present scheme.

3.1 Presentation of the models

We briefly present in this subsection the Thomas-Fermi-von Weizsicker (TFW) model, re-
calling that all we are going to do for this model is clearly adaptable to Thomas-Fermi (TF),
and even to Thomas-Fermi-Dirac-von Weizsécker model. We refer to [29] for precisions on
these models.

The TFW energy is defined, for a set of M nuclei of positions {X;}1<i<ar and charges
{Zi}1<i<m, and a set of electrons defined by their total density p > 0 (such that /p €
H'(R?)), by

BTV (X0 200 = ([ ovei+ [ )

47r50< Z/Ra|$_X|d 4'1/R3 |($)_y|dd 3 Z|X X|> (40)

where 7 is Planck’s constant, e the elementary charge, m the mass of an electron and &g
the dielectric permittivity constant. Note that the TFW model is usually stated in a unit
system where the coefficients % and 4m of (40) are both equal to 1, but here we need
to scale the characteristic length of the model with respect to the atomic spacing, as was
done in Section 2 for two-body energies. Let us also point out that we have skipped here
dimensionless constants which should appear in front of the first two terms of (40) (see
[43] for the details), since they are mathematically irrelevant here.

The integer N being the total number of electrons, the density p is subjected to the
constraint [ p = N. When the electrons are in their ground state, they minimize the above
energy, i.e they are a solution of the minimization problem:

ETV({ Xy, Zi}) = inf{ETFW({Xi,Zi},P)a p>0, peH' (R, / p= N}.
Y W

Here, we assume that we deal with a set of N identical atoms, and fix the nuclear charge
to Z; = 1, although none of these assumptions are limitations. The important assumption
is that the nuclei are periodically distributed, that is, as in Section 2, {X;} = e£NQ, where
¢ is the periodic lattice on which the nuclei are distributed, ¢ the inter-atomic distance,
and Q) the Lipschitz open set defining the solid we are studying.

We next point out that the characteristic length of the system is easily shown by a

dimensional analysis to be § = 583“0 Hence, setting Eo = =, (40) translates into:

B (XL = | [ 1vvel+ [
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and (41) similarly. Assuming now that the set of nuclei {X;} = e£ N Q is deformed by a
C°°-diffeomorphism u, we thus define

EXV(u) = %inf{E?FW(u(dﬂQ),p), p>0, pe€H (R, /Rgp:N}, (43)

where N is the total number of nuclei (equal to the number of electrons), that is, N =
#(e£N Q). Equation (43) is the equivalent of (19) in the present case of TEW theory.

We recall that given a set of any finite nuclei {X;}1<i<n, the minimization problem
(41) has a unique solution p. We refer to [6] for the proof of this result. The function
55T’§?W(u) is thus well-defined by (43).

3.2 Infinite periodic systems

The problem of the thermodynamic limit of the above (TFW) model is closely linked
with the problem we are dealing with here. Indeed, setting 5(x) = e3p(ez) and changing
variables in (42), we get

Y (et 1), p) = [ (/ VA + / ~5/3)
r5c(- T ot fo o By T )|
u(ed)

ienln i#jeniQ

(44)
In the special case where the function u is linear, = simplifies into (i), so that the
problem we address here is exactly the problem of finding the limit of the ground state
TFW energy as the set of nuclei fills in the lattice u(£), which is the thermodynamic
limit problem for the TFW model, as dealt with in [14, 15|, up to fact that the constants
involved in (44) scale properly, namely s% ~ £, 1. § ~ &, which is the equivalent of (i) of
Theorem 2.1. We recall here the results of [14], which link the TFW energy (44) with the
one for an inﬁnite periodic system. Let £ be a periodic lattice. Then, for any g such that

VpeH this is the set of functions belonging to HL _(R3) which are /-periodic):
per loc
BV = | Vi [ 7| e
QL Q) Q)

/ / 2)Ge(w — y)(y)dsdy, (45)

where QQ(£) is the primitive unit cell (or any unit cell) of the lattice ¢, and Gy may be seen
as the £-periodic version of the Coulomb potential, and is defined by the following

—-AG, = 47r(50 — m) in Q(¥),

1
Gy is (¢—periodic, lim (Ge(z) — —) =0
210 ]

(46)
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Theorem 3.1 (Thermodynamic limit of the TFW model, [14])
Let Q be a Lipschitz open bounded subset of R®. Denote by E*W (4N %Q,ﬁ) the rescaled
TFW energy, that is, (44) with Ey = €%, § = € and u = Id:

1. . N p(z)
ETFW 20 _ / 2 / 5/3 / p
(€N =9,p) R3|V\/5| [P ) o To

icnin
1 o(x)p 1 1
R? JR? y i#jelniQ J
and denote
1 1 1
ETV(Nn-0) =+ inf{Es(m ~0,p), p>0, e H'(R?), / p= N},
€ N € R3

with N = #({ N 1Q). Then, we have

1
lim ET"V (1N =Q) = ET"W (),
3

e—0

where ETYW (£) is defined by the following minimization problem.:

BV —nt{ BTV, 520, VieH0, [ 1) )
Q)

the periodic energy ETYW (£, 5) being defined in (45), Q(£) being a primitive unit cell of the
lattice £, and Hy. (£) being the set of function in Hj, (R®) which are £-periodic.
In addition, the density p. solution of the minimization problem ETFW(EH%Q) converges

to the solution of ET¥W (£), uniformly on any set of the form (2 —~.)Q, where 1 < 7. < L.

The energy E'¥W (5, £) appearing above is defined as follows, The proof of Theorem 3.1
as presented in chapter 5 of [14] is based on the convergence and uniqueness of the solution
of the Euler-Lagrange equation of minimization problems E™*W (£ N %Q) and ETYW(¢).
The first one converges in some sense to the second, so that their solutions also converge.
This is why we now write down the Euler-Lagrange equation of the minimization problem
defining £I7W (u) (43). Setting v = /p, it reads:

1 1
—Av+§v7/3—l—(f02*—— Z —+9>v:0,

3 ] icenlo o — il

where 6 is the Lagrange multiplier associated with the constraint [ p = N. Setting ¢ =

1 1

—Av + 207/3 —¢v =0,
~Ap=dr( D 04— UQ). (49)

. 1
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In the periodic case, the sum over £ N %Q is replaced by a sum over the whole of £.
Note that as € goes to 0, the system (49) converges to the periodic one. Our aim in the
following subsection is to adapt the proof of Theorem 3.1 to the case when u is not a linear
transformation, but a general C'*°-diffeomorphism.

3.3 Convergence theorem

We give in this subsection the equivalent of Theorem 2.1, together with its proof:

Theorem 3.2 Let Q be a Lipschitz open set of R3, and let u be a C*®°-diffeomeorphism
defined on 2, and £ a periodic lattice. Suppose that the volume of the primitive unit cell
of £ is normalized, i.e |Q(£)| = 1. Consider the energy &, 5(u) defined by (42)-(43). Then,
we have:

(i) If e = 8, and if Ey = €2, then we have the following convergence:
1
lim &, 5(u) = — / E™™W(Vu(z)l)dz, (50)
e—=0 7’ |Q| Q
where ETYW is the rescaled TFW energy defined by (48)-(45)-(46).

(i) If e K 8, and if Ey = €2, then we have the following convergence:

1 dz
lim &, 5(u) = — .
i Eeal) = 17, Tdet(vu(@)PP

(51)

(iii) If § < e, and if Eq = 62, then . 5(u) converges to a constant independent of u. This
constant may be identified as the rescaled atomic TFW energy [30].

Proof: We start with the proof of (i). We denote by p the solution of the minimization
problem (42)-(43) defining & 5(u), and by p the rescaled electronic density, that is, p(z) =
e3p(ex). The proof will be carried out in three steps:

Step 1: We have the following convergence:

lim
e—0

Lo (Vu(ed)Q(8))

~ 1 .
A+ g“(ﬂ)) — PVu(ei)t

the convergence being uniform with respect to 2 € £N (% - %)Q Here, for any periodic
lattice ¢/, the density py is the corresponding TFW electronic density, i.e the solution of
(48)-(45)-(46).

In order to show (52), we argue by contradiction (this proof is an adaptation of that
of Theorem 5.9 in [14]). Assuming that it does not hold, we deduce the existence of some
ze € Vu(ei)Q(£) such that

u(et)

’U(.’L‘E + ) - IUVu(si)Z(xE) >a>0,
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for some « independent of e, where v = /p, and Vvu(ei)t = +/PVuleie- USINg the regularity

of u, we point out that the sequence z. is compact, so that, up to a subsequence, we

may assume that it converges to some xy € U U Vu(ei)Q(£). We recall now that v
0<e<licenle

satisfies the Euler-Lagrange equation of the minimization problem (42)-(43), that is, the

equivalent of (49):

5
—Av + §v7/3 —¢v =0,

A= 47r( Y Guen — UQ), (53)

jenia

1 s 1

we)| Y gl
£

where the effective potential ¢ may also be defined by ¢ = Z |
$ p—

jemnia

the constant @ being the Lagrange multiplier associated to the constraint [ v? = N in (43).

Using elliptic regularity results, it is then possible, using the methods of [14] (Proposi-
tions 3.8 and 3.12), to show that there exists a constant C independent of ¢ such that

- Y

Iollzoe sy + 16112, g + 18l 20y < C: (54)

for any p < 3. Inserting this information in the first equation of (53), this also implies that
v is uniformly continuous on R3, uniformly with respect to €. Hence, for sufficiently small
an €, we have

u(er)

v(zo + ) — Vvu(ei)e(To)| > 5 (55)

| Q

3

Now, the bounds we have on v and ¢ are valid for v(- + @) and ¢(- + @), and thus
allow to assume, using elliptic regularity and Rellich’s theorem, that they converge, up to
a subsequence once more, to some 7 and ¢ in L‘f(fc(R3) and LfOC(RP’), respectively. We also
point out that €i belongs to Q, which is compact, so that we may assume that it converges

to some y € Q. We thus have:

v(+%9) 5 in L2 (R3),

loc
¢(-+“éi)) — ¢ in LP (R3),

B loc

gi — y € Q.

We may then pass to the limit in the system satisfied by 'u(- + u(fi)) and ¢( + @), that
is,

_Av(_+u(sz'))+_§v(-+u(sz’))7/3_¢v(.+@) o
_Aﬁb(-—l—uéz)): Z O u(es) u(ai)—v(.+@)2'




246 Chapitre 6 - Du molélculaire a la mécanique des milieux continus

Note here that the measure Z 5u(5;) (e converges to the measure Zévu(y)j in
3620 Q jee

1
D'(R?), because lir% d(i, EQC) = +o0. Therefore, we have:
E—r

—AT+ 3573 - —v =0,

—A¢p=A4n (Z 5Vu(y)j — 52> .

jel
Lif(R3), according
to Theorem 6.5 of [14], and therefore we should have 7 = Uyu(y)e- e now reach a
contradiction with (55) if we can pass to the limit in (55), that is, if vaze is a continuous
function of the matrix M. This result is easily shown by repeating the same argument as
above. This completes the proof of (52).

This system has a unique solution (vyy(y)e; Pvu(y)e) in L>®(R?) x L}

Step 2: We have the following convergence:

hm

=0, (56)
Lo (Vu(e)Q(6))

)) - ¢Vu(5i)é

e+

the convergence being uniform with respect to i € (% — ﬁ)ﬁ Here, for any lattice ', ¢y

is the effective potential associated to the density py, solution of (48)-(45)-(46). In other
words, vp = \/pg and ¢p are the unique solutions in L>°(R?) and L} ..(R3) respectively,
of the system
—Av + 31)7/3 —¢v =0,
—A¢p =4r <Z —0j — 02).
4
We skip the proof of (56), since it is an easy adaptation of the one of (52).

Step 3: convergence of the energy. We are now in position to show the desired convergence
result. In order to do so, we split the expression of the energy into different terms, which
we treat separately. We first show:

- 1 - 1 5/3
Ei(p) == 5/3—>—/</ zdz)da:, as € —0. 57

We separate this integral into a sum of integrals over domains which will in fine converge

to the unit cell Vu(z)Q(£) = Q(Vu(x)f) :
1p:NZ/ ~5/3 NZ/ /3.
jenia 2ulej+2Q(8) jeniae su(ej+eQ(0)
We first deal with the first sum: we have

- - 1 .
/ P = / Pz + Suled))dz
Lu(ej+eQ(0)) L (u(ej+eQ(€)) —u(es)) €

€

5/3
= p (2)dz + o(1),
-Amwmu>v“”
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Vu(ef) Q) \

uniformly with respect to j € (1 — \%)Q according to (52) and the fact that

converges to 0 uniformly

£ (u(ej+eQUO) ~ule)) |+ (e +2Q(6) ~u(e)) \ V) Q)
with respect to j € (% - ﬁ)ﬁ Hence, using that p is bounded independently of € to show

that boundary terms j € %Q\ (% — %)Q have a neglectable contribution, we deduce that

5/3 ~5/3 1).
Z /V Vu () Z /E (ej+eQ(e + O( )

jenia u(el)Q0) gem Qe

The first sum may be identified as the Riemann sum converging to the desired integral.
Hence, in order to conclude the proof of (57), we only need to show that the second sum
converges to 0. In order to do so, we point out that the same argument as above allows to
show that

1
==/ p = E / Pv > / p+o(1)
N R3 Vu(e))Q u(e)t v

jenlio jeenioe u(e7)Q(0)

- 1+/ 5+ o(1),
1Qe

so that

lim [ p=0. (58)

e—0 ch
€

This, together with the fact that p is uniformly bounded in R?, allows to show that
5°/% = 0(1), concluding the proof of (57).
1Qc
We now turn to the second term of the energy, and show the following convergence:

= — V" — = V.\/Pvulz dz 59
N Jgs | \/_| |Q| 2 \Jvu@z)o | Vu( )Zl ( )

We proceed here in the same way as for (57), showing first that the exterior contribution
is neglectable. In order to do so, we recall that, using the same notations as in step 1, we
have

—Av + 207/3 — ¢v =0,

so that, multiplying this equation by v and integrating over %QC, we have

1 1 1 5
- _A —_ o ~5/3 1
N/IQJ D= o N fug 87 =00

according to (54) and (58). Next, we use elliptic regularity to show that — 8
a(la) on
o(1), thereby proving that

1 )
ELI%N[QC'V”' =
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Now, using elliptic regularity here again, one easily sees that Vv is bounded in Lumf(R3),

so that )
Ey(p) = ¥ Z / |VU|2 + o(1).
‘]Eeﬁ(l G _u(5J+5Q

Following the proof of (57), what we need here in order to conclude is the following con-
vergence result:
— 0 as €—0,
L2(Vu(ed)Q(6))
uniformly with respect to ¢ € (% - %)Q This result is easily proved using (52) and (56)

and the first equation of (53). This allows to conclude the proof of (59).
We finally deal with the electrostatic terms of the energy, which is more intricate than
(57) and (59). We recall that the electrostatic energy reads:

v 2 e [ ey Y )

H Vo — vau(siZ)

ienla i#jenia
1 / - 1 ) 1
= op+ = ( lim (¢(z) — 7)> (60)
2N Jms 2N ienlo a0 |z — @l
. . 1 .1
Here we have used the definition of ¢, that is, ¢ = Z w — p* m — 0. We
ienio e

may deal separately with each term of the right-hand side of (60). The first term is easily
treated using the same arguments as for (57), based on (52), (56) and (54), showing:

1 1
Es(p) i = —— qﬁﬁ—)——/(/ O () PV ulz )d:v as € —>0. (61
3(P) N Jes 2 Jo Suaor Te@ vue (61)

We now deal with the last term of (60), and show the following:

i 1 . 1 1 . 1
E/(p) = 5 3 (y_:l)l’l}(l”) (b(y) — @)) — m/ﬂ(i{{é@w(ww(y) - m))dm

i€fnin
(62)

as € — 0. Here again, we copy the proof of (57), separating into terms i € (— — T)Q and

those belonging to 1€\ (% - ﬁ)ﬂ For the first part, the use of (56) allows to conclude.

In order to show that the remaining terms are neglectable, i.e that

% Z (lim (p(y + u(sz)) - i)) =o(1), (63)

y—0 g Y
ieen(éﬂ\ﬁn) vl

we use the second equation of (53), and (54), getting
u(ez)) B i)‘ <C

3 ]

‘—A(q&(x +
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on some ball B,, with @ > 0 and C independent of ¢ and ¢, provided ¢ is sufficiently small.
Hence, using the fact that ¢ is bounded in L} ..(R3?) and the mean value inequality, this

implies that
) 1
so+ " Lo vsen,.
€ Jz]
This estimate allows to conclude that (63) holds, ending the proof of (62).
There only remain now to collect (57), (59), (61) and (62), and to point out that, for

all 7 € Q,

- GVuwQZqu:cZ
/Vu(w)Q(Z) (z)Q(0)FVu(z)

1
+ 5/ / qu(w)e(Z)Gvu(w)g(z — y)Pvu(z)z(y)dydz _
Vu(z)Q(f) J Vu(z)Q(f)
1/ 1 .
- — ¢ua: ulz -I-—hm(ﬁuz y) — —),
2 JVu(@)Q) Va(@)tPVu(z)t 2y—>0( Vau( )6( ) |y|)

to conclude the proof of (i).

We now prove (ii). Here again, we first rescale the density p, setting p(z) = €3p(ex).
The energy may then be written as:

ol = | [ I+ /

( 2 /Rsp; /R/R (ol ity 3 m)]

jenia i#jen1iQ

Next, we follow exactly the steps of the proof of (i), except that here, ¢ and § appear as

16
2x =+ 0.

parameters in the system satisfied by v = /p and ¢ = Z W —v° % ER
g

jenia
We give the main ingredients, skipping their proofs since they involve the same arguments
as above:

3
ollzeme) + 5 (181122, me) + [l (10e)) <€,

for any p < 3, and

. N u(ei) €
lim |[p(-+ — - =0,

ek8—0 ( 19 ) |'U/(5'L + 5Q(€))| LOO(V’U,(EZ)Q(Z))

) 3 u(ei) g2/3

lim ||=¢(-+ — , =0,

e<6-0|| 0 ( € ) lu(ei +eQ(0)) 22 || 12 (wuen Q)
uniformly with respect to 7 € £N (l — %)Q With these convergence results, one then easily
/3.

shows that all terms of the energy converge to 0 except the term [ p which converges

to the desired quantity.
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Let us now prove (iii). Here again, it is possible to study the convergence of the
density and deduce from it the convergence of the energy. But we will provide an alternate
and more direct proof using the fact that we deal with a minimization problem. Once
again we rescale p, but here the rescaling parameter will be ¢ instead of €. We thus set
p(z) = 83p(dz). Then, the energy reads:

Ee5(u —%( |V\/_|2 /
/R u<w>| s o Sl y Y )

jenia i#jenia
€ €

l TFW U(SeﬂQ)

the term ETFW( (szrm)) denoting the solution of the minimization problem
Q
grew (MR inf{ETFW<w,ﬁ), 520, VieH'®), [ - N},
R3
(64)

the energy ETFW (u(smn) , p) being the rescaled TFW energy (47).
Let now pg be a non-negative radial compactly-supported smooth function of total mass

1. Using the function n(z) = Z po(z — 7), as a test function for the minimization
. __u(efnQ)
JE—%
problem (64), we have:
1 _rew  u(e€NQ)
85,6(U) S NE (f’n)'

We now point out that, for 5 large enough, the terms of the sum defining n have disjoint
supports, so that we have:

Lovvires [ ot =n [ ovmken [ o

Next, in order to compute the electrostatic terms, we point out that since py is radially

symmetric, has compact support and total mass one, the function pg * ﬁ — ﬁ has its

support included in that of pg. Therefore, we have if 5 is large enough:

23 i fo e

Eéﬂ Q

Z—%/Rsn(w)'z <%%J)l— (PO*ﬁ)(x—@))dx
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Similarly,

1 b _ N [ po(z)
-5 Z /R drtg ) ' =72 ) a4

— U\€

Collecting these computations, we thus have:

eost) < [ 1ovml+ [ /R 3 m s ) 3”°|$_y| wdy,  (65)

for any smooth radially symmetric pg > 0 having compact support. We now define the
TFW atomic energy:

BV —wi{EEVG), p20 vrem®), [ p-af @)

with

EIFW () — / VBl + / /3 /RS%OZH%/RB/RS %d{ﬂdy. (67)

This minimization problem has been studied in [6], where it is shown that it has a unique
minimizer for all A < A, for some A. > 1, which is radially symmetric. Hence, in (65), we
may use a sequence of functions py converging to the unique minimizer of (66), getting

limsup & 5(u) < IiF W (1). (68)
0Le—0
There only remains to prove the reverse inequality. In order to do so, we come back to the
function p which achieves the minimum defining & 5(u), and the corresponding rescaled
density p = 6%p(dx). Setting v = /p, we write down the Euler-Lagrange equation satisfied
by v, that is:
—Av + 307/3 —¢v =0,

—A¢:47r< Z 5u(5]) )
yeen Q

Using this system of equations, it is possible to adapt the methods introduced in [14]
(Propositions 3.8, 3.10 and 3.12), in order to have

||'U||L°°(R3) + ||¢||Lﬁnif(R3) < C,

for any p < 3, with C'independent of € and J. Using elliptic regularity and Rellich theorem,
we may thus assume that for all j € £N 1Q, \/5(- + @) converges weakly in H. (R3?)
and strongly in L2 (R?) to some v; = ,/p;. Fixing a radius R > 0, we have, for 5 large
enough:

loc

lim inf V52 > liminf V)2 2/ \V/pil,
Bgr

Le—0 /B E(“(;J)) 0Le—=0 /B (u(EJ)
5

g
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and similarly for [ p®/3. Hence, letting R go to infinity, we have

1
il v/ 5/3) > liminf — Z v 2y 5/3
%lgsingN(/ vVl + / )-11?451le (/R| VPil / )

1
JEN N

Next, we use the bounds we have on ¢ and p, getting that A(¢p — ) is bounded in

1
a5
L°°(B\/§), so that ¢(z + (EJ)) ﬁ converges in L (R?) to some ¢; — |1?| € L*®(R?)
such that ¢; satisfies —A¢; = dy — p;. We now point out that the method used in [7]
(Propositions 4.2 and 4.3) is easily adapted to the present case, and yields:

C C
4/3 -z .
wax($(e), @) < s+ 2
0 jenlia ]
u(ei) . u(eg) . .
for all = such that |z — ——| < inf - |. This allows us to pass to the limit
jeenton (i}

in the term — [ p¢, getting

1 1
liminf — | — p = liminf— —
61<r<ns£lo N ( /Rs p¢) Jlgleglo N Z ( /B
jenta Ve

NP |
= lllgi)lglfﬁ Z (—/Rspjgbj.).

. 1
JENQ

Finally, it is easy to adapt the proof of step 2 of (i) in order to show that the convergence
of ¢(z + u(?)) - ﬁ to ¢; — |—31U| is uniform with respect to j € £N (1 — L)Q, getting

NG
.1 . u(eg) 1, . 1 1
hmﬁ Z ;1_1)1"(1)(¢(:B-|- 5 )—m)—hmﬁ Z ;1_1)1“(1)(@( x) — m)
jente JENLR
Hence, pointing out that ¢; = |—31U| pj * ‘i‘ + 0;, for some constant 6;, we deduce that
—1 Jre Pi®; + 3 limgo(o; — ﬁ) = |(m|)d +1ff p‘z ) )dwdy. Gathering all these

results, we have

D 1 TEFW D 1 TEFW
lim inf £ 5(u) > liminf > Ey (pj) > lim inf > L),

jenia jeinia
with A; = [p;. Now, the function IEFW()) is convex non-increasing with respect to
A € R*. Since in addition £ 3 Aj < 1, we conclude that
lim inf € 5(u) > L (1). (69)

This concludes the proof of (iii). ¢

Remark 3.3 Let us point out that the method used in the proof of (iii), based on variational
methods, could be used in the proof (i) and (ii) as well. However, and although it seems
more natural, it would be considerably more delicate.
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4 Possible extensions

We indicate in this section some direct consequences of the above results, and natural
extensions of them. There are mainly two types of extensions: those concerning the micro-
scopic model (the electronic problem), and those concerning the geometry of the atoms.

4.1 Changing the model describing the electrons

In Section 3, we have dealt with Thomas-Fermi type models, which are very crude theories
compared to the model they are supposed to approximate, namely, Schrédinger equation.
(The approximation of two-body potentials, used in Section 2, is even cruder.)

However, the methods used in this section are intimately linked with the thermody-
namic limit problem [14, 30]. More precisely, it seems that the existence of a thermody-
namic limit allows one to pass to the limit € = § — 0, at least in the two cases of two-body
potentials and Thomas-Fermi type models. Hence, formulas (21) and (50) are likely to be
adaptable to other models, such as for instance Hartree-Fock models [31, 32]. In this case,
although the thermodynamic limit has not yet been fully justified, it is possible (see [16])
to derive it formally. Therefore, the elastic energy

£(u) = ﬁ /Q B (Vu(z)0)da,

where EMF (£) is the Hartree-Fock energy of the lattice £, defined in [16], is a good candidate
to be the elastic Hartree-Fock energy. The same remarks hold for any quantum model.

In the case of the true Schrédinger equation, the difficulty is, as far as we know,
that there is no derivation, even formally, of any thermodynamic limit of the model. More
precisely, it is clearly possible to derive an energy functional, but the associated variational
space is not so easy to guess [20].

Let us make a final remark about these quantum models: in the case of Thomas-Fermi
model, that is, when we forget the term [ |V,/p|? in the energy (40), we have:

B (X)) =2 [
+aoer (- Z/Rsm—md 245 fo o S et 53 )

i#]

where we have used the same notations as in (40), setting the nuclear charges Zj to 1. Let
4m = 1 in the

system of units we use. A simple dimensional argument shows that the power 3 3 appearing

in (70) is in fact equal to %42, where d is the dimension of the space (three in our case).

Therefore, if we consider the corresponding two-dimensional model, the power we should

us for a while forget the physical constant, and assume that h =1 and
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use is 2, so that in this case (70) reads:

F (X3}, ) = /p+2/ ) log (| — X;)d

1
-3 / |, ple)ogle = yDp(wdedy 5 3 log(1X: = X (1)
R2 —
i#j
Note that, dealing with a two-dimensional model, we have replaced the three-dimensional

Coulomb potential ﬁ by the two-dimensional one — log(|z|). The energy being quadratic

with respect to p, the Euler-Lagrange equation of the problem
B0 ~t{ B (ko) 520, pe DRYNIAR?)

log(2 4 el e R, [ p=n} ()

is linear with respect to p. Assuming neutrality, that is, N = M, it reads

N

20+ log(|z — Xil) — px log(|z]) +6 = 0, (73)
j=1

where 6 is the Lagrange multiplier associated to the mass constraint. Now, taking the
Laplacian of this equation, we have:

N
1
—Ap+5p= 2m ) dx;, (74)
j=1

with p € L*(R?). This equation is easily solved, using the Yukawa potential in dimension
two, that is the solution W of —AW + %W = 2wy going to zero at infinity. W is nothing

else, in fact, than KO(\‘/‘—) where K is the Bessel function of the second kind as defined

in [1]. Hence, we have the equality:
p(x) = Wz - X;). (75)

We now go back to the expression of the energy (70), and using (73) and (75), we have:

N
1
[0t [ oo (S toele - il - prtog ) o

=1

n Z(/ z)log|z — X;ldz — 3 log | X; - Xl)

i#]
9 1
= p +§ p(—2p—0) +
R? R?

ETF({Xi}vp)

N | =

N
> (20 + 0+ 1og(] - — X)) (X;)
j=1
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Thus,
N 1
ETT({Xi}p) = Yo+ 5los(l- —X;1) (X))
j=1
= WK~ X)) + N i (W () + 3 los(la]).
2]

Hence, up to an additive constant, the energy (72) may be expressed in terms of the two-
body potential W: the two-dimensional TF model may be recast into a two-body
model, and therefore enters the scope of Section 2. Note that, according to the proof
of (ii) of Theorem 3.2, the link between the power p appearing in (51) and the power ¢
appearing in the microscopic energy (40) is p = ¢ — 1, which ensures that in the present
case formulas (22) and (51) become equivalent.

4.2 Changing the microscopic geometry of the atoms

We now give a few remarks about the microscopic arrangement of the atoms: so far, we
have assumed that they are periodically distributed. Since this assumption is not always
physically satisfactory, the same problem should be addressed in some other cases.

Our first point is a direct improvement of the preceding sections, and is concerned
with polycrystalline materials. In this type of solids, we have a mix of different lattices
l1,4o, ... Lk, with volumic ratios a1, as9,...,ax. The characteristic length of this mixing
is far larger than the atomic one, and far smaller than the macroscopic one. We refer
the interested reader to [34, 41, 42] and the references therein. Therefore, introducing an
intermediate scale 7y such that ¢ < v < 1, (we deal here only with the case ¢ = ¢§) one
should introduce a tiling of size y of the set Q, for instance the unit cells of the lattice yZ3,
setting Q; = QN (yQ +j), for j € Z3, and Q being the unit cube. Then, separating each
Q; into K sets Q}, ?, . ,Q]K of volumic ratios a1, as, ..., ax respectively and assuming
that in the set Qf, the atoms are distributed on the set #;, we thus may use exactly the
same computations as those of Theorem 2.1 (i) or Theorem 3.2 (i), getting as elastic energy:

K
E(u) = ﬁ ; /Q ap B (Vu ()0, )da, (76)

where the energy functional E™™ denotes the corresponding rescaled microscopic energy.
One may also very well allow the coefficients aj to depend on z without any change.
Another possible improvement consists in replacing the measure Z,ﬁ(:l a0y, implicitly
used in (76) by any probability measure y defined in the space of lattices £3(R3). In this
case, Krein-Milmann theorem allows to approximate p by a sum of Dirac masses as above.
The integer K becoming a parameter depending on &, and going to infinity as ¢ — 0, with
the condition ¢ € v K % & 1, it is here again possible to adapt our method, finding;:

1 micro T 1
£ = /Q /E T () (0 (77)
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Figure 3: The limiting process allowing to derive (76), with K = 2.

Let us point out that the result does not depend on the tiling we choose, as far as it is
sufficiently regular (one can for instance replace the lattice Z3 by any other lattice in the
above argument).

The point here is that everything we did in the previous sections extends to this situ-
ation, except that we have created interfaces between the grains of each lattice (the cubes
Qg? in the present case). Now, the condition ¢ < < implies that the bulk in each Q; is
far more important energetically than these interfaces. However, this remark allows to
predict that this presence of different phases should trigger additive terms in the higher
order expansion (Theorem 2.3), and in particular a bulk term of order one accounting for
these grain boundaries. Worst of all, this term will probably exhibit a dependence on the
tiling used. Hence, the expansion at higher order should involve a tiling which is consistent
with the physics of grain boundary contacts. All this is beyond our reach today.

One should notice that in the proof of Theorem 2.1 (and implicitly in the one of
Theorem 3.2), the important feature about periodicity is translation invariance. Indeed,
the crucial point, appart from the Taylor expansion, is the fact that for any lattice £, we

have:
Viel, Y Woli-i)= >, W),
je\{i} je\{0}
as far as Wy decays fast enough at infinity. One cannot break this property without
breaking translation invariance. Conversely, if a sort of translation invariance holds, for
instance in the case of almost periodic systems (see [12, 48|), it is possible to adapt our
argument. Indeed, in this cas, one would find the same kind of result:

£(u) = ﬁ /Q Fuwy (Vu(z)0)de,

where Ew,(Vu(z)f) denotes the two-body energy of the almost periodic set Vu(z)¢, that
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is,

Ew,(f) = lim > Woli — 4),
i#je BRNVu(x)l

which exists because £, hence Vu(z)¢, is almost periodic. Note that this quantity does
not depend on the center of the ball By, even in the case when this center depends on
R. This property of existence and uniqueness of an average energy seems to be the crucial
one in order to use the method of Theorem 2.1. Of course, some non almost periodic
sets enjoy this property (think for instance of the set Z® \ {0}), and the question of the
characterization of such sets seems to be open.

5 Convexity and related properties of the homogenized en-
ergy

We give here a few remarks about the homogenized energies we have obtained in Section 2
and Section 3. Starting with the zero-order terms (21), (22), (50) and (51), we then study
higher order terms obtained in Theorem 2.3.

5.1 Zero-order term

We start with the zero-order terms (21), (22), (50) and (51), first pointing out that each of
them exhibits the invariance (16), which is a direct consequence of the Cauchy-Born rule,
and in particular:

VM € M¥3, vQ € GL3(Z), E(MQ)=E(M). (78)

Here MiX?’ denotes the set of 3 by 3 matrices having positive determinant, and GL3(Z) the
set of matrices having integer entries, positive determinant, and which inverse have integer
entries (this set is also equal to the set of matrices having integer entries and determinant
equal to £1). Equation (78) simply expresses that the lattice defining the microscopic
structure of the solid is invariant under a change of basis. Note that this remain valid in
the high density limit because |det Q| = 1.

The point is, this invariance prevents any use of the quasiconvexity existence theorems
proved by Ball [3], because of the absence of (rapid) growth of the energy at infinity.

According to some remarks in [17] and [24], the invariance (78) prevents any quasicon-
vexity property (in addition to the absence of rapid growth at infinity). We nevertheless
provide a simpler proof of this fact in the particular case of a two-body interaction with
radially symmetric potential:

Proposition 5.1 Let Wy : RT — R U {400} satisfy the following:
(a) Wy is of class C* on [R,+00) for any R > 0;

(b)) 3a >0 / Vte [l,4+00), [Wo(t)| < 55 and |[W{(t)| < %, for some constant
C >0, and
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(c) there exists some ty > 0 such that Wi(to) # 0, and Wy is monotone on [ty,+00).

Define the energy
E(M)= ) Wo(lMj]),
jeL\{0}

for some fized lattice £, and for any matriz M € MiX?’. Then E is not rank-one conver,
thus not quasiconver.

Let us point out that the conditions imposed on Wy are fairly general, and include in
particular almost all two-body potentials currently used in solid-state physics.

Proof: We assume for the sake of simplicity that £ = Z3. For any z € R, A, pu > 0, we
define:

AN py2) =

S O >
OT'| N
T o0

and define the function @(A,u,z) = E(A(A, p,2)). Assuming by contradiction that E is
rank-one convex, ¢ is convex with respect to z. Now, one easily computes, using (78),
©(\, 1, An) = (A, p1,0), for any integer n. Hence, ¢ must be independent of z. Differenti-
ating it with respect to z, one thus finds:

. . . . (M1 + z72) 2
0= Wo'( (N1 + zj2)? + p253 + u%%) . . . —.
j%% v V1 + 2j2)2 + 1243 + p253

We now let A go to infinity, getting:

0=y Wé(\/(#2+z2)jf+#2j§)\/( il .

jez2\{0} /1'2 + z2).7% + /1'2j2

Dividing this equality by z and then taking z to zero, this implies that
2
! .
0= Y Wyluli)=.

.2
jez2\{0} gl

Now, choosing u = tg, we see that all terms of this sum have the same sign, while some of
them are equal to W{(to) # 0, which is contradictory. ¢

However, in the high density case, that is,

1 dz

€W =197 J, [ va@)p’ (79)

with p =1 or p = %, the function ¢ +— ti,, being convex in either case with respect to

t on R, the energy £ is polyconvex [3]|, hence quasiconvex. The energy being highly
degenerate, one needs to add confining terms in order to have some equilibrium state.

This kind of problems are dealt with in [44].
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Note that in fact in the proof of Proposition 5.1, we have essentially used the fact
that a convex function cannot be periodic, unless it is a constant. It is in fact a direct
consequence of [23] that a rank-one convex function satisfying (78) must be of the form

(79):

Theorem 5.2 (Fonseca, [23]) Let E be a function defined on Mqo’_X3, the set of 8 by 8
matrices having positive determinant.

(i) Assume that E is bounded below and satisfies (78). Then, E is rank-one-convez if
and only if there exists a convex function g : (0,+00) — R such that

E(F) =g(det F), VF e M.

(i) If E satisfies et hm +E(F) = 400 and (78), then its lower quasiconver envelope
-0

QFE is equal to zts rank-one-conver envelope, and there exists a conver function g :
(0,+00) = R such that

QE(F) = g(det F), VF e M.

Therefore, the application of this Theorem to the TFW case allows to conclude that
a result similar to that of Proposition 5.1 holds in this case. Indeed, should the corre-
sponding energy be quasiconvex, it would only depend on the determinant of the gradient
deformation, according to (i) above. Hence, using

A0 0

1
M = 0 X (1)
0 0

as a gradient deformation, the corresponding energy should be independent of A. This is
in contradiction with the fact that as A goes to zero, the energy goes to infinity. (Because
a “great amount” of nuclei get closer and closer in the process. See [7], Proposition 5.2 for
a rigourous proof.)

5.2 The boundary term

We now turn to the term of order one in (29) and (30). Here again, we refer to [11] for a
detailed study, giving here only a simple example of the role this term may play.

Consider the case € = ¢, that is (29), discarding all terms of order strictly higher than
1. Assume in addition that Q = @ is the unit cube, and that £ = Z3. Then, the elastic
energy reads:

:%/ZWO(VU Vo == [ 33T Wo(Vu()j)do(s),
@ 0

90 k>1j-n(z)>k
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the sums over j being restricted to j € Z3. The consequence of the presence of this first-
order term is the breaking of property (78). Indeed, let us consider the example

Z1 + pr2
u(z) = x2 ,
z3
where p is an integer. Then, we have
=33 m0) - 5 (X M)+ ¥ Wi + ¥ Wolu(i)-
J#O k>1 M=k g2>k lis|>k

Observe now that the last two sums do not depend on p. We are now going to assume that
the potential Wy is radially symmetric, and satisfies:

Wo(z) = Wo(lz|) <0 for |z| > 1.

Hence, we have:

E(w) = AO_‘Z > Wo<\/J1 +Pj2)2+j§+j§)

k>1 [j1| >k
P

> A —SZ Z Wo(\/(p—P)2 + 1+j§>
k=1j3€Z

> Ao—ﬁpzwo(vl‘l‘mQ) = Ay + €Bp,
meZ

where Ay does not depend on p, and B > 0 is independent of € and p. Therefore, as p goes
to infinity, the energy grows like +¢ep, going to infinity.

5.3 The second-order term

We now study the second-order term. Let us start with the one-dimensional case, in which
(in the case ¢ = 4§, that is, (i) of Theorem 2.3) the energy reads, if we neglect boundary
terms and assume that Q = (0, 1):

/ S Wolu!(a)j)dz — & / S Wl (@)j) (u” (@) 2z, (80)

Jj#0 3#0

where the sums are over Z \ {0}, since we assume for the sake of simplicity that the lattice
£ is equal to Z. Hence, we have an energy of the form:

/ Fo(u!(z))dz + 2h( (z)) (" (z)) da,
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with h(y) = —3; 2240 7*Wo(yj), and Ey is the standard zero-order energy. Thus, if W,
satisfies the following inequality:

vy €R, Z]4W0(y]) <0,
J#0
then the energy (80) exhibits a convexification term of order 2. The influence of this

term on the energy has been studied in details in [4] in the case of the pure displacement
problem, that is:

In = inf{g(u), w(0) =0, w(l)=1+ A},

for some A € R, corresponding to imposing a displacement of length A at the right end
of the solid, the other end remaining still. It is shown in [4] that when & = 0, Ia exhibits
discontinuous critical points, and have no absolute minimizer in a classical sense. When
the second-order term is added, and if A > 0, then bifurcation phenomenas (with only
smooth critical points) occur.

Let us now point out that there exist potentials W for which the corresponding quantity
is indeed negative. This is the case for the Morse potential (well suited for a wide range
of materials [49, 51]). Indeed, an easy but tedious computation, that we do not reproduce
here for the sake of brievity, shows that

Lemma 5.3 Consider the Morse potential, that is,
W()(l‘) — e—2(z—r0) _ 26—(z—r0),

and assume that the caractestic length ro satisfies 1o < 5log(5) — 8log(2) = 2.502. Then
we have:
Vy>0, Y j*Wolyj) <0
J#0

On the other hand, it can be shown that the Lennard-Jones potential (Wo(z) = -1z — 25)
cannot satisfy this property.

A similar analysis could be carried out in the high density case, that is, (ii) of Theo-
rem 2.3, the second-order term enjoying the same kind of property.

A similar study should be possible in the three-dimensional case, but calculations are a
lot more involved, and it is not clear whether an ellipticity property can be derived in this
case. However, the high density case is more tractable: looking at the second-order term
of (30), it is possible to change variables in the integral with respect to y, and obtain:

2
£ = 5 / . D2Wo(Vaz)y) (D*u(z) (4, ), D*u(z) (y, ) dyds =

//D2W0 2u(z)(Vu(z) ™z, Vu(z)~12), D?u(z)(Vu(z) "'z, Vu(z) ~12))dz
24|Q| QxR3 | det(Vu(z))]

o] Al [(%ﬁ)g))_ﬁ%@ (2:7), (%)}mmm] dd,

dr
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where v = u~!. This expression is certainly easiser to study. For instance, if one only

looks for radially symmetric deformations, and assuming that Wy is radially symmetric,
then the total energy is bounded from below by a norm of the second derivative of v, hence
by a norm of the second derivative of u. For the details, we refer to our forthcoming work
[11], where a complete study of this second-order term will be done.

The question remains, in the general three-dimensional setting, and both for (29) and
(30), to know wether it is possible to find some situations where the second-order bulk
term exhibits ellipticity properties, as was assumed for instance in [5].
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Chapitre 7

Ecrantage d’un champ électrique
extérieur macroscopique

Ce chapitre reproduit un article écrit en collaboration avec R. Monneau [P9], et accpeté
pour publication dans Differential and Integral Equations. Nous y étudions l’effet d’un
champ électrique constant sur une plaque décrite par le modéle de Thomas-Fermi-von
Weizsédcker, dans la limite ou la distance interatomique tend vers 0.
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Screening of an Applied Electric Field Inside a
Metallic Layer Described by the
Thomas-Fermi-von Weizsacker Model

X. Blanc*? & R. Monneau!
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Abstract We are interested in the effect of a constant electric field on the electronic
structure of a crystal. We model it by a density-functional theory, and derive from this
microscopic model macroscopic features of the system by letting the ratio € between atomic
spacing and the size of the crystal go to zero. Although many aspects are disregarded in
this approach, we show that the effect of the electric field is negligible inside the crystal and
estimate its vanishing rate with respect to the distance from the boundary of the crystal.
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1 Introduction

We consider a band of crystal immersed in a constant electric field perpendicular to the
surface of the crystal. Modeling the electrons by a quantum (hence microscopic) theory,
namely the Thomas-Fermi-von Weizsicker theory, we aim at deriving a macroscopic de-
scription of the effect of the electric field on this crystal. In order to do so, we let the ratio ¢
between the interatomic distance and the width of the crystal band go to zero, accounting
for the fact that the first is physically of some orders of magnitude lower than the second.

The main feature of this limiting model is that the effect of the electric field is confined
to the boundary of the crystal. Studying this aspect further, we give an estimate of the
decaying of this effect in the crystal with respect to e. However, some non-physical features
are also evidenced.

These non-physical features are mainly due to the fact that the model describing the
electrons is a static one, thereby preventing the description of any dynamical features. And
even static macroscopic phenomena may very well originate from dynamical microscopic
ones. Although the type of model we use here has proved to be relevant in some cases
related to this one [4, 3], it surely misses some important aspects.

In the following we start by presenting a simplified one-dimensional version of our
results, describing in section 2 the full three-dimensional Thomas-Fermi-von Weiszacker
model and the corresponding results. We will drop the proofs of the one-dimensional
results which are easy adaptations of the more involved three-dimensional problem. A priori
bounds are given in section 4 and the three-dimensional proofs are presented in sections
3 and 4.2. We add in Appendix 5 a homogenization approach by two scale convergence
which gives more limited results in our context.

1.1 A one-dimensional microscopic model
1.1.1 Physical description

We consider a one-dimensional crystal. Let us denote by £ € R the one-dimensional
coordinate. We assume that the crystal fills the macroscopic segment:

[-1,1] C R,

and this crystal is submitted to a constant exterior electric field E. By symmetry consid-
erations, we may assume that this electric field is oriented in the positive direction = > 0,
ie. E >0 (see fig. 1).

Exterior Electric Field
E>0

Crystal

Vacuum 1 1 Vacuum

Figure 1: A one-dimensional crystal submitted to a constant exterior electric field
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We assume that the crystal is physically described by nuclei and electrons. The nuclei
are supposed to be fixed, and to stand at the positions {ei, i € Z, |ei] <1}, where ¢ is
the interatomic distance of the crystal. Mathematically, they should be described by Dirac
masses, but in order to simplify our presentation, we use a Jellium-like approximation
[11], replacing € ) d¢; by m = 1;_; ;). (Note that the first one converges to the second one
in the sense of measures.) The density m can be understood as a collection of % nuclei.
Furthermore, each nucleus has a renormalized charge equal to +¢. In particular the charge
of the whole set of nuclei is [m = 2 which is equal to the number of nuclei times the
elementary renormalized charge €. As it will be clear in subsection 2.3, the choice of the
renormalized charge equal to € is natural according to physical considerations.

For the examples that we have in mind the microscopic size € is much smaller than the
macroscopic size 1. Typically € ~ 10710, so that we expect the limit £ — 0 to be a good
model.

The electrons are described by a renormalized density p which satisfies

p(z) >0 on R.

In this model we define the usual charge density by the ratio of m — p and the charge € of
a nucleus:

m—p

(1)

g =
€
In particular [ o = +1 means that there is one more nucleus than electrons, and [ o = —1
means that there is one more electron than nuclei.
We define the Green function of the operator —A as a solution to —AG = dg. In the
following, the one-dimensional Green function is chosen to be equal to

G(z) = —%|ac|

As a consequence of this choice, the electric potential (up to addition of a constant) is given

by G x 0 — Ex where we recall that the convolution is defined by the following formula:
“+00

Gxo(z) = / dy G(z —y)o(y). Then the total electric field is

—0oQ

d
Etot——%(G*O'—EIE). (2)

1.1.2 The mathematical model

We now present the mathematical microscopic model defining the electronic density p as
the solution of a minimization problem. In this simplified version of the Thomas-Fermi-von
Weiszécker (TFW) model (see [6, 5, 7] for a presentation of this model and the related
mathematical results), we assume that the density p minimizes an energy

+o00 d 2 1
55(p)=/ e* (@(\/ﬁ)) +62p%+p-G*(§p—m> +eEzp

—0o
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on the convex set K defined by (A > 0)

+oo
Ki={pz0 vpem®, mher®, [ =il

—0o0
The point is, & is strictly convex on K. The functional &, is a particular version of
the thin film TFW energy presented in [7]. The coefficients in the energy originate from
physical constants which may be expressed in terms of €, as shown in section 2.3. The first
term in the integral is a kind of kinetic energy, the second term is a Fermi pressure term,
the third term contains the coulombian (in one dimension) interaction of the electrons
with themselves and of the electrons with the nuclei, and the last term is the interaction
between the electrons and the exterior electric field.

Remark 1.1 The scaling in € is such that for T = z/e, p(z) = p(x), m(T) = m(z), we
have p minimizes & if and only if p minimizes the energy &1 with € = 1 and m in place of
m.

1.2 Results for the one-dimensional model

Qur first result is the

Theorem 1.2 (Crystal Ionized by the Electric Field)
Assume that 0 < E < % Then, setting

A = (1 —eE) (/R'm,)

we have:
(i) If A > A, infg, & = —o0.
1) If 0 < A< A, infg, & > —o0, and this energy admits a uniqgue minimizer py € K.
A

>From the fact that A\ < [m we see that every solution describes a ionized crystal
when E # 0. This fact was already known for the TFW model (as well as in any quantum
chemistry model): every molecular system submitted to a constant exterior electric has no
stable state. Therefore our model can not give a globally neutral solution in an exterior
electric field, so far as ground states are considered. In fact physically such a neutral
solution is not the minimizer of an energy: every neutral solution in an exterior electric
field is metastable.

Because [m = 2, the ionization is equal to 2¢E but is not negligible at all. Let us
recall that the charge in this model is obtained after a division by € (see (1)). We deduce
that the charge corresponding to the ionization is equal to 2F (see fig. 2).

In fig. 3 we have represented the situation for a perfect conductor: the electric field
vanishes inside the material, but contrarily to the TFW crystal, the material is globally
neutral and the charge Fd;(z) is compensated by a negative charge —FEd_1(z) on the other
side of the material. As we explained, this compensation is impossible in a TFW model,
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Total Electric Field

E.,=0 0 2F

c=0 0 2E§ () 0

Charge Density

Figure 2: A TFW crystal at the limit ¢ =0
Total Electric Field
Ew=E 0 E
| |

I |
c=0 —Ed§ 1(2) 0 Eéi(x) 0

Charge Density

Figure 3: A perfect conductor submitted to a constant exterior electric field

because the electrons are unstable in the position £ = —1 and can decrease their energy if
they go to —oo.

In the following, we will then consider the closest solution to the neutral one, namely
the solution for A = A, that we simply denote by p. For this solution we prove the

Theorem 1.3 (Exponential Decay of the Electric Field Inside the Crystal)

Let 0 < E < é and X\ = A.. Then there exist two positive constants C1,Co (which only
depend on a bound on E and not on ) such that the minimizing density p and the total
electric field Eyor (given by equation (2)) satisfy

Ip(z) — 1] —Cp )
| Etot ()| } s e 3)

where d(z) = d (z,[—1,1]°) is the distance of a point = in the crystal to the boundary of the
crystal.

This result shows that the interior of the crystal has a behavior of a perfect conductor
far enough from its boundaries. In particular the penetration length of the electric field is
essentially of the order of a few ¢ (the size of a cell of the crystal in this simple model).

This result is optimal in the sense that the constants C1, Cy can not depend on a bound
on ¢F, because for F = % the only solution is p = 0 and (3) would be clearly wrong. Even
in the case E = 0, this exponential decay result for a TFW-type model seems relevant.
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2 The three-dimensional model

2.1 Setting of the problem

We study a band of crystal filling the following subregion of R?
R? x [-1,1],

and submitted to a constant exterior electric field orthogonal to the crystal
Eegt = FEes,

where e3 is the third vector of the canonical basis.
The nuclei are supposed to be fixed at their positions on a subset of the lattice ¢Z3.
The underlying thin film structure is present through its periodic lattice £,:

. = €Z? x {0},

and, unless otherwise stated, all the functions we consider here will be assumed to be
£.-periodic. We introduce the (periodic) unit cell I'; of the periodic lattice £:

2
. =R3/¢, = [—% g) x R.

o

T

Figure 4: The set of nuclei together with the unit cell I'; (projected on the plane {zo = 0}).

In this three-dimensional model, each nucleus carries a renormalized charge which is
fixed equal to €3 such that the charge density generated by the nuclei in a cell T, is defined
by

N
m(z) = Z e36(z — kees).

k=—N
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for some integer N. In particular we have 2N + 1 nuclei in each cell T';.. As it will be
clear is subsection 2.3, the choice of the renormilazed charge € is natural from physical
considerations.

To simplify the presentation we restrict our study to the particular values of ¢ given

by e = = 2 where €2 has to be interpreted as the

N+
area of a section of I';, and the nuclei ﬁll the set

€Z3 N (R2 x [—1, 1]).

The electrons are represented by their density p, which is a positive £.-periodic function.
In particular we define the usual volumic charge density on a cell I'; by the ratio of m — p
by the charge of a nucleus divided by the area of a section of T, i.e. €3/e? = &:

m—p

g =
9

The £ .-periodic Green function G. satisfies —AG. = dp(x) on T, and is chosen to be
equal to

1 1 1 1 dy M
G.(z) = —— = SRR W N My
() 282|$3| + 47 Z (|x—k| g2 /[ [x{0} |w—y—k|> + e’ 4)

£ e
keeZ2x{0} 272

where the constant M is chosen so that G.(z) — 47?\?6\ — 0 as z — 0. From the definition
of G., M is independent of €. With this definition of the Green function, the electric
potential (up to addition of a Constant) is given by G, x o — Ex3 where the convolution
product is defined by G, x o(z fr dy Ge(z —y)o(y). Then the total electric field is

Etot =-V (GE * g — E$3) (5)

The electronic density is moreover assumed to minimize an energy

1
o) = [ ' VVBE + 20 4 p-Gix (3o —m) + B, 6)

€

which is strictly convex on the convex set K defined for A > 0 by

Ky = {pzo, JBEHITL), |zslpe AT, p=) >o}.

€2

€

The energy & is called the thin film Thomas-Fermi-von Weizsécker (TFW) energy (see
[7]).
2.2 Mathematical results

The above model (6) was derived in [7] in the particular case of a neutral isolated system,
i.e when F = 0. Hence the first step of our work is to study it when E # 0:
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Theorem 2.1 (Crystal Ionized by the Electric Field)
Assume that 0 < E < % Then, setting

mom (3 ).

(i) If x> A, infg, £ = —o0

we have:

(i) If 0 < X < A, infg, E > —o0, and this energy admits a unique minimizer py € K.
This solution satisfies in particular the following Euler-Lagrange equations on Iy with

U\ = /PA’

—etAuy + 552u§ = druy,
(7)
o\ = G (m - ui) —eFEx3 —0,,

1
where @), is a constant which is the Lagrange multiplier for the constmmt — p=A
Te
As in the one-dimensional model this result states that only ionized solutions exist in
a constant exterior electric field.
Let us recall the

Theorem 2.2 (I. Catto, Cl. Le Bris, P.-L. Lions [9]; Existence and Uniqueness
of a Periodic Solution)

For mpe, (z Z d(z — k), the following system (obtained from (7) fore =1, N = 400
keZz3
and E =10)
7
_Auper + %Ui?er = ¢perupera
_A¢per = Mper — 'Uf?,er; (8)
Uper > 0

has one and only one solution (Uper,Pper) € L™ (R3) X Ltmf

(R3) In particular this
solution is Z3-periodic. We recall that

Lumf (Rg) {¢ € Lloc(R )7 Seup |¢|L1 (B1(z)) < +OO}

In the following, we will consider the solution py given by theorem 2.1 for A = A, and
we denote it by p. For this solution we prove the

Theorem 2.3 (Exponential Decay of the Electric Field Inside the Crystal)
Let 0 < F < % and X = A.. Then there exist two positive constants Cy,Co (which only
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depend on a bound on E and not on ) such that the minimizing density p and the total

electric field Eo (given by equation (5)) satisfy with pper(z) = u?,e,(:v):

bl

p(z) — Pper(%)‘ e C2 d()
Etot(x) + (V¢per) (%)| } S Cl

where d(x) = d(z3,[—1,1]) is the distance of a point = in the crystal to the boundary of
the crystal.

Here again, as in the one-dimensional version (section 1.1), this result states that in
the limit € — 0, the electric field has no effect inside the crystal, giving an estimate of the
penetration length with respect to €.

2.3 Relation with the physical model before renormalization

In this section we recall the physical model. We will denote with a tilde some physical
quantities to avoid every ambiguity with the corresponding renormalized quantities.
We consider a crystal which is a collection of nuclei on a lattice

UEZ? N (R2 x [—I;,i;]) :
where 2L is the thickness of the crystal and 27¢ is Bohr’s radius:
h2
(Qme)
7& .
€0
The parameter p is adimensional and is only useful to fix the size of the lattice cell. The

lattice cell is denoted by
N
F_ [ _nE pe
I'= [ 779 ) x R.

=

Each nucleus is assumed to carry a charge Ze where e is the electron charge and z is an
integer. On a cell, the physical charge density of the nuclei is

m(E) = Y Zed(& — kuées),
ke[—N,N]

where 2N + 1 is the total number of nuclei in each cell I, and the integer N is defined by
N+3g=L

If we denote by p the electronic density, we get for a neutral crystal ff p=(02N+1)z
and for a ionized crystal we have

[ﬁ:(2N—|—1)2—I,
r
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where I is the positive ionization.
Then the Thomas-Fermi-von Weizsécker energy is

- h2
£(p) = /
(p) - 2m
where F is the exterior electric ﬁeld Crr is an adimensional constant, and the convolution
is defined by G * & (% = [ dy G(% — §)6(§), and

- 1 1 1 1 dij M
G = - ~ + ~ ~ / =~ ) + ~9
£0G () 2(42)° Bl + o > (|:i “H WP st TG k|)  nE

keusz2 x{0} 2772

VfQ C Ui
P‘ + TF e

- 1 -
53 +epr G (56,3 . m) + eEisp,

where M is the adimensional constant previously introduced in (4).
Now, if we set

w\w

and £ = (CTF)

bn| (LN

we get a model similar to our renormalized model but with nuclei on a lattice veZ3 with
a modified charge z, where these quantities are given by

1
_.
(Crr)?

In our model, to simplify the presentation, we make the following assumptions

z and v =

z=1 and v=1.
As a consequence, on the renormalized cell ', = [—%, %)2 X R, we define the renormalized

densities by

3
2

pz) = L3 (Crp)7p(E) and m(z) = L3 (Orp) 77 (%)

and the renormalized energy & and the exterior electric field E are chosen proportional to

the corresponding physical quantities £ and E. We then get exactly the model presented
in subsection 2.1 with the renormalized energy (6).

3 Proof of Theorem 2.1

3.1 Preliminaries
Before proving Theorem 2.1 let us present the following straightforward but useful lemma:

Lemma 3.1 Let

1
E(p,m,E) = / 1|Vl + %05 + p- Gek (gp - m) + eEx3p

€

and

1
K- {p20 vrem®), lmperm). %[ p-r>o}.
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Let us define

Sl
I
o8

and p(T) = p(z), m(z) = m(x). Then
p(xz) minimizes E(p,m,E) on K5

if and only if
p(Z) minimizes & (p,m,E) on K.

Notations
When ¢ = 1, we simply drop the index € and use the notations:

5 1
E(p) :/|V\/ﬁ|2+pg +p-Gx <§p—m> + Ezxsp
Tr

with )
11
S
G=G1
N
m(z) = Z d(zr —kez) on T

k=—N

and

sz{pzo, VBEHIT), |aslp € IMD), /p=A>o}.
N

Here A, = (1- E) (f.m)) and [, m =2N +1.

3.2 Main proof

Let us first say that the proof of theorem 2.1 is essentially an adaptation of the original
proof of R. Benguria, H. Brézis, E. H. Lieb [5]. >From Lemma 3.1, this proof reduces to
the case ¢ = 1.

Step 1 : £ is well defined on K

We will check that the energy £ is well defined on K. To do this we need to rewrite
the Green function G as

Lemma 3.2

_ 1 ((z) | A
G——§$3|+W+G(ﬂ“)

where ¢ € C§°(T') satisfies ﬁ > (¢ >0 and for 6 > 0 small enough

_ %r on B;s(0)
C—{é on (Bas(0))°
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Here G satisfies

C:?(w) —0 as z—0
Glw) — LJus] € C(T)
G(ac() =0(|z3|™®) as z— 400

for every 0 < a < 1.

Proof: See [7] Proposition 3.2, Lemma 3.1. ¢
We now remark that the only possible singular terms in the energy are

5
I :frP§
Iy= [p(Gxp) =I5+ I§ + I

with
= [ ’ (< p)
If = —35 ffp |373 — y3|p(y)
I3 = ffp B p(y)
Considering

pla) = n(z1, z2)p(x)
where 1 € C§°(R?) and

p=1 o [

n=>0

Using as in [5] the Sobolev injection
3C > 0,Vu € HI(R?’), |U|L6(R3) < Cqu|L2(R3)
we deduce that § € L3(R3). Because p € L*(T') we deduce by Holder inequality that

I < 40

Using again p in place of p we bound I} by Holder inequality because %I‘) € Lg(F), and

we bound I3’ using the fact that % * p € L*®(T) by Young inequality. To finish, I} is
bounded because G € L®(T) and |I{| < 400 is a consequence of |23 — y3| < |x3| + |ys]
and |x3|p € L'(T).

Step 2 : Proof of i)
As one may expect, the energy reaches —oo when some of the electrons are driven away by
the electric field. In order to mathematically account for that, we introduce a non-negative
function x € C§°(T') such that [, x =1, and define

A+ A A—A
pn(z) = 5 “x + 5 “x(z + nes),
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pn being periodically repeated along Z? x {0}. Here A\, = 2N + 1 —2E = (1 —¢E) [m
with € = . If n is large enough to ensure that supp(x) Nsupp(x(- + ne3)) = 0, then

1
N+3
fr pn = X and py is a test-function for the energy. We compute:

£(p) - E(/\J;/\CX) LA N </\—2/\C>5/3/FX5/3
+% /FXF x(2)G(z — y)x(y)dzdy

A=A
2

_I_

/ x(z + ne3)V (z)dz.
r

where V(z) = 2oy x G — >1ji<n G(z — jes) + Exs, (with the convolution taken over I').
Since only the last term in the energy depends on n, and since by lemma 3.2 we have

(>‘ - >‘c)
4

where r € L*°(T"), we deduce when A > A, that

Viz) = — |z3| + 2Ez§ + r(z)

lim &(pp) = —o0

n—-+o0o

Step 3 : Convexity of the energy £ on K
For p € K, we can rewrite the energy as

1
E(p) Z/FIV\/ﬁ|2+pg+vp+wp+ 3D6(p=2x,p = Ax) = O (9)

where v € Lg(I‘), w € Lo (T) with C(1+ |z3]) > w > 1, Dg is a positive symmetric
bilinear form on K, — Ay and C), is a constant. More precisely we have

Z C(z — jes)

et Tz — jes|

w(z) = A(z) + 2Bz + O\_QikC)|:c3| (10)

40 == X (6t jea) = 3 (loa =1~ laah ) =3 (G xx = 3loal) + 4

l7l<N

where Ag is constant such that A > 1. And the constant C), is then given by

)\2
C)\ :AO — E/X(G*X)
r

Moreover the bilinear form D¢ is given by the following property
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Lemma 3.3 The following symmetric bilinear form

Dq(f,9) :== f(@)G(z —y)g(y)

I'xI’

is continuous on the Banach space Y = {f € LY(T) ﬁL%(I‘), lz3|f € Ll(l")}. Moreover

for
Yy = Y. =
o={rev. [1=o]
we have
VfeYy, V(Gxf)eL*) (11)
and

Vf.9€Yi, Dalf.g) = [ V(Gx])-V(Gxg)
In particular Dg is positive on Yj.

Remark 3.4 Let us point out that the converity of the bilinear form Dg is subjected to
the constraint f € Yy. In other words, £ is strictly convex on the hyperplanes {fr p= A},
for each X\, but not on the whole space. This accounts for the existence of A, which would
not possibly exist if £ was conver on the whole space.

The first two terms of the energy are strictly convex with respect to p (see [5]). Because
every positive quadratic form is convex, the map f —— Dg(f,f) is convex on Yy D
(Kx — Ax), and we deduce in particular that £ is strictly convex on K.

>From the expression (9), we see that £ is naturally defined and strictly convex on

Ky={p>0, VpeH (T)NL*(w), V(Gx(p—Ax) € L*(D)} DKx VO<A< X
where w is defined in (10) and
L*(w) = {u € LX), /qu < +oo}
r

1

with the norm |u2 () = (fr u2'w) 2, The fact that K/’\c D K, and K| = K for A < A,
is a consequence of (11) and the fact that

e, (peK}) — (/szx)

This is proved by the lemma
Lemma 3.5 If f € LY(T"), then V (G % f) is defined in D'(T). Moreover

(V(Gx f) € LX) = (/Ffzo)
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Step 4 : Minimizing sequences on K}
We first remark that for A < A, and p € K}, we have (following the bounds on I):

E(p) > —C+p|

wlutwlot

- C|p| (12)

5
3

We then consider a minimizing sequence (p, ), in K. From (12) and the expression of the
energy (9) we deduce

[v/Pnl < C
|p"|L% < C
|V/PrlL2(w) < C
IV(Gx*(pn =)z < C

Up to extracting a subsequence we have \/p, — +/poo in L? . i.e.

loc?
: 1
pn — pOO 1 Lloc

Moreover

VPn — VP in Hé)eak

: 3
Pn - Poo mn Lweak

\/p_n - vV Poo in LQ(w)weakz
V(G*(pn—Ax) — Fyx in L2

weak

where the limits are identified using the convergence in the sense of distributions. Moreover
we have the

Lemma 3.6 Fo, = V (G % (poo — AX)

By continuity of each convex term @ of the energy on each corresponding reflexive Banach
space, we get
®(po) < liminf @(py,)

n—-+o0o

and then
< limi _
E(poc) < liminf & (pp) 1}1(1{5
In particular, by construction we get po, € K3. The uniqueness of the solution in K} (and
then in K) is a consequence of the strict convexity of the energy on Kj.
Step 5 : Euler-Lagrange equation and p,, € K),
Let
Dy ={¢e H (), * € K}}

Using the fact that for p = ¢? (note that we do not assume ¢ > 0):
Vvp = V( (sgn(¢))

we see that

E(p) = @([¢]) = 2(©)
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where

3(() = /F Ve 41c]S 42 Gx (%@ . m) | Bl

Because inf K, € = infp, ® = ®(/po), We then write down the Euler-Lagrange equation
satisfied by u = /poc,

—Au+ gu7/3 = ¢u (13)
with
¢=G*(m—u2) —Fz3—0

where @ is the Lagrange multiplier associated with the mass constraint fr u? = . This
implies in particular that

—A¢p =m — u? (14)
We then use the following lemma which is proved in the following section:

Lemma 3.7 If (u, ) € is solution of (13)-(14) with u > 0, then there exists a constant

C > 0 such that
C

o< Y
1+ |z3]2

For A < A, we have K\ = K, but for A = . we only know that po, € K} D Kj,. Then
lemma 3.7 implies that ps, = u? satisfies z3poo € L'(I'), which implies po, € K for every
A € [0,);]. This ends the proof of theorem 2.1.0

3.3 Proofs of the lemmata

Proof of lemma 3.3: Following the proof of the bounds on the term I3, we get for

fgeyY
|Da(f,9)] < C|flylgly

where
fly = (L + leal flua + 171

which proves the continuity of Dg on Y.
For f € Y, we have

—AGxf)=f (15)

Then by elliptic estimates and Sobolev injections, we have G % f € C%(T) and

Gxf =5 ([ 1)l + pseataa) ([ sa) +o1) as faal 400 19

Now for f € Yy N C§°(T), multiplying equation (15) by G % f and integrating by part, we
get

[w@snr=[resn
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Using the density of ¥y N C§°(T") in Yy, we get for all f € Yp:

Dalf,f) = lim / V(G )

fn— frfn€YoNCE (T

J

IV (G * f)]?
T

Vv

la (V (G )|

which implies in particular (11). Here we have used the
Lemma 3.8 If f,, = f inY, then V (G * f,,) = V(G x f) in D'(T).
Now the bilinear form defined by

9= [V(E+)-V(Gxg
is well defined on Y; and and satisfies the Cauchy-Schwarz inequality

B(£,9)| < (B(f.£))? (B(g,9))?

which proves that B is continuous on Yj. Because B is equal to Dg on Yy N C§°(T) which
dense in Yy, we deduce that Dg = B on Y;. This ends the proof of the lemma.

Proof of lemma 3.8

Let us consider ¢ = (¢1, 2, $3) € (C5°(T'))? and f € Y. Then we can write

<V(G*f),¢>:/6f+wf—é’f (17)
r

! ~
where © € Lg(f‘) = (Lg(f‘)) , w € L*®(T") and satisfies w > 0, and C depends only on
¢. We take —ﬁ——G*(V é) + (fr¢3) sgn(zs), 11"1—%( ¢3) (sgn(z3) +sgn ([ #3)),
and C = -1 ‘ Jr ¢3‘ The fact that the second member of (17) is continuous on Y proves

the lemma.

Proof of lemma 3.5

Let us remark that < V(G * f),¢ > is defined by the second member of (17) for
@€ (C(C)’O(I‘))?’ and f € L}(T"). Now we remark that for s = sgn (. ¢3), we have

dim < V(Gx[),¢(+sm)> = lim F('ﬁ(--l—sn)+1b(--|—sn)-|—é)f
= 3l (L)

Now if V(G * f) € L*(T') we deduce that [ f =0. This ends the proof of the lemma.
Proof of lemma 15’,.6.
Let f € LY(T) N L3(T). Let us recall that for ¢ = (¢1,po, d3) € (C°(T))? such that

Jr ¢3 =0, (17) implies:
V(Gxf),¢ >=/Fz";f
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weak’

1 5
where & € L3 () = (L%(I‘)) . Because p, — poo in L2 . we deduce that for f, = pp,—Ax:

lim <V(Gxfn),¢>=<V(G*fx),¢>

n——+0o00

With foo = poo — Ax. Because V (G x f,,) — Fy in L?

wear We deduce that

Vg e CR(T) with /¢=o, SV (Gk foo),d >=< Foy § >
T

which implies
Foo = V(G*foo) +063

where C is constant and fo, € LY(T) N Ls (T'). Using the same argument as in the proof of
lemma 3.5 we see in oo that

1

= / foEtC=0

2 Jr

which implies C' = [i. foo = 0. This ends the proof of the lemma.

4 A priori bounds
4.1 First a priori bounds

We are going to need the following bounds:

Proposition 4.1 Let (u, ¢) be a solution of

{ —e2Au + %u% = u¢ (18)

¢ = 5Z|j|§NE G, (:v — jees) — EIQ"UZ *xr, Ge —eEx3 — 05)

where O; is the associated Lagrange multiplier. Then we have, for some constants C inde-
pendent of €:

(i) 6= >0,

(i) $(z) < L7 on {las| > 1},
(iii) u(z) < 57z on {|zs| > 1},

(iv) u(z) < C on R3,

(v) For all p < 3, and for any open bounded set w of R2, [ Iz wxr) < Cluwl,

(vi) ¢~ < C +2¢Ez7.
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Proof: The proofs of (ii) and (iii) are adaptations of those of 7], which we reproduce here.
sin(r|z|/R)

|z|v2rR ’
on B with homogeneous Dirichlet boundary conditions, and define gr = e%. (Note that

We introduce the function eg(x) = that is, the ground state of the Laplacian

fBR gr =1 and [|Veg|? = 22.) We prolong gr outside Bg by 0. Then, we have Lemma
2.1 of 7] (see also [6] or [15]), namely:

Lemma 4.2 (Benguria, Lieb, [6]) Let p = u? be the solution of (18), and ¢ defined by
(18). Then, for any R > 0, we have:

2,2
a3 €

5
gR*¢S§gR*u R2 -

And if |z - R> 1, $ < dx gr.

The first inequality is due to the fact that u is th ground state of the operator —e?A +
gu4/3 — ¢, so that €2 [ |[Ver(- —y)|* + f(§u4/3 — ¢)gr > 0. The second one comes from
the fact that on Bg + z, ¢ is subharmonic and thus satisfies the mean-value inequality.

Next, denoting by (/7) the function ¢ x gr — R2 , we have, using Jensen’s inequality,

~ b 5
¢ < Sgr*u’® < Z(gr )P,
3 3
Noticing that —e?A(gg x ¢) = 4w (m. * gr — u? x gr), we infer that

~ 5 .
~?Ag+ 5 (@)Y < dmm. % gr.

In particular, for R > 1, —e2A¢ + 2 ((]5)3/2
measure. Followmg the ideas of [8], we infer that gz~5 is bounded independently of €, since

C+

is bounded from above, since m. is a bounded

. is a supersolution of the above equation as soon as a > 60%¢*. Next, we

(R’2 | ?)
introduce the function U(z) o, with R > R+1 > 2 This is a

_ a 4+ br?
(Jz3?=R?)? ' (R®—[z3[?)

supersolution in the set {|zg| > R+ 1} N B as soon as a > (%)2 and a > (4%’1"1")2.

This implies in particular that ¢ < U on {|zs| > R+ 1} N Bp. Letting then R’ go to
infinity, we find that there is a constant independent of R and € such that

2
< CR
= (l=sf? — R?)?

-

on the set {|:v3| > R+ 1} This means in particular, using the second point of Lemma 4.2,
that ¢ < w + £ R2 if |z3] — R > 1. Hence, for any |z3| > 2, taking R = M, we
have ¢ < ‘2 We then conclude that (ii) holds by pointing out that ¢ is also bounded,
so that if 1 < |zs| < 2, taking R = 1+|$3| implies ¢ < ¢ + (145‘2”2” < C. Next, we insert
(ii) into (18), getting

4 C
_e2 28 <«
e“Au+ 3u < PRZEE
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for some constant C. Hence, using exactly the same technics, but with the supersolution

Viz) = (zalP= R2)3/2 + (R,szll3|/22)3/27 we show (iii). Then, with (18) and the fact that

Ge(z) = |i| 2”"”3' + G.(z) on T, where G. is smooth and goes to 0 as |z3] — oo (see

[7]), it is not dlfﬁcult to show that lim ¢ = —6, so that with (ii), this implies (i).

Tr3—r—00
In order to show (v), we use again that

¢*gR < Ca

with C 1ndependent of . Taking R = £, we infer using the second part of Lemma 4.2 that
o(z) < = C + 1672 on the set R? \ Uicezsn{jzs|<1} Be (1). On the other hand,

in each ball Be (i), ¢ satisfies —e2A¢ < 4me3s;. Since the functlon C + 1672 + |$ 7isa
supersolution of this equation and is greater than ¢ on the boundary of the ball, we deduce
that ¢ < C' + 1672 + |$E_Z.| in Be ( ). As a consequence, we have

J

for any p < 3. This implies that for any bounded set 2, we have ||¢T || (o) < C|Q|. Hence,
with the help of (ii), we deduce (v). The last step of the proof is to show the following:

(64)P <C+ 6”/ =T < Ce,
(i) B (0) |zP

£
4 4

3E 2

W < § 0= 2 fosny (Ge — ), (19)

for some constant C' and some smooth function fy having compact support with respect
to z3, and such that fl“e fo = 1 (C depends on fy in fact.) This inequality will allow
to conclude that (iv) and (vi) hold. In order to show (19), we introduce the function
w = u*? —($+6.) + 5L fox (Ge — Zay) — Co — (Co — 0:) T, where C = 2C; will be chosen
later on. One easily computes:

e2Aw > §u4/3(§u4/3 — ¢ — 3mu?/3),
on any set containing no nuclei. Hence, if S = {w > 0}, which clearly contains no

nuclei, we have on S —¢ > 0, — u*/3® + (Co —0:)" + Cy — 2 Efo * (G, — 2:1:3) which
4 4/3(2 4/3

implies e2Aw > — 37u?/® 4 Cy), whenever Cj is chosen large enough to have
Cy — 25 E =2 fox (G — 2:53) > 0, which is always possible according to the definition of
G, and may be done so that Cy does not depend on €. Moreover, if we have in addition
Cy > %, then the polynomial %tz — 3t + Cy is non-negative, so that e2Aw > 0. It
is easily seen, using (iii) and the definitions of A; and ¢ (18), together with the fact that
G. = —2F|z3| + o(1) as |z3| — oo, that we have:

¢(z) = —eE(z3 + |z3]) — 0 +0(1) as |z3] = oo,

with o(1) possibly depending on e. Hence, since in addition 2§§TE fox (Ge — i—gwg) =
—2eExi + o(1), w(z) = —(Co — 6:)" — Co + o(1). Thus, w goes to some negative con-
stant as |z3] — oo, so that S is bounded with respect to |z3|. This implies that on
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0S, w = 0, so that w < 0 on S, thanks to the periodicity with respect to z1 and zs.
Hence, S = (), which implies (19). This shows in particular that u is bounded on the
set {|z3] < 1} \ U;e.zs Be(9). Inside the balls we use here again supersolution methods,

since we have —e?Au + u7/3 <C+C—=t77 |7/4 on each ball Be (i), according to the bound

\z—
¢ < C+ I f_gﬂ on each ball. One easily shows that the function A + B ‘z;ﬂiﬂ is a super-
solution of this problem as soon as A and B are chosen properly, and that they may be
chosen independently of €, so that u < C + C‘:‘ll/f < C on Bi(i)' This completes the
proof of (iv). The proof of (vi) then only amounts, with the help of (19), to point out that
253E fox (G — —2$3) >-C - 25Eac§f, which follows from the definition of fy and the fact
that Ge(z) > |a:3| C. 9

We next pomt out that, integrating the equation —Av + 307/ 3 — 9w = 0 against v&?,
where ¢ € D(R?) and satisfies ¢ = 1 in the unit cube @, ¢ =0in R3\2Q and 0 < ¢ < 1,
together with |V¢| < 2, using the fact that [ —Awwé? = [|V(&0)]2 — [v?|VE]?,

/le|2§4/ 112+/ 1[1+112§C—I-C/ YT < C,
Q 2Q 2Q 2Q

where we have used (iv) and (v) of Proposition 4.1. As a consequence, since the same
argument is valid with &(- 4+ zy) instead of &, v is bounded in Hlloc. Hence, 1 being

bounded in L% . f(R3), we may extract from (v,1)) a subsequence such that v converges

strongly in L2, (R3) and ¢ converges weakly in Ll P (R?), for p < 3. Moreover, using (v)
and (vi) of Proposition 4.1, ¢ is bounded in Lumf({|x3| < 1}), so that its limit is in

umf(RB’) Hence, the limit of (v,), which satisfy (32), must be (uper, Pper). We now
need the following Lemma, which is an adapted version of Theorem 5.9 of [9].

Lemma 4.3 Let (vy, ) be a solution of

—Av+ 2073 —py =0,

—Ay = Zkez3n{\k3|<n} 8 — v*,
v >0,

such that [[vn]| oo ({jos)<n}) + [¥nllz1

unt

any sequence Ry, such that R, < n, }fl“ —>1landn— R, — o0 as n — 0. Then we
have:

({23 <n}) is bounded independently of n. Then for

[uper — vnllLoo({|25)<Ry}) — 0 as n — oo, (20)

||¢per — ’lﬁn||Loo({|$3|<Rn}) — 0 as n — o0, (21)

where (Uper, Pper) 15 the unique solution of (32).

Proof: We refer the reader to [9] (proof of Theorem 5.9), since this proof may be readily
adapted to our case. Note that the norm ||¢per — ¥nllLoo({|25|<R,}) does make sense since
¢per and 1Py, have exactly the same singularities (the nuclei), which cancel. ¢
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Remark 4.4 The above Lemma states, roughly speaking, that, no matter what happens
outside the crystal, in the limit % = ¢ — 0, the electronic density inside the crystal (the
term “inside” meaning the hypothesis we made on Ry, ) converges towards the density of the
true crystal uper .

Looking closely at Lemma 4.3, one easily deduce that following corollary:
Corollary 4.5 Let p = u? be the solution of (18), with A = A, and let ¢ be defined by
(18). Then, for any sequence n such thatn <1, n—1, T — oo, we have:

T

llu — uper(g)”L”({IxsKl—n}) — 0,
T

¢ — d’pET(E)HL‘X’({\wsKl*W}) —0

as € = 0. Here uper and ¢pe, are the solutions of the system (32).

4.2 Exponential decay estimates

We prove the following theorem which, with the a priori bounds given in section 3 for
€ = 1, implies theorem 2.3.

Theorem 4.6 Let (u, ) a solution on T of

—Au + gu% = ¢u
—A¢p=m — u? (22)
u >0

with m(x) = Z\k|<N 0(z — keg). We assume that there exists a constant Cy > 0 such that
such that -
u(z) —up(z)| + |p(z) — ¢p(2)] < Co on {-N <z3 <N}

where (up, ¢p) is the periodic solution. Then there exists two constants Cy,Coy > 0 (which
only depend on Cy and not on N) such that

[u(@) —up()] + [$(z) — dp(2)| < Cre” @@ on {-N <w3 <N}
where d(z) = d (z3,[—N, N]°).

The exponential decay far away from the boundary of the crystal presented in theorem
4.6 is physically significant and seems a new result according to our knowledge. This
exponential decay is an illustration of the “strong uniqueness” of the solutions for this
model and is a kind of Harnack effect but for a system. The explanation of the “strong
uniqueness” is simply contained in the fact that the functional £ is strictly convex which

~8+ fuf = g
—~Ap=m —u? (23)
u>0

These properties are illustrated by the following result:
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Lemma 4.7 Let (u,¢), (v,9) € L™ (T') x L11,mz'f (T) be two solutions of (23) with the same

bounded measure m on I'. Then, for any n € C§°(L') (i.e. having compact support with
respect to x3), we have with uy =v —u, ¢1 = — ¢:

Qo)+ [190e07 = [ (2 + 36 ) 1908 + awg ) @0

where @ is the sum of two positive terms

Q(u,v) = /Pu2 \Y (%)

and A is antisymmetric in (u, @), (v,1):

2
5
+n%(u+ ul)u1§ ((u + )P - u4/3)

A, 8),(0,9)) = 5 [ 7Pouad

Proof: The equations satisfied by u,v, ¢, 9 read:

_% + gu4/3 — ¢ =0,
—A(p — ¢) = u? — 0%

Multiplying the last equation by ¢;7n? and integrating, we have:

/—772¢1A¢1 = —/u1(2u+u1)¢1772a
r

r

so that, using the fact that [. —n?¢AE = [ [V(né)|? — JL&%|Vn|? for any n € C§°(T) and
any sufficiently regular &, we deduce that

1 1 1
3 [veeor = 5 [ @it =5 [t w)g (26)
r r r
Next, we substract the first two equations of (25), multiply the difference by 7 (u + u1)uy

and get:

A A 5
/1~<—U_TU> (u—l—ul)uan—l—/FgnQ(u+u1)u1((u+u1)4/3—u4/3)—/r¢1(u+u1)u1772 =0.

u

Integrating by parts, one easily computes:

A A
/(—u——v)(u+u1)u1ﬂ2:/u2
r\u v r

As a consequence, we have

r

V(%)r—/ruﬂvm?-

2

V()

5
+ gnZ(u + ul)ul(v4/3 — u4/3) — ¢1(u+ ul)u1n2 = / u%|V77|2. (27)
Iy
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Adding (26) and (27), we get (24). O
Proof of theorem 4.6
Let us define

M(d) = — sup  |u(z) —up(z), ¢(z) — dp(z)]
d(z3,[—N,N¢)>d

It is sufficient to prove that
L >0, Jye(0,1), VN>0, Vd<N, M(d+L)<~yM(d) if d+L<N
We argue by contradiction, assuming that
VL>0, Vye€(0,1), IN>0, Id<N, M(d+L)>yM(d) with d+L<N
Let us take sequence

L, —> 400 as n— +oo

Yo =1 as n — 400

dn + Ly < Ny

M(dy + L) > yaM(dp) for (u”,¢")

>From the standard elliptic estimates, we get by compactness (up to extraction of a
subsequence) that

(u", ¢") = (u™, ¢%)
where (u*, $*°) is solution of (22) on I' with m(z) = ),z 6(z — ke3). From theorem 2.2
we have

(u™, 9%°) = (up, ¢p)
where we denote here the periodic solution by (up, ¢,). As a consequence
M(d, + L,) — 0

We then consider the renormalized sequence

(@.8) @ = it s )

where 2™ is a point such that d(z%,[—N, N]°) > dp, + Ly, and

|u™ (2") — up(z™)| + [#(2") — pp(™)]
M(d, + L)

—1

Up to extraction of a subsequence we get
— —-n — — 00
(w,87) > (u,47)
which satisfies

sup [a7” (=) + |61 (2)] < 1= [@°(0)] + |4y (0)] (28)
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Taking the limit in (24) we get (up to translate (up, ¢p)):

— 2
2 nug® @2% l —o0\|? —00\2 1—002 2
/FupV(u )‘ + gt 45|V (97)] = [ (@) + 5670 ) 1val

P
Then taking n(z) = n1(Az3) with A — 0 and

m € C°(T)
with n = 1 for 3 € [—1,1], we get at the limit A = O:
7 =0, Vé, =0

To conclude that 5(1)0 = 0 we remark that the equations imply

n 1 " — 9 n
&by = (ugv (“ up“f’)) 2 ((u )

This gives at the limit

- 1 e 20 1
o =-—5V <uf,v (’%)) + Gy =0
P P

ol

|

<
Seolw
N———

Finally ui® = @ =0 gives a contradiction with (28). This ends the proof of the theorem.

5 Appendix: An homogenization approach

We present in this Section an alternative approach using the two-scale convergence [1, 13].
In order to do so, we first re-write the system of PDE satisfied by w and ¢:

—&2Au+ 2073 — gu =0,
{ —e2A¢p = ?;n - u2.¢ (29)

5.1 Two-scale convergence

The key to the convergence problem is to postulate the following ansatz for the functions

(u, $):

{ u=ug(z, %) +eur(z, 2) + 2ug(z,2) + ..., (30)

6 = do(z, &) + £y (2, 2) + 2 (3, ) + ...,

where the functions u;(z,y) and ¢;(z,y) are periodic in the second variable. Inserting
this ansatz into (29), and noticing that —Au;(z, 2) = —Agui(z, L) — 2V, - Vyui(z, &) —
E%Ayui(x, ), we have, isolating the term of order 0, and admitting that the two variables

z and y = £ decouple:

_AyU() + %’U,g/3 - ¢0’U,0 = 07 (31)
—Aydo = mo — uf,
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where we have implicitly assumed that the nonlinear terms pass to the limit in the same
fashion as the linear ones, and where mo(x,y) = 1{|4;|<1}(7) Z 0k (y) is the limit in the

kez3
sense of two-scale convergence (see below) of m.. The above ansatz is justified by the

notion of two-scale convergence, that we rapidly introduce, referring to [1, 13| for details.

Definition 5.1 Let Q2 be an open subset of R™, and Q) the unit cube of R™. Let v, be
a sequence in L*(Q2). We say that v, two-scale converges to v, € L2(Q x Q) if, for any
function ¢ € D(Q; Cpe,(Q)), we have

n—oo [o 15

lim [ vn(@)p(z, 2)de = / Yoo (%, y) (=, y) ddy.
QxQ

Note that in practice, the sequence v, will be indexed by a continuous variable e, which
will be supposed to go to 0. This of course makes no difference in the above definition.
The following theorems are borrowed from [13] and [1], and are a way of making rigorous
the above formal results.

Theorem 5.2 (Nguetseng, [13]) From each bounded sequence v. in L?(S)), we can ez-
tract a subsequence that two-scale converge to some limit vy € L?(Q x Q).

Of course, this is only a weak convergence result, and in order to pass to the limit in
the nonlinear terms of (29), the following will be useful:

Theorem 5.3 (Allaire, [1]) Let v: be a sequence of functions in L?(Q) which two-scale
converges to vy € L?(2 x Q). Then

lim inf >
Hgglgl ||Ue||L2(Q) Z ||UO||L2(Q><Q)a
and if equality is achieved, then
I a =
lm l|lve —vo(z, g)HLz(Q) =0,

and, for any sequence we of L?()) which two-scale converges to wy € L*(Q x Q), the
sequence v.w, two-scale converges to vywy.

5.2 Convergence at order (

Setting L ..(R®) = {f € L} ,(R?), sup,crs | fllz1(B+2) < oo}, B being the unit ball of

uni f loc
R3, we are now in position to prove the following:

Theorem 5.4 Let p = u? be the solution of (18), and let ¢ be defined by (18). Then, up
to extracting a subsequence, (u, ¢) two-scale converges to (ug, o) € L*(Ty x Q), which are
solutions of (31), that is

7/3
—Ayuo + guo/ — ¢0’LL() = O,
—Aydo = mo — u,
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with mo(z,y) = 1fjgs)<1}(2) Z 0x(y). In addition, denoting by (Uper, Pper) the unique

kez3
solution (given by theorem 2.2) in L™ (R3) x qumz-f(R?’) of the problem
_A'U'per + gu;ég - ¢peruper =0,
_A¢per = EkEZ?’ 0k — u?,e,, (32)
u > 0,
we have:
{ uo(T,Y) = Lfjzy)<1} (T)tper (¥), (33)
bo(z,y) = dper(y) if |z3] <1

Proof: The first point is that (32) has indeed a unique solution. This is insured by
Theorem 6.5 of [9]. Thus, the definition of (uper, Pper) is clear. using the bounds we have
shown in Proposition 4.1, one easily shows that (u,¢) two-scale converges to some limit
(w0, ¢o). We are now going to show that this limit is indeed equal to (uper(Y), dper(y)) if
|z3| < 1. In order to prove this claim, we introduce the following rescaled functions:

v(z) = ulex), (z) = d(ex).

These functions satisfy the following system:

—Av+ 2073 — v =0,
—Ay = Ekez3n{|w3|<§} & — v,

Applying Lemma 4.3 to our sequence (v, 1)), one easily shows that if R = % — %, then

lluper — vl oo ({|2s|<r) — O @s € = 0. Now, denoting by f(z,y) smooth function which is
Q@-periodic in y and has compact support in z, this support being included in {|z3| < 1}.
Then, on the one hand,

tim [ u(e)f(a, %) = /R 3 /Q wo(2,9) f (2, 9)dydz, (34)

e—0

and on the other hand, we have, setting Q = Uyegsupp(f(-,y)).:

/ (@) f(z, Dz = & / o))y

€

— [ v n)y +2 [ (ar0) - 0@ )
10

€
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Using the periodicity of uper and of f(z,-), one easily sees that the first term converges
towards [gs [, uper(y)f(z,y)dydz. The second one is dealt with using (20):

&3 /lQ(Upe'r(y) —v(y))fley,y)| < ||upe’r‘ - 'U”LOO({|£E3|<§}) / |f (z, %)ld:{;

< (Huper - U||L°°({‘w3|<é—ﬁ}))||f(’ é)”Ll(R:‘)
1 1 1
+ S lmerllzm@ + Il ll=| O\ ~ )0

S CHUper _U||Loo({‘w3|<%,%})
1 1 1
+ Ce3(= —

These two terms converging to 0 as € — oo, we deduce, using (34):

Uo(iﬂay) = 'U'per(y)a Vl:L‘3| <1

This implies in particular that |[uol|z2(@xr;) > 2l|Uper|lr2(@) = 2- Since [Jul|p2r,) = 2_5 =

— i’—f — 2 as € — 0, one easily sees that
tim [ 220y = [z gy (3)
Using Proposition 5.3, this implies that
T
[|uo(z, E) — g2,y — 0

as € — 0, so that the nonlinear terms pass to the limit in (18), showing (31), up to the fact
that —e?Au two-scale converges to —Ayug, which is shown by the following integrations
by parts:

/—EQAu(w)f(w,g)dx _ /u(w)(—Ayf(x,g))dw—l—%/u(w)vz-Vyf(:c,g)dw
te? / u(e)(~Baf (@, 2)do.

Equation (35) also shows that [lullz2r,nfjes/>1}) — 0, so that we have uo(z,y) = 0 if
|zg| > 1. This shows the first line of (33). In order to show the second one, we first point
out that according to the uniqueness of the solution of (32) and to the bounds we have on
é, do(z,y) = dper(y) as soon as |z3| < 1, concluding our proof. ¢
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Chapitre 8

Méthodes numériques en chimie des
solides

Nous présentons dans ce chapitre, publié dans un volume de Lecture Notes in Che-
mistry [P10], une bréve introduction aux méthodes dites ab initio de calcul de structure
électronique dans les solides.
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A mathematical insight into ab initio simulations
of the solid phase

X. Blanc

Ecole Normale Supérieure,
45 rue d’Ulm,
75230 Paris cedex 05
FRANCE

Abstract We give here an introduction to the language of ab initio solid-state theory.
Starting from the intrinseque symmetries of a perfect crystal, we show how it is related to
band structure theory and give a brief overview of the techniques in use to simulate such
systems.
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1 Introduction

This article is concerned with ab initio numerical solid-state chemistry, that is, the compu-
tation of electronic structure in a solid. We will only consider the case of perfect crystals,
i.e an infinite periodic arrangement of nuclei, in which electrons are supposed to satisfy
the Schrodinger equation. Of course, some extensions are possible, in particular to treat
defects in solids (see [71], chapters 12 and 13 for instance).

We start with some definitions, introducing the standard language of lattice structure.
Good complements to this introduction may be found in [2, 51]. See also [32] (or any
crystallographic textbook) for a more theoretical work. Some extensions to quasi-crystals
may be found in [48, 74] for instance.

Section 3 is devoted to the language of band theory, which accounts for the distinction
between metals and insulators, and is based on the Bloch theorem. Here again, standard
solid-state textbooks, such as [2, 51] provide a very good overview on the topic. Concerning
the corresponding mathematical problems, we refer to [73, 8, 55, 29].

Section 4 presents standard ab initio theories, starting from the molecular formulation
(which means that it involves only a finite number of nuclei and electrons, [66, 67]), and
extending it to the case of an infinite periodic crystal. These theories are presented in [71]
and [65]. We also give many references in the course of this section, since many problems
and methods are overlooked here.

The last section is devoted to the practical aspects of these theories, pointing out the
most important numerical features and limitations.

2 Crystalline structure

We consider a perfect crystal, that is, a system of infinite size consisting of a periodically
repeated set of nuclei, together with an associated set of electrons. Assuming that the
nuclei are fixed, we may describe their positions by a motif m repeated on the nodes of a
lattice R :

R = {ua +vb+we, wu,v,w € Z}. (1)

The vectors a, b, ¢ are assumed to be linearly independent vectors of R?, and are called
a basis of R. Using the approximation of classical nuclei, the motif m represents N
point particles of positive charge, that is, mathematically speaking, a set of positive Dirac
masses :

N

m = ZZ,'(?M, (2)

i=1
where the vectors z; may be chosen to be in the set :

11
'(a,b,c) = {a:a+yb—|—zc, z,Y,2 € [—5, 5[} (3)
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Figure 1: The set of nuclei with two possible unit cells and lattice basis

We call a unit cell of the lattice R any semi-open polyhedron such that its translations
along a subset of the vectors of the lattice fills in the whole space R3 without overlapping.
The set I'(a,b,c) defined in (3) is thus a unit cell of R. Many choices of unit cells are
possible. If its volume is minimal, which is the case of I'(a, b, ¢), we call the cell a primitive
unit cell. Such a cell satisfies the property that, when translated by all the vectors of the
lattice, it constitutes a partition of R®. A particular primitive unit cell is the Wigner-Seitz
cell, or Dirichlet zone, which is constructed as follows :

(i) The point 0 € R is jointed to all of its neighbors by segments;
(ii) the mediator planes of these segments are traced,;

(iii) each of these planes define a half-space containing 0, and the intersection of these
half-spaces is a convex polyhedron, which is the Wigner-Seitz cell.

This cell presents the advantage of being unique.

The aim of ab initio calculations is to describe the electronic structure of a crystal, the
lattice on which the nuclei are set being given. These calculations handle many R-periodic
functions, for which treatment a useful tool is the Fourier analysis. This is why we now
introduce the notion of reciprocal lattice.

Given a basis (a, b, c) of R, we set :

R* = {ua' +ob +cew', w,v,we Z}, (4)

where the basis (a’, ', ') is defined as follows :

a-a=b-V=c-c =2m,
{a-b':a-c':b-c':(). (5)

1 .
In other words, the matrices of columns respectively (a,b,c) and —(a',b’,¢') are inverse

s
of each other. The point is that this definition of R* does not depend on the chosen basis.
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i,
A

Figure 2: The Wigner-Seitz cell of a lattice

The Wigner-Seitz cell of the reciprocal lattice is called the first Brillouin zone (henceforth
abbreviated as BZ) of the crystal.

In many cases, the relevant parameter of the lattice is its invariance group, rather
than the lattice itself, especially for optic properties. For definitions of these terms and
discussions of related topics, we refer to [51, 2|, where one will also find details on the
above few assertions, and to [71], chapter 1, for a brief introduction.

3 Band theory

3.1 Band structure

It is a commonly accepted approximation that an electron of a solid experiences a periodic
potential. This is why the first step in studying the electronic structure of a solid is
the examination of the properties of a Schrédinger operator with periodic potential: let
H = —A 4+ V be such an operator, V being R-periodic. The question is, can we find
a spectral decomposition of H? This leads us to the following eigenvalue problem, or
equivalently to the determination of stationary states of H:

—AY + Vi = Evp. (6)
Let us denote by 71 the operator

for any T' € R. The point is that H is invariant under such translations, which means, in
terms of operators:

TTH = HTT, (8)
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for all T € R. Since these two operators commute, they have a common diagonalizing
basis. In other words, one can find a basis such that each of its element satisfies:

Hvy = Ev, ©)
mrp = y(T)yp, forsome ~(T) € C.

Noticing that 7 = 7p7p = 771, we infer from (9) that v(T + T") = v(T)y(T"). On
the other hand, since 77 is norm-preserving, we necessarily have |y(7")| = 1. It follows that
there exists a vector k such that:

y(T) = e*T. (10)

From the fact that 7' € R, the addition of a vector of the reciprocal lattice R* to k does
not change y(7T'), so that we may impose that k is in some primitive unit cell of R*, for
example the first Brillouin zone (BZ). Equation (9) thus becomes:

Hy =Ey, (11)
Y(z +T) = e*Top(x), with k€ BZ.

This leads us to the celebrated Bloch theorem:
Theorem 3.1 Let H = —A + V be a Schridinger operator, with V. € L? R-periodic.

loc
Then for all k € BZ, there exists an increasing sequence of eigenvalues {\j(k)} and a

corresponding sequence of eigenvectors {wf} of H such that :
o k= Xj(k) is continuous;

. qpf(a:)e_ik'z is periodic;

e o(H)= U [iélZf/\j,sup)\j].
jeEN Bz

(c(H) denotes the spectrum of the operator H.)

The above argument is by no means a proof of this result. The interested reader may find
more detailed proofs in 73, 55, 29]. The original idea of decomposing the spectrum of this
type of Schrédinger operators by looking for solutions which are periodic up to k is due to
Bloch [13].

The Bloch theorem gives a spectral decomposition of any Schrédinger operator with
periodic potential. In particular, we see that the spectrum of such an operator is consti-
tuted of intervals, which are called bands of the operator. This gives us an intuition on the
behavior of electrons in a crystal: assuming that they are represented by the above eigen-
states, preferably the lowest ones, we see that if there are exactly enough electrons to fill
in an entire number of bands, we have an energetical gap between the highest non-excited
state and the lowest excited one. Conversely, if a band is only partially filled, there is no
such a gap. In the first case, one needs a great amount of energy to take an electron from
its stationary state to an excited state, and the crystal behaves like an insulator. In the
second case, a small amount of energy is sufficient for an electron to reach an excited state:
this is a metallic behavior. This is shown in Figure 3.
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A A

Figure 3: The band structure of a one-dimensional crystal: if there is one electron per
cell, only the first band is filled and the crystal is an insulator, whereas if there are two
electrons per cell, the second band is only partially filled, so that we have a metal.

3.2 Density of states

If one simulates a crystal at zero-temperature, the above Bloch states are filled in using the
Aufbau principle, that is, starting from the lowest energy state, then the next lowest, and
so on. Of course, this is a much clearer concept in the molecular case, where the are only
a numerable quantity of eigenstates, than in the crystal case, where the energy levels are
continuously ordered. In this latter case, we know that we have a fixed number of electrons
per unit cell, although an electron associated to a precise unit cell need not be localized in
this cell. Thus, one eigenstate does not represent an electron by itself, but the set of all
similar electrons repeated through the translations by the lattice vectors (physically, this
corresponds to delocalized electrons).
Mathematically, this corresponds to defining the following function:

|BZ|Z S\ — X\j(k))dk, (12)

where |BZ]| is the volume of the BZ, and ¢ a Dirac mass at 0. The function n is called the
density of state, and the function f defined by

o) = / T a(\)d (13)

represents the number of electron states per unit cell with energy lower than €. The factor
2 in (12) accounts for the fact that we use the closed-shell approximation.! The function

'The closed-shell approximation corresponds to neglecting the spin of the electrons, and considering
two electrons with the same wave function and opposite spin as one particle.
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f is non-decreasing, since n(\) > 0, and we define the Fermi energy ep by

fler) =N, (14)
where N is the number of electrons per cell. By doing this, we have filled in entirely the
levels lower than the Fermi energy, leaving the higher energy states empty.

In general, when one computes a macroscopic parameter of a crystal, it often appears
in the form:

2 .
S = @%:/Bzg(% k)dk, (15)

where g is a function of the electronic state labeled by j and k. In many cases, the function
g depends only on the energy: g(j, k) = g(X\j(k)). Thus, using the definition (12) of » and
changing variables in the above definition of S, we have:

S— /_ (V). (16)

The density of states thus appears as an important feature of the crystal, in the sense that
its values determine those of many of the crystal’s macroscopic parameters.
In the case where the temperature T is not 0, one only needs to replace the Heaviside

distribution implicitly used above by the Fermi-Dirac distribution pr(z) = m.
Equation (12) would thus become:
) = 5 [ = X )k
B7] 2% ) j
_A=2(R)
2 / 1 e kBT
= — ) dk. (17)
A (k)
|BZ| jen Bz kBT b T
So that f becomes
11O = 5 3 [ nrle = ni(k)ak (19)
T(€) = HT\E — Aj :
B7] 2 )z J

Note that in practice, the above integrals over the BZ are replaced by sums over some
points of the BZ, according to a prescribed sampling. The most natural sampling is the
regular one, in which one distributes M? points regularly in the BZ. This in fact corresponds
to a periodic boundary condition on a box composed of M? unit cells. Indeed, in this case,
boundary conditions impose that k takes a finite number of values, namely (kﬁla, kﬁb, %[&c),
with 0 < k; < M. However, and although this is appealing to justify periodic boundary
conditions, this sampling is not optimal, and special points technics [33, 16, 63] need to be
used, extensively using the symmetries of the crystal.
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4 Electronic calculations: standard approximations

Let us now consider the numerical ab initio computations of electronic structure in a
crystal, and more specifically the approximations commonly used. So far, we have dealt
with the Schrédinger equation satisfied by one electron in a periodic potential. Although
this is a qualitatively good model, computations have to be more precise.

The approximation of classical nuclei, mentioned in section 2, and which consists in
considering that the nuclei are classical point particles, is widely used. It is justified by the
fact that the mass of a nucleus is much larger than that of an electron. In the same spirit
we will also use the Born Oppenheimer approximation, that is, the nuclei will be supposed
to be fixed at their positions, the reason for this being that the electrons move much faster
than the nuclei, and their movement will be treated in a second step, considering the
electronic energy as an external potential for their movement. Concerning these lattice
dynamics treatments, we refer to [71], Chapter 12 and to the references therein.

Another approximation currently made (and used so far) is the non-relativistic treat-
ment of the electrons. This may be a poor one in some cases, especially in heavy nuclei
where the speed of the core electrons is of the same order as the velocity of light ¢ (% ~ 0.58
in the case of Mercury). But this may be taken into account through relativistic pseudo-
potentials (see below), or by an a posteriori perturbative treatment (see [71]).

Even with these approximations, solving Schrédinger equation is out of reach, in par-
ticular because the wave function of the electrons should be a function of NM spatial
variables, where N is the number of electrons per cell and M the number of cells. Further-
more, we should rigorously take the limit M — oo. We thus need to either approximate
this wave function (this the case of Hartree-Fock theory, see section 4.1), or use a different
way to characterize the electrons state than using their wave function, which is the aim of
density functional theory (DFT), reviewed in Section 4.2.

We only give here the equations in a formal way, assuming that they take the same form
as in the case of a finite molecule, allowing to state in a more simple way the corresponding
theories. We will then point out the difficulties conveyed by the fact that we are studying
a solid, particularly the infinity of the number of particles (electrons as well as nuclei), and
the periodicity of the system.

4.1 Hartree-Fock formalism

The Hartree-Fock (HF') theory of molecules aims at solving the electronic Schrédinger
equation under the assumption that the wave function has the special form of a Slater
determinant. It is a way of taking the exclusion principle into account. In this case
of a finite number of electrons, say n, the total wave function reads ¢(z1,z2,...,2,) =
det(¢;(z;)), and this gives the well-known Hartree-Fock equations:

T(z,2")

1 1 Nt
A+ Vo+ (i — [ Il e’ = e, (19)

|z — =l
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with 7(z,z") = Y"1 | ¢i(x)di(z')*, p(z) = 7(x,z), and V represents the electrostatic po-
tential created by the nuclei?; x denotes the convolution product over R3.

E"F({¢}) = %i/gwu/ oV o+ /R/R |I_$,|dd’
2 fo fo i+ Z|X X[ 0

where the last term accounts for the repulsion of the nuclei, and is added so that the
total charge of the system becomes 0, which allows to define its electrostatic interaction
(see section 5.3). We see here that although these equations clearly make sense in the
case where n is finite, the solid-state case is not that obvious. See [20] for the related
mathematical problems. Nevertheless, equation (19) does make sense in this case, as soon
as the total potential Viop = V 4+ p* ‘% is not splitted into these two terms, but rather kept
together so as to define the potentia{ of a periodic neutral distribution of charge, which

does exist.
The Fock hamiltonian may be written in the following form:
1 1 pi(z")" o !
F=—-A+V — — ————¢i(z)d 21
PV T 2 e O 2

where Vit =V + p* ﬁ is to be understood as a solution of the Poisson equation:

Vi = (Y ml-+ ) - ). (22)
JER
the measure m defining the nuclei in the primitive unit cell (2). This equation has a

periodic solution as soon as m — p is neutral over the unit cell of R. A similar treatment
is possible for the exchange term (last term in (21)), see [20]. Equation (19) thus reads:

Fo¢; = —&;¢;. (23)

In the case of a solid, the above equations are derived through Bloch’s theorem, so that all
sums over % are replace by sums over i and integrals over the BZ, and the wave functions
and energies are labelled by kK € BZ. In other words, setting

T(z / gb] (') (ep — £ Kyt dk, (24)
jEN

where ¢tT = max(t,0), i.e the term (ep — 6§)+ selects only the states having lower energy
than the Fermi energy ep defined in (14), and F being defined by

Fp=— A+ Vi - / ) p(a')de, (25)

w—w’|

V(z) = — p R el X E where p is the number of nuclei, and X; and Z; respectively their positions
and charges.
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with Ve defined by (22), the ¢¥ should satisfy
F¢f = e} (26)

4.2 Density functional theory

Density functional theory (DFT) takes the problem from another standpoint than the one
used by HF theory: instead of approximating the wave function, it approximates the total
energy, writing it as a function of the electronic density p. Its theoretical ground is a
theorem by Hohenberg and Kohn [49], which asserts that there exists a functional F of the
density, independent of the external potential V', such that the electronic density of the
ground state of the n-electrons problem with external potential V is a solution of:

wi{F)+ [ v pz0 [ p=n). (27)

Kohn and Sham proposed a computational framework in relation with this theorem in [53].
It consists essentially in giving a guess on the functional F'. The choice of Kohn and Sham
corresponds to:

Fo =10+ [ [ 22 a4 Bate) + Bl (28)

where

) 1 n n
CREL D o) IO SIS (29

and F, and F, are respectively the exchange and correlation energies. The local density
approximation (LDA), currently used, consists in using the exchange energy of a homoge-

neous electron gas, that is:
3/3 1/3
or =-3(2) [ (30
™ R3

Perdew and Zunger proposed in [70] for the correlation energy

5240 = [ e(()7) @

dmp
with
eo(r) = 0.00311 log(r) — 0.0480 + 0.00207 log(r) — 0.01167 if r <1, (32)
0 —0.1423/(1 + 1.0529+/7 + 0.33347) if r>1.

Many other choices are possible, for example the X« setting [22], where E, + E, =
« ng p*/3 or the generalized gradient approximations (GGA), in which corrections to
LDA are brought by terms of the form G(Vp, V2p). See [10, 56, 69, 67] for instance.
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In practice, this way of computing the density is used in the following manner:

—Adi + Ve i = —€ii, Vi,
Vet = Vauclei + p* ﬁ + %Ew + dipECa (33)
p= Zz |¢i|25

where the g; are the lowest n eigenvalues of the operator —A + Veg. In the case of a solid,
one needs to group the electrostatic terms together so as to be able to compute it through
Poisson’s equation (22). Moreover, the same dependance on the wave vector k as in HF
theory appears here. Therefore, (33) becomes:

—A(]Sf + V;efqui’c = _gi'cgbi'ca VZ, k
Vet = Vior + 45 B + 45 Ee, (34)
p =2 [z |67 P (er —€f)* dk.

4.3 The use of pseudo-potentials

In many cases, the core electrons are physically almost unaffected by any change of en-
vironment. (This is particularly true in the case of low-energy transformations.) Hence,
a natural approximation would be to consider them as frozen in some determined state
(coming from the computation of a relevent atomic system), and compute only valence
electrons. In order to implement this approximation, one introduces pseudo-potentials
(PP). We consider here only their application to DFT, although a similar method carries
through HF theory.

Consider a case where a number of (core) electrons are modelized by a pseudo-potential
Vps- Then, (34) would become:

—AYE 4+ Vegd'h = —F T, ik
Vet = thot + d%kaw + diprc + V},s, (35)
=3 fBz 95 *(er — 8§)+dk7

where V}/, accounts for the interaction between core electrons and the remaining electrons,
which wave functions are denoted by qﬁ;k The PP operator must reproduce screened nu-
clear attractions, and account for Pauli exclusion principle, forcing the valence orbitals to
be orthogonal to core ones. Moreover, the eigenvalues e'f should be equal to the corre-
sponding 5?, and the corresponding eigenfunctions as close as possible to the “real” orbitals
#¥. And in the case of heavy atoms, the relativistic feature of the core electrons should
be accounted for in Vp,. Above all this, the main feature of Vs should be to simplify the
computations, smoothing the Coulombic singalurity of the nucleus and having a usable
expression. This gives a set of rules to elaborate PPs.

There exists a wide variety of pseudo-potentials, that we cannot display here. See for
instance [6, 43, 76], concerning DFT pseudo-potentials, and [45, 46, 47] in the case of HF
theory.
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4.4 Self-consistent field algorithms

Solving the Hartree-Fock or the Kohn-Sham equations is done through the self-consistent
field (SCF) procedure. It may be summarized as follows:

(i) Guess a first density p = py (in the case of Kohn-Sham formalism), or a set of wave
functions ¢f (in the case of Hartree-Fock setting), for each k € BZ.

(ii) Compute the effective potential Veg:
- in the KS formalism, Vog =V + p* ﬁ + %Ex + %Ec,?’
- in the HF formalism, Veg =V 4+ p % |—31U| + Zj fBZ((qS;? o) % ﬁqﬁf)dk:g

(iii) Compute eigenvalues —Ef and eigenvectors ¢f of H = —A+ Vg, for each k € BZ,
and the Fermi energy ef.

N
(iv) Compute the new density p = Z/ |F2 (e — 8§)+dk'.
i=17BZ

(v) If the new ¢f’s (in HF theory) or the new p (in KS theory) are equal to the preceding
one(s), self-consistency is reached. Otherwise, go back to step (ii).

In fact, important convergence problems occur in such an algorithm, and relaxation
techniques need to be used to ease the convergence. See [19] for precisions.* In particular,
when dealing with a metal, the levels near the Fermi surface may very well be alterna-
tively filled and empty, generating oscillations. In this case, one needs, in a smoothing
procedure, to partially fill each of them, which corresponds to the physical fact that these
orbital behave as a mixing of themselves rather than individually. Another problem is that
rigorously, one should at each SCF cycle compute the eigenvalues and eigenvectors Ef, ¢f
for all k € BZ, which means numerically for many of them. In order to overcome this diffi-
culty, one needs to choose these points very cleverly. This is done by special point technics
(see Section 5.2 and [71], Chapters 4 and 10, or [63, 33, 62]). These technics usually allow
to perform the calculation with only one (in the case of an insulator) to about twenty (in
the case of a metal) k-points.

From the fact that the algorithms used are the same in both HF and DF theory,
one would think that they are quite similar technics. On the other hand, fundamental
differences should be highlighted:

- The use of Kohn-Sham scheme yields an approximation of the kinetic energy that is
not present in HF theory.

3V denotes the potential generated by the nuclei.

4The author is concerned with molecular models there, but convergence problems are in fact exactly
the same as in solid-state models, as far as insulators are concerned. The case of metals is much more
tricky, because of the Fermi surface.
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- In the DFT formalism, the si-“ and ngf obtained through the SCF algorithm have
nothing to do a priori with the real electronic energies and orbitals. On the contrary,
in the HF theory, they are interpretable in such a way. Furthermore, even the empty
eigenstates of HF theory can be viewed in some way as excited states, according to
Koopmans’ theorem (see [66]).

- On the other hand, the HF theory neglects correlation effects, assuming that each
electron interacts with the average field of the others. See [39] and [71], chapter 11
for a discussion of this topic. This problem accounts for large disagreement between
HF theory and experiment, since correlation effects are usually important in solids.
This may be dealt with through correlation-only energy [68, 39, 21, 3, 4].

- In HF theory, the exact treatment of the exchange energy implies more difficult com-
putations. However, the simplification used in DFT raises inaccuracies. Furthermore,
in DFT, the self-interaction of the electrons (second term in (28)) is overestimated
since it contains an interaction of each electron with itself. Hence, there is a need
for a self-interaction correction (SIC). Several such corrections have been proposed,
which roughly consists in substracting from the energy the self-interaction of the
computed pseudo-orbitals ¢¥ [50, 11, 70].

5 Numerical schemes

Let us now turn to the numerical schemes corresponding to the above theoretical frame-
work. In both DFT and HF formalism, one chooses a basis (Xf) of Bloch functions on
which the crystalline orbitals of the electrons are developed, and solves the equations (26)
or (34) in this basis, which become:

H*CF = skC*EF, (36)
where H¥ is the matrix of the corresponding Hamiltonian in the considered basis, S* the

overlap matrix, C* the matrix of the crystalline orbitals and E¥ is the diagonal matrix of
the energies sf. In other words, we have:

N
PF(x) =) ixt(@), (37)
j=1

where each X? is periodic up to k, i.e satisfies the second equation of (11).
HE = (FHIXG),  SE = OEIxG)- (38)

5.1 Basis sets

Hence, the first crucial choice is the Bloch functions Xf- Let us briefly summarize the most
widely used ones:



314

Chapitre 8 - Méthodes numériques en chimie des solides

- Plane waves (PW): they present the advantage of carrying periodicity by themselves,

and to be an orthogonal basis. Furthermore, the operator —A is diagonal in such a
basis. Nevertheless, crystalline orbitals are usually not fairly regular near the nuclei,
presenting cusps. Thus, their Fourier coefficients are not fastly decaying, so that one
needs a great amount of plane waves to approximate in a good manner those orbitals.

Gaussian-type orbitals (GTO): this corresponds to the choice

X§@) =) xila — e, (39)

lerR

where x; is a linear combination of Gaussians multiplied by spherical harmonics.
They come from the molecular ab initio calculations, in which they are widely used
because they make the computation of bielectronic integrals easier, using formulas
due to Boys [17]. The point is, those molecular basis cannot be used directly in
solid-state computations. In particular, very diffuse Gaussians increase dramatically
the number of integrals to be explicitly calculated in the computation of electrostatic
interactions.

In the HF formalism, these kinds of basis facilitate the computation of the exchange
term, in the same fashion as in the molecular case [17].

Another good point concerning GTO is the fact that the Fourier transform of a
Gaussian is a Gaussian. Thus, the completion of a GTO basis with PWs is compu-
tationally convenient [9]. Indeed, the additional problems raised by the computation
of overlap and bielectronic integrals® are solved by the fact that (in the case of a PW
and a GTO) the first ones are simply the Fourier transforms of Gaussians, and the
second ones the Fourier transforms of Gaussians multiplied by the Fourier transform
of |71|, that is, # In this case, GTO functions are used to represent core electrons,
which are localized near the nuclei, and valence electrons are represented by a mixed
combination of PWs and GTOs.

Muffin-tin orbitals (MTO): this method is a mixing of the two previous ones. The
space is separated into two regions: the first one is a union of (non intersecting)
spheres around the nuclei, which are called atomic spheres, and the second one is
the remaining region, called the interstitial region. The muffin-tin approximation
consists essentially in assuming that the potential and electron density are radially
symmetric in the atomic spheres, and using PW expansion in the interstitial region.
There exists a wide variety of such methods (APW, LAPW, FLAPW), for which we
refer to [1, 35, 12, 5]. The FLAPW is also detailed in [71], chapter 9. As an example
of such methods, we describe here the APW method:

As pointed out above, the main approximation of APW method relies on the separation
of the space into MT spheres (one around each nucleus), and the remaining region, which

k k
®Of the form, respectively: [ x¥x¥ and [ [ Mdmdy.

|z —yl
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is called the interstitial region. In the MT spheres, the basis is a combination of solutions
of radial Schrédinger equation:

00 l
=Y > Ak + Ry)w(z — X)Yim (ﬁ) (40)

=0 m=-1

where R; € R, X is the position of the center of the MT sphere,% and Y}, are the spherical
harmonics. The function u; is a solution of the radial Schréodinger equation:

—ii(r2@> + [“H ) +V(r )]ul = Eu. (41)

r2 dr dr 72

In the interstitial region, the potential is assumed to be constant, and the wave functions
are developped on a plane wave basis:

xE(z) = ®TR)e with R; € R. (42)

In order to have a basis of continuous functions, we need to equate the two values of Xf on
the MT spheres. Developping the exponential function on spherical harmonics, one gets:

o0 l *

k+ R, z— X

oi(k+R;)@ :47TZ Z i gi(lk + Rjl|lz — Xs[)Yim (W) Ylm(ﬁ) ikt Ry) Xs
=0 m=—I J

(43)

where j; is the I-th order spherical Bessel function. This implies that the coefficient A, (k+
R;) is equal to :

(44)

Ay (k + Rj) = 47rei(k+RJ')'Xs7:lYlm< k+ R, )]l(lk + Rj||Risr) )

|k + R, w(E, RS, 1)

The radius Rj3,; denotes here the radius of the considered MT sphere. This entirely
determines our basis functions Xf- Note that Xf is continuous, but not derivable through
the MT surface. This must be taken into account in the expression of the energy (hence
in that of the hamiltonian) by adding some derivative jump terms [65].

Of course, the above technics are not the only ones. Let us mention the KKR (Korringa-
Kohn-Rostoker) method [54, 52|, which in some sense is an extension of the muffin-tin
approximation, and uses the Green function method. The recursion method also uses
Green function methods, but aims at calculating directly the DOS rather than solving the
equations satisfied by the wave functions of the electrons. See for instance [40].

5.2 Reciprocal space integration and special point technics

As pointed out in Section 3.2, one frequently needs, in the course of electronic calculations,
to compute the average value of some periodic function of the wave vector k& over the

5Hence the position of a nucleus, and in general the nearest one
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Brillouin zone (as for instance in (12)). In the present Section, we explain how the use of
special point technics greatly reduces the computational cost of these evaluations.

For example, let f be a function defined on the reciprocal space, sharing the symmetries
of the crystal. We want to evaluate

F = f(k)dk. (45)
BZ
The first point is to expand f as a Fourier series, on the real space :
Fk) =" f(T)e™*T. (46)
TeER

Next, note that if R is an element of the symmetry group of the crystal, then it is one of
the reciprocal lattice, so that f(Rk) = f(k), which implies that f(RT) = f(T), since R is
an orthogonal transformation. Hence, we may reorganize the above sum as follows :

fy =3 fnﬁ 3 e, (47)

TeC,

where (Cp)nen is a partition of the lattice vectors into non-symmetrically equivalent sets,
n indexing them increasingly with respect to their norms. f, is equal to §C,, f(T), for

1l
“ﬂm%f

some T € C,. Hence, setting A, (k T which is normalized over the BZ,

we have :
FR) =" faAn(k). (48)
neN

Since fj is exactly the evarage of f over the BZ, finding a k such that
Vn € N, A,(k) =0, (49)

would yield :

F= [ [f(k)dk=fo=f(k). (50)
BZ
Hence the evaluation of f would only require one evaluation of the function f, at a point
which is independent of f. Of course, such a point does not necessarily exist in general. In
particular, the number of integers for which (49) may be satisfied is limited by the com-
patibility between these equations. One thus needs to generalize this simple observation.
In a more general point of view, we look for a set of points (k;)i1<i<n, and a set of
weights (w;)1<i<n, such that

NP NP
 wi=1, and Y widn(k) =0, n=1,... Nr. (51)
=1 =1
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Using the Fourier expansion of f, we then have :

iwif(ki) = fo+ Z fn inA”(kl) (52)

n=Np+1 =1

NP
Thus, provided the last term is small enough, a good approximation to fy is Z w; f (ki),

i=1
the error being

0o Np
e=— > fo)_ widn(ki). (53)

n=Np+1 =1

In particular, the importance of this error is determined by that of the Fourier coefficients
fn, which decay very fast in the case of a smooth function. This makes this technic
particularly powerful especially in the case of insulators. For metals, where the function f
presents discontinuities (because the conduction band is only partially filled), one needs to
use smearing technics, which basically consists in approximating f by a smooth function
which integral is very close to that of f. See for example [37] or [16].

Hence, the main question is, how can one generate a set of special points? In many cases
(see for instance [63, 18, 33, 7]) special points are only the smallest subset of a particular
sampling of the BZ which image by symmetries of the crystal reproduce the corresponding
sampling.

5.3 Ewald sums

As pointed out in Section 4, an important difficulty consists in giving a sense to the
Coulomb potential (and the exchange term in HF theory). Since the second one is in some
sense easier to deal with than the first one [28], we only consider here the first one.

In order to define the Coulomb potential V' of a periodic distribution of charge h =
> jer ho(- + 7), the first natural way is to set:

Vi) =¥ (ho . é) (& + ). (54)

JER
The problem is that, if / ho = / h # 0, the above sum, of which each term behaves like
I(R)

Jrry B
l41
terms so as to have a neutral distribution of charge on each periodic cell. In the case of
a neutral crystal, of which we are interested in, this corresponds to compute the potential
of the electrons and the nuclei together rather than one at a time. Even in this case, the
definition is not that clear’. Thus, we need a more efficient definition of V. It is provided

, is divergent. Thus, the only way to obtain a convergent series is to group the

"In the case of a cubic unit cell, with ho shearing its symmetries, the quadrupole moment cancels, and
the sum defined in (54) is convergent. In the general case, it is not.
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by the Poisson equation:
—AV = 4xh. (55)

This equation, with f defined as above, admits a unique R-periodic solution up to a
constant (as soon as [ ho = 0). The point is, such a V may be written as:

V= G*F(R) h, (56)
where G is the periodic solution of
_ 1
—AG = dr (Zm 0 = m) (57)
G is R-—periodic,

and xp(g) denotes the convolution product over I'(R), that is:

(h - g) @ = o M )iy (58)

The potential G, which is uniquely defined up to a constant by (57), is thus the Coulomb
potential associated to the lattice R.

In other words, a good knowledge of G would allow to compute any potential arising
from a periodic neutral distribution of charge. One straightforward way to compute this
potential is to use the Fourier transform. Indeed, using the first equation of (57), one easily
proves that:

|k|?G(k) = 4, Vk e R*\ {0}. (59)

Here, the Fourier transform is defined by:

fio = [ fayeteas, (60)
I(R)
for all £ € R*. Thus, we have the following expression for G:
47 etke
G(z) =Co+ —— 5 (61)
TR, 2y, IF

Here Cj is an arbitrary constant, accounting for the fact that (57) defines G up to a
constant. A common choice for Cj is 0, i.e fP(R) G = 0, but it is not the only possibility.
The point is that the above sum is only conditionally convergent, and thus, although
useful for theoretical purposes, not convenient for computations. Hence, a more suitable
expression of G must be obtained. It is obtained through the Ewald potential [34, 26]. Tt
consists in screening G with a Gaussian, i.e in writing:

G(r) = G*pry g+ (G — G*rer) 9), (62)
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where g is a periodized Gaussian:

4~3/2 .
g(z) = :7/7_r Ze*’ﬂwfj\z’ >0, (63)
JER

The trick is to develop the first term of (62) in Fourier series, because the Fourier transform
L)
of a Gaussian is a Gaussian (g(k) = e~ % ), and to develop the second one in direct space:

o X G0 = e X e 04
T(R) 9 = s TAD) ;
T 2. TR 2. T
; enfe( /7 — 5]
G — Grpm 9)(z) = — + — 65
(@ =G ram )@ =~y + L o %)

with

erfe(t _1——/ “du—\/_/ e du, (66)

.2
which behaves like C;/ft as t — oo. Collecting the above equation, we may thus write G as

a sum over the direct lattice R whose terms behave like e\/1||;: 5, plus a sum over R* whose
k2
terms behave like £ | 1:\? :
7r Z erfe(\/7|w —]|) Amr Z e ‘kl ke
G(z) = — + 72. (67)
R il TR, &

(The first term is present to satisfy the normalization fF(R) G = 0.) The parameter 7 is
to be set so as to have a good compromise between the convergence of the two sums: the
first sum converges better when + is large, whereas the second one converges better when
- is small. Furthermore, this expression of G allows to assert:

Proposition 5.1 Let h(z) = > ;cr ho(z + j) be a periodic distribution of charge, such
that:

(a) go is fast-decaying at infinity (i.e, |z|Pho € L*(R?), Vp > 1);
(b) the multipole moments of order 0,1,2 of fo cancel.

Then, defining F' = G * hg = G *xpR) h, F' is the Coulombic potential generated by h, i.e
satisfies (57). Moreover, F satisfies:

F(z) = Z(erfc(ﬁlx,_jl) *h()) + IF%)I 3 (% *h()), (68)

ot |z~ 7l

and these two sums are normally convergent.
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This gives a way to numerically compute the Coulombic potential of such a distribution,
by truncating the above sums, provided one can find such an hy. A proof of this (provided
h is neutral) may be found in [44]. Detailed discussions on these topics may be found in
[36], appendix B, or in [26].

Note that the condition (a) is only technical, whereas condition (b) is more important:
if (b) is not satisfied, equation (68) computes the Coulombic potential of the projection of
h on the subspace of functions satisfying (b).

Of course, this basic formula must be then used in an efficient way, by grouping together
terms so that the convergence is increased, and choosing the truncation of the series in a
suitable manner. We refer to [28], chapter 2, for an example of these kind of considerations.

In the case of many atoms per cell, the above method should be improved by the
use of the Reduced-Cell Multipole Method (RCMM), which consists, roughly speaking, in
grouping the particles together into bigger and bigger sets as one goes away from the point
at which we compute the potential. See [23, 24] for a description of this method, which is
an adaptation to the periodic case of the standard fast-multipole method [41].

6 Conclusion

We have displayed here the roots of numerical solid state quantum chemistry, insisting on
periodic-type codes [25, 38, 64, 75]. These methods have experienced lots of advances in
the recent years, becoming nowadays in position to reach the same accuracy and speed
as the more widely used cluster approachs, which roughly speaking consist in isolating a
cluster of matter and treating it through molecular technics, thereby benefitting from these
methods, which are much older and more accurate.

The near future will surely give birth to new and more powerful technics, as for example
N-scaling methods (see [71], chapter 3 or [57]), or RCMM method [23].
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